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The Manhattan curve, ergodic theory of topological flows and rigidity

STEPHEN CANTRELL
RYOKICHI TANAKA

For every nonelementary hyperbolic group, we introduce the Manhattan curve associated to each pair
of left-invariant hyperbolic metrics which are quasi-isometric to a word metric. It is convex; we show
that it is continuously differentiable and moreover is a straight line if and only if the corresponding
two metrics are roughly similar, ie they are within bounded distance after multiplying by a positive
constant. Further, we prove that the Manhattan curve associated to two strongly hyperbolic metrics is
twice continuously differentiable. The proof is based on the ergodic theory of topological flows associated
to general hyperbolic groups and analyzing the multifractal structure of Patterson—Sullivan measures. We
exhibit some explicit examples including a hyperbolic triangle group and compute the exact value of the
mean distortion for pairs of word metrics.

20F67; 37D35, 37D40

1 Introduction

Let " be a nonelementary hyperbolic group. Given a pair of hyperbolic metrics d and d, which are
left-invariant and quasi-isometric to a word metric on I' (hence they are quasi-isometric each other), we
determine exactly when they are roughly similar, ie d and d are within bounded distance after rescaling
by a positive constant, in terms of the Manhattan curve for the pair of metrics.

For d (resp. dx), let us define the stable translation length by
1
{x]:= lim —d(o,x") for x €T,
n—-oon

(resp. £«[x]), where the limit exists since the function n > d (o0, x™) is subadditive, and o denotes the
identity element in I'. Note that the stable translation length for x depends only on the conjugacy class
of x, and thus defines the function on the set of conjugacy classes conj in I". Let us consider the series
with two parameters
Aa,b) = Z exp(—aly«[x]—bL[x]) for a,b eR.
[x]€conj
The Manhattan curve 64 for a pair (d, dy) is defined by the boundary of the following convex set
{(a.b) e R?:9(a.b) < oo}

This curve was introduced by Burger [1993] for a class of groups acting on a noncompact symmetric

space of rank one.
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Let 91 be the set of hyperbolic metrics which are left-invariant and quasi-isometric to some (equivalently,
every) word metric in ". Recall that for d, d« € 9, we say that d and d4 are roughly similar if there
exist constants 7 > 0 and C > 0 such that

|d«(x,y)—td(x,y)|<C forall x,yeTl.

Theorem 1.1 Let I' be a nonelementary hyperbolic group. For every pair (d, dx) in @, the Manhattan
curve 6 for (d, dy) is continuously differentiable, and it is a straight line if and only if d and d are
roughly similar.

Note that, if v (resp. vx) is the abscissa of convergence for 2(0, b) in b (resp. 2(a, 0) in a), then
1
v:= lim —log#B(o,r), where B(o,r):={xeTl :d(o,x)=<r},
r—>oo r

(similarly vy for dy) and #B denotes the cardinality of B. In particular, (0, v) and (v, 0) lie on 6pz; see
Section 3.

Theorem 1.2 Let I" be a nonelementary hyperbolic group. For every pair (d, d«) in 9, the limit

o 1 ds (0, x)
(1-1) t(dy/d) '_rlggo—#B(o,r) > ;

x€B(o,r)

exists, where the balls B(o, r) are defined for d, and we have

(1-2) w(dy)d) > -

Ux
Moreover, the following are equivalent:
(1) The equality t(d«/d) = v/v4« holds.
(2) There exists a constant ¢ > 0 such that £[x] = cf[x] for all [x] € conj.

(3) The metrics d and d are roughly similar.

Let us call 7(d«/d) defined by (1-1) the mean distortion of dy over d, and the inequality (1-2) the
distortion inequality. The proof of Theorem 1.2 is based on Theorem 1.1 and relies on the following
property of the Manhattan curve €, the slope of 6,7 at (0, v) is —t(dx/d) (Theorem 3.12).

If both metrics d and dy are strongly hyperbolic (eg induced by an isometric cocompact action on a
CAT(—1)-space; see Definition 2.2), then we have the following.
Theorem 1.3 Let I" be a nonelementary hyperbolic group. If d and d are strongly hyperbolic metrics

in 9, then the Manhattan curve 6y for (d, dy) is twice continuously differentiable.
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We show this in Theorem 4.16 and prove the analogous result for pairs of word metrics in Theorem 4.14.

The various methods we use throughout our work allow us to connect the geometrical features of €
with properties of the corresponding metrics. For example, by comparing our methods to those of the
first author in [Cantrell 2021], we connect the second differential of 64 at (0, v) with the variance of
a central limit theorem for uniform counting measures on spheres; see Theorem 4.17 and the remark
thereafter. We also connect the asymptotic gradients of 63, with the dilation constants

b lx] and Dily := sup b lx]

Dil_ := inf
[xleconj. ¢[X]

[x]econj-o £[X]

’

where conj. ( is the set of [x] € conj such that £[x] (and hence £.[x]) is nonzero. We also show that, for
every pair of word metrics, Dil_ and Dil are rational (Proposition 4.22). Note that Dil_ = Dil if and
only if t(dx«/d) = v/vs by Theorem 1.2.

1.1 Historical backgrounds

Burger [1993] introduced the Manhattan curve associated to a finitely generated, nonelementary group I"
which acts on a rank one symmetric space X properly discontinuously, convex cocompactly and without
fixed points. For each convex cocompact realization of I" into the isometry group of X there is a natural
length function defined on the conjugacy classes of I': one can assign to each conjugacy class in I" the
geometric length of the corresponding closed geodesic in the quotient. Burger’s Manhattan curve is
defined using two of these length functions. He showed that the curve is continuously differentiable and it
is a straight line if and only if the isomorphism of lattices associated to the two corresponding realizations
extends to an isomorphism of the ambient Lie groups; see [Burger 1993, Theorem 1]. An important
special case includes two isomorphic copies of torsion-free cocompact Fuchsian groups acting on the
hyperbolic plane. In this case, Sharp [1998] has shown that the associated Manhattan curve is real analytic
by employing thermodynamic formalism for geodesic flows. Recently, Kao [2020] has shown that the
Manhattan curve is real analytic for a class of noncompact hyperbolic surfaces. A similar rigidity problem
related to the Manhattan curve is discussed for cusped Hitchin representations in [Bray et al. 2022].

Kaimanovich, Kapovich and Schupp [Kaimanovich et al. 2007] have extensively studied similar problems
for a free group F' of rank at least 2. They compared the pair of word metrics for the generating sets S
and ¢ (S), where S is the free generating set and ¢ is an automorphism of F. They introduced the generic
stretching factor A(¢), which is defined as the average or typical growth rate of |¢(x,)|/n when X, is
chosen uniformly at random from the words of length n in S. Using our terminology, it amounts to
considering 7(S/¢(S)) = A(¢). An automorphism ¢ of F is called simple if it is a composition of an
inner automorphism and a permutation of S. It has been shown [Kaimanovich et al. 2007, Theorem F]
that ¢ is simple if and only if A(¢) = 1 (in which case ¢ gives rise to a rough similarity on the Cayley
graph of (F, S)). Sharp [2010] has pointed out its connection to the corresponding Manhattan curve: he
has identified A(¢) with the slope of the normal line at the point (log(2k — 1), 0), where k is the rank of F.
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The mean distortion is a generalization of the generic stretching factor for hyperbolic groups and has
appeared in the work of Calegari and Fujiwara [2010] (though the identification is not immediately clear at
first sight). They have shown that for every pair of word metrics the distortion inequality holds [Calegari
and Fujiwara 2010, Remark 4.28], and also that the mean distortion is an algebraic integer [Calegari and
Fujiwara 2010, Corollary 4.27]. Furthermore, a (possibly degenerate) central limit theorem (CLT) has
been shown [Calegari and Fujiwara 2010, Theorem 4.25] (see also [Calegari 2013, Section 3.6]), and their
result has been generalized in [Cantrell 2021, Theorem 1.2] and [Gekhtman et al. 2022, Theorem 1.1].
Moreover, the variance of CLT is zero if and only if two metrics are roughly similar; see [Cantrell 2021,
Lemma 5.1] and [Gekhtman et al. 2022, Theorem 1.1].

Furman [2002] has proposed a general framework which can be used to compare metrics belonging to %
when I' is a torsion-free hyperbolic group. In his work he introduced an abstract geodesic flow in a
measurable category for a general hyperbolic group, and showed that two metrics are roughly similar if
and only if the associated Bowen-Margulis currents are not mutually singular on the boundary square 3>I"
(which is the set of two distinct ordered pairs of points in the Gromov boundary dI'); see [Furman 2002,
Theorem 2]. He also claims that two metrics in % are roughly similar if and only if their associated
translation length functions are proportional. A main motivation of the present paper is to incorporate
the properties of the Manhattan curve into rigidity statements that characterize rough similarity. As a
consequence we strengthen and generalize Furman’s result for all nonelementary hyperbolic groups.

1.2 Outline of proofs

Let us sketch the proof of Theorem 1.1. First we consider the following series in a, b € R,

P(a,b) = Z exp(—adx« (0, x) — bd (o, x)),
xel
and identify the Manhattan curve 6, with the graph of b = 6(a), where 6(a) is the abscissa of
convergence in b for each fixed a; see Proposition 3.1. In what follows, we also call the function 6
which parametrizes €, the Manhattan curve. Next we perform the Patterson—Sullivan construction for
ady + bd for (a,b) with b = 6(a) and construct a one-parameter family of measures ji, p on 0I" for
(a,b) € 6ps (Corollary 2.10). A key step in the proof of Theorem 1.1 is understanding the variation of
Ma,p in a. Every measure (i, 5 (Which is not necessarily unique) is ergodic with respect to the I'-action
on oI for each fixed (a, b) € €4 and the proof of this is adapted from classical arguments in [Coornaert
1993]. Moreover, [i14 5 is doubly ergodic, ie (14 5 ® g p 1s ergodic with respect to the diagonal action of
I" on 9%T. Proving this amounts to showing that the geodesic flow is ergodic if it is properly defined eg
in the case of manifolds (where we owe this idea to the work of Kaimanovich [1990]). Furman [2002]
has constructed a framework where machinery concerning geodesic flows works for general hyperbolic
groups (see also [Bader and Furman 2017]), but the space in his setup has only a measurable structure
and so difficulties arise when we discuss a family of flow-invariant measures (on the same space) and
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carry out limiting arguments with those measures. We employ a compact model of geodesic flow defined
by Mineyev [2005], and show that there exist associated flow-invariant probability measures m, 5 (which
is unique) for each (a, b) € €4 and they are continuous in ¢ € R in the weak-star topology (Section 2.7).

Finally we define the local intersection number t(£) at £ € dI" for a pair (d, dx) as the limit of
d«(yg(0), ye(2))/d(ye(0), ye (1)) as t — oo, where y is a quasigeodesic such that yg (1) — & as 1 — oo, if
the limit exists. We show that the limit exists and is equal to a constant 7, p for 11, p-almost every & € OT".
Furthermore, 7, 5 is continuous in (a, b) € €57 (Section 3.2). In fact, 6'(a) = —1,,p if 0 is differentiable
at a € R. Note that 0 is convex (as seen from the definition) and thus is continuous everywhere and
differentiable at all but at most countably many points. Since we have shown that 7, 4 is continuous
in a, the function @ is C!. In the last step, where we show that 74,5 coincides with —6’(a) (if it exists),
we prove that ji, p assigns a full measure to the set where the local intersection number 7(§) is defined
and is equal to —6’(a). This discussion naturally leads us to study the multifractal spectrum of (&),
ie to determine all the possible values o of 7(£) and the size of the level sets for which 7(§) = «. This
spectrum is actually the multifractal profile of a Patterson—Sullivan measure for dx, where the Hausdorff
dimension is defined by a quasimetric associated with d (Theorem 3.8). Furthermore, the profile function
is the Legendre transform of the Manhattan curve and is defined on the interval (Dil_, Dily ). (It would
be interesting if it is defined on [Dil_, Dily ], including the two extrema, which is indeed the case for
some special case, eg word metrics. See Remark 3.9 and our investigation of this point in Section 4.6.)
Based on this discussion, we show that the Manhattan curve 6, for a pair (d, dx) is a straight line if and
only if d and dy are roughly similar (Theorem 3.10) and thus conclude Theorem 1.1. The discussion also
yields Theorem 1.2 by identifying —6’(0) with the mean distortion t(dx/d); see Theorem 3.12.

Let us briefly describe the proof of Theorem 1.3, as our methods are quite different to those used in the
proof of Theorem 1.1. We introduce a subshift of finite type coming from the coding built upon Cannon’s
automatic structure. This allows us to employ techniques from thermodynamic formalism, which we
apply within the strengthened thermodynamic framework of Gouézel [2014]; see Section 4. This enables
us to relate 6ps to a family of real analytic (pressure) functions associated to suitable potentials on
the subshift. Unfortunately, in general, we do not know whether the subshift is topologically transitive,
ie whether Cannon’s automatic structure has a single recurrent component which is dominant. This
introduces additional difficulties. Since the automatic structure may contain various large components, our
pressure functions of interest are not coming from a single component. In particular, we must compare
the corresponding dominating eigenvalues of a collection of transfer operators, each of which depend on
one of these components. To overcome these difficulties we use the following ideas. First, we introduce a
multiparameter family of Patterson—Sullivan measures developed in Section 2.6. Second, we compare
these measures to a collection of pressure functions and show that the first and second-order partial
derivatives of these functions coincide at certain points; our proof of this latter part is developed upon an
argument of Calegari and Fujiwara [2010, Section 4.5]. This allows us to show that a function 6 (a,b),
which we obtain from gluing together our analytic pressure functions, is twice continuously differentiable.
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Finally, we realize €3, as the solution to 6 (a,b) = 0 and then apply the implicit function theorem to
conclude the proof.

After showing Theorem 1.3 (Theorem 4.16), we investigate further properties of the Manhattan curve for
strongly hyperbolic and word metrics. For a pair of word metrics, we obtain a finer version of Theorem 1.1
and show that two word metrics are not roughly similar if and only if the corresponding Manhattan curve
is globally strictly convex (Theorem 4.17). Furthermore we show that there are two lines, the slopes
of which we can express explicitly, which are within bounded distance of the Manhattan curve at o0
(Proposition 4.22). As an application we obtain a precise large deviation principle for d« (0, x,)/n when
Xp, uniformly distributes on the sphere d (0, x) = n, for word metrics d and d,. We identify the effective
domain (where the rate function is finite) with [Dil_, Dil 4] (Theorem 4.23 and Corollary 4.25).

1.3 Organization of the paper

In Section 2.1, we review basic theory on hyperbolic groups, a classical Patterson—Sullivan construction
in a generalized form and a topological flow. In Section 3, we show Theorems 1.1 and 1.2. In Section 4,
we discuss thermodynamic formalism. We show Theorem 1.3 in Theorem 4.16, the analogous result for
word metrics in Theorem 4.14, a stronger version of Theorem 1.1 for word metrics in Theorem 4.17, and
that Dil_ and Dil; are rational for word metrics in Proposition 4.22. The proof of this proposition is
based on a finer analysis of a transfer operator in Proposition 4.20. We exhibit an application to a large
deviation principle in Theorem 4.23 and Corollary 4.25. In Section 5, we compute explicit examples:
the free group of rank 2 and the (3, 3, 4)-triangle group. In particular, in the case of the latter group, we
find a pair of word metrics for which the mean distortion is algebraic irrational. In the appendix, we
show Lemma 3.11, which we use in the proof of main rigidity result Theorem 3.10 (the second part of
Theorem 1.1).

Notation Throughout the article, we denote by C,C’,C”,... constants whose explicit values may
change from line to line, and by Cg, Cg. Cy. ... constants with subscript R to indicate their dependency

on a parameter R. For real-valued functions f(¢) and g(¢) in ¢ € R, we write f(¢) < g(¢) if there exist
constants Cy, C, > 0 independent of ¢ such that C;g(¢) < f(¢) < C,g(¢), and f(¢) <pg g(¢) if those
constants C; and C, depend only on R. Further we use the big-O and small-o notation: f(¢) = O(g(t))
if there exist constants C > 0 and 7" > 0 such that | f(¢)| < C|g(¢)| for all t > T, while f(¢) = Ogr(g(¢))
if the implied constant is Cg, and f(z) = g(¢) +o(¢) ast \(0if | f(t)—g()|/t > 0as¢t — 0 for¢ > 0.
We say that two measures 41 and 4, defined on the common measurable spaces are comparable if there
exists constant C > 0 such that C =11y < p» < Cu;. We use the notation #4 which stands for the
cardinality of a set 4.

