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Quantitative Thomas—Yau uniqueness

YANG LI

Under Floer-theoretic conditions, we obtain quantitative estimates on the closeness (Hausdorff distance,
flat norm and F-metric) between two Lagrangians, depending on the smallness of Lagrangian angles. Some
applications include a strong—weak uniqueness theorem for special Lagrangians, and a characterization of
varifold convergence to special Lagrangians in terms of Lagrangian angles.

53C38, 53D12, 57R58

1 Background and introduction

1.1 Special Lagrangians

Inside an n-dimensional compact Kéhler manifold (X, w) with a nowhere-vanishing holomorphic volume
form Q such that 0" /n! = e2°(i n? /2")Q A Q, an n-dimensional compact oriented submanifold L is
called special Lagrangian if
(1) ol =0, ImQ|L=0.
These sit at the crossroad of minimal surface theory and symplectic geometry:
e If the metric is Calabi—Yau (namely p = 0), then special Lagrangians are absolute volume minimizers
inside their homology classes.
e Lagrangian submanifolds equipped with (unobstructed) brane structures define objects inside the
Fukaya category.
Recall that the Lagrangian angle 0: L — R is defined by Q| = e Pe'? dvoly, so special Lagrangians
amount to the condition § = 0. More generally, a Lagrangian is called quantitative almost calibrated if
0] < %71 — ¢¢ for some fixed small €y > 0. Such Lagrangians are important in the Thomas—Yau program;

see Li [9] and Thomas and Yau [12]. One of its immediate consequences is the a priori homological mass
bound

Vol(L):/dvolf 1 /ReQ.
L

L SIn €
1.2 Thomas-Yau uniqueness

As part of a wider program to relate the existence and uniqueness questions of special Lagrangian branes
to the Fukaya category and stability condition, Thomas and Yau [12] proved a remarkable uniqueness
theorem, which from the modern perspective reads:

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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2252 Yang Li

Theorem 1.1 (Imagi [6], Imagi, Joyce and Oliveira dos Santos [7] and Thomas and Yau [12]) Let
L and L’ be two compact embedded special Lagrangians with unobstructed brane structures, defining
isomorphic objects in the derived Fukaya category. Then their supports coincide.

The Floer degree of a transverse intersection point p € CF*(L{, L,) between two Lagrangians L; and
Lz is

(2) ML],Lz(p):%(Zai_QLz(p)_'_eLl(p)) €Z,
1

where inside 7, X >~ C" we can put the tangent spaces into the standard form
T,L; =R", TyLy = (€"1,...,e"*)R" for 0 <a; < 7.
The proof idea of Theorem 1.1 can be outlined as follows. Assume L # L’.

e By making C°°-small Hamiltonian perturbations of L and L', we can replace L and L’ by isomorphic
objects Ly and L, intersecting transversely. Moreover, either by a Morse-theoretic argument [12], or
using real analyticity via a Lojasiewicz inequality [7], one can remove the degree-zero intersection points,
to ensure the Floer cochain group CF®(Ly, L,) is 0.

e Consequently, the Floer cohomology HF®(L, L) ~ HF®(L, L5) is 0. In particular the unit of the
Floer cohomology ring vanishes, which is impossible, because it violates Poincaré duality (alternatively,
because the image of the unit under the open—closed map is the homology class [L] € Hy (X, Apov), which
cannot be zero).

We take note of a few conceptual features:

e The proof of Thomas—Yau uniqueness is analogous to a strong maximum principle argument. The role
of symplectic topology is to force the existence of a degree-zero intersection point, which is analogous
to the existence of a maximum, and a local calculation concerning the intersection point results in a
contradiction.

¢ The metric is not necessarily Calabi—Yau. The compactness of X can be replaced by any other standard
settings where Floer theory makes sense.

e The known proofs rely essentially on smoothness assumptions of the Lagrangians.
Remark 1.2 (for the analysts) Setting up Floer cohomology (or more generally, the Fukaya category)
requires a large baggage train, such as brane structure (spin structure, local system and bounding cochains),

complicated perturbation schemes and algebraic machinery. For background see Joyce [8, Section 2.5]
for a lightning-quick overview, and Auroux [5] for a gentle introduction on the Fukaya category.

The Thomas—Yau argument (as well as the rest of this paper) is not sensitive to the details of the Fukaya
category. Knowledge on the setup is not essential; the only facts from Floer theory that one really needs
for this paper are:

» Floer cohomology groups are invariant under Hamiltonian deformations of the Lagrangians.

Geometry & Topology, Volume 29 (2025)



Quantitative Thomas—Yau uniqueness 2253

» Nonzero Floer cohomology implies the existence of Lagrangian intersection points in the corresponding

degree, provided the Lagrangian intersections are all transverse.

e If two Lagrangian branes are in the same derived Fukaya category class, then they live in the same
homology class. (This follows from the property of the open—closed map.)

1.3 Quantitative Thomas—Yau uniqueness

A common theme in geometric analysis is rigidity theorems, eg a strong maximum principle naturally
suggests a Harnack inequality. Analogously, we ask:

Question 1 Suppose L and L’ have small Lagrangian angles (eg ||| co < 1 or ||@] ;1 < 1). Then do
they have to be uniformly close to each other (eg in the Hausdorff distance for subsets, in the flat norm
distance for integral currents or the F-metric for varifolds)?

Remark 1.3 A paper of Abouzaid and Imagi [1] studies symplectic topological consequences of special
Lagrangians lying inside a small C°-neighbourhood of a given special Lagrangian, under additional
hypotheses on the fundamental group and its representations.

Remark 1.4 New ideas are needed for this question: In a naive strategy, one takes a sequence of
L; and L}, with Lagrangian angles converging to zero, and attempts to use compactness theorems in
geometric measure theory to extract subsequential limits L, and L, which should be special Lagrangian
integral currents. To deduce that L; is close to L}, one would like to prove Lo, = L. This would
require a singular Lagrangian version of the Thomas—Yau uniqueness theorem, which is yet unknown.
(The interested reader may see Li [9, section 5.7] for some heuristic ideas.)

Our main technical result, Theorem 2.1, gives one answer to the question above. Morally, it provides
Floer-theoretic conditions such that if a quantitative almost-calibrated Lagrangian has small enough
L'-norm on its Lagrangian angle, then it is close to a given special Lagrangian, with respect to several
distance notions from geometric measure theory (Hausdorff distance, flat norm and F-metric), with
quantitative estimates depending on explicit powers of |0 1.

We now discuss qualitative consequences of Theorem 2.1, to be proved in Section 3. Theorem 2.1 can be
interpreted as the quantitative version of a strong—weak uniqueness theorem.

Definition 1.5 Let L; be a sequence of smooth embedded unobstructed Lagrangian branes which lie in
a fixed nonzero derived Fukaya category class (so in particular the same rational homology class), and
are all quantitatively almost calibrated. We say a Lagrangian C°°-submanifold (resp. Lagrangian integral
current) Lo is a C*°-limit (resp. varifold limit) if the L; converge to L in the C*°-topology (resp. in
both the weak topology of varifolds and the flat norm topology of integral currents). Notice there is no
requirement that L, is equipped with any brane structure.

Geometry & Topology, Volume 29 (2025)



2254 Yang Li

Theorem 1.6 (strong—weak uniqueness) Fix a derived Fukaya category class, and let L, be a C*°-limit
and Ly, a varifold limit. Assume both are special Lagrangian 0r ., = 0. = 0. Then Lo, = Ly, as
integral currents.

Provided a derived Fukaya category class admits a special Lagrangian C°°-limit, we have a satisfactory
characterization of varifold topology convergence in terms of the Lagrangian angle function.

Theorem 1.7 Fix a derived Fukaya category class, and assume there is a sequence of smooth embedded
representatives L;, converging in C* topology to a special Lagrangian L. Let L} be a sequence of
quantitatively almost-calibrated Lagrangian branes in the same derived Fukaya category class. Then L)
converges in the varifold topology to L if and only if ||9L;. 1 — 0.

Remark 1.8 Since in our setting ||f| Lo and the mass of the Lagrangian both have uniform bounds, by
interpolation ||0| ;1 — 0 is equivalent to ||@| r» — 0 for any fixed p > 0.

2 Proof of quantitative Thomas—Yau uniqueness

2.1 Statement of quantitative Thomas—Yau uniqueness

Our main technical result is a quantitative version of the Thomas—Yau uniqueness theorem.

Theorem 2.1 Let L and L' be two compact smoothly embedded Lagrangians with unobstructed brane
structures, in the same fixed homology classes in Hy, (X, Q), such that HF®(L, L) # 0 or HF® (L', L) #0
holds. Assume the quantitative almost-calibrated condition ||0r/||co < %n — ¢¢ for some fixed €y > 0,
and moreover that there is some € small enough that the Lagrangian angles satisty

o [|0Lllco ek,
e Vol({fr > ¢€}) < €".
Then the Hausdorff distance between L and L’ is uniformly small:

3) {suppeL dist(p, L") < Ce'/@n),

sup,er dist(p, L) < Celltn?),

The flat norm distance between L and L’ is bounded uniformly by Cel/Gm+1/Gn?)  The F_metric
between L and L' is bounded by C €!/Bm  The constants depend on €y, X and L, but not on the regularity
bounds on L', nor on the small €.

A few explanations may clarify the significance of the assumptions:

e If L and L’ are isomorphic nonzero objects in the derived Fukaya category, then HF®(L, L") # 0,
HF(L', L) #0and [L] = [L'] € H,(X, Q).

Geometry & Topology, Volume 29 (2025)



Quantitative Thomas—Yau uniqueness 2255

e The weak L'-type bound Vol({fr > €}) < €" is implied by [0z |1 1(z/) < €"T!. This is much
weaker than assuming C°-smallness of 7,. This weakening is needed for Theorem 1.7, because if a
sequence L} of quantitatively almost-calibrated Lagrangians converge to a special Lagrangian in the weak
topology of varifolds (ie as Radon measures on the Grassmannian bundle), then ||9L§ g1 —0asi — oo,
but ||9L§ | co does not necessarily converge to zero.

* As we will indicate in a series of remarks, the embedded assumption on the Lagrangians in Theorem 2.1
can be relaxed to immersed Lagrangians with connected domains and transverse self-intersection points,
with rather minor changes. The connected domain assumption is quite crucial to our arguments here (see
Remark 2.3), and also appears in the literature on Thomas—Yau uniqueness for immersed Lagrangians [6].
On the other hand, the hypothesis of Theorem 2.1 is a little weaker than assuming L and L’ lie in the
same derived Fukaya category class, and does not make explicit use of holomorphic curves.

2.2 The small |0 ||co case

In the special case where || o < 1 is small, we show that the set of points on L lying near L’ is
sufficiently dense. This argument contains the Floer-theoretic ingredient in our strategy. We do not yet
use [L] =[L'] € Hy(X).

Lemma 2.2 Assume ||0]co <€ < 1 forboth L and L'. Forall p € L, there is some p’ € LNB(Cyel/2m)
such that dist(p’, L') < Ce+D/@M Iy particular dist(p, L') < Ce'/?".

Proof We perform a Hamiltonian perturbation of the L within the Weinstein tubular neighbourhood
T*L ~ NL of the Lagrangian L. For a smooth Hamiltonian function /1: X — R, we get a Hamiltonian
vector field Xy, by tx, @ = —dh (equivalently X}, = JVh), and for €| dh| o1 < 1, the time € flow sends L
to e (L), whose Lagrangian angle is denoted by 6,,_(z,). In our later applications, we can further assume
that along L, the vector field X}, is orthogonal to the tangent spaces of L, or equivalently X}, = JVLh
where VL1 is the gradient of 4 on L. Alternatively, to the same effect, we can also choose the perturbed
Lagrangian as the graph of € d/ inside the Weinstein neighbourhood 7* L.

Notice the Lagrangian angle 6 is a locally defined smooth function on the Grassmannian bundle of
Lagrangian subspaces of the tangent space, and the flow ¢, acting on the Grassmannian bundle is close
to the identity, so by Taylor expansion

Op. (L) = 0L + €Lx,0 + O€*|| Xpl|71) = 0L + €Ly, 0 + O(€>||dh| 7).

The linearized operator L(/) = Ly, 6 can be computed in the case of a general weighting function p as
follows, similar to the computation in Thomas—Yau [12, Lemma 2.3] in the Calabi—Yau metric case. We

observe that by the closedness of the holomorphic volume form €2,
Lx,2=—iLyx, 2= i(dL_JXhQ +i-rx, dQ) =i dL_JXhQ.

Geometry & Topology, Volume 29 (2025)



2256 Yang Li

By the definition of the Lagrangian angle Q|;, = e Pe?? dvoly, and the assumption that —J X}, = VLh
is tangent to L, the left side converts to

e Pel? (—Lx, p+iLyx,0)dvolr, +e_pei9£Xh (dvoly),

while the right side converts to

idePefiyr, dvoly) =i d(e Pe'® xp dh) =ie'%d(e™ s dh)—ePe'®dO A xp dh.
Now dividing both sides by e 9 and then comparing the imaginary parts, we obtain the formula

L(h)e P dvol =d(e™” *p, dh),
namely that £(/) is the drift Laplacian
(4) L(h) = e” divp. (e "VEh).
In the Calabi—Yau metric case (p = 0) this reduces to the Laplacian. By construction,
10 () — 0L —L(M)| < Ce?||dh| G, .

Given any point p € L, we prescribe a smooth function f: L — R such that /" = 4 outside B(p,n)
for some 7 < 1 to be determined, the weighted integral [, e™ f dvoly is 0, and | f| + |df|n < Cn™"
inside B(p,n). We solve L(h) = f with [ 1 he™P dvolp =0, to find the smooth function /2 with bound
|dh| + n|V dh| < Cn'~". Using the smoothness of L, we regard its Weinstein neighbourhood as the
cotangent bundle 7"* L, which is isomorphic to the normal bundle N L via the metric. We can then extend
h to a smooth function on X with the same bounds such that near L the function / is constant on the
cotangent fibres. This ensures that the Hamiltonian vector field X}, equals J VL5 along L.

We choose n = C1e'/2" for some large constant C'; independent of €. Then the displacement of the
time e-flow is bounded by the C° norm of the vector field € X, which is of order Ce|dh| < Cen' ™" <
Ce(r+D/Cm « 1 50 @e (L) is well defined inside the Weinstein neighbourhood. Furthermore,

|Ope(r) — 0L — L) < Ce*||dhlz, < Clen™)? e,
whence on ¢ (L \ B(p,n)),
Ope(r) = 0L +€L(h) —€ = eL(h) —2e > 4e — 2e > 2e.
Without loss ¢ (L) is transverse to L’ by genericity. By formula (2), any Lagrangian intersection
g € CF*(pe(L), L') has Floer degree
1 1
> = —0;)> —
w(q) = n(%é(L) Or) = —€

and hence degree-zero intersections cannot occur on ¢ (L \ B(p, n)). By the Hamiltonian invariance of

Floer cohomology
HF®(¢c (L), L") =HF°(L, L") #0.

This forces there to be an intersection ¢ € pc(L N B(p,n)) N L’. Thus there is p’ € L N B(p, n) whose
distance to ¢ is less than Ce|dh| < Ce@+1/@n), |

Geometry & Topology, Volume 29 (2025)



Quantitative Thomas—Yau uniqueness 2257

Remark 2.3 If we replace the embedded Lagrangians by immersed Lagrangians with connected domain
and transverse self intersections, we can still use the Floer cohomology of Akaho and Joyce [2]. The
main caveat is that in order for the Hamiltonian function /2: L — R to extend to X, we need / to take the
same value at the finitely many self-intersection points. These finitely many linear constraints are easy to
meet, by relaxing f = 4 outside B(p, 1) to the more flexible condition f > 4 outside B(p, n).

The connected domain hypothesis on L is important for solving the equation £(#) = f. If we drop this
hypothesis, then take for instance L the disjoint union of two special Lagrangians and L’ to be one of the

components, and the lemma would be false.

Remark 2.4 Lemma 2.2 easily gives a new proof to the original Thomas—Yau uniqueness theorem
(Theorem 1.1), not relying on Morse theory or real analyticity. Indeed, by taking the € — 0 limit, we
deduce that each point on L has zero distance to L’, and hence L C L’. Since the roles of L and L’ are
symmetric in Theorem 1.1, we recover L = L’. The rest of this paper treats the additional difficulties
caused by giving up quantitative regularity bounds on L’, and by relaxing the C°-smallness of 67/ to
merely smallness on most of the measure.

2.3 Generic perturbation technique

The technique of controlling the number of intersection points by utilizing a sufficiently rich family of
perturbations originated from Arnold [4], who used it to study the dynamical growth of intersection points.
Proposition 2.5 is a detailed exposition to clarify the dependence of constants. Seidel [11, Lecture 5]
contains an application to bound the rank of Lagrangian Floer cohomology.

Let M be an m-dimensional compact manifold, N and N’ be two compact submanifolds of complementary
dimension and U C N’ be an open subset. Let V be a p-dimensional space of vector fields on M,
which is surjective to the normal space TM /TN at every point of N. Fix a Euclidean metric on V, and
consider the p-dimensional family of diffeomorphisms ¢; of M obtained by exponentiating the vector
fields in P = B(0,¢) C V for some small €. This induces a p-parameter deformation family N' — P
for N whose fibres are ¢;(N) for t € P. There is an evaluation map 7 : N — M, which by construction

is surjective on tangent spaces.

Proposition 2.5 There exists some t € P such that ¢;(N) intersects N’ transversely, and the number of

intersection points is
lp:(N)NU| < Ce " Vol(U),

where the constant C depends only on M, V and the C ! -regularity of N, but not on the small € and the
regularity bounds of N'.

Proof The transversality holds for a.e. # € P by Sard and Smale, so that |¢;(N) N U| is a well defined
integer for a.e. t € P. By the coarea formula,

/ lp:(N)NU|dt <VolN Nz~ 1 (U)),
P

Geometry & Topology, Volume 29 (2025)



2258 Yang Li

where the volume is computed with respect to the restriction of the product metric on M x P. Now
m:NNax~ Y (U) — U is surjective on tangent spaces, with Jacobian factor bounded below by C~!, so

Vol(Nﬂn_l(U))SC/ Vol(V N~ (y)) dy.
U

For each y € U, the contributions to "N 7~ !(y) come from the deformations of the small local region
N N B(y, Ce). The assumption that V is surjective to TM /TN at every point of N, together with the
C!-regularity of N, allows us to find a codimension-n subspace V), C V such that the projection

NNz~ l(y)—> P=B0,e)CV =V,

exhibits A'N 7~ () as part of a C !-graph over the e-ball inside V), whose volume is bounded by Ce?™".
We deduce
Vol N~ L(y)) < CeP™,
Combining the above,
/P lp:(N)NU|dt < CeP " Vol(U),

so we can select some t € P with

lps(N)NU| < C Vol(U)e? " (Vol(P))™! < C Vol(U)e™. o

In our application, the idea is that under sufficiently generic Hamiltonian deformation, subsets with very
small measure do not contribute to Lagrangian intersection points. This allows us to relax Lemma 2.2 to
a weak L!-assumption on the Lagrangian angle of L’.

Proposition 2.6 Assume |0 ||co < €, while Vol({|0/ > €}) < €™ ". Then there are constants Cy and C

independent of € such that for all p € L, there is some p’ € L N B(Cye'/?") satisfying dist(p’, L') <
CE(n-I—l)/(Zn).

Proof We can find a large-dimensional vector space V' of Hamiltonian vector fields which is surjective
to the normal space 77X /T L at every point of L. We can pick the Euclidean metric on V' so that for
any v in the unit ball of V, the induced vector field acting on the Grassmannian bundle over X has
C°-norm « 1. In particular, the Hamiltonian diffeomorphisms ¢, obtained via exponentiating vector
fields in P = B(0,€) C V only change the Lagrangian angle function by an amount < €.

We now reexamine the argument of Lemma 2.2. For any p € L, we can construct the C ! -small Hamiltonian
deformation ¢ (L) of L such that on ¢ (L)(L \ B(p,n)), we have 6,_(1) > 2¢. Thus for any 7 € P, the
Hamiltonian deformation ¢; ¢ (L) satisfies away from B(p, n)
1 3
Opige(L) = Opc(L) — 2€ = 2€-

Let U = {6, > €} C L'. Then according to Proposition 2.5, there is some ¢ € P such that ¢;@¢(L) is
transverse to L', and the number of intersection points is

|pr@e(L)NU| < Ce™ Vol(U) < 1.

Geometry & Topology, Volume 29 (2025)



Quantitative Thomas—Yau uniqueness 2259

Thus ¢, (L) N U is in fact empty. This forces 07/ < € at the Lagrangian intersections ¢; @ (L) N L',
and we conclude as in Lemma 2.2. O

Consequently, we get one half of the Hausdorff distance estimate:

Corollary 2.7 Under the same conditions,

5) sup dist(p, L') < Ce'/?",
pEL

Remark 2.8 We have so far not used the condition [L] = [L'] € H,(X, Q). Without this condition,
the constant C in Corollary 2.7 really requires some regularity bound on L. For instance, we consider
a surgery exact triangle L — L, — L3 — L4[1], where L, is the Lagrangian connected sum of L
and L3 with very small neck, and all Lagrangians angles can be made arbitrarily small in C°. The mere
assumption that HF®(L, L,) # 0 cannot imply that SUp,er,, dist(p, L) is small. The proof breaks
down because the C!-regularity bound of L, is highly degenerate in the neck region.

2.4 Monotonicity inequality

In minimal surface theory, the famous monotonicity formula says that for an n-dimensional submanifold
N inside a smooth compact ambient manifold, if the mean curvature || H ||z is less than 400, then
inside coordinate balls the volume ratio

eCTr " Vol(B(p, 1))

increases with the radius . One useful consequence is that the volume of N N B(p, r) has a lower bound
for p € N. We only impose assumptions on the Lagrangian angle 0, but not on | H| directly. We shall see
that the volume lower bound is still satisfied. Our style of argument is inspired by Neves [10, Section 3.3];

see also [9, Section 5.2].

Recall a special case of the optimal isoperimetric inequality of Almgren. Denote by w, the volume of the

n-dimensional unit ball in R”.

Proposition 2.9 [3, Theorem 10] Let T be an (n—1)-dimensional integral current inside RN with
dT = 0. Then there is an integral n-current Q inside RN with 00 = T and

Mass(Q) < n~"/ =D /=1 Mass(1)" =1

Remark 2.10 The inequality is saturated by the n-dimensional unit ball; this sharpness of constant will
be important for getting the sharp coefficient in Proposition 2.11(ii), which is essential for proving that
the points on L’ close to L occupy almost the full measure in L’ as in Lemma 2.14. Moreover, if T is
contained in some ball B(R), then Q can also be taken inside B(R), because there is a retraction of R™
to B(R) with Lipschitz constant 1.
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We now work inside the Kéhler manifold X. Around any fixed p € X, we can take local holomorphic
coordinates zq, ..., z, such that for small |z|,

0=tz ndzi 4+ 0(2D), PPQ=dz A Adzg+ O(2]). g = ldzil? + O(z).
2
Beware that the smooth function p measures the failure of the metric to be Calabi—Yau.
Proposition 2.11 Let L’ be a smooth Lagrangian with |0| < %n — €9, and assume there exists p’ € L’
with | p’| <A < 1. We shall use C(¢g) to denote constants depending only on €q and the coordinate chart.

(1) For the Euclidean balls Bgy¢(r) with radius r > A contained in the chart, we have the volume lower
bound Vol(L' N By (r)) = C(eg)(r — A)".

(i) Assume furthermore that Vol({0r, > €} N L) < A where A > €2. Then for the Euclidean balls

Bgye(r) with radius r > C(€g)A contained in the chart, we have the sharper volume lower bound

(6) Vol(L'" N Bryel () = wn(r — C(eg)A)" (1 — C(eo)r).

Proof For a.e. 0 < r smaller than the radius of the coordinate ball (of order O(1)), the level set
L’ N dBgy(r) is smooth, and the isoperimetric inequality allows us to find Q C Bgy(r) with 0Q =
L’ N 0Bgyc1(r) and mass bound

Mass(Q) < n~ "= 1/ (=Dn=1 (1" 0 §Bg 4 (r))” =D,

Since d(L' N Bryal(r)) = Q, the form Re €2 is closed and Re 2| < (1 + O(r))e =P dvol g,
/ ReQ = f Re Q < (1+ O(r))e P Mass(Q).
L/nBEucl(r) Q

Under the quantitative almost-calibrated condition |0] < %n — €0,

Vol(L N Baa(r)) = / dvol < —1 [ PReQ.
L/mBEucl(r) Sin 60 L/mBEucl(r)

Combining the above,
VOI(L' N Bguei (1)) = CleoyH"™" (L' N Bguar (1) 1.

The function f(r) = Vol(L’ N By (7)) is increasing in r. Using the coarea formula, we rewrite the
differential inequality as

f(r) < Cleg) f/(r)" D),

For r > A, we have f(r) > 0, and the increasing function f satisfies

(S = Cleo.
whence f > C(eg)(r —A)".
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Next we assume Vol({0, > €}N L") <A™ and deduce the sharper volume lower bound. For O(1) >r > CA
with C depending only on the volume lower bound constant, we have f(r) > A”. Notice that on
L'nN {01, < €}N Bgya(r),

/ dvolfL e"’RleL e’ Re Q.
L'NBga(r)N{0;, <€} COS € JL/NBeu(r)N{f <€} COS€ JL/'NBpuu(r)
Hence : .
< \n o <\ P
f(r)y A"+ “osc /L’mBgucl(r) ePReQ < A"+ “osc (14 O(r)) Mass(Q)
< A + COISE(I + O(V))l’l_n/(n_l)a)n_l/(n_l)f/(}")n/(n_l).

Now 1/cose =14 O(e2) =1+ O(L) = 1 + O(r), so the 1/cose factor can be absorbed into the
1 + O(r) factor by changing the constant. Rearranging the terms,

1) Z 0w, (1= 0()(f = A" *=DIm,
We deduce
L=z w71 - 00),
and after integration
S Zoa(r =CL)"(1-0(r)),

as required. a

Remark 2.12 In the context of special Lagrangians in C”, a standard way to deduce the monotonicity
formula is to compare the volume of L’ N B(r) with the cone over L’ N dB(r). If we follow this strategy
for smooth Lagrangians inside C” with |8]| < ¢, then we would deduce

Vol(L' N B(r)) < I / ReQ < — 3" (L'n B(r)),
L'NnB(r)

COS € T ncose

whence d/drlog Vol(L' N B(r)) > n cos €/ r. Unfortunately, this would only prove the monotonicity of
Vol(L' N B(r))r "€ which is not sufficient to deduce the volume lower bound above.

We think it is an interesting question whether ¢€” Vol(L’ N B(r))r ™" is monotone under the mere
hypothesis that [|#| o is small, with no assumption directly on the mean curvature.

2.5 Hausdorff distance bound

We still need to show that all the points of L’ must stay close to L. The strategy is to first show that such
points occupy almost the full measure of L, and then use a monotonicity inequality argument to extend
this to all points.

We record a weighted volume upper bound:
Lemma 2.13 If Vol(L' N {6/ > €}) < €", then [;, e P dvoly < [;,ReQ/cose + Ce".
Proof On the subset L' N {6y, <€}, we integrate e ” dvoly, < (1/cos€)Re Q|1. |
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Lemma 2.14 In the setting of Theorem 2.1,

(7) ePdvoly, > (1—C61/4”)/ Re Q.
L

[L/m{dist(~ ,L)<el/4ny

Proof We can take A = Ce!/2" such that by Corollary 2.7, any p € L lies within distance A to L’. Our
setting implies A > €2 and Vol({f, > €}) < A™. By Proposition 2.11, and the fact that Euclidean balls
and Riemannian balls only differ by relative error O(r), we see that for O(1) >r > CA,

Volg (L' N Bg(p, 1)) = wu(r —CA)"(1—Cr) forall peL.

The constants are uniform for p € L, so after integration
/L e PP Volg (L' N Bg(p,r))dvolr(p) = wx(r —CA)"(1—Cr) /L e Pdvoly,
> w,(r —CA)"(1 —Cr)/LReQ.
The left side can be computed by Fubini’s theorem as

/ =P D dyol, (q) P@D=2D) dyol, (p).
L’ LNBg(g,r)

The function p is smooth, so |p(g) — p(p)| < Cr. The Lagrangian L has fixed C !-regularity bound, so
for small radius r < 1,

/ dvolz (p) < (1 +Cr)wyr".
LNBg(q,r)

Combining the above,
wn(r —CA)"(1 —Cr)/ ReQ < / e PP Voly (L' N By (p, 1)) dvolr (p)
L L

< (14 Cr)war" f e P D dvoly(q),
L'Nn{dist(-,L)<r}

whence for CA <r < O(1),

(8) ¢ ™D dvoly/(q) = (1—Cr —c%)[ Re Q.
L

L’ﬂ{distﬂ ,L)<r}

1/4n

The choice r =€ yields the claim. a

Remark 2.15 In the above, we assumed L is embedded. If L is merely immersed with transverse self
intersections, then the inequality

/ dvolz (p) < (1 +Cr)w,r™
LNBg(q,r)
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will break down for ¢ in the r-neighbourhood of the self-intersection points. Essentially the same proof
would then give

/ e_pdvolL/z(l—Cel/4”)/ ReQ —Cr".
L'N{dist(-,L)<el/4n} L

Since 1" K 61/4”, the r™ term can be absorbed.
We can finally prove the remaining half of the Hausdorff distance bound:

Proposition 2.16 In the setting of Theorem 2.1,

9) sup dist(p, L) < Celltn?)
peL’/

Proof The assumption that [L] = [L'] € H,(X, Q) and the hypothesis that Vol(L' N {0y, > €}) < €",
together with Lemma 2.13, imply

/ e Pdvoly, < L/ ReQ + Ce" < (1 +C€2)/ Re Q2.
/ COS € L L
Combined with Lemma 2.14,

e~Pdvoly, < Cel/‘“’/ Re Q.
L

/L’ﬂ{dist(~,L)Ze'/4”}
Assume p € L' with rp :=dist(p, L) > €'/#" so that L' N B(p, rp—e'/*") isin L' N{dist(-, L) > e'/4"}.
From Proposition 2.11,

C(rp — e/t < \ol(L' N B(p.rp —el/Amy) < Cel/4”/ Re Q.
L

Consequently 1, < Cell4n®,

2.6 Flat norm distance bound

Recall that the flat norm distance between L and L’ is defined as
inf{Mass(T") +Mass(R) : L — L' = 0T + R},

where T and R are integral currents of dimension n 4+ 1 and n, respectively. Intuitively, the Hausdorff
distance bound is an L%°-type bound on the distance function, while the flat norm behaves like an L !-type
bound. In the corollary below, we leverage the previous information to get a slightly better exponent than
the obvious bound from L — L, but we expect this is still not sharp.

Corollary 2.17 In the setting of Theorem 2.1, there is an integral current T with 0T = L’ — L such that
Mass(T) < Cel/(@n?)+1/(4n)
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Proof The Hausdorff bound shows that L’ lies within a small C°-neighbourhood of L. Using the
controlled C!-regularity of L, we can view the C°-neighbourhood as its normal bundle, and obtain a
projection map 7 : L’ — L. Since L is homologous to L’ by assumption, 7 has degree 1. We form an
(n+1)-dimensional integral current 7' from the union of the line segments joining the points ¢ € L’ to
m(q) € L. Up to the choice of orientation sign, 7 = L’ — (L") = L' — L. The lengths of the segments
are comparable to dist(g, L). Thus

sup dist
Mass(T') < C/ dist(-, L)dvoly, = C/ dr/ dvoly.
L 0 L/'n{dist(-,L)>r}

Recall the weak L!-type estimate (8), which implies

1 if r = O(e!/?),
[ dvolp, < C qel/2n/p if el/2n <y < l/4n,
L’n{dist(-,L)=>r} el/4n ifr > l/4n

By the Hausdorff distance estimate, supdist(-, L) < C el/4n, Combining the above gives the mass
bound. d

Remark 2.18 If L is immersed rather than embedded, then = would be only Lipschitz near the self-
intersection points, but the above argument is unaffected.

2.7 The F-metric bound

We view the C° neighbourhood of L as its normal bundle, which has a projection 7 to its zero section L.
Normal geodesic flow allows us to identify the tangent spaces 74 X" with T;(4) X'. We now show that
L’ is graphical over L with small norm, away from a set with small measure. Denote by T (¢g) the unit
n-vector e; A--- Aep on L', where ¢; is an oriented orthonormal frame of 7, L’, and by f(ﬂ(q)) the
analogous unit n-vector from the oriented orthonormal basis of 75 (4) L.

Proposition 2.19 In the setting of Theorem 2.1, away from a subset E C L with Vol(E)+Vol(x~1(E)) <
Cel/*n | the projection w: L' \ w~'(E) — L\ E is bijective, and

/ 17(q) = T (w(q))| dvol(q) < Ce'/*,
L\rn—1(E)

Proof The projection 7r: L’ — L is almost metric decreasing:
ldr|r, /] = 1+ O(dist(q, 7(¢))).

As a general rule, the error coming from comparing ambient Kiahler structures at ¢ and 7 (g) is bounded
by O(dist(g. 7(q))). Let E| = {dist(-, L) > €l/4my © I’. Then E| has measure bounded by Cel/4n by
Lemma 2.13 and (7).
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Since 7: L' — L has degree 1, it is surjective. Let E be the subset of L with at least two preimages. The
volume almost decreasing property of dm together with the assumption |#] <€ on L imply

2/ Re Q =2/ e~ dvol(1 + O(e)) < (1 + 0(61/4"2))/ ¢™P dvol.
E E = (E)

In particular,
(10) Vol(E) + Vol(z~1(E)) < C/ e P dvol < C’(/ e P dvol —/ Re Q)
a—1(E) n—I(E) E

On the other hand, at the points ¢ € L'\ 7~ !(E) U E/, the difference between the tangent planes is
bounded:

IT(q) = T(x(@)? < C(1 = |dn(T)| + O(e"/*)).
Thus

/ 1T(q) — T (7(¢))|? dvol(q) < Ce'/*" 4+ C / (1—|dn(T)|) dvol
L\n—1(E) L\rn—1(E)

§C€1/4"+C'/ (1—|d=(T)|)e™" dvol.
L )

N\r~!U(E
Here the contribution from E is absorbed into Ce 1/4n From the pointwise inequality on L'\7 ~! (E)UE’,
|d(T)le™ = (1= 0!/ *")|dn(T)|| Re Q|| = Re Q(mT)(1 - O(e'/4")).

the above is bounded by

Cel/4”—|—C'(/ e_pdvol—/ ReQ).
L\n—1(E) L\E

The coefficient C’ can be arranged as the same (large) constant appearing in (10). Adding the two
contributions and invoking the weighted volume upper bound in Lemma 2.13,

Vol(E) + Vol(zr ' (E)) + / T (q) — T (x(9))? dvol(g)

L\rn=1(E)
§C61/4”+C’(/ e_pdvol—[ReQ)
/ L

SC61/4"+C’(/ ReQ—/ReQ):C61/4",
/ L

as required. a

Remark 2.20 If L is immersed instead of embedded, then we include the O(e!/ 4”2) neighbourhood of
the self intersections into E, and the rest of the arguments run almost verbatim.

3

Recall the distance between two varifolds L and L’ is measured by F-metric

sup{‘/Lf(p, T,L) dVOlL—/L/ f(q, T;L") dvoly,
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where f ranges over all functions on the Grassmannian bundle of n-dimensional tangent subspaces
over X, with | f| < 1 and Lipschitz constant at most 1. Given a uniform upper bound on the mass, the
F-metric induces the same topology as the weak topology on varifolds (because continuous functions
can be approximated by Lipschitz functions).

Corollary 2.21 In the setting above, the F-metric between L and L' is bounded by Ce'/3".

Proof Since | f|<1,theintegralson E, E| and 7~ !(E) are bounded by Cell*n Atge L'\n~YE)UE',
by the Lipschitz bound on f,

/(- TyL) = f(7(@). Tay DI < lg = 7(@)| +|T (@) = T (r(@))] = Ce'/*" + T (q) = T (w(q))|-
The discrepancy between the volume forms 7 * dvoly, and dvolz is bounded by
CIT(q) =T (x(@)I dvoly.

Consequently, the F-metric is bounded by

Ce'l4 4 / I7(q) = T (w(¢)] dvolp +C / IT(q) =T (w(q))| dvol.
L\n=1(E) L\x~1(E)
Using Proposition 2.19 and Cauchy—Schwarz, this is bounded by C el/sn, |

3 Consequences of Theorem 2.1

We now prove the consequences stated in the introduction.

Proof of Theorem 1.6 From the C*°-limit assumption, L; — L with ||0] o — 0. From the varifold
limit assumption, L; — L’. This implies that ||0]|.1 — 0 as follows. Since the Lagrangian angle is
a continuous function on the open subset {Re 2 > 0} in the Grassmannian bundle, the weak topology

/ |6] dvoly —>/ |6] dvol = 0.
L. ! Lo

All Lagrangians lie in the same homology class, and all the approximants L; and L} lie in the same

convergence of L} implies

derived category class. Thus Theorem 2.1 applies to L; and L for i >> 1 and arbitrarily small €, and the
uniform C°°-regularity on L; means that all the constants are uniform. The flat norm distance between
L; and L} is bounded by C 1/(4m)+1/(4n?), Taking the limit as i — 400, the flat norm distance between
Lo and L/ is bounded by Cel/4m+1/@4n?) and letting € — 0 gives Loo = L. O

Proof of Theorem 1.7 As above, varifold convergence to L° implies ||9L; |1 — 0. Conversely, if
||9L;. |1 — 0, then Theorem 2.1 applies to L; and L} for i > 1 and arbitrarily small €, whence the
F-metric between L; and L is bounded by Cel/37 for i > 1 depending on €. In the i — +o0 limit, the
F-metric distance between L} and L tends to zero. Since all Lagrangians have uniform mass bounds,
the F-metric induces the same topology as the weak topology on varifolds, whence L; — Lo in the
varifold topology. |
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4 Open questions
We raise some natural questions:

Question 2 With the same assumptions on L and L’ as in Theorem 2.1, what would be the sharp
exponent for the Hausdorff distance bound in terms of €?

This question has many variants. For instance, one can replace Vol({0r/ > €}) < € with the smallness
of [|6L/[|Lr(rLry (or 0L/ [|cocrr))- We expect the exponents of € in Theorem 2.1 to be not optimal. On
the other hand, even in the simple setting of Calabi—Yau metrics, assuming L is a fixed smooth special
Lagrangian and |0/ ;1 < €, we do not expect the Hausdorff distance to be uniformly bounded by O(e).
The reason is that the linearization of the special Lagrangian equation is the Poisson equation Au = f,
and the failure of the Sobolev embedding W?2:! — C! means we cannot expect « to have C !-bounds
proportional to || /|| ;1. Some nonlinear effects are necessary for a result like Theorem 2.1.

Question 3 Do the uniform constants really depend on the C°°-regularity bounds of L?

The part of our arguments most sensitive to C *°-regularity bounds is Lemma 2.2, which involves solving
the Poisson equation on L with bounds. If L has some mild degeneration, eg when it is approximately the
desingularization of some special Lagrangian with certain isolated conical singularities, then we expect
results similar to Theorem 2.1 would hold, with possibly different exponents for €. On the other hand, it
is not clear if we can drop all regularity bounds on L beyond the information of the homology class and
the Lagrangian angles. A closely related question is whether strong uniqueness holds:

Question 4 Consider the variant of Theorem 1.6 where both L, and L are varifold limits. Assuming
both are special Lagrangian 6, = 6, = 0, do they coincide as integral currents?

Question 5 If L and L’ are immersed Lagrangians defining the same object in the derived Fukaya
category, not necessarily with connected domains, then is there still an analogue of the quantitative
Thomas—Yau uniqueness theorem? Is there a corresponding strong—weak uniqueness theorem?
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Knot surgery formulae for instanton Floer homology, I:
The main theorem

ZHENKUN LI
FAN YE

We prove an integral surgery formula for framed instanton homology I#(Y,,(K)) for any knot K in a
3-manifold Y with [K]=0¢€ H;(Y; Q) and m # 0. Although the statement is similar to Ozsvith-Szabd’s
integral surgery formula for Heegaard Floer homology, the proof is new and based on sutured instanton
homology SHI and the octahedral lemma in the derived category. As byproducts, we obtain a formula
computing instanton knot homology of the dual knot analogous to Eftekhary’s and Hedden—Levine’s work,
and also an exact triangle between I#(Y;,(K)), I*(Y,4%x(K)) and k copies of 1#(Y) for any m # 0 and
large k. In the proof of the formula, we discover many new exact triangles for sutured instanton homology
and relate some surgery cobordism map to the sum of bypass maps, which are of independent interest. In
a companion paper, we derive many applications and computations based on the integral surgery formula.

57K10, 57K14, 57K16, 57K18, 57K31

1. Introduction 2269
2. Basic setup 2274
3. Integral surgery formulae 2293
4. Dehn surgery and bypass maps 2304
5. Some exactness by diagram chasing 2308
6. Some technical constructions 2312
7. The map in the third exact triangle 2323
References 2341

1 Introduction

The framed instanton homology 7 #(Y) for a closed 3-manifold Y was introduced by Kronheimer and
Mrowka [2011] and has been conjectured to be isomorphic to the hat version of Heegaard Floer homology,
ﬁF(Y). This conjecture is still widely open and, due to the computational difficulty of instanton Floer
homology, not many examples are known. In recent years, many people have done computations of the
framed instanton homology of special families of 3-manifolds; see for example [Lidman et al. 2022]
and [Baldwin and Sivek 2023; 2021]. So far, most results have focused on computing the dimension of
framed instanton Floer homology and many techniques only work for S* or rational homology spheres,
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but a general structural theorem that relates the framed instanton homology of Dehn surgeries to the
information from the knot complement still remains elusive.

In [Li and Ye 2021], we proved a large surgery formula for framed instanton homology, which led to a
series of applications in computing the framed instanton homology and studying the representations of
the fundamental groups of Dehn surgeries of some families of knots. However, in that work, the Dehn
surgery slope must be large (at least 2g + 1, where g is the Seifert genus of the knot), and thus still not
much is known about the framed instanton homology of small Dehn surgery slopes. In this paper, we
further prove an integral surgery formula for rationally null-homologous knots, inspired by Ozsvéth and
Szabé’s surgery formula [2008; 2011] for Heegaard Floer homology. For simplicity, in the introduction
we present only the discussions and results for (integral) null-homologous knots (eg knots in S3) and
leave the general setup to Section 3.3.

First let us recall the results from [Li and Ye 2021]. Suppose K C Y is a null-homologous knot. Let
Y\ N(K) be the knot complement, and let I";, be the union of two oppositely oriented meridians of the knot
on d(Y\N(K)). Let SHI(-Y \N(K), —I';,) be the corresponding sutured instanton homology introduced
by Kronheimer and Mrowka [2010], where the minus sign denotes orientation-reversal for technical
needs; note that SHI(— M, —y) = SHI(M, y) and in particular, I#(—=Y_,,(K)) 2= I*(Y_,(K)). A Seifert
surface of K induces a Z-grading on SHI(—Y\N(K), —I"y). In [Li and Ye 2021], we constructed a set
of differentials on SHI(=Y\N(K), —T'y),

d}: SHI(=Y\N(K).—T.i) = SHI(=Y \N(K). ~T}. /)
for any gradings i # j € Z. We then constructed bent complexes

Ag = (SHI(—Y\N(K),—Fu)a YA+ ) df)’

s<i<j §=i>j
Bt = (SHI(—Y\N(K),—FM), Zd;’) and B~ = (SHI(—Y\N(K), —Tp). Z‘d}).
i<j i>j
From [Li and Ye 2021], the homologies of these complexes are related to the Dehn surgeries of K by
(1-1) H(BY)~ H(B™) ~ I*(-Y),
[(m—1)/2]
(1-2) Iﬁ(Y_m(K)) ~ @ H(Ag) for any integer m > 2g(K) + 1.
s=[(1-m)/2]
To state the integral surgery formula, we introduce more notation. For s € Z, let BsfE be identical copies

of B*. Define chain maps
a5 Ay — BE

as follows. For x € (SHI(=Y\N(K), =I'y), i),

RO TS IS SRS ST
0 ifi<s, 0 ifi>s.
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Let 7% denote the direct sum of all 7. While this slightly abuses the notation, we also use it to denote
the induced maps on the homologies. The main result of the paper is the following.

Theorem 1.1 (integral surgery formula) Suppose K C Y is a null-homologous knot. Let Ay, BsfE and
n* be defined as above. Then for any m € Z\{0}, there exists an isomorphism

Em: @ H(B) = P H(B; )

SEZL SEZL

as the direct sum of isomorphisms

~

Em,s: H(B;") — H(By,,,)
such that

IH(=Y_n(K)) = H(Cone(n_ +Emont: P H(4s) — P H(Bs‘)))-

SEZ SEZ

Remark 1.2 As an analog of the surgery formula in Heegaard Floer homology, the map 7~ is related
to the vertical projection map v, and the map E,, o 77T is related to the map %, which is defined by
the composition of the horizontal projection and a chain homotopy equivalence between C{j > 0} to
C{i > 0}. Here we bend the horizontal part of the hook complex to become vertical, so the differentials
go upwards. The homotopy equivalence in Heegaard Floer homology depends on many auxiliary choices;
cf the construction before [Hedden and Levine 2024, Lemma 2.16]. The same situation applies to & .

Hence we only state the existence of the isomorphism.

Remark 1.3 The hypothesis of Theorem 1.1 excludes the case where m = 0. This is due to the sign
ambiguity in the definition of sutured instanton homology. The original version of sutured instanton
homology defined by Kronheimer and Mrowka [2010] was only well-defined up to isomorphisms, and
then Baldwin and Sivek [2015] proved that they are well-defined up to a scalar in C. As a result, all
related maps are only well-defined up to scalars. When m # 0, the maps 7 ** and E,, o 7% have
distinct target spaces, namely B and Bg4,. As a result, the scalar ambiguity for individual maps does
not influence the dimension of the homology of the mapping cone. However, when m = 0, different
scalars would indeed make differences. For an example of this subtlety, see the end of Section 4.

Remark 1.4 We also obtain a formula computing instanton knot homology KHI(—Y_,,(K), K_,,) of
the dual knot K_,, inside the resulting manifold in Theorem 3.22, which is analogous to the results by
Eftekhary [2018, Proposition 1.5] for knot Floer homology HFK and by Hedden and Levine [2024]. In
this formula, we may assume m = 0 because the scalar issue in Remark 1.3 does not appear.

With the isomorphisms in (1-2) and (1-1), we can truncate the above formula for 7#(Y_,,(K)) to obtain
the following exact triangle.
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Corollary 1.5 (generalized surgery exact triangle) Suppose K C Y is a null-homologous knot, and m
is a fixed nonzero integer. Then for any sufficiently large integer k, there exists an exact triangle

TH(=Y_ 4 (K)) @i, IH(-Y)

~

IF(=Y_n(K))

Remark 1.6 The analogous result of the exact triangle (1-3) in Heegaard Floer theory was proved by
Ozsvath and Szab6 [2008] using twisted coefficients, which is a crucial step towards proving the integral
surgery formula in their setup. The proof cannot be applied to instanton theory directly. Thus, in this
paper, we adopt a reversed approach: we use sutured instanton theory to prove Theorem 1.1 and derive
Corollary 1.5 as a direct application. The strategy to prove Theorem 1.1 can be found in Sections 3.1
and 3.2.

The analogs of 7% in Heegaard Floer theory can be interpreted as cobordism maps associated to some
particular spin¢ structures. In instanton theory, there is a decomposition of cobordism maps along basic
classes. However, currently such a decomposition is only known to exist for cobordisms whose first Betti
number is zero. So for the moment let us assume the ambient 3-manifold Y is a rational homology sphere.
For any integer m, there is a natural cobordism W}, from —Y_3m (K) to —Y 3. From [Baldwin and Sivek
2023, Section 1.2], there exists a decomposition of the cobordism map I#(W,,) along basic classes

(W) =) IF (Wi, [s)),
SEZ

where [s] € H?(W) denotes the class that satisfies the equality
[s1(S]) = 25 —m.
We make the following conjecture.

Conjecture 1.7 Suppose that K C Y is a null-homologous knot. Suppose that 51 (Y) =0 and m € Z
with m > 2g(K) + 1. Let Ay, By, n5*5, Wy, I#(W,,.[s]) be defined as above. Then for any s €

s 0

[Lm—1)/2], | (1 —m)/2]] N Z, there are commutative diagrams

H(Ag)———— IN—Y_u(K)) H(Ag)—————— IH=Y_u(K))
ln_"“ ll“(Wm,[S]) Jn*s lI”(Wm,[Hm])
H(By) ———=—— I*(-Y) H(By) ————— I¥(-Y)

Remark 1.8 In Heegaard Floer theory, the large surgery formula in [Ozsvath and Szab6 2004, Theo-
rem 4.1] states that the homology of the bent complex Ay is isomorphic to the Heegaard Floer homology
of Y_,,(K) together with a spin structure specified by s. In instanton theory, we do not have the spin®
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structures in the construction of instanton Floer homology but a similar decomposition was introduced
in [Li and Ye 2022; 2024]. However, involving the spin®-type decomposition in the statement of
Conjecture 1.7 would make the statement more complicated. So here we only write the top horizontal
map in each commutative diagram as an inclusion.

The obstacle to obtaining a decomposition of the instanton cobordism map, in general, is one of the
difficulties in exporting the original proof of the integral surgery formula in Heegaard Floer theory to the
instanton setup. To overcome this problem, we need to work with a suitable setup for which some kind
of decompositions do exist. A good candidate is sutured instanton theory. In sutured instanton theory,
properly embedded surfaces induce Z-gradings on the homology, and bypass maps relating different
sutures are homogeneous with respect to such gradings. We have already used this setup to construct
spin‘-like decompositions for the framed instanton homology of Dehn surgeries of knots, construct bent
complexes in instanton theory, and establish a large surgery formula in our previous work [Li and Ye
2022; 2024; 2021].

In this paper, to prove the integral surgery formula, we further study the relations between different sutures
on the knot complement and establish some new exact triangles and commutative diagrams that may be
of independent interest. Then these new and old algebraic structures relating to different sutures enable
us to apply the octahedral lemma to prove the desired integral surgery formula. It is worth mentioning
that ultimately the whole proof in the current paper depends only on some most fundamental properties
of Floer theory: the surgery exact triangle, the functoriality of the cobordism maps, and the adjunction
inequality. This implies that the existence of the surgery formula is an inherent property of Floer theory.

The surgery formula developed in the current paper is a powerful tool to study the Dehn surgeries along
knots. It enables us to do explicit computations in many cases, even when the ambient 3-manifold has a
positive first Betti number. In a companion paper [Li and Ye 2025], we will use the surgery formula and
the techniques developed in this paper to derive many new applications and computations. We sketch the
results as follows.

(1) We study the behavior of the integral surgery formula under the connected sum with a core knot in
a lens space (whose complement is a solid torus) and then derive a rational surgery formula for
framed instanton homology.

(2) We study the 0-surgery on a knot K inside S3. We derive a formula computing the nonzero grading
part of 7#(So(K)) with respect to the grading induced by the Seifert surface.

(3) We study nonzero integral surgeries on Borromean knots inside ¥ = #28S! x S2, which gives
nontrivial circle bundles over surfaces. In this case the bent complexes A5 and BS:IE can be computed
directly and the maps 7 ¥ between them can be fixed with the help of the A* H; (Y; C)-action.
Moreover, we show dimc 7#(Y) = dimp, I/{TJ(Y) for most Seifert fibered manifolds Y with nonzero
orbifold degrees.
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(4) We study a family of alternating knots. Using an inductive argument by the oriented skein relation,
we can describe their bent complexes explicitly and then the surgery formula applies routinely.

(5) Using the same technique as above, we also study the nonzero integral surgery of twisted Whitehead
doubles. The results for Whitehead doubles can also tell us the framed instanton Floer homology
of the splicing of two knot complements in S*, where one knot is a twist knot, ie the Whitehead
double of the unknot.

(6) We study almost L-space knots, ie a non-L-space knot K such that there exists n € Ny with
dim / ﬁ(S,f (K)) = n+ 2; see [Baldwin and Sivek 2024] for the results in Heegaard Floer theory.
We prove a genus-one almost L-space knot is either the figure-eight or the mirror of the knot 5,.
We also show that almost L-space knots of genus at least 2 are fibered and strongly quasi-positive.

Organization The paper is organized as follows. In Section 2, we introduce basic setup, the notation
in sutured instanton homology, and deal with the scalar ambiguity mentioned in Remark 2.4. We also
present some algebraic lemmas including the octahedral lemma in the derived category that are used in
latter sections. In Section 3, we present the strategy to prove the integral surgery formula. We first restate
the integral surgery formula using sutured instanton homology, and explain how to apply the octahedral
lemma to prove it. Then we explain how to translate the integral surgery formula from the language
of sutured instanton theory to the language of bent complexes, which coincides with the discussions
in the introduction. All the rest of the sections are devoted to prove the three exact triangles and three
commutative diagrams that are involved in the octahedral lemma, ie equations (3-2) to (3-7). In Section 4,
we study the relation between the (—1)-Dehn surgery map associated to a curve intersecting the suture
twice and the two natural bypass maps associated to that curve. This helps us to prove equations (3-2)
and (3-5). In Section 5, equations (3-3) and (3-6) and part of equation (3-4) are proved. The last two
sections are devoted to prove equations (3-4) and (3-7), which is the most technical part of the paper. In
Section 6 we prove some technical lemmas that are finally used in Section 7 to finish the proof.

Acknowledgements The authors thank John A Baldwin and Steven Sivek for the discussion on the proof
of Proposition 4.1, and thank Zekun Chen and Linsheng Wang for the discussion on homological algebra.
The authors thank Ciprian Manolescu and Jacob Rasmussen, and the anonymous referee for helpful
comments. The authors also thank Sudipta Ghosh, Jianfeng Lin, Yi Xie and Ian Zemke for valuable
discussions. Ye is also grateful to Yi Liu for inviting him to BICMR, Peking University when he was
writing the early version of this paper.

2 Basic setup

2.1 Conventions

If it is not mentioned, all manifolds are smooth, oriented and connected. Homology groups and cohomology
groups are with Z coefficients. We write Z, for Z/nZ and IF, for the field with two elements.
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A knot K C Y is called null-homologous if it represents the trivial homology class in H;(Y; Z), while it
is called rationally null-homologous if it represents the trivial homology class in H;(Y; Q).

For any oriented 3-manifold M, we write —M for the manifold obtained from M by reversing the
orientation. For any surface S in M and any suture y C M, we write S and y for the same surface and
suture in — M , without reversing their orientations. For a knot K in a 3-manifold Y, we write (=Y, K)
for the induced knot in —Y with induced orientation, called the mirror knot of K. The corresponding
balanced sutured manifold is (=Y \N(K), —yg).

2.2 Sutured instanton homology

For any balanced sutured manifold (M, y) [Juhdsz 2006, Definition 2.2], Kronheimer and Mrowka [2010,
Section 7] constructed an isomorphism class of C-vector spaces SHI(M, y). Later, Baldwin and Sivek
[2015, Section 9] dealt with the naturality issue and constructed (untwisted and twisted versions of)
projectively transitive systems related to SHI(M, ). We will use the twisted version, which we write as
SHI(M, y) and call sutured instanton homology.

In this paper, when considering maps between sutured instanton homology, we can regard them as linear
maps between actual vector spaces, at the cost that equations (or commutative diagrams) between maps
only hold up to a nonzero scalar due to the projectivity. A more detailed discussion on the projectivity
can be found in the next subsection.

Moreover, there is a relative Z,-grading on SHI(M, ) obtained from the construction of sutured instanton
homology, which we consider as a homological grading and use to take Euler characteristic.

Definition 2.1 Suppose K is a knot in a closed 3-manifold Y. Let Y(1) := Y\ B3 and let § be a simple
closed curve on Y (1) 22 S2. Let Y\ N(K) be the knot complement and let 'y, be two oppositely oriented
meridians of K on (Y \N(K)) 2 T2. Define

I%(Y) := SHI(Y(1),8) and KHI(Y, K) := SHI(Y\N(K), T).
Remark 2.2 By the naturality results, we should specify the places of the removing ball, the neighborhood

of the knot, and the sutures to define 7#(Y) and KHI(Y, K). These data can be fixed by choosing a
basepoint in Y or K. For simplicity, we omit those choices in the notation.

From now on, we will suppose K C Y is a rationally null-homologous knot and fix some notation. Let p
be the meridian of K and pick a longitude A (such that A - & = 1) to fix a framing of K. We will always
assume Y\ N (K) is irreducible, but many results still hold due to the following connected sum formula
of sutured instanton homology [Li 2020, Remark 1.6]:

SHI(Y'#Y\N(K),y) = I*(Y') ® SHI(Y \N(K), y).
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Given coprime integers r and s, let I, /5 be the suture on d(Y \ N (K)) consists of two oppositely oriented,
simple closed curves of slope —r /s, with respect to the chosen framing (ie the homology of the curves are
+(—rp+sA) € Hi(IN(K))). Pick S to be a minimal genus Seifert surface of K, with genus g = g(S).
Note that 0.5 may have multiple components.

Convention For a fixed pair (A, i) as above, we write p = 05 - u and ¢ = 9.5 - A. Note that when
an orientation of the knot K is chosen, the orientation of S is induced by the knot. The orientation of
W is chosen such that p > 0, and the orientation of A is chosen such that A - © = 1. Note that p is the
order of [K] € H{(Y), ie p is the minimal positive integer satisfying p[K] =0 € H;(Y). When K is
null-homologous, we always choose the Seifert framing A = d.5. In such a case, we have (p,q) = (1, 0).

Remark 2.3 The meanings of p and ¢ above are different from our previous papers [Li and Ye 2022;
2021]. Before, we used /i and A to denote the meridian of the knot K and the preferred framing. In
particular, the framing is fixed by [Li and Ye 2022, Definition 4.2]. In that case, we assume that 9.5 is
connected, and hence it is the same as the homological longitude (with the notation A in previous papers,
while we use 1 to denote the homological meridian). Also, the numbers p and ¢ in this paper should be
q and g in previous papers.

For simplicity, we use the bold symbol of the suture to represent the sutured instanton homology of the
balanced sutured manifold with the reversed orientation:

rr/s = S_HI(_(Y\N(K))’ _Fr/s)-

When (r,s) = (£1,0), we write I',j; = I'yy. When s = +1, we write I'y = ' /1 = ') /(1) We also
write I';, and I, for the corresponding sutured instanton homologies.

Remark 2.4 Strictly speaking, the sutures corresponding to (7, s) = (1,0) and (—1, 0) are not identical
because the orientations are opposite. Since both sutures are on d(Y \ N (K)) of the same slope, they
are isotopic. Moreover, we can choose a canonical isotopy by rotating the suture along the direction
specified by the orientation of the knot. Due to discussion in Heegaard Floer theory [Sarkar 2015; Zemke
2015] and the conjectural relation between Heegaard Floer theory and instanton theory [Kronheimer and
Mrowka 2010], it is expected that rotating the suture back to the original position induces a nontrivial
isomorphism of the sutured instanton homology. So we pick the canonical isotopy to be the minimal
rotation of the suture. Hence we can abuse notation and write I';, for both sutures. The same discussion
also applies to the relation between I',/; and ')/ (—1).

We always assume that 0.5 has minimal intersections with I, /g, ie |5 N y| = 2|rp — sq|. When the
intersection number rp — sq is odd, then S induces a Z-grading on I';, /s. When rp —sq is even, we need
to perform either a positive stabilization or negative stabilization on S to induce a Z-grading, and the
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two gradings are related by an overall grading shift of 1. To get rid of stabilizations, we can equivalently
regard that, in this case, the surface .S induces a (Z + %)-grading. We write the graded part of T,/ as

(rr/s’ l) = S_I—H(_(Y\N(K))? _Fr/s» Sv l)

withi e Zori e Z + %, depending on the parity of the intersection number. From the construction of the
grading in [Li 2021b], we have the following vanishing theorem due to the adjunction inequality.

Lemma 2.5 We have (I',/5,i) = 0 when

il > lrp —sq|—x(S)
> .

Proof This follows from [Li and Ye 2022, Theorem 2.21(1)] (which is ultimately based on [Kronheimer
and Mrowka 2010, Proposition 7.5]) and a direct computation in the new notation. O

The bypass exact triangle for sutured instanton homology was introduced by Baldwin and Sivek in [2022b,
Section 4]. In [Li and Ye 2022, Section 4.2], we applied the triangle to sutures on knot complements and
computed the grading shifts. We restate the results in the notation introduced before.

Lemma 2.6 For any n € Z, there are two graded bypass exact triangles

wn n wﬁn ]
(rn’i+%P) e (i1, 7) (I'n,i—%p) - (Tnt1.7)
(P i = 3(p —q)) (Cu.i + 3(1p =)

where the maps are homogeneous with respect to the homological 7., -gradings.

Proof This is [Li and Ye 2022, Proposition 4.14] in the new notation. The idea of the proof can be
found in [loc. cit., Lemma 3.18] (see also [loc. cit., Remark 3.19]). Roughly, we perturb the surface S by
stabilizations so that its boundary is disjoint from the bypass arc. Then the grading shifts are obtained by
counting the number of positive or negative stabilizations.

Unlike the setup in [loc. cit., Section 4], here K is not necessarily a dual knot of the Dehn surgery on a
null-homologous knot, so we adopt the remarks in the beginning of [loc. cit., Section 5]. For example,
when # is large enough so that np —¢ > 0 and [loc. cit., Proposition 4.14(1)] applies, we have

o _mp—=q—=x(S) & mp—q—x(S) ~ _p—x(S) -~  p—x(S)
Imax = f’ min — _f’ Imax = T’ Lnin = _T’

where we omit [ -] since we think about Z + % if necessary. Then

~ ~ P - ~ np—¢q
lrrrlli_rtl - r’rllin =—= and lr?lz;;l - lrﬁax = .
2 2
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An easy way to understand the grading shift was described in [Li and Ye 2022, Remark 4.15]. Note that
the grading shift of a map between two spaces equals half of the intersection number between 9SS and the
curve corresponding to the third space up to the sign, while the sign depends on the choice of the sign in
the bypass map. For example, we have 9.5 - © = p, so the grading shifts of Wi,n Lqare Fp /2. |

Remark 2.7 The reason to use balanced sutured manifolds with reversed orientation is because of the
above bypass exact triangles.

Remark 2.8 If we do not mention gradings, the above triangles and the results in the rest of this subsection
(except Corollary 2.9 and Lemma 2.19, since the statements involve gradings) also hold without the
assumption that K is rationally null-homologous since the proofs only involve the neighborhood of
I(=Y\N(K)).

Corollary 2.9 For any sufficiently large integer n, the following properties for restrictions of maps hold:

(1) The map ¥ . l(r,./ is an isomorphism when

— S
;TP q+ x( )‘

2

(2) The map y" , 41/, 1s an isomorphism when
— S
ie P4 2+ x(S)

(3) For any grading i such that

=g+ x(©S) . (=2p—q+x(©S)
2 2 ’

there is an isomorphism

W ) oyt (Tayi) => (Tuii + p).
(4) The map W:ﬁ _nl(r_,,i) is an isomorphism when
. _=2)p+q+x(S)
i< .
2
(5) The map ", _, |(r_,., is an isomorphism when

o _m=2p+q+xS)
2

(6) For any grading i such that

_=Dp+qg+x(©S) . _-Hp+q+x(S)
2 2 ’

there is an isomorphism
W) oy (T, i) => (T + p).
Proof It is a combination of Lemmas 2.5 and 2.6. m
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Definition 2.10 The maps in Lemma 2.6 are called bypass maps. The ones with subscripts + and — are
called positive and negative bypass maps, respectively. We will use =+ to denote one of the bypass maps.
For any integer n and any positive integer k, define

n .
Lok btk OOV pgr i In = T

In [Li and Ye 2022, Section 4.4], we proved many commutative diagrams for bypass maps, which we
restate as follows by notation introduced before.

Lemma 2.11 For any n € Z, we have the following commutative diagrams up to scalars:

,wf"z_ nl wn+2
Iy ————TI'h+ | P —> 'y
+1
vt v, nt2 v,
Vi vE,
I —— Tug Iy ————1Iy

Proof The first diagram follows from [Li and Ye 2022, Lemma 4.33]. Note that the proof only used
the functionality of the contact gluing map and did not depend on the assumption that K is rationally
null-homologous. The second diagram is obtained from the first diagram by changing the choice of the
framed knot. Explicitly, let K’ be the dual knot corresponding to T'y,+1. Let / = —(n + 1) + A denote
its meridian. Then A’ = —pu is a framing of K’. Applying the first diagram to K’, we will obtain the
second diagram for the original K. Note that the sign of the bypass map may switch when we regard it as
the bypass map for the original knot. That is the reason for the signs in the second diagram. This can be
double-checked by keeping track of the grading shifts. |

Lemma 2.12 For any n € Z, we have the following commutative diagrams up to scalars:

l//—i- n+1 w— n+1
n+1 n+1
\ 4;&1 Win\ 4;14-1
+n+l 1'[[— n+1

n+1 n+1
W”\ A“ Ww\, /

There are more bypass triangles involving more complicated sutures, which are obtained from changing
the choice of the framed knot as in the proof of Lemma 2.11.

Geometry & Topology, Volume 29 (2025)



2280 Zhenkun Li and Fan Ye

Lemma 2.13 For a knot K C Y andn € Z, there are two graded bypass exact triangles:

) wn Aaen-n )
(rn—l,l + 3 (I’lp ‘I) (rl(zn_l)’l)

Lan—1)
2

Lui—3((n=1)p—q)

1//.I/ll

2(2n 1)

(rn—l’i _%(HP_Q)) (r%(Zn—l)’i)

1
5(2n—1)
%

(Tni+3((n=Dp—q))

Lemma 2.14 For a knot K C Y and n € Z, there are commutative diagrams up to scalars

yva
Vo greny
r,—— " T, ro e L
1@2n—-1) n
n—1
vE L Vi len-n Taen—n n
2 lﬁz,;z W*JL
n—1
r —Len—1 "
1 ———— T +u
n—1 1@2n-1) I ———— T,
w.‘ﬁ 1 v
n—

I'—)l"nl

W”\ /Jrnl W+\ %nl

wi(anl) 1/j2(2nl 1)
n n
—>
rl(2n 1) L I‘1(2n 1)

\ /(2n 1 yﬂk /(2;1—1)
2 ' I' wi,n

n

Remark 2.15 The choices of positive and negative bypass maps in Lemma 2.14 seem to be different
from Lemmas 2.11 and 2.12. But indeed they are the same up to changing the framed knot. In particular,
the grading shifts match. Similar to the second diagram in Lemma 2.11, we always use the notation of
the bypass maps for the original knot, while the signs may change if the maps are regarded as the bypass

maps of the dual knot.
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Suppose « is a connected nonseparating simple closed curve on d(Y\ N (K)). We can push « into the
interior of Y\ N(K). For any fixed suture on d(Y\N(K)) and a closure of the sutured manifold, the
push-off of « is inside the closure, which is a closed 3-manifold. We can then take the framing on
« induced by the surface d(Y \ N (K)) and there is an exact triangle associated to the instanton Floer
homology of the (—1)-, 0- and oo-surgeries along the push-off of . Since the push-off of « is disjoint
from d(Y \N(K)), the exact triangle descends to one between corresponding sutured instanton Floer
homologies.

According to [Baldwin and Sivek 2016a, Section 4], when « intersects the suture at two points, the
0-surgery along the push-off of o (with framing induced by d(Y \ N(K))) corresponds to a 2-handle
attachment along «o. Note that attaching a 2-handle along o C d(Y \ N (K)) will change the 3-manifold from
Y\N(K) to Yy (K)\B?, where Y, (K) is the Dehn surgery along K with slope specified by o. We write

Yr/s = [ﬁ(_Y—r/s(K))v

and in particular
Y :=I1*(—=Y_,(K)) and Y:=TI%-Y).

Lemma 2.16 [Li and Ye 2022, Lemma 3.21] For any n € Z, we have the following exact triangles:

r,,—>r,,+1 T, —>rn 1
\ AH \ /

Proof To obtain the first exact triangle, we can take the sutured manifold (— (Y \N(K)), —I';,), and take
a meridian o C d(Y\N(K)). As explained before the lemma, there is a surgery exact triangle associated
to the sutured instanton Floer homology of the three sutured manifolds obtained by taking (—1)-, 0-,
and oco-surgeries [Scaduto 2015, Theorem 2.1]; see also [Floer 1990] for the original construction and
[Baldwin and Sivek 2022b, Proof of Theorem 1.21, especially (16)—(19)] for the resolution of the subtlety
of the bundle data.

The oo-surgery will keep the manifold (—(Y\N(K)),—I,). The (—1)-surgery changes the framing and
hence we obtain (—(Y\N(K)), —TI,+1). The 0-surgery, as discussed above, gives rise to the manifold
Yo (K)\ B3, which is Y\ B? since « is the meridian. Hence we obtain the expected triangle. The second
exact triangle in the statement of the lemma is obtained similarly by taking « to be a curve on (Y \ N (K))
having slope —n instead of a meridian. |

Remark 2.17 From [Baldwin and Sivek 2016a, Section 4], we know the 0-surgery corresponds to a 2-
handle attachment and a 1-handle attachment. Hence Y in the above lemma is indeed KHI(—Y, U), where
U is the unknot in —Y bounding an embedded disk. By [loc. cit., Section 4], a 1-handle attachment does
not change the closure of the balanced sutured manifold, and then there is a canonical identification between
KHI(—Y, U) and I#(—Y). Hence we can abuse the notation. The same discussion also applies to Yy,.
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Furthermore, we proved the following properties in [Li and Ye 2022]. Note that the assumption that K is
the dual knot of a null-homologous knot in that paper is inessential by remarks in the beginning of [Li
and Ye 2022, Section 5]. The inequalities of the gradings are from Corollary 2.9.

Lemma 2.18 [Liand Ye 2022, Lemmas 3.21 and 4.9] For any n € Z, we have the following commutative
diagrams up to scalars:

1pf:—.n-i-l wz.n-i-l
I, — " Ty I— T,

Gn\ A\—H Gn\ %+1
Y Y

1//iid—.n-l—l wﬁ,n-ﬁ-l
I, ——— T I, —— Ty

Ix %ﬂ Ix %ﬂ
Y Y

Lemma 2.19 [Li and Ye 2022, Lemma 4.17, Proposition 4.26, Lemma 4.29 and Proposition 4.32] Let
F,, and G, be defined as in Lemma 2.16. Then for any sufficiently large integer n, we have the following
properties:

(1) The map G,—1 is zero and F), is surjective. Moreover, for any grading

=g+ x(S) . _np—q+x(S)

1,
5 1o ) p+
the restriction of the map

p—1

i=0

is an isomorphism.
(2) The map F_, 4 is zero and G_,, is injective. Moreover, for any grading

_(n=2)p+q+x(S) iy < (n=2)p+q+x(S)

L,
2 2 P+
the map
p—1
ProjoG_,: Y — EB(F_”, io+1)
i=0

is an isomorphism, where

p—1
Proj: T_, — @(r_,,, io+1i)
i=0
is the projection.
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The following lemma is a special case of Proposition 4.1, which we will prove later.

Lemma 2.20 For any n € Z, let the maps Hy and Y} a1 be defined as in Lemmas 2.16 and 2.6,
respectively. Then there exist ¢y, c; € C\{0} such that

Hy =y, +avl, .
2.3 Fixing the scalars

By construction, sutured instanton homology forms a projectively transitive system, which means all the
spaces and maps between spaces are well-defined only up to nonzero scalars. When the balanced sutured
manifold is obtained from a framed knot as in the last subsection, we can make some canonical choices
to reduce the projective ambiguities.

Suppose K C Y is a framed knot with the meridian x and the framing A. Fix a knot complement Y\ N (K)
and the suture I';,. We fix a special choice of a (marked odd) closure of (Y\N(K),I',) following the
construction in [Kronheimer and Mrowka 2010, formula (18)].

Let F be a closed, oriented, connected surface of genus at least 2. Suppose cg is a nonseparating curve
in F. Let c =ptxco CS!x F and let (i¢, A¢) be the meridian and the longitude of ¢ (the latter comes
from the surface framing). Let

(2-1) (Y. R) = (S x FA\N(¢) Ut a)~ () Y \N (K). pt' X F),

where pt’ is a point different from pt. We can pick @ = S! x pt”” and  C R be a curve intersecting pt’ xcg
once. Since - R =1 and n- R = 0, the pair (YM, o U n) defines an instanton Floer homology in the
setting of [Kronheimer and Mrowka 2010, Section 7.1]. Moreover, 9, = (Y, R, n, o) forms a marked
odd closure in [Baldwin and Sivek 2015, Definition 9.2], which was used in the naturality result [loc. cit.,
Theorem 9.17]. The reason for g(F) > 2 is to apply the naturality result; cf [loc. cit., Remark 9.4].

Similarly, for (Y\N(K),T';) and (Y\N(K), I'(2,—1)/2), we fix closures %, and D (2,—1)/2 as in (2-1),
except replacing the gluing map (i¢, Ac) ~ (A, i) by

(theshe) ~(=p, —np+A) and  (pe, he) ~ (=np+ A4, (1=2n)p +22),
respectively.
For the sutured manifold (Y'\ B3, §), we regard it as (Y \N(U), I';,,u) by Remark 2.17, where U is the
unknot and I'y, 7 is meridian suture on the unknot complement. Then we apply the above construction
to obtain a special closure of (Y\ B3, §). We reverse the orientations of the chosen closures when the

orientations of the sutured manifolds are reversed. Note that we do not choose canonical closures for
(Yn(K)\B?,8) since we only care about the dimension of its framed instanton homology.

After fixing the choices of closures, we can view I', and Y as actual vector spaces, and then the elements
in them are well-defined. Strictly speaking, we also need to choose extra data such as the metric and the
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perturbation on the closure to define the instanton Floer homology of the closure, but different choices of
metrics and perturbations now induce a transitive system of vector spaces, from which we can construct
an actual vector space. So we omit the discussion on those extra data.

The construction of bypass maps and surgery maps may not be realized as cobordism maps between the
chosen closures, but the construction of the projectively transitive system (cf [Baldwin and Sivek 2015,
Definition 9.18]) guarantees the existence of such maps up to scalars. Now we make (noncanonical)
choices of the maps to get rid of the scalar ambiguities in the commutative diagrams mentioned in the
last subsection.

We first assume that 7#(Y) % 0. When [ #(Y) = 0, the first exact triangle in Lemma 2.16 is trivial for
any n and hence the maps Fj, and G, that play an important role in later sections are both zero. This
makes fixing the scalars a somewhat straightforward job: we just need to fix the scalars for the bypass
maps. Also, it is worth mentioning that, the Euler characteristic result in [Scaduto 2015, Corollary 1.4]
implies that 7#(Y) # 0 for any rational homology sphere Y and, up to author’s knowledge, there is no
known closed oriented 3-manifold Y with I#(Y) = 0.

To help us fixing the scalars, suppose the maps F; and G, are defined as in the proof of Lemma 2.16,
and we define

(2-2) ng=min{ne€Z|G,=0} and ng=max{neZ| F, =0}.

We have the following basic properties for these indices.

Lemma 2.21 Assume I#(Y) # 0. Suppose ng and n are defined as in equation (2-2). Then we have
-0 <ng <ng <oo.

Moreover, we have G,, = 0 if and only if n > ng, and F,, =0 ifand only if n < np.

Proof The fact that —oo <np < oo and —o0o < ng < oo follow from Lemma 2.19 and the fact that they
fits into an exact triangle as in Lemma 2.16. Next, the commutative diagrams in Lemma 2.18 imply that
Gn+1 = 0 whenever G, = 0, and thus we know G, = 0 if and only if n > ng. The argument for F;, is
similar. Finally, by definition we know G, = 0 and hence from the exact triangle we know that

Im F, 1 =ker Gpg = I1*(Y) #0.

Hence we conclude that ng < ng. O

By Lemma 2.19, we can pick a sufficiently large integer ng such that —ng < ng < ng. Pick arbitrary
representatives of the maps

—no —n w uw
G—no w+,u A Vino V=ionoe
and also pick arbitrary representatives of the maps
-1
Vi1 Vi ane1yn forall neZ.
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Now we explain how to fix the scalars for maps with n > ny. Note that we have already chosen a
representative for w;n_"no 41 and G_;,. From Lemma 2.18, we have

— ., 10
G—n0+1 - W+,_n0+1 o G—no,

where = means commutative up to a nonzero scalar. We can choose a representative of G_, 4 to obtain
an equality
— —ho
Gonot1 = W-h—no-}-l 0 Gny-

no

—no+1 SO that

We then choose a representative of

— o/, 10
G—n0+1 = 1p_’_no_|_1 ° G—no-

Next, we pick representatives of the maps ¥" 1 inductively, with the base case n = —ng constructed
above, so that
-1 -1
Ve oV, =V 0yl forall n=—no+1.

If the compositions happen to be zero, we could pick an arbitrary representative since the diagram will be
trivially satisfied. We will discuss the ambiguity arising from the possibility that 1//f’|r w1 © wﬁ;,l =0
more carefully later.

Similarly, we pick the maps ¥’} , inductively to satisfy the commutative diagram
n n—1 _ ,n—1
w‘i‘,ﬂv ° w_an - 1/[+’M :
We can choose representatives of y” Wi , and w’_L,n in a similar manner.

Furthermore, the representatives of

(2n—1)/2

2n—1)/2 —1
WL,Z ) ’ 1p—}:—,n—l’ wz,n—l’ z,(2n—1)/2’ w-f—,n

can be chosen according to Lemma 2.14. As mentioned in Remark 2.15, we always use the notation of
the bypass maps for the original knot even though we consider some dual knots in the proofs. Hence here
we first fix the knot K C Y and then fix the representatives, while we do not fix the representatives by
any commutative diagrams for the dual knot in the proofs.

Next, we deal with maps G, and F, in Lemma 2.16. We choose representatives of the maps G, inductively
so that
Gp+1 = w-nthrl oG, forall n> —ny.

We pick arbitrary representatives of the map F, . and then pick F; inductively so that
Fyiq0 W-’:-,n+1 =F, forall n>ng+1.
We can then use induction to prove the following two equalities.
e Guy1= wf’nﬂ o Gy, for all n > —ny.

e Fytqo0 wﬁ,n—i—l = ¢+ F, for a nonzero scalar ¢ that is independent of n withn > ng + 1.
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We verify the equality for G first. The base case n = ng is by construction. Assuming we have already
established the equality for n, from Lemmas 2.11 and 2.18, we have

_ ntl
Gni2 =V 150 Gnt1

= wl*nlﬂ oy ,,10Gy, by inductive hypothesis

= f;:_zowf_’nHOGn by Lemma 2.11

n+1
=V_n42° Gnt1-

The argument for Fj, is similar, once we take ¢ 7 0 to be the complex number such that

np+l1
(2-3) FnF+20w—,nF+2 —C'FnF+1.
The remaining issues are summarized as follows:

(i) When choosing representatives of " we use the commutative diagram

n+1°
n n—1 - . n n—1
Vo nr1°Vin =V nr10V=n-

However, when w_”hn 4+1© wﬁ;,l = 0, there is no unique choice of " -+ and one might worry

that different choices of " may affect the commutative diagrams in Lemma 2.18.

,n+1
(i) By Proposition 4.1, we can assume that the map H,, in the exact triangle in Lemma 2.16 has the
form

Hy =YY = V200
We want to pin down the values of ¢;.
(iii)) We want to get rid of the scalar ¢ in equation (2-3).
We treat these issues in several different cases.
Casel (nr+3=<ng) Inthiscase, we know that
Vi1 oWy #0
for any integer n. Indeed, if » + 1 < ng, we know from Lemma 2.18 that
Y a1 oV 0Guy = Gpyy #0.
Ifn+1>=ng = nr + 3, instead of the above equation involving G, we have
Fuy1o¥h oy =c - Fyoy #0.
This implies that inductively we can fix a unique representative of " n+1 foralln > —ng + 1.

For any integer n with —ng <n <ng — 1, we have G, # 0. Then we take an element « € Y so that
Gp+1(a) # 0. Then we can solve the scalar ¢, as follows:

0= HyoGu(a) = (W_’:_,n_H —Cn- Wf,nﬂ) o Gp(a)
= Wi,nﬂ oGu(a) —cp - Wf,nﬂ o Gyla)
=(I—cn) Gpt1(a).
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Hence we conclude that ¢, = 1. In particular, we can take n = ng + 1 <ng — 1. Note that F,, # 0 so we
can take x € I';, so that F,(x) # 0. Then we have

0= Fyp10Hy(x)=Fyqq0 (w—’il-,n+1 - wf,n—kl)(x)
= I'n+1 OW.’Z_,n_H(x)_ Fnq sz’n_{_](x)
=(1—-c)- Fp(x).

This implies that ¢ = 1 as well. Now for any n > ng —1 > nf + 2, we can take x € I';, such that
F,,(x) # 0. we have

0= Fyp10Hy(x)=Fyqq0 (W.’:_,n+1 —Cn Wz,n.H)(x) = (1—cn) - Fu(x).
Hence we conclude that ¢, = 1. In summary, in Case 1, we have the following:

 We can fix a unique representative of ¥ 4 forany n > —no.
e We have ¢, =1 for any n > —ny.

e We have c = 1.
Case2 (ng =nr+2) Some arguments in Case 1 still apply. We summarize as follows:

e Forn <ng—1, we have G, 41 # 0 so there is a unique choice of ¥” ntl:

e Forn>ng =ng+ 2, we have F,_; # 0 so again there is a unique choice of " ntl-

e Forn <ng—1, we have G, 41 # 0 so ¢, = 1 in the expression of Hy,.
e Forn>ng—1=np+1,wehave F, #0s0c, =c .

To resolve the issue (i), the only nonfixed index isn# = ng 4+ 1 = ng — 1. In the case that

-1
Vim0V, #0,

. . . n
there is a unique choice of w_’n 41 so that

-1 -1
Vi oV =V pevl,

Otherwise, we just fix any representative of 1//_,n 11

To resolve issues (ii) and (iii), we rescale the maps F}, according to the grading on I';,. To do this, for an
integer n and a grading 7, define

Lo i n
joi =55
It is straightforward that
j(n+1,i+%p)=j(n,i) and j(n—i—l,i—%p):j(n,i)—l.
Hence we define

(2-4) F, = Z D o Projt,,
i
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where the map .
Projy,: T — (Ty, 1)
is the projection. Equivalently, if we have an element x € (I, 1), we take
Fu(x) = ¢/ Fy(x).

We then need to verify the following two equalities for F:

® in+1 Ollfi,nﬂ = fn

* Fu owf,n+1 = Fn.
For the first one, note that Wi 1 increases the grading by p /2 from Lemma 2.6. So assuming x € (', 7),

ﬁn-i—l o w_nhn_i_l(x) _ Jm+Litdp) Fpi1(x)o wi,n-l—l — i) Fo(x) = ﬁn(x).
On the other hand, the map " et decreases the grading by p/2 from Lemma 2.6, and so for x € (I'y, i),
Fugroy” 1 (x) =c/OFm2D B () oy =Dl Fy(x) = Fu(x).

Hence we can use F), instead of Fj, to get rid of the scalar c. However, changing Fj, to Fy, we might
break the exact triangle in Lemma 2.16. Hence we need to alter the definition of H, as well. We define

(2-5) Hy = Mr,nﬂ - wﬁ,n—i—l’

and it remains to establish the exact triangle

| —> |
\ /ﬂ

When n < ng —2 = np, the triangle automatically holds. Indeed, for such n, we have ¢, =1 so ﬁn = Hy;
the fact that F,,+; = 0 implies that f,,_,_l = 0, so the new exact triangle is exactly the original one in
Lemma 2.16.

When n = ng, we still have ¢, = 1 and hence ﬁn = H,. So the exactness at I';, is from Lemma 2.16.
By construction we have Im fn+1 = Im Fj, 4 for any n so we conclude the exactness at Y. This also
implies that B

dimker Fj 41 = dimker Fj,; = dim Im H,,.

Hence to show the exactness at I';, 4 1, it remains to show that
Im H,, C ker ﬁn+1.
For any x € I';;, we have

Fn+1 o Hy(x) = n+1 © (w—i- n+1 I/f_,n_H)(x) n+1 OW+ n+1(x) Fn+1 Ol/’ﬁ,n_H(x)
= F,,(x) — F,,(x) =0.

Hence we are done.
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Finally, we verify the exact triangle for n > nr + 1. Define a homomorphism

tn:Tpn =Ty by (,(x)= Zc‘j(”’i)Projf,(x).

1

It is clear that ¢ is an isomorphism as its inverse is

o) = Z cj(”’i)Projil(x),
i

and from the construction of F in equation (2-4), we have
tnr1(ker Fyy1) =ker Fyp .

From the fact that H,, = l/f_’:_’n_i_l —c! -wf’n_H (we have ¢, = ¢ 1), f]n = w_’i’_,n_i_l — win+l’ and that
v, 1 shifts the grading by Fp /2, we conclude that

tng1(Im Hy,) = Im H,,.
As a result, we conclude the exactness at I',1 1. The exactness at ¥ holds as above, since we still have
Im fn+1 =Im F,,+; =ker Gy.
Dimension counting similar to the above argument then implies that
dim ker H, = dimIm G,.

We then verify that
Im G, C ker Hy,.

For any @ € Y, we have
HyoGu(@) =W,y =" 1) 0Gu(@) =V 4y 0Gu(@) =" 1, 0Ga(e)
= Gpt1(0) — Gpy1()
=0.
In summary, in Case 2, we do the following (extra things):
e We choose representatives of " 1 for all n > —ng + 1 so that
lM,n+1 °© W-'ilr,_nl = Wi,nﬂ °© wﬁ,_nl'
e We define new maps F,, for all n so that
(2-6) Fy=Foy10¥ 0y
e We define new maps ﬁn for all n so that we have the exact triangle

ﬁﬂ
T, — 5 Tpe

(2-7) \
Gn Fn—i—l
Y
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Case3 (ng =ngr+1orng =nr) The situation and argument are similar to those in Case 2. We
summarize the differences here:

e In Case 3, the composition W.’ﬁ ni1© wﬁ’_nl could only be zero when ng —1 <n <ng + 1. If the
composition is indeed 0, we choose an arbitrary representative of the map y” ;.
e We still define the maps F, asin equation (2-4) and the maps H, as in equation (2-5), and can

verify equation (2-6) and the exact triangle (2-7) as in Case 2.
From Lemma 2.21, we must have ng > n g, so the above three cases cover all situations.

Finally, we could extend the choice of representatives for all relevant maps for the indices n < —ng. Note
that when n < —ng, we have that G, is injective and F; = 0; hence we do not need to worry about the
issues (i), (i1) and (iii).

Convention From now on, we write the maps H, and F, simply as H,, and F;, respectively. From
the above discussion, when K C Y is a fixed rationally null-homologous knot, we can assume the first
commutative diagram in Lemma 2.11, and all commutative diagrams in Lemmas 2.12, 2.14 and 2.18 hold
without introducing scalars.

2.4 Algebraic lemmas

In this subsection, we introduce some lemmas in homological algebra. All graded vector spaces in this
subsection are finite-dimensional and over C, and all maps are complex linear maps. For convenience,
we will switch freely between long exact sequences and exact triangles.

From Section 2.2, we know the sutured instanton homology is usually Z&Z,-graded, where we regard
the Z,-grading as a homological grading. Many results in this subsection come from properties of the
derived category of vector spaces over C, for which people usually consider cochain complexes. However,
for a Z,-graded space there is no difference between the chain complex and the cochain complex. Hence
by saying a complex we mean a Z,-graded (co)chain complex, though all results apply to Z-graded
cochain complexes verbatim.

For a complex C and an integer n, we write C" for its grading »n part (under the natural map Z — Z,).
With this notation, we suppose the differential dc on C sends C” to C*T1. For any integer k, we write
C{k} for the complex obtained from C by the grading shift C{k}" = C"T*. We write H(C, dc) or
H(C) for the homology of a complex C with differential d¢. A Z,-graded vector space is regarded as a
complex with the trivial differential.

For a chain map f: C — D, we write Cone( f) for the mapping cone of f, ie the complex consisting of
the space D @ C{1} and the differential

dcone(f) = [dé) _df } -
—ac

Then there is a long exact sequence

o H(C) L5 H(D) - H(Cone(f)) L5 H(C){1} — -,

Geometry & Topology, Volume 29 (2025)



Knot surgery formulae for instanton Floer homology, I: The main theorem 2291

where i sends x € D to (x,0) and p sends (x, y) € D @ C{1} to —y. If the differentials of C and D are

trivial, then we know

(2-8) H(Cone( f)) = ker(f) & coker(f).

Remark 2.22 Our definitions about mapping cones follow from [Weibel 1994], which are different from
those in [Ozsvath and Szab6 2008; 2011].

Note that the derived category is a triangulated category, so it satisfies the octahedral lemma; see for
example [Weibel 1994, Proposition 10.2.4].

Lemma 2.23 (octahedral lemma) Suppose X, Y, Z, X', Y’', Z' are Z,-graded vector spaces satisfying
the long exact sequences
s x Lyt s ximns.
s XLy U x>
-~—>Yi>Z—>X’L>Y{1}—>~-- )
Then we have the fourth long exact sequence
...%Z’Ly’i)X’Mqu}_)...

such that the diagram

AR
(2-9) J
gof

commutes, where we omit the grading shifts and the notation for the maps h, [ and j. We can also write

(2-9) in another form, so that there is enough room to write the maps:

Z s x{l}

Y Y/ f{l}
(2-10)

4 h{1}ol

s Z'{1}
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The maps ¢ and ¢ in (2-10) can be written explicitly as follows. By the long exact sequences in
the assumption of Lemma 2.23, we know that Z’, X’, Y’ are chain homotopic to the mapping cones
Cone( /), Cone(g), Cone(g o f), respectively. Under such homotopies, we can write

VY @ X{1} > Z e X{1}, ¢¥(y.x)— (). ),

O ZdX{1} > ZdY{l}, ¢(z,x) (z, f{1}(x)).
However, the chain homotopies are not canonical, and hence the maps ¥ and ¢ are also not canonical.

Thus, usually we cannot identify them with other given maps. Fortunately, with an extra Z-grading, we
may identify H(Cone(¢)) with H(Cone(¢’)) for another map ¢": Y’ — X',

First, we introduce the following lemma to deal with the projectivity of maps (ie maps well-defined only
up to scalars). Note that the Z-grading in the following lemma is not the homological grading used before.

Lemma 2.24 Suppose X and Y are Z.-graded vector spaces and suppose f, g: X — Y are homogeneous
maps with different grading shifts k1 and k,. Then Cone( f + g) is isomorphic to Cone(cy [ + ¢ g) for
any cy, ¢y € C\{0}.

Proof For simplicity, we can suppose k1 = 0 and k, = 1. The proof for the general case is similar. For
i,j € Z,we write (X,7) and (Y, j) for grading summands of X and Y, respectively. Suppose T is an
automorphism of X @ Y that acts by

J

cé ) ) )
—<_]d on (X,i) and —=1Id on (Y,)).
cl+1 CJ
1 1
Then T is an isomorphism between Cone( f 4 g) and Cone(cy f + ¢22). ad

Then we state the lemma that relates the map ¢ in Lemma 2.23 to another map ¢’ constructed explicitly.

Lemma 2.25 Suppose X, Y, Z, X', Y' are Z®Z,-graded vector spaces satisfying the horizontal exact

sequences 7 n Y’ 4 X{n
J/= ¢H¢’=a’+b’ lf{1}=a+b
oh’=a¢’oh’
7z PMEON x Ly

where the shift {1} is for the Z,-grading. Suppose ¢: Y’ — X’ satisfies the two commutative diagrams
and suppose ¢': Y' — X' satisfies the left commutative diagram. Suppose [ and I’ are homogeneous with
respect to the Z-grading. Suppose f{1} =a+ b and ¢’ = a’ + b’ are sums of homogeneous maps with
different grading shifts with respect to the Z.-grading. Moreover, suppose the diagrams

4 4

y — " xm y — " xy
N
Y — 1 Ly X — Ly

hold up to scalars. Then there is an isomorphism between H(Cone(¢)) and H(Cone(¢')).
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Proof Since ¢ and ¢’ share the same domain and codomain, it suffices to show that they have the same
rank. Fix inner products on Y" and X’ such that we have orthogonal decompositions

Y =Im(#)®Y” and X =Im(poh’)d X”.

By commutativity, we know both ¢ and ¢’ send Im(%’) onto Im(¢ o 4’). Hence if we choose bases with
respect to the decompositions so that linear maps are represented by matrices (we use row vectors), then

A B , 4 B
‘/’:[o C] and ¢_[0 C/}’

where A = A": Im(h’') — Im(¢ o h’) has full row-rank. Then it suffices to show C and C’ have the same
row-rank.

By the exactness at Y’ and X', we know the restriction of /” on Y” is an isomorphism between Y
and Im(/’), and the restriction of / on X"’ is an isomorphism between X and Im(/). By commutativity,
we know that both @ and » send Im(/’) to Im(/) and

row rank(C) = rank( {1} | Im(/’)) and rowrank(C’) = rank((cia + c»b) | Im(I"))

for some ¢q, ¢, € C\{0}. Since / and /" are homogeneous, there exist induced Z-gradings on Im(/) and
Im(!"). The maps a and b are still homogeneous with different grading shifts with respect to these induced
gradings. Then we can apply Lemma 2.24 to obtain that the ranks of the restrictions of f{1} =a + b and
c1a + cyb on Im(!’) are the same. O

3 Integral surgery formulae

3.1 A formula for framed instanton homology

In this subsection, we propose an integral surgery formula based on sutured instanton homology, and we
package it into the language of bent complexes in a later subsection.

Suppose K C Y is a framed rationally null-homologous knot, and we adopt the notation introduced in
Section 2.2. Define

+ ._ gmtk (2m+2k—1)/2,
Tk = Ve 142k ° VT mtk ‘Tem+2k-1)/2 = Tmt2k-1

and write nnj;’i as the restriction of nnfk on (T'2m+2k—1)/2.1). From Lemmas 2.13 and 2.6, we verify
that nrf’ « shifts grading by £(mp —¢)/2, and then the integral surgery formula can be stated as follows.

Theorem 3.1 Suppose m is a fixed integer such that mp —q # 0. Then for any sufficiently large integer k,

there exists an exact triangle
—+ —
nm,k+nm,k
Fomtok—1)2 ——————— Ttk

~,

Y = H(Cone(m,}  + 7, ).

Hence we have an isomorphism
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Remark 3.2 Let ¢ and A represent the meridian and the longitude of the knot K, respectively. Then,
mp — q # 0 is equivalent to the fact that —mu + A is not isotopic to a connected component of the
boundary of the Seifert surface. Specifically, if K is null-homologous, we must have m # 0.

In the rest of this subsection and in the next subsection, we state the strategy to prove Theorem 3.1,
and defer the proofs of some propositions to the remaining sections. An important step is to apply the
octahedral axiom mentioned in Section 2.4 to the following diagram:

Fomt2k—1)/2
Y —

(3-1)

U145 ® Ti—144

rm—l

To obtain the dotted exact triangle, we need to establish the following three exact triangles:

1%(=S3,,(K))

l \
(3-2) T,
\ rm_l

FComi2k—1)/2

(3-3)
| Fo14k ®Tre14k
o142k
(3-4) | PSRN DY

m—1 /

and establish the following commutative diagram:

r

| U144 ® Uim—1+4
(3-5)

/
\

1-‘m—l

The octahedral lemma then implies the existence of the dotted triangle and ensures that all diagrams in
(3-1) other than exact triangles commute.
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We will then use Lemma 2.25 to identify the map coming from the octahedral lemma with n:; kT Tom ke
We also require the following two extra diagrams to commute, where the maps other than n;’ kT Tk
come from (3-1):

Fomt2k—1)/2

+ —
w}

o142k

(3-6)

U144 ® Tm—1+4

r _
@em+2k—1)/2 e

N.k
Uin—1+2k
(3-7)
Ty
+

Indeed, by applying Lemma 2.25, it suffices to prove some weaker commutative diagrams involving 7~ .
separately.

3.2 A strategy of the proof

In this subsection, we provide more details of the strategy mentioned in Section 3.1. For simplicity, we
fix the scalar ambiguities of commutative diagrams as in Section 2.3. To write down the maps, we redraw
the octahedral diagram (3-1) as follows:

Yin — Ly
¥ 4
/ / Wi.m_l
- M

“ Lin—1 T om+2k-1)2 Y

Vim-1 W e Y )

GH v N

14k ® 14k

n 12 m—1+k
(vj—.m—l—&-k"/f—i-,m—l—&-k) \I"—,m—1+2k

ru, _gm—l+k 1-‘m—l—i—zk
+.m—1+2k

where
B = yymtk=1 _ 1//m+k—1
= Y —,2m+2k—1)/2 +,2m+2k—1)/2"
The reader can compare (3-8) with (2-9) and (2-10). We omit the term corresponding to Z’{1} because
there is not enough room, and the maps involving it are not important in our proof.
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The first exact sequence of (3-8),

1/f-‘f-,m—l —H/fib,m—l

follows from the second exact triangle in Lemma 2.16. Though the map A,,—; may not be the same as
"

the sum w+,m—1 + wf,m—l’

of Proposition 4.1) to identify Cone(A4,,—) with Cone(Wﬁ m—1 TV ._). Here we use the assumption

that mp —q # 0.

we can use the following proposition and Lemma 2.24 (another special case

Proposition 3.3 Suppose A,,—; is the map in Lemma 2.16. For any integer n, there exist scalars
¢1, ¢y € C\{0} such that
Ap—1 = Cll/fi,,_l + Czwin_l-

The exactness at
Tim—1445 ® Ti—14&

in the second and the third exact sequences are both special cases of the following proposition, which
will be proved in Section 5.1 by diagram chasing.

Proposition 3.4 Fixing the scalars as in Section 2.3, and givenn € 7, and kg € N, for any ¢y, ¢3,¢3, ¢4
satistying the equation
C1€3 = —C2C4,
the sequence
o~ n+kq

@V iy €2V i) &30 oy Tea Wi o
Iy Lotko ® Dhig | PR

1S exact.

Remark 3.5 The exactness at the direct summand for the second exact sequence (the one involving I';,)
might not be as clear from Proposition 3.4. Explicitly, we apply the proposition to the dual knot K’
corresponding to I, with framing A\’ = —p andn =0, ko = 1.

The exactness at I'y, and I'(2,,124—1)/2 in the second exact sequence of (3-8),

m+tk—1 _ m+k 1
r @ iV i) T4k = demsa— vy +. L @myak—1) r or
(3-10) " @ Lemt2k—1) = Lw
1-‘m—1+k

will also be proved by diagram chasing. We can explicitly construct the map /’ by the composition of

bypass maps

;o m+k Lem+2k-1) m+k Lem+2k-1)
I w+ m+k w oYZ m+k K

where the last equation follows from Lemma 2.14 and the conventions in Section 2.3. The following
proposition will be proved in Section 5.2 by diagram chasing.
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Proposition 3.6 Suppose I’ is constructed as above. For any ¢y, ¢, ¢3,c4 € C\{0}, the sequence

031//m+k71 +c41//m+k*l “ “
| PSS —.f@m+2k—1) +.Lemt2k-1 r I r v o2 i) Tm—14k
Lem+2k-1) L
Com—1+k Uim—1+k
is exact.

Remark 3.7 In the proof of [Li and Ye 2021, Theorem 3.23], we obtained a long exact sequence

W)
w | @rn_lﬁr%(zn_l)—)ru

by the octahedral lemma. However, we did not know the two maps involving I'; (2n—1) explicitly. Thus,
2
the second exact sequence here is stronger than the one from the octahedral lemma.

Remark 3.8 The reason that Proposition 3.6 holds for any choices of ¢y, ¢3, ¢3, ¢4 is because

ker((clwim—wk’ Czwi,m—l-i-k)) = ker(cy W—L,m—wk) n kelr(c2¢i,m—1+k)’

m+k—1 m+k—1 _ m+k—1 m+k—1
Im(c3w—,%(2m+2k—1) + C4w+,%(2m+2k—1)) = Im(cs w—,%(2m+2k—1)) + IIn(c“er,%(2m+2k—1))’

where the right-hand sides of the equations are independent of scalars.

The exactness at I',;,—; and I'y;,_1 425 in the third exact sequence of (3-8),

(\pm—l pm—1 ) lI,m—l-t—k _\pm—l—i-k
+.m—1+k>*— m—1+k —.m—142k +.m—142k /
(3-11) Ty L 146 ®m—1+x R e I

is harder to prove since the map / cannot be constructed by bypass maps. We expect that there are many
equivalent constructions of /, and we will use the one for which the exactness is easiest to prove. Even so,
we only prove the exactness under the assumption that k is large. See Section 7.2 for more details.

