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An h-principle for complements of discriminants

ALEXIS AUMONIER

We compare spaces of nonsingular algebraic sections of ample vector bundles to spaces of continuous
sections of jet bundles. Under some conditions, we provide an isomorphism in homology in a range of
degrees growing with the jet ampleness. As an application, when £ is a very ample line bundle on a
smooth projective complex variety, we prove that the rational cohomology of the space of nonsingular
algebraic sections of £®¢ stabilises as d — oo and compute the stable cohomology. We also prove that
the integral homology does not stabilise, using tools from stable homotopy theory.

55R80; 147110, 14J70

1 Introduction

Our purpose here is to study spaces of nonsingular holomorphic sections of vector bundles by comparing
them to spaces of continuous sections of appropriate jet bundles. The latter are particularly amenable to

computations using tools from homotopy theory.

Given a holomorphic line bundle £ on a smooth projective complex variety X, one may consider the
vector space of all holomorphic global sections I}, (X ; £). To each section s € 1,0 (X; £) is associated a

geometric object, its vanishing set
V(is):={xe X |s(x) =0} C X,

and s is called nonsingular whenever its derivative ds € I[},01(2 )1( ® L) does not vanish on V(s). This
implies in particular that V(s) is a smooth subvariety of X. It has been known for a century now that
when L is a very ample line bundle, the Bertini theorem implies that a generic section is nonsingular.

There is thus a Zariski open subset
Thot,ns (X5 £) C Thot(X; £)

consisting of those nonsingular sections, which geometrically can be interpreted as a moduli space of
equations of certain smooth hypersurfaces in X. A prime example is the space Lo ns(CP"; O(d))
(sometimes modded out by C* or GL, +1(C)) of smooth hypersurfaces of degree d in the complex
projective space CIP”.

The cohomology ring of Tjolns(X; £), sometimes known as the ring of characteristic classes, is therefore
an important object in the study of hypersurface bundles. We give a way of computing it in a range.
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1442 Alexis Aumonier

Before revealing our main theorem, we will extend the classical situation above in two directions. To
begin, instead of limiting ourselves to line bundles, we will look at sections of bundles of possibly higher
rank. Furthermore, we observe that being nonsingular imposes conditions on the value and derivative of a
global section. We will generalise this situation by looking at a broader class of conditions on higher-order
derivatives, thus encompassing various other flavours of moduli spaces: hypersurfaces with simple nodes,
smooth complete intersections, etc.

Having said this, let X be a smooth projective complex variety and £ be a holomorphic vector bundle
on X. One can construct a new holomorphic vector bundle J” &, called the r" jet bundle of £, together
with a map on global sections j”: I}01(£) — Thoi(J7E). Intuitively, for a section s of &, the associated
section j 7 (s) of the jet bundle records all derivatives of s up to order r. For € C J”& a subset which we
think of as “forbidden derivatives”, we say that a section s of £ is nonsingular if j"(s)(x) ¢ ¥ for all
x € X. For instance, when & is a line bundle and T C J '€ is the zero section, we recover the classical
notion of nonsingular sections discussed at the beginning of this article.

Theorem 1.1 (see Theorem 2.13 for full generality) Let X be a smooth complex projective variety and
& be a holomorphic vector bundle on it. Let r > 0 be an integer and T C J" & be a closed subvariety of
the r' jet bundle of € of codimension at least dimc X + 1. We write

Thot,ns(€) :={s € Thal(€) | Vx € X, j"(s)(x) € T}
for the space of nonsingular holomorphic sections of £. If £ is d -jet ample, the composition
Thotns(€) L5 Thot (/7€ = %) = Teo(J7E = T)
induces an isomorphism in integral homology in the range of degrees * < (d —r)/(r + 1).
The theorem above can be strengthened, and in Section 2 we introduce a more general class of allowed

subsets ¥ C J” & of the jet bundle as well as give a sharper range of degrees. We also take advantage of
that section to give the definition of jet ampleness and jet bundles in algebraic geometry.

Remark 1.2 By the Whitney approximation theorem, the spaces of continuous (C°) sections and smooth
(C*®) sections of a fibre bundle are homotopy equivalent. Thus, in our main theorem, instead of first taking
the jet and then including inside the continuous sections, we could have tried to argue in the reverse order:

1—‘hol,ns(‘cj) — 1—‘hol(-]rg_fg)

[ [

FCOO,HS(S) — 1—‘COO(Jrg_g)

We caution the reader about one subtle point: J” & is the holomorphic jet bundle of £, which does not
agree with the smooth jet bundle of the underlying real vector bundle of £. In particular Ioo 1s(€) is
defined analogously to its holomorphic counterpart by imposing conditions on the complex derivatives of
smooth sections. It seems likely that the map [zoo s(E) — oo (J7E —T) can be studied using the same
arguments as given by Vassiliev in the real case [29], but we shall not comment further on that matter.
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1.1 Motivations and applications

Our main theorem can be seen as a holomorphic analogue of the work of Vassiliev on spaces of maps with
mild singularities [29, Chapter III]. In another current of thought, we should also mention the seminal
work of Segal [25] on spaces of rational maps, where the idea was born that holomorphic maps should
approximate continuous ones, and that this approximation becomes better with the growth of ampleness.

We were also very much influenced by the work of Vakil and Wood on stability results in the Grothendieck
ring of varieties [28]. There they conjectured that for a very ample line bundle £ on a smooth projective
complex variety, the space of nonsingular sections of £84 should exhibit cohomological stability. In the
special case of the projective space, Tommasi obtained the following result:

Theorem 1.3 (Tommasi [27]) Let d,n > 1 be integers. Let Uy , be the space of nonsingular holo-
morphic sections of O(d) on CP". The rational cohomology of Uy , is isomorphic to the rational
cohomology of the space GL, +1(C) in degrees * < %(d +1).

She furthermore has investigated an extension of this result to arbitrary smooth projective varieties
(personal communication, 2021). Using different techniques, O Banerjee also confirmed the conjecture of
Vakil and Wood in the case of smooth projective curves [2].

The present work was strongly motivated by the result of Tommasi and the wish to understand the stable
cohomology from a more homotopy-theoretic point of view. At the time of writing, let us in particular
mention the following result:

Theorem 1.4 (Tommasi, personal communication, 2021) Let X be a smooth projective complex variety
of dimension n and L be a very ample line bundle on X . Let d > 1 be an integer and U, be the space
of nonsingular holomorphic sections of £®4  There is a Vassiliev spectral sequence converging to the
homology of U;. Working with rational coefficients, this spectral sequence degenerates on the E,-page
in the stable range if and only if the stable cohomology is a free commutative graded algebra on the
cohomology of X shifted by one degree.

Assuming this degeneration, the rational cohomology of Uy in degrees * < L%(d + I)J is given by the

free commutative graded algebra A(H*~1(X;Q)) on the cohomology of X shifted by one degree.

In the last section (Section 8) we apply our main theorem to spaces of smooth hypersurfaces to prove a
homological stability result with rational coefficients.

Theorem 1.5 (see Theorem 8.2) Let X be a smooth projective complex variety and L be a very ample
line bundle on X . The rational cohomology ring of the space Il ns (£4) of nonsingular sections (in the
classical sense) of the d tensor power of L is isomorphic to A(H*~1(X;Q)) in degrees * < %(d —1).
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Firstly, this agrees with the work in progress of Tommasi. In fact, one can use our main theorem to
show the degeneration of the Vassiliev spectral sequence she constructed. Secondly, in contrast to many
other instances of homological stability, note that there are no natural stabilisation maps from spaces of
nonsingular sections of £% to those of £471. Thus we only mean that the cohomology rings abstractly
stabilise, and the answer only depends on X and not on L. After the apparition of the first version of
the present article, and using different tools, Das and Howe proved a version of the above theorem for
hypersurfaces in algebraic varieties over any algebraically closed field [11].

On the other hand, we find it quite interesting that there is in general no integral homological stability. In
fact, we prove the following result about the moduli space of smooth hypersurfaces of degree d in CP?:

Proposition 8.10 Letd > 6 be an integer. We have

7Z/2 d=0mod?2,

Hy (Thot,ns(CP?, 0(d)): Z,/2) =
2( hol, s( ()) /) 0 d =1 mod?2.

Besides the phenomenon this result illustrates, its proof showcases the potential of homotopical methods
allowed by our main theorem. Indeed, the computation comes down to simple manipulations of Steenrod
squares where the parity of d is reflected in the Chern class of O(d). In contrast, a more classical
approach following the work of Vassiliev [30] would require knowledge of nontrivial differentials in
spectral sequences that quickly grow out of hand when d increases.

For good measure, we also study the p-torsion in the homology of I‘hol,ns(/ld ) and show that it stabilises
when p > dimc X + 2 and d — oo; see Proposition 8.15.

Our results are also inspired by analogies with theorems in arithmetic statistics, such as Poonen’s Bertini
theorem over finite fields [24], and in motivic statistics in the Grothendieck ring of varieties, as in [28]
or [6]. The recent results of Bilu and Howe particularly influenced the current formulation of our main
theorem and we would like to recommend the introduction of their paper [6] to the reader interested in an
overview of these analogies. Finally, we also wish to mention that I Banerjee recently announced a result
relating nonsingular sections of a line bundle on an algebraic curve and smooth sections of the same line
bundle [1].
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2 Statement of the main theorem

We begin with a few preliminary definitions before stating precisely our main theorem. Throughout
this article, X is a smooth projective complex variety and £ is a holomorphic vector bundle on X. We
denote by I the space of sections of a vector bundle, and decorate it with subscripts “hol” or “C°” to
indicate holomorphic or continuous sections, respectively. We will make extensive use of cohomology
with compact support, which we denote by H*, and refer to [8] for its definition and standard properties.
All homology and cohomology groups will be taken with integral coefficients, unless otherwise specified.
We recall the following definition of jet ampleness:

Definition 2.1 (compare [4]) Let kK > 0 be an integer. Let x1,...,x; be ¢ distinct points in X and

(k1,....k¢) be a t-tuple of positive integers such that ) ; k; = k + 1. Denote by O the structure sheaf
ki
i

as a subsheaf of O under the multiplication map ®lt-=1 mf" — O. We say that £ is k-jet ample if the

of X and by m; the maximal ideal sheaf corresponding to x;. We regard the tensor product ®§=1 m

evaluation map

o1 (€) = Thol (5 ® (O/ ® mfi )) ~ @ Thot (€ ® (O/miﬁ))

i=1 i=1
is surjective for any x1,...,x; and kq, ..., k; as above.

Example 2.2 A vector bundle £ is O-jet ample if and only if it is spanned by its global sections. In the
case of a line bundle, 1-jet ampleness corresponds to the usual notion of very ampleness. On a curve,
a line bundle is k-jet ample whenever it is k-very ample. However, on higher-dimensional varieties, a
k-jet ample line bundle is also k-very ample but the converse is not true in general. Finally, and most
importantly for us, if A and B are holomorphic vector bundles which are a- and b-jet ample, respectively,
then their tensor product A ® B is (a+b)-jet ample; see [4, Proposition 2.3].

To ease the readability of various statements we will use the following notation:

Definition 2.3 For a holomorphic vector bundle £ on X and an integer r € N, we define N(&,r) >0
to be the largest integer N such that £ is (N +1)(r+1)—1)-jet ample. If no such integer exists, we set
N(&,r) = —1, although we do not consider such cases here.

Let us also recall the construction of the jet bundle from [14, IV.16.7], where it is called the sheaf of
principal parts. The diagonal morphism A: X — X x X gives a surjection of sheaves AF: A*Oxxx — Ox.
Denoting by 7 the kernel, Ox = A*Ox « x /Z. For an integer r > 0, we define the ™" jet bundle of O to be

J Ox = A*OXXx/Ir+1.

The projections p; : X x X — X give two Oy -algebra structures on J” Ox and, unless otherwise specified,
we use the one given by the first projection p;. The other morphism induced by p, is denoted by

d;;-: Ox — J Ox.
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For a holomorphic vector bundle £ on X, we define its r™ jet bundle to be
(1) JTE:=J"0x ®oy &,

where J" Oy is seen as an Ox-module via the morphism dy for the tensor product, and the result is
regarded as an Ox-module again via p;. It comes with the morphism

dy e =dy ®E:E—J Ox ®oy E=J"E.
Taking global sections, we obtain the jet map:
) J"T =Ty ¢): Tha(€) = Tha(J"E).
The most important observation for us is that if x € X is a point with maximal ideal sheaf m, the fibre
(J7E)|x is naturally identified with the complex vector space £ /m~t1&,. Furthermore, the composition
£ B (178) > (0| = £/

is the natural quotient map. (Here, and everywhere else, we write £x for the stalk of the sheaf £ and
Elx = Ex/myEy for the fibre of the bundle £.) Intuitively, for a holomorphic section s of £, one should
think of the value of j"(s) at a point x € X as the tuple of all derivatives of s at x up to order r. In
particular, the following lemma is a direct consequence of the definitions:

Lemma 2.4 Let £ be a holomorphic vector bundle on X and let N(€,r) be as in Definition 2.3. Let
(x0,...,xp) be a tuple of p 4 1 distinct points in X. If p < N(&,r), the simultaneous evaluation of the
jet map (2) at these points,

JCxgrnyy Thol(€) = (ST E)xg X+ X (ST E)Ix,n s> (7 (8)(x0), ... j " () (xp)),
is surjective. O
We shall now explain what we precisely mean by restricting the behaviour of sections of £. In particular,
we will require certain subsets of the jet bundle to be “semialgebraic”. This is a technical condition chosen
for two reasons: to make the proofs of Section 4 precise, and to prove our main theorem in a good degree
of generality. Our arguments rely on multiple properties of these sets: they admit cell decompositions,

have a well-defined dimension and they behave well under projections and closure. (See Section 4.2 for
their single but crucial use.)!