Acknowledgements We thank Professor Richard Sharp for his suggestion in Remark 4.21, and the
referee for useful comments. Tanaka is partially supported by JSPS Grant-in-Aid for Scientific Research
JP20K03602 and JST, ACT-X grant JPMJAX190J, Japan.
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2 Preliminaries

2.1 Hyperbolic groups

We briefly review some fundamental material concerning hyperbolic groups. See the original work by
Gromov [1987] and Ghys and de la Harpe [1990] for background. Let (X, d) be a metric space. The
Gromov product is defined by

d(w, dw, y)—d(x,
xX|»w = (W, x)+ (z Y) (x, 7) for x,y,w e X.

For § > 0, a metric space (X, d) is called §-hyperbolic if
(x|y)w = min{(x|2)y, (z|¥)w}—§6 forall x,y,z,w e X.
We say that a metric space is hyperbolic if it is §-hyperbolic for some § > 0.

Let T be a finitely generated group. We call a finite set of generators S of I' symmetric if s~! € S
whenever s € S. The word metric associated to a symmetric finite set of generators S is defined by

ds(x,y):= |x_1y|5 for x,y €T,

where |x|g :=min{k > 0:x = s51---5%, s; € S} and 0 for the identity element. We say that I is a
hyperbolic group if the pair (I', dg) is hyperbolic for some word metric dg. If (I, dg) is §-hyperbolic,
then for every finite, symmetric set of generators S’, the pair (I, dg) is §’-hyperbolic for some §’. A
hyperbolic group is called nonelementary if it is nonamenable, and elementary otherwise. Elementary
hyperbolic groups are either finite groups or contain Z as a finite-index subgroup.

We say that two metrics d and dy on I are quasi-isometric if there exist constants L > 0 and C > 0 such
that

L™ Yd(x,y)—C <dy(x,y) < Ld(x,y)+C forall x,yeT,
and roughly similar if there exist constants A > 0 and C > 0 such that
Ad(x,y)—C <dx(x,y) <Ad(x,y)+C forall x,yeTl.

Suppose that (T, d) is §-hyperbolic. If dy is roughly similar to d, then (T, dx) is §’-hyperbolic for
some (possibly different) 6’. However, if dy is just quasi-isometric to d, then (I, dy) is not necessarily
hyperbolic. We will discuss a category of metrics which are hyperbolic and quasi-isometric to some
hyperbolic metric in IT".

Let I' be a nonelementary hyperbolic group. We define 9 to be the set of metrics on I' that are
left-invariant, ie d(gx, gy) = d(x, y) for all x, y and g € I, hyperbolic, and quasi-isometric to some
(equivalently, every) word metric.

Geometry & Topology, Volume 29 (2025)



1858 Stephen Cantrell and Ryokichi Tanaka

Example 2.1 Let I" be the fundamental group of a compact negatively curved manifold (M, d M) The
group I' acts on the universal cover (M d j;) isometrically and freely. For each point p in M, if we
define d(x, y) := dj;(xp, yp) for x, y € T, then d yields a metric, which is left-invariant, hyperbolic
and quasi-isometric to a word metric by the Milnor—Svarc lemma. Such d therefore belongs to 9. More
generally, if I is a nonelementary hyperbolic group and acts on a CAT(—1)-space isometrically and freely
with a precompact fundamental domain, then as in the same way above the metric of the CAT(—1)-space
yields a metric on I' in Y.

A particular subclass of metrics that we will be interested in are strongly hyperbolic metrics.

Definition 2.2 A hyperbolic metric d on I is called strongly hyperbolic if there exist L > 0, ¢ > 0 and
R > 0 such that for all x,x’, y,y’ € I" and all R > Ry, the condition

d(x’y)_d(x’x/)_d(y’yl) +d(x/vy,) 2 R
implies that
d(x,y)—d(x',y)—d(x,y") +d(x',y)| < Le k.

Every hyperbolic group I' admits a strongly hyperbolic metric in 9. This was shown by Mineyev [2005,
Theorem 32]; see also Nica and gpakula [2016]. We use the existence of such a metric in the course of
our proofs.

Let us consider a metric d on I'. We say that for an interval / in R, a map y: I — (I',d) is an
(L, C)-quasigeodesic for constants L > 0 and C > 0 if it holds that

L Ys—t|—C <d(y(s),y(t)) < L|s—t|+C forall s,t€l,
and a C-rough geodesic for C > 0 if it holds that
ls—t|—C <d(y(s),y@)) <|s—t|+C forall s,t€l.

A geodesic is a C-rough geodesic with C = 0. A metric d is called C-roughly geodesic if for all x, y € T
there exists a C-rough geodesic y: [a,b] — I such that y(a¢) = x and y(b) = y, and called roughly
geodesic if it is C-roughly geodesic for some C > 0. If d € 9, then (', d) is not necessarily a geodesic
metric space, but it is a roughly geodesic space [Bonk and Schramm 2000, Proposition 5.6]. In many
places, we use the following fact which we refer to as the Morse lemma: if d is a proper (ie all balls
of finite radius consist of finitely many points) Cy-roughly geodesic hyperbolic metric in I', then every
(L, C)-quasigeodesic y in (I, d), there exists a Cy-rough geodesic ¥’ such that y and y’ are within
Hausdorff distance D where D depends only on Cy, L, C and the hyperbolic constant of d (cf [Ghys
and de la Harpe 1990, Théoréemes 21 et 25, Chapitre 5] and [Bonk and Schramm 2000, the proof of
Proposition 5.6]).
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2.2 Boundary at infinity

Let us define the (geometric) boundary of I'. Let o be the identity element in I". Fix d € @ and consider
the corresponding Gromov product in I'. We say that a sequence {x,}72  is divergent if (xp|Xm)o — 00
as n,m — 0o, and define an equivalence relation in the set of divergent sequences by

{Xn}o2 o ~ (X192 <= (xulx,)o —> 00 as n,m — oo.

Let us define 9T the set of equivalence classes of divergent sequences in I' and call it the boundary of
(T',d). For & € 9T, if {x,}°2 ; € &, then we write x, — & as n — oo. We extend the Gromov product to
' U T by setting

(&lm)o = Sup{lilrggéf(xﬂyn)o : {xn};.,o:() €é, {yn}zo:o € 77}’

where if £ or 5 is in T, then (£|n), is defined by taking the constant sequences &, = £ or 1, = 1. Note

o0

that if divergent sequences {x,}>° ; and {y,}°2 ; are equivalent to {x,}>° ; and {y,}°° .,

then

respectively,

lim inf (x| y,)0 = lim sup((xa| yn)o — 2.
This implies that for all £,5,¢ e T U dT,
(1Mo = min{(§[8)o. ({lmo} — 38.
Let us define a quasimetric by
o(€,n):=e"EMo for £ nedl.

In general, p is not a metric in dI", but it satisfies that p(&,n) = 0 if and only if £ =1, p(&, 1) = p(n, &)
for all £, € dT", and there exists a constant C > 0 such that

p&,n) = Cmax{p(&,{),p(,n} forall§ n {edl.

The quasimetric p associated to d € 9 defines a topology on oI that is compact, separable and metrizable.
In fact, for arbitrary two metrics d, dx € Dt the corresponding boundaries with the topologies constructed
above are homeomorphic. We refer to dI" the underlying topological space.

2.3 Shadows

For all R > 0 and x € I, we define the shadow by
O(x,R):={£edl":(&]x)o =d(0,x)— R}.

Let us denote by B(&, r) the ball of radius r > 0 centered at £ in dI" relative to the quasimetric p(€,n) =
e~Emo_ The 8-hyperbolic inequality yields the following comparison between balls and shadows.
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Lemma 2.3 Let (T", d) be §-hyperbolic for § > 0. For each t > 0, if R > t + 36, then for all £ € 0" and
all x € T such that (0|&)x < 1, we have

B(S,€_36+R_d(o’x)) C O(X, R) C B(E,€3S+R_d(o’x)).
Proof See eg [Blachere et al. 2011, Proposition 2.1]; we omit the details. a

Note that if d and dy are in @ and (L, C)-quasi-isometric, then for all R > 0 there exists R’ > 0
depending on L, C and their hyperbolicity constants such that

O(x,R)c O'(x,R) forall xeT,

where O(x, R) (resp. O’(x, R')) are the shadows defined by d (resp. dx). This follows from the stability
of rough geodesics and the fact that every pair of points in I' U dI" are connected by a C-rough geodesic
in (I', d) for some C. Therefore omitting the dependency on d in the shadow O(x, R) will not cause any
confusion, up to changing the thickness parameter R.

2.4 Hausdorff dimension

For every d € 9, let p(&, ) = exp(—(&|n)o) be the corresponding quasimetric in dI". Although it is not
a metric in general, we may define the Hausdorff dimension of sets and measures in 91" relative to p as in
the case of metrics. It is known that there exists a constant ¢ > 0 such that p? is bi-Lipschitz to a genuine
metric d, (eg [Heinonen 2001, Proposition 14.5]), in which case the Hausdorff dimension relative to d,
will be 1/¢ times the Hausdorff dimension relative to p.

For every subset £ in dT", let us denote by p(E) :=sup{p(&,n): &, ne E}. Forall s > 0 and A > 0, we
define

o0 o0
AE,p) = inf{ Zp(Ei)s tEC U E; and p(E;) < A},
i=0 i=0

W (E, p) := sup ) (E, p) = lim I\ (E, p).
A>0 A—0

The Hausdorff dimension of a set E in (3T, p) is defined by
dimy(E, p) :=inf{s > 0: #°(E, p) =0} = sup{s > 0: H*(E, p) > 0}.
For every Borel measure v on 0T, the (upper) Hausdorff dimension of v is defined by

dimg (v, p) := inf{dimyg(E, p) : v(dT \ £) = 0 and E is Borel}.

Lemma 2.4 (the Frostman-type lemma) Let v be a Borel probability measure on (0I", p). For 51,5, > 0,

let
1 B(¢&,
E(s1,57) := {é edl:s51 < liminfM fsz},
r—0 logr
where B(E,r) ={ne€dl : p(&,n) <r}. If v(E(s1,52)) = 1, then
s1 <dimyg(E(s1,52),0) <sp and s1 =<dimg(v,p) <s,.
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Proof It suffices to show that dimy(E(sq, 52), p) < s, and s; < dimg(v, p). These follow as in the case
when p is a metric; see eg [Heinonen 2001, Section 8.7]. O

2.5 Distance (Busemann) quasicocycles

For d € 9r, let us define

Buw(x, &) := sup{limsup(d (x, &) — d(w, &) : {En}pey € £}

n—0o0
for w,x € T and for £ € dT", and call By : T’ x dT" — R the Busemann function based at w. We note that
d(x,z)—d(o,z) =d(0,x)—2(x|z)p for x,z €T,

and thus the §-hyperbolicity implies that

1Bo(x, £) — (d(0, x) —2(x[£),)| <28 for (x,£) e T x T
The Busemann function f, satisfies the following cocycle identity with an additive error:

|Bo(xy. &) — (,30(y,x—15) + Bo(x,E))c| <45 for x,y el and £ € dT.

Let us consider a strongly hyperbolic metric d in %r (Definition 2.2) and denote by (x|y), the corre-
sponding Gromov product. Then there exists a constant ¢ > 0 such that

exp(—&{x[y)w) = exp(—&(x|z)w) +exp(=&{z|y)w) forall x,y,z,weT,

by [Nica and Spakula 2016, Lemma 6.2, Definition 4.1] (in fact, this property characterizes the strong
hyperbolicity). This shows that the Gromov product based at o for a strongly hyperbolic metric extends
to ' U dI" as genuine limits. This also shows that the corresponding Busemann function Bg is defined as
limits and satisfies the cocycle identity,

Bo(x1.£) = Bo(y,x71&) + Bo(x,£) for x,y €T and & € T,

We use a strongly hyperbolic metric to construct an analogue of geodesic flow in Section 2.7.

2.6 Patterson—Sullivan construction

For d € %, let us denote the ball of radius r centered at x relative to d by
B(x,r):={yel:d(x,y)<r} for xel andr >0.

We define the exponential volume growth rate relative to d as

_ 1
v :=limsup — log#B(o, ).

r—oo I

Since I' is nonamenable, v is finite and nonzero.
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We recall the classical construction of Patterson—Sullivan measures for d € 9. Consider the Dirichlet

P(s) := Z emsd0x),

xel’

series

which has the divergence exponent v. Suppose for a moment that the series diverges at s = v. Then the
sequence of probability measures on I,

. 1 —sd(0,x)
Hs = @(S) Z e 5)6’
xel’

where § is the Dirac measure at x, considered as measures on the compactified space I' U dT", has a
convergent subsequence as s \ v. A limit point u is a probability measure supported on dI", and there
exists a constant Cg > 0 such that for x € " and for £ € 9T,

d
(2-1) Cs_le_vﬂ()(x’s) < )dc_;'u(ég-) < C‘se—vﬂo(x,g)'

All limit points satisfy the above estimates (2-1). If the series ?(s) does not diverge at s = v, then a
slight modification yields a measure satisfying (2-1). We call a probability measure satisfying (2-1) a
Patterson—Sullivan measure for d € 9. For details, see [Coornaert 1993, Théoreme 5.4].

The above construction applies to the following setting where the distance is replaced by a more general
function. Let us consider a function ¥ : I' x I' — R and define

V(x| = w(x,z)+1/f(z2, i ACIR) x.y.zeT,

as a generalization of the Gromov product. Note that the order of x, y, z matters since ¥ may not satisfy

Y(x,y) =¥ (y,x). We assume that ¥ (- |- ), admits a “quasiextension” to I' x (I" U dI"), ie there exist a
function ¥ (-|+)o: T x (T UAT) — R and a constant C > 0 such that

(QE) lim sup ¥ (x[&n)o — C < ¥ (x[§)o < liminf v (x|£,)o + C

for all (x,&) € I' x (I' UJT") and for all {£,}5° . {&,}°° ) € £. This allows us to define the following

n=0’
function analogous to the Busemann function for (x,§) € I' x 9T,

BY (x.£):= Sup{li,ﬂso‘ip(‘/f(x’ En) =V (0.6n)) : tEnllo € £}

Furthermore, if ¢ is I'-invariant, ie ¥ (gx,gy) = ¥(x, y) for all g, x, y € ', then /3},”' satisfies the
quasicocycle relation:

1BY (xy.6) — (BY (».x71) + BY (x.£))| <4C.

Recall that if d € 9, then (T, d) is a C-rough geodesic metric space for some C > 0. Let us consider
the following “rough geodesic” condition: for all large enough C, R > 0, there exists Cy > 0 such that
for all C-rough geodesics ¢ between x and y, and for all z in the R-neighborhood of y,

(RG) [V (x.y) = (W (x.2) + ¥ (2. 9)| = Co.
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If ¢ satisfies (RG) relative to d € D, then there exists a constant C’ such that for a large enough R and
forall x e I',

(2-2) 1BY (x.&) + v (0.x)| <C' forall £ € O(x, R).

Definition 2.5 We say that a function ¥: I' x I' — R is a tempered potential relative to d € Yr if
Y satisfies (QE) and (RG) relative to d.

Example 2.6 For all d, d, € 91, by the Morse lemma, d satisfies (RG) relative to d. This implies that
for every a € R, the function v, = ad satisfies (RG) relative to d. Moreover v, satisfies (QE) and is
I"-invariant. Therefore ¥, = ad is a ['-invariant tempered potential relative to d for every a € R. The
same argument applies to an arbitrary triple d, dx, d«x € 91 and every linear combination

Vap =ads+bd for a,beR.

For every a, b € R, the function v, 5 is a I'-invariant tempered potential relative to d«x. The functions
Vq and V¥, 5 are the main tools in Sections 3.2 and 4.4, respectively.

For d € 9, let Y be a I'-invariant tempered potential relative to d. We say that a probability measure
on 0T satisfies the “quasiconformal” property with exponent 6 € R relative to (¥, d) if there exists a
constant C depending only on ¥ and d such that

dx st
g ©=C

for all x € " and p-almost every £ in dI", where B, is the Busemann function associated to d. We simply

(QO) C! <exp(BY (x.&) + 0Bo(x.£)) -

say that p satisfies (QC) if 6 and (Y, d) are fixed and apparent from the context.

