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Discrete subgroups with finite Bowen—-Margulis—Sullivan measure

in higher rank

MIKOLAJ FRACZYK
MINJU LEE

Let G be a connected semisimple real algebraic group and I' < G be a Zariski dense discrete subgroup.
We prove that if ['\G admits any finite Bowen—Margulis—Sullivan measure, then I is virtually a product
of higher rank lattices and discrete subgroups of rank one factors of G. This may be viewed as a measure-
theoretic analogue of the classification of convex cocompact actions by Kleiner and Leeb (Invent. Math.
163 (2006) 657-676) and Quint (Geom. Dedicata 113 (2005) 1-19), which was conjectured by Corlette in
1994. The key ingredients in our proof are the product structure of leafwise measures and the high entropy
method of Einsiedler, Katok and Lindenstrauss (Ann. of Math. 164 (2006) 513-560). In a companion
paper jointly with Edwards and Oh (C. R. Math. Acad. Sci. Paris 362 (2024) 1873-1880) we use this
result to show that the bottom of the L? spectrum has no atom in any infinite volume quotient of a higher
rank simple algebraic group.

37A17
1 Introduction

Let G be a higher rank semisimple Lie group. The lattices of G are more or less classified thanks to
the Margulis arithmeticity theorem. In contrast, the structure of infinite covolume subgroups remains
mysterious, with only a few completely general results available; see eg Fraczyk and Gelander [13]. Special
classes of subgroups, most notably Anosov subgroups, have been investigated in more depth; see eg Bochi,
Potrie and Sambarino [2], Bridgeman, Canary, Labourie and Sambarino [3], Fock and Goncharov [12],
Guéritaud, Guichard, Kassel and Wienhard [14], Guichard and Wienhard [15], Hitchin [16], Kapovich,
Leeb and Porti [17] and Labourie [20], as well as Kassel [18] and Wienhard [28] for survey articles.
Despite these efforts, our understanding of general “large” discrete subgroups of G remains limited. Not
many constructions are known, and we still lack the theory that would explain the scarcity of examples.

Quint [25; 24] has shown that Patterson—Sullivan theory [22; 27] can be applied to any discrete subgroup
I' < G, providing a way to study discrete subgroups of G via their conformal measures and the associated
Bowen-Margulis—Sullivan (BMS) measures on the quotient space I'\G. These measures are invariant
under the action of a maximal real split torus of G, which, in our setting, has rank at least two. Einsiedler
and Katok [9] and Einsiedler, Katok and Lindenstrauss [10] have shown that, under mild positive entropy
and certain recurrence assumptions, the actions of higher rank tori on homogeneous spaces exhibit many
rigidity phenomena that are absent in the rank one case. Here we show how one can leverage this rigidity
to gain a better understanding of discrete subgroups of G.
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In our main result (Theorem 1.6) we classify subgroups I' that admit a finite BMS measure, which
provides a measured analogue of the theorem of Kleiner-Leeb and Quint classifying higher rank convex
cocompact actions. We believe that our approach using entropy rigidity of higher rank actions will yield
further results in this area.

Higher rank convex cocompact actions Let X be a Riemannian symmetric space of noncompact type. It
is known that the group G consisting of all orientation preserving isometries of X is a connected semisimple
real algebraic group.! Let I' < G be a Zariski dense discrete subgroup. We say I is convex cocompact
if there exists a nonempty I"-invariant closed convex subset C C X on which I' acts cocompactly.

A conjecture of Corlette from 1994, now resolved by the work of Kleiner and Leeb [19], says that the
only convex cocompact actions in higher rank symmetric spaces are those arising from the rank one
constructions. More precisely, we have the following:

Theorem 1.1 (Kleiner and Leeb) If C C X is a nonempty I -invariant closed convex subset on which T’
acts cocompactly, then C = C; x X, for some nonempty closed subset C; C X1 where X; (resp. X»)
denotes the product of rank one (resp. rank > 2) factors of X, so that X = X1 X X».

Remark 1.2 The original article deals with a more general setup from which Theorem 1.1 follows as a
special case. The more general version takes into account additional Euclidean factor for X, and also
provides more information about the structure of C;. We refer the readers to [19, Theorem 1.1] for details.

In particular, if there exists a convex cocompact subgroup of G which is not a cocompact lattice, G
necessarily has a rank one factor.

On the other hand, independently in [26], Quint established an obstruction to a higher rank convex
cocompact action using a different definition. We give a precise statement of his result since it is quite
close to the statement we are going to prove. Let G and I be as before, A be a maximal real split torus
of G, Z be the centralizer of A, and M be the maximal compact subgroup of Z such that Z = AM.

Let Qr denote the smallest closed subset of ['\G/M containing all periodic orbits of one-parameter
subgroups of A. When G is of rank one, the A action corresponds to the geodesic flow and Q21 is precisely
the nonwandering set of the geodesic flow. We have:

Theorem 1.3 (Quint) If Qr is compact, then there exist connected subgroups Go, G1, ..., G4 with
corresponding Zariski dense discrete subgroups I, I, ..., I'; such that:

(1) G=GoGy---Ggand T is commensurable? with TyT} Ty

(2) T is a cocompact lattice in Gy.

(3) Forall 1 <i <gq, G; is a simple Lie group of rank one, and I; is a convex cocompact subgroup
of Gi.

By this we mean the connected component of the set of real points of a semisimple algebraic group defined over R.
2For I, I < G, we say I' is commensurable with I if I’ N T is a subgroup of finite index in both T and I'’.
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It is known that Theorem 1.3 can be used to deduce Theorem 1.1 [26, Theorem 5.1].

Here we obtain a measure-theoretic analogue of Theorem 1.3. We are concerned with the question “which
discrete subgroup I" of a semisimple real algebraic group G can admit a finite geometric measure on '\G”.

