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We consider slice filtrations in logarithmic motivic homotopy theory. Our main results establish con-
jectured compatibilities with the Beilinson, BMS, and HKR filtrations on (topological, log) Hochschild
homology and related invariants. In the case of perfect fields admitting resolution of singularities, we
show that the slice filtration realizes the BMS filtration on the p-completed topological cyclic homology.
Furthermore, the motivic trace map is compatible with the slice and BMS filtrations, yielding a natural
morphism from the motivic slice spectral sequence to the BMS spectral sequence. Finally, we consider
the Kummer étale hypersheafification of logarithmic K-theory and show that its very effective slices
compute Lichtenbaum étale motivic cohomology.
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1 Introduction

Logarithmic motives provide a framework for studying non-A!-invariant cohomology theories in arithmetic
geometry; see Binda, Lundemo, Merici and Park [11], Binda, Lundemo, Park and @stver [12; 13],
Binda and Merici [14], Binda, Park and @stvear [15; 16; 17], Merici [39] and Saito [48]. This paper
introduces logarithmic analogs of slice filtrations in motivic homotopy theory defined by Voevodsky [50]
and Spitzweck and @stvear [49]. The slice perspective produces explicit calculations, see Isaksen and
@stveer [30] for a survey, and remains a powerful tool in homotopy theory following the solution of the
Kervaire invariant one problem by Hill, Hopkins and Ravenel [27]. Examples of applications of motivic
slices include a proof of the Milnor conjecture on quadratic forms by Rondigs and @stver [44] and
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calculations of universal motivic invariants by Rondigs, Spitzweck and @stver [46; 47]. One of the main
purposes of this paper is to compare the logarithmic slice filtration with the Bhatt—-Morrow—Scholze [9]
filtration on topological Hochschild homology and refinements.

Assuming that k is a perfect field of characteristic p and A is a smooth k-algebra, Bhatt, Morrow and
Scholze [9, Section 1.4] expected that their filtrations on topological Hochschild homology THH(A; Z )
(and the related theories TC™ (A4; Zp), TP(A; Zp), and TC(A; Zp)) afford a precise relation with filtrations
on algebraic K-theory K(A) (see Friedlander and Suslin [24] and Levine [33]) via the trace maps

K(A) — THH(4; Zp), TC™ (A4; Zp), TP(A; Zp), TC(A; Zp).

In the literature, these filtrations are often called “motivic filtrations”. Mathew [37, page 4] verified this
expectation by showing that the filtrations are compatible using Postnikov towers in (pro-)Nisnevich and
(pro-)étale topologies. Furthermore, Mathew raised a deeper question regarding the existence of a unified
construction that could realize both filtrations.

This paper aims to explore the motivic properties of these filtrations using logarithmic motivic homotopy
theory developed in [17] and provide a first positive answer in this direction. A brief recapitulation of
Voevodsky’s slice filtration in A!-homotopy theory will help clarify our approach. In algebraic topology,
a standard method to understand a spectrum FE is to study its Postnikov tower, ie how it is built out
of topological Eilenberg—Mac Lane spectra. Sending E to its (n—1)-connected cover E ) defines a
functor from SH to the full subcategory ¥”SHx( of (rn—1)-connected spectra, which is right adjoint
to the obvious inclusion. Replacing the category £"”SH> with the category £2""SH(S)"' measuring
G -effectivity, Voevodsky defined a motivic analog of the Postnikov tower, known as the slice tower

typ 1 E—->HLE—->f,_ E—---—F

for any motivic spectrum £. When E = KGL is the spectrum representing algebraic K-theory, the induced
spectral sequence is the motivic Atiyah—Hirzebruch spectral sequence of Levine [33] and Voevodsky [51].

Since (topological) Hochschild homology and its variants are not A'-homotopy invariant (in fact, the
Al-localization of THH is trivial, see eg Elmanto [21]), there is no motivic spectrum in SH(S) representing
them and thus Voevodsky’s slice machinery is inapplicable. In [17], we developed an extension of SH(.S)
using the language of log schemes and proved that there are indeed P !-spectra representing THH and
variants. The HKR filtration, the Beilinson filtration, and the Bhatt—Morrow—Scholze filtration on HH,
HC™, THH, TC™ and so on are all compatible with the bounding maps defining the motivic spectra HH,
HC~, THH, TC™ and relatives, giving rise to filtered P! -motivic spectra. See Propositions 4.9 and 5.8.
In [17, Definition 6.5.6] we also constructed a P ! -motivic spectrum KGL (denoted by logKGL in [17]),
representing algebraic K-theory, equipped with a motivic lift of the (logarithmic) cyclotomic trace map
when S = k is a perfect field admitting resolution of singularities. See [17, Theorem 8.6.3, Remark 8.6.4].

In this work, we propose an analog of Voevodsky’s slice filtration within the context of logSH(S') and its
linearized variant logDA(S). We define the effective category logSH(.S)® as the localizing subcategory
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of logSH(S) generated by PP !-suspensions of (X, dX) € SmISm/S, where X € Sm/S and 9X is a strict

normal crossing divisor on X. Similarly, we define the coeffective category logSH(.S)c¢!f

as its right
orthogonal in the obvious sense. Through (de)suspension, we obtain the n-effective and the m-coeffective
categories for every n, m € 7. Following Spitzweck and @stver [49], we will consider the very effective
version of the slice filtration in logSH(S). Rather than measuring G,-effectivity, the very effective
slice filtration measures PP !-effectivity and has strong convergence properties. Our main results are the

following. Below, when Fil, ¥ is a filtration on &, we set Fil” ¥ := cofib(Fil,,+; ¥ — %) for n € Z.

Theorem 1.1 (see Theorem 4.14) Let R be any ring, and let S — Spec(R) be a smooth R-scheme. For
n € Z, the complexes

Fil! . HH(—/R), Fil! HC™(—/R), Fil’ HP(—/R)

are n-co-very effective, that is, they belong to the subcategory logDA(S)gf of Construction 2.4. In

particular, there are canonical morphisms
f,HH(—/R) ~ *""fyHH(—/R) — Fill'X8 HH(—/R),

and similarly for HC™ and HP, where f, denotes the n™ very effective slice functor in logDA(S).

Theorem 1.2 (see Theorem 5.17) Let S be the spectrum of a p-adic quasisyntomic ring R. Forn € Z,
the filtered spectra

Filgys THH(—; Zp),  Filgyg TC™ (—:Zp), Filgys TP(—; Zp), Filgys TC(—; Zp)
are in logSH(S )Vse,flf In particular, there are canonical morphisms
f,THH(—; Z,) ~ *""fyTHH(—; Z,) — FilEMS THH(—; Z,,),
and similarly for TC™, TP and TC.

Assume now that S = Spec(k) is a field of positive characteristic p, admitting resolution of singularities.
Since topological cyclic homology and variants are, in any case, étale sheaves, we can consider an étale
variant of the very effective slice filtration in the subcategory spanned by p-completed objects in logSH (k).
Our result is then the following.

Theorem 1.3 (see Theorem 7.5) Let k be a perfect field admitting resolution of singularities. Then, the
induced morphism
f5TC(—; Zp) — FilPMS TC(—; Z))

A

is an equivalence in the oo-category of p-complete Kummer étale motives logSH, ; (k) 1/7\ for every integeri.

Here, we denote byf}‘é‘ the i very effective cover in logSHy, (k)p-
In other words, despite having very different origins, we can identify the slice and the BMS filtration.
We see this as an answer to Mathew’s question for TC(—; Z), ie the slice filtrations realize the two
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“motivic filtrations” on K and TC(—; Zp). We remark that the proof of the above theorem crucially relies
on Geisser and Levine [26], together with a motivic version of the prismatic—crystalline comparison by
Binda, Lundemo, Merici and Park [11].

It is a natural question to compare the slice towers in logSH(S) and SH(S). When the base S is the
spectrum of a field that admits resolution of singularities, we can combine the above results with the trace
methods and obtain the following.

Theorem 1.4 Let k be a perfect field of characteristic p > 0 admitting resolution of singularities.

(1) The log motivic trace maps in logSH (k)
KGL — THH(—;Z,), KGL — TC™ (—;Zp),
KGL — TP(—;Z)), KGL — TC(—;Zp)

are compatible with the slice filtrations on the left-hand sides and the BMS filtrations on the
right-hand sides.

(2) The natural maps
KGL — TC(—; Zp) - TC (= Zp) — TP(—; Zp), THH(—; Z ;)
on the graded pieces give rise to the natural maps

MZ(i)[2i] = Lpros WL, [i] — Fil} WR[2i] — WR[2i]. Fil;*™ @[2i].

(3) The graded pieces of the log trace maps yield natural morphisms for every X € SmlSm/ k
RTUyot(X — 0X, Z(i)) = RT (X, 75'Q),
RTimot(X — X, Z(i)) — Ry (X, Fil} WQ),
Rl ot (X —0X,Z(i)) - Rl (X, W),
R (X — 0X, Z(i)) = RT o (X. W Qi [—i]).

where the left-hand side denotes Voevodsky—Suslin—Friedlander motivic cohomology [53] with
integral coefficients.

In light of Levine’s comparison [33, Theorem 9.0.3] between the homotopy coniveau tower and the slice
tower, we obtain in particular that for X € SmISm/ &, the log trace maps

K(X —0X) - THH(X;Z,), K(X —0X)—TC (X;Zp),
K(X —0X) — TP(X;Zp), K(X —0X) - TC(X;Zp)
are compatible with the homotopy coniveau filtrations on the left-hand sides and the BMS filtrations

on the right-hand sides. As an immediate corollary, we obtain a natural morphism from the motivic
Atiyah—Hirzebruch spectral sequence [33, Section 11.3]

EP? = HL (X —0X,Z(~))) = m_i—jK(X —3X)
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to the log version of the BMS spectral sequence [9, Theorem 1.12(5)] (see [13, Theorem 1.3] for the
log case)
E) =HJ(X.Zp(—))) = n_i—jTC(X;Zp)

syn
for X € SmISm/ k and in particular for X € Sm/ k. In particular, we get directly that the morphism
Hypo(X = 0X. Z(})) = Hign (X =X Zp(}))

considered in [9, Corollary 8.21] and [5, Theorem 6.15] (using Geisser—Levine to identify p-adic motivic
cohomology) factors canonically through the log syntomic cohomology Hs"yn (X.Zp(j)). Note that
the input of [26] is not necessary to obtain the map: it is just a consequence of the compatibility
between the slice filtration and the BMS filtration, together with [33, Theorem 6.4.2]. For p-adic motivic
cohomology with Q,-coefficients, a similar refinement has been considered by Ertl and Niziol in [23];

see Remark 7.11. The comparison between motivic cohomology and syntomic cohomology (the non-log
case) is also considered in the recent work of Elmanto and Morrow [22].

The nontopological counterpart (for classical cyclic, periodic and Hochschild homology) also holds.

Theorem 1.5 Let k be a perfect field of admitting resolution of singularities (eg chark = 0).
(1) The log motivic trace maps in logSH(k)
KGL — HH(-/k), KGL — HC (—/k), KGL — HP(—/k)
are compatible with the slice filtrations on the left-hand sides, the HKR filtration on HH, and the
Beilinson filtrations on HC™ and HP.

(2) The graded pieces of the log motivic trace maps are identified with
MZi)[2i] — '[i], MZ@()[2i] - Z[2i], MZ(@)[2i] - Q[2i].
(3) The graded pieces of the log trace maps yield natural morphisms
RTmor(X — 30X, Z(i)) = RTgnis(X, R5)[—i],
RTmor(X — X, Z(i)) = RTgnis(X, %),
RTmot(X — 03X, Z(i)) — RTgnis(X, ).

We remark that the compatibility between the slice filtration and the BMS filtration along the trace map
has been established using completely different methods; see again [22] and the upcoming work of
Bachmann, Elmanto and Morrow. Our results refine such statements (at least over a field), since the trace
map further factors through the log invariants, in a way that is compatible with the motivic filtrations on
the source and target.

