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We develop a notion of rank-one properly convex domains (or Hilbert geometries) in real projective space.
This is in the spirit of rank-one nonpositively curved Riemannian manifolds and CAT(0) spaces. We
define rank-one isometries for Hilbert geometries and characterize them as being equivalent to contracting
elements (in the sense of geometric group theory). We prove that if a discrete subgroup of automorphisms
of a Hilbert geometry contains a rank-one isometry, then the subgroup is either virtually cyclic or
acylindrically hyperbolic. This leads to several applications like infinite dimensionality of the space of
quasimorphisms, counting results for conjugacy classes and genericity results for rank-one isometries.
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1172 Mitul Islam
1 Introduction

A properly convex domain in P(R4+1) is an open subset 2 C P (RZ+1) such that © is a bounded convex
domain in an affine chart. Any such domain 2 carries a canonical distance function dg, called the
Hilbert metric on €2, defined using projective cross-ratios; see Section 3. Then €2 equipped with its
Hilbert metric constitutes a Hilbert geometry. A motivating example is given by the open projective disk
Qr:={[x:y:1]eP(R3) | x2+ y2 < 1}, a properly convex domain in P(R?). In fact, (Q2, dg,) is the
projective model of the 2-dimensional real hyperbolic space H?.

For a properly convex domain €2, the group Aut(2) := {g € PGL;4+1(R) | g2 = Q} acts properly and
isometrically on (€2, dg). If ' < Aut(€2) is a discrete subgroup, then the quotient space 2/ " is “locally
modeled” on (€2, dg). These are the main objects that we study in this paper. We make the following
definition.

Definition 1.1 We say that Q2 is a Hilbert geometry if Q C ]P’(Rd *1) is a properly convex domain.
Further, we say that a pair (2, I') is a Hilbert geometry if Q C PRI *1) s a properly convex domain
and ' < Aut(R?) is a discrete subgroup. A Hilbert geometry (2, I') is divisible if I' < Aut(2) acts
cocompactly on €2.

Example Consider the projective model 5 of H?. Here Aut(Q2,) = PO(2,1). If ' <PO(2, 1) is any
discrete subgroup, then (€25, I') is a Hilbert geometry and (€25, I') is divisible when T is a uniform lattice.

The boundary of a Hilbert geometry €2, denoted by €2, is the topological boundary of 2 as a subset of
P(R9+1). The regularity of 32 strongly influences the geometric properties of (2, dg). For instance,
consider the class of strictly convex Hilbert geometries, ie Hilbert geometries €2 such that <2 does not
contain any nontrivial projective line segments. Benoist [8] showed that strictly convex divisible Hilbert
geometries (Q,T") have C! boundaries and behave like compact Riemannian manifolds of negative
curvature (more precisely, I' is Gromov hyperbolic and the geodesic flow is Anosov). This analogy
between strictly convex Hilbert geometries and Riemannian negative curvature was subsequently studied
by many authors with much success; see Benoist [12] or Marquis [43] for a survey.

On the other hand, the nonstrictly convex Hilbert geometries (ie when 02 contains nontrivial projective
line segments) have remained elusive. There are only a few examples (see Section 3.4) and, until recently,
only a limited number of results. Taking a cue from the strictly convex case, one hopes to liken nonstrictly
convex Hilbert geometries to Riemannian nonpositive curvature, or more generally, CAT(0) spaces. This
will be our guiding principle in this paper. But we remark that the similarity with CAT(0) geometry is
superficial. In fact, an old theorem of Kelly and Straus [41] states that Q2 is CAT(0) if and only if €2 is the
projective model of the real hyperbolic space. Thus, one needs to use very different tools and techniques
for working with Hilbert geometries as compared to CAT(0) spaces.

Our target in this paper is to classify Hilbert geometries into two broad classes: “rank one” and “higher
rank”. The motivation for this classification comes from the success of the rank rigidity theorem for

Geometry & Topology, Volume 29 (2025)



Rank-one Hilbert geometries 1173

Figure 1: In the left figure, (a,b) is a rank-one geodesic while in the right figure, (a, b) is
contained in a half triangle in Q2. However, Proposition 6.5 will show that neither of these can be
a closed rank-one geodesic (ie a rank-one axis) in Q/T.

nonpositively curved Riemannian manifolds; see Ballmann [3] and Burns and Spatzier [22]. Roughly, this
theorem states that there is a dichotomy for irreducible compact Riemannian manifolds of nonpositive
curvature: either the manifold is “rank one”, or it is a higher rank Riemannian locally symmetric space.
Similar rank rigidity theorems have been proven in other “nonpositive curvature” settings (see Caprace
and Sageev [23] and Ricks [47]) and conjectured for CAT(0) spaces. We remark that the usual definition
of rank for Riemannian manifolds uses Jacobi fields and will not be useful for Hilbert geometries. This is
because the geodesic flow on a generic nonstrictly convex Hilbert geometry is only C°.

We introduce a notion of rank-one geodesics in (£2, dg) using projective geometry. Consider an open
projective line segment (a,b) C Q with a,b € dQ2. Then (a, b) is a bi-infinite geodesic for the Hilbert
metric dg. We will say that (a, b) is a rank-one geodesic provided it is not contained in a half triangle in €2,
ie either (a,c) C Q or (¢,b) C 2 for any ¢ € 0L2; see Figure 1 and Definitions 6.1 and 6.2. The notion
of a half triangle in Hilbert geometry is analogous to the notion of a half flat in CAT(0) geometry; see
Ballmann [4, Section III.3]. Our above definition of a rank-one geodesic is motivated by an analogous
characterization of rank-one geodesics in CAT(0) geometry. In a CAT(0) geodesic metric space, a rank-one
geodesic does not bound a half flat.

We will say that an isometry y € Aut(2) is a rank-one isometry if y acts by a translation along a
rank-one geodesic £ C 2; see Definition 6.3. We remark that acting by a translation along a rank-one
geodesic (ie having a rank-one axis) is much more special than simply translating along any projective
geodesic (ie having an axis); see Remark 6.4. Our definition of rank-one isometry is again analogous
to a characterization of rank-one isometries in CAT(0) geometry; see Ballmann [2] and Ballmann and
Brin [5]. A rank-one isometry y € Aut(£2) has several properties reminiscent of hyperbolic isometries
in Isom(H?): y is biproximal, has exactly two fixed points y* in €, has a unique axis (y*,y™) C Q,
both fixed points are “visible” (ie (y,z) U (z,y™) forany z € 32 — {y ™, y™}), and y has the so-called
north—south dynamics on d€2; see Proposition 6.5 and Corollary 6.7. In the case where (2, I') is divisible,
it is quite easy to detect a rank-one isometry: if y € Aut(£2) has an axis and is biproximal, then y is a
rank-one isometry; see Proposition 6.8.

We further the analogy between rank-one isometries in Hilbert geometry and CAT(0) geometry by proving
that rank-one isometries (in our sense above) are contracting elements in the sense of Sisto [49]. Sisto
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introduced the notion of contracting elements to capture the essence of “negative curvature” in groups; see
Section 9. He proved in [49, Proposition 3.14] that if A acts properly by isometries on a proper CAT(0)
space X, then an element of A is contracting if and only if it is rank one (in the sense of CAT(0) geometry).
Our first main result in the paper is an analogue of this result for Hilbert geometries. If 2 is a Hilbert
geometry, let P¥S := {[x, y] | x, y € Q}, where [x, y] is a projective line segment joining x and y.

Theorem 1.2 (see Part IIT) If Q2 is a Hilbert geometry, then y € Aut(2) is a contracting element for
(Q,PF%) if and only if y is a rank-one isometry.

In the light of these analogies, one naturally expects that the presence of many rank-one isometries would
induce interesting “negative curvature”-like behavior. To formalize this, we now introduce the notion of
rank-one Hilbert geometries. An example to keep in mind is (€25, I') where Q25 C P (R3) is the projective
model of H? and I' < PO(2, 1) is an infinite discrete subgroup.

Definition 1.3 A rank-one Hilbert geometry is a pair (2, I') where Q2 C P(Rd“) is a Hilbert geometry
and T is a discrete subgroup of Aut(£2) that contains a rank-one isometry.

Morally, if a rank-one group I" as in Definition 1.3 is not virtually cyclic (ie does not contain a finite-index
cyclic subgroup), then it contains many rank-one isometries and we expect the group I' to appear quite
“hyperbolic”. But of course we cannot expect such a group I" to always be Gromov hyperbolic — there
are many examples to the contrary; see Section 3.4. The main result of this paper is to identify the notion
of hyperbolicity that rank-one groups satisfy. We prove that a rank-one group is either virtually cyclic or
an acylindrically hyperbolic group; see Theorem 1.4 below.

The notion of acylindrically hyperbolic groups, introduced by Osin in [45], is a generalization of the notion
of nonelementary Gromov hyperbolic groups. Roughly speaking, a group is acylindrically hyperbolic if it
admits a nonelementary action on a (possibly nonproper) Gromov hyperbolic metric space with all but
finitely many elements acting “hyperbolically”; see Definition 12.1. This family includes many important
classes of groups: mapping class groups of most finite-type surfaces, rank-one CAT(0) groups that are
not virtually abelian, relatively hyperbolic groups that are not virtually cyclic and have proper peripheral
subgroups, and outer automorphism groups of free groups on at least two generators; see [45, Appendix].
We prove the following.

Theorem 1.4 (see Section 12) If (2,T") is a rank-one Hilbert geometry, then either I" is virtually
cyclic or I is an acylindrically hyperbolic group.

The acylindrical hyperbolicity of rank-one Hilbert geometries (€2, ') have several applications. We defer
this discussion until the section Applications below. Instead we first mention some of the precursors to
our above result. In all those previous results, the conclusion is that the group under consideration is
either Gromov hyperbolic or relatively hyperbolic — both of which are acylindrically hyperbolic groups;
see the previous paragraph. Benoist [8] showed that if (€2, I') is divisible and 92 is strictly convex, then
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I' is Gromov hyperbolic. If instead €2/ I" is noncompact but has finite volume, then Cooper, Long and
Tillmann [25, Theorem 0.15] showed that I" is relatively hyperbolic (with respect to the cusp subgroups).
More generally, if /T is geometrically finite, then Crampon and Marquis [27, Theorem 1.8] proved
that T is relatively hyperbolic. However, they require that 2 is C'!, and not just strictly convex.

Outside the strictly convex setting, Islam and Zimmer [39] have recently shown that if I" acts cocompactly
on €2, then I is relatively hyperbolic (with peripheral subgroups free abelian of rank at least two) if and
only if the set of properly embedded simplices in €2 of dimension at least two (see Section 3.3) forms an
“isolated family”. The results in [39] hold in greater generality — whenever I" acts convex cocompactly
on £2; see Definition A.1 and Section A.6 for further discussion. We can interpret the above Theorem 1.4
as a generalization of these aforementioned results in the general setup of (possibly nonstrictly convex)
Hilbert geometries. Theorem 1.4 characterizes the existence of rank-one isometries in I" as a key factor
that underpins the presence of these various weak forms of hyperbolicity for the group I.

Zariski density and rank one

Before moving on to contrasting rank one against “higher rank” Hilbert geometries, we indulge in a
short discussion about Hilbert geometries (£2, ") where I' < Aut(£2) is Zariski dense in SL;41(R),
ie it is “large” in an algebraic sense. For such groups I', one can define a notion of proximal limit
set A?/ Qc P (R?+1) (see Definition 8.3 and Remark 8.4) that is independent of the properly convex
domain 2. In Section 8, we prove that if x, y € Ag/ 2 N 9Q are such that (x,y) C Q is a rank-one
geodesic, then the set of rank-one isometries in I" form a Zariski dense set in SL;41(R) and (x, y) can
be approximated by the axes of rank-one isometries (Lemma 8.10). In particular, a Hilbert geometry
(2,T") with I' Zariski dense in SL;41(R) is rank one if and only if 2 contains a rank-one geodesic
(x,y)withx,y € Ag/g N 0€2; see the answer to Question 8.1.

Rank one versus higher rank

The class of rank-one Hilbert geometries is quite rich. Besides the strictly convex Hilbert geometries,
there are several examples of nonstrictly convex divisible Hilbert geometries which are rank one, eg the
3-manifold groups constructed in Benoist [10] from projective reflection groups. For more examples, see
Section 3.4. In Appendix A, we discuss this further and also generalize the notion of rank one for convex
cocompact actions.

On the other hand, there are several examples of Hilbert geometries that are not rank one, or in other
words, have “higher rank”. Projective simplices of dimension at least two and symmetric domains of
real rank at least two are the key examples of “higher rank” Hilbert geometries; see Sections 3.3 and 3.4.
The former are examples of reducible “higher rank” while the latter are examples of irreducible “higher
rank” domains; see Definition 3.6. At this point, it is natural to ask whether these are all the “higher
rank” divisible Hilbert geometries, akin to the case of Riemannian nonpositive curvature. Recently,
A Zimmer [50] has proven that this is indeed the case.

Geometry & Topology, Volume 29 (2025)



1176 Mitul Islam

We will now briefly discuss Zimmer’s result for context. Zimmer calls 2 a higher rank Hilbert geometry
if any (p, g) C Q is contained in a properly embedded projective simplex S in Q2 of dimension at least
two; see also Section 3.4. Under some assumptions, he proves that his notion of higher rank is exactly
complementary to our notion of rank one. We remark that Zimmer does not develop a theory of rank-one
geometries. He focuses only on higher rank geometries and proves that an irreducible divisible Hilbert
geometry (€2, I') is higher rank (in his sense) if and only if it does not satisfy the notion of rank one (in
the sense introduced in this paper).

Theorem 1.5 (part of [50, Theorem 1.4]) Suppose (2, T") is a divisible Hilbert geometry and 2 is
irreducible. Then the following are equivalent:
(1) <2 has higher rank (in the sense of Zimmer [50, Definition 1.1]).
(i1) €2 is a symmetric domain of real rank at least two.
(iii)) €2 does not contain any rank-one geodesics (in the sense of this paper, Definition 6.2).

(iv) T does not contain any rank-one isometries (in the sense of this paper, Definition 6.3).

Applications

We now return to our discussion about rank-one geometries. There is a sizeable literature exploring
different properties of acylindrically hyperbolic groups. By virtue of Theorem 1.4, we can use these to
establish several interesting results about rank-one Hilbert geometries. We remark that in the ensuing
discussion, we usually do not require the additional assumption of divisibility.

1.1 Second bounded cohomology and quasimorphisms

A quasimorphism of a group G is a function f: G — R such that sup, e | f(gh)— f(g)— f ()] is finite.
We say that two quasimorphisms are equivalent if they differ by a bounded function or a homomorphism
of G into R. The set of all equivalence classes of quasimorphisms of G constitute aﬁ(G), which is a
R-vector space. More generally, if p: G — AU(E) is a unitary representation of G on a complete normed
R-vector space (E, || - ||), then we can define @(G; p); see Section 13.

Bestvina and Fujiwara proved in [17] that if M is a compact nonpositively curved Riemannian manifold,
then — under some mild assumptions — QH(r1 (M)) is infinite-dimensional if and only if M is a rank-one
Riemannian manifold. We prove a similar cohomological characterization of rank-one Hilbert geometries.

Theorem 1.6 (see Section 13) If (€2, I") is a rank-one Hilbert geometry, I is torsion-free and T is not
virtually cyclic, then

(i) dim(QH(T)) = oo, and

(i) if p € (1,00) and prlég: I' - A(€P(T)) is the regular representation, then dim(@é(l"; prlég)) = 00.
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We prove a more general Theorem 13.1. On the other hand, if I' < G is a lattice in a higher-rank simple
Lie group G, then a result of Burger and Monod [21, Theorem 21] implies that Qﬁ(F) = 0. Then
Theorem 1.6 and the rank rigidity result (Theorem 1.5) implies:

Corollary 1.7 (see Section 13) If (2,T") is a divisible Hilbert geometry and 2 is irreducible, then
dim(Gﬁ(F)) = oo if and only if (2, ") is a rank-one Hilbert geometry. Otherwise dim(aﬁ(r)) =0.

1.2 Counting of conjugacy classes

For g € Aut(R2), define the translation length 7q(g) := infyeq do(x, gx) (see also Section 3.8) and the

stable translation length (x. ")

" . da(x,g"x

stable . 4
Note that rgable (g) is independent of the basepoint x € 2. Now suppose that (€2, I') is a rank-one Hilbert
geometry. For g € I, let [cg] denote the conjugacy class of g in I'. Both 7 and rgable are well-defined

on the set of conjugacy classes in I". Then for # > 0, define
€)= =#{cgl | g €T, ta(leg]) <t} and €“"°(1) :=#{[cg] | g € T, 7™ ([cg]) <1}

Here 6(t) (resp. €%2°'°(¢)) counts the number of conjugacy classes in I whose translation length (resp. sta-
ble translation length) is at most ¢. For divisible rank-one Hilbert geometries, we prove an asymptotic
growth formula for €(¢) and €% (¢). To state our result, we will require the critical exponent of T,

which is defined as
log#{g € I' | da(x, gx) <n}

or = limsup
n—o00 n

for some (and hence any) basepoint x € 2.

Theorem 1.8 (see Section 14) Suppose (€2, I') is a divisible rank-one Hilbert geometry and I is not
virtually cyclic. Then there exists a constant D’ such that if t > 1,

iexp(lwp) < Q@) < D,exp(ta)r).

D’ t t

The function €% (¢) also satisfies a similar growth formula as above.

Remark 1.9 (i) Anelement g € ' is called primitive if g # A" for any h € T" and |n| > 2. If @pim(¢)
is the number of conjugacy classes [cg] of primitive elements in I" such that 7q([cg]) < ¢, then
@prim (1) satisfies a similar growth formula as 6(z).
(i) In [18, Proposition 1.5], Blayac establishes finer counting results for (a related notion of) rank-one
Hilbert geometries using very different techniques.

Counting of conjugacy classes is often connected to counting of closed geodesics. However, this connection
is subtle for Hilbert geometries, since there could be elements in I" that do not act by a translation along
any projective line in €2 (ie do not have an axis, see Example 5.11(B)).
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1.3 Genericity and random walks

Suppose (€2, I') is a rank-one Hilbert geometry, I" is not virtually cyclic and I" is finitely generated. If S
is a finite symmetric generating set of ', let W,,(.S) be the set of words of length 7 in the elements of S.
A simple random walk on I" (with support S) is a sequence of I'-valued random variables { X, },en With

laws w, defined by: if n >1and g eI,
#{w € W,(S) | w represents g}

mn(ig}) = #,(S)
Using results in [49], we show that rank-one isometries in I" are exponentially generic from the viewpoint

of simple random walks. This roughly means that the probability that a long word, written down by
randomly choosing generators of I', is not a rank-one isometry is small. In particular, this probability
decays exponentially in the length of the word.

Proposition 1.10 (see Section 15) Suppose (2, ') is a rank-one Hilbert geometry, I is not virtually
cyclic and T is finitely generated. Then the rank-one isometries in I' are exponentially generic: if
{Xn}nenN is a simple random walk on T", then there exists a constant C > 1 such that for alln > 1,

P[X,, is not a rank-one isometry] < Ce /€.
1.4 More consequences of acylindrical hyperbolicity

Proposition 1.11 (see Section 15) If (2, T') is a rank-one Hilbert geometry and T is not virtually
cyclic, then:
(1) I is SQ-universal, ie every countable group embeds in a quotient of T".

(ii) If T is the Baumslag—Solitar group BS(m, n), thenm = n = 0 and T is the free group on two
generators.

1.5 Morse geodesics and Morse boundary

Roughly speaking, the Morse geodesics [26] in a geodesic metric space identify the “hyperbolic directions”.
As a corollary to Theorem 1.2, we prove that the axis of a rank-one isometry is a Morse geodesic.

Proposition 1.12 (see Section 15) If 2 is a Hilbert geometry and y € Aut(S2) is a rank-one isometry,
then the axis £, of y is J{-Morse for some Morse gauge J: [1,00) x [0,00) — [0,00), ie if « is a
(A, £)-quasigeodesic with endpoints on £, then oo C Ny ¢)(£y).

