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We provide new oco-categorical models for unstable and stable global homotopy theory. We use the notion
of partially lax limits to formalize the idea that a global object is a collection of G-objects, one for each
compact Lie group G, which are compatible with the restriction—inflation functors. More precisely, we
show that the co-category of global spaces is equivalent to a partially lax limit of the functor sending
a compact Lie group G to the co-category of G-spaces. We also prove the stable version of this result,
showing that the oco-category of global spectra is equivalent to the partially lax limit of a diagram of
G-spectra. Finally, the techniques employed in the previous cases allow us to describe the oo-category of
proper G-spectra for a Lie group G, as a limit of a diagram of H -spectra for H running over all compact
subgroups of G.
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1346 Sil Linskens, Denis Nardin and Luca Pol

1 Introduction

It has been noted since the beginning of equivariant homotopy theory that there are equivariant objects
which exist uniformly and compatibly for all compact Lie groups in a certain family, and which exhibit
extra functoriality. For example, given compact Lie groups IT and G, there exists a construction for the
classifying space of G-equivariant IT-principal bundles which is uniform on the group G and which is
functorial on all continuous group homomorphisms [Schwede 2018, Remark 1.1.29]. Similarly, there are
uniform constructions for many equivariant cohomology theories, such as K-theory, cobordism and stable
cohomotopy, just to mention a few. The objects exhibiting such a “global” behavior are the subject of
study of global homotopy theory.

In this paper we provide a new oo-categorical model for global homotopy theory by formalizing the idea
that a global stable/unstable object is a collection of G-objects, one for each compact Lie group G, which
are compatible with the restriction—inflation functors. The key categorical construction that we will use
to make this slogan precise is that of a partially lax limit, which we recall below. The main result of
our paper is that this construction agrees with the models of global homotopy theory considered in the
literature. Specifically we will compare it to the models of [Gepner and Henriques 2007] and [Schwede
2018] in the unstable and stable case, respectively. We first present our result in the simpler context of
unstable global homotopy theory, and then consider the stable analogue of our main result. Finally we
discuss an application of the techniques developed in this paper to proper equivariant homotopy theory.

Unstable global homotopy theory

Global spaces were first proposed in [Gepner and Henriques 2007] as a powerful framework for studying
the homotopy theory of topological stacks and topological groupoids, which in turn generalize orbifolds
and complexes of groups. This homotopy theory records the isotropy data of such objects as a particular
diagram of fixed-point spaces. To make this precise, [Gepner and Henriques 2007] defined the co-category
of global spaces as the presheaf co-category

1 = Fun(Glo, ¥).

Here Glo is the co-category whose objects are all compact Lie groups G, and whose morphism spaces
are given by hom(H, G)j,¢; the homotopy orbits of the conjugation G-action on the space of continuous
group homomorphisms. In particular, a global space X consists of the data of a fixed-point space X @ for
every compact Lie group G, which are functorial in all continuous group homomorphisms. Furthermore,
the conjugation actions have been trivialized, reflecting the fact that spaces of isotropy are insensitive to

inner automorphisms.

This definition is motivated by Elmendorf’s theorem in equivariant homotopy theory, which states that the
oo-category of G-spaces ¥ is equivalent to the presheaf co-category on the G-orbit category Og. Here
J¢ is defined as the co-categorical localization of G-CW-complexes at the homotopy equivalences, and
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Global homotopy theory via partially lax limits 1347

Og is the full subcategory of G-spaces spanned by the transitive G-spaces G/H for a closed subgroup
HCG.

There is in fact a strong connection between equivariant and global homotopy theory. Let Orb denote the
wide subcategory of Glo spanned by the injective group homomorphisms. Gepner and Henriques [2007]
observed that the slice co-category Orb, g is equivalent to the G-orbit category Og. In particular, this
allows us to define a restriction functor

resg: Fg — Fun(ng, ) ~%g

by precomposing with forgetful functor Og ~ Orb,G — Glo. Thus a global space has an associated
underlying G-space for all compact Lie groups G. Furthermore, that all these G-spaces come from the
same global object imposes strong compatibility conditions among them.

We would like to understand how to recover a global space X from its restrictions resg X to all compact
Lie groups G, together with the previously mentioned compatibility conditions. The precise sense in
which this is possible requires the notion of a (partially) lax limit, which we now recall, following [Gepner
et al. 2017] and [Berman 2024].

Partially lax limits

Let $ be an oo-category and consider a functor F': $ — Catso. Intuitively, the lax limit of F is the
oo-category laxlim F' whose objects consist of the following data:

e anobject X; € F(i) foreachi € ¥, and
e compatible morphisms fy: F()(X;) — X; for every arrow a:i — j in .

A morphism {X;, fo} — {X], f,} is a suitably natural collection of maps {g; : X; — X/}. More precisely,
laxlim F is the oco-category of sections of the cocartesian fibration associated to F'. For our description
we will require that for certain arrows « in $, the map f,, is an equivalence. We therefore fix a collection
of edges W' C $ which contains all equivalences and which is stable under homotopy and composition,
and denote by $7 the resulting marked co-category. The partially lax limit of F is then the subcategory
of laxlim F spanned by those objects ({X;}, { fo}) for which the canonical map fy is an equivalence for
all edges o € W'. Note that if W' contains only equivalences, then we recover the lax limit of F. On the
other hand, if W' contains all edges, we recover the usual notion of the limit of F'. In particular we obtain
canonical functors
lim F — laxlim® F — laxlim F,

which indicates that a partially lax limit interpolates between the limit and the lax limit of a diagram.
For exposition’s sake, we have only defined the partially lax limit of a functor with values in Catsg,
but there are similar definitions if we replace Caty, with Catg%, the co-category of symmetric monoidal
oo-categories. We refer the reader to Section 4 for more details on this construction.
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1348 Sil Linskens, Denis Nardin and Luca Pol

As mentioned, in this paper we show that a global space can be thought of as a compatible collection of
G-spaces. We can formalize what “compatible” means using the language of partially lax limits. To this
end, let (Glo®)T denote the oo-category Glo®® where we marked all the edges in Orb® C Glo®, ie all

the injective edges. We prove the following theorem, which summarizes the main result of Section 6.

Theorem 6.17 There exists a functor &, : Glo°® — Catg% which sends a compact Lie group G to the
oo-category of G -spaces ¥ endowed with the cartesian symmetric monoidal structure, and a continuous
group homomorphism «: H — G to the restriction—inflation functors. Furthermore, there is a symmetric
monoidal equivalence

P~ laxlim’ Fg
Ge(Glo®) T

between the co-category of global spaces with the cartesian monoidal structure and the partially lax limit
over (Glo®®)T of the diagram ¥,.

By the above theorem a global space X consists of the following data and conditions:

¢ A G-space resg X for each compact Lie group G.

e An H-equivariant map fy: a*resgX — resg X for each continuous group homomorphism
a:H—G.

* The maps fy are functorial, so that fgoq = fg o B*( fo) for all composable maps « and 8, and
fia = id.
e The map fy is an equivalence for every continuous injective homomorphism o.

* A homotopy between the map f., induced by the conjugation isomorphism and the map given by
left multiplication by g, denoted by /g : c;resGX —resg X.

¢ Higher coherences for the homotopies.

This is a precise formulation of the compatibility conditions encoded in a global space.

Global stable homotopy theory

Our discussion so far has been limited to the homotopy theory of global spaces, but there are also numerous
examples of equivariant cohomology theories exhibiting a global behavior. These cohomology theories
are represented by global spectra, and their study is called global stable homotopy theory.

The consideration of “global spectra” grew out of the literature on equivariant stable homotopy theory,
and was considered in works such as [Greenlees and May 1997]. Morally, a global spectrum models a
compatible family of equivariant spectra for all compact Lie groups at once. Our main result makes this
moral precise, and provides the same description as in the unstable case.
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There are multiple models for the homotopy theory of global spectra. In this paper we will use the
framework developed by Schwede [2018]. His approach has the advantage of being very concrete; the
category of global spectra is modeled by the usual category of orthogonal spectra but with a finer notion
of equivalence, the global equivalences. The category of orthogonal spectra with the global stable model
structure of [Schwede 2018, Theorem 4.3.17] underlies a symmetric monoidal co-category Spy;. As
any orthogonal spectrum is a global spectrum, this approach comes with a good range of examples.
For instance, there are global analogues of the sphere spectrum, cobordism, topological and algebraic
K-theory spectra, Borel cohomology, symmetric product spectra and many others. Global spectra have
also been shown to give cohomology theories on orbifolds and topological stacks in [Juran 2020], thereby
establishing them as a natural home for (genuine) cohomology theories on topological stacks. As part of
the framework developed by Schwede, the co-category of global spectra comes with symmetric monoidal
restriction functors

1esG : Spy = Spg

into the oco-category of G-spectra, for all compact Lie groups G. As a first indication that a global
spectrum should consist of just this data, together with various comparison maps, note that the functors
resg are jointly conservative by the very definition of global equivalences.

However, not all equivariant spectra admit global refinements. In fact being a “global” object forces
strong compatibility conditions between the underlying G-spectra for different G. For example, resg X
is always a split G-spectrum by [Schwede 2018, Remark 4.1.2] and its G-homotopy groups for all G
together admit the structure of a global functor, see [Schwede 2018, Example 4.2.3]. We can again
formalize how a global spectrum is determined by its restrictions for all compact Lie groups using the
language of partially lax limits. Recall that (Glo®®)T denotes the co-category Glo®, marked by all the
edges in Orb®P, ie the injective group homomorphisms.

Theorem 11.10 There exists a functor Sp, : Glo°® — Cat?g which sends a compact Lie group G to the
symmetric monoidal co-category of G -spectra Sp%, and a continuous group homomorphismo: H — G
to the restriction—inflation functor. Furthermore, there is a symmetric monoidal equivalence

Sp,; ~ laxlim' S
Pl = GelGiamyr 1O

between Schwede’s co-category of global spectra, and the partially lax limit over (Glo°®)T of the dia-
gram Sp,.

Proper equivariant stable homotopy theory

The techniques employed in the proof of Theorem 11.10 can also be used in other settings. Given a (not
necessarily compact) Lie group G, we can consider the co-category of proper G-spectra Spg . This is
the co-category underlying the category of orthogonal G-spectra with the proper stable model structure
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1350 Sil Linskens, Denis Nardin and Luca Pol

of [Degrijse et al. 2023], in which a map f: X — Y is a weak equivalence if and only if for all compact
subgroups H < G, the map induced on homotopy groups 7 (f): nH (X) — 7 H (Y) is an isomorphism.
Write Og,p, for the proper G-orbit category, which is defined to be the subcategory of O¢ spanned by
the cosets G/H, where H is a compact subgroup of G. Our techniques allow us to prove:

Theorem 12.11 Let G be a Lie group. There is a symmetric monoidal equivalence
SpG,pr = hngp SpH
He Gpr

between the co-category of proper G -spectra and the limit of the functor Sp, restricted along the canonical
functor (g : ngr — Glo®? sending G/H to H.

Having introduced the main theorems of this article. We continue the introduction by discussing the proof
strategy for each in some detail.

The proof strategy for Theorem 6.17

We begin with a discussion of the proof of the unstable result. Implicit in [Rezk 2014] is the following
crucial observation (see also Proposition 6.13): the space of factorizations of any map «: H — G in
Glo into a surjective followed by an injective group homomorphism is contractible. In fewer words, the
surjective and injective maps form an orthogonal factorization system on Glo. This is the main ingredient
in the proof of Theorem 6.17, and moreover, we would like to argue that it is at the core of the relationship
between global and G-equivariant homotopy theory.

This claim is justified by the following two facts. The first is that the functoriality under the restriction—
inflation functors of the different co-categories of equivariant spaces is equivalent to the previous obser-
vation. The second is that the observation formally implies that one can recover a global space X from
the Glo°P-indexed diagram of G-spaces resg X .

Let us first explain how the co-categories of equivariant spaces are functorial in the category Glo°. Due
to the existence of a nontrivial topology on the morphism spaces, this is not immediate. For example, note
that exhibiting this functoriality also entails giving a homotopy coherent trivialization of the conjugation
action on ¥g. The key is that the existence of the orthogonal factorization system allows one to define
functors

a):Orb;iy — Orb;g, (K — H) (a(K) — G).

On objects, o factorizes the composite K < H — G into a surjection followed by an injection, and then
only remembers the injective part. The fact that such factorizations are unique is equivalent to the fact that
this functor is well-defined. Precomposing with a!Op gives the standard restriction functor «*: ¥ — $g.
Furthermore, given this description of the individual restriction functors, it is clear that they are functorial
in Glo®P.
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Next we explain how the observation implies that one can recover a global space from its restrictions.
When one takes an object ({resg X}, { fu}) of the partially lax limit over Glo® of the diagram ¥,, the
functoriality of the associated global space in injections is recorded by restricting to each resg X, and the
functoriality in surjections is given by the morphisms fy. One recovers the functoriality in all morphisms
in Glo by factorizing an arbitrary morphism into an injection followed by a surjection. The ability to split
the functoriality in this way again reduces to the observation that the surjective and injective maps form
an orthogonal factorization system. We make precise all of the ideas sketched here in Section 6.

The proof strategy for Theorem 11.10

The proof of Theorem 11.10 is considerably more involved than its unstable analogue, and takes up the
majority of the second half of the paper. Therefore we now give an overview of the proof as a roadmap
for the reader.

Firstly, we discuss the existence of the functor Sp,. Recall that a G-spectrum can be thought of as a pointed
G -space together with a compatible collection of deloopings for all representation spheres. With modern
tools we can give this construction a universal property: as a symmetric monoidal co-category, Spg; is
obtained from the oo-category of pointed G-spaces by freely inverting the representation spheres SV for
every G-representation V'; see [Gepner and Meier 2023, Appendix C]. This universal property, combined
with the unstable functor ¥, of Theorem 6.17, immediately gives the functoriality of G-spectra in Glo°P
as in our theorem.

Unfortunately, constructing the functor Sp, via the universal property of equivariant spectra is unhelpful
for our purposes, as it is too inexplicit for calculating the partially lax limit. For example, note that for a
surjective group homomorphism «: H — G and G-spectrum E, to obtain the H -spectrum o* E one has to
freely add deloopings with respect to representation spheres not in the image of «*: Rep(G) — Rep(H).
This is a process which one cannot easily control.

Therefore, pivotal to our proof is an explicit construction of the functor Sp,. The calculation of the
partially lax limit of Sp, will then follow from this by a long series of nontrivial formal arguments. The
crucial idea is to construct and calculate with a functoriality on prespectrum objects rather than at the
level of spectrum objects. In this setting, we are able to build the functoriality of equivariant prespectra
explicitly using the functoriality of the co-categories Og and Rep(G), the category of representations
and linear isometries.

To make this precise, let us first specify our model of G-prespectra. We define an oo-category ORg,
naturally fibered over O, whose objects are pairs (H, V), where H is a closed subgroup of G and
V is an H -representation; see Definition 8.5. This is canonically symmetric promonoidal and so the
oo-category of functors Fun(ORg, ¥«) is symmetric monoidal via Day convolution. There is a functor
SG: ORG — ¥+ which sends the object (H, V) to the pointed space (SV)#. This is a commutative
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algebra object in Fun(ORg, ¥«) via the universal property of Day convolution. The first ingredient of
the proof is the following:

Step 1 The oo-category Spg is equivalent to an explicit Bousfield localization of the oo-category

PSpg :=Mods; Fun(ORg, ).

We obtain this description by reinterpreting the construction of G-spectra as a Bousfield localization
of the level model structure on orthogonal G-spectra internally to co-categories. This identification is
the culmination of Sections 7 and 8, and the reader can find a precise statement as Proposition 7.30 and
Corollary 8.14.

Having obtained this identification, we can build the functoriality of equivariant prespectra by exhibiting
the pairs (ORg, Sg) as functorial in Glo°®. In fact the categories ORg will only be (pro)functorial
in Glo®, but this is a subtlety which we choose to gloss over in this introduction. To exhibit this
functoriality, we build a global version of the category ORg and the algebra object Sg, which we denote
by ORg and S; see Definition 9.2. The co-category ORy is naturally fibered over Glo°" and has objects
(G, V), where G is a compact Lie group and V' is a G-representation, and Sg;: ORg — 4 sends (G, V)
to the pointed space (S")°.

There is a precise sense in which the pair (ORg, Sg1) contain all of the functoriality of the pairs (ORg . Sg)
in Glo. For the group direction this stems from the fact that the surjections and injections form an
orthogonal factorization system on Glo, while for the representation direction this follows from the
observation that ORy is a cocartesian fibration over Glo®P classifying the functor Rep(—): Glo®® — Catc
which sends a compact Lie group G to its category of G-representations, with functoriality given by
restriction. These observations allow us to prove the following result; see Proposition 9.16.

Step 2 There exists a functor
PSp,: Glo? — Catg%, G — PSpg.
Furthermore the partially lax limit of PSp, over (Glo®)' is given by Mods, Fun(ORg, F).

We have shown in Step 1 that Sp; is a Bousfield localization of PSp;. We call a map in PSp; a stable
equivalence if it is inverted by the functor PSp; — Spg.-

Step 3 The diagram PSp, preserves stable equivalences, and therefore induces a diagram Sp,. Further-
more, as indicated by the notation, this diagram is equivalent to the functoriality of equivariant spectra
built at the beginning of this section using the universal property of Spg.

In particular, on morphisms this diagram gives the standard restriction—inflation functors on equivariant
spectra; see Corollary 10.6. The following result follows formally from this.
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Step 4 The partially lax limit of Sp, is given by an explicit Bousfield localization of the co-category

Modg,, Fun(ORgy, ¥x).

Finally, we compare this co-category to Schwede’s model of global spectra, Sp,;. Once again we do
this by first translating his construction into one internal to co-categories. We define an co-category
ORyg as the subcategory of ORg; spanned by the objects (G, V'), where V' is a faithful G-representations.
Restricting Sy we obtain a commutative algebra object St in Fun(ORygl, ¥«). We then show:

Step 5 Spy s an explicit Bousfield localization of the category Mods,, (Fun(ORygl, Fx)).

The precise statement is obtained by combining Proposition 7.27 and Corollary 8.23. Finally we show in
Section 11 that the canonical inclusion j : ORg — ORg induces an adjunction

ji: Mods,, (Fun(ORggl, #+)) < Mods, (Fun(ORg, %)) : j *

on prespectrum objects. Then we show that this adjunction descends to an adjunction on the corresponding
Bousfield localizations of Steps 4 and 5. Finally we prove that the fibrancy conditions imposed by these
localizations cancel out the difference between all and faithful representations, so that we obtain an
equivalence

Spy = laxlim® Sp,,
concluding the proof of Theorem 11.10.

Finally let us note that to fill in all of the details of this argument requires a long list of technical results
about the relationship between various constructions applied to model categories and co-categories, Day
convolution monoidal structures induced by promonoidal categories, and partially lax limits of symmetric
monoidal categories. We have included these in Part I to make the paper self-contained, and because we
failed to find a convenient reference for many of these facts.

Related work

There are many models of global unstable homotopy theory. The first was given in [Gepner and Henriques
2007], and since then others have been obtained in [Schwede 2018; 2020]. The second of these papers,
together with [Korschgen 2018], proves that all these models induce the same oco-category. Finally, we
would like to mention the unpublished manuscript [Rezk 2014], which contains many of the ideas we
exploit in Section 6.

There has been a lot of work towards finding a good framework for the study of global stable homotopy
theory; see [Bohmann 2014; Greenlees and May 1997] and [Lewis et al. 1986, Chapter II]. Schwede’s
model [2018] has so far being the most successful one, in part because of its numerous applications
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to equivariant stable homotopy theory; see for example [Schwede 2017] and [Hausmann 2022]. Haus-
mann [2019] gave a model for global homotopy theory for the family of finite groups by endowing
the category of symmetric spectra with a global model structure. There is also a model for G-global
homotopy theory [Lenz 2025] which is a synthesis between classical equivariant homotopy theory and
Schwede’s global homotopy theory. This specializes to global homotopy theory by setting G to be the
trivial group. Recently, Lenz [2022] gave an oco-categorical model for global stable homotopy theory for
the family of finite groups using spectral Mackey functors. However to the best of our knowledge, our
model is the first co-categorical model for global stable homotopy theory for the family of all compact
Lie groups and not just the finite ones.

Future directions

In this paper we focused only on global and proper equivariant homotopy theory, but it is quite natural to
wonder if we can recover our two results as a special case of a more general one. For any Lie group G,
we can in fact consider G-global homotopy theory which is a generalization of global and G-equivariant
homotopy theory. We conjecture that G-global stable homotopy theory is equivalent to the partially lax
limit of the functor Sp, restricted along the canonical functor Glo(/)% — Glo®P.

Organization of the paper

The paper is divided into three main parts.

In the first part we first discuss the relationship between model and oo-categories. Then we recall the
concept of a promonoidal co-category and use this to define the Day convolution product on functor
categories. We then introduce the notions of partially lax (co)limits and collect various useful results that
we will need throughout the paper. We finish Part I by describing the lax limits of symmetric monoidal
oo-categories in terms of the operadic norm functor.

The second part of the paper contains the proofs of our main results. In Section 6 we introduce the
oo-category of global spaces and prove Theorem 6.17. This is an unstable version of Theorem 11.10, and
serves as a warm-up for the considerably more involved proof of the stable case. We therefore recommend
that the reader read this section before moving forward. In Section 7 we recall various model structures on
the categories of orthogonal G-spectra for a Lie group G, and hence define the underlying co-categories
of proper G-spectra and of global spectra. In Section 8 we apply a variant of Elmendorf’s theorem and
use this to provide specific models for the co-categories of proper G-prespectra and global prespectra. In
Section 9 we construct the functor Sp, from the introduction, and in Section 11 we identify the partially
lax limits with the co-category of global spectra. Finally in Section 12, we apply the same techniques to
describe the co-category of proper G-spectra as a limit, proving Theorem 12.11.

The third part of the paper contains an appendix on the tensor product of modules in an co-category.
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Part I Partially lax limits, promonoidal co-categories and Day convolution

In this part of the paper we introduce the necessary machinery to state and prove our main results. In the
first section we give references for the passage from topological/model categories to co-categories. We
then discuss the Day convolution product for functor co-categories, where the source is only assumed to
be a promonoidal co-category. Finally we recall the notion of partially lax limits of co-categories and
symmetric monoidal co-categories, and proof some useful properties about them.

2 From topological/model categories to co-categories

In this paper we will often need to pass from topological categories (or operads) and (symmetric monoidal)
model categories to co-categories. In this section we recall how this is done, and provide relevant references.
After this section we will largely leave these identifications implicit for the rest of the paper.

2.1 Topological categories and operads

We can promote a topological category ‘€ to an oo-category by first applying the singular functor to the
mapping spaces (see [Lurie 2009, Section 1.1.4]) and then applying the coherent (also called simplicial)
nerve functor [Lurie 2009, Corollary 1.1.5.12]. This defines a functor

TopCat — Catgo

from topological categories to co-categories. Importantly, applying this functor to a topologically enriched
category 6 preserves the set of objects and the weak homotopy type of the mapping space between any
two objects; see [Lurie 2009, Theorem 1.1.5.13]. Throughout this paper we will not distinguish between
the topological category and its co-categorical counterpart.
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There is a similar functorial construction between topological operads and co-operads, which we now
recall. Given a topological colored operad 0, we let 0% denote the topological category whose objects are
pairs (/+, (Ci)ier), where I+ € Fin, and C; are colors in O. Given a pair of objects C = (I, {C;}ier)
and D = (J4,{D;}jes) in O®, the morphism space 0®(C, D) is given by

[T [loCiew=)Dp.

a: [ —Jyjed
Composition is defined in the obvious way. This is the topological analogue of [Lurie 2017, Notation
2.1.1.22]. Note that 0® admits a functor to Fin,. By the process before, this induces a functor of
oo-categories 0® — Finy.

Lemma 2.1 Let O be a topological colored operad. Then the forgetful functor p: 0® — Finy defines an
oo-operad. Moreover, this construction is functorial in the sense that it sends maps of topological colored

operads to maps of co-operads.

Proof Recall that a topological category is seen as an co-category by applying the singular functor on
mapping spaces and then by applying the coherent nerve functor to the resulting simplicial category. Since
the singular functor preserves products and sends every object to a fibrant one, it sends the topological
colored operad O to a fibrant! simplicial operad O5. Moreover by direct inspection, the singular functor
sends the topological category 0% defined above to @? as defined in [Lurie 2017, Notation 2.1.1.22].
Applying the coherent nerve to @;8’ — Fin, we obtain an oo-operad by [Lurie 2017, Proposition 2.1.1.27],
proving the first claim. A simple check shows that the formation of the topological category 0% is
functorial in maps of topological operads. Applying the singular functor and the coherent nerve then gives
a functor of oco-categories over Fin,. Furthermore the cocartesian edges over inert edges are explicitly
constructed in the proof of [Lurie 2017, Proposition 2.1.1.27], and the functor constructed clearly preserves

these edges. O

2.2 Model categories and oco-categories

We will very often pass from model categories to co-categories. Therefore we explain and give references
for this passage.

Let M be a model category with class of weak equivalences denoted by W. We always assume that Jil has
functorial factorizations. The model category .l presents an co-category which we denote by M[W ~1].
We may define J([W ~!] as the Dwyer—Kan localization of N(.l) at the weak equivalences of .IL, ie as
the initial co-category with a functor from J( which inverts the morphisms in W. Write A/, M€ and °
for the full subcategories of Jl spanned by the fibrant, cofibrant and bifibrant objects, respectively. The
composite

NSy — N — w1

IRecall that a simplicial operad is fibrant if each multispace is a fibrant simplicial set; see [Lurie 2017, Definition 2.1.1.26].
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is a Dwyer—Kan localization at the restriction of W to M/, and similarly for the case of cofibrant and
bifibrant objects. See for example the discussion in [Lurie 2017, Remark 1.3.4.16].

If M is a topological model category, then the enriched structure gives another construction of M[W ~1]. In
this case, JAL[W ~1] is equivalent to the co-category associated to the topologically enriched category .°
as in the previous section; see [Lurie 2017, Theorem 1.3.4.20]. Throughout our paper it will be necessary
to use all these different constructions of JL[W ~!].

We note that if the model category Jl is cofibrantly generated and the underlying category is locally
presentable, then JL[W ~1] is a presentable co-category; see [Lurie 2017, Proposition 1.3.4.22]. Also
we note that any Quillen adjunction of model categories F': /My = JA; :G induces an adjunction of
underlying co-categories F : Mo[W; '] 2 My [W; 1] :G by [Hinich 2016, Proposition 1.5.1].

