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Let g — X be a cover of an orientable surface of genus g by an orientable surface of genus g’,
branched at n points, with Galois group H. Such a cover induces a virtual action of the mapping class
group Mody ;11 of a genus g surface with # + 1 marked points on H (= ¢» C). When g is large in terms
of the group H, we calculate precisely the connected monodromy group of this action. The methods are
Hodge-theoretic and rely on a “generic Torelli theorem with coefficients”.
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1 Introduction

A classical result in geometric topology states that the action of the mapping class group Modg of a
surface Xz of genus g on its first cohomology, H I(z ¢+ Z), is via the full group of automorphisms
preserving the cup product, namely Sp,,(Z). Let the hyperelliptic mapping class group denote the
subgroup of mapping classes commuting with an involution having genus-zero quotient. If one restricts to
the hyperelliptic mapping class group the image is still of finite index in Sp,4(Z); see [A’Campo 1979].
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Finally, one may consider the monodromy representation on the cohomology of Prym varieties arising
from connected étale double covers of genus g curves. It follows from [Looijenga 1997] that the image
of this representation is finite index in Spy,_,(Z).

In order to generalize the above cases, fix an arbitrary finite group H and consider a maximal family
of (possibly branched) Galois H-covers of curves of genus g. What is the monodromy representation
on the first cohomology of these covering curves? The three cases considered above correspond to the
very special cases H = {id}, the case g = 0 and H = Z /27, and the case where g > 2, H = 7, /27, and
the covers are unramified. Our main result asserts that once the genus g of the base curve is sufficiently
large, the connected monodromy group of this family of H-covers is as large as possible. Namely, just
as the action of the mapping class group on H!(Zg,Z) cannot be via all of GL4(Z) because it must
preserve the cup product, a symplectic form, the monodromy of families of H-covers cannot be the full
general linear group, but must preserve the symplectic form and respect the H-action. Moreover, as local
systems of geometric origin are semisimple, it must be semisimple. These considerations show that the
identity component of the Zariski closure of the image of the monodromy representation is contained in
the derived subgroup of the centralizer of H in the symplectic group. We will show that it is in fact equal
to this group, once the genus of the base curve is sufficiently large.

1.1 Statement of results We next set up notation to state our main results more precisely. Let X ,, be an
orientable surface of genus g, with 7 punctures, and let Mody , be the pure mapping class group of Xg ;.
That is, Modg , = 7o(Homeo™ (X, 5)), where Homeo™t (24 ) is the space of orientation-preserving
homeomorphisms of Xz = X, ¢ fixing each of the n punctures. The goal of this paper is to study certain
natural representations of these mapping class groups, arising from finite unramified covers of X, ,. We
call these representations higher Prym representations, following the terminology of Putman and Wieland
[2013].

Let H be a finite group and let Xg/ ;v — X4, be a finite unramified Galois H-cover. We will next
construct a homomorphism from a finite-index subgroup of Modg ;41 to the centralizer of H in
Sp(Hl(Zg/, C)). Fix a point x of X4 ,. All finite unramified H-torsors Xg’ v — Xg , arise from
surjection ¢: w1 (Xg 5, X) — H, with isomorphism of torsors corresponding to conjugation (by H) of
surjections. For any x’ € X4/ ,» mapping to x, we can identify the kernel of ¢ with K := 71(Zg v, x’).
The mapping class group Mod, ,41 acts (up to isotopy) on (X , x), where we view x as an (n + 1)*
marked point of Xg. Thus, Modg 41 acts on 771 (Zg », x), and hence on the finite set of homomorphisms
m1(Xg,n, x) — H. The stabilizer Mod, C Modg 41 of ¢ acts on the kernel K of ¢. The induced action
on K® = H(Zg n,Z) preserves the kernel of the natural morphism

Hl(Eg’,n’7 Z) - Hl(zg’y Z),
and thus ¢ gives rise to a virtual action of Modg , 1 on H; (X, Z), ie an action of Mody, on H; (X4, Z).
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This action manifestly commutes with the action of H and thus defines a homomorphism
(1-1) R,:Mod, — Sp(H' (2., C))

where Mod,, is the stabilizer of ¢ as defined above, and Sp(H (= g’ C))H denotes the centralizer of the
action of H in Sp(H!'(Z ¢’» C)). We may equivalently think of this as a virtual homomorphism from
Modg 41 to Sp(H!(Zg, C))H, where a virtual homomorphism is a homomorphism from a finite-index
subgroup.

We are interested in the connected monodromy group of this virtual action of Modg 1, or, in other
words, the identity component of the Zariski closure of the image of R, inside Sp(/H Iz ¢ C ). The
slogan for this work is:

1.2 Slogan Monodromy groups should be as big as possible.

Based on this, we expect that, outside of a few exceptional cases, this Zariski closure should contain the
commutator subgroup of Sp(H!(Z g’ C))H. (After passing to a further finite-index subgroup, we may
assume the monodromy group is connected, and connected components of monodromy groups of local
systems of geometric origin are semisimple, so the commutator subgroup is the largest possible.) Our
main result is that this expectation holds under a lower bound on the genus:

1.3 Theorem Let H be a finite group and let X g/ v — X 5, be an H-cover associated to a surjection
¢:m(Zgn, x) — H, where x is a basepoint of X¢ . Let 7 be the maximal dimension of an irreducible
representation of H. Suppose that either

(1) n=0andg = 2r+2, or
(2) n is arbitrary and g > max(27 + 1,72).

Let Mod,, be the stabilizer of ¢ inside Modg 1. Then, using notation as in (1-1), the identity component
of the Zariski closure of the image of

Ry:Mod, — Sp(H' (24, C)H

is the commutator subgroup of Sp(H! (Xgr, C)A.

We prove Theorem 1.3 in Section 7.15. We refer to representations as in Theorem 1.3 as higher Prym
representations.

1.4 Remark The constant 7 reflects the group-theoretic properties of H. For example, ¥ < ~/#H, and
7 divides the index of any normal abelian subgroup of H. The case that the covering group H is abelian
was considered by Looijenga [1997]. In this case, the representation was called a Prym representation.
When H is abelian, ¥ = 1, and so it suffices to take g > 4 in the statement of Theorem 1.3. If H is
dihedral, then ¥ = 2.
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1.5 Remark One may reformulate Theorem 1.3 as follows: the Zariski-closure of the virtual image
of Modg 41 under Ry, in Sp(H! (g, C))H is the commutator subgroup of Sp(H (g, C))H. Here
the Zariski-closure of the virtual image is the intersection of the Zariski-closures of the images of all
finite-index subgroups on which R, is defined.

1.6 Remark The Putman—Wieland conjecture [2013] is heavily influenced by Slogan 1.2. It predicts
that if ¢ > 2, the virtual action of Modg , 1 on H I(z ¢’» C) has no nonzero finite orbits. (In [Putman
and Wieland 2013], this conjecture was made for all g > 2. However, Markovi¢ [2022, Theorem 1.3]
gave a counterexample when g = 2.) The virtual action of Modg ;41 on H 1 (247, C) has no nonzero
finite orbits if and only if the Zariski closure of Modg 41 in Aut(H (= ¢’» C)) has no nonzero finite
orbits. Also the commutator subgroup of Sp(H ! (2, C))H has no nonzero finite orbits on H' (X e, C),
using (7-1). Therefore, the Putman—Wieland conjecture for a given covering Xg/ v — Xg , is implied by
the statement that the Zariski closure of Modg ;41 in Aut(H 1(2g/,C)) is the commutator subgroup of
Sp(H' (Sg. C) ™.

In particular, since the analogue of the Putman—Wieland conjecture does not hold for g = 2 due to
Markovié’s counterexample [2022, Theorem 1.3], as mentioned above, it follows that no analogue of
Theorem 1.3 can hold for g = 2. That is, some lower bound on the genus is necessary. We prove
Theorem 1.3 when the genus g is bounded below by a function depending on the maximal dimension
of any irreducible H-representation. It remains possible, however, that the conclusion of Theorem 1.3
holds whenever g > 2, independent of H. As explained in the previous paragraph, if the conclusion
of Theorem 1.3 were to hold whenever g > 2, one would obtain the Putman—Wieland conjecture as a
consequence.

It is also unsurprising that the proof of Theorem 1.3 builds on the techniques used by the first two authors
to prove the Putman—Wieland conjecture for g sufficiently large in terms of H; see [Landesman and Litt
2024a, Theorem 7.2.1].

1.7 Remark It is reasonable to hope that an even stronger statement, describing the exact image of a
finite-index subgroup of Mody , 11 and not its Zariski closure, might be true, but a proof of this would
require additional ideas. In particular, it is natural to ask if the image is an arithmetic subgroup of its
Zariski closure.

In proving Theorem 1.3, it is natural to decompose H!(Z ¢’» C) into isotypic components corresponding
to different irreducible representations of H. We introduce some notation to describe these:

Let G be a group and p: G — GL, (C) an irreducible representation of G. If p is self-dual, then by Schur’s
lemma, (p ® p)© is one-dimensional. As p ® p = Sym?(p) @ A2p, exactly one of (Sym?(p))?, (A2p)C

1S nonzero.
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1.8 Definition Let p be an irreducible self-dual finite-dimensional representation of a group G. If
(Sym?(p))C £ 0, we say p is orthogonally self-dual. If (A2p)C = 0 we say p is symplectically self-dual.

If V# is a unitary local system on X , corresponding to a representation p of 71 (Zg 5, x), we define
the weight-one piece Wy H' (24, VP) C H'(Zg 4, VP) to be

WiH (Sgn, VP) = H' (Zg, jx VP),
where j: Xy, <> X is the natural inclusion. This agrees with the usual notion of weights in algebraic
geometry. The groups Wy H (2, VP) and Wi H (Zg 4, VP are naturally dual. In particular, if p is
self-dual, Wy H' (X ¢.n, VP) carries a natural perfect pairing with itself. By the graded-commutativity

of the cup product, W1 H 1(Eg,,,, V#P) is symplectically self-dual if p is orthogonally self-dual, and
orthogonally self-dual if p is symplectically self-dual.