Proposition 3.9 Suppose c1, 3, c3,c4 € C\{0} and suppose k is a large integer. For any n € Z, there
exists a map | such that the sequence

n+k0 n+k0
3V vangteaVy o, ! (W gy 2V i)

| PMORICSD Lyiokg —> Tn | PMRICED P

is exact.

Remark 3.10 1In the first arXiv version of this paper, we only proved Proposition 3.9 for knots in S
because we had to use the fact that dim¢ / ﬁ(—S 3) =1 and S has an orientation-reversing involution.
The construction of / for knots in general 3-manifolds is inspired by the original proof for S3, and the
proof in Section 7 is a generalization of the previous proof.

Remark 3.11 For the same reason as in Remark 3.8, the coefficients in Proposition 3.9 are not important.
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Then we consider the commutative diagrams mentioned in Section 3.1. By Lemmas 2.6 and 2.12, we have

m—1 m—1 1% 12 _ 12 n
(\I}+,m—1+k’ W m—1+k) © (w-i—,m—l + w—,m—l) - (w—,m—1+k’ 1'”-i—,m—l—l—k)’

5

which verifies the commutative diagram in the assumption of the octahedral axiom.

Define

1 1
/. + — _ m+k E(2m+2k—1) m+k 5(2m+2k—1)
O =T et Tk =V 42k OV itk W 142k OV otk :

By Lemmas 2.13 and 2.14 with n = m + k, we have

1 1
¢ o’ = (qJ+,m—1+2kow—,m+k W 142k OV otk )

m+k—1 _mtk—1
O(w—,%(2m+2k—l) w+,%(2m+2k—1))
1 1
_ gmtk 2@m+2k=1) - mik—1 _ym+k 2@m+2k=1)  mik—1
- —,m—1+2kow+,m+k ow_,%(2m+2k_1) \I]+,m—1+2ko —,m+k Ow+,%(2m+2k_1)
_ \yym+k m+k—1_\ym+k m+k—1
=W 142k Yk Vi 142k OV etk

_ am—1+k _gm—1+k
_Lp—,m—1+2k lIJ—i—,m—l—f-2k'

This verifies the second commutative diagram mentioned in Section 3.1.

Finally, we state a weaker version of the third commutative diagram mentioned in Section 3.1, which is
enough to apply Lemma 2.25. The following proposition will be proved in Section 7.4.

Proposition 3.12 Suppose !’ and [ are the maps in Propositions 3.6 and 3.9. Then there are two
commutative diagrams up to scalars:

4 I

r%(2m+2k—l) » Ty I‘%(2m+2k—1) — Iy
‘/ﬂrjq_,k W-Lf—‘m—l ‘/”;t,k Tl’im_]
[ [
FLp—igok ———— Tt FCptgok ——— Tt

Proof of Theorem 3.1 We verified all assumptions of the octahedral lemma (Lemma 2.23) for the
diagram (3-8). Hence, there exists a map ¢ such that

Y = H(Cone(¢)).
We also verified all assumptions of Lemma 2.25 for ¢' = JT:;, kT Tk Thus, we have
H(Cone(¢)) 2= H(Cone(¢)) == Y.
Then the desired triangle in the theorem holds. |
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3.3 Reformulation by bent complexes

In this subsection, we restate Theorem 3.1 using the language of bent complexes introduced in [Li and Ye
2021]. Suppose K is a rationally null-homologous knot in a closed 3-manifold Y. We continue to adopt
the notation and conventions from Sections 2.2 and 2.3.

Putting bypass triangles in Lemma 2.6 for different n together, we obtain the diagram

Vo v e
| P | Fp 1 «+————F T —--
wi,n 1//{f—.n—l w—lf- n—2
Vi Vi Vi
(3-12) e 'y 'y 'y
(i v Vi
vE s vE vl
Tr2 Y2 Lot Yol L v Trt1 —

where the Z-grading shift of wi % © w:kt " is +p for any k € Z. From (3-12), we constructed in [Li and
Ye 2021, Section 3.4] two spectral sequences {Ey +,dp +},>1 and {E, _,dy _},>1 from T, to Y, where
dy + is roughly

(3-13) YE oW )T Teyl ,, forany keZ.

The composition with the inverse map is well-defined on the r™ page, and the independence of k (and
hence 7 in (3-13)) follows from Lemma 2.12. The Z-grading shift of d, + is £rp. By fixing an inner
product on I',, we then lifted those spectral sequences to two differentials ¢4 and d_ on I’y such that

H(Ty,dy)=HTy,d-)=Y.
In such a way, the inverses of \I/]i k4 are also well-defined, which we will use freely later.

Then we propose an integral surgery formula for Y, using differentials d4 and d_ on I'y,. To state the
formula, we introduce the following notation.

Definition 3.13 [Li and Ye 2021, Construction 3.27 and Definition 5.12] For any integer s, define the
complexes

Bi(s) = (@(Fu,s + kp), di),

keZ

B 5)i= (@ + ko) ),

k>0

B (=s):= (@(FM,S +kp), d_).

k=0
Geometry & Topology, Volume 29 (2025)
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Furthermore, define
IT(s): BT (=s5)— BT(s) and I (s):B (<s)— B (s)

to be the inclusion maps. We also use the same notation for the induced map on homology.

Remark 3.14 By Lemma 2.5, we know that the nontrivial gradings of I';, are finite. Then, for any
sufficiently large integer s satisfying

p—x(S)
2

p—x(S)

S—Sop =< — and s+sop = > ,

we have
BT (s)=BYt(=s—s0p) and B (s)=B (Xs+s0p).

In such a case, (s —sop) and I~ (s + 5o p) are identities.

By splitting the diagram (3-12) into Z-gradings, we can calculate homologies of the complexes defined
in Definition 3.13.

Proposition 3.15 Suppose n € N and i is a grading. Fix an inner producton T',. If i > %(p—x(S))—np,
then there exists a canonical isomorphism

—Dp—
H(B*(> i) = (Fn,i n w).
Ifi <—(p—x(S))/2+ np, then there exists a canonical isomorphism
—Dp—
H(B~(<i)) = (r,,,i — w).

Proof The proof mirrors that of [Li and Ye 2021, Lemma 5.13]. Following the notation in [Li and Ye

2021, (3.9) and (3.10)], if
i>?;nLax_nq:p_X(S)_ >
2

then I'é’+ = 0 (the corresponding grading summand of T'y), and the isomorphism follows from the
convergence theorem of the unrolled spectral sequence [Li and Ye 2021, Theorem 2.4]; see also [Boardman
1999, Theorem 6.1]. Note that the unrolled spectral sequence induces a filtration on I',, and the homology
is canonically isomorphic to the direct sum of all associated graded objects of the filtration. Then we use
the inner product to identify the direct sum with the total space I';,. The other statement holds for the
same reason. d

Definition 3.16 [Li and Ye 2021, Construction 3.27 and Definition 5.12] For any integer s, define the

bent complex
461 i= ( @Dos + ko). )
keZ
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where for any element x € (I'y, s + kp),

d4(x) if k>0,
ds(x) = qd+(x)+d_(x) ifk=0,
d_(x) if k <0.
Define
at(s): A(s) > BT (s) and 7 (s): A(s) = B~ (s)
by
if £ >0, _ if kK <0,
row=fy 1w o= ;120

where x € (I'y,, s + kp). Define

¥t @A(s) — @Bi(s)

SEZL SEL

by putting 7 % (s) together for all 5. We also use the same notation for the induced map on homology.

Remark 3.17 Similar to Remark 3.14, according to Lemma 2.5, there are only finitely many the nontrivial
gradings of I',. Then, for any sufficiently large integer s such that so > (p — x(S5))/2, we have

A(so) = B™(so) and A(—so) = BT (—s0).

In such a case, 7~ (so) and 7+ (—s¢) are identities.
Now, we state the integral surgery formula in the above setup.

Theorem 3.18 Suppose m is a fixed integer such that mp — q # 0. Then there exists an isomorphism
Em: @ HB () = P HB (s +mp—q))
SEZ SEZ

as the direct sum of isomorphisms

~

Em,s: H(BT (s)) = H(B™ (s +mp —q))
so that

m = H(Cone(n_ + Epont: EB H(A(s)) — @ H(B_(s)))).

SEZ SEZ

Proof According to Remark 3.17, we only need to consider the maps 7+ (s) for |s| less than a fixed
integer. For such values of s, we can apply the following proposition.
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Proposition 3.19 [Liand Ye 2021, Proposition 3.28] Fix m, s € Z such that |s| < %(p —x(S)). For any
large integer k, fix inner products on r%(2m+2k—1) and I'y,,_{ 4y ox. Then there exist s1, s;r, S5 s;r, S5 € Z
such that the diagram

H(AG) —O (8% (s))

o b

m.k

(r%(2m+2k_1)’ Sl) O (rm—1+2k7 S?:,t)
commutes, where the maps nri’zl, defined in Section 3.1, factor through (T'j, 4, sgc).

Remark 3.20 The maps 7% (s) factor through 7% (s) constructed in Definition 3.13. We write

nE(s) = I (s) o™ (s).
This corresponds to the factorization about (I, 4+, sgc) in Proposition 3.19 (we fix an inner product on
I}, to apply Proposition 3.15), ie the following diagrams commute:

at/(s)

H(A(s)) H(B* (=) H(B™(s))

l_ w%(2m+2k—l) l_ i l_

It(s)

—.m+k +.m—142k
(T4 sk 1y 1) —— (T 55— (Cpp 42 57)
x(s) _ I~ (s) _
H(A(s)) H(B™(=s)) H(B™(s))

l: w%‘z’”“k—l) l: gtk l:

+.m+k _ —m—142k _
T1omiak—1y51) = (D, 53) (Tm—142k.53)

From the calculation in [Li and Ye 2021, Remark 3.29] (we replace n and / there by m + k and k — 1,
and note that there is a typo about sign in the first arXiv version of [Li and Ye 2021]), the difference of

the grading shifts is

;r—s;=(m+k—(k—1)—1)p—q=mp—q.

s
Note that the notation in this paper and [Li and Ye 2021] are different (cf Remark 2.3).
Then we can construct the isomorphism

Em.s: H(BT(s)) => H(B™ (s +mp —q))
for |s| < %(p — x(8)) by identifying both H(B*(s)) and H(B~ (s +mp —q)) with (T,_1 12k s;r) for
a sufficiently large k. A priori, this isomorphism depends on inner products on

P Tiomyok—1y) Tm-1+26 and - Tppe.
For other s, we can take any isomorphism &, s since the choice does not affect the computation of the

mapping cone.
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Consequently, we obtain
H(Cone(n~ 4+ Epon™)) = H(Cone(n,;’k + n’: ) = Ym,

where the last isomorphism comes from Theorem 3.1. |

Remark 3.21 Theorem 3.18 is slightly weaker than Theorem 3.1. Indeed, when we use the integral
surgery formula to calculate surgeries on the Borromean knot in the companion paper [Li and Ye 2025],
we have to study the H; (Y) action on sutured instanton homology, where ¥ = #2" 5! x S? is the ambient
manifold of the knot. This action vanishes on I';, so vanishes on the bent complex. But it is nonvanishing
on I'y,+ 1 and I'y,,_1 4 2% and we use this information to realize the computation. This issue for the bent
complex might be resolved by introducing some E-pages for differentials d4 and d_ such that the action
is nontrivial on Ey-pages.

3.4 A formula for instanton knot homology

The third exact sequence (3-11) implies

N 14k 1+k
Ty 2 H(Cone(¥™ I 0 — W ok Tm—14+k ® D14k = Tm—1424))

for any sufficiently large integer k. Since there are two copies I';,—; +%, we can always regard the grading

shifts of the maps \IJ'" Hlljrz « as different ones by rescaling the grading of the first summand from i to

2i —1 and the second summand from i to 2i. Hence we do not need the assumption mp — g # 0 as in
the previous mapping cone formula in Theorem 3.1. By Lemma 2.24, we can replace the minus sign with
any coefficient.

In this subsection, we restate this result in the language of bent complexes. The formula is inspired by
Eftekhary’s formula [2018, Proposition 1.5] for knot Floer homology H/F\K; see also Hedden-Levine’s
work [Hedden and Levine 2024]. Since m can be any integer, we replace m — 1 by m.

Theorem 3.22 Suppose m, j € Z. Define

—NDp— —Dp—
(m 2)19 4 o j_=j+(m 2)1? 9

Jt=i-
Then there exists an isomorphism
i HBY () = H(B™(j7)
such that
(T, j) = H(Cone(I™(j7) + &, ;o I (j ) H(B™(< j7) @ H(BT (= j 1) — H(B™(j 7))

Proof As mentioned before, we have

I, = H(Cone(\l‘m+k

m+2k \11’”“‘ m2k)) = H(Cone(\IJ’”+ m+2k T \pm+ m+2k))

for any sufficiently large integer k.
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Since bypass maps are homogeneous, the above mapping cone splits into Z-gradings (or (Z + %)-gradings).
Hence we can use it to calculate (I';,, j). By Lemma 2.6, the corresponding spaces are

(Tomskr j — 3kp) ® Tk J + 5kp) and  (Tppok. J).

From Proposition 3.15 with i = j &+ %kp, by fixing an inner product on I',,, ; x, we know that

Ttk j —5kp) = H(B™(= j7))  for j—3kp <—3(p—x($))+ (m+k)p,
Ttk j + 3kp) = H(BT (= j 7)) for j+3kp> 3(p—x(S))—(m+k)p.
Since m is fixed, when k is sufficiently large, we know that any j with (I, j) nontrivial (ie with

7] < (|Imp —q|— x(S))/2 by Lemma 2.5) satisfies the above inequalities. By Proposition 3.15 again
(fixing an inner product on T, 55) and Remark 3.14, for k sufficiently large, we know that

T2k, /) = H(B~(j7) = HBT(j 1))

for such j. By unpackaging the construction of differentials ¢4 and d_ in [Li and Ye 2021, Section 3.4],
we know that the restrictions of maps \PT’m 4oy and \Dfm 4o On the corresponding gradings coincide with

the maps induced by the inclusions 7~ (7 ™) and *(j*) under the canonical isomorphisms, respectively.
For [j| = (Imp —ql = x(5))/2, let
Bt HBT( ) = H(B™(j7)

be the isomorphism obtained from identifying both spaces to the corresponding grading summand

of I'y, 1 2% . Note that it depends on inner products on I'y, Iy, x and Iy, 5% . For other j, we can take
any isomorphism &’ . since the choice does not affect the computation of the mapping cone. Then we

m, j
know that
(T, j) = H(Cone( '_”;rnlfi_zk + ‘I’TjnkJrzk | Ttk J + 7kp) ® (Cmtks J — 7kp)))
= H(Cone(I™(j7) + &, ;oI (jT))). =

4 Dehn surgery and bypass maps

In this section, we prove a generalization of Lemma 2.20 and Proposition 3.3.

Suppose (M, y) is a balanced sutured manifold and o C dM is a connected simple closed curve that
intersects the suture y twice. There are two natural bypass arcs associated to «, each of which intersects
the suture at three points and induces a bypass triangle (cf [Baldwin and Sivek 2022b, Section 4])

SHI(~ M, —y) v SHI(—M, —y5)

— —

SHI(—M, —yi)

where y, and )/;E are the sutures coming from bypass attachments. Note that the horizontal arrows involve
the same set of balanced sutured manifolds but have different maps. Let (M, y9) be obtained from
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(M, y) by attaching a contact 2-handle along ¢«. From [Baldwin and Sivek 2016b, Section 3.3], it has
been shown that a closure of (—Mq, —)) coincides with a closure of the sutured manifold obtained from
(—M, —y) by 0-surgery along « with respect to the surface framing. Hence there is also a surgery exact
triangle (cf [Li and Ye 2022, Lemma 3.21])

Hy
SHI(—M, —y) SHI(—M, —y»)

\/

@(_M()’ _J/O)

The map Hy, is related to the bypass maps ¥+ as follows:

Proposition 4.1 There exist ¢, c; € C\{0} such that
Hy =c1y4 + v

Remark 4.2 The proof of Proposition 4.1 was developed through the discussions with John A Baldwin
and Steven Sivek.

Proof of Proposition 4.1 Let A C dM be a tubular neighborhood of & C dM . Push the interior of 4 into
the interior of M to make it a properly embedded surface. By a standard argument in [Honda 2000], we
can assume that a collar of dM is equipped with a product contact structure such that y is (isotopic to) the
dividing set, « is a Legendrian curve, A is in the contact collar, and A4 is a convex surface with Legendrian
boundary that separates a standard contact neighborhood of « off M. The convex decomposition of M

along A yields two pieces
M=M ’;J V.

where M is diffeomorphic to M and V is the contact neighborhood of «. It is straightforward to check
that, after rounding the corners, the contact structure near the boundary of M is still a product contact
structure with M’ being a convex boundary. Let y’ be the dividing set on dM’. Also, after rounding
the corners, with the contact structure on V 2 S! x D2, we can suppose dV is a convex surface with
dividing set being the union of two connected simple closed curves on dV of slope —1. When viewing V'
as the complement of an unknot in S3, the dividing set coincides with the suture I'; C V, so from now
on we call it ['y. By the construction of the gluing map in [Li 2021a], there exists a map

Gy:SHI(-M’,—y') ® SHI(~V, —T') — SHI(~ M, —y).

As in [Li 2021a], the map G comes from attaching contact handles to (M, y’) LI (V, T'1) to recover the
gluing along A. From [Li 2021b, Proposition 1.4], we know that

Note that M’ and M are equipped with the product contact structure near their boundaries. From the
functoriality of the contact gluing map in [Li 2021a], we know that G is an isomorphism. Now both the
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(—1)-surgery along a push-off of @ and the bypass attachments can be thought of as happening in the
piece V. Note that the result of both (—1)-surgery and the bypass attachments for 'y is I',. Hence we
have the commutative diagram

G
SHI(—~M',—y") ® SHI(—V,—T';) —— SHI(—M, —)

4-) 1d ®ﬁal Hal

G
SHI(—M', —y") ® SHI(—V, —T;) —— SHI(— M, —y»)

where fAIO, denotes the surgery map for the manifold V' and G, is the gluing map obtained by attaching
the same set of contact handles as G;. A similar commutative diagram holds when replacing H, and H,

by ¥+ and
Y+ :SHI(—V,-TI'1) — SHI(-V, -T',)

in (4-1), respectively.

Since G is an isomorphism, to obtain a relation between H,, and ¥/, it suffices to understand the relation
between f[a and ¥ +. From [Li 2021b, Proposition 1.4], we know that

SHI(—V,—T,) = C?.
Moreover, the meridian disk of V induces a (Z + %) grading on SHI(—V, —I";) and we have
SHI(—V, —T5) 2 SHI(—V, T, 3) @ SHI(=V, —T', ).

with
SHI(~V.~T. 1) & SHI(~V.~T3.—)

I

C.

Let
1eSHI(-V,-T')=C

be a generator. In [Li 2021b, Section 4.3] it is shown that
1Z-_(l) € @(_Va _FZa %) and {ﬂ\—i-(l) € S_I_H(_Va _F2’ _%)

are nonzero. Also, when viewing V as the complement of the unknot U, there is an exact triangle

~

Ay
SHI(=V,-T) SHI(—V, —T})

@2 \ /
G F>

I%(—=S3)

as in Lemma 2.16. Comparing the dimensions of the spaces in (4-2), we have G; = 0 and I-Ala is injective.
From the fact that t; (U) = 0, we know from [Ghosh et al. 2024, Corollary 3.5] that

Fy |SHI(—V,—T3,1) #£0 and F, |SHI(—V,—T,,—1) #0.
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By the exactness in (4-2), we have ker(F,) = Im(PAIa) and then }AIO, (1) is not in S_I-H(—V, -1y, :I:%), ie it
is a linear combination of generators of S_}H(— V,—TI, j:%) Hence we know that there are ¢1, ¢, € C\{0}
such that

Hoy(1) = 194 (1) + 29— (1).

Then the proposition follows from the commutative diagram (4-1). |

In Remark 1.3, we discussed the ambiguity arising from scalars. It is worth mentioning that such ambiguity
already exists in instanton theory. For example, if M is the complement of a knot K C S3 and y consists
of two meridians of the knot, which we denote by I'y,, we can choose « to be a curve on (S 3\N(K)) of
slope —n. Then we have a surgery triangle

Hy
SHI(—M,~T}) SHI(—M, ~T_)

/

I#(=52,(K))

Note that this triangle is not the one from Floer’s original exact triangle, but rather one with a slight
modification on the choice of 1-cycles inside the 3-manifold that represents the second Stiefel-Whitney
class of the relevant SO(3)-bundle; see [Baldwin and Sivek 2021, Section 2.2] for more details. Floer’s
original exact triangle, on the other hand, yields a different triangle

SHI(—S*\N(K), ~T,) o SHI(—S*\N(K), ~T,_1)

\/

I#(=S2,(K). )

where u C —S3, (K) denotes a meridian of the knot. The difference between Hy, and HY, is that they come
from the same cobordism but the SO(3)-bundles over the cobordism are different. The local argument to
prove Proposition 4.1 works for both Hy and H,,. Hence there exists nonzero complex numbers ¢y, ¢3,
¢}, ¢y such that

H, = cnﬂi’n + Czl//l_/:n_l and Hj, =c} Win + cétﬂf’n_l,
where the maps
¥k oy SHI(=S*\N(K), —T)u) — SHI(=S*\N(K), =Ts—1)

are the two related bypass maps. When n # 0, these two bypass maps have different grading-shifting
behavior, so by Lemma 2.24, a different choice of nonzero coefficients does not change the dimensions
of the kernel and cokernel of the map. Hence we conclude that for n # 0,

I#(=82,(K). p) = I}(=S2,,(K)).
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However, when n = 0, the two bypass maps wi’n_l both preserve gradings, making the coefficients
significant, ie 1 1i(—Sg (K), ) and 1 ﬂ(—Sg (K)) might have different dimensions for different choices of
coefficients. Indeed, it is observed by Baldwin and Sivek [2021] that for what they called W-shaped knots
(which is clearly a nonempty class, eg the figure-eight knot [Baldwin and Sivek 2022a, Proposition 10.4]),
these two framed instanton homologies have dimensions that differ by 2.

5 Some exactness by diagram chasing

5.1 At the direct summand

In this subsection, we prove Proposition 3.4 by diagram chasing. We restate the result in Proposition 5.1.
We also adopt the conventions for scalars from Section 2.3, and this together with Lemma 2.11 implies

that

— \Ijn+k0 n

n+kog n
v °© q]—,n-l-ko —.n+2kgo °© +,n+ko

+,n+2ko
for any n and ky.

Proposition 5.1 Given n € Z and ko € N4, for any ¢y, ¢3, ¢3, ¢4 satistying

C1€3 = —C2C4,
the sequence
n+kg n+k0

(c1 ‘I’i,nkaO :62wﬁ5n+k0) €3 \Ilf,nJerO +c4‘ll+,n+2k0
| rn—i—k() @ rn—i—k() rn—l—Zko

is exact.

Proof For simplicity, we only prove the proposition for n = 0. The proof for any general n is similar
(replacing all I'y; below by I';,,, and modifying the notation for bypass maps). Also, we only prove the
case when

C1=C2=C3=1 and C4=—1.
The proof for general scalars can be obtained similarly.

We prove the proposition by induction on ky. We will use the exactness in Lemma 2.6 and the commutative
diagrams in Lemmas 2.12 and 2.11 many times. For simplicity, we will use them without naming them.

First, we assume ko = 1. The proposition reduces to
k Uyl y=1 0 0
er(l/f—,z 1/f-|-,2) m((w-hp W_,l))-
The commutative diagram in Lemma 2.11 implies
ker(W! , — vl ) DIm((WY 1. v2 ).
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We then prove
ker(wi,z — W_l,_’z) C Im((lﬂ.?.J ) WE,1))~

Suppose
(x1.x2) €ker(Yl , =y 5).ie ¥l (x1) =¥} ,(x2) =0.

Then we have
vl () =v3 ovl ,(x) =y 0¥ ,(x)=0.
By exactness, there exists y € I'g such that wg_’l (») = x1. Then
Vi,0v () =vl,0vd (0 =vl,(x1) and ¥ ,(2—v (»)=0.

By exactness, there exists z € ', such that

Vi @) =x2—v° ().
Let y) =y + wi’o(z). Then
Y00 =yl ,m=x1 and 2,0 =y (M) +v2 0yl () =v2 () + V] () =x,
which concludes the proof for ko = 1.

Suppose the proposition holds for ko = k. We prove it also holds for ko = k + 1. The proof is similar to
the case for kg = 1. Again by Lemma 2.11, we have

k+1 k+1 0 0
ker(WZ oy p =W okqn) D Im((W3 4y W2 ki)
Then we prove
k+1 k+1 0 0
ker(WZ oy 4 p =W okqn) CIM((WS 4y s W2 ki)
Suppose
(x1.x2) e ker(WrH)  —WKEE ) e WRELL L (e — WAL () =0

Then we have

k+1 2k+2 k+1 2k+2 k+1
W-hu (x1) = W+,,L ° Lp_,2k+2(xl) = W-}-“u, ° lIJ.|_’2k_|_2(xZ) = 0.

By exactness, there exists ¥ € I'y such that W_]f., k1 (¥1) = x1. By a similar reason, there exists y, € I'y
such that wf,k+1 (2) = x5. The goal is to prove

L oD =9k (0%

for some modifications yi and y; of y; and y, as for y’ in the case of kg = 1. Then the induction
hypothesis will imply that there exists w € I'g such that

\Ilg_’k(w) =y, and \I!g’k(w) = 5.
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Hence we will have

) =yk 0D =x1 and 90, w)=yE () =x.
This will conclude the proof for kg = k + 1.

Now we start to construct yi. We have
2k+1 k+1 k _ o 2k+1 k+1 2k+1 k
Y ok (W o1 (02) =W o VD)) = ¥k 0 W o (2) =¥ 0 W2 5 1)
_ gk+1 2k+1 k
=V k2 (%2) =V 2 0 W gy (01)

= ‘I’k+k+2(x2) qj+ 2k+2(x1)
=0.

By exactness, there exists z; € I'y, such that
n k+1 k
1ﬂ+,2k+1(21) lIJ+ 2k+1(x2)_\p_’2k+1(y1)-
Let y| = y1 + Wﬁ,k(ﬁ)- Then

w-khkﬂ(y;) = w_]f-,k_l,-l(yl) = X1,
W e 0D =5 D)+ 0wk )
= vk 2k+1(J’1) + V5 spa 1)

k+
=it 2k+1 (x2).
Then we start to construct y5. We have

k k
—2k+1(q’ 2k(y1) ‘I’+2k(y2))— 2k+1(y1) 1p—2k+1°‘p+,2k(3’2)

k+
= ‘p_ 2k+1(y1) vt 2k+1(x2)
=0.

By exactness, there exists z; € I'y, such that
Yt @) =W 0D =K ().

Let y), =y + 1/f’_ﬂ «(22). Then

Wf,k+1 (J’;) = Wf,k+1 (y2) = x2,

LIJI—T—,zk (1) = ‘I’i,zk(h) + lI'ﬁ,zk oyt (22)
=K L )+ 5 (22)
= WF L0
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Then we have the commutative diagrams

X1 € Fk+1
=

ylerk

\

r /
\ / \%*/
y’zerk\x)2 /

€Tk

| PYaT)

By the induction hypothesis, there exists w € I'g such that

i w)=p] and WO, (w)=y),

which concludes the proof for kg =k + 1. a

Remark 5.2 By similar arguments, we can prove that the sequence

n+kq n+koy
(e1W n+kq oW n+k2) 3V kg iy TV ke ks

Iy | PSEWCCD P Lotk ks

is exact for any k, k, € N4, where the scalars satisfy c¢jc3 = —cac4.

5.2 The second exact triangle

In this subsection, we prove Proposition 3.6 by diagram chasing. For convenience, we restate it as follows,
which is a little stronger than the previous version. Replacing the original knot in the proposition by the
dual knot in the Dehn filling of slope —(m + k)u + A with framing —u and setting n = —1 will recover
Proposition 3.6.

Proposition 5.3 Suppose
l'0+ n—1° wn-i-l - vfl—ld,n—l © Wﬁjl_tl
Then for any ¢y, ¢3, c3, cq4 € C\{0}, the sequence

c3"/fﬁgn+1+c4wi!n+1 ! (cry nl a021/f+ nl)
oI, | e P Iaerl,

is exact.
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Proof We adopt the conventions from Section 2.3. We will use Lemmas 2.6, 2.11 and 2.12 without
mentioning them. We prove the exactness at I';,_1 first. We have

YU ol =y oyl oyt =0.
Hence
ker((e1 923!, cay!i7,)) D Im(7').

Next we prove

ker((c1y", co¥’i7))) CIm(l').

Suppose
x e ker((er ¥ eyl h)) = ker(w ) Nker (v,

By exactness, there exists y € 'y, such that Win_l (y) = x. Then we have
VL) =y oyl () =y () =0.

By exactness, there exists z € I', ;1 such that w”"'l (z) = y. Thus, we have //(z) = x, which concludes
the proof for the exactness at I';,_.

Next we prove the exactness at I', 1. By exactness, we have

ker(l’) D) Im(C3 Wﬁ’n_{_] + C41ﬁ_7_,n+1) = Im(lﬁf,nﬂ) + Im(lﬂi,n_H)-

Suppose x € ker(/’). If W"H (x) = 0, then by the exactness we know x € Im(tﬂ+ ar) I W”H (x) #0,
then by the exactness, there exists y € I',, such that

v ) =yt .
Then we know
x—=y" () eker@ ) =Im@ L ).

Thus, we have
x €Im@?, ) +Im@l 4 ).

which concludes the proof of the exactness at I'y, . |

6 Some technical constructions

6.1 Filtrations

In this subsection, we study some filtrations on Y and I';, that will be important in later sections. We
continue to adopt conventions from Section 2.3. In particular, K C Y is a rationally null-homologous
knot and S is a rational Seifert surface of K.
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Lemma 6.1 The maps G, in Lemma 2.16 lead to a filtration on Y: for a sufficiently large integer ny,

0=kerG_p,, C---CkerG, CkerG,4; C---CkerG,, =Y.

Proof It follows from Lemma 2.19 that when n is sufficiently large we have
0=kerG_,, and kerGy,, =Y.
It follows from Lemma 2.18 that for any n € Z,

ker G, C ker G4 1. O

Lemma 6.2 For any n € Z, the map G, induces an isomorphism

Gn: (ker Gp1/ker Gy) —>ker gt Nkery” .

Proof Suppose x € ker G+ 1. Then from Lemma 2.18 we know that

wi,n_H 0Gn(x) =Gyy1(x)=0.

Hence we have
Gn(ker Gy41)) C ker wi,n+l Mker wﬁ’”‘*‘l )

Clearly G, is injective on ker G, 11 /ker G, so it suffices to show that the image is ker 1//5’r a1 ker v i1

To achieve this, for any element x € ker w_’:_ a1 Nker v 41> Lemma 2.20 implies that
x € ker H, = Im G,,.

As a result, there exists & € Y such that

Again from Lemma 2.18 we know that
Guy1(e) =Y o Gula) =y (x) = 0.

This implies that o € ker G, 1. O

Lemma 6.3 For any n € Z, the maps wi ,, induce isomorphisms

. +2 +1y =
Y Amy 2 imy it = keryt L Nkery” L,

Yk o (Im lﬁfjf/lm Wf?;l) —>kery} , NkeryZ .

Proof We only prove the lemma for positive bypasses. The proof for the negative bypasses is similar.

Let u € Im w_”ﬁlf By Lemmas 2.6 and 2.12, we have

1p-}:—’n-‘,-l © Wi,n(“) = O and wz’n+1 o W-lt,n(”) = w.l:’n_l_l(u) = 0
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Hence we know
yh ,my ) Ckeryl  Nkery” ).

Since ker % , =Im w_’f_"'ul, the map w+ , 1s injective on Im w”"'z/lm W”‘H To show it is surjective as
well, pick x € ker w_’f_ a1 Mker Y n41- Note that x € ker W.,. pp1 =1Im W+ ,, implies that there exists
u € I, such that Vfﬁ o (1) = x. Lemma 2.12 then implies that

w_ﬁ,n_{_l(u) = Wf,,ﬁ.l © Wﬁ,n(u) = 1/’2,”4.1()() =0.

As aresult, u € ker wi nq1 =Im 1/f”+2 O

Corollary 6.4 (1) For any n € Z, there is a canonical isomorphism
(ker Gpy1/ker Gy) = (Im ¢/ 42 Im g/t = (Imy 72 /Tm g0,
(2) For sufficiently large ng, there exists a (noncanonical) isomorphism

Y= (Imyl°, /Imy0) = (Imy2%, /ImyZ10).
Definition 6.5 For any integer n € Z and any grading i, define the map F? as the restriction
F} = Fy| (Tn.i).
where F}, is the map from Lemma 2.16.

Lemma 6.6 Suppose ng € Z is small enough that Fy, = 0 (cf Lemma 2.19). Then for any integer n > n
and any grading i, we have

AF (-1 p—q)

vl M(kerF’) = Im(Proj, oyi® B
where .
Pr JlﬂFz((n p—q) . ‘T, — (F,L,i - (n— ;P—Q)

is the projection.

Proof We only prove the lemma for positive bypasses and the proof for negative bypasses is similar.
First, suppose

L((n—1)p—q) (n—1)p—q
ueIm(Prol =P wi‘ju)zlmw;’fuﬂ(l‘u, _f)

Pick x € (T'y,,i — %(n —ng) p) such that

v () =u.

Taking y = W% (x), we know from Lemma 2.6 that y € (I, i), from Lemma 2.18 that F,(y) =
Fp(x) =0, and from Lemma 2.12 that wi,u(y) = u. As a result, we conclude that u € w_"hu(ker F,i).
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Second, suppose u € Y} (ker F,’;) is nonzero. Pick x; € ker F,’; such that

vf—ril—,u(xl) =u.
By Lemmas 2.5 and 2.6, the fact that Y} | (x1) = u # 0 implies that

_p=x©8) . m=Dp-q _p—x(S)
2 - 2 - 2
Pick a sufficiently large integer k and then take

(6-1)

k
xp =W, 4 (x1) and x3= lI’ili:,rszrzk—no(’62)'

By Lemma 2.18 we have

Fontok—ny(X3) = Fuyr(x2) = Fp(x1) =0.

Note that the grading j of x3 equals

.. kp (m+k—no)p . (n—no)p
6-2 = B SO S 2 S 2
(6-2) J=it 3 i >
Combining (6-1) and (6-2), we obtain
(no—=2)p—q—x(S) _ . _nop—q—x(S)
2 SIET

Note that we pick k to be a sufficiently large integer. In particular, we can assume

—@nt2k—no)p+q+x(S) | (0=2)p=q-x(S)
2 - 2 ’
nop—q—x(S) _ @n+2k—no)p—q+x(S)
2 - 2 '
Thus j is in this range as well, and Lemma 2.19 implies that F,, 24y, 1s injective on the grading ;.

Hence x3 = 0. Then the following lemma (Lemma 6.7) applies to (x, y) = (x3,0), and there exists
x4 € Iy, such that

\Dz(jn+k(x4) = X2.
Thus by Lemma 2.12,

i—3((n—1)p—q)
w=y, (x) =it () = v, (x4) e Im(Proj,, 2 T oyl ). =

Lemma 6.7 Supposen € Z and ky,k, € N. Suppose x € Ty, and y € T, are such that
n+k __yntk
‘Ij-i—,n-il-kl-i—kz (X) - \D—,n-ﬁkl-i-kz (y)

Then there exists z € I', such that
\Ijz,n+k1 (z) =x and LIlf’i_’n_i_kz(z) = .
Proof This is a restatement of Remark 5.2. The proof is similar to that of Proposition 5.1. |
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6.2 Tau invariants in a general 3-manifold

Definition 6.8 An element « € Y is called homogeneous if there exists an n € Z and a grading i such
that ¢ € Im F,’;. Note that from Lemma 2.18 and Corollary 2.9, we know that

. i+l
cvelmF, = « eIan+12p.

For a homogeneous element o € Y, we pick a sufficiently large no and define

—Dp—
tT () := max{i | Fy,(x) = a for some x € (rno,i)}—w’
1
(o=Dp=g

T (o) :=min{i | Fy,(x) = o for some x € (I'p,, i)} + 3 ,
1
T (o) —t () + ¢ __ min —max
p

() =1+

+ ny.
We will prove the independence of these 7 invariants about n¢ later in Lemma 6.12.

Remark 6.9 Here we fix the knot K C Y and define the tau invariants for a homogeneous element
o € I#(Y). The reason we go in this order is because

(1) currently the definition of homogeneous elements depends on the choice of the knot, and

(2) 1in this paper we only focus on the Dehn surgeries of a fixed knot.

Remark 6.10 The normalization % ((no—1) p—q) comes from the grading shifts of wl‘) u in Lemma 2.6.
When K is a knot inside ¥ = S3, we have that 7+ («) is equal to the tau invariant 7 (K) defined in [Ghosh
et al. 2024], where « is the unique generator of 7#(—S?) 2 C up to a scalar. Then 7(a) = 1 — 277 (K).

Lemma 6.11 We have the following properties.

(1) Suppose ny,ny are two integers and iy,1, are two gradings such that there exist x; € (I'y,,1;) and
Xg € (l“,,z, ip) with

Fn1 (xl) = Fnz(XZ) 7é 0.
Then there exists an integer N such that

Ny —n
iz=i1—( 2 . 1)P+Np’

ie when we send x| and x, into the same I'y,; withnz > ny,ny by bypass maps, then the difference
of the expected gradings of the images is divisible by p (the grading-shitts of the bypass maps

Yl pyq ae Fp/2).
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(2) Suppose we have an integer ny, a grading i; and an element x| € (I'y,,,i1). Then for any integer
ny > ny and grading i, such that there exists an integer N € [0, ny —nq]| with

Ny —n
i2=i1—( 2 . 1)P+Np’

there exists an element x5 € (I'y,, i) such that

Fnl(xl) = Fnz(x2)'

(3) Supposen € Z and for 1 < j <[ we have a grading i; and an element x; € (I'y, i) such that
F,(x1),..., Fy(xp) are linearly independent. Then the element

[
o= Z Fu(xj)
j=1

is homogeneous if and only if for any 1 < j </, we have

ij =i; (mod p).

Proof (1) Take nq a sufficiently large integer. For j = 1,2, take i J’ € (—% D, % p] to be the unique

grading such that there exists an integer N; with

no—nj
g:q—L17Q£+Mp
Take
+N,
x _qjijno] ﬁ]n +N,(XJ)

From Lemma 2.18 we know that

xj'- € (Try, ijf) and  Fpy(x]) = Fp, (X1) = Fy(x2) = Fpy(x5).
By Lemma 2.19, we know that x’l = x; and in particular, ii = ié. As aresult, we can take N = N; — N5,
and then it is straightforward to verify that

ny)—n
i2=i1——( 2 B 1)p+Np

(2) We can take

+N n
X2 —\Ifnl \Ij—i-lnl-}—N(xl)'

Then it follows from Lemma 2.6 that x, € (I',. i), and it follows from Lemma 2.18 that

Fry (x2) = Fny (x1).
(3) The proof is similar to that of (1). O

Lemma 6.12 For a homogeneous element o, we have the following:

(1) t*(«) and hence t (o) are well-defined, ie they are independent of the choice of the large integer n.

(2) We have t(a) € Z.
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(3) For any integer n and grading i, the following two statements are equivalent.
(a) There exists x € (I'y,, 1) such that F,,(x) = «.
(b) We have n > t(«) and there exists N € Z such that N € [0,n — ()] and

i = %(r*’(a) + 7 (@)= (n—1t(a))p) + Np.

(4) We have
p—x(S )

f+(a)2—p_TX(S) and 7t (@) < ——= 2

Proof (1) Suppose « is a homogeneous element. Then by definition there exists x € (I'y, i) for some
integer n and grading i such that

Fy(x) =a.
Then for sufficiently large ng, we can take
y = w:’—,no (x)
and then Lemma 2.18 implies that
Fn() (y) =a,

and hence 7 () exists.

To show that the value of 7¥ («) is independent of 1 as long as it is sufficiently large, a combination of
Lemmas 2.5 and 2.6 implies that the map

—n0+1 (rnovl)_)( n0+1»i+%p)

is an isomorphism for any i > g — 5(n0p —g —1). Then Lemma 2.18 implies that t* is well-defined.
The argument for 7~ is similar.

(2) It follows directly from Lemma 6.11 part (1).
(3) We first establish the following claim.

Claim There exists an element
z€ (T, %(f"'(a) +71 (a))) suchthat Fi)(z)=a.

Proof Suppose n¢ € Z is sufficiently large and

Yie€ (rno’ri(a) + M)

2

such that F,(x+) = . Note that the existence of x4 follows from the definition of % (). Let

xil: = qﬂ:f:,Zno—r(oe) (x£).

It follows from Lemma 2.6 that

(o) + 7 (@)
x;: € (FZno—r(a)a f)
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From Lemma 2.18 we know that

FZno—t(a)(xg-) == FZno—r(a) (x/—)

By Lemma 2.19 this implies that
X+ = x/_.

Hence Lemma 6.7 applies and there exists z € I';(4) such that
WD) = x4
Again Lemma 2.6 implies that z is in the grading

z e (rr(a)’ w)’

F,(a)(z) = . O

and Lemma 2.18 implies

Now if an integer # and a grading i satisfy statement (b), then (a) is a direct consequence of the above
claim and Lemma 6.11(2).

It remains to show that (a) implies (b). Suppose there exists x € (', i) such that F,(x) = «. From the
above claim, we already know that there exists

_l’_ f—
z € (I‘t(a), w) such that  Fr(y)(z) = a.

Hence Lemma 6.11(1) implies that there exists N € Z such that
‘i tH@) +1 (@ —(n—t(@)p L

Np.
) p
If N > n—t(a), we can take a sufficiently large n¢ and
= (x).
It follows from Lemma 2.6 that
“Dp—
x' € (Tpy,i") with i’ > 7 () + (no#.

Then Lemma 2.18 implies that
Fuy(x") =,

which contradicts the definition of 7T in Definition 6.8. Similarly, if N < 0 we can take
=0 (X)),

which would be an element contradicting the definition of 7~. When n < t(«) we have n — 7(«) < 0, so
there is always a contradiction by the above argument. This concludes (b).

(4) Tt follows from the definition of 7* and Lemma 2.19 that Fp, is an isomorphism when restricted to
the direct sum of p consecutive middle gradings of I';,, when ny is large. |
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Lemma 6.13 For any n € Z we have that
Im F,, = Span{« € Y | @ is homogeneous and 7(«) < n}.

Proof Suppose o € Im F),. Let

o= E o;, where @; € Im F,’1 is homogeneous.

From Lemma 6.12 we know that 7(¢;) < n for all i. On the other hand, suppose

o= Zai, where 7(o;) < n for all i.
i

By Lemma 6.12(3), we can pick z; € I';(y,) such that

Ft(a,-)(zi) = 0.

a_Fn(Z\IJT(al)(Zl) O

6.3 A basis for framed instanton homology

Then from Lemma 2.18 we know

We pick a basis ‘B for Y as follows. First

B =B

nez
To construct the set B, first, let B, = @ if F,, = 0. By Lemma 2.19 this means B, = & for all small
enough n. Write

B<n = Br.
k=<n
We pick the set ‘B, inductively. Note that we have taken 9B, = @& for n with F;, = 0. Suppose we have
already constructed the set *B<,_ that consists of homogeneous elements and is a basis of Im Fj,_;. We

pick the set B, such that °B,, consists of homogeneous elements with t = n, and the set
B<p=B<p—1 UDBy
forms a basis of Im F},. Note that Lemma 6.13 implies that B, exists and
|8,,| = dimc (Im Fy,/Im Fp,_).
For any n, k € Z such that k <n — 2, define maps
My g Bn— T

as follows: for any o € B, C Im F},, since « is homogeneous and 7(«) = n, we can pick

«(r. et @)

by Lemma 6.12(3) such that F,(z) = «. Then define
n’i,k(a) = Wi,k o 1ﬁ:}|1:,,u.(z)-
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Lemma 6.14 Suppose n, k € Z are such that k <n —2.

(1) The maps 77;’:’ i are all well-defined.

(2) Wehaven , ,=cp-n" ,_, for some scalar c, € C\{0}.
(3) Elements in Imn", , C Ty are linearly independent.

4) Im ”’i,n—z forms a basis for ker w;’_’_nz_l Nker WZ’_nz_ .

(5) For any o € B, we have

T (@) + 17 (@) - (n—2—k)p)‘

n e Ty,
o < (0 :

(6) We have
VA ooy =y and i onl =0
Proof (1) We only work with ”’jr,k’ and the arguments for 5"  are similar. Suppose there are
21,22 € (I'y, 1) such that Fy(z1) = Fu(z3) = a, where i = %(r"‘(a) + 77 («)). Then
z1 —zp € ker F,’;,
and by Lemma 6.6 we have
Y (1 —z) eyt (ker F}) CImy°, CImy kil
Here ny € Z is a small enough integer. As a result,
M@ = Y2 oW (1) = Yl oyl L(22)

is well-defined.

(2) This follows directly from Lemma 2.11. Note that in Section 2.3 we do not fix the scalars of the
second commutative diagram of Lemma 2.11, and hence a nonzero coefficient ¢, would possibly arise.

(3) We only work with ni « and the arguments for n” , are similar. Suppose
By, ={oy,...,00},
where [/ = |8, | = dimc (Im F,,/Im F,,_;).
Suppose there exists A1, ..., A; such that
I
Z)\j 'Ui,k(aj) =0.
j=1
Pick zj € (l"n, %(r*’(og) + r_(aj))) such that Fy(zj) = oj. Then we have

)
wi,k o wi,u(z ijj) =0.

Jj=1
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As a result, there exists x € I'x4; such that

[
yhtloo) = m(z A,-zj).
j=1

Note that, from Lemma 2.12, we know that
/
w_’f_’uo\llk-i-l(x) k+1(x) wi’“(Z)\ij),
j=1
so as a result there exists y € I',_1 such that
/

> iz = ER )+ 9L ).

j=1
Hence by Lemma 2.18 we have

/
> hjoj = Fn(ZA z,) w0 WEEN () + Fy oy (9) = Frg1 (%) + Fpm1 (») CIm Fyy.

Since «j form a basis of B, the sum cannot be in Im F,,_; except A; = 0 for all ;.
(4). For a € ‘B, pick z € (T, %(r"‘(a) 4+ 77 («))) such that Fj(z) = «. Then by definition
0 (@) =¥ oyl ().
Now we can compute
w—l—n 1o pop(a) = +n 1°W+n 20V 4 (2) =0,
and by Lemma 2.12
z!—nZ 1 77+n 2(0[) —n 1OW+n 2°W+ M(Z) Wi’n_lowi,u,(z):o-

Hence

Ny na(@) € kerw+n | ﬂkemﬁf,_nz_l
Then (4) follows from (3), Lemma 6.2, and Im F,, = ker G,,—.
(5) It follows directly from the construction of 1’} , and Lemma 2.6.
(6) It follows from the construction of 7% ,, the commutativity in Lemma 2.12 and the exactness in

Lemma 2.6. d

Convention We can define
Mox=nyyx and 7%, =cp-n”; suchthat 7%, ,=7", ,,

and the new maps satisfy all properties in Lemma 6.14 except (2). We will use n’i, « to denote ﬁi  In
latter sections.
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7 The map in the third exact triangle

In this section, we construct the map / in Propositions 3.9 and 3.12 and show it satisfies the exactness and
the commutative diagram. We continue to adopt conventions from Section 2.3. We restate the propositions
as follows, and no longer use the notation /, /” for maps.

Proposition 7.1 Suppose n € Z is fixed and k € 7Z is sufficiently large. Then there is an exact triangle

o,
n
Iy | PMIACR P
q>nk %
n n+2k
| Py

where two of the maps are already constructed:

n R n n .
n+k T (\D—F,n—i—k’ qj—,n—kk)‘ Ln = Togk ® T,
n+k ._ qyn+k n+k .
ok =V ok — Yigak Dotk @ Tk = ook
Proposition 7.2 Suppose n € Z is fixed and k € 7 is sufficiently large. Suppose @Zflzk_l is constructed
in Proposition 7.1. Then, there are two commutative diagrams up to scalars:

wn+k+low%(2n+2k+l) n+k+low%(2n+2k+l)
r +.u —.n+k+1 T T i +.n+k+1 r
L@n+2k+1) iz L@n+2k+1) w
1 : 1
nbkbl , F@nt2k+D) w nbk 1 Lantak+1) m
Y 2k ket Vin Y 2k 41V E k1 -
o2k otk
| Py | | PRy Iy

7.1 Characterizations of the kernel and the image

n+k

w2k These results will

Before constructing ®22%, we characterize the spaces ker o)., and Im @
motivate the construction of ®#+2k to ensure that

Im @2k = ker 7., and  ker "2k —m @Zié‘k.

n+k

s n
Since d>n+k and d>n+2

& are constructed using bypass maps, it suffices to consider their restrictions on
each grading.

Lemma 7.3 Supposen € Z is fixed and k € 7 is sufficiently large. Let
Projf,: I, — Ty,
be the projection. Then we have
ker @), N (Tp,i) = Im(Proj’; 0Gy).
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Proof We need to apply Lemma 2.20. Following conventions in Section 2.3, we have
(7-1) Hy = M—,nﬂ - ‘M,nﬂ-
Suppose x € Im(Projfl oGy). Pick « € Y and y € T, such that

Gp(o) =x +,
where Projﬁ;( y) = 0. When k is sufficiently large, we know from Lemma 2.19 that

Gp+k =0.
In particular, from Lemma 2.18,
W)+ WL (0) = Gp(@) = 0.

Since the maps \Pin 4 are homogeneous, we know that

W k() =0,
which implies that x € ker @}, N (Fp, ).

Next, suppose x € ker @), N (T, 7). We take xi = x and we will pick x,{ € (I'y, j) for all j # i such
that
Zx,{ € ker H, =Im G,,.
J

We will use the notation xg to denote an element in (I'y, b). Recall that from Lemma 2.6, the grading
shifts of ¥ ., are :F%p. Take

i+3k-Dp _ i+3k+Dp _
Xy ket = \I’—,n+k—1(x) and x, ;| =0.
Since x € ker @], N (T, i) we know that
s 1 s 1
ntk—1, i+2k=Dps  1n _ o gntk—1, i+3(k+Dp
(7-2) Yok Cpgimr )=V () =0=y e Oy )
Hence, from Lemma 6.7, there exists
l'+lkp . 1
xn+]2€_2 € (rn+k—2’l + fkp)
such that
ntk—2 i+3kp,  _i+3k+1)p ntk—2 i+3kp,  _i+3(k—=1p
k1 g k—2) = Xk =0and ¥ e (N k—2) = Xqi
Then we can take . .
Yntk—2 =0andx, ;0 7 =V ().
We can apply the same argument and use Lemma 6.7 to find
i+ (k+3)p i+3(k+1)p i+3(k—1)p i+3(k-3)p I
ntk—=3 0 Yntk-3 0 Yntk-3 0 Yutk-3 € Untk-3
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such that the witl’:,f_z send them to corresponding elements in I';, 1 ;_,. Repeating this argument, we

can obtain elements
x!TP e (Ty,i + pj) for je[l,k]NZ

such that
xh=x, Yt (P =0, gt L (PR =0,
and for any j €[1,k —1]NZ we have

n i+pjy _ .0 i+p(j+1
w—,n-l—l(xn pj)—‘ﬂ+,n+1(xn Py ))-

Note that we obtain the above xf,+p J for J €[1,k]NZ essentially from the fact that W" 4x(x)=0as
in equation (7-2). However, x € kerCIJZ L SO we have \Di ntk (x) = 0 as well. A similar argument as

above then yields
x!TP e (Ty,i + pj) for j e[—k,—1]NZ.

Together with x = x, we obtain x,i,+pj for all j € [k, k]NZ.
It is then straightforward to check that
k . .
y= Y xitP eker(W . — V" ,11) =ker H, =ImG,. O
j=—k

Lemma 7.4 Suppose a € Y is a homogeneous element and

[
o= ijwocj,
j=1

where Aj # 0 and oj € B for 1 < j <[. Letn be an integer, i be a grading and k be a sufficiently large
integer. For an element x € (I';,42%,1) such that F, 4, (x) = o, the following is true.

(1) We have
() = 1minl{tJr(ozj)} and 1 () = 1maxl{r_(oej)}.
=j= <Jj=

(2) We have x € Im CDZ:[]zck if and only if for any 1 < j <1, at least one of the following inequalities

holds: iir_(aj)_(n—lz)p—q’
i5r+(aj)+—(n_12)p_q.
(3) Ifx ¢Im<bZi§k then there exist j, N € Z suchthat1 < j </,0 <N < t(«j) —n—2 and
i=r+(aj)+%+(]\7+l)p.

Proof (1) We only demonstrate the proof of the result for + and the proof for t~ is similar. First, we
make the following two claims.
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Claim 1 For any homogeneous elements (not necessarily elements in *B) oy and oy such that oy + o is
also homogeneous, if T+ (ay) > v (a2), then T (o) + atp) = v (@02).

To prove Claim 1, let n¢ be sufficiently large. From Lemma 6.11(3) we know that
(7-3) () =t (@2) = 17 (@) +@2) (mod p).
Assume T (a; +a3) > 7T (az). Let

™t =min{t T (ay), T (01 + @2)} > T (@2).

We claim that there exist

—Dp—
e

2
such that
Foy(x1) =1 and Fp,(x3) = a1 + .

We prove only the existence of x, and the argument for the existence of x3 is similar. By Definition 6.8,
we know that

(o—Dp—q _ (1) + 1 (1) — (no — (1)) p

+
T (0!1)+ ) )

+ (o — t(a1)) p.
Taking |
N = (no— (1)) — ;(#(al) —t),

we know that
+ (mo—Dp—q () +1(a))— (mo—1(ry))p
T+ =
2 2
Equation (7-3) implies that N € Z. The definition of T makes sure that N < ng — t(a;). The fact
that 7 is sufficiently large and Lemma 6.12(4) implies that N > 0. Hence Lemma 6.12(3) implies the

(7-4)

+ Np.

existence of x; such that

(no—1)p—q

X1 € (r,,o,r++ >

) and  Fy,(x1) =a.
Now the existence of x; and x3 implies that
Fu(x3 —x1) = ay,
which contradicts the definition of 7™ (ar).
Claim 2 Suppose oy, ..., o, € B are pairwise distinct elements in B such that
tHa) =t (@) ==t (@) =1".

Suppose that

u
o = E Aj o

i=1

and suppose it is homogeneous. Then t+ () = ¢ .
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To prove Claim 2, assume that ¥ (a’) > . Without loss of generality, assume that A; # 0 and
T (1) = min {t (a;)}.
1<j=<u
Then a similar argument as in the proof of Claim 1 implies that
() < 7 (ay).

Note that we have assumed t+(a’) > t™ = 7+ (a;). Hence by Definition 6.8, t(a’) < 7(a;), which
contradicts the construction of the set ‘5.

Now we prove part (1). Suppose a1, ..., o; € B are pairwise distinct elements in B. Let

/
o = Z )»j Q.

j=1

We want to show that
7 (¢) = min {r+((xj)}.

1=j=<l

To do this, relabel the elements «; if necessary so that
T =t (@) ==t (@) <t (1) ST (@) <o =T (@),

Since o is homogeneous, from Lemma 6.11(3) we know that the sum

v
2 k-0
j=1

is also homogeneous for any v = 1,...,/. Applying Claim 2, we conclude that

r+(ZAj -aj) =T (ay).
j=1

Hence we can apply Claim 1 repeatedly to conclude that

l
t+(2kj '0[]') =1t () = 11;1}1;[{‘[4_(0{]‘)}.

=1
2) If x €eIm CDZIIZCk, then there exists y € (I',,+k,i — %kp) and z € (Fn+k,i + %kp) such that
X = \Df;’jdk ) + \pn+-j_nk+2k (2).

By assumption,

I
Fupor(x) =a = Z)\j "0,
j=1
with A; # 0 and & homogeneous. By Lemma 2.18 we have

o= Fyix(y+2).
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Since B forms a basis for Y, we can write
l
Fugk () =Y M-y and  Fupp(z) =) A} -,
— =
where / = |B|. Then for any 1 < j </, at least one of A; and 17 is nonzero. Since both F,1(y) and
F, 4k (z) are homogeneous, from part (1) we know
(n+k—-1)p—gq
2

k
i—TPZI_(aj)— when 4; # 0,

. kp (n+k—-Dp—gq
i +7 <tt(ej)+ 3 when 17 # 0.
Conversely, suppose for any 1 < j </ at least one of the inequalities
N —Dp—
i> t_(ozj)——(n ;p T or i <tt(e)+ =Dpr=q ;p 1
holds. We need to show that x € Im @"ié‘k We deal with three cases.

Case 1 The grading i satisfies
- (n+2k—=2)p—qg+ x(S)
> 5 .

We want to argue that P
. )4 .
lpn—;]ii_zk (rn-i-k?l - 7) - (rn+2k’1)

n+k
is surjective and hence conclude that x € Im ® waok 10 do this, note that U"* o +2 k|(Fn+k i—Lkp
n+k+j

ntk+j+1 |(rn+k+j i—tkp+Lljp) for

) is the

composition of maps ¥~ j=0,1,...,k—1. With the assumption of

Case 1, we have
kp jp_ (n+k+j=2p—q+x(S)  m+k+j)p—q+x(S)
-4 > > — :
2 2 2 2
(Note that since k is sufficiently large this is a very loose inequality.) Then Corollary 2.9(2) applies
n+k+j

nt+k—+j+1 |(rn+k+] Ji=3
Hence we conclude Case 1.

and we conclude that ¥~ L kp+djp) is an isomorphism for all j =0,1,...,k —1.

Case 2 The grading i satisfies

2k =2)p—q+x(S)
< : .

The argument is similar to that for Case 1, except for using gtk

4ok instead of lIJ”

42k
Case 3 The grading i satisfies
i < (n+2k—2)p—q+x(S).
2
Under the assumption of Case 3, Lemma 2.19(1) implies that F, 4, is injective when restricted to
Tk, 1)
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Now, foreach j =1,2,...,/, if we have

(n—1Dp—q
2 9

we claim that there exists y; € (44,1 — 2kp) such that

>t (aj)—

Fuyk(yj) = Aj-aj.

If instead
(n—Dp—q

P .
i<t (aj)+ >

we claim that there exists z; € (Fn+k, i+ %kp) such that
Foik(zj) =Aj-aj.

We will verify the existence of y; or zj in a moment, but for now let y be the sum of all the y; and z be
the sum of all the z;. Then from Lemma 2.18 it is straightforward to check that

+k +k
Fuo (W70 (0) + W E 1 (D) = @ = Fiyyop ().
Since in Case 3 the restriction of Fj, 4% on (I'; 12k, i) is injective, we conclude that

_ gntk +k +k
X = ‘I’Z,n+2k(y) + lI’}—1|r,rz+2k (z) €Im P70, .

It remains to show that the desired y; or z; exists. We only prove the existence of y;, and the argument
for zj is similar. Now assume that

—1p—
izf—(aj)_w_
This implies that
. kp . _ (mn+k—-Dp—q
1—72‘( (j) — 5 .

The hypothesis of the lemma and the definition of 7™ («;) in Definition 6.8, together with Lemma 6.11(3),

imply that .
=1 (aj)— % (mod p).
As a result, there exists an integer N > 0 such that
ok _ n+k—1p—
l——p=‘[ (ocj)—( )P q~|—Np.

2

From Definition 6.8, we know that
n+k—Dp—q @) +7" ()= (n+k—7(2j))p

2 2 '

2

T (o) —
As a result, we have
_kp _tH@) () —(ntk—T(@)p
2 2
The assumption in Case 3 and Lemma 6.12(4) then implies that N < (n+k)—7(cj). Hence Lemma 6.12(3)

implies the existence of ;.

+ Np.
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(3) IfxgIm ®" K then part (2) means that there exists some j such that

n+2k’
() + n=Dp=q I;p < T (o) — w=Dp=q I;p —1
Note that, by Lemma 6.11(3), we must have
i=1 (aj)— % =t (o)) + % (mod p).
By direct calculation, we have
()~ ") () + ) < o) -,
Then we can choose N with 0 < N < 7(aj) —n — 2 as desired. |

7.2 The construction of the map

n+k
n+2k

the exactness and the commutativity. Given the grading shifts in Lemmas 2.6 and 2.13, the map <I>Z+2k

Since o7 4 and @ are homogeneous, we can construct @Z“k for each grading to achieve both

preserves the gradings. From Lemma 2.5, for any grading i with

np—ql|l—x(S
|l.|>| P —4ql—x( )
2
we have (I',i) = 0. From Corollary 2.9, we know either lp’—:——f_nk—l—Zk or ‘Iﬂ;ﬁzk
(T 42k, 1) for such a grading i. Thus, on such a grading i, the zero map satisfies the exactness for ®Z+2k

is surjective onto

(although we still have to verify the commutativity in Proposition 7.2).

On the other hand, from Lemma 2.19, the restriction of F},,; on the consecutive p middle gradings is
an isomorphism. In particular, when p = 1, it is an isomorphism when restricted to each middle grading.
Also from Lemma 7.3, it seems that the definition of @Ziik on (I'y, 42k, i) should involve Projfl o Gy,.
However, if we simply take

Projy, oGy o Fyyok

as the definition, the current techniques fall short of demonstrating exactness and commutativity.
We resolve this issue by introducing an isomorphism
1Y =5,
and define
(7-5) "2k (x) = Proj, oGy o I 0 Fyypp(x) for x € (Tppok.i).

The construction of 7 is noncanonical but it helps us to prove the exactness and commutativity.

Remark 7.5 In the first arXiv version of this paper, we deal with the special case Y = S3. In this case
Y == C so up to a scalar we have / = Id. In this special case indeed we could prove the exactness and
commutativity without explicitly writing down the isomorphism / as follows.
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We first define the map / on the basis

B =B,

nez

of Y chosen in Section 6.3 that consists of homogeneous elements, and then extend the map on the whole
space linearly. We will show it is an isomorphism.

Fix ny € Z small enough such that Corollary 2.9 and Lemma 2.19 apply. For any « € ®8,, there exists a
grading i (&) € (—%p, %p] such that there exists N («) € Z with

. @)+t (@) (t(@)—2—ng)p
i) = 2 - 2

From the above equality, we know that

(@) —2-ng  2i(@)—tT(@)—1 (@)
2 + 2p ’

+ N(a)p.

Note that, except for ng, the rest of the terms are bounded, so N(«) > 0 when n¢ is small enough.
Similarly,

() —2+ng . 2i(a) — () — T ()

N —
(&) +ng 7 2

so we have N(«) +ng < (o) — 2 when ng is small enough. As a result, by Lemma 6.14(2) and (6) (and
the convention after the lemma), we know that for any o € B,

no+N(a) /. t(x) _ o t(w)
—(,)r(ot)—z( +,n0+N(a)(a)) - 77—}-,1:(01)—2(0[)
_ (@)
- n—,r(a)—2(a)
_ gy t(@)—2—N(a) (, t(@)
=¥ J—2 ( —,r(a)—z—N(a)("‘))-
Then by Lemma 6.7, there exists w € (I'y,, i («r)) such that
no _ (@)
(7-6) Y no+N@ W) =14 g v (@)-
\Ijzor(a)—z—N(a)(w) = 772(o?(oz)—z—N(az)(O‘)-
Let

Proj: I'p, — @ Ty, 7).
i€(=%p.3p]
From Lemma 2.19, we know
ProjoGy,: Y — @ Ty, 1)
ie(-1p,5pl
is an isomorphism. Hence we define

(@) = (Proj oGpy) ™ (w).
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Writing n = t(«), ny = 7(e) —2— N(«) and ny = ng + N(«), the following diagram might be helpful
for understanding the construction of I:

n’i,nl (Ol) € rnl
.

no

—.nq
w € Iy, @ =1, @) €T, zel,

\Iji“:’(),nz
G”O . Fy
M4, (@) € Tpy < 'y
1

I(x)eY aeY

Remark 7.6 For a general 3-manifold Y, our construction of I is noncanonical since there are many
choices such as the basis B and the element w for each o € B. However, one could still ask whether
we could simply pick I = Id or not. If we take I = Id, then Proposition 7.2 can finally be reduced to
Conjecture 7.7, which we state below. We believe that the following conjecture is true, although currently
we do not find a proof for it. Hence, in order to fulfill the main purpose of the paper, we introduce the
isomorphism [ to bypass this conjecture.

Conjecture 7.7 For any « € B, and any integer n < 7(«) — 2, we have
n5%) (@) = Projy* oGu(@),

where

@)+t () _ (t(@)—2—n)p
+ = + ,
2 2
and
T4 :
Proj,=: Ty — (Ty, j1)

is the projection.

Lemma 7.8 (1) Suppose o € B and ngy, w, N (o) are chosen as above. Suppose n and k are two
integers such thatny <k <n. Then
(@) WK, oWl (w)#0
if and only if
(b) k<ng+ N(x)andn—k <1(a)—2—nog— N(a) (in particular, we have n < t(a) —2).
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(2) Themap I:Y — Y is an isomorphism.

(3) For an element o € ‘B, an integer n and a grading i, the following two statements are equivalent.
(a) We have Proj’, oGy o I(et) # 0.
(b) We have n < t(«) — 2 and there exists N € Z such that N € [0, t(x) —2 —n] and

Tt T @2y,

(4) Suppose for an integer n and a grading i we have ay, ...,ar € ‘B such that Projfl oGpol(aj) #0
forall1 < j < L. Then Projil oGpol(any),... ,Projﬁl oGy o I(ay) are linearly independent.

(5) Suppose « € B. For any n € Z such thatn < t(«) — 2, we have

. + - S
Proji,jE oGpol(x) = n;(a;) (¢) where iy = AR (oz);: (@) n).

Proof (1) First, when k > ng + N(«), from the construction of w, we know that

n __ ho+N(@) n o +N(@) t(a) _
WO (w) = WPy oW N W) = Wik N4 o+ Nia) (@) = O-

The last equality is from Lemma 6.14(6). Similarly, if n —k > t(0) —2 —ng — N(«), we know from
Lemma 2.11 that
—k
WL, o W) = W o ()

__ \yh+no—k t(a)—2—N(a) n
=W oY ek ° Y i @—2— N @)

.y n+no—k t(a)—2—N(a) ()
- \Ij+,n 0 °© qj—,n—i—n()—k °© n—,t(a)—Z—N(a) (O()

=0 by Lemma 6.14(6).

by definition of w

Next, we need to show that \Iflj’n ) lIlflk"’k(w) #0whenk <ng+ N(x) andn—k <t(0)—2—n9o— N(x).
Again, from Lemma 2.11 we have

W Nk © Y 0 W () = W koY N @)
= Z(:;:)]i(ﬁlza) nk © ni(?:z)o N (@) by definition of w
= 77:-(,0:1)0+N(a)+n—k (@) by Lemma 6.14(6)
#£0 by Lemma 6.14(3).
(2) Suppose B = {ay,...,ar}, where L = dimc Y. We order the elements ¢; such that

T() = (1)
Let w;, N; = N(o;) be the data associated to «; as above. Since
wie P (Tuy.j) forany i,

je(=3p.30]
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and by Lemma 2.19, the map

ProjoGy,: Y — @ Ty )

je(=1p.1p]
is an isomorphism, in order to show that [ is an isomorphism, it suffices to show that wy, ..., wg are
linearly independent.
Now suppose there are complex numbers Ay, ..., Ay such that

L
Z)\iw,’ =0.

i=1

\IJ”’(H‘NI P

+,‘L’(0[1)—20 —,no+N; to

Our goal is to show that all A; are zero. The idea is to apply various maps
filter out different indices by part (1) of the lemma.

no+N; no
+r(@)-2° \Ij—,no+N1 ?

L
no+N n
0= a2 Y N (Z Aiwi)

i=1
— (@) .
= Z)”n:l:t(lal)—z(a’)’

o

Applying the map ¥ from the construction of w;, the order of «; and part (1) of

the lemma, we know

where the summation in the second line is over all «; with
T(oj) = 1t(t;) and N; = Ny.

From Lemma 6.14(2) and the convention after the lemma, we know nr(al) w(@1) From

+t(ay)—2 = n—r(al)—Z'
Lemma 6.14 again, we know that njc(f(loz l)_z(al’) are linearly independent, and as a result all relevant A;
must be zero. Suppose iy is the smallest index in the rest. By our choice of «;, the element «;,, has the
no+Nj, no )
2y )—2 o \Ij—,n0+N,~0 to filter out «;
with smaller 7. Repeating this argument, we could prove that all A; must be zero.

largest T among the rest of the «;. Hence we can apply the map ¥

(3) Letng, w,i(x) and N(«) be constructed as above. We first prove that (b) = (a). Note that, when
constructing the isomorphism /7, from Corollary 2.9 and Lemma 2.18 we can take n6 =ng—2 and
w = (wi‘:;oz_l)_l o (wi‘f;ol)_l (w) that will lead to the same [ as ng and w. (Note that, by construction,
passing from n to ng — 2 will increase N(«) by 1.)

Remark 7.9 The main goal of the current paper is to derive an integral surgery formula. For n that is
sufficiently large, we already know a large surgery as in [Li and Ye 2021]. When # is small enough, we
can pass to —n for the mirror of the knot. As a result, instead of changing n¢ for particular n, we could
assume a universal bound for all the integers n that we care about and make 7 universally small.
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As a result, we can always assume that 7 is small enough compared with any given n. Now recall by

construction
. @)+t (@ (@) =2-ng)p
i(a) = —
2 2
and by the assumption in (b) we have
i = @)+t (@) —(t(@)—2=n)p
B 2
We can assume that 7 is small enough such that N (o) > N. Take k = N(«) — N + ny. By construction

+ N(a)p,

+ Np.

we have w € (I'y,,i(«)), so from Lemma 2.6 we know that

Wh, oW, () & (0o~ E1OP L TPy )

As a result, we conclude from the definition of w and Lemma 2.18 that

Wk 0w (w) =Wk oW, o Proji® oGy, o I(w)

= Proj., o\If]f’n o \Ijn+0,k o Gpyol(a)
= Projil oGy o l(a).

Then it is straightforward to verify that k —ng < N(a) andn —k < t(0) —2—ng— N(a). As a result,

we conclude from part (1) that
Proj!, oGy, o I(e) # 0.

Next we show that (a) = (b). Again assume that 7 is small enough compared with the given n. Then
there exists i’ € (—% p. % p] such that there exists N” € Z with

i/:i_@_i_]v,p'

By Lemma 2.18, we know that

Projl, oGy 0 I(ar) = WFN o W0 1 0 Projy 0 Gy o I ().

From the construction of /(«) and Lemma 2.19 we know Proj;; oGuol(a) #0onlyif i’ =i(x), in

which case

Projfl oGyol(a) = ‘IJZ?IN/ o \Ilio,no-i-N’ ) Projf{0 oGy o l(a) = \IJZ");}'N/ ) \IJ'_:_"’no_i_N,(w).
Hence Projf, oGy o I(a) # 0 implies that
N <N(e) and n—N'<t(a)—2—N(x)
by part (1). Taking N = N(«a) — N', it is then straightforward to check that

@+ (@)~ (@) =2-n)p
I = > +

N €[0,t(0)—2—n] and Np.

(4) The proof is similar to that of (2).
(5) It follows from the proofs of parts (1) and (3). O
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7.3 The exact triangle

In this subsection, we prove the exact triangle. Note that we choose the basis ‘B of Y as in Section 6.3.

Proof of Proposition 7.1 We will verify the exactness at each space of the triangle.
The exactness at I',  ;, @ I';, 5 This follows from Proposition 5.1.

The exactness at I';, From Lemma 7.3 and the construction of <I>Z+2k in (7-5), we know that Im @Z‘”k C
ker ®F 4~ Now pick an arbitrary
x € (I'y, i) Nker <I>Z+k = Im(Projf, oGy).

Since [ is an isomorphism, we can assume that

/
x =Y Proj, 0Gu(h;j - I(et))),
j=1

where o; € 95 and Projz oGy o I(aj) # 0. From Lemma 7.8(3), we know that this implies that for any
J €[1,I]NZ, we have n < t(cj) — 2 and there exists N; € Z such that N; € [0, («j) —2 —n] and

i @) + 17 () — (x(@j)—2—n)p
2
Now, for k sufficiently large, we have n + 2k > t(o;). Taking

+ Njp.

Ni=n+k+1-t(e;)+ N, €Z,
it is straightforward to verify that when k is sufficiently large, we have

+(o: —(a:) — —
N]fe[O,n+2k—t(oej)] and =" @) +v (@) 2(n—|—2k T(a]))p+Nj'p.

Hence by Lemma 6.12(3), there exists y; € (I'y42k,17) such that Fy,x(yj) = ;. As aresult, it is

straightforward to check that

l
X = (DZJFZk(Z)‘j -yj) € Im 2k,
j=1

The exactness at I';, ,;  Suppose x € (I';;1+2%, 1) and
/
Frpor(x) =) _hj-e;
=1

with A; # 0 and «j € B.

First, if x € Im @Zilzc &> then from Lemma 7.4(2), we know that for any 1 < j </ we have
—Dp— —Dp—
either i Zr_(aj)—w or i §t+(aj)+w.
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If we write + _
_THe) + (@)~ () ~2=n)p
2

+ Njp,

then for some N; the inequality
—1Dp—
i> ‘C_((Xj)——(n ;p 1

implies that

Nj =z %(1_(05])— = 12)p—q G/ RaaC) ; (z(«j) —Z—H)P)
1 (1 N () — 1 (e)) —|—q) N (o)

= — 1—n
)4 2

2
=1(aj)—1—n.

Note that the last equality uses the definition of 7(«) in Definition 6.8. Similarly, we can compute that
the inequality
—Dp—
i <tt(aj)+ t=Dr=q ;p 1

implies that

N; < l(rJr(ozj) + (n=Dp—q ") +T_(O‘j)—(T(Oéj)—2—n)p)
p

2 2
1 T () —q) | ()
_5( 1+ . )+ o1
=—1.

12€k implies that for all 1 < j </, either N; > t(«j) —1 —n or N; < —1. Hence

In summary, x € Im QDZI
from Lemma 7.8(3), we know that

Projﬁ; oGy ol(aj) =0

forall 1 < j </ and as a result, <I>Z+2k (x)=0.

n+k

wtok- Forany 1 < j </, we can write

Second, suppose x & Im &

‘= (o) + v (o) — (t(aj) —2—n)p
2
for some ;. Then from Lemma 7.4(3) we know that there exists j such that I < j < [, and

+ Njp

Nj €0, 7(aj)—2—n]|NZ.
Hence by Lemma 7.8(3) and (4) we know that
Proj, oGy 0 I(aj) # 0 = ®Z+2k(x) # 0.

Hence we conclude that
n+k __ n+2k
Im©n+2k = ker @, . |
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7.4 The commutative diagram

In this subsection, we will prove the commutative diagram presented at the beginning of the section. Note
that we choose the basis ‘B of Y as in Section 6.3.

Lemma 7.10 Supposen € Z and i is a grading. Suppose x € (I'y,, 1) such that

I
F,,(x) = ijaj,
J

withAj #0 andaj € B forall 1 < j <. Then forany 1 < j </, there exists Nj € [0,n + 1 — ()]

such that n _
T (o) + 1t () —(n+1—1(a;))p
2
Proof This is a combination of Lemma 6.11(3), Lemma 6.12(3) and Lemma 7.4(1). The proof is similar

to that of Lemma 7.4(2). O

+ij

Proof of Proposition 7.2 We only prove the first commutative diagram

gL Lentar+1)
+.u —.n+k+1

I%(2;1+2k+1) Ty
n+k+1 2(2n+2k+l) I
l‘p-i- 2k OV k1 Vi
¢Z+2k
| Py Ly

The other is similar. Note that at the end of Section 6.3, we introduce new notation of 1’y , _, to remove
the scalars. Then the second commutative diagram only holds up to a scalar.

First, note that the maps from I’ 1L 2n+2k+1) to 'y, and T',, 5 both factor through I';, 4 41 1. As a result,
we only need to prove the commutative diagram

n+k41
W+ 123
| PR Iy
+hk+1 u
lwi n+2k ‘w+,n
‘1)1711+2k
1—‘In—i-Zk Iy

for sufficiently large k. Now suppose x € (I'yy4x+1,1). Write

Frtr41(x) = Z Ai-aj

with A; #0and oj € B for 1 < j < /. We want to ﬁrst establish an identity
(7-7) P ovii = 3 e ),

1<j=<l; n<t(aj)—2
Nj=n+k+1-1(a;)

and then show that the other composition has exactly the same expression.
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From Lemma 7.10, we know for any 1 < j </, there exists Nj € [0,n + k + 1 — t(«;)] such that

(o) + 1) — (K +1—(@)p
B 2
Taking n; = 7(o;) and Nj’ = 0, we can apply Lemma 6.12(3) to find an element

(7-8) +Njp

() + 17 (o))
Xj € (I‘T(aj), / > / ) such that  Fr(q;)(xj) = ;.
It is then straightforward to check that
DN gt .
(7-9) yi= ‘I’i(;]lkﬂ o ‘I’i,oflj(ij)JrNj (xj) € Tntr+1,1)-
Write

/
y =X—Z)\j'yj € (Fntk+1,0).
j=1

From Lemma 2.18 we know that

Fuyry1(y) =0.

As a result, by Lemma 6.6,

w+no¢n+k+l(x) Z)\ w+nown+k+l(yj)‘

j=1
Note that, unless N; =n+k + 1 —t(«;), we have

n+k+1 r(aj)+Nj _
w + n+k+1 0

by the exactness. As a result,

+k+1 +h+1 g T(@)
‘/’4- n W" (x) = E Aj ‘/’4- nOW" _ ‘L'](O(j)+1v]‘ (x5)
1<j=<I
Nj=n+k{i-1—r(a]-)

Z Z (

= )\‘ w'_i_nowf(a] ( j)+ )L w_i_nowt ;) (X])
1<j=<I; n<t(aj)-2 1<j=<l; n=zt(aj)—1
Nj=n+k+1-1(a;) Nj=n+k+1-1(a;)

(
- > 3w vt ()
1<j=<l; n=<t(a;)—2
Nj=n+k+1-1(a;)

(
= Z Aje :—0:1] (o).
1<j=<I; n<t(aj)—2

Nj=n+k+1-1(a;)

where the second equality is by Lemma 2.12, the third equality is by equation (7-10), and the last equality

is by definition of 7.’ (a’ ),
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This verifies equation (7-7) if we show that

> vt e =o.
1=j=<l; nzt(aj)—1
Nj=n+k+1-1(a;)

To verify this last equality, assume that n > 7(«j) — 1. Then from Lemma 2.12 and the exactness of the
bypass maps, we have

() (@))
(7-10) Yh oyl () =k oyt oWl () =0.
Now we deal with CIDZ"‘Z" ) \I/Z_Jrnk_:'zlk (x). Since F,4x+1(y) =0, Lemma 2.19 implies that

n+k+1 _
V() =0.

Hence l
kA1 — . +hk+1
\pfli—,n-l-zk(x) - Z)‘J ’ \I’:_’,H_zk()ﬁ),
j=1
where y; is defined as in (7-9). By definition we have y; € (I}, 14x,1), so from Lemma 2.6, we know

. (k=Dp
Wkl () € (rmk,z )

2
By (7-9) and Lemma 2.18, we know that

Foyak © lI]:lLJ,rnijzlk(J’J') = Fr(a))(x)j) = ;.

Hence

/

=L (k-1

Ot o WL (x) = ) A - Projy 202 oGy o 1),
j=1

We write n _
k=D e ) e =2mmp
2 2 J
Comparing the above formula with (7-8), we know

Nj~/=Nj +t(aj)—n—k—1.

By construction, Nj <n + k + 1 —t(«;), which means N j/ =< 0. Hence from Lemma 7.8 we know

i—L(k—=1)p

Proj, oGpol(nj) #0
if and only if Nj’ =0,ie Nj =n+k +1—1(x). Also when Nj’ = 0 from Lemma 7.8(5) we know
i—L(h— )
Proj, 27 0G0 I(aj) = ni(f);li)(aj)-

We can focus on indices j such that Projff%(k_l)p o Gy o I(j) # 0 because if an index j makes

L (- . . .
Proji=2&=1D? 5 G, 0 I(aj) = 0, then on one hand it does not contribute to ®”+2¥ o \Ili‘f'nk:zlk (x) since

the corresponding summand is 0, and on the other hand we have N; # n + k 4+ 1 — 7(r), hence

per equation (7-7) it does not contribute to ‘/fﬁ,n o 1//1";{‘ *1(x), either. Also, we know from Lemma 7.8(3)

that when Projf,_%(k_l)p oGy o I(aj) #0 we must have n < t(oj) — 2.
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As a result, we know

Ptk ourtkil (v) = Zx proi) 2T oGrot@n = Y i)
1<j=<l; n<t(a;)—2
Nj=n+k+1-1(a;)

_ w+ ; wn+k+1()€),

where the last inequality holds by equation (7-7). |
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Morse actions of discrete groups on symmetric spaces:
local-to-global principle
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Our main result is a local-to-global principle for Morse quasigeodesics, maps and actions. As an
application of our techniques we show algorithmic recognizability of Morse actions and construct Morse
“Schottky subgroups” of higher-rank semisimple Lie groups via arguments not based on Tits ping-
pong. Our argument is purely geometric and proceeds by constructing equivariant Morse quasiisometric
embeddings of trees into higher-rank symmetric spaces.
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1 Introduction

This is a sequel to our paper [Kapovich et al. 2017] and mostly consists of the material of Section 7 of
our earlier paper [Kapovich et al. 2014] (the only additional material appears in Theorem 4.9 and the
appendices). We recall that quasigeodesics in Gromov hyperbolic spaces can be recognized locally by
looking at sufficiently large finite pieces; see [Coornaert et al. 1990]. In our earlier papers [Kapovich et al.
2017; 2018a; 2018b] as well as [Kapovich and Leeb 2018b; 2018a], for higher-rank symmetric spaces X
(of noncompact type) we introduced an analogue of hyperbolic quasigeodesics, which we call Morse
quasigeodesics. Morse quasigeodesics are defined relatively to a certain face ty0q Of the model spherical
face omeq Of X (wWhich can be defined as a fundamental domain for the action on the Tits building of X of
the identity component Isomg(X') of the isometry group of X). In addition to the quasiisometry constants
L and A, tyog-Morse quasigeodesics come equipped with two other parameters, a positive number D

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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and a Weyl-convex subset ® of the open star of T04 in the modal spherical chamber op0q. In [Kapovich
et al. 2014; 2017; 2018b] we also defined t0q-Morse maps ¥ — X from Gromov-hyperbolic spaces
to symmetric spaces. These maps are defined by the property that they send geodesics to uniformly
Tmod-Morse quasigeodesics, ie tmod-Morse quasigeodesics with a fixed set of parameters, (®, D, L, A).

The main result of this paper is a local characterization of Morse quasigeodesics in X:

Theorem 1.1 (local-to-global principle for Morse quasigeodesics) For L, A,®,®’, D there exist
S,L’, A’, D’ such that every S-local (®, D, L, A)-local Morse quasigeodesic in X isa (', D', L', A")-
Morse quasigeodesic.

Here S-locality of a certain property of a map means that this property is satisfied for restrictions of this
map to subintervals of length S. We refer to Theorem 3.34 and Theorem 3.34 for the details. Based on
this principle, we prove in Section 3.7 a local-to-global principle for Morse maps from hyperbolic metric
spaces to symmetric spaces.

Below, G is a semisimple Lie group acting isometrically and transitively on X, and K is a maximal
compact subgroup of G, so that X is diffeomorphic to G/ K. We will assume that G' is commensurable
with the isometry group Isom(X) in the sense that we allow finite kernel and cokernel for the natural
map G — Isom(X). However, we require G to act trivially on the model spherical chamber of X'; see
Section B for details.

We prove several consequences of the local-to-global principle:

1. (Theorems 4.4 and 4.7) The structural stability of Morse subgroups of G, generalizing Sullivan’s
structural stability theorem in rank one [1985]; see also [Kapovich et al. 2024] for a detailed proof. While
structural stability for Anosov subgroups was known earlier (Labourie and Guichard—Wienhard), our
method is more general and applies to a wider class of discrete subgroups; see [Kapovich and Leeb > 2025].

Theorem 1.2 (openness of the space of Morse actions) For a word hyperbolic group I', the subset of
Tmod-Morse actions of T on X is open in Hom(T", G).

Theorem 1.3 (structural stability) Let I" be word hyperbolic. Then for tyoq-Morse actions p : I' ~, X,
the boundary embedding , : 00" — Flag(tmoq) depends continuously on the action p.

In particular, actions sufficiently close to a faithful Morse action are again discrete and faithful. We
supplement this structural stability theorem with a stability theorem on domains of proper discontinuity,
Theorem 4.9.

2. (Section 4.3) The locality of the Morse property implies that Morse subgroups are algorithmically
recognizable:

Theorem 1.4 (semidecidability of Morse property of group actions) LetI" be word hyperbolic. Then
there exists an algorithm whose inputs are homomorphisms p : I' — G (defined on generators of I") and
which terminates if and only if p defines a tyoq4-Morse action I ~, X.

Geometry & Topology, Volume 29 (2025)



Morse actions of discrete groups on symmetric spaces: local-to-global principle 2345

In other words, the property of being a Ty04-Morse subgroup of G is semidecidable. If an action of I" on
X is not Morse, the algorithm runs forever. Note that in view of [Kapovich 2016], there are no algorithms
(in the sense of BSS computability) which would recognize if a representation I" — Isom(H?) is not

geometrically finite.

3. (Section 4.2) We illustrate our techniques by constructing Morse—Schottky actions of free groups on
higher-rank symmetric spaces. Unlike all previously known constructions, our proof does not rely on
ping-pong arguments, but is purely geometric and proceeds by constructing equivariant quasiisometric
embeddings of trees. The key step is the observation that a certain local straightness property for
sufficiently spaced sequences of points in the symmetric space implies the global Morse property. This
observation is also at the heart of the proof of the local-to-global principle for Morse actions.

Since [Kapovich et al. 2014] was originally posted, several improvements on the material of its Section 7
and, hence, of the present paper were made:

(a) Different forms of combination theorems for Anosov subgroups were proven in [Dey et al. 2019]
and [Dey and Kapovich 2023; 2025], written in collaboration with Subhadip Dey. The first one was a
generalization of the technique in Section 4.2 of the present paper, but the other two generalizations are
based on a form of the ping-pong argument.

(b) Explicit estimates in the local-to-global principle for Morse quasigeodesics and, hence, Morse embed-
dings, were obtained by Max Riestenberg [2025]. Riestenberg’s estimates are based on replacing certain
limiting arguments used in the present paper with differential-geometric and Lie-theoretic arguments.

Organization of the paper The notions of Morse quasigeodesics and actions are discussed in detail
in Section 3. In that section, among other things, we establish local-to-global principles for Morse
quasigeodesics.

In Section 4 we apply local-to-global principles to discrete subgroups of Lie groups: We show that
Morse actions are structurally stable and algorithmically recognizable. We also construct Morse—Schottky
actions of free groups on symmetric spaces. In Appendices A and B we prove further properties of Morse
quasigeodesics that we found to be useful in our work.
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2 Preliminaries

2.1 Basic notions of geometry of symmetric spaces

Throughout the paper we will be using definitions, notation and results of our earlier work. For the
reader’s convenience, we also review these notions in detail in Appendix B.

We refer the reader to our earlier papers for the various notions related to symmetric spaces such as
polyhedral Finsler metrics on symmetric spaces [Kapovich and Leeb 2018b], the opposition involution t of
Omod, Model faces Tyoq of omeq and the associated t,0q-flag-manifolds Flag(zmeq) [Kapovich et al. 2017,
Sections 2.2.2 and 2.2.3], Weyl-convex subsets ® C omog [Kapovich et al. 2017, Definition 2.7], type map
0: 000 X — Omod, open Schubert cells C(t) C Flag(tmoq) [Kapovich et al. 2017, Section 2.4], A-valued
distances da on X [Kapovich et al. 2017, Section 2.6], ®-regular geodesic segments (see [Kapovich et al.
2017, Section 2.5.3]), parallel sets, stars, open stars and O-stars, st(t), ost(t), and stg(t), Weyl sectors
V(x, ) [Kapovich et al. 2017, Section 2.4], Weyl cones V(x, st(t)) and ®-cones V(x, stg (7)), diamonds
o (X, ¥) and O-diamonds ¢ (x, ) [Kapovich et al. 2017, Section 2.5], tmod-regular sequences and
groups [Kapovich et al. 2017, Section 4.2], tog-convergence subgroups, flag-convergence, the Finsler
interpretation of flag-convergence (see [Kapovich and Leeb 2018b, Sections 4.5 and 5.2] and [Kapovich
et al. 2017]), tmoq-limit sets A, (I") C Flag(tmoa) [Kapovich et al. 2017, Section 4.5]), visual limit
set [Kapovich et al. 2017, page 4], uniformly tyq-regular sequences and subgroups [Kapovich et al.
2017, Section 4.6]), Morse subgroups [Kapovich et al. 2017, Section 5.4] and, more generally, Morse
quasigeodesics and Morse maps [Kapovich et al. 2018b, Definitions 5.31 and 5.33]), antipodal limit
sets [Kapovich et al. 2017, Definition 5.1] and antipodal maps to flag-manifolds [Kapovich et al. 2018b,
Definition 6.11].

In the paper we will be frequently using convexity of ®-cones in X:

Proposition 2.1 [Kapovich et al. 2017, Proposition 2.10] For every Weyl-convex subset ® C st(Tmod),
for every x € X and t € Flag(tmoq), the cone V(x, stg(t)) C X is convex.

2.2 Standing notation and conventions

e We will use the notation X for a symmetric space of noncompact type, G for a semisimple Lie
group acting isometrically and transitively on X, and K for a maximal compact subgroup of G, so
that X is diffeomorphic to G/ K. We will assume that G is commensurable with the isometry group
Isom(X) in the sense that we allow finite kernel and cokernel for the natural map G — Isom(X).
In particular, the image of G' in Isom(X) contains the identity component Isom(X),.

e We let tnoq C omod be a fixed (-invariant face type.
e We will use the notation x;, A Flag(tmoq) for the flag-convergence of a tyq-regular sequence

Xn € X to a simplex t € Flag(tmoq).

Geometry & Topology, Volume 29 (2025)
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e We will be using the notation ®, ®’ for an (-invariant, compact, Weyl-convex [Kapovich et al.
2017, Definition 2.7] subset of the open star 0st(7med) C Omod-
e We will always assume that ® < ®’, meaning that ® C int(®’).

e Constants L, A, D,€,68,1,a,s, S are meant to be always strictly positive and L > 1.

2.3 ¢-angles

We fix as auxiliary datum an ¢-invariant type ¢ = {moq € int(Tmod). (We will omit the subscript in {poq in
order to avoid cumbersome notation for ¢-angles.) For a simplex t C doo X 0f type Tmod, i€ T € Flag(tmod),
we define {(7) € t as the ideal point of type {mod. Given two such simplices t4+ € Flag(tmoeq) and a point
X € X, define the ¢-angles

2.2) Lo, 4) = L5 Ey) = L6 6,

where £1 = {(14).

Similarly, define the ¢-Tits angle

23) L ty) = LE (1o 64) = Lmis(E- E4) = a6 64,

where x belongs to a flat /' C X such that 7_, 74+ C d1ys . Then simplices t1 (of the same type) are
antipodal if and only if
Li(—tr) =7

for some, equivalently, every, choice of ¢ as above.
Remark 2.4 We observe that the ideal points {1 are opposite, Ztis({—, {+) = 7, if and only if they can
be seen under angle ~ 7 (ie close to &) from some point in X. More precisely, there exists €({moq) such

that:
If Zx(¢—,¢+) > m — €(Emoa) for some point x, then 1 are opposite.

This follows from the angle comparison Z({—, ¢4+) < Zris(¢—, {+) and the fact that the Tits distance

between ideal points of the fixed type {moq takes only finitely many values.

For a tpeg-regular unit tangent vector v € Ty X we denote by t(v) C JdeoX the unique simplex of
type Tmod such that ray p, with the initial direction v represents an ideal point in ost(z(v)). We put
C(v) = ¢(xy) = L(z(v)), where xy is a geodesic segment in X with the initial direction v. Note that
¢ (v) depends continuously on v € T X.

For a tyoq-regular segment xy in X we let t(xy) = t(v), where v is the unit vector tangent to xy.
For tyoq-regular segments xy, xz and t € Flag(tmoq), we define the ¢-angles
(2.5) L, y) =280, 1) = L ((xy), 1), and Z4(y,z) = L (x(xp), t(x2)).

Geometry & Topology, Volume 29 (2025)
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Note that the ¢-angle Li (y, z) depends not on y, z but rather on the simplices 7(xy), 7(xz). These
{-angles will play the role of angles the between diamonds <+, ,(x, y) and <, (X, z), meeting at x.
Note that if X has rank 1, then the {-angles are just the ordinary Riemannian angles.

We observe that compactness of the set of ®-regular unit vectors in 7 X and transitivity of the G-action
on X imply that the map v + (v) from the set of ®-regular unit vectors to G¢ is uniformly continuous.
This implies uniform continuity of the {-angle function Lfc (z, ).

2.4 Distances to parallel sets versus angles

In this section we collect some geometric facts regarding parallel sets in symmetric spaces, primarily
dealing with estimation of distances from points in X to parallel sets.

Remark 2.6 The constants and functions in this section are not explicit, and their existence is proven by
compactness arguments. For explicit computations here and in Theorem 3.18, we refer the reader to the
PhD thesis of Max Riestenberg [2025].

We first prove a lemma which strengthens Corollary 2.46 of [Kapovich et al. 2017].

Lemma 2.7 Suppose that T4 are antipodal simplices in djys X. Then every geodesic ray y asymptotic to
a point & € ost(t4) is strongly asymptotic to a geodesic ray in P(t—, 74).

Proof If £ belongs to the interior of the simplex 74, then the assertion follows from Corollary 2.46 of
[Kapovich et al. 2017]:
Weyl sectors V(x1, 1) and V(x,, t) are strongly asymptotic if and only if x| and x; lie in the
same horocycle at t.
We now consider the general case. Suppose that & belongs to an open simplex int(z”) such that 7 is a face
of 7/. Then there exists an apartment a C d1ys X containing both & (and, hence, T’ as well as ) and the
simplex 7_. Let F C X be the maximal flat with doc ' = a@. Then F contains a geodesic asymptotic to
points in 7— and t4. Therefore, F is contained in P(z—, 74). On the other hand, by Corollary 2.46 of
[Kapovich et al. 2017], applied to the simplex 1/, we conclude that y is strongly asymptotic to a geodesic
ray in F. O

The following lemma provides a quantitative strengthening of the conclusion of Lemma 2.7:

Lemma 2.8 Let ©® be a compact subset of ost(t4). Then those rays x& with 6(£) € ® are uniformly
strongly asymptotic to P(t—, 1), ie d(-, P(t—, 74+)) decays to zero along them uniformly in terms of
d(x, P(t—,14)) and ©.

Proof Suppose that the assertion of lemma is false, ie there exists € > 0, a sequence 7; € R diverging
to infinity, and a sequence of rays p; = x;& with & € ® and d(x;, P(7—, 74)) < d, such that

(2.9) d(y, P(1_,t4)) > € forall ye p([0, T;]).

Geometry & Topology, Volume 29 (2025)
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Using the action of the stabilizer of P(z_, t4), we can assume that the points x; belong to a certain compact
subset of X. Therefore, the sequence of rays x;&; subconverges to a ray x§& with d(x, P(t—,t4+)) <d
and £ € ©. The inequality (2.9) then implies that the entire limit ray x& is contained outside of the open
e-neighborhood of the parallel set P(7—, +). However, in view of Lemma 2.7, the ray x§ is strongly
asymptotic to a geodesic in P(t—, t+). Contradiction. |

We next relate distances from points x € X to parallel sets and the ¢-angles at x. Suppose that the
simplices t4, equivalently, the ideal points {+ = {(7+) (see Section 2.3), are opposite. Then

L) =LeG-by)=n
if and only if x lies in the parallel set P(7—, 7). Furthermore, Li (7=, 74) =~ & if and only if x is close
to P(7—, t4+), and both quantities control each other near the parallel set. More precisely:
Lemma 2.10 (i) Ifd(x, P(t—,t+)) <d, then Ai(r_, 14) > 1w —e(d) withe(d) — 0 asd — 0.
(ii) For sufficiently small €, € < €' ({moa), we have: The inequality Li (-, t+) = m — € implies that

d(x, P(t—, 14+)) < d(¢) for some function d(¢) which converges to 0 as ¢ — 0.

Proof The intersection of parabolic subgroups P;_ N P, preserves the parallel set P(7—, 7+) and acts
transitively on it. Compactness and the continuity of Z. ({—, {1 ) therefore imply that 7 — Z. (¢, {4)
attains on the boundary of the tubular r-neighborhood of P(7—, 74+ ) a strictly positive maximum and
minimum, which we denote by ¢ (r) and ¢, (7). Furthermore, ¢;(r) — 0 as r — 0. We have the estimate

T —¢1(d(x. P(1-.14))) = £x((-.84) S —o(d(x, P(1-.74))).

The functions ¢;(r) are (weakly) monotonically increasing. This follows from the fact that, along rays
asymptotic to {_ or {4, the angle Z. ({—, {4 ) is monotonically increasing and the distance d( -, P(t—, 74))
is monotonically decreasing. The estimate implies the assertions. a

The control of d(-, P(t—, t+)) and Z. ({—, {+) “spreads” along the Weyl cone V (x, st(z4+)), since the
latter is asymptotic to the parallel set P(7—, t4+). Moreover, the control improves if one enters the cone
far into a ty0q-regular direction. More precisely:

Lemma 2.11 Let y € V(x, stg(t4)) be a point with d(x, y) > [.
(1) Ifd(x, P(r—,t4+)) <d, then
d(y, P(t-,t4)) = D'(d,0,]) =d,
with D'(d,©,1) — 0 as | — +o0.

(ii) For sufficiently small €, € < €'({mod), we have: If £ ({—,{+) > m — €, then
Lyt L) = =€ (e,0,1) = 7 —e(d(e),
with €'(¢,0,1) - 0 as | — +o0.
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Proof The distance from P(7—, 74 ) takes its maximum at the tip x of the cone V(x, st(t4)), because it
is monotonically decreasing along the rays x& for & € st(z4). This yields the right-hand bounds d and,
applying Lemma 2.10 twice, €(d(€)).

Those rays x& with uniformly 7,,04-regular type 6(&¢) € © are uniformly strongly asymptotic to P(z—, t4),
ied(-, P(t—, t4)) decays to zero along them uniformly in terms of d and ®; see Lemma 2.8. This yields
the decay D'(d,®,1) — 0 as [ — +o0. The decay of €’ follows by applying Lemma 2.10 again. O

3 Morse maps

In this section we investigate the Morse property of sequences and maps. The main aim of this section
is to establish a local criterion for being Morse. To do so we introduce a local notion of straightness
for sequences of points in X. Morse sequences are in general not straight, but they become straight
after suitable modification, namely by sufficiently coarsifying them and then passing to the sequence of
successive midpoints. Conversely, the key result is that sufficiently spaced straight sequences are Morse.
We conclude that there is a local-to-global characterization of the Morse property.

3.1 Morse quasigeodesics

Definition 3.1 (Morse quasigeodesic) A (®, D, L, A)-Morse quasigeodesic in X is an (L, A)-quasi-
geodesic p: I — X (defined on an interval I C R) such that for all #;,7, € I, the subpath p|;, ;,] is
D-close to a ®-diamond $g(xq, x2) with d(x;, p(t;)) < D.

We will refer to a quadruple (®, D, L, A) as a Morse datum and abbreviate M = (®, D, L, A). Set
M+ D' =(©,D+ D',L,A+2D’). We say that M contains © if M has the form (®, D, L, A) for
some D>0,L>1,4A>0.

The following lemma is immediate from the definition of an M -Morse quasigeodesic.

Lemma 3.2 (perturbation lemma) If p, p’ are paths in X such that p is M -Morse and d(p, p') < D',
then p’ is M + D’-Morse.

A Morse quasigeodesic p is called a Morse ray if its domain is a half-line. If 7 = R, then a Morse
quasigeodesic is called a Morse quasiline.

