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Unit inclusion in a (nonsemisimple) braided tensor category
and (noncompact) relative TQFTSs

BENJAMIN HATOUN

The inclusion of the unit in a braided tensor category V" induces a 1-morphism in the Morita 4-category of
braided tensor categories BRTENS. We give criteria for the dualizability of this morphism.

When 7 is a semisimple (resp. nonsemisimple) modular category, we show that the unit inclusion induces,
under the cobordism hypothesis, a (resp. noncompact) relative 3-dimensional topological quantum field
theory. Following Jordan, Reutter and Safronov, we conjecture that these relative field theories together
with their bulk theories recover Witten—Reshetikhin—Turaev (resp. De Renzi—-Gainutdinov—Geer—Patureau-
Mirand-Runkel) theories, in a fully extended setting. In particular, we argue that these theories can be
obtained by the cobordism hypothesis.
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1 Introduction

This paper is motivated by the quest to bridge topological and higher-categorical constructions of
Topological Quantum Field Theories (TQFTs). In the first approach one explicitly defines an n-manifold
invariant and works their way to a TQFT, adding structure or extra conditions as necessary. This is the
approach behind Reshetikhin and Turaev’s construction [1994] of the 3-TQFTs predicted by Witten [1989],
and their nonsemisimple variants [De Renzi et al. 2022]. The second approach classifies “vanilla” TQFTs,
ie fully extended and without the extra structures/conditions of the above examples, using the cobordism
hypothesis [Baez and Dolan 1995; Lurie 2009]. This classification is in terms of fully dualizable objects

in a higher category. To bridge the two approaches, we must answer the questions:
Can the cobordism hypothesis recover the interesting, hand-built examples that we know?
If so, do we know what the relevant dualizable objects are?
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2176 Benjamin Haioun

There is evidence that the answer is yes if one allows for relative and noncompact versions of the cobordism
hypothesis. The relevant dualizable objects were predicted to be those induced by the unit inclusion
mentioned in this paper’s title. This follows ideas of Walker, Freed and Teleman in the semisimple case,
and was predicted to extend to the nonsemisimple case by Jordan, Reutter and Safronov. The whole
story has mainly been communicated in talks; the only written references we are aware of are Walker’s
notes [2006] and Freed’s slides [2011]. An obstacle to obtaining the Witten—Reshetikhin—Turaev theories
from the cobordism hypothesis is that these theories are defined on a category of cobordisms equipped
with some extra structure, which morally comes from the data of a bounding higher manifold. It was
noticed by Walker and Freed—Teleman that this extra data is actually obtained from the Crane—Yetter
4-TQFT on the bounding manifold. Therefore the WRT theory should be thought of as a boundary theory
for the Crane—Yetter theory. We do not know of a formal proof of this statement. An adequate description
of relative field theory was given by Freed and Teleman [2014] and formalized by Johnson-Freyd and
Scheimbauer [2017].

Another obstacle is that the nonsemisimple variants are defined on a restricted class of cobordisms,
namely every 3-cobordism must have nonempty incoming boundary in every connected component. We
need to use a noncompact version of the cobordism hypothesis to work with this restricted category
of cobordisms. This noncompact version appears as an intermediate step in the sketch of proof of the
cobordism hypothesis proposed by Hopkins and Lurie; see [Lurie 2009]. Note that there is independent
work in progress of Reutter—Walker and Schommer-Pries in this direction.

A final obstacle is that WRT theories are not fully extended. It is known that they extend to the circle, but
work of Douglas, Schommer-Pries and Snyder [Douglas et al. 2020] (see also [Freed and Teleman 2021])
shows that they extend to the point if and only if they are of Turaev—Viro type. This can be explained by
the fact that they come from a relative setting, namely are defined on a category of cobordisms equipped
with a bounding higher manifold, which we call filled cobordisms, and the point cannot be equipped with
a bounding 1-manifold.

Summing up, one should be able to recover the WRT theories (resp. their nonsemisimple variants) from a
4-TQFT and a boundary (resp. noncompact boundary) theory for this 4-TQFT, both of which are fully ex-
tended and obtained from the cobordism hypothesis. It was proposed by Freed and Teleman in the semisim-
ple case that the 4-TQFT is induced by the modular tensor category ¥, and the boundary theory by the inclu-
sion if the unit in ¥'; see the last slide of [Freed 2011]. It was proven in [Brochier et al. 2021a] that a possibly
nonsemisimple modular tensor category V' = Ind(¥) is indeed 4-dualizable in the even higher Morita
4-category of braided tensor categories BRTENS, and therefore induces a 4-TQFT under the cobordism
hypothesis. It was conjectured by Jordan, Reutter, Safronov and Walker in 2019 that this 4-TQFT together
with the relative theory induced by the unit inclusion will also recover the nonsemisimple variants of WRT.

This paper gives the first step towards executing the above program. We use the framework of [Johnson-
Freyd and Scheimbauer 2017] to prove that the unit inclusion is 3-dualizable (resp. noncompact-3-
dualizable), and therefore induces a (resp. noncompact) relative 3-TQFT under the cobordism hypothesis.
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In the last section we explain how one can obtain a theory defined on filled cobordisms from a relative
theory together with its bulk theory. We state the conjectures that these recover the WRT theories and their
nonsemisimple variants. Proving these conjectures would answer both questions above in the affirmative.

Context

The cobordism hypothesis formulated in [Baez and Dolan 1995], see [Lurie 2009] for a sketch of proof,
provides a new angle to study and construct topological quantum field theories. One simply has to find a
fully dualizable object in a higher category, and it induces a framed fully extended TQFT. We will study
here one particular example of target category, the 4-category BRTENS of braided tensor categories and
bimodules between them, or more precisely the even higher Morita category ALG,(PR) of E,-algebras
in some 2-category of cocomplete categories.

Even higher Morita categories are defined in [Johnson-Freyd and Scheimbauer 2017]; see also [Sche-
imbauer 2014] and [Haugseng 2017]. They form an (n+k)-fold Segal space, which we will abbreviate
(n+k)-category, ALG,(¥) for & a k-category. It is shown in [Gwilliam and Scheimbauer 2018] that
every object in ALG,(¥) is n-dualizable. We study the case ¥ = PR, the 2-category locally presentable
k-linear categories, cocontinuous functors and natural transformations, over a field k of characteristic
zero. It was shown in [Brochier et al. 2021b, Theorem 5.21] that fusion categories provide a family of
fully dualizable objects in BRTENS,' and later in [Brochier et al. 2021a, Theorem 1.1] that possibly
nonsemisimple modular tensor categories are invertible, and hence also fully dualizable. Provided that we
can endow these objects with the extra orientation structure needed for the oriented cobordism hypothesis,
the TQFTs induced by fusion categories are expected to coincide with the Crane—Yetter theories. The
TQFTs induced by nonsemisimple modular tensor categories are expected to coincide with the ones
constructed in [Costantino et al. 2023].

There is another version of the cobordism hypothesis for relative field theories. Actually, there are multiple
versions as there are multiple notions of relative TQFT. Lurie [2009, Example 4.3.23] proposed a definition
of a domain wall based on a category of bipartite cobordisms, and proves the relative cobordism hypothesis
under the assumption that the ambient category has duals. Stolz and Teichner [2011] define a notion of
twisted quantum field theories in the context of topological algebras. Freed and Teleman [2014] describe
relative n-TQFTs as morphisms between truncations of fully extended, ideally invertible, (n+1)-TQFTs.
Johnson-Freyd and Scheimbauer [2017] give an explicit definition of what a morphism between TQFTs
is and exhibit three different notions of strong-, lax- and oplax-twisted quantum field theories, which also
makes sense when the bulk theories are only (n+¢)-TQFTs. We will be mostly interested in their notion
of oplax-twisted quantum field theory.

We consider the category BRTENS ™ of arrows in our chosen target category, where morphisms are
“oplax” squares filled by a 2-morphism. There is a well-defined notion of source and target for objects
and morphisms in this arrow category. Given % a fully extended (n+¢)-TQFT, a relative theory to % is a

IThis is where the characteristic-zero assumption is needed.
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symmetric monoidal functor ®: BORD,, — BRTENS ™~ whose source is trivial and whose target coincides
with %. The cobordism hypothesis applies directly in this context, namely % can be reconstructed from
its value on the point (pt): 1 — %(pt) which has to be fully dualizable in BRTENS ™. We say that the
I-morphism % (pt) has to be fully oplax-dualizable.

In this paper we study the dualizability of the 1-morphism induced by the inclusion of the unit n: Vecty — V.
The braided monoidal functor 1 induces a Vecty - -central algebra s, which is V" as a tensor category
with bimodule structure induced by 1. When it is oplax-dualizable, it induces a relative TQFT to the one
of V. There is a stronger notion of dualizability for a 1-morphism needed to induced a domain wall in the
sense of Lurie. It is already known that the 1-morphism «,, is always 1-dualizable in the strong sense, by
[Gwilliam and Scheimbauer 2018], 2-dualizable as soon as ¥ is cp-rigid, and 3-dualizable as soon as V'
is fusion, by [Brochier et al. 2021b].

We show that fusion is a criterion for 3-dualizability, but not for 3-oplax-dualizability, emphasizing the
difference between these notions. We study oplax-dualizability in detail, including the nonsemisimple
cases. It is expected that the induced oplax-twisted theory corresponds to the Witten—Reshetikhin—Turaev
TQFT seen as relative to the Crane—Yetter 4-TQFT in Walker’s [2006] and Freed—Teleman’s picture as in
[Freed 2011].

In the modular nonsemisimple case, we will show that s{;; is not 3-oplax-dualizable. We can only hope
for a partial dualizability, and a partially defined TQFT. It turns out that Lurie’s sketch of proof of the
cobordism hypothesis is building a TQFT inductively from the dualizability data of the value on the point,
and if this object is not fully dualizable, this process will simply stop partway through. Note again related
ongoing work of Reutter—Walker and Schommer-Pries. In our case this process will stop before the very
last step, and we obtain a theory defined on cobordisms with outgoing boundary in every connected
component, which we call a noncompact TQFT; see Section 2.3.2.

Results

The unit inclusion in a braided tensor category " € BRTENS gives a braided monoidal functor : Vecty —%".
We work over a field k of characteristic zero. Using Definition 3.8, it induces a Vecty -1'-central algebra ),
ie a 1-morphism in BRTENS. When we see this morphism as an object of the oplax arrow category
BRTENS ™, we denote it by &ﬁ'?l. We are interested in the adjunctibility of 4, and in its oplax-dualizability,
ie in the dualizability of s .

We recall Lurie’s sketch of proof of the noncompact cobordism hypothesis, and introduce the corresponding
notion of noncompact-n-dualizable object in Section 2.3.2. We characterize oplax-dualizability of the
unit inclusion:

Theorem 1.1 (Theorems 3.18, 3.21 and 3.20) Let " € BRTENS be a braided tensor category, and &Ql,)?
the object of BRTENS ™ induced by the inclusion of the unit. Then:

(1) s is always 2-dualizable.
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If V' has enough compact-projectives, then:
(2) &Q',’, is noncompact-3-dualizable if and only if V' is cp-rigid.

3) &d% is 3-dualizable if and only if V' is the free cocompletion of a small rigid braided monoidal
category if and only if V' is cp-rigid with compact-projective unit.

In particular, for the examples of interest for Section 4:

Corollary 1.2 Let ¥ be a modular tensor category in the sense of [De Renzi et al. 2022], let V' := Ind(¥)
be its Ind-completion, and &QI;I be induced by the unit inclusion in*V'. Then:

(1) If ¥ is semisimple, &Q',’? is 3-dualizable and induces a 3-TQFT Ry with values in BRTENS .

(2) If v is nonsemisimple, &dt,’] is not 3-dualizable, but is noncompact-3-dualizable and induces a
noncompact-3-TQFT Ry with values in BRTENS ™.

We describe the dualizability data of &d*,’, explicitly, which gives the values of R+ on elementary handles.
In dimension 2, the handle of index 2 is mapped to some mate of the unit inclusion 7. The handle of
index 1 is mapped to some mate of the tensor product 7. And the handle of index 0 is mapped to some
mate of the “balanced tensor product”

Tbal VR V>V
VRV
which is induced by T on the relative tensor product.