In [26], Cordes introduced a notion of Morse boundary for proper geodesic metric spaces. In the cases of
proper CAT(0) spaces and hyperbolic metric spaces, the Morse boundary coincides with the contracting
boundary and the Gromov boundary respectively. Theorem 1.2 and Proposition 1.12 implies that the
Morse boundary das 2 of a rank-one Hilbert geometry (€2, I') is nonempty. This inspires the following
question (that we will not answer in this paper).

Question 1.13 Describe the Morse boundary 92 of a rank-one Hilbert geometry (2, ).
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Recent developments

Since this paper first appeared on arXiv, there have been tremendous new developments in the field.
We mention a few of them. Blayac [18] has developed the Patterson—Sullivan theory for rank-one
Hilbert geometries. In [20], Blayac and Viaggi constructed examples of divisible rank-one Hilbert
geometries (€2, I') in every dimension d > 3 where I is not Gromov hyperbolic. In their examples, T is
Zariski dense in SL; 41 (R) and relatively hyperbolic with peripheral subgroups isomorphic to Z x H,
where H is possibly nonabelian [20, Theorem 1.3].

Outline of the paper

We discuss the preliminaries in Part 1. Section 4 of Part I is of particular interest as it discusses the
geometry of w-limit sets of automorphisms in Aut(£2). Part II develops the notion of rank-one Hilbert
geometries. We define rank-one isometries and study their geometric properties in Sections 6 and 7. Our
main tools here are the lemmas proven in Section 5. In Section 8, we study rank-one groups which are
Zariski dense.

In Part I1I, we prove Theorem 1.2 (in Sections 10 and 11) and Theorem 1.4 (in Section 12). Part IV discusses
several applications of our results, like computing the dimension of the space of quasimorphisms, counting
of conjugacy classes and genericity from the viewpoint of random walks. We discuss generalizations,
examples and nonexamples of rank-one Hilbert geometries in Appendix A. In Appendix B, we discuss
the equivalence of two notions of contracting elements.
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Part I Preliminaries

2 Notation

We set the following notation as standard for the rest of the paper.
(i) If v e R4H1\ {0}, let [v] or 7(v) denote its image in P(RZ+1). Conversely, if u € P(RZH1), we
will use # to denote a lift of u (ie 7 (i) = u).
(i) If A € GLj41(R), let [A] denote its image in PGL ;41 (R), while Be GLg41(R) will denote a
lift of B € PGLg 41 (R).
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(iii) If W <R4*! is a nonzero linear subspace, P (W) denotes its projectivization.

(iv) If g € GLgz4+1(R), the eigenvalues of g (over C) are denoted by A1(g),...,Ag+1(g). We index
them in the nonincreasing order of their absolute values, ie |A1(g)| > -+ > |Ag4+1(g)|- Let
Amax(g) 1= [A1(g)| and Amin(g) := [Ag+1(8)]-

(v) If gePGLy4+(R)and 1 <i # j <d + 1, define
g€GLs+1(R) of g.

Ai ()
A;(8)

A’l Pp—
)L_j(g)‘ =

for some (hence any) lift

3 Hilbert geometries

3.1 Properly convex domains

Anopenset Q CP (R4 *1) is called a properly convex domain if there exists a codimension one subspace
H <R?*1 guch that Q is a bounded (Euclidean) convex domain in the affine chart A :=P(RZT1)\ P(H).

Remark 3.1 If L <R+ is a 2-dimensional linear subspace, then P(L) ¢ Q for any properly convex
domain 2. This elementary observation that a properly convex domain cannot contain an entire projective
line will be used in many of the proofs in this paper.

For a nonempty set X C R4+ let Span(X) denote the linear span of X. If X’ C P(R¢*1) is nonempty,
define
S N . ~ d+1 ~ /
pan(X’) := Span({x € R | T (X) e X'}).

Suppose R is a properly convex domain. If x,y € Q, let [x, y] denote the unique closed connected
subset of P(Span{x, y}) N  that joins x and y. We will call [x, y] the projective line segment between
x and y (note that the notion of a projective line segment depends on €2, but we assume that  will
be clear from context and suppress it for brevity). We introduce the notation (x, y) := [x, y] \ {x, v},
[x,y):=[x,y]\{y}and (x, y] :=[x, y] \ {x}. We will call (x, y) an open projective line segment. When
we say that [x, y] (or (x, y)) is nontrivial, we mean x # y.

We have a notion of convexity and convex hull in a properly convex domain Q2. A set Y C  is convex if
[y1,y2] C Y forall y1,y, € Y. If X C Q is a nonempty set, then ConvHullg (X) is the smallest closed
convex subset of Q that contains X. We define

ConvHullg (X) := © N ConvHullg (X).

3.2 Hilbert metric

Suppose € is a properly convex domain and A is an affine chart that contains £ as a compact subset. We
equip A with the Euclidean norm | - |. If x, y € Q, then there exist a, b € dQ2 such that

P(Span({x, y})) N Q = [a, D],
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where the four points appear in the order a, x, y, b. The cross-ratio of these four points is given by
b— —
(@, x, y. b = 2= XNy =al
|b=yllx —a

The Hilbert metric on €2 is defined by
da(x, ) 1= 3 log(la, x, y, b]).
Observation 3.2 If Q' C Q are properly convex domains and x, y € Q', then dg(x, y) < dg/(x, y).

If x, y € 2, then [x, y] is a geodesic in (€2, dg) joining x and y. In order to emphasize this fact, we will
often refer to the projective line segment [x, y] as the projective geodesic segment between x and y. If
(x,y) C Q with x, y € 92, then (x, y) is a bi-infinite geodesic in (£2, dg) and we will call it a (bi-infinite)
projective geodesic.

The space (€2, dg) is a proper, complete and geodesic metric space and we will call Q a Hilbert geometry,
see Definition 1.1. The group Aut(2) := {g € PGLy4+1(R) | g2 = Q} acts properly and isometrically
on (£2,dg). However, the projective geodesic may not be the unique geodesic between points in (2, dg).
Consider, for example, the two-dimensional simplex 75 := P(RTe; ® R e, @ R1es) with its Hilbert
metric dr,. Then generic points x # y € T, have uncountably many geodesics (for the Hilbert metric dr, )
joining them [36, Proposition 2].

Definition 3.3 For a Hilbert geometry €2, the preimage 71 (Q) := {v € RZt! | 7(v) € Q} has two
connected components. The cone above (or over) 2, denoted by €, is a connected component of 77 1(Q).

Then 7~ 1(Q) = Q U (=Q). If g € Aut(2), then there is a lift § € GLy+1(R) of g that preserves Q,
ie ¥-Q = Q. Indeed, if a lift & does not preserve 2, then g -Q = —Q and hence —% preserves 2. We
have the following elementary observation about such lifts of automorphisms.

Observation 3.4 Suppose Q2 is a cone above Q and g € GL;j41(R) preserves Q. If @ € Q satisfies
g-a=MA-d,then A > 0.

Proof Clearly A # 0. As g preserves €2, §-a €  which implies that A -@ € Q. Now if A < 0, then
ae (—S~2). But then @ € QN (—Q) = @, a contradiction. m]

3.3 Projective simplices
The standard k-dimensional projective simplex in P(RE*1) is
T i={[x1::Xpqp1:0:---:0] e PR | xp, ..., xpqq > O

A k-dimensional projective simplex is a subset of P (R4 1) of the form g T}, for some g € PGL; 1 (R).
If @ Cc P(R4*1) is a properly convex domain and S C € is a projective simplex, then we say that S is a
properly embedded simplex in Q2 if and only if dS C 0L2.
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The Hilbert metric d7;, on T} is given by

1
dr ([x1 - i X1 :0:-- 0L, [y1 1+ 2 Yk41:0:---:0)) = max =

Xi)j
1<i,j<k+12 '

Xj Vi

Then (T, dr, ) is quasi-isometric to the real Euclidean space of dimension k. For a more elaborate

log

discussion, see [39, Section 5], [44] or [36]. The group Aut(7}) is generated by the group of permutation
matrices in PGL4 41 (R) and the group {[diag(A1,...,Ag4+1)] € PGLz+1(R) | A1,..., X541 > 0}.

Lemma 3.5 Suppose g := [diag(A1,...,Ag+1)] € Aut(T;) where A; >0 foralli =1,...,d + 1. Let
Amax = maXj<j<d+1 Ai and Apip := minj <j<g+1 Ai. Then dr, (x, gx) = %log(kmax/kmin) for any
xely.

Proof Fix x =[x1:---:xg441] € T4. Using the formula for d7,,,
1 XiAjx; 1 Aj 1,  Amax
dr, (x,gx)= max Z|log——|= max <Zl|log—|=x1lo . a
7, (. 8%) 1<i,j<d+12 g XjAiXi | 1s<i,j<d+1 g Ai 2 % Amin
3.4 Examples of Hilbert geometries
The projective open ball Q, := {[x1 teeeixg 1] Z?:l xl.2 < 1} in P(R4*1) is the simplest example

of a divisible strictly convex Hilbert geometry. In fact €24 with its Hilbert metric is isometric to H? and
is well-known as the Beltrami—Klein model of real hyperbolic space. Moreover, Aut(2;) = PO(d, 1).
There are several examples of divisible strictly convex Hilbert geometries that are not isometric to H4: in
dimension 4, there is a construction due to Benoist [11, Proposition 3.1], while Kapovich [40] constructed
examples in all dimensions above 4.

Among nonstrictly convex (divisible) Hilbert geometries, the simplest example is the standard d-
simplex Ty ; see Section 3.3. But this example is reducible, a term which we now define. Recall that a
convex cone in RZ*1 is a set C ¢ R4t such that rqvy + rpvs € C whenever vy, v, € C and 71, 1 > 0.

Definition 3.6 A properly convex domain 2 C P(R+1) is reducible if there exist convex cones
C; C R4 and C, € R?2 with dy, dp > 1 such that Q = P(C; & C3). Otherwise, 2 is irreducible.

An irreducible nonstrictly convex (divisible) example is Pos; with d > 3, the set of positive-definite
real symmetric d x d matrices of unit trace. It is a properly convex domain in RA@+D/2 and is a
projective model for the symmetric space of SL;(R). The notion of symmetric domains generalize Pos,.
A symmetric domain €2 is a properly convex domain such that: for each x € €2, there exists an order two
isometry sy € Aut(2) where x is the unique fixed point of s, in . Symmetric domains of real rank
at least two are real projective analogues of higher rank Riemannian symmetric spaces of nonpositive
curvature; see [12; 50] for details. As one might expect, symmetric domains are very special in the theory
of properly convex domains. The rank rigidity theorem (Theorem 1.5) mentioned in the introduction is
also a result in this spirit. Benoist proved the following result.
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Theorem 3.7 [12, Theorem 5.2] Suppose Q@ C P(R?*1) is an irreducible properly convex domain that
is not a symmetric domain. If I' < SL;41(R) is a discrete subgroup that acts cocompactly on 2, then I'
is Zariski dense in SLz41(R).

Besides simplices and the symmetric domains of real rank at least two, only a few examples of divisible
nonstrictly convex Hilbert geometries are known. These are low-dimensional examples; see for instance
[10; 24], which rely on Coxeter group constructions, or [1], which uses “cusp-doubling” construction for
certain three manifolds.

3.5 Closest-point projection for the Hilbert metric

Suppose €2 is a Hilbert geometry. If r > 0, we set

Ba(x,r):={y e Q|da(x,y) <r}.
Lemma 3.8 [25, Lemma 1.7] Bgq(x,r) is a relatively compact and convex set.

If C C Q is a closed convex set, we define the closest-point projection on C as: if x € €,

Mc(x) := C NBg(x,dg(x, C)).

As the intersection of two closed convex sets is again a closed convex set, Lemma 3.8 immediately implies
the following.

Observation 3.9 Suppose 2 is a Hilbert geometry, C is a closed convex set and x € Q. Then I1¢(x) is
a compact convex set.

Corollary 3.10 Suppose 0: R — (2, dg) is a unit-speed parametrization of the bi-infinite projective
geodesic o (R) with o(£o0) € 3. If x € Q, then there exist Ty , Ty € R with Ty < T} such that

X' X

o) (x) = [0(T), o (T,0)].

Proof Any compact convex subset of the bi-infinite projective geodesic o (R) is of the form [o(T), o (T")]
with T < T'. O

3.6 Faces of properly convex domains

Suppose 2 is a Hilbert geometry. We define the relation ~gq: if p,q € Q, then p ~q ¢ if and only if
there exists an open projective line segment in Q that contains both p and ¢g. The relation ~g is an
equivalence relation; see [27, Section 3.3]. The equivalence class of p € Q is called the (open) face of p
and is denoted by Fq(p).
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Proposition 3.11 Suppose Q@ C P(R?*1) is a Hilbert geometry.
(1) If x € 02, then Fq(x) C 092.
(i) Fq(x)= Q ifand only if x € Q.
(iii) If x,y € 09, then either [x, y] C Q2 or (x,y) C Q.
(iv) Suppose [x,y] C 3R, a € Fq(x) andb € Fq(y). Then [a, b] C 092.

Proof For part (i), note that if y € Q, then [y, x] cannot be extended beyond x in Q. Thus Fg(x) C
Q —Q = 9Q. Part (ii) follows from part (i).
(iii) If [x, y] € 0L2, choose any z € (x, y) N Q. So Fq(z) = Q. Then (x, y) C Fo(z) C Q.

(iv) It suffices to prove this for b = y, ie to prove that [a, y] C d2. Suppose, for a contradiction,
that (a, y) C Q. Then a # x. Pick a’ € Fq(x) such that x € (a,a’). As (a,y) C Q, pick w € (a, y).
Then (w,a’) C Q. Thus ConvHullg{a’, y,a} is a nonempty set, as it contains (w,a’) C €. Hence,
ConvHullg{a’, y,a} C Q. This implies that @, @’ and y span a 2-simplex in € and the interior of this
2-simplex is contained in Q. As x € (a,a’), (x, y) is contained in the interior of this 2-simplex. Thus
(x, y) C 2, a contradiction. ad

3.7 Distance estimates

Proposition 3.12 [38, Proposition 5.2] Suppose 2 is a Hilbert geometry and {x,} and {y,} are
sequences in €2 such that x := lim,— o0 Xp and y := limy, oo Y5 €xist in Q. If

liminfdg (xy, yn) < 00,
n—>oo
then y € Fq(x) and
dFg(x) (¥, x) < liminfdg (xn, yn).
Note that if lim inf,, s dg (x5, ¥») = 0, then the above proposition implies that y = x.

Next we need the notion of Hausdorff distance. If (X, d) is a metric space, then the Hausdorff distance
between A, B C X is defined by

dHauS(A, B) = max{ sup d(a, B), sup d(b, A)}
acA beB

Proposition 3.13 [38, Proposition 5.3], [25, Lemma 1.8] Suppose 2 is a Hilbert geometry and
X1, X2, Y1, y2 € Q satisfy Fq(x1) = Fo(x2) and Fo(y1) = Fa(y2). If (x1, y1) C K, then

dg™ ((x1, y1). (%2, ¥2)) < max{d pg, (x;) (1. %2). d gy (x2) (V1. ¥2) -
In particular, if x;, y; € Q, then dgaus ([x1, ¥1], [x2, y2]) < max{dg(x1, x2),do(y1, ¥2)}.
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3.8 Translation length

Suppose Q2 is a Hilbert geometry and let g € Aut(2). Its translation length is defined by tq(g) =
infxeq do(x, gx).

Remark 3.14 [38, Observation 7.2] Suppose g € Aut(2) and W < RA*1isa g-invariant subspace of
dimension > 2 such that & NP (W) is nonempty. Then 7q(g) < tonpmw)(glw)-

A
Proposition 3.15 [25, Proposition 2.1] If g € Aut(S2), then tq(g) = %log’ﬁ(g)’.
J’_

This differs from the formula in [25] by a factor of % This is because our definition of Hilbert metric has the
factor of % We further remark that if g € GL; 41 (R) is any lift of g, then 7q(g) = % 102(Amax (2)/Amin(2)).

3.9 Minimal translation sets

Suppose 2 is a Hilbert geometry and I' < Aut(2). If H < T is a subgroup, then the minimal translation
set of H in €2 is

Ming (H) := () {x € 2 |da(x.h-x) = 1o (h)}.
heH

Example 3.16 (i) If g = [diag(A1,...,Ag+1)] € Aut(Ty) with A; > Oforalli =1,...,d + 1, then
Lemma 3.5 implies that 7; = Ming, ((g)).

(i) The minimal translation set could be empty; eg if u is a parabolic isometry in PO(2, 1), then
72 (#) = 0 and the minimal translation set of (u) is empty.

We will need the following result connecting eigenspaces with minimal translation sets.

Lemma 3.17 Suppose a, b, ¢ € 02 are three distinct fixed points of g € Aut(2).Then

ConvHullg{a, b, c} C Ming({(g)).

Proof Without loss of generality, we can assume that ConvHullg{a, b, ¢} is nonempty since the result
is obviously true otherwise. Let T := ConvHullg{a, b, c}. Fix a cone Q over Q and a lift & g of g that
preserves Q. Let V = Span{a, b, ¢} and go := g|y. Let @, b, € § be lifts of a, b and ¢ respectively,
and fix the basis {a, b, ¢} of V. In this basis, go = diag(t1, 12, t3). By Observation 3.4, we can assume
that 1, t2,¢3 > 0. Since T is a 2-simplex in P(}'), Lemma 3.5 implies that

1 max{ty, 12,13}
d X, X) = —1 . .
T(x.80%) =5 min{ty, tp, 13}

forany x € T'.
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Suppose A1(2), ..., Ag+1(g) are the eigenvalues of g, indexed in the nonincreasing order of their modulus.
Then
|A1(2)| = max{ty, 12,13} > min{ty, 12,13} > [Ag41(8)|.
By Proposition 3.15,
A1(2)
a1 ]

1
Q(g) = ) log
Then dr(x, gox) < tq(g) forany x € T'.

As QNP(V) DT, Observation 3.2 implies that d7(y’, y) = donpv)(y', y) forany y’, y € T. Then
dr(x, gox) > tQnp(v)(go) for any x € T'. Then Remark 3.14 implies that d7 (x, gox) > ta(g). Thus
dr(x, gox) = tq(g) for any x € T. Hence T C Ming(g) = Ming ({(g)). |

The next result concerns translation length and minimal translation sets of compact subgroups. This is
essentially a restatement of [43, Lemma 2.1], which shows that every compact subgroup of Aut(2) has a
fixed point in €2.

Lemma 3.18 [43, Lemma 2.1] Suppose 2 is a Hilbert geometry and H < Aut(2) is a compact
subgroup. Then tq(h) =0 forall h € H and Ming(H) ={x € Q| H -x = x} # &.

3.10 Centralizers

Suppose €2 is a Hilbert geometry and I' < Aut(2). If H < T is a subgroup, the centralizer of H in I" is
Cr(H):= [){gel|ghg™" =h}.
heH
We will need to following result on cocompactness of centralizer subgroups.

Theorem 3.19 [38, Theorem 1.10] Suppose 2 is a Hilbert geometry, € C €2 is a closed convex subset,
and I" < Aut(R2) is a discrete subgroup that acts cocompactly on €. If A < T is an abelian subgroup, then
Cr(A) acts cocompactly on ConvHullg (Ming(A)), where

Ming(A) := € N Ming(A).
3.11 Proximality

We call g € GLy+1(R) proximal if g has a unique eigenvalue of maximum modulus and the multiplicity
of this eigenvalue is 1, or equivalently if

[A1(8)] > [A2(8)].

We will say that g € GL4(R) is biproximal if both g and g~!

are proximal, ie |[A1(g)| > |A2(g)| and
[Aa(g)] > |Ag+1(g)|. Note that the notion of proximality is invariant under scaling a matrix by nonzero
real numbers. Then y € PGLy 41 (R) is proximal (resp. biproximal) if some (hence any) lift of y is
proximal (resp. biproximal).
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4 Dynamics of automorphisms

4.1 w-limit sets of automorphisms

Let @ C P(R4+1) be a Hilbert geometry and let y € Aut(2) with
A1
Ad+1

1
wa(y) = 5 log

()/)' > 0.