Proposition 2.7 Ford € 9, let ¢ be a I"-invariant tempered potential relative to d. Then the abscissa

of convergence 6 of the series in s,

(2-3) Y exp(=y (0. x) = sd(0,x)),

xel’

is finite and there exists a probability measure (i, on 0I" satisfying (QC) with exponent ¢ relative to
(Y, d). Moreover, every finite Borel measure v satisfying (QC) has the property

(2-4) C' Lexp(—y (0, x) — 0d(0,x)) < n(O(x, R)) < C"exp(—¥ (0, x) — 0d (0, x))

for all x € T', where C’ is a constant depending on C, Cy and R.

Proof Note that 6 is given by

1
lim sup — log Z e VOX)  where S(n, Ry) = {x €T :|d(0,x)—n| < Ro}.
n—oo N
x€S(n,Ry)
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Since i satisfies (RG) relative to d and is I"-invariant, then for all n, m > 0,
Z e VX)) < ,C Z e V(o) Z eV (0:x)
xeS(n+m,Rgp) xeS(n,Ry) xeS(m,Ry)
which implies that 6 is finite. Let us define the family of probability measures for s > 6 by

[ys = >_xer €Xp(=¥ (0, x) —sd (0, x))dx
VTN er oxp(—v (0.x) —sd(0.x))

If the series (2-3) diverges at 0, then letting s ™\ 6 yields a weak limit 1, after passing to a subsequence.

The measure ji,, is supported on dI". For x, y € I', we have that

(Y (0.x 1) =5d(0.x™1y) _ expY 0.5 D) o it
Y oer oxp(—¥(0.2) —5d(0.2)  exp(—¥(0. 1))

By the assumption, ¥ (x, y) — ¥ (o, ) is ,Bép (x,&) up to a uniform additive constant as y tends to £.

Xacfby,s (V) = Moagr,s (1)

Further, d(x, y) — d (o, y) coincides with B,(x, £) up to a constant depending only on the hyperbolicity
constant of d uniformly on a neighborhood of & in " U dI". This yields (QC). If the series (2-3) does not
diverge at 0, then the argument as in the classical setting provides (QC); cf [Coornaert 1993, Théoréme 5.4]
and [Tanaka 2017, Theorem 3.3] for a special case.

Further, since ¥ satisfies (RG) relative to d, we have (2-2). Suppose that a finite measure p satisfies
(QC), and p is a probability measure without loss of generality. Then for all x € T,

xxp(O(x, R)) <c,g exp(y (0, x) + 0d (0, x)) (O (x, R)).
For all small enough 0 < g9 < 1, there exists a large enough R such that
u(x"'O(x,R)>1—¢gy forall xeT

(cf [Coornaert 1993, Proposition 6.1]), and thereby we obtain (2-4). O

Lemma 2.8 Ford € 9r, if ¥ is a ["-invariant tempered potential relative to d, then there exist constants
0 € R and C, Ry > 0 such that for all n > 0,

C—leOn < Z e—w(o,x) < CeOn,
x€S(n,Ry)
where S(n, Rg) :={x €' :|d(o,x)—n| < Ro}.

We say that 6 is the exponent of (¥, d) abusing the notation; the proof actually shows that if there is a
finite Borel measure p satisfying (QC) relative to (¥, d) with some exponent, then that exponent has to
be 0.

Proof For (I', d), fix large enough constants Rg, R > 0 so that for every n > 0 the shadows O(x, R) for
x € S(n, Rg) cover dT". Since (T, d) is hyperbolic, there exists a constant M such that for every n, each
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& € dT is included in at most M shadows O(x, R) with x € S(n, Rg). By Proposition 2.7, there exists a
probability measure ., which satisfies (2-4). The first inequality in (2-4) shows that for all n > 0,

e UHR) N Ve <0 N 1y (0(x. R) < CM.
xeS(n,Rp) x€S(n,Rop)

The second inequality in (2-4) shows that for all n > 0,

I=pyp(@0) < Y py(O(x, R) < Ce 0=R) A" v,
x€S(n.Ro) xeS(n,Ro)

hence we obtain the claim. O

We say that a (finite) Borel measure w on 9T is doubling relative to a quasimetric p if u(B(&,r)) > 0 for
all £ € 9T and for all » > 0, and there exists a C such that for every r > 0 and & € 9T,

p(B(§,2r)) = Cu(B(E, 1)),
where B(&, r) is the ball defined by p in dI".

Lemma 2.9 For d € Y, if Y is a I'-invariant tempered potential relative to d, then every finite
Borel measure p on T satistying (QC) is doubling relative to a quasimetric p. Moreover, an arbitrary
pair of finite Borel measures on dI" satistying (QC) with the same exponent and (¥, d) are mutually
absolutely continuous and their densities are uniformly bounded from above and below. In particular,
every measure [Ly, is ergodic with respect to the I"-action on dT", ie every I'-invariant Borel set A in 0T"
satisfies that either (1., (A) = 0 or j1y, (3T \ 4) = 0.

Proof First, by Proposition 2.7, every finite Borel measure p with (QC) satisfies (2-4), which shows that
u(O(x, R)) >0 forall x e I" and

w(O(x,2R)) <xg u(O(x, R)) forall x e,

where R is a large enough fixed constant. Applying this estimate finitely many times if necessary, by
Lemma 2.3 we find that x is doubling relative to p.

Next, (2-4) implies that for arbitrary two finite Borel measures ju, i’ satisfying (QC) with common
exponent and (¥, d), the ratio of the measures of balls relative to & and p’ are uniformly bounded from
above and below. Since both measures are doubling relative to p, the Vitali covering theorem [Heinonen
2001, Theorem 1.6], adapted to a quasimetric p, shows that ;& and u’ are mutually absolutely continuous
and their densities are uniformly bounded from above and below.

Finally, for u satistying (QC), if A4 is an arbitrary I'-invariant Borel set in oI" such that p(A4) > 0, then
the restriction 1|4 also satisfies (QC) with the same exponent and (v, d). Therefore what we have shown
implies that u|4 =< p and thus (3" \ A) = 0. This in particular applies to (L. |
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A central example of the construction is a family of measures ji, p for (a,b) € €ps associated to a
pair (d, dy). Let us single out the following corollary, which we use in Section 2.7.

Corollary 2.10 Let us consider a pair d, dyx € Dr.

(1) For each (a,b) € 6y, there exists a probability measure ji4 5, on 0I" such that for all x € T,

dx
O LemBrox=bBo(x) < d;“t;,b () < Cy peWPBro (D) bRox0),
a,

where B+, and B, are Busemann functions for dx and d, respectively, and C, p, is a constant of
the form C, p = CJZ'CLL,])'. Moreover, we have that

C' Vexp(—adx (o, x) —bd(0,x)) < tap(O(x, R)) < C'exp(—adx (o, x) —bd(0, x))
for all x € T', where C’ is a constant depending on C, 5, and R.
(2) Foreverya € R,
_ g 1 —ady(0,x)
0(a) —nll)n;oglog Z e ,
XGS(n,R())

where S(n, Ro) :={x €T :|d(o,x)—n| < Ry} for some constant R, and the function 6 is convex
and continuous on R.

(3) Foreach (a,b) € €ps, every probability measure |1, p is ergodic with respect to the I'-action on oT".

Proof For each a € R, if we let ¥ (x, y) = ad«(x, y), then ¢ is a ['-invariant tempered potential
(Example 2.6) and 6 = b for (a,b) € €ps. Therefore Proposition 2.7 implies (1), where the constant
Cap = CLLZ‘CLL,I" is obtained from the proof of Proposition 2.7. Lemma 2.8 and the Holder inequality
imply that 6(a) is finite and convex in a € R, hence 6 is continuous on R, showing (2), and Lemma 2.9
shows (3). O

Note that letting v and v4 be the exponential volume growth rates for d and d respectively, we have
that (0, v), (v«, 0) € €p7, and o,y and [y, o are (classical) Patterson—Sullivan measures for d and d,
respectively.

2.7 Topological flow

In this section, we follow the discussion in [Tanaka 2021, Section 3]. Let 9T := (dI')? \ {diagonal},
where T acts on 92T by x - (£, 1) := (x&, xn) for x € T and (£, n) € 9°T". Consider the space 9°T" x R
and fix a strongly hyperbolic metric de 9. There exists a constant C > 0 such that for each (&, n) € 9°T°
there is a C-rough geodesic y¢ : R — (T, c?) satisfying that yg ,(—1) — & and yg ,(t) - nast — oo,
respectively [Bonk and Schramm 2000, Proposition 5.2(3)]. Shifting the parameter t — ¢ + T by some T’
if necessary, we parametrize yg , in such a way that

d(ve,(0),0) = min d (v (1), 0).
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We define
ev:’IT'xR—T by ev(Ent):= Yen(1).

Note that the map ev depends on the choice of C-rough geodesics; however, every other choice yields the
map whose image lies in a uniformly bounded distance: if y¢ , and yé , 4re two C-rough geodesics with
the same pair of extreme points, then

d 1),y (t C’
max d (Y, (1) Vg (1) <

for some positive constant C” depending only on the metric. Let us endow the space of C-rough geodesics
on (I, d ) with the pointwise convergence topology. We define ev: 9T’ x R — I" as a measurable map
by assigning yg , to (§,7) € 0T in a Borel measurable way: first fix a set of generators S in I" and
an order on it; second, consider C-rough geodesics evaluated on the set of integers as sequences of
group elements and choose lexicographically minimal ones yg " for each (£,n) € 02T"; and finally, define
Yen(t) = ygo, ,,(UJ) for t € R, where |¢] stands for the largest integer at most .

Letting 30: T x 9T — R be the Busemann function based at o associated with d, we define the cocycle

K:TxPT >R, k(x.£.1) = 3(Bo(x".8) = Bolx ")),

where the cocycle identity for « follows from that of Bo (Section 2.5). Then, I" acts on 9?T" x R through
k by

x-(E, n’t) = (XEvXUJ—K(E’ 7771))-

Let us call this T'-action the (T, k)-action on 3*T" x R. It is shown that the (T, k)-action on 3°T" x R is
properly discontinuous and cocompact, namely, the quotient topological space I'\ (32T" x R) is compact
[Tanaka 2021, Lemma 3.2]. Let

F :=T\(3°T xR),

where we define a continuous R-action as in the following. The R-action ® on 82T x R is defined by the
translation in the R-component,

Bs(5.m.1) 1= (€. 1 +5).
This action and the (T, k)-action commute, and thus the R-action ® descends to the quotient
OslE,n,t]:=1[&,n,t+s] for [E,n,t] € Fy.

Then R acts on &, via & continuously. We call the R-action ® on %, the fopological flow (or, simply,
the flow) on Fy.

Let us consider finite measures invariant under the flow on %,. Let A be a I'-invariant Radon measure
on 9°T, ie x4 A = A for all x € " and A is Borel regular and finite on every compact set. Then every
measure of the form A ® dt, where dt is the (normalized) Lebesgue measure on R, yields a flow-invariant
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finite measure on %,. Namely, for every I'-invariant Radon measure A on 9*T, there exists a unique
finite Radon measure 1 invariant under the flow on %, such that

(2-5) / fdAQdt= | fdm
92T'xR F e
for all compactly supported continuous functions f on 92T x R, where f is the T-invariant function
fEn.0) =" flx-En.1),
xel
considered as a function on ¥, [Tanaka 2021, Lemma 3.4] (and we further note that every continuous

function ¢ on %, is of the form ¢ = f by invoking Urysohn’s lemma). If we take a Borel fundamental
domain D in 3°T" x R with respect to the (I, k)-action and a measurable section ¢: %, — D, then

ARdt = Z Xy (Lxm).

Note that it is not necessarily the case that the restriction A ® dt|p coincides with ¢4« unless the (T, )-
action is free. We always normalize A in such a way that the corresponding flow-invariant measure m
has total measure 1 (and so is a probability measure on F).

For all d € 9, an associated Patterson—Sullivan measure y on dI" yields a I"-invariant Radon measure A 4

on 9°T equivalent to
exp(2v(§[mol @ i,

with the Radon—-Nikodym density uniformly bounded from above and from below by positive constants,
and the corresponding flow-invariant probability measure 4 on &, is ergodic with respect to the flow,
ie for every Borel set A such that ®_,(A) = A for all ¢ € R, either m; (A) = 0 or 1; see [Tanaka 2021,
Proposition 2.11 and Theorem 3.6]. The same construction applies to measures 1, p for all (a,b) € €.

Proposition 2.11 For each (a, b) € €y, there exists a I'-invariant Radon measure A, j, on 02T which
is equivalent to

(2-6) exp(2a (&) xo + 2bEM)o) ab ® Lab

with the Radon—Nikodym density uniformly bounded from above and below by positive constants of the
form Ctlegm. Moreover, A, p is ergodic with respect to the I"-action on 02T, ie for every I'-invariant
Borel set A in 3T, either the set A or the complement has zero A4 p-measure, and the corresponding
flow-invariant probability measure m, p is ergodic with respect to the flow on Fy.

Proof If we denote the measure (2-6) by v, then we have that
=PV <c
dv

for all x € ' and for v-almost all (£,7) € 8°T", where C is a positive constant of the form C¢|12|C¢£lb|' If

we define dx eV

(p(é’ 77) .= sup W(é’ T,)’

xel’
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then A, 5 := @(§,n)v is a I'-invariant Radon measure, as desired. The details follow as in Proposition 2.11,
Theorem 3.6 and Corollary 3.7 in [Tanaka 2021]. O

Lemma 2.12 If A and A’ are I'-invariant ergodic Radon measures on 3T, then either A and A’ are
mutually singular, or there exists a positive constant ¢ > 0 such that A = cA’.

Proof Let us decompose A as a sum of two measures A = A, + Aging, Where Aye (resp. Aging) is the
absolutely continuous (resp. singular) part with respect to A’. Note that A, and Ay are I'-invariant
Radon measures since A and A’ are so. Suppose that A,. # 0. Then the Radon-Nikodym density
dA,/dN is locally integrable and T'-invariant, and thus constant since A’ is ergodic with respect to the
I"-action. Hence there exists a positive constant ¢ > 0 such that A, = ¢A’, and since A is ergodic with
respect to the I'-action, Agjpe =0 and A = c¢A\’, as desired. O

Corollary 2.13 For each (a,b) € €ps, let m, j be the flow-invariant probability measure on %, corre-
sponding to the (normalized) I"-invariant Radon measure A, j, on 02T If (a,b) — (ag, by) in €py, then
mg p weakly converges to mg p, -

Proof If (a,b) — (ag, by), then up to taking a subsequence, there exists a normalized I'-invariant Radon
measure Ay on 9T such that [y2p [ dAgp converges to [y, f dAs for each compactly supported
continuous function f on 3°I" (where we use the fact that 9T" is o-compact). Let A be an arbitrary
such limit point. Taking a further subsequence, we have that 1, 5 weakly converges to some probability
measure [Lx, Which is comparable to ji4, 5, by Proposition 2.7 (in the form of Corollary 2.10) and
Lemma 2.9. This together with Proposition 2.11 shows that A is equivalent to A, 5,. Lemma 2.12
implies that A coincides with A, p, up to a multiplicative constant, and if they are normalized, then
Ax = Mg, p,- Therefore by (2-5) for every limit point my of m, p as (a,b) — (ag. bg), we have that
My = Mg, p,» hence m, j, weakly converges to mg, p, - O

3 The Manhattan curve for general hyperbolic metrics

3.1 Fundamental properties of the Manhattan curve

For d € 9, we recall that the stable translation length of x € I" with respect to d is given by {[x] =
limy,— 00 d (0, x™)/n, where £ defines a function on the set of conjugacy classes conj and [x] denotes the
conjugacy class of x € I'. For dx € 91, we denote the corresponding function by €. For a, b € R, let

9a.b):= Y exp(—als[x]—be[x]).
[x]€conj
and for each fixed a € R, we define ®(a) as the abscissa of convergence of 9.(«, b) in b. Recall that for
a € R, we have defined 8(a) as the abscissa of convergence of P (a, b) in b, where

P(a,b) = Z exp(—adx« (0, x) —bd (o, x)).

xel’
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Proposition 3.1 For all a € R, we have 6(a) = ©O(a).