Morse quasirays do not in general converge at infinity (in the visual compactification of X'), but they
Tmod-converge at infinity. This is a consequence of:

Lemma 3.3 (conicality) Every Morse quasiray p: [0, c0) — X is uniformly Hausdorff close to a subset

of a cone V(p(0), stg(t)) for a unique simplex t of type Tmoq.
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Proof The subpaths p|[o s,] are uniformly Hausdorff close to ®-diamonds. These subconverge to a cone
V(x, stg(t)) x uniformly close to p(0) and 7 a simplex of type Tmoq. This establishes the existence.
Since p(n) iR 7, the uniqueness of t follows from the uniqueness of teg-limits; see [Kapovich et al.
2017, Lemma 4.23]. O

Definition 3.4 (end of Morse quasiray) We call the unique simplex given by the previous lemma the
end of the Morse quasiray p: [0, 00) — X, and denote it by

p(400) € Flag(tmoa)-

Hausdorff close Morse quasirays have the same end by Lemma 3.3. In Section 3.3 we will prove uniform
continuity of ends of Morse quasirays with respect to the topology of coarse convergence of quasirays.

3.2 Morse maps

We now turn to Morse maps with more general domains (than just intervals).

Definition 3.5 Let ¥ be a Gromov-hyperbolic geodesic metric space. A map f:Y — X is called
M -Morse if it sends geodesics in Y to M -Morse quasigeodesics.

Thus, every Morse map is a quasiisometric embedding. While this definition makes sense for general
metric spaces, in [Kapovich et al. 2018b] we proved that the domain of a Morse map is necessarily
hyperbolic.

More generally, one can define Morse maps on quasigeodesic metric spaces:

Definition 3.6 (quasigeodesic metric space) A metric space Z is called (/, a)-quasigeodesic if all
pairs of points in ¥ can be connected by (/, a)-quasigeodesics. A space is called quasigeodesic if it is
(1, a)-quasigeodesic for some pair of parameters /, a.

Every quasigeodesic space is quasiisometric to a geodesic metric space. Namely, if Z is a (A, ®)-
quasigeodesic space then it is quasiisometric to the 1-skeleton of its (A + «)-Rips complex (one proves
this by repeating the proof of [Drutu and Kapovich 2018, Theorem 8.52]). The quasigeodesic spaces
considered in this paper are discrete groups equipped with word metrics, for which the claim is clear
since we can use the Cayley graph as the geodesic space. The next definition is a slight generalization of
the notion of Morse maps defined above.

Definition 3.7 (Morse embedding) Let (®, D, L, A) be a Morse datum. An (®, D, L, A,1, a)-Morse
embedding from an (/, a)-quasigeodesic space Z into X is a map f: Z — X which sends (/,a)-
quasigeodesics in Z to (®, D, L, A)-Morse quasigeodesics in X.
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Of course, every (/, a)-quasigeodesic metric space is also (//, a’)-quasigeodesic space for any /' >[,a’ > a.
The next lemma shows that this choice of quasigeodesic constants is essentially irrelevant.

Lemma 3.8 Let f: Z — X be a map from a Gromov-hyperbolic (I, a)-quasigeodesic space Z. If f
is M = (©,D, L, A,l,a)-Morse then for any (I’,a’), it sends (I’, a’)-quasigeodesics in Z to M' =
(®, D', L', A’)-Morse quasigeodesics in X. Here the datum M’ depends only on M,!’,a’ and the
hyperbolicity constant § of Z .

Proof This follows from the definition of Morse quasigeodesics, and the Morse lemma applied to Z. O
Notice that the parameter ® in the Morse datum M’ is the same as in M . Hence, we arrive at:

Definition 3.9 A map f: Z — X of a quasigeodesic hyperbolic space Z is called ®-Morse if it sends
uniform quasigeodesics in Z to ®-Morse uniform quasigeodesics in X.

This notion depends only on the quasiisometry class of Z, ie the precomposition of a ®-Morse embedding
with a quasiisometry is again ®-Morse. For this to be true we have to require control on the images of
quasigeodesics of arbitrarily bad (but uniform) quality.

Let T" be a hyperbolic group with a fixed finite generating set S, and let Y be the Cayley graph of I with
respect to S. For x € X, an isometric action I' ~, X determines the orbit map ox: " — I'x C X. Every
such map extends to the Cayley graph Y of I', sending edges to geodesics in X.

Definition 3.10 An isometric action I ~, X, or a representation p: I' — G, is called M -Morse (with
respect to a basepoint x € X)) if the (extended) orbit map o, : Y — X is M -Morse. Similarly, a subgroup
I' < G is Morse if the inclusion homomorphism I < G is Morse.

The Morse property of an action and the parameter ®, of course, do not depend on the choice of a
generating set of I" and a basepoint x, but the triple (D, L, A) does. Thus, it makes sense to talk about
®-Morse and t,04-Morse actions of hyperbolic groups, where ® C ost(Tmoq)- In [Kapovich et al. 2017,
2018b] and [Kapovich and Leeb 2018b] we gave many alternative definitions of Morse actions, including
the equivalence of this definition to the notion of Anosov subgroups.

3.3 Continuity at infinity
Let X, Y be proper metric spaces. We fix a basepoint y € Y.

Definition 3.11 A sequence of maps f,: Y — X is said to coarsely converge toamap f:Y — X if
there exists C < oo such that for every R there exists N = N(C, R) for which

d(fulB, flB) <C forall n>=N,
where B = B(y, R).
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Note the difference between this definition and the notion of uniform convergence on compacts: since we
are working in the coarse setting, requiring the distance between maps to be less than € close to zero is
pointless.

In view of the Arzela—Ascoli theorem, the space of (L, A)-coarse Lipschitz maps ¥ — X sending y
to a fixed bounded subset of X is coarsely sequentially compact: every sequence contains a coarsely
converging subsequence.

In the next lemma we assume that Y is a geodesic §-hyperbolic space and X is a symmetric space of
noncompact type. The lemma itself is an immediate consequence of the perturbation lemma, Lemma 3.2.

Lemma 3.12 Suppose that p,: R+ — X is a sequence of M -Morse rays which coarsely converges to a
map p: R4 — X. Then p is M’-Morse, where M = M + C and the constant C is the one appearing in
the definition of coarse convergence.

In particular, a coarse limit of a sequence of (uniformly) Morse quasigeodesics is again Morse.

For the next lemma, we equip the flag-manifold F = Flag(tyoq) With some background metric d.

Lemma 3.13 Suppose that p,: R4 — X is a sequence of M -Morse rays coarsely converging to a
M -Morse ray p: Ry — X. Then the sequence t, := pn(00) of ends of the quasirays p, converges to
T = p(00). Moreover, the latter convergence is uniform in the following sense. For every € > 0 there
exists ng depending only on M and C and N (R, C) (appearing in Definition 3.11) such that for all
n > ng, de(ty, 7) < €.

Proof Suppose that the claim is false. Then in view of coarse compactness of the space of M -Morse
maps sending y to a fixed compact subset of X, there exists a sequence (py) as in the lemma, coarsely
converging to p, such that the sequence p,(c0) = 1, converges to t’ # p(oo) = 7. By the coarse
convergence p, — p, there exists C < oo and a sequence ¢, — oo such that d(p, (¢,), p(t,)) < C. By the
definition of Morse quasigeodesics, there exists a sequence of cones V(x, st(t,)) (with x, in a bounded
subset B C X)) such that the image of p, is contained in the D-neighborhood of V(x;, st(ty)). Thus, the
sequence (py(t,)) flag-converges to t/, while (p(,)) flag-converges to t. According to [Kapovich et al.
2017, Lemma 4.23], altering a sequence by a uniformly bounded amount does not change the flag-limit.
Therefore, the sequence (p(t,)) also flag-converges to t’. Hence, T = t’. A contradiction. |

3.4 A Morse lemma for straight sequences

In order to motivate the results of this section we recall the following sufficient condition for a piecewise
geodesic path in a Hadamard manifold Y of curvature < —1 to be quasigeodesic; see eg [Kapovich and
Liu 2019].
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Proposition 3.14 Suppose that c is a piecewise geodesic path in Y whose angles at the vertices are > o > 0
and whose edges are longer than L, where o and L satisfy

3.15) cosh(L/2)sin(e/2) > v > 1.
Then c is an (L(v), A(v))-quasigeodesic.

By considering ¢ with vertices on a horocycle in the hyperbolic plane, one sees that the inequality in this
proposition is sharp.

Corollary 3.16 If L is sufficiently large and « is sufficiently close to m, then ¢ is (uniformly) quasi-
geodesic.

In higher rank, we do not have an analogue of the inequality (3.15); instead, we will be generalizing the
corollary. However, angles in the corollary will be replaced with ¢-angles. We will show (in a “string of
diamonds” theorem, Theorem 3.30) that if a piecewise geodesic path ¢ in X has sufficiently long edges,
and ¢-angles between consecutive segments sufficiently close to 7, then ¢ is M -Morse for a suitable
Morse datum.

In the following, we consider finite or infinite sequences (x;) of points in X. For the next definition, we
remind the reader of the definition of {-angles given in (2.5).

Definition 3.17 (straight and spaced sequence) We call a sequence (x;) (©, €)-straight if the segments
XpXp+1 are O-regular and
28 (Nnet. Xng1) Z T —€

for all n. We call it [-spaced if the segments x,x, have length > /.

Note that every straight sequence can be extended to a biinfinite straight sequence.

Straightness is a local condition. The goal of this section is to prove the following local-to-global result
asserting that sufficiently straight and spaced sequences satisfy a higher-rank version of the Morse lemma
(for quasigeodesics in hyperbolic space).

Theorem 3.18 (Morse lemma for straight spaced sequences) For ©, ®',§ there exist [, € such that
every (®, €)-straight [-spaced sequence (x;) is 8-close to a parallel set P(t—, t4+) with simplices T4
of type tmod, and it moves from t_ to T4 in the sense that its nearest-point projection X, to P(t—, 74)
satisfies

(3.19) Xntm € V(Xy,ster(t+)) forall n and m > 1.

Remark 3.20 (global spacing) (1) As a corollary of this theorem, we will show that straight spaced
sequences are quasigeodesic:
d(xy, Xptm) = clm—26

with a constant ¢ = ¢(®’) > 0. See Corollary 3.29. In particular, by interpolating the sequence
(xn) via geodesic segments we obtain a Morse quasigeodesic in X.

Geometry & Topology, Volume 29 (2025)



Morse actions of discrete groups on symmetric spaces: local-to-global principle 2355

(2) Theorem 3.18 is a higher-rank generalization of two familiar facts from geometry of Gromov-
hyperbolic geodesic metric spaces: The fact that local quasigeodesics (with suitable parameters)
are global quasigeodesics and the Morse lemma stating that quasigeodesics stay uniformly close to
geodesics. In the higher rank, quasigeodesics, of course, need not be close to geodesics, but, instead
(under the straightness assumption), are close to diamonds/Weyl cones/parallel sets. A different
version of the same phenomenon is established in our paper [Kapovich et al. 2018b, Theorem 1.3],
where closeness of certain quasigeodesics to diamonds/Weyl cones/parallel sets is proven under the
uniform tyeq-regularity (rather than the straightness) assumption. As far as we know, neither result
directly implies the other, ie neither uniform regularity directly implies straightness, nor vice-versa.

(3) One can obviously strengthen the Corollary 3.16 by stating that for each € < 7 there exists
Lg(¢) such that if « > w —e and L > Lq(¢€), then c is a uniform quasigeodesic in X. A similar
strengthening is false for symmetric spaces of rank > 2. For instance, when W =~ S3 and € =27/3,
then no matter what ®, ®” and / are, the conclusion of Theorem 3.18 fails already for sequences
contained in a single flat.

In order to prove the theorem, we start by considering half-infinite sequences and prove that they keep
moving away from an ideal simplex of type tpoq if they do so initially.

For the next definition we recall the definition of {-angles given in Section 2.3. Given a face 7 C dmjis X
of type tmod and distinct points x, y € X, we have the angle

280, y)i= L8 (2. p) = La(2.E(x)),

where z is a point (distinct from x) on the geodesic ray x&, where £ € 7 is the point of type ¢. (See (2.5).)

Definition 3.21 (moving away from an ideal simplex) We say that a sequence (x,) moves e-away from
a simplex t of type Tpmoq if
Lin (t,Xp4+1) =m—e forall n.

Lemma 3.22 (moving away from ideal simplices) For small € and large [, € < €y and [ > I(e, ®), the
following holds:
If the sequence (xp)p>0 1S (O, €)-straight [ -spaced and if

Aio(T,XI) 2 4 _26’
then (x,) moves e-away from t.
Proof By Lemma 2.11(ii), the unit-speed geodesic segment c: [0,#;] — X from p(0) to p(1) moves
€(d(2¢))-away from 7 at all times, and €’(2¢, ®, [)-away at times > /, which includes the final time 7. For
[(e, ©) sufficiently large, we have €/(2¢, ®, /) < €. Then ¢ moves e-away from t at time 71, which means

that Li (1, x0) < €. Straightness at x; and the triangle inequality yield that again éi (T, x2) = —2€.
One proceeds by induction. |
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Note that there do exist simplices 7 satisfying the hypothesis of the previous lemma. For instance, one
can extend the initial segment xox; backwards to infinity and choose T = 7(xxg).

Now we look at biinfinite sequences.

We assume in the following that (x,),ez is (®, €)-straight /-spaced for small € and large /. As a first
step, we study the asymptotics of such sequences and use the argument for Lemma 3.22 to find a pair of
opposite ideal simplices 7 such that (x,) moves from t_ towards 7.

Lemma 3.23 (moving towards ideal simplices) For small € and large [, ¢ < €g and [ > (¢, ®), the

following holds:

There exists a pair of opposite simplices T+ of type tmoa such that the inequality
(3.24) 28 (T xpa1) = —2€

holds for all n.

Proof 1. For every n define a compact set C,;, C Flag(Tmod)
C;;t = {t+: Zin (T4, XpF1) = 7w — 26}

As in the proof of Lemma 3.22, straightness at x4 implies that C;” C C, ;.

form a nested sequence of nonempty compact subsets and therefore have nonempty intersection containing

Hence the family {C,; },ez

a simplex 7_. Analogously, there exists a simplex 7+ which belongs to C,} for all n.

2. It remains to show that the simplices t—, 74+ are antipodal. Using straightness and the triangle
inequality, we see that

(*) Lin (t—,14) > m— 5S¢
for all n. Hence, if 5¢ < €({), then the simplices t—, 7+ are antipodal in view of Remark 2.4. O

The pair of opposite simplices (t—, 74+) which we found determines a parallel set in X. The second step
is to show that (x;) is uniformly close to it.

Lemma 3.25 (close to parallel set) For small € and large [, € < €(§) and [ > [(®, §), the sequence (x)
is §-close to P(1—, 14).

Proof The statement follows from the combination of the inequality (%) in the second part of the proof
of Lemma 3.23, and Lemma 2.10. O

The third and final step of the proof is to show that the nearest point projection (x,) of (x;) to P(t—, 74+)
moves from 7_ towards 7.

Lemma 3.26 (projection moves towards ideal simplices) For small € and large /, with € < ¢y and
[ >1(e,®, ©), the segments X, X, 4 are O -regular and

Af—cn (t—,Xp41) =m forall n.
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Proof By the previous lemma, (x;) is §g-close to P(t—, t4) if €¢ is sufficiently small and / is sufficiently
large. Since x,X;41 is ®-regular, the triangle inequality for A-lengths yields that the segment X, X1 is
©’-regular, again if / is sufficiently large.
Let £+ denote the ideal endpoint of the ray extending this segment, ie X,+1 € X,&+. Then x,4; is
268p-close to the ray x,&4. We obtain that (in view of the uniform continuity of ¢-angles observed in
Section 2.3)
Lo k) = 28 (v 81) = 28, (o xpn) =
where the last step follows from inequality (3.24). The discreteness of Tits distances between ideal points
of fixed type ¢ implies that in fact
Liy(t=b4) = .
ie the ideal points ¢(7—) and ¢(£4) are antipodal. But the only simplex opposite to 7— in deo P(7—, T4)
is 74, so 7(£4+) = 74 and
L (o Fug1) = L5 (- E4) =T,

as claimed. O

Proof of Theorem 3.18 It suffices to consider biinfinite sequences.

The conclusion of Lemma 3.26 is equivalent to X,4; € V(Xy, ste’(t+)). Combining Lemmas 3.25
and 3.26, we thus obtain the theorem for m = 1.

The convexity of ®'-cones, cf Proposition 2.1, implies that
V(Xnt1.ster(14)) C V(Xn, ster (14)),
and the assertion follows for all 2 > 1 by induction. |

Remark 3.27 The conclusion of the theorem implies flag-convergence x4, — 74 as n — 4+00. However,
the sequences (X,)ne+N do not in general converge at infinity, but accumulate at compact subsets

of ste/(14).
3.5 Lipschitz retractions to straight paths

Consider a (possibly infinite) closed interval J in R; we will assume that J has integer or infinite bounds.
Suppose that p: J NZ — P = P(1—,74) C X is an [-separated, A-Lipschitz, (®, 0)-straight coarse
sequence pointing away from 7_ and towards 7. We extend p to a piecewise geodesic map p: J — P
by sending intervals [, n + 1] to geodesic segments p(n) p(n + 1) via affine maps. We retain the name p
for the extension.

Lemma 3.28 There exists L = L(/, A, ®) and an L-Lipschitz retraction of X to p, ie an L-Lipschitz
mapr: X — J such that r o p = Id. In particular, p: J N Z — X is an (L, A)-quasigeodesic, where L
and A depend only on I, A and ©.
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Proof It suffices to prove existence of a retraction. Since P is convex in X, it suffices to construct a map
P — J. Pick a generic point § = £ € 74 and let bg: P — R denote the Busemann function normalized
so that bg(p(z)) = 0 for some z € J N Z. Then the ®-regularity assumption on p implies that the slope
of the piecewise linear function bg o p: J — R is strictly positive, bounded away from 0. The assumption
that p is /-separated A-Lipschitz implies that

I<|p' @] <h

for each ¢ (where the derivative exists). The straightness assumption on p implies that the function
h:=bg o p: J — R is strictly increasing. By combining these observations, we conclude that / is an
L-bi-Lipschitz homeomorphism to /(J) for some L = L(/, A, ®). Let p: R — J denote the nearest-point
projection to the interval J; it is a 1-Lipschitz map. Lastly, we define

r:P—J by V:h_lopobg.
Since bg is 1-Lipschitz, the map r is L-Lipschitz. By the construction, r o p = Id. a
Corollary 3.29 Fix § > 0 and ©, ®’ such that ©® C int(®’). Let [ =[(I,0,0',8) and e = €(], 0, @', §)

be the constants as in Theorem 3.18. Suppose that p: J N Z — X is an [-spaced, A-Lipschitz, (®, €)-
straight sequence. Then for L = L(I — 268, A + 28, ©’) we have:

(1) There exists an (L, 28)-coarse Lipschitz retraction X — J.

(2) The map p isa (®', D', L', A")-quasigeodesic with D', L', A’ depending only onl, )\, 0,0’ €.
Proof The statement immediately follows the above lemma combined with Theorem 3.18. |
Reformulating in terms of piecewise geodesic paths, we obtain:

Theorem 3.30 (string of diamonds theorem) For any pair of Weyl convex subsets ® < ®’ and a number
D > 0, there exist positive numbers €, S, L, A depending on the datum (®, ®', D) such that the following
holds.

Suppose that c¢ is an arc-length parametrized piecewise geodesic path (finite or infinite) in X obtained by
concatenating geodesic segments x;x;+1 such that, for all i,

(1) each segment x;x;+1 is ®-regular and has length > S, and
(2) Ail (xi—l’ xi+1) > T —E€.

Then the path ¢ is (®', D, L, A)-Morse.
3.6 Local Morse quasigeodesics

According to Theorem 3.30, sufficiently straight and spaced straight piecewise geodesic paths are Morse.
In this section we will now prove that, conversely, the Morse property implies straightness in a suitable
sense, namely that for sufficiently spaced quadruples the associated midpoint triples are arbitrarily straight.
(For the quadruples themselves this is in general not true.)
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Definition 3.31 (quadruple condition) For points x, y € X, we let mid(x, y) denote the midpoint
of the geodesic segment xy. A map p: I — X satisfies the (O, ¢, /, s)-quadruple condition if for all
t,ty,t3,t4 € I with ty — 11,13 — 12,14 — t3 > 5, the triple of midpoints

(mid(#1, 22), mid(72, 13), mid(z3, 24))
is (®, €)-straight and /-spaced.
Proposition 3.32 (Morse implies quadruple condition) For L, A,®,®’, D, ¢, there exists a scale

s=s(L,A,0,0, D,¢,l) such that every (®, D, L, A)-Morse quasigeodesic satisfies the (®’,¢,1,s’)-
quadruple condition for every s’ > s.

Proof Let p: I — X be an (L, 4,0, D)-Morse quasigeodesic, and let #1,...,#4 € I be such that
ty—11,t3 — 1,4 —t3 > 5. We abbreviate p; := p(t;) and m; = mid(p;, pi+1)-

Regarding straightness, it suffices to show that the segment n1,m is ®'-regular and that 4,%,2 (p2,mqp) < %e
provided s is sufficiently large in terms of the given data.

By the Morse property, there exists a diamond <g(x1, x3) such that
d(x1, p1).d(x3,p3) =D and p; € Np(Qel(x1,x3)).
The diamond spans a unique parallel set P(t—, t+). (Necessarily, we have x3 € V(x1, stg(r4)) and
x1 € V(x3,ste(r-)).)
We denote by p; and m; the projections of p; and m; to the parallel set.

We first observe that m, (and m3) is arbitrarily close to the parallel set if s is large enough. If this
were not true, a limiting argument would produce a geodesic line at strictly positive finite Hausdorff
distance € (0, D] from P(7_, t4+) and asymptotic to ideal points in stg (4 ). However, all lines asymptotic
to ideal points in stg (74 ) are contained in P(7—, t4).

Next, we look at the directions of the segments mi,m; and m; p, and show that they have the same
t-direction. Since p, is 2D-close to V(pi,ste(t+)), the point p; is 2D-close to V(p,, stg(t-)),
and hence also 1 is 2D-close to V(p,,stg(z—)). Therefore, py,n1 € V(p,,ste/(t—)) if s is large
enough. Similarly, 771, € V(p», ste/(t4)) and hence p, € V(in,, stg/(t—)). The convexity of ®’-cones,
see Proposition 2.1, implies that also m; € V(m,, ste/(7=)). In particular, 45712 (p2,my) = 0if s is
sufficiently large.

Since m is arbitrarily close to the parallel set if s is sufficiently large, it follows by another limiting
argument that 45,,2 (p2,my) <€/2if s is sufficiently large.

Regarding the spacing, we use that m; € V(pa, stg/(t—)) and m, € V(p,, stg’(t+)). It follows that
d(my,my) = c-(d(my, p2) + d(pa,m2))
with a constant ¢ = ¢(©’) > 0, and hence that d(my, m,) > [ if s is sufficiently large. O
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Theorem 3.18 and Proposition 3.32 say that the Morse property for quasigeodesics is equivalent to
straightness (of associated spaced sequences of points). Since straightness is a local condition, this leads
to a local-to-global result for Morse quasigeodesics, namely that the Morse property holds globally if it
holds locally up to a sufficiently large scale.

Definition 3.33 (local Morse quasigeodesic) An S-local (®, D, L, A)-Morse quasigeodesic in X is a
map p: I — X such that for all 7o, the subpath p|f, ;,+s7 18 a (®, D, L, A)-Morse quasigeodesic.

Note that local Morse quasigeodesics are uniformly coarse Lipschitz.

Theorem 3.34 (local-to-global principle for Morse quasigeodesics) For L, A, ®,®', D there exist
S,L’, A', D’ such that every S-local (®, D, L, A)-local Morse quasigeodesic in X is an (®’, D', L', A’)-
Morse quasigeodesic.

Proof We choose an auxiliary Weyl convex subset ®” such that ©® < ®” < @',

Let p: I — X be an S-local (®, D, L, A)-local Morse quasigeodesic. We consider its coarsification on
a (large) scale s and the associated midpoint sequence, ie we put p; = p(ns) and my = mid(py, p;_ ,)-

Whereas the coarsification itself does not in general become arbitrarily straight as the scale s increases,
this is true for its midpoint sequence due to Proposition 3.32. We want it to be sufficiently straight and
spaced so that we can apply to it the Morse lemma from Theorem 3.18. Therefore we first fix an auxiliary
constant §, and further auxiliary constants /, € as determined by Theorem 3.18 in terms of ®’, ®” and §.
Then Proposition 3.32 applied to the (©, D, L, A)-Morse quasigeodesics p|[, z,+s] Yields that (my) is
(®”, €)-straight and /-spaced if S > 3s and the scale s is large enough depending on L, 4,0, 0", D, ¢, 1.

Now we can apply Theorem 3.18 to (m1;,). It yields a nearby sequence (771;,) with d(m},, m;,) < §, which

N

has the following property: For all ny < nj < n3, the segments my, my,,

are uniformly regular and the

N

points my,, are §-close to the diamonds e (71, ,

my.).
Since the subpaths p|[us,n+1)s] filling in (py) are (L, A)-quasigeodesics (because S > ), and it follows
that for all #1, 1, € I the subpaths p|;, ;,] are D'-close to ©’-diamonds with D’ depending on L, 4, s.

The conclusion of Theorem 3.18 also implies a global spacing for the sequence (113,), compare Remark 3.20,
ie d(mj,,m3,) > c-|n—n'| with a positive constant ¢ depending on ®’, /. Hence p is a global (L, A")-
quasigeodesic with L', A depending on L, A4, s, c.

Combining this information, we obtain that p is an (®’, D', L', A’)-Morse quasigeodesic for certain
constants L', A" and D’ depending on L, A, ®,®" and D, provided that the scale S is sufficiently large
in terms of the same data. |

3.7 Local-to-global principle for Morse maps

We now deduce from our local-to-global result for Morse quasigeodesics, Theorem 3.34, a local-to-global
result for Morse embeddings.
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We restrict to the setting of maps of Gromov-hyperbolic (/, a)-quasigeodesic metric spaces Z to symmetric
spaces X.

Definition 3.35 (local Morse embedding) We call amap f: Z — X an S-local (®, D, L, A)-Morse
embedding if for any (/, @)-quasigeodesic ¢: I — Z defined on an interval / of length < S, the image
path fogisa (®, D, L, A)-Morse quasigeodesic in X.

Theorem 3.36 (local-to-global principle for Morse embeddings of Gromov hyperbolic spaces) For
l,a,L,A,®,0, D there exists a scale S and a datum (D', L, A”) such that every S-local (®, D, L, A)-
Morse embedding from an (I, a)-quasigeodesic Gromov hyperbolic space into X is a (', D', L', A’)-
Morse embedding.

Proof Let f:Z — X denote the local Morse embedding. It sends every (I, a)-quasigeodesic g: I — Z
to an S-local (®, D, L, A)-Morse quasigeodesic p = f oq in X. By Theorem 3.34, pis (L', A’,®’, D’)-
Morse if S > S(l,a, L, A,0,0’, D), where L', A’, D’ depend on the given data. m]

Below is a reformulation of this theorem in the case of geodesic Gromov-hyperbolic spaces.

Let Z be a é-hyperbolic geodesic space. An R-ball B(z, R) in Z need not be convex, but it is -
quasiconvex. In particular, the restriction of the metric from Z to B(z, R) results in a (1, §)-quasigeodesic
metric space.

Theorem 3.37 (local-to-global principle for Morse embeddings of geodesic spaces) For L, 4, ©,
®’, D and § there exists a scale R and a datum (D', L', A) such that if Z is a §-hyperbolic geodesic
metric space and the restriction of f to any R-ball is (®, D, L, A,1,8)-Morse, then f: Z — X is
(®',D', L', A")-Morse.

4 Group-theoretic applications

As a consequence of the local-to-global criterion for Morse maps, in this section we establish that the
Morse property for isometric group actions is an open condition. Furthermore, for two nearby Morse
actions, the actions on their tp04-limit sets are also close, ie conjugate by an equivariant homeomorphism
close to identity. In view of the equivalence of Morse property with the asymptotic properties discussed
earlier, this implies structural stability for asymptotically embedded groups. Another corollary of the
local-to-global result is the algorithmic recognizability of Morse actions.

We conclude the section by illustrating our technique by constructing Morse—Schottky actions of free
groups on higher-rank symmetric spaces.
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4.1 Stability of Morse actions
We consider isometric actions I' ~, X of finitely generated groups.

Definition 4.1 (Morse action) We call an action I' , X ®-Morse if one (any) orbitmap ' - T'x C X
is a ®-Morse embedding with respect to a(ny) word metric on I". We call an action I' ~, X tyoq-Morse
if it is ®-Morse for some tm04-Weyl convex compact subset ® C 08t(Tmoq)-

Remark 4.2 (Morse actions are tyq-regular and undistorted) (i) It follows immediately from the
definition of Morse quasigeodesics that ®-Morse actions are tpyoq-regular for the simplex type Tmod
determined by ©.

(i) Morse subgroups of G are undistorted in the sense that the orbit maps are quasiisometric embeddings.
In [Kapovich and Leeb 2018b] we prove that Morse subgroups of G satisfy a stronger property:
they are coarse Lipschitz retracts of G. This retraction property is stronger than nondistortion:
every finitely generated subgroup which is a coarse retract of G is undistorted in G, but there
are examples of undistorted subgroups which are not coarse retracts. For instance, the group
® := F, x F, admits an undistorted embedding in the isometry group of X = H? x H2. On the
other hand, pick an epimorphism ¢: F, — Z and define the subgroup I' < ® as the kernel of the
homomorphism

(1, 72) = ¢(y1) — ¢ (y2).

Then I' is a finitely generated undistorted subgroup of ® (see eg [Ol’shanskii and Sapir 2001,
Theorem 2]), but is not finitely presented (see eg [Baumslag and Roseblade 1984]). Hence,
I' < G =Isom(H?) x Isom(H?) is undistorted but is not a coarse Lipschitz retract.

We denote by Hom,, ,(I', G) C Hom(I', G) the subset of t,,04-Morse actions I' ~, X.

By analogy with local Morse quasigeodesics, we define local Morse group actions p: I' ~, X of a
hyperbolic group (with a fixed finite generating set):

Definition 4.3 An action p is called S-locally (®, D, L, A)-locally Morse, or (®, D, L, A)-locally
Morse on the scale S, with respect to a basepoint x € X, if the orbit map I' — I' - x C X induces an
S-local (®, D, L, A)-local Morse embedding of the Cayley graph of I'.

According to our local-to-global result for Morse embeddings (see Theorem 3.37), an action of a word
hyperbolic group is Morse if and only if it is local Morse on a sufficiently large scale. Since this is a
finite condition, it follows that the Morse property is stable under perturbation of the action:

Theorem 4.4 (Morse is open for word hyperbolic groups) For any word hyperbolic group I' the subset
Homg, ,(I", G) is open in Hom(I", G). More precisely, if p € Homg, ,(I', G) is M -Morse with respect to
a basepoint x € X then there exists a neighborhood of p in Hom(T", G) consisting entirely of M’-Morse
representations with respect to x, where M’ depends only on M .
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Proof Let p: ' n, X be a Morse action. We fix a word metric on I' and a basepoint x € X. Then there
exist data M = (L, A, ®, D) such that the orbit map I' — I'x C X extends to a (®, D, L, A)-Morse
map of the Cayley graph Y on I'.

We relax the Morse parameters slightly, namely we consider (L, 4, ®, D)-Morse quasigeodesics as
(L,A+1,0, D+ 1)-Morse quasigeodesics satisfying strict inequalities. For every scale S, the orbit map
I' > I'x C X definesan (L, A+1,0, D+1, S)-local Morse embedding ¥ — X. Due to I'-equivariance,
this is a finite condition in the sense that it is equivalent to a condition involving only finitely many orbit
points. Since we relaxed the Morse parameters, the same condition is satisfied by all actions sufficiently
close to p.

Theorem 3.37 provides a scale S such that all S-local (®, D + 1, L, A + 1)-Morse embeddings ¥ — X
are M’-Morse for some Morse datum M’ depending only on (L, A+ 1,0, D + 1, S). It follows that
actions sufficiently close to p are tyq-Morse. O

Lemma 4.5 Let ® be a finite group and G a semisimple Lie group with finitely many connected
components and finite center. Then Hom(®, G)/G is finite, where g € G act on representations p: ® — G
by postcompositions with the inner automorphism Inng of G defined by g,

p = Inng op.

Proof As before, we fix a maximal compact subgroup K < G. Since every homomorphism p: & — G
has compact image, its image is conjugate to a subgroup of K. Thus, it suffices to prove finiteness
of Hom(®, K)/ K. The group K has the structure of a real-algebraic group; hence, Hom(®, K) also
has a natural structure of a compact (with respect to the Lie group topology of K) algebraic subset of
K x K x---x K (n times, where n is the number of generators of ®). For p € Hom(®, K) the Zariski
tangent space T,(Hom(®, K)/K) is isomorphic to the group of 1-cocycles

Zl (¢7 EAd Op),

where we regard the Lie algebra £ as a R ®-module via the composition of p and the adjoint representation
of K. For every finite group ® and an R®-module M , we have H (®, M) =0 for all i > 0; see eg [Brown
1982, Corollary 10.2]. Applying this to M = £aq0p, We see that every point in Hom(®, K)/ K is isolated;
see eg [Raghunathan 1972, Theorem 6.7]. Since Hom(®, K)/ K is compact, it follows that it is finite. O

Corollary 4.6 For every hyperbolic group I' the space of faithful Morse representations
Hom; ) 7,.. (I, G)
is open in Hom,_,(T", G).
Proof Every hyperbolic group I' has the unique maximal finite normal subgroup ® < I" (if I" is not
elementary then @ is the kernel of the action of I on doo I'). Since Morse actions are properly discontinuous,

the kernel of every Morse representation I' — G is contained in ®. Since Hom(®, )/ G is finite (see
Lemma 4.5), it follows that the set of faithful Morse representations is open in Hom,_,(I", G). m
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The result on the openness of the Morse condition for actions of word hyperbolic groups (see Theorem 4.4)
can be strengthened in the sense that the asymptotics of Morse actions vary continuously:

Theorem 4.7 (Morse actions are structurally stable) The boundary map at infinity of a Morse action
depends continuously on the action.

Proof According to Theorem 4.4 nearby actions are uniformly Morse. The assertion therefore follows
from the fact that the ends of Morse quasirays vary uniformly continuously; cf Lemma 3.13. a

Remark 4.8 (i) Since the boundary maps at infinity are embeddings, the I"-actions on the Tyoq-limit
sets are topologically conjugate to each other and, for nearby actions, by a homeomorphism close
to the identity.

(i1) In rank one, our argument yields a different proof for Sullivan’s structural stability theorem [1985]
for convex cocompact group actions on rank-one symmetric spaces. Other proofs can be found in
[Labourie 2006; Guichard and Wienhard 2012] (for Anosov subgroups in higher rank), [Corlette
1990; Izeki 2000; Bowditch 1998] for rank-one symmetric spaces.

Our next goal is to extend the topological conjugation from the limit set to the domains of proper
discontinuity. Recall that in [Kapovich et al. 2018a] we constructed domains of proper discontinuity and
cocompactness for tmeq-Morse group actions on flag-manifolds Flag(vmed) = G/ Py,,,,- Such domains
depend on a certain auxiliary datum, a balanced thickening Th C W, which is a W ,-left invariant subset
satisfying certain conditions; see [Kapovich et al. 2018a, Section 3.4]. Let vpod C Omod be an t-invariant
face such that Th is invariant under the action of W,,__, via the right multiplication (this is automatic if
Vmod = Omod Since Wy = {e}). The thickening Th C W defines a thickening Th(A,_,(I")) C Flag(vmoa)-
One of the main results of [Kapovich et al. 2018a] (Theorem 1.7) is that each ty,oq-Morse subgroup
I' < G acts properly discontinuously and cocompactly on

Qn(I) := Flag(vmoa) — Th(Az,,,,(I')).
Theorem 4.9 (stability of Morse quotient spaces) Suppose that p,: ' — p,(I') =T, < G is a sequence
of faithful tyoq-Morse representations converging to a tymeq-Morse embedding p: I' < G. Then:

(1) The sequence of thickenings Th(A«,,,(I'y)) Hausdorff-converges to Th(A 4, ,(I")).

(2) If y, €T is a divergent sequence, then, after extraction, the sequence (pn(yy)) flag-converges to a
pointin A, (T).

(3) For all sufficiently large n, there exists an equivariant diffeomorphism
hy: Qmn(T) — Qmn(T) C Flag(tmod)

such that the sequence of maps (hy,) converges to the inclusion map Q1y,(I") — Flag(timoq) uniformly
on compacts.

(4) In particular, the quotient orbifolds Q1 (I"y)/ 'y, are diffeomorphic to Qtn(I')/ I for all sufficiently
large n.
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Proof (1) First of all, suppose that a sequence t;, € Flag(tmoq) converges to T € Flag(tmoq). Then, since
Flag(vmod) = G/ P, there is a sequence g, € G, g, — e, such that g,(t) = 7,. Since

gn(Th(t)) = Th(g,t) = Th(zy),

it follows that we have Hausdorff-convergence of subsets Th(z,) — Th(t). Moreover, this convergence of
subsets is uniform: There exists ng = n(§) such that if d(z,, t) <& for all n > ng, then d(Th(z,), Th(7)) <
€ = €() for all n > ny. Here ¢ — 0 as § — 0. Since the sequence of limit sets A, ,(I',) Hausdorff-
converges to A, ,(I"), it follows that the sequence of thickenings Th(A ., ,(I'»)) Hausdorff-converges to
Th(A«,,,(I")). This proves (1).

(2) Consider a sequence of geodesic rays e&, in the Cayley graph Y of I' such that y;, lies in an R-
neighborhood of €&, for all n. Then, in view of the uniform M ’-Morse property for the representations oy,
each point p, () (x) belongs to the D’-neighborhood of the Weyl cone V(x, st(z,)), where t, = oy (&),
and o 0" — Ay, ,(I'y) is the asymptotic embedding. Thus, by the definition of flag-convergence,
the sequences (p,(yx)) and (t,) have the same flag-limit in Flag(zyeq). By part (1), the sequence (z)
subconverges to a point in A, ,(I"). Hence, the same holds for (0, (yx)).

(3) The proof of this part is mostly standard; see [Izeki 2000] in the case when X is a hyperbolic
space. The quotient orbifold O = Qr(I")/ T has a natural (F, G)-structure where F = Flag(vioq). The
orbifold O has finitely many components, let Z be one of them and let ZcC Qr(I") be a component
projecting to Z. It suffices to construct maps /, on each component Z and then extend these maps to
maps hy of Qry(I') by pp-equivariance.

The covering map Z — Z induces an epimorphism ¢: m1(Z) — 'z, where 'z is the I"-stabilizer
of Z. Letdev: Z — Z C Qrh(T) be the developing map, where Z — Z is the universal covering. By
the Ehresmann—Thurston holonomy theorem (see [Lok 1984], [Canary et al. 1987], [Goldman 1988] or
[Kapovich 2001, Section 7.1]), for all sufficiently large n, the homomorphism ¢, := p, o¢ is the holonomy
of an (F, G)-structure on Z. Moreover, the developing maps dev,, : Z—>F converge to dev uniformly on
compacts in the C°°-topology. Since 74 (2 ) is contained in the kernel of ¢, it is also in the kernel of ¢,.
Hence, the maps dev,, descend to maps cTe;n: Z —F. The sequence c?c;,, still converges to the identity
embedding Z<F uniformly on compacts. Pick a compact fundamental set C C Z for the T z-action, ie
a compact subset whose I"-orbit equals 7. In view of part (1) of the theorem, @n (C) C Qrn(Ty) for all
sufficiently large n. Therefore, we can assume that d/e\vn (2 ) is contained in a component 7 n of Qmn(Ty).
By the compactness of the quotient orbifolds, devn pI'O_]eCtS to a finite-to-one (smooth) orbi-covering
map ¢y Z — Zy = Z n/ pn(T Z) Hence, devn AR Z is a covering map as well. If Z were simply
connected, it would follow that devn is a diffeomorphism as required (and this is how Izeki concludes
his proof in [Izeki 2000]). We will prove that d/e;n is a diffeomorphism by a direct argument.

Suppose that each dev,, is not injective. Then, by the equivariance of these maps, after extraction, there
exist convergent sequences z, — z and z,, — z’ in Z and a sequence y, € I such that

Pn(vn) deva(zn) = deva(2h),  Yu(zn) # Zp.
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If the sequence ();,) were contained in a finite subset of I' we would obtain a contradiction with the
uniform convergence on compacts (T(;fn — id on Z. Hence, after extraction, we may assume that (y) is
a divergent sequence. We therefore obtain a dynamical relation between the points z, z’ via the sequence
(pn(yn)). According to part (2), the sequence (on(yn)) flag-accumulates to A, ,(I"). The dynamical
relation then contradicts fatness of the balanced thickening Th; see [Kapovich et al. 2018a, Section 5.2]
and the proof of Theorem 6.8 in [Kapovich et al. 2018a].

We conclude that the maps

devy: Z — Zn
are diffeomorphisms for all sufficiently large n. Since p; : I' — ', are isomorphisms, equivariance of the de-
veloping maps implies that the maps %, : Qp(I") — Q1h([,) are diffeomorphisms for sufficiently large 7.

(4) This part is an immediate corollary of part (3). O

Remark 4.10 (i) When X is a hyperbolic space, the equivariant diffeomorphism /,,: Q(I") — Q(T',)
combined with the equivariant homeomorphism of the limit sets A(I") — A (T,) yield an equivariant
homeomorphism deo X — 000 X'; see [Tukia 1985; Izeki 2000]. Such an extension does not exist
in higher rank since, in general, there is no equivariant homeomorphism of thickened limit sets
Th(A4,,,(I')) = Th(A,,(I'x)). This can be already seen for group actions on products of
hyperbolic planes.

(i1)) An analogue of Theorem 4.9 holds when we replace the group actions on flag-manifolds with
actions on Finsler compactifications of the symmetric space and replace flag-manifold thicken-
ings Th(A,,) with Finsler thickenings Thg;; (A ,) C 0p;X. Proving this requires extending
Ehresmann—Thurston holonomy theorem to the category of smooth manifolds with corners and we
will not pursue it here.

4.2 Schottky actions
In this section we apply our local-to-global result for straight sequences (Theorem 3.18) to construct

Morse actions of free groups, generalizing and sharpening! Tits’ ping-pong construction.

We consider two oriented ty,oq-regular geodesic lines a, b in X. Let 144, T4 € Flag(tmoeq) denote the sim-
plices which they are t-asymptotic to, and let 8,4, 045 € omod denote the types of their forward/backward
ideal endpoints in doo X. (Note that 0_, = 1(6,;) and 6_; = ((6p).) Let ® be a compact convex subset of
08t(Tmod) C Omod, Which is invariant under ¢.

Definition 4.11 (generic pair of geodesics) We call the pair of geodesics (a, b) generic if the four
simplices T4+4, T4 are pairwise opposite.

UIn the sense that we obtain free subgroups which are not only embedded, but also asymptotically embedded in G.
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Let o, B € G be axial isometries with axes a and b respectively and translating in the positive direction
along these geodesics. Then 74, and 744 are the attractive/repulsive fixed points of & and 8 on Flag(tmoq)-

For every pair of numbers m,n € N we consider the representation of the free group in two generators
/Om,n:F2 =(A,B)—> G

sending the generator 4 to &’ and B to B". We regard it as an isometric action oy, ,: Fr ~ X.

Definition 4.12 (Schottky subgroup) A tmeq-Schottky subgroup of G is a free tyoq-asymptotically
embedded subgroup of G.

If G has rank one, this definition amounts to the requirement that I" is convex cocompact and free.
Equivalently, this is a discrete finitely generated subgroup of G which contains no nontrivial elliptic and
parabolic elements and has totally disconnected limit set; see [Kapovich 2008]. We note that this definition
essentially agrees with the standard definition of Schottky groups in rank-one Lie groups, provided one
allows fundamental domains at infinity for such groups to be bounded by pairwise disjoint compact
submanifolds which need not be topological spheres; see [Kapovich 2008] for the detailed discussion.

Theorem 4.13 (Morse—Schottky actions) If the pair of geodesics (a, b) is generic and if 014, 04p €
int(®), then the action py,, is ©®-Morse for sufficiently large m,n. Thus, such pp, , is injective and its
image is a Tmoq-Schottky subgroup of G.

Remark 4.14 In particular, these actions are faithful and undistorted; compare Remark 4.2.

Proof Let S = {A*! B*!} be the standard generating set. We consider the sequences (y) in F, with
the property that y;~ Yks1 € S and yx 11 # yi_; for all k. They correspond to the geodesic segments in
the Cayley tree of F, associated to .S which connect vertices.

Let x € X be a basepoint. In view of Lemma 3.8 we must show that the corresponding sequences (Y x) in
the orbit F» - x are uniformly ®-Morse. (Meaning for instance that the maps R — X sending the intervals
[k,k + 1) to the points yx are uniform ®-Morse quasigeodesics.) As in the proof of Theorem 3.34 we
will obtain this by applying our local-to-global result for straight spaced sequences (Theorem 3.18) to
the associated midpoint sequences. Note that the sequences (% x) themselves cannot be expected to be
straight.

Taking into account the I'-action, the uniform straightness of all midpoint sequences depends on the
geometry of a finite configuration in the orbit. It is a consequence of the following fact. Consider the
midpoints y.,, of the segments xa=" (x) and z, of the segments xB*" (x).

Lemma 4.15 For sufficiently large m and n, the quadruple {yi,,,z+,} is arbitrarily separated and
®-regular. Moreover, for any of the four points, the segments connecting it to the other three points have
arbitrarily small {-angles with the segment connecting it to x.
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Proof The four points are arbitrarily separated from each other and from x because the axes a and b
diverge from each other due to our genericity assumption.

By symmetry, it suffices to verify the rest of the assertion for the point y,,, ie we show that the
segments V;,V—m and y,z, are ®-regular for large m,n and that lim,;— .o Lim (x,y—m) = 0 and
limy, ;;— o0 Lim (x,zn) = 0.

The orbit points «*™x and the midpoints y.,, are contained in a tubular neighborhood of the axis a.
Therefore, the segments y,,x and y; y—, are ©-regular for large m and Z,,, (x, y—n) — 0. This implies
that also Aim (x, y—m) — 0.

To verify the assertion for (y,,, z,) we use that, due to genericity, the simplices 7, and tp are opposite
and we consider the parallel set P = P(tq4, 73). Since the geodesics a and b are forward asymptotic to P,
it follows that the points x, ¥, z, have uniformly bounded distance from P. We denote their projections
to P by X, Ym, Zn-

Let ®” C int(®) be an auxiliary Weyl convex subset such that 04,, 64, € int(©”). We have that
Ym € V(X, stgr(tq)) for large m because the points yy, lie in a tubular neighborhood of the ray with initial
point X and asymptotic to a. Similarly, z, € V (X, stg~(tp)) for large n. It follows that X € V (¥, stg~(tp))
and, using the convexity of ®-cones (Proposition 2.1), that z,, € V (¥, ste(7p)).

The cone V(yu,, stg~(tp)) is uniformly Hausdorff close to the cone V(y,,, stg~(tp)) because the Haus-
dorff distance of the cones is bounded by the distance d (), Vi) of their tips. Hence there exist points
X'z, € V(¥m. ste~(1p)) uniformly close to x, z,. Since d(ym,x"), d(ym.z,) — 00 as m,n — oo, it
follows that the segments y,,x and y,,z, are ®-regular for large m, n. Furthermore, since Lzm (x',z,)=0
and both Z,, (x,x') — 0 and Zy,, (zn. z,) — 0, it follows that £5, (x, ) — 0. O

To conclude the proof of Theorem 4.13, the lemma implies that for any given /, € the midpoint triples of
the four point sequences (yxx) are (©, €)-straight and /-spaced if m, n are sufficiently large; compare the
quadruple condition (Definition 3.31). This means that the midpoint sequences of all sequences (Y x)
are (®, €)-straight and /-spaced for large m, n. Theorem 3.18 then implies that the sequences (yx) are
uniformly ®-Morse. |

Remark 4.16 (1) Generalizing the above argument to free groups with finitely many generators, one
can construct Morse Schottky subgroups for which the set 8(A) C gmeq Of types of limit points is
arbitrarily Hausdorff close to a given t-invariant Weyl convex subset ®. This provides an alternative
approach to the second main theorem in [Benoist 1997] using coarse geometric arguments.

(2) Theorem 4.13 was generalized (by arguments similar to the proof of Theorem 4.13) in [Dey et al.
2019] to free products of Morse subgroups of G.
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4.3 Algorithmic recognition of Morse actions

In this section, we describe an algorithm which has an isometric action p: I' ~, X and a point x € X as
its input and terminates if and only if the action p is Morse (otherwise, the algorithm runs forever).

We begin by describing briefly Riley’s algorithm [1983] accomplishing a similar task, namely, detecting
geometrically finite actions on X = H3. Suppose that we are given a finite (symmetric) set of generators
g1 =1,...,gm of asubgroup I' C PO(3, 1) and a basepoint x € X = H?3. The idea of the algorithm is
to construct a finite sided Dirichlet fundamental domain D for I" (with center at x): every geometrically
finite subgroup of PO(3, 1) admits such a domain. (The latter is false for geometrically finite subgroups
of PO(n, 1) with n > 4 but is, nevertheless, true for convex cocompact subgroups.) Given a finite sided
convex fundamental domain, one concludes that I" is geometrically finite. Here is how the algorithm
works: for each k define the subset S; C I' represented by words of length < k in the letters g1, ..., gm.
For each g € Sj, consider the half-space Bis(x, g(x)) C X bounded by the bisector of the segment xg(x)
and containing the point x. Then compute the intersection

Dy = ﬂ Bis(x, g(x)).
g<Sk
Check if Dy, satisfies the conditions of Poincaré’s fundamental domain theorem. If it does, then D = Dy,

is a finite sided fundamental domain of I'. If not, increase k by 1 and repeat the process. Clearly, this
process terminates if and only if I" is geometrically finite.

One can enhance the algorithm in order to detect if a geometrically finite group is convex cocompact.
Namely, after a Dirichlet domain D is constructed, one checks for whether:

(1) The ideal boundary of a Dirichlet domain D has isolated ideal points (they would correspond to
rank-two cusps which are not allowed in convex cocompact groups).

(2) The ideal boundary of D contains tangent circular arcs with points of tangency fixed by parabolic
elements (coming from the “ideal vertex cycles”). Such points correspond to rank-one cusps, which
again are not allowed in convex cocompact groups.

Checking (1) and (2) is a finite process; after its completion, one concludes that I" is convex cocompact.

We refer the reader to [Gilman 1995; 1997], [Gilman and Maskit 1991], [Kapovich 2016] and [Kapovich
and Leeb 2018a, Section 1.8] for more details concerning discreteness algorithms for groups acting on
hyperbolic planes and hyperbolic 3-spaces.

We now consider group actions on general symmetric spaces. Let I" be a hyperbolic group with a fixed finite
(symmetric) generating set; we equip the group I' with the word metric determined by this generating set.

For each n, let &, denote the set of maps ¢: [0, 3n]NZ — T" which are restrictions of geodesics ¢: Z — I,
such that ¢g(0) = 1 € I'. In view of the geodesic automatic structure on I" (see eg [Epstein et al. 1992,
Theorem 3.4.5]), the set &£, can be described via a finite state automaton.
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Suppose that p: I' v X is an isometric action on a symmetric space X ; we fix a basepoint x € X and the
corresponding orbit map f: I' — I'x C X. We also fix an t-invariant face tyeq of the model spherical
simplex omeq of X. The algorithm that we are about to describe will detect that the action p is Tyeg-Morse.

Remark 4.17 If the face 7104 is not fixed in advance, we would run algorithms for each face tp0q in
parallel.

For the algorithm we will be using a special (countable) increasing family of Weyl convex compact
subsets ©® = ®; C 08t(Tmod) C Tmod Which exhausts ost(tyoq); in particular, every compact t-invariant
convex subset of 0st(Tmed) C Omod 18 contained in some ©;:

(4.18) ®; = {v €o0: min «a(v)> zl}

aedy

where ®_ . is the subset of the set of simple roots ® (with respect to omoq) Which vanish on the face tmoq.
Clearly, the sets ®; satisfy the required properties. Furthermore, we consider only those L and D which
are natural numbers.

Next, consider the sequence
(L;,®;,D;)=(i,0;,D;) forieN.

In order to detect ty04-Morse actions we will use the local characterization of Morse quasigeodesics
given by Theorem 3.18 and Proposition 3.32. Due to the discrete nature of quasigeodesics that we will be
considering, it suffices to assume that the additive quasiisometry constant A is zero.

Consider the functions
(O, e, 8),€(0, e, 3)

as in Theorem 3.18. Using these functions, for the sets ® = ®;, ®' = ©;41 and the constant § = 1 we
define the numbers
I; =1(0,0,8),¢ =€(0,0,§).

Next, for the numbers L = L;, D = D; and the sets ® = ©;, ® = ©;, 1, consider the numbers
5i =5(Li,0,0,0;11, Di,€i+1.liv1)

as in Proposition 3.32. According to this proposition, every (L;, 0, ®;, D;)-Morse quasigeodesic satisfies
the (®;4+1,€i+1,li+1,5)-quadruple condition for all s > s;. We note that, a priori, the sequence s; need
not be increasing. We set S; = s; and define a monotonic sequence S; recursively by

Si+1 = max(S;, si+1).

Then every (®;, D;, L;, 0)-Morse quasigeodesic also satisfies the (®; 11, €;41,/i+1, Si+1)-quadruple
condition.
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We are now ready to describe the algorithm. For each i € N we compute the numbers /;, ¢; and, then, Sj,
as above. We then consider finite discrete paths in I', ¢ € £, and the corresponding discrete paths in X,
p(t) = q(t)x with ¢ € [0, 3S5;]N Z. The number of paths ¢ (and, hence, p) for each i is finite, bounded
by the growth function of the group I'.

For each discrete path p we check the (0;, €;, /;, Si)-quadruple condition. If for some i = i, all paths p
satisfy this condition, the algorithm terminates: it follows from Theorem 3.18 that the map f sends all
normalized discrete biinfinite geodesics in I" to Morse quasigeodesics in X. Hence, the action I' , X is
Morse in this case. Conversely, suppose that the action of I' is (®, D, L, 0)-Morse. Then f sends all
isomeric embeddings g: Z — I to (®, D, L, 0)-Morse quasigeodesics p in X. In view of the properties
of the sequence

(Li, ®i, Dj),

it follows that for some i,
(L,®,D)=(Li,0;, D),

ie L < L;, ® C ®; and D < Dj; hence, all the biinfinite discrete paths p are (®;, D;, L;,0)-Morse
quasigeodesic. By the definition of the numbers /;, €;, S;, it then follows that all the discrete paths
p = foq,q €L, satisfy the (©;41,€;41,li+1.Si+1)-quadruple condition. Thus, the algorithm will
terminate at the step i + 1 in this case.

Therefore, the algorithm terminates if and only if the action is Morse (for some parameters). If the action
is not Morse, the algorithm will run forever. |

Remark 4.19 Applied to a rank-one symmetric space X and a hyperbolic group I" without a nontrivial
normal finite subgroup, the above algorithm verifies if the given representation p: I' — Isom(X) is faithful

with convex-cocompact image. We could not find this result in the existing literature; cf however [Gilman
and Keen 2016].

Appendix A Further properties of Morse quasigeodesics

This is the only part of the paper not contained in [Kapovich et al. 2014]. Here we collect various
properties of Morse quasigeodesics that we found to be useful elsewhere in our work.

A.1 Finsler geometry of symmetric spaces

In [Kapovich and Leeb 2018b] (see also [Kapovich et al. 2017]), we considered a certain class of G-
invariant “polyhedral” Finsler metrics on X. Their geometric and asymptotic properties turned out to
be well adapted to the study of geometric and dynamical properties of regular subgroups. They provide
a Finsler geodesic combing of X which is, in many ways, more suitable for analyzing the asymptotic
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geometry of X than the geodesic combing given by the standard Riemannian metric on X. These Finsler
metrics also play a basic role in the present paper. We briefly recall their definition and some basic
properties, and refer to [Kapovich and Leeb 2018b, Section 5.1] for more details.

Let 6 € int(tmoq) be a type spanning the face type tmoq. The O-Finsler distance d 9 on X is the G-invariant
pseudometric defined by

dg(x, y) := max_(bg(x) —bg(y))
0(§)=06

for x, y € X, where the maximum is taken over all ideal points £ € doo X with type 68(£) = 6. It is positive,
ie a (nonsymmetric) metric, if and only if the radius of oy,04 With respect to 0is < /2. This is in turn
equivalent to 6 not being contained in a factor of a nontrivial spherical join decomposition of oy, and is
always satisfied if for instance X is irreducible.

If d9 is positive, it is equivalent to the Riemannian metric. In general, if it is only a pseudometric, it is
still equivalent to the Riemannian metric d on uniformly regular pairs of points. More precisely, if the
pair of points x, y is ®-regular, then

L7'd(x.y) <d®(x.y) < Ld(x. y)
with a constant L = L(®) > 1.

Regarding symmetry of the Finsler distance, one has the identity
d(y,x) = d°(x. y),
and hence d? is symmetric if and only if 10 = 6. We refer to d? as a Finsler metric of type Tmod.

The @?-balls in X are convex but not strictly convex. (Their intersections with flats through their centers
are polyhedra.) Accordingly, d O-geodesics connecting two given points x, y are not unique. To simplify
notation, xy will stand for some d g—geodesic connecting x and y. The union of all d é—geodesic Xy
equals the tyod-diamond <+, (x, y), that is, a point lies on a d t9-geodesic xy if and only if it is contained
in ¢, (x, »); see [Kapovich et al. 2017]. Finsler geometry thus provides an alternative description of
diamonds. Note that with this description, the diamond <, (x, y) is also defined when the segment xy
is not tyeg-regular. Such a degenerate to9-diamond is contained in a smaller totally geodesic subspace,
namely in the intersection of all Tmo4-parallel sets containing the points x, y. The description of geodesics
and diamonds also implies that the unparametrized d 0—geodesics depend only on the face type 04, and
not on 6. We will refer to d Q—geodesics as Tmod-Finsler geodesics. Note that Riemannian geodesics are
Finsler geodesics.

We will call a ®-regular tpo4-Finsler geodesic a ®-Finsler geodesic. If xy is a ®-regular (Riemannian)
segment, then the union of ®-Finsler geodesics xy equals the ®-diamond g (x, y).

Every tpoq-Finsler ray in X is contained in a tp,04-Weyl cone, and we will use the notation xt for a
Tmod-Finsler ray contained V' (x, st(z)). Similarly, every tyoq-Finsler line is contained in a 7y,0q-parallel set,
and we denote by t_74 an oriented t,0q-Finsler line forward/backward asymptotic to two antipodal
simplices t+ € Flag(tmeq) and contained in P(7—, 74).
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Examples of ®-regular Finsler geodesics can be obtained as follows. Let (x;) be a (finite or infinite) se-
quence contained in a parallel set P(7—, t4) such that each Riemannian segment x; x; 41 is T+-longitudinal
(see Definition B.2) and ®’-regular. Then the concatenation of these geodesic segments is a ©-regular
Finsler geodesic; see Remark B.3.

Conversely, every ®-regular Finsler geodesic c: I — X can be approximated by a piecewise Riemannian
Finsler geodesic ¢’: pick a number s > 0 and consider a maximal s-separated subset J C I. Then take ¢’
to be the concatenation of Riemannian geodesic segments c(i)c(j) for consecutive pairs i, j € J. In
view of this approximation procedure, the “string of diamonds” theorem (Theorem 3.30) holds if instead
of Riemannian geodesic segments x;X;+1, we allow ®@-regular Finsler segments.

A.2 Stability of diamonds
Diamonds can be regarded as Finsler-geometric replacements of geodesic segments in nonpositively
curved symmetric spaces of higher rank.

Riemannian geodesic segments in Hadamard manifolds (and, more generally, CAT(0) metric spaces)
depend uniformly continuously on their tips: by convexity of the distance function we have,

daus(xy, X' y") < max(d(x,x"),d(y, y")).

In [Kapovich et al. 2018b, Proposition 3.70] we proved that diamonds <, , depend continuously on
their tips.

Below we establish uniform control on how much sufficiently large ®-diamonds vary with their tips.

Lemma A.1 For d’ > d > 0 there exists C = C(0, 0, d, d’) such that the following holds:
If a segment x_x4 C X is ®-regular with length > C and y+ € B(x+, d), then

(i) the segment y_yy is ®-regular, and
(i) Co(x—,x4) C Ng(Cer(y-. y+))-

Proof (i) The ®'-regularity of y_y4 for sufficiently large C follows from the A-triangle inequality.

+
n

with d(x,,x;7) — +oo, y,f with d(x,:lt,y;—L) <d, xp € Golx,,x;5) and y, € o (y;,, y;5) with
d(xn, Qe (v, ¥;5)) = d(xn, yn) = d’. We may assume convergence X, —> Xoo and yn — Yoo in X.

(i1)) Suppose that there exists no constant C for which (ii) holds. Then there are sequences of points x

After extraction, at least one of the sequences (x,:f) diverges. There are two cases to consider.

Suppose first that both sequences (x,jf) diverge. Then they are uniformly 7,04-regular and, after extraction,
we have ty04-flag convergence xni, yf,t — 74+ € Flag(Tmoq). The limit simplices t4 are antipodal (because
Xn = Xoo). We observe that

d(xn, 30 (x, X;0)), d(yn, e (v, ;7)) = +00.
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It follows that the sequences of diamonds $e/(x}, x;) and $e/ (), ¥;F) both Hausdorff converge to
the Tmog-parallel set P = P(7_, 4+). It holds that xo, € P because x, € $e(x),, x;7). On the other hand,
d(X0o, P) = d’ because d(x,, e (y;,, ¥;5)) = d’, a contradiction.

Second, suppose that only one of the sequences (xni) diverges, say, after extraction, x,, — x_, and
¥, — V& in X to limit points with d (x5, v ) < d, and x5 — 74 € Flag(timea). Now the distance of x,
from the boundary of the ®’-Weyl cone with tip x; and containing x, goes to infinity and it follows that
Qo (x,, x;5) = V(xy, ster(t4+)) and, similarly, Ger (v, v,7) = V(ys, ster(t+)). The asymptotic
limit Weyl cones have Hausdorff distance d(x_,. y,). On the other hand, xo € V(x,, ste’(r4)) and
d(X0o, V(5 ster(t+))) = d’, again a contradiction.

This shows that (ii) holds for sufficiently large C. a
We reformulate this result in terms of Finsler geodesics:

Lemma A.2 There exists C = C(®,®’,d,d") such that the following holds: if x_x is a ©-Finsler
geodesic in X withd(x—,x4) > C, and y4 are points with d(y+, x+) < d, then every point X on x_Xx+
lies within distance d’ of a point y on a ®’-Finsler geodesic y_y.

We do not claim here that one can take the same Finsler geodesic y_ y4 for all points x on x_x.

We now apply this stability result to Morse quasigeodesics. One, somewhat annoying, feature of the
definition of ®-Morse quasigeodesics p: I — X is that p([t1, t;]) is not required to be uniformly close
to a ®-diamond spanned by p(#1), p(f;). (One reason is because the segment p(#1) p(f;) need not be
®-regular.) Nevertheless, Lemma A.1 implies:

Lemma A.3 For every Morse datum M = (®, B, L, A) and ®' > @, there exists C = C(M,®") and
D’ such that the following holds for all (©, B, L, A)-Morse quasigeodesics p: [ — X:

Whenever d(x1,x,) > C, the segment x1x, = p(t1)p(t2) is O -regular and p([t1,t,]) lies in the
D’ -neighborhood of the ®’-diamond $g/(x1, X3).

A.3 Finsler approximation of Morse quasigeodesics

The next theorem establishes that every (sufficiently long) Morse quasigeodesic is uniformly close to
a Finsler geodesic with the same endpoints. In this theorem, for convenience of notation, we will be
allowing Morse quasigeodesics p to be defined on closed intervals I in the extended real line; this is just
a shorthand for amap p: I’ = I NR — X such that, as 1 — +o00 in I', p(t) — p(Fo0) € Flag(tmoq)-
When we say that such maps p, ¢ are within distance D’ from each other, this simply means that their
restrictions to I’ are within distance < D’.
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Theorem A.4 (Finsler approximation theorem) For every Morse datum M = (®,D, L, A),®' > ®,
and positive number S, there exist C = C(M,®’, S) and D' = D'(M, @', S) satisfying the following.

Let p: I =[t—,t4] = X UFlag(tmoa) be an M -Morse quasigeodesic between the points x+ = p(t+) in
X UFlag(tmoq) such that d(x—, x4+) > C. Then there exists a ®-Finsler geodesic x_xy equipped with a
monotonic parametrization c: I — x_x such that

(a) the maps p,c: I — X are within distance < D’ from each other, and

(b) x_x4 isan S-spaced piecewise Riemannian geodesic, ie the Riemannian length of each Riemannian
segments of X_x4 is > S.

Proof We will prove this in the case when both x1 are in X, since the proofs when one or both points
x4 are in Flag(tmoq) are similar: one replaces diamonds with Weyl cones or parallel sets.

By the definition of an M -Morse quasigeodesic, for all subintervals [s—, s+] C [¢—, t4] there exists a
®-diamond
Ce(rL.y)

whose D-neighborhood contains p([s—, s+]), and for y+ = p(s+) we have
d(y+,yy) = D.

Therefore, applying Lemma A.1(i), we conclude that the Riemannian segment y_y4 is ©'-regular
provided that

(A.5) d(y-,y4+) = C1 = C1(M, @").
In view of the quasigeodesic property of p, there exists s = s(M, ®’) such that the separation condition
sy —s_>s5=s5(M,0)

implies the inequality (A.5). This, of course, also applies to [s—,s4+] = [{—,?+] and hence, using
Lemma A.1(ii), we obtain

p(I) C Np(®e(x_,x})) C Npyp, (Cer(x—,x4)),
where D1 = D{(M,©®"). We let
Y+ € 0" 1= Ogr(x—, x4) = V(x_,ster(t4)) NV (x4, ster(-))

denote the nearest-point projections of y+ = p(s4). There exists s' = s'(M, ®’) such that as long as
s4 —s— > ', the Riemannian segments y_y are also ®'-regular and have length > S. Furthermore,
as in the proof of Proposition 3.32, we can assume that s’ = s’(M, ®’) is chosen so that, whenever
s+ —s— >s', each segment y_y, is t-longitudinal. We fix this s’ = s’(M, ®’) from now on.

We also assume, in what follows, that 74 —z_ > s/(M, ®’); this is achieved by assuming that
LY d(x_,x3)—A)>s =5'(M,0).
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Take a maximal s’-separated subset J C I containing 7. For each j € J define the point
zj = p(j) e

Then for all consecutive i, j € J, with s <|j —i| < 2s’, we have

(A.6) L' —(A+2D +2Dy) <d(z,z) <2Ls' + (A +2D +2Dy).

We then let ¢ denote the concatenation of Riemannian segments z;z; for consecutive i, j € J, where we
use the affine parametrization of [i, j] — z;z;. Thus, ¢ is a ®’-Finsler geodesic. We now take the smallest
s" > 5" (M, ®) satisfying

S<L ' —(A+2D+2Dy).

The inequalities (A.6) imply that ¢ satisfies both requirements of the approximation theorem with

D' =2Ls" 4+ (A+2D+2D;) + (D + Dy) + (2Ls" + A). m|

Remark A.7 In the case when the domain of p is unbounded, one can prove a slightly sharper result;
namely, one can take ®" = ®. Compare [Kapovich and Leeb 2023, Section 6].

A.4 Altering Morse quasigeodesics

Below we consider certain modifications of M -Morse quasigeodesics p in X represented as concatenations
P = p— * po * p+, where x4 are the endpoints of pg, and y4+, x4 are the endpoints of p+. (As in the
previous section, we will be allowing y+ to be in X U Flag(tmod).) These modifications will have the
form p" = p’ * pg = p,, where p/, and pj are all Morse. We will see that, under certain assumptions,
the entire p’ is again Morse (for suitable Morse datum M).

We begin by analyzing extensions of p to biinfinite paths.

Lemma A.8 (extension lemma) Suppose that p = p_ x po x p+ is an M -Morse quasigeodesic as
above. Assume, furthermore, that

p+ C Ve =V(xg,st(te)).
Whenever y+ is in X, we let c+ be ®-regular Finsler rays contained in V1 and connecting y+ to t+.
Then, for every ®' > ©, there exists a Morse datum M’ containing ®’ (and depending only on M and ®')
such that the concatenation

pP=c_xp*cy

is M'-Morse, provided that d(x+, y+) > C = C(M, ©’).
Proof We fix an auxiliary subset © satisfying ® < ®; <©®’. Welet S = S(0,0',1),e =€(01,0’,1)
be constants as in the string of diamonds theorem (Theorem 3.30).
According to Theorem A .4, there exists a ®'-regular Finsler geodesic

c= y_)_c_ * )_C_)_C+ * )_c+y+
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within distance D; = D{(M, ®’, S) from the path p, such that ¢ is the concatenation of segments of
length > S and d(x+,x1) < D;. We let zt y1 denote the subsegments of X y1 containing y4.

Since d(x+,x+) < Dy, for each € > 0 and a sufficiently large C; = C;(D;,®’), the inequality
d(x+, y+) > Cy implies
Zii(x:t,)_ci) <e.

Therefore,
ZJE’:I:(Z:E’ T4) > 7w —2¢
and, hence, the piecewise geodesic path
C=c_*C*cCy

is (®1, 2¢)-straight and S-spaced. By Theorem 3.30, the concatenation ¢ is M;-Morse, where M| =
(®,1, L, A). Since the path p is within distance D; from ¢, it is M’-Morse, where M’ = M| + Dy. O

The next lemma was proven in [Dey et al. 2019, Thm. 4.11] in the case when p, p’ are finite paths. The
proof in the case of (bi)infinite paths is the same and we omit it.

Lemma A.9 (replacement lemma) Suppose that p’ = p’ % pg % p’, is an M -Morse quasigeodesic in X,
which is a concatenation of M -Morse quasigeodesics p’_, pf), p;. Let pg be an M -Morse quasigeodesic
connecting the initial and the terminal point of py. Then for every ®' > © there exists a Morse datum M’
containing ®' (again, depending only on M and ®') such that the path

p'=p_*poxply
is M'-Morse.

In the following three lemmata we will modify an M -Morse quasigeodesic p = p— * pg * p+ by altering
p+ and keeping po unchanged (“wiggling the head and the tail of p”).

Lemma A.10 (wiggle lemma, I) Suppose p is as above and the paths pi are both infinite and p
connects the points x ., x—. We let p, be M -Morse quasigeodesic rays with finite terminal points x 4+
and set p" := p_ * po x p, . Then, given ® > © there exists € = €(M, ®") > 0 and a Morse datum M’
(depending only on M and ®’) containing ®’ such that if

W= max(éii (plL(£00), pi(£00))) <,
then p’ is M'-Morse.
Proof We fix an auxiliary compact Weyl-convex subset ®1 C ost(Tmoq) such that ® < 7 < ©'. Set
T+ = p+(£00), T} = pl (+00).

According to Lemma A.9, there exists a Morse datum M/ containing ® such that for any ®-regular
Finsler geodesic rays ¢4+ := x4t T4+, the concatenation c— * pg x ¢4 is M{-Morse.
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Let M, > M; + 1 be a Morse datum containing ®" and let S > 0 be such that if a path ¢ in X is
S-locally My + 1-Morse then g is M,-Morse; see Theorem 3.34. Let € be such that for x € X and
7, 7" € Flag(tmod), if Li (t, 1) < € then each ©{-regular Finsler segment of length < S in V(x, st(z’)) is
within unit distance from a ®;-regular Finsler segment of length < S in V(x, st(tr)). We assume now
that u < e.

Since p/lL are M -Morse rays, they are within distance Dy = D{(M, ®1) from ®-regular Finsler rays
¢/, = x4t/ connecting x+ and /. Define a new path ¢’ := ¢/ » po * c/,..

By our choice of ¢, the ®;-regular Finsler subsegment s’ = x+ )/, of ¢/, of length § is within unit
distance from a ®;-regular Finsler subsegment s; = x4 y4 of c+ of length S, where c+ = xy 74 isa
©®;-Finsler geodesic connecting x4 to 7.

The concatenation
S— % Do *xS4+
is M-Morse and, since ¢, are ®1-Finsler geodesic, the path ¢’ is S-locally M/ +-1-Morse. By our choice

of S, the path ¢’ is M>-Morse. Since ¢’ is within distance D from p’, the path p’ is M, + D{-Morse.
Lastly, we set M := M, + Dj. O

We generalize this lemma by allowing finite Morse quasigeodesics. We continue with the setting and
notation of Lemma A.10; as before, M’ in the next two lemmata will depend only on M and ®’. In
Lemma A.11 we now allow paths p4+ and p;: to be finite, connecting y+,x+ and y;:,xi, respec-
tively. (Some of y+,y’ might be in Flag(tmoa).) However, we will now assume that the distances
d(x+,y+),d(x!,, y+) are sufficiently large, namely > C.

Lemma A.11 (wiggle lemma, II) Given ®" > O there exist C > 0, € > 0 and a Morse datum M’
containing ®' such that if

pi=max(£s, Vi, y2)) <€ and v:i=min(d(xx, y+), d(xx, ¥4)) = C,
then p’ is M'-Morse.

Proof Pick an auxiliary compact Weyl-convex subset ®,, with ©® < ©, < ©'.

We define biinfinite geodesic extensions p, p’ as in Lemma A.8, by extending (if necessary) the paths
p+. p, via ©-Finsler geodesics y+7+ and y’, t/.. According to Lemma A.8, there exists C > 0 and a
Morse datum M, (containing ®,), both depending on M and ®,, such that the path p is M,-Morse.
The same lemma applied to the paths p’, implies that they are also M>-Morse.
By the construction,

=25 (Vhoye) =25, (thote).

Now, the claim follows from Lemma A.10. O
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Lastly, we prove a general wiggle lemma where we allow perturbing of the entire path p. We consider
concatenations

p=p-*poxpt+ and p'=plxpyxply
of M -Morse quasigeodesics, where we assume that po and p;, are within distance Dy from each other.

The paths p+ connect y+,x+, and the paths p, connect y/,, x/, .

In the next lemma, we continue with the setting and notation of Lemma A.10.

Lemma A.12 (wiggle lemma, III) Given ®' > ® there exist C > 0, € > 0 and a Morse datum M’
containing ®' such that if

W= max(éii(y/i, y+)) <e and v:=min(d(xt, y+),d(x,y}))=C,
then p’ is M'-Morse.

Proof As before, we fix an auxiliary compact Weyl-convex subset @3, ® < ®3 < ®'. Then p/, are within
distance D3 = D3 (M, ©3) from ®3-regular Finsler geodesics ¢4 := yixi. We apply Lemma A.11 to
the pair of paths

p.p" i =c_xpo*xcy.
It follows that p” is M3-Morse for some Morse datum M3 containing ®' provided that

u<e=¢€(M,03,0) and v>C=C(M, 03, 0.

Since the paths p” and p’ are within distance D’ := max(Dg, D3) from each other, the path p’ is
M’ := (M5 + D’)-Morse. O

Appendix B Geometry of nonpositively curved symmetric spaces and their
ideal boundaries

In this appendix we collect various definitions and facts about symmetric spaces of noncompact type,
their ideal boundaries and their isometry groups. The material of this section is taken from [Kapovich
et al. 2017; 2018b] and [Kapovich and Leeb 2018b].

Let X be a symmetric space of noncompact type. Throughout the paper we will be using the visual
compactification of X, namely X = X Uds X (see [Ballmann et al. 1985]), where 90 X is defined as
the set of asymptotic equivalence classes of geodesic rays in X: two rays are equivalent if they are at
finite Hausdorff distance from each other. We refer to [Ballmann et al. 1985] for the detailed definition of
the topology on X. We will also occasionally use the notion of strongly asymptotic geodesic rays: these
are rays p;: Ry — X fori =1, 2 such that

Aim d(p1(t), p2(1)) = 0.
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The space of classes of strongly asymptotic rays is a topological space, obtained by taking the quotient
space of the space of all geodesic rays in X. The latter is topologized by the topology of uniform
convergence on compacts. Given a point £ € d X, one defines X, the space of strong asymptote classes
at & as follows. Consider the set Ray(&) consisting of all geodesic rays in X asymptotic to £ (and, as
before, equipped with the topology of uniform convergence on compacts). Then take the quotient of
Ray(£) by the equivalence relation where two rays are equivalent if they are strongly asymptotic. One can
identify the resulting space X as follows. Pick a point g € oo X opposite to & and consider the parallel
set P(&, §), which is the union of all geodesic rays in X which are forward/backward asymptotic to &, § .
Each point x € P(&, § ) defines the ray x£ asymptotic to £. The projection of the subset of such rays to
X¢ is a homeomorphism. Thus, we can identify Xg with the parallel set P (&, g?) One metrizes Xg by

d(p1, p2) = lim d(p1(1), p2(1)).
o0
Then the projection P (&, § ) — X¢ is an isometry. We refer to [Kapovich et al. 2017, Section 2.8] for details.

Given a subset A C X we let doo A denote the accumulation set of A in dgo X.

Building notions The visual boundary deo X of a symmetric space X admits a structure as a thick
spherical building (the Tits building of X'), which is a certain spherical simplicial complex; see [Eberlein
1996; Ballmann et al. 1985]. This complex is either connected (if X has rank > 2) or discrete (if X has
rank one, or equivalently, X is negatively curved). In the connected case, this building is equipped with
the path-metric Ztjs induced by the spherical metrics on simplices. This metric space has diameter 1. In
the case when the building is discrete, the distance between distinct points is 7.

The connected component Isomg(X) of the isometry group of X acts isometrically on this spherical
building, and transitively on facets (top-dimensional simplices). The quotient doo X'/ Isomg (X)) is a single
spherical simplex, denoted by o4, the model spherical chamber of the building o, X. One can identify
Omod With a facet of the building 0o X, a fundamental domain for the action Isomg(X') on the building. We
will use the notation 6: doo X — 0moq for the type projection, the quotient map doo X — 0o X/ Isomg (X).
The full isometry group Isom(X') acts on both doo X and oy,0q and the map 6 is equivariant with respect
to these actions. Note that the action on 0,04, in general, is nontrivial. Throughout the paper, G denotes
a Lie group with finitely many components, which acts isometrically on X with finite kernel, so that
the action of G' on gy, is trivial and the image of G in Isom(X) has finite index. In particular, we can
identify X with G/ K, where K is a maximal compact subgroup of G. The reader can think of G as
being equal to the kernel of the action of Isom(X) on oy,0q. However, this would exclude such natural
examples as G = SL(2, R), which acts on the associated symmetric space (the hyperbolic plane) with
finite nontrivial kernel (equal to the center of G).

For an algebraically inclined reader, the spherical building above is defined as a simplicial complex
whose vertices are conjugacy classes of maximal parabolic subgroups of G. If W is the Weyl group of X
(equivalently, the relative Weyl group of ) and r is the rank of X (equivalently, the split real rank of G),
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then W is a reflection group acting isometrically on the unit sphere apoq of dimension ¥ — 1 and opyeq is @
fundamental chamber of this action. From the building viewpoint, ayoq is the model spherical apartment
of the Tits building 0, X.

We return to the geometric discussion of doo X. We let ¢: 0mod —> Omod denote the opposition involution:
it is the projection to oyeq of Cartan involutions of X. We will use the notation ¢ = 6(¢) for elements
of omoq. Similarly (cf [Kapovich et al. 2017, Section 2.2.2]), we let Toq S 0mod denote faces of oyeq:
these are the model simplices in the Tits building; we will use the notation t for simplices in doo X of
type Tmod SO that 0(7) = Tmed. Given a face Tmog Of Omod, We let d, ,Omod denote the union of faces of
Omod disjoint from ty04; We use the notation ost(tyeq) for the complement omoq \ 07,,.,0mod. the open star
of Timod 1N Omod-

Let W, denote the stabilizer of the face tm0q in W. A (convex) subset © C opmoq 18 said to be Weyl-convex
(more precisely, Weyl-convex with respect to a face toq) if the Wz, ,-orbit of ® is a convex subset in the
sphere amoq; see [Kapovich et al. 2017, Definition 2.7]. We will always use the notation ® for compact
t-invariant Weyl-convex subsets of the open star ost(Tmoq)-

Note that, when X has rank one, the data 7,04 and ® are obsolete since opy,q is a singleton. In this case,
we also have that dopmeg = @ and © = int(Gmed) = Omod 1S clopen.

Two points in doo X are called antipodal if their distance in the Tits building doo X equals 7. Equivalently,
these points are connected by a geodesic in X. Equivalently, antipodal points are swapped by a Cartan
involution of X. Similarly, two simplices in doc X are said to be antipodal if they are swapped by a Cartan
involution. We will use the notation t, T for pairs of antipodal simplices. Their types in 004 are swapped
by the opposition involution . Two simplices 7, T’ in doo X are antipodal if and only if ((6(z")) = 0(7)
and the open simplices corresponding to 7, t’ contain antipodal points.

Identify oymeq With a simplex in deo X. Then G-stabilizers of faces timoq Of omod are standard parabolic
subgroups of G, and are denoted by Py

‘mod *

these are closed subgroups of G. The set of simplices of
type Tmod iN 0o X is identified with the quotient G/ Py, ,, which is a smooth compact manifold called
the flag-manifold Flag(tmod) of type Tmod; see [Kapovich et al. 2017, Sections 2.2.2 and 2.2.3]. Given
t € Flag(tmod), one defines the open Schubert cell C(t) C Flag(tmod), Which is an open subset of
Flag(tmod) consisting of elements opposite to 7; see [Kapovich et al. 2017, Section 2.4]. We will use the
notation int T for the open simplex obtained by removing from t all its proper faces. The notation st(t)
is used to denote the star of T in deo X, the union of all faces of doc X containing r. Similarly, ost(z),
the open star of T in d X, is obtained from st(7) by removing all faces disjoint from t. Accordingly,
0

TmoaOmod 18 defined as omod \ 0St(Tmod)-

Given a Weyl-convex compact subset ® C 0st Tpod C Omod, We Will define the ®-star of a simplex t in
0oo X Of type Tmoq as the preimage of ® under the restriction 6: st(7) C doo X — Omod-
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Symmetric space notions An isometry of X is called a transvection if it preserves a geodesic in X and
acts trivially on its normal bundle. Transvections in X are precisely the compositions of pairs of Cartan

involutions.

A flat in X is an isometrically embedded totally geodesic Euclidean subspace of X. The dimension of
a maximal flat in X is the rank of X. We will use the notation F for maximal flats in X. The parallel
set P(l) of a geodesic / in X is the union of all maximal flats in X containing /. We let 7+ denote the
smallest simplices in doo X containing the elements £1. € doo/; these simplices are antipodal. We will use
the notation P(t—, t4+) for the parallel set P(/), since P(/) can be described as the union of geodesics
in X that are forward/backward asymptotic to points in the open simplices int 7.

Given a maximal flat F' C X, the stabilizer Gr of F in G acts transitively on F. For each x € F the
intersection Gx N GF acts on F as a finite reflection group, isomorphic to the Weyl group W of X.
One frequently fixes a basepoint x = 0 € X and the model maximal flat Fioqg C X containing o; the
stabilizer G is then denoted by K, it is a maximal compact subgroup of G. A fundamental domain for
the W-action on Fp,oq is the model Euclidean Weyl chamber, denoted by A. The ideal boundary doo A is

then identified with o1m04, the model chamber in doo X.

The Euclidean Weyl chamber A is the Euclidean cone over the simplex opy,0q. Thus, we can also “cone-off™
various objects from opeg. In particular, we define the tyq-boundary 9, ,A of A as the union of rays o
with § € 07, ,0mod (see [Kapovich et al. 2017, Section 2.5.2]), and define the ®-cone Ag as the union of
rays o with ¢ € ©®, where ® C 0st Tyod C Omod-

The group of transvections along geodesics in F is usually denoted by A4; then (in the case G < Isom(X))
G = KAK is the Cartan decomposition of G. The more refined form of this decompositionis G = KA+ K,
where A4 C A is the subsemigroup consisting of transvections mapping A into itself. Geometrically
speaking, the Cartan decomposition states that each K-orbit Ky C X intersects A in exactly one point. The
projection c¢: y — Ky N A is 1-Lipschitz since each orbit Ky meets Fi,oq orthogonally and transversally.
This projection leads to the notion of A-distance on X (see [Kapovich et al. 2017, Section 2.6] and
[Kapovich et al. 2009]): Given a pair of points x, y € X, find g € G such that g(x) =0 and z = g(y) € A.
Then
0z :=da(x, y).

The vector da (x, y) is the complete G-congruence invariant of pairs (x, y) € X2, and

d(x,y) = [ldaCx, ).

where || - || is the Euclidean norm on Fy,q (regarded as a Euclidean vector space with o serving as zero).
Since c is 1-Lipschitz, the A-distance satisfies the triangle inequality

lda(x, y) —da(x, 2)|| = lda(y, 2)|| = d(y. 2).

We refer the reader to [Kapovich et al. 2009] for in-depth discussion of generalized triangle inequalities
satisfied by the A-valued distance function on X.
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We say that a nondegenerate segment xy C X is tyoq-regular if

dA(x7 y) ¢ a‘[modAa
and that it is ©-regular if
da(x,y) € Apg.

See [Kapovich et al. 2017, Section 2.5.3]. In what follows, we will always assume that 704 1S t-invariant
and © C ost(Tyoq) is an t-invariant Weyl-convex compact subset of 0st(Tymod) C Omod-

An injective map f from an interval I in R to X is called tyoq-regular if for all s < ¢ in I the geodesic
segment f(s) f(¢) is Tmog-regular.

Weyl cones Fix a simplex t in doo X and a point x € X. We define the Weyl cone V(x, st(t)) with the tip
x over the star st(t) C doo X as the union of geodesic rays emanating from x and asymptotic to points of
st(t). Similarly, assuming that t has the type tmeq and ® C 05t(Tmod) C Omod 1S @ Weyl-convex compact
subset, we define the ®-cone V (x, stg (7)) with the tip x over the ®-star stg(t) C doo X as the union of
geodesic rays emanating from x and asymptotic to points of stg(z). It was proven in [Kapovich et al.
2017, Section 2.5] that Weyl cones V' (x, st(r)) and ®-cones V(x, stg(7)) are convex in X.

In particular, these cones satisfy the nested cones property:

(1) If y € V(x,st(r)), then V(y,st(r)) C V(x,st(r)).

(2) If y € V(x,stg(r)), then V(y,stg(t)) C V(x,stg(7)).
Finsler geodesics in X These are geodesics with respect to certain G-invariant Finsler metrics on X
defined in [Kapovich and Leeb 2018b]. The precise description of all Finsler geodesics is given in

[Kapovich and Leeb 2018b, Section 5.1.3]. We merely use the following description of Finsler geodesics
in lieu of the definition:

Definition B.1 (Finsler geodesics) Fix an t-invariant face tynoq Of 0meq. Let I C R be an interval. A
(continuous) path ¢: I — X is called a Finsler geodesic (more precisely, a tpyoq-Finsler geodesic) if there
exists a pair of antipodal flags 74 € Flag(tyoq) such that ¢(/) C P(t4+,7-) and

c(tr) € V(c(ty),st(t4)) forall ¢y <t,.

Moreover, given an (-invariant compact Weyl-convex subset ® C ost(Tmoeq), a Finsler geodesic ¢: I — X
is called a ®-Finsler geodesic if, in addition to the above, it satisfies the following stronger condition:

c(ty) € V(e(t), sto(t4+)) forall 1 <t,,

ie ¢ is ®-regular.

Note that each ty04-Finsler geodesic is automatically a tpog-regular path in X.
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Diamonds Intersecting cones, we define diamonds in X ; see [Kapovich et al. 2017, Section 2.5]. Take
two antipodal simplices 74, T— of the type Tmod = tTmod and points x4 € X such that
X4 € V(x_,st(t4)), x— € V(x4,st(t-)).
Then the intersection
Ctoa (X=X 4) = V(- st(z4)) N V(x4 ste(1-))
is the tmog-diamond with tips x1. Similarly, suppose that ® C 0st(Tmod) C Omod 1S @ Weyl-convex
t-invariant compact subset and
X+ € V(x—,ste(t4)), x— € V(x4,ste(r-)).

Then the ®-diamond is defined as the intersection

Cox—,x4) =V(x_,stg(t4)) N V(x4, stg(t-)).
Thus, diamonds are also convex in X.

Diamonds have a nice interpretation in terms of Finsler geometry of X: it is proven in [Kapovich and
Leeb 2018b] that ¢ ,(x—,x4) is the union of all Finsler geodesics in X connecting the points x4 .
Similarly, ¢@(x—, x4 ) is the union of all ®-regular Finsler geodesics in X connecting the points x4 .

Longitudinal notions The following definition is taken from [Kapovich et al. 2018b, Section 3.2]. Let
P = P(t—,t4+) C X be a parallel set, where 7 are antipodal simplices of type Tmod in digs X.

Definition B.2 (longitudinal directions and segments in parallel sets) A nondegenerate geodesic segment
xy in P is said to be longitudinal or, more precisely, 74 -longitudinal, if it is contained in a geodesic ray
x§& C P, where & € ost(t4).

Remark B.3 (1) Longitudinal directions and segments are, in particular, tpoq-regular.

(2) A nondegenerate segment x y is longitudinal if and only if all nondegenerate subsegments xy are
longitudinal.

(3) Ifxy and yz are 74 -longitudinal ®-regular segments in P, then so is the segment xz. This follows,
for instance, from the fact that

V(y.ste(t4)) C V(x,ste(t+)).

Regular sequences and groups The reader should think of regularity conditions for subgroups I' < G as
a way of strengthening the discreteness assumption: The discreteness condition means that the sequence
of distances d(x, y,(x)) diverges to infinity for every sequence of distinct elements g, € I'. Regularity
conditions on I" require certain forms of divergence to infinity of vector-valued distances da (x, g, x).

We first consider sequences in the euclidean model Weyl chamber A. Recall that

8TmodA = V(O’ 8Tm0dom0d) C A
is the union of faces of A which do not contain the sector V' (0, tmoq). Note that

8‘L'modA N V(07 Tmod) = aV(O» fmod) = V(O, Brmod).
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The following definitions are taken from [Kapovich et al. 2017, Section 4.2].

Definition B.4 (i) A sequence (8,) in A is called tyoq-regular if it drifts away from 9, , A, ie

d(6y,, 07, A) — 4o00.

Timod

(i) A sequence (x;) in X is tmeq-regular if for some (any) basepoint 0 € X the sequence of A-distances
da (0, xp) in A has this property.

(iii) A sequence (g) in G is Tmeq-regular, if for some (any) point x € X the orbit sequence (g,x)
in X has this property.

(iv) A subgroup I' < G is tmed-regular if all sequences of distinct elements in I" have this property.
Next, we describe a stronger form of regularity following [Kapovich et al. 2017, Section 4.6].

Definition B.5 (i) A sequence 8, — 00 in A is uniformly tyoq-regular if it drifts away from d;_ A

Tmod
at a linear rate with respect to its norm,

d(8n, 3z, A)

Tmod

lim inf > 0.

n—>+00 162l
(i) A sequence (xj,) in X is uniformly tyeq-regular if for some (any) basepoint 0 € X the sequence of
A-distances da (0, x,) in A has this property.

(iii) A sequence (g,) in G is uniformly tmeq-regular if for some (any) point x € X the orbit sequence
(gnx) in X has this property.

(iv) A subgroup I' < G is uniformly tmoq-regular if all sequences of distinct elements in I" have this
property.

Note that (uniform) regularity of a sequence in X is independent of the basepoint and stable under
bounded perturbation of the sequence (due to the triangle inequality for A-distances). A sequence (x;) is
uniformly tp0q-regular if and only if there exists a compact ® C ost(Tymeq) such that for each x € X all
but finitely many vectors da (x, x;) belong to Ag.

Remark B.6 The definition of regularity of sequences in G has the following dynamical interpretation, in
terms of dynamics on the flag-manifold Flag(zyoq), which generalizes the familiar convergence property
for sequences of isometries of a Gromov-hyperbolic space Y acting on the visual boundary of Y.

A sequence (gy) in G is said to be tyoq-contracting if there exists a pair of elements 74 € Flag(tmoq)
such that the sequence (g5) converges to 7 uniformly on compacts in C(7—) C Flag(tmoq). Here, as
elsewhere, C(7—) is the open Schubert cell in Flag(tyoq) consisting of simplices antipodal to 7—. In
this situation, the simplex 74 is the tpeq-limit of (g,). A sequence (gz) is Tmog-regular if and only if
there exists a pair of bounded sequences ay, b, € G such that the sequence of compositions ¢, g, by, is
Tmod-contracting. Equivalently, a sequence (g;) is Tmoq-regular if and only if every subsequence in (g,)
contains a further subsequence which is tq-contracting. We refer the reader to [Kapovich et al. 2017]
for details.
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For a subgroup I' < G, uniform ty,4-regularity is equivalent to the visual limit set A C 0o X being
contained in the union of the open ty,04-stars. Here A is the accumulation set in doo X of some (any)
I"-orbit in X.

We next discuss tyoq-limit sets. In a nutshell, the 7;,04-limit set of a T0q-regular subgroup I' < G is the
accumulation set in the flag-manifold Flag(tmoq) of one (equivalently, every) I'-orbit in X. However, the
way the accumulation is defined is more subtle than in the rank-one case. If G (equivalently, X') has
rank one, one can define convergence of a divergent sequence X, € X to a point A € doo X by taking
a sequence of geodesic rays o0&, through x, (with the fixed initial point 0). Then x, — A if and only
if &, — A in Flag(tmod) = 0ooX. In higher rank, a geodesic o0&, through x, need not even terminate
in a face 1, of drys X of type tmoa. But, if it does, then x, — 7 € Flag(tmoq) if and only if 7, — 7 in
Flag(tmod). In general, due to the t;,0q-regularity assumption, one finds (for all sufficiently large n) a
unique face 7, of type Tmod in Flag(tmoeq) such that &, belongs to the open star ost(ty) of 7,. Then, by the
definition, x,, — 7 if and only if 1, — t in Flag(tmeq). Lastly, if I’ < G is a tyg-regular subgroup, then
the Tmog-limit set A, ,(I") C Flag(tmoa) is the subset consisting of accumulation points in Flag(tmeq) of
one (equivalently, every) I'-orbit in X, where convergence is understood as above.

A subset A of Flag(tmoq) is said to be antipodal if any two distinct elements of A are antipodal to each
other. A map B: Z — Flag(tmoq) is said to be antipodal if it sends distinct elements of Z to antipodal
elements of Flag(tmoq). We will apply these notions to the limit sets of ty0q-regular subgroups of G.

Morse quasigeodesics, maps and subgroups Lastly, we come to the heart of the matter, the notion of
Morse quasigeodesics in X (Definition 3.1), Morse embeddings (or Morse maps) to X (Definition 3.7)
and Morse subgroups of G and Morse actions on X (Definition 4.1).

Below we recall an alternative characterization of Morse quasigeodesics given in [Kapovich et al. 2018b].
A natural way to coarsify the notion of regularity for geodesic segments in X is as follows.

Let B > 0. We say that a pair (x, y) of (not necessarily distinct) points is (®, B)-regular if it is oriented
B-close to some O-regular pair of points (x’, y’), ie d(x,x’) < B and d(y, y’) < B. This is equivalent
to the property that the segment xy is oriented B-Hausdorff close to the ©-regular segment x’y’, and we
say also that the segment xy is (®, B)-regular.

We say that a (not necessarily continuous) path p: I — X is (®, B)-regular if for every subinterval
[@’,b'] C I, the segment p(a’) p(b’) is (®, B)-regular.

If tmog and ® are (-invariant, then we say that a subset of X is (®, B)-regular if every pair of points
in the subset has this property, and more generally, that a map into X is (®, B)-regular if it sends any
pair of points to a (®, B)-regular pair of points in X. Note that the images of (®, B)-regular maps are
(®, B)-regular subsets. We say that the subset or map is (coarsely) ®-regular if it is (0, B)-regular for
some constant B.
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In [Kapovich et al. 2018b] we prove:

Theorem B.7 (regular implies Morse for quasigeodesics) Uniformly coarsely tmoq-regular quasi-
geodesics in X are uniform tyoq-Morse quasigeodesics and vice-versa.

Note that t,0,q-Morse embeddings are coarsely uniformly ty,0q-regular quasiisometric embeddings. We
also have the converse, proven in [Kapovich et al. 2018b]:

Theorem B.8 (regular implies Morse for quasiisometric embeddings) Coarsely uniformly tyoq-regular
quasiisometric embeddings from quasigeodesic metric spaces into model spaces are uniform tyoq-Morse
embeddings.

Morse actions on X are undistorted in the sense that the orbit maps are quasiisometric embeddings. In
particular, they are properly discontinuous. Furthermore, ®-Morse actions are (coarsely) ®-regular. In
[Kapovich et al. 2018b] we prove a converse:

Theorem B.9 (URU implies Morse) Uniformly tyoq-regular undistorted isometric actions by finitely
generated groups on X are uniformly tpq-Morse.

Below we collect some of the equivalent characterizations of t,04-Morse (equivalently, Tpyoq-Anosov)
subgroups of G given in [Kapovich et al. 2017; 2018b] and [Kapovich and Leeb 2018b]:

Theorem B.10 The following are equivalent for a subgroup I' < G:

(1) T is tmod-Morse.

(2) T is tmoa-URU, ie it is Tmeg-uniformly regular, finitely generated and one (equivalently, every)
orbit map I' — X is a quasiisometric embedding.

(3) T is tmoa-asymptotically embedded, ie I' is toq-regular, Gromov-hyperbolic with the Gromov-
compactification T = ' Udoo I, and there exists an antipodal homeomorphism f: dooI" — A, ()
which, combined with one (equivalently, every) orbit map I' — X defines a continuous map
I' — X U Flag(tmoa), Where the latter is topologized using the natural topologies of X and
Flag(tmod), and the topology of tmeq-flag convergence for sequences in X to elements of Flag(tmod)-

(4) T is tmod-RCA (regular, conical and antipodal), ie I is tyoq-regular, its tmoq-limit set is antipodal
and every element t of A, (") is conical. The latter means that for some (equivalently, every)
X € X there exists C < oo and an infinite sequence y, in I such that the sequence (Y,(x))
flag-converges to t in the C -neighborhood of the Weyl cone V (x, st(t)).

The map g in (3) is called the boundary map of T'. It is unique as long as I" is a nonelementary hyperbolic
group.
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Nearly geodesic immersions and domains of discontinuity

COLIN DAVALO

We study nearly geodesic immersions in higher-rank symmetric spaces of noncompact type, which
we define as immersions that satisfy a bound on their fundamental form, generalizing the notion of
immersions in hyperbolic space with principal curvature in (—1, 1). This notion depends on the choice of
a flag manifold embedded in the visual boundary, and immersions satisfying this bound admit a natural
domain in this flag manifold that comes with a fibration. As an application we give an explicit fibration of
some domains of discontinuity for some Anosov representations. Our method can be applied in particular
to some ®-positive representations for each notion of ®-positivity.
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1 Introduction

Let I'g be the fundamental group of a closed orientable surface S, of genus g > 2. An interesting open
subset of the space of representations p: I'y — PSL(2, C) is the space of quasi-Fuchsian representations,
which are representations whose limit set is a Jordan curve, or equivalently representations that are
quasi-isometric embeddings.
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An interesting open subset of this space is the set of nearly Fuchsian representations, which is the set of
representations that admit a p-equivariant immersion from the universal cover of Sy to the hyperbolic
space H> whose image has principal curvature in (—1, 1). Epstein [16] studied immersions satisfying
this bound. He proved in particular that these immersions must be proper embeddings and that their
Gauss map fibers a domain in 9H3. Nearly Fuchsian representations must therefore be discrete, and one
can even conclude that they are quasi-isometric embeddings. A nearly Fuchsian representation is called
almost Fuchsian if the immersion u can be chosen to be a minimal immersion. These representations
have been studied, among others, by Uhlenbeck [36].

A generalization of quasi-Fuchsian representations for higher-rank semisimple Lie groups are Anosov
representations, introduced by Labourie [32] for representations of surface groups and by Guichard and
Wienhard [24] for representations of any Gromov hyperbolic group. Given a subset ® of the set of simple
restricted roots of the Lie group G, a ®-Anosov representation is a representation that satisfies some
strong contraction property in the associated flag manifold, and it is in particular discrete. The set of
®-Anosov representations p: I' — G is moreover open.