Finally, in the last section of the paper, we consider the slice filtration in the (hypercomplete) Kummer
étale version logSH”, (k) of logSH(k).

két
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Theorem 1.6 (see Theorem 7.7) Let k be a perfect field admitting resolution of singularities, and
assume that the étale cohomological dimension of k is finite.

There are natural equivalences
K L KGL ~ 5F L. KGL ~ Ly4s;KGL ~ Li¢5;KGL ~ £ [,  MZ

in logSH{(\ét(k). Moreover, Li;MZ represents Lichtenbaum étale motivic cohomology (see Mazza,
Voevodsky and Weibel [38, Lecture 10]) when restricted to Sm/ k.

For X € SmlSm/ % note moreover that there is a natural equivalence
mapjoesiyy (k) (Z°° X+ L KGL) > LigK(X),

where the right-hand side is the Kummer étale hypersheafification of the functor X +— K(X — dX) for
X € SmISm/ k. In particular, for X € Sm/ k it is just étale K-theory.

Remark 1.7 Theorem 1.4 provides in particular a natural map for every X € SmlSm/ k
RT(X — 0X. Z(i)) > RTgpoe(X. WQL [—i]).

As pointed out by a referee, one could also consider the composite morphism

RT(X — X, Z(i)) = RT(X — X, 1>;Z(i)) — RT (X — X, %M[—i]) g, RT e (X, W QL[]

where %lM is the sheaf of Milnor K-theory, and the dlog map can be constructed using for instance the
argument in Jannsen, Saito and Zhao [31, Section 1]. It is reasonable to expect that the maps agree.
However, this does not follow directly from our results since one would have to explicitly check the
shapes of the cyclotomic trace and the resulting map after applying the slice filtration. We leave this
problem to the interested reader.

Remark 1.8 (on resolution of singularities) For the K-theoretic applications we have assumed to be
working over a field £ admitting resolution of singularities. This is used in the explicit computation of
the right adjoint w* from Voevodsky’s motives to log motives, that on a smooth k-scheme X satisfies
w*(X) = (X, 0X), where X is a smooth proper compactification of X, with normal crossing boundary 9.X.
This simple formula allows us, for example, to identify w*KGL as well as w*MZ, and to show that
o™ commutes with taking (very effective) slices. Using the above, we can directly invoke the known
results in SH(k). One may ask about compatibility between @w™* and f,, without assuming resolution of
singularities. We expect that the analog of Levine’s computation holds for the log K-theory spectrum
logKGL defined in [17, Section 6.5]. We plan to address this question in future work.

1.9 Outline of the proofs Let us discuss the main idea of the proof of Theorems 1.1 and 1.2. In [17],
we constructed motivic spectra in logSH(S) representing logarithmic Hochschild, periodic, and cyclic
homology. Such spectra are Bott periodic spectra, in the sense that the strict Nisnevich sheaf HH(—) of
spectra on 1Sch/S' satisfies 2p1 HH ~ HH (and similarly for HP(—) and HC™ (—)). The compatibility of
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the P!-bundle formula with the HKR and the Beilinson filtration allows us to show (see Proposition 4.11)
that we can promote the construction and obtain filtered motivic IP!-spectra, satisfying the equivalence

Fil]' "8 HH(—/R)(1)[2] ~ Fil}'f R HH(—/R),

and similarly for HP and HC™ with the Beilinson filtration, for any ring R. At this point, the coeffectivity

of Filjjxr HH with respect to the -structure given by the very effective slice tower is a direct consequence
of the vanishing of the sheaf cohomology H?/ (X, QIJ‘, / g) for negative j.

The topological counterpart, that is, for THH and variants, is proven by a conceptually similar method.
More precisely, one shows using the P! bundle formula that the BMS filtration on THH gives an
equivalence

FilP™S THH(—: Z,)(1)[2] ~ FilPM THH(—: Z)),

and similarly for TP, TC™ and TC; see Proposition 5.11. The coeffectivity statement can then be deduced
by passing to the associated graded, reducing to vanishing in (log) prismatic cohomology. This is shown
by log quasisyntomic descent. Overall, the coeffectivity results immediately imply the existence of the
natural morphisms between the very effective slice tower and the BMS, HKR and Beilinson filtrations.

Let us now consider the natural functor w*: SH(S) — logSH(S), right adjoint to the A!-localization
functor from logSH(S) to SH(S) for S a scheme. When S = Spec(k) is a perfect field that admits
resolution of singularities, it is easy to show that w* commutes with the (very effective) slice filtration on
both sides. Using the results in [17, Section 7.7] and Levine [33, Theorems 6.4.2 and 9.0.2], we can then
identify the very effective slices of @*KGL with motivic cohomology in logSH(k). Combining this with
Theorems 1.1 and 1.2 we obtain Theorems 1.4 and 1.5.

Finally, in Section 7, we consider the very effective slices of Kummer étale K-theory. This allows
us to consider a spectrum representing Lichtenbaum étale motivic cohomology in logSH, 4 (k): if k
admits resolution of singularities, this is computed by the zeroth very effective slice of the Kummer étale
sheafification of KGL. See Theorem 7.7. Using Geisser—Levine as input, together with the identification
MZ;’,Yrl (i) ~ LsproétWSZng[—i] as motivic spectra from [11], we can further show that in the Kummer
étale (or in the strict étale) p-complete category, we have Fil?MS TC(—Zp) € (logSHl’(\ét (k)ﬁ)vgiff. Since
we have already proved in general that Fil?MS TC(—;Zp) is also i-co-very effective, we conclude.
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2 Slices for logarithmic motives

Throughout this section, let S’ be a quasicompact and quasiseparated scheme, and let T be any topology on
the category 1Sch/.S generated by a family of morphisms in ISm/.S. Here, ISch/S denotes the category
of fs log schemes of finite type over S, and 1Sm/S denotes the category of log smooth fs log schemes
of finite type over S. Recall that the category SmlSm/S is the full subcategory of 1Sm/.S consisting of
X €1Sm/S such that X € Sm/S. By [17, Remark 2.2.19], [16, Lemma A.5.10], it can be equivalently
described as the category of pairs X = (X, dX) such that X € Sm/S, X — dX is an open subscheme
of X, and the closed complement d.X is a strict normal crossing divisor on X. We see (X, dX) as a log
scheme with the compactifying log structure given by the embedding X — X C X.

We work with the Nisnevich sheaf of stable presentable symmetric monoidal co-categories
Sch® — CAlg(Prypq, ). S+ logSH, (S, A)®,

given by
logSH, (S, A)® := Spp1(Sh;(SmISm/S, Modp)[(P*, P*~1)~1)®

introduced in [17, Section 3.4], where A is an [E -ring, and Mod denotes the oo-category of A-module
objects in Sp. Note that this co-category is equivalent to the model obtained by looking at (P!, co)-local
dividing Nisnevich sheaves on 1Sm/S by [17, Corollary 3.4.7]. It admits a symmetric monoidal structure
and is presentable and stable by [36, Theorems 4.5.2.1(1) and 7.1.2.1, and Corollary 7.1.1.5]. To simplify
the notation, we will often omit the superscript ®. If A is the sphere spectrum S, then we omit A in
logSH, (S, A). If A is the Eilenberg—Mac Lane spectrum HR for a commutative ring R, then we set

logDA(S) :=10gSH, (S, HZ) and logDA_(S, R):=1logSH_(S, HR).
If 7 is the strict Nisnevich topology, we omit the subscript t.

We will be using the following conventions for filtrations. Let & be an object of an oco-category 6.
The oco-category of filtered objects of € is Fun(Z°P,€), where Z°P is the category consisting of the
integers such that Homge (i, j) is * if i > j and @ if i < j. A filtered object %(—) of € is complete if
lim; %(i) >~ 0. The underlying object of F(—) is F(—o0) := colim; F(i). The filtration %(—) on F(—o0)
is exhaustive. We write

Fil;  := %(i), Fil' ¥ := cofib(Fil;1; F — %), gr; ¥ := cofib(Fil; | ¥ — Fil; &).
Observe that we have gr; F ~ fib(Fil' ¥ — Fil'~! %).
The slice filtration on SH(S) is due to Voevodsky [50, Section 2]. We have its direct analog on logSH(.S)
as follows.

Construction 2.1 Let logSH, (S, A)*T C logSH, (S, A) be the category of effective spectra, that is,
the full stable co-subcategory of logSH, (S, A) generated under colimits by 2”502%91 X4+; here Ei’fl Xy
(denoted by X% X in [17]) is the P1-suspension spectrum of X € SmISm/S equipped with an extra
basepoint, 7 is an integer, and X7+9 tensoring with the log motivic sphere S?~9 ® (A!/(Al,0))®4
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(equivalently, it is the localizing subcategory as a triangulated generated by EIT,?I X+ for varying X, which
means the smallest full triangulated subcategory containing those objects and closed under direct sums).
See also [15, Section 4] for a quick recollection.

For every integeri € Z, let Efp,l logSH, (S, A)* C logSH, (S, A) be the full subcategory of logSH, (S, A)
generated under colimits by E;P,] E for E €logSH, (S, A)°. These categories form an exhaustive filtration
of logSH, (S, A) by subcategories

-+ C Zpf ' ogSH, (S, A)*" C £, 10gSH, (S, A)*" C -+ C logSH, (S, A).

Definition 2.2 We will write logSH_(S. A)ezfg for Z‘fp,llogSHr (S, A)° and call it the co-category of
i-effective spectra.

Similarly, let logSH_ (S, A)eﬁff be the oco-category of i-coeffective spectra, that is, the full subcate-
gory of logSH (S, A) spanned by those objects ¢ such that Homyuesh, (5,4)(F,9) =~ 0 for every

ff
F elogSH, (S, AT, ;-

The inclusion ¢; : EfP,llogSH, (S, AT C1logSH, (S, A) preserves colimits and so admits a right adjoint r;.
Let f7 — id be the counit of this adjunction pair, and let fi_l be the cofiber of this natural transformation.
Observe that t.he essential image of fi is in EfpllogSHt (S, A)°fT. We set s; 1= cofib(ff ; — f7). We
omit 7 in f}, f2 and sl.t when 7 = sNis.

We also remark that the inclusion ¢; preserves compact objects. Thus, its right adjoint r; preserves filtered
colimits [35, Proposition 5.5.7.2], and hence the composite f; = ¢;1; preserves filtered colimits too.

Remark 2.3 The category logSH(S)®" is a stable symmetric monoidal co-subcategory of logSH(S).

We also consider the log version of the very effective slice filtration following Section 5 of Spitzweck
and Ostver [49].

Construction 2.4 Let logSH, (S, A)** be the smallest full subcategory of logSH, (S, A) containing
Zﬁ',,ol X+, closed under colimits and closed under extensions in the sense that if X — Y — Z is a
cofiber sequence in logSH, (S, A) with X and Z in logSH, (S, A)**, then also Y € logSH, (S, A)*ef.
We note that logSH, (S, A)**f is a symmetric monoidal co-subcategory of logSH, (S, A), but unlike
logSH, (S, A)° it is not stable.

We can consider the colimit-preserving inclusions (we omit t and A for simplicity)
2 ogSH(S)*" € x4, 10gSH(S)"" € X5 logSH(S)*" C -+ C logSH(S),
giving rise via their right adjoints to functorial filtrations

E—TE—-f_E—>---—E,

fiy
where each ?i’ is the right adjoint to the inclusion Efp JogSH_ (S, A)* C 1ogSH,(S, A). The very
effective slice functors 7 : 1ogSH_ (S, A) — logSH_ (S, A) are then defined by the cofiber sequence

f'E

T ~T
it —>fl- -5
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Note that one can effectively “compute” the i " slice as STE ~ Eﬁ»l o

that satisfies Bott periodicity Xp1 £ >~ E. As before, we omit 7 in 7 and fé when t = sNis.

