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1 Introduction

Consider the space of k-dimensional Lipschitz cycles in a Riemannian manifold M with coefficients in
an abelian group G. One can define the flat seminorm %(x) on this space as the infimum of volumes
of Lipschitz chains with boundary x; define flat distance as F(x, y) = %(x — y), as in Fleming [7] and
Guth [15, Appendix 1]. If we consider the quotient of this space by the equivalence relation x ~ y if
F(x, y) = 0 and then take its completion, then we obtain the space of flat k-cycles ¥; (M ; G) with flat
distance %. This is a natural space to consider when trying to find submanifolds that solve a certain
calculus of variations problem (like minimal surfaces) without a priori specifying the topological type of
the solution.

In the 1960s Almgren initiated a program of developing Morse theory on the space %;(M;G). It
follows from Almgren’s work that there is a nontrivial cohomology class o« € H n=k (Gt (M;Z,): Z>)
corresponding to a sweepout of M by an (n—k)-parameter family of k-cycles F': X — %, (M ; Z,) with
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864 Larry Guth and Yevgeny Liokumovich

F*(a) # 0 € H" % (X:Z,). Moreover, all cup powers a? are also nontrivial and the corresponding
families of cycles we call p-sweepouts. Corresponding to each p we can define the p-width
w;f (M) = inf{ sup Volg (F(x)): Fisa p—sweepout}.
xeX
The p-widths correspond to volumes of certain generalized minimal submanifolds that arise via a min-max
argument. In dimension k = n — 1, where 3 < n < 7, they are smooth minimal hypersurfaces and for
k = 1 they are stationary geodesic nets. The study of p-widths led to many remarkable breakthroughs
in recent years, including the resolution of the Willmore conjecture (see Marques and Neves [23]), and
Yau’s conjecture on existence of infinitely many minimal surfaces (see Irie, Marques and Neves [16] and
Song [30]). See also Zhou [37], Chodosh and Mantoulidis [3] and Marques and Neves [25].

Gromov [11; 12; 13] suggested viewing these widths, or the “volume spectrum”, as nonlinear analogues of
the eigenvalues of the Laplacian. This framework is very useful for obtaining new results about widths and
some other nonlinear min-max geometric quantities; see, for example, Glynn-Adey and Liokumovich [9],
Liokumovich [19] and Mazurowski [27]. In line with this analogy Gromov conjectured that the wk satisfy

p
an asymptotic Weyl law
k
. wp(M)
(-1 phl%om = a(n.k) Vol(M)*/™.

For k = n — 1 this was proved in Liokumovich, Marques and Neves [21].

In this paper we show that for k < n — 1, Gromov’s conjecture can be reduced to proving parametric
versions of two famous inequalities in geometry: the isoperimetric inequality and the coarea inequality.
We prove these parametric inequalities in low dimensions and as a consequence obtain the Weyl law for
I-cycles in 3-manifolds.

Theorem 1.1 For every compact Riemannian 3-manifold M,

ol(M
lim L

=a(3,1) Vol(M)/".
p—00 p2/3

We do not know the value of the constant (3, 1). Chodosh and Mantoulidis [4] proved that optimal sweep-
outs of the round 2-sphere are realized by zero sets of homogeneous polynomials and that a(2,1) = /7,
but for all other values of n > k > 1, the constants a(#, k) remain unknown.

1.1 Some applications of the Weyl law

Irie, Marques and Neves [16] used the Weyl law to prove that for a generic Riemannian metric on an
n-dimensional manifold, where 3 <#» <7, the union of embedded minimal hypersurfaces forms a dense set.
Marques, Neves and Song [26] proved a stronger equidistribution property of minimal hypersurfaces; their
proof is based on the idea that one can “differentiate” both sides of (1-1) with respect to some cleverly
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Parametric inequalities and Weyl law for the volume spectrum 865

chosen variations of metric. Similar results were proved by Gaspar and Guaraco [8] using the Weyl law
in the Allen—Cahn setting; see also Dey [5]. Li [18] used the Weyl law to prove existence of infinitely
many minimal hypersurfaces for generic metrics in higher dimensions, n > 7. In [30], Song proved some
Weyl law type asymptotic estimates for certain noncompact manifolds and used them to prove that in
dimensions 3 <n < 7 for all Riemannian metrics on a compact manifold (not only generic ones) there
exist infinitely many minimal hypersurfaces; see also Song and Zhou [31], where similar generalizations
were applied to prove a “scarring” result for minimal hypersurfaces.

Song [29] showed that the density result for generic metrics can be obtained without the full strength of
the Weyl law. This observation was used in Liokumovich and Staffa [22] (together with a bumpy metrics
theorem for stationary geodesic nets proved in Staffa [32]) to prove that for a generic Riemannian metric
on a compact manifold M”, with n > 2, stationary geodesic nets form a dense set, even though the Weyl
law for 1-cycles in dimensions # > 4 was not known at the time. Li and Staffa [17] used Theorem 1.1 to
prove an equidistribution result for stationary geodesic nets in 3-manifolds, analogous to that of Marques,
Neves and Song [26] for minimal hypersurfaces.

1.2 Parametric isoperimetric inequality

The isoperimetric inequality of Federer and Fleming asserts that given a k-dimensional Lipschitz cycle z
in R”, there exists a (k+1)-dimensional Lipschitz chain t such that 3t = z and

(1-2) Voly41(t) < ¢(n) Vol (z) K+ D/ k.

This inequality is useful when z lies in a ball of large radius. If z C Bg with R < Vol (z)'/¥, then the
inequality simply follows by taking a cone over z.

In this paper we will be interested in the situation when a mod 2 cycle z is contained in a small cube (say,
of side length 1) and has very large volume. In this case, we can subdivide the cube into smaller cubes
of side length Vol(z)_l/ (n—k) Applying the Federer-Fleming deformation in this lattice, we can find a
“deformation chain” that pushes z into the k-dimensional skeleton of this lattice. Since the total volume of
the (k+1)-skeleton of the lattice is ~ (1/Vol(z) !/ =,))k+1vo](z)?/(=k) " we can then obtain a filling
7 of z with

(1-3) Voly41 (1) < ¢(n) Vol (z) #=k=D/(n=k)
Note that when Vol(z) > 1 this is a much better bound than (1-2) or the cone inequality.

We would like to prove a parametric version of inequality (1-3); namely, given a family of relative
cycles F: X — %,([0,1]", 9]0, 1]*; G), we would like to find a continuous family of (k+1)-chains
H: X — I +1([0,1]"; G) with 0H (x) — F(x) in 9[0, 1]" and such that the mass of H(x) is controlled in
terms of the mass of F(x) as in (1-3).

First, observe that we need to assume that map F is contractible, since otherwise a continuous family of
fillings H does not exist. Secondly, existence of a family of fillings with controlled mass depends on
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the choice of coefficients G. In Section 3 we show that for every integer N there exists a contractible
1-parameter family of 0-cycles in %¢(S', Z) of mass < 2 such that every continuous family of fillings must
contain a chain of mass > N. This example can be generalized to higher dimensions and codimensions.

However, for G = Z, we can optimistically conjecture:

Optimistic Conjecture 1.2 Let F: X — %, ([0, 1]%, 0[0, 1]"*; Z,) be a contractible family. Then there
exists a family of (k+1)-chains H: X — I} ([0, 1]*; Z,) such that dH (x)— F (x) is supported in 9]0, 1]"

and
M (H(x)) < c(n) max{1, M (F(x))"—k=1D/(n=k)y

The actual conjecture that we prove in the case of low dimensions and use for the proof of the
Weyl law is somewhat more technical. We will be interested in the situation where maximal mass
M (F(x)) ~ p®=k/n_1n this case we have

p(n—k—l)/n + M(F(X))p_l/n ~ M(F(X))(n_k_l)/(n_k).

We also require that the family F(x) is -localized, a regularity condition that can always be guaranteed
after a small perturbation; see Section 2.3. Finally, it will be convenient to state the conjecture for more
general domains in R” with piecewise smooth boundary satisfying a certain regularity condition on the
boundary; see Section 2.1. In particular, it is satisfied if €2 is smooth.

Conjecture 1.3 Let Q2 C R” be a connected domain with piecewise smooth boundary d$2 with 8-corners
for some 6 € (0,7), and let 0 < k < n. There exist constants ¢(2) > 0 and §(2, L, p) > 0 with the
following property. Let F': X? — %, (2,0Q;7Z,) be a continuous §(2, L, p)-localized contractible
p-dimensional family with M (F(x)) < L. Then there exists amap H: X — I;11(2; Z,) such that

e 0H(x)— F(x) C 9L for all x, and
e M(H(x)) < C(Q)(p(n—k—l)/n + M(F(x))p—l/n)'

We also want to state a parametric isoperimetric inequality conjecture for cycles in R”. It doesn’t have
immediate applications to the Weyl law, but is interesting on its own. Unlike the conjectures above we
expect it to be true for coefficients in every abelian group G. For simplicity we state it for G = Z.

Conjecture 1.4 Let F: X? — %, (R"; Z) be a continuous family of cycles, with k > 1. There exists a
family of chains H: X? — I {(R"; Z) such that 9H(x) = F(x) and

M (H(x)) < c(n)M (F(x))&TD/k,

The main difficulty in this conjecture seems to be proving a bound for M (H(x)) that is independent
of p. An inequality of this type with constant ¢(n, p) that depends on p subexponentially would also be
of interest. In another direction, one can ask if it is possible to replace c¢(n) with ¢(k) and extend this
result to infinite-dimensional Banach spaces as in Gromov [10] (see also Wenger [35]) or prove a similar
inequality for the Hausdorff content as in Liokumovich, Lishak, Nabutovsky and Rotman [20].
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Figure 1
1.3 Parametric coarea inequality

One can similarly formulate a parametric version of the coarea inequality. Let M be a Riemannian
manifold with boundary and let M, = M \ cl(N.(0M)) be M minus a closed e-neighborhood of its
boundary. If z is a Lipschitz relative cycle in M and ry > 0, then the coarea inequality applied to the
distance function implies the existence of some r € [0, ro] such that Vol(d(z_M,)) < Vol(z)/ry.

Very optimistically, one could conjecture that given a family of relative cycles {zy }xex and ro > 0 there
exists r € [0, ro] such that Vol(d(zxLM;)) < Vol(zx)/ro forall x € X.

This is not always the case. Consider a 1-parameter family {zx }v[o,1] of relative cycles in M = [0, 112
with a small but tightly wound spiral moving from the center to the boundary of [0, 1]?; see Figure 1. No
matter how you choose r, for some value of x € [0, 1] the spiral will hit the boundary of M, and the
intersection may have arbitrarily many points. Letting r vary as a continuous function of x doesn’t help.

However, what can help is if we allow ourselves to modify the family {z} in the boundary dM,, while
only increasing its mass by a small amount. It seems natural to conjecture that the amount of extra mass
that we may have to add should be less than or comparable to the size of an optimal p-sweepout of the
boundary by k-cycles, that is, < p®~%=1/(=1) Note that this is much smaller than the mass of an
optimal p-sweepout of the n-dimensional interior by k-cycles (= p®=k)/m),

Also, observe the following: if the family of relative cycles is a p-sweepout and if it can be represented
by a family of chains whose boundaries are a continuous family in dM,, then the family of boundaries is
a p-sweepout of dM,. On the other hand, we know that an optimal p-sweepout of [0, 1]*> by 1-cycles
has maximal mass of const-,/p, while every p-sweepout of 9]0, 1]? must have 0-cycles of mass > p. It
follows that if we want the family of boundary cycles to be continuous, then an M (zx)/r¢ bound is not
sufficient.
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Motivated by this we state the following optimistic conjecture:

Optimistic Conjecture 1.5 Letn >k >1. Let F: X? — %,([0, 1]", 9]0, 1]*; Z,) be a continuous family
of cycles and r € (0, %) Then there exists a family F': X — I;([r, 1 —r]"; Z,) such that

(D F'(x)u(r,1=r)" = F(x)(r, 1 —r)",

Q) M(F'(x)) < M(F(x)) +c(n)p@*=D/e=h,

(3) 0F’'(x) is a continuous family of (k—1)-cycles in d[rg, 1 —r]",
@) MQF'(x)) < c(n)(M (F(x))/r + p"~0/=D),

In our more down-to-earth conjecture that we use to prove the Weyl law, we allow the F’(x) to be a small
perturbation of F(x) in the interior of (r, | —r)". In addition, we require that the family satisfies a certain
technical assumption that the mass does not concentrate at a point. We also state the result for more
general domains with piecewise smooth boundary with 6-corners (their definition is given in Section 2.1).

