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Isoperimetric inequalities vs upper curvature bounds

STEPHAN STADLER
STEFAN WENGER

The Dehn function of a metric space measures the area necessary in order to fill a closed curve of
controlled length by a disc. As a main result, we prove that a length space has curvature bounded above
by k in the sense of Alexandrov if and only if its Dehn function is bounded above by the Dehn function of
the model surface of constant curvature k. This extends work of Lytchak and the second author (2018)
from locally compact spaces to the general case. A key ingredient in the proof is the construction of
minimal discs with suitable properties in certain ultralimits. Our arguments also yield quantitative local
and stable versions of our main result. The latter has implications on the geometry of asymptotic cones.

49Q05, 53C23

1 Introduction

1.1 Main result

The main result of this paper is an analytic characterization of CAT (k) spaces — complete metric spaces
with curvature bounded above by « in the sense of Alexandrov. For simplicity, we first describe the result
for CAT(0) spaces. We say that a metric space X satisfies the Euclidean isoperimetric inequality for
curves if any closed Lipschitz curve y in X bounds a Lipschitz disc v in X such that

| EY)
= o).

Here, Area(v) denotes the parametrized Hausdorff area of v and £(y) is the length of y. The fact that

Area(v) <

CAT(0) spaces satisfy the Euclidean isoperimetric inequality for curves is a well-known consequence
of Reshetnyak’s majorization theorem [1968] and the isoperimetric inequality in the Euclidean plane.
Vice versa, for locally compact metric spaces X, it was proved in [Lytchak and Wenger 2018b] that a
Euclidean isoperimetric inequality implies the zero upper curvature bound. Moreover, in [Lytchak and
Wenger 2018b], this isoperimetric characterization of upper curvature bounds was extended to nonzero
bounds. In order to formulate our main result, it is convenient to introduce Dehn functions. In general, if
X is a metric space, a Dehn function §x (7) controls the area needed in order to fill a closed curve of
length at most r in X by a disc. A precise definition requires a choice of area and types of discs.

For instance, choosing parametrized Hausdorff area and Lipschitz discs results in the Lipschitz Dehn
function S)L('p. More precisely, let §: (0, o0) — [0, oc] be a function such that any Lipschitz circle of length
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830 Stephan Stadler and Stefan Wenger

at most r bounds a Lipschitz disc of area at most §(). Then 8;}1}) is the greatest lower bound for all such
functions.

Denote by M, Kz the complete simply connected surface of constant sectional curvature «. Thus, up to
scaling, we see the round 2-sphere M 12 = S?, the Euclidean plane Mo2 = R2, and the hyperbolic plane
M_21 = H2. Let us denote by D, the diameter of M, ;<2 and by §, the Lipschitz Dehn function of M Kz

Theorem A Let X be a complete length space and ry € (0,2 D,]. Suppose that
(1-1) 85" (r) < 8 (r)

holds for all r € (0,rg). Then every closed ball of radius at most %ro in X is convex and CAT (x).
Moreover, if ry = 2Dy, then X is a CAT (k) space.

This extends the main theorem in [Lytchak and Wenger 2018b] from locally compact spaces to the
general case and at the same time provides a quantitative local version. For even more general results,
see Section 1.3 below. Accordingly, CAT(x) geometry is as much an analytic theory as it is a geometric
theory. In particular, upper curvature bounds can be identified without the knowledge of geodesics or
angles. One encounters such situations in many geometric settings [Alexander and Bishop 2004; 2016;
Lytchak and Stadler 2019; 2020; 2023; Lytchak and Wagner 2024; Petrunin and Stadler 2019; Ricks
2021].

Beckenbach and Radé [1933] first discovered a relationship between isoperimetric inequalities and
upper curvature bounds on smooth 2-dimensional Riemannian manifolds. Later, this was generalized to
nonsmooth metric surfaces by Reshetnyak [1961]. In [Lytchak and Wenger 2018b], for locally compact
spaces, the isoperimetric inequality is translated to an upper curvature bound in three steps:

(1) Solve the Plateau problem for a given Jordan curve.

(2) Show that the solution is a minimal disc satisfying the same isoperimetric inequality as the
surrounding space.

(3) Prove that the minimal disc is intrinsically a metric surface with the desired upper curvature bound.

If we were able to solve the Plateau problem in the setting of Theorem A, then the strategy of [Lytchak
and Wenger 2018b] would still be successful. Inspection of the proof shows that it would even be enough
to solve the following problem: for a given Jordan curve I' C X, construct a larger space ¥ D X which
satisfies (1-1) and such that the Plateau problem for I' is solvable in Y.

Even though there are natural candidates for the space Y, such as ultracompletions X, of X, we are
unable to do this. As a matter of fact, it is possible to construct for a given Jordan curve I' C X a minimal
disc in X,, filling I" but we do not know whether X,, satisfies inequality (1-1); see Section 1.5. Despite
these obstacles, our proof of Theorem A still employs minimal surface theory. We sidestep the fact that
we are unable to answer this question by producing minimal discs in ultralimits whose intrinsic structure
appears as if the Dehn function of the surrounding space would satisfy the correct bounds; see the next
section.
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Isoperimetric inequalities vs upper curvature bounds 831

1.2 Minimal surfaces in ultralimits of locally noncompact spaces

As announced, we prove a general result which serves as an appropriate substitute for the solvability
of the Plateau problem in locally compact spaces. This is the technical heart behind Theorem A and
its generalizations discussed below. We state it here in a very simplified setting; for the version in full
generality see Theorem 8.1. In the context of the Plateau problem, it is natural to enlarge the class
of admissible discs filling a given circle from Lipschitz to Sobolev discs; see Section 3.1 for precise
definitions. As in the classical case of Riemannian manifolds, this leads to better compactness properties
relative to energy bounds. From now on we will focus on the (Sobolev) Dehn function §y () instead
of the Lipschitz Dehn function SEP (r). Since every Lipschitz disc is Sobolev, we obtain the natural
inequality §y (r) < S}QP (7). Thus, results which only involve upper bounds on the Dehn function are a
priori stronger than their Lipschitz counterparts.

Theorem B Let X be a complete length space, ro > 0 and k € R. Suppose I' C X is a Jordan curve with
£(T") < r¢ and the Dehn function of X satisfies §x (r) < 6, (r) for all r € (0,ry). Then there exists an
ultracompletion X,, of X and a continuous map v: D — X,, which is a solution to the Plateau problem
for I in X, and satisfies

(1-2) Area(v|Q) < 8 (£(v]pn))
for every Jordan domain Q C D such that £(v|yq) < rg.

Recall that an ultracompletion X,, is a certain metric space that contains an isometric copy of X and
which is constructed with the help of a nonprincipal ultrafilter @ on the natural numbers; see Section 2.3
for details. Note that in Theorem B we do not gain control on the Dehn function §y, of X,. However,
the “intrinsic isoperimetric inequality” (1-2) has the effect that v behaves as if §x,, would be bounded
above by §;.
Here is how we deduce Theorem A from Theorem B in the case that X is geodesic and k = 0: For a
Jordan triangle A C X we obtain from Theorem B a minimal disc v filling A in some ultracompletion X,.
As follows from [Lytchak and Wenger 2018a], the map v factors as

DLt 7z, % x,,
where Z, is a metric disc and v is a 1-Lipschitz map which restricts to an arclength preserving homeo-
morphism dZ, — I". Moreover, for every Jordan domain O C Z,,

9 (0) < 8. (£(30)).

We deduce from [Lytchak and Wenger 2018b] that Z, is CAT(0) and then Reshetnyak’s majorization
theorem implies that A satisfies the CAT(0) comparison and hence X itself is CAT(0).

1.3 Generalizations

We prove a stable version of Theorem A for sequences of metric spaces. The setting involves metric spaces
without any control on small scales. This requires us to adjust the way we measure area in the definition
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of the Dehn function. Instead of parametrized Hausdorff area we will use the Riemannian inscribed

area Area i, originally defined by Ivanov [2008], and the associated Riemannian Dehn function 8)’?’.

i
Informallylgpeaking, instead of assigning to a unit ball in a normed plane its area, one assigns the maximal
area of an inscribed ellipsoid —the John ellipsoid. The precise definition and a discussion of basic
properties can be found in Section 3.2. Here we only mention that for many geometrically interesting
spaces these subtleties disappear and the equality Area,; = Area holds. For instance, this is the case
for all metric spaces with curvature locally bounded either above or below; in particular, it holds for all

smooth Riemannian manifolds.

Theorem C Let (X,) be a sequence of complete length spaces and k € R. Suppose rqy € (0,2D,] and
5 (1) < (1 + €n) - 8(r) + €n
holds for all r € (0, ry) and some sequence €, — 0. Then every ultralimit X, is locally CAT (x). More

precisely, every closed ball of radius at most %ro in X, is convex and CAT (k).

Note that Theorem A really is a special case. Indeed, in the setting of Theorem A it can be shown that
8;1 (rH=éx(r)=< Si‘,lp (7). Then Theorem C applies to the constant sequence X and provides the curvature
bound for all of its ultracompletions and therefore for X itself.

The result also has implications for asymptotic cones.
Theorem D Let X be a complete length space such that

)
lim sup X <—.
r—>c>op r2 T 4m

Then every asymptotic cone of X is a CAT(0) space. Moreover, if the inequality is strict, then every
asymptotic cone of X is a tree. In particular, in this case, X is Gromov hyperbolic.

The first statement is a version of [Wenger 2011, Theorem 1.1] for locally noncompact spaces and the
second statement is a variant of [Wenger 2008, Theorem 1.1]. For a localized version of the second
statement in Theorem D see Theorem 9.2.