We consider a generalization of Epstein’s bound on the second fundamental form of an immersion in a
symmetric space of noncompact type X associated to a semisimple Lie group G. Given a unit vector T
in the model Weyl chamber, or equivalently a flag manifold F; embedded in the visual boundary of X,
we define the notion of t-nearly geodesic and uniformly t-nearly geodesic immersions using Busemann
functions. We prove that a uniformly t-nearly geodesic immersion is an embedding, a quasi-isometric
embedding, and admits a domain in the corresponding flag manifold F;, which admits a fibration whose
fibers are the bases of some pencils of tangent vectors in X, which is a notion generalizing pencils of
quadrics that we introduce.

Given the fundamental group I' of a compact manifold N we also study t-nearly Fuchsian representations,
namely representations p: I' — G that admit an equivariant and t-nearly geodesic immersion u : N > X.
We prove that they form an open subset of the space Anosov representations.

As an application we study some domains of discontinuity associated to Anosov representations in flag
manifolds, constructed by Guichard and Wienhard [24] and Kapovich, Leeb and Porti [30]. Dumas
and Sanders conjectured in [14] that, in the context of complex Lie groups, the quotient of the domain
of discontinuity associated to a Tits—Bruhat ideal fibers equivariantly over the universal cover of the
surface Sg for every representation of a surface group I'g that admits a totally geodesic equivariant
immersion. We show that for a nearly Fuchsian representation p of the fundamental group of N, the
domain associated with the immersion u coincides with a domain of discontinuity for p, and fibers
equivariantly over the universal cover of N. This technique can be applied to representations of surface
groups, and in particular to some ®-positive representations for every notion of ®-positivity. One can
also apply these techniques to fundamental groups of hyperbolic manifolds of higher dimension: we
consider two examples in the end of Section 8.5.

Geometry & Topology, Volume 29 (2025)



Nearly geodesic immersions and domains of discontinuity 2393

Independently and with different techniques, Alessandrini, Maloni, Tholozan and Wienhard proved
that any domain of discontinuity associated to any representation that factors through a cocompact
representation into a rank-1 simple Lie group admits an equivariant fibration [3]. However the fibers are
not easy to describe in general.

It is not true that all the quotients of domains of discontinuity for Anosov representations of surface groups
always fiber over the surface. Gromov, Lawson and Thurston showed that there exist convex—cocompact,
and hence Anosov, representations of surface groups into SO(1, 4) such that the quotient of its cocompact
domain of discontinuity in the unique associated flag manifold is hyperbolic and does not fiber over the
surface; see [21].

Although the only method we provide here to construct nearly geodesic immersions equivariant with
respect to a representation involves deforming locally a totally geodesic immersion, there may be examples
that cannot be deformed into generalized Fuchsian representations. Bronstein has constructed generalized
almost-Fuchsian representations in the isometry group of H* that cannot be deformed into Fuchsian
representations [9].

1.1 Nearly geodesic immersions

We introduce and study a generalization of the condition of having principal curvature in (—1, 1) in the
setting of higher-rank semisimple Lie groups of noncompact type G. More specifically we choose a
unit vector 7 in the associated model Weyl chamber a*t. This choice is equivalent to the choice of a
flag manifold F; embedded in the visual boundary d,isX of the symmetric space X associated to G. Let
t:Sat — Sat be the antipodal involution; to a point a € F; U F(7) C 0yjsX and a basepoint 0 € X one
can associate a Busemann function b, , which can be interpreted as the distance to a in X, relative to o.

Definition 1.1 (Definition 5.1) An immersion u: M — X is called t-nearly geodesic if for all a €
Fr U F, () the function bg o ou: M — R has positive Hessian in any critical direction v € TM, for the
metric on M induced by the immersion.

This property is satisfied for totally geodesic immersions whose tangent vectors are t-regular, namely
whose Cartan projection is not orthogonal to w - 7 for any w in the Weyl group (see Definition 5.6). It is
equivalent to an open bound on the second fundamental form that depends on the Cartan projection of
the image of the differential of the immersion (see Proposition 5.2). When G = PSL(2, C), a t-nearly
geodesic immersion for the only 7 € Sa™ is exactly an immersion with sectional curvature in (—1, 1) in
X = H3 (see Proposition 5.5).

If the immersion is complete and uniformly t-nearly geodesic, namely if the Hessians of Busemann
functions in critical directions are uniformly bounded from below, we show moreover that it is a t-regular
embedding, a quasi-isometric embedding (see Proposition 5.16) and that the nearest-point projection
m ou: X — u(M) is well defined for some explicit appropriate Finsler pseudodistance on X depending
on t (see Proposition 5.17).

Geometry & Topology, Volume 29 (2025)



2394 Colin Davalo

If a t-nearly geodesic immersion is equivariant with respect to a representation of a group acting
cocompactly and properly on M, it provides information about the representation:

Theorem 1.2 (Theorem 5.22) A t-nearly Fuchsian representation p: I' — G is ®-Anosov for some
nonempty set of roots © that depends on t and p.

This theorem can be stated in a simpler form if we consider a vector 7 € Sa™ colinear to a coroot. Given
a simple Lie group, the set A of simple roots can be partitioned into one or two Weyl orbits of simple
roots; see Figure 4. To a Weyl orbit of simple roots ® one can associate a unique normalized coroot
T € Sa™ in the model Weyl chamber. The previous theorem can be restated in this case:

Theorem 1.3 (Theorem 5.20) A tg-nearly Fuchsian representation for some Weyl orbit of simple roots
® C A is ©®-Anosov.

When t = tg we also prove a sufficient condition for a surface to be r-nearly geodesic:

Theorem 1.4 (Theorem 5.23) Let ® be a Weyl orbit of simple roots. Let u: S — X be an immersion
that satisfies, forall ve TS and o € O,

6] I (v, V)| < coar(p(du(v)))?.

Then u is a tg-nearly geodesic immersion.

Here u: TX — a™ denotes the Cartan projection. The constant cg depends on the scaling of the metric
chosen on X, and on ©.

1.2 An associated domain in a flag manifold

In Section 6 we introduce and study pencils of tangent vectors, or d-pencils, which are vector subspaces
P C TxX of dimension d for some x € X. When G = PSL(n, R) these can be thought of as pencils
of quadrics with zero trace with respect to some scalar product (see Proposition 6.5). To a pencil we
associate a subset of the flag manifold F; that we call its base, which is a smooth submanifold if the pencil
is t-regular, namely if all nonzero vectors v € P are t-regular; see Lemma 6.7. When G = PSL(n, R)
and F; >~ RP""! the base of the pencil corresponds to the intersection of all the quadric hypersurfaces
defined by the elements of the corresponding pencil of quadrics.

To a complete and uniformly t-nearly geodesic immersion u: M — X, we associate an open domain
Q] C F; consisting of points a € F; for which b, , o u is proper and bounded from below for one, and
hence any basepoint 0 € X. We define a projection m,,: Q7 — M that associates to a € R, the point in
M at which b, , ou is minimal. This point will be unique because b, , o u is convex and strictly convex
in critical directions.

Theorem 1.5 (Theorem 7.3) Let u: M — X be a complete and uniformly t-nearly geodesic immersion.
The map m,: QY — M is a fibration. The fiber 7, (x) at a point x € M is the base B;(Px) of the
t-regular pencil of tangent vectors Px = du(TxM).
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A domain of discontinuity €2 for a representation p: I' — G in a G-homogeneous space is an open
p(T")-invariant set on which p(I") acts properly discontinuously (some authors call these domains of
proper discontinuity). A cocompact domain of discontinuity is a domain on which the action of p(T")
is cocompact.

If the representation p: I' — G admits an equivariant t-nearly geodesic immersion u : N — X, the domain
27, 1= €2y, does not depend on u, and is a cocompact domain of discontinuity for p. The fibration 7, from
Theorem 1.5 is p-equivariant so the quotient of 2 fibers over the surface. We show in Theorem 7.11
that the domain 27 coincides with some domains of discontinuity associated to Tits—Bruhat ideals for
Anosov representations, constructed by Kapovich, Leeb and Porti [30]. The Tits—Bruhat ideals needed to
describe the domains Q; can always be constructed as a metric thickening.

We prove in Section 7.4 that the diffeomorphism type of the domains of discontinuity obtained by
Tits—Bruhat ideals is invariant under deformation in the space of Anosov representations. We therefore
understand the topology of some domains of discontinuity for all representations in some connected
component of a ®-Anosov representation.

1.3 Applications

A union of connected components of representations of a surface group into a higher-rank simple Lie
group G consisting only of discrete representations is called a higher-rank Teichmiiller space; see
Wienhard [37]. The Hitchin component is a higher-rank Teichmiiller space for any split real simple Lie
group. When G is of Hermitian type, the space of maximal representations, namely representations
with maximal Toledo invariant, is also a higher-rank Teichmiiller space. More generally, Guichard and
Wienhard defined a notion of ®-positive representations for some simple Lie groups and some subsets
of simple roots ®, of which Hitchin and maximal representations are a particular instance. Beyer and
Pozzetti proved that the spaces of ®-positive representations in SO(p, g) for 3 < p < g are higher-rank
Teichmiiller spaces [5]. Bradlow, Collier, Garcia-Prada, Gothen and Oliveira [7] and Guichard, Labourie
and Wienhard [22] proved that for each notion of ®-positivity there exist higher-rank Teichmiiller spaces
consisting of ®-positive representations.

The classical Teichmiiller space can be defined as a connected component of the space of conjugacy
classes of discrete and faithful representations of a surface group into PSL(2, R). It can also be interpreted
as the space of marked hyperbolic structures on the corresponding surface, a particular instance of
(G, X)-structures in the sense of Klein. To a manifold M equipped with a (G, X)-structure one can
associate its holonomy representation p: w1(M) — G, defined up to conjugation by elements of G.

Hitchin underlined similarities between the Teichmiiller space and the Hitchin component, and asked
about the geometric significance of elements in the Hitchin component. In the spirit of this question it is
natural to ask the following:
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Question 1.6 Can ©-positive representations p: I'g — G be characterized as the holonomies on some
(G, X)-structures on a compact manifold M ?

In higher rank, Guichard and Wienhard [24] constructed geometric structures associated to Anosov
representations by constructing cocompact domains of discontinuity in the corresponding flag manifolds.
Such domains have been constructed in more generality by Kapovich, Leeb and Porti [30]. Since ®-
positive representations are ®-Anosov [22], the construction of Kapovich, Leeb and Porti provides
geometric structures associated to any ®-positive representation.

The topology on the quotient of these domains, which are the manifolds on which we put a geometric
structure, is not completely clear. Alessandrini, Li and the author [2] studied the topology of this manifold
for Hitchin representations in PSL(2x, R). Here we study more generally the domains of discontinuity
from [30] that coincide with the domains Q;.

Suppose that G is center-free. Let fh be an sl Lie subalgebra in the Lie algebra g of G, namely a
Lie subalgebra isomorphic to s[> (R). One can associate to b a representation t5: SL(2,R) — G and a
tp-equivariant and totally geodesic embedding uy: H? — X. Choose 7 € Sa™ such that uy is t-regular,
so that uy is T-nearly geodesic. A representation preserving and acting properly and cocompactly on
up (H?) will be called h-generalized Fuchsian.

Theorem 1.7 (Theorem 8.7) Let p:I'g — G be an h-generalized Fuchsian representation. Suppose that
the associated domain of discontinuity 27, is nonempty. Let C be the connected component of the space
of ®-Anosov representations that contains p, for some nonempty ® depending on by. Every representation
in C is the restricted holonomy of a (G, F¢)-structure on a fiber bundle over S .

The holonomy of the structure along the fibers is trivial, so one can consider the restricted holonomy
even if the fiber has nontrivial fundamental group. The fiber bundle is induced as the reduction of an
(SO(2, R)xCk (h))-principal bundle over S, via the action of SO(2,R) x Cx () on a codimension-2
submanifold of the flag manifold F; associated to h. This codimension-2 submanifold, which is the fiber
of the fiber bundle, can be described as the union of connected components of the t-base of a pencil of
tangent vectors in X associated to b.

This theorem applies to connected components of ®-positive representations that contain an hg-generalized
Fuchsian representation, where hg is a ®-principal sl, Lie subalgebra. These components are known
to form higher-rank Teichmiiller spaces of ®-positive representations; see Guichard, Labourie and
Wienhard [22]. Suppose that G admits a notion of ®-positivity and is not isomorphic to PSL(2, R).

Corollary 1.8 (Corollary 8.11) Every O-positive representation p: I'g — G in a component containing
an h@-generalized Fuchsian representation is the restricted holonomy of a (G, Fz, )-structure on a fiber
bundle over Sg, for every Weyl orbit of simple roots ®" C ©.
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In this theorem F, is a flag manifold associated to a set of simple roots ®(tg) C A. In Figure 4 we
give the list of all Weyl orbit of simple roots, together with the corresponding sets of simple roots ®(zg).
Corollary 1.8 describes exactly one geometric structure for each notion of ®-positivity, except for Hitchin
representations in nonsimply laced split Lie groups, for which it describes two geometric structures.

Any maximal representation p: I'g — Sp(2n,R) for n > 3 is the restricted holonomy of a projective
structure on a fiber bundle over S with fiber a Stiefel manifold. In the case n = 2, such structures are
already well described by Collier, Tholozan, Toulisse in [13], and it is not clear if our method can apply
to the Gothen components. In Appendix A we compare their fibration of the corresponding domain of
discontinuity with the one that we construct for nearly Fuchsian representations.

Every Hitchin representation p: I'g¢ — PSL(n, R) is the restricted holonomy of a structure modeled on
F1,n—1 on a fiber bundle over Sg, where F1 51 is the space of partial flags in R” of the form (¢, H)
where { C H C R”, dim({) =1 and dim(H) =n — 1.

Similarly every ©-positive representation p: I'¢ — SO(p, g) for 3 < p and p 4 1 < g is the restricted
holonomy of a structure modeled on F> on a fiber bundle over Sg, where F is the space of isotropic
planes in R?9. If ¢ = p + 1, there are some exceptional components that are conjectured to consist only
of Zariski-dense representations, so it is not clear if our method can be applied to these.

Acknowledgments

I would like to thank Max Riestenberg and Gabriele Viaggi for very precious discussions on the geometry
of symmetric spaces. I would like to thank Thi Dang and Johannes Horn for raising interesting questions
about nearly geodesic immersions. Finally I would like to thank Beatrice Pozzetti for her comments and
support throughout this work and the preparation of the paper. The author was funded through the DFG
Emmy Noether project 427903332 of Pozzetti.

2 Symmetric spaces of noncompact type

In this section we recall the general theory of symmetric spaces of noncompact type and fix some notation.
References for the results mentioned can be found in [15; 26]. We then illustrate some of these notions
for some families of Lie groups. Finally we introduce the notion of the Weyl orbit of simple roots.

2.1 Symmetric space associated to a semisimple Lie group

Let G be a connected semisimple Lie group with finite center and no compact factors, namely of
noncompact type.

Let g be the Lie algebra of G, and let B be the Killing form on g. Since g is semisimple it admits a
Cartan involution, namely an involutive automorphism 6: g — g such that (v, w) — —B(v, (w)) is a
scalar product on g. Any two Cartan involutions are conjugated by Adg for some g € G.
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Let X be the space of Cartan involutions of g. For any x € X we will write the corresponding Cartan
involution 6y : g — g. This involution determines a B-orthogonal decomposition g = t, @ px, where tx
is the 41 eigenspace of 6, and p, the —1 eigenspace.

For x € X, define K to be the group of elements k € G such that Ad; commutes with 6. This subgroup
is a maximal compact subgroup of G. Given any x € X, one can identify X with the homogeneous
space G/ K. The Lie subalgebra t, is the Lie algebra of the compact K, and thus the space py is
naturally identified with 7, X.

Let (-, -)x be the scalar product defined for v, w € g as
(2) (v, whx = B(v, Ox(w)).

This scalar product restricted to p, ~ T X defines a Riemannian metric gx on X. We will denote by dx
the induced Riemannian distance on X. With this metric, the space X is a symmetric space in the sense
that for all x € X there is an isometry o, of X such that dyo = —Id.

The symmetric space X is of noncompact type. It is simply connected and has nonpositive sectional

curvature. In particular it is a Hadamard manifold.

Remark 2.1 We only consider symmetric spaces X associated to semisimple Lie groups G, having their
Riemannian metric defined via the Killing form.

2.2 Reduced root systems

Fix a basepoint o0 € X. Let a be a choice of a maximal abelian subalgebra of p,. These maximal abelian
subalgebras are all conjugated by elements of K. The dimension rank(X) of a will be called the rank of X.

Remark 2.2 In general rank(X) < rank(G), where rank(G) is the dimension of any Cartan subalgebra
in g.
Let o € a* be a linear form. Let gy be the set of elements v € g such that for all 7 € a

ad;(v) = a(7)v.

The reduced root system X is the set of linear forms « € a* such that g4 # {0}. An element 7 € a is
regular if for all « € ¥\ {0}, a(7) # 0.

Let us choose a regular element 79 € a. Let = be the associated set of positive roots, namely the set of
a € ¥ such that a(tg) > 0. There exists a unique set A of linearly independent roots in =1 such that any
root if £ can be written as a linear combination of roots in A. The roots in A are called simple roots.

Let the Weyl group W be quotient of the subgroup of elements in Ky whose adjoint action stabilizes a by
the subgroup of elements that fix a pointwise.
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For any root o € ¥ \ {0} there is an element g, € W whose action on a is the orthogonal symmetry with
respect to Ker(«) in a. The Weyl group acts linearly on a, and it is generated by the elements (0 )yeA-
The model Weyl chamber a™ is the cone {t € a | YVa € A, a(r) > 0}. For any ¢ € a there is a unique
7 € at such that for some w € W, w-t9 = t. An element 7 € at is ®-regular for ® C A if forall x € ®,

a(t) #0.

We denote by Sa and Sa™ the unit sphere in a and the unit sphere intersected with the model Weyl
chamber a™, respectively, for the metric (2).

Let wo € W be the only element such that wg -at = —a™. This element is called the longest element

+

of the Weyl group. Let t: a™ — a™ be the opposition involution, namely the involution such that for

r€Sat, () = —wg - 7. Anelement T € Sa™ is called symmetric if 1(t) = T.

Given a set of simple roots ® C A, we say that the model ®-facet is the set of elements 7 € Sa™ such
that for all « € A\ ©, a(t) = 0. The open model O-facet is the set of elements T € Sa™ such that for all
a €A\ O, a(r) =0, and for all & € ®, a(r) > 0. For an element 7 € Sa™ we will write ®(7) for the
unique set of simple roots such that ¢ lies in the open model ©(t)-facet.

2.3 Maximal flats, visual boundary and parabolic subgroups

A flat in X is a complete totally geodesic subspace of X on which the sectional curvature completely
vanishes. A flat F' is maximal if dim(F') = rank(X). Flats passing through a point x € X are in one-to-one
correspondence with abelian subalgebras of p,, and maximal flats correspond to maximal subalgebras. As
a consequence the action of G on the space of maximal flats is transitive. The maximal flat corresponding
to a will be called the model flat. Moreover for any x € X and v € TX, there is a maximal flat F' such
that x € F andv e Ty F.

We say that two geodesic rays parametrized with unit length 11, 72: R>o — X are asymptotic if there
exists a positive constant C such that for all # > 0, dx(y1(¢), y2(¢t)) < C. This defines an equivalence
relation on the space of rays.

The visual boundary 0.isX of the symmetric space X is the space of classes of asymptotic geodesic rays
parametrized with unit speed. The group G acts by isometries on X, and hence it acts on 0dyjsX.

A unit vector v € T X at a point x € X points towards a € d,i X if the geodesic ray y such that y(0) = x
and y’(0) = v is in the class corresponding to a. Since X is a Hadamard manifold, for any x € X and
a € 0yisX there is a unique unit vector that points towards a. We will denote this vector by v, x throughout
the paper. There exists a unique topology on dy;sX such that for any x € X the map ¢x:a > v, x is a
homeomorphism between dy;s X and TXIX.

The visual boundary of the model flat can be identified with Sa, and is included in the visual boundary
of X. The G-orbit of the point in the visual boundary of X associated to T € Sa™ will be denoted by F;.
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A O-facet is a subset of d,isX that is the image of the model ®-facet by the action of an element of G.
We define similarly the notion of open ®-facet. The stabilizer of the open model ®-facet will be denoted
by Pg, and we will denote by Fg the associated flag manifolds, namely the quotient G/ Pg. Since Pg is
also the stabilizer of any point in the open ®-facet, there exists a natural G-equivariant diffeomorphism
between the G-homogeneous spaces Fg and F; for any t in the open model ®-facet.

Example 2.3 When G = PSL(n, R), a parabolic subgroup is the stabilizer of a partial flag f. Any point
in dyisX belongs to a unique open facet, which corresponds to a partial flag. The type of the partial flag,
namely the dimensions of the subspaces that form the flag, determine a set of roots ® . The points in
dyisX are in one-to-one correspondence with partial flags decorated with a point in the open © -model
facet. This decoration can be interpreted as a collection of weights associated to the subspaces of the
partial flag.

Given any two points a,a’ € 0yisX, one can define their Tits angle Ztis(a,a’) as the minimum of
Z(Vg,x, Vg’ x) for x € X. This minimum is obtained when x € X lies in a common flat with ¢ and a’.

2.4 Cartan and Iwasawa decomposition

The Cartan projection p: TX — a™ is the function that maps any vector w € Ty X to the unique element
u(w) € at of the model Weyl chamber such that for some g € G, g-w = pu(w).

The generalized distance dq(x, y) based at x € X of a point y € X is the Cartan projection u (w) of the
unique vector w € T X >~ py such that exp(w) - x = y. This generalized distance is 1- Lipschitz in the
following sense:

Lemma 24 Letx,y,z € X. Then

da(x,2) —da(x, y)| < dx(y.2).
A proof of this lemma can be found for instance in [35, Corollary 3.8]. Here | - | means the norm induced
by the metric (2).

We say that a vector v € TX is ®-regular for a set of simple root ® if its Cartan projection is ®-regular,
namely it avoids the walls of the Weyl chamber associated with elements of ®. We will later introduce a
similar notion of a r-regular vector in Definition 5.6.

Let T, x: P, — G be the map that associates to g € G, the limit
lim exp(—tvg,x)g exp(tvg,x)-
t—>+00

It is a well-defined continuous morphism. Let N,  be the kernel of T, , and ng » its Lie algebra. The
generalized Iwasawa decomposition is useful to compute Busemann functions.

Geometry & Topology, Volume 29 (2025)



Nearly geodesic immersions and domains of discontinuity 2401

Theorem 2.5 (generalized Iwasawa decomposition) Let x € X and a € dyisX. Then the map
Ngx xexp(agx) X Kx = G, (n,exp(v), k) — nexp(v)k,
is a diffeomorphism. In particular for every x € X and a € 0d.;sX there is a splitting
g=ngxDagx®DEx.

The sum ng, x @ a4 x is orthogonal with respect to (-, - ).
In this theorem, a, x C Py is the centralizer of v, x.

2.5 Examples

In this subsection we consider the case when the semisimple Lie group G is equal to PSL(n, R), PSL(n, C),
PSp(2n, R) or PSO(p, g). The notation introduced here will be used in the examples throughout the paper.

Let G = PSL(n,R) and let us fix a volume form on R”. Let S, for n > 2 be the space of all scalar
products on R” having volume 1. The group PSL(n, R) acts transitively on S, by changing the basis, ie
for g e PSL(n,R), g € X and v, w € R” we have that g-¢(v, w) = g(g~'(v), g~ (w)). For any g € S,,
the space S, can be identified with the quotient PSL(n, R)/ PSO(g) =~ PSL(n, R)/ PSO(n, R).

Let 0, at a point ¢ € X be the involutive automorphism of sl(n, R) defined by u +— —u”, where u” is
the transpose of u with respect to the scalar product ¢. This is a Cartan involution. The space S, is the
symmetric space of noncompact type associated to G = PSL(n, R).

The space py is the space of symmetric endomorphisms with respect to ¢, and t; is the space of
antisymmetric endomorphisms with respect to g. The scalar product (-, ), at a point ¢ € Sy, is equal to
(u,v)g =2n Tr(u"v) for u, v € sl(n, R).

We choose the standard scalar product ¢ € S,, on R” to be our basepoint of S,;. A maximal abelian
subalgebra a C p, C sl(n, R) is equal to the algebra of diagonal matrices:

n
a= {Diag(al,...,an) 01,...,0nb €R", Za,- =0}.
i=1
A choice of simple rootis A ={«ajy, ..., a1} where for any 1 <i <n—1 and any t =Diag(oy,...,0,) €q,

;i (1) =0; —0j+1.

The Weyl chamber associated to this choice is

n
at = {Diag(al,...,an) 01>-->0, €R", Zal- =0}.
i=1
The Weyl group W is isomorphic to &,. It acts on a by permuting the entries.
Let G =PSL(n, C). The space H,, of all positive-definite Hermitian bilinear forms of C" having volume 1
can identified with PSL(n, C)/ PSU(n, C). It can be given in a similar way a Riemannian metric that
makes it a symmetric space of noncompact type associated to G = PSL(n, C).
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;ga,

Figure 1: The model restricted Cartan algebra a and its Weyl chamber a* for PSL(3, R).

The subalgebra a C sl(n, R) C sl(n, C) defined previously is still a maximal abelian subalgebra of p,.
One has rank(S,) = rank(H,) = rank(PSL(n, R)) = n — 1, but rank(PSL(#n, C)) = 2n —2.

Let G = PSp(2n, R). Let w be a symplectic form on R2”. Let X}, be the space of endomorphisms J on
R2" such that J2 = —Id and (v, w) — w(v, J(w)) is a scalar product on R2”. The semisimple Lie group
PSp(2n, R) acts on A}, by conjugation. The space X}, can be identified with PSp(2n, R)/ PSU(n, R).
This is one of the models for the Siegel space; see for instance [12].

For J € A}, let us write 7 = Ady. This is the Cartan involution of sp(2n, R). The Siegel space is the
symmetric space of noncompact type associated with G = PSp(2n, R).

Let w and J € X, be such that for x = (x1,...,x2,) and y = (¥1,..., yan),

n 2n
O(X.Y) =Y XiYan—i— Y Xivan—i. J(X)=(—Xzn.....—Xnt1.Xn.....X1).
i=1 i=n+1

We chose this special symplectic form so that the following set of diagonal matrices is a maximal abelian
subalgebra a C py C sp(2n, R):

a = {Diag(o01,...,0n,—0On,...,—01) | 01,...,0n € R"}.
Ker(a1) Sat Ker(as)
TA
Ker(as)

Figure 2: The projectivization of the Weyl chamber Sa* for G = PSL(4, R) in an affine chart.
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Figure 3: The model restricted Cartan algebra a and its Weyl chamber a™ for PSp(4, R).
A choice of simple roots is A = {«1, ..., o, } where @; () =0; —0j41 for 1 <i <n—1 and a,(t) = 20,,
with 7 = Diag(o1,...,0,, —0pn,...,—01).
The Weyl chamber associated to this choice is
at = {Diag(o1,...,0n, —0n,....—01) |01 >--- >0, >0 € R"}.

The Weyl group W is isomorphic to the subgroup of elements in G5, that commutes with the involution
t:i—2n+1—i. It acts on a by permuting the entries.

Let G = SO(p, q) with p < g. Let RP+4 be the vector space R?14 equipped with a symmetric bilinear
form (-, -) of signature (p, ¢) defined in the standard basis by
p r—q
(x.¥) =D (XiVptq—i + Xprg—iVi) = Y Xp+iVp+i-
i=i i=1
A model for the associated symmetric space X is the space of spacelike subspaces U C R?*4, namely
subspaces on which (-, -) is positive definite.

A maximal abelian subalgebra a C py C so(p, ¢) is the algebra
a = {Diag(o1,...,05.,0,...,0,—0p,...,—01) | O1,...,0p}.
A choice of simple roots is A = {ay, ..., ap} where o; () =0; —0j41 for 1 <i < p—1, and oy (1) = 0p.
The Weyl chamber associated to this choice is
at = {Diag(01,...,0p,0,...,0,—0p,...,—01) |01 > --- > 0p > 0}.

The Weyl group W is isomorphic to the subgroup of elements in &5, that commutes with the involution
t:i—2p+1—i.Itacts on a by permuting the first and last p entries.

2.6 Weyl orbits of simple roots

In this subsection we introduce Weyl orbits of simple roots, which are special sets of simple roots. To a
Weyl orbits of simple roots ® one can associate a unit vector in the Weyl chamber 7@ € Sa™ which is
colinear to a coroot.
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We consider the restricted root system X associated with the semisimple Lie group G, with a choice of a
set of positive roots ¥ and of simple roots A. Two simple roots « and B are conjugates if there is an
element w in the Weyl group W such thate = w-f = Bow ™.

Definition 2.6 A set of simple roots ® C A is called a Weyl orbit of simple roots if it is an equivalence
class for the conjugation relation on the set of simple roots A.

Proposition 2.7 Let ® be a Weyl orbit of simple roots. There exists a unique unit vector tg € Sa™ such
that for any a € © there is some w € W such that w - tg is orthogonal to ker(ct). The vector g € Sa™
will be called the normalized coroot associated to ©.

The normalized coroot associated to ©® is colinear to a coroot which is itself conjugate via the Weyl group
to the coroot associated to any o € ©.

Proof Let o € ®. Let 79 € Sa be a unit vector orthogonal to ker(«). Since every orbit for the action of
the Weyl group on Sa™ intersects exactly once the model Weyl chamber, there exists a unique vector
7@ € Sa™ such that tg = w - 7o for some w € W.

This definition does not depend of the choice of & € ©, because if f € © then for some wg € W,
wo - B = « and hence any vector r(’) orthogonal to ker() can be written r(/) = wg - Tg Or r() = (woog) - 0.
So W -tg = W - 1. Therefore W - 19 NSa™ = W -7y NSa™ = {re}. O

Note that in particular tg is symmetric.

Remark 2.8 If ® is a Weyl orbit of simple roots, Fz is not in general the same flag manifold as
Fo = G/ Pg.

The Dynkin diagram associated to the restricted root system X is the graph with vertex set A such that
for all o, B € A distinct roots there is a link between « and 8 of multiplicity depending on the order k of
0q0g Or 0g0y, Where 0,0 € W are the symmetries associated with the roots & and 8. If k = 2 we
consider that there is no link, there is a simple link if kK = 3, a double link if X = 4 and a triple link if
k = 6. These are the only cases that occur for spherical Dynkin diagrams. If two roots have different
norms, we orient the edge towards the root with largest norm.

Proposition 2.9 Consider the Dynkin diagram associated with the reduced root system X, and remove
all the double or triple edges. A set ® C A is a Weyl orbit of simple roots if and only if it is a connected
component of this graph.

Proof Let a and B be two simple roots such that o4 = wog w™! for some w € W. Then the simple
root o and w - B are proportional, and hence « = w- 8 or « = —w - S. In any case « and 8 are conjugated.
Reciprocally if o and 8 are conjugates, then 0 and og are conjugated.
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The system (W, (04)aea) is a Coxeter system. Generators of a Coxeter system are conjugated to one
another if and only if there is a path of single edges between the corresponding vertices in the Dynkin
diagram [19, Proposition 2.1]. Hence Weyl orbits of simple roots correspond exactly to connected
components for the modified Dynkin diagram. |

We can now describe the Weyl orbits of simple roots in A for the restricted system of roots associated to
a simple group G. For this we use the classification of the Dynkin diagrams that occur as the reduced
root system for a symmetric space X associated to G.

Corollary 2.10 If the restricted root system X is of type Ay, Dy, forn > 2, E¢, E7 or Eg, then the only
Weyl orbit of simple roots in A is A.

If the root system % is of type By, C, forn > 2, F4 or G, then A can be partitioned into its only two
Weyl orbits of simple roots.

Example 2.11 We keep notation from Section 2.5. If G = PSL(n, R), with previous notation A is the
only Weyl orbit of simple roots and
1 .
= ——Diag(1,0,...,0,—1).
N n iag( )

The flag manifold 7, , can be identified with

Fin—1={W,H)|{C HCR" dim({) =1,dim(H) =n—1}.
If G = Sp(2n, R), with previous notation ® = {a, } and ®' = {ay, a2, ..., a,—1} are the two Weyl orbits
of simple roots of A. One has

1 . 1 .
= —~=Diag(1,0,...,0,-1), r = —=Diag(1,1,0,...,0,—1,-1).
o = 5/ Diag( ). ter= 5 Diag( )

The flag manifold 7 can be identified with RP?*~1 and Frg can be identified with the Grassmannian
of planes P in R?" that are isotropic for w, namely such that w|p = 0.

In general, the Weyl orbits of simple roots for any root system are summarized in Figure 4. The table also
includes an illustration of the set of roots ®(zg) such that Fg (7o) = Fre- The sets of roots are illustrated
in the diagram as the set of filled vertices. Using notation from [33, Table 1, page 293], the basis (¢;) is
an orthonormal basis such that e;” = ¢; for B,, Cy, Dy and Fy, and e/ — (1/(n + 1)) ZZ:} ey = ¢; for
An, E7, Eg and G,. For Eg, we write e = €.

The table can be checked as follows: for each Weyl orbit of simple root one can check that the vector
7@ is orthogonal to the kernel of a root conjugate to a root in ®, and lies in the model Weyl chamber.
Then one can check that the simple roots that do not vanish on g are the ones in ®(tg), as depicted
in Figure 4.
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&0 e1 e

BC e (1/v/2)(e1 +e2) o
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E; (1/7/2)(es — e7) N S
Eg . (1/7/2)(e1 — e9) D GO

P *—e=0—0 (l/ﬁ)(el —}—ez) —o==0—0
4 o—0==e—8 e1 o—o==0—e
G e (1//2)(e1 —e3) e
2 = (1/36)(2e1 — ez —e3) ==

Figure 4: Weyl orbits of simple roots and their associated normalized coroots.

3 Representations of hyperbolic groups

3.1 Gromov hyperbolic groups

Let I' be a finitely generated group. Let F' be any finite generating system for I" that is symmetric, namely
such that s~! € F for all s € F. We can define the norm of an element y € I as

|y|F :mln{n |I’l = 51828y, S; € S}
This norm defines the word distance on I" by taking dF (y1,y2) = |y; 'y2|F for y1,y2 € T.

A map f:Y — X between two metric spaces X and Y is called a quasi-isometric embedding if there
exist C and D such that for all x;,x, € X,

Sy (¥1.x2) = D = dx (f(x1), f(32)) = Cdy (x1,.x2) + D.

By extension, we say that a representation p is a quasi-isometric embedding if some, and hence any,
p-equivariant map ug: I' — X is a quasi-isometry, where I" acts on itself by left multiplication.

This notion does not depend on the choice of F; indeed if F’ is another finite generating system, the
identity map (I', dr) — (I', dF/) is a quasi-isometric embedding.
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The group I is called hyperbolic if, as a metric space, it is hyperbolic in the sense of Gromov. We denote
by dI" the Gromov boundary of a hyperbolic group I, which we equip with the usual topology [20].

Given a discrete representation, we will need to consider the limit cone of the Cartan projections of

elements of the group.

Definition 3.1 The limit cone of a discrete representation p: I' — G is the closed subset

dq(0,p(y)-0)
dx (0, p(y)-0)’

|¥|lw =nt C Sa™.

Cp= () {[dal0. p) - T =1} = )

neN neN

Recall that the generalized distance d, was defined in Section 2. This definition does not depend on the
choice of the basepoint o € X.

Lemma 3.2 The limit cone C, of a discrete representation p: I" — G of a nonelementary hyperbolic
group is connected.

A hyperbolic group is nonelementary if it is neither finite nor virtually cyclic.

Remark 3.3 If p is a Zariski dense representation, Benoist proved that C, is convex [4]. We give a proof
of the connectedness of C, to avoid considerations of Zariski density.

Proof We define the distance d on Sa, as d([x], [v]) = }x/|x| —y/|y|‘ for x,y € a.

Assume that there exists a partition AU B of C, into two open and closed sets. These sets are compact
and hence are at uniform distance € > 0. Let F' be a finite symmetric generating set for I'. Let M be
the maximum for y € F of dx(o, p(y)-0). Let E C I' be the subset of elements y such that either
dx (o, p(y)-0) <12M /¢ or

d([da(0. p(y)-0)],Cp) = 3€.

Since p is discrete and by the definition of Cp, E is finite. It is included in the ball of radius R centered at
the identity of I" for |- | and some R > 0.

We say that two elements Y’ and y” in "\ E are E-connected if one can construct a sequence (yy) of
elements of I \ E such that for all 1 <i < N, y;+1 = a;y;ib; for some a;,b; € F, with y' = y¢ and
y'=yn.

Using only right translations, namely a; = Id, one can see that any point in " has a neighborhood whose
intersection with I' is EF-connected. Indeed given D > 0 for any y € I" with |y|F > R+ D, the set of
elements y’ such that the geodesic from Id to y’ passes at distance at most D of y is E-connected. Any
point in the visual boundary admits neighborhood whose intersection with I" has this form.

Using only left translations, namely b; = Id, one can see that the intersection of a neighborhood of dI"
and I' is E-connected. Indeed, the action of I" on dI" is minimal because I" is nonelementary. Therefore
there exist by ---b, =y € I with b; € F such that y - x lies in the interior of V. Hence any ' € VN T
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close enough to y - x is E-connected to U N T'. Therefore given x, y € " with respective neighborhoods
U and V whose intersection with I" is E-connected, the intersection (U U V) N T is also E-connected.
Since dI" is compact one can find a cofinite £-connected subset of T".

Since A, B # &, the definition of the limit cone allows us to pick two large enough elements y’, y” e '\ E
such that
d([da(0, p(y")-0)], 4) < 3¢, d([da(0, p(y")-0)], B) < 3€.

One can assume that Y’ and y” are E-connected by taking them large enough. Therefore there exist
y € T\ E and a, b € F such that

d([da(0, p(y)-0)], 4) < 3¢, d([da(0, playb)-0)], B) < 3e.
Using Lemma 2.4 one gets that
|da(0. p(y) - 0) —da(0, payb) -0)| < |da(0, p(y) - 0) — da(0, p(ay) -0)| + dx (0, p(b) - 0),
|da(p(y) ™! -0,0) —da(p(y) " p(a)~" - 0,0)| < dx(p(a)~"-0,0).

And therefore
da(0.p(y)-0) _ da(0.playb)-0) | _
dx(0,p(y)-0) dx(o,playb)-0)| 3
This contradicts the fact that A and B are at distance €, so C, is connected. O

The assumption that I" is nonelementary is necessary; see the end of Section 5.4.
3.2 Anosov representations

The Anosov properties are more restrictive for a representation than the property of being a quasi-isometric
embedding. These notions are interesting in high rank because the Anosov properties hold for an open
set of representations, whereas the property of being a quasi-isometric embedding is not necessarily open
in Hom(I", G) when the rank of X is at least 2.

Definition 3.4 [6, Section 4] Let ® C A be a nonempty set of simple roots. A representation p: I' > G
is ®-Anosov if for every root o € O there exists some constants b, ¢ > 0 such that for every y € T’

a(da(o.p(y)-0)) = bly|r —c.
This definition does not depend on the choice of the generating set F' and the basepoint o.

A A-Anosov representation in the case when G is a split real simple Lie group is called a Borel-Anosov
representation.

Remark 3.5 A representation is P-Anosov for a parabolic subgroup P if it is ®-Anosov for the
corresponding set of simple roots ® C A.

Let @ € A and 79 € Sa be orthogonal to Ker(«). The evaluation of « to d4(x, y) satisfies
a(da(x, y)) = a(to)dx (x, y) cos(L(da(x, y). 70)).
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Anosov representations are necessarily quasi-isometric embeddings. Reciprocally a quasi-isometric
embedding is {&}-Anosov if and only if the angle {d, (0, p(y) - 0), 79} is not too small in absolute value
for y € T" large enough.

In particular we have the following characterization of Anosov representations:

Theorem 3.6 [29] A representation p: I' — G is ®-Anosov for ® C A if and only if it is a quasi-
isometric embedding and if Ker(a) NC, = @ for all a € ©.

Representations that are ®-Anosov admit a natural continuous and p-equivariant map SS): ol - Fo =
G/t@, where 0I" is the Gromov boundary of T.

In the proof of Theorem 7.11 we will use the following results about the boundary maps of Anosov
representations. For two points 0, x € X let £(0, x) € dyisX be the class of the unique geodesic ray with
unit speed starting from o and passing through x.

Theorem 3.7 [6, Section 4] Let p: I" — G be a ®-Anosov representation for a nonempty set ® C A.
There exists a unique p-equivariant continuous and dynamic preserving map ég) : ' — Fg. This map is
such that for any o € X and any sequence (Y, )neN Of elements of I' converging to ¢ € dT", the A-facet
containing any limit point of the sequence (£(0, p(Yn) - 0))neN also contains the ®-facet SE) 0.

For instance, when G = PSL(n, R) and if ® = {ay }, one can associate a partial flag to any point in dy;sX.
If the representation p is {o }-Anosov, the partial flag associated to any limit point of (£(0, p(Yn)-0))neN
contains the same k-dimensional plane, which will be denoted by £ Lf ).

Kapovich, Leeb and Porti also proved a generalization of the Morse lemma. Here is a version of this
result. Let us fix any metric on I" quasi-isometric to a word metric.

Theorem 3.8 [31, Theorem 1.3] Let p: I' = G be a ®-Anosov representation. Let o € X be a basepoint.
There exists a constant D > 0 such that for every y € I, there exists a geodesic ray n: R~ — X at distance
at most D from p(y) -o with n(0) = o, whose class [1] € dvisX lies in a common A-facet with é? (&y).
Here ¢, € 0T is the endpoint of any geodesic ray in I" starting at the identity and going through y.

4 Busemann functions on symmetric spaces

Busemann functions are natural functions on Hadamard manifolds associated to points in the visual
boundary. These functions will play a key role in the definition of 7-nearly geodesic immersions, and
in the fibration of domains of discontinuity. In this section we prove the main properties of Busemann
functions and compute their Hessian.

4.1 Main properties of Busemann functions

Busemann functions can be interpreted as the distance of a point x € X to a point a in the visual boundary
relative to a basepoint o € X.
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Definition 4.1 The Busemann function associated to a € d,iX and based at o € X is the map b, 0: X — R
that associates to x € X the limit

 Jim dx (x.y (1)) — dx (0. y (1)),

for any geodesic ray y: R™ — X in the class of a.

This definition makes sense because X is a Hadamard manifold [15]. The definition implies that for any
x,0,0" € X and a € 0,;X, the Busemann cocycle holds:

(3) ba,o’(x) = ba,o(x) + ba,o’(0)~

For symmetric spaces, this function can be computed using the generalized Iwasawa decomposition. First
we prove that unipotent elements preserve the level sets of Busemann functions:

Lemma 4.2 Let x,0 € X and a € 0yisX be two points. Let n be an element of the unipotent subgroup
Nga,o of G. Then
ba,o(n-x) = bg,o(x).

Proof The Busemann cocycle implies that by o (1 - x) —bg,0(x) = bg x(n - x). This is by definition the
limit when ¢ — oo of the difference

dx (n - x,exp(tva,x) - X) — dx (x, exp(tva,x) - X)
=dx(x, n! exp(tvg,x) - x) —dx (x,exp(tvg,x) - x)
<dx(n™! exp(tvg, x) - X, exp(tvg,x) * X).
But since n € Ny x, exp(—1vq, x)n exp(tvg,x) converges to the identity when ¢ — +o00, so this distance

converges to 0. Hence b, x(n-x) = 0. a

Recall that v, is the unit vector in 7,X pointing towards a € 0,;sX. To compute a Busemann function
one needs to understand it on maximal flats. Let x = exp(w) -0 for w € p,. Suppose that a, o and x lie in
the same flat subspace, namely [w, v4 0] = 0. The Busemann function on this Euclidean space is equal to

ba,o(x) = —dx(x,0)cos(Lo(a, x)) = <_Ua,x’ W)x.

Using these facts we can write Busemann functions in the symmetric space X explicitly. Let o, x € X be
a basepoint and a € 9, X.

Corollary 4.3 Let 0,x € X and a € 0yisX. The Busemann function can be computed as

ba,o(x) = (_va,o, w)o,

where w € a4, is given by the generalized Iwasawa decomposition, namely is the unique element such
that one can write x = nexp(w)k -o withn € Ny, and k € K,.
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Since G acts by isometries on X, Busemann functions are G-equivariant in the following sense:
Corollary 44 Let o € X and a € 0y;X. Forany g € G and any x € X, bg.q.g.0(g-X) = bg,0(x).
The gradient of Busemann functions is characterized as follows:

Proposition 4.5 The gradient of the Busemann function based at any point o € X associated to a € 0yjsX
is the vector field (—v4,x)xex Of unit vectors pointing towards a.

Proof The differential dyb, o Of bg x at x associates to an element w € py the value (W', —vg x)x,
where w’ is the projection of w to a4, , with respect to the decomposition g = ng x @ ag,x @ tx. Note
that ng  and € are orthogonal to v, o € a4 x With respect to (-, -)x. Hence w = w’, so the gradient of

ba,o at X is —vg x. O
Busemann functions vary smoothly when the base flag varies in a flag manifold.
Lemma 4.6 Foranyo € X and t € Sa* the map F; x X — R given by (a, x) > bg,o(x) is smooth.

Proof Let P be the stabilizer of an element a € F;. By Corollary 4.4, for g € G and x,y € X,
bg-apo (V) = bago (8" ¥) = bag.o(g™" -0).

Hence the map G x X — R, (g, x) = bg.q0,0(x) is smooth, and defines a smooth map from the quotient
G/P x X ~ Fy xX. |

Example 4.7 Let X = S, or H,, the symmetric space associated with PSL, (K) for K =R or C, as
in Section 2.5. Let (e, ..., e,) be a basis of K”. The projective space P (K”) can be identified with the
G-orbit F¢, of the point a € d;sX corresponding to the limit point where ¢ goes to + o0 of the geodesic ray:

e tn=1) o ... 0
0 e’ 0
0 0 e
The point a € F; ~ P(K") is identified with the first basis vector since the stabilizer of both points by

the respective actions of PSL, (K) are equal.

The Busemann function by,,) 4, Where go € X and [v] € P (K") associates the value /(n —1)/nlog(q(v,v))
to ¢ € X, where v is a representative of [v] such that go(v,v) = 1.
The asymptotic behavior of Busemann functions along geodesic rays is determined by the Tits angle

between the endpoints.
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Lemma 4.8 Let a € d,;sX and x € X. Let 1 be a geodesic ray converging to b € d,i,X. Then there exists
a constant C > 0 such that for all t € R,

|ba,xo (1(1)) + 1 cos(Lris(a, b))| = C.
Proof There exists some element g € G such that g-a and g - b belong to dyis F/ with F the model flat

in X. Moreover there exists a geodesic ray i’ at bounded distance from g - 1 that belongs to the flat F.
On the flat subspace F, the Busemann function can be computed:

b (o) (1)) = —1 c0s(Lris (g @, g b)) o
4.2 Computation of the Hessian

We compute here the Hessian of Busemann functions in the symmetric space X. This computation will
be used in the proof of Theorem 5.23.

Lemma 4.9 Leta € 0,iX, and x, 0 € X. The Hessian of the Busemann function b, , at a point x € X is
given by the following quadratic form on T, X:

“4) V> (\/ad%a,x(v),v)x.

Here v ad%a!X is the only root of the endomorphism ad,,, o ady, |y, : Px — px that is symmetric and
semipositive for the scalar product (-, - ).

This quadratic form is semipositive, and vanishes exactly on 3(vq,x) Npx. Forv € (3(vg,x) N py)t, it
satisfies

5 H L) > |[v]? i .
5) essx (v, v) > v aez,mr}a)#ola(u(va,x))l

Recall that 3(v) for v € g is the centralizer in g of v.
Remark 4.10 The Hessian of a Busemann function is related to the sectional curvature of the symmetric

space. When measured along a tangent plane spanned by two orthogonal unit vectors v, w € T, X ~p, C g,
the sectional curvature of X is equal to:

kv, = —([v, [v, W]l w)o = —(ad} (w), w)o.

This lemma implies that Busemann functions are strictly convex except on flats. This is a more general
fact about Hadamard manifolds; see [15].

Proof The Busemann functions with respect to two different basepoints differ only by a constant. Hence
we can assume here without any loss of generality that x = o.
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Let v € T,X be a vector. The generalized Iwasawa decomposition, and the fact that the exponential map
is a local diffeomorphism, implies that there exists a neighborhood 7 of 0 in R such that forall r € 7,

(6) exp(tv) = exp(n,) exp(w;) exp(k;)

for n; € ngo, Wy € ag,x and k; € tx, and such that the map ¢ — (n, wy, k;) is smooth. Let us denote by
(n,w, k) and (i, W, k) the first and second derivative of this map at ¢ = 0.

The limited development of order 2 at t = 0 of (6) yields
exp(tv) = exp(ﬁt + %ﬁtz) exp(u')t + %zl}tz) exp(kt + %l.c.tz) +o0(r?).
But the Baker—Campbell-Hausdorff formula [26] implies that the right side of this equality is equal to
exp(int +wt +kt + it + Lwe? + Lke? + 1([, i) + [, k] + [, K])e2 + o(12)).
Hence we get the following two equalities:
v=n+w+k, 0=li+Iw+ Ik + 1A, ]+ [, k] + [w, K]).
However since v, W € py, 0y (11 + k) = —i —k. Hence k = —%(ﬁ + 65 (11)). This lets us simplify the last
part of the previous equation:

[, W] + [A, k] + [, K] = [Ar, W] — L[, Ox ()] — L[, 7o + O ().
The metric on X can be written (-,-)x = B(+, 6x(-)) on p, with B the Killing form, defined on g.
Since vq x is orthogonal to ng o and ty, B(vg,x.7i) = B(vg x. l.c.) = 0. Moreover [71, W] € ng 4 SO
B(va,x. [W. 1+ 0x(1)]) = B(vg,x. [, w]) = 0.
In particular one gets
Hessyx (ba,0) (v, v) = (=Va,x, W)x = 5 B(=va,x, [it, 0x (1)]) = 5 B([~va,x. 1], Ox (i1)).

Let X, C X be the set of roots « such that a(u(a)) # 0. The Lie algebra decomposes into root spaces:

9=5ax) ® @ a,x-

a€X,

Here Adg (g ) for any element g € G such that g - vg,x = p(vg,x) is the model root space g*.

The restriction of ady, . on gj , is a homothety of ratio &(p (vg,x)). The vector v can be decomposed in

v=2v"+ Z VY.

aeX,

this direct sum:

The endomorphism v ad%a . associates to v the vector
> (i @a)v® € ps.

aEX,
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Let E:{ be the set of roots o such that o(f (vg,x)) > 0. The vector 71 can be expressed as

aEEj
Hence, as desired,
(7) 3B([~vax. il 0x () = =2 Y a(i(vax)) BO®, bx(v*))
aGEJ
= Y lo(pa )| (" v)x = (VadZ, (v).v)s.
a€Xy
This is equal to zero if and only if v = v°. |

5 Nearly geodesic immersions

In this section we introduce a local condition for an immersion into the symmetric space of noncompact
type X that generalizes the notion of an immersion with principal curvature in (—1, 1) inside H”.

5.1 Curvature bound and Busemann functions

We introduce the key definition of a nearly geodesic immersion, which relies on Busemann functions (see
Section 4). Let M be a smooth connected manifold, u: M — X be an immersion, o0 € X a basepoint and
let 7 € Sa™ be a unit vector in the model Weyl chamber.

Definition 5.1 An immersion u: M — X is called t-nearly geodesic if for alla € Fr U F (ryandv e TM
such that d(bg,0 o u)(v) = 0, the function b, , o u has positive Hessian in the direction v.

The Hessian considered in this definition is computed with the induced metric u*gx on M. Recall that
Fi(z) 1s the opposite flag manifold to F; for T € Sat.

We will first show that the nearly geodesic condition can be written as a bound on the fundamental
form II,,, depending on the Cartan projection of the surface tangent vectors.

Since the Hessian of a Busemann function b, , on X does not depend on o, we will denote it by Hessy,, .
Recall that v, 4 is the unit vector in 7, X pointing towards a € disX. The second fundamental form II,, for
x € M of the immersion u is the difference u*VX — VM where VX is the Levi-Civita connection on 7X
associated to gx and VM is the Levi-Civita connection on TM C u*TX associated to the metric u*gx.
The second fundamental form is a symmetric 2-tensor with values in u*N, where N C TX is the normal
tangent bundle to u(M).

Proposition 5.2 An immersion u: M — X is t-nearly geodesic if and only if for all y € M, for all
a € Fr UF, ) and v € Ty M such that (du(v), Vg u(y))u(y) = 0:

8) Hessp, (du(v), du(v)) + (Il (v, v), va,u(y))u(y) > 0-
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The first term of this expression is always nonnegative, and the second one can be made negative up to
changing the sign of v, 4(y), S0 the first term needs to be positive for the inequality to hold. In particular
(du(v), va,u(y))u(y) = 0 implies that du(v) cannot lie in the same flat as vg 4, (y).

We will prove a sufficient condition that has a simpler form in Theorem 5.23 when t = tg for a Weyl
orbit of simple roots ©.

Proof Let y € M and a € F; U F,(;). The function ba,o ou is critical at y in the direction v € T, M if
and only if (du(v), Vg,u(y))u(y) = 0.

Let y: R — M be a geodesic for the metric u*gx on M such that y(0) = y and y’(0) = v. The Hessian
of bgo ou on M is equal to the derivative at ¢ = 0 of the differential of the Busemann function, namely

[ = (va,u(y(t))v d“(yl(t)))u(y)-

The first term, (Vzgu(v)va’u(y(,)), du(y'(t)))u(y) is equal to Hessp (du(v), du(v)). The second term can

be written
vffu(v) du(y’) = us VM du(y’) + 1, (v, v).

However, y is a geodesic, so V{,"[ du(y’) = 0; therefore the Hessian of b, , o u on M in the direction v
is equal to
Hessy,, (du(v), du(v)) + (I, (v, v), va,u(y))u(y) > 0. O

A consequence of Proposition 5.2 is that the property of being t-nearly geodesic is locally an open
property for the C?-topology, which is the topology associated with the uniform convergence over any
compact set of the first two differentials.

Corollary 5.3 Let ug: M — X be a t-nearly geodesic map for some t € Sa™. For all compact K C M,
there exists a neighborhood U of uq for the C*-topology in the space of C*> maps from M to X and
a neighborhood V of t in Sa™ such that for all T € V and u € U, u satisfies the t’-nearly geodesic
immersion condition on K.

Let G be the isometry group of the n-dimensional hyperbolic space H” for some n € N with its usual
metric with sectional curvature equal to —1. We prove that the notion of t-nearly geodesic immersion
generalizes the notion of immersion with principal curvatures in (—1, 1) in H". Principal curvatures are
only defined for hypersurfaces, but the following definition allows us to generalize the notion of having
bounded principal curvature:

Definition 5.4 An immersion u: M — H" has principal curvature in (—1, 1) if and only if for all
veTM, |du()|? > |, v, v)].

Since H" is a rank-1 symmetric space, Sa™ contains a single element.

Proposition 5.5 An immersion u: M — H" is nearly geodesic for the only element T € Sa™ if and only
if u has principal curvature in (—1, 1).
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Proof LetxeX=H"anda € F;=F ;)= CP' = 9H". For any w € TxX, Hessp,_ (w, w) = A|w|?,
where w is the orthogonal projection of w onto the orthogonal in T X of Ug,x by Lemma 4.9, with some
constant A which is equal to 1 for the metric of sectional curvature equal to —1 on H” (see Remark 4.10).

If u is t-nearly geodesic, then it is an immersion and for every y € M and v € Ty M there exists
a € JH" such that v 4 (y) is positively colinear with —II, (du(v), du(v)). By Proposition 5.2, and since

U L Vg u(y), One has
ldu@)|I* = Ly (v, v) ]| > 0.

Therefore the principal curvature of u is in (—1, 1).

Conversely if v is an immersion with principal curvatures in (—1,1), let @ € dH", y € M and
v € Ty M be such that by o o u is critical in the direction v. Hence v () is perpendicular to du(v) so
Hessp,, (du(v, du(v)) = ||du (v)||%. Therefore the fact that u has principal curvature in (—1, 1) implies
that the hypothesis of Proposition 5.2 holds, so u is t-nearly geodesic. O

In general, the property of being t-nearly geodesic implies that the surface is regular in the following sense:

Definition 5.6 A tangent vector v € TX is called t-regular if its Cartan projection u (v) does not belong
1L
to Uypew(w-1)—.

We say that an immersion u: M — X is t regular if for all v € TM, du(v) is t-regular.

Being regular, namely having the Cartan projection in the interior of a®, and being t-regular are in
general unrelated. However when 7 = 7@ for a Weyl orbit of simple roots ®, a t-regular vector v € TX
is exactly a ®-regular vector, namely for all @ € ®, a(u (v)) # 0.

Proposition 5.7 Let r € Sa™t. If u is a t-nearly geodesic immersion, the tangent vectors du(v) for
veTM are t-regular.

Proof Letv € Ty M for some y € M. Assume that du(v) is not t-regular, so its Cartan projection is
orthogonal to w - T for some w € W. Therefore there is a unit vector which lies in a common maximal
flat with du(v), and whose Cartan projection is equal to 7. This vector is equal to v, ,(,) for some
a € FrUF (-

Since Vg y(y) and du(v) are in a common flat, Hessp, (du(v),du(v)) = 0. One can assume that
(I (v, V), Vg,u(y))u(y) < 0 up to exchanging a with its symmetric with respect to u(y) which is still
in 77z U F(¢). Moreover since (Vg y(y), du(v))y(y) = 0, this is a contradiction with the criterion from
Proposition 5.2, so the immersion u cannot be 7-nearly geodesic. a

The property of being t-nearly geodesic is not necessarily satisfied for totally geodesic immersions, but it
is satisfied for t-regular totally geodesic immersions.

Proposition 5.8 A totally geodesic immersion is T-nearly geodesic if and only if it is T-regular.
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Proof An immersion u is totally geodesic if and only if I, = 0. If u is a t-nearly geodesic immersion
that is totally geodesic, for every y € M, v € T, M and every a € 7, y € M and v € T), M such that
(du(v), v u(y))u(y) = 0, Proposition 5.2 implies that

Hessp, (du(v), du(v)) > 0.

This implies that for no a € 77 such that (du(v), Vg u(y))u(y) = 0 the vector v, 4 () lies in a common flat
with du(v) by Lemma 4.9. Hence the Cartan projection of du(v) is not orthogonal to w € 7 for any w € W.

Conversely, if the totally geodesic immersion is t-regular, Hessp, (du(v), du(v)) is never equal to 0
forany y € M, v € T, M and a € F; such that (du(v), Vg u(y))u(y) = 0. Since Hessy,, is nonnegative,
Proposition 5.2 implies that u is T-nearly geodesic. |

5.2 Uniformly nearly geodesic immersions

If the nearly geodesic condition for an immersion is satisfied uniformly, one can prove that the exponential
of some multiple of Busemann functions are strictly convex on the image of the immersion.

Definition 5.9 Let € Sa’. An immersion u: M — X is uniformly t-nearly geodesic if there exists
€ > 0 such that for all v € TM such that ||du(v)|| = 1, one has for all a € F; satisfying vy, L v:

Hessp, (du(v), du(v)) + (Il (v, v), Va,0)0 > €.

Remark 5.10 When X = H”, being uniformly nearly geodesic for a hypersurface is equivalent to having
principal curvature in (—A, A) for some A < 1.

Suppose that M = N is the universal cover of a compact smooth manifold N. Let I' be the fundamental
group of N. A p-equivariant immersion u: M — X for some representation p: I’ — G which is t-nearly
geodesic is necessarily uniformly r-nearly geodesic since T! N is compact.

If we consider a uniformly t-nearly geodesic immersion u, not only are Busemann functions convex in

Abg pou

critical directions, but for some A > 0, e is strictly convex on M.

Lemma5.11 Let t € Sa*t. Let u: M — X be a uniformly t-nearly geodesic immersion. For some A > 0,
for all a € F; the function exp(Ab,,, o u) has positive Hessian for the metric u*(gx). Moreover there
exists some € > 0 such that for any a € F; and any geodesic n: R — M the functions f, =exp(Abg oouon)
satisfy [ > ef.

Recall that the metric on M that we consider to define geodesics is the induced metric u™*(gx).

Proof Leto € X and let U be the compact set of pairs (v, 1II) € T'X, x T,X such that for all a € F;
satisfying v, L v,
Hessp, (v, v) + (I, vg,0)0 > €.
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Let us consider
) Hessp, (v, v) + (IL, vg x)o
C = inf

aeff,(v,H)EU; <Ua,0,v>%

This infimum is the infimum of a continuous function taking values in R U {400} on a compact set.
Indeed the numerator must be strictly positive whenever the denominator vanishes, and the denominator
is always positive. Hence C € R U {+o0}.

Let A be any real number greater than max(l — C,0). Let n be any geodesic in M. Let us write
g =bgoouon. Note that g > C(g’)? by definition of C. Therefore

(e*8)"[e* = 2" + A%(¢)* = (CA+27)(¢)* + (A —C)g" = M(g)* = 0.
Note also that (e*8)” /e*& > Ag”. Consider the following quantity:

M = inf max(Hessp, (v, v) + (I, vg,x )0, (Va,0, v)%).
acF., (v,eU§

Note that M < max(g”, (g’)?). Since K C Uy, this quantity is strictly positive as it is an infimum taken
on a compact set of a positive function. Hence the function f = e*€ is strictly convex and satisfies
f>AMf. O

5.3 Convexity of a Finsler distance

When X = H"”, and given y € H", for any nearly geodesic immersion u#: M — H" the function
x > exp(dmn (u(x), y)) is strictly convex. However for a general symmetric space of higher rank, the
t-nearly geodesic condition doesn’t imply the convexity for the Riemannian metric at critical points.

This leads us to consider a Finsler pseudodistance dg on X associated to an element 7 € Sa™. We show
in this section that this pseudodistance satisfies a similar convexity property for any t-nearly geodesic
immersion. This pseudodistance is symmetric when t is symmetric (namely t is fixed by the opposition
involution ¢ on Sa™) and it is equal to the Riemannian distance when rank(X) = 1. The convexity of
this distance allows us to prove the injectivity and properness of complete t-nearly geodesic immersions.
This Finsler pseudodistance is studied in [28, Section 5].

Let us define, for 79 € q,
|to|; = max (w -1, 10).
wew

The map 7o > | 79|, is nonnegative, homogeneous and subadditive, thus we call it in general a pseudonorm.

This pseudonorm is not necessarily symmetric: |to|; = |—7o|,(¢). In particular it is symmetric if and only
if T is symmetric. Figure 5 illustrates the unit ball of this norm in a for two examples of semisimple
Lie groups whose associated symmetric space has rank 2: on the left G = SL(3,R) and t = 74, in the
middle G = SL(3,R) and t = 7 (such that 7, ~ RP?) and on the right G = Sp(4,R) and 7 = T{a,)
with the notation from Section 2.5.

Geometry & Topology, Volume 29 (2025)



Nearly geodesic immersions and domains of discontinuity 2419

e e—— - -

Figure 5: The unit ballin a of |- |;, and |- |, for G = SL(3,R) and |- |,{a2} for G = Sp(4, R).

This pseudonorm isn’t necessarily positive on nonzero vectors. However if a nonzero vector v € a has
zero norm, the Weyl group does not act irreducibly on a since the W -orbit of t is orthogonal to v, which
means that the underlying Lie group G is not simple.

Example 5.12 Let n > 2 be an integer, G = PSL(2,R)" and X = (H?)". A model flat in X is the
product of a geodesic in each of the n copies of H?. Let t; be the tangent vector to the geodesic on
the k™ copy of H?. The pseudodistance on X defined by the pseudonorm | - |z, is the distance in H? of
the k™ components, which is not a distance on X.

However if G is simple and t is symmetric | - |; is a norm. This norm is W -invariant and hence it defines
a G-invariant not necessarily symmetric Finsler metric on X such that for v € TX, ||v|: = |p(V)|+,
where u is the Cartan projection [34, Theorem 6.2.1].

For any semisimple Lie group G, we denote by dyg : X x X — R the corresponding pseudodistance
on X, namely dx (x, y) is the infimum for all piecewise C!-paths n from x to y of

1= [l

This distance can be characterized in terms of Busemann functions.

Proposition 5.13 Let x, y € X be two points. The pseudodistance dy, between these two points satisfies
dw(x,y) = b .
x (X, ) max a,x ()
Proof LetoeX,veT,X anda € F;. As usual vy o is the unit vector based at o pointing towards a. The
maximum for a € F; of (v, vg,0) is reached when v and v, , are in a common flat [15, Proposition 24].

If we assume that v and v, , are in a common flat, the maximum is equal to | (v)|.. Given two points
x,y €X, any piecewise C! curve 7 such that 7(0) = x and (1) = y satisfies, for all a € Fy,

(baon) = (vanwy. 1 O)ney < 17 llz-
Hence

bax(y) < / 1.
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Moreover equality is reached for the Riemannian geodesic such that n(0) = x and (1) = y. Indeed
there is a point a € F; that lies in a common flat with x and y such that |n(¢)|z = (7'(t), Va,5)) n@)
for all # € [0, 1]. Hence bg,x(y) = dg(x, y). Note that the curve reaching this minimum is not unique
in general. |

This pseudodistance satisfies the desired convexity condition:

Proposition 5.14 Let u: M — X be a uniformly t-nearly geodesic immersion. There exists A > 0 such
that for all x € X the following function is strictly convex for the metric u™gx:

f1y e M~ exp(Adg(x,u(y))).

A strictly convex continuous function on the Riemannian manifold (M, u*(gx)) is a function that is
strictly convex on any geodesic.

Proof By Lemma 5.11 there exists A > 0 such that for any a € F¢, the function exp(Abg , o u) is strictly
convex on M. One can then write f as
() = exp(Adg (x,u(y))) = sup exp(ba,x o u(y)).
a€Fy
Hence f is the supremum of a family of convex functions, so it is convex. Moreover the supremum is
taken over a compact family of strictly convex functions, so it is strictly convex. a

A consequence of the convexity of this Finsler distance is that the immersion u is injective, which is an
interesting property of t-nearly geodesic surfaces. We say that u is complete if M is complete for the
induced metric u*(gx).

Proposition 5.15 Let u: M — X be a complete uniformly t-nearly geodesic immersion. Then u is an
embedding.

Proof Consider yo € M. The function y € M > exp(Adg (u(y),u(yo))) is strictly convex for some
A > 0 and admits a minimum at y = yo. The completeness of the metric u*(gx) implies that there is a
geodesic joining any two points. Hence the minimum of any strictly convex function is unique, so u is
injective. Therefore it is an embedding. |

Moreover the immersion u cannot be too distorted: the metric induced by u is quasi-isometric to the
ambient metric on X. The notion of quasi-isometric embedding was recalled in Section 3.

Proposition 5.16 Let u: M — X be a complete uniformly t-nearly geodesic immersion. Then u is a
quasi-isometric embedding for the induced metric u*gx on M. In particular u is proper.

Proof Let yo € M andlet 0o = u(yp). Let € > 0 and A > 0 be the constants provided by Lemma 5.11. Let
y:Rs>0 — M be a geodesic ray parametrized with unit speed in M for the metric u*gx with y(0) = yo.

Geometry & Topology, Volume 29 (2025)



Nearly geodesic immersions and domains of discontinuity 2421

Let a € F¢ be such that by o (u 0 y(1)) = dg (0, u o y(1)). Consider the function

f: t e Rz() and eXp(Aba,uoy(I) (M © V(t)))

It is strictly convex and satisfies f(1) > f(0) so f/(1) >0. Moreover f” >¢f,so f(t) > cosh(e(t—1)) >
1e€0=D_In particular,

dg(0,uoy(t)) > bgo(uoy(t)) > i(t —1)- loi(Z)

For all y € M there exists a geodesic ray y passing through y. If d,, is the Riemannian distance on M

induced by u*gx,

df o), u(x)) 2 & @y, )~ )2

This Finsler metric is equivalent to the Riemannian metric gx if G is simple, and in general it is dominated

by the Riemannian metric. Moreover u is 1-Lipschitz with respect to the induced metric, so u is a quasi-
isometric embedding. |

Using the convexity of this Finsler pseudodistance one can define a continuous projection from the whole
symmetric X to M. This projection will not be used in what follows, but the fibration of the domains
in F; constructed in Section 7 is an extension of it.

Proposition 5.17 Let u: M — X be a complete uniformly t-nearly geodesic immersion. For every
x € X, there exists a unique point w; (x) € M that minimizes

yeM—dg(x,u(y)).
The function ), : X — M is continuous, and m,,(u(y)) =y fory e M.
Proof Let A, € be the two constants provided by the Lemma 5.11 and let x € X. The following function
is strictly convex on M :

y > exp(Adg (x, u(y))).

It is moreover proper since u is proper by Proposition 5.16. Hence it has a unique minimum, so m;; is
well defined.

If we consider a sequence (x,) € X of points that converge to x € X, then the sequence (7, (x)) is
bounded since p is discrete. Moreover any of its limit points is a minimum of dg (x,u(y)), so the
sequence converges to 7,7 (x). The function m;, is hence continuous. |

5.4 Anosov property for nearly Fuchsian representations

Let N be a compact manifold with fundamental group I". We call a representation p: I' — G that admits
a t-nearly geodesic equivariant immersion u: N—>Xa t-nearly Fuchsian representation.

Proposition 5.18 The set of t-nearly Fuchsian representations is open in the space of representations
p: I' = G, for the compact-open topology.
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Proof One can continuously deform any p-equivariant immersion u : N—->Xta ©’-equivariant smooth
map u’: N — X for o’ close to p. Indeed fix a Riemannian metric on N, and let n: RT™ — R* be a
smooth function that is positive on [0, R] for R large enough and vanishes on [R’, +00) for some R’ > R.
One can define u/(y) for y € N as the barycenter of the points xf,/ =o' (y~ 1 -u(y - y) with weight
)L,); =n(d(y,y-y)) for y € I'. Concretely this means that we consider the unique local minimum of the
convex function
D:xeXr Z /\id(x,xf,’)z.
yel

Note that p(yo) - x; = x;‘; Y, and A}, = )LY())/y for yo € I'. Therefore u’ is p’-equivariant. Since X is a
Hadamard manifold D is strlctly convex, sO the barycenter map is well defined and smooth. Therefore
for p’ close enough to p, u’ is an immersion which is close to u for the C2-topology on any compact
fundamental domain of the action of " on N. In particular u’ is a t-nearly geodesic immersion for p
close enough to p'. O

The condition that u is t-nearly geodesic is local, but it will imply some coarse property on u and therefore
on p. Recall that the limit cone C, was defined in Section 3 (Definition 3.1). Due to flats, Busemann
functions are not strictly convex in critical directions on X. However Busemann functions are strictly
convex in critical directions on u(lﬁ\7 ). We deduce that 7-nearly geodesic surfaces must coarsely avoid
these flats, which in turn can be interpreted as a property of the limit cone C,; see Definition 3.1.

Proposition 5.19 Let p: I' — G be a t-nearly Fuchsian representation. Then

) cn | wot=e

wew
Recall that W is the Weyl group associated to G.

Proof Let xo,x € N and o = u(xo). Let w € W. Then there exist two points a € F; and a’ € F,(7) that
are opposite from o, namely v, o = —v4’,0, and such that

bao (x)) = (da(0,u(x)) w-7),  baro(x)) = (de(0,u(x)), —w 7).
This holds for @ and a’ that lie in a maximal flat containing o and u(x).
Let n be a geodesic parametrized with unit length in N for u*(gx) such that
y(0)=xo and y(dy(xo.x))=x.
Let A, € > 0 be the constants given by Lemma 5.11. Consider the function
[t exp(Abgoouoy(t)).

Since vg,0 = —Vq’,0, Up to exchanging a and a’ we can assume that f’(0) > 0. By Lemma 5.11, f” > ¢f.
Together with the fact that f(0) = 1, this implies that for all ¢ € [0, dy, (x¢, X)],

f(t) > cosh(et).
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Hence (dq(0,u(x)),w- p) > (¢/A)dy(xo, x) —log(2)/A. Since u is a quasi-isometric embedding, there
exist ¢, D > 0 such that for all x € N the distance for the induced metric u* (gx) between x and xo is at least

cdx(o,u(x))— D.
In conclusion
dq(o,u(x)) ce log(2)+e€D
Bty 7)> T~ Tasicy
Any element of C, therefore has a scalar product at least ce/A > 0 with w - 7, for any w € W. This
implies that the limit cone cannot intersect |, ¢y (w - 7)*. O

The set Sa™ \ Uy ew (- 7)1 contains a single connected component if and only if (w - )t is always
a wall of the Weyl chamber decomposition of a, namely when t = tg for a Weyl orbit of simple roots
® C A (this notion was defined Section 2.6). In this case

Sa™\ U (w-1e)T =Sa™\ U Ker().

weWw 75C)
Hence we get the following:

Theorem 5.20 Let ® C A be a Weyl orbit of simple roots. A tg-nearly Fuchsian representation
o:I' = G is ®-Anosov.

In particular, only hyperbolic groups admit tg-nearly Fuchsian representations; see [6, Theorem 3.2].

If T € Sa™ does not correspond to a Weyl orbit of simple roots, let us assume that I is a nonelementary
Gromov hyperbolic group, so that the limit cone of I' is connected; see Lemma 3.2.

To a t-nearly Fuchsian representation p: I' — G one can associate the connected component o,; which Cp,
lies inside:

sat\ | w-ot.

wew
To a connected component of this space one can associate a nonempty set ®(o ;) of simple roots. Recall
that for 79 € Sa™, ©(7p) C A is the set of simple roots o such that (7o) # 0.

Lemma 5.21 Let v € Sa™ and let 0 C Sa™ be a connected component of
(10) Sat\ | w-o)t.
wew

Let ©(0) C A be the set of simple roots « such that o N Ker(«) = @. This set is nonempty, and there
exists some tg € o such that ®(tg) = O(0).

In other words there is 7o € o such that for any simple root « € A, a (7o) # 0 if and only if for all 7y’ € o,
a(7o’) # 0. Figure 6 illustrates the lines in Sa™ corresponding to | J,,cp (w - )+ for some 7 € Sat, as
well as some connected component of the complement o. In this example ® (o) contains only one root.
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N4

Figure 6: Illustration for G = PSL(4, R) of a connected component o of Sa™ \ |, ey (w - )t
in an affine chart.

Proof Let Wy C W be the subgroup of the Weyl group generated by symmetries associated to @ € A\ O (o).
Let 6 C Sa be the connected component of ¢ in
Sa\ | J w-0)*.
wew
This connected component & is stabilized by Wj. Indeed let « be in A\ ©(0). By definition there is some
v € o such that «(v) = 0, and hence that is fixed by the symmetry associated to . Thus the connected
component of v in Sa is stabilized by this symmetry, and hence by the group Wp.

Let 79 € o be any element and let 7’ € Sa™ be the element that, up to the action of W, is positively
colinear to

This sum does not vanish since (t, w - 7o) has constant sign for w € Wj. This element ¢’ is Wy-invariant,
and hence for all @ € A\ O(0), a(to’) = 0.

Moreover, since the Lie group G is semisimple, the action of W has no global fixed point on Sa, and

hence Wy # W, which proves that ®(0) # <. |

Theorem 5.22 A t-nearly Fuchsian representation p: I' — G from a nonelementary hyperbolic group I"
is ©(0,;)-Anosov.

Note that ©(o;) # @, because of Lemma 5.21.

Proof We use the characterization of Anosov representations from Theorem 3.6. We already proved that
t-nearly Fuchsian representations are quasi-isometric embeddings in Proposition 5.16.

The limit cone Cp, lies inside o, which avoids Ker(«) for « € ©(0,;). Hence p is ©(0)-Anosov. |
The nonelementary assumption is necessary; indeed the following representation p: Z — SL(3, R) is not
Anosov for any set of roots:

4 0 0
n—|0 27" 0
0 0 277

However, this representation preserves a geodesic which is t-regular for almost every T € Sa™t.
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5.5 A sufficient condition for an immersion to be nearly geodesic

Let ® be a Weyl orbit of simple roots as in Section 2.6. Let & € ® be any root. We define the following
constant:

an B(zo)

e= min .
Bex, B(re)£0 ||a||?

Here ||| for « € ® denotes the maximum of | (7)| for € Sa a unit vector. This quantity is the same
for any o € ©, since ® is a Weyl orbit of simple roots.

A sufficient condition for the immersion u to be a tg-nearly geodesic surface is the following:

Theorem 5.23 Let u: S — X be an immersion that satisfies, forall v e TS and o € ©,

(12) I (v. ) e < co(r(du(v))>.

Then u is a t@-nearly geodesic immersion.

Note that || - ||z < || - ||, so having (12) with the Riemannian metric in the left-hand side instead of the
Finsler pseudodistance from Section 5.5 is also a sufficient condition.

This property is a generalization of the property of having principal curvature in (—1, 1), where the norm

of the tangent vector is replaced by the evaluation of roots of the Cartan projection.

Proof Let us show that (12) implies the condition of Proposition 5.2:
Hessp, (du(v), du(v)) + (Il (v, v), Vg u(y) u(y) > 0.

Let x = u(y). Let us write du(v) = wo + w', where wq € 3(va,x) N px and wt e (3(va,x) N po)t.
Because of Lemma 4.9, one has

13 Hess, (du(v), du(v)) > wt || min 70)|.
(1) po(du(w).du(v) = w2 min  |(ro)

Lemma 2.4 implies that for any o € %,

a(p(wo)) + llerll x lw || = a(pe(du(v))).

We assumed that (vg x, du(v))x = 0. Since vg,x € 3(va,x) N px, one has therefore (vy x. wt)y =0 and
hence (vg,x, wo)x = 0. Moreover v, and wg are in a common flat. Since p(v4,x) = T, this implies
that o (p (wo)) = 0 for some root & € ®. Therefore for this root «,

(14) lw ™l = e~ e (du ().
Recall that for any w € TxX and a € Frg, (W, Vg,x)x < ||| zg, as a consequence of [15, Proposition 24].
Equations (13) and (14) together imply the following inequality, with cg defined in (11):

Hessp, (du(v), du(v)) + (I (v, v), Vo) u(r) = co@( (du(®))? = [T (v, V)l o

The rightmost term is strictly positive because of (12). |
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Example 5.24 Let G = PSL(n, R). We choose the standard metric on X that comes from the Killing
form. In particular the Euclidean metric on a is given by

n
(Diag(Aq,...,An), Diag(i1,..., Un)) =2n Zkim.
i=1
In this case tpo =Diag(1/(24/n),0,...,0,—1/(24/n)). The minimum nonzero value of B(tg) for € T is
reached for the root a1 : Diag(A1, ..., An) = A1 —A2, andis equal to 1/(2+/n)if n >3 and 1//n if n = 2.

The norm of any root « is equal to the norm of &1 But |1 (7)| < |[A1]|+|A2| < V2V A% + A2 <1/ n)||
with equality for some t € Sa. Hence |lo1 || = 1//n, so if n > 3,

ca =24/1,

and cp = ﬁ if n = 2. Note that if we rescale the metric on X = H?2 so that the sectional curvature is
equal to —1, (12) is exactly the condition of having principal curvature in (—1, 1).

6 Pencils of tangent vectors

In this section we recall the classical notion of a pencil of quadrics, then we generalize it to the notion
of a pencil of tangent vectors in a symmetric space of noncompact type and its base in a flag manifold.
Bases of pencils appear as the fibers of the fibration that will be constructed in Section 7.

6.1 Pencils of quadrics

Some references for the notion of pencils of quadrics can be found in [17]. Let V' be a finite-dimensional
vector space over K =R or C.

Definition 6.1 A pencil of quadrics, or more precisely a d -pencil of quadrics,! on V is a linear subspace P
of dimension d in the space S(V') of symmetric bilinear forms on V if K = R, or in the space H(V') of
Hermitian forms on V if K = C.

The base b(P) of a d-pencil P is the set of points [v] € P(V') such that for all ¢ € P, g(v,v) = 0.
The following is a criterion for a pencil of quadrics to have a smooth base:

Lemma 6.2 Let P be a pencil of quadrics such that all nonzero g € P are nondegenerate bilinear forms.
The map p:V — P* given by v+ (¢ + ¢q(v, v)) is a submersion at every v € V' \ {0} such that [v] € b(P).
In particular b(P) is a smooth manifold of codimension d .

Proof Let (q1,...,q4) be a basis of P. Let us consider some v € V \ {0} such that ¢;(v,v) =--- =
qq(v,v) = 0. The kernel of the differential of p is the intersection of the orthogonal spaces [v]J“lt‘ with
respect to ¢g; of the line generated by v for 1 <i < d. Since the forms ¢; are nondegenerate, these
are hyperplanes.

Un the literature, for instance in [17], a pencil of quadrics is often just a 2-pencil of quadrics.
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Suppose that their intersection does not have codimension d. In particular the linear forms ¢; (v, - ) for
1 <i <d are not linearly independent, so there exists a linear combination of the bilinear forms that is
degenerate, but is a nonzero element of P, contradicting our assumption.

Hence the kernel of p has codimension d, so p is a submersion at v. |
The base of a pencil of quadratics is smooth and has codimension d around each of its points which are

nonsingular, meaning that they are not degenerate points for any quadric in the pencil. We generalize this
notion of singular points in the next section.

6.2 Pencils of tangent vectors in symmetric spaces

In this subsection we consider pencils of tangent vectors in a symmetric space X of noncompact type,
which are related to pencils of quadrics when G = PSL(n, R).

Definition 6.3 A pencil of tangent vectors at x € X, or more precisely a d -pencil, is a vector subspace
P C Ty X of dimension d for some point x € X.

To a pencil one can associate some subsets of any G-orbit in the visual boundary. Recall that for a € dy;sX
and x € X, the unit vector v, x € TxX is the unit vector pointing towards a. Let T € Sa™T.

Definition 6.4 The t-base of the pencil P, whose basepoint is x € X, is the set B;(P) of elements a € F;
such that v,y is orthogonal to P.

When G = PSL(n,R) and X = S, a pencil at ¢ € S, corresponds to a subspace P’ of symmetric bilinear
forms on R”, namely a pencil of quadrics, that is compatible with ¢ in the sense that the trace of the
associated g-symmetric matrices vanishes.

Proposition 6.5 Let r € Sat be such that F; ~ RP"~!. The t-base of the pencil P is identified via
this identification with the base of the pencil of quadrics P’.

Proof The t-base of P is the space of lines [C] where C € R” is a column vector with Tr(CCL+e M) =0
forall M € P’, since C C1< is colinear to v[c],4- Hence the 7-base of the pencil is also the set of lines [C]
such that C1¢ M C = 0, namely the base of the pencil of quadrics P’. |

We now generalize Lemma 6.2 to general pencils of tangent vectors.

Definition 6.6 A point a € F; in the base B (P) of a pencil P at x € X is called singular if for some
w € P one has [w, vg x] = 0.

We denote by B} (P) C B(P) the set of nonsingular points, which we will also call the regular base.
Lemma 6.7 Let P be a pencil of tangent vectors at x in X. The function which associates to a € F;

the linear form v > (vg x, V) x on P is a submersion at a € B,(P) if and only if a € B} (P). In particular
B%(P) is always a smooth codimension d submanifold of Fr.
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Proof Let ¢: 7 — P* be the map that associates to a € F; the linear form v > (Vg x, V).

Suppose that a € B¢(P) \ Bi(P). Then there exists some w € P such that [w, vg x] = 0. The map
V:k € Ky — k-a € F is a submersion, so for every tangent vector in 7, F; the differential of a > v, x
in this direction is ady (vg,x) for some k € €x. The differential of a > (v4,x, W)y in this direction is equal
to (adg (vg,x), w)x = —B(adg (vg,x), w) = —B(k, [vg,x, w]) = 0. Hence the image of the differential of
¢ is not surjective: it is not a submersion.

Suppose that a € Bf(P). Let v € P be any nonzero vector and consider [vg,x,v] = k € £x. The
differential of @ — (v4,x,V)x in the corresponding tangent direction is equal to (adg(vg,x).v)x =
—B(adg (vg,x), V) = —B([va.x, V], [Va,x, v]) # 0. Since for all v € P there is a direction in which the
differential of a — (vg4 x. v)x does not vanish, the map ¢ is therefore a submersion at a. O

A pencil of tangent vectors P at x € X is called t-regular if all its nonzero vectors are t-regular as in
Definition 5.6. In particular a t-regular pencil satisfies B} (P) = B;(P), so the t-base of a t-regular
vector is a smooth codimension-d submanifold of F.

Because of Lemma 6.7, the topology of the base of a regular pencil does not vary if the pencil is deformed
continuously.

Corollary 6.8 Let Py and Py be two pencils at x € X in the same connected component of the space of
t-regular pencils at x. Then B;(P1) and B (P») are diffeomorphic.

Proof Since the space of regular pencils is an open subset of the Grassmannian of planes in 7T, X,
there exists a smooth path (P¢);¢[o,1] of regular pencils between Py and P;. Because of Lemma 6.7
the set {(a,t) | a € F¢, t €0, 1]} is a submanifold with boundary F; x [0, 1] that comes with a natural
submersion (a, t) — t. Since this manifold is compact, all the fibers are diffeomorphic by the Ehresmann
fibration theorem. |

Example 6.9 Let G = PSL(3,R) and X = S3. We identify the tangent space T,,S3 at the point go
corresponding to the standard scalar product on R with the space of three-by-three symmetric matrices
with real coefficients and zero trace. Consider the following two pencils:

010 20 0 001 10 O
Pirr=< 101],{00 O >, Pred=< 000}),{00 O >
010 00 -2 100 00 -1

Let 71 € Sa™ be such that 7, is diffeomorphic in a PSL(3, R)-equivariant way to RP2, and let 7p be
the normalized coroot associated to the Weyl orbit of simple roots A. It satisfies F;, =~ Fi >, the space
of complete flags in R3.

The pencils Pjr and Preq are not tq-regular: Bz, (Piy) is the disjoint union of a point and a line where
B:‘l (Pirr) contains only the point. In this particular case the regular base is a connected component of the
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base, so it is a smooth compact codimension-2 submanifold. The set Bz, (Preq) is a single point that is
singular for the pencil. Here we see that a singular point can still be a point around which the base is a
smooth codimension-2 submanifold.

Both pencils are t-regular, but their 7a-bases are different.
A flag (¢, H) = ([x], [y]}) with x = (x1,x2,x3) and y = (y1, y2, y3) nonzero vectors such that

x% + x% + x% = yl2 + y% + y% and x1y1 + x2y2 + x3y3 = 0 belongs to By, (Preq) if and only if

xi—x3=y7—y3. 2x1x3=2y1y3.

Up to replacing y by —y, these equations are equivalent to x; = y1, xp = —Yy2, X3 = y3 and x% +x§ = x%.
The corresponding flags (£, H) in the affine chart (x, y) — [x, 1, y] of RP? are the tangent point and
tangent lines to the circle of radius 1 centered at the origin.
A flag (¢, H) = ([x],[y]}) with x = (x1,x2,x3) and y = (y1, y2, y3) nonzero vectors such that
x% + x% + x% = yf + y% + y% and x1y1 + x2y2 + x3y3 = 0 belongs to B, (Pir) if and only if
2x7 —2x3 =2y7 —2y5.  2x1x2 +2x2x3 = 2y1y2 +2)2)3.

Let £o = ((1,0, 1)) and Hy = {(1,0,—1), (0, 1, 0)). The corresponding flags (£, H) belong to one of the
three circles in Fj » defined by

e { =1{pand H is any plane through ¢,

e H = Hyand{ is any line in H,

e {CHpand{yC H.
Indeed one can check that these flags satisfy the equations. In order to check that these are the only

solutions, one can see that these are the fibers of a fibration over the surface with three connected
components; see Section 8.3.2.

The ta-base By, (Preq) is a circle, whereas Bz, (Piy) is the union of three circles. Hence Corollary 6.8
implies that they must lie in different connected components of the space of 7 -regular pencils.

Since the pencils will be the fibers of the domains of discontinuity that we will construct, proving that
the domain is nonempty will be equivalent to having nonempty pencils. We present here a topological
argument to prove that some pencils are nonempty:

Proposition 6.10 Let t € Sat and P be a t-regular pencil of tangent vectors based at x € X of
dimension d . If the t-base of P is empty, then F fibers over the sphere S~ 1.

If moreover d = 2, the fundamental group of F is infinite.

Proof To a € F; we associate mp(a) € P the orthogonal projection of v, x € TxX onto P C TxX.
Since the t-base of P is empty, one can define a map 7 : 7z — SP into the unit sphere of P where

nw(a) = mo(a)/||rwo(a)||. This map is a submersion. Indeed let a € F;, and let Py C P be the orthogonal
to (a) in P. Lemma 6.7 applied to Pg implies that 5z is a submersion at a.
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This submersion is proper since F; is compact, and hence it is a fibration. This fibration induces a long
exact sequence, where F' is the fiber:

> (Fr) = w1 (SP) > mo(F) —> -+
Since F' is compact, mo(F) is finite and if d = 2, 71 (SP) ~ Z, so w1 (F;) is infinite. |
We conclude this section by the following remark, which says that regular pencils cannot be tangent to flats:
Proposition 6.11 If a 2-pencil is tangent to a flat, then it is not t-regular for any T € Sa™.

Proof Up to the action of G one can identify P with a plane in a. But for any z € Sa™, the orthogonal
of 7 intersects this plane. Hence there is an element of P whose Cartan projection is orthogonal to w - T
for some w in the Weyl group. O

7 Fibered domains in flag manifolds

In this section we associate an open domain 2], C F; to any complete uniformly t-nearly geodesic
immersion : M — X with 7 € Sa™, and show that this domain is a smooth fiber bundle over M where
the fibers are t-bases of the pencils that are the tangent planes to u(M). This construction is the analog
of the Gauss map for hypersurfaces in H”. We also mention what happens with our construction for
totally geodesic immersions that are not t-regular.

If M = N for some compact manifold N with torsion-free fundamental group I', and if u is equivariant
with respect to a representation p, we show that the domain 27 is a cocompact domain of discontinuity
for the action of p and its quotient fibers over N. This domain always coincides with some domain of
discontinuity associated to the Tits—Bruhat ideals constructed by Kapovich, Leeb and Porti [30]. Finally
we prove the invariance of the topology of the quotients of these domains of discontinuity.

7.1 A domain associated to a nearly geodesic immersion

Let T € Sa™ be any unit vector and u: M — X be a complete uniformly z-nearly geodesic immersion.

We consider a particular domain of the flag manifold F;, defined for any nearly geodesic immersion
u: M — X using Busemann functions. For this we fix a basepoint o0 € X, but the definition will not
depend on this choice.

Definition 7.1 Let Q] be the set of elements a € F such that the function b, , ou is proper and bounded
from below.

We have additional properties if u is a complete uniformly t-nearly geodesic immersion.

Lemma 7.2 Let a € F;. There exists a critical point x € M for the function b, ,ou if and only if a € Q7.
In this case this point is unique, and the Hessian of b, , o u at this point is positive. The domain 2},
is open.
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Proof Leta € F;. Suppose that b, , o u is critical at y € M. Since u is t-nearly geodesic, the Hessian
of by o ou at y is positive. Moreover, due to Lemma 5.11 there exists A > 0 such that exp(Abg4, o u) has
positive Hessian everywhere on M.

A convex function with positive Hessian on a complete connected Riemannian manifold has a unique
minimum, and is proper. The function exp(Ab, , o u), and hence the function b, , o u, are therefore
proper and have a unique minimum. In particular a € €27.

Conversely if a € 27, ba,o o u is proper it admits a global minimum, which is a critical point.

If a function has a critical point with positive Hessian, every small deformation of the function for
the C%-topology still admits a critical point. Indeed if x is a critical point with positive Hessian of a
convex function f, for any small enough closed disk D around x one has f > f(x) on dD. If we fix
such a disk D, for g close enough in the C%-topology to f, one still has g > g(x) on the compact dD.
Therefore g restricted to D must admit a global minimum that is reached at some point y in the interior
of D. This point y is a local minimum and hence a critical point of g.

In conclusion €27 is open. |

We thus can define the projection my, : 2], — M associated to u as the map that associates to a € 2}, the
unique critical point (@) € M of b, , ou. This is an extension at infinity of the nearest-point projection
from Proposition 5.17.

Theorem 7.3 Let u: M — X be a complete and uniformly t-nearly geodesic immersion. The map
7y QL — M is a fibration. The fiber 7r; ' (x) at a point x € M is the base B;(Py) of the t-regular pencil
Py =du(TxM).

Figure 7 illustrates this construction in the rank-1 case G = PSL(2, C), for a totally geodesic immersion u.
The associated symmetric space H?3 is depicted with Poincaré’s ball model. Since H3 has rank 1, its

ae F,=CP!
X =H3 |
,’/ T, a: \\\
,\%)fﬂp/
a’é)

Figure 7: Fibration of the domain 7, in the rank-1 case, G = PSL(2, C).
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visual boundary contains a single orbit F; ~ CIP!. The image of u is the disk bounded by the equator.
The pencil P is depicted as a parallelogram. Its 7-base is a fiber of the fibration, and is the codimension-2
submanifold B;(P) = {a,a’}.

Remark 7.4 If some element g € G preserves u(M ), then the map 7, ou commutes with the action of g.
In particular if M = N fora compact manifold N with fundamental group I" and if u is p-equivariant
for some p: I' = G, then my is p-equivariant, and hence defines a fibration 7, : 2] /po(I') = N.

The two important steps in the proof of Theorem 7.3 are to check that the fibers are distinct and far
enough from one another using Lemma 7.2, and that these fibers are smooth manifolds using Lemma 6.7.

Proof of Theorem 7.3 Consider the set
E ={(a,x) € Q, xM | dx(bg,oou)=0}.

Because of Lemma 7.2 the Hessian of b, , o u is nondegenerate at critical points, and hence E is locally
the zero set of a submersion, so it is a codimension-2 submanifold of Q7 x M.

Let my: Q] x M — Q] and mp: Q] x M — M be the projections onto the first and second factors,

respectively.

Lemma 7.2 implies that 7 restricted to E is a bijection. Moreover, again because of the nondegeneracy of
the Hessian of b, o ou, the tangent space (4 x)E at (a, x) € E intersects trivially Tx M C T4, x) (2], x M).
Hence 7 restricted to E is a local diffeomorphism, and therefore a diffeomorphism.

Let (a, x) € E. By definition d (bg,o0u) : v+ (du(v), Vg u(x))u(x) Vanishes, so vg y(x) L du(Tx M) =Px.
Hence a belongs to the t-base of Py. Because of Proposition 5.7, this pencil is r-regular and hence
its 7-base contains no singular points. Lemma 6.7 implies that the tangent space T(, x)E at (a,x) € E
intersects trivially 742, C T4 x)(S2;, X M). The map m3 restricted to E is therefore a submersion
at (a, x).

As a conclusion, 7, = mp 0| 1

is a smooth submersion. The t-base of the pencil Py is compact in Fz,
and it is included in Q2] because of Lemma 7.2. Hence m, is a proper submersion over a connected

manifold; by the Ehresmann fibration theorem it is a fibration. o
7.2 Totally geodesic immersions that are not nearly geodesic

In this subsection let u: M — X be a complete totally geodesic immersion. Let T € Sa™. We don’t
assume in this subsection that u is t-regular, and hence t-nearly geodesic.

One can still define 7, as the set of a € F; such that b, , o u is proper and bounded from below, but we

can’t always expect the domain to have compact fibers in this case. Lemma 7.2 can be adapted as follows:

Lemma 7.5 A point a € F; belongs to 2}, if and only if the function b, , o u admits a critical point
my(a) € M at which the Hessian is positive. In this case the critical point is unique and is a global
minimum of by, ou. The domain 2], is open.
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Proof Note that for a € F; the function b, , o u is convex, since u is totally geodesic and b, , is convex,
but not necessarily strictly convex. Let us show that if a € 27, bg, o u is strictly convex at critical points.

Leta € 27, and let y € M be a critical point of bg,o ou, namely a global minimum since bg o ot is convex.
Assume for contradiction that the Hessian of b, , in the direction du(v) vanishes for some v € T, M.

There must exist a flat that contains a and du(v) by Lemma 4.9. Let n be the geodesic ray starting
at du(v) in X. The function b, , is linear on 7 since a and 7 belong to a common flat. However the
derivative of b, , along n vanishes at u(y), so b, o is constant along 1. Moreover u is totally geodesic
and the whole geodesic ray starting at du(v) in X belongs to the image of u, so b, o o u is not proper,
contradicting the assumption that a € €27.

For all a € Q2 we showed that the functions bg,o o u are convex and strictly convex at any critical
point. Such a critical point is therefore unique since b, , o u is convex. The rest of the proof goes as in
Lemma 7.2. |

We define a map my,: 2, — M, using Lemma 7.5. We show that this map is a fibration. Recall that
the regular base B} (P) defined in Section 6 is a subset of the base B.(P) that is always a smooth
codimension-d submanifold.

Theorem 7.6 To every a € Q2],, we associate the unique critical point my(a) € M of b, o, o u provided
by Lemma 7.5. The map m,,: 2], — M is a smooth fibration, and the fiber of this map at y € M is the
regular base B} (du(Ty M)).

Proof By the same argument as for Theorem 7.3, 73, is a smooth submersion.

However we need to proceed differently to prove that this map is a fibration, since the fiber is not
necessarily compact. Let g € G be an element that stabilizes u(M) C X. The map 7, is equivariant with
respect to g, namely for all a € QF,

mu(g-a) =g mu(a).

Let y € M. Recall that the exponential map for the Lie group G defines amap exp: 7, (,) X >~ py,) Cg—G.
Moreover since u(M) is totally geodesic, any element of exp(du(7yM)) is a transvection on this totally
geodesic subspace; hence it stabilizes u(M). We consider the map

¢: TyM x By (du(TyM)) - QL. (v,a) — exp(du(v))-a,

which is an immersion between spaces of equal dimension. Moreover it is a bijection, and hence it is a
diffeomorphism. Through the identification exp: 7, M — M, this gives Q] the structure of a fibration
with projection 7y,. a

Since the regular base is open, it is compact if and only if the regular points form a union of connected
component of B;(P). This is for instance the case if G = PSL(3,R) and P = Pj; as in Example 6.9.
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Example 7.7 Let G = SL(3,R), and let p be a representation of the form p = iy o po for some
Fuchsian representation pg: I'y — SO(1,2) >~ PSL(2, R) of a surface group and the natural inclusion
tirr: SO(1,2) — SL(3, R). This representation admits a p-equivariant totally geodesic map u: S, ¢ =~ X
(see Section 8.1 for more details). The pencil P = du(T, S, ¢) forany y € S, ¢ 1s, up to the action of G,
equal to the pencil Pj; defined in Example 6.9.

This pencil is not 71 regular, so u is not 7y-nearly geodesic. However because of Theorem 7.6 the
domain Q! fibers over Sg with base B (Pirr), which is a point in Fr, ~ RP2. This domain is the disk of
positive vectors for the chosen bilinear form of signature (1,2) on R3. In this example the regular points
of Bz, (Pirr) form a connected component so the fibration is proper. If we consider a point £ € RP? outside
of the closure of this disk, the associated Busemann function is minimal in u(§ ¢) on a full geodesic line.
If £ is in the boundary of the disk, the associated Busemann function is not bounded from below on u(§ g)-

7.3 Comparison with metric thickenings

In this section we consider the case when M = N for some compact manifold N with fundamental
group I' and u is equivariant with respect to a representation p: I' — G. In other words p is a -nearly
Fuchsian representation, as we defined in Section 5.4.

We show that if we have a t-nearly Fuchsian p-equivariant map u: N —>Xfora representation p: ' > G
the domain 2, coincides with a domain of discontinuity associated to Anosov representations constructed
by Kapovich, Leeb and Porti [30].

The domain €27, := €2}, depends on 7 and p but not on u. Indeed a 1-Lipschitz function on X is proper on
the image of u if and only if it is proper on any p(I") orbit in X.

Even though this will be a consequence of Theorem 7.11, one can easily check that the existence of the
fibration of €27 implies that it is a cocompact domain of discontinuity.

Theorem 7.8 Let p: I' — G be a representation that admits an equivariant t-nearly geodesic immersion
u: N — X. The action of T on 27, via p is properly discontinuous and cocompact.