We will also call the functions 6 as well as ® the Manhattan curve for the pair (d, dx). The proof follows
the ideas from [Coornaert and Knieper 2002, Section 5] and [Knieper 1983, Section II] (the latter is
indicated in [Burger 1993, Section 4.1]); we provide the main argument adapted to our setting for the
sake of completeness. We use the following lemma in the proof.

Lemma 3.2 Ford € 9r, there exists a constant Cyy such that for all x € T, if d (0, x) —2(x|x" 1), > Co,
then
|£x] = (d(0, %) = 2(x|x")o)| = Co,

and there exists p € I' such that |{[x]—d(p,xp)| < Cy.

Sketch of proof Recall that if d € D, then (T, d) is a C-rough geodesic metric space, ie forall x, y € T,
there exists a C-rough geodesic y : [a, b] — T such that y(a) = x and y(b) = y. We provide an outline of
the proof when d is geodesic for the sake of convenience (a detailed proof is found in [Maher and Tiozzo
2018, Proposition 5.8]); the same argument applies to C-rough geodesic metrics with slight modifications.
For all x, y € T, let us denote by [x, y] the image of a geodesic between x and y. On the one hand, for
each x € T, let us consider a geodesic triangle on o, x and x2, and take p as a midpoint of [o, x]. If
d(o0,x) —2(x|x~1), is large enough, then d(p, x) > (x|x~!),, and thus
(3-1) d(p.xp) <d(0,x)—2(x|x"")o +38.
On the other hand, for an arbitrary positive integer n > 0, let us consider a geodesic y := [0, x"]. It holds
that if d (0, x) —2(x|x™!), is large enough, then
(3-2) max d(x*,y) < (x|x™ 1), + 36.

0<k=n
Indeed, let us write x4 := x* for 0 <k <n and use Pk to denote a nearest point from xz on y. Suppose
that xj is one of the furthest points among Xy, . .., x, from y. Consider a geodesic quadrangle on xj_1,
Dk—1- Pk+1 and x4 1, in this order. Let g be a nearest point from xj on [x_1, Xx1]. By d-hyperbolicity

there is a point » with d(gq,r) <28 on [Xx—1, pr—1] U [Pk—1, Pk+1] Y [Pk+1, Xk +1], and we see that r is
in fact on [px—1, pr+1]; this shows (3-2).

Finally, (3-2) together with the triangle inequality implies that for all n > 0,

d(0,xp) = d(0, xp—1) +d(0,x) =2(x|x "), — 68,
which yields £[x] > d(0,x) — 2(x|x™!), — 65. Combining this with (3-1) shows the claim, since
txl=d(p.xp). O

Proof of Proposition 3.1 To simplify the notation we write |x| := d(o, x) and | x|« := dx (0, x). Note
that for all large enough L > 0 and for each a € R,

1 1
6(a) = lim sup — log Z e~@Xl and  ©(a) = limsup ~ log Z e~ blx1,
nee llx|—n|<L oo [X]:[¢[x]-n|<L
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Also note that for each x € I', there exists p € I" such that
[€x[x]—dx(p.xp)| = Ci and  [{[x]—d(p.xp)| = C3,

by the proof of Lemma 3.2, where C; and C, are constants depending only on the hyperbolicity constants
of d« and d. This yields 6(a) > ©(a) for each a € R.

For a large enough R > 0 and all z, w € T', let
Oz, w,R):={gelTUIl:(z|]g)w < R}.

Let us take a pair of hyperbolic elements x, y such that n — x" and n — y" for n € Z yield quasigeodesics
and their extremes points are distinct; there exists such a pair since I' is nonelementary (cf [Ghys and
de la Harpe 1990, 37.-Théoreme in Section 3, Chapitre 8]). Taking large enough powers of x if necessary,
we define for a large enough R > 0,

U:=0(,x"",R), V:=0(,x,R), V:i=0x"3x2R) and U:=0(x>x%R),

such that
UNnV=g, (TUIN\UcCV and (TUIN\VCU.

Further, taking large enough powers of y if necessary, we assume that U’ := yU, V' := yV, U and V
are disjoint. For a fixed positive constant L > 0 and every positive integer n, let

Spp:={zel ||zl =n|<L} and S, (U V):={z€S,:UNzV =g},
and similarly, S, 1 (V,U) and S, . (U’, V’).
First we note that if z € S, 1 (U, V), then
()c3zx3)l7 CV and (x3zx3)_1(7 cU,

since (x3zx3)17 =(x32)V cx3(Tuar\v) c x? V =V, and the latter is analogous. Therefore if we
define

Upr(x,x ", R):={z€ S, :z27' € 0(0,x ', R), z€ O(0,x, R)},
then

3-3) x?Sp, L (U, V)X> CUp 16)x(x.x" " R),
sinceoe U ando e V. Moreover, we have that
(3'4) x3Sn,L(Vv U)_1X3 - Un,L+6|x|(x’ x_lv R) and J’_ISn,L(U,7 V,)y C Sn,L—‘rZIyI(U’ V)’

where the former follows from S, 1. (V, U )y l= Sy, (U, V) and (3-3), and the latter holds by the definition

of U’ and V. The map z > x3
3

zx? yields an injection from Sy, (U, V) into U,,,L+6|x‘(x,x_1,R).
Similarly, the map z > x3z7!x? yields an injection from S, 1 (V,U) into Un,L+6x|(xX, x~1, R), and

the map z — y~ !z yields an injection from S, 1,(U’, V') into Uy 1 +6|x|+2[y|(X. X', R).
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Second, let us show that there exists a finite set 7 in I' independent of # such that
(3-5) Sn,L\ Fuy CSpL(U, VYU S, (V.U)US, LU V).

Indeed, if z € S, and z is not included in any one of S, (U, V), Sp,.(V,U) or S, (U’, V'), then
one has
UNzV#2, VNzU#2 and U'NzV' #2.

Note that those elements z for which U x V x U’ and z(V x U x V') intersect are finite; this follows
since U x V x U’ and V x U x V' are in (I’ UJTI")®), where

(ru 81‘)(3) ={(£,1,¢) e (T UAT)3 : &, nand ¢ are distinct},

and the diagonal action of I" on (I" U ar)3 s properly discontinuous. (Note that it is more standard to
state that the diagonal action of I" on the space of distinct ordered triples of points in the boundary oI is
properly discontinuous; the same proof works for the case of (I"'U aT)®) where we endow I'UQT with the
compactified topology, cf [Gromov 1987, 8.2.M] and [Bowditch 1999, Lemma 1.2 and Proposition 1.12].)
Hence (3-5) holds for some finite set F,p in I" independent of n.

Finally, if z € Uy, . (x, x~ 1, R), thensince ze V = O(o,x,R) and z~! € U = O(0, x~ !, R), we have
that by the §-hyperbolicity,
|(Z|Z_1)o - (x|x_1)0| = CR,(S-

Lemma 3.2 implies that for all such z,
Uz = |21 = 2(z12" o + OR 5(1) = |2] + Ox g 5(1).

The analogous relations hold for £4[z]. Given z € U, 1.(x, x~1, R), let us count the number of elements
in the set
Cn(Zs X, L? R) = {g<z> € F/<Z) : gzg_l € UH,L(x$x_17 R)}’

ie the number of g € I'" modulo powers of z such that gzg~! € U, 1 (x,x™1, R); see Figure 1. Let [0, ]
denote a C-rough geodesic segment between o and z (with respect to d), and define y (z) := ey zk o, z],
which is (the image of) a (A, B)-quasigeodesic line invariant under z for some A, B > 0. Similarly,
y(gzg™1) is a (A4, B)-quasigeodesic line invariant under gzg~!. Note that gy (z) is also a (4, B)-

~1 and thus gy (z) and y(gzg~') lie within a bounded Hausdorff

quasigeodesic line invariant under gzg
distance. This shows that if g(z) € C,(z; x, L, R), then gy (z) passes through near o within a bounded
distance C4,p s of 0. Crucially, A and B depend only on the hyperbolicity constant and the x, R
used in C,(z;x, L, R). Since for all such g the inverse g~! lies in a neighborhood of [0, z] up to

1

translation by z, and y(z) is z-invariant, counting such g~ modulo the (z)-action on y(z) yields

#Cp(z:x,L,R) < C;l p.¢"- Now we obtain

—alzlx <« —aly[z]
Z e <C'n Z e ,

zeUp,L(x,x~1,R) [z]:|£[z]—-n|=L’
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Figure 1

where C’ and L’ are constants depending only on a, x, R, L and the hyperbolicity constants of d and d.
Therefore, noting that

||x32x3|* - |Z|*} = 6[x |, ‘|x32_1x3|* - |Z|*‘ <6|x|x and ||J’_IZ)7|* - |Z|*| = 2|y«
we obtain by (3-3) and (3-4) together with (3-5), for all large enough 7,
Z el < o Z e~ abxlz],
z&€8Sn, L\ Fuy [z]:[[z]—n|=L’

where L and L’ are large enough fixed constants depending only on x and y. Since Fy p is a finite set

of elements independent of 7, we have that 6(a) < ®(a), as required. |
Let
© ) . 0(a)
Omin :=— lim —— and oy :=— lim ——,
a—o0o g a>—o0 q

where amin and oyax are positive and finite since d and d are quasi-isometric. Recall that

£ £

Dili=  inf Y and Dily = osup 2
[x]econj= £[x] [x]€conj ¢ £]x]

where conj.  is the set of elements [x] € conj such that £[x] (and hence £[x]) is nonzero.
Corollary 3.3 Foralld, d. € 91, we have
Dil_ = apjn,  and  Dily = opax.

Proof Fix a large enough L > 0. For all ¢ > 0 and all integers n > 0, we have that
Z e—aﬁ*[x] < Z e—aDil_ Z[x]’
[x]: [€[x]—n|<L [x]: |€[x]—n|<L
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which together with Proposition 3.1 implies that 8(a) < —aDil_ + O(1) and thus @, > Dil_. Further
for all & > 0, there exist infinitely many [x] € conj. ( such that

14
i e
£lx]
Hence for all @ > 0 and infinitely many integers n > 0,
Z e—al*[x] - Ce—a(Dil_-f—s)n

[x]: [¢[x]—n|<L
where c is a positive constant independent of #, and thus by Proposition 3.1,
O(a) > —a(Dil_ + ¢).

Therefore amin < Dil—. We obtain o, = Dil—. Showing that an,x = Dil4 is analogous. O

Lemma 3.4 Let I" be a nonelementary hyperbolic group and d, d« € %r. The following are equivalent:

(1) The Manhattan curve 6y for the pair d and d is a straight line.

(2) There exists a constant ¢ > 0 such that £[x] = c{«[x] for all [x] € conj.

Proof If the Manhattan curve €,y is a straight line, then Dil_ = Dil,. Furthermore, —Dil_ and —Dil+
are equal to the gradient of the Manhattan curve. Since 63y goes through the points (0, v) and (v, 0),
this gradient is —v/vs, where v, vy« > 0 if " is nonelementary. Hence for all [x] € conj. (),

Y —pil_ = E*_[g]<M< su blel :Dil+=i,

Vs [gleconj- £[g] — {[x] _[g]€c0nj>0 t[g] Ux

implying that v€[x] = v«L«[x] for all [x] € conj. The converse follows from the definition of the Manhattan
curve. O

3.2 Proof of the C!-regularity
Fix a pair of metrics d, d« € 9. For each & € 9" and quasigeodesic y : [0, 00) — (I', d) with yg (1) — &
as t — oo, we define

(v (0), v (D) b d+(v(0), v (1))
i = e @ e M O TN 00 e )
The Morse lemma (applied to (I', d)) implies that 7i,¢(§) and 74, (§) are independent of the choice of
quasigeodesics converging to &, or of their starting points, respectively. If 7i,¢(§) = top(§), then we
denote the common value by t(£) and call it the local intersection number at & for the pair (d, dx).

Lemma 3.5 For each (a,b) € 6)s, we have that Tin(§) = tsup(§) for g p-almost every & € oI, and
turther, there exists a constant t, j such that

1(§) =145 for piyp-almostevery & € dT'.

Moreover, 1,5 is continuous in (a, b) € 6py.
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Proof Letd bea strongly hyperbolic metric in %y. We consider the map ev: °T' x R — (T, d ) and the
flow space %, where k is the cocycle associated with d defined in Section 2.7. We write wy = Oy (w)
for w € %,. Taking a measurable section ¢: %, — D for a Borel fundamental domain D in 02T x R for
the (T, x)-action, we define w := ¢(w) and set W, := &D,(@). Let

cx(Wg, wy) 1= dx(ev(Ws), ev(wy)).
Then ¢« (w5, w;) is subadditive, ie for all ¢, s € [0, 00),
(3-6) Cx(Wo, Wy41) = ¢x(Wo, W) + Cx(Ws, Wst1),
and superadditive up to an additive constant, ie there exists a C > 0 such that for all ¢, s € [0, 00),
(3-7 cx(Wo, Wst1) = cx(wo, wy) + cx(ws, We4¢) — C,

by the Morse lemma on (I", dx). Since m, p is ergodic with respect to the flow on %, the Kingman
subadditive ergodic theorem implies that there exists a constant x«(a, b) such that

.1 .
thm ;c*(wo, wy) = x«(a,b) for m, p-almost every w in F,,
—>00

1
lim — cx(wo, wy) dmg p = xx(a,b).
t—oo Fore

Let us show that y«(«, b) is continuous in (a, b) € €. For each (ag, bg) € €pr, if (a,b) — (ag, bo),
then m, ;, weakly converges to mg := mg, p, by Corollary 2.13. Then the subadditivity (3-6) yields for
all (a,b) € 6pr and all ¢ > 0,

1 1
—/ cx(wo, wy) dmg p > inf —/ cx(wo, wr) dmg p = xx(a,b),
t Fre >0t Fre

so we have that for each ¢t > 0,

1
;/ cx(wo, wy) dmg = limsup x«(a, b),
Fi

a—ao

and similarly, (3-7) implies that for each ¢ > 0,

1
- (cx(wg, ws) — C)dmg < liminf y«(a, b).
t T a—aop
Letting  — 0o, we obtain limg 4, x+(a,b) = xx(ao, bo), ie x«(a,b) is continuous in (a, b) € 6ps.
We apply the same discussion to d: letting
c(ws, wy) := d(ev(Wy), ev(w;)),
we have that there exists a constant x(a, b) such that
1
lim —c(wg, wy) = x(a,b) for m, p-almost every w in F,,
t—>oo t ’

and x(a, b) is continuous in (a,b) € Gps.
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Therefore for m, p-almost every w = [§—, &4, fo] € Fy,

lim cx(wo, we) _ xx(a,b)
100 c(wo,wr)  x(a,b)

Recall that Ay p ® dt =) . X« (tsmgp), Agp is equivalent to (i, p ® g and that dy and d are
left-invariant. Hence if we define 7, 5 := x«(a, )/ x(a, b), then Tjnt(§) = Toyp(§) for p, p-almost every
£edl, and

7(§) =145 for pgp-almost every & € oI

Since x(a,b) and x«(a, b) are positive and continuous, 7, is continuous in (a, b) € €, as required. O

For every real value r € R, let

Ey:= {E €9 : Tinf(§) = Taup(§) = r}-

The set E, is possibly empty for some . Note that a point & is in E, if and only if for some (equivalently,
every) quasigeodesic yg converging to &, we have

oy B0e0.7e@)
1—00 d(yg(0). £ (1))
Recall that the Manhattan curve 6y is the graph of the function 6, ie (a, b) € €,y if and only if b = 6(a),
and since 6 is convex, it is differentiable except for at most countably many points.

Lemma 3.6 Fix a pair d, dy € %r. For each (a,b) € 6)y, if 0 is differentiable at a and r = —0’(a),
then i, p(Ey) = 1.

Proof Fix a large enough constant C > 0. Let us endow the space of C-rough geodesic rays from o in
(I", d) with the pointwise convergence topology. For each & € dI", we associate a C-rough geodesic g
from o to &, and define this correspondence in a Borel measurable way as in Section 2.7, where we have
done the same but for rough geodesics. For each nonnegative integer n and & € dI", we abbreviate notation
by writing &, := yg(n) and |&,| := d(0,&,) (resp. |&n|« := d«(0.§4)). We use O(x, R) to denote the
shadows associated to the metric d, for a large enough thickness parameter R.

