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We study the structure theory of metric measure spaces .X; d;m/ satisfying the synthetic lower Ricci
curvature bound condition RCD.K;N /. We prove that such a space is nonbranching and that tangent
cones from the same sequence of rescalings are Hölder continuous along the interior of every geodesic
in X . More precisely, we show that the geometry of balls of small radius centered in the interior of any
geodesic changes in at most a Hölder continuous way along the geodesic in pointed Gromov–Hausdorff
distance. This improves a result in the Ricci limit setting by Colding and Naber where the existence
of at least one geodesic with such properties between any two points is shown. As in the Ricci limit
case, this implies that the regular set of an RCD.K;N / space has m-a.e. constant dimension, a result
recently established by Brué and Semola, and is m-a.e convex. It also implies that the top dimension
regular set is weakly convex, and therefore connected. In proving the main theorems, we develop in the
RCD.K;N / setting the expected second-order interpolation formula for the distance function along the
regular Lagrangian flow of some vector field using its covariant derivative.
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1 Introduction

We prove RCD.K;N / spaces are nonbranching and generalize to the RCD.K;N / setting an improved
version of the main result of Colding and Naber [30]. We begin by stating two reformulations of this
result, which are our main technical results:
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1038 Qin Deng

Theorem 1.1 (Hölder continuity of geometry of small balls with the same radius) Let .X; d;m/
be an RCD.K;N / space for some K 2 R and N 2 .1;1/. Let p; q 2 X and d.p; q/ D `. Define
K 0 D

�
K=.�.N � 1//_ 1

�1=2 and `0 D `^ 1. For any unit-speed geodesic 
 W Œ0; `�! X between p
and q, there exist constants C.N/, ˛.N / and r0.N / > 0 such that for any ı > 0 with 0 < r < r0.ı`0=K 0/
and ı` < s < t < `� ı`,

(1) dpGH
��
Br.
.s//; 
.s/

�
;
�
Br.
.t//; 
.t/

��
<
CK 0

ı`0
r js� t j˛:

In order to pass the result to tangents, we use the following terminology: Let x1; x2 2X , .Y; dY ; mY ; y/2
Tan.X; d;m; x1/ and .Z; dZ ; mZ ; z/2Tan.X; d;m; x2/. We say Y and Z come from the same sequence
of rescalings if there exists sj # 0 such that

(2) .X; s�1j d;mx1sj ; x1/
pmGH
�����! .Y; dY ; mY ; y/ and .X; s�1j d;mx2sj ; x2/

pmGH
�����! .Z; dZ ; mZ ; z/:

The following estimate on tangents from the same sequence of rescalings follows from Theorem 1.1:

Theorem 1.2 (Hölder continuity of tangent cones) In the notation of Theorem 1.1, for any unit-
speed geodesic 
 W Œ0; `� ! X between p and q, there exist constants C.N/, ˛.N / > 0 such that if
.Ys; dYs ; mYs ; ys/ 2 Tan.X; d;m; 
.s// and .Yt ; dYt ; mYt ; yt / 2 Tan.X; d;m; 
.t// come from the same
sequence of rescalings , then

(3) dpGH
�
.Br.ys/; ys/; .Br.yt /; yt /

�
<
CK 0

ı`0
r js� t j˛

for all r > 0.

To prove these we first construct at least one geodesic between any two points satisfying the conclusion
of Theorem 1.1, which is the main result of [30]. We then use this construction to prove RCD.K;N /
spaces, and so, in particular, Ricci limits, are nonbranching, in Section 6.1.

Theorem 1.3 Let .X; d;m/ be an RCD.K;N / space for some K 2R and N 2 .1;1/. Then .X; d;m/
is nonbranching.

This has been a natural open problem for Ricci limits since the seminal work of Cheeger and Colding in
[26; 27; 28; 29]. Potential branching coming from some simple examples was ruled out in [28, Section 5]
and some partial results were obtained in [30] for noncollapsed limits of manifolds with uniform two-sided
Ricci curvature bounds. We point out nonbranching would follow from the results of [30] and the proof
of Theorem 1.3 from Section 6.1 if one were able to, for example, prove all geodesics in any Ricci limit
are limit geodesics. Our intrinsic construction of a geodesic in Section 5.2 which satisfies the conclusion
of Theorem 1.1 offers a little more freedom than the extrinsic construction of limit geodesics in [30] and
this was enough to prove Theorem 1.3. Theorem 1.3 is then itself used to pass from the existence of a
geodesic between any two points which satisfies the conclusion of Theorem 1.1 to Theorem 1.1 in full
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Hölder continuity of tangent cones in RCD.K;N/ spaces and applications to nonbranching 1039

generality for all geodesics. We mention that, in the reverse direction, it follows easily from nonbranching
that every geodesic in a Ricci limit space is a limit geodesic.

In the case of Ricci limits, the Hölder continuity of tangent cones had several key applications; see
[30, Section 1.4] for a definition of the renormalized limit measure.

Theorem 1.4 [30, Theorems 1.18, 1.20 and 1.21] Let .X; d; p/ be the Ricci limit of .M n
i ; gi ; pi /i2N

and m be the renormalized limit measure. Then:

(I) There is a unique k 2N with 0� k � n such that m.XnRk/D 0, where Rk is the k-dimensional
regular set.

(II) Rk from (I) is m-a.e. convex and weakly convex. In particular , Rk is connected.

(III) The isometry group of X is a Lie group.

Statements (I) and (III) have since been proved by other means in the case of RCD.K;N / spaces; see Brué
and Semola [15] for (I) and Guijarro and Santos-Rodríguez [49] and Sosa [69] for (III). We prove (II) in
Section 6.2 following [30]. Since the proofs of (I) and (II) are intricately related, we will prove (I) as well.

Outline of paper and proof We begin this subsection by introducing the strategy of the proof by Colding
and Naber [30], which we will largely follow. We then discuss the issues that arise when extending this
to the metric measure setting and give an outline of their solutions.

The existence of at least one geodesic satisfying the conclusion of Theorem 1.1 was shown in [30].
The proof there was extrinsic and obtained by proving the theorem for manifolds. As such, consider a
Riemannian manifold .M n; g/with RicM ��.n�1/ and a unit-speed-minimizing geodesic 
 W Œ0; 1�!M

from some p to q. Fix some ı >0 and ı < s0<s1<1�ı. The desired Gromov–Hausdorff approximations
in the proof of Theorem 1.1 for 
 are constructed on a large subset of the ball Br.
.s1// from the gradient
flow ‰ of �dp (more on the definition of this later). This is not altogether surprising since in the interior
of 
 , d is a smooth function and the Laplacian of d has a two-sided bound. A simple argument (originating
from Calabi [19]) applying the Bochner formula to d gives

(4)
Z 1�ı

ı

jHess dpj2.
.t// dt �
c.n/

ı
:

The fact that Hess dp D 1
2
Lrdpg shows D.‰s1�s0/ W T
.s1/M ! T
.s0/M satisfies the estimates of

Theorem 1.2. Of course, Theorem 1.2 is completely trivial in the case of Riemannian manifolds, but the
point is this map comes from a construction on the manifold itself. Smoothness then allows one to use
‰s1�s0 to construct Gromov–Hausdorff approximations from Br.
.s1// to Br.
.s0//, where r needs to
be sufficiently small depending on 
 and ı instead of just n and ı. This property does not pass through
Ricci limits and so the challenge, then, is to remove the dependence on 
 .
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1040 Qin Deng

One might consider using Hess dp to control the geometry of balls of uniform (ie independent of 
 ) radius
under ‰. However, we do not have estimates on Hess dp for such balls along 
 ; we do not even have
smoothness of dp . We mention that due to this lack of smoothness, ‰ is not globally defined. The integral
curves of ‰ starting at any x 2M should be thought of simply as a (choice of) unit-speed geodesic from
x to p. In this way ‰ is defined locally away from p for a definite amount of time.

Nevertheless, it turns out that one can still control the geometry under ‰ by utilizing the next formula,
which follows from the standard second-order interpolation formula using the Hessian:

(5)
ˇ̌̌
d

dt
d.�1.t/; �2.t//

ˇ̌̌
� jrh� � 01j.�1.t//Cjrh� �

0
2j.�2.t//C inf

Z

�1.t/;�2.t/

jHess hj:

This holds for a.e. t , where �1 and �2 are unit-speed geodesics in M , h WM !R is a smooth function
and inf is taken across all minimizing geodesics connecting �1.t/ and �2.t/. This means, as long as we
can closely approximate dp by a smooth function h where we have reasonable control on jrh�rdpj
along two geodesics and on Hessh, we can control the distance between those two geodesics.

We mention a similar strategy that was used to prove the almost splitting theorem of Cheeger and
Colding [26]. In that setting, a single ball Br.
.s// of small radius for a fixed s 2 .ı; 1� ı/ is considered.
It turns out that the correct approximation to take for dp is the harmonic replacement b of dp on B2r.
.s//.
One is able to obtain the better than scale invariant estimate

(6) /
Z
Br .
.s//

jHess bj2 dV � c.n; ı/r�2C˛.n/

using the Bochner formula, which is enough to prove almost splitting. The almost splitting theorem has
since been proved through other means for RCD spaces by Gigli [37]; see also Mondino and Naber [61].

For our purposes, (6) and the resulting almost splitting theorem is not good enough because it only allows
one to compare two balls of radius r that are distance r away from each other. As discussed in detail in
[30, Section 2], this estimate blows up as r! 0 if one iterates along 
 in r-length intervals. The crucial
idea in [30] was then to use the heat-flow approximation h to (some cutoff of) dp instead. For such an
approximation, they were able to obtain the estimate

(7)
Z 1�ı

ı

/

Z
Br .
.t//

jHess hj2 dV dt � c.n; ı/;

where h is the heat flow taken to some time on the scale of r2; see Theorem 4.12(IV). Moreover,R 1�ı
ı jrdp �rhj can also be bounded to the correct order (see Lemma 4.13) for most geodesics. These

estimates can then be used along with the segment inequality of Cheeger and Colding [26, Theorem 2.11]
and (5) to control the total integral change in distances between elements of two sets of large measure
in Br.
.s1// under the flow ‰. This is ultimately good enough to construct a Gromov–Hausdorff
approximation using ‰s1�s0 . We mention that since we are using segment inequality and integral bounds,
the smaller the relative measure of the sets compared to the region where we have Hessian estimates, the
worse the control we have on total distance change for those sets under ‰.
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Hölder continuity of tangent cones in RCD.K;N/ spaces and applications to nonbranching 1041

A crucial detail in this is that in order to make use of estimate (7), it is important that most of Br.
.t//
stays close, on the scale of r , to 
 under the gradient flow for an amount of time independent of r and 
 .
Since the control one has over distance is for sets of large relative measure and 
 is trivial in measure,
one cannot guarantee using the argument outlined in the previous paragraph that most of Br.
.t// does
not simply drift away from 
 quickly. Colding and Naber [30] overcome this by using (4). As mentioned
previously, by smoothness, (4) implies balls of sufficiently small radius depending on 
 stay close to

 under ‰ for some fixed amount of time depending only on n and ı. Induction with geometrically
increasing radii along with the argument from the previous paragraph can then be used to guarantee large
proportions of balls up to some radius independent of 
 also stay close to 
 under the flow ‰.

We now outline the issues with extending this argument to the metric measure setting and the ideas we
will use to resolve them:

� (5) is essential in utilizing the Hessian and gradient estimates of the approximating function to control
the geometry under the flow ‰. In the smooth setting, it stems from the first variation formula along �1
and �2 and the following interpolation formula along a unit-speed geodesic ˛, which should be thought
of as going between �1.t/ and �2.t/ for some t in this application:

(8) h˛0.�1/; V i � h˛
0.�0/; V i D

Z �1

�0

hr˛0.�/V; ˛
0.�/i d�:

Here V is a vector field along ˛ and rV is its covariant derivative. We will apply (5) to control the
integral distance change between all elements of two sets under the flow ‰, and so an integral version of
the formula suffices. The first variation formula for “almost every” pair of �1 and �2 we are interested in
follows easily from the first-order differentiation formula for Wasserstein geodesics; see Gigli [37].

In the direction of (8), the same formula (with obvious changes) was proved along Wasserstein geodesics
with bounded density of Gigli and Tamanini [46, Theorem 5.13]. While this does most of the work, a
suitable interpretation is required to obtain the integral interpolation formula between two sets S1 and S2.
To see the difficulty, one might try to decompose the set of all geodesics between S1 and S2 by grouping
together all geodesics that start at the same x 2 S1. In this way, one obtains a family of Wasserstein
geodesics parametrized by x 2 S1. However, these end at a ı measure and therefore the interpolation
formula of [46, Theorem 5.13] does not apply. This is, of course, expected because hrdx; V i is not well
defined at x. The correct decomposition then is to break all the geodesics between S1 and S2 down the
middle, parametrize the half that start in S2 by the elements of S1 they each go toward and vice versa.
We point out the same decomposition is used in the proof of the segment inequality. Some work then
needs to be done to check the boundary terms that arise in interpolating between each of the halves match
correctly. These are the contents of Section 3.

� The Hessian estimate (7) and several other estimates on the heat flow approximation of the distance
function need to be shown in the RCD.K;N / setting. This simply comes down to verifying the proofs of
[30] all translate to the metric measure setting with minor adjustments. These are the contents of Section 4.
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1042 Qin Deng

� Lastly, the argument in [30] relies on (4) to obtain estimates for small balls centered along in the
interior 
 under ‰ in order to start an induction process. Such an inequality is not available in the RCD
setting since the Hessian is a measure-theoretic object, although progress has been made in this direction;
see Bianchini and Cavalletti [13], Cavalletti [20] and Cavalletti and Mondino [23; 24]. Even if it were
well defined, one does not have Jacobi fields or smoothness arguments to translate such an inequality to
a statement about tangent cones or small balls along 
 . This is, in many ways, the main obstruction to
extending the arguments of [30]. We will not attempt to develop all this theory. The key observation is
that in fact we can do without the start of induction in radius.

Recall that the need for this start of induction argument stems from the failure of (7) to control distance
between a set of small measure and another set under ‰. As such, it is possible for most of ‰t .Br.
.s1///
to distance from 
.s1 � t / quickly, after which we can no longer apply (7) to control the geometry of
‰t .Br.
.s1///. To deal with this, consider for each x 2Br.
.s1// a piecewise geodesic which goes from
p to x and then x to q. It was shown in [30] that for a significant amount of x (those with relatively low
excess) and their corresponding piecewise geodesics, the estimate (7) still holds on the scale of r . The
same is true for RCD.�.N � 1/;N / spaces; see Theorem 4.12. Using this, one can make an induction
argument in time instead. Suppose for some small time t most of ‰t .Br.
.s1/// stays close to 
.s1� t /,
after which it leaves. Due to the control we had on the geometry of ‰t .Br.
.s1/// in that time, we
can guarantee that ‰t .Br.
.s1/// is still very close to one of (in fact, much of) these other piecewise
geodesics with a good estimate (7). Therefore we can use the estimate for that piecewise geodesic for a
little longer. The start of induction is trivial since the integral curves of ‰ are 1-Lipschitz. In this way, we
arrive at an x 2 Br.
.s1// whose trajectory under ‰ well represents the behavior of Br.
.s1// under ‰,
in the sense that most of Br.
.s1// stays close to x on the scale of r under ‰ for a definite amount of time.
Multiple limiting and gluing arguments then allow for the selection of a geodesic from p to q, perhaps
different from 
 , which well represents the behaviors of small balls centered in its interior under ‰. The
original argument of [30] gives the required Gromov–Hausdorff approximations in the interior of such a
geodesic. Notice that, analogously to [30], we have at this point only shown the existence of a geodesic
between p and q which satisfies the main theorem. These are the contents of Section 5.

The ideas outlined above overcome the difficulties of generalizing the arguments of Colding and Naber [30]
to the RCD setting. To finish, we will first show RCD spaces are nonbranching before proving Theorem 1.1.
In order to prove nonbranching, first notice that any two geodesics having the property above cannot
branch. To see this, let 
1 and 
2 be two branching geodesics starting at some p 2 X which can be
constructed by the methods of Section 5. In the interior, most of an arbitrarily small ball centered around

1 (resp. 
2) must stay close to 
1 (resp. 
2) for some definite amount of time under the flow of ‰, where
the closeness is Hölder dependent on time. Moreover, it is possible to control how the volumes of balls
change along each geodesic. Combining these observations with the essentially nonbranching property
of RCD.K;N / spaces shows there cannot be any splitting because there is simply not enough room to
flow disjoint small balls around 
1 and 
2 into a small ball around a branching point. While we do not
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initially claim all geodesics can be constructed with the methods of Section 5, our construction does give
a certain amount of freedom. For any ı > 0, it allows us to construct a geodesic 
ı with nice properties on
Œı; 1� ı� which agrees with the initial geodesic 
 at ı. As it turns out, combining this with the previous
observation is enough to show that in fact no pair of geodesics can branch. Theorem 1.1 follows easily
from the results of Section 5 and nonbranching. These are the contents of Section 6.1. In Section 6.2, we
generalize to the RCD setting the applications of the main result for Ricci limits outlined in [30] using
verbatim arguments.

Acknowledgments I thank Vitali Kapovitch for introducing me to this problem and sharing his many
insights. I thank Christian Ketterer for helpful discussions and reviewing an early draft of this paper. I
thank Nicola Gigli for answering several technical questions in the early stages of the paper and, along
with Andrea Mondino, for many helpful comments. I thank the referee for carefully reviewing the paper
and many helpful comments.

2 Preliminaries

2.1 Curvature-dimension condition preliminaries

A metric measure space is a triple .X; d;m/ where .X; d/ is a complete separable metric space and
m is a nonnegative locally finite Borel measure. As a matter of convention, m-measurable here means
measurable with respect to the completion of .X;B.X/;m/. We take the same convention for all other
Borel measures as well.

Given a complete and separable metric space .X; d/, we denote by P.X/ the set of Borel probability
measures and by P2.X/ the set of Borel probability measures with finite second moment, that is, the set of
�2P.X/ where

R
X d.x; x0/

2 d�.x/ <1 for some x0 2X . Given �1; �2 2P2.X/, the L2-Wasserstein
distance W2 between them is defined as

W 2
2 .�1; �2/ WD inf




Z
X�X

d2.x; y/ d
.x; y/;

where the infimum is taken over all 
 2 P.X � X/ with .�1/�.
/ D �1 and .�2/�.
/ D �2. Such
measures 
 are called admissible plans for the pair .�1; �2/. We call .P2.X/;W2/ the L2-Wasserstein
space of .X; d/; it has been well studied in the theory of optimal transportation. A W2-geodesic between
�0; �1 2 P2.X/ is any path .�t /t2Œ0;1� in P2.X/ satisfying W2.�s; �t / D js � t jW2.�0; �1/ for any
s; t 2 Œ0; 1�. If .X; d/ is a geodesic space then .P2.X/;W2/ is as well. A c-concave solution ' to the
corresponding dual problem of maximizing

R
' d�0C

R
'c d�1 is called a Kantorovich potential. We

refer to [3; 72] for definitions and details.

The various notions of the classical curvature-dimension condition were first proposed independently
in [60] and [70; 71], and are defined as certain convexity conditions on the L2-Wasserstein space of a
metric measure space. We follow closely the formulations of [11].
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Given a metric measure space .X; d;m/, for any �2P.X/, the Shannon–Boltzmann entropy is defined as

Entm. � / W P.X/! .�1;1�; Entm.�/ WD
Z

log � d� if �D �m and .� log �/� is m-integrable

and1 otherwise.

Definition 2.1 (CD.K;1/ condition) Let K 2R. A metric measure space .X; d;m/ is a CD.K;1/
space if and only if for any two absolutely continuous measures �0; �1 2 P.X/ with bounded support,
there exists a W2-geodesic f�tgt2Œ0;1� such that for any t 2 Œ0; 1�,

Entm.�t /� .1� t /Entm.�0/C t Entm.�1/� 1
2
Kt.1� t /W 2

2 .�0; �1/:

The N -Rényi entropy is defined as

SN . � jm/ W P.X/! .�1; 0�; SN .�jm/ WD �

Z
�1�.1=N/ dm;

if �1�.1=N/ 2 L1.m/, where �D �m, and 0 otherwise.

Letting K 2R and N 2 Œ1;1/, the distortion coefficients � .t/K;N and � .t/K;N are defined by

.t; �/ 2 Œ0; 1��RC! �
.t/
K;N .�/ WD

8̂̂̂<̂
ˆ̂:

1 if K�2 �N�2;
sin.t�

p
K=N/=sin.�

p
K=N/ if 0 < K�2 <N�2;

t if K�2 D 0;
sinh.t�

p
K=N/=sinh.�

p
K=N/ if 0 < K�2 < 0;

and
�
.t/
K;N .�/ WD t

1=N�
.t/
K;N .�/

1�.1=N/:

The standard finite-dimensional curvature-dimension condition was introduced in [71; 60].

Definition 2.2 (CD.K;N / condition) Let K 2R and N 2 Œ1;1/. We say that a metric measure space
.X;d;m/ is a CD.K;N / space if for any two absolutely continuous measures�0D�0m;�1D�1m2P.X/
with bounded support there exists aW2-geodesic f�tgt2Œ0;1� and an associated optimal coupling � between
�0 and �1 such that for any t 2 Œ0; 1� and N 0 �N ,

SN .�t jm/� �

Z �
�
.1�t/
K;N 0 .d.x; y//�0.x/

�1=N 0
C �

.t/
K;N 0.d.x; y//�1.y/

�1=N 0
�
d�.x; y/:

The reduced curvature-dimension condition CD�.K;N / was introduced in [11] for its seemingly better
tensorization and globalization properties. It is defined by replacing � with � in Definition 2.2. The
CD.K;N / and CD�.K;N / conditions generalize to the metric measure setting the notion of Ricci
curvature bounded below by K and dimension bounded above by N . Examples include (possibly
weighted) Riemannian manifolds [71], Finsler manifolds [63] and Alexandrov spaces [64].

Remark 2.3 CD.K;N / implies CD.K 0; N 0/ and CD�.K 0; N 0/ for all K 0 �K and N 0 �N as well as
CD.K 0;1/. A host of results that we cite were shown in the RCD�.K;N / and RCD.K;1/ settings
(see Definition 2.12) and therefore apply in the RCD.K;N / setting. Going in the other direction, it
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was shown in [21] that RCD�.K;N / is equivalent to RCD.K;N / when m.X/ <1 (this was extended
to general �-finite m in [57]). We mention that our proofs carry forward without modification to the
RCD�.K;N / setting. However, since several papers we cite use the stronger RCD assumption (though it
can be checked this is not needed for the particular results we cite from them), we will do so as well to
ease the burden of exposition.

It is known that if .X; d;m/ is CD.K;N / then supp.m/ is a geodesic space which also satisfies the
CD.K;N / condition. Due to this, we will always assume X D supp.m/. One can check that for any
�; c > 0, if .X; d;m/ is CD.K;N /, then .X; �d; cm/ is CD.K=�2; N /. CD.K;N / spaces, like their
smooth counterparts, satisfy the standard Bishop–Gromov volume comparison.

Theorem 2.4 (Bishop–Gromov volume comparison [71, Theorem 2.3]) Let .X; d;m/ be a CD.K;N /
space for some K 2R and N 2 .1;1/. Then for all x0 2X and all 0 < r < R � �

p
N � 1=.K _ 0/,

(9)
m.Br.x0//

m.BR.x0//
� VK;N .r; R/

WD

8<:
R r
0 .sin.t

p
K=.N � 1///N�1 dt=

R R
0 .sin.t

p
K=.N � 1///N�1 dt if K > 0;

.r=R/N if K D 0;R r
0 .sinh.t

p
K=.N � 1///N�1 dt=

R R
0 .sinh.t

p
K=.N � 1///N�1 dt if K < 0:

In contexts where K and N are clear, we will simply write V.r; R/ for VK;N .r; R/.

For N <1, CD.K;N / spaces are locally doubling, by Theorem 2.4, and are therefore proper. They
satisfy a 1-1 Poincaré inequality by [65, Theorem 1.1].

2.2 First-order calculus on metric measure spaces

We follow the framework for calculus on metric measure space developed by Ambrosio, Gigli and Savaré
in [5; 6; 7; 38; 39]. Let .X; d;m/ be a metric measure space. Let lip.X/, liploc.X/ and lipb.X/ be its
classes of Lipschitz, locally Lipschitz and bounded Lipschitz functions, respectively. Given f 2 liploc.X/,
the local Lipschitz constant (or local slope) lip.f / WX !R is defined by

(10) lip.f /.x/ WD lim sup
y!x

jf .y/�f .x/j

d.y; x/
:

By convention, lip.f /.x/ WD 0 at any isolated point x. Given f 2L2.m/, a function g 2L2.m/ is called
a relaxed gradient if there exists a sequence fn 2 lip.X/ and Qg 2 L2.m/ such that

(I) fn! f in L2.m/ and lip.fn/ converges weakly to Qg in L2.m/,

(II) g � Qg m-a.e.

A minimal relaxed gradient is a relaxed gradient that is minimal in L2-norm in the family of relaxed
gradients of f . If this family is nonempty, one can check that such a function exists and is unique m-a.e.
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The minimal relaxed gradient is denoted by jDf j. The domain of the Cheeger energy D.Ch/� L2.m/
is the subset of L2 functions with a minimal relaxed gradient. For f 2 L2.m/, the Cheeger energy is
defined as

Ch.f /D
�1
2

R
jDf j2 dm if f 2D.Ch/;

1 otherwise:

Ch is a convex and lower semicontinuous functional on L2.m/. The Cheeger energy, first introduced
in [25], was defined using a slightly different relaxation procedure. It is also possible to define a
similar functional using the idea of minimal weak upper gradients; see [6, Section 5.1]. It is shown in
[6, Section 6] that under mild assumptions on the metric measure space (satisfied by spaces meeting the
various aforementioned curvature-dimension conditions in particular), all these notions are equivalent.

Remark 2.5 Let .X; d;m/ be a CD.K;N / space with N <1. For any Lipschitz function f on X ,
lip.f /D jDf j m-a.e. This follows from [25], where it is shown that a metric measure space satisfying a
Poincaré inequality and a doubling inequality has lip.f /D jDf j m-a.e.

W 1;2.X/ WDD.Ch/ is a Banach space endowed with the norm kf k2
W 1;2.X/

WD kf k2
L2.m/

CkjDf jk2
L2.m/

.
We define W 1;2

Loc .X/ as the space of all functions f 2 L2.X;m/ such that gf 2 W 1;2.X/ for every
compactly supported Lipschitz g. By the strong locality property of the minimal relaxed gradient (ie
jDgj D jDhj m-a.e. in fgD hg for any g; h2W 1;2.X/), any f 2W 1;2

Loc .X/ has an associated differential
jDf j 2 L2loc.m/.

