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Exotic Dehn twists on sums of two contact 3-manifolds
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We exhibit the first examples of exotic contactomorphisms with infinite order as elements of the contact
mapping class group. These are given by certain Dehn twists on the separating sphere in a connected sum
of two closed contact 3-manifolds. We detect these by a combination of hard and soft techniques. We
make essential use of an invariant for families of contact structures which generalizes the Kronheimer–
Mrowka contact invariant in monopole Floer homology. We then exploit an h-principle for families of
convex spheres in tight contact 3-manifolds, from which we establish a parametric version of Colin’s
decomposition theorem. As a further application, we exhibit new exotic 1-parametric phenomena in
overtwisted contact 3-manifolds.
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1 Introduction

Throughout this article all 3-manifolds are closed, oriented and connected unless otherwise noted, and all
contact structures on 3-manifolds are co-oriented and positive.

1.1 Main result

A fundamental problem in contact topology is to understand the isotopy classes of contact diffeomorphisms,
usually called “contactomorphisms”, of a contact manifold. The following is a longstanding open question
in all dimensions:
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1572 Eduardo Fernández and Juan Muñoz-Echániz

Question 1.1 Do there exist exotic contactomorphisms with infinite order as elements in the contact
mapping class group?

In this article we answer this question in the affirmative in dimension three. Here, and throughout the
article, by exotic we will mean nontrivial in the contact category but formally trivial (and, in particular,
trivial in the smooth category). See Section 2.3 and below for further details. We consider a contact
3-manifold given by the connected sum of two contact 3-manifolds .Y#; �#/ WD .Y�; ��/#.YC; �C/. Recall
that the connected sum is built by removing Darboux balls B˙ � Y˙ and gluing the complements Y nB˙
by an orientation-reversing diffeomorphism of their boundary spheres which preserves their characteristic
foliations. Reparametrization of one of the spheres provides a U.1/ worth of choices for gluing, and thus
.Y#; �#/ naturally belongs in a family of contact 3-manifolds

.Y#; �#/ ,! Y#! U.1/:

The monodromy of this family is realized by a contactomorphism of .Y#; �#/, well-defined up to contact
isotopy. Its underlying diffeomorphism is the Dehn twist on the separating sphere S# in the neck of the
connected sum Y# D Y� #YC. We denote this contactomorphism by �S# and call it the contact Dehn twist
on S#. Unlike previous constructions of contactomorphisms, the contact Dehn twist is a local symmetry of
an arbitrarily small neighborhood of a 2-sphere (see Section 3 for further details). As a diffeomorphism, the
Dehn twist can be isotoped so that it is supported on a neighborhood Œ0; 1��S2 of S#'S

2 on which it acts
as Œ0; 1��S2 3 .t; p/ 7! .t; R�.t/.p//, whereR' denotes the rotation of angle ' along the z axis in R3, and
� W Œ0; 1�! Œ0; 2�� is a smooth function with � � 0 near t D 0 and � � 2� near t D 1. Because �1 SO.3/D
Z=2, the 2-fold iterate �2S#

is smoothly isotopic to the identity, but it remains to be understood whether:

Question 1.2 Is �2S#
contact isotopic to the identity?

Associated to the contact structures �˙ we have their Kronheimer–Mrokwa contact invariants c.�˙/ 2
zHM.�Y˙/; see [Kronheimer and Mrowka 1997; Kronheimer et al. 2007]. These are canonical elements
(defined up to sign) in the “to” flavor of the monopole Floer homology of �Y˙. The contact invariant
was also defined in the setting of Heegaard–Floer homology by Ozsváth and Szabó [2005]. Under the
isomorphism between the monopole and Heegaard–Floer homologies [Kutluhan et al. 2020; Colin et al.
2011] the contact invariants agree. Throughout this article we only consider monopole Floer homology
and the contact invariant with coefficients in Q, for simplicity. Our main result is the following:

Theorem 1.3 Let .Y˙; �˙/ be irreducible contact 3-manifolds. Suppose that the Kronheimer–Mrowka
contact invariants c.�˙/ do not lie in the image of the U -map

U WzHM.�Y˙/!zHM.�Y˙/:
Then:

(A) The k-fold iterates �kS#
for k � 1 of the contact Dehn twist are not contact isotopic to the identity.

(B) If the Euler classes of �˙ vanish , then �2S#
is formally contact isotopic to the identity.

Geometry & Topology, Volume 29 (2025)
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We now explain the meaning of the assertion in Theorem 1.3(B). Given a contact 3-manifold .Y; �/,
a formal contactomorphism of .Y; �/ consists of a pair .f; F / where f is a diffeomorphism of Y and
F D .Fs/ is a homotopy through vector bundle isomorphisms Fs WT Y !f �T Y such that F0Ddf and F1
preserves � . Any contactomorphism f yields a formal contactomorphism, and one says that f is formally
trivial if f can be deformed to the identity through formal contactomorphisms. A contactomorphism f

of .Y; �/ will be called exotic if it is formally contact isotopic to the identity but is not contact isotopic
to the identity. Thus exotic contactomorphisms are those which are “geometrically” nontrivial, and not
for reasons having to do with the underlying smooth or tangential structures. See Section 2.3 for further
context. Thus Theorem 1.3 asserts that �2S#

and all its iterates are exotic.

Remark 1.4 In fact, we will establish more: the contactomorphism �2S#
from Theorem 1.3 has infinite

order as an element in the abelianization of the group

(1) ker.�0 Cont.Y; �/! �0 Diff.Y //:

Remark 1.5 For comparison with Theorem 1.3, whenever either of .Y˙; �˙/ is the tight S1 � S2 or
a quotient of tight .S3; �/— eg the lens spaces L.p; q/ or the Poincaré sphere †.2; 3; 5/— then the
squared contact Dehn twist �2S#

of .Y#; �#/ is contact isotopic to the identity; see Lemmas 3.13–3.15.

We also establish an analogous result for connected sums with multiple summands. Let .Y; �/ be a tight
3-manifold. By the prime decomposition theorem combined with Colin’s decomposition theorem [1997]
(see also [Honda 2002; Ding and Geiges 2007]) we have a unique connected sum decomposition

.Y; �/Š .Y0; �0/ # � � � # .YN ; �N /

into tight contact 3-manifolds .Yj ; �j /, where each piece Yj is a prime 3-manifold. Let nC 1 � N be
the number of prime summands .Yj ; �j / such that c.�j / … ImU and the Euler class of �j vanishes. Let
C.Y; �/ (resp. „.Y; �/) be the space of contact structures (resp. co-oriented 2-plane fields) on Y in the
path-component of � .

Theorem 1.6 With .Y; �/ as above , when n� 1 there is a Zn subgroup in the kernel of

�1C.Y; �/! �1„.Y; �/

which induces a Zn subgroup in the first singular homology H1.C.Y; �/IZ/.

In particular, the exotic subgroup Zn exhibited in Theorem 1.6 can be arbitrarily large in the following
sense: for every n� 1 there exists a tight contact 3-manifold, in fact infinitely many, such that the kernel
of the previous homomorphism contains a subgroup isomorphic to Zn.

Remark 1.7 The n homologically independent loops of contact structures that we detect in Theorem 1.6
yield, under the natural map

�1C.Y; �/! �0 Cont.Y; �/;

Geometry & Topology, Volume 29 (2025)



1574 Eduardo Fernández and Juan Muñoz-Echániz

the squared contact Dehn twists on each of the n spheres which separate the nC 1 prime summands
.Yj ; �j /. However, we are unable to establish that the corresponding squared contact Dehn twists are
nontrivial or that they yield a subgroup Zn � �0 Cont.Y; �/ when n � 2, but we conjecture that this
should be true. See Remark 6.6.

The proofs of Theorems 1.3 and 1.6 combine rigid obstructions arising from Floer homology with
flexibility results. An essential ingredient is a families generalization of the Kronheimer–Mrowka contact
invariant in monopole Floer homology, introduced by the second author [Muñoz-Echániz 2024]. This
obstructs the existence of sections of a natural fibration given by the evaluation map ev W C.Y; �/! S2

which sends a contact structure to its plane at p, where p 2 Y is some fixed point. We combine this
machinery with the multiparametric convex surface theory techniques introduced by the first author
together with J Martínez-Aguinaga and F Presas [Fernández et al. 2020]. In particular, we use these
techniques to establish the following generalization of the much-celebrated decomposition theorem of
Colin [1997], which could be of independent interest for contact topologists, and which will be crucial to
the proof of Theorem 1.6.

We consider two tight contact 3-manifolds .Y˙; �˙/ equipped with Darboux balls B˙ � .Y˙; �˙/. Let
C.Y˙; �˙; B˙/ � C.Y˙; �˙/ denote the subspace of contact structures on Y˙ that coincide with �˙
over B˙. We consider the evaluation maps ev˙ W C.Y˙; �˙/! S2 which send a contact structure to
its plane at the point p˙ given by the center of B˙. These maps are fibrations, and the inclusion of
C.Y˙; �˙; B˙/ into the fiber of ev˙ induces a homotopy equivalence. We form the connected sum
.Y#; �#/D .Y�; ��/# .YC; �C/ by carving out the balls B˙ and gluing together the boundary components
thus created. Consider the evaluation map ev# WC.Y#; �#/!S2 at a point on the “neck” region. We establish
the following h-principle type result, which should be regarded as a parametric version of Colin’s theorem:

Theorem 1.8 The inclusion of C.Y�; ��; B�/�C.YC; �C; BC/ into the fiber of ev# induces a homotopy
equivalence. Thus there is a fibration sequence

C.Y�; ��; B�/� C.YC; �C; BC/ ,! C.Y#; �#/
ev#��! S2:

We refer to Theorem 6.1 for a more general version.

1.2 Examples

We now give examples of irreducible contact 3-manifolds .Y; �/ such that c.�/ … ImU , many of which
also have vanishing Euler class.

Example 1.9 (links of singularities) The simplest example is the Brieskorn sphere

†.p; q; r/D f.x; y; z/ 2C3
j xpCyqC zr D 0 and jxj2Cjyj2Cjzj2 D �g;

where � 2 R>0 is small and p; q; r � 1 are integers with 1=p C 1=q C 1=r < 1, equipped with the
contact structure �sing induced from the Brieskorn singularity. More generally, we could take any isolated

Geometry & Topology, Volume 29 (2025)
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normal surface singularity germ .X; o/ and let .Y; �sing/ be the contact manifold arising as the link of
the singularity. Neumann [1981] proved that the 3-manifold Y is irreducible. Provided that Y is also
a rational homology sphere, then the following are equivalent statements, as proved by Bodnár and
Plamenevskaya [2021] and Némethi [2017]:

(a) c.�sing/ … ImU .

(b) Y is not an L-space.

(c) .X; o/ is not a rational singularity.

For instance, all Seifert fibered integral homology spheres excluding S3 or the Poincaré sphere carry a
contact structure �sing with the above properties.

Example 1.10 Several surgeries on the figure eight knot are hyperbolic (and hence irreducible) and
support contact structures with c.�/ … ImU . Contact structures on these manifolds have been classified
by Conway and Min [2020].

Example 1.11 All but one of the 1
2
n.n� 1/ tight contact structures supported on �†.2; 3; 6n� 1/, up

to isotopy, were classified by Ghiggini and Van Horn-Morris [2016].

1.3 Exotic overtwisted phenomena

Let .Y; �/ be such that c.�/ … ImU and � has vanishing Euler class. Let B � .Y; �/ be a Darboux ball.
From this, one can produce overtwisted contact manifolds by modifying .Y; �/ by a Lutz twist inside B , or
by taking the connected sum (using B) with an overtwisted contact manifold .M; �ot/. In either case, the
squared contact Dehn twist on the boundary of B becomes isotopic to the identity in this new overtwisted
manifold, by an application of Eliashberg’s h-principle [1989] for overtwisted contact structures. However,
this has surprising implications (see Section 7 for the precise statement).

Proposition 1.12 (A) There exist overtwisted contact 3-manifolds that have an exotic loop of Lutz
twist embeddings.

(B) There exist overtwisted contact 3-manifolds that have an exotic loop of standard sphere embeddings.

In other words, (A) says that the h-principle for codimension-0 isocontact embeddings of embedded
S1-families of overtwisted disks fails in 1-parametric families; see [Gromov 1986; Eliashberg and
Mishachev 2002]. To the best of our knowledge this is the first example of this nature. On the other hand,
(B) says that the h-principle for standard spheres [Fernández et al. 2020] in tight contact 3-manifolds
fails in the overtwisted case.

The first known exotic phenomena regarding overtwisted disks in overtwisted contact 3-manifolds are
due to Vogel [2018]. He has proved that the space of overtwisted disks in certain overtwisted 3-sphere is
disconnected and used this to construct an exotic loop of overtwisted contact structures. By Eliashberg’s
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h-principle [1989], understanding the homotopy type of the space of overtwisted disks is the only obstacle
remaining in order to completely understand the homotopy type of the space of overtwisted contact
structures on a 3-manifold. Thus understanding families of overtwisted disks or overtwisted objects bears
special importance in 3-dimensional contact topology.

1.4 Context

1.4.1 h-principles As with symplectic topology, an ubiquitous theme of contact topology is the contrast
between two types of behaviors: flexible (similar to differential topology) and rigid (similar to algebraic
geometry). Beyond the tight–overtwisted dichotomy, 3-dimensional contact topology would seem to be
dominated by flexibility, due to the following h-principle of Eliashberg and Mishachev:

Theorem 1.13 [Eliashberg and Mishachev 2021] Let .B3; �stD ker.dz�y dx// be the standard contact
unit 3-ball. Then the inclusion Cont.B3; �st/! Diff.B3/ is a homotopy equivalence.

Here Cont.B3; �/ is the group of contactomorphisms of Y fixing a neighborhood of @B3, and likewise
for the group of diffeomorphisms Diff.B3/. This result was claimed, without a complete proof, by
Eliashberg [1992], treating the 0-1 parametric case. The complete proof recently appeared in [Eliashberg
and Mishachev 2021]. To give some context, the analogous statement that Diff.B3/! Homeo.B3/ is
a homotopy equivalence is equivalent to the Smale conjecture in dimension 3, a deep result proved by
Hatcher [1983]. Then an argument due to Cerf [1968] shows that the Smale conjecture implies that
Diff.Y /! Homeo.Y / is a homotopy equivalence for all 3-manifolds. Thus the exotic phenomena at the
�0-level which are exhibited in Theorems 1.3–1.6 are in sharp contrast with the above, and unexpected.

Remark 1.14 In 4-dimensional symplectic topology, the statement analogous to the h-principle of
Eliashberg and Mishachev is false: for the standard symplectic .R4; ! D dx ^ dy C dz ^ dw/, the
inclusion

Sympc.R
4; !/! Diffc.R4/

is not a homotopy equivalence. This follows from M Gromov’s [1985] result on the contractibility
of Sympc.R

4; !/ combined with Watanabe’s recent disproof of the 4-dimensional Smale conjecture
[Watanabe 2018].

