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An element � of the outer automorphism group Out.Fn/ of the rank n free group Fn is polynomially
growing if the word lengths of conjugacy classes in Fn grow at most polynomially under iteration by �. It
is unipotent if, additionally, its action on the first homology of Fn with integer coefficients is unipotent. In
particular, if � is polynomially growing and acts trivially on first homology with coefficients the integers
mod 3, then � is unipotent and also every polynomially growing element has a positive power that is
unipotent. We solve the conjugacy problem in Out.Fn/ for the subset of unipotent elements. Specifically,
there is an algorithm that decides if two such are conjugate in Out.Fn/.
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1694 Mark Feighn and Michael Handel

1 Introduction

In this paper, we consider the conjugacy problem for Out.Fn/, the group of outer automorphisms of
the free group of rank n. Namely, given �; 2 Out.Fn/, find an algorithm that decides if � and  are
conjugate in Out.Fn/.

The case in which � is fully irreducible, also known as iwip, was first solved by Sela [1995] using
his solution to the isomorphism problem for torsion-free word hyperbolic groups. This was recently
generalized, using a similar approach, by Dahmani [2016] to the case that � is hyperbolic, or equivalently,
that every nontrivial element of Fn has exponential growth under iteration by �. See also [Dahmani
2017]. An alternate approach to the fully irreducible case takes advantage of the fact that the finite set of
(unmarked) train track maps that represent a fully irreducible � is a complete invariant for the conjugacy
class of �. Los [1996] and Lustig [2007] (see also [Handel and Mosher 2011]) solved the conjugacy
problem for fully irreducible � by algorithmically constructing the set of (unmarked) train track maps
for �.

On the other end of the growth spectrum, the conjugacy problem for Dehn twists (equivalently rotationless,
linearly growing �) was solved by Cohen and Lustig [1999] using, among other things, Whitehead’s
algorithm (see below). Krstić, Lustig and Vogtmann [Krstić et al. 2001] proved an equivariant Whitehead
algorithm and used that to solve the conjugacy problem for all elements with linear growth.

Building on the approach of Sela mentioned above, Dahmani and Touikan [2021] reduce the conjugacy
problem for Out.Fn/ to a list of problems about mapping tori of polynomial growing elements. This
is applied in their solution to the conjugacy problem for outer automorphisms of free groups whose
polynomially growing part is unipotent linear [Dahmani and Touikan 2023].

Dahmani, Francaviglia, Martino and Touikan [Dahmani et al. 2025] solve the conjugacy problem for
Out.F3/.

Lustig [2000; 2001] posted preprints addressing the general case of the conjugacy problem but these have
never been published.

Our main theorem addresses the case that � is polynomially growing and rotationless, equivalently � is
polynomially growing and induces a unipotent action on H1.Fn;Z/; we write � 2 UPG.Fn/. Being an
element of UPG.Fn/ is a conjugacy invariant and can be checked algorithmically.

It is often the case, when studying Out.Fn/, that the techniques required to treat the UPG.Fn/ case are
very different from those needed for the cases in which there is exponential growth. For example, the
polynomially growing and exponentially growing cases of the Tits alternative for Out.Fn/ are proved in
separate papers; see Bestvina, Feighn and Handel [2005; 2000].

Theorem 1.1 There is an algorithm that takes as input �; 2UPG.Fn/ and outputs YES or NO depending
on whether or not there exists � 2 Out.Fn/ such that � D  � WD � ��1. Further , if YES then the
algorithm also outputs such a � .
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Remark 1.2 If one knows that � and  are conjugate, then a conjugator � can be produced by searching
a list of the elements of Out.Fn/. This is not what we do. Rather, the construction of a conjugator, when
one exists, is an integral part of the proof of the main statement of Theorem 1.1.

Remark 1.3 Theorem 1.1 is not an abstract existence theorem. It is proved by constructing an explicit
algorithm satisfying the conclusions of the theorem. The same is true for other results in this paper that
begin with, “There is an algorithm”.

A detailed description of the algorithm is given in Section 2 so we restrict ourselves here to four
results/observations that underlie our proof.

� Each � 2 UPG is rotationless (Lemma 3.18) and so can be represented by a particularly nice relative
train track map f WG!G call a CT; see Section 3.6. There is an algorithm (Theorem 3.20) to construct
one such f WG!G and from this we can compute all of the invariants used in this paper.

� A set equipped with an action by a group G is a G-set. A G-set X satisfies property W (for Whitehead)
if it comes equipped with an algorithm that takes as input x; y 2 X and outputs YES or NO depending
on whether or not there exists � 2G such that �.x/D y together with such a � if YES. We call such an
algorithm a W-algorithm. The Whitehead/Gersten algorithm is a W-algorithm for the Out.Fn/-set of finite
lists of conjugacy classes of finitely generated subgroups of Fn; see [Gersten 1984, Theorems W&M],
and also [Kalajdžievski 1992] and [Bestvina et al. 2023].

This can be applied directly to our problem by finding subgroups associated to elements of UPG. For
example, there is a free factor system F0.�/ characterized by the fact that a conjugacy class in Fn is
carried by F0.�/ if and only if it grows linearly under iteration by �. Since a free factor system is an
unordered list of conjugacy classes of free factors, we can check if there exists � 2 Out.Fn/ such that
F0. /D �.F0.�//. If no such � exists then � and  are not conjugate. If there is such a � then after
replacing  by  �

�1

, we may assume, as far as the conjugacy problem is concerned, that F0.�/DF0. /.
Moreover, any conjugator will preserve F0.�/D F0. /.

In Sections 10–15 we show that the Whitehead/Gersten algorithm can be used as the platform on which to
build other useful Out.Fn/-sets that satisfy property W. The Out.Fn/-set of finite lists of finitely generated
subgroups of Fn also satisfies property M (for McCool). Namely, it is equipped with an algorithm that
takes as input x 2X and outputs a finite presentation for Gx WD f� 2G j �.x/D xg. Although it is not
strictly necessary for solving the conjugacy problem, property M is important in its own right and we
show that all of the Out.Fn/-sets constructed in Sections 10–15 satisfy property M.

� Lemma 4.21, an adaptation of the recognition theorem [Feighn and Handel 2011, Theorem 5.3], gives
necessary and sufficient conditions for � 2Out.Fn/ to conjugate � 2UPG to  2UPG. The nonnumerical
condition is that �.L.�// D L. /, where L.�/ is a certain set of lines associated to � and similarly
for L. /. If f W G ! G is a CT representing � then L.�/ is the set of lines carried by a finite type
Stallings graph �.f / called the eigengraph for f . �.f / depends on f but the set of lines carried

Geometry & Topology, Volume 29 (2025)



1696 Mark Feighn and Michael Handel

by �.f / depends only on �. The numerical condition of Lemma 4.21 concerns the “twist coordinates”
associated to the linear parts of � and  and is relatively easy to handle; see Lemmas 17.1 and 17.8.
Almost all of the paper is concerned with the existence or not of � satisfying �.L.�//D L. /.
� A CT f WG!G comes equipped with a filtration Gi0 �Gi1 � � � � �Git , where for j > 0, each Gij
is an f -invariant core subgraph which is obtained from Gij�1 by adding a single topological arc, possibly
divided into two edges. Edges of Gij nGij�1 are said to have height j . �.f / has a compact core to
which finitely many rays fRE g are added, one for each nonfixed nonlinear edge E of G. Understanding
the structure of rays is an important step in understanding L.�/. Each RE has initial edge E and RE nE
is a ray that crosses only edges with height strictly less than that of E. (This is most definitely a UPG

phenomenon. If E belongs to an exponentially growing stratum then E occurs infinitely often in RE .)
Thus RE can be studied inductively, working up through the filtration. This is carried out in Section 5
and Sections 15–17.

Example 3.1 gives an illustrative element of UPG.Fn/ and is further developed as we progress through
the text.

Acknowledgements We are indebted to a referee for an exceptionally thorough and useful report.

Feighn was supported by the National Science Foundation under grant DMS-1406167 and also under
grant DMS-14401040 while in residence at the Mathematical Sciences Research Institute in Berkeley,
California, during the Fall 2016 semester. Handel was supported by National Science Foundation grant
DMS-1308710 and by PSC-CUNY grants in Program Years 47 and 49.

2 The algorithm

The logical structure of our proof of Theorem 1.1 is a series of reductions

Theorem 1.1 D)Proposition 14.7 D)Proposition 16.4 D)Proposition 17.2;

and a proof of Proposition 17.2. The above theorem and propositions produce algorithms that we denote by
ALG1:1, ALG14:7, ALG16:4 and ALG17:2, respectively. The proof of Theorem 1.1 D)Proposition 14.7
shows how to use ALG14:7 to construct ALG1:1, and similarly for the other implications. Thus ALG1:1
calls ALG14:7, which calls ALG16:4, which calls ALG17:2.

2.1 Theorem 1.1 D)Proposition 14.7

One way to make progress on the conjugacy problem for UPG is to find W-invariants for UPG; ie find
Out.Fn/-equivariant maps J W UPG ! X , where X is an Out.Fn/-set with a W-algorithm WX . � ; � /.
If WX .J.�/; J. // D NO, then � is not conjugate to  in Out.Fn/. If WX .J.�/; J. // D .YES; �/,
then J. �

�1

/ D J.�/. Replacing  by  �
�1

, we may assume that J.�/ D J. /. In this case, any �
conjugating � to  is contained in the subgroup of Out.Fn/ that fixes J.�/.
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In Sections 5–14 we construct seven such W-invariants and bundle them into a single invariant Ic.�/.
Once this is done, it is easy to use an algorithm satisfying the conclusions of Proposition 14.7 to produce
an algorithm satisfying the conclusions of Theorem 1.1. The details are given in the proof of Lemma 14.8.

Items (1)–(4) below outline how our ultimate W-invariant Ic W UPG! IS.A�/ is chosen. Item (5) refers
to shrinking the set of potential conjugators from the stabilizer of Ic.�/ to one of its finite-index sub-
groups Xc.�/.

(1) Dynamical invariants of � 2 UPG

� The finite multiset Fix.�/ of conjugacy classes of fixed subgroups of �; see Definition 3.14.
� The linear free factor system F0.�/; see Definition 6.5.
� The finite set fcg of special �-chains; see Section 6.1 and in particular Notation 6.8.
� The finite set Aor.�/ of axes for �; see Section 4.2.
� The finite set SA.�/ of strong axes for �; see Section 4.2.
� The finite set �NP.�/ of all nonperiodic limit lines for all eigenrays of �; see Section 5.
� For each one-edge extension e of each c, the set Le.�/ of added lines with respect to e; see

Definition 6.14.

The invariants in the first four items are algebraic in that they take values in Out.Fn/-sets that can be
expressed in terms of conjugacy classes of finitely generated subgroups of Fn or more generally are
iterated sets (Section 10.1). In particular, they take values in Out.Fn/-sets with W-algorithms and so can
be used as they are. The others must be modified.

(2) Algebraic versions of dynamical invariants For the last three dynamical invariants, define
corresponding (but weaker) algebraic invariants. The last two depend on a choice of special chain c;
see Section 13.1.
� The finite set of algebraic strong axes; see Section 13.6.
� The finite set fHc.L/ j L 2�NP.�/g of algebraic limit lines; see Section 13.8.
� For each one-edge extension e in c, the finite set He2c.�/ of algebraic added lines with respect

to e; see Section 13.7.

Remark 2.1 If the seven dynamical invariants in (1) take the same values on � and  then, using
Lemma 4.21, it is easy to check if � and  are conjugate. The same is not true for the seven algebraic
invariants in (1) and (2). Too much information was lost in translation.

(3) W-invariants Iterated sets, and in particular IS.A�/, are defined in Sections 10 and 11. By
construction, all of our algebraic invariants take values in the iterated set IS.A�/. We construct a
W-algorithm for IS.A�/ (and all other iterated sets).

(4) The total invariant Ic.�/ This is defined by combining the algebraic invariants in (1) and (2)
into a single algebraic invariant that takes values in IS.A�/; see Definition 13.13.
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(5) Reduce potential conjugators Elements of Xc.�/ < Out.Fn/ not only stabilize the algebraic
invariants in (1) and (2) making up Ic.�/, they also induce trivial permutations on those invariants
that are finite sets; see Definition 14.1.

As mentioned above Lemma 14.8 is proved by constructing ALG1:1 using ALG14:7 and properties
of Ic.�/. Hence to prove Theorem 1.1, we are reduced to proving:

Proposition 14.7 There is an algorithm that takes as input �; 2 UPG.Fn/ and a chain c such that

� c is special for both � and  , and

� Ic.�/D Ic. /,

and that outputs YES or NO depending whether or not there is � 2 Xc.�/ conjugating � to  . Further , if
YES then such a � is produced.

2.2 Proposition 14.7 D)Proposition 16.4

ALG14:7 and ALG16:4 differ only in the subgroup of potential conjugators that must be considered. In
Proposition 14.7 it is Xc.�/ and in Proposition 16.4 it is an infinite-index subgroup Ker. xQ�/ < Xc.�/

defined in Definition 16.3. See statement of Proposition 14.7 below.

The set of (eigen)rays R.�/ (Definition 3.14) is a fundamental dynamical invariant of �. Each r 2R.�/
is the conjugacy class Œzr� of a point zr 2 @Fn. There is no W-algorithm for @Fn so we work with a weaker
algebraic invariant, the conjugacy class Fc.r/ of a free factor determined by r and a special chain c; see
Section 13.4. We do not list this in (2) because it is built into the set of algebraic lines and the set of
algebraic added lines. The great advantage of Ker. xQ�/ over Xc.�/ is that in the proof of Proposition 17.2
we need only consider conjugating elements that preserve r . (See Lemmas 15.45 and 17.9.) Instead of
having to check if two rays are conjugate, we need only check if they are equal.

The definition of xQ�.�/ for � 2 Xc is given in Definition 16.3. The key result, from the algorithmic point
of view, is:

Proposition 16.6 There is an algorithm that produces a finite set f�ig � X so that the union of the cosets
of Ker. xQ�/ determined by the �i contains each � 2 X that conjugates � to  .

The proof of Proposition 16.6 requires a detailed understanding of the structure of eigenrays and is the
most technical part of the paper. The proof of Lemma 16.5 shows how to quickly construct ALG14:7
using ALG16:4 and the coset representatives produced by the algorithm of Proposition 16.6. In other
words, to prove Proposition 14.7, we are reduced to proving:

Proposition 16.4 There is an algorithm that takes as input �; 2 UPG.Fn/ and a chain c such that

� c is a special chain for � and  , and

� Ic.�/D Ic. /,

and that outputs YES or NO depending on whether or not there is � 2Ker. xQ�/ conjugating � to  . Further ,
if YES then such a � is produced.
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2.3 Proposition 16.4 D)Proposition 17.2

This is an easy step. The details are given in the proof of Proposition 16.4 (assuming Lemma 17.1 and
Proposition 17.2) following the statement of Proposition 17.2. After this step, we may assume that the
restrictions of � and  to the linear free factor system F0.�/D F0. / are equal. This provides the basis
for an inductive argument completed in the next step.

2.4 Proof of Proposition 17.2

Proposition 17.2 is the inductive step of an argument up the filtration induced by c. There are six items
labeled (1)–(5), (7) that are sequentially checked. If any of these is false then return NO. Otherwise,
construct the desired conjugator following pages 1809–1811.

3 Background

3.1 Standard notation

The free group on n generators is denoted by Fn. For a 2 Fn, conjugation by a is denoted by ia,
ie ia.x/D axa�1 for x 2 Fn. The group of automorphisms of Fn, the group of inner automorphisms of
Fn and the group of outer automorphisms of Fn are denoted by Aut.Fn/, Inn.Fn/ WD fia j a 2 Fng and
Out.Fn/D Aut.Fn/=Inn.Fn/, respectively.

For subgroups H < Fn, ŒH � denotes the conjugacy class of H and, for elements a 2 Fn, Œa� denotes the
conjugacy class of a.

An outer automorphism � 2 Out.Fn/ has polynomial growth, written � 2 PG, if for each a 2 Fn there
is a polynomial P such that reduced word length of �k.Œa�/ with respect to a fixed set of generators
of Fn is bounded above by P.k/. Equivalently, the set of attracting laminations for � [Bestvina et al.
2000, Section 3] is empty. The set UPG.Fn/ of unipotent outer automorphisms is the subset of Out.Fn/

consisting of polynomially growing � whose induced action on H1.Fn;Z/ is unipotent. We sometimes
write � 2 UPG instead of � 2 UPG.Fn/. In Section 3.5 we show that � 2 UPG if and only if � 2 PG

and � is rotationless in the sense of [Feighn and Handel 2011, Definition 3.13] (where it is called
forward rotationless). There is Kn > 0 such that if � 2 PG then �Kn 2 UPG [Feighn and Handel 2018,
Corollary 3.14].

The graph with one vertex � and with n edges is the rose Rn. Making use of the standard identification
of �1.Rn;�/ with Fn, there are bijections between Aut.Fn/ and the group of pointed homotopy classes
of homotopy equivalences f W .Rn;�/! .Rn;�/ and between Out.Fn/ and the group of free homotopy
classes of homotopy equivalences f WRn!Rn.

If G is a graph without valence one vertices then a homotopy equivalence � WRn!G is called a marking
and G, equipped with a marking, is called a marked graph. A marking � induces an identification,
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a
b

cd
e

p

q

Figure 1: The graph G of Example 3.1.

well-defined up to inner automorphism, of the fundamental group of G with the fundamental group of Rn
and hence with Fn. This in turn induces an identification of the group of homotopy classes of homotopy
equivalences f WG!G with Out.Fn/. If � 2Out.Fn/ corresponds to the homotopy class of f WG!G

then we say that f WG!G represents �. In Section 3.6 we recall the existence of very well-behaved
homotopy equivalences f WG!G representing an element of UPG.Fn/.

Example 3.1 Here is an example of a homotopy equivalence f WG!G of a marked graph that represents
an element � of UPG.F5/. Let F5 be represented as the fundamental group of the rose R5, let G be the
subdivision of R5 pictured in Figure 1, and let f WG!G be given by a 7! a, b 7! ba, c 7! cb, d 7! db2,
e 7! eb3, p 7! pa2, q 7! qc. To see that � has polynomial growth, note that the edge q has cubic growth
in that

jf k.q/jD jq �c �f .c/ �f 2.c/ �f 3.c/ �: : : �f k�1.c/jD jq �c �cb �cbba �: : : �cbba : : : bak�1jD
k3C 5kC 6

6

and that no edge grows at a higher rate. In particular conjugacy classes of Fn have at most cubic growth.
As we progress through this paper, we will expand upon this example.

3.2 Paths, circuits and lines

A path in a marked graph G is a proper immersion of a closed interval into G. In this paper, we will
assume that the endpoints of a path, if any, are at vertices. If the interval is degenerate then the path is
trivial; if the interval is infinite or bi-infinite then the path is a ray or a line, respectively. We do not
distinguish between paths that differ only by a reparametrization of the domain interval. Thus, every
nontrivial path has a description as a concatenation of oriented edges and we will use this edge path
formulation without further mention. Reversing the orientation on a path � produces a path denoted by
either x� or ��1. A circuit is an immersion of S1 into G. Unless otherwise stated, a circuit is assumed to
have an orientation. Circuits have cyclic edge decompositions. Each conjugacy class in Fn is represented
by a unique circuit in G. The conjugacy class in Fn represented by the circuit � is denoted by Œ��.

Notation 3.2 Each ˆ 2 Aut.Fn/ induces an equivariant homeomorphism of @Fn. To simplify notation
somewhat, we refer to this extension as ˆ rather than, say, @ˆ. In situations where this might cause
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confusion, we write ˆj@Fn for the induced homeomorphism of @Fn. For example, Fix.ˆ/ is the subgroup
of Fn fixed by ˆ, and Fix.ˆj@Fn/ is the set of points in @Fn fixed by the induced homeomorphism.

The action of Fn on @Fn is by conjugation, ie by a �P D ia.P / for P 2 @Fn. For each nontrivial a 2 Fn,
ia fixes two points in @Fn: a repeller a� and an attractor aC.

A marking � induces an identification, well-defined up to inner automorphism, of the set of ends of zG
with @Fn, and likewise the group of covering translations of zG with Inn.Fn/. We choose such an
identification once and for all. The covering translation corresponding to ia is denoted by Ta as is the
extension of Ta to a homeomorphism of @Fn. We have Taj@Fn D iajFn. If f WG!G represents � then
each lift zf W zG! zG induces an equivariant homeomorphism, still called zf , of @Fn; see, for example,
Section 2.3 of [Feighn and Handel 2011]. There is a bijection between the set of lifts zf of f WG!G

and the set of automorphisms ˆ representing � defined by zf $ˆ if zf j@Fn Dˆj@Fn.

A line zL in the universal cover zG of a marked graph G is a bi-infinite edge path. The ends of zL determine
ends of zG and hence points in @Fn. In this way, the space of oriented lines in the tree zG can be identified
with the space zB of ordered pairs of distinct elements of @Fn. The space of oriented lines in G is then
identified with the space B of Fn-orbits of elements of zB. The topology on @Fn induces a topology on zB
and hence a topology on B called the weak topology.

3.3 Free factor systems

The subgroup system F D fŒA1�; : : : ; ŒAm�g is a free factor system if A1; : : : ; Am are nontrivial free
factors of Fn and either Fn DA1 � � � � �Am or Fn DA1 � � � � �Am �B for some nontrivial free factor B .
The ŒAi � are the components of F . If G is a marked graph and K is a subgraph whose noncontractible
components are K1; : : : ; Km then F.K;G/ WD fŒ�1.K1/�; : : : ; Œ�1.Km/�g is a free factor system that is
realized by K � G. Every free factor system A can be realized by K � G for some marked graph G
and some core subgraph K �G. Recall that a graph is core if through every edge there is an immersed
circuit and that the core of a graph is the union of the images of its immersed circuits.

We write F1 @ F2 and say that F1 is contained in F2 if for each component ŒAi � of F1 there is a
component ŒBj � of F2 so that Ai is conjugate to a subgroup of Bj . Equivalently, there is a marked
graph G with core subgraphs K1 �K2 such that F1DF.K1; G/ and F2DF.K2; G/. If one can choose
K1 andK2 so thatK2nK1 is a single edge then we say that F1@F2 is a one-edge extension. For example,
fŒA�g@ fŒB�g is a one-edge extension if and only if rank.B/D rank.A/C1 and fŒA1�; ŒA2�g@ fŒB�g is a
one-edge extension if and only if rank.B/D rank.A1/C rank.A2/.

Example 3.3 Suppose that H1 is a subgraph of a marked graph G, that H2 DH1 [E2 � G, where
E2 is an edge that forms a loop that is disjoint from H1, and that H3 DH2[E3, where E3 �G is an
edge with one endpoint in H1 and the other at the unique endpoint of E2. Then F.H1; G/@ F.H2; G/
and F.H2; G/ @ F.H3; G/ are proper inclusions and F.H1; G/ @ F.H3; G/ is a one-edge extension.
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This is essentially the only way in which a one-edge extension can be “reducible”. We record a specific
consequence of this in the following lemma.

Lemma 3.4 Suppose that F.H1; G/@ F.H2; G/ and F.H2; G/@ F.H3; G/ are proper inclusions and
that F.H1; G/ and F.H2; G/ have the same number of components. Then F.H1; G/@ F.H3; G/ is not
a one-edge extension.

Proof This follows from [Handel and Mosher 2020, Part 2, Definition 2.4 and Lemma 2.5].

If F D fŒA1�; : : : ; ŒAm�g and a 2 Fn is conjugate into some Ai then Œa� is carried by F . A line L 2 B is
carried by F if it is a limit of periodic lines corresponding to conjugacy classes that are carried by F .
Equivalently, Œa� or L is carried by F if for some, and hence every, K �G realizing F , the realization
of Œa� or L in G is contained in K. For every collection of conjugacy classes and lines there is a unique
minimal (with respect to @) free factor system that carries each element of the collection [Bestvina et al.
2000, Corollary 2.6.5].

Notation 3.5 Out.Fn/ acts on the set of conjugacy classes ŒF � of free factors F . If � 2 Out.Fn/

fixes ŒF � then we say that ŒF � is �-invariant and write �jŒF � for the restriction of � to ŒF � (which is
well-defined because F is its own normalizer in Fn). We often say that F is �-invariant and write �jF
just to simplify notation. [Bestvina et al. 2005, Proposition 4.44] implies that if � is UPG then �jF is
UPG. If F D fŒA1�; : : : ; ŒAm�g is a free factor system and each ŒAi � is �-invariant then we say that F is
�-invariant and denote f�jA1; : : : ; �jAmg by �jF .

3.4 FixN.�/, principal lifts and R.�/

We continue with Notation 3.2. If P 2 Fix.ˆj@Fn/ and if there is a neighborhood U of P in @Fn such
that ˆ.U / � U and such that

T1
iD1ˆ

i .U /D P then P is attracting. If P is an attracting fixed point
for ˆ�1j@Fn then it is a repelling fixed point for ˆj@Fn. By FixC.ˆ/; Fix�.ˆ/ and FixN.ˆ/ we denote
the set of attracting fixed points for ˆj@Fn, the set of repelling fixed points for ˆj@Fn and the set of
nonrepelling fixed points for ˆj@Fn, respectively; thus FixN.ˆ/D Fix.ˆj@Fn/nFix�.ˆ/. Note that all of
these sets are contained in @Fn.

If A<Fn is a finitely generated subgroup then the inclusion of A into Fn is a quasi-isometric embedding
and so extends to an inclusion of @A into @Fn with the property that fa˙ j nontrivial a 2 Ag is dense
in @A. In particular, since the subgroup Fix.ˆ/ consisting of elements in Fn that are fixed by ˆ is finitely
generated [Gersten 1987] (see also [Bestvina and Handel 1992]), we have @ Fix.ˆ/� @Fn. The following
lemma implies that @ Fix.ˆ/� Fix.ˆj@Fn/, and that FixC.ˆ/; Fix�.ˆ/ and FixN.ˆ/ are Fix.ˆ/-invariant.

Lemma 3.6 Let ˆ 2 Aut.Fn/ and 0¤ a 2 Fn. The following are equivalent :

� a 2 Fix.ˆ/.

� Either a� or aC is contained in @ Fix.ˆ/.

� Both a� and aC are contained in @ Fix.ˆ/.
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� The automorphism ia commutes with ˆ.

� The automorphism iaj@Fn commutes with ˆj@Fn.

Proof This is well known; see eg Lemmas 2.3 and 2.4 of [Bestvina et al. 2004] and Proposition I.1 of
[Gaboriau et al. 1998].

Lemma 3.7 If P 2 @Fn is fixed by automorphisms ˆ¤ˆ0 representing � 2 Out.Fn/ then P D a˙ for
some nontrivial a 2 Fn.

Proof There exists a nontrivial a 2 Fn such that ia Dˆ�1ˆ0 fixes P .

Definition 3.8 An automorphism ˆ representing � 2 UPG.Fn/ is principal if FixN.ˆ/ contains at least
two points and if FixN.ˆ/ ¤ fa

�; aCg for any nontrivial a 2 Fn. The set of principal automorphisms
representing � is denoted by P.�/. See Section 3.2 of [Feighn and Handel 2011] for complete details.

Lemma 3.9 If ˆ is principal then FixN.ˆ/ is the disjoint union of @ Fix.ˆ/ and FixC.ˆ/. Moreover ,
FixC.ˆ/ is a union of finitely many Fix.ˆ/ orbits.

Proof The first assertion follows from Proposition I.1 of [Gaboriau et al. 1998]. The second is obvious
if FixC.ˆ/ is finite and follows from Lemma 2.5 of [Bestvina et al. 2004] if FixC.ˆ/ is infinite.

Remark 3.10 We sometimes say that P 2 @Fn is periodic if it is fixed by ia for some nontrivial a 2 Fn.
Nonperiodic points are dense in FixN.ˆ/ for each ˆ 2 P.�/. Lemmas 3.6 and 3.9 imply that no element
of FixC.ˆ/ is periodic. If FixC.ˆ/¤∅ then FixC.�/ is dense in FixN.�/ and we are done. Otherwise,
Fix.ˆ/ has rank at least two and FixN.ˆ/D @ Fix.ˆ/.

Definition 3.11 Two automorphisms ˆ1 and ˆ2 are in the same isogredience class if there exists a 2 Fn
such that ˆ2 D iaˆ1i�1a , in which case FixN.ˆ2/D ia FixN.ˆ1/ and similarly for Fix�.ˆ2/; FixC.ˆ2/

and Fix.ˆ2/. It follows that if ˆ1 and ˆ2 are isogredient then ŒFix.ˆ1/�D ŒFix.ˆ2/� and ŒFixN.ˆ1/�D

ŒFixN.ˆ2/�, where Œ � denotes the orbit under the action of Fn on sets of points in @Fn. It is easy to see
that isogredience defines an equivalence relation on P.�/. The set of isogredience classes of P.�/ is
denoted by ŒP.�/�.

We recall the following result from Remark 3.9 of [Feighn and Handel 2011]; see also Lemma 3.25 of
this paper.

Lemma 3.12 P.�/ is a finite union of isogredience classes.

Our next lemma states that ŒFixN.ˆ/� determines the isogredience class of ˆ 2 P.�/.

Lemma 3.13 Suppose that ˆ1; ˆ2 2P.�/. Then ˆ1 and ˆ2 are isogredient if and only if ŒFixN.ˆ1/�D

ŒFixN.ˆ2/�. More precisely, ˆ2 D iaˆ1i�1a if and only if FixN.ˆ2/D ia FixN.ˆ1/.
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Proof It is obvious that if ˆ2 D iaˆ1i�1a then FixN.ˆ2/D ia FixN.ˆ1/. For the converse note that if
FixN.ˆ2/D ia FixN.ˆ1/D FixN.iaˆ1i

�1
a / then ˆ�12 iaˆ1i

�1
a is an inner automorphism whose induced

action on @Fn fixes FixN.ˆ2/ and so is not equal to fa�; aCg for any nontrivial a. This proves that
ˆ�12 iaˆ1i

�1
a is trivial and so ˆ2 D iaˆ1i�1a .

Definition 3.14 Define sets

FixN.�/ WD fŒFixN.ˆ1/�; : : : ; ŒFixN.ˆm/�g and R.�/ WD
�
ŒP �

ˇ̌̌
P 2

m[
iD1

FixC.ˆi /

�
� @Fn=Fn ;

and a multiset (repeated elements allowed)

Fix.�/ WD fŒFix.ˆ1/�; : : : ; ŒFix.ˆm/�g;

where the ˆi are representatives of the isogredience classes in P.�/. Thus FixN.�/ is a finite set of
Fn-orbits of subsets of @Fn, and R.�/ is a finite set of Fn-orbits of points in @Fn.

Definition 3.15 For us a natural invariant of a group G is a map I WG!X , where X is a G-set and,
for all �; � 2G, we have I.�� /D �.I.�//.

The following lemma says that ŒP.�/�, Fix.�/, FixN.�/ and R.�/ are natural invariants of Out.Fn/.

Lemma 3.16 Suppose that ‚ 2 Aut.Fn/ represents � 2 Out.Fn/ and that  D ����1. Then:

(1) The map ˆ 7!‰ WD‚ˆ‚�1 defines a bijection between P.�/ and P. /, and induces a bijection
ŒP.�/�$ ŒP. /�.

(2) Fix.‰/D‚.Fix.ˆ//, FixN.‰/D‚.FixN.ˆ// and FixC.‰/D‚.FixC.ˆ//.

(3) Fix. /D �.Fix.�//, FixN. /D �.FixN.�// and R. /D �.R.�//.

Proof The automorphism ‰ represents ����1D 2Out.Fn/. If ˆ0D icˆi�1c then ‰0 WD‚ˆ0‚�1D
i‚.c/.‚ˆ‚

�1/i�1
‚.c/
D i‚.c/‰i

�1
‚.c/

so conjugation by ‚ maps isogredience classes of � to isogredience
classes of  . The items in (2) are easy standard facts about conjugation. Since ‚.a˙/D .‚.a//˙, it
follows that ‰ is principal if ˆ is principal. The induced map P.�/! P. / is obviously invertible
and is hence a bijection. This completes the proof of (1). If ‚ is replaced by ia‚ then ‰ is replaced
by ia‰i�1a and Fix.‰/, FixN.‰/ and FixC.‰/ are replaced by ia.Fix.‰//, ia.FixN.‰// and ia.FixC.‰//

respectively. Thus �.ŒFix.ˆ/�/ D ŒFix.‰/�, �.ŒFixN.ˆ/�/ D ŒFixN.‰/� and �.ŒFixC.ˆ/�/ D ŒFixC.‰/�.
This verifies (3).

The following lemma is used implicitly throughout the paper.

Lemma 3.17 If A is a �-invariant free factor then the inclusion of @A into @Fn induces an inclusion of
R.�jA/ into R.�/.
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Proof An automorphism ˆ0 W A ! A representing �jA extends to an automorphism ˆ W Fn ! Fn

representing �. We claim that if P 2 @A then P 2 FixC.ˆ
0/ if and only if P 2 FixC.ˆ/. Symmetrically,

P 2 Fix�.ˆ
0/ if and only if P 2 Fix�.ˆ/. It follows that FixN.ˆ

0/� FixN.ˆ/ and hence thatˆ is principal
if ˆ0 is principal. This will complete the proof of the lemma.

To prove the claim, extend a basis A for A to a basis B for Fn. Following [Gaboriau et al. 1998], we view
P 2 @Fn as an infinite word P D x1x2x3 � � � with each xi 2 B. For each i 2N, let x1; : : : ; xk.i/ be the
common initial segment of ˆ.x1 : : : xi / and P . Then P 2 FixC.ˆ/ if and only if k.i/� i!1 [Gaboriau
et al. 1998, Proposition I.1]. If P 2 @A then each xi 2A and each ˆ.x1 : : : xi /Dˆ0.x1 : : : xi / 2 A so
k.i/ is the same whether we compute using ˆ or ˆ0.

3.5 UPG is rotationless

Relative train track theory is most effective when applied to elements of Out.Fn/ that are rotationless as
defined in [Feighn and Handel 2011, Definition 3.13 and Remark 3.14]. In this section, we show that for
PG elements, � is rotationless if and only if � is UPG. The exact definition of rotationless plays no role
in this paper so is not repeated here.

Lemma 3.18 Each � 2 UPG is rotationless.

Proof By [Bestvina et al. 2000, Proposition 5.7.5], there is a sequence F0@F1@ � � �@FK of �-invariant
one-edge extensions where F0 is trivial and FK D fŒFn�g. We may assume without loss of generality that
F0 @ F1 @ � � �@ FK is a maximal such chain.

[Feighn and Handel 2011, Theorem 2.19], which makes no assumptions on �, proves the existence of
a relative train track map f WG!G and filtration ∅DG0 �G1 � � � � �GN DG representing � and
satisfying a certain list of five properties, two of which are denoted by (P) and (NEG). Additionally,
the filtration realizes F1 @ F2 @ � � � @ FK in the sense that each Fk is represented by a core filtration
element Gik . Since F0 @ F1 @ � � � @ FK is maximal, Gik is obtained from Gik�1 by adding either a
topological circle that is disjoint from Gik�1 or a topological arc with both endpoints in Gik�1 [Handel
and Mosher 2020, Part II, Lemma 2.5]. We denote the closure of Gik nGik�1 , equipped with the simplicial
structure inherited from Gik , by yHk . Since � is PG, there are no EG strata.

We use the following consequences of properties (P) and (NEG).

(1) The terminal endpoint of a nonperiodic edge in yHk is contained in Gik�1 .

(2) If yHk contains a periodic edge then it is a single periodic stratum [Feighn and Handel 2011,
Lemma 2.20(1)].

If yHk is a circle that is disjoint from Gik�1 , then its conjugacy class is fixed by some iterate of � and so
is fixed by � [Bestvina et al. 2005, Proposition 3.16]. There are two possibilities; yHk is a single fixed
edge; or yHk has more than one edge and f j yHk is a nontrivial rotation with one orbit of edges. In the
latter case, we say that yHk is a rotating circle.
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If yHk intersects Gik�1 then it is a topological arc Ek whose ends may or may not be identified. Either
f .Ek/D vkEkuk or f .Ek/D vk xEkuk for some paths uk; vk �Gik�1 [Bestvina et al. 2000, Corollary
3.2.2]. Since � is UPG, the latter is ruled out by [Bestvina et al. 2005, Proposition 5.7.5(2); see the second
paragraph on page 595]. If both uk and vk are trivial then Ek is a single fixed edge. If exactly one of
uk and vk is trivial then Ek is a single nonperiodic NEG edge. If neither uk and vk are trivial then Ek
consists of two nonperiodic NEG edges with a common fixed initial endpoint. In all three cases, the
directions determined by Ek and xEk are either nonperiodic or fixed.

An easy induction argument on k shows that:

(a) If a vertex v is not contained in a rotating circle then v is fixed by f and each periodic direction
based at v is fixed by f .

(b) Each rotating circle is a component of Per.f /, the set of periodic points for f , and each point in a
rotating circle has exactly two periodic directions.

These are exactly the conditions needed to verify that f WG!G is rotationless in the sense of [Feighn
and Handel 2011, Definition 3.18]. Proposition 3.19 of [loc. cit.] states that the existence of a rotationless
f W G! G satisfying the conclusions of [Feighn and Handel 2011, Theorem 2.19] is equivalent to �
being rotationless.

Remark 3.19 The converse of Lemma 3.18, that every rotationless PG � is UPG, is also true. We make
no use of this fact but include a proof for completeness. See Section 3.6 for a review of CTs. Since �
is rotationless and PG, it is represented by a CT f W G ! G without EG or zero strata. For any such
f WG!G, there is a filtration ∅DG0 �G1 � � � � �GN DG by f -invariant core subgraphs such that
Gi is obtained from Gi�1 by adding a single topological edge Ei whose image f .Ei /�Gi crosses Ei
exactly once and crosses xEi not at all. [Bestvina et al. 2000, Proposition 5.7.5] therefore implies that �
is UPG.

3.6 CTs

A CT is a particularly nice kind of homotopy equivalence f WG!G of a marked directed graph. Every
rotationless �, and in particular every � 2 UPG.Fn/, is represented by a CT; see [Feighn and Handel
2011, Theorem 4.28] or [Bestvina et al. 2000, Theorem 5.1.8]. Moreover, CTs are considerably simpler
in the UPG.Fn/-case than in the general case.

For the remainder of the section we assume that f WG!G is a CT representing an element of UPG.Fn/

and review its properties. Complete details can be found in [Feighn and Handel 2011] (see in particular
Section 4.1) and in [Feighn and Handel 2018]. The latter introduces the (Inheritance) property for a CT
f WG!G, which states that the restriction of f to each component of each core filtration element is also
a CT, and contains an algorithm to produce CTs satisfying (Inheritance). We say that f WG!G realizes
a chain F0 @ F1 @ � � �@ FK of �-invariant free factor systems if each Fj is realized by an f -invariant
core subgraph of G; see Section 3.3.
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Theorem 3.20 [Feighn and Handel 2018, Theorem 1.1] There is an algorithm whose input is a
rotationless � 2Out.Fn/ and whose output is a CT f WG!G that represents � and satisfies (Inheritance).
Moreover , for any chain C of �-invariant free factor systems , one can choose f WG!G to realize C.

We assume throughout this paper that our chosen CTs satisfy (Inheritance).

The marked graph G comes equipped with an f -invariant filtration ∅DG0 �G1 � � � � �GN DG by
subgraphs Gi in which each Gi is obtained from Gi�1 by adding a single oriented edge Ei . For each
Ei there is a (possibly trivial) closed path ui �Gi�1 such that f .Ei /DEiui ; if ui is nontrivial then it
forms a circuit. A path or circuit has height i if it crosses Ei , meaning that either Ei or xEi occurs in its
edge decomposition, but does not cross Ej for any j > i .

Example 3.1 (continued) The homotopy equivalence f W G! G is a CT with f -invariant filtration
∅DG0 �G1 � � � � �G7 DG given by adding one edge at a time in alphabetical order.

Every map ˛ into G with domain a closed interval or S1 and with endpoints, if any, at vertices is properly
homotopic rel endpoints to a path or circuit Œ˛�; we say that Œ˛� is obtained from ˛ by tightening. If � is
a path or circuit then we usually denote Œf .�/� by f#.�/. A decomposition into subpaths � D �1 ��2 � : : :
is a splitting if f k# .�/D f

k
# .�1/ � f

k
# .�2/ � : : : for all k � 1. In other words, f k.�/ can be tightened by

tightening each f k.�i /.

A finite path � is a Nielsen path if f#.�/D � ; it is an indivisible Nielsen path if it is not a fixed edge and
does not split into a nontrivial concatenation of Nielsen paths. Every Nielsen path has a splitting into
fixed edges and indivisible Nielsen paths. If f k# .�/D � for some k � 1 then � is a periodic Nielsen path.
In a CT, every periodic Nielsen path is a Nielsen path.

An edge Ei is linear if ui is a nontrivial Nielsen path. The set of oriented linear edges is denoted by
Lin.f / and the set obtained from Lin.f / by reversing orientation is denoted by Lin�1.f /. In our example,
Lin.f /D fb; pg.

Associated to a CT f WG!G is a finite set of nontrivial closed Nielsen paths called twist paths. This set
is well-defined up to a change of orientation on each path. In the remainder of this paragraph we recall
some useful properties of twist paths. Each twist path w determines a circuit Œw� in G representing a
root-free1 conjugacy class in Fn and distinct twist paths determine distinct unoriented circuits; ie circuits
whose cyclic edge decompositions differ by more than a change of orientation. For each twist path w, the
set Linw.f / of (necessarily linear) edges Ei such that f .Ei /DEiwdi for some di ¤ 0 is nonempty and
is called the linear family associated to w; note that f k# .Ei /DEiw

kdi grows linearly in k. Every linear
edge belongs to one of these linear families. If Ei 2 Linw.f / and p ¤ 0 then Eiwp xEi is an indivisible
Nielsen path. All indivisible Nielsen paths have this form. If Ei and Ej are distinct edges in Linw.f /

then di ¤ dj ; if di and dj have the same sign, then paths of the form Eiw
p xEj are exceptional paths

1Nontrivial a 2 Fn is root-free if x 2 Fn and xk D a implies k D˙1.
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associated to w. Note that f k# .Eiw
p xEj /DEiw

pCk.di�dj / xEj so these paths also grow linearly under
iteration. Exceptional paths have no nontrivial splittings (which would not be true if we allowed di and
dj to have the opposite sign).

Example 3.1 (continued) In our example, we choose our set of twist paths to be fag, as opposed
to fa�1g.

A splitting � D �1 ��2 � : : : is a complete splitting if each �i is either a single edge or an indivisible Nielsen
path or an exceptional path. If �i is not a Nielsen path then it is a growing term; if at least one �i is
growing then � is growing. We say that �i is a linear term if it is exceptional or equal to E or xE for some
E 2 Lin.f /. Complete splittings are unique when they exist [Feighn and Handel 2011, Lemma 4.11].
A path with a complete splitting is said to be completely split. For each edge Ei there is a complete
splitting of f .Ei / whose first term is Ei and whose remaining terms define a complete splitting of ui .
The image under f# of a completely split path or circuit is completely split. For each path or circuit � ,
the image f k# .�/ is completely split for all sufficiently large k [Feighn and Handel 2011, Lemma 4.25].

The set of oriented nonfixed nonlinear edges is denoted by Ef and the set obtained from Ef by reversing
orientation is denoted by E�1

f
. We say that an edge in Ef or E�1

f
has higher order. An easy induction

argument shows that, for each Ei 2 Ef and k � 1, f k# .Ei / is completely split and

f k# .Ei /DEi �ui �f#.ui / � : : : �f
k�1

# .ui /:

Thus f k�1# .Ei / is an initial segment of f k# .Ei / and the union

REi DE �ui �f#.ui / �f
2

# .ui / � : : :

of this nested sequence is an f#-invariant ray called the eigenray associated to Ei . The complete splittings
of the individual f k# .ui /’s define a complete splitting of REi .

Example 3.1 (continued) In our example, the edge a is fixed, the edges b and p are linear, and the
other edges have higher order, ie Ef D fc; d; e; qg. As an example of an eigenray,

Rq D q � c � cb � cbba � : : : � cbba : : : ba
k�1
� : : : :

Lemma 3.21 IfE 2 Ef [E�1f thenE is not crossed by any Nielsen path or exceptional path. In particular ,
each crossing of E by a completely split path is a term in the complete splitting of that path.

Proof Suppose that some Nielsen path � crosses E. Since � is a concatenation of fixed edges and
indivisible Nielsen paths and since every indivisible Nielsen path has the form Eiw

p xEi for some linear
edge and twist path w, E must be crossed by some Nielsen path w with height lower than � . The obvious
induction argument completes the proof.

Remark 3.22 One can define RE for a linear edge E in the same way that one does for a higher-order
edge. If f .E/ D Ewd for some twist path w then RE D Ew1 if d > 0 and RE D Ew�1 if d < 0.
These rays play a different role in the theory than eigenrays.
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3.7 Principal lifts from the CT point of view

Suppose that f W G ! G is a CT representing �. If ˆ is a principal lift for � then we say that the
corresponding zf is a principal lift of f WG!G.

Lemma 3.23 A lift zf W zG! zG is principal if and only if Fix. zf /¤∅ in which case Fix. zf / contains a
vertex.

Proof This follows from Corollary 3.17, Corollary 3.27 and Remark 4.9 of [Feighn and Handel 2011]
and the fact that Fix.f / is a union of vertices and fixed edges.

Lemma 3.24 Suppose that zf W zG ! zG is the lift of f W G ! G corresponding to ˆ 2 P.�/ and that
a 2 Fn. The following are equivalent :

� a 2 Fix.ˆ/;

� iaj@Fn D Taj@Fn commutes with ˆj@Fn D zf j@Fn;

� Taj zG commutes with zf j zG;

� Ta.Fix. zf j zG//D Fix. zf j zG/.