If p factors through a surjection ¢: 71 (2 », x) = H with H a finite group, there is a natural isomor-
phism p° = p for each 0 € Mod,, the stabilizer of ¢ in Modg ,41. Hence Mod,, acts naturally on
Wi H (2 gn> V), via a homomorphism we name R, ,. A large part of the proof of Theorem 1.3 consists
of checking:

1.9 Theorem Let H be a finite group and let ¢: 71 (Xg 4, x) = H be a surjective homomorphism,
where x is a basepoint of X¢ ,. Suppose p: H — GL, (C) is an irreducible representation of dimension
r, with r satistying either

(1) n=0andg >2r+2,0r

(2) n is arbitrary and g > max(2r + 1,r?).

Let V¥ denote the local system on X ,, associated to ¢ o p. Let Mod,, be the stabilizer of ¢ inside
Modg 41 and
Ry.p: Mody, — GL(W; H' (Sg 4, V)

the natural homomorphism.
Then the image of Ry , is Zariski-dense in
(1) SO(WH(Zg 4, VP)) if p is symplectically self-dual,
(2) Sp(WyH(Zg,, VP)) if p is orthogonally self-dual, and
(3) the product of SL(W; H'! (Xg,n, VP)) with a finite subgroup of the center of GL(W; H! (Zgn, VP))

if p is not self-dual.
We prove Theorem 1.9 in Section 7.15.
One may draw a number of concrete corollaries of Theorems 1.3 and 1.9.
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1.10 Corollary Let H be a finite group and X a very general H-curve. Let ¥ be the maximal dimension

of an irreducible representation of H. Suppose either

(1) H acts freely on X and the genus of X /H is at least 27 + 2, or
(2) the genus of X /H is greater than max (27 + 1,72).

Then the Mumford—Tate group of H'(X, Q) contains the commutator subgroup of Sp(H' (X, Q))¥ and
is contained in GSp(H' (X, Q))#.

1.11 Corollary Let X be as in Corollary 1.10. Then the endomorphism algebra of Jac(X) is Q[ H].

These corollaries are proven in Section 7.17. We expect Corollary 1.11 will likely have applications in
equivariant birational geometry, generalizing the applications in [Hassett and Tschinkel 2022, Section 7]
of results of [Grunewald et al. 2015].

We conclude the paper with a result on the monodromy of certain special Kodaira fibrations, that is,
surfaces with a smooth projective map to a smooth curve. We refer to these as Kodaira—Parshin fibrations
(see Definition 9.1); loosely speaking, these Kodaira—Parshin fibrations parametrize families of covers of a
fixed curve, with a moving branch point. See Theorem 9.8 for a precise algebraic statement. These results
have a purely topological interpretation — namely, they say that for the representations considered in
Theorem 1.3, their restrictions to certain “point-pushing” subgroups have large image; see Corollary 9.9
for a precise statement.

1.12 The large n regime Another regime in which we expect big monodromy is the case that we fix g
and let n grow large. Specifically, we conjecture the analogue of Theorem 1.3 in this context.

1.13 Conjecture Let H be a finite group and let X4/ ,» — Xg , be the H-cover associated to a
homomorphism ¢: 71 (X ,, x) = H, where x is a basepoint of X4 ,. Let p: H — GL,(C) be an
irreducible H-representation and V the local system associated to p o ¢. We conjecture there is a
function ¢(g, dim p) with the following property. Suppose there are A > ¢(g, dim p) points of X g — X4
such that a small loop around each of these points is sent to a nonidentity matrix under the composition
m1(Zg,n) “5> H 25 GL,(C). Then, the image of the stabilizer Mod, of ¢ in Modg ;41 inside
GL(W H' (244, VP)) is Zariski-dense in

(1) SO(WH!(Zg,, VP))if p is symplectically self-dual,
(2) Sp(W,H! (Zg,n, VP)) if p is orthogonally self-dual, and

(3) the product of SL(W; H' (2.4, V?)) with a finite subgroup of the center of GL(W; H! (Zg 4, VP))
if p is not self-dual.
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1.14 Remark (motivation from arithmetic statistics) A number of works in arithmetic statistics over
function fields have proven results in a large ¢ limit setting by computing relevant monodromy groups
with finite coefficients associated to spaces of H-covers. See [Achter 2008; Ellenberg et al. 2016; Feng
et al. 2023; Park and Wang 2024; Ellenberg and Landesman 2023] for a few examples of this; the last
three references are connected to H-covers for a particular group H via [Ellenberg and Landesman 2023,
Proposition 6.4.5].

Verifying Conjecture 1.13 would give some evidence for analogous conjectures in number theory, as it
would suggest a similar big monodromy result should be true with finite coefficients.

As evidence for Conjecture 1.13, we prove the following implication of the conjecture. If the monodromy
is Zariski dense in the subgroups listed in Conjecture 1.13, then it is not contained in any nontrivial
parabolic, and so in particular it does not fix any vectors.

1.15 Theorem Let H be a finite group, X g’ v — X¢g » an H-cover, and p: H — GL, (C) an irreducible

H -representation. Suppose there are
3r2

Ve+1

points of X g—X , such that a small loop around each of these points is sent to a nonidentity matrix under
the composition 71 (Xg ») 25> H 25 GL,(C). Then, setting Mod, C Modyg ;41 to be the stabilizer
of ¢, there are no nonzero vectors with finite orbit under the image of Mod,, in GL(W; H' (24 ,, V?)),

A > + 8r

for V? the local system associated to p o ¢.
We prove Theorem 1.15 in Section 8.5.

1.16 Remark Theorem 1.15 verifies new cases of the Putman—Wieland conjecture [2013, Conjecture 1.2].
See also [Landesman and Litt 2024a, Section 1.8.4] for a summary of other known cases of the Putman-—
Wieland conjecture. Landesman and Litt [2024a, Theorem 1.4.2] give a variant of Theorem 1.15 when g
is large relative to r, in comparison to Theorem 1.15, where we think of A as being large relative to g
and r.

1.17 Remark We have opted to write Theorem 1.15 with a bound on A depending only on the rank r
of our given representation p and on the genus g of X, ,. We expect, however, that our methods could
give stronger bounds in terms of the eigenvalues of the local monodromy of p o ¢.

1.18 Previous work There is a great deal of past work related to big monodromy for higher Prym
representations. In the case that H is abelian, Theorem 1.3 follows from [Looijenga 1997, Corollary 2.6].
Higher Prym representations corresponding to certain nonabelian covering groups H were considered in
[Grunewald et al. 2015], and shown to give a rich class of representations of mapping class groups under
certain conditions, namely when the cover is “¢-redundant” [Grunewald et al. 2015, Theorem 1.2 and 1.6].
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A variant for free groups was previously considered by Grunewald and Lubotzky [2009]. See also the
recent paper by Looijenga [2025] for a criterion for big monodromy along somewhat different lines. In
the four papers above, the representations above were in fact shown to have arithmetic image, meaning
that they have finite index in the integral points of their Zariski closure. Our techniques seem not to be
able to establish anything towards arithmeticity. There are known examples of families of cyclic branched
covers of genus-zero curves with nonarithmetic monodromy [Deligne and Mostow 1986].

Further arithmeticity results associated to Prym representations, primarily in the case that H is abelian,
were given by McMullen [2013], Venkataramana [2014a], and Venkataramana [2014b]. Salter and
Tshishiku [2020] prove arithmeticity of monodromy groups of certain Kodaira fibrations, corresponding
to H-covers with H a finite Heisenberg group. In a more arithmetic direction, big monodromy associated
to certain Prym representations played a crucial role in the recent proof of Faltings’ theorem given by
Lawrence and Venkatesh [2020, Theorem 8.1].

In the setting of covers of projective lines, ie in a g = 0 analogue of the setting of Theorem 1.3, a big
mod £ monodromy result was proven by Jain [2016, Theorem 5.4.2] when H has trivial Schur multiplier
for £ t 2| H|. Big mod £ monodromy can often be used to prove that the £-adic closure of the image of
the mapping class group is large, which implies big Zariski closure. A key tool is a result of Conway and
Parker (see eg [Fried and Volklein 1991, Appendix], as well as [Ellenberg et al. 2016, Proposition 3.4] and
[Wood 2021]) which gives a stabilization of the braid group action on finite quotients of 71 (Xg ). An
analogue of this tool in the higher-genus case is work of Dunfield and Thurston [2006, Proposition 6.16],
which shows a stabilization in g of the mapping class group action on finite quotients of (Zg) as g
grows. Samperton [2020] gives a partial analogue of these results for the mapping class group action on
m1(Zg,n) withn > 0.

It may be possible to use [Dunfield and Thurston 2006, Proposition 6.16] to prove a higher-genus analogue
of [Jain 2016, Theorem 5.4.2]. Such a result would have the advantage over Theorem 1.3 that it would
give more precise information on the £-adic image of the mapping class group, but the disadvantage that
the required lower bound on the genus would be ineffective. Partial results in this direction were obtained
in recent work of Sawin and Wood [2024] in the course of studying Heegaard splittings of 3-manifolds.
This work uses [Dunfield and Thurston 2006, Proposition 6.16] to compute the intersections of maximal
isotropic subspaces with their translates by random elements drawn from the monodromy group of Prym
representations, though falls short of computing the actual monodromy group.

Finally, recent work of Landesman and Litt [2024a; 2023a; 2023b] shows that the monodromy group for
higher Prym representations is not too small, in the sense that it has no nonzero finite orbit vectors. Here,
we build on the methods developed in those papers to prove the monodromy group is as big as possible.

We next describe the primary new ideas of this work that do not appear in [Landesman and Litt 2024a;
2023a; 2023b].
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1.19 Innovations of the proof To explain the main new ideas going into our paper, we begin with a
sketch of the proof of Theorem 1.9.

Setup for the proof Consider a family of n-pointed curves 7: ¢ — .#, with associated family of
punctured curves 7°: 4° — .#, such that the induced map .# — .#g , is dominant étale. Let V be a
complex local system on %° with finite monodromy, whose restriction to a fiber of 7° has monodromy
given by p. It suffices to compute the connected monodromy group of W; R! gV, as the monodromy
representation on this local system factors through the representation we are interested in. The main idea
of the proof is to analyze the derivative of the period map associated to W; R'z2V.

A novel technique: functorial reconstruction Using techniques building on those developed by Lan-
desman and Litt [2024b; 2024a] we show in Theorem 6.2 and Proposition 6.4 that (given our assumptions
on g and dim V) the monodromy representation p can be functorially reconstructed from the derivative
of the period map associated to W; R'z2V at a generic point of .# along so-called Schiffer variations.
We think of this reconstruction as a new kind of “generic Torelli theorem with coefficients” — this is our
main technical tool.