U E for every motivic spectrum FE

Definition 2.5 We will write logSH_ (S, A)Velct for E’ logSH_ (S, A)"°. We define for every integer i
the category logSH, (S, A)Veff to be the category of co-very effective spectra, that is the full subcategory
of logSH_ (S, A) that is spanned by those objects § such that Homyuesh, (5,4)(F,9) == 0 for every

F € logSH,(S. A)Veff We similarly write logSH, (S, A)Vsel.ff for the right orthogonal subcategory to

ff
logSH (S, AT ;-

Remark 2.6 For every integer i, observe that we have the obvious inclusions

logSH(S)Veff C logSH(S)eff and logSH(S)Bff C logSH(S)Veff.

Remark 2.7 Assume that S = Spec(k) is a field and that = dNis. As in Al-motivic homotopy
theory, logSH, (k, A)*" is the connective part of ¢-structures on logSH, (S, A) and on logSH, (S, A)°f
by [36, Proposition 1.4.4.11]. Note that the analog of Morel’s connectivity theorem in the log setting
[14, Theorem 3.2], together with semipurity [14, Theorem 4.4], gives that this is exactly the nonnegative
part of the standard homotopy z-structure; see [40, Theorem 5.2.3].

Remark 2.8 A similar construction can be performed in other motivic settings. For example, one
could consider, in the category of IP!-spectra MS introduced by Annala and Iwasa [2], the subcategory
MSVeff generated by E X+ for X € Sm/S and closed under colimits and extensions. Again by
[36, Proposition 1.4.4.11], this is the connective part of a ¢-structure on MSg (that we can call the
homotopy ¢-structure, if the expected connection to homotopy sheaves holds). We can consider the
colimit-preserving inclusions

ehIMSET C 2, MS§" C - C MSg,
giving rise via their right adjoints to functorial filtrations
¥i+1E —fE—>---—>E

for any spectrum E.

Recall from [17, Construction 4.0.19] that there is a symmetric monoidal functor
Ay:MSg — logSH(S)
induced by the functor A: Sm/S — SmISm/S given by A(X) := X (seen as log scheme with trivial log

structure). The following is immediate from the definitions.

Proposition 2.9 Let S be any quasicompact quasiseparated scheme. Then for every integer n we have
the inclusion ME%IMSV;H C 37, logSH(S)*".
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We record some elementary properties of the slice filtration.

Lemma 2.10 Let t’ be a topology on SmISm/ S finer than t. Then for every integer i, the t’-localization

functor
L. :1ogSH, (S, A) = 1logSH_/ (S, A)

sends logSH_ (S, A)Cff into logSH,/ (S, A)‘;ff, and its right adjoint

t:1ogSH/(S., A) — logSH, (S, A)
sends logSH_/ (S, A)eﬁfg into logSH_ (S, A)effg. A similar result holds for the very effective version, too.
Proof We only give proof for the effective version. The statement about the left adjoint is a consequence

of the fact that L,/ preserves colimits and sends 2" X® X, to £2"" ¥ X, for every integer n. Use

the natural isomorphism

HomlogSH (S,A) (%, L(g) = HomlogSH /(S,A) (Lr’%,(g)

for & € logSH_ (S, A)S and 9 € logSH_/ (S, A)etf to deduce the statement about the right adjoint. O

>z+1
Lemma 2.11 Let A — A’ be a map of E-rings. Then the base-change functor

—®p A" logSHr (S, A) — logSH,(S,A’)
sends logSH_ (S, A)S eff into logSH, (S, A’ >l, and the restriction functor

logSH, (S, A") — logSH, (S, A)

sends logSH_ (S, A )eff tologSH,_ (S, A)eﬁc A similar result holds for the very effective version, too.
Proof This is a consequence of the fact that — ® o A’ preserves colimits and sends 2" E® X to
$2mn50 X, for every X € SmISm/S and integer . i
In particular, the restriction functor for the morphism S — HZ

logDA(S) = logSH(S, HZ) — logSH(S)
sends logDA(S)eff to logSH(S)eff
The following easy lemma will be useful for the main theorem later in the text.
Lemma 2.12 If % € logSH,(S, A) admits a filtration such that Fil' % € logSH_ (S, A)esfg for every
integer i, then there exists a unique natural morphism of filtered objects

ffF — Fil, F

whose morphism of underlying objects is id: & — %. Similarly, if &% € logSH_ (S, A) admits a filtration

such that Fil' & € logSH, (S, A)Vﬁel.ff for every i, then there exists a unique natural morphism of filtered
objects

~

ff% — Fil, &

whose morphism of underlying objects is id: & — F.
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Proof We only give proof for the effective version. Consider the naturally induced maps

fiF — 1 (Fil' #) = Fil' &
where the first map is obtained by functoriality and the second map is the inverse of the counit of
the adjunction, which is an equivalence since Fil’ % € logSH_(S. A) for every integer i. By taking

fib(F — (—)), we get the desired morphism f? % — Fil, %. For its uniqueness, consider the induced exact
sequence

Homyogsn, (s,a) (2" 0fF, | F. Fil' ) — Homyeesu_ (s, ) (2 F, Fil’ F)
—> HomlOgSH (S,A) (J" Flll 9;) —> HomlOgSH s, A)( i+1 ¥, Flll @)

The first and fourth terms are 0 since $!0 sends logSH, (S, A ‘;ff 4 into itself (note that this works
verbatim for logSH_ (S, A)Veft , as well, since it is closed under colimits, hence in particular under
positive suspensions). This establishes the uniqueness of f*% — Fil* ¥ and hence the uniqueness of

f°F — Fil, F. O

3 Slice filtration on K-theory

One of the fundamental results in A!-homotopy theory is the equivalence s;KGL ~ %2*'MZ in SH(k),
where k is a perfect field, due to Voevodsky [52] in characteristic zero and Levine [33] in general (this is
now known more generally, eg over Dedekind schemes by [7] and [46, Theorem 2.19]). The effective
and the very effective slices of KGL coincide, see [1, Lemma 2.4], so that, in particular, the motivic
Eilenberg—Mac Lane spectrum MZ is very effective.

In this section, we promote this to logSH(k), assuming resolution of singularities.
Proposition 3.1 Let S be a quasicompact quasiseparated scheme. Then, for every integer i, we have the

inclusion
w*SH(S)%: C logSH(S)Z,.

A similar result holds for the very effective version, too.
Proof By adjunction, it suffices to show wylogSH(S)< eff C SH(S)Z eff and wglogSH(S)¥ Veff C SH(S "eff.

This holds since wy preserves colimits and wy X" °E°°Y+ ~ ¥ OE°°(Y dY)4 forY € SmlSm/ S and
integer n. |

Proposition 3.2 Let k be a perfect field admitting resolution of singularities. Then, for every integer i,
we have the inclusion
w*SH(k)& C logSH (k).

A similar result holds for the very effective version, too.
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Proof For X € Sm/k, there exists proper ¥ € SmISm/k such that ¥ — dY = X by resolution of
singularities. Due to [43, Theorem 1.1(2)], we have an equivalence w*X*0E® X, ~ 70%®Y, for
every integer n. To conclude, observe that w* preserves colimits by [43, Theorem 1.1(4)]. |

Proposition 3.3 Let k be a pertfect field admitting resolution of singularities. For % € SH(k) and
integer i, there is a natural equivalence
w*f,@ >~ f,-a)*?%

in logSH(k). A similar result holds for the very effective version, too.

Proof We have the natural fiber sequence
fiw*f;F — f;0*F — fio* 1 F

in logSH(k). Proposition 3.2 implies f;w*f; % ~ w*f; %, and Proposition 3.1 implies fjw*f' =1 F ~ 0.
From these, we obtain the desired equivalence. a

Let now KGL denote the motivic P !-spectrum representing algebraic K-theory in logSH(k) constructed
in [17, Definition 6.5.6] (denoted by logKGL in loc. cit.), and let MZ € logSH(k) denote the motivic
IP!-spectrum representing integral motivic cohomology constructed in [17, Definition 7.7.5], denoted
by logMZ in [loc. cit.]). Since KGL and MZ satisfy the property that MZ ~ w*MZ when k admits
resolution of singularities, and KGL ~ w*KGL in general, we may unambiguously drop the prefix log
from the notation.

Theorem 3.4 Let k be a perfect field admitting resolution of singularities. Then the slice filtration and the
very effective slice filtration on KGL € logSH(k) agree and are complete and exhaustive. Furthermore,

there are natural equivalences
siKGL ~§;KGL >~ MZ(i)[2i]

inlogSH(k) for every integer i, where MZ(i)[2i] denotes the suspension X2*'MZ.

Proof We have equivalences

1 2 3 .. 4 ..
s;KGL Q sio*KGL @ w*s;KGL Q@ w*T*MZ @ »2iMZ,

in logSH(k), where (1) is due to [17, Definition 6.5.6], (2) is due to Proposition 3.3, (3) is due to
[33, Theorems 6.4.2 and 9.0.3], and (4) is due to [17, Proposition 7.7.6].

We also have f;KGL >~ o*f;KGL. To show that the slice filtration on KGL € logSH(k) is complete
and exhaustive, it suffices to show that the slice filtration on KGL € SH(k) is complete and exhaustive

since @™ preserves colimits and limits. The fact that KGL is slice complete can be found, for instance, in
[45, Lemma 3.11].

For the very effective slice of KGL € logSH(k), use [1, Lemma 2.4] and argue similarly as above. O
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4 HKR filtration on logarithmic Hochschild homology

Throughout this section, we fix (R, P) a pre-log ring, and S a quasicompact quasiseparated scheme over
Spec(R). In practice, the reader can ignore P in most statements and assume that R is always considered
with a trivial log structure.

Our goal is to construct the HKR filtration on HH(—/R) and Beilinson filtrations on HC™ (—/R)
and HP(—/R) in logDA(S), which are the P !-stabilized versions of the corresponding filtrations on
HH(—/R), HC™ (—/R) and HP(—/ R), built, in the log setting, in our previous works [12] and [13]. We
also explore their fundamental properties.

Definition 4.1 For a map of pre-log rings (R, P) — (A4, M) and integer i, we set

L4/ Py = Nal(4a,M) /(R P)

where L4, a1)/(r, P) is Gabber’s logarithmic cotangent complex [42, Section 8], and /\i1 (=) is the i™®
derived exterior power. The logarithmic derived de Rham cohomology of (R, P) — (A, M) is defined as
the total complex

o 0 1
Ly v, Py = ToUL g a1y (R, Py = Ly (R PY) =770
This admits the Hodge filtration given by
o ,
ILQ(/’I M)/(R.P) - :=Tot(0 — --- — 0—>ILQ’(A M)/(R.P) —>ILQ’(A MY R.P) ),

where ]LQEA M)/(R,P) is in cohomological degree i for i > 0 and ILQ(/II M)/(R.P) "= L 4,Mm)/(R,P)
fori <0. Let JLQ( A,M)/(R, P) be the completion of LE2(4,ar)/(r, p) With respect to the Hodge filtration,
and let L2 X’/’( R.P) be the n'™ term of the induced Hodge filtration of ]LQ( A,M)/(R,P)-

Remark 4.2 By Zariski descent, we can also define the sheaf of complexes LQ X/(R.P)’ LLx/(r,P)
]LQ;’/(R Py ]LQX/(R p) and ]LQX/(R p)y On X7zar for every log scheme X over (R, P).
We now list some facts that we will use in the paper.
(1) For any map of pre-log rings (R, P) — (A, M), the logarithmic Hochschild homology
HH((4, M)/(R, P))
of [12, Definition 5.3] admits a separated, descending filtration with graded pieces
AL/ .p)li]

This is obtained by Kan extension of the Postnikov filtration in the polynomial case. We shall refer
to this as the log HKR filtration; see [12, Theorem 1.1].
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(2) The negative cyclic homology and the periodic homology
HC™((4,M)/(R, P)) and HP((4,M)/(R, P))
admit the complete exhaustive Beilinson filtrations
Fil2, HC"((4, M)/(R, P)) and Fil%, HP((4, M)/(R, P))

with graded pieces Eﬁ(i;’,M)/(R,P)[zn] and m(A’M)/(R,p)[Zn]. The non-log case is due to
Antieau [4, Theorem 1.1], while the log case is [13, Theorem 1.1]. If (4, M) € Poly(R,P), then

Fil} HC™((A. M)/(R. P)) := 12,,7=,HC™ (4, M)/(R, P)),
Fil? HP((4, M)/(R, P)) := ©2,,7=,HP((4, M)/(R, P)),

where TE,- denotes the truncation functor for the Beilinson 7-structure on the filtered derived
category_DF(A); see [4, Definition 2.2]. We obtain the filtrations for general (A4, M) by left Kan
extension and regarding HC™ and HP as bicomplete bifiltered complexes; see [4, Remark 4.4] or
[13, Section 2.2].