There is a well-studied concept of real semialgebraic subsets of a Euclidean space. They are subsets
defined by polynomial equations and inequalities.

Definition 2.5 (compare [7]) A semialgebraic subset of R” is a union of finitely many subsets of the form
{(xeR"| P(x)=0, Q1(x)>0,...,Q;(x) >0},
where / e N and P, O01,...,0; e R[Xq,..., X,].

L As the referee pertinently pointed out, the semialgebraicity conditions could potentially be rephrased in the language of
o-minimal structures. We have refrained to do so to keep the technicalities to a minimum.
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We adapt the definition to families, ie to subsets of vector bundles, by demanding the standard definition
be satisfied locally in charts. This is well defined because an algebraic variety X has an atlas whose
transition functions are algebraic, and hence respect the semialgebraicity.

Let us be more precise. First, we briefly recall the notion of an algebraic atlas on X. To lighten the
notation, we let n be the complex dimension of X and m be the complex rank of J"E. We denote by
V(—) the vanishing set of the tuple of polynomials.

The variety X can be covered by Zariski open subsets, each of the form

U=V(fi...., fa_n) CC?

for some integer d > 1 and polynomials f1,..., f7_,. Furthermore, if U and W are Zariski open subsets
of X witha: U = V(fi.,..., f4—n) CC% and B: W = V(g1,....84'—n) C C¥, the homeomorphism
on the intersection

acWNU)OV(fiee.s fa—n) > WNU S BUNW)NV(gL. ..., 84'—n)

is given by a rational function whose domain is a subset of C4 and codomain is a subset of C?. Recall
also that the algebraic vector bundle J” £ is equivalently given by the data of trivialising Zariski open
subsets U; C X (over which J"&|y, = U; x C™) and transition functions on overlaps U; NU; — GL,(C).
Most importantly for us, the transition functions are regular morphisms.

Definition 2.6 Let n be the complex dimension of X and m be the complex rank of J"E. A subset
¥ C JTE is real semialgebraic if there exists a cover X = | J U; by Zariski open subsets such that the
following conditions hold for each i:

(i) The jet bundle may be trivialised over U; via a map ¢;: J"E|y, = U xCm,
(ii) There is a chart ¢; : U; => V(fli, cees f;,-—n) C C% for some polynomials f1’, e, f;i_n.
(ili) The image in R>+™ of |y via the map
Jr5|U,- L7 U; x C™ Sixid V(fli’ o fc;,-—n) x C™M c ¢ditm ~ R2(di+m)

is a real semialgebraic subset. (Here T|y, is the restriction of T above U;.)

We will often drop the adjective “real” as we will never consider any complex analogue. In essence, a
subset T C J" & is semialgebraic in the sense of Definition 2.6 when it is semialgebraic in the usual way
when “read in charts”. As all the change-of-coordinates maps described above are rational functions,
being semialgebraic is independent of the choice of the cover. Indeed, the image of a semialgebraic set
by a rational function is still semialgebraic; see [7, Section 2.2].

A semialgebraic subset has a well-defined dimension (as in [7, Section 2.8]) which can be thought of as
the maximal dimension in a decomposition into cells of the form ]0, l[d; see [7, Corollary 2.8.9]. We
therefore get a well-defined dimension for a semialgebraic subset T C J”& by looking at the dimensions
when “reading in charts’:
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Definition 2.7 Let T C J”& be a semialgebraic subset. Let X = |_J U; be a finite cover as in Definition 2.6
(the finiteness can always be arranged by compactness of X) and write Ty, C R2(di+m) for the semial-
gebraic sets obtained using (iii). Each of them has a well-defined dimension and we let the dimension
of T be their maximum.

In the following definition, we denote by rkc J" & the complex rank of J"E.

Definition 2.8 A subset T C J" & is an admissible Taylor condition if it is closed, real semialgebraic and
has dimension at most 2(rkc J" & — 1). We will use the notation T|x := (J7E)|x N T for the fibre above
a point x € X.

Remark 2.9 Although our definition is quite technical and general, the typical admissible Taylor
conditions arise as subvarieties of high-enough codimension. Indeed, any closed subvariety ¥ C J"& of
the jet bundle of complex codimension at least dimc X + 1 defines an admissible Taylor condition.

Motivated by the previous remark, and to help general bookkeeping, we will use the following notation:

Definition 2.10 The (real) excess codimension of an admissible Taylor condition ¥ is the number
e(%) = codimg ¥ —dimg X > 2, where codimpg ¥ is the real codimension of ¥ in the jet bundle J"E.

We are now ready to define what it means for a section to be singular with respect to an admissible Taylor
condition ¥:

Definition 2.11 A holomorphic section s of the vector bundle £ is said to be singular if there exists a
point x € X such that j"(s)(x) € T|. Similarly, a (continuous) section s of the vector bundle J" € is
said to be singular if there exists a point x € X such that s(x) € ¥|x. A section that is not singular is said
to be nonsingular.

Example 2.12 If £ is a line bundle, we may take T to be the zero section of J1€. It is an admissible
Taylor condition, and a singular section is one that vanishes at a point on X where its derivative also
vanishes. In particular, if s is a nonsingular section, its zero set Z(s) :={x € X |s(x) =0} C X isa
smooth submanifold.

When talking about spaces of sections I', we will use the subscript “ns” to denote the subspace of
nonsingular sections. The following is our main result:

Theorem 2.13 Let r > 0and N > 1 be integers. Let £ be an (N 4+1)(r+1)—1)-jet ample vector bundle
on X and let ¥ C J"E be an admissible Taylor condition. The composition

Thons(€) 5 Thotns (/7€) <> Lo s (J 7€)
induces an isomorphism in homology

Hy(Thol,ns(€): Z) — Hx(Tpo 1 (J7E): Z)
in the range of degrees x < N(e(%) —1) +e(%) —2.
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2.1 Outline

We present here a detailed summary of the arguments exposed in Sections 3—7. We will produce a
sequence of vector spaces
i—-Ip—-nlnh—-Lh—--—>TITk

where I'_1 = TL0i1(€), To = Ipo(J7E) and I} = Lii(J"E ® Ej) ® ol (L£7) for 0 < j < oo (see
Section 5). There is a discriminant X, C I'so inducing discriminants X; C I'; by preimage, and such
that Thorns(€) = T — Xy and Tpo (J"E) = oo — Xo. For n < m < 0o one gets a map of long exact
sequences

oo —— H{(D, —%p) —— HUT,) ——— HU(Sy) ——— HITY (D —%,) —— -

! | | !

o — HIY(Ty —3y) — HITYT,) — HIYY(S,) — HIN(D, —S,) — -

where d = dimp I3, — dimp I},. This only relies on a few properties: each I'; is a finite-dimensional
vector space, X; is a closed subset satisfying mild point—set conditions and the inverse image of I, is I5,.
The five lemma shows that H (f, (Z,) > H £+d (X,,) needs to be proven to be an isomorphism in a range
for the main theorem to follow. This will be done one step at a time by showing that one gets a map of
spectral sequences associated to resolutions of these discriminant loci, which induces an isomorphism on
the first page in a range. To finish the argument, we invoke the Stone—Weierstrass theorem to prove a
weak homotopy equivalence colim; (I'j — X;) =~ I'no — Yeo.

We construct the resolution of a discriminant locus and its associated spectral sequence in Section 3.
We study in details its first page in Section 4. In Section 5, we construct the I'; interpolating between
holomorphic and continuous sections. In Section 6, we construct a morphism of spectral sequences and
use it to compare various spaces of sections. We prove the last homotopy equivalence and finish proving
our main theorem in Section 7. Lastly, in Section 8, we apply our results to study spaces of nonsingular
sections of a very ample line bundle on a projective variety.

3 Resolution of singularities
In this section, we choose an admissible Taylor condition T C J” € inside the r™ jet bundle of a holomorphic
vector bundle £ on X, and write for brevity

I'= Fhol(‘g) and X = Fhol(g) - Fhol,ns(g),

for the vector space I' of all holomorphic sections of £ and its subspace X of singular sections. We also
define the singular space of a section f € I’

A3) Sing(f):={xe X | j"(f)(x) eTpC X
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as the space of points where f is singular (as in Definition 2.11). Our final goal, Theorem 2.13, is to
understand the homology of the space of nonsingular sections I} ns(€) = I' — . By Alexander duality
[8, Theorem V.9.3]

HI(Z) = Hygime T—i—1(T = 2),
it is equivalent to understand the compactly supported cohomology of its complement X. To achieve that,
we want to construct a spectral sequence converging to H(X). This spectral sequence arises from a
resolution of the space X, which we define in this section.

Remark 3.1 By cohomology with compact support and homology, we shall always technically mean
sheaf (co)homology and rely accordingly on the theory exposed in [8]. Of course, all the spaces of interest
to us are homologically locally connected and sheaf and singular (co)homologies agree for them.

3.1 Construction of the resolution

We will construct a space RX —» X recording points in the singular space Sing( ). Accordingly, the
inverse image of a section f € X with j + 1 singularities will be a j-simplex A/ with vertices indexed by
the singular points. It will follow that RX — 3, or rather a slightly modified construction Ré\énef{ — 3,
induces an isomorphism in cohomology with compact supports. This construction will be advantageously
filtered by subspaces R’ X related via pushout diagrams resembling the skeletal decomposition of a

simplicial space. This filtration will then yield a spectral sequence computing the cohomology of X.
This is inspired by the so-called truncated resolution of Mostovoy [21], but written in a more functorial
way as in [31].

In what follows, the space I' is given its canonical topology coming from the fact that it is a finite-
dimensional complex vector space. Let F be the category whose objects are the finite sets [#]:={0,...,n}
for n > 0 and whose morphisms are all maps of sets [n] — [m]. Let Top be the category of topological
spaces and continuous maps between them. We define the functor

4) X:F® > Top, [n]+~ X[n]:={(f.50.....50) €T x X" T | Vi s; eSing(f)},

where X[n] is given the subspace topology from I x X1, On morphisms, for a map of sets g : [n] — [m],

we define
X(g): X[m] — X[n], (f.50..--.8m) > (f.Sg@0):---+Sg(n))-

For an integer k > 0, we denote by F; the full subcategory of F on objects [n] for n < k. We also write
A" = {(tog,....1n) | Vi,0<t; <landtg+---+1, = 1} C R"H!
for the standard topological n-simplex, and denote by d|A"| its boundary. In particular, the assignment

n] — |A*| gives a functor F — Top. For an integer j > 0, we define the j* geometric realisation of X
g g
by the coend

. [n]eF<;
5) Rfaezzf %[n]xlA”l=( L f[”]xlﬁ"l)/M

0<n=<j
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where the equivalence relation ~ is generated by (X(g)(z),1) ~ (z, g«(¢)) for all maps g: [n] — [m] in F.
(Here g«: |A"| — | A™| denotes the usual map induced on the simplices by functoriality.) This is of course
reminiscent of the classical geometric realisation of a simplicial space. Note however that here a cell |A"|
in the geometric realisation is indexed by an unordered set of singularities, even though the functor X is
defined using ordered tuples. Indeed, all the permutations [r] — [n] are valid morphisms in our category F.

Let j > 1 be an integer. We now describe how R/ X may be obtained from R/~1X via a pushout diagram.
Let L; be the set

(6) Lj:={(f.s0,...,5;) € [ x X113l # k such that s; = s} C X[/],

topologised as a subspace of X[j]. This should be thought of as the analogue of the “latching object” of

a simplicial space. We denote by '
L; X641 |A|

the quotient space of L x| A | by the symmetric group & +1 acting on L; by permuting the singularities s;,
and on |A/| by permuting the coordinates. Denote by ° the omission of an element in a tuple.

Lemma 3.2 The formula

((fis0,....8), (to,....1}))

= (505 -281,---,87), (tos o tx + 17, 1, ... 1;))  if there exists k # | such that s; = s
gives a well-defined map L ; XG4 |Af| — R/-1%.

Proof The formula appears ill-defined as we are arbitrarily choosing two indices k and /. The identifica-
tions made by the coend formula (5) show that any choice will yield the same class in the quotient. O

Recall that a point t = (fp, ..., ;) € |A/| is in the boundary 9| A/ | if one of its coordinates vanishes. An
argument similar to the proof of Lemma 3.2 gives the following:

Lemma 3.3 The formula

((f,S(),...,Sj),(to,...,tj))I—)((f,s(),...,§l,...,Sj),(lo,...,f],...,l‘j)) if ;=0

gives a well-defined map X[j] xs; ., A | > RI1x. -
Consider the following pushout diagram of spaces:

Ljxg; ., || ¢ > X[j]xe; 4, 9IA]

[ -

Ljxe; 4 || —— (Lj x4, IA ) U(X[j]xe; 4, IA])

Equivalently, the pushout is the union of the top-right and bottom-left spaces inside X[j] Xg; |A/ .
The maps defined in Lemmas 3.2 and 3.3 glue to a continuous map

aj—1: (L) X6, 4 AU (X[/] X&) +1 A ]) - RITIX.
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The natural map ¥[j] x |A/| — R/ X factors through the quotient by the symmetric group action and

gives a map . .
B X[jlxe;4, 1A — R/X.