1.4.2 Gompf’s contact Dehn twist We will see (Section 3) that the contact Dehn twist is well defined
on a (co-oriented) sphere S � .Y; �/ with a tight neighborhood. To the authors’ knowledge, this
contactomorphism was first considered by Gompf [1998] on the nontrivial sphere in the tight S1 �S2.
Gompf observed that �S and its iterates are not contact isotopic to the identity. Ding and Geiges [2010]
later established that �2S generates all smoothly trivial contact mapping classes; see also [Min 2024].
Gironella [2021] has recently studied higher-dimensional analogues of Gompf’s contactomorphism.
However, all iterates of Gompf’s �S and Gironella’s generalizations happen to be formally nontrivial
already, and hence not exotic.

Geometry & Topology, Volume 29 (2025)
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1.4.3 Finite-order exotic contactomorphisms The previously known exotic 3-dimensional contac-
tomorphisms have finite order, and the underlying 3-manifolds have b1 � 3. These were detected on
torus bundles by Geiges and Gonzalo [2004], who used an essentially elementary argument to reduce the
problem to the Giroux–Kanda classification of tight contact structures on T 3. This was reproved using
contact homology by Bourgeois [2006], who also found more exotic contactomorphisms in Legendrian
circle bundles over surfaces of positive genus. In the latter case, those contactomorphisms have been
shown to generate the group (1) by Geiges and Klukas [2014] and Giroux and Massot [2017]. Unlike
the squared Dehn twists, these exotic contactomorphisms are all given by global symmetries. The
paradigmatic example is the following:

Example 1.15 [Geiges and Gonzalo Perez 2004; Bourgeois 2006] Consider the 3-torus T 3 with the
fillable contact structure �1 D ker.cos � dx� sin � dy/. By passing to n-fold covers T 3! T 3 given by
.�; x; y/ 7! .n�; x; y/, we obtain contact structures �n on T 3. By a classical result of Giroux [1999] and
Kanda [1997], the contact structures �n (for n� 1) are pairwise not contactomorphic and give all the tight
contact structures on T 3. When n� 2 the deck transformations of the n-fold cover T 3! T 3 generate
all the exotic contactomorphisms of .T 3; �n/.

1.4.4 Other exotic Dehn twists Dehn twists have been a common source of exotic phenomena in
topology:

(a) Let Y# D Y� #YC be the sum of two aspherical 3-manifolds Y˙. By a result of McCullough [1990]
(see also [Hatcher and Wahl 2010]) it follows that the kernel of �0 Diff.Y#/ ! Out.�1Y#/ is Š Z2,
generated by the smooth Dehn twist on the separating sphere.

(b) Seidel [1999] used Lagrangian Floer homology to detect exotic 4-dimensional symplectomorphisms
with infinite order in the symplectic mapping class group, given by squared Dehn twists on Lagrangian
spheres. He later generalized these results to higher dimensions [Seidel 2000; 2003]. See also the recent
work of Smirnov [2020; 2022] using Seiberg–Witten gauge theory.

(c) Kronheimer and Mrowka [2020] have proved that the smooth Dehn twist on the separating sphere
in the connected sum of two copies of the smooth 4-manifold underlying a K3 surface is not smoothly
isotopic to the identity, even if it is topologically. For this they employ the Bauer–Furuta homotopical
refinement of the Seiberg–Witten invariants of 4-manifolds. See also [Lin 2023].

1.5 Sketch of the proof of Theorem 1.3(A)

We outline here a proof of Theorem 1.3(A) which is simpler than the one we give later. In particular, the
proof that we present now does not yield the stronger conclusion that the class of �2S#

is nontrivial in the
abelianization of (1). We will need a stronger argument, which uses Theorem 1.8, in order to deduce both
this and Theorem 1.6.

The main ideas go as follows. First, we have a relative version of the problem. Given a Darboux ball B
in a contact 3-manifold .Y; �/ we have a contactomorphism given by a Dehn twist �@B performed on an
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exterior sphere parallel to @B . This contactomorphism fixes the ball B and need not be contact isotopic
to the identity relative to B , even if it always is globally (not fixing the ball). The problem of whether
the squared Dehn twist �2

@B
is isotopic rel B to the identity can be essentially recast as a lifting problem

involving families of contact structures: if Y is aspherical (irreducible and with infinite fundamental
group) then �2

@B
is isotopic to the identity rel B precisely when the fibration given by the evaluation

map ev W C.Y; �/! S2 admits a (homotopy) section (see Corollary 3.7). We recall that ev is defined by
evaluating contact structures at a point. The key point that we exploit is that this fibration resembles a
corresponding “evaluation map” pertaining to the Seiberg–Witten gauge theory of the manifold Y , and
which is closely related to the U map in monopole Floer homology. As a result, an obstruction to the
existence of a section was given by the second author in [Muñoz-Echániz 2024]: if c.�/ … ImU then no
(homotopy) section exists, and thus �2

@B
isn’t isotopic to the identity rel B .

Going back to the original problem, consider two tight irreducible contact manifolds .Y˙; �˙/ and their
sum .Y#; �#/. Let CEmb.S2; .Y#; �#//S# be the space of co-oriented convex embeddings S2 ,! .Y#; �#/

with standard characteristic foliation, in the isotopy class of the separating sphere S#. The group of
contactomorphisms of .Y#; �#/ acts transitively on this space and yields a fibration1

(2) Cont.Y#; �#; S#/! Cont.Y#; �#/! CEmb.S2; .Y#; �#//S# ; f 7! f .S#/:

From the long exact sequence of homotopy groups, a contactomorphism f of .Y#; �#/ fixing the sphere S#

is contact isotopic to the identity (not necessarily fixing S#) precisely when it arises as the monodromy
in (2) of a loop of sphere embeddings. It thus becomes essential to understand the topology of the
sphere embedding space. This brings us to the following h-principle-type result, which asserts that the
topological complexity of this space only comes from reparametrizations of the source:

Theorem 1.16 If .Y˙; �˙/ are irreducible and tight then the reparametrization map provides a homotopy
equivalence U.1/ '�! CEmb.S2; .Y#; �#//S# .

In the smooth case, the result analogous to the above was proved by Hatcher [1981]. The proof of
Theorem 1.16 rests on the h-principle for standard convex spheres established by the first author together
with Martínez-Aguinaga and Presas [Fernández et al. 2020], and should be regarded as an application of
the h-principle of Eliashberg and Mishachev [2021].

With these ingredients in place, the proof of Theorem 1.3(A) goes as follows. The monodromy in (2) over
the standard loop in U.1/ is given by the product of Dehn twists �@B��@BC (see Lemma 3.5). The contact
Dehn twist �S# agrees with the image of �@B� in �0 Cont.Y#; �#/. Because the manifolds .Y˙; �˙/ have
infinite-order contact Dehn twists �@B˙ rel B˙, for all k � 1 the class �k

@B�
2 �0 Cont.Y#; �#; S#/ is not

an iterate of �@B��@BC or its inverse. It follows that �S# and its iterates are not contact isotopic to the
identity in .Y#; �#/.

1Strictly speaking, we should replace Cont.Y#; �#/ with the subgroup consisting of contactomorphisms which preserve the
isotopy class of the co-oriented sphere S#.
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Outline The structure of the article is as follows. In Section 2 we introduce notation and present
background material. In Section 3 we define the contact Dehn twist, establish various key properties and
present examples where it is isotopic to the identity. In Section 4 we provide background on the families
version of the Kronheimer–Mrowka contact invariant introduced in [Muñoz-Echániz 2024], which will
be one of the main ingredients in the proofs of our main results. In Section 5 we review the h-principle
for families of convex spheres in tight contact 3-manifolds established in [Fernández et al. 2020]. In
Section 6 we use this h-principle to establish Theorem 1.8. We then complete the proofs of Theorems 1.3
and 1.6. In Section 7 we deduce exotic 1-parametric phenomena in overtwisted contact 3-manifolds.
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2 Background

This section introduces the main players in this article: spaces of contact structures, contactomorphisms,
embeddings, etc.

Remark 2.1 For convenience, throughout this article by a “fibration” we will mean a “Serre fibration”. By
a “homotopy equivalence” we will mean a “weak homotopy equivalence”. However, the latter distinction
isn’t important: the various infinite-dimensional spaces that we consider are Fréchet manifolds, and hence
they have the homotopy type of countable CW complexes [Palais 1966; Milnor 1959] and Whitehead’s
theorem applies.

2.1 Notation

Let .Y; �/ be a closed contact 3-manifold. We always assume Y is connected and oriented, and � co-
oriented and positive. Occasionally we will allow Y to be compact with nonempty boundary, in which case
we assume that @Y is convex for the contact structure � and we fix a collar neighborhood C D .�1; 0��@Y
of @Y . We quickly introduce here some of the spaces that will be relevant, all of which are equipped with
the Whitney C1 topology:

� We denote by Emb.B3; Y / the space of orientation-preserving smooth embeddings � W B3 ,! Y of
the closed unit ball (avoiding the closure of C , if @Y ¤∅). Let Emb..B3; �st/; .Y; �// be the subspace
consisting of contact embeddings of the standard contact unit ball. Such embeddings will be referred to
as Darboux balls in .Y; �/. Darboux’s theorem asserts that for any interior point p of a contact manifold
we may find such � with �.0/D p. We will often abuse notation by referring to a Darboux ball only by
its image B WD �.B3/.

Geometry & Topology, Volume 29 (2025)



1580 Eduardo Fernández and Juan Muñoz-Echániz

� We denote by Diff.Y / the group of orientation-preserving diffeomorphisms, and by Diff.Y; B/ the
subgroup consisting of those which fix a Darboux ball B pointwise. By Diff0.Y / and Diff0.Y; B/ we
denote the subgroups consisting of those which are smoothly isotopic to the identity (rel B in the second
case). We denote by Cont.Y /� Diff the subgroup of co-orientation-preserving contactomorphisms of
.Y; �/, and by Cont.Y; B/ the subgroup consisting of those which fix a Darboux ball B pointwise. By
Cont0.Y / and Cont0.Y; B/ we denote the subgroups consisting of those which are smoothly isotopic to
the identity (rel B in the second case).

� We denote by C.Y; �/ the space of contact structures on Y in the path-component of � . When @Y ¤∅
we also require that they agree with � over C . Given a Darboux ball B in .Y; �/ we denote by C.Y; �; B/
the subspace consisting of contact structures � 0 for which the coordinate ball B is a Darboux ball for
.Y; � 0/— ie � D � 0 over B .

� We denote by Fr.Y / the principal .SO.3/'/GLC.3/-bundle over Y of oriented frames in T Y , and by
CFr.Y / the principal .U.1/'/CSpC.2;R/-bundle over Y of co-oriented frames in � . Here CSpC.2;R/
denotes the linear conformal-symplectomorphism group. By the smooth and contact versions of the disk
theorem2 we have homotopy equivalences

(3)
Emb.B3; Y / '�! Fr.Y /; � 7! .d�/0.e1; e2; e3/;

Emb..B3; �st/; .Y; �//
'�! CFr.Y; �/; � 7! .d�/0.e1; e2/:

Notice that Fr.Y /' Y �SO.3/ and, when the Euler class of � vanishes, CFr.Y; �/' Y �U.1/.

� We denote by Emb.S2; Y / the space of co-oriented embeddings of 2-spheres. By CEmb.S2; .Y; �//
we denote the subspace consisting of convex embeddings with standard characteristic foliation (“standard
convex spheres” in short). Recall that a surface †� .Y; �/ is convex [Giroux 1991; Geiges 2008] if there
exists a contact vector field on a neighborhood which is transverse to †. The standard characteristic
foliation on S2 is that induced from its embedding as the boundary of the Darboux ball.

� We denote by Cont.Y; �; S/ the subgroup of contactomorphisms which fix a standard convex sphere S
pointwise, and likewise for Diff.Y; S/.

2.2 Standard fibrations

Next, we review how the spaces introduced above relate to each other through various natural fibrations.
Some of the material from this section is treated in [Giroux and Massot 2017] in greater detail.

2.2.1 Diffeomorphisms acting on contact structures By an application of Gray’s stability theorem
(Moser’s argument) [Geiges 2008] with parameters, one can show:

2The key point in the contact case is that 't .x; y; z/ WD .tx; ty; t2z/ is a contactomorphism of .R3; �st/ for every t > 0, so the
proof in the contact case follows along the same lines as in the smooth case; see [Geiges 2008, Theorem 2.6.7].
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Lemma 2.2 The action f 7! f�� of the group of diffeomorphisms on a fixed contact structure � gives a
fibration

(4) Cont0.Y; �/! Diff0.Y /! C.Y; �/:

Similarly, there is fibration

(5) Cont0.Y; �; B/! Diff0.Y; B/! C.Y; �; B/:

By (4), understanding the homotopy type of the space of contact structures C.Y; �/ and the group of
contactomorphisms Cont0.Y; �/ is essentially equivalent, since the homotopy type of Diff0.Y / is often
well understood (eg for all prime 3-manifolds by now).

2.2.2 Contactomorphisms acting on Darboux balls By an application of the contact isotopy extension
theorem [Geiges 2008] with parameters, we have:

Lemma 2.3 The action f 7! f .B/ of the group of contactomorphisms on a fixed Darboux ball B � Y
gives a fibration

(6) Cont.Y; �; B/! Cont.Y; �/! Emb..B3; �st/; .Y; �//:

Similarly, there is a fibration

(7) Diff.Y; B/! Diff.Y /! Emb.B3; Y /:

2.2.3 Evaluation of contact structures at a point Fix a Darboux ball B � Y with center 0 2 Y . By
regarding the 2-sphere S2 as the space of co-oriented planes in the tangent space T0B , we obtain the
evaluation map

(8) evB W C.Y; �/! S2; � 0 7! � 0.0/:

The following result is well known, but we provide a proof:

Lemma 2.4 The evaluation map (8) is a fibration. The inclusion C.Y; �; B/ ! .evB/�1.�.0// is a
homotopy equivalence.

Proof Let Bj be the unit j -disk and consider a homotopy Œ0; 1��Bj ! S2, .t; u/ 7! �t;u, together
with a lift of the time zero map f0g � Bj ! C.Y; �/ given by u 7! �u, ie at the point 0 2 B we have
�u.0/D �0;u. We must find a family of contact structures �t;u with �t;u.0/D �t;u and �0;u D �u.