Proof This is well known. All but the equivalence of the third and fourth bullets can be found in
Lemma 2.4 of [Bestvina et al. 2004]. If Taj zG commutes with zf j zG then it preserves the fixed-point set
of zf j zG. Conversely, if zx; Ta.zx/ 2 Fix. zf j zG/ then zf j zG and Ta zf T �1a j zG both fix Ta.zx/ and so must be
equal. This proves the equivalence of the third and fourth bullets.

We say that lifts zf1 and zf2 are isogredient if they correspond to isogredient automorphisms ˆ1 and ˆ2.
Equivalently, zf2 D Ta zf1T �1a for some covering translation Ta. Recall that x; y 2 Fix.f / are Nielsen
equivalent if they are the endpoints of a Nielsen path or equivalently, if for each lift zx, the unique lift zf
that fixes zx also fixes some lift zy of y.

Lemma 3.25 The map which assigns to each principal lift zf W zG! zG the projection into G of Fix. zf /

induces a bijection between the set of isogredience classes of principal lifts and the set of Nielsen classes
for f . In particular , there are only finitely many isogredience classes of principal lifts.

Proof This follows from [Feighn and Handel 2011, Lemma 3.8] and Lemma 3.23.

Recall from Section 3.6 that for eachE 2Ef there is a closed completely split path u such that f .E/DE �u
is a splitting and such that the eigenray RE DE �u �f#.u/ �f

2
# .u/ � : : : is f#-invariant.

The following lemma is similar to [Feighn and Handel 2018, Lemma 3.10], which applies more generally
but has a weaker conclusion.

Lemma 3.26 Suppose that zf corresponds toˆ2P.�/. If zE is a lift ofE 2Ef and if the initial endpoint of
zE is contained in Fix. zf / then the lift zR zE of RE that begins with zE converges to a point in FixC.ˆ/. This

defines a bijection between FixC.ˆ/ and the set of all such zE and also a bijection between R.�/ and Ef .
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Proof zR zE converges to some P 2 FixN.ˆ/ by [Feighn and Handel 2011, Lemma 4.36(1)]. Since E is
not linear, u is not a Nielsen path and hence not a periodic Nielsen path. The length of f k# .u/ therefore
goes to infinity with k. Proposition I.1 of [Gaboriau et al. 1998] implies that P 2 FixC.ˆ/.

Suppose that zE1 and zE2 are distinct edges that project into Ef , that the initial endpoint zxi of zEi is fixed
by zf and that, for i D 1; 2, zRi is the lift of REi with initial edge zEi . The path that connects zx1 to zx2
projects to a Nielsen path � �G. If zR1 and zR2 converge to the same point in FixC.ˆ/ then � crosses E1
or E2 in contradiction to Lemma 3.21. This proves that the map f zEg 7! FixC.ˆ/ is injective; surjectivity
follows from [Feighn and Handel 2011, Lemma 4.36(2)]. The second bijection is obtained from the first
by projecting to the sets of Fn-orbits.

Example 3.1 (continued) Since Ef D fc; d; e; qg, R.�/ has four elements, denoted by frc ; rd ; re; rqg;
see Figure 2.

4 Recognizing a conjugator

Associated to each CT f WG!G representing a rotationless element � 2Out.Fn/ is a finite type labeled
graph �.f / that realizes FixN.�/. We refer to �.f / as the eigengraph for f WG!G. In Section 4.1 we
recall the construction and relevant properties of �.f / in the case that � 2 UPG.Fn/. Every �-invariant
conjugacy class Œa� is represented by an oriented circuit in �.f /. There is a finite set Aor.�/ of such Œa�
that are root-free and that are represented by more than one oriented circuit in �.f /. The “extra” circuits
correspond to the linear edges in f WG!G. In Section 4.2, we describe how the extra circuits can be
incorporated into an invariant SA.�/ of � that is independent of the choice of f W G ! G. Moreover,
certain pairs of elements of SA.�/ have twist coordinates that can be read off from the twist coordinates
on linear edges in f WG!G. Section 4.3 is an application of the recognition theorem of [Feighn and
Handel 2011]. Assuming that �; 2 UPG.Fn/, we use eigengraphs, SA.�/ and twist coordinates to give
necessary and sufficient conditions for a given � 2 Out.Fn/ to conjugate � to  .

4.1 The eigengraph �.f /

In this section, we recall a finite type labeled graph that captures many of the invariants of � that are
essential to our algorithm. For further details and more examples, see [Feighn and Handel 2018, Sections 9,
10 and 12].

A graph � without valence one vertices and equipped with a simplicial immersion p W �!G to a marked
graph G will be called a Stallings graph. We label the vertices and edges of � by their p-images in G.
Two Stallings graphs p1 W �1!G and p2 W �2!G are equivalent if there is a label-preserving simplicial
homeomorphism h W �1! �2. We will not distinguish between equivalent Stallings graphs. Since all
vertices have valence at least two, every edge in � is crossed by a line. We say that � has finite type if its
core is finite and if the complement of the core is a finite union of rays.
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Figure 2: The eigengraph �.f / of our example. Only the first edge of the eigenrays is labeled
here. For example, the eigenray Rc D cbbaba2ba3 : : : starts at the red vertex and only its first
edge is labeled (by c). Other aspects of this figure are explained later.

Given a CT f W G ! G representing �, we construct a finite type Stallings graph �.f /, called the
eigengraph for f WG!G, as follows. Let �0.f / be G with the interiors of all nonfixed edges removed.
In particular, �0.f / may contain isolated vertices. The labeling on �0.f / is the obvious one. For each
E 2 Lin.f /, first attach an edge, say E 0, to �0.f / by identifying the initial endpoint of E 0 with the initial
endpoint of E, thought of as a vertex in �0.f /. The label on E 0 is E. Then add a path ! by attaching
both of its endpoints to the terminal endpoint of E 0, which now has valence three. If w denotes the twist
path associated to E then we label ! by w, thought of as an edge path, and subdivide ! so that each
edge in ! is labeled by a single edge in G. The net effect is to add a lollipop to �0.f / for each edge
in Lin.f /. This labeling defines an immersion because w determines a circuit that does not cross the
edge E. Finally, for each E 2 Ef , attach a ray labeled RE (as defined in Section 3.6) by identifying the
initial endpoint of this ray with the initial endpoint of E, thought of as a vertex in �0.f /. We will also
use the term eigenray for this added ray. The resulting graph is denoted by �.f /. This labeling maintains
the immersion property because RE is an immersed ray in G and because no other edge labeled E has
initial vertex in �0.f /.

Example 3.1 (continued) The eigengraph for our running example is pictured in Figure 2.

The vertices of �.f / that are not in �0.f / have valence either two or three by construction. The valence
of v 2 �0.f / in �.f / is equal to the number of fixed directions based at v in G. If v, thought of as a
vertex in G, is not the terminal endpoint of an edge in Ef [ Lin.f /, then v has the same valence in �.f /
that it does in G. If v is the terminal endpoint of an edge in Ef [ Lin.f /, let Ei be the lowest such edge.
Then f .Ei /DEi �ui , where ui is a closed path based at v whose ends determine distinct fixed directions
at v by [Feighn and Handel 2011, Lemma 4.21]. This proves that v has valence at least two in �.f / and
hence that �.f / is a Stallings graph. It has finite type by construction.
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As noted in Section 3.6, each Nielsen path in G decomposes as a concatenation of fixed edges and
indivisible Nielsen paths and each indivisible Nielsen path is a closed path. It follows that two vertices
in Fix.f / are in the same Nielsen class if and only if they are connected by a sequence of fixed edges.
In particular, the vertices in each component of �0.f / form exactly one Nielsen class in Fix.f /. Since
the inclusion of �0.f / into �.f / induces a bijection of components, there is a bijection between the
set of components of �.f / and the set of Nielsen classes in Fix.f / and hence (Lemma 3.25) a bijection
between the set of components of �.f / and the set of isogredience classes in P.�/. We denote the
component of �.f / corresponding to the isogredience class Œˆ� by �Œˆ�.f / or by �. zf /, where zf is the
lift of f that corresponds to ˆ.

We say that a line is carried by �Œˆ�.f / if its realization L�G lifts into �Œˆ�.f / and is carried by �.f /
if it is carried by some component �Œˆ�.f /. The following lemma shows that the set of lines carried by
�.f / is independent of the choice of f WG!G. We will sometimes refer to these as principal lines.

Lemma 4.1 The following are equivalent for any CT f WG!G representing �, any ˆ 2 P.�/ and any
line L�G.

(1) L is carried by �Œˆ�.f / (resp. the core of �Œˆ�.f /).

(2) There is a lift zL� zG such that f@˙ zLg � FixN.ˆ/ (resp. f@˙ zLg � @ Fix.ˆ/).

Proof It suffices to prove the unbracketed statement. Let q W zG!G and q� W z�Œˆ�.f /! �Œˆ�.f / be the
universal covering maps. The labeling map p W�Œˆ�.f /!G is an immersion and so lifts to an embedding
zp W z�Œˆ�.f / ,! zG. If a line L�G lifts to a line L� � �Œˆ�.f / and if zL� � z�Œˆ�.f / is a lift of L� then
zL WD zp.zL�/� zG is a lift of L. Conversely, if L�G lifts to zL� zG and there exists zL� � z�Œˆ�.f / with
zp.zL�/D zL, then L� WD q�.zL�/ is a lift of L. The lemma therefore follows from [Feighn and Handel
2018, Lemma 12.4], which states that L�G lifts to zp.zL�/ if and only if (2) is satisfied.

An end of an immersed line in �.f / can either be an end of �.f / or can wrap infinitely around one of
the lollipop circuits or can cross a vertex in �0.f / infinitely often. This gives the following description
of lines that lift into �.f /.

Lemma 4.2 A line � �G lifts into �.f / if and only if it contains a (possibly trivial ) subpath ˇ that is a
concatenation of fixed edges and indivisible Nielsen paths and such that the complement of ˇ is 0; 1 or
2 rays , each of which is either Re for some higher-order edge e, or Ew˙1 for some twist path w and
some linear edge E 2 Linw.f /.

The following lemma, in conjunction with Lemma 4.1, implies that the set of conjugacy classes determined
by twist paths and their inverses is an invariant of �. This set is explored further in Section 4.2.
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Lemma 4.3 Suppose that f WG!G is a CT representing � and that Œa� is a root-free conjugacy class
that is fixed by � and that �a is the circuit in G representing Œa�.

(1) If Œa�D Œw� (resp. Œa�D Œ xw�) for some twist path w, then for each edge E 2 Linw.f / there is a lift
of �a to the loop ! (resp. x!) in the lollipop associated to E. Additionally there is a unique lift
of �a to a circuit in �.f / that is not contained in any lollipop.

(2) Otherwise , there is a unique lift of �a to a circuit in �.f /.

Proof We claim that if � 0 is a path in the core of �.f / that projects to a Nielsen path � in G and if the
initial vertex v00 of � 0 is not in �0.f /, then � 0 is contained in the loop ! of some lollipop. We may assume
without loss that the claim holds for paths with height less than that of � and that � is either a single fixed
edge or an indivisible Nielsen path. Since the core of �.f / is contained in the union of �0.f / with the
lollipops associated to the linear edges of G, there is a lollipop composed of an edge E 01 projecting to a
linear edge E1 �G and a loop ! projecting to its twist path w1 such that v00 2!. If � is a fixed edge then
� 0 is disjoint from the interior of E 01 and so is contained in !. If � is an indivisible Nielsen path then it
has the form E2w2

p xE2 for some linear edge E2 with twist path w2. There is an induced decomposition
� 0 D X 0w02Y

0, where X 0, w02 and Y 0 project to E2, wp2 and xE2, respectively. Since E2 ¤ xE1, we have
X 0 � ! and the initial vertex of w02

p is contained in !. Since w2 has height less than E2 and so height
less than � , w02

p
� !. Finally, since X 0 is contained in !, E2 has height less than E1 and in particular,

xE2 ¤ xE1. Thus Y 0 � !. This completes the proof of the claim.

Each � D �a as in the statement of the lemma has a cyclic splitting � D �1 � : : : � �m into fixed edges and
indivisible Nielsen paths �i . The above claim shows that if � 0 D � 01 � : : : ��

0
m is a lift to �.f / in which an

endpoint of some � 0i is not contained in �.f /0 then � 0 is entirely contained in the loop ! associated to
one of the lollipops.

To complete the proof we need only show each � has a unique lift in which the endpoints of each �i lift
into �0.f /. Since the vertices of G have unique lifts into �0.f /, it suffices to show that each �i has a
unique lift with endpoints in �0.f / and this is immediate from the construction of �0.f /.

4.2 Strong axes and twist coordinates

The following lemma describes the extent to which fixed subgroups fail to be malnormal.

Lemma 4.4 For distinct automorphisms ˆ1 and ˆ2 representing the same outer automorphism and for
any c 2 Fn:

(1) Fix.ˆ1/\ Fix.ˆ2/ is either trivial or a maximal cyclic subgroup.

(2) If c … Fix.ˆ1/ then Fix.ˆ1/\ .Fix.ˆ1//
c D Fix.ˆ1/\ Fix.icˆ1i

�1
c / is either trivial or a maximal

cyclic subgroup.

(3) Fix.ˆ1/ is its own normalizer.
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Proof If ˆ1 and ˆ2 are distinct automorphisms representing the same outer automorphism then ˆ�11 ˆ2

is a nontrivial inner automorphism and Fix.ˆ1/\Fix.ˆ2/ is a subgroup of the cyclic group Fix.ˆ�11 ˆ2/.
Maximality of Fix.ˆ1/\Fix.ˆ2/ follows from Lemma 3.6 and the fact that .ak/˙D a˙ for all nontrivial
a 2 Fn and all k � 1. This proves (1).

For (2) note that if c … Fix.ˆ1/ then icˆ1i�1c D icˆ1.c�1/ˆ1 ¤ ˆ1. Note also that Fix.icˆ1i
�1
c / D

.Fix.ˆ1//
c . Item (2) therefore follows from (1) applied with ˆ2 D icˆ1i�1c . In proving (3) we may

assume by (2) that Fix.ˆ1/D hai for some root-free a 2 Fn and in this case (3) is obvious.

The conjugacy class of a cyclic subgroup is determined by the conjugacy class of either of its generators.
As we have no way to canonically choose a generator, we work, for now, with unoriented conjugacy
classes. The following definition appeared as [Bestvina et al. 2004, Definition 4.6] under slightly different
hypotheses and in the paragraph before [Feighn and Handel 2011, Remark 4.39] in the CT context.

Definition 4.5 Elements a; b 2Fn are in the same unoriented conjugacy class if aD ic.b/ or aD ic.b�1/
for some c 2 Fn. An unoriented conjugacy class Œa�u of a nontrivial root-free a 2 Fn is an axis for � if
hai D Fix.ˆ1/\ Fix.ˆ2/ for distinct ˆ1; ˆ2 2 P.�/. The multiplicity of an axis Œa�u is the number of
distinct ˆi 2 P.�/ that fix a. The set of axes for � is denoted by A.�/. The set fŒa� j Œa�u 2 A.�/g is
denoted by Aor.�/.

There is a very useful description of A.�/ in terms of a CT f WG!G.

Lemma 4.6 If f W G ! G is a CT representing � and fwig is the set of twist paths for f , then
A.�/D fŒwi �ug. In particular , A.�/ is finite.

Proof This follows from [Feighn and Handel 2011, Lemma 4.40].

Notation 4.7 If Œa�u D Œw�u for some twist path w then, up to a reversal of orientation, the axis of the
covering translation Ta W zG! zG can be viewed as an infinite concatenation : : : zw�1 zw0 zw1 : : : of paths
that project to w. There is a principal lift zfa;0 W zG ! zG, called the base principal lift for a, that fixes
the endpoints of each zwl . The principal automorphism ˆa;0 corresponding to zfa;0 is called the base
principal automorphism for a. If a is an element of some basis for Fn then the base principal lift for a
depends on the choice of f WG!G, and not just on �.

For each edge Ej 2 Linw.f /, there is a principal lift zfa;j W zG! zG that fixes the initial endpoint of each
lift zEj with terminal endpoint equal to the initial endpoint of some zwl . (We write Ej rather than Ej
to emphasize that j is not an indicator of height in G.) The principal automorphism corresponding to
zfa;j is denoted by ˆa;j . Note that ˆa;0 Dˆa�1;0 and ˆa;j Dˆa�1;j . Further details can be found in

[Feighn and Handel 2011, Lemma 4.40] and the paragraph that precedes it.
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Lemma 4.8 Suppose that f WG!G is a CT representing �, that w is a twist path for f and that a 2 Fn
satisfies Œa�u D Œw�u. Suppose also that E1; : : : ; Em�1 are the edges in Linw.f /.

(1) fˆa;0; ˆa;1; : : : ; ˆa;m�1g is the set of principal automorphisms that fix a. In particular , the
multiplicity of each element of A.�/ is finite.

(2) If f .Ej /DEjwdj then ˆa;j D i
dj
a ˆa;0 if Œa�D Œw�, and ˆa;j D i

�dj
a ˆa;0 if Œa�D Œ xw�.

Proof This follows from Lemma 4.40 of [Feighn and Handel 2011].

Definition 4.9 Suppose that the group G acts on the sets Xi for i D 1; : : : ; k, and that xi 2Xi . The orbit
of .x1; : : : ; xk/ under the diagonal action of G on

Qk
iD1Xi , denoted by Œx1; : : : ; xk�G , is a conjugacy

k-tuple. If k D 2 then we say Œx1; x2�G is a conjugacy pair. We sometimes suppress the subscript, in
which case G D Fn.

Examples 4.10 Here are some examples of conjugacy pairs where G D Fn.

� We will often take Xi to be the set of finitely generated subgroups of Fn or Fn itself with the action
of Fn given by conjugation. If H < Fn (resp. x 2 Fn) then ŒH �Fn (resp. Œx�Fn) is the conjugacy
class of H in Fn (resp. x in Fn). Conjugacy pairs formed with these Xi will play an important
role in this paper, especially in Section 10.3.

� If X D @Fn and if x¤ y 2X , then .x; y/ 2X �X is an oriented line. The conjugacy pair Œx; y�Fn
is represents an oriented line in any marked graph.

� If X is the power set of @Fn and A and B are disjoint subsets of @Fn, then .A;B/2X �X denotes
the set of lines L with @�L 2 A and @CL 2 B . The conjugacy pair ŒA; B�Fn represents a set of
oriented lines in any marked graph.

We now define strong axes, the first of our invariants that is expressed as a conjugacy pair.

Definition 4.11 Let Aor.�/ be the set of conjugacy classes representing elements of A.�/, ie Œa�2Aor.�/

if fŒa�; Œa�1�g 2 A.�/. Fn acts on pairs .ˆ; a/ where ˆ 2 P.�/, a 2 Fix.ˆ/, and Œa� 2 Aor.�/ via
.ˆ; a/g D .ˆig ; ag/. The Fn-orbit, equivalently conjugacy pair, Œˆ; a�, is a strong axis for �. If
˛s D Œˆ; a� then we let ˛�1s WD Œˆ; a

�1�. The set of all strong axes for � is denoted by SA.�/. Aut.Fn/

acts on pairs .ˆ; a/ by ‚ � .ˆ; a/D .‚ˆ‚�1; ‚.a//. This descends to an action of Out.Fn/ on SA.�/.

We can partition SA.�/ according to the second coordinate: for each � 2 Aor.�/ let SA.�; �/ be the
subset of SA.�/ consisting of elements in which some, and hence every, representative .ˆ; a/ satisfies
Œa�D �.

Lemma 4.12 Suppose that a 2 Fn, that Œa� 2Aor.�/ and that ˆa;0; : : : ; ˆa;m�1 are as in Notation 4.7.
For each ˛s 2 SA.�; Œa�/, there is a unique ˆa;j such that ˛s D Œˆa;j ; a�. Thus

SA.�; Œa�/D fŒˆa;0; a�; Œˆa;1; a�; : : : ; Œˆa;m�1; a�g:
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Proof Each ˛s 2 SA.�; Œa�/ is represented by .ˆ; ac/ and hence by .icˆi�1c ; a/, for some c 2 Fn and
some ˆ 2 P.�/. Since a 2 Fix.icˆi

�1
c /, there exists j such that icˆi�1c D ĵ .

For uniqueness, note that if . ĵ ; a/D c � .ˆi ; a/ for some c 2Fn then cD ap for some p so ic commutes
with ĵ and c � .ˆi ; a/D .ˆi ; a/.

Remark 4.13 There is another useful description of Œˆa;j ; a� 2 SA.�; Œa�/ in terms of a CT f WG!G.
Letw be the twist path satisfying Œa�uD Œw�u and let v be the initial vertex ofw. There is an automorphism
fv# W �1.G; v/! �1.G; v/ that sends the homotopy class of the closed path � with basepoint v to the
homotopy class of the closed path f .�/ with basepoint v. Let � be the element of �1.G; v/ determined
by w if Œa�D Œw� and by xw if Œa�D Œ xw�. In both cases, � is fixed by fv#. There is an isomorphism from
�1.G; v/ to Fn that is well-defined up to postcomposition with an inner automorphism of Fn. The pair
.fv#; �/ determines a well-defined element, namely Œˆa;0; a�, of SA.�; Œa�/. Similarly if vj is the initial
endpoint of Ej 2 Linw.f /, let �j be the element of �1.G; vj / determined by Ejw xEj if Œa�D Œw� and
by Ej xw xEj if Œa�D Œ xw�. Then .fvj #; �j / determines Œˆa;j ; a�.

Continuing with this notation, we can relate SA.�; Œa�/ to circuits in the eigengraph �.f / that are lifts
of Œw�u. For j ¤ 0, Œˆa;j ; a� corresponds to the loop at the end of the lollipop in �.f / determined by Ej .
By Lemma 4.3 there is one more lift of Œw�u into �.f /, and this corresponds to Œˆa;0; a�.

Definition 4.14 Suppose that � 2Aor.�/ and that ˛s; ˛0s 2 SA.�; �/. Choose a 2 Fn such that Œa�D �
and let ˆ;ˆ0 2 P.�/ be the unique elements such that ˛s D Œˆ; a� and ˛0s D Œˆ

0; a�. Since ˆ and ˆ0 both
fix a there exists � 2 Z such that ˆ0 D i�aˆ; equivalently, ˆ0ˆ�1 D i�a . We say that � D �.˛0s; ˛s/ is the
twist coordinate associated to ˛0s and ˛s .

Example 3.1 (continued) In our example, SA.�; Œa�/ is represented in Figure 2 by the three circles
˛, ˛0, and ˛00 labeled a and drawn with thicker lines. SA.�/D SA.�; Œa�/[ SA.�; Œa�1�/. We have for
example �.˛0; ˛/D 1.

Lemma 4.15 Twist coordinates are well-defined.

Proof We have to show that �.˛0s; ˛s/ is independent of the choice of a representing �. If a is replaced
by ac then ˆ and ˆ0 are replaced by icˆi�1c and icˆ0i�1c , respectively, and so i�a Dˆ

0ˆ�1 is replaced
by icˆ0ˆ�1i�1c D ici

�
a i
�1
c D iac

� .

The following lemma allows us to compute twist coordinates for strong axes from a CT f WG!G. It is
an immediate consequence of Lemma 4.8 and the definitions.

Lemma 4.16 (1) If Œa�D Œw� and Ej 2 Linw.f / satisfies f .Ej /DEjwdj , then

�.Œˆa;j ; a�; Œˆa;0; a�/D dj :
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(2) Suppose that � 2Aor.�/ and that ˛s; ˇs; 
s 2 SA.�; �/. Then

(a) �.˛s; ˇs/D��.ˇs; ˛s/,

(b) �.˛s; 
s/D �.˛s; ˇs/C �.ˇs; 
s/,

(c) �.˛s; ˇs/D��.˛
�1
s ; ˇ�1s /.

The next lemma shows that A.�/, SA.�; Œa�/ and SA.�/ are natural invariants.

Lemma 4.17 Assume that  D ����1 and that ‚ represents � .

(1) The correspondence Œa�u$ .�Œa�/u defines a bijection A.�/$A. /.
(2) The correspondence .ˆ; a/$ .‚ˆ‚�1; ‚.a// induces a bijection SA.�; Œa�/$ SA. ; �.Œa�//

that preserves twist coordinates.

Proof If ˆ1; ˆ2 2 P.�/ fix a 2 Fn, then ‰1 WD‚ˆ1‚�1 and ‰2 WD‚ˆ2‚�1 in P. / fix ‚.a/. This
proves (1).

For (2), let ‰ D‚ˆ‚�1 and note that if ˆ 2 P.�/ and a 2 Fix.ˆ/ then ‰ 2 P. / and ‚.a/ 2 Fix.‰/.
Moreover,

c � .ˆ; a/D .icˆi
�1
c ; ac/ 7! .i‚.c/‰i

�1
‚.c/; ‚.a/

‚.c//D‚.c/ � .‰;‚.a//:

This proves that .ˆ; a/ 7! .‚ˆ‚�1; ‚.a// induces a well-defined map SA.�; Œa�/! SA. ; �.Œa�// that
is obviously invertible and is hence a bijection. If ˆi and ‰i are as in the proof of (1) and if ˆ2 D i�aˆ1,
then ‰2 D i�‚.a/‰1. This proves that twist coordinates are preserved.

We conclude this section with a conjugacy class of pairs construction that is better suited to the techniques
in Section 10 than the one in Definition 4.11 but is only applicable when the fixed subgroups in question
have rank at least two.

Definition 4.18 Given � 2 Out.Fn/, consider pairs .Fix.ˆ/; a/ where ˆ 2 P.�/, a 2 Fix.ˆ/ and
Œa�2Aor.�/. Using Fix.icˆi

�1
c /D ic.Fix.ˆ//, the action of Fn on such pairs is given by c �.Fix.ˆ/; a/D

.ic.Fix.ˆ//; ic.a//, giving a conjugacy pair ŒFix.ˆ/; a�. Similarly, Aut.Fn/ acts on pairs .Fix.ˆ/; a/ by
‚ � .Fix.ˆ/; a/D .‚.Fix.ˆ//;‚.a//. This descends to an action of Out.Fn/ on the set of such conjugacy
pairs.

Remark 4.19 Since Fix.ˆ/ is its own normalizer (Lemma 4.4(3)), ŒFix.ˆ/; a�D ŒFix.ˆ/; a0� if and only
if a0 D ic.a/ for some c 2 Fix.ˆ/; equivalently, a and a0 are conjugate as elements of Fix.ˆ/.

Lemma 4.20 Suppose that Fix.ˆ/ and Fix.ˆ0/ have rank at least two. Then

Œˆ; a�D Œˆ0; a0� () ŒFix.ˆ/; a�D ŒFix.ˆ0/; a0�:
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Proof By definition, Œˆ; a�D Œˆ0; a0� if and only if there exists c 2 Fn such that

ˆ0 D icˆi
�1
c and a0 D ic.a/:

Similarly, ŒFix.ˆ/; a�D ŒFix.ˆ0/; a0� if and only if there exists c 2 Fn such that Fix.ˆ0/D ic Fix.ˆ/ and
a0 D ic.a/. As we are assuming that Fix.ˆ/ and Fix.ˆ0/ have rank at least two, ˆ0 D icˆi�1c if and only
if Fix.ˆ0/D ic Fix.ˆ/.

4.3 Applying the recognition theorem

The recognition theorem [Feighn and Handel 2011, Theorem 5.1] gives invariants that completely
determine rotationless elements of Out.Fn/. In this paper, via the following lemma, we use it to give a
sufficient condition for two elements of UPG.Fn/ to be conjugate in Out.Fn/.

Lemma 4.21 Suppose that f WG!G and g WG0!G0 are CTs representing � and  respectively , that
� 2 Out.Fn/ and that a line L lifts into �.f / (meaning that the realization of L in G is the image of a
line in �.f /) if and only if �.L/ lifts into �.g/. Then for each ‚ 2 Aut.Fn/ representing � :

(1) There is a bijection BP W P.�/! P. / such that FixN.BP.ˆ// D ‚.FixN.ˆ// D FixN.ˆ
‚/. In

particular , Fix.BP.ˆ//D‚ Fix.ˆ/D Fix.ˆ‚/.

(2) The map Œˆ; a� 7! ŒBP.ˆ/;‚.a/� defines a bijection BSA W SA.�/! SA. /, independent of the
choice of ‚, such that �� D  if and only if BSA preserves twist coordinates.

Proof Given ˆ 2 P.�/, choose a line zL1 � zG with both ends nonperiodic and both ends in FixN.ˆ/.
(This is possible by Remark 3.10.) By Lemma 4.1, the projection L�G lifts to the component �Œˆ�.f /
of �.f / that corresponds to Œˆ�. By hypothesis, the line L01 � G

0 corresponding to �.L/ lifts to a
component of �.g/ and so by a second application of Lemma 4.1 there is a unique ‰ 2 P. / such that
FixN.‰/ contains the endpoints f‚.@˙ zL1/g of ‚.zL1/; moreover, L01 lifts into �Œ‰�.g/. To see that ‰ is
independent of the choice of zL1, suppose that we are given some other zL2 with both ends nonperiodic and
both ends in FixN.ˆ/. Let zL3 be the line connecting the terminal endpoint of zL1 to the initial endpoint
of zL2. Since zL1 and zL3 have a common endpoint, replacing zL1 with zL3 does not change ‰. For the
same reason, replacing zL3 with zL2 does not change ‰. We conclude that BP.ˆ/D‰ is well-defined.
This argument also shows that ‚ maps each nonperiodic element of FixN.ˆ/ to a nonperiodic element of
FixN.‰/. Since nonperiodic points in FixN.ˆ/ are dense in FixN.ˆ/, ‚.FixN.ˆ//� FixN.‰/. Reversing
the roles of � and  and replacing � with ��1, we see that ‚�1.FixN.‰//� FixN.ˆ/, which completes
the proof of (1). Note that if ‰ D BP.ˆ/ then for all c 2 Fn,

BP.icˆi
�1
c /D i‚.c/‰i

�1
‚.c/

because

‚.FixN.icˆi
�1
c //D‚.ic FixN.ˆ//D i‚.c/‚.FixN.ˆ//D i‚.c/ FixN.‰/D FixN.i‚.c/‰i

�1
‚.c//:
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For (2), suppose that Œa� 2Aor.�/, that ˆ 2 P.�/ fixes a and that ‰ D BP.ˆ/. Define

BSA.Œˆ; a�/D ŒBP.ˆ/;‚.a/�D Œ‰;‚.a/�:

Then for all c 2 Fn,

BSA.Œˆ; a�
c/D BSA.Œicˆi

�1
c ; ic.a/�/D Œi‚.c/‰i

�1
‚.c/; i‚.c/.‚.a//�D Œ‰; a�

‚.c/;

so BSA is well defined. By symmetry, BSA is a bijection. If ‚ is replaced by ib‚ for some b 2 Fn then
.‰;‚.a// is replaced by .ib‰i�1b ; ib‚.a//D b � .‰;‚.a//. This shows that BSA is independent of the
choice of ‚. It remains to show that �� D  if and only if BSA preserves twist coordinates.

Let � D �� . By Lemmas 3.16 and 4.17, conjugation by ‚ induces

� a bijection B 0P WP.�/!P.�/ defined by ˆ 7!‚ˆ‚�1 and satisfying FixN.B
0
P.ˆ//D‚ FixN.ˆ/,

� a bijection B 0SA W SA.�/! SA.�/ defined by Œˆ; a� 7! Œ‚ˆ‚�1; ‚.a/� that preserves twist coordi-
nates.

The bijections B 00P D BPB
0�1
P W P.�/! P. / and B 00SA D BSAB

0�1
SA W SA.�/! SA. / satisfy:

(a) FixN.B
00
P.‡//D FixN.‡/ for all ‡ 2 P.�/.

(b) B 00SA preserves twist coordinates if and only if BSA does.

Applying (b), it suffices to show that �� D  if and only if B 00SA preserves twist coordinates.

Suppose that Œb� 2Aor.�/, that b 2 Fix.‡/ and that ‡; ibd‡ 2 P.�/. Let aD‚�1.b/ and ˆD‚�1‡‚.
Then

B 00SAŒ‡; b�D BSAŒˆ; a�D ŒBP.ˆ/; b�;

and likewise

B 00SAŒi
d
b ‡; b�D BSAŒi

d
a ˆ; a�D ŒBP.i

d
a ˆ/; b�:

By definition, the twist coordinate for Œibd‡; b� and Œ‡; b� is d . It follows that B 00SA preserves twist
coordinates if and only if

BP.i
d
a ˆ/D ibdBP.ˆ/:

Since

BP.i
d
a ˆ/D B

00
P.i

d
b ‡/ and BP.ˆ/D B

00
P.‡/;

we conclude that B 00SA preserves twist coordinates if and only if

(c) B 00P.i
d
b
‡/D id

b
B 00P.‡/.

By the recognition theorem [Feighn and Handel 2011, Theorem 5.3], (a) and (c) are equivalent to �D .
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5 Limit lines�.r/� B

Each point P 2 @Fn determines a closed set of lines; see eg [Feighn and Handel 2011, Section 2.4],
where the closed set of lines is called the accumulation set of P . In this section we focus on the case that
P 2R.�/ and analyze these lines using CTs.

Definition 5.1 For each r 2 @Fn=Fn, we define the set �.r/� B of limit lines of r as follows. Choose a
lift zr 2 @Fn, a marked graph K and a ray zR � zK with terminal end zr . Let R �K be the projected image
of zR. Then L 2�.r/ (thought of as a line in K) if and only if the following equivalent conditions are
satisfied.

(1) Each finite subpath of L occurs as a subpath of R.

(2) For each lift zL� zK of L�K there are translates zRj of zR such that the initial endpoints of zRj
converge to the initial endpoint of zL and the terminal endpoints of zRj converge to the terminal
endpoint of zL.

Let �NP.r/ be the set of nonperiodic elements of �.r/.

Lemma 5.2 �.r/ and �NP.r/ are well-defined. Moreover , for each � 2 Out.Fn/, �.�.r//D�.�.r//
and �.�NP.r//D�NP.�.r//.

Proof If R0 is another ray with terminal end r , then R and R0 have a common terminal subray R00.
Let R D ˛R00 and R0 D ˛0R00. Given a finite subpath �2 � K of a line `, extend it to a finite subpath
�1�2 �K of `, where �1 is longer than both ˛ and ˛0. If �1�2 occurs in R then �2 occurs in R00. Since �2
was arbitrary, every finite subpath of ` occur in R if and only if every finite subpath of ` occurs in R00.
The same holds for R0 and R00. This proves that �.r/ is independent of the choice of R. Independence
of the choice of zR is obvious, as is the equivalence of (1) and (2).

Suppose that K 0 is another marked graph and that g WK!K 0 is a homotopy equivalence that preserves
markings and so represents the identity outer automorphism. Let zg W zK! zK 0 be a lift of g. If zL� zK is
a lift of L and zRj � zK is a sequence of translates of ray zR such that the initial and terminal endpoints
of zRj converge to those of zL, then the same is true of zL0 D zg#.zL/� zK

0 and zR0j D zg#. zRj /� zK
0. This

proves that �.r/ is independent of the choice of K.

For the moreover statement, choose a homotopy equivalence h WK!K that represents � and lifts zL� zK
and zh W zK! zK. If zRj � zK is a sequence of translates of zR whose initial and terminal endpoints converge
to those of zL, then the initial and terminal endpoints of zh#. zRj / converge to those of zh#.zL/� zK. This
proves that �.�NP.r//��NP.�.r//. The reverse inclusion follows by symmetry.

We now specialize to r 2R.�/.

Notation 5.3 For � 2 UPG.Fn/, let

�.�/D
[

r2R.�/

�.r/ and �NP.�/D
[

r2R.�/

�NP.r/:
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As an immediate consequence of Lemma 3.16 and the moreover statement of Lemma 5.2 we have:

Corollary 5.4 Suppose that � 2Out.Fn/ and that  D ����1 2 UPG.Fn/. Then �.�.�//D�. / and
�.�NP.�//D�NP. /.

For the remainder of the section we assume that f WG!G is a CT representing � 2 UPG.Fn/. Our goal
is to describe �.�/ and �NP.�/ in terms of f WG!G. See in particular Corollary 5.17.

One advantage of working in a CT is that we can work with finite paths and not just with lines and rays.

Definition 5.5 Given a path � �G, we say that a line L�G is contained in the accumulation set Acc.�/

of � with respect to f if every finite subpath of L occurs as a subpath of f k# .�/ for arbitrarily large k.

Notation 5.6 For each twist pathw, we writew1 for both the ray that is an infinite concatenation of copies
of w and the line that is a bi-infinite concatenation of copies of w, using context to distinguish between
the two. We use either xw1 or w�1 for the ray or line obtained from w1 by reversing orientation on w.

Examples 5.7 (1) If � is a Nielsen path, then Acc.�/D∅.

(2) Suppose that E 2 Lin.f / and f .E/DEwd .

(a) If d > 0 then Acc.E/D fw1g and Acc. xE/D f xw1g.

(b) If d < 0 then Acc.E/D f xw1g and Acc. xE/D fw1g.

(3) If Ei ; Ej 2 Lin.f / satisfy f .Ei /D Eiwdi and f .Ej /D Ejwdj for di ¤ dj then for all p 2 Z,
Acc.Eiw

p xEj /D fw
1g if di > dj , and Acc.Eiw

p xEj /D f xw
1g if di < dj .

Recall from Lemma 3.26 that there is a bijection between R.�/ and the set Ef of nonfixed nonlinear edges
ofG and that if r 2R.�/ corresponds toE 2Ef then the eigenrayREDE �uE �Œf .uE /��Œf 2.uE /�� : : :�G
has terminal end r . Thus, a line L � G is an element of �.r/ if and only if each finite subpath of L
occurs as a subpath of RE .

Limit lines of eigenrays are connected to accumulation sets as follows.

Lemma 5.8 If r 2R.�/ corresponds to E 2 Ef , and f .E/DE �uE , then

�.r/D Acc.E/D Acc.uE �f#.uE //D Acc
�
uE �f#.uE / � : : : �f

k
# .uE /

�
for any k � 1.

Proof The first equality is an immediate consequence of the definitions and the fact that E � f .E/�
f 2# .E/� � � � is an increasing sequence whose union is RE . Likewise,

Acc.uE �f#.uE //� Acc.uE �f#.uE / � : : : �f
k

# .uE //� Acc.f kC1# .E//D Acc.E/

is immediate. It therefore suffices to show that �.r/� Acc.uE �f#.uE //.

If L 2�.r/ then every finite subpath � of L occurs as a subpath of every subray of RE . Since the length
of f k# .uE / tends to infinity with k, each occurrence of � that is sufficiently far away from the initial
endpoint of RE is contained in some f k# .uE / �f

kC1
# .uE /D f

k
# .uE �f#.uE //. As the occurrence of �

moves farther down the ray, k!1.
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Notation 5.9 Define a partial order on the set Ef [E�1
f

by E1�E2 if E1 ¤E2 and if, for some k � 0,
E2 is crossed by f k# .E1/ and so by Lemma 3.21 is a term in the complete splitting of f k# .E1/. (In
Notation 6.1 we define a partial order > on Ef that does not distinguish between E and xE.)

As an immediate consequence of the definition, we have:

Lemma 5.10 If E;E 0 2 Ef [ E�1
f

and E�E 0, then the height of E 0 is less than the height of E, and
Acc.E 0/� Acc.E/.

The terms �i in the complete splitting of uE �f#.uE / are Nielsen paths, exceptional paths and single edges
with height strictly less than that of E. Each Acc.�i / is a subset of Acc.E/D�.r/. If �i 2 Ef [ E�1

f

then Acc.�i / can be understood inductively. The remaining Acc.�i / are given in Examples 5.7. The
work in identifying �.r/ D Acc.uE � f#.uE // is to determine what additional lines must be added toS

Acc.�i /.

Notation 5.11 For a path ˛�G, we say that f k# .˛/ converges to a ray R�G if for all m there exists K
such that the initial m-length segments of f k# .˛/ and of R are equal for all k � K. Note that R is
necessarily unique and f#-invariant. We sometimes write RD f1# .˛/.

Examples 5.12 (1) Suppose that E 2 Lin.f / and that f .E/DEwd .

(a) If d > 0 then f k# .E/ converges to Ew1 and f k# . xE/ converges to xw1.

(b) If d < 0 then f k# .E/ converges to E xw1 and f k# . xE/ converges to w1.

(2) If E 2 Ef then f k# .E/ converges to RE .

(3) If Ei ; Ej 2 Lin.f / satisfy f .Ei /D Eiwdi and f .Ej /D Ejwdj for di ¤ dj then for all p 2 Z,
f k# .Eiw

p xEj / converges to Eiw1 if di > dj and to Ei xw1 if di < dj .

Notation 5.13 If E 2 Ef , then the first growing term of f . xE/ has height less than that of E. It follows
that there exists M > 1 such that if �i is a growing term in the complete splitting of a path � and if
m�M , then the first growing term in the complete splitting of f m# .�i / is not an element of E�1

f
, and

the last growing term in the complete splitting of f m# .�i / is not an element of Ef . We refer to M as the
stabilization constant for f .

Lemma 5.14 Let M be the stabilization constant for f . If � is a completely split growing path , then
f k# .�/ converges to a ray f1# .�/D �R, where

(1) � is a (possibly trivial ) Nielsen path and one of the following holds:

(a) RDRE for some E 2 Ef .

(b) RDEw˙1 for some E 2 Linw.f /.

(c) RD w˙1 for some twist path w.
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(2) If � D �1 � �1 ��2 � : : : is the coarsening of the complete splitting of � into maximal (possibly
trivial ) Nielsen paths �i and single growing terms �i , then f1# .�/D �1f

1
# .�1/.

(3) In case (1c) there exists E 2 Linw.f / and a smallest k� �M such that the first growing term in
the coarsened complete splitting of f k# .�/ is xE for all k � k� . Moreover , if the first growing term
in the coarsened complete splitting of � is not an edge in E�1

f
then k� D 1.

Proof There is no loss in replacing � with its first growing term. The only case that does not follow
from Examples 5.12 is that � D xE 2 E�1

f
. This case follows from the definition of M and the obvious

induction argument.

Remark 5.15 The rays in Lemma 5.14 are finitely determined: in case (a) R is determined by the
edge E, in case (b) R is determined by E, w and a choice of ˙, and in case (c) R is determined by w
and a choice of ˙. From this data one can write down any finite initial subpath of R.

Lemma 5.16 Suppose that � � G is a completely split path and that � D ˛ � ˇ is a coarsening of the
complete splitting in which both ˛ and ˇ are growing. Let R� D f1# .x̨/, let RC D f1# .ˇ/ and let
`D .R�/�1RC. Then Acc.�/D Acc.˛/[Acc.ˇ/[f`g.

Proof The inclusion Acc.˛/[Acc.ˇ/�Acc.�/ follows from the fact that ˛ and ˇ occur as concatenation
of terms in a splitting of � . It is an immediate consequence of the definitions that ` 2 Acc.
/. It therefore
suffices to assume that L 2 Acc.�/ is not contained in Acc.˛/[Acc.ˇ/ and prove that LD `.

Choose a finite subpath L1 of L and K > 0 so that L1 does not occur as a subpath of f k# .˛/ or of f k# .ˇ/
for k � K. Extend L1 to an increasing sequence L1 � L2 � � � � of finite subpaths of L whose union
is L. For each j � 1, let Cj be the length of Lj . There exist arbitrarily large k so that Lj includes as a
subpath of f k# .�/D f

k
# .˛/ � f

k
# .ˇ/. The induced inclusion of L1 in f k# .�/ must intersect both f k# .˛/

and f k# .ˇ/ and so Lj is included as a subpath of the concatenation of the terminal segment of f k# .˛/ of
length Cj with the initial segment of f k# .ˇ/ of length Cj . If k is sufficiently large then the length Cj
initial segments of R� and of f k# .x̨/ agree and the length Cj initial segments of RC and of f k# .ˇ/ agree.
Thus each Lj can be included as a subpath of `. Since the induced inclusion of L1 contains the juncture
point between R� and RC, we may pass to a subsequence of Lj ’s and choose inclusions of Lj into ` so
that induced inclusion of L1 in ` is independent of j . It follows that if i < j then the inclusion of Li
into ` is the restriction of the inclusion of Lj into ` and hence that there is a well-defined inclusion of L
into `. This inclusion is necessarily onto and so LD `.

Corollary 5.17 For each r 2R.�/:

(1) Each L 2�.r/ decomposes as LD .R�/�1�RC where � is a (possibly trivial ) Nielsen path and
RC and R� satisfy (1a), (1b) or (1c) of Lemma 5.14. In particular , each L is �-invariant and is
finitely determined in the sense of Remark 5.15, and each periodic L equals w˙1 for some twist
path w.
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(2) �.r/ is a finite set and the finite data that determines each of its elements can be read off from
f WG!G.

(3) �NP.r/¤∅.

(4) For each L 2�.r/ and each lift zL, there exists ˆ 2 P.�/ such that @� zL; @C zL 2 FixN.ˆ/. Equiva-
lently, L lifts into �.f /.