Recall that for any X C Q, X denotes the closure of X in Q. We define the o-limit set of y as
o(r.Q):= | ({y"x [n eN}NIQ).
x€Q

Thus, w(y, 2) is the union of all accumulation points in d€2 of all {y” | n € N}-orbits in Q.

Example 4.1 Let Q@ = T, and y = [diag(1, 2, 2)]. Then for any x = [x1 : X3 : x3] € To, limy 00 Y x =
[0: x5 : x3]. Thus
w(y, T2) = {[0: x5 : x3] € P(R?) | x2,x3 > 0}.

Thus w(y, T») is the open projective line segment (7 (e2), w(e3)) C dT». Also note that w(y, T2) =
ESf —{n(ez).m(e3)}, where E.f = P(Span{ez, e3}) N d$2. Here P(Span{e,, e3}) is the projectivization
of the direct sum of the eigenspace of y that correspond to eigenvalues of maximum modulus. This
observation that w(y, Tz) C E;," holds more generally, as we will see in Proposition 4.9.

Remark 4.2 We now compare the notion of w-limit set with that of the full orbital limit set introduced
in [30]. Given an infinite discrete subgroup H < Aut(£2), the full orbital limit set of H is defined in [30] as
FA(H) == |_J (H-xNoQ).
xeQ
If y € Aut(R2) and tq(y) > 0, then {y” | n € N} is an infinite discrete subsemigroup of Aut(€2). Then

(y, 2) can be interpreted as the full orbital limit set of the subsemigroup {y” | n € N}.

4.2 Geometry of @-limit sets of automorphisms

For the rest of this subsection, fix a Hilbert geometry  C P(R¢*1) and y € Aut(Q2) with tq(y) > 0.
Fix a lift ¥ of y. Our goal here is Proposition 4.9 —a description of w(y, 2) using the real Jordan
decomposition of y. We first give an intuitive idea. Suppose c1, ..., cq are all the eigenvalues (with
repetitions) of ¥ of modulus A (¥). If c1,...,cq € R, then w(y, ) is contained in the projective
subspace spanned by the eigenvectors corresponding to the eigenvalues of modulus Ay (¥). In the
notation of Definition 4.3 below, this subspace is precisely P(E%5). Now suppose that among the c¢;, there
is a complex conjugate pair of eigenvalues u, i € C —R. Then, in the above subspace, we need to replace
the eigenvectors for n and i with a 2-dimensional y-invariant projective real subspace on which y acts
by a rotation (£, in the notation of Definition 4.3). This is the key intuition behind Proposition 4.9. The
references for this section are [42, I1.1] and [25, Section 2]).
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Now we start the formal discussion. First we introduce some notation. If u € R, define

uw 1 0...0
0 u1..0
Jui=1: o
0...0...1
0...0... u
Ifu=a+ipf e€C—R, define
R(w) Ida O ... 0
0 R Idy ... 0
Ju = : : Do : ;
0 B | [ )
0 ... 0 ... R

where Id; is the 2 x 2 identity matrix and

o= (57)

Consider the real Jordan decomposition of . This says that there is a y invariant decomposition
R+ = Vi, @+ @ V), into real vector subspaces and, with an appropriate choice of basis for V),

Jug oo O

<1
Il

0 ... Ju,
We remark that V,, = V, as conjugate pairs of eigenvalues correspond to the same invariant subspace
in the real Jordan decomposition. Without loss of generality, we can assume that up,...,u; € R
and (yj4+1,...,4n € C—R. Then py1,..., Uy, i1, Li41s-- - n, by are eigenvalues (possibly with

repetitions) of y over C and the multiplicity of u; is determined by the Jordan block J,; .

Note that Ax(¥) and Ay (¥) are the maximum and the minimum of the set {|u;|| 1 <i <n}. Now we

focus on the eigenvalues of maximum modulus. By reindexing the w;, we now assume that 1, ..., Um
are precisely those u; that satisfy |@;| = Amax(¥). We further assume that among them, 1, ..., ur € R
and (g 41,-..,um € C—R. Then w1,..., Uk, Rk+1> Rk+1s - - - » Mm. Lm are eigenvalues (possibly with

repetitions) of ¥ of modulus Apm,x(¥) and their multiplicities are determined by the Jordan block structure
of y.

Definition 4.3 If i; € R, let E,,; be the eigenvector for y in V), with eigenvalue p;. If u; € C —R, let
E,; be the two-dimensional y-invariant subspace of V,; such that y|g i is conjugated to R(j;). Define

Ezo= @ E,= P Eu.
1<j<m |H«j [=Amax (¥)

Geometry & Topology, Volume 29 (2025)



Rank-one Hilbert geometries 1189

‘We also define

Ly= @ Vy ad Ky= H V.

|U«j |=Amax (¥) |Mj [<Amax (¥)

Then Y|, is conjugated in GL(E3) to

M, 0 0
0 R(A’“‘—“) 0
(1) Amax(i;) : . de(y) : . s
0 0 0 R( Hom )
Amax()7)

where My is a k x k diagonal matrix with each diagonal entry &1. Thus (¥|g;) is conjugated in GL(E)
to a cyclic subgroup of {iId}k X O(Epqy) X x O(Ey,) < O(Ey). Here, O(W) denotes the group
of orthogonal transformations preserving a linear subspace W C R¥.

Claim 4.3.1 There exists a sequence {my,} in N with mj; — oo such that

1
lim ——¥V|g.)™ =1d|g-.
Gy (V1E;) |E5

Proof Letky := (1/Amax(¥))V|E; and X := (k_,,) By equation (1), there exists &1 € GL(Ey) such that
h-%-h~1 is a compact subgroup of {+Id}* x O(Epu;i ) X---x O(Ey,,). Thus H' :=h -K-h~lisalLie
subgroup of O(E3). Hence either Id is an isolated point of %’ or there exists a neighborhood U of Id in
O(Ey) such that U NH' C H'.

In the latter case, it is obvious that there exists a monotonic sequence of integers {m,} such that
limp 500 k;," ” =1d|g;. Up to passing to a subsequence, we can assume that m, — 0o or mp — —oo. If
mp — o0, the claim is proved. Otherwise, choose the sequence —m,.

In the former case (ie when Id is an isolated point of X’), it implies (k,)* = Id| E5 for some s € N. Then
mp := sp proves the claim. |

We will now discuss the dynamics of (7)" on P(R4*1). The results are quite standard and the proofs are
fairly elementary computations using Jordan blocks; see [42, II.1] or [25, Lemma 2.5] for instance.

Observation 4.4 (i) For a generic point v € V), all accumulation points of

1
)" | ne ]
{|M|” g

lie in EM.
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(ii) Let W =V,, & Vy, and |1| > |p2|. Then, for any w € W —V,,,, all accumulation points of
{A/lpa M Flw)"w | n € N} liein Ey, .

(iii) Let W' =V, @&V, with || = |u'|. Then, for a generic point w’ € W', all accumulation points
of {(1/|u"@|w)"w" | n € N} lie in E,, if dim V), > dim Vy. If dimV,, = dim V},/, then the
accumulation points liein E,, & E /.

Recall the notation from Definition 4.3. Then the above observations imply the following result.

Fact 4.5 If w € P(R9F1)\ P(K3), then the accumulation points of {y"w | n > 0} lie in P(E3). In
particular, if w" € P(Ly), then all accumulation points of {y"w’ | n > 0} also lie in P (E%).

Remark 4.6 In fact, a finer conclusion is possible in Fact 4.5. Following [25], call a real Jordan
subspace Vy,; most powerful if |(1;| = Amax(¥) and dim(Vy,;) = max{dim(Vy,) | |1£j]| = Amax(¥)}. Let
Fy be the direct sum of the E,,; that correspond to the most powerful Jordan subspaces V), ;. Then,
Fy C Ey. Forany w € P(RI+1)\ IP(K35) as above, the accumulation points of {y"w | n > 0} actually lie
in P (F5); see part (iii) of Observation 4.4 above or [25, Proposition 2.5]. We record this finer conclusion
for completeness, but we will not need it in this paper.

Claim4.61 QNP(Ky) =2, P(E)NQCIQ and w(y,Q)CP(Ey) NI

Proof We first note that 2 NP (K5) = @. Otherwise, Remark 3.14 implies that
Amax(f|K7)) < log(kmax(f)
Amin(7/|K17) Amin(y)

a contradiction. Suppose, if possible, that P(E5) N €2 is nonempty. Then @ (y) < tp(£,)ne(Y|E;) =0
by Remark 3.14, a contradiction. Finally, @ c P(RZ+1)\ P(K3) since 2 NIP(K5) = &. Then Fact 4.5
implies that w(y, ) C P(Ey). Moreover, w(y, 2) C d$2 by definition. m|

TQnP(ky) (V) = 10g( ) = 10(y),

Note that these subspaces in Definition 4.3 as well as the discussion above are independent of the lift
of y that we fix. Thus we introduce the following definitions.

Definition 4.7 If y € Aut(2), fix some (hence any) lift ¥y € GLy4+1(R) of y that preserves the cone Q
above 2, and define

Ef:=P(Ey). Ly :=P(Ly) and K, :=P(Kyp),
where the subspaces Ey, Ly and Ky are as in Definition 4.3. We also define
- ._ rt - ._ 7+t - ._ gt
E, = Ey_l, L, = Ly_1 and K, := Ky_l.
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Remark 4.8 A linear subspace V C R is a real Jordan subspace for 7 with eigenvalue p if and only

1

if V' is a real Jordan subspace for 7! with eigenvalue ;" !. Indeed, this follows because ker(¥ — I1d)* =

ker(7~1 — =1 1d)¥ for any k € N. Thus, if the V), are the real Jordan subspaces for y as above, then

Eg= P Eu Lym= P Vi and K= P Ve

IN'I:Amin(y) Il’vl:kmin(g;) |M|>Amin(§)

The key upshot of the discussion in this subsection is the following proposition.

Proposition 4.9 If Q2 is a Hilbert geometry, y € Aut(2) and tq(y) > 0, then

() o(y,Q)CEF,
(ii) the action of y on E;r is conjugated into the projective orthogonal group PO(E;r ), and

(iii) there exists a sequence of positive integers {my} with mj — oo such that

1 mg

Remark 4.10 A similar proposition is true if we replace y by y~! and EJ‘,F by E, . Moreover, it is
possible that w(y, 2) C E ;r C 092; see Example 4.1. We finally remark that a finer conclusion is possible
here: w(y,2) C P(Fy) C E +, where Fy is as defined in Remark 4.6. We will not need this finer
conclusion, but we record it for completeness.

4.3 w-limit sets and faces in a properly convex domain

We continue our discussion about w-limit sets from the previous subsection. Our goal now is to prove a
result about the faces Fg(x) for x € E f This result will be used in Section 11. Before formulating the
precise result, we give an illustrative example.

Example 4.11 Let g = diag(A1, A2, A3) where A1 > A, > A3 > 0, and let g preserve a properly convex
domain Q C P(R3). Suppose 7(e3) € Q2 and let F := Fq(m(e3)). We will show that (ep) ¢ F.
Suppose, on the contrary, that w(e;) € F. Then I, := [n(e3 —tey), m(e3 +tey)] C F for some ¢t > 0. It
is an elementary observation that I, gets expanded by the action of g and | Jg—; g¥I; = P(Span{ez, e3}).
Thus P(Span{es, e3}) C F C , which contradicts that € is a properly convex domain. Thus 7 (e;) ¢ F.
By similar reasoning w(ey) ¢ F.

The takeaway from this example should be the following: since 7(e3) is an eigenvector corresponding to
an eigenvalue of modulus A, (g), the corresponding face Fg(mr(e3)) cannot intersect any eigenspace
whose eigenvalue has modulus greater than Anin(g). The above philosophy works even if we replace
eigenspaces by Jordan blocks, and is the key idea behind the next result.
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We now state the precise version of the result. Recall the notation L) from the previous section
(see Definition 4.7 and Remark 4.8): for any y € Aut($2),

L, = IP’( &b VM).
| 1]=Amin (62)
As in the previous subsection, ¥ is some (hence any) lift of y and V), is the real Jordan subspace of y for

the eigenvalue p. Thus L), is the direct sum of all the Jordan subspaces corresponding to the eigenvalues
of ¥ of minimum absolute value.

Lemma 4.12 Suppose Q is a Hilbert geometry and y € Aut(2) with tq(y) > 0. If y € E,, then
Fqo(y) C L;.

Proof Suppose, for contradiction, that v € Fo(y)—L;,. Fixalift y of y. As y € E., Proposition 4.9(iii)
implies we can find a sequence {d } of positive integers with d; — oo such that (y| Ey—)dk — 1d|g; .

Up to passing to a subsequence of {d }, we can assume that y% v — vo € Q. As v ¢ L7, Observation 4.4
part (ii) implies that there exists ¢ > Amin(7) such that the accumulation points of {(¥/c)% v | k > 1} do
not lie in L},. Thus veo ¢ L}, and limg o (c/ Amin) @ = 0o. We can then fix lifts ¥, ¥ and T such that

~ dy ~\di
14 ~ = VY ~ =~
d - .
(kmin(f)) rorm (C) P e

P(Span{y, vso}) C .

‘We claim that

To prove this claim, it suffices to show that 77 (¥ + Vo) €  for any real number ¢ # 0. Fix 0 # ¢ € R.

Define dy
. /\min

d di -~
c% +1tA

min

Sp =1

Then s; — 0 as k — oo. In fact, for k large enough, s; belongs to (0, 1) or (—1, 0) accordingly as ¢ > 0
ort <0. Set

d
Lok

wk:=n((1—sk))7+ski)')=n()7+ Sk '17):n()7+t%'17),
1—sg c%k

since si /(1 —s;) = t(/\i’i‘n/cdk). Then wy € P(Span{y, v}) and limj_, o, wg = y. Thus, for k large
enough, wi € Fq(y) NP(Span{y, v}) because v € Fo(y). Moreover, wy, lies on opposite sides of y in
Fq(y) NP (Span{y, v}) accordingly as ¢ > 0 or ¢ < 0. Thus the following computation will show that
y9 expands small neighborhoods of y in P(Span{y, v}) N Fq(y) to large subintervals of the projective
line P(Span{y, veo}). More precisely, we observe that

. . j"]dk _ )7dk _ . )7dk Sk c9k j}'dk _
iy = lim ((1 T “"Fk”) ~ T (xmmmdk R ET CT"U)

min

o e

= lim 7| —— V41—V | =71(V+1Vs0).
(Amin()/)dk y cdk ) (y OO)
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Thus 77 (7 +17s0) € R, since wy, € Fq(y) for k large enough. Since ¢ # 0 is arbitrary, P (Span{y, vso}) C Q.
This proves the claim.

However, if Q contains the nontrivial projective line P(Span{y, voo}), then Q cannot be properly convex.
This is a contradiction. d

Corollary 4.13 Suppose Q@ C P(R4 1) is a Hilbert geometry and y € Aut(2) with tq(y) > 0.
() Ify€E,, then Fo(y)NES = 2.
(i) Ify € E,, z € Fa(y) and {ix} is a sequence in Z such that Zoo = limg 0 v z exists, then

ZOOEE;.

Proof By Lemma4.12, Fo(y) C L), Since q(y) >0, L), N E}‘," is empty by definition and this proves
the first part. For the second part, note that z € Fo(y) implies that z € L}, On Span(L})), all eigenvalues
of ¥ have the same modulus Ay, (¥). Then Observation 4.4(iii) implies that all accumulation points of
{y"z |n € N} liein E, . By similar reasoning, all accumulation points of {y ™"z | n € N} also lie in .
This proves the second part. |

Remark 4.14 Analogues of Lemma 4.12 and Corollary 4.13 hold for Fg(x) where x € E;r . One has to
replace y with y~! to obtain the analogous results.

Part I Rank-one Hilbert geometries

5 Axis of isometries

Definition 5.1 Suppose Q C P(R¢ 1) is a Hilbert geometry and g € Aut(2). An axis of g is a nontrivial
projective line segment £, := P (Vg) N Q2 where Vg < R4+1 is a two-dimensional g-invariant linear
subspace.

We will show that if g has an axis and 7 (g) > 0, then g acts by a translation along its axis g and
the endpoints of £, correspond to eigenvectors with eigenvalues of maximum and minimum modulus
respectively. Recall the notation E ;‘ JEg C P (R9+1) from Definition 4.7.

Lemma 5.2 Suppose that @ C P(R¢ 1) is a Hilbert geometry, and that g € Aut(Q2) with tq(g) > 0
and g has an axis {g = P(Vg) N Q. If g is a lift of g in GLz41(R), then
(i) glv, has two distinct eigenvalues A+ > A—,
(i) there exist gy, g~ € R4t suchthat §- ¢4 = A+ - g%+ and e =(g+,8-), where g4+ = m(g%1),
(i) A+ = Amax (@), IA—| = Amin(®) and 7 (g) = log([A+/A_) > 0,
(iv) gy € E;‘ andg- € E.

Geometry & Topology, Volume 29 (2025)



1194 Mitul Islam

Remark 5.3 If the lift g preserves the cone Q above © and g1 € Q, then A4+ > 0; see Observation 3.4.
Then A4+ = Amax(g) and A— = Anin(2).

Proof Let {, = (a,b). Note that g preserves the set {a, b} = £z N 9. Fix any lift g of g. In the basis
{R-a,R-b} of Vg, there exist ¢, c2 # 0 such that gly, is either

6‘10 or 0C1
06‘2 620 ’

In the latter case, both eigenvalues of g|y, have the same modulus and tonp(v,)(glp(v,)) = 0. by
Proposition 3.15. But then Remark 3.14 implies

0 < 10(g) < tenr,) (E&lpr,)) =0,

a contradiction. Thus we are in the former case and g is diagonalizable with eigenvalues c¢; and c5.
Note that c; # c3, since otherwise the same reasoning as above implies that tq(g) = 0. Then set
A+ :=max{cy, ¢z} and A_ :=min{cy, ¢z} and this proves part (i). For part (ii), let g1 be the eigenvectors
of g in Vg with eigenvalues A+. Then note that by previous discussion, the set {w(g%), 7(g-)} equals
the set {a, b}. Thus £z = (7(g%+), w(g-)) and g|y, = diag(A+, A-) in this basis.

For part (iii), first note that Remark 3.14 implies 7Q(g) < tenp(,)(&lenp(v,))- Proposition 3.15
then implies that 10g(Amax/Amin)(Z) < 1og |A+/A—|. Since [A+| < Amax(¥) and [A—| > Amin(), We get
1A4/A-| < (Amax/Amin) (Z)- Thus

)

A /\min
Then |[A+| = |A=]- (Amax/Amin) (€)= Amax(2), implying |A 4| = Amax (). Similarly, [A—| = Anin(g). This
proves part (iii). Then part (iv) follows by definition of £ :,' and E4. |

Corollary 5.4 Suppose g € Aut(2) with tq(g) > 0 and g has an axis. If #(E:,’) =#(Eg) =1, theng
has a unique axis given by (E ; , Eg) C Q. In particular, if g is biproximal (see Section 3.11) and has an
axis, then the axis of g is unique.

Proof Immediate from Lemma 5.2 parts (ii) and (iv), and the hypothesis that #(E ;‘ ) =#(E;) = 1. For
the “In particular” part, it suffices to note that if g is biproximal, then #(E ;’ )=#(Eg;) =1 |

Remark 5.5 Although biproximality of g implies #(E ; ) =#(E,) = 1, its converse fails in general.
For example, consider

0.25 0 0
g=| 0 21
0 02

However, we will show in Lemma 5.17 that if g has an axis, then g is biproximal if and only if
#EF) =#E;)=1.
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An isometry g € Aut(£2) may not have an axis; see Example 5.11 part (B) below. Hence we introduce

the notion of a pseudoaxis.