We call .X; d;m/ infinitesimally Hilbertian ifW 1;2.X/ is a Hilbert space. In this case, for f; g2W 1;2.X/,
one may define hDf;Dgi using polarization: hDf;Dgi WD 1

2
.jD.f Cg/j2� jDf j2� jDgj2/ 2 L1.m/.

From here one can define the Laplacian: f 2 W 1;2.X/ is said to be in the domain of the Laplacian
(f 2D.�/) if there exists �f 2 L2.m/ such thatZ

g�f dmC

Z
hDg;Df i dmD 0 for any g 2W 1;2.X/:

Given a subspace V 2 L2.m/, we define DV .�/ WD ff 2D.�/ W�.f / 2 V g. More generally, one may
define the measure-valued Laplacian:

Definition 2.6 (measure-valued Laplacian [39, Definition 3.1.2]) The space D.�/�W 1;2.X/ is the
space of f 2W 1;2.X/ such that there is a signed Radon measure � satisfyingZ

gd�D�

Z
hDg;Df i dm for all g WX !R Lipschitz with bounded support.

In this case the measure � is unique and is denoted by �f .

2.3 Tangent, cotangent and tensor modules

A technical framework for describing first-order calculus on metric measure spaces and second-order
calculus on RCD.K;N / spaces was developed by Gigli in [39]. While aspects of second-order calculus
can be effectively developed without this framework (see for example [68; 8]), [39] crucially gives
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constructions which generalize the notion of tensor fields. In the next few subsections, we will quickly
introduce, sometimes informally, the necessary definitions given in [39] and refer to the original article
for details and insights.

Let .X; d;m/ be a metric measure space. The various collections of tensor fields of interest will be objects
in the category of Lp.m/-normed L1.m/-modules.

Definition 2.7 (Lp-normed L1-premodules [39, Definitions 1.2.1 and 1.2.10]) Let p 2 Œ0;1�. Let
.M; k � kM) be a Banach space endowed with a bilinear map L1.m/�M 3 .f; v/ 7! f � v 2M and a
function j � j WM! L

p
C
.m/. We say .M; k � kM; � ; j � j/ is an Lp-normed L1-premodule if and only if

(I) .fg/ � v D f � .g � v/ for all f; g 2 L1.m/ and v 2M,

(II) 1 � v D v for all v 2M, where 1 is the constant function equal to 1,

(III) kjvjkLp.m/ D kvkM for all v 2M,

(IV) jf � vj D jf jjvj m-a.e. for all f 2 L1.m/ and v 2M.

We will often simply write f v for f � v and call j � j the pointwise norm. If an Lp.m/-normed L1.m/-
premodule satisfies additional locality and gluing properties [39, Definition 1.2.1], we say it is an
Lp.m/-normed L1.m/-module. One may localize such an object to some A 2 B.X/ by defining
MjA WD fv 2M W jvj D 0 m-a.e. on Acg, which is again canonically an Lp.m/-normed L1.m/-module.

An L2-normed L1-module which is a Hilbert space under k � kM is called a Hilbert module. In this case
one can define a pointwise inner product by polarizing the pointwise norm j � j. The prototypical example
of a Hilbert module one has in mind is the collection of L2 vector fields on a Riemannian manifold,
where j � j is the Riemannian pointwise norm.

Given L1-modules M and N , we say a map T WM!N is a module morphism if it is a bounded linear
map between M and N as Banach spaces satisfying in addition T .f v/D f T .v/ for all f 2L1.m/ and
v 2M. The dual module M� is the space of all module morphisms between M and L1.m/ and is an
Lp�.m/-normed L1.m/-module, where 1=pC1=p�D 1. A Hilbert module H is canonically isomorphic
to its dual.

Given two Hilbert modules H1 and H2, one can construct new Hilbert modules: the tensor product
H1˝H2 [39, Definition 1.5.1] and the exterior product H1 ^H2 [39, Definition 1.5.4].

Definition 2.8 [39, Definition 2.19] Let M be L2.m/-normed and let V �M. Span.V / is defined as
the collection of v 2M for which there is a Borel decomposition .Xn/n2N of X and, for each n 2N,
collections v1;n; : : : ; vkn;n 2 V and f1;n; : : : ; fkn;n 2 L

1.m/ such that

1Xnv D
knX
iD1

fi;nvi;n for each n 2N;

where 1Xn is the characteristic function of Xn. We say that V generates M if and only if SpanV DX .
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From this point we will assume .X; d;m/ is an infinitesimally Hilbertian metric measure space. We now
define the tangent and cotangent modules of .X; d;m/.

Theorem 2.9 [39, Proposition 2.2.5] There exists a unique , up to isomorphism , Hilbert module H
endowed with a linear map d WW 1;2.X/!H satisfying

(I) jdf j D jDf j m-a.e. for all f 2W 1;2.X/,

(II) d.W 1;2.X// generates H.

Such an H is called the cotangent module of .X; d;m/ and denoted by L2.T �X/.

The dual of L2.T �X/ is called the tangent module of .X; d;m/ and denoted by L2.TX/. Elements of
L2.TX/ are called vector fields.

We denote by rf the dual of df (ie the unique element rf 2 L2.TX/ such that v.rf /D hv; df i for
all v 2 L2.T �X/).

Notice hdf; dgi D df .rg/ D hrf;rgi D hDf;Dgi m-a.e. We will use these interchangeably in the
rest of the paper depending on the convention of the theorems we are quoting. For a discussion of the
philosophical differences of the objects involved, see [6, Section 2.2].

Definition 2.10 [39, Definition 2.3.11] D.div/� L2.TX/ is the space of all vector fields v 2 L2.TX/
for which there exists f 2 L2.m/ such that for any g 2W 1;2.X/ the equalityZ

fg dmD�

Z
dg.v/ dm

holds. In this case f is called the divergence of v and denoted by div.v/. In particular, if f 2D.�/, then
rf 2D.div/ and div.rf /D�f .

Definition 2.11 L2..T �/˝2.X// denotes the tensor product of L2.T �X/ with itself; see [39, Defini-
tion 1.5.1]. Similarly, L2.T˝2.X// denotes the tensor product of L2.TX/ with itself. We will use j � jHS

and � W � to denote the pointwise norm (Hilbert–Schmidt norm) and the pointwise inner product of Hilbert
modules which arise from tensors.

L2..T �/˝2.X// and L2.T˝2.X// are Hilbert module duals of each other. We mention that for any
element A 2 L2..T �/˝2.X//, we will often write A.V;W / D A.V ˝W /. We will sometimes write
this even when V and W are such that V ˝W is not in L2.T˝2.X//. In all these cases, V ˝W when
multiplied by the characteristic function of a compact set will be in L2.T˝2.X//, and so A.V;W / is
well defined as a measurable function by locality and satisfies

(11) A.V;W /� jAjHSjV jjW j:

We will usually have additional assumptions on jV j and jW j, so that A.V;W / 2 L1loc.m/.
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2.4 RCD.K;N/ and Bakry–Émery conditions

We now introduce the notion of RCD spaces, which are our main objects of interest. These were proposed
and carefully analyzed in a series of papers including [7; 38; 4; 35; 9].

Definition 2.12 [7; 38] Let .X; d;m/ be a metric measure space, K 2 R, and N 2 Œ1;1/. We say
.X; d;m/ satisfies the Riemannian curvature-dimension condition RCD.K;N / if and only if .X; d;m/
satisfies the CD.K;N / condition and is infinitesimally Hilbertian. Similarly one defines the Riemann-
ian curvature-dimension conditions RCD�.K;N / and RCD.K;1/ using CD�.K;N / and CD.K;1/,
respectively.

The RCD condition is stable under measured Gromov–Hausdorff convergence and tensorization. Examples
of RCD spaces include Ricci limits and Alexandrov spaces, but non-Riemannian Finsler geometries are
ruled out. We now state some equivalent formulations of the RCD.K;N / property. We will in general
assume .X; d;m/ is infinitesimally Hilbertian in this subsection.

As in [8], define the Carré du champ operator for f 2DW 1;2.X/.�/ and ' 2DL1.m/\L2.m/.�/\L
1.m/

by

�2.f I'/ WD

Z
1
2
jrf j2�' dm�

Z
hrf;r�f i' dm:

This enables us to state the nonsmooth Bakry–Émery condition BE.K;N /:

Definition 2.13 (Bakry–Émery condition [8; 35]) LetK 2R andN 2 Œ1;1�. We say .X; d;m/ satisfies
the BE.K;N / condition if and only if

�2.f I'/�
1

N

Z
.�f /2' dmCK

Z
jrf j2' dm:

BE.K;N / is closely related to CD.K;N /. We say .X; d;m/ satisfies the Sobolev-to-Lipschitz property
[41, Definition 3.15] if any function f 2W 1;2.X/ with jrf j 2 L1.m/ has a Lipschitz representative
Qf D f m-a.e. with Lipschitz constant equal to ess sup.jrf j/.

Theorem 2.14 [8; 9; 35] Let .X; d;m/ be a metric measure space satisfying an exponential growth
condition (see [8, Section 3]), K 2 R and N 2 .1;1/. Then .X; d;m/ is RCD.K;N / if and only if
.X; d;m/ is infinitesimally Hilbertian , and satisfies the Sobolev-to-Lipschitz property and the BE.K;N /
condition.

2.5 Heat flow and Bakry–Ledoux estimates

By applying the theory of the gradient flow of convex functionals on Hilbert spaces to Ch as in [6],
one obtains for each f 2 L2.m/ a unique continuous curve .Ht .f //t2Œ0;1/ in L2.m/ which is locally
absolutely continuous in .0;1/ with H0.f /D f such that

(12) d

dt
Ht .f /D�

0Ht .f / for a.e. t 2 .0;1/;
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where �0g is defined as the minimizer in L2 energy in @�.Ch/ at g provided it is nonempty; see
[6, Section 4.2].

If .X; d;m/ is infinitesimally Hilbertian, then for any t > 0, Ht .f / 2D.�/, and one has the a priori
estimates

kHt .f /kL2 � kf kL2 ; kjDHt .f /jk
2
L2
�
kf k2

L2

2t2
; k�Ht .f /kL2 �

kf kL2

t
:

Ht .f / is linear and satisfies �.Ht .f // D Ht .�.f // for any t > 0. In particular, (12) is true for all
t 2 .0;1/ and

Ht .f /D f C

Z t

0

�.Hs.f // ds:

If .X; d;m/ is RCD.K;1/, Ht can be identified with Ht , the gradient flow of Entm on P2.X/. Due to
contraction properties coming from the RCD condition, Ht can be extended fromD.Entm/ to all of P2.X/.

Definition 2.15 For t > 0 and x 2 X , Ht .ıx/ is absolutely continuous with respect to m. Then
Ht .ıx/DHt .x; � /m, where Ht . � ; � / is the heat kernel.

Ht .x; y/ is symmetric and continuous in both variables. For each f 2L2.m/, one has the representation
formula [7, Theorem 6.1]

(13) Ht .f /.x/D

Z
f .y/Ht .x; y/ dm:

The RCD.K;N / condition implies the Bakry–Ledoux estimate, which is a finite-dimensional analogue
of the Bakry–Émery contraction estimate [7, Theorem 6.2]. Moreover, it was shown in [35] that one
has equivalence in Theorem 2.14 with the BE.K;N / condition replaced by the .K;N / Bakry–Ledoux
estimate.

Theorem 2.16 (dimensional Bakry–Ledoux L2 gradient-Laplacian estimate [35, Theorem 4.3]) Let
.X; d;m/ be an RCD.K;N / space for some K 2R and N 2 Œ1;1/. For any f 2W 1;2.X/ and t > 0,

jr.Ht .f //j
2
C

4Kt2

N.e2Kt � 1/
j�Ht .f /j

2
� e�2KtHt .jr.f /j

2/ m-a.e.:

Remark 2.17 If jrf j 2 L1, one can take continuous representatives of �Ht .f / and Ht .jr.f /j2/
and identify jr.Ht .f //j canonically with the local Lipschitz constant of Ht .f / to obtain a pointwise
Bakry–Ledoux bound; see [35, Proposition 4.4].

This implies the Sobolev-to-Lipschitz property by [7, Theorem 6.2]. Ht also has an L1-to-Lipschitz
property by [7, Theorem 6.8], where it was shown for t > 0 and f 2 L2.m/,

(14) 2I2K.t/jrHt .f /j
2
�Ht .f

2/ m-a.e.;

where I2K.t/ WD
R t
0 e

2Ks ds.
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2.6 Second-order calculus and improved Bochner inequality

The class of test functions was introduced in [68] as

TestF.X/ WD ff 2D.�/\L1 W jDf j 2 L1 and �f 2W 1;2.X/g:

It is known that TestF.X/ is an algebra and, on RCD.K;1/ spaces, it was shown by the results of [7]
mentioned in the previous subsection that the heat flow approximations of an L1\L2 function are test
functions and so TestF.X/ is dense in W 1;2.X/.

In [50; 68], it was shown that under the BE.K;N / condition, jrf j2 2D.�/ for any f 2 TestF.X/ and
so one may define �2.f / WD 1

2
�jrf j2� hrf;r�f i. One can then define a Hessian for f 2 TestF.X/

and show the improved Bochner inequality (see Theorem 2.19). In [39, Section 3], the same calculations
were carried out in the framework proposed therein. We outline the main definitions and results from
there. In this subsection, we assume .X; d;m/ is an RCD.K;N / space.

Definition 2.18 [39, Definition 3.3.1] W 2;2.X/�W 1;2.X/ is the space of all functions f 2W 1;2.X/

for which there exists A 2 L2..T �/˝2.X// such that for any g1; g2; h 2 TestF.X/ the equality

2

Z
hA.rg1;rg2/dmD

Z
�hrf;rg1idiv.hrg2/�hrf;rg2idiv.hrg1/�hhrf;rhrg1;rg2iidm

holds. In this case A is called the Hessian of f and denoted by Hessf . W 2;2.X/ is a Hilbert space
under the norm

kf k2
W 2;2.X/

WD kf k2
L2.m/

Ckdf k2
L2.T �X/

CkHessf kL2..T �/˝2.X//:

It turns out that the test functions are contained in W 2;2.X/ and one has the improved Bochner inequality
as in [68; 50].

Theorem 2.19 (improved Bochner inequality [39, Theorem 3.3.8]) Let .X; d;m/ be an RCD.K;N /
space for K 2R, and N 2 Œ1;1/ and f 2 TestF.X/. Then f 2W 2;2.X/ and

�2.f /� ŒKjrf j
2
CjHess.f /j2HS�m:

H 2;2.X/ is then defined as the closure of TestF.X/ in W 2;2.X/. An approximation argument gives the
following:

Corollary 2.20 [39, Corollary 3.3.9] D.�/�W 2;2.X/ and for f 2D.�/,Z
jHessf j2HS dm�

Z
Œ.�f /2�Kjrf j2� dm:

Finally, we introduce the analogue of vector fields which have a first-order (covariant) derivative:

Definition 2.21 [39, Definition 3.4.1] W
1;2
C .TX/�L2.TX/ is the space of all v 2L2.TX/ for which

there exists T 2 L2.T˝2.X// such that for any g1:g2; h 2 TestF.X/, the equalityZ
hT W .rg1˝rg2/D

Z
�hv;rg2i div .hrg1/� hHess.g2/.v;rg2/ dm
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holds. In this case T is called the covariant derivative of v and denoted by rv. W 1;2
C .TX/ is a Hilbert

space under the norm
kvk2

W
1;2
C .TX/

WD kvk2
L2.TX/

Ckrvk2
L2.T˝2.X//

:

The class of test vector fields is defined as

TestV.X/ WD
� nX
iD1

girfi W n 2N; fi ; gi 2 TestF.X/
�
:

By [39, Theorem 3.4.2], TestV.X/ � W 1;2
C .TX/ and so H 1;2

C .TX/ is defined to be the closure of
TestV.X/ in W 1;2

C .TX/. For any f 2 W 2;2.X/, Hessf and r.rf / are dual under the duality of
L2..T �/˝2.X// and L2.T˝2.X//.

2.7 Nonbranching and essentially nonbranching spaces

Given a geodesic metric space .X; d/, we define the space of constant-speed geodesics

Geo.X/ WD f
 2 C.Œ0; 1�; X/ W d.
.s/; 
.t//D js� t jd.
.0/; 
.1//8s; t 2 Œ0; 1�g:

For each t 2 Œ0; 1�, et W Geo.X/!X defined by et .
/ WD 
.t/ denotes the evaluation map at time t . On
a complete and separable metric space .X; d/, any W2-geodesic has a lifting to a measure on the space of
geodesics in the following sense:

Theorem 2.22 [58, Theorem 3.2] Let .�t /t2Œ0;1� be a W2-geodesic. Then there exists � 2 P.Geo.X//
such that

.et /�.�/D �t for all t 2 Œ0; 1�; j P�t j
2
D

Z
j P
t j

2 d�.
/ for a.e. t 2 Œ0:1�;

where et .
/ WD 
.t/ is the evaluation map at time t .

These are called optimal dynamical plans. This motivates the following definition: for any�0; �12P2.X/,
we denote by OptGeo.�0; �1/ the space of all optimal dynamical plans from �0 to �1.

Definition 2.23 Given two geodesics 
1 ¤ 
2 on a geodesic metric space .X; d/, assume 
1 and 
2 are
constant speed and parametrized on the unit interval. We say 
1 and 
2 branch if there exists 0 < t < 1
such that 
1s D 


2
s for all s 2 Œ0; t �. A subset S �Geo.X/ is called a set of nonbranching geodesics if there

are no branching pairs in S . A geodesic metric space for which Geo.X/ is itself a set of nonbranching
geodesics is called nonbranching.

Many results were shown for various types of CD spaces under the additional nonbranching assumption.
These include the local-to-global property, tensorization property and local Poincaré inequality; see
[70; 11; 59]. A weaker assumption was introduced in [66] for which these results generalize.
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Definition 2.24 A metric measure space .X; d;m/ is called essentially nonbranching if for any �0; �1 2
P2.X/ absolutely continuous with respect to m, any element of OptGeo.�0; �1/ is concentrated on a set
of nonbranching geodesics.

RCD.K;1/ spaces are shown to be essentially nonbranching by the results of [7; 32; 66]. We will
frequently refer to the following theorem from [44], shown for finite-dimensional RCD.K;N / spaces;
see also [65; 66] for related results and [22] for the same result in the case of essentially nonbranching
MCP.K;N / spaces.

Theorem 2.25 [22, Theorem 1.1; 44] Let .X; d;m/ be an RCD.K;N / space for some K 2 R and
N 2 Œ1;1/. If �0; �1 2 P2.X/ with �0 D �0m� m, then there exists a unique � 2 OptGeo.�0; �1/.
Also .et /�.�/�m for any t 2 Œ0; 1/ and such � is given by a unique map S W supp.�0/!Geo.X/ in the
sense that � D S�.�/. Moreover , if �0 and �1 have bounded support and k�0kL1.m/ <1, then

(15) k�tkL1.m/ �
1

.1� t /N
eDt
p
.N�1/K�

k�0kL1.m/ for all t 2 Œ0; 1/;

where D WD diam.supp.�0/[ supp.�1// and K� WDmaxf�K; 0g.

Remark 2.26 In particular, this implies for any p 2 X , there is a unique geodesic between p and x
for m-a.e. x 2X . Using the Kuratowski and Ryll-Nardzewski measurable selection theorem, one may
select constant-speed geodesics 
x;p from all x 2X to p so that the map X � Œ0; 1� 3 .x; t/ 7! 
x;p.t/ is
Borel. This then guarantees such a choice is unique up to a set of measure 0. Similarly, one may select
constant-speed geodesics 
x;y for all x; y 2 X so that the map X �X � Œ0; 1� 3 .x; y; t/ 7! 
x;y.t/ is
Borel. Using, for example, the arguments in [20, Section 4], the set of points .x; y/ 2X �X connected
by nonunique geodesics is analytic. The .m�m/-almost everywhere uniqueness of the Borel selection
then follows using Fubini’s theorem. In cases where we fix geodesics in this manner, we say we take a
Borel selection of geodesics 
x;p from all x 2X to p (or 
x;y from all x 2X to all y 2X ).

2.8 RCD.K;N/ structure theory

We will assume basic familiarity with pointed Gromov–Hausdorff (pGH) and pointed measure Gromov–
Hausdorff (pmGH) convergence and refer to [17; 43; 72] for details.

A notion of considerable interest for RCD.K;N / spaces is that of measured tangents. Similar objects
have been well studied in the setting of Alexandrov spaces and Ricci limit; see for example [18; 31] for
an overview. Given a metric measure space .X; d;m/, Nx 2 X and r 2 .0; 1/, consider the normalized
rescaled pointed metric measure space .X; r�1d;m Nxr ; Nx/ where

m Nxr WD

�Z
Br . Nx/

1�
d.x; y/

r
dm.y/

��1
m:

In what follows let .X; d;m/ be an RCD.K;N / space for some K 2R and N 2 .1;1/. We define:
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Definition 2.27 (the collection of tangent spaces Tan.X; d;m; Nx/) Let Nx 2X . A normalized rescaled
pointed metric measure space .Y; dY ; mY ; Ny/ is called a tangent (cone) of .X; d;m/ at Nx if there exists a
sequence of radii ri # 0 such that .X; r�1i d;m Nxri ; Nx/! .Y; dY ; mY ; Ny/ as i !1 in the pmGH topology.
The collection of all tangents of .X; d;m/ at Nx is denoted by Tan.X; d;m; Nx/.

A standard compactness argument by Gromov shows Tan.X; d;m; Nx/ is nonempty for any Nx 2X . The
rescaling and stability properties of the RCD.K;N / condition under pmGH convergence [7, Theorem 6.11;
43, Theorem 7.2] show that every element of Tan.X; d;m; Nx/ is an RCD.0;N / space.

Let ck D
R
B1.0/

1�jxj dL .x/ be the normalization constant of the k-dimensional Lebesgue measure and
define the k-dimensional regular set Rk by

Rk WD fx 2X W Tan.X; d;m; x/D f.Rk; dE ; ckH
k; 0k/gg:

Define Rreg WD
SbN c
kD1

Rk the regular set of X and S WDXnRreg the singular set. In [42] it was shown for
m-a.e. x 2X there exists some k 2N for 1� k �N such that .Rk; dE ; ckH k; 0k/ 2 Tan.X; d;m; x/.
This was improved in [61], where it was shown that each Rk is m-measurable and m.S/D 0. A final
improvement was made in [15] with the following theorem:

Theorem 2.28 (constancy of the dimension [15, Theorem 3.8]) Let .X; d;m/ be an RCD.K;N /metric
measure space for some K 2R and 1�N <1. Assume X is not a point. There exists a unique n 2N

for 1� n�N such that m.XnRn/D 0.

This was proved in the case of Ricci limits in [30] from the main result there, and as such also follows
from Theorem 1.2; see Theorem 6.2. By [54, Theorem 1.2], see also [52, Theorem 1.9] in the case of Ricci
limits, it is known that the unique n in Theorem 2.28 is also the largest integer n for which Rn is nonempty.

2.9 Additional RCD.K;N/ theory

In this subsection we record several theorems for RCD.K;N / spaces which will be of use later.

Define the coefficients Q�K;N . � / W Œ0;1/!R by

Q�K;N .�/ WD

8<:
�
p
K=N cotan.�

p
K=N/ if K > 0;

1 if K D 0;
�
p
�K=N cotanh.�

p
�K=N/ if K < 0:

Then one has the following sharp bound on the measure-valued Laplacian of distance functions:

Theorem 2.29 (Laplacian comparison for the distance function [38, Corollary 5.15]) Let .X; d;m/ be
a compact RCD.K;N / space for some K 2R and N 2 .1;1/. For x0 2X denote by dx0 WX ! Œ0;1/

the function x 7! d.x; x0/. Then
1
2
d2x0 2D.�/ with �1

2
d2x0 �N Q�K;N .dx0/m for all x0 2X

and
dx0 2D.�; Xnfx0g/ with �dx0 jXnfx0g �

N Q�K;N .dx0/� 1

dx0
m for all x0 2X:
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Here �dx0 jXnfx0g is defined similarly to Definition 2.6, the difference being that the test functions g
must be compactly supported in Xnfx0g.

Remark 2.30 We use the fact that when X is noncompact one can make essentially the same statement.
Some small adjustments are needed since the Laplacians of dx0 on Xnfx0g and d2x0 on X are not naturally
guaranteed to be signed Radon measures. To accommodate this, a weakening of the definition of the
measure-valued Laplacian was given in [24, Definitions 2.11 and 2.12]. This definition allows the Laplacian
to be, more generally, a Radon functional (ie in .CC .X//0). The difference is that a Radon functional has
a representation as the difference of two possibly infinite positive Radon measures by the Riesz–Markov–
Kakutani representation theorem, whereas in the case of a signed Radon measure, at least one of these must
be finite. It was shown in [24, Corollaries 4.17 and 4.19] that the Laplacian comparison for the distance
function holds as stated with this weaker definition. As such, we will, by a slight abuse of notation, treat the
Laplacian of the distance function dx0 on Xnfx0g as a signed Radon measure in the few instances where
we use Theorem 2.29 in integration against compactly supported functions. Note that due to the comparison
theorem, this Laplacian is locally a signed Radon measure, having at most an infinite negative part.

We will also need the Li–Yau Harnack inequality [56] and the Li–Yau gradient inequality [12; 56]. These
were proven for the RCD setting in the finite measure case in [36], and in general in [51].

Theorem 2.31 (Li–Yau Harnack inequality [36; 51]) Let .X; d;m/ be an RCD.K;N / space for some
K 2R and N 2 Œ1;1/. Let f 2 Lp.m/ for some p 2 Œ1;1/ be nonnegative. If K � 0, then for every
x; y 2X and 0 < s < t ,

.Htf /.y/� .Hsf /.x/e
.d2.x;y//=.4.t�s/e2Ks=3/

�
1� e.2K=3/s

1� e.2K=3/t

�N
2
:

If instead K < 0, then

.Htf /.y/� .Hsf /.x/e
.d2.x;y//=.4.t�s/e2Kt=3/

�
1� e.2K=3/s

1� e.2K=3/t

�N
2
:

Theorem 2.32 (Li–Yau gradient inequality [36; 51]) Let .X; d;m/ be an RCD.K;N / space for some
K 2R and N 2 Œ1;1/. Let f 2 Lp.m/ for some p 2 Œ1;1/ be nonnegative. Then for every t > 0,

jrHtf j
2
� e�2Kt=3.�Htf /Htf C

1
3
NK

e�4Kt=3

1� e�2Kt=3
.Htf /

2 m-a.e.