To determine this dualizability data, we use the fact that the dualizability of &it;) is equivalent to the dualiz-
ability of V" and the right-adjunctibility of {,; see [Johnson-Freyd and Scheimbauer 2017, Theorem 7.6]
and Section 2.2.3. We remark that the adjunctibility of s, often implies the relevant dualizability of V',
see Remark 3.25, which is a priori a phenomenon specific to the unit inclusion.

Freed and Teleman [2021, Theorem B] study the dualizability of the unit inclusion in the 3-category
ALG;(Rexc). Here Rexc is the 2-category of finitely cocomplete categories and finitely cocontinuous
functors. They show that ¥" € ALG; (Rexc) is finite rigid semisimple if and only if .Il;, is 2-dualizable,
ie lies in a subcategory with duals. The forward implication is [Douglas et al. 2020]. We can give an
analogous statement one categorical number higher:

Theorem 1.3 (Theorem 3.22) Suppose V" € BRTENS has enough compact-projectives. Then sy is
3-dualizable if and only if V' is finite rigid semisimple.

Note that the full dualizability of s is indeed stronger that its oplax-dualizability. They are however
expected to be equivalent when V" is itself fully dualizable; see Remark 2.22. This actually implies some
nondualizability results on V'; see Remark 3.24
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Figure 1: Adjunctibility data of the unit inclusion. The whole description (including gray) holds
for V' cp-rigid (Proposition 3.26), and the black subset holds when ¥ has enough compact-
projectives (Theorem 3.18). The functor 7¥ is the essentially unique cocontinuous functor that
agrees with n® on the compact-projectives.

We study in Section 3.2 the dualizability of the 1- (resp. 2-) morphism induced by a braided monoidal (resp.
bimodule monoidal) functor F, which we denote by s g (resp. M g). This allows us to give explicitly the
adjunctibility data of s,; see Figure 1. We will use the notation

morphism

left adjoin/ \r‘ight adjoint

counit | unit  counit | unit
to depict adjunctibility data. We will give a further example explaining this notation in Figure 2.

We studied the unit inclusion, but a version of our arguments still work for any bimodule induced by
a braided monoidal functor. Instead of a necessary and sufficient condition, we only have a sufficient
condition:

Theorem 1.4 (Theorem 3.28) Let F: % — W be a braided monoidal functor between two objects
of BRTENS. Then the object &QI}, € BRTENS™ induced by F is 2-dualizable. It is noncompact-3-
dualizable as soon as V' and W' are cp-rigid. In this case, it is 3-dualizable if and only if F preserves
compact-projectives.

Applications

Nonsemisimple variants of Witten—Reshetikhin—Turaev TQFTs were introduced in [Blanchet et al. 2016]
and [De Renzi et al. 2022]. They are defined on a restricted class of decorated cobordisms, including
in particular cobordisms with incoming boundary in every connected component. This matches the
notion of noncompact TQFT from Lurie, up to orientation reversal, and this is the part of the theory
that we expect to obtain. We will focus on the TQFTs from [De Renzi et al. 2022] here, and actually
their extension to the circle by [De Renzi 2021]. They are defined for possibly nonsemisimple modular
categories, whose Ind-completions have been found to be 4-dualizable, and actually invertible, in BRTENS
by [Brochier et al. 2021a]. Using the cobordism hypothesis, for ¥ a modular tensor category and V" :=
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Ind(¥) its Ind-completion, there is an essentially unique framed 4-TQFT %+ : BORDgr — BRTENS with
Fey (pt) =Y.

We know from Corollary 1.2 that if V" is semisimple (resp. nonsemisimple) the unit inclusion is 3-oplax-
dualizable (resp. noncompact-3-oplax-dualizable). Using the cobordism hypothesis, it induces a framed
(resp. noncompact) 3-TQFT Ry : BORDf3r — BRTENS ™ (resp. Ro: BORDgr’nc — BRTENS ) relative
to %+. We give conjectures that these theories can be oriented.

Conjecture 1.5 (Conjectures 4.11 and 4.13) Let ¥ be a modular tensor category and V" = Ind(¥),
which is invertible and in particular 5-dualizable by [Brochier et al. 2021a]. Then:

(1) The ribbon structure of ¥ induces an SO(3)-homotopy-fixed-point structure on V.

(2) The ribbon structure of ) induces an SO(3)-homotopy-fixed-point structure on &d%.

(3) A choice of modified trace t on ¥ induces an SO(4)-homotopy-fixed-point structure on V'

Given a modified trace t, let d (V). denote the global dimension of ¥ computed using t, defined as the
value on S* of the (3+1)-TQFT of [Costantino et al. 2023] with the same input.

(4) Exactly two modified traces induce SO(5)-homotopy-fixed-point structures on ', namely +2; 't
for 9, a square root of the global dimension d(¥)y.

Let us include here the conjecture that the TQFTs of [Costantino et al. 2023] compute the (3+1)-part of
the fully extended TQFT associated with ¥/, which we can state now that we have conjectured orientation
structures.

Conjecture 1.6 Let ¥ be a modular tensor category. Choose t a modified trace on ¥ and let % be the
associated oriented 4-TQFT. Then one has a natural isomorphism

Ly ~ hl Q 32&/
between the (3+1)-TQFT defined in [Costantino et al. 2023] and the (3+1)-part of %.

We construct the “anomalous” theory s : BORD%illed — TENS associated with Ry and %y-. It is defined

on a 3-category of cobordisms equipped with a filling, ie a bounding higher manifold, which degenerates
to the more usual Cob on which WRT-type theories are defined. The anomalous theory is noncompact
when Ry is.

We can now state the main conjectures. We claim that one can recover WRT and DGGPR theories from
the cobordism hypothesis using the construction we described:

Conjecture 1.7 (Conjecture 4.16) Let ¥ be a semisimple modular tensor category with a chosen square
root of its global dimension. The anomalous theory sy induced by the associated oriented 4-TQFT %+
and oriented oplax-%y -twisted 3-TQFT R+ recovers the once-extended Witten—Reshetikhin—Turaev
theory as its 321-part.
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Conjecture 1.8 (Conjecture 4.17) Let ¥ be a nonsemisimple modular tensor category with a chosen
modified trace t and square root of its global dimension. The anomalous theory v induced by the
associated oriented 4-TQFT %+ and oriented noncompact oplax-%+ -twisted 3-TQFT R+ recovers the
once-extended DGGPR theory for cobordisms with trivial decoration as its 321-part.

We show that the values on the circle coincide by computing R+ explicitly and using the factorization
homology description of %--. For higher dimensions, one needs to identify the values of %+ on 3-manifolds
with skein modules, which is at this day still conjectural [Johnson-Freyd 2021, Conjecture 9.10].

An interesting consequence of these conjectures is that since the WRT and DGGPR theories only
correspond to the 321-part of sy, they actually extend down. They do not descend to the point, which is
not null-bordant, but to the pair of points S°.

Note that we use both the oplax-twisted 3-TQFT and the 4-TQFT in this construction. Therefore, not every
case of 3-oplax-dualizability in Theorem 1.1 induces such a theory. We also need " to be 4-dualizable.
The assumption that %+ is invertible however can be dropped. The anomalous theory would then strongly
depend on the filling, and give interesting invariants of 4-manifolds with boundary.

The construction of the anomalous theory s+ using a bounding manifold is needed to recover the usual
constructions of WRT and DGGPR theories. It is also necessary for some applications, eg to obtain
a scalar invariant of 3-manifold. However, one could argue that the more fundamental object is the
fully extended twisted 3-TQFT %R. It does not assign a scalar to a 3-manifold, but an element in a
one-dimensional vector space: the state space of the invertible Crane—Yetter TQFT. If one is happy to
allow this feature, then one can argue that WRT is a fully extended theory, with values in the oplax arrow
category BRTENS ™.

Acknowledgements I would like to thank my advisors Francesco Costantino and David Jordan for their
invaluable help and encouragements. I am grateful to Pavel Safronov for many helpful discussions and to
the anonymous referee for many useful remarks on a first version of this article. This research is part of
my PhD thesis and took place both at the Université Toulouse 3 Paul Sabatier and at the University of
Edinburgh.

2 Relative and noncompact TQFTs

In this paper we will study the dualizability of a 1-morphism. What exact kind of dualizability we are
interested in is dictated by the relative cobordism hypothesis: we want a 1-morphism that will induce
a relative TQFT. It turns out that there are multiple notions of relative TQFTs, and therefore multiple
interesting notions of dualizability for a 1-morphism.

Throughout, we will use the expression n-category to mean (0o, n)-category, and more precisely complete
n-fold Segal space. For j > k, we write o; for the composition of j-morphisms in the direction of
k-morphisms. We write Idjlﬁ for taking k-times the identity of f.
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2.1 Review of relative TQFTs

We recall the notions of relative TQFTSs that will be our motivation. Let € be a symmetric monoidal
n-category. We distinguish two flavors.

The first is purely topological. Lurie [2009, Example 4.3.23] defines a category BORD,‘fw of bipartite

cobordisms with two different colors for the bulk and interfaces between them. There are in particular
dw

manifolds with only one color and without interfaces. This induces two inclusions BORD,, — BORD;, .
Definition 2.1 (Lurie) A domain wall between two theories %;,%,: BORD, — % is a symmetric

monoidal functor BORDZ

¥ — @ that restricts to %; and %, on manifolds with one color.

In particular, the interval with an interface point in the middle induces a morphism %; (pt) — %, (pt).
Freed and Teleman [2014] describe a notion of relative TQFT by means of such morphisms for every
values of %1 and %, on manifolds of dimension strictly less than 7. They mention that their notion should
be equivalent to Lurie’s notion of domain wall. A more detailed comparison will appear in William
Stewart’s PhD thesis.

The second notion focuses on the algebraic flavor of Freed—Teleman’s description. One can drop the
assumption that %, and %, are well defined on n-manifolds because these don’t appear. Johnson-Freyd
and Scheimbauer define three different notions of an n-category of arrows in an n-category. We will focus
on the oplax one €.

Definition 2.2 (sketch, see Definition 5.14 in [Johnson-Freyd and Scheimbauer 2017]) Let € be a
symmetric monoidal n-category. The symmetric monoidal n-category €~ of oplax arrows in 6 has:

* Objects Triples f = (sr.1f, /%), where sy and ty are objects of 6 and [ sp—>trisal-
morphism.

e 1-morphisms, f — g Triples i = (s3,, t,, h*), where s}, sf—>sg and ty:ty — tg are 1-morphisms,
and h*: g* osp, = 1,0 f* is a 2-morphism.

* k-morphisms,a — b Triples f = (s¢, 1, f*), where Sf:8q—> spand ty:1g — tp are k-morphisms
in ¢, and f*#is a k+1-morphism in 6 from the composition of some whiskerings of »* and s f to
the composition of some whiskerings of 7¢ and a*,

It has two symmetric monoidal functors s,7: 67~ — €.

To avoid confusion, when we see a 1-morphism f of 6 as an object of ¢~ we will denote it by 1 b The
notation comes from (/*)* = f.
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Definition 2.3 [Johnson-Freyd and Scheimbauer 2017, Definition 5.16] Let € be a symmetric monoidal
n-category and %1,%,: BORD,,_; — % two categorified (n—1)-TQFTs. An oplax-%-%,-twisted (n—1)-
TQFT is a symmetric monoidal functor

R:BORD,_| — €~

such that s(R) =%, and t(R) =%

The name and strategy come from [Stolz and Teichner 2011].

We will use the formalism of Johnson-Freyd and Scheimbauer in this paper. For applications, see Section 4,
we are interested in the case where #; is the trivial theory and %, is well-defined on n-manifolds. If
%: BORD, — ¢ is defined on n-manifolds, we will say oplax-%-twisted theory for oplax-Triv-%|gorp,,_, -
twisted theory. Under this extra hypothesis, which was made in [Freed and Teleman 2014], the notion of
oplax-twisted field theory should agree with Lurie’s notion of domain walls; see Remark 2.22.

2.2 Dualizability data

Let us first recall the multiple notions of dualizability and adjunctibility for morphisms in a symmetric
monoidal n-category €.