Definition 5.6 Suppose Q2 C P(R4*1) is a Hilbert geometry and g € Aut(2). A pseudoaxis of g is a
nontrivial projective line segment og := P (W) N Q, where We < R4*1 is a two-dimensional g-invariant
linear subspace such that P(Wy) N Q = @.

Observation 5.7 If tq(g) > 0, then g has either an axis or a pseudoaxis.

This observation is immediate from the following result of Benoist (also see [43, Proposition 2.2]). Here
€ denotes a cone above ©; see Definition 3.3 and the remark that follows.

Proposition 5.8 [9, Lemma 3.2] Suppose Q2 is a Hilbert geometry, g € Aut(Q2) and 1o (g) > 0. Let g
be a lift of g that preserves Q. Then g has a real positive eigenvalue that equals A, (g) and there exists v
such that §-v = Amax(8) - v and w(v) € Q. A similar result holds if we replace Amax(2) by Amin(2).

Remark 5.9 If g is an arbitrary element of GL;41(R), then An,«(g) doesn’t have to be an eigenvalue
of g. In fact, g may only have complex nonreal eigenvalues of modulus Ayax(2). So the key point of the
above proposition is that preserving the cone Q above Q imposes a strong restriction, namely that g has
a positive real eigenvalue that equals Amax(2).

However, the proposition does not imply anything about the number (or nature) of the other eigenvalues
whose modulus is Amax(Z). In Example 5.11 part (A), the matrix g, ! has a repeated eigenvalue 1/4, of
maximum modulus. Moreover, g can have complex eigenvalues of modulus A« (2); see Example 5.12.

We will now discuss a few examples to illustrate the notions introduced. An isometry may have a unique
axis, infinitely many axes, or no axes at all. An isometry can have pseudoaxes without having an axis,
and vice versa.

Example 5.10 (unique axis, no pseudoaxes) Consider the Hilbert geometry Q :={[x:y:1]|x2+y? <1}
in P(R3). It is the projective model of H? and Aut(Q) = PO(2, 1). If g € SO(2, 1) has 7o ([g]) > 0 (ie g
is a hyperbolic isometry in Isom(H?)), then [g] has a unique axis.

Example 5.11 Consider the two-dimensional simplex 75 := {[x1 : X2 : x3] | X1, X2, x3 > 0}.

(A) (uncountably many axes, several pseudoaxes) Let g, := [diag(A, A2, A2)], where A1 > A, > 0.
For 0 <t <1, let Q; := ([e1]. [te2 + (1 —1)e3]). Then {Q¢}¢(0,1) is an uncountable family of
axes of g,. There are three pseudoaxes: [eq, e2], [e2, €3] and [eq, e3].

(B) (several pseudoaxes, no axis) Let g; := [diag(A1,A2,A3)], where A1 > A5 > A3 > 0. The
pseudoaxes of g1 are [e1, €3], [e2, €3] and [e1, e3]. But g1 does not have an axis.
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Example 5.12 Let Q, C P(R?) be the projective disk model of H? and fix a cone Q5 over Q5. Define
Qu:={[v:x]eP(R* |ve Qo x > 0}, ie Q4 C P(R?) is the properly convex domain obtained by the
join of €2, with a point. Let

A4 0 cos(f) —sin(d) 0O
g = 0 1 | € Aut(Q24), where A >1 and A = | sin(d) cos(f) 0| € SO(2,1).
23 0 0 1

Then g has three eigenvalues A, Ae® % of maximum modulus.

Note that g has an axis g := ((e3), m(e4)) C Q2«. The action of g is by a translation along {, and a
rotation (by angle ) around . The axis {; is contained in properly embedded triangles in Q.

5.1 Three key lemmas

We conclude this section by establishing three lemmas that will be used in the next section. The first one
is a consequence of Lemma 5.2.

Lemma 5.13 Suppose Q2 C P(R?*1) is a Hilbert geometry, g € Aut(2) with tq(g) > 0, and a, b are
fixed points of g witha € E;‘ andb € E, . If c is a fixed point of g such that ¢ € Q- (E;‘ U Eg), then
[a,c]U[b,c] C IL.

Proof First observe that ¢ € d9Q2. Otherwise, 1q(g) =dgq(c, g¢) =0, a contradiction. Suppose (a, ¢) C Q2.
Then (a,¢) is an axis of g witha € E ;‘ . Lemma 5.2 then implies that ¢ € E, a contradiction. Thus
[a, c] C 0R2. Similar reasoning implies that [c, b] C d€2. |

The next lemma shows that if g € Aut(2), 7q(g) > 0, g has an axis (a, b) and #(E;‘) > 1, then Fg(a)
contains a nontrivial projective line segment in 0€2. Before formulating the precise result and its proof, let
us give an intuitive explanation of the main idea. Suppose u #a € E ; and let £ be a point in (a, b) C 2.
As € is open, we can find a point £’ € Q NP (Span{&, u}) that is distinct from &. Then, up to extracting a
suitable subsequence of {g"}, g"k& — a while g"*§’ —a’. As € # & and u,a € E;, one can check
that a’ # a; see the proof below. Then a property of the Hilbert metric (Proposition 3.12) implies that
a’ € Fq(a). This is the gist of the proof below.

Lemma 5.14 Suppose 2 C P(R?1!) is a Hilbert geometry, g € Aut(Q2) with tq(g) > 0, and g has
an axis (a, b), where a € E;‘ andbe E,. If u € Eé‘f \ {a}, then there exist x;, # x;7 € dQ such that
a € (x;,x;5) and

Fa(a) NP (Span{a,u}) = (xu_,x,j).

Remark 5.15 Suppose we have the same setup as Lemma 5.14. By similar reasoning, if v € E, \ {b},
then Fq(b) NP (Span{b, v}) = (x;,x]), where x # x;t.
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Proof Let us fix a cone Q over Q2. Then, we fix lifts g.d, 5, u of g,a,b,u such that a, 5, e and
7-Q = Q. Note that @ is an eigenvector of g corresponding to the eigenvalue Amax (%) or —Amax(2).
Since g preserves €, Observation 3.4 implies that g-a@ = Anax () -a. Similarly, fg’g = Amin(2) -b. Since
uek ; , Proposition 4.9(iii) implies that there exists an unbounded sequence of positive integers {my }

such that 5 i
( g~) =1
Amax(8)

For ¢t € R, let p; := %(5—1— 5) +tu and p; := w(p;). Since (a, b) is an axis, pg € 2. Then, as Q is an

open set, there exists g9 > 0 such that p; € Q forallz e (—¢0,&0). Fix t € (—eg, &9). Then

~ my ~ ~ my 1. ~ mg
. . g ~ . a Amin(g) b g ~
1 mg =1 = 1 — - t
koot ! ki”éo”((kmaxg)) "’) ki”éo”(f(xmax@) 2 e®) "

= n(a + 2ti1) € Q.

Then, limy _, o, g™ po = a, and limy_, o, 2"k p; # a whenever ¢t # 0. By Proposition 3.12,
lim g™ p; € Fq(a)
k—o00
because limg_, o dg (™% po, g™ p;) = da(po, pr). Thus there exist x;| # x;; € 92 such that

Fq(a) NP(Span{a,u})) = (x,,, x,;L). |

The next lemma shows that if y € Aut(£2) has an axis and #(E,) = 1, then y~1is a proximal element in
PGL;+1(R); see Section 3.11. Before stating the precise version of the result, we give an illustrative
example to explain the main idea behind it.

Example 5.16 Let > A > 0. Suppose that

g:

S Or

00
Al
0 A
preserves Q C P(R3) and m(e1), w(ez) € 2. Here g satisfies #(E,) =1 but g~ ! is not proximal. The

main takeaway from this example will be that such a matrix g cannot have an axis in €2, ie the only
candidate for an axis, namely (7 (e1), w(e2)), cannot lie in 2.

To proceed, we will first explain that 7 (e3) cannot lie in Q. For this, first note that
g (e3) = (kA" Vey + AKes).

Hence g*¥r(e3) — m(e2) as k — oo, but they approach 7(e») from “opposite directions” in the
projective line P(Span{es, e3}). That is, g** “wraps” [g~ 7 (e3), g7 (e3)] around P(Span{es, e3}).
Then, 7(e3) €  will imply that P(Span{e,, e3}) C €, which is a contradiction as €2 is a properly convex
domain. Thus 7(e3) ¢ Q.
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Now we revisit our basic proposition: that (7(ey), w(ez)) cannot lie in 2. Suppose this is false and
(m(e1), m(e2)) C Q. Since g¥ (w(e1), w(e3)) — (w(e1), w(e2)), we can find 7w (yr) € RN (w(e1), w(e3))
such that gkn(yk) converges to the midpoint of (7(ey), w(e2)). Now unless 7 (yr) — 7w (e3), one can
use the action of g to show that gkn(yk) — 1(e1), a contradiction; see the computation in equation (5).
Thus 7(yg) — m(e3) and hence 7 (e3) € . This contradicts the previous paragraph.

The argument discussed above is the gist of the proof below. We now precisely formulate and prove our

result.

Lemma 5.17 Suppose Q@ C P(R4*1) is a Hilbert geometry, y € Aut(2) with tq(y) > 0 and y has an
axis. If #(E,’) = 1, then

> 1.

(v)

ld+1

Remark 5.18 Similar reasoning with y replaced by y~! implies that if #(E)‘," ) =1, then
A1
— > 1.
’ T (V)‘

Proof Suppose the axis of y is (a,b) witha € E, Fandb e E. . Letus fix €, a cone above 2. Fix lifts
y, a and b where @ a, heland ¥ y- Q=9. Set )Lmax = )Lmax()/) and Apmin := Amin(¥). Since b € E is a

fixed point and bhe Q, Observation 3.4 implies that y - b= Amin - b. Similarly, ¥ -@ = Anax - @.

Since #(E,) = 1, there is a one-dimensional eigenspace of ¥ (namely Rb) and a single Jordan block Jiin
corresponding to eigenvalues of modulus A, (immediate from the definition, see Definition 4.7). Thus,
in order to prove [(Ag/A441)(y)| > 1, it is enough to show that the Jordan block Jpin has size 1. Suppose
this is false. Then there exists @ € R4+ such that if k € Z, then

@) 740 = kagin'b+ Agin .

Setting w = (W), limg_o0 y*w = b. Since y*¥a = a for all k, limg_, oo y¥[a, w] = [a,b]. Fix
p € (a,b) C Q. Then there exist y; € (a, w) such that

(3) lim y*y, = p.
k—o00
Since p € Q and § is open, y¥ y; € Q for k large enough. Thus, up to truncating finitely many terms of
the sequence {y;}, we can assume that for k > 1,
Vi € (a,w) N Q.
We can fix lifts y; of yj in € such that
“4) Vi = Ckd + diw,

where ci, di € [0, 1]. Thus, up to passing to a subsequence, we can assume that ¢ := limg_, o, ¢ and
doo 1= limy _, o, dj, exist. Then Yoo := limy_, o, Vi exXists and we set
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We now claim that yo, = 7(w) = w. If this is not true, then cso 7 0. Then, there exists kg € N such that
Ck > Coo/2 for all k > ko, and limy, _, o (dy /cr) = doo/Coo €xists in R. Then using equation (3) followed
by (4) and (2),

~f o~ k—1 k
. . Y Yk . ~ dk k Amin ~ Amin ~

5 =1 kyo =1 =1 .l b
® p= = () = (w0 (52) B (3 0

max

=n(@)=a.

This is a contradiction since p € Q while a € dQ2. Thus yso = w.
Since yg € Q for k > 1, w = yoo implies that w € Q. Then for all k € Z,
(6) [w, y*w] C Q.
We now show that this implies P (Span{w, b}) C Q. For ¢ > 0, let
Y = {m (@ +rb) | —t <r <t}
Then m = P(Span{b, w}). Now observe that if k € Z, then equation (2) implies that

~k~
k yEw _ k ~)
w=na|l—|=xlw+ bl.
Y (lk ) ( Amin

min

Then, for every ¢ > 0, there exists k; € N such that %, C [y~ %~Dy, w] U [w, y**w]. Then, by
equation (6), #, C Q for any ¢ > 0. Thus P(Span{w, b}) = Uss0 #: C Q. This is a contradiction as £
is a properly convex domain and hence Q cannot contain a projective line. |

6 Rank-one isometries: definition and properties

In this section, we introduce the notion of rank-one isometries for Hilbert geometries. Our definition is
analogous to the definition of rank-one isometries for CAT(0) spaces [2; 5]. The notion of half triangles
that we introduce is analogous to the notion of half flats used in the CAT(0) setting. Refer to Figure 1 for
the next two definitions.

Definition 6.1 Suppose 2 C P(R¢*1) is a Hilbert geometry. Then the points x, z, y € 32 form a half
triangle in Q2 if
[x,z]U[y,z] C90R and (x,y)C Q.

For x, y € 0Q2, we will say that the projective geodesic (x, y) C 2 is not contained in any half triangle
in  if for any z € 0€2, either (x,z) C Q or (z,y) C Q.

Definition 6.2 Suppose Q C P(R?*1) is a Hilbert geometry and a, b € 3S2. The projective geodesic
(a, b) is a rank-one geodesic provided (a, b) C Q2 is not contained in any half triangle in €.
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We now define rank-one isometries for Hilbert geometries. An isometry in Aut(€2) is rank one if it acts
by a translation along a rank-one geodesic; see Figure 1.

Definition 6.3 Suppose Q@ C P(R?*1) is a Hilbert geometry.

(1) Anelement y € Aut(2) is a rank-one isometry if

@) ta(y) = IOg‘/\jil (V)’ >0,

(b) y has an axis,

(c) none of the axes £, of y are contained in a half triangle in Q.

(ii) A bi-infinite projective geodesic £ C 2 is a rank-one axis if £ is the axis of a rank-one isometry in
Aut(2).

Remark 6.4 The prototypical example of a rank-one isometry is a hyperbolic isometry [diag(A, 1, 1/1)]
with A > 1 in Isom(H?); see Example 5.10. On the other hand, any element in Aut(7), where T} is a
d-dimensional simplex, is a nonexample. In fact, this nonexample highlights the necessity of the half
triangle condition in the definition of a rank-one isometry, as we now explain. Recall Example 5.11
part (A). In that example, g, = [diag(A1, A2, A2)] has an axis Q; foreach 0 <¢ < 1 and 7r,(g2) > 0.
But all of these axes are contained in the projective triangle 7> (and hence a half triangle). For another
nonexample, see Example 5.12.

Recall Definition 1.3: a rank-one Hilbert geometry is a pair (2, I') where € is a Hilbert geometry and
I' < Aut(€2) is a discrete subgroup that contains a rank-one isometry. In Appendix A, we discuss examples
and also a generalization for convex cocompact groups.

We will now establish some key geometric and dynamical properties of rank-one isometries. The essence
here is that translating along a rank-one axis is much more special than translating along any axis, and
Proposition 6.5 could be interpreted as strengthening Lemma 5.2 under the rank one assumption. Our
results are reminiscent of Ballmann’s results in rank-one Riemannian nonpositive curvature [2; 4]. Recall
the notation £ ;,t from Definition 4.7 and the notion of proximality from Section 3.11.

Proposition 6.5 Suppose 2 is a Hilbert geometry and y € Aut(2) is a rank-one isometry with an axis
Ly =(a,b), wherea € E;‘ andb € E,/. Then
(i) vy is biproximal,
(ii) ¢, is the unique axis of y in 2,
(iii) the only fixed points of y in Q are a and b,
(iv) if z/ € 0Q\ {a, b}, then (a,z’) U (b,z") C Q (see Figure 1),

(v) if z € 02\ {a, b}, then neither (a, z) nor (b, z) is contained in a half triangle in 2.
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Remark 6.6 If y is a rank-one isometry, then the above proposition shows that #(Ef) =1 and we
will henceforth use the notation y* := Ef We will call y™ the attracting fixed point of y and y~ the
repelling fixed point of y. We choose this terminology because y has north—south dynamics on 02; see
Corollary 6.7.

Proof Let us fix Q, a cone over 2. For the rest of this proof, fix lifts y, @ and g, where a, heQ and
y- Q = Q. Set Apax := Amax(¥) and Amin := Amin(¥). Since a € E;r is a fixed point of y, the lift @ is an
eigenvector of ¥ corresponding to the eigenvalue Ap,x or —Anax. By Observation 3.4,

Y-d=Amax-a.

Similarly, ¥ - b = Amin + b.

(i) By the hypothesis, #(Ef) > 1. In order to prove that y is biproximal, we first prove that:
Claim 6.6.1 #(ES) =#E;)=1.

1

Proof It suffices to prove the claim for E1, since the same arguments with y replaced by y ! implies

the result for E,". Now suppose the claim is false and there exists u € EJ‘f \ {a}. Then Lemma 5.14
implies that there exist z—,z+ € 9Q such that a € (z—,z 1) and

Fqo(a) NP(Span{a,u})) = (z—,z1).
Then, $, := [z_, z4] is the maximal projective line segment in d€2 containing both z_ and z.

Since y is a rank-one isometry, its axis (a, b) cannot be contained in a half triangle in Q2. But [a, z4+] C €2,
which implies that (z4, b) C Q. Similarly, (z—, b) C Q. Choose x+ € (z+,b) N Q2. By Proposition 4.9
part (iii), there exists a sequence {my} of positive integers with m; — oo such that

1 mg —

Since z4+ € P(Span{a, u}), it follows that z4 € Ej Fix a lift 75 € Q of z1. Then

i (2 55
1m Z4 = Z4.

k—o0 Amax

7 mk~ A, . mk~
lim b= lim (=) »=0,
k—o0 Amax k—o00 kmax

as Amax > Amin. Then, since x4+ € (z4, b),

On the other hand,

lim y™ x4y =z4.
k—o00
Similarly,

lim y"™kx_ =z_.
k—00

Since limg_, o, do (Y™ x4, y"™k x_) = dg(x+, x—), Proposition 3.12 implies that zy € Fq(z—). Thus
there is an open projective line segment in €2 containing both z4 and z_. This contradicts the maximality
of ¥, and finishes the proof of Claim 6.6.1. O
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By the above claim, #(E)',") =#(E,) = 1, where 7q(y) > 0 and y has an axis (a, b). Then Lemma 5.17

implies that y is biproximal.
(i1) This follows from biproximality of y and Corollary 5.4.

(iii) Suppose c is a fixed point of y in d€2 that is distinct from both @ and b. By part (i) of this proposition,
y is biproximal. Thus ¢ ¢ E)‘," U Ey—. Then, by Lemma 5.13, [a,c] C 92 and [b, c] C 0R2. Thus, the
axis £, = (a, b) of y is contained in a half triangle, contradicting that y is a rank-one isometry.

(iv) Letv € dQ\ {a,b}. Then v ¢ P(Span{a, b}) as (a,b) C Q2. Suppose [a,v] C d2. Since y is
biproximal, there exists a y-invariant decomposition of R4+1 given by

RIT' =RIGROIDE.
Choose any lift 7 of v in €. Then ¥ decomposes as
B = c1d@ + c2b + B,

where ¢1,c2 € R and U9 # 0. If ¢; # 0, then lim, o0 y v = b, that is, lim, o ¥y "*[a, v] = [a, b].
Since [a, v] C 02 by assumption, [a, b] C dK2. This is a contradiction since (a,b) C 2. Thus, ¢, = 0.

Set A := Amax(¥|5)- Since y is biproximal, A 7 < Amax. Then, for every n > 0,

~ \—N -n SN\
() m=ali) @+ (5E)
Ag Ag Ag

Up to passing to a subsequence, we can assume that Voo := lim, o0 ¥ v exists. Note that vee € QNP (E ).

But Q N IP)(E ) is a y-invariant nonempty convex compact subset of R4~ and Brouwer’s fixed point
theorem implies that y has a fixed point in @ NP(E). But @ NP(E) N {a, b} = @. This contradicts
part (iii). Hence, (a,v) C 2. Similarly we can show that (b, v) C Q.

(v) This is a consequence of part (iv). O

Corollary 6.7 Suppose y € Aut(2) is a rank-one isometry. Then y has north-south dynamics on 0€2,
that is,

(y|§_{y¢})i” -yt asn— oo,

and the convergence is locally uniform on compact subsets of Q —{yT}.