RCD.K;N / spaces also satisfy the parabolic maximum principle; see [48, Section 4.1; 55, Section 3] for
full details.

Definition 2.33 [55, Definition 3.1] Let .X; d;m/ be an RCD.K;N / space withK 2R andN 2 .1;1/.
Let I be an open interval in R, � be an open subset of X , and g 2 L2.�/. We say that a function
u W I !W 1;2.�/ satisfies the parabolic equation

@

@t
u��u� g weakly in I ��;
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if for every t 2 I , the Fréchet derivative of u, denoted by .@=@t/u, exists in L2.�/ and for any nonnegative
function  2W 1;2.�/, Z

�

@

@t
u.t; � / dmC E.u.t; � /;  /�

Z
�

g dm:

Theorem 2.34 (parabolic maximum principle [55, Lemma 3.2]) Let .X; d;m/ be an RCD.K;N /
space with K 2 R and N 2 .1;1/. Fix T 2 .0;1� and open subset � � X . Assume that a function
u W .0; T / ! W 1;2.�/, with uC.t; � / D maxfu.t; � /; 0g 2 W 1;2.�/ for any t 2 .0; T /, satisfies the
following equation with initial value condition:�

.@=@t/u��u� 0 weakly in .0; T /��;
uC.t; � /! 0 in L2.�/ as t ! 0:

Then u.t; x/� 0 for any t in .0; T / and m-a.e. x in �.

2.10 Mean value and integral excess inequalities

We refer to [30] in the smooth case, and [61] in the RCD case, for the proofs of the statements in this
subsection. We start with the existence of good cutoff functions.

Lemma 2.35 (existence of good cutoff functions [61, Lemma 3.1]) Let .X; d;m/ be an RCD.K;N /
space for some K 2 R and N 2 Œ1;1/. Then for every x � X , for every R > 0 and 0 < r < R there
exists a Lipschitz function  r WX !R satisfying

(I) 0�  r � 1 on X ,  r � 1 on Br.x/ and supp. /� B2r.x/,

(II) r2j� r jC r jr r j � C.K;N;R/ m-a.e.

For any subset C in a metric space, we denote by Tr.C / the r-tubular neighborhood of C and for
r1 > r0 > 0, we define Ar0;r1.C / WD Tr1.C /nTr0.C / the .r0; r1/-annular neighborhood of C .

Lemma 2.36 (existence of good cutoff functions on annular neighborhoods [61, Lemma 3.2]) Let
.X; d;m/ be an RCD.K;N / space for someK 2R and N 2 Œ1;1/. Then for every closed subset C �X ,
for every R > 0 and 0 < 10r0 < r1 �R there exists a Lipschitz function  WX !R satisfying

(I) 0�  � 1 on X ,  � 1 on A3r0;r1=3.C / and supp. /� A2r0;r1=2.C /,

(II) r20 j� jC r0jr j � C.K;N;R/ m-a.e. on A2r0;3r0.C /,

(III) r21 j� jC r1jr j � C.K;N;R/ m-a.e. on Ar1=3;r1=2.C /.

Remark 2.37 The gradient bounds in Lemmas 2.35 and 2.36 are naturally m-a.e. However, since the
proof involves only Theorem 2.16, by Remark 2.17, choosing continuous representatives and using the
local Lipschitz constant of  for jr j, these statements can be made pointwise.

As demonstrated in [30], and later for the RCD setting in [61], several key estimates, including heat
kernel bounds, the mean value, L1-Harnack and integral Abresch–Gromoll inequalities can be proved
starting from the existence of good cutoff functions and the Li–Yau Harnack inequality, Theorem 2.31.
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Lemma 2.38 (heat kernel bounds [61, lemma 3.3]) Let .X; d;m/ be an RCD.K;N / space for some
K 2R and N 2 .1;1/, and let Ht .x; y/ be the heat kernel for some x 2X . Then for every R > 0, for
all 0 < r < R and t �R2,

(I) if y 2 B10
p
t .x/, then C�1.K;N;R/=m.B10

p
t .x//�Ht .x; y/� C.K;N;R/=m.B10

p
t .x//,

(II)
R
XnBr .x/

Ht .x; y/ dm.y/� C.K;N;R/r
�2t .

Lemma 2.39 (mean value and the L1-Harnack inequality [61, Lemma 3.4]) Let .X; d;m/ be an
RCD.K;N / space for some K 2 R, N 2 .1;1/ and let 0 < r < R. If u W X � Œ0; r2�! R given by
u.x; t/ D ut .x/, is a nonnegative Borel function with compact support at each time t and satisfying
.@t ��/u� �c0 in the weak sense , then ,

/

Z
Br .x/

u0 � C.K;N;R/Œur2.x/C c0r
2� for m-a.e. x:

More generally the following L1-Harnack inequality holds:

/

Z
Br .x/

u0 � C.K;N;R/
�

ess inf
y2Br .x/

ur2.y/C c0r
2
�

for all x 2X:

Remark 2.40 Lemma 3.4 of [61], whose proof follows [30, Lemma 2.1], treats the continuous case of u.
However, in what follows we will want to use this inequality for ut D jrht .f /j, which is not known
to have a continuous representative. The proof of this statement for Borel u follows exactly as in the
continuous case with the obvious measure-theoretic adjustments.

Applying Lemma 2.39 to a function which is constant in time gives the following classical mean value
inequality:

Corollary 2.41 (classical mean value inequality [61, Corollary 3.5]) Let .X; d;m/ be an RCD.K;N /
space for some K 2R, N 2 .1;1/ and let 0 < r < R. If u WX !R is a nonnegative Borel function with
compact support with u 2D.�/ and satisfies�u� c0m in the sense of measures , then for 0 < r �R,

/

Z
Br .x/

u� C.K;N;R/Œu.x/C c0r
2� for m-a.e. x.

This, in combination with the existence of good cutoff functions and Laplacian estimates on distance
functions, allows one to prove an integral Abresch–Gromoll inequality. For points p and q in a metric
space, we define the excess function ep;q.x/ WD d.p; x/C d.x; q/� d.p; q/.

Theorem 2.42 (integral Abresch–Gromoll inequality [61, Theorem 3.6]) Suppose .X; d;m/ is an
RCD.K;N / space for some K 2 R and N 2 .1;1/; let p; q 2 X with dp;q WD d.p; q/ � 1 and fix
0 < � < 1.

If x 2 A�dp;q ;2dp;q .fp; qg/ satisfies ep;q.x/� r2dp;q � Nr.K;N; �/2dp;q , then

/

Z
Brdp;q .x/

ep;q.y/ dm.y/� C.K;N; �/r
2dp;q:
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Combined with the Bishop–Gromov volume comparison, this immediately implies the classical Abresch–
Gromoll inequality [1]:

Corollary 2.43 (classical Abresch–Gromoll inequality [61, Corollary 3.7]) Let .X; d;m/ be an
RCD.K;N / space for some K 2 R and N 2 .1;1/; let p; q 2 X with dp;q WD d.p; q/ � 1 and
fix 0 < � < 1.

If x 2 A�dp;q ;2dp;q .fp; qg/ satisfies ep;q.x/� r2dp;q � Nr.K;N; �/2dp;q , then there exists ˛.N / 2 .0; 1/
such that

ep;q.y/� C.K;N; �/r
1C˛.N/dp;q for all y 2 Brdp;q .x/:

3 Differentiation formulas for regular Lagrangian flows

3.1 Regular Lagrangian flow

In what follows, we will always be on some RCD.K;N / space .X; d;m/ for K 2 R and N 2 Œ1;1/.
In [30], the crucial idea is to understand the geometric properties of the gradient flow with respect to
heat flow approximations of the distance function. We will do the same with the regular Lagrangian flow,
which was introduced for the metric measure setting of Ambrosio and Trevisan [10]; see also [2; 34] for
the origins of the theory in Rd . The setup is quite general and we refer to [10] for full details. We also
refer to [14; 15; 16; 33] for regularity results related to or extending the results of this section.

We will be specifically interested in vector fields contained the L2 tangent module of an RCD space.

Definition 3.1 (time-dependent L2 vector fields) Let T > 0. V W Œ0; T �! L2.TX/ is a time-dependent
L2 vector field if and only if, for any f 2W 1;2.X/, the map .t; x/ 7!df .Vt /.x/ is measurable with respect
to L 1˝B.X/, where B.X/ is the Borel � -algebra ofX and L 1 is the standard Lebesgue � -algebra of R.

V is bounded if and only if
kV kL1 WD kjV jkL1.Œ0;T ��X/ <1:

V 2 L1.Œ0; T �; L2.TX// if and only if Z T

0

kVtkL2.TX/ dt <1:

Definition 3.2 (regular Lagrangian flow) Given a time-dependent L2 vector field .Vt /, a Borel map
F W Œ0; T ��X !X is a regular Lagrangian flow (RLF) to Vt if and only if the following hold:

(I) F0.x/D x and Œ0; T � 3 t 7! Ft .x/ is continuous for every x 2X .

(II) For every f 2 TestF.X/ and m-a.e. x 2X , t 7! f .Ft .x// is in W 1;1.Œ0; T �/ and

(16) d

dt
f .Ft .x//D df .Vt /.Ft .x// for a.e. t 2 Œ0; T �:

(III) There exists a constant C WD C.V / such that .Ft /�m� Cm for all t in Œ0; T �.
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Remark 3.3 In the case where V 2 L1.Œ0; T �; L2.TX// and F is an RLF of V , using a standard
Fubini’s theorem argument and that TestF.X/ is dense in W 1;2.X/, we have for every f 2W 1;2

loc .X/,
t 7! f .Ft .x// is in W 1;1.Œ0; T �/ and

(17) d

dt
f .Ft .x//D df .Vt /.Ft .x// for a.e. t 2 Œ0; T �:

The existence and uniqueness of RLFs to .Vt / in a certain class of vector fields follows from [10]. We
use the following weaker formulation of their result and note that only a bound on the symmetric part of
rVt is needed.

Theorem 3.4 (existence and uniqueness of regular Lagrangian flow [10]) Let .Vt /2L1.Œ0; T �; L2.TX//
satisfy Vt 2D.div/ for a.e. t 2 Œ0; T � with

div.Vt / 2 L1.Œ0; T �; L2.m//; .div.Vt //� 2 L1.Œ0; T �; L1.m//; rVt 2 L1.Œ0; T �; L2.T˝2X//:

There exists a unique , up to m-a.e. equality, RLF .Ft /t2Œ0;T � for .Vt /. The bound

(18) .Ft /�.m/� exp
�Z t

0

kdiv.Vs/�kL1.m/ ds
�
m

holds for every t 2 Œ0; T �.

Remark 3.5 It was pointed out to the author by Nicola Gigli that the estimate (18) can be localized for
any S 2B.X/:

.Ft /�.mjS /� exp
�Z t

0

kdiv.Vs/�kL1..Fs/�.mjS // ds
�
m:

This follows from [10, (4-22)] choosing ˇ.z/ WD zp for p!1. See [47, Proposition 5.3] for a precise
argument.

For .Ft / an RLF to some .Vt /, we will be interested in expressing .d=dt/ d.Ft .x/; Ft .y// in two ways:
using Vt in a first-order variation formula and rVt in a second-order formula (see (8)) which we show in
Section 3.3.

Proposition 3.6 (first-order differentiation formula along RLFs) Suppose that T > 0 and U; V 2

L1.Œ0; T �; L2.TX//. If .Ft / and .Gt / are the regular Lagrangian flows of .Ut / and .Vt /, respectively,
then for .m�m/-a.e. .x; y/ 2X �X , we have d.Ft .x/; Gt .y// 2W 1;1.Œ0; T �/ and

d

dt
d.Ft .x/; Gt .y//D hrdGt .y/; Ut i.Ft .x//ChrdFt .x/; Vt i.Gt .y// for a.e. t 2 Œ0; T �:

Proof It is known that RCD.K;1/ spaces have the tensorization of Cheeger energy property from
[7, Theorem 6.17] and the density of the product algebra property from [15, Proposition A.1]; see also
[45, Definition 3.8 and 3.9] for definitions. Consider the vector field .Wt / defined by requiring, for all
f 2W 1;2.X �X/,

hWt ;rf i.x; y/D hUt ;rfyi.x/ChVt ;rfxi.y/;
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for .m�m/-a.e. .x; y/ 2X �X . The tensorization of Cheeger energy is used implicitly in this definition
and the vector field is naturally in L1.Œ0; T �; L2loc.T .X �X///. We refer to [45] for a rigorous treatment
of locally L2 vector fields and the corresponding theory of RLFs. We mention a slightly more careful,
alternative definition of .Wt / was also given in [45, Proposition 3.7, Theorem 3.13], where the expected
decomposition of the module L0.T �.X�X// was shown for spaces with tensorization of Cheeger energy
and density of the product algebra properties. By [15, Proposition A.2], .Ft ; Gt / is an RLF of .Wt /, from
which the proposition follows by definition of .Wt /.

3.2 Continuity equation

We give a brief summary of the theory of continuity equations in this section. These are intimately related
to regular Lagrangian flows but provide a more convenient language for the discussion of local flows in
cases where RLFs, which as defined are of a global nature, may not exist.

Definition 3.7 (curves of bounded compression [39, Definition 2.3.21]) We say a curve .�t /t2Œ0;T � �
P2.X/ is a curve of bounded compression if and only if

(I) it is W2-continuous,

(II) for some C > 0, �t � Cm for every t 2 Œ0; T �.

Definition 3.8 (solutions of continuity equation [39, Definition 2.3.22; 40]) Let .�t /t2Œ0;T ��P2.X/ be
a curve of bounded compression and V 2L1.Œ0; T �;L2.TX//. We say that .�t ; Vt / solves the continuity
equation

d

dt
�t C div.Vt�t /D 0

if and only if, for every f 2W 1;2.X/, the map t 7!
R
f d�t is absolutely continuous and satisfies

(19) d

dt

Z
f d�t D

Z
df .Vt / d�t for a.e. t 2 Œ0; T �:

Remark 3.9 By abuse of notation we will sometimes say .�t / solves the continuity equation

.d=dt/�t C div.Vt�t /D 0

for some vector field .Vt / which is only locally L2, for example, Vt D�rdp for some p 2X . In this
case, .�t / is always compactly supported for every t and it is understood that we cut off the vector
field Vt outside of this support.

As shown in [10], RLFs are very closely related to the solutions of continuity equations (see [46,
Theorem 1.4] for the sense in which we mean “a solution of continuity equation”); they can be thought of
as realizations of these solutions as maps on the space itself.

Theorem 3.10 [10] Let .Vt / satisfy the conditions of Theorem 3.4 and .Ft / be the corresponding
unique regular Lagrangian flow. If �0 2P2.X/ with bounded density, then �t WD .Ft /�.�0/ is a solution
of the continuity equation .d=dt/�t C div.Vt�t /D 0.
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Remark 3.11 The existence and uniqueness of solutions to .d=dt/�t C div.Vt�t /D 0 starting at some
�0 of bounded density is proved in [10] for .Vt / satisfying the conditions of Theorem 3.4. In fact, the
existence and uniqueness of RLFs in Theorem 3.4 is shown in part by using the existence and uniqueness
on the level of continuity equations combined with a superposition principle.

RLFs from vector fields with a two-sided divergence bound are m-a.e. invertible. To be precise:

Proposition 3.12 Let .Vt / 2 L1.Œ0; T �; L2.TX// satisfy Vt 2D.div/ for a.e. t 2 Œ0; T � with

div.Vt / 2 L1.Œ0; T �; L2.m//; div.Vt / 2 L1.Œ0; T �; L1.m//; rVt 2 L1.Œ0; T �; L2.T˝2X//:

Let .Ft / be the unique RLF of .Vt /t2Œ0;T � and .Gt / be the unique RLF of .�VT�t /t2Œ0;T �. For m-a.e.
x 2X and any 0� t � T ,

Gt .FT .x//D FT�t .x/:

Proof We first show GT .FT .x// D x for m-a.e. x 2 X . Define the time-dependent L2 vector field
.Wt /t2Œ0;2T � by

Wt WD

�
Vt if 0� t � T;
�V2T�t if T < t � 2T:

For any � with compact support and bounded density, .�t /t2Œ0;2T � defined by

�t WD

�
.Ft /�.�/ if 0� t � T;
.Gt�T /�..FT /�.�// if T < t � 2T;

solves the continuity equation .d=dt/�t C div.Wt�t /D 0 by Theorem 3.10. This in particular means
.�t /t2Œ0;T � solves the continuity equation .d=dt/�t C div.Vt�t /D 0 on Œ0; T �. It is then easy to check
by definition that

�0t WD

�
�t if 0� t � T;
�2T�t if T < t � 2T;

solves the continuity equation .d=dt/�0t C div.Wt�0t /D 0 as well. By uniqueness (see Remark 3.11)
.GT /�..FT /�.�// D �. Since this is true for any � with compact support and bounded density, we
conclude GT .FT .x//D x for m-a.e. x 2X .

By the same argument for each t in the countable set Q\ Œ0; T �, for m-a.e. x 2X and any t 2Q\ Œ0; T �,

Gt .FT .x//D FT�t .x/:

The proposition follows by continuity of Gt .x/ and Ft .x/ in t for all x 2X .

We recall the following result from [37] (we state an equivalent version below from [46]) which in
particular implies W2-geodesics with uniformly bounded densities are solutions of continuity equations:
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Theorem 3.13 [46, Theorem 1.1] Let �t be a W2-geodesic with compact support and �t � Cm for
every t 2 Œ0; 1� and some C > 0. If f 2W 1;2.X/ then the map Œ0; 1� 3 t 7!

R
f d�t is C 1.Œ0; 1�/ and

d

dt

Z
f d�t D

Z
hrf;r�t i d�t ;

where �t is any function such that for some s ¤ t with s 2 Œ0; 1�, the function �.s� t /�t is a Kantorovich
potential from �t to �s .

The corollary below then follows by making the same type of arguments as in [10, Section 7]:

Corollary 3.14 Let p 2 X and f 2 W 1;2.X/ fixing a representative. For m-a.e. x 2 X , the map
t 7! f .
x;p.t// is in W 1;1

loc .Œ0; dx;p// and

d

dt
f .
x;p.t//D�df .rdp/.
x;p.t// for a.e. t 2 Œ0; dx;p/;

where 
x;p is a unit-speed geodesic from x to p.

Proof By Remark 2.26, we take a Borel selection of 
x;p which is unique for m-a.e. x. For each x 2X ,
let Q
x;p W Œ0; 1�!X be the constant-speed reparametrization of 
 .

First consider a Lipschitz representative of f 2 TestF.X/. Clearly f . Q
x;p.t// is continuous on t 2 Œ0; 1�
for each x. We show

(I) for m-a.e. x, .�d. Q
x;p.t/; p/=.1� t //hrf;rdpi. Q
x;p.t// 2 L1loc.Œ0; 1//,

(II) for m-a.e. x, f . Q
x;p.b//� f . Q
x;p.a//D
R b
a .�d. Q
x;p.t/; p/=.1� t //hrf;rdpi. Q
x;p.t// dt for

any 0� a < b < 1.

For any � with compact support and bounded density with respect to m, define �t WD . Q
 � ;p.t//�.�/
for t 2 Œ0; 1�. Then .�t /t2Œ0;1� is a W2-geodesic. By Theorem 2.25, for any ı > 0, .�t /t2Œ0;1�ı� is of
uniformly bounded density. By Theorem 3.13, the map Œ0; 1� ı� 3 t 7!

R
f d�t is in C 1.Œ0; 1� ı�/ and

(20) d

dt

Z
f d�t D

Z
�d.x; p/

1� t
hrf;rdpi.x/ d�t .x/:

Fix a representative of hrf;rdpi 2 L2.m/.

(I) The map t 7!
R
.�d.x; p/=.1 � t //hrf;rdpi.x/ d�t .x/ is in L1loc.Œ0; 1// since hrf;rdpi.x/ 2

L1loc.m/ and �t has uniformly bounded support and locally uniformly bounded density on Œ0; 1/. By
Fubini’s theorem, this implies for �-a.e. x, .�d. Q
x;p.t/; p/=.1� t //hrf;rdpi. Q
x;p.t// 2 L1loc.Œ0; 1//.
Since this is true starting at any measure � with compact support and bounded density with respect to m,
(I) follows.

(II) By continuity of f . Q
x;p.t// in t , it is enough to show for m-a.e. x,

f
�
Q
x;p

�
k

n

��
�f

�
Q
x;p

�
k�1

n

��
D

Z k=n

.k�1/=n

�d. Q
x;p.t/; p/

1� t
hrf;rdpi. Q
x;p.t// dt;
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for any n 2N and 1� k � n� 1. Assume this is not the case. Then there exist some n, k and a bounded
set S with 0 < m.S/ <1 such that for each x 2 S , without loss of generality,

f
�
Q
x;p

�
k

n

��
�f

�
Q
x;p

�
k�1

n

��
>

Z k=n

.k�1/=n

�d. Q
x;p.t/; p/

1� t
hrf;rdpi. Q
x;p.t// dt:

Applying (20) to the Wasserstein geodesic from the normalization of mjS to ıp gives a contradiction.

The general case of f 2 W 1;2.X/ then follows by an approximation argument. Choose a sequence
fi 2 TestF.X/ converging to f in W 1;2.X/. Using a standard diagonalization argument with the Borel–
Cantelli lemma and Fubini’s theorem, there exists some subsequence fi such that for m-a.e. x 2 X ,
fi . Q
x;p.t//! f . Q
x;p.t// in L1loc.Œ0; 1// as functions of t . Slightly more precisely, from the W 1;2.X/

convergence and Fubini’s theorem, for each n 2N, we can find some in such that if we define

Sn WD
n
x 2X W kf ı Q
x;p �fin ı Q
x;pkL1.Œ0;1�1=n�/ �

1

n

o
;

we have that
m.Sn/ <

1

n2
:

The Borel–Cantelli lemma then allows us to conclude that fin is a subsequence satisfying the above
assertion.

For any � with compact support and bounded density, and �t defined as before, we also haveZ
�d.x; p/

1� t
hrfi ;rdpi.x/ d�t .x/!

Z
�d.x; p/

1� t
hrf;rdpi.x/ d�t .x/ in L1loc.Œ0; 1//:

Another diagonalization argument with the Borel–Cantelli lemma and Fubini’s theorem gives a further
subsequence fi such that for m-a.e. x 2X ,

�d. Q
x;p.t/; p/

1� t
hrfi ;rdpi. Q
x;p.t//!

�d. Q
x;p.t/; p/

1� t
hrf;rdpi. Q
x;p.t// in L1loc.Œ0; 1//:

Combining these with (I) and (II), we have for any f 2W 1;2.X/, form-a.e. x2X , the map t 7!f . Q
x;p.t//

is in W 1;1
loc .Œ0; 1// and

d

dt
f . Q
x;p.t//D

�d. Q
x;p.t/; p/

1� t
df .rdp/. Q
x;p.t// for a.e. t 2 Œ0; 1/:

The corollary then follows by a reparametrization of Q
x;p.

We will be particularly interested in the following type of object: Let p 2X and �2P2.X/ be of bounded
density with respect to m. Take a Borel selection (Remark 2.26) of unit-speed geodesics 
x;p from all
x 2X to p and define T WD d.supp.�/; p/. For 0� t � T , define �t WD .
 � ;p.t//�.�/. The .�t / defined
this way are more naturally considered L1-Wasserstein geodesics and are well studied in the theory of
needle decomposition of RCD spaces; see [13; 20; 23]. We record some properties of these objects which
will be needed later.
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Theorem 3.15 Let 0 < ı < T and � � Am for some A > 0. Let .�t /t2Œ0;T�ı� be as defined in the
previous paragraph and D WD supx2supp.�/ d.x; p/�D. Then:

(I) .�t /t2Œ0;T�ı� is a W2-geodesic.

(II) There exists C.K;N;D; ı/ such that �t � A.1CCt/Nm for all t 2 Œ0; T � ı�. In particular , the
densities of .�t /t2Œ0;T�ı� are uniformly bounded with respect to m.

(III) .�t /t2Œ0;T�ı� solves the continuity equation

d

dt
�t C div.�rdp�t /D 0:

Proof Statement (I) is proved in [20, Lemma 4.4], where d -monotonicity is used to show d2-monotonicity
of f.x; 
x;p.T � ı// W x 2 supp�g. Statement (II) is proved in [13, Section 9]; see also [24, Section 3.2]
for a discussion. Statements (I) and (II) give that .�t / is of bounded compression. Statement (III) then
follows from Corollary 3.14.

In order to have terminology which includes the globally defined RLFs as well as the type of locally
defined flows such as the example above, we will use the following definition:

Definition 3.16 Let S 2 B.X/ with m.S/ > 0 and .Vt /t2Œ0;T � 2 L1.Œ0; T �; L2.TX//. A Borel map
F W Œ0; T ��S !X is a local flow of Vt from S if

(I) F0.x/D x and Œ0; T � 3 t 7! Ft .x/ is continuous for every x 2 S ,

(II) for every f 2 TestF.X/ and m-a.e. x 2 S , t 7! f .Ft .x// is in W 1;1.Œ0; T �/ and

(21) d

dt
f .Ft .x//D df .Vt /.Ft .x// for a.e. t 2 Œ0; T �;

(III) there exists a constant C WD C.V; S/ such that .Ft /�.mjS /� Cm for all t in Œ0; T �.

As before, by abuse of notation we will often say .Ft / is the local flow of .Vt / from S for some vector
field V which is only locally L2. In this case, it is understood that Ft .S/ is essentially bounded for each
t and we cut off Vt outside of this region.

Remark 3.17 We will be primarily interested in the following examples:

(I) For any p 2X and bounded S 2B.X/, Ft .x/ WD 
x;p.t/ defined on .t; x/ 2 Œ0; T � ı��S , where
T WD ess infx2S d.x; p/, ı > 0, and 
x;p , a unit-speed geodesic from x to p, is Borel selected (see
Remark 2.26), is a local flow of �rdp from S by Corollary 3.14 and Theorem 3.15.

(II) The restriction of any RLF onto some S 2B.X/ is a local flow of the corresponding .Vt / from S

by definition.

The same argument as for RLFs in Proposition 3.6 gives the following differentiation formula:
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Proposition 3.18 (first-order differentiation formula for distance along local flows) Let T > 0. If
.Ft /t2Œ0;T � and .Gt /t2Œ0;T � are local flows of .Ut / and .Vt / from S1 and S2, respectively, then for
.m�m/-a.e. .x; y/ 2 S1 �S2, we have d.Ft .x/; Gt .y// 2W 1;1.Œ0; T �/ and

d

dt
d.Ft .x/; Gt .y//D hrdGt .y/; Ut i.Ft .x//ChrdFt .x/; Vt i.Gt .y// for a.e. t 2 Œ0; T �:

We mention that if .Wt / is defined as in Proposition 3.6 from .Ut / and .Vt /, then it is straightforward to
check using the arguments of [15] that .Ft ; Gt / is a local flow of .Wt / from S1 �S2. Again, .Wt / here
naturally belongs in L1.Œ0; T �; L2loc.T .X �X/// so Definition 3.16 needs to be altered to allow for this.
We refer to [45] for relevant definitions.