2.2.1 Definitions

Definition 2.4 Let € be a bicategory, and f: x — y a l-morphism in €. A right adjoint for f
is a morphism f R.y 5 x together with two 2-morphisms &: f o f R - Id) called the counit and
n:1dx = fRo f called the unit, satisfying the so-called snake identities:

X X X
x 1dy % fi - Jf x
fl ~  x FR| y oo~ lf = Id,
y fJ _ flc \‘9‘ 1dy y
Y Y y
Y y
y fR[ N fR)lC = dy y
le ~ X 7] ~ lfR — I
X Idy /nfijj SR x

We say that f has a right adjoint f® and that /& has a left adjoint f.
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This definition extends to higher categories. Let € be an n-category, 2 <k <nmand f:x —> y a
k-morphism between two k—1-morphisms x, y:a — b in 6. A right adjoint for f is a right adjoint for
f seen as a 1-morphism in the bicategory s, (Home(a, b)). If k = 1 then we demand a right adjoint
of f in ,(6). If k = 0 and 6 is a monoidal category then we demand a right adjoint of f in /,(B%),
where B is the one object n+1-category with endomorphisms of the object being ¢, and composition
the monoidal structure of 6,ie X oY := X ®Y.

Definition 2.5 Let € be a symmetric monoidal n-category. It is said to have duals up to level m if every
k-morphism of €, for 0 < k < m, has both a left and a right adjoint. It is said to have duals if it has duals
up to level n.

An object X € € is said m-dualizable if it lies in a sub-n-category with duals up to level m. It is called
fully dualizable if it is n-dualizable.

There are multiple notions of dualizability, or adjunctibility, for morphisms and higher morphisms in €.
Following [Lurie 2009] one defines:

Definition 2.6 A k-morphism f of € is said m-dualizable if it lies in a sub-n-category with duals up to
level m + k. 1t is called fully dualizable if it is (n—k)-dualizable.

Following [Johnson-Freyd and Scheimbauer 2017] one gets a few more notions. For simplicity we focus
on 1-morphisms.

Definition 2.7 A 1-morphism f: X — Y of € is said m-oplax-dualizable if it is m-dualizable as an
object f b of €. It is said m-lax-dualizable if it is m-dualizable as an object of @V, where @V is the
category of lax arrows defined in [Johnson-Freyd and Scheimbauer 2017, Definition 5.14].

Definition 2.8 A k-morphism f is said to be left (resp. right) adjunctible if it has a left (resp. right)
adjoint, and adjunctible if it has arbitrary left and right adjoints (( /L)L, (f®)R and so on). It is said
to be m-times (resp. left, right) adjunctible if it is m—1-times (resp. left, right) adjunctible and every
unit/counit witnessing this are themselves (resp. left, right) adjunctible. We sometimes abbreviate m-times
adjunctible as m-adjunctible.

Note that being (left, right) adjunctible is only a condition on the morphism while being (lax, oplax)
dualizable is also a condition on its source and target.

Theorem 2.9 [Johnson-Freyd and Scheimbauer 2017, Theorem 7.6] A 1-morphism f: X — Y of € is
m-oplax-dualizable if and only if X and Y are both m-dualizable and f is m-times right adjunctible.
Similarly, it is m-lax-dualizable if and only if X and Y are both m-dualizable and f is m-times left

adjunctible.

Similarly, a I-morphism f: X — Y is m-dualizable if and only if it is m-times adjunctible and its source
and targets are (m+1)-dualizable.
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7
TN
D> <
Figure 2: Example of the notation for the adjunctibility data of the cup : @ — o~ L™ in the
bicategory Coby,;,> of 0, 1 and 2-dimensional oriented cobordisms.

2.2.2 Redundancy in the dualizability data The dualizability data of a morphism grows very fast:
there are four units/counits for the left and right adjunctions, and this does not consider taking the right
adjoint of the right adjoint and so on. In particular, checking 7-adjunctibility of a morphism seems tedious.
It turns out that there is a lot of redundancy in this data, especially if we are only interested in dualizability
properties.

Let us begin with some notation. Let f be a k-morphism in an n-category. We say that Radj( /)
(resp. Ladj( /")) exists if f has a right (resp. left) adjoint, in which case we denote this adjoint by Radj( /)
(resp. Ladj( f)), and the unit and counit of the adjunction by Ru(f) and Rco( f) (resp. Lu(f) and
Lco( f)). When these adjoints exist we will display the right and left dualizability data as

/ /
\I}adj(f ) and Ladj(f )/ ]
Reo(f)[Ru(f) Leo(f)|Lu(f)
See Figure 2 for an example. Note that adjoints, units and counits are only defined up to isomorphism,
and we may write Radj( /), Ru( /), Rco( f') for any choice of adjoint, unit, counit. The fact that these
choices do not matter will be shown in point (1) of Proposition 2.13.

Definition 2.10 We say that two k-morphisms f and g have same dualizability properties, which we

denote by f = g, if for every finite sequence (a;);e(1,...,m}» With a; € {Radj, Ladj, Ru, Rco, Lu, Lcoj,

.....

am(--ax(ay(f))---) exists if and only if @z, (---az(ai(g)) - --) exists,

and this for any choice of adjoints, units and counits.

We will show that dualizability properties are preserved by isomorphisms and “higher mating” defined in
Definition 2.12. Let us describe formally this second notion.

Proposition 2.11 Let f: x — y be a k-morphism in an n-category ¢ with adjoint ( f R ¢, ). Then for
any other k-morphisms g:z — x and h: z — y, one has an equivalence between the (n—k —1)-categories
of (k+1)-morphisms:

Home(f ok g.h) —> Hom(g, [ ox h).
o/, N:forg—h > (dsroxN)ogiy (nog 1dy),
| (k+j)-morphisma > (1d7, oga) o1 (1d) 1 of 1d?).
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Similarly, for any g: x — z and h: y — z, one gets an equivalence

W/ = (= ox 1dy) 041 (Idg ogn): Home(g o f ¥, h) > Hom(g. oy f).

Proof Its inverse is given by
Home(g, /¥ ox h) = Home(/ ok g.h).
@/ )7l Mg fRoph i (eop 1)) op gy (s g M),
(k+ j)-morphism 8 (IdJ oy Id/ ) Ok+1 (Id orB).
The composition (DZ: 52O (<1>£ h)_1 (resp. (CIDéj: , h)_1 o @; ’ 5) 18 postcomposition (resp. precomposition) by
a snake identity. Similarly, we have (\ng:,h)_l = (Idg oge) o 41 (—of Idsr). a

Definition 2.12 For a (k+1)-morphism N : f o g — h, we say that N and CDf 5 () are mates. For
a higher morphism « in Home( f of g, 1), we say that o and o/ h(a) are hlgher mates. Similarly, for
N and « in Home (g of /R, h) we call N and o/ h(N ) mates, and « and ¥/ h(a) higher mates. More
generally we say that N and M are mates (resp o and B are higher mates) 1f they can be linked by a
chain of matings (resp. higher matings) and isomorphisms.

For a k-morphism f', we say that g is obtained from f by whiskering if it can be written as a composition
of f with identities of lower morphisms. Note that if & and 8 are higher mates, each is obtained from the

other by whiskering.

Proposition 2.13 Let f and g be k-morphisms in an n-category. Then:
I f=r.
Q) Iff 2 g are isomorphic, then [ = g.
(3) If f = g oy h for an isomorphism h, then f = g.
(4) If f and g are higher mates, then [ = g.

Proof What we have to prove for point (1) is that existence of higher adjoints in the adjunctibility data
does not depend on the choices made in the adjunctions. This kind of result is known as a coherence
statement in the literature and is usually stated as contractibility of a space of dualizability data; see [Lurie
2017, Lemma 4.6.1.10] or [Riehl and Verity 2016], though our statement here is more elementary.

Let us discuss only right adjoints and right units below, every other notion being related by taking
appropriate opposite categories.

The adjunctibility data of f is unique up to isomorphism. This means that if g; and g, are both right
adjoints to £, with units #; and u5, then there is an isomorphism ¢: g; —> g, such that 5 is isomorphic

to (¢ ox Idy) og 41 ug.
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We observe that any choice of right adjoint or right unit of f* are related by a sequence of either point (2)
(isomorphism) or point (3) (composing with an isomorphism). The strategy of the proof is to show more
generally that if /" and g are related by a sequence of either point (2) or point (3), then f is right adjunctible
if and only if g is, and their adjoints, units and counits are again related by a sequence of either point (2)
or point (3). The result then follows by induction on m the number of letters in @, (---az(a; (f))---).
For point (4) we show similarly that if f is related to g by a sequence of points (2), (3) and (4), then so
are their adjoints, units and counits.

Q) Iff £ g are isomorphic, then f has a right (resp. left) adjoint if and only if g does, in which case
one can choose
Radj(g) =Radj(f), Ru(g)= (Idgagj(s) ok¢)ok+1RU(f), Reo(g)= (¢ oxldragi(s))ok+1Rc0(f),

(3) If f =goyhisobtained as a composition, then f has a right (resp. left) adjoint as soon as g and / do, in
which case one can choose Radj( /) =Radj(h)ogRadj(g), Ru( /) = (Idragj(n) ok Ru(g)oxlds)ox 1 Ru(h)
and Rco(f) = (Idg ox Rco(h) of Idragj(g)) ©k+1 Reo(h). In particular, if / is an isomorphism, then
g~ forh™!,and f has aright (resp. left) adjoint if and only if g does.

(4) If f = goj his obtained as a composition in the direction of j-morphisms for j < k, then f has a
right (resp. left) adjoint as soon as g and /1 do, in which case one can choose Radj( /) = Radj(g)o; Radj(h),
Ru(f) = Ru(g) oj Ru(h) and Rco( ) = Rco(g) oj Rco(h). In particular, if / is an identity of a lower
morphism, then f has a right (resp. left) adjoint as soon as g does. So, if f and g are higher mates, they
both can be obtained as composition of the other with identities of lower morphisms, and f has a right
(resp. left) adjoint if and only if g does. O

We can now describe the redundancy in the dualizability data:
Proposition 2.14 Let f be a k-morphism in an n-category 6, and suppose that Radj( /), Radj(Rco( f))

and Radj(Ru( f')) exist. Then

(1) f is 1-adjunctible, and one can choose Ladj( f) = Radj( /), Lu( /) =Radj(Rco( f)) and Lco( f) =
Radj(Ru( f)), and

(2) Reco(Ru(f)) = Ru(Reo(f)).
Suppose moreover that Radj(Lco( f)) and Radj(Lu( f)) exist. Then

(3) f is2-adjunctible, and Rco( /) = Radj(Radj(Rco( f))) and Ru( /) = Radj(Radj(Ru( f))).
In particular, if f = X is an object in a symmetric monoidal n-category, then

(4) X is l1-adjunctible if and only if it has a dual. It is 2-adjunctible if and only if evy := Rco(X)
and coevy := Ru(X) have right adjoints. More generally, it is m-adjunctible if and only if
Radj(Rco® (Ru™ 'k (X)) exist forall 0 <k <m —1.
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Proof Point (1) is [Lurie 2009, Remark 3.4.22], or [Schommer-Pries 2014, Lemma 20.1]. One directly
checks that the right adjoints of the right counit and unit satisfy the snake relations, because taking right
adjoints behaves well with composition, and exhibit Radj( /) as the left adjoint of f.

Point (2) is [Lurie 2009, Proposition 3.4.21]. Tt is shown that Rco(Ru( f)) and Ru(Rco( f)) are higher
mates, so in particular Rco(Ru( )) = Ru(Rco( f)).

Point (3) is [Johnson-Freyd and Scheimbauer 2017, Lemma 7.11]. Let us recall the argument to illustrate
what we mean by redundancy in the dualizability data. First, by point (1) we can take Lco( /) and Lu( /')
to be the right adjoints of Ru( /) and Rco( ). Now by a left-handed version of point (1) we can also
obtain a unit and counit for the right adjunction of f as the right adjoints of Lco( /') and Lu( /). Therefore
both Rco( /) and its double right adjoint are counits for the right adjunction of f: there is a redundancy in
the dualizability data. By the proposition above, they have the same dualizability properties, and similarly
for the right unit.