Conjecture 1.6 Let Q2 C R” be a connected domain with Q2 a piecewise smooth boundary with
0-corners for some 6 € (0, ). Fixn > 0. For all p > po(2), r € (0,79(2)) and § > 0 the following
holds. Let F: X? — % (2, 0Q2; Z,) be a continuous map with no concentration of mass. There exists a
map F': X — I;.(cl(Q,); Z,) such that

(1) OF'(x) is a continuous §-localized family in % _1(0Q2,; Z>),

(2) F(F (X)L, F'(x)) <n,

3) M(F'(x)) < M (F(x))+ (M (F(x))/r)p~"/@=D 4 C(Q)M (3Q)*/ (=1 pl=k=1/(n=1),
@) M@F'(x) < c(Q)(M(F(x))/r + pr /=),

Moreover, if F is a p-sweepout of Q, then 0F': X — 02, is a p-sweepout of 92, by (k—1)-cycles.

We note that the parametric coarea inequality conjecture for k-cycles in n-domains together with the
parametric isoperimetric inequality for (k—1)-cycles in (n—1)-domains can be used to prove the parametric
isoperimetric inequality for k-cycles in n-domain.

1.4 Weyl law

In the proof of the Weyl law for (n—1)-cycles in a compact #n-manifold in Liokumovich, Marques and
Neves [21], the manifold M is subdivided into small domains U; and then a family of hypersurfaces {X;}
is defined that, restricted to each U;, is a p-sweepout {E’; = X, NU;} of U;. However, these hypersurfaces
have boundary in dU; and do not form a family of cycles in M (only a family of chains). A crucial step in
the proof is to glue this family of chains into a family of cycles in M by adding a family of (n—1)-chains
inside | J dU;. Since we are using Z, coefficients their total volume is bounded by the volume of | J dU;,
and is negligible compared to pl/ " for p very large.
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In the case of higher codimension we can similarly define a family of k-chains which restrict to a
p-sweepout of U; by relative cycles. However, to carry out the second step we need to find a family
of chains in | J dU; of controlled volume that we can add to X, to turn it into a family of cycles. The
problem is twofold:

(1) The volumes of 82’; can be arbitrarily large.

(2) Even if we find a way to control the volume of dX%, we also need to construct a continuous family
of chains filling 82’; of volume that is negligible compared to the maximal volume of E’;.

Together the parametric coarea inequality and parametric isoperimetric inequality solve these two problems.

1.5 Organization

In Section 2 we prove some important results on how families of cycles can be approximated with families
that have some nice special properties, which we call §-localized families. In Section 3 we use these
results to give a new simpler proof of the Almgren isomorphism theorem. In Section 4 we prove a
parametric coarea inequality for 1-cycles in 3-dimensional domains. In Section 5 we prove a parametric
isoperimetric inequality for 0-cycles in 2-dimensional domains. In Section 6 we show how the Weyl law
can be proved using the parametric coarea and isoperimetric inequality conjectures.

Remark 1.7 After an earlier draft of this paper appeared on arXiv, Bruno Staffa [33; 34] proved
Conjectures 1.6 and 1.3 for k = 1 and all n. Consequently, Staffa obtained the Weyl law (Theorem 6.1)
for 1-cycles in all dimensions.

Acknowledgements Liokumovich was partially supported by an NSF grant, NSERC Discovery grant
and Accelerator Award and Sloan Fellowship, and would like to thank Alexander Kupers, Fernando
Marques and Andre Neves for stimulating discussions. We are grateful to the referee for numerous
corrections to the first draft of this article. We would like to thank Bruno Staffa for finding a gap in the
proof of Proposition 2.7 in an earlier draft of this paper and suggesting a way to fix it.

2 Approximation results for families of cycles

2.1 Piecewise smooth boundaries with corners

It will be convenient to work with manifolds that have piecewise smooth boundaries with no cusps. In
this subsection we give a more precise definition of the “no cusps” property.

Let M be a Riemannian manifold with piecewise smooth boundary. Given a subset Y C M, let N, (Y) =
{x :dist(x, Y) < r} denote the r-neighborhood of Y.

Given 6 € (0, ), we will say that dM is a boundary with 6-corners if for every p € dM and every
¢ > 0 there exists an open ball B containing p, and a (14-¢)-bilipschitz diffeomorphism & from B to
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a subset of R”, such that ®(p) = 0 and ®(B) lies in the intersection H of at most n halfspaces with
®(dM N B) C 0H. Moreover, the hyperplanes Py, ..., Pj in dH are in general position (that is, the
intersection of any k hyperplanes is a linear subspace of codimension k + 1), such that the dihedral angle
Z(P;, Py >0 foralli #i’.

We will need the following useful lemma.

Lemma 2.1 Suppose dM is a boundary with 6-corners, with 6 € (0, ). There exists ro > 0 such that
for all r € (0, o] there exists a c(8)-bilipschitz diffeomorphism E: M x [0, ro] — U, with N,,(dM) C
U C Niiry/10(0M), such that E is the identity map on dM.

Proof If dM is smooth, the we can choose E to be the normal exponential map E = expy,;.

Otherwise, consider a stratification of dM into 0-dimensional, 1-dimensional, ..., (n—1)-dimensional
smooth strata {S;}. Inductively, we can define a continuous vectorfield V' on dM so that

e V is smooth and |V (x)| =1 on S; for each i,
o L(V(x),d0M) > 16.

We can extend V' to a smooth vectorfield in the interior of M and define E: OM x[0,r] — N, (0M)
to be a smooth map with dE/0¢|(x r)=(x,0) = V(x). Then for r sufficiently small this map will be the
desired bilipschitz diffeomorphism. a

Let 7o > 0 and E be as in the lemma above. For any r € (0, rg), let M, = M \ E(8M x [0, r)).

We have the following consequence of the coarea formula for flat chains.

Theorem 2.2 Let t € I;,(M; G). Then there exists a constant c¢(g) with limg_,o c(¢) = 1 such that for
every € > 0, there exists r € (0, ) such that t_ M, € I}, (M,; G) and

M (zL0M,) < c(e) Mg(t) .

Moreover, if T € %, (M, M ; G), then t M, € ¥ (M,,0M;;G) and d(z_M,) € %;_1(0M;;G).

2.2 Cubical complexes
We will be considering families of flat chains parametrized by a cubical complex. We start with some
definitions that will be convenient when working with these complexes, following [21].

Given m € N, let I™ denote the m-dimensional cube [0, 1]". For each j € N, I(1, j) denotes the cube
complex on I! whose 1-cells and 0-cells (vertices) are, respectively,

[0,377], 37/,2-377], ..., [1=377,1] and [0], 37/], ..., [1=377], [1].

We denote by I(m, j) the cell complex on I

m times

Im,j)=1(1,j)®---®1(, j).
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Then o = o1 ® -+ ® ayyy is a k-cell of I(m, j) if and only if «; is a cell of I(1, j) for each i, and
> dim(a;) = k. We will abuse notation by identifying a k-cell o with its support: &y X -« X oy C I™.

Let X be a cubical subcomplex of I(m, j). Fori > j let X(i) denote a subcomplex of I(m, i), whose
cells lie in a cell of X. In other words, X (7) is obtained from X by subdividing each k-cell of X into
32(=J7) smaller cells. We use the notation X (i) to denote the set of all k-cells in X (/). If E is a cell
of X (i), to simplify notation we will write E}j to denote the k-skeleton of the cell E (dropping (7)) and
E (i) to denote the k-skeleton of X (i +i’) N E. We write X ? to denote a cubical subcomplex with
cells of maximal dimension p.

2.3 Approximation theorem

Let G = Z or Zp. Assume that M is a manifold with piecewise smooth boundary dM with 6-corners
for some 6 € (0, %) Let % (M, 0M ; G) denote the space of relative cycles with coefficients in group G.
Let & denote the flat distance in % (M, oM ; G).

Each individual cycle in a continuous family { F(x)} of flat cycles can be well-approximated by a
polyhedral cycle. However, close to every nice looking cycle in the family there could be a sequence of
some wilder and wilder looking wiggly cycles converging to it. For example, their supports may converge
in Hausdorff topology to the whole space. This makes it hard to apply some continuous deformations or
surgeries to the family. It is desirable to have an approximation theorem which tells us that we can pick a
sufficiently fine discrete subset of the parameter space, and the values of F on that discrete subset uniquely
determine the homotopy class of the family, and, moreover, if we apply some continuous deformation
to this discrete family so that it satisfies a certain property, we could interpolate to obtain a continuous
family which also satisfies this property.

This gives rise to discrete and continuous settings in min-max theory; see eg [28; 23; 24].

The main result of this section is the following approximation theorem.

Theorem 2.3 (1) There exists ¢ = c(M, p) > 0 such that the following holds. For every n > 0 there
exists eg > 0 such thatif F: XP(q)o — % (M, 0M ; G) is amap with F(F(a), F(b)) < &g for every pair of
adjacent vertices a and b, then there exists an extension of F' to a continuous map F: X — %, (M, oM ; G)
such that for each cell C in X(q) and x, y € C, we have F(F(x), F(y)) < ¢nsupyex(q), M (F(w)).

(2) There exists e(M, p) > 0 such that if Fo: X — %3 (M,0M ;G) and Fi: X — %3 (M,oM; G) are
two maps with F(Fo(x), F1(x)) < ¢ for all x and sup,cy M (Fi(x)) <oo fori =0, 1, then Fy and F
are homotopic.

Informally, Theorem 2.3 means that we can replace a continuous family of cycles with a sufficiently
dense (in the parameter space) discrete family. We can then perturb each of the cycles in the discrete
family and complete them to a new continuous family. This new continuous family will be homotopic to
the original family. In general, our procedure may increase the mass of cycles by a constant c¢(p, M).
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In the last subsection we show that if we assume that the family of cycles satisfies no concentration of
mass condition (and without this condition in the case of 0-cycle), then the mass will only increase by an
amount that goes to 0 as e goes to 0.

Our method is to first modify the family so that for a small ball B in the parameter space and any two
points x, y € B, the difference F(x)— F(y) lies in some fixed (and depending only on B) collection of
disjoint convex sets. We will call such families “§-localized”. Then we can interpolate between F(x) and
F(y) using radial contraction inside these convex sets.

2.4 Admissible collections of open sets in M

Pick ry < injrad(M). If M has smooth boundary, let Egps: oM x [0,r9] — M denote the normal
exponential map from the boundary of M.

More generally, let Eyps denote the map E from Lemma 2.1.

We say that a collection of open set U; C M is r-admissible if they are all disjoint and:
(1) If U; is disjoint from dM, then Uj is a ball of radius r;.
(2) If U; is not disjoint from dM, then U; = Egps(By, %[0, 17]).
3) dY.r<r.

We need the following two elementary lemmas about collections of »-admissible sets.

Lemma 2.4 Let B; = {f;} be a finite set of balls in IM and B, = { B} } be a finite set of disjoint balls
contained in the interior of M. There exists an r -admissible collection {U;} such that

U Uy D (U Egn (Bi x [0, rad(ﬁi)))) U U Bj

and r <) rad(B;) +3) rad(B;).

Proof If B;, and B;, intersect, then we can find a ball 8 C M of radius < rad(f;,) + rad(B;,) that
contains their union. Hence, we may replace {;} with a collection of disjoint balls containing the union
of original balls without increasing the sum of their radii. Let’s call this replacement operation ().

If B; intersects Eyps(Bi x [0,rad(B;)]), then there exists a B’ of radius < rad(B;) + 3 rad(B;), so that
Bj C E(B’' x[0,rad(B8)]). (Note that instead of the factor 3 we could have used 2 + ¢ for ¢ — 0 as
rad(Bj) — 0.) We define new sets B = B \ {B;} U{B'} and B, = B, \ { B;}. By (*) we can replace
' with a collection of disjoint balls B. Let (*x*) denote the operation of replacing %B; and B, with
%’1/ and 973/2 Note that (x*) decreases the number of balls in &, by 1, decreases the sum of radii of balls
in B, by rad(B;) and increases the sum of radii of balls in % by 3rad(B;).

We perform () repeatedly, until Eyps(B; x [0,rad(B;)]) and B; are all disjoint. The process terminates
since the number of balls in %, was finite. O
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Lemma 2.5 Let {U ll }}) L | be anry-admissible and {U 12};)11 be an r,-admissible collection of open sets.
Then there exists an r-admissible collection {U;}}_, with v < vy + v, | | Ull UL U12 c YU, and
r <3(r; + ).

Proof We replace the collection of all {U li} and {U l?}, which are balls in the interior of M, with a
collection { B;} of disjoint balls that contain their union. We can do this with

Z rad(B;) < Zrad(Ul:) + Zrad(Ulf).
Some of the balls B; may intersect M. We replace them with exp(B; x [0, 7']) D B; for §; C IM and
r’ <3rad(B;).