Theorem C can also be used to turn fine infinitesimal information on the Dehn function into curvature
bounds:

Theorem E Let §: (0,79) — R be a continuous nondecreasing function with
§(ry—r?/(4
lim sup ()+4/(n) <0.
r—0 r
Suppose that (X,) is a sequence of complete length spaces such that the Riemannian Dehn functions

satisty ‘
8 (1) <8(r) + en

Geometry & Topology, Volume 29 (2025)



Isoperimetric inequalities vs upper curvature bounds 833

on (0, ro) for some sequence €, — 0. Then any ultralimit X, is locally CAT(0). More precisely, there
exists ¥ > 0 depending only on the function § such that every closed ball in X, of radius at most 7 is
convex and CAT(0).

1.4 Motivation and strategy for Theorem B

For simplicity, we restrict this discussion to the case k = 0.

Recall that in the locally noncompact case we are unable to solve the Plateau problem in the traditional
sense. However, if X was known to be CAT(0), then the Plateau problem would be solvable, X being
locally compact or not. For this one chooses a minimizing sequence of discs filling a given Jordan curve
I" C X and constructs a suitable limit v in an ultracompletion X,,. Since X is CAT(0) there exists a
1-Lipschitz retraction X, — X and hence we can push v back to X without increasing energy or area
[Guo and Wenger 2020; Stadler 2021].

While for a locally noncompact space X which satisfies the Euclidean isoperimetric inequality we are not
able to a priori show the existence of such retractions, this still motivates the search for minimal discs in
ultracompletions.

To prove Theorem B we start with a minimizing sequence (v,) of Sobolev discs filling I' C X. We
then reparametrize using Morrey’s e-conformality lemma to make energy and area almost equal. Using
Rellich—-Kondrachov compactness, we select a subsequence which L?-converges to a Sobolev disc v
in some auxiliary metric space. Then comes the critical step: we use the isoperimetric information to
show that the filling area of I'" cannot drop in X,. Using our setup, this allows us to show that the
limit is in fact a minimal disc and that areas and energies converge. Once this is established, we obtain
strong convergence in the Sobolev norm. Next we apply Fuglede’s lemma to see length convergence
£(vnly) = £(v]y) for most paths y C D. Using area convergence and the bound on the Dehn function
we conclude the intrinsic isoperimetric inequality for the limit v, thus Theorem B.

1.5 Further questions

As already mentioned above, it is not known whether an isoperimetric inequality passes to ultracompletions.

More generally, we pose the following problem:

Problem 1 Let §: (0,7y) — R be a continuous nondecreasing function. Let (X}) be a sequence of

complete length spaces such that the Dehn functions satisty

8x,, (r) = 8(r)

on (0, rg). Does the Dehn function of an ultralimit of (X}) satisty the same inequality?

Note that if there exists C > 0 and the sequence (.X}) consists of locally compact geodesic spaces with
dx,(r)=C .12, then the Dehn function of any ultralimit of (X},) does satisfy the same inequality [Lytchak
et al. 2020, Theorem 1.8].
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On a more technical level, it is also not clear whether the use of the Riemannian inscribed area in
Theorem C is really necessary. The crucial point in the proof where we use it is in the form of Morrey’s
e-conformality lemma which allows us to reparametrize a Sobolev disc such that area and energy become
almost equal. Morrey’s lemma fails for the Hausdorff area as can be seen in non-Euclidean normed
spaces. However, constructing a counterexample to Theorem C where the Riemannian Dehn function
is replaced by the Hausdorff Dehn function seems very difficult. The examples would have to involve
locally noncompact spaces.

1.6 Organization

In Section 2 we set notation and collect the necessary background from metric geometry. In Section 3 we
recall relevant parts of the Sobolev theory in metric spaces. In several subsections we discuss energy,
area, isoperimetric inequalities, quasiconformality and regularity results. In Section 4 we introduce Dehn
functions, construct universal thickenings of metric spaces and recall the Plateau problem and the intrinsic
structure of its solutions. Section 5 is devoted to an infinitesimal Euclidean property for metric spaces —
property (ET)—and how to ensure it holds, given some isoperimetric control. In Section 6 we begin
working towards our main theorem. We prove a result (Proposition 6.1) which ensures that the filling
area cannot drop in an ultralimit of a sequence of metric spaces, assuming certain bounds on the Dehn
functions. In Section 7 we prove a technical result (Proposition 7.1) stating that a certain limit of Sobolev
discs satisfies an intrinsic isoperimetric inequality if each individual Sobolev disc lives in a space which
supports an isoperimetric inequality. In Section 8 we solve a version of the Plateau problem for locally
noncompact spaces (Theorem 8.1). In the final Section 9 we provide proofs of our main results.
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2 Basics on metric spaces

2.1 Notation

Connected open subsets of R” will be called domains. A domain Q C R” is a Lipschitz domain if its
boundary d€2 can locally be written as the graph of a Lipschitz function. When n = 2, this is equivalent to
the requirement that d<2 is locally bilipschitz to an open interval [Tukia 1980]. The open unit disc in R?
is denoted by D and the standard annulus S! x [0, 1] by 4. We call any domain U C R? homeomorphic
to A an annulus. We denote the two boundary circles of an annulus U C R? by ¥ U. By [Tukia 1980],
U is bilipschitz to A if 9T U are bilipschitz curves.
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We will denote distances in a metric space X by d or dy. Let X = (X, d) be a metric space. The open
ball in X of radius r and center xoy € X is denoted by

By(xg) ={x € X |d(xg,x) <r}.
More generally, for any subset A C X we denote its open tubular neighborhood of radius r by
Ny(A)={xeX |d(A4,x)<r}.

A Jordan curve in X is a subset I' C X homeomorphic to S!. Given a Jordan curve I' C X, a continuous
map y: S! — X with image T is called a weakly monotone parametrization of T if it has connected
fibers.

For m > 0, the m-dimensional Hausdorff measure on X is denoted by #" = %Y. The normalizing
constant is chosen in such a way that on Euclidean space R™ the Hausdorff measure #™ equals the
Lebesgue measure.

The length of a curve y in a metric space X will be denoted by £y (y) or simply by £(y). A continuous
curve of finite length is called rectifiable. A (local) geodesic in a space X is a (locally) isometric map
from an interval to X. A space X is called a geodesic space if any pair of points in X is connected by a
geodesic.

For € > 0 we call a Lipschitz curve c: [a,b] — X an e-geodesic, if it has constant speed and satisfies
L(c) = (1 +e€)-d(c(a),c(b)).

A space X is a length space if for all x, y € X the distance d(x, y) equals inf{€x (y)}, where y runs
over the set of all curves connecting x and y. In a length space any pair of points is connected by an
e-geodesic for every € > 0.

2.2 Intrinsic metric of a map

We refer the reader to [Burago et al. 2001; Lytchak and Wenger 2018a; Petrunin and Stadler 2019] for
discussions of the following construction and related topics. Let Z be a topological space and X a metric

space. Let u: Z — X be a continuous map. The intrinsic distance associated with u is the function
dy: Z x Z — [0, o0] defined by

dy(z1,2z7) =inf{lx(uoy) |y isapathin Z connecting z; and z,}.

If it only takes finite values, then it defines a pseudometric. The associated metric space Z,, which arises
from identifying pairs of points at zero d,,-distance, is a length space. We will call it the intrinsic metric

space associated with the map u.

By construction, the space Z, associated with the map u comes with a canonical, possibly noncontinuous,
surjective projection P: Z — Z, and a 1-Lipschitz map u: Z,, — X such thatu =u o P.
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If X is a metric space in which any pair of points is connected by a curve of finite length, then the length
space X' associated to X is the special case X' = Z, of the above construction where u is the identity
map u = Id: X — X. The completeness of X implies that X’ is complete as well. The 1-Lipschitz map
ii: X' — X from above is the identity in this case. The map P = i~!: X — X’ need not be continuous,
but it sends curves of finite length in X to continuous curves of the same length in X*.

2.3 Ultralimits

We refer the reader to [Alexander et al. 2024] for an extended treatment of ultralimits in the context of
metric geometry. For a nonprincipal ultrafilter  on N and a sequence of pointed metric spaces (X, X;),
we will often consider their ultralimit

(Xw, .X(D) == Cl)'lim(Xn, Xn),

which is a pointed metric space whose elements are equivalence classes of sequences (p,) which
are bounded relative to (x). The metric d, on (X4, X,) is induced by the metrics d,, on X, via
dw((pn), (¢qn)) = w-limdy,(py, gn). Often the choice of basepoints x;, is irrelevant in our considerations
and then we neglect it in our notation. The ultralimit of the constant sequence X with fixed basepoint
x € X will be called ultrapower or ultracompletion of X with respect to w. Ultrapowers do not depend
on the choice of basepoint. Note that any ultralimit is a complete metric space. Moreover, any metric
space admits a canonical isometric embedding into its ultrapowers via constant sequences. If every X}, is
a length space, then any ultralimit X/, is geodesic.

For any sequence of subsets A, C X, we denote by 4, C X, their ultralimit. So 4, C X, corre-
sponds precisely to those points in X, which can be represented as a sequence (a,) with a, € X, and
supd(an, xn) < oo. Note that A, is always closed, even if the individual 4, might not be.

If (X) and (Y}) are sequences of metric spaces such that X, C Y, and Y, C N¢, (X,) for some sequence
€n — 0, then w-lim(X}, x,) = w-lim(Y}, x,) for any choice of basepoints x, € Xj.

The following lifting result is similar to [Lytchak et al. 2020, Corollary 2.6].
Lemma 2.1 Let X, be an ultralimit of a sequence of length spaces X,,. Let I C R be a compact interval

and yy,: I — X, a curve parametrized by arclength. Then there exists a sequence () of uniformly
Lipschitz curves yy,: I — Xy such that y,, = w-limy, and £(yy) = w-lim£(yy,).