Proof By Lemma 5.8 we can replace �.r/ with Acc.E/, where E 2 Ef corresponds to r . Lemma 5.8
also implies that Acc.E/D Acc.u �f#.u//, where f .E/DE �u. Let

u �f#.u/D �0 � �1 � �1 � �2 : : : �q � �q

be a coarsening of the complete splitting of u �f#.u/ so that each �i is a single growing term and so that
the �i are (possibly trivial) Nielsen paths. For 1 � i � q � 1, let R�i D f

1
# .x�i / and for 2 � i � q, let

RCi D f
1

# .�i /. For 1� i � q� 1, define `i D .R�i /
�1�iR

C
iC1. Lemma 5.16 and the obvious induction

argument imply that

�.r/D Acc.u �f#.u//D Acc.�1/[ `1[Acc.�2/[ � � � [ `q�1[Acc.�q/:

Lemma 5.14(1) implies that each `i satisfies (1). If �i is linear then Acc.�i / D w
˙1 for some twist

path w by Examples 5.7. The remaining �i have the form E 0 or xE 0 for some E 0 2 Ef with height less
than that of E. Downward induction on the height of E completes the proof of (1) and (2).

We now turn to (3), assuming at first that q > 2. If �2 is exceptional or an element of Ef [Lin.f / then `1
is nonperiodic. Otherwise, x�2 2 Ef [Lin.f / and `2 is nonperiodic. Both of these statements follow from
Lemma 5.14. If q D 2 then �1 is linear. One easily checks that `1 is nonperiodic in the various cases that
can occur. For example if �1 D E1 2 Lin.f / then �2 D E1 and `1 D xw˙1�1E1w˙1. The remaining
cases are left to the reader.

The equivalence of the two conditions in (4) follows from Lemma 4.1. To prove that L lifts into �.f /,
we make use of the fact that each vertex in G lifts uniquely to �0.f / and the fact that each Nielsen
path in G lifts uniquely into �.f / with one, and hence both, endpoints in �0.f /. These facts follow
immediately from the construction of �.f / and the fact that every Nielsen path is a concatenation of
fixed edges and (necessarily closed) indivisible Nielsen paths. Given these facts, we may assume that
L D .R�/�1�RC is not a concatenation of Nielsen paths and hence that the initial edge Ej of either
R� or RC is an element of Lin.f /[ Ef . The two cases are symmetric so we may assume that Ej is
the initial edge of R�. Let E 0j � �.f / be the unique lift of Ej with initial vertex v0 2 �0.f / and then
extend this to a lift of R� into �.f /. The Nielsen path � lifts to a path �0 � �0.f / with initial vertex v0

and terminal vertex, say w0. If RC is a concatenation of Nielsen paths then it lifts into �0.f / with initial
vertex w0. Otherwise we lift RC in the same way that we lifted R�.

Example 3.1 (continued) Recall Rq D q � c � cb � cbba � : : : � cbba : : : bak�1 � : : : and so �.rq/ D
fa1Rc ; a

1ba1; a1g and �NP.rq/D fa
1Rc ; a

1ba1g.
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6 Special free factor systems

6.1 A canonical collection of free factor systems

In this section, we define a canonical partial order < on R.�/ and then associate a nested sequence
EF.�;<T /D F0 @ F1 @ � � �@ Ft of �-invariant free factor systems to each total order <T on R.�/ that

extends <. The bottom free factor system F0 is the smallest free factor system that carries all conjugacy
classes that grow at most linearly and is independent of <T . The inclusions Fi�1 @ Fi are all one-edge
extensions. The CTs that represent � with filtrations that realize EF.�;<T / are easier to work with than
generic CTs; see Lemma 6.9.

Notation 6.1 Suppose that f WG!G is a CT representing � and that E1 and E2 are distinct elements
of Ef . If E1 or xE1 is a term of the complete splitting of f k# .E2/ for some k � 1, then we write E1 <E2.
Lemma 3.21 implies that < is a partial order on Ef . If E1 <E2 are consecutive elements in the partial
order then we write E1 <c E2. Note that if we define E1 <0 E2 to mean E1 or xE1 is a term of the
complete splitting of f .E2/ then < is the partial order determined from <0 by extending transitively.
Thus < can be computed.

If r1; r2 2R.�/ and r1 is an end of some element of �NP.r2/ then we write r1 < r2. Lemma 6.2 below
implies that < defines a partial order on R.�/. If r1 < r2 are consecutive elements in the partial order
then we write r1 <c r2.

Example 3.1 (continued) In our example, the only relation is rc < rq .

Recall from Lemma 3.26 that the map that sends E to the end of RE defines a bijection between Ef
and R.�/.

Lemma 6.2 For any CT f WG!G, the bijection between Ef and R.�/ preserves <.

Proof Suppose that E1; E2 2 Ef correspond to r1; r2 2R.�/, respectively.

If E1 < E2 and f .E2/ D E2 � u2, then E1 or xE1 is a term in the complete splitting of f k# .u2/ for
some, and hence all sufficiently large, k. By Lemma 5.8, there exists a completely split path 
 such that
�.r2/ D Acc.
/ and such that the complete splitting of 
 has a coarsening 
 D 
1 � 
2 � 
3 into three
growing terms with 
2 equal to either xE1 or E1. Lemma 5.16 therefore implies that RE1 is a terminal
ray of L or L�1 for some L 2�.r2/. Thus r1 < r2.

If r1 < r2 then RE1 is a terminal ray of L or L�1 for some L 2�.r2/ by Corollary 5.17(1). It follows
that f k# .E2/ crosses E1 or xE1 for all sufficiently large k. Lemma 3.21 implies that E1 <E2.

Lemma 6.3 If  D ����1 then the bijection R.�/!R. / induced by � (see Lemma 3.16) preserves
partial orders.

Proof By Lemmas 3.16 and 5.4, we have �.R.�// D R. / and �.�NP.r// D �NP.�.r// for each
r 2R.�/. The fact that � preserves the partial order now follows from the definition of the partial order.
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Notation 6.4 Extend the partial order < on R.�/ to a total order <T and write R.�/D fr1; : : : ; rsg,
where the elements are listed in increasing order. Given a CT f WG!G representing �, transfer the total
order <T on R.�/ to a total order (also called) <T on Ef D fE1; : : : ; Esg using the bijection between
Ef and R.�/ given in Lemma 3.26.

Recall from Section 4.1 that each component C of the eigengraph �.f / is constructed from a component
C0 of Fix.f / by first adding “lollipops”, one for each E 2 Lin.f / with initial vertex in C0, to form C1,
and then adding rays labeled RE , one for each E 2 Ef with initial vertex in C0. Each E 2 Ef contributes
exactly one ray to �.f / and we identify that ray with the eigenray RE ; it is the unique lift of RE to �.f /.
Each E 2 Lin.f / contributes exactly one lollipop to �.f /. Note that C is contractible if and only if C1
is contractible if and only if C0 is contractible and there are no E 2 Lin.f / with initial vertex in C0. In
this contractible case, C is obtained from a (possibly trivial) tree in Fix.f / by adding eigenrays and we
single out the ray RE � C whose associated edge E is lowest with respect to <T . These edges define
subsets R�.�/�R.�/ and E�

f
� Ef that correspond under the bijection between R.�/ and Ef .

Definition 6.5 A conjugacy class Œa� grows at most linearly under iteration by � if for some, and hence
every, set of generators there is a linear function P such that word length of �k.Œa�/ with respect to
those generators is bounded by P.k/. If f W G! G represents �, then word length of �k.Œa�/ can be
replaced by edge length of f k# .�/ in G, where � �G is the circuit representing Œa�. The linear growth
free factor system F0.�/ is the minimal free factor system that carries all conjugacy classes that grow at
most linearly under iteration by �.

Lemma 6.6 Suppose that f WG!G is a CT representing � and that <T and Ef D fE1; : : : ; Esg are as
in Notation 6.4. Let K0 �G be the subgraph consisting of all fixed and linear edges for f WG!G. For
1� j � s, inductively define Kj DKj�1[Ej . Then:

(1) F0.�/D F.K0; G/ (as defined at the beginning of Section 3.3).

(2) Each Kj is f -invariant.

(3) If Ej 2 E�
f

, then F.Kj ; G/ D F.Kj�1; G/; otherwise F.Kj�1; G/ @ F.Kj ; G/ is a proper
one-edge extension.

Proof In proving (1), we work with circuits � �G and edge length inG rather than conjugacy classes Œa�
and word length with respect to a set of generators of Fn. If E is an edge of K0, then f .E/DE �u for
some (possibly trivial) closed Nielsen path u. Lemma 3.21 implies that u � K0 and hence that K0 is
f -invariant. Each circuit in K0 grows at most linearly under iteration by f# since every edge in K0 does.
Thus F.K0; G/@ F0.�/.

After replacing � with f m# .�/ for some m� 0, we may assume by [Feighn and Handel 2011, Lemma
4.25] that � is completely split. Lemma 3.21 implies that if � is not contained in K0 then, up to reversal
of orientation, some term in the complete splitting of � is an edge E 2 Ef . In this case, � grows at least
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as fast as E does. If f .E/DE �u then the length of f k# .u/ goes to infinity with k and so the length of
f k# .E/ grows faster than any linear function. This proves that K0 contains every circuit that grows at
most linearly so F0.�/@ F.K0; G/. This completes the proof of (1).

For the remainder of the proof we may assume that j � 1. For Ej 2 Ef , the terms in the complete
splitting of f .Ej /, other than Ej itself, are exceptional paths, Nielsen paths and single edges Ei or xEi
that are either linear or satisfy Ei <Ej . Lemma 3.21 implies that the exceptional paths and Nielsen paths
are contained in K0. The single edge terms other than Ej are contained in Kj�1 by construction. Thus
f .Ej /�Kj and Kj is f -invariant. This proves (2).

The terminal endpoint of each Ej 2 Ef is contained in a noncontractible component of Kj�1 because
f .Ej / D Ejuj for a nontrivial closed path uj � Kj�1. If Ej 2 E�

f
with initial vertex vj then the

component of Kj�1 that contains vj is a contractible component of Fix.f /. In this case every line
in Kj is contained in Kj�1 so F.Kj ; G/D F.Kj�1; G/. Otherwise, vj is contained in a noncontractible
component of Kj�1 so F.Kj�1; G/@ F.Kj ; G/ is a proper inclusion. Obviously Kj is obtained from
Kj�1 by adding a single edge.

Recall from Lemma 4.1 that the set of lines that lift to �.f / is independent of the choice of CT f WG!G

representing �. The next lemma shows that the F.Kj ; G/ defined in Lemma 6.6 depend only on � and
<T and not on the choice of CT f WG!G.

Lemma 6.7 Continue with the notation of Lemma 6.6. For each rj …R�.�/, there exists at least one
line L.rj / that lifts to �.f /, whose terminal end is rj and whose initial end is not rl for any l � j .
Moreover , for any such choice of lines , F.Kj ; G/ is the smallest free factor system that contains F0.�/
and carries fL.rl/ j l � j and rl …R�.�/g.

Proof Let C DC.j / be the component of �.f / that containsREj , let C0�C1�C be as in Notation 6.4
and, for each 1 � q � s, let Aq � C be the union of C1 with the rays REl in C with El � Eq . By
construction, and by Lemma 6.6, REl is included in Aq if and only if REl �Kq . Since rj …R�.�/, either
C1 is noncontractible or Aj�1 contains at least one ray REl . In both cases, the ray REj � C extends by
a ray in Aj�1 to a line in Aj . The projection L.rj / of this line into Kj satisfies the conclusions of the
main statement of the lemma.

The “moreover” part of the lemma is proved by induction on j , with the base case j D 0 following
from Lemma 6.6(1). For the inductive case, let F 0j be the smallest free factor system that carries Kj�1
and L.rj /. Then F.Kj�1; G/@ F 0j @ F.Kj ; G/ with the first inclusion being proper and F 0j does not
have more components than F.Kj�1; G/. Lemma 3.4 implies that F 0j D F.Kj ; G/.

Notation 6.8 LetK0�K1� � � � �Ks DG be as in Lemma 6.6 and let EF.�;<T /DF0 @F1 @ � � �@Ft
be the increasing sequence of distinct free factor systems determined by the Kj . (Equivalently, EF.�;<T /
is the sequence determined by those Kj with rj …R�.�/.) We say that EF.�;<T / is the sequence of free
factor systems determined by � and <T . Lemma 6.7 justifies this description by showing that EF.�;<T /

Geometry & Topology, Volume 29 (2025)



1728 Mark Feighn and Michael Handel

depends only on � and <T . To simplify notation a bit, we write Lk for L.r.j // where r.j / is the
kth-lowest element of R.�/ nR�.�/. Thus Fk is filled by F0 and L1; : : : ; Lk .

We sometimes refer to a nested sequence of free factor systems as a chain. A chain cD .F0 @ � � �@ Ft /
is special for � if c D EF.�;<T / for some extension <T of < to a total order on R.�/. A free factor
system F is special for � if F is an element of some special chain for �. The set of special free factor
systems for � is denoted by L.�/. A free factor F or its conjugacy class is special for � if ŒF � is an
element of some special free factor system for �. A pair e D .F� @ FC) of free factor systems is a
special one-edge extension for � if its appears as consecutive elements of some special chain for �.

By applying the existence theorem for CTs given in [Feighn and Handel 2018, Theorem 1.1], we can
choose a CT whose filtration realizes EF.�;<T / for any given <T . The following lemma shows that the
case analysis for a CT with this property is simpler than that of a random CT.

Lemma 6.9 Suppose that EF.�;<T /D F0 @ F1 @ � � �@ Ft and that f WG!G and ∅DG0 �G1 �
� � � �GN DG are a CT and filtration representing � and realizing EF.�;<T /; ie for all 0� k � t there is
an f -invariant core subgraph Gik such that Fk D F.Gik ; G/. Then Gik nGik�1 is a single topological
arc Ak with both endpoints in Gik�1 . Moreover , letting Dk be the element of Ef corresponding to
@CLk 2R.�/ (as in Lemma 6.7), Ak can be oriented so that one of the following is satisfied :

[HH] Ak D xCkDk , where Ck 2 Ef .

[LH] Ak D xCkDk , where Ck 2 Lin.f /.

[H] Ak DDk .

Proof By Lemma 6.6, each Fj�1 @ Fj is a one-edge extension. [Handel and Mosher 2020, Part II,
Lemma 2.5] therefore implies that Gik is constructed from Gik�1 in one of three ways: add a single
topological edge with both endpoints in Gik�1 ; add a single topological edge that forms a circuit that
is disjoint from Gik�1 ; add an edge forming a disjoint circuit and then add an edge connecting that
circuit to Gik�1 . In the second and third cases the circuit is f -invariant in contradiction to the fact that
K0 contains all �-invariant conjugacy classes. Thus Gik is obtained from Gik�1 by adding a single
topological arc Ak with both endpoints in Gik�1 .

The arc Ak consists of either one or two edges of G. Indeed, a “middle” edge cannot be fixed by the
(Periodic Edge) property [Feighn and Handel 2011, Definition 4.7(5)] of a CT and cannot be nonfixed
because in that case its terminal end would be contained in a core subgraph of Gik�1 by [Feighn and
Handel 2011, Lemma 4.21]. The (Periodic Edge) property also implies that if Ak consists of two edges,
then neither is fixed. To complete the proof, it suffices to show that Ak crosses Dk . We will do so by
showing that Dk is not contained in Gik�1 and is contained in Gik .

A line L�G that lifts to �.f / but is not contained in K0 either decomposes as the concatenation of a
ray in K0 and an eigenray RE 0 , or decomposes as the concatenation of a finite path in K0 and a pair of
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eigenrays RE 0 and RE 00 . In the former case, each E 2 Ef crossed by L satisfies E �E 0, and in the latter
case each E 2 Ef satisfies E �E 0 or E �E 00. It follows that every edge E 2 Ef crossed by

Sk�1
qD1Lq

satisfies E <T Dk . SinceK0 and L1; : : : ; Lk�1 fill Fk�1, we conclude thatDk is not contained in Gik�1 .
Since Lk lifts to �.f / and @CLk D @RDk , it follows that RDk is a terminal ray of Lk . In particular,
Lk crosses Dk . Lemma 6.7 implies that Lk �Gik and we are done.

Lemma 6.10 Let eD .F� @ FC/ be special for �.

(1) The types HH, LH or H of e as in Lemma 6.9 are mutually exclusive and independent of the special
chain EF.�;<T / containing e and the choice of CT f WG!G realizing EF.�;<T /.

(2) Suppose that e appears as consecutive elements Fk�1 @ Fk in EF.�;<T /, which is realized by
the CT f WG!G. Using terminology as in Lemma 6.9, say that e is , respectively , contractible,
infinite cyclic, or large depending on whether the component of the eigengraph �f jFk containing
the eigenray RDk is contractible , has infinite cyclic fundamental group , or has fundamental group
with rank at least two. The types contractible, infinite cyclic, or large of e are mutually exclusive
and independent of the choices of EF.�;<T / and f .

Proof (1) Suppose eD .Fk�1 @ Fk/ in EF.�;<T /. The difference between the cardinality of R.�jFk/
and the cardinality of R.�jFk�1/ is 2 in the [HH] case and 1 in the [LH] and [H] cases. In case [LH],
either the number of axes for �jFk is strictly larger than the number of axes for �jFk�1 or there is a
common axis of �jFk and �jFk�1 whose multiplicity in the former is strictly larger than in the latter.
Neither of these happens in case [H].

(2) Here is an invariant description. Let r 2� WDR.�jFk/ nR.�jFk�1/, for example we could take r
to be determined by RDk . Either � D frg or � D fr; sg and there is a �jFk-fixed line L whose ends
represent r and s. Let zr be a lift of r to @Fn and let zLD Œzr; zs� be a lift of L if �D fr; sg. By definition,
e is contractible, infinite cyclic or large if and only if Fix.ˆzr/ is trivial, infinite cyclic, or of rank at
least two, where ˆzr is the unique representative of � fixing zr . We are done by noting that ˆzr Dˆzs if
�D fr; sg.

Example 3.1 (continued) If we extend the partial order rc < rq on R.�/ to the total order rc <T rd <T
re <T rq we get the special chain c represented by the sequence of graphs in Figure 3. See the notation
in the examples on pages 1700 and 1707.

Example 6.11 Consider the CT f W G ! G given as follows: start with a rose with edges a and b.
Define f .a/D a and f .b/D ba. Add a new vertex v with adjacent edges c; d and define f .c/D cb
and f .d/ D db2. Add another new vertex v0 with adjacent edges c0 and d 0 with f .c0/ D c0b3 and
f .d 0/D d 0b4 finally add an f -fixed edge e with endpoints v and v0. The �-fixed free factor system F
represented by the complement of e in G is not in L.�/. Indeed, F @ fFng is 1-edge, but not of type H,
HH or LH, contradicting Lemma 6.9.
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Example 6.12 Suppose f WG!G is a CT containing a circle C with only one vertex x and such that
x is the initial endpoint of an H-edge, the terminal endpoint of a linear edge in an LH extension (so that
C is an axis), and there are no other edges containing x. Then �.f / has no components of rank at least
two containing an axis corresponding to C .

Lemma 6.13 Referring to Notation 6.8, suppose F , ŒF �, c and e are special for �. If � 2 Out.Fn/, then

� �.F/; �.ŒF �/; �.c/, and �.e/ are special for �� , and

� the types H, HH or LH and the types contractible, infinite cyclic or large of e and �.e/ are the
same.

Proof This is an immediate consequence of the fact (Lemma 6.3) that conjugation preserves partial
orders and the invariant description of types given in the proof of Lemma 6.10.

Definition 6.14 (added lines) Suppose that c is a special chain for � that is realized by f WG!G and
that eD .F� @ FC/ 2 c. Then R.�jFC/ nR.�jF�/ contains two elements if e has type HH and one
element otherwise. These elements are said to be new with respect to e. Similarly �.f jFC/ carries more
lines than �.f jF�/. The set of added lines with respect to e, denoted by Le.�/, is a �-invariant subset of
these lines. In case e is contractible, Le.�/ consists of all lines L in �.f jFC/ with @CL new. If e is not
contractible then we also require that @�L is not in R.�/. Le.�/ has an equivalent invariant description
as follows. Set ˆ WDˆzrC jF

C, where rC is new, zrC 2 @FC � @Fn, and ŒFC� is the component of FC
carrying rC. Define Le.�/ to be Œ@ Fix.ˆ/; zrC� if Fix.ˆ/ is nontrivial; else ŒFixN.ˆ/ n fzr

Cg; zrC� if there
is only one new eigenray; else the set consisting of the two lines with lifts with endpoints in FixN.ˆ/.
This invariant description shows that Le.�/ is independent of the special chain e 2 c, which is why c does
not appear in the notation.

Example 3.1 (continued) Referring to Figures 1, 2 and 3, if e1 WD .fŒG2�g@ fŒG3�g/ then Le1.�/ consists
of the infinitely many lines L in the third listed component of �.f / in Figure 2 that cross the oriented
edge c exactly once and c�1 not at all. If e2 WD .fŒG3�g@ fŒG5�g/ then Le2.�/ consists of two lines; they
are represented by .Rd /�1Re and its inverse. If e3 WD .fŒG5�g @ fŒG7�g/ then Le3.�/ consists of two
lines; they are represented by a1p�1Rq and a�1p�1Rq .

G2 G3 G5 G7

� � �

Figure 3: The special chain cD fŒG2�g@ fŒG3�g@ fŒG5�g@ fŒG7�g.
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Lemma 6.15 For � 2 Out.Fn/, �.Le.�//D L�.e/.�
� /.

Proof By Lemma 6.13, the �.e/ 2 �.c/ are special for �� . The set of new elements of R.�/ with respect
to e D .FC @ F�/ has the invariant description R.�jFC/ nR.�jF�/. In particular, � takes the new
elements with respect to � to those with respect to �� ; see Lemma 3.16. The equation in the lemma
then follows from the invariant definition of added lines in Definition 6.14 and the naturality results of
Lemma 3.16.

In the next lemma, we record some consequences of Lemmas 6.3, 6.6 and 6.7.

Lemma 6.16 (1) A conjugacy class grows at most linearly under iteration by � if and only if it is
carried by F0.�/.

(2) F0.�/D F.Fix.�//, ie F0.�/ is the smallest free factor system carrying Fix.�/.

Proof (1) By definition F0.�/ carries all conjugacy classes that grow at most linearly. Conversely, by
Lemma 6.6, F0.�/ is represented a graph K0 consisting of linear and fixed edges. Hence every conjugacy
class carried by F0.�/ grows at most linearly.

(2) By (1), F.Fix.�//@ F0.�/. Suppose @ is proper. By [Feighn and Handel 2018, Theorem 1.1], there
is a CT f W G! G realizing � with f -invariant core subgraphs Gk ¨ Gl representing these two free
factor systems and such that f jGl is a CT. By Lemma 6.6, every edge of Gl is fixed or linear. Let E
be an edge of Gl nGk . There is a Nielsen circuit � in Gl containing E. Indeed, by the construction of
eigengraphs in Section 4.1,

� every edge of a CT is the label of some edge in its eigengraph,

� the eigengraph of a linear growth CT is a compact core graph, and

� every circuit in an eigengraph is Nielsen.

The existence of � now follows from the defining property of a core graph that there is a circuit through
every edge. The fixed conjugacy class represented by � is not in F.Fix.�//, a contradiction.

6.2 The lattice of special free factor systems

This section is not needed for the rest of the paper and so could be skipped by the reader. Recall (second
paragraph of Notation 6.8) that L.�/ denotes the set of special free factor systems for �. The main results,
Lemmas 6.18 and 6.20, are that .L.�/;@/ is a lattice that is natural with respect to Out.Fn/ in the sense
that, for � 2 Out.Fn/,

�.L.�/;@/D .L.�� /;@/:

In this section, f WG!G will always denote a CT for �. We will conflate an element of R.�/ and its
image in Ef under the bijection R.�/$ Ef ; see Lemma 3.26. A subset S of R.�/ is admissible if it
satisfies

.q 2 S/^ .r < q/ D) r 2 S:
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If S �R.�/, then mimicking Lemma 6.6 we let K.S/ denote the union of K0 and the edges in S . Recall
that K0 is the union of the fixed and linear edges of G.

Lemma 6.17 The following are equivalent :

(1) F is special for �.

(2) F D F.K.S/;G/ for some admissible S �R.�/.
(3) F D F.H;G/ for some f -invariant H �G containing K0.

Proof (1) D) (2) By definition, a free factor system F is special if and only if there is a total order <T
extending < and an initial interval Œr1; : : : ; rk� of .R; <T / such that F D F.K.fr1; : : : ; rkg/; G/. Since
an initial interval is admissible, we may take S D fr1; : : : ; rkg.

(2) D) (3) We may take H DK.S/.

(3) D) (2) Let S be the set of edges in H that are not in K0. It is enough to show that S is admissible.
Let q 2 S and let r 2 R.�/ satisfy r < q. By definition of <, there is k > 1 so that the edge r or its
inverse is a term in the complete splitting of f k# .q/. Since the edge q is in H and H is f -invariant, the
edge r is also in H .

(2) D) (1) We claim that if S is admissible then there is an extension <T of < such that S is an initial
segment of .R.�/; <T /. Indeed, start with any total order <T extending < and iteratively interchange r
and s if r <T s are consecutive, s 2S and r …S . For such a <T , S represents an element of EF.�;<T /.

Lemma 6.18 Let F be a special free factor system for �.

(1) The set of admissible subsets of R.�/ is a sublattice of 2R.�/.

(2) There is a minimal admissible S�R.�/ such that FDF.K.S/;G/. We say that such an admissible
S is efficient for F . In fact , if S 0 is admissible then the set of edges of core.K.S 0// not in K0 is
efficient for F.K.S 0/; G/.

(3) S D
T
fS 0 j F D F.K.S 0/; G/g is efficient for F .

(4) S is efficient for F if and only if F DF.K.S/;G/ and through every edge representing an element
of S there is a circuit in K.S/.

(5) If S1 and S2 are efficient admissible and F.K.S1/; G/@ F.K.S2/; G/, then S1 � S2.

(6) .L.�/;@/ is a lattice.

(7) Every maximal chain in L.�/ is special.

(8) Every minimal2 pair eD .F� @ FC/ in L.�/ is special.

Proof (1) This follows directly from the definition of admissible.

2That is, if F is special and F� @ F @ FC, then F� D F or F D FC.
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(2) Suppose S1; S2 are admissible and K.S1/;K.S2/ each represent F . Hence C WD core.K.S1//D

core.K.S2// and, since G is a CT, C is f -invariant. (Indeed, by [Feighn and Handel 2011, Lemma 4.21],
the removal of an edge with a valence one vertex from an f -invariant subgraph results in an f -invariant
subgraph.) It follows that K0 [ C is the minimal f -invariant subgraph of G representing F and
containing K0; see Lemma 6.17. Hence S is the set of edges of K0[C not in K0.

(3), (4), (5) These follow easily from (2).

(6) Suppose S1 and S2 are efficient. Then using (4), S1[S2 is efficient. It follows that F.K.S1[S2/; G/
is the smallest (with respect to @) special free factor system for � containing F1 WD F.K.S1/; G/ and
F2 WD F.K.S2/; G/. Suppose S is efficient and F.K.S/;G/ @ Fi for i D 1; 2. By (5), S � S1 \ S2.
Since K.S1\S2/DK.S1/\K.S2/, the largest special free factor system F for � in each of F1 and F2
is represented by K.S1\S2/, ie by K.S/, where S is efficient for F.K.S1\S2/; G/.
(7) Let c be represented by K.S1/ � � � � � K.SN / with each Si efficient. By (5), Si � SiC1. An
argument similar to that in the proof of Lemma 6.17, (2) D) (1), shows that there is <T extending <
such that each Si is an initial interval in .R.�/; <T /. Hence c is special.

(8) This follows from (7) by enlarging e to a maximal chain.

Remark 6.19 L.Fn/ is not a sublattice of the lattice of all �-invariant free factor systems. For example,
reconsider Example 6.11. S D fc; dg and S 0 D fc0; d 0g are efficient. If F D F.K.S/;G/ and F 0 D
F.K.S 0/; G/ then the smallest �-invariant free factor system containing F and F 0 is represented by the
complement of the fixed edge e whereas the smallest element of L.�/ containing F and F 0 is Fn.

In the proof of Lemma 6.18 we noted that the union of efficient sets is efficient. The intersection need not
be efficient. For example, suppose highest-order edges a, b and c share an initial vertex of valence three.
Consider the complement S of a and the complement S 0 of b. The edge c is in S \S 0 and has initial
vertex of valence one in K.S \S 0/.

Lemma 6.20 � If eD .F� @ FC/ is minimal in L.�/, then e has a well-defined type H, HH or LH,
and a well-defined type contractible, infinite cyclic or large.

� For � 2 Out.Fn/, the map F 7! �.F/ induces a lattice isomorphism

.L.�/;@/! .L.�� /;@/

that preserves the above types.

Proof This follows Lemmas 6.18 and 6.13.

7 More on conjugacy pairs

Recall that conjugacy pairs were introduced in Definition 4.9. In this section we define some conjugacy
pairs that will be used to define invariants of elements of UPG.Fn/ and describe their properties.
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7.1 Œ@H; @K�

We will want to compare conjugacy pairs of subgroups ŒH;K� with the set of lines Œ@H; @K�; see
Examples 4.10. For this we will use the next lemma, which is a corollary of [Kapovich and Short 1996,
Lemma 3.9].

Lemma 7.1 Suppose that H < Fn is finitely generated. Then the stabilizer G in Fn of @H � @Fn is the
maximal K < Fn in which H has finite index.

Corollary 7.2 Suppose that finitely generated H < Fn is root-closed , ie ak 2H , k ¤ 0 implies a 2H .
Then H is the stabilizer in Fn of @H .

Proof If H <G has finite index and H ¤G, then H is not root-closed.

Corollary 7.3 (1) If H < Fn is a free factor , then H is the stabilizer of @H .

(2) If H D Fix.ˆ/ for ˆ 2 Aut.Fn/, then H is the stabilizer of @H .

(3) If a 2 Fn is root-free , then AD hai is the stabilizer of the two-point set @A.

Proof Free factors and the group generated by a root-free element are clearly root-closed. For (2),
ˆ.ak/D ak for k ¤ 0 implies that ˆ.a/ is a kth root of ak and so equals a.

Remark 7.4 Corollary 7.3, which contains the only cases that we need in this paper, does not require
the generality of Lemma 7.1. Item (3) is elementary. Items (1) and (2) follow from (3), and:

� For H;K < Fn finitely generated, @H \ @K D @.H \K/. See [Kapovich and Benakli 2002,
Theorem 12.2(9)] in the setting of hyperbolic groups or, for the case at hand, [Handel and Mosher
2020, Fact 1.2].

� If H is a nontrivial free factor, then H \Hg D f1g unless g 2H .

� Fix.ˆ/\ Fix.ˆ/g is cyclic unless g 2 Fix.ˆ/; see Lemma 4.4(1).

Corollary 7.5 Suppose that H;K < Fn are finitely generated and root-closed. Then ŒH;K� determines
Œ@H; @K�, and vice versa.

Proof Suppose that H 0; K 0 < Fn are finitely generated and root-closed.

If Œ@H; @K�D Œ@H 0; @K 0� then there is x 2Fn such that .x@H; x@K/D .@Hx; @Kx/D .@H 0; @K 0/. Hence

.Hx; Kx/D .Stab.@Hx/; Stab.@Kx//D .Stab.@H 0/; Stab.@K 0//D .H 0; K 0/:

So ŒH;K�D ŒH 0; K 0�.

Conversely, if ŒH;K�D ŒH 0; K 0� then there is x 2 Fn such that .Hx; Kx/D .H 0; K 0/. Hence

.@Hx; @Kx/D .x@H; x@K/D .@H 0; @K 0/;

and so Œ@H; @K�D Œ@H 0; @K 0�.
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Remark 7.6 If we are in the setting of Corollary 7.5 and @H \ @K D ∅, we will sometimes abuse
notation and think of ŒH;K� as the set of lines Œ@H; @K� and vice versa.

7.2 Some Stallings graph algorithms

In this section we assume that G is a marked graph with marking m W .Rn;�/! .G; b/, where � is the
unique vertex of the rose Rn and b D m.�/ is the basepoint for G. There is an induced identification
of Fn with �1.G; b/.

For each finitely generated subgroup H < Fn, Stallings [1983, 5.4] constructs a finite graph †b.H/
with basepoint bH and an immersion pH W .†b.H/; bH /! .G; b/ such that the image of the injection
�1.†b.H/; bH /! �1.G; b/ induced by pH equals H . The basepoint bH may have valence one but all
other vertices of †b.H/ have valence at least two. We equip †b.H/ with the CW-structure whose vertex
set is the preimage of the vertex set of G. The resulting edges of †b.H/, sometimes called edgelets, are
labeled by their image edges in G. The core of †b.H/ is denoted by †.H/. The minimal edgelet-path
from bH to †.H/ is denoted by ˇH . The terminal endpoint of ˇH is denoted by cH 2†.H/.

For finitely generated subgroupsK;H <Fn, let Imm.K;H/ be the set of immersions J W†.K/!†.H/

that maps edgelets to edgelets and preserves labels; we say that J preserves labels. We do not distinguish
between elements of Imm.K;H/ that induce the same map on the set of edgelets. Thus Imm.K;H/
is finite and can be computed by inspection. An equivalence is an element of Imm.K;H/ that is a
homeomorphism. Note that elements of Imm.K;H/ that agree on a vertex of K are equal.

Lemma 7.7 If K < H are finitely generated subgroups of Fn then there is a (necessarily unique)
label-preserving immersion JK;H W .†b.K/; bK/! .†b.H/; bH /.

Proof We recall Stallings’ construction [1983, 5.4] of †b.K/. Choose closed paths �1; : : : ; �m � G
based at b that represent generators of K < �1.G; b/. Define �1 to be a rose of rank m with unique
vertex b0 and define p1 W .�1; b01/! .G; b/ to be an immersion on edges, mapping the i th edge to �i .
Subdivide �1 into edgelets labeled by edges of G to obtain p2 W .�2; b02/! .G; b/. The map p2 factors
into a sequence of edgelet folds .�2; b02/ ! .�3; b

0
3/ ! � � � ! .�k; b

0
k
/ followed by an immersion

pk W .�k; b
0
k
/! .G; b/. Define .†b.K/; bK/D .�k; b0k/ and pH D pk .

SinceK<H , each �i lifts to a closed edgelet-path �0i in†b.H/ based at bH . Since the i th edge of �2 and
�0i agree as labeled edgelet-paths, there is an induced label-preserving map q2 W .�2; b0/! .†b.H/; bH /

satisfying p2 D pHq2. Since pH is an immersion, the edgelets that are identified by the folding maps
�2!�3!� � �!�k are also identified by q2. Thus, there exists a map JK;H W .�k; b0k/! .†b.H/; bH /

such that pK D pHqk . Since pH and pK are immersions, the same is true for JK;H .

Note that if a 2 Fn and Ka <H then Kha <H for all h 2H . Let RC.K;H/ be the set of right cosets
of H in Fn such that Ka <H for some (each) a representing that coset.
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Lemma 7.8 There is an algorithm with output a bijection Imm.K;H/$RC.K;H/. In particular , there
is an algorithm that produces coset representatives for the elements of RC.K;H/.

Proof (!) We associate a coset Ha 2 RC.K;H/ to J 2 Imm.K;H/ as follows. Choose a path
� �†.H/ from cH to J.cK/ and note that pK.cK/D pH .J.cK//. Let a 2 �1.G; b/ be represented by
the closed path ŒpH .ˇH �/pK. x̌K/��G, where Œ � � indicates tightening. Each x 2K is represented in
�1.G; b/ by pK.ˇK
 x̌K/ for some closed path 
 �†.K/ based at cK . It follows that xa is represented
in �1.G; b/ by

ŒpH .ˇH �/pK.
/pH .x� x̌H /�D ŒpH .ˇH �/pH .J.
//pH .x� x̌H /�D pH .ˇH Œ�J.
/x�� x̌H /;

which represents an element inH . This proves thatKa<H . If � is replaced by another path � 0 connecting
cH to J.cK/ then a is replaced by ha, where h 2H is represented by ŒpH .ˇH � 0x� x̌H /�. Thus, Ha is
independent of the choice of � . If J is replaced with J 0¤ J and if ��†.H/ is a path connecting J.cK/
to J 0.cK/, then � is replaced with �� and a is replaced with a0 D da, where d is represented in �1.G; b/
by ŒpH .ˇH ��x� x̌H /�. Since � is not a closed path, d does not lift into †.H/ and a0 does not belong
to the same right coset of H as a. This shows that J 7!Ha defines an injection from Imm.K;H/ to
RC.K;H/.

( ) We begin the proof of surjectivity by constructing †b.Ka/ from †b.K/. Represent a in �1.G; b/
by a closed edge-path ˛ �G based at b and let ˇ0 be the edgelet path labeled by the path in G obtained
by tightening ˛pK.ˇK/. Define †0 from the disjoint union of ˇ0 and a copy .†0.K/; c0/ of .†.K/; cK/
by identifying the terminal endpoint of ˇ0 with c0. The labeling on edgelets induces p0 W .†0; b0/! .G; b/,
where b0 is the initial vertex of ˇ0. The image of the injection �1.†0; b0/! �1.G; b/ induced by p0

equals Ka. If p0 is an immersion then .†.Ka/; ˇKa ; cKa/D .†0; ˇ0; c0/. Otherwise, †.Ka/ is obtained
from †0 by folding a maximal initial edgelet-subpath of x̌0 with an edgelet-subpath � � †0.K/ that
begins at c0. In this case, bKa is the folded image of b0 and cKa is the terminal endpoint of �.

Continuing with the above notation, define the equivalence JK;a 2 Imm.K;Ka/ to be the identifying
homeomorphism from .†.K/; cK/ to .†0.K/; c0/. Assuming that Ka <H , apply Lemma 7.7 and define
Ja;K;H D JKa;H j†.K

a/ ı JK;a 2 Imm.K;H/. By construction, Œ˛pK.ˇK/� � G lifts to a the path in
†b.H/ from bH to Ja;K;H .cK/. Writing this path as ˇH �, we have that ŒpH .ˇH �/pK. x̌K/�D ˛ and
hence that (in the notation of the first paragraph of this proof) Ja;K;H 7!Ha.

We will need the following well-known result.

Corollary 7.9 If H < Fn is a finitely generated and Ha <H for a 2 Fn, then Ha DH .

Proof The obvious induction argument shows that Hap < Hap�1 < � � � < Ha < H for all p � 1.
Each Has for s � 1 is therefore an element RC.H;H/, which is finite by Lemma 7.8. It follows that
Has DHat for some s ¤ t and hence that ap 2H for some p � 1. Thus Hap DH , which implies that
H <Ha <H and hence that H DHa.
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The following three algorithms are easy consequences of Lemma 7.8.

Lemma 7.10 There is an algorithm that decides if a given pair H and K of finitely generated subgroups
of Fn are conjugate , and if so produces an element a 2 Fn satisfying Ka DH .

Proof We continue with notation from the proof of Lemma 7.8. If Ka DH then JKa;H is the identity
and hence Ja;K;H 2 Imm.K;H/ is an equivalence. This shows that if Imm.K;H/ does not contain
an equivalence then K and H are not conjugate. If Imm.K;H/ does contain an equivalence J , apply
Lemma 7.8 to J and J�1 2 Imm.H;K/ to produce a; b 2 Fn such that Ka < H and H b < K. From
Hab < H and Corollary 7.9 it follows that Hab DH and hence that H D .H b/a < Ka < H , which
implies that Ka DH .

Lemma 7.11 The normalizer N.H/ of a finitely generated subgroup H < Fn is finitely generated. We
have an algorithm that produces coset representatives fa1; : : : ; apg of H in N.H/.

Proof Corollary 7.9 implies that N.H/=H D RC.H;H/. Lemma 7.8 therefore completes the proof.

Lemma 7.12 If K <H < Fn are finitely generated subgroups then the set of subgroups of H that are
Fn-conjugate to K determine finitely many H -conjugacy classes. There is an algorithm that produces
representatives K1; : : : ; Kp of these H -conjugacy classes.

Proof If Ka1 ; Ka2 < H then Ka1 and Ka2 determine the same H -conjugacy class if and only if
ha1 D a2 for some h 2H . Lemma 7.8, which produces representatives of the elements of RC.K;H/,
therefore completes the proof.

7.3 Good conjugacy pairs

In addition to conjugacy classes of finitely generated subgroups of Fn, our adaptation of Gersten’s
algorithm will also take conjugacy pairs as input; see Notation 11.1. If H1 and H2 are subgroups of H
and the natural map H1 �H2!H is an isomorphism then we say that H is the internal free product
of H1 and H2. If A < B < Fn then ŒA�B denotes the conjugacy class of A in B . If B D Fn then we
sometimes suppress the subscript.

Definition 7.13 (good conjugacy pairs) For H1;H2 < Fn, the conjugacy pair ŒH1;H2�Fn is good if
hH1;H2i is the internal free product of H1 and H2.

The next lemma collects some facts about good pairs.

Lemma 7.14 Let H1;H2 < Fn be finitely generated.

(1) ŒH1;H2� is good if and only if rank.hH1;H2i/D rank.H1/C rank.H2/.

(2) If ŒH1;H2� is good , then @H1 and @H2 are disjoint.
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Proof The natural map H1 �H2 ! hH1;H2i is surjective. Since finitely generated free groups are
Hopfian (surjective endomorphisms are isomorphisms) [Magnus et al. 1966, Theorem 2.13], the “only if”
direction of (1) follows. The “if” direction of (1) is obvious.

(2) This follows from @H1\ @H2 D @.H1\H2/; see the first item in Remark 7.4.

Our next goal is necessary and sufficient conditions for two good conjugacy pairs to be equal. We begin
with an important special case.

Lemma 7.15 Suppose that K1; K2; L1; L2 <Fn are finitely generated , that ŒK1; K2�Fn and ŒL1; L2�Fn
are good conjugacy pairs , and that hK1; K2i D hL1; L2i D Fn. Then the following are equivalent.

(1) ŒK1; K2�Fn D ŒL1; L2�Fn .

(2) ŒK1�Fn D ŒL1�Fn and ŒK2�Fn D ŒL2�Fn .

Proof (1)D) (2) If ŒK1; K2�Fn D ŒL1; L2�Fn then by definition there is g 2Fn such that .Kg1 ; K
g
2 /D

.L1; L2/.

(2)D) (1) By hypothesis there are gi 2Fn such thatKgii DLi . In particular,� WD .ig1 jK1/�.ig2 jK2/2
Aut.Fn/ represents an element ı 2Out.Fn/. Let ri be the rank of Ki , let Ai be a rose with rank ri whose
petals are labeled by a basis forKi and let A be the rose of rank n obtained from A1 and A2 by identifying
their unique vertices v1 and v2 to a single vertex v. Blow up v to an arc. More precisely, let X be the
graph obtained from the disjoint union of A1; A2 and a vertex w by adding oriented edges E1 and E2
connecting w to v1 and v2, respectively. Denote the arc xE1E2 �X by E and the subgraph Ai [Ei �X
by Xi . Identify �1.Xi ; w/ with �1.Ai ; vi /D Ki via the map qi W Xi ! Ai that collapses Ei to v. Let
q WX!A be the map that collapses E to v. If ˛i �A is the closed path based at v that represents gi then
there is a unique closed path ˇi �X based at w that satisfies q#.ˇi /D ˛i . The map f WX !X defined
by f jAi D identity and f .Ei /D ŒˇiEi � induces the automorphism � and so is a homotopy equivalence.
Homotop f rel A1 [A2 to a map f 0 W X ! X whose restriction to E is an immersion. Then f 0 is a
topological representative of ı and [Bestvina et al. 2000, Corollary 3.2.2] implies that f 0.E/D x
1E
2
for some (necessarily closed) paths 
i � Ai . If ki 2Ki is represented by the homotopy class of 
i , then
f 0 induces the automorphism �0 WD .ik1 jK1/� .ik2 jK2/. There exists h 2 Fn such that �D ih�0. We
have igi D ihki and hence ig1k�11 D ig2k�12 . Thus

ŒL1; L2�Fn D ŒK
g1
1 ; K

g2
2 �Fn D ŒK

g1
1 ; .K

g�11 g2
2 /g1 �Fn D ŒK1; K

g�11 g2
2 �Fn

D ŒK1; K
k�11 k2
2 �Fn D ŒK

k1
1 ; K

k2
2 �Fn D ŒK1; K2�Fn :

For each finitely generated L < Fn, we define a function fL as follows. The domain of fL is the set
of good conjugacy pairs ŒK1; K2� with K WD hK1; K2i conjugate to L. Any g 2 Fn such that Kg D L
is well-defined up to the normalizer N.L/ of L in Fn. That is, if LDKg DKg

0

then g0g�1 2 N.L/.
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Hence .ŒKg1 �L; ŒK
g
2 �L/ is well-defined up to the diagonal action of N.L/ (equivalently N.L/=L) on

the set of pairs of conjugacy classes of subgroups of L. We define fL.ŒK1; K2�/ to be the N.L/=L
orbit of .ŒKg1 �L; ŒK

g
2 �L/. Note that if K D L and �1; : : : ; �r are coset representatives of L in N.L/ then

fL.ŒK1; K2�/D f.ŒK
�1
1 �L; ŒK

�1
2 �L/; : : : ; .ŒK

�r
1 �L; ŒK

�r
2 �L/g.

Remark 7.16 Suppose x 2 Fn and Lx D L0. Then Domain.fL/ D Domain.fL0/ and conjugation ix
by x induces a bijection (which we give the same name) ix W Codomain.fL/! Codomain.fL0/ given by
mapping the N.L/-orbit of .ŒL1�L; ŒL2�L/ to the N.L0/-orbit of .ŒLx1 �L0 ; ŒL

x
2 �L0/. It is an easy check that

fL0 D ix ıfL.

Lemma 7.17 Suppose K1; K2; L1; L2 < Fn are finitely generated and that ŒK1; K2�Fn and ŒL1; L2�Fn
are good conjugacy pairs. Set K WD hK1; K2i and L WD hL1; L2i. Then the following are equivalent :

(1) ŒK1; K2�Fn D ŒL1; L2�Fn .

