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Asymptotically Calabi metrics and weak Fano manifolds

HANS-JOACHIM HEIN

SONG SUN

JEFFREY VIACLOVSKY

RUOBING ZHANG

We show that any asymptotically Calabi manifold which is Calabi–Yau can be compactified complex
analytically to a weak Fano manifold. Furthermore, the Calabi–Yau structure arises from a generalized
Tian–Yau construction on the compactification, and we prove a strong uniqueness theorem. We also give
an application of this result to the surface case.

53C21, 53C25, 53C55; 14J32, 14J45

1 Introduction

This paper is concerned with the Tian–Yau construction [35] of complete Ricci-flat Kähler metrics on the
complement of a smooth anticanonical divisor in a smooth Fano manifold. We begin by describing their
geometry at infinity.

1.1 Asymptotically Calabi metrics

We begin by defining the asymptotic models for the metrics constructed in [35]. Let D be an .n�1/-
dimensional compact Kähler manifold with trivial canonical bundle and let L! D be an ample line
bundle. Define

(1-1) deg.L/D
Z

D

c1.L/
n�1;

and fix a nowhere vanishing holomorphic .n�1/-form �D on D satisfying

(1-2) 1

2

Z
D

.
p
�1/.n�1/2�D ^�D D .2�c1.L//

n�1:

Using Yau’s resolution [37] of the Calabi conjecture, there exists a unique Ricci-flat Kähler metric
!D 2 2�c1.L/ with

(1-3) !n�1
D D

1
2
.
p
�1/.n�1/2�D ^�D :
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2548 Hans-Joachim Hein, Song Sun, Jeffrey Viaclovsky and Ruobing Zhang

There exists a unique hermitian metric h on L whose curvature form is �
p
�1!D , up to scaling. Fixing

a choice of h, the Calabi model space is the subset C of L consisting of all elements � with 0< j�jh < 1.
We next define a nowhere vanishing holomorphic volume form �C and a Ricci-flat Kähler metric !C

which is incomplete as j�jh! 1 and complete as j�jh! 0. Let p WC!D denote the bundle projection and
Z be the holomorphic vector field generating the natural C�-action on the fibers of p. The holomorphic
volume form �C is uniquely determined by the equation

(1-4) Zy �C D p��D ;

and the metric !C is given by the Calabi ansatz

(1-5) !C D
n

nC 1

p
�1 @x@.�log j�j2h/

.nC1/=n;

which satisfies the complex Monge–Ampère equation

!n
C D

1
2
.
p
�1/n

2

�C ^�C;

hence is Ricci-flat. The function z D .�log j�j2
h
/1=n is the !C-moment map for the natural S1-action

on L. It is easily verified that the !C-distance function r to a fixed point in C satisfies

(1-6) r�1z.nC1/=2
D C C o.1/ as z!1:

We will consider Kähler manifolds with trivial canonical bundle which will be denoted by .X; I; !;�/,
where X is a smooth manifold of real dimension 2n, I is a complex structure, ! is a Kähler form, and
� is a holomorphic volume form. We say that .X; I; !;�/ is a Calabi–Yau structure if it satisfies the
complex Monge–Ampère equation

(1-7) !n
X D �

n
�

1
2
.
p
�1/n

2

��X ^�X

for some constant � > 0. We are interested in Calabi–Yau structures which are asymptotic to the above
Calabi model spaces. More precisely, we make the following definition.

Definition 1.1 A Calabi–Yau structure .X; IX ; !X ; �X / is asymptotically Calabi if there exists ı > 0,
a Calabi model space C, and a diffeomorphism ˆ W C nK0 ! X nK, where K � X is compact and
K0 D

˚
j�jh > 1

2

	
, such that for all k 2N0, the following hold uniformly as z!C1:

jr
k
gC
.ˆ�IX � IC/jgC DO.e�ız

n=2

/;(1-8)

jr
k
gC
.ˆ��X ��C/jgC DO.e�ız

n=2

/;(1-9)

jr
k
gC
.ˆ�!X �!C/jgC DO.e�ız

n=2

/:(1-10)

Remark 1.2 The decay assumption on the error terms is the natural one since harmonic functions on the
Calabi model space have this type of decay; see [19; 32].

Our main theorem is the following.
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Theorem 1.3 Any Calabi–Yau structure .X; I; !;�/ which is asymptotically Calabi can be compactified
complex analytically to a weak Fano manifold X . Furthermore , the Calabi–Yau structure arises from a
generalized Tian–Yau construction on X and ! is the unique Calabi–Yau metric with respect to .I; �/
satisfying (1-10) and representing Œ!� 2H 2.X /.

The above theorem solves a particular case of Yau’s conjecture in [38]. We give a precise description
of this generalized Tian–Yau construction in Section 2. The main step in the proof is to show that for
a certain choice of a parallel complex structure I , the underlying complex manifold of an Calabi–Yau
asymptotically Calabi metric can be compactified to a weak Fano manifold. This involves producing
holomorphic functions with controlled growth at infinity, which is typically done using weighted Fredholm
theory. This strategy runs into trouble due to the fact that, in the Tian–Yau construction, the decay rate of
the metric is much slower than the decay rate of the complex structure. To overcome this difficulty, our
strategy is based on the L2-estimates in several complex variables pioneered by Hörmander [21]. The
proof of Theorem 1.3 can be found in Section 2. We also have the following corollary. Recall the index
of X is the largest integer k such that K�1

X
DH k for some line bundle H .

Corollary 1.4 Let .X n; I; !;�/ be a Calabi–Yau structure which is asymptotically Calabi. Then �1.X /

is a cyclic group with order the index of X . Furthermore , there exists a constant C.n/, depending only
upon n, such that deg.L/6 C.n/.

This degree bound is remarkable because in Definition 1.1, deg.L/ could a priori be any integer, but if
C occurs at infinity for a Calabi–Yau asymptotically Calabi metric, then deg.L/ must be bounded. The
proof of this degree bound uses Theorem 1.3 and deep results in birational geometry.

1.2 The surface case

A gravitational instanton is by definition a complete noncompact hyperkähler 4-manifold .X;g;!/ with
square-integrable curvature. By the results of the recent paper by Sun and Zhang [33], a gravitational
instanton is always asymptotic to a model end. Accordingly, gravitational instantons can be classified
into 6 families: ALE, ALF, ALG, ALH, ALG�, ALH�. There has been extensive work, much of it quite
recent, on classifying the 6 families completely; see Chen and Chen [3; 2; 4], Chen and Viaclovsky [5],
Kronheimer [25] and Minerbe [27]. The results in this paper are relevant to the ALH� family. This
has the unique intriguing feature that its members have fractional asymptotic volume growth; indeed,
the volume growth exponent of an ALH� model end is 4

3
. Gravitational instantons of type ALH� also

appear as singularity models in polarized degenerations of K3 surfaces; see Hein, Sun, Viaclovsky and
Zhang [19] and Sun and Zhang [31]. Their precise definition can be found in Section 3.

There are two known mathematical constructions of ALH� gravitational instantons. Both of them come
with a preferred choice of complex structure, and are based on solving a complex Monge–Ampère equation
on a quasiprojective surface with trivial canonical bundle. First, we have the Tian–Yau construction [35],
which involves the complement of a smooth anticanonical divisor in a del Pezzo surface. Second, we
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2550 Hans-Joachim Hein, Song Sun, Jeffrey Viaclovsky and Ruobing Zhang

have the construction of Hein [18], which involves the complement of a singular fiber of Kodaira type Ib

in a rational elliptic surface. Our next theorem relates the complex structures involved in these two
constructions.

Theorem 1.5 Let .X;g;!/ be an ALH� gravitational instanton.