Bowen-Margulis—Sullivan measures The Bowen—Margulis—Sullivan measure was first introduced by
Margulis [21] in his 1970 thesis for the study of Anosov flows on compact manifolds. Since then it
has become an important object in the field of ergodic theory and dynamics, and it has been studied
extensively in various contexts. For a general semisimple Lie group, it can be defined as follows:

Let G, A, M and I" be as before. Choose a closed Weyl chamber At C A, and denote by int AT its
interior. The maximal horospherical subgroups associated to the choice of A™ are given by

Nt = {geCG :akga_k — e as k — oo for some a €int A1},
Let PT = MAN7 be the corresponding minimal parabolic subgroups. For all x € T" G, let
p g p group
WS(x)=xN", W%x)=xPT,

be the (global) stable and central-unstable manifold passing through x corresponding to an element
a €int AT, For & > 0, let
WS(x)=xN;, Wx)=xP},

where N, and Pt denotes the e-neighborhood of the identity in N~ and P* respectively. If ¢ is
sufficiently small, then for all y € W, (x) and z € W*(x), W5, (y) and W;.(z) meet in a single point.
Denoting this intersection by ¢(y, z), the map

(1.4) WS (x) x W (x) — T\G

is a homeomorphism in a neighborhood of x.

Definition 1.5 A locally finite AM-invariant Borel measure m on ['\G is called a Bowen—-Margulis—
Sullivan (BMS) measure if there exists a linear form ¢ € a* and a family of measures {m%.} and {m$"}
(for x € '\ G) such that for all x € '\G,

(1) m$ (resp. m$') is supported on W¥(x) (resp. W (x)),
(2) mi.a= e_‘/’(log“)mfc.a forallae AT,

(3) m=.(m5 ®m$') when restricted to the image of ¢.
Note that we may view m as a measure on ['\G/M as well.

Finite BMS measures When G is of rank one, the space I'\G/M represents a unit tangent bundle of a
rank one locally symmetric space, on which the one-dimensional group A = {a;} acts as a geodesic flow.
In this case, the construction of Sullivan [27], which extends the idea of Patterson [22], shows that there
exists a measure m supported on the nonwandering set of {a,}, and a family of measures m%, and m$
verifying the conditions in Definition 1.5.
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Moreover, one can produce many examples of infinite covolume subgroups with finite BMS measures.
Examples include a large class of subgroups such as convex cocompact subgroups, and geometrically
finite subgroups of rank one Lie groups [27]. And still, the list is far from being exhaustive, as the example
of Dal’bo, Otal and Peigné [5] suggests.

Turning to the case when G is of higher rank, there always exists a BMS measure m supported on Qr. In
fact, Quint shows that one can find a BMS measure for every linear form ¥ € a* which is tangent to the
growth indicator Y (see Proposition 2.6). As a consequence, we have an abundance of examples of a
measure m as in Definition 1.5. However, in contrast to the rank one case, there was no known example
of discrete subgroups admitting a finite BMS measure except for lattices.

The following theorem is our main result, in which we classify all discrete subgroups admitting finite
BMS measures on '\G:

Theorem 1.6 If I'\ G admits a finite BMS measure, then there exist connected subgroups Go, G1, ..., Gy
with corresponding Zariski dense discrete subgroups I, I't, ..., I'; such that:

(1) G =GoGy---Gg and I' is commensurable with ToI --- Ty

(2) T is a lattice in Gy.

(3) Forall 1 <i <gq, G is a simple Lie group of rank one, and 17\ G; admits a finite BMS measure.

The theorem leads to a new criterion for detecting lattices among the discrete subgroups of higher rank
Lie groups.

Corollary 1.7 If G is a connected semisimple real algebraic group with no rank one factor and I' < G is
a Zariski dense discrete subgroup, then T is a lattice if and only if T\ G admits a finite BMS measure, in
which case the BMS measure is necessarily the Haar measure.

As another application, we obtain the following theorem, in a joint work with Edwards and Oh [6] using
their previous work [8]:

Theorem 1.8 (Edwards, Fraczyk, Lee and Oh [6]) Let I' < G be as in Corollary 1.7. If T'\G has
infinite volume, then there is no positive L?-integrable Laplace eigenfunction on the associated locally
symmetric space I'\ X.

Note that Theorem 1.6 also recovers Quint’s theorem (Theorem 1.3), since there always exists a BMS
measure supported on Qr.

Idea of the proof We describe the proof in the case when G is a simple higher rank group, or is of the
form G = G x G, and T is irreducible, ie has dense projections onto each factor.

To show that [ is a lattice in G, one needs to verify that the volume of I"\ G is finite with respect to the Haar
measure. We achieve this by proving that any finite BMS measure m on I'\ G is actually Haar. The proof is
based on the high entropy method of Einsiedler and Katok [9] and Einsiedler, Katok and Lindenstrauss [10],
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and the product structure of leafwise measures shown by Einsiedler and Lindenstrauss [11]. These methods
allow us to establish additional invariance of a finite A-invariant measure p on a quotient I'\ G, provided
that sufficiently many elements in A act on (I'\G, p) with positive entropy.

If G is a simple higher rank group, the presence of the local product structure of m together with the
product structure of leafwise measures mfcv * of m along N* (Proposition 2.13) shows that either miv s
supported on a proper Zariski closed subset of N* or the leafwise measures along all root subgroups of
N ¥ are nontrivial. The first case can be excluded solely using the Zariski density of T'. In the second
case we finish the proof by applying the high entropy method.

Now assume that G = G1 X G, and I is irreducible. Associated with m, there are I'-conformal measures
on G/P¥ underlying the definition of m (2.2). The product structure of leafwise measures implies that
the conformal measure on G/ P¥ is itself a product of measures on G; / Pl.i, where Pl.jE =G; N P* for
i = 1,2. These measures are “almost” conformal under the projections of I" to G; fori = 1, 2. Now, the
density of the projections allows us to deduce that the measures are G;-conformal, and hence Lebesgue
(Proposition 4.13). It follows that m is Haar.