Proof Let 7y be the fibration from Theorem 7.3. Let A be a compact subset of Q7. Its image 7, (A) C N
is compact on N. Since I" acts properly on N, all but finitely many y € I satisfy m,,(A) Ny, (A) = @.
Hence for all but finitely many y € I', A N p(y)A = &. The action of I" via p is therefore properly
discontinuous.

Let D be a compact fundamental domain for the action of I" on N, namely a compact set that satisfies
|Jp=~N.
yell

The set 7, 1(D) is a fundamental domain for the action of I" on Q7 by p by the equivariance of my. Itis
closed in €2,. Moreover 7, 1(D) is closed in F;. Indeed if we consider a sequence (a, ) of elements of Qp
that converge to a € F; such that m,, (a,) always belong to D, one can assume that 7, (a,) converges to
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Yo € D up to taking a subsequence. In the limit, by o o u(y9) < bgoou(y) forall y € N. Hence Yo is a
critical point for b, , ou, so by Lemma 7.2, a € Q;.

Hence Q27 admits a compact fundamental domain for the action of I' via p; therefore this action is
cocompact. O

We consider the domains of discontinuity constructed by metric thickenings, which are particular instances
of the domains of discontinuity associated with a Tits—Bruhat ideal, defined in [30].

Let (7, 79) be a pair of elements in Sa™. This pair will be called balanced if ¢ is T-regular, namely
wg¢ |Jw ot
wew

Note that this is equivalent to t being to-regular. Using the Tits angle Zri: 04is X% — [0, ] we associate
to any b € dyisX a thickening K C F; defined as

Ky ={a € Fe | Zns(a.b) < Lz},

Recall that the Tits angle was defined in Section 2, and is defined for points in dyjX.

Lemma 7.9 Let by and b, belong to a common maximal facet in disX, and suppose that their Cartan
projections lie in the same connected component of

Sa™\ U (w-7)*.

wew
Then Kp,, = Kp,.

Proof Let f € Fa be a maximal facet that contains b; and b,. Let a € F;. Then there exists a maximal
flat of X such that f and a belong to its visual boundary. This flat can be identified with a so that f
corresponds to dyisa™.

Hence as long as b lies in the visual boundary of this flat, Zys(a, b) is equal to the Euclidean angle in
the flat, so the sign of its cosine does not vary as long as the Cartan projection of b does not lie in (w- )+
for any w € W. Therefore if the Cartan projections of by and b, are in the same connected component of
the complement, K, = K, . O

Recall that the flag manifold F7, is G-equivariantly diffeomorphic to Fg(,) = G/ Pe(z,) Where O(tp) is
the set of simple root that do not vanish on 79. Hence given a flag f € Fg(q,) we define K 0 =Ky CF;
for the unique b € Fy, corresponding to f.

Given a pair (7, 10) and a ®(7p)-Anosov representation (see Definition 3.4), Kapovich, Leeb and Porti
define a domain of discontinuity in F7.
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Theorem 7.10 [30, Theorem 1.10] Let (t, 79) be a pair of elements of Sa™. Let p: T’ — G be a
O (to)-Anosov representation. The following is a domain of discontinuity for p:

2 =7\ U Ko

tedr °* ©

Moreover if (1, 19) is balanced, then the action of I" via p on fo’m) is cocompact.

In this statement E? (TO)(E ) = f € Fo(yy) is the image of { € " by the boundary map 5,(? (0) associated

to p, introduced in Theorem 3.7.

This theorem is a particular case of their result concerning Tits—Bruhat ideals. In [30] it is explained how
a pair (t, 7o) yields a Tits—Bruhat ideal, defined via a metric thickening. This ideal is balanced if and only
if the pair is balanced in our sense.

For a t-nearly Fuchsian representation, the domain 27 is always equal to some domain obtained by
metric thickening. More precisely:

Theorem 7.11 Let p be a t-nearly Fuchsian representation of a nonelementary hyperbolic group. Recall
that o5 and ©(0,) were defined in Section 5.4. Let 1o € o, be any element such that © (7o) = O (o),
whose existence is provided by Lemma 5.21. Then

T _ o(r,%0)
Qp_Qp 0/,

The domain from Theorem 7.10 is a domain of discontinuity since p is ©(o)-Anosov by Theorem 5.22,
and this domain is cocompact since the pair (7, 79) is balanced.

Proof Let us write ® = O(0,;) = O(79). Let a € F; \ 27 and let (yn)neN be a diverging sequence
of points in M such that (bs,0(u(y1)))neN is bounded from above. Up to taking a subsequence let us
assume that it converges to a point ¢ € dI" ~ dN. We consider the geodesic segments [0, 1(y,)] C X
for n € N. Since p is t-nearly Fuchsian it is a quasi-isometric embedding by Proposition 5.16, so in
particular the length of these segments goes to +o00. Up to taking a subsequence, we can assume that
these geodesic segments converge to a geodesic ray n: R>o — X with n(0) = o. Let [] € 0,isX be the
point corresponding to the class of 7.

Busemann functions are convex, so the function b, , is bounded from above on all the geodesic segments
[0, u(yn)] for n € N, and hence b, , o7 is bounded from above. Therefore Ztis(a, b) < %n by Lemma 4.8,
so a € K[y). Let b € F¢, be an element such that b and [n] belong to a common maximal facet and whose
Cartan projection lies in ;. Lemma 7.9 implies that K[;;; = Kj. Theorem 3.7 implies that K = K o @
Therefore if a € F; \ Q7 then a € Fr \ Qf,r’m). ’

Conversely let a € Q27 and let { € 9T". Consider a geodesic ray n: R>o — N for the metric u*(gx)
converging to {. Theorem 3.8 implies that there exists D > 0 such that for all # > 0, there exists a geodesic
ray 7z : R~ — X such that 1;(0) = u o n(0), n;(¢) is at distance at most D from u on(¢) and [n;] € 0yisX

belongs to a common maximal facet with éf? (¢). Since Cp C oy, for all  large enough, K, = K;((Z) @’
0
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The Busemann function b, , is proper on 71; hence for ¢ large enough b, o 0 14(¢) > by 0 © 7:(0). Since
ba,o is convex, this implies that b, , is growing at least linearly on 7, so a ¢ K|,,] by Lemma 4.8.
Therefore a € fo’m). O

7.4 Invariance of the topology

In this section we prove that the topology of the quotient of the domains of discontinuity considered by
Kapovich, Leeb and Porti does not vary when the representation is deformed continuously. Guichard and
Wienhard proved this already for the domains of discontinuity that they consider in [24].

Let I" be a torsion-free finitely generated group and F a G-homogeneous space. Let (o):e[o,1] be a
smooth family of representations from I" to G. Consider for every ¢ € [0, 1] an open p;(I")-invariant
domain Q; C F.

Lemma 7.12 Suppose that these domains are uniformly cocompact domains of discontinuity for (p;),
namely the domain Q = {(¢t,a) | a € Q;} C [0, 1] x F is open and the action of T" via p is properly
discontinuous and cocompact where p(y)-(t,a) = (¢, p:(y)-a). The quotient Q2o /po(I") is diffeomorphic
to Q1/p1(I).

Proof The projection onto the first factor in [0, 1] x F descends to a submersion p: Q2 /p(I"') — R. Since
Q/p(T") is compact and the base is connected, Ehresmann’s fibration theorem implies that the proper
submersion p is a fibration. Hence p~!(0) and p~!(1) are diffeomorphic. |

Remarks 7.13 A concrete way to construct this diffeomorphism is to pick a Riemannian metric on
Q/p(T") and consider the flow of the gradient of p. If we consider two different Riemannian metrics, the
diffeomorphisms obtained are isotopic, since the space of Riemannian metrics is path connected. Hence
this operation constructs a unique diffeomorphism up to isotopy.

Note that a family of cocompact domains of discontinuity could be nonuniformly cocompact, for instance
a family of representations such that p;: Z — PSL(2, R) is hyperbolic for 0 < ¢ < 1 and parabolic for
t = 1. These representations admit a unique maximal domain of discontinuity in RIP! with two connected
components for # < 1 and one for t = 1. The quotient of the corresponding domain €2 is homeomorphic
to the noncompact space S! x [0, 1]LU S x [0, 1).

In order to apply Lemma 7.12, we need a slight adaptation of Theorem 7.10 from [30]. Let I" be any
Gromov-hyperbolic group. We check that the domains constructed by Kapovich, Leeb and Porti are
uniformly cocompact domains of discontinuity for any smooth path of Anosov representations.

Proposition 7.14 (adaptation of [30, Theorem 1.10]) Let (z, t9) be a balanced pair as in Section 7.3.
Let p: [0, 1] = Hom(I', G), t — p; be a continuous path such that the family (p;);e[o,1] consists only of
®(t9)-Anosov representations.

The family of domains Q; = Qg’m) fort € [0, 1] are uniformly cocompact domains of discontinuity for
the family of representations p.
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We check that the arguments from Kapovich, Leeb and Porti are uniform on neighborhoods of Anosov
representations. The same proof holds if one considers more generally domains of discontinuity constructed
with balanced Tits—Bruhat ideals as in [30].

Proof The domain €2 is the complement in [0, 1] x F; of

Ky, = U {3y xKpr, Kpp= U K;(;)(x)'
refo.1] xedl !

Since the boundary maps S/(? are continuous and vary continuously when p varies continuously in the
(z,70)

space of ®-Anosov representations (see [6, Section 6]), and since K £9(x)
0

Q={(t,a)|ae:}Cl0,1] x Fis open.

is compact, K, is compact, so

Let us fix a Riemannian distance d on F;. Let A = {(t,a) |t € [0,1],a € A; C Q} be a compact set
and let (y,) € ' be a diverging sequence. Corollary 6.8 of [30] implies that given ¢ € [0, 1], for any
€ > 0, for all n large enough, if d(a, K, ) > € then d(p;(yn)-a, K, ) < €, where the minimal value of n
needed depends on the constants b and ¢ that come into play in the definition of Anosov representations
(Definition 3.4).

Since we consider a compact set of Anosov representations, and since these constants can be chosen
locally uniformly around a given Anosov representation (see [29, Theorem 7.18]), these constants can
be chosen uniformly for all representations (p¢)se[o,1]- Moreover the compact sets A; are at uniform
distance from K, ; Therefore, for all n € N large enough, for all # € R, p;(y») - A; N A; = &. So for all
n large enough p(y,) - AN A = &. We have proven that the action of p on Q2 is properly discontinuous.

In order to prove the cocompactness of the action on €2, we will check that the transverse expansion holds
uniformly. It follows from [30, Proposition 7.7] that for every ¢ € [0, 1], the action of p; is transversely

expanding at the limit set of p; as in [30, Definition 5.21], namely for all x € dI", there exists y € I', an
70

] i £5 (x)
satisfy K& . . C U, one has

£ ()
d(oi(y)-a.p:(1) - Koo () = 2d(@. Koy ().

open neighborhood U of K in F; and a constant A > 1 such that for all a € U and y € dy;sI" that

Letge G, f € Fg A>1and U C F; be an open set. We say that g is expanding at Kfro over U with
factor A if foralla € U,
d(g-a.g-K}°) = pd(a. Kp).

This property is open in the following sense: if g is expanding at K}O over U with factor A, then for any
1 <A/ < A and any open subset E such that E C U there exists a neighborhood U ¢ of g in G and Uy of
f in Fg such that for all g’ € Ug and f’ € Uy, g’ is expanding at K}‘? over E with factor A’.

This implies that the action of p on F¢ x [0, 1] satisfies the transverse expansion property, where K, is
considered as a bundle over [0, 1] x K. Namely for all ¢ € [0, 1] and x € 9T, there exists y € I', an open
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neighborhood Uy of K;((Z) ) in F; x[0, 1] and a constant A’ > 1 such that for alla € U and y € 9T satisfying
K%  x{t}c Uy, one has

£5(»)
d(p(y)-a,py)- K;g)t o <D = Ad(a, K;g)[(y) x{r}).

Therefore by [30, Proposition 5.26] the action of p is cocompact on 2. |
From Proposition 7.14 and Lemma 7.12 we get the following corollary:

Corollary 7.15 Assume that T is torsion-free. Let C C Hom(I', G) be an open and connected set
consisting only of ®-Anosov representations for some ® C A. Let (t, 19) be a balanced pair such that
forall @ € A\ ©, a(tp) = 0. The diffeomorphism type of Qf,r’rO)/p(F) is independent of p € C.

If moreover C is simply connected, the diffeomorphism provided by Lemma 7.12 between Qﬁfl’r‘)) /p1(T)

and Qg’m) /p2(T") for p1, p2 € C is uniquely determined up to isotopy.

Connectedness via paths that are smooth by parts for an open set in Hom(I', G) is equivalent to connect-
edness since Hom(I', G) is locally a real algebraic variety.

8 Applications

In this section we apply our results to prove that all representations in some connected components of
Anosov representations are the restricted holonomy of a geometric structure on a fiber bundle over a
manifold. For these applications we only consider nearly geodesic surfaces that are totally geodesic. We
will mostly focus on surface groups, but in Section 8.5 we also describe two applications for representations
of fundamental groups of higher-dimensional compact hyperbolic manifolds.

8.1 Totally geodesic immersions

Totally geodesic surfaces provide examples of t-nearly geodesic surfaces if these surfaces are t-regular
(Proposition 5.8). The study of totally geodesic surfaces in X is related to the study of representation of
semisimple Lie algebras in g. We recall here a classical fact:

Proposition 8.1 Let ) C g be a semisimple Lie subalgebra of noncompact type. Let H be the closed Lie
subgroup of G with Lie algebra ) and Y its associated symmetric space of noncompact type. There exists
an H-equivariant and totally geodesic embedding uy: Y — X. The image of this embedding is unique up
to the action of the centralizer:

Co(h) ={g € G |Vhebh, Adg(h) = h}.

If y €Y, let K C G be the stabilizer of uy(y) in G. Every element in Cx (h) of b in G fixes uy(Y)
pointwise. If the centralizer Cg(h) in G is compact, then Cx(h) = Cg(h), so the totally geodesic
submanifold uy(Y) C X is uniquely determined.
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Proof Leth = t+ p be a Cartan decomposition of h associated with the Cartan involution 6, for y € Y.
Let 6 = t+ ip be the associated compact real form of h ® C. Since 6 is the Lie algebra of a semisimple
compact Lie group, it is the Lie algebra of a compact Lie subgroup of GC. In particular there exists a
Cartan involution #C of g ® C such that € (v) = v for all v € 6

Let 6C be the Cartan involution conjugate to 6C in g ® C. Let 6 be the Cartan involution of g ® C
corresponding to the midpoint in the symmetric space associated with g ® C of 6C and 6C. 1t is invariant
by conjugation, so it descends to a Cartan involution on g, associated with a point x € X. There exists
a transvection along the geodesic between 6C and 6€ in the symmetric space associated to g ® C that
induces a unique inner automorphism ¢ of g ® C such that $0C¢p~1 = 0 and $p20C¢p—2 = 6C . Moreover
¢ is symmetric positive with respect to BC€(-,6€(-)), where BC is the Killing form on g ® C and the
transvection ¢* is equal to a composition of symmetries 9CHC. The transvection ¢* stabilizes h ® C, so
¢ also stabilizes h ® C. Therefore 6 = ¢p0C ¢! stabilizes h ® C. But 6 is a real Cartan involution as it
is preserved by conjugation, so it stabilizes h. Let x € X be the point corresponding to 6 in X.

The map up: Y — X such that for all h € H, uy(h-y) = h - x is well defined since t C ty, so the image
of the stabilizer of y € Y by H lies in the stabilizer of x € X. Moreover it is totally geodesic, since
n(p) C px; see [26, Chapter 4, Section 7]. This map is by definition H-equivariant.

Suppose that there is another H-equivariant and totally geodesic embedding uf) such that u%(y) =x'.
Let 6 be the corresponding Cartan involution of g. Then 6’06 is the identity on b and is equal to the adjoint
action of exp(z) for some z € px. Therefore z is in the centralizer of f) in g. Hence g = exp(%z) eCg(h)
satisfies Adg ou;) = uy. Conversely let g’ € Cx(h). Then g’ fixes uy(y) € X, and it fixes b, so it fixes
duy(T),Y). Therefore it preserves and acts trivially on up(Y).

Now assume that Cg () is compact; there cannot be any element z € py in the centralizer of b in g, so
the totally geodesic and H-equivariant embedding uy is unique and Cg (h) = Cg (h). a

Remark 8.2 A totally geodesic embedding u: Y — X can only be a t-nearly geodesic immersion if
rank(Y) = 1, because otherwise it cannot be t-regular for any € Sa* (see Proposition 6.11). When
rank(Y) = 1, all the unit tangent vectors to this embedded surface have the same Cartan projection, so
the embedding is z-regular for all 7 in the complement in Sa™ of a finite collection of hyperplanes.

We illustrate Proposition 8.1 in the following example for some special s, Lie subalgebras in s, (R).

Example 8.3 Here we construct representations ¢ from SL(2, R) into SL(#, K) that stabilize some totally
geodesic hyperbolic planes inside the symmetric space X = S, associated with G = SL(n,K) for K =R
or C.

Let K =R or C. Let V, (K) be the space of homogeneous polynomial with coefficients in K of degree n—1
in two variables X and Y. To an element g € SL,(R) one can associate an element tj+(g) € SL(V,(K))
that acts by a change of variable on V,,(K), ie that associates to P € V},(K) the polynomial P o g~ 1.

Let b be the corresponding sl>-Lie subalgebra of s, (R); note that tjrr = t5.
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Let g the Euclidean or Hermitian metric on V},(K) such that for all 0 <a,b <n —1:
("N ifa=b,

(Xa Yn—l—a , Xb Yn—l—b) —
q .
0 otherwise.

Consider the following basis of the lie algebra sl (R):
1 0 01 01
i=(o ) 7=(10) #=(10):
which satisfies [g,h] = =2 f, [h, f] =2g and [f, g] = 2h. Fix the following orthonormal basis for ¢g:

_1— —1\%
0<a<n-1

For 0 <a <n—1, one has
diin(f)(ea) = (2a —n + 1)eg,

—1\3 —1\2
dtirr(e)(ea)=aX“_1Y"_a(na )2—(n—1—a)X“+1Y”_2_“(na )2,

du(e)(eq) = Va(n—a)eg—1 — \/(a +1D(n—1—a)es+1.,

and moreover g = %[ f . h]. In particular d () and d i (g) are symmetric or Hermitian and d ti(h)

is antisymmetric or anti-Hermitian with respect to g.

Hence as in the proof of Proposition 8.1, there is a totally geodesic map uy,: H? — Sy, such that the image
of the Cartan involution M + —M" is equal to the point in S,, corresponding to g.

This representation t;, is the unique irreducible representation of SL(2, R) into SL(n, R) up to conjugation
by elements of GL(#n, R). The image of ¢, lies in the subgroup Sp(2k, R) for some symplectic form

on R2* when n = 2k is even, and in SO(k, k + 1) for some quadratic form on R%**1 when n = 2k + 1
is odd.

One can construct other totally geodesic hyperbolic planes in S, by considering representations of
SL(2, R) that can be decomposed into a direct sum of irreducible representations. Equivalently one can
consider other reducible s[,-subalgebras of sl, (R).

For instance one can define t.q: SL(2, R) — SL(2n, R) that associates to a matrix M € SL(2,R) the

block diagonal matrix
M

lred (M) =
M

The image of (eq lies in Sp(2n, R) for some symplectic form w on R?”.
8.2 Geometric structures on fiber bundles

Using the projection defined by Busemann functions from Theorem 7.3, one can show that Anosov
deformations of a representation that admits an equivariant nearly geodesic immersion are holonomies of
(G, X) structures on a fiber bundle over Sg.
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A (G, X)-structure on a manifold N, for a Lie group G and a G-homogeneous space X on which G acts
faithfully, is a maximal atlas of charts of M valued in X whose transition functions are the restriction of
the action of some elements in G. A more developed introduction to this notion can be found in [1].

To a (G, X)-structure one can associate a developing map dev: N — X that is a local diffeomorphism
compatible with the atlas defining the (G, X)-structure on N, and a holonomy hol: w1 (N) — G such
that dev is hol-equivariant. This pair is unique up to the action of G by conjugation of the holonomy and
postcomposition of the developing map.

Let N be a manifold and I" its fundamental group. In what follows, we say that a (G, X)-structure on
a fiber bundle F over N is a (G, X)-structure on F for which the fundamental group of the fibers is
included in the kernel of the holonomy. Hence one can define the restricted holonomy of the structure as
the quotient map p: 71 (N) — G induced by the holonomy.

Constructing domains of discontinuity allows us to construct geometric structures.

Proposition 8.4 Let p: I' — G be a representation and 2 C X a cocompact nonempty domain of
discontinuity which fibers p-equivariantly over N. Any connected component of the quotient 2/p(I")
inherits a (G, X)-structure on a fiber bundle, with restricted holonomy p.

Note that even if 2 is disconnected, the quotient £2/p(I") can be connected.

From now on, we assume that G is center-free, so it acts faithfully on its flag manifolds. Let N be a
compact manifold whose fundamental group I' is Gromov hyperbolic and torsion-free. Let € Sa™t.

Theorem 8.5 Let po: I' — G be a representation that admits an equivariant t-nearly geodesic surface
u: N — X such that Qj, # . Let C be the connected component of the space of ®(o, )-Anosov
representations in Hom(I', G) containing pg. Every representation in C is the restricted holonomy of a
(G, Fr)-structure on a fiber bundle F over N .

Proof Theorem 7.8 implies that the domain 2] admits a pg-equivariant fibration over N. The domain
Q7 coincides with a domain obtained as a metric thickening Q;f’t") for some 79 € Sa™ such that
O(w0) = O(0y,). Let F be a connected component of 27 /po(I"). Corollary 7.15 implies that for every
representation p € C, a connected component F, of fo’m) /p(T) is diffeomorphic to F, which is a
fiber bundle over M. The covering map Qﬁf’m) — Qﬁf’m) /p(T) induces the covering F, — F, ~ F
associated to the subgroup of the fundamental group of F' corresponding to the fundamental group of the

fiber of F over M.

Note that F is assumed to be nonempty. The (G, F7)-structure on F, 2~ F is such that the holonomy of
the fundamental group of each fiber is trivial. Indeed the developing map dev: F, p — JFr descends to the
inclusion F, » — Fr, so the fundamental group of the fiber belongs to the kernel of the holonomy. |
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Let M = Sg be a closed orientable surface of genus g and I' = I'g be its fundamental group. We apply
Theorem 8.5 in cases when the nearly geodesic surface is totally geodesic and we describe the fibration
that is obtained.

Let h C g be an sl; Lie subalgebra, namely a Lie subalgebra isomorphic to sl,(R). Note that if G is a
quotient of its adjoint form, which is the case since we assumed that G is center-free, the corresponding
Lie group H is isomorphic to SL(2,R) or PSL(2, R). We write ¢5: SL(2, R) — G for the corresponding
Lie group representation, and uy: H? — X for a corresponding equivariant totally geodesic embedding.

Definition 8.6 We say that a representation p: I'g — G is h-generalized Fuchsian if it preserves and
acts cocompactly on uy(H?).

If G is center-free, an h-generalized Fuchsian representation can be written y — t,(po(y)) x x(y) for
some Fuchsian representation pg: I'y — SL(2, R) and some associated character y:T'g — Cg(h).

Let y € H? be a basepoint, and let K be the stabilizer in G of up(y). We write B7(h) for the t-base of
the pencil of tangent vectors dup (T, H?). Note that this pencil is stabilized by ¢, (SO(2, R)) x Ck (h).

The quotient map SL(2, R) — SL(2,R)/ SO(2, R) ~ H? defines a principal SO(2, R)-bundle P over H2.
Let Pg, be its quotient via some Fuchsian representation. Given a character y: 'y — Cg(h), let
Ps, y = Sg be the (SO(2, R)xCk (h))-principal bundle obtained as the product of Pg, and the flat
Ck (h)-bundle associated to y.

Theorem 8.7 Suppose that b is T-regular, namely uy, is t-regular, and that Q,ﬁh #O. Letp:Tg = G
be an b-generalized Fuchsian representation with associated character y and let T € Sa™.

Let C be the connected component of the space of @(0; )-Anosov representations that contains p. Every
representations in C is the restricted holonomy of a (G, F¢)-structure on a fiber bundle F over Sg.

The fiber bundle F is a connected component of the reduction of the (SO(2, R)xCg (h))-principal bundle
Ps, y over Sg via the action of 15(SO(2, R)) x Ck (h) on B*(b).

Note that when ® C A is a Weyl orbit of simple roots and T = 7@, a tg-regular immersion is just a
©-regular immersion and ©(0,;) = ©.

Remark 8.8 If we replace G and F; by finite covers G and F; so that G acts faithfully on Fr,
Theorem 8.7 still applies. In this case one should replace B (h) by its preimage B* () by the covering
map Fe— Fy.

The only part of Theorem 8.7 that is not already contained in Theorem 8.5 is the description of the fibration.
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Proof The embedding uy is totally geodesic. Moreover it is assumed to be t-regular. Hence uy is
T-nearly geodesic, so one can apply Theorem 8.5. It only remains to describe the fibration.

The fibration 7 : Q;h — H? is tp(SL(2, R))-equivariant. The corresponding fiber bundlj: can be identified
in an SL(2, R)-equivariant way as the reduction of the SO(2, R)-principal bundle P by the action of
t5(SO(2,R)) on the fiber B*(h). The quotient of this fiber bundle by any Fuchsian representation
po: I'g — SL(2,R) is hence the bundle induced by the principal bundle Pg,. Once we quotient 2, b by
p =ty o po X ¥ the quotient becomes the twisted fiber bundle induced by Pg, . a

8.3 Higher-rank Teichmiiller spaces

In this section we apply Theorem 8.7 to Hitchin representations in PSL(n, R) and to maximal representa-
tions in Sp(2n, R). Then we explain how in general one can apply it to the connected components of
®-positive representations containing at least one generalized Fuchsian representation associated to a
®-principal sl,-Lie subalgebra.

8.3.1 Positive representations Let G be a connected simple Lie group of noncompact type with trivial
center and ® a set of its simple roots such that the pair (G, ®) admits a notion of ®-positivity in the
sense of [25]. We moreover assume that G is not locally isomorphic to PSL(2, R). This means that one
of the following holds:

(i) G issplitreal and ® = A.
(i) G is Hermitian of tube type.
(iii) G is locally isomorphic to SO(p,g) and © = {aq,...,ap}.

(iv) G is areal form of the complex Lie group with Dynkin diagram Fy4, E¢, E7 or Eg with restricted
Dynkin diagram F4 and ©® consists of the two larger roots.

For any of these pairs, Guichard and Wienhard [25] constructed a connected component U in the space
and transverse triples of elements in G/ Pg. They call such triples positive triples, and a representation
p: I'e — G is called ®-positive if it admits a continuous and p-equivariant map &: 0I' — G/ Pg such
that for all distinct triples of points (x, y,z) € 0@, (£(x),£(y), £(z)) € U. They prove in particular
that such representations are ®-Anosov. Moreover the space of ®-positive representation is closed in the
space of representation that do not virtually factor through a parabolic subgroup, by work of Guichard,
Labourie and Wienhard [22].

A O-principal Lie subalgebra hg for a pair (G, ®) that admits a notion of ®-positivity is a principal
subalgebra of the split Lie subalgebra gg C g generated by all the root spaces associated to ®; see [25].
These Lie subalgebra were introduced by Bradlow, Collier, Gothen and Garcia -Prada as magical triples
in [7]. Let hg be a ®-principal sl, Lie subalgebra of g.

Geometry & Topology, Volume 29 (2025)



Nearly geodesic immersions and domains of discontinuity 2445

Theorem 8.9 [7, Theorem 8.8] There exists a union of connected components of p: I' — G, the Cayley
components, consisting only of representations that do not factor through any parabolic subgroup. All
he-generalized Fuchsian representations with respect to the principal sl, Lie subalgebra hg lie in some
Cayley component.

Cayley components are conjectured to be all the connected components of ®-positive representations [7],
but there exist components consisting of positive representations that do not contain hg-generalized
representations, for instance the Gothen components for G = Sp(4, R). The results of Guichard, Labourie
and Wienhard [22] imply the following:

Corollary 8.10 Every connected component of representations p: I'g — G containing an hg-generalized
Fuchsian representation consists only of ®-positive representations.

The sets of simple roots ® C A that admit a notion of ®-positivity always admit one or two subsets
which are Weyl orbits of simple roots; see Figure 4. Let ® C © be a Weyl orbit of simple roots. Let
G # PSL(2,R). Theorem 8.7 implies:

Corollary 8.11 Let p: I'y — G be a representation in a connected component of ®-positive repre-
sentations containing an hg-generalized Fuchsian representation. It is the restricted holonomy of a
(G, Frg )-structure on a fiber bundle F over Sg.

Let y be the character associated to one of the hg-generalized Fuchsian representations in the Cayley
component. This fiber bundle is diffeomorphic to the reduction of the (SO(2, R)xCk (b))-bundle Ps,
via its action on the base B* () of the pencil of tangent vectors associated to hy.

The proof of the fact that the associated domains are nonempty as soon as G is not isomorphic to
PSL(2, R) is delayed to Section 8.4.

8.3.2 Hitchin representations in PSL(n,R) Let h) be a principal sl, Lie subalgebra in sl, (R). The
associated representation ¢y is the representation t;; from Example 8.3.

Definition 8.12 A representation p: I'y — PSL(n, R) is Hitchin if it is a deformation in Hom(I'g, G) of
an h-generalized Fuchsian representation.

The centralizer of ) in PSL(#n, R) is trivial, so h-generalized Fuchsian representations can be written ¢;y© 0g.

Hitchin proved that the quotient of the space of Hitchin representations by conjugation in PGL(n, R) is
a ball of dimension (2g — 2)(n?% — 1); see [27]. Labourie proved that Hitchin representations are Borel
Anosov, namely A-Anosov [32].

The unique Weyl orbit of simple roots for G = PSL(n, R) is A. The flag manifold F;, can be identified
with the flag manifold F; ,—; consisting of pairs of subspaces (¢, H) where £ C H C R?, dim(¢) = 1
and dim(H) = n — 1. The sl, Lie subalgebra ) is A-regular. Theorem 8.7 implies the following:
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Corollary 8.13 Let n > 3. Every Hitchin representation p: I'¢ — PSL(n, R) is the restricted holonomy
of a (PSL(n,R), F1 ,—1)-structure on a fiber bundle over Sg.

When n = 3, the boundary map of any h-generalized Fuchsian representation is an ellipsoid £ C RPP2. The
domain Q;A C Fi,2 admits three connected components: the set of (£, H) € F; » with £ in the inside of
the ellipsoid £, with H completely outside of the ellipsoid, and finally with £ outside the ellipsoid and H
crossing the ellipsoid in two points. One can see that the quotient of this domain is the union of three copies
of the projectivization of the tangent bundle of Sg. If we apply Theorem 7.3 to uy, we obtain a fibration
where the model fiber B7(h) is the union of three circles described in Example 6.9. Also when n = 3
one can get a domain in projective space, as described in Example 7.7, that is the interior of an ellipse.

When 7 is even, Hitchin representations are also the holonomy of projective structures. We consider these
structures in Appendix B.

In general, for any split simple Lie group G, Fock and Goncharov proved that all A-positive representations
can be deformed into an ha-generalized Fuchsian representation [18], namely they lie in a Hitchin
component, so our method always applies.

8.3.3 Maximal representations in PSp(2r,R) Given an orientation of the surface Sg, one can define
the Toledo invariant Tol: Hom(I'g, PSp(2n,R)) — Z. This continuous map can be defined as the
pullback by p of an element of the continuous group cohomology H?(G, Z) of G by p [11]. Reversing
the orientation of S, reverses the sign of the Toledo invariant.

A representation p: I'y — PSp(2n, R) is called maximal if its Toledo invariant is maximal among all
representations, namely if Tol(p) = n(2g —2). A way to construct maximal representation is to use the
representation treq: PSL(2, R) — PSp(2n, R). Burger, lozzi, Labourie and Wienhard proved that maximal
representations are {ay }-Anosov [10].

Let b be the sl Lie subalgebra of sp,, (R) which is the image of d ;. Every h-generalized representation
is maximal for one of the two orientations of the surface Sg.

Theorem 8.14 [23] If n > 3, every maximal representation p: I'g¢ — PSp(2n, R) can be deformed into
an by, y-generalized Fuchsian representation in the sense of Definition 8.6.

Theorem 8.7 implies:

Corollary 8.15 Let n > 2. Every maximal representation p: I'¢ — PSp(2n,R) is the holonomy of a
contact projective structure, namely a (PSp(2n, R), RP2"~1)_structure on a fiber bundle.

Indeed one can consider the Weyl orbit of simple roots ® = {a;, }. The corresponding flag manifold 77, ,
can be identified with RP?"~!. The Lie subalgebra h is {a;, }-regular, so one can apply Theorem 8.7.
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It is not clear if our method applies to the Gothen components of representations p: I'g — PSp(4, R) that
contain only Zariski-dense representations [8]. However since PSp(4, R) >~ SO, (2, 3), the case n = 2 of
Corollary 8.15 is a consequence of the work of Collier, Tholozan and Toulisse [13]. We discuss in more
depth the relation between their construction and our techniques in Appendix A.

The fiber obtained for Hitchin representations that are also {a;, }-positive is a union of connected com-
ponents of B¥eni(ha), and for maximal representations one gets a union of connected components of
Btten (hg). These two submanifolds of RPP2"~! are diffeomorphic to the same Stiefel manifold, which
is connected if n > 3; see Appendix B.

8.3.4 Positive representations in PSO(p,q) Let G = PSO(p,q) withg > p and ® = A\ {«,}. This
pair admits a notion of ®-positivity. The corresponding flag manifold 7, can be identified with the
Grassmannian of isotropic planes in R?+4.

Representations satisfying the ®-positive property were studied by Beyer and Pozzetti [5]. In particular
they showed that all ®-positive representations p: I'y — PSO(p, ¢) can be deformed to an hg-generalized
Fuchsian representation when ¢ > p + 1, so in this case Corollary 8.11 applies to all ®-positive represen-
tations. However when ¢ = p + 1, there are connected components of ®-positive representations that are
conjectured to contain only Zariski-dense representations; it is not clear if our techniques can be applied
to these components.

8.4 Nonempty domains

In order to get a geometric structure associated to a domain of discontinuity, one needs to ensure that
the domain is nonempty. Kapovich, Leeb and Porti have a condition that ensures that there exists a
thickening such that the domain is not empty [30], and Guichard and Wienhard proved that the domains
they considered were not empty by computing the dimension of their complement.

We will use the following criterion to prove that some domains of discontinuity for surface groups are
nonempty. Remember that the groups I'y that we consider here are surface groups.

Lemma 8.16 Let p: 'y — G be a ®-Anosov representation and (t, T9) be a balanced type pair of
elements in Sa™t, namely such that T is T-regular, satisfying ©(z9) = ©. Suppose that F, has finite
fundamental group. The domain of discontinuity Q/(Or’m) is nonempty.

Note that it is however not a necessary condition to have a nonempty domain, as we see later for SO(2, 3).
This lemma is very similar to Proposition 6.10.

Proof If the domain is empty, it means that the flag manifold - can be written as the union for x € 0I'g
of the thickenings K% )" This union is disjoint since the limit map is transverse. Moreover the limit
map éE) is continuousp(see [6] for instance), which implies that F; fibers over the circle with a compact
base. As in Proposition 6.10, this implies that F; has infinite fundamental group. |
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We prove that some domains of discontinuity are nonempty for representations of a surface group I'.
Let (G, ®) be a pair that admits a notion of positivity and let ®" C ® be a Weyl orbit of simple roots.

Proposition 8.17 The flag manifold F, has finite fundamental group, except if G is locally isomorphic
to PSL(2,R) orif G is locally isomorphic to SO,(2,3), ® = A and © = {a5}.

If G is locally isomorphic to SO, (2, 3), ® = A and ® = {«,} we work by hand using the notation from
Section 2.5. The domain of discontinuity associated to a {&2 }-Anosov representation p: I'g — SO, (2, 3)
obtained by metric thickening for any {ay}-regular 79 € Sa™ is

ng{az},fo) = Ein(R>3) \ U P(E,%(X)l)'

xedly

For any x € 'y, The submanifold IP’(SS(X)J-) has dimension 1 in Ein(R?*3), which has dimension 3.

( {(xz}:r())

Therefore the domain €2 pr is nonempty.

Lemma 8.16 together with Proposition 8.17 imply the following:

Corollary 8.18 If G is not locally isomorphic to PSL(2, R), the domain of discontinuity obtained by
metric thickening Qg@"m) C Fz, for any ©'-regular vector 7y € Sa™ and any ®-Anosov representation
p: I'e — G is nonempty.

The proof of Proposition 8.17 relies on a description of the fundamental groups of flag manifolds associated
to real Lie groups.

Let us write Ag C A for the set of roots whose associated root-space is a line. Let , § € A. We define
€(a,B) = (—1)(“’/3v), namely €(c, ) = 1 if @ and B are linked by no edge or if they are liked by two
edges and « is the longest root, and otherwise €(«, 8) = —1.

Theorem 8.19 [38, Theorem 1.1] Let A C A be a set of simple roots. The fundamental group of
Fa = G/ Py is the group generated by (1 )ae,» defined by the relations tgty = tg (t/g)é(“"g) fora, B € Ao
and o # B,and ty = e if @ € Ay \ A.

The following lemma will deal with most cases:

Lemma 8.20 If the Dynkin diagram restricted to Ag of the restricted root system of G has no connected
component of type C,, or A1, every flag manifold of G has finite fundamental group.

Proof Let A C A. Using the relations, one may write any element of 71 (F4) as a product of powers of
generators so that each generator appears at most once. Therefore 71 (F4) is a finite group if and only if
for every o € A, t, has finite order.
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If no connected component of the Dynkin diagram restricted to Ag is of type C,, or A1, then every o € Ag
belongs to a subdiagram inside the Dynkin diagram of Ag of type A», G, or Bs. In each of this cases the
relations between the generators imply that they have finite order. Indeed the flag manifold associated
to the Borel subgroup of SL(2, R), SO(3,4) and the real split Lie group associated to G, have finite
fundamental group; see [38]. O

Proof of Proposition 8.17 If G is a split Lie group Ag = A. If G is locally isomorphic to SO(p, g)
with p > 3 and ¢ > p + 1, the Dynkin diagram restricted to Ag is of type Ap—1. Finally if G is the real
form of the complex Lie group associated to Eg, E7 or Eg whose restricted root system is of type Fy, the
Dynkin diagram restricted to Ag is of type A». This follows from [33, Table 9]. or Es whose restricted
root system is of type F4, the Dynkin

Therefore if (G, ®) is a pair that admits a notion of ®-positivity, Lemma 8.20 applies and every flag
manifold associated to G has finite fundamental group except in the following two cases: if G is of
Hermitian type and of tube type with ® consisting of only the longest simple root, or if G is split of
type A1 or C, and ® = A.

If G is of Hermitian type, the Dynkin diagram of the associated root system is C, for n > 2. Suppose
that ®" = {B,}. Then F;,, = F(g,3, as in Figure 4. Either 81 ¢ Ao, in which case Fyg,y is trivial, or G
is split, by [33, Table 9]. If G is split, B1, B2 € Ao, so the generator g, of 71(F) satisfies the relation

1,1, =18, (tﬁl)_l, and g, = e s0 t;l = e. Therefore F7, has finite fundamental group.

— o e——<—o
B B2 Bn—2 Bn-1  Bn

It remains to consider the case where G is split with root system C,, forn >3, ® = A and @' =
{B1..... Bn—1}. Butin this case F7, is the flag manifold associated to the root B2, as shown in Figure 4.
The root B, belongs to a subdiagram of type A, so the fundamental group of Fegr is finite. a

8.5 Other applications

Theorem 8.5 can also be applied to Gromov hyperbolic groups that are not surface groups. In this
subsection we consider representations of fundamental groups of hyperbolic manifolds.

For instance one can consider a compact hyperbolic 3-manifold M with fundamental group I' and
holonomy pg: " —PSL(2, C). Letn >3, let tj, : PSL(2, C) — PSL(n, C) be the irreducible representation
as in Example 8.3 and let h = d i (s(2(C)). As for the real case, b is A-regular, so in particular tj; 0 pg is
A-Anosov. Here A is the only Weyl orbit of simple roots, and the corresponding flag manifold 77, can
be identified with the space .an_l of pairs (¢, H) where £ C H C C”", £ is a line and H is a hyperplane.

The domain of discontinuity associated to a A-Anosov representation p for one, and hence any, balanced
pair of the form (ta, 7o) is the following, where the limit map of p decomposes as Sl(? = (& ;, e, E;}‘l :

Foa\ J L. H) |31 <k <n—1such that £ C £k C H}.
xedl
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The topological dimension of the thickening K} CF En_l for any flag f € G/ Pa is the maximum for
1 <k <n—1 of the real dimension of {({, H) € ]-'ic’n_l | £ C E C H} for some E C C" of dimension k.
The dimension of the thickening equals 2n — 4 and the dimension of the flag manifold equals 4n — 6, so
for n > 3 the domain is nonempty. Theorem 8.5 therefore implies the following:

Corollary 8.21 The representation
tiro po: I' = PSL(n, C)

is the restricted holonomy of a (PSL(n, C), ]-'En_l)-structure on a fiber bundle over M .

One can also consider a hyperbolic n-manifold M for n > 2 with fundamental group I" and holonomy
00: T — SO, (1,n). Let t: SO(1,n) — SO(p, np) be the diagonal representation for n > 1 and let h be
the image of dt. Here b is {a,}-regular, so in particular ¢y o pg is {op j-Anosov. Note that {a,} is a
Weyl orbit of simple roots, and the corresponding flag manifold Fz,, , can be identified with the set of
isotropic lines Z C P(R?-"P).

The domain of discontinuity associated to a {o, }-Anosov representation p for one, and hence any, balanced
pair of the form (t(q,}, 7o) is the following:

7\ [ Je1ecel .

xedl’
The dimension of the complement equals (p — 1) + 7 — 1 and the dimension of the flag manifold equals
n(p+1)—2,soforn >2and p > 2 the domain is nonempty. Theorem 8.5 therefore implies the following:

Corollary 8.22 Let C be the connected component of t o pg in the space of {c }-Anosov representations
p: T — PSL(n, C). Every representation in C is the restricted holonomy of an (SO(p, pn), I)-structure
on a fiber bundle over M .

The fibers of this fiber bundle can be described as the set of isotropic lines in the intersection of p quadrics
in R?:P",

The centralizer of t(SO(1,n—1)) in SO(p, pn) has a larger dimension than the centralizer of ¢(SO(1, n)).
Indeed let E C RP"” be the p-dimensional subspace preserved by ((SO(1,n — 1)). Any element
g € SO(p, pn) acting trivially on E-L centralizes ((SO(1, n — 1)) but only finitely many such elements
centralize ¢(SO(1,n)). Therefore if the hyperbolic manifold contains a totally geodesic embedded
hypersurface, there exist nontrivial deformations of ¢ o p that one can construct using bending.

Appendix A Maximal representations of surface groups into SO, (2, n)

In [13] Collier, Tholozan and Toulisse studied maximal representations into SO, (2, ), the connected
component of the identity of SO(2, n), for n > 3. In particular they showed that maximal representations
are the restricted holonomies of photon structures which are geometric structures on a fiber bundle. They
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also showed a similar result for Einstein structures and Hitchin representations in SO, (2, 3) ~ PSp(4, R).
In this appendix we compare the fibration of the domain of discontinuity that they obtained with the
one coming from the projection defined in Section 7, when the unique minimal equivariant immersion
satisfies the corresponding nearly geodesic property.

Maximal representations are {oq }-Anosov, where {a1} is the root such that Py, y is the stabilizer of an
isotropic line in R>"*1. The set {&1} C © is a Weyl orbit of simple roots. We will denote by Q5° this
domain associated to p, which can be seen as an open subspace of the Grassmannian of isotropic planes
on R27+1,

Let R2"*1 be an (n+3)-dimensional vector space equipped with a symmetric bilinear form g of signature
(2,n+1). Let PSO,(2,n) C PSL(n + 3, R) be the connected component of the identity of the isometry
group of g. Let H?" C P(R?"*1) be the space of timelike lines, namely lines on which ¢ is negative
definite. The bilinear form ¢ induces a pseudo-Riemannian metric of signature (2, 1) on H?".

For a subspace V C R?"*1 we denote by Pho(V) the set of photons of V, namely the set of planes
P C V such that g|p = 0. The flag manifold Friq,; can be identified with the space Pho(R2"+1), We
denote by Ein(V) the space of isotropic lines in V. When n = 2, the flag manifold Friq,; Can be identified
with the space Ein(R?>3).

Fix an orientation of Sg. A maximal representation p: I' — PSO,(2,n + 1) is a representation whose
Toledo invariant is maximal. Collier, Tholozan and Toulisse proved the following:

Theorem A.1 [13] Let p: I' — SO,(2,n) be a maximal representation. There exists a unique p-
equivariant maximal space-like embedding ¢ : S, ¢ — H?" and a unique minimal p-equivariant embedding
u: S ¢ — X. The following cocompact domain of discontinuity fibers over the surface:

Q, =Pho(R*>")\ [ J {P €Pho(R>")| P LE}(x)}.

xedly
The fibration 7w : Q2 — §g is such that for x € 5~’,
71 (x) = Pho(£(x)1).

Whenn =3 and p: I' — SO,(2, 3) is additionally a Hitchin representation, the following cocompact
domain of discontinuity fibers over the surface:

Q, =Ein(R>?)\ | J {£€Ein®R>?) | £ LE(x)}.

xedlg
The fibration w: Q, — §g is such that for x € §,
771 (x) = Ein(u(x) @ £(x)).
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Theorem A.3 provides another description of the fibration from Theorem A.1; its purpose is to describe
the difference with the one constructed in Theorem 7.3.

The symmetric space X associated to PSO,(2,n 4+ 1) can be identified with one connected component
of the Grassmannian of oriented planes U C R?” that are spacelike, namely on which ¢ is positive.
Moreover it is of Hermitian type, so it admits a complex structure J .

Let P be an oriented 2-pencil of tangent vectors based at x € X, ie a subspace of dimension 2 of 7, X. It
is holomorphic (respectively antiholomorphic) if J fixes P and for all nonzero v € P, (v, Jx(v)) is a
positively (respectively negatively) oriented basis of P.

To an oriented 2-pencil P at x € X that is not antiholomorphic, with some orthonormal and oriented basis
(e, ), one can associate a holomorphic pencil:

¢(P)=({e—Jx(f). [ + Jx(e)).

Note that the pencil ¢ (P) does not depend on the positively oriented orthonormal basis (e, f). Similarly
one can associate to a 2-pencil that is not holomorphic the antiholomorphic pencil:

d(P) = (e + Jx(f), f — Jx(e)).

Remark A.2 The pencils ¢(P) and ¢(P) can be interpreted as the holomorphic and antiholomorphic
parts of the complex 2-dimensional subspace generated by P in T X. In particular they are orthogonal to
one another.

The fibers of the fibration from Theorem A.1 can be described as bases of pencils of tangent vectors in X.

Theorem A.3 Let p: I'y — PSO,(2,n) be a maximal representation. Let u: §g — X be the unique
minimal p-equivariant embedding and {: §g — H?" the unique maximal p-equivariant spacelike
embedding. For all x € S, the submanifold

Pho(£(x)") C Pho(R*") ~ Fr, |
is equal to the Ty, 1-base of the holomorphic pencil of tangent vectors
¢ (du(T:Sp)).
Whenn =3 and p: " — SO, (2, 3) is additionally a Hitchin representation, for all x € S, ¢ the submanifold
Ein(¢(x) ®u(x)) C Ein(R*?) ~ Fy,,
is equal to the t(y,)-base of the antiholomorphic pencil of tangent vectors
$(du(TySy)).
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One can compare this fibration with the one provided by Theorem 7.3, if u is t-nearly geodesic, for
which the fiber at y € S, ¢ was the t-base of the pencil du(Ty S, ¢)- In particular, in the case of photon
structures the two fibration coincide if u is holomorphic, which happens when p: I'g — PSO,(2,n)
factors through the reducible representation ¢: PSO, (2, 1) — PSO, (2, n). However they differ in general,
and in particular if p factors through the irreducible representation ¢: PSO,(2, 1) — PSO, (2, 3).

From now on, this section is devoted to proving Theorem A.3. We use the notation from [13, Section 3.3].
We first need a preliminary result about the unique minimal immersion for Hitchin representations
in SO, (2, 3):

Lemma A4 Let p:T'g — SO,(2, 3) be a maximal and Hitchin representation. Its associated minimal

immersionu: S, ¢ — X is never tangent to a totally geodesic submanifold Xo C X of the form
Xo={U X |UCE}

for any hyperplane E C R?>3.

The proof of this fact relies on the parametrization of the minimal surface using Higgs bundles and the
work of [13]. An introduction to Higgs bundles in SO(2, n) can be found in [13, Section 2.3], and details
on the Higgs bundles associated to Hitchin representations in SO(2, 3) can be found in [13, Section 4.3].

Proof Given a Hitchin representation p: I'y — SO(2, 3), there exists a unique a conformal structure
on Sg such that the corresponding harmonic map in the symmetric space is minimal, and the Higgs
bundle (E,, ®) corresponding to p can be written as

E,~K’0K'©@00K 'K 2

The Higgs field ® is the following section of K ® End(E)), or in other words the following one-form
valued in End(E)):

000y0
1000y
d,=[0B 000
00p800
00010

Note that 1 is the tautological one-form valued in K~!, a section of K ® K~!. Note also that for
Hitchin representations, 8 # 0 is also the tautological section, but we denote it differently from 1 because
their norm with respect to the harmonic metric are different in general. The harmonic metric on E,
is diagonal since the bundle is cyclic [13, Proposition 2.31]. As a consequence, the real form on the
complex bundle E, induced by the harmonic metric is the following for some sections /i1, i of K2K™2
and K1K~!, respectively (see [13, Proposition 2.32]):

_1_ _1_ - - -
(z1.22.23.24,25) V> (hy Zs5,h5 Za,2Z3,h2Z3,h121).
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We identify ® + ®*" with the differential of the minimal immersion u. Let us fix a locally defined
holomorphic vector field d,. Suppose that the associated minimal immersion is tangent to a totally
geodesic submanifold X¢ C X of the form Xo = {U € X | U C E} for some hyperplane E C R?:3. If
this was the case at a point x € S, ¢, it would imply that the differential of u in every direction in Ty S, g
is identified with a symmetric endomorphism of £, that preserves the complexification H of the real
hyperplane in the fiber at x of E, corresponding to E C R?*3 via the flat connection. In particular the
endomorphisms @ (d;) + @;h (07) and i @ () —i CD;h (97) preserve H, so the endomorphism @, (d;)
preserves H.

Since @ (0;) preserves a nondegenerate bilinear form (the one that determines the real form on E, with
the harmonic metric) and a real hyperplane, it must admit a real eigenvector (z1, 22, 23, 24, z5). This
eigenvector being real, one has z3 = Z3, z4 = hyZ, and z5 = h1Z1. The eigenvector equation implies
that for some A € C,

Azy = y(0z)haZz,  Aza =1(07)z1 +y(9)h1Z1,  Azz = B(07)z2,
AhaZy = B(07)z3,  Ah1Zy = 1(0;)h2Zs.
Moreover ||y || < ||1]| for the metric 41 on K2, or in other words |1(d,)| > 1|y (d;)|; see [13, Section 4.3].
Therefore @, cannot admit a nonzero real eigenvector. Indeed if A = 0 we have that z5,z3 = 0 and

0 =1(0;)z1 + y(0z)h1Z1, 50 z1 = 0. If A # 0, 1(d2)h2Z2 = h1y(0;)haZ, implies that z; = 0 and
therefore z1,z3 = 0. O

Proof of Theorem A.3 Let G(H?") be the space of triples (U, L, N) where R>" = U & L @ N is an
orthogonal splitting, L is a timelike line and U a spacelike plane. The tangent space of G(H?") can be
decomposed as

Tw.L.nyG(H>") ~Hom(L,U) ® Hom(L, N) & Hom(U, N).

The generalized Gauss map G: S — G(H2") associated to a spacelike immersion £: S, ¢ — H2" is the
unique map x — (u(x), £(x), N(x)) such that

dG=(dt,0,Ay).
Here du is the differential of £:
dl: TySg — Hom(£(x), u(x)) C Hom(£(x), £(x)1) = Ty H>".
And Ay is related to the second fundamental form II; of the immersion £:

Ag: TySg — Hom(u(x), N(x)) C Hom(u(x), £(x)1) = Ty)H?" @ (d€(TxSy))*,
O;(v,w) = Ag(v) odl(w) € Tg(x)Hz’” ~ Hom(£(x), £(x)1).

If £ is the unique equivariant maximal spacelike surface for a maximal representation p: 'y — PSO, (2, n),
the unique p-equivariant minimal surface u: S, ¢ — X is the map coming from the Gauss map of ¢ [13].
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The differential of u# in a direction v € Tx§g is determined by dg, and is equal to the element
du(v) € Hom(u(x), u(x)1) ~ Ty (x)X such that

du(v) = A¢(v) — (dL(v))".

In this expression (d£(v))” € Hom(u(x), £(x)) is obtained as the adjoint of the endomorphism d£(v),
for the restriction of the bilinear form ¢ on £(x) and u(x).

The endomorphism J = Jy,() coming from the complex structure on X acts by precomposition by the
rotation of u(x) of angle —%n on Ty )X >~ Hom(u(x), u(x)+), with the orientation chosen on u(x).
The choice of an orientation for every spacelike plane is equivalent to the choice of a complex structure
on X. Since p is maximal for the orientation we fixed on Sy, this orientation is preserved by du. We
write R for the corresponding rotation of T S, ¢, Which is a rotation of angle —%n.

Let (v, w) be a positively oriented basis of Ty S, ¢- The endomorphism

f = du(v) — J(du(w)) € Hom(u(x), u(x)") =~ T,0X
satisfies
f(@dl(v)) =10(v,v) = (dL(v))" (dL(v)) = Tg(w, R-v) + (d(w))" (dL(R-v)),
fdl(w)) =T (v, w) — (d€(v))" (d(w)) =g (w, R-w) + (dL(w))" (dL(R-w)).
One has R-v=—w, R-w=v. AlsoIly(v, w) =1, (w, v), and since £ is maximal, II; (v, v) 4+ (w, w) =0.
So the image of f is included in ¢, and f(d{(v)) # 0.

This holds for any orthonormal positively oriented basis (v, w), so ¢ (du(Ty S, ¢)) can be identified with
the dimension-2 subspace:

Hom(u(x), £(x)) € Hom(u(x), u(x)) ~ Ty X.

It suffices now to show that for any (U, L, N) € G(H?"™), the T{q,}-base of the holomorphic pencil
P ~ Hom(U, L) C Hom(U, U1) ~ Ty X is the photon Pho(L~), independently of U.

Let a € Pho(R?") be a photon. The vector v,y € TyX pointing towards a can be identified with the
homomorphism f,: U — U~ whose graph {x + f,(x) | x € U} is the photon a.

The Riemannian metric on X induces the following scalar product on 7, (x)X ~ Hom(U, U Ly
(f.g) =Tr(g" o f).

For this scalar product, f, is orthogonal to Hom(U, L) ¢ Hom(U, U+1) if and only if its image is
orthogonal to L, which is orthogonal to L if and only if @ € Pho(L%1).

Now if # = 2 and p is maximal and Hitchin, the pencil ¢ (du (T S, ¢)) is orthogonal to Hom(u(x), £(x)) =~
¢(du(Tx§g)). But every unit vector f € Hom(u(x), £(x)) is identified to v, 4, (x) € Ty(x)X, where
a € Ein(R?") is the graph of f7: £(x) — u(x). Therefore Ein(u(x) & £(x)) belongs to the T{a,)-base
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of ¢(du(Tx S, ¢)). It only remains to check that this base is not larger. This is due in some sense to the
genericity of ¢(du(Ty §g)).

Suppose that there exists £ € Ein(R?")\ Ein(u(x)@®£(x)) that belongs to the T{a,}-base of & (du(Tx S, 2))-
The associated element
Voo () € TxX =~ Hom(u(x), u(x)*)

corresponds to a rank-1 homomorphism v € u(x) — (v, ug)ng, where ug € u(x), ng € u(x)* and ug+ng
generates {o. Since £o belongs to the 7y4,}-base of & (du(Tx §g)), one has Im( f) L ng for any

f € p(du(TySg)) C TxX ~ Hom(u(x), u(x)1).

Let ng, be a nonzero vector in (u(x) @ £(x) @£’ (x)) N N(x) C R2:3. Tt is orthogonal to the image of every
element in ¢ (du(Ty §g)) since ¢(du(Ty §g)) is orthogonal to ¢ (du(Ty §g)). Moreover the image of
every element in ¢ (du (T S, ¢)) is orthogonal to N(x), so ny, is orthogonal to the image of every element
in du(Ty :S:g) C TxX >~ Hom(u(x), u(x)T). This cannot happen if p is Hitchin because of Lemma A 4.
Therefore Ein(u(x) @ £(x)) is the 7(y,}-base of H(du(TxS 2)). |

Appendix B Projective structures with (quasi-)Hitchin holonomy

In this appendix we compare the fibration obtained using Theorem 8.5 with the one constructed in [2].

Let N > 3 be an integer, and let h be a principal sl,-lie subalgebra of sI(N, R). The associated totally
geodesic immersion uy: H? — X is 7q-regular if and only if N = 2n is even. Indeed an element
Diag(oy,...,0p) € ais tj-regular if and only if none of the o; are equal to 0, and the Cartan projection
of any tangent vector to uy is a multiple of Diag(N —1, N —3,...,3—N,1—N). Recall that 71 € Sa*
is such that 77, is identifiable with RP2"~1,

Any {0, }-Anosov representation p admits a cocompact domain of discontinuity

Q,=RP>" 1\ | ] PEi*).

xedlg

This is one of the domains constructed by Guichard and Wienhard [24], and is also the domain fo‘ ,70)

as in Theorem 7.10 for any symmetric 79 € Sa™ that is 7j-regular. For any Fuchsian representation
po: I'y — PSL(2, R) the domain associated with ¢4 o pg coincides with the domain Qf}h. This domain is
nonempty for n > 2.

To understand the topology of the quotient, it is sufficient to understand it for generalized Fuchsian
representations, so let uy: H? — X be the totally geodesic embedding that is t;-equivariant, as defined
in Example 8.3.

We will compare two 2-pencils of quadrics. For this we will use an invariant associated to a regular
2-pencil of quadrics, which is called the Segre symbol [17].
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A pencil of quadrics is regular if it admits a nondegenerate element. Let P be a 2-pencil with a basis
(41, g2) such that g5 is nondegenerate. There exists a unique g,-symmetric or ¢-Hermitian endomorphism
Ag,,q, of V such that g1 (-,-) =g2(A4-,-).

Lemma B.1 Let P be a2-pencil of quadrics, and (q1, ¢2) and (q}. q5) be two bases of the pencil with q1,
492, q; and ¢}, nondegenerate quadratic forms. Let A = Ag, ¢,, B = Aq/l A anda,b,c,d € R be such that
g} =aq1 +bqz and ¢, = cq1 + dqa. Then cA + d 1d is invertible and B = (aA + b 1d)(cA +d 1d)~L.

Proof Let M =aA+bldand N =cA+d1d. Then ¢5(-,-) = g2(N -,-). But since ¢» and ¢/ are
nondegenerate, then N = Aqé’qz is invertible.
To complete the proof of the lemma, we need to check that g (N -,-) =g5(M -,-). Let v, w € V, then
41 (Nv, w) = aq1(Nv,w) 4+ bgz2(Nv, w)
=adqi(v,w)+ bcga(Av, w) +acqi(Av, w) + bdqz (v, w),
g5 (M v, w) = cqi(Mv, w) + dga(Mv, w)
=caqi(Av,w) + cbg1 (v, w) +dagz(Av, w) + dbg, (v, w),
which concludes the proof since ¢1(-,-) =¢g2(A4-,-). |

We can associate to a 2-pencil of quadrics an equivalence class of Segre symbols in the following way.

Definition B.2 The Segre symbol associated to a pair (¢1, g2) of nondegenerate symmetric or Hermitian
forms is the set S of characteristic values of the endomorphism Ay, 4,, with the weights w(s) given by
the multiplicity of the characteristic values and the partition p(s) given by the sizes of the blocks of the
Jordan block decomposition of A4, 4.

To a nondegenerate 2-pencil of quadrics P we can associate the class of all Segre symbols associated to
any basis (¢1, g2) of P where g1, g2 € P are nondegenerate, up to the action of PSL(2, R) on the space of
possible Segre symbols. This equivalence class is well defined because of Lemma B.1. The Segre symbol
of a 2-pencil is invariant by the action of GL(V'), and hence two 2-pencils of quadrics with different
Segre symbols are not isomorphic.

Theorem B.3 The fiber of the fibration my,: Q, — S is the base of a nondegenerate 2-pencil of
quadrics P whose Segre symbol is equal to {i,—i} with multiplicity n at each point, and a minimal
partition [n] of n at each point.

For K = R it is diffeomorphic to the Stiefel manifold
O(k)/(O(k —2)x 0(1)).
For K = C it is diffeomorphic to the Stiefel manifold
O(2k)/(0O(2k —2) x U(1)).
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A similar fibration was already constructed by Alessandrini, Li and the author in [2]. The fibers in both
constructions are bases of pencils, but in [2] the fiber of the fibration constructed is the base of a different
2-pencil Py. However, the base of Py is diffeomorphic to the same Stiefel manifold.

The Segre symbol of the pencil Py also has two conjugate points with multiplicity 7, but decorated with a
maximal partition [1, 1,..
for Py than for P.

., 1] of n. A difference for instance is that the stabilizer in PSL,, (K) is larger

The rest of the section is devoted to the proof of Theorem B.3.

Proof As in Example 8.3, we identify C” with the space V5, (C) of homogeneous polynomials in X
and Y of degree 2n — 1. We consider the change of variable X = W +Z and Y =i (W — Z). f K =R,
we recall that the conjugation 7 after the change of coordinates is given by the C-antilinear map defined
for 0 <1 < 2k by

T Wl sz—l—l N ZIWZk—l—l'

This change of basis diagonalizes the action of PSO(2). Let R(6) be the rotation angle € in the hyperbolic
plane, or the class of the rotation of angle %9 on R2. The action of Ry satisfies, for 0 <[ < 2k,

t(R(9)) - Wl z2k=1+1 _ ,i0@k—1-2D) 7l 72k—1+1

Consider the following basis of V5, (C):

(e)o<i<2k = (WZZZk_Hl(2k1_1)5)051<2k

The pencil of tangent vectors duy (H?) € T4, X corresponds to a pencils of (Hermitian) quadrics generated
by ¢1 and g». The corresponding matrices in this basis are

(0 Ao (0 —Ao
Ao 0 A Ao 0 —A;
A0 Ao AL 0 —As
le AZ Q2=l )&2
L, Ay
Ar 0 A Ar 0 —Ag
A0 Ao A0 —Ao
\ Ao O \ Ao O

where g = Aok _1—q = /(@ + 1)(2k — 1 —a) for 0 <a <2k — 1.

The matrix associated to A4, 4, is conjugate to
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)
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where T is the following k x k matrix:

The matrix 7" — I, is nilpotent of order k. This implies that the characteristic values of Ay, 4, are i
and —1, and the partition associated with the Jordan block decomposition is the minimal partition [k] for
both singular values. This determines the Segre symbol of P.

Now let’s study the topology of the base of P in the case K = R. in order to do so we will deform this
pencil to get a pencil that can be decomposed into smaller blocks. Let us define for t € R the pencil of
quadrics P; generated by the quadratic forms g1, and g ; whose matrices Q1 and Q> ; in the basis

(er)o<i <2k are

/O Ao 0 —2p
Ao 0 tA A 0 —tAy
th1 0 A, 1A 0 —-Ap
Q1= & Q2 =i b2
IR P} Tl —=As
Ay 0 A Ay 0 —tAq
tAr 0 Ao tAq 0 —Xo
/\0 0 A'O 0 )

In other words, the coefficients Ay for k odd are replaced by fA;. The determinant of Q1 and Q5 ; is
independent of ¢, and hence the pencils of quadrics P; are all nondegenerate. Moreover one has

L(R(0))- Q1 = cos(0) Q1 +sin(6) Qa,r.
which implies that all the nonzero quadrics in the pencil P; are nondegenerate.

Let M = {([v],t) e P(Va(R)) xR | g1,,(v,v) = g2,+(v,v) = 0} and p: P(V,(K)) x R — R be the
projection onto the second factor. Because of Lemma 6.2, M is a submanifold of P (7}, (R)) x R. The
map p is a proper submersion, and hence by the Ehresmann principle it is a fibration. In particular the
bases b(P) and b(Py) of these pencils are diffeomorphic.

The pencil of quadrics Py is exactly the pencil that defines the Stiefel manifold in [2], so we get the
desired result. O
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Graded character sheaves, HOMFLY-PT homology,
and Hilbert schemes of points on C?

Quoc P Ho
PENGHUI LI

Using a geometric argument building on our new theory of graded sheaves, we compute the categor-
ical trace and Drinfel’d center of the (graded) finite Hecke category H}j, = Ch®(SBimy) in terms of
the category of (graded) unipotent character sheaves, upgrading results of Ben-Zvi and Nadler, and
Bezrukavnikov, Finkelberg, and Ostrik. In type A, we relate the categorical trace to the category of
2-periodic coherent sheaves on the Hilbert schemes Hilb,, (C?) of points on C? (equivariant with respect to
the natural C* x C* action), yielding a proof of (a 2-periodized version of) a conjecture of Gorsky, Negut,
and Rasmussen which relates HOMFLY-PT link homology and the spaces of global sections of certain
coherent sheaves on Hilb,(C?). As an important computational input, we also establish a conjecture of
Gorsky, Hogancamp, and Wedrich on the formality of the Hochschild homology of H%,Ir,.
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1 Introduction

1.1 Motivation

Let G be a (split) reductive group, 7' C B a fixed pair of a maximal torus and a Borel subgroup, and W
the associated Weyl group. The geometric finite Hecke category associated to G, defined to be the
category of B-biequivariant sheaves/ D-modules on G, plays a central role in representation theory. Of
particular interest to us are results of Bezrukavnikov, Finkelberg, and Ostrik [12] (underived) and Ben-Zvi
and Nadler [9] (derived) which identify its categorical trace and Drinfel’d center with the category of
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character sheaves constructed by Lusztig in a series of seminal papers [41; 42; 43; 44; 45] as a tool for
studying the characters of the finite group G(IFy).

The finite Hecke category has a graded cousin Chb (SBimyy), the monoidal (DG-)category of bounded
chain complexes of Soergel bimodules.! Like its geometric counterpart, (variations of) graded finite
Hecke categories play an important role in geometric representation theory, especially in Koszul duality
phenomena. See, for example, Achar, Makisumi, Riche, and Williamson [1], Beilinson, Ginzburg, and
Soergel [6], Bezrukavnikov and Yun [14], and Lusztig and Yun [46]. Of particular interest to us is the
role these categories play in one construction of the HOMFLY-PT link homology. See Bezrukavnikov
and Tolmachov [13], Khovanov [32], Trinh [57], and Webster and Williamson [59].

It is thus natural to study the categorical trace and Drinfel’d center of Ch? (SBimp) with an eye toward
both categorified link invariants and character sheaves. Indeed, the categorical trace has been studied by
Beliakova, Putyra, and Wehrli [7] and Queftfelec, Rose, and Sartori [51; 52] (underived), and Gorsky,
Hogancamp, and Wedrich [27] (derived) with applications to HOMFLY-PT link homology. Moreover, it
was proposed in [27] that an in-depth study of the categorical trace should yield a proof of a conjecture
by Gorsky, Negut, and Rasmussen [29] which relates HOMFLY-PT link homology and global sections of
coherent sheaves on the Hilbert schemes of points Hilb,(C?) on C2.

Despite their importance in both categorified link homology and geometric representation theory, many
questions are still left unanswered by these previous works:

(i) What is the Drinfel’d center of Ch? (SBimyy)?

(ii)) How are the categorical trace and Drinfel’d center of Chb(SBimW) related to the category of
character sheaves?

(iii) In type A, how are the trace and centers related to the category of coherent sheaves on Hilb, (C?2)?

Various aspects of these questions have been raised by the experts previously, but without a precise answer.
See Ben-Zvi and Nadler [9, Section 1.1.5], Webster and Williamson [58, discussion after Theorem A],
Gorsky, Hogancamp, and Wedrich [27, Section 1.5], and Gorsky, Kivinen, and Simental [28, Section 7.5].

Here we provide complete answers to the questions above (except the center case of (iii)) and as an
application, give a proof of a version (see Remark 1.5.12 for a precise comparison) of the conjecture

of Gorsky, Negut, and Rasmussen.?

Moreover, as the main computational input for answering (iii)
above, we also establish a conjecture of Gorsky, Hogancamp, and Wedrich [27, Conjecture 1.7] on the
formality of the Hochschild homology of Ch?(SBimy), which is a consequence of the formality of the
Grothendieck—Springer sheaf in our geometric setup. This formality conjecture is the main obstacle

for [27] to make the trace of Ch® (SBimyy) more explicit.

INote that the notation is somewhat abusive here since SBimy depends on the Coxeter system rather than just the Weyl group.

2The link between the Drinfel’d centers and Hilbert schemes of points on C?2 requires an entirely different technique to establish.
The details will appear in a forthcoming paper. We will not need this fact here; see also Remark 1.5.9.

Geometry & Topology, Volume 29 (2025)
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1.2 The approach

1.2.1 Categorical traces and Drinfel’d centers Unlike Beliakova, Putyra, and Wehrli [7] and Gorsky,
Hogancamp, and Wedrich [27], our computations of the categorical traces and Drinfel’d centers are
completely geometric, inspired by the arguments of Ben-Zvi and Nadler found in [9] and our previous
work [30]. This is possible thanks to our new theory of graded sheaves developed in [31], which provides a
geometric realization of Ch?(SBimy) (as the category Shvg,c(B\G/B) of B-biequivariant constructible
graded sheaves on G) within a sheaf theory with weight structures and perverse ¢-structures and sufficient
functoriality to do geometry and categorical algebra. Such a theory is indispensable for our strategy since
other geometric constructions of Ch?(SBimy) via B\G/B, such as those of Beilinson, Ginzburg, and
Soergel [6], Eberhardt and Scholbach [19], Rider [53], and Soergel, Virk, and Wendt [55], have not been
extended to include those spaces such as G/B and G/G (with conjugation actions), geometric objects
that appear naturally in the study of categorical traces and Drinfel’d centers.

While the general idea for computing the categorical traces and Drinfel’d centers (see Theorem 1.5.2)
is similar to the one in [9; 30], the implementation is more involved. This is because compared to
quasicoherent sheaves or D-modules, the categorical Kiinneth formula fails much more frequently for
constructible sheaves. But now, with the modifications done in this paper, the proof of Theorem 1.5.2
works equally well with other sheaf-theoretic settings, such as D-modules (which recovers the result
of Ben-Zvi and Nadler in [9]) or sheaves with positive characteristic coefficients (either in the classical
analytic topology when the geometric objects involved are defined over C or in the étale topology when
working over FF; = F» for some prime number p and natural number n > 1, as long as £ # p). We
choose to work with £-adic sheaves throughout due to the availability of the theory of graded sheaves in
this setting, crucial for applications to Soergel bimodules.

1.2.2 Formality of Hochschild homologies of Hecke categories An interesting feature of our approach
to the formality problem conjectured by Gorsky, Hogancamp, and Wedrich in [27] is that its solution does
not follow the usual “purity implies formality” route. This is not possible since the algebra of derived
endomorphisms of the Grothendieck—Springer sheaf is not pure, already for the simplest case when G
is a torus. Instead, it relies on a transcendental argument carried out by the second author in [36] and
a spreading argument. In type A, once the categories of graded unipotent character sheaves are computed
explicitly using the formality result, their relation to the Hilbert schemes of points on C? can then be
deduced as a combination of Koszul duality and results of Bridgeland, King, and Reid [17] and Krug [35].

1.2.3 Hilbert schemes and link invariants In terms of link invariants, the categorical trace of H%}an is
a universal receptacle for (derived) annular link invariants coming out of HgLn. As such, HOMFLY-PT
homology factors through it. Using an argument involving weight structures in the sense of Bondarko and
Pauksztello, we prove a corepresentability result for the degree-a parts of the HOMFLY-PT homology.
Matching the corepresenting objects on the Hilbert scheme side, we obtain a proof of a version (see
Remark 1.5.12 for a precise comparison) of a conjecture of Gorsky, Negutf, and Rasmussen.

Geometry & Topology, Volume 29 (2025)
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1.2.4 The use of co-categories and higher algebra The use of homotopical/categorical algebra and
oo-categories as developed by Gaitsgory and Rozenblyum [25; 26] and Lurie [38; 39] is indispensable
to our approach at many levels, from the definitions/constructions of the objects and the formulation of
the statements to the actual proofs. While being sophisticated, the theory is packaged in such a clean and
convenient way that our arguments can still be followed by readers who are not familiar with it. The readers
might also consult Ho and Li [31, Appendix A], where most of the relevant background is reviewed.

Remark 1.2.5 Employing completely different techniques involving matrix factorizations, Oblomkov
and Rozansky proved a 2-periodized version of work of Gorsky, Neguf, and Rasmussen [29] in a
series of papers [48; 49; 50]. It is not clear to us how their work fits with known results in geometric
representation theory revolving around finite (as opposed to affine) Hecke categories and character sheaves.
The appearance of affine Hecke categories and their interactions with the finite ones in their work are
themselves extremely interesting and deserve a closer look.

Our approach, on the other hand, draws a direct connection between finite Hecke categories, character
sheaves, and categorified knot invariants, where the passage from the first to the last one is as in the original
construction of HOMFLY-PT homology theory via Soergel bimodules by Khovanov in [32]. In fact, our
main result is geometric representation theoretic: we compute both the trace and the Drinfel’d center of the
graded finite Hecke categories and relate them to character sheaves, upgrading previous results of Ben-Zvi
and Nadler in [9] and Bezrukavnikov, Finkelberg, and Ostrik in [12]. The relation to HOMFLY-PT
homology is then deduced as a consequence. We note that the geometric description of the finite Hecke
categories is still conjectural in their framework; see Oblomkov and Rozansky [49, Conjecture 7.3.1]).

Their work lives in the coherent world whereas our arguments happen in the constructible world. Under
the Langlands philosophy, there should be a duality between the objects considered in their work and ours.
We expect that the two approaches are related via a graded version of Bezrukavnikov’s theorem on two
geometric realizations of affine Hecke algebras [11]. We plan to revisit this question in a subsequent paper.

In the remainder of the introduction, we will recall the basic objects in Sections 1.3 and 1.4 and then
provide the precise statements of the main results in Section 1.5.

1.3 Notation and conventions
Let us now quickly review the basic notation and conventions used throughout the paper.

1.3.1 Category theory We work within the framework of (oo, 1)-categories (or more briefly, co-
categories) as developed by Lurie in [38; 39]. By default, our categories are all co-categories. In
particular, we use the language of DG-categories as developed by Gaitsgory and Rozenblyum in this
framework [25; 26]. See also Ho and Li [31, Appendix A] for a quick recap. All of our functors and
categories are “derived” by default when it makes sense.

We let DGCatpyes,cont denote the category whose objects are presentable DG-categories and whose mor-
phisms are continuous (ie colimit-preserving) functors. Similarly, we let DGCatigem,ex denote the category
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whose objects are idempotent complete DG-categories and whose morphisms are exact (ie finite colimit-
and limit-preserving) functors. Finally, let DGCatpres,cont,c denote the 1-full subcategory (see Gaitsgory
and Rozenblyum [25, Chapter 1, Section 1.2.5]) of DGpres,cont Whose objects are compactly generated
and whose morphisms are quasiproper functors, ie compact-preserving functors. Each is equipped with a
symmetric monoidal structure — the Lurie tensor product. The operation Ind of taking ind-completion is
symmetric monoidal and factors as

Ind’
DGcatidem,ex — DGcatpres,cont,c DGcatpres,cont-

Ind
Moreover, the first functor is an equivalence of categories.

We will informally refer to objects in DGCatpres,cont (resp. DGCatigem,ex) as “large”/“big” (resp. “small”)
categories.

1.3.2 Algebraic geometry Unless otherwise specified our stacks are Artin, with smooth affine stabilizers,
and are of finite type over [F; (or I[_Tq, depending on the field of definition), where ¢ = p* for some prime
number p. We let Stk and Stkp, denote the categories of such Artin stacks over g and Fq, respectively.

We write pty = SpeclF, and pt = Spec Fq. Moreover, for any Artin stack Y over IFq, we usually use Yg to
denote an Fy-form of YJ. We will make heavy use of the theory of graded sheaves developed by Ho and
Li [31], obtained by categorically semisimplifying Frobenius actions in the category of mixed sheaves;
see Beilinson, Bernstein, Deligne, and Gabber [5]. All notation involving the theory of graded sheaves
will be the same as in [31]. We will now recall only the main pieces of notation from there.

As the theory of graded sheaves is built on top of the theory of mixed £-adic sheaves, we fix a prime
number £ # p throughout this paper. For any Artin stack Yo over F; and Y its base change to Fq,
we will use Shvy, ¢(Y0), Shvim(Yo), and Shvi, (Yo)"™" := Ind(Shvm ¢ (Yo)) (resp. Shvg (Y), Shvg (Y), and
Shvg (Y)™" :=Ind(Shvg,c(¥)"™")) to denote the DG-category of constructible mixed (resp. graded) sheaves,
the DG-category of mixed (resp. graded) sheaves, and the renormalized DG-category of mixed (resp.
graded) sheaves on Yo (resp. Y). The first one is an object in Shvy, ¢(pty)-Mod (resp. Vect®"¢-Mod)
whereas the last two are objects in Shvp,(pty)-Mod (resp. Vect® -Mod). All the usual operations on
sheaves, when defined, are linear over these categories. Note that here, Shvg (pt) =~ Vect®, the (co-
derived) symmetric monoidal category of graded chain complexes over Qg, and Shvgr,c(pt) =~ Vect®"¢,
the full symmetric monoidal subcategory consisting of perfect complexes.

Shvgr,c(Y) is equipped with a six-functor formalism, a perverse 7-structure, and a weight/co-¢-structure in
the sense of Bondarko and Pauksztello. Moreover, it fits into the diagram

Shvim.c(Y0) 225 Shvgr ¢ (Y) 225 Shve (Y),

which is compatible with the six-functor formalism, the perverse ¢-structures, and the Frobenius weights.
Furthermore, oblvg, o gry, is simply the pullback functor along i — Y. Roughly speaking, gry, turns
Frobenius weights into an actual grading and oblv,, forgets this grading.
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For any J, G € Shvg, (), one can talk about the graded Hom-space %omgLv (y)(frl~ , §) € Vect?, the
. gr.c
category of graded (chain complexes) of vector spaces over Qg, such that

ff'fomgh\,c(xd)(oblvgr J, oblvg G) = oblvg, U—Comgngr.C(y)(?, 9) ~ @ U'Comg;vgm(y)(?, 9w,
k

where for any V € Vect®', V) € Vect denotes the k™ graded component of V. We also write

gr — gr
8ndSthr,C(y) (gj) T g{omSthr,c(y) (3’“, gj)'
See Ho and Li [31, Appendix A.2.6] for a quick review on enriched Hom-spaces.

Since we always make use of the renormalized categories of sheaves (for example, Shv,(Yo)™" and its
graded counterpart Shvg,(Y)™") introduced by Arinkin, Gaitsgory, Kazhdan, Raskin, Rozenblyum, and
Varshavsky [4] and used extensively in [31] rather than the usual categories, we will omit ren from the
notation of the various pull and push functors. For example, we will simply write f*, fx, f', and f;
rather than f% . fx.rens frons and fi ren as in [31].

Remark 1.3.3 We deviate slightly from the convention used in [31] in two places:
(i) The category Vect® -Mod of Vect® -module categories is denoted by Modyecter there.

(ii)) An [F4-form of Y is denoted by Y there rather than Yo as we do here. What we use here conforms
to the standard convention employed by, for example, Kiehl and Weissauer [33]. More generally, in [31],
Yn 1s used to denote an FFgn-form of Y. This is necessary because we have to deal with different forms of
the same stack over different fields of definition. For example, see [31, Section 2.7].

1.3.4 Grading conventions The different grading conventions appearing in the theory of HOMFLY-PT
link homology can be a source of confusion (at least to the authors). We will now collect the various
grading conventions we use and where they appear. Serving as a point of orientation, this subsubsection
should thus be skipped, to be returned to only when the need arises.

In Vect®', we use X to denote the formal grading and C the cohomological grading. Sometimes, to
emphasize the grading convention in the presence of other gradings, we also use Vect®X in place of Vect®".
As most DG-categories in this paper are module categories over Vect®', given two objects c¢; and ¢, in
such a category C, the Vect®-enriched Hom, Hom§ (¢, ¢2) € Vect® is a graded chain complex. The
gradings X and C therefore also apply to fHom%r(cl , ¢2). We refer to this as the singly graded situation
(as the cohomological grading is not a formal grading). This is our default grading.

The 2-periodic construction in Section 4.3 allows one to exchange an extra grading with 2-periodization.
It is used in Section 4.4 to introduce an extra grading on (the JHom®" in) any Vect®-module category by
turning it into a Vect®X-8"Y-module category. As the notation suggests, the extra grading is denoted by Y.
Moreover, all the cohomological shearing and 2-periodization in this paper will be with respect to this
Y-grading. In other words, the Y-grading is artificially introduced and then gets “canceled out.”
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small big/renormalized

mixed Hgo :=Shvpm.c(Bo\Go/Bo) Hgge” :=Shvn(Bo\Go/Bo)"™" ::Ind(Shvm,c(Bo\Go/Bo)):Ind(HEO)
graded HZ := Shvg, . (B\G/B) HE"" :=Shvg (B\G/B)™" :=Ind(Shvg,,. (B\G/B)) ~ Ind(Hg
ungraded | Hg :=Shv.(B\G/B) HE" :=Shv(B\G/B)"™" :=Ind(Shv.(B\G/B)) ~Ind(Hg)

Table 1: Different versions of finite Hecke categories.

In Section 4.4.6, the X, Y—grading is introduced, which is related to the X, Y -grading via a linear change
of coordinates. This is the grading that is used in the statements of the main theorems regarding the
conjecture of Gorsky, Negut and Rasmussen [29]. The switch is necessary to match with the usual grading
convention on the HOMFLY-PT homology side.

Finally, on the HOMFLY-PT homology, the most natural gradings, from our geometric point of view, are
given by Q’, A’, and T’, defined in Section 5.2.4. The relations between Q', A", T', O, A, T, and ¢, a,t
are also given there, where the last two grading conventions appear in work of Gorsky, Kivinen, and
Simental [28]. See also Remark 5.2.7 for the source of the difference between Q’, A’, T’ and Q, A, T.

1.4 The main players

We will now recall the definitions of the various objects/constructions that appear in our main results.

1.4.1 The various versions of finite Hecke categories Let G be a split reductive group over Fg,
equipped with a pair Ty € By of a maximal torus and a Borel subgroup. Let W be the associated Weyl
group. By convention, G, 7', and B are the pullbacks of G, Ty, and By to ﬁq.

While our primary interest lies in the graded finite Hecke category HgGr := Shvg, (B\G/B), which is
equivalent to Chb (SBimy) by Ho and Li [31, Theorem 4.4.1],% it is necessary to consider its “big” or
renormalized version Hg’ren = Ind(Hg&r) because the “big” world possesses more functorial symmetries,
such as the adjoint functor theorem (see Lurie [38, Corollary 5.5.2.9]) and the fact that compactly generated
(presentable) stable co-categories are dualizable; see Gaitsgory and Rozenblyum [25, Proposition 7.3.2].4
Consequently, we will most of the time start with the renormalized case, from which we deduce the
corresponding result for the small variants.

Due to their geometric nature, our arguments apply equally well to other variants of the finite Hecke
categories, such as the mixed and ungraded versions, which are of independent interest. For the reader’s
convenience, we summarize all the different variants in Table 1 (see also Section 1.3.2 for our conventions
regarding algebraic geometry).

3See also note 1.

4Here, “big” refers to the fact that we are working with presentable categories. On the other hand, “renormalized” refers to the
fact that we use the renormalized sheaf theory on stacks.
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We also will adopt the notation H?G’ren, H?G, Shvo(pt), and Shvo(Y) etc in statements where ? can be
gr, m, or nothing/@, that is, the ungraded case, eg H?G = Hg = Shv.(B\G/B). In this notation,
H?G’ren € Alg(Shvs(pt)-Mod) and HZ; € Alg(Shvs - (pt)-Mod). Unless otherwise specified, ? can be any of
the three.

Remark 1.4.2 (abuse of notation) The subscript 0 in, for example, Gy, By, 1o, and pt, etc can be
unwieldy and even conflicts with the use of ? introduced above. For example, Shvo(Yg) is Shv(Yp) in the
ungraded case, which does not really make sense, as it should be Shv(Y) instead in this case. Therefore,
we will, in most cases, drop it altogether without fear of confusion. For example, Shv,,(BG)"™" and
Shv, (pt) only make sense when we take BG and pt to be BG( and pt,, respectively. Similarly, we will
use HY and H>™" rather than the more precise HE, and Hg;'e".

Remark 1.4.3 The ungraded renormalized Hecke category HS" is larger than that of Ben-Zvi and
Nadler [9]. Ignoring the distinction between D-modules and constructible sheaves, their category
corresponds to Shv(B\G/ B), the usual (as opposed to renormalized) category of sheaves on B\G/B.

1.4.4 Categorical trace and Drinfel’d center As mentioned earlier, our main goal is to study the
categorical trace and Drinfel’d center of Hg . Recall the following definition:

Definition 1.4.5 (Ben-Zvi, Francis and Nadler [8, Definition 5.1]) Let A be an associative algebra
object in a closed symmetric monoidal co-category C.

(1) The (derived) trace or categorical Hochschild homology of A, denoted by Tr(A4) € C, is the relative
tensor A ® 4@ 4 A. It comes with a natural universal trace morphism tr: 4 — Tr(A) given by
tr(a) =a®ly4.

(ii) The (derived) Drinfel’d center or categorical Hochschild cohomology of A, denoted by 7(A4) € C,
is the endomorphism object End 4g grev (A). It comes with a natural central morphism z: 7(4) — 4
given by z(F) = F(ly4).

Here, we view A4 as a bimodule over itself. Moreover, A™¥ denotes an associative algebra with the same

underlying object as A but with reversed multiplications.’

Remark 1.4.6 The trace also has a natural S'-action. Moreover, the center is naturally equipped with
an E,-structure (Deligne’s conjecture), ie in the case of categories, it has a braided monoidal structure.
See Lurie [39, Sections 5.3 and 5.5].

Note that B\G/B ~ BB xpg BB and the monoidal structures on the various versions of finite Hecke
categories are given by g /* (with the appropriate sheaf theory) in the following diagram:

(1.4.7) BB xpG BB x BB xpg BB <—4— BB xpg BB xpc BB > BB x5 BB.

3In the literature, A°P is also used to denote A™. We opt to use A" since for a category A, A is usually already understood
as the opposite category.
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Depending on whether we work with the small or big/renormalized versions, these Hecke categories are
naturally algebra objects in Shvs . (pt)-Mod or Shvs(pt)-Mod, where the symmetric monoidal structures
of the latter are given by relative tensors. See also Ho and Li [31, Appendices A.2 and A.7]. Their traces
and Drinfel’d centers are computed as objects in these symmetric monoidal categories. In other words,
the ambient categories C in Definition 1.4.5 that are relevant to us are the various categories of module
categories Shvs . (pt)-Mod or Shv(pt)-Mod.

1.5 The main results

1.5.1 Trace and center of Hecke categories We start with the computations of the trace and Drinfel’d
center. The result below upgrades the main result of Ben-Zvi and Nadler [9] to the graded setting.

Theorem 1.5.2 (Theorem 2.8.3) The trace Tr(Hére") and center Z(Hye") of Hrg'e" coincide with the

?,ren

full subcategory Chg?’ren of Shva(G/G)™" generated under colimits by the essential image of H; ™" under

q1p* in the correspondence
G/B

p q
e N
B\G/B G/G
Moreover, under this identification, the canonical trace and center maps are adjoint tr — z and are identified
with the adjoint pair ¢\ p* = psq'.

en

The trace Tr(H%.) coincides with the full subcategory Chg? of Chg?’r
Namely,

spanned by compact objects.

u,? . u,?, u,?, G
Chg’ 1= (Chg"™)¢ = ChE™™" NShva ().

Equivalently, they are generated under finite colimits and idempotent splittings by the essential image of
H?G under ¢\ p*.

u,?,ren

~u,? .
The center Z(H(é) is the full subcategory Chg of Ch. spanned by the preimage of H?G under the
central functor z.

Remark 1.5.3 The Drinfel’d center of H?G, that is, working within the context of small categories, is
larger than its trace, unlike in the large category setting. This is true already in the case G = T is a torus;
see Remark 2.8.4. This seems to be new.

1.5.4 Formality of Hochschild homology By the description of the trace map above, the image of
the unit tr(1ee) € Chg®' is, by definition, the (graded) Grothendieck—Springer sheaf Spr¢., a graded
refinement of the usual Grothendieck—Springer sheaf, ie oblvg,(Sprér ) > Sprg € Chg; € Shve(G/G). By
Gaitsgory, Kazhdan, Rozenblyum, and Varshavsky [24, Theorem 3.8.5], the graded ring of endomorphisms
of this object is the Hochschild homology HH(HgGr’ren) of HgGr’ren, where Hg&r’ren is viewed as a dualizable
object in Vect® -Mod.
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Theorem 1.5.5 (Theorems 2.10.11 and 3.2.1, Gorsky, Hogancamp, and Wedrich [27, Conjecture 1.7])

The graded algebra HH(HE™") ~ Endg, v.gr.ren (Sprg) € Alg(Vect®") is formal. Moreover, we have an
G

equivalence of algebras

8ndirhl&gr,ren (Sprg) >~ H*(End¥ (Sprg)) =~ (H3 (BT)®H (T)) QW]

Chl&gr,ren
where H;‘r(—) is the functor of taking graded cohomology, ie we remember the Frobenius weights on the
cohomology (see Ho and Li [31, (4.2.1)]), and where the action of @ ¢[W] on the first tactor is induced by
the natural actions of W on T and BT .

u,gr

In type A, a result of Lusztig states that Ch;" is generated by Sprgr . As a consequence, we obtain the
following result:

Theorem 1.5.6 (Theorem 3.3.4) When G is of type A, we have
Chg® ~ End¥ .o (Spr)-Mod(Vect®) ~ (H, (BT) ®Hy, (T)) ® Q¢[W]-Mod(Vect& )P,
G

where for any graded ring R € Alg(Vect®"), R-Mod(Vect®") denotes the category of R-module objects
in Vect®', ie the category of graded R-modules, and the superscript perf denotes the full subcategory
spanned by perfect complexes (or equivalently, compact objects).

1.5.7 The Hilbert scheme of points on C2 While the results above are of independent interest in
representation theory, their relation to the HOMFLY-PT link homology and the conjecture of Gorsky,
Negut, and Rasmussen is one of our main motivations.

The first link is given by the following result, which relates the categories of unipotent character sheaves
and Hilbert schemes® of points on C2. It is a consequence of Theorem 1.5.6, Koszul duality, and a result
of Krug in [35].

Theorem 1.5.8 (Theorem 4.4.15) When G = GL,,, we have an equivalence of Vect® X 8'¥2"P¢"_module

categories (thus, also as DG-categories):

@ ChigE"™" = C[E. 7] CISul-Modgs TP ¥2% QCoh(Hilb, /G2)her .

nilpy

,2-per,C

Similarly, we have the small variant, which is an equivalence of Vect® %8’y -module categories:

u ~ o~ r & ,8rs,2-per _per ) i
O = CIS. F18 C[SalMody 5777 225 Perf(Hilby /GLAE

Here,
(i) Vect8 X-87:2Per denotes the category of 2-periodic bigraded chain complexes (see Definition 4.4.11
for the precise definition);
(i) X and i/ are multivariables (X denotes X1, ..., Xy and similarly for i/) living in cohomological

degree 0 and bigraded degrees (1,0) and (0, 2), respectively;

6Strictly speaking, the Hilbert schemes that appear in our paper are over Q. However, we have an abstract isomorphism C ~ Q,
as fields. We will elide this inconsequential difference in the introduction section.
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(iii) similarly, the action of G2 on Hilb, is induced by its action on A2, scaling the two axes with
weights (1,0) and (0, 2), respectively;

(iv) the subscript nilp; indicates the fact that we only consider the full subcategories where the variables
J act (ind-)nilpotently;

(v) the subscript Hilb, 3 indicates the fact that we only consider quasicoherent sheaves with set-

theoretic supports on the closed subscheme of Hilb, consisting of points supported on the first axis
of A? (see Section 4.2.9 for the precise definition); and

(vi) the superscripts = and 2-per denote cohomological shear and 2-periodization constructions (see
Sections 4.3 and 4.4 for an in-depth discussion on these constructions and Definition 4.4.10 for the
definitions of the 2-periodized categories of sheaves on the Hilbert schemes).

Remark 1.5.9 Theorem 1.5.8 above establishes the relation between the categorical trace of HgLn and
the category of coherent sheaves on Hilb,, set-theoretically supported “on the x-axis.” The center, on the
other hand, corresponds to the whole category of coherent sheaves on Hilb, without any support condition.
The details will appear in a forthcoming paper.

1.5.10 HOMFLY-PT link homology Using an argument involving weight structures in the sense of
Bondarko and Pauksztello, we prove a corepresentability result for the degree-a parts of the HOMFLY-PT
homology. Matching the corepresenting objects on the Hilbert scheme side, we obtain a proof of a version
of a conjecture of Gorsky, Negut, and Rasmussen.

Theorem 1.5.11 (Theorem 5.4.6, Gorsky, Kivinen, and Simental [28, Conjecture 7.2(a)]) For any
Rpge HS" associated to a braid B, there exists a natural F g € Perf(Hilb, / G2 2H'i'|°§’: . such that the a-degree

a component of the HOMFLY-PT homology of f is given by

gry.8ry & 2-per
FHomp it (it /G2)y2ver (N*T>Per, Fp),

where T is the tautological bundle. The two formal gradings (denoted by X and Y) coming from the G%
action coincide with q and /t. Moreover, the cohomological degree corresponds to /g .

See Theorem 5.4.6 for a more precise formulation.

Remark 1.5.12 Theorem 1.5.11 differs from the conjecture of Gorsky, Negut, and Rasmussen as
formulated in [28] in two important aspects. First, we work with the 2-periodized version of the Hilbert
scheme of points on C? rather than the usual version; see Remark 1.5.13 below for brief discussion of
why this is necessary for us. And second, the degrees X and Y correspond to g and /7 for us rather than
q and t; we believe that this is the correct torus action to consider. Moreover, compared to the conjecture
of Gorsky, Negut, and Rasmussen as formulated in [29], our version and the version formulated in [28]
use the usual rather than the flagged version of the Hilbert scheme; see Remark 1.5.14 for a speculation
on how to relate the two.
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Remark 1.5.13 Theorem 1.5.8 relates the category of graded unipotent character sheaves for GL,
with the 2-periodic category of (quasi)coherent sheaves on Hilb,, equivariant with respect to the scaling
G2 -action. As there is only one formal grading on the character sheaf side compared to the two G,
actions on the Hilbert scheme side, 2-periodization is necessary to relate the two. Because of this, our
theorem regarding link invariants above relates HOMFLY-PT homology and 2-periodic quasicoherent
sheaves on Hilbert schemes rather than the precise version in [28]. The same phenomenon also appeared
in the work of Oblomkov and Rozansky.

A recent work of Elias [21] introduces an extra formal grading on the Hecke category. Even though it is
highly suggestive, we do not know how this helps remove the necessity of 2-periodization.

Remark 1.5.14 The main conjecture of [29] relates HS and the category of coherent sheaves on the
(derived) flag Hilbert scheme FHilb, of C? via a pair of adjoint functors. More precisely, they relate
unbounded versions of these categories, which we expect to correspond to H5""" and IndCoh(FHilb,,),
respectively. We also expect that their pair of adjoint functors fits with ours in the diagram

H%r,ren <__) IndCOh(FHilbn)FHilbn,é <__) |ndCOh(Hi|bn)Hi|bn’£ x>~ QCOh(H“bn)H“bné,

where we suppress 2-periodization and equivariant parameter(s) altogether. Here, the compositions are
our trace and central functors. Moreover, the second adjoint pair should be given by pulling and pushing
along the natural map FHilb,, — Hilb,,.

In work of Elias [20], the category of coherent sheaves over FHilb, is speculated to be related to a
subcategory of the Hecke category generated by the Jucys—Murphy elements, which are themselves
certain relative centralizers. The methods developed in (the first part of) this paper could be extended
to study these relative centers geometrically. But it is unclear to us at the moment how to put all the
Jucys—Murphy elements fogether in a geometric way.

1.5.15 Support of Fg Thanks to the Hilbert—-Chow morphism, Hilb, — A?"/S,, the geometric
realization of HOMFLY-PT link homology given in Theorem 1.5.11 implies that it admits an action of
the algebra of symmetric functions in n variables. More algebraically, the definition of HOMFLY-PT
homology via Soergel bimodules also affords such an action (see, for example, Gorsky, Kivinen, and
Simental [28, Section 5.1]). We show that these two are the same.

Theorem 1.5.16 (Theorem 5.5.1, part of [28, Conjecture 7.2(b)]) The two actions above coincide.

Theorem 1.5.16 is a statement about the “global” property of Fg as it contains information about Fg after
pushing forward to A%" //S,,. More precisely, by [28, Section 5.1], the supports of the various a-degree
parts of the HOMFLY-PT homology of a braid §, as a sheaf over A" /S,,, can be bounded above using
the number of connected components of the link associated to 5.

The support of Fg over Hilby, itself is, however, a more local (and hence more refined) property. To prove
a similar statement, we have to start by transporting the corresponding support condition on the Rouquier
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complex Rg. However, this does not quite make sense since there is no quasicoherent sheaf involved at
this stage yet. To circumvent this difficulty, we formulate this support condition using module category
structures and the notion of support developed by Benson, Iyengar, and Krause [10] and Arinkin and
Gaitsgory [3]. Transporting this structure around to the Hilbert scheme side, where it coincides with the
usual notion of support, we obtain the desired statement.

Theorem 1.5.17 (Theorem 5.6.4, [28, Conjecture 7.2(b) and (¢)]) Let B be a braid on n strands. Then
an upper bound for the support of Fg (as a sheaf over Hilb,) given in Theorem 1.5.11 is determined by
the number of connected components of the link obtained by closing up 8. See Theorem 5.6.4 for a more
precise formulation.

Outline

We will now give an outline of the paper. In Section 2, we study the categorical traces and Drinfel’d
centers of the various variants of the finite Hecke categories and relate them to the theory of character
sheaves. In Section 3, we prove the formality result for the graded Grothendieck—Springer sheaf, of
which formality of the Hochschild homologies of the graded finite Hecke categories is a consequence.
In type A, this result gives an explicit description of the categorical trace of H5""™". This is followed by
Section 4, where the relation between unipotent character sheaves and Hilbert schemes of points on C? is
established. We conclude with a proof of aversion (see Remark 1.5.12 for a precise comparison) of the
conjectures by Gorsky, Negut, and Rasmussen in Section 5.

We note that the different sections are largely independent of each other, both in terms of techniques
and results. More precisely, the sections can be grouped as follows: (Section 2), (Section 3), (Sections 4
and 5). The reader can read each group mostly independently, referring to the other parts of the paper
mostly to look up the notation.

2 Categorical traces and Drinfel’d centers of (graded) finite Hecke
categories

This section is dedicated to the proof of the first main theorem, Theorem 1.5.2 (which appears as
Theorem 2.8.3 below), which relates the categorical trace and Drinfel’d center of a finite Hecke category
and the category of unipotent character sheaves. We work with mixed, graded, and ungraded versions and
in both settings of “big” and “small” categories. One interesting feature is that the trace and center of
a “big” (also known as renormalized) finite Hecke category coincide, whereas the center of the “small”
version is larger than its trace.