This enables a novel strategy to obtain information about the local system W; R! 72 V. We first assume
for the sake of contradiction that the monodromy group of W; R!'72V has some undesirable property.
Using the general theory of variations of Hodge structures, we describe the consequences of this property
for the variation of Hodge structures, and in particular for the derivative of its period map. We then
examine the consequences those properties have on the local system obtained by applying our functorial
reconstruction algorithm, and finally show that these contradict known properties of V.

Proving Theorem 1.9 by repeatedly applying functorial reconstruction For example, to show
Wi R'n2V is irreducible as a representation of the monodromy group, we assume for the sake of
contradiction that it is reducible. It would be convenient if this implied that W; R! 72V is reducible as a
representation of Hodge structures, but this is not the case — it could instead be, for example, the tensor
product of a fixed irreducible Hodge structure with an irreducible variation of Hodge structure. However,
in this case the derivative of the period map is still reducible in a suitable sense, and in fact one can
check that this holds for any variation of Hodge structures whose underlying local system is reducible.
Applying the reconstruction algorithm to a reducible derivative of the period map, we obtain a reducible
local system, contradicting the irreducibility of V.

A slight enhancement of this argument, namely Theorem 6.7, shows that the connected monodromy group
of Wi R'z2V is in fact a simple group, acting irreducibly. By the classification of simple factors of
Mumford-Tate groups of Abelian varieties, this group necessarily acts through a minuscule representation;
see [Zarkhin 1984, Theorem 0.5.1(b)].

We rule out nonstandard representations in Section 7 via the same strategy. We show that, for these
representations, the rank of the derivative of the period map along a Schiffer variation is necessarily large.
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Applying the reconstruction algorithm gives a local system of large rank — in fact, larger than the rank
of V, leading to a contradiction.

The last case remaining to rule out is when the monodromy group of W; R! 72V is a classical group but V
is not self-dual. In this case we show that W; R!'72V is self-dual as a variation of Hodge structures, and
deduce from the reconstruction algorithm that V is self-dual, obtaining a contradiction. This concludes
our sketch of the idea of the proof of Theorem 1.9.

Proving Theorem 1.3 To deduce Theorem 1.3, one may explicitly describe the commutator subgroup of
Sp(HY(Z ¢ C )H as a product of the groups appearing in Theorem 1.9 — that theorem implies that the
connected monodromy group of H'!(Z,/, C) surjects onto each of the simple factors of Sp(H ! (2, C)H.
It then suffices by the Goursat—Kolchin—Ribet criterion of Katz [1990, Proposition 1.8.2] to show that
for py, py irreducible H-representations, with associated local systems U;, U, on ¢°, an isomorphism
Wi R! Uy > Wy R! 753 Uy necessarily comes from an isomorphism p; >~ p,. We deduce this from our
functorial reconstruction results.

A new technical ingredient: global generation Although the heart of our functorial reconstruction
results rest on understanding the derivative of a certain period map, following similar techniques introduced
by Landesman and Litt [2023a; 2024a], there are a number of substantial innovations. In particular, the
key to the proof of Theorem 6.2 is Proposition 4.9, which analyzes the global generation properties of flat
vector bundles under isomonodromic deformation. In past work, the first two authors were only able to
prove that the relevant vector bundles were generically globally generated, as opposed to actually being
globally generated. By analyzing the obstruction for generically globally generated bundles to be globally
generated, we are able to push the methods developed previously farther.

The proof of our main results underlies a new connection between global generation of certain vector
bundles on curves and questions about big monodromy; see Section 10 for further details. As far as we
are aware this connection is totally novel.

Acknowledgements Landesman was supported by the National Science Foundation under award
DMS 2102955. Litt was supported by the NSERC Discovery grant “Anabelian methods in arithmetic and
algebraic geometry”. Sawin was supported by NSF grant DMS-2101491 and a Sloan Research Fellowship.
The authors are grateful for useful discussions with Kevin Chang, Josh Lam, Eduard Looijenga, Alex
Lubotzky, Andrew Putman, Kasra Rafi, Andy Ramirez-Cote and Bena Tshishiku.

2 Notation and preliminaries on moduli

2.1 Notation Throughout this paper, we work over the complex numbers. Suppose we are given a smooth
proper family of curves 7 : 4 — .# with geometrically connected fibers and » sections sy, ...,y 4 =€
with disjoint images 2,...,%, C%. Let ¢° =% —{Z1. ..., Zy}. If the induced map .# — g,y is
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dominant étale, we say 7 is a versal family of n-pointed curves of genus g, and refer to 7° := 7|40 as the

associated versal family of n-punctured curves.

Suppose, moreover, we have a diagram

%Lﬂé

@1 \nD

M

where  is a versal family of n-pointed curves of genus g, and 7’ is a smooth proper curve with
geometrically connected fibers of genus g’. Suppose f is finite, Galois and unramified away from
Urs) i Let 27° = f~1(€°), let 1° := 1|0, and let f© = f|yo. For m € . apoint, we set C = €y,
C° =%, and D = C —C°; let c € C° be a point. As f° is finite Galois, it induces a surjection
71(¢°, c) — H for some finite group H. As 7’ has geometrically connected fibers and f is Galois, the

composition
Y:m(C°¢)— m(6°,¢c)— H

is surjective.

Let x € ¥4, be a basepoint and ¢: 71 (Xg ., X) = H a surjection. A versal family of ¢-covers is the
data of a diagram as in (2-1) above, together with

(1) apointc € ¢°, m =n°(c), C° = ¢y, and an identification i : (X4, x) =~ (C°, ¢), such that

(2) under this identification the map i above identifies with ¢.

If p: H— GL,(C) is a representation of a finite group H, and ¢: 71 (Xg », X) — H is a map, we often
use V# to denote the local system on Xg , associated to p o @.

2.2 Remark Versal families of ¢-covers exist by [Wewers 1998, Theorem 4]. One may also construct
such a versal family by taking an open substack of the stack %, ,,(H) as constructed in [Abramovich
et al. 2003, Section 2.2] (where the group H here is called G there). The above constructions give versal
families of Deligne—-Mumford stacks. Hence, if one wishes, one may pass to a dominant étale cover of
the .# thus constructed, making all the objects in question schemes.

2.3 Preliminaries on moduli In this section we explain how to interpret the main theorems of this
paper as being about the monodromy of (summands of) R!z,C, for ' as in (2-1), arising from a versal
family of H-covers.

Recall that, given a cover g/ — Xg 5, We are studying the action of finite-index subgroups of Modg 5,41
on the abelianization of 71 (Xg ., x’), a finite-index subgroup of 71 (Xg 5, x). One may interpret the
action of Modg ;41 on 71 (Xg 4, x) as follows. Let .#g , be the Deligne-Mumford moduli stack of
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genus g curves with n marked points, €g,n/.#g,» be the universal family, and %, the associated family
of n-punctured curves. Note that %;,n is canonically isomorphic to .#g 51 1.

Now consider the map

. 0 o o
PG Xttgn Cgn = Coun

given by projection onto the first factor. This map has a canonical section given by the diagonal A. Thus
there is a short exact sequence of fundamental groups

1 = 71(Zgn) = T1(Cgp X trg Con) Py 71(Cgn) = 1,
split by A, inducing a natural action of 71 (% ,,) on 71(Zg,»). It follows from eg [Farb and Margalit
2012, Section 10.6.3 and page 353] that there is a natural identification of 71(%y ,) = 71 (#g n+1) With
Modg ;4 1, under which this action identifies with the one we are studying.

Fix a surjection ¢ : 71 (X 5, x) — H and a versal family of ¢-covers with notation as in (2-1). In analogy
with the fiber product construction above, we may consider the map

G C° Xy X —€°

given by projection onto the first coordinate. We claim that the monodromy of R!¢g4C factors through the
representation Ry, studied in Theorem 1.3, and indeed factors through a finite-index subgroup of Mod,,.

We first construct a map from 71 (¢°°) to Mod,,. The family of (n4-1)-pointed curves
¢° Xy € — ©°

(with sections given by the pullbacks of s1, ..., s, and the tautological section induced by the diagonal)
induces a map ¢° — .#g n41. By the discussion above and [Landesman and Litt 2024a, Lemma 2.1.4],
the image of the induced map on fundamental groups m1(¢°) — m|(.#g n+1) has finite index in
T (Mg pns1) = Modg 1. By the definition of .#, the image of the induced map is contained in
Mody, as defined as in Theorem 1.3, and hence the image has finite index in Mod,,.

Unwinding this discussion, the monodromy representation on R!gC factors through the representa-
tion R, with image a finite-index subgroup of the image of R,. Thus to understand the image of Ry,
it suffices to understand the image of this monodromy representation associated to R!g+C.

Moreover ¢ is itself the pullback of 7’ along 7 °, which induces a surjection on fundamental groups. Thus
the image of the monodromy representation associated to R!g4C is the same as that of the monodromy
representation associated to R! 7, C.

Now let p: H — GL,(C) be a representation and V* the associated local system on 4°. A completely
analogous argument shows that the image of the monodromy representation associated to W; R z2V?
is the same up to finite index as the representation R , considered in Theorem 1.9.
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3 Review of parabolic bundles and period maps

Let C be a smooth projective curve over C, and D = x1 + --- + x,, a reduced effective divisor on C.

3.1 Definition A parabolic vector bundle E, on (C, D) is a vector bundle £ on C, a decreasing
filtration Ex, = E} 2 E? 22 E}
numbers 0 < a} < a]? <eee < a;.l" <1 foreach 1 < j <n, referred to as weights. Here, E; refers to the
fiber of E at x;, and hence the filtration is merely a filtration of vector spaces on the fiber of £ at x;,
not a filtration of the vector bundle E£. We use E, = (E,{E j’}, {aJ’: }) to denote the data of a parabolic

bundle. Given a parabolic bundle E,, we will often write E for the underlying vector bundle E.