From the coend formula (5) and the inclusion of the full subcategory F<;—1 C F<;, we also get a natural
map R/~1X — R/ X.
Proposition 3.4 The following square is a pushout diagram of topological spaces:

(Lj xe; 4, IN)UE] x4, 0|0 ) —=1 RI-1%

(7) I

X[j]1 X, 4, 1] 7 s RIX

Proof We may construct the pushout P as the quotient
P = (R/TIXUX[j] xe; 4 |07/~

One may check that the map B; together with the natural map R/~1%X — R/X gives a map from the
disjoint union above which factors through the quotient. Hence we get a well-defined map P — R/ X.
We now construct a continuous inverse. Recall that R/ X is defined in (5) as a quotient of

( ] %[n]x|A”|)u(%[j]x|Af|>.
o<n<j—1
The natural map (|_ly<,,<;_; X[n]x|A"|) - R/~1X — P together with the identity of X[/] x|A/| gives
a map from the disjoint union that factors through the quotient and yields a well-defined map R/ X — P.
One may finally verify that it is the inverse of the map P — R’ X constructed above. |

We now turn to proving some topological results about our constructions.
Lemma 3.5 For any integer n > 0, the subspace X[n] C T' x X"+ defined in (4) is closed.

Proof Letev: I x X*T1 — (J7£)"*1 be the simultaneous evaluation of the jet map j” (defined in (2))
at (n + 1) points of X. We observe directly from the definitions that X[n] = ev=!(¥”"1), and hence is
closed as the inverse image of a closed set. a

Lemma 3.6 For any n > 0, the map p,,: X[n] — T given by (f, o, ...,8,) — [ is a proper map.

Proof The projection onto the first factor I' x X1 — T is proper as X! is compact. Hence so is its
restriction p, to the closed subspace X[n]. a

In particular, the map p, is closed, so ¥ = p;(X[1]) is closed in I'. We have natural projections maps
X[n] x |A"| — X[n] 2% T for any n > 0. They give rise to a map

(8) T :RIX—>3
for every integer j > 0.
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Lemma 3.7 For any integer j > 0, the map t; R/ % — X is a proper map.

Proof We have to show that the preimage of any compact set is compact. Equivalently, because X
is locally compact and Hausdorff, we will show that 7; is a closed map with compact fibres. From
Lemma 3.6, for any n the map pj is closed and hence so is the composition X[n] x |A"| — X[n] 22> T.
This implies that 7; is closed. It remains to see that it has compact fibres. If f € X, we observe that
rj_l (f)=8 (,oj_1 (f)), which is compact as /oj_1 (f) is, by Lemma 3.6. |

A major advantage of the pushout square (7) is that it allows us to prove the following topological lemma:

Lemma 3.8 For any integer j > 0, the space R/ X is paracompact and Hausdorff. Furthermore, the
natural map R’~1X — R’ X is a closed embedding.

Proof Firstly, from Lemma 3.5, R%% = X[0] C I" x X is a closed subset, and hence is itself paracompact
Hausdorff. Then the lemma is proven inductively using the pushout diagram (7) together with the fact that

(Lj xe; 41 I DU R[] x4, 31A7) = X[j] 6,4, 4]

is a closed embedding. a

In the sequel, using the closed embedding of Lemma 3.8 just above, we will simply write R/~1% C R/ X.
For an integer j > 0, we let

©) Yi:={(f.50,....8) € X[j] [ s1 #suc if | # k} = X[j] = L;j C X[J]

be the subspace of X[ ;] where the singularities are pairwise distinct. For later use, we record the following
homeomorphism, which is a direct consequence of the pushout square (7) and the fact that the vertical
maps therein are closed embeddings:

(10) R/X—R/7'X = ¥ xg, ., Interior(|A/|).

Let us now discuss why 7; : R/ X — ¥ needs to be slightly modified to obtain a meaningful “resolution”
of ¥. The fibre rj_l (f) above a section f € X that has at most j + 1 singularities is by construction a
J -simplex. Hence it is contractible, and one might hope that 7; induces an isomorphism in cohomology.
This is unfortunately not the case. Indeed, rj_l (f) is not contractible if f has at least j + 2 singularities.
To fix this problem, we will modify R/(X) by gluing a cone over each fibre rj_l( f) which is not
contractible. The precise construction is as follows.

Let N > 0 be an integer. We let
(11) Ssn+2:=1{f €[ |[#Sing(f)> N +2}C =

denote the subspace of those sections with at least N + 2 singularities. We denote by X~ n 45 its closure
in X (or equivalently, in I"). Observe that the surjectivity of the map 7y implies the following equality:

v (ty (Esn12) = SN 1o
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N

cone

We glue fibrewise a cone over each f € X 45 by defining the space R_} .(X) as the following homotopy
pushout:

TN CEsng2) —— RVX

4

Yont2 — RN X

cone ™

All three defining spaces in the corners of (12) map to ¥, and hence we obtain a surjective projection
map

(13) RN x5 ¥,

cone
We want to prove that 7 induces an isomorphism in cohomology with compact supports. We begin with
a couple of lemmas.

N

cone

Lemma 3.9 The map n: R} X — ¥ is proper.

Proof We will prove that is it closed with compact fibres, which implies the properness. By definition of

N

coneX 18 a quotient of the following disjoint union:

the homotopy pushout, R
RN XUy (Tan12) x[0. 1] U Sz N 2.

The map 7 is induced by the following three maps: the projection ty: RN X — X, the projection
r;,l(EzNJrz) x [0,1] — r;,l(ZzNJrz) — ¥ and the inclusion Xy 42 < X. The first two are closed
by Lemma 3.7 and the last one is the inclusion of a closed subset, and hence closed.

Finally, we prove that the fibres of 7 are compact. We saw in the proof of Lemma 3.7 that for any f € X,
the fibre r;,l (f) was compact. Now, 7 ~1( f) is either r;,l (f)if f € ¥—X>pN42 oracone over it if
f € £>N42. In any case it is compact. |

N

cone

Lemma 3.10 The space R, X is paracompact, locally compact and Hausdorff.

Proof The paracompactness and Hausdorffness follow from the definition as a homotopy pushout and
Lemma 3.8. It is locally compact as it maps properly to the locally compact space X. |

The most important corollary is the following:

N

cone

Proposition 3.11 The map n: R .X — X induces an isomorphism in cohomology with compact

supports.

Proof The properness of & proved in Lemma 3.9 implies that it induces a well-defined map in cohomology
with compact supports. We also observed in the proof of that lemma that a fibre of 7 is either a simplex or a
cone, and hence contractible. The proposition then follows from the Vietoris—Begle theorem [8, V.6.1]. O
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3.2 Construction of the spectral sequence

Let N > 1 be an integer. Recall from Lemma 3.8 that we have closed embeddings R/~1% C R/ X. We
define the following filtration on RY _%:

cone *
Fo=R°XCcFi=R'Xc.--c Fy=RVxc Fy41 =R)_x.

cone

Following standard arguments, we obtain from the filtration a spectral sequence

EPY = HPY(F, — Fpq) = HPT9(RY . X).

cone

Using Proposition 3.11 and Alexander duality, we obtain

HPTU(RY %) = HPY(2) = Hy gime T—(p+q)—1 (T — ),

cone

where H denotes reduced singular homology. Letting s = —p — 1 and t = 2dim¢ I — ¢, we regrade our
spectral sequence and obtain the following:

Proposition 3.12 There is a spectral sequence on the second quadrant s < —1 and t > 0:
El, = g2ameT=1=s~(p | —F_ 5:7) = Hy (T — S Z).
The differential d” on the r™ page of the spectral sequence has bidegree (—r, r — 1), ie it is a morphism

ro.pr r
ds,t' Es,t - Es—r,t+r—1‘

4 Cohomology groups on the E !-page

As in the last section, we choose a holomorphic vector bundle £ on X and an admissible Taylor condition
T C J€ inside the r™ jet bundle of £. For the remainder of this section, we also let

N = N(E.r)

be the largest integer N > 0 such that £ is ((N +1)(r+1)—1)-jet ample as in Definition 2.3. As discussed
in the introduction, we assume that such an N exists. If not, the statements in this section are either trivially
false, or trivially true as they describe elements of the empty set. For brevity, we still use the notation

['=Tha(€) and X = Tho(€) — Thoins (£),
as well as X for the associated functor F°P — Top as in (4).
We will study the first page of the spectral sequence from Proposition 3.12 converging to the cohomology

of RN .X. For convenience, we summarise the results of this section as follows:

Proposition 4.1 Let £ be a holomorphic vector bundle on X and ¥ C J"E be an admissible Taylor
condition. Let N = N(&,r). The resolution and its filtration described in Section 3 give rise to a spectral
sequence on the second quadrant s <—1 and t > 0 converging to the homology of the space of nonsingular
sections iol,ns (£):

Esl,t = g2ameT=1=s~t(p | —F  5:7) = Hst1(Thoins(€): Z).
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The differentials on the r'™ page have bidegree (—r, r — 1). Furthermore:
(i) Proposition 4.4 For —N —1 < s < —1, we have the isomorphisms

El ~ Hc—t—2s rkc Jrg((z(—s); Zsign)

s,t =
for all t > 0, with %) defined in (14).
(i) Proposition 4.10 Fort < (N + 1)e(%),

1
E—N—z,t =0.

As a visual aid, we have drawn the spectral sequence in Figure 1, where we have chosen to fix e(¥) =2 to
lighten the notation. We briefly describe the various zones. Firstly, the only possibly nonvanishing groups
lie in the coloured squares. All groups E{, with s < —N —3 are zero as the filtration finishes after N + 1
steps. According to Proposition 4.10, the groups below the horizontal solid line in the column s = —N —2
vanish. The differentials coming from the groups below the upper staircase never hit groups in the column
where s = —N —2 and t > 2N + 2. Finally, the lower staircase delimits the zone of total degree * < N —1.
We have also drawn some differentials d” to the group E” N—22N+2 forr=1,2,3and N + 1.

At

2N +3
IN+2
2N+1

'
1
4
1
1
1

/’b/f'\,/\
NN

A Aave

Figure 1: The first page of the spectral sequence when e () = 2.
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4.1 The first steps of the filtration

For an integer j > 0, recall from (9) the space
Y; = {(fi50.....57) € X[j] | st # g if | # k} C X[j].
Lemma 4.2 For0 < j < N(&,r), there is a fibre bundle
Interior(|AY ) — Fi—Fi_1—Y;/6jt1.

Proof Recall from the definition of the filtration on RY X that F; = RIX for 0 < J<N. Asa

cone
consequence of the pushout square (7), we observed in (10) that we have the following homeomorphism:

R/X—R/7'xx~ Yi Xs,,, Interior(| A’ |).
Projecting down to the first factor gives the required fibre bundle. |
By an affine bundle we mean a torsor for a vector bundle. In the sequel, they will arise naturally from
fibrewise surjective linear maps between vector bundles. For any integer j > 1, the bundle (J"E)/
projects down to X/ and we may consider its restriction to the open subset Conf;(X)C X J of those

tuples of points which are pairwise distinct. The symmetric group &; acts on these spaces by permuting
the coordinates. In particular, it acts on the subspace T/ C (J7&)/ and we let

(14) T = (T |cont; (1))/ S
be the orbit space of the restriction of T/ over the subspace Conf j(X)CcX J.

Lemma 4.3 Let 0 < j < N(&,r) be an integer and recall from (9) the space Y; of those tuples
(f.50,...,8;) € I' xConf; +1(X) where f is singular at the s;. We may simultaneously evaluate the jet
map at these points:

Yj = T conty 10000 (fos0,eeev57) 2 G (0), -0 7 ()5))-
Taking & 4 1-orbits on the domain and codomain of this map yields an affine bundle
Yj/&j 41— TUHD

whose fibre has complex dimension dim¢c I' — (j 4+ 1) k¢ J"E. (Here rke J' € denotes the complex rank
of the vector bundle J"£.)

Proof The simultaneous evaluation of the jet map gives a map

I x Confj41(X) > (J7E)Y T cont, 41 (%)

(15) \ /

Conf; +1(X)

of vector bundles over the configuration space Conf; 1 1(X). Under the assumption 0 < j < N(&,r),
Lemma 2.4 shows that this map of bundles is fibrewise surjective. Therefore the top map of (15) is an affine
bundle. Subtracting the ranks, we obtain that its fibre has complex dimension dim¢c I' — (j + 1) tk¢ J"€E.
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Now, the pullback of the affine bundle (15) to the subspace T/ ! |C0nfj +1(x) 1s an affine bundle with total
space Y;. Finally, taking &; 4 1-orbits yields the affine bundle

Yj/6j+1 - (‘Ij+1|C0nfj+1(X))/6j+l = S(j"rl),

which still has the rank that we have computed above. a

The quotient maps ¥; — Y;/&; 11 and T/l |cont; 41 (X) = TU+D are principal &, 41-bundles and

hence are classified by (homotopy classes of) maps to the classifying space BS; 41. Composing with the

sign representation BG; 11 Bsien, py /2, we obtain two well-defined homotopy classes of maps:

Y;/Sj+1— BZ/2 and TVUFD 5 B7/2.