Proof Let {g; | kK € N} C I be a countable dense subset. For every ¢; € I choose a bounded sequence
of points xi , € Xy such that y, (qx) = [(x )] Forevery j > 2 set
O ==min{|gx —q| |1 =k <l = j}.

Define inductively a decreasing sequence N = N1 D N D --- of subsets N; such that for each j > 2 we
have w(Nj) =1 and

5§
ldw (Vo (k) Yoo (q1)) — dn(xk,na xl,n)l < 7]
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forall 1 <k </ < jandall n € N;. For every j € N define M; := N; \ Nj4; and note that, together
with Moo := (3 Nk, this defines a partition of N. For n € N let j(n) =n if n € M and otherwise let
J (n) € N be the unique number with n € Mj(,). Then define y,:{q1.....qju)} = Xn by vn(qr) := Xk »
and note that

dn(yn @) o @) < do (o (@0) YD) + 222 (1 )|qk al
i) 7o

holds for all 1 <k <[ < j(n). Since Xj is a length space we can extend ¥, to a (1 4+ 1/ j (n))?-Lipschitz
curve, again denoted by y,. In particular, £(y,) < (1 + 1/j(n))*£(y»). Since the sequence (y,) is
bounded, it has a well-defined ultralimit w-lim y,: I — X, which is a 1-Lipschitz curve. We claim that
Yo = w-lim y,,. For all k € N, we have y,(qx) = xi , for all n € N since j(n) > k. Since w(Ny) =1
we have Y, (gk) = [(xXk )] = w-lim y;, (qx ) for every k € N and therefore y,, = w-lim yy,. |

Lemma 2.2 Let X, be an ultralimit of a sequence of length spaces X,,. Suppose that I'y, C X, is a
rectifiable Jordan curve. Then, for w-a.e. n € N, there exists a rectifiable Jordan curve I';, C X,, with
w-limTy, =Ty and w-lim £(T,) = £(Ty).

Proof Letc,:S!' — X, be a constant speed parametrization of I',,. By Lemma 2.1, there is a sequence
of uniformly Lipschitz maps ¢, : S I 5 X, which ultraconverges to ¢, and such that w-lim £(c,) = £(cy).

Now we will find the desired Jordan curves I', inside the images of the ¢,. Choose three equidistant
points t/ e S, with j=1,2,3, and set z) =cy (lj). Denote by o’/ c S the closure of the component of
ST\ {1, tz t3} which does not contain the point #/. Next, inside the image ¢, (e’ ), choose a minimizing

Jj+1 to Z,é+2

geodesic )/n from z; Note that these geodesics ultraconverge to ¢, (/). For every 8 >0 and
large enough 7, the geodesics y; are disjoint away from the 8-neighborhood of {Zn, 3} Now we
orient the three geodes1cs and pass to subsegments 74 C v;] where the starting point of P is the last

point of ;] on P Flnally, put I', = U =1 . |
24 CAT(k)

Let « be a real number. Recall that a CAT(x) space is a complete metric space X where any pair of
points at distance strictly less than D, is joined by a geodesic and such that distances between points
on a geodesic triangle A C X of perimeter strictly less than 2D, are bounded above by the distances
between corresponding points on the comparison triangle ACM, Kz In order to check if a geodesic space
is CAT (k) it suffices to prove the CAT(k) comparison for Jordan triangles — geodesic triangles which are
Jordan curves; see [Lytchak and Wenger 2018b, Lemma 3.1]. A more flexible characterization of CAT(x)
spaces which does not refer to geodesics can be provided using majorizations. Recall that a rectifiable
Jordan curve I in a metric space X admits a «-majorization in X, if there is a closed convex region
C C M? and a 1-Lipschitz map C — X which restricts to an arclength preserving homeomorphism
dC — T. If k is clear from the context we will simply speak of majorizations.

By Reshetnyak’s majorization theorem [1968], every rectifiable Jordan curve in a CAT (k) space can be
k-majorized. On the other hand, if a Jordan triangle in a metric space admits a k-majorization, then it
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clearly satisfies the CAT(x) comparison. We will make use of the following, which is a consequence of
[Alexander et al. 2024, Radial lemma 9.52].

Lemma 2.3 Let X be a complete geodesic space. Suppose there is ro € (0, 2D,] such that every Jordan
triangle of perimeter strictly less than r satisfies the CAT («) comparison. Then every closed r-ball with
r < Ly is convex and CAT (k). Moreover, if ry = 2Dy, then X is a CAT (k) space.

3 Sobolev theory

3.1 Basics

We recall basic definitions of Sobolev maps with values in a metric space and refer to [Ambrosio
1990; Heinonen et al. 2015; Jost 1994; Korevaar and Schoen 1993; Lytchak and Wenger 2017a; 2018a;
Reshetnyak 2007] for further information. Let Q be a bounded domain in R” and (X, d) a complete
metric space. For p > 1 let L? (2, X) be the set of measurable and essentially separably valued maps
u: Q2 — X such that for some and thus every x € X the function u,(z) := d(x,u(z)) belongs to the
classical space L?(2) of p-integrable functions on €.

Definition 3.1 A map u € L?(Q, X) belongs to the Sobolev space W 17 (2, X) if there exists 1 € L? ()
such that u, is in the classical Sobolev space W '?(Q) for every x € X and its weak gradient satisfies
|Vuy| < h almost everywhere. The localized spaces Wléc’p (R2) are defined similarly.

There are several natural notions of energy of a map u € W1? (2, X). Throughout this paper we will
use the Reshetnyak p-energy defined by

E? (u):= inf{||h||£,,(9) | h as in the definition above}.

Recall that a family € of curves in 2 is called p-exceptional, if there exists a p-integrable Borel function
0: Q2 — [0, 0o] such that for every locally rectifiable curve y € € the path integral satisfies

/O’dS:OO.
y

We say that a property holds for p-a.e. curve in 2 if the family of curves on which the property fails
is p-exceptional. For instance, if a property holds for p-a.e. curve in Q and F:[0,1]"7! x[0,1] = Q
is a bilipschitz embedding, then for almost all x € [0, 1]*~! the property holds true for the curve
Yx(t) = F(x,1).

Amap u € L? (2, X) is contained in the Sobolev space W -7 (2, X) if and only if there exist a Lebesgue
representative # of u and a Borel function p € L?(2) such that for p-a.e. curve y: [0,1] — Q the
composition # o y is continuous and

(3-1) Ux(ioy) < / pds.
Y

In what follows, we will always choose such a representative # of u and will simply denote it by u.
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There exists a minimal function p = p, satisfying the condition above, uniquely defined up to sets of
measure zero. It will be called the generalized gradient or minimal weak upper gradient of u. By [Lytchak
and Wenger 2017a; Reshetnyak 2007], the p™ power of the L?-norm of p, coincides with the Reshetnyak
p-energy defined above,

ELW) = lpulfny = [ ) d=.

If © is a Lipschitz domain, then every u € W17 (Q, X) has a canonically defined trace tr(u) € L? (32, X);
see [Korevaar and Schoen 1993]. For instance, if 2 is the open unit ball in R”, then for almost every
ze S" ! the map ¢ — u(tz) is in Wl’l’((%, 1), X) and

tr(u)(z) = thml u(tz).

For a general Lipschitz domain €2, if « has a continuous extension & to  then tr(x) is just the restriction
of it to 2.

If a Lipschitz domain € is a union of two disjoint Lipschitz subdomains Q% and the Lipschitz bound-
ary T = dQ~ NIQ™T, and ut e WI’P(Q:':, X) have the same trace on 7', then one obtains a map
u e WhP(Q, X) by gluing u™ along T'; see [Korevaar and Schoen 1993, Theorem 1.12.3].

3.2 Length, energy, and area

Every map u € W12 (Q, X) has an approximate metric derivative at almost every point z € Q in the
following sense; see [Karmanova 2007] and [Lytchak and Wenger 2017a]. There exists a unique seminorm
on R”, denoted by ap md u, such that
. dw(Z),u(z))—apmdu,(z' —z)
ap lim =

z/—>z |Z'—Z|

0,

where ap lim denotes the approximate limit; see [Evans and Gariepy 2015]. If u is Lipschitz, then the
approximate limit can be replaced by an honest limit. The map z + ap md u, into the space of seminorms
has a Borel measurable representative [Lytchak and Wenger 2017a]. For p-a.e. absolutely continuous
curve y: I — Q, we have

(3-2) tx(uoy) = /1 apmd.s (i (1)) dt.

Moreover, for almost every z €  we have p,(z) = sup,cgn—1 apmdu(v). It follows from [Lytchak
and Wenger 2017a] that

Efi(u) =/Q§>i(apmduz) dz,
where for a seminorm s on R” we have set
9i(s) = max{s(v)? | [v| = 1}.

Later on, we will make use of the following lemma which is a slight variant of [Heinonen et al. 2015,
Theorem 7.3.9].
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Lemma 3.2 Let (1,),en be a sequence in WP (Q, X') which converges in L? (2, X) to a function u.
Suppose that the corresponding sequence (py,, )neN of minimal weak upper gradients is uniformly bounded
in L?(S2) and converges weakly in L (2) to a function p. Then u € WP (Q, X) and p is a weak upper
gradient of u. In particular,

loullLr @) = Timinf | ou, | (2)-

Proof Let us isometrically embed X into a Banach space V. By Mazur’s lemma [Heinonen et al.
2015, Section 2.3], we can form sequences (i;);ecn and (0;);en of convex combinations of (uy),eN
and (pu, )neN., respectively, such that ii; — u in LP (2, V), p; — p in L?(2), and for every / € N and
p-a.e. rectifiable path y in €2,

ton = [ fds
Y

By [Heinonen et al. 2015, Proposition 7.3.7], u € W -7 (Q, V) with p as a weak upper gradient. Since
a subsequence of (u,),en converges pointwise almost everywhere to u, we obtain u € WP (Q, X).
The last statement follows from the semicontinuity of the norm with respect to weak convergence since

loullr @) < llpllLr(n)- |

We will mostly be interested in Sobolev discs and, more generally, Sobolev images of planar domains. So
let us for the rest of this section specialize to the case where  is a domain in R2.