In what follows, Section 2.1 reviews basic definitions and outlines the basic strategy. In Sections 2.2
and 2.3, we study the categorical analog of Kiinneth formula for finite orbit stacks and the Beck—
Chevalley condition, respectively. As the trace/center is computed by the colimit/limit of a certain
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simplicial/cosimplicial category, the categorical Kiinneth formula allows one to interpret each term
in the (co)simplicial diagram algebro-geometrically, whereas the Beck—Chevalley condition acts as a
descent-type result which allows one to realize the colimit/limit more concretely in terms of sheaves on
some space. In Section 2.4, we formulate the monoidal structure of finite Hecke categories in terms of
1-manifolds, which is then used in Section 2.5 to formulate the cyclic bar simplicial category computing
the trace of a finite Hecke category in terms of the geometry of a circle. The geometric formulation
developed thus far is applied in Section 2.6 to verify the Beck—Chevalley conditions in a uniform way.
The computations of the traces and centers conclude in Section 2.7. In Section 2.8, we introduce the
various versions of the category of (graded) unipotent character sheaves and state our main results thus
far in terms of these categories. In Section 2.9, we show that Tr(HgGr) inherits the weight and perverse
t-structure from the ambient category Shvg, (G/G). Finally, Section 2.10, which is mostly independent
of the rest of the paper, deduces several consequences for the trace and center of a finite Hecke category
from the rigidity of the latter.

2.1 Preliminaries

We will now review the basic definitions of the objects involved and outline the strategy employed to
prove Theorem 1.5.2.

2.1.1 Generalities regarding big vs small categories In the situation of Definition 1.4.5, the trace
Tr(A) = A®4g4~ A can be computed as the geometric realization (ie colimit) of the simplicial object
obtained from the cyclic bar construction. Namely,

Tr(4) = [A®CTD] = colim A®CTD,
where the last face map is given by multiplying the last and first factors of A and where the other face
maps are given by multiplying adjacent A factors; see also [8, Section 5.1.1; 39, Remark 5.5.3.13].

The small and big category settings are related by taking Ind via the following standard result:

Proposition 2.1.2 [9, Corollary 3.6 and Proposition 3.3] Let A € Alg(DGCatpres,cont) be a compactly
generated rigid monoidal category (see [9, Definition 3.1]). Taking Ind-completion (resp. passing to right
adjoints, resp. passing to the full subcategory (—)¢ spanned by compact objects) induces a canonical
equivalence (i)— (ii) (resp. (ii)—(iii), resp. (ii)—(i)), between
(i) the category A°-Mod of A€-module categories in DGCatigem,ex, Where A€ is full subcategory of A
spanned by compact objects,
(ii) the category A-Mod. of A-module categories in DGCatpyres cont,c>

(iii) the opposite of the category whose objects are A-module categories in the category of compactly
generated DG-categories and whose morphisms are functors that are both cocontinuous (ie limit
preserving) and continuous.
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As mentioned earlier, we will work mostly in the setting of Proposition 2.1.2(ii) even though we are
most interested in the “small” setting described in Proposition 2.1.2(i) because the former has more
functoriality.

Remark 2.1.3 This result was also proved (but not explicitly stated) in [25, Chapter 1, Section 9]. Note
also that [9] proved the result above more generally for semirigid monoidal categories. We do not need
this level of generality here.

Remark 2.1.4 In the literature, the property of being rigid is usually applied to a “small” monoidal
DG-category. By definition, a category Co € Alg(DGCatigem,ex) 1s rigid if all objects ¢ € Cy have left and
right duals. By [25, Chapter 1, Lemma 9.1.5], such a category Cy is rigid if and only if € := Ind(Cy) is
rigid in the sense of [25, Chapter 1, Definition 9.1.2]. In this case, € is compactly generated by definition.

We use the term rigid for both “big” and “small” categories. The context should make it clear in which
sense we use the term.

2.1.5 Computing colimits Recall that Ind: DGCatigem,ex — DGCatpres,cont preserves all colimits by [25,
Chapter 1, Corollary 7.2.7] and that the forgetful functor A-Mod — DGCatpyes,cont preserves all colimits
by [39, Corollaries 4.2.3.5]. Proposition 2.1.2 then implies that the colimit colim;cf (‘3? of a diagram
I — A°-Mod can be computed as

c?elilm C‘?? ~ (cioelilm Ind((??))c,
where (—)¢ denotes the procedure of taking the full subcategory spanned by compact objects. Moreover,
the category underlying the colimit on the right-hand side can be computed in DGCatpres,cont.7

2.1.6 Computing limits The forgetful functors A-Mod — DGCatpyes cont and DGCatpres,cont — Cat
preserve all limits by [39, Corollary 4.2.3.3] and [38, Proposition 5.5.3.13], where Cat denotes the
category of all (oo, 1)-categories. The underlying category of a limit in \A-Mod can thus be computed in
the category of all categories.

However, Ind does not preserve limits. In fact, this is the reason why the renormalized category of sheaves
on a stack differs from the usual category. Moreover, as we shall see, this will also be responsible for the
fact that the Drinfel’d center of the “small” version of a finite Hecke category differs from its trace.

2.1.7 The strategy The trace of Hrge" as an algebra object in Shve(pt)-Mod is given by the geometric
realization of the cyclic bar construction

Q2.1.8) Tr(HE™"), := (HErem)@snao(e+1)
?ren %,ren ?,ren o
~Hg ) ®shv(pt) Hé y ®shvs(pt) *** Bshvs(pt) HE e (Shv?(pt)—Mod)A .

In the next two subsections, we will discuss the two main technical ingredients used to understand the
geometric realization of the simplicial object above. First, the categorical Kiinneth formula for finite orbit

7Note, however, that colimits in the presentable setting are different from colimits in the category of all co-categories.
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stacks allows one to realize the terms in the simplicial object above as the categories of sheaves on certain
stacks. Second, the Beck—Chevalley condition on a simplicial category is essentially a descent-type result
that allows one to realize its geometric realization as a full subcategory of a more concrete category.

?,ren

By a duality argument, we show that the Drinfel’d center of H; ™ coincides with its trace. Finally, the

traces and Drinfel’d centers of the small versions H?G are obtained from those of the renormalized versions.

2.2 The categorical Kiinneth formula for finite orbit stacks

This subsection is dedicated to the following result:

Proposition 2.2.1 Let Yy and Z¢ be Artin stacks over pt,. Suppose that Y is a finite orbit stack. Then
the external tensor product

(2.2.2) Shva(Y)™” ®shyy (o) SIV2(2)™" 2> Shva (Y x Z)""

induces an equivalence of categories.

Proof We will treat the mixed case, ie ? = m. The graded and ungraded cases can be treated similarly.

By [4, (F.18)], we know that (2.2.2) is fully faithful. By [31, Corollary A.4.13], we know that the left-hand
side of (2.2.2) is generated by objects of the form Fy X Gy where Fy and G are constructible. Since
(2.2.2) is continuous, it suffices to show that Fo X Gg € Shvm (Yo Xpy, Z0)™" generates the category. Using
excision and the fact that Y is a finite orbit stack, we reduce to the case where Yo = BH, for a (smooth)
algebraic group Hy over ;. This case is treated in Lemma 2.2.3 below. O

Lemma 2.2.3 Proposition 2.2.1 holds when Yo = BH,, where Hy is a smooth algebraic group over pt,.

Proof It suffices to show that
Shvim,c(BHo) ®shv,, o (ptg) SMVm,e(Z0) B> Shvinc (BHo Xpty Zo)
is an equivalence of categories.
By descent along the surjective smooth map Zo — BHg X, 20 (using the (—)'-functor), we have
Shvim,c (BHo Xpy 20) = Tot(Shvm e (Hy ™" Xpty Z0))-
Then [39, Proposition 4.7.5.1] provides an equivalence of categories
(2.24) Shvin.e (BHo %pty Z0) = ((70)1(70) Qe)-Mod (Shvim,c (20)).

where ¢ : Hy — pt, and where (77¢), (70)'Qyq € Alg(Shvm,¢(pty)). Note that here, the algebra structure on
(770)1(70)'Qy is obtained from the multiplication structure of H: indeed, (1¢)1(7ro)'Qy is the homology
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C+(H) := mn'Q of H along with a Frobenius action, where w: H — pt is the pullback of 7.
Equation (2.2.4) can thus be rewritten in the following more familiar form:

Shvm,c (BHp Xpy, Z0) 22 Cx(H)-Mod(Shv ¢ (Z0)).
Note also that the action of Shvy, ¢(pty) on Shvy, (Z¢) is used to make sense of the right side of (2.2.4).
Arguing similarly (see also [25, Chapter 1, Proposition 8.5.4]),

Shvm,c(BH)p) ®Shvm.c (pto) Shvim,c(Z0) > Cx(H)-Mod(Shvm ¢ (pty)) ®Shvm.c (pto) Shvim,c(Z0)
~ Cx(H)-Mod(Shvm,c(Z9)). |

2.3 The Beck—Chevalley condition

We will now turn to the Beck—Chevalley condition, a technical condition that allows one to realize
geometric realizations (ie colimits of simplicial objects) and totalizations (ie limits of cosimplicial objects)

of categories in more concrete terms.

Definition 2.3.1 [39, Definition 4.7.4.13] Suppose we have a diagram of co-categories
c—2,0p
L
¢

which commutes up to a specified equivalence o: Vo H = H'o V.

We say that this diagram is horizontally left (resp. right) adjointable if H and H' admit left (resp. right)
adjoints HL and H'R (resp. HR and H'R), respectively, and if the composite transformation

H" oV > H YoV oHo H* & H o H' oVoHN —» Vo HE
(resp. VOHR%H’ROH/OVOHR%H/ROV/oHoHR—>H’RoV/)
is an equivalence.

We say that this diagram is vertically left (resp. right) adjointable if the transposed diagram
c Vs ¢
v |w
Vv’ /
D——D
is horizontally left (resp. right) adjointable.
Remark 2.3.2 What we call horizontally left (resp. right) adjointable is simply called left (resp. right)

adjointable in [39]. This condition on a commutative square of categories is also commonly called the
Beck—Chevalley condition.
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We are now ready to give the main statement of this subsection.

Proposition 2.3.3 (Lurie) Let C,: A°_E — DGCatpres,cont be an augmented simplicial diagram of DG-
categories. Let € = C_q, F: Cy — C be the obvious functor, and G its right adjoint. Suppose that for
every morphism « : [n] — [m] in A4+ which induces a morphism a4 : [n+ 1] >~ [0]x[n] — [0]*[m] >~ [m + 1],
the diagram

d
€m+1 —O) Cm

(2.3.4) l l

d
Cpt1 —— €y

is vertically right adjointable. Then the functor 0 : |C.| | — C is fully faithful. When G is conservative,
0 is an equivalence of categories.

Proof We will deduce this proposition from its dual version [39, Corollary 4.7.5.3].

Passing to right adjoints, we get an augmented cosimplicial object C*. Note that for each n, C" ~ G, as
only the functors change. By [38, Corollary 5.5.3.4] (see also [25, Chapter 1, Proposition 2.5.7]), we
have a canonical equivalence of categories

|e. |Aop| ~ Tot(e.|A)
Moreover, the canonical functor € — Tot(C*|A) is the right adjoint 6 & of 6.

Observe that
em+1 ¢ d° em
Gn—i—l ¢ d° en
is horizontally left adjointable as this is equivalent to (2.3.4) being vertically right adjointable. Thus

[39, Corollary 4.7.5.3] implies that 6 is a fully faithful embedding, and moreover, it is an equivalence of
categories when G is conservative. O

Remark 2.3.5 The same proof goes through when we replace DGCatpyes cont by A-Mod, where A is a
rigid monoidal category, for example, when A is Shv, (pty) or Vect® = Shvg, (pt). This is because the
forgetful functor A-Mod — DGCatprescont preserves all limits and colimits, by [39, Corollaries 4.2.3.3
and 4.2.3.5], and adjoints of an A-linear functor are automatically A-linear by [31, Corollary A.4.7].

2.4 nge" as a functor out of 1-manifolds

While it is straightforward how to apply Proposition 2.2.1, the verification of the adjointability conditions
(aka Beck—Chevalley conditions) necessary for the application of Proposition 2.3.3 is more subtle. The
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argument can be made transparent by reformulating the simplicial object (2.1.8) geometrically in terms of
. . . . . . ?,ren . .

1-manifolds. In preparation for that, we will, in this subsection, upgrade H; ™" to a right-lax symmetric

monoidal functor coming out of the category of 1-manifolds. The construction found in this subsection is

a simplification of the one found in [30].

2.4.1 1-manifolds and their boundaries Let Mnfd; denote the symmetric monoidal co-category of
1-dimensional manifolds with finitely many connected components whose morphisms are given by
embeddings and whose symmetric monoidal structure is given by disjoint unions. Note that the objects
are simply finite disjoint unions of lines and circles. Although these manifolds are, technically speaking,
without boundary, we will make use of their “boundaries” in our construction. We will now explain what
this means.

Let Mm‘d/1 be the co-category of compact 1-manifolds, usually denoted by M, with possibly nonempty
boundary, denoted by oM, such that M := M \ M € Mnfd;. Moreover, morphisms are given by
(necessarily closed) embeddings. Taking the interior gives a natural functor of co-categories

F:Mnfd| > Mnfd;, M > M.

Lemma 2.4.2 [30, Lemma 2.4.10] The functor F is an equivalence of categories. We write M + M to
denote an inverse of F.

Because of this equivalence, we will generally not make a distinction between 1-manifolds without
boundaries and compact 1-manifolds with possibly nonempty boundaries, unless confusion is likely to
occur. For instance, when M € Mnfd;, by abuse of notation,

OM :=0M =M\ M
is used to denote the boundary of M.

We also use Disk; to denote the full subcategory of Mnfd; consisting of just lines. Moreover, the category
Disk’1 := Disky XMnfd, Mnfd’1 consisting of compact line segments is equivalent to Disk; itself.

2.4.3 H?G’ren as a functor out of Mnfd; Following [30, Section 3.1.2], we will now construct a right-lax
symmetric monoidal functor
HL™": Mnfd; — Shva(pt)-Mod,

?,ren

whose restriction to Disk; is symmetric monoidal. The functor H 8

is obtained as a composition

*k,ren

Shv,
(2.4.4) Mnfd; 5 Corr(Stk) prop:sm —=—> Shva(pt)-Mod .

We will now explain the various functors and categories that appear in the diagram above. We start with
the functor M, which is defined as the composition

(2.4.5) Mnfd; 2> Corr((Spc )°P) 2285 Corr(Stk).

8Even though we write Stk, it should be understood as Stk , When we consider the mixed variant.
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2.4.6 Correspondences For any category C, Corr(C) is the category of correspondences in C. A
morphism from ¢y to ¢ in Corr(C) is illustrated, equivalently, by diagrams of the form
C1 (h— c c
lv or Z/ \’; or c1<LcL>cz.
() 5] 2
Here, i and v stand for horizontal and vertical, respectively. As usual, compositions are given by pullbacks.
More generally, let vert and horiz be two collections of morphisms in € such that vert (resp. horiz) is
closed under pulling back along a morphism in horiz (resp. vert). Then we let Corr(€)yert:horiz be the 1-full
subcategory of Corr(C) consisting of the same objects, but for morphisms we require that v € vert and
h € horiz. See [30, Section 2.8.1] for more details.
2.4.7 The functor 5 When C = Spcg,,, the category of finite CW-complexes, the functor
B: Spcg, — Corr((Spcf?:)"p),
(*B stands for boundary) at the level of objects, is given by
B(M) = (0M — M) € Spcl. .
Moreover, B sends an open embedding N < M to the following morphism in Corr((SpcﬁAn1 )°P):
OIN —— M\ N +—— M

(2.4.8) l J l l

N s M +—— M

We will often suppress the morphisms and simply use, for example, (M, M) to denote an object in
Spcﬁnl to make diagrams and formulas more compact.
2.4.9 The functor Map We have a natural functor

Map: (SpcA1)°p — Stk

which assigns to each object (N — M) € (SpcA1)°p an object (BB, BG)N'M .= BBN XBGN BGM
(see also Remark 1.4.2 and note 8), which is precisely the stack of commutative squares

N —— BB

L

M —— BG

This functor upgrades naturally to an eponymous functor

Map: Corr((SpcA1)°p) — Corr(Stk),
used in (2.4.5) above.

By construction, Map turns colimits in Spc® to limits in Stk.
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2.4.10 The functor M The functor M in (2.4.4) is given by the following result:

Lemma 2.4.11 The composition Map o8 factors through Corr(Stk)prop;sm, i€ the horizontal (resp. verti-
cal) maps are smooth (resp. schematic and proper).

Proof Let N < M be a morphism in Mnfd, ie it is an open embedding of 1-manifolds. We will now

show that the map

(24.12) (BB, BG)M\NM ~ ppM\N o BGM — BB x goon BGN ~ (BB, BG)™N,

which is induced by the left square of (2.4.8), is smooth. Since the left square of (2.4.8) is a pushout, we have
(BB, BG)M\N-M ~ (BB BG)MN x pon BBM\N

and the map (2.4.12) identifies with the vertical map on the left of the following pullback diagram:

(BB, BG)M\N-M __, ppM\N
(BB, BG)N:-N —____, ppdN
It thus suffices to show that the map
(2.4.13) BBM\N _, ppdN

is smooth. Without loss of generality, we can assume that M is connected, in which case, M is either a
circle or a line.

When N is empty, it is clear that (2.4.13) is smooth since it is simply

BBM pt,
where BBM is either BB or B /B depending on whether M is a line or a circle. Thus, it remains to treat

the case where N is nonempty.

When M is a line, the desired statement follows from the fact that (2.4.13) is a product of (copies of) of
the smooth maps idpp and App: BB — BB x BB. When M is a circle, since the only embedding of a
circle into itself is a homeomorphism, N can only be a circle or a disjoint union of lines. In the first case,
the map under consideration is an equivalence, and hence it is smooth. In the second case, we also see
that (2.4.13) is a product of (copies of) the diagonal map Agp: BB — BB x BB, which is smooth.

Next, we will show that the map
(24.14) (BB, BG)M\N-M ~ ppM\N o BGM — BB™ x poons BGM ~ (BB, BG)"MM,
BGM\ BG

induced by the right square of (2.4.8), is proper. As above, we can (and we will) assume that M is
connected. Note that when N is empty, (2.4.14) becomes

BBM s BBM y p v BGM,
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which is equivalent to

B sl G
— ~ BB® — —
B G
when M ~ S!, and to

BB — BB xpg BB
when M ~ R. Both of these are easily seen to be proper.

When N is not empty, M \ N and 9M are homotopically equivalent to a (possibly empty) disjoint
union of points. Moreover, dM — M \ N is homotopically equivalent to an inclusion of connected
components. We will thus treat them as disjoint unions of points in what follows. In particular, we can
write M \ N ~ 0M U ((M \ N)\ dM). The map (2.4.14) factors as

BBMN x  sin BGM = (BB™ xgoont BGM) x i (BBM\NNIM 5 - i vnons BGM)

— BBM X pGoM BGM,

where the last map is induced by BBM\N\OM _, pG(M\N)\oM , which is proper since it is just a
product of maps of the form BB — BG. |

2.4.15 The functor H?G’ren Applying the functor Shvy"* of [31, (2.8.13) and Theorem 2.8.20], which
is right-lax symmetric monoidal, we complete (2.4.4). Note that in our case, we only need Shv;e;1 * to
encode (renormalized) *-pullbacks along smooth morphisms and (renormalized) !-pushforwards along

proper morphisms rather than the more general case described in [31].

2.4.16 Renormalized finite Hecke categories Being a right-lax symmetric monoidal functor, Hére”
sends algebra objects to algebra objects. In particular,

He'“"(R) = Shvo((BB x BB) XpGx8G BG)™ ~ Shva(BB xpg BB)"™"

has an algebra structure, induced by the algebra structure on R € Mnfd;, whose multiplication is
given by RY2 < R. Chasing through (2.4.8), we see that this is precisely the monoidal structure on
Shve(BB xgg BB)™" defined earlier via the correspondence (1.4.7). This justifies the abuse of notation
where we use Hére" to denote both the functor and its value on R.

2.4.17 Horocycle correspondence We will now explain how the horocycle correspondence appears
naturally from this point of view. First, observe that 3S! ~ &, and hence Hére"(S 1) ~ Shva(G/G)e"
since BGS' ~ G/ G, where the quotient is taken using the conjugation action.

Let ¥: R — S! be an embedding. The functor B carries v to the diagram

ptL pt > pt < %}
R s ST« S1
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which is sent to c c
under Map, where we have used BB xgg (G/G) ~ G/ B. This is the horocycle correspondence appearing
in Theorem 1.5.2.

2.5 Augmented cyclic bar construction via Mnfd,

Using the geometric picture of Section 2.4, we will now produce an augmented simplicial object that will
be used as the input for Proposition 2.3.3. The underlying simplicial object is the same as the one that
computes the categorical trace of H?G’ren introduced in (2.1.8).

2.5.1 Circle geometry and augmented simplicial sets Consider the over-category (Mnfd;),g1. Fix
a morphism ¥ : R — S'!, and consider (Mnfdy)yys1 = ((Mnfdy),51)y/. We note that (Mnfd;), g1 has
a final object, by construction, and moreover, it is precisely the category obtained from (Disk;) /g1 :=
Disk1 Xmnfd; (Mnfdy), g1 by adjoining a final object. Similarly, the category (Mnfd;),, 1 also has a final
object and is equivalent to the category obtained from (Disk;)y,ss1 by adjoining a final object.

We will now relate (M nfdl)v, /81 and A°+" using a variation of the construction in [39, Section 5.5.3].
Note that an object of (Mnfdy),, /g1 is given by a diagram

R—)U

m/w

which commutes up to isotopy, where U is either S! or a finite disjoint union of copies of R. The set of
components 7o(S !\ ¥/ (U)) is finite: empty when U is S! and equal to the number of components of U
when it is a disjoint union of copies of R. Fix an orientation of the circle. We define a linear ordering <
on o (ST \ ¥/(U)): if x, y € S! belong to different components of S\ y/(U), then we write x < y if
the three points (x, y, ¥'(j(0))) are arranged in clockwise order around the circle, and y < x otherwise.
This construction determines a functor from (Mnfd),, /51 to the opposite of the category of finite linearly
ordered sets, which is A’}

Lemma 2.5.2 The above construction determines an equivalence of co-categories
. op
9+ . (Mnfdl)w//sl — A+,
which restricts to an equivalence of co-categories

6 .= 9+|(Di5k1)u///sl . (DiSkl)’l/j//Sl — A°P,

Proof The second equivalence is [39, Lemma 5.5.3.10]. The first part is a direct extension of the second
by adjoining a final object. |
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2.5.3 The augmented simplicial category We are now ready to construct the augmented simplicial
?,ren

category. Let ﬁ(H‘G )e be the augmented simplicial category given by the following composition of

functors:
9—1 ?,ren
(2.5.4) A% s (Mnfdy )y 51 % Mnfd; —S— Shus(pt)-Mod .

Here ¢ is the obvious forgetful functor.

Since BB xpg BB ~ B\G/B is a finite orbit stack by the Bruhat decomposition, Proposition 2.2.1
implies that Tr(HZ*")a|am = Tr(H5"), of (2.1.8); see also [39, Remarks 5.5.3.13 and 5.5.3.14]. In
particular,
Tr(HG™)n = Tr(HZ™"), ~ Shva((BB x g BB)" 7)™ for n >0
and
Tr(HE ) ~ sw,(%)ren

where, by convention, G/G denotes the quotient of G by itself under the adjoint action.

2.5.5 “Small” variants We have “small” variants H?G and ﬁ(H?G). of H?G’ren and ﬁ(H?G"e")., given by
the following diagram:

o

HG
o 5 v S
AT —— (Mnfdy)y /51 —> Mnfd; —— Corr(Stk)prop;sm Shve ¢ (pt)-Mod

Tr(HL)e

The only difference between the two versions is that in the last step, we use Shvy ., rather than Shvf_,e!n *

2.6 Adjointability

ren

We are now ready to show that ﬁ(Hé ). satisfies the adjointability condition of Proposition 2.3.3. The

result follows from a simple geometric statement about topological 1-manifolds.

2.6.1 Adjointable squares in a category of correspondences For any category C, a commutative
square in Corr(C), which illustrates two morphisms from x to )’ to be equivalent, has the shape

X < Cxy a4
[ =7
(2.6.2) Cxx' 4 Cxy’ > Cyy
I
x4 Cxly >y

where 1 and 3 are pullback squares.
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Definition 2.6.3 The commutative diagram in Corr(C) (2.6.2) is called adjointable if 2 and 4 are also
pullback squares, ie all squares are pullback squares.

2.6.4 Leto:[n] — [m] be a morphism in A} and M — N the corresponding morphism in Mnfd; via
@o 9_,‘_1; see (2.5.4). Let M+ — Ny be the morphism associated to : [+ 1] — [m + 1]. M4 can be
obtained from M by deleting the image of [—¢, ] C R in M for some fixed ¢, and similarly for N. This

construction is functorial, and hence we obtain the map M4 — N4.

We have the commutative diagram
My — M

Ny —— N
in Mnfd{, which induces, via the B construction of Section 2.4.7, the following commutative diagram in
Corr((Spcﬁn1 )°P):
My M y) —— (M\ My, M) ¢ (0M, M)

! l |

(2.6.5) (Ny\ My Ny) —— (N\ My N) «— (N\ M. N)

I I I

(3N+,N+) E— (]V\N+,N) — (E)N,]V)
Applying the Map construction, we obtain the following commutative diagram in Corr(Stkp, )prop;sm:

(BB, BGYM+M+ 1 (gp pG)yM\M+.M _£_, (pp pG)"M.M

A > 7| i A
(2.6.6) (BB, BG)N+\M+-N+ L (pp pG)N\M+.N £, (pp pG)N\M.N
Ql/ 3 ‘Il 4 Ql/

(BB, BG)N+N+ « L (BB BG)N\W+N £ (gg BG)IN:N

Lemma 2.6.7 The diagram (2.6.5) is adjointable in Corr((Spcff‘n1 )°P). As a result, (2.6.6) is adjointable in
Corr(Stk) prop:sm-

Proof The second part follows from the first part because Map turns colimits to limits, and hence,
in particular, it sends pushout squares to pullback squares. The first part is an explicit and elementary
statement about gluing 1-manifolds that is easier to check directly than to describe. We leave the details

to the reader. O
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Proposition 2.6.8 The augmented simplicial object ﬁ(Hére"). in Shvs(pt)-Mod satisfies the condition
of Proposition 2.3.3. Namely, for every a: [n] — [m] in A4, the diagram

= ren d = f,ren

Tr(HG 1 = Tr(HG

(2.6.9) l l

TH(HE a1 — Tr(HG ™)
is vertically right adjointable.

Proof Note that (2.6.9) is obtained from (2.6.6) by applying Shv,7*". By Lemma 2.4.11, in (2.6.6) the
morphisms f and p (resp. g and g) are smooth (resp. proper). To prove that (2.6.9) is vertically right
adjointable, it suffices to show that we have the natural equivalence

. | ~ !
8/ pxd” = prq' g1 S
where we start from the bottom left of (2.6.6). Indeed, we have
g ped = aps 14 = pigid' [ = pud'ai /7
where the first, second, and third equivalences are due to the following reasons, respectively:

e smooth base change for square 2, using the fact that f is smooth,

e commuting upper ! and upper * using the fact that f is smooth, and commuting lower ! and lower *
using the fact that g is proper, and

e using the fact that g is proper, the desired equivalence follows from g*q! i~ q! gx, which is the
Verdier dual of the usual proper base change result. a

Remark 2.6.10 Unlike the “big” version, the “small” variant ﬁ(Hg). discussed in Section 2.5.5 does
not satisfy the adjointability condition of Proposition 2.3.3. This is because the right adjoint to the unit
map does not preserve constructibility. Indeed, the right adjoint is given by p«q' in the following diagram:

BB
2N
BB xgg BB pt.
But now, note that p, does not preserve constructibility.

2.7 Traces and Drinfel’d centers of finite Hecke categories

We are now ready to complete the proof of the first main result. The trace case follows directly from the
discussion above and thus will be handled at the beginning of this subsection. We will then deduce the
Drinfel’d center case from the trace case.

2.7.1 Traces of finite Hecke categories We will now prove the trace part of the first main result:
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Theorem 2.7.2 The trace of H?G’ren (resp. HZ;) where H?G’ren (resp. H?G) is viewed as an algebra object
of Shva(pt)-Mod (resp. Shvs .(pt)-Mod) coincides with the full subcategory of Shvo(G/G)™" (resp.
Shve .(G/G)) generated under colimits (resp. finite colimits and idempotent completion) by the image of
Hz;re” (resp. H?G) via ¢, p* in the horocycle correspondence (see Remark 1.4.2)

G/B

(2.7.3) / x

B\G/B G/G

.. . . ?, ?, cu? ? .
Moreover, under this identification, the natural functor tr: HZ" — Tr(H™") (resp. tr: Hi; — Tr(H;)) is
identified with ¢\ p*.

Proof We start with the “big” variant H?G"e”. Propositions 2.6.8 and 2.3.3 imply that the natural functor
Tr(Hrge") — Shve(G/G)"™" is fully faithful. Moreover, the functor Hére” — Tr(Hére") < Shvo(G/G)"en
identifies with ¢, p™ in the horocycle correspondence.

By [25, Chapter 1, Proposition 8.7.4], we know that Tr(H?G’ren) is compactly generated by the essential
image of H?G — H‘ge" — Tr(Héfe”). Note that the conditions required to apply this result amount to the
existence of the “small” variant introduced in Section 2.5.5.

.. ?
Combining the two statements, we conclude that Tr(HZ"™"

) is identified with the full subcategory of
Shve(G/G)™" compactly generated by the image of H?G = Shvs .(B\ G/ B) under the horocycle corre-

: . . ? .
spondence. In particular, it is generated by the image of H'G’ren under colimits.

The “small” variant is obtained from the first by taking the full subcategories of compact objects, using
Proposition 2.1.2. The statement regarding generation under finite colimits and idempotent splittings
follows from [25, Chapter 1, Lemma 7.2.4(1")]. m|

2.7.4 Drinfel’d centers of the finite Hecke categories The case of Drinfel’d center is slightly more
subtle. Consider the following versions Hére"’! (resp. Hé!) of the Hecke categories where instead of
using Shva ™" (resp. Shvj ), we use Shvf?e:’! (resp. Shv!? c.%)- More concretely, we use g+ [ in the

correspondence (1.4.7) to define the convolution monoidal structure.

Since f is smooth of relative dimension dim B, f' ~ f*[2dim B](dim B) in the mixed case and
/'~ f*[2dim B](2dim B) in the graded case, where (—) denotes the Tate twist and (—) denotes
the grading shift defined in [31, Section 2.4.7].° Note that in the ungraded setting, we simply have
/'~ f*[2dim B]. Thus, by cohomologically shifting and Tate twisting [—2 dim B](— dim B) for the
mixed case (resp. cohomologically shifting and grade shifting [—2 dim B]{(—2 dim B) for the graded case,
resp. cohomologically shifting [-2 dim B] for the ungraded case), we obtain an equivalence of monoidal
categories

2,ren ~ ?,ren,! 7?7 ~ 2!
Hg™ = Hg (resp. Hg = Hg).

9The factor 2 is there because weight is twice the Tate twist.
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Even though the !-version is equivalent to the usual version, it is, as we shall see, technically more
advantageous to use when studying the center.

en,!

2.7.5 Observe that the category H('ér ** is self-dual as an object in Shve(pt)-Mod. Indeed, first note that

any object Y € Corr(Stk) is self-dual, with duality datum given by
pt<Y—->YxY and YxY<«Y—pt

Thus, if Y is a finite orbit stack, such as Y = BB xgg BB, Shv;en turns the self- duahty datum above
into a self-duality datum of Shvq(X)™", using Proposition 2.2.1. In particular, H Lren.! is self dualizable.

Suppose
X<«—2Z—->Y

is a morphism from X to Y in Corr(Stk). The dual of this morphism is precisely
Y« 22— X.

Thus, if X and Y are finite orbit stacks, then the functors Shve(X)™" — Shvy(Y)™" and Shve(Y)™" —
Shvs(X)™" associated to the two correspondences above are dual to each other. Note that when following
the correspondences here, we use (=)(—)".

,ren

2.7.6 We are now ready to compute the Drinfel’d centers of H

Theorem 2.7.7 The Drinfel’d center Z(Hére”) of Hrge", where the latter is viewed as an object in the
categozy Alg(Shvo(pt)-Mod), coincides with its trace Tr(H?’re") Moreover, under the identification of
Tr(H, ’re") as a full subcategory of Shva(G/G)™", the natural functorz: 7 (H Gre") 'e” can be identified
with p.q' in the horocycle correspondence (2.7.3). In particular, we have a pair of ad]omt functors tr 4 z.

Proof To simplify the notation, we will write A = H rent and B = Hére”. Moreover, unless otherwise
specified, all tensors and Jom are over Shvy(pt). We W111 therefore omit Shvy(pt) from the notation.
Recalling from Definition 1.4.5, we have

Z(A) =~ Hom g 4rev (A, A),

ie the category of continuous A ® A"V-linear functors from A to itself. As in [8, Section 5.1.1], we have
an equivalence of categories A ~ [A®(C+2)| Thus,

Hom g e (A, A) = Fom yg e (ABCTD |, A)
~ Tot(Hom 4g g (ABCTD, A)) = Tot(FHom(A%*, A))

(2.7.8) ~ Tot(A®C+D)
(2.7.9) ~ |B®E+D)
~ Tr(B).
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Here (2.7.8) is obtained by passing to the duals, using the discussion in Section 2.7.5. Moreover, (2.7.9)
is obtained by passing to left adjoints [38, Corollary 5.5.3.4] (see also [25, Chapter 1, Proposition 2.5.7]),

?,ren
¢ -
We deduce the corresponding statement for Z(B) using the equivalence of monoidal categories A ~ B.

and noticing that the resulting diagram is precisely the diagram used to compute the trace of B :=H

The second part regarding the identification of the functor z follows from the argument above. |

2.7.10 We will now study the centers of the “small” version H?G, which is more subtle than the case of
traces above.

Theorem 2.7.11 The Drinfel’d center Z(H7G) of H?G € Alg(Shvs ¢ (pt)-Mod) is equivalent to the full
?,ren .. . .

subcategory of Z(H; ") consisting of objects whose images under the natural central functor z are

constructible as sheaves on B\G/B.

Proof For brevity’s sake, we write A = H?ére"’! and Ay = H{g. Moreover, all tensors and Hom, unless
otherwise specified, will be over Shvy(pt) or Shvs .(pt) depending on whether we are working with “big”
or “small” categories, which should be clear from the context. We will thus not include Shvq(pt) or
Shvy (pt) in the notation.

By definition,
Z(Ao) =~ Hom g @ (Ao, Ao),

the category of exact Ao ® Af"-linear functors from Ay to itself. As in the proof of Theorem 2.7.7, we
have
Z(Ao) = Tot(Hom(AF". Ao)).
which naturally embeds into
Z(A) ~ Tot(Hom(A®", A)),

whose essential image is the full subcategory of Z(A) consisting of objects whose images in Hom(A®*, A)
are compact-preserving functors. Observe that all the functors between A®* (which induces functors
between Tot(Fom(A®*, A))) are compact preserving, since we only push along schematic (in fact proper)
morphisms, by Lemma 2.4.11. Thus Z(Ay) is, equivalently, the full subcategory of Z(A) spanned by
objects whose images in

Hom(AB?, A) ~ Hom(Shva(pt), A) ~ A ~ Shvg (B\G/B)™"

are compact, ie constructible. But this functor is precisely the central functor z and is identified with p.q*
in the horocycle correspondence (2.7.3), as in the proof of Theorem 2.7.7 above.

The statement for H?G follows since HZ; ~ H?G’! and the proof concludes. |

2.8 Character sheaves

We will now state our results in terms of character sheaves. We start with the following definition:
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Definition 2.8.1 The renormalized category of mixed (resp. graded, resp. ungraded) unipotent character
sheaves of G, denoted by Chg?’ren where ? = m (resp. ? = gr, resp. ? is empty), is the full subcategory

?,ren

of Shva(G/G)"™" generated by colimits by the image of H;™" under ¢;p* in the horocycle correspon-

dence (2.7.3). Equivalently, it is compactly generated by the image of H?G under this functor.

The category of mixed (resp. graded, resp. ungraded) unipotent character sheaves of G is the full
subcategory spanned by compact objects, ie

Chi” = (ChPrem)e = chibren Shv?,c(g).
Finally, the category of mixed (resp. graded, resp. ungraded) monodromic character sheaves, denoted by
aug', is the full subcategory of Chg?’ren consisting of objects whose images under pg' are constructible,

where p and ¢ are defined in the horocycle correspondence (2.7.3).

Remark 2.8.2 The last equality in the definition of Chg? uses the following fact: if we have a fully
faithful and compact-preserving functor 4 < B, then A = A N B€. Indeed, A° € AN B¢ due to the
compact preservation assumption. On the other hand, 4 N B¢ C A€ is always true by the very definition
of compactness. In the case of interest, the fact that the functor involved is compact preserving is proved
in Theorem 2.7.2 above.

With the new notation, Theorems 2.7.2, 2.7.7, and 2.7.11 above can be summarized:

Theorem 2.8.3 The trace Tr(Hére") and center Z(Hére") of Hére" coincide with the full subcategory
Chg?’ren of Shve(G/G)"™" generated under colimits by the essential image of Hére" under ¢\ p* in the

P

B\G/B G/G

COI‘I‘GSpOHdCHCC

Moreover, under this identification, the canonical trace and center maps are adjoint tr - z and are identified
with the adjoint pair i p* = pxq'.

The trace Tr(H?G) coincides with the full subcategory C?hg? of Chg?’ren spanned by compact objects.

?,ren

Moreover, the center Z(H?G) is the full subcategory aqu of Chg spanned by the preimage of H?G

under the central functor z.

Remark 2.8.4 It is easy to see that Ch®" is contained in Che®'. In fact, the latter is strictly larger,
already when G = G, the multiplicative group. Indeed, in this case, HE"™" > Shvg (BGp)™" and
Ch:&fﬂr’re" is the full subcategory of Shvg (Gm/Gm)™" = Shvg (G X BG,)™" generated by the constant
sheaf. Moreover, the natural central functor is simply given by psx where p: G, x BG,, - BG,, is

the projection onto the second factor. Thus, to see that (':thg’ is larger than Chggr, it suffices to realize
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that 74 : LS, (Gm) — Vect® does not reflect constructibility, where LS, (Gr) is the full subcategory of
Shvg (G, ) consisting of unipotent local systems, ie it is generated by (grading shifts of) the constant
sheaves, and where 7 : G, — pt is the structure morphism.

By construction, !©

LSE (G ) ZomTQeDZTe, ¢ g8 (Q)°P-Mod (Vect®") ~ @ [a]-Mod(Vect),

where @2 = 0 and « lives in cohomological degree 1 and graded degree 2. Under this equivalence, s
corresponds to the forgetful functor Qg[a]-Mod(Vect8") — Vect8" ~ Shvg, (pt). But now, on the one hand,
the object Q; € Q[a]-Mod(Vect&") is not compact, and hence it corresponds to a nonconstructible sheaf
on the left. On the other hand, its image in Vect®" is compact.

?,ren

Remark 2.8.5 The restriction of the adjunction tr: HZ™" 2 Chg?’re" :z to small categories yields the

commutative diagram
u,?
Ch¢

tr \[L

~u,?

~Z
9 tr
)
where tr ~ totrand Z >~ z 1.

u,gr

2.9 Weight structure and perverse 7-structure on Ch /

u,gr

In this subsection, we will show that Ch* inherits the weight structure and perverse ¢-structure from the
ambient category Shvg, (G/G).

2.9.1 The perverse t-structure on Chg? We will now show that for ? € {gr, @}, the category Chg?
inherits the perverse ¢-structure from Shvs .(G/G). Moreover, Chggr inherits the weight structure from
Shvg,c(G/G).

We start with a general lemma concerning #-structures.
Lemma 2.9.2 Let D be a triangulated category equipped with a bounded t-structure whose heart is
Artinian. Let C := (L;);c1 be the smallest full DG-subcategory of D containing a collection of simple

objects {L;};ey for some indexing set I. Then C is stable under the truncation of D, and hence it inherits
the t-structure on D. Consequently, C is idempotent complete.

Proof The argument is similar to that of [31, Proposition 3.6.2]. For F € Shvy .(Y), we will show that
the following conditions are equivalent:

i) Fec.

(i) The simple constituents of H (F) belong to {L;}iey.

10The superscript gr in Hom®" and End8" denotes the Vect® -enriched Hom-spaces; see [31, Appendix A.2.6].
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Indeed, suppose J satisfies (ii). Then J can be built from successive extensions of £;’s, which then
implies that F € C, ie J satisfies (i). The other direction is obtained by observing that (ii) is closed under
finite direct sums, shifts, and cones.

(ii) is clearly stable under the perverse truncations of Shvs (YY), and hence C inherits the perverse
t-structure of Shvs (). Because this 7-structure is bounded, idempotent completeness of € follows from
[2, Corollary 2.14]. O

Corollary 2.9.3 For? € {gr, &}, that is, we are working in the graded or ungraded setting, the category
Chg? is stable under the perverse truncations of Shvs .(G/G), and hence it inherits the perverse t -structure
on Shve .(G/G).

Proof We will argue for the graded case as the ungraded case is identical and is in fact well known.

By definition, Chggr is the smallest idempotent complete full DG-subcategory of Shvg, (G/G) containing
the images tr(X) of K € HgGr that are irreducible perverse sheaves, ie they are (grading shifts of) Kazhdan—
Lusztig elements. Since tr is obtained by pulling back along a smooth map and pushing forward along
a proper map, tr()X) decomposes into a finite direct sum of simple perverse sheaves.!! Let € be the
smallest full DG-subcategory containing these simple perverse sheaves. By Lemma 2.9.2, € inherits the
perverse -structure on Shvg, . (G/G). It remains to show that € = Ch®".

Clearly, € € Chg¥. Moreover, Chi®" is the idempotent completion of C. But by Lemma 2.9.2, C is
already idempotent complete. O

2.9.4 Weight structure on Ch*

Lemma 2.9.5 The category Chggr inherits the weight structure on Shvg, (G/G). Consequently, the
trace functor tr: HE, — Ch®' is weight exact.

Proof As above, Ch®" is generated as a DG-category by tr(X) where X € HZ, is pure of weight 0. Note
that tr(X) is pure of weight 0 in Shvg, (G/G) since in the horocycle correspondence, we only pull back
along a smooth map and push forward along a proper map. Thus, the objects tr(X) form a negatively
self-orthogonal collection in Shvg, (G/G), and hence also in Ch*-#". By [16, Corollary 2.1.2] (see also
[22, Remark 2.2.6]), they form the weight heart of a weight structure on Chggr. It is clear from the
definition of this weight structure that it is compatible with the one on Shvg, . (G/G). |

2.10 Rigidity and consequences

In this subsection, we show that the finite Hecke categories are (compactly generated) rigid monoidal
categories from which we deduce various interesting consequences. This subsection is mostly independent
of the rest of the paper.

HNote that this is not necessarily the case if we work with the mixed sheaves, ie when ? = m.
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2.10.1 Rigidity of finite Hecke categories The rigidity of Hecke categories has been established in [9].
Proposition 2.10.2 [9, Theorem 6.2] The category Hére" is compactly generated rigid monoidal.

Proof H»™" is compactly generated by construction. Rigidity follows from the same proof as that of
[9, Theorem 6.2]. Indeed, the same argument as over there implies that H?G’ren is semirigid. But since
we are working with the renormalized category of sheaves, all constructible sheaves are compact by
definition. In particular, the monoidal unit is compact. Thus, they are rigid, by [9, Proposition 3.3]. O

Remark 2.10.3 As a consequence of Proposition 2.10.2, H?G is rigid as “small” monoidal categories in
the sense of Remark 2.1.4.

2.10.4 Rigidity of Drinfel’d centers The rigidity of finite Hecke categories implies that for their
Drinfel’d centers:

Proposition 2.10.5 The (braided) monoidal category Z(H?G’re") is semirigid. Moreover, the (braided)
monoidal category Z(H?G) is rigid (in the sense of Remark 2.1.4).

Proof The “small” case follows from [34, Remark 2.4.2]. For the “big” case, first note that by construction,

we have a (braided) monoidal functor Z(HZ;) — Z(Héren) whose image contains the compact generators

of Z(H?Gre”) see also Remark 2.8.4. But since all objects of Z(HZ;) are dualizable (as the category is
ren ren

rigid), the compact generators of Z(HG ) are also dualizable. In other words, Z(HG ) is compactly
generated by dualizable objects, and hence is semirigid by definition; see [9, Definition 3.1]. O

Directly from Definition 1.4.5, we see that the Drinfel’d center always acts on the original category and
its trace. We will use ® to denote this action. In the case of Hecke categories, we have the following
compatibility:

Corollary 2.10.6 Usmg the same notation as in Remark 2.8.5, let a € H/ Lren (resp. a € H? ) and
be Ch“’ "N (resp. b € ChG ). Then we have a natural equivalence

tr(a®z(bh)) ~tr(a) @b (resp. tr(a®@z(b)) ~ tr(a) ®b).

~u?
Proof This is equivalent to stating that the functor tr (resp. tr) is a functor of Ch Bren_ (resp. Chg -)
modules. By [9, Lemma 3.5] (resp. [34, Remark 2.4.2]), this follows from the fact that the central functor z

u,ren

is monoidal and that Ch ™" (resp. Chg;) is semirigid (resp. rigid). a

2.10.7 Hochschild homology Let ¢ be a dualizable object, with dual ¢V, in a symmetric monoidal
category C (see [25, Chapter 1, Section 4] for an extended discussion on this topic).!? Then the trace

12Note that since we are working in a symmetric monoidal category, the left and right duals coincide.
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of ¢, also known as the Hochschild homology of ¢ and denoted!® by HH(c), is an element of Ende(1¢),
where 1e is the monoidal unit of €, given by the composition

le =% c@cY ~ ¥V ®@c =5 1e,

where coev. and ev, are, respectively, the coevaluation and evaluation maps coming from the duality

datum between ¢ and cV.

The category € of interest to us is Shvy(pt)-Mod. Since Shvo(pt) is a rigid symmetric monoidal category,
[25, Chapter 1, Propositions 7.3.2 and 9.4.4] imply that any compactly generated category in Shvs(pt)-Mod
is dualizable. Given such an object A in Shvq(pt)-Mod, its Hochschild homology HH(A) is an object in
Shve (pt).

When A € Alg(Shvs(pt)-Mod) is such that the underlying object A € Shvq(pt)-Mod is dualizable, HH(A)
acquires a natural algebra structure, ie HH(A) € Alg(Shvs(pt)), by [24, Section 3.3.2].

2.10.8 We have the following result from [24, Theorem 3.8.5]. Note that the meanings of HH and Tr in
that paper are switched compared to ours. Note also that they prove it for the case where the ambient
category is DGCatpyes,cont. However, the same proof carries through for Shvq(pt)-Mod.

Theorem 2.10.9 [24, Theorem 3.8.5] Let A be a rigid monoidal category in Shvs(pt)-Mod such that A
is dualizable. Then there is a canonical equivalence of associative algebras

HH(A) =~ End} 4 (tr(14)) € Alg(Shva(pt)).
where the superscript ? in End, which is a placeholder for m (resp. gr, resp. nothing/&), denotes the

Shve, (pty)- (resp. Vect® -, resp. Vect-) enriched Hom-spaces. See [31, Appendix A.2.6].

2.10.10 Let Sprré; =tr(1 HL, )e Chg? denote the image of the monoidal unit of the finite Hecke category via
the natural functor. In the ungraded setting, this is known as the Grothendieck—Springer sheaf. In the mixed
(resp. graded) case, we will thus refer to this object as the mixed (resp. graded) Grothendieck—Springer
sheaf. Proposition 2.10.2 and Theorem 2.10.9 imply the following result:

Theorem 2.10.11 We have a natural equivalence of algebras

HH(HZ®") = &nd’ (Spri;) € Alg(Shva(pt)).

3 Formality of the Grothendieck—Springer sheaf

The first main result of this section, Theorem 3.2.1, states that Endgr(Spr%r ) € Alg(Shvg, (pt)) = Alg(Vects")
is formal. It is obtained by a spreading argument, taking as input the ungraded case, proved by the
second author using transcendental methods. Combining with a generation result of Lusztig in type 4,

I3This is not to be confused with the notion of trace used above. This is why we will exclusively use the term Hochschild
homology for the type of trace discussed here.
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the formality result provides a concrete realization of the category of graded unipotent character sheaves,
Theorem 3.3.4.

Below, the ungraded case is recalled in Section 3.1, followed by the proof of the graded case in Section 3.2
using a spreading argument. The section then concludes with Section 3.3, where everything can be made
more explicit, especially in type A.

3.1 The ungraded case via transcendental method

In this subsection, we will work over C; namely, the geometric objects are stacks over C and the sheaves
are in C-vector spaces. Let p: B/B—> G/G,q: B/B—>T/T, Indch := g™, and its right adjoint
Resch := g« p'. We have Sprg = pCp/p = Indch Cr/1 € Chg;. Here, all the quotients are obtained
by using the adjoint actions.

The category of all character sheaves Chg was explicitly computed in [36] (for simply connected groups)
and [37] (for reductive groups) by using a complex analytic cover of the adjoint quotient G/ G to reduce
the calculation to generalized Springer theory. We need the following particular statement:

Theorem 3.1.1 [37] Let G be a reductive group.
(i) There is an equivalence of DG-algebras
€nd(Sprg) =~ (H*(BT)®H™(T)) 9 C[W].
In particular, End(Spr) is a formal DG-algebra.

(ii) There is a natural equivalence Resg cp(Sprg) = (C;‘?/W;. Moreover, the natural DG-algebra homo-

morphism End(Sprg) — Snd(Resch(SprG)) ~ €nd((C?/u]{) can be expressed explicitly via the
commutative diagram

&nd(Sprg) > End(Res% _p(Sprg))
(H*(BT)®H*(T))3C[W] » (H*(BT)®H*(T))®Endc (C[W])

Endw+(a@u* (rygem (H(BT)@H™(T))RC[W]) — Endyxprygn* (1) (H* (BT)QH*(T))C[W])

where the bottom arrow is induced by the restriction of module structure along
H*(BT)®@H*(T) — (H*(BT)®H*(T)) 3 C[W].
(iii) Similarly, the natural DG-algebra homomorphism End(Cr,7) — End(Sprg) can be identified with
H*(BT)®@H™(T) — (H*(BT)®H"(T)) 3 C[W].
Picking an abstract isomorphism of fields C = Q,, we see that Theorem 3.1.1 holds equally well for

cohomology with coefficients in Q. In the rest of this section, we will work with Q, coefficients.
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3.2 Formality of the graded Grothendieck—Springer sheaf

The main goal of the current subsection is a graded version of Theorem 3.1.1 formulated in the following
theorem, whose proof will conclude in Section 3.2.11, after some preliminary preparation.

Theorem 3.2.1 Let G be a reductive group over F g> T C B and W as before.

(i) There is an equivalence of DG-algebras
End®" (Spr§) == (Hy (BT) @ H (7)) 9 Qq[W] 2= Qilx. 019 Qe[ W],

where x and ¢ are generators of the cohomology rings H; (BT) and Hg,(T'), respectively. In
particular, <‘indgr(Sprér ) is formal. Moreover, x and 0 have degrees (2,2) and (2, 1), respectively,
with the first (resp. second) index indicating graded (resp. cohomological) degrees.

(i) There is a natural equivalence Resg c B(Sprg ) ~ @?IW/T' Moreover, after taking cohomology, the
natural DG-algebra homomorphism Endgr(Sprg) — Sndgr(Resch(Sprg)) ~ 8ndgr(@?i%T) can
be expressed explicitly via the commutative diagram

H* (End® (Spré) > H*(End® (Res§ 5 (Sprg)))
(H: (BT)®HZ (T)RQ¢[W] > (Hy.(BT)®H; (T)®Endg, (Q[W])

s s

end® (HE (BT)®HE(TNBTWD — Enc gy cry (5 (BTIBHZ (T)3T W)

(H;<BT>®H;(T>)®@@[W1(
where the bottom arrow is induced by the restriction of module structure along
H; (BT) ®H,(T) — (Hy(BT) @ HL (1)) 9 Q[W].

(iii) Similarly, after taking cohomology, the natural DG-algebra homomorphism Endgr(@g’T /T) =
End® (Sprg) can be identified with

Har (BT ) ®Hy, (T) — (Hy (BT) @ Hy (T)) 3 Q[ W],
Combining with Theorem 2.10.11, we obtain the following result:
Corollary 3.2.2 The DG-algebra HH(HE'™") is formal, and we have an equivalence of DG-algebras

HH(HE™") >~ Qg[x. 8] Q¢ [W],

where x and 6 have degrees (2, 2) and (2, 1), respectively, where the first (resp. second) index indicates
graded (resp. cohomological) degree.

3.2.3 The strategy for proving Theorem 3.2.1 The passage from Theorem 3.1.1 to Theorem 3.2.1
is via a spreading argument that we will now explain. Let R be a strictly Henselian discrete valuation
ring between Z[1/(IN)] and C, where N > 0. Let 1: Spec Fq — Spec R and j: Spec C — Spec R be
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geometric points over the special and generic points of Spec R, respectively. Then we have the symmetric
monoidal equivalences of categories

Vect >~ Shv(Spec Fq) <’—,_V* LS(Spec R) % Shv(Spec C) ~ Vect,

where LS(Spec R) denotes the category of Q,-local systems on Spec R. This induces equivalences of
categories

(3.24)  Alg(Vect) ~ Alg(Shv(Spec Fq)) <—’§ Alg(LS(Spec R)) % Alg(Shv(Spec C)) ~ Alg(Vect).

Thus, if we have an algebra in Alg(Shv(Spec Fq)) whose formality we would like to establish, it suffices
to produce a natural candidate in Alg(LS(Spec R)) whose image under ;* is known to be formal in
Alg(Shv(Spec ©)).

The algebra in question is End(Spr¢), which we will now spread out to Spec R.

3.2.5 Spreading out Let Gg denote the split reductive group over Spec R given by the same root
datum as that of G. Fix Tg C Bp a pair of a maximal torus and a Borel subgroup. All the objects
considered above have natural relative versions over R. We will use the subscript R (resp. IFq, resp. C)
in the notation, for example, Sprg (resp;SprGFq, resp. Sprg.. ), when it is necessary to emphasize where
these objects live over, ie over R (resp. [y, resp. C).

Let Stgr, = BR/BR XGr/Gr Br/BR. Then we have the following composition of correspondences:

StGR
’/ \S
(3.2.6) Br/Br BRr/Br
SN N
Tr/Tr GRr/GR TR/ Tr

Lemma 3.2.7 (Mackey filtration) Stg, has a locally closed stratification indexed by w € W,

Step = | | St&,.

wew
such that on Sth, (3.2.6) is identified with
By /BR
l Ady
v ™~
. Br/BRr , , Br/BRr
TR/ TR Gr/GRr TR/ Tg

where BY = Bgr N Ady' (Bg).
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Proof Observe that for any stack Y, Map(S',Y) ~ Y xyxy Y. Hence, if Z is a locally closed substack
of Y, then
Map(S', 2) ~ Z xaxz Z ~ Z xyxy Z

is a locally closed substack of Y xyxy Y. Moreover, if Y = |_|i Z; 18 a stratification of Y where the Z; are
locally closed substacks of Y, then
Map(S',Y) = Y xyxy Y ~ |_| Zii Xyxy Lj |_| Zi Xyxy Zi =~ |_| Zoj X, x2; Zi = |_| Map(S', Z;)
i,j i i i
is a stratification of Y xyxy Y by locally closed substacks. Here, the third equivalence is due to the fact
that when 7 # j, Z; Xyxy Z; is empty.

Applying this to the case where Y = BB X G, BBg and the Bruhat stratification, we obtain

Stgr =Map(S'. BB xpgx BBr)=Map(S', Bg\Gr/Bg)= | | Map(S'. Bx\BrwBg/Br)
wew
= | | Map(s'. BBR)= | | BR/B}. O
wew wew

GRr ~ GRr GRr 0 ~ Doew
Corollary 3.2.8 ResTRcBR Sprgp = ReSTRcBR IndTRcBR Qe,1r/TR = QK,TR/TR'

Proof We first show that Resglfc Bx Sprg, is a local system on T'g / Tg concentrated in cohomological
degree 0. The filtration in Lemma 3.2.7 implies that Res%’jc Br Sprg has a filtration whose associated
pieces are given by (g o i)*@g,B%/B%, which is simply @Z,TR/TR' Thus, Resg;:cBR Sprg is a complex
of local systems. To see that it concentrates in degree 0, it suffices to check the stalk at a point in 7¢/ Tc.
But this is now a well-known statement; see, for example, [18, Proposition 3.2].

Generically on Tg/Tg, the map Stg, — Tg/Tg is a trivial W-cover. Thus, on this open dense
subzet, Res%’:c Br Sprg, is a trivial local system of rank |W|. This implies the same statement for
ResTII;'C B Sprg itself, as it is the IC-extension of the local system on an open dense subset. |

Corollary 3.2.9 We have that 716G /G .+ €nd(Sprg ) >~ TSt a*@f,StcR is a complex of local systems
on Spec R, ie an object in LS(Spec R). Here End denotes the sheaf of endomorphisms, and for any
R-stack Yg, my,: Yr — Spec R denotes the structure map of Y.

Proof The equivalence G /G + End(Sprg,) =~ TStG *@ £.StG is a standard statement. The second
claim follows from the first since

o) ~ 0O ~ oW ~ o) ew
st ok QU st = AT/ TrodxT* Qe st =TT/ TR Qp T 1 = (TR TR Qe TR/ TR)™
where the second equivalence is due to Corollary 3.2.8, and

TTr/Tr,* QU Tr/Tr.% = TTrxBTr,+Qt, Trx BTk

which is a complex of local systems. |
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Corollary 3.2.10 We have 1* 716G /G 5« €nd(Sprg ) =~ End(Sprg., ) and TG R/ G, ENA(Sprg,) =
q
End(Sprg)-

Proof We will prove the statement for ;* only; the proof for :* is identical. By adjunction, we have a
natural map of algebras

7 TG R/ Grox ENA(SPrG ) = TG /Ge s End(Sprge) =~ End(Sprg,.).
It suffices to show that this is an equivalence of the underlying chain complexes. But now, we have

o) oW ~NoeWw
J GG ENA(SPrG ) = 1 stk Qs , = 1 7T/ ok QF 1 7 = 7T/ Te Qi 1 70
>~ &nd(Sprg)-

Here, the third equivalence is by direct computation (as it only involves the torus) and the other equivalences

are due to Corollary 3.2.9, which holds equally over E] and C. |

3.2.11 Proof of Theorem 3.2.1 Applying the discussion in Section 3.2.3 t0 7G5 /G, End(Sprg,,)

using Corollaries 3.2.9 and 3.2.10 and the result over C, Theorem 3.1.1(i), we obtain the formality of the

algebra End(S PrGg ). But since the formality of a graded DG-algebra can be detected at the ungraded level,
q

we obtain the formality of <‘3ndgr(Sprér ) as well. In particular, we have an equivalence of DG-algebras
End®" (Sprgy) ~ H* (End® (Sprg)) =~ Qylx, 819 Q¢[W]

for some variables x and 6 whose cohomology degrees we know (ie 2 and 1, respectively) but whose
graded degrees still need to be computed.

We note that in the case of a torus, Spr%r ~ @g’T/T and we have
End®"(Spr) ~ HZ (BT) @HX(T) =~ Qylx. 0],
where x and 6 have degrees (2, 2) and (2, 1), respectively. We will deduce the general case from this case.

Over Fq, we still have the equivalence Resg cp(Sprg) = @?%T, which is the precise statement of [18,
Proposition 3.2]. In fact, the ungraded version!* of Theorem 3.2.1(ii) follows from (3.2.4), Corollary 3.2.10
and the complex version, which is Theorem 3.1.1(ii). In particular, at the ungraded level, the natural
algebra map
End(Sprg) — End(Resch Sprg)

is identified with

Qelx, 018 Qe[W] > Endg, QW] ® (H*(BT)@H™(T)) = Qlx, 01® Endg, (Qe[W)).
The grading on the right is known, as this is the case of a torus. By degree considerations, x and 8 on the
left must have degrees (2,2) and (2, 1), respectively.

The identifications of the algebra morphisms in Theorem 3.2.1(ii) and (iii) follow from the ungraded case. O

14That is, we still work over Fq, but forget the grading. In other words, we work with Shv rather than Shvg,.
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Remark 3.2.12 In the above, we used the fact that the formality of a graded DG-algebra (ie a DG-algebra
with an extra formal grading) can be detected after forgetting the grading. This can be seen, for example,
by applying the main result of [47] and the fact that the formation of a certain spectral sequence in loc. cit.
commutes with forgetting the formal grading.

We expect that the same statement also holds for the formality of a morphism between formal graded
DG-algebras. However, we know neither how to prove this statement nor a place where it is proved.
Because of that, the statements appearing in Theorem 3.2.1(ii) and (iii) are only at the level of cohomology
groups.

3.3 An explicit presentation of Ch\>*'

The main goal of this subsection is to give an explicit presentation of Chggr. We will only fully work out
type A case.

3.3.1 A generation statement in type 4 We first recall the following result, which is well known to
experts. We include it here for the reader’s convenience.

Proposition 3.3.2 Let G be a reductive group of type A over Fq. Then Chg; is generated by the
Grothendieck—Springer sheaf Sprg.

Proof Let F € Chg;. Then, by Corollary 2.9.3, we know that F can be built from successive extensions
of irreducible character sheaves. It thus suffices to show that when & is irreducible, it is a direct summand
of Sprg.

By [41, Theorem 4.4(a)], F is a summand of IndgC p(X) for some cuspidal character sheaf X on L,
the Levi factor of some parabolic subgroup P of G. The group A(G) := Z(G)/Z°(G) acts on F via a
character x5 which is the composition 4(G) — A(L) X% Q,, where xx is the action of A(L) on X.
Since J is a unipotent character sheaf, yg is trivial, and hence so is xx.

We claim that if L is not a torus, then X as above with trivial x g must be zero, which would force F to
be a summand of Ind$ _ 5(Q;) = Sprg. Indeed, by [42, (7.1.3)], X ~ IC(Z, &)[dim X], where (, &) is a
cuspidal pair of L in the sense of [40, Definition 2.4]. Moreover, by [40, Section 2.10], the classification
of cuspidal pairs of L is further reduced to the classification of unipotent cuspidal pairs of H, where
H = Z/(s), with the group L’ being the simply connected cover of L/Z%(L) and s a semisimple
element in an isolated conjugacy class of L’. Now L is of type A4, and hence H is also of type A4 (and is
not isomorphic to a torus). Therefore, by the classification of unipotent cuspidal pairs [40, beginning of
page 206], we see that y ¢ must be nontrivial if K is nonzero (it is easy to see that y x’s (non)triviality is
preserved under the above reductions). |

We now turn to the graded version of the result above:
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u,gr

Corollary 3.3.3 Let G be a reductive group of type A over Fq. Then Ch;™" is generated by grading
shifts Sprér (—) of the graded Grothendieck—Springer sheaf. In other words, Ch*-8" is generated by Sprér as
a Vect®"¢-module category. Consequently, Ch:®”"™" is compactly generated by Spr¢. as a Vect® -module

category.

Proof As above, it suffices to show that any irreducible perverse graded character sheaf K € Chggr

appears as a direct summand of Sprér up to a grading shift. However, this can be checked after forgetting
the grading since simplicity implies purity, and moreover we have a complete description of simple pure
graded perverse sheaves by [31, Theorem 3.2.19].

The last statement follows immediately since Ch3®""" ~ Ind(Ch;®"). O

Theorem 3.3.4 Let G be a reductive group of type A over F,. Then taking iHomgCrhggr,ren (Sprér. —)
induces an equivalence of Vect® -module categories
ChE"™" ~ Qy[x. 019 Q¢[W]-Mod(Vect®) =: (H} (BT ) @ Hy,(T)) 8 Q¢[W]-Mod®
~ HH(HE"™")-Mod®" .
Taking the full subcategory of compact objects, we get
Chg® = Qqlx. 0]® Q[W]-Mod(Vect®")**" =: (H (BT) @ Hg (T) 8 Q¢ [W]-Mode"Pe"
~ HH(HE"")-Mod8"Pe

Here, perf denotes the full subcategory consisting of perfect complexes.

Proof The first statement can be obtained by a standard Barr—Beck—Lurie argument using the generation
result in Corollary 3.3.3 and the identification of HH(Hg™") in Corollary 3.2.2. The second statement
follows from the first by taking compact objects. a

4 A coherent realization of character sheaves via Hilbert schemes of points
on C?

Working in type A4, ie G = GL, for some #, this section’s main result, Theorem 4.4.15, relates the category
of graded unipotent character sheaves ChZ® =~ Tr(HZ) and the Hilbert scheme of n points on C2. The
passage from the categorical trace to the Hilbert scheme of points on C? is given by Koszul duality and a
result of Krug [35], both of which will be reviewed in Sections 4.1 and 4.2. In Section 4.3, we recall
the categorical constructions of cohomological shearing and 2-periodization. The relation between the
two allows us to introduce an extra formal grading at the cost of having to work with 2-periodic objects.
All of these results are then used in Section 4.4 to prove the main result of this section, Theorem 4.4.15.
Finally, in Section 4.5, we match various objects on the two sides, to be used in Section 5 to realize the
HOMFLY-PT homology of a link geometrically via Hilbert schemes of points.

In this section, we will work exclusively with the case G = GL,, and adopt the notation H§' := H%}an ~
Ch®(SBimy,,).
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4.1 Koszul duality: a recollection

We will now recall an equivalence of categories coming out of Koszul duality. The materials presented
here are classical, but it can also be viewed as a particularly simple case of the theory developed by
Arinkin and Gaitsgory in [3]; for example, see Section 1.3.5 therein.

4.1.1 A t-structure on Ch2®""™" By shearing, we obtain an equivalence of DG-categories
Chg®"" = Qlx. 6] Q¢[Su]-Mod®" = Qy[%. 8]® Q¢[Sn]-Mod®",

where X and _é live in degrees (2, 0) and (2, —1), respectively. Here we follow the same convention as in
Theorem 3.2.1.

The latter category has a natural ¢-structure which makes the forgetful functor to Vect®" ¢-exact, where
Vect®" is equipped with the standard ¢-structure. The equivalence of categories above then endows
Chg®™"™" ~ Qqlx, 8] Q¢[W]-ModE" with a ¢-structure compatible with the sheared -structure on Vect®",
namely, the 7-heart of Vect®" in this z-structure consisting of complexes whose support lie in degrees
(k. k) fork eZ.

Note that the algebra Qg[x, ]2 Q¢[S,] is connective with respect to this sheared z-structure on Vect®",
whereas the algebra Qg[X, 8]® Q[S,] is connective in the usual ¢-structure. In fact, by shearing, we have
a r-exact equivalence of DG-categories

ChGE ™" ~ QCOh((A” x A"[~1])/(Gm X ),

where G, scales all coordinates with degree 2.

4.1.2 Coherent objects Following [23], we define
Qelx, 819 Q¢[Sn]-Mod®" " C Qy[ix, 018 Q[Sn]-Mod®" =~ ChizE"""

to be the full subcategory spanned by objects of bounded cohomological amplitude and coherent coho-
mologies (with respect to the #-structure defined in the previous subsubsection). This category is generated
by Q¢[x]® Q¢[Sx] under finite (co)limits, idempotent splittings, and grading shifts.

4.1.3 Relative Koszul duality Consider the functor of taking §-invariants,

oo QXD Qe[Sn]. =) : Qelx, 019 Q[Sn]-Mod® " — Vect®" .

. P gr
inve := Jomg, 1+ 018G, [s,]1-Mo

Since the category on the left is generated by Q[x]® Q¢[S,], an application of the Barr—-Beck—Lurie
theorem as in Theorem 3.3.4 above implies that we have an equivalence of categories

inve

f— — I'I"I f— f—
Qlx. 018 Q[Snl-Mod®™*" =L End¥ yorcon (Qe[x] 9 Qe[Sa])-ModE"Pert

= Q¢[x,819Q¢[Sn]-Mo
~ Qqlx. y]® Qy[Sul-Mod#"Per,
where the y live in degrees (=2, 0).

We refer to this equivalence as the (relative) Koszul duality.
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4.1.4 To simplify the notation, we let V' denote a graded vector space of dimension # living in graded
degree 2 and cohomological degree 0, equipped with a basis and hence also a permutation representation
of W =S,,. Then

Qel0] ~ Sym Vg[—-1],  Qe[x] ~ Sym Vx[-2], Qq[y]~SymV)’,

where the subscripts x, 8, and y are there just to make it easy to keep track of the names of the variables.
To further simplify the notation, we define

An = Sym(Va[=2]@ V5[—1]) 9 Qs[Sn]
and
The equivalence of categories above then becomes

inv‘énh - A,-Mod®&©h =5 B, _Mods"Per .

4.1.5 Let
trive = Sym Vx[_z]g@ﬁ[sn] c An-MOdgr’COh,

where the 6 act trivially, ie by 0. Directly from the construction, we have

invgnh (trivg) >~ B,.

Moreover, the inverse functor to inv‘(";nh is given by taking y-coinvariants:

enh

coinvy™ 1= Q¢ @sym p —-

4.1.6 Twisting For our purposes, it is convenient to twist invt‘;nh and coinv;nh by the sign representation

of S;;. We let
ﬁznh :=Sym" VV[1]®@invg™ and CBTrTvJe,nh := Sym" V[—l]QZ)coiane,"h

be mutually inverse functors

4.1.7) vy : Ay-Mode™" 2 B, -Mode™Perf :CBTEV;”'".
4.1.8 Restricting to A,-Mods"Pef Let
trivy, := Sym(Vy[—2]) 9 Q¢[Sn] € Bp-Mode™Per,

where y act trivially, ie by 0. An easy computation using the self-duality of the Koszul complex shows
that
—— enh |
coinv), (trivy) >~ Ay,
and hence,
vy (Ap) = triv, =~ Sym(Vi[—2]) 8 Q¢[Sal.

In other words, i’rT\J/Znh simply “kills” the variables 6 in A,.
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.. . ~ ~—~— enh
This implies that |nv2,nh and coinv,,

y  restrict to a pair of (eponymous) mutually inverse functors

~—enh f gr,perf | enh
gr,per
4.1.9) invg  : Ay-Mod = B, ModnIIp tcoinv),

where the subscript nilp,, denotes the fact that the variables y act nilpotently. This is because on the one
hand, the left side is generated by A, under finite (co)limits, idempotent splittings, and grading shifts and
on the other hand, A, is sent to trivy, on which the Y act by 0.

The equivalence (4.1.9) is in fact a particularly simple case of the theory of singular support developed
in [3], where perfect complexes have 0-singular support.

4.1.10 Unipotent character sheaves The discussion above gives the following Koszul dual descriptions
of Ch®" and Ch®"™" when G = GLj:

Proposition 4.1.11 Let G = GL,, be the general linear group of rank n over Fq. Then we have an
equivalence of Vect®"“-module categories

ChisE ~ B,-Mo df{,;’erf.

Taking Ind-completion, we get an equivalence of Vect®" -module categories

u,gr,ren ~ gr
Chg®""" = By-Modfy, .

Proof The second statement follows from the first by taking the Ind-completion on both sides. The first
statement follows from Theorem 3.3.4 and (4.1.9). O

4.2 The Hilbert scheme of points on C?

We will now recall the main results of [35], which give an explicit presentation of the categories of
quasicoherent sheaves on the Hilbert schemes of points on C2. This will allow us to relate Hilbert schemes
of points on C2, ChZ#, and ChZ8""" (when G = GL,), which will be discussed in Section 4.3.

As we have been working over Q rather than C, our Hilbert schemes are in fact Hilb,, (Q ), which live
over Q. Although the two are isomorphic as abstract varieties due to the isomorphism Q; ~ C, we will
keep using Q for the sake of consistency. In fact, all varieties appearing in this subsection are over Qg,
and hence we will employ base-field-agnostic notation as much as possible; for example, A? will be used
to denote the 2-dimensional affine space over Q.

4.2.1 The isospectral Hilbert scheme Let Hilb, denote the Hilbert scheme of points on A%, A2"/S, =
(A2)"/S, the stack quotient of A" by the permutation action of S,, and A" /S, the GIT quotient.
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There is a natural map g: A2"/S, — A2" /S, and the Hilbert—-Chow morphism H : Hilb,, — A2"//S,,.
The isospectral Hilbert scheme is the reduced pullback

Iso, —— A2"

| |

Hilb, — A2"//S,

Iso, has a natural S,-action compatible with the permutation S,-action on A?” and the trivial S,-action
on Hilb,. Thus, we obtain the following commutative diagram:

lson/Sp —2— A21/S,

(4.2.2) ql lg

Hilb, —2— A21/S,.

4.2.3 A derived equivalence In the notation above, one of the main results of [35] (which is itself a
variant of [17] but has a more convenient form for us) takes the following form:

Theorem 4.2.4 [35, Proposition 2.8] The functor ¥ := ¢4 p*: QCoh(A2%"/S,) — QCoh(Hilb,) is an
equivalence of categories, where all functors are derived and where QCoh(—) denotes the (co-)derived
category of quasicoherent sheaves.

Passing to the full subcategories spanned by compact objects, we obtain an equivalence

W: Perf(A2"/S,) => Perf(Hilb,).

4.2.5 Gp-equivariant structures Each of the terms in (4.2.2) has a natural G%—action induced by the
action of G% on A? where the first (resp. second) factor of G,%., scales the first (resp. second) factor of A2
by weight 1 (resp. 2). Moreover, all maps are compatible with this action. We thus obtain an equivariant
form of the theorem above. By abuse of notation, we will employ the same notation for the equivariant
case as the nonequivariant case above. Note also that the category QCoh(Hilb, /(G?2)) below also appears
as QCth% (Hilby,) (or some variant thereof) in the literature.

Corollary 4.2.6 The functor ¥ := g4 p*: QCoh(A%" / (S, xG2)) — QCoh(Hilb, /(G?2)) is an equivalence
of categories. The same statement applies when restricted to the full subcategories of compact objects (ie
perfect complexes).

This equivalence allows us to have an explicit presentation of QCoh(Hilb, /(G?2)) as a plain (as opposed
to a symmetric monoidal) DG-category.

Proposition 4.2.7 We have an equivalence of categories
QCoh(Hilb, /(G2)) ¥ QCoh(A2"/(Sy x G2)) = Qyl%. 718 Q[Snl-Mode™",
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where the superscript gr, gr indicates the fact that we are working with bigraded complexes. Moreover, X
and y have cohomological degree 0 and bidegrees (with respect to the superscript gr, gr) (1, 0) and (0, 2),
respectively.

Proof Only the last equivalence needs to be proved. Applying Barr—Beck—Lurie to the adjunction
QCoh(A"/(Sy x G2)) <= QCoh(B(Sy x G2)) = Qi[Sal-Mod®"#"
where p: A?"/(S, x G2) — B(Sy x G2) is the natural map, we obtain an equivalence of categories
QCoh(A"/(Sy x G2)) ~ Qu[X, J1-Mod (Q¢[Sn]-Mod®"").
But the latter is equivalent to

QelX, 19 Q¢[Snl-ModE"e". O

Remark 4.2.8 Instead of (1,0) and (0, 2), we could have chosen any other bigradings for the X and »
variables. As we will see, these specific choices are made because of the connection to character sheaves
and HOMFLY-PT homology. For example, see Section 4.4.6 for the relation to the grading on the category
of graded unipotent character sheaves.

4.2.9 Supports Letiz:AL/S, — A2"/S,, denote the closed subscheme defined by the vanishing of all
the y-coordinates. Let Hilb, 3 be the pullback

Hilby, . —— Hilb,
A"ls 5, A2ys
ZC/ n——7 /n

For any closed embedding of schemes (or in fact stacks) Z C X, we let QCoh(X)~z denote the full
subcategory of QCoh(X) consisting of objects whose supports lie in Z. Similarly, we let Perf(X) 7
denote the full subcategory of Perf(X) spanned by objects whose supports lie in Z.

Lemma 4.2.10 The equivalence W above restricts to the following equivalences of categories:

QlE. 718 Qe[Sal-ModZ" = QCoh(A"/(Sy X G ) an /s, xc2) ~> QCoh(Hilbn /(Ga)wi, /@3-
The same statement applies when restricted to the full subcategories of compact objects (ie perfect
complexes).

Proof For brevity’s sake, we suppress the G,-equivariant structures (ie the gradings) from the notation.

From (4.2.2), we see that ¥ is compatible with the action of QCoh(A2"/S,). Now, we note that the full
subcategories of interest are cut out precisely by the condition that the variables y (from A2"/S,) act
nilpotently.
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Alternatively (and more categorically), one can use the theory of support as discussed in, for example,

[3, Section 3.5], to conclude:
QCoh(A"/Sn) an s, = QCoh(A*" /Sn) ®qcon(az s,) QEON(A" /Sn)an s,
~ QCoh(Hilbn) ®qcon(a2n /s,) QCoh (A" /Sy) a1 s, = QCoh(Hilby)ti, ;- O

4.3 Cohomological shearing and 2-periodization

The algebra Q[%, V] ® Q[S»] appearing in Proposition 4.2.7 and the algebra B, = @g[)_c,z] 2 Qy[Sx]
appearing in Section 4.1.4 are almost the same, except for the mismatch in the cohomological gradings

and the number of formal gradings.

In this subsection, we will discuss two general categorical constructions which will allow us, in Section 4.4,
to relate the categories of modules over these two rings, and hence also to relate the category of
(quasi)coherent sheaves on Hilb, and Ch#""" for G = GL,. One of them, known as cohomological
shearing, reduces the number of formal gradings whereas the other, 2-periodization, increases the number
of gradings. As it turns out, these two are equivalent, which is the content of Proposition 4.3.16 below.

The materials presented here are more or less standard, at least among the experts. We include it here
since we cannot find a place where everything is written down in a way that is convenient for us.

The discussion in this subsection applies to both small and large categories. For brevity’s sake, we will
only discuss the large category case. As usual, the small case can be obtained by passing to compact

objects.

4.3.1 Shearing functors on Vect® Consider the shear functors

sh<: Vect® — Vect®, (V}); — (Vi[2i]); and sh™: Vect® — Vect®, (V;); — (Vi[-2i]);.
Note that these are equivalences of symmetric monoidal categories.

For A% € Vect®, we let A8~ := sh(A48") € Vect® and A&~ := sh™ (A&") € Vect®. Since sh™
and sh™ are symmetric monoidal equivalences, A8~ (resp. A8~7) is equipped with a natural algebra

structure if and only if A4%" is.

4.3.2 Shearing a Vect®"-module structure Since Vect® is symmetric monoidal, any C&" € Vect®" -Mod
can be upgraded naturally to a Vect®-bimodule category € € Vect® -BiMod. We visualize them as Vect®"
acting on the left and on the right even though they all come from the left module structure.

Remark 4.3.3 For us, the right Vect® -module structure is important only for the purpose of taking
relative tensor products. We will generally ignore this structure unless the formation of relative tensor
products is involved.
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For each of the left/right module structures, we can precompose the action of Vect® with sh to obtain a

new module structure. For example, = @&~ has the following Vect® -bimodule structure:!>

Qi) e ®Q(j) > cli + j)2i —2/]

Here, the positions of the arrows with respect to the category indicate which of the left or right module
structure we are shearing, and the directions of the arrows indicate which shear we use. A missing arrow
indicates that shearing does not occur; for example, & has a sheared Vect® -action on the right while
keeping the action on the left unchanged. Note that these modifications only change the action of Vect®"
while keeping the underlying DG-category intact.

4.3.4 The following diagram demonstrates how the functors sh= and sh™ interact with Vect® -bimodule

structures:

h< h<
= Vects"™ (%) Vect®" <S:> = Vects <,

sh sh™

Here all functors are equivalences as morphisms in Vect® -BiMod. Similarly, we can mix and match the
directions of the arrows. For example,

sh<: Vect®"™ = < Vect®' .
Shearing Vect® -bimodule structures can be written naturally in terms of relative tensors. For example,
CE" S ~ C8 @yecer Vect®" < and T CE ~ 7 Vect? ®yecre CE'.
4.3.5 Shearing A%'-Mod®" Let 48" be a graded DG-algebra, ie A8" € Alg(Vect®"). Then the category of
graded A% -modules, A8"-Mod®" := A8"-Mod(Vect®") € Vect® -Mod, is naturally a Vect®"-module category,

and hence also an object in Vect® -BiMod, as discussed above. A similar discussion as in the case of
Vect®" gives the following equivalences of objects in Vect® -Mod:

= (A% -Mod®"™) 2= == A¥-Mod®" 2= == = S (48 ModehE),
Moreover, as above, we can mix and match the directions of the arrows.
Replacing A8 by A8, we obtain the following equivalences of objects in Vect®" -BiMod:

A -Mod®"™ s S (48"S_Mod®) and  A®-Mod8" s = (48> _Mod®").

sh sh

4.3.6 Sheared degrading Let C& € Vect® -Mod. Then we can form the degraded version € of C8",
C := Vect Qyecte C8,

I5Note that the formula below is compatible with the definitions of sh= and sh*= since, for example, Q ¢ (i) lives in graded
degree —i.
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where the Vect®'-module structure on Vect is given by the symmetric monoidal functor
oblvg : Vect® — Vect, (V) @ Vi,
i

which forgets the grading on Vect®'.

We note that the functor of forgetting the grading is also defined for C&":

e oblvg Rid cer
—e

oblvg, : C& = Vect® @yecter Vect @vecter C& >~ C.

4.3.7 The sheared degradings of C&", denoted by C< and €=, are defined to be the usual degradings of
= 8" and <€, respectively (note the reversal of the arrows!):

C= = Vect®vecter €& and C< := Vect Quecer ~ C¥'.
Remark 4.3.8 In general, C, €<, and €= are different as DG-categories. However, the case where

C&" = Vect®' is special as we always have an equivalence of DG-categories
VHV&@[

Vect ——=5 Vect ®vecer & Vect® =: Vect™,
4.3.9) o
Vect HTQ@ Vect ®vecrer ~ Vect® =: Vect™ .

Since Vect has a natural Vect® -module category structure, we can shear this action and obtain, for
example, Vect and Vect™. These two are in fact equivalent to Vect = and Vect=, respectively, which
explains the reversal of the arrows in the definition of the sheared degrading procedure.

Indeed, the right action of Vect® on Vect= is as follows: Qg (i)[j] sends V X Qy to
VR(Qe ()] = V R(Qe(i)[-2i][j +2i]) = (V[j +2i) R Qy,
which corresponds to V[j + 2i] € Vect under the equivalence of categories (4.3.9). But this is precisely
the =-sheared action of Vect®" on Vect on the right.
4.3.10 We can write sheared degradings in a natural way as relative tensors of categories
C= ~ Vect Qvects ~ C8 =~ Vect @vecter ~ Vect® @vectsr 8 = Vect ™ ®vecrer C8 =~ Vect S Qyecrer C8.
Similarly,

C= ~ Vect™ ®vecte C& =~ Vect™ @vecre C8'.

4.3.11 Sheared degrading 48"-Mod Let 48" € Alg(Vect®") be as above and consider the category of
(ungraded) A8"-modules, denoted by oblvg, (A8")-Mod. By abuse of notation, when confusion is unlikely,
we also write A8"-Mod := oblv,(A48")-Mod.

Clearly, A%"-Mod =~ Vect ®vecter A5-Mod®" is a degrading of A&-Mod®". But we also have sheared
degradings as defined in Section 4.3.6. Namely,

. <~
AF-Mod S : = Vect ®vecs ™ (A5 -Mod?") 22BN, vt @ per A5 -Mod®™ ~ oblvg, (45" )-Mod =,

and similarly for A8"-Mod™.
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Ignoring the right Vect® -actions (see also Remark 4.3.3), we have the following equivalences of DG-
categories:

4.3.12) A" -Mod = =~ oblvg, (48"<)-Mod and A%-Mod= = oblvg,(A%"~)-Mod.

4.3.13 2-periodization We start with the simplest example of 2-periodization and its interaction with
sheared degrading.

Let Qg[u, u~'] € ComAlg(Vect&) be a commutative algebra object where u is in graded degree 1 and
cohomological degree 0. It is easy to see that the functor of extracting the graded degree 0 part

Qglu, u™1]-Mod®" L) Vect
is an equivalence of Vect®-module categories where the actions of Vect®" are the obvious ones (ie no
shearing). The inverse functor is given by V — Qglu, u"']@ V.
The discussion above thus gives us the equivalences

Vect™ ~ Vect™ (M) Qu, u=1]-Mode" < %} = (Qq[u, u=17-Mod®")

Qeluu= 117 ®-
and

Vect™ ~ Vect= 2102 5 1 i1 Moden= —h" (@[, u~1]E-Mode").
\//_%
Qeluu'1=®~
Here, by construction, Q[u, u=']™ (resp. Qg[u, u~1]¥) is the algebra of Laurent polynomials generated
by one element living in graded degree 1 and cohomological degree 2 (resp. —2).
In particular, we have

(4.3.14) < VectS ~ Vet T ~Qyfu,u™']7-Mod®, = Vect™ >~ Vect™ ~ Qyfu, u ' ]T-Mod®" .

4.3.15 We will now turn to the general case.
Let C&" € Vect® -Mod be as above. Then the positive and negative 2-periodizations of C&" are defined to be
&2t = Qyu, u 7 -Mod® @vecrer C& ~ Qylu, u™ '™ -Mod(CE")
and
Ce"2Per— = Qylu, u™ T -Mod® @vectz C& ~ Qylu, u™']T-Mod(CE"),
respectively.
Note that Q[u, u™ '] (resp. Q[u, u~']7) is equivalent to Q[B, '] where B lives in graded degree 1
and cohomological degree —2 (resp. 2). The category of module objects over Qg[8, 1] is thus the
category of (graded) 2-periodic objects appearing in the literature.

The grading allows one to absorb 2-periodicity. In fact, the 2-periodization construction agrees with the
sheared degrading construction from above.
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Proposition 4.3.16 Let C&" € Vect® -Mod. Then we have natural equivalences of Vect® -module cate-

gories
egr,2—per, ~ =>(GB) and egr,Z—per+ ~ <=(€€)

Proof We treat the case of 2-per_, as the other case is similar. We have
e&n2Per— = Qyu, u_1]<:—Modgr ®vecter C8 >~ T Vect™ @vecter C8 ~ 7C,

where the second and third equivalences are due to (4.3.14) and Section 4.3.10, respectively. |

Remark 4.3.17 We have the following commutative diagrams of symmetric monoidal categories:

oblvg0sh™ oblvg0sh <
Vect®" £ > Vect Vect®" £ > Vect
Qlu, u™'1S-Mod8" =—— Vect8"2Pe'~ Qglut, u™17 -Mod8" == Vect8"-2Pe"+

Thus, by construction, the action of Vect® on = (C=) (resp. <(C*)) factors through Vect&"2-Per—
(resp. Vect®2Pe+) On the other hand, C&"2Per— (resp. C&82Pe"+) is equipped with a natural action of
Vect82Pe~ (resp. Vect8H2Per+),

Chasing through the definitions, it is easy to see that the two actions are compatible. In other words,
the two equivalences in Proposition 4.3.16 are equivalences of Vect®2P'—_(resp. Vect®2P+-)module
categories.

4.3.18 More formal gradings In the above, the “background category” is Vect in the sense that all
categories are DG-categories, ie they are Vect-module categories. Then we work with categories with
one extra grading, ie with Vect® -module categories, and consider various categorical operations using
this structure. We could have started with Vect® -module categories but still added another grading and
worked with Vect®"#'-module categories. Everything discussed above still goes through, except that
now everything has one more grading. For example, degrading goes from Vect®"&"-module categories to
Vect® -categories.!® This is the setting that we will work with below.

4.4 2-periodic Hilbert schemes and character sheaves

We will now relate Hilbert schemes of points and character sheaves, using the procedure of 2-periodization
discussed above to make the precise statement.

4.4.1 Introduce an extra grading By default, all of our categories are singly graded in the sense that they
are Vect® -(or, if we work with the small variant, Vect®"¢-)module categories. Note that any DG-category
can be viewed as a Vect®'-module category via the symmetric monoidal functor oblvg,: Vect® — Vect. In
particular, any Vect®'-module category is a Vect®"#"-module category, where the second Vect®" acts by

1611 fact, we could, more generally, work with (Vectg')®”-module categories and then add one more grading to get n + 1
gradings. We will not need this generality here.
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forgetting the formal grading. By convention, we use X to denote the default grading and Y the extra
grading we just introduced. We will also use the notation Vect®X €Y if we want to make it clear which
grading convention we are using.

In this subsection, unless otherwise specified, all the shearing and 2-periodization constructions will be
with respect to the Y-grading, even when we start with C&" € Vect®X -Mod, which has only one grading.
In this case, we simply view C as an object in Vect®X-8'Y -Mod, where Vect®'Y acts via the symmetric
monoidal functor oblvg,, : Vect®"Y — Vect. In particular, if we forget the Vect®'Y-action, C8', =@, and
= (& are equivalent as objects in Vect®X -Mod (and hence also as DG-categories). The difference in the

Vect®Y-module structures can be seen by looking at Vect® X 8Y-enriched Hom, denoted by Hom?®& X €Y

More precisely, for ¢y, c; € €&, on the one hand, we have

HomE &Y (1. ¢2) ~ @D HomE¥ (c1. c2) (k) y ~ Qylu. u™" @ HomE¥ (1. ¢2) € VectEX &Y
k

Here, in the tensor formula, the gry-enriched Homs are put in Y-degree 0. In other words, it is simply
copies of the Vect®X-enriched Hom, put in all Y-degrees. On the other hand, a simple argument using
adjunctions gives the following identification, which is essentially the same as Proposition 4.3.16 but

with one extra grading (see also Remark 4.3.17):

Lemma 4.4.2 In the situation above, we have natural equivalences

ry ,gr ry ,gr ~ —1 r , ,2-
.‘Homffe;; Y(c1,2) = sh™ (HomEX &Y (c1. ¢2)) > Qlu, u™"]7 ® Hom%eX (c1., ¢2) € Vect8X &y -2pert
and

ry,gr ry ,gr oy -1 r 2-per_
HomZGE™ (e1, ¢2) = sh (FHom#™ (c1, ¢2)) = Qelu, u™' [T @Hom§! (c1, ¢2) € Vectsx -2 Per—,
where sh™ and sh*" are with respect to the Y -grading. Moreover, in the tensor formula, the gry -enriched

Homs are put in Y -degree 0.

4.4.3 The algebra B, and variants Let B = Qy[x, ] ® Q/[S,] € Alg(Vect®x-8Y) be a bigraded
DG-algebra, where the variables x (resp. y) live in cohom(:logical degree 2 (resp. 0) and graded degrees
(2, 1) (resp. (—2,0)). Here, the first (resp_. second) coordinate represents the X -(resp. Y-)grading. Note
that the Y-grading is the extra grading whereas the X -grading came from the above.

By construction, we have an equivalence of (singly graded) DG-algebras oblvg,, (Bf ) ~ B, € Alg(Vect&x),
where B, is the graded DG-algebra defined in Section 4.1.4. Let BE := BE"< and B, := oblvgr, (BY),
where the shear is with respect to the Y-grading. Then

By = Qelx. 719 Qe[Su] € Alg(Vect&'x &),
where the variables X (resp. ) live in cohomological degree 0 and graded degrees (2, 1) (resp. (=2, 0)).

Moreover, . B
By 1= oblvge, (BY) =~ Qq[X, Y]®Q[Sn] € Alg(Vect®'¥),

where the X (resp. J) live in cohomological degree 0 and graded degree 2 (resp. —2).
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Lemma 4.4.4 We have the following equivalence of Vect®X-categories:
Bp-Mode™ ~ BE_Mode™ "=
Proof We have
B = oblvgy, (BE) =~ oblvg,, (BE=)
and hence, by (4.3.12), we have the equivalence of Vect®*¥-module categories
By-Mod8™® =~ oblvg,, (BE")-Mod&™* ~ BE-Modsx-=,

where, by convention, all shears are with respect to the Y -grading. |

Corollary 4.4.5 We have a natural equivalence of Vect®X #'Y-module categories
é(Bn-MOdng) ~ @%V_Modgrx ,gl'y,2—per_’

where the Vect®"Y-module structure on the right-hand side is the obvious one. Moreover, the shear on the
left-hand side is with respect to the Vect®'Y-module structure. Namely, Vect®'Y acts on the left via

blvgr
Vect®Y sh= Vect8Y ey Vect,
as in Proposition 4.3.16. Consequently, by Remark 4.3.17, the equivalence above is an equivalence of
Vect8™x 8"Y:2"Pe—_module categories, where 2-per_ is with respect to the Y -grading.
Proof We have
= (By-Mod®'X) ~ = (BE"-Mod&"™X*=) ~ BE'-Mod&"X &y -2Per—

where the first and second equivalences are due to Lemma 4.4.4 and Proposition 4.3.16, respectively. By
convention, shearing and 2-periodization are with respect to the Y-grading.

The last statement is due to Remark 4.3.17. O
4.4.6 Change of gradings The gradings X and Y used above need to be changed to match with the
one used in [28]. We denote the new gradings by X and Y, where

X=X?Y and Y=Xx71,

or equivalently,
X=Y" and Y=X72

Under this change of gradings, we have
BE ~ QuIx. 718 QulSn] € Alg(Vect®' £-57),

where the variables X (resp. y) live in cohomological degree 0 and graded degrees (1, 0) (resp. (0, 2)).
We note that this algebra matches precisely with the algebra appearing in Proposition 4.2.7.

Geometry & Topology, Volume 29 (2025)



2516 Quoc P Ho and Penghui Li

Remark 4.4.7 In the rest of this paper, unless otherwise specified, all the shears and 2-periodizations
are still with respect to the Y-grading (in the (X, Y)-grading system), even when we are working with
the (f , Y)—grading. As different grading conventions in the HOMFLY-PT homology theory cause a lot
of confusion, at least, to the authors of the current paper, we write down explicit examples below.

4.4.8 2-per_ in terms of (f , ?)-grading In terms of the (f , Y)-grading, negative periodization
2-per_ in the Y-direction with respect to the (X, Y')-grading (such as the one appearing in Corollary 4.4.5)
takes the following form. For € € Vect®X -8V -Mod ~ Vect® ¥-8'¥ -Mod,

2P = Qq[B. B~ ]-Mod(©),

where B lives in cohomological degree —2 and graded degrees (0, 1) in terms of the (X, Y)-grading or
equivalently, (1, 2) in terms of the (AA; , ?)—grading. Since this is the only 2-periodization that we will use
in connection to the (f , ?)—grading, we will adopt the notation

@2-per . E2-per— ~ @([:B’ ﬁ_l]—MOd(G)

in the rest of the paper, where, as above, 8 lives in cohomological degree —2 and graded degrees (0, 1) in
terms of the (X, Y)-grading or, equivalently, (1, 2) in terms of the (X~ , ?)-grading.

Below are a couple of examples that are important to us.

Definition 4.4.9 (2-periodizing an object) For C € Vect®X-8"Y -Mod ~ Vect® ¥8'¥ -Mod and ¢ € C, the
corresponding 2-periodized object c2P¢" € 2P is defined to be Q[B, B~ '|®c.

Definition 4.4.10 (2-periodized Hilbert schemes) Let G2 act on A? by scaling the coordinate axes X
and y with weights (1, 0) and (0, 2), respectively (in the (f , ?)-grading). This induces an action of G2
on Hilb,, := Hilb, (A?) for any n. The 2-periodized category of quasicoherent sheaves on Hilb,, is defined
to be

QCoh(Hilb, /G2)*P" := Qy[B. B7']-Mod(QCoh(Hilb, /G2)),

where B lives in cohomological degree —2 and bigraded degrees (1, 2). Taking the compact objects, we
define!”’
Perf (Hilb, /G2)%P" := (Qq[B, B~ ']-Mod(QCoh(Hilby, /G )))Pe".

The full subcategories QCoh(Hilb, /<Grr2n)2|4|'i':’ber _ /g2 and Perf(Hilb, /Gr%w)ﬁiﬁfr _ /g2 are defined analo-

gously (see also Section 4.2.9).

Definition 4.4.11 (2-periodized bigraded chain complexes) We define
Vects' %872 :— Q [, B ]-Mod® £ &7,
17Note that since the Hilbert scheme is smooth, we could replace Perf by Coh.
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where B lives in cohomological degree —2 and bigraded degrees (1, 2). The full subcategory spanned by
compact objects is defined analogously and is denoted by

Vects/ £ &7 27e0¢ = Q[, B - Mode" £ 577 Per
More generally, for any algebra B € Alg(Vect® %-87), we let
B-Mod®" S 7 274 .= [, B~ |-Mod(B-Mod®' ¥ &77),
and similarly for the full subcategory spanned by the compact objects

B-Mod®" %8729 Pl .= Q8. ' Mod(B-Mod¥' ¥ &'7 )Per.

4.4.12 Shearing in terms of X R f-grading Let € € Vect®X8'Y -Mod =~ Vect® X°8'¥ -Mod. Then, unless
otherwise specified, all shears are considered to be with respect to the Y-grading. For example, the action
of Vect® %-8'¥ on = C is given by

Qek) g ®Qe(l) § K> Qq(2k —1)x RQq(k)y B> c(2k —1)x (k) y[2Kk].

Here c(m)y denotes the result obtained by Q (m)x acting on ¢ (and similarly for ¢(m)y). Moreover,
the square bracket denotes cohomological shift, which appears here due to the shear.

By Remark 4.3.17, = € is equipped with a natural action of Vect8 %:8'7-2P¢" (see Definition 4.4.11).

4.4.13 The Hilbert scheme of points and graded unipotent character sheaves The relation between
Hilbert schemes of points and graded unipotent character sheaves can now be deduced in a straightforward
way from the discussion above.

We start with a 2-periodized form of Proposition 4.2.7:

Lemma 4.4.14 We have the equivalences of Vect8 87> P _module categories

QCoh(Hilby /G2)*P*" ~ BE-ModS #8727 and  QCoh(Hilb, /G2)ZE" =~ %gf-Modii’,ff’?’z'per,

and similarly for the full subcategories of perfect complexes.

Proof The second equivalence follows from the first. The first follows from applying the 2-periodization
construction 2-per described in Section 4.4.8 to Proposition 4.2.7. |

Theorem 4.4.15 When G = GL,,, we have the equivalence of Vect® % -8'¥-2"P*_module categories

r,ren r rys2-per wper ‘
7 Chig®"" o BE-Mod i &7 255 QCoh(Hilby /G L),

2-per,c

and similarly, we have the small variant, which is an equivalence of Vect8 X-8'y> -module categories,

r 5 ,8r,2-per \Jy2-per
= Chi® ~ BE-Mo dﬁll’p{gY P, Perf(Hilby /G2 )i .
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Proof The second statement follows from the first one by taking the full subcategories spanned by
compact objects. For the first one, we have
= ~pugrren = gX \ T grx gry.2-per— & g 81y »2-per
Chg ~ (Bn—Modn”pz) ~ B%r—Modn”pj ~ B%r—Modn”pE
~ QCoh(Hilb, /G2)iife: .
where

e the first equivalence is due to Proposition 4.1.11 (after adding a sheared action of Vect8'Y),
¢ the second equivalence is due to Corollary 4.4.5,
e the third equivalence is by definition (see also Section 4.4.8),

¢ and finally, the last equivalence is due to Lemma 4.4.14. |

4.5 Matching objects

Let T denote the tautological bundle over Hilb,. By abuse of notation, we will use the same symbol
to denote its equivariant version, ie a vector bundle of rank 7 over Hilb, /G2. We will now match its
exterior powers /\*T under the equivalences of categories stated in Proposition 4.2.7 and Lemma 4.4.14.
This subsection is merely a recollection of the results proved in [35], stated in our notation.

4.5.1 Exterior powers of the permutation representation Let
T € By-Mod® %87 ~ QCoh(A%"/(S, x G2))
denote the tensor of the structure sheaf with the permutation representation. More explicitly,
T :=Qy[X.7]® P € B,-Mods' T &7,
where P € Rep S;, is the permutation representation. More geometrically, if we let
P A /(SuxGl) — B(Sy xGP),

then T := p*(P), where P € QCoh(B(S, x G2)) is the permutation of S, put in bigraded degrees (0, 0)
and cohomological degree 0. More generally, we have A\*T ~ p* (/\“P).

We have the following elementary lemma:
Lemma 4.5.2 For any 0 < o < n, we have a natural isomorphism of S;-representations
Indgzxsn_a (signg W trivy—g) ~ NA* P,

where sign,, is the sign representation of Sy and triv,—y is the 1-dimensional trivial representation
of S;—q.

Proof Letvy,..., v, be the natural basis of P as the permutation representation of S,, and v a basis of
sign, X triv,—q. We have a natural morphism between (Sq xS, —q)-representations

signg M trivy—g — A*P, V>V A Ag.
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Since vy A--- A vy generates /\* P as a representation of S,, we obtain a surjective map
S . . o
Indg” s, (Signg R trive—g) — /A" P.