(2) There is g 2 Fn such that Kg D L, ŒKg1 �L D ŒL1�L and ŒKg2 �L D ŒL2�L.

(3) ŒK�D ŒL� and fL.ŒK1; K2�/D fL.ŒL1; L2�/.

(4) ŒK�D ŒL� and , for some (any) H < Fn with ŒH �D ŒL�D ŒK�, fH .ŒK1; K2�/D fH .ŒL1; L2�/.

Proof (1)D) (2) If ŒK1; K2�Fn D ŒL1; L2�Fn then by definition there is g 2Fn such that .Kg1 ; K
g
2 /D

.L1; L2/.

(2) D) (1) By Lemma 7.15 applied to Kgi and Li with L playing the role of Fn we have ŒKg1 ; K
g
2 �L D

ŒL1; L2�L. In particular, ŒK1; K2�Fn D ŒL1; L2�Fn .

(2) D) (3) This is clear from the definition of fL.

(3) D) (2) Suppose ŒK�D ŒL� and fL.ŒK1; K2�/D fL.ŒL1; L2�/. By the former there is g0 2 Fn such
that Kg

0

D L and by the latter there is n 2 N.L/ such that .ŒKg
0

1 �L; ŒK
g 0

2 �L/ D .ŒL
n
1�L; ŒL

n
2�L/. Take

g D n�1g0.

(3)() (4) This follows directly from Remark 7.16.

Corollary 7.18 There is an algorithm with input two good conjugacy pairs ŒK1; K2� and ŒL1; L2� of
finitely generated subgroups of Fn, and output YES or NO depending on whether or not ŒK1; K2� D
ŒL1; L2�.

Proof Apply Lemma 7.10 to decide if K and L are Fn-conjugate. If not, then output NO. Otherwise,
Lemma 7.10 gives x 2 Fn such that Kx D L and we replace K1 and K2 by Kx1 and Kx2 so that now
K D L. Apply Lemma 7.11 to produce coset representatives �1; : : : ; �r of L in N.L/. According to
Lemma 7.17, ŒK1; K2�D ŒL1; L2� if and only if ŒK�i1 �LD ŒL1�L and ŒK�i2 �LD ŒL2�L for some 1� i � r .
This can be checked by applying Lemma 7.10 with Fn replaced by L.
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The following lemma is used in Lemma 7.21 to determine which pairs of conjugacy classes correspond
to good conjugacy pairs.

Lemma 7.19 There is algorithm with input two finitely generated subgroups K1; K2 < Fn and output
YES or NO depending on whether or not there exist K 0i < Fn such that ŒK 0i �D ŒKi � and such that Fn is the
internal free product of K 01 and K 02. If YES then one such K 01 and K 02 are produced.

Proof Choose any finitely generated subgroups Ai such rank.Ai /D rank.Ki / and such that Fn is the
internal free product of A1 and A2. K 01 and K 02 exist if and only if there is a � 2 Out.Fn/ such that
�.ŒKi �/ D ŒAi �. The existence of such a � can be checked using Gersten’s generalization [1984] of
Whitehead’s theorem [Bestvina et al. 2023], which appears as Theorem 10.2 in this paper. Additionally,
the algorithm produces such a � if one exists; we take K 0i D‚

�1.Ai /, where ‚ 2 � .

Notation 7.20 C.Fn/ denotes the set of conjugacy classes of finitely generated subgroups of Fn.

To aid in working with good conjugacy pairs, we relate them to ordered triples in C.Fn/. Consider the
following map from good conjugacy pairs to ordered triples in C.Fn/:

(7-1) ŒH1;H2� 7! .ŒH1�; ŒH2�; ŒH �/; where H WD hH1;H2i:

Lemma 7.21 We have an algorithm with input a good conjugacy pair ŒH1;H2� and output a finite
enumeration of the fiber F of the above map (7-1) containing ŒH1;H2�.

Proof Consider the map induced by fH from F to f.ŒK1�H ; ŒK2�H /g=N.H/, where Ki ranges over
finitely generated subgroups of H such that Hi and Ki are conjugate in Fn. By Lemma 7.17, this map
is injective. So, it remains to produce an element of F for each element of the image. The ŒKi �H can
be finitely enumerated by Lemma 7.12. By Lemma 7.19 we can decide if .ŒK1�H ; ŒK2�H / represents
an element of the image. Applying Lemma 7.11 and then Lemma 7.10 (with Fn replaced by H ) we
can decide if two pairs .ŒK1�H ; ŒK2�H / and .ŒK 01�H ; ŒK

0
2�H / are in the same N.H/-orbit and so remove

redundancy from our list.

Lemma 7.22 We have an algorithm with input an ordered triple .ŒH1�; ŒH2�; ŒH �/ of elements of C.Fn/
and output YES or NO depending on whether or not the fiber F of the above map (7-1) is empty. Further ,
if NO, the algorithm also outputs an element of F .

Proof Our goal is to either find subgroups Ki in the same Fn conjugacy class as Hi such that Ki <H
and such that H is the internal free product of K1 and K2, or to conclude that no such Ki exist.

By Lemma 7.8, we can compute coset representatives for the elements of RC.Hi ;H/. If RC.H1;H/D∅,
then no element of the Fn-conjugacy of H1 is a subgroup of H and we return YES. Similarly, return YES
if RC.H2;H/D∅. Otherwise, choose bi representing a coset in RC.Hi ;H/. Replacing Hi by H bi

i we
may assume that Hi <H .
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Lemma 7.11 produces coset representatives fa1; : : : ; apg of H in N.H/. Thus a subgroup Ki <H is in
the same Fn conjugacy class as Hi if and only if it is in the same H -conjugacy class as Haj

i for some
1 � j � p. Order the pairs .Haj

1 ;H
ak
2 / lexicographically on 1 � j; k � p. Apply Lemma 7.19 with

Fn replaced by H and with .K1; K2/ replaced by the first pair on the list .Ha1
1 ;H

a1
2 / to either produce

K1; K2 <H such that

� K1 is in the same H conjugacy class as Ha1
1 ,

� K2 is in the same H conjugacy class as Ha1
2 ,

� H is the internal free product of K1 and K2,

or to conclude that no such K1 and K2 exist. In the former case return NO and ŒK1; K2�. In the latter
case proceed on to the next pair on the list. Continue until you either return NO and the desired ŒK1; K2�,
or reach the end of the list, in which case return YES.

Corollary 7.23 We have an algorithm with input an ordered triple .ŒH1�; ŒH2�; ŒH �/ of elements of
C.Fn/ and output a finite enumeration of the fiber F of the above map (7-1) over .ŒH1�; ŒH2�; ŒH �/.

Proof Use Lemma 7.22 to determine if F is empty or not and obtain an element ŒH 01;H
0
2� 2 F if not.

Input ŒH 01;H
0
2� into the algorithm of Lemma 7.21 to enumerate F .

We will also use conjugacy pairs that aren’t necessarily good.

Lemma 7.24 Consider the set of conjugacy pairs of the form ŒH;A� with A < H < Fn all finitely
generated and nontrivial. (In particular this pair is not good.)

(1) Two such ŒH;A� and ŒH 0; A0� are equal if and only if there is g 2 Fn such that Hg D H 0 and
ŒAg �H 0 D ŒA

0�H 0 . In particular , ŒH;A�D ŒH;A0� if and only if A and A0 are in the same orbit of
the action of N.H/ on H .

(2) The map from the set of such pairs to ordered sequences in C.Fn/ given by ŒH;A� 7! .ŒH�; ŒA�/

has fibers that can be finitely enumerated.

Proof (1) The “only if” direction is obvious. The “if” direction follows from the fact that if ŒAg �H 0 D
ŒA0�H 0 then there exists h0 2H 0 such that Ah

0g D A0 for some h0 2H 0.

(2) Given finitely generated nontrivial subgroupsK;L<Fn, compute RC.L;K/ by applying Lemma 7.8.
If RC.L;K/ D ∅, then L is not conjugate into K so the fiber over .ŒK�; ŒL�/ is empty. Otherwise,
choose b representing a coset in RC.L;K/. Replacing L by Lb we may assume that L < K. Apply
Lemma 7.11 to produce coset representatives �1; : : : ; �p of K in N.K/. The fiber containing ŒK;L�
equals fŒK;L�1 �; : : : ; ŒK;L�p �g by (1).
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8 Computable G -sets

The ultimate goal of this paper is to provide an algorithm solving the conjugacy problem for UPG.Fn/,
ie Theorem 1.1. We will need other algorithms as part of our solution. In this section and the following
two (Sections 8, 9 and 10), we formalize some of the algorithmic aspects present in the Out.Fn/-setting.
In particular, we provide what could be viewed as a “data structure” for the input and output of our
algorithms. These sections require no knowledge of Fn and are independent of the rest of the paper.

Definition 8.1 (computable) � A function f WX ! Y is computable if it comes equipped with an
algorithm with input x 2X and output f .x/ 2 Y .

� An enumeration of a set X is a surjection N ! X . A finite enumeration of X is a surjection
f1; 2; : : : ; N g !X . The index of x 2X is the minimal n such that n 7! x.

� A set X is computable if it comes equipped with a computable enumeration N ! X and an
algorithm with input x; x0 2 X and output YES or NO depending on whether or not x D x0. By
default, the empty set is computable. We sometimes write X D .x1; x2; : : : / to indicate the
enumeration. See Lemma 8.2.

� A group G is computable if the underlying set is computable and it comes equipped with a third
algorithm with input �; � 0; � 00 2G and output YES or NO depending on whether or not �� 0 D � 00.

� A G-set X is computable if G and X are computable and it comes equipped with yet another
algorithm with input � 2G, x; x0 2X and output YES or NO depending on whether or not �.x/D x0.

Lemma 8.2 If X D .x1; x2; : : :/ is a computable set then we have an algorithm with input x 2 X and
output the index of x.

Proof Starting with i D 1, iteratively check if x D xi .

To see how Out.Fn/ and our Out.Fn/-sets are enumerated and that they are computable, see Section 11.

A set Y of interest is often the quotient of a computable set X , ie Y D X=� for some equivalence
relation �. We want to use X to give Y the structure of a computable set. We view elements of X as
representatives of elements of Y and always give elements y 2 Y as y D Œx�, where x 2X and Œx� is the
equivalence class of x.

Lemma 8.3 Suppose X is a computable set and Y DX=� is a quotient of X . If we have an algorithm
with input x; x0 2X and output YES or NO depending on whether or not Œx�D Œx0�, then Y is computable.

There are the obvious generalizations for groups , etc.

Proof The computable enumeration of Y maps i 2N to Œxi � 2 Y . Given input y D Œx�, y0 D Œx0�, we
can use the algorithm in the hypothesis to output YES or NO depending on whether or not Œx� D Œx0�,
ie whether or not y D y0.
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Example 8.4 Suppose we are given a finite generating set for a group G. Elements of G are represented
as finite words in the generators and their inverses. This set X of finite words can be computably
enumerated, say using length, and X is computable. The composition of the enumeration for X and the
evaluation map e WX !G computably enumerates G. If we have an algorithm with input x; x0 2X and
output YES or NO depending on whether or not e.x/D e.x0/ then G is computable. This is the case, for
example, if we are given a finite presentation for G and an algorithm solving the word problem for this
presentation.

Lemma 8.5 (1) Suppose Z is a subset of the computable set X . If we have an algorithm with input
x 2X and output YES or NO depending on whether or not x 2Z, then Z is computable.

(2) If X and Y are computable sets then X �Y is a computable set.

There are the obvious generalizations for groups , etc.

Proof (1) If Z is empty then it is computable by definition. Suppose Z ¤ ∅. The computable
enumeration f WN!Z is given as follows. Applying the algorithm in the hypothesis a finite number of
times, we can find the minimal i 2N such that xi 2Z. Define f .j /D xi , for 1� j � i . If n > i , then
f .n/D xn if xn 2Z and f .n/D f .n� 1/ otherwise.

The proof of (2) is left to the reader.

In the setting of Lemma 8.5(1), we view elements of Z as given to us as elements of X that are in Z.
One reason for the rather odd looking enumeration f in the proof is that we have to make sure that f is
defined on all of N. (Consider the case where Z is finite.)

We now collect some basic properties of computable groups.

Lemma 8.6 Let G D .g1; g2; : : :/ and G0 D .g01; g
0
2; : : :/ be computable groups.

(1) We have algorithms

(a) with input g 2G and output the index of G,

(b) with input g; h 2G and output the index of gh,

(c) with output the index of 1, and

(d) with input g and output the index of g�1.

(2) We have an algorithm with input a finite word w in fg1; g2; : : : g˙1 and output the index of w in G.
In particular , we have an algorithm to solve the word problem in G.

(3) Suppose we are given a finite generating set G D fh1; : : : ; hN g � fg1; g2; : : : g for G. Then we
have an algorithm with input g 2G and output a word w with letters in G such that g D w in G.

(4) Suppose f WG!G0 is a homomorphism. If we are given a finite generating set G � fg1; g2; : : : g
for G and f .G/, then f is computable (with algorithm given in the proof ).

(5) If f WG!G0 is a computable homomorphism , then Ker.f / is computable.
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Proof (1) For (a), see Lemma 8.2. For (b), (c) and (d): starting with i D 1, iteratively use the algorithm
that comes with a computable group to respectively check: (b) if ghD gi ; (c) if gigi D gi ; and (d): if
ggi D 1.

(2) Use (d) to remove all negative exponents in w. Then use (b) to iteratively reduce the length of w by
replacing consecutive letters gigj with a single letter gk .

(3) Enumerate the words in G (say using length). Iteratively check if g is the N th word.

(4) To compute f .gi /, use (3) to write gi as a word w in G. Then f .w/ is a word in f .G/. Finally,
use (2) to find the index of f .w/.

(5) This follows from Lemma 8.5 since we can algorithmically check if f .gi /D 1 in G0.

Remark 8.7 Using Lemma 8.6(1), we may rewrite a given finite subset of fg1; g2; : : : g˙1 as a finite
subset of fg1; g2; : : : g. In particular, if G generates G then we may algorithmically compute a finite
subset of fg1; g2; : : : g that is a symmetric generating set.

Example 8.8 A computable group need not be finitely generated; a finitely generated computable group
need not be finitely presented; etc. Indeed, the kernel of f W .F2/n!Z which sends each basis element to
12Z has varying finiteness properties depending on n; see [Bestvina and Brady 1997]. By Lemma 8.6(5),
Ker.f / is computable.

Lemma 8.9 If the G-set X is computable and x 2X , then the stabilizer Gx in G D .g1; g2; : : :/ of x is
computable.

Proof This follows from Lemma 8.5 applied to Gx <G, since we can algorithmically check whether
gi .x/D x.

9 Finite presentations and finite-index subgroups

The following lemma is useful for finding presentations of finite-index subgroups of a finitely presented
group. It is well-known — see eg [Lyndon and Schupp 1977, Chapter 2, Section 4, The Reidemeister–
Schreier method] — but for completeness we provide a proof.

Lemma 9.1 There is an algorithm that takes as input

� a finite presentation for a computable group G D .g1; g2; : : :/,

� the multiplication table for a finite group Q,

� a computable surjection P WG!Q, and

� a subgroup Q0 of Q given as a finite list of elements of Q,
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and outputs

(1) a finite presentation for the subgroup G0 WD P�1.Q0/ of G, and

(2) finite sets of left and right coset representatives for G0 <G.

Remark 9.2 In some applications, G will act on a finite set S and so we have a homomorphism
G! Perm.S/ to the permutation group of S . The group Q will be the image of this map and P WG!Q

the induced map. This will allow us to compute the multiplication table for Q.

Proof of Lemma 9.1 (1) Let GD hh1; : : : ; hi j r1; : : : ; rj i be the given finite presentation for G, where
the generators are in fg1; : : : g and the relations are words in the generators; see Lemma 8.6(2). Let XG
denote its presentation 2-complex. We assume the reader is familiar with obtaining a finite presentation for
a groupH from a finite based 2-complex with fundamental groupH . Hence (1) is reduced to constructing
the finite based cover XG0 of XG whose fundamental group has image in the fundamental group of XG
equal to G0.

Set k WD ŒG W G0� D ŒQ W Q0� and note that k � jQj. Then every index k based cover of XG has k � i
1-cells and k � j 2-cells. Further, if jrqj denotes the length of rq as a word in fh1; : : : ; hig, then each
2-cell in the cover has boundary of length at most k �maxfjrqj j 1� q � j g. Hence we can construct all
based covers of XG of index k. Examine each in turn to check whether the image K of its fundamental
group in XG is G0. This can be done by checking whether the image in XG of a generating set for the
fundamental group of the cover has P -image contained in Q0. (Indeed, if so then K <G0 but both K
and G0 have the same index in G.) Since G0 has index k in G, we are guaranteed that one of these covers
satisfies K DG0. This completes the proof of (1).

(2) We find left coset representatives, the other case being symmetric. Using the hypotheses onQ, choose
a set SQ of left cosets representatives for Q0 <Q. Then SG � G is a set of left coset representatives
for G0 <G if the restriction P jSG is injective with image SQ. To find g 2G with P -image q 2Q, the
P -image of a set of generators for G generates Q and in Q we may write q in terms of these generators
for Q.

Given a short exact sequence 1!N !G
f
�!Q! 1, we are interested in finding a finite presentation

for G from finite presentations for N and Q.

Lemma 9.3 Suppose f WG!Q is a computable surjection between computable groups G and Q.

Suppose we are given

� a finite presentation for N WD Ker.f /, and

� a finite presentation for Q (for example if Q is finite and we are given the multiplication table for
Q then this item is satisfied ).

Then we may find a finite presentation for G. (In fact , one is constructed in the proof.)
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Proof Suppose that the finite presentation for N has generating set fgN;i j i 2 I g �G and set of relators
frN;j j j 2 J g and suppose that the finite presentation for Q has generating set fgQ;k j k 2Kg and set of
relators frQ;l j l 2 Lg.

For each gQ;k , find an element ygQ;k 2G with image gQ;k in Q. This can be done algorithmically by
iteratively searching for gi such that f .gi /D gQ;k .

Set yrQ;l D rQ;l.ygQ;k j k 2K/, ie rQ;l is a word in fgQ;k j k 2Kg and yrQ;l denotes the same word in
fygQ;k j k 2 Kg. The image of yrQ;l in Q represents 1Q and so there is a word nQ;l in fgN;i j i 2 I g
such that yrQ;l D nQ;l in G. Since N is normal, ygQ;k.gN;i /yg�1Q;k D nN;i;Q;k for some word nN;i;Q;k in
fgN;i j i 2 I g. Since G is computable, nQ;l and nN;i;Q;k can be found algorithmically; see Lemma 8.6(3).
By [Bridson and Wilton 2011, Lemma 2.1], there is a finite presentation for G with

� generating set fgN;i ; ygQ;k j i 2 I; k 2Kg, and

� set of relators that is the union of

– frN;j j j 2 J g,
– fyrQ;l D nQ;l j l 2 Lg, and

– fygQ;k.gN;i /yg�1Q;k D nN;i;Q;k j i 2 I; k 2Kg.

10 MW-algorithms

Our solution of the conjugacy problem for UPG.Fn/ in Out.Fn/ will use a generalization of an algorithm
of Gersten that in turn generalizes algorithms of Whitehead and McCool. This section is devoted to
describing these generalizations.

A set equipped with an action by a group G is a G-set. We will only consider computable G-sets; see
Definition 8.1.

Definition 10.1 (property MW) A computable G-set X satisfies property MW (for McCool and
Whitehead) if it comes equipped with an algorithm that takes as input x; y 2X and outputs

(M) finite presentations for Gx WD f� 2G j �.x/D xg and for Gy WD f� 2G j �.y/D yg, and

(W) YES or NO depending on whether or not there exists � 2G such that �.x/D y together with such
a � if YES.

We call such an algorithm an MW-algorithm. Sometimes we refer to an algorithm that satisfies item M
(resp. item W) as an M-algorithm (resp. W-algorithm). Recall that Gx and Gy are computable by
Lemma 8.9.

Of course our interest here is in the case G D Out.Fn/ where the second item is associated with
J H C Whitehead [1936a; 1936b] whose algorithm decides if there is � taking one finite ordered set of
conjugacy classes in Fn to another and produces such a � if one exists. The first item is associated with
McCool [1975], whose algorithm produces a finite presentation for the stabilizer of a finite ordered set of
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conjugacy classes of elements of Fn. S Gersten generalized the algorithms of Whitehead and McCool
to finite sequences in the Out.Fn/-set C.Fn/; see Notation 7.20. (C.Fn/ is shown to be a computable
Out.Fn/-set at the beginning of Section 11.) We state Gersten’s result in a slightly weakened form.

Theorem 10.2 ([Gersten 1984, Theorems W&M], see also [Kalajdžievski 1992] and [Bestvina et al.
2023]) The action of Out.Fn/ on the set of finite ordered sets in C.Fn/ satisfies property MW.

We will define algebraic invariants for elements of UPG.Fn/; see Section 13. An obstruction to �; 2
UPG.Fn/ being conjugate in Out.Fn/ is the existence of a � 2 Out.Fn/ taking the algebraic invariants
of � to those of  . More specifically, if such a � does not exist then � and  are not conjugate. If such a �
does exist, then we replace � by �� (or  by  .�

�1/) and reduce to the case where the algebraic invariants
of � and  agree. One step in our algorithm for the conjugacy problem for UPG.Fn/ in Out.Fn/ will be
to check whether such a � exists and to produce one if so.

Some of our invariants are elements of C.Fn/ and so fit nicely into the setting of Gersten’s theorem. We
will extend Gersten’s theorem so that it applies to all our invariants. These invariants are best described
in terms of iterated sets of elements of C.Fn/, or more generally in terms of sets with finite-to-one maps
to iterated sets. Roughly, an iterated set in a G-set A is a finite set consisting of elements of A and
previously produced iterated sets. The set may be ordered or not. We commonly take A to be C.Fn/.

There are two main results. The first, Proposition 10.14, promotes MW-algorithms for finite ordered sets
in A to MW-algorithms for the set IS.A/ (of equivalence classes) of iterated sets in A. More specifically,
it states that if the G-action on finite ordered subsets of A satisfies property MW then so does the G-action
on IS.A/. The second, Corollary 10.22, is a method for enlarging A.

After reviewing our invariants in Section 12 and defining the algebraic invariants in Section 13, we apply
our generalized Gersten’s algorithm to obtain a reduction of the conjugacy problem for UPG.Fn/ in
Out.Fn/ to Proposition 14.7 in Lemma 14.8.

10.1 Iterated sets and their equivalence classes

Definition 10.3 A rooted tree .T;�/ is a finite, simplicial, directed tree T with a basepoint � called the
root. A valence 0 vertex (ie T D f�g) or a valence one vertex that is not the root is a leaf. The set of
leaves in T is denoted by L.T /. All edges are oriented away from the root. The set of edges exiting a
vertex x 2 T is denoted by ET .x/. Paths are directed. We also may give some vertices an extra structure:
a vertex x that is not a leaf is ordered if an order has been imposed on ET .x/. A vertex that is not a leaf
and that is not ordered is unordered.

We view rooted trees .T;�/ as combinatorial objects. In particular, edges are specified by ordered pairs
of vertices. For technical reasons having to do with computability, we require that all vertices of the trees
we consider lie in a set V that we fix once and for all. (For our purposes, one can take V to be N.)
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Example 10.4 We will draw rooted trees with the root at the top. Ordered vertices are indicated by using
dashed lines for its exiting edges. The imposed ordering is displayed from left to right. In the rooted tree
below only the root is ordered. There are 4 leaves:

�

� � �

� �

................................................

...........................................

................................................
.......................................................................

................................................................................

Definition 10.5 (iterated set) An iterated set in a set A is a rooted tree such that each leaf is labeled by
an element of A. Specifically, an iterated set in A is a pair ..T;�/; �/ where .T;�/ is a rooted tree and
� W L.T /!A is a function. We do not assume that � is one-to-one. We will often use sans serif capital
letters for iterated sets and write, for example, XD ..T;�/; �/. The set of atoms of X is �.L.T //. We
sometimes refer to A as the set of atoms. For l 2 L.T /, we sometimes refer to �.l/ as the label or atom
of l . The set of iterated sets in A is denoted by IS.A/.

Example 10.6 If we take A D C.Fn/, then a nested sequence EF D F1 @ � � � @ FN of free factor
systems determines an iterated set in A as follows. First we identify each free factor system Fi D
fŒFi;1�; : : : ; ŒFi;mi �g with an iterated set:

�

�

ŒFi;1�
�

ŒFi;2�
�

ŒFi;mi �

................................................................................................................................ : : :

..............................................................................................

................................................................................................................................

Then EF determines the ordered set fF1; : : : ;FN g:

�

�

ŒF1;1�
�

ŒF1;2�
�

ŒF1;m1 �

................................................................................................................................................

..........................................................................................................

................................................................................................................................................

�

�

ŒFN;1�
�

ŒFN;2�
�

ŒFN;mN �

................................................................................................................................................

..........................................................................................................

................................................................................................................................................

�

: : : : : :

: : :

........................................................................................................................

........................................................................................................................

Definition 10.7 Let XD ..T;�/; �/ and X0 D ..T 0;�0/; �0/ be iterated sets in A.

� An order-preserving simplicial isomorphism f W .T;�/! .T 0;�0/ is a simplicial isomorphism that
satisfies:

(1) A vertex x of T is ordered if and only if f .x/ is ordered and the induced map ET .x/!
ET 0.f .x// is order-preserving.
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� An equivalence f W X! X0 is an order-preserving simplicial isomorphism f W .T;�/! .T 0;�0/ that
additionally satisfies:

(2) For l 2 L.T /, �.l/D �0.f .l//.
Clearly equivalence induces an equivalence relation on IS.A/.

� IS.A/ denotes the set of equivalence classes of iterated sets.

Remark 10.8 We will not need this, but if A is the set of objects of a category yA, then naturally so are
IS.A/ and IS.A/. A morphism ..T;�/; �/! ..T 0;�0/; �0/ is an order-preserving simplicial isomorphism
f W .T;�/! .T 0;�0/ together with a functionm W�.L.T // into the morphisms of yA such that, for l 2L.T /,
m.�.l// 2 Hom.�.l/; �0.f .l///. An earlier version of this paper used a simplified, but more restrictive
variant of this category, which was ultimately not needed.

10.2 Promoting property MW

Definition 10.9 Suppose G is a group and A is a G-set. Then IS.A/ and IS.A/ are G-sets with actions
given as follows. If � 2 G and X D ..T;�/; �/, then �.X/ WD ..T;�/; � ı �/, ie �.X/ is obtained by
relabeling L.T / according to � . The G-action descends to IS.A/.

We want IS.A/ and IS.A/ to be computable. This is the case if our set V of vertices and A are computable.

Lemma 10.10 (1) If V is a computable set , then the set of rooted trees with vertices in V is com-
putable.

(2) If additionally A is a computable set , then the sets IS.A/ and IS.A/ are computable.

(3) If additionally A is a computable G-set , then the G-sets IS.A/ and IS.A/ are computable.

Proof (1) We view rooted trees .T;�/ as combinatorial objects. In particular, edges are specified by
ordered pairs of vertices. To completely specify .T;�/ we also choose a root vertex, designate some
vertices as ordered and choose an order on exiting edges of those vertices. Rooted trees T with vertices
in V can be computably enumerated using, say, the sum jT j of the number of vertices and largest index
among the vertices of T . That is, to enumerate the set of rooted trees, first list all those with jT j D 1,
then 2, etc. Two rooted trees are equal if and only if the they have the same vertices, edges, root, ordered
vertices and same order on outgoing edges of ordered vertices.

(2) For an iterated set XD ..T;�/; �/, let jX j denote the sum of the number of vertices of jT j and the
largest index of a label (an element of �.L.T //). IS.A/ may be countably enumerated using jX j. To
enumerate IS.A/, for example, list all X with jX j D 1, then 2, etc. Two iterated sets are equal if and only
if the underlying rooted trees are equal and the functions on the leaves are equal. The first condition
can be checked by (1) and the second can be checked since A is computable. We can use the same
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enumeration for IS.A/. Here if X1 W D ..T1;�1/; �1/ and X2 WD ..T2;�2/; �2/ represent respectively Q1

and Q2 in IS.A/, then Q1 D Q2 if and only if X1 and X2 are equivalent and this is a finite check. Indeed,
finitely enumerate the set S of order-preserving simplicial isomorphisms f W .T1;�1/! .T2;�2/. If S is
empty then Q1¤Q2. Otherwise, if some f 2 S is an equivalence then Q1DQ2 and if not then Q1¤Q2.

(3) Since A is a computable G-set, it is a finite check whether �.X1/D X2 and also whether �.X1/ and
X2 are equivalent.

Assumption 10.11 Going forward, we assume that our fixed set V of vertices is computable; see
Definition 10.3. In all applications, A will be computable.

Notation 10.12 Unless otherwise specified,

� A denotes a computable G-set,

� X;X0; : : : denote elements ..T;�/; �/; ..T 0;�0/; �0/; : : : of IS.A/,

� Q;Q0; : : : denote elements of IS.A/ and are represented by X;X0; : : : , and

� an equivalence f W X! X0 is given by f W .T;�/! .T 0;�0/.

Notation 10.13 � The map A ! IS.A/ determined by a 7! ..�;�/;� 7! a/ is a G-equivariant
inclusion. In other words, map a to the trivial tree with vertex labeled a. Thus we may think of A

as a subset of IS.A/.

� Sor.A/ denotes the subset of IS.A/ represented by iterated sets in which � is ordered and � is
the initial endpoint of every edge of T . Sor.A/ is G-invariant. There is an obvious G-invariant
bijection between the set of nonempty, finite, ordered sequences in A and Sor.A/. We pass back
and forth between these two points of view whenever convenient.

� The G-set Sun.A/ is defined analogously where � is unordered. There is an obvious G-invariant
bijection between the set of nonempty, finite, multisets in A and Sun.A/.

Proposition 10.14 (promoting MW) Let A be a computable G-set. If Sor.A/ satisfies property MW,
then so does IS.A/.

Proof We follow the conventions in Notation 10.12. First we provide a W-algorithm for IS.A/; ie an
algorithm that either finds � 2 G satisfying �.Q/ D Q0 or concludes that there is no such � . Finitely
enumerate the set S of order-preserving simplicial isomorphisms f W .T;�/! .T 0;�0/. If S is empty
then return NO. Otherwise, start with the first element f of S . By hypothesis there is a W-algorithm that
either finds � 2G such that �.�.l//D �0.f .l// for each l 2 L.T / or concludes that no such � exists. If
� is found then f gives an equivalence �.X/! X0 and our W-algorithm returns YES and � . If no such �
exists, move on to the next element of S and try again. If after considering each element of the finite
set S we have not returned YES, then return NO. (Equivalently, we could make the queries indexed by S
in parallel. Note that a different choice of representatives X, X0 for Q, Q0 would give the same queries.)
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The stabilizer GQ in G of Q is computable by Lemma 8.9. For the M-algorithm, we will produce a finite
presentation for GQ by applying Lemma 9.3 to the short exact sequence induced by � WGQ! Perm.A/,
where A denotes the set �.L.X// of atoms of X. Since the kernel of � is the subgroup of G fixing each
element of A, we can use the M-algorithm for Sor.A/ to produce a finite presentation for this kernel.

To apply Lemma 9.3, it remains to produce an element of GQ realizing each element of the image of � .
This is done as follows. Given � 2Perm.A/, use the W-algorithm for Sor.A/ to produce � 2G realizing �
if such exists. If there is no such � then � is not in the image of � . Finally, use the computability of
IS.A/ (Lemma 10.10(3)) to check if �.X/ is equivalent to X. If it is then � is in the image of � (and is
realized by � ) and otherwise it is not. (As above with the W-algorithm, it is easy to see that the choice of
representative X for Q is immaterial. Also, the choice of � does not matter.)

For reference we record the following consequence of the previous proof (really just definitions).

Corollary 10.15 If X D ..T;�/; �/ represents Q 2 IS.A/, then the subgroup of G fixing each �.l/,
l 2 L.T /, has finite index in the stabilizer GQ of Q.

10.3 More atoms

Proposition 10.14 concludes, under conditions on A, that IS.A/ has property MW. In this section,
conclusions have the form IS.A0/ satisfies property MW, where A0 is a G-set constructed from A in
various ways. Intuitively, we are enlarging our collection of useful sets of atoms.

Notation 10.16 Suppose p W yY ! Y is an equivariant map of G-sets. For y 2 Y [resp. yy 2 yY ], let Gy
(resp. Gyy) denote the stabilizer of y (resp. yy) with respect to the action of G on Y (resp. yY ). Let Fy
denote the fiber p�1.y/. If p.yy/D y then by p-equivariance Gyy < Gy and Gy acts on Fy inducing a
homomorphism �y WGy! Perm.Fy/. (We declare the permutation group of the empty set to be trivial.)

In this setting, we say that p has explicit finite fibers if the G-sets Y and yY are computable and p comes
equipped with an algorithm with input y 2 Y and output a finite enumeration of Fy .

Lemma 10.17 Suppose the G-map p W yY ! Y has explicit finite fibers and that Y satisfies property M.
Then:

(1) There is an algorithm with input y 2 Y , � 2Gy and output �y.�/.

(2) There is an algorithm with input y 2 Y and output the multiplication table for �y.Gy/.

(3) yY satisfies property M.

Proof Let y 2 Y . By Lemma 8.9, Gy is computable. Since p has explicit finite fibers, we can compute
the finite list of elements of Fy . Since Y satisfies property M we can produce a finite presentation for Gy .

(1) Since yY is computable, we can compute the action of � on Fy � yY .

(2) This follows by applying (1) to our generators of Gy .

Geometry & Topology, Volume 29 (2025)



1752 Mark Feighn and Michael Handel

(3) Since Gyy is the �y-preimage of the stabilizer S of yy in Perm.Fy/, we can find a finite presentation
for Gyy by applying Lemma 9.1, taking P to be the surjective homomorphism Gy ! �y.Gy/ and
Q0 WD �y.Gy/\S .

Lemma 10.18 Suppose f WZ! Y and g W Y !X each has explicit finite fibers. Then the composition
hD g ıf WZ!X has explicit finite fibers.

Proof Since each one of f and g has explicit finite fibers, the G-sets X , Y and Z are each computable.
Given x 2X , since g has explicit finite fibers, we can list the elements of g�1.x/. Since f has explicit
finite fibers, we can list the elements of f �1.y/ for each y 2 g�1.x/. We are done by noting that
h�1.x/D

F
ff �1.y/ j y 2 g�1.x/g.

Lemma 10.19 Suppose that p W yY ! Y is a G-equivariant map of G-sets such that

� p has explicit finite fibers , and

� Y satisfies property MW.

Then yY satisfies property MW.

Proof yY satisfies property M by Lemma 10.17(3).

For the W-algorithm, we use Notation 10.16. Suppose that yz 2 yY and that z D p.yz/. Since Y satisfies
property W we can check whether or not there is �0 such that �0.y/D z and we can compute such a �0
if it exists. If not, then return NO. If yes, then yy and ��10 .yz/ are in Fy and there is an element of G taking
yy to yz if and only if there is an element � 2G (necessarily in Gy) taking yy to ��10 .yz/. Our goal becomes
to check whether there is � 2Gy such that �y.�/ 2 Perm.Fy/ takes yy to ��10 .yz/, and to produce such a
� if so. This can be done using our finite generating set for Gy and its action on Fy . If there is no such �
then return NO. Otherwise return YES and �0 � � .

Construction 10.20 (canonical extension) Suppose that A and A0 are G-sets and that I WA0! IS.A/

is G-equivariant. We now define a G-equivariant map IIS W IS.A
0/! IS.A/ that restricts to I on A0; see

Notation 10.13. We call IIS the canonical extension of I :

A0 IS.A/

IS.A0/

....................................................................................................................................................................................................... ............
I

......................................................................................................................... ........
....

.......

.........

......
......
......
......
......
......
......
......
......
..................
............

IIS

From Q0 2 IS.A0/, we construct Q WD IIS.Q
0/ 2 IS.A/. We do this by constructing a representative

X D ..T;�/; �/ for Q from a representative X0 D ..T 0;�0/; �0/ for Q0 and, for each l 0 2 L.T 0/, a
representative Xl 0 D ..Tl 0 ;�l 0/; �l 0/ for Ql 0 WD I.�0.l 0// 2 IS.A/. Let T be the tree obtained from
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T 0t
�F
fTl 0 j l

0 2 L.T 0/g
�

by identifying l 0 2 T 0 and �l 0 2 Tl 0 . We declare the image of �0 in T to be the
root � of T . The leaves of T biject naturally with

F
fL.Tl 0/ j l 0 2 L.T 0/g and we define � W L.T /!A

by �jL.Tl 0/ WD �l 0 .

We next show that Q is independent of our choices of representatives, ie that Q0 7! Q is well-defined. Let
Y0 D ..S 0; ?0/; �0/ also represent Q0 and so we have a simplicial isomorphism f 0 W T 0! S 0 inducing an
equivalence X0! Y0. In particular, I.�0.l 0//D I.�0.f .l 0/// in IS.A/. Thus if Yf .l 0/ is a representative of
I.�0.f .l 0///, then we have equivalences Xl 0!Yf .l 0/ induced by simplicial isomorphisms fl 0 W .Tl 0 ;�l 0/!
.Sf .l 0/; ?f .l 0// between the underlying trees. The map f 0 and the fl 0 induce a map

T 0 t
�G
fTl 0 j l

0
2 L.T 0/g

�
! S 0 t

�G
fSfl0 .l 0/ j l

0
2 L.T 0/g

�
;

which descends to a simplicial isomorphism T ! S that induces an equivalence X! Y. Hence the map
IIS W IS.A

0/! IS.A/ given by Q0 7! Q is well-defined.

If we start the above construction with �.X0/ instead of X0, the only difference is that � is replaced by
� ı�, ie IIS is G-equivariant. Recall (Notation 10.13) that we identify A0 with the subset of elements of
IS.A0/ with underlying tree consisting of only the root. Thus I and IIS agree on A0.

Lemma 10.21 Let A and A0 be G-sets and suppose the G-map I WA0! IS.A/ has explicit finite fibers.
Then IIS W IS.A

0/! IS.A/ has explicit finite fibers. If additionally Sor.A/ satisfies property MW , then
IS.A0/ satisfies property MW.

Proof Since I has explicit finite fibers, the G-set A0 is computable. The G-set IS.A0/ is therefore
computable by Lemma 10.10(3). Let Q 2 IS.A/ be given and let X D ..T;�/; �/ 2 IS.A/ represent Q.
Using notation as in Construction 10.20, each Q0 in the fiber F of IIS over Q has a representative of the
form ..T 0;�/; �0/, where .T 0;�/ is a rooted subtree of .T;�/. Further, each leaf l 0 of T 0 then determines
a rooted tree .Tl 0 ; l 0/, where Tl 0 is the subtree of T spanned by l 0 and all leaves l of T with a directed
path from l 0 to l . We then get a representative ..Tl 0 ; l 0/; �l 0/ for an element Ql 0 of IS.A/, where �l 0 is the
restriction of � to the leaves of Tl 0 . If there are elements a0

l 0
2A0 such that I.a0

l 0
/D Ql 0 and if we define

�0.l 0/ WD a0
l 0

then ..T 0;�/; �0/ represents an element of F and all elements of F have this form (for some
choice of T 0). Since I has explicit finite fibers, we can finitely enumerate the fiber of I over Ql 0 and so
also find a finite list in IS.A0/ of representatives for the elements of F . (It is easy to see that a different
choice of representative X for Q produces F with a perhaps different enumeration.)

If additionally Sor.A/ satisfies property MW, then by Proposition 10.14 so does IS.A/. That IS.A0/

satisfies property MW is now a direct consequence of Lemma 10.19.

Corollary 10.22 Let A and Ai for i D 1; : : : ; k be G-sets with A computable. Suppose that Sor.A/

satisfies property MW and that Ii W Ai ! IS.A/ is G-equivariant and has explicit finite fibers. Then
the induced map

F
i Ai ! IS.A/ has explicit finite fibers , as does IS

�F
i Ai

�
! IS.A/, and IS

�F
i Ai

�
satisfies property MW.
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Proof It is apparent that, since Ii has explicit finite fibers, so does
F
i A0i ! IS.A/. The rest of the

corollary then follows directly from Lemma 10.21.

Corollary 10.23 Suppose A0 is a computable G-set and Sor.A0/ satisfies property MW. Then:

(1) For k D 2; 3; : : : , inductively define ISk.A
0/ WD IS.ISk�1.A

0//, where IS1.A0/ WD IS.A0/. The
G-set ISk.A

0/ satisfies property MW.

(2) Here we use Notation 10.13. For iD1; 2; : : : , let si 2fSor;Sung. Set S1.A0/ WD s1.A0/� IS.A0/ and
inductively define Sk.A0/ WD sk.Sk�1.A0//� ISk.A

0/. The G-set Sk.A0/ satisfies property MW.
The natural map Sk.A0/ � ISk.A

0/! ISk�1.A
0/! � � � ! IS.A0/ is injective , where ISi .A0/!

ISi�1.A0/ is the canonical extension (Construction 10.20) of the identity map of ISi�1.A0/.

Proof (1) An application of Proposition 10.14 gives that IS.A0/ satisfies property MW. Suppose that,
for k � 2, we have that ISk�1.A

0/ satisfies property MW. Since the identity map of ISk�1.A
0/ has explicit

finite fibers, so does ISk.A
0/! ISk�1.A

0/ by Lemma 10.21. By Lemma 10.19, ISk.A
0/ also satisfies

property MW.

(2) The first conclusion follows from (1) since Sk.A0/ � ISk.A
0/, and an MW-algorithm for ISk.A

0/

provides an MW-algorithm for Sk.A0/. To prove the injectivity statement by induction, we show that if A00

is aG-set and f WA00! IS.A0/ is injective, then the restriction of the canonical extension si .A00/! IS.A0/

is also injective for si 2 fSor;Sung.

Suppose that si D Sor and that .a1; : : : ; ar/; .b1; : : : ; bs/ 2 si .A00/. If the images .f .a1/; : : : ; f .ar// and
.f .b1/; : : : f .bs// under the canonical map are equal, then f .ak/D f .bk/, k D 1; : : : ; mD n. Since f
is injective, ak D bk . The case where si D Sun is similar. The inductive proof is left to the reader.

Remark 10.24 Via the natural map in Corollary 10.23(2), we sometimes view Sk.A
0/ as a subset of

IS.A0/.

Example 10.25 Let A D C.Fn/. A free factor system is a finite unordered set of free factors and so
may be interpreted as an element of Sun.A/; cf Example 10.6. A special chain is an ordered set of free
factor systems and so gives an element of SorSun.A/. The set of special chains associated to � gives an
element of SunSorSun.A/. We may view Sun.A/, SorSun.A/, and SunSorSun.A/ all as subsets of IS.A/

(Remark 10.24).

11 Our atoms

In this section we apply Section 10.3 to enlarge the set C.Fn/ (Notation 7.20) to the sets of atoms that we
will need for the remainder of the paper. See Lemma 11.2 and also Section 14.

To start, we need to know that some familiar sets are computable. Some proofs refer to the Stallings
graph associated to a finitely generated subgroup of Fn; see Stallings [1983, 5.4] and Section 7.2. The

Geometry & Topology, Volume 29 (2025)



The conjugacy problem for UPG elements of Out.Fn/ 1755

proofs also use Lemmas 8.3 and 8.5, sometimes without explicit mention. Let B be a basis for Fn. The
following objects are computable.

� The group Fn Elements of Fn are represented by words in BtB�1 and can be enumerated using
length. Multiplication is given by concatenation. An element is represented uniquely by a reduced
word, which can be found by iteratively canceling a letter and its inverse. See Example 8.4.

� The set of conjugacy classes of elements of Fn The enumeration of Fn serves also as an
enumeration of the set of conjugacy classes. An element is represented uniquely by a cyclically
reduced word.

� The set of finitely generated subgroups of Fn An enumeration is given by an enumeration
of finite sets of representatives of elements of Fn. Two such sets are equal if and only if they
determine the same based Stallings graph with labels in B, which can be found using the Stallings
folding algorithm.

� C.Fn/ The enumeration of the set of finitely generated subgroups of Fn also serves as an iteration
for C.Fn/. Two representatives are equal in C.Fn/ if and only if they determine the same (unbased)
Stallings graph with labels in B; see Lemma 7.10.

� The group Aut.Fn/ The set of endomorphisms of Fn is bijective with .Fn/B under the map
‚ 7! .b 7! ‚.b//. Using the Hopf property of Fn [Magnus et al. 1966, Theorem 2.13], an
endomorphism ‚ is an isomorphism if and only if it is surjective if and only if the based Stallings
graph of h‚.B/i is the rose with petals labeled by the elements of B. Thus an enumeration of
Aut.Fn/ can be obtained using the enumeration for endomorphisms.

� The group Out.Fn/ Our enumeration of automorphisms serves also as an enumeration of outer
automorphisms. Two automorphisms represent the same outer automorphisms if and only if they
have the same action on conjugacy classes of words of length at most two in BtB�1; see [Serre
1980].

� The Aut.Fn/-set Fn Representative endomorphisms act on representative words.

� The Out.Fn/-set of conjugacy classes of elements of Fn Representative endomorphisms act on
representative words.

� The Aut.Fn/-set of finitely generated subgroups of Fn Representative endomorphisms act on
representative finite subsets of Fn.

� The Out.Fn/-set C.Fn/ Representative endomorphisms act on representative finite subsets of Fn.

� The Out.Fn/-set IS.C.Fn// See Lemma 10.10(3).

� The Out.Fn/-sets Sor.C.Fn// and Sun.C.Fn// See Corollary 10.23.