The next proposition gives control on the metric speeds of the curves t 7! Ft .x/ of a local flow F . As
pointed out in [46, (A.22)], it follows from a similar argument as in [39, Theorem 2.3.18] after a small
adjustment since we do not a priori assume the absolute continuity of the curves F�.x/.

Proposition 3.19 Let V 2 L1.Œ0; T �; L2.TX// and let .Ft / be a local flow of .Vt / from S . For m-a.e.
x 2 S the curve t 7! Ft .x/ is absolutely continuous and its metric speed mst .F�.x// at time t satisfies

mst .F�.x//D jVt j.Ft .x// for a.e. t 2 Œ0; T �:

3.3 Second-order interpolation formula

The proof of a second-order interpolation formula for the distance function (see (8) and (5)) along flows
requires the results of [46]. The hard work is done there and their result immediately implies an analogous
second-order interpolation formula (Theorem 3.20) for the Wasserstein distance between two solutions of
the continuity equation. It is our goal to pass this formula from Wasserstein distance to distance on the
space itself.

For the rest of the subsection we will always be in the setting of some RCD.K;N / space .X; d;m/ with
K 2R and N 2 Œ1;1/. We fix a Borel selection (see Remark 2.26) of constant-speed geodesics Q
x;y from
all x2X to all y 2X parametrized on the unit interval. We denote by 
x;y the unit-speed reparametrization
of Q
x;y to Œ0; d.x; y/�. We start with the following formulation of the main result from [46]:

Theorem 3.20 [46, Theorem 5.13] Let �0; �1 2 P2.X/ be compactly supported and satisfy �0; �1 �
Cm for some C >0. Let .�t / be the uniqueW2-geodesic connecting �0 to �1. For every t 2 Œ0; 1�, let �t
be any function such that for some s¤ t with s 2 Œ0; 1�, the function �.s� t /�t is a Kantorovich potential
from �t to �s . For any V 2H 1;2

C .TX/, the map Œ0; 1� 3 t 7!
R
hV;r�t i d�t is in C 1.Œ0; 1�/ and

(22) d

dt

�Z
hV;r�t i d�t

�
D

Z
.rV W .r�t ˝r�t // d�t for all t 2 Œ0; 1�:

The next lemma follows from the previous theorem:
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Lemma 3.21 Let p 2 X and � � Cm be a nonnegative compactly supported measure. For any
V 2H

1;2
C .TX/,

(23)
Z
hV;rdpi.x/ d�.x/�

Z
hV;rdpi

�
Q
p;x

�
1
2

��
d�.x/

D

Z 1

1=2

�Z
d.p; x/.rV W .rdp˝rdp//. Q
p;x.t// d�.x/

�
dt;

where Q
x;y is as defined in the beginning of this subsection.

Note that although rdp ˝rdp is not in L2.T˝2.X//, it is locally (ie it is after multiplication by the
characteristic function of any compact set). Therefore, by the locality properties of the objects involved,
rV W .rdp˝rdp/ is well defined and is in L2.m/.

Proof Fix representatives for hV;rdpi and rV W .rdp˝rdp/ 2 L2.m/.

We claim for m-a.e. x 2X ,

(24) hV;rdpi.x/� hV;rdpi
�
Q
p;x

�
1
2

��
D

Z 1

1=2
d.p; x/.rV W .rdp˝rdp//. Q
p;x.t// dt:

The right side integral is finite for m-a.e. x by using a Fubini’s theorem argument along with (15) in
Theorem 2.25.

Suppose (24) does not hold for m-a.e. x 2X . Then without loss of generality we may assume there exists
a bounded set S with 0 < m.S/ <1 such that

(25) hV;rdpi.x/� hV;rdpi
�
Q
p;x

�
1
2

��
>
Z 1

1=2
d.p; x/.rV W .rdp˝rdp//. Q
p;x.t// dt

for each x 2 S . Let � WD .1=m.S//mjS . Multiplying both sides of (25) by d.p; x/ and integrating with
respect to �, we immediately contradict Theorem 3.20. Therefore (24) holds and so the lemma follows
for any � with compact support and bounded density.

To proceed we state the segment inequality for L1.m/ functions, first introduced by Cheeger and Colding
[26, Theorem 2.11]. This has been established for the metric measure setting in [67] but we will give a
self-contained proof since the decomposition procedure for the family of geodesics used in the proof will
be used again in the proof of Proposition 3.23.

Theorem 3.22 (segment inequality for L1 functions on RCD spaces) Let .X; d;m/ be an RCD.K;N /
space with K 2R and N 2 Œ1;1/. Let R > 0. Let f 2L1loc.X/ be nonnegative and ��A.m�m/ be a
nonnegative measure on X �X supported on BR.p/�BR.p/ for some 0 < R �R and p 2X . Then

(26)
Z 1

0

�Z
f . Q
x;y.t//d.x; y/ d�.x; y/

�
dt

� AC.K;N;R/R
�
m
�
�1.supp.�//

�
Cm

�
�2.supp.�//

�� Z
B2R.p/

f .z/ dm.z/;

where �1 and �2 are projections onto the first and the second coordinates , respectively, and Q
x;y is as
defined in the beginning of this subsection.
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Proof The Radon–Nikodym theorem implies that �D g.m�m/ for some compactly supported g 2
L1.X�X;m�m/. We define g1x. � / WDg.x; � / and g2y. � / WDg. � ; y/. By Fubini’s theorem, kg1xkL1 �A
for m-a.e. x and similarly, kg2ykL1 � A for m-a.e. y.

For each t 2
�
1
2
; 1
�

and m-a.e. x 2 �1.supp.�//, by (15) in Theorem 2.25,

(27) . Q
x; � .t//�.g
1
xm/� AC.K;N;R/mjB2R.p/:

Similarly for t 2
�
0; 1
2

�
and m-a.e. y 2 �2.supp.�//,

(28) . Q
 � ;y.t//�.g
2
ym/� AC.K;N;R/mjB2R.p/:

We concludeZ 1

0

�Z
f . Q
x;y.t// d.x; y/ d�.x; y/

�
dt

� 2R
Z 1

0

�Z
f . Q
x;y.t// d�.x; y/

�
dt

D 2R
�Z 1

1=2

�Z
f . Q
x;y.t// d�.x; y/

�
dt C

Z 1=2

0

�Z
f . Q
x;y.t// d�.x; y/

�
dt
�

� AC.K;N;R/R
�
m
�
�1.supp.�//

�
Cm

�
�2.supp.�//

�� Z
B2R.p/

f .z/ dm.z/;

where (27), (28) and Fubini’s theorem were used in the last line.

We now prove the main interpolation formula of this subsection. The main idea is to use Lemma 3.21
along with the decomposition procedure from the proof of the segment inequality. Notice the right side
of (29) makes sense due to the segment inequality.

Proposition 3.23 (second-order interpolation formula) Let � � C.m � m/ be a nonnegative and
compactly supported measure on X �X . Let V 2H 1;2

C .TX/. Then

(29)
Z
.hV;rdxi.y/ChV;rdyi.x// d�.x; y/

D

Z 1

0

Z
d.x; y/.rV W rdx˝rdx/. Q
x;y.t// d�.x; y/ dt;

where Q
x;y is as defined in the beginning of this subsection.

Proof Let �D g.m�m/ for compactly supported g 2 L1.X �X;m�m/ with g1x. � / WD g.x; � / and
g2y. � / WD g. � ; y/. Then kg1xkL1 � C for m-a.e. x and kg2ykL1 � C for m-a.e. y. We have

(30)
Z
hV;rdxi.y/ d�.x; y/�

Z
hV;rdxi

�
Q
x;y

�
1
2

��
d�.x; y/

D

Z Z �
hV;rdxi.y/� hV;rdxi

�
Q
x;y

�
1
2

���
d.g1xm/.y/ dm.x/

D

Z Z 1

1=2

�Z
d.x; y/.rV W .rdx˝rdx//. Q
x;y.t// d.g

1
xm/.y/

�
dt dm.x/

D

Z 1

1=2

�Z �
d.x; y/.rV W .rdx˝rdx//. Q
x;y.t//

�
d�.x; y/

�
dt;
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where the first and third equalities follow by Fubini’s theorem, and the second by Lemma 3.21. Making
the analogous argument on t 2

�
0; 1
2

�
, we obtain

(31)
Z
hV;rdyi.x/ d�.x; y/�

Z
hV;rdyi

�
Q
x;y

�
1
2

��
d�.x; y/

D

Z 1=2

0

�Z �
d.x; y/.rV W .rdy ˝rdy//. Q
x;y.t//

�
d�.x; y/

�
dt:

The claim then follows if

(32)
Z
hV;rdxi

�
Q
x;y

�
1
2

��
d�.x; y/C

Z
hV;rdyi

�
Q
x;y

�
1
2

��
d�.x; y/D 0

and

(33)
Z 1=2

0

�Z �
d.x; y/.rV W .rdy ˝rdy//. Q
x;y.t//

�
d�.x; y/

�
dt

D

Z 1=2

0

�Z �
d.x; y/.rV W .rdx˝rdx//. Q
x;y.t//

�
d�.x; y/

�
dt;

which we show in Lemma 3.25 and Remark 3.26.

The following two lemmas show that, in a measure-theoretic sense, rdp and rdq in the interior of a
geodesic between p and q “point in opposite directions”.

Lemma 3.24 Let p; q 2 X . Let 
p;q W Œ0; 1�! X be a constant-speed geodesic from p to q and let
zD
.t0/ for some t02 .0; 1/. Let f be a locally Lipschitz function. Then lip.f Cdp/.z/D lip.f �dq/.z/.

Proof By the classical Abresch–Gromoll inequality (Corollary 2.43), for x in a sufficiently small
neighborhood of z, ep;q.x/� Cd.x; z/1C˛. Therefore, for any such x,

j.f .x/C dp.x//� .f .z/C dp.z//j

d.x; z/
�
j.f .x/� dq.x//� .f .z/� dq.z//j

d.x; z/
�
Cd.x; z/1C˛

d.x; z/
DCd.x; z/˛:

This shows that lip.f C dp/.z/D lip.f � dq/.z/, since Cd.x; z/˛! 0 as d.x; z/! 0.

Lemma 3.25 In the notation of Proposition 3.23, for any t 2 .0; 1/,Z
hV;rdxi. Q
x;y.t// d�.x; y/C

Z
hV;rdyi. Q
x;y.t// d�.x; y/D 0:

Proof Fix t 2 .0; 1/. Let � D g.m � m/ for compactly supported g 2 L1.X � X;m � m/ with
g1x. � / WD g.x; � / and g2y. � / WD g. � ; y/. Then kg1xkL1 � C for m-a.e. x and kg2ykL1 � C for m-a.e. y.

We first prove the claim for V Drf where f is locally Lipschitz. The general claim then follows by
approximation. We observe the following:

(I) By Remark 2.5, for each x 2X ,

hrf;rdxiD
1
2
.jr.f Cdx/j

2
�jrf j2�jrdxj

2/D 1
2

�
.lip.f Cdx//2�.lip.f //2�.lip.dx//2

�
m-a.e.
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(II) Similarly, for each y 2X ,

hrf;�rdyiD
1
2
.jr.f �dy/j

2
�jrf j2�j�rdy j

2/D 1
2

�
.lip.f �dy//2�.lip.f //2�.lip.�dy//2

�
m-a.e.

(III) . Q
x; � .t//�.g
1
xm/ is of bounded density with respect to m for m-a.e. x by (15) from Theorem 2.25.

Lemma 3.24 and Fubini’s theorem then give the claim for rf ,Z
hrf;rdxi. Q
x;y.t// d�.x; y/

D

Z �Z
hrf;rdxi. Q
x;y.t// d.g

1
xm/.y/

�
dm.x/

D

Z �Z
1
2

�
.lip.f C dx//2� .lip.f //2� .lip.dx//2

�
. Q
x;y.t// d.g

1
xm/.y/

�
dm.x/

D

Z �Z
1
2

�
.lip.f � dy//2� .lip.f //2� .lip.�dy//2

�
. Q
x;y.t// d.g

1
xm/.y/

�
dm.x/

D

Z
hrf;�rdyi. Q
x;y.t// d�.x; y/;

where the second equality follows by (I) and (III), the third by Lemma 3.24 and (III), and the fourth by
(II) and (III).

Remark 3.26 Lemma 3.25 implies (33) as well. This is because Lemma 3.21 is true for any interval
Œa; b�� .0; 1� and so one can use the same argument as in Proposition 3.23 to say that, for 0 < s < 1

2
,Z 1=2

s

�Z �
d.x; y/.rV W .rdy ˝rdy//. Q
x;y.t//

�
d�.x; y/

�
dt

D

Z
hV;rdyi

�
Q
x;y

�
1
2

��
d�.x; y/�

Z
hV;rdyi. Q
x;y.s// d�.x; y/

D�

Z
hV;rdxi

�
Q
x;y

�
1
2

��
d�.x; y/C

Z
hV;rdyi. Q
x;y.s// d�.x; y/

D

Z 1=2

s

�Z �
d.x; y/.rV W .rdx˝rdx//. Q
x;y.t//

�
d�.x; y/

�
dt:

Taking a limit as s! 0 gives (33).

The second-order interpolation formula (Proposition 3.23) and first-order differentiation formula for
distance along local flows (Proposition 3.18) immediately give an integral version of (5). They also give
the following related estimate which will be used heavily in Section 5. Let U , V 2 L1.Œ0; T �; L2.TX//
be bounded (see Definition 3.1) and S1 and S2 be bounded sets of positive measure. Let .Ft /t2Œ0;T � and
.Gt /t2Œ0;T � be local flows of U and V from S1 and S2, respectively. Let r > 0, and for each t 2 Œ0; T �,
define dtF;Gr .t/ W S1 �S2! Œ0; r� the distance distortion on scale r at t by

(34) dtF;Gr .t/.x; y/ WDmin
˚
r; max
0���t

jd.x; y/� d.F� .x/; G� .y//j
	
:

Define �F;Gr .t/ WD f.x; y/2S1�S2 Wdt
F;G
r .t/.x; y/< rg. The terminology and definition of the distance

distortion function comes from [53], where it was used in a similar way as in this paper to analyze the
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geometry of gradient flows. We mention that in [53] both the underlying space and vector field considered
are smooth and so the main technical challenge of this section was to extend such a result to the setting
where both the underlying space and the vector field may be nonsmooth.

Proposition 3.27 Let W 2H 1;2
C .TX/. The map t 7!

R
S1�S2

dt
F;G
r .t/.x; y/ d.m�m/.x; y/ is Lipschitz

on Œ0; T � and satisfies

d

dt

Z
S1�S2

dtF;Gr .t/.x; y/ d.m�m/.x; y/

�

Z
�
F;G
r .t/

�
jUt �W j.Ft .x//CjVt �W j.Gt .y//

�
d.m�m/.x; y/

C

Z 1

0

Z
�
F;G
r .t/

d.Ft .x/; Gt .y//jrW jHS. Q
Ft .x/;Gt .y/.s// d.m�m/.x; y/ ds

for a.e. t 2 Œ0; T �, where Q
 � ; � is as defined in the beginning of this subsection.

Proof First fix representatives for all involved measure-theoretic objects. For any .x; y/ 2 S1 � S2,
dt
F;G
r .t/.x; y/ is continuous, monotone nondecreasing and bounded between 0 and r as a function of

t 2 Œ0; T �. Therefore dtF;Gr .t/.x; y/ is differentiable for a.e. t 2 Œ0; T � and .dC=dt/dtF;Gr .t/.x; y/D 0

for all t where .x; y/ … �F;Gr .t/.

Furthermore, by boundedness of U and V , and Proposition 3.19, F�.x/ and G�.y/ are uniformly
Lipschitz curves for m-a.e. x 2 S1 and m-a.e. y 2 S2, respectively. In particular, the functions
Œ0; T �3 t 7!d.Ft .x/; Gt .y// are uniformly Lipschitz for .m�m/-a.e. .x; y/2S1�S2. The same is true for
t 7! dt

F;G
r .t/.x; y/. Therefore t 7!

R
S1�S2

dt
F;G
r .t/.x; y/ d.m�m/.x; y/ is Lipschitz on Œ0; T � as well.

By Proposition 3.18, for .m�m/-a.e. .x; y/ 2 S1 �S2, d.Ft .x/; Gt .y// 2W 1;1.Œ0; T �/ and

(35) d

dt
d.Ft .x/; Gt .y//D hrdGt .y/; Ut i.Ft .x//ChrdFt .x/; Vt i.Gt .y//:

At any point of differentiability for both d.Ft .x/; Gt .y// and dtF;Gr .t/.x; y/, we have that

d

dt
dtF;Gr .t/.x; y/�

�
d

dt
d.Ft .x/; Gt .y//

�
C

since it follows from the definition that

jdtF;Gr .t/.x; y/� dtF;Gr .s/.x; y/j � .d.Ft .x/; Gt .y//� d.Fs.x/; Gs.y///C

for any T � t > s � 0.

For any t 2 Œ0; T �, let z�F;Gr .t/ WD f.x; y/ W hrdGt .y/; Ut i.Ft .x//ChrdFt .x/; Vt i.Gt .y//� 0g\�
F;G
r .t/.

Then �t WD .Ft ; Gt /�..m�m/jz�F;Gr .t/
/ is compactly supported by Proposition 3.19 and has bounded

density with respect to .m�m/ by Definition 3.16, the definition of a local flow. By the second-order
interpolation formula (Proposition 3.23),

(36)
Z
.hW;rdyi.x/ChW;rdxi.y// d�t .x; y/

D

Z 1

0

Z
d.x; y/.rW W rdx˝rdx/. Q
x;y.s// d�t .x; y/ ds:
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Therefore

(37)
Z
.hUt ;rdyi.x/ChVt ;rdxi.y// d�t .x; y/

D

Z
.hUt �W;rdyi.x/ChVt �W;rdxi.y// d�t .x; y/

C

Z 1

0

Z
d.x; y/.rW W rdx˝rdx/. Q
x;y.s// d�t .x; y/ ds by (36)

�

Z
.jUt �W j.x/CjVt �W j.y// d�t .x; y/

C

Z 1

0

Z
d.x; y/jrW jHS. Q
x;y.s// d�t .x; y/ ds since jrdxj; jrdy j D 1 m-a.e.

�

Z
�
F;G
r .t/

�
jUt �W j.Ft .x//CjVt �W j.Gt .y//

�
d.m�m/.x; y/

C

Z 1

0

Z
�
F;G
r .t/

d.Ft .x/; Gt .y//jrW jHS. Q
Ft .x/;Gt .y/.s// d.m�m/.x; y/ ds;

by definition of �t D .Ft ; Gt /�..m�m/jz�F;Gr .t/
/, z�F;Gr .t/ � �

F;G
r .t/ and the fact that all integrands

are positive.

To conclude, for a.e. t 2 Œ0; T �, for .m�m/-a.e. .x; y/ 2 S1 � S2, we have that d.Ft .x/; Gt .y// and
dt
F;G
r .t/.x; y/ are both differentiable in t . For any such t ,

d

dt

Z
S1�S2

dtF;Gr .t/.x; y/ d.m�m/.x; y/

D

Z
S1�S2

d

dt
dtF;Gr .t/.x; y/ d.m�m/.x; y/

D

Z
�
F;G
r .t/

d

dt
dtF;Gr .t/.x; y/ d.m�m/.x; y/

�

Z
�
F;G
r .t/

�
d

dt
d.Ft .x/; Gt .y//

�
C
d.m�m/.x; y/

D

Z
z�
F;G
r .t/

hrdGt .y/; Ut i.Ft .x//ChrdFt .x/; Vt i.Gt .y// d.m�m/.x; y/

�

Z
�
F;G
r .t/

�
jUt �W j.Ft .x//CjVt �W j.Gt .y//

�
d.m�m/.x; y/

C

Z 1

0

Z
�
F;G
r .t/

d.Ft .x/; Gt .y//jrW jHS. Q
Ft .x/;Gt .y/.s// d.m�m/.x; y/ ds;

where the first equality follows by the dominated convergence theorem, the last equality by (35) and the
definition of z� , and the last inequality by (37).

4 Estimates on the heat flow approximations of distance and excess
functions

Here we collect estimates on the heat flow approximations of distance and excess functions, all of which
were established in [30]. All their arguments translate directly to the RCD setting due to the availability of
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the improved Bochner inequality, the Li–Yau Harnack and gradient inequalities, and the various estimates
of Section 2.10. We record their proofs for the sake of completeness, making minor regularity and
measure-theoretic adjustments as needed.

In this section we fix .X; d;m/ an RCD.�.N � 1/;N / space for N 2 .1;1/, 0 < ı < 1
2

and two points
p; q 2X with d.p; q/� 1. Any time we use c it is a constant depending only on N and ı unless specified
otherwise. We fix the following notation:

(I) dp;q D d.p; q/� 1 and for any � > 0, d� WD �dp;q .

(II) d�.x/ WD d.p; x/.

(III) dC.x/ WD d.p; q/� d.x; q/.

(IV) e.x/ WD d.p; x/C d.x; q/� d.p; q/D d�.x/� dC.x/.

We will consider these functions multiplied by some appropriate cutoff functions. Let  ˙ WX !R be
the good cutoff functions as in Lemma 2.36 satisfying

 � D

�
1 on A.ı=8/dp;q ;8dp;q .p/;
0 on X nA.ı=16/dp;q ;16dp;q .p/;

 C D

�
1 on A.ı=8/dp;q ;8dp;q .q/;
0 on X nA.ı=16/dp;q ;16dp;q .q/:

Let  WD  C �, e0 WD  e and h˙0 WD  d
˙. We define

(V) h˙t WDHt .h
˙
0 / and et WDHt .e0/,

(VI) Xr;s WD Ardp;q ;sdp;q .p/\Ardp;q ;sdp;q .q/.

By definition e0 D e and h˙0 D h
˙ on Xı=8;8 and et D h�t � h

C
t by uniqueness of heat flow.

We will always take the continuous representative whenever possible. This in particular applies to et , h˙t ,
�et and �h˙t for t > 0. We remark that since h˙t and et are Lipschitz, one can also take the local
Lipschitz constant as the representative of jrh˙t j and jret j by Remark 2.5. These have a sufficiently
nice continuity property (see Lemma 4.1), which makes most of our m-a.e. statements about jrh˙t j and
jret j pointwise and ease certain measure-theoretic difficulties in the arguments for this section.

Lemma 4.1 Let .X; d;m/ be an RCD.K;N / space for K 2 R and N 2 Œ1;1/. Let f W X ! R be a
Lipschitz function. Fix U �X open and x 2 U . Then

lip.f /.x/� ess sup
U

lip.f /:

Proof For any � >0, there exists y 2U such that jf .y/�f .x/j=d.y; x/� lip.f /.x/� 1
2
�. By continuity

of f , there exists r >0 such thatBr.y/�U and for any z 2Br.y/, jf .z/�f .x/j=d.z; x/� lip.f /.x/��.
Let 
z;x W Œ0; 1�!X be a constant-speed geodesic from z to x. The local Lipschitz constant is an upper
gradient of f , see [6, Remark 2.7], and therefore,

/

Z
Br .y/

jf .z/�f .x/j dm.z/� /

Z
Br .y/

Z 1

0

d.z; x/ lip.f /.
z;x.s// ds dm.z/:
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Since /R
Br .y/

jf .z/� f .x/j � lip.f /.x/� � and for each s < 1, .
 � ;x.s//�.m/ is absolutely continuous
with respect to m by Theorem 2.25, we conclude ess supU lip.f /� lip.f /.x/� �.

We proceed with our estimates for et and h˙t .

Lemma 4.2 There exists a constant c.N; ı/ such that for all t > 0,

(38) �h�t ;��h
C
t ; �et �

c.N; ı/

dp;q
:

Proof We show the claim for et ; the proof is analogous for the others. By the Laplacian comparison
theorem for the distance function (Theorem 2.29; see also Remark 2.30), and the definition of  ,
e0 2D.�/ with

(39) �e0 D� emChr ;reimC �e �
c.N; ı/

dp;q
m:

We know et .x/D
R
Ht .x; y/e0.y/ dm.y/. For t > 0, et 2D.�/ and

(40) �et D
Z
�xHt .x; y/e0.y/ dm.y/

D

Z
�yHt .x; y/e0.y/ dm.y/ by symmetry of Ht

D

Z
Ht .x; y/ d�e0.y/ since e0 is compactly supported

�
c.N; ı/

dp;q
:

Lemma 4.3 There exists a constant c.N; ı/ such that for all 0 < � � N�.N; ı/ and x 2 Xı=4;5 the
following hold :

(I) jed2� .y/j � c.�
2dp;qC e.x// for every y 2 B10d� .x/.

(II) jred2� j.y/� c.�C �
�1e.x/=dp;q/ for m-a.e. y 2 B10d� .x/.

(III) j�ed2� .y/j � c.1=dp;qC �
�2e.x/=d2p;q/ for every y 2 B10d� .x/.

(IV) /R
Bd� .y/

jHess ed2� j
2
HS � c.1=dp;qC �

�2e.x/=d2p;q/
2 for every y 2 B10d� .x/.

Proof By definition of the heat flow and the continuity of es , et .x/D e0.x/C
R t
0 �es.x/ds pointwise.

By Lemma 4.2,

(41) et .x/� e0.x/C
c

dp;q
t D e.x/C

c

dp;q
t:

Setting s D d2� , t D 2d2� and y 2 B10d� .x/ in the statement of the Li–Yau Harnack inequality
(Theorem 2.31), we conclude

(42) ed2� .y/� c.N /e2d2� .x/ by Theorem 2.31 and dp;q � 1

� c.e.x/C �2dp;q/ by (41):
This proves (I).
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To prove (III), first notice we need only establish a lower bound on �ed2� .y/ since Lemma 4.2 already
gives us the desired upper bound. This is an application of the Li–Yau gradient inequality (Theorem 2.32)
and (I). The bound holds pointwise even though Theorem 2.32 holds only a.e. due to the existence of a
continuous representative of �et .

Statement (II) follows from another application of Li–Yau gradient inequality (Theorem 2.32) along with
the bounds from (I) and (III).