We will write Z*2" for the corresponding local coefficient systems.

Proposition 4.4 Let —N(E,r) —1 <s < —1. Then we have the isomorphism

El ~ Hc—t—Zs ke Jrg(g(—s); Zsign)’

st =

where T(=9) is the space defined in (14) and Z%#" is the local coefficient system described above.

Proof Recall from Proposition 3.12 that the first page of the spectral sequence is given by
El _ H2dim(c '—1—s—t (R—S—lx _ R—S—Zx. Z)
st — e ) .
Via a homeomorphism Interior(|A/|) 2 R/, we see that the fibre bundle of Lemma 4.2 is homeomorphic

to a vector bundle. Applying the Thom isomorphism to the latter, we obtain

El ~ Hc2dim(c r—: (Y—s—l/g—s; Zsign).

st =
Another application of the Thom isomorphism using Lemma 4.3 yields

El ~ Hc—t—ZSrk(C JrE(T(—S); ZSign). O

s,t =
4.2 The last step of the filtration

We study the last nontrivial part of the E!-page, that is, the column s = —N(&, r) — 2, where

ElN—z,t — HCZdim(C IF'+1+N—t (RN ¥ — RN%, Z)

cone

The methods from the last section do not apply to the space Rggneif — RN X and we will not be able
to express the cohomology groups E! Nz in terms of other “known” groups. However, using the
technical assumptions made in Definition 2.8 about the Taylor condition ¥, we will obtain a vanishing

result for E! N—2.- This will be enough for the proof of our main theorem.

Recall the projection map 7y : RNV ¥ — X from (8). From the homotopy pushout square (12), we obtain
the homeomorphism

RY X = RVX = (t5" (Zan+2) x10. 1) U5y 42)/~,

cone
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a7 f) a1 (f)NStr_; a7 1(f) N Stry a7 1(f) N Stry
(the three sides only)
Figure 2: Decomposition of the open cone.

where (z,1) € r;,l (25N +2) x]0, 1] is identified with Ty (z) € £5 n 42 in the quotient. Indeed, there is a
natural continuous bijection from the right-hand side to the left-hand side. It is in fact a homeomorphism,
as the top arrow in the homotopy pushout square (12) is the inclusion of a closed subset. In other words,
this is the fibrewise (for the map 7,y) open cone over m We stratify this space by the following
locally closed subspaces (this is analogous to [27, Lemma 18]):

Str_; 1= m
Strg := (ty' (Tsn+2) x]0, 1)) N (R°X x]0, 1]),
Strj := (ty (Tsn+2) X 10, 1) N (R X — R771%) x]0,1[) for 1 <j <N.
ForO0<j <N,let

(16)  YFN*?:={(fs0.....5) € T xConfj11(X) | f € Tzn42 and s; € Sing(f)} C ¥;.

Using the homeomorphism (10) identifying the difference between two consecutive steps of the resolution,
we have a homeomorphism

(17) Strj = (YN 2 xe, ., 1A7]) x]0. 1]

for 0 < j < N, where |AJ| denotes the interior of the simplex.

It is easier to think about this stratification by looking at one fibre 7 ~1( f) at a time. Then we are just
decomposing an open cone over a union of simplices into the following pieces: the apex (corresponding to
Str_; N7~1(f)), the open segments from the 0-simplices to the apex (corresponding to Strg N7 ~1( f)),
the open (filled) triangles between the 1-simplices and the apex, etc. Figure 2 shows the strata in a
single fibre 771(f) when f has three singular points and N = 1. In this case, t;,l( ) consists of three
1-simplices glued together (ie a triangle), so 71 (f) is the cone over that triangle.

If we find an integer D > 0 such that Hck (Strj) =0 forall =1 < j < N and all kK > D, then the same
result will hold for the union, ie HCk(RéXne.’{ — RVX) = 0 for k > D. In what follows, we set out
to find such a D as small as we can. With that in mind, we make the following ad hoc definition of

cohomological dimension:
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Definition 4.5 A space Z has cohomological dimension D with respect to a local coefficient system .4
if D is the smallest integer such that H f (Z;A) =0 for all k > D. We will denote it by cohodim(Z, A),
or simply cohodim(Z) if A= Z.

The only nontrivial local coefficient system we will need is Z%#", which is induced on the quotient
szN+2/6j+1 by the sign representation &; 1 — Z/2.
Lemma 4.6 For0 < j <N, we have

Cohodim(Strj) =1+ + COhOdim(Y}ZN+2/6j+1, Zsign)‘
Proof From the homeomorphism (17), we have a trivial fibre bundle
N+2 O
10,1[ — Str; — sz + X4 [A].

This implies that cohodim(Str;) =1+ cohodim(szN +2 X, |A]). Now, we have another fibre bundle:

j+1
O >N+2 O >N+2
|A]|_>Yj_ X&j+1 |AJ|_)Y]_ /6j+1-
Hence, by the Thom isomorphism, we obtain

cohodim(YZV 2 x| |AV]) = j + cohodim(Y 7V +2/&; 41, 297, 5

We thus have reduced our problem to studying the cohomology of szN+2 /Gjy1for0=<j <N,as well
as that of ¥ y4». We shall do so by comparing these spaces to a known one, namely the space

YN ={(f,50,...,5n) € [ xConfy41(X) |s; € Sing(f)}.

We first introduce some notation. Using charts on X, we may cover Yy by finitely many semialgebraic sets,
whose intersections are also semialgebraic. Recall, eg from [7, Theorem 2.3.6], that every semialgebraic
set is the disjoint union of cells, each homeomorphic to an open disc |0, l[d for some d > 0. The largest
d in such a decomposition is called the dimension of the semialgebraic set. Let dim Y be the largest of
the dimensions of the semialgebraic sets in a cover of Y. (It depends a priori on the chosen cover, but
we suppress this from the notation.) The following is a crucial result for controlling our spectral sequence:

Lemma 4.7 For0 < j <N, we have
dimYy > cohodim(YjZN+2/6j+1 | Z5E),
Proof Forgetting the last singularity yields a map

YN+1—=> YN, (fiso,....SN+1) > (fiS0,....5N),

and we will write Y§N+2 C Yy for its image. As the projection map is semialgebraic (when read
>N+2

in charts), its image is semialgebraic (in charts) and dim Yy <dimYy. Let 0 < j < N. Only
remembering the (j +1)% singularities gives a map
(18) Y§N+2—>YFN+2, (f.50.....5N) = (f.50,....5)).
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Notice that this map is not surjective, as it may happen that a section f € ¥y has fewer than N + 1
singularities. We study the map (18) locally via charts. Let Up,...,Uy C X be charts on X as in
Definition 2.6. Then the subsets

U = {(f:50....8)) € San+2 x Up x -+ x Uj | s € Sing(f). s #5; Vi # j} c Y7V T2
and

Vi={(f.s0,....58) € xUpx---xUp |sg €Sing(f),s; #s;Vi ;«réj}ﬁYAZ,NJFZCYﬁNJr2

are semialgebraic. Indeed, they are the preimages of the semialgebraic sets T/*1 and TV 1, respectively,
via the simultaneous evaluation of the jet map, which is algebraic and hence is semialgebraic; see
[7, Proposition 2.2.7]. The restriction of the map (18) to U and V is an algebraic map, and hence a
semialgebraic map, ¢: V' — U between semialgebraic sets. Using [7, Theorem 2.8.8] we obtain the
following inequality on the dimensions (as defined above using cell decompositions):

dim(V) > dim(¢(V)).

Furthermore, the definition of Y—N_"2

implies that the semialgebraic map ¢: V' — U has dense image,
ie ¢(V) = U. Using that the closure has the same dimension [7, Proposition 2.8.2] and the inequality
above, we obtain

dim(V) > dim(V).

Varying the charts Uy, ..., Uy C X, we may cover the domain and codomain of (18) by subsets defined
like U and V. If U’ and V' are two other such subsets, then U N U’ and V N V' are also semialgebraic
sets because they are intersections of semialgebraic sets. (This follows from Definition 2.5.) Hence the

Y 2N+2 denote

argument shows that the inequality on the dimensions also holds on intersections. Let dim
the maximum of the dimensions in a cover of Y zN+2 by semialgebraic sets. Then an argument using the
Mayer—Vietoris spectral sequence shows that the cohomological dimension of ¥ = =N+2 i Jess than its

Y 2N+2 . Therefore

dimension dim
(19) dim Yy > dim Y_N+2 > dim Y‘NJr2 > cohod1m(Y—N+2).

Finally, from the principal G; +1-bundle Y j—N 2, yzN+2 /S +1, we see that the dimension of the orbit

J
space is the same as that of YZV*2 Therefore the inequality (19) holds when replacing the rightmost

term with cohodlm(Yj—N +2 /Sjt1, Zsign). -
Repeating the proof with the map YAZ,NJr2 — Xsn+2, (fi50,...,88) = f yields:

Lemma 4.8 The following inequality holds:

dim Yy > cohodim(Xs N 42, Z). a

The final computation to be made is the content of the following lemma. It uses the notation e(¥) of
excess codimension established in Definition 2.10.
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Lemma 4.9 The dimension of Yy satisfies

dimYy <2dim¢c I' — (N + De(%).

Proof The proof of Lemma 4.3 shows that the simultaneous evaluation of the jet map

YN — TN—i_l|C0r1f]\/_|_1(X)’ (f’ 50, .- ’SN) = (jr(f)(SO)’ . ’.]r(f)(sN))

is an affine bundle whose fibre has complex dimension dim¢c I' — (N + 1) rkc J"E. Therefore, on

dimensions,
dim Yy < dim(T ™ conty () +2dime T = 2(N + 1) tke J €.

Now, because ¥ is a semialgebraic subset of J”& of dimension less than 2rke J" & — e(%),
dim(TV*eonty 1 00) < (N + D Q2rke J7E ().

The lemma is then proven by combining these two inequalities. |
Assembling all the estimations we have obtained so far, we can state and prove the following:

Proposition 4.10 The cohomology groups in the column s = —N(E,r) — 2 on the first page of the
spectral sequence

cone

EiN_zgt — HCZdin’l(c I'+14+N—t (RN x _ RNf, Z)

vanish fort < (N + 1)e(%).

Proof A direct inspection of the spectral sequence associated to the stratification Str; on RY X — RN X

shows that
cohodim(RY_x — RV X%) < max cohodim(Str;).
j

cone
For 0 < j < N, combining Lemmas 4.6, 4.7 and 4.9, we get
cohodim(Str;) <14 j +2dimc I' = (N + 1)e(¥) <2dimc ' = N(e(%) — 1) — (e(¥) — 1).
Similarly, using Lemmas 4.8 and 4.9, we obtain
cohodim(Str—;) <2dim¢c I' — (N + 1)e(%).
Therefore cohodim(RY % — RV %) <2dimc I' — N(e(%) — 1) — (e(T) — 1) and the result follows. O

cone

5 Interpolating holomorphic and continuous sections

In this section, we introduce and study section spaces that lie in between holomorphic and continuous
sections of the jet bundle J” £. They will be written as combinations of holomorphic and “antiholomorphic”
sections. We first explain how to take the complex conjugate of a holomorphic section. We then construct
these spaces and finish by explaining how the resolution and the spectral sequence from the previous
sections can be adapted to them.
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5.1 Complex conjugation of sections

Using the fact that X is projective, we choose once and for all a very ample holomorphic line bundle £
on it as well as a basis zg, .. ., zps of the complex vector space of holomorphic global sections I},1(£).

We denote by £ the complex conjugate line bundle of £. It is obtained from the underlying real vector
bundle of £ by having the complex numbers act by multiplication by their complex conjugates. We regard
it as a smooth complex line bundle. We now define a complex conjugation operation £ — L. Recall that
the line bundle £ may be constructed as a quotient

L:= (|_| U; XC)/(X, vi) ~ (x,2;;i (v;))

from the data ({U;};, (t;;);,;) of trivialising open sets U; C X and transition functions
tij: U N Uj —GL(C) = Cc*

satisfying a cocycle condition. Similarly, £ may be constructed via such a quotient by replacing the
transition functions by their complex conjugates 7;;. The formula

| |uixC— ] JuixC. (o) x.0),

i i
then gives a well-defined R-linear isomorphism £ — £. On continuous global sections, we thus obtain
an R-linear complex conjugation operation:
(20) T Tpo (L) = Tpo(L).