Now we are in the situation where we can apply Lemma 2.4. |
2.5 Localized families

Let V C X(g). We will say that amap F: V — %, (M, M ;G) is e-fine if for every cell C in X(g)
and a,b € C NV we have F(F(a), F(b)) < e. We will say that a map F: V — %, (M,dM;G) is
d-localized if for every cell C of X(g) there exists a §-admissible collection of open sets {U, IC} such that
for every pair a, b € C NV we have the support supp(F(a) — F(b)) C | Ulc. Given a cell C in X (q)
let Co = C N X(q)o.

Proposition 2.6 There exist 6o(M, p) >0, c(n,k, p) > 0 and ¢o(M, p) > 0 with the following property.
Let F: XP(q)o > %1 (M,0M; G) be a §-localized map, with § < §.
(I) There exists an extension map F: X(q) — %3 (M, oM ; G) such that:

(1) The extension is c¢é-localized.

(2) Forevery cell C and x, y € C, we have

F(F(x), F(y)) < ¢§ max M (F(w)LU Ut )
weCy
(3) For every cell C and x € C, we have
M (F(x)) < max M (F(w)) + ¢ max M(F(U))I_U UIC).
weCCy weCy
(II) Suppose in addition that F is defined on some subcomplex Y (q) C X(g) and F:Y — %, (M, oM ; G)
is 8-localized and e-fine, where § < 8o and € < gq. Then there exists an extension map
F:X(q)—> % (M,0M;G)

such that:

(1) The extension is c§-localized.

(2) Foreverycell C in X(q) and x, y € C, we have

FF(x), F(y) <c§  sup  M(F(w))
weCoU(CNY)

and M (F(x)) < ¢ maxyecyucny) M (F(w)).
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Proof We prove (I). Part (IT) follows with some straightforward modifications.
We start by extending to the 1-skeleton.

Let C be an m-dimensional cell. Assume we have extended F for all x € dC. For each (m—1)-
dimensional cell C’ C dC assume, inductively, that there exists a c¢(m—1)§-admissible collection
RBCH={UC", ..., UI?C/'/)} with supp(F(x) — F(y)) Cc U Ul.C/ forall x, y € C’.

By Lemma 2.5 there exists a ¢(m) > 0 and a ¢(m)§-admissible collection B(C) = {UE, ..., UI?C)} of
open sets such that ,

| uc clus
i;C’'coC i
For each i we define contraction maps R’; as follows. If Ul.C = B,;(p) is a ball centered at p, we

let' R’;: B,;(pi) = Byr,(pi) be the radial contraction map. If UiC = E(Br;(pi) x[0,r;]), we define
RY(E(x,r)) = E(tx,tr).

Let v(C) denote the vertex in 0-skeleton of C that is closest to 0 (thinking of C as the subset of the
unit cube).
Define a function o (x,¢) on 0C x [0, 1] by

o(x,1)=F(x)+ Y _ Ri((F((C))— F(x)).UF).

1

Since o(x, 1) = F(v(C)) for all x € dC, this gives a well-defined extension of F to C.

Now we would like to verify the bounds on % and the mass. By taking a cone over F(x)—F(y)C|J U IC we
verify F(F(x), F(y)) <8(M (F(x)LUUS)+M (F(y)LJUS)) < c(p)d maxyec, M (F(w) |JUF).
Inductively we can check that

M (F(x)) < M (F M(F ¢
(F(x)) = max M (F(w) +e(p) max M (F)|JUF)
for sufficiently large c(p). m|

The following proposition is the key technical result necessary for the proof of Theorem 2.3. It asserts that
every sufficiently fine (in the flat topology) discrete family of cycles can be approximated by a §-localized
discrete family of cycles.

Proposition 2.7 Given § > 0, there exists eo(p, M, §) > 0 with the following property. Let f: X?(q)o —
% (M,0M; G) be a map with F( f(x), f(y)) < e for any two adjacent vertices x and y and ¢ € (0, &g).

Then there exists §(p, M,8) and amap F: X(q +q)o — % (M, dM ; G) that coincides with f on X(q)o,
such that for every cell C in X(g), we have:
(1) F(f(x), F(y)) <c(M, p,§)eforallx e CNX(q)oandy € CNX(q+¢)o-
(2) M(F(y)) =supyecnx(g), M (f(w)) +c(M, p,d)e fory € CN X(q+qo-
(3) F is §-localized. Moreover, if E C C is a cell of X(q + q), then for the corresponding §-admissible
collection {Ul.E}"(p) we have M (F(y).JUF) < SUPyecnxgo M (f (w)LJ Uk).

i=1’
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Proof First we define F on X(q)¢ setting F(x) = f(x).

We will define a sequence of numbers ¢ = ¢go <--- < ¢, = ¢ and maps Fj: X(q +¢j)o N X(q); —
¥r(M,0M;G)for j =0,..., p. Themap Fp: X(q+q)o — Zx (M, M ; G) will be the desired localized
extension.

We organize our proof as follows. First, we collect all definitions that will be needed in the proof. Then
we prove a key lemma constructing a localized family of chains filling a given localized family of cycles.
Finally, we give a proof of the inductive step of the construction.

Definitions and notation

e Let r{(M) be sufficiently small, so that every ball of radius r; that lies in M is 1.01-bilipschitz
diffeomorphic to a convex set in R”, and for every ball 8(r;) in dM we have that Egps is a c(0)-
bilipschitz diffeomorphism on 8(r1) x [0, r].

o Letro(M,d) = min{%rl , 5} and consider a collection of sets {Bq, ..., By} covering M such that
each Bj; is either a closed ball of radius g, or B; = E557(Bi, [0, ro]), where B; is a closed ball of radius rg
in M. We will call such sets “generalized balls”. Note that we can choose the covering { B;} so that the
number N of generalized balls in the covering satisfies N < ¢(M)/§". Let tB; with t > 0 denote the
concentric generalized ball with the same center point and the radius zrg.

Given a chain 7 by the coarea inequality and Lemma 2.1 there exist generalized balls B} with B; C B; C2B;
such that

()
(2-1) M (tL0B;)) < —M(Tl_zB ).
It will be convenient to use {B;} to define a collection of sets with disjoint interiors as follows: we let
U; = B] and let U; be the closure of B} \ U}_:ll Bj/. for i > 1. We will say that {U;} is a coarea covering
for t. Note that U; C Blf C 2B; for each i, and

N N )
M(fLU an) < M(rLU aB;) < CONpr ),

p
i=1 i=1 0

More generally, given a finite collection {t; }J'L:p applying coarea inequality to ) t;, there exists a
collection of generalized balls Blf with B; C Blf C 2 B; such that for each j we have

(2-2) M(thaBlf) = C(f)L

max M(f,|_2B ).

i=1,...,

As above we set Uy = B} and U; = Bj \ U]—l B’ for i > 1 and call {U;} a coarea covering for {z;}~
We then have

O)NL
(2-3) (TLU aU,) < CONL max M (5)).

=1,...,
i=1 o J

i=1"
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e It will be convenient to define a way of chopping away a chain 7; by intersecting it with sets from the
coarea covering {U;} of 7;. Given a collection of chains {7; }jL=1 and a coarea covering {Ui},N= , for {zj},
we let

i
(2-4) di(tj AUih) =7 — 7| J U;.
j=1
We then have the following mass bound for the boundary of dd;(z;):

c(O)NL
Fo

i
(2-5) M (3d;(tj)) < M (07j) — > M (97 Up) +
=1
e For each cell C C X(g) let x(C) € C N X(g)o denote the vertex of C that is closest to (0,...,0)
(thinking of X(g) as contained in the ambient unit cube of large dimension).

M (7j).

o disteo(x, y) = min; {|x; — y;[}.
e Foraface E! C X(g);, define Center(E) to be the collection of all points x in E with diste (x, 0E) >
1/39+1,

¢ [t will be useful to define maps between 0-skeleta of subdivisions of cells with nice properties. These
constructions are similar to [23, Appendix C].

Given a cell E of X(¢q) and x € E we let [x], denote the closest point of E(q’)¢ to x; if there is more
than one vertex of E(q’)o that minimizes doo(x, - ), then we set [x]4 to be the vertex closest to (0, ..., 0)
in the ambient cube I D> X D E.

e We will say that amap G: Y(¢")o — Y (¢”)0, for ¢’ > ¢”, is an adjacency-preserving extension if

(1) G(x)=xforall x € Y(¢")o,
(2) for any two x, y € Y1(¢’)o that lie in the same face of Y7(¢q’), we have that G(x) and G(y) are in
the same face of Y»(¢"”).

e Givenacell E of Y(¢q) and ¢’ > ¢” define Hy g: E(q")o — Eo(q")o by Hy 47(x) = [x]g7. We can
extend this definition to a map Hy g7: X(q +¢")o — X(q+¢")o by inductively applying Hy’ 4~ on each
face. We observe that Hy 4~ is an adjacency-preserving extension. It will be convenient to write Hy
for qu’o.

o Let Ly(E)={x€ E :ds(x,dE)=1t}and let ¢;: L;(E) — JE be a bijective homothety from the
center point of E. We define maps

P:E(q'+1)o \ Center(E) — dE(q")o x I'(¢")o.  Q:9E(q")ox I'(¢")o — E(g')o \ Center(E),

by setting
(2-6) Py (x) = (Lay(x,0E))]g, 39 doo(x, 0E)),
(2-7) Qg (x,1) = [L,_/13q+1 (x)]g-
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Note that the composition map

Qo P(x): E(q' + 1)o \ Center(E) — E(q')o \ Center(E)
is an adjacency-preserving extension. Moreover, we have Q o P(x) = Hy/ 41, 4/(x) for x € 0E(q')o.
Lemma 2.8 There exists eo(k, j, M, 8) > 0 with the following property. Suppose that F: Y/ (¢)o —
%, (M,0M ; G) is a §-localized map with F(F(x),0) < ¢ forall x € Y7/ (q)o and some ¢ < go(k, j, M, ).
Then there exist g(k, j, M,§), ci(k, j, M), ca(k, j, M,8) and amap t: Y/ (g + q)o — Ix41(M;G)
such that t is ¢y 8-localized, M (t(x)) < cp& and 9t(x) = F o Hz(x).
Proof The proof is by induction on n — k. If n = k, then taking t(x) = 0 gives the desired result.

Assume the lemma holds for families of (k+1)-cycles. To prove the result for families of k-cycles, we
now proceed by induction on ;.

If j = 0 the result is immediate. Assume the lemma holds for (j—1)-dimensional families. Applying it
to the (j—1)-skeleton Y (¢q);—; of Y(g) we obtain a ¢y (k, j—1, M)é-localized family

Tj—1:Y(9); NY(q+gj-1)o = lk+1(M: G)
with d7(x) = F o Hg;_, (x) and a mass bound
M (-1 (x) < ea(k. j — 1. M. 8)e.
Let C/ be a j-dimensional face of Y (¢). Let
Q:0C7 (qj-1)0 x I'(gj—1)0 = C(gj—1)o \ Center(C)
be the map defined as in (2-7). We will now construct a map
tyexr: 0CT (qj—1)o x I'(gj—1)o = I41(M: G).
We set Tycxr(x,0) =1j_1 0 O(x).

Since F is §-localized there exists a §-admissible collection of sets {Ul.C} with F(x) — F(x(C)) sup-
ported in | J UiC for all x € Cy. Hence, there exists a (k+1)-chain fill(x) supported in [ Ul.c with
M (fill(x)) < 2¢ and dfill(x) = F(x) — F(x(C)) for all x € Cy. We let

Tycxr(x, 1) = 7j—1(x(C)) +fill(Hg; _, (x)).
We define
T(x) = tocxr(x, 1) = t9cx1(x,0).

From the definition we have that {T(x)}xeac(g;_,), is @ family of relative cycles.

Since {tycxr(X)}xeac(g;_1)o 18 ¢(k, j—1, M)d-localized, applying Lemma 2.5 we have that {7(x)} is
¢’§-localized for ¢’ < 20¢{(j — 1, k, M'). We also have the mass bounds

M (T(x)) = M (tycxr(x.0)) + M (tgexr (x. 1)) = 2c2(j — 1.k, M. ) + De.
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Hence, we can apply the inductive assumption for families of (k+1)-cycles. We obtain that there exists
a cy(k+1, j—1, M)c'8-localized family {o(x)}xeac(qg;_,+q")o Of (k+2)-chains, such that do(x) =
ToHy  +q.4_,(x). Let {Ui} be a coarea covering for the family {o(x)}xeac(g;_;+¢)0-

Increasing ¢’ if necessary we may assume that ¢;_; + ¢’ > log;(N) + 1. Let
n(r) = 39114+ digt (¢, C x {1}).
For t € I(gj—1 +¢')o we have
T'(x,1) = tacx1 (X, 0) 4 0dy ) (0 (x), {Ui}).