Notation 11.1 In the remainder of the paper,GDOut.Fn/. We now define Out.Fn/-sets A0;A1; : : : ;A6
that will be used to express our algebraic invariants for elements of UPG.Fn/. At the same time we show
each Ai is computable and admits a map that has explicit finite fibers to a previously defined set.
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� A0 denotes C.Fn/, is computable (see the above itemized list), and has been identified (Notation 10.13)
as an Out.Fn/-subset of IS.A0/.

� A1 denotes the set of good conjugacy pairs of nontrivial finitely generated subgroups of Fn. We saw
above that the set of finitely generated subgroups of Fn is computable, hence (Lemma 8.5(2)) so is its
square. By Lemma 7.14(1), a pair .K1; K2/ represents a good ŒK1; K2� if and only if rank.hK1; K2i/D
rank.K1/C rank.K2/, and this can be checked using the Stallings graphs of ŒK1�, ŒK2� and ŒhK1; K2i�.
Hence (Lemma 8.5(1)) the subset of pairs representing good conjugacy pairs is computable. By
Corollary 7.18, there is an algorithm deciding whether good conjugacy pairs are equal. Hence, by
Lemma 8.3, A1 is computable.

By Corollary 7.23, the map A1! Sor.A0/ ,! IS.A0/ has explicit finite fibers where A1! Sor.A0/ is
given by ŒH1;H2� 7! .ŒH1�; ŒH2�; ŒhH1;H2i�/.

� A2 denotes the set of conjugacy pairs ŒH; a� where H is a nontrivial finitely generated subgroup
of Fn, a 2 Fn is nontrivial, and ŒH; hai� is good. It is clear that ŒH; a� D ŒH 0; a0� if and only if
ŒH; hai�D ŒH 0; ha0i� and a and a0 are conjugate. In particular, A2 is computable and the map A2!A1
given by ŒH; a� 7! ŒH; hai� has explicit finite fibers with fibers of size zero or two.

� A3 denotes the set of conjugacy pairs Œa;H� where H is a nontrivial finitely generated subgroup
of Fn, a 2 Fn is nontrivial, and ŒH; hai� is good. That A3 is computable and A3 ! A1 given by
Œa;H� 7! Œhai;H � has explicit finite fibers with fibers of size zero or two follows exactly as with A2.

� A4 is the set of conjugacy pairs Œa; b� of elements ofFn where ha; bi has rank 2. We have Œa; b�D Œa0; b0�
if and only if Œhai; hbi�D Œha0i; hb0i�, a and a0 are conjugate, and b and b0 are conjugate. It follows that
A4 is computable and A4!A1 given by Œa; b� 7! Œhai; hbi� has explicit finite fibers with fibers of size
zero or four.

� A5 is the set of conjugacy classes Œa� of nontrivial elements a 2 Fn. We saw earlier in this subsection
that A5 is computable. The map A5!A0 given by Œa� 7! Œhai� has explicit finite fibers with fibers of
size zero or two.

� A06 is the set of conjugacy pairs ŒH;A� with A < H < Fn all finitely generated and nontrivial. (In
particular, ŒH;A� is not good.) Using Lemma 7.24(1), the proof that A06 is computable is similar to the
proof that A1 is computable. By Lemma 7.24(2), A06! Sor.A0/ ,! IS.A0/ given by ŒH;A� 7! .ŒH�; ŒA�/

has explicit finite fibers. A06 is only used to define A6.

� A6 is the set of conjugacy pairs ŒH; a� where H is a nontrivial finitely generated subgroup of Fn and
a¤ 1 is in H . (In particular, ŒH; hai� is not good.) ŒH; a�D ŒH 0; a0� if and only if ŒH; hai�D ŒH 0; ha0i�
and a is conjugate to a0. Hence A6!A06 has explicit finite fibers with fibers of size zero or two.

� A� WDA0 tA1 tA2 tA3 tA4 tA5 tA6.

Lemma 11.2 Using Notation 11.1, the Out.Fn/-set IS.A�/ satisfies property MW.
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Proof Since Sor.A0/ satisfies property MW by Theorem 10.2, it follows from Corollary 10.22 that it is
enough to show that, for each i , we have that Ai admits G-equivariant map to IS.A0/ that has explicit
finite fibers. Using Notation 11.1, we see that each Ai admits a map to IS.A0/ that is a composition of
two maps, each of which has explicit finite fibers. We are done by Lemma 10.18.

12 List of dynamical invariants

In Section 13 we define algebraic invariants of � 2UPG.Fn/ that are derived from the dynamical invariants
of � established in the first five sections of this paper. For the convenience of the reader, we list those
dynamical invariants here and provide pointers to the relevant sections of the paper. Here f W G! G

always denotes a CT for � and �.f / its eigengraph; see Section 4.1. We also use the notation of conjugacy
pairs; recall Definition 4.9, Examples 4.10 and Section 7.

� P.�/ denotes the set of principal automorphisms for � (Definition 3.8) and ŒP.�/� denotes the
set of isogredience classes in P.�/ (Definition 3.11). ŒP.�/� parametrizes the components of �.f /.
Fix.�/D fŒFix.ˆ/� j Œˆ� 2 ŒP.�/�g. Since ŒP.�/� is finite, Fix.�/ is a finite multiset of (possibly trivial)
conjugacy classes of finitely generated subgroups of Fn. Geometrically it is the core of �.f /. Fix�2.�/ WD

fŒFix.ˆ/� j Œˆ� 2 ŒP.�/�; rank.Fix.ˆ//� 2g. See Sections 3.4, 3.7 and 4.2.

� We use c D EF.�;<T / to denote a special chain for � as in Notation 6.8. It is a set of free factor
systems naturally ordered by @. We usually work with a prechosen c. For example, the filtration of our
CT f W G ! G will usually realize c. If F 2 c (resp. ŒF � 2 F 2 c) and if the filtration of f W G ! G

realizes c then f jF (resp. f jŒF �) denotes the restriction of f to the core filtration element representing F
(resp. the component of the core filtration element representing ŒF �). The corresponding eigengraph is
denoted by �.f jF/ (resp. �.f jŒF �/).

� A free factor system is special if it is in some special chain. L.�/ denotes the set of special free factor
systems of �; see Notation 6.8. Each element of L.�/ is a free factor system and so is a set of conjugacy
classes of free factors in Fn. If ŒF � 2 F 2 L.�/ then F and ŒF � are also said to be special. The unique
minimal (with respect to @) element of L.�/, denoted by F0.�/, is the linear free factor system of �. It
is represented by the core of the subgraph of G that is the union of fixed and linear edges. An invariant
description of F0.�/ is F.Fix.�//, ie the smallest free factor system carrying Fix.�/; see Lemma 6.16.

� Define

R.�/ WD
�
ŒP �

ˇ̌̌
P 2

m[
iD1

FixC.ˆi /

�
� @Fn=Fn;

where the ˆi are representatives of the isogredience classes in P.�/. In other words, R.�/ is the set
of conjugacy classes of points in @Fn that are isolated fixed points for some principal lift of �. See
Section 3.4. In any CT f W G ! G representing � there is a bijection r $ E between R.�/ and the
set Ef of higher-order edges of G. The eigenray RE has terminal end r .
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� Let e 2 c denote a special 1-edge extension in c, ie eD .F� @ FC/ is a pair of consecutive elements
of c. Suppose f W G ! G realizes c. �.f jFC/ n �.f jF�/ has one or two ends; these represent the
new (with respect to e) elements of R.�/. The 1-edge extension e has type H, HH or LH. There are two
new elements if and only if e has type HH. A new element is often denoted by rC. Further, e can be
contractible, infinite cyclic, or large. See Section 6.1.

� Continuing the previous bullet point, if the filtration of f WG!G realizes c, then �.f jFC/ carries
more lines than �.f jF�/. The set of added lines with respect to e, denoted by Le.�/, is a �-invariant
subset of these lines. See Definition 6.14.

� �.�/D
S
r2R.�/�.r/ denotes the finite set of limit lines for �. See Section 5. Here �.r/ denotes

the accumulation set of r or equivalently of the eigenray in �.f / representing r . The elements of �.�/
are all represented as lines in �.f /. �NP.�/��.�/ is the subset of nonperiodic lines.

� Aor.�/ denotes the set of oriented axes of �, where a root-free conjugacy class Œa� of an element of
Fn is an axis if it has more than one representation in �.f /. An axis has an invariant description: Œa�
is an axis if there are ˆ1; ˆ2 2 P.�/ such that a 2 Fix.ˆ1/\ Fix.ˆ2/ and ˆ1 ¤ ˆ2. In this case, we
say the conjugacy pair Œˆ; a� is a strong axis; see Definition 4.11. It is represented geometrically as a
lift to �.f / of Œa�. The set of strong axes is denoted by SA.�/. Associated to each pair of strong axes
˛1 D Œˆ1; a�; ˛2 D Œˆ2; a� is a twist coordinate �.˛1; ˛2/ in Z. See Definition 4.14.

13 Algebraic data associated to invariants

In this section we define algebraic versions of some of our dynamical invariants. We also explain how the
algebraic versions can be computed and viewed as an element of IS.A�/; see Notation 11.1. The algebraic
invariants are typically weaker than their dynamic versions. However they have the advantage that they
are iterated sets and so fit into the framework of Section 10. Some of our invariants, for example chains,
are already algebraic in nature and so need no modification.

All of our algebraic invariants for � 2UPG will be computed using a CT f WG!G for �; see Section 3.6.
Additionally, the core of the eigengraph �.f / can be computed from f WG!G; see Section 4.1. In fact,
since �.f / is obtained from its core by adding the eigenrays of f and the eigenrays have a simple form
(Section 3.6), we can compute arbitrarily large neighborhoods of the core in �.f /.

13.1 Special chains

Recall from Notation 6.1 and Lemma 6.2 that there is a canonical partial order .R.�/; </ that can be
computed from any CT for �. Hence all extensions of < to a total order <T can also be computed. The
special chain EF.�;<T / for � can also be computed from any CT for �; see Notation 6.8. A special chain
is an element of SorSun.A0/� IS.A0/� IS.A�/; see Example 10.25 and Corollary 10.23(2). Similarly, the

Geometry & Topology, Volume 29 (2025)



The conjugacy problem for UPG elements of Out.Fn/ 1759

set of all special chains for � and the set L.�/ of all special free factor systems for � can be computed from
any CT for �. Note that the former set is in SunSorSun.A0/� IS.A�/ and L.�/ 2 SunSun.A0/� IS.A�/.
We will tacitly use Corollary 10.23(2) throughout the rest of Section 13.

� Throughout the rest of Section 13, � 2 UPG, c denotes a special chain for �, and f WG!G denotes a
CT that represents �, satisfies (Inheritance), and realizes c.

13.2 Fix.�/

The multiset Fix.�/ WDfŒFix.ˆ/� j Œˆ�2 ŒP.�/�g is already algebraic and is an element of Sun.A0/� IS.A�/.
As reviewed in Section 12, Fix.�/ is represented by the core of �.f / and so can be computed.

13.3 Axes

The set Aor.�/ of oriented axes of � (Definition 4.5) is already algebraic and is an element of Sun.A5/�

IS.A�/. In terms of f WG!G, Œa�2Aor.�/ if and only if either Œa� or Œa�1� is represented by a twist path,
which can be found by inspecting the linear edges of G; see Section 3.6. In terms of �.f /, Œa� 2Aor.�/

if and only if a is root-free and represented by more than one circuit in the core of �.f / with at least one
representative embedded.

13.4 Algebraic rays

Remark 13.1 If F is a free factor and zr 2 @F then we say that ŒF � carries r . Equivalently, if G is a
marked graph and H �G is a core subgraph representing ŒF �, then there is a ray in zG that converges to zr
and projects intoH . In the case that concerns us, r 2R.�/ corresponds to some E 2 Ef (see Lemma 3.26)
and ŒF � is a component of a free factor system in c. If C is the component of the core filtration element
of G corresponding to ŒF � then ŒF � carries r if and only if some subray of RE is contained in C . By
construction, RE D E � u � f#.u/ � : : : , where the closed path u satisfies f .E/ D E � u. The height of
f k# .u/ is independent of k, so r is carried by ŒF � if and only if u� C .

� (algebraic rays) For r 2R.�/, Fc.r/ denotes the minimal special free factor ŒF � 2 F 2 c carrying r .
If zr 2 @Fn is a lift of r then we also write Fc.zr/ WD F , where F is the unique representative of Fc.r/ that
contains zr . An algebraic ray Fc.r/ is an element of A0 � IS.A�/.

Remark 13.2 Continuing Remark 13.1, Fc.r/ is represented by the minimal component C of a core
filtration element of G containing u. In particular, we can compute Fc.r/ from our CT f . In our running
example (see pages 1700, 1707, 1725 and 1729), R.�/D frc ; rd ; re; rqg, the only relation is rc < rq , and
the choice of total order is rc <T rd <T re <T rq . We have ŒFc.rq/�D Œha; b; ci�.

Remark 13.3 We could work with all chains and define F.r/ to be the minimal special free factor
ŒF � 2 F 2 L.�/ carrying r . This would cause some extra work later in Lemma 17.19.
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13.5 Algebraic lines

Recall that Œ � ; � � denotes a conjugacy pair (see Definition 4.9, Examples 4.10 and Section 7) and, for
nontrivial a2Fn, aC 2 @Fn (resp. a�) denotes the attractor (resp. repeller) of iaj@Fn; see the beginning of
Section 3.4. Recall also that a line L is principal with respect to � if there is a lift zL whose endpoints are
contained in FixN.ˆ/ for some ˆ 2P.�/. Equivalently, L lifts into the eigengraph �.f /; see Lemma 4.1.
In this section, we define an algebraic version H�;c.L/ for a certain principal line L and associate to
H�;c.L/ a set of lines containing L that in turn determines H�;c.L/.

Definition 13.4 (algebraic lines) Suppose that L is a nonperiodic principal line for � and that the
nonperiodic ends of L are contained in R.�/. There are four possibilities.

[P-P] L has type P-P if some (hence every) lift zL has the form .a�; bC/ for some root-free a; b 2Fn
with a ¤ b˙1 in Fn. In particular, a and b are nontrivial. H�;c.L/ WD Œa; b�. To Œa; b� we
associate fLg. We also define H�;c.zL/ WD .a; b/ and associate to it f.a�; bC/g. In this case
H�;c.L/ determines L.

[P-NP] L has type P-NP if some (hence every) lift zL has the form .a�; zr/ for some root-free a 2 Fn
and a lift zr of some r 2R.�/. H�;c.L/ WD Œa; Fc.zr/�. To H�;c.L/ we associate the set of lines
Œa�; @Fc.zr/�. H�;c.zL/ WD .a; Fc.zr// and has the associated set of lines .a�; @Fc.zr//.

[NP-P] L has type NP-P if some (hence every) lift zL has the form .zr; bC/ for some root-free b 2 Fn
and a lift zr of some r 2R.�/. H�;c.L/ WD ŒFc.zr/; b�. To H�;c.L/ we associate the set of lines
Œ@Fc.zr/; b

C�. H�;c.zL/ WD .Fc.zr/; b/ with associated set of lines .@Fc.zr/; b
C/.

[NP-NP] L has type NP-NP if some (hence every) lift zL has the form .zr; zs/ for lifts zr of r 2 R.�/
and zs of s 2 R.�/. H�;c.zL/ WD ŒFc.zr/; Fc.zs/�. To H�;c.zL/ we associate the set of lines
Œ@Fc.zr/; @Fc.zs/�. H�;c.zL/ WD .Fc.zr/; Fc.zs// with associated set of lines .@Fc.zr/; @Fc.zs//.

Lemma 13.5 Suppose that L lifts to �.f / and has one of the types P-P, P-NP, NP-P, or NP-NP. Then
with notation as above:

[P-P] Œhai; hbi� is a good conjugacy pair.

[P-NP] Œhai; Fc.zr/� is a good conjugacy pair.

[NP-P] ŒFc.zr/; hbi� is a good conjugacy pair.

[NP-NP] ŒFc.zr/; Fc.zs/� is a good conjugacy pair.

Proof [P-P] Since a¤ b˙1 and a and b are root-free, ha; bi is a free group of rank 2. In particular,
Œhai; hbi� is good by Lemma 7.14(1).

[P-NP] Suppose L has the lift zLD .a�; zr/. Set AD hai. Since L lifts to �.f /, LD ˛1�RE for some
E 2 Ef , where ˛ is a circuit in the core of �.f / representing Œa� (Lemma 4.2). We choose � to have
minimal length. Let ? be the terminal vertex of E and let z? be the terminal vertex of the unique lift zE of
E in zL.
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The based labeled graph .C; ?/ as in Remark 13.2 immerses to .G; ?/, and similarly the based labeled graph
.GA; ?/ that is a lollipop formed by the union of a circle labeled ˛ and a segment labeled �E immerses
to .G; ?/. If we define .H; ?/ to be the one-point union of .GA; ?/ and .C; ?/ then by construction, the
immersions of .GA; ?/ and .C; ?/ to .GA; ?/ induce a map of H !G that does not admit any Stallings
folds and so, by [Stallings 1983, Proposition 5.3], induces an injection on the level of fundamental
groups. We now have an identification of .A; Fc.zr/; hA;Fc.zr/i/ and .�1.GA; ?/; �1.C; ?/; �1.H; ?//.
By Van Kampen, we see that hA;Fc.zr/i is the internal free product of A and Fc.zr/.

The cases [NP-P] and [NP-NP] are similar.

Remark 13.6 H�;c.L/ is an element of A1 tA2 tA3 tA4 � IS.A�/. Not all lines that lift to �.f / are
assigned a type. For each L that has a type, H�;c.L/ can be recovered from its associated set of lines.
In the NP-NP case, this is a direct application of Corollary 7.5, Remark 7.6 and Lemma 7.14(2). The
obvious modification needed for the other cases where hai is replaced by a is left to the reader. We often
conflate H�;c.L/ with its associated set of lines.

Example 3.1 (continued) If L is the upward line represented by the contractible component of �.f /
in Figure 2 then L has type NP-NP and H�;c.L/D Œha; bi; ha; bi

d�1e� consists of the set of lines in the
graph in Figure 4 that cross d�1e once and e�1d not at all.

Lemma 13.7 Suppose that c is a special chain for �, that L is a nonperiodic principal line for �
whose nonperiodic ends are contained in R.�/ and that � 2 Out.Fn/. Then �.c/ is a special chain
for �� , �.L/ is a nonperiodic principal line for �� whose nonperiodic ends are contained in R.�� / and
�.H�;c.L//D H�� ;�.c/.�.L//.

Proof We will do the case P-NP; the others are similar. Lemmas 6.13 and 3.16 imply that �.c/ is a special
chain for �� and that �.L/ is a principal line for �� . If‚2 � and zLD .a�; zr/, then‚.zL/D .‚.a/;‚.zr//
and

‚.H�;c.zL//D Œ‚.a/;‚.Fc.zr//�D Œ‚.a/; F‚.c/.‚.zr//�D H�� ;�.c/.‚.zL//:

Remark 13.8 For applications, it follows from definitions that if �.c/D c and e 2 c then �.e/D e.

In the next lemma we abuse notation and identify H�;c.L/ with its associated set of lines; see Remark 13.6.

a
b

a
b

d e

Figure 4
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Lemma 13.9 Suppose f WG!G is a CT for � that realizes c. If L is either an element of �NP.�/ or
an element of Le.�/ such that e is not large, then L is the only line in H�;c.L/ that lifts to �.f /.

Proof We assume at first that L 2�NP.�/. By Corollary 5.17(4), all elements of �NP.�/ lift to �.f /
and further, by Corollary 5.17(1), have one of the types P-P, P-NP, NP-P or NP-NP. In particular, H�;c.L/

is defined. We will do the case that LD Œa�; zr� is P-NP, the others being similar. By Corollary 5.17(1),
L has the form .R1/

�1RE , where R1 consists of only linear and fixed edges, and where E 2 Ef . In
particular, E is the highest edge of L.

Every line L0 2 H�;c.L/ has a lift of the form zL0 D .a�; zs/, where zs 2 Fc.zr/. Since f WG!G realizes c,
Fc.r/ is represented by a subgraph of G whose edges are all lower than E. If zr D zs then L0 D L and we
are done. We may therefore assume zL00 WD .zr; zs/ is a line with both endpoints in @Fc.zr/. Thus L00 only
crosses lifts of edges that are lower than E. It follows that L0 D .R1/�1ER2, where the ray R2 only
crosses edges that are lower than E. If L0 lifts to �.f / then E is the first higher-order edge it crosses
and so ER2 DRE and L0 D L. This completes the proof when L 2�NP.�/.

We now assume that L 2 Le.�/ and that e is not large. If e is contractible then, because L lifts to
�.f /, L has the form Œzr; zs�D R�1E1�RE2 , where � is a Nielsen path. By definition L0 2 H�;c.L/ has a
representative zL0 D .zr1; zr2/ such that either zr1 D zr or .zr1; zr/ is a line with both endpoints in @Fc.zr/ and
such that either zr2 D zs or .zs; zr2/ is a line with both endpoints in @Fc.zs/. We argue as above to conclude
that L0 D L if L0 lifts to �.f /. The case where e is infinite cyclic is similar.

Lemma 13.10 Suppose that L has one of the types P-P, P-NP, NP-P or NP-NP and that �.H�;c.L//D
H�;c.L/. If zL is a lift of L then there is a unique ‚ 2 � such that ‚.H�;c.zL//D H�;c.zL/.

Proof The existence of at least one such ‚ follows from the definitions.

(P-P) Suppose zLD .a�; bC/. If ‚1 ¤‚2 represent � and leave .a�; bC/ invariant then the difference
‚1‚

�1
2 has the form ix for some x ¤ 1 in Fn and leaves .a�; bC/ invariant. It follows that a, b and x

share a power. This is impossible since L is not periodic.

(NP-P) Suppose zL D .zr; bC/. If ‚1 ¤ ‚2 in � leave .Fc.zr/; b
C/ invariant, then ‚1‚�12 D ix for

some x ¤ 1 in Fn, ix
�
Fc.zr/

�
D Fc.zr/, and ix.b/D b. Hence x 2 Fc.zr/\ hbi, which is impossible since

@Fc.zr/\ @hbi D∅ by Lemma 13.5.

The cases P-NP and NP-NP are similar.

13.6 Algebraic strong axes

� (algebraic strong axes) If Œˆ; a� is a strong axis and Fix.ˆ/ is not cyclic (equivalently rank.Fix.ˆ//>1),
then ŒFix.ˆ/; a� is the associated algebraic strong axis.
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Remark 13.11 In (algebraic strong axes) above we are focusing only on strong axes for the restriction
of � to its linear free factor system F0.�/; see the proof of Lemma 17.1. By definition of strong axes,
a 2 Fix.ˆ/. In particular, ŒFix.ˆ/; a� is an element of A6 � IS.A�/ and is not good. The set of algebraic
strong axes of � is an element of Sun.A6/� IS.A�/. By Lemma 4.20, ŒFix.ˆ/; a� determines Œˆ; a�.

Remark 4.13 can be used to compute the algebraic strong axes from our CT f WG!G. Using the notation
there, the set SA.�/ of strong axes is in one-to-one correspondence with the set of nontrivial circuits in
the core of �.f / representing elements of Aor.�/. The strong axis Œˆa;0; a� corresponding to .fv# ; �/

has algebraic invariant represented by ŒFix.fv#/; a�. Fix.fv#/ is the image in �1.G; v/ of �1.�.f /; v/,
where v 2 �0.f / is viewed as an element of G; see the construction of �.f / in Section 4.1. The case
for .fvj #; vj / is similar.

In our running example (see page 1716), the algebraic invariants of ˛ and ˛0 are respectively represented
by the pairs .ha; abi; a/ and .ha; abi; ab/. The strong axis ˛00 doesn’t have an algebraic invariant since
the corresponding fix set is cyclic. This ends Remark 13.11.

13.7 Algebraic added lines

� (algebraic added lines with respect to e) We use notation as in Definition 6.14. He2c.�/ is defined to
be fH�;c.L/ jL 2 Le.�/g if Le.�/ is finite, and is defined to be the singleton fŒFix.ˆ/; Fc.zr

C/�g otherwise.
The proof that ŒFix.ˆ/; Fc.zr

C/� is good is similar to the proof of Lemma 13.5. He2c.�/ is an element of
Sun.A1 tA2 tA3/� IS.A�/.

In terms of our CT f WG!G, algebraic added lines can be computed as follows. We use the notation of
Definition 6.14. Since we already know how to compute algebraic lines, in the cases where the number
of added lines is finite, it is enough to describe the added lines. This is done in Definition 6.14 using the
eigengraph �.f jFC/. The case where there are infinitely many added lines is the intersection of [H]
and large in Lemma 6.10. Let v be the initial vertex of the edge E 2 Ef in �.f jFC/ corresponding
to rC. Then ŒFix.ˆ/; Fc.zr

C/� is represented by .Fix.fv#jF
C/; �1.C

E ; v//, where C is the connected,
core subgraph of G representing Fc.r

C/ and CE denotes the one-point union at the terminal endpoint of
E of C and an edge labeled E (so that CE immerses to G). See our running example on page 1730,
where e2 is contractible, e3 is infinite cyclic, e1 is large and

He12c.�/D fŒha; a
b
i; ha; bic�g;

He22c.�/D fŒha; bi; ha; bi
d�1e�; Œha; bi; ha; bie

�1d �g;

He32c.�/D fŒa
�1; ha; b; cip

�1q�; Œa; ha; b; cip
�1q�g:

13.8 Algebraic limit lines

� fHc.L/ j L 2�NP.�/g is the set of algebraic limit lines.
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The set of algebraic limit lines is an element of Sun.A1 tA2 tA3 tA4/ � IS.A�/. As in the case of
added lines, to compute algebraic limit lines, we only need to compute �NP.�/ from our CT f WG!G.
This is done in Section 5; see Corollary 5.17. Referring to our running example (see page 1724),
�NP.�/D�NP.rq/D fa

1Rc ; a
1ba1g and so Hc.�/D fŒa

�1; ha; bic�; Œa�1; ab�g.

13.9 Naturality

We will need the following naturality statements.

Lemma 13.12 Suppose e 2 c and ‚ 2 � 2 Out.Fn/. Then:

(1) �.fH�;c.L/ j L 2�NP.�/g/D fH�� ;�.c/.L
0/ j L0 2�NP.�

� /g.

(2) �.He2c.�//D H�.e/2�.c/.�
� /.

(3) ŒFix.ˆ/; a�$ �.ŒFix.ˆ/; a�/D .ŒFix.ˆ‚/;‚.a/� defines a bijection between the algebraic strong
axes for � and the algebraic strong axes for �� .

Proof (1) We have

�.fHc.L/ j L 2�NP.�/g/
def
D f�.Hc.L// j L 2�NP.�/g

D fH�.c/.�.L// j L 2�NP.�/g by Lemma 13.7,

D fH�.c/.L
0/ j L0 2�NP.�

� /g by Corollary 5.4.

(2) If Le.�/ is finite,

�.He2c.�//
def
D �.fHc.L/ j L 2 Le.�/g/

D f�.Hc.L// j L 2 Le.�/g/

D fH�.c/.�.L// j L 2 Le.�/g by Lemma 13.7,

D fH�.c/.L
0/ j L0 2 L�.e/.�

� /g by Lemma 6.15,
def
D H�.e/2�.c/.�

� /:

If Le.�/ is infinite,

�.He2c.�//
def
D �.fŒFix.ˆ/; Fc.zr

C/�g/

D fŒ‚.Fix.ˆ//;‚.Fc.zr
C//�g

D fŒFix.ˆ‚/; F�.c/.‚.zr
C//g by Lemma 6.13,

def
D H�.e/2�.c/.�

� /:

(3) Lemmas 4.17(2) and 3.16(2) imply that .ˆ; a/$ .ˆ‚; ‚.a// induces a bijection SA.�; Œa�/$

SA. ; �.Œa�// and that the ranks of Fix.ˆ/ and Fix.ˆ‚/ are equal. (3) therefore follows from

�.ŒFix.ˆ/; a�/
def
D Œ‚.Fix.ˆ//;‚.a/�D ŒFix.ˆ‚/;‚.a/�:
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13.10 The algebraic invariant of � rel c

In this subsection we collect our algebraic invariants into a single master algebraic invariant.

Definition 13.13 Fix a special chain c for � 2 UPG.

(1) The algebraic invariant of � rel c is the element of IS.A�/ that is the ordered set Ic.�/ consisting of
� c,
� Fix.�/,
� .He2c.�/ j e 2 c/, where the special 1-edge extensions e are ordered using c,
� fH�;c.L/ j L 2�NP.�/g,
� Aor.�/, and
� the set of algebraic strong axes for �.

The six elements in the ordered list Ic.�/ are the components of Ic.�/.

(2) Order (noncanonically) the elements of the union of the six sets defining Ic.�/. The resulting
element of IS.A�/ is denoted by J.

Remark 13.14 In light of Theorem 3.20, we have seen in this section that the set of special chains,
Ic.�/, and J can be computed. We stress that they take values in IS.A�/, which satisfies property MW by
Lemma 11.2.

14 Stabilizers of algebraic invariants

At this point, it is reasonably straightforward to reduce the conjugacy problem for UPG.Fn/ in Out.Fn/

to the problem of deciding whether �; 2 UPG.Fn/ with Ic.�/D Ic. / are conjugate by some � in the
stabilizer of Ic.�/. We want a little more. Namely, we want to restrict the set of potential conjugators to
those elements that stabilize Ic.�/ and induce trivial permutations on the components of Ic.�/. Continuing
with the notation of the previous section, we make this precise as follows.

Definition 14.1 (Xc.�/) Let � 2UPG.Fn/, c be a special chain for �, and let J be in Definition 13.13(2).
Let Xc.�/ denote the stabilizer OutJ.Fn/ of J in Out.Fn/.

Unraveling definitions, Xc.�/ also has a description as the subgroup of Out.Fn/ fixing each element in
the union of the following six sets:

(1) fŒF � j ŒF � 2 F 2 cg,
(2) Fix.�/,

(3)
S

e2c He2c.�/,

(4) fH�;c.L/ j L 2�NP.�/g,

(5) Aor.�/, and

(6) fŒFix.ˆ/; a� j Œˆ; a� 2 SA.�/; rank Fix.ˆ/� 2g.
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Remark 14.2 As noted in Definition 13.13(2), the construction of J was noncanonical. That is, there
were choices in its construction. Every choice has the same stabilizer and so Xc.�/ is independent of
choice.

In passing and for future use, we have the expected:

Lemma 14.3 � 2 Xc.�/.

Proof We have to check that � fixes each of the sets (1)–(6) above elementwise. In (1), (2), (5) and (6) this
is immediate from definitions. For set (4), this is because �.L/DL for allL2�NP.�/ (Corollary 5.17(4))
and Lemma 13.7. That the elements of set (3) are fixed follows from definitions and Lemmas 6.15 and
13.12(2).

Definition 14.4 A group G is of type F if it has a finite Eilenberg–Mac Lane space. G is of type VF if it
has a finite-index subgroup of type F.

Proposition 14.5 The stabilizer OutY.Fn/ of an element Y 2 IS.A�/ is of type VF.

Proof We saw in the proof of Lemma 11.2 that there is a map IS.A�/ ! IS.A0/ that has explicit
finite fibers (Notation 10.16). If Y is the image of Y, then OutY.Fn/ has finite index in OutY.Fn/. By
Corollary 10.15, the subgroup G of Out.Fn/ fixing each label of Y has finite index in OutY.Fn/. Also,
the subgroup G has type VF by [Bestvina et al. 2023, Theorem 1.1]. OutY.Fn/, being commensurate
with a group of type VF, also has type VF.

As usual, naturality will be important.

Lemma 14.6 Suppose � 2 Out.Fn/.

(1) .Xc.�//
� D X�.c/.��/.

(2) �.Ic.�//D I�.c/.�
�/.

Proof (1) By Lemma 6.13, �.c/ is special for �� and so the statement makes sense. The lemma follows
easily from the naturality of the quantities appearing in Definition 14.1. For example, we verify that if
� 2 Xc.�/, then ��.H�� ;�.c/.L//D H�� ;�.c/.L/ for all L 2�NP.�

�/. Indeed,

����1.H�� ;�.c/.L//D ��.H�;c.�
�1.L///D �.H�;c.�

�1.L///D H�� ;�.c/.L/;

where the first and third equalities use Lemma 13.7 and the second uses Corollary 5.4. The remainder of
the proof consists of similar checks and is left to the reader.

The proof of (2) is similar.

We next reduce the proof of the main result (Theorem 1.1) of this paper, ie the conjugacy problem for
UPG.Fn/ in Out.Fn/, to the proof of Proposition 14.7 stated immediately below.
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Proposition 14.7 There is an algorithm that takes as input �; 2 UPG.Fn/ and a chain c such that

� c is special for both � and  , and

� Ic.�/D Ic. /,

and that outputs YES or NO depending whether or not there is a � 2 Xc.�/ conjugating � to  . Further , if
YES then such a � is produced.

Proposition 14.7 is proved in Sections 16 and 17 below.

Lemma 14.8 Proposition 14.7 implies Theorem 1.1. That is , an algorithm that satisfies the conclusions
of Proposition 14.7 can be used to produce an algorithm that satisfies the conclusions of Theorem 1.1.

Proof Assume Proposition 14.7 holds and �; 2 UPG.Fn/.

View the multiset I.�/ WD fIc.�/ j c is a special chain for �} as an element of IS.A�/ as described in
Section 13.1. By Lemma 14.6(2), I.�/ is a conjugacy invariant of �. That is, if �� D then �.I.�//D I. /.
We may compute I.�/ and I. /; see Remark 13.14.

Since IS.A�/ satisfies property MW (Lemma 11.2), we can algorithmically check if there is � 0 2Out.Fn/

such that � 0.I.�//D I. /. If there is no such � 0 then � and  are not conjugate; return NO. If there is such
a � 0, then one is produced by the M-algorithm for IS.A�/. Note that � and  are conjugate in Out.Fn/ if
and only if � and  0 WD � 0�1 � 0 are conjugate in Out.Fn/ if and only if � and  0 are conjugate in the
stabilizer G WD OutI.�/.Fn/ of I.�/.

G acts by permutation on the set of labels of I.�/. Let G0 < G denote the subgroup fixing each label.
By the M-algorithm for IS.A�/, we may construct a finite presentation for G. Using our finite set of
generators for G, we may construct the image Q of G in our permutation group. By Lemma 9.1, we
can compute a finite set �i such that G D

F
i �iG

0. Hence, � and  0 are conjugate in Out.Fn/ if and
only if � and some ��1i  0�i are conjugate in Out.Fn/ if and only if � and some ��1i  0�i are conjugate
in G0. Since G0 < Xc.�/ < Out.Fn/ for all c, � and  0 are conjugate in Out.Fn/ if and only if � and
some ��1i  0�i are conjugate in Xc.�/. We may use the supposed algorithm of Proposition 14.7 to decide
whether or not this is the case and return a conjugator if it is. The returned conjugator allows us to
compute a conjugator for � and  .

15 Staple pairs

15.1 Limit lines�NP.�; zr/� zB

In Section 5, we associated a finite set �NP.r/� B of �-invariant nonperiodic lines to each r 2R.�/. In
this section we associate, to each lift zr of r , a subset �NP.�; zr/� zB of the full preimage of �NP.r/ and
then establish properties of �NP.�; zr/ that will be needed later in the paper.

Geometry & Topology, Volume 29 (2025)



1768 Mark Feighn and Michael Handel

Definition 15.1 Choose a marked graph K. For each lift zr 2 @Fn of r 2 R.�/, let ˆzr be the unique
lift of � that fixes zr and let zR � zK be a ray with terminal end zr . If zL is a lift of L 2�NP.r/ then L is
�-invariant by Corollary 5.17(1) and so each ˆj

zr
.zL/ is a translate of zL, say ˆj

zr
.zL/D Tj .zL/ for some

unique Tj . Define zL to be in �NP.�; zr/ if for every finite subpath ž of zL there exists J. ž/ such that
Tj . ž/� zR— equivalently, ž � T �1j . zR/— for all j � J. ž/.

Remark 15.2 As defined, �NP.�; zr/ depends on ˆzr and hence on �, in contrast to �NP.r/, which is
independent of �.

Lemma 15.3 �NP.�; zr/ is well-defined and ˆzr -invariant. Moreover , if  D ����1 for some � 2
Out.Fn/ and if ‚ is a lift of � , then ‚.�NP.�; zr//D�NP. ; @‚.zr//.

Proof Replacing zR by a subray does not change �NP.�; zr/. Since any two rays with terminal end zr
share a common subray, �NP.�; zr/ is independent of the choice of zR.

As defined above, �NP.�; zr/ depends on the marked graph K so we write �NP.�; zr;K/ to make this
explicit. We will prove:

(�) ‚.�NP.�; zr;K// D �NP.���
�1; ‚.zr/;K 0/ for any marked graphs K and K 0 and any ‚ 2

Aut.Fn/ representing any � 2 Out.Fn/.

Applied with ‚D identity, (�) proves that �NP.�; zr;K/ is independent of K and hence that �NP.�; zr/ is
well defined. The moreover statement is equivalent to (�) andˆzr -invariance of�NP.�; zr/ is an immediate
consequence of the definitions. Thus the proof of the lemma will be complete once we prove (�).

Assume the notation of Definition 15.1. Let zr 0 D ‚.zr/ and  D ����1; note that ‰zr 0 D ‚ˆzr‚�1.
Choose a homotopy equivalence g WK!K 0 of marked graphs that represents � when �1.K/ and �1.K 0/
are identified with Fn via their markings. Let zg W zK ! zK 0 be the lift satisfying zgj@Fn D ‚j@Fn, let
zR0 D zg#. zR/ � zK

0, let zL0 D‚.zL/D zg#.zL/ and let T 0j W zK
0! zK 0 be the covering translation satisfying

T 0j j@Fn D .‚Tj‚
�1/j@Fn. Then

‰
j

zr 0
.zL0/\ zR0 D‰

j

zr 0
.zg#.zL//\ zg#. zR/D zg#.ˆ

j

zr
.zL//\ zg#. zR/:

By [Cooper 1987] (see also [Bestvina et al. 1997, Lemma 3.1]), there is a constant C , depending only
on g, such that zg#.ˆ

j

zr
.zL//\ zg#. zR/ contains the subpath of zg#.ˆ

j

zr
.zL/\ zR/ obtained by C -trimming

(ie removing the first and last C edges) and so contains the subpath of zg#.Tj . ž//D T
0
j zg#. ž/ obtained by

C -trimming for any chosen ž and all j � J. ž/. Given a finite subpath ž0 of zL0 choose a finite subpath ž

of zL such that the C -trimmed subpath of zg#. ž/ contains ž0. Then ‰j
zr 0
.zL0/\ zR0� T 0j .

ž0/ for all j � J. ž/.
Letting J. ž0/D J. ž/, we conclude that zL0 2�NP.�; zr/. By symmetry, we have proved (�).

Our goal in the remainder of this subsection is to understand �NP.�; zr/ from the CT point of view.

Geometry & Topology, Volume 29 (2025)



The conjugacy problem for UPG elements of Out.Fn/ 1769

Notation 15.4 Choose r 2R.�/ and a CT f WG!G representing �; let E 2 Ef correspond to r as in
Lemma 3.26. Following the proof of Corollary 5.17, let

RE DE � �0 � �1 � �1 � �2 � : : :

be the coarsened complete splitting ofRE , where each �i is a single growing term in the complete splitting
of RE and each �i is a (possibly trivial) Nielsen path. For future reference, note that if f .E/D E � u
then Eu is an initial subpath of RE whose terminal endpoint is a splitting vertex in the complete splitting
of RE and hence is contained in some �p.

Following Notation 5.11 and Lemma 5.14, define, for all i � 1,

R�i D f
1

# .x�i /; RCi D f
1

# .�i /; `i D .R
�
i /
�1�i .R

C
iC1/:

Choose a lift zr of r , let ˆzr be the automorphism representing � that fixes zr and let zf W zG! zG be the lift
corresponding to ˆzr . Let zR zE be the lift of RE whose terminal end converges to zr and whose initial edge
is denoted by zE, let

zR zE D
zE � z�0 � z�1 � z�1 � z�2 � : : :

be the induced decomposition and let z̀i be the lift of `i in which �i lifts to z�i . Thus

z̀
i D . zRi

�
/�1z�i zR

C
iC1;

where z�iC1 and zRCiC1 have the same initial endpoint and likewise for z��1i and zR�i . We say that lines
z̀
1; z̀2; : : : are visible in zR zE .

Lemma 15.5 Assume Notation 15.4.

(1) Each `i is an element of �.r/; see Definition 5.1.

(2) If `i 2�NP.r/, then z̀i 2�NP.�; zr/.

Proof Item (1) follows from Lemmas 5.8 and 5.16 applied with ˛ D �i and ˇ D �i�iC1.

When verifying that z̀i satisfies Definition 15.1, it suffices to consider finite subpaths ž D z��1z�iz� of z̀i
with projections ˇ D ��1�i�, where � is an initial segment of R�i D f

1
# .x�i / that is a concatenation of

terms in the coarsened complete splitting of R�i and � is an initial segment of RCiC1 D f
1

# .�iC1/ that
is a concatenation of terms in the coarsened complete splitting of RCiC1. It follows from the definition
of f1# (Notation 5.11) that for all sufficiently large j , the lift of �i to zf j# .z�i / extends to a lift of ˇ to a
path

ž
j �

zf
j

# .z�i / �
zf
j

# .z�i / �
zf
j

# .z�iC1/D
zf
j

# .z�i � z�i � z�iC1/�
zR zE :

Since f j# preserves �i , R�i and RCiC1, there is a covering translation Tj such that

Tj .z�i /D zf
j

# .z�i /; Tj . zR
�
i /D

zf
j

# .
zR�i /; Tj . zR

C
iC1/D

zf
j

# .
zRCiC1/;
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and so
Tj . z̀i /D zf

j
# .
z̀
i /:

From Tj .z�i / D zf
j

# .z�i / we conclude that Tj . ž/ D žj and so Tj . ž/ � zR zE . This completes the proof
of (2).

Our next result is a weak converse of Lemma 15.5(2), namely that if zL 2 �NP.�; zr/ then zL is in the
ˆzr -orbit of some z̀i .

Proposition 15.6 Assume Notation 15.4.

(1) For each zL 2 �NP.�; zr/ there exists K such that zf k# .zL/ 2 fz̀ig for all k � K. Moreover ,
�NP.�; zr/D

S
ˆm
zr
. z̀i /, where the union varies over all z̀i 2�NP.�; zr/ and all m 2 Z.

(2) For each L 2�NP.r/ there is a lift zL 2�NP.�; zr/.

We delay the proof of Proposition 15.6 for two needed lemmas.

Lemma 15.7 Given a CT f W G ! G, there exists M � 1 so that the following holds for each twist
path w, each nonfixed edge E and each k � 0: If jmj �M and ˛0 Dwm is a subpath of f k# .E/ then ˛0
extends to a subpath ˛1 of f k# .E/ satisfying the following two properties:

(1) ˛1 DE
0wq or ˛1 D wq xE 0 for some E 0 2 Linw.f /.

(2) ˛1 is not contained in any Nielsen subpath of f k# .E/.

Proof Let us first note that if the conclusions of the lemma hold for a subpath of ˛0Dwm of the form wt

then they also hold for ˛0. We may therefore shorten ˛0 whenever it is convenient. After replacing E by
xE if necessary, we may assume that E 2 Ef [ Lin.f /.

Choose M 00 > 0 so that if w1 ¤ w2 are twist paths then wM
00

1 is not a subpath of wm2 for any m 2 Z.
Items (1) and (2) hold for M DM 00 and E 2 Lin.f /. We may therefore assume that E 2 Ef and that
there exists M 0 �M 00 such that (1) and (2) hold for M DM 0 and for all edges E 0 2 Ef with height less
than that of E.

There is a path u with height less than that of E and a complete splitting

uD �1 � : : : � �s such that f k.E/DE �u �f#.u/ � : : : �f
k�1

# .u/

for all k � 1. Assuming without loss that M 0 is greater than the length of any �j , choose M1 � sM
0.

As a special case, we prove the lemma when jmj �M1 and when ˛0 D wm is contained in some f l# .u/.
In this case there exists 1� j � s and jm0j �M 0 and a subpath ˛00 D w

m0 of ˛0 such that ˛00 � f
l

# .�j /

for some 1 � l � k � 1. As observed above, we can replace ˛0 with ˛00. Since the length of �j is less
than M 0 and the length of f l# .�j / is at least M 0, �j is not a Nielsen path and so is either exceptional or an
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edge E 0 with height less than that of E. If �j is exceptional then its linear edges must be in the family
determined by w and we take ˛1 to be all of �j except for the terminal edge. If �j DE 0, then the inductive
hypothesis implies that ˛0 extends to a subpath ˛1 of f l# .E

0/ that is not contained in a Nielsen subpath
of f l# .E

0/ and that satisfies (1). The hard splitting property of a complete splitting (Lemma 4.11(2) of
[Feighn and Handel 2011]) implies that an indivisible Nielsen path in a completely split path is contained
in a single term of that splitting. Thus ˛1 is not contained in a Nielsen subpath of f k# .E/ and so (2) is
satisfied and we have completed the proof of the special case.

Now choose M so large that if jmj �M and ˛0 D wm is a subpath of f k# .E/ then there is a subpath
˛00 D w

m0 of ˛0 with m0 �M1 so that ˛00 � f
l

# .u/ for some l . The existence of M follows from the
fact that the length of f l# .u/ goes to infinity with l . Replacing ˛0 with ˛00, we are reduced to the special
case.

We choose a “central” subpath �L of L 2�NP.r/ as follows. By Corollary 5.17 LD .R�/�1 � � �RC,
where R˙ satisfy (1a), (1b) or (1c) of Lemma 5.14. In all three cases we will choose � D �L D ��1� ��C,
where �˙ is an initial segment of R˙. Let M be the constant from Lemma 15.7.