For a complex vector space V, we denote by V the C-vector space whose underlying set is V' with the
C-module structure given by multiplication by the complex conjugate. We get a C-linear map

1) Thot(£) < Too(£) 2 Tho ().
We let
M —_—
(22) n:= Z 2; ®Zj € Iho(£) ®c Thot(L).
j=0

We note that although 1 depends on a choice of basis of I},o;(£), our results will be independent of this
choice. Its image via the composition of the map (21) and the multiplication map I'zo(£) ®¢ T0(L) —
[.0(£L ® L) is a never vanishing section. It therefore gives an explicit trivialisation of the smooth complex
line bundle £ ® £ = X x C. In particular, we obtain an isomorphism on the level of continuous sections:

(23) TLo(£L® L) = Tpo(X xC) =C%(X,C).
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5.2 Stabilisation
For every integer k > 0, we now construct the following commutative diagram:

Lot (7)) ® £F) @ Thot(£F)

x
(24)

Yk FCO(Jrg)

Pr+1
Thot (/7€) ® £51) ®c Tho (LFH1)

The horizontal maps are given by the composition
(25) ¢r: Thot(J7€) @ £5) ®c T (£F) — Teo(J"E ® £5) @ Tpo (2F)

> Tpo(JTEQLFQLF) = T (J7€),
where the first arrow is induced by the map (21), the second arrow is the multiplication map and the last
isomorphism is (23) applied to (£ ® £)¥ =~ £k ® C*.
We construct the vertical map in the diagram (24) as the composition

(26) 7k That(J78) @ £5) @ Thor(£F)
= Ta((J78) ® LX) ®c Thal(£F) & (Tha(£) ®c Tral(£))
~ (Tha((J78) ® £5) ®c Tha(£)) ®¢ (That(£F) & That (£))
= T ((J76) ® L) ®c That (LK +1),
where the first arrow is given by tensoring with the element 1 defined in (22), the isomorphism is given

by reordering the factors and the last arrow is given by the multiplication maps.

The commutativity of the diagram (24) follows directly from the fact that 7 is sent to the constant function
equal to 1 via the isomorphism (23). Loosely speaking, the vertical map y is a “multiplication by 1",
which amounts to multiplying a continuous section of J”& by the constant function 1 after using the
chosen identification (23).

Example 5.1 If X = CP”, £ =0(1) and £ = O(d + 1), then [},5;(£) is the space of homogeneous
polynomials of degree d + 1 in n + 1 variables. One may also prove an isomorphism J 1 (O(d + 1)) =
O(d)®@+1) a5 holomorphic vector bundles; see [12, Proposition 2.2] for a proof.

We may then view Tho (J1€) ® £%) @ Thol(£¥) as the space of (n+1)-tuples of homogeneous polyno-
mials of bidegree (d + k, k), that is, of degree d + k in the variables z; and of degree k in the complex
conjugate variables Z;. In this case, the image of 1 in Tpo(£ ® L) is |z|? := zoZo + -+ + ZnZn. The
isomorphism TI'po (£ ® £) = C°(X, C) corresponding to (23) sends a section s to the map

z=[zoz~--:zn]€CIP’”+—>S—e(C.
z
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Under these identifications, the map yi is then

(fO, ) fn) = ((ZOZO ++Zn2n)f0’ ) (ZOZO ++Zn2n)fn)»

which sends a tuple of polynomials of bidegree (d + k, k) to one of bidegree (d + k + 1,k + 1);
compare [20] for a related situation.

We will need the following small result, analogous to Lemma 2.4. Let (xo, ..., Xp) be a tuple of points
in X. We may evaluate a continuous section of J” & simultaneously at all these points:

27) &V (x0,.mnxp) t [0(JTE) > (JTE)|xg X=X (JTE) x> (s(X0), - .., 5(xp)).
Lemma 5.2 Let £ be a holomorphic vector bundle on X and N(E,r) € N be as in Definition 2.3. Let
(xo0,...,xp) be atuple of p+ 1 distinct points in X. If p < N(&,r), the composition

Tt (/7€) ® L) ®c Thot (LK) #5 To (7€) = (JTE)|x x -+ x (J7E)x,

of the map ¢y of (25) and the simultaneous evaluation (27) is surjective.

Proof The case k = 0 is a direct consequence of Lemma 2.4. The result for k > 1 then follows from the
commutativity of the diagram (24). |

5.3 Nonsingular sections

We define
N (k) C Thot(J7E) ® £F) ®c Thot(£F)

to be subspace of elements sent to nonsingular sections of J” & (as in Definition 2.11) under the map ¢y
defined in (25). We say that an s € Tho((J7E) @ £X) ®¢ Thoi(£¥) is nonsingular if it is in the subspace
N (k). We define the singular subset to be the complement

S(k) := (Thot(J7E) ® £F) ® ¢ Thot(£F)) — N (k).

Remark 5.3 When k =0, N (0) C Tio1(J7E) is the usual subspace of nonsingular sections of J"& as in
Definition 2.11.

Example 5.4 In the case X = CP”, £L = O(1) and £ = O(d + 1), recall from Example 5.1 that the
space Tho ((J 1) ® £%) @ ¢ Tho (LK) corresponds to (1n41)-tuples of homogeneous polynomials of degree
d + k in the holomorphic variables z; and of degree k in the complex conjugate variables Z;. Under this
identification, if the Taylor condition ¥ C J(O(d + 1)) is the zero section, the space of nonsingular
sections N (k) contains exactly those (n+1)-tuples of polynomials that never vanish simultaneously.

5.4 Resolution and spectral sequences

We now explain how the results from Section 3 can be adapted to the case
I =a((J €) ® L) ®c Ta(£F) and T =S(k)
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to construct a resolution of S(k) and a spectral sequence converging to its cohomology, or equivalently
to the homology of A/(k) by Alexander duality. In this case, the definition of the singular space (3) of
f €T has to be changed to

Sing(f) :={x € X | ¢ (f)(x) €T} C X.

In particular, in the case k = 0, it agrees with Definition 2.11. The topological results about the resolution
just follow from the fact that T C J” & is closed. In particular, Lemma 3.5 still holds with its proof nearly
unchanged: one has to replace the jet map j” by ¢. The construction of the spectral sequence is then
unchanged.

The computations of cohomology groups on the E!-page from Section 4 can also be adapted in this case.
We first describe what to adapt for the first steps of the filtration. The analogue of Lemma 4.3 with the jet
map j” replaced by ¢y still holds as the key point is the surjectivity established in Lemma 5.2. The other
result, Lemma 4.2, remains unchanged. Hence Proposition 4.4 is true in our new setting.

The adaptations are similar to examine the last step RY % — RY X. Indeed, the same stratification works,
as well as the cohomological dimension estimates. In details, Lemma 4.6 is unchanged, and Lemma 4.9
is proved similarly by just replacing the jet map by ¢g. The other two results, Lemmas 4.7 and 4.8, also
hold when rewriting the proof by changing the jet map j” by ¢;. Indeed, the key ingredients were the
semialgebraicity of the Taylor condition ¥ (which remains unchanged), and the fact that the jet map was
complex algebraic, and hence real semialgebraic. The map ¢j is no longer complex algebraic, but is
given by a ratio of algebraic maps and complex conjugates of algebraic maps. In particular, it is real

semialgebraic. This is enough for the proof to go through.
To sum up, we have the following analogue of Proposition 4.1:

Proposition 5.5 Let £ be a holomorphic vector bundle on X and T C J"E be an admissible Taylor

condition. Let
T = Lo ((J78) ® £F) ®c¢ Tha (£F)

and N (k) C T be the subspace of nonsingular sections. Let N = N (&, r). The resolution and its filtration
described in Section 3 give rise to a spectral sequence on the second quadrant s < —1 and t > 0 converging
to the homology of the space of nonsingular sections:
El, = H2OmeT=ImS~(p | — F_ 5 Z) = Het (N (k): Z).
The differentials on the r'™ page have bidegree (—r,r — 1). Furthermore, for —N — 1 < s < —1, we have
the following isomorphisms for all t > 0:
E; RS Hc—t—Zs ke Jrg(s(—s); Zsign).
Moreover, fort < (N + 1)e(%),
Ely 5, =0.

Lastly, let us mention that in the particular example where X = CP”, £ = O(1), £ = O(d + 1) and
T C J1& is the zero section, the spectral sequence is completely analogous to that of [21].
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6 Comparison of spectral sequences

From our definition of nonsingularity, it follows that the jet map j” sends a nonsingular section f of £ to
a nonsingular section j”(f) of J"E. Likewise, the stabilisation map described in (26) sends elements
in NV (k) to elements in A/(k + 1). We shall see that these maps induce isomorphisms in homology in a
range of degrees up to around N = N(&, r). We first explain the argument for the jet map j” and then
go through the required modifications for the stabilisation map.

6.1 The case of the jet map

Reading Propositions 4.1 and 5.5, we may observe that we have similar-looking spectral sequences, one
converging to the homology of T}o1,ns(€) and the other one to that of I ns(J”E) = N (0). In particular,
in the range —N — 1 < s < —1, the terms £ SIJ are given by the same cohomology groups

El ~ Hc—t—2s k¢ J’E(T(—s); Zsign)

st =
in both spectral sequences. If we had a morphism of spectral sequences that happened to be an isomorphism
in this range, then, using the vanishing result £! N—p s =0forz <(N +1)e(%), the morphism induced on
the E°°-page would be an isomorphism in the range of degrees * < N(e(¥)—1)+e(¥)—2. (See Figure 1,
where we have drawn some differentials.) We shall construct such a morphism of spectral sequences,
whilst making sure that it is compatible with the morphism induced on homology by the jet map j”:

H 1 (Thotns (€)) = Hyt1(Tholns(J7E)).

For the sake of completeness, we recall when a morphism is compatible with a morphism of spectral
sequences; see eg [32, Section 5.2]. If two spectral sequences £}, , and EI/,’ 4 converge to Hy and H,,
respectively, we say that a map h: Hx — H,, is compatible with a morphism f: E — E’ if h maps F, Hy
to F, H, (here F, denotes the filtration) and the associated maps F, H,/F,—1H, — FpH,,/F,_1 H,,
correspond to f 21 EZ° — EI/JO,Z (where ¢ = n — p) under the isomorphisms E;% = Fp Hp/Fp—1 Hp

and E;’Z ~ F,H,/Fy,—1 H,,. The main point being that if f is an isomorphism in a range, then / also is

an isomorphism in a range; see [32, Comparison Theorem 5.2.12].

Let dy := 2dim¢ [11(€) and dy := 2dimg [Lo1(J7E) be the real dimensions of the complex vector
spaces of sections. We define the shriek morphism j' as the unique morphism making the square

~ 'r)* ~
Ay (Thotns () v s A (ThoLus(J7E))

(28) % F

HE ™ (Thot(€) — Thot,ns(€)) —opeo HE 7 (Mot (J7E) = Thotns(J7E))

commutative, where the vertical isomorphisms are given by Alexander duality and the top map is induced
by the jet map j” in homology. As our spectral sequences actually converge to the Cech cohomology
with compact support of the singular subspaces, we will construct our morphism of spectral sequences so
that it is compatible with j'.
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The spectral sequences arose from filtrations, so we now recall some notation from Section 3. We let X
be the functor F°® — Top constructed there using I' = I},01(€) and X = T},01(€) — Tho,ns(€). As we have
explained in Section 5.4, the resolution also works for T}, (J7E) and its singular subspace, and we let
9): F°P — Top be the associated functor in this case. We denote the filtration of RY X by

cone
Fll=0CFl=R%cC---CFy=R"XCFy,, =R).X

cone?

and the analogous one of RY 9) by

cone
(29) F2 =0 CF;=R"9C--CFy=RVYCF, =R}

cone *

We will slightly abuse notation and also write

(30) jUHFRY %) — HIFT (RN )

cone cone

for the bottom map defined by making the following square commutative:

H (Thot(€) — Tot,ns (€)) — L HFTRT () - Lholns(J7E))

;l =

HY(RY %) ~----mmmmmrmmmmeee > HX PR I(RY )

cone cone

Recall from the general theory that the spectral sequence associated to the filtration F_. for i = 1,2, arises
from an exact couple (H 2 (F. 0. H C?(F,ﬁ —F j;_l)). The map of spectral sequences that we want is then
constructed via a map of exact couples as in the following lemma:

Lemma 6.1 Let § = dy —dy = 2(dimg Tho1(€) — dime Tho(J7E)). There exists a morphism of exact
couples

(ipr Jipypz0: (HE(FY). HY (Fy — F)_y)) — (HX T (F7), HX YO (F7 — F}_)))
satisfying the following two assertions:

(i) For0 < p < N, the map j(!p) in the diagram

HE (Fy — Fy_)) ——=—— Hy(T? D75
e i)
HZP(F} = ) ———— Hy TPz

is an isomorphism, where
e =% —2dimc Lho(€) —p+2(p+ 1) tke J'€E,
and the horizontal isomorphisms are given by Thom isomorphisms as in Proposition 4.4.
(i) The map j 1'\, 41 Is equal to the shriek map (30).
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Unpacking the definition of a morphism of exact couples, we see that it amounts to providing morphisms
jli and j(! ) for 0 < p < N + 1 such that the diagram

H} WF))) —— H}(F}—F!)) —— HX(F}) —— H}(FL))

V= Litn 1 =
HY WW(F2 ) —— HXYS(F2—F2 ) — H}T3(F}) —— HXVYS(F2))
commutes, where the horizontal morphisms in the diagram are given by the long exact sequence of the

pair (F,, Fj_,) fori =1,2.