Construction 4.3 Let X be a log scheme. The inclusion functor from the category of line bundles
over X to the category of vector bundles over X yields the canonical morphism
cr't Rz (X, Gp)[1] — K(X).
The first Chern class for TC is the composite morphism
TC. RTzar(X, Gp)[1] > K(X) 5 TC(X) 7, TC(X),

where p: X — X is the morphism removing the log structure. We similarly obtain the morphisms CITHH,

1€, el e, € and P to THH(X), TC™(X), TP(X), HH(X), HC™(X) and HP(X).

Remark 4.4 We will set the following notation for convenience when dealing with projective bundle
formulas below: For a morphism of commutative ring spectra f: & — 4 with ¢ € m((%9), we will often
write fc (or simply c if f is clear from the context) for the composite morphism of spectra

(4-1) feiF 5 FsS L2 GGt g,

where u is the multiplication. We also consider the unit 1 € 7o (%).

Recall the projective bundle formula for K(X x P1): The morphism of spectra
(1,1 (0(1)): K(X) @ K(X) - KX xP)

is an equivalence, where O(1) € Pic(X x P') = (R zor(X, G,»)[1]) and cf(@(l)) € mo(K(X xPy)
(implicitly we are writing 1 for the pullback map along 77: X x P! — X). Due to [19, Theorem 1.5], we
similarly have the projective bundle formula for TC(X x P1): The morphism of spectra

(4-2) (1,¢1€(0(1))): TC(X) & TC(X) — TC(X x P')
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is an equivalence. Analogous results hold for THH, TC™, TP, HH, HC™ and HP.

Proposition 4.5 There is an S!-equivariant equivalence of filtered complexes
(4-3) Z & (Z[1){~1} ~ HH(P'/Z),
where the filtrations on Z and Z[1] are the Postnikov filtrations. Here, the notation (Z[1]){—1} means

ifi <1,

otherwise.

Fi -1y = {

Proof Every S'-action on Z @ Z is trivial, so it suffices to show the claim after forgetting the S !-actions.
We have the equivalences of filtered complexes

Z[x)® Z[x]dx[1] ~ HH(Z[x]),
Zix @ Z[x"ld(x"H[1] =~ HH(Z[x ")),
Zlx, x Y@ Z[x, x ]dx[1] ~ HH(Z[x, x"!]),

where the filtrations are the Postnikov filtrations on both sides. Consider the standard cover on P, and
use the equivalences of complexes

Z ~fib(Z[x]® Z[x 11— Z[x,x7']) and Z[-1]~fib(Z[x]dx & Z[x ']d(x") = Z[x, x"!]dx)

to obtain the desired equivalence. |

Proposition 4.6 Let X be a log scheme. Then the morphism of spectra

(4-4) (1, ¢{€(0(1))): TC(X) & TC(X) — TC(X x P')

is an equivalence, and this is obtained by applying TC(X) ®z — to (4-3). We have similar results for
THH, TC™, TP, HH, HC™ and HP.

Proof We focus on TC since the proofs are similar. By base-change along TC(X) — TC(X) from (4-2)

we get (4-4). Hence we reduce to the case when X has a trivial log structure.

By [19, Theorem 9.1 and page 1102], we have the commutative diagram of spectra

KX[1] —% 3 KX xGp) —2— KX x PH[1]

o I I

TCX)[1] -2 TC(X x Gm) —— TC(X x PYH[1]

where tx and trc are obtained by the Bass functor structures on K and TC, and the boundary morphisms o
are obtained by the standard cover of P!. The composite d o Tx sends the element 1 € moK(X) to
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clf(@(l)) € moK(X x P1), so the composite d o rrc sends 1 € 1o TC(X) to clTC((@(l)) e 1oTC(X x P1).
It follows that the morphism

(1,90 11¢c): TC(X) @ TC(X) — TC(X x P)
agrees with (l,clTC(@(l))).
By [19, pages 1102-1103], we see that rrgg: THH(X)[1] = THH(X x G,) is obtained by applying
THH(X) ®z — to tyy: HH(Z)[1] — HH(Z[x, x~!]) that sends 1 € moHH(Z) to dx/x € Qzix,x-11/z =

m1HH(Z[x, x~!]). Furthermore, t1c is obtained by applying TC to tryy. Compare this with (4-3) to
conclude. O

Proposition 4.7 Let (R, P) be a pre-log ring. For a quasicompact quasiseparated log scheme X over
(R, P) andi € 7 U {—oo}, the projective bundle formula for HH(X x P'/(R, P)) restricts to natural
equivalences of complexes

Fil'RHH(X x P! /(R, P)) ~ Fil'*® HH(X/(R, P)) ® Fil'™} HH(X/(R, P)),
FilP HC™ (X xP!/(R, P)) ~ Fil’ HC™ (X/(R, P)) @ Fil>_, HC™(X/(R, P)),
Fil? HP(X x P'/(R, P)) ~ Fil} HP(X/(R, P)) @ Fil>_, HP(X/(R, P)).
Proof We refer to [13, Section 2.2] for the category Poly g p) of polynomial (R, P)-algebras. By Zariski
descent and left Kan extension, we reduce to the case when X := Spec(A4, M) with (4, M) € Poly (g p)-
In this case, the HKR filtration on HH(X/(R, P)) is the Postnikov filtration. Hence we have the
S!-equivariant equivalence of filtered complexes
HH(X xP!/(R, P)) ~HH(X/(R, P)) @ HH(P'!/Z).

Together with Proposition 4.5, we obtain the S !-equivariant decomposition of filtered complexes
(4-5) HH(X x P'/(R, P)) ~ HH(X/(R, P)) & (HH(X/(R, P))[1){-1},

where the filtrations on HH(X/(R, P)) and HH(X/(R, P))[1] are the Postnikov filtrations. This implies
the claim for HH.

By applying (—)hS ' on both sides of (4-5), we obtain an equivalence of complexes induced by the
homotopy fixed point spectral sequence:

FillRHC™ (X x P! /(R, P)) ~ Fill'® HC™ (X /(R, P)) @ Fill'™SR HC™ (X /(R, P)).

Take 78

>,; on both sides to show the claim for HC™. The claim for HP can be proven similarly. |

Construction 4.8 The local-to-global spectral sequence E5' = H*(X, Q%) = n,—sHH(X) for X =P L
together with the decomposition of HH(P! /Z) of Proposition 4.5, induces by restriction of c?H ©(1)) €
moHH(P') a class

o 0(1) € HY (P12, ).
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which agrees with the classical first Chern class in Hodge cohomology. After pulling back, we obtain
c}°(0(1)) € Hz, (X x P LRy x py)

for a log scheme X over a pre-log ring (R, P). By descent and reduction to the polynomial case, we
have the following P !-bundle formulas: the natural morphisms of complexes

R4 (X, LY (» p)) ® RTzu(X, LRy (g p))[=1] > RTzu(X x P LQY 1o py)s

1

RTz,(X, ILQX/(R ) ® RTza(X, ]LQ;Z/(R P11 = RTzy(X x P! LQXXPI/(R P

RTz:(X, LQyx/(r.p)) ® RTzu(X, Ly /(. p))[~1] = RTza(X x P! ,]LQXXIPI/(R,P)),
induced by 1 and ¢} Hod(@(1)) are equivalences; see proof of [11, Proposition 2.20].

If X is quasicompact and quasiseparated, these morphisms are identified with the natural morphisms
gri *"HH(X/(R, P)) & grj"“'HH(X/(R, P)) ~ gr;'""HH(X xP'/(R, P)),
g HC™ (X/(R, P)) @ gry {HC™(X/(R, P)) ~ gryHC™ (X xP'/(R, P)),
grPHP(X/(R, P)) & gr; {HP(X/(R, P)) ~grfHP(X xP'/(R, P)),

obtained by Proposition 4.7. Indeed, this can be shown for HH by comparing (4-1) with the composite

map

RTzar(X, LQY iz p))®2Z[—1]— RTz0r(X xP L LQ] Pt /(r.p) ®Z Rz (X XPLLQY b1 /p py)
= RT7u (X xPLLQYy 1 (& py)-

A similar argument proves the claim for HC™ and HP.
Proposition 4.9 Let (R, P) be a pre-log ring. Then the presheaves of complexes

Fill'*® HH(-/(R, P)), Fil’HC (-/(R,P)) and Fil} HP(—/(R, P))

on log schemes over (R, P) are (P",P"~')-invariant forn > 0 and i € Z U {—oo}. Moreover, the
pr.esheaves of complexes ]LQ? (R.P)’ mf(’R’ P) and LQ /(R, P) on the category of log schemes over (R, P)
given by

X > RT74(X. L2 g py).  RTzar(X.LQF) g py) and RUz(X.LQx/(r,p))
are (P", P"~)-invariant for n > 0 and i € Z.
Proof This is basically discussed in [12, Section 7, 8], forgetting the filtrations. Let X be a log scheme

over (R, P). Using the completeness and exhaustiveness of the filtrations, it suffices to show that the

natural map of complexes
gri*RHH(X/(R, P)) — gri *®HH(X x (P",P""')/(R, P))
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and the similar maps for gr?HC_ and gr?HP are equivalences. Furthermore, we reduce to the case when
X = Spec(4, M) with (4, M) € Poly g py by left Kan extension. Then the claim is a consequence of
the (P”, P"~1)-invariance of Hodge cohomology; see eg the proof of [16, Proposition 9.2.1]. |

Definition 4.10 For X € SmISm/S and i € Z U {—oc}, Proposition 4.7 yields a natural equivalence of

complexes

(4-6) Fil] "R HH(X/R) ~ Qp1 Filj\F HH(X/R).

Using this as bonding maps, Proposition 4.9 enables us to define the complete exhaustive filtration
Fil;'"® HH(—/R) := (Filf"® HH(—/R). Fili' R HH(—/R). .. .)

on HH(—/R) ~ Filljlég HH(—/R) € logDA(S), where HH(—/R) is the P !-spectrum representing (log)
Hochschild homology constructed in [12, Section 8]. We similarly define the complete exhaustive
filtrations
FilP HC™(~/R) and Fil? HP(—/R).
Proposition 4.11 For i € 7Z U {—o0}, we have a natural equivalence of P! -spectra
Fil'"® HH(—/ R)(1)[2] ~ Fil;'{} HH(—/R).

We have similar equivalences for Fil? HC™ and Fil}3 HP.
Proof For FilfIKR HH, this is a direct consequence of (4-6). The proofs for the other cases are similar. O

Definition 4.12 For i € Z, Proposition 4.9 enables us to define the P !-spectra
LR g = (LQjR,LQj};I[l], ),
Tol . T o 7T ozt
Lsz/,g._(Lsz/,;,Lsz/,g [2],...),
]LSZ/R = (m/R,@/R[2], .. )
in logDA(S'), whose bonding maps are given by the projective bundle formulas in Construction 4.8. If

S — Spec(R) is smooth, we omit I in L.