Let vt;u 2 S.T0B/ D S2 be the unit normal (with respect to the standard flat metric on B) to the
plane �t;u. Since the action of SO.3/ on S2 gives a fibration SO.3/! S2 given by A 7! Ae3, we may
find At;u 2 SO.3/ such that At;ue3 D vt;u. Differentiating At;u in t we get a vector field Vt;u on R3.
After cutting off Vt;u outside the unit ball B � Y we regard Vt;u as a u-family of t-dependent vector
fields on Y whose associated flows (starting at time t D 0) we denote by �tu. We obtain contact structures
�t;u WD .�

t
u/��u with the desired property, which in fact agree with � outside B � Y .
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For the second part, let �uD ker˛u be a family of contact structures parametrized by a disk Bj 3 u so that
�u.0/D �.0/ for all u 2 Bj and �u.p/D �.p/ for all .u; p/ 2 @Bj �B . We must deform relative to @Bj

this family of contact structures to another family which agrees with � over the Darboux ball B . Denote by
i WB3 ,!Y the inclusion ofBD i.B3/. By the parametric version of Darboux’s theorem we obtain a family
of disk embeddings �u WB3 ,!Y , which are Darboux balls for �u, such that �u.0/D02B , .d�u/0D id for
all u2Bj , and �uD i for all u2@Bj . By (3) we may deform the family of embeddings �u to the inclusion i
relative to @Bj , and this deformation may be followed by an isotopy fu;t 2Diff.Y / for .u; t/2Bj � Œ0; 1�,
with fu;t D id for all .u; t/ 2 Bj � f0g[ @Bj � Œ0; 1�. The homotopy of contact structures .fu;t /��u for
.u; t/ 2 Bj � Œ0; 1� solves the problem since the .fu;1/��u agree with � over B for all u 2 Bj .

2.2.4 Contactomorphisms act on standard convex spheres Again, an application of the contact
isotopy extension theorem gives:

Lemma 2.5 The action f 7! f .S/ of the group of contactomorphisms on a fixed standard convex sphere
S � Y gives a fibration

(9) Cont.Y; �; S/! Cont.Y; �/! CEmb.S2; .Y; �//:

Similarly, there is a fibration

(10) Diff.Y; S/! Diff.Y /! Emb.S2; Y /:

Remark 2.6 The above statement isn’t quite precise. For either (9) or (10), the downstairs projection
is not surjective in general, so strictly speaking we only have a fibration over a union of connected
components of the right-hand side. We will make no further comment on this point from now on.

2.3 Formal triviality and exoticness

Here we collect basic material that we need related to the notion of a formal contactomorphism. The
material in this section should be well known to experts, but we did not find a convenient reference.

2.3.1 Formal contact structures and contactomorphisms For a 3-manifold Y , the flexible analogue3

of a contact structure is a 2-plane field, ie a codimension-1 distribution � �T Y . Henceforth all 2-planes in
a 3-manifold are assumed to be co-oriented, as we’ve been assuming with contact structures. Let „.Y; �/
denote the path-component of a fixed 2-plane field � in the space of all such. If � is a contact structure we
have a natural inclusion map C.Y; �/!„.Y; �/. The correct flexible analogue of a contactomorphism is:

Definition 2.7 A formal contactomorphism of .Y; �/, where � is a 2-plane field, is a pair .f; f�sg0�s�1/
such that f 2 Diff.Y / and f�sg0�s�1 is a homotopy through vector bundle isomorphisms

�s W T Y Š�! f �T Y

such that �0 D df and �1 preserves the 2-plane field �.

3In general, if Y has dimension 2nC 1� 3, one should define „.Y; �/ as the space of codimension-1 hyperplane fields in T Y
equipped with a U.n/ structure.
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Of course, the above notion can be generalized to an arbitrary n-manifold equipped with a reduction of
structure group to a subgroupG�GL.n;R/. The group of formal contactomorphisms of .Y; �/ is denoted
by FCont.Y; �/. When � is a contact structure there is the obvious inclusion map Cont.Y; �/!FCont.Y; �/
given by f 7! .f; df /, where df denotes the constant homotopy at df .

A homotopy class in �j Cont.Y; �/ is said to be formally trivial if it lies in the kernel of �j Cont.Y; �/!
�j FCont.Y; �/. If, in addition, such a homotopy class is nontrivial in �j Cont.Y; �/ then we call it exotic.
Similar terminology applies for families of contact structures.

2.3.2 A flexible analogue of (4) We introduce a flexible counterpart of the fibration (4). This is done via
fibrant replacement of the map Diff0.Y /!„.Y; �/ given by f 7! f �� . That is, we decompose this map
as the composite of a homotopy equivalence Diff0.Y / '�!FDiff0.Y / and a fibration FDiff0.Y /!„.Y; �/.
Here FDiff.Y / is the topological group which consists of pairs .f; f�tg0�t�1/ where f 2 Diff.Y / and
f�tg0�t�1 is a homotopy of vector bundle isomorphisms �t W T Y Š�! f �T Y such that �0 D df . By
FDiff0.Y / we denote the identity component. Clearly the inclusion induces a homotopy equivalence
Diff.Y /' FDiff.Y /. Define a mapping

(11) FDiff0.Y /!„.Y; �/; .f; f�tg/ 7! �1.�/:

Lemma 2.8 Let � be a 2-plane field on a compact oriented 3-manifold Y . Then the mapping (11) is
a fibration with fiber FCont0.Y; �/. Thus , for a contact structure � , we have a commuting diagram of
fibrations inducing a homotopy equivalence of total spaces

FCont0.Y; �/ FDiff0.Y / „.Y; �/

Cont0.Y; �/ Diff0.Y / C.Y; �/
'

We leave the proof of this lemma as an exercise.

Corollary 2.9 Let .Y; �/ be a contact 3-manifold. If ˇ 2 �j C.Y; �/ is formally trivial , then so is its
image in �j�1 Cont0.Y; �/ under the connecting map of the fibration (4).

The homotopy type of the space „.Y; �/ is often easy to understand, unlike that of C.Y; �/.

Example 2.10 Let Y be any integral homology 3-sphere, and � a 2-plane field on Y . Let �st be any
contact structure on S3 (say, the tight one). By a result of Hansen [1978] there is a homotopy equivalence
„.S3; �st/'„.Y; �/. From this one easily calculates

�j„.Y; �/� �jS
2
��jC3S

2:

3 Contact Dehn twists on spheres

In this section we define the contact Dehn twist on a sphere in several equivalent ways, establish some
key properties and discuss some examples when its square is isotopic to the identity.
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3.1 The contact Dehn twist

Let .Y; �/ be a contact 3-manifold, and S � Y be a co-oriented embedded sphere. Provided S has a tight
neighborhood, we can associate to S a contactomorphism �S well defined in �0 Cont.Y; �/. We discuss
this construction now.

3.1.1 Local model We start by discussing the local picture. Consider the contact 3-manifold Y0 D
Œ�1; 1��S2 with the tight contact structure �0D ker.˛0/ where ˛0D z dsC 1

2
x dy� 1

2
y dx. Here s is the

standard coordinate on Œ�1; 1�, and x, y and z are coordinates on R3 restricted onto the unit sphere S2.
Consider the sphere S0 D f0g �S2 � Y0. We now describe the contact Dehn twist �S0 on the sphere S0.

We choose a smooth function � W Œ�1; 1�! Œ0; 2�� with �.s/� 0 near s D�1 and �.s/D 2� near s D 1.
Let R' be the counterclockwise rotation in the xy plane with angle '. Consider the diffeomorphism Q�S0
of Y0 given by a smooth Dehn twist along S0

Q�S0.s; x; y; z/D .s; R�.s/.x; y/; z/:

Since �1 SO.3/ D Z=2 it follows that the squared Dehn twist Q�2S0 is smoothly isotopic to the identity
rel @Y0. We don’t quite have a contactomorphism of .Y0; �0/, since

Q��S0˛0 D ˛0C
1
2
� 0.s/.x2Cy2/ ds:

However, consider the naive interpolation from ˛0 to Q��S0˛0

˛t D ˛0C t
1
2
� 0.s/.x2Cy2/ ds;

and observe that:

Lemma 3.1 For any t 2 Œ0; 1� the form ˛t is a contact form.

Proof A straightforward calculation shows ˛t ^ d˛t D ˛0 ^ d˛0 > 0.

Thus, by Gray stability (Moser’s argument) [Geiges 2008], the deformation of contact structures �t D
ker.˛t / is realized by an isotopy ft , ie f0 D id and .ft /��t D �0. Since the forms ˛t don’t depend on t
near @Y0 we may further assume that ft D id near @Y0. We then replace Q�S0 with �S0 WD Q�S0 ı f1, and
the latter is a contactomorphism of .Y0; �0/. Also, the support of �S0 can be made arbitrarily close to the
sphere S0 by choosing �.s/ appropriately. Then for any � 2 .0; 1� we have a well-defined isotopy class of
contact Dehn twist

�S0 2 �0 Cont.Œ��; ���S2; �0/:

It is worth pointing out the following:

Lemma 3.2 The group Cont.Y0; �0/ is homotopy equivalent to �U.1/' Z. Its �0 is generated by the
contact Dehn twist �S0 .
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Proof Gluing a Darboux ball B to .Y0; �0/ gives back the standard contact ball .B3; �st/. Thus, from the
fibration (6), we have a map of fiber sequences

Cont.Y0; �0/ Cont.B3; �st/ Emb..B3; �st/; .B3; �st//

�U.1/ f�g U.1/

' '

where the middle homotopy equivalence follows from Theorem 1.13 combined with Hatcher’s theorem
[1983]. The first assertion now follows. For the second assertion, we need to show that the generator
1 2 �1U.1/ maps to the class of the contact Dehn twist �S0 under the connecting map.

We first describe the contact Dehn twist on S0 more conveniently in terms of the coordinates on
the ball B3 D B [ Y0. Recall that the standard contact structure on B3 is �st D ker˛st where ˛st D

dzC 1
2
x dy� 1

2
y dx. Choose a smooth function � W Œ0; 1�! Œ0; 2�� with � D 0 near 0 and � D 2� near 1.

Let r2 WD x2Cy2C z2 be the radius squared function on B3. Then the diffeomorphism of B3 given by

Q�.x; y; z/ WD .R�.r2/.x; y/; z/

does not quite preserve the contact structure, but

. Q�/�˛st D ˛stC
1
2
.x2Cy2/� 0.r2/ d.r2/:

As in Lemma 3.1, the obvious interpolation that takes the second term in the above identity to zero gives
a path of contact forms, and as in Section 3.1.2 we may canonically deform Q� to a contactomorphism �S0
in the isotopy class of the contact Dehn twist on S0.

Consider now a homotopy of maps �t W Œ0; 1�! Œ0; 2�� with �t constant near 1 (with value 2�), such that
�0 D � and �1 is the constant function with value 2� . We obtain an isotopy through diffeomorphisms
of B3 (fixing a neighborhood of the boundary @B3, but not the smaller ball B!) given by

Q�t .x; y; z/ WD .R�t .r2/.x; y/; z/

such that Q�0 D Q� and Q�1 D id. Again, by observing that for each t the obvious interpolation from . Q�t /
�˛st

and ˛st gives a path of contact forms, we may canonically deform the isotopy Q�t to a contact isotopy �t
with �0 D �S0 and �1 D id.

Now, the path of contactomorphisms �1�t from the identity to �@B induces a loop of Darboux balls
.�1�t /.B/ in the class of the generator 1 2 ZD �1 Emb..B3; �st/; .B3; �st//.

Likewise, we have a firm hold on the topology of the space of standard spheres in our local model. Let
S˙ D

˚
˙
1
2

	
�S2 � Y0, and denote by e0 W S2 ,! Y0 the embedding of S0 � Y0.

Lemma 3.3 The map induced by reparametrization of e0

U.1/! CEmb.S2; .Y0; �0//; � 7! e0 ı r� ;
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is a homotopy equivalence. Here r� .x; y; z/D .R� .x; y/; z/. Under the connecting homomorphism of
the fibration (9), the generator of �1U.1/D Z maps to the class

.�S�/
�1�SC 2 �0 Cont.Y0; �0; S0/:

Proof We have the following map of fiber sequences, with homotopy equivalences on the fiber and total
space by Lemma 3.2:

Cont.Y0; �0; S0/ Cont.Y0; �0/ CEmb.S2; .Y0; �0//

�U.1/��U.1/ �U.1/ U.1/

' '

3.1.2 General case The robustness of our local picture allows us to consider contact Dehn twists in
more general settings. We fix a 3-manifold .Y; �/ together with a co-oriented standard convex sphere
S � Y , ie an embedded sphere whose characteristic foliation agrees with that of S0 � Y0 in the local
model. It follows that neighborhoods of S � Y and S0 � Y0 are contactomorphic in a (homotopically)
canonical fashion [Giroux 1991; Geiges 2008], and by making the support of �S0 sufficiently close to S0
we may therefore implant �S0 into .Y; �/ as a compactly supported contactomorphism �S , which we
refer to as the contact Dehn twist on the co-oriented standard convex sphere S � Y . The class of �S in
�0 Cont.Y; �/ only depends on the isotopy class of S in the space of co-oriented standard convex spheres,
defining a map of sets

�0 CEmb.S2; .Y; �//! �0 Cont.Y; �/; S 7! �S :

The contactomorphism �S makes sense more generally whenever S � Y is a just a convex co-oriented
sphere with a tight neighborhood U (but not necessarily having standard characteristic foliation). Indeed,
by Giroux’s criterion [2001] the dividing set of S is connected. Then by Giroux’s realization theorem, we
may find a smooth isotopy of sphere embeddings St whose image lies in the tight neighborhood U , S0DS
and S1 is a standard convex sphere, to which we associate the Dehn twist �S1 by the previous construction.
A different choice of isotopy S 0t may yield a different standard convex sphere S 01. The two spheres
(S1 and S 01/ are isotopic within U as standard convex spheres by a result of Colin [1997, Proposition 10],
so the contact Dehn twists �S1 and �S 01 are contact isotopic. Therefore we have a well-defined contact
Dehn twist �S 2�0 Cont.Y; �/ associated to the convex sphere S with tight neighborhood U . In fact, since
any smooth sphere can be made convex by a small isotopy [Giroux 1991], this construction defines a map

�0 Embtight.S
2; .Y; �//! �0 Cont.Y; �/; S 7! �S ;

where Embtight.S
2; .Y; �// stands for the space of smooth co-oriented embeddings S2 � Y which admit

a tight neighborhood. In particular, if .Y; �/ is tight (globally) then �S only depends up to contact isotopy
on the smooth isotopy class of the co-oriented sphere S .

The following particular case will play an essential role in this article, so we emphasize it now. Consider
a Darboux ball B D �.B3/ in a contact manifold .Y; �/. Associated to an exterior sphere (a sphere
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contained in the complement Y nB) parallel to @B we have a well-defined contact Dehn twist which
fixes B pointwise. By abuse of notation and for convenience we denote this contactomorphism by �@B
even if the Dehn twist is not on the sphere @B . This defines a map of sets

�0 Emb..B3; �st/; .Y; �//! �0 Cont.Y; �; B/; B 7! �@B :

The following convenient description of �@B follows from the local calculation in the proof of Lemma 3.2.