Proof The proof is very similar to part (iv) of Proposition 6.5. By the above proposition, y is biproximal.
Thus there exists a y-invariant decomposition R+ = Ryt & H, ® Ry ™, where yE=E 3: Moreover,
y" converges to the constant map y* locally uniformly on compact subsets of P(R+1) —P(H,®Ry™)
as n — oo.

We claim that P(H, @ R-y~) N Q = {y~}. If the claim is false, pick v € P(H, ®R-y~) N Q such
that v # y~. Up to passing to a subsequence, we can assume that Voo = lim, 00 ¥" v exists in Q.
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Since v € P(H, ® Ry™) — {y ™}, similar reasoning as in part (iv) implies that v, € P(H,). Thus
Voo € Q2N P(Hy). Again, as in part (iv), Brouwer’s fixed point theorem will imply the existence of a
fixed point of y in Q N IP(H,) which is distinct from )/i. This contradicts Proposition 6.5 part (iii). This
finishes the proof of the claim.

By the claim and the first paragraph of the proof, y” converges to the constant map y* locally uniformly
on compact subsets of Q — {y~} as n — oo. The proof for y " follows by similar reasoning. O

Now we prove a simpler characterization of rank-one isometries for cocompact actions.

Proposition 6.8 Suppose 2 is a Hilbert geometry, I' < Aut(2) is a discrete subgroup that acts cocom-
pactly on Q and y € I', where tq(y) > 0. If y € T" has an axis, then the following are equivalent:

(i) y is biproximal.

(i) None of the axes of y are contained in a half triangle in 2.

(iii) y is a rank-one isometry.

Proof Note that (ii) <= (iii) is by definition (see Definition 6.3), and (iii)) => (i) is Proposition 6.5
part (i). We will prove (i) => (ii) under the assumption that 2/ I" is compact.

Let (a, b) be the axis of y witha € E ;L and b € E. We first show that y has no other fixed points in 952
except @ and b. If this is not true, let v be such a fixed point of y. Since y is biproximal, v ¢ E;," UE).
Then Lemma 5.13 implies that

(7 [a,v]U[v, b] C 0L2.

Since (a, b) C 2, ConvHullg{a, v, b} is a nonempty set.

Let Ay := (y). Recall the notation Ming (4,) = ﬂheAy {x € Q|dq(x,h-x)=1tq(h)} from Section 3.9.
Lemma 3.17 implies that

(8) ConvHullg{a, v,b} C Ming(A4y).

The group I" acts cocompactly on 2. Then, Theorem 3.19 implies that Cr(A,) acts cocompactly on
ConvHullg (Ming (A4y)). Fix p € (a, b) and choose v, € [p, v) such that lim, .« v, = v. By equation (8),
vn € Ming(A4y). Then there exists i, € Cr(Ay) such that g := lim, o0 hpv, exists in Q. Thus
limy 00 dg (h, 1q, vs) = 0. Then Proposition 3.12 implies that, up to passing to a subsequence,

lim h,'g = lim v, = v.
n—oo n—-oo

Pick a point ¢’ € (a,b). Up to passing to a subsequence, v’ := limy— o0 /1, !¢’ exists in Q. Since
limy 00 do (K, 'q, h,,1q") = da(q. q’), Proposition 3.12 implies that v € Fg(v’). Now we show that
v' €{a, b}. Since hy, € Cr(Ay), hy(a,b) is an axis of y. As y is biproximal and has an axis, Corollary 5.4
implies that h, (a, b) = (a,b). Then, since ¢’ € (a,b), we get v’ = lim, 00 h, 'q’ € {a, b}. Hence

v e Fg(a)U Fq(b).
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If possible, let v € Fg(a). By equation (7), [a,v] U [v,b] C d2. Now, by Proposition 3.11 part (iv),
v € Fq(a) and [v,b] C 92 implies that [a,b] C 2. This is a contradiction as (a,b) C Q2. Thus,
v ¢ Fg(a). So v must be in Fg(b). By a similar reasoning, we now observe that v ¢ Fg(b). Thus we
have a contradiction.

So we have shown that if y has an axis (@, b) and is biproximal, then y has no fixed points in d€2 other than
a and b. Then the proof of part (iv) of Proposition 6.5 goes through verbatim. Thus (a,z) U (z,b) C Q
for all z € 02\ {a, b}, that is, the axis (a, b) is not contained in any half triangle in 2. This finishes the
proof. |

7 Rank-one axis and thin triangles

In this section, we prove that any projective geodesic triangle in €2 with one of its sides on a rank-one
axis £ is 9-thin for some constant %.

Proposition 7.1 Suppose 2 is a Hilbert geometry. If £ C 2 is a rank-one axis, then there exists a
constant &y > 0 such that it A(x, y,z) =[x, y]U][y,z]U |z, x] is a projective geodesic triangle in 2
with [y, z] C £, then A(x, y, z) is D¢-thin.

Remark 7.2 The thinness constant %, in the above theorem depends only on the axis £ (and not on the

rank-one isometry that has £ as its axis).
But first let us introduce some relevant definitions and technical results that we will need.

7.1 Thin triangles

Definition 7.3 Suppose (X, d) is a geodesic metric space.

(i) A geodesic triangle T" with vertices y1, y2, ¥3 is a union of geodesics o1 U 0, U o3 where o; is a
geodesic joining y; and y;4+1, where the indices i € {1, 2, 3} are counted modulo 3.

(i1) A geodesic triangle T := 01 U 0, U 03 is called D-thin for some D > 0 if
0;i C{x € X |d(x,0i—1Uoiy1) < D},

where the indices i € {1, 2, 3} are counted modulo 3.
The following is an elementary observation about thin triangles that we use later in the paper.

Observation 7.4 Suppose (X, d) is a geodesic metric space and T := o1 U0, U 03 is a geodesic triangle
with vertices y1, y2, ¥3, and each o; is a continuous geodesic path joining y; and y;y1 (the indices
i €{l1,2,3} are counted modulo 3). If T is D-thin, then there exist x; € o; fori = 1,2,3 such that
max{d(x1,x2),d(x1,x3)} < D.
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Proof By slight abuse of notation, let o1: [0, ] — X denote the continuous parametrization of the
geodesic path o7 for some b > 0. Without loss of generality, we assume that o1(0) = y;. Since T is
D-thin,

) 01([0,b]) C{x € X |d(x,0, Ua3) < D}.

Note that d(01(0),03) =0as y; € 01 No3. Let E :={t € [0,b] | d(01(¢),03) < D}. Then 0 € E and
so := sup E exists. We can find a sequence {#,} in E such that ¢, — s¢. Then, by continuity of oy,

d(01(s0),03) = lim d(01(tn).03) < D.
In—>S0
Now note that d(01(s0), 02) < D. Indeed, if ¢ > s¢, then d(o1(¢),03) > D by definition of sg. Then
equation (9) implies that d (o7 (¢),02) < D. By continuity of oy,

d(o1(s0),02) = lim, d(o1(t),02) < D.

t—sg

Then set x; := 01(sp) and for i = 2, 3, let x; € g; be such that d(x1, x;) = d(x1, 0;). O

Suppose (£2,dg) is a Hilbert geometry. Then there are some special geodesic triangles in §2, namely the
ones whose edges are projective geodesic segments.

Definition 7.5 If v, vy, v3 € Q, a projective geodesic triangle (with vertices vy, v, and v3) is

A(v1,v2,v3) 1= [v1, 2] U [va, v3] U [v3, 01].

We will say that A(vy, va, v3) is D-thin if it is D-thin in the sense of Definition 7.3. There is a simple
criterion to determine whether a projective geodesic triangle is D-thin. This proof comes from [39], and
we include it here for the convenience of the reader.

Lemma 7.6 Suppose €2 is a Hilbert geometry, R > 0 and A(x, y, z) is projective geodesic triangle such
that [y, z] C Nr([x, y]U [x, z]). Then A(x, y, z) is (2R)-thin.

Proof Since [y, z] C Ng([x, y]U [x, z]), there exist my, € [y, z], mx, € [x, y] and my, € [x, z] such
that dg(myz,mxy) < R and dg(my,,mx;) < R. Indeed, the existence of three such points follows by a
similar reasoning as in the proof of Observation 7.4. Then, by Proposition 3.13,

dgaus([y’ myz]’ [y’ mxy]) S R’
dgaus([zymyz]a [Z7mx2]) E R,
dgaus([x, Mmyyl, [x,myz]) <2R.

Hence, A(x, y, z) is (2R)-thin. a
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7.2 Proof of Proposition 7.1

Now we prove Proposition 7.1. Fix a Hilbert geometry Q and a rank-one axis £ C Q2. The remark
following Proposition 7.1 will be a consequence of the proof — the proof only uses the fact that there is
some rank-one isometry y that acts along £ by a translation; it does not rely on y in any other manner.
Lemma 7.6 reduces Proposition 7.1 to the following.

Proposition 7.7 If £ C Q is a rank-one axis, then there exists a constant B, with the following property:
if A(x,y,z) is an projective geodesic triangle in Q with [y, z] C £, then [y, z] C Ng,([x, y] U [x, z]).
Moreover, this constant By depends only on the rank-one axis £ (and not on the rank-one isometry whose
axis is 0).

Proof The “moreover” statement will again follow from the proof since the proof is independent of the
choice of the rank-one isometry which has £ as its axis. Now we begin the proof of the first part.

If the claim is false, then for each n > 0, there exists a projective geodesic triangle A(ay, by, cn) C Q
with [an, by] C L, ¢y € Q2 and e, € (ay, by) such that

dQ (el’l’ [Cn,an] U [Cn» bl’l]) 2 n.

Since £ is a rank-one axis, there exists a rank-one isometry Y’ whose axis is £. Thus, translating
A(an, by, cy) by elements in (y’) and passing to a subsequence, we can assume that e := limy,— o €y,
exists and e € £. Up to passing to a subsequence, we can assume that a := limy .0 dp, b := lim, o by
and ¢ := limy,_, o ¢, exist. Observe that

da(e,[a,c]Ulc,b]) = nlggo da(en, [an, cn] Ulcn, bn]) > nli)n;on = 0.

Thus [a, c]U[c,b] C 2. But (a,b) C @ since e € (a,b) N Q. Thus a, ¢ and b form a half triangle in €2.
But since [ap, bp] C £, [a,b] C L. Since a, b € dQ and £ C 2, we get £ = [a, b]. Thus £ = (a, b). So the
rank-one axis £ is contained in a half triangle in €2, a contradiction. a

8 Rank-one Hilbert geometry: Zariski density and limit sets

Recall the definition of rank-one geodesics from Definition 6.2. In this section we would like to address
the following question.

Question 8.1 Suppose (2, ') is a Hilbert geometry and 2 contains a rank-one geodesic. When does
this imply that (2, I') is a rank-one Hilbert geometry?

It is a natural question that aims to understand how the geometry of a properly convex domain influences
the algebraic properties of a “large” group acting on it. Under certain assumptions, Zimmer answers this
question in [50].
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Proposition 8.2 Suppose 2 is an irreducible Hilbert geometry and I' < Aut(£2) acts cocompactly on 2.
Then (2, T") is a rank-one Hilbert geometry if and only if 2 contains a rank-one geodesic.

This is immediate from Theorem 1.5. So our main goal in this section is to answer Question 8.1 without
the assumptions of irreducibility or cocompactness as above. Instead, we will work with groups that
satisfy the following assumption.

Assumption I' < SL;,(R) is a discrete Zariski dense subgroup of SL;41(R) and there exists a
properly convex domain  C P(R4*1) such that T'- Q = Q.

In this assumption, Zariski density may be interpreted as an assurance that the group I" is “large”. We will
work with SL;4 1 (R) in this section instead of PGL; 1 (R). Indeed, given I' < PGL;1;(R), we can
pass to a subgroup of index at most 2 and assume that I' < SL; ;1 (R). In Section 8.2, we will formulate
a hypothesis on the proximal limit set Ag/ 0 (see Definition 8.3), that we call Hypothesis (%), and use it
to provide an answer to Question 8.1.

Notation For the rest of this section, let G := SL;41(R), let P < G be the subgroup of upper-triangular
matrices and Q be the stabilizer in G of [e;] =[1:0:---:0] € P(R?t1). Fix the standard inner product
on R4+! and let K := SO(d + 1).

Let ¢; be the evaluation of the i " diagonal entry of a diagonal matrix. Take A :={g; —g; 11 |1 <i <d}tobe
the set of positive simple roots. For any 0 = {e;, —&;, 41, ..., —€ip+1} C A, let Pg denote the subgroup
of block upper-triangular matrices in G with square diagonal blocks of sizes i1,i» —i1,..., ik —ix—1,
d — iy, respectively. In particular, PA = P and G/ P is the full flag variety, while P, _.,» = O and
G/0 =PRIt

8.1 Limit sets in flag varieties

We will require the notion of limit sets of discrete subgroups of G in flag varieties, in particular G/ P and
G/ Q. This has been defined and studied by various authors in different degrees of generality: Guivarch [35]
(for subgroups of SL; 41 (R) acting proximally and strongly irreducibly on R9), Benoist [6] (for Zariski
dense subgroups of reductive groups) and Guéritaud, Guichard, Kassel and Wienhard [34] (for arbitrary
subgroups of reductive groups). We use the definition from [34, Section 5.1]

First recall the notion of singular value decomposition (or more generally, Cartan decomposition in G):
for any g € G, there exist k1, k2 € SO(d + 1) and A, = diag(ay,...,ag41) withay >--->az41 >0
such that

g = k 1A gkz.

The Cartan decomposition defines the Cartan projection pu(g) := diag(log(ai), ...,log(az+1)). It maps
G into the space of trace-zero diagonal matrices of size (d + 1) x (d + 1).
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Let @ C A. If g € G has a singular value decomposition g = k1 Agks, define Eg: G — G/ Py by
Eg(g) :=ki-ePy.

The map Eg does not depend on the choices of k1 and ks, provided a(iu(g)) > 0 for all o € 6; see
[34, Section 5.1].

Definition 8.3 [34, Definition 5.1] Suppose I’y is a discrete subgroup of G. The limit set A?g Po of T'o
in G/ Py is defined to be the set of all accumulation points of sequences { Eg (V) }neN Where {Vn}neN is
any sequence in I'g such that a(u(y,)) — oo forall « € 6.

Remark 8.4 Suppose I’y is Zariski dense in G.

(i) Then Ag({ Po i nonempty and is the closure of the set of attracting fixed points of proximal elements
in G/ Py; see [6] and [34, Section 5.1]. Here, an element g € G is called proximal1 in G/ Py
provided a(u(g)) > 0 for all « € 6. Moreover, g is proximal in G/ Py if and only if g has a unique
attracting fixed point? in G/ Py; see [34, Definition 2.25].

(i) Suppose 8 ={e; —e,} so that Pg = Q. Then Ag({ 2 is the unique minimal closed I"-invariant subset
of G/ Q; see [13, Lemma 4.2]. This may not be true for arbitrary choices of 8; see [13, Remark 4.4].

Lemma 8.5 Suppose I' < SL; 41 (R) satisfies the assumption. Then Ag/g # & and Alcj/Q C 0% is the
unique minimal closed T -invariant subset of 0€2.

Proof Note that Q2 is a closed I'-invariant set and the unique attracting fixed point of any proximal
element (in G/ Q) of T lies in d2. The lemma then follows from Remark 8.4 above. |

If we do not assume Zariski density, then we may still have nonempty limit set (in an appropriate G/ Pg)
but with some unusual properties. The following is such an example.

Example 8.6 Consider the discrete subgroup I'' := {diag(2™!, ..., 2™d+1) | St = 0} of Aut(Ty)

1
and d-dimensional torus T;/'’. Although I'” is not Zariski dense in SL; . {(R), the proximal limit set
in P(R?*1) is nonempty and in fact Alg,/Q ={le1],...,leq+1]}- Thus Ag,/Q is a proper subset of 7.

Note that (77, I'’) is not a rank-one Hilbert geometry; see Remark 6.4.
In the light of Lemma 8.5 and this example, it is natural to ask when does Alq/ Q equal 0€2.

Remark 8.7 In general, if I' only satisfies the assumption, then Ag/ 2 canbea proper subset of d€2. For
example, let ' <PO(2, 1) be a Zariski dense convex cocompact Kleinian group. Then Ag/ - - xNoH?2,
where x € H?. Unless I' is cocompact, Ag/ Q # 0H?Z2. However, under the additional cocompactness
assumption, we often have equality. Blayac [19, Theorem 1.3] has recently shown that if (2,I") is a
divisible rank-one Hilbert geometry, then Ag/ 2 —s.

IThis coincides with the notion of proximality discussed in Section 3.11 when § = {g1 —e5}.
2A fixed point x € X of a smooth map f: X — X is attracting if || Dfx| < 1.
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8.2 Hypothesis (x) and an answer to Question 8.1

We now introduce a special hypothesis under which we can answer Question 8.1.

Hypothesis (x) Suppose I' < G is a discrete subgroup and Q@ C P (R4 1) is a properly convex domain
such that " - Q = Q. We will say that (2, I'") satisfies Hypothesis () if there exists a rank-one geodesic
(a’,b") C Q with its endpoints a’, b’ € AIQ/Q Nog.

We will show that for any Zariski dense discrete subgroup I', this hypothesis is equivalent to the rank one
property. One implication is easy and does not require Zariski density.

Lemma 8.8 Suppose I' < G is a discrete subgroup that preserves a properly convex domain 2 and
(2, T) is a rank-one Hilbert geometry. Then (2, I') satisfies Hypothesis (x).

Remark 8.9 In this lemma, we do not assume that I is Zariski dense in G.

Proof Since (2, T') is a rank-one Hilbert geometry, we can find a rank-one isometry y € . Let y* € 9Q
be the attracting and the repelling fixed points of y. Then y* € Ag/ Q by definition of Ag/ 2 Also
(yT,y7) is the axis of y and hence a rank-one geodesic; see Definition 6.3 and Proposition 6.5. a

Next we will seek a converse of the above lemma and this will require the Zariski density assumption
on I'. But first we recall the notion of loxodromic elements. We will call g € G loxodromic if
A1) >+ > [Aa11(8)l-

If g is loxodromic, then it has unique attracting fixed points in both G/Q and G/P. We will denote by
ag,t € G/ Q (resp. Xg,t € G/ P) the unique attracting fixed point of g*! in G/Q (resp. G/ P). With this
notation, ITpg (X;,t) = ag,t, where

I1 PQ . G / P — G/ Q

is the natural smooth projection map. Also recall that if g € Aut(€2) is a rank-one isometry, then we
denote by g+ the attracting and the repelling fixed points of g; see Remark 6.6.

Lemma 8.10 Suppose I' < G satisfies the assumption. If there exists a rank-one geodesic (a’,b") C
with its endpoints a’, b’ € A?/Q N0, then

(i) there exist rank-one isometries {g,} in T' such that limy,_ oo g, = @’ and lim,— 0 g,; = V',

(i) (2, T) is a rank-one Hilbert geometry,

(iii) the set of rank-one isometries in I' is Zariski dense in G,

(@iv) Alq/Q = {y™T | y is a rank-one isometry}.
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Corollary 8.11 Suppose I' < G satisfies the assumption, and (2, I") satisfies Hypothesis (x). Then
(2, T) is a rank-one Hilbert geometry.

Proof of Lemma 8.10 The key idea of this proof is in [46] and it relies on results of Benoist [7]. Before
starting the proof, we informally outline the main idea. The key technical point is to find a sequence {g,}
of biproximal elements in I" such that Ayt —> a’ and ag, — b’. A direct way to find such a {g,} is: using
Zariski density, find a pair g, h € I' of transversally biproximal elements [13, Chapter 7] such that a;,"
and a, are arbitrarily close to a’ and b’, respectively. Then, for large enough n, g"h" is a biproximal
element whose attracting and repelling fixed points are close to a’ and b’. However, in this proof, we
will take a more indirect approach by passing to the limit set in G/ P and using a result of Benoist. We
rely on [7, Lemma 2.6(c)]: given two distinct points X, X_ € Ag/ P, there exist loxodromic elements
gn € I' such that X;,tn — X 4. Once we have this sequence {g}, Claim 8.11.1 implies that all but finitely
many of them are rank-one isometries.