= 0 for each 1 < j < n, and an increasing sequence of real

3.2 Parabolic bundles admit a notion of parabolic stability, analogous to the usual notion of stability for
vector bundles, which we next recall. First, the parabolic degree of a parabolic bundle E, is
n nj
deg(E,) :=deg(E) + Y | > o} dim(E}/EI*T).

j=tli=1
Then, the parabolic slope is defined by 4 (E,) := deg(E+)/rk(E4). Any subbundle F C E has an
induced parabolic structure F, C E, defined as follows: we take the filtration over x; on F' is obtained
from the filtration

Fyy=E'NFy >EXNFy > D EYT

’ PN F, =0

by removing redundancies. For the weight associated to F j’ C Fyx, one takes
k. pi _ rk
k,lnfllecl);nj{aj tF; = E7 N Fy )
A parabolic bundle E, is parabolically semistable if for every nonzero subbundle F' C E with induced par-
abolic structure F,, we have . (Fy) < pu+(E). Similarly, a parabolic bundle E, is parabolically stable
if for every nonzero subbundle F C E with induced parabolic structure F,, we have i (Fy) < px(Ex).

We next introduce the notation E¥ for the parabolic bundle corresponding to a unitary representation p.

3.3 Notation Let C be a curve and D C C a divisor. Under the Mehta—Seshadri correspondence from
[Mehta and Seshadri 1980], there is a bijection between irreducible unitary representations of 71 (C — D)
and parabolic degree 0 stable parabolic vector bundles on C, with parabolic structure along D. Given an
irreducible unitary representation
p:m(C—D)—U(r)

of dimension r, we use E¥ to denote the parabolic bundle associated to p. The underlying vector bundle
E g of E¥ is the Deligne canonical extension of the flat bundle on C — D associated to p, ie E g carries a
flat connection

V:Ef — E) ® Q¢ (log D)
with monodromy p and whose residues have eigenvalues with real parts in [0, 1). See [Landesman and
Litt 2024b, Definition 3.3.1] for details of how to associate a parabolic structure to a connection.
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Such unitary representations will often arise as follows: we will start with a surjection ¢: 71 (C — D) — H
for some finite group H. Then for each irreducible representation p of H, the representation p o ¢ is
unitary, and we will abuse notation to denote it by p as well.

Let D°

nontriv

C D denote the subset of points p € D such that the local inertia at p under p is not the

P
nontriv*

identity. Set A to be the number of points in D

3.4 Definition Given a parabolic bundle E, = (E,{E J’:}, {oz]". 1, let J C {l,...,n} denote the set of
integers j € {1,...,n} for which a} = 0, and define

(3-1) EO = ker(Ee@Exj/Ejz).

jeJ
(This is a special case of more general notation used for coparabolic bundles as in [Landesman and Litt
2024b, 2.2.8] or the equivalent [Boden and Yokogawa 1996, Definition 2.3], but is all we will need for
this paper.) In particular, E o C I is a subsheaf. Note that if £, is the parabolic bundle associated to a
unitary representation of 7y (C — D), the natural logarithmic connection on £( descends to a logarithmic
connection on £ o (albeit with different residues), by a local calculation.

3.5 Proposition Let V be a unitary local system on C — D, and let E, be the associated parabolic
bundle on C. Then there is a natural mixed Hodge structure on H'(C — D, V), and natural isomorphisms

(F'NWi)HY(C —D,V) = H’(C, Eg ® wc (D)),
WiHY(C—D,V)/(F'nW)H' (C—D,V)= H'(C, Ey).
Proof Everything except the last line is [Landesman and Litt 2023a, Lemma 3.2]. The last line is just

unwinding definitions; see eg [Landesman and Litt 2023a, Section 3] or [Landesman and Litt 2024a,
Theorem 4.1.1]. O

Now suppose 7 : ¢ — . is a versal family of punctured n-pointed curves, 7°: ¢° — ./ is the associated
punctured family, and V a unitary local system on ¢°. It is well-known (see [Landesman and Litt 2024a,
Theorem 4.1.1]) that R! 74V carries an admissible complex variation of Hodge structures, with the fibers
of Wi R'72V as described in Proposition 3.5. Let m € .# be a point, C = 7~ (m), C° = (°)~" 1 (m),
and D = C — C°. Let p be the monodromy representation associated to V|co. The derivative of the
period map associated to W; R'gV is, by Proposition 3.5, a map

dPE: Tyt — Hom(H®(C, Ef ® wc (D)), H'(C, ED)).

As 7° is a versal family, for each m € .# we have that T,}.# = H° (w? 2(D)), and so by Serre duality
we may adjointly obtain a map

H°(C,Ef ® wc (D)) ® HO(C,(ED)Y @ wc) — HO(C, 0@ (D)).
There is another natural map between these vector spaces, which we denote by Bf, and describe next.
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There is a bilinear form
(3-2) EP® (Ef)Y — Oc

arising from the inclusion E g — E g and the pairing E g ®(E g )Y — O¢. Twisting this bilinear form by
a)g’z(D) yields the map of sheaves

EP ® wc(D)® (Ef)Y ® wc — wE*(D).

Taking global sections yields the map
(3-3) H(C, Ef ® wc (D) ® (ED)Y @ wc) — HO(C,0@*(D)).
Finally, we define
(3-4) B}, H'(C. E§ ® wc (D) ® HY(C.(EQ)Y ® wc) — H(C.0g* (D))
to be the composition of the multiplication map

H(C, Ef @ wc (D)) ® H(C, (Ef)Y ®@ wc) — HY(C, Ef ® wc (D) ® (EF)Y ®@ wc)
with (3-3).
By combining Proposition 3.5 above with [Landesman and Litt 2024a, Theorem 5.1.6], we obtain the

following description of the derivative of the period map.

3.6 Proposition Let:¢ — .# be a versal tamily of marked curves of genus g as in Notation 2.1, and
let °: €° — ./ be the associated punctured family. Fix m € .# and set C = 7~ (m), C° = (x°)~ 1 (m)
and D = C — C°. Let V be a unitary local system on ¢°, and let p be the monodromy representation
of V|co. Then the derivative of the period map associated to Wy R'x2V is identified with the map B,
defined in (3-4).

The map dPj, described above gives rise to a number of other maps by adjointness; we will find it
convenient to name some of them. We have denoted the bilinear pairing of (3-4) by Bf,. We will denote
by 6}, the adjoint map

(3-5) 05 H(C, Ef @ wc(D)) — H'(C, E§) ® H°(C, wE*(D)),
where we identify H'(C, Eo) with H%(C, (E})Y ® wc)" by Serre duality.

4 Global generation of vector bundles on generic curves

4.1 A generalization of the non-ggg lemma We will need a generalization of the non-ggg (generically
globally generated) lemma from [Landesman and Litt 2024b, Proposition 6.3.6]; see also [loc. cit.,
Proposition 6.3.1]. In order to prove this generalization, we will make use of the following lemma,
bounding the rank of the global sections of a subbundle of a vector bundle in terms of various numerical
invariants.
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4.2 Lemma Let F be a vector bundle on a smooth proper curve C of genus g, and let V C F be
a subbundle with ¢ := rk(F) —rk(V). Suppose that 0 = N° ¢ N' c --- ¢ N¥ = V is the Harder
Narasimhan filtration of V. Let |4 be a rational number. If

(1) h%(C,F)—h°(C,V) =8,
(2) 0<u(Ni/Ni='y<2¢—2forl1<i<k,and
(3) u(F) = pu,

then
2g—1—p)rk(F)>cg—4.

Proof Combining [Landesman and Litt 2024b, Lemma 6.2.1] with Riemann—Roch for F gives
% deg(V) 4+ 1k(V) > h°(C, V) = h°(C, F) — § > deg(F) — (g — 1) tk(F) — 6.
By assumption (2) we obtain u(V) <2g —2,ie deg(V) < (2g —2) rk(V'), giving
grk(V) > deg(F)—(g— 1 rk(F) 4.
Then, rk(V) = rk(F) —c and w(F) > p gives
g(k(F) —c) = g(tk(V)) = deg(F) — (g — 1) tk(F) — 6
> W(F) tk(F) — (g — 1) tk(F) - §
> urk(F)—(g—1)rk(F)—6.
Simplifying this gives

(4-1) (2g—1—p)rk(F) = cg —4. D

4.3 Proposition Let yu be a rational number. Suppose E is a vector bundle on a smooth proper connected
genus g curve and any nonzero quotient bundle E —> Q satisfies u(Q) > n. Let U C E be a proper
subbundle with ¢ := rk(E) —rk(U) > 0 and § := h°(C, E) —h°(C,U). If n < 2g — 1 then we have
tk(E) > (cg —68)/(2g — 1 — ), while if 4 > 2g — 1 then we have § > cg + u— (2g —1).

Proof As a first step, we may reduce to the case U is generically globally generated by replacing U
with the saturation of the image of H°(C,U) ® 6¢c — U — V. Next, let N denote the largest filtered
part of the Harder—Narasimhan filtration of U, whose associated graded sequence of vector bundles all
have slopes > 2g — 2. Because U C E was assumed saturated, and N’ C U is saturated, the quotient
U/N' c E/N' is also a saturated inclusion of vector bundles.

Now, let F:= E/N' and let V := U/N’. We now wish to apply Lemma 4.2 to the subbundle V C F,
which will tell us

(4-2) 2g—1—p)rtk(F) > cg—4.
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If we also assume 2g — 1 > u, dividing both sides of (4-2) by 2g — 1 — u gives our desired inequality
; -6
k(E) > k(E/NT) > —8 %
2¢—1—pn
On the other hand, if u > 2g — 1, then rearranging (4-2), and using that rk(F) > 1 (since V C F is a
proper subbundle), gives the claimed inequality

§>cg—Q2g—1-—wWrk(F)=cg+(n—2g—1))rk(F) = cg+pn—2g-1).
To conclude, it remains to verify conditions (1)-(3) of Lemma 4.2.
For condition (1), we will show
§=h%C,E)—h%C,U)=h’C,E/N))=1°(C,U/N"Y).

Indeed, since H'(C, Ni) = 0 by [Landesman and Litt 2024b, Lemma 6.3.5], we find ho(C, E/Ni) =
h°(C, E)—h%(C, N") and h°(C,U/N%) = h°(C,U)—h°(C, N*). This implies h°(C, E)—h°(C,U) =
h°(C, E/N*)—h°(C,U/N"), and the former is § by definition.

Condition (3) holds because F is a quotient of £, and so u(F) > p by assumption.