Next we may consider symmetric monoidal model categories. By [Lurie 2017, Proposition 4.1.7.6], if
M is a symmetric monoidal model category then the co-category JM[W ~1] admits a symmetric monoidal
structure such that the localization functor ¢ — M[W ~1] is strong monoidal, and if F is a symmetric
monoidal left Quillen functor then F is again symmetric monoidal.

Once again we obtain a different construction of the symmetric monoidal oo-category M[W ~1] when
is topological. Namely, one can first restrict to bifibrant objects and then form the topological colored
operad N ® () with colors X € J/(° and multimorphism spaces

Mulyeyoy({ X1, ..., Xn}, ¥) =Mapo (X1 ® -+ ® Xpn, Y).

This then gives an co-operad by Lemma 2.1. By [Lurie 2017, Proposition 4.1.7.10] this is in fact a
symmetric monoidal co-category whose underlying oco-category is equivalent to J([W ~!]. Furthermore,
by [Lurie 2017, Corollary 4.1.7.16], these two methods of obtaining a symmetric monoidal structure on
M[W 1] are equivalent.

2.3 Pointed categories

Many of the typical constructions one applies to model categories admit an analogue internally to oo-
categories. Furthermore, in many cases these constructions are not only analogous but in fact equivalent.

For example we may consider the formation of pointed objects. Given a model category M with
final object *, we can equip the slice category Jl« = My, with a model structure in which fibrations,
cofibrations and weak equivalences are detected by the forgetful functor Jl. — JL; see [Hovey 1999,
Proposition 1.1.8]. If L is cofibrantly generated with set of generating cofibrations / and set of generating
acyclic cofibrations J, then Jl, is also cofibrantly generated by the sets /4 and J4; see [Hovey 1999,
Lemma 2.1.21]. If M is symmetric monoidal with cofibrant unit given by *, then the slice category M«
with the smash product is again a symmetric monoidal model category with cofibrant unit; see [Hovey
1999, Proposition 4.2.9].
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Let us now discuss the same construction for co-categories. Given a presentable symmetric monoidal
oo-category (6, ®), we can endow the slice 6« = 6, with a symmetric monoidal structure Ag given as
follows: for all (x — C), (* —> D) € €4, we define C Ag D by the following pushout in 6:

CR*xU*x®D —— CQ®D

| -

* @k ——— C Ag D

The existence of such symmetric monoidal structure on €. is a formal consequence of [Lurie 2017,
Proposition 4.8.2.11] as we now explain. Indeed the cited reference shows that the functor (—), : Pr’ — Prk
from presentable co-categories to pointed presentable co-categories is a smashing localization, so it
induces a functor on commutative algebras CAlg(Pr) — CAlg(Prl) showing that a symmetric monoidal
structure on 6, exists. Furthermore, [Lurie 2017, Proposition 4.8.2.11] implies that this symmetric
monoidal structure is uniquely determined by the condition that the tensor product on ‘6, commutes with
colimits on each variable and makes the functor (—) 4 : € — 6. into a symmetric monoidal functor. From
this one obtains the concrete description of Ag as given above.

Example 2.2 Applying this construction to & with the cartesian product returns ¥, the category of
pointed spaces with the smash product. We write ¥ for the co-operad giving the former, and ¥% for the
latter.

We now give a result that connects these two constructions.

Proposition 2.3 Let Al be a symmetric monoidal model category with cofibrant final object, which is
also the monoidal unit. Suppose that the underlying co-category J[W ~1] is presentable. Then the functor
(—)+: M — My induces a symmetric monoidal equivalence

MW ™1 > Ma[W .

Proof First note that the underlying co-category «[W ~!] models the co-categorical slice (M[W ~1])x;
see for example [Cisinski 2019, Corollary 7.6.13]. Note also that (—)4: M — M is left Quillen and
strong monoidal, and therefore we obtain a strong monoidal colimit-preserving functor

() MW = A [,

which is equivalent to the standard left adjoint (—) under the equivalence M [W ~1] >~ M[W ~1]4 by
inspection. Also, l«[W 1] is automatically presentable and closed monoidal. Now we can conclude the
result, because there is a unique closed symmetric monoidal structure on J([W ~!], such that (—)4 is
strong monoidal. a

Next we consider the formation of module categories. Recall that given a presentable symmetric monoidal
oo-category ¢ and a commutative algebra object S € CAlg(), the category of S-modules in ¢, Mods (6)
is a symmetric monoidal co-category via the relative tensor product, constructed in Section 4.5.2 of [Lurie
2017]. We will always consider Modg (6) as symmetric monoidal in this way.
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Proposition 2.4 Let /M be a symmetric monoidal and cofibrantly generated model category with weak
equivalences W, generating cofibrations I and generating acyclic cofibrations J, and let A be a com-
mutative algebra object in A whose underlying object is cofibrant. Suppose that Mod4 (M) admits a
symmetric monoidal and cofibrantly generated model structure where fibrations and weak equivalences
are tested on underlying objects, and the sets A ® [ and A ® J form a set of generating cofibrations and
generating acyclic cofibrations, respectively. Write Wy, for the class of weak equivalences in Mody4 ().
Then applying Mody to the functor M — JM[W ~!] induces a symmetric monoidal equivalence

Mod4 (M) [W,,; '] ~ Mod 4 (M[W ~']).

Proof This is essentially [Lurie 2017, 4.3.3.17]. However since the statement there does not literally
apply, let us spell out the argument. We need to show that there exists a symmetric monoidal equivalence

6: N(Mod4 (M) )[W, 1] => Mod4 (N (ME)[W1]).

We start by noting that the forgetful functor U : Modg (M) — J is left Quillen. One can verify this
by observing that U sends the generating (acyclic) cofibrations to (acyclic) cofibrations, using that A
is cofibrant and that Jl satisfies the pushout-product axiom. Since a cofibrant A-module is then also
cofibrant in [, there exists a symmetric monoidal functor

N(Mod(M)) — N(Mod4(A€)) =~ Mody (N (M)).

Postcomposing with the symmetric monoidal functor N (M€) — N(M€)[W~!] and using the universal
property of symmetric monoidal localization we obtain a symmetric monoidal functor 6 as claimed. To
show that 6 is an equivalence, we apply [Lurie 2017, 4.7.3.16] to the diagram

N(Mod4 (M)°)[ W, 1] 6 > Mod (N (ME)[W 1))

N w1

We need to check:

(a) The oo-categories N(Mod4 (M)¢)[W, 1] and Mod4 (N (M€)[W ~1]) admit geometric realization of
simplicial objects. In fact, both categories admit all colimits. For N(Mod (M)€)[W,,!] this is [Barnea et al.
2017, Theorem 2.5.9]. For Mod (N (M€)[W~1]), we note that N (M)[W ~1] admits all colimits by the
previous reference and that these can be calculated as homotopy colimits in the model category by [Barnea
et al. 2017, Remark 2.5.7]. Since A is cofibrant, the functor A ® —: M — A is left Quillen and so it
induces a colimit-preserving functor N (M€)[W ~1] — N(M¢)[W ~1] by [Hinich 2016, Proposition 1.5.1].
Finally, we can invoke [Lurie 2017, Proposition 4.3.3.9] to deduce the existence of all colimits in
Mod4 (N () [W1)).

(b) The functors U and U’ admits left adjoints F and F’. The existence of a left adjoint to U follows
from the fact that U is determined by a right Quillen functor. The existence of a left adjoint to U’ follows
from [Lurie 2017, Corollary 4.3.3.14].
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(c) The functor U’ is conservative and preserves geometric realizations of simplicial objects. This follows
from [Lurie 2017, Corollary 4.3.3.2, Proposition 4.3.3.9].

(d) The functor U is conservative and preserves geometric realizations of simplicial objects. The first
assertion is immediate from the definition of the weak equivalences in Mod4 (), and the second follows
from the fact that U is also a left Quillen functor.

(e) The natural map U’ o F' — U o F is an equivalence. Unwinding the definitions, we are reduced to
proving that if N is a cofibrant object of ., then the natural map N — A ® N induces an equivalence
F'(N) ~ A® N. This follows from the explicit description of F’ given in [Lurie 2017, Corollary
4.3.3.13]. d

Remark 2.5 Suppose Jl is a symmetric monoidal cofibrantly generated model category. If Jl is locally
presentable, then the existence of the model structure on Mod4 (/) as in Proposition 2.4 holds by [Schwede
and Shipley 2000, Remark 4.2].

3 Promonoidal co-categories and Day convolution

We start this section by recalling the notion of a promonoidal co-category. We recall the definition of the
operadic norm functor and use this to define the Day convolution product on a functor category. We then
collect various important results about the Day convolution product which will be important later. We
finish the section by giving a symmetric monoidal recognition criteria for presheaf categories, inspired by
Elmendorf’s theorem.

We start off by recalling the following useful notion from [Ayala and Francis 2020, Definition 0.7].

Definition 3.1 A functor p: € — % between co-categories is an exponentiable fibration if the pullback
functor p*: Cateo /g — Catoo /¢ admits a right adjoint py, which we call the pushforward.

Example 3.2 Both cocartesian and cartesian fibrations are exponentiable; see [Ayala and Francis 2020,
Lemma 2.15].

Example 3.3 Exponentiable fibrations are stable under pullbacks; see [Ayala and Francis 2020, Corollary
1.17]

For any oo-operad 0%, we let @?;t := 0% Xgj,, Fin € 0%® denote the subcategory of active arrows. We

recall the following definition from [Shah 2021, Definition 10.2].

Definition 3.4 Let 0% be an co-operad. A map of oo-operads p: €® — 0® defines a 0®-promonoidal
oo-category if the restricted functor p,: %ﬁt — @?& is exponentiable. A functor of 6®-promonoidal
oo-categories is simply a map of 0®-operads.

Example 3.5 Any 0®-symmetric monoidal co-category is 0®-promonoidal by Example 3.2.
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Example 3.6 Let € be an oo-category. Then the co-operad ¢ — Fin, of [Lurie 2017, Construc-
tion 2.4.3.1] is a symmetric promonoidal co-category. In fact

@U XFin, Fin — Fin
is the cartesian fibration which classifies the functor sending I to Fun(/, ).

Example 3.7 Consider a cartesian fibration p: 6 — $. Similarly to Example 3.6, one can show that the
induced map p: €¢H — g1 exhibits € as a $U-promonoidal co-category.

The key property of promonoidal co-categories is that they induce operadic norm functors.

Definition 3.8 Let p: €® — 0%® be a 0®-promonoidal co-category. Then the functor

P*:(Opso) /08 = (OPoo) /4@

has a right adjoint by [Shah 2021, Theorem/Construction 10.6], which we denote by N, and call the
norm along p. Note that p* also has a left adjoint py which is given by postcomposition with p.

The norm interacts well with pullbacks along maps of co-operads.

Lemma 3.9 Let p: ¢® — 0% be a 0®-promonoidal co-category and let f: ?® — 0% be a map of
oo-operads. Write p': €® xo0 P® — P® and f': 6% xo0 P® — O® for the functors obtained via
basechange. Then there is a natural equivalence of functors

¥ Np = Ny (f')*: (OPoo) j4® = (OPpo) /90 -
In other words, for every 3% € (Op,) /¢® there is an equivalence of co-operads over P®,

Ny(@®) g0 P® =~ Ny (3® xgo P%).

Proof To check that two right adjoint functors are equivalent it is enough to check that the left adjoints
are equivalent. But the left adjoint of f* is just postcomposition with f', so the thesis is equivalent to the
fact that for every €® € (Op) /®, there is a natural equivalence

€® xo0 €® ~€® x50 (P® xo0 €%)
and this is clear. O

Remark 3.10 In a similar vein we observe that because ¢* p* >~ (pq)*, also Npg >~ NpNy.

Remark 3.11 Recall that passing to underlying co-categories gives a functor U : Op,, — Cats, which
admits a left adjoint F with essential image precisely those co-operads ¢: ?® — Fin, such that the
functor g factors through Triv C Finy; see [Lurie 2017, Proposition 2.1.4.11]. In particular for any
oo-operad 0%, we obtain an adjunction on overcategories

F: (Cateo) /0 = (Opso) o = U.
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See [Lurie 2009, Proposition 5.2.5.1]. Let p: €® — 0% be a 0®-promonoidal co-category; we will
now describe the effect of N, on underlying co-categories. Observe that the underlying map U(p) on
oo-categories is exponentiable, as it can be described as the pullback of p along 0 € 0%, compare with
Example 3.3. One can compute that the diagram of left adjoints

(OPoo) j¢® — (Opoo) jc®

FT TF
U(p)*
(Catoo)/%é < (Catoo)/@

commutes. Therefore the associated diagram of right adjoints

N,
(OPoo) j¢® —— (OPuo) j0®

al Jv
U(p)«
(Catoo)/%é — (Catoo)/(@

also commutes, and we conclude that on underlying categories N, is given by the pushforward U(p)«.
We can now define the Day convolution functor.

Definition 3.12 Let p: €® — 0% be a 0®-promonoidal co-category. The Day convolution functor
Fung (6, —)”%: (Ops) 68 — (OPoo) /0®
is the right adjoint of the functor
P1p* = — %08 €% (Ops) jo® = (OPos) jo®-
This is a composite of right adjoints, and so we conclude that Fung (6, —)P% ~ N, p*(—). This also

shows the existence of Fung(%¢, —)P%. When O = Fin,, we will omit it from the notation.

Remark 3.13 Recall that Alg,e (2®) is defined to be the full subcategory of Fun g, (6%, %®) spanned
by the maps of operads, and that taking the maximal co-subgroupoid of this category gives the mapping
spaces Op,,(€®,%®). Therefore we may view Alg_y(—) as constituting an enrichment of Op,, in
Cats. A standard argument shows that the adjunction equivalence

Opoo (?%, Fun($®, €®)PY) ~ Opo, (P® xpin, $€.€®)
improves to an equivalence
Algge (Fun($®,€®)P™) =~ Algye,, 50 (€%).
Example 3.14 Recall from Example 3.6 that for any oo-category €, the oo-operad € — Fin, is
promonoidal. For every oco-operad @®, the Day convolution co-operad Fun(€, %®)P% is equivalent to

the pointwise operad structure on Fun(€¢, %). Indeed they corepresent the same functor by [Lurie 2017,
Theorem 2.4.3.18].
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The description of Day convolution combined with Remark 3.11 implies that on underlying categories
Fung (€%, —)P¥ is given by U(p)«U(p)*. We can describe the fibers of this category explicitly.

Construction 3.15 Let p: € — % be an exponentiable fibration of co-categories and g: % — B any
functor. Fix an arrow f: bo — b1 in B and let us write 65, and %y, for the fibers of p and g over b;.
The unit of the adjunction (p*, px«) gives a canonical functor ps p*% — %B whose fiber over b; can be
identified with

(3.15.1) (P« p™D)p; =~ Fung({b; }, px p* D) ~ Fung (€ xg {b; }, € x5 D) =~ Fun(6;,%D;).

Remark 3.16 One should be careful to note that, if the underlying co-category O of 0% is not contractible,
then the underlying oo-category of Fung(€®,%®)P% is not the same as the co-category of functors
over 0. Rather, it is a fibration over O whose global sections are Funq(‘¢, 2). Compare also with the
previous construction.

We would like to have a formula for the multimapping spaces for the Day convolution. We will achieve
this in Lemma 3.25 below. In preparation for this result, we compute the mapping spaces in a pushforward.
To state the result we recall the definition of twisted arrow oco-categories, and the notion of coends.

Definition 3.17 Let €: A — A be the functor [n] > [n] x [n]°P >~ [2n + 1]. Let $ be an co-category. The
twisted arrow oo-category Tw($) is the associated oo-category of the simplicial set €* N .$. By definition,

we have
Tw($), = Map(A" » (A™)®, 9).

The natural transformations A® and (A®)°? — A*® x (A*)°P induce a functor (s,7): Tw($) — $ x $°P,

Remark 3.18 There are two possible conventions for defining Tw(—). In this paper we follow that of
Lurie [2017, Section 5.2.1]. This is the opposite of the convention used in [Barwick 2017].

Example 3.19 The objects of Tw(¥) are given by edges of $. An edge from f:x — yto f/':x' — y’
in Tw(9¥) is represented by a diagram
x —— x/

7| 1%

y—

Remark 3.20 The twisted arrow category is insensitive to taking opposites, meaning that Tw($°P) ~
Tw($). However under this equivalence (s, ¢) is sent to (¢, 5).

Definition 3.21 Given a functor F: € x €°P — &, we define the coend [ X< g (x, x) to equal the colimit

of the functor
Tw(@) & @ x P L g,

Dually for a functor F : €°P x € — 6, we define the end f ¢ F(x,x) to be the limit of the functor

Tw (@) D%, qor g £y g

Geometry & Topology, Volume 29 (2025)



1364 Sil Linskens, Denis Nardin and Luca Pol

We are now ready to state the formula for multimapping spaces in the Day convolution.

Lemma 3.22 Suppose we are in the setting of Construction 3.15. Let F;: €; — %; be two objects of

(P*P*@)bi , viewed as such via the equivalence (3.15.1). Then there is an equivalence

(G221 Map! ., (Fo. F)~ / Map(Map (xo, x1), Map?, (Foxo, Fix1)),

(x0,x1)€6] x61

where the left-hand side denotes the fiber over f of the canonical map

Map,, ,«q(Fo, F1) — Mapg,(bo, b1).
Proof Let us write f as a map A! — 3. Then, by the definition of p., there is an equivalence
Mapg (AL, pap* D) ~ Map (Al xg, €, € x5 D) ~ Mapa1 (Al x5 €, Al xg D).
Therefore we have an equivalence
Map? . (Fo. F1) = {(Fo. F1)} Xytup, 9A1, . pa) Map (AL, pa ™)
~ {(Fo. F1)} XMap(o.50)xMap(€ 1) Mapa1 (A! xg €, Al xg B).
Now from the proof of [Ayala and Francis 2020, Lemma 4.2] it follows that the map
Catoo /a1 = Caloo X Catos  [€ — Al (6 x41 {0}, 6 x 41 {1}),
is a right fibration classified by the functor Cate, X Catoo — & sending (69, 61) to Map(6y” x 61, ¥).
Therefore
{(Fo. F1)} XMap(o.30)xMap(¢1,31) Mapa1 (A! xg 6, A" x5 D)
~ (Fo,F1) 1 1
~ MapCa?OO/lAl (A" xg3€, A" X5 D)
~ Map(Catoo/Al )(q;ofe,l)(Al Xap (67 (F07 Fl)*(Al Xap @))
~ MapFun(%ng(@hy) (Mapé (=, ), Mapg]; (Fo—, F1-)).
But this is exactly the thesis, thanks to [Gepner et al. 2017, Proposition 5.1]. a
Remark 3.23 In the setting of Lemma 3.22, suppose that g is equal to the projection & x B — B and

that % is cocomplete. Then we can interpret formula (3.22.1) as saying that psp*% is a cocartesian
fibration and that given f:i — j, the induced functor

Jr:Fun(€;,9) — Fun(€;,%)
evaluated on a functor F': €; — 9 gives the functor
X; €6;
€; — 9D, xj|—>f Map%.j(xi,xj)xF(xi),

where 6;; := 6 xg_ ¢ [1]. Thatis, fF is computed by left Kan extending F" along the inclusion €; C 6;;
and then restricting to 6; C 6;;. In particular, if €;; — [1] is a cartesian fibration we have f/iF ~ F o f*,
where f*:%6; — % is the pullback.
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Recall the following notion of multimapping spaces.

Definition 3.24 Let 6® — 0% be a map of oo-operads and let ¢: {x;} — y be an active morphism of 0%
with target in 0 := (@®)1+. For every {c;} € (<€®){xi} ~ []; 6x, and d € 6, objects of 62 over the
source and target of ¢, we define the ¢-multimapping space in 6% as the space of morphisms {¢;} — d
above ¢:

Mul® ({ci}. d) := Mapqe ({¢i}. ) Xmap g ((x,3.9) 10}-
We say that €® is representable if for every active morphism ¢ and objects {c;}, the functor
Mul?g ({ci} —): 6 — &

is corepresentable. In this case we write ®¢ {c;} for the corepresenting object and we call it the ¢-tensor
product of {c;}. This is equivalent to the functor ¢® — 0® being a locally cocartesian fibration.

We are ready to prove the formula for the multimapping spaces in the Day convolution.

Lemma 3.25 Let 0% be an oo-operad, €® be an 0%® -promonoidal co-category and %® be an co-operad
over 0®. Then the multimapping spaces in Fung(€®, 3®)PY are given by the natural equivalence

¢ : ~ g o b F !
MU, e o (i} G) = / » /{ o oy Map (Mg e ). M (s}, Ge')
for all active morphisms ¢: {x;} — y, and objects { F;} € [ [; Fun(€y,,%y,), G € Fun(€,,%,).

Proof We will use [Lurie 2017, Proposition 2.2.6.6]. However the cited result has the hypothesis that
€% is a 0®-monoidal co-category. We note that this is only used to ensure the existence of the norm
(after replacing the appeal to [Lurie 2009, Proposition 3.3.1.3] with [Lurie 2017, Proposition B.3.14]).
Therefore, in view of [Shah 2021, Theorem/Construction 10.6], we can safely apply this result when €®
is only 0®-promonoidal.

Then, arguing as in the proof of [Lurie 2017, Proposition 2.2.6.11], we obtain an equivalence
Mulgunc(%®’gb®)my ({Fl}’ G) = {(Fa G)} XFun/@® (8A1X®®‘6®,€D®) Fun/()‘® (Al Xo® (6®, QD®)’

where A1 — 0% picks out the active arrow ¢ and F : Cﬁgi} — @g’ci} is the functor sending {c; } to { Fjc;}.
Let 6% := €® x ;@ 0% and B := D® x @ 03! be the subcategories of active arrows. Since A! — 0%

factors through 0!, we have an equivalence
MulFun(%(@’@@)Day ({Fl }lel N G) ~ {(F, G)} XFun/@acl(aAI X@acl%ad,@am) Fun/@act (AI XFin <€act’ gbact)
>~ Map(pact)*(pacl)*@act (F, G),

where the last equality makes sense since p**' is an exponentiable fibration. Therefore the thesis follows
from Lemma 3.22. O
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Definition 3.26 We say that an 0®-monoidal co-category &% — 0% is compatible with colimits if for
every object x € O, the fiber @ has all small colimits, and if for every active arrow ¢, the ¢-tensor
product commutes with all small colimits separately in each variable; see [Lurie 2017, Definition 3.1.1.18]
for a more precise formulation. If moreover each fiber is presentable, then we say &® is a presentably
0®-monoidal co-category.

Example 3.27 The underlying co-category of a symmetric monoidal model category is compatible with
colimits as the tensor product is a left Quillen bifunctor by the pushout-product axiom.

Remark 3.28 Recall that every cocomplete co-category 46 is canonically tensored over . Namely, for
every X € ¥ and C € €, we define X x C to equal colim(constc: X — €), the colimit over X of the
constant functor at C.

Corollary 3.29 Fix an co-operad 0%. Let €® be a small 0® -promonoidal co-category and let ® be a
0® -monoidal co-category which is compatible with colimits. Then:

(a) Fung(€®,%®)PY js an 0®-monoidal co-category which is again compatible with colimits.
Suppose furthermore that 0® ~ Fin, is the commutative oo-operad.

(b) The unit of Fun(¢®,3®)P¥ jg given by lp,y := Mulg (@, —) X lg, and the tensor product is

given by
(c1,c2)€%?
(F @ G)(—) ~ [ Mul¢({c1, 2}, —) X (F(c1) ® G(c2)).

In particular, when 9 is the co-category of spaces with the cartesian symmetric monoidal structure,

we have
Mapq (x, —) ®°% Mapg(y, —) =~ Mulg({x, y}. -)

for every x,y € 6.

Proof If ¥® is 0®-monoidal, it follows from the formula of Lemma 3.25 that Fun(4®, &®)P¥ js
representable and that the ¢-tensor product is given by

{citellicr €o; o
R Fibier ~ / Mul?, (feidier, =) x QUi (e e
¢ ¢

This shows the existence of locally cartesian edges in Fun(€¢®, 3®)P%_ Because the tensor product
functors in ¥® commutes with colimits in each variable, one can calculate that the composite of locally
cartesian edges is locally cartesian, and therefore Fung (€%, 9®)P® is a 0®-monoidal co-category. The
fibers are clearly cocomplete, and from the formula for the tensor product it follows that the tensor in
Fun(6, %)® commutes with colimits in each variable.

Finally the statement for the tensor product of corepresentable functors follows from the formula above
and the Yoneda lemma. O
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Notation 3.30 Suppose we are in the situation of the previous corollary, and suppose that 0® ~ Fin,.
In the case that both €® and %® are canonically (pro)monoidal, then we write €—% for the symmetric
monoidal category given by the co-operad Fun(€®, %®)P%  The two examples which will arise constantly
are 6-S and €-¥«, where & is symmetric monoidal via the cartesian product, and & via the smash product.
Nevertheless, when we refer to the co-operad inducing the symmetric monoidal structure on 6—%, we
will continue to write Fun(€¢®,%®)P%_ While this distinction is mathematically meaningless, we find it
notationally convenient.

We next turn to the functoriality of Day convolution.

Construction 3.31 Let 0% be an oo-operad and suppose f: $® — $® is a map of 0®-promonoidal
oo-categories. Then for every two oo-operads €® and ?® over 0% we have a natural transformation

Algy® /o (Funge ($%,6%)P) ~ Algge X,@I® (6%) - Algge X,@I® (6%)
~ Algge o (Funge (9%, 6%)Pw)
given by precomposition along P® x g0 $® — P® xe $®. Since this is natural in P®, it induces a map
in (Opg) /6®
f*: Fungg ($%,€®)PY — Fungg (9%, €®)PY.

Definition 3.32 Consider 6®,%® € (Op,,) /o®- An operadic adjunction between €® and 9° is a
relative adjunction over 0® in the sense of [Lurie 2017, Definition 7.3.2.2] such that both functors are
maps of co-operads. This notion is equivalent to an adjunction in the (oo, 2)-category of co-operads; see
[Riehl and Verity 2016, Observation 4.3.2].

Remark 3.33 If €® and %% are both 0®-monoidal then an operadic left adjoint f: €® — %® is
automatically 0®-monoidal by [Lurie 2017, Proposition 7.3.2.6].