Comparing the dimensions, we see that this must be an isomorphism. |

4.5.3 Wedges of the tautological bundle and wedges of the permutation representation We will
now match the wedges on both sides.

Theorem 4.5.4 [35, Theorem 3.9] Under the equivalence of categories stated in Proposition 4.2.7,
N*T € B,-Mod® %-8F ~ QCoh(A2"/(S, x G2)) corresponds to A*T € QCoh(Hilb, /G2).

Proof This is [35, Theorem 3.9] in the case where the line bundle involved is just the structure sheaf.
Lemma 4.5.2 allows us to match the wedges A\ 7" with the W% (—) construction in [35, Definition 3.4]. O

4.5.5 2-periodization We will need the 2-periodized version of Theorem 4.5.4 below.

Corollary 4.5.6 Under the equivalence of categories stated in Lemma 4.4.14,

(N*T)*P*" € B,-Mod® %:7:2P¢ ~ QCoh(A%"/(S, x G2))>P*"

2-per

corresponds to (/\*T)
2-periodizing an object (see Definition 4.4.9).

€ QCoh(Hilby, /Gr2n)2—per. Here the superscript 2-per denotes the procedure of

Proof This follows from 2-periodizing Theorem 4.5.4. |

5 HOMFLY-PT homology via Hilbert schemes of points on C?

We will now use the results above to obtain a proof of a version of a conjecture of Gorsky, Negut, and
Rasmussen [29] which predicts a remarkable way to realize HOMFLY-PT homology as the cohomology
of a certain coherent sheaf on the Hilbert scheme of points on C2. The precise version of the conjecture
that we prove appeared as [28, Conjecture 7.2] with some modifications emphasized in Remark 1.5.12.
In particular, we will prove parts (a), (b), and (c) of [28, Conjecture 7.2].

Below, in Section 5.1, we use weight structures to describe a general mechanism to turn a cohomological
grading into a formal grading and interpret the construction of the HOMFLY-PT homology theory in these
terms (this is what happens with the a-degree). It is followed by Section 5.2, where we describe how
HOMFLY-PT can be obtained from the categorical trace of H$ . In Section 5.3, we explicitly compute all
the functors involved in the factorization of HOMFLY-PT homology through the categorical trace of H'
in terms of the explicit description of the category of the latter, which was obtained in Theorem 3.3.4. In
Section 5.4, transporting these computations to the Hilbert scheme side using Koszul duality and Krug’s
result (which are encapsulated in Section 4), we arrive at Theorem 5.4.6 (part (a) of [28, Conjecture 7.2])
which associates to each braid B on n strands a (2-periodic) coherent sheaf Fg on Hilb, whose global
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sections (after being tensored by the dual of various exterior powers of the tautological bundle) recover
the HOMFLY-PT homology of the link associated by . Finally, in Sections 5.5 and 5.6 we study the
actions of symmetric functions on HOMFLY-PT homology and the support of Fg on Hilb, in relation
to the number of connected components the braid closure of § has. These appear as Theorems 5.5.1
and 5.6.4, which are parts (b) and (c) of [28, Conjecture 7.2].

5.1 Restricting to and extending from the weight heart

Let Rg € Ch? (SBimj,) be the Rouquier complex associated to a braid §. Recall that the HOMFLY-PT
homology of the associated braid closure of § is obtained by taking Hochschild homology termwise and
then taking the cohomology of the resulting complexes. The final answer thus has three gradings: internal
grading, complex grading (from Ch?(SBim,)), and the Hochschild grading. From the point of view of
homological algebra, this is quite unusual: one does not normally apply a derived functor termwise to a
complex.

There have been many interpretations of this construction, for example, [13; 57; 59]. In this subsection,
we offer a general paradigm to understand this type of construction using weight structures and then
apply it to the case of HOMFLY-PT homology. This allows one to see more clearly what is happening
conceptually, especially on the Koszul dual side, which will be discussed in Section 5.4 below.

As we will use weight structures in a crucial way, the reader might find it beneficial to take a quick look
at [31, Section 3.1] for a quick review of the theory.

5.1.1 Extending from the weight heart One salient feature of the theory of weights is that given an
idempotent complete stable co-category C with a bounded weight structure, the category € along with the
weight structure can be reconstructed from its weight heart €“» 18 In a precise sense, € is the free stable
oo-category generated by its weight heart. Namely, € ~ (€V»)fin where for any additive category A,
Afin is the stabilization of the sifted-completion of A (see [22] for more details). We note that the (—)fin
procedure generalizes the construction Chb (—) in the following sense: if A is a classical additive category,
then Afi" ~ Chb(A).

Lemma 5.1.2 Let C and D be idempotent complete stable co-categories such that C is equipped with a
bounded weight structure. Then restricting along t: €“» — € gives an equivalence of categories

(5.1.3) Fun®™(C, D) £ Fun®d (% D),

where Fun® denotes the category of exact functors (ie those that preserve all finite (co)limits) and Fu nadd
denotes the category of additive functors (ie those that preserve all finite direct sums).

18 A DG-structure is not necessary for this discussion in this subsection. However, the reader should feel free to replace all
occurrences of stable co-categories with DG-categories if they prefer.
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Proof This is essentially [56, Proposition 3.3, part 2] (but see also [22, Theorem 2.2.9] for a variant).
We will thus only indicate the main steps.

We will first show the equivalence of categories
(5.1.4) Fun®™(C, Ind(D)) > Fun®¥ (€% | Ind(D)),

where Ind(D) is the Ind-completion of D. Here ¢' admits a left adjoint ¢ given by left Kan extending
along ¢. Since left Kan extending along a fully faithful embedding is fully faithful, ¢, is fully faithful. It
remains to show that (' is also fully faithful. Namely, we want to show that the natural map ti' F — F is
an equivalence for any F' € Fun®(C, D).

Since ‘11! F ~ (' F by full faithfulness of 11, we see that ;1! F(c) ~ F(c) for all ¢ € €¥» . But since both
sides of L!L!F — F preserve all finite (co)limits and since € is generated by €% under finite (co)limits,
we are done.

To obtain (5.1.3) from (5.1.4) we only need to show that ! and 1y restrict to the corresponding full
subcategories on both sides. But this is immediate using the fact that C is generated by €“» under finite
(co)limits. O

We will also need the following result, which is a consequence of the lemma above:

Corollary 5.1.5 [22, Theorem 2.2.9] Let € and D be idempotent complete stable oco-categories such
that both @ and D are each equipped with a bounded weight structure. Then restricting along t: €% — @
gives an equivalence of categories

Funex,w—eX(e’ D) L) Funadd (e@w ’ 'Dow),

where w-ex denotes weight exactness, ie we consider the category of exact functors which send weight
heart to weight heart.

Consequently, when D%v is classical, we have the following equivalences:

Fun®®-¢X(@, D) ~ Fun®¥(€%  DVw) ~ Fun®*(he¥w D) ~ Fun®™¥-X(Ch® (h€Y), D).
5.1.6 Turning cohomological grading into a formal grading In situations where D also has a ¢-
structure, the procedure of restricting and extending along ¥ <> € also allows one to create an extra

grading. Indeed, let € and D be as in Lemma 5.1.2 and F': € — D be an exact functor. Suppose that D is
equipped with a 7-structure. Then we obtain a functor

F
H* (Fleou): €% Z120, p B, 1y00sr,

where DV€" is the category of Z-graded objects in D% . Applying the (—)f construction and using
Corollary 5.1.5, we obtain a functor

F:€— (DVre)fin o Chb (DVrer) — chb (D )e,
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where the equivalence is due to the fact that DV1&" is classical, ie it does not have negative Exts. In fact,
since DV¢+#" is classical, C¥» — DV factors through €”» — h€“» and hence F factors as follows:

e F » Chb(DOn)er

(5.1.7) N /F

Ch? (hEOw)

Here hC¥» is the homotopy category of ¥, obtained from €“» by killing negative Exts,'® and wt
denotes the weight complex functor (see [31, Remark 3.1.12] for a quick review). Note that h€“w is
always a classical category whereas C¥» might have nontrivial co-categorical structures. Moreover, F is
given by applying H*(F) termwise.

5.1.8 When €% is already classical, ie €¥» ~ hC%», the weight complex functor is an equivalence of
categories

wt: € = Chb (%),
Under this identification, the functor F is identified with F, which is given by applying H*(F) termwise
to the chain complexes in CV».

5.1.9 The category D that is of interest to us is D >~ Vect®". Given an exact functor F': C — Vect®, the
construction above thus produces a functor F: € = Vectt"& whose target is the DG-category of chain
complexes in doubly graded vector spaces. We can take cohomology another time and obtain triply graded
vector spaces. As we will soon see, further specializing to the case where € = HE ~ Ch® (HE"Vv) ~
Ch?(SBim,,) and F is the functor of taking Hochschild homology, we recover the usual construction of
the triply graded HOMFLY-PT homology theory.

5.1.10 The last observation is a tautology, but a powerful one when combined with Lemma 5.1.2 which
allows one to compare functors by restricting to the weight heart of the source. This point of view is
especially useful when the weight structure is not evident, as is the case on the Hilbert scheme side.
Indeed, as we shall see below, Lemma 5.1.2 allows us to identify HH, and the functor corepresented by
the o™ exterior of the tautological bundle on the Hilbert scheme.

5.2 HOMFLY-PT homology via Tr(H%)

We will now describe how HOMFLY-PT homology can be obtained from Tr(H5') =~ Ch®". Everything in
this subsection has essentially been proved in [59], but in different language: they use the chromatographic
complex construction (which is not known to be functorial) of which the weight complex functor is a
functorial upgrade. See also [54, Section 6.4] for a presentation that is closer to ours (but still does not
use weight structures).

19For an additive co-category A, the homotopy category hA of A is obtained from A by taking 1 of the Hom spaces. This

is not to be confused with the homotopy category Kb (B):=h Ch® (B) of bounded chain complexes of a (classical) additive
category B, which is also sometimes referred to as, somewhat confusingly, the homotopy category of B.
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5.2.1 A geometric interpretation of HOMFLY-PT homology We start with a formulation of HOMFLY-
PT homology in terms of graded sheaves on BB xgg BB = B\ G/ B. Consider the commutative diagram

BB xgg BB +2— G/B —1 G/G 5 pt

I= I=
BB x BB +~— BB

where the square is Cartesian. We have the following functor:

C:(BB,-)

(5.22) HH: HE =~ Shvy, (BB x G BB) % Shvg, (BB x BB) £ Shvy, . (BB) Vect®' .

Applying the construction in Section 5.1.6, we obtain a functor
HH: HE" — Vect®"&" .
Taking cohomology one more time, we get
HHH := H*(HH): HE — VectVr-gnener,
the category of triply graded vector spaces.

Lemma 5.2.3 Let Rg € H% be associated to a braid 8. Then up to a change of grading (to be discussed
in Section 5.2.4 below), H* (I?H(R ) is the triply graded HOMFLY-PT link homology of f3.

Proof (sketch) This is the main theorem of [59], phrased in our language. See also [54, Section 6.4] for
a presentation that is closer to ours. We will thus only indicate the main steps here.

The construction in Section 5.1.6 amounts to saying that I-TI:I(R p) is obtained by applying p* . termwise
to Rg € Hy ~ Chb(Hir’O“’). By [31, Proposition 4.3.5], Shvg (BB x BB) (resp. Shvg, (BB)) corre-
sponds to the category of (perfect complexes of) graded bimodules (resp. modules) over C;‘r(BB) -~
C¥(BT) ~ Sym(V[-2]), where V is the graded vector space of dimension # living in graded degree 2
and cohomological degree 0 (see also Section 4.1.4). Moreover, by [31, Section 4.3.4], pulling back along
p: BB — BB x BB corresponds to taking Hochschild homology. Finally, by [31, (4.4.4)], n*|H§l,,@w is
identified with the forgetful functor from Soergel bimodules to bimodules over C§ (BB) ~ C§ (BT). O

5.2.4 Gradings We let Q' and A’ denote the two formal gradings on Vect®"8" (the target of the
functor ﬁﬁ) and 7' the cohomological grading. To keep track of these gradings, we will from now on
adopt the notation Vect®'0"-6"4" rather than simply Vect®"®" as above. We use [1]g’, (1) 4/, and {n}7 to
denote the grading shifts.

The relations between the Q’, A’, and T’ gradings and the Q, A, and T of [28] are as follows (written
multiplicatively):

Q'=4710, A =4 T =T.
Note, however, that [28] uses Hochschild cohomology rather than homology to define the HOMFLY-PT
link homology. Thus, for the unknot we get (1+Q"?4’)/(1—Q"?4"?) = (1+ 0?4~ 1)/(1— 0?) whereas
they get (1 + 0724)/(1 - 0?).
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We also use the ¢, ¢, and a gradings, where
q — Q2 — Q/ZA/Z’ a= Q2A_1 — Q/ZA/, t = T2Q-2 — T/zQ/_ZA/_z.

In terms of ¢, a, and ¢, the unknot gives (1 +a)/(1 —gq).

5.2.5 OnH§, Chg® =~ A,-Mode™Pf and A,-Mod&"<" there are two grading shift operators for each
n € 7, the cohomological shift [#] and the grading shift (n), and both are compatible with the various
functors between these categories. In terms of the grading convention of Section 4.4, this formal grading
is the X -grading over there.

5.2.6 Unwinding the construction, we see that the functor HH relates the grading shift operators on H%'
and those on Vect80'+84" as follows:2?

[n] > Anjpr, (n) > [nlar(n) o i=niTr,  [n](n) v> [nle(n) g

Remark 5.2.7 The difference between Q’, A’, T' and Q, A, T comes from the fact that the identification
H5 :=Shvg.c(B\G/B) ~ Ch? (SBim,,) involves a shear. More concretely, objects in H5 are most naturally
viewed as graded Cg,(BB)-bimodules, where the generators of C3, (BB) =~ C5 (BT) =~ Sym V[-2] live
in graded (resp. cohomological) degree 2 (resp. 2). On the other hand, the generators of the polynomial
ring used to define Soergel bimodules are, by convention, put in graded (resp. cohomological) degrees 2
(resp. 0). See [31, Section 4] for a more in-depth discussion.

5.2.8 HOMFLY-PT homology via truncated categorical trace By smooth base change, we see that
the functor HH of (5.2.2) admits an alternative construction
* ~a C*(G/G,—
HH: HE" ~ Shvg, o (BB x g BB) 2> Shvgc (%) 9220, Shyy, o (g) SGIGD ooy,
which is the same as
5.2.9 . 8er tr g ~ C u,gr C;(G/Gs_) gr
(5.2.9) HH: HE = Tr(HE) ~ Chg® < Shvg (G/G) —— Vect®'.
Since the functor tr: Hy — Ch® is weight exact, it commutes with the weight complex functors. Thus,
to construct HH from HH, we can apply the construction from Section 5.1.6 to the last step of (5.2.9). As
a result, we obtain the factorization of HH
oy

/\

HE —_— Chggr — Vect8' o’ 874/
(5.2.10) lwt

Ch? (h ChiE~ )

T

20The first and last are easiest to see from the definition, from which the middle one could be deduced. Alternatively, the middle
one can also be seen by looking at the weight complex functor.
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where I is obtained by applying the construction from Section 5.1.6 to the functor C;‘r(G/ G,—)and T is
the induced functor; see (5.1.7). The category Ch?(h Chggr’o"’) (resp. h Chggr’o“’) can be thought of as a
truncation of Chggr (resp. Ch*€~“w) which justifies the name truncated trace. It is also referred to as
the underived trace and is denoted by Tro(H%) in [27].

5.3 Explicit computation of functors

In what follows, we will compute the functors I', T, and wt in (5.2.9) explicitly in terms of the identification
ChgE ~ Qqlx. 819 Q¢[Sn]-Mod®"Pe" = A, -Mod8"Pe'"

of Theorem 3.3.4. In particular, we apply Lemma 5.1.2 to deduce a corepresentability statement similar to
the main result of [13; 57].2! Moreover, our computation identifies the weight complex functor wt with
the functor of restricting to the nilpotent cone, explaining conceptually why the latter appears in [57]; see
Section 5.3.5.

u,gr

G
of the functor wt appearing in (5.2.10) in terms of modules over A,. Consider the functor

5.3.1 Identifying the weight complex functor wt for Ch We will now give a concrete interpretation

invg := Sym” VV[1]®invg: A,-Mod®-Pef — A,-Mod8&"-Pe,
where invg is defined in Section 4.1 and where we define
An = Qq[x]®Q¢[Sn] > Sym Vi [-2] 9 Q([Sx].
See also Section 4.1.4 for the definitions of V' and A,.

Note that invg is originally defined on A,-Mod&"°". So strictly speaking, in the above, we restrict this
functor to the full subcategory of perfect complexes. It is easy to see that ifrT\J/g is given precisely by
applying ifrT\//Znh followed by the functor of forgetting the action by the variables y.

The goal now is to identify wt: Ch® — Ch®(h Chggr’ow) with invg.

5.3.2 By Lemma 2.9.5, we see that in type 4, Ch® =~ A,-Mod&"P" is equipped with a weight structure
whose weight heart is spanned under finite direct sums of direct summands of Sprér [k]{k) (for all k € Z),
which corresponds to A,[k](k) (for all k € Z) under this equivalence of categories. Here [k] and (k)
denote cohomological and grading shifts, respectively.

A similar statement is true for A,-Mods"Perf,

Lemma 5.3.3 The category A,-Mod8"P*f has a natural weight structure whose weight heart is spanned
by finite direct sums of direct summands of A,[k](k) for all k € Z.

21t is in fact possible to reprove the corepresentability statement of [13] using the computation presented here. The details will
appear in a forthcoming paper.
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Moreover, the weight heart A,-Mod&Pe"-Pw js classical, and hence the weight complex functor induces
an equivalence of categories

wt: A,-Modghperf =, ch? (f[n_Modgr,perf,Ow)‘

Proof It is easy to see that the direct summands of A,[k](k) generate the category under finite
(co)limits. Moreover, as there are no positive Exts between them, the weight structure is obtained
by invoking [15, Theorem 4.3.2.11]. The second part follows by observing that there are no negative Exts
between these objects either; see also [31, Section 3.1.9]. O

We are now ready to identify wt and iF\?g.

Proposition 5.3.4 The functor invg induces an equivalence of categories invy as given in the following
commutative diagram:

invg

An_Modgr,perf N ﬁn_Modgr,perf

Ch® (hA,-Modser-perf-Ou)

Proof The computation in Section 4.1.8 shows that i’rT\//g (A,) ~ A, and hence ﬁ/@ is weight exact. By
Corollary 5.1.5, i?\?g fits into the following commutative diagram:

inve

An-Moderperf 0 A, Modseert

[ -}

Chb(h.An—MOdgr’perf’Ow) ﬂ) Chb (ﬁn_Modgr,perf,@w)
It remains to show that invg is an equivalence of categories.

The diagram above is determined by the following commutative diagram involving the weight hearts:

~Quw
Ay _Modgr,perf,Ow mv—9> ‘Zln _Modgr,perf,(?w

—w

hAn_Modgr,perf,Ow nvg s ﬁn_Modgr,perf,ow

By Corollary 5.1.5, it suffices to show that Wgw is an equivalence of categories. But this is clear since
both
iHomAn_ModgnperﬁOw (An, Anlk](k)) — Homhﬂn_Modgr»Perﬂ@w (woAn, moAnlk](k))
and
fHornAn_|\/|oc|gnpe'fﬁ7w (An, Anlkl{k)) — }Comﬁn_Modgr»Perf»@w ("Zln» Jc_[n [k](k))

realize the right side by killing off 8 from the left side. |
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5.3.5 Restricting to the nilpotent cone The discussion above has a geometric interpretation in terms
of character sheaves and sheaves on the nilpotent cone of G. It gives an explanation for why the nilpotent
cone should appear at all in [57]. The materials presented here are of independent interest and are not
needed anywhere else in the paper; we include them here mostly for the sake of completeness. The reader
should feel free to skip to Section 5.3.11.

Let N denote the nilpotent cone of the group G = GL,, equipped with the conjugation action of G. Let
in: N < G denote the closed embedding. Then we have the following functor:

i5: Chg® — Shvgr «(N/G).
We let S_pr%;r =1y Sprgr denote the (graded) Springer sheaf.
The starting point is the following formality result of Rider, which was formulated in different language:
Theorem 5.3.6 [53, Theorem 7.9] The functor fHomgLv o /G)(S_prgGr, —) induces an equivalence of
gr.c
Vect®"€ -categories
Shvg,.c(N/G) ~ End® (Sprgg)-Mode"Perf ~ A, -Mode"Pet .
The next input is a theorem of Trinh which compares the graded derived endomorphism rings of Sprér
and Sprg::
Theorem 5.3.7 [57, Theorem 1] The morphism of algebras
End®" (Spr&) — End& (L% Spré) ~ End&" (Spr;)

identifies with the natural quotient A, — f_ln.
The following is thus a direct consequence of the two theorems above and Theorem 3.3.4:

Corollary 5.3.8 We have a commutative diagram

CheE — 2 Shyg, «(N/G)

gr gr —r
g‘fomchggr (Sprg; ,—)l/: :l/?(omg:wgr’c N/G) (Sprg,—)

inveg

Ap-Moderpert 0, 7, Modsr-pert

5.3.9 The category Shvg (N/G) has a natural weight structure whose weight heart is spanned by
finite direct sums of summands of S_prg[k](k), k € 7. This corresponds to the natural weight structure
on A,-Mode"Pef which is spanned by finite direct sums of summands of A,[k](k) for k € Z. Since
Li(Sprg ) ~ S_prgGr, L) is weight exact (as can also be seen at the level of ifrT\ng).
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Proposition 5.3.10 We have a commutative diagram

ChiE I > Shg.c(N/G)

Ch? (h ChiEO»)

where all functors are weight-exact.
Proof This follows from Corollary 5.3.8 and the identification of wt with ifn\\//g in Proposition 5.3.4. O

In [59], the HOMFLY-PT homology groups are given via the chromatographic complex construction, which
is a triangulated (as opposed to DG) version of the weight complex functor; see also [31, Remark 3.1.12].
In [57], the HOMFLY-PT homology construction is then proved to factor through the nilpotent cone.
Proposition 5.3.10 above puts these two results into context by identifying the weight complex functor
itself and the functor ¢ of restricting to the nilpotent cone, explaining why the nilpotent cone appears.
Moreover, the equivalence h Chggr’ow ~ Shvg.(N/G)P» formulates precisely the sense in which
Shvgr,c(N/G) is the truncated trace of Hj , as was speculated in [57].

5.3.11 Identifying the functor I We will now compute I appearing in (5.2.10) more explicitly: we
decompose it into a direct sum (according to the a-degrees) of corepresentable functors. In other words,
the o' piece captures the part of I that is o away from being pure.
For each integer «, consider

Go: 7 — 12
such that
We define the associated functors iy, (g : Vect®" — Vect®'0-8'4" given by ¢g, « and ¢s, both followed
by a cohomological shear to the left whose amount is given by the X-degree. More precisely, for
(Vx)xez € Vect® (note that T is the cohomological degree of Vect89':8"4’ see Section 5.2.4),
VxiXir if (Q', A") = ga(X),
0 otherwise,
VX{X}T’ if (Q/’ A,) = QO(X),
0 otherwise.

lo((Vx)xez) o, ar = {

((Vx)xez) o, a0 = {

Note that the shear to the left by X is there to account for the fact that something in graded degree X and
cohomological degree X in Vect®' is sent to something of cohomological degree 0 when we apply the
construction in Section 5.1.6 to turn a cohomological grading to a formal grading.

Proposition 5.3.12 The functor I : A,-Mod&"Pef — Vect8"0":8"4" breaks up into a finite direct sum
T @hond | e POTlx].-))
o
where P € Rep S;, is the permutation representation.
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Proof By Lemma 5.1.2, T is determined by its restriction to the source’s weight heart,

T : A, -Mod&Perf:Quw s VectVr 870/ 84" s \ectso/ e’
This functor, in turn, is determined by its action on A,. Under the equivalence of categories in
Theorem 3.3.4, the constant sheaf corresponds to Q[x, 8], from which we obtain the natural equivalence

IO (Ay) ~ T(An) ~ P 1o (A" P& Qqlx])

o

~ Pia(Fomd | perow (N POQelx]. Qelx]®Ql[Snl))

o
~ @ o (ﬂiomi{n_Modghperf’ow (NP Qelx], f_ln)),
o

where we have implicitly picked an isomorphism of S,-representations P ~ PV. Moreover, the factor
(2a, @) in @ is to account for the degrees of § in A, which are not there anymore in A* P: these are
precisely the (Q’, A’)-degrees of homogeneous wedges of 6 of order «. Thus we have an equivalence of
functors

T 7 0 -1 5 f9 5 )
[Ow ~ @ o (f]-fomJg{n_Modgnperf!@w (/\aP ® Qylx], —)) : Ap-Mod8"Pe" Ow s VectVr-gronera
o

But now, the second functor has an extension to the whole of A,-Mod&"P"f which is given by

@ ly (j'fomir Modénrer (/\a P® @g [x], —)) : f_l,,—Modgr’pe”c — Vect8'o/-8M4"
o

The proof thus concludes by Lemma 5.1.2. |

Definition 5.3.13 We define
T, = fHomi{n_Modghperf (@g[)_(]@ NP, —) - A,-Mod®&Pef s Vect®
I, :=T,owt~T,o0 ifn\\l/g : Ap-Mod8"Pef 5 Vect®",
I-TI:Ia =Ty otr: H" — Vect®".
Here wt is the weight complex functor of Ch®" =~ A,-Mod&"Pe", which is identified with invg by
Proposition 5.3.4.

As a direct consequence of the direct sum decomposition of T in Proposition 5.3.12, we get the following
direct sum decompositions of I" and HH:

Corollary 5.3.14 We have the following equivalences of functors:
f:@faofa, FZEBZaOFa and Hﬁ:@zao%.
o o o

5.3.15 Gradings By construction, for any integer «, i, sends a graded vector space of graded degree X
and cohomological degree C to an object of (Q’, A’, T')-degree (X + 2a, X + a,C — X). Written
multiplicatively (see also Section 5.2.4), this object has degree

Q/X+2(XA/X+0[T/C—X — Q/Z(MA/O[ Q/XA/XT/C—X — aa QXTC—X
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In other words, the target of 7y has a-degree «. Consequently, iy, © Ty, iy Ty, and Iy o I:I\HO, all land in the
a-degree o part. This justifies the notation given in Definition 5.3.13: Ty, Ty, and HH, are the a-degree
o parts of I, T, and HH, respectively.

Observe that the factor (2, ) in @4 is responsible precisely for the a-degree. In what follows, we will

treat each a-degree separately, and for each a-degree we will ignore the a-factor and consider only the
(Q, T)-degrees. Proposition 5.3.12 thus has the following reformulation:

Corollary 5.3.16 The a-degree o part T, of T is given by j{omi{n-modgnperf (/\“P ® Qy[x]. —) € Vect®',

where the degree (X, C) corresponds to (X, C — X) in the (Q, T')-grading. Here X is the graded degree
and C is the cohomological degree in Vect®'.

5.3.17 Identifying the functor I' Our goal is now to show an analog of Corollary 5.3.16 for the
functor I" appearing in (5.2.10). We already saw in Corollary 5.3.14 above that I" is decomposed into a
direct sum of ¢, 0 I},. We will now show that the I}, are corepresentable, except that now, the corepresenting
objects live in A,-Mod&"" C A,,-Mod®" ~ Ind(A,-Mod&"Pef). In other words, they are corepresented

by ind-objects (which happen to be coherent)!
Recall the functor
trivg := Sym” V[—1]®trivg : A,-Mod&"Pe — A,-Mode" ",

where trivg sends a perfect A, complex to a coherent object where § act by 0. This functor has a partially
defined right adjoint

nve := Sym" VV[1]@invg: A,-Mod®Pert > A, -Mod8"Per,

where A,-Mod&"P"f is naturally a full subcategory of A,-Mod®&"". This pair of partial adjoints comes
from the standard adjunction pair trivg - invg between the Ind-completed categories A,-Mod&" =
Ind(A,-Mod®"Pef) and Ind(A,-Mode" "),

Remark 5.3.18 (abuse of notation) In what follows, we will abuse notation and implicitly view objects
of A,-Modse"Pe'f as living in A,-Mod&" " whenever necessary. For example, when ¢ € A,-Modg""
and p € Ay-Mod8" P, we write

gr R gr
i]-Comﬂ'n_,\/lodgr.coh (C, p) T g{omAn_Modgr.coh (C, Lperf;)Cth)’

where (perfescoh: Anp-Mode™Perf <5 A _Mod8&<°" is the natural inclusion.
In view of Corollaries 5.3.14 and 5.3.16, we have the following analog of Proposition 5.3.12 for I":

Proposition 5.3.19 The a-degree « part I, of T is given by

Iy >~ Hom® ercon (NP ®Sym™ V[-1]® Qg[x], —): Ap-Mod&Pef s Vect®,

Apn-Mod
where the degree (X, C) in Vect®" corresponds to (X, C — X)) in the (Q, T')-grading. Here X is the graded
degree and C is the cohomological degree in Vect®'.
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Proof Using the adjunction t?i(/g — ifrT\J/g discussed above, for any M € A,-Mod&"Pf, we have

FOC (M) = g_{:omi{n_Modgr,perf (/\O[P ®@€[3_C]’ rrT\;QM) = g-comi{n_Modgr,coh (/\a P ®{|’\|-\I/0 (@[[)_C]), M)
o Hom® 1 reon (NP ®Sym” V[=1]®@Qq[x]. M). O

We are now ready to state the main theorem of this subsection, which is a direct consequence of the
results proved so far.

Theorem 5.3.20 The a-degree  part HHy of HH is given by

Afly ~3tom® | (N POQ L], iivg tr() = Fom® (A P@Sym" V[~ 110 Lx], tr(-))

as functors H§ — Vect®, where the degree (X, C) corresponds to (X, C — X) in the (Q, T')-grading,
where X is the graded degree and C is the cohomological degree in Vect®'.

Proof This follows directly from the computation of I}, in Proposition 5.3.19 and the fact that HHy =
[, otr (see Definition 5.3.13 and Corollary 5.3.14). O

Example 5.3.21 The a-degree o part of the HOMFLY-PT link homology of the unlink of » components
is given by

FHom® e (N POQu[], invg tr(1) = Hom® | (A P@Sym™ VI-1]@ Qlx], tr(1)),

where 1 is the monoidal unit of H§' and where the Q and T gradings are given as in Theorem 5.3.20.
Now, recall that ifE\ng tr(1) ~ A,. The computation in the proof of Proposition 5.3.12 then shows that the
left-hand side of the equivalence above is simply A* P ® Q[x]. The associated three-variable polynomial

() ze) = (5) = ()

a=0

is thus

5.4 HOMFLY-PT homology via Hilb(C?)

We will now finally establish the realization of HOMFLY-PT homology via Hilbert schemes of points
on C2. The main point is to transport Theorem 5.3.20 to the Hilbert scheme side via Koszul duality and
the result of Krug as encapsulated in Section 4.

5.4.1 Koszul duality We will now reformulate Theorem 5.3.20 using Koszul duality, which is an
equivalence of categories (4.1.7). We start with the following matching of objects:

Lemma 5.4.2 Under the equivalence of categories (4.1.7), we have the following matching of objects:
ivg" (A P@Sym" VI-1]@Qelx]) = A* P@Qylx. y] = A" P@Sym(Vx[-2]® V') € By-Mode"P="
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Proof Directly from the construction (see also Section 4.1.5), we have

invg"™ (Qelx]) ~ Qg[x. y].
Thus,
invg" (@elx]) := Sym” VV[1]@invg™ (@[x]) = Sym”" V¥ [1]@Qy[x. y]

Since all functors involved are linear over Q[S,]-Mod®&"P*f, we get

i’ﬁxg"h(/\“P®sym” V[-11@ Q¢lx]) ~ A" P@®Qqlx. y] € By-Mod&Pe" | o

Corollary 5.4.3 The a-degree o part HHe of HH is given by the cohomology of
. = ~enh
HHy (Rp) >~ .‘J—fomggrn_,vlodgnperf (/\aP ® Qq[x, y], invg' (tr(Rﬁ))) € Vect?,

where the degree (X, C) corresponds to (X, C — X) in the (Q, T')-grading. Here X is the graded degree
and C is the cohomological degree in Vect®'.

Proof This is simply Theorem 5.3.20 transported to B,-Mod®"P*f using the equivalence of categories
(4.1.7) and the matching of objects done in Lemma 5.4.2. |

5.4.4 HOMFLY-PT homology via 2-periodized Hilbert schemes We will now relate HOMFLY-PT
homology and 2-periodized Hilbert schemes of points. Since there are now multiple gradings, we will
include them in the notation. Recall that on the B,-Mod&"P¢"" side, there are two sets of gradings: (X, Y)
and (X~ , 17). Here X is the original grading coming from graded sheaves whereas Y is the extra grading
(to be “canceled out” by 2-periodization). Moreover, the (X~ , ?)—grading is related to the (X, Y)-grading
via a simple change of coordinates; see Sections 4.4.1 and 4.4.6.

Definition 5.4.5 We define
(1;2-per r ey —1 r r r ry ,2-per r & ,gre,2-per
HH, "t HE — Q[B. B~ [-Mod®™X 8"Y —: Vect8 X -E8TY>TPEr— ~ \/ect8 X 877> PC

by Q/[B, B7']® HH,, where B lives in cohomological degree —2 and (X, Y')-degree (0, 1), and where
HHy is viewed as a complex with two formal gradings by setting the Y-degree to 0 while keeping
the X -degree the same. See also Section 4.4.8 for the various definitions and grading conventions for

2-periodization.

We note that HH H, 2Per and HHg contain the same amount of information. The introduction of 2-periodization
allows us to introduce a formal grading Y that is twice the cohomological degree. For example, the
= [ part of HO(HH2 per

multlphcatlve notation) if we use C to denote the cohomological degree. All the cohomology groups of
T 2- per

(—)) is precisely HZI(Fma(—)). In this precise sense, we have Y = C? (in

HHg can then be recovered by looking only at H® and H! of HH,,
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Theorem 5.4.6 [28, Conjecture 7.2(a)] We have the equivalence of functors from Hy' — Vect8' -8 2-Per

s grg 8y 2-per _per ;~—enh -per
HH,, PEr ~ J-Compe);(Hi’lfbn /G%)Q,pe,((/\a‘:r) Per 2P (invg (tr(—))2 P )),

where T is the tautological bundle on Hilb,. The (X.Y) -grading matches with the (q, t)-grading as
follows: X = q and Y = \/i. Moreover, the cohomological degree C on the right corresponds to \/qt.

Note also that for any R € HY', \If2‘per(ifr7\//2nh(tr(R))2‘pe') € Perf(Hilb, /G2, ﬁi?t:f ie it is supported along

the x-axis.
In particular, for any Rg € HY associated to a braid f, there exists a natural

Fpg 1= WP (invg " (tr(Rp))* ) € Perf(Hilb, /G2 )ﬁ,,ﬁ’;j
such that the a-degree o« component of the HOMFLY-PT homology of B is given by

gry.8ry o -2-per
Hompeﬁ(mﬁn /GR)>Per (/\ g ’SFB)-

Proof For any R € HE', we have the natural equivalences

2 per

(R) := Q[B. B~ 1® AHu (R)
~ QlB, B 1@HomE™ e (N POy, yl.invg" (tr(R)))
~ HomEXEY ey (NP @QLx, yL,invg " (tr(R)))

r rs 2- ——enh
~ j{om%; g dgr 2 per,perf ((/\a T) per ( en (tr(R)))2 per)
r g8y 2-per h
~ g_comlgDei(f(i”bn /G%)z_per((/\a ) pe 1112 per(mven (tr(R))2 per))

where the first follows from Corollary 5.4.3, the second from Lemma 4.4.2, the third from Corollary 4.4.5,
and the last from Theorem 4.4.15 and Corollary 4.5.6. Note that as before, we implicitly passed from
(X, Y)-grading to ()?, ?)—grading.

For the matching of gradings, observe that Xkyl = x2kykx—1 — xy2k-Ic2k corresponds to
Q2k—lT2k—2k+l — Q2k lTl Q2kQ lTl =q (\/_)l

in the (g, t)-degree. In other words, (A7 , ?)—grading corresponds to (¢, +/7)-grading precisely. Moreover,
cohomological degree 1, which is C, corresponds to

T=007'T=qt. O

Remark 5.4.7 When decategorified, a term in cohomological degree 1 of I:|\I/-I§['per contributes a factor
of —./qt. The sign is there because of the odd cohomological degree.
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Example 5.4.8 We now rephrase Example 5.3.21 in terms of 2-periodic complexes. By Definition 5.4.5,
the a-degree a part of the 2-periodized HOMFLY-PT homology is given by

~~—2_per — _ —
HH, ™" = Q¢[B. 7' 1@ \" P @ Qy[x].
Since there’s no odd cohomological degree, the associated polynomial is extracted from
~ 0 —
HO(HH, ™) ~ A" P@Qq[Bx].

where B8x has cohomological degree 0 and (X, Y)-degree (2, 1), or equivalently (f , ?)—degree (1,0),
which is the same as (g, t)-degree (1, 0). The associated polynomial is thus

(2 () - ()

5.5 Matching the actions of Q[x]*"

In [28, Section 5.1], an action of the variables x (or equivalently, X, depending on whether we are working
with the sheared or the 2-periodized version) on HHH is constructed. In particular, symmetric functions
on x (or equivalently, X) also act. On the other hand, by construction, the geometric realization of HR>P
via Hilbert schemes in Theorem 5.4.6 automatically equips it with an action of Q[%, i/]S" = HO(Hilb,, ).

In particular, it admits an action of Q[¥]" C Q[X, i/]S".

This subsection is dedicated to showing the following result, whose proof will conclude in Section 5.5.16:
Theorem 5.5.1 (part of [28, Conjecture 7.2(b)]) The two actions above coincide.

The proof is a simple matter of chasing through the construction. To keep the main ideas evident, we
will elide the difference between sheared and 2-periodic versions. For example, we will pass seamlessly
between x, y and X, J.

The argument can be most conceptually and conveniently phrased in terms of module categories. For
example, instead of saying that a (graded) commutative ring R acts on objects of a (Vect®-module)
category C, we formulate everything in terms of the symmetric monoidal category O = R-Mod (or
O = R-Mod®#") acting on C itself. Then the core of the argument revolves around observing that all
functors involved are linear over O.

5.5.2 Module categories and actions of a commutative ring We start with some generalities regarding
module categories and actions of commutative rings.

Let O and O’ be compactly generated rigid symmetric monoidal categories equipped with a symmetric
monoidal functor F: O — O’ and a right adjoint G, which is necessarily right-lax symmetric monoidal.
The symmetric monoidal functor F equips O" with the structure of an O-module category. F can thus
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be written as ' = — @ lp. The functor G can thus be written as G =~ ﬂ{omg,(lo/, —), where the
superscript O in Hom denotes the O-enriched Hom. See [31, Appendix A.2.6] for a quick review on
enriched Hom-spaces.

Lemma 5.5.3 Let O and O’ be as above, and C an O'-module category. Then, for any cy,c, € C,
ﬂ{omg(cl , C2) has a natural Endg/(lo/)-module structure. Moreover, this module structure is compatible
with
(i) O’-linear functors: if F: € — D is a morphism of O’-module categories, then J-Comg(cl ,C2) —
J—Com%(F(cl), F(cy)) is a morphism of modules over Endg,(lo/);
(ii) the restriction of structure via a symmetric monoidal functor F': O" — O”: if the O'-module
structure on C comes from restricting an O” -module structure, then the Endg/(lo/)—module struc-

ture on %omg(cl , C2) 1Is obtained by restriction of scalars along the commutative algebra map
Endd (o) — Endd (1o7).

Proof We have fHomg (c1,c2) € O, and thus it naturally has a module structure over 1. Since G is
right-lax symmetric monoidal, G f}{omg (c1, ¢») has a natural module structure over G(1¢7) >~ Endg/(lo/).
But, by adjunction, G J—Comgl (c1,02) J—Comg(cl ,C2) and we are done.

The second part regarding various compatibilities is an easy diagram chase. O
Lemma 5.5.4 Let O, O/, and C be as above. Then for any c there is a natural map of algebra objects in O
@c: Endg,(lo/) — Endg(c).

Moreover, this map is compatible with O’-linear functors and with restriction of structure via a symmetric

monoidal functor O’ — O”.

Proof 8nd8/ (¢) is an algebra object in ©’, and hence it receives a natural algebra map from 1¢/ since
1¢ is the initial algebra object. Applying G to this map, we obtain the desire map of algebras in O.
The second part follows from Lemma 5.5.3. |

Remark 5.5.5 In the case where O = Vect (resp. O = Vect®"), Lemma 5.5.4 states that any object ¢ € C
admits a natural action (resp. a graded action) of Endy/(1¢/) (resp. Snd(g(_)r/(lo/)).

Corollary 5.5.6 Let O, O, and C be as above. Then for any ¢y, ¢, € C the action of 8nd8/(lor) on
J—Comg(cl , ¢2) factors through Sndg(cl)re" and Endg(cz). Here the superscript rev denotes the reverse
multiplication.

Proof Since 1¢ is the initial algebra object in ', the action of 1¢/ on fHomg/ (c1, ¢p) factors through
the natural actions of Endgl(cl)'e" and Endg/(cz). Applying G, we obtain the desired conclusion. |

In what follows, we will apply the statements above to the case where O’ = R-Mod®" for some commutative
ring R and O = Vect®". Moreover, F is the functor of taking free R-modules and G is the forgetful functor.
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Remark 5.5.7 In the situations that we are interested in, the functor F' and all the actions (in various
module category structures) are compact preserving. Note, however, that G does not preserve compactness.
Thus, when working with the small full subcategory spanned by compact objects, Lemmas 5.5.3 and 5.5.4
and Corollary 5.5.6 still apply, except that the enriched Homs are not necessarily compact.

5.5.8 The action of @g [x]on HHH We will now recast the action of Q[x] on HHH as described in
[28, Section 5.1] in the categorical language above. To start, observe that Hf =~ Shv,, (BB xgg BB)
has an action of Shvg, (BB x BB) =~ Q/[x]®2-Mode"Pef where the two factors act on the left and the
right, respectively. The usual action of Q[x]®? on any R € H' (ie any Soergel bimodule) can thus be
recovered from Lemma 5.5.3. Note also that the commutative diagram

BB xpg BB —— BB

| |

BB — BG

implies that the induced actions of Shvg, (BG) ~ C;‘r(BG)—Modg“pe”c ~ Q[x]%-Mode"Pe" via these
two actions (on the left and right) agree. In particular, the two actions of C;r(B G) on any R € HY obtained
from restricting the two actions of C;‘r(BB) along C;‘r(BG) — C;‘r(BB) agree; see also [28, Lemma 5.1].

5.5.9 Reducing to the weight heart By construction HHH is obtained by applying Hochschild homology
termwise (via the weight complex functor) to an element R € H$'. This was formulated geometrically in
Section 5.2.1. Since all the categorical actions are weight exact, for the purpose of describing the action
of Q¢[x] on HHH, we can assume that R € H,g{’ow and forget about the weight complex functor. The
action of Q[x] ~ C;r(BB) on HHH(R) can thus be obtained by applying Lemma 5.5.3 where O = Vect®',
O" = Shvg, (BB)™", C = Shvg, (G/B)™", ¢y = Qq,G/B. and c; = p* R. Indeed, this is because HHH(R)
is given by (the cohomology of)

Co (BB, mxp*R) ~ ﬂ{oméngr'c(G/B)(@g,G/B, P*R).

5.5.10 The action of Q, [x]5" on HHH WEe can restrict the action of Q[x] on HHH to Q[x]3" € Qg[x]
and obtain an action of Qg[x]%, which is the action described in [28]. We will now realize this action
more geometrically. We start with the following result:

Lemma 5.5.11 For R € Hy"¥" the action of Qq[x]>" = C%,(BG) on
HHH(R) = H*(ﬂ{omgngnc(G y B)(@g, P*R))

is given by the Shvg, (B G)-module structure on Shvg, (G/B) via Lemma 5.5.3, where the former acts
via pulling back along G/B — BB — BG.
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Proof By definition, the C3 (BG)-action is given by restricting along C3 (BG) — Cg (BB). The
result thus follows by applying Lemma 5.5.3(ii) to the case where O = Vect®, O’ = Shvg, (BG)™",
0" = Shvg,(BB)™", € = Shvg(G/B)™", ¢; = Qq.g/p, and ¢; is p*R. o

Lemma 5.5.12 For R € H‘,g,r’O“’, the action of C;(B G) on HHH(R) described above agrees with the one
coming from the Shvg, (B G)-module structure on Shvg, (G/G) via Lemma 5.5.3 and the equivalence

HHH(R) = H* (fHOmShV (G/G)(QK,G/G’C]*P*R)) = H*(%Omirhggr(@é,G/Gvtr(R)))-

Proof Consider the (non-Cartesian) commutative square

/\

BB XBG BB
BG

where p and ¢ form the horocycle correspondence. Note that p* and ¢g* are Shvg, (BG)-linear. By
rigidity of Shvg, . (BG), px and g« are also Shvg, (B G)-linear. But now, we have a natural equivalence

Shvg (BG)™" Shvg,(BG)

Hom MShvg (G/B)ren(QZ P*R) ~ Mshy,, (G/B)ren(q QZ P*R)

Shvg (BG)™"

~ Homgne (o oy (@4 0™ R) € Shvgee () < Shuge (2)

The proof concludes by applying CHomgng“c(G /G) (Qg, —) as in Lemma 5.5.3 and using Lemma 5.5.11. O

The action above has a more explicit description in terms of Theorem 3.3.4. We start with the following
result:

Lemma 5.5.13 We have an equivalence of Qg[x]%*-Mod#"P*"f-module categories (or equivalently, of
Shvgr,c (BG)-module categories)

Homg e (Sprg;, —): Chg™ = = Qqlx. 019 Q¢[Sn]-Mod&"Pe
where the Shvy, (B G)-module structure on the left-hand side is inherited from the embedding Ch ; e
Shvg,(G/G) and where the Cgr(BG) Modg"Pe"-module structure on the right-hand side comes from the

natural morphism of algebras

(5514 Q" = CL(BG) = ndf,  (36)(@0) > EndE, e (Spré)) = Qelx. 68 Q4[S]

given by Lemma 5.5.4. Moreover, this morphism of algebra is the obvious one, given by the embedding
of symmetric polynomials on x to all polynomials.
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Proof Instead of running the proof of Theorem 3.3.4 relatively over Vect®', we could have run it relatively
over Shvg, (BG)™". Then we obtain an equivalence of Shvg, (BG)™"-module categories (or equivalently,
of Q[x]%"-module categories)

Chg®""™" = Qylx. 0]® Q¢[Sn]-Mod(Shvg (BG)™™") ~ Qg[x. 8] ® Qy[Sn]-Mod(Q¢[x]*-Mod),

where the category on the right-hand side is formed using the natural morphism of algebras (5.5.14), by
Corollary 5.5.6. Note also that the equivalence of categories in Theorem 3.3.4 is obtained by further
composing with the forgetful functor

QeLx. 012 Qe[Sn]-Mod(Shvg (BG)™) ~ Qy[ix. 0] 9 Q[Sn]-Mod(Q[x]*"-Mod)
I, Qelx. 019 Qy[Snl-Mod (Vect®') = Qylix. 0] Qg[S]-Mod®" .

Now, observe that the forgetful functor is in fact an equivalence of categories. The proof of the first part
thus concludes.

We will compute the morphism (5.5.14) explicitly, as stated in the last sentence of the lemma. Consider
the following (non-Cartesian) commutative diagram:

B/B —15 G/G

I I

BB —% 3 BG

Now, applying Lemma 5.5.4 and the fact that Sprgr ~ ¢+Qy, we see that the natural algebra morphism

Car(BG) = &ndg, 5y Q) > Endgy  6/6,(SPrE)
factors as

C’gkr(BG) S C (BB) —— &nd® hvg L(B/B)(Qe) — &nd hv ((G/G)(SprG)
| | | |
QuxPPr —— Qulx] ————— Qq[x. 0] ——————— Qqlx, 0] Q¢[Sx]

where the maps in the bottom row are the obvious ones. The commutativity of the third square is due to
Theorem 3.2.1(iii). The commutativity of the other two squares is obvious. The desired statement then
follows from the commutativity of the outer square in the diagram above. O

We obtain the following refinement of Theorem 4.4.15:

Corollary 5.5.15 We have an equivalence of Q[X]5"-Mod8' % -&"7-2-Per-Perf_module categories

=>Chu ,8r ~ .Bgr Mo di:'l);:gl’}’az per lIIZ per QCOh(HIIbn /GZ)IQ_'ITI:’;%’

where the Q[x]%"-Mod®&" % -&7-2-Per-Perf_module category structure on the first two (resp. last) categories
(resp. category) is given by Lemma 5.5.13 (resp. by the Hilbert-Chow map and forgetting the y-variables).

Similarly, we have the corresponding statement for the small category variant by passing to the full
subcategories of compact objects.
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Proof Lemma 5.5.13 above, combined with Koszul duality, implies that we have an equivalence of
Q[X]3"-Mod® % -&r7-2Per-perf_module categories

gr ,8r,2-per
7 ChigE™" = BY-Mod o E TP

where on the right, the module structure is induced by the algebra map
Qe[EP" — Q(I%, 1" — QulX, 719 Qe[Sn] =: B,
which is geometrically realized as coming from the natural morphism
A2"/S, — A S, — A" //S,.

The commutative diagram (4.2.2) implies that W2P*" s linear over Q[X, j}]S” Mod® 8772 (see also
[35, Remark 3.11]), where the Qg[X, 7]3"-Mod® %:8"#:2P¢"_module category structure is given by the
Hilbert-Chow morphism Hilb, — AZ"//S,,. In particular, W2-P*" is linear over Q[¥]>"-Mod8' % -&"7>2-Per,
Thus we obtain an equivalence of Q[X]37-Mod®& % :8"#:2P¢"_module categories

BE-Modp 7% L%, QCoh(Hilby /G2 )iher .- O
5.5.16 Completing the proof of Theorem 5.5.1 InLemma 5.5.12, we show that the action of Q[x]%" on
HHH as given in [28] comes from the Shvg, (B G)-module category structure on Ch®". In Lemma 5.5.13,
we show that this module category structure is induced by an explicit map of algebras, which is then used
in Corollary 5.5.15 to show that this module structure is compatible with the one on the Hilbert scheme
side, where the structure is induced by the Hilbert—-Chow morphism. But now, this structure is responsible
for the geometric construction of the action of Q;[x]%" on HHH and the proof concludes. a

5.6 The support of Fg on Hilb,

We will now show that for a braid B, the support of Fg on Hilby,, where Fyg is as in Theorem 5.4.6, can
be bounded above using the number of components of the link associated to 8. This is the content of
[28, Conjecture 7.2(b) and (c)]. Unlike what is implied over there, however, we do not deduce this as a
consequence of Theorem 5.5.1. The obstacle is that Theorem 5.5.1 is a statement about global sections of
a sheaf, whereas the statement we are after is one about the support before taking global sections, which
is more local in nature. The route we take is thus via the theory of supports as developed in [3; 10], which
is inherently local.

As in the previous subsection, to keep the exposition light, we will elide the difference between the
2-periodic and sheared versions of the various categories involved, passing seamlessly between, for
instance, x, y and X, J.

5.6.1 Subspaces of Hilb, and supports of g We start with some notation regarding various subspaces
of Hilb, which will appear as supports of Fg.
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Definition 5.6.2 (i) For € Br, a braid on n strands, we define wg € Sy to be the corresponding
permutation.

(ii) For each w € S,, we let A2" C A2" denote the closed subscheme of A2” defined by the relations
w y
Xi = Xy, Where Xy, ..., Xn, X}, ..., X, are the coordinates of the A2n 22

(iii) We let A? = Aﬁ,” x 2n A" be the closed subscheme of the diagonal A”, where A" — A2" is
the diagonal map. Alternatively, if we let the x; denote the coordinates of the diagonal A", then A7, is
defined by the relations x; = xy,(;).

(iv) For each w € S,, we let w denote its conjugacy class, (A%)/S, € A" /S, the image of Aj, in
A" Sy, and A% C A" the preimage of (A7) /S, in A”. In other words, A7 is the orbit of A7 under the
S» action and A’ /S, its GIT quotient.

(v) For each w € Sy, we let Hilb, i € Hilb, denote the preimage of A%//Sn under Hilb,, — AZ”//S,, —
A" /S, where the first map is the Hilbert-Chow map and the second mayp is the projection onto the first
factor.

(vi) For each w € S,, we let Hilb, 5 i be the closed subscheme of Hilby, fitting in the Cartesian square

Hilb, 5.5 — Hilb, x —— Hilb,

| | |

AL Sy —— A")S, —— A*/S,

where the bottom right horizontal map is induced by A” >~ A” x {0} — A?". Equivalently, Hilby, x5 =
Hilb,, x N Hilb, .

Note that all of these subschemes are stable under the scaling action of G,. It thus makes sense to talk
about G,-equivariant (quasi)coherent sheaves on these spaces.

Remark 5.6.3 Since these schemes are used for the sole purpose of making statements about set-
theoretical supports of (quasi)coherent sheaves, any possible nonreduced or derived structure is not
relevant to us. For definiteness, we take the underlying reduced classical schemes if any nonreduced or
derived structure is present.

With the definitions in place, we are now ready to state the main result of this subsection, whose proof
will conclude in Section 5.6.12 below.

Theorem 5.6.4 [28, Conjecture 7.2(b) and (c)] Let B be a braid on n strands and wg € Sy, the associated

permutation. Then Fg € Perf(Hilb, / Gr%])aiﬁf; . (see Theorem 5.4.6) is set-theoretically supported on

Hilby, 5,3, ie Fp € Perf(Hilb, /G2)ihe" y

22Note that A%U” has dimension #; the superscript is simply to indicate that it is a closed subscheme of A 2",
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5.6.5 Support in DG-categories As in Section 5.5, the proof is most conceptually explained in terms
of module category structures. These structures are naturally in contact with support conditions in the
sense of Arinkin and Gaitsgory in [3].

More precisely, let O = A-Mod&"P"f be a symmetric monoidal category where A is a graded commutative
(DG) algebra and € an O-module category. Consider the commutative algebra A = P, H2"(A) which is
doubly graded. Equivalently, Spec A is equipped with an action of G2. Then, for any G2 -invariant closed
subset Y of Spec 4, [3] defines the full subcategory Cy of C consisting of objects supported along Y.

The algebras A in our cases are of the forms C’g"r(BB X BB) ~ Qg[x, x'], C’g"r(BB) ~ Qg[x], and
C;(BG) ~ Qg[x]%, which are pure and concentrate in only even degrees. The two G, actions thus
coincide, and moreover the algebra A is simply a shear of A. We can therefore ignore one of the gradings
and the closed subsets Y we will consider are simply G,-invariant closed subsets of A2”, A" and A" /S,,.
These are precisely the ones that appear in Definition 5.6.2.

Remark 5.6.6 Since these are the only cases that we are interested in, we will assume that all of our
commutative graded DG-algebras A used to study supports are pure and concentrated in even degrees.

Remark 5.6.7 Strictly speaking, [3] works with big categories whereas we formulate everything using
small categories. This is not a problem, however, since all of our categories are compactly generated and
all actions are compact preserving. Alternatively, we could formulate everything using big categories by
working with, for example, H; """ and Shv,, (BG)™", etc. We chose not to do so since, for example, Hy
is a much more familiar object than H5"™".

5.6.8 Supports of Rouquier complexes We will now formulate the support conditions satisfied by
Rouquier complexes. Recall that for a braid 8 on 7 strands, we use Rg € H};' to denote the associated
Rouquier complex. As seen above, Hy := Shvg, (BB xpg BB) has a natural module category structure
over Shvg, (BB x BB) =~ Qq[x, x']-Mod#"Pef_ By [3, Section 3.5 and E.3.2], it makes sense to talk about
the support of any element in HE' relative to Qg[x, x']-Mod&"Pe"f. More precisely, given any conical closed
subset Y C A2" (with respect to the usual scaling action of G,), we can talk about the full subcategory

r r r 0 r,perf r
(H}g1 )Y ~ H& ®Shvg,!c(BBXBB) Sthr,c (BB X BB)Y ~ He ®@EB’§/]_Modgr~Peere[)_ﬂ)_C/]'MOde et e H;g1
of objects supported on Y.

The main computational input is the following result:

Proposition 5.6.9 Let 8 € Br, be a braid on n strands. Then Rg € HE' is supported on Azw”ﬁ with respect
to the action of Shvg, (BB x BB) on HY'.

Proof This is essentially [28, Theorem 5.2] but formulated in a more “local” way. For the sake of
completeness, let us also sketch a more geometric proof, which follows the usual strategy. Namely, we
decompose B into a product of simple crossings.
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We thus start with the case of a single simple crossing ;. Then wg, is a simple permutation. Consider
the stack B\ Bwg, B/ B. Observe that

Cor(B\Bwg, B/ B) =~ Qq[x, X/ (xk — Xuy. ()
and hence, _
Shvgr.c(B\Bwg, B/ B) = Q[x, x'l/ (X — Xuy, k))-Mod®"-Pe'".

Consequently, any object in Shvg, (B\ Bwg, B/ B) is supported on Alzl,';_ , relative to
C}.(BB) ® C}, (BB)-Mod®"P*"" ~ Shv,, (BB x BB).
Now, let juy, : B\Bwg, B/B — B\G/B. Then by rigidity of Shvg, (BB x BB),
Jwg, % Jwg, 1 Shvgr,c(B\Bwg, B/B) — Shvg, (B\G/B)

are linear over Shv,, (BB x BB), and hence they both preserve supports. In particular, the Rouquier
complexes Rpg, and Rg—1 are both supported on Aﬁj’;. .

For a general braid 8, we write 8 = B ... B;u. Then Rpg is obtained using the usual convolution diagram
for Hecke categories. The proof concludes by applying [3, Proposition 3.5.9] to the convolution diagram
realizing Rg as a product of Rg,. |

5.6.10 The support of tr(Rg) The rest of the proof of Theorem 5.6.4 is straightforward and follows
essentially the same strategy as the one used in Section 5.5. Namely, it amounts to transporting the
support condition on Rg established in Proposition 5.6.9 around to Chggr and then to Hilb,,. We will now
consider the first part.

Corollary 5.6.11 Let Rg be the Rouquier complex associated to a braid 8. Then the support of
tr(Rpg) € Ch®', relative to Shvg, . (BG) =~ Qg[x]"-Mod&"P*""  Jies inside A% //S,.

Proof Recall that tr = ¢, p*, where p and ¢ are given in the following diagram:
BB xpg BB +2— G/B -1 G/G

! I

BB x BB < BB > BG
Applying [3, Proposition 3.5.9] and the fact that supports are preserved under functors compatible

with module category structures, we see that p* Rg has support in A} 5= Aﬁ)’; X p2n A" relative to
Shvgr,c(BB), as a consequence of Proposition 5.6.9. Applying [3, Proposition 3.5.9] again, we see that
P* R has support A%ﬁ /S relative to Shvg, . (BG). Now, the proof concludes by using the fact that ¢
is Shvgy ¢ (BG)-linear. |

5.6.12 Completing the proof of Theorem 5.6.4 First, recall that in geometric settings, ie when all
categories involved are QCoh of Artin stacks of finite type and module category structures are given by
pulling back along morphisms of stacks, categorical support in the sense above agrees with the usual
notion of set-theoretic support. Thus it suffices to show that the sheaf Fg is supported on A%B /Sy relative
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to A" /S, Indeed, this is equivalent to stating that Fg is set-theoretically supported on Hilb, 5 C Hilby,
and hence also on Hilb, 3 i = Hilb, 5z N Hilb, i since Fg is known to have support on Hilb, 3 by
Theorem 5.4.6 already.

But now, by Corollary 5.5.15 and, again, the fact that supports are preserved by functors that are
compatible with the module category structures, this support condition is equivalent to the one proved in
Corollary 5.6.11 above. |
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Asymptotically Calabi metrics and weak Fano manifolds

HANS-JOACHIM HEIN
SONG SUN
JEFFREY VIACLOVSKY
RUOBING ZHANG

We show that any asymptotically Calabi manifold which is Calabi—Yau can be compactified complex
analytically to a weak Fano manifold. Furthermore, the Calabi—Yau structure arises from a generalized
Tian—Yau construction on the compactification, and we prove a strong uniqueness theorem. We also give
an application of this result to the surface case.

53C21, 53C25, 53C55; 14132, 14J45

1 Introduction

This paper is concerned with the Tian—Yau construction [35] of complete Ricci-flat Kédhler metrics on the
complement of a smooth anticanonical divisor in a smooth Fano manifold. We begin by describing their

geometry at infinity.

1.1 Asymptotically Calabi metrics

We begin by defining the asymptotic models for the metrics constructed in [35]. Let D be an (n—1)-
dimensional compact Kihler manifold with trivial canonical bundle and let L — D be an ample line
bundle. Define

(1-1) deg(L) = / e (L),
D
and fix a nowhere vanishing holomorphic (n—1)-form Qp on D satisfying
(1-2) : f (V=D""VQp AQp = (mey (L)
D

Using Yau’s resolution [37] of the Calabi conjecture, there exists a unique Ricci-flat Kédhler metric
wp € 2mcy (L) with

(1-3) ol = LD Qp A Qp.

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
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There exists a unique hermitian metric /# on L whose curvature form is —v/—lwp, up to scaling. Fixing
a choice of &, the Calabi model space is the subset € of L consisting of all elements & with 0 < |£|;, < 1.
We next define a nowhere vanishing holomorphic volume form ¢ and a Ricci-flat Kidhler metric wq
which is incomplete as |£|; — 1 and complete as |£], — 0. Let p: € — D denote the bundle projection and
Z be the holomorphic vector field generating the natural C*-action on the fibers of p. The holomorphic
volume form €2 is uniquely determined by the equation

(1-4) Z_| qu:p*QD,

and the metric w is given by the Calabi ansatz

(1-5) w¢ = i -V/=193(~log ) DI,
n

which satisfies the complex Monge—Ampere equation
ot = L(V=1)"" Q¢ A Qe,

hence is Ricci-flat. The function z = (—log |¢| fl)l/ " is the w¢-moment map for the natural S!-action
on L. It is easily verified that the w¢-distance function r to a fixed point in € satisfies

(1-6) plz0HD/2 = € 4 o(1) as z — oo

We will consider Kédhler manifolds with trivial canonical bundle which will be denoted by (X, I, w, ),
where X is a smooth manifold of real dimension 2n, I is a complex structure, w is a Kihler form, and
Q2 is a holomorphic volume form. We say that (X, I, w, Q) is a Calabi-Yau structure if it satisfies the
complex Monge—Ampere equation

(1-7) ol =" L) Qx AQy

for some constant 7 > 0. We are interested in Calabi—Yau structures which are asymptotic to the above
Calabi model spaces. More precisely, we make the following definition.

Definition 1.1 A Calabi—Yau structure (X, Iy, wy, Qx) is asymptotically Calabi if there exists § > 0,
a Calabi model space %6, and a diffeomorphism ®: 6\ K’ — X \ K, where K C X is compact and
K ={ltp = %} such that for all k& € Ny, the following hold uniformly as z — +o0:

_sn/2
(1-8) [VE (@* Iy — I¢)|g, = O™,

_sn/2
(1-9) IVE (@*Qx — Qo)lg, = 075",

_sn/2
(1-10) IVE (@*0x —w¢)lg, = 0(75").

Remark 1.2 The decay assumption on the error terms is the natural one since harmonic functions on the
Calabi model space have this type of decay; see [19; 32].

Our main theorem is the following.

Geometry & Topology, Volume 29 (2025)
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Theorem 1.3 Any Calabi—Yau structure (X, I, w, 2) which is asymptotically Calabi can be compactified
complex analytically to a weak Fano manifold X . Furthermore, the Calabi—Yau structure arises from a
generalized Tian—Yau construction on X and w is the unique Calabi—Yau metric with respect to (I, Q)
satisfying (1-10) and representing [w] € H?(X).

The above theorem solves a particular case of Yau’s conjecture in [38]. We give a precise description
of this generalized Tian—Yau construction in Section 2. The main step in the proof is to show that for
a certain choice of a parallel complex structure 7, the underlying complex manifold of an Calabi—Yau
asymptotically Calabi metric can be compactified to a weak Fano manifold. This involves producing
holomorphic functions with controlled growth at infinity, which is typically done using weighted Fredholm
theory. This strategy runs into trouble due to the fact that, in the Tian—Yau construction, the decay rate of
the metric is much slower than the decay rate of the complex structure. To overcome this difficulty, our
strategy is based on the L2-estimates in several complex variables pioneered by Hérmander [21]. The
proof of Theorem 1.3 can be found in Section 2. We also have the following corollary. Recall the index
of X is the largest integer k such that K;l = H* for some line bundle H.

Corollary 1.4 Let (X", I, w, 2) be a Calabi-Yau structure which is asymptotically Calabi. Then 1 (X)
is a cyclic group with order the index of X . Furthermore, there exists a constant C(n), depending only
upon n, such that deg(L) < C(n).

This degree bound is remarkable because in Definition 1.1, deg(L) could a priori be any integer, but if
% occurs at infinity for a Calabi—Yau asymptotically Calabi metric, then deg(L) must be bounded. The
proof of this degree bound uses Theorem 1.3 and deep results in birational geometry.

1.2 The surface case

A gravitational instanton is by definition a complete noncompact hyperkihler 4-manifold (X, g, @) with
square-integrable curvature. By the results of the recent paper by Sun and Zhang [33], a gravitational
instanton is always asymptotic to a model end. Accordingly, gravitational instantons can be classified
into 6 families: ALE, ALF, ALG, ALH, ALG*, ALH*. There has been extensive work, much of it quite
recent, on classifying the 6 families completely; see Chen and Chen [3; 2; 4], Chen and Viaclovsky [5],
Kronheimer [25] and Minerbe [27]. The results in this paper are relevant to the ALH* family. This
has the unique intriguing feature that its members have fractional asymptotic volume growth; indeed,
the volume growth exponent of an ALH* model end is %. Gravitational instantons of type ALH* also
appear as singularity models in polarized degenerations of K3 surfaces; see Hein, Sun, Viaclovsky and
Zhang [19] and Sun and Zhang [31]. Their precise definition can be found in Section 3.

There are two known mathematical constructions of ALH* gravitational instantons. Both of them come
with a preferred choice of complex structure, and are based on solving a complex Monge—Ampere equation
on a quasiprojective surface with trivial canonical bundle. First, we have the Tian—Yau construction [35],
which involves the complement of a smooth anticanonical divisor in a del Pezzo surface. Second, we

Geometry & Topology, Volume 29 (2025)
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have the construction of Hein [18], which involves the complement of a singular fiber of Kodaira type I
in a rational elliptic surface. Our next theorem relates the complex structures involved in these two
constructions.

Theorem 1.5 Let (X, g, w) be an ALH* gravitational instanton.

(1) Letting I denote the complex structure corresponding to w1, then (X, I') is biholomorphic to weak
del Pezzo surface X minus a smooth anticanonical elliptic curve. Furthermore, the hyperkihler
structure arises from a generalized Tian—Yau construction on this compactification and is the
unique Calabi—Yau metric with respect to (I, Q = w» + +/—1ws) satisfying (1-10) and representing
[w1] € H*(X).

(i1) Letting J denote the complex structure corresponding to I, then (X, J) compactifies to a rational
elliptic surface S with a global section by adding F', a Kodaira type 1, fiber of multiplicity 1. The
2-form Q = w, + ~/—1 w3 is a rational 2-form on S with a simple pole along F.

The proof of Theorem 1.5 will be given in Section 3 and is our originally intended proof of some claims
made in [19, Remark 2.4]. The main ingredients in the proof are Theorem 1.3, the decay estimates of
[19, Section 3], and the analysis of harmonic functions on asymptotically Calabi spaces of [19, Section 4].
We also note that in the meantime Collins, Jacob and Lin [8, Theorem 1.3] have proved, using an entirely
different method, that a Tian—Yau space can be compactified to a rational elliptic surface.

Acknowledgements The authors thank Gao Chen for valuable discussions on gravitational instantons.
Hein was supported by NSF grant DMS-1745517 and by the DFG under Germany’s Excellence Strategy
EXC 2044-390685587 Mathematics Miinster: Dynamics-Geometry-Structure as well as by the CRC 1442
Geometry: deformations and rigidity of the DFG. Sun was supported by the Simons Collaboration on
Special holonomy in geometry, analysis and physics (#488633), and NSF grant DMS-2004261. Viaclovsky
was partially supported by NSF grants DMS-1811096 and DMS-2105478. Zhang was partially supported
by NSF grants DMS-1906265 and DMS-2304818. Finally, the authors thank the referee for their careful
reading of the paper, and for their questions and comments which improved the exposition of the paper.

2 Compactification to weak Fano manifold

In this section, we give the proof of Theorem 1.3. Let (X, I, w, 2) be a complete Calabi—Yau manifold
that is asymptotically Calabi. We identify X \ K smoothly with a Calabi model space 6 \ K’, where
K’ = {z < zy} for some zg > 0, and assume that (1-8)—(1-10) are satisfied. Let ¢p9 = z" — §z"2 for
some § € (0, %) to be chosen later. Then
@2-1) ddépo = —dJq dpo = —d ((nz""" — 1nsz"/271) Jy dz)

= d((n - %I’ICSZ_”/Z)G)

= (n—4n8z7"2) d0 + §(4n)*z7"/>"V dz n 0,
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where 6 = —z""1 Jodz. Note also that

(2-2) wp = ~/—100(-log ||£]}) = V/~130(z") = 1n db,
n 1 n
2-3) o= e 2+ 1) e

= —%n d(z"J dz) = %n d(z0)
= In(zd0 +dz n0).
Then for z; > zo,

Q-4)  ddepo =z ((n"2H = Lnsz) d6 + 8(4n)” dz A 6)

=z 7n/2-1 ((nz”/z'H — %n 8z — (n/2)282) do + 8(%11)2(2 df +dz A 9))

> ;n/2-1 %n S,
since %n df = wp is positive definite on D. Let 4 =z — SZ:'/ %, and choose a smooth increasing and
convex function #: R — R such that u(¢) =2A4/3 fort < A/2 and u(t) =t fort = A. Write ¢1 = u o ¢y.
Then

(2-5) ddpy = —dJg d(uo o) = —dJeu' (¢o) do
= —u" (¢o) depo A J¢ Ao + ' (o) dd .

Since the form —dgg A Jedgy is positive semidefinite, we see that ddgg; = 0 for all z > zy and
ddgpr = C8z7 21y for z > z1.

Notice that ¢ can be naturally viewed as a smooth function on X, and it satisfies ddj¢; = P(z)w for a

nonnegative function P(z) with P(z) = C§z~"/2~!

when z is large. In particular, we know that (X, I)
is 1-convex. So, by [13, Section 2], there is a Remmert reduction 7: X — X , Where X is Stein and
Sing(X) is a finite set contained in the region {z < z;}. Then X admits an exhaustion function v/ 7 which
is smooth on X \ Sing(X) and satisfies ddfv ¢ > 0. Denote Yx = 7*V 5. Then ddjyx >0on X \ E,
where E = 77! (Sing(X~)). Choose a cutoff function y on X supported in {z < z; 4+ 1} with x =1 on
{z < z1}. Then let ¢ = exx + ¢ for a fixed 0 < ¢ <« 1. The above calculation shows that ¢ also
satisfies ddj¢ = P(z)w, where P(z) =0 on X, P(z)>0on X \ E, and P(z) = C8z7"271 outside a

compact set.

Any holomorphic section s € H°(D, Lk ) gives rise to a holomorphic function f; on L \ 0z by defining
k

(2-6) J5) = s(w(§))/€%",

where £ € L\ 0z, and w: L — D is the bundle projection. In particular, f; restricts to a holomorphic
function on €. Taking the logarithm of (2-6), and using that z" = —2log |&|;, we see that f; = f;e(k/ 2"
where f; is a function on the unit circle bundle of L.
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n/2

Lemma 2.1 For all [ > 0 and any ¢ > 0, we have |V§<€ Jslge = O(e*/D"+e2""7y 45 7 — 0.

Proof The estimate for / = 0 holds with ¢ = 0, and follows from the previous remarks. Since f; is
holomorphic, it is harmonic. The curvature of the Calabi metric is in particular bounded at infinity; see
[35, Lemma 4.3] and [19, Remark 3.2]. Given p € 46, let B;(p) be a unit ball around p, and B;(p) be a
unit ball in its universal cover. Then standard elliptic estimates for harmonic functions yield that

2-7) IV f5l(p) < IV fillcos, iy < Cill fsllcos, 3y)-

Using (1-6), one can easily check that if |r(¢) —r(p)| < 1, then

(2-8) 2(@)" = 2(p)"| < Cz(p) "=V,

Since (n —1)/2 < n/2, the claim follows. |

Denote by O(X) the space of I-holomorphic functions on X.
Proposition 2.2 There is an injective linear map ¥: @~ H°(D, L*) — 0(X) such that for any
nonzero section s € HO(D, LX), we have that
n__ n/2
(29) [Vipr g (£(5) 0 @ = fo)| g = O(e®/DF =K/,
for all [ = 0 and for some &, > 0 as z — oo.
Proof In the following proof, for simplicity of notation we will omit the diffeomorphism ®. Fix a
cutoff function y on ‘€ which is equal to 1 when z = z; 4+ 1 and vanishes when z < z;. Then for any

s € H(D, L¥), the function x f; naturally extends to a smooth function on X . Notice that for z > zo + 1
we have that

a9 q -~ - n_g,n/2
(2-10) 31 Gl = 191 file = |31 — B¢) f]g < e®/D2"=82""2
Set§ = min(é /(4k), %) in the definition of ¢y above. Then we have that

1 —
2-11) / (1) 2e* dvol, < co.

Notice that X \ £ =~ X \ Sing(z\7 ) admits a complete Kéhler metric; see [29, Proposition 4.1]. Also, by
assumption Ky is trivial, so we can apply the standard L2-estimates for the 5—0perat0r on X \ E —see for
example [11, Chapter VIIL6, Theorem 6.1]— to find a unique solution u to the equation d7u = 97 (x f3)
with

_ . _
(2-12) /X\E u|>e™*¢ dVol, < fX\E PG 107 (xfs)|2e ™% dVol,
such that u is L? orthogonal to ker(d7). Notice that
- = n_ n/2
(2-13) Agu =37 (1 (xf5) = O(*/DF" =D,

Similar to the proof of Lemma 2.1, it follows from local L? elliptic estimates that for all / > 0,

(2-14) |Véu|g — O(e(k/2)zn_82n/z) as = - oo,
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Indeed, by straightforward computations, one can find a C > 0 such that Volg (B (p)) = C 2= =D72 (),
Therefore using (2-8) and (2-12), there exists a uniform constant C > 0 such that for any z(p) > 1,

(2-15) f |u|? dvol, < Cek=()"=8"2(p)"2
B1(p)

where §' > 0 is any smaller number than §. By an obvious volume comparison argument, we obtain
a similar estimate for the lifting of u to By/,(p) in the local universal cover B/l—(;) of B1(p). Since
m) is noncollapsed with bounded curvature, standard elliptic theory applied to the lifting of (2-13)
yields (2-14).

To finish the proof, we let £(s) = x fs — u. This function is holomorphic away from E, so by Hartogs’s
theorem (applied to X) one can see that it is globally holomorphic on X. The conclusion then follows. O

Fix k such that L!|p is very ample for all / = k. Then we have a holomorphic embedding
(2-16) Fi: L —-P(HO(D.L)* @ HO(D.LM)*), (x.8) = (evak /§%% evipyr /E2EHY),

where x € D, £ € Ly andevy j: H °p,LYhy—L! |x is the evaluation map. Alternatively, we can describe
F}, as follows. By assumption, we have the embeddings

(2-17) ipk:D—>PHYD, LK), ijxs1: D —PHO(D, LF)*).

We can view iy« and ijx+1 as mapping into P(H?(D, L¥)* @ HO(D, LK*')*). Then for x € D,
Fi maps the fiber 77 1(x) C L linearly to the line between ir, (mw(p)) and iprk+1(mw(p)), so it is

clearly an embedding. Obviously, Fj (07,) is isomorphic to D and is contained in the linear subspace
P(HO(D, Lk+1)*) c P(HO(D, Lk)* D HO(D, Lk-}—l)*).

Now we define a holomorphic map Gy : X — P(H®(D, LX)* @& HO(D, L*¥+1)*) via

(2-18) PEX > (&Vpk,Vp kt1),

where €V, ; : HO(D, L*) — C is given by eV, k(5) = L(s)(p).

We denote by X the topological compactification of X by adding Fj (D) to the end of Gy (X). This is
justified by the following.

Proposition 2.3 There exists a compact set K C X such that Gy, is a holomorphic embedding on
X \ K with G (X \ K) N Fy(D) = @. Furthermore there is a neighborhood of Fy. (D) in X which is
homeomorphic to a neighborhood of Fi.(0p) in Fj (L).

Proof The key point is that we can compare G with Fj via the fixed embedding of the end of X
into € C L. Given any point g9 € 07 = D, we can find sections o, ...,S,—1 € H°(D, Lk) and
sn € HO(D, LF*1) such that so(q0) # 0, 51(q0) = -+ = sn—1(g0) = 0, ds1(qo). - ... dsu—1(qo) are
linearly independent, and s,(qo) # 0. Then wy = 51 /s for | <k <n—1and w, = s¢/s, form local
holomorphic coordinates in a neighborhood U of g¢ in L. To clarify this definition, note that w, is
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a local section of L™! on D, but by duality we can view such a section as a local function on the
total space of L which is linear on fibers. We therefore can think of wy, ..., w,_; as coordinates on
the divisor, and w, as a fiber coordinate. Denote this coordinate system by w: U — C”. Notice that
|§|2L = |wp|2e~ W1 Wn-1) for a smooth function ¢ satisfying v/—130¢ = wp. The Calabi metric in
the (wy, ..., wy) coordinates is given by

_ dw dw, =
(219)  w = (—log|£l2,)"/"wp + 1/n(—log £}, )/ W—l-( "—W)A(w”—aw)-

Wp n

We define a mapping W from an open subset V C P(H®(D, Lk)* @ HO(D, L¥+1)*) containing F (¢o)
to C" by

(2-20) e (500, 20D, Sl

a(so) " also) " PBlsn)

Then the restriction of W to Image(F}) is a coordinate chart for Image( Fy) near Fj(qo), and Vo Fj, = w
in a neighborhood of gg € 0r. Next, let n; = £(s;j)/<L(so) for 1 < j <n—1, and n, = £(s0)/L(sn),
and we denote this mapping n: ®(U \ 0z) — C” (after possibly shrinking U). Note that for any p in the
domain of n, we have

(2-21) V(Gr(p) = Y([&Vp k- &Vph+1]) = (;ng;; e £V’;iﬁsfl) ))
D, p; n
_ 55(51) 58(50) ) _
= (58(50) (p),...,g(Sn)(P) =n(p).

n/2

By Proposition 2.2, on U \ 07, we have that no ® = w(l + {) with |V£,§|g = 0(e " ) forall1 = 0
for some §’ > 0. In the following, the constant &’ is allowed to change from line to line. Using (2-19), we
have that

(2-22) (M) _ ]In—l + O(Q—S/Zn/z) 0(6_8/an2|wn|_l)

dwg :
0(8—8/2"/2|wn|) e 14 O(e—S’z"/Z)

Thus, the Jacobian matrix (d(n o ®)y/dwp) is nondegenerate for z > 1, which implies that G is an
immersion outside a compact set.

Next, we show that Gy is injective onto its image for z >> 1. Suppose we have two points py, p, € X
with Gi(p1) = Gr(p2), and z(g2) = z(q1) > 1, where ®(q;) = pj. Let drs denote the Fubini—
Study distance on P(H%(D, L** @ HO(D, LKt1)*). We claim that there exists ¢ > 0 such that
drs(Fi.(q), G (P(q))) < e if g € L is sufficiently near D. To see this, using the formula

(Z. W)

(2-23) dps(Z, W) = arccos | ——————
IZ[2 w2
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and Proposition 2.2, we obtain that

- rs(Fi(q), Gk (P(q))) = arccos(1 + O(e 2" as z — 0o,
(2-24) dis(Fr(q), Gi (P 14 0(e 2@
since Lk js very ample. Then

(2-25) drs(Fi(q1), Fr(q2)) < dps(Fr(q1), Gr(p1)) + drs(Gi(p2), Fi(q2)) < 2e.

This implies that g; and ¢, must be contained in the same w coordinate patch above, and therefore

_ 8 n/2
ne(P1) = na(p2) fora =1,...,n. Denote 74 = |wy (¢2) — wa (q1)|. Then 74 = we(gy) O(e™47@D™"),
So we know in particular that |w,(q;)| < C|w,(q2)|. Notice that

(2-26)  |tal = [wa(92)Ca(q2) — Wa(g1)Calgr)] < Ce™5 2@ 10| 4 Jwa (g1)] - [£a(q2) — Calgr)]-

Let g; with ¢ € [0, 1] be the straight line connecting ¢ and ¢, in the w coordinates. Then

)n/2

n

0
Q2D fhala)~Gatgn)] < Y sup | (g

p—11€l0.1]

n—1
/ n 1
.|Tﬂ|$ce—52(l]1) /2( |T].|+—|Tn|).
i=1 |wan(g1)]

Combining (2-26) and (2-27) with o = n, we get that when z; > 1,

n—1
ol < Ce™8 2@ w (g)] - g1
j=1
If we now sum (2-26) fora = 1,...,n— 1 and use (2-27), then we obtain that 7y, =0 for 1 <a<n-—1

and hence that 7, = 0 as well.

Next, we claim that away from a sufficiently large compact subset, G maps no point into F (0r,). To see
this, assume that there exists a point p € X with Gx(p) = F(x), where x € 0z. Letting ¢ = ®~1(p),
if z(g) is sufficiently large then ¢ and x must be contained in a same w-coordinate chart as above. Taking
the n™ component of W (G (p)) = n(p), yields

(2-28) 0 = wn(x) = Wn(F(x)) = nn(p) = 1n(P(q)) = wn(q)(1 + Eu(q)).

But if z(g) > 1, we obtain a contradiction since w,(q) # 0. The proposition then follows from the
above. m|

Remark 2.4 Recall the coordinate ( o ®), = wy,(1 4+ n,), and since e~ L o8 —loglwal " the
complex structure I is not even Holder continuous at the divisor. Thus, one cannot invoke any known
weak version of the Newlander—Nirenberg theorem to construct a complex-analytic compactification; see
for example [20]. This is the reason why we had to deviate from the known approaches to constructing
such compactifications; compare for example the proofs of [16, Theorem 3.1] and [26, Theorem 1.6].

Denote by Z the image of G. It follows from the Remmert—Stein theorem [11, Chapter I1.8, Theorem 8.7]
that Z is a complex analytic variety in a neighborhood of F (0r) = D. Since Z is topologically a manifold
by Proposition 2.3, it follows that Z is locally irreducible. Thus, by [11, Chapter I1.7, Corollary 7.13],
the normalization map Z' — Z is a homeomorphism.
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Denote by D’ the copy of D in Z’. Notice that, in the proof of Proposition 2.3, the functions 7, for
1 <« < n can be viewed as local holomorphic functions on a neighborhood of a point ¢ € D" in Z’.
Moreover, they define a local topological embedding of Z’ into C”. So the inverse map is holomorphic,
which implies that Z’ must be smooth near D’. Now we may glue Z’ to X and obtain a smooth
complex-analytic compactification of X, which we denote by X’. By construction, D’ is a smooth divisor
in X',
Write o’ = «/—_1(27;1 dn;j Ad7j + [nu| ™% dnn A d7,). This is a locally defined Kéhler metric in a
punctured neighborhood of D’, with cylindrical behavior normal to D’. It is easy to check using the
calculations in the proof of Proposition 2.3 that for all / > 0,

n—1
(2-29) Y VL wplwr + [wy 'V (W)l < .

ji=1
This is a crucial fact for us. One can also reinterpret this as saying that the metric w’ is C®° uniformly
equivalent to the corresponding cylindrical Kéhler metric defined using (wy, ..., wy). Note that |0y, z| <
Cz!™"for 1 < j <n—1and |dy,z| < Cz!""|w,|™'. In particular, we have that

(2-30) VL 2] < Gzt

Recall that €2 is the holomorphic volume form on (X, g) with respect to I, and Q¢ is the corresponding
holomorphic 2-form on the Calabi model space €. Notice that Q¢ is a meromorphic 2-form on L with a
simple pole along the zero section 0z, and 2 can be viewed as a holomorphic 2-form on X'\ D’.

Lemma 2.5  is a meromorphic volume form on X' with a simple pole along D’. In particular, D’ is an
anticanonical divisor.

Proof We may locally, near a point p € D, write Q¢ = f(wy, ..., wy)w, 'dw; A--- A dw,, where f
is a nowhere vanishing local holomorphic function. Then Q = f(wy, ..., w,)w, 'dw; A---Adw, +T
with [T AT /0| = O(e™32"%). But ! = L(v/=1)"* Q¢ A Qe ~ —|wal "2dw; AdBy A~ Adwy Ad Dy
near D. It follows that C™! < |Q|,s < C, so the form w,$2 extends holomorphically to D’ locally. O

Now choose a finite open cover { V; } of D such that each V; has holomorphic coordinates wy j, ..., Wy—1,;

given by the quotients sy ;/so, ; for some sections sq_j,...,Sy—1,j € HO(D, LX) for1 <k <n—1,and

Lly; has a trivializing section e; = sy, /50, for some s, ; € H O(p, Lk+1). Consequently we obtain an

open cover {U;} of a neighborhood of 07, >~ D in L, with holomorphic coordinates {wy ;,..., Wn,;},

such that a point & € L is represented as § = wy,j -ej (wy,j, ..., Wy—1,j). Write e=% W1 joeeWn—1.) =
2

|ej(w1,j’ ceey wn—l,j)|h‘

Accordingly, we get an open cover {U;} of a neighborhood of D’ in X'. Ineach U '/ we then have
holomorphic coordinates 1y ; = $(sg ;)/%(s0,;) and 0y, ; = £L(so,;)/L(sn,j). From the proof of
Proposition 2.3 we know that ng ; = wg j on U j/ N D’ for 1 <k <n—1, and the transition functions
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satisfy 01, /00n,i = Own,j/0wp,; on U/ N UJ./ N D’. This implies that the conormal bundle NB/I is
isomorphic to L™, so in particular D’ has ample normal bundle in X’. Moreover, the local functions Nn,j
together give rise to a global section Sp- of the line bundle [D’] ~ Ki,} with a simple zero along D’.

Now the local functions ¢; define a hermitian metric on Np- >~ [D’]. Fix an arbitrary extension of this to
a hermitian metric 4’ on [D’] on a neighborhood of D’. On each chart Uj, this extension /" has a local
representation given by e~%/, with ¢; = ¢j along D’. We consider a smooth closed (1, 1)-form

(2-31) o = %V—lag(—log|SD/|,21,)(”+1)/”_
n

It is well-defined and positive definite outside a compact subset of X’ \ D’.
One can check that w,, and o’ satisfy

(2-32) C 217w <wpy <Czo

for some constant C, and for each k = 0,

(2-33) \VE o = O(2"F)

for some my, € Ny, as z — o0o. Therefore covariant derivative with respect to @’ and w,, differ by at most
polynomial error terms.

Proposition 2.6 For all [ > 0 and all 5§ < min(dy,§), we have that

—821/2

(2-34) VL (@ —@m)|w, = Ofe ).

Consequently, [w] € im(H?(X) — H?*(X)).

Proof By assumption, w = w¢ + B, where |Vclo(é,31 loe = O(e—ﬁz”/z) for all / = 0. Let

n —
& V—=1079;z"1,
w I’l+1 Jorz

Writing w¢ = @ + 2, using (2-30), (2-32) and (2-33), we have that |V B, |5 = 0(e=37""*) forall 1 = 0
and 6 < 4. In Uj, we have that

2" = —log|&l;, = —log|wn,; 1> +@j(wyj, ..., Wa—1,j).
On the other hand, we have that
1Spr13 = —log [, j1* + &5 (M1j. - - - )

Notice that 1, ; = wy,j(1 4+ B3), with |Vcloﬂ3|w = O(e_‘skzn/z) forall/ =0, and ¢; (n1,j,....Mn,j) =
Qj(Wij, ... Wp—1,7) +0n,j P(M1,j, ... Nn,;) for some smooth function P. Estimate (2-34) now follows
from a straightforward computation, using the key property (2-29), (2-32) and (2-33).
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By integrating from infinity as in [19, Lemma 3.7], away from a compact set we may write @ = w,, + do,
where o is a smooth real-valued 1-form such that |V£)mo|wm = O(e_‘szn/z) for all / = 0. Then the smooth
real-valued 2-form

(2-35) w—d(x(a + 2(””—+I)d;(—1og|SD,|,§,)("+1>/"))

is cohomologous to w and has compact support, where x is a cutoff function which is 1 in a neighborhood
of infinity and 0 on a compact set. |

Now we claim that X’ is a weak Fano manifold, ie X' is projective and K}(} is big and nef. Assuming
projectivity, the nef property is obvious because K%} = [D’] for some smooth divisor D’ with ample
normal bundle, and it is also elementary to deduce the big property from this fact; see for example
[36, Lemma 2.3]. Projectivity follows from a similar reasoning as in the proof of [10, Theorem 2.1]; see
in particular [10, page 4, proof in the smooth case]. In short, one first proves, using the theory of the
Remmert reduction (see the beginning of Section 2), that K):(} is semiample. This also strongly relies
on the fact that K%} = [D’], where D’ has ample normal bundle. It then follows that X’ is Moishezon,
which implies that Hodge theory holds on X”. Also, #1%2(X") = 0 thanks to the Grauert—Riemenschneider
vanishing theorem [14, Satz 2.1]. Using the latter two properties, the fact that X’ admits compactly
supported Kihler classes by Proposition 2.6, and another vanishing theorem on the open manifold X
due to Grauert—Riemenschneider [14, page 278, Korollar], one can explicitly write down a Kéhler form
on X'. The Kodaira embedding theorem now implies that X’ is projective because we already know that
h%2(X") = 0. We note that a similar gluing argument of Kihler forms will appear again in the proof
of Lemma 2.7 below. The argument works here even though, unlike in [10], D’ is not Fano, so that
H'1(X"') may not surject onto H?(X). The key point is that we are restricting ourselves to the case of
compactly supported Kéhler classes on X.

To finish the proof of Theorem 1.3, it remains to identify the Ricci-flat Kéhler metric w on X with a slight
generalization of the construction given by Tian and Yau [35, Theorem 4.2]. Let M be an n-dimensional
projective manifold containing a smooth divisor D with ample normal bundle such that K;/[l =[D]. Then
M is necessarily weakly Fano. Fix a defining section S € H%(M, K;/[l) of the divisor D and denote
X = M \ D. Following the beginning of the argument from [10] sketched above, one first proves that
K;[l is semiample. Here this also follows from the Kawamata basepoint-free theorem [22, Theorem 6.1]
because we already know that M is projective. Let £ be the nonample locus of K;,II. This is a union of
some subvarieties of M that are disjoint from D. We fix a smooth hermitian metric h on K;ll such that
its curvature form is nonnegative everywhere and is positive away from E. Write ¥ = —log |S| %

We may view S~ as a holomorphic volume form Qy on X with a simple pole along D. Let Qp be the
holomorphic volume form on D given by the residue of Qx along D. Let ip be a hermitian metric on
K;ll | p such that its curvature form is a Calabi—Yau metric wp on D. Rescaling S if necessary, we may
assume that w5~ = %(«/—_1)(”_1)291) AQp.
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One can extend /i p to a smooth hermitian metric /2 on K]T/[l such that its curvature form is positive definite
in a neighborhood of D. Fix such an extension, denoted by /13s. For any 4 € R, we write /14 = hpre™ .
Then it is easy to see that outside a compact subset of X, (—log |S |%A)(”+1)/ " is strictly plurisubharmonic.
As in the beginning of this section, by composing with a convex function we may find a global smooth

function v4 on X with dd€v,4 = 0 such that
n
vg = ——(=log|S|2 yrtD/n
A nr 1( g | |hA)
outside a compact set and v4 is constant in a neighborhood of E.

Abusing notation, we denote by H Cz 4 (X) the subset of im(Hc2 (X) — H?*(X)) consisting of classes ¢
such that fY £ > 0 for any compact analytic subset Y of X of pure complex dimension p > 0. Notice
that any such Y must be contained in E.

Lemma 2.7 Forall te H CZ 4 (X) and all numbers A € R, © > 0, there exists a smooth Kéhler form w4
on X such that (w4 ] = ¢ and |VCIOA (g —1ddVy)|w, . = 0(|S|2‘j\4) for some 8¢ > 0 and all [ = 0.

Proof By hypothesis, £ is represented by a closed 2-form 8 on X such that § = 0 away from some
compact subset of X. In particular, 8 trivially extends to a smooth closed 2-form on M. By the Grauert—
Riemenschneider vanishing theorem [14, Satz 2.1], or (because we are assuming that M is projective)
by the Kawamata—Viehweg vanishing theorem (see for example [24, Theorem 2.64]), we have that
h%2(M) = 0. Thus, there exist a smooth closed (1, 1)-form 7 and a smooth 1-form y on M such that
B = n+ dy. Because B has compact support in X C M, it follows that 5 is d-exact on some open
neighborhood of D in M. In particular, n|p = dd€ f for some smooth function f on D. We choose an
arbitrary smooth extension of f to M and replace B by n—dd° f. Thus, we are now assuming without
loss of generality that B is a smooth closed (1, 1)-form on M such that 8|p = 0 and [B|p] = €. Tt is
straightforward to check that such a form § satisfies the exponential decay estimate from the statement of
the lemma with respect to any reference metric of the form t dd v4 outside a sufficiently large compact
subset of X. (If n = 3, then instead of applying the dd“-lemma on D it is possible to apply a stronger
dd®-lemma on the complement of a large compact subset of X to arrange directly that 8 still has compact
support in X; see for example [7, Lemma 4.3].)

Because £t € H, c2 4 (X), by the generalized Demailly—Paun criterion of [9, Theorem 1.1] there exists a
smooth function ug on X such that 8 4+ dd“uy is positive in a neighborhood U of E. Choose a cutoff
function x of compact support contained in U which equals 1 on a neighborhood of E, and let p = p(¥)
be a cutoff function on [0, 00) which equals 1 when ¢ < 1 and vanishes when ¢ > 2. For fixed 4 and 7,
we define

1
(2-36) a)A,rEﬁ—I—ddc(Xuo—i—Cl (po(g’ﬁ)).iﬂ—rvA).

2
It is straightforward to verify that if we first choose Cy large and then C, large (depending on Cy), then
w4,7 1s globally positive on X |
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2 = . .
One can also see that 0 . = e Saxgn. %(«/ —1)"" Qx A Qx for some function f4 ; which tends to zero
at infinity.

Lemma 2.8 Given any t > 0, there is a unique A = A(t) such that
(2-37) ./(wﬁr—r”%(J—IVZQX/\QX)=O.
X 9

Proof It is easy to check that the integral is finite for any A. For a given A4, add and subtract wg _ under
the integral sign and split up the integral accordingly. For ¢ > 0 sufficiently small, we have

n n c n—1 c n—1
/|S| 5 (wA’T_wO’T):T/|S| (dvanwy, —dvonwy, ).
h€ h=¢&

By computing the boundary term explicitly and letting ¢ — 0, one sees that

n n n n—1
/ (@4, —@p,0) =A- At / “p
X D

for some A = A(n) # 0. The key point is that we only care the limit as ¢ — 0, and thus we only
need to understand the leading term and ignore all the lower order terms. This argument goes back to
[35, Lemma 4.6]. For a more detailed exposition, see also the very recent paper [6, page 14]. Then the
desired condition becomes a linear equation for A. |

Using Lemmas 2.7 and 2.8 as ingredients, we now get the following existence theorem, which generalizes
the classical existence result of Tian and Yau [35, Theorem 4.2].

Theorem 2.9 Given any € € H(i+ (M) and T > 0, there is a complete Kéhler metric w; = w4(¢),; +dd¢

on X such that [w;] = ¢ and 0 = " %(\/—1)”2 Qx A Qyx, and such that for some 8y > 0 and for all
— — 2 1/2

! = 0 we have that |V£)Am Plw. = Ole So(—log|S1;, ) ).

This follows from [35, Theorem 1.1] and [18, Proposition 2.4, Proposition 2.9(ia) and (ii)]. The correct
choice of 4 = A(t) is crucial because otherwise the relevant Monge—Ampere equation cannot be solved by
direct methods. Once the equation has been solved for A = A(t), it follows that a solution exists for all 4
by adding v4(r),r — V4, to the potential, but v4(;),; — V4,7 is comparable to (A(t)—A)z(—log|S |flM) 1/n

at infinity, which is not even uniformly bounded for A # A(t).

Remark 2.10 The decay rate of the complex structure is of order O(e_(%_s)zn) for all ¢ > 0. This is

much faster than the decay rate of the metric, which is in general only of order O(e_ézn/z).

Theorem 2.11 Suppose we have a Kihler metric w on X such that " = CQyx A Qy for some C > 0
and such that there exist T > 0 and A € R such that |V£,(w —1dd vy)|e = O(e 802 |S‘%t)l/2) for some
6> 0 and for all | = 0. Then w = w,, where w; is the metric constructed in Theorem 2.9 in the class
t=[o]e H; , (X).

Proof By rescaling w if necessary, we may assume that C = 1. As in the proof of Proposition 2.6,
we can see that w = t ddv4 + do outside a compact set, where ¢ is a smooth real-valued 1-form
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such that [V2, ola,, = 0(e™3eISID"?) for all 1 > 0. In particular, [] € im(HZ(X) — H2(X)).
Thus, if we let £ denote the de Rham cohomology class of @ in H?(X), then we have that £ € H 62 L (X).
Consequently, we can apply Theorem 2.9 to obtain a complete Calabi—Yau metric @, on X with [w;] = &.
By construction, we have that ®” = . Then, as in the proof of Lemma 2.8, we can see that A = A(7),

—81(~log|S17)"

so we know that w = w; 4 do, with |V(lut5|wr =0(e 2) for some §; > 0.

Next, we solve the Poisson equation 9*du = 9*5%! with respect to w;. Note that Jx @) 0! =0
by definition, so we can apply [17, Theorem 1.5] to conclude the existence of a C°° solution # which
is uniformly bounded and satisfies [ |du| (201 w}! < co. Moreover, by the integration argument in the
proof of [18, Proposition 2.9(ia)], after subtracting a constant from u one actually has the asymptotics
|Vclo,”|wr = O(e_‘SZ(_lOg'S'%)I/Z) for some 8, > 0 and all / = 0. Let y = %! — 9u. By construction,
5)/ = 5*)/ = 0 with respect to ;. Thus, by the Bochner formula, A|y|? = 0. Since y tends to zero at
infinity, it must vanish identically. It follows that w — w; = dd°(~/—1(& — u)). Writing

(2-38) 0=0"—o"=(@—-w)(@" '+ - F o),

then multiplying (2-38) by u — u and integrating by parts, since # — u is decaying, we conclude that
u = u, hence v = wy. O

The second statement in Theorem 1.3 follows from Theorem 2.11 (applied to M = (X', 1)) and
Proposition 2.6.

Proof of Corollary 1.4 By [34, Theorem 1.1], the weak Fano manifold X = X U D is simply connected.
Since — K 5 is big, D does not consist of a pencil, so by [28, Corollary 2.10], 77 (X) ~ (—K}), where
—-K ;7 =—-K5\0_ Kg- Letting N denote the unit circle bundle of — K5, the homotopy sequence of the
fibration S' — N — X yields

(2-39) 12 (X) = Z — 1 (X) = 0.

Since X is simply connected and —K ;i( deformation retracts onto NV, noticing that Ky is trivial over X,
we have 71 (N) =@ (—K }) =~ 71 (X). By [30, Proposition 2], the first mapping factors as the Hurewicz
projection from m,(X) — H,(X,7Z) composed with the mapping §: H,(X,Z) — Z given by the
intersection paring with [D] € H,_,(X,Z), that is,

(2-40) 5(5) = /E e1 (D).

By Poincaré duality, this mapping is nontrivial, so the image is an infinite subgroup kZ C Z, and
consequently 771 (X) = Z/kZ is cyclic, with k equal to the index of X .