Definition 3.3 The (parametrized Hausdorff) area of a map u € W1-2(Q, X) is defined by
Area(u) := / Jac(apmdu,) dz,
Q

where the Jacobian Jac(s) of a seminorm s on R? is the Hausdorff 2-measure in (R2, s) of the Euclidean
unit square if s is a norm and Jac(s) = 0 otherwise.

We will furthermore need a somewhat different definition of parametrized area, also known as the inscribed
Riemannian area defined as follows. The p/-Jacobian Jac i (8) of anorm s on R? is given by

= T
Jac,i(s) = 17k
where | L| is the Lebesgue measure of the ellipse of maximal area contained in {v € R? | s(v) < 1}. If sis a
degenerate seminorm then we set Jac i (s) = 0. The inscribed Riemannian area of a map u € wh2(Q,X)

is defined by
Area,i(u) = /Q Jac,i(apmdu;) dz.

The two notions of area are related by
T,
4

for every u € W12(Q, X); see [Lytchak and Wenger 2017b, Section 2.4]. The following semicontinuity

Area, i (u) < Area(u) < Area,i (u)

properties of energy and area are essential.
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Proposition 3.4 [Reshetnyak 2007, Theorem 4.2; Lytchak and Wenger 2017a, Corollary 5.8] For p > 2,
let (n)nen be a sequence in WP (2, X) which converges in L?(Q, X) tou € WHP(Q, X). Then

E? (u) <liminf E® (u,) and Area(u) < liminf Area(uy).
+ n—oo T n—oo

The second inequality moreover holds with the Hausdorff area replaced by the inscribed Riemannian area.
The following definition is of central importance.

Definition 3.5 A metric space X supports a (C, ly)-isoperimetric inequality, if for every Lipschitz curve
y:S! — X of length / < [, there exists a Sobolev disc u € W12(D, X') with tr(z) = y and

Area(u) < C -2

Note that changing the definition above from Hausdorff to Riemannian inscribed area will only change
the constant C.

Isoperimetric inequalities as above have an important effect on the regularity of minimal discs [Lytchak
and Wenger 2017a]. Moreover, such inequalities allow for flexible reparametrizations. To explain this,
recall from [Lytchak and Wenger 2017a] the following terminology. Let 7 C R? be a subset which is
bilipschitz to an open interval 7. A map w: T — X belongs to W12(T, X) if wog € WH2(I, X) for
some (and thus any) bilipschitz map ¢: I — 7. Such Sobolev curves arise for instance as follows. If
ueWhH2(D, X)and F: (0,1)%> — D is a bilipschitz embedding, then for almost every s € (0, 1) the curve
u|r, lies in W12(Ts, X) where Ty = F({s} x (0, 1)). The definition of W1:2(T, X) naturally extends to
the case where T is bilipschitz to S!. Even more generally, if 7 C R? is a finite union of bilipschitz
curves T; as above then a map w: T — X is in W12(T, X) if w has a continuous representative and
w|r, € WH(T;, X) for every i.

Now suppose X supports a (C, [y)-isoperimetric inequality and J C D is a bilipschitz Jordan curve
enclosing a Jordan domain Q. Then for every y € W1-2(J, X) of length [ < [, there exists u € W 1>2(Q, X)
with Area(u) < C -/? and tr(u) = y [Lytchak and Wenger 2018a, Lemma 4.6].

3.3 Conformal and almost conformal Sobolev discs

Let @ C R? be a domain. A map u € W12(Q, X) is called quasiconformal if there exists a constant
0O > 1 such that at almost all z € Q2 we have
apmduz(v) < Q-apmduz(w)

for all v, w € S'. In this case we say that u is Q-quasiconformal, and if Q can be chosen equal to 1, we
call u conformal. In this case, apmd u is a multiple f(z)-sq of the standard Euclidean norm so on R2.
The function f € L2(2) will be called the conformal factor of u. The conformal factor f of a conformal
map u € W12(Q, X) coincides with the generalized gradient py,.
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For every Sobolev disc u € W12(D, X),
Area i (u) < EZ (u).
Moreover, if equality holds then u is «/z—quasiconformal [Lytchak and Wenger 2017b, Corollary 3.3].

Recall from [Lytchak and Wenger 2017a] that a complete metric space X is said to have property (ET) if
for every Sobolev disc in X the approximate metric derivative comes from a possibly degenerate inner
product at almost every point. If X is a complete metric space with property (ET), then parametrized
area and inscribed Riemannian area of a Sobolev disc u € W12(D, X) coincide,

Area, i (u) = Area(u).

Moreover, the equality Area(u) = E i (u) implies that u is conformal.
The following version of Morrey’s e-conformality lemma allows to find good parametrizations of Sobolev
discs.
Theorem 3.6 [Fitzi and Wenger 2020, Theorem 1.4] Let X be a complete metric space and let
u € WH2(D, X). Then for every € > 0 there exists a diffeomorphism ¢: D — D such that

E3(uog) < Area,i(u)+e.
Moreover, there is such a map ¢ which extends to a diffeomorphism of D and is conformal in a
neighborhood of the boundary.

Note that the use of inscribed Riemannian area is essential here.

3.4 Regularity of quasiconformal Sobolev discs

The following interior regularity result is a consequence of [Lytchak and Wenger 2017a, Propositions 8.4
and 8.7].

We say that a property holds for almost every bilipschitz Jordan curve in D, if whenever ¢: S x[0, 1]— D

is a bilipschitz annulus, then the property holds true for almost every circle ¢(S', 7).

Theorem 3.7 Let Z be a complete metric space and u € W'-2(D, Z) a Q-quasiconformal Sobolev
disc. Suppose that there exist C, [y > 0 such that for almost every bilipschitz Jordan curve y in D with
L(uly) <ly we have

(3-3) Area(u|g,) < C-£3(uly),
where 2, is the Jordan domain enclosed by y. Then the following statements hold:

(1) There exists p > 2 such that u € I/Vl;c’p (D, Z). In particular, u has a continuous representative u
which moreover satisfies Lusin’s property (N).
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(2) The representative u is locally Holder continuous. In fact, for every § € (0, 1) there exists L > 0
such that for all zy, z, € Bg(0) there exists a path y in Bg(0) such that

tx(@oy) = L-|z1— 2%
where a = 1/(4m Q>C).

(3) If tr(u) has a continuous representative then i continuously extends to D.

The proof can be assembled from arguments in [Lytchak and Wenger 2017a]. It basically follows from
[Lytchak and Wenger 2017a, Theorems 8.2 and 9.1, Proposition 8.7]. These results assume the map u to
be minimal and the space X to support a (C, /y)-isoperimetric inequality. While this differs from our
setting, these additional assumptions are only used in [Lytchak and Wenger 2017a] to prove [Lytchak and
Wenger 2017a, Lemma 8.6] which ensures that inequality (3-3) holds.

For the convenience of the reader let us give a more detailed account on how to obtain Theorem 3.7 from
the results in [Lytchak and Wenger 2017a]. We start by proving (1) which corresponds to [Lytchak and
Wenger 2017a, Proposition 8.4], namely higher integrability and therefore Holder continuity of u. Next
we prove (2) which corresponds to [Lytchak and Wenger 2017a, Proposition 8.7], the intrinsic Holder
regularity. The proofs in [Lytchak and Wenger 2017a] apply because they only use the quasiconformality
of u and inequality (3-3) for balls entirely contained in D. We are left with (3) which corresponds to
[Lytchak and Wenger 2017a, Theorem 9.1]. To show that u extends continuously to a point z € S,
the proof in [Lytchak and Wenger 2017a] considers a conformal diffeomorphism ¢: D — 2 where
Q = DN B,(z) for some z € S! and a suitable r € (0, 1). To make the argument from [Lytchak and
Wenger 2017a] work, we need that

Area(u 0 ¢|,(x)) < C - LU0 ¢lpp,(x))

holds for all x € D and almost all s < 1 — |x|. However, this is guaranteed since ¢ is bilipschitz on every
compact subset of D and inequality (3-3) holds for almost every bilipschitz Jordan curve by assumption.

4 Dehn functions, thickenings, and minimal discs

4.1 Filling area and Dehn functions

Recall that for a Jordan curve I" in a complete metric space X we denote by A(I", X) the family of Sobolev
discs u € W1-2(D, X) whose traces have representatives which are weakly monotone parametrizations
of I". We set

Filly (") := inf{Area(u) | u € A(I", X)}.

Similarly, if ¢: S' — X is a curve, we set
Filly (¢) := inf{Area(u) | u € W12(D, X), tr(u) = c}.
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Notice that if ¢ is a weakly monotone parametrization of a Jordan curve I', then, by definition,
Filly (I") < Filly (¢).
The Dehn function of X is given by
8x (r) :=sup{Filly (c) | ¢: S' — X Lipschitz, £(c) <r}
for all » > 0. Similarly, we define the Riemannian versions
FillY (1), il (), 6% (r)
by replacing the Hausdorff area of Sobolev discs by the inscribed Riemannian area. Clearly, Dehn

functions are nondecreasing in r. Notice that §x () < 81’{,1 (r), and equality holds for example when X
has property (ET).