Proposition 3.34 Let O® be an co-operad and let f: 9% — $® a map of 0% -promonoidal co-categories.
Suppose €% is a presentably 0%® -monoidal co-category. Let us consider the lax 0® -monoidal functor

f*:Fungg ($%,€®)PY — Fungg (9%, €®)PY.
(a) Suppose that for every active arrow ¢: {t;}; — t in O® the natural map
(forMuld ({x; 3. =) > Mulf ({ £, xi 3. —)
adjoint to
Mul ({x;}i. =) — Ml ({ £, xi b fi (=)
is an equivalence for every family of objects {x;};. Then f* has a left operadic adjoint fy that is
0®-monoidal.
(b) Suppose f has an operadic right adjoint g: $® — $®. Then there is a natural equivalence of maps

of co-operads fi ~ g*, and moreover this functor is 0® -monoidal.
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Proof We will use [Lurie 2017, Proposition 7.3.2.11] applied to the functor f* over 0%®. Since on the
fiber over #; € O this is just given by precomposition by f;;, the functor on the fiber over {; };

l_IFun(gtia(@t[) g HFun(ytia(@tj)
i i

has a left adjoint, given by the left Kan extension (f;,)1 on every component. In particular, this collection
of left adjoints commutes with the pushforwards along inert maps. So it suffices to show that this collection
of left adjoints commute with the pushforwards along active maps. Let ¢: (¢;); — ¢ be an active map.
Then we need to show that the map

¢ ¢
(fon (® Fl-) ~ QUi F

is an equivalence. But then this follows from our hypothesis together with the description of Corollary 3.29.

Suppose now that f* has an operadic right adjoint g. Since g* is an operadic left adjoint to f*, it follows
immediately that f; = g*. So it remains only to check the two final conditions. But we have

(f)r Mulf (i i, =) ~ Mulf (i i, g0—) ~ Mulf ({ f, x4, ),

since g is an operadic right adjoint of f. O

Remark 3.35 If 0% = Fin, and $® and $® are both symmetric monoidal, then the conditions ensuring
the symmetric monoidality of f; are equivalent to f being a symmetric monoidal functor (since fi
restricts to f on representables). Thus the above proposition gives an alternative proof of [Ben-Moshe
and Schlank 2024, Proposition 3.6].

3.1 Symmetric monoidal structures on copresheaf categories

We finish this section by classifying all possible closed symmetric monoidal structures on the copresheaf
oo-category Fun($, &) in terms of symmetric promonoidal structures on $; see Theorem 3.37.

Lemma 3.36 Let $ be a small co-category and let us suppose that the presheaf category Fun($, &) is
equipped with a symmetric monoidal structure Fun($, 9)® which is compatible with colimits. Equip §
with the full suboperad structure $% induced by the Yoneda embedding $ C Fun($, ¥)°P. Then $® is
symmetric promonoidal.

Proof For brevity let us write @® = Fun($, ¥)®. Recall from Definition 3.4 that $% is promonoidal if
the functor $® — Fin, is exponentiable over Fin ~ (Fin, ). By the characterization of exponentiability
in [Ayala and Francis 2020, Lemma 1.10(c)], we need to show that for every map f: I — J in Fin, every
x € $1 and every z € $ the map

yeﬁj
[ Mulstser 2% [T Muls (e o1.37) = Muls (ber . 2)
jeJ
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is an equivalence. Using that $ € %°P is a full suboperad, this is equivalent to asking that the map

eg”’
/y l—[ Map@(yj, ® xi) x Mapyg, (z,®yj) —>Map@(z,®x,-)

JjeJ ief—1j jeJ iel
is an equivalence of spaces. But since Mapg (z, —) commutes with all colimits (as z € $ is tiny) it is
enough to show that the map

ye&f
[ (e @ )o@y @
JeJ ief—1j; jeJ iel
is an equivalence. Since the tensor product in & commutes with colimits in each variable, we can bring
all the colimits inside (using that Tw($7) ~ Tw($)”). We are reduced to proving that the map

®[ Map@(yj, (0% xi)®)’j_>®xi
JjeJ ief-1j iel

is an equivalence. But this follows from the fact that for any j € J and w € %, the map

yj €6

y; €6
/ Map(y;, w) X y; =~ colém yj = w
.e(

Y€t w

is an equivalence, which is just another form of the Yoneda lemma. |
We are ready to prove our classification result.

Theorem 3.37 Let $ be a small co-category and suppose Fun($,¥) is equipped with a symmetric
monoidal structure Fun($, ¥)® which is compatible with colimits. Equip $® with the co-operad structure
induced by the Yoneda embedding $ C Fun($,¥)°P. Then $® is symmetric promonoidal and the
symmetric monoidal structure on Fun($, &) is equivalent to the one induced by Day convolution with the
symmetric promonoidal structure on $®.

Proof It follows from Lemma 3.36 that $® is symmetric promonoidal. Consider the composite

9® xgin, Fun($, 9)® — (Fun($, 9)°")® xgin, Fun($, $)® — 9>

of lax symmetric monoidal functors, where the first functor is induced by the Yoneda embedding and the
second is the lax symmetric monoidal enhancement of the mapping space functor constructed in [Glasman
2016, Section 3]. By the universal property of the Day convolution, we obtain a map of co-operads

Fun($, 9)® — Fun($®, 9™)Pv

which is the identity on underlying co-categories. Therefore to prove our thesis it will suffice to show that
this functor is symmetric monoidal. Since Fun($, &) is generated under colimits by the corepresentable
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functors and both tensor products commute with colimits in each variable, it is enough to check that the

maps
Muly (2. —) = 1 — 17,
MUI5 ({X, y}» _) = Map§ (xv _) ® Map& (ya _) - Mapﬁ (x9 _) ®Day Mapfi (y’ _)
are equivalences for all x, y € $. But this follows from Corollary 3.29. |

Recall that the oco-category of pointed objects in a presentably symmetric monoidal oco-category is
canonically symmetric monoidal. For later use we also record how taking pointed objects in a category of
diagram spaces interacts with the Day convolution symmetric monoidal structure.

Proposition 3.38 Consider a small promonoidal co-category $, and a presentably symmetric monoidal
oo-category ‘€. There exists a symmetric monoidal equivalence
(9—€)s >~ I—Cx.

Proof Consider the lax monoidal functor $—€ — $—%€, induced by the universal property of Day
convolution by the composite

Fun($®,%%) xgin, $© — €® DO+, (65)"®.

Because (—)+ is strong monoidal and colimit-preserving, one calculates that this functor is in fact strong
monoidal. Therefore by [Lurie 2017, Proposition 4.8.2.11] we obtain an induced strong monoidal functor
($—€)+« — $—%+«, which is easily seen to be the identity on underlying categories. |

3.2 A symmetric monoidal Elmendorf’s theorem

In this subsection we give a general oo-categorical version of Elmendorf’s theorem. We then enhance
this to a symmetric monoidal equivalence.

Theorem 3.39 (Elmendorf) Let € be a cocomplete co-category and let i : 69 — € be the inclusion of a
small full subcategory satisfying the following conditions:

(a) The objects of € are tiny: for all ¢ € 6¢, the functor Mapy(c, —) preserves small colimits.

(b) The collection of objects {co € 6o} is jointly conservative: an arrow f in € is an equivalence if
and only if Mapy/(co, f) is so for all co € 6.

Then the restricted Yoneda functor induces an equivalence of oo-categories j : € >~ %P (6).
Proof By the universal property of the category of presheaves [Lurie 2009, Theorem 5.1.5.6], there
exists a colimit-preserving functor L: P(%€y) — 46 such that Ljo >~ i, where jg: €9 — P(6p) denotes

the Yoneda embedding. By the adjoint functor theorem [Nguyen et al. 2020, Corollary 4.1.4], the functor
L admits a right adjoint R: € — P(6(), which is defined via the formula

Rc(co) = Mapy(Ljo(co), c) =~ Mapg(i(co), ¢)
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for all ¢ € € and cg € 6¢. Therefore R can be identified with the restricted Yoneda functor j : € — % (6y).
We note that the functor j preserves all small colimits since for all ¢g € 6, the functor

Mapy (co. —): 6 1> P(6) —L> 6,

does so by condition (a). As equivalences in P(€g) are detected pointwise, the same argument as above
using condition (b) then shows that j is conservative. Note that the unit map n: 1 — jL is an equivalence
on all objects in the image of jy as by construction jLjo >~ ji = jg. It follows that the unit map is an
equivalence on all objects as P(€g) is generated under colimits by the representable functors and all the
functors involved preserve colimits. Using the triangle identities of the adjunction we then find that j(¢)
is an equivalence and so the counit map €: Lj — 1 is an equivalence by conservativity of j. Thus j and
L are inverse equivalences. a

Example 3.40 Let G be a topological group and let GJ be a convenient category of G-spaces. There is
a model structure on GIJ where a map f: X — Y of G-spaces is a weak equivalence (resp. fibration) if
fH:xH 5 yH i a weak homotopy equivalence (resp. Serre fibration) for all closed subgroups H < G;
see [Schwede 2018, Proposition B.7]. Let ¥ denote the underlying co-category of this model category,
which is cocomplete by [Barnea et al. 2017, Theorem 2.5.9]. Moreover, colimits in ¥ of projective
cofibrant diagrams can be calculated as homotopy colimits in GJ by [Barnea et al. 2017, Remark 2.5.7].
Let Og < ¥ ¢ be the full subcategory of G -spaces spanned by the cosets G/H where H runs over all closed
subgroups of G. Note that G/H € ¥ corepresents the H -fixed-point functors so the collection of cosets
{G/H | H < G} is jointly conservative by definition of weak equivalences in GJ. The fact that G/H € ¥
is tiny then follows from the fact that the H -fixed-point functor commutes with all small homotopy colim-
its [Schwede 2018, Proposition B.1(i) and (ii)]. Then the theorem above gives an equivalence 0%"—9’ ~%q.
Therefore the previous theorem is a generalization of the classical theorem of Elmendorf [1983].

Under suitable assumptions we now enhance this to a symmetric monoidal equivalence, where we endow
the presheaf category with Day convolution for a promonoidal structure on subcategory of tiny objects.
Corollary 3.41 Suppose we are in the setting of Theorem 3.39 and that, furthermore, the following hold:

(a) € admits a symmetric monoidal structure €® which is compatible with colimits.
(b) 6o admits an co-operad structure C(%?.

(c) The inclusion i : 6y — 6 lifts to a fully faithful functor of co-operads i ®: %‘383’ — €9,

Then Cégz’ is a symmetric promonoidal co-category and the restricted Yoneda embedding induces a
symmetric monoidal equivalence P (%()P® ~ €®.

Proof By Theorem 3.39 there is a commutative diagram

%0;)(@

P(€o)
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We can equip P(%€g) with a symmetric monoidal structure P (%€o)® induced by €% via j, and hence
obtain a symmetric monoidal equivalence j®: €® — P(€()®. Combining this with condition (c) we
obtain another commutative diagram

® i® ®
€@ —— 5 ¢

gl %
P(€0)®

of co-operads. It is only left to note that by Theorem 3.37, the co-category ‘668 is symmetric promonoidal
and that the symmetric monoidal structure on %(%¢)® coincides with the Day convolution product. O

4 Partially lax limits

In this section we recall the necessary background on (partially) lax (co)limits and collect some important
properties that we will use throughout the paper. The main references for this material are [Gepner et al.
2017; Berman 2024].

The notion of a partially lax limit over an co-category . is defined with reference to a collection of edges
of $. To make this precise we make the following definition.

Definition 4.1 A marked oo-category is an oco-category € along with a collection of edges W C
Map(A!, €) which contains all equivalences and which is stable under homotopy and composition. Given
two marked oco-categories 6 and &9, we write Fun® (¢, @) for the subcategory spanned by marked functors;
those functors that preserve marked edges. We write Catlo for the oo-category of marked co-categories.
For the existence see [Lurie 2017, Construction 4.1.7.1].

Example 4.2 Let € be an co-category.
(a) There is a maximal marking %* where all morphisms are marked.
(b) There is a minimal marking %" where only the equivalences are marked.

(c) Given a (co)cartesian fibration p: € — 3T over a marked oo-category, there is a marking 62 in
which the (co)cartesian morphisms living over marked edges are marked.

Partially lax limits in an co-category € are also defined with reference to a cotensoring of € by Cat,. For
the purposes of this paper, this is nothing but a functor [—, —]: Catgp x ¢ — 6. The following examples
are all naturally cotensored over Catqg.

Example 4.3 In the following $ is an co-category.

(a) Clearly Caty, is cotensored over itself with cotensor given by [$, €] = Fun($, ).

(b) The oo-category Catj>o is cotensored over Catoo by considering [#, ¢'] = Fun($, "), where we
mark all those natural transformations whose components are all marked in 6T
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(c) The oco-category of symmetric monoidal categories Cat?ﬁD is cotensored over Cats, by endowing the
oo-category Fun($, €) with the pointwise symmetric monoidal structure g : Fun($, €)® — Fin,
which is defined as follows. If p: €® — Fin, is the cocartesian fibration witnessing the symmetric
monoidal structure of €, then we construct the pullback

Fun($,6)® —2  Fin.

| [

Fun($, €%®) LN Fun($, Finy)

Note that by construction we have Fun($, (6)‘(%1) ~ Fun($, %a)) for all (n) € Fink. From this we
immediately see that g satisfies the Segal conditions. The map p is a cocartesian fibration by the
dual of [Lurie 2009, Proposition 3.1.2.1], and so by base-change [Lurie 2009, Proposition 2.4.2.3],
q is too. Therefore ¢ gives a symmetric monoidal structure on Fun($, €).

(d) We can generalize the previous example as follows. Let 0® — Fin, be an co-operad. The oo-
category of oo-operads Op,, is cotensored over Caty, by endowing the oo-category Fun($, 0)
with the pointwise operadic structure induced by the map Fun($, 0%) X Fun(9,Finy) Filx —> Fin.

Similarly, partially lax colimits in 6 are defined with reference to a tensoring of ‘6 by Cats.. Once again,
while more structured tensorings are typically useful, for our purposes it suffices for this to be a functor
(—) ® (—): Catoo X € — 6. The most important example will be Catoo, for which the cartesian product
gives a tensoring.

We now move on to the definition of partially lax (co)limits. For this we need to recall some categorical
constructions. Recall the following result.

Lemma 4.4 [Lurie 2017, Proposition 4.1.7.2] The minimal functor (—)b: Catoo — CatlO admits a left
adjoint denoted by | — |.

The oo-category | 67| is obtained from 6 by adjoining formal inverses to all the marked morphisms, and
so we call | — | the localization functor.

Example 4.5 Given a model category JIl, we may view it as a marked co-category by marking the weak
equivalences in .. Then |M| ~ J[W ~1].

Next we define marked slice categories.

Construction 4.6 Let 6 be an oo-category. There is a functor ¢,_: ¢ — Cats sending x € 6 to the
slice category 6,,. This is obtained by straightening the cocartesian fibration given by the target map
t: Ar(€) := Fun(A',€) — €. One checks that a diagram

Jo — go

7| lg

fi— &1
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is a t-cocartesian edge if the top horizontal arrow is an equivalence. If 6T is marked, then %;rx has an

induced marking where a morphism is marked if its image under the forgetful functor C@jx —%tisa
marked morphism. It is easy to see that this construction is functorial on x, and so we obtain a functor

<6/_:<6—>Catio.

We are finally ready to introduce the notion of partially lax (co)limit. Recall the definition of the twisted
arrow oo-category from Definition 3.17.

Definition 4.7 Consider a functor F: $ — % and choose a marking $7.

(a) If 6 is cotensored over Catoo, then the partially lax limit of F is the limit of the composite

197 |xF
/

Tw () L&D, gop o g Cat® x ¢ =7l

We abbreviate this by laxlim® F.
(b) If € is tensored over Catso, then the partially lax colimit of F is the colimit of the composite

Fx|(s)]_|
_—

Tw(9) L2 g % gop € x Catoo 2= €.

We abbreviate this by laxcolim® F.

Remark 4.8 If we choose the minimal marking $°, then we recover the notion of lax (co)limit of [Gepner
et al. 2017]. If we choose the maximal marking %, then we recover the usual notion of (co)limit;
see [Berman 2024, Proposition 3.6].

In some cases we have a concrete description of the partially lax (co)limit.

Theorem 4.9 [Berman 2024, Theorem 4.4] Let 3T be a small marked oo-category and let F : $ — Cato
be a functor. Consider the source of the (co)cartesian fibrations Un“(F) — $° and Un°(F) — ¢ as

marked via Example 4.2(c).

(a) The partially lax limit of F is the co-category of marked sections of p: Un*®(F) — $%. In other

words, we have
laxlim F ~ Funjﬁ(ﬁ, Un®°(F)).

(b) The partially lax colimit of F is given by the localization of Un®(F) at the marked edges. In other

words, we have
laxcolim® F = [Un*'(F)|.

Remark 4.10 The previous result gives a more explicit description of the partially lax limit of F'. Recall
that informally the Grothendieck construction Un®®(F) is the co-category whose objects are pairs (X, i)
where i € $ and X € F(i). A morphism from (X,7) to (Y, j) is a pair (¢, f) where f:i — j isa
morphism in $ and ¢: F(f)(X) — Y is a morphism in F(j). Then the previous result informally
implies that laxlim® F is equivalent to the co-category whose objects are coherent collections of objects
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(X; € F(i))iey together with maps ¢r: F(f)(X;) — X; for every arrow f:i — j in $, such that the
map ¢y is an equivalence whenever f* is marked.

We record some useful properties of partially lax (co)limits.

Proposition 4.11 Let $' be a marked co-category and let F : $ — Caty, be a functor. Given any other
oo-category 6, we have an equivalence

Fun(laxcglimT F.€) ~ la);limT Fun(F(—), ).
op

Proof The partially lax colimit of F': $ — Cat, is by definition calculated via the formula

laxcolim" F = colim F x |(§°p)j_|.
Tw($)

Postcomposing by the limit-preserving functor Fun(—, €): Catge — Cato, we deduce that the co-category
Fun(laxcolimJr F, ) is the limit of the diagram

(F.|(5)]_) e

@11.1)  Tw($)? &I gop e g Cat®® x Cat®® Cat® P9, car.

By adjunction, we find that the composite of the final three functors is equivalent to
Fun(— =) o (|(9°7)]_. Fun(F(=).6)) 0 0': §°° x § — Catoe,

where o is the symmetry isomorphism of the product. As indicated in Remark 3.20, the following triangle

commutes:
Tw($)°P = 5 Tw($OP)°P
9P x §

These two observations allow us to rewrite equation (4.11.1) and conclude that Fun(laxcolim® F, €) is
the limit of the functor

(1(5°") _|.Fun(F (-),6)) Fun(—,—)

Cat® x Catoe ———25 Catog,

Tw(9oP)oP S g 5 gop
which is exactly the definition of the partially lax limit of Fun(F(—),¢): $°P — Catwo. a

We finish this section by discussing how (partially) lax limits interact with localizations. Later on we will
use these results to pass from (partially) lax limits of prespectra to that of spectra.

Lemma 4.12 Let $ be an oco-category and let F: $ — Cats, be a functor. Suppose that for every
i € 9 we are given a reflexive subcategory Gi C Fi with left adjoint L;: Fi — Gi. If for every arrow
f:i— j of 9, the pushforward functor f«: Fi — Fj sends L;-equivalences to L ;-equivalences, then

h

there is a functor G : $ — Cato, and a natural transformation L: F = G whose i " component is given by

L;: Fi — Gi. Furthermore, the functor

laxlim L : laxlim F — laxlim G
9 9 ]

has a fully faithtul right adjoint.
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Proof Let us consider the Grothendieck construction Un®°(F) — $ of F. This is the cocartesian fibration
classified by F under the straightening-unstraightening equivalence, so in particular the fiber over i € $
can be canonically identified with Fi. Let € C Un“°(F) be the full subcategory spanned by the objects
of Gi CUn®(F) foralli € $.

We claim that € — $ is a cocartesian fibration whose cocartesian edges are those that can be factored
in Un®°(F) as a cocartesian edge of Un®°(F') followed by a L;-equivalence in the fiber over i. More
precisely, if f:i — j is an arrow of $ and x € G1i, then the cocartesian lift of f starting from x is the
composition x — fyxx — L;( fxx) where the first arrow is the cocartesian lift of f in Un®(F).

Indeed, for every z € Gj, we have
Map{;(x, z) >~ Mapp; (f«x,z) =~ Mapg; (L, f«xX,2),

and so those edges are locally cocartesian. Furthermore, it is easy to see they are stable under composition
(using the fact that L-equivalences are stable under pushforward), therefore they are cocartesian arrows
by [Lurie 2009, Lemma 2.4.2.7].

The inclusion ¢: € € Un®(F) has a relative left adjoint, which is a map of cocartesian fibrations by
[Lurie 2017, Proposition 7.3.2.11]. Therefore there is a functor G: $ — Cats and a natural transfor-
mation L: F = G such that € can be identified with Un°(G) in such a way that the induced map
L:Un*°(F) — Un®(G) agrees with L;: Fi — Gi on each fiber.

Finally, by Theorem 4.9 the lax limit of F and G are computed by the co-categories of sections of
the respective cocartesian fibrations, and laxlimg L is given by postcomposition with L. Therefore
postcomposition with ¢ gives a fully faithful right adjoint to laxlimg L. a

Lemma 4.13 Suppose we are in the situation of Lemma 4.12, and suppose $ is equipped with a
marking $7 such that for every marked edge f:i — j the pushforward functor fy: Fi — Fj sends Gi
into Gj. Then the functor

laxlim L: laxlim F — laxlim G
gt gt gt

has a fully faithful right adjoint. In particular, laxlimg+ L is a localization functor.

Proof It suffices to show that the right adjoint of Lemma 4.12 sends laxlimy+ G into laxlimg+ F. Recall
that the partially lax limit can be calculated as the subcategory of sections spanned by those sending
marked edges to cocartesian arrows. Thus, we ought to show that the right adjoint preserves cocartesian
arrows lying over marked edges. But the right adjoint is given by postcomposing a section with the
inclusion Un®°(G) — Un®°(F), and so by the description of cocartesian edges given in Lemma 4.12 and
by our hypothesis, it sends cocartesian arrows over marked edges to cocartesian arrows (here we are
implicitly using that an L;-equivalence between objects of Gi is automatically an equivalence in Fi and
so in particular a cocartesian arrow). O
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For later reference we record the following immediate corollary of Lemma 4.12.

Corollary 4.14 Let $ be an co-category and let F : $ — Catg% be a functor. Suppose that for everyi € $,
we are given a reflexive subcategory Gi C Fi with left adjoint L;: Fi — Gi which is compatible with
the symmetric monoidal structure in the sense of [Lurie 2017, Definition 2.2.1.6]. Suppose furthermore
that for every arrow f:i — j in I, the pushforward functor fy: Fi — Fj sends L;-equivalences to L -
equivalences. Then there exists a functor G : $ — Catg’; and a symmetric monoidal natural transformation
L: F = G whose i component is given by L;: Fi — Gi.

Proof Cat?i> embeds as a subcategory of Fun(Fin,, Cats,), so consider the functor F: Finy x $ — Catyo
induced by F, so that f(A_,., i)~ (Fi) (the fiber over A of Fi — Finy). If we let 6(A+, i)=(Gi)Ac
F (A4,i), we can apply Lemma 4.12 to F. To see that the pushforwards respect local equivalences, it
suffices to prove this separately for maps of the form (o, id) and (id, f) in Fin,. x $. However, both of
these cases are ensured by our assumptions. Therefore there exists a functor

G: Fin, x $ — Catgo

and a natural transformation L: F = G as desired. By construction G satisfies the Segal conditions, and
so it induces a functor G : $ — Cat® with a symmetric monoidal natural transformation L: F = G as
desired. |

5 Partially lax limits of symmetric monoidal co-categories

Recall that Op,,, is canonically cotensored over Cats, by Example 4.3. Therefore we immediately obtain
a definition of partially lax limits of diagrams in Op,,. In this section we will collect some important
properties of partially lax limits of symmetric monoidal co-categories and oo-operads. In particular the
calculations of Proposition 5.8 and Theorem 5.10 are used repeatedly in part two. The first is analogous
to the calculation of the (partially) lax limit of a diagram of co-categories, and as such it is stated in terms
of an unstraightening equivalence for symmetric monoidal categories, which we recall in Proposition 5.5.

Remark 5.1 If #9 is another oo-operad, it follows from the definition and [Lurie 2017, Remark 2.1.3.4]
that there is a natural equivalence
Algye (laxlim 0¥) = laxlim Alg,e (0%).
iel iel
Such a natural equivalence then also uniquely determines the lax limit. Since Catg% C Opy 1s a
subcategory closed under limits and cotensoring, it is also closed under partially lax limits. In particular

we conclude that for every family of symmetric monoidal co-categories 6, and every symmetric monoidal
oo-category %, there is a natural equivalence

Fun® (@, laxlim ;) ~ laxlim Fun® (%, 6;).
iel iel
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We note that the underlying co-category functor U : Op,, — Cateo preserves limits and commutes with
cotensoring, and therefore preserves partially lax limits. Therefore the previous construction equips the
partially lax limit of a family of symmetric monoidal co-categories with a canonical symmetric monoidal
structure, which satisfies the expected universal property.

Remark 5.2 There is always a canonical map laxlim @;.X’ — laxlim @;.X’. This functor is induced on limits
by a natural transformation which is pointwise given by the inclusion of a fully faithful suboperad. Thus
we conclude that the partially lax limit is always a fully faithful suboperad of the lax limit. In practice this
means that we can determine which suboperad by considering the induced map on underlying categories.

In the second part of the paper we will build diagrams of symmetric monoidal co-categories indexed on
Glo®P. Central to our constructions of these diagrams is an operadic variant of straightening/unstraightening,

which we will recall now.

Notation 5.3 Recall from [Lurie 2017, 2.4.3.5] that for every oo-category $ there is a functor of
oc-operads ¢: § x Finy, — $U sending (x, A1) to the constant family {x},c4 € §£+.

Construction 5.4 Let $ be an oco-category and let €® be an $-monoidal co-category. Then the
commutative diagram of cocartesian fibrations

6® x yu ($ x Fing) ——2—5 9 x Finy

9

is classified by a functor €,: $ — (Cateo) /Fin, » Which lands in Catg%. We refer to €, as the family of
symmetric monoidal oco-categories classifying €.

Proposition 5.5 The previous construction furnishes an equivalence between the co-category of $1-
monoidal categories and Fun($, Cat;eg).

Proof This is [Drew and Gallauer 2022, Corollary A.12]. O
Definition 5.6 Consider a map of co-operads p: 0® — $H1. Any object i € $ induces a functor
{i} x Finy <> $ x Fin, <> s

see Notation 5.3. Equivalently, the map above can be obtained by applying (—)! to the map A® — ¢
defined by i € $. Inspired by the equivalence of Proposition 5.5 we will refer to the pullback 0% x 411 Fin,
as the operadic fiber of p ati € $. If p is an $M-monoidal co-category, then its operadic fiber at i is a

symmetric monoidal co-category, and corresponds to the value of the functor €, at i.
The following example will be crucial for later applications.