For the last statement take good cutoff function � supported on B2d� .y/ with �� 1 on Bd� .y/. We have

(43)
Z
X
.�ed2� /

2� dmD�
Z
X
hred2� ;r.�ed2� �/i dm

D�

Z
X
hred2� ;r�ed2� i� dm�

Z
X
hred2� ;r�i�ed2� dm:

Integrating � with jHess ed2� j
2
HS and applying the improved Bochner inequality (Theorem 2.19), we get

(44)
Z
Bd�

jHess ed2� j
2
HS dm�

Z
X
jHess ed2� j

2
HS� dm

�

Z
X

1
2
�d�jred2� j

2
�

Z
X
hred2� ;r�ed2� i� dmC

Z
X
.N�1/jred2� j

2� dm

�

Z
X

1
2
��jred2� j

2 dmC
Z
X
.�ed2� /

2� dmC
Z
X
jred2� jjr�j�ed2� dmC

Z
X
.N�1/jred2� j

2� dm;

where the second inequality follows by Theorem 2.19 and the third by (43). Applying to this computation
properties (I)–(III) of the lemma, property (II) of good cutoff functions (Lemma 2.35) and the Bishop–
Gromov volume comparison (Theorem 2.4), we obtain (IV).

Next we prove estimates on the heat flow approximation of the distance functions.

Lemma 4.4 There exists c.N; ı/ such that for every � � N�.N; ı/ and x 2Xı=4;5,

jh˙
d2�
� d˙j.x/� c.�2dp;qC e.x//:

Proof From the Laplacian bounds in Lemma 4.2, for x 2Xı=4;5,

(45) h�
d2�
.x/� d�.x/D

Z d2�

0
�h�t .x/ dt � c�

2dp;q

and

(46) dC.x/� hC
d2�
.x/D

Z d2�

0
��hCt .x/ dt � c�

2dp;q:

To obtain bounds in the other direction, we note

h�
d2�
� d�.x/D hC

d2�
� dC.x/C ed2� .x/� e.x/:

We conclude using this with the bound jed2� .x/j � c.�
2dp;qC e.x// from Lemma 4.3(I) and bounds (45)

or (46).

We will end up wanting to establish appropriate gradient and Hessian bounds along curves that are close
to being a geodesic between p and q. This requires the following definition:
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Definition 4.5 A unit-speed piecewise-geodesic curve � between p and q is called an �-geodesic between
p and q if jj� j � dp;qj � �2dp;q , where j� j is the length of � .

Remark 4.6 Notice x lies on an �-geodesic if and only if e.x/� �2dp;q .

Lemma 4.4 can now be restated in terms of �-geodesics:

Corollary 4.7 There exists c.N; ı/ such that for every �-geodesic between p and q with � � N�.N; ı/
and 1

3
ı � t � 1� 1

3
ı,

jh˙
d2�
� d˙j.�.t//� c.�2dp;q/:

Proof This follows from Lemma 4.4 since

(I) e.�.t//� �2dp;q ,

(II) � is unit speed and an �-geodesic, as long as � <
p
ı=12, and so �.t/ 2Xı=4;5.

We establish an upper bound on the norm of the gradient of h˙t for x 2Xı=5;6:

Lemma 4.8 There exists c.N; ı/ such that for � � N�.N; ı/ and m-a.e. x 2Xı=5;6,

jrh˙
d2�
j � 1C cd2� :

Proof By the Bakry–Ledoux estimate (Theorem 2.16), for any t > 0,

(47) jrh˙t j � e
2.N�1/tHt .jrh

˙
0 j/ m-a.e.

By definition of h˙0 D  d
˙, we have the following a.e. bounds on jrh˙0 j:

(I) jrh˙0 j D 1 in Xı=8;8,

(II) jrh˙0 j D 0 in XnXı=16;16,

(III) In Xı=16;16nXı=8;8,

(48) jrh˙0 j D jr jjd
˙
jC j jjrd˙j �

c.N /

ıdp;q
jd˙jC 1� c.N; ı/:

Finally, for any x 2Xı=2;4,

(49) Ht .jrh
˙
0 j/.x/D

Z
X
Ht .x; y/jrh

˙
0 j.y/ dm.y/

D

Z
Xı=16;16nXı=8;8

Ht .x; y/jrh
˙
0 j.y/ dm.y/C

Z
Xı=4;8

Ht .x; y/jrh
˙
0 j.y/ dm.y/

� c.N; ı/
Z
Xı=16;16nXı=8;8

rHt .x; y/ dm.y/C1

� c.N; ı/
�
1
8
ı
��2

tC1;

where the first inequality follows by (48) and the last lines use statement (II) of the heat kernel bounds
(Lemma 2.38).

The lemma follows by combining (47) and (49), with t D d2� for small �.
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We will now establish some integral bounds on jrh˙t j. Roughly, we want to apply the L1-Harnack
inequality (Lemma 2.39) to jrh˙j. To this effect, we give some regularity of the heat flow in the time
parameter.

Lemma 4.9 Let .X; d;m/ be an RCD.K;N / space for someK 2R,N 2 Œ1;1/. Let f 2L2.m/. Then:

(I) Ht .f / 2 C
1..0;1/; L2.m// and

(50) d

dt
Ht .f /D�Ht .f / for all t > 0:

(II) Ht .f / 2 C
0..0;1/;W 1;2.X//.

(III) Ht .f / 2 C
1..0;1/;W 1;2.X// and in particular jrHt .f /j2 2 C 1..0;1/; L1.m// with

(51) d

dt
jrHt .f /j

2
D 2hrHt .f /;r�Ht .f /i for all t > 0:

If f or jrf j is in L1.X;m/, then jrHt .f /j2 2 C 1..0;1/; L2.m// and the same formula holds.

Proof Since Ht .f /DHt 0.f /C
R t
t 0 �Hs.f / ds for t > t 0 > 0 and �Hs.f / 2 C 0..0;1/; L2.m//, (I)

follows by the fundamental theorem of calculus.

For t > 0,

lim
s!0

Z
X
jrHtCs.f /�rHt .f /j

2

D lim
s!0

Z
X
.HtCs.f /�HtCs.f //C 2.HtCs.f /�Ht .f //� .Ht .f /�Ht .f //D 0;

since all terms involved are continuous maps from s 2 Œ0;1/! L2.m/. We already know Ht .f / 2

C 0..0;1/; L2.X//, so (II) follows.

Applying (II) to �H�.f / for arbitrarily small positive �, we see that �Ht .f / 2 C 0..0;1/, W 1;2.X//.
The first part of (III) then follows by applying the fundamental theorem of calculus to Ht .f / D
Ht 0.f / C

R t
t 0 �Hs.f / ds viewed as a W 1;2.X/-valued Bochner integral. The second part follows

by a direct computation. Notice that if f or jrf j is in L1.X;m/, then jrht .f /j 2 L1 by L1-to-
Lipschitz regularization (14) or by the Bakry–Ledoux estimate (Theorem 2.16).

Lemma 4.10 Suppose � 2 D.�/ is nonnegative , compactly supported and time independent with
j�j; jr�j; j��j � K1. If h is the heat flow of some h0 2 L2.m/\L1.m/ and jrhj � K2 on f� > 0g,
then .@=@t ��/Œ�2jrhj2�� c.N;K1; K2/ weakly in .0;1/�X as in Definition 2.33.

Proof Let t > 0. Then ht 2 TestF.X/ by the L1-to-Lipschitz regularization property of Ht (14). Let
f 2 TestF.X/. By [39, Proposition 3.3.22], hrht ;rht i 2W 1;2.X/ and

hrhrht ;rht i;rf i D 2Hess.ht /.rht ;rf / m-a.e.
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Therefore jrhrht ;rht irf j � 2jHess.ht /jHSjrht jjrf j m-a.e.

Then for any � > 0 and m-a.e.,

4�jhrjrht j
2;r�ij � 8�jHess.ht /jHSjrht jjr�j

� 4��2jHess.ht /j2HSjrht j
2
C
4

�
jr�j2;

where the first inequality follows by the above and the density of TestF.X/ in W 1;2.X/. Choosing � > 0
small so that 4�K22 < 2,

�.�2jrht j
2/D �2�jrht j

2
C .2hrjrht j

2;r�2iC jrht j
2��2/m

�
�
2�2jHess.ht /j2HSC 2�

2
hr�ht ;rht i � 2.N � 1/�

2
jrht j

2
C 4�hrjrht j

2;r�i

C jrht j
2��2

�
m

� .2�2hr�ht ;rht i � c/m;

where the improved Bochner inequality (Theorem 2.19) is used for line two and the previous estimate
with � was used for line three.

Finally, by Lemma 4.9, .d=dt/�2jrht j2 D 2�2hr�ht ;rhi.

Theorem 4.11 There exists a constant c.N; ı/ such that for all � � N�.N; ı/,

(I) if x 2Xı=2;3 with e.x/� �2dp;q then /R
B10d� .x/

jjrh˙
d2�
j � 1j � c�,

(II) if � is an �-geodesic connecting p and q, then
R .1�ı=2/dp;q
.ı=2/dp;q

/R
B10d� .�.s//

jjrh˙
d2�
j � 1j � c�2dp;q .

Proof We prove the theorem in the case of h�t . The hCt case is similar. We will take the local Lipschitz
constant representatives for jrh˙t j. All statements made will be for � sufficiently small depending on N
and ı so we will forgo repeating this.

By Lemma 4.8, we choose c0.N; ı/ so that jrh�t j � 1C c
0t2 for all x 2 Xı=5;6 and t � �0.N; ı/2d2p;q .

This means there exists c00.N; ı/ such that

wt WD 1C c
00t � jrh�t j

2
� 0 on Xı=5;6:

Let � D �C��, where �˙ are annular good cutoff functions (Lemma 2.36) around p and q, respectively,
such that � D 1 on Xı=4;5 and � D 0 on XnXı=5;6. By Lemma 4.10,

.@t ��/j�
2wt j � �c weakly in .0; d2�0/�X:

Applying the L1-Harnack inequality (Lemma 2.39) we have, for x 2Xı=3;4,

(52) /

Z
B10d� .x/

wd2� � c
�

ess inf
B10d� .x/

w2d2� C d
2
�

�
:
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We will show the right side is sufficiently small. Let e.x/� �2dp;q and let 
.t/ be a unit-speed geodesic
from x to p. By Corollary 4.7,

(53) jh�
2d2�

.x/� h�
2d2�

.
.10d�//� 10d�j

� jh�
2d2�

.x/� d�.x/jC jh�
2d2�

.
.10d�//� d
�.
.10d�//jC jd

�.x/� d�.
.10d�//� 10d�j

� c�2dp;q:

The local Lipschitz constant jrh�
2d2�
j is an upper gradient [6, Remark 2.7]. Therefore

(54) jh�
2d2�

.�/� h�
2d2�

.
.10d�//j �
Z 10d�

0
jrh�

2d2�
j.
.s// ds:

We have

(55)
Z 10d�

0
w2d2� .
.s// ds D

Z 10d�

0

�
1Ccd2� �jrh

�

2d2�
j
2.
.s//

�
ds

� 10d�Ccd
3
� �

1

10d�

�Z 10d�

0
jrh�

2d2�
j.
.s// ds

�2
by Cauchy–Schwarz

� 10d�Ccd
3
� �

1

10d�

�
h�
2d2�

.x/�h�
2d2�

.
.10d�//
�2 by (54)

� 10d�Ccd
3
� �

1

10d�
.10d��c�

2dp;q/
2 by (53)

� c� if � < 1.

In particular, there exists s 2 Œ0; 10d�� such that w2d2� .
.s//� c�. Applying Lemma 4.1 to jrh˙t j and

.s/ 2 B10d� .x/, we conclude ess infB10d� .x/w2d2� � c� and so (I) is proved by (52).

By Corollary 4.7, arguing as in (53),

(56)
ˇ̌̌
h�
2d2�

�
�
��
1� 1

2
ı
�
dp;q

��
� h�

2d2�

�
�
�
1
2
ıdp;q

��
� .1� ı/dp;q

ˇ̌̌
� c�2dp;q:

Arguing as in (54) and (55),

(57)
Z .1�ı=2/dp;q

.ı=2/dp;q
w2d2� .�.s// ds � c�

2dp;q:

Finally,

(58)
Z .1�ı=2/dp;q

.ı=2/dp;q

�

/

Z
B10d� .�.s//

jjrh�
d2�
j
2
� 1j

�
ds

�

Z .1�ı=2/dp;q

.ı=2/dp;q

�

/

Z
B10d� .�.s//

wd2� C c�
2dp;q

�
ds

� c
Z .1�ı=2/dp;q

.ı=2/dp;q

�
ess inf

B
10d2�

.�.s//
w2d2� C c�

2dp;q

�
ds by (52)

� c
Z .1�ı=2/dp;q

.ı=2/dp;q

�
w2d2� .�.s//C c�

2dp;q
�
ds by Lemma 4.1

� c�2dp;q:
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We now prove the main Hessian estimate for h˙t :

Theorem 4.12 There exists a constant c.N; ı/ such that for any 0 < � � N�.N; ı/, any x 2 Xı=2;3 with
e.x/� �2dp;q , or any �-geodesic � connecting p and q, there exists r 2

�
1
2
; 2
�

with

(I) jh˙
rd2�
� d˙j � c�2dp;q ,

(II) /R
Bd� .x/

jjrh˙
rd2�
j2� 1j � c�,

(III)
R .1�ı=2/dp;q
.ı=2/dp;q

�/R
Bd� .�.s//

jjrh˙
rd2�
j2� 1j

�
ds � c�2dp;q ,

(IV)
R .1�ı=2/dp;q
.ı=2/dp;q

�/R
Bd� .�.s//

jHess h˙
rd2�
j2
�
ds � c=d2p;q .

Proof Statement (I) follows from Lemma 4.4 and (II) and (III) follow from Theorem 4.11 with Bishop–
Gromov. Note any r 2

�
1
2
; 2
�

works in the first three statements.

Using Lemma 2.35, we fix, for each s 2
�
1
2
ıdp;q;

�
1� 1

2
ı
�
dp;q

�
, a good cutoff function � with � � 1

on Bd� .�.s//, vanishing outside of B3d� .�.s//, and d�jr�j, d2� j��j � c.N /. Similarly, fix ˛.t/ a
smooth function in time such that 0� ˛.t/� 1, ˛.t/� 1 for t 2

�
1
2
d2� ; 2d

2
�

�
, vanishing for t outside of�

1
4
d2� ; 4d

2
�

�
, and satisfying j˛0j � 10d�2� .

Applying the improved Bochner inequality (Theorem 2.19) to h˙t , we obtain, for each s and t ,

(59)
Z
˛.t/�jHess h˙t j

2 dm

�

Z
˛.t/�d.�jrh˙t j

2/C2
Z
˛.t/�..N �1/jrh˙t j

2
�hrh˙t ;r�h

˙
t i/ dm

D

Z
˛.t/.jrh˙t j

2
�1/�.�/ dmC2.N �1/

Z
˛.t/�jrh˙t j

2 dm�
Z
˛.t/�@t .jrh

˙
t j
2/ dm:

In the last line, we used the definition of the Laplacians along with the fact that
R
��dmD 0 for the first

term and Lemma 4.9 for the third term. Integrating in time using integration by parts and
R1
0 ˛0.t/ dt D 0

on the third term of the previous line,

(60)
Z 1
0

Z
˛.t/�jHess h˙t j

2 dmdt

�

Z 1
0

�Z
˛.t/.jrh˙t j

2
� 1/�.�/ dmC 2.N � 1/

Z
˛.t/�jrh˙t j

2 dm

C

Z
˛0.t/�.jrh˙t j

2
� 1/ dm

�
dt:

Using what we know about � and ˛ and using Bishop–Gromov in line two of the following, we obtain

(61)
Z 2d2�

d2� =2

/

Z
Bd� .�.s//

jHess h˙t j
2 dmdt

�

Z 4d2�

d2� =4

�

/

Z
B3d� .�.s//

�
.jrh˙t j

2
� 1/�.�/C 2.N � 1/jrh˙t j

2
C˛0.t/.jrh˙t j

2
� 1/

�
dm

�
dt

�

Z 4d2�

d2� =4

�

/

Z
B3d� .�.s//

2.N � 1/C cd�2� jjrh
˙
t j
2
� 1j dm

�
dt:
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Integrating across � for s 2
�
1
2
ıdp;q;

�
1� 1

2
ı
�
dp;q

�
,

(62)
Z 2d2�

d2� =2

�Z .1�ı=2/dp;q

.ı=2/dp;q

/

Z
Bd� .�.s//

jHess h˙t j
2 dmds

�
dt

�cd�2�

Z 4d2�

d2� =4

�Z .1�ı=2/dp;q

.ı=2/dp;q

/

Z
B3d� .�.s//

cd2�Cjjrh
˙
t j
2
�1j dmds

�
dt

�c�2dp;q by Theorem 4.11(II).

Therefore (IV) holds for some r 2
�
1
2
; 2
�

and t D rd2� .

Lemma 4.13 Let � � N�.N; ı/. Let 
x;p be any unit-speed geodesic from x 2 X to p. Then for m-a.e.
x 2Xı=2;3 and any 0� t1 < t2 � dx;p � 1

2
ı, the following estimates hold :

(I)
R dx;p�ı=2
0 jjrh�

d2�
j2� 1j.
x;p.s// ds � c.N; ı/=dp;q.e.x/C d

2
� /,

(II)
R dx;p�ı=2
0 jhrh�

d2�
;rd�i � 1j.
x;p.s// ds � c.N; ı/=dp;q.e.x/C d

2
� /,

(III)
R t2
t1
jrh�

d2�
�rd�j.
x;p.s// ds � c.N; ı/

p
t2� t1=

p
dp;q.

p
e.x/C d�/.

Proof The bounds on .jrh�
d2�
j2� 1/C and .hrh�

d2�
;rd�i � 1/C for (I) and (II) come from Lemma 4.8,

Fubini’s theorem and Theorem 3.15(II). The bound on the negative part comes from an estimate like (56)
combined with Corollary 3.14 for (II), and then an additional application of Cauchy–Schwarz for (I). We
note if one traces the proof of (56) back to Lemma 4.4, it is clear that one can obtain bounds where the
excess is not related to the heat flow time as they have been for the past several claims.

For (III),

jrh�
d2�
�rd�j2 D jrh�

d2�
j
2
C 1� 2hrh�

d2�
;rd�i � jjrh�

d2�
j
2
� 1jC 2jhrh�

d2�
;rd�i � 1j m-a.e.

So statements (I) and (II), Cauchy–Schwarz and an argument by Fubini’s theorem using Theorem 3.15(II)
give (III).

5 Gromov–Hausdorff approximation

This section will be divided into three subsections. The main lemma, proved in the first subsection, gives
a way of overcoming the lack of start of induction in the arguments of [30] generalized to the RCD setting.
In the second subsection we use the main lemma to construct geodesics with nice properties in their
interiors. Finally, we prove the main theorem in the third subsection. To be precise, we prove a slightly
weaker version of the main theorem analogous to the main result of [30], which will be used to be prove
nonbranching and, subsequently, the main theorem. We refer to the introduction for some of the main
ideas behind this section.
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Fix .X; d;m/, an RCD.�.N�1/;N /metric measure space forN 2 .1;1/ and p; q 2X with d.p; q/D1.
Fix 0< ı <0:1. For any x1; x2 2X , we fix a constant-speed geodesic from x1 to x2 parametrized on Œ0; 1�
and denote it by Q
x1;x2 . By Remark 2.26, we may assume the map X�X�Œ0; 1�3 .x1; x2; t / 7! Q
x1;x2.t/
is Borel. The unit-speed reparametrization of Q
x1;x2 to the interval Œ0; d.x1; x2/� will be denoted by

x1;x2 and 
 will denote 
p;q . For each x 2X , define ‰ WX � Œ0;1/!X by

(63) .x; s/ 7!‰s.x/D

�

x;p.s/ if d.x; p/� s;
p if d.x; p/ < s:

Similarly, define ˆ WX � Œ0;1/!X by

(64) .x; s/ 7!ˆs.x/D

�

x;q.s/ if d.x; q/� s;
q if d.x; q/ < s:

By the integral Abresch–Gromoll inequality (Theorem 2.42), for any sufficiently small r � Nr.N; ı/ and
any ı � t0 � 1� ı,

/

Z
Br .
.t0//

e � c0.N; ı/r
2:

Therefore there exists a subset S � Br.
.t0// such that

(I) m.S/=m.Br.
.t0///� 1�
1
3
V.1; 10/ (see Theorem 2.4 for the definition of V WD V�.N�1/;N ),

(II) for all z 2 S , e.z/� c1.N; ı/2r2.

We fix such a c1 for the rest of this section and assume in addition c1 > 100.

For brevity and to give intuition, we also make use of the expression “nontrivial (in measure) compared
to”. In the context of what follows, we say some set A is nontrivial in measure compared to some set B
if m.A/� cm.B/, where c > 0 is a constant depending only on structural constants and some parameters
to be fixed, and importantly not depending on the point, geodesic or space under consideration.

In all subsections the letter c will be used to represent different constants which only depend on N and ı.
Any constant which will be used repeatedly will be given a subscript. We will continue using the notation
of Section 4.

5.1 Proof of main lemma

In this section we prove our main lemma, which circumvents the necessity for a start of induction step as
in [30]. Roughly, we show that if we fix a point 
.t0/ in the interior of a geodesic from p to q, then for
any sufficiently small radius r we can find a point z within r of 
.t0/ such that for a large collection of
points x within r of z, the geodesic from x to p stays relatively close (say, within 2r) to the geodesic
from z to p for an amount of time (here time means the unit-speed parameter of the geodesic) that is
independent of r . The main difficulty is to obtain this for an amount of time that is independent of r .
Indeed, the triangle inequality alone would give closeness for a time up to r . To achieve the desired
result, we use an induction in time. As mentioned, we can easily find a point satisfying the desired
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properties for a time of r . We then show that if we can find a point satisfying the desired properties for
an amount of time t less than some constant �1 (depending only on structural constants), then we can find
a point satisfying the desired properties for an amount of time up to t C r . This is enough to find some
z 2 Br.
.t0// such that the desired properties hold for any time up to �1. An intuitive way to think about
this z is that it is a point within Br.
.t0// such that the geodesic between it and p captures the behavior
(on the scale of r) of most geodesics from points in Br.
.t0// to p (for a short amount of time that is
independent of r).

Lemma 5.1 (main lemma) There exist �1.N; ı/ > 0 and Nr1.N; ı/ > 0 such that for all r � Nr1 and
ı � t0 � 1� ı, there exists z 2 Br.
.t0// such that :

(I) V.1; 100/�m.Br.‰s.z///=m.Br.z//� 1=V.1; 100/ for any s � �1.

(II) There exists A� Br.z/ with m.A/� .1�V.1; 10//m.Br.z// and ‰s.A/� B2r.‰s.z// for any
s � �1.

(III) e.z/� c21r
2.

Proof Fix ı � t0 � 1� ı and a scale r � Nr1.N; ı/. We need only choose Nr1 smaller than the radius
bounds required for the application of various theorems in the proof; most notably Theorem 2.42 and the
estimates of Section 4. It will be clear that all the required radius bounds only depend on N and ı so we
will not address this each time for the sake of brevity. In addition, we assume Nr1 � 1

10
ı.

By the Bishop–Gromov volume comparison (Theorem 2.4), the integral Abresch–Gromoll inequality
(Theorem 2.42) and the fact that ‰ is defined using unit-speed geodesics, it is clear there exist � depending
on N , ı and r , and z 2 Br.
.t0// satisfying

(I) V.1; 100/�m.Br.‰s.z///=m.Br.z//� 1=V.1; 100/ for any s � �,

(II) there exists A � Br.z/ with m.A/ � .1� V.1; 10//m.Br.z// and ‰s.A/ � B2r.‰s.z// for any
s � �,

(III) e.z/� c21r
2.

We will remove the dependence of � on r .

To this effect, we will show that if (I)–(III) hold for some z 2 Br.
.t0// and all s � � less than or
equal to some �1.N; ı/ to be fixed later, then in fact we can choose z0 2 Br.
.t0// satisfying (III) which
significantly improves the estimates in (I) and (II) for s � �. To be precise, we find z0 2 Br.
.t0//
satisfying

(I) 2V.1; 100/�m.Br.‰s.z
0///=m.Br.z

0//� 1=.2V.1; 100// for any s � �,

(II) there exists A0 � Br.z0/ with m.A0/� .1�V.1; 10//m.Br.z0// and ‰s.A0/� B3r=2.‰s.z0// for
any s � �,

(III) e.z0/� c21r
2.
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We a priori assume �1 � 1
10
ı and impose more bounds on �1 as the proof continues. Let z satisfy (I)–(III)

for some � � �1.

Let w be the midpoint of z and 
.t0/. We know Br=2.w/� Br.
.t0//\Br.z/. By Bishop–Gromov and
since r � Nr , which was assumed to be less than 0:01,

m.Br.
.t0//\Br.z//

m.Br.z//
�
m.Br=2.w//

m.Br.z//
�
m.Br=2.w//

m.B3r=2.w//
� V

�
1
2
r; 1
2
3r
�
> V

�
1
2
; 3
2

�
:

Using m.A/� .1�V.1; 10//m.Br.z// >
�
1� 1

3
V
�
1
2
; 3
2

��
m.Br.z// and the previous estimate,

m.A\Br.
.t0///

m.Br.z//
> 2
3
V
�
1
2
; 3
2

�
:

Therefore

(65)
m.A\Br.
.t0///

m.Br.
.t0///
D
m.A\Br.
.t0///

m.Br.z//

m.Br.z//

m.Br.
.t0///

> 2
3
V
�
1
2
; 3
2

�
V.r; 2r/ > 2

3
V
�
1
2
; 3
2

�
V
�
3
2
; 3
�
> 2
3
V.1; 10/:

Define the set

(66) D1 WD A\Br.
.t0//\fe.x/� c
2
1r
2
g;

where c1 is as fixed earlier. We will choose a z0 satisfying properties (I)–(III) from D1. From (65) and
the definition of c1,

m.D1/

m.Br.
.t0///
> 1
3
V.1; 10/:

Therefore, by Bishop–Gromov,

(67)
m.D1/

m.Br.z//
� c.N /:

Since e.z/ � c21r
2 by property (III) of z, the curve traversing 
z;p in reverse and then 
z;q is a c1r-

geodesic from p to q. Fix h� � h�
�.c1r/2

satisfying Theorem 4.12(IV) for the balls of radius c1r along
this curve, where � 2

�
1
2
; 2
�
.