As mentioned in the introduction, we denote by §, the Dehn function of the model surface M, Kz Explicitly,
for r € (0,2D,) we have
2 /k — QRu/k): —r2/k  ifk >0,

S(r)y=3r?/4n if k =0,
VQ/K)? +r2/k—2n/k ifk <0,

as follows for instance from the isoperimetric inequality in MKZ; see [Osserman 1978]. Note that for
k > 0 we have the quadratic bound 8, (r) < r?/(2mk) for r € (0,2D,).

4.2 Universal thickenings

Let X and Y be metric spaces and € > 0. We say that Y is an e-thickening of X if there exists an isometric
embedding ¢: X — Y such that the Hausdorff distance between ¢(X) and Y is at most €. The embedding ¢
is then a (1, €)-quasiisometry. We will make use of the following which can be proved in the same way as
[Lytchak et al. 2020, Proposition 3.5]. Recall that a metric space X is said to be L-Lipschitz 1-connected
up to scale Lq for some L > 1 and Ay > 0 if every A-Lipschitz curve c: S — X with A < A extends to
an LA-Lipschitz map on D. If the scale A is not important, we simply say X is L-Lipschitz 1-connected
up to some scale. We clearly have §x (r) < 8;“3 (r) for all r > 0, where S)L(ip denotes the Lipschitz Dehn
function defined by filling Lipschitz curves by Lipschitz discs. However, equality holds for all complete
length spaces which are Lipschitz 1-connected up to some scale [Lytchak et al. 2020, Proposition 3.1].
The same applies to the 1/ -versions of the Sobolev and Lipschitz Dehn functions.

Proposition 4.1 There exists L > 1 with the following property. Let X be a complete length space and
let €,rg > 0. Suppose 6: (0, r9) — R is continuous and

84 (r) < 8(r) + €

for all r € (0,ry). Then there exists a complete length space Y which is an e-thickening of X and
L-Lipschitz 1-connected up to scale €/ L and satisfies

84 (r) < 8(r) + Lr?
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forall r € (0,r¢) and if r € (\/€,1q) then
81 (r) < 8(r) + Jer?.

Remark 4.1 If §(r) = O(r?) then there exist C > 1 and r; € (0,r() depending only on L and the
function § such that Y has a (C, ry)-isoperimetric inequality.

Definition 4.2 For a length space X we call an e-thickening as in Proposition 4.1 a universal e-thickening.
4.3 Plateau problem and intrinsic minimal discs

Definition 4.3 Let X be a complete metric space and I' C X a Jordan curve. We call u € A(T", X) a
solution to the Plateau problem for the curve I, if Area(u) = Fill(I") and u has minimal energy among
all area minimizers in A(I", X'). A solution to the Plateau problem will sometimes simply be called a

minimal disc.

In this section we consider the following setting. Let X be a complete length space which satisfies property
(ET). Let I' C X be a rectifiable Jordan curve and u € A(I", X') a solution to the Plateau problem. In
particular, u is conformal [Lytchak and Wenger 2017a, Theorem 11.3]. We assume that u satisfies inequal-
ity (3-3) and therefore, by Theorem 3.7, has an (intrinsically) locally Holder continuous representative
which continuously extends to D. Denote this representative still by «. Then [Lytchak and Wenger 2018a,
Theorem 1.1] yields the following structure for the intrinsic minimal disc Z,,; see Section 2.2. The setting
in [Lytchak and Wenger 2018a] asks X to support a (C, /y)-isoperimetric inequality. However, the proof
of [Lytchak and Wenger 2018a, Theorem 1.1] only uses the quasiconformality of u and inequality (3-3).

Theorem 4.4 The intrinsic minimal disc Z, is a compact geodesic space. The canonical projection
P: D — Z, is continuous. The map u: D — X has a canonical factorization u = ito P, where ii: Z,, — X
is 1-Lipschitz. For any curve y in D the lengths of P oy and u oy coincide; thus it preserves the length
of Poy.

Now suppose §: (0, r9) — R is a continuous nondecreasing function and there exists 0 < ry < ro such
that £(I") < r; and for every Jordan domain Q C D with £(u|yq) < 11,

(4-1) Area(u|Q) = 8(L(uls@))-

In this setting, the arguments in [Lytchak and Wenger 2018a] provide strong topological and isoperimetric
properties of the intrinsic minimal disc:

Theorem 4.5 The map P: D — Z,, is a uniform limit of homeomorphisms. For every Jordan domain
Q C Z, with £(02) < rg,

(4-2) %2 () < 8(L(3R)).

The proof can be assembled from [Lytchak and Wenger 2018a]. By [Lytchak and Wenger 2018a,
Lemmas 6.3 and 6.4, Corollary 4.5, Theorem 8.1] the natural projection satisfies the first statement. This
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part relies on Moore’s recognition theorem for 2-manifolds [Lytchak and Wenger 2018a, Theorem 7.11].
The second statement follows from [Lytchak and Wenger 2018a, Theorem 8.2], and this is where the
continuity of § is needed. We emphasize that unlike in inequality (4-1), Theorem 4.5 does not require
that the length of 92 be bounded by . Indeed, [Lytchak and Wenger 2018a, Theorem 1.1] shows that
€(0Z,) = £(T") < ry and therefore %>(Z,) < §(r1). In particular, even if  C Z,, is a Jordan domain
with r; < £(3R2) < rg, we still have %2 () < §(r;) < 8(£(0R2)) by the monotonicity of §.

5 Euclidean tangent planes

Recall once again that a complete metric space X is said to have property (ET) if for every u € W1-2(D, X)
the approximate metric derivative ap md u#, comes from a possibly degenerate inner product at almost
every z € D.

The proof of the following proposition is very similar to that of [Wenger 2019, Theorem 3.1], which was
originally inspired by [Wenger 2008, Theorem 5.1]. The statement generalizes [Lytchak and Wenger
2018b, Theorem 5.2] and [Wenger 2019, Theorem 3.1].

Proposition 5.1 Let ry > 0 and let §: (0, r9) — R be a continuous nondecreasing function satistying

Let (X) be a sequence of complete length spaces satisfying
8x,(r) = (1 +€n)-8(r) +€n
for all r € (0, ry), where €, > 0 tends to zero as n — co. Then every ultralimit of (Xy) has property (ET).

We provide the proof for the convenience of the reader.

Proof Let X, = (X,,dy) be an ultralimit of the sequence (X}) and suppose, by contradiction, that
X, does not have property (ET). By [Wenger 2019, Lemma 3.2] there exists a non-Euclidean norm | - ||

on R? with the following property. For every finite set {v!,..., v} C R? and every A > | there exist
points x!, ..., x™ € X, and n > 0 arbitrarily small such that
(5-1) A =T = do (66, xT) < A =)

forall k,/ =1,...,m. We denote by V the normed space (R2, | -||) and let Iy C V be an isoperimetric
subset for V, that is, [r is convex and has largest area among all convex subsets of V' with prescribed
boundary length. Since V' is non-Euclidean we have

(5-2) W (1) > 700 (lp);
see for example [Lytchak and Wenger 2018b, Lemma 5.1].

Let y: S! — V be a constant speed parametrization of d1},. Choose A > 1 sufficiently close to 1 and
m € N sufficiently large, both to be determined later. For k = 1,...,m set z; = e2mik/m ¢ §1 and let
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vk := y(zx). By the above, there exist x', ..., x™ € X,, and 1 > 0 arbitrarily small such that (5-1) holds.
If n > 0 is small enough then, after replacing the norm || - | by the rescaled norm 7 - || - ||, we may assume
that n = 1, that r; := A%y (3]y) satisfies r; < ro and 8(r) < %4’2 forall 0 <r <ry.

Fork =1,...,m write xk as xk = [(x,/f)] with x,’,‘ € Xj. There exists N C N with w(N) =1 and such
that
A_ldw(xk,xl) < dn(x,lf,xi) < )\-da,(xk,xl)

forallk,/=1,...,mandalln € N. Fix n € N large enough, to be determined later, and let c: S — X,
be a Lipschitz curve such that c(z;) = x,’j and such that ¢ is a (A—1)-geodesic on the segment of S'!
between zj and zx 4 for each k. It follows from the above that

£(c) < A7 Ly (3ly).
Let u € W12(D, X,) be such that tr(x) = ¢ and

Area(u) < (1 +€,)-8(£(c)) + 2e, < AT (OTy) + 2ep.

1 +e¢,
47

View V as a linear subspace of the space £°° of bounded sequences, equipped with the supremum norm.

Since £ is an injective metric space there exists a A2-Lipschitz map ¢: X,, — £>° which maps x,’f to vk

for all k. It follows that the map ¢ o u is Sobolev with Area(p o 1) < A* Area(u). Hence, by [Lytchak
et al. 2020, Proposition 3.1], there exists a Lipschitz map v: D — £ with v|g1 = ¢ oc and
1
Area(v) < Area(pou) + e, < F Al -E%,(Z)JIV) +20%e, + €.
b4

Finally, one constructs exactly as in the proof of [Wenger 2019, Theorem 3.1] a Lipschitz homotopy
0: S %[0, 1] — £ between ¢ o ¢ and y with

C(1+2%)?
Area() = SRy,

where C is a universal constant. Gluing ¢ and v we obtain a Lipschitz map w: D — £°° with w| Ss1=Y
and such that

1 C(1+13%)?2
(5-3) Area(w) < (% A4 %) 02, Bly) + 204y + €n.

Since %%, (Iy) < Area(w) by the quasiconvexity of the Hausdorff 2-measure — see [Burago and Ivanov
2012] —inequality (5-3) clearly contradicts inequality (5-2) for A > 1 sufficiently close to 1, and m and
n sufficiently large. O

6 Filling area in ultralimits

Let C,r; > 0 and for n € N let X}, be a complete length space which is C-Lipschitz 1-connected up to
some scale and admits a (C, ry)-isoperimetric inequality. Suppose furthermore that

S (1) < (1 + €n) -8(r) + enr”?
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for all r € (e, rg), where §: (0, rg) — R is continuous and nondecreasing with

5
lim sup (—;) < L
r—>0 I 4r

and €, — 0. Let X, be the ultralimit of (X)) with respect to some basepoints and a nonprincipal
ultrafilter . The following proposition plays a key role in the proofs of our main theorems.