Example 5.7 Let p: €® — $U be a $H-promonoidal co-category and let ® — $ be a map
of oco-operads which is compatible with colimits. Then the operadic fiber of the Day convolution
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Funy (€®,2®)PY over i € ¢ is given by the symmetric monoidal co-category €; —%;, where ¢; and %;
are the operadic fibers over i of €® and &%, respectively. To see this, first recall that ¢; —%; is defined
to be Fun(6;, %;) with the Day convolution symmetric monoidal structure. Then the claim follows from
the following computation using Lemma 3.9:

(Npp*B®) x yu Finy = Np, (p* D% x 0 62) = Np, pf € = 6,~%;.

Recall that the lax limit of a diagram of co-categories was calculated by taking sections of the associated
cocartesian fibration. Similarly, we can describe the lax limit of €, in terms of (suitable) sections of the
oo-operad €®.

Proposition 5.8 Let 4® — $ be a $U-monoidal co-category, and write €,: $ — Catg for the
associated diagram of symmetric monoidal co-categories. Then there is a natural equivalence of symmetric
monoidal co-categories

laxlim €, ~ N,u%®,

where the right-hand side is the norm along $ — Fin,., which is well-defined by Example 3.6.

Proof We will show that the right-hand side has the universal property of the lax limit. By the universal
property of the norm, for any co-operad ?® we have an equivalence

Algye (Nyu®®) ~ Algge,. gu ou(€®).
By [Lurie 2017, Theorem 2.4.3.18], we can write

Alg@@xm*y”/m—l (C€®) = Alg@®xﬁn*9l—l ((@®) XAlgg,®XFm S (91 {pro}

~ Fun(¥, Algge (C€®)) XFun(9,Alg, @ ($11)) {pra},

where pr,: ® xgi, ST — g1 s the projection. In other words, we have shown that Algge (Nyu6®)
is the co-category of sections of the functor

which is exactly the cocartesian fibration classified by i — Algge (ﬂ%fg> ). Our thesis then follows from
Theorem 4.9. d

Remark 5.9 Let p: €® — $U be an $H-monoidal oo-category, and write €,: $ — Catg% for the
associated diagram of symmetric monoidal co-categories. Then by the discussion in Remark 3.11, the
underlying category of Nyu%® is given by Fun 19(9,6). Therefore the proposition above is an operadic
analogue of Theorem 4.9(b). Since we know that the partially lax limit of a diagram of co-operads is a
fully faithful suboperad of the lax limit, the previous result also allows us to calculate the partially lax
limit of ¢,. Namely it is the fully faithful symmetric monoidal subcategory of Nyu%® determined by
the fully faithful subcategory laxlim" €, C laxlim %,
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We finish this section by proving that the formation of (partially) lax limits of symmetric monoidal
categories commutes with taking modules, in a precise sense. This will be a key observation for the
second part of the paper, and crucially uses the equivalence Nyu%4® ~ laxlim6,.

Theorem 5.10 Let €® — $U be a $U-monoidal co-category which is compatible with colimits,
and write €,: $ — Catg for the associated diagram of symmetric monoidal co-categories. Let S €
CAlg(laxlim ¢,) be a commutative algebra in the lax limit, which corresponds to a (partially lax) family
of commutative algebras S; € CAlg(6;). Then there is a functor

Mods, (€.): $ — Cat®, i — Mods;, (6;),
and an equivalence of symmetric monoidal co-categories

laxlim Modg, (6.) >~ Modgs (laxlim €,).

Moreover, there is a natural transformation €, — Modg, (6,) sending x € 6; to the free S;-module
S; ® x, which induces the functor S ® — on the lax limit.

The proof of the previous result will require some preparation and some results from the appendix. For
this reason we recommend the reader to skip this part on a first reading.

We start our journey by studying how the lax limit interacts with the tensor product of algebras.

Construction 5.11 By [Lurie 2017, Proposition 3.2.4.6] there is an equivalence of co-operads
SI’H XRBV Finy, ~ 9H,
where ® gy is the Boardman—Vogt tensor product, and so there exists a unique bifunctor of co-operads
S x Fin, — $U. For any co-operad 0® we obtain a bifunctor of co-operads m, which is given by the
composition
I % 0% - 9 x Fin, — $1.
Thus, for every map of co-operad €® — $H [Lurie 2017, Construction 3.2.4.1] produces a map of
oo-operads
Algoe /51 (6)® — g,
whose operadic fiber over i € [ is given by Algoe (6;)®. Suppose that €® is a S _monoidal category.
Then by [Lurie 2017, Proposition 3.2.4.3.(3)] Algge (6;)® is also a $H _monoidal co-category. In this
case, Proposition 5.5 gives a functor $ — Cat?g sending i € $ to Algge (€;)®. We will now compute the
lax limit of this functor.

Lemma 5.12 Let $ be an oco-category, 6® — $U a map of co-operads and 0% an co-operad. Then
there is a natural equivalence of co-operads

Alg@® (N}H(@®)® ~ NyH Alg@®/t¢]_l (C6)®
In particular if ‘€® is $1-symmetric monoidal we have a natural equivalence of co-operads
Algge (laxlim €;)® ~ laxlim Alg,(€;)®.
i€y i€y
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Proof We will prove that both sides represent the same functor in the co-category of co-operads. Let
%® be an oo-operad. Then
Algge Nyu Algee /yu 6% ~ Algge g, ST /111 (Alge® ()% X Alg @ (9)® st
~ Alggoxy,, 511/ Alg, g (9)® (Alge ©)®)
~ Algge Xping $ 1 (Algee ((G)®) XAlg,e xgin, +11 (Algo® ($)®) {pro}
= Alg (38 @ 5y 09)xp, 911 (€%) XAl (5@ g gy By, 911 O PT2}
~ Alg3® gy 08)xpn, 11 /510 (€)®
~ Algye (Alges (Nyu©)®).
Here ® py is the Boardman—Vogt tensor product of co-operads of [Lurie 2017, Section 2.2.5]. O

We are ready to prove the main result of this section.

Proof of Theorem 5.10 By the definition of the norm we have an equivalence
CAlg(Nyu6®) ~ Algyu yu (6%) ~ Algyu (Alggy, /yu (6)®),
therefore we can also consider § as a section of Algg;, /4u (©)® — " in Op,,.
By Theorem 12.21 and Lemma 5.12 there is an equivalence
o
=~ Nyu (Alge/su (€)% X Alg,, (0B )
where $1 — Alggiy, /g1 (6)® is the section corresponding to S. Moreover, by Lemma 12.20,
I I
Alg /51 (€)% XAlgy,, u@®I" =

is an $M-monoidal co-category. Then Theorem 12.21 shows that the corresponding family of symmetric

monoidal co-categories is exactly
i = Modg, (6;),

and so our thesis follows from Proposition 5.8.

Finally, let us construct the symmetric monoidal functor <6;.8’ — Modg; (¢;)®. There is a map of $H-

monoidal co-categories
Alge 8 /gu (6)® - Alz‘%l:irl>.=/ﬂ-1(<@)® X gu 6%

induced by the map of co-operads Fin, B Triv® — @.1® picking the algebra and the underlying object of
the module. By [Lurie 2017, Corollary 4.2.4.4] this has a left adjoint on every fiber, which is compatible
with the pushforwards by [Lurie 2017, Corollary 4.2.4.8], and so by [Lurie 2017, Corollary 7.3.2.12] it
has a relative left adjoint F which is an $-monoidal functor. Then the functor we want is the composite

¢® B0, Alggiy, /g1 (€)% xyu €® - Algey®gu (©°F.

This induces the desired functor on the lax limit, since applying Nyu preserve operadic adjunctions. O
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Part II oo-categories of global objects as partially lax limits

In this second part of the paper we prove that various co-categories of global objects admit a description
using (partially lax) limits. In Theorem 6.17, we show that the oo-category of global spaces is equivalent
to the partially lax limit of the functor sending a compact Lie group G to the co-category of G-spaces.
Our main result is Theorem 11.10, which describes the co-category of global spectra as a partially lax
limit of G-spectra where G runs over all compact Lie groups G. Finally, the techniques employed in the
previous cases allow us to prove that for any Lie group G, the co-category of proper G-spectra is a limit
of H-spectra for H running over all compact subgroups of G. The precise statement can be found in
Theorem 12.11.

Remark To not burden the notation even more, we have decided to state Theorems 6.17 and 11.10 for
the family of all compact Lie groups. However, the proofs hold verbatim for any family of compact
Lie groups which is closed under isomorphisms, finite products, passage to subgroups and passage to
quotients (ie any multiplicative global family in the language of [Schwede 2018]). If the family is not
closed under finite products, then the equivalences of the two theorems still hold without symmetric
monoidal structures. This is due to the fact that the model structure constructed in [Schwede 2018] is
only shown to be symmetric monoidal for a multiplicative global family. We note that our result in fact
allows us to define a symmetric monoidal structure on global spectra with respect to any global family, as
a partially lax limit of symmetric monoidal categories is automatically symmetric monoidal.

6 Global spaces as a partially lax limit

In this section we show that the co-category of global spaces is equivalent to a certain partially lax limit
of the functor which sends a group G to the oo-category of G-spaces ¥ . This is an unstable version of
our main result, and serves as a warm up for the considerable more details involved in that proof. We
start off by recalling a few relevant definitions.

Definition 6.1 The global category Glo is the co-category associated to the topological category whose
objects are compact Lie groups and whose mapping spaces are given by

Mapg,(H. G) := [Hom(H, G)// G|,

the geometric realization of the action groupoid of G acting on the space of continuous group homomor-
phisms Hom(H, G) by conjugation. Composition is induced by the composition of group homomorphisms.

We define Orb and Glo®™" to be the wide subcategory of Glo whose hom-spaces are given by those path-
components of Mapg,,(H, G) spanned by the injective and surjective group homomorphisms respectively.
For later applications it will be convenient to mark all the edges in the full subcategory Orb C Glo; we
denote this marking by Glo'. Finally, we let Rep denote the homotopy category of Glo, that is, the
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category whose objects are compact Lie groups and whose morphisms are given by conjugacy classes of
continuous group homomorphisms.

Remark 6.2 The definition of Glo agrees with the definition given in [Gepner and Henriques 2007,
Section 4] restricted to compact Lie groups, up to one difference. We apply thin geometric realization to
the action groupoids to obtain a topologically enriched category, while the original definition uses fat
geometric realization. Up to a technical condition, the two conventions define Dwyer—Kan equivalent
topological categories. See [Korschgen 2018, Remark 3.10] for a more detailed discussion. Note as well
that [Gepner and Henriques 2007] uses the name Orb for both Glo and what we call Orb.

Key to the main properties of Glo is the following description of the mapping spaces.

Proposition 6.3 Let G and H be two compact Lie groups. Then

Hom(H.G)~ || @G and Glo(H.G)~ |][ BC(.
[¢]€Rep(H,G) [e]eRep(H,G)
where oG denotes the orbit of o under the G -conjugation action, and C(«) denotes the centralizer of the
image of «.

Proof See [Korschgen 2018, Propositions 2.4 and 2.5] for a proof of the first and second statement,
respectively. |

Proposition 6.4 Let f: H — G be a map in Glo. The induced map fi: Glo(K, H) — Glo(K, G) on
mapping spaces corresponds under the equivalences of Proposition 6.3 to the composite of the map

I B ] BCcw- ][] BC(Uf»
[@]€Rep(H,G) [e]€Rep(K,H) [e]eRep(K,H)
with the map

[[ BCcUw— [] BC®

[¢]€Rep(K, H) [B]€Rep(K,G)

which is the identity on individual path-components and acts on g by f«:Rep(K, H) — Rep(K, G).

Proof The statement on 71 follows from the fact that Rep is the homotopy category of Glo. Therefore, it
suffices to restrict to one path component, and analyze the effect of f. The relationship fi(cpo) =crp) fo
implies that fi acts as f when restricted to a map e H — faG. This implies that the induced map
BC(a) > BC(fa) equals Bf. |

Definition 6.5 The oco-category of global spaces ¥ is the category of functors from Glo°" to &. This
admits a symmetric monoidal structure by pointwise product. This is equivalent to the symmetric monoidal
category (Glo®)H-&.
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Remark 6.6 Schwede [2020] proves that the underlying oo-category of orthogonal spaces equipped
with the positive global model structure of [Schwede 2018, Proposition 1.2.23] is equivalent to presheafs
on a topologically enriched category Og. Furthermore, in [Korschgen 2018] it is shown that Oy is
Dwyer—Kan equivalent to Glo. Therefore the two models of global spaces define the same oco-category.
In fact, the two co-categories are symmetric monoidal equivalent since they are both endowed with the
cartesian monoidal structure; see [Schwede 2018, Theorem 1.3.2].

Before stating and proving the main result of this section, we need some preparation. In the following we
fix an oo-category ¢ with an orthogonal factorization system (6%, ¢®). For a detailed discussion and
a definition of orthogonal factorization systems on co-categories, the reader may consult [Lurie 2009,
Section 5.2.8]. We write 6% for the left class of maps and €® for the right class. We will denote edges in
%@L by —> and edges in 6R by .

Proposition 6.7 Let ¢ be an oco-category equipped with an orthogonal factorization (€%, €R). Write
Arg (@) for the full subcategory of the arrow category of € spanned by the edges in €R. Then the target
projection t : Arg(€) — € is a cocartesian fibration. Furthermore an edge in Arg(€) is t -cocartesian if

and only if it is of the form

(6.7.1) I I

Proof Consider an edge in Arg(6):
X —Y

[

X — Y
This is cocartesian if and only if, given a 2-simplex in € and a (2,0)-horn in Arg (), there is a contractible
choice of extensions. This corresponds to showing that given a diagram in €

/\

X —Y 7
X’ >Y/\Z’

its extensions to a 2-simplex in Arg(6) form a contractible space. However, completing this diagram is

equivalent to supplying an edge ¥ — Z which makes the diagram below commute:

X —Z
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There is a contractible choice of such factorizations if and only if X — Y is in €% This shows that an
edge is f-cocartesian if and only if it is of the form of equation (6.7.1). Next, fix an edge in ‘6 and a lift of
its source in Arg (). This corresponds to a diagram

X
X — Y

Factorizing the composite X — Y’ extends this to an edge

X ——»Y

I

X — Y
in Arg(%), which is ¢-cocartesian. O

We record the following fact for later reference.

Lemma 6.8 The constant functor so: € — Arg(6) is a fully faithful left adjoint to the source functor
s: Argr(€) — 4.

Construction 6.9 Suppose we are in the setting of Proposition 6.7. Straightening the cocartesian fibration
t: Arg(€) — % gives a functor
‘€R_ 1% — Catoo.

To justify our notation let us unravel the effect of this functor. By definition, the evaluation of %f_ at an

object X € € is given by Arg(€)y; the fiber of # at X. By construction this is the full subcategory of
%, x on the objects C >> X in @R A priori an edge in this full subcategory is given by a diagram

Xi)i’

However the edge X — X' is necessarily also in €® by [Lurie 2009, Proposition 5.2.8.6(3)], and therefore
Arg(®)yx is in fact equivalent to %fx. Next consider an edge f:Y — Y’. Then the induced map
S ‘6;2}, — C@fy, sends an object X >> Y to an object X’ >> Y’ such that the following diagram

commutes:
X —» X

[ ]

Y%Y’

In particular, if f € €R this is nothing but the standard functoriality of the slices C@f_. Therefore the

functor %f_: % — Catoo extends the functoriality of the slices of 6X to all of 6.
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Proposition 6.10 Let 6 be an oo-category equipped with a factorization system (6, €R). The partially
lax colimit of (—)°P o %f_ : ¢ — Catoo with respect to the marking €R C € is equivalent to €°P.

Proof Recall that the partially lax colimit of a functor F: 6 — Caty is the localization of Un®'(F) at
the cartesian edges which live above marked edges; see Theorem 4.9(b). In the case F = (—)P? o @R |
we observe that Un®'(F) ~ Un®® (‘65_)Op and so we conclude that the partially lax colimit of F' is equal
to the opposite of Arg () localized at the edges of the form

X —» X’

[ ]

Y —— Y’

However, note that because edges in €& are left cancellable, X — X’ is not only in €% but also in €&,
Therefore X — X’ is in fact an equivalence. We will write M for this collection of edges. We claim that
localizing at the edges of M is equivalent to localizing at the larger class of edges M’ of the form

X = X
Yy — Y/

where we do not impose any conditions on the edge ¥ — Y. To see this note that such an edge in M’

fits into the following diagram:

gl

~

SP ALY
~ <
—

s

Both the first edge and the composite are in M, and so therefore M’ is contained in the two-out-of-three

~

closure of M. So it is enough to calculate the localization of Arg (‘) at M’. Note that the source functor

s: Arg(6) — € sends an edge to an equivalence if and only if it is in M’. Then Lemma 6.8 implies that

% is a Bousfield colocalization of Arg(¢) at M’. So we conclude that the partially lax colimit of °P 0 ¢ /-

is equivalent to €°P, finishing the proof. a

Example 6.11 There are two extreme cases of the previous result. If €& = € and €L = (%€, then
colim((€,-)°P: € — Catoo) = 6°P.

If 6% = 16 and 6~ =6, then

laxcolim(16,_: 6 — Caty) = 6°P.
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Now that we have introduced the main tools we need, we can build our functor and compute its partially
lax limit. This relies on two important observations. The first key insight is the following, which was first
stated in [Gepner and Henriques 2007] and originally proven as [Rezk 2014, Example 3.5.1].

Lemma 6.12 For all compact Lie groups G, the assignment G/ K — (K — G) defines an equivalence
O¢g >~ Orb /G-

Proof Observe that the spaces Og (G/H, G/ K) are homeomorphic to the space {g € G [cg (H) S K}/K.
The latter space is equivalent to the homotopy orbits {g € G | cg(H) C K}k as the K-space is free; see
for example [Korschgen 2018, Theorem A.7]. Therefore we can define a functor F’: Og — Glo, which
sends G/H to H, and on mapping spaces acts as homotopy orbits of the K-equivariant inclusion

{g€G|cg(H) S K} —hom(H,K), gr[cg:H— K]

Note that the oco-category O has a final object G/ G, and therefore F’ induces a functor Og — Glo,g,
which in fact factors through Orb, . We claim that the induced functor F': Og — Orb, g is an equivalence
of oo-categories. First note that F' is clearly essentially surjective. To deduce that the functor is fully
faithful pick two objects G/H and G/ K, which we identify with inclusions i : H < G and j: K — G.
Recall that the mapping space between G/H and G/K is empty if and only if H is not subconjugate
to K. In this case the mapping space in Orb/G between i and j is also empty. Now suppose that this is
not the case. Consider the square

{g€G|cg(H) S King —— Hom(H, Kk

| |

* > Hom(H, G)ng

To prove F is fully faithful it suffices to prove that this square is homotopy cartesian. For every K-space X,
(G xg X)ng =~ Xnk, so that the above square is equivalent to

(G xkig€G|cg(H)C K})hG — (G xg Hom(H, K)),s

| |

Ghg > Hom(H, G)ng

Because taking homotopy orbits preserves homotopy pullback diagrams, it suffices to show that the square

Gxg{geG|lcg(H)C K} —— G xg Hom(H, K)

| |

G > Hom(H, G)

is homotopy cartesian. In fact it is easily shown to be a pullback square of topological spaces, and the
bottom horizontal arrow is a Serre fibration. To see this we note that the map G — Hom(H, G) factors
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through one component of the decomposition of Proposition 6.3, and therefore is equivalent to the quotient
map G — G/C(H), which is a fibration by [Kérschgen 2018, Theorem A.9]. |

The second insight is the following, which was also observed in [Rezk 2014].

sur

Proposition 6.13 The subcategories Glo™" and Orb are the left and right classes, respectively, of an

orthogonal factorization system on Glo.

Proof We will apply [Lurie 2009, Proposition 5.2.8.17] to the subcategories Glo*"" and Orb. Clearly
these subcategories contain all the equivalences and are closed under equivalences in Ar(Glo). Therefore
it suffices to prove that given a diagram

H——J
fl \( lig
G —> K
the space of dotted diagonal fillers is contractible. As noted in [Lurie 2009, Remark 5.2.8.3], this is
equivalent to the map

being a weak homotopy equivalence for every lift of g to a map in Glog, from H — J to H — K.
Proposition 6.4 shows that when f is surjective the map

Mapg,(G, J) £ Mapgyo(H., J)
is an inclusion of path-components for every J.

Therefore the space Mapg,,,, , (H S, G, H — J), being the homotopy fiber of this map, is either empty
or contractible. Translating back this reduces our task to simply proving the existence of a lift in the
square above. This is a simple exercise in group theory. O

Remark 6.14 When we restrict to finite groups, Glo is equivalent to the full subcategory of ¥ given by
the connected 1-truncated spaces. In this case the orthogonal factorization system constructed above is a
restriction of the standard mono/epi factorization system of any co-topos. However, in the generality of
compact Lie groups, no such description applies.

We are finally ready to construct the functor.

Construction 6.15 Applying Construction 6.9 to the orthogonal factorization system (Glo™", Orb) yields
a functor Orb,_: Glo — Cateo. Postcomposing the opposite of this functor with Fun((—)°P, ¥): Catep —
Cat gives the desired functor

¥.: Glo°? - Cateo.
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Also note that &, clearly factors through product-preserving functors, and so enhances to a functor
. 0 ®
Fo: Glo? — Catd),

where each category (Orb, G )°P-¥ is given the cartesian monoidal structure.

Lemma 6.12 and Elmendorf’s theorem for G-spaces, see Example 3.40, imply that the value of ¥, at the
object G is equivalent to the co-category of G-spaces ¥G. However, we owe the reader the following
consistency check, which implies that the functor &, also has the expected functoriality.

Proposition 6.16 Let «: H — G be a continuous group homomorphism. Then the diagram

Fun((Orb,)?,¥) —— Y¢

%’l la*

Fun((Orb;g)®, &) —— Sy

commutes. Here the horizontal equivalences are obtained by applying Lemma 6.12 and Example 3.40.

Proof It is enough to check that the analogous diagram, where the vertical maps are replaced with left
adjoints, commutes. For this, let us denote by Ly and oy the left adjoints of ¥ and o™, respectively.
Note that the inclusion tg : Orb, g < Glo, g has a left adjoint L g, which on objects sends K Ny
to B(K) — H. By the universal property of the presheaf categories there exists a unique cocontinuous
functor (the left Kan extension along g )

(tg )1: Fun((Orb, )P, ¥) — Fun((Glo, g )", &),

which agrees with (z7 on representables. In a similar fashion, we define functors (L) and (o« )1, where
ax: Glojg — Glo g is postcomposition by «. We claim that the following diagram commutes:

Fun((Orb, )%, #) — 1 Fun((Glo, 7). )

Lal l(“*)’

Fun((Orb; ), %) = Fun((Glo,g). %)
This is easily seen by comparing the result on generators, and using that all the functors in the diagram
commute with all colimits. Using this diagram we can reduce to a statement on the level of model
categories. Namely, all three functors which make up the long way around in the diagram above can be
modeled by left Quillen functors between enriched functor categories with the projective model structure.
Indeed, the right adjoint of (tg)y is given by restriction along ¢z, which is clearly a right Quillen functor.
A similar argument also works for (Lg); and (o). After precomposing and postcomposing with the
equivalences
T ~ Fun'®((Orb/g)®,J) and Fun'P((Orb,6)?,I) ~ T
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constructed in [Rezk 2014, Proposition 3.5.1], which agree with the equivalences constructed by [Gepner
and Meier 2023] by inspection, we can apply the explicit description for (Lg): and (1) given in
[Rezk 2014, Section 5.3], where (Lg): is denoted by I1g and (t7)1 by Ay, to deduce that the functor
Lyo: T g — T is equivalent to induction of H -spaces. |

We have now constructed our functor. Therefore we are left to prove that the partially lax limit is given
by the oo-category of global spaces.

Theorem 6.17 Let Glo™ denote the marked oo-category from Definition 6.1. Then the partially lax limit
over (GloT)"p of the diagram from Construction 6.15

Glo® — Cat®, G+ ¥g,

is equivalent to the co-category of global spaces, equipped with the cartesian monoidal structure.

Proof Recall that ¥g = Fun(ng, &) and that Og =~ Orb, . First we prove the result on underlying
categories. Proposition 4.11 implies that it suffices to prove an equivalence between the partially lax
colimit of (Orb,_)°? and Glo°?. However, this follows from Proposition 6.10 applied to the factorization

U Orb) on Glo. Now we deduce the symmetric monoidal statement. First observe that the

system (Glo
equivalence constructed before trivially lifts to a symmetric monoidal equivalence, where both sides are
given the cartesian symmetric monoidal structure. Then note that the subcategory of Op,, spanned by the
cartesian operads is closed under partially lax limits. This implies that ¥ is equivalent to the partially

lax limit of the diagram ¥*: Glo”? — Cat?;, but now taken in symmetric monoidal co-categories. O

7 oo-categories of equivariant prespectra

In this section we define the co-categories of G-(pre)spectra for a Lie group G, and we introduce the
oo-category of global (pre)spectra. We will do this by first defining the relevant level model structures,
which present the oo-categories of prespectra objects, and then defining the stable model category as a
Bousfield localization. This will then present the co-categories of spectra objects. The material in this
section is classical, and largely well-known. Nevertheless we include the details of the model structures,
mainly to emphasize that the level model structure on Spg is induced formally from the level model
structure on $-GJ. While not a deep statement, it is crucial to our proof strategy. In particular, this
observation will allow us to interpret the construction of the level model structure co-categorically, as
will be explained in this section.

Definition 7.1 Let $ denote the topological category whose objects are finite-dimensional inner product
spaces V, and morphism space $(V, W) is given by the space of linear isometric isomorphisms from V
to W.
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Definition 7.2 Let G be a Lie group (not necessarily compact). We write $-G J for the enriched category
of continuous functors from $ into G-spaces, and call this the category of $-G-spaces. When G is the
trivial group, we simply write $-J and refer to it as the category of $-spaces.

Remark 7.3 As discussed in [Bohmann 2014, Section 5], the category of $-G-spaces (as defined above)
is equivalent as a topological category to the category of $g-spaces as defined by Mandell and May
in [2002, Chapter II, Definition 2.3].

Remark 7.4 The category $-G J has a symmetric monoidal structures given by enriched Day convolution;
see [Mandell and May 2002, Chapter II, Proposition 3.7]. Given X, Y € $-GJ we have the formula

XY)(V):=

(W,W)egx9
/ SWeW , V)x X(W)x Y(W').

Remark 7.5 Given any $-G-space X and an inner product space V, the value X (V') admits a GxO(V)-
action. If V is given the structure of an H -representation p: H — O(V'), then we can equip X (V') with
an H -action by restricting along

H-2s HxH 22 G6x0).
We will always consider the value X (V') with this H -action in the following.

Construction 7.6 (free $-G-space) For every H -representation V, there is an evaluation functor
evy: $-GT - HT, X X(V).

This functor admits a left adjoint G xg $y, given by the formula
GxgIyA=Gxg ($(V,—)x A).

