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On boundedness and moduli spaces of

K-stable Calabi-Yau fibrations over curves

KENTA HASHIZUME
MASAFUMI HATTORI

We show boundedness of polarized Calabi—Yau fibrations over curves only with fixed volumes of general
fibers and Iitaka volumes. As its application, we construct a separated coarse moduli space of K-stable
Calabi—Yau fibrations over curves in an adiabatic sense (Hattori 2022) and show that all members
(resp. smooth members) of the moduli are simultaneously uniformly K-stable (resp. have cscK metrics)
for a certain choice of polarizations.

14J10; 14317, 14J27, 14140

1 Introduction

1.1 Moduli problem

Classification of higher-dimensional algebraic varieties by their geometries is one of the most important
problems in algebraic geometry. Moduli spaces, that are parameter spaces of specific classes of varieties,

are effective tools to classify varieties.

The moduli spaces of stable curves were constructed by Deligne and Mumford [1969] as Deligne-Mumford
stacks, and they are compactifications of the moduli spaces of smooth curves of general type of fixed
genus; see also Mumford, Fogarty and Kirwan [Mumford et al. 1994]. After [Deligne and Mumford 1969],
the moduli spaces of stable curves and the moduli spaces of canonically polarized surfaces with only
canonical singularities have been constructed by Mumford [1977] and Gieseker [1977], respectively. For
the construction, Mumford’s geometric invariant theory (GIT, for short, see [Mumford et al. 1994]) was
used, and the GIT-stability of those varieties was studied to apply the GIT. However, it is very difficult to
detect the GIT-stability — more precisely, the asymptotic Chow stability, see [Mumford 1977] — of other
kinds of polarized varieties. As an other strategy, Kolldr and Shepherd-Barron [1988] (see also [Kollar
1990] and [Alexeev 1996b]) used the minimal model theory to construct the moduli spaces of stable
surfaces. By their works and [Alexeev 1996a], semi-log-canonical models turned out to be a suitable
higher-dimensional analog of stable curves to construct the moduli space. Their moduli spaces, called
KSBA-moduli, have been completed as a full generalization of the moduli of stable curves. For details,
see [Kollar 2023]. The recent developments of the minimal model theory [Birkar et al. 2010; Hacon
and Xu 2013; Hacon et al. 2018] are indispensable for the theory of KSBA-moduli. The construction in
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[Gieseker 1977] using GIT does not work for the KSBA-moduli because there is a kit variety with the
ample canonical divisor that is asymptotically Chow unstable; see [Odaka 2012] for example.

We need a polarization when we discuss moduli theory of varieties whose canonical divisor is neither
ample nor antiample. See [Seiler 1987] and [Viehweg 1995] for the study of the moduli theory of good
minimal models with polarizations. In general, the moduli theory for noncanonically polarized varieties
is much more complicated. For example, we cannot directly apply the theories as above to construct
separated moduli of all polarized rational elliptic surfaces. The GIT-stability of rational Weierstrass
fibrations [Miranda 1981] and Halphen pencils [Miranda 1980; Zanardini 2023; Hattori and Zanardini
2022] was investigated to consider the moduli of rational elliptic surfaces from the viewpoint of GIT.
Seiler [1987] constructed the moduli space of some polarized elliptic surfaces by applying the GIT. He
treated not only elliptic surfaces with nef canonical divisors but also rational elliptic surfaces whose fibers
are reduced or of ;,I,-type. However, Seiler did not study the Chow stability of all polarized rational
elliptic surfaces. By [Hattori 2022, Corollary 5.7], the moduli constructed by Seiler does not contain a
polarized smooth rational elliptic surface (X, L) of index two with a unique constant scalar curvature
Kahler (cscK, for short) metric. This (X, L) is asymptotically Chow stable; see [Donaldson 2001]. Thus,
we naturally expect the existence of a moduli space parametrizing more polarized rational elliptic surfaces.

1.2 K-stability and K-moduli

K-stability was introduced by Tian [1997] and Donaldson [2002] in the context of the Kidhler geometry to
detect the existence of cscK metrics, and the notion is closely related to the GIT. Odaka [2012] found a
relationship between the K-stability and the minimal model theory, and he proved that semi-log-canonical
models are K-stable. This implies that the KSBA-moduli is a kind of moduli of K-polystable varieties. A
moduli space parametrizing all K-polystable varieties is called a K-moduli. Odaka [2010, Conjecture 5.2]
proposed the following conjecture.

Conjecture 1.1 (K-moduli conjecture) There exists a quasiprojective moduli scheme parametrizing
all polarized K-polystable varieties with fixed some numerical data (eg genera of curves, or volumes of
polarizations).

This conjecture was motivated by the work of Fujiki and Schumacher [1990] on the construction and a
partial projectivity of moduli spaces of some projective manifolds with unique cscK metrics.

On the other hand, Dervan and Naumann [2018] constructed the moduli spaces of projective manifolds
admitting cscK metrics and nondiscrete automorphism groups. As the Yau-Tian—Donaldson conjecture
predicts that the K-polystability is equivalent to the existence of cscK metrics, the K-moduli can be
thought of as an algebrogeometric generalization of the moduli in [Fujiki and Schumacher 1990] and
[Dervan and Naumann 2018].
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For the K-stability of log Fano pairs, algebraic geometers and differential geometers have made remarkable
progress and they have constructed the projective moduli space of all K-polystable log Fano pairs; see Li,
Wang and Xu [Li et al. 2019], Alper, Blum, Halpern-Leistner and Xu [Alper et al. 2020], Xu and
Zhuang [2020] and Liu, Xu and Zhuang [Liu et al. 2022]. Moreover, quasiprojective moduli schemes of
polarized K-polystable Calabi—Yau varieties have already been constructed in several cases [Odaka 2021].
Thus, it seems that we can make use of the K-stability to construct moduli spaces of polarized varieties.
The following problems are keys to constructing the desired moduli spaces as Deligne—Mumford stacks.

(I) Boundedness Are polarized K-stable varieties parametrized by a scheme of finite type over C?
(II) Openness Do polarized K-stable varieties form an open subset of the Hilbert scheme?

(IIT) Separatedness ILet C be a smooth curve, 0 € C and (X°, L°) — C° be a family of polarized
K-stable varieties over C° = C \ {0}. Let (X, £) — C and (X”’, £') — C be two extensions of this
family over C. If (Xo, Lo) and (X;, L) are K-stable, does it hold that (X, £) = (x”, £)?

In the case of (uniformly) K-stable Q-Fano varieties, these problems had been settled. More precisely, (I)
was solved by Jiang [2020] (see also [Xu and Zhuang 2021]), (II) was solved by Blum and Liu [2022], and
(IIT) was solved by Blumand Xu [2019]. Their proofs are based on the work of Blum and Jonsson [2020],
which shows that the §-invariant introduced by Fujita and Odaka [2018] completely detects uniform
K-stability of log Fano pairs. However, there are few criteria of the K-stability for other kinds of polarized
varieties, and we do not know whether (I)—(III) hold or not.

1.3 Adiabatic K-stability and moduli

Adiabatic K-stability was introduced by the second author [Hattori 2024b] and it was inspired by the
works of Fine [2004; 2007] and Dervan and Sektnan [2021b; 2021a] on the existence problem of cscK
metrics of fibrations. Frankly speaking, uniform adiabatic K-stability [Hattori 2022, Definition 2.6] is
designed to be “uniform” K-stability of fiber spaces when their polarizations are very close to ample line
bundles on the base spaces. Such K-stability and cscK metrics on fiber spaces when their polarizations
are very close to ample line bundles on the base are studied in [Fine 2004; 2007] and [Dervan and
Sektnan 2021b; 2021a]. On the other hand, Dervan and Ross [2019] point out that there is a relationship
between adiabatic K-stability and “K-stability” of the base. More precisely, they show that adiabatic
K-semistability implies twisted K-semistability of the base. Recently, by replacing log twisted K-stability
with twisted K-stability, the second author [Hattori 2022] showed for klt—trivial fibrations over curves that
uniform adiabatic K-stability are equivalent to log-twisted K-stability of the base. Moreover, he showed
the existence of cscK metrics corresponding to the uniform adiabatic K-stability for klt-trivial fibrations
over curves. Using this criterion, the uniform adiabatic K-stability of elliptic surfaces is closely related to
the GIT-stability of rational Weierstrass fibrations and Halphen pencils; see [Hattori 2022, Section 5] and
[Hattori and Zanardini 2022, Remark 4.3]. Moreover, elliptic surfaces treated by Seiler are uniformly
adiabatically K-stable, and the result in [Hattori 2022] (cf Definition 2.23) gave a useful characterization
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of the uniform adiabatic K-stability for klt-trivial fibrations over curves. Quite recently, (II) was also
proved by the second author [Hattori 2024a] over C, thus we may expect a variant of Conjecture 1.1 for
the uniform adiabatic K-stability in an appropriate formulation.

The main purpose of this paper is to prove the following result.

Theorem 1.2 There exists a moduli space parametrizing uniformly adiabatically K-stable klt-trivial
fibrations over curves as a separated algebraic space of finite type.

To state the result more precisely, we prepare some notation. Let d be a positive integer, v a positive
rational number, and u a rational number. We set 34, , to be

(i) f is auniformly adiabatically K-stable polarized klt-trivial fibration
over a curve C,

fi(X,A=0,4)—C| () dimX =d,

(ili) Kx = uf™ H for some line bundle H on C such that deg H = 1,

(iv) A isan f-ample line bundle on X such that (H - 49~1) = v.

When u # 0, the boundedness result by Birkar [2023] implies the effectivity of the klt-trivial fibrations;
see Lemma 3.1. More precisely, there exists a positive integer r, depending only on d, u and v, such

that for any element f: (X,0, 4) — C of 34, 4, erKy is a basepoint-free Cartier divisor and the linear
system |erKy| defines f, where e := u/|u|. We can write the precise statement of Theorem 1.2 with
this notation.

Theorem 1.3 We fixd € Zi~g, u € Q<g, v € Q=g and r € Z~ as above. For any locally Noetherian
scheme S over C, we define 4 , ., (S) to be a groupoid whose objects are

(i) my is a flat projective morphism and X is a scheme,
(i) o € Picy;s(S) (see Section 2.2) such that % is fs-ample for any
geometric point 5 € S,

(ii1) a)z} s (see Definition 2.21) exists as a line bundle,

”X\\ / (@iv) nX*a)Ev_/lg] is locally free and it generates H°(Xy, Ox, (—I7Kx,))

for any point s € S and any / € Z+,
(v) f isthe ample model of a)gf_rs] over S and (X5, 0, %) — C5 € 34,04
for any geometric point 5 € S.

Here, we define an isomorphism a: (f: (X, o) — C) — (f': (X', &7") — C’) of any two objects of
M pu,r(S) to be an S-isomorphism o.: X — X’ such that there exists % € Pic¢;s(S) satisfying that
o' = ® [*% as elements of Picy/s(S).

Then .#4 .y, 15 a separated Deligne—-Mumford stack of finite type over C with a coarse moduli space.
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We emphasize that .o are not assumed to be ample or the volumes of % in .#y , ,, ,(S) are not bounded
from above. Theorem 1.3 is the combination of the conditions (I)—(III) for the uniform adiabatic K-stability
([Hattori 2022, Theorem B], Corollary 3.8, Theorem 4.2, and Theorem 4.6) and Theorems 1.4 and 1.5
below, which are also key ingredients.

The first ingredient (Theorem 1.4 below) is the existence of a separated coarse moduli space that
parametrizes f: (X,0,4) — C € 34, such that f is uniformly adiabatically K-stable and A4 is an
ample line bundle whose volume is bounded from above. We set

Bdwuw =1f:(X,0,4) - C € 34, | A is (globally) ample and vol(4) < w}

for any positive rational number w. Then the following holds.

Theorem 1.4 (see Theorem 5.1) We fix d € Zi~g, u € Qo withe := u/|ul, v € Qso, w € Q59
and r € Zs¢ as above. For any locally Noetherian scheme S over C, we define .# ;v r(S) to be a
groupoid whose objects are

(i) my is a flat projective morphism and X is a scheme,
(ii) o € Picy;s(S) such that <% is ample for any geometric point s € S,
(X, o) ———C | (iii) wg} g exists as a line bundle,
:rx\\ / (iv) = X*ngg] is locally free and it generates HO(Xy, Ox, (lerKx,)) for any
S point s € S and any / € Z~,

(v) f is the ample model of wgi;}g over S and (X5, 0, 2%) — C5 € 34.p.u,w

for any geometric point 5 € S.

Here, we define an isomorphism «a: (f: (X, ) — C) — (f: (X', ") — C') of any two objects of
MG v uw,r(S) to be an S-isomorphism o: X — X’ such that a* «/' = </ as elements of Picy/s(S).

Then 44y uw,r is a separated Deligne-Mumford stack of finite type over C with a coarse moduli space.

When u > 0, Theorem 1.4 shows the existence of the moduli of the Iitaka fibrations from kit good minimal
models of litaka dimension one; see [Birkar 2022] for the related topic.

We note that the isomorphisms in .# y ;. are those in .#y , , ,, but the converse is not necessarily
true. The choice of r in Lemma 3.1 is not unique and the stacks .#y , , , in Theorem 1.3 and .#; y ;. 1.r
in Theorem 1.4 depend on the choice of r, however, their reduced structures are independent of r. For
details, see Remark 5.7.

The second ingredient (Theorem 1.5 below) is the boundedness of .# ,, ,, ,(Spec C). In fact, we prove
the following much stronger assertion. Let d be a positive integer, ® C Q a DCC set, v a positive rational
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number, and u a rational number. We set

Qd,G),v,u =
(1) f:(X,A)— C is aKklt-trivial fibration over a curve C such that
Kx + A = uf*H with a line bundle H of degree one,

fi(X,A, A)—C| (i) dmX =d, /N,
(iii) the coefficients of A belong to ®,
(iv) A isan f-ample Q-Cartier Weil divisor such that (H - A9 =,

where ~ means relative linear equivalence of A over C. Let [f: (X, A, A) — C] denote the equivalence
class. Consider also for any w > 0,

.6 00 = { FIXL AL A) > C f satisfies the conditions (i)—(iv) such that A is (globally) ample}

and vol(4) < w.

Theorem 1.5 (boundedness) Fixd € Z~g, a DCCset ® C Q, v € Q~¢ and u € Q. With notation as
above, the following hold.

(1) The set of kIt pairs (X, A) appearing in ® 4 g 4, is log bounded.

(2) There exists w € Q~q, depending only on d, ®, v and u, such that the natural map

6d,@,v,u,w - @d,G),v,u

is surjective.

After the paper was completed, Birkar informed the authors that he and Hacon obtained Theorem 1.5(1)
independently. Theorem 1.5 not only shows the boundedness of 34, , but also asserts that .#y , , , is of
finite type in Theorem 1.3. For the other statement of the boundedness, see Proposition 6.1.

We also study special K-stability, which was introduced by the second author [Hattori 2024a]. This is a
stronger condition than uniform K-stability. By [Hattori 2024a], there exists an explicit criterion of the
special K-stability without using test configurations, and the CM minimization conjecture, a numerical
and stronger assertion than (III), holds for the spacial K-stability. We note that a uniformly adiabatically
K-stable klt-trivial fibration over a curve is specially K-stable for a certain polarization [Hattori 2024a,
Theorem 3.12]. We show that all members of &4 @y, 4, are simultaneously specially K-stable for a
certain choice of polarizations as follows.

Theorem 1.6 (uniformity of adiabatic K-stability) Letd € Z~¢, ® C Q,u € Q andv € Q¢ be as in
Theorem 1.5 and w be a positive rational number. Then, there exists an €y € Q~¢, depending only on d,
©, u, w and v, such that (X, A,eA + f* H) is specially K-stable for any rational number € € (0, €y), line
bundle H on C ofdeg H =1, and f: (X,A,A) > C € 84,0 vuw-
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Furthermore, there exists a > 0 such that
MM M) 2 (AN M)

forany f:(X,A, A) - C € &4 ¢ y,uw With a line bundle H on C of deg H = 1, normal semiample
test configuration (X, M) for (X, €A + f* H), and rational number € € (0, €p).

It is known by [Zhang 2024] that every specially K-stable smooth polarized manifold (X, L) has a cscK
metric in the first Chern class ¢y (L). By Theorems 1.5 and 1.6, we have the following corollary on the
“uniform” existence of cscK metrics.

Corollary 1.7 Letd € Z+y,® CQ, u € Q andv € Qs ¢ be as in Theorem 1.5. Then there exists a w > 0,
depending only on d, ®, u and v, satisfying the following: For any representative f: (X, A, A) - C
of any element of ©4 ¢ ,, With a general fiber F of f, if vol(A + tF) > w for some t € Q then
(X, A, A+tF) is specially K-stable.

Furthermore, if X is smooth and A = 0, then X has a cscK metric w inc{(A4 4+ tF).

Furthermore, Corollary 1.7 states that there is a “universal” family %’ over .#j , . » in Theorem 1.3 with
a polarization 7, whose geometric fibers are specially K-stable varieties. Here, the word “universal”
comes from the construction; see Remark 6.5.

1.4 Structure of this paper and overview of proof

The contents of this paper are as follows.

In Section 2, we collect notation and definitions in birational geometry, Hilbert schemes and stacks. To
discuss the Q-Gorensteinness of families, we explain the universal hull of coherent sheaves introduced
by Kollar [2023]. We also collect basic facts of K-stability and some results on J-stability and uniform
adiabatic K-stability [Hattori 2022], and we introduce a characterization of the uniform adiabatic K-
stability of klt-trivial fibrations over curves (Definition 2.23). We make use of this characterization to
construct our moduli spaces.

In Section 3, we prove Theorem 1.5. The idea is as follows: With notation in Theorem 1.5, we first give
an upper bound n of the Cartier indices of the log canonical divisors (see Lemma 3.1) and we reduce
Theorem 1.5 to the case where ® = (1/n)Z N[0, 1]. We also know that (X, A) are (1/n)-lc. By using
the boundedness of singularities, we next find a lower bound of the «-invariants of 4| with respect to
(F, A|F) for the general fibers F of f (Lemma 3.2). Since (F, A|f) are (1/n)-Ic pairs polarized by A|F,
the existence of the lower bound is a consequence of Birkar’s result [2021b]. By using this lower bound
and the semipositivity theorem by Fujino [2018, Theorem 1.11], we find an m € Z such that A + m F is
ample and vol(A4 + m F) is universally bounded from above (Proposition 3.4, which is a special case of
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Theorem 1.5(2)). Here m can be negative. From this result and [Birkar 2023], we obtain Theorem 1.5.
The boundedness problem (I) will be solved in this section. For the construction of our moduli, we also
prove a result on the finiteness of the Hilbert polynomials (Corollary 3.8).

In Section 4, we prove two important properties, ie the openness (Theorem 4.2) and the separatedness
(Theorem 4.6) of uniformly adiabatically K-stable klt-trivial fibrations over curves. The openness is a
direct consequence of the lower semicontinuity of the §-invariants of the log twisted bases, which will be
proved in Theorem 4.2. Note that we cannot apply [Blum and Liu 2022] since the case of families of
polarized log pairs was studied in their paper. The separatedness has already been known by the second
author [Hattori 2024a] when the varieties are over C. In Theorem 4.6, we will give an alternative proof
of the separatedness, which is an enhancement of [Hattori 2024a, Corollary 3.22] and works for any
algebraically closed field of characteristic zero. These two results directly imply (II) and (III), respectively.
Thus, we can obtain all the key conditions (I)—(III) for the uniform adiabatic K-stability in Sections 3
and 4. We also discuss the invariance of (anti)plurigenera used in the construction of our moduli spaces;
see Theorem 4.8.

In Section 5, we prove Theorem 1.4; in other words, we construct the moduli space by using tools proved
in Sections 3 and 4. We also show Theorem 1.3 by applying Proposition 3.4.

In Section 6, we prove Theorem 1.6 and Corollary 1.7. For this, we first show that there exist finitely many
log Q-Gorenstein families parametrizing polarized klt-trivial fibrations over curves (Proposition 6.1).
Compared to Section 5, we deal with klt-trivial fibrations whose boundary divisors are not necessarily
zero. However, these log Q-Gorenstein families can be constructed by a similar argument to the proof of
Theorem 1.4. In the case of nef log canonical divisors, Theorem 1.6 follows from a simple observation of
J-stability in [Hattori 2021] (Theorem 6.2). For other case, we prove that the uniform “convergence of
the §-invariant” (cf [Hattori 2022, Theorem D]) holds for members of a family of klt-trivial fibrations
(Proposition 6.3). Theorem 1.6 follows from these results, and Corollary 1.7 follows from Theorems 1.5
and 1.6.
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2 Preliminaries

Throughout this paper, we work over an algebraically closed field k of characteristic zero unless otherwise
stated.
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Notation and conventions

We collect notation and conventions used in this paper.

(1) A scheme means a locally Noetherian scheme over k. For a scheme X, we denote the induced
reduced scheme by X;eq. A variety means an integral separated scheme of finite type over k. A curve
means a smooth variety of dimension one.

A geometric point of X is a morphism Spec 2 — X, where €2 is an algebraically closed field. For a point
x € X, X denotes the geometric point of X which maps the unique point of Spec €2 to x. We simply
denote it by x € X.

(2) For any scheme S and positive integer d, we denote ]P’ﬂg Xspeck S by ]P’g. We simply write P9 if
there is no risk of confusion, for example if S = Speck or S is a geometric point of a scheme. Let
p: IP’g — Pﬂ‘g be the projection. For any m € Z, we often denote p*O]pﬂg (m) by O(m), and we sometimes
think O(m) of a Cartier divisor on Pg if there is no risk of confusion.

(3) A morphism f: X — Y of schemes is called a contraction if f is projective and f+Ox =~ Oy. For
a morphism f: X — Y of schemes and a (geometric) point y € Y, the fiber of f over y is denoted by
Xy, For a Q-divisor D on X, we denote the restriction of D to f~!(») by D, when it is well-defined;
for example, when D is Q-Cartier at every codimension-one point of /~!(y) and Supp D 3 f~1(y).
We note that D), does not coincide with the scheme-theoretic fiber in general.

(4) Let X be a smooth variety, D an snc divisor on X, and f: X — Z a morphism to a scheme Z.
We say that (X, D) is log smooth over Z or f: (X, D) — Z is log smooth if f is a smooth surjective
morphism and for any stratum 7" of (X, D), the restriction f|7: T — Z is also a smooth surjective
morphism.

(5) We say that a subset of R satisfies the descending chain condition (DCC, for short) if the subset does
not contain any strictly decreasing infinite sequence. We say that a subset of R satisfies the ascending
chain condition (ACC, for short) if the subset does not contain any strictly increasing infinite sequence. A
subset of R is called a DCC set (resp. an ACC set) if the subset satisfies the DCC (resp. ACC).