� In the case (1a), RC DRE 0 for some E 0 2 Ef and we take �C DE 0.

� In the case (1b), RC DE 0w˙1 for some E 0 2 Linw.f / and we take �C DE 0w˙M .

� In the case (1c), RC D w˙1 and we take �C D w˙M .

The subpath �� is defined symmetrically.

Lemma 15.8 Assume the notation of Notation 15.4 and of the previous paragraph. Suppose that z�L � zL
is a lift of �L � L and that z�L � zR zE . Then zLD z̀i for some i .

Proof As a first case, suppose that �C D E 0 2 Ef and so RC D RE 0 . Then z�C is a term z�iC1 in the
coarsened complete splitting of zR zE by Lemma 3.21 and RC D f1# .�iC1/ by Examples 5.12. There are
three subcases to consider, the first being that �� D E 00 2 Ef . In this subcase, z��1� is also a term z�j in
coarsened complete splitting. Since z�� is separated from z�iC1 D z�C by the Nielsen subpath z�, we have
z��1� D z�i and z�D z�i . Thus f1# .x�i /DR

� and zLD z̀i .

The second subcase is that ��DE 00w˙M , whereE 00 2 Linw.f /. By Lemma 15.7(2), ��1� is not contained
in a Nielsen subpath of RE . It follows that the terminal edge zE 00

�1
of z��1� is contained in a z�j that is

either a single edge or an exceptional path. As in the previous subcase, j D i . Also as in the previous
subcase, z�D z�i , f1# .x�i /D R� and z̀i D zL.

The third and final subcase is that �� D w˙M . Since z��1� is followed in zR zE by z� zE 0, it is not contained
in a subpath of zR zE of the form zwm zE�11 , where E1 2 Linw.f /. Items (1) and (2) of Lemma 15.7
imply that z�i D zE1, where E1 2 Linw.f /, and that z�i D zwt z� for some t . Examples 5.12 implies that
f1# .x�i /Dw

˙1 DR� and so z̀i D zL. We have now completed the proof in the case that �C DE 0 2 Ef .
Symmetric arguments apply in the case that �� DE 0 2 Ef .
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Our next case is that �C DE 0w˙M , where E 0 2 Linw.f / and RC DE 0w˙1. Lemma 15.7(2) implies
that the initial edge zE 0 of z�C is not contained in a Nielsen subpath of zR zE and so is either equal
to some z�iC1 or is the first edge in some z�iC1 that projects to an exceptional path. In either case
f1# .�iC1/DE

0w˙1 DRC. The remainder of the proof in this second case is exactly the same as in
the first case. Symmetric arguments apply in the case that �� DE 0w˙M with E 0 2 Linw.f /.

We are now reduced to the case that �C D w˙M2 ; RC D w
˙1
2 ; �� D w

˙M
1 and R� D w˙11 . Thus

z�D zw�M1 z� zw˙M2 . Ifw1Dw2 then � is not an iterate ofw1Dw2 becauseL is not periodic. Lemma 15.7(1)
implies that z� extends to a subpath zE1 zw

p
1 z� zw

q
2
zE�12 , where Ei 2 Linwi .f / and p; q 2 Z. It follows that

zE1 D z�i , z�i D zw
p
1 z� zw

q
2 and zE�12 D z�iC1 for some choice of i . As in the previous cases, z̀i D zL.

Proof of Proposition 15.6 The first statement of (1) follows from Lemma 15.8 and the definition
of �NP.�; zr/. The moreover statement of (1) follows from the first statement and ˆzr -invariance of
�NP.�; zr/.

For (2), let E 2 Ef correspond to r . Let �L � L be as in Lemma 15.8. Since L 2�NP.r/, �L lifts to a
subpath z�L � zR zE . Lemma 15.8 implies that the lift of �L to z�L extends to a lift of L to an element of
�NP.�; zr/.

Lemma 15.9 Continue with Notation 15.4.

(1) For all i � 1, there exists j D j.i/> i such that zf#. z̀i /D z̀j . More precisely , there exists j > i such
that zf#.z�i /� z�j and zf#. z̀i /D z̀j and there is a covering translation T such that T .z�i /D zf#.z�i /� z�j

and T . z̀i /D z̀j .

(2) The assignment i 7! j.i/ is order-preserving and j.1/ > p.

Proof It suffices to prove (2) and the “more precisely” statement of (1). We begin with the latter. Since
zf#.z�i / is a Nielsen path that is a concatenation of terms in the complete splitting of zR zE , there exists j

such that zf#.z�i /� z�j . Let T be the unique covering translation satisfying T .z�i /D zf#.z�i /. It suffices to
prove that zf#. z̀i /D z̀j and T . z̀i /D z̀j .

From zf#.z�i /� z�j it follows that
z�j D z̨ � zf#.z�i / � ž;

where z̨ and ž are, possibly trivial, Nielsen paths. Since z�i and z�iC1 are growing,

z�j � z�j � z�jC1 D z�j � z̨ � zf#.z�i / � ž � z�jC1 � zf#.z�i / � zf#.z�i / � zf#.z�iC1/:

By Lemma 5.14(2),

RCiC1 D f
1

# .�iC1/D f̌1# .�jC1/D ˇ �R
C
jC1 and R�i D f

1
# .x�i /D x̨f

1
# .x�j /D x̨ �R

�
j ;

which implies that

zf#. z̀i /D zf#.. zR
�
i /
�1
� z�i � zR

C
iC1/D .

zR�j /
�1
� z̨ � zf#.z�i / � ž � zR

C
jC1 D .

zR�j /
�1
� z�j � zR

C
jC1 D

z̀
j :

This completes the proof that zf#. z̀i /D z̀j .
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The covering translation T that carries z�i to zf#.z�i /� z�j also carries zRCiC1 to ž� zRCjC1 and R�i to z̨�1 � zR�j .
Thus T . z̀i /D z̀j .

Finally, note that j.i C 1/� j.i/ is equal to the number of growing terms in zf#.z�i /. This implies (2)
and hence also j.i/ > j . Since zE � zf#.zu/ � zf#.z�0/ �f#.z�1/ � zf#.z�1/ is an initial segment of zRE and since
zf#.z�0/� z�p, it follows that j.1/ > p.

We conclude this subsection by defining a total order on �NP.�; zr/.

Definition 15.10 Continue with Notation 15.4. Given distinct zL1; zL2 2�NP.�; zr/, choose k � 0 so that
zf k# .
zL1/D z̀i and zf k# .zL2/D z̀j for some i ¤ j . (The existence of k is guaranteed by Proposition 15.6.)

Define zL1 � zL2 if i < j .

Lemma 15.11 The relation� is a well-defined ,ˆzr -invariant total order on�NP.�; zr/ that is independent
of the choice of f WG!G representing �. Moreover , if  D ����1 for some � 2Out.Fn/ and if ‚ is a
lift of � , then ‚ W�NP.�; zr/!�NP. ;‚.zr// preserves �.

We delay the proof of Lemma 15.11 to state and prove a technical lemma that allows us to redefine �
with less dependence on the location of z�i and z�j in zR zE .

Lemma 15.12 Continue with Notation 15.4. Suppose that z̀i and z̀j are distinct nonperiodic visible lines.
For all k � 0, let z̀ik D zf

k
# .
z̀
i / and z̀jk D zf

k
# .
z̀
j /, and let zyi;k and zyj;k be the terminal endpoints of

z̀
ik \
zR zE and z̀jk \ zR zE , respectively. Then i < j if and only if the following two conditions are satisfied :

(1) z̀i …�NP.�; @C z̀j /.

(2) One of the following is satisfied :

(a) z̀j 2�NP.�; @C z̀i /.

(b) yj;k �yi;k!1, where yj;k �yi;k D˙ the number of edges in the subpath connecting zyi;k
to zyj;k , and the sign is C if and only if zy;jk > zyi;k in the orientation on zR zE .

Proof For the “only if” direction, assume that i < j . Lemma 15.9, and an obvious induction argument
imply that ik < jk and that there are unique covering translations Tk satisfying

Tk.z�i /� z�ik and Tk. z̀i /D zf
k

# .
z̀
i /D z̀ik ;

and Sk satisfying
Sk.z�j /� z�jk and Sk. z̀j /D zf

k
# .
z̀
j /D z̀jk :

Note that zhk WD S�1k
zf k is the lift of f k that preserves z̀j and so corresponds to the automorphism ˆ

k
@C z̀j .

Note also that S�1
k
Tk. z̀i / D S�1

k
zf k# .
z̀
i / D .zhk/#. z̀i /, and Tk.z�i / � z�ik is disjoint from z�jk zR

C
jkC1

.
The latter implies that S�1

k
Tk.z�i / is disjoint from z�j zRCjC1. It now follows from the definition that

z̀
i …�NP.�; @C z̀j /. This completes the proof of (1).
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For (2), we assume that z̀j …�NP.�; @C z̀i / and prove that zyj;k � zyi;k!1. Continuing with the above
notation, zgk WD T �1k

zf k corresponds to ˆk@C z̀i and T �1
k
Sk. z̀j /D zgk. z̀j /. We claim that there is a finite

subpath ž� z̀j so that for all k� 0, T �1
k
Sk. ž/š zR

C
iC1 and hence Sk. ž/šTk. zR

C
iC1/. If j̀ …�NP.@C`i /

then this follows from Definition 5.1 and the fact that T �1
k
Sk. z̀j / is a lift of j̀ . If j̀ 2�NP.@C`i / then

this follows from Lemmas 15.8 and 15.5.

On the other hand, Sk. ž/ � zR zE for all sufficiently large k. It follows that zyi;k precedes the terminal
endpoint of Sk. ž/ in zR zE . Since the number of edges in Sk. zR

C
jC1/ \

zR zE goes to infinity with k,
zyj;k � zyi;k!1.

For the “if” direction, we assume that j < i and we prove that either (1) or (2) fails. From the “only if”
direction we know that (1) with i and j reversed is satisfied. Thus (2a) fails. Similarly, either (2a) or (2b),
with the roles of i and j reversed, is satisfied. If the former holds then (1) fails and we are done. Suppose
then that (2b) with the roles of i and j reversed is satisfied. Then zyi;k � zyj;k!1 so (2b) fails.

Proof of Lemma 15.11 To make the dependence of � on f W G ! G explicit we will write �f .
Lemma 15.9 implies that �f is a well-defined, ˆzr -invariant total order on �NP.�; zr/.

Suppose that �;  and ‚ are as in the “moreover” statement, that f 0 WG0!G0 is a CT representing  ,
that g WG!G0 is a homotopy equivalence representing � and that zg W zG! zG0 is the lift corresponding
to ‚. Letting zr 0 D‚.zr/, we have ‚ˆzr D‰zr 0‚. By Lemma 15.3, ‚.�NP.�; zr//D�NP. ; zr

0/. Let zf 0

be the lift of f 0 corresponding to ‰zr 0 .

Given zL1; zL2 2�NP.�; zr/ such that zL1 �f zL2, we must show that zL01 �f 0 zL
0
2, where zL01 D‚.zL1/D

zg#.zL1/ and zL02 D‚.zL2/D zg#.zL2/. We may replace zL1 and zL2 with ˆk
zr
zL1 and ˆk

zr
zL2 for any k � 1.

This follows from the ˆzr -invariance of �f , the ‰zr 0-invariance of �f 0 and the fact that ‚ˆzr D ‰zr 0‚.
In particular, we may assume that there exists i < j and i 0 ¤ j 0 such that zL1 D z̀i ; zL2 D z̀j ; zL01 D z̀

0
i

and zL02 D z̀
0
j , where the z̀0i and z̀0j are visible lines determined for �NP. ; zr

0/ defined with respect to f 0.

To prove that i 0 < j 0, and thereby complete the proof of the lemma, we will verify items (1) and (2) of
Lemma 15.12 in the prime system, which we will call (1)0 and (2)0. Items (1)0 and (2a)0 follow from (1),
(2a) and Lemma 15.3. Item (2b)0 follows from (2b) and the bounded cancellation lemma applied to g.

We conclude this section with a result that will be used in Lemma 15.45.

Lemma 15.13 Suppose that F is a free factor , that zr 2 @F is a lift of r 2R.�/ and that ŒF � is �-invariant.
Then each endpoint of each z̀2�NP.�; zr/ is contained in @F .

Proof Choose a CT f W G ! G representing � in which F is realized by a component C of a core
filtration element H . By assumption, there is a ray R in C with terminal end r . For each ` 2�NP.r/,
each finite subpath of ` is contained in C and hence ` is contained in C . Let zC be the unique lift of C
whose boundary contains zr and note that @ zC D @F . Let zR � zC be the lift of R with terminal endpoint zr
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and let ˆzr be the automorphism representing � that fixes zr . From uniqueness of zC , it follows that @ zC is
ˆzr -invariant. For all sufficiently large j , ˆj

zr
. z̀/\ zR¤∅. Since `�C and distinct lifts of C are disjoint,

ˆ
j

zr
. z̀/� zC . It follows that the endpoints of ˆj

zr
. z̀/, and hence the endpoints of z̀, are contained in @F .

15.2 Topmost lines, translation numbers and offset numbers

We continue with Notation 15.4 and with the partial orders < on R.�/ and Ef given in Notation 6.1 and
Lemma 6.2.

Definition 15.14 An element L 2 �NP.r/ is �-topmost if one of the following mutually exclusive
properties is satisfied for the partial order < on R.�/:

(1) r is minimal in the partial order <.

(2) L has an end r1 2R.�/ such that r1 <c r .

If zL 2�NP.�; zr/ projects to a �-topmost element of �NP.r/, then zL is a topmost element of �NP.�; zr/.
Let T�;zr be the set of topmost elements of �NP.�; zr/.

Lemma 15.15 T�;zr is nonempty and ˆzr -invariant.

Proof Lemma 15.3 implies that �NP.�; zr/ is ˆzr -invariant. Since each element of R.�/ is �-invariant,
ˆzr -invariance of T�;zr follows from the definitions. If r is minimal with respect to < then every element
of �NP.�; zr/ is topmost and we are done. Otherwise, apply Lemma 6.2 to choose E 0 2 Ef such that
E 0 <c E. Either E 0 or xE 0 occurs as a term �j in the coarsened complete splitting of RE . In the former
case, z̀j�1 is topmost in �NP.�; zr/; in the latter case z̀j is topmost in �NP.�; zr/.

Lemma 15.16 There is an algorithm that lists the �-topmost elements of �NP.r/.

Proof Recall that the elements of �NP.r/ can be enumerated by Corollary 5.17(2) and that the partial
order on �NP.r/ can be computed by Notation 6.1. If r is minimal then every element of �NP.r/ is
topmost. Otherwise inspect the elements of �NP.r/ to see which ones satisfy 15.14(2).

Recall from Notation 15.4 that p is chosen so that zf#.�0/� z�p.

Lemma 15.17 Each zL 2 T�;zr is in the ˆzr -orbit of z̀j for some 1� j � p.

Proof By Proposition 15.6 and Lemma 15.15, we may assume that zL D z̀i for some i > p. By
Lemma 15.9, it suffices to show that there exist 1� j � p and k � 1 such that zf k# .z�j /� z�i . If this fails
then there exists 1� j 0 � p and k0 � 1 such that z�i separates zf k

0

# .z�j 0�1/ from zf k
0

# .z�j 0/. Assuming this
we argue towards a contradiction by showing that neither (1) nor (2) in Definition 15.14 is satisfied. First
note that z�i z�i z�iC1 � zf k

0

# .z�j 0/. It follows that �j 0 is not a linear term and so �j 0 D E 0 or xE 0 for some
E 0 2 Ef . Since E 0 <E, (1) is not satisfied. If an end r 00 of z̀i corresponds to an element E 00 2 Ef then
E 00 <E 0 <E and so (2) is not satisfied.
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Notation 15.18 The total order � on �NP.�; zr/ given in Definition 15.10 induces a total order (also
called) � on T�;zr . Let zL1; : : : ; zL�.�;zr/ be, in order, the elements of fz̀1; : : : ; z̀pg\ T�;zr . For k 2 Z and
1� j � �.�; zr/, define zLjCk�.�;zr/ Dˆkzr .zLj /.

The following lemma allows us to change our notation from �.�; zr/ to �.�; r/.

Lemma 15.19 The number �.�; zr/ depends only on � and r and not on the choice of zr .

Proof The definition of �.�; zr/ uses the lift zf W zG! zG corresponding to ˆzr , the lift zR zE of RE whose
terminal endpoint is zr , the lines fz̀ig determined by zR zE as described in Notation 15.4 and the integer p,
which depends only on E and f . If a 2 Fn and Ta W zG! zG is the corresponding covering translation,
then the data associated to zr 0 D azr is zf 0 D Ta zf T �1a , zR zE 0 D TaR zE , z̀0i D Ta z̀i and p. Since z̀i and z̀0i
are lifts of the same line, z̀i 2 T�;zr () z̀0i 2 T�;zr 0 . This proves that �.�; zr/D �.�; zr 0/, as desired.

Lemma 15.20 With notation as above ,

(1) s 7! zLs defines an order-preserving bijection between Z and T�;zr ,
(2) ˆzr.zLs/D zLsC�.�;r/ for all s, and

(3) zLs is visible if and only if s � 1.

Proof The map s 7! zLs is surjective by Lemma 15.17 and is order-preserving (and hence injective)
because zf# preserves � and because zL1 � zL2 � � � � � zL�.�;r/ � zf#.zL1/, where the last inequality follows
Lemma 15.9, which implies that zf#.zL1/ D z̀j for some j > p. Item (2) follows from the definitions.
Item (3) follows from Lemma 15.9.

For the next lemma, we must choose a CT f 0 WG0!G0 representing  and then define T ;zr 0 and �. ; r 0/
with respect to f 0 WG0!G0.

Lemma 15.21 Suppose that � 2 Out.Fn/ conjugates � to  , that �.r/ D r 0 2 R. /, that zr; zr 0 2 @Fn
represent r and r 0, respectively, and that ‚ is the lift of � such that ‚.zr/D zr 0. Then

(1) �.�; r/D �. ; r 0/, and

(2) there is an integer offset.�; r/ such that ‚.zLs/D zL0sCoffset.�;r/ for all s.

Proof Lemmas 15.3 and 15.11 imply that ‚ induces a �-preserving bijection between �NP.�; zr/ and
�NP. ; zr

0/. Lemma 6.3 implies that this bijection restricts to a bijection between T�;zr and T ;zr 0 . Since
the only order-preserving bijections of Z are translations, there is an integer offset.�; zr; zr 0/ such that
‚.zLs/D zL

0
sCoffset.�;zr;zr 0/ for all s. If we replace zr by another lift zr�D iazr then‚ is replaced by‚�D‚i�1a

and zLi 2 T�;zr is replaced by zL�i D ia zLi 2 T�;zr� ; see the proof of Lemma 15.19. It follows that‚�.L�i /D
‚.zLi / and hence that offset.�; zr; zr 0/ is independent of the choice of lift zr . The symmetric argument
implies that offset.�; zr; zr 0/ is also independent of the choice of zr 0. This completes the proof of (2).
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Item (1) therefore follows from

zL0sC�.�;r/Coffset.�;r/ D‚ˆzr
zLs D‰zr 0‚zLs D zL

0
sCoffset.�;r/C� 0. ;r 0/:

Remark 15.22 The bijection between Z and T�;zr depends on the notion of visible lines and so depends
on the choice of CT. On the other hand, Lemma 15.20(2) implies that �.�; r/ depends only on � and r
and not on the choice of a CT. As such it can be computed from any CT for �. The integer offset.�; r/

depends on the choices of CTs.

15.3 Staple pairs

We continue with Notation 15.4. We set further notation as follows.

Notation 15.23 If Ei and Ej are distinct elements of Linw.f / then there exist nonzero di ¤ dj such that
f .Ei /DEiw

di and f .Ej /DEjwdj . Recall that a path of the form Eiw
p xEj is called exceptional if di

and dj have the same sign. If di and dj have different signs then we say Eiwp xEj is quasi-exceptional.

Notation 15.24 We write L 2 S.�/ and say that L is a staple if L 2�NP.�/ has at least one periodic
end; if both ends of L are periodic then L is a linear staple. If zL 2�NP.�; zr/ projects to an element of
S.�/ for r 2R.�/ and lift zr , then we write zL 2 S.�; zr/ and L 2 S.�; r/ and we say that L and zL occur
in r and zr , respectively.

For each r 2R.�/, an ordered pair b D .L1; L2/ of elements of S.�; r/ is a staple pair if there are lifts
zL1; zL2 2 S.�; zr/ and a periodic line zA such that f@C zL1; @� zL2g � f@� zA; @C zAg. We write b 2 S2.�; r/
and zbD .zL1; zL2/ 2 S2.�; zr/ and say that b and zb occur in r and zr respectively and that zA is the common
axis of zb. By Corollary 5.17, zA corresponds to an element of A.�/. Define S2.�/D[S2.�; r/, where
the union is taken over all r 2R.�/.

Lemma 15.25 Each b 2 S2.�; r/ is �-invariant. The set S2.�; zr/ is ˆzr -invariant.

Proof The first statement follows from the second and the fact (Corollary 5.17(1)) that each element of
�NP.�/ is �-invariant. The second follows from the ˆzr -invariance of �NP.�; zr/ (Lemma 15.3) and the
definition of S2.�; zr/.

Example 3.1 (continued) In our example,

S.�/D fa1Rc ; a1ba1g and S2.�/D f.a1ba1; a1ba1/; .a1ba1; a1Rc/g:

Throughout this section, M is the stabilization constant defined in Notation 5.13.

Our next lemma explains how staple pairs occur in an eigenray zR zE .
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Lemma 15.26 Assume Notation 15.4.

(1) If �i�i�iC1 is quasi-exceptional , then . z̀i�1; z̀iC1/ 2 S2.�; zr/ with common axis z̀i .

(2) If one of the following holds:
(a) �i is exceptional , or
(b) �i 2 Linw.f / and `i is not periodic , or
(c) x�i 2 Linw.f / and `i�1 is not periodic;
then . z̀i�1; z̀i / 2 S2.�; zr/.

(3) If z̀i is periodic and neither �i nor x�iC1 is in Ef , then �i�i�iC1 is quasi-exceptional and so
. z̀i�1; z̀iC1/ 2 S2.�; zr/ with common axis z̀i . See also Remark 15.43.

(4) For each zb 2 S2.�; zr/, there exists K D K.zb/ such that ˆk
zr
.zb/ is as in (1) or (2) for all k � K.

Moreover , in case (b), R�i D w
˙1 and in case (c), RCi�1 D w

˙1.

Proof If �i�i�iC1 is quasi-exceptional then there are a twist curve w and edges E 0; E 00 2 Linw.f / such
that �i DE 0, �i Dwq for some q 2Z and �iC1D xE 00. Moreover, f .E 0/DE 0wd

0

and f .E 00/DE 00wd
00

,
where d 0 and d 00 have opposite signs. If z�i D zE 0, let zw be the lift of w that begins with the terminal
endpoint zx of zE 0. Extend zw to a periodic line zA that projects bi-infinitely to the circuit determined by w
and is oriented consistently with zw. Let zy 2 zA be the terminal endpoint of the lift of wq that begins at zx
and let zE 00 be the lift of E 00 that ends at zy. Then zRCi is the concatenation of zE 0 and a ray in zA beginning
at zx and terminating at @C zA if d 0 > 0 and at @� zA if d 0 < 0. Similarly, zR�iC1 is the concatenation of zE 00

and a ray in zA beginning at zy and terminating at @C zA if d 00 > 0 and at @� zA if d 00 < 0. Neither z̀i�1
nor z̀iC1 is periodic. Up to a change of orientation, z̀i D zA. Thus . z̀i�1; z̀iC1/ 2 S.�; zr/ with common
axis z̀i , and (1) is proved.

If �i is exceptional, then �i DE 0wq xE 00, where E 0; w and E 00 are as above except that d 0 and d 00 have
the same sign. Following the above notation, zRCi begins with zE 0, zR�i begins with zE 00 and both rays
terminate at the same endpoint of zA. Neither z̀i�1 nor z̀i is periodic. This completes the proof of (2a).

If �i DE 0 2 Linw.f /, then following the above notation, z̀i�1 is nonperiodic (because it crosses zE 0) with
terminal endpoint in f@� zA; @C zAg and zR�i has terminal endpoint in f@� zA; @C zAg. If z̀i is nonperiodic then
. z̀i�1; z̀i / 2 S2.�; zr/. This completes the proof of (2b). The proof of (2c) is similar.

Suppose that z̀i is as in (3). If x�i 2 Ef then zR�i is not asymptotic to a periodic line, in contradiction
to the assumption that z̀i is periodic. If x�i 2 Lin.f / or if �i is exceptional then R�i D Eiw

˙1, where
Ei 2 Linw.f /, again in contradiction to the assumption that z̀i is periodic. We conclude that �i DE 0 2
Lin.f /. The symmetric argument shows that �iC1 D xE 00 for some E 00 2 Lin.f /. Thus `i has the form
.w0/˙1�i .w

00/˙1, where w0 is the twist path for E 0 and w00 is the twist path for E 00. Since z̀i is a
periodic line, w0 D w00 and �i D .w0/q for some q 2 Z. This proves that �i�i�iC1 is quasi-exceptional,
which in conjunction with (1), completes the proof of (3).
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For (4), suppose that zb2S2.�; zr/. After replacing zb with someˆk
zr
.zb/, we may assume by Proposition 15.6

that zb D . z̀i�1; z̀j / for some i � 1 ¤ j . After replacing zb with ˆM
zr
.zb/, we may assume that x�i … Ef .

(To see this note that if zf M# .z�i�1/ � z�s�1 then zf M# . z̀i�1/D z̀s�1 and z�s is the first growing term of
zf M# .z�i /.) By assumption, @C zRCi is an endpoint of the common axis zA of zb. Lemma 5.14 therefore

implies that �i … Ef and hence that �i is linear. In other words, �i DEi or �i D xEi or �i DEiw�i xEl for
some twist path wi and for some Ei ; El 2 Linwi .f /. In all three cases, the terminal endpoint of zEi is
contained in zA. For the same reasons, we may assume that �j DEj or �j D xEj or �j DEmw�j xEj for
some twist path wj and for some Ej ; Em 2 Linwj .f /; moreover, the terminal endpoint of zEj is in zA.

The proof now proceeds by a case analysis. If �i DEiw�i xEl then the midpoint of zEi (resp. zE�1
l

) separates
zA from z�q for all q < i (resp. q > i ) so j D i and we are in case (a). The same argument, with the same

conclusion, applies if �j DEmw�j xEj . We may now assume that �i is either Ei or xEi and that �j is either
Ej or xEj . By considering the midpoints of �i and �j as in the previous case we see that:

(a) If �i DEi , then j � i .

(b) If �i D xEi , then j � i .

(c) If �j DEj , then i � j .

(d) If �j D xEj , then i � j .

If (a) and (c) are satisfied then j D i , we are in case (b) and R�i D w
˙1. Similarly, if (b) and (d) are

satisfied then j D i , we are in case (c) and RCi�1 D w
˙1. Suppose next that (a) and (d) are satisfied.

In this case, j � i , wi D wj and the interval z� of zA bounded by the terminal endpoints of zEi and zEj
equals zwqi for some q 2Z; in particular, � is a Nielsen path. It must be that � D �i and j D i C 1, which
is (1). Finally, suppose that (b) and (c) are satisfied. Then j � i , wi Dwj and the interval z� of zA bounded
by the terminal endpoints of zEj and zEi equals zwqi for some q 2 Z; in particular, � is a Nielsen path. It
must be that � D �i�1 and j D i � 1, which contradicts the fact that i � 1¤ j . Thus this last case does
not happen, and we are done.

Notation 15.27 We say that the staple pairs . z̀i�1; z̀iC1/ and . z̀i�1; z̀i / that occur in items (1) and (2)
of Lemma 15.26 are visible with index i or just visible if the index is not explicitly given. Note that if zb is
visible then ˆk

zr
.zb/ is visible for all k � 0.

Corollary 15.28 The set of visible elements of S2.�; zr/ is infinite.

Proof From ˆzr -invariance of S2.�; zr/ (Lemma 15.25) and Lemma 15.9, we need only show that
S2.�; zr/ contains a visible element. There are always linear edges crossed by RE . We are therefore
reduced, by Lemma 15.26, to the case that some z̀i is periodic. If zf M# .z�i /� z�j then z�j is the last growing
term in zf M# .z�i / and so �j … Ef . Similarly, z�jC1 is the first growing term in zf M# .z�iC1/ and so x�jC1 … Ef .
Lemma 15.26(3) implies that . z̀j�1; z̀jC1/ 2 S2.�; zr/ and we are done.
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Recall from Notation 15.4 that the z̀i are said to be visible.

Lemma 15.29 Suppose that zb D .zL1; zL2/ 2 S2.�; zr/ with common axis zA and that one of the following
two conditions are satisfied.

(a) Either zL1 or zL2 is visible and there exist k � 0 such that ˆk
zr
.zL1; zL2/D . z̀i�1; z̀i / for some i .

(b) Either zL1; zL2 or the common axis of zA is visible and there exist k � 0 such that ˆk
zr
.zL1; zL2/D

. z̀i�1; z̀iC1/ with common axis z̀i for some i .

Then ˆ2M
zr
.zb/ is visible.

Proof We begin by establishing the following properties for each visible line z̀j .

(1) Suppose that @C z̀j is periodic and that z̀s DˆMzr .
z̀
j /. Then ˆm

zr
. z̀s/ and ˆm

zr
. z̀sC1/ are consecutive

(ie their indices differ by 1) for all m� 0.

(2) Suppose that @� z̀j is periodic and that z̀s DˆMzr .
z̀
j /. Then ˆm

zr
. z̀s�1/ and ˆm

zr
. z̀s/ are consecutive

for all m� 0.

For (1), Lemma 15.9 implies that zf M# .z�j /� z�s and our choice ofM implies that z�sC1 … E�1f . Since @C z̀j
is periodic, the same is true for @C z̀s and so z�sC1 … Ef . We conclude that �sC1 is linear. In particular,
zf m# .z�sC1/ has exactly one growing term. If zf m# .z�s/� z�a then zf m# .z�sC1/� z�aC1. Lemma 15.9 implies

that ˆm
zr
. z̀s/ D z̀a and ˆm

zr
. z̀sC1/ D z̀aC1. This completes the proof of (1). Item (2) is proved by the

symmetric argument.

We now apply (1) and (2) to prove the lemma, assuming without loss that k >M . In case (a), we will
show that ˆM

zr
.zb/ is visible. If zL1 is visible let z̀s�1DˆMzr .zL1/. Since ˆk�M

zr
. z̀s�1/Dˆ

k
zr
.zL1/D z̀i�1,

property (1), applied with mD k�M , implies that ˆk�M
zr

. z̀s/D z̀i . Since ˆk�M
zr

.ˆM
zr
.zL2//D z̀i , we

have ˆM
zr
.zL2/ D z̀s . Thus ˆM

zr
.zb/ D .ˆM

zr
.zL1/; ˆ

M
zr
.zL2// D . z̀s�1; z̀s/ is visible. This completes the

proof when zL1 is visible. When zL2 is visible, a symmetric argument, using (2) instead of (1), shows that
ˆM
zr
.zL1/ and hence ˆM

zr
.zb/ is visible.

In case (b), note that @C zL1; @� zL2 and both ends of zA are periodic. If zL1 is visible then the above
argument shows that the common axis of ˆM

zr
.zb/ is visible and a second application shows that ˆ2M

zr
.zL2/

is visible. The other cases are similar.

Notation 15.30 Suppose that zb D .zL1; zL2/ 2 S2.�; zr/ projects to b 2 S2.�; r/. If z̀j � zL1 (see
Definition 15.10) then we write z̀j � zb. We say that b and zb are topmost elements of S2.�; r/ and
S2.�; zr/, respectively, if for all r1 < r (see Notation 6.1) neither b nor b�1 WD .L�12 ; L�11 / is an element
of S2.�; r1/. Since zb andˆzr.zb/ project to the same element of S2.�; r/ and since S2.�; r/ isˆzr -invariant,
it follows that the set of topmost element of S2.�; zr/ is ˆzr -invariant.

Lemma 15.31 The set of topmost elements of S2.�; zr/ is the union of a finite number of ˆzr -orbits.
Moreover , there exists a computable B.r/ > 0 such that each of these orbits has a visible representative
with index at most B.r/.
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Proof Define B.r/ > 2M by ˆ2M
zr
. z̀p/D z̀B.r/.

Suppose that zb is a topmost element of S2.�; zr/. After replacing zb with some ˆk
zr
.zb/, we may assume

by Lemma 15.26(4) that zb D . z̀i�1; z̀i / or zb D . z̀i�1; z̀iC1/ with common axis zli . We consider the
zb D . z̀i�1; z̀i / case first, assuming without loss that i > 2M . The proof below is similar to that of
Lemma 15.17.

Suppose that there exists 1�j 0�p and k0>0 so that z�i�1z�i�1z�i z�i z�iC1� zf k
0

# .z�j 0/. Then �j 0DE 0 or xE 0

for some E 0 2 Ef so either �i�1�i�1�i�i�iC1 or x�iC1x�ix�i x�i�1x�i�1 occurs as a concatenation of terms
in the coarsening of the complete splitting of RE 0 . Letting r 0 2R.�/ correspond to E 0, Lemma 15.26
implies that either b or b�1 is an element of S2.�; r 0/ in contradiction to the assumption that b is topmost
in S2.�; r/. Thus no such j 0 and k0 exist. It follows that there exists 1 � j � p and k > 0 such that
zf k# .z�j / is contained in either z�i�1 or z�i . Equivalently, ˆk

zr
. z̀j / is equal to either z̀i�1 or z̀i . Since z̀j is

one of the lines comprising the pair ˆ�k
zr
.zb/, Lemma 15.29 implies that ˆ2M�k

zr
.zb/Dˆ2M

zr
.ˆ�k
zr
.zb// is

visible with index at most B.r/.

In the remaining case, zb D . z̀i�1; z̀iC1/ with common axis z̀i . Arguing as in the first case, we conclude
that there exists k � 0 and 1� j � p such that ˆk

zr
. z̀j / is equal to either z̀i�1 or z̀i or z̀iC1. The proof

then concludes as in the first case.

Remark 15.32 The ˆzr -image of a visible topmost staple pair is a visible topmost staple pair. It follows
that if a topmost staple pair zb occurs in zr and if z̀B.r/ � zb then zb is visible.

Remark 15.33 The set of topmost elements of S2.�; r/ could be empty.

Lemma 15.34 If yr < r and b 2 S2.�; yr/, then either b 2 S2.�; r/ or b�1 2 S2.�; r/.

Proof The proof is similar to that of Lemma 15.31. Let yE be the higher-order edge corresponding to yr ,
let R yE D y�0 � y�1 � y�1 � : : : be the coarsening of the complete splitting into single growing terms and Nielsen
paths and let ỳ1; ỳ2; : : : be the associated visible lines. By Lemmas 15.26(4) and 15.25, there exists i � 1
such that b D . ỳi�1; ỳi / or b D . ỳi�1; ỳiC1/. Since yr < r , there exists j > 1 such that either �j D yE or
�j D yE

�1. The cases are symmetric so we assume that �j D yE�1 and leave the �j D yE case to the reader.
Since j̀ 2�NP.r/, the inverse of every finite subpath of R yE occurs as subpath of RE . In particular, the
inverse of y�i�2 � y�i�1 : : : � y�iC2y�iC2 occurs as a concatenation of terms in RE . Lemma 15.26 therefore
implies that b�1 2 S2.�; r/.

Lemma 15.35 Suppose that � 2 Out.Fn/ conjugates � to  , that �.r/ D r 0 2 R. /, that zr; zr 0 2 @Fn
represent r and r 0, respectively , and that ‚ is the lift of � such that ‚.zr/Dzr 0. Then ‚ induces a bijection
S2.�; zr/ 7! S2. ; zr 0/ that restricts to a bijection on topmost elements.

Proof This follows from Lemma 15.3, which provides a bijection between �NP.�; zr/ and �NP. ; zr
0/,

and the definitions.
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b

a

b

b

a

a

b

ˆ1

@C zL1 @C zL2

@� zL2@� zL1

Figure 5: The graphs here are parts of zG with each horizontal segment a lift of the edge b and
where vertical segments project into a1. zL1 and zL2 are lifts of the staple a1ba1 and .L1; L2/
is a staple pair. ˆ1 is the lift of � that fixes zL1. Intuitively zL2 slides away from zL1 under the
action of ˆ1 by 1 period and so m.L1;L2/

�
�
�
D 1

.

Definition 15.36 Given b D .L1; L2/ 2 S2.�; r/, choose lifts zL1; zL2 and a periodic line zA such that
f@C zL1; @� zL2g � f@� zA; @C zAg. Orient zA to be consistent with the twist path w to which it projects and
let a 2 Fn be the root-free element of Fn that stabilizes zA and satisfies aC D @C zA. Each � 2 Xc.�/

(Definition 14.1) satisfies �.H�;c.Li //D H�;c.Li / for i D 1; 2. Lemma 13.10 therefore implies that there
are unique ‚i 2 � such that ‚i .H�;c.zLi //D H�;c.zLi /. Since both ‚1 and ‚2 represent � and fix a there
exists mb.�/ 2 Z such that ‚1 D i

mb.�/
a ‚2.

Example 3.1 (continued) See Figure 5.

Lemma 15.37 For each bD .L1; L2/2S2.�/, the mapmb WXc.�/!Z is a well-defined homomorphism.

Proof We first check that mb.�/ is independent of the choice of zL1 and zL2 and so is well-defined.
Suppose that zL01 and zL02 are another choice with corresponding zA0, a0 and ‚0i . Choose c 2 Fn such that
ic.a/D a

0. For i D 1; 2, zL0i and ic.zLi / are lifts of Li with an endpoint in fa0�; a0Cg and so there exists
an ni such that

zL0i D i
ni
a0 ic.

zLi /D ici
ni
a .
zLi /:

By uniqueness,
‚0i D .ici

ni
a /‚i .ici

ni
a /
�1
D ici

ni
a ‚i i

�ni
a i�1c D ic‚i i

�1
c ;
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so

‚01‚
0�1
2 D ic‚1‚

�1
2 i�1c D ici

mb.�/
a i�1c D i

mb.�/
a0 ;

as desired.

To prove that mb.�/ defines a homomorphism, suppose that  2 Xc.�/ and ‰i satisfies ‰i .H�;c.zLi //D
H�;c.zLi /. Then ‰i‚i .H�;c.zLi //D H�;c.zLi / and

imb. �/a D‰1‚1‚
�1
2 ‰�11 D‰1i

mb.�/
a ‰�12 D‰1‰

�1
2 imb.�/a D imb. /a imb.�/a D imb. /Cmb.�/a ;

so mb. �/Dmb. /Cmb.�/.

Remark 15.38 The same proof shows that mb defines a homomorphism on both

f� 2 Out.Fn/ j �.Li /D Li for i D 1; 2g and f� 2 Out.Fn/ j �.H�;c.Li //D H�;c.Li / for i D 1; 2g:

The former is the stabilizer of b and the latter can be thought of as the “weak stabilizer” of b.

The next lemma relates mb.�/ to the twist coefficients of �.

Lemma 15.39 Suppose that bD.L1; L2/2S2.�; r/, whereL1D.R�1 /
�1�1R

C
1 andL2D.R�2 /

�1�2R
C
2

are the decompositions of Corollary 5.17(1). Suppose also thatw is a twist path and thatE 0; E 00 2Linw.f /

satisfy f .E 0/DE 0wd
0

and f .E 00/DE 00wd
00

.

(1) If RC1 DE
0w˙1 and R�2 DE

00w˙1, then mb.�/D d 0� d 00.

(2) If RC1 DE
0w˙1 and R�2 D w

˙1, then mb.�/D d 0.

(3) If RC1 D w
˙1 and R�2 DE

00w˙1, then mb.�/D�d 00.

In particular , mb.�/¤ 0 for all b 2 S2.�/.

Proof Choose lifts zL1 D . zR�1 /
�1z�1 zR

C
1 ;
zL2 D . zR�2 /

�1z�2 zR
C
2 and zA D zw1 so that @ zRC1 ; @ zR

�
2 2

f@� zA; @C zAg. Denote the initial endpoints of zRC1 and zR�2 by zx and zy, respectively. There existˆ1; ˆ2 2�
such thatˆ1 fixes the endpoints of zL1 andˆ2 fixes the endpoints of zL2. The corresponding lifts zf1 and zf2
fix zx and zy, respectively. In particular, zf1.zy/D i

mb.�/
a

zf2.zy/D i
mb.�/
a zy. In case (1), the path z� connecting

zx to zy equals zE 0 zwp. zE 00/�1 for some p 2Z and . zf1/#. zE 0 zwp. zE 00/�1/D zE 0 zwpCd
0�d 00. zE 00/�1. It follows

that zf1.zy/ D id
0�d 00

a zy and hence that mb.�/ D d 0 � d 00. In case (2), z� D zE 0 zwp and . zf1/#. zE 0 zwp/ D
zE 0 zwpCd

0

. Thus, zf1.zy/D id
0

a zy and mb.�/D d 0. Case (3) is proved similarly.

Lemma 15.26 implies that if b is as in case (1) then either b D .`i�1; `iC1/, where �i�i�iC1 is quasi-
exceptional, or b D .`i�1; `i /, where �i is exceptional. In either case, E 0 ¤ E 00 so d 0 ¤ d 00. This
completes the proof that mb.�/¤ 0 and hence the proof of the lemma.
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c

rc

Figure 6: An end of Rc D cbbaba2ba3 : : : is in a union of staple pairs, cf Figure 5. The relation
between staple pairs and RE for E of higher than quadratic growth is more complicated.

15.4 Spanning staple pairs

We continue with the notation of the preceding subsections; in particular, see Notation 15.4. In addition,
we let z�0; z�1 : : : be the sequence of lines obtained from z̀0; z̀1; : : : by removing all periodic lines. In
other words, z�0; z�1 : : : is the set of visible lines in �NP.�; zr/.

If E has quadratic growth (equivalently, each �i is linear) then every .z�t ; z�tC1/ is an element of S2.�; zr/
by Lemma 15.26; see Figure 6. This is not the case when E has higher order. We now define a related but
weaker property that does hold for every .z�t ; z�tC1/. Its utility is illustrated in the proof of Lemma 15.45,
which is applied in the proof of Lemma 17.9.

Definition 15.40 We say that an ordered pair .z�1; z�2/ of elements of �NP.�; zr/ is spanned by a staple
pair zb D .zL1; zL2/ 2 S2.�; zr/ if the following two conditions are satisfied:

� Either zL1 D z�1 or zL1 2�NP.�; @Cz�1/.

� Either zL2 D z�2 or zL�12 2�NP.�; @�z�2/.

Note that if .z�1; z�2/ is spanned by a staple pair then .ˆk
zr
z�1; ˆ

k
zr
z�2/ is spanned by a staple pair for all

k 2 Z.

Our next result uses techniques from the proofs of Lemmas 15.12 and 15.31.

Lemma 15.41 (1) Suppose that �i 2 Ef and that zri D @C z̀i�1 D @ zRCi . If z�j z�j z�jC1 is a subpath of
zf m# .z�i / for m> 0 and if z̀j is nonperiodic , then ˆ�m

zr
. z̀j / 2�NP.�; zri /.

(2) Suppose that �i 2 E�1f and that zri D @� z̀i D @ zR�i . If z�j z�j z�jC1 is a subpath of zf m# .z�i / for m> 0
and if z̀j is nonperiodic , then ˆ�m

zr
. z̀�1j / 2�NP.�; zri /.

Proof The two cases are symmetric so we prove (1) and leave (2) to the reader. Assuming that �i 2 Ef ,
let T W zG! zG be the covering translation that carries z�i to the initial edge of zf m# .z�i / and hence satisfies
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T . zRCi /D
zf m# . zRCi /Dˆ

m
zr
. zRCi /. Then T �1 zf m is the lift of f m that preserves the terminal endpoint zri

of zRCi and so i�1c ˆm
zr
Dˆm

zri
, where ic is the inner automorphism corresponding to T . Note that zf m# .z�i /

is a concatenation of terms in the complete splitting of zR zE whose first edge T .z�i / projects into Ef . Thus
zf m# .z�i /D z�a � z�a � : : : � z�b�1 � z�b � z� for some a � j < b and some (possibly trivial) Nielsen path z� that is

an initial segment of z�b . Note also that T �1 zf m# .z�i / is a concatenation of terms in the complete splitting
of zRCi . It follows that T �1z�a �T �1z�a � : : : �T �1z�b�1 �T �1z�b is a concatenation of terms in the coarsened
complete splitting of zRCi . In particular, T �1z�j � T �1z�j � T �1z�jC1 is a concatenation of terms in the
coarsened complete splitting of zRCi . Since z̀j is nonperiodic, the same is true for T �1. z̀j / and we conclude
that T �1. z̀j / 2�NP.�; zri /. Proposition 15.6 implies that ˆ�m

zr
. z̀j /Dˆ

�m
zri
i�1c . z̀j /Dˆ

�m
zri
.T �1. z̀j // is

an element of �NP.�; zri /.

Proposition 15.42 Each ordered pair .z�t ; z�tC1/ is spanned by an element .zL1; zL2/ 2 S2.�; zr/. If
@C z�t (resp. @� z�tC1) is periodic , then zL1 D z�t (resp. L2 D z�tC1).