When A = %, we simply write G Xy $y and when G = H, we write $y(—). By construction, the
$-G-space G xg $y corepresents the functor X — X (V).

For all compact subgroups H and K of G, all H -representations V' and all K-representations W, there is
an isomorphism of $-G-spaces

(7.6.1) (Gxg Iy)® (G xg Iw) = A" (G xG xgxkx Ivew),

where A: G — G x G is the diagonal embedding. This can be checked directly by applying the formula
of the Day convolution product from Remark 7.4 and using that induction commutes with colimits.

We will now proceed to equip the category of $-G-spaces with the level model structure. The following

will be the weak equivalences, fibrations and cofibrations of this model structure.
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Definition 7.7 Let G be a Lie group and let f: X — Y be a morphism in $-GJ.

(a) We say f is a level equivalence if for any compact subgroup H < G and any H -representation V,
the map f(V)H: X(V)? — Y(V)H is a weak homotopy equivalence of spaces.

(b) We say f is a level fibration if for any compact subgroup H < G and any H -representation V, the
map f(V)H: X(V)H — Y(V)H is a Serre fibration.

(¢) We say f is a level cofibration if for every m > 0, the map f(R™): X(R") — Y(R™) is a
Com-cofibration of G x O(m)-spaces, see [Degrijse et al. 2023, Definition 1.1.2], and moreover
the O(m)-action is free away from the image of f(R™).

For all m > 0, we let €g(m) denote the family of compact subgroups I' of G x O(m) such that
I' N (1 x O(m)) consists only of the neutral element. These are precisely the graph subgroups of a
continuous homomorphism to O (m) defined on some compact subgroup of G. The category of G x O (m)-
spaces admits a 6 (m)-projective model structure by [Schwede 2018, Proposition B.7]. We have the
following useful characterization of the level equivalences, cofibrations and fibrations.

Lemma 7.8 Let G be a Lie group and let f: X — Y be a morphism in $-GJ. The following are
equivalent:
(@) Themap f: X — Y is alevel equivalence (resp. level fibration).
(b) The map f(R™): X(R™) — Y(R™) is a weak equivalence (resp. fibration) in the € (m)-projective
model structure for all m > 0.

Furthermore, the following are equivalent:

(¢) Themap f: X — Y is alevel cofibration.

(d) The map f(R™): X(R™) — Y(R™) is a cofibration in the 6 g (m)-projective model structure for
all m > 0.

Proof Let H < G be a compact subgroup and let V' be an H -representation. Choose a linear isometric
isomorphism ¢: V =~ R and define a group homomorphism

p:G—0(m), gr>gpo(g-—)ogp™ "

The homeomorphism X(¢): X (V) >~ X(R™) restricts to a homeomorphism
X ~ x(®™Te),

where T'(p) = {(h, p(h)) € H x O(m)} by the definition of the H-action given in Remark 7.5. From
this description, it is clear that (b) implies (a). Conversely, given I' € €5 (m), we can always find a
continuous group homomorphism «: H — O(m) for H < G compact such that ' = I'(«). By definition
of the H -action, we have X (R”)# = X(R™)'', showing that (a) implies (b). Finally, that (c) and (d) are
equivalent follows from (the topological version of) [Stephan 2016, Proposition 2.16]. O
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Theorem 7.9 Let G be a Lie group. The category $-GJ admits a cofibrantly generated and topological
model structure in which the weak equivalences are the level equivalences, the fibrations are the level
fibrations and the cofibrations are the level cofibrations. The set of generating cofibrations I and acyclic
cofibrations Jg are given by

Ig :{G XH §V8D” —>GXH‘9an | H <G,n >0},
J6 ={G xpg Iy (D" x{0}) — G xg Iy (D" x[0,1]) | H < G,n > 0},

where H runs over all compact subgroups of G and V runs over all H -representations. We call this the
(proper) level model structure.

Proof We observe that the category $-G J is equivalent to Hmzo (G x0O(m))T. We can endow this latter
category with the product of the € g (m)-projective model structures on G x O(m)-spaces. By Lemma 7.8,
the induced model structure on $-G J has weak equivalences, fibrations and cofibrations as in the theorem.
Also we note that the right lifting property against the sets /g and Jg detect the level fibrations and level
acyclic fibrations respectively, by the adjunction isomorphism

Homy.g5(G xg Sy A, X) ~ Homg (4, X(V)H)
for A a nonequivariant space. Finally, we observe that resulting model structure is again topological by

[Schwede 2018, Proposition B.5]. O

As discussed in [Degrijse et al. 2023, Proposition 1.1.6], a continuous homomorphism «: K — G between
Lie groups gives rise to adjoint functors between the associated category of equivariant spaces

Mapa (Ga_)
which by levelwise application gives rise to an adjoint triple

GXg—

Map®(G,—)

Proposition 7.10 Let o: K — G be a continuous group homomorphism between Lie groups.

(a) Then o™ preserves level fibrations and level equivalences. Thus the adjoint pair (G xo —, o) is
Quillen.

(b) If « has closed image and compact kernel, then the adjoint pair (o*, Map® (G, —)) is also Quillen
with respect to the level model structure.

Geometry & Topology, Volume 29 (2025)



1394 Sil Linskens, Denis Nardin and Luca Pol

Proof Part (a) follows from [Degrijse et al. 2023, Proposition 1.1.6(ii)]. Suppose that o has closed
image and compact kernel and note that by (a), it suffices to check that «* preserves level cofibrations.
We start by noting that the image of & x O(m) is closed in G x O(m) since the image of « is closed
in G. Moreover, the kernel of o x O(m) is ker(e) x 1, which is compact by hypothesis. So restriction
along o x O(m) takes Com-cofibrations of G x O(m)-spaces to Com-cofibrations of Kx O (m)-spaces
by [Degrijse et al. 2023, Proposition 1.1.6(iii)]. Now let i : A — B be a level cofibration of $-G-spaces
so that i (R™) is a Com-cofibration of G x O(m)-spaces. By the previous discussion, a* (i (R™)) is a
Com-cofibration of K x O (m)-spaces. Moreover, the O(m)-action is unchanged, so it still acts freely off
the image of «*i. This shows that o™ preserves cofibrations as required. |

Proposition 7.11 The level model structures on $-GJ is symmetric monoidal with cofibrant unit object.

Proof Let us show that the pushout-product axiom holds. By a standard reduction [Hovey 1999, 4.2.5],
it suffices to check that the pushout product f g is

(i) a cofibration if f and g belong to the set of generating cofibrations,

(ii) an acyclic cofibration if furthermore f or g is a generating acyclic cofibration.

In this case we may assume f = G xg $y ' and g = G xg $w g’ and so

fO0g=A"(GxGxpxx Ivewf Og)

by equation (7.6.1). Since I is a symmetric monoidal model category, the pushout product f'0g’ satisfies
conditions (i) and (ii) above. By Proposition 7.10 we see that the functors

A*: 9-(GxG)T — 9-GT

are left Quillen. Moreover, it is clear from the definition of the model structures that the functor
evyew : 9-(G x G)T — (H x K)T is right Quillen, and therefore (G x G) xgxx $vew is left Quillen.
From these observations it follows that the pushout-product axiom holds for $-GJ too. Finally, the unit
axiom holds since the unit object *x = G xg $y is cofibrant. O

In Section 2.3 we discussed how to induce a model structure on pointed objects. We will apply these
results to the category $-G J with the level model structure. Note first that the category of pointed objects
in $-GJ is equivalent to $-G I 4, the category of continuous functors from $ to GJ 4, the category of
based G-spaces.

Proposition 7.12 Let G be a Lie group. The category $-GJ s admits a proper level model structure in
which the weak equivalences, fibrations and cofibrations are detected by the forgetful functor $-GJ s —
$-G T . This model structure is topological, cofibrantly generated by the sets (Ig)+ and (Jg)+, symmetric
monoidal, and the unit object is cofibrant. Moreover, there exists a symmetric monoidal equivalence of
oo-categories

$-GTL W' = (9-GT W' Da.
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Proof The first part follows from the discussion in Section 2.3 and [Schwede 2018, Proposition B.5].
For the final claim apply Proposition 2.3 together with the fact that $-GJ [Wlal] is presentable by
Theorem 8.9. o

We now change gears and consider the global analogue of the previous discussion. Recall that for any
G-representation V' and $-space X, the value X (V') admits a natural G-action by restricting along the
canonical morphism G — O(V'); see Remark 7.5.

Definition 7.13 Let f: X — Y be a morphism in $-J.

(a) We say f is a faithful level equivalence if for every compact Lie group G and every faithful G-
representation V, the map f(V): X(V) — Y (V) is a G-weak equivalence: for all closed subgroups
H < G, the induced map f(V)H: X(V)? — Y(V)H is a weak homotopy equivalence of spaces.

(b) We say f is a faithful level fibration if for every compact Lie group G and every faithful G-
representation V, the map f(V): X(V) — Y (V) is a fibration in the projective model structure of
G-spaces.

The following result is a reformulation of [Schwede 2018, Lemmas 1.2.7, 1.2.8] in our context.

Lemma 7.14 Let f: X — Y be a morphism in $-7 . Then the following are equivalent:

(a) Themap f(V): X(V)C — Y(V)C is a weak homotopy equivalence (resp. Serre fibration) for every
compact Lie group G and every G -representation V.

(b) The map f: X — Y is a faithful level equivalence (resp. faithtul level fibration).

(¢) The map f(R™): X(R™)— Y (R™) is an O(m)-weak equivalence (resp. O (m)-fibration) for every
m > 0.

Proof It is clear that (a) implies (b), which implies (c). Suppose that (c) holds and let V' be a G-
representation. As in the proof of Lemma 7.8 we can choose a linear isometric isomorphism ¢: V' ~ R™
and define a group homomorphism p: G — O(m) such that

X(V)© = XR™)PD,
showing that (c) implies (a). O
Construction 7.15 (semifree $-space) For every G-representation V, there is an evaluation functor
evg,v:9-T - GT, X XV),

which admits a left adjoint $, given by the formula $G v (4) = $(V,—) xg A. When 4 = *, we
simply write $¢ . For all H -representations V' and K-representations W, there is an isomorphism of
$-G-spaces

(7.15.1) IHY @Ik w = IHXK,VOW -
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One can check this using the formula in Remark 7.4 or by mimicking the proof of [Schwede 2018,
Example 1.3.3].

The next result is an analogue of [Schwede 2018, Proposition 1.2.10], adapted to our context.

Theorem 7.16 The category $-J admits a topological, cofibrantly generated model structure in which
the weak equivalences are the faithful level equivalences Wty and the fibrations are the faithful level
fibrations. The set of generating cofibrations I and acyclic cofibrations J are given by

I ={9G,y(D") = I,y (D")} and J ={9g,y (D" x{0}) = g v (D" x[0,1])},

where G runs over all compact Lie groups, V over all taithful G -representations, and n > 0. This is a
symmetric monoidal model category with cofibrant unit object. We call this the faithful level model
structure.

Proof We can identify $-J with the category Hsz O(m)J and endow the latter category with the
product of the standard model structures on O(m)-spaces. The induced model structure on $-J has weak
equivalences and fibrations as in the theorem by Lemma 7.14. We note that the right lifting property against
the sets / and J detect the level fibrations and level acyclic fibrations respectively, by the adjunction
isomorphism

Homy.g (95, A, X) ~ Homg (A, X(V)H)

for A a nonequivariant space. Let us next show that the pushout-product axiom holds. As explained in the
proof of Proposition 7.11, it suffices to check that the pushout product f Og is an (acyclic) cofibration if
f and g belong to the set of generating (acyclic) cofibrations. In any case we have f = $g,y f and
g =9 wg Butthen fOg = $gxuvewf Og by equation (7.15.1). Since GJ is a symmetric
monoidal model category, it suffices to check that the functor $Gx g, vew is left Quillen. This is clear
since evg x H,vew is right Quillen by definition of the faithful level model structure. The pushout-product
axiom then follows. Finally, the unit axiom holds since the unit object * = $, ¢ is cofibrant and the
model structure is topological by [Schwede 2018, Proposition B.5]. a

As before we obtain an induced model structured on pointed objects.

Proposition 7.17 The category $-J « admits a faithful level model structure in which the weak equiva-
lences, fibrations and cofibrations are detected by the forgetful functor $-7 . — $-J. This model structure
is topological, cofibrantly generated by the set I+ and J4, symmetric monoidal and the unit object is
cofibrant. Finally, there exists a symmetric monoidal equivalence of co-categories

T Wil = (9-T W i D«

Proof The first two claims follows from the discussion in Section 2.3 and [Schwede 2018, Proposition
B.5]. For the final claim apply Proposition 2.3, using the fact that ﬂ-ﬁ[WfIVll] is presentable. We will
show this in Theorem 8.19. O
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‘We now pass from pointed objects to prespectrum objects. Observe that the category of pointed $-G-spaces
has a commutative algebra object Sg given by the functor sending V to its one-point compactification S
equipped with the trivial G-action. If we are thinking of the category of $-spaces with the faithful level
model structure, we will write St for Se, to emphasize that the sphere should be thought of as evaluated
on all faithful representations of all groups (fgl stands for faithful global).

Definition 7.18 Let G be a Lie group. Following [Mandell and May 2002, Chapter II Proposition 3.8],
we define the topological category Spg of orthogonal G-spectra to be the category of Sg-modules in
$-G T «. These categories inherit induced model structures:

(a) The category of orthogonal G-spectra admits a (proper) level model structure, whose weak equiv-
alences and fibrations are created by the forgetful functor Spg — $-GJ 4, where the target is
endowed with the level model structure. This is a cofibrantly generated, proper, topological model
category; see the proof of [Degrijse et al. 2023, Theorem 1.2.22]. We also obtain that a set of
generating cofibrations and acyclic cofibrations are given by the maps Sg ® Ig and Sg ® Jg,
where Sg ® — denotes the left adjoint to the forgetful functor Spg — 9-GT .

(b) The category of orthogonal spectra admits a faithful level model structure, whose weak equivalences
and fibrations are created by the forgetful functor Spo — $-T &, where the target is endowed with
the faithful level model structure; see [Schwede 2018, Propositions 4.3.5]. From this result we
obtain that the faithful level model structure is cofibrantly generated and topological, with a set of
generating cofibrations and acyclic cofibrations given by St ® I and Sg ® J, where Sy ® —
denotes the left adjoint to the forgetful functor SpO — $-T .

Remark 7.19 By combining straightforward generalizations of [Mandell and May 2002, Theorem 4.3]
and [Schwede 2018, Remark 3.1.8] to Lie groups, we conclude that Spg is equivalent to the category of
orthogonal spectra defined in [Degrijse et al. 2023, Definition 1.1.9].

As discussed in [Mandell and May 2002, Chapter II Section 3], the category of orthogonal G-spectra
admits a closed symmetric monoidal structure.

Proposition 7.20 Let G be a Lie group.

(a) The level model structure on Spg is symmetric monoidal.

(b) The faithful level model structure on SpO is symmetric monoidal.

Proof The proof that the pushout product axiom holds for Spg is similar to that given in Proposition 7.11
for $-G-spaces. The explicit argument for cofibrations can be found in [Degrijse et al. 2023, Proposition
1.2.28(i)] and we note that a slight modification of that argument then also gives the statement for acyclic
cofibrations. The argument that the faithful level model structure satisfies the pushout-product axiom
is similar to that given in Theorem 7.16. The argument for cofibrations can also be found in [Schwede
2018, Proposition 4.3.23] and a slight modification of that argument also gives the statement for acyclic
cofibrations. O
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Definition 7.21 We define the oo-category PSps of G-prespectra to be the symmetric monoidal oo-
category associated to the symmetric monoidal model category Sp(G) with the level model structure.
Similarly, we define the co-category PSpy, of faithful global prespectra to be the symmetric monoidal
oo-category associated to the symmetric monoidal model category Spo with the faithful level model
structure.

We have emphasized how the level model structures on Spg and Spo are induced by the level model
structure on $-G T« and $-T «, respectively, by taking modules. This allows us to reinterpret the passage
to modules internally to co-categories.

Proposition 7.22 There are symmetric monoidal equivalences

PSpg = Modsg (9-GT[Wig'le) and  PSpg, = Mods,, (9-T[Wiyil«)-
Proof Apply Proposition 2.4. m|

Finally, we pass from the level model structure to the stable model structure, which will present the
categories of global and genuine G-spectra. Fix a complete G-universe Ug and write s(Ug ) for the
poset, under inclusion, of finite-dimensional G -subrepresentations of Ug. The G-equivariant homotopy

groups of an orthogonal G-spectrum X are given by
26 (x) = colimy e [S¥HY, X (V)¢ for k > 0,
colimpes@e)[SY, XR* @ V)¢ fork <0,

where the connecting maps in the colimit system are induced by the structure maps, and [—, —]*G means
G-equivariant homotopy classes of based G-maps. Note that the same definition works even if X is
an orthogonal spectrum, since the value X (1) admits a G-action as discussed before Definition 7.13.
Moreover, everything is functorial with respect to morphisms of orthogonal (G -)spectra. We finally note
that the definition above a priori depends on a choice of complete G-universe. However, the functors

associated to different complete G-universes are naturally isomorphic, and so the choice is immaterial.

Definition 7.23 Let G be a Lie group.

e Amorphism f: X — Y of orthogonal G-spectra is a 1z «-isomorphism if 1 (f): 7 H (X)— 7 H(Y)
is an isomorphism for all compact subgroups H < G. The 7 «-isomorphisms are part of a cofibrantly
generated, topological, stable and symmetric monoidal model structure on the category of orthogonal
G-spectra [Degrijse et al. 2023, Theorem 1.2.22], called the G-stable model structure.

o A morphism f: X — Y of orthogonal spectra is a global equivalence if 1 (f): nH (X) -z H(Y)
is an isomorphism for all compact Lie groups H. The global equivalences are part of a cofibrantly
generated, topological, proper, stable and symmetric monoidal model structure on the category of
orthogonal spectra [Schwede 2018, Theorem 4.3.17, Proposition 4.3.24], called the global model

structure.
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Definition 7.24 We define the symmetric monoidal co-category Sps of G-spectra to be the underlying
oo-category of orthogonal G -spectra with the G-stable model structure. Similarly, we define the symmetric
monoidal co-category Spy of global spectra to be the underlying co-category of orthogonal spectra with
the global model structure.

We now make precise the observation that Spg and Spy, are Bousfield localizations of PSpg and PSpy,,
respectively, at an explicit collection of weak equivalences. We begin with global spectra.

Construction 7.25 Given a compact Lie group G and a G-representation V, consider the adjoint pairs

forget evG,V

Sp? T 9T T— G
S ®— SG,v

Following [Schwede 2018, Construction 4.1.23], we denote the composite Sg ® $¢,y by Fg,y. Note that
the adjoint pairs above are Quillen with respect to the global level structure and so they yield corresponding
adjoint pairs of underlying oco-categories. As discussed before [Schwede 2018, Theorem 4.1.29], there
are maps in Spo

. v 0
Acvw:FevewS™ — FewS

for all compact Lie groups G and G-representations V' and W. We can view these maps in PSp,,; since
the domain and codomain of A, y,w are bifibrant. Consider the diagram

oG.v.w

GT«(S°, X(W)) ——"= GT(SV,X(V W)

Sp° (Fe,wS° X) ——— Sp°(FgvewS" . X)

where the vertical maps are the adjunction isomorphisms and the top map is the adjoint structure map
of X. The bottom map is equal to precomposition by Ag,y,w. In particular, taking X = Fg w S°, we
may define A, y,w as the image of the identity of Fg w S 0 under the bottom map. Note also that Ag,y,w
is equivalent to Fgw S® ® 1G.v.0, and that A, y,o is adjoint to the identity.

Remark 7.26 Both characterizations of Ag,y,w given above also uniquely specify the map on the level
of co-categories.

Proposition 7.27 Sp,, is a Bousfield localization of PSpy,. Furthermore, an object in PSpy, lies in
Spy if and only if it is local with respect to the morphisms {Ag,v,w } for all compact Lie groups G and
G -representations V and W with W faithful.

Proof Let A denote the set of maps Ag,y,w for G, V and W as in the proposition. We write Spg1 and
Spgol for the category of orthogonal spectra endowed with the faithful level model structure and the global
stable model structure, respectively. We will show that Spgo1 is a left Bousfield localization (in the model
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categorical sense) of Sp]?1 at the set A, thatis, L A Spgl = Spgol . Because both can be checked on underlying
homotopy categories, Bousfield localizations of model categories present Bousfield localizations of co-
categories. Therefore the claim in the proposition will follow by passing to underlying co-categories.
By definition X € Sp?, is A-local (and so fibrant in the Bousfield localization) if and only if X is fibrant
in Spsl (which always holds in this case), and the canonical map of homotopy function complexes

AG.v.w : Map(FgwS°. X) — Map(Fg vewS" . X)

is an equivalence for all Ag,y,w € A. By adjunction this is equivalent to asking that X W)6 —
QY (X(V @ W))P be an equivalence for all G, V and W as in the proposition. In other words, X is a
global Q2-spectrum; see [Schwede 2018, Definition 4.3.8]. By [Schwede 2018, Theorem 4.3.17] these are
precisely the fibrant objects Sng] . Since L ASpS1 and Spgol have the same cofibrations and fibrant objects,
the two model structures coincide by [Joyal 2008, Proposition E.1.10]. |

We repeat this analysis for Sp; and PSpg.

Construction 7.28 Let H be a compact subgroup of a Lie group G, and let V' be an H -representation.
We have a sequence of adjoint pairs

0 forget evy
Sc®— GiAgIY

which are Quillen with respect to the proper level model structure, and so they define adjoint pairs at the
level of underlying oo-categories. The composite Sg ® (G+ Ag $y) will also be denoted by G xg Fy
following [Degrijse et al. 2023, Example 1.1.15]. This notation is justified by the fact that G xg Fy
is also equivalent to the induction of the H -prespectrum Fy as one can easily verify. For all pairs of
H -representations V' and W, there are maps in Spg

GIXH AV,WZ GD(H FV@WSV —> GD(H Fw,

see [Degrijse et al. 2023, equation 1.2.19]. We can view these maps in PSp; as the domains and codomains
are bifibrant. Similarly to before, G x g Ay,w is determined by the property that the map

SpG (G xr Fw. X) = Sp@ (G wa FyewS" . X),
defined so that the diagram

res& (Gv,w)

HT.(S°, X(W)) HT (S, X(VaW))
Sp& (G wu Fw, X) —— Sp@(G xa FyewsS”, X)

commutes, is equal to precomposition by G xg Ag,y,w. Also, G X Ay w is equal to G x g Fy S'® Av,0
and Ay, is adjoint to the identity on S V.
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Remark 7.29 Once again, the characterizations of G Xy Ay, given above also uniquely specify the
map on the level of co-categories.

Proposition 7.30 Let G be a Lie group. Then Spg; is a Bousfield localization of PSp. Furthermore, an
object in PSpg; lies in Spg; if and only if it is local with respect to the morphisms {G x g Ay w } for all
compact subgroups H < G and H -representations V and W. Equivalently, X € PSpg lies in Spg if and
only if for all compact subgroups H < G, the object reng € PSpy is local with respect to morphisms
{Av,w} for all H -representations V and W.

Proof The proof is similar to that of Proposition 7.27 but now we use the characterization of fibrant
objects in the proper stable model structure given in [Degrijse et al. 2023, Theorem 1.2.22(v)]. The
second claim follows from the first one by adjunction. |

8 Models for oo-categories of equivariant prespectra

In the previous section we introduced the co-categories of equivariant and global (pre)spectra, and
exhibited the spectrum objects as local objects in the relevant category of prespectra with respect to an
explicit class of weak equivalences. Furthermore, we observed that the construction of PSp; admitted
a reinterpretation internal to co-categories, by first passing to pointed objects in $-G T [Wlﬁl] and then
taking modules over S¢. Similarly, we observed that

~ -1
PSpgy > Mods,, ($-T [Wial«)-
Furthermore, these equivalences were symmetric monoidal.

However this is only part of the story, because the co-categories SB-Gg[Wlal] and ﬁ-ﬁ[WfIVll] are still
too inexplicit for our arguments. Luckily we can give explicit models of these co-categories. Consider
the case of 5>-G9[Wlal]. By construction this co-category records the fixed-point spaces X (V) for
every (compact) subgroup H of G and every H -representation V' of an $-G-space X. By functoriality,
these different fixed-point spaces are related by subconjugacy relationships in H and equivariant linear
isometries in V. We will prove that the co-category $-G J is in fact freely generated under these properties.
More precisely, we will exhibit an equivalence

9-GT W' ~ ORG-¥,

where the oco-category ORg indexes pairs (H, V'), each one of which records one of the fixed-point
spaces X(V)H of an $-G-space X. Similarly, we will prove that

9-T Wizl = ORgy -,

where the oo-category ORg, indexes pairs (G, V'), where G is a compact Lie group and V' is a faithful
G -representation.
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In total we will obtain equivalences
PSpg =~ Mods; (ORG-%%) and PSpg,; > Mods,, (OR¢gi-F ).

It will be in this guise that we will think of the co-category of G-prespectra and global prespectra for the
remainder of the paper.

Finally, to make future constructions symmetric monoidal it will be important to understand how the
symmetric monoidal structures transfer under the equivalences

9-GT W' ~ ORG-S and $-T[Wi ] = ORey-S.

We may immediately apply Theorem 3.37 to conclude that the monoidal structure on $-G 9[Wl\711] and
9—9‘[ijvll] are induced by Day convolution from the restricted promonoidal structure on ORg. We will
make these promonoidal structures explicit.

To show that $-G T [W;;;'] and $-T[W;;;!] are equivalent to categories of copresheafs on an explicit set
of generators, we will apply a version of Elmendorf’s theorem; see Corollary 3.41. The application of
this theorem to $-G T [W;;'] and $-F[W; ;1] has a similar flavor, but are logically distinct. Therefore we
treat each case separately.

8.1 9$-G-spaces and ORg-spaces
We begin with $-GT[W;;!].

Remark 8.1 Let G be a Lie group and consider amap ¢: G/ K — G/H in the orbit category Og. Giving
¢ is equivalent to giving gH € (G/H)X, that is an element gH € G/H such that ce(K)=g 'KgZ H.
When we need to emphasize this correspondence between gH and ¢ we will use subscripts ¢g and g,.
Since gyop H = gpgy H, composition of maps corresponds to multiplication with reverse order.

Definition 8.2 For a Lie group G, the proper G-orbit category Og .y is the full subcategory of Og
spanned by those cosets G/H with H < G compact.

Let G be a Lie group and H, K < G be compact subgroups. Given an H -representation V' and a
K-representation W, we can consider the space G xg $(V, W), where H acts on G by right translation,
and on $(V, W) via h.¢o = ph~1. Note that K acts diagonally on G xg $(V, W) via G and W. We have
the following helpful criterion.