Outline In Section 2 we gather preliminary results on semisimple Lie groups, Bowen—Margulis—Sullivan
measures and the machinery of leafwise measures developed by Einsiedler, Katok and Lindenstrauss.
Section 3 is devoted to the study of leafwise measures of BMS-measures. Here, we identify the leafwise
measures with respect to the unipotent radicals of minimal parabolic subgroups in terms of the Patterson—
Sullivan measures of I' (3.7). We also show that when I" has a discrete projection onto a factor of G,
the problem can be handled factor by factor (Lemma 3.16). In Section 4 we use the product structure of
leafwise measures (Lemma 4.7) and Zariski density of I" to show that leafwise measures with respect to
all root subgroups are nontrivial (Lemma 4.8). We then deduce the additional invariance of the BMS
measure (Propositions 4.12 and 4.13) and prove the main theorem.

Acknowledgments We would like to thank Hee Oh for her helpful suggestions and a careful reading
of an earlier version of the paper. Her numerous comments have significantly improved the quality of
the paper. We also thank Manfred Einsiedler for his helpful comments. We thank the referees for their
corrections and helpful remarks.

Fraczyk was partially supported by the Dioscuri Programme initiated by the Max Planck Society, jointly
managed with the National Science Centre in Poland, and mutually funded by the Polish Ministry of
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2 Preliminaries

In this section, we will fix notation and recall background that will be used throughout the paper.

Let G be a connected semisimple real algebraic group, and I' < G be a Zariski dense discrete subgroup.
Let g denote the Lie algebra of G, ®: g — g be a Cartan involution, and € and p respectively be +1
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1022 Mikotaj Frqczyk and Minju Lee

and —1 eigenspaces of ® so that we have the Cartan decomposition g = £ @ p. Fix a maximal abelian
subspace a C p and a closed positive Weyl chamber at C a. Let A = exp(a), AT =exp(a™), int AT be
the interior of AT, and K be the maximal compact subgroup of G whose Lie algebra is £. Let

Ni={geG:akga_k—>eask—>:|:oof0rs0mea€intA+}

be a pair of maximal horospherical subgroups. We also let P¥ = MAN * be the corresponding minimal
parabolic subgroups, where M is the centralizer of 4 in K.

Conformal measures Let F be the set of all minimal parabolic subgroups of G, which can be identified
with G/P*. We define 0: G x F — a as follows: for g € G and £ € F, 0(g,£) € a is the unique
element satisfying

(2.1) gke € Kexp(o(g,§)N ™,

where kg € K is any element such that § = k¢ P™. The definition does not depend on the choice of
representative kg € K for &, and o is called the Iwasawa cocycle.

Given a linear form v € a*, a finite Borel measure v on F is called a (T, ¥)-conformal measure if, for
any y € ['and £ € F,
2.2) d0Y) o) _ v 8)

dv '

where y.v(E) = v(y ! E) for any Borel subset E C F. We will refer to v as a I'-conformal measure if it
is a (T, ¥)-conformal measure for some ¥ € a*.

Bowen-Margulis—Sullivan measures Let Ng (a) and Zg (a) respectively denote the normalizer and the
centralizer of a in K. The Weyl group W is then defined as

2.3) W = Nk(a)/ Zg (a).
Leti: a — a be the opposition involution; it is given by i = — Ady,,, where wy is the longest element of
the Weyl group W.

Let y € a* be a linear form and vy, and vy.; be a pair of I'-conformal measures on F associated to
and ¥ oi. By means of the Hopf parametrization

2.4) G/M - G/P~xG/Pt xa, gMwr (gP .gP".0(g. P7)),

the Bowen-Margulis—Sullivan (BMS) measure m,,,, ,,,; is defined to be the locally finite Borel measure
on G/M given by

(2.5) My vyor = ev’(g("'))vw ® Vyoi ® Lebg,
where Leb, denotes the Lebesgue density on a, and G is the vector valued Gromov product defined by
G(gP~,gPT)=0(g, P7)+io(g, PT).
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By the relation (2.2), my,, ,,.; is left I'-invariant and descends to a measure on I'\G/M, which we
denote by Muy Vo -
The fact that this definition of BMS measure is equivalent to that given in the introduction can be derived

from the properties shown in [7, Section 4.1].

The limit cone and the growth indicator By Cartan decomposition G = KA1 K, for every g € G
there exists a unique element (g) € a™ such that
g € Kexp(u(g)K.

Benoist introduced the limit cone of T [1], denoted by Lr, which is the asymptotic cone of {u(y):y € T'}.
He showed that if " is Zariski dense, then £ C a™ is a closed convex cone with nonempty interior.

The growth indicator of T', denoted by v, is a function Yr:at — R>oU{—00} defined by Quint [24] as
Yr(v) = [[v] inf he;
veC

here || - || denotes the norm on a induced from the Killing form on g, the infimum is taken over all open cones
+ . . . . —5

C Ca™ containing v and ¢ denotes the abscissa of convergence for the series s — Zy €T, u(y)ec € l@ll,

We say a linear form v € a* is tangent to Yr at v € a* if

y>yr onat and  Y(v)=yr()
The following general properties of Y are known [25; 24]:

Proposition 2.6 (Quint) (1) Foranyv € a*t, yr(v) > 0 if and only if v € L. Moreover, Y is
strictly positive in the interior of L.

(2) If there exists a (I, ¥)-conformal measure on F, then ¥ > .

(3) Forany Y € a* tangent to Y at v € inta™, there exists a (', )-conformal measure on F.

Conditional measures Let 5 be the Borel o-algebra on I'\G and A C B be a countably generated
sub-o-algebra. For x € I'\G, let [x] 4 denote the A-atom of x, which is the intersection of all elements
of A containing x.