Observe the following properties of t’:

(1) 9t/(x,t) = Fj_y0Hy,_ 4q(x)forz<1.

(2) '(x,0) =t9cxs (X).

3) (. D) =Tt9exi (Hy_4+q/.q;—1 (), 1) = 7j—1 (x(C)) + fill(Hy, _, +4/(x)).

By Lemma 2.5 we also have that this family is ¢ (k, j, M )§-localized for ¢y (k, j,m) bounded in terms
of ci(k,j—1,M), ci1(k+1,j—1, M) and our choice of ry. From (2-5) we have that

c(O)N3Y
_—¢€.

)

M 0t (x, 1)) <crtk, j—1,M,8)e+cr(k +1,j—1,M,8)

Since r¢ was determined by § and M and our choice of ¢’ depended only on k, j and M, we can bound
this expression by ¢, (k, j, M, 6)e.

Hence, we’ve obtained a c¢;§-localized family

7', D} eacqj—1+a)0x1@i—1+a0
We let ¢ = gj—1 + ¢’ + 1. We can then define a family v on C(g), \ Center(C) by setting 7(x) = t'o P
for the map P: C(q)o — 9C(gj—1 +¢")o x I(gj—1 +q’)o. For x € Center(C) N C(g)o we set 7(x) =
7j—1(x(C)) + fill(Hz(x)). It follows from the above estimates that {t(x)} is a ¢; (k, j, M )d-localized
family with M (t(x)) < cy(k, j, M, §)e. Defining 7 in this way on each j-face we obtain the desired
family. |

We can now prove Proposition 2.7. In the calculations below let ¢; denote a constant that only depends
on M, p and k. The value of ¢; may change from line to line.

We will define a sequence of ¢;d-localized maps Fj: X(q); N X(gj)o = %, (M, 0M ; G) with gy = ¢ and
satisfying Fj(x) = Fj_1 0 Hy; 4,_, (x) for x € X(¢); N X(q +q;—1)o and such that for every cell El of
X(q) for! < j —1, we have
i) F(f(x), F(y))<cM,j—1,8)eforx e ENX(q)oand y € ENX(q+4gj—1)o,
(i) M (F(y)) <supyeenx(g), M (f(w)) +c(M, p,d)efor y € ENX(q+qj-1)o,
(iii) if D C E is acell of X(¢ +¢j—1) and {Ul.D } is the corresponding ¢ §-admissible collection, then
M (F(»)LUUP) = supyepnxigyy M (S () JUP) for y € EN X (g +gj-1)o.
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First we set Fo(x) = F(x) for x € X(q)o. Assume we have defined F;_; on X(g);j—1 N X(gj—1)o. For
each j-dimensional face C of X, by Lemma 2.8 there exists a ¢y d-localized family {z(x)}xedac(g;_;+2)o
such that dt(x) = F(x(C)) — Fj—10 Hy;_ +7.4;_,(x). We let g; = gj—1 + ¢ + 1 and define

(2-8) Fi(x)=Fj_10Hg 4;_,(x) = FoHy(x) on X(q)j—1NX(gj)o.
We now fix j-dimensional cell C and describe the extension of F; from dC N X(g;)o to C N X (g} )o.

Let {U;} be a coarea covering for the family {z(x)}xeyc(g;_,+7),- T0 obtain the desired mass bound
for F; we will need the following construction. We defined F; by composing F;_; with an adjacency-
preserving extension on dC and now we’d like to extend to the interior of C by “chopping away” t(x)
using (2-4), taking the boundary of the resulting (k+1)-chain and adding it to the value of Fj on the
boundary, until we deform the family of { Fj(x)}xeac(q;), to the constant family equal to F(x(C)) on
Center(C). The problem with this approach is that the restriction F (x)_U; for x € dC(q;)o can be large
for some values of i, while F(x(C))_U; can be large for other values of i, so the interpolation may
increase the total mass to more than M (F (x(C ))) + M (F(y)) (for some y € Cy), violating mass bounds
(i1) and (iii) above. Instead, we will make a mass-minimizing choice in each Uj; that will guarantee that
the mass bounds are satisfied.

Foreachi =1,..., N we let m; = t(x(i))_U;, where x(i) € dC(¢gj—1 + q)o is such that
M (37 (x (i) Ui — F(x(C))LUi) < M (3t (x) U; — F(x(C))LU;)
for all x € dC(¢j—1 + q)o- Define N
b({r(0)}, F(x(O)),A{U}) = D mi.

i=1
From estimate (2-5) we have the following mass bounds for b({r(x)}, F(x(C)), {U,-}) and its boundary:
(2-9) M (b({r(x)}, F(x(C)), {Us})) < Y M(x(x)),

xeC(gj—1+q9)o

(2-10) M (3b({z;}, F(x(C)).{Ui}) — F(x(C))) < Cmin _ M (dt(x)— F(x(C)))
x€C(gj—1+t9)o

2J N349i-1t4
+— max M (t(x)).
o x€C(gj—1+q)o
We define a map

t":0C(gj—1 + 9o x 1(qj—1 + Qo — I +1(M; G)
as follows. Let n(¢) = 3%-119(1 —t); without any loss of generality we may assume N < 3%-174_ Set
(2-11) T(x,t) =10 Hy; qi—1(X) = dypr) (to Hy; gi—1(x) — b({t(x)}, F(x(C)).{Ui})).
Finally, we let
Fj(x) = F(x(C))—0dt" o Py, _1(x) for x € C(gj)o \ Center(C).
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Observe that this definition coincides with (2-8) on dC(gj)o. For x € C(gj)o N Center(C) we define
Fj(x) = F(x(C)) = db({z(x)}, F(x(C)), {Ui}).

The flat distance bound (i) follows from (2-9); the mass bounds (ii) and (iii) follow from (2-10) and our
construction of b. |

Remark 2.9 If M is a PL manifold, then we can perform the above construction starting with a
polyhedral approximation F(x) for each cycle f(x), with x € X(g)o. The construction in the proof
of Proposition 2.7 then gives a discrete family F: X(¢")o — %ZL(M ,0M ; G) of polyhedral cycles,
and Proposition 2.6 gives a continuous family F: X — %iL(M ,0M ; G) of polyhedral cycles. Hence,
whenever it is convenient, we can replace a Riemannian metric with a PL approximation and a family of
flat cycles with an approximating family of polyhedral cycles. All relative k-dimensional cycles in our
construction may be chosen so that F(x) N dM = dF(x) and is a (k—1)-dimensional polyhedral cycle
in oM.

Combining Proposition 2.6 and 2.7 we obtain the following proposition.

Proposition 2.10 For all § > 0 sufficiently small there exists &1 > 0 such that the following holds.
Givenamap F: X(q)o — %1 (M,0M ; G), which is &1 -fine, there exists ¢’ and a continuous extension
F:X(g+q")— %, (M,0M:;G) such that:

() F:X(g+q")— % (M,0M;G) is §-localized.
(2) For every cell C of X(q), x € Cyand y € C N X(q +¢q')g, we have
F(F(x), F(y))<c(M,p)§ max M (F(w)).
weX(q)o

(3) M (F(x)) =c(M, p)(1+8) maxyec, M (F(w)).
Proof Follows by applying Propositions 2.7 and 2.6. |

Theorem 2.3(1) directly follows from Proposition 2.10. To prove Theorem 2.3(2) we need the following
lemma.

Lemma 2.11 For every sufficiently small § > 0, there exists e5(M, p, §) > 0 such that the following holds.
Let Fo: X(q) > %3, (M,0M;G) and Fy: X(q) = %3 (M,0M; G) be two §-localized maps. Suppose
F(Fo(x), F1(x)) <& <e¢,. Suppose

m= max{ sup M (Fy(w)), sup M (F; (w))} < Q.

weX wexX

Then there exists a homotopy F: X (q) x I(1,q) — %, (M, 0M ; G) between Fy and F; such that
(1) F(F(x,t), Fo(x)) <c(p, MYmb + ¢, forall x € X,
2) M(F(x,t)) <c(p, M)m forall (x,t) e X x1I.
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Proof First we will define F restricted to X (q) x {0} U X(q)o x I(1,¢)o U X (g) x {1} for some g > ¢
using the construction from Proposition 2.7. Then we will apply Proposition 2.6(II) to extend F to a
continuous map defined everywhere.

Let F|x(g)xo = Fo and F|x(4)x1 = F1. Applying the inductive step extension argument from the proof of
Proposition 2.7, we define a ¢§-localized map F! on v x I(q)o for each v € X(q)o, such that F!(v,¢) =
F(v,t) = F¢(v) for t =0, 1. Note that F(F(v,t), Fo(v)) < &,. Using the same extension argument we
can then extend F! to a §-localized map on (X (g +¢1)o %< 1(q1)0) N (X (q)1 x I(g1)0) \ X(q) x{0,1}. If
we define F1(x) = F(x) on X(gq) x {0, 1}, then by Lemma 2.5, F! will still be ¢§-localized. This defines
Flon (X(q)x1(g))1 N(X(g1) xI(q1))o. We apply the inductive step from the proof of Proposition 2.7
to define F' for i = 2,..., p, until we obtain a c§-localized map on X(gp)o x 1(qp). We can then
apply Proposition 2.6(II) to extend F to a continuous map defined everywhere. The mass and flat norm
estimates follow from the corresponding estimates in Proposition 2.6 and the inductive step in the proof
of Proposition 2.7. O

Let Fjy and F; be two maps as in Theorem 2.3(2). Let m = sup,,c y M (Fo(w)) + sup,ex M (F1(w)).

By Proposition 2.10, for every sufficiently small § > 0, we can define §-localized maps F and F'; which
agree with Fy and F; on the 0-skeleton of some subdivision X (¢’)o. By Proposition 2.10 we then have

F(Fo(x), F1(x)) < (M, pym§ +e.
For § > 0 and & > 0 sufficiently small we have that F and F; are homotopic by Lemma 2.11.
Now we would like to construct a homotopy between F; and F; fori =0, 1.

Let 6; be a decreasing sequence of positive numbers converging to 0 and 1; = min{§;, £,(6;)}, where
€,(6;) > 0 is from Proposition 2.10. Let ¢; > ¢g be an increasing sequence of integers, so that
Fo: X(qi) > %, (M, M ; G) is g;-fine. Applying Proposition 2.10 we obtain a sequence of §;-localized
maps G;: X(q;) = %, (M,0M;G). We claim that G; — Fy. Given x € X, let x; denote the closest
point of X(g;)o to x. Then

(2-12) F(Gi(x), Fo(x)) = F(Gi(x), Gi(xi)) + F(Gi(xi), Fo(xi)) + F(Fo(xi), Fo(x))
<c(M, p)md; + ;.
The convergence follows by standard compactness results for flat cycles [6, 4.2.17].

To finish the construction we need to define a homotopy between G; and G;y;. Observe that if G;
is §;-localized with domain X (g;), then it is also §;-localized with domain X(¢;, ,) for ¢;,, > ¢;. It
follows from inequality (2-12) that #(G;41(x), Gi(x)) — 0. Assuming that §; is small enough we can
apply Lemma 2.11 to define a homotopy H;(x,t) between maps G : X(qlfH) — %, (M,0M; G) and
Giy1: X(q; 1)~ (M, oM ; G) for all i > 0. Moreover, the flat norm estimates from Proposition 2.10
and Lemma 2.11 imply that for each x and ¢ the sequence H;(x, t) is Cauchy in &. This implies continuity
of the homotopy from F to Fy. The same construction works for the homotopy from F; to Fj.
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2.6 Homotopies with better estimates for the mass

We need to prove an analogue of Theorem 2.3 with a better estimate for the mass of cycles when the
family satisfies some additional assumptions.

In the case of 0-cycles we prove approximation theorem with an optimal bound.

Proposition 2.12 There exist eg(M, p) > 0 and c(M, p) > 0 such that the following holds.

Let F: X(q)g = %#o(M, M ; Z,) be a map satistying F(F(a), F(b)) < & < gg for every pair of adjacent
vertices a and b. Then there exists an extension of F to a continuous map F: X — %q(M, oM ; Z,) with
the following properties. For each cell C in X(gq), and x, y € C, we have

(@) F(F(x), F(y)) < csupyex, M (F(w))e,

(b) M (F(x)) = supyex, M (F(w)).
Proof We observe that every e-fine family of 0-cycles F: X(q)o — %o(M, dM ;7Z,) is é-localized for
some § < c¢(p)e. Hence, there is no need for Proposition 2.7.
We can prove an analogue of Proposition 2.6 with a better bound for the mass. We do it as follows.