From the above excess bound for z, by integral Abresch–Gromoll, there exists B2r.z/0 � B2r.z/ such
that

(68) e.x/� c.N; ı/r2 for all x 2 B2r.z/0 and
m.B2r.z/

0/

m.B2r.z//
� 1� 1

2
V.1; 10/2:

For all s 2 Œ0; �� and .x; y/ 2X �X , define

(69) dt1.s/.x; y/ WDmin
˚
r; max
0���s

jd.x; y/� d.‰� .x/;‰� .y//j
	

and

(70) U s1 WD f.x; y/ 2D1 �B2r.z/
0
W dt1.s/.x; y/ < rg:
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Consider
R
D1�B2r .z/0

dt1.s/.x; y/ d.m �m/.x; y/ for 0 � s � �. Since r � Nr1 � 1
10
ı we have � �

�1 �
1
10
ı, and t0 � ı, .‰s/s2Œ0;�� is a local flow of �rdp from both D1 and B2r.z/0. Therefore,

s 7!
R
D1�B2r .z/0

dt1.s/.x; y/ d.m�m/.x; y/ is Lipschitz and

(71) d

ds

Z
D1�B2r .z/

0
dt1.s/.x; y/ d.m�m/.x; y/

�

Z
U s1

�
jrh��rdpj.‰s.x//Cjrh

�
�rdpj.‰s.y//

�
d.m�m/.x; y/

C

Z 1

0

Z
U s1

d.‰s.x/;‰s.y//jHess h�jHS. Q
‰s.x/;‰s.y/.�// d.m�m/.x; y/ d�;

for a.e. s 2 Œ0; �� by Proposition 3.27.

For any s 2 Œ0; �� and .x; y/ 2 U s1 ,

(I) d.x; y/ < 3r since D1 � Br.z/ and B2r.z/0 � B2r.z/,

(II) d.‰s.x/;‰s.z// < 2r since D1 � A by definition (66),

(III) dt1.s/.x; y/ < r by definition of U s1 (70).

Therefore ‰s.y/ 2 B6r.‰s.z// by the triangle inequality, and so

.‰s; ‰s/.U
s
1 /� B.c1=2/r.‰s.z//�B.c1=2/r.‰s.z//;

since we assumed c1> 100. Therefore

(72)
Z 1

0

Z
U s1

d.‰s.x/;‰s.y//jHess h�jHS. Q
‰s.x/;‰s.y/.�// d.m�m/.x; y/ d�

� c.N; ı/
Z 1

0

Z
.‰s ;‰s/.U

s
1 /
d.x; y/jHess h�jHS. Q
x;y.�// d.m�m/.x; y/ d�

� c.N; ı/rm.B.c1=2/r.‰s.z///
Z
Bc1r .‰s.z//

jHess h�jHS dm

� c.N; ı/rm.Br.z//
2 /

Z
Bc1r .‰s.z//

jHess h�jHS dm;

where the first inequality follows by Theorem 3.15(II), the second by the segment inequality (Theorem 3.22),
and the last by Bishop–Gromov and property (I) of z. Integrating in s 2 Œ0; ��,

(73)
Z �

0

�Z 1

0

Z
U s1

d.‰s.x/;‰s.y//jHess h�jHS. Q
‰s.x/;‰s.y/.�// d.m�m/.x; y/ d�
�
ds

� crm.Br.z//
2
Z �

0

/

Z
Bc1r .‰s.z//

jHess h�jHS dmds

� c.N; ı/rm.Br.z//
2
p
�;

where the last line follows from the definition of h�, Theorem 4.12(IV) and Cauchy–Schwarz.

By Lemma 4.13(III), the excess bound on the elements of D1 (66) (and therefore also on the elements
‰s.D1/) and Bishop–Gromov,

(74)
Z �

0

Z
U s1

jrh��rdpj.‰s.x// d.m�m/.x; y/ ds � c.N; ı/rm.Br.z//
2
p
�:
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Similarly, by the excess bounds on the elements of B2r.z/0 (68),

(75)
Z �

0

Z
U s1

jrh��rdpj.‰s.y// d.m�m/.x; y/ ds � c.N; ı/rm.Br.z//
2
p
�:

Combining (73)–(75) with the bound (71) on .d=ds/
R
D1�B2r .z/0

dt1.s/.x; y/, we obtain

(76)
Z
D1�B2r .z/

0
dt1.�/.x; y/ d.m�m/.x; y/D

Z �

0

h
d

ds

Z
D1�B2r .z/

0
dt1.s/.x; y/ d.m�m/.x; y/

i
ds

� c.N; ı/rm.Br.z//
2
p
�:

Since D1 takes a nontrivial portion of the measure of Br.z/ by (67),

/

Z
D1

Z
B2r .z/

0
dt1.�/.x; y/ dm.y/� c.N; ı/rm.Br.z//

p
�:

In particular, there exists z0 2D1 such thatZ
B2r .z/

0
dt1.�/.z

0; y/ dm.y/� crm.Br.z//
p
�:

By definition of D1, property (III) of z0 is satisfied.

We next check property (II) is satisfied for the chosen z0 as well if � is sufficiently small. Define
Br.z

0/0 WD Br.z
0/\B2r.z/

0. By the previous estimate and Bishop–Gromov,

(77)
Z
Br .z

0/0
dt1.�/.z

0; y/ dm.y/� crm.Br.z//
p
� � c.N; ı/rm.Br.z

0//
p
�:

Using this, we bound �1 sufficiently small depending on N and ı so that for � � �1,

(78)
Z
Br .z

0/0
dt1.�/.z

0; y/ dm.y/� 1
4
rm.Br.z

0//V .1; 10/:

For example, �1 � .V .1; 10/=.4c//2 suffices, where c is the last one from (77). Moreover, B2r.z/0 takes
significant mass in B2r.z/ from (68) and so by Bishop–Gromov,

(79)
m.Br.z

0/0/

m.Br.z0//
� 1�

�
m.B2r.z/

0/

m.B2r.z//

m.B2r.z//

m.Br.z0//

�
� 1�

�
1

2

.V .1; 10/2/

V .1; 3/

�
� 1�

1

2
V.1; 10/:

Combining (78) and (79), we conclude there exists A0 � Br.z0/0 such that

(80)
m.A0/

m.Br.z0//
� 1�V.1; 10/ and dt1.�/.z

0; y/� 1
2
r for all y 2 A0:

The latter implies ‰s.A0/� B3r=2.‰s.z0// for any s � � and so property (II) of z0 is satisfied.

This also gives one direction of the bound in property (I) for z0. For each s � �,

m.Br.‰s.z
0///

m.Br.z0//
� V

�
1; 3
2

�m.B3r=2.‰s.z0///
m.Br.z0//

by Bishop–Gromov

� V
�
1; 3
2

�m.‰s.A0//
m.Br.z0//

� V
�
1; 3
2

�
.1C c.N; ı/s/�N

m.A0/

m.Br.z0//
by Theorem 3.15(II)

� V
�
1; 3
2

�
.1C c.N; ı/s/�N .1�V.1; 10//:
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We bound �1 sufficiently small depending on N and ı so that for s � � � �1, the last line is greater than
2V.1; 100/.

The other direction of the bound in property (I) of z0 will be proved similarly by sending a sufficiently large
portion of Br.‰s.z0// close to z0 (in fact z) using a flow which does not decrease measure significantly
and then using Bishop–Gromov. To do this, we first use the RLF associated to �rh� to send a portion of
Br.z

0/ close to ‰s.z0/. We then use the inverse flow (ie the RLF associated to rh�) on the image of that
portion to make sure a large enough portion ofBr.‰s.z0// indeed ends up close to z0 under the inverse flow.

Then jrh�0 j2L
1.m/ by (48) and so jrh�j; �h�2L1.m/ by the Bakry–Ledoux estimate (Theorem 2.16)

and h� 2W 2;2.X/ by Corollary 2.20 of the improved Bochner inequality. Therefore the time-independent
vector fields �rh� and rh� are bounded and satisfy the conditions of the existence and uniqueness of
RLFs (Theorem 3.4). Let .z‰t /t2Œ0;1� and .z‰�t /t2Œ0;1� be the associated RLFs of �rh� and rh� for
t 2 Œ0; 1�, respectively. The choice of notation is due to Proposition 3.12, which says z‰�t and z‰t are
m-a.e. inverses of each other.

Since e.z0/ � c21r
2 and m.A0/ � .1� V.1; 10//m.Br.z0//, integral Abresch–Gromoll gives A00 � A0

such that

(81) e.x/� c.N; ı/r2 for all x 2 A00 and
m.A00/

m.Br.z0//
� 1� 2V.1; 10/:

For all s 2 Œ0; �� and .x; y/ 2X �X , define

(82) dt2.s/.x; y/ WDmin
˚
r; max
0���s

jd.x; y/� d.‰� .x/; z‰� .y//j
	

and

(83) U s2 WD f.x; y/ 2 A
00
�Br.z

0/ W dt2.s/.x; y/ < rg:

Consider
R
A00�Br .z0/

dt2.s/.x; y/ d.m�m/.x; y/ for 0� s � �. By Proposition 3.27, for a.e. s 2 Œ0; ��,

(84) d

ds

Z
A00�Br .z

0/
dt2.s/.x; y/ d.m�m/.x; y/

�

Z
U s2

jrh��rdpj.‰s.x// d.m�m/.x; y/

C

Z 1

0

Z
U s2

d.‰s.x/; z‰s.y//jHess h�jHS. Q
‰s.x/;z‰s.y/
.�// d.m�m/.x; y/ d�:

For any s 2 Œ0; �� and .x; y/ 2 U s2 ,

(I) d.x; y/ < 2r since A00 � Br.z0/,

(II) d.‰s.x/;‰s.z// � d.‰s.x/;‰s.z
0//C d.‰s.z

0/; ‰s.z// <
7
2
r by definition of A0 (80) and z0 2

D1 � A (66),

(III) dt2.s/.x; y/ < r by definition of U s2 (84).

Therefore z‰s.y/ 2 B13r=2.‰s.z// by the triangle inequality, and so

.‰s; z‰s/.U
s
2 /� B.c1=2/r.‰s.z//�B.c1=2/r.‰s.z//
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since c1 > 100. Therefore

(85)
Z 1

0

Z
U s2

d.‰s.x/; z‰s.y//jHess h�jHS. Q
‰s.x/;z‰s.y/
.�// d.m�m/.x; y/ d�

� c.N; ı/
Z 1

0

Z
.‰s ;z‰s/.U

s
2 /
d.x; y/jHess h�jHS. Q
x;y.�// d.m�m/.x; y/

� c.N; ı/rm.B.c1=2/r.‰s.z///
Z
Bc1r .‰s.z//

jHess h�jHS dm

� c.N; ı/rm.Br.z//
2 /

Z
Bc1r .‰s.z//

jHess h�jHS dm;

where the first inequality follows from Theorem 3.15(II), Lemma 4.2 and (18) of Theorem 3.4, the second
from the segment inequality (Theorem 3.22), and the last from Bishop–Gromov and property (I) of z.
Integrating in s 2 Œ0; ��,

(86)
Z �

0

�Z 1

0

Z
U s2

d.‰s.x/; z‰s.y//jHess h�jHS. Q
‰s.x/;z‰s.y/
.�// d.m�m/.x; y/ d�

�
ds

� crm.Br.z//
2
Z �

0

/

Z
Bc1r .‰s.z//

jHess h�jHS dmds

� c.N; ı/rm.Br.z//
2
p
�;

where the last line follows from the definition of h�, Theorem 4.12(IV) and Cauchy–Schwarz.

By Lemma 4.13(III), the excess bound on the elements of A00 (81), and Bishop–Gromov,

(87)
Z �

0

Z
U s2

jrh��rdpj.‰s.x// d.m�m/.x; y/ ds � c.N; ı/rm.Br.z//
2
p
�:

Combining (86) and (87) with the bound (84) we obtain

(88)
Z
A00�Br .z

0/
dt2.�/.x; y/ d.m�m/.x; y/D

Z �

0

h
d

ds

Z
A00�Br .z

0/
dt2.s/.x; y/ d.m�m/.x; y/

i
ds

� c.N; ı/rm.Br.z//
2
p
�:

A00 is comparable in measure to Br.z0/ by (81) and hence also to Br.z/ by Bishop–Gromov. Therefore
there exists z1 2 A00 such thatZ

Br .z
0/
dt2.�/.z1; y/ dm.y/� c.N; ı/rm.Br.z//

p
�:

By Bishop–Gromov, m.Br.z//=m.Br.z0//� c.N / and so

/

Z
Br .z

0/
dt2.�/.z1; y/ dm.y/� c.N; ı/r

p
�:

Using this, we bound �1 sufficiently small depending on N and ı so that there exists D2 � Br.z0/ with

(89) m.D2/=m.Br.z
0//� 1�V.1; 10/ and dt2.�/.z1; y/�

1
2
r for all y 2D2:

For each y 2D2 and s 2 Œ0; ��,

(I) d.z1; y/ < 2r ,
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(II) d.‰s.z1/; ‰s.z//� d.‰s.z1/; ‰s.z
0//C d.‰s.z

0/; ‰s.z// <
7
2
r ,

(III) dt2.�/.z1; y/�
1
2
r ,

and so

(90) z‰s.D2/� B4r.‰s.z
0//� B6r.‰s.z//:

Moreover, z‰s.D2/ is nontrivial in measure compared to Br.z/:

(91)
m.z‰s.D2//

m.Br.z//
� e�c.N;ı/.ı=10/

m.D2/

m.Br.z//
by Lemma 4.2, (18) of Theorem 3.4 and �1 � 1

10
ı

� c.N; ı/ by definition of D2 and Bishop–Gromov.

We will now flow z‰s.D2/ back by z‰�t and use that to control the flow of Br.‰s.z0// under z‰�t . Fix
s 2 Œ0; ��. By Proposition 3.12, we may assume, up to choosing a full-measure subset, that D2 satisfies

(92) z‰�t .z‰s.x//D z‰s�t .x/ for all t 2 Œ0; s� and for all x 2D2:

For all t 2 Œ0; s� and .x; y/ 2X �X , define

(93) dt3.t/.x; y/ WDmin
˚
r; max
0���t

jd.x; y/� d.z‰�� .x/; z‰�� .y//j
	

and

(94) U t3 WD f.x; y/ 2
z‰s.D2/�Br.‰s.z

0// W dt3.t/.x; y/ < rg:

We note U t3 implicitly depends on s. Consider
R
z‰s.D2/�Br .‰s.z0//

dt3.t/.x; y/ d.m � m/.x; y/ for
0� t � s. By Proposition 3.27, for a.e. t 2 Œ0; s�,

(95) d

dt

Z
z‰s.D2/�Br .‰s.z

0//
dt3.t/.x; y/ d.m�m/.x; y/

�

Z 1

0

Z
U t3

d.z‰�t .x/; z‰�t .y//jHess h�jHS. Q
z‰�t .x/;z‰�t .y/
.�// d.m�m/.x; y/ d�:

For any t 2 Œ0; s�, ! 2 Œ0; t � and .x; y/ 2 U t3 ,

(I) d.x; y/ < 5r since z‰s.D2/� B4r.‰s.z0// by (90),

(II) d.z‰�!.x/;‰s�!.z//D d.z‰s�!.x
0/; ‰s�!.z// < 6r for some x0 2D2 by (90) and (92),

(III) dt3.t/.x; y/ < r by definition of U t3 (94).

Hence,

(96) z‰�!.y/ 2 B12r.‰s�!.z//

by the triangle inequality. Therefore .z‰�! ; z‰�!/.U t3/ � B.c1=2/r.‰s�!.z//�B.c1=2/r.‰s�!.z// for
all ! 2 Œ0; t � since c1 > 100. For any .x; y/ 2 U t3 ,

(97) �h�.z‰�!.x//D�h
C.z‰�!.x//C� Oe.z‰�!.x//

��c.N; ı/ by Lemmas 4.2 and 4.3(III), using e.z/�c21r
2;
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where hC and Oe are heat flow approximations of hC0 and e0, respectively, up to the same time as h�. We
have the same bound for �h�.z‰�!.y//. Therefore,

(98)
Z 1

0

Z
U t3

d.z‰�t .x/; z‰�t .y//jHess h�jHS. Q
z‰�t .x/;z‰�t .y/
.�// d.m�m/.x; y/ d�

� c.N; ı/
Z 1

0

Z
.z‰�t ;z‰�t /.U

t
3/
d.x; y/jHess h�jHS. Q
x;y.�// d.m�m/.x; y/ d�

� c.N; ı/rm.B.c1=2/r.‰s�t .z///
Z
Bc1r .‰s�t .z//

jHess h�jHS dm

� c.N; ı/rm.Br.z//
2 /

Z
Bc1r .‰s�t .z//

jHess h�jHS dm;

where the first inequality follows by (97) and Remark 3.5, the second by the segment inequality
(Theorem 3.22), and the third by Bishop–Gromov and property (I) of z. Integrating in t 2 Œ0; s�,

(99)
Z s

0

�Z 1

0

Z
U t3

d.z‰�t .x/; z‰�t .y//jHess h�jHS. Q
z‰�t .x/;z‰�t .y/
.�// d.m�m/.x; y/ d�

�
dt

� crm.Br.z//
2
Z s

0

/

Z
Bc1r .‰s�t .z//

jHess h�jHS dmds

� c.N; ı/rm.Br.z//
2
p
s;

where the last line follows from the definition of h�, Theorem 4.12(IV) and Cauchy–Schwarz. Therefore,

(100)
Z
z‰s.D2/�Br .‰s.z

0//
dt3.s/.x; y/ d.m�m/.x; y/

D

Z s

0

h
d

dt

Z
z‰s.D2/�Br .‰s.z

0//
dt3.t/.x; y/ d.m�m/.x; y/

i
dt

� c.N; ı/rm.Br.z//
2
p
s:

We previously computed that z‰s.D2/ is nontrivial in measure compared to Br.z/ in (91), and so there
exists z2 2 z‰s.D2/ withZ

Br .‰s.z
0//
dt3.s/.z2; y/ dm.y/� c.N; ı/rm.Br.z//

p
s:

By Bishop–Gromov, m.Br.‰s.z0///=m.Br.‰s.z///� c.N / and so by property (I) of z,

/

Z
Br .‰s.z

0//
dt3.s/.z2; y/ dm.y/� c.N; ı/r

p
s:

Using this, we bound �1 sufficiently small depending on N and ı so there exists D3 � Br.‰s.z0// with

(101)
m.D3/

m.Br.‰s.z0///
� 1�V.1; 10/ and dt3.s/.z2; y/�

1
2
r for all y 2D3:

For each y 2D3,

(I) d.z2; y/ < 5r by (90),

(II) d.z‰�s.z2/; z
0/D d.z02; z

0/ < r , where z02 2D2 � Br.z
0/ is such that z‰s.z02/D z2,

(III) dt3.s/.z2; y/�
1
2
r ,
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and so z‰�s.D3/�B7r.z0/. Notice also for the next calculation that z‰�t .D3/�B12r.z/ for any t 2 Œ0; s�
by the calculations of (96). Therefore one has the same lower bound for the Laplacian of h� on z‰�t .D3/
as in (97).

We estimate
m.Br.‰s.z

0///

m.Br.z0//
�

1

V.1; 7/

m.Br.‰s.z
0///

m.B7r.z0//
by Bishop–Gromov

�
1

V.1; 7/

1

1�V.1; 10/

m.D3/

m.B7r.z0//
by property (101) of D3

�
1

V.1; 7/

1

1�V.1; 10/
ec.N;ı/s

m.z‰�s.D3//

m.B7r.z0//
by Remark 3.5

�
1

V.1; 7/

1

1�V.1; 10/
ecs:

We bound �1 sufficiently small depending on N and ı so that for s � � � �1, the last line is less than
1=.2V.1; 100//.

All this implies that if (I)–(III) hold for z 2 Br.
.t0// and � � �1.N; ı/, then there exists z0 2 Br.
.t0//
satisfying (I)–(III) for the same �. By the Bishop–Gromov volume comparison and the fact that ‰ is
defined using unit-speed geodesics, there is some T .N; ı; r/ > 0 such that (I) and (II) hold for z0, A0 and
0� s � �CT . Combining this with the existence of some z and � depending on N , ı, and r satisfying
(I)–(III) mentioned at the beginning of the proof, we conclude there exists z 2Br.
.t0// such that (I)–(III)
hold for � D �1.

5.2 Construction of limit geodesics

In this subsection we construct a geodesic between p and q that satisfies Lemma 5.1(I)–(II) on the geodesic
itself. Roughly, this means we construct N
 so that small balls centered on N
 between ı and 1�ı stay close
to the geodesic itself for a short amount of time under the flows ‰ and ˆ. The main idea is that for any z
as in the main lemma from the previous section, the good behavior on the scale of r (in the sense that
Lemma 5.1(I)–(II) hold on the scale of r) can be bootstrapped to scales r 0 > r for any r 0 less than some
uniform Nr3 depending only on structural constants. This means that each z will have good behavior from
scales r to Nr3. Taking a sequence of zi! 
.t0/ corresponding to ri! 0 and so that sequence of geodesics
from zi to p converges gives a geodesic from 
.t0/ to p which has good behavior for any scale r 2 .0; Nr3�.

We start by showing that for any fixed scale r we can find points z arbitrarily close to 
.t0/ which
satisfy Lemma 5.1(I)–(III). In order to do this we will prove the following lemma, which will form our
induction step:

Lemma 5.2 There exists �2.N; ı/ > 0 and Nr2.N; ı/ > 0 such that for any r � Nr2 and ı � t0 � 1� ı, if
there exist z 2 Br.
.t0// and � � �2 such that

(I) V.1; 100/�m.Br.‰s.z///=m.Br.z//� 1=V.1; 100/ for any s � �,
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(II) there exists Ar � Br.z/ with m.Ar/ � .1� V.1; 10//m.Br.z// and ‰s.Ar/ � B2r.‰s.z// for
any s � �,

(III) e.z/� c21r
2,

then for the same z and any r 0 2 Œ4r; 16r�,

(i) V.1; 100/�m.Br 0.‰s.z///=m.Br 0.z//� 1=V.1; 100/ for any s � �,

(ii) There exists Ar 0 � Br 0.z/ with m.Ar 0/ � .1� V.1; 10//m.Br 0.z// and ‰s.Ar 0/ � B2r 0.‰s.z//
for any s � �,

(iii) e.z/� c21r
2 < c21.r

0/2.

Proof Fix ı � t0 � 1� ı. We assume Nr2 � 1
1000

ı and �2 � 1
1000

ı to begin with, but will impose more
bounds on both depending on N and ı as the proof continues. We will not keep track of Nr2 for the sake
of brevity. Fix a scale r � Nr2 and r 0 2 Œ4r; 16r�. Fix z, Ar , and � � �2 so that (I)–(III) hold.

Since e.z/� c21r
2, by integral Abresch–Gromoll there exists Br 0.z/0 � Br 0.z/ such that

(102) e.x/� c.N; ı/r2 for all x 2 Br 0.z/0 and
m.Br 0.z/

0/

m.Br 0.z//
� 1� 1

2
V.1; 10/:

Similarly, there exists A0 � Ar such that

(103) e.x/� c.N; ı/r2 for all x 2 A0 and
m.A0/

m.Br.z//
� 1� 2V.1; 10/:

As in the previous lemma, the curve traversing 
z;p in reverse and then 
z;q is a c1r-geodesic from p

to q. Fix h� � h�
�.c1r/2

satisfying Theorem 4.12(IV) for the balls of radius c1r along this curve, where
� 2

�
1
2
; 2
�
.

For all s 2 Œ0; �� and .x; y/ 2X �X , define

(104) dt1.s/.x; y/ WDmin
˚
r; max
0���s

jd.x; y/� d.‰� .x/;‰� .y//j
	

and

(105) U s1 WD f.x; y/ 2 A
0
�Br 0.z/

0
W dt1.s/.x; y/ < rg:

Consider
R
A0�Br0 .z/

0 dt1.s/.x; y/ d.m�m/.x; y/ for 0� s � �. For any s 2 Œ0; �� and .x; y/ 2 U s1 ,

(I) d.x; y/ < r 0C r ,

(II) d.‰s.x/;‰s.z// < 2r by definition of A0 � Ar ,

(III) dt1.s/.x; y/ < r .

Therefore ‰s.y/ 2 Br 0C4r.‰s.z//� B.c1=2/r.‰s.z// since c1> 100.
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Using exactly the same type of computation as the first part of the proof of the main lemma, by interpolating
between the two local flows of ‰s from A0 and Br 0.z/0 with rh�, we obtain

(106)
Z
A0�Br0 .z/

0

dt1.�/.x; y/ d.m�m/.x; y/� c.N; ı/rm.Br.z//
2
p
�:

Since A0 takes a significant portion of the measure of Br.z/ by (103),

/

Z
A0

Z
Br0 .z/

0

dt1.�/.x; y/ dm.y/� c.N; ı/rm.Br.z//
p
�;

and so there exists z0 2 A0 such thatZ
Br0 .z/

0

dt1.�/.z
0; y/ dm.y/� crm.Br.z//

p
�:

Therefore, by the fact that m.Br 0.z/0/=m.Br 0.z//� 1� 1
2
V.1; 10/ and Bishop–Gromov,

/

Z
Br0 .z/

0

dt1.�/.z
0; y/ dm.y/� c.N; ı/r

p
�:

Using this, we bound �2 sufficiently small depending on N and ı so that there exists Ar 0 � Br 0.z/0 with

(107)
m.Ar 0/

m.Br 0.z//
� 1�V.1; 10/ and dt1.�/.z

0; y/� 1
2
r for all y 2 Ar 0 :

For each y 2 Ar 0 and s 2 Œ0; ��,

(I) d.z0; y/ < r 0C r ,

(II) d.‰s.z
0/; ‰s.z// < 2r ,

(III) dt1.�/.z
0; y/� 1

2
r ,

and so

(108) ‰s.Ar 0/� Br 0C7r=2.‰s.z//� B2r 0.‰s.z//:

This proves (ii).

This also gives one direction of the bound in (i). For each s � �,

m.Br 0.‰s.z///

m.Br 0.z//
� V.1; 2/

m.B2r 0.‰s.z///

m.Br 0.z0//
by Bishop–Gromov

� V.1; 2/
m.‰s.Ar 0//

m.Br 0.z0//

� V.1; 2/.1C c.N; ı/s/�N
m.Ar 0/

m.Br 0.z0//
by Theorem 3.15(II)

� V.1; 2/.1C c.N; ı/s/�N .1�V.1; 10//:

We bound �2 sufficiently small depending on N and ı so that for s � � � �2, the last line is greater than
V.1; 100/.
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To obtain the other direction of the bound in (i), we employ the same strategy as the proof of the main
lemma as well. Let .z‰t /t2Œ0;1� and .z‰�t /t2Œ0;1� be the RLFs of the time-independent vector fields �rh�

and rh�, respectively, as before.

