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Nearly geodesic immersions and domains of discontinuity

COLIN DAVALO

We study nearly geodesic immersions in higher-rank symmetric spaces of noncompact type, which
we define as immersions that satisfy a bound on their fundamental form, generalizing the notion of
immersions in hyperbolic space with principal curvature in .�1; 1/. This notion depends on the choice of
a flag manifold embedded in the visual boundary, and immersions satisfying this bound admit a natural
domain in this flag manifold that comes with a fibration. As an application we give an explicit fibration of
some domains of discontinuity for some Anosov representations. Our method can be applied in particular
to some ‚-positive representations for each notion of ‚-positivity.
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1 Introduction

Let �g be the fundamental group of a closed orientable surface Sg of genus g � 2. An interesting open
subset of the space of representations � W �g ! PSL.2;C/ is the space of quasi-Fuchsian representations,
which are representations whose limit set is a Jordan curve, or equivalently representations that are
quasi-isometric embeddings.
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2392 Colin Davalo

An interesting open subset of this space is the set of nearly Fuchsian representations, which is the set of
representations that admit a �-equivariant immersion from the universal cover of Sg to the hyperbolic
space H3 whose image has principal curvature in .�1; 1/. Epstein [16] studied immersions satisfying
this bound. He proved in particular that these immersions must be proper embeddings and that their
Gauss map fibers a domain in @H3. Nearly Fuchsian representations must therefore be discrete, and one
can even conclude that they are quasi-isometric embeddings. A nearly Fuchsian representation is called
almost Fuchsian if the immersion u can be chosen to be a minimal immersion. These representations
have been studied, among others, by Uhlenbeck [36].

A generalization of quasi-Fuchsian representations for higher-rank semisimple Lie groups are Anosov
representations, introduced by Labourie [32] for representations of surface groups and by Guichard and
Wienhard [24] for representations of any Gromov hyperbolic group. Given a subset ‚ of the set of simple
restricted roots of the Lie group G, a ‚-Anosov representation is a representation that satisfies some
strong contraction property in the associated flag manifold, and it is in particular discrete. The set of
‚-Anosov representations � W �!G is moreover open.

We consider a generalization of Epstein’s bound on the second fundamental form of an immersion in a
symmetric space of noncompact type X associated to a semisimple Lie group G. Given a unit vector �
in the model Weyl chamber, or equivalently a flag manifold F� embedded in the visual boundary of X,
we define the notion of � -nearly geodesic and uniformly � -nearly geodesic immersions using Busemann
functions. We prove that a uniformly �-nearly geodesic immersion is an embedding, a quasi-isometric
embedding, and admits a domain in the corresponding flag manifold F� , which admits a fibration whose
fibers are the bases of some pencils of tangent vectors in X, which is a notion generalizing pencils of
quadrics that we introduce.

Given the fundamental group � of a compact manifoldN we also study � -nearly Fuchsian representations,
namely representations � W �!G that admit an equivariant and � -nearly geodesic immersion u W zN !X.
We prove that they form an open subset of the space Anosov representations.

As an application we study some domains of discontinuity associated to Anosov representations in flag
manifolds, constructed by Guichard and Wienhard [24] and Kapovich, Leeb and Porti [30]. Dumas
and Sanders conjectured in [14] that, in the context of complex Lie groups, the quotient of the domain
of discontinuity associated to a Tits–Bruhat ideal fibers equivariantly over the universal cover of the
surface Sg for every representation of a surface group �g that admits a totally geodesic equivariant
immersion. We show that for a nearly Fuchsian representation � of the fundamental group of N , the
domain associated with the immersion u coincides with a domain of discontinuity for �, and fibers
equivariantly over the universal cover of N . This technique can be applied to representations of surface
groups, and in particular to some ‚-positive representations for every notion of ‚-positivity. One can
also apply these techniques to fundamental groups of hyperbolic manifolds of higher dimension: we
consider two examples in the end of Section 8.5.
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Nearly geodesic immersions and domains of discontinuity 2393

Independently and with different techniques, Alessandrini, Maloni, Tholozan and Wienhard proved
that any domain of discontinuity associated to any representation that factors through a cocompact
representation into a rank-1 simple Lie group admits an equivariant fibration [3]. However the fibers are
not easy to describe in general.

It is not true that all the quotients of domains of discontinuity for Anosov representations of surface groups
always fiber over the surface. Gromov, Lawson and Thurston showed that there exist convex–cocompact,
and hence Anosov, representations of surface groups into SO.1; 4/ such that the quotient of its cocompact
domain of discontinuity in the unique associated flag manifold is hyperbolic and does not fiber over the
surface; see [21].

Although the only method we provide here to construct nearly geodesic immersions equivariant with
respect to a representation involves deforming locally a totally geodesic immersion, there may be examples
that cannot be deformed into generalized Fuchsian representations. Bronstein has constructed generalized
almost-Fuchsian representations in the isometry group of H4 that cannot be deformed into Fuchsian
representations [9].

1.1 Nearly geodesic immersions

We introduce and study a generalization of the condition of having principal curvature in .�1; 1/ in the
setting of higher-rank semisimple Lie groups of noncompact type G. More specifically we choose a
unit vector � in the associated model Weyl chamber aC. This choice is equivalent to the choice of a
flag manifold F� embedded in the visual boundary @visX of the symmetric space X associated to G. Let
� W SaC! SaC be the antipodal involution; to a point a 2 F� [F�.�/ � @visX and a basepoint o 2X one
can associate a Busemann function ba;o which can be interpreted as the distance to a in X, relative to o.

Definition 1.1 (Definition 5.1) An immersion u WM ! X is called �-nearly geodesic if for all a 2
F� [F�.�/ the function ba;o ıu WM !R has positive Hessian in any critical direction v 2 TM , for the
metric on M induced by the immersion.

This property is satisfied for totally geodesic immersions whose tangent vectors are �-regular, namely
whose Cartan projection is not orthogonal to w � � for any w in the Weyl group (see Definition 5.6). It is
equivalent to an open bound on the second fundamental form that depends on the Cartan projection of
the image of the differential of the immersion (see Proposition 5.2). When G D PSL.2;C/, a �-nearly
geodesic immersion for the only � 2 SaC is exactly an immersion with sectional curvature in .�1; 1/ in
XDH3 (see Proposition 5.5).

If the immersion is complete and uniformly �-nearly geodesic, namely if the Hessians of Busemann
functions in critical directions are uniformly bounded from below, we show moreover that it is a � -regular
embedding, a quasi-isometric embedding (see Proposition 5.16) and that the nearest-point projection
��u ıu WX! u.M/ is well defined for some explicit appropriate Finsler pseudodistance on X depending
on � (see Proposition 5.17).

Geometry & Topology, Volume 29 (2025)



2394 Colin Davalo

If a �-nearly geodesic immersion is equivariant with respect to a representation of a group acting
cocompactly and properly on M , it provides information about the representation:

Theorem 1.2 (Theorem 5.22) A �-nearly Fuchsian representation � W � ! G is ‚-Anosov for some
nonempty set of roots ‚ that depends on � and �.

This theorem can be stated in a simpler form if we consider a vector � 2 SaC colinear to a coroot. Given
a simple Lie group, the set � of simple roots can be partitioned into one or two Weyl orbits of simple
roots; see Figure 4. To a Weyl orbit of simple roots ‚ one can associate a unique normalized coroot
�‚ 2 SaC in the model Weyl chamber. The previous theorem can be restated in this case:

Theorem 1.3 (Theorem 5.20) A �‚-nearly Fuchsian representation for some Weyl orbit of simple roots
‚�� is ‚-Anosov.

When � D �‚ we also prove a sufficient condition for a surface to be � -nearly geodesic:

Theorem 1.4 (Theorem 5.23) Let ‚ be a Weyl orbit of simple roots. Let u W S !X be an immersion
that satisfies , for all v 2 TS and ˛ 2‚,

(1) kIIu.v; v/k< c‚˛.�.du.v///2:

Then u is a �‚-nearly geodesic immersion.

Here � W TX! aC denotes the Cartan projection. The constant c‚ depends on the scaling of the metric
chosen on X, and on ‚.

1.2 An associated domain in a flag manifold

In Section 6 we introduce and study pencils of tangent vectors, or d -pencils, which are vector subspaces
P � TxX of dimension d for some x 2 X. When G D PSL.n;R/ these can be thought of as pencils
of quadrics with zero trace with respect to some scalar product (see Proposition 6.5). To a pencil we
associate a subset of the flag manifold F� that we call its base, which is a smooth submanifold if the pencil
is �-regular, namely if all nonzero vectors v 2 P are �-regular; see Lemma 6.7. When G D PSL.n;R/
and F� 'RPn�1 the base of the pencil corresponds to the intersection of all the quadric hypersurfaces
defined by the elements of the corresponding pencil of quadrics.

To a complete and uniformly �-nearly geodesic immersion u WM ! X, we associate an open domain
��u � F� consisting of points a 2 F� for which ba;o ıu is proper and bounded from below for one, and
hence any basepoint o 2X. We define a projection �u W��u!M that associates to a 2��u the point in
M at which ba;o ıu is minimal. This point will be unique because ba;o ıu is convex and strictly convex
in critical directions.

Theorem 1.5 (Theorem 7.3) Let u WM !X be a complete and uniformly � -nearly geodesic immersion.
The map �u W ��u ! M is a fibration. The fiber ��1u .x/ at a point x 2 M is the base B� .Px/ of the
� -regular pencil of tangent vectors Px D du.TxM/.

Geometry & Topology, Volume 29 (2025)



Nearly geodesic immersions and domains of discontinuity 2395

A domain of discontinuity � for a representation � W � ! G in a G-homogeneous space is an open
�.�/-invariant set on which �.�/ acts properly discontinuously (some authors call these domains of
proper discontinuity). A cocompact domain of discontinuity is a domain on which the action of �.�/
is cocompact.

If the representation � W�!G admits an equivariant � -nearly geodesic immersion u W zN !X, the domain
��� WD�

�
u does not depend on u, and is a cocompact domain of discontinuity for �. The fibration �u from

Theorem 1.5 is �-equivariant so the quotient of ��� fibers over the surface. We show in Theorem 7.11
that the domain ��� coincides with some domains of discontinuity associated to Tits–Bruhat ideals for
Anosov representations, constructed by Kapovich, Leeb and Porti [30]. The Tits–Bruhat ideals needed to
describe the domains ��� can always be constructed as a metric thickening.

We prove in Section 7.4 that the diffeomorphism type of the domains of discontinuity obtained by
Tits–Bruhat ideals is invariant under deformation in the space of Anosov representations. We therefore
understand the topology of some domains of discontinuity for all representations in some connected
component of a ‚-Anosov representation.

1.3 Applications

A union of connected components of representations of a surface group into a higher-rank simple Lie
group G consisting only of discrete representations is called a higher-rank Teichmüller space; see
Wienhard [37]. The Hitchin component is a higher-rank Teichmüller space for any split real simple Lie
group. When G is of Hermitian type, the space of maximal representations, namely representations
with maximal Toledo invariant, is also a higher-rank Teichmüller space. More generally, Guichard and
Wienhard defined a notion of ‚-positive representations for some simple Lie groups and some subsets
of simple roots ‚, of which Hitchin and maximal representations are a particular instance. Beyer and
Pozzetti proved that the spaces of ‚-positive representations in SO.p; q/ for 3� p < q are higher-rank
Teichmüller spaces [5]. Bradlow, Collier, García-Prada, Gothen and Oliveira [7] and Guichard, Labourie
and Wienhard [22] proved that for each notion of ‚-positivity there exist higher-rank Teichmüller spaces
consisting of ‚-positive representations.

The classical Teichmüller space can be defined as a connected component of the space of conjugacy
classes of discrete and faithful representations of a surface group into PSL.2;R/. It can also be interpreted
as the space of marked hyperbolic structures on the corresponding surface, a particular instance of
.G;X/-structures in the sense of Klein. To a manifold M equipped with a .G;X/-structure one can
associate its holonomy representation � W �1.M/!G, defined up to conjugation by elements of G.

Hitchin underlined similarities between the Teichmüller space and the Hitchin component, and asked
about the geometric significance of elements in the Hitchin component. In the spirit of this question it is
natural to ask the following:

Geometry & Topology, Volume 29 (2025)
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Question 1.6 Can ‚-positive representations � W �g !G be characterized as the holonomies on some
.G;X/-structures on a compact manifold M ?

In higher rank, Guichard and Wienhard [24] constructed geometric structures associated to Anosov
representations by constructing cocompact domains of discontinuity in the corresponding flag manifolds.
Such domains have been constructed in more generality by Kapovich, Leeb and Porti [30]. Since ‚-
positive representations are ‚-Anosov [22], the construction of Kapovich, Leeb and Porti provides
geometric structures associated to any ‚-positive representation.

The topology on the quotient of these domains, which are the manifolds on which we put a geometric
structure, is not completely clear. Alessandrini, Li and the author [2] studied the topology of this manifold
for Hitchin representations in PSL.2n;R/. Here we study more generally the domains of discontinuity
from [30] that coincide with the domains ���.

Suppose that G is center-free. Let h be an sl2 Lie subalgebra in the Lie algebra g of G, namely a
Lie subalgebra isomorphic to sl2.R/. One can associate to h a representation �h W SL.2;R/!G and a
�h-equivariant and totally geodesic embedding uh WH2!X. Choose � 2 SaC such that uh is �-regular,
so that uh is �-nearly geodesic. A representation preserving and acting properly and cocompactly on
uh.H2/ will be called h-generalized Fuchsian.

Theorem 1.7 (Theorem 8.7) Let � W �g!G be an h-generalized Fuchsian representation. Suppose that
the associated domain of discontinuity ��� is nonempty. Let C be the connected component of the space
of ‚-Anosov representations that contains �, for some nonempty ‚ depending on h. Every representation
in C is the restricted holonomy of a .G;F� /-structure on a fiber bundle over Sg .

The holonomy of the structure along the fibers is trivial, so one can consider the restricted holonomy
even if the fiber has nontrivial fundamental group. The fiber bundle is induced as the reduction of an
.SO.2;R/�CK.h//-principal bundle over Sg via the action of SO.2;R/ � CK.h/ on a codimension-2
submanifold of the flag manifold F� associated to h. This codimension-2 submanifold, which is the fiber
of the fiber bundle, can be described as the union of connected components of the �-base of a pencil of
tangent vectors in X associated to h.

This theorem applies to connected components of‚-positive representations that contain an h‚-generalized
Fuchsian representation, where h‚ is a ‚-principal sl2 Lie subalgebra. These components are known
to form higher-rank Teichmüller spaces of ‚-positive representations; see Guichard, Labourie and
Wienhard [22]. Suppose that G admits a notion of ‚-positivity and is not isomorphic to PSL.2;R/.

Corollary 1.8 (Corollary 8.11) Every ‚-positive representation � W �g !G in a component containing
an h‚-generalized Fuchsian representation is the restricted holonomy of a .G;F�‚0 /-structure on a fiber
bundle over Sg , for every Weyl orbit of simple roots ‚0 �‚.

Geometry & Topology, Volume 29 (2025)
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In this theorem F�‚ is a flag manifold associated to a set of simple roots ‚.�‚/ ��. In Figure 4 we
give the list of all Weyl orbit of simple roots, together with the corresponding sets of simple roots ‚.�‚/.
Corollary 1.8 describes exactly one geometric structure for each notion of ‚-positivity, except for Hitchin
representations in nonsimply laced split Lie groups, for which it describes two geometric structures.

Any maximal representation � W �g ! Sp.2n;R/ for n � 3 is the restricted holonomy of a projective
structure on a fiber bundle over Sg with fiber a Stiefel manifold. In the case nD 2, such structures are
already well described by Collier, Tholozan, Toulisse in [13], and it is not clear if our method can apply
to the Gothen components. In Appendix A we compare their fibration of the corresponding domain of
discontinuity with the one that we construct for nearly Fuchsian representations.

Every Hitchin representation � W �g ! PSL.n;R/ is the restricted holonomy of a structure modeled on
F1;n�1 on a fiber bundle over Sg , where F1;n�1 is the space of partial flags in Rn of the form .`;H/

where `�H �Rn, dim.`/D 1 and dim.H/D n� 1.

Similarly every ‚-positive representation � W �g ! SO.p; q/ for 3 � p and pC 1 < q is the restricted
holonomy of a structure modeled on F2 on a fiber bundle over Sg , where F2 is the space of isotropic
planes in Rp;q . If q D pC 1, there are some exceptional components that are conjectured to consist only
of Zariski-dense representations, so it is not clear if our method can be applied to these.
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2 Symmetric spaces of noncompact type

In this section we recall the general theory of symmetric spaces of noncompact type and fix some notation.
References for the results mentioned can be found in [15; 26]. We then illustrate some of these notions
for some families of Lie groups. Finally we introduce the notion of the Weyl orbit of simple roots.

2.1 Symmetric space associated to a semisimple Lie group

Let G be a connected semisimple Lie group with finite center and no compact factors, namely of
noncompact type.

Let g be the Lie algebra of G, and let B be the Killing form on g. Since g is semisimple it admits a
Cartan involution, namely an involutive automorphism � W g! g such that .v; w/ 7! �B.v; �.w// is a
scalar product on g. Any two Cartan involutions are conjugated by Adg for some g 2G.
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Let X be the space of Cartan involutions of g. For any x 2 X we will write the corresponding Cartan
involution �x W g! g. This involution determines a B-orthogonal decomposition gD tx˚ px , where tx

is the C1 eigenspace of � , and px the �1 eigenspace.

For x 2X , define Kx to be the group of elements k 2G such that Adk commutes with �x . This subgroup
is a maximal compact subgroup of G. Given any x 2 X, one can identify X with the homogeneous
space G=Kx . The Lie subalgebra tx is the Lie algebra of the compact Kx , and thus the space px is
naturally identified with TxX.

Let h � ; � ix be the scalar product defined for v;w 2 g as

(2) hv;wix D B.v; �x.w//:

This scalar product restricted to px ' TxX defines a Riemannian metric gX on X. We will denote by dX

the induced Riemannian distance on X. With this metric, the space X is a symmetric space in the sense
that for all x 2X there is an isometry �x of X such that dx� D�Id.

The symmetric space X is of noncompact type. It is simply connected and has nonpositive sectional
curvature. In particular it is a Hadamard manifold.

Remark 2.1 We only consider symmetric spaces X associated to semisimple Lie groups G, having their
Riemannian metric defined via the Killing form.

2.2 Reduced root systems

Fix a basepoint o 2X. Let a be a choice of a maximal abelian subalgebra of po. These maximal abelian
subalgebras are all conjugated by elements ofKx . The dimension rank.X/ of a will be called the rank of X.

Remark 2.2 In general rank.X/� rank.G/, where rank.G/ is the dimension of any Cartan subalgebra
in g.

Let ˛ 2 a� be a linear form. Let g˛ be the set of elements v 2 g such that for all � 2 a

ad� .v/D ˛.�/v:

The reduced root system † is the set of linear forms ˛ 2 a� such that g˛ ¤ f0g. An element � 2 a is
regular if for all ˛ 2† n f0g, ˛.�/¤ 0.

Let us choose a regular element �0 2 a. Let †C be the associated set of positive roots, namely the set of
˛ 2† such that ˛.�0/ > 0. There exists a unique set � of linearly independent roots in †C such that any
root if †C can be written as a linear combination of roots in �. The roots in � are called simple roots.

Let the Weyl group W be quotient of the subgroup of elements in Kx whose adjoint action stabilizes a by
the subgroup of elements that fix a pointwise.
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For any root ˛ 2† n f0g there is an element �˛ 2W whose action on a is the orthogonal symmetry with
respect to Ker.˛/ in a. The Weyl group acts linearly on a, and it is generated by the elements .�˛/˛2�.
The model Weyl chamber aC is the cone f� 2 a j 8˛ 2�; ˛.�/ � 0g. For any �0 2 a there is a unique
� 2 aC such that for some w 2W , w ��0D � . An element � 2 aC is ‚-regular for ‚�� if for all ˛ 2‚,
˛.�/¤ 0.

We denote by Sa and SaC the unit sphere in a and the unit sphere intersected with the model Weyl
chamber aC, respectively, for the metric (2).

Let w0 2W be the only element such that w0 � aC D�aC. This element is called the longest element
of the Weyl group. Let � W aC! aC be the opposition involution, namely the involution such that for
� 2 SaC, �.�/D�w0 � � . An element � 2 SaC is called symmetric if �.�/D � .

Given a set of simple roots ‚��, we say that the model ‚-facet is the set of elements � 2 SaC such
that for all ˛ 2�n‚, ˛.�/D 0. The open model ‚-facet is the set of elements � 2 SaC such that for all
˛ 2� n‚, ˛.�/D 0, and for all ˛ 2‚, ˛.�/ > 0. For an element � 2 SaC we will write ‚.�/ for the
unique set of simple roots such that ˛ lies in the open model ‚.�/-facet.

2.3 Maximal flats, visual boundary and parabolic subgroups

A flat in X is a complete totally geodesic subspace of X on which the sectional curvature completely
vanishes. A flat F is maximal if dim.F /D rank.X/. Flats passing through a point x 2X are in one-to-one
correspondence with abelian subalgebras of px , and maximal flats correspond to maximal subalgebras. As
a consequence the action of G on the space of maximal flats is transitive. The maximal flat corresponding
to a will be called the model flat. Moreover for any x 2X and v 2 TxX, there is a maximal flat F such
that x 2 F and v 2 TxF .

We say that two geodesic rays parametrized with unit length �1; �2 W R�0! X are asymptotic if there
exists a positive constant C such that for all t > 0, dX.
1.t/; 
2.t// � C . This defines an equivalence
relation on the space of rays.

The visual boundary @visX of the symmetric space X is the space of classes of asymptotic geodesic rays
parametrized with unit speed. The group G acts by isometries on X, and hence it acts on @visX.

A unit vector v 2 TxX at a point x 2X points towards a 2 @visX if the geodesic ray 
 such that 
.0/D x
and 
 0.0/D v is in the class corresponding to a. Since X is a Hadamard manifold, for any x 2 X and
a 2 @visX there is a unique unit vector that points towards a. We will denote this vector by va;x throughout
the paper. There exists a unique topology on @visX such that for any x 2X the map �x W a 7! va;x is a
homeomorphism between @visX and T 1xX.