Lemma 3.4 The Dehn twist �@B 2 �0 Cont.Y; �; B/ agrees with the image of 1 2 Z under the map

ZD �1U.1/! �1 Emb..B3; �st/; .Y; �//! �0 Cont.Y; �; B/;

where the first map is induced by the reparametrization map

U.1/! Emb..B3; �st/; .Y; �//; � 7! � ı r� ;

and the second map is the connecting map in the long exact sequence of the fibration (6).

Let e 2 CEmb.S2; .Y; �// be an embedding of a standard convex sphere. Thus the image S D e.S2/�
.Y; �/ is a co-oriented standard convex sphere. Let S˙ be two parallel copies of S given by pushing S
forward and backward. By the local calculation in Lemma 3.3 we have:

Lemma 3.5 The product of Dehn twists .�S�/
�1�SC 2 �0 Cont.Y; �; S/ agrees with the image of 1 2 Z

under the map
ZD �1U.1/! �1 CEmb.S2; .Y; �//! �0 Cont.Y; �; S/;

where the first map is induced by the reparametrization map

U.1/! CEmb.S2; .Y; �//; � 7! e ı r� ;

and the second map is the connecting map in the long exact sequence of the fibration (9).

3.2 The Dehn twist and the evaluation map

We move on to study a relative version of the isotopy problem for the Dehn twist. Consider the Dehn
twist �@B on (an exterior sphere parallel to) the boundary @B of a Darboux ball, as in the previous section.
We will now rephrase the problem of whether �2

@B
defines the trivial class in �0 Cont0.Y; �; B/ as a

lifting problem.

3.2.1 The obstruction class The main player is the evaluation mapping evB W C.Y; �/! S2 defined
by (8), which is a fibration (Lemma 2.4). If ı W �2S2 ! �1C.Y; �; B/ is the connecting map in the
homotopy long exact sequence, then we have a distinguished class

(12) O� WD ı.1/ 2 �1C.Y; �; B/;

which, by construction, is the obstruction class to finding a homotopy section of evB (a map s WS2!C.Y; �/
such that evB ıs W S2! S2 has degree 1):

evB admits a homotopy section if and only if O� D 0:
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Later in this section we will explicitly describe a loop of contact structures that represents the obstruction
class O� 2 �1C.Y; �; B/.
We now relate the problem of finding a section of evB to the triviality of the Dehn twist �2

@B
as fol-

lows. Consider the connecting map ı0 W �1C.Y; �; B/! �0 Cont0.Y; �; B/ of the fibration (5). The key
observation is the following:

Proposition 3.6 The class ı0.O�/ 2 �0 Cont0.Y; �; B/ agrees with the squared contact Dehn twist �2
@B

.

Proof Consider first the case when .Y; �/ is the contact unit ball
�
B3; �st D ker

�
dzC 1

2
x dy � 1

2
y dx

��
and B � B3 is a subball of smaller radius with center at 0. The fibrations from Section 2.2 fit into a
commuting diagram

C.B3; �st; B/ C.B3; �st/ S2

Diff0.B3; B/ Diff0.B3/ Emb.B3;B3/' SO.3/

Cont0.B3; �st; B/ Cont0.B3; �st/ Emb..B3; �st/; .B3; �st//' U.1/

evB

In the third vertical fiber sequence the map �2S2 D Z! �1U.1/ D Z is multiplication by 2. From
the diagram we see that the image of O�st 2 �1C.B3; �st; B/ in �0 Cont0.B3; �st; B/ can be alternatively
calculated as the image of 2 2 ZD �1U.1/ in �0 Cont0.B3; �st; B/. From Lemma 3.4 this is the class
of �2

@B
.

For an arbitrary .Y; �/ and a Darboux ball, B�Y the result then follows from the previous local calculation
by extending the contact embedding B ,! Y to a contact embedding B � B3 ,! Y , and considering the
commuting diagram

�2S
2 �1C.B3; �st; B/ �0 Cont0.B3; �st; B/

�2S
2 �1C.Y; �; B/ �0 Cont0.Y; �; B/

Corollary 3.7 Suppose Y is aspherical (irreducible and with infinite fundamental group). Then �2
@B

is
isotopic to the identity rel B if and only if the evaluation mapping (8) admits a homotopy section (the
obstruction class O� vanishes).

Proof By the fibration (5) we have the exact sequence

�1 Diff0.Y; B/! �1C.Y; �; B/! �0 Cont0.Y; �; B/;

so by Proposition 3.6 the result will follow from �1 Diff0.Y; B/D 0. Let us now explain why this group
vanishes. By the fibration (7) we have an exact sequence

1! �1 Diff0.Y; B/! �1 Diff0.Y /! �1 Fr.Y /Š �1Y �Z2:
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Here, to have a 1 on the left we use �2Y D 0 (which follows from Y being aspherical). Since the
homomorphism �1 Diff0.Y /!�1Y , and hence �1 Diff0.Y /!Fr.Y /, is injective, it follows by exactness
that �1 Diff0.Y; B/ D 0 as required. The fact that �1 Diff0.Y /! �1Y is injective follows from the
calculation of the homotopy type of the group Diff0.Y / for all aspherical4 3-manifolds. More precisely,
the papers [Hatcher 1976, 1981; 1983, Gabai 2001; Ivanov 1976; McCullough and Soma 2013] cover
all aspherical 3-manifolds with the exception of the non-Haken infranilmanifold (see [McCullough and
Soma 2013] for a nice summary). The latter consist of the nontrivial S1-bundles over T 2, which are
covered by [Bamler and Kleiner 2024]. In all these cases Diff0.Y / has the homotopy type of .S1/k ,
where k is the rank of the center of �1Y and �1 Diff0.Y /! �1Y is the inclusion of the center.

In the local model .Y; �/D
�
B3; �st D ker

�
dzC 1

2
x dy � 1

2
y dx

��
, and letting B � B3 be any concentric

subball, we have the following unique characterization of the obstruction class:

Lemma 3.8 The evaluation of contact structures on B3 along the radial line f.0; 0; z/ j z 2 Œ0; 1�g � B3

identifies the evaluation fibration on C.B3; �st/ with the path fibration on S2:

C.B3; �st; B/ C.B3; �st/ S2

�S2 PS2 S2:

'

evB

' D

Thus the obstruction class O�st 2�1C.B3; �st; B/ corresponds to the standard generator of �1�S2D�2S2.

Proof By the Eliashberg–Mishachev theorem [2021], the space C.B3; �st/ is contractible. So is the path
space PS2, so the desired result follows.

3.2.2 Geometric description of the obstruction class It is instructive to describe an explicit loop
.�'/'2S1 of contact structures on Y fixed over a Darboux ball B � Y which represents the obstruction
class O� 2 �1C.Y; �; B/; we do this now, but, won’t use this construction in the remainder of the article.

By definition of the connecting map ı W �2S2! �1C.Y; �; B/ associated to the fibration (8), a based loop
�' 2 C.Y; �; B/ represents the obstruction class O� precisely when there exists a B2-family of contact
structures �r;' 2 C.Y; �/— here, the unit 2-ball B2 is parametrized using polar coordinates .r; '/— with
�r;0D � such that �1;' D �' and the mapping B2 3 .r; '/ 7! evB.�r;'/D �r;'.p/ 2 S2 induces a degree-1
mapping B2=@B2!S2 (note that the map out of B2=@B2 is well defined because �1;'.p/ is constant in ').

Such a family �r;' can be constructed as follows. First, it suffices to consider the case .Y; �/D .B3; �st/,
and construct a family �r;' 2 C.B3; �; B/ as above (and with �r;' D �st near @B3). For this, choose any
smooth mapping q W Œ0; 1��S1! SO.3/=U.1/ with

q.0; '/D q.1; '/D Œid�; q.r; 0/D q.r; 2�/D Œid�;

4For the irreducible 3-manifolds with finite fundamental group, the calculation of the homotopy type of Diff0.Y / has also been
completed [Hong et al. 2012; Bamler and Kleiner 2019, 2023]. Thus the homotopy type of Diff0.Y / is known for all prime
3-manifolds.
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such that the induced map †S1! SO.3/=U.1/ has degree 1. Here †S1 � S2 is the reduced suspension
of S1, and in what follows we regard S1 as R=2�Z. Next, regarding q as a homotopy of based maps
S1 ! SO.3/=U.1/, we may lift it along the fibration SO.3/! SO.3/=U.1/ to produce a family of
matrices Ar;' 2 SO.3/ parametrized by .r; '/ 2 Œ0; 1��S1 such that

(13) ŒAr;' �D q.r; '/; A0;' D id; Ar;0 D Ar;2� D id:

Because of the second condition in (13), Ar;' is, in fact, a family of matrices parametrized by the unit
2-ball B2Š Œ0; 1��S1=0�S1. At this point, we would like to take the B2-family of contact structures on
B3 given by �r;' D .Ar;'/��st. By the first condition in (13) A1;' 2U.1/, and from this it follows that �1;'
is a loop of contact structures on B3 fixed over the ball B � B3 (in fact this loop is constant everywhere
on B3, �1;' D �st) and the induced map B2=@B2!S2 given by .r; '/ 7! �r;'.0/ has degree 1, as required.
However, the B2-family �r;' is not constant near the boundary of B3, so we must appropriately “cut off”
this family near the boundary.

We can do this as follows. Introduce a smooth cutoff function ˇ on B3 which is identically 1 over B �B3

and vanishes near @B3. For each .r; '/ 2 Œ0; 1��S1 we consider the following vector field supported in
the interior of B3:

Vr;'.x/D ˇ.x/
@

@r
Ar;' � x:

We regard Vr;' as a '-family of r-dependent vector fields on B3, and consider the associated '-family of
flows ˆr' W B

3! B3 starting at time r D 0, namely

@

@r
ˆr'.x/D Vr;'.ˆ

r
'.x//; ˆ0'.x/D x:

Over the ball B � B3 we have, by construction, that ˆr'.x/D Ar;' � x, and near the boundary of B3 we
have ˆr;' D id. Hence the B2-family of contact structures defined by �r;' WD .ˆr'/��st is now constant
near the boundary of B3, and still has the required properties.

The loop �1;' of contact structures in C.B3; �st; B/ thus constructed is an explicit representative of the
obstruction class O� 2 �1C.B3; �st; B/. This loop can then be implanted into an arbitrary contact 3-
manifold .Y; �/ along a Darboux chart .B3; �st/� .Y; �/ to give a representative of the obstruction class
for arbitrary .Y; �/.

3.3 Formal triviality of �2
@B

We continue in the setting of the previous section, and we show:

Lemma 3.9 Suppose the Euler class of � vanishes. Then both the loop of contact structures given by
the obstruction class O� 2 �1C.Y; �; B/ and the squared Dehn twist �2

@B
2 �0 Cont0.Y; �; B/ are formally

trivial rel B .
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Proof On the space of co-oriented plane fields we have an analogous evaluation mapping (a fibration
also, in fact)

„.Y; �/! S2; � 0 7! � 0.0/:

When the Euler class of � vanishes we may identify„.Y; �/ with the space Map0.Y;S
2/ of nullhomotopic

smooth maps Y ! S2. The evaluation mapping becomes identified with the obvious evaluation mapping
on this latter space. Clearly this fibration admits a section given by the constant maps Y ! S2. Hence
the corresponding obstruction class vanishes, and hence

O� 2 ker.�1C.Y; �; B/! �1„.Y; �; B//;

so O� is formally trivial. From the rel B analogue of Corollary 2.9 it follows that �2
@B

is formally trivial
also.

3.4 Behavior of O� under summation

We proceed by discussing how the obstruction class O� from (12) interacts with the formation of connected
sums.

First, we briefly review a convenient model for the contact connected sum [Colin 1997; Geiges 2008]. We
write .Y0; �0/D

�
Œ�1; 1��S2; ker

�
zdsC 1

2
x dy� 1

2
y dx

��
. Let .Y˙; �˙/ be two contact 3-manifolds with

Darboux balls B˙�Y˙, and coordinates �˙ W .Y0; �0/ ,! .Y˙; �˙/ around @B˙ such that �˙.f0g�S2/D
@B˙ and �˙.Y0/\ Y˙nB˙ D �˙..0; 1� � S2/. Consider the smaller ball B0

˙
D B˙n�˙.Y0/ � B˙.

To define the contact connected sum we use the gluing contactomorphism G of .Y0; �0/ given by
G.s; x; y; z/D .�s;�x;�y;�z/.

Definition 3.10 The connected sum of contact manifolds

.Y#; �#/D .Y�; ��/ # .YC; �C/

is defined to be .Y�nB0�; ��/[G .YCnB
0
C
; �C/.

The connected sum of contact manifolds is well defined and independent of choices up to contactomorphism
[Colin 1997].

We will fix a Darboux ball B# � Y# inside the neck region Œ�1; 1��S2 D ��.Y0/D �C.Y0/� Y#. We
also have natural inclusions C.Y˙; �˙; B˙/� C.Y#; �#; B#/. We consider their induced maps on �1

.�/ # �C W �1C.Y�; ��; B�/! �1C.Y#; �#; B#/;

�� # .�/ W �1C.YC; �C; BC/! �1C.Y#; �#; B#/:

Proposition 3.11 The obstruction class O�# 2 �1C.Y#; �#; B#/ is given by

O�# D .O�� # �C/ � .�� #O�C/:
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Proof It suffices to prove the corresponding statement in the local model where .Y˙; �˙/D .B3; �st/,
B˙ � Y˙ are smaller concentric subballs and .Y#; �#/ D .Y� nB�; ��/[@B�D�@BC .YC; �C/. We let
B# � Y# be a Darboux chart contained in the interior.

Consider the map j W C.Y�; ��; B�/�C.YC; �C; BC/! C.Y#; �#; B#/ given by gluing together the contact
structures on the pieces Y˙ nB˙ to produce a contact structure on Y#. Choose paths 
˙ � Y# which
connect the ball B# to the component @Y˙ of the boundary of Y#. There is a commuting diagram

C.Y#; �#; B#/ .�S2/2

C.Y�; ��; B�/� C.YC; �C; BC/ .�S2/2

ev
� � ev
C

j

'

D

where the bottom horizontal map is given by the homotopy equivalences of Lemma 3.8. By a similar
argument to that in the proof of Lemma 3.8, one shows that the top horizontal map is a homotopy
equivalence. Thus j is also a homotopy equivalence.