This result says exactly what we need: there a morphism of spectral sequences compatible with ;' (by (ii))
and giving an isomorphism in the vertical strip —N — 1 < s < 1 (by (i)). The lemma, as well as the
strategy of proof, is adapted from [31, Proposition 4.7]. First, let us state the most important consequence:

Proposition 6.2 For a holomorphic vector bundle £ on X, the jet map
jr: l—‘hol,ns(‘g) g 1—‘hol,ns(Jr‘c:)

induces an isomorphism in homology in the range of degrees x < N(E,r)(e(%)—1) +e(%)—2. ]

To understand how to construct the degree-shifting morphisms of Lemma 6.1, it is helpful to give a
description of the shriek map between cohomology groups arising from Alexander duality as in the
diagram (28). We shall do so generally first (following [31, Appendix D]) and then specialise to our
situation to prove the lemma at hand.

6.1.1 Alexander duality and shriek maps Let p: £ — B be a vector bundle between oriented
paracompact topological manifolds of dimensions n and m, respectively. Let j: K C E be a closed subset,
and let i : B < E be the zero section. We will see B as a submanifold of E via i. Using Alexander
duality (the vertical isomorphisms in the diagram below), we may define the shriek map

(32) i': HY (BN K) — Ht=m(K)
to be the unique morphism making the following diagram commute:

H«(B,B—BNK) —*— H.(E.E—K)

=] T=

HP*(BNK) -------=-=1 v HI(K)

-1
i

The goal of this section is to give a more intrinsic definition of i' that will allow us to define the required
morphisms in Lemma 6.1.

Firstly, Vokiinek proves in [31, Proposition D.1] the following:
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Lemma 6.3 The diagram

H.(B,B—BNK) i s Hy(E, E —K)

HP (BN K) «—— HZ7(K) o H!*(K)

commutes, where the vertical isomorphisms are given by Alexander duality, k: B N K — K is the
inclusion, t € H*(D(E), S(E)) is the Thom class of p and p~c is the family of supports defined as

p~le={F CK|F closed and p(F) C BN K is compact},

so that H;—lc denotes cohomology with supports in p~'c. (See eg [8, Chapter 11.2].)

Sketch of proof We repeat Vokiinek’s proof here for convenience. First, we explain the morphisms in
Alexander duality. Recall from eg [8, Corollary V.10.2] that we have fundamental classes [B] € HEM(B)
and [E] € HBM(E), where HEM denotes Borel-Moore homology (also known as homology with closed
support). Using the proper inclusions (£, @) — (E, E — K) and (B, @) — (B, B— B N K), they give
rise to classes og € H,]E’M(E, E—K)andog € HEM(B, B—BNK). If U C E is a closed neighbourhood
of K, we get a morphism

—Nog|U
—_—

H () H«(U,U—K)— H.(E,E — K),

where og |U is the image of og via the excision isomorphism HPM(E, E — K) ~ HBM(U, U — K).
(Note that it is important for U to be closed, so that the inclusion U < F is proper, and hence induces a
morphism in Borel-Moore homology.) Likewise, we get a morphism

HI"*(BNU) —NoslU, H.(BNU,BNU —-K))— H«(B,B—BNK).
Now, the isomorphisms in Alexander duality are given by taking the colimit over all closed neighbourhoods
U of K of the two morphisms constructed above; this is explained in [8, V.9]. Hence, to prove the lemma,
it suffices to check commutativity of the diagram

H«(BNU,BN (U —K)) B s Ho(U,U —K)
1
—HOBIUT —Ngx«(op|U) T_nOE

HI*BNU) s« H5WU) —ga HITP(U)

where g: BNU — U and h: U — E are the inclusions. The left part commutes by naturality of the cap
products. The right part commutes by observing that the fundamental classes can be chosen to correspond
under the Thom isomorphism, which implies that 2*t Nog|U = g«op|U, and finishes the proof. O

In the statement of Lemma 6.3, if the morphism k* were invertible, the shriek map (32) would be given
by “(k*)~!” followed by taking the cup product with the “Thom class” j *z. However, it is not invertible
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in general. There is nevertheless a way around that problem, which we explain below, using e-small
neighbourhoods of B N K in K and the continuity property of cohomology.

We choose, once and for all, a bundle metric on p: E — B. For a real number ¢ > 0, denote by D,
(resp. S¢, D) the closed disc (resp. sphere, open disc) subbundle of £ — B of radius ¢ (for the chosen
metric). In [31, Lemma D.2], Vokiinek proves:

Lemma 6.4 The diagram

H.(B,B—BNK) s Hy(EN Dg, (E—K)NDy) —> Hu(E, E —K)
(33 pmBnK) H'™ ™ (KNDs) —— H"™(K)

(ls)*\ lg

HP'™(K N Dg) —g— HI7*(K N Ds, KN Sp)

commutes, where the vertical isomorphisms on the first row are given by Alexander duality, the one on the
second row follows from general results about cohomology with compact supports, l;: BN K — KN D,
is the inclusion, t. is the restriction of the Thom class of E — B and the rightmost horizontal arrows
are induced by the inclusions. (Recall that cohomology with compact supports is covariant for open
inclusions.)

Sketch of proof The left part of the diagram can be shown to commute by a proof analogous to that of
Lemma 6.3. The right-hand square is seen to commute by a direct verification. |

Taking the limit &€ — 0, the morphisms (/) induce a morphism from the colimit
colim H" *(KND;) — H" *(BNK)
£—0

which is an isomorphism by the continuity property of cohomology with compact supports; see eg
[8, Theorem 11.14.4]. We finally obtain another description of the shriek map i ':

Proposition 6.5 (compare [31, Theorem D.3]) The shrieck map i' defined in (32) is equal to the
composite obtained as one goes along the bottom path in the diagram (33) above:

i' H"™*(BNK) & colim H™ (K N Dy)
e—
— colim H (K N D¢, KN Sg) = colim H (K N 138) — HI'™*(K).
e—0 e—0

Furthermore, in the case where both E and B are themselves vector bundles over the same base, K = E
and i : B < E is the inclusion of a subbundle, the shriek map i' is the Thom isomorphism of the bundle
E — B given by choosing a splitting of i.

Proof The first part follows from Lemmas 6.3 and 6.4. The second part is shown by direct inspection of
the construction. O
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6.1.2 The proof of Lemma 6.1 We shall apply the general theory described in the last section to our
case. To lighten the notation, we write

I :=Ho(€), Z1:=Lho(€) — Thoi,ns (€)
and
Di=Tha(JE), Z2:=Ta(J &) —hons(JE).

The jet map j” gives a linear embedding of I} into I3 such that the image of the singular subspace is
precisely given by the intersection with the bigger singular subspace:

JT(ED) =/ "T)NZ,.

Choosing a complementary linear subspace of j” (I7) inside I3, we obtain a projection giving a vector
bundle

(34) L—j"T)=h
of real rank § = d — d;. Below, we apply Vokiinek’s results to this situation.

We first set up the notation. Let ¢ > 0 be a positive real number and denote by D, (resp. S, D ¢) the
closed disc (resp. sphere, open disc) subbundle of radius ¢ of the vector bundle (34). Recall from (29) the
functor Q) giving rise to the resolution of X,. We also define Y p, : F®? — Top to be the subfunctor of Q)
given by

Dp.[n]:={(f.50,....50) € D[n]| f € D¢},

and likewise for ) s, C2) and Y 5, CQ) using only sections f € S or 53- Lett, € H‘S(EzﬂDg, 3oNSe)
be the restriction of the Thom class of the vector bundle (34) to X,. (Recall that the Thom class is
an element of H%(D,, S¢).) In all what follows, we see I7 C I via the embedding j = j". Let
le: 1 = X5 N Dg be the inclusion (which is proper, and hence induces a morphism on compactly
supported cohomology). We explained in Proposition 6.5 that the shriek map ;! is obtained from the zigzag

HX(Z1) 2% g* (3,0 D) 2% H*H (3,0 D, D50 Se) = HX (2,0 Dy) — HATE(5,)
by taking a colimit as e — 0.

We mimic that construction at the level of the resolutions. Let 0 < p < N + 1 be an integer. Recall
from (29) that Flé denoted the p™ step of the filtration of the resolution of X;. We denote by F 1)2, D,
F Ii s, and F, li 5, the analogous filtrations on the resolutions obtained from the subfunctors 2)p,, ), and
2 b, respectively. Because a singular point of a section f € I7 is also a singular point of j"(f) € I3,

the jet map gives a map on resolutions

X[pl > Dlpl.  (fiso.....s5p) = (G (f). 50, 5p),
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which preserves the filtrations. Let I Fp1 — F pz D. be the induced inclusion. Let y, € H? (sz D, F pz Ss)
be the pullback of 7, along (sz D, sz s,) = (22N D¢, T2 N S). The diagram

(ia)* —Uye
HX(F}) HY(F2p ) ———— H}YO(F2, (F2¢ )= HXV(F2p ) ——— H}TO(F})

I I I |

HE(S1) 45— HE (320 De) —5> HE (220 De. B2 01 8p) = HIF (T2 1 Dg) — HEF(S2)

then commutes by naturality of all the constructions involved, where all the vertical maps are induced
by the proper projections FI§ — ;. The morphism jl!,: HL’,“(FPI) — H:""g (sz) is then defined as the
colimit, when ¢ — 0, of the top composition in the diagram above. (Recall that (/) is an isomorphism
in the colimit, by continuity of cohomology.) In particular, when p = N + 1, the vertical maps are
isomorphisms (by 3.11), which proves Lemma 6.1(ii) by noticing that the bottom composition is the
shriek map j'.

The morphisms j(! % HX(Fy—F)_ )~ H i (Fy — F;_,) are defined analogously, ie by the colimit
as ¢ — 0 of the zigzag
HE(Fy = Fy_y) < HE(Fy p = Fjy p) = HEP(F)p, = Fy oy p, Frs, = Fjy s,)

= HIP(F) 3, = oy p) =~ HIFO(F = Fpy).
where, as before, the first morphism is induced by the inclusion, the second morphism is the cup product

with the Thom class and the third is induced covariantly by the open inclusion.

One may check, using naturality of the various constructions involved, that the morphisms jli and j(!p)
give a morphism of exact couples. This amounts to staring at the following commutative diagram:

HWEL) HX(E'=FL ) H}(F) —————HZ(FL})

HZNRZ, p,) YHI (R p —F2y p,) »HI(E?p,) PHI(RZ, p,)

*—14+§8 2 2 *+§ 2 2 2 2 *+§ 2 2 *+6 2 2
He (B2 po By s ) HE (B p =B p o Bls =By s ) HE (B ) > HE (B p By s,)

*—143§ 2 *+5 2 2 *+5 2 *+3 2
o % [< o % o o
HE (B2, B,) HE(BS 3, — 5" 8,) HET(ET3,) PH(E B,)

HC*_H_S(};)Z—I)—>H:+8(F1‘72_I‘;;2—1)%H:+8(572)—>H:+8(I;72—1)

To conclude the proof, we verify Lemma 6.1(i), ie that the morphism
j(!p): Hc*(Fpl - Fpl—l) - Hc*JrB(sz - sz—l)
is an isomorphism. Recall from (10) that
F}—F} =Y,(D) Xe,,, |AP] and  F, —F) | = Y,(X) Xe,,, |A],
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where we defined as in (9) the subspace

Yp (D) :={(f.50.....5p) €DIp] |51 # sp if I # ki CY[p].

and likewise for Y, (X) C X[p]. Recall also that these spaces were vector bundles over TP+ gee
Section 4. Hence we have an inclusion of vector bundles:

1 1 2 2
Fp_Fp—l ’ Fp_Fp—l
g(p+1)

Now the second part of Proposition 6.5 applies and finishes the proof. a
6.2 The case of the stabilisation map

Choose some integer kK > 0. We now describe how the argument of the previous section can be made

with the stabilisation map
Vit Thot (7€) ® £5) @ That(£F) = Tt (7€) @ £ @¢ Tt (£5F1)

from (26). It is a linear embedding; hence, by choosing a complementary subspace, we get a vector bundle
Thot (7€) ® L) @ ¢ Tt (L5 1) = 71 (T (J7€) ® L) B¢ Tha(£F))

analogous to the one in (34). From the commutativity of the diagram (24), we see that a singularity x € X
for f € S(k) is also a singularity of y;(f) € S(k + 1). Therefore we also get a map induced on the
respective resolutions of S(k) and S(k + 1). Together with the fact that nonsingular sections are sent to
nonsingular sections, this is enough for the argument to be repeated in that case.