The visual boundary of the model flat can be identified with Sa, and is included in the visual boundary
of X. The G-orbit of the point in the visual boundary of X associated to � 2 SaC will be denoted by F� .
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A ‚-facet is a subset of @visX that is the image of the model ‚-facet by the action of an element of G.
We define similarly the notion of open ‚-facet. The stabilizer of the open model ‚-facet will be denoted
by P‚, and we will denote by F‚ the associated flag manifolds, namely the quotient G=P‚. Since P‚ is
also the stabilizer of any point in the open ‚-facet, there exists a natural G-equivariant diffeomorphism
between the G-homogeneous spaces F‚ and F� for any � in the open model ‚-facet.

Example 2.3 When G D PSL.n;R/, a parabolic subgroup is the stabilizer of a partial flag f . Any point
in @visX belongs to a unique open facet, which corresponds to a partial flag. The type of the partial flag,
namely the dimensions of the subspaces that form the flag, determine a set of roots ‚f . The points in
@visX are in one-to-one correspondence with partial flags decorated with a point in the open ‚f -model
facet. This decoration can be interpreted as a collection of weights associated to the subspaces of the
partial flag.

Given any two points a; a0 2 @visX, one can define their Tits angle †Tits.a; a
0/ as the minimum of

†.va;x; va0;x/ for x 2X. This minimum is obtained when x 2X lies in a common flat with a and a0.

2.4 Cartan and Iwasawa decomposition

The Cartan projection � W TX! aC is the function that maps any vector w 2 TxX to the unique element
�.w/ 2 aC of the model Weyl chamber such that for some g 2G, g �w D �.w/.

The generalized distance da.x; y/ based at x 2X of a point y 2X is the Cartan projection �.w/ of the
unique vector w 2 TxX' px such that exp.w/ � x D y. This generalized distance is 1- Lipschitz in the
following sense:

Lemma 2.4 Let x; y; z 2X. Then

jda.x; z/�da.x; y/j � dX.y; z/:

A proof of this lemma can be found for instance in [35, Corollary 3.8]. Here j � j means the norm induced
by the metric (2).

We say that a vector v 2 TX is ‚-regular for a set of simple root ‚ if its Cartan projection is ‚-regular,
namely it avoids the walls of the Weyl chamber associated with elements of ‚. We will later introduce a
similar notion of a � -regular vector in Definition 5.6.

Let Ta;x W Pa!G be the map that associates to g 2Ga the limit

lim
t!C1

exp.�tva;x/g exp.tva;x/:

It is a well-defined continuous morphism. Let Na;x be the kernel of Ta;x , and na;x its Lie algebra. The
generalized Iwasawa decomposition is useful to compute Busemann functions.
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Theorem 2.5 (generalized Iwasawa decomposition) Let x 2X and a 2 @visX. Then the map

Na;x � exp.aa;x/�Kx!G; .n; exp.v/; k/ 7! n exp.v/k;

is a diffeomorphism. In particular for every x 2X and a 2 @visX there is a splitting

gD na;x˚ aa;x˚ kx :

The sum na;x˚ aa;x is orthogonal with respect to h � ; � ix .

In this theorem, aa;x � px is the centralizer of va;x .

2.5 Examples

In this subsection we consider the case when the semisimple Lie groupG is equal to PSL.n;R/, PSL.n;C/,
PSp.2n;R/ or PSO.p; q/. The notation introduced here will be used in the examples throughout the paper.

Let G D PSL.n;R/ and let us fix a volume form on Rn. Let Sn for n � 2 be the space of all scalar
products on Rn having volume 1. The group PSL.n;R/ acts transitively on Sn by changing the basis, ie
for g 2 PSL.n;R/, q 2X and v;w 2Rn we have that g �q.v; w/D q.g�1.v/; g�1.w//. For any q 2 Sn
the space Sn can be identified with the quotient PSL.n;R/=PSO.q/Š PSL.n;R/=PSO.n;R/.

Let �q at a point q 2X be the involutive automorphism of sl.n;R/ defined by u 7! �uT , where uT is
the transpose of u with respect to the scalar product q. This is a Cartan involution. The space Sn is the
symmetric space of noncompact type associated to G D PSL.n;R/.

The space pq is the space of symmetric endomorphisms with respect to q, and tq is the space of
antisymmetric endomorphisms with respect to q. The scalar product h � ; � iq at a point q 2 Sn is equal to
hu; viq D 2nTr.uTv/ for u; v 2 sl.n;R/.

We choose the standard scalar product q 2 Sn on Rn to be our basepoint of Sn. A maximal abelian
subalgebra a� pq � sl.n;R/ is equal to the algebra of diagonal matrices:

aD

�
Diag.�1; : : : ; �n/

ˇ̌̌
�1; : : : ; �n 2Rn;

nX
iD1

�i D 0

�
:

A choice of simple root is�Df˛1; : : : ; ˛n�1gwhere for any 1� i�n�1 and any �DDiag.�1; : : : ; �n/2a,
˛i .�/D �i � �iC1.

The Weyl chamber associated to this choice is

aC D

�
Diag.�1; : : : ; �n/

ˇ̌̌
�1 � � � � � �n 2Rn;

nX
iD1

�i D 0

�
:

The Weyl group W is isomorphic to Sn. It acts on a by permuting the entries.

LetGDPSL.n;C/. The space Hn of all positive-definite Hermitian bilinear forms of Cn having volume 1
can identified with PSL.n;C/=PSU.n;C/. It can be given in a similar way a Riemannian metric that
makes it a symmetric space of noncompact type associated to G D PSL.n;C/.
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��

�1
aC

Sa

Figure 1: The model restricted Cartan algebra a and its Weyl chamber aC for PSL.3;R/.

The subalgebra a� sl.n;R/� sl.n;C/ defined previously is still a maximal abelian subalgebra of pq .
One has rank.Sn/D rank.Hn/D rank.PSL.n;R//D n� 1, but rank.PSL.n;C//D 2n� 2.

Let G D PSp.2n;R/. Let ! be a symplectic form on R2n. Let Xn be the space of endomorphisms J on
R2n such that J 2D�Id and .v; w/ 7!!.v; J.w// is a scalar product on R2n. The semisimple Lie group
PSp.2n;R/ acts on Xn by conjugation. The space Xn can be identified with PSp.2n;R/=PSU.n;R/.
This is one of the models for the Siegel space; see for instance [12].

For J 2 Xn, let us write �J D AdJ . This is the Cartan involution of sp.2n;R/. The Siegel space is the
symmetric space of noncompact type associated with G D PSp.2n;R/.

Let ! and J 2 Xn be such that for x D .x1; : : : ; x2n/ and y D .y1; : : : ; y2n/,

!.x; y/D

nX
iD1

xiy2n�i �

2nX
iDnC1

xiy2n�i ; J.x/D .�x2n; : : : ;�xnC1; xn; : : : ; x1/:

We chose this special symplectic form so that the following set of diagonal matrices is a maximal abelian
subalgebra a� pJ � sp.2n;R/:

aD fDiag.�1; : : : ; �n;��n; : : : ;��1/ j �1; : : : ; �n 2Rng:

��

Ker.˛1/ Ker.˛3/

Ker.˛2/

SaC

Figure 2: The projectivization of the Weyl chamber SaC for G D PSL.4;R/ in an affine chart.
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�f˛1g

�f˛2g

Sa

Figure 3: The model restricted Cartan algebra a and its Weyl chamber aC for PSp.4;R/.

A choice of simple roots is�Df˛1; : : : ; ˛ng where ˛i .�/D �i��iC1 for 1� i � n�1 and ˛n.�/D 2�n,
with � D Diag.�1; : : : ; �n;��n; : : : ;��1/.

The Weyl chamber associated to this choice is

aC D fDiag.�1; : : : ; �n;��n; : : : ;��1/ j �1 � � � � � �n � 0 2Rng:

The Weyl group W is isomorphic to the subgroup of elements in S2n that commutes with the involution
� W i 7! 2nC 1� i . It acts on a by permuting the entries.

Let G D SO.p; q/ with p < q. Let Rp;q be the vector space RpCq equipped with a symmetric bilinear
form h � ; � i of signature .p; q/ defined in the standard basis by

hx; yi D

pX
iDi

.xiypCq�i C xpCq�iyi /�

p�qX
iD1

xpCiypCi :

A model for the associated symmetric space X is the space of spacelike subspaces U �Rp;q , namely
subspaces on which h � ; � i is positive definite.

A maximal abelian subalgebra a� pU � so.p; q/ is the algebra

aD fDiag.�1; : : : ; �p; 0; : : : ; 0;��p; : : : ;��1/ j �1; : : : ; �pg:

A choice of simple roots is �Df˛1; : : : ; p̨g where ˛i .�/D �i ��iC1 for 1� i �p�1, and p̨.�/D �p .

The Weyl chamber associated to this choice is

aC D fDiag.�1; : : : ; �p; 0; : : : ; 0;��p; : : : ;��1/ j �1 � � � � � �p � 0g:

The Weyl group W is isomorphic to the subgroup of elements in S2p that commutes with the involution
� W i 7! 2pC 1� i . It acts on a by permuting the first and last p entries.

2.6 Weyl orbits of simple roots

In this subsection we introduce Weyl orbits of simple roots, which are special sets of simple roots. To a
Weyl orbits of simple roots ‚ one can associate a unit vector in the Weyl chamber �‚ 2 SaC which is
colinear to a coroot.
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We consider the restricted root system † associated with the semisimple Lie group G, with a choice of a
set of positive roots †C and of simple roots �. Two simple roots ˛ and ˇ are conjugates if there is an
element w in the Weyl group W such that ˛ D w �ˇ D ˇ ıw�1.

Definition 2.6 A set of simple roots ‚�� is called a Weyl orbit of simple roots if it is an equivalence
class for the conjugation relation on the set of simple roots �.

Proposition 2.7 Let ‚ be a Weyl orbit of simple roots. There exists a unique unit vector �‚ 2 SaC such
that for any ˛ 2‚ there is some w 2W such that w � �‚ is orthogonal to ker.˛/. The vector �‚ 2 SaC

will be called the normalized coroot associated to ‚.

The normalized coroot associated to ‚ is colinear to a coroot which is itself conjugate via the Weyl group
to the coroot associated to any ˛ 2‚.

Proof Let ˛ 2‚. Let �0 2 Sa be a unit vector orthogonal to ker.˛/. Since every orbit for the action of
the Weyl group on SaC intersects exactly once the model Weyl chamber, there exists a unique vector
�‚ 2 SaC such that �‚ D w � �0 for some w 2W .

This definition does not depend of the choice of ˛ 2 ‚, because if ˇ 2 ‚ then for some w0 2 W ,
w0 �ˇ D ˛ and hence any vector � 00 orthogonal to ker.ˇ/ can be written � 00 Dw0 � �0 or � 00 D .w0�ˇ / � �0.
So W � �0 DW � � 00. Therefore W � �0\SaC DW � � 00\SaC D f�‚g.

Note that in particular �‚ is symmetric.

Remark 2.8 If ‚ is a Weyl orbit of simple roots, F�‚ is not in general the same flag manifold as
F‚ DG=P‚.

The Dynkin diagram associated to the restricted root system † is the graph with vertex set � such that
for all ˛; ˇ 2� distinct roots there is a link between ˛ and ˇ of multiplicity depending on the order k of
�˛�ˇ or �ˇ�˛, where �˛; �ˇ 2W are the symmetries associated with the roots ˛ and ˇ. If k D 2 we
consider that there is no link, there is a simple link if k D 3, a double link if k D 4 and a triple link if
k D 6. These are the only cases that occur for spherical Dynkin diagrams. If two roots have different
norms, we orient the edge towards the root with largest norm.

Proposition 2.9 Consider the Dynkin diagram associated with the reduced root system †, and remove
all the double or triple edges. A set ‚�� is a Weyl orbit of simple roots if and only if it is a connected
component of this graph.

Proof Let ˛ and ˇ be two simple roots such that �˛ D w�ˇw�1 for some w 2 W . Then the simple
root ˛ and w �ˇ are proportional, and hence ˛Dw �ˇ or ˛D�w �ˇ. In any case ˛ and ˇ are conjugated.
Reciprocally if ˛ and ˇ are conjugates, then �˛ and �ˇ are conjugated.
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The system .W; .�˛/˛2�/ is a Coxeter system. Generators of a Coxeter system are conjugated to one
another if and only if there is a path of single edges between the corresponding vertices in the Dynkin
diagram [19, Proposition 2.1]. Hence Weyl orbits of simple roots correspond exactly to connected
components for the modified Dynkin diagram.

We can now describe the Weyl orbits of simple roots in � for the restricted system of roots associated to
a simple group G. For this we use the classification of the Dynkin diagrams that occur as the reduced
root system for a symmetric space X associated to G.

Corollary 2.10 If the restricted root system † is of type An, Dn for n� 2, E6, E7 or E8, then the only
Weyl orbit of simple roots in � is �.

If the root system † is of type Bn, Cn for n � 2, F4 or G2, then � can be partitioned into its only two
Weyl orbits of simple roots.

Example 2.11 We keep notation from Section 2.5. If G D PSL.n;R/, with previous notation � is the
only Weyl orbit of simple roots and

�� D
1

2
p
n

Diag.1; 0; : : : ; 0;�1/:

The flag manifold Fp� can be identified with

F1;n�1 D f.`;H/ j `�H �Rn; dim.`/D 1; dim.H/D n� 1g:

If GD Sp.2n;R/, with previous notation ‚Df˛ng and ‚0Df˛1; ˛2; : : : ; ˛n�1g are the two Weyl orbits
of simple roots of �. One has

�‚ D
1

2
p
n

Diag.1; 0; : : : ; 0;�1/; �‚0 D
1

2
p
n

Diag.1; 1; 0; : : : ; 0;�1;�1/:

The flag manifold F�‚ can be identified with RP2n�1 and F�‚0 can be identified with the Grassmannian
of planes P in R2n that are isotropic for !, namely such that !jP D 0.

In general, the Weyl orbits of simple roots for any root system are summarized in Figure 4. The table also
includes an illustration of the set of roots ‚.�‚/ such that F‚.�‚/'F�‚ . The sets of roots are illustrated
in the diagram as the set of filled vertices. Using notation from [33, Table 1, page 293], the basis .ei / is
an orthonormal basis such that e_i D �i for Bn, Cn, Dn and F4, and e_i � .1=.nC 1//

PnC1
kD1 e

_
k
D �i for

An, E7, E8 and G2. For E6, we write e D �_.

The table can be checked as follows: for each Weyl orbit of simple root one can check that the vector
�‚ is orthogonal to the kernel of a root conjugate to a root in ‚, and lies in the model Weyl chamber.
Then one can check that the simple roots that do not vanish on �‚ are the ones in ‚.�‚/, as depicted
in Figure 4.
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� ‚ �‚ ‚.�‚/

An .1=
p
2/.e1� enC1/

BC2
e1

.1=
p
2/.e1C e2/

Bn, n� 3
e1

.1=
p
2/.e1C e2/

Cn, n� 3
e1

.1=
p
2/.e1C e2/

D4 .1=
p
2/.e1C e2/

Dn, n� 5 .1=
p
2/.e1C e2/

E6
p
2e

E7 .1=
p
2/.e8� e7/

E8 .1=
p
2/.e1� e9/

F4
.1=
p
2/.e1C e2/

e1

G2
.1=
p
2/.e1� e3/

.1=
p
6/.2e1� e2� e3/

Figure 4: Weyl orbits of simple roots and their associated normalized coroots.

3 Representations of hyperbolic groups

3.1 Gromov hyperbolic groups

Let � be a finitely generated group. Let F be any finite generating system for � that is symmetric, namely
such that s�1 2 F for all s 2 F . We can define the norm of an element 
 2 � as

j
 jF Dminfn j nD s1s2 � � � sn; si 2 Sg:

This norm defines the word distance on � by taking dF .
1; 
2/D j
�11 
2jF for 
1; 
2 2 � .

A map f W Y !X between two metric spaces X and Y is called a quasi-isometric embedding if there
exist C and D such that for all x1; x2 2X ,

1

C
dY .x1; x2/�D � dX .f .x1/; f .x2//� CdY .x1; x2/CD:

By extension, we say that a representation � is a quasi-isometric embedding if some, and hence any,
�-equivariant map u0 W �!X is a quasi-isometry, where � acts on itself by left multiplication.

This notion does not depend on the choice of F ; indeed if F 0 is another finite generating system, the
identity map .�; dF /! .�; dF 0/ is a quasi-isometric embedding.
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The group � is called hyperbolic if, as a metric space, it is hyperbolic in the sense of Gromov. We denote
by @� the Gromov boundary of a hyperbolic group � , which we equip with the usual topology [20].

Given a discrete representation, we will need to consider the limit cone of the Cartan projections of
elements of the group.

Definition 3.1 The limit cone of a discrete representation � W �!G is the closed subset

C� D
\
n2N

fŒda.o; �.
/ � o/�; j
 jw � ng D
\
n2N

�
da.o; �.
/ � o/

dX.o; �.
/ � o/
; j
 jw � n

�
� SaC:

Recall that the generalized distance da was defined in Section 2. This definition does not depend on the
choice of the basepoint o 2X.

Lemma 3.2 The limit cone C� of a discrete representation � W � ! G of a nonelementary hyperbolic
group is connected.

A hyperbolic group is nonelementary if it is neither finite nor virtually cyclic.

Remark 3.3 If � is a Zariski dense representation, Benoist proved that C� is convex [4]. We give a proof
of the connectedness of C� to avoid considerations of Zariski density.

Proof We define the distance d on Sa, as d.Œx�; Œy�/D
ˇ̌
x=jxj �y=jyj

ˇ̌
for x; y 2 a.

Assume that there exists a partition A[B of C� into two open and closed sets. These sets are compact
and hence are at uniform distance � > 0. Let F be a finite symmetric generating set for � . Let M be
the maximum for 
 2 F of dX.o; �.
/ � o/. Let E � � be the subset of elements 
 such that either
dX.o; �.
/ � o/� 12M=� or

d.Œda.o; �.
/ � o/�; C�/� 1
3
�:

Since � is discrete and by the definition of C�, E is finite. It is included in the ball of radius R centered at
the identity of � for j � jF and some R > 0.

We say that two elements 
 0 and 
 00 in � nE are E-connected if one can construct a sequence .
n/ of
elements of � nE such that for all 1 � i < N , 
iC1 D ai
ibi for some ai ; bi 2 F , with 
 0 D 
0 and

 00 D 
N .

Using only right translations, namely ai D Id, one can see that any point in @� has a neighborhood whose
intersection with � is E-connected. Indeed given D > 0 for any 
 2 � with j
 jF > RCD, the set of
elements 
 0 such that the geodesic from Id to 
 0 passes at distance at most D of 
 is E-connected. Any
point in the visual boundary admits neighborhood whose intersection with � has this form.

Using only left translations, namely bi D Id, one can see that the intersection of a neighborhood of @�
and � is E-connected. Indeed, the action of � on @� is minimal because � is nonelementary. Therefore
there exist b1 � � � bn D 
 2 � with bi 2 F such that 
 � x lies in the interior of V . Hence any 
 0 2 V \�
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close enough to 
 �x is E-connected to U \� . Therefore given x; y 2 @� with respective neighborhoods
U and V whose intersection with � is E-connected, the intersection .U [V /\� is also E-connected.
Since @� is compact one can find a cofinite E-connected subset of � .

Since A;B¤∅, the definition of the limit cone allows us to pick two large enough elements 
 0; 
 00 2�nE
such that

d.Œda.o; �.

0/ � o/�; A/� 1

3
�; d.Œda.o; �.


00/ � o/�; B/� 1
3
�:

One can assume that 
 0 and 
 00 are E-connected by taking them large enough. Therefore there exist

 2 � nE and a; b 2 F such that

d.Œda.o; �.
/ � o/�; A/�
1
3
�; d.Œda.o; �.a
b/ � o/�; B/�

1
3
�:

Using Lemma 2.4 one gets that

jda.o; �.
/ � o/�da.o; �.a
b/ � o/j � jda.o; �.
/ � o/�da.o; �.a
/ � o/jC dX.o; �.b/ � o/;

jda.�.
/
�1
� o; o/�da.�.
/

�1�.a/�1 � o; o/j � dX.�.a/
�1
� o; o/:

And therefore ˇ̌̌̌
da.o; �.
/ � o/

dX.o; �.
/ � o/
�
da.o; �.a
b/ � o/

dX.o; �.a
b/ � o/

ˇ̌̌̌
< 1
3
�:

This contradicts the fact that A and B are at distance �, so C� is connected.

The assumption that � is nonelementary is necessary; see the end of Section 5.4.

3.2 Anosov representations

The Anosov properties are more restrictive for a representation than the property of being a quasi-isometric
embedding. These notions are interesting in high rank because the Anosov properties hold for an open
set of representations, whereas the property of being a quasi-isometric embedding is not necessarily open
in Hom.�;G/ when the rank of X is at least 2.

Definition 3.4 [6, Section 4] Let ‚�� be a nonempty set of simple roots. A representation � W �!G

is ‚-Anosov if for every root ˛ 2‚ there exists some constants b; c > 0 such that for every 
 2 �

˛.da.o; �.
/ � o//� bj
 jF � c:

This definition does not depend on the choice of the generating set F and the basepoint o.

A �-Anosov representation in the case when G is a split real simple Lie group is called a Borel–Anosov
representation.

Remark 3.5 A representation is P -Anosov for a parabolic subgroup P if it is ‚-Anosov for the
corresponding set of simple roots ‚��.

Let ˛ 2� and �0 2 Sa be orthogonal to Ker.˛/. The evaluation of ˛ to da.x; y/ satisfies

˛.da.x; y//D ˛.�0/dX.x; y/ cos.†.da.x; y/; �0//:
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Anosov representations are necessarily quasi-isometric embeddings. Reciprocally a quasi-isometric
embedding is f˛g-Anosov if and only if the angle hda.o; �.
/ � o/; �0i is not too small in absolute value
for 
 2 � large enough.

In particular we have the following characterization of Anosov representations:

Theorem 3.6 [29] A representation � W � ! G is ‚-Anosov for ‚ � � if and only if it is a quasi-
isometric embedding and if Ker.˛/\ C� D∅ for all ˛ 2‚.

Representations that are ‚-Anosov admit a natural continuous and �-equivariant map �‚� W @�! F‚ D
G=�‚, where @� is the Gromov boundary of � .