Finally, we verify condition (2). We wish to show each associated graded piece of the Harder—Narasimhan
filtration of V' has slope between 0 and 2g — 2. The upper bound follows from the construction of V'
as U/N*. We conclude by verifying the lower bound. Recall we assumed above that U is generically
globally generated. Therefore, V' is generically globally generated as it is a quotient of U, and hence any
quotient of V is itself generically globally generated, and thus has positive slope. Applying this to the
smallest slope associated graded piece of the Harder—Narasimhan filtration verifies (2). a

4.4 Lemma Suppose E, = (E, {EJ’:}, {a;'. }) is a nonzero parabolic bundle on (C, D), where C is a
smooth proper connected genus g curve and D = x; + --- + x,, is a reduced effective divisor. Assume
E, is parabolically semistable of slope i + n with u < 2g — 1. Suppose Eo has a proper subbundle
U C Eq with ¢ :=tk(Eo) —tk(U) and § := h°(C, Eo) — h®(C, U). Then
~ -4
K(E) = tk(Eg) > —2—°%
2¢—1—p
Proof Note that [Landesman and Litt 2024b, Lemma 6.3.4] implies any quotient of vector bundles
Eo —> Q satisfies £ (Q) = u. We may therefore conclude by applying Proposition 4.3 to the vector
bundle EO. O

4.5 Lemma The bundle E s semistable if and only if E¥ is semistable. The bundle EX is stable if
and only if E g is stable.

Proof Stability of E g is equivalent to stability of E g (D). In turn, this is equivalent to stability of
(Ef")Y by [Yokogawa 1995, (3.1)], which shows E£(D) ~ (E£")V. Finally, stability of (E£ ) is
equivalent to stability of E g . The same holds with semistability in place of stability. O
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4.6 Global generation and deformation theory In this section, we deduce Proposition 4.9 from
Lemma 4.4 by passing to a generic curve. We note that Proposition 4.9 is a result about global generation
of vector bundles, as opposed to just generic global generation.

Suppose C is a curve, D is a reduced effective divisor in C, and E is a vector bundle on C. Below we
denote by At(c, p)(E) the preimage of Tc (— D) under the natural map Atc (E) — T¢, where Atc (E) is
the Atiyah bundle of E. For some background on Atiyah bundles relevant to the context of this paper, see
[Landesman and Litt 2024b, Section 3]. We begin by recalling a couple of general facts from deformation
theory relating to the Atiyah bundle.

4.7 Lemma Let C be a smooth projective curve over a field k, and D a reduced etfective divisor on C.
Let E be a vector bundle on C. Then the space of first-order deformations of the triple (C, D, E) is
naturally in bijection with the first cohomology of the Atiyah bundle, H'(C, Atc,py(E)).

Proof See [Landesman and Litt 2024b, Proposition 3.5.5], or see [Sernesi 2006, Theorem 3.3.11] for a
proof in the case where E is a line bundle and D is empty; the general case is identical. |

4.8 Lemma With notation as in Lemma 4.7, let s € I'(C, E) be a global section. Let

(/2 At(C,D)(E) — F

be the map sending a differential operator £ to £(s). Then givenv € H'(C, At(c,p)(E)), corresponding
to some first-order deformation (¢, 2, &) over k|[€]/€?, the section s extends to a global section of & if
and only if

Y (v)e H'(C,E)

vanishes.

In particular, if E carries a flat connection V with logarithmic singularities (equivalently, the natural map
Atc,p)(E) — Tc(—D) is equipped with a section qv), then s extends to a first-order neighborhood in
the universal isomonodromic deformation of E if and only if the map

Voq':Tc(—D)— E
induces the zero map
HY(C,Tc(—D)) — HY(C, E).

Proof For the first paragraph, see [Sernesi 2006, Proposition 3.3.14] for the case where E is a line bundle
and D is empty; the general case is identical. For the second, fix v e H'(C, T¢(— D)), corresponding to a
first-order deformation of (C, D). The element ¢ (v) € H' (At(c,p)(E)) corresponds to, by [Landesman
and Litt 2024b, Proposition 3.5.7], the first-order isomonodromic deformation of £ in the direction v.
Thus by the first paragraph, ¥ o ¢" (v) = 0; as v was arbitrary, this completes the proof. O
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4.9 Proposition Fix a unitary representation p: w1 (Zg ) — GL, (C). Let (C, D) be a general n-pointed
curve of genus g > 2 + 2r. Then Eg ® wc (D) is not only generically globally generated, but even
globally generated.

Proof It suffices to consider the case that p is irreducible and nontrivial (as w¢ is globally generated)
Letting V* denote the local system on C° associated to p, we may assume that H!(C, E, FP & wc (D))=
as this is dual to H(C, Ep )= HO(C°, VP").

Suppose that the theorem is false, so that for a general n-pointed curve (C, D), E ? ® wc (D) is not
globally generated Equivalently, there exists p € C such that H!(C, E, EP ® wc (D — p)) # 0. Serre-
dually, H° (C Eq P (p)) is nonzero. As (C, D) is general, we ‘may assume that there exists a section
se H(C, E, P ( p)) such that for every first-order deformation (C D) of (C, D) there exists a first-order
deformation p of p to C such that s survives to H° (C E; Fr (P)), where E " is the isomonodromic
deformation of Ej *" 1o (C D) If peDbutp¢ D, then we may, by passing to a different general curve
(C’, D’), assume that p & D. Thus we can and do assume in what follows that if p € D, then p C D for
all first-order deformations (5 , D) of (C, D).

There are two cases, depending on whether or not p € D; we set up notation to handle them simultaneously.
If p € D, we set D' = D; otherwise, we set D’ = D + p. The bundle &(p) has a natural connection on
it with regular singularities at p and trivial monodromy, and with residue —1 at p. We give E g : (p) the
tensor product connection, which has regular singularities along D’.

First-order deformations of (C, D) are parametrized by H!(C, T¢(—D)), and first-order deformations
of (C, D') are parametrized by H'!(C, Tc(—D’)). By Lemma 4.8, applied to (C, D’) and the vector
bundle £ g (p), a section s € H°(C, E g (p)) extends to the first-order deformation parametrized by
ne€ H'(C, Tc(—D")) if and only if the image of 1 under the map
HY\(V v
H'(C, Te(-D) 5% 1Y (EL (p))

is zero, where Vs: T¢(—D') — Egv (p) is the map sending a vector field X to Vys, the derivative of s
with respect to the natural connection on £ (‘; ’ (p) with regular singularities along D’, described in the
previous paragraph. Note that Vs is nonzero, since if it were zero, s would be flat, which is impossible as
the monodromy representation p" is nontrivial.

Thus it suffices to show that
HY(V v
ker(H'(C. Tc (—D") 5% HY(ES (p))

does not surject onto H!(C, T¢(—D)) under the natural map induced by the inclusion T¢(—D’) —
Tc(—D).

Since deg D’ > deg D — 1, it is enough to show that the rank of the map induced by Vs on H! is at least 2,
or equivalently that the Serre dual map

Eg QR wc(D - p) — w?z(D')
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induces a map of rank at least 2 on HP. Setting U to be the kernel of this map, 1 := 2g — 3, and § to be

the rank of the map
H°(E§ ® oc(D — p)) — H°(wg*(D)),

we have by Lemma 4.4 that
r>3(g—9),

and hence that § > g — 2r. Hence 6 > 2 as long as g — 2r > 2, which holds by assumption. |

5 Preliminaries on variations of Hodge structure

In this section, we freely use the terminology of Tannakian categories. For background, we suggest the
reader consult [Deligne et al. 1982, II].

Let Y be a smooth variety over C and x a point of Y.

5.1 Definition (integral K-VHS) Let K be a number field. A K-variation of Hodge structures on Y
is a K-local system V on Y equipped with a decreasing filtration F* on Wi oV ® Oy, where Wk ¢
is the Weil restriction, turning Wk, V into a polarizable QQ-variation of Hodge structure so that the
natural action of K is via morphisms of variations of Hodge structure. We say that a K-variation V is

integral if there exists a locally constant sheaf of locally free &g -modules W on Y and an isomorphism
AW ®ﬁK K~V.

We denote by VHS(Y, K) the neutral Tannakian category of semisimple K-variations of mixed Hodge
structure (ie direct sums of irreducible pure K-variations of Hodge structure), and by VHS(Y, Ok ) the full
(neutral Tannakian) subcategory consisting of direct sums of integral pure K-variations of Hodge structure.
Note that VHS(Y, 0k ) is a K-linear category, not an Ok -linear category. We equip this category with
the fiber functor sending a local system to its fiber at x.

If V is a Q-VHS, the generic Mumford—Tate group of V is the identity component of the Tannakian group
associated to the full subcategory of VHS(Y, Q) generated by V (see eg [Moonen 2017, penultimate
paragraph of Section 4.1] for more discussion and a comparison to other definitions of the generic
Mumford-Tate group; in particular, if x is very general, there is a canonical isomorphism between the
generic Mumford—-Tate group and the Mumford—-Tate group of V).

For any local system V on a variety Y, with associated monodromy representation p: 71 (Y, y) — GL(V)),
the algebraic monodromy group of V is the identity component of the Zariski closure of the image of p.

5.2 Lemma LetV be an integral K-variation of Hodge structure on a smooth variety Y. Then the
algebraic monodromy group of V is a normal subgroup of the derived subgroup of the generic Mumford—
Tate group of the Weil restriction Wi /g V.

Proof This is immediate from [André 1992, Theorem 1 on page 10]. O
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If V is a K-variation of Hodge structure on Y and ¢: K < C is an embedding, then V ® ¢ , C naturally
obtains the structure of a C-variation of Hodge structure.

5.3 Definition (infinitesimal VHS) A weak infinitesimal variation of Hodge structure on Y at x, or
weak IVHS, is a finite-dimensional Z-graded complex vector space V* equipped with an action by
T, Y by commuting linear operators of degree —1, ie with a map §': 7, Y — Hom(V'?, V=), such that
8§ (wy) 085 (wa)(v) = 81 (wy) 0 8% (wq) (v) for all wy, wy € Ta Y, v € VE. A morphism of weak IVHS
is a graded map of vector spaces commuting with the action of 7% Y. We denote the category of weak
IVHS on Y at x by IVHS(Y, x).

5.4 Remark We call the above weak IVHS because the conditions we impose are weaker than the
standard conditions on infinitesimal variations of Hodge structure; see for example [Carlson et al. 1983].

5.5 Proposition The category IVHS(Y, x) is a neutral Tannakian category, and the forgetful functor
IVHS(Y, x) — Vectc sending V'* to its underlying vector space is a fiber functor. The corresponding
Tannakian group is Ty Y x G,,, where G, acts on TxY by inverse scaling.