(i) Letting I denote the complex structure corresponding to !1, then .X; I/ is biholomorphic to weak
del Pezzo surface X minus a smooth anticanonical elliptic curve. Furthermore , the hyperkähler
structure arises from a generalized Tian–Yau construction on this compactification and is the
unique Calabi–Yau metric with respect to .I; �D!2C

p
�1!3/ satisfying (1-10) and representing

Œ!1� 2H 2.X /.

(ii) Letting J denote the complex structure corresponding to I2, then .X;J / compactifies to a rational
elliptic surface S with a global section by adding F , a Kodaira type Ib fiber of multiplicity 1. The
2-form �D !2C

p
�1!3 is a rational 2-form on S with a simple pole along F .

The proof of Theorem 1.5 will be given in Section 3 and is our originally intended proof of some claims
made in [19, Remark 2.4]. The main ingredients in the proof are Theorem 1.3, the decay estimates of
[19, Section 3], and the analysis of harmonic functions on asymptotically Calabi spaces of [19, Section 4].
We also note that in the meantime Collins, Jacob and Lin [8, Theorem 1.3] have proved, using an entirely
different method, that a Tian–Yau space can be compactified to a rational elliptic surface.

Acknowledgements The authors thank Gao Chen for valuable discussions on gravitational instantons.
Hein was supported by NSF grant DMS-1745517 and by the DFG under Germany’s Excellence Strategy
EXC 2044-390685587 Mathematics Münster: Dynamics-Geometry-Structure as well as by the CRC 1442
Geometry: deformations and rigidity of the DFG. Sun was supported by the Simons Collaboration on
Special holonomy in geometry, analysis and physics (#488633), and NSF grant DMS-2004261. Viaclovsky
was partially supported by NSF grants DMS-1811096 and DMS-2105478. Zhang was partially supported
by NSF grants DMS-1906265 and DMS-2304818. Finally, the authors thank the referee for their careful
reading of the paper, and for their questions and comments which improved the exposition of the paper.

2 Compactification to weak Fano manifold

In this section, we give the proof of Theorem 1.3. Let .X; I; !;�/ be a complete Calabi–Yau manifold
that is asymptotically Calabi. We identify X nK smoothly with a Calabi model space C nK0, where
K0 D fz 6 z0g for some z0� 0, and assume that (1-8)–(1-10) are satisfied. Let �0 � zn � ızn=2, for
some ı 2

�
0; 1

2

�
to be chosen later. Then

(2-1) ddc
C�0 D�dJC d�0 D�d

��
nzn�1

�
1
2
nızn=2�1

�
JC dz

�
D d

��
n� 1

2
nız�n=2

�
�
�

D
�
n� 1

2
nız�n=2

�
d� C ı

�
1
2
n
�2

z�n=2�1 dz ^ �;
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where � ��zn�1JCdz. Note also that

!D D
p
�1@x@.�log k�k2h/D

p
�1@x@.zn/D 1

2
n d�;(2-2)

!C D
n

nC 1

1

2
ddc

CznC1
D�

n

2.nC 1/
dJC dznC1

D�
1
2
n d.znJ dz/D 1

2
n d.z�/

D
1
2
n.z d� C dz ^ �/:

(2-3)

Then for z1� z0,

(2-4) ddC�0 D z�n=2�1
��

nzn=2C1
�

1
2
n ız

�
d� C ı

�
1
2
n
�2

dz ^ �
�

D z�n=2�1
��

nzn=2C1
�

1
2
n ız� .n=2/2ız

�
d� C ı

�
1
2
n
�2
.z d� C dz ^ �/

�
> z�n=2�1 1

2
n ı!C;

since 1
2
n d� D !D is positive definite on D. Let AD zn

1
� ız

n=2
1

, and choose a smooth increasing and
convex function u WR!R such that u.t/D 2A=3 for t 6 A=2 and u.t/D t for t > A. Write �1� uı�0.
Then

(2-5) ddc
C�1 D�dJC d.u ı�0/D�dJCu0.�0/ d�0

D�u00.�0/ d�0 ^JC d�0Cu0.�0/ ddc
C�0:

Since the form �d�0 ^ JCd�0 is positive semidefinite, we see that ddc
C�1 > 0 for all z > z0 and

ddc
C�1 > Cız�n=2�1!C for z > z1.

Notice that �1 can be naturally viewed as a smooth function on X , and it satisfies ddc
I
�1 > P .z/! for a

nonnegative function P .z/ with P .z/> Cız�n=2�1 when z is large. In particular, we know that .X; I/
is 1-convex. So, by [13, Section 2], there is a Remmert reduction � W X ! zX , where zX is Stein and
Sing. zX / is a finite set contained in the region fz 6 z1g. Then zX admits an exhaustion function  zX which
is smooth on zX nSing. zX / and satisfies ddc

I
 zX > 0. Denote  X � �

� zX . Then ddc
I
 X > 0 on X nE,

where E � ��1.Sing. zX //. Choose a cutoff function � on X supported in fz 6 z1C 1g with �� 1 on
fz 6 z1g. Then let � � "� X C �1 for a fixed 0 < "� 1. The above calculation shows that � also
satisfies ddc

I
� > P .z/!, where P .z/> 0 on X , P .z/ > 0 on X nE, and P .z/> Cız�n=2�1 outside a

compact set.

Any holomorphic section s 2H 0.D;Lk/ gives rise to a holomorphic function fs on L n 0L by defining

(2-6) fs.�/D s.�.�//=�˝
k

;

where � 2 L n 0L, and � W L!D is the bundle projection. In particular, fs restricts to a holomorphic
function on C. Taking the logarithm of (2-6), and using that znD�2 log j�jh, we see that fsD

zfse.k=2/z
n

,
where zfs is a function on the unit circle bundle of L.
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Lemma 2.1 For all l > 0 and any " > 0, we have jrl
gC
fsjgC DO.e.k=2/z

nC"zn=2

/ as z!1.

Proof The estimate for l D 0 holds with " D 0, and follows from the previous remarks. Since fs is
holomorphic, it is harmonic. The curvature of the Calabi metric is in particular bounded at infinity; see
[35, Lemma 4.3] and [19, Remark 3.2]. Given p 2 C, let B1.p/ be a unit ball around p, and B1. yp/ be a
unit ball in its universal cover. Then standard elliptic estimates for harmonic functions yield that

(2-7) jr
lfsj.p/6 krlfskC 0.B1=2. zp//

6 ClkfskC 0.B1. zp//
:

Using (1-6), one can easily check that if jr.q/� r.p/j< 1, then

(2-8) jz.q/n� z.p/nj6 C z.p/.n�1/=2:

Since .n� 1/=2< n=2, the claim follows.

Denote by O.X / the space of I -holomorphic functions on X .

Proposition 2.2 There is an injective linear map L W
L1

kD0 H 0.D;Lk/ ! O.X / such that for any
nonzero section s 2H 0.D;Lk/, we have that

(2-9) jr
l
ˆ�g.L.s/ ıˆ�fs/jˆ�g DO.e.k=2/z

n�.ık=2/z
n=2

/

for all l > 0 and for some ık > 0 as z!1.