The bound on the degree is a consequence of the following results. It is a classical result that the degree
of a weak del Pezzo surface satisfies 1 < d < 9; see for example [12, Chapter 8]. A bound on the degree
of a weak Fano threefold is proved in [23, Corollary 1.3]. Finally, Birkar [1, Theorem 1.1] proved that in
any dimension there is an a priori bound on the degree of a weak Fano manifold. |
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3 ALH® gravitational instantons

The 3-dimensional Heisenberg group is

1
(3-1) H(1,R)=1{]0 x,y.teR
0

o = =
—_ e~

Let (T2, g¢.z) be the flat 2-torus corresponding to the lattice ¢(Z @ Zt) C C with T € H and ¢ > 0,
where H is the upper half-plane in C. Write ;1 = Re(t) and 7, = Im(t). For b € Z 4, let Nilg ..p be the
nilmanifold corresponding to the quotient of the Heisenberg group by the subgroup generated by

(3-2) (x,y,0) > (x+c,y,t+cy),
(3-3) x,y,t) > (x+ct1,y+cta, t +c11Y),
(3-4) (x,y,0) > (x, y,t + rzb_lcz).

Definition 3.1 Forb € Z,,c > 0,7 € H, and R > 0, the ALH* model space is
(3-5) Mp,c.c(R) = (R, 00) xNil} _

together with the hyperkéhler Riemannian metric

(3-6) g =V(dx®+dy* +dz*)+ V7162,

where z is the coordinate on (R, 00), V = 271bc_212_12 and 0 = 271bc_212_1 (dt —x dy).

Choose the following orthonormal frame for 7 *9:
(3_7) {61762’83,84}:{1/% dx,V% dy,V% dZ,V_% 0}

Define three almost-complex structures on 7*90 by

(3-8) Ig(er) = ez, Igp(es) = ey,

(3-9) Im(er) = eq,  Jyplez) = es,

(3-10) Kay(ez) =es, Kii(es) =eq,

which are dual to almost-complex structures oy, Jon, Kop on TN, respectively. Denote the Kihler forms
associated to 15y, Joy,. K, by a)?n a)fzm a)ém, respectively. These are explicitly given by

(3-11) o =dz A0+ Vdx Ady,

(3-12) P =dx A0+ V dyndz,

(3-13) P =dy A0+ VdzAdx.

Taken together, this data defines a hyperkihler structure on 9%, which we denote as (9%, g™, @™). This
structure can equivalently also be specified as (90, g™, Ion, Jon, Kon).
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Definition 3.2 (ALH™ gravitational instanton) A hyperkihler structure (X, g, @) on a 4-manifold X is
called an ALH* gravitational instanton with parameters b € Z ., ¢ > 0 and t € H if there exist §, R > 0,
a compact subset Xg C X, an ALH* model space (M . (R). ¢™) and a diffeomorphism

(3-14) ®: My (R) = X\ Xg
such that for all k£ € N,

(3-15) Vo (@*g = g™ g = O(e™%),

(3-16) VAR (@* 0 = 0] g = O(e™%)  for i =1,2,3,
as Z — OQ.

According to [19, Proposition 3.1], any ALH* model space 9t together with its complex structure Igy is
holomorphically isometric to a Calabi model space up to rescaling. This means the following. We can
view the flat torus (T2, gc,7) as an elliptic curve D. Then there exists an ample line bundle L — D of
degree b, together with a hermitian metric iy whose curvature form defines the flat metric

(3-17) 2be™ %ty  ge e
on D, such that the underlying complex manifold (97, . (R), Isn) can be identified with the open set
(3-18) C=1{teL:0<l|Ey <ec 2%}

for some zy > 0. Moreover, the Kihler form and the holomorphic 2-form on 9J7 are respectively given by
w1 = iwy for some (> 0 and w, + v/ —1lw; = vQ¢ for some v € C*, where

(3-19) we = 2V "19¢de(~log [5]3,)?

and €2 is a holomorphic volume form which has a simple pole along the zero section 07, and is invariant
under the natural C*-action on L. In addition, we have that

(3-20) z = (~logl£l3,)?.

and this is the w¢-moment map for the natural S'-action on L. We note here that /., is unique only up
to scaling, and the scale of /iy, is an important free parameter; see Lemma 2.8.

Thanks to this identification, an ALH* gravitational instanton is the same as a complete hyperkihler
4-manifold which is asymptotically Calabi in the sense of [19, Definition 4.1]. The proof of part (i) of
Theorem 1.5 follows from this equivalence and Theorem 1.3.

3.1 Compactification to rational elliptic surfaces

In this subsection, we prove part (ii) of Theorem 1.5. First, we recall some basic facts about the lowest
nontrivial eigenvalue of the Laplacian on (T2, g. ;). The Z?-action on C is generated by

(3-21) x, ) (x+c,y), (x> x+ct,y+cn).
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The eigenfunctions of the Laplacian on (T 2, ge¢,r) are given by

(3_22) ¢m,n (X, y) — e27n'mc_1(x—1:1 ‘cz_ly)e27tinc_112_1y
for (m,n) € Z*. The eigenvalues are
(3-23) Aman = 4w 2 {m? + 'L'2_2(n —m1)?}.

Using the PSL(2, Z)-action on Hl, we can assume without loss of generality that |z| = 1. Then the lowest

2

nontrivial eigenvalue is given by A; = Ao = 47w2c™ T, 2, with eigenfunction ¢y 1.

Next, we establish an almost optimal decay rate for any ALH* gravitational instanton.

Proposition 3.3 Let (X, g, w) be an ALH* gravitational instanton with parameters b € Z.4, ¢ > 0, T € H.
Then, in suitable ALH* coordinates, (3-15)—3-16) hold with § = \/A; — ¢ for any € > 0.

Proof By Theorem 1.3, (X, g, I) arises as a Tian—Yau metric on a weak del Pezzo surface M minus
an anticanonical divisor D. Thus, we can use the coordinate system ® from [19, Proposition 3.4]. The
Tian—Yau metric is of the form w = wg + ~/—1 d0u with |V£,‘(Gu |g¢ = O(e™%%) as z — oo for some & > 0
and all k£ = 0. By [19, Proposition 3.4], the background Kihler form satisfies the asymptotics

o2
(3-24) Ve (@0 —w0)lg, = 0(™*)
as z — oo, for some ¢ > 0 and all £ > 0. Expanding the Calabi—Yau equation
(3-25) (wo +vV=100u)? = 1Q A Q

yields that Ag u = O(e™2%7) as z — oo. Assume that 2& < +/A1. Then the arguments of [19, Section 4]
allow us to conclude that u = O(e~%€?) for any ¢ € (0, ). Indeed, notice that [19, Proposition 4.12] holds
with § = +/A1, as is clear from the proof. Using this, we can find a function U_pg defined on {z > R;}
for some Ry > R such that u_,, = O(e %) for any ¢ € (0, ¢) and Ag,u_re = Ag,u. The function
U —u_pg is then harmonic with respect to g¢ and is also o(1) as z — oo, so from [19, Proposition 4.10]
(part (2) of which is easily seen to hold with §/2 replaced by any number greater than —+/A1), we have

(3-26) U—u_ze = O(eVIITE)7)

for any &’ > 0, which implies that u = O(e™%?) for any ¢ € (0, ). We can iterate this argument together
with standard local derivative estimates for the equation (3-25) to get

(3-27) Ve ulge = O(CVH1H9%)

as z — oo, for all k = 0 and & > 0. This implies (3-16) for i = 1 with § = \/A| — & for any & > 0.
Also, from Theorem 1.3 and [19, Proposition 3.4(a)], we have that

(3-28) |V (1 = I g = O(e ™)

for some &’ > 0 and any k > 0 as z — oo. Since g is Kihler with respect to I, the metric condition (3-15)
with § = +/A; — ¢ then follows from (3-28) and the above estimates on ®*w; — w?ﬁ

Geometry & Topology, Volume 29 (2025)



Asymptotically Calabi metrics and weak Fano manifolds 2565

Finally, from [19, Proposition 3.4(b)], we have that
/52
(3-29) |VE o (@*Qx — Qo) gy = O(e™)
for some ¢ > 0 and any k£ > 0 as z — oo. Because Qy = w, + +/—lw; and Qop = a)fzm + x/—la)ém, the

conditions (3-16) for i = 2 and i = 3 actually hold for any § > 0. |

Remark 3.4 Proposition 3.3 could also be proved by following the arguments in [33, Section 6.5]. This
way of reasoning is analytically more involved, but it does not require Theorem 1.3.

We now produce a J-holomorphic function on X asymptotic to a nice Jop-holomorphic function on 9t
that defines an elliptic fibration of 9t with the desired behavior at infinity.

Proposition 3.5 Let (X, g, 1, J, K) be an ALH* gravitational instanton. Then there exists a function
u: X — C which is holomorphic with respect to J and satisfies
(3-30) U= e«/ﬂ(z-i-iy) + /.

where |ka|g = O(e*?) forall k =0, as z — oo, for any ¢ > 0.

Proof The function z 4+ +/—1y is a locally defined Joy-holomorphic function on 9t because
(3-31) Jmdz+idy)=—dy+idz=i(dz+idy).

Consequently, 1 = eVA@EHY) ig o globally defined Jop-holomorphic function on 91. Identify X and 9
at infinity using the ALH* coordinate system of Proposition 3.3. Fix a cutoff function y such that y = 1
for z > 4R and x = 0 for z < 2R. Using the fact that Ag,;/# = 0 and Proposition 3.3, we have that

(3-32) Ag(xh) = O(e*?) as z— oo, forall ¢ > 0.

Claim 1 There exists a function f € C*°(X) such that Ag f = —Ag(xh) and
(3-33) f =0(e®) as z— oo, foralle > 0.

Proof of claim Using [19, Proposition 4.12], we can find a smooth function for defined on 9% such that
Joan = O(e®?) as z — oo for any & > 0 and such that Ag,, fon = —Agh. Thus, aiming to set f = y fop+ /7,
we can reduce to solving the equation Ag f” = /' for f/ = O(e®?) (for any & > 0), where

(3-34) W = =Dg(xh) = Bg(xfim) = O VH1+97)

for any ¢ > 0 thanks to Proposition 3.3. In fact, we will now show that for any § > 0 there exists a
8 > 0 such that the equation A, f/ = &’ with h’ = O(e™%?) is solvable with f’ = az + O(e~%?) for
some o € R. This implies what we want. To prove this new claim, we first observe that the function z
is gsm-harmonic. Thus, by Proposition 3.3, Ag(xz) = O(e(_‘/)Tl +8)2) for any ¢ > 0, so in particular
Ag(xz) € LY(X,dVolg). The divergence theorem now allows us to conclude that /: v Ag(xz) dVolg > 0.
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Indeed, the corresponding boundary integrals in (X, g) and in (90, goir) are asymptotic to each other
because z grows more slowly than any exponential in z, and the boundary integral in (91, gon) approaches
a positive constant as z — oo by direct computation. Thus, by replacing 4’ by i’ —aAg(xz) for some
suitable « € R, we can assume without loss of generality that /4’ has mean value zero over X with respect
to dVolg. It now follows from [17, Theorem 1.5] that the equation Ag f” = /' is solvable for some smooth
and uniformly bounded f” with [ |df’ |§, dVolg < oo. It then also follows from the integration argument
in the proof of [18, Proposition 2.9(ia)] that any such f” satisfies the estimate |V5( /' — C)| g = O(e—%2)
for some constant C and for any k = 0 as z — oo. After subtracting this constant, the (new) claim
follows. |

Since the function u = xh + f is harmonic, the 1-form « = 8 yu satisfies
(3-35) dya=0, 3 ,a=0.

Since g is Kidhler with respect to J, from Proposition 3.3, we have that
(3-36) T — Joplgg = O(eTYHHD7) 4g 2 5 00,

Using the fact that & = O(emz) and 5Jmh = 0, we can deduce from (3-36) that 3 ;i = O(e®?) for any
& > 0 with respect to gor. By (3-33) and standard local gradient estimates, the same bound holds for d f.
Thus, it holds for o as well. Since « has J-type (0, 1), Re(w) is half-harmonic with respect to g thanks
to (3-35). By [19, Theorem 5.1], we conclude that & = 0, which implies that u is J-holomorphic. m]

We now complete the proof of part (ii) of Theorem 1.5. Given our work so far, the proof is similar to
the proof in [3, Section 4.7]. Let u be the holomorphic function from Proposition 3.5. From (3-30), it
follows that all fibers of u near infinity are regular and are diffeomorphic to tori, hence all the regular
fibers of u are diffeomorphic to tori, and so u: X — C is an elliptic fibration. The ALH* coordinates
define a submanifold near infinity by

(3-37) Yo={(x,y.t,z): x=0,t =0}.

This is clearly a smooth section of the model elliptic fibration over U = C \ Bg(0) for some R > 1. It is
moreover Joyp-holomorphic because for all p € Xy,

d 0
(3-38) Tp%y = spanp{@, E} ={Y €eT)M:e;(Y) =e4(Y) =0},

and span{ey, e4} is invariant under Joy by (3-9).

We view the section X as a mapping 0¢: U — X \ Xg. We next want to perturb gy to a section ¢ which
is holomorphic with respect to J. Given any smooth (not necessarily holomorphic) section o over U,
we can define do € (A% (U) ® o*T -0 (F)), where T'-°(F) is the (1, 0) part of the vertical tangent
bundle, by restricting the differential o4 ® C to T%!(U), and then projecting to the (1, 0) part. Next, we
use the 2-form Q = w; + +/—lws, which is holomorphic with respect to J. If we insert the 70 (F)
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component of 9o into 2, we can define 2 © do € C>®(U,C), since AV2(U) @ A®1(U) = AVI(U) is
a trivial bundle. Denoting /i (u,u) = Q © 90y, from basic theory of the 5—0perat0r in U, we can solve
the equation (d/0u)H = h on U. Choose an arbitrary point p € U and an affine holomorphic fiber
coordinate w over a small neighborhood U, of p in U. Then {w = 0} is a local holomorphic section
over Up, and the holomorphic 2-form can be written as 2 = f(u) du A dw, where f(u) is nowhere
vanishing. It is easy to see that the smooth local sections
(3-39) Op,p = (M)i
’ Sy ) ow

over U, patch up to a well-defined smooth section o, over U, independent of the choice of local w
coordinate. Consequently, the section 0 = 0y — 0y, is a holomorphic section defined over all of U.

After identifying U with a punctured disc A* using z = u~!

identify the elliptic surface with (A} x Cy)/(Z & Z), with the action given by

as a holomorphic coordinate, we can then

(3-40) (m,n)-(z,w) = (z,w + mt;(z) +nty(z)), where (m,n) € Z@7Z

(t1, t, are the periods), such that {w = 0} defines o; see for example [18, pages 369-370]. Consequently,
there exists a compactification of X to an elliptic surface S such that X = S\ F, where F is the fiber at
infinity. Since the cross-sections are diffeomorphic to nilmanifolds of degree b, the only possibility is that
the monodromy is of type I. It is easy to see that the form €2 is then a meromorphic 2-form on S with
a pole of order 1 along F, which implies that F has multiplicity 1. Since div(2) = —F, we have that
Kg = —[F]. From Corollary 1.4, b!(X) = 0. A Mayer—Vietoris argument similar to that in the proof of
Corollary 1.4 above shows that b!(S) = 0. Arguing exactly as in [4, Theorem 3.3], we see that S is a
rational elliptic surface, with projection u: S — P!, so is the blowup of P2 in 9 points. Consequently,
there exists a (—1)-curve E (the exceptional divisor of the last blowup). The adjunction formula then
implies that Kg - E = —1, so the condition that Kg = —[F] implies that there are no multiple fibers, and
E is a global section; see [15, Proposition 4.1].
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The distribution of critical graphs of Jenkins—Strebel differentials
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By work of Jenkins and Strebel, given a Riemann surface X and a simple closed multicurve « on it, there
exists a unique quadratic differential ¢ on X whose horizontal foliation is measure equivalent to . We
study the distribution of the critical graphs of these differentials in the moduli space of metric ribbon
graphs as the extremal length of the multicurves goes to infinity, showing they equidistribute to the
Kontsevich measure regardless of the initial choice of X.
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1 Introduction

Overview Famous independent works of Jenkins [1957] and Strebel [1966; 1975; 1976] show that, given
a Riemann surface X and a simple closed multicurve « on it, there exists a unique quadratic differential ¢
on X whose horizontal foliation represents each curve of o by a cylinder of height 1. To every such
quadratic differential g one can associate its critical graph, a ribbon graph having the singularities of ¢ as
vertices and the horizontal saddle connections of g as edges. This ribbon graph inherits a metric from
the singular flat metric induced by ¢ on X. Roughly speaking, the critical graph encodes the conformal
geometry of X away from «; see Figure 1.
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Figure 1: A Jenkins—Strebel differential and its critical graph.

By work of Mirzakhani! [2008b], given a closed connected oriented Riemann surface X, the number
of simple closed (multi)curves on X of extremal length < L? is asymptotic to a polynomial of degree
6g — 6. Each one of these curves gives rise to a critical graph as described above. We show these critical
graphs, appropriately rescaled, equidistribute to the Kontsevich measure on the moduli space of metric
ribbon graphs. In particular, the limiting distribution is independent of the initial choice of X.

The question at hand is heavily motivated by analogous results in the setting of hyperbolic surfaces. In
[Arana-Herrera and Calderon 2022], the authors showed that, given a closed connected oriented hyperbolic
surface X, the metric ribbon graph spines of complementary subsurfaces to simple closed multigeodesics
also equidistribute to the Kontsevich measure on the corresponding moduli space as the lengths of the
geodesics goes to infinity. This result in turn follows a line of investigation that can be traced back to
several other authors [Mirzakhani 2016; Liu 2022; Arana-Herrera 2022; Erlandsson and Souto 2022].
Analogous questions have also been answered in the setting of homogeneous dynamics [Aka et al. 2016a;
2016b; Einsiedler et al. 2019].

Paralleling our approach in [Arana-Herrera and Calderon 2022], we reduce the problem to an equidistribu-
tion question concerning the dynamics of the Teichmiiller horocycle flow on moduli spaces of quadratic
differentials. These reductions combine Margulis’s well-known averaging and unfolding techniques
[1970] with several recent developments in Teichmiiller theory. Of particular importance are Delaunay
triangulations of quadratic differentials following Masur and Smillie [1991], the AGY-metric on the
moduli space of quadratic differentials developed by Avila, Gouézel, and Yoccoz [Avila et al. 2006; Avila
and Gouézel 2013], and the study of the projection of the Masur—Veech measure to the moduli space of
Riemann surfaces carried out by Athreya, Bufetov, Eskin, and Mirzakhani [Athreya et al. 2012].

Our main result also provides a new procedure for sampling random metric ribbon graphs. In particular,
the geometry of any single conformal surface reflects the geometry of random metric ribbon graphs.

Main result To streamline our exposition, for the moment we only state our main result in the (rep-
resentative) case of nonseparating simple closed curves. The statement for the general case appears as
Theorem 6.2 below.

1 Although not explicitly stated, this follows directly from [Mirzakhani 2008b, Theorem 1.3]. See [Martinez-Granado and
Thurston 2021, Corollary 5.13] for another proof from the viewpoint of geodesic currents.
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For the rest of this discussion fix an integer ¢ > 2 and denote by S, a closed connected oriented surface of
genus g. Let Modg be the mapping class group of Sg, 7g be the Teichmiiller space of marked conformal
structures on Sg, and M be the moduli space of conformal structures on Sg. Free homotopy classes of
unoriented simple closed curves on Sg will be referred to as simple closed curves. Given a simple closed
curve o on Sg and a marked conformal structure X € 7, denote by Exty («) > O the extremal length of «
with respect to X'; see Section 2 below for a discussion of the different definitions of extremal length.

Let y be a nonseparating simple closed curve on Sg and X € 7, be a marked conformal structure on Sg.
For every L > 0 consider the counting function

s(X,y, L) :=#{a € Modg -y | Extx (@) < L?}.

This function does not depend on the marking of X € 7 but only on its underlying conformal structure
X € Mg. Indeed, it is equal to the number of nonseparating simple closed curves on X of extremal
length < L2. By Mirzakhani’s seminal work [2008b], this counting function is asymptotically polynomial
(see (6-1) below).

Given X € 7, and a nonseparating simple closed curve « on Sg, denote by JS(X, ) the unique Jenkins—
Strebel differential on X whose horizontal measured foliation is equivalent to o (where the curve is
given weight 1); in particular, the horizontal foliation of JS(X, o) consists of a single cylinder of height 1.
Consider the critical graph of this differential, that is, the union of all of the singular horizontal trajectories
of JS(X, o) equipped with the restriction of the underlying singular flat metric and the ribbon structure
coming from its embedding in Sg. Each of its boundaries has length Exty (), so to understand the
distribution of these graphs we need to rescale them (see Section 2).

Denote by MRGg_1,2(1, 1) the moduli space of metric ribbon graphs of genus g — 1 with two boundary
components, each of length 1. For X and « as above let

EY(X,0) € MRGz—12(1,1)

denote the critical graph of JS(X, ) rescaled by 1/ Exty («). We remark that 21 (X, «) is not the same
as the critical graph of the unit-area Jenkins—Strebel differential whose horizontal foliation is projectively
equivalent to «; this is because critical graphs scale linearly while extremal length scales quadratically.

On MRGg_1,2(1,1) consider the counting measure

Nk, = Y. 112 Extx (@) 8z (x0)-
a€Modg-y
Just like the counting function s(X, y, L), this measure does not depend on the marking of X € 7, but
only on the underlying conformal structure. Denote by nkon the measure induced by the Kontsevich
symplectic form on MRGg_1,2(1, 1) and by ¢ > 0 its total mass (see Section 5 below or [Arana-Herrera
and Calderon 2022, Section 2]).
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The following theorem, which shows that the rescaled critical graphs of Jenkins—Strebel differentials of
nonseparating simple closed curves equidistribute over the moduli space MRGg_1,2(1, 1), is an instance
of our main result. For the general version see Theorem 6.2, as well as Theorem 6.12 for an even stronger
version concerning simultaneous equidistribution.

Theorem 1.1 Let y be a nonseparating simple closed curve and X € Mg. Then

L
. r’X,y ITKon
lim =
L—oo s(X,y, L) Cg

’

with respect to the weak-x topology for measures on MRGg—12(1,1).

Main ideas of proof Our proof of Theorem 1.1 follows the same outline as the analogous result in the
hyperbolic setting [Arana-Herrera and Calderon 2022, Theorem 1.1]. Namely, we reduce the desired
equidistribution result on MRGg_12(1, 1) to a curve counting result, which we then translate back into
an equidistribution result over M.

First, consider the following reformulation. Let f: MRGg_12(1,1) = R be a continuous compactly
supported function. Then, for any nonseparating simple closed curve y, any X € 7, and any L > 0,
define the f-weighted counting

cXy. fL)i= Y g Exty (@) f(E(X.a) = /

fx)dng,(x).
aE€Modg-y MRGg—1,2(1,1)

Theorem 1.1 is then equivalent to the following counting result:

Theorem 1.2 Let y be a nonseparating simple closed curve on Sg, X € Mg be a conformal structure
on Sg, and f: MRGg_1,2(1,1) = Rxg be a continuous compactly supported function. Then

X’ b 7L
Xy S ):L/ £(x) dngon(x).
L—oo S(X,y,L) Cg JMRGg—1.2(1,1)

Once in this setting, we apply Margulis’s “averaging and unfolding” techniques [1970] to reduce the
counting problem at hand to an equidistribution question over Mg. Just as in [Arana-Herrera and
Calderon 2022], during the averaging step one needs uniform control over how the metric ribbon graph
EL(X,a) varies as X € Tg does. The basic issue is that if JS(X, ) lies in (or near) a nonprincipal
stratum, then small deformations of X can change the topology of the critical graph. To remedy this, we
prove in Proposition 3.6 that for most «, the differential JS(X, ) lies far away from nonprincipal strata.
Proposition 4.3 then shows that for such o we can achieve the desired uniform control on the geometry of
the critical graph.

This control allows us to perform the averaging and unfolding step of our argument, after which our
original problem reduces to a question regarding the equidistribution of certain subsets, which we call
“critical-JS-horoballs”, in the moduli space M. To tackle this question we use the rich dynamics of the
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Teichmiiller geodesic and horocycle flows. More concretely, we use work of Forni [2021] which in turn
relies crucially on work of Eskin, Mirzakhani, and Mohammadi [Eskin and Mirzakhani 2018; Eskin et al.
2015].

Related results As mentioned above, our main result directly parallels the main theorem of [Arana-
Herrera and Calderon 2022]. Indeed, as a consequence of our results, we find that the limiting distribution
of complementary subsurfaces to hyperbolic geodesics and critical graphs of Jenkins—Strebel differentials
are exactly the same. This is a reflection of the phenomenon that as the boundary lengths of hyperbolic
surfaces go to infinity, they look more and more like ribbon graphs; compare to [Do 2010; Mondello 2009b].

There is a rich history of using both the conformal and hyperbolic incarnations of moduli space to
probe its structure, often resulting in analogous theorems. Of particular relevance here are two different
identifications of the moduli spaces of punctured/bordered Riemann surfaces with the space of metric
ribbon graphs. The first, due to Harer, Mumford, Penner, and Thurston, uses Jenkins—Strebel differentials
with specified poles and residues; this identification was used in the computation of the orbifold Euler
characteristic of Mg ,, [Harer and Zagier 1986] as well as Kontsevich’s proof [1992] of Witten’s conjecture.
The second, due to Do [2010] and Luo [2007], uses the spine of a hyperbolic surface with boundary;
see also [Mondello 2009b]. This can be used to unite Mirzkahani’s proof [2007] of Witten’s conjecture
with Kontsevich’s; see [Do 2010]. Our previous work [Arana-Herrera and Calderon 2022] dealt with this
second identification, while the paper at hand corresponds to the first paradigm.

Our theorem also echoes other equidistribution results on moduli space. The Teichmiiller geodesic flow,
represented by the action of the diagonal matrix

(e 0
gl L 0 e_t ’

expands the length of horizontal separatrices by a factor of e, so for every simple closed curve « the
rescaled critical graph E!(X, «) is the same as the critical graph of g_ log Exty (@) JS(X, @). Denote by
ll¢ || the area of a quadratic differential ¢g. With this identification, Theorem 1.1 states that point masses
on the critical graphs of

(1-1) {8—10gllg19 | ¢ =IS(X. ) for @ € Modg -y and ||¢|| < L}
equidistribute in MRGg_12(1,1) as L tends to infinity.

This should be compared with work of [Athreya et al. 2012] and the first author [Arana-Herrera 2023],
which give mean equidistribution theorems for expanding Teichmiiller balls in moduli space. More
precisely, for every X € Tg, one can consider the underlying Riemann surfaces of the expanding ball

(1-2) {10glq19 | ¢ € Q(X) and [|lg[| < L},

where Q(X) is the vector space of holomorphic quadratic differentials on X; this is the same as the set of
points with Teichmiiller distance at most log L from X. Theorem 1.2 of [Athreya et al. 2012] then states
that on average, the images of these balls in M equidistribute as L tends to infinity. The link between
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these equidistribution results for (1-1) and (1-2) is the uniform distribution of simple closed curves on the
space MFg of singular measured foliations on Sg [Mirzakhani 2008b, Theorem 1.3].

Lastly, it is interesting to contrast our theorem with the main result of [Dozier and Sapir 2021], where it
is shown that the projections of some strata of Q! M, to M, are not coarsely dense; in particular, the
geometry of the critical graphs of horizontally periodic unit-area differentials may be strongly constrained.
For example, if X € M is not near the projection of the minimal stratum then it supports no horizontally
periodic unit-area differential whose critical graph has a vertex of valence 4g — 2, and supports no
differential whose critical graph is close to such.

On the other hand, our main theorem implies that the set of critical graphs for a fixed X, rescaled
to have unit length, is dense in the space of metric ribbon graphs. Since critical graphs are scaled
under the Teichmiiller geodesic flow, our result can also be interpreted as saying that any X supports a
Jenkins—Strebel differential ¢ = JS(X, &) such that g_ .4 ¢ is arbitrarily close to the minimal stratum.

Organization In Section 2 we collect preliminary material needed to understand the statements and
proofs of our main results. In addition to standard background material, we focus on how taking the
critical graph of a Jenkins—Strebel differential gives a map to the moduli space of metric ribbon graphs.
In Section 3 we show that the Jenkins—Strebel differentials of most simple closed multicurves stay deep
within the principal stratum; this allows us in the subsequent Section 4 to invoke results about the AGY
metric to show that for most curves, the critical graphs of their Jenkins—Strebel differentials vary uniformly
as the base surface varies. In Section 5 we define “critical-JS-horoballs”, compute their total mass, and
show that they equidistribute over moduli space. The results in this section rely on transporting measures
between 7 and spaces of quadratic differentials, and leverage the ergodic theory of the SL(2, R) action
on the latter spaces. Finally, in Section 6 we apply Margulis’s averaging and unfolding strategy to prove
Theorem 6.2, a generalization of Theorem 1.1 to arbitrary multicurves.

Acknowledgements The authors would like to thank Vincent Delecroix for suggesting the question
answered in this paper and Curt McMullen for helpful comments. The authors would also like to thank
Giovanni Forni for very enlightening conversations. Calderon acknowledges support from NSF grant
DMS-2202703.

2 Preliminaries

QOutline of this section We give of a brief overview of the basic objects and theorems that will be used
throughout the rest of this paper. We begin with a discussion on the theory of Jenkins—Strebel differentials
with a special emphasis on the work of Hubbard and Masur [1979]. We then briefly recall the moduli spaces
of metric ribbon graphs; for a more detailed discussion of these spaces see [Arana-Herrera and Calderon
2022]. Lastly, we discuss in detail how the construction of critical graphs of Jenkins—Strebel differentials
defines a map from (quotients of) Teichmiiller space to appropriate moduli spaces of metric ribbon graphs.
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Extremal length Given a Riemann surface X and a simple closed curve y on it, the extremal length
of y with respect to X admits two equivalent definitions. First, it can be defined analytically as

._ KP(V)Z
2D Extx (y) := sgp Arca(p)’

where the supremum ranges over all conformal metrics p on X of nonzero finite area and £,(y) denotes
the infimum of the p-lengths of simple closed curves isotopic to y. Equivalently, it can be defined
geometrically as

(2-2) Exty (y) := igf m,

where the infimum ranges over all embedded cylinders C on X with core curve isotopic to y and mod(C)
denotes the modulus of the cylinder C.

In independent work, Jenkins [1957] and Strebel [1966; 1975; 1976] showed these two a priori different
notions of extremal length are equivalent through the construction of so-called Jenkins—Strebel differentials;
see Theorem 2.1 below.

Quadratic differentials A (holomorphic) quadratic differential g on a Riemann surface X is a differential
which in local coordinates has the form f(z) dz? for some holomorphic function f(z). Such a differential
has a well defined notion of area,

lqll := Area(q) := /X 1.

More precisely, the differential ¢ induces a singular flat metric on X . If in local coordinates z = x + iy,
then the metric is given by dx? 4 dy?; the zeroes of the differential correspond to singularities of the
metric. The area of ¢ is the total area of this metric. We denote by Q(X) the complex vector space of
all quadratic differentials on a Riemann surface X, and by S(X) € Q(X) the sphere of all unit-area
quadratic differentials on X. We sometimes denote quadratic differentials by (X, ¢) to record the Riemann
surface X on which they are defined.

The spaces Q(X) and S(X) for X ranging over the Teichmiiller space 7, can be arranged into bundles
QT g and Qng over T of marked (unit-area) quadratic differentials; note that “marking” here refers to a
marking only of the underlying surface S, and not the zeros of the quadratic differential. These bundles
support natural Modg actions given by change of markings. The quotient oM g = Qlfg /Mody is the
bundle of unit-area quadratic differentials over moduli space.

The bundle Q7 carries a natural Lebesgue-class measure called the Masur—Veech measure, which is
induced from an integral lattice, corresponding to differentials tiled by unit-area squares. This measure
induces a measure vy on the hypersurface Q171'g also called the Masur—Veech measure. Both versions
of this measure are Mod, invariant, and the corresponding pushforward Pyy on Q' M, is a finite
Lebesgue-class measure. Throughout the paper we will denote its mass by bg.
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Singular measured foliations Denote by MF the space of singular measured foliations on Sg up
to isotopy and Whitehead moves. The set of isotopy classes of weighted simple closed curves on Sg
embeds densely into MF . Furthermore, geometric intersection number extends continuously to a pairing
on MFg. Train track coordinates (see Section 3) induce a natural integral piecewise-linear structure
on MFg. In particular, M F carries a natural Lebesgue class measure jutp, called the Thurston measure,
which is invariant under the natural Modg-action on MFg. Denote by PMF, the projectivization
of MFg under the action that scales transverse measures and by [A] € PMF the projective class of
AEMFg.

Every quadratic differential ¢ on a Riemann surface X gives rise to a pair of singular measured foliations
M(g) and J(g) on X. If in local coordinates z = x + iy the differential g corresponds to dz?, then R(q)
corresponds to the measured foliation induced by |dx| while J(g) corresponds to the measured foliation
induced by |dy|; the zeroes of ¢ correspond to the singularities of the foliations. We refer to %i(g) and
J(g) as the vertical and horizontal foliations of ¢. These constructions give rise to Modg-equivariant
maps R, J: QT ¢ — MFg.

Jenkins—Strebel differentials It is natural to ask whether, given a marked Riemann surface X € 7,
and a simple closed curve y on Sg, it is possible to find a marked quadratic differential ¢ € Q(X)
such that J(g) = y. Jenkins [1957] and Strebel [1966; 1975; 1976] independently showed that this is
always possible and, moreover, in a unique way. We refer to the corresponding quadratic differential
JS(X,y) € Q(X) as the Jenkins—Strebel differential of y on X. Jenkins and Strebel’s motivation can be
further understood through the following result:

Theorem 2.1 Given a marked complex structure X € T and a simple closed curve y on Sg, the singular
flat metric induced by JS(X, y) € Q(X) realizes the supremum in (2-1). Furthermore, the complement of
the critical leaves of vertical foliation of JS(X, y) € Q(X) is a cylinder realizing the infimum in (2-2). In
particular, the supremum and infimum in (2-1) and (2-2) are equal.

The Hubbard-Masur theorem The question addressed by the works of Jenkins and Strebel can also be
considered for more general singular measured foliations. Indeed, Hubbard and Masur [1979] proved the
following structural result:

Theorem 2.2 Given X € T, and a singular measured foliation A € MF g, there exists a unique quadratic
differential ¢ = q(X, A) € Q(X) such that 3(q) = A. Furthermore, the map g € Q(X) — J(q) € MFg
is a homeomorphism.

Said another way, the map associating to a simple closed curve its Jenkins—Strebel differential extends to
a homeomorphism JS: Tg x MFg — Q7.

Theorem 2.2 suggests the following extension of the notion of extremal length to singular measured
foliations: the extremal length Exty (1) of A € MF, withrespectto X € 7, is the area of JS(X, 1) € O (X).
With this definition, extremal length is 2-homogeneous with respect to the scaling action on transverse
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measures; this prompts us to usually work with the square root of extremal length rather than with extremal
length itself. For other methods of extending extremal lengths to singular measured foliations (and more
general objects) see [Kerckhoff 1980; Martinez-Granado and Thurston 2021; Arana-Herrera 2024].

One can also ask which pairs of singular measured foliations can arise as the vertical and horizontal
foliations of quadratic differentials. It turns out that as long as the pair of foliations appropriately fills
the surface, this is always possible [Gardiner and Masur 1991]. A pair of singular measured foliations
(A, ) € MFg x MFg is said to fill the surface Sg if their geometric intersection number with any
singular measured foliation is positive. Denote by A € MFgz x MF the set of pairs of nonfilling
singular measured foliations.

Theorem 2.3 Given a pair of filling singular measured foliations jt, A € MFg, there exists a unique
quadratic differential q € QT ¢ such that R(q) = n and I(q) = A. Furthermore, we have that the map
(M, 3): 9T ¢ > MFg x MFg \ A is a homeomorphism.

We remark that, under this isomorphism, the product measure pth, X fthy coincides with vyy up to a
constant.

The Teichmiiller metric The Teichmiiller metric deich on 7g quantifies the minimal dilation among
quasiconformal maps between marked complex structures on Sg. More precisely, for every X, Y € 7g,

dreicn (X, Y) 1= %log(f:i)?iy K(f)).

where the infimum runs over all quasiconformal maps f: X — Y in the homotopy class given by the
markings of X and Y, and where K(f) denotes the dilation of such maps. See [Farb and Margalit
2012, Chapter 11] for a more detailed definition. The action of the (extended) mapping class group on
Teichmiiller space is the isometry group of the Teichmiiller metric [Royden 1971]. The Teichmiiller
metric is complete and its geodesics can be described explicitly in terms of the diagonal part of the natural
SL(2, R)-action on Q! 7.

Kerckhoff [1980] proved the following formula for the Teichmiiller metric; this formula provides control
over the extremal lengths of singular measured foliations in terms of the Teichmiiller distance between
two marked complex structures.

Theorem 2.4 For any pair of marked complex structures X,Y € Tg,

Exty (1)
2-3 dreicn(X,Y) =1 1 .
(2-3) Teich (X, ¥) %énﬁ)}g og(ExtX(k)

Furthermore, if ¢ = q(X,Y) € S(X) is the unit-area quadratic differential corresponding to the unique
Teichmiiller geodesic from X to Y, then J(q) realizes the maximum in (2-3).
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The fact that J(g) realizes the supremum (as opposed to R (q)) is due to the fact that Teichmiiller mappings
stretch the leaves of J(g) while shrinking its measure. For example, suppose ¢ € S(X); then A = J(q)
has unit extremal length. Then its image g;q under the Teichmiiller geodesic flow still has area 1 and
J(grq) = e~*A. Thus A has extremal length e?’ on g,q.

Metric ribbon graphs A ribbon graph is the combinatorial data of a deformation retraction of a surface
with boundary. More formally, it is a (simplicial) graph I" equipped with a cyclic ordering of the edges at
each vertex; this can be reconciled with the first notion by thickening each edge to a ribbon and gluing the
edges of the ribbons according to the cyclic ordering. The genus and number of boundary components
of I" are the values for the resulting topological surface. One may equip a ribbon graph I" with a metric x
assigning a length to each of its edges to obtain a so-called metric ribbon graph (T, x).

For b > 0 a nonnegative integer, denote by MRG, ; the moduli space of all metric ribbon graphs with
genus g and b distinctly labeled boundary components, all of whose vertices have valence at least three.
This space is built out of cones corresponding to trivalent ribbon graphs, glued along faces corresponding
to shared degenerations. See [Mondello 2009a] for a careful description of the topology of this space.
For a given tuple L = (Ly,..., L) of positive numbers, define MRG, (L) € MRG, j to be the
subset of all ribbon graphs whose (labeled) boundary components have lengths L1, ..., L. Each slice is
homeomorphic to the usual moduli space of h-pointed Riemann surfaces My ;. The slices MRG 5(L)
piece together to form a fibration MRG,4 ), — ]R{I;O.

Critical graphs Given a marked complex structure X € 7z and a simple closed curve y on Sg, the
critical graph of the Jenkins—Strebel differential ¢ = JS(X, y) € Q(X) is the metric ribbon graph obtained
as the union of the critical leaves of J(gq) € MF, endowed with the restriction of the singular flat metric
induced by g on X. A similar construction can be carried out for general multicurves, but to get a well
defined map to a corresponding moduli space of metric ribbon graphs, care needs to be exercised with
regards to the symmetries of the construction.

For the rest of this discussion let y := (1, . .., &) be an ordered oriented simple closed multicurve on Sy,
let Stabg(y) € Mod, be its oriented stabilizer, ie the set of mapping classes that fix each component of y
together with its orientation, and let y € MF be its equivalence class as a singular measured foliation.
Cutting S, along the components of y yields a (possibly disconnected) surface with boundary S \ 7.
Label the components of Sg \ y by (X; )]c.zl; such a labeling is possible because the components of y
are labeled and oriented. For each j € {1,...,c} let g;,b; > 0 be nonnegative integers such that X; is
homeomorphic to Sg; ..

For any length vector L € R’;O we set
c
MRG(Sg\7: L) := [ [ MRGy, », (L),
=1

where L) denotes the lengths corresponding to the boundary components of X;.
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These slices fit together into a larger moduli space MRG(Sg \ ) which can be topologized through its
natural embedding into a product of combinatorial moduli spaces with variable boundary lengths. Denote
by A C RI;O the open simplex

A={LeRE | L+ +Lr=1}

and let MRG(S, \ 7: A) denote the total space of the fibration over A whose fiber above L € A is
MRG(Sg \ ¥; L); this can be thought of as the “projectivization” of the full moduli space MRG(Sg \ V)
under the natural rescaling action.

For any marked complex structure X € Ty, the critical graph of JS(X, y) is the metric ribbon graph
obtained as the union of the critical leaves of J(gq) € MF, endowed with the restriction of the singular
flat metric induced by ¢ on X. Notice this graph has one connected component for each component
of Sg \ 7. Using the labeling of these components one can define the critical graph map

E(-.7): Ty = MRG(Sg \ 7).

Furthermore, after rescaling the metric of the critical graph E(X, y) € MRG(Sg \ ¥) by 1/ Extx(y), one
obtains the unit-length critical graph map

E'(-.9): Ty > MRG(Sg \ 7; A).

Since Stabg(y) preserves labelings of complementary subsurfaces, the maps E(-,7) and E!(-,y) are
Stabg (y)-invariant.

3 Near the multiple zero locus

Outline of this section We show that the Jenkins—Strebel differentials of most simple closed multicurves
lie deep within the principal stratum; see Proposition 3.6 for a precise statement. This control is crucial
to apply the bounds on the variation of critical graphs proved in Section 4; compare to Proposition 4.3.
The main tools used in this section are the theory of Delaunay triangulations of quadratic differentials
developed in work of Masur and Smillie [1991] and dual train tracks to triangulations.

Triangulations of quadratic differentials For the rest of this paper fix g > 2 and let Sg be a compact
connected oriented surface of genus g > 2. By a triangulation of a quadratic differential ¢ we mean a
triangulation of its underlying Riemann surface whose edges are saddle connections of ¢ (and hence
whose vertices are zeros of ¢). A triangulation of a quadratic differential ¢ is said to be L-bounded for
some L > 0 if its edges have flat length < L.

Given a marked quadratic differential g € Qng and a triangulation A’ of ¢, one can pull back A’ via
the marking map to obtain an isotopy class of triangulation A on Sg. In particular, because we are not
marking the zeros of ¢, the vertices of the triangulation A are not fixed. Recall that the mapping class
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group Mod, acts properly discontinuously on Q! 7 and 7 by changing markings. It also acts on the set
of isotopy classes of triangulations of Sg by applying the mapping class, and the association described
above is equivariant.

Recall that 77: Q!T; — T denotes the forgetful map.

Lemma 3.1 Let A be an isotopy class of triangulation of Sg, let K C T, be a compact subset, and
L > 0. Then the subset of marked quadratic differentials q € JT_I(MOdg - K) having an L-bounded
triangulation A’ that pulls back to A via the marking of g has compact closure in QITg.

Proof Letq € 7~ !(Modg - K) and A’ be an L-bounded triangulation of ¢ which pulls back to A via
the marking of ¢. Fix a simple closed curve « on Sg. As A’ is L-bounded and pulls back to A via the
marking of ¢, one can bound the flat length £, (¢) of any geodesic representatives of @ on g uniformly in
terms a, x(Sg), and L. This together with the fact that ¢ € 7~!(Mod, - K) implies the hyperbolic length
£y (7 (q)) of the unique geodesic representative of o with respect to the marked hyperbolic structure on
S¢ induced by 7 (q) € T via uniformization can be bounded uniformly in terms of «, x(Sg), L, and K.
As the bundle 7: Q17:g — Tg has compact fibers and as the only way of escaping to infinity in 7 is to
develop a simple closed curve of unbounded hyperbolic length, this finishes the proof. |

Delaunay triangulations of quadratic differentials For every quadratic differential ¢ denote by £,in(q)
the length of its shortest saddle connections and by diam(g) its diameter. Every quadratic differential
(X, g) admits a triangulation by saddle connections which is Delaunay with respect to the singularities
of ¢ and the singular flat metric induced by ¢ on X [Masur and Smillie 1991, Section 4]. We refer to any
such triangulation as a Delaunay triangulation of q. For the purposes of this discussion we will not need
to appeal to the explicit construction of these triangulations. Rather, it will suffice to know they exist and
satisfy the following properties:

Lemma 3.2 [Athreya et al. 2012, Lemma 3.11] Let g € Q17;, and A be a Delaunay triangulation of q.
Let y be a saddle connection of q.

(1) If y belongs to A, then £, (q) =g diam(q).

(2) Ifly(q) < V2Lmin(q), then y belongs to A.

Directly from Lemmas 3.1 and 3.2 we deduce the following result:

Proposition 3.3 For every compact subset KC C Tg there exists a constant L = L(K) > 0 and a finite
collection of isotopy classes of triangulations {A; }_, on Sg with the following property. Let q € 7 1K)
and y be a saddle connection of g attaining the minimal flat length among saddle connections of ¢. Then
there existsi € {1,...,n} and an L-bounded triangulation A’ of ¢ having y as one of its edges and which
pulls back to A; via the marking of q.
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Proof Fix a compact subset L € 7,. By Lemma 3.2.1, there exists a constant L = L(K) > 0 such
that every Delaunay triangulation of a quadratic differential in 7~ !(K) is L-bounded. Moreover, by
Lemma 3.2.2, these triangulations always contain the shortest saddle connections of ¢. Thus it suffices
to show these triangulations pull back to finitely many triangulations on Sg. This follows because
triangulations of quadratic differentials in Q! 7, have at most 4g — 4 vertices, so up to the action of the
mapping class group there are finitely many combinatorial types of triangulations on S, that can arise.
Applying Lemma 3.1 and the proper discontinuity of the Mod action on Qng, we see that there are only
are finitely many isotopy classes of triangulations on S, that are L-bounded on some g € r(K). O

Remark 3.4 This statement is false if we mark the zeros of ¢ as well as the underlying surface. The
zeros can braid around each other while g remains in a compact subset of Qng, yielding infinitely many
distinct triangulations that differ by the surface braid group. This reflects the fact that the intersection of
7~ 1(K) with any (nonminimal) stratum is not compact.

Train track coordinates We now discuss some aspects of the theory of train track coordinates. For
more details we refer the reader to [Penner and Harer 1992]. A train track t on Sg is an embedded
1-complex satisfying the following conditions:

(1) Each edge of 7 is a smooth path with a well-defined tangent vector at each endpoint. All edges at a
given vertex are tangent.

(2) For each component R of Sg \ 7, the double of R along the smooth part, of the boundary dR has
negative Euler characteristic; equivalently, R is not a bigon or a monogon.

The vertices of t where three or more edges meet are called switches. By considering the inward-pointing
tangent vectors of the edges incident to a switch, one can divide these edges into incoming and outgoing
edges. A train track t on Sg is said to be maximal if all the components of Sg \ T are trigons, ie the
interior of a disc with three nonsmooth points on its boundary.

A singular measured foliation A € MF is said to be carried by a train track T on Sy if it can be obtained
by collapsing the complementary regions in S of a measured foliation of a tubular neighborhood of 7
whose leaves run parallel to the edges of 7. In this situation, the invariant transverse measure of A
corresponds to a counting measure v on the edges of t satisfying the switch conditions: at every switch
of t the sum of the measures of the incoming edges equals the sum of the measures of the outgoing edges.
Every A € MFj is carried by some maximal train track v on Sg.

Given a maximal train track T on Sg, denote by V() C (Rx0)!88 18 the (6g—6)-dimensional closed
cone of nonnegative counting measures on the edges of t satisfying the switch conditions. The set V(t)
can be identified with the closed cone U(t) € MF of singular measured foliations carried by 7. These
identifications give rise to coordinates on MF called train track coordinates. The transition maps
of these coordinates are piecewise integral linear. In particular, MFg can be endowed with a natural
(6g—6)-dimensional piecewise integral linear structure where the integral points MF ¢ (Z) correspond to
integrally weighted simple closed multicurves.
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Figure 2: The 1-complex and the train track dual to a triangulation. The train track is obtained by
removing the dashed edges from the 1-complex. Left: the dual 1-complex and dual train track in
a triangle. Right: joining the dual 1-complexes and train tracks.

Train tracks dual to triangulations We now use our discussion of triangulations of g € 7~ 1(K) to
control what the horizontal foliations can coarsely look like. We begin by recalling the construction of a
train track dual to a triangulation; compare [Mirzakhani 2008a; Arana-Herrera 2025; Calderon and Farre
2024b; 2024a].

Let A be an isotopy class of triangulation on Sg. On each of the triangles of A consider a 1-complex as in
Figure 2, left; the edges of this complex that do not intersect the sides of the triangle will be referred to as
inner edges. Join these complexes along the edges of A as in Figure 2, right, to obtain a complex on Sg.
We say that a train track t on Sg is dual to A if it can be obtained from this complex by deleting one
inner edge in each triangle of A. We remark that this operation is well defined even though we are only
considering isotopy classes: two isotopic triangulations will give isotopic collections of dual train tracks.

Letg € 917;, and A’ be a triangulation of g. Denote by A the triangulation of S, obtained by pulling
back A’ via the marking of ¢. The horizontal foliation J(g) € MFy is carried by a train track dual to A.
Indeed, let T’ be a triangle of A’. Label the edges of T’ by a, b, and ¢ so that

Ld%<q>=/bd%(q>+/cd%(q).

This labeling is unique unless one of the edges of 7" is horizontal, in which case there exist two such
labelings. On T consider a 1-complex as in Figure 2, left, and delete the inner edge of this complex
opposite to a. Consider the corresponding 1-complexes on all the triangles of A’. Joining these complexes
along the edges of A’ as in Figure 2, right, and pulling back the resulting complex to S yields a train
track t dual to A. This train track carries J(q) € MFg and, for each edge e of A’, the counting measure of
the corresponding edge of 7 is equal to | . @3(q). If g is in the principal stratum of quadratic differentials,
the train track t obtained through this construction is maximal, and in general, the singularity structure
of g is reflected in the combinatorics of 7.

Directly from the discussion above and Proposition 3.3 we deduce the following, which is analogous to
both [Arana-Herrera 2025, Proposition 2.7] and [Calderon and Farre 2024b, Section 10]:
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Proposition 3.5 For every compact subset K C Ty there exists a finite collection of train tracks {z; }_,
on S with the following property. Let q € 7~ 1(K) and y be a saddle connection of q that attains the
minimal flat length among saddle connections of g. Then there existsi € {1,...,n} such that t; carries
J(g) and such that the corresponding counting measure on the edges of t; gives weight fy dJ(q) to one

of the edges of ;.

The key estimate We are now ready to prove the main estimate of this section. This estimate will allow
us control the equidistribution problem of interest near the multiple zero locus in a sufficiently strong way.

LetJS: Tg x MFg — Qng denote the Hubbard—Masur map from Theorem 2.2 which to every (X, ) €
Tg X MFg assigns the unique marked quadratic differential ¢ € 7~ 1(X) such that 3(¢) = A. This
differential has area Exty (1), so rescaling it by the square root of extremal length results in a unit-area
differential. Let K5 € Q! T, denote the set of marked unit-area quadratic differentials ¢ € Q! 7, belonging
to the principal stratum with £in(q) > 0. Given X € T, consider the set

F(X,0):= {aEM}'g IS(X,a) ¢ Ky

1
@) ‘ v Exty (o)

and for any compact set K C T define F(K,0) 1=y F(X,0).

Proposition 3.6 Let K C T be a compact subset. Then there exists a constant C > 0 such that for every
X eK,everyo >0, and every L > 1,

#{a € F(K,0) | Exte(X) < L?} <CL% ™7 4 CoL% 6.

Proof Let {z;}7_, be a finite collection of train tracks on S, as provided by Proposition 3.5. Now
consider @ € MF¢(Z) such that Exty(X) < L? and

q:=IS(X,a/Exty(X)) € Q' Tz \ Ko

Suppose first that g is not in the principal stratum. Then, by construction, any of the train tracks ;
carrying o = \/m J(g) is not maximal. Suppose now that ¢ is in the principal stratum and that
y is a saddle connection of ¢ attaining £yin(¢). It follows by construction that, when carried by the
corresponding t;, one of the resulting weights of « is at most o \/W(X) < oL. As the collection of
train tracks {z; }7_, is finite, the desired bound follows from a standard lattice-point counting argument,
ie the fact that a ball of radius R > 0 in a d-dimensional Euclidean space contains approximately R4
integer points. |

4 Uniform geometric estimates

Outline of this section We show that the weights of the metric ribbon graph &' (X, &) vary uniformly
over o as X varies in a suitably chosen neighborhood of moduli space; see Proposition 4.3 for a precise
statement. The proof is based on a uniform continuity argument and uses the AGY metric on strata of
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quadratic differentials introduced by Avila, Gouézel, and Yoccoz [Avila et al. 2006] in a crucial way.
Before proving Proposition 4.3 we discuss some of the basic properties of the AGY metric following
[Avila et al. 2006; Avila and Gouézel 2013].

The AGY metric Let Q C Q7 be the principal stratum of marked quadratic differentials on Sy, that
is, the subset of differentials with only simple zeros. Denote points in Q by (X, ¢), where X is a marked
Riemann surface and g is a quadratic differential on X. Let (Z, w) — (X, ¢) be the holonomy double
cover of (X, g). The tangent space of Q at (X, g) can be identified with the relative cohomology group
H Oldd(Z ,2;C), where X C Z denotes the set of zeroes of w, and the subscript odd denotes the —1
eigenspace of the canonical involution of Z — X. Forv € H Oldd(Z , 2; C) consider the norm
v(s)

holy, (s)

where S denotes the set of saddle connections of w and holy, (s) € C denotes the holonomy of the saddle

[vllg := sup
SES

’

connection s with respect to @; we will sometimes denote this holonomy by |s|,. By work of Avila,
Gouézel, and Yoccoz [Avila et al. 2006], this definition indeed gives rise to a norm on H, Oldd(Z , 2 C)
and the restriction of the corresponding Finsler metric to any fixed-area slice of Q is complete. We refer
to this metric as the AGY metric of Q and denote it by dagy. For any C! path «: [0, 1] — Q, denote its
AGY length by

1
length(lc)::/0 ||/</(t)||,c(,) dt.

We observe that the rescaling action g — rq for r € R is an isometry of the AGY metric. Indeed,
given v € H1,(Z, =; C) we have that |[rv|,q = ||v|l4, and so given any C! path (¢) from ¢ to ¢’ we
can compute the length of the corresponding path rk (¢) from rq to rq’:

1 1
length(rk) =f0 " ()| i ey dt 2/0 " () ||y dt = length(x).

The fundamental property Fix (X,q) € Q and let ¥ = W, be the local parametrization of Q by its
tangent plane Holdd(Z, 3; C) as above. More formally, define W(v) for v € Holdd(Z, 3; C) as follows.
Consider the path « starting from (X, ¢) with «’(¢) = v for all times 7. For small ¢ the path «(¢) is well
defined. It is possible that «(¢) could be not defined for large ¢. If the path « is well defined for all
t €0, 1] define W(v) :=«(1) € Q.

Denote by B(0, r) the ball of radius r centered at the origin of H Oldd(Z , 22; C) with respect to the norm
| - 1lg- The following results, which will be crucial in later sections, give control on the image of the
“exponential map” W:

Proposition 4.1 The map V is well defined on B(0, §). Moreover:

(1) Forve B(0,3),
dacy(q, ¥(v)) < 2|v|lg-
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(2) Foreveryv e B(O, %) and every w € Holdd(Z, 3 C),

1 [wllq
7= | <2.

W] w ()

(3) Forv e B(0,5),

dacy (g, ¥ (v) = Zvllg.

In particular, any g’ € Q with dacy(q.q’) < % is equal to W (v) for some v € B(O, %)

Apart from the last claim of (3), this is just the statement of [Avila and Gouézel 2013, Proposition 5.3]
generalized to arbitrary vectors; we provide an outline of the final claim.

Proof sketch Consider the image of B(O, %) under W. By invariance of domain, this is open; in

particular, it contains an open AGY ball Bagy of some maximal radius » > 0. Now by the first claim

of (3), we have that W~!(Bygy) is contained in B(0,2r). In particular, if r < % then we can find a

slightly larger ball B(0, 2r + ¢) whose W image strictly contains Bagy (by the first claim of (3) again);
1

hence r was not maximal to begin with. So r > ;. |

A proof of the remaining statements can be obtained by closely following the arguments of [loc. cit.].
Indeed, the key input in the proof of Proposition 4.1 is [loc. cit., Proposition 5.5], which gives a bound
on the growth of the parallel translate of a vector in terms of the length of the path along which it is
translated, and is true for any v, not just those lying in the unstable distribution.

We record for future use a similar result on how the length of saddle connections changes along paths;
compare with [loc. cit., Lemma 5.6]:

Lemma 4.2 Suppose that «: [0, 1] — Q is a C! path and that s is a saddle connection that survives in
k(¢) for all t € [0, 1]. Then
e—length(lc) < |S|K(0) < elength(lc)'
I5]e(1)

Variation of weights With these preliminaries taken care of, we can now show that the geometry of the
horizontal ribbon graph is controlled uniformly over most simple closed multicurves « as X varies in a
small ball in 7g; compare with [Arana-Herrera and Calderon 2022, Lemma 4.1 and Proposition 4.2].

Recall that if @ is an ordered oriented simple closed multicurve on Sg, then & € MF¢(Z) denotes its
equivalence class as a singular measured foliation. Recall that for a compact set £ C Ty and o > 0, the
set F'(IC, o) denotes those integral simple closed multicurves o € MF¢(Z) so that, for some X € KC, the
differential JS(X, «) is either not in Q or has a saddle connection shorter than o +/Exty ().

Proposition 4.3 Fix a compact subset IC C Tg. Then, for every ¢ > 0 and every o > 0, there exists
§ = 8(K,e,0) > 0 such that for any ordered oriented simple closed multicurve & on Sg such that
a ¢ F(K,o0) and any two X, X' € K with dreicn(X, X) < 8, the following hold:
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(1) The horizontal ribbon graphs E (X, &) and E(X’, &) have the same topological type, ie live in the
same facet of MRG(Sg \ @).

(2) Forevery edge e of E(X,a) and/or (X', @), we have that
o < lelzi(x.a) — o
lelz1(x.a)
The proof of this proposition has two steps: we first show that the hypotheses imply that the differentials

JS(X,a) and JS(X’, @) are close in the AGY metric, then use properties of the metric to conclude the
desired statements.

The first step is accomplished using the uniform continuity of the Hubbard—Masur map. To get this, we
need to restrict to a compact set. Restricting to K, as defined before Proposition 3.6, allows us to avoid
a neighborhood of the multiple zero locus, but we must also impose a bound on the areas of differentials
under consideration. As such, we first record an a priori bound on the extremal length of foliations as the
base surface ranges over a compact set. The following is a direct consequence of Theorem 2.4:

Lemma 4.4 For every compact K C Tg, there is a cx > 1 such that for every A € MFg and every
X, X' ek,
o=l < Extys (1) -

We now show that if X and X’ are close in the Teichmiiller metric, then most of their Jenkins—Strebel
differentials are close in the AGY metric.

Lemma 4.5 Fix K and o as in Proposition 4.3. For any ¢ > 0, there is a § > 0 such that for any X, X' € K
with dreicn(X, X') <8 and any a ¢ F(K,0),

dacy(JS(X, @), IS(X', @) < ¢.

Proof Fix any metric dr, on MF, equipping it with the standard topology. By Theorem 2.2, the
map JS: Tg x MFg — QT is a homeomorphism, and is hence uniformly continuous on the compact set
J = (Kx MFg)NExt™  ([c?, c2]) NIST (R=o - Ky).

That is, for any ¢ > 0 there is a § > 0 such that for any (X, 1), (X', 1) € J with
dreicn(X, X') <8 and dM;g()L,A’) <4,

we have that
dacy(JS(X, 1), IS(X', 1)) <.

In particular, Lemma 4.4 (alternatively, Theorem 2.4) implies that

o _ vVExty/(@) -1
VExtx («/E_m((a)) = B (@ k)
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so setting A = A’ = «a/+/Exty («) we have that JS(X, A) and JS(X’, 1) are ¢ apart. The statement for «
itself follows from the fact that rescaling is an isometry of the AGY metric. a

Now since JS(X,a) and JS(X’,«) are close and live in the same leaf of the unstable foliation, we
can use the exponential map W to connect them via a path completely contained in the unstable leaf
{JS(X,a) | X € Tg}. Analyzing this map yields the proof of the main result of this section.

Proof of Proposition 4.3 We begin by observing that, by definition of the 1 map,

lelerx.a)  lelzx.a) Extx: ()
lelzixra) lelzx.a) Extx (@)

By Theorem 2.4, the ratio of extremal lengths is bounded arbitrarily close to 1 (so long as we take §
small enough), so it suffices to compare the geometry of the nonnormalized critical graphs. For ease of
notation, throughout the rest of the proof let us define

q:=1S8(X,a) and ¢':=JS(X', ).

Fix0<e< % Lemma 4.5 tells us that by taking § small enough we can ensure ¢ and ¢’ are %8 < %
close in the AGY metric, so by Proposition 4.1(3) we have that ¢’ = W(v) for some v € B(O, %s) But
now we know that ¢ and ¢’ have the same horizontal foliation, and hence the same vertical periods.

Therefore v is real, ie v € H Oldd(Z , 2; R) with respect to the natural splitting
HM\(Z,2:C) = HY\y(Z, 2 R) @ HYLy(Z, %50 R).

In particular, this implies that the period of every horizontal saddle remains real along «(¢). Since the
exponential map W is well defined (and proper), every horizontal saddle must persist along the entire
path {k(¢)} ;:0 (otherwise some saddle would shrink to zero, but doing so leaves the stratum). Hence
the topological type of the horizontal saddle connection graphs of x(0) = ¢ and k(1) = ¢’ are the same,
establishing the first part of the proposition.

For the second part, ||v||() grows by at most a factor of 2 along the entire path (Proposition 4.1.(2)),
so the length of « is at most €. Since each horizontal saddle persists along the entire path, Lemma 4.2
implies that the length of each can change by a factor of at most elength(®)  Thys the lengths on ¢ and ¢’
of every edge of 2 (X, @) have ratio bounded by e®#, proving the second claim. |

5 Horoball measures

Outline of this section We introduce “critical-JS-horoballs” and show that, as they expand over moduli
space, they equidistribute with respect to the Masur—Veech measure. See Proposition 5.7 for a precise
statement. Our preliminary discussion relies on work of Athreya, Bufetov, Eskin, and Mirzakhani [Athreya
et al. 2012] as well as an expression for critical-JS-horoballs in terms of the fibered Kontsevich measure.
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The equidistribution result is a consequence of work of Forni [2021], which in turn relies on breakthroughs
of Eskin, Mirzakhani, and Mohammadi [Eskin and Mirzakhani 2018; Eskin et al. 2015]. Throughout we
use the normalizations in [Athreya et al. 2012; Arana-Herrera 2023; Arana-Herrera and Calderon 2022]
for all the measures considered.

The Masur—Veech measure Let y := (y1,..., ¥x) be an ordered oriented simple closed multicurve on
S with underlying multicurve y € MF,. Recall that Stabg(y) € Modg denotes the oriented stabilizer
of y, ie the set of mapping classes that fix each component of y together with its orientation.

Recall that vy denotes the Masur—Veech measure on 917};. The forgetful map = : Qlfg — Tg pushes
the Masur—Veech measure down to a Lebesgue-class measure m := w4 vMy on Tg, which we also refer
to as the Masur—Veech measure. Both vyy and m are Modg-invariant. Let Dy and m denote the
corresponding local pushforwards to Q! 7, /Stabg(y) and T /Stabg(y), and, similarly, let Dyry and 7
be the pushforwards of byy and m to o' M ¢ and Mg. One could of course also define m and m by
pushing forward Dyy and Dypy under the corresponding forgetful maps. Denote the total mass of Dypy, or,
equivalently, m, by bg > 0.

Recall that for any Riemann surface X, we denote by S(X) the sphere of unit-area quadratic differentials
on X. Let sy be the conditional probability measure on S(X) induced by m on 7. It is characterized by
the disintegration formula

(5-1) dvmv (X, q) = dsx (q) dm(X),
together with similar expressions for the measures Vpy and Dypy on quotients.2

The Hubbard-Masur function Recall that the singular measured foliation J(gq) € MF, denotes the
horizontal foliation of ¢ € Q17§, and that [J(g)] € PMFg denotes its projective class. As observed
in [Athreya et al. 2012], every leaf of the unstable foliation 7* of Q!7, carries a conditional measure
that is uniformly expanded by the Teichmiiller geodesic flow. This measure can be explicitly obtained as
follows. By definition, any leaf of 7* is of the form

Fioy =g € Q'T¢ | [3(@)] = [B] € PMFg}

for some 8 € MFg. By Theorem 2.2, this set can in turn be identified with the open set MF ¢ (8) € MF,
of singular measured foliations on Sy that together with f fill the surface. The Thurston measure fiThy
on MFg therefore restricts to a nontrivial measure on MF¢(B) and hence gives rise to a measure on
.7-"[’;3] which we denote by vy, g.

Recall that {g;: Q' Ty — Q! Tg }eR is the Teichmiiller geodesic flow on Q! 7. The fundamental scaling
property described by the formula

(5-2) (g¢)svyp = e 870, 4

2We note that we do not need to worry about sizes of stabilizers when recording disintegration formulas at the level of moduli
space. For g > 3, we have that m-almost every X € Mg has no nontrivial automorphisms and so the fiber of olm g over X is
the entire sphere S(X). For g = 2 every surface is hyperelliptic, but so is every quadratic differential.
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is then a consequence of the fact that the Teichmiiller geodesic flow stretches the horizontal direction,
expanding the measure on the vertical foliation, and thus acting by multiplication by e’ on MF¢(f).

By Theorems 2.2 and 2.3, the forgetful map = : Q17§ — Tg restricts to a homeomorphism g between
]:[MB] = MF(B) and Tg. The pushforward of v, g by this map is in the Lebesgue measure class. Following
[loc. cit.], we denote by

Flo dm
M= d(mp])Vu,p

the corresponding Radon—Nikodym derivative, where ¢ = n[ﬁ (X), that is, ¢ = JS(X, B)/ VExtx (B).
We recall from [loc. cit.] that the Hubbard—Masur function is defined to be the following integral:
A(X) ::/ At (q) dsx.
o'(Xx)
Directly from the definitions, we observe that both AT (¢) and A (X) are Mod,-invariant; see also [loc. cit.,
top of page 1063].

Tracing through the definitions, one can arrive at the following formulation:

Lemma 5.1 [Athreya et al. 2012, Proposition 2.3(iii)] For any X € Tg,

A(X) = pru({B € MF | Extx (B) < 1}).
In fact, Mirzakhani proved the following strong result:
Theorem 5.2 [Dumas 2015, Theorem 5.10] The function X € T — A(X) is constant.
As such, we refer to this value as the Hubbard—Masur constant A g > 0.

Horoballs For every L > 0 we define the (total) extremal length horoball measure m]); on 7g by

restricting m to the set of marked Riemann surfaces X € 7, on which vExtx(y) < L. We similarly
L

u’?
under the forgetful map 7 : Q17jgr — Tg. The extremal length of y on X is the same as the area of the

define the (total) unstable horoball measure v~ . on QITQ by restricting v,, 5 to the preimage of this set

quadratic differential ¢ = JS(X, y), which in turn is equal to the geometric intersection number of the

L

horizontal and vertical foliations of ¢, so Vi

measure on MF ¢ (y) to the set

can equivalently be defined by restricting the Thurston

BeMFg(y)|i(B,y) =L}

and pushing this “Thurston horoball measure” ,u%hu forward to J-"[L; I We then take local pushforwards to

get measures
1711{; on Tg/Stabg(y), f)i? on Q' T, /Staby (), pk on MF(y)/Staby(}).

One can check that ﬂ%hu is finite, as the usual Thurston measure is locally finite on MF g and the closure
(inside M Fpg, including the O foliation) of a piecewise-linear fundamental domain for the action of
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Stabg (3) on the support of u%hu is compact. This implies that T),f, y and iﬁ{; are also finite, so we can take
the (global) pushforwards of f)uL’ , and 171{; to the moduli spaces Q' M, and M, ; denote the resulting
measures by f),ﬁ , and nAzl);

Recall from Section 2 that MRG(Sg \ 7; A) denotes the moduli spaces of ribbon graphs of complementary
subsurfaces to y of total boundary length 2 and matching boundary lengths along the components of ¥.
Recall also that E1(X, y) € MRG(S \ ¥; A) denotes the critical graph of the Jenkins—Strebel differential
JS(X, y) rescaled so that the boundaries have total length 2.

We also want to consider subsets of the horoballs above by conditioning on the shape of the horizontal
separatrices of the corresponding Jenkins—Strebel differentials. To this end, for any L > 0 and any nonzero
continuous compactly supported function h: MRG(Sg \ ¥; A) — R, define the E!-horoball measure on
Tg by

(5-3) dm | (X) := 11, )(VExtx (n))R(E' (X, 7))dm (X).

We similarly define a version supported on the unstable leaf corresponding to y:

(5-4) vl 4 (X.q) =1 L) (VExtx (n))R(E' (X, 7)) dvu,y ().
L

We informally refer to the measures m;, as “critical-JS-horoballs”. Compare with the definition of
“RSC-horoballs” from [Arana-Herrera and Calderon 2022, (5.1)]. Notice that the measures m)I; , are
not equal to the pushforwards of the measures vi G under the Hubbard—Masur map: they differ by the
Hubbard-Masur function.

L

The measures m}% R(X)and v ; ,(q) are Stabo (y)-invariant, and so as in the case of the total horoball

s

measures we can take their local pushforwards ﬁ'z]); , and f)’f; , after quotienting by Stabg(y). We can
I 7

and DL _ j On Mg and Q! Mg, respectively.

then further push down to finite measures fﬁ)7 i w7

The fibered Kontsevich measure In the next two subsections, we discuss how the “fibered Kontsevich
measure” describes critical-JS-horoballs in terms of the combinatorial data of metric ribbon graphs; see
Proposition 5.5. We begin by quickly recalling the definition of this measure and refer the reader to
[Arana-Herrera and Calderon 2022, Sections 2 and 7] for a more detailed overview.

Kontsevich [1992] defined a piecewise 2-form wgon on MRG 5, that computes intersection numbers on
moduli space. Restricting to a slice MRG, 5 (L) with fixed boundary lengths, this form is seen to be
symplectic on every maximal facet. Thus the Kontsevich form gives rise to volume forms

1 3g—3+b
Ge31h @Kon

on each maximal facet, which can be glued together into a volume form on the entire slice MRGg 5(L).

We will use nllgon to denote the measure associated to this volume form and refer to it as the Kontsevich
measure> on MRGg p(L).

3See [Arana-Herrera and Calderon 2022, Remark 2.1] for a discussion of how to deal with this measure in the presence of
nontrivial automorphism groups.
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When y := (1, ..., V%) is an ordered oriented simple closed multicurve on Sg with complementary
subsurfaces (X )§=1’ we recall that we set

c
MRG(Sg \$:L) := [ | MRG,, 5, (LY)
Jj=1
for any length vector L € R’;O. As this is a product of moduli spaces with fixed boundary lengths, it has
a (product) Kontsevich measure 771)2’0{1‘. Integrating against boundary lengths, the Kontsevich measures on

each slice also fit together into a canonical measure on the total space, defined for any measurable subset
A C MRG(Sg \ ¥) by the formula

nlzon(A) ::/k r’Kon (AHMRQ(Sg\y L)) dLl de

>0

We now use this to induce a measure on MRG(Sg \ y; A), the total space of the fibration over the standard
simplex A C R¥. For A € MRG(Sg \ 7; A) set

cone(A4) :={(I',tx) | ([,x) € 4,1 € (0, 1]} € MRG(Sg \ ),
where I is the underlying ribbon graph and x corresponds to its metric structure.

Denote by pg (y) € N the number of components of y that bound a torus with one boundary component.
Let 0g(y) > 0 be the rational number given by

H;:llng,bj|
|Stabo (y) N Kg |’

og(y) =

where K., <Mody; 5 is the kernel of the mapping class group action on 7, 5. and Kg <Mod, is
the kernel of the mapping class group action on 7g. These factors arise from special symmetries of
moduli spaces of low-complexity surfaces; for a more extended discussion see [Arana-Herrera 2021;
Arana-Herrera and Calderon 2022].

Definition 5.3 The fibered Kontsevich measure ﬁﬁon on MRG(Sg \ 7; A) is the measure which to every
Borel measurable subset A assigns the value
og (V)
2Pg @) cone(A)

Kon( ) Ll o .Lk dn[);()n(r’x)

Denote the total royéon—mass of MRG(Sg \ 7; A) by ms.

Integral points and horoball masses Let m}% ;, denote the total mass of D v G (equivalently, of ¥ v h).
Note that, since intersection numbers and square roots of extremal lengths scale homogeneously, (5 2)

implies that

L 6g—6
(5-5) ms o, = L8~ m)7 b
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iy
Wy

Figure 3: Thickening a ribbon graph and gluing boundaries to recover a Jenkins—Strebel differen-
tial with specified critical graph.

To compute m; and, in particular, to relate it to the (fibered) Kontsevich measure, we will need a better

h

structural understanding of the unstable leaf ]-"[’;/

compare to the discussion of moderately slanted cylinder diagrams in [Arana-Herrera 2020, Section 3]

) The following statement gives us the desired control;

and to the discussion of shear-shape coordinates for quadratic differentials in [Calderon and Farre 2024b].

Lemma 5.4 The critical graph map E: .F[';/]/Stabo(ﬁ) — MRG(Sg \ ¥) demonstrates the quotient
]-'[’;/]/Stabo(?) as a torus bundle over MRG(Sg \ V).

Proof By definition, every q € .7-"[';/ ] is a unit-area quadratic differential whose horizontal foliation (ie
imaginary part) is in the projective class of [y]. In particular, this implies that its horizontal cylinders all
have equal heights. Cutting along the core curves of these cylinder, we are left with a flat cone structure
with totally geodesic boundary on Sg \ y. Collapsing the vertical leaves then defines a deformation retract
onto the critical graph E(q) € MRG(Sg \ 7).

Conversely, given a tuple of metric ribbon graphs (I, x) € MRG(Sg \ 7), there exists a unique choice
of height such that gluing together these metric ribbon graphs along cylinders of that height results in a
unit-area quadratic differential with the given horizontal separatrices; if (I', x) € MRG(Sg \ ¥; L), then
the corresponding height is 1/ Zf’c=1 L;. Compare to Figure 3. The only ambiguity in this construction
arises in choosing how much to shear along the cylinders of y. Thus, for each x € MRG(Sg \ ), there is
a torus’s worth of ways to construct a quadratic differential g € .7-"[’;, ] with critical graph E(g) = (I', x). O

The fibers of the critical graph map E: ]—"[’;/ ] /Stabg(y) = MRG(Sg \ ¥) are tori of real dimension k equal
to the number of components of . Each dimension represents twisting about one of the components.
Because of this, the fibers are naturally equipped with a notion of size coming from the circumferences
of the corresponding cylinders (representing the possible amounts of twisting, plus a correction factor for
extra symmetries). See also the discussion of the “cut-and-glue fibration” in [Arana-Herrera and Calderon
2022, Section 11].

This discussion allows us to express the pushforward of the Thurston measure by E in terms of the
Kontsevich measure on the base of the fibration.
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Proposition 5.5 The following identity of measures on MRG(Sg \ ¥) holds:

Og ()
Zpg(?)

(5-6) d(Baby ;) = Ly LidniEdr, ---diy.

That is, for every measurable subset A € MRG(Sg \ 7),

og(Y)

oL _
20 o Mo (ANMRG(Sg \¥; L)Ly -+ L dLy---dLy.
i >0

E71A) =

Proof There are natural notions of integer points for both ]-'[’;/ ] /Stabg(y) and MRG(S \ 7). In the first
space, these are square-tiled surfaces. In the second space, these are integral metric ribbon graphs. The
measure [LTh, can be defined as a weak-* limit of counting measures of integrally weighted simple closed
multicurves, and the corresponding measure v,, ; can hence be interpreted as a weak-* limit of counting
measures of square-tiled surfaces.

Observe that the critical graph map E: ]-'[’;/] /Stabg(y) = MRG(Sg \ 7) takes integer points to integer
points. Furthermore, over any integral metric ribbon graph in (I, x) € MRG(S \ y; L), there are exactly
L1 -+ Ly square-tiled surfaces in 27 !(T, x) (corresponding to integral amounts of twisting). Thus, up
to getting the correct normalization factor, it suffices to show that we can reinterpret the right-hand side
of (5-6) in terms of counting integer points. This statement was first observed by Norbury [2010], but is a
consequence of the fact that the Kontsevich measure is the Lebesgue measure in the lengths of edges.
Compare with the discussion on the fibered Kontsevich measure in [Arana-Herrera and Calderon 2022].

To get the normalizing constant, we must be careful to count integer points weighted by the size of their
automorphism group. Equivalently, we must ensure that the pushforwards of measures to orbifolds are
weighted by their symmetries. The symmetries of low-complexity moduli spaces (ie the kernel of the
mapping class group action on these Teichmiiller spaces) hence contribute a factor of o (). The 27P¢ @)
factor comes from the elliptic involution on S7,1: its existence implies that there is only half as much
twisting in the toral fibers as one might expect. a

Together with (5-5) and the definition of the fibered Kontsevich measure (Definition 5.3), Proposition 5.5
immediately implies the following:
Corollary 5.6 For any L > 0 and any nonzero continuous compactly supported function

h: MRG(Sg \ 7;: A) > R,

the total mass m% | of DL
v.h u,y,

T equal to

m]J;’h = Lﬁg—6/  h(x) i (x).
MRG(Sg\y;A)
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Equidistribution of critical-JS-horoballs We now show that the expanding pushforwards of critical-JS-
horoballs equidistribute with respect to the Masur—Veech measure; this is the analogue of [Arana-Herrera
and Calderon 2022, Theorem 5.2]. As opposed to that paper, here we will be able to invoke strong results
from Teichmiiller dynamics to deduce equidistribution relatively quickly; the approach presented here is
one of several possible ones. We first consider the horoball measures on unstable leaves.

Proposition 5.7 For any nonzero continuous compactly supported function h: MRG(Sg \ 7: A) - R,
the following convergence holds with respect to the weak- topology for measures on Q' M g:

Proof This result follows directly from [Forni 2021, Theorem 1.6].# In fact, the cited theorem is stronger
in the sense that it guarantees equidistribution of “horospheres.” The desired result for horoballs can be
recovered by integrating horospheres along the direction of the Teichmiiller geodesic flow. O

We now use Proposition 5.7 to deduce the equidistribution of critical-JS-horoballs. Unlike in the hyperbolic
setting (see [Arana-Herrera and Calderon 2022, Theorem 5.2 and Corollary 5.3]) we cannot simply push
Proposition 5.7 down to My to arrive at the following result; this is related to the fact that vy is

Mod, -invariant while v, 5 is not.

Corollary 5.8 For any nonzero continuous compactly supported function h: MRG(Sg \ 7; A) — R, the
following convergence holds with respect to the weak-« topology for measures on Mg:

~L

me
. B Ag
lim % = b—gm.
L— 5
MG h &

Proof Let f: Mgz — R be a continuous compactly supported function and set f : Tg/Stabg(y) — R
to be its pullback to Tg/Stabg(y). As a direct consequence of the definitions and the Hubbard—Masur
theorem, for every L > 0 we can rewrite

~L _ r ~ ]
/Mg FX)dink , (X) = fT o FOO L )

_ / 7 +( IS(X,y)
Te /Stabo (7) VExtx (y)

f@@t (@) di); @)

) d(”[}’])*‘ji;?,h (X)

/Ql Te /Stabo (V)
4An alternative proof of the desired equidistribution statement can be obtained using the mixing property of the Teichmiiller

geodesic flow; see for instance [Eskin et al. 2022, Proposition 3.2]. A proof using only the ergodicity of the Teichmiiller horocycle
flow should also follow from the methods discussed in [Arana-Herrera 2021].
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Pushing back down to moduli space and dividing by the total mass mé 5, we get
1 ~ 1 + N
I fXydms ,(X) = —— FE@)A" (@) dv, 5 (@)

My M ’ My /O Ms ”

1 N

= [ fa@rt@ dw.
g JolMg

where the convergence as L — oo follows from Proposition 5.7. We can then integrate off the sy factor

using the product formula (5-1) and invoke Theorem 5.2 to deduce the desired result. |

6 Equidistribution of critical graphs

Outline of this section We state and prove our main result in the case of a general multicurve. Theorem 1.1
follows as a special case. The proof is obtained by putting the results of the previous sections into the
outline discussed in the introduction. Namely, after reducing the equidistribution problem at hand to
a counting problem for curves whose Jenkins—Strebel differentials have constrained critical graphs,
averaging and unfolding techniques allow us to further reduce to an equidistribution question for critical
horoball measures. Propositions 3.6 and 4.3 will play an important role at this stage of the proof. The
results of Section 5, which rely on the ergodicity of the Teichmiiller horocycle flow, guarantee these
measures equidistribute. The relationship between the total mass of critical horoball measures and the
Kontsevich measure, explained in Corollary 5.6, then allows us to relate the asymptotics of our curve

counting problem to the Kontsevich measure.

From equidistribution to counting Fix an ordered oriented simple closed multicurve y. For every
L > 0, consider the extremal length counting function

s(X,y,L) :=#{a € Modg -y | VExty(a) < L}.

This does not depend on the marking of X € 7 but only on its underlying conformal structure. Work of
Mirzakhani [2008b] gives sharp asymptotics for this count:

) s(X, )7, L) m,;Ag
6-1 1 — .

Here Ag > 0 is the Hubbard-Masur constant, b, > 0 is the total Masur—Veech volume of Q! M, and
my is the total mass of the fibered Kontsevich measure ﬁﬁon on the moduli space MRG(Sg \ ¥; A).

Remark 6.1 As discussed in [Arana-Herrera and Calderon 2022, Remark 7.6], the constant ms; can be
reconciled with the usual statement of (6-1) involving the “frequency” c¢(y) by observing that we are
counting ordered oriented multicurves (introducing a factor of [Stab(y):Stabg()]) and that the coefficient
of the top-degree part of the Weil-Petersson volume polynomial of S, \ 7 is exactly ms.
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Recall that our goal is to study the asymptotic distribution of the counting measures on MRG(Sg \ 7; A)
given by
s = 2 lou(VExtx(@)dzi(xa)-
a&E€Modg -y
The following is the general version of Theorem 1.1; its proof will occupy the rest of this section. Compare
with [Arana-Herrera and Calderon 2022, Theorem 7.7].

Theorem 6.2 Let y := ()1, .., k) be an ordered oriented simple closed multicurve on Sg and X € Mg
be a complex structure on Sg. Then
L

N oA
lim UX,)’ — "Kon
L—oo s(X,7,L) ms

with respect to the weak-* topology for measures on MRG(Sg \ 75 A).

Remark 6.3 For the sake of brevity and readability, throughout the rest of this section we will shorten
MRG(Sg \ 7; A) to MRG. We will not consider any other spaces of ribbon graphs in the sequel.

As explained in Section 1, Theorem 6.2 is equivalent to a counting problem for metric ribbon graphs.
More concretely, it is enough to show that for every continuous compactly supported f: MRG — R>o,

) 1 L 1 / oA
lim ———— x)dnt .(x) = — x)did (x).
L—oo S(X,y, L) Jymrg fx) nX,y( ) m; Jurg S (x) digon ()

For every L > 0 consider the f-weighted counting function

62) (X5 fL):= /mgﬂx)dn;;(x): S 1oy (VExix (@) £(E (X, @),

a€Modg-y
Observe that, although it is not compactly supported, one can follow the same argument with f = 1 and
recover the usual counting function s(X,y, L).

The rest of this section is devoted to proving the ensuing result, from which Theorem 6.2 follows directly
by the above discussion. This is a generalized version of Theorem 1.2 from the introduction in the case
of a general multicurve.

Theorem 6.4 Let y := (y1,..., k) be an ordered oriented simple closed multicurve on Sg and X € Mg
be a complex structure on Sg. Then, for every continuous compactly supported f: MRG — Rxo,

cX.y. L) _ 1
L—-oco s(X,y,L) m;

/ F0) AR, (x).
MRG

For the rest of this section we fix a marked conformal structure X € 7g, an ordered oriented simple
closed multicurve y on Sg, and a nonzero nonnegative continuous compactly supported function
f :MRG — RZO'
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Averaging counts Our next goal is to average the counting functions introduced in (6-2) over small
neighborhoods of moduli space. Using the results from Section 4, we first study how these counting
functions vary in such neighborhoods.

Recall that Proposition 4.3 states that for every pair of conformal structures X, Y € 7, that are sufficiently
close in the Teichmiiller metric and most ordered oriented simple closed multicurves & on Sg, the critical
graphs E!(X,a) and E!(Y, @) belong to the same facet of MRG and the corresponding edges have
length differing by a multiplicative constant. We now define analogous neighborhoods in the moduli

space of ribbon graphs.

Given x € MRG and a positive constant ¢ > 0, denote by N.(x) the set of all y € MRG in the same
facet as x, ie with the same topological type of underlying ribbon graph as x, such that for every edge e
of x and y,

e_8|€|x = |e|y = €£|e|x-

Here we have implicitly fixed a local marking so we can compare the weights of specific edges. For every
& > 0 consider the averaged functions

fsmin’ gmaX:MRg%RZO
given by
e (x) = min f(y).  f"(x) = max f(y).
YEN:(x)

YEN(x)
We begin our proof of Theorem 6.4 with the following estimate, which allows us to compare counts of
curves on X with counts on nearby surfaces. Propositions 3.6 and 4.3 play a crucial role in the proof of
this result. For X € Mg, a function f/ on MRG, and functions F' and G on R, we say that F = Oy 7 (G)
if F = O(G) where the implicit constants depend only on X and f.

Proposition 6.5 For every ¢ > 0 there exists 6 := 6(X, ¢) € (0, ¢) such that for every Y € Mg with
dreich (X, Y) < 6, the following estimates hold:

(6-3) c(Y,J7,f;’“i“,e_‘sL)Jr OX’f(L6g_7 +eLS876) < o(X. 7, £ L)
6-4) c(X.7, f L) eV, 7, ™" L) + Ox, s (L7 +61%879).

&

Proof We prove (6-4). Similar arguments yield a proof of (6-3).

We begin by applying Proposition 3.6 to focus our attention on curves in the mapping class group orbit
of ¥ whose corresponding Jenkins—Strebel differentials have no short saddle connections. Recall that
for any compact set L C T, and any o > 0, we use F(IC, 0) € MF¢(Z) to denote the set of integrally
weighted simple closed multicurves @ on Sg such that JS(Y, ), after rescaling to have unit area, has a
o -short saddle connection for some Y € K. By abuse of notation we also use F (K, o) to denote the set
of ordered oriented simple closed multicurves & on S, whose underlying multicurve belongs to F (K, o).
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Now take K C 7T to be the closed unit ball in the Teichmiiller metric centered at X and 0 = ¢ > 0
arbitrary. Consider the truncated counting function

qxy L= Y Lo n(VExx(@) f(E'(X, ).
a€Modg Y\ F (K,&)

By Proposition 3.6 it follows that
(6-5) c(X. Y. fiL) =T (X P, f L)+ (1 f oo Oxc (L7 +£L%87°).

We can now invoke the geometric comparison results of Section 4. Consider § = 6(K, €,&) > 0 as in
Proposition 4.3 and set
8 :=min{l, 8§, &}.

Now for any Y € Tg such that dreich(X,Y) < 8’ and any @ € Modg - ¥ \ F(K, ¢), it follows from
Proposition 4.3 that 2!(X, @) and E!(Y, @) are in the same facet of MRG and that for every edge e of
such metric ribbon graphs,

e flelzira) <lelaixa <elelz(v.a)

It follows that E1(X, @) € N.(EL(Y,a)), so by definition

(6-6) FENX, @) < f™(EN(Y, Q).
By Kerckhoff’s characterization of the Teichmiiller metric (Theorem 2.4),
(6-7) vExty (o) < e‘g/«/ExtX ().

From (6-6) and (6-7) we deduce
(6-8) FX 7, L) <e(V, 7, £ o8 L).
Putting together (6-5) and (6-8) we conclude
(X7 fL) < (V7. [ L)+ 1| f lloo O (L8 + L% 7°). =
We now integrate Proposition 6.5 against the pushforward m of the Masur—Veech measure. For every

§ € (0,1) denote by Ux(§) S M, the open ball of radius § centered at X € M, with respect to the
Teichmiiller metric and let By s : Mg — R be any bump function supported on Ux (8) of total m mass 1.

Corollary 6.6 Let all notation be as in Proposition 6.5. Then ¢(X, y, f, L) is bounded below by

(6-9) / Bxs(Y)e(Y, 7, fmn e 3Ly dm(Y) + Ox p(LO8~7 + £L587°)
Mg

and above by

(6-10) [ Brs(N)e(Y.7, ™, & L) di(Y) + Ox,r (L7 + £L576).
Mg
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Unfolding averaged counts Unfolding the integrals in (6-9) and (6-10) over T /Stabg(y) and pushing
them back down to M in a suitable way will reduce the proof of Theorem 6.4 to an application of
Corollary 5.8. The following proposition describes this principle; the reader should also compare to
[Arana-Herrera 2022, Proposition 3.3; Arana-Herrera and Calderon 2022, Proposition 6.6].

Proposition 6.7 Fix a continuous compactly supported function h: M'RG — R>¢. Then for every § > 0
and every L > 0,

(6-11) /M Brs(Y)e(Y.7.h, L) din(Y) = /M Brs(Y)dink ,(v).

Remark 6.8 Our weight function has changed names; this is because we eventually apply Proposition 6.7
with /2 equal to the functions £ and f™.

Proof Let§ > 0 and L > 0 be arbitrary. For every ¥ € M, one can rewrite the counting function
c(Y,y,h, L) as follows:

c(Y,7,h,Ly=" " 11(VExty (@)h(E' (Y, )
aE€Modg ¥y

= > 110,0)(VExty (.7)h(E' (Y. .7))

[¢]eMody /Stabo (V)

= Yo Llon(VExtg-y P)RE$TY.P))

[¢p]€Modg /Stabg (7)

= Y n(VExtey GDRE'@.Y.)).

[#]€Stabo (¥) \Modg
Let us record this fact as
(6-12) c(Y.7.h L) = > 110,0)(VExty.y P)R(E' (¢.Y.7)).
[#]€Stabo (7)\Mod g
Denote by p;: T /Stabg (y) = M the quotient map and let 5)(’5 = Bx,s o py be the lift of By 5 to this
cover. Unfolding the integral on the left hand side of (6-11) using (6-12) it follows that

/M Bys(V)e(Y. 7.1, L) din(Y)

= [ e LoV GDRE (.5 ()
Tg /Stabo (¥)

/ Bro@)dmt, ()= [ Brsr)diit, )
Te/Stabo (V) ’ Mg '

where the second equality follows from the definition of the horoball measure 171)% i appearing in (5-3)
and the third equality follows by taking the pushforward. |
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Reducing counting to equidistribution We can now finish the proof of Theorem 6.4 by applying our
equidistribution results from Section 5. Proposition 6.7 relates averages of the f-weighted counting
function ¢(X, , f, L) to horoball measures; our strategy now is to relate the original counting function
and the mass of these measures, which we can then compare with the count s(X, ¥, L) of all ordered
oriented simple closed multicurves in the Modg-orbit of y.

Proof of Theorem 6.4 Recall that we are aiming to prove that
C(Xv 173 f; L) 1 o
CEELD L [ pw) i,
MRG

L-oo s(X,y,L)  my
By Corollary 5.6, for any continuous compactly supported function 4: MRG — R, the total mass m

L
V.h

of the unstable horoball measure %, on M g 18 L9876 times the integral

V,h
rGoh) = /mgh(xwﬁéon(x).

Proving Theorem 6.4 is then equivalent to showing that both of the following inequalities hold:

y X, 9, f L
o PGS g ST L)
m)-; L—>oo S(X,)/,L)
(6-14) 1imsupc(X’V;f’L)5r(V’f).
L—>o0 S(X,]/,L) n/l)_/>

We verify (6-14) by averaging and unfolding; a proof of (6-13) can be obtained following the same
argument. Let ¢ € (0, 1) be arbitrary and § = §(X, €) as in Corollary 6.6. Shrinking § as necessary, we can
also assume that ¢©©8=0) <2 Set h := fmax; Corollary 6.6 then implies we can average our counting
function to get

c(X.7.fL) < / Bxs(V)e(Y.7.h.e’ L) din(Y) + Ox, (L7 +eL%6).
Mg
Set L' :=eSL. Unfolding the integral, ie using Proposition 6.7, we deduce

COBPEYS Bxs(Y)dik, (V) + Ox s (L7 +L%7).
g

Dividing this inequality by mé/h (which is nonzero so long as f # 0) we get

> ~L’
c(X.7. f.L) 3 Ox. 1 (6)
= | s+ e
"5 Mg "5 ry-h)

where we have invoked Corollary 5.6 and our assumption on § to simplify the bound on the far right.
Since h > f, we know that r(¥,h) > r(y, f), so we can also absorb this term into our big O estimate.

Taking the lim sup as L — oo and applying Corollary 5.8, we deduce that

. c(X,y, L) A . A
(6-15) lim sup (+,f) < b_g/ Bxs(Y)dm(Y)+ Ox () = b_g + Ox, 7 (¢).
L—o00 ms g J Mg g
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Combining this with Mirzakhani’s asymptotic count (6-1) and our expression for horoball masses
(Corollary 5.6), we arrive at the following estimate:

c(X.7, f,L) r(y,h)e©s—0)3
(6-16) fimsup SCR Ve S D) . h)
Lvoe S(X.7.L1) my
We now shrink our approximating neighborhoods. By definition, 4 := f"** | f pointwise as ¢ \( 0. In

+ Ox, 7 (e).

particular, by the monotone convergence theorem,
fim (7. /) = lim [ 0 di ) = [ f0) a0 =G 1)
&e\\0 eNO J MRG MRG

Sending ¢, and hence §, to 0 we get that the right-hand side of (6-16) converges to r(y, f)/ ms, as
desired. O

This completes the proof of the counting result (Theorem 6.4), and hence also the proof of our main
equidistribution result (Theorem 6.2).

Simultaneous equidistribution Drawing inspiration from [Aka et al. 2016a; 2016b; Einsiedler et al.
2019; Arana-Herrera and Calderon 2022], we now discuss the issue of simultaneous equidistribution. More
concretely, we show that the placement of simple closed multicurves in the space of singular measured
foliations is asymptotically independent from the critical graph of the Jenkins—Strebel differential they
define on a given Riemann surface.

Recall that PMF, denotes the space of projective singular measured foliations on Sg and that [A] €
PMLg denotes the projective class of A € MFg. Given X € Tg, consider the coned-off Thurston
measure ;L%(hu which to every measurable subset A € PM L assigns the value

U (A) == prna({A € MLg | Exty (1) < 1, [A] € A}).

By Lemma 5.1 and Theorem 5.2, the total mass of this measure is precisely A(X) = Az >0, the Hubbard—
Masur constant. Furthermore, as discussed in [Athreya et al. 2012, Proposition 2.3], this measure can be
related to the fiberwise measures sy and the Hubbard—Masur function AT as follows:

Proposition 6.9 Let X € T, be a marked complex structure on Sg. Consider the homeomorphism
[S]: S(X) > PMFg. Then
d 3]s iy
Mg =—(q).
SX
Fix an ordered oriented simple closed multicurve ¥ := (J1,...,yx) on Sg and a marked hyperbolic

structure X € Tg. Recall that y € MFg denotes the equivalence class of y as a singular measured
foliation on Sg. For every L > 0 consider the counting measure on PML, given by

ffL,X = Z 110, (VExtx (@) 8jo1-
a€Modg-y
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Observe that we weight a given projective class ] by the index [Stab(y) : Stabg(y)]; this allows us to
use the oriented count s(X, y, L) below. The following result can be deduced directly from Mirzakhani’s
work [2008b, Theorem 6.4]:

Theorem 6.10 In the weak-x topology for measures on PMLyg,

L X
L>oo s(X,7.L)  Ag

It is natural to consider the question of simultaneous equidistribution for the limits in Theorems 6.2
and 6.10. More precisely, fix an ordered oriented simple closed multicurve y := (y1, ..., %) on Sg and
X € Ty. For every L > 0 consider the counting measure on PMFg x MRG(Sg \ 7; A) given by

L /
g":)_/',X = Z l[O,L]( EXtX(Ol)) S[a] ®SEI(X,&)'
a€Modg-y
As always, this measure depends only on the underlying hyperbolic structure of X € 7, and not on its
marking. The question of equidistribution as L — oo of these measures can be tackled by the same
methods used in the proof of Theorem 6.2 subject to some important modifications we now discuss.

The most important difference in the proof comes from the equidistribution result that one must use instead
of Corollary 5.8. Denote by 7317} = Tg X PMFg the bundle projective singular measured foliations over
Teichmiiller space. This bundle carries a natural measure v given by the following disintegration formula:

dn(X, [A]) = dush, ([A) dm(X),

The quotient P! M g= 7317'g /Modg by the diagonal action of the mapping class group is the bundle of
projective singular measured foliations over moduli space. As this action preserves the measure n, we
obtain a measure 7 on P! M ¢ satisfying the following disintegration formula:

dii(X,[A]) = dugy, ((A]) di (X).

To define the relevant horoballs we want to consider over P! M ¢ we proceed as follows. For any L > 0 and
any nonzero continuous compactly supported function : MRG(Sg \ 7; A) — R, define the E L_horoball
measure on P17, by

dn}lg,h(X, [A]) := d 8, ([A]) dmf;,h(X),

where 8|, denotes the delta mass at [y] € PMFg. Directly from the definitions one can check that this
measure is Stabg ()-invariant. It follows that one can locally push this measure forward to 7317'g /Stabg ()
to get a measure ﬁ)’; ,- Denote by fz)’; , the measure on P M, obtained by pushing forward this measure.

Notice that the total mass of this measure is exactly mJI; p> 0

The following is the main equidistribution result needed to address the simultaneous equidistribution
question alluded to above:
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Proposition 6.11 For any nonzero continuous compactly supported function h: MRG(Sg \ y; A) - R,
the following convergence holds with respect to the weak- topology for measures on P! M g

~L
L
lim L =3
L— 5
* my,h g

Proof Let f:P'M ¢ — R be a continuous compactly supported function and set f : 7317;, /Stabg(y) = R
to be its pullback. As a direct consequence of the definitions and the Hubbard—Masur theorem, for every
L > 0 we can rewrite

AL . ~ ~L
/7;1Mg (X [AD dig , (X, [A]) _[7317;,/Smb0(;7)f(X’ (A ik, (X, [A])

_ o (5 ) st
[ o PO (SR Y et )

F @@, B@DAT (@) oy 5 (@),

/Ql Te /Stabo (V)
L

Pushing back down to moduli space and dividing by the total mass m3 , we get

1 ~L 1 ~ + ~L

I JX. A dnag (X, [A]) = —F J@(@). [3(@DA (@) dv, 5 ,(q)
mJ_;ah PlMg mJ-;:h QlMg

1 ~ N

— b_/ F(@). [3@DAT(g) ddmv(9).
g JOIMy,

where the convergence as L — oo follows from Proposition 5.7. Disintegrating the Masur—Veech measure

fiberwise and using Proposition 6.9 we deduce

1 R 1 A
— R AT () d = 3 At
be /QlMg F(7@(@). [S(@DAT(q) dmv(g) by /Mg [S(X) FX, [S(@ODAT (@) dsx (q) dim(X)

1 ,
= b [, SCBD AR D)

Putting the identities above together finishes the proof. |

The following simultaneous equidistribution result can be proved by using similar arguments as in the
proof of Theorem 6.2 but working over the bundle P! M ¢ instead of M and using Proposition 6.11 in
place of Corollary 5.8; compare to [Arana-Herrera 2022, Proof of Theorem 3.5].

Theorem 6.12 Let y := (y1,..., V%) be an ordered oriented simple closed multicurve on Sy and
X € Mg be a complex structure on Sg. Then, with respect to the weak-x topology for measures on
PMFg x MRG(Sg \7: A),

L X oA
lim gf,X _ MTha ® "Kon
L—oo S(X,)ZL) Ag my ’
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As a consequence, we see that even when prescribing how a set of curves coarsely wraps around Sg (for
example, by fixing a maximal train track chart for MF), the critical graphs defined by those curves
remain uniformly distributed.
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