Lemma 8.3 An element [g,¢] € G xg $(V, W) is K-fixed if and only if cg(K) € H and k.p(v) =
¢(cg(k)v) forall k € K andv e V.

Proof Anelement [g,¢] € G xg $(V, W) is K-fixed if and only if [kg, k.¢] = [g, ¢] for all k € K. This
means that there exists 4 € H such that kg = gh and k.p = ¢h for all k € K. In other words g is such
that cg (K) € H and ¢ is K-equivariant in the sense that k.9 = ¢cg (k) for all k € K. a
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Lemma8.4 Let G be aLie group and H, K, L <G be compact subgroups. Let V' be an H -representation,
W a K -representation and U an L-representation. Then the map

0: (G xxg SW,UNE x (G xg SV, W)K - (G xg $(V,U)F
given by ([g', ¥].[g.¢]) — [¢g'g. ¥ ¢] is well-defined and continuous. Furthermore, upon varying the

objects, the collection of maps so obtained is associative and unital.

Proof Let us first show that the map does not depend on the chosen representatives. For h € H and k € K
we have [g, @] = [gh, ¢h] and [g’, V] = [¢’k, ¥k] so we ought to check that [¢g'g, Vo] = [¢'kgh, Vvkoh].
Using that c¢g (K) € H and ¢ is K-equivariant with respect to the cg-twisted action, we can write

[g'kgh. ykoh] = [g'g cg(k)h. ykoh] = [g'g, Wkoh(cg(k)h) ™' = [g'g. vkocg (k)] =[g'g. ¥ol.
T

as required. We verify that [g'g, ¥ ¢] is K-fixed using the criterion from Lemma 8.3. Using that
cg’(L) € K and cg (K) € H we immediately see that cg/¢ (L) € H. Using the twisted equivariance of

and ¢ we see that €K

——
Ly =vcg (1) =Ypcg(cg/(l)) =Vpcgg(l) forall [ elL.

Therefore ¢ is twisted equivariant and [g’g, ¥ ¢] is indeed K-fixed. Finally, the map is associative,
unital and continuous, since multiplication and composition maps are so. a

We now formally define the co-category ORg.

Definition 8.5 Let G be a Lie group. We define a topological category ORg whose objects are pairs
(H,V) of a compact subgroup H < G and an H -representation V. The morphism spaces are given by

ORG((H.V),(K.W)) = (G xg $(V.W)HK.
Composition is given by the maps
0:ORG((K,W),(L,U))xORG((H,V),(K,W)) = ORg((H,V),(L,U))
defined in Lemma 8.4. Note that there is a projection map
ORG ((H,V), (K, W)) = (G/H)X = 06,x(G/K,G/H), [g,¢]+ [gH],

which extends to a functor 7g: ORg — ngr.
Example 8.6 Let G = e be the trivial group. Then the topological category ORg is equivalent to $.

Example 8.7 By definition, ORg ((H, V), (e, W)) = G xg $(V, W), which is a space with an action of
ORg((e, W), (e, W)) =G x O(W).
One can identify the functor ORg ((H, V), (e, —)): $ — GT with the free $-G-space G xg Py .
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Definition 8.8 We let ORg-Y denote the co-category of ORg-spaces, given by the oco-category of
functors ORg — .

We are finally ready to prove the main result of this subsection.

Theorem 8.9 Let G be a Lie group. Then there is an equivalence of co-categories

$-GT[Wy,;'] ~ ORG-Y.

Proof The discussion in Example 8.7 shows that there exists a functor of topological categories (and so
of co-categories)

ORg — 9-GT, (H,V) > ORG((H.V),(e,~) =G xug Iy.
This is fully faithful by definition of ORg. Since the $-G-spaces G x gy $y are bifibrant in the level
model structure, the composite
L:OR} — 9-GT — $-GT[W;'l, (H,V)+ G xg Iy,
is also fully faithful. We apply Theorem 3.39 to the functor L. We note that the $-G-space G xg $y
corepresents the functor X — X (V). This functor commutes with small homotopy colimits since:
e The H -fixed-point functor preserves small homotopy colimits as discussed in Example 3.40.

e The evaluation functor X — X (V) preserves small homotopy colimits. Indeed, this functor
preserves all colimits (as they are calculated pointwise), level equivalences by definition, and
(acyclic) cofibrations (as one can verify by checking on the generating (acyclic) cofibrations).

Finally, the collection of objects {G xg $y | (H, V) € ORg} is jointly conservative by definition of the
level equivalences. Thus the required equivalence follows from Theorem 3.39. O

Next we explain how to upgrade the equivalence above to an equivalence of symmetric monoidal oo-
categories.

Construction 8.10 We enhance the topological category ORg to a topological colored operad as follows.
The colors are simply the objects of ORg, and the space of multimorphisms from {(H;, V;)}ies to
(K, W) is given by
K
ORG ({(Hi. Vi)}ier. (K. W) = (( I G) XLy Ho 9(@ V. W)) .
iel iel
By Lemma 8.3, a point of this space is equivalent to the following data:
e Foralli €/, anelement g; H; € G/H; such that cg, (K) C H;.
A linear isometry ¢ = ) ; ¢; : @@; Vi — W such that k.¢; (v) = ¢; (cg; (k)v) forallve V;, k e K

andi € 1.
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For every map I — J of finite sets with fibers {/;};¢, every finite collections of objects {(H;, Vi)})ier
and {(K;, W;)}jes, and every (L,U) € ORg we have a composition map

jeJ
which is defined by the formulas
(Dyi=m-@wi-v)e (r-Dy-Pw -v)
i€l; jedJ iel jeJi€l; jeJ
and
((giHiier;. (giKj)jer) = (gjgi Hi)jesicl, -

Note that for any color (H, V') € ORg, there is an identity element [eH, 1] € ORg((H, V), (H,V)).
Using Lemma 8.3 one can check that this composition is continuous, associative and unital and so that
ORg is indeed a topological colored operad. We leave the details to the interested reader.

Remark 8.11 We can endow the topological category ngpr with a topological colored operad structure
whose colors are the objects of Og p;, and whose multimorphism spaces are given by

K
061G/ Hi}icr, G/K) = OG,pr(G/K, I G/Hi) - (H G/Hl-)
iel iel
with composition defined in the obvious way. The associated co-operad models the cocartesian monoidal
structure. There is a canonical projection functor of topological colored operads

G- ORG —> ng,pr‘
By Lemma 2.1, we can lift 7g to a map of co-operads OR% — (OEPM)H, which by abuse of notation

we still denote by 7.

Recall that because $-GJ is a symmetric monoidal topological model category, we can construct a
topological colored operad whose colors are given by the bifibrant objects of $-G J and the multimorphism
spaces are given by

Mu1N®((g)_Gg°)op) (X}, Y)= ﬁ-Gg(Y, ® Xi).
iel
Furthermore the associated co-operad models the symmetric monoidal structure on ($-G 9[Wlal])°p.

Lemma 8.12 The functor L of Theorem 8.9 lifts to a fully faithful functor of topological colored operads.

Proof We define a functor between colored operads by
ORG — (9-GT°)™,  {(H;. V)} > ORg (R)(Hi. Vi), (e.-)).
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Using equation (7.6.1), we can rewrite this functor in more familiar terms as

OR ((Hi. Wb e = (TT6 ) %11 0y # (D Vi) = @G a1 3w,

By construction, this functor defines a colored operad map which lifts L. Using this description of the
functor and the fact that G xg $w corepresents the functor X — X(W)X, we also see that the map
induced on multimorphism spaces

ORG ({(Hi, VD)ier. (K. W) > 9-G9‘(G <k 9w, Q) G xu, sﬁv,.)

iel

is a homeomorphism. Therefore the functor of colored operads is fully faithful. O

The map L of topological operads constructed above induces a map L: OR% — ($-G 9‘[1/17151]‘2’)0p of
oo-operads. Furthermore this functor is again fully faithful.

Corollary 8.13 The functor L: OR%’ — ($-GT « [I/Vlal]@)"p induces a symmetric monoidal equivalence
9-GT W' ~ ORG-¥,

where the right-hand side is equipped with the Day convolution product.
Proof This follows from Corollary 3.41, where we argue as in Theorem 8.9 and use Lemma 8.12. O

As a convenient reference, let us summarize the final description of G-prespectrum objects, which
combines all of the identifications obtained.

Corollary 8.14 Let G be a Lie group. Then there is a symmetric monoidal equivalence

PSpg >~ Mods,; (ORG-%x).
Proof Combine Corollary 8.13 and Propositions 7.22 and 3.38. a

Remark 8.15 We will often implicitly identify PSp; with Modg,; (ORg-¥ ) for the remainder of the
paper.

8.2 J-spaces and ORg,-spaces.

We now undertake a similar analysis for the co-category of $-spaces localized at the faithful level
equivalences. Many of the details are similar, so we will be briefer in this section than in the previous one.
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Definition 8.16 We define a topological category ORgy whose objects are pairs (G, V'), where G is a
compact Lie group and V is a faithful G-representation. The morphism spaces are given by
ORgi((G. V). (H. W) = (9(V. W)/ G)*.
There is a composition map
o: ORg((H, W), (L,U)) x ORg((G, V), (H, W)) = OR((G, V), (L, U))

given by ([¥], [¢]) = [V o¢]. Similarly to Lemma 8.4, one may verify that this composition is well-defined,
associative, unital and continuous.

Example 8.17 By definition OR¢y ((G, V), (e, W)) = $(V, W)/G. Thus we can identify the functor
with the semifree $-space $¢,y from Construction 7.15. Recall this $-space corepresents the functor

X~ X(V)C.

Definition 8.18 We let OR¢y - denote the oo-category of ORgy -spaces which is the co-category of
functors ORgy — . We also write ORgy -S4« for the co-category of functors ORgy — Fx.

We now prove the main result of this subsection.

Theorem 8.19 There is an equivalences of co-categories

9-T Wil = ORgg-S.

Proof The discussion in Example 8.17 shows that there exists a functor of topological categories (and so

of co-categories)
(Ongl)Op - 9-3, (G7 V) = Ongl((G’ V)’ (ev _)) = ‘g)G,V

This is fully faithful by definition of ORg,. Since the $-spaces $, y are bifibrant in the faithful level
model structure, the composite

(ORgy)®P — 9-T — $-T[W k]

is also fully faithful. We note that the semifree $-space $¢,y corepresents the functor X — X (V)G,
which commutes with small homotopy colimits. Indeed the G-fixed-point functor commutes with small
homotopy colimits by the discussion in Example 3.40, and so does the evaluation functor X — X (V) since
it preserves all colimits (as they are calculated pointwise), faithful level equivalences by definitions and
cofibrations (as one can verify by checking on the set of generating cofibrations). Finally, the collection
of objects {9, | (G, V) € ORygy} is jointly conservative by definition of the faithful level equivalences.
Thus the claimed equivalence follows by applying Theorem 3.39. |

We now discuss how the symmetric monoidal structure on $-J°¢ [Wf_lvll] translates t0 ORygl-F .
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Lemma 8.20 The topological category ORyg is symmetric monoidal with unit object (e, 0) and tensor
product given by (G, V) ® (H,W) = (G x H,V @ W). In particular, the co-category of ORgg-spaces
admits a symmetric monoidal structure given by Day convolution.

Proof The first claim is a straightforward verification. The second claim follows from Corollary 3.29. O
Write ORgeg’1 for the co-operad associated to symmetric monoidal topological category ORfg.

Lemma 8.21 The functor Lgi: ORgy — ($-T [ijvll])Op given by (G, V) = 9¢.y lifts to a fully faithful
symmetric monoidal functor of oco-categories,

Lg: ORgg — ($-T[W D
Proof It suffices to observe that (7.15.1) implies that Lgi: ORgg — $-T is a strong monoidal functor. O

Corollary 8.22 There is a symmetric monoidal equivalence
9-T[Wiii'] ~ OR¢g -,

where the right-hand side is symmetric monoidal via Day convolution.
Proof This follows from Corollary 3.41, where we argue as in Theorem 8.19 and use Lemma 8.21. O

Summarizing all of the identifications made, we have the following description of the symmetric monoidal
oo-category of faithful global prespectra.

Corollary 8.23 There is a symmetric monoidal equivalence

PSpyy > Mods,, (ORfg1-S ).
Proof Combine Proposition 7.22, Corollary 8.22 and Proposition 3.38. |

Remark 8.24 We will often implicitly identify PSp, with Mods,, (ORg-F+).

9 Functoriality of equivariant prespectra

The goal of this section is to construct a functor PSp, : Glo”? — Cat?; sending a compact Lie group G to
the symmetric monoidal co-category of G-prespectra of Definition 7.18, and to compute its (partially) lax
limit. By Corollary 8.14, the co-category of G-prespectra can be identified with the category of modules
over a certain object Sg in ORg-¥«. Therefore our first step is to construct a functor sending a compact
Lie group G to the co-category ORG-F«.
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In the unstable case we observed that the relevant functoriality was induced by the functoriality of
the partial slices Orb, in Glo. Formally, the functoriality of the categories ORg-Y« is induced by a
(pro)functoriality of the categories ORg, and we will see that this is once again given by “passing to the
slices” of a global analogue ORg; of the individual equivariant categories OR¢. The category ORg will
be fibered over Glo and its objects will consist of pairs (G, V'), where G is a compact Lie group and V
is an arbitrary G-representation. Furthermore we will see that restricting to faithful representations, we
recover ORgg).

Construction 9.1 Let G, H be compact Lie groups and let V, W be orthogonal G and H -representations
respectively. We equip the topological space

Hom(H,G) x $(V, W)
with the right G-action and the left H -action given by

(. 9) g = (cgo.og™ ") and h-(a,¢) = (a. hpa(h)™).

There is a residual G-action on the fixed points (Hom(H, G) x $(V, W))H since the G and H -actions
commute. By definition, the fixed-point space can be characterized as the space of pairs (¢, ¢), where
o: H — G is a Lie group homomorphism and ¢: V' — W is an H -equivariant isometry (where H acts
on V via a). If K is another compact Lie group and U is an orthogonal K-representation, we define a
composition map

(Hom(H, G) x $(V, W) H x (Hom(K, H) x $(W,U))X — (Hom(K, G) x $(V, U)X,
(. 0)- (B, ¥) = (aB, V),

that is compatible with the various actions, so that it induces an associative and unital composition map
on the respective action groupoids:

(Hom(H, G) x $(V, W) /)G x (Hom(K, H) x $(W,U))X JH — (Hom(K, G) x $(V, U)X )/ G.
Definition 9.2 Let ORy be the topological category whose objects are pairs (G, V'), where G is a
compact Lie group and V' is an orthogonal G-representation. Its morphism spaces are defined to be

OR, (G, V), (H,W)) = |(Hom(H, G) x $(V, W) /G|,

where | — // G| is the geometric realization of the action groupoid of G on $(V, W) (as in Definition 6.1).
As in Lemma 8.20, one sees that ORg; admits a symmetric monoidal structure given by (G, V)® (H, W) =~
(GxH,V&W). We write ORS’ for the associated co-operad.

The next result tells us that the oo-category ORg, from Definition 8.16 is equivalent to the subcategory
of ORg spanned by the faithful representations.
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Lemma 9.3 Let 6 be the symmetric monoidal subcategory of ORgy spanned by (G, V), where V
is a faithful G -representation. Then there is a symmetric monoidal functor of topological categories
% — ORyy sending (G, V) to (G, V'), which induces a homotopy equivalence on mapping spaces (and so
it is an equivalence of the underlying co-categories).

Proof The functor is the identity on objects, so it suffices to define it on mapping spaces. For any
(G,V),(H,W) €%, let us consider the map

p: (Hom(H,G)x $(V,WHH = (9(v,w)/G)H

sending (o, @) to [¢]. We claim that this map exhibits the target as the quotient of the source by G.
Firstly, note that the map is G-equivariant. Let us show that its fibers are exactly the G-orbits. Suppose
we have a point [¢] in the target and let us choose a representative ¢: V' — W. Then we know that
h-[p] = [he] = [] for every h € H. Then necessarily there exists a(h) € G such that hgp = pa(h)~!.
Note that the element « (/) is unique since V is a faithful G-representation. Then the map & +— a(h)
is a Lie group homomorphism and its graph is closed in H x G (since it is a fiber of the continuous
map H x G — $(V, W) sending (h, g) to hpg™'), so it is continuous. Then it is clear that (c, @) is a
preimage of [¢], and so p is surjective.

On the other hand, if («, ¢) and (¢, ¢’) have the same image under p, then there is some g € G such
that ¢’ = pg. A simple computation as before shows that this forces o’ = cga (since the G-action on
$(V, W) is faithful, o’ is determined by ¢’). Moreover, the action of G on (Hom(H, G) x $(V, W))H
is free and proper, and so p is a principal G-bundle. In particular it induces a natural equivalence of
topological groupoids

(Hom(H,G)x $(V, WNH )G ~ (v, W)/G)H,
and so a homotopy equivalence
|(Hom(H, G)x $(V, WNH ) G| ~ ($(V,W)/G)H .

Finally, it is easy to check that p is compatible with composition and sends the identity to the identity.
Therefore it induces an equivalence of oo-categories ‘¢ — ORyy . We leave to the reader to check that the
above can be given the structure of a symmetric monoidal equivalence. |

Remark 9.4 There is a pair of functors of topological categories
50: Glo®® — ORg, 7g: ORg — Glo®

given by 59(G) = (G, 0) and 774 (G, V') = G on objects. Note that 5o and 7 are both symmetric monoidal,
where Glo is symmetric monoidal under the cartesian product (and therefore Glo® is equipped with
the cocartesian symmetric monoidal structure). This implies that the functors 7y and so lift to maps of

oo-operads 7y : ORS — (Gl1o°®)™ and s¢: (Glo°?)T — OR®

ol respectively.

Geometry & Topology, Volume 29 (2025)



Global homotopy theory via partially lax limits 1411

Lemma 9.5 Let {(G;, V;)}, (H, W) be objects of ORS, and consider the map

TTgl. MulORgl ({(Gl’ Vl)}9 (H’ W)) g lvlulGlOOp ({Gl}’ H)

The homotopy fiber of this map over a group homomorphisma: H — []; G; € (Glo®)I js equivalent to
the space of H -equivariant isometries ; V; — W, where H acts on @; V; via a.

Proof PutV = EBl- Viand G = ]_[l- G; so thato: H — G, and we can rewrite the map induced by g as
Mapog, ((G. V), (H,W)) = Mapg» (G, H) = Mapg,,(H, G).
We recall from Proposition 6.3 that the G-space Hom(H, G) decomposes as a disjoint union of orbits

Hom(H.G) ~ [ [ G/C(a).
(@)
where « is a conjugacy class of homomorphisms and C(«) is the centralizer of the image of «. Therefore
we have a decomposition

Mapog,, ((G. V)., (H. W)) = ((Hom(H. G) x S(V. W), ~ [ [(V. W) .
@

depending on the choice of an « in each conjugacy class. This lies above the decomposition

Mapg,(H. G) ~ | [ BC(e)
(@)
from Proposition 6.3 via the canonical maps $(V, W)H — x. Therefore the homotopy fiber over « is
precisely $(V, W)H. i

Lemma 9.6 The functor my: ORS’ — (Glo®°®)! js a cocartesian fibration, and therefore exhibits ORS
as a (G1o°?)! -monoidal oo-category.

Proof Consider {(G;, Vi)}ier € ORS, andletusset V=P, V; and G =[]; G; sothat V is naturally a G-

representation. Since g is a map of co-operads, it is enough to find cocartesian lifts over active morphisms

whose target is in Glo°. A multimorphism from {G;} to H in (Glo®®)! is the datum of a continuous

group homomorphism «: H — G. Consider the multimorphism f € ORS ((Gi, Vi)}, (H,a*V)) lying
over the map o which is represented by the element

[@,1y] € |(Hom(H, G) x $(V,e* V) )/ G]|.

We claim that this is a cocartesian edge. This follows from the fact that for all (L, W) € ORS’, the square

Mulor, (H,a* V), (L, W)) —2— Mulo, ({(Gy, Vi)}, (L, W)

lﬂ ol l]‘r ol

Mulgiger (H. L) o > Mulgio({Gi}, L)
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1412 Sil Linskens, Denis Nardin and Luca Pol

is a homotopy pullback of spaces. We can verify this by checking that the vertical fibers are equivalent.
This is now a consequence of Lemma 9.5. a

Definition 9.7 We define Rep: Glo®? — Cat?}, to be the functor corresponding to ORS’ under the
equivalence of Proposition 5.5.

Remark 9.8 Rep(G) is the oo-category corresponding to the topologically enriched category with
objects V' a G-representation, and morphism spaces Rep(V, W) = $(V, W)Y, the space of G-equivariant
linear isometries from V to W. This is a symmetric monoidal category via direct sum. The functoriality
in Glo is given by restriction of representations along group homomorphisms.

Recall from Remark 8.11 that there is a map of co-operads 7g : OR% — (02) pr)H. Also note that there
is a canonical functor Og,,; — Glo which sends an object G/H to H and acts as

06,,:(G/H.G/K) ~{g € G |cg(H) C Kjng = hom(H, K)ng, g+ [cg: H— K].

This is an immediate generalization of the functor used in Lemma 6.12 to (not necessarily compact) Lie
groups. We denote the opposite of this functor by (g. It induces a map of cocartesian co-operads, which
we denote by Lg. We are now ready to state the next result.

Lemma 9.9 Let G be a Lie group. Then there is a canonical map of co-operads vg : OR% — ORS and
a cartesian square of co-operads

ORY —<— ORY

T Gl lﬂ ¢l
I

(0 ) — (Gl
Proof It will suffice to construct the map vg at the level of topological colored operads and then apply
Lemma 2.1. Recall from Definition 8.5 that
ORG ((H.V). (K. W)) = (G xg $(V. W)X,

where G xg $(V, W) is the quotient of G x $(V, W) by the right H -action (g, ¢) - h = (gh, ¢h). Since
the H-action is free, we can identify the quotient with the homotopy quotient (see [Korschgen 2018,
Theorem A.7] for example) and so there is a canonical identification

ORG ((H.V), (K, W) =[(G x $(V,W))X//H|

that respects composition. Moreover, under this identification, the multilinear spaces of the colored operad
structure are given by

ORG ({(H;, VD). (K, W) = ‘(]‘[ G x 9(@ v W))K// I1 #:
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Therefore we may define a functor of topological colored operad ORg — ORg by sending (H, V) to
(H,V) and on the multimorphism spaces we take the map which is induced by the map of topological
groupoids

(]?[ny(EZB Vl-,W))K//UH,- N (Hom(K,UHi) Xy(EPV"’W))K//]?[Hi,

({gi} ) = ((cg;1K)is @)
A tedious but simple calculation shows that these maps respect composition. This defines a map
VG : OR% — ORS’ as required.

Another tedious calculation shows that the square in the lemma commutes (already as a square of
topological operads) and that it is a pullback on O-vertices. Therefore it is enough to show that every
induced square

Mulorg (((H;. V)}. (K. W)) —% Mulor, ({(H;. Vi)}. (K, W)

lﬂG lﬂ gl

Mulge ({G/Hi}.G/K) ——"—— Mulgis ({H;}. K)

of multimorphism spaces is a homotopy pullback. It suffices to check that the vertical homotopy fibers
are equivalent. A morphism ¢: G/K — [[G/H; in Og p: amounts to giving elements g; € G such
that ¢, (K) € H;. The homotopy fiber of wg over ¢ is given by the space of K-equivariant isometries
D; Vi — W, where K acts on each V; via cg,. The map (g sends ¢ to (cg, : K — H;) and the homotopy
fiber over this is again the space of K-equivariant isometries as above by Lemma 9.5. As the vertical
homotopy fibers are equivalent, the square is a pullback of co-operads. a

We write Ar;yj(Glo) for the full subcategory of Ar(Glo) spanned by the injective group homomorphisms.
Definition 9.10 We define OR® via the pullback of co-operads
OR® ——— ORJ
| I
(Ariyj(Glo))! 75 (Glo%P)!

Thus an object of OR, the underlying oo-category of OR®, is a pair («: H — G, V), where « is injective
and V is a H -representation.

Lemma 9.11 The composition
7: OR® 5 (At (Glo)*P) ! 225 (GloP) !
gives OR® the structure of a (Glo°?)HY -promonoidal oo-category, whose operadic fiber over G is exactly
ORY.
G
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Proof We will show that each of the two maps in the defining composite is promonoidal in turn. Note
that both are maps of co-operads. The map 7y is a pullback of a cocartesian fibration, and therefore
again cocartesian. The second map is then promonoidal by Example 3.7.

Finally we note that the operadic fiber of °P over G is (OOGp)LI by Lemma 6.12 and the observation that
(=)™ preserves pullbacks. Therefore, the calculation of the operadic fiber follows from Lemma 9.9 and
the observation that the composite

(O = (Ariyi(Glo)®) T L5 (GlooP) !

is equivalent to Lg. ad

Because 7 is a promonoidal category over (Glo®®)! with operadic fiber OR?, morally it represents a
profunctor of promonoidal co-categories. Therefore we can extract an honest symmetric monoidal functor
by taking copresheafs. This will be the functor Glo®® — Cat?; sending G to ORG-F«.

Definition 9.12 The Day convolution Fungjer (OR®, ¥2 x (Glo®?)H)P% s a (G10°P)X-monoidal co-
category, whose operadic fiber over G € Glo equals

Funger (OR®, 3 x (G1o)M)PY x 1400y 11 Finy ~ Fun(OR® x (g qoryur Finy, 95)P%
~ ORG-S

by Example 5.7 and Lemma 9.11. We define OR,-¥: Glo®® — Catg to be the functor associated to it
under the equivalence of Proposition 5.5.

Lemma 9.13 Let OR be the underlying category of the oco-operad OR®. Then the projection map
7: OR — Glo®

is cartesian over Orb°P, and an edge (o, ¢) € OR is -cartesian if and only if s°P(0') and ¢ are equivalences.

Proof Suppose we have an injection «: H — G, and an object (f: K — H, V) € OR. As noted before,
the map 7°P: Arjy;(Glo)°® — Glo® is a cartesian fibration. Furthermore, over an injection o: H — G,
cartesian lifts with target 8: K — H are given by squares o'

K «—— K

b | It

G<+*— H
In particular, we note that cartesian lifts of injections are sent to equivalences by the source functor
§°P: Arip;(Glo)°? — Glo®. Lifting s°P(0) to an equivalence ¢ € ORg with target (K, V), we obtain an
edge (o, ¢) which lies over « and ends at (8, V). Because both components of the edge (o, ¢) in OR are
m-cartesian, the edge (o, ¢) is itself w-cartesian. This shows that there are enough cartesian edges in OR
over injections, and that they are exactly of the form claimed. O
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Lemma 9.14 The projection map
OR® — ORY

induces a fully faithful symmetric monoidal functor
OR -+« — OR-

via restriction, with essential image those functors F : OR — &, that send cartesian arrows over Orb°® to
equivalences.