Now we begin the formal proof. Equip G/ P and G/Q with K-invariant Riemannian metrics and denote
the corresponding Riemannian distance functions by dp and dg respectively. We remark that this
specific choice of Riemannian metrics will be insignificant as G/ P and G/Q are compact manifolds.
Let I'ox be the set of loxodromic elements in I'. Since I' is Zariski dense in G, Remark 8.4 implies that
Mpo(A%/F) = AS/C Then pick X4, X;, € AY? such that TTpo(X,) = @’ and Mpo(Xp) = b'. For
any € > 0,

e :={g € Nox | dp (XJ . Xy) < £.dp (X . Xp) < ¢}

is Zariski dense in G; see [7, Lemma 2.6(c)].

For any g € Iox, afgt = HPQ(X(:;) and a;,t € Q2. Moreover, I1pg is continuous and (a’, b") C 2. Thus
there exists & such that if & € (0,¢), then (a .ag) C Q for any g € I'¢. In fact (a7 ,a,) C Q is the
unique axis in €2 for any such g € I';. Indeed, the uniqueness follows from Corollary 5.4 because g has
an axis (a;, ag) C L, g is loxodromic and 7g(g) > 0. We now claim that:

Claim 8.11.1 If ¢ € (0, ¢’) is small enough, then g is a rank-one isometry for all g € T;.

Proof Suppose the claim is false. Then there exist a sequence {&,} in (0, &’) with e, — 0 and g, € T,

such that g, is not a rank-one isometry. Then X;n — X, and Xgn — Xp. Since Ilpg is continuous,

+

agn

—a’andag, — b’

n
By the paragraph before the claim, each g, has a unique axis (a;n .dg ) C §2. Moreover, (a;n Jdg ) —>
(a’,b’). But since g, is not a rank-one isometry by assumption, this implies that there exists {c, } with
cn € 0Q —{af ,ag } such that N )
lag,.cn]Ulcn,ag ] C 3S2.

Up to passing to a subsequence, we can assume that ¢, — ¢ in dQ2. Then [a’, c] U [c, b’] C 922 while
(a’,b") C Q. Thus (a’, b") cannot be a rank-one geodesic and we have a contradiction. This finishes the
proof of this claim. O
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Now we finish the proof of the lemma. Let us choose an ¢ € (0, &’) as in the above claim.
(i) The result follows by choosing g, € I'y/,, forall n > 1.

(i1) This follows from (i), since there is at least one rank-one isometry in I'.

(iii)) The set I'¢ is a subset of the set of rank-one isometries of I" and I'; is Zariski dense.

(iv) By Lemma 8.5, A?/ 2 coQisa minimal, closed I'-invariant set which contains the unique attracting
fixed points of all proximal elements. Since a rank-one isometry is necessarily proximal,

. - G/Q
{yT | y is a rank-one isometry} C A ~.

Since {y T | y is a rank-one isometry} is a closed I'-invariant set, the equality then follows from minimality
of AZ/€. O

We now observe that Hypothesis (x) gives:

Answer to Question 8.1 (see Lemma 8.8 and Corollary 8.11) If I' < SL;4;(R) is a discrete Zariski
dense subgroup of SLy 41 (R) that preserves a properly convex domain €2, then (2, I") is a rank-one
Hilbert geometry if and only if Q contains a rank-one geodesic (a’,b’) C Q witha’, b’ € Alg/ 2noQ.

We finish the section with an example where Hypothesis (x) fails. Recall Example 8.6. In that case, I'/
preserves the standard d-simplex T, T;/ T is homeomorphic to a d-torus, and T; does not contain
any rank-one geodesics. Thus (T, I'') does not satisfy Hypothesis (x). However, in this example, the
group I’ is not Zariski dense in SL; 4 1(R), and one may wonder if that is the reason why Hypothesis (*)
fails. So we ask the following question.

Question 8.12 Suppose I' < G is a discrete subgroup that preserves a properly convex domain 2. If T’
is Zariski dense in G, then does (2, I') satisfy Hypothesis (x)?

To the best of the author’s knowledge, the answer to this question is not known unless one makes other
assumptions, eg say 2/ T" is compact and €2 is irreducible. Under these assumptions, Remark 8.7 and
Theorem 1.5 together provide an answer.

Part III Contracting elements in Hilbert geometry

In this part of the paper, we prove our main results: Theorems 1.2 and 1.4. The outline of this part of the
paper is as follows. We recall the notion of contracting elements in Section 9. The proof of Theorem 1.2
is split into two sections: Sections 10 and 11. In Section 12, we introduce the notion of acylindrically
hyperbolic groups and prove Theorem 1.4.
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9 Contracting elements: definition and properties

Suppose K > 1 and C >0. A function F': (X,dyx)— (Y, dy) is called a (K, C)-quasi-isometric embedding
if for any x1, x5 € X,

1
EdX(xl,)Q)_C <dy(F(x1), F(x2)) < Kdx(x1,x2) +C.

Fix a proper geodesic metric space (X, d) and a group G that acts properly and by isometries on X. If
K >1and C >0, then a (K, C)-path in (X, d) is a set F(R) where F: (R,|-|) = (X,d) isa (K, C)-
quasi-isometric embedding. A subpath of the path F(R) is (/) where I C R is an interval, possibly
unbounded.

Definition 9.1 Let K > 1 and C > 0. Let ¥ be a collection of (K, C)-paths in X. Then:

(i) PF is called a path system on X if
(a) any subpath of a path in ¥ is also in P¥, and
(b) any pair of points in X can be connected by a path in .

(i) P is called a geodesic path system if all paths in P are geodesics in (X, d).
(iii) If G preserves PF, then (X, PY) is called a path system for the group G.

Definition 9.2 (contracting subsets [49]) If PF is a path system on X, then s C X is said to be
PS-contracting (with constant C) if there exists a map w4: X — o such that
(i) if x € o, then d(x, my(x)) <C,
(i) ifx,y € X and d(wy(x), m4(y)) = C, then for any path o € PF joining x and y,
d(o,wy(x)) =C and d(o,ma(y)) = C.
A prototypical example of a contracting subset is a bi-infinite geodesic in H? (with the map 7 being the
closest point projection on the geodesic). Generally speaking, one should think of the projection map my

as an analogue of the closest-point projection. In fact, the following lemma makes this analogy concrete
in the context of geodesic path systems. We will use the notation

psi(x) = {a € A |d(x,a) = d(x, )}

for the set-valued closest-point projection map on .

Lemma 9.3 Suppose P is a geodesic path system and s C X is PF-contracting (with constant C)
with the projection map 7wy : X — sl. Then sup,e,  (x) d(ma(x),a) <2C forall x € X.

Proof Suppose there exist x € X and a € py(x) such that
d(wg(x),a) > 2C.
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Since A is PF-contracting and a € A, one gets that d(wry(a),a) < C. Then

d(ma(x), ma(a) = d(7wa(x), a) —d(mala), a) > C.
Let ox 4 be a geodesic path in ¥ joining x and a. Since o is PF-contracting, there exists z € o 4 such
that d(z, mg(x)) < C. As z € Ox 4, d(a,z) =d(a,x) —d(z,x). Asa € py(x), d(x,a) < d(my(x), x).

Then
d(a,z) <d(my(x),x)—d(x,z) <d(ry(x),z)+d(z,x)—d(z,x) <C.

Then d(y(x),a) < d(wy(x),z)+d(z,a) <2C, a contradiction. m|

Using the notion of contracting subsets, one introduces the notion of contracting group elements. A
prototypical example of a contracting element is

A0

g§= 1
0 —
A

for some A > 1, that acts on H? by a translation along a bi-infinite geodesic in H?.

Definition 9.4 (contracting elements [49]) If (X, %) is a path system for G, then g € G is a contracting
element for (X, P¥) provided for some (hence any) x¢ € X,

(i) g has infinite order and (g) - x¢ is a quasi-isometric embedding of Z in X, and

(ii) there exists s{ C X containing xg that is (g)-invariant, ¥-contracting and has cobounded (g)-
action.

Remark 9.5 If g € G is a contracting element and P¥ is a geodesic path system, then w4 is coarsely
(g)-equivariant. This is immediate from Lemma 9.3 since 7y is coarsely equivalent to py and py is
clearly (g)-equivariant.

In the definition of a contracting element, the set & is not necessarily a (g)-orbit in X. We will now
explain that we can always replace o by a (g)-orbit. Moreover, we also show g has positive translation
length for its action on X. We remark that the following observation does not require that %% is a geodesic
path system.

Observation 9.6 Suppose (X, PY) is a path system for G and g € G is a contracting element for
(X,99). Then

(1) tx(g):=infyey d(x, gx) is positive, and

(i) for any xg € A, Amin(xo) := (g)xo is the minimal PS-contracting, (g)-invariant subset of X
containing xo with a cobounded (g)-action.
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Proof (i) Recall the definition of stable translation length

o o d(x, g"x

Then tx(g) > r}s(table(g) and it suffices to show r)s(‘able(g) > 0. Fix any xo € X. Since g is contracting,

(g)xo is a quasigeodesic, that is, there exists K > 1 and C > 0 such that d(x¢, g"x¢) > (1/K)|n|—C
for every n € Z. Then, t§*"'(g) > 1/K > 0.

(i) Let o be PF-contracting with constant Cy and the map w4: X — . Fix any xg € & and set
Ry :=diam(s4/(g)), Co := Csy + 2Ry and HApin(x0) := (g)x0.

Since Amin(xo) C A, if x € X, then there exists m € Z such that d(my(x), g™x0) < Ry. Define
Tmin: X — Amin(X0) by setting mmin(x) = g"x¢. Then, if X € Amin(x0), Tmin(x) =x. f x,y € X
and d(7min(X), ZTmin(¥)) > Co, then d(mwy(x), T4(y)) > Cy. Thus, if 0 € PF is a path from x to y,
d(y(x),0) < Cyq and d(;ry(y),0) < Cy. Hence,

d(nmin(x)vo—) <Co and d(nmin(y)’ 0) < Co. d

There are many other notions of contracting subsets in geometric group theory. We will require one such
notion in Section 14 for proving our Theorem 1.8. We will call this notion contraction in the sense of BF —
it was introduced by Bestvina and Fujiwara for CAT(0) spaces [17] and by Gekhtman and Yang [32] in
general. We defer all further discussion about this to Appendix B and only remark that in our case, this
notion of contraction will be equivalent to Definition 9.2.

Remark 9.7 If Q is a Hilbert geometry, we use the geodesic path system P¥% := {[x, y] | x,y € Q}
given by projective geodesics. We use the P -contracting notion everywhere in the paper except in
Section 14 (where we use contraction in the sense of BF, see Definition B.2). Proposition 9.8 below
implies that these two notions of contraction are equivalent in our setup. Hence, in the rest of the paper,
we will use the term contracting subset (and element) without additional labels.

Proposition 9.8 Suppose (X, PY) is a geodesic path system. Then:

(1) A C X is PS-contracting if and only if i is contracting in the sense of BF.

(ii) If G preserves ¥, then g € G is a contracting element for (X, P¥) if and only if g € G is a
contracting element in the sense of BF.

Proof See Appendix B. |

10 Rank-one isometries are contracting

In this section, we prove one implication in Theorem 1.2. Fix a Hilbert geometry Q and let ¥ :=
e, vl x,y € Q).
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Theorem 10.1 If y € Aut(R) is a rank-one isometry, then y is a contracting element for (2, PF).

The key step will be part (ii) of Lemma 10.3, which shows that a rank-one axis is ?¥**-contracting. First,
we construct suitable projection maps on a rank-one axis. Recall the notion of closest-point projection on
closed convex subsets, particularly Corollary 3.10.

Definition 10.2 Suppose 2 is a Hilbert geometry, £ is a bi-infinite projective geodesic in Q2 and 6 : R — ¢
is its unit-speed parametrization. Then T(x) = [0(Ty),0(T,")] for Ty, T € R. We define the

X' X
projection map wp: Q — £ as
T, + Tj)

7 (x) :20( 7

We now establish some properties of the map 7y when £ is a rank-one axis.

Lemma 10.3 If £ C Q is a rank-one axis, then there exists 6, > 0 such that:
(1) If x € Q and z € £, then there exists py, € [x, z] such that

do(me(x), pxz) < 3%€y.

(ii) The geodesic £ is PP -contracting with constant €, and the map 7.

Proof (i) Let x € Q2 and z € £. Choose any Cy > Dy, where Dy is the constant from Proposition 7.1.
Proposition 7.1 implies that A(x, 7y (x), z) is Dg-thin. By Observation 7.4, there exists p € [x, ¢ (x)],
q € [my(x),z] and r € [z, x] such that

da(g. p) <%¢ and dq(q.r) <%Dy.
Then
do(me(x), p) =da(me(x), x) —de(p, x) <da(qg,x) —da(p.x) <da(p.q) < Dy.

Thus
de(me(x), q) <dq(me(x), p) +dalg, p) <2%;.

Set pyxz :=r. Then
de(me(x), pxz) < dq(me(x),q) +da(g.7) < 3D, < 3C,.

(i1) Set 7 := my for ease of notation. Let us label the endpoints of £ so that £ := (a, b). Observe that we
only need to verify (ii) in Definition 9.2. Suppose, for a contradiction, that it is not satisfied. Then, for
every n € N, there exist x,, y, € € such that

do(m(xn),m(yn)) =n and do([xu, yul, m(xn)) = n.

Since £ is a rank-one axis, fix a rank-one isometry y whose axis is £. Then y o w = 7 o y. Hence, up to
translating x, and y, using elements in (y), we can assume that « := lim,— o 77(X5) exists in £ C Q.
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Up to passing to a subsequence, we can further assume that the following limits exist in Q:

xi= lm xp, y:= lm yp,  fr= lm 7(yn).

Then limy,,— o0 [X7, Yn] = [x, y]. We will now show that
(10) [x, y] C 0%2.
This follows from the following estimate:
do(a, [x,y]) = lim dg(o,[xs, yu]) > lim (dSZ(”(xn)’ [Xn., yu]) —dg (7 (xn), 0‘))
n—00 n—>oo
> lim (1 —dg (7 (xn),@)) = 0.
We also observe that
de(a,B) = lim do(a, 7(yn)) = lim (de(w(xn). 7(yn)) —de (7 (xn). @)
n—>00 n—>o00
> lim (1 —dg((xa). @) = 0o,

Thus 8 € 9. However, since 8 € £ = [a,b], B € {a, b}. Thus, up to switching the labels of the endpoints
of £, we can assume that

(11) B =b.
Claim 10.3.1 x=y=hb.

Proof We first show that y = b. Since y, € Q and « € ¢, part (i) of Lemma 10.3 implies that there
exists p, € [yn, ] such that
do(pn, w(yn)) < 3%,.

Up to passing to a subsequence, we can assume that p :=1im, oo pn exists in Q. Then by Proposition 3.12,
p € Fq(B). By equation (11), B = b, which implies p € Fq(b). Since b is an endpoint of the rank-one
axis £, part (iv) of Proposition 6.5 implies that Fo(b) = b. Thus p = b. On the other hand, since
Pn € [Vn, ], we have p € [y, «]. Since p = b, we have p € dQ2. Thus,

p€la.ylNI ={y}.
Hence,
y=p=b.
We now show that x = b. By equation (10), [x, y] C d2. But since y = b, this contradicts part (iv) of
Proposition 6.5 unless x = y. Hence x = y = b. This concludes the proof of Claim 10.3.1. |

Consider the points x, € Q and 7 (y,) € £. By part (i) of Lemma 10.3, there exists ¢, € [xn, 7(yn)]
such that dg (7 (xn), gn) < 3%,. Up to passing to a subsequence, we can assume that ¢ := lim,—o0 ¢n
exists in Q. Then by Proposition 3.12, ¢ € Fq(«) = Q. Thus lim,_co[Xn, 7(y)] is a projective line
segment containing ¢ and hence intersects 2. However, limy,—oo[Xn, 7 (y5)] = [x, B] = {b} C 02. This
is a contradiction. O
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We will now apply Lemma 10.3 to prove Theorem 10.1. Suppose y € Aut(2) is a rank-one isometry.
Then tq(y) > 0, which implies that y has infinite order. By part (ii) of Proposition 6.5, y has a unique
axis £, along which y acts by a translation. Fix xo € £,,. As (y) acts cocompactly on £, (y)-x¢ is a
quasi-isometric embedding of Z in €. Part (ii) of Lemma 10.3 implies that £, is a PF2_contracting set.
Thus y is a contracting element for (Q, P¥%); see Definition 9.4.

11 Contracting isometries are rank one

In this section, we prove the other implication of Theorem 1.2. Fix a Hilbert geometry €2 and let
PFE = {[x, y] | x,y € Q).

Theorem 11.1 If y € Aut(S2) is a contracting element for (2, P¥%), then y is a rank-one isometry.

We begin by recalling a result of Sisto which says that contracting elements are “Morse” in the following

sense.

Proposition 11.2 [49, Lemma 2.8] If PY is a path system on (X, d) and 4 C X is PS-contracting
with constant C, then there exists a constant M = M (C) such that if 6 is a (C, C)-quasigeodesic with
endpoints in s, then 0 C Nps(A) :={x € X |d(x,d) < M}.

We use this Morse property to show that a contracting element has at least one axis and none of its axes
are contained in half triangles in €2. The first step is the following lemma. Recall the notation E)‘," JE,
from Definition 4.7.

Lemma 11.3 Suppose Q is a Hilbert geometry and y € Aut(S2) is a contracting element for (2, PF?).
If there exist xo € Q2 and two unbounded sequences of positive integers {ny }rcN and {my }rcN such that
p:= lim y"kxo belongs to E;r and q:= lim y~™kxo belongsto E,,

k—o00 k—o00

then

1 (p,q) C R, and

(i) (p, q) is not contained in any half triangle in 2.

Proof Since y is a contracting element, Observation 9.6 implies that 7o (y) > 0. Thus p # q.

(1) Suppose this is false. Then [p, g] C d2. Choose any r € (p, q). Set Ly := [y~ x¢, y"* x¢]. Then
Lo :=1limyg_, o Lr = [¢q, p]. Thus we can choose r; € L such that limg_, o 1 = 7.

Since y is a contracting element, part (i) of Observation 9.6 implies that sdyin(x0) := (y)x¢ is PF-
contracting. Since the Lj are geodesics with endpoints in dmin(xo), Proposition 11.2 implies that there
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exists a constant M such that for all k > 1, Ly C Nps(4min(x0)). Thus for every k > 1, there exists
ytk X0 € Amin (XO) such that

(12) do(re, y™x0) < M.
Up to passing to a subsequence, we can assume that

t:= lim y%xg
k—o00

exists in Q. Since r leaves every compact subset of 2, {f;} is an unbounded sequence. Then by
Proposition 4.9 part (i), ¢ € (E;," U E). On the other hand, by Proposition 3.12 and equation (12),

(13) teFq(r)CcoQ.
We now analyze the two possibilities:

Case 1 If possible, suppose ¢ € E,. Then consider the sequence {y"*rjren. Up to passing to a
subsequence, we can assume that roo 1= limg_, o, y"%7 exists in d2. Since p € E;,", q € E, and
r € (p,q) with ny > 0, Observation 4.4 part (ii) implies that

(14) reo = lim y™reEf.
k—o0

To sum up, we have r € Fq(t), where ¢ € E,; and roo = limg o0 y"kr; see (13) and (14). Now we
apply part (ii) of Corollary 4.13 with ¢, r and {ny } taking the role of y, z and {iy } respectively. Then the
conclusion is that roo € E; . This contradicts equation (14).

Case 2 If possible, suppose t € E;r . We can repeat the same arguments as in Case 1 by considering
the sequence {y ™ r}ren, and arrive at a contradiction — we need a version of Corollary 4.13 with y
replaced by y~!; see Remark 4.14.