First we extend to a 1-skeleton as follows. Let £ C X (g); and let {U jE } be a §-admissible collection of
open sets containing F(x)—F(y), where dE = x—y. Therefore, M (F(X)I_UjE) =M (F(y)l_UjE) mod 2.
Letz; =0 ifM(F(X)I_UjE) =0 mod 2 and z; = {¢;} if M(F(X)I_UJ-E) = 1 mod 2, where ¢; is a center
point of UjE.

Let e denote the midpoint of E. We define
Fle)=F(x)=Y F)UF+> zj=F(y)-Y FOUF+) z.

We homotop F(x) to the midpoint of E by radially contracting F(x).U jE in each U jE . We do the same
for F(y).

Similarly, given a cell C and a -admissible collection {U ].C} such that F(x)— F(y) c U ].C for any
pair x, y € dC, we define cycles z; and radially contract the family {F(x)}xeyc to

Fle)=F(x)=Y_ Fx).UF + )z,

where e is the center point of C. a

For higher-dimensional cycles we obtain a better bound for families that have no concentration of mass.
The map F: X — %, (M, dM ; G) is said to have no concentration of mass if

limsup{M (F(x)_B;(p)) :peM,xec X} =0

r—0

for every x € X; see [24, Theorem 3.7].
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Proposition 2.13 Let F: X(q) — %, (M, M ; G) be a map with no concentration of mass and such that
sup,cy M (F(x)) < oo. Forevery ¢ > 0 and § > 0, there exists a -localized map F': X?(q + q) —
% (M, 0M; G) such that

(@ F(F(x), F'(x) <e,

(b) M (F'(x)) < supyex, M(F(x)) +e.

Proof Let m = sup,cy M (F(x)). Let ¢o > 0 be larger than the constant c(n, p) appearing in
Proposition 2.6. We will choose §’ > 0 and &’ > 0 satisfying the following conditions.
Conditions for §’:
(1) & <8/co.
2) If {U;};’Lpl) is a §’-admissible collection of open sets constructed in Proposition 2.7, then (using no
concentration of mass condition) we have

n(p)

sup Z M(F(X)I_U Ul) < 1(;960.

xeX I=1

(3) & <e/(com).
@) & <8/co.
Conditions for &’
(1) & <e9(M, p,8’), where g is from the statement of Proposition 2.7.
(2) & <e/(10c(M, p,8’)), where ¢(M, p,8’) is the constant from Proposition 2.7.

Pick ¢’ > 0 large enough so that F: X(q +¢') — %, (M, 0M ; G) is &'-fine. Apply Proposition 2.7 to F
restricted to X (¢ + ¢’)o to obtain (by our choice of ¢’ < g9(M, p,8’)) a §’-localized map

F':X(q+q +Qo—>%(M,0M;G).

Then we apply Proposition 2.6 to obtain a c¢¢d’-localized family. By our choice of §’ we have that the
family is §-localized. It follows from Propositions 2.7 and 2.6 and our choices of ¢’ and §’ that for every
xeCCX(g+qg+q,weCnNnX(g+q')oand y e CNX(g+4q +q)o, we have

F(F'(x), F(x)) SF(F'(x), F'(0)+F(F'(p), F'(w) +F(F'(w), F(w)) +F(F(x), F(w))
<com8' +c(M, p,8)e +€ <e,
M (F'(x)) <supM (F(x))+c(M, p,8§")e' +cq max M(F(UJ)LU UIC) <supM (F(x))+e. O

3 Homotopy classes of the space of cycles

Here we use results from Section 2 to give a new proof of the Almgren isomorphism theorem [1; 2].

Let X'? be a cubical subcomplex that is also a p-dimensional manifold and G = Z, or Z. If G = Z
we demand that X is oriented. Let M be a Riemannian manifold and let 0M be piecewise smooth
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with f-corners. Fix a PL structure on M that is a bilipschitz approximation of M. To a §-localized
map F: X(q)y — %EL(M, dM ; G) we associate a polyhedral (p+k)-cycle Af € %Eik()( x M;G)
constructed as follows.

For each /-cell C! € X(¢); we will define a polyhedral (/+k)-chain A(C) € I lP-l%k (X x M;G). We will
then define A = )~ A(C), where the sum is over all p-dimensional cells of X(¢). The definition
is by induction on /. For each x € X, letix: M — X x M be the inclusion iy (a) = (x,a). For/ =0
we define A(x) = ix(F(x)) for each x € X(g)o. For every (I—1)-cell C!~! C X(¢);_, assume that we
have already defined A(C). Given a set U C M and a bilipshitz diffeomorphism f: U — R” with f(U)
convex, a point x € U and a relative cycle B € #;(C x U, C x (U NdM); G), set

coney(B) =g~ (Coneg(pc ,x)(g(B))),

where pc is the center point of cell C, g = (idc, f): C x U — C xR" and Coneg(p.-,x)(g(B)) denotes
the cone over g(B) in C x f(U) with vertex (pc, f(x)). We will choose f to be the exponential map
from point p if p lies in the interior of M, or the map E from Section 2.1 if p € 0M.

Define A(0C) = ZECaC(—l)iA(E), where the sign (—1) is defined in the standard way for the
boundary operator on a cubical complex, 0C =) gcyc (=1)'E. Let {Ul.C} be an admissible collection
of sets corresponding to §-localized family {F(x)}xec,- We fix a point x; € Ul.C for each i; if Ul.c
intersects dM, then we pick x; € 8Uic. We fix a vertex v € Cy and set

A(C) = A() xC + Y _ coney, ([A(3C) — A(v) x 3C]N C x UF).

By induction and our definition of §-localized families, A(0C)— A(v) x dC is an (/—1)k-dimensional
polyhedral relative cycle in | |; C x Ul.C, so A(C) is well-defined.

It follows from the construction that 4 has the following properties:

(1) For an open and dense subset of points x € C and for an open and dense subset of points x € dC
we have that
Projy (projy' (x) N A(C))
is a polyhedral k-cycle.

(2) There exists a sequence ¢ = gg < g1 < gz <--- and &; — 0 such that discrete families of cycles
F':C(qi)o — %1 (M, 0M ; G) given by F'(x) = proj, (proj)_(1 (x)NA(C)) are c(I—1)§-localized
(with respect to a fixed admissible collection {Ul.c} that depends only on C) and ¢;-fine.

It follows from the definition that if F; and F, are two §-localized families with F(F;, F,) < ¢ for
all x € X(g)o, then for all sufficiently small & > 0 the corresponding (p+k)-cycles Ap, and AF, are
homologous; cf [14, Section 1]. In particular, given a map F: X — %, (M,dM;G), we can define
oF € Hyy (X x M, X x dM ; G) corresponding to cycle A g/, where F' is a §-localized approximation
of F obtained by Proposition 2.7, and « r is independent of the choice of F”’.
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Theorem 3.1 Two maps Fo: X — %3, (M,0M;G) and Fy: X — %;(M,0M ; G) are homotopic if and
only if apy = afp, € Hy (X x M, X x M ;G).

Proof One direction follows immediately from the construction: if Fy and F; are homotopic, then
af, =oF,. Indeed, let F: [0, 1]x X — %, (M, 0M ; G) be the homotopy. By Proposition 2.7 there exists
a §-localized approximation F’ of F and the restrictions F’|;x x are §-localized approximations of F; for
i =0, 1. Applying our construction to F’ we obtain a (p+1+k)-chain B with 0B = Ap| —AF

1xX OxX *

Now we prove the other direction. Let Fyj: X(¢q)o — % (M,0M:G) and F|: X(q)o — %x(M,0M : G)
be two e-fine §-localized maps that e-approximate Fy and F, respectively.

Define A F and A Fj as described above. Assume that they represent the same homology class. We
would like to construct a homotopy from Fj to F}. It is enough to construct a sequence of maps
Fi:X(q")o — % (M, M ; G) for ¢’ > g which are

(1) e-fine,

(2) satisfy F(Fi(x), Fit1(x)) <eforall x € X(¢')o,

(3) F(F°(x), Fj(y) — Fy(y)) < ce for x, y in the same cell of X(g),
(4) FN(x) is the empty cycle for all x.

By Theorem 2.3 such a sequence of maps would guarantee the existence of a continuous homotopy
contracting Fy — Fj.

We will define sequence F; by defining a sequence of (p+k)-cycles A; in X x M and intersecting them
with fibers of projy.

The cycles A F and A F are constructed in such a way that for every € > 0, picking a sufficiently fine set
of discrete points X (q”)o (ie ¢” sufficiently large) we can guarantee that the family {proj~!(x) N 4 F}}
is e-fine. We observe that every (p+k)-cycle in general position will have this property. This follows
from a PL version of transversality, which we explain in more detail below.

Fix a fine PL structure on of M that is (14-¢)-bilipschitz to the original metric. Fix a cell £ A’i x Eyy
where Ex C X and Epy C M. Let C be a linear m-cell contained in £ )1} x E ;"/[, for some m > 0. Let
6(C) denote the angle that C makes with fibers of projy : Ex x Epy — Ey, defined as follows. Fix a
point ¢ in the interior of C. Let Py denote the n-plane that passes through @ and contains a fiber of projy .
Let Pc denote the m-plane that passes through @ and contains C. If m > p let B = {v;,...,Um—p} be
a set of linearly independent vectors contained in Pc N Pyy, otherwise set B = {0}. Define 6(C) to be
the minimum over all angles between nonzero vectors v; € P¢ perpendicular to span(8) and v, € Pyy
perpendicular to span(f). Note that this definition is independent of the choice of a.

We will say that a polyhedral chain (resp. relative cycle) A™ in X? x M", where m > p, is in general
position if the following conditions are satisfied:
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(1) AN X xdM is an (m—1)-dimensional polyhedral chain (resp. cycle).
(2) Each cell C? of A4 is contained in the interior of a cell E/ of X x M with j >i.
(3) For each cell C*,i > 0, of A we have 8(C) > 0.

Lemma 3.2 If A™ is a polyhedral relative cycle in general position, then there exists an open and dense
subset G C X such that the following hold:

(a) Forevery x € G we have that proj}1 (x) N A is a polyhedral (m— p)-dimensional relative cycle and
proj)_(1 (x) NC N X xdM is a polyhedral (m— p—1)-dimensional cycle.
(b) For every ¢ > 0 there exists § > 0 such that if x, y € G and dist(x, y) < 6, then

F (proj s (projy ' (x)). projas (projy' () <.

Proof Let (A) denote the 0-skeleton of 4 and let G C X be the union of interiors of all #-dimensional
faces of X minus projy ((A4)o). By [36, Theorem 1.3.1] and our angle condition, proj)_(1 (x) is an (m—p)-
dimensional polyhedral cycle for each point x € G, and given y; € G and a piecewise linear segment L;
connecting y; to X, proj)_(1 (L;) is a polyhedral (m— p-+1)-chain with Vol(L;) — 0 as y; — x. |

Let B denote a polyhedral (p+k+1)-chain with 0B = Af, — AF,. There exists a fine subdivision of B
such that for any (p+k)-cell C of B and almost every x € X, we have that z¢ (x) = proj)_(1 (x)NCisa
polyhedral k-chain of volume less than e.

Let N denote the number of (p+k+1)-cells in B. We can pick a large enough ¢’ > ¢ so that for every
two adjacent vertices x1, x2 € X(¢)o and every (p+k)-cell C of B, we have

F(proju (projy’ (x1) N C). proj (projy' (x2) N €)) < 1.

Let {C;}Y_. be (p+k—+1)-cells of B. Define a sequence of maps F;: X(¢')o — % (M, M ; G) by

i=1

i
Fi(x) = projas (proj)_(1 (x)N 3(B \ U Cj)).
j=1
By construction this defines a sequence of e-close e-fine discrete maps, and by Theorem 2.3 we can

construct a homotopy from F: X — %, (M, dM; G) given by F(x) = F(x) — Fo(x) to the 0-map. O

Let Fy:mwm(Ex(M";G)) = Hpypp i (M" x S™; G) be a map defined as follows. Given a map f: S —
i (M"; G) representing class [ f] € my (£ (M"; G)), we set F4([f]) = ay € Hyyy  (M" x S™;G).

Theorem 3.3 F, is a bijective groupoid homomorphism.