(6) Let a be areal number. Then we define [a] to be the unique integer satisfying [a]—1 <a < [a]. Let
X be a normal variety and let D be an R-divisor on X. Let D = ), d; D; be the prime decomposition.
Then we define [ D] :=) ;[d;]D;. We say that D is a Weil divisor if every coefficients of D is an integer,
in other words, D = [ D] holds. We define the reduced divisor Dyeq of D to be ), D;.

(7) Let X be a normal variety. For a line bundle (resp. Q-line bundle, R-line bundle) L on X, we often
think L of a Cartier (resp. Q-Cartier, R-Cartier) divisor on X. When L is a line bundle on X, we often
denote L®™ ® Oy (D) by Ox (mL + D) for every Weil divisor D on X.

(8) Let f: X — Y be a morphism of schemes. Let L{ and L, be line bundles on X. We say that L
and L, are linearly equivalent over Y, denoted by L1 ~y L, if there is a line bundle L on Y such that
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1628 Kenta Hashizume and Masafumi Hattori

L~ L,® f*L. When Y is a point, we simply say that L and L, are linearly equivalent and we write
Ly~ L,.

Suppose that X is a normal variety. Let D; and D, be Q-Cartier Q-divisors on X. We say that D
and D, are Q-linearly equivalent over Y, denoted by D ~q,y D>, if there exists a positive integer m
such that both m Dy and m D, are Cartier and Oy (m D) ~y Ox (mD;). This definition is not standard.
However, the definition coincides with the usual definition of the relative Q-linear equivalence when Y
is a variety (eg f is a contraction). When Y is a point, we simply say that D; and D, are Q-linearly
equivalent and we write Dy ~q D;.

(9) Let X be a projective scheme over k, let A be a Cartier divisor of X, and let ¢| 4| be a rational map
X —-> PH(X.0x (D=1 gefined by the linear system |A|. If A is semiample, ¢y, 4| induces a contraction
for every sufficiently large and divisible #2 > 0, and this is a kind of ample model defined in [Birkar et al.
2010, Lemma 3.6.5(3)]. Similarly, for a projective morphism 7 : X — S of schemes and a w-semiample
line bundle < on X, we call a morphism f: X — Projg (@ 150 Tx ®! ) the ample model of < over S.

(10) Let fi: X7 — Yy and f»: X, — Y, be morphisms of schemes over a scheme S. Then the induced
morphism X7 xg X, — Y] xg Y, from fj and f, is denoted by f xs f>. When S = Speck, we simply
write fl Xf2: Xl XX2 — Yl XY2.

(11) For any morphisms f: X — S and i: T — S, we denote X xg T by X7 and the base change
Xr — T by fr. For any coherent sheaf .7 on X, we denote (1 X g idy)*.« by /7. For an f-ample line
bundle H on X and a polynomial p, if x(<%(tHy)) = p(t) for every ¢ € Z, then we say that <7 has the
Hilbert polynomial p with respect to H.

(12) Let f:Y — C be a contraction from a normal variety to a curve and D a Q-divisor on Y. Then
we can decompose D into Dyer + Dhor, Where the support of Dy, is flat over C and the support of Dyer
has zero-dimensional image in C.

Definition 2.1 Let S be a Noetherian scheme and let S, ..., S; be locally closed subschemes of S
that are disjoint in each other and |_|11:1 S; = § set-theoretically. Then we call the natural inclusion
|_|l1=1 S; — S alocally closed decomposition. A subset F' C S is called a constructible subset if F is a
finite union of locally closed subsets.

Lemma 2.2 Let S be a scheme of finite type over k. Suppose that F' C S is a constructible subset. Then
F is closed if and only if the following holds.

e For any morphism ¢: C — S from an affine curve C, if ¢~ (F) is dense, then ¢(C) C F.
Proof The assertion is local and we may assume that S is affine. Suppose that the condition holds. Let F

be the Zariski closure and assume that there exists a point s € F \ F. Take an irreducible component Z of
F containing s. It is easy to see that F contains a nonempty open subset of Z; cf [Matsumura 1980, 6.C].
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On the other hand, since {s} N F is not dense in {s}, there is a closed point s¢ € {s}\ F. By [Mumford
2008, Section 6, Lemma], there exists a morphism ¢: C — Z from an affine curve such that ¢! (F) is
dense and sy € ¢(C). Thus, 5o € F by the condition and this is a contradiction. a

2.1 Birational geometry

In this subsection, we collect definitions concerned with singularities of pairs, klt-trivial fibration, and
boundedness.

Definition 2.3 (singularities of pairs) A subpair (X, A) consists of a proper normal variety X and a
Q-divisor A on X such that Ky + A is Q-Cartier. A subpair is called a pair if the coefficients of A
are positive. Let F be a prime divisor over X and take w: ¥ — X a proper birational morphism from
a normal variety such that F' appears as a divisor on Y. Then we define the log discrepancy of F with
respect to (X, A) by

A(X,A)(F) =1+4ordp(Ky —JT*(KX + A)),

where ordF is the divisorial valuation associated to F* with ord g (F) = 1. It is easy to see that A(x,A)(F)
is independent of 7. A (sub)pair (X, A) is called (sub)klt (resp. (sub)lc, e-(sub)lc) if Ax a)(F) >0
(resp. > 0, > ¢) for every prime divisor F' over X. We say that a proper normal variety V is a kit variety
if (V,0) is a kit pair.

For an effective Q-Cartier Q-divisor M on a normal variety X, the log canonical threshold of M with
respect to a subpair (X, A), denoted by lct(X, A; M), is defined as follows: If there exists a ¢ such that
(X, B +tM) is sublc, then

Iet(X, A; M) :=sup{t € Q| (X, A+ tM)is sublc},
and otherwise we set Ict(X, A; M) := —o0.
Definition 2.4 (litaka volume) Let X be a normal projective variety and let D be a Q-Cartier divisor

on X such that the litaka dimension x (X, D) is nonnegative. Then the litaka volume of D, denoted by
Ivol(D), is defined by

_ dim H°(X, Ox (lmD]))
Ivol(D) := lim sup
m—soo ~ mKX:D) /(X D)!

When D is big, the litaka volume of D coincides with the usual volume. By definition, we can easily

check that Ivol(rD) = r*X-D) . Iyol( D) for every r € Zi~y.

Definition 2.5 (klt-trivial fibration) Let (X, A) be a klt pair, and let f: X — C be a contraction of
normal projective varieties. Then f: (X, A) — C is called a kit-trivial fibration if Ky + A ~g,c 0.

For a Klt-trivial fibration f: (X, A) — C, we define the discriminant Q-divisor B¢ and the moduli
Q-divisor M¢ on C as follows: For every prime divisor P on C, let bp be the largest real number such
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that after shrinking C around the generic point 1 of P, the pair (X, A+ bp f* P) is Ic. Note that bp is
well-defined since P is Cartier at 7. Then we define the discriminant Q-divisor B¢ by

Bc:=) (1-bp)P.

P

where P runs over prime divisors on C. Next, fix a Q-Cartier Q-divisor L on C suchthat Ky +A~q f™* L.
Then the moduli Q-divisor M¢ is defined by

Mc :=L—(Kc + Bc).
Note that M is only defined up to Q-linear equivalence class. We call
Kx +A~q f*(Kc + Bc + Mc)
the canonical bundle formula.
In general, we can define klt-trivial fibrations for subpairs and contractions, cf [Ambro 2004]. However,
for simplicity we always assume that (X, A) in klt-trivial fibrations are klt pairs.

We make use of the following fundamental fact.
Theorem 2.6 [Ambro 2004, Theorem 0.1] If dim C = 1, then M¢ is a semiample Q-Cartier Q-divisor.

Definition 2.7 (discriminant Q-divisor with respect to contraction) By extending the notion of the
discriminant QQ-divisors in Definition 2.5, for every sublc pair (X, A) with a contraction f: X — Z of
normal varieties, we define the discriminant Q-divisor with respect to f: (X, A) — Z as follows: For
each prime divisor P on Z, we define

wp :=sup{y € R| (X, A+ yf*P)is sublc over the generic point of P}.
We may assume that /* P is well-defined since we may shrink Z around the generic point of P. Define

B:=) (1-pp)P,
P

where P runs over prime divisors on Z.

It is easy to see that this definition coincides with the discriminant Q-divisor in Definition 2.5 when
f:(X,A) — Z is a klt-trivial fibration.

Definition 2.8 (boundedness) We say a set  of normal projective varieties is bounded if there exist
finitely many projective morphisms V; — T; of varieties such that for each X € £ there exist an index i,
a closed point ¢ € 7;, and an isomorphism ¢: (V;); — X.

A couple (X, S) consists of a normal projective variety X and a reduced divisor S on X. We use the term
couple because Ky + .S is not assumed to be (Q-Cartier. We say that a set I3 of couples is bounded if there
exist finitely many projective morphisms V; — T; of varieties and a reduced divisor C on each V; such
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that for any (X, S) €3 there exist an index i, a closed point ¢ € 7;, and an isomorphism ¢: (V;); > X
such that ((V;);, Cy) is a couple and C; = ¢ 1 S.

Finally, we say that a set R of projective pairs (X, A) is log bounded if the set of the corresponding
couples (X, Supp A) is bounded.

2.2 Hilbert schemes

Let f: X — S be a proper morphism of schemes and </ an f-ample line bundle on X'. Then Hilb X'/ S 7+
D,
x/S:

Z 1s a closed subscheme of X7 flat over T whose fibers have}

denotes the scheme representing the following functor Hilb For any morphism 7" — .S, we attain

mbf{;‘”’s(n = {z C Xr

the same Hilbert polynomial p with respect to 7.

We remark that Hilb X'/ S?*” exists as a locally projective scheme over S. Indeed, it is well-known that
if o is further f-very ample, then Hilb X /S?* is projective over S entirely; cf [Fantechi et al. 2005,
Section 5]. Therefore, for any quasicompact open subset U C S, by taking m > 0 such that .oz ®"™| Xy 18
fu-very ample, we see that

Hilb Xy / U P 1% = Hilb &y ) U 1xu

exists as a projective scheme over S, where ¢ (1) = p(mn) for any n € Z. By patching Hilb Xy / U P~ lxy
together over S, we obtain a unique locally projective scheme Hilb X'/ S?* over S up to isomorphism.
In this paper, we call Hilb X'/ S?* the Hilbert scheme. When S = Spec k, we simply write Hilb X' 7>,
We write |_| , Hilb X'/ P by Hilb X'/ S, where p runs over polynomials.

Next, we assume that f is flat and it has geometrically connected and normal fibers. Let g: Y — S be
another proper morphism of schemes and % a g-ample line bundle on ) such that the fibers of g have
the Hilbert polynomial p with respect to #. For any S-scheme 7', we set
Jsomg (X, Y)T) = {h: X — Yr is a T-isomorphism},
Jsomg (X, ), (V,B)T) = {h € Isomg (X, V)(T) | h* By ~71 o7}

By [Fantechi et al. 2005, Theorem 5.23] and Corollary 2.20, which we will treat later, the functor
Jsomg (X, ) (resp. Jsomg (X, &), (¥, B))) is represented by a locally closed subscheme Isomg (X, ))

. .1 4> D] ARPSRB
(resp. Isomg ((X, &), (¥, %))) of Hilb X xg V/S (resp. Hllb(j(fsly/sp2
defined by g(m) = p(2m) and p;: Xxg)Y — X (resp. pr: X x gy — ) is the first (resp. second) projection.
Thus, we see that [somg ((X, &), (), %)) is locally quasiprojective over S. If (X, &) = (), %), we set

), where ¢ is the polynomial

Autg (X, o) :=Isomg((X, &), (X, &)).
For details, we refer to [Fantechi et al. 2005, Section 5.6]. We note that if we define
Aut(Py)(T) := {T -automorphisms of P7}

Geometry & Topology, Volume 29 (2025)



1632 Kenta Hashizume and Masafumi Hattori

for any locally Noetherian scheme 7', then it is well-known that the functor 2Aut(IP7) is represented by
PGL(n + 1, Z) (cf [Mumford et al. 1994, Section 0.5(b)]).

On the other hand, we define a presheaf Pic,, g as follows: For any morphism 7" — S, we attain the
following set
Bicy,s(T) ={L: aline bundle on X7}/~7.

In other words, Bicy,s(T) is the set of all relative linear equivalence classes of line bundles on X7
over 7'. In general, Picy g is not an étale sheaf. However, it is well-known (see [Mumford et al. 1994,
Section 0.5] and [Fantechi et al. 2005, Section 9]) that under the same assumption on X — S as the
previous paragraph, there exists a separated scheme Picy/ g locally of finite type over S such that there
exist the maps forall 7' — S,

‘BiCX/S(T) —> HomS(T, PiCX/S),

that are injective and induce the étale sheafification Bicy,g — Homg (e, Picy,s) of Picy,s. Moreover,
if X — § has a section, then Picy, g coincides with Homg (e, Picys).

2.3 Stacks

We refer to [Olsson 2016, Sections 3 and 5] and [Stacks 2005-] for the notation of fibered categories
and algebraic spaces. Let Sets be the category of sets and Sch, g the category of (locally Noetherian)
schemes over S. If § = Speck, we write Sch/. For any scheme S, we endow Sch,g with the étale
topology. We recall the definition of stacks; see [Olsson 2016, Proposition 4.6.2].

Definition 2.9 (stacks) Let p: 4 — Sch,g be a category fibered in groupoids. ¢ is called a stack
over S if the following two conditions hold (cf [Olsson 2016, Definition 4.6.1]).

(1) For any S-scheme X and any two objects x, y € €(X) := p~1(X), the presheaf Jsomy (x, y),
defined by
Jsomy (x, y)(f:Y — X) :=Isomy (f*x, f*y),

where the right-hand side is the set of all isomorphisms g such that p(g) = idy, is an étale sheaf.

(2) For any étale covering in Schy g, all descent data with respect to the covering are effective; cf [Olsson
2016, Definition 4.2.6].
Remark 2.10 In the situation of Definition 2.9, we consider the following condition.
e For any set of S-schemes {X;};c7, the natural functor

%( | Xi) S Teon

iel iel

is an equivalence of categories.
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We note that all stacks we treat in this paper satisfy this condition. Here, we explain the definition of
descent data when ¢ satisfies the above condition. We say that a surjective morphism f: X’ — X is an
étale covering if X' := | |;c; Xi and f'|x,: X; — X is étale for any i € I. For any étale covering f, let

P1.p2: X' xx X' > X' and pi2, pa3.p13: X xx X' xx X' = X' xx X'

be the projections. A pair (u’ € € (X’),0) is called a descent datum with respect to f: X' — X if
o € Isomy/x, x/(pyu’, p5u’) such that p3,0 0 p},0 = pf;0. Note that for any u € € (X), there exists
a canonical isomorphism ocan € Isomy x x/(pT f*u, p5 f*u) such that (f*u, ocan) is a descent datum.
If there is u € €' (X) such that 0 o p} g = p3 g 0 Ocan for some g € Isom( f*u,u’), then we call (u’, o) an
effective descent datum. We see that our definition and the original definition [Olsson 2016, Definition
4.2.6] of descent data are the same in this situation by [Olsson 2016, Lemma 4.2.7].

Definition 2.11 (Artin stacks, Deligne—Mumford stacks) Let € be a stack over k. % is called a
Deligne—Mumford (resp. Artin) stack if the following hold.

(i) The diagonal A: % — % x € is representable, ie for any morphism U — % x ¢ from a scheme,
U x¢x¢ € is an algebraic space.

(i) There exists an étale (resp. smooth) surjective morphism 7 : X — % from a scheme.

If ¢ is a Noetherian Artin stack, we can define coherent sheaves on ¥ in the way of [Olsson 2016,
Definition 9.1.14]. If .Z is a coherent sheaf on ¥ and there exists a smooth surjection g: 7" — % such
that g*.# is a line bundle, we say that . is a line bundle on ¢; see also [Olsson 2016, Section 9.3].

Example 2.12 It is well-known that Sch, g has the natural stack structure over k for any scheme S; see
[Deligne and Mumford 1969, page 97]. We simply denote this stack by S. For any scheme 7', we know
that Sch,g(7T') = Hom(T, §). We denote this by S(T').

Example 2.13 Let X be a scheme of finite type over k and G be a linear algebraic group over k. Then
there exists a quotient stack [ X/ G] defined as [Olsson 2016, Example 8.1.12]. We remark that [X/G] is
an Artin stack of finite type over k; cf [Stacks 2005—, Tag 0360]. Note that X is quasicompact. Moreover,
for any G-equivariant line bundle L on X, we can find a line bundle .# on [X/G] such that 7*.¥ = L,
where 7: X — [X/G] is the canonical projection; see [Olsson 2016, Exercise 9.H]. This . is unique up

to isomorphism.
The following category will be used in Section 5.

Definition 2.14 Let Pol be the category such that the collection of objects is

f is a surjective proper flat morphism of schemes whose geometric fibers
are normal and connected, and «# € Picy,g(S) such that there exists an étale
(X, o) > S /

Gt - . . .
covering S — S by which the pullback of & to X xg S’ is represented by a

relatively ample line bundle over S’,
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and an arrow (g, ): (f: (X, o) — S) — (f: (X', &) — S’) is defined in the way that «: S — S’ is a
morphism and g: X — X’ x ¢/ S is an isomorphism such that g*a?, </’ = </ as elements of Picy//s/(S).

It is easy to see that there exists a natural functor p:Pol — Sch/ such that Pol is a category fibered in
groupoids. We further show the following.

Lemma 2.15 Pol is a stack over k.

Proof It suffices to check the conditions (1) and (2) of Definition 2.9 for Bol. We first treat (1). Take
objects f: (X, /) — S and f': (X', o7') — S. Then Jsomg (X, X’) is represented by a locally closed
subscheme of Hilb X x g X’/S; see [Fantechi et al. 2005, Section 5.6]. Since Pic y /s 18 separated, we
see that Jsomg(f, ') <> Jsomg (X, X’) is a closed immersion. Therefore Jsomg( f, /') is represented
by a scheme. In particular, it is an étale sheaf. Hence, (1) holds.

Next, we treat (2). One can check that for any set of schemes {X;};cy, the natural functor
qso[( | | X,-) — [ ®ol(xi)
iel iel
is an equivalence of categories. By Remark 2.10, it suffices to show the following: For any étale covering
S’ — S with the projections
p1, p2: S xs 8" —S" and  pia, pa3, p13: S x5S x5 8" = 8 xg 8,

any descent datum (/”: (X', ') — S’,0) is effective. Here, 0 € Isomg/x s/ (pff’. p5 f'). If the
pullback of ( /7, 0) by an étale covering T — S is effective, then so is (f”, o) by the condition (1). From
this fact, by replacing S’ with a scheme 7" admitting an étale covering 7' — S’, we may assume that .7’
is an f’-ample line bundle.

By the f’-ampleness, there exists m € Zq such that H' (X, <7//®™) = 0 for every s € S" and i > 0 and
the natural morphism X’ — Pg/( f.2'®™) is a closed immersion. We note that for any flat morphism

g: T — S, we have the natural isomorphism
f]C g;d/@)m Zg*f',;z/@m
* = *
by [Hartshorne 1977, III, Proposition 9.3]. Thus, we may identify fr., g%.o'®™" with g* f].a/'®™.
Furthermore, f,/.7’®™ is locally free by [Hartshorne 1977, III, Theorem 12.11]. On the other hand, there

exist a line bundle M and an isomorphism
h:o*py " 2= pl 2" ® (pTf)*M,
where p; v X' xg S" — X' (tesp. pa x: X' x5 S" — X') is the morphism induced from base change

of py (resp. p») by the canonical morphism X’ — S’, and p{ f’ (resp. p3 /) is the base change of f”
by pi1 (resp. p»). Then /& induces the isomorphism

01 Psixos (P} f1"®™) = Psix o5/ (pF 1™ @ M®™) =5 Porwgsi(ph flad'®™).

Here, the first equality is via the canonical isomorphism in [Hartshorne 1977, II, Lemma 7.9].
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The following easy claim implies that ¢ is independent of the choice of /.

Claim Let p: )Y — T be a proper flat surjective morphism whose geometric fibers are connected and
normal, and let £ be a line bundle on X'. Suppose that p+.Z is locally free. Any isomorphismt:.¥ — £
induces the identity morphism of Pr(p«.%).

Proof Now t € Hom(.Z,.%), and Hom(%, %) = H°(Y, Oy) = H°(T, Or) by [Fantechi et al. 2005,
9.3.11]. Since 7 is an isomorphism, we may regard t as an element of H°(T, O%). Then the argument in
the proof of [Hartshorne 1977, II, Lemma 7.9] works without any change. a

We continue to prove Lemma 2.15. We will show that ¢ defines a descent datum, ie p%q) o pi"zgo = pi‘}(p.
Clearly, this is equivalent to that (p T3<p)_1 o p33¢ © p1,¢ is the identity. We note that if the base change
of the morphism o in the decent datum ( f”, o) by p1, (resp. p»3, p13) is denoted by p’l"za (resp. p’z“30,
P7;0), then p3 00 py,0 = pT,0 holds. This follows from the definition of descent data. We also note that
the relative linear equivalence p;"jh induces p;"jcp forany 1 <i < j < 3. Thus, (p;"_,,(p)_1 S 2NEY N0
is induced from the linear equivalence over S’ xg S’ xg S’
Plaarxss Pra = (0130)"(0330) ™) (P120) )" Pl s s PR’

~S'xs8'xsS’ (PT30)* ((P;3U)_1)*pfz,s/xsxfpzx/ﬁ/

= (P130)"((P330) )" P33 wrss P

~s1xs8xs 8" (P130) PYs srxsar Py a0

~S'x55'xs S P12, xixsS Pl s
where pia y/xgs: X' xs 8" xg S — X' xg S’ is the base change of p;, by the canonical morphism
X' xgS"'— 8" x5 8" and pr3 yixss: X' xXg S x5 8" = X' x5S and py3 yxgs5: X xg S8 x5 8" —
X' xg S’ are defined similarly. By Claim, it immediately follows that (p},¢)~! o p},¢ 0 pT,¢ is the
identity morphism. Thus pJ,¢ o pT,¢ = pi;¢.
On the other hand, —Kp,(frorem) s is relatively ample over S. Hence, applying [Olsson 2016,
Proposition 4.4.12] to Pg/( f1.7'®™) and —Kp, (f109m) s, we may find a scheme P and a projective
flat surjective morphism 7 — S that canonically defines a descent datum isomorphic to (P ( f1.27'®™), ¢).
Note that P is not a projective bundle but every geometric fiber over S is a projective space. By applying
[Olsson 2016, Proposition 4.4.3] to the closed immersion X" < Pg/( f.2/'®™), we obtain a closed
immersion X <> P whose base change by S’ — S coincides with X’ < Pg/( f.27'®™). On the other
hand, by the definition of the Picard scheme, there exists a unique element .7 € Picy /g (S) such that the
pullback of 27 to X xg S’ coincides with &7’

From the above facts, (f’, o) is effective. We finish the proof of Lemma 2.15. |

Remark 2.16 Let f: X — S be a proper surjective flat morphism of schemes whose geometric fibers
are normal and connected. We fix &7 € Picy,g. Then (X, /) — S is an object of ‘Pol if and only if .o
is ample for any geometric point 5 € S. Indeed, we may replace f by X xg S’ — S’ for some étale
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covering S’ — S, thus we may assume that .« is a line bundle. Then < is f-ample if and only if <7 is
ample for any geometric point 5 € .S; see [Kollar and Mori 1998, Proposition 1.41]. The converse is easy.