Proposition 6.1 Let I'y, C X, be a rectifiable Jordan curve which is the ultralimit of a sequence of
rectifiable Jordan curves I'y, C X, such that limsup,cn €(I'y) < 2¢(T'y). Then

w-limFill, (T;) < Filly,, (T).

Recall that we always have Filly, (I'y) < Fillyy (') and thus
w-limFilly, (I';) < Filly, (T'y)
holds as well. Note that this inequality may be strict, whereas
Filly, (F) = Fill¥. (I)
holds by Proposition 5.1. A similar remark applies to the next proposition.
Before we turn to the proof, we begin with a version for parametrized curves.

Proposition 6.2 Let (c,) be a bounded sequence of Lipschitz curves c,: S' — X, with uniformly
bounded Lipschitz constants. Let ¢ = w-lim ¢, be the ultralimit of this sequence. Then

o-limFill¥, (cy) < Filly, (c).

This is a variant of [Wenger 2019, Theorem 5.1] and the proof therein applies with minor modifications.

Note that there is no obvious way how to deduce Proposition 6.1 from Proposition 6.2. In the presence
of a (local) quadratic isoperimetric inequality one can relate the filling area of any parametrization of a
Jordan curve to the filling area of its arclength parametrization [Lytchak and Wenger 2018a, Lemma 4.8].
However, we do not know whether X, admits a (local) quadratic isoperimetric inequality. In particular,
there may exist a non-Lipschitz parametrization of I',, whose filling area is much smaller than the filling
area of any Lipschitz parametrization. To overcome this difficulty we need some preparation. In particular,
the following notion of framed collar will be useful; see Figure 1 for an illustration.

Definition 6.3 A framed collar U C D is a finite union of closed balls B; = B,,(p;))ND,i =1,...,m,
centered at points p; € S such that the open balls cover S! and nonconsecutive balls are disjoint. In
particular, U is a topological annulus whose boundary circles are given by 9~U = S! and a bilipschitz
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Figure 1: A framed collar U with frame G.

Jordan curve 3T U. The frame G of U is the finite graph given by

m
G:SIUUS,-,
i=1

where S; = DN0B;. The set U\ G is a disjoint union of complementary (open) discs Qj for j =1,...,2m.

Let us make two simple comments which will be used implicitly later on. First, if a collar U is contained
in the e-tubular neighborhood of S for some € > 0, then every complementary disc 2 ; has diameter
at most 2¢. Secondly, if U has 2m complementary discs, then for every small enough ¢ € (0, 1) the
intersection dB;—;(0) N G consists of 2m points.

We will use framed collars in combination with the isoperimetric inequality to produce Sobolev homotopies
of small area.

Lemma 6.4 Let X be a complete metric space and u € W1-2(D, X). Then for every € > 0 there exists a
framed collar U C N¢(S') in D with complementary discs ; such that

e ulgnp e WH2(GN D, X) and

2m
2 .
> 0 (ulye,np) < €
i=1
* uly+y = tr(ulp\v)-

Moreover, G can be chosen to omit a given 2-exceptional family of curves in D.
The proof relies on a construction used in the proof of [Lytchak and Wenger 2018a, Lemma 4.8].

Proof We may assume that u is absolutely continuous on 2-a.e. curve in D; see Section 3.2. Fix € > (0 and
let § > 0 be a constant whose size will be determined in terms of €. We choose a small p = sin(27/m) < €
such that the restriction of u to the p-neighborhood of S! in D has energy at most §. Next, we choose
equidistant points pp,..., p, on S! with pairwise Euclidean distance p < €.

Denote by E; the energy of the restriction of u to B,(p;) N D. Note that
m
D Ei<2-Ef(uly,(s1) <26

i=1
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By [Lytchak and Wenger 2018a, Lemma 3.5], we find subsets R; C (% 0, ,0) of positive measure, such that
the following holds true for every r; € R;. The restriction of u to the distance circle .S; of radius r; around
pi in D is a continuous curve in W 12(S;, X) and its length ¢; satisfies El.z < 67 - E;. We define B; to
be the ball l_?,l. (pi). By construction, U = Ul'-"=1 B; is a framed collar with frame G := S! U U;’;l S;.
The domain U is subdivided by the circular arcs S; in 2m Lipschitz discs £2;. The boundary of any
2 consists of two or three parts of consecutive circles S; and a part 9€2; N S1. By construction,
ulgnp € WH2(GN D, X) and

2m m m
3" Culag,np) <6-Y € <36x-Y  E; <721-8.

j=1 i=1 i=1
Hence we can choose § = 6(¢) small enough to guarantee the claimed length bound.

The last two statements hold since we can choose 7; freely from the positive measure set R;. O
In the proof of Proposition 6.1 we will make use of the following auxiliary result.

Lemma 6.5 Let I'y, C X, be a rectifiable Jordan curve which is the ultralimit of a sequence of
rectifiable Jordan curves I', C X, such that limsup, cy ¢(I'y) < 2€(Ty) — 2¢ for some € > 0. Let
{t,.... 1} C S! be an ordered tuple and c,,: S' — T, a Lipschitz parametrization with p; ‘= c¢(t;)
and such that {(¢o|(s; 1;,,]) < € for 1l <i <k. Forw-a.e.n € N let {p1n,..., pkn} C I'n be points
such that p; = w-lim p; , for 1 <i < k, and denote by «; , C I';, the shorter of the two components of
Cu \{Pin> Pi+1.n}. If cn: ST — Ty is the map with ¢ (t;) := pin for 1 <i <k, and such that Cnlity i1
is a constant speed parametrization of «; p, then cy, is uniformly Lipschitz and has degree 1.

Proof By the semicontinuity of length and the bound lim sup,,cn £(I'y) < 2€(I'y) —2€, for w-a.e. n € N
the arc «; , is well defined and £(«; ) < £(I'y) — €. In particular, the curves ¢, are uniformly Lipschitz.
Set
¢l = w-limey: ST — T,

Then the length bound guarantees that c,, |, +1] and ¢ [ 1,1 are homotopic relative boundary. In
particular, ¢}, has degree 1. We claim that this implies that ¢, has degree 1 for w-a.e. n € N. Indeed,
the length bound implies that the ultralimit y,, of a sequence of arclength parametrizations y; of I', has
degree 1. Now suppose that the degree of ¢, is equal to d € N for w-a.e. n € N. Concatenating with
an appropriate power of y, we obtain maps (y, := ¢, * ¥, d of degree 0. Thus u, extends to a map
un: D — T, with uniform Lipschitz constant. In particular, @-lim y,, has degree 0 and therefore d is
equal to the degree of ¢,, which is 1. |

Proof of Proposition 6.1 Fix ¢y > 0. We may assume that A(I',, X,) is nonempty, otherwise there
is nothing to show. Choose u € A(I'y, X,») such that Area(u) < Filly, (I'y) + %eo. By Lemma 6.4, for
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every € > 0, we find a framed collar U C N¢(S!) with frame G and complementary discs ; C U such
that u|gnp € W12(G N D, X) with

l
> Clulagnp) <e.

i=1
Since G can be chosen to omit a given 2-exceptional family of curves in D, we may furthermore assume
that the curves u[yq,np and tr(u)|yq,. ns1 form a closed loop. By choosing € small enough, we can
arrange l

2 0

i:Zle (floo) < 15
where 1 € W12(G, X,) denotes the map given by u on G N D and a constant speed parametrization of
tr(u) |y, nst on every interval d€2; N S™. . Let f: G — X, be the Lipschitz reparametrization of f which
has constant speed on every edge of G. We may assume lim sup,,cn €(I'y) < 2€(I'y) — 2€. By [Lytchak
et al. 2020, Lemma 2.6] we can lift 1 to Lipschitz graphs fn: GN D — X, with uniformly controlled
Lipschitz constant such that £( f,) <2-£(f). Since producing such lifts only involves extensions from
finite sets, we can arrange that for w-a.e. n € N the fn send the boundary points of G to I';,. We extend fn
further to S! to a piecewise constant speed map as in Lemma 6.5. Set n = 3+ U. Then 7 is a bilipschitz
Jordan curve in D and ( f_},l,,) is a bounded sequence of Lipschitz curves with uniformly controlled
Lipschitz constants and, by construction,

J;|r/ = w‘lim];n|n'
By [Lytchak and Wenger 2016, Lemma 2.6] and Proposition 6.2 there exists N C N with w(N) = 1 such

that o
Filly (fuly) < Filly, (uly) + z€o

for every n € N. By our choice of u, we have
Filly, (u|) < Filly, (T'») + 1¢o.