Proof Recall from Lemma 6.8 that the source projection Ar;j(Glo) — Glo has a fully faithful left adjoint
Glo — Ar;yj(Glo) given by the diagonal embedding. Therefore, by the functoriality of the cocartesian
operad [Lurie 2017, Proposition 2.4.3.16], it follows that the source projection

(Arigi(Glo)P) — (GloP)H

has a fully faithful operadic right adjoint. Since Bousfield localizations are stable under basechange, it

follows that the projection
OR® — ORY

again has a fully faithful operadic right adjoint. Therefore OR — ORy; is a Bousfield localization on
underlying co-categories and moreover the fully faithful functor

ORy-F — OR-Y,

is symmetric monoidal by Proposition 3.34(b). Finally, because OR — ORy is a Bousfield localization,
the essential image of the functor Fun(ORyj, ¥«) — Fun(OR, ¥4) is given by those functors which send
the edges inverted by the map OR — ORg to equivalences. But these are exactly the cartesian arrows

over the injections by Lemma 9.13. a

Lemma 9.15 There are symmetric monoidal equivalences

laxlim ORG-Fx ~ OR-¥ and laxlim' ORG-%x ~ ORy-Y,
G €Glo® G eGlo®?

where the lax limit is marked over the subcategory Orb C Glo of all objects and injective maps.

Proof By Proposition 5.8 there is a symmetric monoidal equivalence

laxlim ORG-Yx ~ N, Fungje» (OR®, #2 x (Glo®)T)Pwy,
G €Glo?

where p: (Glo®)! — Fin, is the structure morphism of (Glo°®)Y. Applying the formula of Day
convolution twice (see Definition 3.12), and the transitivity of norms of operads, we obtain

laxlim OR,-%x ~ Ny Ny *($5 x (Glo®)) ~ Ny p (* p*¥)) ~ Fun(OR®, 94)PY = OR-..

To compute the partially lax limit we appeal to Remark 5.2 to reduce to a statement on underlying cate-
gories. Combining Remarks 3.11 and 5.9, we conclude that the underlying oo-category of the co-operad
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Np Fungjeer (OR®, 92 x (Glo®)T)Pay s given by sections of the cocartesian fibration 747 * (¥4 x G10°P),
where by slight abuse of notation we write w = U(sr). Therefore we may calculate

Fun o (Glo, 7470 * (5 x Glo)) =~ Fungjer (OR, ¥4 x Glo?) > Fun(OR, %),

using the definition of the left adjoints 7* and 7. Now by Theorem 4.9 the partially lax limit of the
diagram in question is given by the full subcategory of the left-most category spanned by those sections
which map edges in Orb®® to cocartesian arrows. We now apply [Lurie 2009, Corollary 3.2.2.13] (with
P OR XG0 Orb? — OrbP, g : ¥4 x Orb® — Orb®P and T = w47 * (F« X Glo°P) X0 Orb°P) together
with Lemma 9.13, to see that these sections corresponds to those functors in Fun gjoer (OR, &« x Glo?)
which send cartesian edges over Orb®® to cocartesian edges of ¥« x Orb®® — Orb°®. These are exactly
those maps which are equivalences in the first component, and therefore such sections correspond to
functors F: OR — ¥, which map cartesian edges over Orb to equivalences. Therefore we conclude by
applying Lemma 9.14. |

Proposition 9.16 There exists a functor PSp, : Glo? — Catg sending G to PSpg. Moreover, there is a
symmetric monoidal equivalence

laxlim™ PSp; ~ Modg ,(ORy-%+).
zxlim] PSpg = Mods, (ORy2)

Proof There is a lax symmetric monoidal topologically enriched functor Sgi: ORg — ¥« sending
(G. V) to (SV)C. This induces a lax symmetric monoidal functor of co-operads, which uniquely specifies
a commutative algebra in OR-¥, by [Lurie 2017, Example 2.2.6.9], where we view ORy - as a
symmetric monoidal subcategory of OR-Y, using Lemma 9.14. Applying Theorem 5.10 to the lax limit
of Lemma 9.15 shows that there is a functor sending G to Mods; (ORG-¥«) 2 PSpg; (see Corollary 8.14),
whose lax limit is Mods, (OR-F).

Finally, we have to calculate the subcategory corresponding to the partially lax limit. Because the natural
transformation PSp; — ORg-Y« is pointwise conservative, we can check that an object lies in the
partially lax limit of PSps; by checking that its image lies in the partially lax limit of ORg-¥«. In other
words, we have a pullback square of symmetric monoidal co-categories

laxlim}, PSpg —— laxlimg PSpg

I l

laxlim}, ORG-x —— laxlimg ORG-F
Therefore, by Lemma 9.15 and the previous paragraph we have a symmetric monoidal equivalence

l(z;lxlimz PSpg = Mods, (Fun(OR, %)) Xgun(0R,,) Fun(ORg1, #+).
€Glo°

Finally, since Sy € Fun(ORy, ¥4), this implies that

1 T ~ _
lé;lélclﬂrg’l’ PSpg >~ Mods, (ORg-F%). |
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Notation 9.17 We write PSP; for the co-category Mods, (ORg-«), and identify it with laxlim® PSp,.

Recall the definition of the diagram ¥, : Glo°® — Cat?g from Construction 6.15, which sends a group G
to the co-category of G-spaces. We would like to construct a natural transformation ¥*°: ¥, — PSp,,
whose component at G is given by an analogue of the suspension prespectrum functor. Morally, this sends
a G-space X to the Sg-module (H, V) (X A SY)H. We make this precise in the next construction.
Let us first fix some notation: we write &, « for the composite (—)« o ¥, of ¥, with the functor which
sends a presentably symmetric monoidal category to the co-category of pointed objects.

Construction 9.18 We will construct natural transformations of functors Glo°® — Cat®,

Fo = Fo,x« — PSp,.
The first natural transformation is simply given by postcomposing &, with the natural transformation
(=)4:id = (=)« of functors (Pr*)® — (Pr-)®.
For the second natural transformation, we will construct it as a composite
Fe,x = OR,-F — PSp,.
For the latter transformation OR,-%sx — PSp,, we simply note that the free module functors
S6 ® —: ORG-S« — Mods; (ORG-Fx) = PSpg
are symmetric monoidal and fit into a natural transformation by the second half of Theorem 5.10.

For the first, it will be technically convenient to construct the natural transformation 831\’ « — OR,-F as

a map of (Glo°®)H-monoidal co-categories and then to use Proposition 5.5.

For this, we need to pin down the (Glo°?)Y-monoidal co-category which corresponds to e, + under
Proposition 5.5. Note that the map P : (Arjy; (Glo)°)I — (Glo°?)H exhibits Ar;pi(Glo)P as a (Glo®P)H-
monoidal category; see Example 3.7. We claim that ¥, « corresponds to the Day convolution

Fungioe ((Arin(Glo) "), 7 x (Glo°P) )P
To see this, we first note that

Fungjoor ((Arin (Glo)P)H, % x (Glo®P) )Py

classifies ¥, because it does so on underlying categories (combine Remark 3.11 and [Gepner et al. 2017,
Proposition 7.3]) and the forgetful functor Cat?; — Caty is faithful when restricted to cartesian monoidal
op)H

oo-categories. Now we observe that the (Glo -monoidal functor

((=) )+ : Fungiger (Arigj ((Glo®)™, 9% x (G1o*®)™)P¥ — Fungem (Arin (Glo) !, 7 x (GloP)H)P

agrees pointwise with (—) 4, and therefore by the universal property of taking pointed objects (see [Lurie
2017, Proposition 4.8.2.11]), Fungjeer (Arinj((GIOOP)H, 2 x (Glo®®?)I)Py must classify &, .
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Now we can construct the (GlooP)H—monoidal functor which will induce ¥, x — OR,-% . Pulling back

the functor s of Remark 9.4 along ¢°° we obtain a commutative diagram

50, inj

Ariyi (Glo)oP) > OR®

top /

(Glo?)H

where 1°P and 7 exhibit the sources as (GIOOP)H-promonoidal oo-categories by Lemma 9.11, so that sq jp;

is a map of (Glo°?)X-promonoidal co-categories. One can then verify that 50,inj satisfies the hypotheses

of Proposition 3.34(a), and there exists a (Glo°)!-monoidal functor

(50,inj)1: Fungioor ((Arini(Glo)°P)H, #2 x (G1o°P)T)P* — Fungjee (OR®, 7 x (Glo®P) )P,

which then induces the required natural transformation. This description shows as well that the component
at G coincides with $¢, and so the composite functor ¥G « — PSpg is analogous to the usual suspension
prespectrum functor Fo(—). We will formulate a precise statement to this effect as Proposition 10.5.

10 Functoriality of equivariant spectra

In the previous section we have constructed the functor
PSp,: Glo? — Catg,

and calculated its partially lax limit. In this section we will show that this functor descends to a diagram Sp,,
where on every level we restrict to the subcategory of spectrum objects. Furthermore, we will prove that
the functoriality obtained in this way agrees with the standard functoriality of equivariant spectra under
the restriction—inflation functors. Finally, we will compute the partially lax limit of Sp, as a Bousfield

T = laxlim® PSp,.

localization of PSpgl =

Given a continuous group homomorphism «: H — G between compact Lie groups, we write
a®: ORGg-%+« — ORy-S+

for the symmetric monoidal functor induced by «. Our goals require a better understanding of a*. We
start by studying the interaction between o* and the Quillen adjunction of Construction 7.6

Iv:GT S 9-GT :evy

for a given G-representation V. However, before we do this, we first need to understand how these
adjunctions manifest themselves under the equivalences

gG ~ Og—y and ORG—Ef’ ~ $-GT
of Example 3.40 and Theorem 8.9.
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Remark 10.1 Consider X € $-GJ and a G-representation V. Then the G-space X (V') corresponds to

the presheaf
G/H — X(V)" ~Map, 64(G xu Sy, X).

Note that G x g $y|,, is the image of (H, V| ) under the embedding L of Theorem 8.9. Therefore, if we let
sy Og’ — ORg be the cocartesian section of g sending G/ G to (G, V), we have s(G/H) >~ (H,V |g),
so we can identify evy with

S;}IORG—Ef’—>9g, X+— Xosy,

and similarly for the pointed version. It follows that the derived functor associated to $y is given by the
left Kan extension functor (sy ). Finally, we can compute that this is given by

Sy X)H, W)~ 9V, W)H x xH

by the following lemma.

Lemma 10.2 Let :€ — B be a cocartesian fibration of co-categories and s: B — € be a cocartesian
section. For every functor F : B — 6 where 6 is a cocomplete co-category, we can compute the left Kan
extension along s by

(s1F)(e) = Map,—1(z)(s7(e), ) x F(r(e)) forall e € E.

Proof By the usual formula for left Kan extensions we have that
(s1F)(e) >~ colim F(b).
bE%X%C(g/e
We claim that the projection B X¢ €/, — B/, is a left fibration with fiber over f:b — me given by
Map% (s(D),e). In particular, since F' is constant along the fibers of this fibration and B, has a final
object, we have
colim F(b) >~ colim Mafsb,ebu:Ma - si(e),e) x F(m(e)).
jLolim Fb)=  colim  Map] (5(5).€) X F(b) = Map-1 ey (57(€). €) X F (@)
It only remains to prove that the functor B x¢ €/, — B/, is a left fibration. That is, we need to show

that for every diagram
A:l — Bxgé Je

| 7]

-

A" ——— Bre

with 0 < i < n, there exists a dotted arrow completing the diagram. Using the definition of slice
oo-categories, this is equivalent to finding a dotted arrow completing the dotted diagram

A xA® Ty g

P
L)

A" % AO~ Antl G o g

Geometry & Topology, Volume 29 (2025)



1420 Sil Linskens, Denis Nardin and Luca Pol

where F restricted to A” € A7 s given by the restriction of sG. This diagram is a diagram of marked
simplicial sets when we give % the total marking, € the cocartesian marking and on the left column the
marking (Al’.’)ﬁ * A — (A™)# % A0, Since the left vertical arrow is left marked anodyne by [Shah 2023,
Lemma 4.10], the lift exists. O

Having understood the adjunction $y  evy, we now discuss how this interacts with the functor o*.

Proposition 10.3 Let us fix an arrow o.: H — G in Glo.
(1) Given a pointed G -space X, there is a natural equivalence
a* Iy X >~ oy (@*X).
(2) Given a pointed ORg -space Y, there is a natural equivalence
a*evy Y ~evgsy a*Y.
(3) Under the two previous identifications, the counit natural transformation
Spevp X - X

is sent by a* to
Jaxv ever V(' X) - a* X,

the counit natural transformation for «*V applied to a* X .

Proof Write Oy = Ar;pj(Glo) Xgio [1] (using the target map 7 : Arjpj(Glo) — Glo) and let ip: O — Oqy
and i1: Og — Oy be the inclusions of the fibers over 0 and 1, respectively. Similarly, write ORg :=
ORy| XGlo» 0. and jo, j1: ORg,ORG — ORy, for the inclusion of the fiber of OR, — [1]° over 0
and 1, respectively. Therefore by Remark 3.23 we can identify

o ~ig(i1)1: e« —> P and o >~ ji(j1)1: ORG-F« — ORy-Fs.

Let sy : 0°Gp — ORg be the cocartesian section of 7g: ORg — 02) which sends G/G to (G, V).
Similarly let s: 05" — OR, be the cocartesian section sending the initial object i1 (G/G) of O’ to
j1(G, V). Then s restricts to sy on 03’ and to s+ on 02’, since a cocartesian section is determined
by where it sends the initial object. Therefore by Remark 10.1 we obtain

"Iy X = (sy X = jo (isyh X = josiihX
for every pointed G-space X. Using the formula for sy described in Lemma 10.2 we see that the above

can be identified with (sq+y )17 (1)1 X, thus proving the first statement.

Now let Y be an ORg-space. Then we claim that s*(j1)1Y is left Kan extended from Og’. In fact this
happens if and only if s*(j1)1Y sends the arrows (G,aL) — (H, L) in Oy’ to equivalences. But the

arrow
[s(G,al) = s(H,L)] ~[(G,aL,V)— (H,L,a*V)]
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is a terminal object of ORg XoRr, (ORg)/(H,L,a*V) and so it is sent to an equivalence by (j1)1Y. This
implies that
eVary @Y 2 spuy (JY 2 jos™ (Y = jo (jii(sy)™Y ~a*evy Y,
proving the second statement.
Finally we consider for every ORg-space Y, the natural transformation
sis™ (Y — (Y,
and note that this is a natural transformation of functors left Kan extended from OR¢, which restricts to
(sy)ispY — Y and (sgxy )1spspa™Y — ™Y
on the fibers over 0 and 1, respectively. Thus a* sends the former to the latter, showing the third
statement. |

With this result we can show that PSp, restricts to a functor on spectrum objects.

Proposition 10.4 There exists a functor Sp, : Glo°® — Catg% and a natural transformation of functors
L,:PSp, — Sp,,

whose component for a fixed G is the spectrification functor LG : PSpg — Spg.

Proof Consider a group homomorphism «: H — G. We claim that the functor PSp, : PSp; — PSpgy
preserves stable equivalences. It suffices to show that it preserves the generating equivalences G g Ay, w
of Proposition 7.30. Moreover, since G is compact, we can restrict to the cofinal set W of K -representations
that are extended from G.

First note that Ay,w ~ (G xg Fy (S ) ® Ao,w. Since PSp, is symmetric monoidal by construction
and stable equivalences are stable under tensor product, it suffices to show that PSp, (A, w ) is a stable
equivalence. We claim it is equivalent to Ag o+w . In fact, Ao w is exactly the counit of the adjunction
Fw - evyy of Construction 7.28 applied to Sg. Therefore we can factor it as

(Fwevw)Se ~ (S ® -)9w evw USGg — (S¢ ® -)USG — Sg.

where (Sg ® —) 1 U is the free-forgetful adjunction between PSp; and ORG-«, and the arrows are the
counits of the respective adjunctions. Then our claim follows from Theorem 5.10 and Proposition 10.3.

Knowing that PSp,, preserves stable equivalences, we can combine Construction 9.18 and Corollary 4.14
to obtain Sp, and the natural transformation L, : PSp, — Sp,. a

Recall that we constructed a natural transformation ¥3°: &, » — PSp, in Construction 9.18, which
pointwise was our analogue of the suspension prespectrum functor. We may compose this with the natural
transformation L, to obtain a new natural transformation, which we again denote by X2°.
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Proposition 10.5 The component of £3°: ¥, « — Sp, at the group G is equivalent to the standard

suspension spectrum functor.

Proof Considering the component at G, we observe that the functor X7’ is defined as the composition
F6,x« = ORG-F« — Modgs,; (ORG-F%) >~ PSps — Spg.

where the first functor is $¢ (ie precomposition along ORg — 0(();1’), the second functor is the free
Sg-module functor (Sg ® —) and the third functor is the localization functor. These functors are all

modeled by left Quillen functors
GTy —> 9-GT 4 — Spg — Sp(o;

given by the constant $-G-space, the free Sg-module and the identity, respectively. Therefore X% is
modeled by their composition, which is exactly the suspension spectrum functor constructed in [Mandell
and May 2002]. O

This suffices for us to conclude that the functoriality of Sp, agrees morphismwise with the functoriality
of equivariant spectra in restriction, by the universal property of G-spectra.

Corollary 10.6 The functor Sp, : Glo®? — Catg% sends a compact Lie group G to Spg, and a continuous
group homomorphism «: H — G to the restriction functor «*: Sp; — Spy .

Proof Consider the commutative diagram

Spg
Spg —— Spw

)+ )+

Sge La)y}[

of symmetric monoidal functors. By the universal property of G-spectra [Gepner and Meier 2023,
Corollary C.7], the functor Sp,, is uniquely determined by ¥y «, and this is completely determined by ¥
by [Lurie 2017, Proposition 4.8.2.11]. Finally, Proposition 6.16 identifies the functor ¥* with «*. 0O

Remark 10.7 The argument of Corollary 10.6 in fact shows that the natural transformation X, x: %4 x —
Sp, admits a universal property. This forces Sp, to coincide with the construction of [Bachmann and
Hoyois 2021, Section 9] on the subcategory of Glo spanned by finite groups. This suggests a possible
comparison between ultracommutative Fin-global ring spectra in the sense of [Schwede 2018] and normed
spectra in the sense of [Bachmann and Hoyois 2021].
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We have now constructed Sp, and shown that it agrees with the standard functoriality of equivariant
spectra. We will write Sp ol for the partially lax limit laxlim" Sp,. We would like to describe SpT1 as a
Bousfield localization of PSpgl by applying Lemma 4.13. To do this requires the following two lemmas.

Proposition 10.8 Let«: H — G be an injective group homomorphism. Then the functor «* : ORg-¥ —
ORp -¥ has a left adjoint . Moreover, under the identification of Theorem 8.9, the adjunction oy - o*
corresponds to the Quillen adjunction G xg — - a™ of Proposition 7.10.

In particular, for X € ORg-Y and Y € ORg-¥, the comparison map
a(XQ@a*Y) > XY
adjointto X @ a*Y — a*an X ® a™Y is an equivalence.
Proof By the description of Remark 3.23 and Lemma 9.13 it follows that «*: ORg-¥ — ORg-¥ is

given by precomposition along the functor p,: ORyg — ORg obtained by basechange from 02’ — OEP.
In particular, it has a left adjoint oy given by left Kan extension along p,.

In the proof of Theorem 8.9 we have constructed a functor L : OROHp — $-H g[Wlal] sending (K, W)
to H xg $w. We claim that there is a commutative diagram

/LH\

ORY Y&y gRy.g — = 5 $-HI W]

e la, J6xn-

OR; ——— ORG-¥ ——— $-GT[W;']
Lg

where the horizontal equivalences are given by Theorem 8.9. The diagram on the left commutes by the
universal property of presheaf categories and the outer square commutes by direct verification using the
formulas of Lg and Lg. Therefore a generation argument, using that all the functors preserve colimits,
shows that the rightmost diagram commutes too. The rightmost vertical functor can be modeled by a left

Quillen functor by Proposition 7.10, so the first claim follows.

Finally, since the map
Gxg(X®Y)>(GxgX)RY

is an isomorphism in $-G 9, it follows that the derived formula holds as well. |

Lemma 10.9 Let o: H — G be an injective homomorphism of compact Lie groups. Then PSp,, : PSpg —
PSpy sends Spg; into Spgy .
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Proof PSp, sends X to Sg Qq+s,; «*X >~ o™X, since « is injective. Therefore PSp, preserves all
small limits and colimits, since o* does, and so it has a left adjoint L. Moreover, by Proposition 10.8

there is an equivalence
Loy(X ®PSp,Y)~Ly(X)®Y.

To prove that @*(Spg) < Spy it suffices to show that L, preserves stable equivalences. By cofinality the
stable equivalences in Spy; are generated by those of the form H xps Ay w|,,, where M < H is a closed
subgroup, V is an M -representation and W is a G-representation. But then

Lo(H xp Ay.wiy,) = La(H xp Fy S®) @ a*Xow,,) = La(H xp FyS®) & Ao,w.

Since stable equivalences are stable under tensoring and Ao y is a stable equivalence, this proves the
thesis. d

Given a compact Lie group G € Glo, we denote by Ug : PSp; — PSp the canonical functors associated
to the universal cone.
i i

gl gl
left adjoint by Lyg;: Psz1 — Sp;fl. Furthermore, the following conditions are equivalent for an object

Proposition 10.10 The oco-category Sp,., is a Bousfield localization of PSp_;. We denote the associated

i
X € PSpgl.
(a) X isinSp!

gl’

(b) For every compact Lie group G, the G -prespectrum U, él(X ) is in Spg.

(c) For every compact Lie group G, the G -prespectrum UgX is local with respect to the maps Ay,w
defined in Construction 7.28 for any G -representations V and W.

Proof Recall that Sp, was constructed in Proposition 10.4 by localizing the functor PSp, using
Lemma 4.13. By the same lemma together with Lemma 10.9, we conclude that Sp;;1 is a Bousfield
localization and that conditions (a) and (b) are equivalent. By Proposition 7.30, condition (b) is equivalent
to the condition that for every compact Lie group G and closed subgroup H < G, the H -prespectrum
resg UélX is local with respect to the maps {Ay,w }, where V and W vary over all H -representations.

By construction we have U f} = resg oU, g, so (b) and (c) are equivalent. O

11 Global spectra as a partially lax limit

Recall the functors PSp,, Sp, : Glo®? — Catg% constructed in Propositions 9.16 and 10.4. We also defined

PSp], = laxlim' PSpg  and  Sp}, := laxlim" Sp.

-*.
gl
of global spectra Spy;, whose definition is recalled in Definition 7.23. Our proof will go roughly as

The goal of this section is to show that Sp_, is symmetric monoidally equivalent to Schwede’s co-category

follows:
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We will first construct a symmetric monoidal adjunction
J: PSpry 2 Mods,,, (ORg1-%+) < Mods, (ORg-.) 2 PSp], : j*

between prespectra objects, where the equivalences are given by Proposition 9.16 and Corollary 8.23.

e We note that there are Bousfield localizations Sp,; C PSpy, and SpJgrl C PSpgl. We denote by
Lg: Psz1 — Spg1 the localization functor.

e We will then check that j* preserves spectrum objects, and therefore obtain an induced adjunction
gl © J1-9Pg1 = ©OPg -J
between the respective localizations.

o We will show that this adjunction is in fact an equivalence, by showing that j * is conservative on
spectrum objects, and that the unit of the adjunction (Lg o ji, j*) is an equivalence.

We start by constructing an adjunction between prespectrum objects. By Lemma 9.3 we can identify
ORyy with the full subcategory of ORg spanned by (G, V'), where V' is a faithful G-representation. Then
the canonical inclusion j : OR¢g < ORg induces an adjunction

j! : Ongl—ff* <__> ORgl—g)* ]*
Note that jy is fully faithful as it is given as a left Kan extension along a fully faithful functor. Moreover
the functor j is strong monoidal by Proposition 3.34.
Proposition 11.1 The inclusion j : ORgy < ORg admits a right adjoint q, which is given on objects by
(G.V) = (G/ker(V), V),
where ker(V') < G is the subgroup of g € G acting trivially on V. In particular, the left Kan extension j)
is equivalent to the functor ¢* given by precomposition by q.

Proof The G/ker(V)-representation V is clearly faithful, so to prove the thesis it is enough to show that
for every (H, W) € ORgg, the map (G/ker(V), V) — (G, V) induces an equivalence on mapping spaces
Mapog, (H, W), (G/ker V)) = Mapog,, (H, W), (G,V)).

By Definition 9.2, this means we need to show that the map
(Hom(G/ker V, H) x $(W, V)I¥V s (Hom(G, H) x (W, V))$

given by precomposition with G — G/ker V' on the first coordinate, is a homotopy equivalence. In fact
we will show that

(Hom(G/ker V, H) x $(W, V))¢/%V _s (Hom(G, H) x $(W, V))¢
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is a homeomorphism. Since it is a continuous map of compact Hausdorff topological spaces, it suffices to
show that it is bijective. As Hom(G/ker V, H) — Hom(G, H) is injective, so is the above map. Therefore
to conclude we need to show it is surjective.

Concretely this means that if we have a map «: G — H and an isometry ¢ : W — V that is G-equivariant,
we need to show that « is trivial when restricted to ker V. But if g € ker V, then g acts as the identity
on V, and therefore a(g) acts as the identity on W (since ¢ is G-equivariant). Since W is a faithful
H -representation this implies that «(g) = 1, as required. |

Note that it is clear from the definitions that j * S, > S, as commutative algebra objects. As an application

of the previous proposition we find:

Corollary 11.2 The counit map €: St — Sg is an equivalence of commutative algebra objects. In
particular, the functors jy - j* induce an adjunction

J: PSpry = Mods,,, (ORg-%+) < Mods, (ORg-.) 2 PSp], 1 j*.

Proof Because j is strong monoidal, the counit is canonically a map of commutative algebra objects.
Therefore for all (G, V') € ORg we compute

J1(St) (G, V) = Stai(q(G, V) = (V) /%) ~ (§V)G = 5,4(G, V).

Because jy and j* are strong and lax monoidal, respectively, and they swap the two algebra objects, they
induce functors as in the statement, which are evidently adjoint. a

We will now use the adjunction
J1: PSpry 5 PSpY, ¢

to induce an adjunction at the level of spectrum objects. To do this we need to see how the adjunction
(1, J*) interacts with the full subcategories of spectrum objects. To this end we briefly rephrase the
discussion of local objects in PSpg,; given at the end of Section 7.