Proof By Theorem 3.1, if f: S™ — %;,(M;G) and g: S™ — %, (M ; G) are two homotopic maps,
then cycles Ay and Ag are homologous, so the map is well-defined. It also follows from the construction
of Ar that F4 is a homomorphism and injectivity of F4 follows by Theorem 3.1.
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Every homology class in Hy, 1 (M" x S™; G) can be represented by a polyhedral chain 4 in general
position, so that for a sufficiently large ¢ discrete family {proj,, (proj)_(1 (x) N A)}xex(q), represents a
unique homotopy class in 7, (% (M"; G)). Hence, F4 is also surjective. O

By the Kiinneth formula we have H,, , x (M" x S™; G) = Hpy 11 (M";G) @ Hi(M"; G). If we restrict
the domain of F4 to maps f: S — %, (M"; G) with a fixed a basepoint cycle z € % (M ; G) we obtain
the following isomorphism.

Corollary 3.4 (Almgren isomorphism theorem) The homotopy group 7w, (%, (M"; G); {[z]}) is isomor-
phic to the homology group Hy, 11 (M"; G).

For future applications we will also need the following Proposition, which allows us to replace a
contractible family of relative cycles with a contractible family of absolute cycles.

Proposition 3.5 Let F: X(q) —> %, (M, dM; G) be a contractible map. For every ¢ > 0 there exists a
map G: X — %, (M, G) such that

F(F(x)Lint(M), G(x)Lint(M)) < ¢

Proof Let Afr denote a (p+k)-dimensional relative cycle in X x M corresponding to F. Since F
is contractible, by Theorem 3.1 there exists a cycle B with 0B — Ar C X x dM. For dB in general
position and ¢ sufficiently large we can define an &/2-fine map G: X(q)9 — % (M, G) defined by

G(x) = projpy (projy ' (x)) N IB.

By Theorem 2.3 we can complete G to a continuous family of absolute cycles approximating F'. a

We finish this section with a counterexample to parametric isoperimetric inequality for contractible
families of cycles with integer coefficients.

Proposition 3.6 Let N > 0. There exists a contractible family of 0-cycles Fxr: S — %,(S'; Z) such that
« M(Fy(x)) <2 forall x € S!, and

e any family of fillings H: S' — I,(S';Z) with 0H (x) = Fy(x) satisfies M (H(xq)) > N for
some xg € S'.

Proof Consider [0,1] x S! and let {y; = {t;} x S'} be a collection of 2N disjoint closed curves in
[0,1] x S! all oriented the same way and with #; € (0, %), let {B; = {si} x S} be a collection of 2N
disjoint closed curves all oriented in the opposite way to y; and with s; € (% 1). Observe that we can
make a PL perturbation of curves y; and f3;, so that fibers of the projection map p: [0, 1]x ST — [0, 1]
intersect (_J y; U B; in at most two points (and when the intersection has exactly two points, they have
opposite orientation).

Identifying the endpoints of [0, 1] we can think of curves y; and f; as lying in S x S!. Let X = S!.
Then for sufficiently large g we have that {F x)=p '(x)N (U yiU ,B,) xekX (q)o} is an e-fine discrete
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family of cycles. Since Z = | J y; U B; is null-homologous as a 1-cycle in S x S, the family F(x) is
contractible. Every family of fillings H of F then corresponds to a filling ¢ of Z. It is easy to see, using
a winding number argument, that either p~1(0) Nt or p~! (%) N 7 is a circle of multiplicity > N. It
follows that M (H (x()) > N for some xo € S'. |

4 Parametric coarea inequality

Let Q C R be a domain with 92 piecewise-smooth boundary with #-corners. Let Q. = Q\ E(0Q %[0, &]),
where E is the “exponential map” from Lemma 2.1, and ¥ = 9€2,. In this section we will prove a
somewhat stronger version of Conjecture 1.6 forn =3 and k = 1.

Theorem 4.1 Fix n > 0. For all ¢ € (0,&9), 6; > 0 and p > po(L2, ¢) the following holds. Suppose
that F: X? — %,(Q2,0R;Z,) is a continuous map with no concentration of mass. There exists a map
F': X — I,(cl(Q); Z>) such that

(1) OF’ is a continuous family of 0-cycles in 92, that is §1-localized on X (q') for sufficiently large ¢’,

) F(F(x)Qe, F/(x)LQ) <,
(3) M(F'(x)) < M(F(x)) —|—c(n)M(8Q)(p1/2 + M(F(X)))’

N
4) MOF'(x)) <c(n)M () p.

Moreover, if F is a p-sweepout of 2, then 0F': X — %#(0Q2; Z,) is a p-sweepout of 9€2,.

Proof By Proposition 2.13 we can replace family F with a §-localized family, which is arbitrarily close
to F in flat norm, while increasing the mass by an arbitrarily small amount. Hence, without any loss of
generality we may assume that F is §-localized for some very small (compared to 1 and €) § > 0.

4.1 Proof strategy

We give a brief informal overview of the proof strategy. For each value of x € X(¢)¢ we can use the
coarea inequality to find s(x) such that the restriction F(x)L$2,_g(x) satisfies a good bound on boundary
mass. We then project the part sticking outside of 2, onto ¥ = 092, and denote the resulting chain
(which will be a relative cycle in Q2¢) by Cy(x)(F(x)); see the precise definitions in Section 4.2. This
gives us a way to define the family on the 0-skeleton X (g)¢. The challenge is to extend this family to the
higher-dimensional skeleta of X(g).

For two adjacent vertices x, y we have that I = Cg(x)(F(x)) — Cy(,)(F(y)) is a chain supported in X.
Recall that F is §-localized and so we can assume that for any two adjacent vertices the values of s(x)
and s(y) are chosen so that F(x) — F(y) is supported away from 0€2,_(y) and 02,_4(,,). It follows that
we can deform 7 into a chain /" = Cy(x)(F(x)) — Cy(;)(F(x)), and that we have a good bound on the
mass of 91", To interpolate between Cy(y)(F(x)) and Cs(,)(F(y)) we would like to contract I, while
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Figure 2: F(x;) and F(x;) are two cycles with x, x, € C N X(gq)o. We use the coarea inequality
to cut them in Q \ Q.. Then we project the part sticking out outside of 2, onto ¥ = 9€2,.

controlling its mass and boundary mass. Note that the mass of / may be as large as that of F(x) or F(y).
So to do this we subdivide X into small triangles {Q;}, with the goal of contracting [ radially, triangle
by triangle. However, we have no control over how large the mass of the intersection of I with dQ; is
(but we can assume that F was slightly perturbed so that the intersection has finite mass), so contracting
(I); = I_Q; may increase the boundary mass by an arbitrary amount. To solve this problem we add to
each Cy(y)(F(x)) achain ), fi(x), where each f;(x) is supported in dQ; and is a kind of “filling” of
the 0-chain Cy(x)(F(x))L00Q;, reducing its mass to < 1.

With this in mind we will define F'(x) = Y_; Cyx)(F(x))LQ; + fi(x) + Cone(dF(x).Q;) on the
0-skeleton X(¢)o. The last term is the cone over the boundary of C(x)(F(x)) in Q; with vertex g; € Q;.
Adding the cone makes some of the interpolation formulas simpler as we extend F’ to higher-dimensional
faces of X(g). The interpolation process is illustrated in Figure 3.

.. cone

O .
s(x1) s(x2) s(x3)
o

Ji(x)

Figure 3
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Let’s ignore, for simplicity, the difference between values of F' on adjacent vertices, since they are
contained in a collection of tiny balls away from where we “cut” F(x). The interpolation procedure then
can be thought of as radial scaling of terms like [Cy(x,) (F(x)) — Cy(x) (F(X)]N Qi + fi(x7) — fi (X))
for different vertices x; and x; in the 0-skeleton of a cell in X(g). On Figure 3 on the left, we see
(F'(x4))i = (Cy(xy)(F(x)))i + fi(x4) + Cone, where s(x4) corresponds to the cut that is closest to I€2.
Then we have cuts corresponding to s(x1), s(x,) and s(x3) indicated on the same picture. The cut
corresponding to s(x,) has mass 1 and the other two cuts have mass 3. The interpolation will involve
scaling the difference between these cuts as on the figure on the right, and adding a portion of the cone
over g; to connect the boundaries. Inductively we will assume that on the boundary of a cell C the family
of chains is of this form, and then linearly change the scaling factors to homotop the family in Q; to a
cycle F/(x;)Q; that has the least boundary mass (in the case of the figure this is x; = x5 or xj = x4).

4.2 Notation

We need to make the following definitions:
e Let:Q\ Q; — X be the projection map.
e Given a k-chain t € I1(2; Z,) and s € [0, ¢], let
Li(t) =m(te(Re—s \ R2¢)) C X and Ci(t) = (tuQe) + Ls(7) C cl(L2g).
o Let[t]is, 55 = Csp (1) — Cs, (7).

¢ For x € X(gq) let B(x) denote the cell of X(¢) of smallest dimension such that x lies in its interior;
if x € X(¢)o, then B(x) = x.

e For each vertex x € X(q)¢ we apply the coarea inequality Theorem 2.2 (here we assume that ¢ < ¢(2)
is sufficiently small) to find s(x) € [%8, 8] such that

1.5 2
M (0C; () (F(x))) = —— s M (F(x)rel(§2\ £2¢)) = =M (F(x)Lel(€2\ 2e))
and, moreover, we have that 9Q2,_(y) is disjoint from a §-admissible family {U;}.

In particular, for any x, y € X(g)o that lie in a common face of X (g), we have that Cy () (F(x) — F(y))
is an absolute cycle.

e For p> po(S2, ) we can triangulate ¥ by subdividing it into N/ subsets Q;, with N’ <const-pM (992),
with disjoint interiors and piecewise smooth boundaries such that there exists a (14&2)-bilipschitz
diffeomorphism P; from Q; to a convex simplex Q C R2, with diam(Q;) < p~ /2 and M (3Q;) < p~1/2.

e For each triangle Q;, fix a point ¢; in the interior of Q;. Given a cycle z, we denote by Cone;(z) =
Pi_1 (Conep, (4;)(Pi(z.0Q;))) the cone over zL Q; with vertex g;.

o Let \I/;): Qi — Q; be the radial scaling (towards ¢;) map \lf;(x) = P71 (Pi(qi) + p(Pi(x) — Pi(4i))),
where p € [0, 1].
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e Given a k-chain 7, (k—1)-cycle x and p € [0, 1] define the “conical collar” map
CIDfo(t, x) = Cone;(x) — Cone; (\Ili,(x)) + ‘IJ;(T).
We will drop the superscript i whenever it is clear to which region the map is being applied.

In the special case when x = 07, we have that ®,(z, x) fixes the boundary of 7, and replaces the
chain with a sum of a shrunk copy of itself and a piece of the cone over dr. More generally, we have
0P,(7,x) =x —Wy(x) + 0¥, (7).

¢ We will use the following notation: given a chain I we let (1); = I_Q;.

e Letk > 2. Given chains 7q,...,7 and 0 < p; <--- < pr_; < 1 define a chain in Q; by
k—1
Ai((@)E_y ()51 = ()i + ) @y (41 — T)i (3T))i) + Coney (W, .pye_, (0T1)1)).
j=1

For k = 1 we can write
Ai(t) = (v)i + Cone; ((37);) = Ai((z, T'), (0)),
where 7/ can be any chain.
e For each x € X(¢q)9, we define f;(x) to be a 1-chain in /,(0Q;; Z,) with the following property.
Let V; denote the set of vertices of Q;, then df;(x) — (Ct(x)(F(x)))l.l_aQi c V.

4.3 Definition of F’ on X(¢)o

After an arbitrarily small perturbation of the family we may assume that Cy(y)(F(x)) intersects | J 0Q;
transversely and dCy(x)(F(x))_J 0Q; is empty for each x € X(g)o.

‘We define
(4-1) F'(x) = F)LQe + Y Ai(Cya (F(x))) + fi(x).