Next, consider the following diagram of spaces and maps, where the bottom row is two copies of the path
fibration over S2, and � is the diagonal map:

C.Y#; �#; B#/ C.Y#; �#/ S2

.�S2/2 .PS2/2 .S2/2

ev
� � ev
C ev
� � ev
C

evB#

�

The path fibration on S2 can be identified with the evaluation fibration on C.Y˙; �˙/ at the center of B˙,
by Lemma 3.8. Under this identification, the leftmost vertical map in the second diagram becomes the
homotopy inverse of the map j (which follows from the first diagram). Combining these observations and
passing to the long exact sequence in homotopy groups in the second diagram yields a commutative square

�2S
2 �1C.Y#; �#; B#/

�2S
2 ��2S

2 �1C.Y� nB�; ��/��1C.YC nBC; �C/

ı

ı�ı

j

from which the desired result follows.

Remark 3.12 In particular, it follows from Propositions 3.11 and 3.6 that we have the relation �2
@BC

�2
@B�
D

�2B#
in �0 Cont0.Y#; �#; @B#/.

3.5 Examples: trivial Dehn twists

For comparison with Theorem 1.3 we now exhibit examples where the squared Dehn twist on a connected
sum becomes trivial as a contactomorphism.
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3.5.1 Quotients of S 3 Let � be a finite subgroup of U.2/. Then � preserves the standard contact
structure �st D ker

�P
jD1;2 xj dyj � yj dxj

�
on the unit 3-sphere S3, so it descends onto the quotient

M� D S
3=� . The M� are the spherical 3-manifolds and include, among others, the lens spaces L.p; q/

and the Poincaré sphere †.2; 3; 5/.

Lemma 3.13 The squared Dehn twist �2
@B

on the boundary of a Darboux ball B �M� is contact isotopic
to the identity rel B . Hence the squared Dehn twist �2S#

on the separating sphere S# in .Y; �/# .M� ; �st/ is
contact isotopic to the identity.

Proof The center of U.2/ is given by the subgroup Š U.1/ of diagonal matrices with diagonal .�; �/
for some � 2 U.1/. This subgroup acts on M� by contactomorphisms and thus also on the space of
Darboux balls, which is homotopy equivalent to M� �U.1/ by (3). This gives a map �1U.1/D Z!

�1.M� �U.1// D � �Z which we assert is given by 1 7! .e; 2/ where e 2 � is the identity element.
From Lemma 3.4 and this assertion, the result would follow.

That the component Z! � is trivial follows from U.1/ being the center of U.2/. To verify that Z! Z

is multiplication by 2 we need to calculate the change in contact framing under the action of U.1/. We
view S3 as the unit sphere in the quaternions HDRh1; i; j; ki, so the tangent space at q 2 S3 is given
by TqS3 DRhiq; jq; kqi and the standard contact structure is �st.q/DRhjq; kqi DChjqi. Thus the
frame jq trivializes �st ŠC as a complex line bundle. The center subgroup U.1/� U.2/ acts on S3 by
.�; q/ 7! �q, and the action of U.1/ on the frame jq is

� � jq D j N�q D �2 � j.�q/:

Thus the action on �st ŠC is by multiplication by �2 on the fibers. This establishes our assertion, and
hence the proof is complete.

Remark 3.14 When ��SU.2/, an alternative proof of Lemma 3.13 can be obtained by instead exhibiting
a section of evB W C.M� ; �st/! S2. The point is that the radial vector field x@x C y@y C z@z Cw@w
is a Liouville vector field for each of the symplectic forms !u, for u 2 S2, in the flat hyperkähler
structure of R4. The induced S2-family of contact structures �u on S3 descends to the quotients M�

(with � � SU.2/) and provides a section of evB .

3.5.2 S 1 �S 2 Consider the unique tight contact structure on S1 �S2, given by

�0 D ker
�
z d� C 1

2
x dy � 1

2
y dx

�
:

Lemma 3.15 The squared Dehn twist �2
@B

on the boundary of a Darboux ball B � S1 �S2 is contact
isotopic to the identity rel B . Hence the squared Dehn twist �2S#

on the separating sphere S# in any contact
connected sum of the form .Y; �/ # .S1 �S2; �0/ is contact isotopic to the identity.

Proof Let R' be the counterclockwise rotation in the xy plane of angle '. By considering the subgroup
fF' j ' 2 S

1g ' U.1/ � Cont.S1 � S2; �0/, given by F'.�; x; y; z/ WD .�; R'.x; y/; z/, one easily
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checks that �1.Cont.S1 � S2; �0/! �1 Emb..B3; �st/; .S
1 � S2; �0//! �1U.1/ is surjective, so the

result follows.

Remark 3.16 In turn, the contact Dehn twist on the nontrivial sphere in .S1 �S2; �0/ is nontrivial (and
has infinite order). However, it is formally nontrivial already and therefore not exotic; see Section 3.6.

3.5.3 Sum with an overtwisted contact 3-manifold Let .r; �; z/ 2 R3 be cylindrical coordinates.
Consider the contact structure �ot in R3 defined by the kernel of

˛ot D cos r dzC r sin r d�:

The disk �ot D f.r; �; z/ 2R3 j z D 0; r � �g is an overtwisted disk.

Definition 3.17 [Eliashberg 1989] An overtwisted contact 3-manifold is a contact 3-manifold that
contains an embedded overtwisted disk.

Let C.Y;�ot/ be the space of contact structures in Y with a fixed overtwisted disk�ot� Y . Let„.Y;�ot/

be the space of co-oriented plane fields in Y tangent to �ot at the point 0 2�ot. A foundational result of
Eliashberg, generalized in higher dimensions by Borman, Eliashberg and Murphy, is:

Theorem 3.18 [Eliashberg 1989; Borman et al. 2015] The inclusion

C.Y;�ot/!„.Y;�ot/

is a homotopy equivalence.

Remark 3.19 A relative version Eliashberg’s h-principle is available. Suppose A� Y n�ot is compact
and Y nA is connected. Given a family of co-oriented plane fields �k 2„.Y;�ot/ that is contact over an
open neighborhood of A, there exists a homotopy rel A from �k to a family of contact structures.

Using Eliashberg’s h-principle we obtain:

Lemma 3.20 Let .Y; �/ be a contact 3-manifold with vanishing Euler class. Then , for every overtwisted
contact 3-manifold .M; �ot/, the squared contact Dehn twist �2S#

in .Y; �/ # .M; �ot/ is contact isotopic to
the identity.

Proof Let B � .Y; �/ be a Darboux ball that we remove when performing the connected sum. By
Lemma 3.9 �2

@B
is formally contact isotopic to the identity rel B . It follows that �2S#

is formally contact
isotopic to the identity on Y #M , in fact relative to a small ball Bot containing an overtwisted disk
�ot �M . At this point, by Eliashberg’s Theorem 3.18 and Lemma 2.8 applied to the contact 3-manifold
with convex boundary .Y # .M nBot/; � # �ot/, the group of contactomorphisms fixing �ot is homotopy
equivalent to the corresponding space of formal contactomorphisms.

In Section 7 we will see that Lemma 3.20 implies exotic 1-parametric phenomena in overtwisted contact
3-manifolds.
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l
'1

'1.l/

Figure 1: Front projection of l and Ol . The shaded ball represents the small ball B" � B3.

3.6 The Reidemeister I move and Gompf’s contactomorphism

We now describe the contact Dehn twist diagrammatically by means of front projections of Legendrian arcs.
This approach is in the spirit of Gompf’s description [1998] of the contact Dehn twist. For convenience
we consider the unit ball .B3; � D ker.dz�y dx//. Let Y0 D Œ�1; 1��S2 be the complement in B3 of a
small open ball B" around the origin. Consider the standard Legendrian arc l W Œ�1; 1�! B3 given by
t 7! .t; 0; 0/. Perform two Reidemeister I moves to the Legendrian l to obtain a second Legendrian arc Ol .
We may assume that Ol coincides with l over the B". The fronts of these arcs are depicted in Figure 1.

These arcs are Legendrian isotopic, so there exists a contact isotopy 't 2 Cont.B3; �/ with '0 D id and
'1ıl D Ol . Moreover, '1 can be taken to be the identity over B". Therefore '1 gives a contactomorphism �

of the contact manifold with convex boundary .Y0; �/. From now on, we will denote the restrictions of l
and Ol to the red segments in Figure 1 by the same letters for convenience. We have �.l/D Ol and the arc Ol
is obtained in .Y0; �/ from l by a positive stabilization; see Figure 2. In particular,

rot.�.l//D rot.l/C 1:

It follows that � is not (formally) contact isotopic to the identity as a contactomorphism of .Y0; �/ rel @Y0.
This contactomorphism is contact isotopic to the contact Dehn twist as we have defined it in this section.
In fact, as we will see in Lemma 3.22, since the complement of l is a tight 3-ball, any contactomorphism of
.Y0; �/ can be described, up to contact isotopy, just in terms of its effect on l and, therefore, just by means
of front projections of Legendrian arcs. First, we observe that the path-connected components of the space
Leg.Y0; �/ of Legendrian embeddings of arcs that coincide with l at the endpoints can be easily understood:

l �

�.l/

Figure 2: The image of l under � .
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Figure 3: Legendrian isotopy from a double stabilization of l to l in .Y0; �/.

Lemma 3.21 The map rot W �0 Leg.Y0; �/! Z given by L 7! rot.L/ is an isomorphism.

Proof Two smoothly isotopic Legendrian arcs with the same rotation number are Legendrian isotopic
after adding a finite number of double stabilizations (pairs of positive and negative stabilizations) because
of the Fuchs–Tabachnikov theorem [1997]. As depicted in Figure 3, this can done by a Legendrian isotopy
in .Y0; �/. Therefore the proof follows from the 3-dimensional light bulb theorem.

We conclude the following:

Lemma 3.22 The map Cont.Y0; �/! Leg.Y0; �/ given by f 7! f ı l is a homotopy equivalence. In
particular ,

�0 Cont.Y0; �/! Z; f 7! rot.f ı l/;

is an isomorphism. Moreover , the contact Dehn twist is characterized , up to contact isotopy , by the
relation

rot.f .l//D rot.l/C 1:

Proof This follows by the previous lemma, the Eliashberg–Mishachev theorem (Theorem 1.13) and
Hatcher’s theorem [1983], since the fiber of Cont.Y0; �/! Leg.Y0; �/ can be identified with the contac-
tomorphism group of the complement of a neighborhood of l , and the latter is a tight 3-ball.

4 Monopole Floer homology and families of contact structures

In this section we provide the necessary background on the Floer-theoretic ingredients that come into the
proof of Theorem 1.3. Henceforth all homology groups are taken with Q coefficients for simplicity.

4.1 Monopole Floer homology and the contact invariant

For a quick introduction to Kronheimer and Mrowka’s monopole Floer homology groups we recommend
[Lin 2016; Kronheimer et al. 2007] and for a detailed treatment the monograph [Kronheimer and Mrowka
2007]. Here we just comment briefly on a few formal aspects.

Consider a 3-manifold Y together with spin-c structure s (here the only spin-c structure that will be
relevant is that induced by a contact structure �, denoted by s�). Associated to it there are various
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monopole Floer homology groups (Q-vector spaces in this article). The ones relevant to us are the
“to” and “tilde” flavors: zHM.Y; s/ and eHM.Y; s/. The former arises “formally” as the S1-equivariant
Morse homology of the Chern–Simons–Dirac functional. An algebraic manifestation of this equivariant
nature is that zHM.Y; s/ carries a module structure over the polynomial algebra QŒU � (the S1-equivariant
cohomology of a point, H �

S1
.point/DQŒU �) and U decreases grading by two. In turn, the “tilde” flavor

should be regarded as the (nonequivariant) Morse homology, and thus is anH�.S1/DQŒ��=.�2/-module,
with � raising the degree by one. A standard Gysin sequence relates the two groups:

� � �
p
�!zHM�.Y; s/

U
�!zHM��2.�Y; s/

j
�!eHM��1.�Y; s/

p
�! � � � :

The map � is recovered from this by �D jp. A common feature of all flavors of the monopole groups
is a canonical grading by the set of homotopy classes of plane fields �0„.Y /, which carries a natural
Z-action.

The contact invariant c.�/ is an element of zHMŒ��.�Y; s�/ which is well defined up to a sign, and is
canonically attached to a contact structure � on Y . It was defined by Kronheimer, Mrowka, Ozsváth and
Szabó in [Kronheimer et al. 2007], but its definition goes back essentially to the earlier paper [Kronheimer
and Mrowka 1997]. Ozsváth and Szabó [2005] gave a definition of c.�/ in Heegaard–Floer homology.
Under the isomorphism between the monopole and Heegaard–Floer groups [Kutluhan et al. 2020; Colin
et al. 2011], the contact invariants are shown to agree. Some of the basic properties of c.�/ are:

� [Mrowka and Rollin 2006] c.�/D 0 if .Y; �/ is overtwisted.

� [Echeverria 2020] c.�/¤ 0 if .Y; �/ admits a strong symplectic filling.

� [Echeverria 2020] c.�/ is natural under symplectic cobordisms: if .W; !/ is a symplectic cobor-
dism .Y1; �1/Ý .Y2; �2/— here the convex end is .Y2; �2/— then

zHM.�W; s!/c.�2/D c.�1/:

� U �c.�/D 0 (this is clear from the Heegaard–Floer point of view; in the monopole case this follows
from Theorem 4.2).

4.2 The families contact invariant

Remark 4.1 Throughout this section we assume that c.�/¤ 0 because it simplifies a little the exposition
that follows (otherwise one should consider homologies with twisted coefficients; see [Muñoz-Echániz
2024]). We also resolve the sign ambiguity of c.�/ by fixing one of the two. All homologies are taken
with Q coefficients.

A version of the contact invariant for a family of contact structures was introduced by the second author
in [Muñoz-Echániz 2024]. We summarize now some of those results. We have homomorphisms

Fc� WH�.C.Y; �//!zHMŒ��C�.�Y; s�/;(14) fFc� WH�.C.Y; �; B//!eHMŒ��C�.�Y; s�/:(15)
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The invariant Fc� recovers the usual contact invariant: H0.C.Y; �//DQ and then Fc0.1/D c.�/. Their
main property we exploit is the following. Associated to the fibration evB W C.Y; �/! S2 there is the
Serre spectral sequence in homology. The latter collapses on the E3 page and assembles into the Wang
long exact sequence,

� � � !H�.C.Y; �// UB��!H��2.C.Y; �; B//!H��1.C.Y; �; B// ���! � � � ;

where UB takes the intersection of cycles in the total space of the fibration with the fiber, and �� is the
map induced by inclusion � W C.Y; �; B/! C.Y; �/. We note that the obstruction class O� for evB to
admit a homotopy section arises here homologically as the image of 1 under Q D H0.C.Y; �; B//!
H1.C.Y; �; B//.