The contradiction to both of these possibilities finishes the proof of (i).

(i) By part (i), (p,q) C 2. Suppose there exists z € dS2 such that p, z, ¢ form a half triangle in .
Choose any sequence of points zx € [xg, z] N 2 such that limg_, o, zx = z. Since y is contracting, part (ii)
of Observation 9.6 implies that i (x0) = (y)xo is PF2-contracting (with constant, say C). Thus there
exists a projection 7 : 2 — Amin(Xo) that satisfies Definition 9.2. We will analyze the sequence 7 (z).
Since 7(z) € smin(X0), there exists a sequence of integers {iz } such that 7 (zx) = y'* xo. Up to passing
to a subsequence, we can assume that the following limit exists in Q:

(15) w:= lim w(zg)= lim yi"xo.
k—o0 k—o00

Claim 11.3.1 It holds that w € 3Q and w € (E,f U E;)).

Proof Recall that I" acts properly discontinuously on €. Moreover, (y, Q) Uw(y~!, Q) C E;‘ UE,;
see Proposition 4.9. Thus it suffices to show that {i; } is an unbounded sequence. Suppose, on the contrary,
that {ir } is a bounded sequence. Then w € 2 and limy_, o, dg(w, 7(z;)) = 0; see (15).
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Recall that {n} is the sequence such that y"*xy — p € 0Q2. We will prove this claim by comparing
Y xo(= m(zx)) with "  xo. We claim that dg (7(zx), (Y™ x¢)) — 00 as k — oco. To prove this
subclaim, first note that (i) of Definition 9.2 implies that

do(y"*xo, (y"*x0)) < C
because "% xg € Amin(x0). The subclaim then follows from the equation
lim dg(7w(zx), 7(y™ x0)) = lim (dg(w,y"*x0) —do(w, 7(zx)) —da(y"* xo, 7 (y"* x0)))
k—o00 k—o00
> liminfdg(w, y"* x¢) — C = o0.
k—o00

The above equation then implies that for k& large enough, dg (7 (zg), 7 (y"*xp)) = C. Since 7 is a
projection into a P¥%-contracting set, condition (ii) of Definition 9.2 implies that

do(m(zk), [zk. ¥ x0]) < C.
Thus
do(w, [z, p]) < lim dg(w(zk), [z, y"* x0]) < C.
k—o00

Then [z, p] N Q2 # @. But since p, z, g form a half triangle, [z, p] C d2. This is a contradiction and it
concludes the proof of this claim. |

Claim 11.3.2 w € Fo(2).

Proof First observe that for k large enough,

de (7 (zx). 7(x0)) = C.

Indeed, this follows because 7 (xg) € 2 while w = limy _, o 7 (2 ) € 02. Again, as 7 is a projection into
a PSS _contracting set, we have

de (7 (zk), [x0, zk]) < C.

Choose 1y € [xo, zx] such that dg ((zx), nr) < C. Up to passing to a subsequence, we can assume that
n = limy _, oo N exists. By Proposition 3.12, n € Fq(w). Since w € L2, n € 32 (Proposition 3.11(i)).
But 1 € [x9, z], which intersects d€2 at exactly one point, namely z. Thus, n = z implying z € Fg(w), or
equivalently, w € Fg(z). This concludes the proof of Claim 11.3.2. |

Since p, z, ¢ form a half triangle, [p, z] U [z, ¢q] C Q2. By Claim 11.3.2, w € Fq(z). Then part (iv) of
Proposition 3.11 implies that

(16) [p,w]U][g, w] C 0L2.

Recall from Claim 11.3.1 that {iz} is an unbounded sequence and that w = limy_,, y'* xo lies in
EJ‘f UFE y - We will now show that (16) contradicts this.
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Suppose, up to passing to a subsequence, that {iy } is a sequence of positive integers. Then w € EJ‘," . Since
limg o0 Yk X0 = w € E;," and limg 0 ¥y~ "k xg = q € E,/, then part (i) of Lemma 11.3 implies that
(w, q) C Q. This contradicts (16). On the other hand, if we suppose that {i} is a sequence of negative
integers, then w € E . Then, by a similar reasoning, (p, w) C € which again contradicts (16). These
contradictions show that p, z, g cannot form a half triangle. |

We now prove Theorem 11.1 using the above lemma. Let y € Aut(£2) be a contracting element for
(Q,P9%). By part (i) of Observation 9.6, tq(y) > 0. The following will imply that y is a rank-one
isometry.

e yhasanaxis By Proposition 5.8, there exists (a, b) C Q with a, b fixed points of y such that a € E;r
and b € E,’. We will show that (a, b) C Q; hence it is an axis of y.

Fix x¢ € Q. Proposition 4.9 part (i) implies {y"x¢ | n € N} has an accumulation point p in E)‘," and
{y™"xo | n € N} has accumulation point ¢ in E,;. By part (i) of Lemma 11.3, (p, q) C 2.

Note that £, NQ C 9L; see Claim 4.6.1. Thus [a, p] C 9Q as a, p € E;} N Q. Similarly, [b, ¢] C 9.
By part (ii) of Lemma 11.3, (p, g) C Q2 is not contained in any half triangle in 2. Since [b, g] C 9%2, this
implies that (p, b) C Q.

We will use (p,b) C €2 to derive that (a,b) C Q. First note that since b € E, is the endpoint of a
pseudoaxis, b is a fixed point of y. Thus limg_, o y Xy =b € E, forany y’" € (p, b). We then note that
p is an “almost-fixed” point of y, ie there exists {nj} with ny — oo such that limy_,, y**p = p € E;L
Indeed, Proposition 4.9 part (iii) implies that there exists a sequence of positive integers {ny} with
ny — oo such that limg_, o y|"X Ef = IdE+, ie limy o0 ¥y p = p. Now pick yo € (p, b) € Q. The above
discussion implies that hmk_mo y"kyo=p€E,; + while limg o0y %yo=b € E. . Then, by part (ii)
of Lemma 11.3, (p, b) C Q2 cannot be contained in a half triangle in 2. But we know that [a, p] C 0.
Thus, (a,b) C Q.

» None of the axes of y are contained in a half triangle in  Let (¢’,5’) C Q be any axis of y
with a’ € E;r and b’ € E . 1f zg € (a’,b"), then limy _, ykzo = a’ and limg_, o0 ¥ ¥ zo = b’. Then, by
part (ii) of Lemma 11.3, (a’, b’) cannot be contained in a half triangle in €.

12 Acylindrical hyperbolicity: proof of Theorem 1.4

Acylindrically hyperbolic groups are a generalization of nonelementary Gromov hyperbolic groups with
many interesting examples, like mapping class groups of most finite-type surfaces, rank-one CAT(0)
groups that are not virtually cyclic, outer automorphisms of free groups on at least two generators and
relatively hyperbolic groups with proper peripheral subgroups that are not virtually cyclic [45, Appendix].
In this section, we will add a new class of examples by showing that discrete groups acting on Hilbert
geometries with at least one rank-one isometry are either virtually cyclic or acylindrically hyperbolic.
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12.1 Acylindrically hyperbolic groups

We first recall some basic definitions about Gromov hyperbolic metric spaces (not necessarily proper)
and we refer to [33] for details. A geodesic metric space (Y, dy) is called Gromov hyperbolic if there
exists § > 0 such that every geodesic triangle in Y is §-thin (recall Definition 7.3). If (Y, dy) is Gromov
hyperbolic, let dY denote the boundary of Y defined via equivalence classes of sequences in Y “convergent
at infinity”; see [33, Section 1.8]. We remark that this definition of dY does not require that Y is a proper
metric space.

If G acts isometrically on a Gromov hyperbolic space (Y,dy), let Ag(Y) C dY denote the limit set of
the G-action (ie Ag(Y) is the set of accumulation points in dY of any G orbit in Y'). The action is called
nonelementary if #(Ag(Y)) = o00; see [45] for details.

Finally we define the notion of acylindrical actions on a metric space (not necessarily Gromov hyperbolic).
An isometric action of a group G on a metric space (Y, dy) is called acylindrical if, for every € > 0, there
exists Rg, Ng > 0 such that if x, y € Y with dy (x, y) > R,, then

#{geG|dy(x,gx) <eand dy(y,gy) <&} < N,.

Definition 12.1 A group G is called acylindrically hyperbolic if it admits an isometric nonelementary
acylindrical action on a (possibly nonproper) Gromov hyperbolic metric space (¥, dy).

A motivating example of acylindrically hyperbolic groups is a nonelementary Gromov hyperbolic group.
Indeed, if H is a finitely generated nonelementary Gromov hyperbolic group, then it has a nonelementary
acylindrical action on its Cayley graph which is a Gromov hyperbolic metric space. More generally if H
is a finitely generated nonelementary relatively hyperbolic group with proper peripheral subgroups, then
H has an acylindrical action on its coned-off Cayley graph. Another interesting example is the mapping
class group of a closed hyperbolic surface. It acts acylindrically and nonelementarily on the curve graph
of the surface, which is a (nonproper) Gromov hyperbolic space.

Although Definition 12.1 of acylindrically hyperbolic groups is perhaps the cleanest to state, a characteri-
zation of acylindrically hyperbolic groups using contracting elements will be particularly well-suited for
our purpose. We state such a characterization now, which follows directly from work of Osin and Sisto; a
proof is included because we could not find a result stated in this form.

Theorem 12.2 [45; 49] Suppose G has a proper isometric action on a geodesic metric space (X, d),
and suppose that (X, PY) is a path system for G and g € G is a contracting element for (X, ?¥). Then
either G is virtually cyclic, or G is acylindrically hyperbolic.

Sketch of proof In [45], Osin introduces several characterizations of acylindrically hyperbolic groups
that are equivalent to Definition 12.1. The one that we will use (Proposition 12.3) requires the notion of
hyperbolically embedded subgroups. Results due to Osin and Sisto (see Propositions 12.3 and 12.4) will
allow us to use this notion without defining it precisely. See [45, Definition 2.8] or [49, Definition 4.6].
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Proposition 12.3 (Osin [45, Theorem 1.2 and Definition 1.3] and Remark 12.5) A group G is acylin-
drically hyperbolic if G contains a proper infinite hyperbolically embedded subgroup.

So in order to prove that a group is acylindrically hyperbolic, it suffices to produce a proper infinite
hyperbolically embedded subgroup. For this, we rely on a result of Sisto.

Proposition 12.4 [49, Theorem 4.7] Suppose g € G is a contracting element for (X, P¥) and 4 C X
is (g)-invariant, ¥ -contracting and has cobounded (g)-action. Then

E(g) :=1{h € G | d"(my(hst), st) < oo}

is a hyperbolically embedded subgroup of G which is infinite and contains {(g) as a finite-index subgroup,
ie E(g) is virtually cyclic.

Now let us summarize how these results give us our desired conclusion. Suppose g € G is a contracting
element. By Proposition 12.4, E(g) is an infinite hyperbolically embedded subgroup of G which is
virtually cyclic. Now note that if G is virtually cyclic, there is nothing to prove. So suppose that G is not
virtually cyclic. Then E(g) € G as E(g) is virtually cyclic. Thus E(g) is a proper infinite hyperbolically
embedded subgroup and Proposition 12.3 implies that G is an acylindrically hyperbolic group. See the
following remark for further comments on the proof. |

Remark 12.5 Recall the alternate definition of an acylindrically hyperbolic group from Proposition 12.3.
A subgroup H < G is proper infinite it H C G and H is infinite. Such proper infinite hyperbolically
embedded subgroups are sometimes called nondegenerate hyperbolically embedded subgroups in the
terminology of [45; 29]. Notably, the existence of one such nondegenerate hyperbolically embedded
subgroup H < G implies the existence of nonabelian free subgroups in G; see [45, Lemma 5.12] or
[29, Theorem 6.14]. Thus G is not virtually cyclic and contains infinitely many “independent loxodromic”
elements [45; 29]. Roughly speaking, this is akin to producing nonabelian free subgroups in any
nonelementary Gromov hyperbolic group.

12.2 Proof of Theorem 1.4

‘We first recall the theorem.

Theorem 1.4 If (2,I") is a rank-one Hilbert geometry, then either I" is virtually cyclic or I is an
acylindrically hyperbolic group.

The proof of Theorem 1.4 will be immediate from Theorem 12.2, thanks to the well-developed machinery
of acylindrically hyperbolic groups due to the work of many authors; see for instance [45; 29; 49; 16]. In
case the proof seems a bit opaque to a reader, we will first give an informal sketch of the underlying idea
before providing a formal proof.
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Our result Theorem 1.2 implies that rank-one isometries in Aut(£2) are contracting elements for (2, PF?).
Thus a rank-one Hilbert geometry (€2, I') contains contracting elements by definition. Now it is possible
that IT" is virtually cyclic in which case I', up to passing to a finite-index subgroup, is generated by a single
rank-one isometry. But if I" is not virtually cyclic, then there will be infinitely many rank-one isometries
Y1, V2, ... which are “independent loxodromics”, ie there exists an abstract Gromov hyperbolic space X
on which each y; acts “loxodromically” with exactly two distinct fixed points yl.i and the sets { yl.i} and
{yji} are pairwise disjoint whenever i # j. This last conclusion follows from results in [29] and [49]
that we referred to in Remark 12.5. These infinitely many independent rank-one isometries y; generate
nonabelian free subgroups of I', and the y; lie in distinct hyperbolically embedded subgroups E(y;); see
Proposition 12.4.

Now let us give the formal proof.

Proof of Theorem 1.4 Since (€2, I') is a rank-one Hilbert geometry, I" contains a rank-one isometry.
Then Theorem 1.2 implies that I" contains a contracting element for (2, P¥). The result follows from
Theorem 12.2. |

Remark 12.6 By Theorem 1.4, a rank-one Hilbert geometry (€2, I") where I' is not virtually cyclic
gives an example of an acylindrically hyperbolic group I". A natural question is: what is an example of a
Gromov hyperbolic metric space X on which I' acts acylindrically and nonelementarily? Is there a way
to understand this space X in terms of the Hilbert geometry €27

It seems that one might be able to apply the projection complex construction in [16] (see also [14; 49]) to
construct such a space X from the Hilbert geometry €2. Roughly speaking, this will be a metric space
obtained by collecting all rank-one axes in 2 and adding edges between them depending on diameters of
images of some projection maps. We do not pursue this direction in this paper and this remark is mostly
speculative in nature.

Part IV Applications

13 Second bounded cohomology and quasimorphisms

13.1 Definitions

We first introduce some definitions following [15, Section 1]. Suppose G is a group, (E, | - ) is a
complete normed R-vector space and p: G — U(E) is a unitary representation. Let C(G, E) be the space
of all functions from G to E.

A function F € C(G, E) is called a quasicocycle if

A(F):= sup [|F(gg')—F(g)—p(g)F(g)| < oc.
g2.8'eG
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Let V be the vector subspace of C(G, E) that consists of all quasicocyles. Let Vy be the subspace of V/
generated by bounded functions and the set

{F:G—E|F(gg)=F(g)+p(g)F(g) forallg. g’ € G}.
Define
QC(G:p):=V/ Vo,
If p is the trivial representation pyiy: G — R, then V' is the space of quasimorphisms of G while Vj is the
space generated by bounded functions and group homomorphisms from G to R. In this case, QVC(G; Ptriv)
recovers a classical object called the space of “nontrivial” quasimorphisms of G, usually denoted by
Qﬁ(G); see the definitions preceding Theorem 1.6.

Group cohomology of G (twisted by the representation p) affords an interesting interpretation of G(I(G; 0).
If F is a quasicocycle, then dF (g, g') := F(gg')—F(g)—p(g) F(g’) defines a class in the second bounded
cohomology group H Z(G; p). This class d F is trivial in the ordinary cohomology group H?(G: p). On
the other hand, the class d F' is nontrivial in H bz(G; p) whenever F is nontrivial in V/ Vj. Thus QT?(G; 0)
is the kernel of the comparison map H bz(G, p) — H?(G; p). For a more detailed discussion, we refer the
reader to [15, Section 1] or [31].

13.2 Results

Infinite dimensionality of aﬁ(G) and QVC(G; p) is often related to geometric phenomena. For example,
[17] shows that a compact irreducible nonpositively curved Riemannian manifold M is (Riemannian)
rank one if and only if dim((iﬁ(nl (M))) = co. Now, in the same spirit as in Riemannian nonpositive
curvature, we prove a cohomological characterization of rank-one Hilbert geometries. We will only
consider unitary representations on uniformly convex Banach spaces,® eg R or £Z(G), where G is a
discrete group and 1 < p < oo.

Theorem 13.1 Suppose that (2, ") is a rank-one Hilbert geometry, " is torsion-free and p is any unitary
representation of ' on a uniformly convex Banach space E # 0. Then either I is virtually cyclic or
dim(QC(T’; p)) = oo.

The proof follows directly from the following general result about acylindrically hyperbolic groups.

Theorem 13.2 [15, Corollary 1.2] If G is an acylindrically hyperbolic group, E # 0 is a uniformly
convex Banach space, p: G — U(FE) is a unitary representation and any maximal finite normal subgroup
of G has a nonzero fixed vector, then dim((jé(G; p)) = o0. |

Proof of Theorem 13.1 If I" is not virtually cyclic, then Theorem 1.4 implies that I" is an acylindrically
hyperbolic group. Since I is torsion-free, there are no finite normal subgroups. The claim then follows
from Theorem 13.2. |

3 A Banach space E is uniformly convex if for any &’ > 0, there exists §' > O such thatif u,v € E, |lu|| <1, |v|| <1, Ju—v]| > ¢,
then ||(u +v)/2|| <1-§".
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We will now apply Theorem 13.1 to two specific choices of p and E to get Theorem 1.6. For the first,
0 = puiv and E = R, in which case QT?(F; 0) = QTI(F), the space of nontrivial quasimorphisms. For the
second, E = £P (") with 1 < p < 0o and p = p&, is the regular representation, ie plg(y) f(x) = f(y~1x)
forany f € £?(T)and x € I

Theorem 1.6 If (2, ") is a rank-one Hilbert geometry, I' is torsion-free and T" is not virtually cyclic,
then dim(QH(I")) = oo and dim(QC(T'; p&y)) = 00 if 1 < p < oc.

Proof Immediate from Theorem 13.1 and the fact that R and £7(T") with 1 < p < co are uniformly
convex Banach spaces; see [15, Section 3]. O

Corollary 1.7 If (2, T) is a divisible Hilbert geometry and 2 is irreducible, then dim(f)\}/l(l")) = oo if
and only if (2, ') is a rank-one Hilbert geometry. Otherwise, dim(aﬁ(l")) =0.

Proof If (2,T) is a rank-one Hilbert geometry, then Theorem 1.6 implies that dim(aﬁ(r‘)) =o0. If
(€2, T) is not rank one, then Theorem 1.5 implies that Aut(£2) is locally isomorphic to a simple Lie
group of real rank at least two, ie €2 is an irreducible symmetric domain of rank at least two. Thus I" is
isomorphic to a uniform lattice in a higher-rank simple Lie group, which implies that dim(aﬁ(F)) =0
[21, Theorem 21]. O

14 Counting of conjugacy classes

Suppose (€2, ") is a rank-one Hilbert geometry. Recall the notions of translation length and stable
translation length of a conjugacy class in I'; see Section 1.2. We now introduce the notion of pointed
length for a conjugacy class [cg] of g € I'; see [32]. Fix a basepoint p € Q2. The pointed length of [cg] is

Pp(lcg)) = inf da(p, g p).
g'€lcg]

We first show that
ta(lcg]) = & ([cg)).

Indeed, triangle inequality implies rssztable (g) < 1a(g). On the other hand, by Proposition 3.15,

tQ(g") _ 110 Amax(8") -1 Amax(8)

_L,stable ( ) > lim — S — S
2T T T 2@ Amn(®)
Next, we show that if /T is compact and R := diam(€2/T"), then

ta(leg]) = £p[ee]) = ta(leg]) +2R.

Clearly 7@ ([cg]) <¥p([cg]). On the other hand, if x € €2 then there exists i, € I such thatdg (x, hx p) < R.
Then

= 10(g).