For point (4), by [Johnson-Freyd and Scheimbauer 2017, Corollary 7.12] we have to check that X
is dualizable and that its evaluation and coevaluation maps are (m—1)-times right adjunctible, ie that
Radj(a; (- @m_1(X)---) exists for any (a;); € {Rco, Ru}®~!. Using point (2), we know that Ru and
Rco commute as far as existence of adjoints is concerned, so there are only m different (71—1)-morphisms
whose adjunctibility should be checked, Rco¥ (Rum_l_k (X)) for0<k <m—1. a

2.2.3 Oplax dualizability data We investigate the proof of Theorem 2.9 and explain how to get from
adjunctibility data in 6 to dualizability data in €.

Theorem 2.15 (Johnson-Freyd—Scheimbauer) Let /' = (s¢.tf, f M) ia = (sq,ta, a’) — b = (sp, tp, b¥)
be a k-morphism in ‘6™ so.sy: 54— sp and ty: g — tp are k-morphism in 6, and f* is a (k+1)-morphism
in € from the composition of some whiskerings of b* and Sy to the composition of some whiskerings
of t; and a*. Then

/ has aright adjoint in €™ if and only if ss, ty and /" have right adjoints in 6.

In this case,

* Radj(f) = (Radj(sr), Radj(tr), g) where g is a mate of Radj (1),

* Ru(f) = (Ru(sy),Ru(ts),u) where u is a higher mate of Reo( f#), and

* Rco(f) = (Rco(sr),Rco(tr), v) where v is a higher mate of Ru( f*).
In particular, if we only look at the right dualizability data, and only take right adjoints once, then
foralli, j € N, Radj(Rco’ (Ru’ ( f))) exists if and only if Radj(Rco’ (Ru’ (s £))), Radj (Reo’ (Ru’ (tr)))

and Radj(Ru’ (Reo’ (f#))) exist.
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Proof The description of the right adjunctibility of a morphism in €™ is [Johnson-Freyd and Scheimbauer
2017, Proposition 7.13], in the oplax case.

For the last statement, remember that u = Rco( f¥) and v = Ru( f#) by Proposition 2.13.4. The first
statement implies by induction that Rco’ (Ru/ ( 1)) is of the form (s, ¢, w), where s = Rco’ (Ru/ (s7)),
t = Rco! (Ru/ (tr)) and w = Ru’ (Reo’ (£)).

Indeed increasing j for i = 0 we have Ru/T1(f) = (Ru(s),Ru(r), U), which have the same du-
alizability properties as, respectively, (Ru’ +1(Sf),Ruj ‘H(tf),Rcoj TL(f#)). Increasing i we have
Rco' T Ru/ (f) = (Rco(s), Reo(?), V) which have the same dualizability properties as, respectively,
(Rco' 1 Ru/ (sf), Rco' 1 Ru/ (tr), Ru't1 Reo’ (f*)). |

Example 2.16 (k =0) Anobject f = (X,Y,A: X — Y) of € is dualizable if and only if X and Y
are dualizable, and A has a right adjoint Radj(A). Then

o f*=(X*Y* Radj(4)* := (Idy+ ® evy) o (Idy ® Radj(4) ® Idy+) o (coevy ® Idy=)),

e coevy = (coevy,coevy, (Rco(4) ® Idig, ) o1 Idcoevy ), and

* evy = (evy,evy,ldevy o1 (Ru(4) ® Idy,.. ).

A surprising consequence of this result is that if f is 2-dualizable, the right counit and unit of A4 are
biadjoints up to isomorphisms and mating. A drawing for this is given in Figure 4.

2.3 Cobordism hypotheses

The cobordism hypothesis describes fully extended topological quantum field theories with values in a
higher category 6 in terms of fully dualizable objects of €. We also recall relative versions that describes
relative TQFTs, and a noncompact version that describes partially defined TQFTs. The cobordism
hypothesis was formulated in [Baez and Dolan 1995]. A sketch of proof was given in [Lurie 2009], a
more formal version is work in progress of Schommer-Pries. An independent proof of a more general
result appears in the preprint [Grady and Pavlov 2021]. Another independent proof using factorization
homology is work in progress, see [Ayala and Francis 2017].

Conjecture 2.17 (the cobordism hypothesis, Theorems 2.4.6 and 2.4.26 in [Lurie 2009]) Let€ be a
symmetric monoidal n-category. Evaluation at the point induces equivalences of co-groupoids

Fun® (BORDT, €) ~ (€)™~
between framed fully extended n-TQFTs with values in € and the underlying oo-groupoid of the subcate-
gory of fully dualizable objects of ‘6, and
Fun® (BORD,,, 6) ~ ((6f)™~)SO0®™

between oriented fully extended n-TQFTs with values in ¢ and SO(n)-homotopy-fixed-points in (€)™,
where SO(n) acts on the n-category BORDflr by changing the framing and therefore on (€)™ by the first
equivalence.
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For X € € a fully dualizable object, we denote by %¥x (a choice of representative of) the associated fully
extended framed n-TQFT.

2.3.1 The relative cobordism hypothesis Lurie proposes a result classifying his notion of domain
wall.

Conjecture 2.18 [Lurie 2009, Theorem 4.3.11 and Example 4.3.23] Let € be a symmetric monoidal
n-category and X,Y € €. There is a bijection between isomorphism classes of framed domain walls
between ¥y and ¥y and isomorphism classes of fully dualizable 1-morphisms f: X — Y, given by
evaluation at the interval with an interface point in the middle.

There is an oriented version asking that f preserve orientation structures.

On the other hand, the notions in [Johnson-Freyd and Scheimbauer 2017] of a twisted quantum field theory
are already classified by the usual cobordism hypothesis. Note however that [loc. cit., Definition 5.16] is
surprisingly strict because it demands that the source and target of the functor ®: BORD,_; — 6 agree
strictly with %1 and %,. Equivalently, we could have asked that ?? come equipped with isomorphisms
S(R) ~ %, and t(R) >~ ¥,. In both cases, it is clear that the cobordism hypothesis does not apply on the
nose. The fix is easy.

Definition 2.19 Let 6 be a symmetric monoidal n-category and X, Y € 6. Denote by (¢7)y , the
homotopy pullback
€ )gy — (€)™

* XY s ((6~)X2

fr
n—1-

Similarly, for #,%,: BORDS_1 — € denote by Fun® (BORD 67" )z, 2, the homotopy pullback

Fun®(BORDT_,€™)y, 4, — Fun®(BOrDT_ ,¢™)

n—1-° n—1-
dh
l ls,t
%1,%
* D=2 > (Fun®(BORD'™_ |, €))*?

called the space of framed oplax-%{-%,-twisted-(n—1)-TQFTs.
Note that both are also strict pullbacks, as taking source and target induces a fibration of spaces.

Corollary 2.20 (of the cobordism hypothesis) Let ‘6 be a symmetric monoidal n-category and X, Y € 6.
Choose two TQFTs %x,%y: BORD'™_ — @ associated with X and Y by the cobordism hypothesis.

n—1
Evaluation at the point induces an equivalence

Fun®(BORD,_ . € 7)ay 2, ~ (67)5 y-
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Proof The cobordism hypothesis on 6 and 6™ gives a commutative diagram of horizontal equivalences

evpl

Fun® (BORD'"_, €~ €)™
n—1
ls,t lS,t
(Fun® (BORDn L (6)) x2 €Vpt X eVpt (c@N)XZ
Fx ,%yT X,YT
* >k
inducing an equivalence between homotopy pullbacks. |

Remark 2.21 There is an oriented version well. The maps

s,t: Fun® (BORDT_  €¢™) — Fun® (BORD_  €)

n—1 n—1-

are SO(n—1)-equivariant because SO(n — 1) acts on the source BORDnr_l. The maps s,¢: (47)~ —
€™ are therefore also equivariant, and descend to maps between the SO(n—1)-homotopy-fixed points
5,11 (@) S0=1) _, ¢~S0(m=1) Gijyen two objects X, Y €6 equipped with SO(n—1)-homotopy-fixed
point structure, one can reproduce exactly the whole paragraph above and define (C(é_’)w SO=1) a5 a
pullback. We get

Fun® (BORD,,_ 1,<€_’)g»X3Y_(<6_’)N SO(n—1)

by the same proof, using the oriented cobordism hypothesis.

Remark 2.22 Results to appear in the PhD thesis of William Stewart show that if we assume that the
source and target objects X and Y are fully dualizable then a morphism f: X — Y is (n—1)-oplax
dualizable if and only if it is (n—1)-dualizable. In particular, if we restrict the notion of oplax twisted
TQFTs to the case where the “twisting” theories %; and %, extend to BORD,, which is the setting in
[Freed and Teleman 2014], then this notion, using the cobordism hypothesis twice, is equivalent to Lurie’s
notion of domain walls.

2.3.2 Noncompact TQFTs To study nonsemisimple variants of Witten—Reshetikhin—Turaev TQFTs,
we will be interested in theories defined on a restricted class of cobordisms, namely where top-dimensional
cobordisms have nonempty outgoing boundary in every connected component.

Lurie’s sketch of proof of the cobordism hypothesis is done by induction on the handle indices allowed.
One starts with only opening balls, then allows more and more complex cobordisms. Eventually one
allows every cobordism but closing balls, namely cobordisms with outgoing boundary in every connected
component. Finally one allows every cobordism, obtaining a TQFT. We call it a noncompact TQFT when
we stop at this ante-last step. Lurie’s proof then gives an algebraic criterion classifying these.

We follow [Lurie 2009, Section 3.4] and state the results there in a form fitted for our use. It should be
noted that the proofs of the statements below are not very formal.
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Definition 2.23 Let BORD™™" C BORD'" denote the subcategory where n-dimensional bordisms have
nonempty outgoing boundary in every connected component.

A framed fully extended noncompact n-TQFT with values in a symmetric monoidal n-category € is a

symmetric monoidal functor %: BORD"™ — .

Lurie [2009, Definition 3.4.9] defines an n-category ¥ of < n-dimensional bordisms where all n-
manifolds are equipped with a decomposition into handles of index < k. Here bordisms are actually
equipped with a framed function without certain kinds of critical points.

We denote by o' = Dk x pm—k. gk=1y pm=k _ pk x §m=k=1 the m-dimensional index k handle
attachment, seen as an m-morphism in Bonnﬁg, orin Fy if m = n. Let x = S¥=2 x D" and
y = Dk=1 % §77k=1 pe seen as (n—2)-morphisms @ — S*¥~2 x §77k=1 jn BORDS_I. Note that
ozz:} :x — y and ocZ:,i: y — x for 1 <k <n. Then, of_, can be seen (up to higher mating) as a

: n—1 n—1 n : n—1 n—1 : :
morphism Idy — )~ cay”, and o as a morphism o~ ooy~ — 1Id),, and they form a unit/counit

pair in Fg; see [Lurie 2009, Claim 3.4.17]. Namely, Radj(aZj) = a”l’:/i, Ru(az:}) = af_, and
Rco(a,’c’:i) = ay, or, in our diagrammatic notation,
-1
o

-1 n—1

\an—k

o oy
By induction, Rco® (Ru” ¥ (pt)) = o

Conjecture 2.24 (index-k cobordism hypothesis, Lurie) A symmetric monoidal functor
%o: BORD!_, — ¢

extends to %: Fj — € for 1 < k < n if and only if the images of every (n—1)-dimensional handle of

index < k — 1 is right adjunctible.

This extension is essentially unique: there is an isomorphism % = %' between any two such extensions.
This isomorphism may not be the identity on BORD;C;_1 .

Sketch For k& = 0, one can extend %¢: BORD,f{_1 — ¢ with any n-morphism #(ag): 1 — %g (S™1;
see [Lurie 2009, Claim 3.4.13]. Note that Lurie works in the unoriented case there, and demands an
O(n)-equivariant morphism, and we look at the framed case.

Now, for 1 < k < n, a symmetric monoidal functor %: F;_; — 6 extends to %: F; — € if and only if

. . . . _1 _1 . . “, .
a_, is mapped to a unit of an adjunction between o —; and o'~ ; see [loc. cit., Proposition 3.4.19]. In

this case, the extension is essentially unique, and o} is mapped to the counit of the adjunction.