Theorem 4.2 [Muñoz-Echániz 2024] There is a commutative diagram (up to signs)

� � � zHMŒ��C�.�Y; s�/ zHMŒ��C��2.�Y; s�/ eHMŒ��C��1.�Y; s�/ � � �

� � � H�.C.Y; �// H��2.C.Y; �; B// H��1.C.Y; �; B// � � �

p U j p

UB

Fc� .Fc��2/ı�� gFc��1
��

Some observations are in order:

� As a particular case, Theorem 4.2 recovers a property about the contact invariant c.�/ which is well
known from the Heegaard–Floer point of view: that U � c.�/ D 0 and we have a canonical element
Qc.�/ WDfFc0.1/ 2eHMŒ��.�Y; s�/ such that p Qc.�/D c.�/. Conjecturally, the invariant c.�/ corresponds
to the Heegaard–Floer contact invariant that takes values in cHF.�Y; s�/, which is defined in [Ozsváth
and Szabó 2005].

� For 2-dimensional families, Theorem 4.2 gives us the simple formula

U �Fc2.ˇ/D deg.ˇ/c.�/;

where deg.ˇ/D .evB/�ˇ 2H2.S2/DQ is the degree of the family ˇ 2H2.C.Y; �; B//. In particular,
by Theorem 4.2 we have the following:

Corollary 4.3 [Muñoz-Echániz 2024] If c.�/ … ImU then the fibration evB does not admit a homotopy
section and thus the obstruction class O� is nonvanishing homologically.

� Other statements that are easily derived from Theorem 1.3 are:

c.�/ … ImU if and only if fFc1.O�/¤ 0; fFc1.O�/D � Qc.�/:
� If we define a QŒU �-module structure on H�.C.Y; �// by setting U WD �� ı UB , then Theorem 4.2
asserts, in particular, that the homomorphism Fc� W H�.C.Y; �; B// ! zHMŒ��C�.�Y; s�/ is a map of
QŒU �-modules. Notice that we have, in fact, a QŒU �=.U 2/-module structure onH2.C.Y; �//, ie the action

Geometry & Topology, Volume 29 (2025)



Exotic Dehn twists on sums of two contact 3-manifolds 1599

of U 2 on H�.C.Y; �// vanishes. This can be regarded as a manifestation of the following geometric fact,
that we have already encountered in Section 3. Consider two disjoint Darboux balls B;B 0 � Y . Whereas
the spaces C.Y; �/ and C.Y; �; B/ are related in a possibly nontrivial way by the fibration evB , the spaces
C.Y; �; B/ and C.Y; �; B [B 0/ are related in a straightforward way:

C.Y; �; B [B 0/'�S2 � C.Y; �; B/:

Indeed, the evaluation map corresponding to the ball B 0 gives a fibration

C.Y; �; B [B 0/! C.Y; �; B/ evB0���! S2;

but now the map evB 0 is nullhomotopic, as can be seen by dragging the evaluation point (the center of B 0)
into the first ball B .

4.3 Summary of the construction of the families invariants

We summarize in this section the construction of the invariants Fc and fFc, carried out in detail by the
second author in [Muñoz-Echániz 2024]. This is included here for background purposes, but will not
be used.

4.3.1 The invariant Fc We begin with some general observations. Let X be a 4-manifold together with
a nondegenerate 2-form !, ie !2 is a volume form. We use !2 to orient X . Choose an almost-complex
structure J compatible with !, which by definition gives a metric gD!. � ; J � /. The space of choices of J
is contractible. The structure J equips X with a spin-c structure, ie a lift of the SO.4/-frame bundle of X
along the map Spinc.4/! SO.4/. In differential-geometric terms this yields rank-2 complex hermitian
bundles S˙!X and Clifford multiplication � W TX ! Hom.SC; S�/ satisfying the “Clifford identity”
�.v/��.v/D g.v; v/ id. We follow the notation and conventions from [Kronheimer and Mrowka 2007,
Section 1] and we assume the reader is familiar with these.

The Clifford action of the 2-form ! on SC splits the bundle SC into �2i eigensubbundles of rank 1.
These are given by SCDE˚EK�1J , whereKJ is the canonical bundle of .X; J / andE is a complex line
bundle which is easily verified to be trivial. Choose a unit-length section ˆ0 of E. A simple calculation
shows that there is a unique spin-c connection A0 on SC such that rA0ˆ0 is a 1-form with values in
the C2i eigenspace EK�1J . At this point, the symplectic condition comes in through the following
calculation involving the coupled Dirac operator DA0 W �.S

C/! �.S�/:

Lemma 4.4 [Taubes 1994] The nondegenerate 2-form ! is symplectic (d! D 0) if and only if
DA0ˆ0 D 0.

We now bring in a smoothly varying family of symplectic structures !u parametrized by a smooth manifold
U 3 u, with each !u in the same deformation class as !. Again, we equip the !u with compatible
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almost-complex structures Ju varying smoothly, which provide us with a family of metrics gu. From
our original Clifford bundle .S˙; �/ we canonically obtain new ones as follows. The bundles S˙ remain
the same, but new Clifford structures �u are obtained by setting �u D � ı bu, where bu is the canonical
isometry .TX; gu/ Š�! .TX; g/— the unique isometry which is positive and symmetric with respect
to gu. The Clifford action of !u again decomposes SC into eigenspaces SC D Eu˚EuK�1Ju . Each
Eu is trivializable individually, but the family .Eu/u2U might give a nontrivial line bundle over U �X .
When U is contractible we may choose a family of trivializing sections ˆu of Eu with unit length, and
as before these determine unique spin-c connections Au with DAuˆuD 0. Then, associated to our family
.!u; Ju/ and the choices of ˆu, we have a family of “deformed” Seiberg–Witten equations on X given by

1
2
�u.F

C

A /� .ˆˆ
�/0 D

1
2
�u.F

C

Au
/� .ˆuˆ

�
u/0; DAˆDDAuˆu:

For each u 2 U this is an equation on the pair .A;ˆ/, where A is a connection on ƒ2SC and ˆ is a
section of SC. In this “deformed” version of the equations, the configurations .Au; ˆu/ solve the equation
for u.

We apply now the above considerations to a special case. Let .Y; �/ be a closed contact 3-manifold with
a contact form ˛, and let .X; !/ be the symplectization X D Œ1;C1/� Y , with the exact symplectic
form ! D d

�
1
2
t2˛

�
. The structure J is chosen to be invariant under the Liouville flow, and the associated

Riemannian metric on X is conical. We now bring into the picture a family of contact structures �u
parametrized by U D�n, to which we would like to associate an element in the Floer chain complex
of �Y D @X . Here �n is the standard n-simplex. We equip our family �u with corresponding contact
forms ˛u. This gives a family !u of symplectic structures on X .

The construction now proceeds by forming a manifold ZC by gluing the cylinder Z D .�1; 0�� Y
with the symplectic manifold X . We extend all metrics gu over to ZC in such a way that they all
agree with a fixed translation-invariant metric on the cylinder Z. Then the bundle SC, together with its
splitting SCDE˚EK�1J , extends over ZC naturally in a translation-invariant manner. The U -family of
metrics and spin-c structures thus constructed on ZC are independent of u over Z, so we have effectively
trivialized our data over the cylinder end Z � ZC. In order to extend the Seiberg–Witten equations
over ZC we cut off the perturbation term on the right-hand side of the equations so that it vanishes on
the cylinder end Z. This way, we have a U -parametric family of Seiberg–Witten equations over ZC, and
natural boundary conditions for these equations (modulo gauge) are:

� On the cylinder Z, solutions should approach a translation-invariant solution a (a generator of the
“to” Floer complex {C.�Y; s�/, ie a is an irreducible or boundary-stable monopole on �Y ).

� On the symplectic end X solutions should approach the configuration .Au; ˆu/.

This way we obtain parametrized moduli spaces of solutions

� WM.Œa�; �n/!�n:
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By introducing suitable perturbations we may achieve the necessary transversality [Muñoz-Echániz 2024]
and M.Œa�; �n/ will be C 1-manifolds of finite dimension. At this point we note that, because of the gauge
invariance of the equations, a different choice of trivializations ˆu would yield diffeomorphic moduli
spaces. The connected components of M.Œa�; �n/ where the index of � is �n consist of a finite number
of isolated points lying over values in the interior of �n, and a signed count of these points gives an
integer #M.Œa�; �n/ 2 Z. We organize these counts into a Floer chain  .�n/:

 .�n/D
X
Œa�

#M.Œa�; �n/ � Œa� 2 {C.�Y; s�/:

The assignment �n 7!  .�n/ can be made into a chain map

 W C�.C.Y; �//! {C�.�Y; s�/

from the complex of singular chains on C.Y; �/. Taking homology yields the families invariant (14). The
analytic underpinnings that make all the above rigorous are discussed in [Muñoz-Echániz 2024], and are
essentially no different than those of [Kronheimer and Mrowka 1997; Taubes 2000].

4.3.2 The invariant fFc In terms of the “to” Floer complex zC�, the “tilde” Floer complex can be
defined by taking the mapping cone of (a suitable chain level version of) the U map. We have zC�.Y; s/D
{C�.Y; s/˚ {C��1.Y; s/ with differential given by the matrix (ignoring signs)

Q@D

 
L@ 0

U L@

!
:

If a family ˇ 2 Hn.C.Y; �// is in the image of �� W Hn.C.Y; �; B//! Hn.C.Y; �// then it is proved in
[Muñoz-Echániz 2024] that U �Fc.ˇ/ D 0. At the chain level this is witnessed by a canonical chain
homotopy � :

(16) U � ı �� D L@� C �@:

From this we build the chain map

Q D . ı ��; �/ W C�.C.Y; �; B//! zC�.�Y; s�/;

which, upon taking homology, gives the definition of (15). The chain homotopy � is roughly constructed
as follows. We introduce a new parameter t 2R and let 0 2 Y be the center of the ball B . Consider the
moduli space

M.Œa�; �n/!R��n

consisting of quadruples .A;ˆ; u; t/ such that .A;ˆ; u/ solve the previous set of equations and boundary
conditions subject to the further constraint that at the point .t; 0/ 2R�Y ŠZC the spinor ˆ lies in the
second component of the splitting SC DE˚EK�1J . By a simple modification of this construction one
can again achieve transversality and ensure that the M.Œa�; �n/ are C 1-manifolds of finite dimension.
Then we set

�.�n/D
X
Œa�

#M.Œa�; �n/ � Œa�:
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Theorem 4.2 is established by carefully analyzing the “boundary at infinity” of the 1-dimensional
components of the moduli M.Œa�; �n/; see [Muñoz-Echániz 2024].

5 The space of standard convex spheres in a tight contact 3-manifold

In this section we provide background on an h-principle for standard convex embeddings in tight contact
3-manifolds which was established in work of the first author with Martínez-Aguinaga and Presas
[Fernández et al. 2020]. For the sake of completeness, we will provide here a detailed account which
isn’t quite the same as in [loc. cit.].

Throughout this section .Y; �/ will be a tight contact 3-manifold. Recall that given a contact 3-manifold
.Y; �/, by a standard convex embedding of S2 we mean a convex embedding e W S2 ,! .Y; �/ such that
its oriented characteristic foliation .e��/\TS2 coincides with the characteristic foliation of the sphere

e0 W S
2 ,! f0g �S2 � .Y0; �0/D

�
Œ�1; 1��S2; ker

�
z dsC 1

2
x dy � 1

2
y dx

��
:

In fact, by this property we obtain a (homotopically) unique contact embedding of a neighborhood of
e0.S

2/� Y0 inside Y such that e0 is identified with e. We recall that the north pole of e is then a positive
elliptic point and the south pole a negative elliptic point. See Figure 4.

All of our arguments below work well for any other foliation of a convex sphere. The key fact is that the
space of tight convex spheres with fixed characteristic foliation is C 0-dense inside the space of smooth
spheres when the contact 3-manifold is tight, because of Giroux’s genericity and realization theorems and
Giroux’s tightness criterion [1991; 2001].

eC

eC

e�

K

K

Figure 4: Schematic depiction of the standard sphere and the transverse curve K on the left. The
mini-disk is depicted on the right.
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Remark 5.1 The tightness condition is just required “locally”, and therefore the results described in this
section hold in overtwisted contact 3-manifolds if one replaces the space of smooth spheres by the space
of smooth spheres with a tight neighborhood.

The main goal of this section is Theorem 5.8, which states that the space of standard embeddings of
spheres into .Y; �/ fixed near the south pole is homotopy equivalent to the corresponding space of smooth
embeddings. In order to prove this result we will first study the closely related space of “mini-disks”.

5.1 Mini-disks in a tight 3-manifold

Pick a small positively transverse curve K � e.S2/ surrounding the negative elliptic point e.s/. The
curve K divides the standard embedded sphere e.S2/ in two disjoint disks e.S2/nK DD2

C
[D2�. Here

D2
C

contains the positive elliptic point and D2� the negative one. In particular, we observe that the
self-linking number of K is �1. The curve K is oriented as the boundary of D2

C
. Each disk D2

˙
is

equipped with a natural parametrization induced by e. In particular, we will still denote by e WD2! .Y; �/

the parametrization of D2
C

. A smooth embedding of a disk with positive transverse boundary with
self-linking number �1, which is convex and induces the same characteristic foliation as e, is called a
mini-disk.5

We will denote by CEmb.D2; .Y; �// the space of embeddings of mini-disks which coincide with e over
an open neighborhood of the boundary @D2 �D2. Define the space of smooth embeddings Emb.D2; Y /
analogously. A consequence of Giroux’s elimination theorem and the tightness of .Y; �/ is the following
result, which will be crucial to us:

Lemma 5.2 [Eliashberg 1993; Giroux 1991] Let f 2 Emb.D2; Y / be a smooth embedding. Then there
exists a C 0-small isotopy of f , relative to an open neighborhood of the boundary, that makes f standard.

This result is also explained in [Eliashberg 1993]; see also [Colin 1997]. Here the tightness condition is
crucial.

We will prove the following h-principle:

Theorem 5.3 [Fernández et al. 2020] The inclusion CEmb.D2; .Y; �// ,! Emb.D2; Y / is a homotopy
equivalence whenever .Y; �/ is tight.

Remark 5.4 � The �0-surjectivity of the previous map follows from the previous lemma.

� The �0-injectivity and also the �1-surjectivity follow from Colin [1997], who proved this by
applying his discretization trick. However, this does not quite work parametrically due to the fact
that convexity is not generic among k-parametric families for k > 0.

5The terminology is due to Presas; see Figure 4. Observe that a mini-disk can be contracted inside small neighborhoods of the
positive elliptic point.
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Here we will use the approach of [Fernández et al. 2020] based on the notion of a microfibration,
introduced by Gromov [1986]. We will apply the following “microfibration trick”, which can also be
applied to an arbitrary space of convex embeddings whenever this space is dense inside the space of
smooth embeddings (Lemma 5.2) and we are able to establish a corresponding local version of the
h-principle (ie in a neighborhood of a smooth embedding). These ingredients are the same as those
required to effectively apply Colin’s trick. Our advantage with respect to Colin is that our techniques work
parametrically. However, we lose control of the geometric picture by using an algebraic construction.