In the proof of Theorem 7.11 we will use the following results about the boundary maps of Anosov
representations. For two points o; x 2X let `.o; x/ 2 @visX be the class of the unique geodesic ray with
unit speed starting from o and passing through x.

Theorem 3.7 [6, Section 4] Let � W �!G be a ‚-Anosov representation for a nonempty set ‚��.
There exists a unique �-equivariant continuous and dynamic preserving map �‚� W @�! F‚. This map is
such that for any o 2X and any sequence .
n/n2N of elements of � converging to � 2 @� , the �-facet
containing any limit point of the sequence .`.o; �.
n/ � o//n2N also contains the ‚-facet �‚� .�/.

For instance, when G D PSL.n;R/ and if ‚D f˛kg, one can associate a partial flag to any point in @visX.
If the representation � is f˛kg-Anosov, the partial flag associated to any limit point of .`.o; �.
n/ �o//n2N

contains the same k-dimensional plane, which will be denoted by �k� .�/.

Kapovich, Leeb and Porti also proved a generalization of the Morse lemma. Here is a version of this
result. Let us fix any metric on � quasi-isometric to a word metric.

Theorem 3.8 [31, Theorem 1.3] Let � W�!G be a‚-Anosov representation. Let o2X be a basepoint.
There exists a constant D>0 such that for every 
 2� , there exists a geodesic ray � WR>0!X at distance
at most D from �.
/ � o with �.0/D o, whose class Œ�� 2 @visX lies in a common �-facet with �‚� .�
 /.
Here �
 2 @� is the endpoint of any geodesic ray in � starting at the identity and going through 
 .

4 Busemann functions on symmetric spaces

Busemann functions are natural functions on Hadamard manifolds associated to points in the visual
boundary. These functions will play a key role in the definition of �-nearly geodesic immersions, and
in the fibration of domains of discontinuity. In this section we prove the main properties of Busemann
functions and compute their Hessian.

4.1 Main properties of Busemann functions

Busemann functions can be interpreted as the distance of a point x 2X to a point a in the visual boundary
relative to a basepoint o 2X.
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Definition 4.1 The Busemann function associated to a2 @visX and based at o2X is the map ba;o WX!R

that associates to x 2X the limit

lim
t!C1

dX.x; 
.t//� dX.o; 
.t//;

for any geodesic ray 
 WRC!X in the class of a.

This definition makes sense because X is a Hadamard manifold [15]. The definition implies that for any
x; o; o0 2X and a 2 @visX, the Busemann cocycle holds:

(3) ba;o0.x/D ba;o.x/C ba;o0.o/:

For symmetric spaces, this function can be computed using the generalized Iwasawa decomposition. First
we prove that unipotent elements preserve the level sets of Busemann functions:

Lemma 4.2 Let x; o 2X and a 2 @visX be two points. Let n be an element of the unipotent subgroup
Na;o of G. Then

ba;o.n � x/D ba;o.x/:

Proof The Busemann cocycle implies that ba;o.n � x/� ba;o.x/D ba;x.n � x/. This is by definition the
limit when t !1 of the difference

dX.n � x; exp.tva;x/ � x/� dX.x; exp.tva;x/ � x/

D dX.x; n
�1 exp.tva;x/ � x/� dX.x; exp.tva;x/ � x/

� dX.n
�1 exp.tva;x/ � x; exp.tva;x/ � x/:

But since n 2Na;x , exp.�tva;x/n exp.tva;x/ converges to the identity when t !C1, so this distance
converges to 0. Hence ba;x.n � x/D 0.

Recall that va;o is the unit vector in ToX pointing towards a 2 @visX. To compute a Busemann function
one needs to understand it on maximal flats. Let xD exp.w/ �o for w 2 po. Suppose that a, o and x lie in
the same flat subspace, namely Œw; va;o�D 0. The Busemann function on this Euclidean space is equal to

ba;o.x/D�dX.x; o/ cos.†o.a; x//D h�va;x; wix :

Using these facts we can write Busemann functions in the symmetric space X explicitly. Let o; x 2X be
a basepoint and a 2 @visX.

Corollary 4.3 Let o; x 2X and a 2 @visX. The Busemann function can be computed as

ba;o.x/D h�va;o; wio;

where w 2 aa;o is given by the generalized Iwasawa decomposition , namely is the unique element such
that one can write x D n exp.w/k � o with n 2Na;o and k 2Ko.
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Since G acts by isometries on X, Busemann functions are G-equivariant in the following sense:

Corollary 4.4 Let o 2X and a 2 @visX. For any g 2G and any x 2X, bg �a;g �o.g � x/D ba;o.x/.

The gradient of Busemann functions is characterized as follows:

Proposition 4.5 The gradient of the Busemann function based at any point o 2X associated to a 2 @visX

is the vector field .�va;x/x2X of unit vectors pointing towards a.

Proof The differential dxba;o of ba;x at x associates to an element w 2 px the value hw0;�va;xix ,
where w0 is the projection of w to aa;x with respect to the decomposition gD na;x ˚ aa;x ˚ kx . Note
that na;x and k are orthogonal to va;o 2 aa;x with respect to h � ; � ix . Hence w D w0, so the gradient of
ba;o at x is �va;x .

Busemann functions vary smoothly when the base flag varies in a flag manifold.

Lemma 4.6 For any o 2X and � 2 SaC the map F� �X!R given by .a; x/ 7! ba;o.x/ is smooth.

Proof Let P be the stabilizer of an element a 2 F� . By Corollary 4.4, for g 2 G and x; y 2 X,
bg �a0;o.y/D ba0;o.g

�1 �y/� ba0;o.g
�1 � o/.

Hence the map G �X!R, .g; x/ 7! bg �a0;o.x/ is smooth, and defines a smooth map from the quotient
G=P �X ' F� �X.

Example 4.7 Let XD Sn or Hn, the symmetric space associated with PSLn.K/ for KD R or C, as
in Section 2.5. Let .e1; : : : ; en/ be a basis of Kn. The projective space P .Kn/ can be identified with the
G-orbit F�1 of the point a2@visX corresponding to the limit point where t goes toC1 of the geodesic ray:

t 7!

0BBB@
e�t.n�1/ 0 � � � 0

0 et 0
:::

: : :

0 0 et

1CCCA :
The point a 2 F� ' P .Kn/ is identified with the first basis vector since the stabilizer of both points by
the respective actions of PSLn.K/ are equal.

The Busemann function bŒv�;q0 where q02X and Œv�2P .Kn/ associates the value
p
.n� 1/=n log.q.v;v//

to q 2X, where v is a representative of Œv� such that q0.v; v/D 1.

The asymptotic behavior of Busemann functions along geodesic rays is determined by the Tits angle
between the endpoints.
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Lemma 4.8 Let a 2 @visX and x 2X. Let � be a geodesic ray converging to b 2 @visX. Then there exists
a constant C > 0 such that for all t 2R,

jba;x0.�.t//C t cos.†Tits.a; b//j � C:

Proof There exists some element g 2G such that g � a and g � b belong to @visF with F the model flat
in X. Moreover there exists a geodesic ray �0 at bounded distance from g � � that belongs to the flat F .
On the flat subspace F , the Busemann function can be computed:

ba;�0.0/.�
0.t//D�t cos.†Tits.g � a; g � b//:

4.2 Computation of the Hessian

We compute here the Hessian of Busemann functions in the symmetric space X. This computation will
be used in the proof of Theorem 5.23.

Lemma 4.9 Let a 2 @visX, and x; o 2X. The Hessian of the Busemann function ba;o at a point x 2X is
given by the following quadratic form on TxX:

(4) v 7! h
p

ad2va;x .v/; vix :

Here
p

ad2va;x is the only root of the endomorphism adva;x ı adva;x jpx W px ! px that is symmetric and
semipositive for the scalar product h � ; � ix .

This quadratic form is semipositive , and vanishes exactly on z.va;x/\ px . For v 2 .z.va;x/\ px/
?, it

satisfies

(5) Hessx.v; v/� kvk2 min
˛2†;˛.�.a//¤0

j˛.�.va;x//j:

Recall that z.v/ for v 2 g is the centralizer in g of v.

Remark 4.10 The Hessian of a Busemann function is related to the sectional curvature of the symmetric
space. When measured along a tangent plane spanned by two orthogonal unit vectors v;w 2ToX' po� g,
the sectional curvature of X is equal to:

�v;w D�hŒv; Œv; w��; wio D�had2v.w/; wio:

This lemma implies that Busemann functions are strictly convex except on flats. This is a more general
fact about Hadamard manifolds; see [15].

Proof The Busemann functions with respect to two different basepoints differ only by a constant. Hence
we can assume here without any loss of generality that x D o.
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Let v 2 ToX be a vector. The generalized Iwasawa decomposition, and the fact that the exponential map
is a local diffeomorphism, implies that there exists a neighborhood I of 0 in R such that for all t 2 I ,

(6) exp.tv/D exp.nt / exp.wt / exp.kt /

for nt 2 na;o, wt 2 aa;x and kt 2 tx , and such that the map t 7! .nt ; wt ; kt / is smooth. Let us denote by
. Pn; Pw; Pk/ and . Rn; Rw; Rk/ the first and second derivative of this map at t D 0.

The limited development of order 2 at t D 0 of (6) yields

exp.tv/D exp
�
Pnt C 1

2
Rnt2
�

exp
�
Pwt C 1

2
Rwt2
�

exp
�
Pkt C 1

2
Rkt2
�
C o.t2/:

But the Baker–Campbell–Hausdorff formula [26] implies that the right side of this equality is equal to

exp
�
Pnt C Pwt C Pkt C 1

2
Rnt2C 1

2
Rwt2C 1

2
Rkt2C 1

2
.Œ Pn; Pw�C Œ Pn; Pk�C Œ Pw; Pk�/t2C o.t2/

�
:

Hence we get the following two equalities:

v D PnC PwC Pk; 0D 1
2
RnC 1

2
RwC 1

2
RkC 1

2
.Œ Pn; Pw�C Œ Pn; Pk�C Œ Pw; Pk�/:

However since v; Pw 2 px , �x. PnC Pk/D�Pn� Pk. Hence Pk D�1
2
. PnC �x. Pn//. This lets us simplify the last

part of the previous equation:

Œ Pn; Pw�C Œ Pn; Pk�C Œ Pw; Pk�D Œ Pn; Pw�� 1
2
Œ Pn; �x. Pn/��

1
2
Œ Pw; PnC �x. Pn/�:

The metric on X can be written h � ; � ix D B. � ; �x. � // on px with B the Killing form, defined on g.

Since va;x is orthogonal to na;o and tx , B.va;x; Rn/D B.va;x; Rk/D 0. Moreover Œ Pn; Pw� 2 na;o so

B.va;x; Œ Pw; PnC �x. Pn/�/D B.va;x; Œ Pn; Pw�/D 0:

In particular one gets

Hessx.ba;o/.v; v/D h�va;x; Rwix D 1
2
B.�va;x; Œ Pn; �x. Pn/�/D

1
2
B.Œ�va;x; Pn�; �x. Pn//:

Let †a �† be the set of roots ˛ such that ˛.�.a//¤ 0. The Lie algebra decomposes into root spaces:

gD z.va;x/˚
M
˛2†a

g˛a;x :

Here Adg.g˛a;x/ for any element g 2G such that g � va;x D �.va;x/ is the model root space g˛.

The restriction of adva;x on g˛a;x is a homothety of ratio ˛.�.va;x//. The vector v can be decomposed in
this direct sum:

v D v0C
X
˛2†a

v˛:

The endomorphism
p

ad2va;x associates to v the vectorX
˛2†a

j˛.�.va;x//jv
˛
2 px :
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Let †Ca be the set of roots ˛ such that ˛.�.va;x// > 0. The vector Pn can be expressed as

PnD 2
X
˛2†

C
a

v˛:

Hence, as desired,

(7) 1
2
B.Œ�va;x; Pn�; �x. Pn//D�2

X
˛2†

C
˛

˛.�.va;x//B.v
˛; �x.v

˛//

D

X
˛2†˛

j˛.�.va;x//jhv
˛; v˛ix D h

p
ad2va;x .v/; vix :

This is equal to zero if and only if v D v0.

5 Nearly geodesic immersions

In this section we introduce a local condition for an immersion into the symmetric space of noncompact
type X that generalizes the notion of an immersion with principal curvature in .�1; 1/ inside Hn.

5.1 Curvature bound and Busemann functions

We introduce the key definition of a nearly geodesic immersion, which relies on Busemann functions (see
Section 4). Let M be a smooth connected manifold, u WM !X be an immersion, o 2X a basepoint and
let � 2 SaC be a unit vector in the model Weyl chamber.

Definition 5.1 An immersion u WM!X is called � -nearly geodesic if for all a 2F�[F�.�/ and v 2 TM
such that d.ba;o ıu/.v/D 0, the function ba;o ıu has positive Hessian in the direction v.

The Hessian considered in this definition is computed with the induced metric u�gX on M . Recall that
F�.�/ is the opposite flag manifold to F� for � 2 SaC.

We will first show that the nearly geodesic condition can be written as a bound on the fundamental
form IIu, depending on the Cartan projection of the surface tangent vectors.

Since the Hessian of a Busemann function ba;o on X does not depend on o, we will denote it by Hessba .
Recall that va;o is the unit vector in ToX pointing towards a 2 @visX. The second fundamental form IIu for
x 2M of the immersion u is the difference u�rX�rM , where rX is the Levi-Civita connection on TX

associated to gX and rM is the Levi-Civita connection on TM � u�TX associated to the metric u�gX.
The second fundamental form is a symmetric 2-tensor with values in u�N , where N � TX is the normal
tangent bundle to u.M/.

Proposition 5.2 An immersion u WM ! X is �-nearly geodesic if and only if for all y 2M , for all
a 2 F� [F�.�/ and v 2 TyM such that hdu.v/; va;u.y/iu.y/ D 0:

(8) Hessba.du.v/; du.v//ChIIu.v; v/; va;u.y/iu.y/ > 0:

Geometry & Topology, Volume 29 (2025)



Nearly geodesic immersions and domains of discontinuity 2415

The first term of this expression is always nonnegative, and the second one can be made negative up to
changing the sign of va;u.y/, so the first term needs to be positive for the inequality to hold. In particular
hdu.v/; va;u.y/iu.y/ D 0 implies that du.v/ cannot lie in the same flat as va;u.y/.

We will prove a sufficient condition that has a simpler form in Theorem 5.23 when � D �‚ for a Weyl
orbit of simple roots ‚.

Proof Let y 2M and a 2 F� [F�.�/. The function ba;o ıu is critical at y in the direction v 2 TyM if
and only if hdu.v/; va;u.y/iu.y/ D 0.

Let 
 WR!M be a geodesic for the metric u�gX on M such that 
.0/D y and 
 0.0/D v. The Hessian
of ba;o ıu on M is equal to the derivative at t D 0 of the differential of the Busemann function, namely

t 7! hva;u.
.t//; du.

0.t//iu.y/:

The first term, hrX
du.v/

va;u.
.t//; du.

0.t//iu.y/, is equal to Hessba.du.v/; du.v//. The second term can

be written
r

X
du.v/ du.


0/D u�r
M
v du.
 0/C IIu.v; v/:

However, 
 is a geodesic, so rMv du.
 0/D 0; therefore the Hessian of ba;o ıu on M in the direction v
is equal to

Hessba.du.v/; du.v//ChIIu.v; v/; va;u.y/iu.y/ > 0:

A consequence of Proposition 5.2 is that the property of being �-nearly geodesic is locally an open
property for the C2-topology, which is the topology associated with the uniform convergence over any
compact set of the first two differentials.

Corollary 5.3 Let u0 WM !X be a � -nearly geodesic map for some � 2 SaC. For all compact K �M ,
there exists a neighborhood U of u0 for the C2-topology in the space of C2 maps from M to X and
a neighborhood V of � in SaC such that for all � 0 2 V and u 2 U , u satisfies the � 0-nearly geodesic
immersion condition on K.

Let G be the isometry group of the n-dimensional hyperbolic space Hn for some n 2N with its usual
metric with sectional curvature equal to �1. We prove that the notion of �-nearly geodesic immersion
generalizes the notion of immersion with principal curvatures in .�1; 1/ in Hn. Principal curvatures are
only defined for hypersurfaces, but the following definition allows us to generalize the notion of having
bounded principal curvature:

Definition 5.4 An immersion u W M ! Hn has principal curvature in .�1; 1/ if and only if for all
v 2 TM , kdu.v/k2 > kIIu.v; v/k.

Since Hn is a rank-1 symmetric space, SaC contains a single element.

Proposition 5.5 An immersion u WM !Hn is nearly geodesic for the only element � 2 SaC if and only
if u has principal curvature in .�1; 1/.
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Proof Let x 2XDHn and a2F� DF�.�/DCP1D @Hn. For any w 2TxX, Hessba.w;w/D�kw
?k2,

where w? is the orthogonal projection of w onto the orthogonal in TxX of va;x by Lemma 4.9, with some
constant � which is equal to 1 for the metric of sectional curvature equal to �1 on Hn (see Remark 4.10).

If u is �-nearly geodesic, then it is an immersion and for every y 2 M and v 2 TyM there exists
a 2 @Hn such that va;u.y/ is positively colinear with �IIu.du.v/; du.v//. By Proposition 5.2, and since
v ? va;u.y/, one has

kdu.v/k2�kIIu.v; v/k> 0:

Therefore the principal curvature of u is in .�1; 1/.

Conversely if u is an immersion with principal curvatures in .�1; 1/, let a 2 @Hn, y 2 M and
v 2 TyM be such that ba;o ıu is critical in the direction v. Hence va;u.y/ is perpendicular to du.v/ so
Hessba.du.v; du.v//D kdu.v/k

2. Therefore the fact that u has principal curvature in .�1; 1/ implies
that the hypothesis of Proposition 5.2 holds, so u is � -nearly geodesic.

In general, the property of being � -nearly geodesic implies that the surface is regular in the following sense:

Definition 5.6 A tangent vector v 2 TX is called � -regular if its Cartan projection �.v/ does not belong
to
S
w2W .w � �/

?.

We say that an immersion u WM !X is � regular if for all v 2 TM , du.v/ is � -regular.

Being regular, namely having the Cartan projection in the interior of aC, and being �-regular are in
general unrelated. However when � D �‚ for a Weyl orbit of simple roots ‚, a � -regular vector v 2 TX

is exactly a ‚-regular vector, namely for all ˛ 2‚, ˛.�.v//¤ 0.

Proposition 5.7 Let � 2 SaC. If u is a �-nearly geodesic immersion , the tangent vectors du.v/ for
v 2 TM are � -regular.

Proof Let v 2 TyM for some y 2M . Assume that du.v/ is not �-regular, so its Cartan projection is
orthogonal to w � � for some w 2W . Therefore there is a unit vector which lies in a common maximal
flat with du.v/, and whose Cartan projection is equal to � . This vector is equal to va;u.y/ for some
a 2 F� [F�.�/.

Since va;u.y/ and du.v/ are in a common flat, Hessba.du.v/; du.v// D 0. One can assume that
hIIu.v; v/; va;u.y/iu.y/ � 0 up to exchanging a with its symmetric with respect to u.y/ which is still
in F� [F�.�/. Moreover since hva;u.y/; du.v/iu.y/ D 0, this is a contradiction with the criterion from
Proposition 5.2, so the immersion u cannot be � -nearly geodesic.

The property of being � -nearly geodesic is not necessarily satisfied for totally geodesic immersions, but it
is satisfied for � -regular totally geodesic immersions.

Proposition 5.8 A totally geodesic immersion is � -nearly geodesic if and only if it is � -regular.
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Proof An immersion u is totally geodesic if and only if IIu D 0. If u is a � -nearly geodesic immersion
that is totally geodesic, for every y 2M , v 2 TyM and every a 2 F� , y 2M and v 2 TyM such that
hdu.v/; va;u.y/iu.y/ D 0, Proposition 5.2 implies that

Hessba.du.v/; du.v// > 0:

This implies that for no a 2F� such that hdu.v/; va;u.y/iu.y/D 0 the vector va;u.y/ lies in a common flat
with du.v/ by Lemma 4.9. Hence the Cartan projection of du.v/ is not orthogonal tow2 � for anyw2W .

Conversely, if the totally geodesic immersion is �-regular, Hessba.du.v/; du.v// is never equal to 0
for any y 2M , v 2 TyM and a 2 F� such that hdu.v/; va;u.y/iu.y/ D 0. Since Hessba is nonnegative,
Proposition 5.2 implies that u is � -nearly geodesic.

5.2 Uniformly nearly geodesic immersions

If the nearly geodesic condition for an immersion is satisfied uniformly, one can prove that the exponential
of some multiple of Busemann functions are strictly convex on the image of the immersion.

Definition 5.9 Let � 2 SaC. An immersion u WM ! X is uniformly �-nearly geodesic if there exists
� > 0 such that for all v 2 TM such that kdu.v/k D 1, one has for all a 2 F� satisfying va;o ? v:

Hessba.du.v/; du.v//ChIIu.v; v/; va;oio � �:

Remark 5.10 When XDHn, being uniformly nearly geodesic for a hypersurface is equivalent to having
principal curvature in .��; �/ for some � < 1.

Suppose that M D zN is the universal cover of a compact smooth manifold N . Let � be the fundamental
group of N . A �-equivariant immersion u WM !X for some representation � W �!G which is � -nearly
geodesic is necessarily uniformly � -nearly geodesic since T 1N is compact.

If we consider a uniformly �-nearly geodesic immersion u, not only are Busemann functions convex in
critical directions, but for some � > 0, e�ba;oıu is strictly convex on M .

Lemma 5.11 Let � 2SaC. Let u WM!X be a uniformly � -nearly geodesic immersion. For some �>0,
for all a 2 F� the function exp.�ba;o ı u/ has positive Hessian for the metric u�.gX/. Moreover there
exists some �>0 such that for any a2F� and any geodesic � WR!M the functions f�D exp.�ba;oıuı�/
satisfy f 00 � �f .

Recall that the metric on M that we consider to define geodesics is the induced metric u�.gX/.