Proposition 4.13 For i € 7, we have natural equivalences
HKR i BHC- —>i B _— '
gr; HH(—/R) =~ ]LSZ/R[z], gr; HC"(—/R) ~ L p[2i] and gry HP(—/R) ~ LS g[2{]
in logDA(S).
Proof As observed in Construction 4.8, the bonding maps defining the P!-spectra on both sides are
compatible. O
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We are ready to prove our main result on HH and variants.

Theorem 4.14 Assume that S — Spec(R) is smooth. Fori € Z, we have
(4-7) Filijyg HH(—/R), FilHC (=/R), FilHP(—/R) € logDA(S)%!.
In particular, there are canonical morphisms
f,HH(—/R) ~ Z*""f,HH(—/R) — Fill'XRHH(—/R),
f,HC™ (—/R) ~ £*""fHC™(—/R) — FilE HC™(—/R).
f,HP(—/R) ~ =?""f,HP(—/R) — Fil®> HP(—/R).

Proof We only need to show the first claim, namely, the statement of (4-7), since the remaining claims
are a direct consequence of Lemma 2.12. By Proposition 4.11, we reduce to the case when i = —1. Since
3% X4 is compact in logDA(S), it suffices to show the vanishing

Homyogna(s) (% X+, grl i HH(=/R)) ~ 0

for every integer j > 0, and similar vanishings for gr® j HC™ and gr° jHP. By the smoothness assumption
and Proposition 4.13, it suffices to show the vanishings

Zar(X QX/R)_O and HZar (X QX/R)—O

for j > 0. This is clear. |

Remark 4.15 Since szzfr(X Qz X/ R) does not vanish for j > 0 and nontrivial X, the proof of Theorem 4.14
shows that F11B HC (—/R) and Fll’ HP(—/R) are not in logDA(S )ifg On the other hand, we have
Filijr HH(—/R) € logDA%L(S).

Proof of Theorem 1.5 (1) is a consequence of Lemma 2.12 and Theorems 3.4 and 4.14. (2) is a
consequence of (1) and Proposition 4.13, and (3) is a consequence of (2). O

Question 4.16 Despite having a very different origin, Theorem 4.14 exhibits a connection between the
(very effective) slice filtration and the HKR filtration (and the Beilinson filtrations). We leave it as an open
question whether the (very effective) slice and HKR filtrations agree on HH(—/(R, P)), and whether the
slice and Beilinson filtrations agree on HC™ (—/(R, P)) and HP(—/(R, P)).

5 BMIS filtration on logarithmic topological Hochschild homology

Let us fix a prime p. We refer the reader to [13] for the definitions and the main properties of the category
1QSyn of log quasisyntomic rings, the category IQRSPerfd of log quasiregular semiperfectoid rings, and
the log quasisyntomic topology on 1QSyn.
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Definition 5.1 Let X be a quasicoherent bounded p-adic formal log scheme. We say that X is log
quasisyntomic if strict étale locally it is isomorphic to Spf(A, M )? for (A, M) € 1QSyn. Let FIQSyn
denote the category of quasicompact quasiseparated log quasisyntomic formal log schemes, as defined in
[11, Definition 3.1]: this is a log variant of the category of qcgs quasisyntomic p-adic formal schemes
of [8] (ie qcgs p-adic formal schemes which are locally of the form Spf(R) for a p-adic quasisyntomic
ring R).

Our goal is to define the BMS filtrations on the motivic P!-spectra representing (log) THH, TC™, TP
and TC, defined in [17, Section 8], and explore their fundamental properties.

Proposition 5.2 The presheaves
THH(—;Zp), THH(—:;Zp)ps1, TC(—:Zp)~ and TP(—;Zp)

on 1QSyn® are log quasisyntomic sheaves.

Proof Argue as in [37, Theorem 5.5], but use the p-completed version of [13, Theorem 2.3] as in
[9, Remark 4.9]. See [13, Proposition 3.10] for the non- p-completed version. O

In particular, for every X € FIQSyn, we can consider THH(X; Z,) and its cousins.

Remark 5.3 Given any p-complete ring R, we can consider the canonical p-completion functor
ISm/R — FISm/R from log smooth log schemes over R to formal log smooth fs log schemes over
Spf(R) as defined in [11, Definition 2.2]. Since for any commutative ring 4 we have an equivalence
THH(AIQ; Zp) ~THH(A;Zp), the functor THH(—; Z;) commutes with the p-completion functor. For
this reason, we will implicitly extend the P !-spectrum THH in logSH(R) of [17, Section 8] (denoted
by logTHH in [loc. cit.]) to a P!-spectrum, indicated with the same letters, in logFSH(R), where
logFSH(R) is the category of log formal log motives, constructed as in [11, Definition 2.6], using the
strict Nisnevich topology and sheaves of spectra. For the same reason, we will implicitly consider the
sheaf THH(—; Zp) and variants as defined on (log) schemes or on p-adic formal (log) schemes, without

explicitly mentioning it.
Let us quickly review how we can extend the BMS filtrations in [9] to pre-log rings; see [13]. For
(A, M) € 1QRSPerfd, the BMS filtrations on

are the double-speed Postnikov filtrations, that is, Filf3MS := T<3;. Equivalently, we have Fil?MS =T>2i-1.
By log quasisyntomic descent, we obtain the BMS filtrations for (A, M) € 1QSyn too. Observe that we
have a natural equivalence of spectra

(5-1) egP™STC((4, M); Z,) ~ fib(grfSTC™ (4, M); Zp) 2= grP™STP((4, M); Z)p)).
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For X € FIQSyn, we also obtain the BMS filtrations on
THH(X;Zp), TC (X;Zp), TP(X;Zp) and TC(X;Zp)
by Zariski descent. The graded pieces satisfy quasisyntomic descent as discussed in [11, Section 3].

For a p-adic formal scheme X over Spf(R) for a quasisyntomic ring R, let X x P” denote the p-adic

n

formal scheme X x (PSpf( R)

);» to simplify notation.

Proposition 5.4 The presheaves
FilPMS THH(—; Z,), FiIPMTC (- Zp,) and FilP™M TP(—;Z,)
on FIQSyn are (P”, P"~1)-invariant for n € Z~q and i € Z U {—o0}.

Proof Using the completeness and exhaustiveness of the filtrations, it suffices to show that the natural

map of spectra
erPMSTHH(X; Z) — grP™STHH(X x (P", P"'); Z))

and the similar maps for TC™, TP and TC are equivalences. This follows from [13, Theorem 1.3(3),(4)]
and [11, Corollary 3.11]. O
Proposition 5.5 For (A, M) € 1QSyn and integer i < 0, we have the vanishing

Filhys TC((4, M); Z) ~ 0.
Proof By (log) quasisyntomic descent, we reduce to the case (A, M) € 1QRSPerfd. To conclude,

observe that we have m; TC((4, M); Zp) ~ 0 for i < —1, using [41, Theorem 11.4.10] as in the proof of
[9, Proposition 7.16]. O

Construction 5.6 Let 4 be a quasisyntomic ring. Apply the étale sheafification and p-completion
functors to the first Chern class clTC: RTz::(A, Gy)[1] = TC(A) to obtain the natural morphism
&1 RTy (A, Gp)p[1] — TC(A: Zp).
Apply 72 (—)[2] to this to obtain the morphism
Tp(A™)[2] = (m2TC(4: Zp))[2],

where T, (A*) is the p-adic Tate module of the abelian group 4. The étale sheafification of the left-hand
side is RT¢ (A, Gy) (1], and the quasisyntomic sheafification of the right-hand side is R'syn(A4, Zp(1))[2]
by [9, Proposition 7.17]. Hence we obtain the induced natural morphism

&Y™ RTG (4. Gm)p[1] = RTn(A. Zp(1)[2]

for every quasisyntomic ring 4. This agrees with Z'\iyn in [8, Theorem 7.5.6] up to shift for quasiregular
semiperfectoid Z;,yd =Zpln poo]l’,\—algebra by comparing [3, Theorem 6.7] and [8, Notation 7.5.1], for
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cycl

quasiregular semiperfectoid ring by quasisyntomic descent for the cover 4 — A®Z Zp ', and for

quasisyntomic ring by quasisyntomic descent again.

For a quasiregular semiperfectoid ring A such that A is w-local in the sense of [10, Definition 1.6]
(in particular any Zariski cover of Spec 4 is split) and A* is p-divisible (such rings form a base for
the quasisyntomic topology in light of the proof of [9, Proposition 7.17]), we see that T,(A>)[2] ~
RT (A, Gp) 1’,‘[1] is concentrated in degree 2. Hence for such a ring 4, we have a natural equivalence
r[l,z]ElTC ~ c“lyn. In particular, we obtain the natural commutative diagram

o Tp(47)[2] -
— T~
11,21 TC(4: Zp) — rleC%A;Zp) —— TC(A: Z,)
For X € FIQSyn, we obtain the natural commutative diagram
RT4 (X, Gm) 1]
(5-2) y l \CTC)
RTgyn(X, Zp(1))[2] +—— FilPMSTC(X;Z,) —— TC(X:Zp)

by quasisyntomic descent.
For any p-adically complete ring A, write A(x) for the p-adic completion of the polynomial ring A[x].

Lemma 5.7 For (A, M) € IQRSPerfd, the BMS filtrations on
THH((A(x), M); Zp) and THH((A(x,x~'), M);Zp)
are the double-speed Postnikov filtrations. Similar results hold for TC™ and TP too.
Proof We focus on the case of (4(x), M), since the proofs are similar. By definition of quasiregular

semiperfectoid ring, there exists a perfectoid ring R with a map R — A. By base-change, we have
equivalences of complexes

Lapm)/R = Lrix)/ R ®% A ®Lgar/r ®% RIx] = AlX]® L4.a)/r ®% RIx].

After taking p-completions, we get an equivalence of complexes

L
Laqx),my R = A{X) @ L4,01)/ RO g R{x).

Since L 4,pr)/ g has p-complete Tor amplitude in degree —1 by for instance [13, Lemma 4.15], and
/\i(x)A(x) ~ 0 for j > 2, /\il(x>]L(A(x):M)/R has p-complete Tor amplitude in [—i, —i + 1] for i > 0.
By [13, Proposition 7.3] for THH and [9, Theorem 7.2(3),(4), Proposition 7.8] for TC™ and TP, we see
that the i™ graded pieces of THH((A(x), M); Zp), TC~ ((A(x), M); Zp) and TP((A{(x), M); Z,) are
in DI726=2/+11(4(x)). Using this, we deduce the claim. a

Geometry & Topology, Volume 29 (2025)



2676 Federico Binda, Doosung Park and Paul Arne Qstveer

The following proposition is crucial for us.