Proof In the following proof, for simplicity of notation we will omit the diffeomorphism ˆ. Fix a
cutoff function � on C which is equal to 1 when z > z1C 1 and vanishes when z 6 z1. Then for any
s 2H 0.D;Lk/, the function �fs naturally extends to a smooth function on X . Notice that for z > z0C1

we have that

(2-10) jx@I .�fs/jg D jx@Ifsjg D j.x@I �
x@C/fsjg 6 e.k=2/z

n�ızn=2

:

Set ı �min
�
ı=.4k/; 1

4

�
in the definition of �0 above. Then we have that

(2-11)
Z

X nE

1

P .z/
jx@I .�fs/j

2
ge�k� dVolg <1:

Notice that X nE Š zX nSing. zX / admits a complete Kähler metric; see [29, Proposition 4.1]. Also, by
assumption KX is trivial, so we can apply the standard L2-estimates for the x@-operator on X nE — see for
example [11, Chapter VIII.6, Theorem 6.1] — to find a unique solution u to the equation x@I uD x@I .�fs/

with

(2-12)
Z

X nE

juj2e�k� dVolg 6
Z

X nE

1

P .z/
jx@I .�fs/j

2
ge�k� dVolg

such that u is L2 orthogonal to ker.x@I /. Notice that

(2-13) �guD x@�I;g
x@I .�fs/DO.e.k=2/z

n�.ı=2/zn=2

/:

Similar to the proof of Lemma 2.1, it follows from local L2 elliptic estimates that for all l > 0,

(2-14) jr
l
gujg DO.e.k=2/z

n�ızn=2

/ as z!1:
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Indeed, by straightforward computations, one can find a C > 0 such that Volg.B1.p//> C �z�.n�1/=2.p/.
Therefore using (2-8) and (2-12), there exists a uniform constant C > 0 such that for any z.p/� 1,

(2-15) /
Z

B1.p/

juj2 dvolg 6 Cek�z.p/n�ı0�z.p/n=2

;

where ı0 > 0 is any smaller number than ı. By an obvious volume comparison argument, we obtain
a similar estimate for the lifting of u to B1=2. yp/ in the local universal cover 1B1.p/ of B1.p/. Since
1B1.p/ is noncollapsed with bounded curvature, standard elliptic theory applied to the lifting of (2-13)

yields (2-14).

To finish the proof, we let L.s/� �fs �u. This function is holomorphic away from E, so by Hartogs’s
theorem (applied to zX ) one can see that it is globally holomorphic on X . The conclusion then follows.

Fix k such that Ll jD is very ample for all l > k. Then we have a holomorphic embedding

(2-16) Fk WL! P .H 0.D;Lk/�˚H 0.D;LkC1/�/; .x; �/ 7! .evx;k =�
˝k ; evx;kC1 =�

˝.kC1//;

where x 2D, � 2Lx and evx;l WH
0.D;Ll/!Ll jx is the evaluation map. Alternatively, we can describe

Fk as follows. By assumption, we have the embeddings

(2-17) iLk WD! P .H 0.D;Lk/�/; iLkC1 WD! P .H 0.D;LkC1/�/:

We can view iLk and iLkC1 as mapping into P .H 0.D;Lk/� ˚ H 0.D;LkC1/�/. Then for x 2 D,
Fk maps the fiber ��1.x/ � L linearly to the line between iLk

.�.p// and iLkC1.�.p//, so it is
clearly an embedding. Obviously, Fk.0L/ is isomorphic to D and is contained in the linear subspace
P .H 0.D;LkC1/�/� P .H 0.D;Lk/�˚H 0.D;LkC1/�/.

Now we define a holomorphic map Gk WX ! P .H 0.D;Lk/�˚H 0.D;LkC1/�/ via

(2-18) p 2X 7! .eevp;k ; eevp;kC1/;

where eevp;k WH
0.D;Lk/!C is given by eevp;k.s/D L.s/.p/.

We denote by X the topological compactification of X by adding Fk.D/ to the end of Gk.X /. This is
justified by the following.

Proposition 2.3 There exists a compact set K � X such that Gk is a holomorphic embedding on
X nK with Gk.X nK/\Fk.D/ D ∅. Furthermore there is a neighborhood of Fk.D/ in X which is
homeomorphic to a neighborhood of Fk.0L/ in Fk.L/.

Proof The key point is that we can compare Gk with Fk via the fixed embedding of the end of X

into C � L. Given any point q0 2 0L Š D, we can find sections s0; : : : ; sn�1 2 H 0.D;Lk/ and
sn 2 H 0.D;LkC1/ such that s0.q0/ ¤ 0, s1.q0/ D � � � D sn�1.q0/ D 0, ds1.q0/; : : : ; dsn�1.q0/ are
linearly independent, and sn.q0/¤ 0. Then wk � sk=s0 for 1 6 k 6 n� 1 and wn � s0=sn form local
holomorphic coordinates in a neighborhood U of q0 in L. To clarify this definition, note that wn is
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a local section of L�1 on D, but by duality we can view such a section as a local function on the
total space of L which is linear on fibers. We therefore can think of w1; : : : ; wn�1 as coordinates on
the divisor, and wn as a fiber coordinate. Denote this coordinate system by w W U ! Cn. Notice that
j�j2

hL
D jwnj

2e�'.w1;:::;wn�1/ for a smooth function ' satisfying
p
�1@x@' D !D . The Calabi metric in

the .w1; : : : ; wn/ coordinates is given by

(2-19) !C D .�log j�j2hL
/1=n!D C 1=n.�log j�j2hL

/.1=n/�1
�
p
�1 �

�
dwn

wn
� @'

�
^

�
d xwn

xwn
�x@'

�
:

We define a mapping ‰ from an open subset V �P .H 0.D;Lk/�˚H 0.D;LkC1/�/ containing Fk.q0/

to Cn by

(2-20) Œ.˛; ˇ/� 7!

�
˛.s1/

˛.s0/
; : : : ;

˛.sn�1/

˛.s0/
;
˛.s0/

ˇ.sn/

�
:

Then the restriction of ‰ to Image.Fk/ is a coordinate chart for Image.Fk/ near Fk.q0/, and ‰ıFk Dw

in a neighborhood of q0 2 0L. Next, let �j D L.sj /=L.s0/ for 1 6 j 6 n� 1, and �n D L.s0/=L.sn/,
and we denote this mapping � Wˆ.U n 0L/!Cn (after possibly shrinking U ). Note that for any p in the
domain of �, we have

‰.Gk.p//D‰.Œeevp;k ; eevp;kC1�/D

�eevp;k.s1/eevp;k.s0/
; : : : ;

eevp;k.s0/eevp;kC1.sn/

�
D

�
L.s1/

L.s0/
.p/; : : : ;

L.s0/

L.sn/
.p/

�
D �.p/:

(2-21)

By Proposition 2.2, on U n 0L we have that � ıˆD w.1C �/ with jrl
g�jg DO.e�ı

0zn=2

/ for all l > 0

for some ı0 > 0. In the following, the constant ı0 is allowed to change from line to line. Using (2-19), we
have that

(2-22)
�
@.� ıˆ/˛

@wˇ

�
D

0BBBB@
:::

In�1CO.e�ı
0zn=2

/ O.e�ı
0zn=2

jwnj
�1/

:::

� � � O.e�ı
0zn=2

jwnj/ � � � 1CO.e�ı
0zn=2

/

1CCCCA :
Thus, the Jacobian matrix .@.� ıˆ/˛=@wˇ/ is nondegenerate for z � 1, which implies that Gk is an
immersion outside a compact set.