For k = 1, this gives little choice for the n-morphism %(ey): it has to be the unit of an adjunction and is
therefore determined up to isomorphism. Then, a will be sent to the counit.
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For k > 2, we want #(ay _, ), which is so far defined as the counit of the adjunction between %(al’;:;)
and %(a}’l’:,i +1)» to be also the unit of the adjunction between %(a,’:i) and Sﬁ(a”::]i). This in particular
implies that the (n—1)-dimensional handle of index k — 1 is right adjunctible, as stated in the conjecture.
For the converse, we use [Lurie 2009, Proposition 3.4.20] (which we recalled in Proposition 2.14(2)),
which states that provided the adjunction exists, o}/ _; must map to (a higher mate of) the unit. a

Definition 2.25 Let € be a symmetric monoidal n-category. An object X in € is (n, k)-dualizable if
it is (n—1)-dualizable and the (n—1)-morphisms Ru”~!(X), Rco(Ru"2(X)), ...,RecofF "1 (Ru" (X))
have right adjoints. We say X is noncompact-n-dualizable if it is (n, n—1)-dualizable.

For example, for n = 3 and k = 2, we want X to have a dual (X*, evy, coevy), both its evaluation and
coevaluation maps to have right adjoints (ev§, a,b) and (CO€V§, ¢, d), and the unit and counit of the
right adjunction of the coevaluation to have right adjoints ¢® and d &

We can now state the noncompact version of the cobordism hypothesis, which we will assume in Section 4.
A formal proof is work-in-progress of Schommer-Pries.

Conjecture 2.26 (noncompact cobordism hypothesis) Let ¢ be a symmetric monoidal n-category, with
n > 2. There is a bijection between isomorphism classes of framed fully extended noncompact n-TQFTs
with values in € and isomorphism classes of noncompact-n-dualizable objects of ‘6, given by evaluation
at the point.

There is an oriented version as well, stating that oriented noncompact theories are classified by SO(n)-
homotopy-fixed points in the space of noncompact-rn-dualizable objects.

3 Dualizability of the unit inclusion

Let V" € BRTENS be a braided tensor category. We consider the inclusion of the unit n: Vecty — V. It is
a braided monoidal functor and we define an associated Vecty-1'-central algebra s{,, which is simply
the category V" seen as the regular right ¥"-module; see Definition 3.8. We study the dualizability of this
I-morphism in BRTENS. First, we recall some context and develop some properties of bimodules induced
by functors. Then we describe all the dualizability data explicitly and give criteria for dualizability.

3.1 Cocomplete braided tensor categories

We will work in the even higher Morita category ALG,(PR). This category have been formally defined
in [Johnson-Freyd and Scheimbauer 2017], and described more explicitly in [Brochier et al. 2021b] under
the name BRTENS.

3.1.1 Cocomplete categories We begin by recalling some properties of the 2-category PR. Let k be a
field of characteristic zero.
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Let Catg denote the 2-category of small k-linear categories, and PR denote the 2-category of cocomplete
locally presentable k-linear categories [Adamek and Rosicky 1994, Defintion 1.17], k-linear cocontinuous
functors and k-linear natural transformations, equipped with the Kelly tensor product X. We denote
by Free = Homcyy, ((—)°P, Vect): Catgy — PR the symmetric monoidal free cocompletion functor. Its
essential image is denoted by Bimody.2

An object C € € is called compact-projective (which we abbreviate cp) if the functor Home(C, —) is
cocontinuous. The category % is said to have enough compact-projectives if its full subcategory 6P
of cp objects generates ¢ under colimits, or equivalently if the canonical functor Free(6P) — € is an
equivalence, or if it lies in Bimody. A monoidal category € is called cp-rigid if it has enough cp and all
its cp objects are left and right dualizable.

Proposition 3.1 A 1-morphism F: € — % in PR between two categories with enough cp has a cocontin-
uous right adjoint if and only if it preserves cp.

Proof If F® is cocontinuous, then for C € € and D = colim; D; obtained as a colimit,
Homg (F(C), D) ~ Homg(C, FR(D))
~ Hom (C, colim; FR(D;)) since F® is cocontinuous
~ colim; Home (C, FR(D,-)) since C is cp
~ colim; Homg (F(C), D;),

and F(C) is compact-projective.

The other direction is a classical construction; see [Bartlett et al. 2015, Lemma 2.10]. O

Remark 3.2 The condition of F preserving cp, namely of F being the cocontinuous extension of a
functor f on the subcategories of cp objects, is very similar to that of a bimodule being induced by a
functor in Section 3.2. When F preserves cp then F® is associated with the “mirrored” bimodule induced
by f, with unit induced by f, and counit induced by composition in %. This is again very similar to
what happens in Section 3.2.

3.1.2 BRTENS and ALG,(PR) The higher Morita n-category ALG, (&) associated with an co-category
¥ was introduced in [Haugseng 2017] using a combinatorial/operadic description. A pointed version
was introduced in [Scheimbauer 2014] using very geometric means, namely factorization algebras. This
geometric description allows for a good description of dualizability in ALG, (%), but the pointing prevents
any higher dualizability; see [Gwilliam and Scheimbauer 2018]. Even higher Morita categories are
defined in [Johnson-Freyd and Scheimbauer 2017], for pointed and unpointed versions. They form an

2The name comes from the Eilenberg—Watts theorem, which describes cocontinuous functors between categories of modules
over two algebras as bimodules.
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(n+k)-category ALG,(¥) for & a k-category. We consider the unpointed even higher Morita 4-category
ALG;,(PR), which we denote by BRTENS for reasons that will be made explicit below. Even though we
are not formally in this context, we will sometimes use factorization algebra drawings to illustrate our
point.

One represents an [E,-algebra V" as and the Vecty—V"-algebra s, as ——. Let us recall the description
of BRTENS from [Brochier et al. 2021b].

Definition 3.3 [Brochier et al. 2021b, Section 2.4] An object " of BRTENS is a locally presentable
cocomplete k-linear braided monoidal category. We call these braided tensor categories here, even though
this name has many uses. Equivalently, it is an [E,-algebra in PR.

In the factorization algebra picture ——, one can read that a 1-morphism between two braided tensor
categories V' (in red, on top) and W’ (in blue, below) is a monoidal category ¢ € PR (the horizontal line)
with a top V'-action and a bottom W'-action that commute with respect to each other and that commute
with the monoidal structure of s in a coherent way. Note that as s is monoidal, such a ¥'-action > is
determined by a monoidal functor V" — & that maps V to V > 14. See [Brochier et al. 2021b, Figure 2].

Definition 3.4 [Brochier et al. 2021b, Definition—Proposition 3.2] A 1-morphism between V" and W
in BRTENS is a V-W-central algebra si. Namely, it is an monoidal category s¢ € PR equipped with a

braided monoidal functor
(Fo, 0 : Y RWTP — Z(A)
to the Drinfeld center of «.

Recall that the Drinfeld center of s has objects pairs (y, B), where y is an object of s and B: — ® y =
y ® — is a natural isomorphism. Here F,; gives the object and o gives the half braiding. We write
VB A=Fy(V)@Aand A<V :=AQ Fy(V).

Composition of 1-morphism is relative tensor product over the corresponding braided tensor category, see
[Brochier et al. 2021b, Section 3.4].

Again in the factorization algebra picture —--, a 2-morphism .l between two V'-W'-central algebras «{ and
R is a A-%B-bimodule category where V' (resp. W) acts similarly when acting through  or through 9.

Definition 3.5 [Brochier et al. 2021b, Definition 3.9] A 2-morphism between &4 and B in BRTENS
is a V'-W-centered A-B-bimodule category. Namely, it is an H-B-bimodule category Jl equipped with
natural isomorphisms

Nom: Fy(V) > m —> m < Fg(v) for veV and m € A,

satisfying coherences with the tensor product in %" and with the half braidings in sl and .

Horizontal and vertical composition are again relative tensor product over the corresponding monoidal
category.
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Definition 3.6 [Brochier et al. 2021b, Section 3.6] A 3-morphism F: M — N is a functor of s{-%-

bimodules categories that preserves the 9'-W'-centered structure.

A 4-morphism 7: F' = G is a natural transformation of bimodule functors.

3.1.3 Previous dualizability results We will define in Definition 3.8 the 1-morphism s4: Vecty, — V'
induced by the unit inclusion in a braided tensor category 7. It is " as a monoidal category with obvious
actions. Let us recall previously known results about its dualizability. The following is [Gwilliam and
Scheimbauer 2018, Theorem 5.1], [Brochier et al. 2021b, Theorem 5.16] and [Brochier et al. 2021b,
Theorem 5.21], respectively.

Theorem 3.7 The 1-morphism i, is always 1-dualizable. It is 2-dualizable as soon as V' is cp-rigid, and
3-dualizable as soon as V" is fusion.

Note that the fusion requirement can easily be relaxed to rigid finite semisimple, without the assumption
that the unit is simple; see the proof of Theorem 3.22.

3.2 Bimodules induced by functors

We give basic definitions and facts about bimodules induced by (braided) monoidal functors, and show
how to compute their adjoints.

3.2.1 Definition and coherence We show that the notion of bimodules induced by functors behaves
as expected in BRTENS. Namely, the Morita category, whose morphisms are bimodules, extends the
category whose morphisms are functors.

Definition 3.8 Let s{ and %8 be two objects of BRTENS. A braided monoidal functor F': s§ — % induces
an A-RB-central algebra A g, which is given by 9B as a monoidal category on which o acts on the top
using F(—) ® — and B acts on the bottom using — ® —. More formally its structure of «-%B-central
algebra is given by

ARBTP — Z(B), (A, B) = (F(A) ® B, (Idpa) ®05 1) 0 (0 p(4) ®1dp)).
where o is the braiding in @. It is braided monoidal because F is braided monoidal.

It also induces a B-sd-central algebra s{ g which is also given by % as a monoidal category on which s{
acts on the bottom using — ® F(—) and & acts on the top using — ® —.

When the functor F is understood, we may write y®Bg for s and By for A F-

Proposition 3.9 The above induced-central-algebra construction preserves composition. Given two
braided monoidal functors F: s — B and G : B — €, one has Ag odp ~ Agor and A oAg ~ AgoF.
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A B

Figure 3: The 1-morphisms A r and AF.

(]
Proof We want to prove that 4 %Bg % 36 >~ 46¢. This is true on the underlying categories as % %% ~@

with equivalence given on pure tensors by ®(B X C) = G(B) ® C. This assignment is balanced as G is
monoidal:

P(BRB)XC)=G(BRB)®RC~G(B)RG(B)Y®C =d(BX(G(B)® ()).
It is monoidal (the monoidal structure on the relative tensor product is described in [Brochier et al. 2021b,
Definition—Proposition 3.6]) by
of /
O(BRC)®P(B'RC’) = G(B)RCRG(B)RC' —2 G(B)®G(B)@CRC'~ d((BRC)R(B'RC")).
The bottom action of € is unchanged, and the top action of « is preserved by ®:
)]
A (BRC):=(A>1)R(BXRC)=(F(A)RB)XCHGF(4)G(B)C =A4A> d(BXRC).
Finally, let us show that ® preserves the central structure. The central structure in the composed bimodule
.SﬂF %&QG is given by

op Ridc
(BRC)<A:=(BRC)®(F(A)R1¢) = (B F(A)RC ——2  (F(4)® B)XC = A1> (BRC).
This maps under ®, using that G is braided monoidal, to 02( B).G(F(4) ® Idc. And indeed, the following
diagram, where the horizontal arrows are the central structures and the vertical arrow monoidality of P,
commutes:

€
%(G(B)®C),G(F(A))
PBRC)® P(1 < A) P(A>1)QP(BXRC)

ldg(s) ®O—gG(F(A))J « d Jld
9G(B),G(F(4)) ®1dC
D(BRC)® (1< 4)) P(A>1)®(BRC())

The s case is similar. O

Definition 3.10 Let € and 9 be {-%B-central algebras, ie 1-morphisms of BRTENS. A bimodule monoidal
functor F': € — 9 preserving the s{-%-central structures induces an %{-%B-centered €-%-bimodule J F,
which is given by & as a category on which %€ acts on the left using F(—) ® — and & act on the right
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using — ® —. The «-%B-centered structure on Jl g is induced by the «d-%B-central structure of %, and the
fact that F is a bimodule functor:

)
FA>1¢<B) @M ~(A> 1y <B) @M = M ®(A> lg < B).

It also induces an si-B-centered &-€-bimodule Il which is again given by % as a monoidal category
on which % acts on the right using — ® F(—) and & act on the left using — ® —.