Proposition 6.6 The restriction of the stabilisation map yy, to the nonsingular subspaces
Vi N(k) > Nk +1)
induces an isomorphism in homology in the range of degrees x < N(E,r)(e(%)—1) +e(%)—2. O
Combining Propositions 6.2 and 6.6, we obtain the following:
Proposition 6.7 Each map in the composition
Thot,ns(€) = Thot,ns (V7€) = N(0) — 20_1)13/\/’ (k)

induces an isomorphism in homology in the range of degrees * < N(E,r)(e(%) — 1) +e(%) —2. m|

7 Comparison of holomorphic and continuous sections

We shall relate colimy NV (k) to the space Io (/" &) of nonsingular continuous sections of the jet bundle.
Recall from the stabilisation diagram (24) that every nonsingular space N (k) maps via g to To , (J7E).
The aim of this section is to prove the following result about the map induced from the colimit:
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Proposition 7.1 The map
(35) colim N (k) — Tpo ,(J7E)
k—o0 ’
is a weak homotopy equivalence.
Combining this result with Proposition 6.7 readily implies Theorem 2.13. Proposition 7.1 is a direct
consequence of the openness of the subspace of nonsingular sections, which follows from the fact that the
admissible Taylor condition ¥ C J”" & is closed (see the discussion after Lemma 3.6), and the following:
Lemma 7.2 Let F be a finite CW-complex. The map
CO(F,colim N (k)) — CO(F, Tpo 4 (J7E))
k—o00 ’

induced by (35) has a dense image.
As in [20], we will need an adaptation of the classical Stone—Weierstrass theorem for real vector bundles.

Theorem 7.3 (Stone—Weierstrass) Let E — B be a finite-rank real vector bundle over a compact
Hausdorff space. Let A C C%(B,R) be a subalgebra and {s;} ;e be a set of sections such that

(i) the subalgebra A separates the points of B: for any x,y € B, there exists h € A such that
h(x) # h(y),
(ii) for any x € B, there exists h € A such that h(x) # 0,

(iii) for any x € B, the fibre E is spanned by the s;(x) as an R-vector space.

Then the A-module generated by the s; is dense for the sup-norm (induced by the choice of any inner
product on E) in the space of all continuous sections of E.

Proof of Lemma 7.2 Let F be a finite CW-complex. By adjunction, a continuous map F — o , (/" E)
corresponds to a section of the underlying real vector bundle of J"E x F — X x F. We shall apply
Theorem 7.3 to that vector bundle.

Recall that we have chosen in Section 5 a very ample line bundle £ on X and explained how to define the
complex conjugate § of a section s of £. For any integer k > 0, define the squared norm of a holomorphic
section of £ by

|- 122 Thot(£F) = Tpo(£F @ £F) = ¢0(X, C), s — |s|? := 53,

where the isomorphism with continuous maps was obtained in (23). Notice that |s|? is in fact a real-valued
function X — R C C. We also let

Ar i ={g(-. )} X x F > R | g € C°(F, Tha(£¥))} € C°(X x F,R),
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where if g € CO(F, Thot(£X)), we see g(-,-) as a map from X x F to £ by adjunction. Keeping the
notation from Theorem 7.3, we let A be the subalgebra of C%(X x F,R) generated by all the A for
k > 0. For the set of sections as in Theorem 7.3, take

(36) {(x,u) > (s(x,u),u): X x F > JTEXF |s € COF, Tha(JTE))},

where again, for s € CO(F, To1(J7E)), we see s(-,-) as a map from X x F to J"E by adjunction. We
may now check the conditions of Theorem 7.3.

(i) Let (x,u) # (x’,u’) € X x F. Consider the first case, where x # x’. For k > 2, £F is 2-very ample
(see Example 2.2). Hence there exists a section s € I},o1(£2) such that s(x) # 0 and s(x’) = 0. Then the
map (x,u) — |s(x)|? is in Ay and separates (x,u) and (x’,u’) as |s(x)|® # 0 and |s(x")|?> = 0. In the
other case, where x = x’, we have that u # u’. By the 1-very ampleness of £ we may choose s € I},01(£)
such that s(x) = s(x’) # 0. Let p: F — R4 be a bump function such that p(u) = 0 and p(u’) = 1.
Then the map (x,u) — |p(u)s(x)|? is in A and separates the points. Indeed it is vanishing at (x, 1) but
nonvanishing at (x’, u’).

(ii)) The second point is exactly what we have just proved in the first case of (i).

(iii) It suffices to prove that the fibre of J”& above x € X is spanned by the sections s(x) for s € [} (J " E).
This is implied by the 0-jet ampleness of £ (see Example 2.2).

By construction, any element in the image of the map

CO(F, iolim/\/(k)) — CO(F, T 1 (J7E))

is, by adjunction, in the A-module generated by the set (36). O

8 Applications

8.1 Nonsingular sections of line bundles

Our first application concerns the case of nonsingular sections of line bundles, which was the starting
motivation for this work. Here, a direct corollary of our main theorem reads as:

Corollary 8.1 Let X be a smooth projective complex variety and L be a very ample line bundle on it.
Let d > 1 be an integer. The jet map

7't Thotns(£9) = Teo (I 1£9)
from nonsingular holomorphic sections of £¢ to continuous never-vanishing sections of J'£2, induces

an isomorphism in homology in the range of degrees * < %(d —1).

Proof It is a straightforward application of Theorem 2.13 by taking the admissible Taylor condition T
to be the zero section of J'£¢ and recalling from Example 2.2 that if £ is very ample, then the tensor
power £%is d -very ample. O
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More interestingly, we can compute the stable rational cohomology. This agrees with a computation made
by Tommasi (personal communication, 2021).

Theorem 8.2 Let n = dimc X be the complex dimension of X. For d > 1, there is a rational homotopy

equivalence
2n+1

Teo ('L =2 T] K(Hi—1(X:Q).i).

i=1
In particular, the rational cohomology of To ,((J 124y is given by the free commutative graded algebra
AH*H(X;Q)),

on the cohomology of X shifted by one degree.

Remark 8.3 This result implies in particular that the rational (co)homology of I‘hol,ns(ﬁd) stabilises as
d — 0o. As we will see below, the integral cohomology does not stabilise in general.

Remark 8.4 The stable cohomology only depends on the topology of X. This is in accordance with the
analogies between topology and arithmetic and motivic statistics mentioned in the introduction. In both
the results of Poonen and Vakil-Wood, the limit is expressed by a zeta function which only depends on X.

Example 8.5 For X = CP”" and £ = O(1), we find that the stable rational cohomology is the exterior
algebra

Ag(t1.13,... . 12an+1)
where #; is in degree i. This agrees with the result of Tommasi in [27].
Proof of Theorem 8.2 Recall that the nonsingular sections of J ! £¢ are precisely the never-vanishing
ones. We choose a Riemannian metric once and for all and denote by Sph(J 1£4) - X the unit sphere

bundle of the vector bundle J'£%. We may scale a never-vanishing section to have norm equal to 1 (for
the chosen metric) in each fibre. We thus obtain a homotopy equivalence

Teo us (4 1£%) 2> Tpo (Sph(J 1 £)).

We now rationalise the sphere bundle in the following sense. By [17, Theorem 3.2], there is a fibration
Sé”'“ — Sph(J'£%)q — X and a morphism of fibrations

S2n+1 ; Sén-}-l

| !

Sph(J'£4) —— Sph(J'£%)q
X /
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such that the map induced on the fibres $27+1 — Sé"“ ~ K(Q,2n + 1) is a rationalisation. As X is

S2n+1

homotopy equivalent to a finite CW-complex and is nilpotent (it is indeed simply connected), we

may use [19, Theorem 5.3] to show that the map Sph(Jlﬁd) — Sph(JIEd)Q induces a map
Te0(Sph(J ' £%)) =2 Too(Sph(J ' £%)q).

which is a rationalisation. (In general, one has to restrict to some path component. However both spaces
are connected in our situation.) Now, oriented rational odd sphere bundles are classified by their Euler
class; see eg [13, II.15.b]. In our situation, the orientation is induced from the canonical one on the
complex vector bundle J 124 and the Euler class vanishes for dimensional reasons. It follows directly
that Sph(J lﬁd)@ — X is a trivial bundle. Therefore

Teo(Sph(J ' £%)@) = map(X, K(Q,2n + 1)),

where map(—, —) denotes the space of continuous functions with its compact open topology. Finally,
in [26] (see also [15] for an accessible reference), Thom proves that this mapping space is homotopy
equivalent to a product of Eilenberg—MacLane spaces

2n+1 2n+1

map(X, K(Q,2n+ 1) ~ [] KE> 7 (X:Q).i)~ [ K(Hi-1(X: Q). i),

=0 =0

where the last equivalence comes from Poincaré duality. More precisely, he proves that if
ev:map(X, K(Q,2n+ 1)) x X — K(Q,2n +1)

is the evaluation map, and y € H>"t1(K(Q,2n + 1); Q) is the fundamental class, we may write
v (=Y i
i
where y; € H (map(X, K(Q,2n + 1)); H?"*t171(X:Q)). Then the projection

map(X, K(Q,2n + 1)) > K(H?" 17 (X: Q). i)

is determined by the cohomology class y;. a

8.1.1 Geometric description of the stable classes and mixed Hodge structures As a Zariski open
subset of the affine space I} (Ed ), the subspace Fhol,m(ﬁd ) inherits a structure of complex variety and
its cohomology thus has a natural mixed Hodge structure. On the other hand, we may endow the stable
cohomology computed in Theorem 8.2 with a mixed Hodge structure defined as follows. Recall that the
cohomology H™*(X;Q) can be equipped with a mixed Hodge structure using the structure of complex
variety on X, and denote by Q(—1) the Tate—Hodge structure of pure weight 2. By first tensoring these
structures and then applying the symmetric algebra functor, we obtain a mixed Hodge structure on the
stable cohomology. In this section, we show the following:
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Proposition 8.6 The morphism of Theorem 8.2,

AH* 1 (X;Q) @ Q(—1)) = H* (Thotns(£9); Q),

is compatible with the mixed Hodge structures.

Proof By the universal property of the (graded) symmetric algebra, it is enough to see that the morphism
H* ' (X:Q) @ Q1) = H* (Thotns(£L7): Q)
respects the mixed Hodge structures. We do this by giving a more geometric description of this map. Let
7+ Thot,ns (£4) X X = Thot,ns (£)
be the trivial fibre bundle, and let
J: Thotns (L)) x X — J1£7 — {0}

be the jet evaluation. By integrating along the fibres of 7, we obtain in cohomology a morphism of mixed
Hodge structures:

mo j*  H*(J' L% —{0}) ® Q(n) = H* 2" (Thoins (£)).

The extra Tate twist Q(n) comes from the definition of the Gysin map m via Poincaré duality; see
[23, Corollary 6.25]. As the Euler class of the jet bundle vanishes for dimensional reasons, we compute that

H*(J'£9—{0:Q) = H*(X; Q) ® H*(C"T —{0}:; Q).
Now H?2"T1(C**+1 —{0}; Q) = Q(—n — 1), so we have obtained a morphism of mixed Hodge structures:
moj*t H*(X) @ Q(=1) — H**! (Thotns(£9)).
We claim that this coincides with the morphism given in Theorem 8.2. The proof is an exercise in algebraic

topology and uses the description of the mapping space given at the end of the proof of Theorem 8.2. O

8.2 Integral homology and stability

In this section, we focus on the special case where X = CPP! and £ = O(1). That is, we study the space
Uy = 1—‘hol,ns(C]P)l, O(d))

of nonsingular homogeneous polynomials in two variables of degree d. From Corollary 8.1, we know
that the jet map
jlz Ug — FCO,ns(JIO(d))

induces an isomorphism in integral homology in the range of degrees * < %(d —1). We prove that the
section space on the right-hand side does not depend on d > 1, and hence that the integral homology
of Uy stabilises.
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Theorem 8.7 Ford > 1, we have a homotopy equivalence

To,s(J 1 Ocp1(d)) ~ map(S?, §3).
In particular

H.(Uy:7) =~ Hy(map(S?, S3); Z)

in the range of degrees * < %(d —-1).

Remark 8.8 Choosing a basepoint » € S2 and using the Lie group structure on S3 = SU(2), we obtain
a homeomorphism

map(S2, 53) =5 §3 xmap, (52, 8%) = S3x Q283 = (f(b), f(B)"L)),

which can be used to compute the integral homology. This can be done one prime at a time. Indeed, the
p-primary elements have order exactly p by [22, Corollary 10.26.5]. This p-primary part can then be
computed directly from the Bockstein spectral sequence and the knowledge of the Z/ p homology, which
is recalled in [22, Corollary 10.26.4]. We can also note that the homology of Q253 ~ Q%S 2 is the stable
homology of braid groups studied in [10, Paper III, Appendix A].2

Remark 8.9 In the next section, we will show that one cannot expect integral homological stability in
general. The case X = CP! should be seen as a very particular phenomenon.

Proof Recall from the proof of Theorem 8.2 that we have to study continuous sections of the sphere
bundle of the jet bundle:
§3 = Sph(J'O¢pi(d)) — CP!.

One sees that this bundle is classified by the second Stiefel-Whitney class of the jet bundle, ie the
reduction modulo 2 of its first Chern class. Using that d > 1 and [12, Proposition 2.2], we obtain an
isomorphism of vector bundles

J1Ocpi1(d) = Ocpi(d —1)®2,
We compute the first Chern class to be
c1(J'Ocp1(d)) = c1(Ocpi(d —1)®%) = 2¢1(Ocp1(d — 1)),

so its reduction modulo 2 vanishes regardless of d. As the sphere bundle was classified by this class, this
shows that it is trivial. Therefore

[0 s (J Ocp1 (d)) = Too (Sph(J ' Ocp1(d))) ~ map(S2, S3). O

2Many thanks to Antoine Touzé for explaining this computation to me, and to the referee for pointing out the connection to braid
groups.
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8.3 Integral homology and nonstability

As we indicated in Remark 8.3, the rational cohomology groups of the spaces I‘hol,ns(ﬁd ) stabilise. That
is, for a fixed i > 0, the i™ rational cohomology group is independent of d as long as i < 5(d—1). In
this section, to contrast with the very special case of the previous one, we show that one cannot expect
integral stability in general.