Proposition 5.8 For X € FIQSyn g and i € ZU{—o0}, the projective bundle formula for THH(XxP'; Z,)
restricts to an equivalence

FilPMS THH(X x P'; Z,) ~ Fil’™S THH(X; Z,,) @ FilP™® THH(X; Z),).
We have similar equivalences for TC™, TP and TC too.
Proof By log quasisyntomic descent, we reduce to the case when X = Spf(A4, M) and (4, M) €

IQRSPerfd. By Remark 5.3 and Lemma 5.7, the standard cover on P! yields the cartesian square of
S!-equivariant filtered spectra

THH((IP’Slpf(A’M));,\; Zp) — THH((A(x), M);Z})

! |

THH((A(x '), M); Z,) — THH((A{x,x~'), M); Z,)

such that the filtrations on the three corners other than THH((IP’Slpf( A, M));,\; Zp) are the double-speed
Postnikov filtrations. Next, we note that we have an S'-equivariant equivalence

(5-3) THH((A(x), M): Z,) ~ THH((4, M ): Z,,) ®7 HH(Z[x]).

and similarly for 4(x~!) and 4(x, x~!) (note that the right-hand side is already p-complete). Hence, the
descriptions of HH(Z[x]), HH(Z[x~']) and HH(Z[x, x~!]) in Proposition 4.5 tell us that the double-speed
Postnikov filtrations on these agree with the usual Postnikov filtrations: in other words, the equivalence
(5-3) is an equivalence of S '-equivariant filtered spectra. Hence we obtain the S !-equivariant equivalence

of filtered spectra
THH((IP’Slpf( )y Zp) ~ THH(X: Zp) @z HH(P'),

where the filtration on HH(P!) is given by Proposition 4.5. We obtain the S !-equivariant decomposition
(5-4) THH(X x P';Z,) ~ THH(X; Z,) ® (THH(X; Z,)[1)){-1},
where the filtration on THH(X; Z,) is the double-speed Postnikov filtration, and
Fil; (THH(X; Zp)[1]){—1}) := Fil;—; THH(X; Z)).
From this, we obtain the desired equivalence for THH. To obtain the desired equivalences for TC™

and TP, apply (—)hSl and (—)tS1 to (5-4), and use Lemma 5.7. For TC, use (5-1). |

Construction 5.9 For X € FIQSyn g, Proposition 5.8 yields the natural equivalences of spectra
grPMSTHH(X; Zp) @ gre P THH(X; Zp) ~ grp WTHH(X x P15 Z,),
grPSTC™ (X;Zp) @ g™ TC™ (X, Zp) ~ grPMSTC (X x PL; Z)p),
gMSTP(X:Zp) @ g™ TP(X:Z)p) =~ grp"STP(X x P11 Z)).

g?MSTC(X;Zp) ® grP™STC(X;Zp) =~ grP™TC(X x P13 Zy).
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As in Construction 4.8, these are identified with the projective bundle formulas for X x P!
gNRTz (X){i} @ gri | RT; (X){i — 1}[-2] = gr} RT'z (X x P1){i},
Fil} RTz (X){i} @ Fill | RT3 (X){i — 1}[-2] = Fil} RT ; (X x P1){i},
RT; (X){i} @ RT; (X){i — 1}[-2] = RI'z (X x P},
RTsyn(X, Zp(i)) ® RTyyn(X, Zp(i —1))[~2] = RTyn(X x P!, Z, (1)),

induced by (1, é\;yn(@(l))). These are special cases of [8, Lemma 9.1.4(4)—(6)] when X has trivial log
structure, since the two constructions of Z’\iyn discussed in Construction 5.6 agree.

We now fix the spectrum S of a quasisyntomic ring R.

Definition 5.10 For X € SmlSm/S and i € Z U {—o0}, Proposition 5.8 yields a natural equivalence of
spectra

(5-5) FilP?™S THH(X; Zp) ~ Qp1 Fil?} THH(X: Z)).

Here, we are implicitly composing with the p-completion functor. Note that every X € SmlSm/S
automatically satisfies the property that X’ 1;\ € FIQSyn. Using (5-5) as bonding maps, Proposition 5.4
enables us to define the complete exhaustive filtration

FilP™S THH(—; Z) := (Fil?™S THH(—: Z,). Fil}Y THH(—; Z)). ...)

on the P!-spectrum THH(—; Z)) =~ Filf_ngloS THH(—; Z,) € logSH(S). We similarly define the complete
exhaustive filtrations

FilP™MS TC™ (=1 Z,). FilP™S TP(—: Z,). FilP™ TC(—: Z,).
Proposition 5.11 Fori € Z U {—o0}, we have a natural equivalence in logSH(S)

FilPMS THH(—: Z,) (1)[2] ~ FilPM THH(—; Z),).

We have similar equivalences for TC™, TP and TC too.
Proof For THH, this is a direct consequence of (5-5). The proofs of the other cases are similar. m]

We recall now from [13, Theorem 1.3 and Section 7.4] (see also [11, Section 3]) that the Nygaard-
completed absolute log prismatic cohomology A= RTgsyn(—, moTP(—) 9) equipped with the Nygaard
filtration define functors

A € Fun(1QSyn, 9(Z,)) and Fil¥ A € Fun(IQSyn, 3%(Z,))

analogously to [9, Section 7], where Fil?I A denotes the filtered piece > i with respect to the Nygaard
filtration. By [13, Theorem 2.9], these functors are in fact quasisyntomic sheaves. Define the Breuil-Kisin
twists

A{1} := RTigyn(— maTP(=)p)[~2] and A{—1}:= RTigyn(—, 72 TP(-),)[2],
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with the Nygaard filtrations given by unfolding the double-speed Postnikov filtration. We get the twisted
prismatic cohomology &{i } as in [9, Theorem 1.12(3)] by taking tensor powers in Fun(1QSyn, Q/DG\J’(Z )
with the induced filtration. In light of [11, Theorems 3.15, 3.16], we can make the following definition:

Definition 5.12 For integers d and i, we define P!-spectra
Fil} A{d} := (Fil} Add}, FilY |, A{d +1}[2],...),
A{d}:= (A{d}, Ad +1)[2),.. ),
MZ;"(d) := fib(g, — can: Fil'} A{d} — A{d}),
where the bonding maps for Fily K{d }, &{d } and MZ;,yn (d) are obtained by the projective bundle

formulas in Construction 5.9, and the morphisms ¢, and can are the pointwise cyclotomic trace and
canonical morphisms. We will omit {d} and (d) if d = 0.

Note that in [11, Theorems 3.15, 3.16], (formal variants of) 3, Fill(;] A and MZ;,Yn were denoted by E&,
EFil& and EFsyn‘

Proposition 5.13 Fori € 7, we have natural equivalences
g "STHH(=: Zp) = o Ai}{2i]. @™STC™(=:Z,) ~ Fil} A{i[2i].
et STP(—Zp) ~ Alij2i). aP"STC(=Zy) ~MZy" (D)[2i),
in logSH(S).

Proof By [13, Theorem 1.3(3),(4)], it remains to show that the bonding maps for the left-hand sides can

be identified with the bonding maps for the right-hand sides. This is a consequence of Construction 5.9. O
Remark 5.14 The right-hand side of the displayed equivalences in Proposition 5.13 are naturally
constructed as objects of logDA(S, Zj), while the filtered spectra Fﬂ?ﬂs THH(—; Z ) and variants are
in logSH(S, Sp), where S, denotes the p-completed sphere spectrum. In particular, we obtain that each

graded piece gr}BMS is in logDA(S, Zp).
The Tate twist is related to the Breuil-Kisin twist in the following sense:

Proposition 5.15 Ford € Z andi € Z U {—oc}, we have a natural equivalence

Fil} A (d) ~Fil}, , A{d}

in logSH(S).

Proof We have
Fil} A := (Fil}' A,Fil} | A{1}[2]....).
Tensoring with (d)[2d] in logSH(S) means shifting d terms, so we have

Fil) A (d)[2d] ~ (FilY, ; A{d}[2d) FilY, ;| A{d + 1}[2d +1]...).

We obtain the desired equivalence after applying [—2d]. a
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If i = —o0, observe that Proposition 5.15 yields an equivalence
A(d) ~ A{d}
in logSH(SS) for d € Z.

The notation MZ;,yn (i) is compatible with the Tate twist in the following sense:

Proposition 5.16 Ford,i € Z, we have a natural equivalence
MZ,"(i))(d) ~MZy" (i +d)
in logSH(S).

Proof This is a direct consequence of Proposition 5.15. |

Theorem 5.17 Fori € Z,
Filhy THH(—; Zp), Filhy,g TC™ (= Zp), Filhyg TP(—; Zp),  Filhys TC(—; Zp)
are in logSH(S )Vsel.ff. In particular, there are canonical morphisms
£, THH(—; Zp) ~ S*""f{,THH(—: Z,) — Fil?MS THH(—; Z ),

and similarly for TC™, TP and TC.

Proof By Proposition 5.11, we reduce to the case when i = —1. It suffices to show the vanishing
Homyogsp(s) (Z®° X+, Filgys THH(—; Z,)) = 0,

and similar vanishings for TC™, TP and TC. Since Fil}gl\l/IS THH(—;Zp,) = 0 by construction and
Filgl\l,,S TC(—; Zp) = 0 by Proposition 5.5, the claim holds for THH and TC. Using the compactness of
3 X4 in logSH(S), it suffices to show the vanishing

Homqgspi(s) (5 X4, gr®STC™ (= Z)) = 0

for every integer j > 0, and similar vanishing for TP. By Proposition 5.13, it suffices to show the
vanishings
—2j N
H (X, A{—j}) =0.
This follows from &( AMI—]}E D=%(A) for (A, M) € 1QSyn, which can be deduced from the case of
(A, M) € 1QRSPerfd by log quasisyntomic descent. |

Question 5.18 As for the HKR filtration, we leave it as an open question whether the slice and BMS
filtrations agree on THH(—; Zp), TC™ (—; Z}), TP(—; Z,) and TC(—; Zp). Since T is the analog of S2,
the double-speed convergence of the very effective slice filtration on KGL gives at least an analogy with
the double-speed Postnikov filtration defining the BMS filtration.
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6 The characteristic- p case

Throughout this section, k is a perfect field of characteristic p. Our goal is to identify the graded pieces of
the filtered spectra THH(—; Zp), TC™ (—; Z), TP(—; Z,) and TC(—; Z}) in this case. We will use [9]
for the identifications at the level of S!-spectra, and then we will use the projective bundle formulas
in [8] to identify the bonding maps.

Construction 6.1 For a log smooth saturated pre-log k-algebra (A4, M), recall from [11, Section 4.3]
that the chain complex W €24, ar)/x comes equipped with the Nygaard filtration Filf\I W 4,m)/k given
by the subcomplex
PTIVWA) S p VW == PV WU i
- . 1
_>VWQ%A,M)/k_)WQZ(A,M)/k*WQl(A,M)/k_)"‘

For X €1Sm/ k, the log crystalline cohomology RTcys(X) := RI'zar (X, Wy 1) is then equipped with
the Nygaard filtration Fil? RT¢ys by Zariski descent. Furthermore, we obtain a natural equivalence of
complexes

(6-1) &1} RTarys (X) =~ RTzar(X, 7' Qx /1)
from [11, (4.22.1) and (4.22.2)].
By [11, Theorem 4.30], we have a natural equivalence of filtered [E-rings

RT; (X) = RTerys(X).

Construction 6.2 For X € 1Sm/ k, recall from [8, Construction 7.3.1] the morphism of complexes
;% RT4 (X, Gp)[1] = Fil} RTcrys(X)[2].
Compose this with the canonical morphism
Fil) RTrys(X)[2] = FilY RTcrys(X)[2]
to obtain
;™ RT4 (X, G)[1] = Fil) RTcrys(X)[2).

As a consequence of [8, Proposition 7.5.5], we see that the triangle

RFét@’ Gm)[l] s

(6-2) IA/ \

Fil}l RT; (X)[2] = > Filll RTcrys(X)[2]

commutes.
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Construction 6.3 For X € 1Sm/k, recall from [32, Theorem 4.12] that we have the inverse Cartier
operator, which is a natural isomorphism of graded Oy -algebras

Cx/k: Qxk — 3 (Qx/k)

sending d log x to d log x for every local section x of Uy . Using this, we have the composite morphism

Hod

MO0 RT (X, G115 R (X, R4 0011225 RT (X, 5 (@)1,
and we have the projective bundle formulas for P!
Rz (X, 9 (Qx/5)) ® RUzar (X, 5~ (Qx /1)) =11 = RTzar(X x P, 9 (Qx/1)),
RT74(X, ' Qx /1) ® RUzr(X, v 1Qy /1) 1] —> RTza(X x P1, t51Qy /1),
induced by (1, c?"d(@(l))). Using (6-1), the last equivalence can be identified with
21N RTgrys(X) @ g6 RTerys (X)[—1] = gr¥ RTgrys(X x P1).

Proposition 6.4 For every X € 1Sm/ k and integer i, the natural square

. . (L OMm)
FilY RTerys (X) @ FilY_ | RTerys (X)[—1] —— "% Fil¥ RTgpys (X x P1)

l (1,ci* (1) l
gr?IRFcrys(X) 7] gr?_lRFcrys(X)[_l] — gr?RFcrys(X X ]Pl)

commutes.