For (a,b) € €y, let us suppose that » = —0’(a). For a Patterson—Sullivan measure ftx for dy, we show
that

1
(3-8) lim inf — log 4« (O(§x, R)) = r for i, p-almost every & € dT".

n—>00 vy |Ep|
For every ¢ > 0, the Markov inequality shows the following: for every s > 0, integrating

Lt cor . (0 R)ze——ovvsleny < s (O(En. R))* - 5 —Evxln]

over £ € dI" with respect to (4 p yields

1ap({E € AT : La(O(&y, R)) = e~ sl < /a (0. R)) S r=EvlEnl gy, 4 (8).
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Since

1« (O(En, R)) <R exp(—v«[€nlx) and  pgp(O(En, R)) < g exp(—alénl+ —blEnl).

the integral on the right-hand side is at most
(3-9) Cr Z exp(—sv«| x|« + 5(r — &)vs|x| —a|x|x — b|x]),
xeS#n,R)
where we recall that S(n, R) = {x € " : |d(0, x) —n| < R}, up to a multiplicative constant depending
only on R and the §-hyperbolicity constant of d. Moreover, (3-9) is at most
Crexp(s(r —&)ven —bn) Z exp(—svx|X |« —alx|x) < Cgexp(s(r —&)ven —bn+ 0(svsx + a)n),
xeS(n,R)
where we have used Lemma 2.8:
Z exp(—sv«| x|« —a|x|x) < exp(0(sv« + a)n).
xeS(n,R)
Since b = 6(a) and r = —0'(a),
O(svs +a)—0(a) = —rsve +o0(s) as s 0,
and we obtain
Pap (& €T 2 ta(O(En, R)) = el < C exp(s(r — e)van + (B(svs +a) — 6(a))n)
< Cgexp(—sevsn + o(s)n) < Cgexp(—c(e, s)n)

for some constant c(e, s) > 0 for all # > 0. Hence the Borel-Cantelli lemma shows that

lim inf —
n—>00 vy &p|

log 4+(O(§xn, R)) = r —e for 1, p-almost every & € 9T,

and since this holds for every ¢ > 0, we obtain (3-8).

Similarly, it holds that

1
(3-10) lim sup —

n—o00 U*lgn|

log 4+ (O(&x, R)) <r for 1, p-almost every & € dT".

Indeed, for every ¢ > 0 and every s > 0, we have that

Hap({E € T 1 113 (O(En, R) < e HIVIEnly) < /; (O R e T g ).
and the rest follows as in the same way above; we omit the details.
Combining (3-8) and (3-10), we obtain

lim enle _

n>oo gyl n—>o0 vyl

log ux(0(n, R)) =1

for 14 p-almost every & € dI'. Therefore we have that 7in(§) = 7gup(§) for 4 p-almost every & € 9T, and
Uap(Er) =1if b = 6(a) and r = —6'(a), as required. O
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Theorem 3.7 For every pair d, d« € 9, the Manhattan curve 6z is C 1 je the function 0 is continuousl y
differentiable on R. Moreover, 0'(a) = —t, for all (a,b) € €.

Proof Recall that since 6 is convex, 6 is differentiable except for at most countably many points. For
each (a,b) € €py, if r = —6'(a), then Lemma 3.6 implies that 7(§) = r for u, p-almost every £ € 0T'"; on
the other hand, Lemma 3.5 implies that 7(§) = 1,5 for i, p-almost every & € OI". Therefore if b = 0(a)
and r = —6'(a), then

0'(a) = —14p.

Since this holds for Lebesgue almost every a in R and 7, 4 is continuous in (a, b) € 6, by Lemma 3.5,
6 is differentiable everywhere and the derivative coincides with —z, 5, which is continuous. O

The above proof yields the multifractal spectrum of every Patterson—Sullivan measure s with respect to
p(&,n) =exp(—(&|n),) in AT, and the profile is the Legendre transform of the Manhattan curve.

Theorem 3.8 (the multifractal spectrum) For every pair d, d« € 9, let 15 be an arbitrary Patterson—
Sullivan measure relative to dx and p(€, 1) = exp(—(&|n),) be the quasimetric relative to d on dI". For

E(a) = {g € or : fim 2&Hx(BE. D) =oc},
r—0 logr

o € R we define

where B(&,1) = {n € dl" : p(&,n) < r}. Then we have

(3-11) dimg(E(v«a), p) = in]g{aa +6(a)} for o € (Ctmin, ¥max),
ae
here
"  f(a) _ f(a)
Omin = — lim ——= and Qpax =— lim ——=.
a—>o0 a—>—00 (

Proof Note that the function § is C! and 6/(a) = —174,p for all (a,b) € €ps by Theorem 3.7. Hence
Lemmas 3.6 and 3.5 together with Lemma 2.3 imply that for all (a, b) € 6y,

log ux(B(&, 1))
m 8BRS, T))

= UxTyp for p, p-almost every & € dT,
r—>0 log r ’ ’
lo B(E,r
lim grab(BE.1) =at,p+b for p,p-almostevery & € 9T,
r—0 logr ’ ’

where we have used p,5(O(x, R)) < exp(—adx(o,x) — bd (o, x)) for x € I'. The Frostman-type
lemma (Lemma 2.4) shows that

dimp (E (v«Ta,p), p) = aTqp + b.

Since 6 is continuously differentiable and convex, for each @ € (o¢min, ®max) there exists ¢ € R such that
a = —0'(a), and
dimy(E (v«@), p) = —ab’(a) + 0(a),

where the right-hand side is the Legendre transform of 6. Therefore we conclude the claim. |
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Remark 3.9 If we have
0(a) = —aomin + O(1) as a - © and f(a) = —aomax + O(1)  as a —> —o0,

then the formula (3-11) is valid for all & € [@min, ¥max] including two extreme points &min and omax. This
is the case for example when both dy and d are word metrics; see Proposition 4.22 in the following
Section 4.

3.3 Rough similarity rigidity

In this section we prove Theorem 1.2 and the rigidity statement in Theorem 1.1. We begin with the
following.

Theorem 3.10 For every pair d, dx € 9, the following are equivalent:

(1) The Manhattan curve €y is a straight line between (0, v) and (v«,0), where v and vy are the
exponential volume growth rates of (I', d) and (T, dy), respectively.

(i) The metrics d« and d are roughly similar.

We use the following lemma in the proof. Recall that d € % is a roughly geodesic metric and there exists

a constant C > 0 such that for all £ € 0I", one may take a C-rough geodesic ray y¢ from o converging
to & on (I, d).

Lemma 3.11 Let v be a finite Borel regular measure on oI" and p be a doubling measure on 91 relative
to a quasimetric p for d € Dr. If we decompose v = vy + Vsing, Where vy is the absolutely continuous
part of v and vy, is the singular part of v relative to (i, then for a large enough R > 0,

ac 0 5R . sin 0 ,R
lim sup YaclAen, 2)) (On, R) <oo and limsup Vsing' “en, ) 2(0(n. R) =

n—sco  L(O(n, R)) n—soo (On, R))
for pu-almost every & € 0I", where &, := yg(n) forn > 1.

The proof of Lemma 3.11 follows from the classical Lebesgue differentiation theorem and the weak
maximal inequality — we include a proof for the sake of completeness in the appendix.

Proof of Theorem 3.10 If (ii) holds, then the Manhattan curve €, is actually a straight line on R
since 7, 5 = 7 for a constant t > 0 for all (a, b) € 657 by Lemma 3.5 and 6’(a) = —7 for all « € R by
Theorem 3.7 (or by Lemma 3.4).

Suppose that (i) holds. Then (@, b) := (v«/2,v/2) € €ar. By Corollary 2.10(1), we have that for all
xel,

Hap(O(x. R)) = exp(—”;*lxu - §|x|),
(3-12) e(O(x, R)) = exp(~vilxls) and  ju(OCx, R) < exp(—vlx]).
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This implies that

1O, R) - p(Ox, R)) =<1 forall xeT.
Mab(O(x, R)) 1ap(O(x, R))
Fix a large enough R > 0. Letting &, := yg(n) for integers n > 0, we have that

limsup—’u*(O(S"’R)) <oo and limsup WO, R))

n—>o0 [ta,b(O(En. R)) n—>o0 [ta,b(O(n. R))

for 4 p-almost every & € dI" by Lemma 3.11. Here we are using that px and p are finite Borel regular

(3-13)

measures and that 1, 5 is doubling relative to a quasimetric p in dI". Hence if either j1x and pq 5, Or
and pi, p are mutually singular, then Lemma 3.11 together with (3-13) leads to a contradiction. Therefore
both p4« and u have nonzero absolutely continuous parts relative to ji, 5, and thus for the corresponding
[-invariant Radon measures Ax, A and A, for px, p and i, p, respectively, both A, and A have
nonzero absolutely continuous parts relative to A, 5. By Lemma 2.12, there exist positive constants
c, ¢’ > 0suchthat Ay =cAgp and A = c’Agp. In particular, Ay = (c/c’)A and this implies that fi4
and p are mutually absolutely continuous. Letting ¢ := dus/du, we shall show that ¢ is uniformly
bounded away from 0 and from above. We have that

@(&)p(n)e?VrElmro = (2vEMo for (£, 1) € 37T

If ¢ is unbounded on B(£, ¢) for all & > 0, then for a fixed n 7 & such that ¢(5) > 0, it is possible that for
& € B(&, ¢), the value @(£")@(n) is arbitrarily large; however, (§'|n)«, and (§'|n), are uniformly bounded,
and this is a contradiction. This shows that ps =< p and thus by the above estimates (3-12), there exists a
constant C > 0 such that

lve|x|x« —v|x|| < C forall x €T,

ie dy and d are roughly similar; we conclude the claim. a
We can now conclude the proof of our first main result.
Proof of Theorem 1.1 Combining Theorems 3.7 and 3.10 concludes the proof of Theorem 1.1. |

Let us now move on to the proof of Theorem 1.2. We will break the proof into two parts. For every pair
d,dy € 91 define

. 1 d«(0,x)
t(d«/d) :=limsup ———— E ;
r—co #B(0.1) x€B(o,r)

where B(o,r) :={x €' : d(o,x) <r} for areal r > 0. We begin by proving the following.

Theorem 3.12 For every pair d, ds € 9r, the following limit exists:

cdfd)y = tim Ly 0D,

e #B(O’ r) x€B(o,r)
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and 7, = t(d«/d). Moreover, we have that
t(dy/d) > —.
Ux
where v and v are the exponential volume growth rates of (I", d) and (I, dx), respectively.

Proof Fix a pair d, d« € 91 and consider the point (0, v) on the associated Manhattan curve €,;. By
Lemma 3.5, there exists a constant 7, such that

7(§) =19,y for pg,,-almost every & € dT",

where we note that ji¢ , is a Patterson—Sullivan measure for the metric d. In particular, for 119 ,-almost
every £ € 0L, d« (0, yg(n))/n — 7oy as n — 0o, where y¢ is an arbitrary rough geodesic ray (with respect
to d) starting from o. Let us define
d«(0,x) —nt
. | *( ) 0,v| >
n

An,g = {X (S F

Consider S(n, R) :={x € ' : |d(0,x) —n| < R} and fix a sufficiently large Ry > 0. Since the shadows
O(x, Ry) for x € S(n, R) cover the boundary dI" with a bounded multiplicity, we have

#(A,.NSn, R
e D0 <c ¥ uon@e R =Cuos( U 0 Ro)
’ x€Apn.eNSn,R) x€Ay NS (n,R)

8} for n>0and € > 0.

Note that the last term tends to 0 as n — oo since if & belongs to O(x, Ry) for some x € 4, N S(n, R),
then |dx (0, yg(n)) —nto,p| = en — RoLx, where
Ly :=sup{d«(0,x) :d(0,x) < Ry}.

This shows that if x is sampled uniformly at random from S(7, R), then for all ¢ > 0 and for all large
enough n, we have |d« (0, x) —nto | < en with probability at least 1 — ¢, implying that

1 d
To,p = lim —— Z *(Z’ X)

= lim
e #S(l’l, R) xeS(n,R)

for all large enough R. For all real » > 0, let us take n := |r | the largest integer at most ». Note that if
Xy is sampled uniformly at random from the ball B(o, r), then we have x, € 4, with probability at
most O(e~VR) for all large enough 7, since the probability that x is not in S(#n, R) is at most O(e VR)
(following from Lemma 2.8: #S(n, R) < g e"). Therefore first letting » — oo and then R — oo, we

obtain

| d« (o,
To,p = lim ———— Z *(: X),

r—oco #B(o,r)
x€B(o,r)
and thus 7(d«/d) = 7¢,,. Furthermore, this reasoning shows that for each fixed, sufficiently large R,
#B4(0, (to,y +e)r) > (1 — O(e "R)) - #B(0.r) as r — oo,

where By (0, R) stands for the ball of radius R centered at 0 with respect to dx. Therefore t(d«/d) > v/ v,
where v and vy are exponential volume growth rate relative to d and d, respectively. |
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We can now conclude the proof of Theorem 1.2.

Proof of Theorem 1.2 We have already proven the first part of the theorem in Theorem 3.12. Let us show
the equivalence of statements (1), (2) and (3). Note that the equivalence of (2) and (3) is a consequence
of Lemma 3.4 and Theorem 3.10. (If two metrics d, dx are roughly similar, then the corresponding
Manhattan curve is a straight line on the entire part, not just on the part connecting (0, v) and (v, 0).)
We therefore just need to prove the equivalence of (1) and (3), which we prove below:

Consider the Manhattan curve 6, and the function 8 («) for the pair (d, dy) and recall that, by Theorem 3.7,
we have that 0’(0) = —t(d«/d). It follows, since the curve 6, passes through (0, v) and (v«, 0), that
t(d«/d) = v/v4 if and only if @ is a straight line on [0, v«]. By Theorem 3.10 this is the case if and only
if d and dy are roughly similar. This concludes the proof. a

Let us record the following result on the asymptotics of a typical ratio between two stable translation
lengths, as it is of interest in its own right.

Corollary 3.13 For alld, d, € 9, we have that

14 t
M — ©(dx/d) as t — oo for pu-almost every & € 0T,

e (0]

where 1 is a Patterson—Sullivan measure relative to d and yg is a quasigeodesic ray yg converging to &.

Proof This follows from Lemmas 3.2 and 3.5 since 79, = ©(dx/d) by Theorem 3.12. |

4 The C? regularity for strongly hyperbolic metrics

The aim of this section is to deduce better regularity (ie higher-order differentiability) for the Manhattan
curve under the additional assumption that d and d are strongly hyperbolic metrics; see Definition 2.2 in
Section 2.1. The method we use also applies to word metrics, in which case it is (in principle) possible to
compute explicit examples; we provide some in the subsequent section (Section 5). We will use automatic
structures to introduce a symbolic coding for our group I'. This will allow us to use techniques from
thermodynamic formalism. We begin with some introductory material on these techniques. For the
thermodynamic formalism on nontopologically transitive systems, we follow [Gouézel 2014, Sections 3.2
and 3.3].

4.1 Automatic structures

Fix a finite (symmetric) set of generators S for I'. An automaton & = (4, , S) is a triple consisting of a
finite directed graph 4 = (V, E, s«), where sy is a distinguished vertex called the initial state, a labeling
w: E — § on edges by S and a finite (symmetric) set of generators S. Associated to every directed path
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o = (eg,eq,-..,ey—1) in the graph % where the terminus of e; is the origin of e; 1, there is a path 7 (w)
in the Cayley graph Cay(T", §) issuing from the identity id, 7(eq), w(eg)7(ey), ..., m(eg) -+ - w(ep—1)-
Let us denote by 7« (w) the terminus of the path 7 (w), ie m«(®) := w(eg) - - w(ep—1).

Definition 4.1 An automaton o = (4, &, S), where § = (V, E, s«) and 7: E — S is a labeling, is called

a strongly Markov automatic structure if

(1) for every vertex v € V there is a directed path from the initial state sy to v,

(2) for every directed path w in % the associated path 7 (w) is a geodesic in the Cayley graph Cay(T", S),
and

(3) the map 4 evaluating the terminus of a path yields a bijection from the set of directed paths from
sxin9toI.