Next, we show that Gk is injective onto its image for z� 1. Suppose we have two points p1;p2 2 X

with Gk.p1/ D Gk.p2/, and z.q2/ > z.q1/ � 1, where ˆ.qj / D pj . Let dFS denote the Fubini–
Study distance on P .H 0.D;Lk/� ˚ H 0.D;LkC1/�/. We claim that there exists " > 0 such that
dFS.Fk.q/;Gk.ˆ.q/// < " if q 2L is sufficiently near D. To see this, using the formula

(2-23) dFS.Z;W /D arccos

s
hZ;W i2

kZk2kW k2
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and Proposition 2.2, we obtain that

(2-24) dFS.Fk.q/;Gk.ˆ.q///D arccos.1CO.e�ı
0z.q/n=2

// as z!1;

since LkC1 is very ample. Then

(2-25) dFS.Fk.q1/;Fk.q2//6 dFS.Fk.q1/;Gk.p1//C dFS.Gk.p2/;Fk.q2// < 2":

This implies that q1 and q2 must be contained in the same w coordinate patch above, and therefore
�˛.p1/D �˛.p2/ for ˛D 1; : : : ; n. Denote �˛ � jw˛.q2/�w˛.q1/j. Then �˛ Dw˛.q1/O.e

�ı0z.q1/
n=2

/.
So we know in particular that jwn.q1/j6 C jwn.q2/j. Notice that

(2-26) j�˛j D jw˛.q2/�˛.q2/�w˛.q1/�˛.q1/j6 Ce�ı
0z.q1/

n=2

j�˛jC jw˛.q1/j � j�˛.q2/� �˛.q1/j:

Let qt with t 2 Œ0; 1� be the straight line connecting q1 and q2 in the w coordinates. Then

(2-27) j�˛.q2/� �˛.q1/j6
nX
ˇD1

sup
t2Œ0;1�

ˇ̌̌̌
@�˛

@wˇ
.qt /

ˇ̌̌̌
� j�ˇj6 Ce�ı

0z.q1/
n=2

� n�1X
jD1

j�j jC
1

jwn.q1/j
j�nj

�
:

Combining (2-26) and (2-27) with ˛ D n, we get that when z1� 1,

j�nj6 Ce�ı
0z.q1/

n=2

jwn.q1/j �

n�1X
jD1

j�j j:

If we now sum (2-26) for ˛ D 1; : : : ; n� 1 and use (2-27), then we obtain that �˛ D 0 for 1 6 ˛ 6 n� 1

and hence that �n D 0 as well.

Next, we claim that away from a sufficiently large compact subset, Gk maps no point into Fk.0L/. To see
this, assume that there exists a point p 2X with Gk.p/D Fk.x/, where x 2 0L. Letting q Dˆ�1.p/,
if z.q/ is sufficiently large then q and x must be contained in a same w-coordinate chart as above. Taking
the nth component of ‰.Gk.p//D �.p/, yields

(2-28) 0D wn.x/D‰n.Fk.x//D �n.p/D �n.ˆ.q//D wn.q/.1C �n.q//:

But if z.q/� 1, we obtain a contradiction since wn.q/ ¤ 0. The proposition then follows from the
above.

Remark 2.4 Recall the coordinate .� ıˆ/n D wn.1C �n/, and since e�ız
n=2

� e�ı
0
p
� log jwnj, the

complex structure I is not even Hölder continuous at the divisor. Thus, one cannot invoke any known
weak version of the Newlander–Nirenberg theorem to construct a complex-analytic compactification; see
for example [20]. This is the reason why we had to deviate from the known approaches to constructing
such compactifications; compare for example the proofs of [16, Theorem 3.1] and [26, Theorem 1.6].

Denote by Z the image of Gk . It follows from the Remmert–Stein theorem [11, Chapter II.8, Theorem 8.7]
that Z is a complex analytic variety in a neighborhood of Fk.0L/ŠD. Since Z is topologically a manifold
by Proposition 2.3, it follows that Z is locally irreducible. Thus, by [11, Chapter II.7, Corollary 7.13],
the normalization map Z0!Z is a homeomorphism.
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Denote by D0 the copy of D in Z0. Notice that, in the proof of Proposition 2.3, the functions �˛ for
1 6 ˛ 6 n can be viewed as local holomorphic functions on a neighborhood of a point q 2 D0 in Z0.
Moreover, they define a local topological embedding of Z0 into Cn. So the inverse map is holomorphic,
which implies that Z0 must be smooth near D0. Now we may glue Z0 to X and obtain a smooth
complex-analytic compactification of X , which we denote by X 0. By construction, D0 is a smooth divisor
in X 0.

Write !0 �
p
�1
�Pn�1

jD1 d�j ^ dx�j C j�nj
�2 d�n ^ dx�n

�
. This is a locally defined Kähler metric in a

punctured neighborhood of D0, with cylindrical behavior normal to D0. It is easy to check using the
calculations in the proof of Proposition 2.3 that for all l > 0,

(2-29)
n�1X
jD1

jr
l
!0.wj /j!0 Cjw

�l
n r

l
!0.wn/j!0 6 Cl :

This is a crucial fact for us. One can also reinterpret this as saying that the metric !0 is C1 uniformly
equivalent to the corresponding cylindrical Kähler metric defined using .w1; : : : ; wn/. Note that j@wj zj6
C z1�n for 1 6 j 6 n� 1 and j@wn

zj6 C z1�njwnj
�1. In particular, we have that

(2-30) jr
l
!0zj!0 6 Clz

1�nl :

Recall that � is the holomorphic volume form on .X;g/ with respect to I , and �C is the corresponding
holomorphic 2-form on the Calabi model space C. Notice that �C is a meromorphic 2-form on L with a
simple pole along the zero section 0L, and � can be viewed as a holomorphic 2-form on X 0 nD0.

Lemma 2.5 � is a meromorphic volume form on X 0 with a simple pole along D0. In particular , D0 is an
anticanonical divisor.

Proof We may locally, near a point p 2D, write �C D f .w1; : : : ; wn/wn
�1dw1^ � � � ^dwn, where f

is a nowhere vanishing local holomorphic function. Then �D f .w1; : : : ; wn/wn
�1dw1^� � �^dwnC�

with j�^�=!n
Cj DO.e�ız

n=2

/. But !n
CD

1
2
.
p
�1/n

2

�C^
x�C��jwnj

�2dw1^d xw1^� � �^dwn^d xwn

near D. It follows that C�1 6 j�j!0 6 C , so the form wn� extends holomorphically to D0 locally.

Now choose a finite open cover fVj g of D such that each Vj has holomorphic coordinatesw1;j ; : : : ; wn�1;j

given by the quotients sk;j=s0;j for some sections s0;j ; : : : ; sn�1;j 2H 0.D;Lk/ for 1 6 k 6 n� 1, and
LjVj has a trivializing section ej D sn;j=s0;j for some sn;j 2H 0.D;LkC1/. Consequently we obtain an
open cover fUj g of a neighborhood of 0L ' D in L, with holomorphic coordinates fw1;j ; : : : ; wn;j g,
such that a point � 2L is represented as � D wn;j � ej .w1;j ; : : : ; wn�1;j /. Write e�'j .w1;j ;:::;wn�1;j / D

jej .w1;j ; : : : ; wn�1;j /j
2
h
.

Accordingly, we get an open cover fU 0j g of a neighborhood of D0 in X 0. In each U 0j we then have
holomorphic coordinates �k;j D L.sk;j /=L.s0;j / and �n;j D L.s0;j /=L.sn;j /. From the proof of
Proposition 2.3 we know that �k;j D wk;j on U 0j \D0 for 1 6 k 6 n� 1, and the transition functions
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satisfy @�n;j=@�n;i D @wn;j=@wn;i on U 0i \ U 0j \D0. This implies that the conormal bundle N�1
D0

is
isomorphic to L�1, so in particular D0 has ample normal bundle in X 0. Moreover, the local functions �n;j

together give rise to a global section SD0 of the line bundle ŒD0�'K�1

X 0
with a simple zero along D0.

Now the local functions 'j define a hermitian metric on ND0 ' ŒD
0�. Fix an arbitrary extension of this to

a hermitian metric h0 on ŒD0� on a neighborhood of D0. On each chart Uj , this extension h0 has a local
representation given by e��j , with �j D 'j along D0. We consider a smooth closed .1; 1/-form

(2-31) !m �
n

nC 1

p
�1@x@.�log jSD0 j

2
h0/
.nC1/=n:

It is well-defined and positive definite outside a compact subset of X 0 nD0.

One can check that !m and !0 satisfy

(2-32) C�1z1�n!0 6 !m 6 C z!0

for some constant C , and for each k > 0,

(2-33) jr
k
!0!mj!0 DO.zmk /

for some mk 2N0, as z!1. Therefore covariant derivative with respect to !0 and !m differ by at most
polynomial error terms.