Proof Let o 2X and let U �� be the compact set of pairs .v; II/ 2 T 1Xo �ToX such that for all a 2 F�
satisfying va;o ? v,

Hessba.v; v/ChII; va;oio � �:
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Let us consider

C D inf
a2F� ; .v;II/2U ��

Hessba.v; v/ChII; va;xio
hva;o; vi2o

:

This infimum is the infimum of a continuous function taking values in R[ fC1g on a compact set.
Indeed the numerator must be strictly positive whenever the denominator vanishes, and the denominator
is always positive. Hence C 2R[fC1g.

Let � be any real number greater than max.1 � C; 0/. Let � be any geodesic in M . Let us write
g D ba;o ıu ı �. Note that g00 � C.g0/2 by definition of C . Therefore

.e�g/00=e�g D �g00C�2.g0/2 � .C�C�2/.g0/2C .��C/g00 � �.g0/2 � 0:

Note also that .e�g/00=e�g � �g00. Consider the following quantity:

M D inf
a2F� ; .v;II/2U ��

max.Hessba.v; v/ChII; va;xio; hva;o; vi
2
o/:

Note that M �max.g00; .g0/2/. Since K � U� , this quantity is strictly positive as it is an infimum taken
on a compact set of a positive function. Hence the function f D e�g is strictly convex and satisfies
f 00 > �Mf .

5.3 Convexity of a Finsler distance

When X D Hn, and given y 2 Hn, for any nearly geodesic immersion u W M ! Hn the function
x 7! exp.dHn.u.x/; y// is strictly convex. However for a general symmetric space of higher rank, the
� -nearly geodesic condition doesn’t imply the convexity for the Riemannian metric at critical points.

This leads us to consider a Finsler pseudodistance d �X on X associated to an element � 2 SaC. We show
in this section that this pseudodistance satisfies a similar convexity property for any �-nearly geodesic
immersion. This pseudodistance is symmetric when � is symmetric (namely � is fixed by the opposition
involution � on SaC) and it is equal to the Riemannian distance when rank.X/D 1. The convexity of
this distance allows us to prove the injectivity and properness of complete � -nearly geodesic immersions.
This Finsler pseudodistance is studied in [28, Section 5].

Let us define, for �0 2 a,
j�0j� D max

w2W
hw � �; �0i:

The map �0 7! j�0j� is nonnegative, homogeneous and subadditive, thus we call it in general a pseudonorm.

This pseudonorm is not necessarily symmetric: j�0j� D j��0j�.�/. In particular it is symmetric if and only
if � is symmetric. Figure 5 illustrates the unit ball of this norm in a for two examples of semisimple
Lie groups whose associated symmetric space has rank 2: on the left G D SL.3;R/ and � D ��, in the
middle G D SL.3;R/ and � D �1 (such that F�1 'RP2) and on the right G D Sp.4;R/ and � D �f˛ng
with the notation from Section 2.5.
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��
�1

�f˛2g

Figure 5: The unit ball in a of j � j�� and j � j�1 for G D SL.3;R/ and j � j�f˛2g for G D Sp.4;R/.

This pseudonorm isn’t necessarily positive on nonzero vectors. However if a nonzero vector v 2 a has
zero norm, the Weyl group does not act irreducibly on a since the W -orbit of � is orthogonal to v, which
means that the underlying Lie group G is not simple.

Example 5.12 Let n � 2 be an integer, G D PSL.2;R/n and X D .H2/n. A model flat in X is the
product of a geodesic in each of the n copies of H2. Let �k be the tangent vector to the geodesic on
the kth copy of H2. The pseudodistance on X defined by the pseudonorm j � j�k is the distance in H2 of
the kth components, which is not a distance on X.

However if G is simple and � is symmetric j � j� is a norm. This norm is W -invariant and hence it defines
a G-invariant not necessarily symmetric Finsler metric on X such that for v 2 TX, kvk� D j�.v/j� ,
where � is the Cartan projection [34, Theorem 6.2.1].

For any semisimple Lie group G, we denote by d �X W X�X! R�0 the corresponding pseudodistance
on X, namely dX.x; y/ is the infimum for all piecewise C1-paths � from x to y ofZ

k�0k� D

Z
j�.�0/j� :

This distance can be characterized in terms of Busemann functions.

Proposition 5.13 Let x; y 2X be two points. The pseudodistance d �X between these two points satisfies

d �X.x; y/D max
a2F�

ba;x.y/:

Proof Let o2X, v 2ToX and a 2F� . As usual va;o is the unit vector based at o pointing towards a. The
maximum for a 2 F� of hv; va;oi is reached when v and va;o are in a common flat [15, Proposition 24].

If we assume that v and va;o are in a common flat, the maximum is equal to j�.v/j� . Given two points
x; y 2X, any piecewise C1 curve � such that �.0/D x and �.1/D y satisfies, for all a 2 F� ,

.ba ı �/
0
D hva;�.t/; �

0.t/i�.t/ � k�
0
k� :

Hence
ba;x.y/�

Z
k�0k� :
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Moreover equality is reached for the Riemannian geodesic such that �.0/ D x and �.1/ D y. Indeed
there is a point a 2 F� that lies in a common flat with x and y such that j�0.t/j� D h�0.t/; va;�.t/i�.t/
for all t 2 Œ0; 1�. Hence ba;x.y/D d �X.x; y/. Note that the curve reaching this minimum is not unique
in general.

This pseudodistance satisfies the desired convexity condition:

Proposition 5.14 Let u WM !X be a uniformly � -nearly geodesic immersion. There exists � > 0 such
that for all x 2X the following function is strictly convex for the metric u�gX:

f W y 2M 7! exp.�d �X.x; u.y///:

A strictly convex continuous function on the Riemannian manifold .M; u�.gX// is a function that is
strictly convex on any geodesic.

Proof By Lemma 5.11 there exists � > 0 such that for any a 2F� , the function exp.�ba;o ıu/ is strictly
convex on M . One can then write f as

f .y/D exp.�d �X.x; u.y///D sup
a2F�

exp.ba;x ıu.y//:

Hence f is the supremum of a family of convex functions, so it is convex. Moreover the supremum is
taken over a compact family of strictly convex functions, so it is strictly convex.

A consequence of the convexity of this Finsler distance is that the immersion u is injective, which is an
interesting property of �-nearly geodesic surfaces. We say that u is complete if M is complete for the
induced metric u�.gX/.

Proposition 5.15 Let u WM !X be a complete uniformly �-nearly geodesic immersion. Then u is an
embedding.

Proof Consider y0 2M . The function y 2M 7! exp.�d �X.u.y/; u.y0/// is strictly convex for some
� > 0 and admits a minimum at y D y0. The completeness of the metric u�.gX/ implies that there is a
geodesic joining any two points. Hence the minimum of any strictly convex function is unique, so u is
injective. Therefore it is an embedding.

Moreover the immersion u cannot be too distorted: the metric induced by u is quasi-isometric to the
ambient metric on X. The notion of quasi-isometric embedding was recalled in Section 3.

Proposition 5.16 Let u WM ! X be a complete uniformly �-nearly geodesic immersion. Then u is a
quasi-isometric embedding for the induced metric u�gX on M . In particular u is proper.

Proof Let y0 2M and let oD u.y0/. Let � > 0 and �> 0 be the constants provided by Lemma 5.11. Let

 WR�0!M be a geodesic ray parametrized with unit speed in M for the metric u�gX with 
.0/D y0.
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Let a 2 F� be such that ba;o.u ı 
.1//D d �X.o; u ı 
.1//. Consider the function

f W t 2R�0 7! exp.�ba;uı
.t/.u ı 
.t///:

It is strictly convex and satisfies f .1/�f .0/ so f 0.1/�0. Moreover f 00>�f , so f .t/� cosh.�.t�1//>
1
2
e�.t�1/. In particular,

d �X.o; u ı 
.t//� ba;o.u ı 
.t//�
�

�
.t � 1/�

log.2/
�

:

For all y 2M there exists a geodesic ray 
 passing through y. If du is the Riemannian distance on M
induced by u�gX,

d �X.u.x0/; u.x//�
�

�
.du.x; y/� 1/

log.2/
�

:

This Finsler metric is equivalent to the Riemannian metric gX ifG is simple, and in general it is dominated
by the Riemannian metric. Moreover u is 1-Lipschitz with respect to the induced metric, so u is a quasi-
isometric embedding.

Using the convexity of this Finsler pseudodistance one can define a continuous projection from the whole
symmetric X to M . This projection will not be used in what follows, but the fibration of the domains
in F� constructed in Section 7 is an extension of it.

Proposition 5.17 Let u WM ! X be a complete uniformly �-nearly geodesic immersion. For every
x 2X, there exists a unique point ��u.x/ 2M that minimizes

y 2M 7! d �X.x; u.y//:

The function ��u WX!M is continuous , and ��u.u.y//D y for y 2M .

Proof Let �; � be the two constants provided by the Lemma 5.11 and let x 2X. The following function
is strictly convex on M :

y 7! exp.�d �X.x; u.y///:

It is moreover proper since u is proper by Proposition 5.16. Hence it has a unique minimum, so ��u is
well defined.

If we consider a sequence .xn/ 2 X of points that converge to x 2 X, then the sequence .��u.xn// is
bounded since � is discrete. Moreover any of its limit points is a minimum of d �X.x; u.y//, so the
sequence converges to ��u.x/. The function ��u is hence continuous.

5.4 Anosov property for nearly Fuchsian representations

Let N be a compact manifold with fundamental group � . We call a representation � W �!G that admits
a � -nearly geodesic equivariant immersion u W zN !X a � -nearly Fuchsian representation.

Proposition 5.18 The set of �-nearly Fuchsian representations is open in the space of representations
� W �!G, for the compact-open topology.
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Proof One can continuously deform any �-equivariant immersion u W zN !X to a �0-equivariant smooth
map u0 W zN ! X for �0 close to �. Indeed fix a Riemannian metric on N , and let � W RC ! RC be a
smooth function that is positive on Œ0; R� for R large enough and vanishes on ŒR0;C1/ for some R0 >R.
One can define u0.y/ for y 2 zN as the barycenter of the points xy
 D �0.
�1/ � u.
 � y/ with weight
�
y

 D �.d.y; 
 �y// for 
 2 � . Concretely this means that we consider the unique local minimum of the

convex function
D W x 2X 7!

X

2�

�y
d.x; x
y

 /
2:

Note that �0.
0/ � x
y

 D x


0�y



�10
and �y
 D �


0�y



�10
for 
0 2 � . Therefore u0 is �0-equivariant. Since X is a

Hadamard manifold D is strictly convex, so the barycenter map is well defined and smooth. Therefore
for �0 close enough to �, u0 is an immersion which is close to u for the C2-topology on any compact
fundamental domain of the action of � on zN . In particular u0 is a �-nearly geodesic immersion for �
close enough to �0.

The condition that u is � -nearly geodesic is local, but it will imply some coarse property on u and therefore
on �. Recall that the limit cone C� was defined in Section 3 (Definition 3.1). Due to flats, Busemann
functions are not strictly convex in critical directions on X. However Busemann functions are strictly
convex in critical directions on u. zN/. We deduce that �-nearly geodesic surfaces must coarsely avoid
these flats, which in turn can be interpreted as a property of the limit cone C�; see Definition 3.1.

Proposition 5.19 Let � W �!G be a � -nearly Fuchsian representation. Then

(9) C� \
[
w2W

.w � �/? D∅:

Recall that W is the Weyl group associated to G.

Proof Let x0; x 2 zN and oD u.x0/. Let w 2W . Then there exist two points a 2 F� and a0 2 F�.�/ that
are opposite from o, namely va;o D�va0;o, and such that

ba;o.u.x//D hda.o; u.x//; w � �i; ba0;o.u.x//D hda.o; u.x//;�w � �i:

This holds for a and a0 that lie in a maximal flat containing o and u.x/.

Let � be a geodesic parametrized with unit length in zN for u�.gX/ such that


.0/D x0 and 
.du.x0; x//D x:

Let �; � > 0 be the constants given by Lemma 5.11. Consider the function

f W t 7! exp.�ba;o ıu ı 
.t//:

Since va;oD�va0;o, up to exchanging a and a0 we can assume that f 0.0/� 0. By Lemma 5.11, f 00 > �f .
Together with the fact that f .0/D 1, this implies that for all t 2 Œ0; du.x0; x/�,

f .t/� cosh.�t/:
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Hence hda.o; u.x//; w �pi � .�=�/du.x0; x/� log.2/=�. Since u is a quasi-isometric embedding, there
exist c;D>0 such that for all x2 zN the distance for the induced metric u�.gX/ between x and x0 is at least

cdX.o; u.x//�D:

In conclusion �
da.o; u.x//

dX.o; u.x//
; w �p

�
�
c�

�
�

log.2/C �D
�dX.o; u.x//

:

Any element of C� therefore has a scalar product at least c�=� > 0 with w � � , for any w 2 W . This
implies that the limit cone cannot intersect

S
w2W .w � �/

?.

The set SaC n
S
w2W .w � �/

? contains a single connected component if and only if .w � �/? is always
a wall of the Weyl chamber decomposition of a, namely when � D �‚ for a Weyl orbit of simple roots
‚�� (this notion was defined Section 2.6). In this case

SaC n
[
w2W

.w � �‚/
?
D SaC n

[
˛2‚

Ker.˛/:

Hence we get the following:

Theorem 5.20 Let ‚ � � be a Weyl orbit of simple roots. A �‚-nearly Fuchsian representation
� W �!G is ‚-Anosov.

In particular, only hyperbolic groups admit �‚-nearly Fuchsian representations; see [6, Theorem 3.2].

If � 2 SaC does not correspond to a Weyl orbit of simple roots, let us assume that � is a nonelementary
Gromov hyperbolic group, so that the limit cone of � is connected; see Lemma 3.2.

To a � -nearly Fuchsian representation � W �!G one can associate the connected component ��� which C�
lies inside:

SaC n
[
w2W

.w � �/?:

To a connected component of this space one can associate a nonempty set ‚.��� / of simple roots. Recall
that for �0 2 SaC, ‚.�0/�� is the set of simple roots ˛ such that ˛.�0/¤ 0.

Lemma 5.21 Let � 2 SaC and let � � SaC be a connected component of

(10) SaC n
[
w2W

.w � �/?:

Let ‚.�/�� be the set of simple roots ˛ such that � \Ker.˛/D ∅. This set is nonempty, and there
exists some �0 2 � such that ‚.�0/D‚.�/.

In other words there is �0 2 � such that for any simple root ˛ 2�, ˛.�0/¤ 0 if and only if for all �00 2 � ,
˛.�0

0/¤ 0. Figure 6 illustrates the lines in SaC corresponding to
S
w2W .w � �/

? for some � 2 SaC, as
well as some connected component of the complement � . In this example ‚.�/ contains only one root.
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�

�

�0

Figure 6: Illustration for G D PSL.4;R/ of a connected component � of SaC n
S
w2W .w � �/

?

in an affine chart.

Proof LetW0�W be the subgroup of the Weyl group generated by symmetries associated to ˛2�n‚.�/.
Let y� � Sa be the connected component of � in

Sa n
[
w2W

.w � �/?:

This connected component y� is stabilized by W0. Indeed let ˛ be in �n‚.�/. By definition there is some
v 2 � such that ˛.v/D 0, and hence that is fixed by the symmetry associated to ˛. Thus the connected
component of v in Sa is stabilized by this symmetry, and hence by the group W0.

Let �0 2 � be any element and let �00 2 SaC be the element that, up to the action of W , is positively
colinear to X

w2W0

w � �0:

This sum does not vanish since h�; w � �0i has constant sign for w 2W0. This element �00 is W0-invariant,
and hence for all ˛ 2� n‚.�/, ˛.�00/D 0.

Moreover, since the Lie group G is semisimple, the action of W has no global fixed point on Sa, and
hence W0 ¤W , which proves that ‚.�/¤∅.

Theorem 5.22 A � -nearly Fuchsian representation � W �!G from a nonelementary hyperbolic group �
is ‚.��� /-Anosov.

Note that ‚.��� /¤∅, because of Lemma 5.21.

Proof We use the characterization of Anosov representations from Theorem 3.6. We already proved that
� -nearly Fuchsian representations are quasi-isometric embeddings in Proposition 5.16.

The limit cone C� lies inside ��� , which avoids Ker.˛/ for ˛ 2‚.��� /. Hence � is ‚.��� /-Anosov.

The nonelementary assumption is necessary; indeed the following representation � W Z! SL.3;R/ is not
Anosov for any set of roots:

n 7!

0@4n 0 0

0 2�n 0

0 0 2�n

1A :
However, this representation preserves a geodesic which is � -regular for almost every � 2 SaC.
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5.5 A sufficient condition for an immersion to be nearly geodesic

Let ‚ be a Weyl orbit of simple roots as in Section 2.6. Let ˛ 2‚ be any root. We define the following
constant:

(11) c‚ D min
ˇ2†;ˇ.�‚/¤0

jˇ.�‚/j

k˛k2
:

Here k˛k for ˛ 2‚ denotes the maximum of j˛.�/j for � 2 Sa a unit vector. This quantity is the same
for any ˛ 2‚, since ‚ is a Weyl orbit of simple roots.

A sufficient condition for the immersion u to be a �‚-nearly geodesic surface is the following:

Theorem 5.23 Let u W S !X be an immersion that satisfies , for all v 2 TS and ˛ 2‚,

(12) kIIu.v; v/k�‚ < c‚˛.�.du.v///
2:

Then u is a �‚-nearly geodesic immersion.

Note that k � k�‚ < k � k, so having (12) with the Riemannian metric in the left-hand side instead of the
Finsler pseudodistance from Section 5.5 is also a sufficient condition.

This property is a generalization of the property of having principal curvature in .�1; 1/, where the norm
of the tangent vector is replaced by the evaluation of roots of the Cartan projection.

Proof Let us show that (12) implies the condition of Proposition 5.2:

Hessba.du.v/; du.v//ChIIu.v; v/; va;u.y/iu.y/ > 0:

Let x D u.y/. Let us write du.v/ D w0Cw?, where w0 2 z.va;x/\px and w? 2 .z.va;x/\px/?.
Because of Lemma 4.9, one has

(13) Hessba.du.v/; du.v//� kw
?
k
2 min
ˇ2†;ˇ.�‚/¤0

jˇ.�‚/j:

Lemma 2.4 implies that for any ˛ 2†,

˛.�.w0//Ck˛k� kw
?
k � ˛.�.du.v///:

We assumed that hva;x; du.v/ix D 0. Since va;x 2 z.va;x/\px , one has therefore hva;x; w?ix D 0 and
hence hva;x; w0ix D 0. Moreover va;x and w0 are in a common flat. Since �.va;x/D �‚, this implies
that ˛.�.w0//D 0 for some root ˛ 2‚. Therefore for this root ˛,

(14) kw?k � k˛k�1˛.�.du.v///:

Recall that for any w 2 TxX and a 2F�‚ , hw; va;xix � kwk�‚ , as a consequence of [15, Proposition 24].

Equations (13) and (14) together imply the following inequality, with c‚ defined in (11):

Hessba.du.v/; du.v//ChIIu.v; v/; va;u.y/iu.y/ � c‚˛.�.du.v///
2
�kIIu.v; v/k�‚ :

The rightmost term is strictly positive because of (12).
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Example 5.24 Let G D PSL.n;R/. We choose the standard metric on X that comes from the Killing
form. In particular the Euclidean metric on a is given by

hDiag.�1; : : : ; �n/;Diag.�1; : : : ; �n/i D 2n
nX
iD1

�i�i :

In this case ��DDiag.1=.2
p
n/; 0; : : : ; 0;�1=.2

p
n//. The minimum nonzero value of ˇ.�‚/ for ˇ2† is

reached for the root ˛1 WDiag.�1; : : : ; �n/ 7!�1��2, and is equal to 1=.2
p
n/ if n� 3 and 1=

p
n if nD 2.

The norm of any root ˛ is equal to the norm of ˛1. But j˛1.�/j� j�1jCj�2j�
p
2
p
�21C�

2
2� .1=

p
n/k�k

with equality for some � 2 Sa. Hence k˛1k D 1=
p
n, so if n� 3,

c� D 2
p
n;

and c� D
p
2 if nD 2. Note that if we rescale the metric on XDH2 so that the sectional curvature is

equal to �1, (12) is exactly the condition of having principal curvature in .�1; 1/.

6 Pencils of tangent vectors

In this section we recall the classical notion of a pencil of quadrics, then we generalize it to the notion
of a pencil of tangent vectors in a symmetric space of noncompact type and its base in a flag manifold.
Bases of pencils appear as the fibers of the fibration that will be constructed in Section 7.

6.1 Pencils of quadrics

Some references for the notion of pencils of quadrics can be found in [17]. Let V be a finite-dimensional
vector space over KDR or C.

Definition 6.1 A pencil of quadrics, or more precisely a d -pencil of quadrics,1 on V is a linear subspace P
of dimension d in the space S.V / of symmetric bilinear forms on V if KDR, or in the space H.V / of
Hermitian forms on V if KDC.

The base b.P/ of a d -pencil P is the set of points Œv� 2 P .V / such that for all q 2 P , q.v; v/D 0.

The following is a criterion for a pencil of quadrics to have a smooth base:

Lemma 6.2 Let P be a pencil of quadrics such that all nonzero q 2 P are nondegenerate bilinear forms.
The map p WV !P� given by v 7! .q 7! q.v; v// is a submersion at every v 2V nf0g such that Œv�2 b.P/.
In particular b.P/ is a smooth manifold of codimension d .

Proof Let .q1; : : : ; qd / be a basis of P . Let us consider some v 2 V n f0g such that q1.v; v/D � � � D
qd .v; v/D 0. The kernel of the differential of p is the intersection of the orthogonal spaces Œv�?qi with
respect to qi of the line generated by v for 1 � i � d . Since the forms qi are nondegenerate, these
are hyperplanes.

1In the literature, for instance in [17], a pencil of quadrics is often just a 2-pencil of quadrics.
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Suppose that their intersection does not have codimension d . In particular the linear forms qi .v; � / for
1� i � d are not linearly independent, so there exists a linear combination of the bilinear forms that is
degenerate, but is a nonzero element of P , contradicting our assumption.

Hence the kernel of p has codimension d , so p is a submersion at v.

The base of a pencil of quadratics is smooth and has codimension d around each of its points which are
nonsingular, meaning that they are not degenerate points for any quadric in the pencil. We generalize this
notion of singular points in the next section.