The following theorem is well-known to experts and holds since we assume that char(k) = 0; cf [Mumford
2008, Section 11, Theorem].

Theorem 2.17 [Olsson 2016, Remark 8.3.4; Keel and Mori 1997] Let € be an Artin stack of finite type
over k. If the diagonal morphism A: ¢ — ¢ x € is finite, then € is a separated Deligne—Mumford stack.
Furthermore, there exists a separated coarse moduli space of finite type over k.

Remark 2.18 The authors in [Olsson 2016] and [Stacks 2005—] treat the category of schemes that are
not necessarily locally Noetherian, but our theory works even if we treat Sch/. For example, we can
extend Lol to a stack over the category of all schemes, including schemes that are not locally Noetherian;
see [Vakil 2010, 28.2.12]. We can also apply Theorem 2.17 to [N/PGL(d;) x PGL(d;) x PGL(d3)],
which is defined on the category of all schemes, in the proof of Theorem 5.1.

2.4 Universal hull and Q-Gorenstein family

For any scheme X and coherent sheaf .% on X of pure dimension, we can define the S,-hull of %, which
we denote by .# ] For details, we refer to [Huybrechts and Lehn 1997, Section 1.1]. If X is a normal
variety of dimension d and .Z is of pure dimension d, then .#**] = Homp, (Homoe, (#, Ox), Ox).

Let f: X — S be a flat projective surjective morphism between locally Noetherian schemes such that
the relative dimension of f is d and all geometric fibers of f* are normal and connected. Then there is
a closed reduced subscheme Z C X such that f is smooth on X'\ Z and the fiber Z; over any s € S
satisfies codimy, (Zs) > 2. Let .7 be a coherent sheaf on X such that .7 | y\ 7z is an invertible sheaf. We
define a (universal) hull of %, which we also denote by % [**] {0 be a coherent sheaf with the following
properties (cf [Kolldr 2008] or [Kolldr 2023, Section 9]):

o ZI**lis flat over S.

e There exists a morphism ¢: .Z — .Z** that is an isomorphism outside Z.

e For any point s € S, the morphism .Z**|,, — ﬁs[**]

7 is the S,-hull of 7y 1= F|x,.

induced by ¢ is an isomorphism, where

A universal hull does not always exist for the sheaf .# as above, but if it exists then .# L] o Jx(F|x\z),
where j: X'\ Z < X is the inclusion. Indeed, for any p € X" and any affine open neighborhood U C X of p,
let Iz C Oy be the ideal sheaf corresponding to Z. Take a regular sequence a, belz®Oyn x, (UNXy)
of ﬁs[**] for s := f(p), ie @ is a nonzero divisor in 9}[**] and b is a nonzero divisor in fs[**]/ﬁfs[**]. If
a, b are the restrictions of a, b € 17 (U), then a, b is also a regular sequence of .Z**] around X; N U by

[Matsumura 1980, (20.E)]. Thus, shrinking U if necessary, we may assume that there exists a regular
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sequence a, b € I 7(U) of Z**1. Now the natural map #**1 — j, (Z|x\z) is injective over U, and the
surjectivity can be proved as follows: Let m € j«(#|x\ z) be a local section over U. By the assumption,
there exists two sections mg, myp, € Z**(U) such that m = my /a = myp /b. Here, we applied [Matsumura
1980, Theorem 27] and assumed that b is also a nonzero divisor by shrinking U. Thus, bm, = amy as
elements of Z**I(U). From this and the fact that b is a nonzero divisor in (Z**!/a.Z**1)(U), we have
m e F(U).

Hence, if a universal hull of .Z exists, then Z**] >~ j, (7| x\z), and furthermore we have (% [exly =

(Z7)**! for any morphism g: 7 — S. We denote this by Fr

By applying Kollar’s theory [2023] to our setup, we obtain the following theorem.

Theorem 2.19 (cf [Kolldr 2023, Theorem 9.40]) Let f: X — S be a flat projective surjective morphism
between schemes of finite type over k such that the relative dimension of f is d and the geometric fibers
of f are normal and connected. Let Z C X be a closed subset such that f is smooth on X \ Z and the
fiber Zs over any s € S satisfies codimy, (Zs) > 2. Let .7 be a coherent sheaf on X such that 7 | y\ 7 is
an invertible sheafon X \ Z. Let H be an f -ample line bundle on X .

Then there exist finitely many distinct polynomials py, ..., p; with corresponding locally closed sub-
schemes Sy, ..., S; of § satistying the following:

e S= |_|ll=1 S; set-theoretically.

e Foreach | <i <[, there exists the universal hull & EI*] of Zg; such that the Hilbert polynomial of
ffs[**] with respect to H is p; for all s € S;.

e For any morphism g: T — S from a locally Noetherian scheme T, it %7 has a universal hull ﬁ? *]
such that all fibers 9}[**] have the same Hilbert polynomial p with respect to H;, then p = p; and
g tactors through S; for some .

The following result was proved by Hassett and Kovacs [2004, Theorem 3.11] when the fibers are
Cohen—-Macaulay, and Kollar [2023, Proposition 9.42] proved a more general statement. Thus, we omit
the proof.

Corollary 2.20 Let f: X — S, .7, and H be as in Theorem 2.19. For any line bundle L on X, there
exists a locally closed subscheme S* C S such that a morphism g: T — S from a locally Noetherian
scheme T factors through S* < S if and only if the universal hull Z1*) exists and Ly ® f3 M = Z}*]
for some line bundle M on T .

From now on, we deal with the relative dualizing sheaf. Let f: X — S be a flat projective surjective
morphism of schemes of finite type over k whose geometric fibers are normal and connected, and let

U C X be the largest open subscheme such that /" is smooth at every point of U. Let wy, s be the relative

Rm

dualizing sheaf. Then w3 /S

is a coherent sheaf and wf?;':qu is an invertible sheaf for every m € Z.
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Hence, we may use the previous results to co?/"g For each m € Z, if the universal hull of a)?/”g exists,
then a)%]s denotes the (universal) hull. We also have a)k,’;] T = (hxgid X)*“)E’:;]S for every morphism

h:T — S since wy/s = wy/s|y is a line bundle that commutes with the base change.

Definition 2.21 (Q-Gorenstein family, log Q-Gorenstein family) Let f: X — S be a flat projective
surjective morphism of schemes of finite type over k whose geometric fibers are normal and connected.
We say that f: X — S is a Q-Gorenstein family over S if there exists m € Z~¢ such that wg'}]s exists as

a line bundle.

For any f: X — § as above, if S is normal, then X" is also normal, wy/,g is reflexive and wy;s =
Ox(Ky/s) for some Weil divisor Ky, g on X’; see [Patakfalvi et al. 2018, Proposition A10] and [Codogni
and Patakfalvi 2021, Section 2].

Let f: X — S be as above. Suppose that S is normal. Let A be an effective QQ-divisor on X’ such that
the support of A contains no fiber of f. We say that f: (X, A) — S is a log Q-Gorenstein family if
Kx/s + A is Q-Cartier.

Remark 2.22 Let f: X — S be as above. Suppose that S is normal.

e Let U C X be the open locus on which f is smooth. If f: (X, A) — S is a log Q-Gorenstein
family, then wy/s|u = wy,s is an invertible sheaf (cf [Stacks 2005—, OE9Z]), and thus Ay is
Q-Cartier. For any morphism /4: T — S from a normal variety 7" and the induced morphism
0:Xr — X, we define A7 as a unique extension of 6*(A|y) on U xg T'. Then we can check that

Kxpj7+Ar =0"(Ky/s + A)

by applying [Conrad 2000, Theorem 3.6.1] to U xg T" — U. See also [Codogni and Patakfalvi
2021, Section 2].

e Let D be an effective Weil divisor on X’ such that D is flat over S as a scheme and it has only
geometrically integral fibers over S. Then the scheme-theoretic fiber Dy for any s € S is also a
Weil divisor, O (—D) is also flat and the restriction Oy (—D)|y is locally free by [Huybrechts and
Lehn 1997, Lemma 2.1.7].

e Let A be an effective Q-divisor on X’ such that the support of A contains no fiber of f. Here,
we do not assume that f: (X, A) — S is a log Q-Gorenstein family. Let j: U — X be the
open immersion. We fix m € Z~ such that mA is a Weil divisor on X'. If a universal hull of
Ox(m(Ky;s + A)) exists, then the S, condition of Ox(m(Ky,s + A)) implies

Ox(m(Kxs + A)) = jxOum(Kyys + Aly)) = Ox(m(K s + A)F*,

Moreover, if any irreducible component of A is flat over S as a reduced scheme and it has only
geometrically integral fibers over S, then Ox(m(Ky,s + A))|y is locally free. Then, we can
apply Corollary 2.20 to Ox(m(Ky,s + A)) and any line bundle L on & to construct a locally
closed subscheme S* C S satisfying the property of Corollary 2.20.
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2.5 K-stability

In this subsection, we collect some definitions and known results on K-stability.

A polarized variety (X, L) consists of a proper normal variety X and an ample Q-line bundle L on it.
The notation of polarized varieties and subpairs are the same, however, we adopt this notation because
both are standard. We will mainly deal with subpairs in Sections 3, 4 and 6, whereas we will deal with
polarized varieties in Section 5.

Let A be a Q-divisor such that (X, A) is a pair. We call (X, A, L) a polarized pair. We denote the
algebraic group
{geAut(X) | gsA=A, g*L ~q L}

by Aut(X, A, L). This is a closed subscheme of {g € Aut(X) | g*L ~g L}, which is a group scheme
of finite type over k since x(X, L®" ® g*L®") = (X, L®™") for every sufficiently divisible m and
n € Z~y; see [Fantechi et al. 2005, Section 5.6]. Hence, the above algebraic group is also of finite
type over k. We can check that Aut(X, A, L) is a linear algebraic group. Indeed, for any sufficiently
divisible m € Z~, since there exists a well-defined closed immersion G,, = PGL(h°(X, L®™)), the

group scheme
Gm ={g € Aut(X) | g«A = A, g*L®" ~ &™)

is affine. Since Aut(X, A, L) is an algebraic group and
Aut(X, A, L) = U Gm

m: sufficiently divisible

as sets, we have Aut(X, A, L) = G, for some m. Hence, Aut(X, A, L) is affine.

We say that f: (X, A, A) — C is a polarized klt-trivial fibration over a curve if f:(X,A) - C is a
Kklt-trivial fibration over a proper curve and A4 is an f-ample QQ-line bundle on X.

We give the following ad hoc definition of uniform adiabatic K-stability of f.
Definition 2.23 (uniform adiabatic K-stability) We say that a polarized klt-trivial fibration over a curve
(X, A, A) — C is uniformly adiabatically K-stable if one of the following hold:

e Kx+A~q f*(Kc+ Bc + Mc) is nef, or

e C=P! Kxy+A ~q uf*(O(1)) for some u < 0, and max,ep1 ordy(Bce) <1+ %u, where B¢
is the discriminant Q-divisor with respect to f.

Here, B¢ and M are Q-divisors defined in Definition 2.5.
We note that the uniform adiabatic K-stability is a condition of (C, B¢, M), which we call a log-twisted
pair, rather than f.

Next, we recall the definition of K-stability, but we do not need it except in Section 6.
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Definition 2.24 (K-stability) Let (X, A, L) be a polarized log pair of dimension d. We say that
7: (X, L) — Al is a (semi)ample test configuration if the following hold.

e m:X — Al is a proper and flat morphism of schemes.
e [ is a (semi)ample Q-line bundle on X
o G, acts on (X, £) so that 7 is G,-equivariant where G, acts on A! by multiplication.

* (n_1(1)7£|n_1(1)) = (X,L).

We will write 7r: (X, £) — Al by (&, £) for simplicity. In this paper, we only treat test configurations
(X, £) such that X is normal. A test configuration (X, £) is trivial if X is G,-equivariantly isomorphic
to X x A! and we denote X’ by X! in this case. Let p: Xo1 — X be the canonical projection. It is well-
known that for any semiample test configuration (X, £), there is a normal semiample test configuration
(Y, 0*L) together with two G,,-equivariant morphisms 0: Y — X and p: Y — X1 that are the identity
morphisms over A\ {0}. Let H be an R-line bundle on X and D be the closure of A x G,,, C X. Then
we define the non-Archimedean Mabuchi functional and the non-Archimedean J# -functional by

d(Kxy +0)-L7" 4,
(d+1)Ld

’

MM L) = (Kyp1 + D 4 Xogea = Xo) - L7 =

d—1
dH - L L pd+1

H-\NA . oV H - *md
(TN L) = (pop) Heo ! =

Here the bar denotes the canonical compactification; cf [Boucksom et al. 2017, Sections 3 and 7]. It
is easy to see that MEA(X, L) = MEA(JJ, o*L) and (THYNA(x, £) = (TH)NA(Y, 0*L). Hence, the
functionals are well-defined. We say that (X, B, L) is uniformly K-stable (resp. (X, L) is uniformly

JH _stable) if there exists a positive constant € > 0 such that

MEAX. L) 2 (TN L) (resp (TN (X L) 2 (75 (X, 0))
for any normal semiample test configuration.

We note that (7L)NA(X, £) > 0, and (7L)NA(X, £) = 0 if and only if (X, £) is trivial for any ample
normal test configuration (cf [Boucksom et al. 2017, Proposition 7.8]). In [Boucksom et al. 2017],
(J)NA is introduced and denoted by INA — JNA_ This coincides with the minimum norm independently
introduced in [Dervan 2016].

Definition 2.25 Let (X, A, L) be a kit polarized pair. Let r be a positive integer such that rL is a line
bundle. For any m € Z~., a Q-divisor Dy, , is called a mr-basis type divisor of L if

| hO(X,0x (mrL))

= mrh9(X, Oy (mrL)) 2.

i=1

Dy E;
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such that the E; form a basis of H°(X, Ox(mrL)). We define 8,,,, and §-invariants as
Smr,(x,0)(L) 1= [l)qufr 1ct(X, A; Diy) and 8cx,a)(L) = M &pr (x,a)(L),

where Dy, runs over all mr-basis type divisors; cf [Fujita and Odaka 2018] and [Blum and Jonsson
2020]. By [Blum and Jonsson 2020], the above limit exists.

For any prime divisor F over X with a projective birational morphism 7 : Y — X such that F appears as
a prime divisor on Y, we define

1 o0
SL(F):ZE/O vol(L —tF) dt,
where vol(L — ¢ F) denotes vol(z* L — ¢ F) by abuse of notation. We set

> i KO(Y, Oy (mra*L —iF))
Smr,L(F) := maxordp(Dpm,) = = 0
Dy mrh (X, Ox(mrL))
where Dy, runs over all mr-basis type divisors; cf [Fujita and Odaka 2018, Lemma 2.2]. It is well-known
[Blum and Jonsson 2020, Lemma 2.9] that

lim_ Sz (F) = S(F).
m—00

’

Furthermore, we have
Ax,a)(F)

SL(F)

by [Blum and Jonsson 2020], where F runs over all prime divisors over X.

) L) = inf
x,A) (L) in

Definition 2.26 («-invariant) Let (X, A, L) be a kit polarized pair. We define the «-invariant, denoted
by a(x,a)(L), by

a(x,a)(L) :=inf{lct(X, A; D) | D € [L|g} = inf{lct(X, A; D) | D € |L|Rr}.
This notion was introduced by Tian [1987] (and restated in [Tian 1990]) to obtain a sufficiency condition
for the existence of Kédhler—Einstein metrics on Fano manifolds.
The following fact is well-known.

Lemma 2.27 (cf [Boucksom et al. 2017, Theorem 9.14; Fujita 2019, Proposition 2.1, Lemma 2.2]) Let
(X, A, L) be a d-dimensional kit polarized pair. Then

d
O<+

1
acx,a) (L) <dx,a)(L) =(d + Dax,ay(L).

Example 2.28 When X is a curve, we can easily compute d(x,2)(L) as follows: Since every prime
divisor over X is a point P € X, we have

deg L deo L
SLP) = g7 | @eal-ndri= i .
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Thus, we have

) (1 —maxpey ordp(A))
5 L)= fA P)=2 '
x.a)(L) degL ' x,8)(P) deg L
In this case we have 1 dp(A) 1
—maxpey ordp
ax.a)(L) = d:gL = 55(X,A)(L).

The following notion from [Hattori 2024a] will also be used in this paper.

Definition 2.29 (special K-stability) We say that a klt polarized pair (X, A, L) is specially K-stable if
Sx,A)(L)L + Kx + A is ample and (X, L) is uniformly P DL+ Kx+A gaple.

Note that the special K-stability depends only on the numerical class of L since so do §(x,a)(L) and the
uniform Jéax.a) (L) L+Ky +A stability.

By the following, we know that the special K-stability implies the uniform K-stability.

Theorem 2.30 [Hattori 2024a, Corollary 3.21] Let (X, A, L) be a kit polarized variety and (X, L) be a
normal semiample test configuration for (X, L). Then,

MM, £) = (FP X DA ANA Y 1),

Over C, there exists an intrinsic criterion for J-stability and special K-stability without using test configu-
rations.

Theorem 2.31 Let (X, L) be a polarized variety over C of dimension d, and let H be an ample R-line
bundle on X. Then (X, L) is uniformly JH -stable if and only if there exists € > 0 such that

H'Ld_l
(dTL —pH) LPTLV > e(d—p)LP -V

for any p-dimensional subvariety V C X with 0 < p < d. In particular, if (X, A, L) is a polarized kit
pair and H := §(x a)(L)L + Kx + A is ample, then the specially K-stability of (X, A, L) is equivalent
to the existence of € > 0 such that the above inequality holds for any subvariety V C X.

The above theorem was first proved in the case of Kéhler manifolds by Chen [2021], but currently the
theorem holds for all polarized varieties by Hattori [2021, Theorem 8.12]. For polarized (resp. Kéhler)
manifolds, it was shown by Datar and Pingali [2021] (resp. Song [2020]) that uniform J H -stability is
equivalent to a certain weaker condition.

Roughly speaking, the uniform adiabatic K-stability of f: (X, A, A) — C was originally defined to
be the uniform K-stability of (X, A,eA + L) with fixed some ample Q-line bundle L on C for any
sufficiently small € > 0. The original definition [Hattori 2022, Definition 2.6] and the ad hoc definition
coincide by the following theorems. Furthermore, we do not have to fix L on C by what we stated after
Definition 2.29.
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Theorem 2.32 [Hattori 2021, Theorem 8.15] Let (X, A, A) be a kit polarized pair over C. It Ky + A
is nef, then there exists a real number C > 0, depending only on the intersection numbers A* - (Kx +
A)ImX—i for 0 < < dim X, such that (X, €A + Kx + A) is uniformly JKx TA+Ce(ed+Kx+4)_graple
for every € > 0. Furthermore, there exist real numbers €y > 0 and o > 0 such that (X, A,eA+ Kx + A)
is specially K-stable and

MIA\IA(X’M) > a(jéA-i-KX-FA)NA(X’M)

for any 0 < € < €y and normal semiample test configuration (X, M) for (X,eA + Ky + A).
Theorem 2.33 [Hattori 2022, Theorem B] Let f: (X, A, A) — (P!, O(1)) be a polarized kIt trivial
fibration over C such that Ky + A ~q uf™*(O(1)) for some u < 0.

Then, f is uniformly adiabatically K-stable if and only if there exist real numbers €y > 0 and o > 0 such
that (X, A,eA — (Kx + A)) is specially K-stable and

MIA\IA(X,M) > Ol(jeA_(KX+A))NA(X,M)
for any 0 < € < €q and for any normal semiample test configuration (X, M) for (X,eA — (Kx + A)).

We remark that Theorem 2.32 follows from the proof of [Hattori 2021, Theorem 8.15]. On the other hand,

the equalities

(max,cp1 ordy (Bp1) —1)
u

lim 8x,a)(ed = (Kx + A)) =2 =4p1,8,,)(—Kp1 — Bp1 — Mp1)

are key steps to show Theorem 2.33; cf [Hattori 2022, Theorem D]. We will show Theorem 1.6 in

Section 6 with them in mind.

3 Boundedness

In this section, we prove results of the boundedness of certain classes.
Let d be a positive integer, v a positive rational number, # # 0 a rational number, and ® C Q> a DCC
set. We set e := u/|u| (thus eu = |u|). We consider the following sets:

(1) f is aklt-trivial fibration over a curve C,
(i) dim X =d,
Sdon:=1/:(X,A)—>C (iii) the coefficients of A belong to ©,

(iv) thereis an f-ample Q-Cartier Weil divisor A on X such

that vol(A|r) = v, where F'is a general fiber of f,

Kx + A = uf™*H for some Cartier divisor H With}

& = (X, A Ce
d,0,v,u {f ( ) — gd,@,v deg H = 1.
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Lemma 3.1 below is crucial for the boundedness and the lemma will be used in Section 5.

Lemma 3.1 There exists a positive integer r, depending only on d, ®, v and u, such that for any element
f1(X,A) = C of &4 4.4, we have er(Ky + A) ~ f*D for some very ample Cartier divisor D
on C. In particular, er (Kx + A) is a basepoint-free Cartier divisor and the linear system |er (Kx + A)|
defines f . Furthermore, there are only finitely many possibilities of dim H°(X, Oy (er (Kx + A))).