Proposition 2.6 For all l > 0 and all ı <min.ık ; ı/, we have that

(2-34) jr
l
!m
.! �!m/j!m

DO.e�ız
n=2

/:

Consequently, Œ!� 2 im.H 2
c .X /!H 2.X //.

Proof By assumption, ! D !CCˇ1, where jrl
!C
ˇ1j!C DO.e�ız

n=2

/ for all l > 0. Let

z! �
n

nC 1

p
�1 @I

x@I znC1:

Writing !C D z!Cˇ2, using (2-30), (2-32) and (2-33), we have that jrl
z!
ˇ2jz! DO.e�ız

n=2

/ for all l > 0

and ı < ı. In Uj , we have that

zn
D�log j�j2hL

D�log jwn;j j
2
C'j .w1;j ; : : : ; wn�1;j /:

On the other hand, we have that

jSD0 j
2
h0 D�log j�n;j j

2
C�j .�1;j ; : : : ; �n;j /:

Notice that �n;j D wn;j .1Cˇ3/, with jrl
!ˇ3j! DO.e�ıkzn=2

/ for all l > 0, and �j .�1;j ; : : : ; �n;j /D

'j .w1;j ; : : : ; wn�1;j /C�n;j P .�1;j ; : : : ; �n;j / for some smooth function P . Estimate (2-34) now follows
from a straightforward computation, using the key property (2-29), (2-32) and (2-33).
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By integrating from infinity as in [19, Lemma 3.7], away from a compact set we may write ! D!mCd� ,
where � is a smooth real-valued 1-form such that jrl

!m
� j!m

DO.e�ız
n=2

/ for all l > 0. Then the smooth
real-valued 2-form

(2-35) ! � d

�
�

�
� C

n

2.nC 1/
dc

I .�log jSD0 j
2
h0/
.nC1/=n

��
is cohomologous to ! and has compact support, where � is a cutoff function which is 1 in a neighborhood
of infinity and 0 on a compact set.

Now we claim that X 0 is a weak Fano manifold, ie X 0 is projective and K�1

X 0
is big and nef. Assuming

projectivity, the nef property is obvious because K�1

X 0
D ŒD0� for some smooth divisor D0 with ample

normal bundle, and it is also elementary to deduce the big property from this fact; see for example
[36, Lemma 2.3]. Projectivity follows from a similar reasoning as in the proof of [10, Theorem 2.1]; see
in particular [10, page 4, proof in the smooth case]. In short, one first proves, using the theory of the
Remmert reduction (see the beginning of Section 2), that K�1

X 0
is semiample. This also strongly relies

on the fact that K�1

X 0
D ŒD0�, where D0 has ample normal bundle. It then follows that X 0 is Moishezon,

which implies that Hodge theory holds on X 0. Also, h0;2.X 0/D 0 thanks to the Grauert–Riemenschneider
vanishing theorem [14, Satz 2.1]. Using the latter two properties, the fact that X 0 admits compactly
supported Kähler classes by Proposition 2.6, and another vanishing theorem on the open manifold X

due to Grauert–Riemenschneider [14, page 278, Korollar], one can explicitly write down a Kähler form
on X 0. The Kodaira embedding theorem now implies that X 0 is projective because we already know that
h0;2.X 0/D 0. We note that a similar gluing argument of Kähler forms will appear again in the proof
of Lemma 2.7 below. The argument works here even though, unlike in [10], D0 is not Fano, so that
H 1;1.X 0/ may not surject onto H 2.X /. The key point is that we are restricting ourselves to the case of
compactly supported Kähler classes on X .

To finish the proof of Theorem 1.3, it remains to identify the Ricci-flat Kähler metric ! on X with a slight
generalization of the construction given by Tian and Yau [35, Theorem 4.2]. Let M be an n-dimensional
projective manifold containing a smooth divisor D with ample normal bundle such that K�1

M
D ŒD�. Then

M is necessarily weakly Fano. Fix a defining section S 2 H 0.M;K�1
M
/ of the divisor D and denote

X �M nD. Following the beginning of the argument from [10] sketched above, one first proves that
K�1

M
is semiample. Here this also follows from the Kawamata basepoint-free theorem [22, Theorem 6.1]

because we already know that M is projective. Let E be the nonample locus of K�1
M

. This is a union of
some subvarieties of M that are disjoint from D. We fix a smooth hermitian metric zh on K�1

M
such that

its curvature form is nonnegative everywhere and is positive away from E. Write zv ��log jS j2
zh
.

We may view S�1 as a holomorphic volume form �X on X with a simple pole along D. Let �D be the
holomorphic volume form on D given by the residue of �X along D. Let hD be a hermitian metric on
K�1

M
jD such that its curvature form is a Calabi–Yau metric !D on D. Rescaling S if necessary, we may

assume that !n�1
D
D

1
2
.
p
�1/.n�1/2�D ^

x�D .
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One can extend hD to a smooth hermitian metric h on K�1
M

such that its curvature form is positive definite
in a neighborhood of D. Fix such an extension, denoted by hM . For any A 2R, we write hA � hM e�A.
Then it is easy to see that outside a compact subset of X , .�log jS j2

hA
/.nC1/=n is strictly plurisubharmonic.

As in the beginning of this section, by composing with a convex function we may find a global smooth
function vA on X with ddcvA > 0 such that

vA D
n

nC 1
.�log jS j2hA

/.nC1/=n

outside a compact set and vA is constant in a neighborhood of E.

Abusing notation, we denote by H 2
c;C.X / the subset of im.H 2

c .X /!H 2.X // consisting of classes k
such that

R
Y kp > 0 for any compact analytic subset Y of X of pure complex dimension p > 0. Notice

that any such Y must be contained in E.

Lemma 2.7 For all k 2H 2
c;C.X / and all numbers A 2R, � > 0, there exists a smooth Kähler form !A;�

on X such that Œ!A;� �D k and jrl
!A;�

.!A;� � �ddcvA/j!A;�
DO.jS j

ı0

hM
/ for some ı0 > 0 and all l > 0.

Proof By hypothesis, k is represented by a closed 2-form ˇ on X such that ˇ D 0 away from some
compact subset of X . In particular, ˇ trivially extends to a smooth closed 2-form on M . By the Grauert–
Riemenschneider vanishing theorem [14, Satz 2.1], or (because we are assuming that M is projective)
by the Kawamata–Viehweg vanishing theorem (see for example [24, Theorem 2.64]), we have that
h0;2.M /D 0. Thus, there exist a smooth closed .1; 1/-form � and a smooth 1-form 
 on M such that
ˇ D �C d
 . Because ˇ has compact support in X �M , it follows that � is d-exact on some open
neighborhood of D in M . In particular, �jD D ddcf for some smooth function f on D. We choose an
arbitrary smooth extension of f to M and replace ˇ by �� ddcf . Thus, we are now assuming without
loss of generality that ˇ is a smooth closed .1; 1/-form on M such that ˇjD D 0 and ŒˇjM � D k. It is
straightforward to check that such a form ˇ satisfies the exponential decay estimate from the statement of
the lemma with respect to any reference metric of the form � ddcvA outside a sufficiently large compact
subset of X . (If n > 3, then instead of applying the ddc-lemma on D it is possible to apply a stronger
ddc-lemma on the complement of a large compact subset of X to arrange directly that ˇ still has compact
support in X ; see for example [7, Lemma 4.3].)