We sometimes abuse notation by identifying s{ with the underlying finite directed graph %. By a theorem
of Cannon [1984] every hyperbolic group admits a strongly Markov automatic structure for every finite
symmetric set of generators S'; cf [Calegari 2013]. Given an automatic structure { = (9, «r, S) for (', S),
we write X* for the set of finite directed paths in % (not necessarily starting from s4) and X for the set of

semi-infinite directed paths w = (w;)i=o.1,... in . Let Y := $* U X. The function 4 * — I naturally

extends to 3
Tx: X —>TUIN, o m(w),

by mapping a sequence to the terminus of the geodesic segment or ray 7 (w) starting at id in Cay(T, S).
We define a metric ds on Y by ds(w,0') =27"if » # o’ and  and &’ coincide up to the n'" entry,
and ds (w0, 0') =0if o = o'

4.2 Thermodynamic formalism

The shift map o: ¥ — I takes a (possibly finite) sequence @ = (®wo)i=0,1,... and maps it to o (w) =

(®i+1)i=o0,1,...- To ensure that o is well-defined, we include the empty path in . For every real-valued
Holder continuous function ¢: = — R (which we call a potential), the transfer operator ¥, acting on the
space of continuous functions f on ¥ is defined by
Fof@) = Y ) f(),
o(w)=w

where for the empty path w = & the preimages of o are defined only by nonempty paths. We say that the
directed graph  is recurrent if there is a directed path between arbitrary two vertices. We say that <§ is
topologically mixing if there exists n such that every pair of vertices is connected by a path of length
n. If 4 is recurrent but not topologically mixing, then there is an integer p > 1 such that every loop
(ie path starting and ending at the same vertex) in ¢ has length divisible by p. Furthermore the set of
vertices of ¢ decomposes into p subsets V = | ez pz Vi, Where every edge with the origin in V; has
the terminus in V; 1. We call this decomposition a cyclic decomposition of V. Restricting o to Vj,
we obtain a topological mixing subshift of finite type. If 9 is not recurrent, then we decompose %4 into
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components — these are the maximal induced subgraphs which are recurrent. For each component €, we
define the transfer operator £« by restricting ¢ to the paths staying in €. The spectral radius of ¥ is
given by eP(®) for some real value Prq(¢). This constant is obtained from the limit

.1
(4-1) Pre(¢,0) = lim —log [wo,gn_l] exP(Sfon,....on—1](#)).
where the summation is taken over all the cylinder sets of length #,
n—1
Stwo,.on11(0) = SUpLSne(@) : @ €[wo, ... 0p1]} and  Sppi=Y @oo’.
i=0
(See [Parry and Pollicott 1990, Theorem 2.2]; this follows from the Gibbs property of an eigenmeasure
for each component in the cyclic decomposition.)

Let
Pr(¢) := max Pre(¢),

where the maximum is taken over all components 6 of 4. We call a component € maximal if Prq(¢) =
Pr(¢). Note that the set of maximal components depends on ¢. We are interested in potentials that satisfy
the following condition.

Definition 4.2 A potential ¢ is called semisimple if there are no directed paths from any maximal
component to any other maximal components.

We denote by % the space of Holder continuous functions on X with some fixed exponent, whose explicit
value is not used, and by || - ||s the corresponding Holder norm.

Theorem 4.3 [Gouézel 2014, Theorem 3.8] Let ¢ be a semisimple potential and €1, ..., be the
corresponding maximal components, each with period p; and cyclic decomposition ¢; = |_| iez)piz Gij-
Then there exist Holder continuous functions h; j and measures ; j with [5 h; jdA; j = 1 such that

I
'sezf—epf“")" >y ( /E S dXi(j—n mod m)hi, i

i=1j€Z/p;Z
for every Holder continuous function f, where positive constants C and g¢ > 0 are independent of |, and

< /e P00
¥

the probability measures j; = (1/p;) > i€z piZ hi,jMi,j are invariant under the shift o. The measures
Wi are also ergodic.

Remark 4.4 In the statement of Theorem 4.3, if we define 6; ;j . to be the set of edges which can be
reached by a path from €; ; of length divisible by p;, and €_, ; ; to be the set of edges which we can
reach 6; ; with a path of length divisible by p;, then the function /; ; is bounded from below on the
paths starting with edges in 6; ; . and the empty path, and takes 0 elsewhere. Furthermore the measure
Ai,j is supported on the set of infinite paths starting with edges in 6_, ; ; and eventually staying in ;.
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pi—1
e j=o *
supports on the space of paths X, and u; is o-invariant while A; is not.

We will use both of the measures y; and A; := i,j foreachi =1, ..., 1. They have different

Lemma 4.5 [Gouézel 2014, Lemma 3.9] In the notation in Theorem 4.3, let A; := 11.7;)1 Ai,j. Then

oxA; is absolutely continuous with respect to A;.

Proposition 4.6 [Gouézel 2014, Proposition 3.10] Suppose that ¢ is a semisimple potential in ¥ and
€1,...,%r are the corresponding maximal components. Then there exist positive constants C, gy > 0
such that for all small enough v € ¥, there exist Holder continuous functions h:.pj and measures )\:./’j with

the same support as h; j and A; j, respectively, such that

I
- Pre; (9+V) v v
Hggﬂlff —Ze raemeon Z (/i fd)‘i,(j—n modpi))hi,f 5%

i=1 JEZ]p;Z

< C”f”%e(Pr(w)—so)n

for all f € ¥. Moreover, the maps Y — Pre; (¢ + V), ¥ — h;pj and V¥ +— )\;pj (from ¥ to R, ¥ and the
dual of ¥, respectively) are each real analytic in a small neighborhood of 0 in .

Let [E] denote the set of paths in X starting at s4. If 1[ g, denotes the corresponding indicator function,
then

n—1
Lp, (@) =Y 5@ where Syp(w) = p(0*(®)).
k=0

and the summation is taken over all paths w of length n starting from .

Lemma 4.7 For every Holder continuous potential ¢ and for every integer k > 1, if there exists a path
from s, in s containing edges successively from k different maximal components for ¢, then there exists
a constant C > 0 such that for all n > 1,

P 1E,1(@) = Cnk 1@,

On the other hand, if there are L components in &, then there exists a constant C > 0 such that for all
n>1,
‘%ZI[E*](Q) = CnLe™ @)

Proof This lemma is a special case of [Gouézel 2014, Lemma 3.7]; the proof of the second part is found
in [Tanaka 2017, Lemma 4.7]. O

4.3 Semisimple potentials

In this section we use thermodynamic formalism to link the geometric measures constructed in Section 2.6
to certain measures on %. The key result that allows us to do this is the following.
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Lemma 4.8 Let  be a I'-invariant tempered potential relative to dg on I with exponent 0; see
Definition 2.5. If for a strongly Markov automatic structure s = (4, wr, S) the corresponding shift space
(. 0) admits a Hélder continuous potential W such that

n—1
(4-2) Sa¥(@) =) W(o' (@) =Y (0.mx(w)) forall o= (wo.....0n-1) € ",
i=0

then V is semisimple and Pr(¥) = 6. Moreover, for each a € R, the potential a¥ is semisimple.

Proof Note that for the potential ¥, we have that for all n,

Llp @)= Y VO,
lx|s=n
Hence Lemmas 2.8 and 4.7 show that Pr(¥) = 6. If the potential ¥ is not semisimple, then there is a
directed path in the automatic structure o = (4, , S) starting from sy passing through k distinct maximal
components for W for k > 1. The first part of Lemma 4.7 implies that £, 1[g,1(2) > Cnk=1enPr(¥) for
all n > 0. This however contradicts Lemma 2.8. Therefore W is semisimple. Furthermore, for every

a € R, the same proof applies to ay/, and the potential aW is semisimple. |

For each semisimple potential ¥ on X, let 6; fori = 1, ..., I be the maximal components for W. Let A i
fori =1,...,I and j =0,..., p; be the measures obtained in Theorem 4.3 applied to the potential V.
We define A; := JI.’;BI Aij and Ay 1= Zil=1 Ai. Let us denote by w a finite Borel measure on oT"
satisfying (QC) with exponent 6 relative to (v, d) (which has been constructed in Proposition 2.7).

Lemma 4.9 Assume that  and W are as in Lemma 4.8. Then the pushforward of Ay (- N[E«]) by 7y is
comparable to (L.

Proof For all n, let /7, be the finite measure on ¥ defined by the positive linear functional f >

e Pr(Y) - &y S (D). If the maximal components for the potential W have periods p; fori =1,..., I, then
let p be the least common multiple of these periods. Theorem 4.3 shows that for every Holder continuous
function f on X, we have that foreach ¢ =0,..., p—1,
I pi
e~ (np+q)Pr(¥) '$$p+qf(®) N Z Z é S AN (j—q mod pyli,j (@) as n— oo.
i=1j=0

This convergence holds for all continuous functions f on X; indeed, we approximate f by Holder
continuous functions and use |eP*(¥) PGS (@) = C|l flloo for all n, where |- | stands for the
supremum norm. This shows that 771,14, weakly converges to a measure 7714 foreachq =0,..., p—1.
Since ¢; < h; j (D) < ¢, for some ¢y, c; > 0 (see Theorem 4.3 and Remark 4.4), all /71, are comparable
with 3, ; A;,j. If we denote by 7o the weak limit of o mi(- N[E/ Yk —o Mk ([Ex]), then the
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measure 7«7 is actually ji,,. Indeed, for every continuous function f on I' U dT", we have

e_nPr(\p)i)G,(l[E*] - fomy) (@) = o MPr(¥) Z eSn\Il(a))f(T[* (w))

w of length n from §x
— o "Pr(¥) Z e_W(o’x)f(x),
|x|s=n
where the last line follows since the map w4« induces a bijection from the set of paths of length n
starting at sy to the set of x € I' with |x|g = n and (4-2). Since Pr(¥) = 6 by Lemma 4.8, this shows
that the measure 7477 is comparable with 1., obtained by the Patterson—Sullivan procedure, and for
Ay =), ; Ai,j, the measure w4 A (- N[Ex]) is comparable with /iy m|

Example 4.10 For every pair of finite symmetric sets of generators S and S, there exist a strongly
Markov automatic structure s¢ = (%, 7, S') and a function de¢g, : E(%9) — Z such that

n—1

|7 ()]s, = Z dos, (w;) for every path w = (wy, ..., w,—1) from s4 on 4,

i=0
where 4 = (V (%), E(%9)) is the underlying directed graph of &{. This is proved in [Calegari and Fujiwara
2010, Lemma 3.8]; see also [Calegari 2009, Theorem 6.39]. Let us define a function Vg, : Y >R by
setting

Vg, (0) = —dpg, (wy) for w € X.

This function depends only on the first coordinate of w and is Holder continuous with respect to the

metric di Further, by construction, for ® = (wy, ..., w,—1) € ¥* we have that
n—1
SaWs, (@) = =) dps, (0;) = —ds, (0, Tx()).
i=0

This shows that, on X*, the Birkhoff sums of W, encode information about the metric d, .

Example 4.11 Let d € 9r be a strongly hyperbolic metric. For every finite (symmetric) set of gener-
ators S, we consider a subshift X arising from a strongly Markov structure s = (4, , S). Since the
Busemann function for a strongly hyperbolic metric is defined as limits (Section 2.6), if we define

Bo(x,y) :==d(x,y)—d(o,y) for (x,y) e x(I"UIT),
then its restriction on I' x dI" is the original Busemann function (based at o) for d. Let
U () := Bo(mx(wp), x(w)) for w € =.

Note that W is Holder continuous with respect to ds by the definition of strong hyperbolicity; see
Section 2.6. Furthermore, for w € X*, if n = |7« (w)|s, then we have that

Sp¥(w) = —d(0, m4(w)).
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Remark 4.12 It is important to note that for any strongly Markov structure s = (4, 7, S) and any
strongly hyperbolic metric d € 9, we can find a function ¥ on X encoding d. It is not clear if we can
do the same when d is a word metric; in which case we only know the existence of some strongly Markov
structure and a function on ¥ encoding d; see Example 4.10. We will exploit this freedom of choice for
strongly hyperbolic metrics in our proof of Theorem 1.3.

4.4 Proof of the C 2-regularity

In general, restricting to each component 6;, the pressure function Pre; (W) is real analytic in W. Further-
more, for every Wy, V € ¥,

Prq; (Wo + sW¥) = Prg, (Wo) + 573 + %szoiz +0(s®) as s—0,

where .
T; :=/ Wdu; and O'l-z = lim —/(Snllf—nr,-)2 dui.
z P

n—oon

We will prove that the 7; (resp. the 01.2) coincide on all maximal components for Wy.

Proposition 4.13 Let i be a I"-invariant tempered potential relative to dg on I" with exponent 6, and

. . 1 —ayr(0,x)
G(a).—nll)rr;oglog Z e for a € R.
lx|s=n
Suppose that the shift space (X, o) corresponding to a strongly Markov automatic structure sl = (4, 77, S)
admits a Holder continuous potential V satistying (4-2). Then the function 6(a) is twice continuously

differentiable in a € R.

Proof By Lemma 4.8, we have that 6(a) = maxq Prg(a W) for every a € R. Proposition 4.6 shows that for
each maximal component 6; withi =1, ..., I, for a¥ we have Pn/@i (a¥) = fZi W dui, where X; is the
set of paths staying in 6; for all time. Let us prove that fEi Vdu; = fz,- Wdpj foralli,je{l,...,. I}.
For every t € R, let A(t) be the set of boundary points £ in dI" for which there exists a unit-speed
geodesic ray &, in Cay(T, S) converging to £ such that
1
Jim -~y (0.8) = —.
Note that if this convergence holds for some geodesic ray toward &, then in fact this holds for every
geodesic ray toward £ since an arbitrary pair of geodesic rays converging to the same extreme point
are eventually within bounded distance up to shifting the parametrizations (where all geodesic rays are
parametrized with unit speed). This shows that the set A(t) is I'-invariant. Let 7; := le_ W du;, where
wi = (1/pi) j’.’;)l hi jAi ;. If we define
U; .= {a) ey :nli)n;o %S,,\IJ(a)) = r,-},
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then 74 (U;) C A(t;) and the Birkhoff ergodic theorem implies that u;(U;) = 1 since p; is ergodic
by Theorem 4.3. We shall show that 7; = z; forall i, j € {1,...,I}. Let Uf := >\ U;. Since A; and
i are equivalent on X;, we have A;(X3; N Uf) = 0. This implies that A;(Uf) = 0. Indeed, note that
okUic C Uf, and o ksin Uf = o~ k(z;n okUiC) cok=in Uf). Since A; o o~ is absolutely
continuous with respect to A; by Lemma 4.5, we have A; (o_k ;i NUf) =0, and since T = U,Czozo o k%;
modulo A;-null sets, we obtain A;(Uf) = 0.

We then have that A; (U; N[E«]) > 0 since U; has full A;-measure and A; assigns positive measure to [ E«]
by Theorem 4.3. Therefore

A VAT NEL]) = A (Ui N[Ex]) > 0

and Lemma 4.9 implies that 11, (A(7;)) > 0. As we have noted, A(t;) is I'-invariant, and since [y, is
ergodic with respect to the I'-action on dI" by Lemma 2.9, the set A(z;) has the full 1, measure. Since
this is true for alli = 1,..., I, all 7; and thus Prfgi (a¥) coincide. This shows that 6(«) is differentiable
atevery a € R.

Let T be the common value of all of the 7; at a € R. Foreachi =1,...,1, we have by [Parry and
Pollicott 1990, Proposition 4.11], Prf (a\IJ) = a?0?, where
01-2 = lim —/ (S, ¥ —nt)? du,.

n—oon

We define the set B(o;) of points £ in dT" for which there exists a (unit-speed) geodesic ray & in Cay(T", S)
converging to & such that the following double limits hold:

m—
of = nll)n;o %a (n), where o7 (n) := mli_r)noo % kX: (= (Ex. Egqr) — 7).
Note that B(o;) is ['-invariant since ¢ is ['-invariant. If we define u := Zilzl Wi, then applying the
Birkhoff ergodic theorem countably many times on a dense subset of the space of continuous functions
on X, we have that for p-almost every w € X, the measures (1/n) ZZ;IO 34k, Weakly converge to a
measure (L, on X, and for p;-almost every w € 3; one has u, = p; foreachi =1,..., 1. Note that

Uopoo L= Uow = Mo M-almost everywhere.