Proof It suffices to prove that IVHS(Y, x) is equivalent to the category of representations of TxY x Gy,
with the equivalence respecting the tensor product and forgetful functor to vector spaces, as the category of
representations of any pro-algebraic group is a neutral Tannakian category with fiber functor the forgetful
functor and Tannakian group the initial pro-algebraic group [Deligne et al. 1982, II, Example 1.25].

Given a weak infinitesimal variation of Hodge structures, we obtain an action of the algebraic group 7xY
on V* by exponentiating §, ie for v € V¥ and w € TxY we have

5 (w) o8 (w)(v) 82 (w) o8 (w) 08 (w)(v)
_|_ + veo
2! 3!
(The power series converges since V=% = 0 for all k sufficiently large.) The relation

817 (wi) 08" (wa) (v) = 8" (w) 0 8 (wy)(v)

implies that w1 - (W, - v) = (w; + w3) - v and thus this is an action of the additive group 7Y on V°.

w-v=v+8w))+

We also obtain an action of G,, on V* by, for v e Vi and A € G, taking A - v = Alv. Then for A € G,
w e TyY and v € V* it is not hard to check that we have A - (w - (A~!-v)) = (A"!w) - v. This relation
implies that the two actions combine to give an action of 7Y X G, on V°.

Conversely, given a vector space V with an action of G,,, we obtain a grading by taking V'’ to be the
subspace on which A € G, acts with eigenvalue A’ for all A, and the derivative at the identity of the
action of the additive group 7Y defines an action of 7Y by commuting linear operators.

These two constructions are inverse, as can be checked separately on the 7Y and G, parts, the first
part being the standard equivalence between representations of a unipotent algebraic group and nilpotent
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representations of its Lie algebra, and the second being the standard equivalence between graded vector
spaces and representations of Gy,.

They are compatible with tensor product (for the natural notion of tensor product on weak infinitesimal
variations of Hodge structures) and, trivially, with the forgetful functor to the underlying vector space. O

Given a K-variation of Hodge structure V on Y and an embedding ¢: K < C, we can form the graded
vector space @ieZ(Fi Vi ®k . C)/(FiTlv, ®k . C), which admits an action of the tangent space 7Y
by commuting linear maps of degree —1 (by Griffiths transversality). This formation is functorial, giving
rise to a functor GH, where GH stands for “graded Hodge”,

(5-1) GH, : VHS(Y, K) — IVHS(Y, x)
(which depends on ¢, but we suppress this dependence from the notation).

Composing this functor with the Weil restriction functor W ¢ induces a homomorphism from Tx Y x G,
to the generic Mumford-Tate group of Wi gV, since Tx Y x Gy, is connected and hence any homomor-
phism from Ty Y % G, to the Tannakian group lands in its identity component.

5.6 Lemma Let K be a number field, Y a smooth complex variety, x a point of Y, and V a pure
integral K-VHS on Y. Let M be the monodromy group of V, ie the Zariski closure of the monodromy
representation i1 (Y, x) — GL(V), and let m be the Lie algebra of the identity component of M .

Suppose V has at most k+1 nonvanishing Hodge numbers. Then either GHx (V) splits as a direct sum in
IVHS(Y, x) or m acts irreducibly on V and has at most k simple factors.

In particular, if V has at most 2 nonvanishing Hodge numbers, then either GH, (V) splits, or the identity
component of M is a simple algebraic group acting irreducibly on V.

Proof Since monodromy groups are preserved when a local system is extended to a larger coefficient
field, we may assume K is Galois over Q.

Let G be the generic Mumford-Tate group of Wk ,qV and g the Lie algebra of G. The action of
TxY x Gy, on ng.(WK/QVx ® C) is given by a homomorphism 7Y x G, — G¢.

Because the category VHS(Y, 0k ) is semisimple, G is reductive. Thus if V is reducible as a representation
of Gk (that is, after passing to a finite étale cover, as a K-VHS), it splits as a direct sum of two
representations of G, hence a direct sum of two representations of 7xY X G, so GHy (V) splits as
a sum of two graded vector spaces with actions of 7 Y. Hence we may assume V is irreducible as a
representation of Gk, and thus irreducible as a representation of g.

Because G is reductive, g splits as a product of n simple Lie algebras g1, . .., g, times a trivial Lie algebra,
and because V is irreducible as a representation of g, it is a tensor product of n nontrivial irreducible
representations V7, ..., V, of the n simple Lie algebras with a one-dimensional representation of the
trivial Lie algebra. Each V; is a representation of the Lie algebra of 7Y x G, and thus admits a
C-grading and an action of 7%Y by commuting linear maps of degree —1.
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If 7Y acts trivially on some V;, then V; splits as a direct sum since every graded vector space of
dimension > 1 splits as a direct sum of graded vector spaces (and one-dimensional representations of
simple Lie algebras are trivial), so V splits as a direct sum of graded vector spaces with actions of 7% Y.
So we may assume 7Y acts nontrivially on each V;. It follows that each V; has vectors of at least two
different grades, so the tensor product V of the V; has vectors of at least n + 1 different grades, and thus
n<k.

As M is a normal subgroup of G, the Lie algebra m of the identity component of M is an ideal of G.
Therefore, m is a sum of some of the g;, possibly with a trivial algebra. Since monodromy groups of
Q-VHS’s are simple, m is a sum of some of the g;. If some g; does not appear in this sum, then its adjoint
representation corresponds to a Q-VHS (possibly on a cover of X) with trivial monodromy, hence a
constant Hodge structure, so the derivative of its period map vanishes, and thus 7% Y acts trivially on this
adjoint representation. But this implies that the image of 7Y in g; is zero, and thus 7, Y acts trivially
on V;, contradicting our assumption that 7 Y acts nontrivially on each V;.

Thus m is the sum of all the g; and thus acts irreducibly on V and, in addition, has n < k simple factors. O

5.7 Lie algebras and weights We discuss some generalities on representations of the Lie algebra of the
generic Mumford-Tate group.

For V a Q-VHS on a variety X and x a point of X, Proposition 5.5 gives a homomorphism 7y Y xG,, — G,
where G is the generic Mumford-Tate group of V. Thus we obtain a Lie algebra homomorphism
TxY xC — g, where g is the Lie algebra of G, C is the Lie algebra of G,;, and C acts on 7Y by
[1,v] = —v for v € Ty Y, where the minus sign appears because G, acts on 75 Y by inverse scaling, by
Proposition 5.5.

For any representation of g, we refer to the eigenvalues of C € 7, Y x C on that representation as the
weights and the generalized eigenspace of a given eigenvalue as the weight space. For the representation
arising from the action of G on V,, these weights agree with the Hodge weights of V, and in particular
are integers, but for arbitrary representations they will be complex numbers.

For any representation that factors through a finite covering of G, the action of C factors through a finite
covering of G,. This implies that the weights will be rational numbers, and the action of C is semisimple
so the generalized eigenspaces will be eigenspaces.

The identity [1, v] = —v for v € T Y implies that the elements of 75 Y send elements of weight w to

elements of weight w — 1.

5.8 Example Let V be an integral K-variation of Hodge structure on X, with Mumford-Tate (isoge-
nous to) GL, acting through the Ak GL, - GL(}), the k™ wedge power of the standard representation,
where 1 < k <v—1. Let std: g, — gl, be the standard representation. As in the discussion above, we
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have a Lie algebra homomorphism ¢: 75 Y xC — g = gl,,, so that the weights of ko t(1) are the Hodge
weights of V.

We may in this case consider std o ¢(1), which acts on C¥ with weights in %Z. By definition, Ao =
/\k (stdot(1)). Thus, letting ay, . . ., a, be the weights of std o (1), we have that the weights of A¥ 0¢(1)
are precisely the sums a;, +---+a;,, where 1 <iy,...,ix <v are distinct integers.

The following case will be used in the proof Lemma 7.9. Suppose every weight of AR o (1) is either 0
or 1. Then the weights of std o ¢(1) must be either
1 1 k-1
ey ——— 0,...,0,1},
{k Kk } or { ;

by an elementary combinatorial analysis.

6 Generic Torelli theorems for unitary local systems

Let w: ¢ — .# be a versal family of n-punctured curves of genus g, and let 7°: ¥° — .# be the
associated punctured versal family, defined as in Notation 2.1. Let m € .# be a general point and C = %,
C° =%, and D =C —C°. Let U be a unitary local system on °. The goal of this section is to show
that, in many cases, U|co can be functorially recovered from the local system W} R'72U. In fact, it will
be recoverable from the associated weak IVHS at a general point of 7. We view this as a generic Torelli
theorem for curves with a unitary local system, and indeed the proof is closely related to classical proofs
of the generic Torelli theorem, as in [Harris 1985].

6.1 Reconstructing unitary bundles In this section we reconstruct from W; R'z2U the vector bundle
E o corresponding to the parabolic bundle on (C, D) associated to U|co. In fact we will reconstruct E 0
from GH,,,(W; R'72U), with GH as defined in (5-1). In the case D = @, this in fact recovers U|c by
the Narasimhan—Seshadri correspondence [Narasimhan and Seshadri 1965]. When D is nonempty, some
additional work will be required to recover U|¢.

6.2 Theorem With notation as above, let U be a unitary local system on C° with monodromy
representation p and associated parabolic bundle E, on (C, D). Let r = tk(U), and assume g > 2 + 2r.
Let Y, be the map

=~ b ®i i v
HO(C, Ey®wc (D)) ® ¢ 2224 H(C, Eo) @ HO(C, (D)) ® 6c L2 H'(C, Eo) @ 0®*(D)

obtained as the composition of the map induced by 6},, defined in (3-5), with the map induced by the
evaluation map ev: H°(C, w?z (D) ® Cc — a)?z(D). Then V5, factors through the evaluation map

ev: HY(C, Eg ® wc (D)) ® 6c — Eo ® we (D),

and induces an isomorphism
Eo ® wc (D) = im(yy).
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Proof It suffices to show that
(6-1) ker(y?) = ker(ev: H(C, Eq ® wc (D)) ® 6¢ — Eo @ wc(D)),
as E 0 @ wc (D) is globally generated by Proposition 4.9, using that m is a general point of .Z.