Because k 2 H 2
c;C.X /, by the generalized Demailly–Păun criterion of [9, Theorem 1.1] there exists a

smooth function u0 on X such that ˇC ddcu0 is positive in a neighborhood U of E. Choose a cutoff
function � of compact support contained in U which equals 1 on a neighborhood of E, and let �D �.t/
be a cutoff function on Œ0;1/ which equals 1 when t 6 1 and vanishes when t > 2. For fixed A and � ,
we define

(2-36) !A;� � ˇC ddc

�
�u0CC1

�
� ı

�
1

C2

zv

��
� zvC �vA

�
:

It is straightforward to verify that if we first choose C1 large and then C2 large (depending on C1/, then
!A;� is globally positive on X .
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One can also see that !n
A;�
D e�fA;� �n �

1
2
.
p
�1/n

2

�X ^
x�X for some function fA;� which tends to zero

at infinity.

Lemma 2.8 Given any � > 0, there is a unique ADA.�/ such that

(2-37)
Z

X

�
!n

A;� � �
n 1

2
.
p
�1/n

2

�X ^
x�X

�
D 0:

Proof It is easy to check that the integral is finite for any A. For a given A, add and subtract !n
0;�

under
the integral sign and split up the integral accordingly. For " > 0 sufficiently small, we haveZ

jS jh6"

.!n
A;� �!

n
0;� /D �

Z
jS jhD"

.dcvA ^!
n�1
A;� � dcv0 ^!

n�1
0;� /:

By computing the boundary term explicitly and letting "! 0, one sees thatZ
X

.!n
A;� �!

n
0;� /D � �A�

n

Z
D

!n�1
D

for some � D �.n/ ¤ 0. The key point is that we only care the limit as " ! 0, and thus we only
need to understand the leading term and ignore all the lower order terms. This argument goes back to
[35, Lemma 4.6]. For a more detailed exposition, see also the very recent paper [6, page 14]. Then the
desired condition becomes a linear equation for A.

Using Lemmas 2.7 and 2.8 as ingredients, we now get the following existence theorem, which generalizes
the classical existence result of Tian and Yau [35, Theorem 4.2].

Theorem 2.9 Given any k2H 2
c;C.M / and � > 0, there is a complete Kähler metric !� D!A.�/;�Cddc�

on X such that Œ!� � D k and !n
� D �

n 1
2
.
p
�1/n

2

�X ^
x�X , and such that for some ı0 > 0 and for all

l > 0 we have that jrl
!A.�/;�

�j!A.�/;�
DO.e

�ı0.�log jS j2
hM

/1=2

/.

This follows from [35, Theorem 1.1] and [18, Proposition 2.4, Proposition 2.9(ia) and (ii)]. The correct
choice of ADA.�/ is crucial because otherwise the relevant Monge–Ampère equation cannot be solved by
direct methods. Once the equation has been solved for ADA.�/, it follows that a solution exists for all A

by adding vA.�/;��vA;� to the potential, but vA.�/;��vA;� is comparable to .A.�/�A/�.�log jS j2
hM
/1=n

at infinity, which is not even uniformly bounded for A¤A.�/.

Remark 2.10 The decay rate of the complex structure is of order O.e�.
1
2
�"/zn

/ for all " > 0. This is
much faster than the decay rate of the metric, which is in general only of order O.e�ız

n=2

/.

Theorem 2.11 Suppose we have a Kähler metric ! on X such that !n D C�X ^
x�X for some C > 0

and such that there exist � > 0 and A 2R such that jrl
!.!� �ddcvA/j! DO.e�ı.�log jS j2

h
/1=2

/ for some
ı > 0 and for all l > 0. Then ! D !� , where !� is the metric constructed in Theorem 2.9 in the class
kD Œ!� 2H 2

c;C.X /.

Proof By rescaling ! if necessary, we may assume that C D 1. As in the proof of Proposition 2.6,
we can see that ! D � ddcvA C d� outside a compact set, where � is a smooth real-valued 1-form
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such that jrl
!m
� j!m

D O.e�ı.�log jS j2
h
/1=2

/ for all l > 0. In particular, Œ!� 2 im.H 2
c .X /! H 2.X //.

Thus, if we let k denote the de Rham cohomology class of ! in H 2.X /, then we have that k 2H 2
c;C.X /.

Consequently, we can apply Theorem 2.9 to obtain a complete Calabi–Yau metric !� on X with Œ!� �D k.
By construction, we have that !n D !n

� . Then, as in the proof of Lemma 2.8, we can see that ADA.�/,
so we know that ! D !� C dz� , with jrl

!�
z� j!� DO.e�ı1.�log jS j2

h
/1=2

/ for some ı1 > 0.

Next, we solve the Poisson equation x@�x@uD x@�z�0;1 with respect to !� . Note that
R
X .
x@�z�0;1/ !n

� D 0

by definition, so we can apply [17, Theorem 1.5] to conclude the existence of a C1 solution u which
is uniformly bounded and satisfies

R
X jduj2!�!

n
� <1. Moreover, by the integration argument in the

proof of [18, Proposition 2.9(ia)], after subtracting a constant from u one actually has the asymptotics
jrl
!�

uj!� D O.e�ı2.�log jS j2
h
/1=2

/ for some ı2 > 0 and all l > 0. Let 
 � z�0;1 �x@u. By construction,
x@
 D x@�
 D 0 with respect to !� . Thus, by the Bochner formula, �j
 j2 > 0. Since 
 tends to zero at
infinity, it must vanish identically. It follows that ! �!� D ddc.

p
�1.xu�u//. Writing

(2-38) 0D !n
�!n

� D .! �!� /.!
n�1
C � � �C!n�1

� /;

then multiplying (2-38) by xu� u and integrating by parts, since xu� u is decaying, we conclude that
uD xu, hence ! D !� .

The second statement in Theorem 1.3 follows from Theorem 2.11 (applied to M D .X 0; I/) and
Proposition 2.6.

Proof of Corollary 1.4 By [34, Theorem 1.1], the weak Fano manifold X DX [D is simply connected.
Since �KX is big, D does not consist of a pencil, so by [28, Corollary 2.10], �1.X /' �1.�K�

X
/, where

�K�
X
D�KX n 0�K

X
. Letting N denote the unit circle bundle of �KX , the homotopy sequence of the

fibration S1!N !X yields

(2-39) �2.X /! Z! �1.X /! 0:

Since X is simply connected and �K�
X

deformation retracts onto N , noticing that KX is trivial over X ,
we have �1.N /Š �1.�K�

X
/Š �1.X /. By [30, Proposition 2], the first mapping factors as the Hurewicz

projection from �2.X / ! H2.X ;Z/ composed with the mapping ı W H2.X ;Z/ ! Z given by the
intersection paring with ŒD� 2Hn�2.X ;Z/, that is,

(2-40) ı.†/D

Z
†

c1.ŒD�/:

By Poincaré duality, this mapping is nontrivial, so the image is an infinite subgroup kZ � Z, and
consequently �1.X /D Z=kZ is cyclic, with k equal to the index of X .

The bound on the degree is a consequence of the following results. It is a classical result that the degree
of a weak del Pezzo surface satisfies 1 6 d 6 9; see for example [12, Chapter 8]. A bound on the degree
of a weak Fano threefold is proved in [23, Corollary 1.3]. Finally, Birkar [1, Theorem 1.1] proved that in
any dimension there is an a priori bound on the degree of a weak Fano manifold.
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3 ALH� gravitational instantons

The 3-dimensional Heisenberg group is

(3-1) H.1;R/�

8<:
241 x t

0 1 y

0 0 1

35 W x;y; t 2R

9=; :
Let .T2;gc;� / be the flat 2-torus corresponding to the lattice c.Z˚Z�/ � C with � 2 H and c > 0,
where H is the upper half-plane in C. Write �1 D Re.�/ and �2 D Im.�/. For b 2ZC, let Nil3b;c;� be the
nilmanifold corresponding to the quotient of the Heisenberg group by the subgroup generated by

.x;y; t/ 7! .xC c;y; t C cy/;(3-2)

.x;y; t/ 7! .xC c�1;yC c�2; t C c�1y/;(3-3)

.x;y; t/ 7! .x;y; t C �2b�1c2/:(3-4)

Definition 3.1 For b 2 ZC; c > 0; � 2H, and R> 0, the ALH� model space is

(3-5) Mb;c;� .R/� .R;1/�Nil3b;�;c

together with the hyperkähler Riemannian metric

(3-6) gM
� V .dx2

C dy2
C dz2/CV �1�2;

where z is the coordinate on .R;1/, V � 2�bc�2��1
2

z and � � 2�bc�2��1
2
.dt �x dy/.