Let us define
Vii= {a) e :0~ = lim —/ (Sp¥ — nr)2 d,ua,}

We then have that 74 (V;) C B(o;) since ¥ is a ['-invariant tempered potential relative to dg and p; (V;) = 1.
Since V; is o-invariant modulo p;-null sets, the same argument as above implies that (i, (B(07)) > 0
and all 0 coincide. This shows that Pr/, (alIf) coincide for alli =1,..., 1. Since each Prg, (a) is real
analytic and 6(a) coincides with the maximum of finitely many Pre; (a) on a neighborhood of a by
Proposition 4.6, the function 6(«) is twice continuously differentiable in a € R. |
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Theorem 4.14 For every pair of finite symmetric sets of generators S and S, if

1
Os,/s(a) = nll)ﬁgo p log Z e~ Xlse for g eR,

|x|s=n

then 8g, /s is twice continuously differentiable in a € R.
Proof This follows from Proposition 4.13 and Example 4.10. |

We now consider the case when d, dx € @ are both strongly hyperbolic and we want to show that the
associated Manhattan curve is C2. In the previous part we exploited the fact that the subshift X encoded
one of the metrics d that we were considering. It is not clear how to exploit this fact when both metrics
are strongly hyperbolic. To get around this issue we take a word metric dg on I associated to a finite
symmetric set of generators S and use this to introduce a subshift X on which we are able to encode
information about the metrics d, d.

For the rest of this section assume that we have two strongly hyperbolic metrics d, dx € 9 and that
we have arbitrarily chosen a finite symmetric set of generators S for I'. We begin by constructing a
useful two-parameter family of measures on dI". For each (a,b) € R?, let ] (a, b) be the abscissa of
convergence of

Z exp(—adx (0, x) —bd(o,x) —sdg (0, x))

xel
as s varies.

To understand this summation we use the measures we constructed in Section 2.6. Since ady + bd is a
I-invariant tempered potential relative to dg for each (a, b) € R? (Example 2.6), Proposition 2.7 implies
that for each (a, b) € R?, there exists a measure Ma.b,s on 0L such that for x € T,

~ dx« 4
Cop < exp(aPuo(x. €) + bPo(x.&) + 0(a. b) Bso(x.£)) - W
Ma,b,S

where B4, Bo and B, are Busemann functions (based at o) for dy, d and dg respectively, and C, 5 is a

(6) = Cayp.

positive constant. By Lemma 2.8, we have that
(4-3) Z ¢~ adx(0,%)=bd(0,x) =a.b exp(f(a, byn) for all integers n > 0.
|x|s=n

For each fixed a € R, the function b > 6 (a, b) is continuous by the Holder inequality. Note that for each
fixeda e R,
b>6(a) = 0(a,b)<0 and b<60(a) = 6(a,b)>0.

Therefore, combining with the continuity of ] (a, b) in b, we have that ] (a,b) =0if and only if b = 6(a).

Now consider the subshift of finite type X arising from a coding corresponding to S. Let ¥, W, : ¥ — R be
Holder continuous potentials that encode o and dy, respectively, as in Example 4.11. For each (a, b) € R?,
by Lemma 4.8 (adapted to (4-3)) the potential ¥, j = aW, + bW is semisimple and Pr(¥, ;) = 0(a, b).
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Consider a point (a, b) € R? and take a maximal component € for W, p. Let u¢ denote the measure
corresponding to W, , on ¢ from applying Theorem 4.3. Since for each 6, the function W, j is real
analytic in (a, b) € R?, it admits a Taylor expansion with Jacobian J¢(a, b) and a symmetric Hessian
Cove(a, b). More precisely, letting W := W, and ¥, := ¥, we have J¢(a, b) = (J1(a, b), J1(a, b)),
where

ad .
Ji(a,b) = W dug = — Pre (¥ f =1,2,
l(a ) /;% i Al aSi (@.b) 1‘<g( sl,sz) or I

and Cov¢(a, b) has entries

82
COV(@ (a, b)i,j = m
. 1
= Jim [ (S0 =@, ) S @) =1 0. b) dpe(o)
¢

n—oon

(a’b)PI"@(qjsl ,sz)

for i, j =1, 2; this follows from the one-parameter case by considering s — W, ¢ 51 and differentiating
at s = 0 [Parry and Pollicott 1990, Proposition 4.11]. We know that the potentials W; and W, satisfy
a (possibly degenerate) multidimensional central limit theorem with respect to ju«¢ on 3¢. That is, the

distribution of
(Sp¥1(w), Sp¥a(w)) —nJg(a,b)

Nz

under 1 weakly converges to a two-dimensional Gaussian distribution with covariance matrix Cove(a, b)

as n — oo. It is useful to keep this in mind throughout the following. Furthermore, we note that W
and W, may vanish at certain points; however, there exists n such that S,V and S, W, are strictly
negative functions. Therefore for W, , and for the corresponding on maximal components 6, we have
that J¢(a, b) # (0,0) whenever b = 0(a) for all a € R. This fact is crucial when we appeal to the implicit
function theorem later in our discussion.

Proposition 4.15 For every (a, b) € R?, the Jacobian J¢(a, b) and the Hessian matrix Cove(a, b) do
not depend on the choice of maximal component 6.

Proof Showing that J¢(a, b) is independent of the choice of maximal component 6 for W, j is analogous
to the first part in the proof of Proposition 4.13; we omit the details. We will show that Cove(a, b)
is independent of the maximal component 6. The proof follows the same lines as in the proof of
Proposition 4.13 but we need to adapt the arguments to the multidimensional setting.

To simplify the following exposition, let us fix @ and b and suppress their dependence in the notation. We
also write dq := dx and d, := d, and denote the corresponding potentials by W = ¥, and ¥, = W. For
Cove¢ = (0i,j)i,j=1,2, we define the set B(Cove) of points in dI" for which there exists a geodesic ray
& € Cay(T, S) converging to £ such that for all i/, j = 1, 2, we have

1
0i,j = lim —oj ;(n),
s n—o00 1 s
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where
m—1

1
0ij(m) = Nim — > (=i (Ex, Enri) = 1J0) (~d;j G, Enic) =1 7).
k=0

For each ¥, ;, we have a measure A, ; by Lemma 4.9 such that the pushforward of A, j restricted on
[E+] by 7y is comparable to , p s, Which is ergodic with respect to the I"-action on dI" by Lemma 2.9.
By comparing the set B(Cove) to the set

—oon

1
Vo= () {a) €Y¢:0; ;= lim — / (SpW; —nJ;)(Sp¥; —an)a’uw},
n
ij=12 z
where [, is as in the proof of Proposition 4.13, we see that the matrix Cove does not depend on the
component €. This concludes the proof. O

Theorem 4.16 For every pair of strongly hyperbolic metrics d and dx on I', the corresponding function
0(a) is twice continuously differentiable in a € R.

Proof For each (a,b) € R?, let ¢ be a maximal component for the potential W, ». Proposition 4.15
shows that Pr¢ (Ws, 5,) admits the Taylor expansion whose terms up to the second order are independent
of the choice of 6. This implies that since Pr(¥, ;) is given by the maximum over finitely many
functions Pr¢ (W, 5) and Pr(W¥, ) = 6 (a, b), the function 6 (a, b) is twice continuously differentiable in
(a,b) € R%. Note that g(a, b) = 0 if and only if b = O(a) for all (a, b) € R?, and for every (a, b) € R?
with 6 (a,b) = 0 and for every maximal component €, we have that J¢(a, b) # (0, 0); see the discussion
just before Proposition 4.15. Therefore the implicit function theorem implies that 6 is twice continuously
differentiable. d

Now Theorem 1.3 follows from Theorem 4.16.

Note that this result and the arguments we applied to prove it are independent of the choice of S. However
in the case when I' admits a finite symmetric set of generators S such that the underlying directed
graph of an automaton has only one recurrent component, then the Manhattan curve associated to two
strongly hyperbolic metrics in 9 is real analytic. This is because, in this case, Pr(¥, p) is real analytic
in (a,b) € R as there is only one maximal component which is recurrent and all the others are transient
(not recurrent). For example, the fundamental groups of closed orientable surface of genus at least 2
admit such automata with the standard set of generators since they have a single relator. For more general
cocompact Fuchsian groups, see [Series 1981].

4.5 Pairs of word metrics

In this section we deduce further rigidity results for word metrics. Recall that the Manhattan curve
0s,/s: R — R associated to every pair of word metrics dg, dg, is twice continuously differentiable.
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Theorem 4.17 Let I" be a nonelementary hyperbolic group and dg and dg, be word metrics associated
to finite symmetric sets of generators S and S, respectively. If we denote the Manhattan curve for the

pair (ds. ds,) by
Cm ={(a,b) eR?: b =bs,/5(a)},

then the following are equivalent:

(1) The metrics ds and dg, are not roughly similar.
(2) The Manhattan curve 6,y is strictly convex at 0, ie 031* / 5(0)>0.

(3) The Manhattan curve 6y is strictly convex at every point, ie Gg*/s(a) > 0 for every a € R.

Remark 4.18 Let S, = {x € I' : |x|g = n}. If one of the equivalence statements in Theorem 4.17 holds,
then the law of
ds,(0,x,) —nt(S«/S)

N )

where X, is chosen uniformly at random from S, converges, as n — 0o, to the normal distribution

(4-4)

with mean 0 and variance 931* / 5(0) > 0. This follows from [Cantrell 2021, Theorems 1.1 and 1.2] and
[Gekhtman et al. 2022, Theorem 1.1] (where Gekhtman et al. have established their result in a more
general setting). Observe that if dg and dg, are roughly similar, then the limiting distribution of (4-4) is
the Dirac mass at 0.

Let X denote a subshift of finite type associated to a strongly Markov automatic structure s = (%, 7, S).

Lemma 4.19 Let V. : Y — R be a Holder continuous function such that
Sp¥s(w) = —ds, (0, w(wg) -+ w(wp—1)) for w = (wy,...,wp—1) € X%,

as in Example 4.10. The function Wy : 3¢ — R is cohomologous to a constant on a maximal component G,
ie there exist a constant ¢y € R and a Holder continuous function u: ¢ — R such that

Vy=co+u—uoo

if and only if dg and dg, are roughly similar.

Proof For a maximal component 6, let I'¢ be the set of group elements that are realized as the image of
a word corresponding to a finite path in 6. Recall that W, is cohomologous to a constant on X if and
only if there exists T € R such that the set

{Sy¥«(w)+nt:weZgandn>0,neZ}
is a bounded subset of R. By the definition of W, this holds if and only if
{ds, (0,x)—tdg(0,x):x € '}
is a bounded subset of R. We show that this is equivalent to the fact that dg and dg, are roughly similar.
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Let us prove that for each maximal component € there exists a finite set of group elements B C I" such
that BI'¢ B = I". This claim, which concludes the proof, is essentially observed in Lemma 4.6 of [Goué&zel
et al. 2018]; we provide a proof below for the sake of completeness.

For an element w € I" and a real number A > 0, we say that an S-geodesic word A-contains w if it
contains a subword / such that 7 = hywh; for some hy, hy € I' with |h|g, |h2]|s < A. Let Yy, A be
the set of group elements x € I' such that x is represented by some S-geodesic word which does not
A-contain w. It is known that there exists Ay > 0 such that for all w € T,

1. #(Yw,Ao N Sn)
m — =

n—o00 #Sn

03

see [Arzhantseva and Lysenok 2002, Theorem 3]. Since %€ is a maximal component in the underlying
directed graph % and thus the spectral radius is the exponential volume growth rate relative to S, the
upper density of I'g is strictly positive, ie

lim sup —#(R@ N Sh) > 0.
Fix w € I'. Since I'y has positive upper density and Y, A, has vanishing density, I'¢\ Yy, A, # @, ie there
is an element x of I'¢ whose every S-geodesic representation Ag-contains w, in particular there exists
y € I’ (corresponding to a subword) such that y = hywh, with |hq|g, |h2|s < Ag. Hence if we let B
denote the ball of radius Ay with respect to dg centered at the identity in I', then I' = BI'¢ B. |

Proof of Theorem 4.17 First let us show that (1) <= (2). By Theorem 4.14 (see the proof of
Proposition 4.13), the second derivative 9&; / 5(0) coincides with the second derivative at z = 0 of the
function Pr¢ (1 W) for each fixed maximal component € (at ¢ = 0). By Proposition 4.12 of [Parry and
Pollicott 1990] this second derivative is strictly positive if and only if Wy : 3¢ — R is not cohomologous
to a constant. Lemma 4.19 implies that this is true if and only if dg and dg, are not roughly similar.

Next let us show that (2) <= (3). We shall in fact show that if 931* / g(#) > 0 for some ¢ € R, then
Qg*/s(t) >0 forall t € R. Letus fix zp € R and let €, ..., %; be the maximal components of W, at
t = ty. By Proposition 4.6 there exists &€ > 0 such that

.....

for all |t —19| < &. Since each Pre, (fWy) is real analytic in ¢ € R, changing & > 0 if necessary we find at
most two components € and €, (possibly €1 = 46,) such that

Pre, (tWys) fortg <t <ty+e,

4-5 0 t) =
(4-5) 515 (1) {Pr<@2(t\ll*) fortg —e <t < ty.

Moreover, Prg, (tWy) (resp. Pre, (Wy)) is strictly convex at all points if and only if it is strictly convex
at some point, since this is equivalent to the fact that W, is not cohomologous to a constant function
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on X, (resp. X¢,) [Parry and Pollicott 1990, Proposition 4.12]. It follows that if Qg* / S(Zo) > 0, then

both Pre, (W) and Pre, (W) are strictly convex at all points, since
Qg*/s (t()) = PI{él (Z\Ij*)lt:to = PI'%2 (Z‘II*) | t=ty > 0

by the proof of Proposition 4.13. Note that since there are only finitely many components in the underlying
directed graph, the set of 7o € R where (4-5) holds for two distinct €; and €, is at most countable and
discrete in R. Applying the same argument to such 7y at most countably many times, we see that if 0, /g
is strictly convex at some point, then it is strictly convex at all points, as desired. |

4.6 Tightness of the tangent lines at infinity for the Manhattan curve

In this section we prove an inequality for pressure curves that will be a useful tool in understanding
the asymptotic properties of 6€3s. This inequality will have subsequent applications to a large deviation
principle (Theorem 4.23), our results on the multifractal spectrum (Theorem 3.8) and to proving the
rationality of the dilation constants associated to word metrics (Proposition 4.22).

Proposition 4.20 Let (X, 0) be a transitive subshift of finite type and W: ¥ — R be a Holder continuous
function. If we define

P (W) := sup{exp(

then we have that

Sp¥(w)

):J”a)za)fora)eEandnzl},

~ PtW) < Poo(tW) < P ) forall t e R,
P4

where Pr(t W) is the pressure for t W and p4 is the spectral radius of the adjacency matrix for (X, o).
In particular, it holds that

Pr(tV) = tlog Poo(W) + O(1) and Pr(—tV¥) =tlog Poo(—¥) + O(1) ast — oo.

Proof Let E be a finite set of alphabets and 4 = (A¢,¢’)c. o’ E be the adjacency matrix which defines the
transitive subshift of finite type (3, o) on E. We consider the associated finite directed graph % whose set
of edges is E. Let us denote by Q g the set of cycles in %, ie the set of finite paths w = (wo, ..., ®;—1)
whose terminus coincides with the origin, and by |w| = n the length of w. Recall that the transfer operator

Py f(w) = Z V@) £y for f:¥ >R
o(w)=w

has spectral radius eP"¥).

First we consider a special case (from which the general case will be reduced); ¥: ¥ — R depends only
on the first coordinate, ie W(w) = ¥ (wg) for some function ¥ : E — R. Let

(4-6) Poax (V) := max{ [[e?@™:we QE}

ecw
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where we note that the maximum is attained by some simple cycle (ie a cycle consisting of pairwise
distinct vertices). Then we have that

Prax () < ")
by the definition of spectral radius, and moreover,

ePr(\IJ) =p4a: Pmax(l/f)’

where p4 stands for the spectral radius of the adjacency matrix 4 by [Friedland 1986, Theorem 2] — we
have applied the nonnegative matrix (e‘”(e)Ae,e/)e,e/e £ note that we have pyq = €. Therefore we
obtain

(4-7) Proax (1) <PV < p g P (1) forall £ € R.