Given a finite Borel measure p on I'\G, there exists a u-conull set X C I'\G and a family of finite
measures { ;L;? : X € X} of total mass one with the following properties [11, Theorem 5.9]:

(1) s is supported on [x]4 and i = ptif [x]a = [y]as
(2) the map x — /,L;C“(B) is A-measurable for all B € 5, and

(3) we have
@7) p= [ wdduco.
G

They are unique in the following sense: if A7 is another family of measures satisfying the above, then
there exists a j-conull set X’ C I'\G such that uf! = A¢ for all x € X'.
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Leafwise measures For a closed subgroup S < G, there exists a u-conull set X’ C I'\G and a family
{Mf : x € X'} of locally finite Borel measures on S, well-defined up to a proportionality, called the
leafwise measure of p along S [11, Theorem 6.3]. Locally, they can be described as follows:

For R > 0, let Bg(R) denote the ball of radius R in S centered at e. For any x € I'\G such that the map
s+ x.s for s € § is injective, there exists a local cross section C C G containing e such that the map

¢:C xBs(R)—>T\G, (g.5)x.(gs),

is injective, where C (and hence ¢) depends on R and x. Let B¢ denote the Borel o-algebra on ¢ (C x {e})
induced from B, and {&, S’} the trivial o-algebra on S. Up to proportionality, /ng is then characterized?
as follows:

28) $ (e )xt3 By (R) O (tlimg) 3OS,
Now let i be a finite A-invariant measure. We record here several results concerning the leafwise measures

of u that will be needed. The main reference is [11]. For a closed subgroup S < G, we have:

Lemma 2.9 [11, Lemma 7.16] If A normalizes S, then for alla € A,

Ouity O3 g

for ji-a.e. x, where 0: S — S is the map given by 6(s) = a™'sa.

A leafwise measure will be called frivial if it is proportional to a Dirac measure supported at e. By
Lemma 2.9, if u is a finite A-invariant ergodic measure then either /,L§ is trivial p-a.e. or nontrivial p-a.e.

Lemma 2.10 [11, Lemma 9.18] Let L < S be a closed subgroup. Suppose that for every { € L,
E./L;? = uf for pi-a.e. x, Then p is L-invariant.

In particular, p is S-invariant if and only if Mf is Haar p-a.e. For a fixed unit ball By in N1 and
a € AT, define

1 +,
—loguiv (a kBlak).

Dy(a, NT)(x):= knj;o z

Lemma 2.11 [11, Theorem 7.6] Foranya € A, Dy(a, N T)(x) is defined pi-a.e., and the measure-
theoretic entropy of a with respect to  is given by

(2.12) hy(a) = /F\G Dy(a, N1YY(x) du(x).

For a € A, let Zg(a) denote the centralizer of {a). The proposition below describes the product structure
of the leafwise measures. Together with the high entropy method of [9; 10], this is the most important
ingredient of our proof.

3This follows from the defining equation [11, (6.20b)] of /,L§ . For local cross sections, see [11, Definition 6.6].

Geometry & Topology, Volume 29 (2025)



Discrete subgroups with finite Bowen—Margulis—Sullivan measure in higher rank 1025

Proposition 2.13 [11, Corollary 8.8] Let U < G be a subgroup normalized and contracted by an
element a € A. Assume that T is a subgroup of Zg(a) normalizing U and H = T x U. Then for any
finite (a)-invariant measure jt on I'\G,

i ocu(uy x )

for p-a.e. x, where t: T x U — H is the product map (¢, u) — tu.

3 Ergodic properties of BMS measures

Let G be a connected semisimple real algebraic group and I' < G be a Zariski dense discrete subgroup.
We fix ¥ € a* and a pair of I'-conformal measures vy, and vy.o; on F, and let

3.1 = My ger
denote the associated BMS measure on '\ G.

Conservative BMS measures Let {a;} C A be a one-parameter subgroup. We recall the following
definitions:

(1) A Borel subset B C I'\G is a wandering set, if for m-a.e. x € B,

/ 1p(xa;)dt < oc.
R

(2) Wesay (I'\G, m, {a;}) is conservative if there exists no wandering set B such that m(B) > 0.
Note that if m(I'\G) < oo, then (I'\G, m, {a;}) is conservative by the Poincaré recurrence theorem.
For any BMS measure on I'\ G, the following dichotomy is known:

Lemma 3.2 [4] Let {a;} C A be a one-parameter subgroup containing an element of int A*. Then

(I'\G, m, {a;}) is conservative if and only if (I'\G, m, {a;}xM) is ergodic. In particular, it m(I"'\G) < o0,

then it is AM-ergodic.

The limit set Let C(F) be the set of all continuous functions on F. The limit set Ay C F is defined by
Ar ={§ € F:y;.v — &g for some y; — oo in '},

where v denotes the unique finite K-invariant measure on F of total mass one, §¢ denotes the Dirac mass
at £ and the convergence takes place in the weak-star topology on the dual of C(F). Since I' is Zariski
dense, Ar is the unique I'-minimal subset of F, and is Zariski dense in F [1, Lemma 3.6]. If {a,} is
a one-parameter subsemigroup containing an element of int AT, then for g € G, the following can be
checked from the definition above:

3.3) if [gla;, € T'\G is bounded for some #; — +o00, then gP~ € Ar.
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The set 1 Let 7 denote the G-orbit of (P~, P1) € F x F; it is the unique open G-orbit in F x F.
We define

(3.4) AP = (ArxAp)nF® and Gr = AP xa.

The image of the embedding (2.4) is given by 7 x q, and hence we may consider Qr as a subset of
G/M. The set Qr C I'\G/M in the introduction (see Theorem 1.3) can then be identified with T'\ Q.

In the proof below, for w € W (2.3), we will use the expressions

3.5 waw ™ (a € A), wP*,

where w should be understood as a group element in Ng (a) representing it; note that they do not depend
on the choice of the representatives. We have:

Lemma 3.6 If m(I"\G) < oo, then m is supported on Qr.

Proof Let {a,} be a fixed one-parameter subsemigroup containing an element of int A* and {wa,w™'}
be subsemigroups for each w € W. Since m is finite, it is conservative with respect to {wa,;w~!}, and
hence

Xuw :={[g]l e T\G: [g](watiw_l) is bounded for some t; — 400}

is m-conull. Setting X¢ = N{Xy : w € W}, (3.3) implies that gwP~ € Ar for all [g] € Xp and w € W.
In particular, gP* € At for all [g] € X and the lemma follows in view of the Hopf parametrization (2.4)
and (3.4). O

Leafwise measures of m along Nt The leafwise measures m ™ of the BMS measure m along N T
can be explicitly described from (2.5); their densities are given by
(3.7) dm " (n) = eV ©@@P) gy (gnP7),

where g € G is such that x = [g]. The expression (3.7) does not depend on the choice of the representative g,
by the relation (2.2).