Proof It suffices to show that the image of
;7 (0(1)) € H*(Fil} RTcrys(X x P1))

in H? (grll\I Ry (X x P1)) agrees with c?‘“(@ (1)) since these induce the projective bundle formulas
for P1. For this, we reduce to the case when X = Spec(k), since the general case can be shown by
considering the pullbacks of the first Chern classes.

We set 4 := k[x, x~!] for simplicity of notation. Since 0(1) € RFZar(IP’,: ,Gp) is the image of x~! € A4*
under the boundary map A* = RI'z4 (G i, G) — RFZar(Plg , Gin), it suffices to show that the image
of cirys(x_l) € Hl(Filll\I WQyk) in Hl(ngI\IWQA/k) agrees with CII{Od(x_l).

Consider the canonical morphism W€ 4,x — €2 4k, which induces Filll\I Wy — Filﬁl‘)d Q4/k and
hence y®R: gl W4 1 — gt 4/ The equivalence grY W 45 =~ =14/ is explicitly given by
the isomorphism of chain complexes

VW(A)/ pVW(A) —2 5 4

g i

1 F } 1
A/k/VWQA/k ZQA/k
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where the lower horizontal map is due to [29, (I.3.11.3)]. Together with [29, Proposition 1.3.3], we see
that y9R is given by the composite morphism

Cx/k
‘CSIQA/k — HI(QA/k)[—l] —X/k Qil/k'

In particular, H'(y“R) is an isomorphism. So to compare cirys(x_l) and CII{"d(x_l) in H! (grll\IWQ A/k)>
it suffices to compare their images in H' (gri®!Q4,x).

By [8, Example 5.2.4, Theorem 7.6.2], the image of ¢{”*(x™') in H'(grt!*'Q4,x) is identified with
cII{Od(x_l) =dlogx e Qll/k. To conclude, observe that H!(yIR) = Cx/k: H! (R4/k) — Q24/k sends
cllq"d(x_l) =dlog x to d log x. |

Definition 6.5 The strict pro-étale topology on the category of log schemes is the topology generated by
the families {X; — X };es such that {X; — X};cs is a pro-étale covering. Let sproét be the shorthand
for this topology. We denote by L. (—) the strict pro-€tale sheafification functor.

Recall the following construction from [34].

Definition 6.6 Let X be a fine log scheme over k and let d log: Jl/(%}) — Q}( Ik be the natural map. For
every integer r > 1, write d log[-]: (Jl/tip )8 W, Qg( Ik for the map of strict étale sheaves locally given
by m1 ®---@m; — d log[m]| A--- Adlog[m;], where [m] denotes the lift of m as in [34, page 256]. We
denote by W, 93, Jkdog & W, QS( Ik the strict étale subsheaf generated by the image of d log[-], and by

wQk

X/ k log the limit lim, W, 523, Jkdog 35 @ strict pro-étale sheaf.

Proposition 6.7 For X € SmlSm/ k and integer i, the sequence of chain complexes of strict pro-étale
sheaves _
i . . . —1 .
0— W 1ogl—i1— FIN WY 2275 Wy, —0

is exact in each degree. Furthermore, we have a natural equivalence of complexes of strict pro-étale

i ~ . l . l . . . . .
sheaves WQX/k,log ~ Rlim,, W, QX/k,log (that is, WQX/k,log is also the derived inverse limit).

Proof This is formally identical to [9, Proposition 8.4], using [34, Corollary 2.14] in the place of
[29, Theorem 1.5.7.2]. O

Remark 6.8 Recall the following fact. For any fs log scheme X and any quasicoherent sheaf & on X,
we have R (X, %F) ~ R[N (X, F) (this is due to Kato, see eg [16, Proposition 9.2.3]), and this agrees
with Rz (X, %) and RTgnis(X, F) by [16, (9.1.1)]. Moreover, we have an equivalence
RTU(X, Ly %) ~ colim RT (Y, %)
Y € Xgiv
by [16, Theorem 5.1.2]. Hence if % is a complex of bounded below (IP”, IP’”_I)-invariant coherent sheaves
on SmISm/ k, then 4 is a complex of log étale hypersheaves.
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For X €1Sm/ k and integer i > 0, we set
BOL  —imQi=! 4 o d Z9L = ter(Qi & qitl
Xk =12y — Qy ) an x/k = Rer(Qy e = Q3.

The following result is a consequence of [39, Theorem 4.2] and Remark 6.8 above, using, for example, the
fact that the above presheaves restricted to smooth k-schemes are reciprocity sheaves; see [18, Section 11].
We also provide another direct proof.

Proposition 6.9 The presheaves of complexes
Q', BQ', zQ', 5Q, WnQ, WQ
on SmISm/ k given by

X > RTzu(X, QY1) RTzar(X, BRY ), RTzac(X, ZQhy 1), RTzar (X, 7= Qi)
RT720(X, Wi Q2x /1) RUzar (X, W Qx /1),

are (P", P"~1)-invariant and log étale hypersheaves for all integers m,n > 0 and i.

Proof By [16, Corollary 9.2.2, Proposition 9.2.6], Q is (P”, P”~!)-invariant and a log étale hypersheaf.
We proceed by induction to show that BQ? is (P”, P"~!)-invariant and a log étale hypersheaf. The claim
is clear if i = 0 since BQ?‘, k= 0 for X € SmlSm/ k. If the claim holds for 7, then use the obvious exact
sequence

0— BQYy ), — Q) — 22 =0

and the exact sequence
i+1 i+1 i+1
0— BSZ;,/k — ZQj‘,/k — Qj\’/k —0
obtained by [28, (2.12.2)] to show the claim for i + 1. We also deduce that ZQ' is (P”, P"~!)-invariant
and a log étale hypersheaf. It follows that 7<!Q is (P”, P”~!)-invariant and a log étale hypersheaf.

The claim for Q¢ for all i implies the claim for Q. By induction on 7, we deduce the claim for W, Q.
After taking limits over m, we deduce the claim for W 2. O

We note that RT'z, (X, Wy, k) represents Hyodo—Kato cohomology with the trivial log structure on k;
see Lorenzon [34, Corollary 1.23].

Proposition 6.10 The presheaves of complexes

Ly Wi

i
log® L Sproét wQ

log
on SmISm/ k given by
X — RT (X, Wy, Qf\’/k,log)’ RFsprOét(X’ WQ?(/k,log)

are (P", P"~1)-invariant and log étale hypersheaves for all integers m,n > 0 and i.
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Proof Consider the exact sequence of strict étale sheaves
0— QS(/k,log — QS(/k — Q}/k/BQiY/k -0

obtained by [34, Proposition 2.13]. By [34, (2.12)], Remark 6.8 and induction on m, we see that
LW log is (P", P”_l)—invariant and a log étale hypersheaf. Together with Proposition 6.7, we

deduce that LspmetWQ is (P", P"~!)-invariant and a log étale hypersheaf. m|

log
Construction 6.11 For every X € ISm/k and integer i, we have a natural equivalence of complexes
(6-3) RTgn(X. Z(i)) ~ RT e (X, WQY I tog)

by [11, Theorem 4.30] and Proposition 6.7, and see [11, Theorem 4.27] for the ¢-compatibility. Together
with [8, Theorem 7.3.5], we see that cirysz RT ¢ (X, Gp)[1] = RI¢rys(X)[2] naturally factors through a
morphism of complexes

WQ o
e Rret(X GM)[ ] - Rrsproet(X WQX/k 10g)[1]-
As a consequence of [8, Proposition 7.5.5], we see that the triangle

RT4(X, Gp)[1] we
& o) s

(6-4)

1

RFSyH(X)[z] ) Spl’OCt(X WQ

X/k, log)[z]

commutes.

Construction 6.12 For X € 1Sm/k, recall from [8, Construction 7.3.1] the morphism of complexes
" RT4 (X, G)[1] = Fil} RTerys(X)[2].

Compose this with the canonical morphism Fil} Rcrys(X)[2] — Fil} RTerys(X)[2] to obtain
;™ RT4 (X, G)[1] = Fil) RTcrys(X)[2).

Definition 6.13 By Proposition 6.9, we can define the objects
Fil™ € := (t2iQ, (tzi1 Q1] .),
Fil} W := (Fil} WQ, (Fil},, W)[1],...),
Laproe WR1os := (Lproee W Qiogs Lopros W ek [11, )

in logSH(k), where the bonding maps are given by the composite morphisms

Hod

Qs (@piQl) S Qpi(ri D[,

crys
FNWQ s FNQp WQ[l) = Qpi (Fil

WQ](7g
4 i+1rq i+1rq
sproetWQlog LsproetQIP”WQ]og [ ] = Q]P’lLsproetWQk)g [ ]
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Proposition 6.14 Fori € Z, we have natural equivalences
g¥A ~FIEYQ, FIYA ~FIYWR, A>WR,  MZY (i) = Lpoe Wi [—]
in logSH(k).

Proof By [11, Theorem 4.30, Proposition 5.1] and (6-3), it suffices to show that the bonding maps on
both sides are compatible. This follows from Proposition 6.4 and the commutativity of (6-2) and (6-4). O

Proof of Theorem 1.4 (1) is a consequence of Lemma 2.12 and Theorems 3.4 and 5.17. (2) is a
consequence of (1) and Propositions 5.13 and 6.14, and (3) is a consequence of (2). O

7 Very effective slices of Kummer étale K-theory

Let k be a perfect field. In this section, we construct a morphism in logSHl/(\ét(k) (the hypercomplete
version of logSH, ¢, (k)) representing a morphism from the Lichtenbaum étale cohomology to the syntomic
cohomology induced by the cyclotomic trace. We also discuss the very effective slices of Kummer étale
K-theory.

By Proposition 6.10, the functors LsproétWQng are log étale hypersheaves, and represent p-adic log

syntomic cohomology. Hence we obtain the morphism L ;MZ — MZ;yn in logSHl’(\ét(k) by adjunction
from the morphism MZ — MZ;yn in logSH(k) induced by the motivic cyclotomic trace map. We will
show that L, ,MZ represents the Lichtenbaum étale motivic cohomology.

For every integer i and a commutative ring R, let R(i) be the Nisnevich sheaf of complexes on Sm/ k

given by the motivic cohomology
X > RTUpot(X, R(7)).

Consider again the functor
* : Shyis(Sm/S, Sp) — Shynis(SmISm/ S, Sp)
such that 0*F(X) := F(X — 0X) for F € Shyis(Sm/k, Sp) and X € SmISm/ k.

Proposition 7.1 The hypersheaf of complexes Ly ®*Z(i) on SmlSm/k is (P”, P"~1)-invariant for
every integern > 0 and i.

Proof For every complex %, we have the arithmetic fracture square

F —— 1%}

| !

Fo — [1(Fa
that is cartesian, where £ runs over primes, (—) 2‘ is the £-adic completion, and (—) is the rationalization.
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Use this square for
F 1= fib(Lygq@* Z(i)(X) = Lg@*Z(i)(X x (P",P"71)))

to reduce to showing that the presheaves of complexes Lygw*Q(i) and (Lygw*Z(i)); are (P", P"~1)-
invariant.