When the functor F is understood, we may write ¢%g for MF and %< for Mg

Proposition 3.11 The above induced-bimodule construction preserves:

(1) Horizontal composition Given two $-%B-bimodule monoidal functors F: € — % and G: % — €
preserving central structures, one has Mg o Mg ~ MgoF and MpoMg ~ MgoF.

(2) Vertical composition Given ¢ and & two -3, -central algebras, ¢’ and 9’ two ,-sl3 central
algebras, F: € — % an -3, -bimodule monoidal functor and F': ¢’ — %' an s, -3 -bimodule
monoidal functor preserving central structures, one has

M RMpr ~Mpgpr and JITLF X ./VLF/ ZMFgF/.
Az sy slo s

Proof The first point is similar to the last proposition. We proved that ¢%g; % a6g g(@%}g, as bimodules.
Recall from [Brochier et al. 2021b, Definition—Proposition 3.13] that the centered structure on the
composition of bimodules & % € is given by the composition of the centered structure and a balancing.
In our case on some A, D and E, this is

ldp Kok , op Nldg
DR(EQRA) —— DRARE) 2 (DRQA)RE —— (AQD)K E,

which maps by ® to (G(a% 4) ®Idg) o (Idg(p) ®0§ 4)- The centered structure of é¢ is given by
OE( D)®E. A" They coincide as G preserves central structures.

The second point is not surprising either. We want

¢Dg X %/QD/@/ ~ e X gbéb&@”
Ay o o sy

which is true on the underlying categories. Because F and F’ are bimodule functors, the functor
FIZF/:%IX%’—%D&QD’—»QDQE@/

is RB-balanced and descends to the relative tensor product € |Z %’. We then see that the left € IZI %’-action
is the one induced by F X F’ on the relative tensor product namely action by F & F’. The centered

structures are both given by the central structure of % &IqZI 9%’ and coincide. O
2
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3.2.2 Dualizability Given a braided monoidal functor F: s{ — 9%B, we will prove that both adjoints of
sAF are given by o p. For the right adjunction, the counit should go:

&QFO‘SZF I%%Sg %w%% —>Id973, = %%%.

We actually have a functor going this way, the tensor product 7" in %, which is s{-balanced and descends
to the relative tensor product. We denote it by Ty : B % B — B, and it is indeed a B-%B-bimodule
monoidal functor. The central structures on both sides are given by braiding in %A, which is preserved
by T'. Hence we can construct a B-%RB-centered B § ABp-aBg-bimodule 7, , using Definition 3.10.

The unit should go:
Id&g = &q&ﬂ&g — &EF Oﬂp = &g%% g%%&g >~ &g%&g.

Again we have a functor F': s{ — % which is an s{-s{-module monoidal functor. The central structure on
the left is given by braiding in &, and on the right by braiding in 9. The first is sent on the latter because
F is braided monoidal, and the central structures are preserved. Therefore we also have an -s{-centered
&q&d&q—ﬁ%ﬂ—bimodule ./I/tp.

Note also that the identity of s r is the bimodule induced by Idg seen as an s{-ZB-bimodule monoidal
functor.

Proposition 3.12 The 1-morphism s has right adjoint given by si g, with counit M, and unit MF.
Its left adjoint is also given by s, with counit M and unit MTbal‘

Proof We directly check the snake. We repeatedly use Proposition 3.11:

A A A
Mg,
AR ~ A %éﬁﬂ B ~ AL
A Mr,,
B ABa: Mg, ” Bay PR
‘ S—— wd@%
B B B
A A A

A sy ﬂi% .ﬂéf&% A
&4%% Myp— o MFR, aBa A, Nl B Mg ga%l%
B &a%ﬂ% BBy B

| 4B
9B B B

Geometry & Topology, Volume 29 (2025)



Unit inclusion in a (nonsemisimple) braided tensor category and (noncompact) relative TQFTs 2201
which is the bimodule induced by the composition

B—> AXB > BRBXB —>BXB — B,

s B oo B

X 1y, X)) (1g,13, X) = (g, X) — X,
which is indeed the identity.
Every other snake identity is similar, with functors going in the other direction for the left adjunction. O
Proposition 3.13 Let F': € — % be an A-B-bimodule monoidal functor. The bimodule M r has right

adjoint given by M F, with counit Ty, : 9D % 9% — 9 seen as a D-%-bimodule functor and unit F seen as a
®6-6-bimodule functor.

Proof The proof is the same as above, except that the horizontal morphisms are now the functors instead
of the bimodules induced by the functors. The snake identities read

() (Idg § Toa) o (F % Idg) ~Idy, and (Tpa |§I Idg) o (Idg I%I F)~1dg,.

as has been used above. Here Idg is seen alternatively as a €-2-bimodule functor and as a %-6-bimodule

functor. U

We would like to apply Proposition 2.14.1, to have the left adjoint of M. We need F and Tiy to have
right adjoints in BRTENS. There is a well-known sufficient condition for this.

Proposition 3.14 [Brochier et al. 2021b, Proposition 4.2 and Corollary 4.3] Let F': Ml — N be an {-%-
centered 6-%-bimodule functor, so a 3-morphism in BRTENS. Suppose that Al and N have enough cp,
that i, B, € and D are cp-rigid, and that F preserves cp. Then FR: N — M is an s4-B-centered
%-%-bimodule functor, and is the right adjoint of F' in BRTENS.

All we need to check is that both F' and Ty, preserve cp.

Lemma 3.15 Let M and N be right and left modules over ¢ and F: M X N — P be a cocontinuous
“%-balanced functor. Suppose M and N have enough cp, € is cp-rigid and F preserves cp. Then the
induced functor Fyy: M % N — P preserves cp.

In particular, if 9 and B are cp-rigid, then Ty, : B % 9B — B preserves cp.
Proof Following the proof of closure under composition of 1-morphisms [Brochier et al. 2021b, Sec-

tion 4.2], the cp objects of Jl %I N are generated by pure tensors of cp objects. These are sent to cp objects
in P.

For the second point, T, is induced by 7" which preserves cp as & is cp-rigid. O
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‘We can summarize the result as follows:

Proposition 3.16 Let F': € — % be an d-%B-bimodule monoidal functor which preserves cp, where
A, B, € and % are cp-rigid. The bimodule Mg has left adjoint given by M, with counit FR seen as a
€-¢-bimodule functor and unit Tbl,fl seen as a 9-%-bimodule functor.

3.3 Unit inclusion

We give explicitly the dualizability data of the 1-morphism induced by the unit inclusion in a braided
tensor category V', and criteria for dualizability when 7" has enough cp.

Definition 3.17 Let " € BRTENS be an [E,-algebra in PR. We denote by 7: V' XV — ¥ its monoidal
structure, and 7: Vect — V" the inclusion of the unit. The functor 7 is braided monoidal and induces a
Vecty-V'-central algebra s{;), namely a 1-morphism in BRTENS. Recall that we denote by 5&1’,’7 € BRTENS ™
the associated object in the oplax arrow category.

Theorem 3.18 The 1-morphism s, is both twice left and twice right adjunctible, with adjunctibility

data as displayed:
sy
.A7L,, | J‘TLT Mr | ‘/‘/Lﬂ
M’/ ur | o \M"
T|n Toul| T Tou| T Tln

where Ty : V |§ V' — V is induced by T on the relative tensor product.
YRV

Proof We use the results of Section 3.2. By Proposition 3.12, the 1-morphism 4, has left and right
adjoints given by &_Qn, with units and counits as displayed in the second line above, with 7: Vecty — 7" now

seen as a Vecty - Vecty -bimodule monoidal functor, and 7": %V V& V" — YV the tensor product balanced
ect
over Vecty so not balanced.

Then by Proposition 3.13 each of these bimodules has either a left or a right adjoint, with units and

counits as displayed, with Ty, : JI7LT X M7y =V K V¥ —V induced by T'. O
VRV YRV

Corollary 3.19 The object &dl;] is 2-dualizable in BRTENS ™, and:

. Ru(Ru(szd%)) has a right adjoint if and only if both Ty, and Ru(Ru(V")) do.
. Rco(Ru(&iE’v)) has a right adjoint if and only if both T and Rco(Ru(%")) do.
. Rco(Rco(sﬁ%)) has a right adjoint if and only if both  and Rco(Rco(7")) do.
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Proof For 2-dualizability, we use the criterion of [Johnson-Freyd and Scheimbauer 2017, Theorem 7.6],
we know that V" is 2-dualizable by [Gwilliam and Scheimbauer 2018, Theorem 5.1] and «,, is twice right
adjunctible by the theorem above. The rest is Theorem 2.15 on the right dualizability data of ;). |

Theorem 3.20 Suppose that V' has enough cp, then &ﬁ% is 3-dualizable if and only if V' the free cocom-
pletion of a small rigid braided monoidal category.

Proof The heart of the proof is to notice that 7" appears in the dualizability data, and by [Brochier et al.
2021b, Proposition 4.1] when " has enough cp, it is cp-rigid if and only if 7" has a bimodule cocontinuous
right adjoint.

If &1',’7 is 3-dualizable then Ru(Ru(&ﬁE’?)), Rco(Ru(&ﬁ%)) and Rco(Rco(&d%)) have right adjoints, so Tha,
T and n have bimodule cocontinuous right adjoints. The functors 7" and n preserving cp mean that they
are well-defined on ¥ := 9P and endow it with a monoidal structure, and ¥ is rigid as V' is cp-rigid.
Therefore " is the free cocompletion of a small rigid braided monoidal category.

On the other hand if " is the free cocompletion of a small rigid braided monoidal category then it is
cp-rigid and hence 3-dualizable [Brochier et al. 2021b, Theorem 5.16]. The functors 7" and 7, and also
Tva by Lemma 3.15, preserve cp, and have bimodule cocontinuous right adjoints by Proposition 3.14.
We get that o, is 3-times right adjunctible and its source and targets are 3-dualizable, so &ﬂ% 3-dualizable
by [Johnson-Freyd and Scheimbauer 2017, Theorem 7.6]. O

Theorem 3.21 Suppose that V' has enough cp. Then &dt,’] is noncompact-3-dualizable if and only if V' is
cp-rigid.

Proof If V' is cp-rigid, then V" is 3-dualizable and 7" and Ty, have right adjoints in BRTENS. By
Corollary 3.19, 5&1’,’7 is noncompact-3-dualizable.
Suppose now that &Q'; is noncompact-3-dualizable. Then 7" has a bimodule cocontinuous right adjoint,
and V' is cp-rigid. |
Theorem 3.22 Let V' be a braided tensor category with enough cp. Then the following are equivalent:
(1) oy is 3-dualizable.
(2) dy is 3-adjunctible.
(3) V isrigid finite semisimple.
Proof The implication (1) = (2) is immediate: for a 1-morphism 3-dualizable demands 3-adjunctibility
and 4-dualizablility of the source and target.

The implication (3) = (1) is essentially [Brochier et al. 2021b, Theorem 5.21]. If V" is fusion, then
" and s, lie in BRFUS, which has duals. Now fusion demands simplicity of the unit, which may not
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be the case here. This is easily solved by noticing that coproduct agrees with product in PR and ought
to be called direct sum [Brandenburg et al. 2015, Remark 2.5], and that braided rigid finite semisimple
categories are direct sums of fusion categories [Etingof et al. 2015, Section 4.3].

Let us prove (2) = (3). If s, is 3-adjunctible, then .il;, and Jl7t,,, which are respectively Ru(sd;)
and Lco(sd,) by Theorem 3.20, must be 2-adjunctible. Hence their composite .l § My, has to be
2-adjunctible in the symmetric monoidal 2-category €22 BRTENS ~ PR. This composition is just
v IZ|°V V" as a category, and by our assumption that it has enough cp, it actually lies in the full
subcategory Bimodyg € PR. By [Bartlett et al. 2015, Theorem A.22], the 2-dualizable objects of Bimody
are finite semisimple categories. We already saw that V" has to be cp-rigid, so VP is rigid finite semisimple,
and so is V' >~ Free(V*P). |

Remark 3.23 A very similar result one categorical dimension down, in ALG;(Rexc), is proven in
[Freed and Teleman 2021, Theorem B]. The proof is similar too, but we couldn’t directly use their result
on Jly, as we work in Bimod and not in Rexc.