Leta € AT. Now a direct computation as in [7, Lemma 4.2] shows
m¥ " (a7F Byak) = ¥tz N (B,),
Since {xa* : k € N} is recurrent for m-a.e. x by Poincaré recurrence,
Dm(a, NT)(x) = kli)ngo % log mfcv+ (a_kBlak) =y (loga),

for m-a.e. x. By Lemma 2.11, we have
(3.8) hm(a) = ¥ (loga).
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Remark 3.9 If m(I'\G) < oo, then for alla € int AT,

hm(a) > 0.

Proof If m(I'\G) < oo, then (I"\ G, m) is conservative for the action of any one-parameter subgroup
of A. This together with [1, Lemma 4.6] implies that the limit cone L coincides with a™. On the other
hand, since ¥ € a* is a linear form for which there exists a (', ¥/)-conformal measure on F, we have
¥ >y by Proposition 2.6(2). Since yr is strictly positive in the interior of L by Proposition 2.6(1),
so is ¥, and hence the lemma follows by (3.8). O

Remark 3.10 Remark 3.9 provides many elements of @ € A™ such that i, (a) > 0. By a Pesin [23] type
entropy formula obtained in [11], this information can be used to prove the existence of a root subgroup
U < N7 for which mg is nontrivial m-a.e. However, the proof of Theorem 1.6 does not rely on the
calculation of entropy. Our proof requires the knowledge of nontriviality of mg for all root subgroups
U < NT (Lemma 4.8) and entropy formula as in [23] will not be sufficient to draw this conclusion.

BMS measures on the product G; x G, Consider the case
G =G xGa,

where G and G, are semisimple real algebraic groups without compact factors. We will also make the
identifications G1 >~ G X {e} and G, >~ {e} X G,. Let 7; : G — G; denote the projection map, and set
I :=m; (') for i = 1,2 to ease the notation. Denote by Ar; the limit set of I} in F; := G;/P;”, where
PE =G;nP* fori =1,2. Note that I} is Zariski dense in G;, and hence Ar; is the unique T}-minimal
set in F; by [1, Lemma 3.6].

Let p1: G/P~ — G/ P be the projection map. For a I'-conformal measure v supported on Ar, let

(3.11) v=/ ve, d(p1xv)(£1),

1
where vg, denotes the conditional measure of v along the fiber pl_1 (&1); this is obtained from (2.7) by
taking 4 = v, and A = pl_l (B1) where B; denotes the Borel o-algebra on G1/P; . A direct computation

shows:

Lemma 3.12 (1) pi«v is a (I'NG1)-conformal measure whose support is contained in Ar,.

(2) For pixv-a.e. &1 € Ay, vg, is a (['NG2)-conformal measure.

Proof Let ¢ € a* be the linear form associated to v and a; C a be the Lie algebra of A N G; for
i =1,2. We can write o uniquely as a sum o7 + 03 of a;-valued cocyles 0;: G; X G;/ P~ — a;. Note
that 0(g;,-) = 0i(gi, pi(+)) forall g; € G;. Let 15, p~ denote the constant function on G; /P;~ which
is identically 1.
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For (1), let y € I' N G be arbitrary and f € C(G1/P; ) be a continuous function. By (2.2),

y.(p1e)(f) = (pre)(f (¥ ) =v((f ®Lg,/p)(y ) = /G . eTVOUTIO) £(py(£)) dv(E)
— / e Vlay (UI(V_I,PI(E)))f(pl(E)) dv(§)
G/P—

_ / e VIt @ OTHED) £(£) d(prav) (&),
Gl/Pl_

This implies that p1«v is a ('NG1, Y|4, )-conformal measure. Recall that Ar (resp. Ar,) is the unique
closed I' (resp. I'1)-invariant subset of G/ P~ (resp. G1/P; ). Since p; is equivariant, it follows that
p1(Ar) = Ar, and py4v is supported on Ar,.

For (2), let y € I' N G be arbitrary and f € C(G2/P; ) be a continuous function. Similarly as in (1),
we have

yv(lg, pr ® f) = /G/P eVl @012 £(py () dvi§)

=/A vg, (e VI @207D £y d(prav) (),

1

where the first equality is due to (2.2) and the second equality is due to (3.11). On the other hand, applying
(3.11) in a different way gives

yo(lg, pr ® ) =v(lg,pr ® f(r-) = [ yve, (f) d(prav) ().

I
Since f was arbitrary, (2) follows from the uniqueness of the conditional measures (2.7) by comparing
the above identities. d

Now suppose that m(I'\G) < oo, and one of the I, say I3, is discrete. Consider the projection
MN\Qr - 0\Q r, induced from the map I'\G — I'1\G1, which we will call 7r; by abuse of notation.
Similarly as in (3.11), let

m:/ My d(ﬂ]*m)(xl)7
F\Q[‘l

where my, denotes the conditional measure of m along the fiber 7, 1(x1). More precisely, denoting by
B the Borel sigma-algebra of I7\G1 and A the smallest countably generated sigma-algebra equivalent to
nl_l (B) (cf[11, Definition 5.7, and Proposition 5.8]), my, is obtained by taking st = m from (2.7). We have:

Lemma 3.13 Assume that m(I'\G) < oo and I is discrete. Then I' N G, is Zariski dense in G, and
my, is isomorphic to a finite BMS measure on T’ N G,\Qr, for m«m-a.e. x1 € 1\ Q.