Pp([cg)) < da(p, hy'ghxp) < 2da(hyp, x) +da(x, gx) < 2R +da(x, gx).
Thus, £, ([cg]) < ta([cg]) + 2R.
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Now let us consider the following counting functions for conjugacy classes in I':
@(1) :=#{[cg] | g € T\ ra([cg]) <1},
G (1) .= #{[cg] | g € T, T3 ([cg]) <1},
€7 (1) :=#{[ce] | g € T, Ep([eg)) <1}
Based on the above discussion,
(17) @(r) = €¥Pe(r).
If Q/T is compact and R = diam(€2/ "), then
(18) ¢*r (1) <€(r) <€*(t + 2R).

We now prove asymptotic growth formula for these functions. It is a direct consequence of the Main
Theorem in [32]. Recall that the critical exponent of I" (see Section 1.2) is defined by

log#{g €' | dg(x, gx) < n}

or = limsup
n—o00 n
Theorem 1.8 Suppose (2, ') is a divisible rank-one Hilbert geometry and T" is not virtually cyclic.
Then there exists a constant D’ such that forall t > 1,
1 exp(twr)
Tm—
The functions €3¢ (¢), €*r (1) and @psm(t) (see Remark 1.9) also satisfy similar growth formulas.

exp(twr)

(19) <%@)<D’

Proof Part (1) of the Main Theorem in [32] implies that if I" is a nonelementary group with a cocompact
action (more generally, statistically convex cocompact action) on a geodesic metric space and I" contains a
contracting element (in the sense of BF, see Appendix B), then 6”7 (¢) satisfies the growth formula in (19).
If (2, ) is as above, then it satisfies all of these conditions; see Theorem 1.2 and Remark 9.7. Then
©”r (¢) satisfies equation (19). By equations (17) and (18), €(¢) and €*P'(¢) also satisfy equation (19).

For proving Remark 1.9 part (ii), set

£p
Prim

Cpr (1) :=#{[cg] | g €T is primitive, £, ([cg]) < t}.

Part (1) of the Main Theorem in [32] implies that the %;erfm (¢) satisfies a similar growth formula as (19).
Since 1@ ([cg]) < £p([cg]) < ta([cg]) + 2R, this implies the result for €prim (7). ad

15 Proofs of Propositions 1.10, 1.11 and 1.12

For the proofs in this section, recall the following implication of Theorem 1.4: if (€2, ') is a rank-one
Hilbert geometry and I is not virtually cyclic, then I' is an acylindrically hyperbolic group.
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Proposition 1.10 If (2, ') is a rank-one Hilbert geometry, I' is not virtually cyclic and I is finitely
generated, then the rank-one isometries in I' are exponentially generic: if (X, ),eN 1s a simple random
walk on I', then there exists a constant C > 1 such that for all n > 1,

P[X,, is not a rank-one isometry] < Ce /€.

Proof Under the hypotheses, I is an acylindrically hyperbolic group. The result then follows from
[49, Theorem 1.6]. O

Proposition 1.11 If (2, ') is a rank-one Hilbert geometry and I" is not virtually cyclic, then:

(1) T is SQ-universal, ie every countable group embeds in a quotient of T".

(i) If T is the Baumslag-Solitar group BS(m,n), thenm = n = 0 and T is the free group on two
generators.

Proof Under the hypotheses, I" is an acylindrically hyperbolic group. Then SQ-universality follows from
[45, Theorem 8.1]. The second part follows from [45, Example 7.4], where Osin proves that BS(m, n) is
acylindrically hyperbolic if and only if m =n = 0. But BS(0, 0) = F>. m|

Proposition 1.12 If Q2 is a Hilbert geometry and y € Aut(2) is a rank-one isometry, then the axis £,
of y is ¥-Morse for some Morse gauge ¥ : [1, 00) x [0, 00) — [0, 00), ie if « is a (A, €)-quasigeodesic
with endpoints on £, then oo C Nya ) (£y).

Proof Since y is a rank-one isometry, Theorem 1.2 implies that y is a contracting element for (2, PF<?).
Then the axis of £, of y is @yg—contracting. Thus [49, Lemma 2.8] (Proposition 11.2 in this paper)
implies that £,, is a Morse geodesic. O

Appendix A Rank-one Hilbert geometries: generalization, examples and
nonexamples

This section is devoted to the discussion of examples and nonexamples of rank-one Hilbert geometries
(see Definition 1.3) and generalizing the notion of rank one to convex cocompact actions.

A.1 Strictly convex examples

If 2 is a strictly convex Hilbert geometry, then d€2 does not contain any line segments. Thus, if g € Aut(£2)
with tq(g) > 0, then g is a rank-one isometry (as it has an axis and there are no half triangles in €2).
Then, all the strictly convex divisible examples in Section 3.4 are rank one.

A.2 Non-strictly-convex examples

Suppose (€2, ') is a divisible Hilbert geometry where I" is infinite and not virtually abelian. Assume that
T is a relatively hyperbolic group with respect to a finite collection of free abelian subgroups of rank at
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least two. Then we claim that (2, I') is a divisible rank-one Hilbert geometry. The proof of this follows
from Remark A.3(B) and Proposition A.4; see below. This claim implies that the divisible nonstrictly
convex examples discussed in Section 3.4, that are neither simplices nor symmetric domains of rank at
least two, are all examples of rank-one Hilbert geometries.

A.3 Nonexamples

The d-simplices Ty for d > 2 are clearly nonexamples of rank-one Hilbert geometries. If Q is an
irreducible symmetric domain of rank at least two and I < Aut(£2) acts cocompactly on €2, then (2, ")

cannot be a rank-one Hilbert geometry; see Theorem 1.5.

A.4 Generalization of rank one to convex cocompact actions

The notion of convex cocompact actions on Hilbert geometries [30] generalizes divisible Hilbert geometries.
Suppose 2 is a Hilbert geometry and I' < Aut(2) is a discrete subgroup. The full orbital limit set is
defined as LA (') := Uy eq (I - x N0K) and let 65 (T") := ConvHullg (£3°(T)).

Definition A.1 An infinite discrete group I < Aut(£2) is convex cocompact if 6, (I') # & and 65, (I')/ T’
is compact.

The ideal boundary of €, (I") is given by 0;6¢, (I') := a2 N W For convex cocompact groups,
;65 (I") is the only part of d$2 “visible” to the group acting on §2. Thus it is natural to modify the notion
of rank-one isometries by considering half triangles in 65, (I') instead of §2. We say that the projective
geodesic (a,b) C € (') is not contained in any half triangle in €, (') if either (a,z) C 65 (") or
(z,b) C6G(I) for any z € 0;65 ().

Definition A.2 Suppose 2 C P(R4*1) is a Hilbert geometry and I' < Aut(£2) is a convex cocompact
group.
(i) Anelement y € I" is a convex cocompact rank-one isometry if
(a) log|(A1/Ag+1)(y)| > 0 and y has an axis (see Definition 5.1),
(b) none of the axes £, of y are contained in a half triangle in 6, (I").

(i) We say that I is a rank-one convex cocompact group if I' contains a convex cocompact rank-one
isometry.

Remark A.3 (A) The notion of a convex cocompact rank-one isometry differs from the notion of a
rank-one isometry (see Definition 6.3) only in condition (i)(b): for convex cocompact actions, we
consider half triangles in 65, (I') instead of €2.

(B) If I acts cocompactly on €2, then (2, I) is a divisible rank-one Hilbert geometry if and only if I"
is a rank-one convex cocompact group. This is because divisibility implies 6g, (I') = €.
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If I' < Aut(R2) is a convex cocompact group and y € I' is a convex cocompact rank-one isometry, then
the analogues of Propositions 6.5, 6.7 and 6.8 hold. But now we need to replace £ with €5, (I') and 9€2
with 9;6&, (I'). In particular, we have that y € I is a convex cocompact rank-one isometry if and only if
y is biproximal and has an axis.

We sketch the proof ideas of these analogues; see [37] for details. Observe that if |(A1/A441)(y)| >0,
then EF N9Q = EF N 3,64 (). Recall that if x € 8;65 ("), then

F%Q(p)(x) = {x}U{y € €< (1") | an open projective line segment in 6¢ (F) contains x and y}.

Convex cocompact groups have a special property: if x € ;65 (I"), then Feg @) (x) = Fq(x); see
[30, Corollary 4.13]. Using these properties, one can now see that the proofs in Section 6 go through
verbatim after replacing 2 by 65, (I') and 92 by 0;65, (I"). Thus the analogues of Propositions 6.5, 6.7
and 6.8 hold; also see [37].

A.5 Convex cocompact examples: hyperbolic groups

Suppose I < Aut(£2) is a convex cocompact group that is word hyperbolic. We claim that I" is a rank-one
convex cocompact group. Indeed, [30, Theorem 1.15] implies that word hyperbolicity of I' is equivalent
to the property that 0;65, (I') does not contain any nontrivial projective line segments. Then there are no
half triangles in 6, (I'). Moreover, any infinite-order element y has an axis [30, Corollary 7.4]. Thus
every such y is a convex cocompact rank-one isometry and the claim follows.

A.6 Convex cocompact examples: relatively hyperbolic groups

Proposition A.4 Suppose I' < Aut(2) is a convex cocompact group that is relatively hyperbolic with
respect to { A1, Az, ..., Am}, where each A; is a virtually free abelian group of rank at least two. Then
I' is either a rank-one convex cocompact group or a virtually abelian group.

This proposition shows that the divisible examples of Section A.2 and their convex cocompact deformations
produce relatively hyperbolic examples that are rank-one convex cocompact. We will spend the rest of
this subsection proving this proposition. We will rely on results from [39].

Proof Let ¥ be the collection of all maximal properly embedded simplices in €S, (I") of dimension at
least two. Since I is relatively hyperbolic with respect to virtually abelian subgroups of rank at least
two, [39, Theorem 1.7] implies that (€, (I'),dg) is a Hilbert geometry with isolated simplices, ie ¥
is closed and discrete in the local Hausdorff topology induced by dg. In this case, [39, Theorem 1.18]
implies that for each i € {1,...,m}, we can assume A; = Stabr(S;), where S; is a maximal properly
embedded simplex in 65, (I') of dimension > 2 and ¥ = LI/, T -S;. We will require the following
result regarding simplices in .
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Proposition A.5 [39, Theorem 1.8] Suppose I' and ST are as above. Then:

(i) If [x,y] C 065 (") with x # y, then there exists S € ¥ such that [x, y] C 3S.
(i) If Sy # S» € I, then #(S1 N S2) <1 and 051 N IS, = O.

Since T is relatively hyperbolic with respect to {41, A3, ..., Am}, [28, Lemma 2.3] implies either
e Casel T isvirtually gd;g~! forsome g€ Mand 1 <i <m, or
» Case2 thereexists y € I' such that y ¢ (Jger UM, gdig™! = Useg,. Stabr ().

In Case 1, I' is a virtually abelian group. So we can now assume that we are in Case 2.

Claim If y is as in Case 2, then y is a convex cocompact rank-one isometry.

From this claim, Proposition A.4 is immediate. a
All that remains is to prove this claim.

Proof of claim As I' is a convex cocompact group, log|(A1/Ag+1)(¥)| = nggz(p)()/) > (. We first show
that y has an axis in 6, (I"). Let

6t :=E; N€4(T) and €~ :=E; N65(T).

Then ¢ and €~ are disjoint, nonempty, compact, convex, y-invariant subsets of R . Then the Brouwer
fixed point theorem implies the existence of distinct fixed points y* of y in €*. If [y+,y~] 065 (1),
Proposition A.5 implies that there exists S € T such that [y*,y~] € 8S. Then d(yS)NaS D [yT.,y7]
and Proposition A.5 implies that yS = S. Thus, y € Stabr(S). This contradiction implies that (y ™,y ™) C
6q (') and is an axis of y.

Suppose Ay, := [A;,'r, A}/ ]is an axis of y contained in a half triangle in ‘65, (I'): [AF, z]Uz, A1 C a6y (I).
Then, by Proposition A.5, there exist ST € ¥ such that [Z,AJ:,E] C dS*. Since z € ST Na3S™,
Proposition A.5 implies that S := S+ = S~ and A, C §. Since y acts by a translation along A4,,
yS NS D A, which implies #(yS N §) = oco. Then by Proposition A.5, yS = S. Thus y € Stabr(S), a
contradiction. Thus A, is not contained in any half triangle in 6%, (I"). This proves the claim. |

Appendix B Contracting elements

Fix a proper geodesic metric space (X, d) and a group G that acts properly isometrically on X. If x € X
and R > 0,let B(x,R):={y € X |d(x,y) < R}. If 4 C X and x € X, let the closest-point projection
onto o be defined by py(x) :={y e A |d(x,y) =d(x,d)}. Welet N} (A) :={y € X | d(y, ) <r} and
N, () :={y € X | d(y, s) < r}) denote the open and the closed r-neighborhoods of s, respectively.

In [17], Bestvina and Fujiwara introduced the following notion of contracting subsets.

Definition B.1 A set § C X is B-contracting if there exists a constant B such that if x € X, R > 0 and
B(x, R)NdA = &, then diam(p&q(B(x, R))) <B.

Geometry & Topology, Volume 29 (2025)



Rank-one Hilbert geometries 1231
We will, however, use a related but stronger notion of contracting subsets introduced in [32].

Definition B.2 [32] Fix a geodesic path system ¥ on X; see Definition 9.1. A set sl C X is a

contracting subset in the sense of BF if there exists a constant C such that if 0 C X is a geodesic in PY
for which d(o, 4) > C, then
diam(ps(0)) < C.

Suppose G preserves PF. Then g € G is a contracting element in the sense of BF if for any xg € X,

(i) g has infinite order and (g) - x¢ is a quasi-isometric embedding of Z in X, and

(i1) (g)-xo is a contracting subset in the sense of BF.

Remark B.3 If X is a proper CAT(0) geodesic metric space, Bestvina and Fujiwara [17, Corollary 3.4]
prove that Definitions B.1 and B.2 are equivalent. In fact, they prove this equivalence for any metric
space that satisfies their axioms DD and FT; see [17]. However, it is unclear whether Definitions B.1 and
B.2 are equivalent in complete generality. We will discuss this in Proposition B.6 below. Proposition B.6
suggests that it is unlikely that these definitions are equivalent in general.

We will now prove Proposition 9.8, that contraction in the sense of BF is equivalent to Sisto’s notion
(see Definitions 9.2 and 9.4), in the context of a geodesic path system. Before starting the proof, we
record the following immediate consequence of Definition B.2.

Lemma B.4 Suppose A C X is contracting in the sense of BF with constant C. Let 0x ' € PY be a
geodesic joining x and x’ such that o x» N Nac (A) = {x"}. Then sup,e,, () d(a, x") <3C.

Proof Since d(ox,x, A) >2C > C, it follows that d(y, y’) < C for any y € pq(x) and any y’ € pq(x’).
But d(a’, x") < 2C for any a’ € p4(x’). Hence the conclusion. O

Proposition B.5 (Proposition 9.8) Suppose (X, PY) is a geodesic path system. Then:

(1) oA C X is PY-contracting if and only if s is contracting in the sense of BF.

(ii) If G preserves P, then g € G is a contracting element for (X, ®¥) if and only if g € G is a
contracting element in the sense of BF.

Proof It suffices to prove only part (i), as (ii) then follows from definitions. We will use 0, 4 to denote a
geodesic path in ¥ joining p and g. We now start the proof of (i).

(=) Suppose A is contracting in the sense of BF. Define a projection map 7 : X — s by choosing
7(x) € py(x) for each x € X. We remark that such a map 7 is coarsely unique, ie any other such map 7’
has the property that d(7(x), 7’(x)) < 2C for any x € X. Indeed, for any x such that d(x, ) > C,
we have that diam(py(x)) < C as {x} is a geodesic in P¥. On the other hand, if d(x, ) < C, then
SUPgep, (x) (¥, @) < C and hence diam(py(x)) < 2C. Hence the remark.
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We now show that 7 satisfies Definition 9.2 with constant 3C. Clearly, if x € 4, then d(x, 7(x)) = 0.
Now suppose that x, y € X is such that d(w(x), w(y)) > 3C. Then diam(py(0x,y)) > 3C > C. Then
d(0x,y, 1) < C and thus oy, N Noc(sd) # @. Let x’ be the first point along Ox,y that intersects
Nac (sd) (assume that oy, is continuously parametrized in the direction from x to y). If x = x’, then
d((x),x") <2C. Otherwise apply Lemma B.4 to oy x» C 0x,y to see that d(7(x), x”) < 3C. Similarly,
if y’ is the last point along oy, where oy, intersects Noc (A), then d(y’, w(y)) < 3C. Thus x is a

contracting projection with constant 3C.

(<) Suppose 7m: X — o is a contracting projection with constant C. By Lemma 9.3, it follows that
SUPgep, (x) d(@, (x)) < 2C for any x € X. Let 0y, € PF be such that d(ox,y, sd) > 5C. If possible,
let there exist a; € py(x) and by € py(y) such that d(a;, by) > 5C. Then

d(r(x), 7(y)) > d(ay, by) —d(ay, w(x)) —d(by, 7w(y)) > C.

Then, oy, must intersect N¢ (<), a contradiction. |
B.1 Comparison between Definitions B.1 and B.2

To discuss the relationship between B.1 and B.2 for a general metric space, we need the following
condition (¢). We will say that A C X satisfies (@) if there exists a constant C such that for any x € X,

z€ Aanda € pyg(x),
d(x,z) >d(x,a)+d(a,z)—C.
We will now show:

Proposition B.6 Fix a proper geodesic metric space X and a geodesic path system %% on X. Then
A C X is contracting in the sense of BF if and only if it satisfies (¢) and Definition B.1.

The implication (=) follows from [48, Lemma 2.10]. Note that in [48], condition (¢) is called (AP1)
while Definition B.1 is called (AP2). This direction is then immediate from [48, Lemma 2.10]. The proof
of the converse (<) follows from the next two lemmas. For p, g € X, we will denote by 0, 4 a geodesic
in ¥ joining p and q.

Lemma B.7 Suppose A C X satisfies Definition B.2. Then A satisfies (§).

Proof Fixany x € X,z € A and a € pyq(x). It suffices to only consider the case when d(x, A) > 2C. Let
x' € oy 7 be the first point along o, that intersects m (assume that o ; is continuously parametrized
in the direction from x to z). By Lemma B.4, d(x,a) < 3C. Then d(x,a) —d(x, x") <d(x’,a) <3C
and d(z,a)—d(z, x") <d(x’,a) <3C. Since x’ € 0y, it follows that d(x, z) = d(x, x") +d(x/, z). Thus

d(x,z)—d(x,a) —d(a,z) = (d(x, x") —d(x,a)) + (d(x, z) —d(a, z)) > —6C. |
Lemma B.8 Suppose i C X satisfies Definition B.2. Then s also satisfies Definition B.1.

Proof Proposition B.5 implies that o is PS-contracting. Then there exists a projection map 7wy: X — A
with constant C satisfying Definition 9.2. Suppose x € X and 0 < R < d(x,sd). We claim that
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diam(py(B(x, R))) < 20C. By Lemma 9.3, it suffices to prove that d(mwy(x), 74(y)) < 8C for any
y € B(x, R).

Fix y € B(x, R) and let ox,, € PF. Without loss of generality, we can assume that d(;ry(x), 74(y)) > C.
Then there exists X1 € 0x,y such that d(x1, w4(x)) < C. Then

|d(x, x1) —d(x, )| =d(x1, ma(x)) + sup d(a, mq(x)) < 3C.

a€pu(x)
Thus, d(y, x1) = d(y,x) —d(x,x1) < d(y,x) —d(x,4) + 3C. As d(y,x) < d(x, ), we get that
d(y,x1) <3C. Then

d(y, mg(y)) <d(y, wu(x)) <d(y,x1) +d(x1, mu(x)) < 4C,

which implies that

d(@a (), ma(x)) = d(7wa(y), y) +d(y, x1) +d(x1, 7 (x)) < 8C. O
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