Definition 5.5 A map p W Y !X of topological spaces is a Serre microfibration if for every homotopy
H W Dk � Œ0; 1�! X with a lift h0 W Dk � f0g ! Y along p at time t D 0 there exists a positive real
number " > 0 together with an extension h WDk � Œ0; "�! Y of h0 such that p ı hDH jDk�Œ0;"�.

A key property about microfibrations that we will use is:

Lemma 5.6 [Weiss 2005] Every microfibration p W Y !X with nonempty and contractible fiber is a
Serre fibration and , therefore , a weak homotopy equivalence.

Proof of Theorem 5.3 Let K be a compact parameter space and G � K a subspace. Consider
ek 2 Emb.D2; Y / for k 2K a family of smooth embeddings such that ek 2 CEmb.D2; .Y; �// for every
k 2G. It is enough to establish the existence of a homotopy ekt 2 Emb.D2; Y / such that

� ek0 D e
k ,

� ekt D e
k
0 for k 2G,

� ek1 2 CEmb.D2; .Y; �//.

Consider any extension of the embeddings ek into a family of closed tubular neighborhood embeddings

Ek WD2 � Œ�1; 1� ,! Y

such that
EkjD2�f0g D e

k :

Consider the space B of embeddings E WD2 � Œ�1; 1� ,! Y such that EjD2�f0g coincides with e over an
open neighborhood of the boundary of D2 DD2 � f0g. This space is the base of a microfibration

p W X ! B; .E; pt / 7!E;

where X is the space consisting of pairs .E; pt / such that

� E 2 B,

� pt 2 Emb.D2; E.D2� Œ�1; 1�// for t 2 Œ0; 1� is a homotopy of proper embeddings of disks into the
closed ball E.D2 � Œ�1; 1�/, agreeing with the fixed embedding e near the boundary, and joining
p0 DEjD2�f0g with a mini-disk embedding p1 2 CEmb.D2; .E.D2 � Œ�1; 1�/; �//.

The microfibration property is obviously satisfied. We will use Lemma 5.6 to conclude that p is, in
fact, a fibration. Observe that the fiber FE of p is nonempty because of Lemma 5.2. We claim that the
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fiber is also contractible. This is equivalent to the fact that the space of mini-disk embeddings, fixed
near the boundary, into a tight 3-ball is homotopy equivalent to the space of smooth embeddings, fixed
near the boundary, which is a combination of Eliashberg and Mishachev’s theorem [2021] and Hatcher’s
theorem [1983]. Indeed, let .B3; �/ D .E.D2 � Œ�1; 1�/; �/ and consider any mini-disk embedding
f WD2! .B3; �/ which coincides near the boundary with EjD2�f0g. The complement of f .D2/ in B3

is given by two tight balls B3
˙

. Denote by CEmb.D2; .B3; �// the corresponding space of mini-disk
embeddings and by Emb.D2;B3/ the smooth analogue. There is a map between fibrations

Diff.B3
C
/�Diff.B3�/ Diff.B3/ Emb.D2;B3/

Cont.B3
C
; �/�Cont.B3�; �/ Cont.B3; �/ CEmb.D2; .B3; �//

inducing homotopy equivalences of total spaces and fibers, and thus the claim follows. Then from
Lemma 5.6 we have that the map p WX ! B is a Serre fibration with contractible fibers. This is enough to
conclude the proof. Indeed, recall that we have built a map j WK! B given by k 7!Ek , so j �X !K

is a fibration with contractible nonempty fibers. We have a natural section over G � K given by the
constant homotopy:

s WG! X ; k 7! .Ek; pkt D e
k/:

Hence, by the contractibility of the fibers, we may extend this section over to K and obtain Os WK! X
given by k 7! .Ek; pkt /. The homotopy

ekt D p
k
t

solves our problem.

We will need the following generalization. Let CEmb
�F

j D2; .Y; �/
�

be the space of embeddings
e W
F
j D2 ,! .Y; �/ of n mini-disks, all of them fixed at an open neighborhood of

F
j @D

2. Denote also
by Emb

�F
j D2; Y

�
the corresponding space of smooth embeddings.

Theorem 5.7 The natural inclusion CEmb
�F

j D2; .Y; �/
�
,! Emb

�F
j D2; Y

�
is a homotopy equiva-

lence whenever .Y; �/ is tight.

Proof The proof follows word by word the proof of Theorem 5.3. In this case the microfibration
built is going to have as fiber the space of isotopies of n 2-disks into n disjoint tubular neighborhoods
ŠD2 � Œ�1; 1�.

5.2 The space of standard spheres

As a consequence of our previous discussion we may compare the homotopy types of the space of standard
spheres and the space of smooth spheres in a tight contact 3-manifold .Y; �/. For this, consider the space
of smooth embeddings Emb

�F
j S

2; Y
�

of n-disjoint spheres and the corresponding subspace of standard
spheres CEmb

�F
j S

2; .Y; �/
�
. Fix also an arbitrary standard embedding e W

F
S2! .Y; �/ and consider
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the subspaces Emb
�F

j S
2; Y;

F
j sj

�
of embeddings that agree with e on an open neighborhood

F
j Uj

of the south pole sj of each sphere. Here we assume that the boundary ejF
j @Uj

parametrizes n disjoint
positively transverse knots Kj as in the previous section. Similarly, consider the analogous subspace of
standard embeddings CEmb

�F
j S

2; .Y; �/;
F
j sj

�
. Observe that the space CEmb

�F
j S

2; .Y; �/;
F
j sj

�
is homotopy equivalent to the space of n mini-disk embeddings into the tight contact manifold with
convex boundary obtained from .Y; �/ by removing an open neighborhood of e

�F
j Uj

�
whose boundary

parametrizes Kj . The same observation applies to the space Emb
�F

j S
2; Y;

F
j sj

�
. We obtain:

Theorem 5.8 Assume that .Y; �/ is tight. Then:

� The inclusion CEmb
�F

j S
2; .Y; �/;

F
j s
�
,! Emb

�F
j S

2; Y;
F
j sj

�
is a homotopy equivalence.

� For every k � 1 the natural homomorphism

�k.SO.3/n; U.1/n/! �k

�
Emb

�G
j

S2; Y

�
;CEmb

�G
j

S2; .Y; �/

��
induced by reparametrization on the source is an isomorphism.

Proof As explained above, the proof of the first assertion follows from Theorem 5.7. For the second
assertion note that there is a natural map of fibrations given by the evaluation at the n south poles

Emb
�F

j S
2; Y;

F
j sj

�
Emb

�F
j S

2; Y
�

Frn.Y /

CEmb
�F

j S
2; .Y; �/;

F
j sj

�
CEmb

�F
j S

2; .Y; �/
�

CFrn.Y; �/

in which the vertical maps are inclusions. Here the base Frn.Y / is the space of framings over n different
points of M , that is, the total space of a fiber bundle over the configuration space Confn.Y / with fiber
� GLC.3/n, and likewise for CFrn.Y; �/ but with contact frames. Observe that the map between the
fibers is a homotopy equivalence because of the first assertion, so that the homomorphism induced by the
evaluation map

�k

�
Emb

�G
j

S2; Y

�
;CEmb

�G
j

S2; .Y; �/

��
! �k.Frn.Y /;CFrn.Y; �//Š �k.SO.3/n; U.1/n/

is an isomorphism and defines an inverse to the reparametrization map.

5.3 Standard spheres in sums of two irreducible 3-manifolds

In this section we establish Theorem 1.16. We first discuss its smooth counterpart. The relevant
reference on this topic is Hatcher’s work [1981]. Let Y# D Y� # YC with Y˙ now irreducible. Let
Emb.S2; Y#/S# � Emb.S2; Y#/ be the subspace of smooth co-oriented embeddings S2 ,! Y# isotopic to
a fixed given one S#, and let

S D Emb.S2; Y#/S#=Diff.S2/
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be the space of unparametrized co-oriented nontrivial spheres. Hatcher [1981] proved that S is contractible.
We also have a fibration

SO.3/' Diff.S2/! Emb.S2; Y#/S# ! S;
and hence

Emb.S2; Y#/S# ' SO.3/:

Proof of Theorem 1.16 This is immediate from the long exact sequence of pairs associated to the
horizontal maps in the commutative diagram

CEmb.S2; .Y#; �#//S# Emb.S2; Y#/S#

U.1/ SO.3/

'

combined with Theorem 5.8.

6 Families of contact structures on sums of contact 3-manifolds

In this section we establish our main results, Theorems 1.3, 1.6 and 1.8, by combining the tools discussed
in Sections 4 and 5.

6.1 The space of tight contact structures on a sum

Consider nC 1 tight contact 3-manifolds .Yj ; �j / for j D 0; : : : ; n with n � 1. Let .Y#; �#/ be their
connected sum, which we build as follows. We fix Darboux balls B0� � Y0, BnC � Yn and for each
0 < j < n we fix two disjoint Darboux balls Bj˙ � Yj . Then the connected sum .Y#; �#/ is formed by
gluing in the order

.Y0 nB0�/
[

@B0�D�@B1C

.Y1 n .B1C[B1�// � � �
[

@B.n�1/�D�@BnC

.Yn nBnC/:

We will denote by ej W S2 ,! .Y#; �#/, for j D 1; : : : ; n, the embedding of the j th separating standard
sphere given by @B.j�1/� D�@BjC in the connected sum .Y#; �#/. Denote by sj the south pole on the
j th sphere, regarded as a point in ej .S2/� Y#.

We will denote by Tight.Y; B/ the space of tight contact structures on Y that are fixed on a Darboux
ball B , and by Tight.Y; B;B 0/ the subspace of Tight.Y; B/ given by contact structures that are fixed on
a second Darboux ball B 0 disjoint from B . A classical result of Colin [1997] asserts that the contact
manifold .Y#; �#/ is tight, and we have a well-defined map

(17) #nC1 W Tight.Y0; B0�/�
n�1Y
jD1

Tight.Yj ; BjC; Bj�/�Tight.Yn; BnC/! Tight.Y#/:
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On the other hand, the evaluation map of each tight contact structure on Y at the south poles sj defines a
fibration

(18) evnC1 W Tight.Y#/! .S2/n:

The fiber F of evnC1 over .�#.sj // has the homotopy type of the space of tight contact structures on Y#

that agree with �# over n disjoint Darboux balls B#j around sj . Therefore there is a natural inclusion

i# W Tight.Y0; B0�/�
n�1Y
jD1

Tight.Yj ; BjC; Bj�/�Tight.Yn; BnC/ ,! F :

We establish the following stronger version of Theorem 1.8:

Theorem 6.1 The inclusion i# is a homotopy equivalence.

Remark 6.2 Since S2 is simply connected, we deduce from the long exact sequence in homotopy groups
of (18) that

�0.Tight.Y#//Š

nY
jD0

�0.Tight.Yj //;

which is the classical result of Colin [1997].

Proof Let K be a compact parameter space and G �K a subspace. It is enough to prove that if �k 2 F
is a K-family of tight contact structures on Y# that coincide with �# over the n Darboux balls B#j and
such that �k 2 Im.i#/ for k 2G, then there exists a homotopy of tight contact structures �kt for t 2 Œ0; 1�
such that

� �k0 D �
k ,

� �kt D �
k for k 2G, and

� �k1 2 Im.i#/.

The key point is to observe that �k 2 Im.i#/ if and only if the embeddings ej W S2 ,! .Y#; �
k/ are standard

for j D 1; : : : ; n. For a given tight contact structure � , denote by

CE� WD CEmb
� nG
jD1

S2; .Y#; �/;

nG
jD1

sj

�
the space of standard embeddings of n disjoint spheres that coincide with .ej / over a neighborhood of
the south poles .sj /, and by

E WD Emb
� nG
jD1

S2; Y#;

nG
jD1

sj

�
the analogous space of smooth embeddings. Consider the space X of pairs .�; et / where � 2F and et 2 E ,
with t 2 Œ0; 1�, is a homotopy of embeddings with e0 D e and e1 2 CE� . There is a natural forgetful map

p W X ! F ; .�; et / 7! �;

Geometry & Topology, Volume 29 (2025)



Exotic Dehn twists on sums of two contact 3-manifolds 1609

which is in fact a fibration because of Lemma 2.2. By Theorem 5.8 the inclusion CE� ! E is a homotopy
equivalence. Therefore the fibers of the previous fibration are contractible.

This is enough to conclude the proof. Indeed, our initial family �k is given by a map j WK! F and the
pullback fibration j �X !K has a well-defined section over G �K given by the constant isotopy ekt D e
for .k; t/ 2G � Œ0; 1�. Since the fiber of this fibration is contractible we can extend this section over K,
obtaining a section ekt for .k; t/ 2K � Œ0; 1�. Then we apply the smooth isotopy extension theorem to
this family of embeddings to find an isotopy 'kt 2 Diff.Y#/ for .k; t/ 2K � Œ0; 1� such that

� 'k0 D id,

� 'kt is the identity over a neighborhood of the south poles .sj /,

� 'kt ı e D e
k
t ,

� 'kt D id for .k; t/ 2G � Œ0; 1�.

The homotopy of contact structures �kt D .'
k
t /
��k solves the problem since now e D .'k1 /

�1 ı ek1 is
standard for .'kt /

��k because ek1 is standard for �k .

6.2 Diffeomorphisms of connected sums of two irreducible 3-manifolds

Consider Y# D Y� #YC with Y˙ irreducible. Recall from Section 5.3 that Hatcher [1981] proved

Emb.S2; Y#/S# ' SO.3/:

This has the following useful consequence:

Lemma 6.3 Suppose that Y˙ are aspherical (irreducible and with infinite fundamental group). Then
�1 Diff.Y#/D 0.

Proof From the fibration (10) we have an exact sequence

�1 Diff.Y�; B�/��1 Diff.YC; BC/ �1 Diff.Y#/ Z2

�0 Diff.Y�; B�/��0 Diff.YC; BC/

Under the connecting map, the nontrivial element in Z=2 maps to

�@B��@BC 2 �0 Diff.Y�; B�/��0 Diff.YC; BC/:

We saw in the proof of Corollary 3.7 that the Dehn twists �@B˙ 2 �0 Diff.Y˙; B˙/ are nontrivial and
�1 Diff.Y˙; B˙/D 0. From this and the exact sequence above it now follows that �1 Diff.Y#/D 0.