Next we consider the general case. Since W is Holder continuous, for all ¢ > 0 sufficiently small there exists
a function Wy : ¥ — R such that ¥y depends on finitely many coordinates and satisfies ||¥g — Wl|oo < &.
Let us recode the subshift 3, where an induced potential depends only on the first coordinate: if ¥
depends only on at most the first K coordinates for some K > 0, then we replace all K-length strings
allowed by A with a new symbol. We thereby obtain a new transitive subshift 3 p with an adjacency
matrix B. Note that the natural bijective map X — X, @ = (0;)72, > @ = (0i®j 41 Oj+ K1)
defined by concatenation of subsequent K-alphabets yields an isomorphism between the shifts. If we
define ¥,: X3 — R by W (@) = Wo(w), then W (@) = ¥ (@) for some function ¥ on X p, and the
spectral radii of transfer operators for Wy and \If{) coincide, therefore so do those of the adjacency matrices
A and B. Applying (4-7), we obtain

PP < pp - Prax(t ).
Further, since p4 = pp and the inequality
(4-8) |Pr(t W) —Pr(tWo)| < |tV —t¥y|l0o forall 7 € R,
which follows from (4-1), we have that
W) < Ml p g Prax(t9).
Combining with

tS, v
Ponax (1) < 8111 sup{exp(n—(a))) c0"w=owforweX andn > 1},
n

which follows from the definition (4-6) and (4-8), we obtain e *¥) < ¢2¢ltl 5, . P__ (1 W). Noting that
this estimate is uniform in 7 € R as ¢ — 0, we have that e”¥) < p .. P (1W) for all # € R. Similarly,
by using (4-7) we have Puo (W) < P ) for all ¢ € R, concluding the first claim. Further noting that
P (1W) = Pso (W) for all # > 0, we obtain the second claim. O
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Remark 4.21 Richard Sharp has suggested that the above proof can be simplified by appealing to the fact
that the set of uniform measures on periodic orbits is dense in the set of all o-invariant Borel probability
measures in the weak topology [Sigmund 1970, Theorem 1]. We have provided a more elementary
approach which gives a clearer insight into the following proposition.

Proposition 4.22 For every pair of word metrics dg and dg, associated to finite symmetric sets of
generators S and Sy, respectively, the corresponding Manhattan curve satisfies

Os,/s(t) = —omint + O(1) as t — oo and Os,/s(t) = —amaxt + O(1) as t — —oo.

Moreover, otmin and omax are rational.

Proof We apply Proposition 4.20 to each transitive component in the subshift in Example 4.10; for each
t € R, we have that
95*/5(1) = m(élerc@(t\IJS*),

where € is a component in the underlying directed graph by Lemma 4.8. Although the components
which attain the maximum can depend on the 7, since we have ayin = —lim;— o 8, /5(¢)/1 and there
are only finitely many components, there exists 6 such that oy, = —log Peo (W, |¢), Where W (¢
is the restriction of Wg, to X¢. Therefore Og, ) 5(1) = —amin? + O(1) as 1 — oo. Similarly, we have
Omax = log Poo(—Ws, ) for a possibly different ‘6, implying that fg, /5 (f) = —0/max? + O(1) as t — —o0.

Furthermore, since Vg _(w) = —d¢g, (wo) for w € ¥ and d¢g, takes integer values (Example 4.10), by
(4-6) in the proof of Proposition 4.20, we have that

d
Omin = Z ¢|ST*|(e) for a cycle w = (eg,...,er_1) and k = |w|,

and opax has a similar form. Hence opi, and opax are rational. O

ecw

4.7 An application to large deviations

In Section 3 we compared the typical growth rates of two metrics d, dx € @ by studying two related
limits. In Lemma 3.5 we studied the limiting ratio of the metrics as we travel along “typical” quasigeodesic
rays. We then, in Theorem 3.12, considered the limiting average of the ratio of two metrics, where we
average over n-balls in one of the metrics. In this section we investigate a finer statistical result that
compares a metric d € @ with a word metric dg. More precisely, we study the distribution of d (0, x)/n
when x is sampled uniformly at random from the set of all words of length 7 in d.

It has been shown that if d € @ is a word metric or is strongly hyperbolic, then there exists a positive
real number t such that
1 d(o, x)
4-9 — — — 00,
(4-9) s, Z p T asn— oo
|x|s=n

Geometry & Topology, Volume 29 (2025)




1898 Stephen Cantrell and Ryokichi Tanaka

where S, = {x € I' : |x|s = n}; see [Cantrell 2021, Theorem 1.1]. (In fact, a stronger result was shown:
the left-hand side of (4-9) is t + O(1/n) as n — oo.) Furthermore, the values d (o, x)/n concentrate

exponentially near t, ie for all & > 0,
d ’
©0.%) —r‘ >8}) < 0.
n

A detailed analysis of the Manhattan curve allows us to establish a precise global large deviation result
that is valid for every metric d € 9.

n—oo N n

#{xeS,,:

1 1
lim sup — log(#S

Theorem 4.23 Let I' be a nonelementary hyperbolic group equipped with a finite symmetric set of
generators S. Let S, := {x € " : |x|s = n} for nonnegative integers n > 0. If d € 9r, then for every
open set U and every closed set V in R such that U C V, we have that

#{x €S,: d(0,x) € U})

n
Vi) <—inf I(s),
cr}) =g

d(o, x)
I(s) =04a5(0) + Suﬁlé{ls —04/as(=1)},
re

1
— inf I(s) <liminf —1
it 10 < v v

1
#{xeSn:

1
<limsup — log(#s
n

n—oo N
where

and 044 is the Manhattan curve for the pair of metrics d and dg. Furthermore, I has a unique zero at
the mean distortion t(d/dg), is finite on (Ctmin, ®max ), and infinite outside of [Ctmin, max], Where

9 a 9 a
Omin = — lim M and Omax = — lim d/ds( )
a—00 a gim =

Remark 4.24 In a recent work, Gekhtman, Taylor and Tiozzo [Gekhtman et al. 2022, Theorem 1.1]
have established the corresponding central limit theorem in the case when d is a (not necessarily proper)
hyperbolic metric; we are not aware of the corresponding large deviation principle in the nonproper
setting, see eg [Gekhtman et al. 2018, Theorem 7.3] (for a recent analogous result on random walks, see
[Boulanger et al. 2023]).

Proof of Theorem 4.23 For every ¢ € R, we have that

o1 1
lim — log(#s Z etd(o’x)) =047a5(—1) = 04/a4(0)

n—o00 n

n

|x|s=n
by Lemma 2.8, and furthermore the right-hand side is continuously differentiable by Theorem 3.7. The
theorem then follows from the Gértner—Ellis theorem (eg [Dembo and Zeitouni 1998, Theorem 2.3.6])
and the definitions of 7 and 0,4 . |

Corollary 4.25 Suppose d,ds € 9t are as in Theorem 4.23. Further assume that d is a word metric
associated to a finite symmetric set of generators Sx, ie d = dg,. Then I(ctmin), I (0max) < 00 and further,
Omin and omax are rational.
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Proof This follows from Proposition 4.22. O

Remark 4.26 If we take a strongly hyperbolic metric d in Theorem 4.23, then I(ttmin), I (0tmax) < 00
by Proposition 4.20 and by the first part in the proof of Proposition 4.22. We are unsure whether both
I (omin) and I (amax) are finite for all d € @, which we leave open.

S Examples

In this section we compute the Manhattan curve for two examples, focusing on a pair of word metrics. In
the first, we provide an exact formula for a Manhattan curve associated to a free group. In the second,
we analyze a hyperbolic triangle group, which is another explicit class of hyperbolic groups other than
free groups. We obtain a Manhattan curve as an implicit function for some pair of word metrics in the
(3, 3, 4)-triangle group. For both cases, we use the GAP package [GAP Group 2020] to produce explicit
forms of automatic structures.

5.1 The free group of rank 2

The following example is considered in [Calegari 2009, Example 6.5.5]. We extend the discussion found
in [Calegari 2009] by commenting on the Manhattan curve. Let F = {a, b |) be the free group of rank 2.
We consider the standard set of generators S = {a,b,a~', h~!} and another symmetric set of generators

Sk :={a,b, c,a_l,b_l,c_l}, where ¢ := ab.

Our aim is to compute the Manhattan curve fg/g,. Note that a word on S is reduced if and only if it
contains no subword of the form e~ !¢, ch™!, ¢ Ya, be™!, and furthermore each element in F has a unique
reduced word representative on Sy. Henceforth we use 4, B, C to denote a= !, b~1, ¢! respectively. An
automatic structure for (F, S) (resp. for (F, S«)) is given in Figure 2 (resp. Figure 3). (In the figures the
arrows are solid if they are in the strongly connected component, and dotted otherwise. The initial state is
denoted by “1”.)

Figure 2: An automatic structure for (I', S) in Section 5.1.
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Figure 3: An automatic structure for (I", Si) in Section 5.1.

The word-length with respect to S is computed by setting

if e has the label a, b, A, B,

1
ds(e) =
#se) {2 if e has the label ¢, C,

where d¢g is defined as in Example 4.10. The adjacency matrix of this directed graph is of size 12
(because we use all the edges in the strongly connected component as indices), but it is enough to deal
with a smaller one: we observe that the “flip” of the labels by ¢ <> C, a <> B and b <> A keeps the
directed graph structure with labeling. This allows us to consider the following matrix of size 6, where
indices correspond to the set of labels a, b, ¢, 4, B, C:

a b ¢ A B C
a/l 01 0 1 1
bj1 1 1 1 0 0
cll 1.1 1 0 0
Ao 1. 0 1 1 1
Bj1 01 0 1 1
cC\0 1 0 1 1 1
Then the Manhattan curve is computed as 6/, (r) = log P(e™"), where P(s) is the spectral radius of
the matrix
s 0 s2 0 s s?
s s s2 5 0 0
s s 52 5 0 0
0 s 0 s s s2
s 0 s2 0 s s?
0 s 0 s s s?
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40

-20

Figure 4: The Manhattan curve (solid) for the example in Section 5.1 and the tangent line at 0
(dotted) for comparison.

(see Lemma 4.8). Hence we obtain

Os/s.(t) = log(%e_’(e_’ + e t(e ! +8) + 4)),
1 1
Omax = lim ——HS/S*(I) =2 and opjp = lim ——OS/S* (t)=1,
t——o0 | t—oo f
see Figure 4. Moreover, the mean distortion 7(S/S%) and v« /v, where v (resp. vx) is the exponential
volume growth rate for (I", S) (resp. (I", Sx)), are given by

4 log 4
T(S/S) = =65, (00 = 5 = 1.33333... and %*=12§3=1.26186....

5.2 The (3, 3, 4)-triangle group

We now turn our attention to computing a Manhattan curve for a pair of word metrics in the case of the
(3, 3, 4)-triangle group. Let
[:={a,b,c|a’ b c* abe),

where we denote the standard set of generators by
S:={a,b,c,a ', b7, 7Y,
and another symmetric set of generators by
Sk 1= {a,b,c,d,a_l,b_l,c_l,d_l}, where d := 2.
Note that I" has a presentation with respect to S given by
(a,b,c.d |a®, b3, c* abe,d™1c?).
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Figure 5: An automatic structure for (I, S) in Section 5.2.

Based on these presentations for I, we compute the exponential growth rate v (resp. v«) for (I, .S)
(resp. (I, Sx)) to be

v=0.674756... and vs=0.732858...,
and we have produced automatic structures for (I, S') and for (I", Sx) in Figures 5 and 6.

Following the method in Section 5.1, we find a matrix representation of the transfer operator, which is
read off from the strongly connected component with appropriately defined weights in Figure 7. The
characteristic polynomial of the transfer matrix of size 21 is

—e BBl 4+ )1+ e¥x)(1 +e’x +e>x2)(1—esx —e?$x? —e¥x? —e*x3 4 5x%).

Figure 6: An automatic structure for (I, Sx) in Section 5.2.
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C

Figure 7: The strongly connected component of the automatic structure for (I", Sx) in Figure 6.
The weight 1 is assigned on the directed edges with labels a, 4, b, B, ¢, C, and the weight 2 is
assigned on the directed edge with label d.

Let s — r(s) be the branch given as a root of

3s 4

e —e*x—¢’

2 6

52y sx2 75..3 8s .4

—e’’x  +e"x

such that r(s) coincides with the spectral radius of the transfer operator at s = 0. Then the Manhattan
curve is obtained by 0g/s, (s) = logr(s); see Figure 8. We find that oyax = % and o = 1. Moreover,
the expansion of fg/g, (s) at 0 has the form

Os/s,(s) =0.732858 ---— 1.18937 ... 5 + 0.0515301 ... 5> + O(s?),
and the mean distortion 7(S/Sx) and v« /v are given by

T(S/Sx) = 25 (85— +/17) = 1.18937... and v—v* = 1.08611....

Figure 8: The Manhattan curve (solid) for the example in Section 5.2, and the tangent line at 0
(dotted) for comparison.
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Note that t(S/S«) is quadratic irrational although it is a priori a root of a higher-degree polynomial with
rational coefficients. We are still far from having a systematic understanding of the exact class of numbers
to which 7(S/Sx) can belong in general. We believe that this deserves further investigation.

Appendix Proof of Lemma 3.11

In this section we will refer to some fundamental facts from [Heinonen 2001]. Let X be a topological
space endowed with a quasimetric p which is compatible with the topology on X, and let us call (X, p) a
quasimetric space. Let u be a Borel regular measure on a topological space (X, p). For» > 0 and x € X,
we denote the ball of radius r centered at x relative to the quasimetric p by

B(x,r):={ye X:p(x,y)<r}
A measure p is called doubling if all balls have finite and positive p-measure and there exists a constant

C (i) > 0 such that u(B(x,2r)) < C(u)u(B(x,r)) for every ball B(x,r)in X. We call C (1) a doubling

constant of [.

Let (X, p) be a quasimetric space which admits a doubling measure . For every Borel regular finite
(nonnegative) measure v on X, ie v(X) < oo, let us decompose

V = Vac + Vsing,
where vy is the absolutely continuous part of v and vy, is the singular part of v relative to w. Since v is

finite, v, is also finite and thus dv,./du is integrable.

Lemma A.1 For p-almost every x € X, we have that

. Vac(B(x,1)) . dvye . Vsing(B(xvr)) _
A (B dp )00 and mse T Gl T

Proof By adapting the proof of the Lebesgue differentiation theorem [Heinonen 2001, Theorem 1.8] to

a quasimetric, we have
‘m Vac(B(x, 1)) _ dvyc
r—0 w(B(x,r))  dp
Now we show the second claim. Let us write v = vgjyg. Since v and p are mutually singular, there exists
a measurable set N in X such that v(N) = v(X) and w(N) = 0. Further, (the singular part) v is also
Borel regular and the inner regularity implies that for all € > 0 there exists a compact set K, in N such
that v(NV \ K;) < e. Let ve := v[x\ g, be the restriction of v on X\ K, for which v¢(X) < . For all
x € X'\ K¢, there exists a small enough » > 0 such that B(x,r) C X \ K. If we define

Y V(B(x,r))  ve(B(x.1))
Lv(x):= lurnjgp —;L(B(x, ) and Mv.(x):= flipo —M(B(x, ) for x € X,

(x) for w-almost every x € X.

then for all # > 0,
{Lv >t} C K. U{Mv,; > t}.
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The weak maximal inequality shows that
Cu
n(Mve > 1}) < TUG(X)

for all 7 > 0 and for a constant C;, depending only on the doubling constant of & (where the proof follows
exactly as for (2.3) in [Heinonen 2001, Theorem 2.2]), and thus

C C
Ly > 1}) < (Ke) + n({Mve > 13) < TMVs(X) < 7“8,
where we have used the fact that u(K;) < u(N) = 0. Therefore for each ¢ > 0, letting £ — 0, we have that

p(Lv >1}) =0,

and this shows that Lv(x) = 0 for p-almost every x € X, as required. O

Remark A.2 The above fact is standard in metric spaces with doubling measures, and the part adapted
to a quasimetric is mainly the place where we use Vitali’s covering theorem. We avoid repeating all the
details: see [Heinonen 2001, Chapters 1 and 2].

Proof of Lemma 3.11 If we fix a large enough R > 0 given C for which d € 9 is a C-rough geodesic
metric, then Lemma 2.3 and Lemma A.1 together with the fact that u is doubling show that

. vac(O(éna R)) dvac . Vsing(O(En’ R)) _
B (O R)) = PR gy, @ =00 and s o0& R

for pu-almost every & in 0I", where C,, g s is a positive constant depending only on a doubling constant

of 1 and R as well as the §-hyperbolicity constant of d, and we recall that &, = yg(n) for n > 1 and yg is
a C-rough geodesic ray from o converging to £. This concludes the claim. a
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