Proof Since I is discrete, I' - G = I} X G5 is a closed subset of G = G x G,. Hence the map
I' N G2\G2 — I'\G is a proper closed embedding. Recall that for 7j«m-a.e. x1, my, is supported on
an atom of A. Because fibers of 71 are closed G3-orbits, A = {7 1(B) : B € B} and atoms of A are
G»-orbits. Hence each my, can be identified with a measure on I' N G2\ G».
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Next, observe that ' N G, is a normal subgroup of ;. Since I3 is Zariski dense in G,, the Zariski
closure of I' N G5 is also a normal subgroup of G,. Hence we may write G, as an almost direct product
G, = G’ - G” where both G’ and G” are products of R-simple factors of G, I' N G’ is a Zariski dense
subgroup of G’ and I' N G” is a finite group.

We claim that G” = {e} and hence G’ = G,. Assume to the contrary that G” is nontrivial, in particular
AN G” is an unbounded subgroup of A. Since m is a finite A-invariant measure on I'\ G, by Poincaré
recurrence, we can find y; € T', g € G and a; — 0o in A N G” such that y;ga; € G is bounded. Let
us write y; = yi,1Vi,2, where y;1 € G1 -G’ and y; » € G”. Because a; € G”, passing to a subsequence,
vi.1 € G1-G' is constant. Hence we can assume that y; 1 = yp,1 for all i. Now note that yo_lyi er'nG”
and (yy ly:)ga; € G is bounded. This is a contradiction, since Yo 1y: provides an unbounded (and hence
infinite) sequence of elements in ' N G”.

By the claim, I'N G5 is a normal subgroup of I, which is Zariski dense in G». It follows that Arng, = Ap,.
Therefore ﬁpmcz = sz. Hence my, is a BMS measure in this case by Lemma 3.12(2). O
In the proof of the lemma below, we will use the notation (3.5).

Lemma 3.14 If m(I'\G) < oo, then Ar = A, X Ar,.

Proof It suffices to show A = A1 x A, for some closed nonempty I -invariant subset A; C F; (i =1, 2),
since then
Ar CAr, xAr, CA1xAy =Ar,

where the second inclusion is due to the fact that A is the unique I;-minimal subset of 7; [1, Lemma 3.6]
and A; would clearly be a nonempty closed I;-invariant set.

As in the proof of Lemma 3.6, for each w € W, set

Xw = {[g] € T\G : [g](wa; w™ 1) is recurrent for some one-parameter subsemigroup

{a;} containing an element of int A+},
and X9 = N{Xy : w € W}. Then Xy, is an m-conull set by the conservativity of m, and
3.15) gwP™ e Ar forall [g] € Xo and w e W.

Let £ = (£1,&) and n = (11, n2) be the coordinates in F; x F» of arbitrary elements £, 7 € Ar. We
claim that (&1, n2) and (11, &) belong to Ar; note that this implies At is a product set. Recalling the
definition (3.4), since A(I%) is dense in Ar X Ar, it suffices to check the claim for (&, n) € A(lg). Now
[1, Lemma 3.6(iv)] shows that there exists g; € G such that [g;] € X, N Xy, and (g; P, g; P*) — (£, 1)
as j — oo, where wg € W denotes the longest element. Since X is conull, its closure contains Qr and
therefore contains X, N Xy, (Lemma 3.6). Hence after modifying g;, we may assume in addition that
[gj] € Xo. Let us write g; = (g,1. &j,2) € G1 x G2. To summarize:

(gj,iPl-_,gj,in) — (&;,n;) as j—oo fori=1,2.
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Now the claim follows by considering w € W such that
gwPT = (g1 P, gj2P") and gwP™ =(gj1P{".g2Py),
in view of the property (3.15). m|

Lemma 3.16 Suppose m(I'\G) < oo and T is discrete. Then I, is also discrete, I is commensurable
with 7 x I; and m is a finite extension of a product of BMS measures on I''\G; and I\ G5.

Proof As m is finite and I7 is discrete, by Lemma 3.13, I' N G5 is Zariski dense in G, and I' N Gz\fzrz
admits a finite BMS measure. We claim that I is discrete. Observe that I normalizes I' N G5, and so
does its closure I'», which is a closed Lie subgroup by Cartan’s theorem. Let Ny C Ng,(I' N G3) be
the connected component of T'5. Since ' N G, is discrete, Ny centralizes I' N G,. Hence No = {e} and
the claim follows. We now apply Lemma 3.13 with I, in place of I'. This in turn implies I' N G \Q )
admits a finite BMS measure. Since Qp = Qpl X sz by Lemma 3.14, we have
M\Qr = (N\Qr, x Q) ~ (M\Qr, x R\Q,) x (C\I x ),
a measurable isomorphism which accounts for the disintegration of m over the covering map
F\QF e (Fl\ﬁpl X Fz\ﬁrz).
The finiteness assumption on m implies that #(T'\I} x ;) < 0o, and hence the lemma. |

We will need the following well-known fact:

Lemma 3.17 Let A < G be a Zariski dense subgroup. If G is simple, then A is either discrete or dense
in the analytic topology.

Proof Let H := A be the closure of A in the analytic topology; it is a closed Lie subgroup of G by
Cartan’s theorem. Let h be the Lie algebra of H. Its normalizer Ng(h) is a Zariski closed subgroup
containing A. Since A is Zariski dense, it follows that Ng () is G. Hence either h = {0} or h = g, and
the lemma follows. |

4 Proof of Theorem 1.6

Let G be a connected semisimple real algebraic group of the form G = G x --- x G4, where each G;
for 1 <i < g is simple and noncompact. Let I' < G be a Zariski dense subgroup, and m be as in (3.1).
Throughout the section, we will always assume that

m(I'\G) < co.

Let g denote the Lie algebra of G and g; denote the Lie algebra of G;. We recall the notation from
Section 2. While doing so, we may assume that ®: g — g is chosen to stabilize g;, so that we have a
Cartan decomposition g; = (€N g;) @& (p N g;) that is compatible with g = £ P p. Set

NFE=NENGi, PE=PENG and F;=Gi/P;.
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Let r; : G — G; be the projection, I3 := m; (I') and Ar; denote the limit set of I; in F;.