Choose the following orthonormal frame for T �M:

(3-7) fe1; e2; e3; e4g D fV
1
2 dx;V

1
2 dy;V

1
2 dz;V �

1
2 �g:

Define three almost-complex structures on T �M by

I�M.e1/D e2; I�M.e3/D e4;(3-8)

J�M.e1/D e4; J�M.e2/D e3;(3-9)

K�M.e2/D e4; K�M.e3/D e1;(3-10)

which are dual to almost-complex structures IM;JM;KM on TM, respectively. Denote the Kähler forms
associated to I�M;J

�
M;K

�
M by !M

1
; !M

2
; !M

3
, respectively. These are explicitly given by

!M
1 D dz ^ � CV dx ^ dy;(3-11)

!M
2 D dx ^ � CV dy ^ dz;(3-12)

!M
3 D dy ^ � CV dz ^ dx:(3-13)

Taken together, this data defines a hyperkähler structure on M, which we denote as .M;gM;!M/. This
structure can equivalently also be specified as .M;gM; IM;JM;KM/.
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Definition 3.2 (ALH� gravitational instanton) A hyperkähler structure .X;g;!/ on a 4-manifold X is
called an ALH� gravitational instanton with parameters b 2 ZC, c > 0 and � 2H if there exist ı;R> 0,
a compact subset XR �X , an ALH� model space .Mb;c;� .R/;g

M/ and a diffeomorphism

(3-14) ˆ WMb;c;� .R/!X nXR

such that for all k 2N0,

jr
k
gM.ˆ

�g�gM/jgM DO.e�ız/;(3-15)

jr
k
gM.ˆ

�!i �!
M
i /jgM DO.e�ız/ for i D 1; 2; 3;(3-16)

as z!1.

According to [19, Proposition 3.1], any ALH� model space M together with its complex structure IM is
holomorphically isometric to a Calabi model space up to rescaling. This means the following. We can
view the flat torus .T2;gc;� / as an elliptic curve D. Then there exists an ample line bundle L!D of
degree b, together with a hermitian metric hL whose curvature form defines the flat metric

(3-17) 2�bc�2��1
2 gc;�

on D, such that the underlying complex manifold .Mb;c;� .R/; IM/ can be identified with the open set

(3-18) C� f� 2L W 0< j�jhL
< e�

1
2

z2
0 g

for some z0 > 0. Moreover, the Kähler form and the holomorphic 2-form on M are respectively given by
!1 D �!C for some � > 0 and !2C

p
�1!3 D ��C for some � 2C�, where

(3-19) !C �
2
3

p
�1@C

x@C.�log j�j2hL
/

3
2

and �C is a holomorphic volume form which has a simple pole along the zero section 0L and is invariant
under the natural C�-action on L. In addition, we have that

(3-20) z D .�log j�j2hL
/

1
2 ;

and this is the !C-moment map for the natural S1-action on L. We note here that hL is unique only up
to scaling, and the scale of hL is an important free parameter; see Lemma 2.8.

Thanks to this identification, an ALH� gravitational instanton is the same as a complete hyperkähler
4-manifold which is asymptotically Calabi in the sense of [19, Definition 4.1]. The proof of part (i) of
Theorem 1.5 follows from this equivalence and Theorem 1.3.

3.1 Compactification to rational elliptic surfaces

In this subsection, we prove part (ii) of Theorem 1.5. First, we recall some basic facts about the lowest
nontrivial eigenvalue of the Laplacian on .T2;gc;� /. The Z2-action on C is generated by

(3-21) .x;y/ 7! .xC c;y/; .x;y/ 7! .xC c�1;yC c�2/:
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The eigenfunctions of the Laplacian on .T2;gc;� / are given by

(3-22) �m;n.x;y/D e2�imc�1.x��1�
�1
2

y/e2� inc�1��1
2

y

for .m; n/ 2 Z2. The eigenvalues are

(3-23) �m;n D 4�2c�2
fm2
C ��2

2 .n�m�1/
2
g:

Using the PSL.2;Z/-action on H, we can assume without loss of generality that j� j> 1. Then the lowest
nontrivial eigenvalue is given by �1 D �0;1 D 4�2c�2��2

2
, with eigenfunction �0;1.

Next, we establish an almost optimal decay rate for any ALH� gravitational instanton.

Proposition 3.3 Let .X;g;!/ be an ALH� gravitational instanton with parameters b 2ZC, c > 0, � 2H.
Then , in suitable ALH� coordinates , (3-15)–(3-16) hold with ı D

p
�1� " for any " > 0.

Proof By Theorem 1.3, .X;g; I/ arises as a Tian–Yau metric on a weak del Pezzo surface M minus
an anticanonical divisor D. Thus, we can use the coordinate system ˆ from [19, Proposition 3.4]. The
Tian–Yau metric is of the form ! D !0C

p
�1 @x@u with jrk

gC
ujgC DO.e�"z/ as z!1 for some " > 0

and all k > 0. By [19, Proposition 3.4], the background Kähler form satisfies the asymptotics

(3-24) jr
k
gC
.!0�!C/jgC DO.e�"z

2

/

as z!1, for some " > 0 and all k > 0. Expanding the Calabi–Yau equation

(3-25) .!0C
p
�1 @x@u/2 D 1

2
�^�

yields that �gCuDO.e�2"z/ as z!1. Assume that 2" <
p
�1. Then the arguments of [19, Section 4]

allow us to conclude that uDO.e�2"z/ for any "2 .0; "/. Indeed, notice that [19, Proposition 4.12] holds
with ı D

p
�1, as is clear from the proof. Using this, we can find a function u�2" defined on fz >R1g

for some R1 > R such that u�2" D O.e�2"z/ for any " 2 .0; "/ and �gCu�2" D �gCu. The function
u�u�2" is then harmonic with respect to gC and is also o.1/ as z!1, so from [19, Proposition 4.10]
(part (2) of which is easily seen to hold with ı=2 replaced by any number greater than �

p
�1), we have

(3-26) u�u�2" DO.e.�
p
�1C"

0/z/

for any "0 > 0, which implies that uDO.e�2"z/ for any " 2 .0; "/. We can iterate this argument together
with standard local derivative estimates for the equation (3-25) to get

(3-27) jr
k
gC

ujgC DO.e.�
p
�1C"/z/

as z!1, for all k > 0 and " > 0. This implies (3-16) for i D 1 with ı D
p
�1� " for any " > 0.

Also, from Theorem 1.3 and [19, Proposition 3.4(a)], we have that

(3-28) jr
k
gM
.ˆ�I � IM/jgM DO.e�"

0z2

/

for some "0 > 0 and any k > 0 as z!1. Since g is Kähler with respect to I , the metric condition (3-15)
with ı D

p
�1� " then follows from (3-28) and the above estimates on ˆ�!1�!

M
1

.
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Finally, from [19, Proposition 3.4(b)], we have that

(3-29) jr
k
gM
.ˆ��X ��M/jgM DO.e�"

0z2

/

for some "0 > 0 and any k > 0 as z!1. Because �X D !2C
p
�1!3 and �M D !

M
2
C
p
�1!M

3
, the

conditions (3-16) for i D 2 and i D 3 actually hold for any ı > 0.