For all s 2 Œ0; �� and .x; y/ 2X �X , define

(109) dt2.s/.x; y/ WDmin
˚
r; max
0���s

jd.x; y/� d.‰� .x/; z‰� .y//j
	

and

(110) U s2 WD f.x; y/ 2 A
0
�Br.z/ W dt2.s/.x; y/ < rg:

Consider
R
A0�Br .z/

dt2.s/.x; y/ d.m�m/.x; y/ for 0� s � �. For any s 2 Œ0; �� and .x; y/ 2 U s2 ,

(I) d.x; y/ < 2r ,

(II) d.‰s.x/;‰s.z// < 2r by definition of A0 � Ar ,

(III) dt2.s/.x; y/ < r .

Therefore z‰s.y/ 2 B5r.‰s.z//� B.c1=2/r.‰s.z//.

Using exactly the same type of computation as the second part of the proof of the main lemma,

(111)
Z
A0�Br .z/

dt2.�/.x; y/ d.m�m/.x; y/� c.N; ı/rm.Br.z//
2
p
�:

A0 takes a significant portion of the measure of Br.z/ by (103). The same considerations as before gives
the existence of D1 � Br.z/ such that

(112)
m.D1/

m.Br.z//
� 1�V.1; 10/ and z‰s.D1/� B5r.‰s.z//;

for any s 2 Œ0; �� after we bound �2 sufficiently small depending only on N and ı. Moreover, z‰s.D1/ is
nontrivial in measure compared to Br.z/.

(113)
m.z‰s.D1//

m.Br.z//
�e�c.N;ı/.ı=1000/

m.D1/

m.Br.z//
by Lemma 4.2, (18) in Theorem 3.4 and �2� 1

1000
ı

�c.N; ı/ by definition of D1.

Fix s 2 Œ0; ��. By Proposition 3.12, we may assume, up to choosing a full-measure subset, thatD1 satisfies

(114) z‰�t .z‰s.x//D z‰s�t .x/ for all t 2 Œ0; s� and for all x 2D1:

For all t 2 Œ0; s� and .x; y/ 2X �X , define

(115) dt3.t/.x; y/ WDmin
˚
r; max
0���t

jd.x; y/� d.z‰�� .x/; z‰�� .y//j
	

and

(116) U t3 WD f.x; y/ 2
z‰s.D1/�Br 0.‰s.z// W dt3.t/.x; y/ < rg:
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Consider
R
z‰s.D1/�Br0 .‰s.z//

dt3.t/.x; y/ d.m�m/.x; y/ for 0� t � s. For any t 2 Œ0; s�, ! 2 Œ0; t � and
.x; y/ 2 U t3 ,

(I) d.x; y/ < r 0C 5r by (112),

(II) d.z‰�!.x/;‰s�!.z//D d.z‰s�!.x
0/; ‰s�!.z// < 5r for some x0 2D1 by (112) and (114),

(III) dt3.t/.x; y/ < r .

Hence

(117) z‰�!.y/ 2 Br 0C11r.‰s�!.z//

by the triangle inequality. Therefore .z‰�! ; z‰�!/.U t3/ � B.c1=2/r.‰s�!.z//�B.c1=2/r.‰s�!.z// for
any ! 2 Œ0; t � since c1 > 100.

Using exactly the same type of computation as the third part of the proof of the main lemma,

(118)
Z
z‰s.D1/�Br0 .‰s.z//

dt3.�/.x; y/ d.m�m/.x; y/� c.N; ı/rm.Br.z//
2
p
�:

By (113), z‰s.D1/ is nontrivial in measure compared to Br.z/. By Bishop–Gromov and property (I) of z,
Br 0.‰s.z// is also nontrivial in measure compared to Br.z/. The same considerations as before gives the
existence of D2 � Br 0.‰s.z// such that

(119)
m.D2/

m.Br 0.‰s.z///
� 1�V.1; 10/ and z‰�s.D2/� Br 0C7r.z/� B3r 0.z/;

for any s 2 Œ0; �� after we bound �2 sufficiently small depending only on N and ı.

We estimate

m.Br 0.‰s.z///

m.Br 0.z//
�

1

V.1; 3/

m.Br 0.‰s.z///

m.B3r 0.z//
by Bishop–Gromov

�
1

V.1; 3/

1

1�V.1; 10/

m.D2/

m.B3r 0.z//
by property (119) of D2

�
1

V.1; 3/

1

1�V.1; 10/
ec.N;ı/s

m.z‰�s.D2//

m.B3r 0.z//
by Remark 3.5

�
1

V.1; 7/

1

1�V.1; 10/
ecs;

where for the third inequality we used the fact that z‰�t .D2/ � B27r.‰s�t .z// for 0 � t � s by the
calculations of (117). On these sets �h� is bounded below by �c.N; ı/ by the same argument as (97).
Using this, we bound �2 sufficiently small depending on N and ı so that for s � � � �2, the last line is
less than V.1; 100/. This shows the other half of the bound in (i). Property (iii) is obvious.

Combined with the main lemma, this gives:
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Lemma 5.3 There exists �3.N; ı/ > 0 and Nr3.N; ı/ > 0 such that for any r � Nr3 and ı � t0 � 1� ı,
there exists z 2 Br.
.t0// such that for any r � r 0 � Nr3,

(I) V.1; 100/�m.Br 0.‰s.z///=m.Br 0.z//� 1=V.1; 100/ for any s � �3,

(II) there exists A� Br 0.z/ with m.A/� .1�V.1; 10//m.Br 0.z// and ‰s.A/� B2r 0.‰s.z// for any
s � �3,

(III) e.z/� c21r
2.

Proof Choose �3 Dminf�1; �2g and Nr3 WDminfNr1; Nr2g. Apply Lemma 5.1 to find some z 2 Br=4.
.t0//
which satisfies (I)–(III) on the scale of 1

4
r and then use Lemma 5.2 repeatedly to conclude.

The following corollary immediately follows from Lemma 5.3 by a limiting argument:

Corollary 5.4 There exist �3.N; ı/ > 0 and Nr3.N; ı/ > 0 such that if 
 is the unique geodesic between p
and q, then for all r � Nr3 and ı � t0 � 1� ı,

(I) V.1; 100/�m.Br.
.t0� s///=m.Br.
.t0///� 1=V.1; 100/ for any 0� s � �3,

(II) there exists A�Br.
.t0// with m.A/� .1�V.1; 10//m.Br.
.t0/// and ‰s.A/�B2r.
.t0� s//
for any 0� s � �3.

Indeed, by taking a sequence zi 2 B1=i .
.t0// as in Lemma 5.3, we see that the ‰�.zi / necessarily
converge to 
.t0� � / since 
 is by assumption a unique geodesic. The properties for ‰�.zi / then pass
over to the desired properties for 
 as in Corollary 5.4.

We can use the corollary directly in the proof of Theorem 5.10 to prove the main result in the case where
there is a unique geodesic between p and q. Taking Theorem 2.25 and Remark 2.26 into account, this is
already enough for several applications. Nevertheless, we will next prove the existence of a geodesic
between any p; q 2X with Hölder continuity on the geometry of small-radius balls in its interior, which
is the full result of [30]. The desired geodesic will be constructed using multiple limiting and gluing
arguments.

Lemma 5.5 There exist �4.N; ı/ > 0 and Nr4.N; ı/ > 0 such that for any unit-speed geodesic 
 from p

to q, there exists a unit-speed geodesic 
ı from p to q with 
ı � 
 on Œ1� ı; 1� such that for all r � Nr4
and ı � t0 � t1 � 1� ı, if t1� t0 � �4, then

(I) V.1; 100/4 �m.Br.

ı.t1///=m.Br.


ı.t0///� 1=V.1; 100/
4,

(II) there exists A � Br.

ı.t1// such that m.A/ � .1 � V.1; 10//m.Br.


ı.t1/// and ‰s.A/ �

B2r.

ı.t1� s// for all s 2 Œ0; t1� t0�.

Proof Let �3 and Nr3 be from Lemma 5.3. We begin by assuming Nr4 � Nr3 and �4 � 1
2
�3, but will impose

more bounds on both as the proof continues. We will not keep track of Nr4 for the sake of brevity.
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Partition Œı; 1� ı� by f�0 D ı; �1; : : : ; �k D 1� ıg for some k 2N so that all subintervals have the same
width equal to some ! 2

�
1
2
�3; �3

�
. This is always possible since the width of the original interval is

1� 2ı > 0:8 and �3 is much smaller than 0.4. We construct 
ı inductively as follows:

� Define 
ı � 
 for t 2 Œ1� ı; 1�.

� Let 1� i � k. Assume 
ı has been constructed on the interval Œ�i ; 1�. Fix a sequence of rj ! 0. For
each j , choose zj 2 Brj .


ı.�i // as in the statement of Lemma 5.3. Use the Arzelà–Ascoli theorem to
take a limit, after passing to a subsequence, of the unit-speed geodesics from zj to p. This limit 
ı;i is a
unit-speed geodesic from 
ı.�i / to p. For t 2 Œ�i�1; �i �, define 
ı.t/D 
ı;i .�i � t /.

� For t 2 Œ0; ı�, define 
ı to be any geodesic from p to 
ı.�0/.

For any 1 � i � k we have �i � �i�1 � �3 so it follows from the construction that 
ı satisfies, for
any r � Nr4,

(i) V.1; 100/�m.Br.

ı.�i � s///=m.Br.


ı.�i ///� 1=V.1; 100/ for any 0� s � !,

(ii) there exists A � Br.

ı.�i // such that m.A/ � .1 � V.1; 10//m.Br.


ı.�i /// and ‰s.A/ �
B2r.


ı.�i � s// for any 0� s � !.

Fix ı � t0 � t1 � 1� ı with t1� t0 � �4 and a scale r � Nr4. Since �4 � 1
2
�3 is no greater than the widths

of the subintervals of the partition ! � 1
2
�3, t0 and t1 must be contained in Œ�i�2; �i � for some 2� i � k.

Statement (I) of the lemma then follows trivially from property (i) of 
ı .

Then t0 and t1 must then be either contained in a single subinterval or two neighboring subintervals of
the partition. We will assume the second case; the first case follows from a similar and simpler argument.
Let t1 2 .�i�1; �i � and t0 2 .�i�2; �i�1� for some i . By property (ii) of 
ı and Abresch–Gromoll, there
exists A1 � Br=16.
ı.�i // such that

(I) m.A1/=m.Br=16.

ı.�i ///� 1� 2V.1; 10/,

(II) ‰s.A1/� Br=8.

ı.�i � s// for all s 2 Œ0; !�,

(III) e.x/� c.N; ı/r2 for all x 2 A1.

Similarly, there exists A2 � Br=16.
ı.�i�1// such that

(I) m.A2/=m.Br=16.

ı.�i�1///� 1� 2V.1; 10/,

(II) ‰s.A2/� Br=8.

ı.�i�1� s// for all s 2 Œ0; !�,

(III) e.x/� c.N; ı/r2 for all x 2 A2.

The plan is as follows: first we show a significant portion of A1 can be flowed by ‰ a nontrivial amount
of time past 
ı.�i�1/ while staying close 
ı , then we use the flow of A1 under ‰ to control the flow of
Br.


ı.t1// under ‰.
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Fix h� � h�
�.8r/2

satisfying Theorem 4.12(IV) for the balls of radius 8r along 
ı , where � 2
�
1
2
; 2
�
. For

all s 2 Œ0; !� and .x; y/ 2X �X , define

(120) dt.s/.x; y/ WDmin
˚
r; max
0���s

jd.x; y/� d.‰� .x/;‰� .y//j
	

and

(121) U s1 WD f.x; y/ 2 A2 �A1 W dt.s/.x;‰!.y// < rg:

Consider
R
A2�A1

dt.s/.x;‰!.y// d.m�m/.x; y/ for 0� s � !.

For any s 2 Œ0; !� and .x; y/ 2 U s1 ,

(I) d.x;‰!.y// <
3
16
r ,

(II) d.‰s.x/; 

ı.�i�1� s// <

1
8
r ,

(III) dt.s/.x;‰!.y// < r .

Therefore ‰s.‰!.y// 2 BrC5r=16.
ı.�i�1� s// and so

.‰s; ‰s ı‰!/.U
s
1 /� B4r.


ı.�i�1� s//�B4r.

ı.�i�1� s//:

By Remark 2.26, ‰s ı‰! D‰sC! m-a.e. Since we may always choose subsets of full measure where
the equality is satisfied, we will replace the former with the latter freely.

We have

(122)
Z 1

0

Z
U s1

d.‰s.x/;‰sC!.y///jHess h�jHS. Q
‰s.x/;‰sC!.y/.�// d.m�m/.x; y/ d�

� c.N; ı/
Z 1

0

Z
.‰s ;‰sC!/.U

s
1 /
d.x; y/jHess h�jHS. Q
x;y.�// d.m�m/.x; y/ d�

� c.N; ı/rm.B4r.

ı.�i�1� s///

Z
B8r .


ı.�i�1�s//
jHess h�jHS dm

� c.N; ı/rm.Br.

ı.�i ///

2 /

Z
B8r .


ı.�i�1�s//
jHess h�jHS dm;

where the first inequality follows by Theorem 3.15(II), the second by the segment inequality (Theorem 3.22),
and the third by Bishop–Gromov and property (i) of 
ı . Integrating in s 2 Œ0; !0� for some !0 2 .0; !� to
be fixed later, we have

(123)
Z !0

0

�Z 1

0

Z
U s1

d.‰s.x/;‰sC!.y//jHess h�jHS. Q
‰s.x/;‰sC!.y/.�// d.m�m/.x; y/ d�
�
ds

� crm.Br.

ı.�i ///

2
Z !0

0

/

Z
B8r .


ı.�i�1�s//
jHess h�jHS dmds

� c.N; ı/rm.Br.

ı.�i ///

2
p
!0;

where the last line follows from the definition of h�, Theorem 4.12(IV) and Cauchy–Schwarz.

By Lemma 4.13(III), the excess bound on the elements of A2 and property (i) of 
ı ,

(124)
Z !0

0

Z
U s1

jrh��rdpj.‰s.x// d.m�m/.x; y/ ds � c.N; ı/rm.Br.

ı.�i ///

2
p
!0:
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Similarly by the excess bounds on the elements of A1,

(125)
Z !0

0

Z
U s1

jrh��rdpj.‰sC!.y// d.m�m/.x; y/ ds � c.N; ı/m.Br.

ı.�i ///

2r
p
!0:

By Proposition 3.27,

(126)
Z
A2�A1

dt.!0/.x;‰� .y//� c.N; ı/m.Br.

ı.�i ///

2r
p
!0:

Arguing as in the proof of Lemma 5.1 and using property (i) of 
ı , we can then fix !0 sufficiently small
depending only on N and ı so that there exist z 2 A2 and A01 � A1 with

(127)
m.A01/

m.Br=16.

ı.�i ///

� 1� 3V.1; 10/ and dt.!0/.z;‰!.y//�
1
16
r for all y 2 A01:

The latter implies

(128) ‰sC!.A
0
1/� B3r=8.


ı.�i�1� s// for all s 2 Œ0; !0�:

Notice by definition of A1, ‰s.A01/� Br=8.

ı.�i � s// for any s 2 Œ0; !�.

We now compare the flow of Br.
ı.t1// to that of ‰�i�t1.A
0
1/ under ‰s for s 2 Œ0; !0�. By integral

Abresch–Gromoll there exists Br.
ı.t1//0 � Br.
ı.t1// such that

(129) e.x/� c.N; ı/r2 for all x 2 Br.
ı.t1//0 and
m.Br.


ı.t1//
0/

m.Br.
ı.t1///
� 1� 1

2
V.1; 10/:

For all s 2 Œ0; !0�, define

(130) U s2 WD f.x; y/ 2 A
0
1 �Br.


ı.t1//
0
W dt.s/.‰�i�t1.x/; y/ < rg:

Consider
R
A01�Br .


ı.t1//0
dt.s/.‰�i�t1.x/; y/ d.m �m/.x; y/ for 0 � s � !0. For any s 2 Œ0; !0� and

.x; y/ 2 U s2 ,

(I) d.‰�i�t1.x/; y/ < r C
1
8
r by definition of A1,

(II) d.‰s.‰�i�t1.x//; 

ı.t1� s// <

3
8
r by (128) and the line below it,

(III) dt.s/.‰�i�t1.x/; y/ < r .

Therefore ‰s.y/2B5r=2.
ı.t1�s// and so .‰s ı‰�i�t1 ; ‰s/.U
s
2 /�B4r.


ı.t1�s//�B4r.

ı.t1�s//.

By the same type of computations as the first part of this proof, for some !00 2 .0; !0� to be fixed later,

(131)
Z
A01�Br .
.t1//

0

dt.!00/.‰�i�t1.x/; y/� c.N; ı/m.Br.

ı.�i ///

2r
p
!00:

Arguing as in the proof of Lemma 5.1 and using property (i) of 
ı , we can then fix !00 sufficiently small
depending only on N and ı so that there exist z0 2 A01 and A� Br.
.t1//0 with

(132)
m.A/

m.Br.
ı.t1///
� 1�V.1; 10/ and dt.!00/.‰�i�t1.z

0/; y/� 1
2
r for all y 2 A:
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The latter implies

(133) ‰s.A/� B2r.

ı.t1� s// for all s 2 Œ0; !00�:

We bound �4 � !00 and so (I) is proved.

We may also apply Lemma 5.5 in the other direction of 
 towards q. However, there is no guarantee the
two geodesics we end up with in the two applications of the lemma are the same. Therefore we will show
that a geodesic which has the properties of Lemma 5.5 necessarily has the same properties going in the
other direction. The reason for this is Lemma 4.3, which roughly implies the local flows of hC and h�

are close to each other near a geodesic on the scale of r .

Lemma 5.6 There exist �5.N; ı/ > 0 and Nr5.N; ı/ > 0 such that if there exist a unit-speed geodesic 

from p to q and � � �5 and Nr � Nr5 which satisfy, for all r � Nr and ı � t0 � t1 � 1� ı with t1� t0 � �,

(I) V.1; 100/4 �m.Br.
.t1///=m.Br.
.t0///� 1=V.1; 100/
4,

(II) there exists A1 � Br.
.t1// such that m.A1/ � .1 � V.1; 10//m.Br.
.t1/// and ‰s.A1/ �

B2r.
.t1� s// for all s 2 Œ0; t1� t0�,

then for the same geodesic 
 , � and Nr , for all r � Nr and ı � t0 � t1 � 1� ı with t1� t0 � �, there exists
A2 � Br.
.t0// such that

(134)
m.A2/

m.Br.
.t0///
� 1�V.1; 10/ and ˆs.A2/� B2r.
.t0C s// for all s 2 Œ0; t1� t0�:

Proof As a reminder, ˆ is defined by (64) and is the local flow of �rdq , at least from the sets and for
the time interval we are concerned with.

We assume Nr5 � 1
10
ı and �5 � 1

10
ı to begin with, but will impose more bounds on both as the proof

continues. We will not keep track of Nr5 for the sake of brevity. Fix 
 , � � �5 and Nr � Nr5 which satisfy (I)
and (II). Fix r � Nr and ı � t0 � t1 � 1� ı with t1� t0 � �.

Fix h� � h�
�.8r/2

satisfying Theorem 4.12(IV) for the balls of radius 8r along 
 , where � 2
�
1
2
; 2
�
.

Let .z‰t /t2Œ0;1� and .z‰�t /t2Œ0;1� be the RLFs of the time-independent vector fields �rh� and rh�,
respectively, as before.

The plan is as follows: first we use (II) to make sure a significant portion of Br=16.
.t1// stays close to 

from t1 to t0 under the flow of z‰s; then we reverse flow the image of this portion under z‰�s and use it to
make sure a significant portion of Br.
.t0// stays close to 
 from t0 to t1 under ˆs .

By (II) and integral Abresch–Gromoll, there exists A1 � Br=16.
.t1// such that

(I) m.A1/=m.Br=16.
.t1///� 1� 2V.1; 10/,

(II) ‰s.A1/� Br=8.
.t1� s// for all s 2 Œ0; t1� t0�,

(III) e.x/� c.N; ı/r2 for all x 2 A1.
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For all s 2 Œ0; t1� t0� and .x; y/ 2X �X , define

(135) dt1.s/.x; y/ WDmin
˚
r; max
0���s

jd.x; y/� d.‰� .x/; z‰� .y//j
	

and

(136) U s1 WD f.x; y/ 2 A1 �Br=16.
.t1// W dt1.s/.x; y/ < rg:

Consider
R
A1�Br=16.
.t1//

dt1.s/.x; y/ d.m�m/.x; y/ for 0 � s � t1 � t0. For any s 2 Œ0; t1 � t0� and
.x; y/ 2 U s1 ,

(I) d.x; y/ < 1
8
r ,

(II) d.‰s.x/; 
.t1� s// <
1
8
r by definition of A1,

(III) dt1.s/.x; y/ < r .

Hence z‰s.y/2B5r=4
.t1�s/ by the triangle inequality, and so .‰s; z‰s/.U s1 /�B4r.‰s.z//�B4r.‰s.z//.

Using exactly the same type of computation as the second part of the proof of the main lemma,

(137)
Z
A1�Br=16.
.t1//

dt1.t1� t0/.x; y/ d.m�m/.x; y/� c.N; ı/rm.Br.
.t1///
2
p
t1� t0:

A1 takes a significant portion of the measure of Br.
.t1// by definition. The same considerations as in
the proof of Lemma 5.1 gives the existence of z 2 A1 and D1 � Br.
.t1// such that

(138)
m.D1/

m.Br=16.
.t1///
� 1�V.1; 10/ and dt1.t1� t0/.z; y/�

1
16
r for all y 2D1;

after we bound �5 sufficiently small depending only on N and ı. The latter implies

(139) z‰s.D1/� B5r=16.
.t1� s// for all s 2 Œ0; t1� t0�:

By Proposition 3.12, we may assume in addition that D1 satisfies

(140) z‰�s.z‰t1�t0.x//D
z‰t1�t0�s.x/ for all s 2 Œ0; t1� t0� and for all x 2D1:

Furthermore, z‰s.D1/ is nontrivial in measure compared to Br.
.t1// for all s 2 Œ0; t1� t0�.

(141)
m.z‰s.D1//

m.Br.
.t1///
� e�c.N;ı/.ı=10/

m.D1/

m.Br.z//
by Lemma 4.2, (18) in Theorem 3.4 and �5 � 1

10
ı

� c.N; ı/ by definition of D1 and Bishop–Gromov.

By integral Abresch–Gromoll, there exists Br.
.t0//0 � Br.
.t0// such that

(142) e.x/� c.N; ı/r2 for all x 2 Br.
.t0//0 and
m.Br.
.t0//

0/

m.Br.
.t0///
� 1� 1

2
V.1; 10/:

For all s 2 Œ0; t1� t0� and .x; y/ 2X �X , define

(143) dt2.s/.x; y/ WDmin
˚
r; max
0���s

jd.x; y/� d.z‰�� .x/;ˆ� .y//j
	

and

(144) U s2 WD f.x; y/ 2
z‰t1�t0.D1/�Br.
.t0//

0
W dt2.s/.x; y/ < rg:
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Consider
R
z‰t1�t0 .D1/�Br .
.t0//

0 dt2.s/.x; y/ d.m�m/.x; y/ for 0� s � t1� t0. By Proposition 3.27, for
a.e. s 2 Œ0; t1� t0�,

(145) d

ds

Z
z‰t1�t0 .D1/�Br .
.t0//

0
dt2.s/.x; y/ d.m�m/.x; y/

�

Z
U s2

jrh�Crdqj.ˆs.y// d.m�m/.x; y/

C

Z 1

0

Z
U s2

d.z‰s.x/;ˆs.y//jHess h�jHS. Q
z‰s.x/;ˆs.y/
.�// d.m�m/.x; y/ d�:

For any s 2 Œ0; t1� t0�, s0 2 Œ0; s� and .x; y/ 2 U s2 ,

(I) d.x; y/ < r C 5
16
r by (139),

(II) d.z‰�s0.x/; 
.t0Cs
0//D d.z‰t1�t0�s0.x

0/; 
.t0Cs
0// < 5

16
r for some x0 2D1 by (139) and (140),

(III) dt2.s/.x; y/ < r by definition of U s2 (144).

Hence

(146) ˆs0.y/ 2 B2rC5r=8.
.t0C s
0//

by the triangle inequality. Therefore .z‰�s0 ; ˆs0/.U s2 /2B4r.
.t0Cs
0//�B4r.
.t0Cs

0// for all s0 2 Œ0; s�.
For any .x; y/ 2 U s2 ,

(147) �h�.z‰�s0.x//D�h
C.z‰�s0.x//C� Oe.z‰�s0.x//

� �c.N; ı/ by Lemmas 4.2 and 4.3(III);

where hC and Oe are heat flow approximations of hC0 and e0, respectively, up to the same time as h�.
Therefore,

(148)
Z 1

0

Z
U s2

d.z‰�s.x/;ˆs.y//jHess h�jHS. Q
z‰�s.x/;ˆs.y/
.�// d.m�m/.x; y/ d�

� c.N; ı/
Z 1

0

Z
.z‰�s ;ˆs/.U

s
2 /
d.x; y/jHess h�jHS. Q
x;y.�// d.m�m/.x; y/ d�

� c.N; ı/rm.B4r.
.t0C s///
Z
B8r .
.t0Cs//

jHess h�jHS dm

� c.N; ı/rm.Br.
.t1///
2 /

Z
B8r .
.t0Cs//

jHess h�jHS dm;

where the first inequality follows by Theorem 3.15(II), (147) and Remark 3.5, the second by the segment
inequality (Theorem 3.22), and the third by Bishop–Gromov and property (I) of 
 . Integrating in
s 2 Œ0; t1� t0�,

(149)
Z t1�t0

0

�Z 1

0

Z
U s2

d.z‰�s.x/;ˆs.y//jHess h�jHS. Q
z‰�s.x/;ˆs.y/
.�// d.m�m/.x; y/ d�

�
dt

� crm.Br.
.t1///
2
Z t1�t0

0

/

Z
B8r .
.t0Cs//

jHess h�jHS dmds

� c.N; ı/rm.Br.
.t1///
2
p
t1� t0;
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where the last line follows from the definition of h�, Theorem 4.12(IV) and Cauchy–Schwarz.