Lemma 4.1 We have Ar =[[ Ar,.

Proof The lemma follows from a repeated application of Lemma 3.14. a

Remark 4.2 A major step in the proof of Theorem 1.3 in [26] was to show that A, = F; for I; < G;
of rank > 2 [26, Proposition 3.1].
Coarse Lyapunov weights For « € a*, let

ge=1{Xeg:ady(X)=a(Y)X forall Y €a}

and X = {o € a* : go # {0}}. A coarse Lyapunov weight is an equivalence class in X where two elements
in ¥ are equivalent when one of them is a positive multiple of the other. Denote by [«] the coarse
Lyapunov weight containing o € X, and let

o] = €D 95

Bela]
be the corresponding Lie subalgebra. For o € X — {0}, set

Ula] = exp(g[a))-
Given a finite A-invariant ergodic measure p on I'\G, let 17[0,] denote the smallest Zariski closed

A-normalized subgroups containing the support of ,ufc]["‘] for p-a.e. x.

Lemma 4.3 [11, Theorem 9.14] Let p be a finite A-invariant ergodic measure on I'\G, and [«] and [f]
be coarse Lyapunov weights such that [«] # [B8] # [—«]. Then u is invariant under the group generated
by the commutator [ﬁ[a], ﬁ[ﬂ]].

Let {[a1], ..., [oy]} be the set of all coarse Lyapunov weights such that Uyy,] C N *. We may rearrange
them so that for each 7, [o;] does not meet the convex cones generated by {[o;]: j =i +1,...,/}. Let
LU X oo X Ul = NT

be the product map. Let n be the Lie algebra of N .
Lemma 4.4 The following polynomial function has a polynomial inverse:
Olay] X X Py] =0 (X1,..., X)) i—>10g(eX1 -~~eX’).

Proof By the Baker—Campbell-Hausdorff formula there exist constants ¢;, ... ; such that log(eX1...eX1)
can be formally written as

o0
(4-5) X1++Xl+ Z Z ci],...,iN[Xil,[Xiz’--w[XiN_]»XiN]]]»

N=11<i,,..., in<l
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where for each multi-index (i1, ...,iy), at least two of the indices are required to be distinct. Since n
is nilpotent, (4.5) has only finitely many terms and ®(x + - -- 4 x;7) := log(e*! - - - €*) is a polynomial
map from n to n.

Let us extend ® to the complexification n© := n ® C. The lemma will follow if we manage to show that
the complexified map has a polynomial inverse. The complexified map is given by the same formula

as @, so it still satisfies the following equivariance property:
4.6) Ad(a)®(x) = ®(Ad(a)x) for ae A and x € nC.

Since the derivative of ® at zero is the identity, we can find an open neighborhood U  n€ of zero such
that @ restricted to U is biholomorphic onto the image. On the other hand, for any bounded open set
V c nC, there exists an a € A such that Ad(a)V C W, so (4.6) implies that ® is biholomorphic on V.
Taking exhaustive sequence of Vs we deduce that ® is biholomorphic on n® and, in particular, ®~1 is
an entire function on nC. We will now prove it is of polynomial growth.

Let x = x1 + -+ x;, with x; € g([%]. We fix an auxiliary norm |- || on n€ defined by ||x|| =
1
max;—;__; ||x;|;, where | -; is any chosen norm on g([%]. Choose Hy in the interior of a® and put
1

a(t) = e"o ¢ A. Choosing a representative such that [o;] C {;, 2; }, we can choose 0 < ¢ < ¢ log || x|,
where ¢1 ;= max;—; . ;(2a; (Hop))™!, such that ||Ad(a(—1))(x)|| < 1. Note that

@71 (x) = Ad(a(1) (P (Ad(a(=1) (x))).

Putting C = sup|¢(;)|<1 |Z]l and c2 = max; =1, 2¢; (Ho), we get

107 ()l = Ce’ = C x|,

This establishes the polynomial growth bound for ®~1. Any entire holomorphic function of polynomial
growth is a polynomial. Indeed, using the multivariate Cauchy formula we can now prove that sufficiently
high derivatives of ®~! vanish, so the Taylor series can have only finitely many nonzero terms. a

The following is then obtained by inductive applications of Proposition 2.13:

Lemma 4.7 [11, Theorem 9.8] If m(I'\G) < oo, then for m-a.e.,

N+

U[Oq] U[Otl]
my oct(my Uxeeexmy ).

Using Lemma 4.7, one can show that all the leafwise measures are nontrivial. This is one of the most
important ingredients of the proof.

. ~ . U
Lemma 4.8 For any coarse Lyapunov weight [a], we have Uy [q] = U4[q]. In particular, m 2 are
nontrivial for m-a.e. x.

Proof By contradiction, suppose U [«] 18 @ proper subgroup of U[,;. Without loss of generality, Ujq) C N +.
Labeling the coarse Lyapunov weights as in Lemma 4.7, we have [«¢] = [«;] for some i and

+ U U
4.9) m¥ " oci(my M xcoxemy o,
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Ula

for m-a.e x. Fix such x € I'\G and let g € G be such that x = [g]. Since m,™ is supported on ﬁ[a],

by (4.9), the topological support of miv " is contained in
X 1= (U] X+ X U X+ X V).

Since Nt and the U [«] are nilpotent groups, they are isomorphic to their Lie algebras as algebraic varieties,
via the exponential map. By Lemma 4.4, it follows that X is a proper Zariski closed subset of N .
It follows from (3.7) that g~ Ar is contained in the image of X C N T, under the open embedding
Nt — G/P~. This contradicts the Zariski density of Ar [1, Lemma 3.6]. O

We also record the following two standard lemmas:

Lemma 4.10 Let ® be a simple root system (ie the root system of a complex simple Lie group) in a
Euclidean space V. Suppose W C V is a subspace of codimension at least two. Then

P—WcCla+Bed:a,Becd-—W,  Re+RB)NW ={0}}.