Proof Set ˆ D ˆzr . We first show that if z̀i is periodic then z̀i�1 and z̀iC1 are nonperiodic and
.z�t ; z�tC1/ WD . z̀i�1; z̀iC1/ satisfies the conclusions of the lemma. Let M be the stabilization constant
for f (Notation 5.13). If zf M# .z�i /� z�j , then z�j is the last growing term in zf M# .z�i / and z�jC1 is the first
growing term in zf M# .z�iC1/. Moreover, Lemma 15.9 implies that z̀j D zf M# . z̀i / and so z̀j is periodic. By
our choice of M , z�j … Ef and z�jC1 … E�1f . Lemma 15.26(3) implies that z�j z�j z�jC1 is quasi-exceptional
and . z̀j�1; z̀jC1/2S2.�; zr/. Since �j 2Lin.f /, it follows that either �i 2 Lin.f / or �i 2 Ef . In the former
case, zf M# .z�i�1/� z�j�1 and zf M# . z̀i�1/D z̀j�1 so ˆ�M . z̀j�1/D z̀i�1; in particular, z̀i�1 is nonperiodic
and @C z̀i�1 is periodic. In the latter case, z�j�1z�j�1z�j is a terminal subpath of zf M# .z�i / so Lemma 15.41
implies that ˆ�M . z̀j�1/ 2�NP.�; @C z̀i�1/; note that in this latter case, @C z�t D @C z̀i�1 is not periodic.
A symmetric argument shows that either ˆ�M . z̀jC1/D z̀iC1 or ˆ�M . z̀�1jC1/ 2�NP.�; @� z̀iC1/. Thus
. z̀i�1; z̀iC1/ is spanned by ˆ�M . z̀j�1; z̀jC1/, and the “if” statement of the lemma is satisfied.

Remark 15.43 The above argument includes a proof that if z̀i is periodic and if z̀j D zf M# . z̀i /, then
z�j z�j z�jC1 is quasi-exceptional and z̀j is the common axis of . z̀j�1; z̀jC1/ 2 S2.�; zr/.

Continuing with the proof, we now know that for each .z�t ; z�tC1/ there exists i such that .z�t ; z�tC1/
is equal to either . z̀i�1; z̀i / or . z̀i�1; z̀iC1/. Moreover, the conclusions of the lemma hold in the latter
case so we may assume that .z�t ; z�tC1/ D . z̀i�1; z̀i /. Lemma 15.26(1) implies that �i�i�iC1 is not
quasi-exceptional. If �i is linear (ie �i is exceptional or �i 2 Lin.f / or x�i 2 Lin.f /) then .z�t ; z�tC1/D
. z̀i�1; z̀i / 2 S2.�; zr/ by Lemma 15.26(2).

It remains to consider the �i 2 Ef and �i 2 E�1f cases. These are symmetric so we assume that �i 2 Ef ,
and leave the �i 2 E�1

f
case to the reader. For the “if” statement, note that @C z̀i�1 is nonperiodic. As

above, there exists j > i such that zf M# .z�i / � z�j and z̀j D zf M# . z̀i /; in particular, z̀j is not periodic.
Since z�j is the last growing term in zf M# .z�i / and since zf M# .z�i / contains at least two growing terms,
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Lemma 15.41 implies that if z̀j�1 is nonperiodic thenˆ�M . z̀j�1/2�NP.�; @C z̀i�1/. If �j is exceptional
or �j 2 Lin.f / then another application of Lemma 15.26(2) shows that . z̀j�1; z̀j / 2 S2.�; zr/. In this case,
. z̀i�1; z̀i / is spanned by ˆ�M . z̀j�1; z̀j /D .ˆ�M . z̀j�1/; z̀i / and we are done. The same argument works
if x�j 2 Lin.f / and z̀j�1 is not periodic. Suppose then that x�j 2 Lin.f / and z̀j�1 is periodic. There exists
s > j such that zf M# .z�j /� z�s and z̀sD zf M# . z̀j /D zf

2M
# . z̀i /. Since z�j is linear, zf M# .z�j / contains a single

growing term and so zf M# .z�j�1/ � z�s�1. Thus z̀s�1 D zf M# . z̀j�1/ is periodic. Remark 15.43 implies
that z�s�1z�s�1z�s is quasi-exceptional and z̀s�1 is the common axis of . z̀s�2; z̀s/ 2 S2.�; zr/. Moreover,
z�s�2z�s�2z�s�1z�s�1z�s � f

2M
# .z�i /. The proof now concludes as in the previous case with . z̀i�1; z̀i /

spanned by ˆ�2M . z̀s�2; z̀s/D .ˆ�2M . z̀s�2/; z̀i /.

We may now assume that �j has higher order and so �j 2 E�1f by our choice of M . In particular, @� z̀j ,
and hence @� z̀i , is nonperiodic.

Choose k > 0 so that the coarsened complete splitting of zf k# .z�j / has at least one linear term z�s that
is neither the first nor second term nor the last or next to last growing term in that splitting. Thus
z�s�2 � z�s�2 � : : : � z�sC1 � z�sC2 is a subpath of zf k# .z�j / and hence also a subpath of zf MCk# .z�i /. By
Lemma 15.26, two of the three lines z̀s�1; z̀s; z̀sC1 form an element of S2.�; zr/ that we denote by
.zL1; zL2/. Lemma 15.41 implies that

ˆ�M�k.zL1/ 2�NP.�; @C z̀i�1/ and ˆ�k.zL�12 / 2�NP.�; @� z̀j /:

It follows that
ˆ�M�k.zL�12 / 2�NP.�; @� z̀i /;

and hence that ˆ�M�k..zL1; zL2// spans . z̀i�1; z̀i /.

In Lemma 15.45 below we use Proposition 15.42 to give conditions on � 2 Out.Fn/ which imply that
� fixes r . The proof of Lemma 15.45 is inductive and it is useful in the induction step to know that �
strongly fixes r in the following sense.

Definition 15.44 We say that � 2 Out.Fn/ strongly fixes r 2R.�/ if for some (and hence every) lift zr
there is a lift ‡ 2 � that fixes each element of �NP.�; zr/.

Lemma 15.45 Suppose that ŒF � is a �-invariant free factor conjugacy class , that r 2R.�/ is carried by
ŒF � and that � 2 Out.Fn/ is such that

(1) ŒF � is �-invariant ,

(2) � fixes each element of �NP.r/ and each r 0 < r (as defined in Notation 6.1),

(3) the restriction �jF commutes with �jF , and

(4) mb.�/D 0 for all b 2 S2.�; r/ (see Definition 15.36 and Remark 15.38),

then � strongly fixes r .
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Proof Given a lift zr , we continue with the z�i , z�i , z̀i , z�t and ˆzr notation. We may assume without loss
of generality that zr 2 @F . By uniqueness, F is ˆzr -invariant. By Lemma 15.13 each z�t has endpoints
in @F .

For each t � 1, item (2) implies the existence of a (necessarily unique) lift ‡t of � that fixes z�t . We
show below that ‡t is independent of t , say ‡t D‡ for all t . Assuming this for now, the proof concludes
as follows. Since the endpoints of the z�t limit on zr , we have ‡.zr/ D zr . From this and (1) it follows
that ‡.F / D F . Item (3) implies that the commutator Œˆzr jF;‡ jF � is inner. Since the commutator
Œˆzr jF;‡ jF � fixes zr , it must be trivial. Thus, ˆzr jF and ‡ jF commute and the same is true for ˆzr j@F
and ‡ j@F . Given zL 2�NP.�; zr/, there exist m� 0 and t � 1 such that ˆm

zr
.zL/D z�t by Proposition 15.6.

Since z�t has endpoints in @F , the same is true for zL. Thus

‡.zL/D .ˆ�m
zr ‡ˆm

zr /.
zL/Dˆ�m

zr ‡.ˆm
zr .
zL//Dˆ�m

zr ‡.z�t /Dˆ
�m
zr .z�t /D zL;

as desired.

It remains to prove that ‡t D ‡tC1 for all t � 1.

The proof is by induction on the height of r in the partial order < on R.�/. In the base case, r is a
minimal element of R.�/ so each �i is linear by Lemmas 6.2 and 3.21. In this case, each z�t 2 S.�; zr/
and each .z�t ; z�tC1/ 2 S2.�; zr/ by Lemma 15.26. Item (4) completes the proof.

For the inductive step, we use Proposition 15.42. Let �t D `i and �tC1 D j̀ . As a first case, suppose
that @C z̀i D zr 0 for some r 0 2 R.�/. Let E 0 2 Ef be the higher-order edge corresponding to r 0. Then
r > r 0 and Lemmas 6.2 and 3.21 imply that either E 0 or xE 0 occurs as a term in the complete splitting of
some f k# .E/. Thus either Acc.E 0/� Acc.E/ or Acc. xE 0/� Acc.E/. Lemma 5.8 therefore implies that
if L0 2�NP.r

0/ then either L0 2�NP.r/ or L0�1 2�NP.r/. From (2) we see that � fixes each element
of �NP.r

0/. Lemma 15.34 and (4) imply that mb.�/D 0 for all b 2 S2.�; r 0/ so r 0 and ŒF � satisfy the
hypotheses of this lemma. By the inductive hypothesis, there is a (necessarily unique) lift ‡ 0 that fixes
each element of �NP.�; zr

0/. As noted above, it follows that ‡ 0 fixes zr 0 and so ‡ 0 D ‡t .

There are two subcases. The first is that @� z̀j Dzr 00 for some r 00 2 Ef . Arguing as in the previous paragraph
we see that ‡tC1 fixes each element of �NP.�; zr

00/. By Proposition 15.42, there exist zL0 2�NP.�; zr
0/

and zL00
�1
2�NP.�; zr

00/ such that .zL0; zL00/ 2 S2.�; zr/. Item (4) implies that ‡t D ‡tC1.

The second subcase is that @� z̀j is the end of a periodic line and hence j̀ 2S.�; r/. By Proposition 15.42,
there exists zL0 2�NP.�; zr

0/ such that .zL0; z̀j / 2 S2.�; zr/. Once again, (4) implies that ‡t D‡tC1. This
completes the proof when @C z̀i projects into R.�/.

A symmetric argument handles the case that @� z̀j projects into R.�/. The remaining case is that both
@C z̀i and @� z̀j are endpoints of periodic lines. Proposition 15.42 implies that . z̀i ; z̀j / 2 S2.�; zr/ so (4)
completes the proof as in previous cases.
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16 The homomorphism xQ

Recall that our main theorem is reduced to Proposition 14.7 by Lemma 14.8.

For the rest of the paper, we assume the hypotheses of Proposition 14.7, ie �; 2 UPG.Fn/, c is a special
chain for � and  , and Ic.�/D Ic. /. Our goal is to find a conjugator � 2 Xc.�/ or prove that no such
conjugator exists.

Because � and c are fixed for the rest of the paper, we will often write X for Xc.�/. In fact, we will often
suppress c when it appears as a decoration.

Lemma 16.1 For each Fi 2 c and each r 2R.�jFi / there exists r 0 2R. jFi / such that �.r/D r 0 for
each � 2 X whose restriction � jFi conjugates �jFi to  jFi .

Proof Let eD F� @ FC 2 c be the one-edge extension with respect to which r is new (Definition 6.14).
In other words, r 2RC.e; �/ WDR.�jFC/ nR.�jF�/. Since � fixes c, it follows that � jF˙ conjugates
�jF˙ to  jF˙ and so � induces a bijection between RC.e; �/ and RC.e;  /. This completes the proof
if r is the only element of RC.e; �/. Otherwise RC.e; �/D fr; sg and RC.e;  /D fr 0; s0g and we are in
case HH. By definition, Le.�/DfL;L

�1g, where @�LD r and @CLD s. By Lemma 6.15, �.L/2 Le. /.
Since � 2 X , we get �.H�;c.L//D H�;c.L/D H ;c.�.L//. By Lemma 13.9, there is a unique L0 2 Le. /

that is in H ;c.�.L//. Hence �.L/D L0 and �.r/D r 0 WD @�L0.

We continue with the notation of Section 15 and also assume that a CT f 0 WG0!G0 representing  has
been chosen that realizes c. We use prime notation when working with  and r 0; for example, E 0 2 Ef 0
is the edge corresponding to r 0 and z̀01; z̀

0
2; : : : are the visible lines in zR0

zE 0
and ‰zr 0 is the lift ‰ 2  that

fixes zr 0.

Definition 16.2 Recall from Corollary 5.17, Definition 15.36 and Lemma 15.39 that S2.�/ is finite, that
for all b 2 S2.�/ there is a homomorphism mb W X ! Z and that mb.�/¤ 0. Define a homomorphism
Q� W X !QS2.�/ by letting the b-coordinate of Q�.�/ be Q�

b
.�/Dmb.�/=mb.�/.

Definition 16.3 Let � be the equivalence relation on S2.�/ generated by b � b0 if b and b0 occur in the
same r 2R.�/ (as defined in Notation 15.24), and let

S2.�/D S12 .�/tS22 .�/t � � �

be the decomposition of S2.�/ into �-equivalence classes. For each i , consider the diagonal action of Z

on QSi2.�/, ie kEs D EsC k.1; 1; : : : /. Let xQ� denote the homomorphism

Xc.�/
Q�
�!QS2.�/!xQS2.�/ WD .QS12 .�/=Z/˚ .QS22 .�/=Z/˚ � � � :

For the rest of the paper, Q and xQ will always denote Q� and xQ� .
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We can now state the second reduction of the conjugacy problem for UPG.Fn/ in Out.Fn/.

Proposition 16.4 There is an algorithm that takes as input �; 2 UPG.Fn/ and a chain c such that

� c is a special chain for � and  , and

� Ic.�/D Ic. /,

and that outputs YES or NO depending on whether or not there is a � 2 Ker. xQ�/ conjugating � to  .
Further , if YES, then such a � is produced.

Lemma 16.5 Proposition 16.4 implies Proposition 14.7 and hence Theorem 1.1.

Proposition 16.4 is proved in Section 17.

Lemma 16.5 is proved by applying the following technical proposition, whose proof takes up the rest of
this section.

Proposition 16.6 We have an algorithm that produces a finite set f�ig � X so that the union of the cosets
of Ker. xQ/ determined by the �i contains each � 2 X that conjugates � to  .

Proof of Lemma 16.5, assuming Proposition 16.6 Let f�ig be the finite set produced by Proposition 16.6
and let  i D  .�

�1
i
/. It follows that �� D  if and only if ��

0
i D  i , where � 0i D �

�1
i � , and that � is in

the coset represented by �i if and only if � 0i 2 Ker. xQ/. Thus, by applying Proposition 16.4 to � and  1,
we can decide if there exists � in the coset represented by �1 that conjugates � to  . If YES then return
YES and one such � . Otherwise move on to �2 and repeat. If NO for each �i , then return NO.

The following two lemmas are proved in Sections 16.1 and 16.3, respectively. In the remainder of
this section we use them to prove Proposition 16.6. The definition of topmost staple pair appears in
Notation 15.30. The definition of offset.�; r/ is given in Lemma 15.21(2). The partial order < on R.�/
is defined in Notation 6.1.

Lemma 16.7 Suppose that b 2 S2.�; r/ is topmost and that � 2 X conjugates � to  . Then given an
upper bound for joffset.�; r/j one can compute an upper bound for jm� .b/j.

Lemma 16.8 Suppose that � 2 X conjugates � to  and that r; r1 2R.�/ satisfy r1 < r . Then given an
upper bound for joffset.�; r/j one can compute an upper bound for joffset.�; r1/j.

Proof of Proposition 16.6, assuming Lemmas 16.7 and 16.8 We begin by computing D DD.�; /
so that jQb1.�/�Qb2.�/j < D for all � 2 X that conjugate � to  and all b1; b2 2 S2.�/ satisfying
b1 � b2.

Given r 2 R.�/ we will find Dr such that jQb1.�/�Qb2.�/j < Dr for all � 2 X that conjugate � to
 and all b1; b2 2 S2.�; r/. We then take D D jR.�/jmaxfDrg, where the jR.�/j factor allows us to
consider equivalent staple pairs that do not occur in the same ray.

Geometry & Topology, Volume 29 (2025)



1790 Mark Feighn and Michael Handel

For all s 2 Z, ��s is an element of X and conjugates � to  ; see Lemma 14.3. The translation number
�.�; r/ is defined in Notation 15.18. By definition and by Lemma 15.21 we have

offset.��s; r/D offset.�; r/C �.�s; r/D offset.�; r/C s�.�; r/:

Since
Qb1.��

s/�Qb2.��
s/D .Qb1.�/C s/� .Qb2.�/C s/DQb1.�/�Qb2.�/;

we may assume without loss of generality that

0� offset.�; r/� �.�; r/:

Using only this inequality we will produce an upper bound D0 for jm� .b/j when b 2 S2.�; r/. This
determines an upper bound for jQb.�/j when b 2 S2.�; r/, which when doubled gives the desired upper
bound Dr for jQb1.�/�Qb2.�/j when b1; b2 2 S2.�; r/.

If b is topmost in r then Lemma 16.7 gives us D0. Otherwise, choose r1 < r so that b is topmost in r1.
Apply Lemma 16.8 to find an upper bound for joffset.�; r1/j and then apply Lemma 16.7 to b and r1 to
produce D0 and hence D.

To complete the proof of Proposition 16.6, define

X .D/ WD f� 2 X j jQb1.�/�Qb2.�/j<D for all b1 � b2 2 S2.�/g:

Our choice of D guarantees that X .D/ contains all � 2 X that conjugate � to  . For each i , the image
of X .D/ by

Qi W X Q
�!QS2.�/!QSi2.�/

is discrete, Z-invariant, and contained in a bounded neighborhood of the diagonal in QSi2.�/. Hence the
image of X .D/ by

xQi W X Qi
�!QSi2.�/!QSi2.�/=Z

is finite and X .D/ is contained in finitely many cosets of Ker. xQi / and so also in finitely many cosets of
Ker. xQ/.

To get representatives of these cosets we must find, for each xq 2 xQ.X .D//, an element of X\ xQ�1.xq/. For
this, it is enough to express xq as a word in the xQ-image of the finite generating set GX for X D OutJ.Fn/

supplied by Lemma 11.2. To accomplish this, we find a finite subset S �QS2.�/ whose image in xQS2.�/

covers xQ.X .D// and then express the elements of S in terms of the Q.GX /. To find S , we first find finite
S i �QSi2.�/ whose image in QS i2.�/=Z covers xQi .X .D// and then take for S the direct sum of the S i , ie

S WD fq 2QS2.�/ j the projection of q to QSi2.�/ is in S ig:

We now find S i . By definition ofQ, the denominators of the coordinates of the image ofQ are bounded by
maxfmb.�/ j b 2 S2.�/g. For convenience, we assume we have cleared denominators and all coordinates
in the image of Q are integers. Each xqi in the image of xQi is represented by qi 2 QSi2.�/ with first
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coordinate equal to 0. Hence we may then take S i to be the set of vectors in QSi2.�/ with integer
coordinates of absolute value at most D and S to be the set of vectors in QS2.�/ with integer coordinates
of absolute value at most D.

The desired set of coset representatives can then be taken to be f�s j s 2S\Q.X .�//g where by definition
�s is a choice of element of X .�/ satisfyingQ.�s/D s. We compute S\Q.X .�// and �s as follows. First
compute Q.GX /. It remains to check which elements of S can be expressed as Z-linear combinations of
elements of this Q.GX / and to produce such a Z-linear combination if it exists. For this, recall that given
a finite set of vectors in ZN it is standard (see for example [Veblen and Franklin 1921]) to find compatible
bases B0 for the free Z-submodule they generate and B for ZN . (B0 and B are compatible if there is a
subset fbmg of B and integers nm such that B0 D fnm � bmg.) Without concern for efficiency, write each
element of S in terms of B and check using divisibility of coordinates if it can be written in terms of B0.

16.1 Proof of Lemma 16.7

Lemma 16.9 Assume that :

(1) � 2 X conjugates � to  .

(2) b 2 S2.�; r/ and b0 D �.b/ 2 S2. ; r 0/, where r 0 D �.r/.

(3) We are given

(a) a lift zr of r and a lift zb of b that is visible in zr with index i , and

(b) a lift zr 0 of r 0 and a lift zb0 of b0 that is visible in zr 0 with index i 0

such that ‚.zb/D zb0, where ‚ is the unique automorphism representing � and satisfying‚.zr/D zr 0.

Then one can compute mb.�/ up to an additive constant that is independent of � .

Proof We give a formula for mb.�/ up to an error of at most one in terms of quantities s and s0 (defined
below) and then show how to compute s and s0, up to a uniform additive constant, from i and i 0.

Let zb D .zL1; zL2/, where zL1 D z̀i�1 and zL2 D z̀i or z̀iC1 and let zA be the common axis for zb. By
Corollary 5.17, zA projects to a twist path w and we assume that the orientation on zA agrees with that
of w. Similarly, zb0 D .zL01; zL

0
2/, where zL01 D z̀

0
i 0�1 and zL02 D z̀

0
i 0 or z̀0i 0C1, and zA0 is the common axis

for zb0. Let zx1 be the nearest point on zA to the initial end @� zL1. (See Figure 7.) If L1 is not a linear
staple then H�;c.L1/D ŒF .@� zL1/; @C zL1�. In this case, the ray from zx1 to @� zL1 contains an edge z�i�1
of height greater than that of F.@� zL1/ and so zx1 is the nearest point on zA to any point in F.@� zL1/.

By hypothesis, �.L1/ D L01. Since � 2 X , it follows that L01 2 �.H�;c.L1// D H�;c.L1/. Choose
a homotopy equivalence h W G0 ! G that preserves markings. If L1 is linear then H�;c.L1/ D fL1g

so L01 D L1. In this case, we let zh1 W zG0 ! zG be the lift of h satisfying zh1.zL01/ D zL1. If L1 is not
linear then H�;c.L1/ D ŒFc.@� zL1/; @C zL1�. In this case, we let zh1 W zG0! zG be the lift of h satisfying
zh1#.
zL01/ 2 .@Fc.@� zL1/; @C zL1/. Let ‚1 be the unique lift of � satisfying ‚1.zL1/D zh1#.zL

0
1/ 2 H�;c.zL1/.
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0
1/
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Figure 7

Let zx2 and zy2 be the nearest points on zA to the terminal ends @C zL2 and zh1#.@C zL
0
2/, respectively.

Arguing as above, there is a lift zh2 W zG0! zG such that zh2#. zA
0/D zA and such that zx2 is the nearest point

to zh2.@C zL02/. Moreover, there is a lift ‚2 of � such that zh2#.zL
0
2/ D ‚2.

zL2/ 2 .@�L2; @Fc.@C zL2//. It
follows from Definition 15.36 that the oriented path z̨ � zA from zx2 to zy2 has the form zwmb.�/.

Let ž and ž0 be the paths in zA connecting zx2 to zx1 and zx1 to zy2, respectively. Let s and s0 be the number
of complete copies of zw (counted with orientation) crossed by the paths ž and ž0, respectively. Then
jmb.�/� .s

0C s/j � 1.

Determining s from the index i is straightforward. We consider the cases of Lemma 15.26. In case (1),
�i�i�iC1 is quasi-exceptional and �i D ws , where w is the twist path for �i and x�iC1. In case (a),
�i D E

0ws xE 00 for some E 0; E 00 2 Linw.f /. In case (b), �i D E 0 is linear with twist path w and `i is
not periodic. If �i has an initial segment of the form wj for some j > 0 then s is the maximal such j ;
otherwise �s is the maximal j � 0 such that �i has an initial segment of the form w�j . In case (c),
x�iC1DE

0 is linear with twist path w and `i�1 is not periodic. In this case s is determined by the maximal
initial segment of x�i of the form w˙j as in the case (b).

Let zx01 and zx02 be the nearest points on zA0 to @� zL01 and @C zL01, respectively. Let zw0 be a fundamental
domain for the natural action of Z on zA0. Arguing as above, using G0 in place of G, we can compute the
number t 0 of complete copies of zw0 (counted with orientation) crossed by the path connecting zx02 to zx01.
We can also compute the bounded cancellation constant C 0 for h; see [Cooper 1987], also [Bestvina et al.
1997, Lemma 3.1]. Since js0� t 0j< 2C 0, mb.�/D t 0C s up to the additive constant C D 2C 0C 1.
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Proof of Lemma 16.7 By Lemma 15.31 and Remark 15.32 applied to  , b0 D �.b/ and r 0 D �.r/ we
can find B 0 so that each lift zb0 2S2. ; zr 0/ of b0 that satisfies z̀0B 0 �

zb0 is visible in zr 0. After increasing B 0 if
necessary, we may assume that z̀0B 0 is topmost in zr 0. Now apply Lemma 15.31 to find a lift zb0 2 S2.�; zr/
of b. Using the given upper bound C on joffset.�; r/j, choose q� 0 so that z̀0B 0 � �.ˆ

qzb0/. Let zbDˆqzb0.
From C and q we can compute an upper bound I 0 for the index of �.zb/. By Lemma 15.31, we can list
all visible zb0 with index at most I 0 and so have finitely many candidates for �.zb/. Applying Lemma 16.9
to b and each of these candidates gives us the desired upper bound for mb.�/.

16.2 Stabilizing a ray

Suppose that Ei is the unique edge of height i > 0 and that � �G is a path with height i whose endpoints,
if any, are not contained in the interior of Ei . Recall from Definition 4.1.3 and Lemma 4.1.4 of [Bestvina
et al. 2000] that � has a unique splitting, called the highest-edge splitting of � , whose splitting vertices
are the initial endpoints of each occurrence of Ei in � and the terminal vertices of each occurrence of xEi
in � . In particular, each term in the splitting has the form Ei
 xEi , Ei
 , 
 xEi or 
 for some 
 �Gi�1.

The following lemma is used in the proof of Lemma 16.8. We make implicit use of [Feighn and Handel
2011, Lemma 4.6] which states that if f W G! G is completely split and a path � � G is completely
split then f k# .�/ is completely split for all k � 0.

Lemma 16.10 Suppose that f W G! G is a CT representing �, that the edge E corresponds to some
r 2R.�/, that � is a finite subpath with endpoints at vertices and that RD Œ�RE �. Equivalently , RD �R1
for some finite path � with endpoints at vertices and some subray R1 of RE . Then there exists a
computable k � 0 such that f k# .R/ is completely split.

Proof The proof is by induction on the height h of R, with the base case being vacuous because the
lowest stratum in the filtration is a fixed loop.

We are free to replace R by an iterate f l# .R/ whenever it is convenient. We also have a less obvious
replacement move.

(1) If there is a splitting RD � �R0 where � has endpoints at vertices then we may replace R by R0.

This follows from:

� [Feighn and Handel 2011, Lemma 4.25] For any finite path � with endpoints at vertices, f k# .�/ is
completely split for all sufficiently large k.

� [Feighn and Handel 2011, Lemma 4.11] If a path � has a decomposition � D �1�2 with �1 and
�2 completely split and the turn .x�1; �2/ legal then � D �1�2 is a complete splitting.

� One can check if a given finite path with endpoints at vertices has a complete splitting (because
there are only finitely many candidate decompositions).
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Let h1 be the height of R1. Each splitting vertex v for the highest-edge splitting of R1 is also a splitting
vertex for the complete splitting of RE and so determines a splitting of R1 into a finite initial subpath
followed by a completely split terminal ray 
 . If hD h1, then v determines a splitting of R into a finite
initial subpath followed by 
 . In this case, an application of (1) completes the proof.

We may therefore assume that h1 < h and so the highest-edge splitting of R is finite. Applying (1),
we may assume that the highest-edge splitting of R has just one term. Thus R D Eh�R1, where Eh
is the unique edge with height h and � has height less than h. Let h2 < h be the height of R2 D �R1.
(At various stages of the proof, we will let R2 be the ray obtained from R by removing its initial edge.
The exact edge description of R2 will vary with the context.)

Let uh be the path satisfying f .Eh/DEh �uh. If the height of uh is > h2 then f#.R/DEh � Œuhf#.R2/�

is a splitting so we may replace R by Œuhf#.R2/�, which has height less than h. In this case the induction
hypothesis completes the proof. If the height of uh is < h2 and R2 D �1 � �2 � : : : is the highest-edge
splitting of R2, then R D ŒEhuh�1� � �2 � : : : is a splitting and the same argument completes the proof.
We are now reduced to the case that the height of uh is h2, and we make this assumption for the rest of
the proof.

We claim that there exists k � 0 so that Ehuhf#.uh/ is an initial segment of f k# .R/. (Note that for any
given k, one can check if Ehuhf#.uh/ is an initial segment of f k# .R/ and so k with this property can
be computed once one knows that it exists.) Choose a lift zEh � zG of Eh, let � be the component of
the full preimage of Gh2 that contains the terminal zy endpoint of zEh and let zf W zG! zG be the lift of f
that fixes the initial endpoint zx of zEh. Then � is zf -invariant and the lift of R whose first edge is zEh
decomposes as zRD zEh zR2, where zR2 � � is a lift of R2. Let zuh be the lift of uh with initial endpoint zy.
Then zf . zEh/ D zEh � zuh and zR zEh n

zEh D zuh � f#.zuh/ � f
2

# .zuh/ � : : : is a ray of height h2 that converges
to an attracting fixed point Q 2 @� for the action of zf on @� . By Lemma 2.8(ii) of [Bestvina et al.
2004] there is another fixed point P ¤Q 2 @� for the action of @ zf . The line

��!
PQ � � from P to Q is

zf#-invariant and has height h2. Let V be the set of highest-edge splitting vertices of
��!
PQ with the order

induced by the orientation on
��!
PQ. Then zf# preserves the highest-edge splitting of

��!
PQ and so zf induces
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an order-preserving bijection of V . Our choice of Q guarantees that zf moves points in V away from
P and towards Q. Since zf induces an order-preserving injection of the set V 0 of highest-edge splitting
vertices of zR zEh n zEh into itself, it follows that V 0 � V . To see this, note that for each zv0 2 V 0 and all
sufficiently large m, zf m.zv0/ is a highest-edge splitting vertex for the common terminal ray of

��!
PQ and

R zEh n
zEh and so zf m.zv0/ 2 V . Since the restriction of zf m to the vertex set of � and the restriction of

zf m to V are bijections, zv0 2 V .

Since zr is an attractor for ˆzr , we get zr ¤ P . If zr DQ then the lemma is obvious so we may assume
that the nearest-point projection p.zr/ of zr to

��!
PQ is well-defined. The line

�!
zrQ intersects

��!
PQ in the

ray
����!
p.zr/Q. The set of highest-edge splitting vertices of

����!
p.zr/Q equals the intersection of the set of

highest-edge splitting vertices of
��!
PQ and the set of highest-edge splitting vertices of

�!
zrQ. It follows that

the set of highest-edge splitting vertices of
��������!
p. zf#.zr//Q is the zf#-image of the set of highest-edge splitting

vertices of
����!
p.zr/Q. Thus p.f k# .zr//!Q and, after replacing R by some zf k# .R/, we may assume that

p.zr/ is contained in f 2# .zuh/ �f
3

# .zuh/ � : : : . This completes the proof of the claim.

We now fix k satisfying the conclusions of the above claim and replace R by f k# .R/. Thus R D
Ehuhf#.uh/ � � � and we let R2 D uhf#.uh/ � � � be the terminal ray of R obtained by removing its initial
edge. We will prove that the decomposition of R determined by the highest-edge splitting vertices of R2
is a splitting of R. The proof then concludes as in previous cases.

We continue with the notation established in the proof of the claim. Choose zv 2 V \ zuh and decompose
zR as zRD z̨ žz
 , where

z̨ D
�!
zxzv; ž D

����!

zv zf .zv/ and z
 D
����!
zf .zv/zr:

Since z̨ ž is a subpath of zEh � zuh �f#.zuh/ �f
2

# .zuh/ � : : : , no edges of height h2 are canceled when zf .z̨ ž/
is tightened to zf#.z̨ ž/. Similarly, no edges of height h2 are canceled when zf . žz
/ is tightened to zf#. žz
/

because žz
 is a concatenation of terms in the highest-edge splitting of zR2. Since ž contains at least one
edge of height h2, it follows that no edges of height h2 are canceled when zf . zR/D zf .z̨ žz
/ is tightened
to zf#.R/. This proves that the highest-edge splitting of zR2 is a splitting of zR, as desired.

16.3 Proof of Lemma 16.8

Recall from Notation 15.18 and Lemma 16.1 that T�;zr is the set of topmost elements of �NP.�; zr/ and
that r 0 D �.r/ and r 01 D �.r1/ are independent of � 2 X that conjugates � to  .

Suppose that zr1 and zr 01 are lifts of r1 and r 01, respectively, and that ‚ is the lift of � satisfying ‚.zr1/D zr 01.
If ‚.zL/D zL0, where zL 2 T�;zr1 has index s and zL0 2 T ;zr 01 has index s0, then offset.�; r1/D s

0� s. We
will not be able to find zL and zL0 whose indices we know exactly but we will be able to find zL and zL0

whose indices we know up to a uniform bound, and this is sufficient.
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Before beginning the formal proof, we introduce a way to find distinguished elements of T�;zr1 .

Notation 16.11 Suppose r1<c r (Notation 6.1) and that zr1 and zr are lifts such that T�;zr1\�NP.�; zr/¤∅.
The .zr; zr1/-extreme line is the element of T�;zr1 \�NP.�; zr/ that is maximal in the order on T�;zr1 .

The next lemma states that extreme lines behave well with respect to conjugation.

Lemma 16.12 Suppose that � conjugates � to  , that ‚ 2 � , that zr and zr1 are lifts of r >c r1 and that
zL2 2 T�;zr1 is .zr; zr1/-extreme. Then ‚.zL2/ is .‚.zr/;‚.zr1//-extreme.

Proof This follows from Lemmas 15.21 and 15.3, which imply that ‚ maps T�;zr1 to T ;‚.zr1/ preserving
order, and maps �NP.�; zr/ to �NP. ;‚.zr//.

Proof of Lemma 16.8 If C is an upper bound for joffset.�; r/j, it suffices to find, for each jcj � C ,
an upper bound C1;c for joffset.�; r1/j assuming that offset.�; r/D c. The desired upper bound C1 for
joffset.�; r1/j is then maxfC1;cg. Going forward we may therefore assume that we know joffset.�; r/j

exactly.

There is no loss of generality in assuming r1 <c r . Let E and E1 be the elements of Ef corresponding
to r and r1, respectively. We will assume that E1 occurs in RE ; the remaining case, in which xE1 but
not E1 itself occurs in RE , is similar and is left to the reader. Recall from Notation 15.18 that the
visible elements of T�;zr are enumerated zL1; zL2; : : : . For j � 0, define qj � 0 by zLj D z̀qj and so
zLj D . zR

�
qj
/�1z�qj

zRCqjC1.

The first step of the proof is to show that:

(a) There is a computable J > 0 so that if j � J and if zr1;j WD @C zLj is a lift of r1 (equivalently,
�qjC1 D E1 and RCqjC1 D RE1), then the line Sj connecting zr D @C zR zE to zr1;j is completely
split. See Figure 9.

zE

z�qjC1 zw0

zw4

SjTj

zR zE

zr

zr1;j

Figure 9
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Lemma 15.20 implies that zf k# .zLj /D zLjCk�.�;r/ and hence zf k# .Sj /D SjCk�.�;r/. It therefore suffices
to show that for each 0� j � �.�; r/, there is a computable K � 0 so that zf K# .Sj / (and hence zf k# .Sj /
for all k �K) is completely split.

The line Sj decomposes as a concatenation of (the inverse of) a ray in zR zE n zE and a proper subray of
a lift of RE1 . The height of the former is at least that of E1 and the height of the latter is at most that
of E1. Moreover, zR zE1 n

zE1 has height less than that of E1. It follows that zR zE n zE and Sj have the
same height and that each splitting vertex zv for the highest-edge splitting of Sj is contained in zR zE n zE
and is a splitting vertex for zR zE . Splitting Sj at one such zv we write Sj D zA�1j � zBj , where Aj is a
concatenation of terms in the complete splitting of RE , and Bj has a subray in common with RE1 . For
all k � 0, SjCk�.�;r/D zf k# .Sj /D zf

k
# .
zA�1j / � zf k# .

zBj /. By Lemma 16.10, we can find K so that f K# .Bj /

is completely split. It follows — see the second bullet point in the proof of Lemma 16.10 — that zf K# .Sj /

is completely split. This completes the first step.

Let T ;zr 0 D fzL01; zL02; : : :g be the set of topmost elements of �NP. ; zr
0/. By definition, ‚.zLj / D

zL0jCoffset.�;r/. The following  and r 0 analogue of (a) is verified by the same arguments given for (a):

(b) There is a computable J 0 > 0 such that if j � J 0 and if zr 01;j WD @C
zL0j projects to r 01, then the line

S 0j connecting zr 0 to zr 01;j is completely split.

Note also that:

(c) For all j � 1, the line Tj connecting the initial vertex of zR zE to zr1;j is completely split, and
similarly for the line T 0j connecting the initial vertex of zR0

zE 0
to @C zL0j .

For j � 0, let Vj be the set of highest-edge splitting vertices of zRCqjC1 n z�qjC1 (which is a terminal ray
of zLj ) and V 0j be the set of highest-edge splitting vertices of zR0Cq0jC1 n z�

0
q0
j
C1. The second step of the proof

is to choose an index j so that the following four properties are satisfied:

(i) Sj is completely split.

(ii) There exist zw 2 Vj such that zw; zf . zw/; zf 2. zw/ 2 zRCqjC1\
zR zE .

(iii) Letting j 0 D j C offset.�; r/, the line S 0j 0 is completely split.

(iv) There exist zw0 2 V 0j 0 such that zw0; zg. zw0/; zg2. zw0/ 2 zR0
C

q0
j 0
C1\

zR0
zE 0

.

Items (i) and (iii) hold for all j � maxfJ; J 0 � offset.�; r/g. For (ii), write j D aj C cj �.�; r/, where
0 � aj < �.�; r/. Then zLj D zf

cj
# .zLaj /, and zLj \ zR zE contains an initial segment of zRCqjC1 whose

length goes to infinity with j . If cj is sufficiently large then (ii) is satisfied. Item (iv) is established in the
same way, completing the second step.

We have ‚.zr/ D zr 0 and ‚.zLj / D zL0j 0 . The latter implies that ‚.zr1;j / D zr 01;j 0 . Lemma 16.12 implies
that ‚ maps the .zr; zr1;j /-extreme line to the .zr 0; zr 01;j 0/-extreme line. Let sj be the index of the .zr; zr1;j /-
extreme line (as an element of Tzr1;j ) and let s0j 0 be the index of the .zr 0; zr 01;j 0/-extreme line (as an element
of Tzr 0

1;j 0
). Then offset.�; r1/D s

0
j 0 � sj . We will complete the proof by finding aj � sj � bj such that
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bj � aj � 3�.�; r1/, and a0j 0 � s
0
j 0 � b

0
j 0 such that b0j 0 � a

0
j 0 � 3�. ; r

0
1/D 3�.�; r1/. These allow us to

compute offset.�; r1/ with an error at most 6�.�; r1/ and hence compute an upper bound for offset.�; r1/.

Let h2 be the height of RE1 nE1 (which is the same as the height of zRCqjC1 n z�qjC1) and let E2 be the
unique edge of height h2. We claim that:

(d) Each zw 2 Vj \ zR zE is a splitting vertex for the complete splittings of Tj and zR zE .

It suffices to show that zw is not contained in the interior of a term z� in one of those splittings. Such
a z� would be an indivisible Nielsen path or exceptional path with height � h2 and whose first edge is
contained in zRCqjC1 n z�qjC1 (because z�qjC1 is a term in both splittings) and so has height at most h2.
Thus E2 would be a linear edge with twist path w2 and � would have one of the following forms:
E2w

p
2
xE2, E2w

p
2
xE3 or E3w

p
2
xE2, where p ¤ 0 and where E3 ¤E2 is a linear edge of height < h2 with

twist path w2. In none of these cases does the interior of � contain a vertex that is the initial endpoint
of E2 or the terminal endpoint of xE2. This completes the proof of (d).

A similar analysis shows that:

(e) Each zw 2 Vj that is disjoint from zR zE is a splitting vertex for the complete splittings of Sj and Tj .

Let zw0 be the last element of Vj such that zw1 D zf . zw0/ and zw2 D zf 2. zw0/ are contained in zR zE (and
hence contained in Vj \ zR zE ). Item (d) implies that the path z̨ connecting zw0 to zw2 inherits the same
complete splitting from zR zE and from zRCqjC1. Thus the lift z�a of E2 or xE2 with endpoint zw1 determines
an element zL1 of T�;zr1;j \�NP.�; zr/. (If z�a is a lift of E2 then zw1 is the initial endpoint of z�a and
zL1 D z̀a�1; if z�a is a lift of xE2 then zw1 is the terminal endpoint of z�a and then zL1 D z̀a1 .) In particular,
the index sj of the .zr; zr1;j /-extreme line (as an element of T�;zr1;j \�NP.�; zr/) is at least as big as that
of zL1.

Let zw3 D zf 3. zw0/ and zw4 D zf 4. zw0/, neither of which is contained in zR zE . The lift of E2 or xE2 with
endpoint zw4 determines an element zL4 in T�;zr1;j . Item (e) and the hard splitting property of a complete
splitting (Lemma 4.11 of [Feighn and Handel 2011]) implies that no point in the terminal ray of zRCqjC1
that begins with zw4 is ever identified, under iteration by zf , with a point in zR zE . It follows that zL4 is not
an element of �NP.�; zr/ and so sj is less than the index of zL4.

Combining the inequalities established in the preceding two paragraphs we are able to compute sj with
an error of at most 3�.�; r1/. The parallel argument allows us to compute the index s0j of the .zr 0; zr 01;j 0/-
extreme line (as an element of T�;zr1;j ) with an error of at most 3�. ; r 01/D 3�.�; r1/. As noted above,
this completes the proof.

17 Proof of Proposition 16.4

Some of our arguments are by induction up through the elements Fk of the chain c. We write �jFkD jFk
if �jŒF � D  jŒF � for each component ŒF � of Fk . Similarly, we say � jFk conjugates �jFk to  jFk
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if �� jFk D  jFk . If Gs is the core filtration element corresponding to Fk and if C is a component
of Gs with rank one, then ŒC � is a component of F0 and we define �.f jC/D C . With this convention,
�.f jGs/ is the disjoint union

F
�.f jCi / as Ci varies over the components of Gs . (See Section 4.1.)

We show below that Proposition 16.4 is a consequence of the following lemma and proposition. The
former addresses the restrictions to F0 and the latter provides the inductive step for the higher-order
one-edge extensions.

Lemma 17.1 Suppose that �; 2 UPG.Fn/ share the special chain c and satisfy Ic.�/ D Ic. /. Let
F0 D F0.�/D F0. /. Then

(1) �.L/D L for each � 2 X and each L 2�.�/ that is carried by F0, and

(2) if there exists �0 2 X such that ��0 jF0 D  jF0, then �jF0 D  jF0 and �� jF0 D  jF0 for all
� 2 X .

Proposition 17.2 Suppose that �; 2 UPG.Fn/ share the special chain c and satisfy Ic.�/D Ic. /, and
that the special one-edge extension eD .F� @ FC/ in c satisfies

(1) �jF� D  jF�,

(2) fL 2�.�/ j L� F�g D fL0 2�. / j L0 � F�g.

Then there is an algorithm to decide if there exists � 2 Ker. xQ/ < X such that the following are satisfied :

(3) �� jFC D  jFC,

(4) �.fL 2�.�/ j L� FCg/D fL0 2�. / j L0 � FCg.

Moreover , if such an element � exists , then one is produced.

Before proving Lemma 17.1 and Proposition 17.2, we use them to prove Proposition 16.4.

Proof of Proposition 16.4, assuming Lemma 17.1 and Proposition 17.2 If �jF0 ¤  jF0, then no
element of X conjugates � to  by Lemma 17.1(2) so we return NO and STOP. Otherwise, �� jF0D jF0
for all � 2 X .�/, and we define �0 Didentity and  0 D  .

Suppose cD.F0@F1@ � � �@Ft /. Apply Proposition 17.2 with .�;  0;F0;F1/ in place of .�;  ;F�;FC/.
If the 17.2-algorithm returns NO then there is no � as in the conclusion of Proposition 16.4 because
any such � would satisfy items (3) and (4) of Proposition 17.2; we return NO and STOP. Otherwise,
Proposition 17.2 gives us an element �1 2 Ker. xQ/. Letting  1 D  

.��11 /
0 we have that �jF1 D  1jF1

and fL 2 �.�/ j L � F1g D fL0 2 �. 1/ j L0 � F1g. From �1 2 X and Lemma 14.6, it follows that
I.�/D I. 1/.

Apply Proposition 17.2 with .�;  1;F1;F2/ in place of .�;  ;F�;FC/. Suppose that the 17.2-algorithm
returns NO. Then there are no elements of Ker. xQ/ that conjugate �jF2 to  1jF2, and so also no elements
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of Ker. xQ/ that conjugate � to  1. It follows also then that there are no elements � of Ker. xQ/ that
conjugate � to  . Indeed for such a � , ��11 � would conjugate � to  1. We therefore return NO and
STOP. Otherwise, Proposition 17.2 gives us an element �2 2 Ker. xQ/. Letting  2 D  .�2/

�1

1 we have
that �jF2 D  2jF2 and fL 2 �.�/ W L � F2g D fL0 2 �. 2/ W L0 � F2g. As in the previous case,
I.�/D I. 2/. Repeat this until either some application of Proposition 17.2 returns NO or until we reach
 t D 

.�1:::�t /
�1

satisfying �D �jFt D t jFt D t . In the former case there is no � as in the conclusion
of Proposition 16.4 and we return NO and STOP. In the latter case � D �1 : : : �t conjugates � to  and is
an element of Ker. xQ/; we return YES and � and then STOP.

Proof of Lemma 17.1 If L2�.�/ is carried by F0, then the ends of L are periodic. If L is periodic then
zLD a1 for some Œa� 2A.�/; see Corollary 5.17(1). By definition of X , �.Œa�/D Œa� and so �.L/D L.
Otherwise, L 2 �NP.�/ has type P-P, in which case H.L/ determines L; see Section 13. Again by
definition of X , �.H.L//D H.L/ and so �.L/D L. This verifies (1).