If X, — X is a Kummer étale hypercover, then X, — dX, — X — 0X is an étale hypercover. By
[38, Theorem 14.30], we have an equivalence colimjepo M (X; — 0X;) >~ M(X — 0X) in the oo-
category of Voevodsky’s motives DM (k, Q). Apply mappyeir(x, @) (— Q(7)[27]) to this equivalence
to deduce that X € SmISm/k +— Ry (X — 0X,Q(i)) is a Kummer étale hypersheaf. It follows
that we have an equivalence of presheaves of complexes with rational coefficients Lygw*Q(i) >~
LNiso*Q(i). The latter is (P”, P"~!)-invariant by [16, Proposition 8.1.12]. Hence it remains to show
that (Lygw*Z(i))) is (P", P”~1)-invariant. Since (Law™Z(i))) ~limg Lyy*7Z /0% (i), it suffices to
show that Lyzw*7Z /€% (i) is (P”, P"~!)-invariant. By induction and using the exact sequence of abelian
groups
0—>Z/L—7/0"—7/0"! -0,

we reduce to showing that Ly w*Z /(i) is (P", P"~1)-invariant.
Assume £ # p. We have an equivalence
Ligo /(i) = Ligo* ug"

by [38, Theorem 10.2], since the Kummer étale topology is finer than the strict étale topology. Hence
Ly@*Z/L(i)(X) is equivalent to the Kummer étale cohomology RT'y¢ (X, Z/€(i)). This is O-invariant
and a log étale hypersheaf by [17, Theorem 9.1.5 and Proposition 9.1.6], so this is (P”, P”~!)-invariant
by [17, Section 3.4].

Assume £ = p. Then we have an equivalence of Nisnevich sheaves Z/ p" (i) ~ WanOg[—i ]on Sm/ k by

Geisser and Levine [26, Theorem 8.5]. Hence we have an equivalence of Kummer étale sheaves

(7-1) Ligqe* 2/ p" (i) = LigWaQogl 1]
on SmlSm/ k, since a)"‘Wanog ~ WanOg by the definition of logarithmic forms. This is (P”, P"~1)-
invariant by Proposition 6.10. |

Definition 7.2 For X € SmISm/ k, the Kummer étale motivic cohomology RI'L(X, Z(i)) is the Kummer
étale hypersheafification of X +> Rl ot(X, Z(i)) := R not(X — 09X, Z(7)), ie

RTL(X, Z(i)) := (Lygw ™ Z(i))(X).
For every integer i, Proposition 7.1 yields a natural equivalence
(7-2) mapiogsiy, (k) (% X4 2 LigMZ) = RTL(X, Z(i)).
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where logSH, (k) is the Kummer étale hyperlocalization of logSH(k), and Ly, :logSH(k) —logSH, (k)

is the localization functor. The Kummer étale K-theory L5 K(X) is the Kummer étale hypersheafification
of X — K(X) :=K(X —dX).

Assume that X has a trivial log structure. Then the small Kummer étale site X, and small étale site Xg
agree. Hence RI'L (X, Z(i)) agrees with the Lichtenbaum étale motivic cohomology, and L K(X)
agrees with the étale K-theory of X.

We also consider the localization functor L, : logSH(k) — logSH; (k).

Definition 7.3 For a topology v on SmISm/ k, let logSH, (k)l’,\ be the full subcategory of logSH, (k)
spanned by p-complete objects, and let (logSH, (k);,\)eff be the full stable co-subcategory of logSH, (k)
generated under colimits by (X" OZ " Xp)0 » for X € SmISm/k and n € Z. We define the slice filtration
on logSH, (k)P as we did on 10gSHr (k).

A

Proposition 7.4 For every integer i, there are equivalences in logSH(k)7,

(LMZ (i) ~ (LieMZ(i))y = MZy" (0).

Proof We have an equivalence in logSH(k)
MZ;" (i) ~ im(Lig Wi Riog[—i])
m

by Proposition 6.7. The right-hand side is equivalent to (L5 MZ (i ))I’,\ by (7-1). To show (L MZ(i ))g ~
(LyeMZ(i))y, use Proposition 6.10 and (7-1). O

Theorem 7.5 Let k be a perfect field admitting resolution of singularities. Then the induced morphism
fTC(—; Z,) — FPMS TC(—; Z)
is an equivalence in logSHA (k)2 » for every integer i. Here, we denote by 'fl.két the i very effective cover

in logSert(k) »- We have a similar result for f; T and logSH” (k)A too.

sét

Proof We focus on the proof for the Kummer étale case since the proof for the strict étale case proceeds
verbatim. By Lemma 2.10 and Theorem 3.4, we have L ;MZ(i)[2i] € logSert(k)Veff. Since the p-
completion functor logSert(k) — logSH (k) » 1s a left adjoint, we can show that this preserves (very)
effectiveness arguing as in Lemma 2.10. Hence we have grBMSTC( i Zp) € (logSert(k) > Veﬂ using
Propositions 5.13 and 7.4. For j > i, we have

fib(Fil?M® TC(—: Z,) — Rl TC(—: Z)) € (logSHYy, (k))&

by induction on j. Take cohmlts on j to have FllBMS TC(—Zp) € (logSert(k)l’,\)‘gff. On the other
hand, Theorem 5.17 implies Fll MS TC(—:Zp) € (logSH (k)l’,\ erlff_l It follows that

T Filly ks TC(—; Zp) ~ Fill s TC(—; Z,y),
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and hence T; Fil{g},[ls TC(—;Zp) ~ 0. Now after applying f; to the fiber sequence

FilPMS TC(—; Zp) — TC(—; Z,) — Fillyts TC(—; Z)p),

we obtain an equivalence Fil?MS TC(—; Zp) ~ f,-TC(—; Zp). |

Remark 7.6 (1) In the proof of Theorem 7.5, we have used in particular the fact that (L;;MZ(i ))I’,\

2)

is very effective in the category logSH;; (k)7 Since the inclusion logSH, (k); C logSH}Y, (k)
does not obviously preserve the very effective subcategory, we are not claiming that the same holds
when we see (L MZ(i)), as object in logSH; (k).

One could reasonably ask if the canonical morphism constructed in Theorem 5.17 becomes an
equivalence for k a field (say, assuming resolution of singularities) after applying the canonical
functor from logSH(k, Z ) to logSHﬁ\ét (k) ;,\, and if this equivalence coincides with the one provided
by Theorem 7.5. Equivalently, one could ask if the p-completion of the Kummer étale very effective
slice filtration for TC(—;Z,) coincides with the Kummer étale very effective slice filtration

computed in logSHl’(\ét (k)g. We expect this to be the case.

Theorem 7.7 Let k be a perfect field admitting resolution of singularities, and assume that the étale

cohomological dimension of k is finite.

)

The filtrations
fz( éthétKGL, E( éthétKGL and L két‘f'KGL

on L, KGL € logSHli\ét(k) agree, and are complete and exhaustive.

(2) There are natural equivalences

KL KGL ~ 55 L  KGL ~ Lys;iKGL ~ L5 KGL ~ £ [,  MZ

in logSHY, (k).

ket

(3) For X € SmISm/ k, there is a natural equivalence

mapyogsizs (k) (7 X+, LigKGL) 2 LigK(X).

(4) For X € SmISm/ k, there are natural equivalences

MapPogshz k,5/pm) (E° X+ LieKGL ®s S/ p") ~ LieK(X) ®s S/ p".
mapiogsizs (kyp (27 X+, (L KGL),) = (LigK (X))},

without the assumption on the étale cohomological dimension.

Proof As pointed out by Spitzweck and @stver [49, Proposition 5.11], the connectivity of T, E of any
motivic spectrum increases with n. Hence the very effective slice filtration is automatically complete.
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By Proposition 7.1, we have
mapyogsiy, (k) (% X4 2 LigMZ) = 0
for X € SmlSm/k and i < 0. By [16, Corollary 5.1.7] and [17, Proposition 2.6.8], 3% X is compact.

Since Lg preserve colimits, Theorem 3.4 implies that the filtration Lkét¥.KGL is exhaustive. It follows
that we have

mapyogshz (k) (7 X+, Liaf 'KGL) ~ 0.
This implies Lygf 'KGL € logSH;, (k)% . On the other hand, Ly foKGL € logSH} (k) follows
from Lemma 2.10. From these, we have natural equivalences

fo Lo KGL ~ T L KGL ~ L, foKGL.
Apply 225! to this and use Theorem 3.4 to finish the proof of (1).
(2) is an immediate consequence of (1).
Consider the localization functor
Lysi: Spp1(Shynis(SmISm/ k, Sp)) — Spp1(Shys (SmISm/ k, Sp))

without the further (P”, ]P’”_l)—localizations. To show (3), we only need to show that L, ;KGL is
(P, P"~!)-invariant for every integer n. The above argument shows that the filtration L, fZ.KGL
on L, KGL is complete and exhaustive since this argument does not require (P”, P”~1)-localizations.
Hence it suffices to show that the graded pieces L3; KGL are (P, P"~!)-invariant. This is a conse-
quence of Theorem 3.4 and Proposition 7.1.

Argue similarly as above and use lim;, for (4), but note that the étale Z/ p"-cohomological dimension
(=étale S/ p"-cohomological dimension) of k is always finite by [6, Théoréme X.5.1]. m]

Remark 7.8 Even though KGL € logSH(k) is A!-invariant, L, KGL € logSHﬁ\ét(k) is not Al-invariant
in the above case of k with chark > 0 since R is not Al-invariant, as observed in [38, Lecture 10].

Construction 7.9 Let k be a perfect field admitting resolution of singularities. By Proposition 6.10
and (6-3), log syntomic cohomology on SmISm/ k is a Kummer étale hypersheaf. It follows that the log
motivic cyclotomic trace map

Tr: KGL — TC

in logSH(k) yields the map
Ly Tr: Lii KGL — TC
in logSHY;, (k).
If we apply maplOgSHkAél(k)(Z"oX +,—) to L Tr, then we get
L K(X) —> TC(X)
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by Theorem 7.7(3) when the étale cohomological dimension of k is finite, which is the Kummer
étale hypersheafification of the log cyclotomic trace map K(X) — TC(X). Similarly, if we apply
maplOgSHkAél(k)g(E"oX +,—) to (LygTr)y, then we get

(LkétK(X));\ — TC(X:;Zp)
by Theorem 7.7(4).

As an application of Kummer étale K-theory, we show the following:

Proposition 7.10 Let k be a perfect field admitting resolution of singularities. For X € SmlSm/ k, there
is a natural equivalence
(LyeK(X))p = TC(X: Zp).

Proof Assume first that X' € Sm/ k. Then the equivalence (LsK(X ))lﬁ ~TC(X;Zp) is due to Geisser
and Hesselholt [25, Theorem 4.2.6]. In general, the desired equivalence for X € SmlSm/ k follows from
the Gysin sequence [17, Theorem 3.2.19] by induction on the number of smooth irreducible components r
of 0X. More precisely, if Z is a smooth divisor on proper X € Sm/ k, then we have the fiber sequence in
logSH(k)

(7-3) XX, Z)+ > XX > Th(NzX),

where Th(N 7z X) is the motivic Thom space defined in [17, Definition 3.2.4]. Note that by applying the
natural functor wy: logSH(k) — SH(k), left adjoint to w*, the above sequence reduces to the standard
localization sequence in SH(k). In particular, applying the log K-theory spectrum KGL, we obtain the
localization sequence in algebraic K-theory in light of [17, Theorem 6.5.7]. On the other hand, if we apply

the log TC spectrum TC to (7-3) we obtain by definition the Gysin or residue sequence in logarithmic
topological cyclic homology. By Construction 7.9, we obtain a commutative diagram of spectra

(LiaK(2))y — (LK X))y — (LeK(X, 2))p
TC(Z;Zp) — TC(X;Zp) — TC((X, Z); Zp)
whose horizontal sequences are fiber sequences. The general case follows similarly by induction on r. O
Remark 7.11 Assume that the boundary dX of X € SmISm/k has r irreducible components. For
integers m > 1 and n < d — r, the induced natural map
T (Rlmot(X, Z/ p™(d))) = n(RTL(X, Z/ p™ (d)))

is an isomorphism. Indeed, if r = 0, then this is a consequence of [26, Theorem 8.5]. If » > 0, then
proceed by induction on r, and use the Gysin sequence [17, Theorem 3.2.19] and the five lemma. See
[23, Corollary 1.1] for a related result with Q,-coefficients and the inequality n < d.
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Remark 7.12 The fact that p-adic étale K-theory is identified with topological cyclic homology holds

in larger generality (namely, without smoothness assumption) in light of [20, Theorem C]. However, this

does not immediately imply a generalization of Proposition 7.10.
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