Proof Letx € ®—W. By [13, Lemma 3.7], the set {n € ®: (n, k) #~ 0} spans V', so we can find an 7 such
that (n, k) # 0, and k + W and n + W are linearly independent in ¥/ W. The subspace E := Rx + Rp
intersects W transversally: £ N W = {0}. Consider the intersection ® N E. It is a rank two root system
containing a pair of nonorthogonal linearly independent roots x and 7. It follows that ® N E is of type
Az, Ca, D3 or Gy. In each of these root systems one can check by hand that k = +« + £ for some
a, B € ®N E. Condition E N W = {0} implies that (Ra + RB) N W = {0}. |

Lemma 4.11 Assume that G is a simple Lie group of rank > 2. Then G is generated by the subgroups
{lUla). Ut - . B € . [a] # [B] # —[]} and AM.

Proof Let g be the subalgebra generated by {[g[«]. 9[]] : @. B € =, B # —a}, a and m, where m denotes
the Lie algebra of M. It suffices to verify that g’ = g, or equivalently that their complexifications satisfy
(@)C =gC.
Let h = a+ib C g€ be a Cartan subalgebra containing a. Let ® be the root system of g€ relative to b.
To distinguish them from the roots in X, we will use «’, B/, etc for roots in ® and «, 8, etc for roots in X.
For o’ € ®, write

08 ={X e g% ady(X) =/ (V)X forall Y € b}.
Let V := Hom(h, R) and let W := {£ € V : £(a) = 0}. Note that the higher rank assumption means that
W is of codimension at least two. By Lemma 4.10, any root x” € ® which restricts to a nontrivial root
of a (ie k' ¢ W) can be written as ¥’ = o’ + B/, with (Ra’ +RB’) N W = {0}. Writing « and S for the
restrictions of &’ and B’ to a, this in particular implies that [«] # [B] # —[«]. We have

oo = log 85/ C loga1- 91811 € (@)°.

By [13, Lemma 3.7], g€ is generated by the root subspaces gfcc, for k' € ® — W, so we can deduce that
(@€ = ¢F. O
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Proposition 4.12 Assume that m(I'\G) < oco. Then for each simple factor G; of rank > 2, m is
G;-invariant.

Proof By Lemmas 4.3 and 4.8, m is invariant under the subgroups {[U}y], Ujg]] : @, B € Z, B # —a}.
Since Gj is simple of rank > 2, Lemma 4.11 gives the conclusion. O

At this point we already completed the proof for the simple higher rank case. To deal with the products
of rank one groups, we will once again take advantage of the product structure of the leafwise measures
(Proposition 2.13) in the proof of the following:

Proposition 4.13 Assume that m(I"\G) < oo and 7; (T") is dense for each i. Then m is Haar.

Proof Let ¢ and ¥ oi be the linear forms on a implicitly given in (3.1). Identifying a; := aNg; with its
embedded image in g, ¥ can be written uniquely as a sum of linear forms v; on a;. For any g € G, let
gi € G; be its projection to G;. Denoting by o;: G; X F; — a; the Iwasawa cocycles for G; as in (2.1),
we have g
o(g.6) =) 0i(gi.&)
i=1

forall§ =(§1,...,&y) € F. Letu: Nl+ XX Nq‘" — N7 denote the product map. Since m is A-invariant,
by a repeated application of Proposition 2.13,

+ +
4.14) m¥ " o (mdt xoxmi)

for m-a.e. x. Fix such x € I'\G and let g = (g1,....84) € G be such that x = [g]. We then define
measures v; on F; for 1 <i <g by

(4.15) dvi(gin; P7) = eVi©i(&ini.P7)) dm,];]iJr (ni).
By choosing the normalization of mfcv T asin (3.7), it follows from (4.14) and (4.15) that
Uy XXV X oo X Vg
In particular, v; are finite measures on F;, and for all y € T,
Y1.V1 X -+ X Yq.Vg X Y.y = e V1@ 0Ty, x--~xe_‘/"1("q(1’q_]"))vq

by (2.2). It follows that there exists a multiplicative character y;: I’ — R* for 1 <i < ¢ such that for all

y el and & € F,

d(yi.v —d (o (v £
(Zl l)(&) — i (y)e Vi@ 07 ED),
Vi

Set Iy := [T, I'] and note that each y; is trivial on 7;(Ip). In particular, v; is (; (Ip), ¥;)-conformal.

Since m; (I'p) is dense in Gj, it follows that v; is (G, w,-)—cor}rformal. This implies that v; is the unique
. . . NT .
G; N K-invariant measure on J; up to normalization, and m, ! is Haar m-a.e. The same argument shows

that m,ICV" is Haar m-a.e. Since Nl.jE and AM generate G, by Lemma 2.10, it follows that m is Haar. O
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Proof of Theorem 1.6 The validity of the theorem depends only on the commensurability class of I".
Hence, by passing to a covering and a quotient of G, we may assume without loss of generality that G is
a direct product of its simple factors, none of which are compact. This allows us to freely use the lemmas
established in this section.

Let7;: G — G; fori = 1,..., g denote the projection of G to each factor. Since 7; (I") is Zariski dense
in Gj, it is either discrete or dense by Lemma 3.17. Let I be the set of indices for which 7; (I') is dense,
and J be the complement of /. Let Gy (resp. G j) be the product of the G; with i € [ (resp.i € J). Set

[y:= 1_[ 7 (F) <Gy,
jeJ
and Iy := 77 (') where iy : G — G is the projection. Applying Lemma 3.16 to the product G = G; -Gy,
it follows that I'y is discrete, I' is commensurable with I'y - I'; and m is a finite extension of a product of
finite BMS measures on I'7\Gy and ['y\G, say m; and my. Applying Lemma 3.16 repeatedly to each
7 (I') for j € J shows that my is a product of finite BMS measures on 7; (I‘)\an T)-

By Proposition 4.13, my is Haar and I7 is a lattice in G;. By Proposition 4.12, I; is a lattice in G, for
all j € J such that G, is of rank > 2, and the remaining indices of J correspond to discrete subgroups of
rank one groups with finite BMS measures. O
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