6.2 Pencils of tangent vectors in symmetric spaces

In this subsection we consider pencils of tangent vectors in a symmetric space X of noncompact type,
which are related to pencils of quadrics when G D PSL.n;R/.

Definition 6.3 A pencil of tangent vectors at x 2X, or more precisely a d -pencil, is a vector subspace
P � TxX of dimension d for some point x 2X.

To a pencil one can associate some subsets of any G-orbit in the visual boundary. Recall that for a 2 @visX

and x 2X, the unit vector va;x 2 TxX is the unit vector pointing towards a. Let � 2 SaC.

Definition 6.4 The � -base of the pencil P , whose basepoint is x 2X, is the set B� .P/ of elements a 2F�
such that va;x is orthogonal to P .

When G D PSL.n;R/ and XD Sn, a pencil at q 2 Sn corresponds to a subspace P 0 of symmetric bilinear
forms on Rn, namely a pencil of quadrics, that is compatible with q in the sense that the trace of the
associated q-symmetric matrices vanishes.

Proposition 6.5 Let � 2 SaC be such that F� ' RPn�1. The �-base of the pencil P is identified via
this identification with the base of the pencil of quadrics P 0.

Proof The � -base of P is the space of lines ŒC � where C 2Rn is a column vector with Tr.CC?qM/D 0

for allM 2P 0, since CC?q is colinear to vŒC �;q . Hence the � -base of the pencil is also the set of lines ŒC �
such that C?qMC D 0, namely the base of the pencil of quadrics P 0.

We now generalize Lemma 6.2 to general pencils of tangent vectors.

Definition 6.6 A point a 2 F� in the base B� .P/ of a pencil P at x 2X is called singular if for some
w 2 P one has Œw; va;x�D 0.

We denote by B�� .P/� B� .P/ the set of nonsingular points, which we will also call the regular base.

Lemma 6.7 Let P be a pencil of tangent vectors at x in X. The function which associates to a 2 F�
the linear form v 7! hva;x; vix on P is a submersion at a 2 B� .P/ if and only if a 2 B�� .P/. In particular
B�� .P/ is always a smooth codimension d submanifold of F� .
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Proof Let � W F� ! P� be the map that associates to a 2 F� the linear form v 7! hva;x; vix .

Suppose that a 2 B� .P/ n B�� .P/. Then there exists some w 2 P such that Œw; va;x� D 0. The map
 W k 2Kx 7! k �a 2 F� is a submersion, so for every tangent vector in TaF� the differential of a 7! va;x

in this direction is adk.va;x/ for some k 2 kx . The differential of a 7! hva;x; wix in this direction is equal
to hadk.va;x/; wix D�B.adk.va;x/; w/D�B.k; Œva;x; w�/D 0. Hence the image of the differential of
� is not surjective: it is not a submersion.

Suppose that a 2 B�� .P/. Let v 2 P be any nonzero vector and consider Œva;x; v� D k 2 kx . The
differential of a 7! hva;x; vix in the corresponding tangent direction is equal to hadk.va;x/; vix D
�B.adk.va;x/; v/ D �B.Œva;x; v�; Œva;x; v�/ ¤ 0. Since for all v 2 P there is a direction in which the
differential of a 7! hva;x; vix does not vanish, the map � is therefore a submersion at a.

A pencil of tangent vectors P at x 2X is called �-regular if all its nonzero vectors are �-regular as in
Definition 5.6. In particular a �-regular pencil satisfies B�� .P/ D B� .P/, so the �-base of a �-regular
vector is a smooth codimension-d submanifold of F� .

Because of Lemma 6.7, the topology of the base of a regular pencil does not vary if the pencil is deformed
continuously.

Corollary 6.8 Let P0 and P1 be two pencils at x 2X in the same connected component of the space of
� -regular pencils at x. Then B� .P1/ and B� .P2/ are diffeomorphic.

Proof Since the space of regular pencils is an open subset of the Grassmannian of planes in TxX,
there exists a smooth path .Pt /t2Œ0;1� of regular pencils between P0 and P1. Because of Lemma 6.7
the set f.a; t/ j a 2 F� ; t 2 Œ0; 1�g is a submanifold with boundary F� � Œ0; 1� that comes with a natural
submersion .a; t/ 7! t . Since this manifold is compact, all the fibers are diffeomorphic by the Ehresmann
fibration theorem.

Example 6.9 Let G D PSL.3;R/ and X D S3. We identify the tangent space Tq0S3 at the point q0
corresponding to the standard scalar product on R3 with the space of three-by-three symmetric matrices
with real coefficients and zero trace. Consider the following two pencils:

Pirr D

*0@0 1 01 0 1

0 1 0

1A ;
0@2 0 0

0 0 0

0 0 �2

1A+; Pred D

*0@0 0 10 0 0

1 0 0

1A ;
0@1 0 0

0 0 0

0 0 �1

1A+:
Let �1 2 SaC be such that Fp1 is diffeomorphic in a PSL.3;R/-equivariant way to RP2, and let �� be
the normalized coroot associated to the Weyl orbit of simple roots �. It satisfies F�� ' F1;2, the space
of complete flags in R3.

The pencils Pirr and Pred are not �1-regular: B�1.Pirr/ is the disjoint union of a point and a line where
B��1.Pirr/ contains only the point. In this particular case the regular base is a connected component of the
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base, so it is a smooth compact codimension-2 submanifold. The set B�1.Pred/ is a single point that is
singular for the pencil. Here we see that a singular point can still be a point around which the base is a
smooth codimension-2 submanifold.

Both pencils are ��-regular, but their ��-bases are different.

A flag .`;H/ D .Œx�; Œy�?/ with x D .x1; x2; x3/ and y D .y1; y2; y3/ nonzero vectors such that
x21 C x

2
2 C x

2
3 D y

2
1 Cy

2
2 Cy

2
3 and x1y1C x2y2C x3y3 D 0 belongs to B��.Pred/ if and only if

x21 � x
2
3 D y

2
1 �y

2
3 ; 2x1x3 D 2y1y3:

Up to replacing y by �y, these equations are equivalent to x1Dy1, x2D�y2, x3Dy3 and x21Cx
2
3 Dx

2
2 .

The corresponding flags .`;H/ in the affine chart .x; y/ 7! Œx; 1; y� of RP2 are the tangent point and
tangent lines to the circle of radius 1 centered at the origin.

A flag .`;H/ D .Œx�; Œy�?/ with x D .x1; x2; x3/ and y D .y1; y2; y3/ nonzero vectors such that
x21 C x

2
2 C x

2
3 D y

2
1 Cy

2
2 Cy

2
3 and x1y1C x2y2C x3y3 D 0 belongs to B��.Pirr/ if and only if

2x21 � 2x
2
3 D 2y

2
1 � 2y

2
3 ; 2x1x2C 2x2x3 D 2y1y2C 2y2y3:

Let `0 D h.1; 0; 1/i and H0 D h.1; 0;�1/; .0; 1; 0/i. The corresponding flags .`;H/ belong to one of the
three circles in F1;2 defined by

� `D `0 and H is any plane through `,

� H DH0 and ` is any line in H ,

� `�H0 and `0 �H .

Indeed one can check that these flags satisfy the equations. In order to check that these are the only
solutions, one can see that these are the fibers of a fibration over the surface with three connected
components; see Section 8.3.2.

The ��-base B��.Pred/ is a circle, whereas B��.Pirr/ is the union of three circles. Hence Corollary 6.8
implies that they must lie in different connected components of the space of ��-regular pencils.

Since the pencils will be the fibers of the domains of discontinuity that we will construct, proving that
the domain is nonempty will be equivalent to having nonempty pencils. We present here a topological
argument to prove that some pencils are nonempty:

Proposition 6.10 Let � 2 SaC and P be a �-regular pencil of tangent vectors based at x 2 X of
dimension d . If the � -base of P is empty, then F� fibers over the sphere Sd�1.

If moreover d D 2, the fundamental group of F� is infinite.

Proof To a 2 F� we associate �0.a/ 2 P the orthogonal projection of va;x 2 TxX onto P � TxX.
Since the �-base of P is empty, one can define a map � W F� ! SP into the unit sphere of P where
�.a/D �0.a/=k�0.a/k. This map is a submersion. Indeed let a 2 F� , and let P0 � P be the orthogonal
to �.a/ in P . Lemma 6.7 applied to P0 implies that � is a submersion at a.
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This submersion is proper since F� is compact, and hence it is a fibration. This fibration induces a long
exact sequence, where F is the fiber:

� � � ! �1.F� /! �1.SP/! �0.F /! � � � :

Since F is compact, �0.F / is finite and if d D 2, �1.SP/' Z, so �1.F� / is infinite.

We conclude this section by the following remark, which says that regular pencils cannot be tangent to flats:

Proposition 6.11 If a 2-pencil is tangent to a flat , then it is not � -regular for any � 2 SaC.

Proof Up to the action of G one can identify P with a plane in a. But for any � 2 SaC, the orthogonal
of � intersects this plane. Hence there is an element of P whose Cartan projection is orthogonal to w � �
for some w in the Weyl group.

7 Fibered domains in flag manifolds

In this section we associate an open domain ��u � F� to any complete uniformly �-nearly geodesic
immersion u WM !X with � 2 SaC, and show that this domain is a smooth fiber bundle over M where
the fibers are � -bases of the pencils that are the tangent planes to u.M/. This construction is the analog
of the Gauss map for hypersurfaces in Hn. We also mention what happens with our construction for
totally geodesic immersions that are not � -regular.

If M D zN for some compact manifold N with torsion-free fundamental group � , and if u is equivariant
with respect to a representation �, we show that the domain ��u is a cocompact domain of discontinuity
for the action of � and its quotient fibers over N . This domain always coincides with some domain of
discontinuity associated to the Tits–Bruhat ideals constructed by Kapovich, Leeb and Porti [30]. Finally
we prove the invariance of the topology of the quotients of these domains of discontinuity.

7.1 A domain associated to a nearly geodesic immersion

Let � 2 SaC be any unit vector and u WM !X be a complete uniformly � -nearly geodesic immersion.

We consider a particular domain of the flag manifold F� , defined for any nearly geodesic immersion
u WM ! X using Busemann functions. For this we fix a basepoint o 2 X, but the definition will not
depend on this choice.

Definition 7.1 Let��u be the set of elements a 2F� such that the function ba;oıu is proper and bounded
from below.

We have additional properties if u is a complete uniformly � -nearly geodesic immersion.

Lemma 7.2 Let a2F� . There exists a critical point x 2M for the function ba;oıu if and only if a2��u.
In this case this point is unique , and the Hessian of ba;o ı u at this point is positive. The domain ��u
is open.
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Proof Let a 2 F� . Suppose that ba;o ıu is critical at y 2M . Since u is � -nearly geodesic, the Hessian
of ba;o ıu at y is positive. Moreover, due to Lemma 5.11 there exists � > 0 such that exp.�ba;o ıu/ has
positive Hessian everywhere on M .

A convex function with positive Hessian on a complete connected Riemannian manifold has a unique
minimum, and is proper. The function exp.�ba;o ı u/, and hence the function ba;o ı u, are therefore
proper and have a unique minimum. In particular a 2���.

Conversely if a 2���, ba;o ıu is proper it admits a global minimum, which is a critical point.

If a function has a critical point with positive Hessian, every small deformation of the function for
the C0-topology still admits a critical point. Indeed if x is a critical point with positive Hessian of a
convex function f , for any small enough closed disk D around x one has f > f .x/ on @D. If we fix
such a disk D, for g close enough in the C0-topology to f , one still has g > g.x/ on the compact @D.
Therefore g restricted to D must admit a global minimum that is reached at some point y in the interior
of D. This point y is a local minimum and hence a critical point of g.

In conclusion ��� is open.

We thus can define the projection �u W��u!M associated to u as the map that associates to a 2��u the
unique critical point �u.a/ 2M of ba;o ıu. This is an extension at infinity of the nearest-point projection
from Proposition 5.17.

Theorem 7.3 Let u W M ! X be a complete and uniformly �-nearly geodesic immersion. The map
�u W�

�
u!M is a fibration. The fiber ��1u .x/ at a point x 2M is the base B� .Px/ of the � -regular pencil

Px D du.TxM/.

Figure 7 illustrates this construction in the rank-1 case GD PSL.2;C/, for a totally geodesic immersion u.
The associated symmetric space H3 is depicted with Poincaré’s ball model. Since H3 has rank 1, its

a

a0

XDH3

F� DCP1

P�u.a/

Figure 7: Fibration of the domain ��u in the rank-1 case, G D PSL.2;C/.
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visual boundary contains a single orbit F� 'CP1. The image of u is the disk bounded by the equator.
The pencil P is depicted as a parallelogram. Its � -base is a fiber of the fibration, and is the codimension-2
submanifold B� .P/D fa; a0g.

Remark 7.4 If some element g 2G preserves u.M/, then the map �uıu commutes with the action of g.
In particular if M D zN for a compact manifold N with fundamental group � and if u is �-equivariant
for some � W �!G, then �u is �-equivariant, and hence defines a fibration x�u W��u=�.�/!N .

The two important steps in the proof of Theorem 7.3 are to check that the fibers are distinct and far
enough from one another using Lemma 7.2, and that these fibers are smooth manifolds using Lemma 6.7.

Proof of Theorem 7.3 Consider the set

E D f.a; x/ 2��u �M j dx.ba;o ıu/D 0g:

Because of Lemma 7.2 the Hessian of ba;o ıu is nondegenerate at critical points, and hence E is locally
the zero set of a submersion, so it is a codimension-2 submanifold of ��u �M .

Let �1 W ��u �M ! ��u and �2 W ��u �M ! M be the projections onto the first and second factors,
respectively.

Lemma 7.2 implies that �1 restricted to E is a bijection. Moreover, again because of the nondegeneracy of
the Hessian of ba;oıu, the tangent space T.a;x/E at .a; x/2E intersects trivially TxM �T.a;x/.��u�M/.
Hence �1 restricted to E is a local diffeomorphism, and therefore a diffeomorphism.

Let .a; x/2E. By definition da.ba;oıu/ Wv 7!hdu.v/; va;u.x/iu.x/ vanishes, so va;u.x/?du.TxM/DPx .
Hence a belongs to the �-base of Px . Because of Proposition 5.7, this pencil is �-regular and hence
its �-base contains no singular points. Lemma 6.7 implies that the tangent space T.a;x/E at .a; x/ 2E
intersects trivially Ta��u � T.a;x/.�

�
u �M/. The map �2 restricted to E is therefore a submersion

at .a; x/.

As a conclusion, �u D �2 ı��11 is a smooth submersion. The � -base of the pencil Px is compact in F� ,
and it is included in ��u because of Lemma 7.2. Hence �u is a proper submersion over a connected
manifold; by the Ehresmann fibration theorem it is a fibration.

7.2 Totally geodesic immersions that are not nearly geodesic

In this subsection let u WM ! X be a complete totally geodesic immersion. Let � 2 SaC. We don’t
assume in this subsection that u is � -regular, and hence � -nearly geodesic.

One can still define ��u as the set of a 2 F� such that ba;o ıu is proper and bounded from below, but we
can’t always expect the domain to have compact fibers in this case. Lemma 7.2 can be adapted as follows:

Lemma 7.5 A point a 2 F� belongs to ��u if and only if the function ba;o ı u admits a critical point
�u.a/ 2 M at which the Hessian is positive. In this case the critical point is unique and is a global
minimum of ba;o ıu. The domain ��u is open.
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Proof Note that for a 2F� the function ba;o ıu is convex, since u is totally geodesic and ba;o is convex,
but not necessarily strictly convex. Let us show that if a 2���, ba;o ıu is strictly convex at critical points.

Let a2���, and let y 2M be a critical point of ba;oıu, namely a global minimum since ba;oıu is convex.
Assume for contradiction that the Hessian of ba;o in the direction du.v/ vanishes for some v 2 TyM .

There must exist a flat that contains a and du.v/ by Lemma 4.9. Let � be the geodesic ray starting
at du.v/ in X. The function ba;o is linear on � since a and � belong to a common flat. However the
derivative of ba;o along � vanishes at u.y/, so ba;o is constant along �. Moreover u is totally geodesic
and the whole geodesic ray starting at du.v/ in X belongs to the image of u, so ba;o ıu is not proper,
contradicting the assumption that a 2���.

For all a 2 ��� we showed that the functions ba;o ı u are convex and strictly convex at any critical
point. Such a critical point is therefore unique since ba;o ıu is convex. The rest of the proof goes as in
Lemma 7.2.

We define a map �u W ��u !M , using Lemma 7.5. We show that this map is a fibration. Recall that
the regular base B�� .P/ defined in Section 6 is a subset of the base B� .P/ that is always a smooth
codimension-d submanifold.

Theorem 7.6 To every a 2��u, we associate the unique critical point �u.a/ 2M of ba;o ıu provided
by Lemma 7.5. The map �u W��u!M is a smooth fibration , and the fiber of this map at y 2M is the
regular base B�� .du.TyM//.

Proof By the same argument as for Theorem 7.3, �u is a smooth submersion.

However we need to proceed differently to prove that this map is a fibration, since the fiber is not
necessarily compact. Let g 2G be an element that stabilizes u.M/�X . The map �u is equivariant with
respect to g, namely for all a 2���,

�u.g � a/D g ��u.a/:

Let y2M . Recall that the exponential map for the Lie groupG defines a map exp WTu.y/X'pu.y/�g!G.
Moreover since u.M/ is totally geodesic, any element of exp.du.TyM// is a transvection on this totally
geodesic subspace; hence it stabilizes u.M/. We consider the map

� W TyM �B�� .du.TyM//!��u; .v; a/ 7! exp.du.v// � a;

which is an immersion between spaces of equal dimension. Moreover it is a bijection, and hence it is a
diffeomorphism. Through the identification exp W TyM !M , this gives ��u the structure of a fibration
with projection �u.

Since the regular base is open, it is compact if and only if the regular points form a union of connected
component of B� .P/. This is for instance the case if G D PSL.3;R/ and P D Pirr as in Example 6.9.
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Example 7.7 Let G D SL.3;R/, and let � be a representation of the form � D �irr ı �0 for some
Fuchsian representation �0 W �g ! SO.1; 2/' PSL.2;R/ of a surface group and the natural inclusion
�irr W SO.1; 2/! SL.3;R/. This representation admits a �-equivariant totally geodesic map u W zSg !X

(see Section 8.1 for more details). The pencil P D du.Ty zSg/ for any y 2 zSg is, up to the action of G,
equal to the pencil Pirr defined in Example 6.9.

This pencil is not �1 regular, so u is not �1-nearly geodesic. However because of Theorem 7.6 the
domain ��1u fibers over zSg with base B��1.Pirr/, which is a point in F�1 'RP2. This domain is the disk of
positive vectors for the chosen bilinear form of signature .1; 2/ on R3. In this example the regular points
of B�1.Pirr/ form a connected component so the fibration is proper. If we consider a point `2RP2 outside
of the closure of this disk, the associated Busemann function is minimal in u. zSg/ on a full geodesic line.
If ` is in the boundary of the disk, the associated Busemann function is not bounded from below on u. zSg/.

7.3 Comparison with metric thickenings

In this section we consider the case when M D zN for some compact manifold N with fundamental
group � and u is equivariant with respect to a representation � W �!G. In other words � is a �-nearly
Fuchsian representation, as we defined in Section 5.4.

We show that if we have a � -nearly Fuchsian �-equivariant map u W zN !X for a representation � W �!G

the domain ��u coincides with a domain of discontinuity associated to Anosov representations constructed
by Kapovich, Leeb and Porti [30].

The domain ��� WD�
�
u depends on � and � but not on u. Indeed a 1-Lipschitz function on X is proper on

the image of u if and only if it is proper on any �.�/ orbit in X.

Even though this will be a consequence of Theorem 7.11, one can easily check that the existence of the
fibration of ��� implies that it is a cocompact domain of discontinuity.

Theorem 7.8 Let � W �!G be a representation that admits an equivariant � -nearly geodesic immersion
u W zN !X. The action of � on ��� via � is properly discontinuous and cocompact.

Proof Let �u be the fibration from Theorem 7.3. Let A be a compact subset of���. Its image �u.A/� zN
is compact on zN . Since � acts properly on zN , all but finitely many 
 2 � satisfy �u.A/\ 
�u.A/D∅.
Hence for all but finitely many 
 2 � , A\ �.
/A D ∅. The action of � via � is therefore properly
discontinuous.

Let D be a compact fundamental domain for the action of � on zN , namely a compact set that satisfies[

2�

D D zN:

The set ��1u .D/ is a fundamental domain for the action of � on ��� by � by the equivariance of �u. It is
closed in���. Moreover ��1u .D/ is closed in F� . Indeed if we consider a sequence .an/ of elements of���
that converge to a 2 F� such that �u.an/ always belong to D, one can assume that �u.an/ converges to

Geometry & Topology, Volume 29 (2025)



Nearly geodesic immersions and domains of discontinuity 2435

y0 2D up to taking a subsequence. In the limit, ba;o ıu.y0/� ba;o ıu.y/ for all y 2 zN . Hence y0 is a
critical point for ba;o ıu, so by Lemma 7.2, a 2���.

Hence ��� admits a compact fundamental domain for the action of � via �; therefore this action is
cocompact.

We consider the domains of discontinuity constructed by metric thickenings, which are particular instances
of the domains of discontinuity associated with a Tits–Bruhat ideal, defined in [30].

Let .�; �0/ be a pair of elements in SaC. This pair will be called balanced if �0 is � -regular, namely

�0 …
[
w2W

.w � �/?:

Note that this is equivalent to � being �0-regular. Using the Tits angle †Tits W @visX2! Œ0; �� we associate
to any b 2 @visX a thickening Kb � F� defined as

Kb D
˚
a 2 F� j †Tits.a; b/�

1
2
�
	
:

Recall that the Tits angle was defined in Section 2, and is defined for points in @visX.

Lemma 7.9 Let b1 and b2 belong to a common maximal facet in @visX, and suppose that their Cartan
projections lie in the same connected component of

SaC n
[
w2W

.w � �/?:

Then Kb1 DKb2 .

Proof Let f 2 F� be a maximal facet that contains b1 and b2. Let a 2 F� . Then there exists a maximal
flat of X such that f and a belong to its visual boundary. This flat can be identified with a so that f
corresponds to @visa

C.