We first observe that H!(C, Ey) is, by Serre duality, dual to H°(C, Ej ® wc). As m is general,
E (\)/ ®wc is globally generated by Proposition 4.9 since, setting F, to be the parabolic dual to E., we
have Ej ® oc = Fo ® oc (D).

Let s be a local section to H°(C, Ey® wc (D)) ® Oc. Now s is in the kernel of v/ if and only if, for all
te H'(C, Ey)V = H°(C, E(\)/ ® wc), we have that 7(y(s)) = 0 as a local section to w?z(D). Note
that 1(¥5,(s)) = Bb (s, t), for Bb, as defined in (3-4). Now, B, (s, t) vanishes for all ¢ if and only if
ev(s) =0,as E (\)’ ® wc is (generically) globally generated and B}, induces a perfect pairing between the
generic fibers of Fy ® wc (D) and E(\)/ ® wc. This implies (6-1). m]

6.3 Functoriality The upshot of Theorem 6.2 is that Eo ® wc (D) (and hence EO itself) may be
constructed from GH,,,(W; R'7,U) for generic m. This construction is functorial: given U and U’
unitary local systems on ¢°, and given a map GH,,(W; R 72U) — GH,,(W; R' 72 U’), one obtains a
map Eo — Eé, where E’, is the parabolic bundle on C corresponding to U’|co. The goal of this section

~

is to show that in many cases this map is necessarily flat for the natural unitary connections on E 0. E 6.

This is automatic from the Narasimhan—Seshadri correspondence if D = &, but not in general.

6.4 Proposition With notation as in Notation 2.1, let m € .# be general, set C = ¢, C° = ¢, and
D =C—C°. Let U and U’ be unitary local systems on ¢° such that U|ce and U’|co are irreducible, of
dimensions r and r’, respectively. Assume that

GH, (Wi R'72U) and GH,,(W;R'7zU’)

are isomorphic to one another. Suppose that g > max(2 + 2r,2 + 2r’) and either

(1) D=g,or

2) g>rr'.
Then the natural map
(6-2) Homp ocsys(Ulco. U'|co) = Hompyps( s m) (GHm (Wi R' 2U), GHyy (W) R' 2 U"))
is a bijection. In particular, U |co is isomorphic to U’|co.
Proof Let p and p’ be the monodromy representations of U and U’, and let E, E f/ be the parabolic

A~ A A
bundles associated to these local systems. By Theorem 6.2, there exists an isomorphism E° ~ E g , and
hence r = r'.
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We now prove (6-2) is injective. Indeed, a map U|co — U’|¢o is determined by the induced map
E g —E g , which is in turn determined by the induced map

H(C. Ef ® wc (D)) ~ H'(C. Ef ® wc (D)),
as the vector bundles in question are globally generated by Proposition 4.9.

To prove the surjectivity of (6-2), consider a map ¥ : GH,,,(W; R'7U) — GH,,,(W; R'72U’). By
Theorem 6.2, it induces a map 1;: E g — Eg/. We must show this map is flat. Equivalently, we wish to
show that the map

Vy: Te(—D) — Hom(E?, E)
sending a vector field X to VXJ is identically zero. Here Vy is differentiation along X, using the
connection V on Hom(E”, E 6’/). When D = & this is immediate by the functoriality of the Narasimhan—
Seshadri correspondence, so we need only consider the case D # .

By Lemma 4.8, we know that Vlz induces the zero map
H'(C,Tc(~D)) — H'(Hom(EP, EF)),
as m is general and hence ¥ extends to a first-order neighborhood of m. Serre-dually, the map
Hom(fp/, Eg) Rwc — a)?z(D),

obtained by dualizing VJ and tensoring with wc, induces zero on H°. Thus if V{/; is nonzero, the
bundle Hom(ﬁ »E g ) ® wc is not generically globally generated.

Now as g > rr' = r2, E (()p Y and Egv are semistable, by [Landesman and Litt 2024b, Corollary 6.1.2];
hence by Lemma 4.5, the same is true for Eg/ and Eg . As these bundles are isomorphic by the first
paragraph above, we have that Hom(ﬁ » /, E g ) ® wc is semistable of slope 2g —2 and rank r7’ = r2. As
g > rr’ itis thus generically globally generated by [loc. cit., Proposition 6.3.1(b)], whence the proof is
complete. a

The following will not be used in what follows, but we felt it might be of independent interest.

6.5 Construction With notation as in Notation 2.1, let U be a unitary local system on ¢° of rank r.
Let g > r2. Let Wy R'72U be the above defined C-VHS and let m € .# be general, with C° = %5, and
C = %mn. We next sketch how to directly reconstruct the connection on E 0, where E, is the parabolic

bundle associated to U|ceo.

We may recover the connection from the restriction of W; R!'zU to a small neighborhood of 71, though
we do not know how to do so from GH,,,(W; R!72U).

Recall that the data of a logarithmic connection on a bundle F' is the same as an & ¢-linear splitting s of

the natural map
Atc,py(F) — Tc(—=D)
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(see eg [loc. cit., Proposition 3.1.6]). The induced map
HY(C.T¢(—-D)) - H'(C, Ayc,p)(F))

may be interpreted as the map sending a first-order deformation (5 , 5) of (C, D) to the triple (5 D, E ),
where E is the isomonodromic deformation of E ; see [Landesman and Litt 2024b, Proposition 3.5.7]. This
latter map may be recovered (taking F' = E o) from W, R'72U if g > r2, by performing the construction
of Theorem 6.2 in families. Serre-dually, we may recover the equivalent data of the Serre-dual map

HO(C, (Atc.py(Eo))" ® wc) — H(C,wE*(D)).

Now a)? 2(D) is globally generated, and (At(c, D)(Eo))v ® wc is generically globally generated by
similar arguments to those in the proof of Proposition 6.4.

Since a map of generically globally generated vector bundles is determined by the induced map on global
sections, the argument is complete.

6.6 Simplicity of the monodromy representation We now prove that the monodromy representation is
simple.

6.7 Theorem With notation as in Notation 2.1, let p: H — GL, (C) be an irreducible H -representation,
and let V be the corresponding local system on ¢°. Suppose that either n = 0 and g > 2r + 1, or
n is arbitrary and g > max(2r + 1,r2). Then the variation of Hodge structure W; R' 7SV has simple
monodromy group, acting irreducibly.

Proof Note first that V is an integral variation of Hodge structure because every representation of
a finite group is defined over the ring of integers over some number field and is polarizable because
representations of finite groups are unitary. Thus W; R!72V is an integral variation of Hodge structures
because these are stable under derived pushforward and passing to subspaces in the weight filtration.
(See eg [Landesman and Litt 2024a, Theorem 4.1.1] for a discussion without the integrality condition.)

Now suppose that the conclusion of the theorem is false, ie that either the monodromy group of Wi R!'zgV
is not simple, or it does not act irreducibly. Then by Lemma 5.6, GH,,,(W; R! 72V) splits as a direct sum
for general m € .#. Thus we have

dim Homyys( z.m) (GHpm (Wi R' 72 V), GHp (W1 R' 72 V)) > 2.
But taking U = U’ = V in Proposition 6.4, we have
dim Homg (p, p) > 2.
But this contradicts the irreducibility of p, by Schur’s lemma. O
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6.8 Remark We could have argued using Theorem 6.2, instead of Proposition 6.4, as follows. The
splitting of GH,, (W} R'72V) implies, by the construction of Theorem 6.2, that E g itself splits as a direct
sum. But forthcoming work of Ramirez-Cote, following ideas of Landesman and Litt [2024b], shows that

Eg is stable for irreducible p when g > r?2

, contradicting this splitting.

6.9 Corollary With notation as in Notation 2.1, let p;: H — GL,,(C) fori = 1,2 be irreducible
representations, and let V| and V, be the corresponding local systems on ¢°. Suppose that g >
max (2 + 2r1, 2 + 2r;) and either D = @ or g > ryr,. If the local systems W R'7wV; and Wi R' w2V,
are isomorphic, then p; and p, are conjugate.

Proof By Theorem 6.7, the local systems WIRIJT: Vi, W]RIJT: V, are irreducible. Hence, by the
theorem of the fixed part applied to the tensor product (W; R'72V;)¥ ® Wi R 72V, any isomorphism
between them is necessarily an isomorphism of C-VHS (up to a shift of the weight and Hodge filtrations,
but these shifts must vanish by consideration of the weight and Hodge numbers of both sides), and in
particular induces an isomorphism GH,,,(W; R'72V;) ~ GH,,(W; R'n2V,) for any m € M. Now the
result follows by Proposition 6.4. O

7 Proofs of Theorems 1.3 and 1.9: big monodromy for g large

In this section, we prove our main results, Theorems 1.3 and 1.9. We next describe the possibilities for
the connected monodromy groups of the variations of Hodge structure appearing in Theorem 6.7 by
applying a result of Deligne (implicit in his classification of Shimura varieties of Abelian type [Deligne
1979, 1.3.6], and explicit in [Zarkhin 1984, Theorem 0.5.1(b)]), and proceed to rule out many of these
possibilities through several lemmas. We conclude the proofs in Section 7.15.

7.1 Describing the possibilities for the monodromy representation With notation as in Theorem 6.7,
the Hodge filtration of W; RSV has only two parts, and the monodromy group of Wy R!72V is simple
by Theorem 6.7. As it is a normal subgroup of the generic Mumford—Tate group of W; R!{V, by [André
1992, Theorem 1 on page 10], it follows that it must be a simple factor of this group. It follows from
[Zarkhin 1984, Theorem 0.5.1(b)] (which Zarkhin attributes to Deligne) that the monodromy group is
isogenous to SL,, Sp,,,, SO, for some v, acting in one of the following ways:

(1) The standard representation.

(2) The trivial representation.

(3) The spin or half-spin representation of the spin cover of the group SO,,.

(4) A wedge power of the standard representation of the group SL,,.

We first rule out the trivial representation.
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7.2 Lemma With notation as in Notation 2.1, let p: H — GL, (C) be an irreducible H -representation,
and let V be the corresponding local system on ¢°. If g > 2, the connected monodromy group of
Wi R 72V is nontrivial.