It suffices to show that if a free factor F represents a component of F0 then either �� jF D  jF for all
� 2 X .�/ (and in particular for � D identity) or �� jF D  jF is satisfied by no element of X .�/.

Let �F D �jF and  F D  jF . If F has rank one, then �F and  F are both the identity because � and
 are rotationless. We may therefore assume that F has rank at least two. Since R.�F /D∅, Lemma 3.9
implies that FixN.ˆF /D @ Fix.ˆF / for each ˆF 2P.�F /. Also, FixN.ˆF / contains at least three points,
so Fix.ˆF / has rank at least two and Fix.ˆF /¤ Fix.ˆ0F / for ˆF ¤ˆ0F 2 P.�F / by Lemma 4.4.

There is a uniqueˆ2P.�/ such thatˆF DˆjF . From I.�/D I. /, it follows that there exists‰ 2P. /
such that Fix.ˆ/D Fix.‰/. Since � 2 X , there exists ‚ representing � such that Fix.ˆ/ is ‚-invariant.
It follows that ‚.F / \ F is nontrivial and hence that ‚.F / D F (because F is a free factor and �
preserves ŒF �). Letting ‰F D‰jF and‚F D‚jF , we have that FixN.ˆF /D @ Fix.ˆF /D @ Fix.‰F /D

FixN.‰F / is ‚F -invariant.Lemma 4.1 implies that the eigengraphs for �F and for  F carry the same
lines and that � preserves this set of lines. Thus �F ,  F and �F satisfy the hypotheses of Lemma 4.21.

If a 2 F is fixed by distinct ˆF ; ˆ0F 2 P.�F / then ŒˆF ; a� is an element of SA.�F / and Œˆ; a� is an
element of SA.�/. Lemma 4.21 implies that

ŒˆF ; a� 7! Œ‰F ; ‚F .a/�

defines a bijection BSA;F W SA.�F /! SA. F / that is independent of the choice of ‚F representing �F
and preserving FixN.ˆF /. Since � 2 X , by Definition 14.1(6) we have ŒFix.ˆ/; a�D �.ŒFix.ˆ/; a�/D

Œ‚.Fix.ˆ//;‚.a/�D ŒFix.ˆ/;‚.a/�. Equivalently, there exists c 2Fn such that ic.Fix.ˆ//D Fix.ˆ/ and
ic‚.a/D a. Thus c 2 Fix.ˆ/ and after replacing ‚ by ic‚ we may assume that ‚.a/D a and hence
that ‚F .a/D a. We conclude that BSA;F is independent of � .

Check by inspection if BSA;F preserves twist coordinates. If it does then Lemma 4.21 implies that each
� 2 X .�/ conjugates �F to  F ; if not, then no element of X .�/ conjugates �F to  F .
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The rest of the paper is dedicated to the proof of Proposition 17.2.

Set cD .F0 @ F1 @ � � �@ Ft ) and thus e 2 c has the form F� @ FC, where F� D Fk�1 and FC D Fk
for some 1� k � t . (We will use these notations interchangeably depending on the context.)

Definition 17.3 For � D˙, X � is the set of � 2 X such that

(a) � 2 Ker. xQ/, and

(b) � jF� conjugates �jF� to  jF�.

By the next lemma, our goal is to produce an element of XC or deduce that XC is empty.

Lemma 17.4 An element � 2 Ker. xQ/ satisfies items (3) and (4) of Proposition 17.2 if and only if
� 2 XC.

Proof Comparing the definitions, it suffices to show that each � 2 XC satisfies Proposition 17.2(4);
namely, �.fL 2�.�/ j L � FCg/D fL0 2�. / j L0 � FCg. By symmetry, it suffices to show that if
L 2�.�/ is carried by FC then �.L/ 2�. / is carried by FC. Since FC is �-invariant, it suffices to
show that �.L/ 2�. /. If L is periodic then zLD a1 for some Œa� 2A.�/ by Corollary 5.17(1). Since
� 2X , one has that �.Œa�/D Œa� and �.L/DL2�. /. OtherwiseL2�NP.�/ and, as Ic.�/D Ic. /, there
exists L0 2�NP. / such that H.L/D H.L0/. Since � jFC conjugates �jFC to  jFC, Corollary 5.17(4)
and Lemmas 4.1 and 3.16 imply that �.L/ lifts into �.gu0/. Also, �.L/ 2 �

�
H.L/

�
D H.L/ D H.L0/

because � 2 X . Lemma 13.9 implies that �.L/D L0 2�NP. /, and we are done.

By [Feighn and Handel 2018, Theorem 7.4] we can choose CTs f WG!G and g WG0!G0 representing
� and  , respectively, such that each Fi is realized by a core filtration element and such that the core
filtration elements of G and G0 realizing F� D Fk�1 are identical as marked graphs and that after
identifying them to a common subgraph Gs , the restrictions fs D f jGs and gs D gjG0s are equal. In
particular,

(1) �.fs/D �.gs/.

Before describing fs and gs in more detail, we record some useful properties of X�. We define
R.�jF�/D[R.�jŒF �/ as ŒF � varies over the components of F�.

Lemma 17.5 Each � 2 X� satisfies the following properties:

(1) � jF� commutes with �jF� D  jF�.

(2) � fixes each element of �.�/ that is carried by F�.

(3) � fixes each element of R.�jF�/.
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Proof Property (1) follows from Definition 17.3(b) and the hypothesis that �jF�D jF�. For (2), note
that if L 2�.�/ is carried by F� then L lifts to �.fs/ by Corollary 5.17(4) so (1) and Lemmas 4.1 and
3.16 imply that �.L/ 2 �.gs/. Since �.L/D L if L is periodic and otherwise �.L/ 2 �.H.L//D H.L/,
(2) follows from (1) and Lemma 13.9. By (1) and Lemma 16.1, �.r/ is independent of � 2 X�. Item (3)
therefore follows from the fact that X� contains the identity.

Suppose that Gu �G and G0u0 �G
0 are the core filtration elements realizing FC D Fk . Let fu D f jGu

and gu0 D gjG0u0 . Since F� @ FC is a special one-edge extension, Gu is obtained from Gs by adding a
single topological arc E which is either a single edge D or is the union E D xCD of a pair of edges C
and D with common initial endpoint not in Gs . (We have previously denoted edges in G by E and now
we are using C and D instead and using E for a topological arc. This is more convenient for the current
argument and should not cause confusion.) By Lemma 6.9, there are three possibilities. In each case,
there is one component ��.fu/ of �.fu/ that is not a component of �.fs/.

[HH] (E D xCD consists of two higher-order edges) �.fu/ is obtained from �.fs/ by adding a new
component ��.fu/ which is a line labeled R�1C �RD .

[LH] (E D xCD where C is linear and D is higher-order) �.fu/ is obtained from �.fs/ by adding a
new component ��.fu/ which is a one-point union of a lollipop corresponding to C and a ray
labeled RD .

[H] (E D D, a higher-order edge) �.fu/ is a one-point union of �.fs/ and a ray labeled RD .
��.fu/ is the one-point union of a component ��.fs/ of �.fs/ and a ray labeled RD .

Similarly, we can orient the topological arc E 0 that is added to Gs DG0s to form G0u0 so that �.gu0/ is
obtained from �.gs/ in one of these three ways.

By Lemmas 6.10 and 6.13, we may assume:

(2) The extensions �.fs/� �.fu/ and �.gs/� �.gu0/ have the same type HH, LH or H.

For if not, then �jFC and  jFC are not conjugate by an element of X so we return NO and STOP.

Remark 17.6 A vertex v in G that is new in an HH extension, is not incident to any fixed or linear
edge. It therefore follows from the construction of �.f / given at the beginning of Section 4.1 that the
component �.f; v/ of �.f / corresponding to v is obtained from the disjoint union of eigenrays RE , one
for each E 2 E.f / with initial vertex v, by identifying their initial vertices. Similarly, if v is new in an
LH extension, then �.f; v/ is the one-point union of the lollipop associated to the unique linear edge with
v as initial vertex and the eigenrays RE associated to E 2 Ef with v as initial vertex.

Lemma 17.7 Suppose that e has type H and that XC ¤∅. Then ��.fs/D ��.gs/.
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Proof Assume that � 2 XC. Denote the set of lines that lift into a Stallings graph � by ƒ.�/. Lemmas
3.16 and 4.1 imply that �.ƒ.��.fu///Dƒ.��.fu0//. By construction,

ƒ.��.fs//D fL 2ƒ.��.fu// j L�Gsg and ƒ.��.gs//D fL 2ƒ.��.gu// j L�Gsg:

Thus �.ƒ.��.fs///Dƒ.��.fs//.

The proof now divides into cases. If ��.fs/ contains a ray corresponding to some r 2R.�/ thenƒ.��.fs//
contains a line that ends at r . Lemma 17.5(3) then implies that ƒ.��.gs// contains a line that ends at r
and hence that ��.fs/ contains a ray corresponding to r 2R.�/. This proves that ��.fs/D ��.gs/.

We may now assume that ��.fs/ is compact. If ��.fs/ has rank at least two then �1.��.fs// is a
component of Fix.�/ and is hence �-invariant. In this case, �1.��.fs//D �1.��.gs//. Lemma 4.4(1)
implies that ��.fs/D ��.gs/. The final case is that ��.fs/ has rank one and so is a topological circle
labeled by a component Y of G0 consisting of a single edge e. In this case, ƒ.��.fs//D fe1; e�1g,
which is � -invariant. It follows that ƒ.��.gs//D fe1; e�1g and hence that ��.fs/D ��.gs/.

We may therefore assume that:

(3) In the case H, ��.fs/D ��.gs/.

We next apply the recognition theorem to give criteria for an element in X� to be in XC.

Lemma 17.8 The following are equivalent for each � 2 X�:

(1) � 2 XC; equivalently, � jFC conjugates �jFC to  jFC.

(2) (a) A line L lifts into �.fu/ if and only if �.L/ lifts into �.gu0/.

(b) If F� @ FC has type LH then the twist index for C with respect to f equals the twist index
for C 0 with respect to g. Equivalently, if f .C /D Cwd , then g.C 0/D C 0wd .

Proof (1) implies (a) by Lemmas 4.1 and 3.16. We may therefore assume that (a) is satisfied and prove
that (1) is equivalent to (b).

If ŒF � is a component of FC that is also a component of F� then � jF conjugates �jF to  jF because
� 2 X�. We may therefore restrict our attention to the unique component of FC that is not also a
component of F�. In other words, we may assume that Gu is connected and so may assume that GuDG
and FC D fŒFn�g.

By Lemma 4.21, there is a bijection B W SA.�/! SA. / that preserves twist coordinates if and only if �
conjugates � to  . By definition of X , � preserves each element of Aor.�/. We are therefore reduced to
showing that (b) is satisfied if and only if the following is satisfied for each Œa� 2Aor.�/:

(�) The restricted bijection B W SA.�; Œa�/! SA. ; Œa�/ preserves twist coordinates.
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Since (�) is satisfied for Œa� if and only if it is satisfied for Œxa�, we may assume that the twist path w for
Œa�u satisfies Œa�D Œw�. Extending Notation 4.7, we define

P.�; a/ WD fˆa;0; : : : ; ˆa;m�1g:

In particular, ˆa;0 is the base principal lift for a (with respect to f ) and there is an order-preserving
bijection between the set fE1; : : : ; Em�1g of linear edges with axis Œa� and fˆa;1; : : : ; ˆa;m�1g. For
1 � j � m� 1, there exist distinct twist indices dj ¤ 0 such that f .Ej / D Ejwdj . Define d0 D 0.
Lemmas 4.8 and 4.12 imply that

SA.�; Œa�/D fŒˆa;0; a�; : : : ; Œˆa;m�1; a�g

and that the twist coefficient for the pair .Œˆa;i ; a�; Œˆa;j ; a�/ is di � dj .

We consider two cases. In the first, we assume that either

� F� @ FC has type LH and C … fE1; : : : ; Em�1g, or

� F� @ FC does not have type LH,

and we prove that (�) is satisfied.

In this case,

P. ; a/D f‰a;0; : : : ; ‰a;m�1g and SA. ; Œa�/D fŒ‰a;0; a�; : : : ; Œ‰a;m�1; a�g;

with the same sequence of linear edges fE1; : : : ; Em�1g and the same sequence of twist indices
fd0; : : : ; dm�1g. The bijection B W SA.�/! SA. / induces a permutation � of f0; : : : ; m� 1g satisfying
B.Œˆa;i ; a�/D Œ‰a;�.i/; a�. We will show that � is the identity and hence that B W SA.�; Œa�/! SA. ; Œa�/

preserves twist coordinates.

Choose an automorphism ‚ representing � and fixing a. By Lemma 4.21,

‚.FixN.ˆa;i //D FixN.‰a;�.i//:

Let Cs be the component of Gs that contains w, and hence contains each Ei , and let ŒF � be the
corresponding component of F�; we may assume without loss of generality that a 2 F . Applying
Notation 4.7 to �jF D  jF represented by the CT f jCs , we see that

P. jF; a/D P.�jF; a/ D fˆa;0jF; : : : ; ˆa;m�1jF g;
SA. jF; Œa�/D SA.�jF; Œa�/D fŒˆa;0jF; a�; : : : ; Œˆa;m�1jF; a�g;

with the same sequence of linear edges fE1; : : : ; Em�1g and the same sequence of twist indices
fd0; : : : ; dm�1g. Since Cs is f -invariant and ŒF � is �-invariant, (a) implies that the set of lines that
lift to �.fs/ is �-invariant. Applying Lemma 4.21 produces a permutation BF of SA.�jF; Œa�/ and
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an induced permutation �F of f0; : : : ; m � 1g. Since � jF commutes with �jF , BF preserves twist-
coordinates. Thus, di � dj D d�F .i/ � d�F .j / for all i and j . The only possibility is that �F is the
identity and so

FixN.‰a;�.i//\@F D‚.FixN.ˆa;i //\@F D .‚jF /.FixN.ˆa;i jF //D FixN.‰a;i jF /D FixN.‰a;i /\@F:

It follows that FixN.‰a;�.i//\ FixN.‰a;i / contains FixN.‰a;i /\ @F , which has cardinality at least three.
Lemma 3.7 implies that �.i/D i , as desired. This completes the first case.

For the second case, we assume that:

� F� @ FC has type LH and C 2 fE1; : : : ; Em�1g,

and prove that (�) is equivalent to (b).

Assuming without loss of generality that C D Em�1, the sequence of linear edges for  is given by
fE1; : : : ; Em�2; C 0g with twist indices fd0; : : : ; dm�2; d 0m�1g. Thus (b) is the statement that dm�1 D
d 0m�1 and we are reduced to showing that � is the identity.

If m> 2 then P.�jF; a/D P. jF; a/ is indexed by fE1; : : : ; Em�2g and the above analysis applies to
show that � restricts to the trivial permutation of f0; : : : ; m� 2g. It then follows that � must fix the one
remaining element m� 1 of f0; : : : ; m� 1g.

We are now reduced to the case that m D 2. In particular, Œa� … A.�jF /. By construction, the base
lift ˆa;0 restricts to an element of P.�jF; a/. It follows that ˆa;1 does not restrict to an element of
P.�jF; a/. The same holds for ‰a;0 and ‰a;1. Since conjugation by � jF preserves P.�jF; a/, it must
be that ˆ‚a;0 D‰a;0 and ˆ‚a;1 D‰a;1. This completes the proof of the lemma.

The next step in the algorithm is to check if the following condition is satisfied:

(4) If F� @ FC has type LH then the twist index for C with respect to f equals the twist index for
C 0 with respect to g.

If not, return NO and STOP. This is justified by Lemma 17.8.

Lemma 17.9 It holds that �.r/D r for all � 2 X� and r 2�R.�/DR.�jFC/ nR.�jF�/.

Proof Since � 2 Ker. xQ/, there exists p 2 Z such that Qb.�/ D p for all b 2 S2.�/ that occur in r .
Letting � D ��1�p, it follows that Qb.�/ D 0 for all b 2 S2.�/ that occur in r . Thus � satisfies
Lemma 15.45(4). Lemma 15.45(1) is obvious and the two remaining items in the hypotheses of that
lemma follow from Lemma 17.5. We may therefore apply Lemma 15.45 to conclude that �.r/D r and
hence that �.r/D ��.r/D �p.r/D r .

Corollary 17.10 If XC ¤∅, then �R.�/D�R. /.

Proof If � 2 XC then �R.�/D �.�R.�//D�R. /, where the first equality follows from XC � X�
and Lemma 17.9 and the second equality follows from Definition 17.3(b) and Lemma 3.16(3).
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Notation 17.11 One has that f .D/ D D � � for some completely split path � � Gs , and letting
SD D � � f#.�/ � : : : � f

j
# .�/ � : : : , the eigenray RD determined by D decomposes as RD D DSD . In

the HH case, SC is defined analogously and RC D CSC . The rays R0D0 , S
0
D0 , R

0
C 0 and S 0C 0 are defined

similarly using g WG0!G0 in place of f WG!G.

Each element of �R.�/ is represented by RD DDSD or RC D CRC and similarly for each element
of �R. /. [Feighn and Handel 2018, Lemma 6.3] therefore supplies an algorithm to decide if a given
r 2 �R.�/ and a given r 0 2 �R. / are equal. Applying this up to three times, we can decide if
�R.�/D�R. /. If �R.�/¤�R. / then XCD∅ by Corollary 17.10; return NO and STOP. We may
therefore assume that:

(5) �R.�/D�R. /. Denote this common set by �R. In the H and LH cases, the unique element
of �R corresponds to D and D0 and is denoted by rD . In the HH case, �RD frC ; rDg, where
rC corresponds to C and C 0, and rD corresponds to D and D0; this may require reversing the
orientation on E 0. Remark 13.1 implies that SD and S 0D0 are contained in the core filtration
element Gp that realizes F.rD/ and that, in the HH case, SC and S 0C 0 are contained in the core
filtration element Gq realizing F.rC /.

[Feighn and Handel 2018, Lemma 6.3] also gives us initial subpaths of SD and S 0D0 whose terminal
complements are equal. We may therefore assume:

(6) There is a finite path �D �Gp such that S 0D0 is obtained from �DSD by tightening. Similarly, in
the case HH, there is a finite path �C �Gq such that S 0C 0 is obtained from �CSC by tightening.

We record the following for convenient referencing.

Lemma 17.12 Suppose that f W G! G is a CT representing � and realizing c and that either L is an
element of �.�/ or L is an element of Le.�/, where e 2 c is not large. Let � be a line in H.L/. Then one
of the following (mutually exclusive) properties is satisfied :

� L does not cross any higher-order edges; � D L.

� LD ˇ�1Re (resp. R�1e ˇ) for some higher-order edge e and ray ˇ that does not cross any higher-
order edges; � D ˇ�1e� (resp. ��1xeˇ), where � is a ray in the core filtration element that realizes
F.re/.

� L D R�1e1 �Re2 , where e1; e2 are higher-order edges and � is a Nielsen path ; � D ��11 e�11 �e2�2,
where �1 is a ray in the core filtration element that realizes F.re1/ and �2 is a ray in the core
filtration element that realizes F.re2/.

Proof The description of L comes from Lemma 4.2 and the fact (Lemma 13.9) that each such L is
carried by �.f /. The description of � is immediate from the definitions of H.L/.
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Notation 17.13 Represent the trivial element of Out.Fn/ by a homotopy equivalence h WG!G0 that
restricts to the identity on Gs . We may assume that h.Gu/DG0u0 because Gu and G0u0 are core graphs
that represent FC. Recall from (5) that Gp is the core filtration element that realizes F.rD/ and that in
the HH case, Gq is the core filtration element realizing F.rC /.

Remark 17.14 If the endpoint set of E is equal to the endpoint set of E 0, then G and G0 differ only by
a marking change so one can view h, combinatorially, as a homotopy equivalence from G to G (that does
not preserve markings). In this case, [Bestvina et al. 2000, Corollary 3.2.2] implies that h.E/D x�E 0� or
h.E/D x� xE 0� for some paths �; � �Gs . The same conclusion holds if the endpoint sets of E and E 0 are
not equal, because one can fold initial and terminal segments of E 0 into Gs to arrange that the endpoint
set of E is equal to the endpoint set of E 0.

The next step in the algorithm is to check if the following statement is satisfied:

(7) If e has type HH, then h.E/D x�E 0� for some paths ��Gq and � �Gp.

If (7) fails then we return NO and STOP. We justify this by the following lemma.

Lemma 17.15 If e has type HH and XC ¤∅, then h.E/D x�E� for some paths �; � �Gs . Moreover ,
��Gq and � �Gp.

Proof By Remark 17.14, h.E/D x�E 0� or h.E/D x� xE 0� for some paths �; � � Gs , so for the main
statement, we just want to rule out the latter possibility. Let L D R�1C RD and L0 D R�1C 0RD0 . Then
Le.�/ D fL;L

�1g and Le. / D fL
0; L0

�1
g. Since XC ¤ ∅, there exists �0 2 X� such that �0jFC

conjugates �jFC to  jFC. Thus �0.Le.�//D Le. / and, by Lemma 17.9, L and �0.L/ have the same
initial ends and the same terminal ends. It follows that �0.L/DL0. Since h represents an element of X�,
h#.L/ 2 H.L0/. In particular, h#.R

�1
C RD/ does not cross xE 0, which implies that h.E/ does not cross xE 0.

This completes the proof of the main statement.

From h#.L/D h#.S
�1
C
xCDSD/D Œ xSC x�� xC

0D0Œ�SD� it follows that Œ�SD��Gp and Œ�SC ��Gq . Thus
� �Gp and ��Gq .

The remainder of the proof of Lemma 16.5 is the construction of an element �C 2 XC. By Lemma 17.8
and (4), it suffices to find � 2 X� that induces a bijection between lines that lift to �.fu/ and lines that
lift to �.gu0/.

The next lemma states that the conclusions of Lemma 17.15 are satisfied in the H and LH cases without
the assumption that XC ¤∅.

Lemma 17.16 It holds that h.E/D x�E 0� for some ��Gs and � �Gp. In the case HH, ��Gq .
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Proof The HH case follows from (7) so we consider only the H and LH cases.

By Remark 17.14, h.E/D x�E 0� or h.E/D x� xE 0� for some paths �; � �Gs . Each L 2 He.�/ (realized
in G) decomposes as LD x̨Eˇ for some rays ˛ �Gs and ˇ �Gp . Likewise each L0 2 He. / (realized
in G0) decomposes as L0 D x̨0E 0ˇ0 for some rays ˛0 � Gs and some ˇ0 � Gp. Since h represents an
element of X , Lemma 13.12 implies that h#.L/ 2 He. /. It follows that h#.L/ does not cross xE 0 and
hence that h.E/ does not cross xE 0. This proves that h.E/¤ x� xE 0� and so h.E/D x�E 0�. Note also that
h#.L/D Œx̨ x��E

0Œ�ˇ�, which implies that Œ�ˇ��Gp and hence that � �Gp.

Lemma 17.17 In the case H, the path � is a Nielsen path for f jGs D gjGs .

Proof There are three cases to consider, depending on the rank of ��.fu/, the component of �.fu/
containing the ray labeled RD . Let x be the initial vertex of D. Recall that F� D Fk�1 and FC D Fk .

In the first case, rank.��.fu//D 0 and we will show that � is trivial. By Remark 17.6, there exist edges
E1; : : : ; Em 2 Ef with m� 2 such that ��.fu/ is obtained from RD tRE1 t � � � tRDm by identifying
the initial endpoints of all of these rays. By construction, Le.�/D fL1; : : : ; Lmg, where Li DR�1Ei RD .
The description of ��.gu0/ and Le. / is similar with RD replaced by R0D0 . There is a permutation � of
f1; : : : ; mg such that H.Li /D H.L0

�.i/
/. Writing REi DEiSi for some ray Si with height less than that

of Ei , we have
h#.Li /D ŒS

�1
i
xEi x�D

0�SD0 �D ŒS
�1
i
xEi x��D

0Œ�SD0 �;

where Œ � � is the tightening operation. On the other hand, letting l D �.i/, we have h#.Li /D ˛
�1 xElD

0ˇ,
where ˛ (resp. ˇ) has height less than that of El (resp. D0) and so

Œ�EiSi �DEl˛:

Note that Si has a subray that is disjoint from El . Since Si D ui �f#.ui / �f
2

# .ui / � : : : is a coarsening of
the complete splitting of Si , it follows that Si is disjoint form El ; see Remark 13.1. If i ¤ l then El
is the first edge of �. If i D l then � is either trivial or has the form Ei� xEi . In either case, � is either
trivial or begins with El . As this is true for all 1� i �m, we conclude that � is trivial.

If rank.��.fu// D 1 then either x is contained in a circle component B of the core filtration element
realizing F0, or there exists j < k such that Fj�1 @ Fj is an LH extension realized by adding a linear
edge Cj and a higher-order edge Dj with “new” initial endpoint x; in the former case, we say that
D is type (i) and in the latter case we say that D is type (ii). If D is type (i) then B is a single
edge e by the (Periodic Edges) property of a CT, and Le.�/ D fe

1DSD; e
�1DSDg and likewise

Le. /D fe
1D0SD0 ; e

�1D0SD0g. Lemma 17.12 implies that h#.e
1DSD/D e

˙1D0ˇ0 for some ray
ˇ0 �G.rD/. We also have h#.e

1DSD/D Œe
1x��D0Œ�SD�. We conclude that �D em for some m and in

particular � is a Nielsen path. IfD is type (ii) then Le.�/Dfw
�1
j
xCjDSD; w

1
j
xCjDSDg and similarly for

Le. /. As in the previous case, h#.w
1
j
xCjDSD/ is equal to both w˙1j xCjD

0ˇ0 and Œw1j xCj x��D
0Œ�SD�.
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It follows that �Cjw1j D Cjw
˙1
j , which implies that � D Cjw

m
j
xCj . This completes the proof if

rank.��.fu//D 1.

For the final case, assume that rank.��.fu//� 2 and hence that x 2Gs . Given a lift zx 2 zG of the initial
endpoint x of D, we set notation as follows: zf W zG ! zG is the principal lift that fixes zx; ˆ 2 P.�/
is the principal automorphism satisfying ˆj@Fn D zf j@Fn; zD is the lift of D with initial endpoint zx;
zR zD is the lift of RD whose first edge is zD; zr zD is the terminal endpoint of zR zD; and zN is the set of lines
.Fix.ˆ/; F.zrD// and so is a lift of He.�/D fŒFix.ˆ/; F.zrD/�g. Similarly, given a lift zy 2 zG0 of the initial
endpoint y of D0, we have: zg W zG0! zG0, ‰, zD0, zR zD0 , zr

0
zD0

and zN 0. By Lemma 13.12, He.�/D He. / so
we may choose zy so that Fix.ˆ/D Fix.‰/ and F.zr zD/D F.zr

0
zD0
/. In particular, zN D zN 0.

Let Cs be the component of Gs that contains both x and y— which is possible because they are the
endpoints of ��Gs — and let zCs � zG be the lift that contains zx. Then zCs is zf -invariant and Fix. zf /� zCs

becauseGs contains all Nielsen paths inG with an endpoint at x. There is a free factor F representing ŒCs�
such that @F D @ zCs . Since @ Fix.ˆ/ is contained in the closure of Fix. zf /, we have @ Fix.ˆ/� @ zCs D @F .
Letting zC 0s � zG

0 be the lift of Cs that contains zy and F 0 the free factor satisfying @F 0 D @ zC 0s , the same
argument shows that @ Fix.‰/� @F 0. Since Fix.ˆ/D Fix.‰/ is nontrivial, F D F 0. Since �jF D  jF
and Fix.ˆ/D Fix.‰/ has rank at least two, ˆjF D‰jF .

Let zh W zG! zG0 be the lift of h WG!G0 that acts as the identity on @Fn and let p W zG!G and p0 W zG0!G0

be the covering projections. Then zhj zCs W zCs! zC 0s is a homeomorphism satisfying p0zh.zz/D p.zz/ for all
zz 2 zCs where, as usual, we are viewing Gs as a subgraph of both G and G0. Moreover, zh zf zh�1j zC 0s D zgj zC

0
s

because they both project to gjC 0s and induce ‰jF 0. In particular zg fixes zh.zx/. Choose zL 2 zN that
decomposes as zLD z̨ zR zD . Then h#.L/D Œh.˛/�

�1�D0� 0 for some ray � 0 with height lower than that
of D0. Since zh#.zL/ 2 zN

0 we have zh#.zL/D Œzh.z̨/z�
�1� zD0z� 0 for some lift z� � C 0s and some lift z� 0 with

height lower than that of zD0. In particular, z� connects zy to zh.zx/ and so is a Nielsen path for zg. Thus � is
a Nielsen path for gjGs D f jGs .

We will complete the proof by constructing a homotopy equivalence d W G0! G0 such that the outer
automorphism �C determined by dh W G ! G0 is an element of XC. By construction, d will be the
identity on the complement of E 0 and satisfy d.E 0/D x�0E 0�0, where �0; �0 �Gs are closed paths. In the
cases H and LH, �0 will be trivial.

Definition 17.18 We define �0, which always corresponds to D0, as follows. By (6), there is a finite path
�D � Gp such that S 0D0 is obtained from �DSD by tightening. By construction, h#.ESD/ is obtained
from x�E 0�SD by tightening. Letting

�0 D Œ�Dx��;

it follows that .dh/#.ESD/D Œx�x�0�E 0Œ�Dx��SD�D Œx�x�0�E 0S 0D0 . Thus, in the cases HH and LH we have

.dh/#.RD/DR
0
D0 ;
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and in the case H we have
.dh/#.RD/D Œx�x�

0�R0D0 D x�R
0
D0 ;

where the second equality comes from the fact that �0 is trivial (see below) in the case H. Since �; �D�Gp ,
we have:

� (control of �0) �0 �Gp.

In the cases LH and H, �0 is defined to be trivial. In the case HH we choose �0 as we did �0 replacing D
with C . The result is that in the case HH,

.dh/#.RC /DR
0
C 0 ;

and so
.dh/#.R

�1
C RD/DR

0
C 0
�1
R0D0 :

Also,

� (control of �0) In the case HH, �0 �Gq .

This completes the definition of d .

Lemma 17.19 The outer automorphism ı represented by d WG0!G0 is an element of Ker.Q/� X .

Proof We use the following properties of d WG0!G0 to prove that ı 2 X :

(a) The map d preserves every component of every filtration element of G0. In particular, ı preserves c
and every ŒF � 2 F 2 c.

(b) If e0 is not a higher-order edge in E 0, then d.e0/D e0.

These are both obvious from the definition.

(c) The map d# fixes each Nielsen path of g.

This follows from (b) and the fact that Nielsen paths do not cross higher-order edges.

� If e0 is a higher-order edge and G0p0 is the filtration element that realizes F.r 0e0/, then the set of
rays of the form e0ˇ0 with ˇ0 �G0p0 is mapped into itself by d#.

If e0 is neither C nor D then this follows from (a) and (b). Otherwise it follows from (a), (control of �0)
and (control of �0).

Item (c) implies that ı fixes each component of Fix.�/ and every element of A.�/ D A. /. Item (b)
implies that d jG0s Didentity and hence that ı fixes each element of SA.�jF0/ and so satisfies defining
property (6) of X . Suppose that either L0 is an element of �. / or L0 is an element of Le0. /, where
e0 2 c is not large. Then (b), (d) and Lemma 17.12 imply that H.L0/ is ı-invariant. Similarly, (c) and (d)
imply that if e0 is large then He0.�/ is ı-invariant. We have now shown that ı 2 X . In particular, ı is in
the domain of xQ.
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To prove that ı 2 Ker.Q/, suppose that zb0D .zL01; zL
0
2/ is a staple pair for  with common axis zA0. By (b),

there is a lift zd W zG0 ! zG0 of d that pointwise fixes zA0. We claim that zd preserves both H.zL01/ and
H.zL02/. The zL01 and zL02 cases are symmetric so we will consider L02. If both ends of L02 are periodic
then H.L02/ D fL

0
2g by Lemma 17.12. Moreover, zL02 does not cross any higher-order edges and so is

pointwise fixed by zd . We may therefore assume that there is a decomposition zL02 D z̨ zR
0
ze 02

, where ze02 is a
higher-order edge and z̨ does not cross any higher-order edges. It follows that zd pointwise fixes z̨ and
that ze2 is the initial edge of zd#. zR

0
ze02
/. Item (d) now implies that zd preserves H.zL02/. This completes the

proof of the claim. It now follows from the definitions that mb0.ı/D 0 and hence Qb0.ı/D 0. Since b0 is
arbitrary, ı 2 Ker.Q/.

The final step in the algorithm that proves Proposition 16.4 is to return YES and the outer automorphism
�C represented by dh WG!G0. In conjunction with Lemma 17.4, the following lemma justifies this step.

Lemma 17.20 The map dh WG!G0 represents an element �C 2 XC.

Proof Since h represents an element of Ker. xQ/, Lemma 17.19 implies that �C 2 Ker. xQ/� X . We are
therefore reduced to showing that �CjFC conjugates �jFC to  jFC. By Lemma 17.8 and (4), it suffices
to prove that:

(b1) A line L�G lifts to �.fu/ if and only if �C.L/�G0 lifts to �.gu0/.

Recall that �.fu/ is obtained from �.fs/ by either adding a single new component (the HH and LH
cases) or by adding a ray to one of the components ��.fs/ of �.fs/ (the H case). The same is true for
�.gu0/. The component of �.fu/ that is not a component of �.fs/ is denoted by ��.fu/; it is the unique
component that contains a ray labeled RD . Likewise, the “new” component ��.gu0/ of �.gu0/ is the one
that contains a ray labeled R0D0 . Recall also that fs D gs , that �.fs/D �.gs/, and that ��.fs/D ��.gs/.

Item (b1) is obvious if L lifts into a component of �.fs/ so we may assume, after reversing orientation
on L if necessary, that RD is a terminal ray of L.

In the case HH, LDR�1C RD so (b1) follows from .dh/#.R
�1
C RD/DR

0
C 0
�1
R0D0 ; see Definition 17.18.

In the case H, .dh/#.RD/D x�R0D0 by Definition 17.18. Let yx be the initial endpoint of the lift of RD into
�.fu/ and let x be its projection intoGs . Define yy and y similarly usingR0D0 in place ofRD . IfRD is also
a terminal ray ofL�1, thenLDR�1D �RD for some Nielsen path � and .dh/#.L/DR0�1D0 Œ�� x��R

0
D0 , which

lifts into �.gu0/ because Œ�� x�� is a Nielsen path by Lemma 17.17. The remaining case is thatLDˇ�1RD
for some ray ˇ �Gs that lifts to a ray in �.fs/ based at yx. In this case, .dh/#.L/D ˇ�1x�R0D0 , which
lifts into �0.gu0/ because � is a Nielsen path that lifts to a path in �.gs/ connecting yy to yx.

In the case LH, Le.�/ D fLC; L�g and Le. / D fL
0
C
; L0�g, where L˙ D w˙1 xCRD and L0

˙
D

w˙1 xC 0R0D0 . Since Ic.�/D Ic. / and �C 2 X , we have that �C.LC/ is contained in either H.L0
C
/ or

H.L0�/. By construction, �C.LC/D .dh/#.LC/D Œw1x�� xC 0R0D0 . Thus, �C.LC/2H.L0
C
/ and Œw1x��D

w1. It follows that � D wp for some p 2 Z and hence that �C.L˙/ D L0˙ and �p.R�1D wkRD/ D

R0�1D0 w
kR0D0 for all k. This completes the proof of (b1) and hence the proof of the lemma.
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Appendix More on Ker xQ

The main results of this appendix are that mb.�/ can be computed for � 2 X , that Ker xQ is of type VF

(Definition 14.4), and that a finite presentation for Ker xQ can be computed. This section is needed for
future work and is not used in the proof of the main theorem of this paper.

A.1 A Stallings graph for H�;c.zb/

We will need the following remark.

Remark A.1 Suppose that G is a marked graph and that for i D 1; 2, zAi is the axis of a covering
translation Ti W zG! zG and that the number of edges in a fundamental domain for zAi is si . If zA1\ zA2
contains at least s1C s2C 1 edges then zA1 D zA2. To see this, decompose zA1\ zA2 D e1e2 : : : into edges
and note that T1T2.e1/D es1Cs2C1 D T2T1.e1/. Since T1T2 and T2T1 agree on an edge they are equal,
and so T1 and T2 have the same axes.

Notation A.2 Let f W G ! G be a CT for � with zf W zG ! zG a lift to the universal cover. Assume
notation as in the definition of mb (Definition 15.36). In particular, b D .L1; L2/ 2 S2.�/, zb D .zL1; zL2/
are lifts of .L1; L2/ such that zLC1 ; zL

�
2 2 f

zA�; zACg, where zA is the common axis of zb and a 2 Fn is a
root-free element with axis zA and orientation chosen as in the definition. For � 2 X , ‚i 2 � is defined
uniquely by ‚i .H�;c.zLi //D H�;c.zLi / and mb.�/ is defined so that ‚1 D i

mb.�/
a ‚2.

If zLC2 D zr2 for some r2 2 R.�/, then define H2�;c.
zb/ D Fc.zr2/. Otherwise, zLC2 2 fc

�
2 ; c
C
2 g for some

root-free c2 2 Fn representing an element of A.�/ and H2�;c.
zb/ WD hc2i. Define H1�;c.

zb/ similarly using
zL�1 in place of zLC2 . Finally, define

H�;c.zb/D hH
1
�;c.
zb/;H2�;c.

zb/i:

The covering transformation corresponding to a is denoted by � . Additionally, H i WD Hi�;c.
zb/, T i

denotes the minimal subtree for H i , � i denotes the Stallings graph for H i , and zL.k/ denotes the line
ŒzL�1 ; �

k.zLC2 /�.

Remark A.3 Comparing definitions of H�;c.zLi / and H i , ‚i is the unique ‚ 2 � fixing hai and H i .

Lemma A.4 There is a k � 0 such that

� T 1\ �k.T 2/D∅, and

� the arc z� spanning between T 1 and �k.T 2/ contains more than two fundamental domains of zA
with orientation agreeing with that of z�.

Proof The ends zA are not ends of T i . Indeed, if zri is ray, then the associated higher-order edge
separates T i and the ends of zA. If not, then T i is the axis corresponding to the end of zLi that is not an
end of zA. Hence there is a neighborhood of zAC that is disjoint from Ti . Therefore, the conclusion holds
for all large k.
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Corollary A.5 We may compute:

(1) For all l 2 Z, the Stallings graph for hH 1; i la.H
2/i.

(2) An integer k � 0 as in Lemma A.4.

(3) For all � 2 X , mb.�/.

Proof (1) By Bass–Serre theory, for k as in Lemma A.4, the Stallings graph for hH 1; ika .H
2/i is

obtained by attaching at its endpoints a copy of the arc spanning between T 1 and �k.T 2/ to the Stallings
graphs for ŒH 1� and ŒikaH

2�D ŒH 2�.

These latter graphs can be computed. Indeed, if zL�1 is an eigenray, then, by definition, ŒH 1� has as its
Stallings graph a component of a stratum of G, and otherwise is a circle representing hc1i. There is a
symmetric argument for ŒH 2�. zL.k/ spans between T 1 and �k.T 2/. Hence the desired Stallings graph,
for large k, is the result of immersing the ends of zL.k/ into the Stallings graphs and then performing any
folding. By Lemma A.4, folding stops when the copy of z� is the spanning arc.

We see that, for large k, hH 1; ika .H
2/i is an internal free product. By Remark A.3, ˆs1.hH

1; ika .H
2/i/D

hH 1; i
smb.�/Ck
a .H 2/i is also a free product and its Stallings graph can be computed as above (but perhaps

the spanning arc is folded away). Recall (Lemma 15.39) thatmb.�/¤ 0. We note in passing that therefore
ŒH 1; i la.H

2/� is good (Definition 7.13).

(2) For lD0; 1; 2; : : : , iteratively start computing Stallings graphs for hH 1; i la.H
2/i. When, after folding

in zL.l/, more than two correctly oriented fundamental domains of zA\ zL.l/ remain in the spanning arc,
stop and set k D l .

(3) Let � 2 X and m WDmb.�/. If ‚1.H 1/DH 1, then by definition,

‚1.H
1; ika .H

2//D .H 1; ikCma .H 2//:

Hence, m can be read off by comparing the Stallings graphs for ŒhH 1; ika .H
2/i� and ŒhH 1; ikCma .H 2/i�

for large enough k. The latter, being the Stallings graph for �ŒhH 1; ika .H
2/i�, can be computed by repre-

senting � as a topological representative g WG!G, applying g to the Stallings graph for ŒhH 1; ika .H
2/i�,

tightening, and taking the core.

Corollary A.6 (1) ŒH1; i
l
aH2� is good for all l 2 Z.

(2) No nontrivial power of a is in hH1; i laH2i.

Proof (1) This was noted during the proof of Corollary A.5.

(2) Since ‚1.a/D a, for the second item it is enough to show that

a …‚l1.hH
1; i la.H

2/i/D hH 1; i lCma .H 2/i

for large l Cm. So assume that k > 0 is as in Lemma A.4. If a 2 hH 1; ika .H
2/i, then there is an

immersion of zA with image a closed loop into the Stallings graph for hH 1; ika .H
2/i and that overlaps
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the copy of z� in its intersection with zA. The immersion crosses this spanning arc at most once. Indeed,
otherwise there would be a covering translation of zG taking zA to itself reversing orientation, but a and
a�1 are not conjugate; see Remark A.1. Hence the image of zA is not a closed loop.

Corollary A.7 For � 2 X , mb.�/D 0 () ŒH�;c.zb/� is � -invariant.

Proof (D)) Suppose m WDmb.�/D 0. Using Remark A.3 we have

‚1.H�;c.zb//D‚1.hH
1;H 2

i/D h‚1.H
1/;‚1.H

2/i D hH 1; ima .H
2/i D hH 1;H 2

i:

( D)) Suppose m> 0, the case for m< 0 being similar. Choose l so that k WDml is as in Lemma A.4.
We saw in Corollary A.5 that the Stallings graph for ŒhH 1; imla .H 2/i� has an arc spanning between
Stallings graphs for ŒH 1� and ŒH 2� and that the Stallings graph for Œ‚lC11 .hH 1;H 2i/� is obtained by
inserting m copies of a fundamental domain for zA into this spanning arc. Since these Stallings graphs are
not equal, �.ŒhH 1;H 2i�/¤ ŒhH 1;H 2i�.

A.2 KerQ

Recall (Definition 16.2) the homomorphism QDQ� W X !QS2.�/ given by setting the bth coordinate
of Q.�/ equal to mb.�/=mb.�/.

Proposition A.8 A finite presentation for KerQ can be computed. KerQ is of type VF.

Proof We use the notation as in Section A.1. For each b 2 S2.�/, choose zb and replace it with ˆk1.zb/
and compute ŒH�;c.zb/�, where k is as in Lemma A.4. By Corollary A.7, � 2 KerQ if and only if � 2 X
and �.ŒH�;c.zb/�/D ŒH�;c.zb/� for each b. Hence � 2 KerQ if and only if � fixes the concatenation of the
sequences .J/ and .ŒH�;c.zb1/�; : : : ; ŒH�;c.zbN /�/, where .b1; : : : bN / is an ordering of S2.�/ and J is as in
Definition 14.1. This concatenation is an element of IS.A�/; see Notation 10.13. By Lemma 11.2, we can
compute a finite presentation for KerQ and, by Proposition 14.5, KerQ is of type VF.

A.3 Ker xQ

xQ is defined in Definition 16.3.

Proposition A.9 A finite presentation for Ker xQ can be computed. Ker xQ is of type VF.

Proof Let � denote the quotient map Q.X /! xQ.X /. Since we have a finite generating set for X , we
can compute a finite presentation for the free abelian group Ker� . Using Proposition A.8, Lemma 9.3 and

1! KerQ! Ker xQ! Ker�! 1;

we can compute a finite presentation for Ker xQ.

The above short exact sequence shows that Ker xQ is an extension of a group of type VF (Proposition A.8)
by a finitely generated abelian group. It follows from the proposition below that Ker xQ is of type VF.
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The following proposition is from Moritz Rodenhausen’s thesis. As far as we know, it is not published
and so for the reader’s convenience we copy his proof here.

Proposition A.10 [Rodenhausen 2013, Proposition 13.18] Suppose that in the short exact sequence
1!G0

i
!G

�
!G00! 1, the group G0 is of type VF and G00 is finitely generated abelian. Then G is of

type VF.

Proof Suppose first that G00 is infinite cyclic. Let H 0 be a subgroup of some finite index d in G0 such
that H 0 is of type F. The intersection K 0 of all (finitely many) index d subgroups of G0 also is of type F.
Furthermore, the group K 0 is a characteristic subgroup of G0. Let now t 2 G be an element such that
�.t/ generates G00. We denote by K the subgroup of G generated t and i.K 0/. It has finite index in G
and fits into a short exact sequence

1!K 0!K!G00! 1:

We see thatK is an extension of groups of type F and so has type F; see [Geoghegan 2008, Theorem 7.3.4].
Hence G is of type VF.

The case where G00 is isomorphic to Zm is proved by induction on m. Let A00 be an infinite cyclic
summand of G00, so G00=A00 Š Zm�1. The short exact sequences

1!G0! ��1.A00/! A00! 1 and 1! ��1.A00/!G!G00=A00! 1

together with the induction hypothesis completes the proof in the case G00 Š Zm.

For the general case, let H 00 be a free abelian subgroup of G00 of finite index and H D ��1.H 00/�G.
We obtain a short exact sequence

1!G0!H !H 00! 1:

Hence H , and so also G, is of type VF.
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