Let us fix some notation for the remainder of this section: d > 1 is an integer, £ is a very ample line
bundle on a smooth projective complex variety X and n = dim¢ X is the complex dimension of X. As
we will only be considering spaces of continuous sections, we will use I" as a shorthand for I'-0.

The main result of this section is Theorem 8.11. To show its computational potential, we will show the
following:

Proposition 8.10 Let d > 6 be an integer. We have

7/2 d=0mod2,

Hy (Thoas(CP2, O)): 2/2) = § 7~ 0

8.3.1 A comparison map As stated in Corollary 8.1, we are reduced to studying the homotopy type of
the space of continuous sections of the sphere bundle Sph(J 1£4). Even though this is a purely homotopy-
theoretic problem, its resolution is quite hard. We will therefore “linearise it” in the homotopical sense
using spectra. This is made precise in the following result:

Theorem 8.11 Let TX be the tangent bundle of X, and let X7 '£9=TX denote the Thom spectrum of
the virtual bundle J'£? — TX of rank 2. There is a 2n-connected map

F(Sph(]lﬁd)) — QOO-'rlilLd—TX.

Our proof uses very lightly the theory of parametrised pointed spaces/spectra and is written using co-
categories. We feel that this choice helps in conveying the main ideas more clearly. The unfamiliar reader
is encouraged to think of bundles of pointed spaces/spectra, whilst resting assured that there exists a theory
which renders all statements made here literally true. An encyclopaedic reference is [18]. As we shall
only use basic adjunctions and Costenoble—Waner duality, we suggest to simply look at [16, Appendix A]
for a very readable introduction.

We denote by Sy« and Sp the co-categories of pointed spaces and spectra, respectively. Likewise, we let
Sx,x = Fun(X,S«) and Sp,x = Fun(X, Sp) be the co-categories of parametrised pointed spaces/spectra
over X. (In the definitions, X is seen as an co-groupoid.) We let r: X — * be the unique map to the
point. We will use the following three standard functors:

the restriction functor: r*: S, — Sy /x>
its right adjoint: Is:Sx,x —> Sx,

its left adjoint: r1: S« xy = Sx.
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The right and left adjoints are given by right and left Kan extensions, respectively. In other words, r, takes
the limit of a functor F € S, /x = Fun(X, S«), whilst ry takes its colimit. We will also use the analogous
functors in the case of parametrised spectra with the same notation. It will be clear from the context
which one we are using. The crucial fact for us is that for any bundle ¥ — X equipped with a section s
(this gives the data of a pointed space over X), r«(Y) is the path component of s in the section space.

As a last piece of notation, we will use 273’( = 97‘)} to denote the infinite suspension/loop space adjunction
between parametrised pointed spaces and spectra, and use £ 4 Q°° to denote the usual adjunction in

the unparametrised setting.

On our way to the proof of Theorem 8.11, we first make some formal observations. Loosely speaking,
we would like to say that the section space of a fibrewise infinite loop space is the infinite loop space of
the “section spectrum”. This is made precise in the lemma below.

Lemma 8.12 Let Y € S« be a parametrised space over X . We have a natural equivalence of pointed
spaces:
Qoor*(E;’}’( Y)~ r*(Q;’}’( 27} Y).

Proof We use the Yoneda lemma and the adjunction r* < r«. Let Z € S, be a pointed space. We have
maps, (Z, Q¥r«(£7%Y)) ~ mapg, (%, r« (275 Y)) ~ maps, (r*x*®Zz, 2%Y)
zmapsp/X(Eo‘;(r Z,E%’(Y)_maps r*z, Q/XE‘/’}Y)
>~ maps, (Z, r*(Q E/XY))
Almost all manipulations follow from the standard adjunctions. The third equivalence uses the fact that

r*XZ is the trivial parametrised spectrum with fibre X°°Z, and hence is equivalent to E?‘}r Z. O

We will need two more facts before proving Theorem 8.11. The first one is the following simple
observation. If V' — X is a vector bundle such that its associated sphere bundle Sph(}V') — X has a
section s, then we may take the fibrewise infinite suspension E % Sph(V) € Sp,x, using s to give a
basepoint in each fibre. On the other hand, we could have taken the fibrewise one-point compactification

and then suspended using the added point at infinity as a basepoint in each fibre. Up to a suspension,
these are the same parametrised spectra.

Lemma 8.13 Let V — X be a vector bundle with a nonvanishing section, and let Sph(V) — X be
its associated sphere bundle. Let S)‘(/ denote the fibrewise infinite suspension of the fibrewise one-point
compactification of V (using the point at infinity as the basepoint in each fibre). Then

=% Sph(V) =~ QxSY.
where 2y denotes the desuspension in the category Sp, x .
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Proof Let us scale a nonvanishing section s of V' so that it has image in the sphere bundle. We write
D(V) C V for the unit disc bundle of V', which we point using s, and VT for the fibrewise one-point
compactification. We obtain the lemma by applying the fibrewise infinite suspension 27‘)’( to the cofibre
sequence Sph(V) — D(V) — V' of parametrised pointed spaces over X. m|

Recall that the co-category Sp, x is symmetric monoidal, with monoidal unit Sy := r*(S). (Here and
everywhere else S denotes the sphere spectrum.) The usefulness of the whole machinery set up so
far is contained in the following result. A classical reference is [18, Chapter 18]. In the language of
oo-categories, one may read the second section of [16, Appendix Al].

Lemma 8.14 (Costenoble—Waner duality) The Costenoble—Waner dualising spectrum of X is S);TX ,
the spherical fibration associated to the stable normal bundle of X . That is, we have an equivalence of
functors:

ra(=) > n(=®sy Sy ).

Proof of Theorem 8.11 We start by choosing once and for all a section s of the sphere bundle Sph(J ' £9),
which provides us with a basepoint in every fibre. We may therefore apply the free infinite loop space
functor Q = QX >®: S, — S, fibrewise and obtain the following diagram of fibrations:

S2n+1 ; 90020052n+1

! |

Sph(J'£9) —— Q%5 =% Sph(J'L9)

| |

X X

By the Freudenthal suspension theorem, the map S2" 1 — Q®x>®827+1 i5 (4n+1)-connected. Using
that X is homotopy equivalent to a 2n-dimensional CW-complex, and that I"'(—) sends homotopy pushouts
to homotopy pullbacks, a direct induction on the skeletal filtration shows that the map on section spaces

I'(Sph(J'£4)) > [(Q5% =% Sph(J ' £9))

is 2n-connected. (Notice that both spaces are connected, so the choice of s was immaterial.) Using
Lemma 8.12, we obtain

L(Q5% 27% SPh(J ' £4)) ~ (5% =5 Sph(J ' £4)) ~ Q%®r. (2% Sph(J ' £%)).
We now make the purely formal computation
re(E%% Sph(J 1£9)) = ry (2% Sph(J 1 £9) @5, S5T¥) = n(QxS§ ~* ®s, SxT¥)
~ QxS LX) > Qry(SE O TTX) ~ QT ETX

where we used Lemma 8.14 for the first equivalence, Lemma 8.13 for the second, and recognised that the
value of ry on a spherical fibration is the associated Thom spectrum. O
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8.3.2 An example when X = CP2 To show how Theorem 8.11 can be applied in practice, we use
it to prove Proposition 8.10. We hope that this will convince the reader of the computational power of
homotopy-theoretic methods to study spaces of algebraic sections.

Following Theorem 8.11, we should investigate Qootly /' LY~TX when X = CP2 and £ = o(1).
Because J!£4 — T'X is of rank 2, the spectrum QX7 ?£9=TX i5 1-connective and the bottom homotopy
group is 1 = Z by the Hurewicz theorem. We consider the fibration

1,d
F—)QOO+IXJ L _TX—>S1,

where F is the homotopy fibre of the rightmost map, which is taken to induce an isomorphism on ;. A
1,d . . . .
generator of 71 (Q®T1 X7 £°~TX) ~ 7 gives a section of that fibration, and we obtain

1,d
QOO+1XJ L£L4-TX :SIXF.

In particular, F is simply connected with 75 (F) 2= 75 (Q®+1 X7/ ted-TX ). By the Hurewicz theorem
and the universal coefficient theorem, H,(F;Z/2) = Hy(F; Z) Q Z/2 = 75 (F) ® Z /2. We thus wish
to compute (21 X7 'ed-TX ), which we will do using the Adams spectral sequence at the prime 2:

ES = Ext{ (H* (X7 27T, 2/2),2/2) = me(X7'E7TX)5,

(Hence we will only compute the 2-completed group, but this will be enough for our purposes.) The
E,-page is computed by knowing the cohomology H* (X’ ef-TX ; Z,/2) as an algebra over the mod 2
Steenrod algebra A. (See [3, Section 3.3] for a very readable introduction.) If U denotes the Thom class
of J1£9 —TX, the classes in the cohomology of the Thom spectrum X 7/ 'e7=TX gre given via the Thom
isomorphism as yU where y € H*(X;Z/2). At the prime 2, the Steenrod squares can then be computed
from the formula
S¢*(yU)= Y Sq(»S¢/U)= Y Sq(yw;U.
i+j=k i+j=Fk

where w; is the j Stiefel-Whitney class of J 14 —TX. In our case, writing Z/2[x]/(x3) for the
cohomology ring of X = CIP2, the total Stiefel-Whitney class is given by:

1 d =0 mod 2,
wJcd —TX) = mo
1+x d=1mod2.
We used the handy tool [9] to compute the E,-page for us, and obtained Figure 3. From this, standard

arguments about differentials (see eg [3, Section 4.8]) show that

_ Z/2 d=0mod2
XJ'Ed TX\A ~ ’
73( 2=00 d =1 mod2.
Therefore
Z/2 d=0mod2,

Hy(F;Z/2) = m(F)®Z/2 = n3(X 7' ¢ TX) 9 2/2 =
0 d =1 mod?2.
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4 4
3 3
2 . 2
1 . 1
0 0
2 3 4 2 3 4

Figure 3: Left: d =0 mod 2. Right: d = 1 mod 2. Following the established convention, we use
the Adams grading: the horizontal axis is indexed by ¢ — s, and the vertical one by s. Every dot
represents a copy of Z /2. The vertical lines represent multiplication by hg € Exti{l (Z.]2,7.]2).
We suggest to the unfamiliar reader to look at [3, Section 4.3] for more explanation.

Using the Kiinneth theorem, we obtain
Hy (T X7 -TX 719y ~ Hy(SY % F;2/2) = Ha(F:Z)2),

which finishes the proof of Proposition 8.10.

8.4 Stability of p-torsion

In this final section, we study the p-torsion in the homology of the space -0 (Sph(J 1£4Y). On the one
hand, we have just seen in Proposition 8.10 that it depends on d in general. On the other hand, the
result below shows that when the prime p is slightly bigger than the dimension of X, the p-torsion is
independent of L.

Proposition 8.15 Let X be a smooth complex projective variety of complex dimension n and L be a
holomorphic line bundle on it. Let p be a prime such that p > n + 2. Then the fibrewise p-localisation of
the sphere bundle Sph(J ' £) — X is trivial. In particular, we have an equivalence of p-local spaces

Teo(Sph(J ' £))(p) = map(X, ST,

As an immediate consequence, combining the proposition above with Corollary 8.1 shows that the
p-torsion in the homology of Tions(X'; 4 ) stabilises when p > dim¢ X 42 and d — oo.

The proof uses the following result, which we learned from [5, Proposition 4.1]:

Lemma 8.16 For p > %k + % the space map, (S(kp), S{‘p)) of maps homotopic to the identity is (k—1)-
connected.
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Proof The proof is given in [5], but we sketch it here for convenience. We shall assume that k is odd, as

we will only use this case. Recall the evaluation fibration
k ¢k k k k
Q1S (p) = Map1(S(p): S(p) = Sipy-

Using the associated long exact sequence of homotopy groups, it suffices to show that 5; (Q]fSécp))
vanishes for i < k — 1. Using the assumption p > %k + %, this follows from Serre’s calculations on
p-torsion in the homotopy groups of spheres. |

Proof of Proposition 8.15 Let

5(2;)“ — Sph(J'L)(p) = X

be the fibrewise p-localisation of Sph(J!£) — X. By [19, Theorem 5.3], we have a homotopy equivalence
oo (Sph(J ' £)) () = Teo(Sph(J 1 L) ().

As the sphere bundle is canonically oriented (using the complex orientation of J!£), the fibration
Sph(JIE)(p) — X is classified by a map

X—>B mapl(S(Z;’)H, S(zlf)ﬂ).

By Lemma 8.16, the codomain of that map is (2n+1)-connected. As the domain has real dimension 2#,
the classifying map must be nullhomotopic, thus showing that the fibration is trivial. a
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