Observe that with this definition, if x and y are vertices in a cell D of X(g), then there exists a cycle
e(x, y) of length < §, and contained in a §-admissible collection of open sets in cl(£2;), such that

F'(x) = FO)LQe + Y Ai(Coy (F()) + fi(x) + e(x. p).
4.4 Inductive property

Assume that we defined F’ on the k-skeleton of X(¢) so that it satisfies the following property:

Inductive property for k-skeleton X(q); For every p’-dimensional cell CP of X (g) with k < p’ < p,
and point y € C, the following holds. Let (x; )]2.; denote the set of points in C N X(¢)¢ and assume that
they are numbered so that s(x;,) < s(xj,) if j; < j. Then there exist:
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e Functions ,oj.:CﬂX(q)k—>[0, 1] for je{l,....27 —1}andi €{l,...,N'}. Let

l
n,-(x):#{ Hpj-(x):le{l,...,Zp/—l}}—l.
j=1

Here 7n;(x) will correspond to the number of distinct collars in Q;. Then the following properties

hold:
N/
1) Z ni(x) <dim(B(x)) < k. Moreover, for all x; & B(x)o we have
i=1 P (x) = {1 if 5(xj) < maxyep(x),t5(x)},
/ if 5(xj) = maxye p(x)o t5(X)}-

Qi) D (1= pi ()M (B(Cyiey) (F))i))
’ + D (1) () = P () - - )y ()M ((B(Coe) (F (7))

+ D P ) P (IM(B(Ce, ) (F(1)))i)
| _2M(F)

e
e A function e: C N X(q)r — %1(cl(R2¢), X; Z5) of relative cycles of length < ¢(k)d and contained
in a c¢(k)§-admissible collection of sets such that for all x € C N X (q)g,

(4-2) F'(x) = F(y).Qe+e(x)
20—
+Z( (Cotp FONP 0 (o 2T+ e+ S W,
j=1
We claim that our definition (4-1) for k = 0 satisfies the inductive assumption. Indeed, let x € X(¢q)o
and y lie in a p’-dimensional cell D of X(gq) that contains x. Setting ,0;. (x) =1 for all j such that
s(xj) <s(x), and ,0;. (x) =0 for all j such that s(x;) > s(x), we can write (4-1) as

F'(x) = F(x)LQ

i) ﬁ(x,)))

p1(X)...0} ()

2r'—1

+Z( ((Cotapy FN2 1 (0 T ) filrn) + T v )(ﬁ(x,-+1)—ﬁ(x,~))).

p1(X)...0% [ (x

Let G(x, y) denote the cycle obtained by replacing F(x) in the expression above with F(y):
G(x,y) = F(y)S2 )
27" —1
p_
n Z( (Cotepy FOM2y i W) + fie) + 3 0,
j=1
Then using the fact that F(x) is §-localized and our choices of s(x) (that guarantee dCs(x)(F(x)) =
0Cs(x)(F(p)) if x and y lie in the same cell of X (¢)) we obtain that e(x) = F'(x) — G(x, y) is a cycle
of length less than §. Property (i) of the functions ,0;. is immediate. and property (ii) follows since
M (0C;(x)(F(x))) = 2M (F(x))/e.

i Gan)— ﬁ(x,)))

01 (X)...0 ()
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Next we show that the inductive property implies the desired mass and boundary mass bounds.

Lemma 4.2 Suppose the inductive property is satisfied for k = p' = p and y € C? C X(q). Then:
(1) FEW)Le, F'(3) <.
@ M) =MEG) +eo (T @97
3) MGOF() = )M @)p.

Proof The first inequality follows immediately from (4-2).
Now we prove the second inequality. Observe that
M (4 ((Cy(x; 4 ) (F(1)) = oy (F)i)) < p(M ((FO)isx)),sxy 4.0Di))
+ (1= p)M ((3Cs(x;) (F(1)))i)
M (W, (fi(xj+1) = fi(x)))) < pM (3Q5).
Unraveling the definition of A; and using property (ii) of functions ,oj. () we obtain

2P—1
M (F'(y)) <M (F(y)) + Z Z (M (Cone; (¥

i j=1

((aCS(Xj))i)))
(y) ((8Cs(xj))l)))

oy i) = £i5))

i
P} ()04 ()

i
— M (Cone; (\pp’i 3l

i
T M(qui ).}

DM(FG) 1o
NN

IM(FG) % 4 (M (3Q)/P.

=M(F(y)) +

<M (F(y))+
To prove inequality (3), observe that

M ((3Cs ey (F(1)) + Ai (Cse) (F0)): Csay 4 1) (F () p) + 0V (S (1) = fi(x7)));) < 4,
where we may have one boundary point at the tip of the cone ¢; € Q; due to an odd number of boundary
points in (3Cs(x;, )(#(»))); and at most 3 boundary points [F(»)]is(x;),s(x; 11)-00i + fi F(y) at the
vertices of triangle Q;. The total number of vertices in triangulation of X is bounded by ¢’(n) pM (992).
Hence, using the first property of functions ,oj. F(y), we obtain

N/
M@F' (1)) = 3 M (OF (0)) 4N+ 3 M@, 0 (filxen) = filx)
i i,Jj /
<4c'(m)pM Q) + Y ni(y) < c(n) pM (39). D

l
Now we assume that F’ is defined and satisfies the inductive property on the k-skeleton X (gq);. We
will define F’ on the (k+1)-skeleton and prove that it satisfies the inductive property on X(¢)x+1. By
Lemma 4.2 this will finish the proof of the theorem.
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4.5 Inductive step

Let D be a (k+1)-cell in X(g). We will define map Fp: dD x [0, N'] such that Fp, = F’ on dD x {0}
and Fp(x, N') is a constant map for all x € D. This immediately gives the desired extension of F’ to D
by identifying D and dD x [0, N']/dD x {N’}. We will show that it satisfies the inductive property and,
hence, the mass and boundary mass bounds.

Let Dy = {x1,...,Xx,x+1} denote the collection of vertices in D N X(q)o. Assume that the vertices are
numbered so that s(x;,) < s(xj,) if j; < j2. Let y;(D) € Dy be a vertex with

M ((3Cs(y; () (F(x1)));) = min{M ((0C;(x)(F(x1)));) : X € Do}.
(Recall that 0Cy(y,)(F(x1)) = 0Cs(,,;)(F(x)) for all x € Dy.)

By the inductive property for all x € dD, we can write
N/
a2kt kt+1_
F'(x) = For)uQe + ) Ai(((Copepy (Fe0)))i) iy > (05(0))F =y 1) +e(x)
i

N’/ 2k+1_1

i (i) — filxs
+2 Zl it (ol 0 S 740 = S (7).
i j=
Now we will define functions pj. (x,1),t €[0,N'] and x € 0D, as follows:
(1) Fort<i—1 we set pj.(x, t) = ,05- (x).

(2) Forteli—1,i], we set

=i+ D)+ 1= @—i+D)phx) ifsCx;) <s(i(D)),

P )= {(1—(1—1' + 1))k (x) if s () = 5(i (D).

(3) Fort>i, we set

i Z)_{1 if s(xj) < s(yi(D)),
P =1y if s(x;) = s(yi(D)).
We define
N/
(4-3)  Fp(x.0) = Copey (Fx1)) + D Ai((Coppy (FOINIZY . (o (x 1)) 2Ly Y
! Sk+1_1 .
+€(X)+fi(xl)+2 Z W;g(x,t)...p'i(x,t)(xj“_xj)'
i j=1 !

From Fp we obtain the definitions of p;'. and F’ on D by identifying D and dD x [0, N']/0D x {N'}. We
claim that with this definition the inductive property will be satisfied for F” on D. Fix a point y € X(¢)o
in a cell C?’ of X(¢) that intersects D, for some k + 1 < p’ < p. Let {z;} denote the vertices of C
arranged, as usual, so that (s(z;)) is an increasing sequence. We define ,?5; (x) = ,05. (x) if z; = x;. For the
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values of / that correspond to vertices z; that do not lie in Dy and every x € D N C we set ;7;(x) =1if
s(z7) < 8(Xpk+1) and P (x) =0if s(z;) = s(xyx+1). For x € DN C, consider

G(x,y) = F(y).Q +ZA ((Cszp(FO)) 72 17(,01(?6))2 _1)+fi(y1)
20’ 1

+2 IZ L ANNVICTOES AN
=1

i
It follows from the definition (4-3) and the inductive assumption of ¢(x) that ¢/(x) = F'(x) — G(x, y) is
a family of cycles of length < c¢(k + 1)6 contained in a c¢(k+1)§-admissible collection of sets.

We would like to show that properties (i)—(ii) of functions ,5; hold. The first property follows from the
inductive assumption and our definitions of ,0;. (x, 1) and p;(x). To see that (i) holds, observe that the
choice of y;(D) as the vertex with minimal M ((0Cj(y, (p))(F(x1)));) implies that for x" = (x,7) as
defined in (4-3), the functions ,(3'5()6/ ) satisfy

(1= 7} (e, )M ((3(Cy(z,) (F(3)))i))
+Y @) B ) = 1) L By (. D)M((0(Cozy) (F(1)))i))
l + P 0) o By (6, M (((Coz, ) (F(1)))i)
< (1= B} (x, ) M ((0(Cy(z)y (F(»))i))
+ ) (B (x.0) ... 5y(x,0) = B} (x,0) ... B (6, 0) M ((B(Cy(z) (F(1)))))
l + 71, 0) . B (6, 0)M (((Cigz, ) (F())0)-
Finally, we want to prove that for a given §; > 0 and some sufficiently large ¢’, the map
OF - X(q") = %o(2,7Z5)

is §1-localized on X(¢’). Observe that in the construction above, given any two x, y in a cell C of X (q)
and Q; C X we have that (3F'(x) — dF'(y))LQ; is supported in at most k = sup,ec, M (OF'(x)LQ;)
balls of radius bounded by c(p) distso (x, ¥). Hence, choosing q/(p, 81, SUPye X (g)o M(aF/(x))) >yq
sufficiently large, we have that the map F’ is §;-localized on X(g’).

This finishes the proof of Theorem 4.1. |

5 Parametric isoperimetric inequality

In this section we prove a parametric isoperimetric inequality Conjecture 1.3 for O-cycles in a disc. One
can think about this result as a quantitative version of the Dold—Thom theorem.

Let Q denote a 2-dimensional disc of radius 1.
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Theorem 5.1 There exists constant ¢(n) > 0 with the following property. Suppose that ¢ > 0 and § > 0,
and let ®: X? — %4(Q,00;Z,) be a continuous contractible map. There exists a 6-localized map
O:XP > %9(Q;7Z,) andV: X — I1(Q;7Z,) such that

o F(P(x)Lint(Q), D(x)Lint(Q)) < & for all x,

e IV(x)= ®(x) for all x,

© M¥(x) =e(M(@)p~'2+p!/?),

o M(P(x)) <2M (P(x)) + cp.

We will need the following lemma:

Lemma 5.2 Let F: X?(q)g — %0(Q; Z,) be an e-fine family and let I C 0Q be a small interval of
length L. There exists a continuous family F': X(q) — %o(Q; Z,) with the following properties:

(1) F'is¢'-fine for &’ = c¢(p)(e + supyex (g, M (F(x))L).

(2) F'(x)Lint(Q) = F(x)Lint(D) for all x € X(q)g.

(3) M(F'(x).I)<2p.

Proof Let z denote the cycle of mass 1 supported on the midpoint e of I and let B = By (e).

For every x € X(q)¢ define
Fl(x) = {F(x) — F(x)LB+z if M(F(x)_I) is odd,
F(x)— F(x).B if M (F(x)_I) is even.
Inductively we extend F’ to the k-skeleton of X (g).

Fix edge £ C X(g){ with dE = x — y and let T be a 1-chain, M (T) < ¢, with T = F(x)— F(y). We
may assume that 7" is a finite collection of disjoint linear arcs. We remove all arcs of 7" whose endpoints
are contained in / and replace each arc of 7' connecting a point @ € Q to b € I with an arc connecting a
to the midpoint e of 7. We call the resulting 1-chain 7". Note that by triangle inequality 7" satisfies

M (T < M (T)+max{M (F(x)), M (F(y))}L.

We have that 97" = F’(x)— F'(y). We contract each arc of 7’ one by one to obtain a family 7 of 1-chains
and define F'(t) = F'(x) + 0T/ for t € E. Observe that M (F'(¢)) < max{M (F'(x)), M (F'(y))} + 2.

Now we assume that we have extended to the k-skeleton with M (F’(x)_I) <2k and so that the family is
c(k)e-localized. Let C be a (k+1)-face. By the assumption that the family is localized, there exists a ball
B, (e), with r € (L, L + c(k)e), such that F’'(x)LdB,(e) = & forall x € dC. Let R;: B,(e) — B,—¢(e)
denote a 1-Lipschitz map defined as (in polar coordinates) R;(p, 0) = (((r —t—L)p+tL)/(r— L), 9)
for p > L and R(p, 0) = (p, 0) otherwise. Note that R; shrinks annulus A(L, r,e) onto A(L,r —¢,e).
Fort € [0,r — L] define F'(x,t) = F'(x) — F'(x)LBr(e) + R;(F'(x)LB,(e)). Fort =r — L we are
guaranteed that the family F’(x, ). B, (e) satisfies M (F'(x,t)_B,(e)_0Q?) < 2k + 2. Then we can
apply radial contraction to the center point e.
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This contracts the family F’(x)_B,(e), where x € dC, to a single cycle. We contract F’(x) outside
of B, (e) in the usual way; see Proposition 2.12. |

Lemma 5.3 Suppose F: X? — %,(0Q?:7Z,), and there exists I C dQ? such that M (F(t).1) < K.
There exists a continuous family of 1-chains {t;} such that

(1) dt;— F(t) C 30,
(2) M (1) <2(M(F(1)Lint(Q)) + K),
(3) M (dt;) <2M (F(t)Lint(Q)) + 2K.