Hence as long as b lies in the visual boundary of this flat, †Tits.a; b/ is equal to the Euclidean angle in
the flat, so the sign of its cosine does not vary as long as the Cartan projection of b does not lie in .w ��/?

for any w 2W . Therefore if the Cartan projections of b1 and b2 are in the same connected component of
the complement, Kb1 DKb2 .

Recall that the flag manifold F�0 is G-equivariantly diffeomorphic to F‚.�0/DG=P‚.�0/ where ‚.�0/ is
the set of simple root that do not vanish on �0. Hence given a flag f 2 F‚.�0/ we define K�0

f
DKb � F�

for the unique b 2 F�0 corresponding to f .

Given a pair .�; �0/ and a ‚.�0/-Anosov representation (see Definition 3.4), Kapovich, Leeb and Porti
define a domain of discontinuity in F� .
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Theorem 7.10 [30, Theorem 1.10] Let .�; �0/ be a pair of elements of SaC. Let � W � ! G be a
‚.�0/-Anosov representation. The following is a domain of discontinuity for �:

�.�;�0/� D F� n
[
�2@�

K
�0

�
‚.�0/
� .�/

:

Moreover if .�; �0/ is balanced , then the action of � via � on �.�;�0/� is cocompact.

In this statement �‚.�0/� .�/D f 2 F‚.�0/ is the image of � 2 @� by the boundary map �‚.�0/� associated
to �, introduced in Theorem 3.7.

This theorem is a particular case of their result concerning Tits–Bruhat ideals. In [30] it is explained how
a pair .�; �0/ yields a Tits–Bruhat ideal, defined via a metric thickening. This ideal is balanced if and only
if the pair is balanced in our sense.

For a �-nearly Fuchsian representation, the domain ��� is always equal to some domain obtained by
metric thickening. More precisely:

Theorem 7.11 Let � be a � -nearly Fuchsian representation of a nonelementary hyperbolic group. Recall
that ��� and ‚.��� / were defined in Section 5.4. Let �0 2 ��� be any element such that ‚.�0/D‚.��� /,
whose existence is provided by Lemma 5.21. Then

��� D�
.�;�0/
� :

The domain from Theorem 7.10 is a domain of discontinuity since � is ‚.��� /-Anosov by Theorem 5.22,
and this domain is cocompact since the pair .�; �0/ is balanced.

Proof Let us write ‚ D ‚.��� / D ‚.�0/. Let a 2 F� n��� and let .yn/n2N be a diverging sequence
of points in M such that .ba;o.u.yn///n2N is bounded from above. Up to taking a subsequence let us
assume that it converges to a point � 2 @� ' @ zN . We consider the geodesic segments Œo; u.yn/� � X

for n 2 N. Since � is �-nearly Fuchsian it is a quasi-isometric embedding by Proposition 5.16, so in
particular the length of these segments goes to C1. Up to taking a subsequence, we can assume that
these geodesic segments converge to a geodesic ray � WR�0!X with �.0/D o. Let Œ�� 2 @visX be the
point corresponding to the class of �.

Busemann functions are convex, so the function ba;o is bounded from above on all the geodesic segments
Œo; u.yn/� for n2N, and hence ba;oı� is bounded from above. Therefore†Tits.a; b/�

1
2
� by Lemma 4.8,

so a 2KŒ��. Let b 2F�0 be an element such that b and Œ�� belong to a common maximal facet and whose
Cartan projection lies in ��� . Lemma 7.9 implies that KŒ�� DKb . Theorem 3.7 implies that Kb DK

�0
�‚� .�/

.
Therefore if a 2 F� n��� then a 2 F� n�.�;�0/� .

Conversely let a 2 ��� and let � 2 @� . Consider a geodesic ray � W R>0 ! zN for the metric u�.gX/

converging to �. Theorem 3.8 implies that there existsD>0 such that for all t > 0, there exists a geodesic
ray �t WR>0!X such that �t .0/D uı�.0/, �t .t/ is at distance at most D from uı�.t/ and Œ�t � 2 @visX

belongs to a common maximal facet with �‚� .�/. Since C� � ��� , for all t large enough, KŒ�t � DK
�0
�‚� .�/

.
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The Busemann function ba;o is proper on �; hence for t large enough ba;o ı �t .t/ > ba;o ı �t .0/. Since
ba;o is convex, this implies that ba;o is growing at least linearly on �t , so a … KŒ�t � by Lemma 4.8.
Therefore a 2�.�;�0/� .

7.4 Invariance of the topology

In this section we prove that the topology of the quotient of the domains of discontinuity considered by
Kapovich, Leeb and Porti does not vary when the representation is deformed continuously. Guichard and
Wienhard proved this already for the domains of discontinuity that they consider in [24].

Let � be a torsion-free finitely generated group and F a G-homogeneous space. Let .�t /t2Œ0;1� be a
smooth family of representations from � to G. Consider for every t 2 Œ0; 1� an open �t .�/-invariant
domain �t � F .

Lemma 7.12 Suppose that these domains are uniformly cocompact domains of discontinuity for .�t /,
namely the domain � D f.t; a/ j a 2 �tg � Œ0; 1� � F is open and the action of � via � is properly
discontinuous and cocompact where �.
/ �.t; a/D .t; �t .
/ �a/. The quotient �0=�0.�/ is diffeomorphic
to �1=�1.�/.

Proof The projection onto the first factor in Œ0; 1��F descends to a submersion p W�=�.�/!R. Since
�=�.�/ is compact and the base is connected, Ehresmann’s fibration theorem implies that the proper
submersion p is a fibration. Hence p�1.0/ and p�1.1/ are diffeomorphic.

Remarks 7.13 A concrete way to construct this diffeomorphism is to pick a Riemannian metric on
�=�.�/ and consider the flow of the gradient of p. If we consider two different Riemannian metrics, the
diffeomorphisms obtained are isotopic, since the space of Riemannian metrics is path connected. Hence
this operation constructs a unique diffeomorphism up to isotopy.

Note that a family of cocompact domains of discontinuity could be nonuniformly cocompact, for instance
a family of representations such that �t W Z! PSL.2;R/ is hyperbolic for 0 � t < 1 and parabolic for
t D 1. These representations admit a unique maximal domain of discontinuity in RP1 with two connected
components for t < 1 and one for t D 1. The quotient of the corresponding domain � is homeomorphic
to the noncompact space S1 � Œ0; 1�tS1 � Œ0; 1/.

In order to apply Lemma 7.12, we need a slight adaptation of Theorem 7.10 from [30]. Let � be any
Gromov-hyperbolic group. We check that the domains constructed by Kapovich, Leeb and Porti are
uniformly cocompact domains of discontinuity for any smooth path of Anosov representations.

Proposition 7.14 (adaptation of [30, Theorem 1.10]) Let .�; �0/ be a balanced pair as in Section 7.3.
Let � W Œ0; 1�! Hom.�;G/, t 7! �t be a continuous path such that the family .�t /t2Œ0;1� consists only of
‚.�0/-Anosov representations.

The family of domains �t D�
.�;�0/
�t for t 2 Œ0; 1� are uniformly cocompact domains of discontinuity for

the family of representations �.
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We check that the arguments from Kapovich, Leeb and Porti are uniform on neighborhoods of Anosov
representations. The same proof holds if one considers more generally domains of discontinuity constructed
with balanced Tits–Bruhat ideals as in [30].

Proof The domain � is the complement in Œ0; 1��F� of

K� D
[
t2Œ0;1�

ftg �K�;t ; K�;t D
[
x2@�

K
�0
�‚�t .x/

:

Since the boundary maps �‚� are continuous and vary continuously when � varies continuously in the
space of ‚-Anosov representations (see [6, Section 6]), and since K.�;�0/

�‚� .x/
is compact, K� is compact, so

�D f.t; a/ j a 2�tg � Œ0; 1��F is open.

Let us fix a Riemannian distance d on F� . Let A D f.t; a/ j t 2 Œ0; 1�; a 2 At � �g be a compact set
and let .
n/ 2 � be a diverging sequence. Corollary 6.8 of [30] implies that given t 2 Œ0; 1�, for any
� > 0, for all n large enough, if d.a;K�;t /� � then d.�t .
n/ �a;K�;t /� �, where the minimal value of n
needed depends on the constants b and c that come into play in the definition of Anosov representations
(Definition 3.4).

Since we consider a compact set of Anosov representations, and since these constants can be chosen
locally uniformly around a given Anosov representation (see [29, Theorem 7.18]), these constants can
be chosen uniformly for all representations .�t /t2Œ0;1�. Moreover the compact sets At are at uniform
distance from K�;t Therefore, for all n 2N large enough, for all t 2R, �t .
n/ �At \At D∅. So for all
n large enough �.
n/ �A\AD∅. We have proven that the action of � on � is properly discontinuous.

In order to prove the cocompactness of the action on �, we will check that the transverse expansion holds
uniformly. It follows from [30, Proposition 7.7] that for every t 2 Œ0; 1�, the action of �t is transversely
expanding at the limit set of �t as in [30, Definition 5.21], namely for all x 2 @� , there exists 
 2 � , an
open neighborhood U of K�0

�‚�t .x/
in F� and a constant � > 1 such that for all a 2 U and y 2 @vis� that

satisfy K�0
�‚�t .y/

� U , one has

d.�t .
/ � a; �t .
/ �K
�0
�‚�t .y/

/� �d.a;K
�0
�‚�t .y/

/:

Let g 2G, f 2 F‚ � > 1 and U � F� be an open set. We say that g is expanding at K�0
f

over U with
factor � if for all a 2 U ,

d.g � a; g �K
�0
f
/� �d.a;K

�0
f
/:

This property is open in the following sense: if g is expanding at K�0
f

over U with factor �, then for any
1 < �0 < � and any open subset E such that E � U there exists a neighborhood Ug of g in G and Uf of
f in F‚ such that for all g0 2 Ug and f 0 2 Uf , g0 is expanding at K�0

f 0
over E with factor �0.

This implies that the action of � on F� � Œ0; 1� satisfies the transverse expansion property, where K� is
considered as a bundle over Œ0; 1��K. Namely for all t 2 Œ0; 1� and x 2 @� , there exists 
 2 � , an open
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neighborhoodU0 ofK�0
�‚�t .x/

in F��Œ0; 1� and a constant �0>1 such that for all a2U and y 2@� satisfying
K
�0
�‚�t .y/

� ftg � U0, one has

d.�.
/ � a; �.
/ �K
�0
�‚�t .y/

� ftg/� �0d.a;K
�0
�‚�t .y/

� ftg/:

Therefore by [30, Proposition 5.26] the action of � is cocompact on �.

From Proposition 7.14 and Lemma 7.12 we get the following corollary:

Corollary 7.15 Assume that � is torsion-free. Let C � Hom.�;G/ be an open and connected set
consisting only of ‚-Anosov representations for some ‚��. Let .�; �0/ be a balanced pair such that
for all ˛ 2� n‚, ˛.�0/D 0. The diffeomorphism type of �.�;�0/� =�.�/ is independent of � 2 C.

If moreover C is simply connected , the diffeomorphism provided by Lemma 7.12 between �.�;�0/�1 =�1.�/

and �.�;�0/�2 =�2.�/ for �1; �2 2 C is uniquely determined up to isotopy.

Connectedness via paths that are smooth by parts for an open set in Hom.�;G/ is equivalent to connect-
edness since Hom.�;G/ is locally a real algebraic variety.

8 Applications

In this section we apply our results to prove that all representations in some connected components of
Anosov representations are the restricted holonomy of a geometric structure on a fiber bundle over a
manifold. For these applications we only consider nearly geodesic surfaces that are totally geodesic. We
will mostly focus on surface groups, but in Section 8.5 we also describe two applications for representations
of fundamental groups of higher-dimensional compact hyperbolic manifolds.

8.1 Totally geodesic immersions

Totally geodesic surfaces provide examples of � -nearly geodesic surfaces if these surfaces are � -regular
(Proposition 5.8). The study of totally geodesic surfaces in X is related to the study of representation of
semisimple Lie algebras in g. We recall here a classical fact:

Proposition 8.1 Let h� g be a semisimple Lie subalgebra of noncompact type. Let H be the closed Lie
subgroup of G with Lie algebra h and Y its associated symmetric space of noncompact type. There exists
an H-equivariant and totally geodesic embedding uh W Y !X. The image of this embedding is unique up
to the action of the centralizer:

CG.h/D fg 2G j 8h 2 h; Adg.h/D hg:

If y 2 Y , let K � G be the stabilizer of uh.y/ in G. Every element in CK.h/ of h in G fixes uh.Y /
pointwise. If the centralizer CG.h/ in G is compact , then CK.h/ D CG.h/, so the totally geodesic
submanifold uh.Y /�X is uniquely determined.
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Proof Let hD tC p be a Cartan decomposition of h associated with the Cartan involution �y for y 2 Y .
Let OhD tC ip be the associated compact real form of h˝C. Since Oh is the Lie algebra of a semisimple
compact Lie group, it is the Lie algebra of a compact Lie subgroup of GC . In particular there exists a
Cartan involution �C of g˝C such that �C.v/D v for all v 2 Oh.

Let �C be the Cartan involution conjugate to �C in g˝C. Let � be the Cartan involution of g˝C

corresponding to the midpoint in the symmetric space associated with g˝C of �C and �C . It is invariant
by conjugation, so it descends to a Cartan involution on g, associated with a point x 2X. There exists
a transvection along the geodesic between �C and �C in the symmetric space associated to g˝C that
induces a unique inner automorphism � of g˝C such that ��C��1D � and �2�C��2D �C . Moreover
� is symmetric positive with respect to BC. � ; �C. � //, where BC is the Killing form on g˝C and the
transvection �4 is equal to a composition of symmetries �C�C . The transvection �4 stabilizes h˝C, so
� also stabilizes h˝C. Therefore � D ��C��1 stabilizes h˝C. But � is a real Cartan involution as it
is preserved by conjugation, so it stabilizes h. Let x 2X be the point corresponding to � in X.

The map uh W Y !X such that for all h 2H , uh.h �y/D h � x is well defined since t� tx , so the image
of the stabilizer of y 2 Y by H lies in the stabilizer of x 2 X. Moreover it is totally geodesic, since
�.p/� px; see [26, Chapter 4, Section 7]. This map is by definition H-equivariant.

Suppose that there is another H-equivariant and totally geodesic embedding u0h such that u0h.y/D x
0.

Let � 0 be the corresponding Cartan involution of g. Then � 0ı� is the identity on h and is equal to the adjoint
action of exp.z/ for some z 2 px . Therefore z is in the centralizer of h in g. Hence gD exp

�
1
2
z
�
2 CG.h/

satisfies Adg ıu0h D uh. Conversely let g0 2 CK.h/. Then g0 fixes uh.y/ 2 X, and it fixes h, so it fixes
duh.TyY /. Therefore it preserves and acts trivially on uh.Y /.

Now assume that CG.h/ is compact; there cannot be any element z 2 px in the centralizer of h in g, so
the totally geodesic and H-equivariant embedding uh is unique and CK.h/D CG.h/.

Remark 8.2 A totally geodesic embedding u W Y ! X can only be a �-nearly geodesic immersion if
rank.Y /D 1, because otherwise it cannot be �-regular for any � 2 SaC (see Proposition 6.11). When
rank.Y /D 1, all the unit tangent vectors to this embedded surface have the same Cartan projection, so
the embedding is � -regular for all � in the complement in SaC of a finite collection of hyperplanes.

We illustrate Proposition 8.1 in the following example for some special sl2 Lie subalgebras in sln.R/.

Example 8.3 Here we construct representations � from SL.2;R/ into SL.n;K/ that stabilize some totally
geodesic hyperbolic planes inside the symmetric space XD Sn associated with G D SL.n;K/ for KDR

or C.

Let KDR or C. Let Vn.K/ be the space of homogeneous polynomial with coefficients in K of degree n�1
in two variables X and Y . To an element g 2 SL2.R/ one can associate an element �irr.g/ 2 SL.Vn.K//
that acts by a change of variable on Vn.K/, ie that associates to P 2 Vn.K/ the polynomial P ı g�1.
Let h be the corresponding sl2-Lie subalgebra of sln.R/; note that �irr D �h.
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Let q the Euclidean or Hermitian metric on Vn.K/ such that for all 0� a; b � n� 1:

q.XaY n�1�a; XbY n�1�b/D

��
n�1
a

��1
if aD b;

0 otherwise:

Consider the following basis of the lie algebra sl2.R/:

hD

�
1 0

0 �1

�
; f D

�
0 1

1 0

�
; g D

�
0 1

�1 0

�
;

which satisfies Œg;h�D�2f , Œh;f �D 2g and Œf ;g�D 2h. Fix the following orthonormal basis for q:

.ea/0�a�n�1 D

�
XaY n�1�a

�n�1
a

�1
2

�
0�a�n�1

:

For 0� a � n� 1, one has

d�irr.f /.ea/D .2a�nC 1/ea;

d �irr.e/.ea/D aX
a�1Y n�a

�n�1
a

�1
2
� .n� 1� a/XaC1Y n�2�a

�n�1
a

�1
2
;

d �irr.e/.ea/D
p
a.n� a/ea�1�

p
.aC 1/.n� 1� a/eaC1;

and moreover g D 1
2
Œf ;h�. In particular d�irr.f / and d�irr.g/ are symmetric or Hermitian and d�irr.h/

is antisymmetric or anti-Hermitian with respect to q.

Hence as in the proof of Proposition 8.1, there is a totally geodesic map uh WH2! Sn such that the image
of the Cartan involution M 7! �M t is equal to the point in Sn corresponding to q.

This representation �irr is the unique irreducible representation of SL.2;R/ into SL.n;R/ up to conjugation
by elements of GL.n;R/. The image of �irr lies in the subgroup Sp.2k;R/ for some symplectic form
on R2k when nD 2k is even, and in SO.k; kC 1/ for some quadratic form on R2kC1 when nD 2kC 1
is odd.

One can construct other totally geodesic hyperbolic planes in Sn by considering representations of
SL.2;R/ that can be decomposed into a direct sum of irreducible representations. Equivalently one can
consider other reducible sl2-subalgebras of sln.R/.

For instance one can define �red W SL.2;R/! SL.2n;R/ that associates to a matrix M 2 SL.2;R/ the
block diagonal matrix

�red.M/D

0B@M :: :

M

1CA :
The image of �red lies in Sp.2n;R/ for some symplectic form ! on R2n.

8.2 Geometric structures on fiber bundles

Using the projection defined by Busemann functions from Theorem 7.3, one can show that Anosov
deformations of a representation that admits an equivariant nearly geodesic immersion are holonomies of
.G;X/ structures on a fiber bundle over Sg .
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A .G;X/-structure on a manifold N , for a Lie group G and a G-homogeneous space X on which G acts
faithfully, is a maximal atlas of charts of M valued in X whose transition functions are the restriction of
the action of some elements in G. A more developed introduction to this notion can be found in [1].

To a .G;X/-structure one can associate a developing map dev W zN !X that is a local diffeomorphism
compatible with the atlas defining the .G;X/-structure on N , and a holonomy hol W �1.N /! G such
that dev is hol-equivariant. This pair is unique up to the action of G by conjugation of the holonomy and
postcomposition of the developing map.

Let N be a manifold and � its fundamental group. In what follows, we say that a .G;X/-structure on
a fiber bundle F over N is a .G;X/-structure on F for which the fundamental group of the fibers is
included in the kernel of the holonomy. Hence one can define the restricted holonomy of the structure as
the quotient map � W �1.N /!G induced by the holonomy.

Constructing domains of discontinuity allows us to construct geometric structures.

Proposition 8.4 Let � W � ! G be a representation and � � X a cocompact nonempty domain of
discontinuity which fibers �-equivariantly over zN . Any connected component of the quotient �=�.�/
inherits a .G;X/-structure on a fiber bundle , with restricted holonomy �.

Note that even if � is disconnected, the quotient �=�.�/ can be connected.

From now on, we assume that G is center-free, so it acts faithfully on its flag manifolds. Let N be a
compact manifold whose fundamental group � is Gromov hyperbolic and torsion-free. Let � 2 SaC.

Theorem 8.5 Let �0 W �!G be a representation that admits an equivariant �-nearly geodesic surface
u W zN ! X such that ��u ¤ ∅. Let C be the connected component of the space of ‚.���0/-Anosov
representations in Hom.�;G/ containing �0. Every representation in C is the restricted holonomy of a
.G;F� /-structure on a fiber bundle F over N .

Proof Theorem 7.8 implies that the domain ��u admits a �0-equivariant fibration over zN . The domain
���0 coincides with a domain obtained as a metric thickening �.�;�0/�0 for some �0 2 SaC such that
‚.�0/D‚.�

�
�0
/. Let F be a connected component of ���0=�0.�/. Corollary 7.15 implies that for every

representation � 2 C, a connected component F� of �.�;�0/� =�.�/ is diffeomorphic to F , which is a
fiber bundle over M . The covering map �.�;�0/� ! �

.�;�0/
� =�.�/ induces the covering yF� ! F� ' F

associated to the subgroup of the fundamental group of F corresponding to the fundamental group of the
fiber of F over M .

Note that F is assumed to be nonempty. The .G;F� /-structure on F� ' F is such that the holonomy of
the fundamental group of each fiber is trivial. Indeed the developing map dev W zF�! F� descends to the
inclusion yF�! F� , so the fundamental group of the fiber belongs to the kernel of the holonomy.
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Let M D Sg be a closed orientable surface of genus g and � D �g be its fundamental group. We apply
Theorem 8.5 in cases when the nearly geodesic surface is totally geodesic and we describe the fibration
that is obtained.

Let h� g be an sl2 Lie subalgebra, namely a Lie subalgebra isomorphic to sl2.R/. Note that if G is a
quotient of its adjoint form, which is the case since we assumed that G is center-free, the corresponding
Lie group H is isomorphic to SL.2;R/ or PSL.2;R/. We write �h W SL.2;R/!G for the corresponding
Lie group representation, and uh WH2!X for a corresponding equivariant totally geodesic embedding.

Definition 8.6 We say that a representation � W �g ! G is h-generalized Fuchsian if it preserves and
acts cocompactly on uh.H2/.

If G is center-free, an h-generalized Fuchsian representation can be written 
 7! �h.�0.
//��.
/ for
some Fuchsian representation �0 W �g ! SL.2;R/ and some associated character � W �g ! CK.h/.