Proof We fix an element f: (X, A) — C of &4 ¢4, and we pick a Weil divisor 4 on X as in (iv) of
S" d,0,v-

Let F be a general fiber of f', and pick a Cartier divisor H on C with deg H = 1. By applying [Birkar
2023, Corollary 1.4] to (F, A|r) and A|F, we can find m € Z(, depending only on d and ®, such that
H(F,Ox(mA|F)) # 0. Then there is a sufficiently large positive integer ¢ such that

E~mA+tf*H

for some effective Weil divisor £ on X. By construction, we have vol(E|r) = m?~1v. By applying
[Birkar 2021a, Lemma 7.4] to (X, A) — C and E, we can find a positive integer ¢, depending only on d,
® and v, such that we can write

q(Kx +A)~qf*(Kc+ B+ M),

where B (resp. M) is the discriminant part (resp. moduli part) of the canonical bundle formula, such that
gM is Cartier. Then we have deg(K¢c + B + M) < eu. By definition of the discriminant part of the
canonical bundle formula and the ACC for Ic thresholds [Hacon et al. 2014, Theorem 1.1], we see that
the coefficients of B belong to a DCC set of Q- depending only on d and ®, which we denote by .
Let ¢’ be the smallest positive integer such that ¢’u is an integer and ¢ divides ¢’. Since deg K¢ > —2
and deg M € (1/q)Z>¢ by Theorem 2.6, we see that

deg(q'B) €{0.1,....eq'u+2q'"}.

We define § :=inf W, which is a positive rational number because W satisfies the DCC. Since deg B <eu+2,
the number of components of B is not greater than (eu + 2)/8. Thus, all the coefficients of B belong to

the set ,
V= {ao — Z a;

i=1

1 2
aoe—/Zﬂ[O,eu+2],aielIl,lfeu+ }
q

)

We can easily check that W’ satisfies the ACC because (1/¢")Z N[0, eu + 2] is a finite set and ¥ satisfies
the DCC. Hence W N W’ satisfies the ACC and the DCC, which implies that ¥ N ¥’ is a finite set.

From these facts, we can find ¢”, depending only on W N W', such that ¢” B is a Weil divisor. By
construction, ¥ N ¥’ depends only on d, ®, v and u. Since ¢ divides ¢’ by construction, we have

79" (Kx +A)~q'q" f*(Kc + B+ M),

and the right-hand side is Cartier. The integer ¢’¢” depends only on d, ®, v, and u.
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Since eq'q”" (K¢ + B + M) is ample and Cartier, there is a positive integer r, depending only on d, ®, v
and u, such that r is divided by ¢’q” and er(K¢c + B + M) is very ample. Then this r is the desired
positive integer. We put D := er(K¢c + B + M). The finiteness of dim H°(X, Oy (er (Kx + A)))
follows from

0 < dim H°(X, Ox (er (Kx + A))) = dim H°(C, O¢ (D))
= dim H'(C,O¢c (D)) +deg D + x(C,Oc¢)
=eru+ 1+ (dim H°(C, Oc (K¢ — D)) —dim H*(C, Oc(K(¢)))
<eru-+1

by the Riemann—Roch theorem. m]

Let n be a positive integer. We define

(i) f is aklt-trivial fibration over a curve C,
(i) dimX =d,

Sanw =1/ :(X.A) = C| (i) nA isa Weil divisor,

(iv) thereis an f-ample Q-Cartier Weil divisor 4 on X such that
vol(A|F) = v, where F is a general fiber of f.

Then Lemma 3.1 shows the existence of an n € Z ¢ such that &4 g 4 is a subset of the set
Bgnvu:={f(X,A)>C€Fgnv| Kx + A =uf*H for some Cartier divisor H with deg H = 1}.

Moreover, there exists a positive integer », depending only on d, n, v and u, such that for any element
S (X,A) = C of &y 4,4, the divisor er (Ky + A) is a basepoint-free Cartier divisor and the linear
system |er(Kxy + A)| defines f.

In the rest of this section, we will deal with 4 , ., and &4, , , for the fixed d,n € Zo, v € Q¢ and
uc Q#o

The following lemma gives a lower bound of the a-invariants for general fibers of the elements of § 5 .

Lemma 3.2 There exists a positive integer N, depending only on d, n and v, such that for any element
S (X,A) — C of §4,p, and any Q-Cartier Weil divisor A on X as in (iv) of §4,,, we have the
inequality
1
AR (AlF) = v
where F is a general fiber of f.

Proof We fix f:(X,A) — C € §4,, and A4 as in the final condition of §4 ,,. Let F be a general
fiber of f. We put Ap = A|F.
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By applying [Birkar 2023, Corollary 1.4] to (F, Ar) and A|f, we can find an m € Z~ o, depending only
on d and n, such that

mA|p ~ EF
for some effective Weil divisor Ef on F. Then we have vol(Ef) = m?~1v. By applying [Birkar
2023, Corollary 1.6] to (F, Af) and Er, we see that (F, Supp(Ar + EF)) belongs to a bounded family
depending only on d, n, v, and m. By [Birkar 2019, Lemma 2.24], there exists m’ € Z~, depending

only on d, n, v and m, such that m' Eg ~ m’'mA|f is Cartier. Then m’m depends only on d, n and v.

Because the divisor m'mA|p — (Kg + AF) is ample, we may apply the effective basepoint-freeness
[Kollar 1993, Theorem 1.1] and the effective very ampleness [Fujino 2017, Lemma 7.1]. Hence, there
exists m” € Z~g, depending only on d, n and v, such that m” A|g is very ample. Taking a small
Q-factorialization of X and applying the length of extremal rays, we see that K g + 3dm” A| is the
pushdown of a big divisor; cf [Birkar 2019, Lemma 2.46]. Because we have

3dm”A|F —AF~Q 3dm”A|F + Kp,
we see that 3dm” A|F — A is the pushdown of a big divisor. We also have
vol(3dm" A|) = 3dm™)? 0.

By the ACC for numerically trivial pairs [Hacon et al. 2014, Theorem 1.5], we can find a positive real
number § > 0, depending only on d — 1 and #, such that (F, A ) is 6-lc.

From the above discussion, we may apply [Birkar 2021b, Theorem 1.8] to (F, Ar) and A|F, and we can
find € € R~ ¢, depending only on d — 1, § and (3dm”)@~1v, such that

a(r.Alp)(AlF) = €.

Construction of m” and § implies that € depends only on d, n and v. Finally, we define N to be the
minimum positive integer satisfying € > 1/N. Then N satisfies the condition of Lemma 3.2. |

Definition 3.3 Let N be the positive integer in Lemma 3.2. We define
o :=d@N + [euN|)v.

Note that & depends only on d, n, v and u.
The following result is a crucial step for the boundedness and a special form of Theorem 1.5(2).

Proposition 3.4 For any element f: (X, A) — C of &4, , , and any Q-Cartier Weil divisor A on X as
in (iv) of 4 » v, there exists a Cartier divisor D on C such that A+ f* D is ample and vol(A+ f* D) <a.

Proof We fix an element f: (X, A) — C of &, ., and we pick a Weil divisor 4 on X as in (iv) of
Sd.n,v- Let H be a Cartier divisor on C such that deg H = 1.
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We define 7 to be the smallest integer such that A + t/* H is big. Note that t is well-defined since H is
not numerically trivial and A + ¢/ H is ample for all # > 0. We fix an effective Q-divisor

A/ ~Q A+Tj*H
Let N € Z~ be as in Lemma 3.2. By the property of N in Lemma 3.2, there is a nonempty open subset

U C C such that (X, A+ (1/N)A")islcon f~1(U).

Because A’ is ample over C and Ky + A ~g ¢ 0, we can find a positive integer / such that
®:=1(Kx +A—f*Kc+ %A/)

is Cartier and basepoint-free over C and ® defines an embedding into Pc ( fxOx (P)). By applying
[Fujino 2018, Theorem 1.11]to f: X — C and ®, we see that f,Ox (®) is nef. In other words, the
Cartier divisor corresponding to Op.( 1, 0y (#))(1) is nef. Because Ox (®) coincides with the pullback of
OPc(f.0x (@) (1) to X, it follows that ® is nef.

Since f: (X, A) — C is an element of & , , . it follows that the divisor
euf*H— (Ky + A)

is nef. Since deg H = 1, we see that 2H + K¢ is nef. Therefore, the divisor

1 1
T * * /
(2+eu—|—ﬁ>f H+NA Q Q+eu)f H—i—NA

= (Kx+ A= f*Kc+ 1 A') = (Kx +8) + [*Ke + @ +eu) f*H
;q>+ [*QH 4+ K¢) + (euf*H— (Kx + A))

is nef. Thus, A + (N (2 + eu) + t) f* H is nef. Since A is f-ample, we see that

A+ BN +euN+1)f*H=A+(NQ+eu)+1)f*H+ Nf*H

is ample.
By definition of z, the divisor A + (r — 1) f* H is not big. Hence, we have
vol(A+ (r—N) f*H) = 0.

Since Ky + A =uf* H, by the canonical bundle formula, we have eu > deg K¢. Then (4N + [euN1)H
is very ample.

Weput A”:=A+(t—N)f*H and N':=4N + [euN]. Let G € [N’ f* H| be a member consisting of
N’ general fibers. Then vol(4”) = 0 and A”|g = A|g by definition. For each m € Z~ and 0 < k < m,

we consider the exact sequence
0— H(X,0x(mA” + (k—V)N' f*H)) - H*(X,Ox(mA" + kN’ f*H)) — H*(G, Og(mA|g))
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induced by
0— OxmA” +kN' f*H—G) — Ox(mA” +kN' f*H) — Og(mA|g) — 0.
By similar arguments to [Jiang 2018, Proof of Lemma 2.5], we have
dim H°(X, Ox (mA” + mN' f*H)) <dim H*(X, Ox (mA")) +m -dim H*(G, Og(mA|g)).
Since G consists of N’ general fibers, taking the limit 72 — oo we have
vol(A” + N’ f*H) <vol(A") + dN’ -vol(A|p) = 0+ dN'v.
Here, we used that vol(A”) = 0 and vol(4|fr) = v. We put
D =GN+ [euN]+1)H.
By recalling the definitions of A”, N’ and « (see Definition 3.3), we obtain
vol(4 + f*D) =vol(A” + N' f*H) <dN'v =a.
Thus D is the desired Cartier divisor on C. d
Definition 3.5 Let o be the positive real number in Definition 3.3. For any element f: (X, A) — C of

& 4.n,v,. and any Q-Cartier Weil divisor 4 on X as in (iv) of §y 5 ., we pick a Cartier divisor H on C
with deg H = 1 and we define

mg,a) =max{m e Z | A+mf™*H is ample, vol(4 +mf* H) < a}.
Note that m(z, 4y is well-defined by Proposition 3.4. We may have my, 4) < 0. We define
Lipay=A+mga/ H.

Now we are ready to prove the boundedness.

Theorem 3.6 (boundedness) The set of kit pairs (X, A) appearing in &4 , ,, ,, is log bounded. Further-
more, there exists a positive integer Iy, depending only on d, n, v and u, such that Iy L, 4y is an ample
Cartier divisor on X. In particular, Iy A is Cartier.

Proof We pick f: (X,A) - C € &4, and a Q-Cartier Weil divisor 4 on X as in (iv) of Ty, -
By Lemma 3.1, we can find a positive integer r, depending only on d, n, v and u, such that (X, A) is
(1/r)-Ic. By [Birkar et al. 2010, Corollary 1.4.3], there is a small Q-factorization ¢: X’ — X of X. Then
(X’,0) is an (1/r)-lc pair and 3d¢* L (s, 4)— Ky~ is big. By applying [Birkar 2023, Theorem 1.1] to X’
and 3d¢™ Ly, 4y, we can find a positive integer m, depending only on d, n, v and u, such that

HO(X', Ox:(m™ L 1,4))) # 0.
Thus, we can find an effective Weil divisor E ~ mLy, 4). We have

vol(E) < mea.
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For each f: (X,A) - C € &4, We fix E ~ mLy 4y as above, and we prove that the set of
(X, Supp(A + E)) is bounded. If u < 0, then we have eu < 2 by the canonical bundle formula; see
cf Theorem 2.6. By taking a reduced divisor G on X consisting of three general fibers of f, we get
a klt Calabi—Yau pair (X, A + %euG). By applying [Birkar 2023, Corollary 1.6] to (X, A + %euG)
and E, we see that the set of such couples (X, Supp(A 4+ G + E)) is bounded. In particular, the set of
(X, Supp(A + E)) for some f: (X,A) - C € &4, is bounded. If u > 0, then we pick a Cartier
divisor H on C such that deg H = 1 and Ky + A = uf™ H. Since the volume depends only on the
numerical class, we have

vol(Ky + A+ E)=(Kxy + A+ E) =duf*H-E“™") + (EY)

=duf*H-(mL(s4)% " +vol(E)

d—1 d

<dum v+m“a.

Since (X, A) is (1/7)-1c by Lemma 3.1 and nA is a Weil divisor by definition, we may apply [Birkar
2023, Theorem 1.5] to (X, A) and E, and the set of (X, Supp(A + E)) is bounded. By these arguments,
we obtain the boundedness of the set of (X, Supp(A + E)).

The first statement of Theorem 3.6 immediately follows from the above discussion. Moreover, [Birkar
2019, Lemma 2.24] implies the existence of a positive integer I’, depending only on d, n, v and u, such
that I'E is Cartier. Set Iy := I'm. Then I, depends only on d, n, v and u, and Iy Ly, 4 is Cartier. O

Remark 3.7 We define
@d,n,v,o = {f (X, A) —Ce gd,n,v | Kx +A= 0}’
Bany:={(X,A)|(X,A)isakltpairand f: (X, A) - C € &4, for some f}.

Then the same argument as in this section implies that Uy , , is log bounded. Indeed, applying the
argument in Lemma 3.1, we can find a positive integer r, depending only on d, n and v, such that
r(Ky + A) ~ 0. We define « := 4d N v; see Definition 3.3. By the same argument as in Proposition 3.4,
for any element f: (X, A) — C of &4, 4.0 and any Q-Cartier Weil divisor 4 on X as in (iv) of §g 4.4,
there exists a Cartier divisor D on C such that A + f* D is ample and vol(4 + f*D) < «. Then we
can define the line bundle Ly, 4) as in Definition 3.5. Then the argument in Theorem 3.6 implies that
U4 n.v is log bounded. Moreover, there exists a positive integer /o, depending only on d, n and v, such
that 7o L, 4y is an ample Cartier divisor; see Theorem 3.6.

Proof of Theorem 1.5 By Lemma 3.1, we may assume that ® = (1/r)Z N[0, 1] for some n € Z~y.
Then the assertion immediately follows from Theorem 3.6, Remark 3.7, and the existence of Ly 4) as in
Definition 3.5. O

We make use of the following result to construct moduli spaces in Section 5.
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Corollary 3.8 Fix d € Z~, a DCC subset ® C Q N[0, 1] and rational numbers u, v € Q, where v > 0.

For any w € Q~, consider the set

(i) f is aklt-trivial fibration over a curve C such that
Kx + A = uf*H with a line bundle H on C of
deg H =1,

Gy ovuw =4/ (X,A 4)—C| (i) dmX =d,

(iii) the coefficients of A belong to ®,

(iv) A is an ample Q-Cartier Weil divisor on X such
that (H - A%~') = v and vol(4) < w.

We also fix w’ € Q=¢. Then, there exist
* a positive integer I, depending only on d, ®, u, v and w, and
e finitely many polynomials Py, ..., P;, depending only ond, ®, u, v, w and w’,
satisfying the following. For any f: (X, A, A) = C € &4 @ v,uw and nef Cartier divisor M on X,
e IA+ M is very ample,
o H/(X,0x(m(IA+ M)))=0 forevery j >0 and m € Z~g, and
e if vol(IA+ M) <w/, then there is 1 <i </ such that

X(X,Ox(m(IA+ M))) = P;(m) forevery m € Z~y.
Before the proof, we show the following criterion for very ampleness and finiteness of Hilbert polynomials.

Lemma 3.9 Fixd € Z~o and w € R~ (. Then there are finitely many polynomials Py, ..., P;, depending
only on d and w, such that for any d -dimensional projective kit pair (X, A), very ample Cartier divisor A
on X, and nef Cartier divisor M on X, if A— (Kx + A) is nef and big and vol((d +2)A + M) < w, then

e (d+2)A+ M is very ample,
o H/(X,0x(m((d+2)A+ M)))=0 forevery j >0 and m € Z~g, and

e thereisal <i </ such that

Xx(X,O0x(m((d +2)A+ M))) = Pi(m) forevery m € Z~y.

Proof Put A’ = (d +2)A + M. By the Kawamata—Viehweg vanishing theorem, we have
H/(X,0x(mA —kA)) =0

for every m € Zi~9,0 <k <d + 1 and j > 0. By [Fantechi et al. 2005, Lemma 5.1], A’ — 4 is globally
generated, and

x(X,O0x(mA")) =dim H*(X, Ox(mA’)) for every m € Z~y.

Since A is very ample, so is A’ = (A" — A) + A. Furthermore, we can check the following claim:
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Claim For every m € Z~, we have

dim HY(X, Ox(mA’) <d +m%uw.

Proof Let Y ~ mA’ be a general hyperplane section. Then we have

0— Oy = Ox(mA') — Oy(mA’|y) — 0,
hence we see that

HY(X,0x(mA")) <14+ H°(Y, Oy (mA'|y))).

This relation implies the case of dim X' = 1 in the claim, and the general case follows from the relation
and induction on the dimension of X. |

Thus, if we put P(m) = x(X, Ox (mA’)), there are only finitely many possibilities of P(1),..., P(d +1)
depending only on d and w. In particular, they do not depend on M . Lemma 3.9 follows from this fact. O

Proof of Corollary 3.8 By Lemma 3.1, we can find r, depending only on d, ®, v and u, such that
©=[0,1]N(1/r)Z and r(Kx + A) is Cartier for all /: (X, A, 4) - C € &40, yu,w- By Theorem 3.6
and Remark 3.7, there exists Iy, depending only on d, ®, v and u, such that Iy A is Cartier for all
S (X,A,A) - C € 4.0 yuw- Note that 3dIyA + Kx + A is ample by [Kollar and Mori 1998,
Theorem 3.7]. Set

A" :=3drlgA+r(Ky +A) and A”:=A"+3drlyA.

Then A’, A" — (Kxy + A), A”, A” — (Kx + A) are ample. By the effective basepoint-freeness [Kollar
1993, Theorem 1.1] and the effective very ampleness [Fujino 2017, Lemma 7.1], there exists I € Z~,
depending only on d, such that 11 A" and I; A” are very ample. Now

vol((d + 2) 11 (A" + A”)) = ((d + 2) )% vol(A' + A”)
<((d +2)1)* ((6drIo)w + (6drIy)? ' drou),
hence Lemma 3.9 implies that there are only finitely many possibilities of the Hilbert polynomials

m > X(X, OX(m((d +2)1 (A" + A”))))

for the elements f: (X, A, 4) — C € 84 @ yuw- Similarly, Lemma 3.9 implies that there are only
finitely many possibilities of the Hilbert polynomials

m > x(X,0x(m((d +2)114"))) and m+> x(X,Ox(m((d +2)[;A")))

for the elements f: (X, A, A) - C € &4.¢ y.u.w- In particular, there exist positive integers N and N,
depending only on d, ®, u, v and w, such that

dim H(X, Ox((d +2)1;A")) <N; and dim H°(X,Ox((d +2)I; A")) < N,
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for every f:(X,A,A) - C € &40 yuw- From this fact, there exists a closed immersion ¢: X —
PNt x PN2 gych that

0 P} 0pm (D= Ox (A + DL A) and  ¢* pOpn; (1) = Ox ((d +2)1; A"),

where py: PNt x PN2 5 PN and py: PNt x PN2 — P2 are the projections. By the theory of Hilbert
schemes, there exist a scheme S of finite type over k and a closed subscheme X € PNt x PN2 x §,
which is flat over S, such that for any f: (X, A, 4) — C € 4@ 4,4,0 there is a closed point s € §
satisfying X 2 X; and the condition that the immersion Xy C P™ x P2 coincides with ¢.

By the definitions of A" and A” and shrinking S if necessary, we may assume that

(PTOIPNl -D® p;O]P’Nz(l)) ‘x

is ample over S; see [Kollar and Mori 1998, Corollary 1.41]. Then there exists a positive integer N/,
depending only on d, ©, u, v and w, such that the line bundle (p} Opn, (—N'—=2)® p3Opn, (N'+ 1)),
is ample over S. This fact and the definitions of 4’ and A” imply that
~(N"+2)d+2)[1A + (N +1)(d+2)[1 A = (d +2)I1(—A" + (N' +1)-3drIyA)
=(d+2)[,(3drIgN'A—r(Kx + A))
=(d+2)[1r(3dIgN'A— (Kx + A))
is ample for all f: (X, A, A) - C € &4,@ y.u - therefore 3dIgyN'A — (Kx + A) is ample.
Recall from the definition of / (see Theorem 3.6 and Remark 3.7) that Iy A4 is Cartier. By the effective
basepoint-freeness [Kollar 1993, Theorem 1.1] and the effective very ampleness [Fujino 2017, Lemma 7.1],
there exists I, € Z~(, depending only on d, such that I, 4 is very ample for every f:(X,A, A) - C €
S4.0,v,u,w- Now define
I .= (d + 2)3d10N/12,

which depends only on d, ©, u, v and w. Then (1/(d + 2))IA is a very ample Cartier divisor and
(1/(d +2))IA—(Kx + A) is ample for all /: (X, A, 4) - C € &4, y,uw- By Lemma 3.9, we see
that this 7 is the desired positive integer. a

4 Tools for construction of the moduli spaces
In this section we prove some results to construct the moduli spaces in this paper.

4.1 Openness

In this subsection, we prove the openness of uniformly adiabatically K-stable klt-trivial fibrations.
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Lemma4.1 Let X — S and Z — § be flat projective surjective morphisms of normal varieties such
that all the geometric fibers of the morphisms are normal and connected. Let f: X — Z be a contraction
over S. Let (X, D) be a pair such that Kx + D ~q,z 0, Supp D does not contain any fiber of X — S,
and (X5, Dy) is a kit pair for every geometric point s € S. Let ) € S be the geometric generic point.

Then there exists an open subset U C S such that for every closed point t € U, the discriminant Q-
divisors B, Bj and B; with respect to f: (X,D) — Z, f7: (X5, D7) — Z7 and fr: (X, D) — Z4
respectively satisfy

max coeff 5 (Bj) = mgx coeffp(Blzx u) = H}Dax coeffp/(By),
P 7

where P (resp. P, P') runs over prime divisors on Zg (resp. Z xg U, Z;). Furthermore, B|z, is well-
defined and B|z, = B; for any closed pointt € U.

Proof First, note that we may shrink S whenever we focus on an open subset of .S. Moreover, as in
[Ambro 2004, Lemma 5.1], we see that maxp coeffp(B|zx¢ry) is not changed for any U C S even if
we replace (X, D) — Z — S with the base change by any étale surjective morphism S’ — S. Thus, in
the rest of the proof, we will freely shrink .S and take the base change of (X, D) — Z — S by an étale
surjective morphism if necessary.

By shrinking S, we may assume that S is smooth, Supp B does not contain any fiber of Z — S and the
codimension of Sing(Z) N Z; in Z; is at least two for every s € S. In particular, we can define B7, and
we can also define By for every closed point s € S.