Remark 11.3 Recall from Proposition 7.27 that Spy, is a Bousfield localization of PSpy,, at the morphisms
{AG.,v.w} where G is a compact Lie group and V' and W are G-representations with W faithful. Because
Jr: PSpgg — PSP; is fully faithful, we can equivalently require that j; X is local with respect to the maps
J1(AG,v.w), where W is a faithful representation. These maps again corepresent the G-fixed points of
the adjoint structure map GG, y,w, and therefore we will denote them by )LTG’V’W, and similarly we will
write FCT; y for jiFgy.

We have seen in Construction 7.25 that for any compact Lie group G and G-representation V, there is a
functor evg,y : PSpgy — F,« that sends a faithful global prespectrum X to the G-space X (V). Under

the equivalence
Pspfg] ~ MOdeg] (Ong]'vg)*),
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this functor can be modeled as follows. Consider the cocartesian section sy : 080 — ORg which is
determined by the object (G, V') € ORg, and write ky for the composite 02’ 5 ORg 25> ORy. If V
is faithful then ky lands in ORgy and so we can define evg,y as the composite of right adjoints

k*
Mods,, (ORy-%+) 2 ORgg-F —> S .

Similarly, as discussed in Construction 7.28, there is a functor evy: PSp; — G« sending a G-
prespectrum X to the G-space X (V). Under the equivalence

PSpg >~ Modgs; (ORG-S )
this functor is modeled by the composite
Mods,, (ORG-%+) 25> ORG-%x RN S
See also Remark 10.1.

Remark 11.4 From the previous discussion we conclude that there is a commutative diagram of right
adjoints
. el

j U
PSpgy < Psz1 < > PSpg

| -

o ¥
Mods,, (OR¢g-%+) +1— Mod: (ORg-5x) —5 5 Mods, (ORG-%+)
g

fgtl fgt lfgt
. ~

Ongl—y* (j— ORgl—ff)* v—G> ORg — Y«
k*
kv, NS Sty
yG’*

Using that the corresponding diagram of left adjoints commute, we see that for all X € PSp; and
G-representations V and W with W faithful, the diagram

ov.w

F6.+(S% X(W))

A

> Fo( SV, XV W)

~ ~

~N

A’*
PSpg (Fw S°, UE (X)) —2"— PSpg (FrewSY, UE (X))

(11.4.1) ~ ~
0 :x* A*G,V,W M Vo o.x
PSpgg(Fo,wS?, j*X) ————— PSpiu(Fe.vewS".j*X)

A

~ ~

T *
ot 46.v.w) topt y
PSpgl(FG’WSO,X) ————— PSpL(F¢ yewS’ . X)

~

commutes, so all the various A-maps correspond to each other under the various adjunctions.
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Given any compact Lie group G and any faithful G-representation W, we define a functor
fgl
UGg,W: PSpg, — PSpg
as the composite
Jt vg sh
PSpyy —> PSp; —5% PSpg —% PSpg.

where shy denotes the shift W -functor, given by cotensoring by Fy S°.

Theorem 11.5 An object X € PSpy, is in Spy if and only if, for every compact Lie group G and
faithful G -representation W, the object Udi(X ) is in Spg . Moreover, the functors {UG W}(G W) are
also jointly conservative.

Proof By Remark 11.3, we know that X' € PSpy, is in Spy, if and only if 1 X € PSp;
respect to the set of maps {k GV, w > where G runs over all compact Lie groups and V' and W are G-

is local with

representations with W faithful. The commutative diagram (11.4.1), together with the fact that j * j1 X ~ X,
shows that this is equivalent to asking that for all compact Lie groups G, the object U(g;l( J1X) is local
with respect to {Ag,y,w}, where I and W are as above.

We next note that by definition, given an arbitrary G prespectrum Y, the map
ALy i PSpg(Fy S° shwY) — PSpg (Fyey SV, shyY)

is equivalent to A, |, qw- Also recall that given a faithful G-representation W, W @ U is also faithful for
any G-representation U'.

These two observations combine to imply that Ug( J1X) is local with respect to {Ay,w } for G, V' and
W as above if and only if for all compact Lie groups G and faithful G-representations W, the object
shy U(g; Jiu(X) = w X 1is local with respect to {Ay,y } for arbitrary G-representations V' and U.

On the other hand by Proposition 7.30, U wX is in Spg if and only if for all closed subgroups

fgl fgl
H < G, the H-prespectrum resHU X = UH 56 W

H -representations V and U, and W a falthful G- representatlon Varying these statements over all compact

X is local with respect to {Ay,y} for arbitrary

Lie groups, we find that UG WX is in Sp for all compact Lie groups G and all faithful G-representations
W if and only if for all G and all faithful G-representations W, the G-prespectrum UGg w X is {Ay,u }-local
for arbitrary G-representation V' and U. This is identical to the condition of the previous paragraph, and
so we obtain the first claim in the theorem. For the second statement, note that after forgetting module
structures, the functor U(f;g,lW is given by restriction along the functor

shw : ORG — ORyy, (G/H,U) > (H,U @res% (W)).

The claim then follows from the fact that the functors {shy }(G,w), where G runs over all compact Lie
groups and W all faithful G-representations, are jointly essentially surjective. O
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The following is the key fact about the right adjoint j *.

Proposition 11.6 Let G be a compact Lie group and let W be a faithtul G -representation. Then the
following square commutes:

UCg;l +
PSpg +—— PSpgl

o b
Uugy

PSpg & PSpyy

Proof The unit of the adjunction j; 4 j* provides a natural transformation
Ugyi* =shwUE jij* — shwU§.

which we claim is a natural equivalence. This follows from the fact that on underlying objects shy Ugl is
given by restriction along the functor

ORG — ORy, (H,V)+> (H,res&(W)a V).
This only sees levels in the image of ORggy, where the unit is an equivalence. a

Corollary 11.7 Suppose X € Sp;. Then j*(X) € Spy;- In particular we obtain a functor

J*:Spy = Spy.
which admits a left adjoint given by Ly o ji.

;, we obtain that Uél(X ) is a G-spectrum by Proposition 10.10. Note that

the functor shy preserves G-spectra for every G-representation W. We deduce using Proposition 11.6
that U, fel wJ ¥ (X) is a G-spectrum for every G and W faithful. Therefore by Theorem 11.5 j*(X) is
contalned in Spy;. m

Proof Because X isin Sp

Proposition 11.8 The map j*: Spg1 — Spy Is conservative.

Proof Let f:X — Y beamapin PSpJgrl such that j*( f) is an equivalence. This implies that f(g, ) is an
equivalence of spaces for every faithful G-representation W. We finish the argument by proving that if f
is in fact a map between objects in Sp;, then f(G,v) is an equivalence for every G-representation V' if and
only if it is an equivalence for faithful G-representations. The forward direction is trivial. For the converse,
note that because PSp ol is a partially lax limit, the collection of functors {US G }G is jointly conservative.
Now our assumptions tell us that Ug gl (f)G,w) is an equ1va1ence for every faithful G-representation W.
But because f is in fact in Spgl, both the source and target of UG (f) are G-spectra. Therefore our claim
reduces to the fact that a map between G-spectra, which is an equivalence on faithful levels, is already
an equivalence. The collection of faithful representations is cofinal in all representations, and so this is
clear. O
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Theorem 11.9 The unit of the adjunction

Laio ji: Spy < Spyy 1/*
is an equivalence.

Proof Consider X € Sp,. Letnx: X — j *Lg1j1X be the unit of the adjunction Lgjo jy < j* evaluated
at X. This adjunction is given as a composite of two adjunctions and so the unit is given by the composite

where 7’ is the unit of the adjunction j; 4 j* and y exhibits Ly j1 X as the localization of j; X in PSp;.

However, recall that j is fully faithful and therefore the first of the two maps is an equivalence. So it
suffices to prove that the second map is also an equivalence.

The functors U % G, W are jointly conservative, and so we will prove that U, Gng (j*(y)) is an equivalence
for every (G, W) where W is faithful. Applying Proposition 11.6 we conclude that U, gW( j*(y)) is
equivalent to
sh" UE (y): sh" UE jiX — sh" U Lg ji X.
By Proposition 10.10, Ug(y) is equivalent to
v6: UG X — LGUE jiX,

where yg exhibits Lg UG1 j1X as the localization of UGl J1X in PSpg. Spectrification of G-prespectra
commutes with sh"”, and therefore sh"”’ (vg) gives the localization of UGng (X) = shWU gl J1X in PSpg.
Recall that X € Spy;, and so U, gW(X ) is a G-Q-spectrum by Theorem 11.5. Therefore shW (yg) is an
equivalence, concluding the proof. O

T

o = laxlim' g SpG — Spy-

Theorem 11.10 There is a symmetric monoidal equivalence j*: Sp

Proof We have proven that j; - j* is an adjunction in which the right adjoint is conservative, and the
unit is a natural equivalence. Therefore the functors are an adjoint equivalence. Moreover j is strong
monoidal, which implies that j*, as its inverse, is also strong monoidal. O

12 Proper equivariant spectra as a limit
The goal of this section is to exhibit the co-category of genuine proper G spectra Spg; as a limit over the
proper orbit category Og)pr of a diagram

Sp(_): O?EPr — Cateo, G/H — Spgy.

In contrast to the case of global spectra, once the diagram has been constructed, the identification of the
limit will be almost immediate. In fact even the general strategy for constructing the diagram is essentially
identical. For this reason we will be brief and refer to Section 9 for the relevant details.
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Recall from Lemma 9.9 that the co-operad OR% fits into a pullback
OR§ —“— ORY

ml L

i
2
(0g D! —= (Glo™)!
Because ORS’ — (Glo°®)H is a cocartesian fibration which by definition classifies the functor Rep(—),
we immediately obtain:
Proposition 12.1 For every Lie group G, the forgettul functor ng : OR% — (ng’pr)u is a cocartesian
fibration which classifies the functor

ng’pr — Cat?g, G/H +— Rep(H).
Definition 12.2 We define f)Tlg via the following pullback of operads:

ORE — OR®

I l

(Ar(0g p) )1 == (0@ )Y

We consider OR% as living over Og,), via the composite

—_— ) op
T . OR% % (AT(OG,pr)Op)H t—> (ng,pr)u'

Just as in Lemma 9.11, we can show that (’)\ﬁ% is a pro-(0g )" -monoidal category.

Proposition 12.3 The functor n: (’)\li(; — (Og)pr), given by restricting w to underlying categories, is
a cartesian fibration. Furthermore, an edge (f, g) € (ﬂ)\IiG is cartesian if and only if s°P(f) and g are

equivalences.
Proof The proof is analogous to Lemma 9.13. O
Proposition 12.4 f)\lig X(o@u {G/H} ~ OR?}.

Proof The pullback P = (f)\ﬁg X0 {G/H} fits into the diagram

P———OR;g — OR ——— ORY

| | | !

(O" —— (Ar(0Gp) ) —— (05 P! —— (GloP)H

| |

(G/H} —— (OF !
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in which every square is a pullback. One can show by direct computation that the middle composite
(0;;))1_[ — (Glo°®)! is equivalent to LI;II. Therefore the result follows from Lemma 9.9. |

Definition 12.5 Consider the Day convolution operad
Fung,, ,(ORE, ¥ x (OF )")PY.
Just as in Section 9, this is an (ng, » r)H—monoidal category. We define
OR.-Fs: O, — Cat3}

to be the functor associated to it by the equivalence of Proposition 5.5. By Proposition 12.4, the value of
OR,-¥« at G/H is equivalent to ORg - .

Proposition 12.6 The projection map (Tlig’ — OR% induces a fully faithful symmetric monoidal functor
ORG-F5x — f)TlG -%«, given by restriction. A functor F : 6T1G — S« is in its essential image if and only
if F sends m-cartesian edges to equivalences.

Proof The argument is identical to that of Lemma 9.14. a

Lemma 12.7 There is a symmetric monoidal equivalence

lim OR,-%sx ~ ORgG-Y«.

op
OG,pr

Proof The calculation at the beginning of the proof of Lemma 9.15 shows that the lax limit of the
diagram OR,-« is equivalent to the symmetric monoidal category (Tlig -F« To compute the actual limit,
we can once again argue on underlying categories by appealing to Remark 5.2. Note that by Remark 3.11,
the underlying category of (f)\lig—Ef’* is equivalent to Fun((f)\l/{(;, J«). The analysis of the second half
of the proof of Lemma 9.15 implies that the limit is equivalent to the full subcategory spanned by the
functors which send mr-cartesian edges to equivalences. By Proposition 12.6 this subcategory is equivalent
to Fun(ORg, ¥x). |

Recall from Definition 7.18 that ORg-spaces admit an algebra object Sg, whose restriction to ORg -
spaces for H a compact subgroup of G is equivalent to Sg.
Corollary 12.8 There exists a functor PSp, : 02” o Catg%, and one calculates

lim PSp, >~ Modg,; (ORg-Y).

op
OG,pr

Proof Once again, PSp, is defined as Modge (OR,.-F«), using Theorem 5.10. An argument as in
Proposition 9.16 allows us to calculate the limit. |

So far we have constructed and computed the limit of the diagram PSp, : Og’pr — Cat?;. Given a map
a: H — K C G in Og p, the induced map PSpg — PSpy; is by construction equivalent to the global
functoriality constructed in Section 9 evaluated at . Therefore the results there imply that PSp,, preserves
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spectrum objects, and so we obtain a diagram Sp, : OEP or ™ Cat?g. Furthermore, Corollary 10.6 implies
that Sp,,: Spx — Spy agrees with the standard restriction functor between equivariant spectra. To
calculate the limit of Sp,, we apply Lemma 4.13 to conclude:

Corollary 12.9  The limit limg® o Sp, is a Bousfield localization of Modgs; (ORG-¥«) at the objects X
whose restriction to Mods,, (ORg -¥4) is an H -spectrum for every compact subgroup H of G.

Recall from Section 8 that the category of genuine proper G-spectra is also a Bousfield localization of
Mods; (ORG-¥«). Therefore it remains to show that the two subcategories agree.

Proposition 12.10 An object X € Mods; (ORG-¥«) is a G-spectrum if and only if for every compact
subgroup H < G, the restriction of X to Modg,, (ORy -¥«) is a H -spectrum.

Proof Recall from Proposition 7.30 that an object X € PSpg; is a G-spectrum if and only if for all
compact subgroups H < G, the object reng is local with respect to Ag,y,w. Now by definition,
reng is a G-spectrum if and only if resg reng is local with respect to Ak y,w. However, because

resg resg = resg, we conclude that the two conditions of the theorem agree. a

Thus we can conclude the main theorem of this section:

Theorem 12.11 The category of proper G -spectra is equivalent to the limit of the diagram

Sp.: OOGppr — Cat?g.
In symbols,
Spg =~ lirpn Sp.-
00

G .pr

Appendix Tensor product of modules in an co-category

The goal of this section is to provide a proof of Theorem 12.21 below, which will be useful when studying
lax limits of co-categories of modules. This section uses some technical results about the theory of
oo-operads as developed in [Lurie 2017] and so it should be skipped on a first reading.

Definition 12.12 We define €.I%® to be the co-operad corresponding to the symmetric multicategory
with two objects a and m with
« ifforalli, x; =a, x if [{i | xj=m}| =1,
Mul({x;},a) = Mul({x; },m) = .
ul{xi}. @) @ otherwise, ul(dxi}.m) @ otherwise.
We know by [Glasman 2014, Proposition 7] or [Hinich 2015, Lemma B.1.1] that for every co-operad €%
there is a natural equivalence of co-categories
Mod™ ™ () =~ Alg, & (6).
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Our goal is to give a similar description of the tensor product of modules over a commutative algebra, that
is, of the family of co-operads Mod(%)®. In order to do so we will introduce a variant of €% which
parametrizes finite sets of modules.

Construction 12.13 Let 6.1® be the category whose objects are triples ({n), (m), {S; }i=1
(n), (m) € Fin, and {S;} is a family of pairwise disjoint subsets of (m). A map

({n), {m), {Si}) — ((n"), (m").{S;})

is a pair of maps f: (n) — (n’) and g: (m) — (m’) in Fin, such that

n), where

.....

o forevery i € (n)°, we have g(S;) C SJ/‘(i) U {x*}, where S, = @,

o foreveryi € f~1(n’)° and every s’ € S}(i), there is exactly one s € S; such that g(s) = s’.

Lemma 12.14 The projection M® — Fin, x Fin, that forgets the subsets {S;} is a Finy-family of
oo-operads in the sense of [Lurie 2017, Definition 2.3.2.10], with inert arrows exactly those arrows that
are sent to an equivalence by the first projection and to an inert arrow by the second projection.

Proof The inert arrows are the arrows

(idg). £): ((n), (m).ASiH) — ({n), (m"), {£(Si) 0 (m") %),

where f: (m) — (m’) is an inert arrow in Fin,. It is easy to check that they satisfy all necessary
properties. |

Notation 12.15 For every oo-category X — Fin, with a functor to Fin,, we will write %T/IJ/LS? for the
X -family of co-operads X Xpip, @//UX’, where we pull back along the composite

T . . pry .
@M*® — Fing x Fingy — Fin.

Note that @//L‘a) is equivalent to €.M%®. Intuitively, the fiber @TI/L%) is the co-operad controlling pairs

(A,{M;}), where A is a commutative algebra and {M;} is an n-tuple of A-modules.

We will write a,, for the object ((n), (1), {@}) and m; , for the object ((n), (1), {S;}), where S; = & for
i # j and S; = {1}. It’s easy to see these are all the objects of the underlying category of the generalized
operad

eM® — Finy x Finy &) Finy.

First we will prove a generalization of [Glasman 2014, Proposition 7] that shows how GM® controls the
tensor product of modules over commutative algebras.

Proposition 12.16 Let X € (Cateo) /pin, be an co-category over Finy, and let %® € Op,, be an co-operad.
Then there is a natural equivalence

Alg@ax (<€®) >~ Fun /gy, (X, ModFin= (<6)®),
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Proof Let ¥ C Ar(Fin«) be the full subcategory of semi-inert arrows [Lurie 2017, Notation 3.3.2.1].

Consider the pullback
X Xpip, X — X

| |

3 ——— Fin,

I

Fins

We will say that an arrow (f, g) in X Xpi,, K is inert if f is an equivalence and #(g) is an inert edge
of Finy(this is different from the convention in [Lurie 2017], but it is more suited to the current proof).
Then recall that by [Lurie 2017, Construction 3.3.3.1] the co-category Mod(%6)® is defined so that there
is a natural fully faithful inclusion

Fun gy, (X. Mod"™™ (€)®) — Fun/pin, (X XFin, I, €%),
where X X, H lives over Finy by the vertical composite in the diagram above, with essential image
those functors sending inert arrows of X Xgip, K to inert arrows.

There is a functor % — %Al sending a semi-inert arrow [s: (n) — (m)] to ((n), (m), {{s(i)} N (m)°};).
It identifies ¥ with the full subcategory of an spanned by those triples ({n}), (m), {S;}) where |S;| <1
for every i € (n)°. Moreover, an arrow in X Xgjp, K is inert if and only if its image in %Ay is inert.
Therefore restricting along this inclusion induces a natural transformation

Algzy (€®) — Fun g, (X, Mod™™ (6)®).

Our goal now is to prove that this is an equivalence of co-categories. This follows from [Lurie 2009,
Proposition 4.3.2.15] together with the following two statements, where we write p: €® — Fin, for the
structure map of €®:

(1) Every map F: X xgin, H — €% over Fin, that sends inert arrows to inert arrows admits a right
p-Kan extension to 6.y that sends inert arrows to inert arrows.

(2) A functor F': @/LX — ©® which sends inert arrows to inert arrows is the right p-Kan extension of
its restriction to X Xgip, K.

Let (x, (m), {S;}) be an object of %Ly and write S = [I; Si € (m)°. Let us consider the functor
P(S)P — Gy

sending a subset A € S to (x, (m)/(S ~ A),{A N S;}) and all arrows to inert arrows. This induces a

functor .
P(S)P — (GMx) (x, (m) {511/

which sends A to the inert morphism collapsing all elements of S not in A to the basepoint. If we let
9(S) C P(S) be the subposet of those elements A such that |4 N S;| <1 for every i, we obtain a functor

A(S)P — (X XFiny ) (x,im).£5;1)/
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to the comma category, which has a right adjoint given by
[(f:9): (x. (m). £S:1) — (& (') £SID] o> & (]_[S ) ns,

and therefore is coinitial. Thus, by [Lurie 2009, Proposition 4.3.1.7 and Lemma 4.3.2.13] it suffices to
show the following two conditions:

(1) Let F: X Xpjp, X — ©® send inert arrows to inert arrows. Then the composition
9(S)P — X Xgin, H — €%
has a p-limit diagram sending all edges to inert edges.

(2) Let F: %TI/LX — €@ send inert arrows to inert arrows. Then the composition
(2(S)P) — P(S)°P — Glly — €®
is a p-limit diagram, where the first functor sends the cone pointto S C S.

Both of them are now an immediate consequence of the characterization of p-limit diagrams in terms of
mapping spaces [Lurie 2009, Remark 4.3.1.2] and the definition of co-operads. |

Now we will obtain a description of inert and cocartesian arrows of Mod™™*(€)® in terms of the model
of Proposition 12.16.

Construction 12.17 (bar construction) There is a functor
B: (A)” — @M®
sending [n] to ((2), Homa ([n], [1]) +, {{ro}. {r1}}), where r; is the constant arrow at i, and sending the

point at oo to m1,1 = ((1), (1), {1}). Concretely this sends [n] to the object (m2,1,4,...,a,mz2) in the
fiber over (n + 2) of the co-operad C6/(/L (and 50 it encodes the bar construction in G <2))

Lemma 12.18 Let e: A! — Mod™ " (<6)® be an arrow, and let eg: (n) — (n’) be the image of e in Fin,.
Write
F,: %Mi’l — ¢®
for the functor corresponding to e via the isomorphism of Proposition 12.16.
(1) The arrow e is inert if and only if e is inert and F, sends the arrows a, — ay’ and m; y —> Meyi
to cocartesian arrows.
(2) Suppose that €® is a symmetric monoidal oo-category compatible with geometric realizations, and
that eq is the unique active arrow from (2) to (1). Then e is cocartesian if and only if F, sends the
arrow ap — ay to a cocartesian arrow and the composition

(a?)” L, @i®, Lo, ¢®
is an operadic colimit diagram.

Proof This is immediate from the proofs of [Lurie 2017, Proposition 3.3.3.10 and Theorem 4.5.2.1] and
the identification of Proposition 12.16. O
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Construction 12.19 There is a square of co-categories

. . 1, . .
Finy X Fing Q) Finy X Fing

L

Fin, x €M® —* ., Tue
where
« the top horizontal arrow sends ({(n), (m)) to ((n), (n) A (m)),
o the arrow j; sends ({n), (m)) to ((n), ((m), @)) € Finy x €M®,
e the arrow j, sends ({(n), (m)) to ((n), (m),{@}) € M2,
o the arrow ¢ sends ((n), ((m), S)) € Finy x @M% to ((n), (n) A (m), {{i} x S}).
Since each of these functors sends inert arrows to inert arrows, it induces for every X € (Cateo) /Fin, a

natural square
Fun in, (X, Mod™ (€)®) ~ Algzge (6%) —— Fun/pin, (X, Algg e (6)%)
Fun/giy, (X, Fin, X CAlg(6)) ~ Algy «pin, (€®) —— Fun/gi,, (X, CA]g(%)‘X’)
and therefore a natural square of co-categories over Finy

Mod™ ™ (6)® ——— Alg, (€)%

(12.19.1) l l

Fin, x CAlg(€¢) —— CAlg(¢)®

Our goal now is to show that the square (12.19.1) is cartesian. To do so we will show that the right
vertical arrow is a cocartesian fibration in favorable situations.

Lemma 12.20 Let $ be an oo-category and €® — $1 be an $-monoidal co-category compatible with
geometric realizations. Then the map of co-operads

psiAlgg e, yu (€)% — Alggip, /911 (©)®
is a cocartesian fibration.

Proof By [Lurie 2017, Proposition 3.2.4.3.(3)] this is a map of cocartesian fibrations over $U. Moreover,
the fiber over {x;};cs € 9 is given by

[ [ Mod(%y,) — [ ] CAlg(®%x,).

jeJ jeJ
and therefore it is a cocartesian fibration by [Lurie 2017, Theorem 4.5.3.1]. Therefore by [Lurie 2009,
Proposition 2.4.2.11] py is a locally cocartesian fibration with locally cocartesian arrows those given by
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the composition of a fiberwise cocartesian arrow and a cocartesian arrow over $I. In order to prove it is
a cocartesian fibration it suffices to show then that the composition of two locally cocartesian arrow is
locally cartesian, that is, that fiberwise cocartesian arrows are stable under pushforward along arrows
in $. Unwrapping the various cases it suffices to show that for every x, y € $ and arrow f: x — y, the

squares
Mod(€,) x Mod(€y) —3—s Mod(%) Mod(€) — Mod(%,)

| o= l
CAlg(y) x CAlg(€x) —2—s CAlg(€y) CAlg(€y) —I*5 CAlg(€,)

are maps of cocartesian fibrations. That is, that for every two maps of commutative algebras A — A’,
B — B’, A-module M and B-module N, the canonical maps

(M®N)®agp (A’ ®B')=(M®44)®(N®pB') and fi(M ®4B)= fiM ®f, 4 f+xB
are equivalences. This is easily seen to be true since fix is symmetric monoidal and commutes with
geometric realization, and the tensor product commutes with geometric realization in each variable. O
Finally we arrive at the main result of this section.

Theorem 12.21 The square (12.19.1) is cartesian for every oo-operad €®.

Proof Let us do first the case where €® is a symmetric monoidal co-category compatible with geometric
realizations. Then both vertical arrows are cocartesian fibrations by [Lurie 2017, Theorem 4.5.3.1]
and Lemma 12.20. Moreover, the description of cocartesian arrows in Lemma 12.18 and [Lurie 2017,
Proposition 3.2.4.3.(4)] shows that

Mod"™* (4)® — (Finx x CAIZ(6)) Xc a0 @ Alge g (€)®

is a map of cocartesian fibrations over Fin.. So it suffices to show that it induces an equivalence on fibers.
Since it is a map of generalized operads, it suffices to show it induces an equivalence on the fibers over
(0) and (1). But this is immediate by Proposition 12.16.

Now let us show the result for small co-operads 6. Indeed, it is clear by inspection that if the
square (12.19.1) is cartesian for an oo-operad, then it is cartesian for any full suboperad. But every
small co-operad embeds as a full suboperad of a symmetric monoidal oco-category compatible with
small colimits. Indeed, this is just the composition €® — Env €® — % (Env€)®, where Env €® is the
symmetric monoidal envelope of €®, and the second arrow is the Yoneda embedding.

Finally, since every oco-operad is a sufficiently filtered union of small suboperads, the thesis is true for
any oo-operad. |
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