On the other hand, we can fill the curves f; laq; using the (C, rq)-isoperimetric inequality to produce
Sobolev annuli /i, € W1+2(4, X,,;) which join fy|, and fy|g1 with

l
Areai (hy) < C- > L2(fulsg,) < %€o-
i=1
Thus, since f;| g1 1s a degree 1 Lipschitz map to I', by Lemma 6.5, we have
Filly (Tn) <Filly (fuln) + 3€o.
Putting things together, we obtain

Fill§, (') < Filly, (T) + €0
for all large enoughn € N. O
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7 Intrinsic isoperimetric inequality

Letrg,r1 >0,C > 1and 8,, — 0. Let §: (0, 79) — R be a continuous nondecreasing function. Suppose
that (Y5) is a sequence of complete length spaces, each admitting a (C, ry)-isoperimetric inequality, and
such that ‘

8l (1) < (14 Bn) - 8(r) + Bur?
if r € (B, ro)-

Proposition 7.1 Suppose that all Y, are isometrically embedded in a single complete metric space Z .
Let ve W2(D, Z) be a continuous map which admits a continuous extension v: D — Z. Further, let
(vn) be a sequence in W1-2(D, Y;) such that

* v, — v pointwise almost everywhere;

* Areayi(vn|@) — Areayi (v|q) for every Jordan domain Q2 C D with v|yq rectifiable;

e {(vnly) = £(v|y) for 2-a.e. curve y in D;

* Areayi(vp) < Fill’;; (tr(vy)) + €, for some €, — 0.
Let Q2 C D be a Jordan domain such that v|ygq is rectifiable with £(v]yq) < ro. Then

Area i (vlg) < 8(E(v[p)).

Moreover, if £(v|ye) = 0, then Area,;i (v|g) = 0.

Proof Let F': D — 2 be a conformal diffeomorphism and set u, := v, o F and u := v o F. Recall that
by Carathéodory’s theorem, F extends to a homeomorphism D — . Since v is continuous on D, the
map u: D — Z is continuous and lies in W1-2(D, Z).

Since F preserves 2-exceptional families of curves [Lytchak and Wenger 2020, Proposition 3.5], we have

L(uply) = £(u|y) for 2-a.e. curve y in D.

By Lemma 6.4, for every € > 0 there exists a framed collar U C N¢(S!) with frame G and complementary
discs Q;. Moreover, u|gnp € W2(GN D, Z) and

/
> C(ulag;np) <€
i=1
holds. In addition, u|y+y = tr(u|p\y). Since G can be chosen to omit a given 2-exceptional family of
curves in D, we may additionally assume
e uylgnp e WHA(GN D, Z) forall n € N;
e uylgnp — U|lgnp pointwise %! -almost everywhere;
e U(unlgnp) = t(ulGnDp)-

By the area convergence assumption and the semicontinuity of area (Proposition 3.4), we may also assume
Area, i (un|y) < € for almost all n € N.
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To avoid issues when gluing Sobolev maps we will approximate €2 from within by Lipschitz domains as
follows. For p € (0, 1) consider the sphere 0, := dB;_,(0) C D. For almost all small p € (0, 1),

* the set 0, N G consists of / points {6y, ..., 0;};

* we have pointwise convergence u, — u on o, N G.

Note that F(o,) C Q is a bilipschitz Jordan curve for every p > 0. Moreover, after possibly adjusting e
and U and choosing p small enough, we can arrange

-1
Y dz (), u(6i+1) —L(v]se)| <e.

i=1

Set Q; :=Q; N Bi_,(0). Now let f,: G — Y, be any continuous map which is an e-geodesic on every
topological interval ©2; N o, and which is given by u, on G N B1_,(0). Then f, € Wb2(G,Y,) and
since the diameter of €2; can be assumed to be arbitrary small, (after possibly adjusting € and U again,)
we may assume

/
Y Clfalyg,) <€

i=1
for almost all n € N.
Using the (C, ry)-isoperimetric inequality to fill the curves f;, |3§; , we obtain homotopies 1, € W12(A4,Y;,)
between uy|y+y and fu|s, with

Areayi (hy) < C -€,

where A = U N B1_,(0). Note that /1, |5— 4 is a piecewise e-geodesic in Y, whose vertices are the images
under uj, of the points {0;,...,0;} =0, N G. By the pointwise convergence #,, — u on 0, N G, we have
dy, (un(0i), un(0i+1)) = dz u(0;),u(6;+1)). Thus for n € N large enough, we have

/
Uhnla-) < (1+€) Y dy, (n(6)), un(0i11))
i=1
/
<46 dz).u(6i11)+€ < (1+e)l(lpg) + 2.

i=1
Now let us first assume £(v|yq) > 0. Then for small enough € > 0 and large enough #n € N we have
/
Uhnly-a) = (1 =€) Y dz (), u(6;11)) > Ba.
i=1
Thus, by assumption, we find a filling w, € W12(D, Yy, of hy|s5- 4 € W12(S1,Y,) with
Area,i (wn) < (14 Bn) - 8(hnla-2)) + Bnl* (inls-4)
< (14 Bn)-8((1 + Llag) +26) + Bu((1 + L(v]pa) + 26)°.
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We glue the maps v, |(p\Q)uF©), fin © (F|4)~! and wy, to obtain a new map v, € W12(D, Y,) with
Un|(D\Q)UF @) = Vn|(D\Q)uF(U)- Here we use that 0TU and F(oy) are bilipschitz Jordan curves; see
[Lytchak and Wenger 2018a, Lemma 4.6]. By the last item of our assumptions and our construction so
far, we obtain for large enough n € N the estimates
Areai (vp) < Areaw- (Un) + €n
< Area i (vn|p\@) + Area,i (vn| p(r)) + Areayi (hn) + Area i (wn) + €

=< Area i (vn|p\@) + (1 +€) - 8((1 + €)€(v]pe) + 2¢) + 2Ce.
Thus,
Areayi(vnl@) = (1+€)-6((1 +€)l(vfaa) + 2€) + 2Ce,

and since Area,i (vn|q) — Area,i (v|q) we obtain the claim in the case £(v[3q) > 0.
For the supplement we argue similarly. If £(v|yq) = 0 holds, then the estimate above becomes
E(hnly—a) = 2e.

We then use the (C, ry)-isoperimetric inequality to fill the curves /,|3— 4. The same construction as
above provides Sobolev discs 7, € W12(D, Y;) with Area(9,) < Area,i (vn|p\@) + (1 +C +4Ce)e.
Arguing as before, we conclude Area(v|g) = 0 as claimed. |

8 Solutions to Plateau’s problem in ultralimits

Let C,ry > 0 and for n € N let Y}, be a complete length space which is C-Lipschitz 1-connected up to
some scale and admits a (C, ry)-isoperimetric inequality. Suppose furthermore that

8 (r) < (1+ Bn) - 8(r) + Bur?
for all r € (By, ro), where §: (0, r9) — R is continuous and nondecreasing with
8(r) _

lim sup —=~ L
Po2 =4y

r—0

and B, — 0.

Let Y,, be the ultralimit of (Y;) with respect to some basepoints and a nonprincipal ultrafilter w, and
let Iy, C Y, be a rectifiable Jordan curve of length strictly less than ry. We then have the following
generalization of Theorem B.

Theorem 8.1 There is a subsequence of (Y;) whose ultralimit )A’w (with respect to the same basepoints
and ultrafilter) contains an isometric copy of I'y, and has the following property. There exists a continuous
map v: D — )A’w which is a solution of the Plateau problem for 'y, in f’w and satisfies

Area(v|g) < §(£(v]sQ))

for every Jordan domain Q C D such that £(v|yq) < rg.
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The proof will occupy the rest of the section. By Lemma 2.2 there exist rectifiable Jordan curves [';, C Yy,
such that w-limI';, =Ty, and w-lim £(I",) = £(I'y). Let u,,: D — Y, be Sobolev discs u, € A(T'y, Yy)
with Area,i (un) < Fill’f,n (Ty) + 1/(2n). By Morrey’s e-conformality lemma [Fitzi and Wenger 2020,
Theorem 1.4], we may assume that

1
Ei(un) < Area,i(un) + o
for every n € N.

After passing to a subsequence, we may assume that the I';, converge in the Gromov—Hausdorff sense
to I',. Let ¥, be an arclength parametrization of I', and fix distinct points ¢;.¢2,q3 € S!. After
precomposing with conformal diffeomorphisms of the disc, we may assume that tr(v,)(¢;) = v (qi),
with i = 1,2, 3, for every n.

By the compactness theorem [Guo and Wenger 2020, Theorem 3.1], after possibly passing to a subsequence,
there exist a complete metric space Z, isometric embeddings ¢, : X, < Z, a compact subset K C Z
and v e W12(D, Z) such that ¢,(I',) C K forall n € N, and v, := @, ou, converges to v in L>(D, Z).
After passing to a further subsequence, we can ensure that ¢, (I',) Hausdorff converges to a set 'y C K.
Since ¢, o v, converges uniformly to an arclength parametrization of I'z it follows from [Wenger 2019,
Lemma 6.7] that the sequence (tr(v,)) uniformly converges to a weakly monotone parametrization of " 7.

After passing to a further subsequence, we may assume v, — v pointwise on a full measure subset
M C D as well as p,, — p weakly in L2(D) where py, € L?(D) is the minimal weak upper gradient
of v, and p € L?(D) is a weak upper gradient of v (Lemma 3.2).

We can now embed v (M) isometrically into the ultralimit )70, := w-lim Y}, and therefore ve W12(D, ?w).
Note that possibly ?w # Y, since we passed to subsequences several times. Recall that since )A’w has
property (ET) by Proposition 5.1, the Hausdorff area and the Riemannian inscribed area coincide,
Area(v) = Areai (v). Our next goal is:

Proposition 8.2 In the setting above, there exists a subsequence (vy,) such that

lim Areai(vy) = Area(v), lim Ei (vn,) = Ei (v),
-0 [—o0
and

E_zi_ (v) = Area(v).
Moreover, )
Area(v) = Filly, (Iy) = lim Filly (Ty,).
@ [—o00 nj

In particular, v is conformal and a solution to the Plateau problem for I'y, in }A’w. In addition, Pon, = P in
L?(D) and p is the minimal weak upper gradient for v, that is, p = py.