In this paragraph, we show the first equality of Lemma 4.1. We denote the morphism 7 — S by 7. By
shrinking S, we can find a finite morphism ¢: S’ — S and a morphism ¥ : 7 — S’ such that T = @ o Y
and for any component Q of Bg, there is a prime divisor Q’ on Z x g S’ whose pullback to Z5 is 0. By
shrinking S, we may assume that ¢ is étale. By replacing (X, D) — Z — S with the base change by ¢,
we may assume that for any component Q of Bj, there is a prime divisor Q on S such that t*Q = 0.
Let By and B be Q-divisors as in Lemma 4.1. By shrinking S and replacing (X, D) — Z — S with an
étale base change, we may assume t*(Kz + B) = Kz; + Bj. Then By = Bj. Shrinking S, we may
further assume that any component of 3 dominates .S. Then

mlglx coeffp (B) = max coeff 5 (B5),
P

where P (resp. P) runs over prime divisors on Z (resp. Zy).
From now on, we show the second equality of Lemma 4.1. We construct a diagram of projective morphisms

yiuc

f’J lf
w-_",z

where Y and W are smooth varieties, and snc divisors > on YV and E on Y such that

e} is birational and g is a log resolution of (X, D),
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e f’is a contraction,

E D f*Y U g, 'DUEXx(g) and the vertical part of & with respect to f’ maps into ¥, and

(Y, E) is log smooth over W\ X, in other words, the restriction of f/: (Y, E) — W over W\ X
is log smooth.

By shrinking S, we may assume that for every closed point ¢ € S, the restricted diagram

Vr. Er) SN (X:.Dy)

|

h
Wi, ) ——— Z;

satisfies the same conditions as stated above. We define Dy, by Ky + Dy = g*(Kx + D) and g«Dy = D.
Let I be the discriminant Q-divisor with respect to f’: (), Dy) — W. For each closed point 7 € S, let G,
be the discriminant Q-divisor with respect to f/: (Y, Dy,) — W;. Then hyI" = B and h;+G; = B;, where
By is the discriminant Q-divisor with respect to the klt-trivial fibration f;: (X;, D;) — Z;. Shrinking S,
we may assume ['; = G for every closed point t € S. Then By = hs«'y = hxG; = By, and the snc
condition of X; implies that

m}z}x coeffp(B) n})a/x coeffp/(By),
where P (resp. P’) runs over prime divisors on Z (resp. Z;).

By the above discussion, Lemma 4.1 holds. |

Theorem 4.2 (openness of uniform adiabatic K-stability) Let .S be a normal variety, w: (X,D) — S
a log Q-Gorenstein family, and let f: X — P be a contraction over S, where P is a scheme that is
projective and smooth over S. Let H be an f-ample Q-divisor on X, and let L be a Cartier divisor on P.
Suppose that there exists an integer m > 0 such that (Ps, L5) = (P!, O(m)) for any geometric points € S.
Assume that —(K /s + D) ~q,s (u/m) f*L for some u € Q¢ and all the geometric fibers of 7 are kIt.

Then the function

h:S>s— szlx coeffp_(Bs),

s

where Py runs over prime divisors on PEI, is constructible and upper semicontinuous. In particular, the
subset
W ={s eS| f5: (X5, Ds, Hs) — Ps is uniformly adiabatically K-stable}

is open and there exists a positive real number v such that
$p1,B;)(—Kp1 —Bs—Ms) = 1+v

for every geometric point s € W, where By and M5 are the discriminant QQ-divisor and the moduli
Q-divisor with respect to f5, respectively.
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Proof We first reduce Theorem 4.2 to the case where P = IP’é, m=1and L = Op L (1). For every
closed point s € S, there exists an étale morphism g°: 7% — § such that s € g5(T°) and Prs — T*
has a section ¢*: T¥ — Prs; see [Olsson 2016, Corollary 1.3.10]. By considering 7 = | |, 7 for
some finitely many closed points §5; € S, we obtain an étale surjective morphism g: 7" — S such that
h:Pr — T has a section t: T — Pg. Then ¢(T) is a Cartier divisor on Pr; see [Fantechi et al. 2005,
Lemma 9.3.4] and [Kolldr 2023, Definition—-Lemma 4.20]. By [Hartshorne 1977, III, Corollary 12.9], the
sheaf 14 Op, (1(T)) is locally free of rank two and

W*heOp((T)) — H°(Py, Op, (((T)|p,))

is surjective. Therefore, we obtain a morphism Py — Pr (h«Op,(1(T))). Then the right-hand side is a
P!-bundle, and the morphism is an isomorphism. Since g is open and surjective, if Theorem 4.2 holds
for T, then Theorem 4.2 also holds for S. Thus, we may assume that P is a P!-bundle over S. Since
the problem is local, we may assume that P = IP’;w by shrinking S. Then £ ~g Opl (m). It is easy to
see that we may replace £ by Op! (m). In this way, we may assume that £ = Op (m). By replacing u
with «#/m, we may assume m = 1.

Next, we show that / is constructible. By [Matsumura 1980, (6,C)], it suffices to show that 2~ ! (w)
contains a nonempty open subset of S under the assumption that S is a variety and that 2~! (w) is dense
for every w € Q~. We pick an open subset V' C S \ Sing(.S). Since the fibers of 7: X — S are normal,
we have K1y p = Kp—1(py = (| z—1(p))* Ky Thus, K —1(y7) + D] -1y is Q-Cartier. Let 1 be
the generic point of .S. By Lemma 4.1 and shrinking V' if necessary, we may assume

max coeff 5 (Bj) = m}a;lx coeffp(By)
P

for every closed point ¢ € V, where P (resp. P) runs over prime divisors on Pﬁl (resp. P}). For any
point s € V, by applying Lemma 4.1 to {s} N V, we see that max p_coeffp_(B5) are determined by
fr: (X, Dy) — IP’} for general closed points 7 € {s} N V. This means that / is constant on V. Thus the
constructibility holds.

From now on we prove the upper semicontinuity. The constructibility of /2 implies that / takes only finitely
many values. We fix w € Q~¢. By Lemma 2.2, we may assume that .S is a curve and /(s) > w for every
general point s € S. Then S is smooth, and hence we may write Ky /s = Kx —7* K. Thus Ky + D is
Q-Cartier. Let B be the discriminant Q-divisor with respect to f: (X, D) — P é By Lemma 4.1, we can
find an open subset V' C S such that

mé\x coeffp (B) = m}e)lx coeffp(By)

for every closed point t € V, where Q (resp. P) runs over prime divisors on PP é (resp. IP’tl ). Since /(s) > w
for general points s € S, we have

mélx coeffg(B) = u.
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In our situation, the kit property of the geometric fibers of 7 and the inversion of adjunction [Kawakita
2007] imply that (X, D 4 Xs) is Ic for every closed point s € S. Therefore, every component of 5 is
horizontal over S. By our assumption, there exists a component 7" of B such that

coeffr (B) = méix coeffg(B) = u.

Since every component of 5 dominates .S, by [Ambro 2004, Lemma 5.1], this fact is preserved even if
we take any finite base change of (X, D) — IP’; — S. Lety: TV — S be the natural morphism, where
TV is the normalization of T. We consider the base change of (X, D) — IP’;. — S by ¥, which we
denote by (X7v, Dyv) — IP’},, — TV, with the morphism ¥p1 : ]P’%,, — IP’S{. By construction, W]EI T has
a component isomorphic to 7. Since we only need to deal with closed points of S, we may replace
(X,D) —> Pg — S with (X7v, Dyv) — PL, — TV. By this replacement, we may assume that 7 — S
is an isomorphism. We put y = 1 — coeffr (). Then there is a prime divisor £ over X such that £
maps onto 7" and A(x,pyu f+1)(E) < 0 for any real number u’ > y. Since T' dominates S, for every
closed point ¢ € S, the pair (X,D+u’ f*T + X,) is not Ic around X,. By the inversion of adjunction
[Kawakita 2007], the pair (X, D +u' f*T |p 1) is not Ic for any u’ > y. Since P§ is smooth and T — S
is an isomorphism, T'|p 1 is a prime divisor on P!. Thus, the discriminant Q-divisor B, with respect to
fe: (X6, Do) —> IP’CI has a component whose coefficient is at least 1 — 3. This shows that for every closed

point c € S,
u=< mélX coeffg(B) =1—y =< n}Da,x coeffp/(B.),

where P’ runs over prime divisors on IP’CI. Thus the upper semicontinuity of /2 holds. The final statement
of Theorem 4.2 follows from this fact and Example 2.28. |

4.2 Separatedness

In this subsection we show the separatedness of the moduli spaces that we will construct in Section 5.

Notation 4.3 Let C be an affine curve. We say that f: (X, A, L) — C is a polarized Q-Gorenstein
Sfamily if f:(X,A) — C is a log Q-Gorenstein family over C and L is an f-ample line bundle. Let
0 € C be a closed point and C° = C \ {0} the punctured curve. We put

(X,A,L)yxc C°=(X xc C°, Axc C° Llxxcco).

For another polarized Q-Gorenstein family f”: (X', A’, L') — C, we define
g:(X,A,L)— (X',A',L)

to be a C-isomorphism g: X — X’ such that f"og = f, g«A = A’ and g*L’ ~¢c L. We define
C°-isomorphisms between (X, A, L) x¢ C° and (X', A/, L") x¢ C° similarly.
Let f:(X,A,L)— Cand f": (X', A’, L") — C be polarized Q-Gorenstein families. For contractions
m:(X,A, L)y — (PL,O1))and n’: (X', A, L") — (P, ©(1)) over C, we define (a,B): m — 7’ as
a pair of C-isomorphisms o: (X, A, L) — (X', A’,L’) and B: (PL,O(1)) = (PL, ©(1)) such that

m'oa=for.
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The following was shown by Boucksom when A = 0, but we write here the proof for the sake of

completeness.

Proposition 4.4 [Boucksom 2014, Theorem 1.1; Blum and Xu 2019, Theorem 3.1 and Remark 3.6] Let
C be an affine curve. Let f: (X,A,L) — C and f": (X', A’, L") — C be two polarized Q-Gorenstein
families. Suppose that there exists a C°-isomorphism

g% (X,A,L)yxc C° = (X',A', L) xc C°

and both Ky + A and Ky + A" are nef over C. If (Xy, Ag) is kit and (X, Ay) is Ic, then g° can be
extended to a C -isomorphism g: (X, A, L) — (X', A, L’).

Proof Let g: X --> X' be the birational map induced by g°. It is sufficient to prove that g is a

C-isomorphism.

We first show that g and g~! do not contract any divisor. We apply the argument in [Boucksom 2014].
By the inversion of adjunction [Kawakita 2007] and shrinking C around 0 € C, we may assume that
(X, A+Xp) is pltand (X', A’+ X)) is Ic. Take a common log resolution 7: Y — X and 7’: Y — X" of g.
By construction, g° o 7|y xce coincides with 7’|y x.co. Let I" be the sum of 7|y x.co-exceptional
prime divisors, and let " be the closure in Y. Then T is w-exceptional and also 7/-exceptional. By the
log canonicity of (X, A + Xj), the Q-divisor

E:=Ky + 7, 'A+T 4+ Yy ea—7*(Kx + A+ Xo)
is effective and w-exceptional. Similarly, we see that
E =Ky +7;"A+T + Yo rea — 7 (Kx' + A" + X))

is effective and 7’-exceptional. Since Ky + A is nef over C, by applying the negativity lemma to 7’ and
E — E’, we see that E — E’ is effective. Similarly, we see that E’ — E is effective. These facts imply that
E = E’ and hence

7*(Kx + A+ Xo) = 7™ (Kx + A"+ X)).

Therefore, A(x A+ x,)(F) = A(XQA/JFX(;) (F) for every prime divisor F on Y. Recalling that (X, A+ X))
is plt, we see that A(x A+ x,)(F) = 0if and only if F = ;' Xo. Now

Ax. At x0) (0 Xg) = Axr,argxg) (137 Xg)
=1 —coeffXO/(A/ + X}) =0.

From these facts, we have .}~ XJ = Xj. Since Xq (resp. X;) is the fiber of f (resp. f”) over 0 € C,
we see that g and g~! do not contract any divisor.

We now prove that g is a C-isomorphism. Consider L’ as a Cartier divisor on X, and put D = g, ' L’.
By our hypothesis, we have L|xx.co ~c° (g°)* L|x'xco. Since g does not contract any divisor, we
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have D ~¢ L; see [Hartshorne 1977, II, Proposition 6.5]. Thus, by Serre’s S,-condition, g induces
X = Projc( &y f*L®’") = ijc( ay) f;OX(mD)) ~ Projc( &b f;L'@m) =X
m=0 m=0 m=>0

This shows that g is indeed a C-isomorphism. |

Corollary 4.5 Let (X, A, L) be a polarized kit pair such that Ky + A is nef. Then Aut(X, A, L) is
finite.

Proof It follows from Proposition 4.4 as [Blum and Xu 2019, Corollary 3.5]. O
We are ready to prove the main theorem of this subsection.

Theorem 4.6 (separatedness) Letw: (X,A,H) — C and n’: (X', A’, H') — C be two polarized
Q-Gorenstein families over a curve such that (Xo, Ao) is kit and (X, Ay) is Ic. Let

g:(X,A,H)— (PL,0(1)) and g':(X',A,H) — (P{,0(1)

be contractions over C such that Ky + A ~Q.PL 0 and Ky + A’ ~Q.P. 0. Let 0 € C be a closed point,
and let go: Xo — P! (resp. gy Xg— P1) be the restriction of g (resp. g') to 0 € C. Suppose that there
exists an isomorphism (o°, B°): glxxco = &'|x’'xcco over C° such that

e g0:(Xo,Ag, Hy) — P! is uniformly adiabatically K-stable,

o for the discriminant Q-divisor B, and the moduli Q-divisor M with respect to g}: (X;, Ay) — P!,
we have §p1 ) (—Kp1 — By— M) > 1, and

e we have —Ky — A ~c,Q wg*OPé(l) and —Ky — A" ~c @ w’g/*OPé(l) for some positive
rational numbers w and w’.

Then («°, B°) can be extended to an isomorphism (., B): g — g’ over C.

Proof We will reduce the theorem to Proposition 4.4 as in [Blum and Xu 2019, Theorem 3.1]. By
our hypothesis of («°, 8°), it is easy to see that w = w’. Denote the bases of g and g’ by C and C’,
respectively. Note that C and C’ are isomorphic to Pé. Let £ (resp. £') be the line bundle on C (resp. C’)
isomorphic to O(1). We denote the structure morphisms C — C and C’ — C by 1 and 7/, respectively.

Replacing £ by £ + dC, for some sufficiently large d € Z-, we may assume that the birational map
(C, L) --> (C', L") over C induces an inclusion 1, L’ C n«L as sheaves of Oc-modules. Now Oc¢ g is
a divisorial valuation ring and both 7+£ ® Oc,o and L’ ® O,y are free Oc o-modules of rank two.
Hence, by fixing a generator ¢ of the maximal ideal of O¢ o, we may find free bases {s, u} C 7+L® Oc,o
and {s’,u'} C 1},L’ ® Oc,g such that s’ = t*s and u’ = t*u for some A, it € Z>.

By shrinking C around 0, we may assume that 7, s, u, s’, and u’ are global sections. By definition, s
and u correspond to prime divisors E; and E, on C respectively such that E|c, # E2|¢c,. Similarly,
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s" and u’ correspond to prime divisors £ and E’, on C’ respectively such that £ le; # E §|c(’)' We put
D= %w(El + E,) and D' = %w(Ei + E). Then D is the strict transform of D’ since they coincide
over C°. Note that (Xo, Ag + g5 Do) is kIt and (X5, Ay + g¢* Dy) is lc. Indeed, (P!, By + Dy) is Ic
since

Ol(Ipal,B(/))(—KPl - B(/) - M(;) = %S(PI’B())(—KPI - B(/) — M(;) > %

by Example 2.28 and the second assumption of Theorem 4.6. Then the log canonicity of (X, Ay +gg" Dy)
follows from the log canonicity of (P!, B + Dj) in the same way as [Ambro 2004, Theorem 3.1].

Similarly, we have
Ol(]pl’BO)(—KPI - B() - Mo) = %S(PI,BO)(_KIF’I - B() — Mo) > %

by Example 2.28 and the first assumption of Theorem 4.6, where By (resp. M) is the discriminant Q-
divisor (resp. moduli Q-divisor) with respect to the klt-trivial fibration go. We see that (X, Ag + g("; Dy)
is klt in the same way. We also have the relations Ky + A+g*D ~c,g 0and Kxy/ + A’ +g* D' ~¢c g 0.
Thus, we have a unique extension

a: (X, A+g*D, H)y= (X' A'+¢g*D' H)

of a® over C by Proposition 4.4. Here, a*g"* D’ = g*D. Thus, a*¢"* E| = ¢*E; and «*g* E, = g* E;
hold and they generate the pencils defining the two contractions g’ o « and g. Therefore, we have a
natural extension B: (C, £) = (C’, £') of B°. It is easy to see that («, B) is an isomorphism from g to g’
over C. O

To construct our moduli spaces, we only need Theorem 4.6 for uniformly adiabatically K-stable g;. In
this case, Theorem 4.6 follows from [Hattori 2024a, Corollary 3.22] when k = C. Since we do not
know whether (X, Ay, e Hy+ g O(1)) is specially K-semistable or not, we cannot apply [Hattori 2024a,
Corollary 3.22] directly. Theorem 4.6 is applicable to the case when g6 is an adiabatically K-semistable
klt-trivial fibration; see [Hattori 2022, Theorem Al].

The following is also important for construction of our moduli spaces.
Corollary 4.7 (finiteness of stabilizers) Let f: (X, A, H) — P! be a polarized uniformly adia-

batically K-stable klt-trivial fibration such that —(Kx + A) is nef and not numerically trivial. Then
Aut(f: (X,A, H) — (P!, 0p1(1))) is a finite group.

Proof Since Aut(f: (X,A, H) — (P!,0p1(1))) is represented by a closed subgroup of a linear
algebraic group Aut (X, A, H) x Aut (P!, Op1(1)) [Fantechi et al. 2005, Section 5.6], it is sufficient to
show that Aut (f: (X, A, H) — (P!, Op1(1))) is proper. Let C be an arbitrary affine curve and fix a
closed point 0 € C. Set C° := C \ {0} and take an arbitrary isomorphism

9° € Aut (f|x.a.myxce: (X, A, H)x C° — (P!, 0p1(1)) x C°).
By Theorem 4.6, we extend ¢° to ¢ over C entirely. |
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4.3 Invariance of plurigenera

In this subsection we prove a result on the invariance of plurigenera, which is a generalization of
[Nakayama 1986] and a key statement to construct our moduli spaces.

Theorem 4.8 Let f: (X, A) — S be alog Q-Gorenstein family such that S is a normal variety. Suppose
that there is e € {1, —1} such that for every geometric point s € S, (X5, Ay) is a kit pair and e(K x, + Ay)
is semiample. Let r be a positive integer such that r(Ky ;s + A) is Cartier. Then, for every positive
integer n, the function

S 5t > dim HO(X;, Oy, (enr(Kx, + Ay)))

is constant.
First, we treat the case when S is a curve.

Proposition 4.9 Let f: (X, A) — C be a log Q-Gorenstein family such that C is a curve and all closed
fibers of f are kit pairs. Let D be a Cartier divisor on X such that D — (Ky + A) is semiample over C.
Then, for every closed fiber F of f, the natural morphism f,Ox (D) — H°(F, Op(D|F)) is surjective.

Proof Note that X is a normal variety. The klt property of the closed fibers of f and the inversion of
adjunction [Kawakita 2007] imply that (X, A) is klt. Let g: ¥ — X be a log resolution of (X, A). We
can write

Ky +Ay =g"(Kx + M)+ E

for some effective Q-divisors Ay and E which have no common component. Then (Y, Ay + [E] — E)
is a log smooth klt pair. Let ¢ € C be an arbitrary closed point with the fiber F := f*c. Then
("D +[ET-¢"F)—(Ky +(Ay +[E] - E)) =g"(D—(Kx + A= F)).

Thus, (¢*D+[E]1—g*F)—(Ky +(Ay +[E]—E)) is nef and big over X, and the divisor is semiample
over C because D — (Ky + A) is semiample over C by the hypothesis. By the Kawamata—Viehweg
vanishing theorem, we have R9g.Oy(g*D + [E]—g* F) =0 for every ¢ > 0. Thus, the Leray spectral
sequence implies

R (f0g)«Oy(g*D+[E]1—g*F) = R fi(g+Oy(g*(D— F) +[E])) = R' /xOx(D - F),

where the last equality follows from that E is effective and g-exceptional. By applying the torsion-free
theorem [Fujino 2011, Theorem 6.3(i)] to fog:Y - C,g*D+ [E|—g*F and (Y,Ay + [E]—E),
we see that R! f,Ox (D — F) is torsion free. Now consider the exact sequence
f+0x(D) > fxO(D|F) > R' fs0x (D~ F)
which is induced by
0—>Ox(D—F)— Ox(D)— Or(D|F) — 0.
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Since R! £, Ox (D — F) is torsion free and f,Of(D|F) is zero outside c, we see that § is the zero map.
This implies that
fxOx(D) = fxOF(D|F) = H*(F.OF(D|F))

is surjective. d

Proof of Theorem 4.8 It is sufficient to prove that the equality
dim H (X, Oy, (enr(Kx, + Ay))) = dim H°(Xy, Ox,, (enr(Kx,, + Ax,,)))

holds for any two closed points s, s' € S. Let C C S be a connected (but not necessarily irreducible or
smooth) curve passing through s and s’; see [Mumford 2008, Section 6, Lemma]. Replacing S with the
normalization of any component of C, we may assume that S is a curve.

By the hypothesis, e(Ky + A) is f-nef. Since the restriction of e(Ky + A) to the geometric generic fiber
is semiample, e(Ky + A) is f-abundant [Fujino 2012, Definition 4.1]. By [Fujino 2012, Theorem 1.1],
e(Ky + A) is semiample over S. Then enr(Ky + A) — (Ky + A) is also semiample over S for every
positive integer n. By Proposition 4.9, for every closed fiber F', the morphism

J+Ox (enr(Kx + A)) — H(F, Op(enr(KFp + A|F)))

is surjective. By the cohomology and base change theorem, dim H°(X,, Oy, (enr(Kx, + Ay))) is
independent of 7 € S. a

5 Construction of moduli

In this section, we construct the moduli of uniformly adiabatically K-stable polarized klt-trivial fibrations
over curves such that the canonical divisor is not numerically trivial. Throughout this section, we fix
d € Zi>o, u € Qo with e :=u/[ul, v € Q>0 and w € Q5. We define

(1) f is a uniformly adiabatically K-stable polarized klt-
trivial fibration over a curve C,

(i) dimX =d,
3d,v,u,w =4/ (X, A=0,4)—->C (ili) Kx = uf™H for some line bundle H on C such that
deg H =1,

(iv) A is an ample line bundle on X such that (Ky - A971) =
uv and vol(4) < w.