We have

(150)
Z t1�t0

0

Z
U s2

jrhCCrdqj.ˆs.y// d.m�m/.x; y/ ds � c.N; ı/rm.Br.
.t1///
2
p
t1� t0;

where the first inequality is from Lemma 4.13(III) and the excess bound on the elements ofBr.
.t0//0 (142),
and the second inequality is from property (I) of 
 and Bishop–Gromov. Similarly, using Lemma 4.3(III)
with (146),

(151)
Z t1�t0

0

Z
U s2

jrh��rhCj.ˆs.y// d.m�m/.x; y/ ds � c.N; ı/rm.Br.
.t1///
2.t1� t0/

� crm.Br.
.t1///
2
p
t1� t0:

Combining (148)–(150) with the bound (145) on .d=ds/
R
z‰t1�t0 .D1/�Br .
.t0//

0 dt2.s/.x; y/, we obtain

(152)
Z
z‰t1�t0 .D1/�Br .
.t0//

0
dt2.t1� t0/.x; y/ d.m�m/.x; y/

D

Z t1�t0

0

h
d

ds

Z
z‰t1�t0 .D1/�Br .
.t0//

0
dt2.s/.x; y/ d.m�m/.x; y/

i
ds

� c.N; ı/rm.Br.
.t1///
2
p
t1� t0:

Both z‰t1�t0.D1/ and Br.
.t0//0 are nontrivial in measure compared to Br.
.t1// by (141) and prop-
erty (I), respectively. The same considerations as in the proof of Lemma 5.1 give the existence of
z0 2 z‰t1�t0.D1/ and A2 � Br.
.t0//0 such that

(153)
m.A2/

m.Br.
.t0///
� 1�V.1; 10/ and dt2.t1� t0/.z

0; y/� 3
8
r for all y 2 A2;

after we bound �5 sufficiently small depending only on N and ı. The latter implies

(154) ˆs.A2/� B2r.
.t0C s// for all s 2 Œ0; t1� t0�:

Lemmas 5.5 and 5.6 give:

Corollary 5.7 For any ı 2 .0; 0:1/, there exist �6.N; ı/ > 0 and Nr6.N; ı/ > 0 such that for any unit-speed
geodesic 
 from p to q, there exists a unit-speed geodesic 
ı from p to q with 
ı � 
 on Œ1� ı; 1� such
that for all r � Nr6 and ı � t0 � t1 � 1� ı, if t1� t0 � �6, then

(I) V.1; 100/4 �m.Br.

ı.t1///=m.Br.


ı.t0///� 1=V.1; 100/
4,

(II) there exists A1 � Br.
ı.t1// such that m.A1/ � .1 � V.1; 10//m.Br.
ı.t1/// and ‰s.A1/ �

B2r.

ı.t1� s// for all s 2 Œ0; t1� t0�,

(III) there exists A2 � Br.
ı.t0// such that m.A2/ � .1 � V.1; 10//m.Br.
ı.t0/// and ˆs.A2/ �

B2r.

ı.t0C s// for all s 2 Œ0; t1� t0�.
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We would like to now construct a geodesic that has this behavior for all ı by taking a limit of 
ı as
ı! 0. To have the properties pass over to the limit, we need to make sure each 
ı also satisfies the
above properties for any ı0 > ı. For all ı 2 .0; 0:1/, we fix the constants �6.N; ı/ and Nr6.N; ı/ which
come from taking the minima of their respective counterparts in Lemmas 5.5 and 5.6.

Lemma 5.8 Let ı 2 .0; 0:1/ and assume some unit-speed geodesic 
ı from p to q satisfies properties
(I)–(III) for ı, �6.N; ı/ and Nr6.N; ı/. Then for any ı0 2 .ı; 0:1/, 
ı also satisfies properties (I)–(III) for ı0,
�6.N; ı

0/ and Nr6.N; ı0/

Proof Fix ı0 2 .ı; 0:1/. Use 
ı to construct some 
ı
0

with the construction of Lemma 5.5. Then

ı
0

satisfies properties (I)–(III) for ı0, �6.N; ı0/ and Nr6.N; ı0/ by Lemmas 5.5 and 5.6. Furthermore,

ı.t/D 
ı

0

.t/ for all t 2 Œ1�ı0; 1� by construction. We will show 
ı.t/D 
ı
0

.t/ for all t 2 Œı0; 1�, which
will allow us to conclude.

Assume this is not the case. Define s0 WDminfs 2 Œı0; 1� ı0� W 
ı.t/D 
ı
0

.t/8t 2 Œs; 1�g. By assumption,
ı0 < s0 � 1 � ı

0. Therefore there exists t0 2 Œı0; s0/ such that t1 � t0 � minf�6.N; ı/; �6.N; ı0/g and

ı.t0/¤ 


ı 0.t0/. Choose any r <min
˚
Nr6.N; ı/; Nr6.N; ı

0/; 1
4
d.
ı.t0/; 


ı 0.t0//
	

and consider Br.
ı.t1//.
On one hand, most of Br.
ı.t1// needs to end up in B2r.
ı.t0// under ‰t1�t0 by property (II) for 
ı .
On the other hand, most of Br.
ı.t1// needs to end up in B2r.
ı

0

.t0// under ‰t1�t0 by property (II)
for 
ı

0

. These two balls are disjoint and so we have a contradiction.

This immediately gives the existence of a geodesic with the desired properties for any ı 2 .0; 0:1/.

Theorem 5.9 There exists a unit-speed geodesic N
 from p to q such that for any ı 2 .0; 0:1/, there exist
�6.N; ı/ > 0 and Nr6.N; ı/ > 0 such that for all r � Nr6 and ı � t0 � t1 � 1� ı, if t1� t0 � �6, then

(I) V.1; 100/4 �m.Br. N
.t1///=m.Br. N
.t0///� 1=V.1; 100/
4,

(II) there exists A1 � Br. N
.t1// such that m.A1/ � .1 � V.1; 10//m.Br. N
.t1/// and ‰s.A1/ �

B2r. N
.t1� s// for all s 2 Œ0; t1� t0�,

(III) there exists A2 � Br. N
.t0// such that m.A2/ � .1 � V.1; 10//m.Br. N
.t0/// and ˆs.A2/ �

B2r. N
.t0C s// for all s 2 Œ0; t1� t0�.

Proof Fix any unit-speed geodesic 
 from p to q and then use the construction of Lemma 5.5 to obtain
a 
ı for each ı 2 .0; 0:1/. By the Arzelà–Ascoli theorem, we can take a limit N
 of 
ı as ı! 0 after
passing to a subsequence. By Lemma 5.8 and Bishop–Gromov, N
 will have the desired properties.

5.3 Proof of the main theorem

We now prove the Hölder continuity in pointed Gromov–Hausdorff distance of small balls along the
interior of any geodesic between p and q constructed in Theorem 5.9, using essentially the same argument
as in [30].
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Theorem 5.10 There exists a unit-speed geodesic 
 between p and q such that for any ı 2 .0; 0:1/, there
exist �.N; ı/ > 0, Nr.N; ı/ > 0 and C.N; ı/ such that for any r � Nr and t0; t1 2 Œı; 1� ı�, if jt1� t0j � �
then1

dpGH
�
.Br.
.t0//; 
.t0//; .Br.
.t1//; 
.t1//

�
� Cr jt1� t0j

1=.2N.1C2N//:

Proof Let N
 , �6 and Nr6 be as in Theorem 5.9 and let 
 D N
 . Fix ı 2 .0; 0:1/. We begin by assuming
� � �6 and Nr � Nr6, but will impose more bounds as the proof continues. Fix r � Nr and ı � t0 � t1 � 1� ı
with ! WD t1� t0 � �.

We begin by showing that a large portion of Br.
.t1// is mapped by ‰! close (on the scale of r) to 
.t0/,
where the closeness and the relative size of the portion are both Hölder dependent on !. This also shows
the measure of Br.
/ is Hölder along 
 jŒı;1�ı� as a consequence.

Define � WD !N=.2.1C2N// and � WD �1=N D !1=.2.1C2N//. By property (II) of 
 from Theorem 5.9 and
integral Abresch–Gromoll, there exists B�r.
.t1//0 � B�r.
.t1// such that

(I) m.B�r.
.t1//
0/=m.B�r.
.t1///� 1� 2V.1; 10/,

(II) ‰s.B�r.
.t1//
0/� B2�r.
.t1� s// for all s 2 Œ0; !�,

(III) e.x/� c.N; ı/�2r2 � cr2 for all x 2 B�r.
.t1//0.

By integral Abresch–Gromoll, there exists Br.
.t1//0 � Br.
.t1// such that

(155) e.x/� c.N; ı/
1

�
r2 for all x 2 Br.
.t1//0 and

m.Br.
.t1//
0/

m.Br.
.t1///
� 1� �:

Fix h� � h�
�.4r/2

satisfying Theorem 4.12(IV) for the balls of radius 4r along 
 , where � 2
�
1
2
; 2
�
. For

all s 2 Œ0; !� and .x; y/ 2X �X , define

(156) dt.s/.x; y/ WDmin
˚
4r; max

0���s
jd.x; y/� d.‰� .x/;‰� .y//j

	
:

Note for any .x; y/ 2 B�r.
.t1//0 �Br.
.t1//0 we have ‰s.x/;‰s.y/ 2 B2r.
.t1 � s//, and therefore
dt.s/.x; y/ < 4r .

By Proposition 3.27, for a.e. s 2 Œ0; !�,

(157) d

ds

Z
B�r .
.t1//

0�Br .
.t1//
0
dt.s/.x;y/d.m�m/.x;y/

�

Z
B�r .
.t1//

0�Br .
.t1//
0

�
jrh��rdpj.‰s.x//Cjrh

�
�rdpj.‰s.y//

�
d.m�m/.x;y/

C

Z 1

0

Z
B�r .
.t1//

0�Br .
.t1//
0
d.‰s.x/;‰s.y//jHessh�jHS. Q
‰s.x/;‰s.y/.�//d.m�m/.x;y/d�:

1We note the Hölder exponent is slightly different to that of [30] due to a minor error in the first line of (3.38).
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We estimate

(158)
Z 1

0

Z
B�r .
.t1//

0�Br .
.t1//
0
d.‰s.x/;‰s.y//jHess h�jHS. Q
‰s.x/;‰s.y/.�// d.m�m/.x; y/ d�

� c.N; ı/
Z 1

0

Z
.‰s ;‰s/.B�r .
.t1//

0�Br .
.t1//
0/
d.x; y/jHess h�jHS. Q
x;y.�// d.m�m/.x; y/ d�

� c.N; ı/rm.B2r.
.t1� s///
Z
B4r .
.t1�s//

jHess h�jHS dm

� c.N; ı/rm.Br.
.t1///
2 /

Z
B4r .
.t1�s//

jHess h�jHS dm;

where the first inequality follows by Theorem 3.15(II), the second by the segment inequality (Theorem 3.22),
and the third by Bishop–Gromov and property (I) of 
 . Integrating in s 2 Œ0; !�,

(159)
Z !

0

�Z 1

0

Z
B�r .
.t1//

0�Br .
.t1//
0
d.‰s.x/;‰s.y//jHess h�jHS. Q
‰s.x/;‰s.y/.�//

d.m�m/.x; y/ d�

�
ds

� crm.Br.
.t1///
2
Z !

0

/

Z
B4r .
.t1�s//

jHess h�jHS dmds

� c.N; ı/m.Br.
.t1///
2
p
!r;

where the last line follows from the definition of h�, Theorem 4.12(IV) and Cauchy–Schwarz.

By Lemma 4.13(III) and the excess bound on the elements of B�r.
.t1//0,

(160)
Z !

0

Z
B�r .
.t1//

0�Br .
.t1//
0
jrh��rdpj.‰s.x// d.m�m/.x; y/ ds� c.N; ı/m.Br.
.t1///

2
p
!r:

Similarly, by the excess bound on the elements of Br.
.t1//0 (155),

(161)
Z !

0

Z
B�r .
.t1//

0�Br .
.t1//
0
jrh��rdpj.‰s.y// d.m�m/.x; y/ ds

� c.N; ı/
1
p
�
m.Br.
.t1///m.B�r.
.t1///

p
!r:

Combining (159)–(161) with (157) we immediately obtain

(162)
Z
B�r .
.t1//

0�Br .
.t1//
0
dt.!/.x; y/ d.m�m/.x; y/

D

Z !

0

h
d

ds

Z
B�r .
.t1//

0�Br .
.t1//
0
dt.s/.x; y/ d.m�m/.x; y/

i
ds

� c.N; ı/m.Br.
.t1///
�
m.Br.
.t1///C

1
p
�
m.B�r.
.t1///

�p
!r:

By Bishop–Gromov, m.B�r.
.t1///=m.Br.
.t1/// � C.N/�N D c�. Therefore, there exists z 2
B�r.
.t1//

0 such thatZ
Br .
.t1//

0
dt.!/.z; y/ dm.y/� c.N; ı/m.Br.
.t1///

�
1

�
C

1
p
�

�
p
!r � c.N; ı/m.Br.
.t1///

1

�

p
!r:
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This means there exists D � Br.
.t1//0 such that

(163)
m.D/

m.Br.
.t1///
� 1� 2� and dt.!/.z; y/� c.N; ı/

1

�2

p
!r for all y 2D:

Since ! D .�2�/2, the latter combined with z 2 B�r.
.t1//0 implies

(164) ‰!.D/� B.1Cc.N;ı/�/r.
.t0//:

We have the following estimate on the volume of Br.
.t1// compared to volume of Br.
.t0// after
possibly constraining � further depending on N and ı:

(165)
m.Br.
.t1///

m.Br.
.t0///
� .1C c�/

m.D/

m.Br.
.t0///

� .1C c�/.1C c.N; ı/!/N
m.‰!.D//

m.Br.
.t0///

� .1C c�/.1C c!/N .1C c.N; ı/�/N
m.‰!.D//

m.B.1Cc�/r.
.t0///

� 1C c.N; ı/�D 1C c!1=.2.1C2N//:

Here the first inequality follows by (163), the second by Theorem 3.15(II), and the third by Bishop–
Gromov. Making the same calculation with ˆ in the other direction as well, we obtain the following
Hölder estimate on volume:

(166)
ˇ̌̌̌
m.Br.
.t1///

m.Br.
.t0///
� 1

ˇ̌̌̌
� c.N; ı/jt1� t0j

1=.2.1C2N//:

We now show the required Gromov–Hausdorff approximation can be constructed by using ‰! on a
c�r-dense subset of Br.
.t1//.

Fix representatives for jHess h�jHS and jrh��rdpj. Using the same calculation as before,

(167)
Z !

0

�Z 1

0

Z
D�D

d.‰s.x/;‰s.y//jHess h�jHS. Q
‰s.x/;‰s.y/.�// d.m�m/.x; y/ d�

�
ds

� c.N; ı/m.Br.
.t1///
2
p
!r;

and so by Fubini’s theorem, there exists A�D such that

(I) m.A/=m.Br.
.t1///� 1� 3�,

(II) for all x 2 A,Z !

0

�Z 1

0

Z
D

d.‰s.x/;‰s.y//jHessh�jHS. Q
‰s.x/;‰s.y/.�// dm.y/ d�

�
ds � c.1=�/m.Br.
.t1///

p
!r:

For each x 2 A, there exists Ax �D such that

(I) m.Ax/=m.Br.
.t1///� 1� 3�,

(II)
R !
0

�R 1
0 d.‰s.x/;‰s.y//jHess h�jHS. Q
‰s.x/;‰s.y/.�// d�

�
ds � c.1=�2/

p
!r for all y 2 Ax .
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Since A and each Ax are contained in Br.
.t1//0, their elements have an excess bound of c.1=�/r2

by (155). By Lemma 4.13(III), for m-a.e. x 2 A,

(168)
Z !

0

jrh��rdpj.‰s.x// ds � c.N; ı/
1
p
�

p
!r:

Similarly, for each x 2 A and m-a.e. y 2 A,

(169)
Z !

0

jrh��rdpj.‰s.y// ds � c.N; ı/
1
p
�

p
!r:

By a Fubini’s theorem argument, it is clear that the inequality in Proposition 3.27 holds pointwise for
.m�m/-a.e. .x; y/. We first replace A with a full-measure subset so that in addition the inequality in
Proposition 3.27 holds for all x 2 A and m-a.e. y 2 A. We then replace each Ax with a full-measure
subset so that the same inequality holds for all x 2A and all y 2Ax . Therefore, for all x 2A and y 2Ax ,

dt.!/.x; y/� c.N; ı/

�
1

�2
C

1
p
�

�
p
!r � c.N; ı/

1

�2

p
!r � c�r:

For any x; y 2A, Ax\Ay is c.N /�1=nr-dense in Br.
.t1// and so there exists some z 2Ax\Ay where
d.x; z/ < c�r . Therefore

(170) jd.‰!.x/;‰!.y//�d.x; y//j

� jd.‰!.x/;‰!.y//�d.‰!.z/; ‰!.y/jCjd.‰!.z/; ‰!.y//�d.z; y/jCjd.z; y/�d.x; y/j

� c.N; ı/�r:

Moreover, we have the following estimate on the volume of ‰!.A/ � B.1Cc�/r.
.t0// after possibly
constraining � further depending on N and ı:

(171)
m.‰!.A//

m.B1Cc�r.
.t0///
�

1

.1C c.N; ı/!/N
m.A/

m.B.1Cc�/r.
.t0///
by Theorem 3.15(II)

�
1

.1C c!/N
1

.1C c.N; ı/�/N
m.A/

m.Br.
.t0///
by Bishop–Gromov

�
1

.1C c!/N
1

.1C c�/N
1

1C c.N; ı/�

m.A/

m.Br.
.t1///
by (165)

�
1

.1C c!/N
1

.1C c�/N
1

1C c�
.1� 3�/� 1� c.N; ı/�:

To summarize, A 2 Br.
.t1// is such that

(I) ‰!.A/� B.1Cc.N;ı/�/r.
.t0//,

(II) for all x; y 2 A, jd.‰!.x/;‰!.y//� d.x; y/j � c.N; ı/�r ,

(III) A is c.N /�r-dense in Br.
.t1//,

(IV) ‰!.A/ is c.N; ı/�1=N r-dense in B.1Cc.N;ı/�/r.
.t0//.
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Moreover, there exists c.N / such that m.Bc.N/�r.
.t1///� 2�=.1�V.1; 10//m.Br.
.t1/// by Bishop–
Gromov. By property (II) of 
 , there exists Bc�r.
.t1//0 � Bc�r.
.t1// such that

m.Bc�r.
.t1//
0/

m.Bc�r.
.t1///
� 1�V.1; 10/ and ‰!.Bc�r.
.t1//

0/� B2c�r.
.t0//:

Therefore Bc.N/�r.
.t1//0 \ A is nonempty by measure considerations. In other words, there is an
element in A which is c.N /�r close to 
.t1/ and is mapped 2c.N /�r close to 
.t0/ under ‰! .

These facts about A allow the construction of a c.N; ı/�1=N r-pointed Gromov–Hausdorff approximation,
which finishes the proof.

Before we prove Theorem 1.1, we will first prove RCD.K;N / spaces are nonbranching in the next section
using the construction we have developed so far. A corollary then follows which immediately gives
Theorem 1.1.

6 Applications

6.1 Nonbranching

In this subsection, we prove RCD.K;N / spaces are nonbranching. The use of the essentially nonbranching
property of RCD.K;N / spaces in the proof was pointed out to the author by Vitali Kapovitch. We note
that the proof works without using the essentially nonbranching property as well by using the MCP.K;N /
property [62; 71] of RCD.K;N / spaces.

Proof of Theorem 1.3 Assume otherwise. By zooming in and cutting off geodesics if necessary, we
may assume .X; d;m/ is an RCD.�.N �1/;N / space for some N 2 .1;1/ and we have two unit-speed
geodesics 
1; 
2 W Œ0; 1�!X with

(I) 
1.0/D 
2.0/D p for p 2X ,

(II) 
1.1/D q1 and 
2.1/D q2 for q1; q2 2X ,

(III) maxft 2 Œ0; 1� W 
1.s/D 
2.s/8s 2 Œ0; t �g D 0:5.

Let p0 D 
1.0:5/ and ‰s be as in (63) towards p.

Since .X; 2d;m/ is again an RCD.�.N � 1/;N / space and 2d.p; p0/D 1, we may apply Theorem 5.9
to obtain a 2d -unit-speed geodesic Q
 W Œ0; 1�!X between p and p0. Reparametrize Q
 to 
 W Œ0; 0:5�!X

so that 
 is a d -unit-speed geodesic.

Fix any ı 2 .0; 0:1/ and use Corollary 5.7 to construct a unit-speed geodesic 
ı1 W Œ0; 1�!X from p to q1
with 
ı1 .t/D 
.t/ for all t 2 Œ0; ı�. Therefore the proof of Theorem 5.10 passes for 
ı1 for the same ı,
and in particular we have the estimates (163)–(166) for 
ı1 . As a reminder, for ı � s1 < s2 � 1� ı and
sufficiently small r :
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� (163) and (164) imply a portion of Br.
ı1 .s2// is sent to a ball of radius slightly larger than r
around 
ı1 .s1/ by ‰s2�s1 , where the relative size of the portion and the increase in radius on the
scale of r can be both made Hölder dependent on s2� s1 and go uniformly to 1 and 0, respectively,
as s2� s1! 0.

� (166) implies the ratio between the measures of Br.
ı1 .s1// and Br.
ı1 .s2// is Hölder dependent
on s2� s1, and in particular goes uniformly to 1 as s2� s1! 0.

We show 
ı1 .t/D 
.t/ for all t 2 Œ0; 0:5�. Suppose not; let t0 WDmaxft 2 Œ0; 0:5� W 
ı1 .s/D 
.s/8s 2 Œ0; t �g
and so t0 2 Œı; 0:5/.

We claim there exist t1 2 .t0; 0:5/ and Nr > 0 such that for any r � Nr , there exists A1 � Br.
ı1 .t1// and
A2 � Br.
.t1// such that

(I) 
ı1 .t1/¤ 
.t1/,

(II) ‰t1�t0.A1/� Br.

ı
1 .t0// and ‰t1�t0.A2/� Br.
.t0//,

(III) m.‰t1�t0.A1//=m.Br.

ı
1 .t0/// >

1
2

and m.‰t1�t0.A2//=m.Br.
.t0/// >
1
2

.

We can choose t1 arbitrarily close to t0 so that (I) holds by definition of t0. Statements (II) and (III) then
follow from (163)–(166) for 
ı1 , the same for Q
 , Bishop–Gromov and Theorem 3.15(II) to control the vol-
ume distortion of ‰, as soon as t1 is chosen close enough to t0. Choosing r �minfNr; d.
ı1 .t1/; 
.t1//=2g
then leads to a contradiction with Theorem 2.25. To be precise, Theorem 2.25 can be used to show the
subset of points x 2X where a geodesic from p to x can be extended to two branching geodesics must
be measure 0 (see [20, Proposition 4.5]), which gives the contradiction.

Therefore 
ı1 .t/D 
.t/ for all t 2 Œ0; 0:5�. Since this is true for all ı 2 .0; 0:1/, taking ı! 0 and using
the Arzelà–Ascoli theorem, after possibly passing to a subsequence, we obtain a geodesic N
1 satisfying
Theorem 5.9 with N
1 � 
 on Œ0; 0:5� and N
1.1/D q1. The same construction for 
2 gives N
2 satisfying
Theorem 5.9 with N
2� 
 on Œ0; 0:5� and N
2.1/D q2. Applying the previous argument again for N
1 and N
2
shows they cannot split, which is a contradiction.

As a corollary, we have the following improvement of Theorem 5.10:

Corollary 6.1 Let .X; d;m/ be an RCD.�.N � 1/;N / space for some N 2 .1;1/ and p; q 2X with
d.p; q/ D 1. For any ı 2 .0; 0:1/, there exist �.N; ı/ > 0, Nr.N; ı/ > 0 and C.N; ı/ such that for any
unit-speed geodesic 
 between p and q, r � Nr and t0; t1 2 Œı; 1� ı�, if jt1� t0j � � then

dpGH
�
.Br.
.t0//; 
.t0//; .Br.
.t1//; 
.t1//

�
� Cr jt1� t0j

1=.2N.1C2N//:

Proof Fix any s 2 Œ0; 0:5�. Since .X; 2d;m/ is again an RCD.�.N � 1/;N / space and

2d.
.s/; 
.sC 0:5//D 1;

we may use Theorem 5.10 to construct some 2d -unit-speed geodesic 
s between 
.s/ and 
.sC 0:5/.
Since X is nonbranching, 
s and 
 must coincide between 
.s/ and 
.sC 0:5/. Since this is true for all
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s 2 Œ0; 0:5� and all 
s have the Hölder properties of Theorem 5.10 on .X; 2d;m/, the same is true for 

on .X; d;m/ with slightly worse constants.

Theorem 1.1 now follows immediately by rescaling.

6.2 Dimension and weak convexity of the regular set

In this subsection we will extend to the RCD.K;N / setting the results of [30] on regular sets. All proofs
translate directly from [30]. We mention again that Theorem 6.2 has been proved through novel means
in [15].

Theorem 6.2 (constancy of the dimension) Let .X; d;m/ be an RCD.K;N / metric measure space for
some K 2 R and N 2 .1;1/. Assume X is not a point. There exists a unique n 2N with 1 � n � N
such that m.XnRn/D 0.

Proof Let A1; A2 �X �X be the sets of .x; y/ 2X �X such that geodesics from x to y are extendible
past x and y, respectively. For each x 2X , let Ax be the set of y 2X such that geodesics from x to y
are extendible past y. Using the arguments of [20, Section 4], A1 and A2 are .m�m/-measurable and
Ax is m-measurable for all x 2 X . By a standard argument using Bishop–Gromov, m.XnAx/D 0 for
any x 2X . Let A WD A1\A2; Fubini’s theorem then gives .m�m/..X �X/nA/D 0.

Let 
x;y W Œ0; 1�!X be a Borel selection (Remark 2.26) of constant-speed geodesics from any x 2X to
any y 2X . Since m.S/D 0, it follows from applying the segment inequality to the characteristic function
of S that for .m�m/-a.e. .x; y/2X�X , 
x;y\Rreg has full measure, and therefore is also dense in Œ0; 1�.
By Theorem 1.1, for any geodesic 
 and k, 
 \Rk is closed relative to the interior of 
 . Combining
these with the fact that almost every 
x;y is extendible, we obtain for .m�m/-a.e. .x; y/ 2X �X that
there exists k 2N with 1 � k � N such that 
x;y �Rk . This leads to a contradiction if there are two
regular sets of different dimension with positive measure.

Definition 6.3 (m-a.e. convexity) Let .X; d;m/ be a metric measure space. Let S be an m-measurable
set in X . S is m-a.e. convex if and only if for .m�m/-almost every pair .x; y/ 2 S � S there exists a
minimizing geodesic 
 � S connecting x and y.

Definition 6.4 (weak convexity) Let .X; d/ be a metric space. S �X is weakly convex if and only if
for all .x; y/ 2 S �S and � > 0 there exists an �-geodesic (see Definition 4.5) 
 � S connecting x and y.

Theorem 6.5 (m-a.e. and weak convexity of the regular set) Let Rn be as in Theorem 6.2. Then

(I) Rn is m-a.e. convex ,

(II) Rn is weakly convex.

In particular , Rn is connected.

Proof Statement (I) is contained in the proof of Theorem 6.2. The proof of (II) follows verbatim from
[30, Theorem 1.20].
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