Remark 3.24 Both results need the full adjunctibility of #;: oplax dualizability does not imply
semisimplicity, one can take the free cocompletion of a nonsemisimple ribbon category in Theorem 3.20.
Semisimplicity is not needed for 4-dualizability either, as proven in [Brochier et al. 2021a]. However,
if we assume that %" is 4-dualizable and s, is 3-oplax-dualizable, which is the case of interest for
Section 4, then work-to-appear of William Stewart shows that s, is 3-adjunctible. This has an interesting
consequence: the free cocompletion of a ribbon category which is not semisimple cannot be 4-dualizable.
Indeed if it were, Stewart’s result would apply and V" would have to be semisimple. This justifies that,
given a nonsemisimple ribbon tensor category as in [Costantino et al. 2023], we want to work with its
Ind-completions, and not its free cocompletion.

Remark 3.25 Being dualizable for a morphism is both a condition on its adjunctibility and on the
dualizability of its source and target. However, we saw in the proof of Theorem 3.20 that 4, is 3-right-
adjunctible if and only if #{; is 3-oplax-dualizable, and in the theorem above that s, is 3-adjunctible if
and only if s, is 3-dualizable. This phenomenon seems to be specific to the unit inclusion.

Proposition 3.26 Suppose that V" is cp-rigid. Then ) is 2-adjunctible with the following adjunctibility

data in BRTENS:
Mo
M;/ &Mn A/LTZ \/‘/LT \/MT Mn[ \Mn

T|77 ~R|TR Tbal|T TR| bal TRl bal Tbal|T ~R|TR 77
where 7R is the essentially unique cocontinuous functor that agrees with n® on cp objects.
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Proof The snake for 7% and 7% comes from the following. Write # = . Then T ¥ is computed as

the coend
V. W)ey®2 Vey
TR(10V)=/ (VR W) ®Homy (V Q W, 1@:/ VRV*,

and more generally
Vey Vey
TR(X):/ (X@V)xv*:/ VR(V*Q X).

For X cp, the snake goes

Vey Vey
(R ® Idy) o (Idy X TRY(X) ~ / Rx V)RV = / Hom(ly, X @ V) ® V*
k

Vect
Vey
:/ Hom(V*, X)®Q V* ~ X.

The part with T® and T, b§1 is given by Proposition 3.16. Indeed T, and hence Ty, preserves cp as V' is
cp-rigid.
That this is sufficient for 2-adjunctibility is [Johnson-Freyd and Scheimbauer 2017, Lemma 7.11]. O

Remark 3.27 We studied the oplax-dualizability of s, above, but Johnson-Freyd and Scheimbauer [2017]
also define a notion of lax-dualizability. We are interested in the oplax-dualizability for our applications,
but let us include the lax version of our results. By Theorem 3.18, s, is always 2-lax-dualizable, and it is
3-times left adjunctible if and only if n, T" and T, have left adjoints in BRTENS. Using the proposition
above, we can also get another characterization of adjunctibility: every morphism appearing there must
have a right adjoint. If V" has enough cp, then 54, is 3-adjunctible if and only if V" is cp-rigid and n, nk,
TR and Tb{:l preserve cp.

We studied the unit inclusion, but similar arguments work for any bimodule induced by a functor. Instead
of a necessary and sufficient condition, we only have a sufficient condition because 7" no longer appears
in the dualizability data, only some balanced version does.

Theorem 3.28 Let F': V" — W be a braided monoidal functor between two objects of BRTENS. Then the
object &ﬂ'}, € BRTENS ™ induced by the 1-morphism sl is 2-dualizable. It is noncompact-3-dualizable
as soon as V' and W are cp-rigid. In this case, it is 3-dualizable if and only if F preserves cp.

Proof We know that Radj(#d ) = #  with Ru(s¢r) = Mf and Reo(sd p) = M, by Proposition 3.12,
where Toypa: W I§ W — W is induced by the monoidal structure on W'

Then, Radj(MT, ) = MTV_M with Ru(Mlz, ) = Tvpa and Rco(Ar,, ) = T2pa by Proposition 3.13,
where

Torgg: W X W —W
2 bal W R W -

. . . Vv
is induced by the monoidal structure on W'

Similarly, Radj(M ) = M with Ru(Mr) = F and Reo(Mp) = Typa.
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We know by Theorem 2.15 that the existence and right adjunctibility of Ru(Ru(&dt})), Rco(Ru(&dt},)) and
Rco(Rco(&dz,)) is equivalent to that of, respectively, T pa1, Z5-ba1 and F, and of the same units/counits
of the source and target. So &fll} is noncompact-3-dualizable if and only if 7%y and 75, have right
adjoints in BRTENS, and both V" and W' are noncompact-3-dualizable. This is true as soon as V" and W
are cp-rigid by Lemma 3.15 and [Brochier et al. 2021b, Theorem 5.6].

It is 3-dualizable if and only if F, T5 1y and T3, have right adjoints and V" and W are 3-dualizable. If
V" and W are cp-rigid, this is true if and only if F preserves cp. O

3.4 The relative theory on the circle

We compute the value on the circle of the relative TQFT R+ induced by &ﬁ% under the cobordism
hypothesis, for any ¥'. Namely, we write Snlb = evp 0 coevy, compute the images of evy, and coevpy
under R+, which are evyp and coevy?, and compose them. Note that it is S ! with nonbounding framing
that we are computing.® We need the symmetric monoidal structure of ¢ to compose evy: 1 — X ® X*
and coevy: X @ X* ~ X* ® X — 1. We know that the evaluation and coevaluation for sﬂ';, are mates of
the unit and counit for the right adjunction of s;, namely .Ul; and /7. It might sound surprising that
one can compose them, but indeed up to whiskering and mating they are composable; see Figure 4.

We know from [Brochier et al. 2021a, Theorem 2.19] that the evaluation and coevaluation for V" are
respectively ¢y o ooV vecy, and veey, Vo orgy. Then, Example 2.16 gives:

Ay ® (sdy)* Vectk

Vecty ———— V" Q Vo °P Vecty Vecty
My \o\\dcoe”
Id evy Id ®\M" i coevyy
WI
Ry (evpy) = and Ry (coevy) = _
Vectyi sy ® (dp)*
Vecty, —————— Vecty Vectk V Q VP

Their composition is vertical stacking, and gives that Ry (Snlb) is the following composition. The blue
lines give the connection with Figure 4, with correct framing:

Vecty —— Vecty ——— Vecty Vecti Vecty
&1,\,/ coevyl
Ay 4/ ® Vecty YV Q0 op Idcoev,
M IC}/ coevy l gznl o1
n snake d Sym. (M7 @ Idyoop) .
Id = 7 >~ Y GVINR [V ™ Vecty, 1d o oy (S 1)
levw / Id &QWJ Idew
sy Vecti ® Y ® o op =
%/ |
Vecty —— Vecty ——— Vecty Vectk Vecty

3In dimension 3, there are two framings on the circle, only one of which bounds a framed disk.
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Figure 4: The unit and the counit compose up to mating. Beware that the framing is not faithfully
represented in this picture.

Note that every bimodule above is induced by a functor as displayed here:

Idy R(T QId)RIdy

Vecty, - VRV = (VQV) (°V®°V)—> VRV —————— SV RV,
°V °1/®°V0 Vecty, ® 10 o V@V’
kt— 1X1 +— (1®l)&(1®1) — 1X1 —> I1X1.

So Ry (S b) is induced by the monoidal functor given by inclusion of the unit in %/(Snb)

4 Nonsemisimple WRT relative to CY

We can now state the conjectures which are the main motivation for the study above. The main idea is
that the Witten—Reshetikhin—Turaev theories and their nonsemisimple variants can be obtained in a fully
extended setting from a 3D theory relative to an invertible 4D anomaly. In particular, they are defined
in a setting where the cobordism hypothesis applies, and can be rebuilt out of their value at the point.
These would be a not necessarily semisimple modular tensor category for the invertible 4-TQFT and
the 1-morphism induced by the inclusion of the unit for the relative 3-TQFT. As shown above, in the
nonsemisimple case the unit inclusion is only partially dualizable, and induces a noncompact TQFT.

These conjectures follow ideas of Walker [2006], Freed and Teleman [Freed 2011] in the semisimple case,
and of Jordan, Reutter and Safronov in the nonsemisimple case. We do not know of a formal statement in
the existing literature and propose one here.

4.1 Bulk + Relative = Anomalous

Remember that the WRT theories, and their nonsemisimple variants, are defined on a category of
cobordisms equipped with some extra structure. They morally come from the data of a bounding higher
manifold. Three-manifolds come equipped with an integer, which corresponds to the signature of the
bounding 4-manifold, and surfaces come equipped with a Lagrangian in their first cohomology group,
which corresponds to the data of the contractible curves in a bounding handlebody. In this setting, this
extra structure is used to resolve an anomaly, and is due to Walker. We describe below how this kind of
extra structure arises in the setting of relative field theories.
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Definition 4.1 The (n—1)-category of filled bordisms

Borp™! C Borp)”
is the (n—1)-subcategory of bordisms that map to the empty manifold under the target functor BORD,” —
BORD,, and to BORD,,_; under the source functor. These are k-bordisms, where k <n — 1, equipped

with a bounding (k +1)-bordism which we call the filling. We denote by

filled

Hollow: BORD,"*] — BORD,,_;

the functor that forgets the filling, namely the source functor.

The (n—1)-category of noncompact filled bordisms

nc,filled

BORD, ”,

C BORD,”

is the (n—1)-subcategory of bordisms that map to the empty under the target functor and to BORD}? ,
under the source functor.

Definition 4.2 An n-relative pair (¥, 9R) is the data of
e an n-TQFT %: BORD,, — %, and
e an oplax-Z-twisted-(n—1)-TQFT %: BORD,_; — €, namely an oplax transformation Triv =
gz|B0R1)n_] .
Such a pair is called a noncompact n-relative pair if R is a noncompact theory.
filled _ cg—

n—1
given by applying functoriality of (—)™ on %, namely applying % to any diagram in BORD,, to get a

Given an n-relative pair (¥, R) one has two symmetric monoidal functors BORD . One is

diagram of the same shape in 6. It has trivial target and gives an oplax transformation

g1, %|Born,,_, © Hollow = Triv

filled

n—1 — @.

between functors BORD

The other one is given by applying the relative field theory on the hollowed out bordism, it is an oplax
transformation
% o Hollow: Triv = %|gorp,_, © Hollow .

Definition 4.3 The anomalous (n—1)-theory s induced by the n-relative pair (%, R) is the composition
%=1 o (% o Hollow) of these two oplax transformations. It gives an oplax transformation Triv = Triv,
which by [Johnson-Freyd and Scheimbauer 2017, Theorem 7.4 and Remark 7.5] is equivalent to a
symmetric monoidal functor
si: BORDfld s (Qcg)oddorp,

where odd opp means we take opposite of k-morphisms for k odd, and Q296 := End¢(1) is the delooping
(n—1)-category.

If (%, R) is a noncompact n-relative pair, the same construction on the appropriate subcategories gives an

anomalous theory 4 : BORDEC_’f}HEd N (Q(@)odd opp._
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For comparison with WRT theories, we will need to restrict to a once extended theory, namely look

filled

at endomorphisms of the trivial in BORD, ], and to check that the anomalous theory descends to the
quotient where one only remembers signatures and Lagrangians out of the fillings. We will also move

this odd opposite to the source category.

" . . . . filled :
Definition 4.4 The bicategory of simply filled 3-2-1-cobordisms, which we denote by Cob3,, is

the subcategory of /15 (2 BORDf;Hed’OddOPP) where circles can only be filled by disks, and surfaces by
handlebodies. Taking the opposite orientation for 1- and 2-manifolds (which will have the effect of
switching the source and target of a 3-bordism), one can identify this bicategory as:
objects st u"D?: u"S! - @) forn e N,
Cob§)s! ~ { 1-morphisms (Z: UM S! — 1" S H: @ — (W D?) U T U (LU"D?)),
2-morphisms (M : % — Z,, W: HHUM U Hy — @).

e Jfilled,odd . .
The analogous definition in the noncompact case Cobgcz’?“ed C hy(QBORDS ™) will require a

3-bordism to have nonempty incoming boundary in every connected component, as source and targets of
3-manifolds are switched. To facilitate comparison with the existing literature, we also require that all
surfaces have nonempty incoming boundary, although in our setting this is purely artificial.