Then it is not difficult to check that if f/: (X, A =0, A) — C is an element of 3, ., then (X,0) —
C € &4 10y,v,u» Where B4 (03 44 is the set B4 g , , in Section 3 with ® = {0}. By Lemma 3.1, there

exists an r € Zx, depending only on d, u and v, such that for any element f: (X,0) — C of &4 (03,04
we have erKy ~ f*D for some very ample Cartier divisor D on C.
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The following theorem is the main result of this paper.

Theorem 5.1 We fixd € Z~q,u € Qxo withe :=u/|ul|,v € Qso, w € Qs andr € Z~o in Lemma 3.1
for &4 (0y,v,u- Let Mgy uw,r be a full subcategory of ‘Bol such that for any locally Noetherian scheme S

over k, we define .4y y , v, (S) to be a groupoid whose objects are

(1) my is a flat projective morphism and X is a scheme,

(i) & € Picy;s(S) such that o% is ample for any geometric point s € S,

(X, o) ——— C | (iii) a)g} S exists as a line bundle,

ﬂx\\ / (iv) JTX*CUE‘{.‘;S] is locally free and generates H®(X;, Ox,(lerK,)) for any
S point s € S and any / € Z~,

(v) f isthe ample model of wgf/ré over S and f5:(X5,0,.9%) = Cs €34 v.u.w

for any geometric point s € S.

Then 4 gy uw,r 1 a separated Deligne-Mumford stack of finite type over k. Furthermore, there exists a

coarse moduli space of Mg y yw,r-

Remark 5.2 For any S-isomorphism g: X — & as above, we have a unique S-isomorphism /2:C — C’
such that " og = ho f. This is the reason why we do not consider morphisms between C and C’.

In this section, for every object (X, &) — C € Mgy y w,r(S), the structure morphism (X, &) — S is
denoted by 7y unless otherwise stated. When an object (X7, 271) — Cr of .44 4y, (T) is the base
change of (X, #/) — C by T — S, the morphism ;. is nothing but (7x)r as in (11) in Notation and
conventions.

Lemma 5.3 .#y y 4 r 1S a stack.

Proof We first check that .#y ,, 4, is a category fibered in groupoids. It suffices to show that for
any my: (X, o) —C— S € .My yuwr(S)and any morphism 2: T — S of schemes, the base change
(X1, 91) — Cr — T is the pullback of & along / in the sense of [Olsson 2016, Definition 3.1.1].
By the conditions (iv) and (v) in the definition of .#; , , 4, and the theorem of cohomology and base

change, we see that
. / . /
Cr :=Cxs T =Projg ( EB nX*a)E,(‘/"g]) xg T = PrOJT(EB T[XT*Q)E(;;]T)‘
=0 1=0
This shows (X, 1) — C1 € My puw,(T). Hence, 4y 1.» is indeed a category fibered in groupoids.
From now on, we check that .#;  , .., 1s a stack. Since Definition 2.9(1) has been already checked in
Lemma 2.15, it suffices to show the condition of Definition 2.9 (2) for .4 v, We note that . y 4 1. r

satisfies the condition of Remark 2.10. Let g: S” — S be an étale covering and ( f’: (X’, &') - C',0) a
descent datum with the structure morphism 7y : (X/, &7') — S’. We will show that ( f”, o) is effective.
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By Lemma 2.15, (wy: (X', /') — S, 0) is a descent datum in Bol. Therefore, the datum comes from
some element 7: (X, &) — S € Pol(S). By the functoriality of a)g,] /s and [Fantechi et al. 2005,
Theorem 4.23], there exists a line bundle . on X such that

gjfj = a)g/]/S/s
and there exists a morphism w%’ § — £ whose pullback g}wﬁ/’ g g3 coincides with the natural
morphism wf,’} 5 a)g,] /s From these facts, we have that .¥ = a)g} s By the faithful flatness of g
and the flat base change theorem [Hartshorne 1977, II1, Proposition 9.3], the condition (iv) of .#Zyg 4 y w,r
Uer]

holds for 7. Thus, a)gf,r/]s/ is relatively semiample, and if we set C := Projg (P;so 7@ X‘; s ), then

Cxs S’ =Projg ( @ nX/*wEéf/r;,) =
>0
by [Hartshorne 1977, III, Theorem 12.11]. Let f: X — C be the canonical morphism. Then the base

change of f by S’ — S is isomorphic to f”. From this, (v) of .#4 4 ., holds for f: (X, «/) — C. This
shows f: (X, ) — C € Mgy uwr(S), and hence (f”,0) is an effective descent datum. m]

Note that the set of all klt-trivial fibrations over k belonging to 34, 4, coincides with the set of isomorphic
classes of .Zy y uw,r (Speck). From now on, we fix I € Z+¢ as in Corollary 3.8 for &4 (0} y,u,1- Note

that Sd,v,u,w C de,{o},v,u,w-

Lemma 5.4 Foranydy,d,ds € Z~o and h € Q[t], let #y, 4, 4,1 be a full subcategory of Mg 4 y w,r
such that for any locally Noetherian scheme S over k, we define a groupoid .#y4, 4, 4, .#(S) whose

objects are

for every geometric point 5 € S,

° hO(XE, OXT([&{E)) — dl’
fi (X, o) >Ce ) o Oy, Oxe((I + 1)) = db,
: ) —> (S
dvuw,r . ho(?(g, OXI(eVKXA—,)) =d;,

¢ the Hilbert polynomial of A5 with respect to
(21 + 1) o5+ erKy; is h.

Then .4y, 4,.4;,1 1s an open and closed substack of .# 4 4 y .- Furthermore, there are only finitely many
dy.d,d3 € 7~ and h € Q[t] such that .#y, g4, 4, Is not an empty stack.

Proof By Theorem 4.8, any scheme S and f: (X, &) — C € Mg 4w (S) satisfy the property that
hO (X5, Ox, (1.9%)), h° (X5, Ox, (I + 1).2%)), h° (X5, Ox,(erKx,)), and the Hilbert polynomial of X5
with respect to (21 + 1).<% + erK y. are locally constant on s € S. The first assertion follows from this
fact. The second assertion follows from Lemma 3.1 and Corollary 3.8. |
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The invariants 4°(X5, O, (1.9%)) and h®(X5, Ox. (I + 1).%)) in Lemma 5.4 are used to determine
o € PICX/S(S)

Notation 5.5 For each dy,d,,d3 € Z~¢ and h € Q[t], we set
H = Hilb PA—1 5 pda—1 y pds—11:P7OM®; 0 250(1)

Let 7:U — H be the morphism from the universal family &/. We set p;: U — IP’I(f{_l as the morphism

induced by the projections Pfll_l X H IP’;ZIZ_I X H IP)I‘?_I — IP;{I"_I. We remark that H is of finite type

over k.
For any morphism 7" — H, the morphism 77 : Uy — T denotes the base change of 7 by T — H.

Proposition 5.6 Fix I € Z- of Corollary 3.8. For all dy, d,, d3 € Z~o and h € Q]t], the following
$: (Schy )P — Sets is a well-defined functor and §) is represented by a locally closed subscheme
Na, d»,d5,n C H: For a scheme S, define

| € .My, dy,d;,1(S) is such that o is
represented by a line bundle, and

p1: Ps(mawcs®) > PI

p2: Ps(mas®t1) - IP’?Z_l and /N’

03" Ps(fl’)(*a)/[:/r}s.) — sz‘_l are

NS) =5/ (X, o) —C,p1, p2,p3)

isomorphisms
where (f: (X, &) — C, p1.p2.p3) ~ (f": (X',&") — C'. p}.p,. p3) if and only if there exists an
isomorphism o (X, ) — (X', ") of Mg 4y w.r(S) (see the definition of *Bol) such that the induced
isomorphisms

o Ps(ﬂX*Qf@I) —> Ps(ﬂ){/*ﬂ/®1),

021 P (s T T1) — Ps (et ™11,

os3: IP’S(nX*a)Eg/rL]g) — Pg (n;g/*ng,r/]s),

satisfy p; oa; = p; fori = 1,2, 3. Here, the structure morphisms X — S and X’ — S are denoted by 7 x
and wy respectively, and the line bundle representing </ is denoted by <7 by abuse of notation.

In particular, Ny, 4, 4, 5 inherits the PGL(d;) x PGL(d;) x PGL(d3) action on H.

Proof We first note that Pg (77 vy« ®fI ) and Pg (s I+ 1) are independent of a representative of «7;
see the claim in the proof of Lemma 2.15. The well-definedness of §) follows from the fact that we can
define the pullback of (f, p1, p2. p3) € H(S) by any morphism S’ — S by using [Hartshorne 1977, III,
Theorem 12.11] and the condition (iv) of .#y 4 4 .. Indeed, by the properties of I (see Corollary 3.8),

we have
h' (X5, Oxs(1.o%5)) = h' (X5, O (I + 1)) =0
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for every i > 0 and geometric point 5 € S. Thus,
Py (mag @) = Ps (s ®l) x5 8,
PS/(HXS/*%S‘%IH) = Pg(mrsa® ) x5 S,
P (g0 5) = Ps (s 3) xs S'.

We will prove the proposition in several steps.

Step 1 In this step, we introduce a claim and give an explanation of the claim.

We will consider the following claim, which will be proved in Step 3.

Claim 1 There exists a locally closed subscheme N of H such that a morphism T — H factors through
N <> H if and only if there exists a T -ample line bundle </’ on U such that o/’ and Tp: U — T
satisfy the following.
(a) Any geometric fiber of Tt is connected and normal.
(b) pirand p, r are closed immersions for any geometric point teT.
(c) &"® ~p pT’T(’)Pil—l(l) and «/'®1+1 ~p p;’TOP?q(l).
(d) For any pointt € T, the morphisms O?d‘ — HOU;, «//®T) and (’)eTad2 — HO(U;, o//®TTY) are
surjective, h®(U;, 42%,@1) =d; and h°(U;, QZI@I“) =d,.
© @) ~1 P3O0,
(f) Us is a kit variety for any geometric point 1 € T .
(2) ﬁT*wz[j;;]T — H°U;, Oy, (lerKy,)) is surjective for any point ¢ € T and any | € Z~y.
(h) (’)?d3 — HOUy, Oy, (erKy,)) is surjective and h® Uy, Oy, (erKy,)) = d5 for any pointt € T.
(i) (U0, 42%?’) — 5,— € 34.v.u.w for any geometric pointt € T', where Ur — Cr is the ample model of
ler]
Oy T

Here, the morphism O?d‘ — HU,, ,cft@l ) in (d) is defined to be the composition
OeTadl — ﬁT*p;:TOP;zﬁq(l) — HO(Z/{t,p;k,tOsz'—l(l)) = HOUy, 7)®T),
where the last isomorphism is induced by «/'®! ~r Pi 7O a—1(1) in (c), and the other morphisms in
b PT
(d) and (h) are defined similarly.
We give a few words about the conditions (a)—(i). The roles of these conditions are as follows:

* (e), (g), and (i) are related to the conditions of .#Z; y y w - (T),
e (c), (d), (e) and (h) are utilized to prove the representability of £, and

* (a), (b) and (f) are extra and written just for the convenience of the proof.
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More precisely, (a), (b) and (f) immediately follow from (d), (i), and the properties of I in Corollary 3.8,
and there are the following correspondences:

* (e) implies (iii) of .Zy y 4w, (T),

* (g) corresponds to (iv) of g 4 y . (T),

* (i) corresponds to (v) of .#g 4 4w, r(T).
Thus, every morphism (U, «/') — Cr satisfying (a)—(i) is an object of .Zy y 4 .- (T).

Step 2 In this step, we prove Proposition 5.6 assuming the existence of N in Claim 1.

Let N be the scheme in Claim 1 and let Uy C IP’]‘{,I_I XN IP’I‘\?_1 X N IP’]‘\if_l be the universal subscheme.
We fix JZZV as in Claim 1. By (c¢) and (e), we can find line bundles M, M5, and M3 on N such that

PINOM) ~FRMi@ TRl pi NO() ~ Mo ® TR 3 O~ FA My @ 0l .

By (d) and (h) and applying [Mumford 1966, Lecture 7, Corollary 2] to the natural morphisms
05" — Fnapt yO() = M @ TN TS
0% s Fnypi NyO(1) = My ® Ty TS T,
05 = Anapi yO() = My @ Tyl .

we see that

®dy ~  o®l ®dy ~  TOI+1 ®d3 7 er
OF" = Mi@ TNy ORP =M@ TNy T OFT = M @ Fineaygy )y

From these relations, we obtain isomorphisms
i PnGinedy!) P!
Br: Py (FnwdBIT) S5 P27
~ . ~ [er] = d3—1
P3 - PN(T[N*(UUN/N) — PN3 .
This fact and the universal property of N show that there exists an injective map
n(S): Hom(S, N) = H(S)
which maps y: S — N to (fs: (Us, os) — Cs, P1,8, 02,8, P3,8), Where p; s is the base change of p;
by S. Therefore we obtain a morphism 7: Hom(e, N) — .

It suffices to prove the surjectivity of n. In general, for two locally free sheaves £ and £ on S with
an S-isomorphism g: Pg(€) — Pg(£’), we have g*Opg (e (1) ~s5 Opg(e)(1). Indeed, we put F :=
¥ Opg(en(1) ® Opg(g)(—1). Then F is locally trivial over S by [Mumford et al. 1994, Section 0.5(b)].
Thus, the pushforward of F to S is an invertible sheaf. From this fact and the global generation of F over S,
we have g*Opg (e (1) ~s5 Opg(s)(1). By using this fact, for any object (f': (X, %) — C, p1. p2. p3) of
H(S) with the canonical morphisms

fI:X—>IP’S(nX*D<z7®I), fﬁ:X—)PS(nX*%QMH) and f3:X—>PS(nX*w£§/r39),
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we have
M (P10 /) OM) ~s 7®L. (pr0 f2)*O(1) ~5 #®H and (p30 f2)*O(1) ~5 0]

By the properties of 7 in Corollary 3.8 and the condition (iv) of .# , v, With the aid of [Hartshorne

1977, TI1, Theorem 12.11], we see that the fibers of 7y ®!, Ty a7®IT! and JTX*C()E:;}S. coincide with

HO (x5, %E@I ), HO(X5, %E@I 1) and HO(x5, Ox.(erKx;)), respectively, over every geometric point
s € S. Then the three linear equivalences in (I) induce the surjective morphisms

a 0% HO(x,, 7®1), 0% HO(X,, #®1F) and 0% - HO(X;, O (erKax,))
for any point s € S.

We set p; := p; o fi. By the properties of I in Corollary 3.8, p; 5 is a closed immersion for every
geometric point s € S. Thus,
di—1 dr—1 d;—1
PIXPrXp3: X =P xg P xg Py’

is a closed immersion. The morphism y: S — H corresponding to p; X p, X p3 factors through N
since (I) (resp. (II)) corresponds to (c) and (e) (resp. (d) and (h)). Then it immediately follows that n(S)
is surjective and hence 7 is an isomorphism.

Therefore, $ is represented by N and hence Proposition 5.6 holds if Claim 1 holds. We finish this step.
Step 3 In this final step, we prove Claim 1. To prove Claim 1, it suffices to check that (a)—(i) are locally
closed conditions.
We first deal with (a) and (b). By [Grothendieck 1966, Théoreme (12.2.1) and (12.2.4)], the subset

U, :={s € H | Us is geometrically connected and geometrically normal}
is open. By [Gortz and Wedhorn 2010, Proposition 12.93], the subset

Uy:={seU | p1s:Us — IP’sdl_l and py s:Us — IP’Sdz_l are closed immersions} C U,
is also open.
Next, we treat (c). We put
7 % *
A = PZ,UZOP{E—I e pl,UZOP[‘g—l (=D).
Then the condition (c) implies that
'~ Y pOpai—1(=1) ® p3 7 Opar-1(1) = 7.
T T
Hence, the existence of &/’ satisfying (c) is equivalent to the 77-ampleness of </ and the relations
JJTE-@I ~T pT,TOPdl_] (1) and JZ;;@IJ’_I ~T p;,TOsz_l (1)
T T
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By Corollary 2.20, there exists a locally closed subscheme
Us; CcU,
such that a morphism 7" — U, factors through U3 < U, if and only if the relations

I p¥ O a1 (1) and 2T < pF O 41 (1
T T P1,T P;{l 1(1) T T Pa,1 ]P’;J.Z 1(1)

hold true. Since py y; is a closed immersion, %3 is Ty, -ample.

For (d), set
* ho(u57 '51;;®I) = dl’
Uy:={seUs|* h°Us, 72T+ =d,, and
¢ both Oad‘ — HO(U, ;z?s'@’l) and (’)3:12 — HO(U, $ZZ®I+1) are surjective.
Then Uy, is open. Indeed, pick a point s € U,. We take a line bundle M on Uj such that
~ o d—1
A M ~ Pruy,Op' (D).
By the third condition in U4 and the construction of (9(6]93(11 — HOU;, JZZ‘X)I ), we have that
ﬁU3*PT,USO(1) = M ®OU3 ﬁU3*~Q2[}8;I - HO(USa %@I)
is surjective. By [Hartshorne 1977, IIl, Theorem 12.11], M oy, 7’?U3*,;a7g; Tis locally free near s and
M ®OU3 ﬁU3*JZ%]®;I ®OU3 OU:;,S//mS/ - Ho(us/’ JZ;;@I)

is an isomorphism for every point s € U3 on some neighborhood of s, where my is the maximal ideal
of Oy, . Therefore we have that 4% (U, 42%‘?1 ) = d; for every point 5" on some neighborhood of s, and
the third condition on Uy implies that (9?]93‘11 — M®oy, ﬁU3*£%8; T is surjective at 5. Then the morphism

d T ~ 97 ~
O?Z e 7TU3*17T,U3(9(1) = M®oy, ”Us*%L%I - HO(US/,JMS@I)

is surjective for every point s’ on some neighborhood of s. By the same argument, we see that
" WUy, ,Q%:Q,M ) =d, and (’)IQZIZ — H(Uy, ;a%‘?l *1) is surjective for every point 5" on some neighborhood
of 5. In this way, if s € U, then a neighborhood of s is contained in U4, which implies the openness
of U4.

In this paragraph, we discuss the conditions (e) and (f). By Corollary 2.20, we may find a locally closed
subscheme
Us C Uy

such that a morphism 7' — Uy factors through Us if and only if !*”}

VT ~T p3 7O(1). Furthermore, the

subset
Ug = {t € Us |Z/{t—is kit}

is open since a)gT] /T is a line bundle; see [Kollar 2013, Corollary 4.10].

Geometry & Topology, Volume 29 (2025)



On boundedness and moduli spaces of K-stable Calabi—Yau fibrations over curves 1669

We will discuss condition (g) for three paragraphs. We fix an / € Z ¢, and we will discuss the surjectivity

of ﬁT*a)ge;]T

affine scheme U with a morphism U — Uy, we define functors F 0 and F L that send an affine scheme U’
over U to nU/*a)[ r/] U and Ran/*a)[l r/] U respectively. These are the same functors as discussed in
[Hartshorne 1977, 111, Section 12], and the functor F2 7 is always left exact by the flatness of nyﬁ*a)g;r} Ue-
Pick an affine open subset U C Ug. We pick a Grothendieck complex (K*, d*) for a)gs;]U. This is the same

complex as in [Mumford 2008, Section 5, Lemma 1]; see also [Hartshorne 1977, 111, Proposition 12.2].

— H®Uy, Oy, (lerKy,)) for every t € T, which we call condition (g);. For any Noetherian

We define a coherent sheaf
W!:=Coker(d®: K* — K)

on U. For any affine morphism g: 7' — U, the pullback of the complex (g*K*, g*d*) is a Grothendieck

complex with respect to a)g;;]T and

g*W! = Coker (g*d®: g*K® — g*K").

By applying Theorem 4.8 and [Mumford 2008, Section 5, Corollary 2] to the normalization of Ug, we
see that 7y, ., satisfies (g);. By [Hartshorne 1977, 111, Corollary 12.6 and Proposition 12,10], F; &ed is
exact and hence FllJred is left exact. By [Hartshorne 1977, 111, Proposition 12,4], wl ®oy Ou,, 1s flat for
any choice of (K*®, d*). By this fact and the flattening stratification for W1, we get a closed subscheme
Zy C U such that a morphism g: 7 — U factors through Zy < U if and only if g*W! is flat, which
is equivalent to the exactness of F? by [Hartshorne 1977, 111, Proposition 12.4]. From this, we can check
that Z is independent of the choice of (K*, d*) and hence Zy7|y» = Zy- for any affine open embedding
U’ — U. By these facts, we can construct a closed subscheme

U7(l) C Ug
by gluing all Zy for affine open subsets U C Us.

By construction, a morphism g’: T’ — Uy factors through U, ORIN Us if and only if g’ *W is flat for
any affine open subsets V' C T’ and U C Uy with the induced morphism gV. V — U. By [Hartshorne
1977, 111, Proposition 12.4], g/ *W is flat if and only if F Il, is left exact. By recalling that F}, 9 is always
left exact, we see that F}}, is left exact if and only if F}) is exact. Thus, g’: 7" — Us factors through
U7(l) < Ug if and only if F 19 is exact for any affine open subset V' C T'. By the argument of cohomology
and base change [Hartshorne 1977, 111, Proposition 12.5, Corollary 12.6 and Proposition 12.10], the
exactness of FJ; 9 for every V C T is equivalent to the condition (g);. In this way, g’: T’ — Uy factors
through U( ) ey Us if and only if the morphism 77/ : Uy, — T’ satisfies (g);.

By the above argument, we have a sequence of closed subschemes of Ug
U2 U 500 nu® = v 5y, P 5
and the Noetherian property of Ug implies that the above sequence is stationary and

U= ) U cUs
IEZ>0
Geometry & Topology, Volume 29 (2025)



1670 Kenta Hashizume and Masafumi Hattori
is well-defined as a closed subscheme. By the construction of U7(l) , a morphism 7" — Uy factors through
U; < Ug if and only if Uy — T satisfies (g). We have finished discussing (g).
By Theorem 4.8 and applying the same argument as in the construction of Uy, we see that

Ug :={seU;| (987‘13 — HUy, Ou, (erKy,)) is surjective, h° (Us, Ous(erKy)) = ds}
is open. This corresponds to (h).