6.3 Proof of Theorem 1.3

As we’ve been doing so far, all homologies considered below are taken with Q coefficients, unless
otherwise noted.
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By Theorem 6.1 we have

C.Y#; �#; B#/' C.Y�; ��; B�/� C.YC; �C; BC/;

and then by Proposition 3.11 the obstruction class O�# 2 �1C.Y#; �#; B#/ to finding a homotopy section
of ev# W C.Y#; �#/! S2 corresponds to

O�# Š .O�� ;O�C/ 2 �1C.Y�; ��; B�/��1C.YC; �C; BC/:

We recall that all homologies are taken with Q coefficients. A portion of the Wang long exact sequence
for the fibration evB# is

Q ı
�!H1.C.Y�; ��; B�//˚H1.C.YC; �C; BC//!H1.C.Y#; �#//! 0;

where ı.1/DO�# D .O�� ;O�C/. In the latter formula, and in what follows, we will incur a small abuse
of notation by denoting the obstruction class and its image in homology by the same symbol.

The nontrivial input from Floer theory appears now. Because c.�˙/ … ImU , by Corollary 4.3 to
Theorem 4.2 the classes O�˙ are nontrivial in H1.C.Y˙; �; B˙//. It then follows from the Wang exact
sequence that the class .O�� ; 0/ is not in the image of ı; thus the image of .O�� ; 0/ in H1.C.Y#; �#// is
nontrivial.

By Lemma 6.3, �1 Diff.Y#/ D 0. Note that the hypotheses of that lemma indeed apply, because the
manifolds Y˙ are aspherical. To see this, recall that an irreducible 3-manifold is aspherical precisely
when it is not one of the quotients M� of S3 by a finite subgroup � of SO.4/. The manifolds M� have
zHM.�M� ; s/DQŒU; U�1� in every spin-c structure s because M� is a rational homology sphere with a
positive scalar curvature metric; see [Kronheimer and Mrowka 2007, Proposition 36.1.3]. In particular,
the U map is surjective on zHM.�M� ; s/. The manifolds Y˙ are irreducible but can’t be of the form M�

since c.�˙/ … ImU .

Then, by the long exact sequence in homotopy groups of (4), it follows that

H1.C.Y#; �#/IZ/Š Ab.�0 Cont0.Y#; �#//:

Under this isomorphism, the nontrivial class .O�� ; 0/ corresponds to the class of the squared Dehn
twist �2S#

by Proposition 3.6. This proves that �2S#
is not contact isotopic to the identity. Since we’ve

shown that .O�� ; 0/ is nontrivial rationally, it follows that all the even powers of �S# (and therefore all
the powers) are also not contact isotopic to the identity. This completes the proof of Theorem 1.3(A).

By Lemma 3.9, the image of �@B˙ in �0 FCont0.Y˙; �˙; B˙/ is trivial. Hence so is the image of �2S#
in

�0 FCont0.Y#; �#/, proving Theorem 1.3(B).

Remark 6.4 Working with Z coefficients rather than Q, we can establish the following analogue
of Theorem 1.3(A) by the same argument. If 2c.�˙IZ/ ¤ 0 in zHM.�Y˙/ and 0 ¤ k 2 Z satisfies
kc.�˙IZ/… ImU , then the 2k-fold iterate �2kS#

is not contact isotopic to the identity. All examples known
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to the authors where the latter hypothesis is satisfied for some k¤ 0 also satisfy the stronger Q version of
the hypothesis. The assumption 2c.�˙IZ/¤ 0 guarantees the orientability of the moduli spaces involved
in the construction of the families contact invariant; see [Muñoz-Echániz 2024, Corollary 1.8].

6.4 Proof of Theorem 1.6

We write .Y; �/ D .Y0; �0/ # � � � # .Yn; �n/ # .YnC1; �nC1/, where .Y0; �1/; : : : ; .Yn; �n/ are those prime
summands of .Y; �/ such that c.�j / … ImU and the Euler class of �j vanishes, and .YnC1; �nC1/ is the
sum of the remaining prime summands. We take the latter to be .S3; �st/ if there are no prime summands
remaining. We choose Darboux balls B0� � Y0 and BnC1;C � YnC1, and for j D 1; : : : ; n we choose
two Darboux balls Bj˙ � Yj disjoint from each other. We may take the connected sum .Y; �/ to be built
by gluing in the order

.Y0 nB0�/
[

@B0�D�@B1C

.Y1 n .B1C[B1�// � � � .Yn n .BnC[Bn�//
[

@Bn�D�@BnC1;C

.YnC1 nBnC1;C/;

with nC1 separating spheres. We fix nC1 Darboux balls B#j for j D 1; : : : ; nC1 centered at the south
poles of the separating spheres (B#j is centered at the south pole of the sphere which separates the pieces
Yj�1 nBj�1;� and YjC nBjC) and which are disjoint from each other.

Consider the evaluation map at the nC 1 south poles of the spheres, which provides a fibration

(19) F ! C.Y; �/! .S2/nC1:

Theorem 6.1 identifies the fiber as

F ' C.Y0; B0�/�
� Y
jD1;:::;nC1

C.Yj ; BjC[Bj�/
�
� C.YnC1; BnC1;C/:

Recall that we have a homotopy equivalence

C.Yj ; BjC[Bj�/'�S2 � C.Yj ; Bj�/;

since the evaluation map evBjC W C.Yj ; Bj�/! S2 is nullhomotopic (a nullhomotopy is obtained by
dragging the evaluation point from BjC into Bj�, and this yields the required homotopy equivalence).
Thus

F ' C.Y0; B0�/��S2 � C.Y1; B1�/� � � � ��S2 � C.Yn; Bn�/� C.YnC1; BnC1;C/:

The connecting map in the long exact sequence in homotopy groups of the fibration (19) yields a
homomorphism

ı W ZnC1! �1C.Y0; B0�/�Z��1C.Y1; B1�/� � � � �Z��1C.Yn; Bn�/��1C.YnC1; BnC1;C/;

which we now calculate.

Lemma 6.5 For .a1; : : : ; anC1/ 2 ZnC1 we have

ı.a1; : : : ; anC1/D .a1 �O�0 ; a1; a2 �O�1 ; � � � ; an; anC1 �O�n ; anC1 �O�nC1/:
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Proof Our argument is modeled on the proof of Proposition 3.11. It suffices to work in the local model
where .Yj ; �j /D .B3; �st/ for all j D 0; : : : ; nC 1. We choose 2nC 2 paths 
0�; 
1˙; : : : ; 
n˙; 
nC1;C
in Y , where each 
jC goes from B#j to @Yj � @Y , and each 
j� goes from B#jC1 to @Yj � @Y . We
consider the following commutative diagram of maps and spaces:

C.Y;[nC1jD1B#j / C.Y / .S2/nC1

.�S2/2nC2 .PS2/2nC2 .S2/2nC2

ev
 ev


evB#

�nC1

Here ev#B stands for the evaluation map at the centers of the nC 1 balls B#j , and the bottom row is
given by 2nC 2 product of the path fibration on S2. In particular, both rows are fibration sequences. The
maps denoted by ev
 stand for evaluation of contact structures along the 2nC 2 paths chosen above, and
� W S2! .S2/2 is the diagonal map.

Each of the two fibrations evB0� W C.Y0/! S2 and evBnC1;C W C.YnC1/! S2 is identified with the path
fibration on S2, by Lemma 3.8. Similarly, each of the n fibrations evBjC � evBj� W C.Yj /! .S2/2 with
j D 1; : : : ; n is identified with two copies of the path fibration on S2. Using these, we identify the bottom
row of the first diagram with the product of these nC 2 fibrations.

The leftmost vertical map in the first diagram is a homotopy equivalence, which follows by an argument
similar to the proof of Lemma 3.8. Consider the inclusion map

j W C.Y0; B0�/�
� nY
jD1

C.Yj ; BjC[Bj�/
�
� C.YnC1; BnC1;C/! C

�
Y;

nC1[
jD1

B#j

�
:

Under the identification of the bottom row of the first diagram with the product of the nC 2 fibrations
from the previous paragraph, the map j becomes the homotopy inverse of the leftmost vertical map in the
first diagram, as in the proof of Proposition 3.11. The required result follows now from the commuting
square obtained from taking homotopy groups in the first diagram:

.�2S
2/nC1 �1C.Y;

SnC1
jD1 B#j /

.�2S
2/2nC2 �1C.Y0; B0�/�

�Qn
jD1 �1C.Yj ; BjC[Bj�/

�
��1C.YnC1; BnC1;C/

�nC1 j

With this in place, we now look at the Serre spectral sequence of the fibration (19). From it we can
assemble an exact sequence

QnC1 ı
�!H1.F/!H1.C.Y; �//! 0;

where ı is given by the same formula as in Lemma 6.5. By c.�j /… ImU and Corollary 4.3 to Theorem 4.2
we again deduce that the classes O�j for j D 0; : : : ; n are homologically nontrivial (over Q). Hence the
n-dimensional subspace of H1.F/ given by the elements

.b1 �O�0 ; 0; b2 �O�1 ; 0; : : : ; 0; bn �O�n�1 ; 0; 0; 0/ for .bj / 2Qn
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injects as a subspace of H1.C.Y; �//. The proof of the formal triviality assertion is similar to the one
given for Theorem 1.3.

Remark 6.6 When Y is the sum of two aspherical 3-manifolds we have �1 Diff.Y /D 0 (see Lemma 6.3).
In the proof of Theorem 1.3 this allowed us to pass from a nontrivial element in �1C.Y; �/ to a nontrivial
element in �0 Cont0.Y; �/ via the fibration (4). This is a special situation. For instance, if Y is instead
the sum of at least three aspherical 3-manifolds then it is known that �1 Diff.Y / is not finitely generated
[McCullough 1981]. A better control on �1 Diff.Y / for general Y would allow us to understand whether
the exotic loops of contact structures that we find in Theorem 1.6 yield nontrivial contactomorphisms.

7 Exotic phenomena in overtwisted contact 3-manifolds

In this final section we exhibit examples of 1-parametric exotic phenomena in overtwisted contact
3-manifolds.

On a heuristic level, Eliashberg’s overtwisted h-principle [1989] is based on applying Gromov’s h-principle
for open manifolds to the complement of a 3-ball and using the overtwisted disk to fill in the ball. In
the same spirit of this idea is what we call the “overtwisted escape principle”, explained to us by Presas,
which is a general strategy for proving an h-principle for a family of objects in a contact manifold .Y; �/.
First, perform the connected sum with an overtwisted manifold .M; �ot/, in order to apply the overtwisted
h-principle [Eliashberg 1989; Borman et al. 2015] in the contact 3-manifold .Y; �/ # .M; �ot/. This
could be thought of as analogous to opening up the 3-manifold in the previous situation. Second, try to
isotope the objects for which you want an h-principle so that they avoid (“escape”) the overtwisted region
.M; �ot/nB , where B is a Darboux ball. However, there could be obstructions to carrying out this second
step. There are two scenarios: if these obstructions can be sorted out then our initial problem satisfies an
h-principle; if not these obstructions should give rise to an exotic phenomenon in the overtwisted contact
manifold .Y; �/ # .M; �ot/. In [Casals et al. 2021] the authors successfully carry out this procedure to
prove an existence h-principle for codimension-2 isocontact embeddings. Next, we will instead start out
with a problem in .Y; �/ which we know is geometrically obstructed a priori, and from this deduce an
exotic overtwisted phenomenon.

Let e W S2! .Y; �/ be a standard embedding into a contact manifold .Y; �/. A formal standard embedding
of a sphere into .Y; �/ is a pair .f; F s/ for s 2 Œ0; 1� such that f 2Emb.S2; Y / is a smooth embedding and
F s WTS2!f �T Y is a homotopy of vector bundle injections withF 0Ddf and .F 1/��De���TS2. We
will denote by FCEmb.S2; .Y; �// the space of formal standard embeddings and by FCEmb.S2; .Y; �/; s/
the subspace of formal standard embedding that coincide with e over an open neighborhood U of the
south pole s 2 S2.

Let .M; �ot/ be an overtwisted contact 3-manifold. Consider the overtwisted contact 3-manifold .Y#; �#/D

.Y; �/#.M; �ot/. We will consider the spaces CEmb.S2; .Y#; �#/; s/ and FCEmb.S2; .Y#; �#/; s/ as pointed
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spaces with basepoint given by the separating sphere e W S2 ,! .Y#; �#/. We have a natural inclusion
CEmb.S2; .Y#; �#/; s/ ,!FCEmb.S2; .Y#; �#/; s/. From our previous discussion and the theory developed
in this article we deduce the following:

Corollary 7.1 Assume that .Y; �/ is irreducible , � has vanishing Euler class and c.�/ … ImU . Then
there exists an element with infinite order in

ker.�1 CEmb.S2; .Y#; �#/; s/! �1 FCEmb.S2; .Y#; �#/; s//:

Remark 7.2 � This should be compared with Theorem 5.8, which in particular asserts that this type
of phenomenon does not happen when the underlying contact manifold is tight.

� Under the same assumptions, our proof also yields an element with infinite order in

ker.�1 CEmb.S2; .Y#; �#//! �1 FCEmb.S2; .Y#; �#///:

Proof Denote by S# D e.S
2/ the standard separating sphere. Consider the squared Dehn twist �2

S
C
#

along a parallel copy SC# of S#, where we assume that SC# is contained in .Y; �/nB , where B is the
Darboux ball used to perform the connected sum. By the vanishing of the Euler class of � there exists
a homotopy through formal contactomorphisms joining the identity with �2

S
C
#

(Lemma 3.9). It follows
from Eliashberg’s Theorem 3.18 combined with Lemma 2.8 that we can deform this homotopy (through
formal contactomorphisms) to a homotopy 't through contactomorphisms with '0 D id and '1 D �2SC#

.
This process can be done relative to an open neighborhood of the south pole e.s/ 2 .Y #M; � # �ot/; see
Remark 3.19. The loop of standard spheres 't ı e is formally trivial by construction but geometrically
nontrivial. Indeed, by the contact isotopy extension theorem, the triviality of this loop would imply
that �2

S
C
#

, regarded as a contactomorphism of .Y; �/, is contact isotopic to the identity rel B , which is in
contradiction with Corollaries 3.7 and 4.3.

Given a contact 3-manifold .Y; �/ and a transverse knot K � .Y; �/, one can replace a small tubular
neighborhood of K by a Lutz twist .LTDD2�S1; �ot/ to obtain an overtwisted contact manifold .Y; �K/.
Intuitively, the Lutz twist .LT; �ot/ is an embedded S1-family of overtwisted disks; see [Geiges 2008] for
precise definitions. We will denote by LT.Y; �K/ the space of contact embeddings e W .LT; �ot/ ,! .Y; �K/,
regarded as a based space with basepoint the standard one, and by FLT.Y; �K/ the corresponding space of
formal contact embeddings. As before, there is an inclusion map LT.Y; �K/! FLT.Y; �K/. The following
can be deduced using the same strategy as above:

Corollary 7.3 Let .Y; �/ be an irreducible contact 3-manifold with vanishing Euler class and such that
c.�/ … ImU . Consider a Darboux ball B � .Y; �/ and a transverse knot K � B . Then there exists an
element with infinite order in

ker.�1 LT.Y; �K/! �1 FLT.Y; �K//:
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