Remark 3.4 Proposition 3.3 could also be proved by following the arguments in [33, Section 6.5]. This
way of reasoning is analytically more involved, but it does not require Theorem 1.3.

We now produce a J -holomorphic function on X asymptotic to a nice JM-holomorphic function on M

that defines an elliptic fibration of M with the desired behavior at infinity.

Proposition 3.5 Let .X;g; I;J;K/ be an ALH� gravitational instanton. Then there exists a function
u WX !C which is holomorphic with respect to J and satisfies

(3-30) uD e
p
�1.zCiy/

Cf;

where jrkf jg DO.e"z/ for all k > 0, as z!1, for any " > 0.

Proof The function zC
p
�1y is a locally defined JM-holomorphic function on M because

(3-31) JM.dzC i dy/D�dyC i dz D i.dzC i dy/:

Consequently, hD e
p
�1.zCiy/ is a globally defined JM-holomorphic function on M. Identify X and M

at infinity using the ALH� coordinate system of Proposition 3.3. Fix a cutoff function � such that �D 1

for z > 4R and �D 0 for z < 2R. Using the fact that �gMhD 0 and Proposition 3.3, we have that

(3-32) �g.�h/DO.e"z/ as z!1; for all " > 0:

Claim 1 There exists a function f 2 C1.X / such that �gf D��g.�h/ and

(3-33) f DO.e"z/ as z!1; for all " > 0:

Proof of claim Using [19, Proposition 4.12], we can find a smooth function fM defined on M such that
fMDO.e"z/ as z!1 for any "> 0 and such that�gMfMD��gh. Thus, aiming to set f D�fMCf 0,
we can reduce to solving the equation �gf

0 D h0 for f 0 DO.e"z/ (for any " > 0), where

(3-34) h0 ���g.�h/��g.�fM/DO.e.�
p
�1C"/z/

for any " > 0 thanks to Proposition 3.3. In fact, we will now show that for any ı > 0 there exists a
ı > 0 such that the equation �gf

0 D h0 with h0 D O.e�ız/ is solvable with f 0 D ˛z CO.e�ız/ for
some ˛ 2R. This implies what we want. To prove this new claim, we first observe that the function z

is gM-harmonic. Thus, by Proposition 3.3, �g.�z/ D O.e.�
p
�1C"/z/ for any " > 0, so in particular

�g.�z/ 2L1.X; dVolg/. The divergence theorem now allows us to conclude that
R
X �g.�z/ dVolg > 0.
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Indeed, the corresponding boundary integrals in .X;g/ and in .M;gM/ are asymptotic to each other
because z grows more slowly than any exponential in z, and the boundary integral in .M;gM/ approaches
a positive constant as z!1 by direct computation. Thus, by replacing h0 by h0�˛�g.�z/ for some
suitable ˛ 2R, we can assume without loss of generality that h0 has mean value zero over X with respect
to dVolg. It now follows from [17, Theorem 1.5] that the equation�gf

0Dh0 is solvable for some smooth
and uniformly bounded f 0 with

R
X jdf

0j2g dVolg <1. It then also follows from the integration argument
in the proof of [18, Proposition 2.9(ia)] that any such f 0 satisfies the estimate jrk.f 0�C /jg DO.e�ız/

for some constant C and for any k > 0 as z !1. After subtracting this constant, the (new) claim
follows.

Since the function u� �hCf is harmonic, the 1-form ˛ � x@J u satisfies

(3-35) x@J ˛ D 0; x@�J ;g˛ D 0:

Since g is Kähler with respect to J , from Proposition 3.3, we have that

(3-36) jJ �JMjgM DO.e.�
p
�1C"/z/ as z!1:

Using the fact that hDO.e
p
�1z/ and x@JM

hD 0, we can deduce from (3-36) that x@J hDO.e"z/ for any
" > 0 with respect to gM. By (3-33) and standard local gradient estimates, the same bound holds for x@J f .
Thus, it holds for ˛ as well. Since ˛ has J -type .0; 1/, Re.˛/ is half-harmonic with respect to g thanks
to (3-35). By [19, Theorem 5.1], we conclude that ˛ � 0, which implies that u is J -holomorphic.

We now complete the proof of part (ii) of Theorem 1.5. Given our work so far, the proof is similar to
the proof in [3, Section 4.7]. Let u be the holomorphic function from Proposition 3.5. From (3-30), it
follows that all fibers of u near infinity are regular and are diffeomorphic to tori, hence all the regular
fibers of u are diffeomorphic to tori, and so u W X ! C is an elliptic fibration. The ALH� coordinates
define a submanifold near infinity by

(3-37) †0 D f.x;y; t; z/ W x D 0; t D 0g:

This is clearly a smooth section of the model elliptic fibration over U �C nBR.0/ for some R� 1. It is
moreover JM-holomorphic because for all p 2†0,

(3-38) Tp†0 D spanp

�
@

@y
;
@

@z

�
D fY 2 TpM W e1.Y /D e4.Y /D 0g;

and spanfe1; e4g is invariant under JM by (3-9).

We view the section †0 as a mapping �0 WU !X nXR . We next want to perturb �0 to a section � which
is holomorphic with respect to J . Given any smooth (not necessarily holomorphic) section � over U ,
we can define x@� 2 �.ƒ0;1.U /˝ ��T 1;0.F //, where T 1;0.F / is the .1; 0/ part of the vertical tangent
bundle, by restricting the differential ��˝C to T 0;1.U /, and then projecting to the .1; 0/ part. Next, we
use the 2-form �D !1C

p
�1!3, which is holomorphic with respect to J . If we insert the T 1;0.F /
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component of x@� into �, we can define �ˇx@� 2 C1.U;C/, since ƒ1;0.U /˝ƒ0;1.U /Šƒ1;1.U / is
a trivial bundle. Denoting h.u; xu/D�ˇx@�0, from basic theory of the x@-operator in U , we can solve
the equation .@=@xu/H D h on U . Choose an arbitrary point p 2 U and an affine holomorphic fiber
coordinate w over a small neighborhood Up of p in U . Then fw D 0g is a local holomorphic section
over Up, and the holomorphic 2-form can be written as � D f .u/ du^ dw, where f .u/ is nowhere
vanishing. It is easy to see that the smooth local sections

(3-39) �h;p �

�
H.u; xu/

f .u/

�
@

@w

over Up patch up to a well-defined smooth section �h over U , independent of the choice of local w
coordinate. Consequently, the section � � �0� �h is a holomorphic section defined over all of U .

After identifying U with a punctured disc �� using z D u�1 as a holomorphic coordinate, we can then
identify the elliptic surface with .��z �Cw/=.Z˚Z/, with the action given by

(3-40) .m; n/ � .z; w/D .z; wCmt1.z/C nt2.z//; where .m; n/ 2 Z˚Z

(t1; t2 are the periods), such that fw D 0g defines � ; see for example [18, pages 369–370]. Consequently,
there exists a compactification of X to an elliptic surface S such that X D S nF , where F is the fiber at
infinity. Since the cross-sections are diffeomorphic to nilmanifolds of degree b, the only possibility is that
the monodromy is of type Ib . It is easy to see that the form � is then a meromorphic 2-form on S with
a pole of order 1 along F , which implies that F has multiplicity 1. Since div.�/D�F , we have that
KS D�ŒF �. From Corollary 1.4, b1.X /D 0. A Mayer–Vietoris argument similar to that in the proof of
Corollary 1.4 above shows that b1.S/D 0. Arguing exactly as in [4, Theorem 3.3], we see that S is a
rational elliptic surface, with projection u W S ! P1, so is the blowup of P2 in 9 points. Consequently,
there exists a .�1/-curve E (the exceptional divisor of the last blowup). The adjunction formula then
implies that KS �E D�1, so the condition that KS D�ŒF � implies that there are no multiple fibers, and
E is a global section; see [15, Proposition 4.1].
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