Finally, we discuss the condition (i). We put

~ . ~ l
C :=Projy, ( @ HUS*wZE{(Z:}US)'

=0
Let f: Uy, — C be the induced morphism. Now the sheaf a)gTr}T is Tr-semiample by the construction
of Us. Furthermore,
Cr = Projr ( @ ﬁT*wz[zl;;]T)

>0

for any morphism 7' — Ug by the condition (g) and [Hartshorne 1977, Theorem 12.11]. Thus, f;:Us — Cs

is the contraction induced by e K. for any geometric point 5 € Us. We consider the set
(P02 272) =0, (p3 ;0(1)- 74~ 1) = eruv,}

Uy := {S e Ug ~
vol(e%) < w and Ivol(erK;) = eru.

We note that if the Iitaka dimension of e K. is one, we have Ivol(erK;.) = r - Ivol(e K4 ). This fact and
(e) show that a point s € Ug is contained Uy if and only if (U4, ;z%) — 55 satisfies (ii)—(iv) of 34,4 4.w- We
will check that Uy is open. By applying Theorem 4.8 to the normalization of Ug, we see that the function
Us > s — ho(Us, Oy (emrKy))
is locally constant for every m € Z~y. We also see that
Us 35 = ((p3,0(0-772), (p3,0(1) - 7 ~1). vol()) € Q°

is locally constant by the flatness. Therefore, we see that Ug is open. Now it suffices to show the uniform
adiabatic K-stability of f; for any geometric point 5 € Ug. If u > 0, every f; is uniformly adiabatically
K-stable and hence we may set N := Uy. If u < 0, then we apply Theorem 4.2 and Example 2.28 to the
normalization Uy of Uy and Uyy — c vy and we obtain an open subset

W cuy

such that s € Uy’ is contained in W if and only if f5 is uniformly adiabatically K-stable. Let v: Uy — Uy
be the morphism of the normalization. Since v is surjective and closed and W = v~ (v(W)), the set

N =v(W)

is open. Moreover, a geometric point s € Uy is a point of N if and only if f5 is uniformly adiabatically
K-stable. Thus, we have finished discussing the condition (i).

Geometry & Topology, Volume 29 (2025)



On boundedness and moduli spaces of K-stable Calabi—Yau fibrations over curves 1671

By the above argument, a morphism 7" — H factors through N < H, if and only if there exists .’ as in
Claim 1 such that 77 : Uy — T and &/ satisfy (a)—(i). We have finished the proof of Claim 1.

This completes the proof of Proposition 5.6. a
Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1 By Lemma 5.3, .# , 4 ., is a stack. We have

///d,v,u,w,r = |_| '%dl ,d2,d3,h
dy,d>,d3, h

as stacks. Thanks to Lemma 5.4, it suffices to check that .#y, 4, 4 1 15 a separated Deligne-Mumford
stack of finite type over k for the fixed d1, d;, d3 and /.

Fix dy, d», d3 and h. We put N := Ng, 4, ds.h» Where Ny, 4, 4, 5 is in Proposition 5.6, and let
an: Uy, JN) — N be the universal family in Proposition 5.6. We check that

Mg, ay.dy = [N/PGL(dy) x PGL(dy) x PGL(d3)].

We first construct a morphism from .#y, 4, 4,,n t0 [N/PGL(d;) x PGL(d,) x PGL(d3)]. By regarding
N and #g, 4, 4,1 s stacks and using (U, ,SZZV) — N, we get a morphism N — .4y, 4, 4,,n between
stacks. Take a scheme S and g: (X, ) — C € #y4, 4,,4;,n(S). By the 2-Yoneda lemma [Olsson
2016, Proposition 3.2.2] and regarding S and .#y, 4,.4;,» as stacks, we can find a morphism S —
Mg, .d,.ds.n that corresponds to g: (X, /) — C. For any étale covering S” — S such that the pullback
of &/ is represented by a 7y, -ample line bundle /', the definition of .# 4 4. and [Hartshorne
1977, 11, Theorem 12.11] imply that JIXS,*M@I, nXS,*,saf’@”'l and JTXS,*CI)E?;/]/S, are locally free
sheaves of ranks d;, d, and d3, respectively. Since N is the scheme representing §) (Proposition 5.6),
S" X4, ay.ayn N is represented by

/®I+1)’ Pd,z_l)

Vixg g = Isoms/(]P’S/(nXS,*,sz/@I), Pg}_l) X s Isomg/ (Ps/ (g« o/ S

X g7 IsomS/(IP’S/(NXS,*a)EZ/]/S/), lP’f;’?_l).

«ay.ayn N of a principal PGL(d1) x PGL(d>) x PGL(d3)-bundle over S’.
In particular, S’ Xta, ay.ayn N 18 affine over S’. Hence, S X g,

Thus, we can think S’ X tg,

dy.ds.h N is represented by an affine

scheme over S [Olsson 2016, Proposition 4.4.9]. Then S Xay ay.azn N is a principal PGL(d;) x
PGL(d,) x PGL(d3)-bundle over S [Fantechi et al. 2005, Proposition 2.36], and the natural morphism
N7 dydz.azn N > N s PGL(d;) x PGL(d3) x PGL(d3)-equivariant by Proposition 5.6. For each
scheme S, by considering the map

(S - %dldestah) = (S X‘%dl,dz.d?,.h N - N)
and using the 2-Yoneda lemma on the left-hand side, we obtain a morphism
&: Ma, dy,d5,n — [N/PGL(d) x PGL(d3) x PGL(d3)]

between stacks.
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In this paragraph we prove that £ is an isomorphism. By [Olsson 2016, Proposition 3.1.10], it suffices to
show the full faithfulness and the essential surjectivity of

§(S) = &lay ay.ay. () dy d2,d3,h(S) = [N/PGL(d}) X PGL(d) x PGL(d3)](S)

for a fixed scheme S. To prove the full faithfulness, we pick objects g: (X, &) > Cand g": (X', &") — C’
of .44, .a,.45,n(S). Taking an étale covering of S, we may assume that &/ and </’ are line bundles. By
construction, &£(.S) defines a map

Isomg (X, ), (X', ")) = Hom(V (x ), V(xr.a),

¢+ ((p1,p2.03) = (p1od ' p2od™ p3sop™)).
From this, the full faithfulness of £ (S') follows. For the essential surjectivity, we pick any objecta: P — N
of [N/PGL(d) xPGL(d,) xPGL(d3)](S). Here, P is a principal PGL(d) xPGL(d;) x PGL(d3)-bundle
over S and « is PGL(d;) x PGL(d,) x PGL(d3)-equivariant. By [Olsson 2016, Corollary 1.3.10], there
exists an étale covering B: S’ — S such that S’ x g P has a section S’ — S'xgP. Leto: S’ — S'xgP —> N
be the composition of the section and the natural morphism, and let (s, /s/) — Cg’ be an object
of 44, d,.d4;,n(S’) defined by the pullback of the universal family (U, dN) —> Cn via 0. Then

there exists an S’ x N-isomorphism S’ xg P — S’ X, N, where S" — .44, 4,.d45,1 is the

_ > .dy.d3.h
morphism corresponding to (Usg’, /s/) — Css. By this discussion and the full faithfulness, £(S) is
essentially surjective. Thus & is an isomorphism. In this way, .#4, 4,4, is categorically equivalent to

[N/PGL(d;) x PGL(d) x PGL(d3)]. Thus, .#4, 4, 4,1 is an Artin stack of finite type over k.

In the rest of the proof, we will prove that .#Zy, 4, 4, 5 i a separated Deligne-Mumford stack with
a coarse moduli space. By Theorem 2.17, it suffices to prove that the diagonal morphism is finite.
By Corollaries 4.5 and 4.7, we only need to prove that the diagonal morphism is proper. For any
scheme S and g;: (Xj, o) — C;i € Mg, 4,,4,,0(S) for i = 1,2, it suffices to show that the scheme
S =Isomg ((X1, «), (X,, o)) is proper over S. By [Fantechi et al. 2005, Proposition 2.36] and taking
an étale covering of S, we may assume that <) and </ are represented by line bundles. By abuse
of notation, we denote them by ) and <%, respectively. Then .# is locally quasiprojective over .S
(Section 2.2).

Since the problem is local, by shrinking S, we may assume that .# is quasiprojective over .S and there
exist morphisms y;: S — N fori = 1,2 such that y*(fy: Un, an) — Cn) = gi, where fy is the

canonical morphism of the ample model of e’

Vir | T By the morphism S — N x N naturally induced

from y; and y,, we obtain

where U; (resp. U>) is the base change Uy X 5 (N x N) by the first (resp. second) projection N XN — N,
and 7] (resp. o75) is the pullback of /. From this, we may replace S by N x N. Hence, we may assume
that S is of finite type over k. By [Gortz and Wedhorn 2010, Corollary 13.101], it suffices to prove
that the natural morphism .# xg (S x A") — S x A", denoted by ¢, is a closed map for every n € Z~y.
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We pick a closed subset Z C .# x A", Note that ¢(Z) is constructible. By Lemma 2.2, to prove the
closedness of ¢(Z) it suffices to show that for any morphism ¢: C — ¢(Z) from a curve C such that
g Y (¢(2Z)) is dense in C, we have ¢(C) C ¢(Z). Consider the scheme

I = (I x A"y xgxan C = 7 x5 C.

Since ¢ is quasiprojective, we can find a curve D with a morphism D — _# such that the composition
D — ¢ — C is a dominant morphism. By considering a compactification of D over C, we obtain a
curve D such that D — C is surjective and D is an open subset of D. Then .# xg D is an open subset
of # x5 D,and . xg D = ¥ x¢c D — D has asection D' C .# xg D. This section can be extended to
a section D’ of (F X A") xgxan D ~ .7 xg D — D. Indeed, this fact follows from Proposition 4.4 if
u>0.If u <0, then Cj of any object f: (X, 4) — Cp of ///dl,dz,dg,h(ﬁ) is a P!-bundle over D by
Tsen’s theorem; see [Hartshorne 1977, V Section 2]. Thus, we can apply Theorem 4.6 and obtain D’.
Then

p(C)=Im(D - C - S xA") =Im(D’ < (F x A") xgxan D — 7 x A" £5> S x A") C ¢(Z).
Hence, ¢ is a closed map, which implies that the diagonal morphism is proper. It follows from this that
My, d»,ds,h 15 separated.

By the above argument, .#, 4,45, is a separated Deligne-Mumford stack of finite type over k with the
coarse moduli space. |

Now we prove Theorem 1.3. More specifically, we prove that .#; , , , is an open and closed substack of
M v u,rw fOr some w € Zy.

Proof of Theorem 1.3 We will freely use the notation 34, , and 34,4, in Section 1.

We first check that for any scheme S and f: (X,.o) — C € 444 4,,(S), there exists £ € Picc/s(S)
such that .25 = Op1 (1) for any geometric point 5 € S. Since u < 0, the morphism C — S is a smooth
morphism whose geometric fibers are P!; see Theorem 2.6. Thus, there is an étale covering S’ — S
such that C xg S’ = P!,; see the first paragraph of the proof of Theorem 4.2. Then Op L (1) satisfies

Pi]pé/opé/(l) = P;’]pé/op;/(l)’

where p1: S’ xgS"— S (resp. pr: S’ x5 8" — §’) is the first (resp. second) projection. Since Pic¢/ g
is an étale sheaf, there exists £ € Pic¢;g(S) that corresponds to Op . (1) under the canonical injection
Picc/s(S) — Pice/s(S’). By definition, it is easy to check that %5 = Op1 (1) for any geometric point
ses.

By the same argument as in the proof of Lemma 5.3, it follows that .#y , , , is a category fibered in
groupoids. By Proposition 3.4, we can find a positive integer w’, depending only on d, v and u, such that
forany f:(X,0,A4) — C € 34,4, together with a general fiber F of f, the divisor 4 + 14 F is ample
and vol(A4 +t4 F) < w' for some integer ¢4. Then

S (X, 0,44 t4F) > C €34 pum-
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Pick integers wy, ..., wy € (w’, w’ + dv] such that for each 1 <i <k there is an object f;: (X;,0, 4;) —
Ci € 3d,v.u,uw'+dv Such that vol(4;) = w;. Note that vol(4’) € Z for every f': (X',0,4") > C’ e
3d.v.u.w'+dv because A’ is a line bundle. Hence, we have

vol(4) = w;

for some i if vol(A4") > w’.

For each 1 <i <k, we set .#,, as the open and closed substack of .# , , w'+dv, that parametrizes
f (X, o) — C such that vol(«%) = w; for all geometric points 5 € S. Then there is a natural morphism

Yo, U Uy, —> Mdyur

between categories fibered in groupoids. If y is an isomorphism, then .#; , , , is an open and closed
substack of .#; y 4w/ +dv,r» and Theorem 1.3 immediately follows from Theorem 5.1. Therefore, it
suffices to prove that y is an isomorphism.

For a scheme S, we regard f: (X, /) — C € .#y,; (S) as an object of .# , ,, »(S). It suffices to show
the full faithfulness and the essential surjectivity of

Y (8) =V lsty, utitt, ()

for any scheme S'. Firstly, we prove the full faithfulness. By the definitions of .#y 4, ,, , and .4y 4 y,w'+dv.r»
we see that y(.S) is faithful. To show the fullness, take two objects f: (X, «7) = Cand f: (X', &) —C’
of Moy, U---U My, (S) and an isomorphism «: f — f’ in 4y, 4 ,(S). This means that o: X — X" is
an S-isomorphism and there exists an element % € Pic¢/s(S) such that a* &/’ = & ® f*%. To show
that o comes from an isomorphism in .#y,, U --- U .4y, it suffices to prove # = 0 as an element of
Picc/s(S). For any geometric point 5 € S, we have %5 ~ Op1(m) for some m € Z and

vol(4) = vol(ek) + dmuv.

By the property of wy, ..., wg, there exist two indices i and j such that w; = vol(«%) and w; = vol(<%).
Since |w; — wj| < dv, we have that m = 0. This implies %5 ~ Op1. By the proof of [Mumford et al.
1994, Section 0.5(b)], we see that 2 = 0 as an element of Picc/g(S). From this, it follows that y(S) is a
fully faithful functor.

Secondly, we prove the essential surjectivity of y(S). We fix an object f: (X, &) — C of Ay yur(S)
and a geometric point 5§ € S. As in the third paragraph of this proof, there is p € Z such that &4 ® ]%*D?E@p
is ample and

vol(5 ® f§*$§®p) <w

for every geometric point s € 5. Then there exists an open neighborhood U of 5 such that <% ® ft—*,,%?‘@p
is ample for any geometric point f € U. By shrinking U, we may assume that vol(«% ® fT*ft—@P ) is
independent of 7 € U. This is because the function

Ustrvol(#® 7 2°7) € Zsg
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$?®P+q :

is locally constant. Take a positive integer g such that <4 ® ft—* is ample and

w’ < vol(% ® f;*,ft_@p“Lq) = vol( ® ft—*.,??@p) +dgv <w' +dv

for any geometric point 7 € U. Then we see that vol (4 ® ft_*a%@p +q) = w; for some i. The above argument
shows that for any geometric point 5 € .S, there exists an open neighborhood U of 5 such that f'|yy comes
from ., U---U.#y, (U). More precisely, there exists a set of open subsets {Uy C S}yca With g € Z
such that there exists an integer i € [1, k] such that &% ® fE*.ZE@q* is ample and vol (% ® fg*.,%g@q’\) = w;
for any geometric point 5 € Uj. For any A, A" € A, if Uy N Uy, # &, then

®q;
vol(eh ® fF L2 ) = vol(oh @ f5 L2y + d (g — qar)v

for any geometric point's € Uy NU,,. Since we have |d (¢), —¢)/)v| < dv by construction, we have g = g;..
Then we can glue & ® f*.2®9x lz31(U,) and we obtain <" € Picy,s(S). By construction, there exists
an element % € Picg)s(S) such that & ® f*# =" and [ (X, &) = C € My, U---U. My, (S). This
means that y(S) is essentially surjective. Thus, we conclude that y is an isomorphism. O

Remark 5.7 In Theorem 5.1, we have constructed the moduli spaces depending on the choice of r of
Lemma 3.1. However, the reduced structures of these moduli stacks are independent of r. To see this, it
suffices to show the following:

(%) Fix r as in Lemma 3.1 and / € Z~ . For every reduced scheme S, every object f: (X, #) - C €
MG vuw,ir(S) is an object of .y 4 4w r(S).

To show (*), we only need to check (iii) and (iv) of .# y 4 v r(S) for [ (X, o) = C € Mgy uw,ir(S)
as above.

We first check (iii). Note that the function S 3 s > x(Xs, Ox, (lerK x, + mf)) is locally constant for
every m € Z. By the basepoint-freeness of erK x. and considering the exact sequence

0 — Oxs(kerK x, +mats) — Ox ((k + 1)erK y. + mai) - Op(mets|p) — 0
for every k > 0, where D € |erK x;| is a general member, we have
X(Xs, Ox, (kerKx, +mls)) = x(Xs, Ox,(m)) + kx (D, Op(m|p))

for every m € Z. Considering the case k =/, we see that x(D, Op(ma|p)) is locally constant on s € S.
Therefore, the function

S 35+ (X, On, (kerK x, + mats))

is locally constant for every m € Z and k € Z>¢. By Theorem 2.19, there is the universal hull a)g} s- By
[r]

the definition of 7 in Lemma 3.1, the sheaf . is invertible for any geometric point s € S. From this,

ol

x/S exists as a line bundle. Therefore (iii) of .Zy y 4 4. (S) is satisfied.
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Next, we check (iv) of .#Z4 4 y 1. (S). By applying Theorem 4.8 to the normalization of S, the function
S 35+ dim H(X;, Ox, (kerKy,))

is locally constant for every k > 0. By [Mumford 2008, Section 5, Corollary 2] and the reducedness of S,
we see that (iv) of .Z y 4w, (S) is satisfied.

From the above discussion, we have f: (X, %) —C € #q 4 y,u,r(S). Thus, we see that (x) holds and the
reduced structures of .7y y 4 1.1 and Ay y 4 1, are the same. As we saw in the proof of Theorem 1.3,
Mg vu,r 18 an open and closed substack of .# , ;4 and hence its reduced structure does not depend
on the choice of r.

6 Uniformity of adiabatic K-stability

This section is devoted to show Theorem 1.6 and Corollary 1.7. Throughout this section, we work over
the field of complex numbers C, and we will use §4.,,, and &4 , , , in Section 3. We fix d, n € Z~,,
uecQandveQsg. Forany w € Q- we consider the set

J:(X,A)—> Ce€&gypy, and A is an ample Cartier}

d,n,v,u,w divisor satisfying (iv) of § ,., such that vol(4) < w.

GG = {f:(X,A,A)—>C

Recall from by Theorem 3.6 and Remark 3.7 that there exists m € Z- o, depending only on d, n, u and v,
such that for any element f: (X, A, A) — C of &4 (1/m)ZM[0,1],v,u,w» M A is Cartier. Thus, we can regard
f:(X,A,mA) — C as an element of &

d.nmé—lvy,umiw’

First, we parametrize all elements of @Sa;l W when u # 0.

Proposition 6.1 Fix d, n, u, v and w as above such that u # 0. Then there exist a log Q-Gorenstein
family f: (X,D) — S, an f-ample Carter divisor «# on X, and an S -morphism g : X — C such that S is
a normal scheme of finite type over C, C is a normal scheme which is smooth and projective over S, and

moreover,
e we have gg: (X;, Dy, o) — Cs € (’55*‘; v fOr any closed point s € S, and
e foranyelement h: (X,A,A)— C € 623;1 v there exist a closed point s € S and isomorphisms

a: (X, Dg) — (X,A) and B: Cy — C satisfyinghoa = fo gs and a* A ~ 7.

Proof The case when the boundary A is zero in the proposition easily follows from Proposition 5.6. In
the general case, the proposition holds true by the standard argument of the boundedness and the idea in
the proof of Proposition 5.6. |

The following is the key step to showing Theorem 1.6 for the case when u > 0.
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Theorem 6.2 Let f: (X,D) — S be a log Q-Gorenstein family and A an f-ample line bundle on X .
Suppose that K ;s + D is nef over S and the fiber (X, Ds) over any closed point s € S is kIt.

Then there exists a positive rational number € such that (X, Dy, € As + K x, + Dy) is specially K-stable
for the fiber (X, Dy, As) over any closed point s € S and any rational number € € (0, €y). Furthermore,
there exists a positive rational number « such that

Mg‘A()}, M) > a(j€A~Y+KXs +DS)NA(y, M)
for any rational number € € (0, €p), closed point s € S, and normal semiample test configuration (), M)
for (X, €As + Kx, + Dy).
Proof First, we note that A+ K y,g + D is f-ample. By [Blum and Liu 2022, Proposition 5.3], there
exists 8o > 0 such that a(y, p,)(As + Kx, + Ds) = ¢ for any closed point s € S. We also have
O‘(Xsa’Ds)(AS + K-Xs =+ Ds) = a(Xy,Ds)(GAS + K-Xs + DS)

for € € (0, 1). We put d as the relative dimension of /. By Lemma 2.27, we have

d+1
(6-1) S(XS,DX)(EAS + K)(s + Ds) > a(Xs,Ds)(EAS + K)(s + Ds)

d+1 d+1
= d a(Xs;Ds)(As + K-Xs + DS) >

d8o-

By Theorem 2.32, there exists a positive rational number C, which depends only on the numbers
(Kx +A)4=1. A for 0 <i <d, such that (X, €A+ Ky + A) is uniformly JKx +A+Ce(€d+Kx+A) grape
for any € > 0 and d-dimensional polarized kit pair (X, A, L) such that Ky + A is nef. By the flatness
of f,the (Kx, +Ds)d_i -.Ag are independent of s, hence we can choose C so that (Xy, € As+ Ky, +Dy) is
JKos +Ds+Ce(eAs+ Ky +Ds) _gtable for any s € S. By taking € such that 0 < eq < min{(d + 1)8,/(dC), 1},

we have (d +1)8
Mg?(y, M) > (TO _ CGO) (jGAs+KXs +DS)NA(y, M)

for any rational number € € (0, €¢), closed point s € S and normal semiample test configuration (), M)
fOI' (XS,EAS +KX‘ +DS) D

Now we assume u < 0. In this case, we need to show that the uniform “convergence of the §-invariant”
(cf [Hattori 2022, Theorem D]) holds for all polarized klt-trivial fibrations belonging to one family.

Proposition 6.3 Let S be a normal variety and f: X — P é be a contraction of normal varieties over S.
Suppose that w: (X, D) — S is a log Q-Gorenstein family such that any geometric fiber is a kit pair. Let
‘H be a w-ample Cartier divisor on X. Suppose further that there exists a positive real number u such that

lim S(Xj,Dy)(GHE-i_ fE*O(l)) >u
€e—0
for any geometric fiber f5: (X5, D5, Hy) — Pl overse S.
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Then for any 8y > 0, there exists a positive real number € such that
85,5 (M5 + f7O(1) = u— 8o

for any rational number € € (0, €g) and geometric point 5 € S.