Let y 2H2 be a basepoint, and let K be the stabilizer in G of uh.y/. We write B� .h/ for the �-base of
the pencil of tangent vectors duh.TyH2/. Note that this pencil is stabilized by �h.SO.2;R//� CK.h/.

The quotient map SL.2;R/!SL.2;R/=SO.2;R/'H2 defines a principal SO.2;R/-bundle zP over H2.
Let PSg be its quotient via some Fuchsian representation. Given a character � W �g ! CK.h/, let
PSg;� ! Sg be the .SO.2;R/�CK.h//-principal bundle obtained as the product of PSg and the flat
CK.h/-bundle associated to �.

Theorem 8.7 Suppose that h is �-regular , namely uh is � -regular , and that ��uh ¤∅. Let � W �g !G

be an h-generalized Fuchsian representation with associated character � and let � 2 SaC.

Let C be the connected component of the space of ‚.��� /-Anosov representations that contains �. Every
representations in C is the restricted holonomy of a .G;F� /-structure on a fiber bundle F over Sg .

The fiber bundle F is a connected component of the reduction of the .SO.2;R/�CK.h//-principal bundle
PSg;� over Sg via the action of �h.SO.2;R//� CK.h/ on B� .h/.

Note that when ‚ � � is a Weyl orbit of simple roots and � D �‚, a �‚-regular immersion is just a
‚-regular immersion and ‚.��� /D‚.

Remark 8.8 If we replace G and F� by finite covers yG and yF� so that yG acts faithfully on yF� ,
Theorem 8.7 still applies. In this case one should replace B� .h/ by its preimage 1B� .h/ by the covering
map yF� ! F� .

The only part of Theorem 8.7 that is not already contained in Theorem 8.5 is the description of the fibration.
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Proof The embedding uh is totally geodesic. Moreover it is assumed to be �-regular. Hence uh is
� -nearly geodesic, so one can apply Theorem 8.5. It only remains to describe the fibration.

The fibration � W��uh!H2 is �h.SL.2;R//-equivariant. The corresponding fiber bundle can be identified
in an SL.2;R/-equivariant way as the reduction of the SO.2;R/-principal bundle zP by the action of
�h.SO.2;R// on the fiber B� .h/. The quotient of this fiber bundle by any Fuchsian representation
�0 W �g ! SL.2;R/ is hence the bundle induced by the principal bundle PSg . Once we quotient ��uh by
�D �h ı �0 �� the quotient becomes the twisted fiber bundle induced by PSg;�.

8.3 Higher-rank Teichmüller spaces

In this section we apply Theorem 8.7 to Hitchin representations in PSL.n;R/ and to maximal representa-
tions in Sp.2n;R/. Then we explain how in general one can apply it to the connected components of
‚-positive representations containing at least one generalized Fuchsian representation associated to a
‚-principal sl2-Lie subalgebra.

8.3.1 Positive representations Let G be a connected simple Lie group of noncompact type with trivial
center and ‚ a set of its simple roots such that the pair .G;‚/ admits a notion of ‚-positivity in the
sense of [25]. We moreover assume that G is not locally isomorphic to PSL.2;R/. This means that one
of the following holds:

(i) G is split real and ‚D�.

(ii) G is Hermitian of tube type.

(iii) G is locally isomorphic to SO.p; q/ and ‚D f˛1; : : : ; p̨g.

(iv) G is a real form of the complex Lie group with Dynkin diagram F4, E6, E7 or E8 with restricted
Dynkin diagram F4 and ‚ consists of the two larger roots.

For any of these pairs, Guichard and Wienhard [25] constructed a connected component U in the space
and transverse triples of elements in G=P‚. They call such triples positive triples, and a representation
� W �g ! G is called ‚-positive if it admits a continuous and �-equivariant map � W @� ! G=P‚ such
that for all distinct triples of points .x; y; z/ 2 @�.3/, .�.x/; �.y/; �.z// 2 U . They prove in particular
that such representations are ‚-Anosov. Moreover the space of ‚-positive representation is closed in the
space of representation that do not virtually factor through a parabolic subgroup, by work of Guichard,
Labourie and Wienhard [22].

A ‚-principal Lie subalgebra h‚ for a pair .G;‚/ that admits a notion of ‚-positivity is a principal
subalgebra of the split Lie subalgebra g‚ � g generated by all the root spaces associated to ‚; see [25].
These Lie subalgebra were introduced by Bradlow, Collier, Gothen and García -Prada as magical triples
in [7]. Let h‚ be a ‚-principal sl2 Lie subalgebra of g.
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Theorem 8.9 [7, Theorem 8.8] There exists a union of connected components of � W�!G, the Cayley
components , consisting only of representations that do not factor through any parabolic subgroup. All
h‚-generalized Fuchsian representations with respect to the principal sl2 Lie subalgebra h‚ lie in some
Cayley component.

Cayley components are conjectured to be all the connected components of ‚-positive representations [7],
but there exist components consisting of positive representations that do not contain h‚-generalized
representations, for instance the Gothen components for GD Sp.4;R/. The results of Guichard, Labourie
and Wienhard [22] imply the following:

Corollary 8.10 Every connected component of representations � W�g!G containing an h‚-generalized
Fuchsian representation consists only of ‚-positive representations.

The sets of simple roots ‚ � � that admit a notion of ‚-positivity always admit one or two subsets
which are Weyl orbits of simple roots; see Figure 4. Let ‚0 � ‚ be a Weyl orbit of simple roots. Let
G ¤ PSL.2;R/. Theorem 8.7 implies:

Corollary 8.11 Let � W �g ! G be a representation in a connected component of ‚-positive repre-
sentations containing an h‚-generalized Fuchsian representation. It is the restricted holonomy of a
.G;F�‚0 /-structure on a fiber bundle F over Sg .

Let � be the character associated to one of the h‚-generalized Fuchsian representations in the Cayley
component. This fiber bundle is diffeomorphic to the reduction of the .SO.2;R/�CK.h//-bundle PSg;�
via its action on the base B� .h/ of the pencil of tangent vectors associated to h.

The proof of the fact that the associated domains are nonempty as soon as G is not isomorphic to
PSL.2;R/ is delayed to Section 8.4.

8.3.2 Hitchin representations in PSL.n;R/ Let h be a principal sl2 Lie subalgebra in sln.R/. The
associated representation �h is the representation �irr from Example 8.3.

Definition 8.12 A representation � W �g! PSL.n;R/ is Hitchin if it is a deformation in Hom.�g ; G/ of
an h-generalized Fuchsian representation.

The centralizer of h in PSL.n;R/ is trivial, so h-generalized Fuchsian representations can be written �irrı�0.

Hitchin proved that the quotient of the space of Hitchin representations by conjugation in PGL.n;R/ is
a ball of dimension .2g� 2/.n2� 1/; see [27]. Labourie proved that Hitchin representations are Borel
Anosov, namely �-Anosov [32].

The unique Weyl orbit of simple roots for G D PSL.n;R/ is �. The flag manifold F�� can be identified
with the flag manifold F1;n�1 consisting of pairs of subspaces .`;H/ where `�H �R2, dim.`/D 1
and dim.H/D n� 1. The sl2 Lie subalgebra h is �-regular. Theorem 8.7 implies the following:

Geometry & Topology, Volume 29 (2025)



2446 Colin Davalo

Corollary 8.13 Let n� 3. Every Hitchin representation � W �g ! PSL.n;R/ is the restricted holonomy
of a .PSL.n;R/;F1;n�1/-structure on a fiber bundle over Sg .

When nD 3, the boundary map of any h-generalized Fuchsian representation is an ellipsoid E �RP2. The
domain ���� � F1;2 admits three connected components: the set of .`;H/ 2 F1;2 with ` in the inside of
the ellipsoid E , with H completely outside of the ellipsoid, and finally with ` outside the ellipsoid and H
crossing the ellipsoid in two points. One can see that the quotient of this domain is the union of three copies
of the projectivization of the tangent bundle of Sg . If we apply Theorem 7.3 to uh, we obtain a fibration
where the model fiber B� .h/ is the union of three circles described in Example 6.9. Also when nD 3
one can get a domain in projective space, as described in Example 7.7, that is the interior of an ellipse.

When n is even, Hitchin representations are also the holonomy of projective structures. We consider these
structures in Appendix B.

In general, for any split simple Lie groupG, Fock and Goncharov proved that all�-positive representations
can be deformed into an h�-generalized Fuchsian representation [18], namely they lie in a Hitchin
component, so our method always applies.

8.3.3 Maximal representations in PSp.2n;R/ Given an orientation of the surface Sg , one can define
the Toledo invariant Tol W Hom.�g ;PSp.2n;R// ! Z. This continuous map can be defined as the
pullback by � of an element of the continuous group cohomology H 2.G;Z/ of G by � [11]. Reversing
the orientation of Sg reverses the sign of the Toledo invariant.

A representation � W �g ! PSp.2n;R/ is called maximal if its Toledo invariant is maximal among all
representations, namely if Tol.�/D n.2g� 2/. A way to construct maximal representation is to use the
representation �red W PSL.2;R/! PSp.2n;R/. Burger, Iozzi, Labourie and Wienhard proved that maximal
representations are f˛ng-Anosov [10].

Let h be the sl2 Lie subalgebra of sp2n.R/ which is the image of d�h. Every h-generalized representation
is maximal for one of the two orientations of the surface Sg .

Theorem 8.14 [23] If n� 3, every maximal representation � W �g ! PSp.2n;R/ can be deformed into
an hf˛ng-generalized Fuchsian representation in the sense of Definition 8.6.

Theorem 8.7 implies:

Corollary 8.15 Let n � 2. Every maximal representation � W �g ! PSp.2n;R/ is the holonomy of a
contact projective structure , namely a .PSp.2n;R/;RP2n�1/-structure on a fiber bundle.

Indeed one can consider the Weyl orbit of simple roots‚Df˛ng. The corresponding flag manifold F�f˛ng
can be identified with RP2n�1. The Lie subalgebra h is f˛ng-regular, so one can apply Theorem 8.7.
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It is not clear if our method applies to the Gothen components of representations � W �g ! PSp.4;R/ that
contain only Zariski-dense representations [8]. However since PSp.4;R/' SOo.2; 3/, the case nD 2 of
Corollary 8.15 is a consequence of the work of Collier, Tholozan and Toulisse [13]. We discuss in more
depth the relation between their construction and our techniques in Appendix A.

The fiber obtained for Hitchin representations that are also f˛ng-positive is a union of connected com-
ponents of B�f˛ng.h�/, and for maximal representations one gets a union of connected components of
B�f˛ng.h‚/. These two submanifolds of RP2n�1 are diffeomorphic to the same Stiefel manifold, which
is connected if n� 3; see Appendix B.

8.3.4 Positive representations in PSO.p; q/ Let G D PSO.p; q/ with q > p and ‚D� n f p̨g. This
pair admits a notion of ‚-positivity. The corresponding flag manifold F�‚ can be identified with the
Grassmannian of isotropic planes in Rp;q .

Representations satisfying the ‚-positive property were studied by Beyer and Pozzetti [5]. In particular
they showed that all‚-positive representations � W�g! PSO.p; q/ can be deformed to an h‚-generalized
Fuchsian representation when q > pC 1, so in this case Corollary 8.11 applies to all ‚-positive represen-
tations. However when q D pC 1, there are connected components of ‚-positive representations that are
conjectured to contain only Zariski-dense representations; it is not clear if our techniques can be applied
to these components.

8.4 Nonempty domains

In order to get a geometric structure associated to a domain of discontinuity, one needs to ensure that
the domain is nonempty. Kapovich, Leeb and Porti have a condition that ensures that there exists a
thickening such that the domain is not empty [30], and Guichard and Wienhard proved that the domains
they considered were not empty by computing the dimension of their complement.

We will use the following criterion to prove that some domains of discontinuity for surface groups are
nonempty. Remember that the groups �g that we consider here are surface groups.

Lemma 8.16 Let � W �g ! G be a ‚-Anosov representation and .�; �0/ be a balanced type pair of
elements in SaC, namely such that �0 is �-regular , satisfying ‚.�0/ D ‚. Suppose that F� has finite
fundamental group. The domain of discontinuity �.�;�0/� is nonempty.

Note that it is however not a necessary condition to have a nonempty domain, as we see later for SO.2; 3/.
This lemma is very similar to Proposition 6.10.

Proof If the domain is empty, it means that the flag manifold F� can be written as the union for x 2 @�g
of the thickenings K�0

�‚� .x/
. This union is disjoint since the limit map is transverse. Moreover the limit

map �‚� is continuous (see [6] for instance), which implies that F� fibers over the circle with a compact
base. As in Proposition 6.10, this implies that F� has infinite fundamental group.
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We prove that some domains of discontinuity are nonempty for representations of a surface group �g .
Let .G;‚/ be a pair that admits a notion of positivity and let ‚0 �‚ be a Weyl orbit of simple roots.

Proposition 8.17 The flag manifold F�‚0 has finite fundamental group , except if G is locally isomorphic
to PSL.2;R/ or if G is locally isomorphic to SOo.2; 3/, ‚D� and ‚0 D f˛2g.

If G is locally isomorphic to SOo.2; 3/, ‚D� and ‚0 D f˛2g we work by hand using the notation from
Section 2.5. The domain of discontinuity associated to a f˛2g-Anosov representation � W �g ! SOo.2; 3/
obtained by metric thickening for any f˛2g-regular �0 2 SaC is

�
.�f˛2g;�0/
� D Ein.R2;3/ n

[
x2@�g

P .�2� .x/
?/:

For any x 2 @�g , The submanifold P .�2� .x/
?/ has dimension 1 in Ein.R2;3/, which has dimension 3.

Therefore the domain �
.�f˛2g;�0/
� is nonempty.

Lemma 8.16 together with Proposition 8.17 imply the following:

Corollary 8.18 If G is not locally isomorphic to PSL.2;R/, the domain of discontinuity obtained by
metric thickening �.�‚0 ;�0/� � F�‚0 for any ‚0-regular vector �0 2 SaC and any ‚-Anosov representation
� W �g !G is nonempty.

The proof of Proposition 8.17 relies on a description of the fundamental groups of flag manifolds associated
to real Lie groups.

Let us write �0 �� for the set of roots whose associated root-space is a line. Let ˛; ˇ 2�. We define
�.˛; ˇ/D .�1/.˛;ˇ

_/, namely �.˛; ˇ/D 1 if ˛ and ˇ are linked by no edge or if they are liked by two
edges and ˛ is the longest root, and otherwise �.˛; ˇ/D�1.

Theorem 8.19 [38, Theorem 1.1] Let A � � be a set of simple roots. The fundamental group of
FADG=PA is the group generated by .t˛/˛2�0 , defined by the relations tˇ t˛D t˛.tˇ /�.˛;ˇ/ for ˛; ˇ 2�0
and ˛ ¤ ˇ, and t˛ D e if ˛ 2�0 nA.

The following lemma will deal with most cases:

Lemma 8.20 If the Dynkin diagram restricted to �0 of the restricted root system of G has no connected
component of type Cn or A1, every flag manifold of G has finite fundamental group.

Proof Let A��. Using the relations, one may write any element of �1.FA/ as a product of powers of
generators so that each generator appears at most once. Therefore �1.FA/ is a finite group if and only if
for every ˛ 2 A, t˛ has finite order.
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If no connected component of the Dynkin diagram restricted to �0 is of type Cn or A1, then every ˛ 2�0
belongs to a subdiagram inside the Dynkin diagram of �0 of type A2, G2 or B3. In each of this cases the
relations between the generators imply that they have finite order. Indeed the flag manifold associated
to the Borel subgroup of SL.2;R/, SO.3; 4/ and the real split Lie group associated to G2 have finite
fundamental group; see [38].

Proof of Proposition 8.17 If G is a split Lie group �0 D �. If G is locally isomorphic to SO.p; q/
with p � 3 and q > pC 1, the Dynkin diagram restricted to �0 is of type Ap�1. Finally if G is the real
form of the complex Lie group associated to E6, E7 or E8 whose restricted root system is of type F4, the
Dynkin diagram restricted to �0 is of type A2. This follows from [33, Table 9]. or E8 whose restricted
root system is of type F4, the Dynkin

Therefore if .G;‚/ is a pair that admits a notion of ‚-positivity, Lemma 8.20 applies and every flag
manifold associated to G has finite fundamental group except in the following two cases: if G is of
Hermitian type and of tube type with ‚ consisting of only the longest simple root, or if G is split of
type A1 or Cn and ‚D�.

If G is of Hermitian type, the Dynkin diagram of the associated root system is Cn for n� 2. Suppose
that ‚0 D fˇng. Then F�‚0 D Ffˇ1g, as in Figure 4. Either ˇ1 …�0, in which case Ffˇ1g is trivial, or G
is split, by [33, Table 9]. If G is split, ˇ1; ˇ2 2�0, so the generator tˇ1 of �1.F/ satisfies the relation
tˇ1 tˇ2 D tˇ2.tˇ1/

�1, and tˇ2 D e so t2
ˇ1
D e. Therefore F�‚0 has finite fundamental group.

ˇ1 ˇ2 ˇn�2 ˇn�1 ˇn

It remains to consider the case where G is split with root system Cn for n � 3, ‚ D � and ‚0 D
fˇ1; : : : ; ˇn�1g. But in this case F�‚0 is the flag manifold associated to the root ˇ2, as shown in Figure 4.
The root ˇ2 belongs to a subdiagram of type A2, so the fundamental group of F‚0 is finite.

8.5 Other applications

Theorem 8.5 can also be applied to Gromov hyperbolic groups that are not surface groups. In this
subsection we consider representations of fundamental groups of hyperbolic manifolds.

For instance one can consider a compact hyperbolic 3-manifold M with fundamental group � and
holonomy �0 W�!PSL.2;C/. Let n�3, let �irr WPSL.2;C/!PSL.n;C/ be the irreducible representation
as in Example 8.3 and let hD d�irr.sl2.C//. As for the real case, h is �-regular, so in particular �irr ı�0 is
�-Anosov. Here � is the only Weyl orbit of simple roots, and the corresponding flag manifold F�� can
be identified with the space FC

1;n�1 of pairs .`;H/ where `�H �Cn, ` is a line and H is a hyperplane.

The domain of discontinuity associated to a �-Anosov representation � for one, and hence any, balanced
pair of the form .��; �0/ is the following, where the limit map of � decomposes as �‚� D .�

1
� ; : : : ; �

n�1
� /:

FC
1;n�1 n

[
x2@�

f.`;H/ j 91� k � n� 1 such that `� �k� �H g:
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The topological dimension of the thickening K�
f
� FC

1;n�1 for any flag f 2G=P� is the maximum for
1� k � n�1 of the real dimension of f.`;H/ 2FC

1;n�1 j `�E �H g for some E �Cn of dimension k.
The dimension of the thickening equals 2n� 4 and the dimension of the flag manifold equals 4n� 6, so
for n� 3 the domain is nonempty. Theorem 8.5 therefore implies the following:

Corollary 8.21 The representation
�irr ı �0 W �! PSL.n;C/

is the restricted holonomy of a .PSL.n;C/;FC
1;n�1/-structure on a fiber bundle over M .

One can also consider a hyperbolic n-manifold M for n� 2 with fundamental group � and holonomy
�0 W �! SOo.1; n/. Let � W SO.1; n/! SO.p; np/ be the diagonal representation for n� 1 and let h be
the image of d�. Here h is f p̨g-regular, so in particular �irr ı �0 is f p̨g-Anosov. Note that f p̨g is a
Weyl orbit of simple roots, and the corresponding flag manifold F�f˛pg can be identified with the set of
isotropic lines I � P .Rp;np/.

The domain of discontinuity associated to a f p̨g-Anosov representation � for one, and hence any, balanced
pair of the form .�f˛pg; �0/ is the following:

I n
[
x2@�

f` j `� �
f˛pg
� .x/g:

The dimension of the complement equals .p� 1/Cn� 1 and the dimension of the flag manifold equals
n.pC1/�2, so for n� 2 and p� 2 the domain is nonempty. Theorem 8.5 therefore implies the following:

Corollary 8.22 Let C be the connected component of � ı�0 in the space of f p̨g-Anosov representations
� W �! PSL.n;C/. Every representation in C is the restricted holonomy of an .SO.p; pn/; I/-structure
on a fiber bundle over M .

The fibers of this fiber bundle can be described as the set of isotropic lines in the intersection of p quadrics
in Rp;pn.

The centralizer of �.SO.1; n�1// in SO.p; pn/ has a larger dimension than the centralizer of �.SO.1; n//.
Indeed let E � Rp;np be the p-dimensional subspace preserved by �.SO.1; n � 1//. Any element
g 2 SO.p; pn/ acting trivially on E? centralizes �.SO.1; n� 1// but only finitely many such elements
centralize �.SO.1; n//. Therefore if the hyperbolic manifold contains a totally geodesic embedded
hypersurface, there exist nontrivial deformations of � ı � that one can construct using bending.

Appendix A Maximal representations of surface groups into SOo.2 ; n/

In [13] Collier, Tholozan and Toulisse studied maximal representations into SOo.2; n/, the connected
component of the identity of SO.2; n/, for n� 3. In particular they showed that maximal representations
are the restricted holonomies of photon structures which are geometric structures on a fiber bundle. They
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also showed a similar result for Einstein structures and Hitchin representations in SOo.2; 3/' PSp.4;R/.
In this appendix we compare the fibration of the domain of discontinuity that they obtained with the
one coming from the projection defined in Section 7, when the unique minimal equivariant immersion
satisfies the corresponding nearly geodesic property.

Maximal representations are f˛1g-Anosov, where f˛1g is the root such that Pf˛1g is the stabilizer of an
isotropic line in R2;nC1. The set f˛1g �‚ is a Weyl orbit of simple roots. We will denote by ��‚� this
domain associated to �, which can be seen as an open subspace of the Grassmannian of isotropic planes
on R2;nC1.

Let R2;nC1 be an .nC3/-dimensional vector space equipped with a symmetric bilinear form q of signature
.2; nC 1/. Let PSOo.2; n/� PSL.nC 3;R/ be the connected component of the identity of the isometry
group of q. Let H2;n � P .R2;nC1/ be the space of timelike lines, namely lines on which q is negative
definite. The bilinear form q induces a pseudo-Riemannian metric of signature .2; n/ on H2;n.