Proof Passing to a subsequence, we may assume that (Fill’;,:1 (I'y)) converges. From Proposition 6.1, we

obtain _
. ! .
nll)ngo Filly, (IT'y) < Fﬂl?w (T'y).
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By construction, we have Area, i (v,) = Area,i (1) and
- 1 — 1
Filly (Ty) < Area,i (vs) < EZ (vn) < Areai (va) + 3 = Filly (Ty) + o
In particular, we have
lim Fill% (T'y) = lim Area,i(v,) = lim Ei (vn).
n—oo Y, n—00 H n—o00
Thus, by semicontinuity of area we obtain
. . i _ . . Ij,l . -
Flllfw (F'y) < Area(v) < nli)rglo Areayi(vp) = nlgglo Filly, (Ty) < FlnYw (T'y).
Therefore, equality holds throughout. Semicontinuity of energy then yields

2 . 2 - 2
Ei(v) < nlggo EL(vp) = nh_{]go Area,i (vy) = Area(v) < EZ (v).
Thus,
. 2 _ 2 —
nh_g)lo EZ (vy) = E{ (v) = Area(v).

Since py, — p weakly in L?(D) and Ei (vn) = [p /012);1 (2) dz, we obtain py, — p strongly in L?(D)
and therefore p is the minimal weak upper gradient of v. Finally, the conformality of v follows from the
equality £ i (v) = Area(v) and the fact that Y,, has property (ET). |

We will now continue to investigate the properties of v. To make use of the convergence v, — v we
will view v as a map with values in Z. Let us assume that we have already passed to a subsequence as
provided by Proposition 8.2. In particular, we have the L?-convergence p,, — pp. This allows us to
apply Fuglede’s lemma [Heinonen et al. 2015]. Thus, after passing to a further subsequence, we have

tim, [ 16, pul ds =0
Y

n—o00

for 2-a.e. curve y in D. Since v is conformal by Proposition 8.2, we have
twoy) = [ pods
Y

for 2-a.e. curve y in D. It follows that the lengths of almost all curves converge:

n—>o0

limsup (v, 0y) < lim / Puv, ds = / pv ds =L(voy) <liminfl(v, o y).

The last inequality holds since the well known lower semicontinuity of length with respect to pointwise
convergence of curves extends to the setting of almost everywhere pointwise convergence.

Recall that every space Y, admits a (C, r)-isoperimetric inequality.

Lemma 8.3 In the above setting the map v satisfies inequality (3-3) with constant C: for almost every
bilipschitz Jordan curve y in D with £(v|,) <ry,

Area(v|g,) <C 2 (v]y),

where §2,, is the Jordan domain enclosed by y .
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Proof Suppose that y C D is a bilipschitz Jordan curve with Jordan domain 2,, and £(v|,) <r; and
such that £(v,|,) — £(v|,). Our choice of v, ensures

1
Area;},i (Un|§2y) =C 'Ez(vnh/) + n

for all n large enough. Semicontinuity of area, Proposition 3.4, yields

Area(vlg, ) = Area,i (v|g,) = C -62(v|y). a
Now Theorem 3.7 implies that the Sobolev disc v has a locally Holder continuous representative which
continuously extends to D and which we will still denote by v.
We next claim that for every Jordan domain €2 C D such that v|ygq is rectifiable we have
(8-1) Areayi (vn|@) — Areayi (v|g).

Indeed, since v|jq is rectifiable and hence #2(v(dS2)) = 0 it follows from [Lytchak and Wenger
2017a, Proposition 4.3] that Area i (v[ye) = 0. Hence, by semicontinuity of area, Proposition 3.4,
any subsequence vy, satisfies

Area,; v) = Area, (vl@) + Areai (U|D\§)
< liminf Areayi (vn, |@) + liminf Area, i (vn, | p\g)
< liminf(Areai (vn, |@) + Area,i (vn, |sQ) + Areayi (vn, [ p\g))

= Area,i (v),
which proves (8-1).

Now we can apply Proposition 7.1 to conclude that for every Jordan domain € C D such that v|yq has
length strictly less then ry we have

Area(v|g) = Area,i (v|Q) = §(E(v]se))-

This complete the proof of Theorem 8.1.

9 Main applications

In this final section we provide the proofs of our main results. Here is a restatement of Theorem C:

Theorem 9.1 Let (X;) be a sequence of complete length spaces and « € R. Suppose ry € (0,2 D] and
8 (1) < (1+ €n) -8 (r) + €

holds for all r € (0, ry) and some sequence €, — 0. Then every ultralimit X,, is locally CAT (k). More
precisely, every closed ball of radius at most %ro in X, is convex and CAT (k).

Proof By Proposition 4.1, there exists a sequence (Y;) of complete length spaces and a sequence (8,)
tending to zero such that Y, is a universal 8,-thickening of X}, with the following properties. First, Yy, is
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L-Lipschitz 1-connected up to some scale for some universal L > 1. Moreover, there exist C > 1 and
r1 > 0 such that each Y}, admits a (C, rq)-isoperimetric inequality and

8y, (r) = (1+ Bn) -8 (r) + Bur?

holds for all r € (8,, rp). Note that since 8, — 0 we have w-limY;, = X,. Let A C X,, be a Jordan
triangle of perimeter strictly less than ry. By Theorem 8.1, we find an ultralimit }A’w of a subsequence of
(Y,) which contains an isometric copy of A and has the following property. There exists a continuous
map v: D — )A’w which is a solution of the Plateau problem for A in I/}a, and satisfies

Area(v|q) < éc(L(v]yQ))

for every Jordan domain €2 C D such that £(v|3q) < ro. By Theorem 4.5, the associated intrinsic minimal
disc Z, is homeomorphic to D and for every Jordan domain Q C Z, with £(d2) < 2D, we have

I () < 8, (L(0R)).

It follows from the proof of [Lytchak and Wenger 2020, Theorem 1.4] that the Dehn function of Z), is
bounded above by §, on (0,2 D,). Thus, by [Lytchak and Wenger 2018b, Theorem 1.4], Z, is a CAT(x)
space. Let u = u o P be the induced factorization; see Section 4.3. By Reshetnyak’s majorization theorem,
dZ, admits a k-majorization ¢ : C — Z,, and then & o ¢ provides a k-majorization for A. In particular,
A satisfies the CAT (k) triangle comparison and Lemma 2.3 implies the claim. a

Theorem 9.2 Let §: (0,r9) — R be a continuous nondecreasing function with

Suppose that (X3) is a sequence of complete length spaces such that the Riemannian Dehn functions
satisty '
B (1) < 8(r) + e

on (0, ro) for some sequence €, — 0. Then any ultralimit X, is 1-dimensional. More precisely, there
exists ¥ > 0 depending only on the function § such that every closed ball in X, of radius at most 7 is
convex and a tree.

Proof Let X, be an ultralimit of the sequence (X}). By assumption, for every ¥ < 0 there exists 7, > 0
such that §(r) < §,(r) holds for all r € (0, 7). From Theorem 9.1 we conclude that every closed ball of
radius at most %;7,{ in X, is convex and CAT(k). We set 7 := %fo. Let B C X, be a closed ball of radius
at most 7. Then B is CAT(0) and therefore contractible. Moreover, B is locally CAT (k) for every x < 0.
We conclude from the Cartan—-Hadamard theorem [Alexander et al. 2024, Theorem 9.65] that B itself is
globally CAT (k) for every « < 0. O

Now we obtain Theorem D:
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Corollary 9.3 Let X be a complete length space such that

S
lim sup =X <—.
r—>oop r2 T 4m

Then every asymptotic cone of X is a CAT(0) space. Moreover, if the inequality is strict, then every
asymptotic cone of X is a tree. In particular, in this case, X is Gromov hyperbolic.

Proof Set C =limsup,_, ., 8;1 (r)/r?. For every positive sequence (A,) with A, — 0 we find another
positive sequence (€,) tending to zero such that

8 () < (1+en)C-r? + e

holds for all » > 0 and all n € N, where X}, denotes the metric space (X, Ay, - d). Thus Theorem 9.1
implies that any ultralimit of the sequence (X}) is CAT(0). The additional statement in case C < 1/(4x)
follows from Theorem 9.2. O

It only remains to prove Theorem E.

Theorem 9.4 Let §: (0,r9) — R be a continuous nondecreasing function with

80 =r2 /e

lim su
4

r—0
Suppose that (X,) is a sequence of complete length spaces such that the Riemannian Dehn functions
satisfy _
8 (1) < 8(r) + en
on (0, ry) for some sequence €, — 0. Then any ultralimit X, is locally CAT(0). More precisely, there
exists 7 > 0 depending only on the function § such that every closed ball in X, of radius at most 7' is
convex and CAT(0).

Note that the assumption on §(r) cannot be relaxed to
) 8
limsup —= < —.

r—0

The latter condition merely ensures property (ET) and is satisfied by every Riemannian manifold.

Proof Let X, be an ultralimit of the sequence (X,). Note that for « > 0 we have

K
643
By assumption, for every « > 0 there exists 7, > 0 such that §(r) < 6, () holds for all r € (0, 7). From

4 o(rd).

1
O (r) = G-rz—i—

Theorem 9.1 we conclude that every closed ball of radius at most %;’K in X, is convex and CAT(k). We
set 7 1= min{%?l, %} Let B C Xy, be a closed ball of radius at most #. Then B is CAT(1) and uniquely
geodesic. We claim that B is CAT(0). For any « > 0, the space B is locally CAT(«x) and geodesics
depend continuously on their endpoints. Hence B is CAT (k) for every « > 0 [Alexander et al. 2024,
Theorem 9.30] and therefore is CAT(0) [Alexander et al. 2024, Proposition 9.7]. O
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