Proof By [Blum and Liu 2022, Theorem 6.6], if

S(x,.m) (€Hs + fFO(1)) = u— 6
holds for any closed point s € S, then

S(xs,mp) (€Hs + f5O(1)) Zu—3o

also holds for any geometric point 5 € S since the set of all closed points is Zariski dense. Thus, it suffices
to show the assertion for all closed points of S.

First, we note that to show the assertion, we may freely shrink S or replace S by S’ with an étale
morphism S” — S Indeed, if we can prove Proposition 6.3 for a nonempty open subset U C S, then the
assertion for S follows from Noetherian induction. Thus, we may assume as in the proof of Lemma 4.1

X
I
h 1

» Pg

that S is smooth and there exists a diagram

g
—

y
(6-2) f ’l
4%

of projective morphisms, where ) and W are smooth varieties, with snc divisors ¥ on W and E on ),
respectively, such that
(1) A is birational and g is a log resolution of (X, D),
(ii) f”’ is a contraction,
(iii) E D f"* X U Supp(g; D) UEx(g) and the vertical part of Xy with respect to f’ maps into X,
(iv) the restriction of f”: (Y, E) — W over W\ X is log smooth.

Since W is isomorphic to P é over any codimension one point of P L, we may shrink S and assume that
Wx=Pp é Taking a suitable étale morphism 7" — .S and replacing .S by 7', we may further assume that

(v) (¥,E)and (P!, ) are log smooth over S and any stratum of & or X has geometrically integral
fibers over S

Then we apply Lemma 4.1 to S and we conclude by shrinking S that By = B for any closed point
s € S, where B (resp. By) is the discriminant divisor with respect to f* (resp. fs). We may also assume
by shrinking S that there exists a section S’ of IP’& — § disjoint from X. Then, we show the following
claim.
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Claim 2 There exist positive real numbers ¢ and 66 that satisfy the following for any closed point s € S
and rational number € € (0, €;).

(i) We have sup, mult, (g5 D)nor < ce for any effective Q-divisor D that is Q-linearly equivalent to
€Hs + f7O(1) (see (12) in Notation and conventions), where p € Y, runs over all closed points.
Here, we set mult,(D') = ordg(u* D’ — puy ! D') for any Q-divisor D', where 4 is the blowup of
Ys at p and E is the exceptional divisor.

(ii) There exists a positive integer m such that m¢e € Z and such that for any irreducible component G
of a fiber F of fsogg, and m € Z~¢ such that m¢|m,

Sm,G'Hs-f-fs*O(l)(GS) < %Tfs*(')(l)(Gs) +ce + C(mE)_l .

Here, we set Trxo(1)(Gs) := ordg, (Fs).

Proof LetX =)} ; Fjand (fog)*F;j =) aij Gl.(j ) be the irreducible decompositions. Note that Gl.(j )
has only smooth and irreducible fibers over S by condition (v) of the diagram (6-2). Note also that we
may shrink S freely by the same reason as in the second paragraph of the proof of Proposition 6.3. We
may further assume that S is quasiprojective and hence there exists a very ample line bundle .4 on ). Set
d as the relative dimension of f throughout this proof.

First, we deal with (i). We take m'| € Z~ ¢ such that m| A— K,/ s — G’ is ample, where G’ is an irreducible
component of (f o g)*F;j or (f o g)*(S’). Since all smooth fibers of f; o g, are linearly equivalent
to ((f 0 g)*(S")y,, m}As — Ky, — Gy is also ample for any irreducible component Gy of a fiber of
fs 0 gs and for any s € S. On the other hand, we obtain m'| € Z such that for any closed point p € ¥
and the blowup p: Y — Y at p with the exceptional divisor E, ,u*(m/l’ A) — E is ample by applying
[Lazarsfeld 2004, 1.4.14] to a suitable projective compactification of (), A). Let s = w o g(p) and Z
be an irreducible component of 373 such that p|z: Z — ) is the blowup at p € Ys. Then E N Z is
the (| z-exceptional divisor. Now we fix an irreducible component Gy of a fiber of fs o g¢ such that
p € Gs. Restricting divisors to Z, we can check that m := m'| 4 (d — 1)m] satisfies that for any closed
points s € S and p € Y, both pu|%(mAs— Ky, —Gs) —(d —1)(E N Z) and p|%(my Ag) — (E N Z) are
ample. Let Gy := (1] 2)5 ' G5 and note that Gy is smooth. Hence, there exists a positive integer mi, > 0
depending only on d such that m, (m; |5 As — E N Z)| G, is globally generated by applying the effective

basepoint-freeness [Kolldr 1993, Theorem 1.1] to és since
(WIE(m1 As — Ky, —Go) —(d = D(EN 2)g, = miulsAs—(EN2)|z — Kz

is ample. Then for any D effective Q-divisor Q-linearly equivalent to €, + f;*O(1), let y' := ﬂf:lz D;
and y 1= (u|z)«y’ for sufficiently general D; € |my(mypu|5As — (E N Z))|5y| such that y Z (g3 D)hor
and y’ ¢ ENZ. Since my |5 As— E N Z is ample, y’ intersects with £ N Z. Hence, y passes through p.

Geometry & Topology, Volume 29 (2025)



1680 Kenta Hashizume and Masafumi Hattori

On the other hand, we see that

V(&5 DInor = ¥"+ (1] 2)™((&5 D)hor)

= (ma(mi(p]2)*As = (EN 2))72 - Gy - (11]2)* (85 D)hor)

= (mam As)7% - Gy - (83 D)hor

< (mam A2 - (Trr0a)(Go)gs £ O(D) - (85 Dhhor

< (mam1 A) "2 - (T 001y (Go) gy £ O(1)) - g5 D

= e(mm2)? 7 Trr o) (Go) (A2 - gi My - g7 £7O(1).
Let T' = maxg, Trxp(1)(Gs). Then we see that 7' is independent of s € S by the conditions of the
diagram (6-2). Let M := (m1}712)‘1’_2T(Aff_2 @i Ms - g3 fFO(1)) > 0. Then, we see that this M is
independent of s € S and that mult, ((g5 D)nor) < Me for any closed points s € S and p € Y, and
any effective Q-divisor D that is Q-linearly equivalent to eHs + f;*O(1). Indeed, we saw in the above

argument that there exists a curve y ¢ (g5 D)nor passing through p such that y - (g5 D)nor < Me. Then,
we have

multp((g;kD)hor) = V/ . M*((g:D)hor) =V (g;kD)hor < Me.
Thus, we obtain the assertion (i).
Next, we deal with (ii). Fix t > 0 so that A" - g*(#; — 1 /*O(1)) < 0 for some closed point s € S.

Then, Hs — tf;"O(1) is not pseudoeffective for any s € S. Furthermore, take mg € Z~( such that
moH — (Kx/s + D) is w-ample.

We first treat the case when Gy is a smooth fiber of f; o g for any closed point s € S. Then, it follows
from [Fujita and Odaka 2018, Lemma 2.2] that

mh®(Xg, mety + mfFO()) S er,+ rx01)(Gs)

= Z ho(ys» g;(meHs + mfs*(’)(l)) —kGy)

k=1
m [met]

< 3" WOy, gl mety + m—k) [FON) + S hOy, g (mety)).
k=1 k=1

Recall that meH — Ky ;s — D is mw-ample for any m € Z~q such that me € Z and me > my. Then
W0 (Vs. g5 (meHs + k£ O(1)) = x(Xs. meHs +k f7O(1))

by the Kawamata—Viehweg vanishing theorem for any k& > 0 and any closed point s € S. Hence,
hO(Vs, g¥(mets + k f;*O(1))) is independent of s € S. We further have that

X (X, meH -I-ka*O(l)) = x(Xs, meHs) +kX(Gs,m€Hs|Gs)-
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Here, we note that x(Gy, me?Hs|g,) is also independent of s € S. Thus,
d_d—1

O3 HOOh & ney +mfFOM) = = (L f7O(1) + 0(6) + 0((me) ™).

Furthermore, we have by [Kollar and Mori 1998, Theorem 1.36] that for sufficiently large me and €1,

“ [met]
©4) Y KOs gl meHs +m =) FOO) + Y KOs gl (mets)
k=1 e
= @X(Gm WZEHS|GS) + (Wl + fmer])x()(s’ mGHs)
md-l—led—l dei . »
- W((Hs - J5rO(D) + O(e) + O((me)™)).

By (6-3) and (6-4), we see that there exist positive real numbers Cy, Cj and C{ such that
(6-5) Smerst from(Gs) < 3+ Cie + Cy(me)™!

for any rational number 0 < € < Cy !, positive integer m such that me € Z and me > max{Cy, mg},
closed point s € S, and smooth fiber G of f; o gs.

Next, we deal with the case when Gy is an irreducible component of a singular fiber of f o g5 for three

paragraphs. Recall that (f o g)*F; = lr,= o 4ij Gl.(j ) is the irreducible decomposition. Then, we see that
Gs = (Gl.(] ))|ys for some j and i. By renumbering Gi(] ), we may assume that G = G(()J ). We note that a
matrix (G](CJ S) . Gl(js) '.A;i_z)lsk,lsrj is negative definite [Li and Xu 2014, Lemma 1]. Thus, there exists a

Cartier divisor F/ =37 | ¢;G/) such that
G A2 (g U+ F)) <0
for i > 0 and for some closed point s € S. For some b € Z~¢, F" := F'+b(f og)* F; is effective. Then
the inequality
(6-6) G- A2 (@i M+ F)) <0

also holds for F”" and for any closed point s € S. Fix a positive integer a such that a( f o g)*F; — F" is
effective. We claim that for any closed point s € S, m € Z~¢ such that me € Z and k > 0,

(6-7) Vs, meFy +g5(meHs+mfFO(1)—kag;Gy) = 1O (s, meF, + gy (meHs +(m—k) f;FO(1))).
Indeed, note that

m( fs ogs)*Fj,s _kanGs = (m—k)(fs Ogs)*Fj,s +kZaijGi(’£),
i>0

and we claim that k ), a;j Gl.(js.)

is contained in the fixed part of the linear system
|meFy + gi (meHs +mfFO(1)) —kag;Gsl.
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For this, it suffices to show for any nonzero effective divisor M =) ,_, m,'Gl.(Js') and / € Z> that the
fixed part of the linear system |me Fy + g (meHs+1f*O(1)) + M | contains some Gl.(js) such that m; > 0.
Here, we see that

G A2 (meF) + g} (meHs +1f0(1) + M) < G- 4972 M

by (6-6), and Gl.(]s') -.A;"_Z - M < 0 for some i > 0 such that m; > 0 by [Li and Xu 2014, Lemma 1]. This
means that Gl.(g ) is contained in the fixed part and thus we obtain the equality (6-7).

By equation (6-7) and the fact that a(f o g)* F; — F" is effective, we have

mho(Xs’ meHts + mfs*o(l))sm,eﬂs +fs*(9(1)(Gs)
oo apj—1

<3 ) KO gFmeHs +mfFO() — (kag; —1)Gs)
k=1 [=0

o0
<ag; Y h°(Vs. g (meMs +mfFO(1)) —kao;Gs)
k=1

<ag; Y s meF! + gXmeHy + (m — k) ££O(1)))
k=0

<agj Yy h'(Vs. g5 (mets + (m —k + mea) £ O(1)))

k=0 [me(r+a)]

tagy Y, h's. gi(me(Hs +afFO(1) —kgy fFO1)).
k=1

By (6-3) and estimating the right-hand side of the above inequality as (6-4), we see that there exist positive
real numbers Cg{/, C&(()j) and Cg(()n > 0 such that

(6-8) Smeetts+ £ 00)(Go) = 300j + Cpon€ + Con(me)™!

-1

for any rational number 0 < € < CG( j» positive integer m such that me € Z and me > max{Cg§>, mo}
0

and closed point s € S.

Since there exist only finitely many possibilities of Gl.(j ), we see by the inequalities (6-5) and (6-8) that
there exist positive real numbers 66 and ¢ such that

Smerst 01 (Gs) < 3Trx01)(Gy) + ce + c(me) ™!
for any rational number 0 < € < 66, closed point s € S, irreducible component G of a fiber of f; o g

and m € Z~ such that me > 66_1 and me € Z. Thus, we obtain the assertion (ii) by taking m, € Z for

any rational number 0 < € < €[ such that mee > €5 ! and mee € Z. O

Finally, we show that Claim 2 implies Proposition 6.3. Take an arbitrary constant 0 < 8¢ < u. Let ¢
and 66 be as in Claim 2 and take m, € Z-( for any rational number 0 < € < 66 as (ii). Let Dy, be an
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m-basis type divisor of ey + f;*O(1) for any m € Z~ such that m¢|m and I" be a Q-divisor such that
gsx' = Dy and
Ky, +T' = g:(KXs + Ds)

for any closed point s € S. Now, we have

A(x,0)(Gs) = 3uTs0(1)(Gs)

by [Hattori 2022, Theorem D] for any irreducible component G of any fiber Fy of f; o gs. We note that
there exists a positive integer r such that r (K y,s + D) is Cartier. Then we see that for any geometric
point 5 € S, (X5, Ds) is (1/r)-lc. Let
) do 1
€0 = min] €, 0 U and 8o :=min o2t
8c(u—do) 4 °r

For any 0 <€ <€; and m € Z ¢ such that m|m and me > eg_l, we claim that (Vy, I'+(u—380) (g5 Dm)vert)

is log smooth and 56—sublc. Indeed, this follows from the conditions of the diagram (6-2), [Kollar and
Mori 1998, Corollary 2.31] and

Ay, (Gs) —ordg, (I + (u = 80)(&5 Dm)vert) = Ay, (Gs) —ordg, () = (u = 80) Sy e, + £-0(1)(Gs)

Tyr0(1)(Gs)
> A, ) (Gs) = (= o) (L=

> 180 Trro(1)(Gs) — (u — 8o)(ce + c(me) 1) > 16,

Let © = (T' 4 (g5 Dm)vert)red- Since (1 —85)0 > T 4 (u — 80)(g5 Dm)vert and (Y5, ©) is a log smooth
pair, we further have as the argument of [Boucksom et al. 2017, Step 2 in Proof of 9.14] that

Ay, (E) —ordg(T + (u — 80) (g5 Dm)ver) = 8y Ay, (E)

+ce+c(me)™)

for any prime divisor E over X. On the other hand, Claim 2(i) and Skoda’s theorem [loc. cit., Step 1] show
that
ce Ays (E) > Ord‘E((g_;k Dm)hor)-

Let €o := min{8,/((u —¢)c). €5 }. Then we have for any prime divisor E over Xy and 0 < € < €,

A, Dy +(u—80) D) (E) = Ay, (E) —ord g (T + (u — 80) (€5 Dim)vert + (€5 Dim)hor))
> (89— (u—8p)ce) Ay, (E) > 0.

In other words, we conclude that (Xs, Ds + (1 —8g) Dy,) is klt for any closed point s € S, rational number
€ € (0,€), m € Z such that m¢|m and m > (e ~1, and m-basis type divisor Dy, of €t + f,*O(1).
Thus, we obtain that

Sy, py) (€Hs + fO(1)) = Jim 8y, p,) (€Fs + fFO) = u—38
for any € € Q N (0, €9) and closed point s € S. a
Now, we are ready to show Theorem 1.6 for the case when u < 0.
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Theorem 6.4 Let: (X,D) — S be alog Q-Gorenstein family and f: X — P a contraction over S,
where P is a scheme that is projective and smooth over S. Let H be a w-ample Q-divisor on X and
L a Cartier divisor on P. Suppose that there exists an m € Z - such that (Ps, L5) = (P!, O(m)) for
any geometric point s € S. Assume that —(Ky ;s + D) ~q,s (u/m) f*L for some u € Qx, and that
fs: (Xg, Dy, Hg) — (P!, O(1)) is uniformly adiabatically K-stable for any closed point s € S.

Then there exists a positive rational number €, such that (Xs, Ds, eHg + f;*O(1)) is specially K-stable
for any closed point s € S and rational number € € (0, €y). Furthermore, there exists a positive rational

number o« such that
Mgf(y,/\/l) > q(JHsTLOMNNA Y A

for any rational number € € (0, €p), closed point s € S, and normal semiample test configuration (), M)

for (Xs, eHys + f;FO(1)).

Proof As the argument in the second paragraph of the proof of Proposition 6.3, we may freely shrink or
replacing S by S’ with an étale morphism S’ — S. Thus, by the argument as in the first paragraph of the
proof of Theorem 4.2, we may assume that P = PL, £ =O(1) and m = 1.

By Theorem 4.2 and [Hattori 2022, Theorem 4.4], there exists a positive rational number &y such that

Sp1,B,)(O(1)) = 613)1% 8(xs,my) (€Hs + f5FO(1) = u + 89

for any closed point s € S, where By is the discriminant divisor of fs: (Xs, Ds) — P I From now on, we
set Zes = €Hg + f"O(1) and 8(e, 5) := 8(x, p,)(Ze,s) for any closed point s € S. By Proposition 6.3,
there exists a positive rational number €, which is independent of s € S, such that

S(e.s) = u+ 380

for any € € (0, €g). Then this € satisfies the assertion of Theorem 6.4. Indeed, for any normal semiample
test configuration (), M) for (X, Ze ), we have

Mg?(y, M) > (jKXs +Ds+5(€,s)ffe.s)NA(y’ M)
by Theorem 2.30. We also have
KXS + Ds + (1/{ + %80)36’5‘ NQ %5036,3 + MEHS.

By the ampleness of #; and the argument in the proof of [Hattori 2022, Lemma 4.5], we see that
(X, Ze 5) is J*s-semistable. Thus, we obtain

(jK/YS+DS+8(€as)j€,S)NA(y, M) > %So(jjé’s)NA(y, M)
for any rational number € € (0, €p). |

Proof of Theorem 1.6 We first treat the case when u # 0. By Lemma 3.1, Theorem 3.6 and Remark 3.7,

Car 1 4. for some n and m instead

it is sufficient to discuss the assertion of Theorem 1.6 for & don.md—"v.u.mdw
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of &4 @,v,u,w- In this situation, the assertion of Theorem 1.6 immediately follows from Theorem 4.2,
Proposition 6.1 and Theorems 6.2 and 6.4.

Next, we deal with the case when u = 0. As in the previous paragraph, it is enough to show the assertion

for 052% 0. Lhere exist I € Z~q and r € Z¢ in Corollary 3.8 and Remark 3.7 respectively, such
that for any element f: (X,A,4) —> C € Qiga(ra v.0.yp and any line bundle H on C of degree one,

r(Ky + A) is Cartier and 1(4 + f* H) is very ample. In particular, (X, A) is (1/r)-lc. Taking a small
Q-factorialization of X and applying the length of extremal rays, we see that Ky + 3dI(A+ f*H) is
the pushdown of a big divisor; see [Birkar 2019, Lemma 2.46]. Because we have

3dI(A+ f*H)— A ~q3dI(A+ f*H)+ Kx,
we see that 3d I(A + f* H)— A is the pushdown of a big divisor. We also have
vol(3d I(A + f*H)) < 3d 1) (w + dv).
Thus, we may apply [Birkar 2021b, Theorem 1.8] to (X, A) and 3dI(A + f* H), and we obtain §y > 0,
depending only on d, ®, v and w, such that
O{(X’A)(A + f*H) > 6o
Here, we use the fact that oy A)(3dI(A + f*H)) = (3d1)_10t(X,A)(A + f*H). By the inequality
(6-1) in the proof of Theorem 6.2, we obtain
d+1

Sx.a)(€ed+ [FH) > 8o forany 0 <e < 1.

By Theorem 2.30 and the fact that Ky + A ~q 0, for any element f: (X,A, 4) - C € (’52?{9’1)’0’1”,
(X,A,eA+ f*H) is specially K-stable and

d+1. g4
MANX, M) = ——60(T A+STHNNA(x M)

for any normal semiample test configuration (X, M) for (X,eA + f* H), degree-one line bundle H
on C, and rational number € € (0, 1). a

Proof of Corollary 1.7 By Theorem 1.5(2), there exists a positive integer w’, depending only on d,
v and u, such that for any f: (X, A, A) — C as assumption and the general fiber F of f, A+, F
is ample and vol(A4 + ¢/, F) < w’ for some integer ¢/;,. For some positive rational number ¢/, we have
vol(A + (¢, + 1)) F) = w’. We set

tg: =1t +14€Qxo.

Note that A+ t,il F is a Q-Cartier Weil divisor. Then Theorem 1.6 shows that there exists € > 0, depending
only on d, v and u, such that (X, A, (e/(1+€ty))(A+1t, F)+ F) is specially K-stable for any 0 <€ < ¢
and any f. Thensois (X, A, A+ (t4 + € ) F). Here, we use the fact that

€ €
— A+ F)+F=———(A+(¢ “HF).
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Since
w:=vol(A+ (4 + €5 ") F) =w' +dey v

is independent of f, it follows that (X, A, A 4+ ¢ F) is specially K-stable if vol(4 + ¢ F) > w.

As noted in the proof of [Hattori 2022, Theorem 4.6], the last assertion follows from the special K-stability
and [Chen 2021, Theorem 1.1; Zhang 2024, Corollary 5.2; Chen and Cheng 2021, Theorem 1.3]. O

Finally, we remark that Corollary 1.7 states that .#; , , , has a family whose geometric fibers are specially
K-stable in the following sense.

Remark 6.5 As in [Deligne and Mumford 1969, Section 5], we can construct the universal family
(%, oty ) over Mgy uw,r as follows. In the proof of Theorem 5.1, .#; y , w r is the disjoint union of
finitely many .#4, 4, 4;,n- Thus, we can construct a (Deligne-Mumford) stack

%= || [Uny 4y.4,4/PGL(d1) X PGL(d2) x PGL(d3)],
dy,dy,d3.h
where Un,  ;, 4, 5 18 the universal family of Ng, 4, ;.4 Let JNdl’dz_d}h be the line bundle on Uy, 4 4. 1
as in the proof of Claim 1. Note that %Ndl, dy.d3h is ample over Ny, 4, 4, 1- By construction, we see that
ANy, . dsh is PGL(d) x PGL(d,) x PGL(d3)-equivariant. By Example 2.13, we can construct <7, as
the line bundle on % whose restriction to [y Uy sy /PGL(d;) x PGL(d,) x PGL(d3)] corresponds to

DNy, dy.dyh

In the proof of Theorem 1.3, we have proved that.#y ,, , , is an open and closed substack of .7 , y w’+dv,r
for some w’ > 0. Using this fact, we obtain a family

(U, yr) = (U X4

d,v.u.w’+dv.r

//fd,v,u,ra M//

2')

over Ay u.r- If we take w’ larger than w in Corollary 1.7, then all geometric fibers of (%, o) over
M v u,r are specially K-stable.
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