Proof Pick a point a € R? outside of disc Q such that two tangent lines from a to dQ touch 9Q at the
endpoints of interval /. Given a point ¢ € Q there is a unique line L, passing through @ and ¢g. Let
H(q) = LyN(0Q\ I). We define t; = Cone,(H (F(t))) — Cone, (F(2)). m|

Now we can prove Theorem 5.1. By Proposition 3.5 we can replace ® with an e-close family of absolute
cycles @ : X — %4(Q;Z>) and by Lemmas 5.3 and 5.2 we may assume that there exists a family of
chains 7: X — I1(Q:Z,) such that dt(x) = ®'(x). Note that the family will have the desired bound for
the mass in the boundary.

Observe that for each x the chain 7 consists of finitely many interval segments each lying on a ray from a
fixed point @ (point a lies outside of Q). We subdivide Q into p regions {Q;} of boundary length and
diameter ~ 1/.,/p.

We perform a “bend-and-cancel” construction [14; 15] to reduce the length of chains t; by pushing them
into the 1-skeleton of the subdivision (] 0Q;.

For each Q; C Q let By, (p;i) C Q; be a ball chosen so that every line passing through the point a (from
the proof of Lemma 5.3) intersects at most one ball By, (p;). Let proj, : Qi \ pi — dQ; denote the
projection map from the point p; and define a piecewise linear map P;: Q; — Q; such that P; = proj,
on Q; \ By, (p;i) (in particular, P;(Q; \ B2y (pi)) = 00Q;) and P;(y) = y for all y € B;(p;). Note that P;
can be chosen so that for any line / passing through Q; we have M (P;(/ N Q;)) < 2diam(Q;) <2/.,/p.
Since P; is the identity map on dQ; we can define a map P: Q — Q by P(x) = P;(x) for x € Q;.
Given a 0-cycle z C Q define a continuous map /;: %o(Q:;7Z,) — 11(Q;;7Z,) by setting /;(z) to be
the union of linear arcs connecting each point of zL Q; to the corresponding point of P;(zLQ;). Let
[(z) = )_; li(z). Define ¥(x) = P(z(x)) + (D' (x)).
We observe that 0¥ (x)Lint(Q) = ®’(x) and
2M (9'(x)) . M (9'(x))

VP VP
M (®’(X)))

NJd

M ($(x)) < M (P(x(x)) + M ((@'(x)) = M (| J00:) +

< C(«/_‘i‘
This finishes the proof of Theorem 5.1.
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We now prove Conjecture 1.3 for k =0 and n = 2.

Theorem 5.4 Let Q2 be a 2-dimensional connected simply connected manifold with piecewise smooth
boundary 02 with 6-corners for some 6 € (0,7), and let L > 0 and p € N. There exist constants
c(2) > 0 and (L, p, 2) > 0 with the following property. Let F: X? — %,(2, 0Q2; Z,) be a continuous
contractible §-localized p-dimensional family with sup, ¢y M (F(x)) < L. Then there exists a map
H: X — 1,(2; Z,) such that

e 0H(x)— F(x) C L2 for all x,
o M(H(x)) <c(Q)(p'/2+ M (F(x)p~'/?).

Proof Let F: X — %((2; Z,). Composing with a bilipschitz homeomorphism IT between €2 and disc Q
we obtain a family F’ of 0-cycles in Q. We apply Theorem 5.1 with &; — 0 to obtain a sequence of
d-localized maps F; converging uniformly to F” and a corresponding family of fillings W; of F;.

Pick i large enough so that 9(@ (x), F'(x)) < %5. We will define a family f[(x) with 8F1(x) =
F'(x)— F; (x) and M (f] (x)) <co(p)L5. We define H (x) inductively over the skeleton of X. On each
vertex x € X define H (x) to be the area-minimizing filling of F’(x)— F; (x). By the flat distance bound
there exists a §-admissible collection of open sets {U;*} such that H (x) is supported in | U;.

Now we prove the inductive step. Suppose we defined H on the k-skeleton of X and for each k-cell
C the family of chains {ITI (x)}xec is supported in a ¢’(k)§-admissible collection of sets {Uic} and
M (H(x)) < co(k)d supycx M(f](y)) for some constants ¢g and ¢’ that depend only on k. Let D be
a (k+1)-cell in X. By Lemma 2.5 there exists a constant ¢/(k + 1) > 0 and a ¢’(k+1)5-admissible
collection of sets {Ul.D } such that family of cycles { F'(x)— F; (x)}xep and family of chains {ﬁ (X)}xesp
are supported in (_J Ul.D. Observe that for each i we can define a continuous family of conical fillings z; (x),
with x € D, of (F'(x) — F (X))I_Ul-D in UI.D . (*“Conical fillings” means a collection of linear segments
from the support of (F’(x) — F (x))LUl.D to the center point of Ul.D .) It will be convenient to fix polar
coordinates (y, ), with yedD and ¢ €[0, 1], on D, with (y, 1) = y and (y, 0) the center point of cell D. Let
hi(y,t) denote the radial contraction towards the center point of Ul.D of relative cycle 7;(y) — H ( y)l_Ul.D
so that /;(p,1) = 7 (y) — H(»)LUP and h;(y,0) = 0. Define H(y,1) = Y ; t(y) —hi(p,1). It is
straightforward to check, using the inductive assumption, that it follows from this definition that H (x) is
continuous on D, 8f~1(x) =F'(x)— F; (x) and

M (H(y,1)) <2M (H(p)) + ¢ (k + )M (F'(x))§ < co(k + 1)L$
for sufficiently large co(k + 1). This finishes the construction of H.

Composing H' = ¥; + H with TT~! gives the desired family H of fillings in €2. The upper bound for
M (H (x)) follows from the upper bound for M (¥;(x)) and choosing § =4(p, L, 2) sufficiently small. O

Observe, that from Theorems 5.4 and 4.1 one can deduce the proof of Conjecture 1.3 for k = 1 and n = 3.
We omit the details as this result is not used in the proof of the Weyl law.
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6 Proof of the Weyl law

Theorem 6.1 Letn =3 and k = 1. Assume that Conjecture 1.6 holds for all families of k-cycles in
domains in R", and Conjecture 1.3 holds for all families of (k—1)-cycles in domains in R"~!. Then the
Weyl law for k-cycles in n-manifolds holds:
For every compact Riemannian manifold M (possibly with boundary),
k
A ;0(1:15—2)4/)” = a(n, k) Vol(M )k/™.
Combined with Theorems 4.1 and 5.1 we obtain:

Corollary 6.2 The Weyl law holds for 1-cycles in 3-manifolds:

For every compact Riemannian 3-manifold M (possibly with boundary),

wl(M
lim # =a(3,1) Vol(M)/".
p—>00 p /3

6.1 Proof of Theorem 6.1

In [21] it was proved that for any compact contractible domain U C R” we have

k
. wp ) . k/n
Pll)néo —p(n—k)/n =a(n, k) Vol(U)*'",
where a(n, k) is a constant that depends only on 7 and k.

Let M be a compact n-manifold and consider sequence {a)],f } of k-dimensional p-widths of M. It is

known that for some constants a1 (1) < a,(n) we have
k a)k

k/n _ qi @p :
0 <a; Vol(M)*'" =liminf ——=——— < limsup

D _ k/n
Il ko = S G = a; Vol(M)*'" < oco.

We will show that a; < a(n, k) < a;, which implies Theorem 6.1.

The inequality a; > a(n, k) was proved in [21, Theorem 4.1]. It remains to prove a, < a(n, k).

Fix ¢ > 0. Fix a triangulation 7" of M so that each n-dimensional simplex U; fori = 1,..., N in
the triangulation is (14¢)-bilipschitz homeomorphic to a domain with 6-corners in R”, for some fixed
6<(0.%).

Let U; C R” denote the images of U; under (1+-¢)-bilipschitz homeomorphism and assume that they lie
at a distance greater than 1 from each other. We connect sets Ui by tubes of very small volume to obtain a
connected set V C R”. By Weyl law for domains in R” for all sufficiently large p there exists a p-sweepout
®: XP — %, (V,dV;Z,) of V by k-cycles of mass bounded by a(n, k)((1 + 2&) Vol(M ))k/7 p(n=k)/n_
Let Ef)i X — %k(ﬁi, 8(7,-; Z5) denote the restriction of ® to ﬁi and let ®;: X — % (U;, 0U;; Z5) denote
the map obtained by composing with bilipschitz homeomorphism from U; to Uj.

Since U; C M has boundary with 8-corners, we can find a sufficiently small 1 > 0 so that there exists
a (14c(U;)n)-bilipschitz homeomorphism A%: (Ui)y — U. (Recall that (U;) is the region obtained
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by removing a small neighborhood of dU; from U;, (U;)y = U; \ E([0, n] x dU;), where E is defined
as in Lemma 2.1.) Let ¢ = sup; c¢(U;). Let V), = U}"=1 Uj. We will define a sequence of maps
Fu: X = %5 (Viy; Z5), satistying

(6-1) M (Fp(x)) < (1+en)* Y~ M (®i(x)) +cm (p("—k—““"—” + % Y M (@i(x)p~ “"”),

i=1 i=1
1 m
(6-2) M (0Fp(x)) <cm (5 Z M (D;(x)) + p(n—k)/(n—l))_
i=1
Here ¢, is a constant depending on m and {U;}. Assume by induction that we defined F;,_; satisfying the
mass bounds (6-1) and (6-2). We apply the coarea inequality Conjecture 1.6 to ®,, to obtain a §-localized

map from X to i ((Um)y; Z2) and then compose with Af, to obtain a map ®": X — % (Uy,; Z,) with
the following properties:

M (@, (x) < (1+ cn)k(M(cbm(x» T eptnkD/e=1) | cW‘DT’"(”)p—“("—“),

M 3®,,(x)) <c(1+en)* (M n p(n—k)/(n—l))_

Let S = dV;y—1 N Up. If S is empty, then we set Fp, = F,—1 + ®),. Observe that since both
{0F;—1(x)LS} and {®}, (x)_S} are p-sweepouts of S by relative (k—1)-cycles, the family

{fs(x) = (09}, (x) + 0Fpu—1(x)).S}

is a contractible family of relative (k—1)-cycles in S. (We refer to [34] for a more detailed proof of
this fact.) By the parametric isoperimetric inequality Conjecture 1.3 applied to fg there exists a family
We: X — I1(S;Z,) with 0Wg(x) — fs(x) supported in 0.5 and satisfying

M (Ug(x)) < e(S) pK=D/ =D L (M (3F 1 (x)) + M (9D, (x))) p~ /=D

M (P (x
< (emet1 +c(8))e(1 +en* (p(”‘k‘”/(”‘“ +) M) nl( ))p‘”("‘l)).

i=1
When k& = 1 and n = 3 the boundary 9 is one-dimensional and we can find a continuous family of
mod 2 one-chains {Wg (x)} supported in 3.5 with M (0¥ (x) + f5(x)+dWg(x)) <c(S)p. Since Vg (x)
is supported in 9.5 its mass is bounded by the length of dS. For the cases of higher dimensions and
codimensions one needs to inductively apply the parametric coarea and isoperimetric inequalities to
obtain a family of partial fillings in S analogous to W(x) (with the desired mass bounds). We define

Fin(x) = Fiuo1(X) + @ (x) + W (x) + Vg (x).

Observe that Fy, is a continuous family of relative cycles and a p-sweepout of V. It is straightforward
to check that the inductive assumption for the mass bounds (6-1) and (6-2) will be satisfied for some
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sufficiently large ¢, > ¢;,—1 that only depends on the choice of domains U;. For m = N we obtain a
p-sweepout F of M with

M (Fn(x)) M (9(x)) M (P(x)) —k/(n(n—1))
oy = I CEM\ — G N e TV

<(1+Cn,e)a(n, k) Vol(M)k/” +cl(e,n, M)(p_l/("_l) + p_k/(”(”_l)))

for a constant C (g, ) with C(e,n) — 0 as 17 and ¢ tend to 0. As p — oo the second term goes to 0. Since
n and € can be chosen to be arbitrarily small, we conclude that a, < a(n, k). This finishes the proof of
Theorem 6.1.
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