For a subspace V � R2;nC1, we denote by Pho.V / the set of photons of V , namely the set of planes
P � V such that qjP D 0. The flag manifold F�f˛2g can be identified with the space Pho.R2;nC1/. We
denote by Ein.V / the space of isotropic lines in V . When nD 2, the flag manifold F�f˛1g can be identified
with the space Ein.R2;3/.

Fix an orientation of Sg . A maximal representation � W �! PSOo.2; nC 1/ is a representation whose
Toledo invariant is maximal. Collier, Tholozan and Toulisse proved the following:

Theorem A.1 [13] Let � W � ! SOo.2; n/ be a maximal representation. There exists a unique �-
equivariant maximal space-like embedding ` W zSg!H2;n and a unique minimal �-equivariant embedding
u W zSg !X. The following cocompact domain of discontinuity fibers over the surface:

�� D Pho.R2;n/ n
[
x2@�g

fP 2 Pho.R2;n/ j P ? �1� .x/g:

The fibration � W��! zSg is such that for x 2 zS ,

��1.x/D Pho.`.x/?/:

When n D 3 and � W � ! SOo.2; 3/ is additionally a Hitchin representation , the following cocompact
domain of discontinuity fibers over the surface:

�� D Ein.R2;3/ n
[
x2@�g

f` 2 Ein.R2;3/ j `? �2� .x/g:

The fibration � W��! zSg is such that for x 2 zS ,

��1.x/D Ein.u.x/˚ `.x//:
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Theorem A.3 provides another description of the fibration from Theorem A.1; its purpose is to describe
the difference with the one constructed in Theorem 7.3.

The symmetric space X associated to PSOo.2; nC 1/ can be identified with one connected component
of the Grassmannian of oriented planes U � R2;n that are spacelike, namely on which q is positive.
Moreover it is of Hermitian type, so it admits a complex structure J .

Let P be an oriented 2-pencil of tangent vectors based at x 2X, ie a subspace of dimension 2 of TxX. It
is holomorphic (respectively antiholomorphic) if Jx fixes P and for all nonzero v 2 P , .v; Jx.v// is a
positively (respectively negatively) oriented basis of P .

To an oriented 2-pencil P at x 2X that is not antiholomorphic, with some orthonormal and oriented basis
.e; f /, one can associate a holomorphic pencil:

�.P/D he�Jx.f /; f CJx.e/i:

Note that the pencil �.P/ does not depend on the positively oriented orthonormal basis .e; f /. Similarly
one can associate to a 2-pencil that is not holomorphic the antiholomorphic pencil:

N�.P/D heCJx.f /; f �Jx.e/i:

Remark A.2 The pencils �.P/ and N�.P/ can be interpreted as the holomorphic and antiholomorphic
parts of the complex 2-dimensional subspace generated by P in TxX. In particular they are orthogonal to
one another.

The fibers of the fibration from Theorem A.1 can be described as bases of pencils of tangent vectors in X.

Theorem A.3 Let � W �g ! PSOo.2; n/ be a maximal representation. Let u W zSg ! X be the unique
minimal �-equivariant embedding and ` W zSg ! H2;n the unique maximal �-equivariant spacelike
embedding. For all x 2 zSg , the submanifold

Pho.`.x/?/� Pho.R2;n/' F�f˛1g

is equal to the �f˛1g-base of the holomorphic pencil of tangent vectors

�.du.Tx zSg//:

When nD 3 and � W�! SOo.2; 3/ is additionally a Hitchin representation , for all x 2 zSg the submanifold

Ein.`.x/˚u.x//� Ein.R2;3/' F�f˛2g

is equal to the �f˛2g-base of the antiholomorphic pencil of tangent vectors

N�.du.Tx zSg//:
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One can compare this fibration with the one provided by Theorem 7.3, if u is �-nearly geodesic, for
which the fiber at y 2 zSg was the �-base of the pencil du.Ty zSg/. In particular, in the case of photon
structures the two fibration coincide if u is holomorphic, which happens when � W �g ! PSOo.2; n/
factors through the reducible representation � W PSOo.2; 1/! PSOo.2; n/. However they differ in general,
and in particular if � factors through the irreducible representation � W PSOo.2; 1/! PSOo.2; 3/.

From now on, this section is devoted to proving Theorem A.3. We use the notation from [13, Section 3.3].
We first need a preliminary result about the unique minimal immersion for Hitchin representations
in SOo.2; 3/:

Lemma A.4 Let � W �g ! SOo.2; 3/ be a maximal and Hitchin representation. Its associated minimal
immersion u W zSg !X is never tangent to a totally geodesic submanifold X0 �X of the form

X0 D fU 2X j U �Eg

for any hyperplane E �R2;3.

The proof of this fact relies on the parametrization of the minimal surface using Higgs bundles and the
work of [13]. An introduction to Higgs bundles in SO.2; n/ can be found in [13, Section 2.3], and details
on the Higgs bundles associated to Hitchin representations in SO.2; 3/ can be found in [13, Section 4.3].

Proof Given a Hitchin representation � W �g ! SO.2; 3/, there exists a unique a conformal structure
on Sg such that the corresponding harmonic map in the symmetric space is minimal, and the Higgs
bundle .E�; ˆ/ corresponding to � can be written as

E� 'K
2
˚K1˚O˚K�1˚K�2:

The Higgs field ˆ is the following section of K˝End.E�/, or in other words the following one-form
valued in End.E�/:

ˆx D

0BBBB@
0 0 0 
 0

1 0 0 0 


0 ˇ 0 0 0

0 0 ˇ 0 0

0 0 0 1 0

1CCCCA :
Note that 1 is the tautological one-form valued in K�1, a section of K ˝ K�1. Note also that for
Hitchin representations, ˇ¤ 0 is also the tautological section, but we denote it differently from 1 because
their norm with respect to the harmonic metric are different in general. The harmonic metric on E�
is diagonal since the bundle is cyclic [13, Proposition 2.31]. As a consequence, the real form on the
complex bundle E� induced by the harmonic metric is the following for some sections h1; h2 of K2K�2

and K1K�1, respectively (see [13, Proposition 2.32]):

.z1; z2; z3; z4; z5/ 7! .h�11 Nz5; h
�1
2 Nz4; Nz3; h2 Nz2; h1 Nz1/:
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We identify ˆCˆ�h with the differential of the minimal immersion u. Let us fix a locally defined
holomorphic vector field @z . Suppose that the associated minimal immersion is tangent to a totally
geodesic submanifold X0 � X of the form X0 D fU 2 X j U � Eg for some hyperplane E � R2;3. If
this was the case at a point x 2 zSg , it would imply that the differential of u in every direction in Tx zSg
is identified with a symmetric endomorphism of E� that preserves the complexification H of the real
hyperplane in the fiber at x of E� corresponding to E �R2;3 via the flat connection. In particular the
endomorphisms ˆx.@z/Cˆ�hx .@z/ and iˆx.@z/� iˆ�hx .@z/ preserve H , so the endomorphism ˆx.@z/

preserves H .

Since ˆx.@z/ preserves a nondegenerate bilinear form (the one that determines the real form on E� with
the harmonic metric) and a real hyperplane, it must admit a real eigenvector .z1; z2; z3; z4; z5/. This
eigenvector being real, one has z3 D Nz3, z4 D h2 Nz2 and z5 D h1 Nz1. The eigenvector equation implies
that for some � 2C,

�z1 D 
.@z/h2 Nz2; �z2 D 1.@z/z1C 
.@z/h1 Nz1; �z3 D ˇ.@z/z2;

�h2 Nz2 D ˇ.@z/z3; �h1 Nz1 D 1.@z/h2 Nz2:

Moreover k
k< k1k for the metric h1 onK2, or in other words j1.@z/j>h1j
.@z/j; see [13, Section 4.3].
Therefore ˆx cannot admit a nonzero real eigenvector. Indeed if � D 0 we have that z2; z3 D 0 and
0 D 1.@z/z1 C 
.@z/h1 Nz1, so z1 D 0. If � ¤ 0, 1.@z/h2 Nz2 D h1
.@z/h2 Nz2 implies that z2 D 0 and
therefore z1; z3 D 0.

Proof of Theorem A.3 Let G.H2;n/ be the space of triples .U;L;N / where R2;n D U ˚L˚N is an
orthogonal splitting, L is a timelike line and U a spacelike plane. The tangent space of G.H2;n/ can be
decomposed as

T.U;L;N/G.H2;n/' Hom.L; U /˚Hom.L;N /˚Hom.U;N /:

The generalized Gauss map G W zS ! G.H2;n/ associated to a spacelike immersion ` W zSg !H2;n is the
unique map x 7! .u.x/; `.x/;N.x// such that

dG D .d`; 0; A`/:
Here du is the differential of `:

d` W Tx zSg ! Hom.`.x/; u.x//� Hom.`.x/; `.x/?/' T`.x/H
2;n:

And A` is related to the second fundamental form II` of the immersion `:

A` W Tx zSg ! Hom.u.x/;N.x//� Hom.u.x/; `.x/?/' T`.x/H
2;n
˝ .d`.Tx zSg//

�;

II`.v; w/D A`.v/ ı d`.w/ 2 T`.x/H
2;n
' Hom.`.x/; `.x/?/:

If ` is the unique equivariant maximal spacelike surface for a maximal representation � W�g!PSOo.2; n/,
the unique �-equivariant minimal surface u W zSg !X is the map coming from the Gauss map of ` [13].
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The differential of u in a direction v 2 Tx zSg is determined by dG, and is equal to the element
du.v/ 2 Hom.u.x/; u.x/?/' Tu.x/X such that

du.v/D A`.v/� .d`.v//
T :

In this expression .d`.v//T 2 Hom.u.x/; `.x// is obtained as the adjoint of the endomorphism d`.v/,
for the restriction of the bilinear form q on `.x/ and u.x/.

The endomorphism J D Ju.x/ coming from the complex structure on X acts by precomposition by the
rotation of u.x/ of angle �1

2
� on Tu.x/X ' Hom.u.x/; u.x/?/, with the orientation chosen on u.x/.

The choice of an orientation for every spacelike plane is equivalent to the choice of a complex structure
on X. Since � is maximal for the orientation we fixed on Sg , this orientation is preserved by du. We
write R for the corresponding rotation of Tx zSg , which is a rotation of angle �1

2
� .

Let .v; w/ be a positively oriented basis of Tx zSg . The endomorphism

f D du.v/�J.du.w// 2 Hom.u.x/; u.x/?/' Tu.x/X

satisfies

f .d`.v//D II`.v; v/� .d`.v//
T .d`.v//� II`.w;R � v/C .d`.w//

T .d`.R � v//;

f .d`.w//D II`.v; w/� .d`.v//
T .d`.w//� II`.w;R �w/C .d`.w//

T .d`.R �w//:

One hasR�vD�w,R�wDv. Also II`.v; w/D II`.w; v/, and since ` is maximal, II`.v; v/CII`.w;w/D0.
So the image of f is included in `, and f .d`.v//¤ 0.

This holds for any orthonormal positively oriented basis .v; w/, so �.du.Tx zSg// can be identified with
the dimension-2 subspace:

Hom.u.x/; `.x//� Hom.u.x/; u.x/?/' Tu.x/X:

It suffices now to show that for any .U;L;N / 2 G.H2;n/, the �f˛1g-base of the holomorphic pencil
P ' Hom.U;L/� Hom.U; U?/' TUX is the photon Pho.L?/, independently of U .

Let a 2 Pho.R2;n/ be a photon. The vector va;U 2 TUX pointing towards a can be identified with the
homomorphism fa W U ! U? whose graph fxCfa.x/ j x 2 U g is the photon a.

The Riemannian metric on X induces the following scalar product on Tu.x/X' Hom.U; U?/:

hf; gi D Tr.g? ıf /:

For this scalar product, fa is orthogonal to Hom.U;L/ � Hom.U; U?/ if and only if its image is
orthogonal to L, which is orthogonal to L if and only if a 2 Pho.L?/.

Now if nD 2 and � is maximal and Hitchin, the pencil N�.du.Tx zSg// is orthogonal to Hom.u.x/; `.x//'
�.du.Tx zSg//. But every unit vector f 2 Hom.u.x/; `.x// is identified to va;u.x/ 2 Tu.x/X, where
a 2 Ein.R2;n/ is the graph of f T W `.x/! u.x/. Therefore Ein.u.x/˚ `.x// belongs to the �f˛2g-base
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of N�.du.Tx zSg//. It only remains to check that this base is not larger. This is due in some sense to the
genericity of N�.du.Tx zSg//.

Suppose that there exists `02Ein.R2;n/nEin.u.x/˚`.x// that belongs to the �f˛2g-base of N�.du.Tx zSg//.
The associated element

v`0;u.x/ 2 TxX' Hom.u.x/; u.x/?/

corresponds to a rank-1 homomorphism v 2u.x/ 7! hv; u0in0, where u0 2u.x/, n0 2u.x/? and u0Cn0
generates `0. Since `0 belongs to the �f˛2g-base of N�.du.Tx zSg//, one has Im.f /? n0 for any

f 2 N�.du.Tx zSg//� TxX' Hom.u.x/; u.x/?/:

Let n00 be a nonzero vector in .u.x/˚`.x/˚`0.x//\N.x/�R2;3. It is orthogonal to the image of every
element in N�.du.Tx zSg// since N�.du.Tx zSg// is orthogonal to �.du.Tx zSg//. Moreover the image of
every element in �.du.Tx zSg// is orthogonal to N.x/, so n00 is orthogonal to the image of every element
in du.Tx zSg/� TxX' Hom.u.x/; u.x/?/. This cannot happen if � is Hitchin because of Lemma A.4.
Therefore Ein.u.x/˚ `.x// is the �f˛2g-base of N�.du.Tx zSg//.

Appendix B Projective structures with (quasi-)Hitchin holonomy

In this appendix we compare the fibration obtained using Theorem 8.5 with the one constructed in [2].

Let N � 3 be an integer, and let h be a principal sl2-lie subalgebra of sl.N;R/. The associated totally
geodesic immersion uh W H2 ! X is �1-regular if and only if N D 2n is even. Indeed an element
Diag.�1; : : : ; �n/ 2 a is �1-regular if and only if none of the �i are equal to 0, and the Cartan projection
of any tangent vector to uh is a multiple of Diag.N � 1;N � 3; : : : ; 3�N; 1�N/. Recall that �1 2 SaC

is such that F�1 is identifiable with RP2n�1.

Any f˛ng-Anosov representation � admits a cocompact domain of discontinuity

�� DRP2n�1 n
[
x2@�g

P .�f˛ng� /:

This is one of the domains constructed by Guichard and Wienhard [24], and is also the domain �.�1;�0/�

as in Theorem 7.10 for any symmetric �0 2 SaC that is �1-regular. For any Fuchsian representation
�0 W �g ! PSL.2;R/ the domain associated with �h ı �0 coincides with the domain ��1uh . This domain is
nonempty for n� 2.

To understand the topology of the quotient, it is sufficient to understand it for generalized Fuchsian
representations, so let uh WH2!X be the totally geodesic embedding that is �irr-equivariant, as defined
in Example 8.3.

We will compare two 2-pencils of quadrics. For this we will use an invariant associated to a regular
2-pencil of quadrics, which is called the Segre symbol [17].
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A pencil of quadrics is regular if it admits a nondegenerate element. Let P be a 2-pencil with a basis
.q1; q2/ such that q2 is nondegenerate. There exists a unique q2-symmetric or q2-Hermitian endomorphism
Aq1;q2 of V such that q1. � ; � /D q2.A � ; � /.

Lemma B.1 Let P be a 2-pencil of quadrics , and .q1; q2/ and .q01; q
0
2/ be two bases of the pencil with q1,

q2, q01 and q02 nondegenerate quadratic forms. Let ADAq1;q2 , B DAq01;q02 and a; b; c; d 2R be such that
q01 D aq1C bq2 and q02 D cq1C dq2. Then cAC d Id is invertible and B D .aAC b Id/.cAC d Id/�1.

Proof Let M D aAC b Id and N D cAC d Id. Then q02. � ; � /D q2.N � ; � /. But since q2 and q02 are
nondegenerate, then N D Aq02;q2 is invertible.

To complete the proof of the lemma, we need to check that q01.N � ; � /D q
0
2.M � ; � /. Let v;w 2 V , then

q01.Nv;w/D aq1.Nv;w/C bq2.Nv;w/

D adq1.v; w/C bcq2.Av;w/C acq1.Av;w/C bdq2.v; w/;

q02.Mv;w/D cq1.Mv;w/C dq2.Mv;w/

D caq1.Av;w/C cbq1.v; w/C daq2.Av;w/C dbq2.v; w/;

which concludes the proof since q1. � ; � /D q2.A � ; � /.

We can associate to a 2-pencil of quadrics an equivalence class of Segre symbols in the following way.

Definition B.2 The Segre symbol associated to a pair .q1; q2/ of nondegenerate symmetric or Hermitian
forms is the set S of characteristic values of the endomorphism Aq1;q2 , with the weights w.s/ given by
the multiplicity of the characteristic values and the partition p.s/ given by the sizes of the blocks of the
Jordan block decomposition of Aq1;q2 .

To a nondegenerate 2-pencil of quadrics P we can associate the class of all Segre symbols associated to
any basis .q1; q2/ of P where q1; q2 2P are nondegenerate, up to the action of PSL.2;R/ on the space of
possible Segre symbols. This equivalence class is well defined because of Lemma B.1. The Segre symbol
of a 2-pencil is invariant by the action of GL.V /, and hence two 2-pencils of quadrics with different
Segre symbols are not isomorphic.

Theorem B.3 The fiber of the fibration �uh W �� ! zS is the base of a nondegenerate 2-pencil of
quadrics P whose Segre symbol is equal to fi;�ig with multiplicity n at each point , and a minimal
partition Œn� of n at each point.

For KDR it is diffeomorphic to the Stiefel manifold

O.k/=.O.k� 2/�O.1//:

For KDC it is diffeomorphic to the Stiefel manifold

O.2k/=.O.2k� 2/�U.1//:
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A similar fibration was already constructed by Alessandrini, Li and the author in [2]. The fibers in both
constructions are bases of pencils, but in [2] the fiber of the fibration constructed is the base of a different
2-pencil P0. However, the base of P0 is diffeomorphic to the same Stiefel manifold.

The Segre symbol of the pencil P0 also has two conjugate points with multiplicity n, but decorated with a
maximal partition Œ1; 1; : : : ; 1� of n. A difference for instance is that the stabilizer in PSL2n.K/ is larger
for P0 than for P .

The rest of the section is devoted to the proof of Theorem B.3.

Proof As in Example 8.3, we identify Cn with the space V2n.C/ of homogeneous polynomials in X
and Y of degree 2n� 1. We consider the change of variable X DW CZ and Y D i.W �Z/. If KDR,
we recall that the conjugation � after the change of coordinates is given by the C-antilinear map defined
for 0� l < 2k by

� WW lZ2k�1�l 7!ZlW 2k�1�l :

This change of basis diagonalizes the action of PSO.2/. Let R.�/ be the rotation angle � in the hyperbolic
plane, or the class of the rotation of angle 1

2
� on R2. The action of R� satisfies, for 0� l < 2k,

�.R.�// �W lZ2k�1Cl D ei�.2k�1�2l/W lZ2k�1Cl :

Consider the following basis of V2n.C/:

.el/0�l<2k D
�
W lZ2k�1Cl

�2k�1
l

�1
2
�
0�l<2k

The pencil of tangent vectors duh.H2/2 Tq0X corresponds to a pencils of (Hermitian) quadrics generated
by q1 and q2. The corresponding matrices in this basis are

Q1 D

0BBBBBBBBBBBB@

0 �0
�0 0 �1

�1 0 �2

�2
: : :

: : :

: : :
: : : �2
�2 0 �1

�1 0 �0
�0 0

1CCCCCCCCCCCCA
; Q2 D i

0BBBBBBBBBBBB@

0 ��0
�0 0 ��1

�1 0 ��2

�2
: : :

: : :

: : :
: : : ��2
�2 0 ��1

�1 0 ��0
�0 0

1CCCCCCCCCCCCA
;

where �a D �2k�1�a D
p
.aC 1/.2k� 1� a/ for 0� a � 2k� 1.

The matrix associated to Aq1;q2 is conjugate to�
iT 0

0 �iT

�
;
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where T is the following k � k matrix: 0BBBBB@
1 1 � � � 1 1

1 � � � 1 1
: : :

:::
:::

1 1

1

1CCCCCA :
The matrix T � In is nilpotent of order k. This implies that the characteristic values of Aq1;q2 are i
and �1, and the partition associated with the Jordan block decomposition is the minimal partition Œk� for
both singular values. This determines the Segre symbol of P .

Now let’s study the topology of the base of P in the case KDR. in order to do so we will deform this
pencil to get a pencil that can be decomposed into smaller blocks. Let us define for t 2R the pencil of
quadrics Pt generated by the quadratic forms q1;t and q2;t whose matrices Q1;t and Q2;t in the basis
.el/0�l<2k are

Q1;tD

0BBBBBBBBBBBB@

0 �0
�0 0 t�1

t�1 0 �2

�2
: : :

: : :

: : :
: : : �2
�2 0 t�1

t�1 0 �0
�0 0

1CCCCCCCCCCCCA
; Q2;tD i

0BBBBBBBBBBBB@

0 ��0
�0 0 �t�1

t�1 0 ��2

�2
: : :

: : :

: : :
: : : ��2
�2 0 �t�1

t�1 0 ��0
�0 0

1CCCCCCCCCCCCA
:

In other words, the coefficients �k for k odd are replaced by t�k . The determinant of Q1;t and Q2;t is
independent of t , and hence the pencils of quadrics Pt are all nondegenerate. Moreover one has

�.R.�// �Q1;t D cos.�/Q1;t C sin.�/Q2;t ;

which implies that all the nonzero quadrics in the pencil Pt are nondegenerate.

Let M D f.Œv�; t/ 2 P .Vn.R// �R j q1;t .v; v/ D q2;t .v; v/ D 0g and p W P .Vn.K// �R! R be the
projection onto the second factor. Because of Lemma 6.2, M is a submanifold of P .Vn.R//�R. The
map p is a proper submersion, and hence by the Ehresmann principle it is a fibration. In particular the
bases b.P/ and b.P0/ of these pencils are diffeomorphic.

The pencil of quadrics P0 is exactly the pencil that defines the Stiefel manifold in [2], so we get the
desired result.
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