This bicategory is to be compared with:

Definition 4.5 The bicategory 6(\)53 21 (resp. (EBB‘;CZl) is the bicategory of circles, surface bordisms (resp.

surface bordisms with nonempty incoming boundary) equipped with a Lagrangian subspace in their first
homology group, and 3-bordisms (resp. 3-bordisms with nonempty incoming boundary) equipped with
an integer. Composition is given by usual composition on the underlying bordisms, plus:

¢ taking the sum of the Lagrangian subspaces for composition of surfaces,

¢ adding the integers plus some Maslov index for composition of 3-bordisms,

¢ just adding the integers for composition of 3-bordisms in the direction of 1-morphisms.
See [De Renzi 2021, Section 3] for a precise definition. The bordisms there are decorated by objects of a

ribbon category, and we are looking at the subcategory where every decoration is empty. The category
—~—— 1nc
Cob;,; corresponds to admissible bordisms there.

Proposition 4.6 The assignment
CObf;lzleld — (%321 s
(UnSI, un]D)Z) — |_|nSI,
(2, H)— (2, ker(isx: Hi(X) — H{(H))),
(M. W)~ (M,o(W))

321

is a symmetric monoidal functor.
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Proof For composition of 1-morphisms we want to show that the kernel of a gluing is the sum of the
kernels. One inclusion is immediate and the other one follows by dimensions since both are Lagrangians;
see [De Renzi 2017, Propositions B.6.5 and B.6.6].

For composition of 2-morphisms we use Wall’s theorem; see [De Renzi 2017, Theorem B.6.1] for a
statement in our context.

For composition of 2-morphisms in the direction of 1-morphisms we use that filled surfaces only glue on
disks, and hence filled 3-manifolds on 3-balls, so the signature of the filling simply adds. |

Similarly, one can restrict to noncompact cobordisms and get

nc . nc,filled ~ 3.1C
7351 Cobyy i — Cobjyy,.

If we restrict (/3353 21 to surfaces equipped with Lagrangians that are induced by some handlebody, these
functors are essentially surjective, hence the name.

4.2 Conjectures

We want to relate the Witten—Reshetikhin—Turaev theories and their nonsemisimple variants to the ones
induced by the cobordism hypothesis. We want to say that the anomalous theory induced the relative pair
(%, Rey) factors through Cobs,; and recovers WRT and DGGPR theories.

It has long been a folklore result that WRT theories extend to the circle [Walker 1991; Gelca 1997]; see
also [Kirillov and Balsam 2010] for Turaev—Viro theories. Once-extended 3-TQFTs are classified in the
preprint [Bartlett et al. 2015, Theorem 3], and the following result can be obtained from [Bartlett et al.
2015, Proposition 6.1] (in our case the unit is simple). We give the statement of [De Renzi 2017, Theorem
1.1.1] restricted to trivially decorated bordisms.

Theorem 4.7 For a semisimple modular tensor category ¥ with a chosen square root of its global
dimension, the Witten—Reshetikhin—Turaev TQFT extends to the circle as a symmetric monoidal functor

WRT'VZ é;i):;zl —> égtk,

where éat]k is the category of Cauchy-complete categories.
Similarly, restricting the statement of [De Renzi 2021] to trivially decorated bordisms:

Theorem 4.8 [De Renzi 2021, Theorem 1.1] For a nonsemisimple modular tensor category ¥ with a
chosen square root of its global dimension, the nonsemisimple TQFT from [De Renzi et al. 2022] extends
to the circle as a symmetric monoidal functor

DGGPR, : Cobs,; — Caty
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On the other hand, using the cobordism hypothesis:

Theorem 4.9 (Brochier—Jordan—Safronov—Snyder) For a semisimple or nonsemisimple modular tensor
category ¥, its Ind-cocompletion V" € BRTENS is 4-dualizable and induces under the cobordism hypothesis
a 4-TQFT %y : BORD!] — BRTENS.

The main result of this paper can be stated in this context.

Theorem 4.10 For a semisimple modular tensor category ¥, the arrow &ﬁl,’? € BRTENS ™ induced by the
unit inclusion n: Vecty — V := Ind(¥) is 3-dualizable and induces under the cobordism hypothesis a
framed oplax-%+-twisted 3-TQFT

PR+ : BORDT — BRTENS ™ |

For ¥ a nonsemisimple modular tensor category, sﬁ% is not 3-dualizable but is noncompact-3-dualizable
and induces under the noncompact cobordism hypothesis a framed noncompact oplax-%-twisted 3-TQFT

fr,nc

3~ BRTENS .

Ra-: BORD

Proof If ¥ is semisimple, V" = Ind(¥) = Free(?) and Theorem 3.20 applies. If ¥ is not semisimple,
the unit is not projective in ¥, nor in ¥ = Ind(¥), so &Q',’, is not 3-dualizable. But V" is cp-rigid and
Theorem 3.21 applies. |

To compare the two sides, we need all theories to be oriented. We assume the following:

Conjecture 4.11 Let ¥ be a ribbon tensor category and V' := Ind(?’). Then:

¢ The ribbon structure of ¥ induces an SO(3)-homotopy-fixed-point structure on V.

e The ribbon structure of n induces an SO(3)-homotopy-fixed-point structure on &4?7.

The first statement is expected by experts. The second one follows [Lurie 2009, Example 4.3.23]. Note
that in the second statement we really mean an SO(3)-homotopy-fixed-point structure compatible with
the one on V', as in Remark 2.21.

Remark 4.12 The fact that the anomalous theory sds would factor through @)3 21 iS not too surprising.
As was pointed to me by Pavel Safronov, we know from [Brochier et al. 2021a] that %" is not only
4-dualizable, but invertible, and hence 5-dualizable. But BRTENS has no nontrivial 5-morphisms, and
hence the 5-theory induced by 7" is trivial on 5-bordisms. This means that %+~ should give the same value
on cobordant 4-manifolds. If this story can be made oriented, it means it depends only on the signature of
4-manifolds.

It was observed by Walker [2006, Chapter 9] in the semisimple case that there is a scalar choice of ways
to extend %y from BORD}” to BORDY", namely %y (B*), and that exactly two of these scalars yield
theories which are cobordant-invariant on 4-manifolds. He observes that these scalars are exactly the
two square roots of the global dimension among which one has to choose when defining WRT theories.
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This motivates the following conjecture. In the nonsemisimple case, it is supported by the fact that the
constructions of the (3+1)-TQFTs of [Costantino et al. 2023] need exactly the choice of a modified trace.

Conjecture 4.13 Let ¥ be a modular tensor category and V' := Ind(¥’). Then:

* A choice of modified trace on ¥ induces an SO(4)-homotopy-fixed-point structure on V.

* A modified trace induces an SO(5)-homotopy-fixed-point structure on V' if and only if the global
dimension .7y (S 4) = 1 with this choice of modified trace in the construction of [Costantino et al.
2023].

In particular, we conjecture that every modular tensor category has an SO(5)-homotopy-fixed-point
structure. Indeed let ¥ be a modular tensor category and choose t a nondegenerate modified trace on ¥/,
which exists and is unique up to scalar by [Geer et al. 2022, Corollary 5.6]. Choose a square root % of its
global dimension d(¥); := .y +(S*) = A4+ A_ as defined in [Costantino et al. 2023] (and denoted by ¢
there). Then the modified traces =2, It are the only two modified traces satisfying Sy 9 1, (S H=1
by [Costantino et al. 2023, Proposition 5.7].

Remark 4.14 Let us try to give a conceptual reason for why SO(5)-structures correspond to square roots
of the global dimension. As V" is an invertible object, the oriented theory #- is an invertible 4-TQFT
and these are known to give invariants which only depend on the signature and Euler characteristic of
4-manifolds. Two closed 4-manifold are cobordant if and only if they have the same signature, so to get
a cobordant-invariant theory we need to kill the dependence on the Euler characteristic. Changing the
choice of modified traces by a scalar « alters this dependence by a factor k@) [Costantino et al. 2023,
Proposition 5.7], and a well-chosen scalar « will kill it. We need to ask that for any closed 4-manifold W
with signature zero, %+ (W) = 1. However there is no closed 4-manifold with signature O and Euler
characteristic 1, they always have same parity. It is sufficient to ask that %+-(S*) = 1. The 4-sphere has
Euler characteristic 2, hence there are exactly two solutions for «, the two square roots of the global
dimension.

Corollary 4.15 (of conjectures) Both ¥y and R+ give oriented TQFTs by the oriented cobordism
hypothesis.

We now assume that this corollary is true, that the choice of square root of the global dimension has been
made, and that %+ and R+ are oriented.
In the semisimple case, the relative pair

(% : BORD4 — BRTENS, Ry : BORD3; — BRTENS )

induces an anomalous theory

filled,odd opp

3 — TENS := QBRTENS.

Av: BORD
4We assume Conjecture 1.6 here.
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Its restriction on Cobglzleid gives a 2-functor
4321 Coblild — QTENS ~ PR.

Conjecture 4.16 For a semisimple modular tensor category ¥, the anomalous theory induced by
(%, R) recovers the Witten—Reshetikhin—Turaev theory. Namely,

ﬂo%/ 21
Cobfbd PR
321 Free
— WRTy _Z
Cobs,; Caty

commutes up to isomorphism.

In the nonsemisimple case, the relative pair
(%v: BORD4 — BRTENS, R+-: BORD}" — BRTENS™)

induces an anomalous theory

nc,filled,odd opp

Av: BORD, — TENS := QBRTENS.

_— Jfilled
Its restriction on Cob35,"“" gives a 2-functor

A3 Cobg‘;lﬁ“ed — QTENS ~ PR.

Conjecture 4.17 For a nonsemisimple modular tensor category ¥, the noncompact anomalous the-
ory induced by (%, Ry) recovers the De Renzi—Gainutdinov—Geer—Patureau-Mirand—Runkel theory.

Namely, &4%21
Cobj " PR
ng‘;l l Free
— nc DGGPR ¢ -
Cob;,, Caty

commutes up to isomorphism.

We know how to check these conjectures on the circle. We have WRT (S!) = ¥ whose free cocompletion
is equivalent to ¥ because ¥ is semisimple. Similarly, DGGPR (S!) = Proj(¥) whose free cocompletion
is equivalent to V. On the other side, we know that in dimension two %+ coincides with factorization
homology, and we computed R+ (S1!) in Section 3.4. So

Sﬁ"?/ZI (Sl s Dz) %V(S ) l(Z| )2Z°V(D2) — Vectkng(S ) ? )OVVectk — Vect]koVVectk
%y

Computing the values of the theories induced by the cobordism hypothesis on higher-dimensional bordisms
comes down to computing some adjoints in BRTENS and composing them in various ways. This will be
carried out in future work.
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Corollary 4.18 (of conjectures) Both WRTy and DGGPR extend to S°.

Proof Indeed, the anomalous theory sy is really defined as a functor between the 3-categories
Borpi"™ — TENS (resp. BORDI;C’mled — TENS in the nonsemisimple case). The two points S°

are bordant, by a cap, and therefore give an object (S°,N) € BORDgllled (resp. BORDI;C’ﬁHed).

It is easy to compute the value of the anomalous theory on this object, namely

Ay (S%, M) =Ry (%) 0 Ly (M) = sy W (sly)™) | BV =
O op

seen as a Vecty -Vecty-central algebra. O

Remark 4.19 This corollary is to be compared with results of [Douglas et al. 2020], which shows that
WRTy extends to the point if and only if ¥ ~ Z(%) is a Drinfeld center, in which case the point is
mapped to ¢. In the modular case, the Drinfeld center Z(%’) is isomorphic to ¥ ® € °P, and the two
descriptions agree on S°. Therefore it appears that WRT, always extends to S°, and extends to the point
if and only if one can find a “square root” for its value on S°. This is also related to ongoing work of
Freed, Teleman and Scheimbauer.

Note however that the statement above is a bit informal, because it is really Free o WRTy o3, that
extends to S, so WRT indeed but with different source and target. In particular, the results of [Douglas
et al. 2020] do not apply directly in this context.
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