Proof We are free to pass to finite étale covers of the base .# in our setup. Therefore, we may assume
the Zariski closure of monodromy is already connected. We also know the monodromy representation is
irreducible by Theorem 6.7. Further,

dim Wy R 72V, > (2g —2) tk(V) > 1,

since we are assuming g > 2, so we conclude that the monodromy group is not acting via the trivial
representation. a

7.3 Rank estimates

7.4 Lemma With notation as in Notation 2.1, let U be a unitary local system on ¢° and m € .4 a
general point. Let p be the monodromy representation of U|co and let E, be the associated parabolic
bundle on (C, D). Letr = rk(U), and assume g > 2 + 2r. For p in C, consider the one-dimensional
space of HO(C, a)?z(D))V = Twm.# spanned by the functional sending a global section to its value at p,
and then composing with a linear map w? 2(D)| »—C.

For p a general point of C and o, an element of the associated one-dimensional subspace of Ty, /# , the
rank of dPj () € Hom(H°(C, Eq ® wc (D)), H'(C, Ey)) is equal to .

Here dPp, is defined as in Section 3, immediately above Proposition 3.6.

Proof Theorem 6.2 shows that £ 0 ® oc (D), a sheaf of rank r, is the image of the map v, defined as
in the statement of that theorem. For any map f: V — W of vector bundles, the rank of the image of f
is equal to the rank of the fiber f,: V; — W, of f at a general point ¢. So it suffices to check that the
rank of the fiber of V5 at a general point p in C is equal to the rank of d P, (ap).

The fiber of the evaluation map ev: H°(C, a)? 2(D)® Oc — w? 2(D) at p is, up to scalars, the linear
form o, € (H°(C, w?z(D)) ®0c)Y.

Since ¥, is the composition of 6/ with id ® ev, the fiber of ¥/, is the composition of 6/ with id ®ap.
Previously, in (3-5), we defined 6}, as the adjoint of

dPL: HY(C,w&*(D))¥ — Hom(H°(C, Eq ® wc (D)), H'(C, Ey)),

namely by .
O HO(C, Ef @ oc (D)) = H'(C, Eg) ® H(C,wg*(D)).

The defining property of this adjoint is that composing with id ®c for a linear form a € H°(C, a)? 2(D))V
gives a map HO(C, Eg ® wc (D)) — HY(C, Ey) defined by dPf, (), so the composition of 8/, with
id ®a, is dPp(ap), as desired. O
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7.5 Remark The subspaces of H°(C, a)?z(D))V = H'(C, Tc(—D)) spanned by the o, of Lemma 7.4
are known as Schiffer variations, see eg [Collino and Pirola 1995, 1.2.4]. There is some history of using
(variants of) Schiffer variations for Torelli-style results, eg in [Voisin 2022].

7.6 Corollary With notation as above, let U be a unitary local system on C°, with monodromy
representation p and associated parabolic bundle E, on (C, D). Letr =1k(U), and assume g > 2 + 2r.
We have

r > inf{rank(d P}, (o)) | @ € Tyt , dPp,(cx) # 0}.

Proof This follows from Lemma 7.4 since any member of a set is at least its minimal value, and r is a
member of this set because r = rank(d Pf, (ap)) with dPp, (ap) #0,asr > 0. |

7.7 Lemma For p a unitary representation of 1(C — D) of rank r, we have

dim H'(C,Ef) = (g —1)r and dim H%(C, Ef @ wc (D)) = (g — ).

Proof Since Ef has parabolic degree 0, the degree of Eg is <0, and so H'(C, Eg) > (g—Dr by
Riemann—Roch. By Serre duality, [Landesman and Litt 2024b, Proposition 2.6.6],
dim H%(C, Ef ® oc(D)) =dim H'(C, E} ).

The latter is > (g — 1)r by the first part. a

Combining Corollary 7.6 and Lemma 7.7, we obtain an inequality expressed only in terms of the weak
IVHS of W, R 72V, ie

dim H'(C, Ef) > (g — 1) inf{rank(d P/ (&) | « € Tyt d PP () # 0},
dim H%(C, Ef ® wc(D)) = (g — 1) inf{rank(dP%()) | & € Tyt , dPE,(cr) 7 O}.

7.8 Ruling out nonstandard minuscule representations In this section we show that if the monodromy
group of W; R'zgV is SL, or SO, it must act via the standard representation. We will use the notation
discussed in Section 5.7.

7.9 Lemma With notation as in Notation 2.1, let p: H — GL, (C) be an irreducible H -representation,
and let V be the corresponding local system on ¢°. Suppose g > 2r + 2. If the connected monodromy
group of Wi R'72V is isogenous to SL, acting via Ak of the standard representation, then either k = 1
ork=v—1.

Proof The identity component of the normalizer of the monodromy group SLy, is GL, / tgca(k,v)» With
Mecd(k,v) €mbedded as scalar matrices, so its Lie algebra is gl,; in particular, we are provided with a
natural Lie algebra homomorphism 7xY xC — gl as in Section 5.7. Let (a1, . .., a,) be the weights of
the standard representation of gl,.
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We first determine the possible values for the a;; see also Example 5.8. Since the k™" wedge power of the
standard representation has only weights 0 and 1, as the Hodge structure W; R' 72V has only two parts,
we must have that ) ;. a; € {0, 1} for any subset I C {1,...,v} of size k. By Lemma 7.2, k # 0, v.

Thus Lemma 7.10 below shows that the only possibilities for (a1, ..., ay), up to reordering, are
1 0 1—-k 1
ay=1, ay=---=ay= or a)=——, dr=:"=0ay=—.
1 2 v 1 2 2 v= g

We now consider how elements of 7,,.# act on the standard representation of gl,. In the first case, any
element of 7,,.# must send the weight 1 space to the weight 0 space and the weight 0 space to zero.
Since the weight 1 space is one-dimensional, any element of 7},.# must be zero or nilpotent of rank
1. In the second case, the element sends the weight 1/k space to the weight (1 — k)/k space, and the
weight (1 — k)/k space to zero, and again must be zero or nilpotent of rank 1.

The action of a nilpotent element of rank one in gl,, on the representation A has rank (,‘éj) by Lemma 7.11

2

below. So the minimum nonzero rank of an element of 7,,.# acting on V is (1‘2:1

Corollary 7.6 that r > (,‘;j)

On the other hand, dim H'(C, E g ) and dim H°(C, E g ) ® wc (D) are either respectively equal to (};:i)

and (”;1), or respectively equal to (”;1) and (}é:i) By Lemma 7.7, these are both at least (g — 1)r,

). It follows from

which gives

)z mzeon(2) w () ez een(i)

Dividing both sides by (}éj) we obtain

v—1 v—1
- > — - > —
S 2(&—1D and ——=(g—1),

% k v—k k v—k _ 1 1
l=—+ < + = + ,
v v v—1 v—-1"g—-1 g-1
which implies g — 1 < 2, contradicting the assumption that g > 2r +2 > 4, a
7.10 Lemma Let v and k be natural numbers with 1 <k <v. Let ay,...,a, be a tuple of complex
numbers such that each sum of exactly k of the ay,...,a, is either 0 or 1, with both possibilities
occurring. Then, up to reordering, we have either
1-k 1
ar=1, ary=--=a,=0 or a1=T, a2=~--=av=%.

Proof We first observe that there can be at most two distinct values appearing in {ay,...,a,}, as

otherwise one could find size k& subsets summing to three different values. Further, if a; is distinct
from a,, then, after possibly switching @ and a,, all other values of a; must agree with a5, using that
1 <k <v—1, orelse we could again obtain three distinct sums from subsets of size k. Hence, we must
have a, = --- = a,, and then a subset of size k drawn from {a5, ..., a,} must sum to 0 or 1, yielding the
two possibilities claimed above. O
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7.11 Lemma Letv > 2 and k be natural numbers and Let N € gl,, be a nilpotent element of rank 1.
v—2

Then the action of N on the representation AK of gl, is by a matrix of rank (k—l)'

Proof We may choose a basis eq, ..., e, where the element sends e to e, and each other basis vector
to 0, and then the image is generated by wedges of e, with k — 1 of the remaining v — 2 basis vectors
€3 g e e ey ev. D

7.12 Lemma With notation as in Notation 2.1, let p: H — GL, (C) be an irreducible H -representation,
and let V be the corresponding local system on 6°. Suppose g > 2r + 2. The connected monodromy
group of Wi R'72V cannot be isogenous to Spin,, acting via a spin or half-spin representation unless the
monodromy group is also a classical group acting via its standard representation.

Note that (as discussed in the first paragraph of the proof of Lemma 7.12) the group Spin, acting via the
spin representation is isogenous to a classical group via an isogeny sending the spin representation to the
standard representation, if and only if v = 3,4, 5,6, 8.

Proof We first observe that for v =3, 4, 5, 6, the spin group is respectively SL,, SL, xSL;, Spy, SL4, and
the spin representation in each case is the standard representation (or, in v = 2, the standard representation
of one of the two factors). For v = 8, the spin group is not a classical group but each half-spin representation
factors through the standard representation of a different quotient of Sping isomorphic to SOg. (The
existence of these three different SOg quotients is known as triality). So we may assume that v > 8 or
v=7.

Now, the identity component of the normalizer of the monodromy group is GSpin,,, with Lie algebra go,,.
The weights of the standard representation of go, come in opposite pairs b+ay;,b—ay,...,b+ay, b—ay
if v =2k is even, while if v =2k + 1 is odd, the weights have the form b+a,b—ay,...,b+ay, b—ay,b.
In either case we may assume all the values a; are nonnegative.

First, we recall properties of the spin representation, as defined by Chevalley [1954, pages 119-122]. In
the case that v = 2k is even, there are two irreducible half-spin representation of dimension 2k=1 and if
v = 2k + 1 is odd, then there is an irreducible spin representation of dimension 2k,

The weights of the spin representation are then obtained as the 2k sums %(:I:al ta,+---Lag)+ %kb.
One half-spin representation has weights which are sums as above with an odd number of minus signs,
and the other consists of weights which are sums as above with an even number of minus signs. Applying
Lemma 7.13, in case (1) if v = 2k + 1 is odd (where we have v > 7 so that k > 3) and in case (2) if
v = 2k is even (where we have v > 8 so k > 4), we can assume ¢; = 1 and a5, ...,a; = 0.

It follows that the action of a generator of the Lie algebra C on the standard representation of so, has
a one-dimensional (1+5)-eigenspace, a one-dimensional (b—1)-eigenspace, and a (v—2)-dimensional
b-eigenspace. Applying Lemma 7.14, where w is obtained by subtracting the scalar b from the generator 1
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of the Lie algebra C and the commutator relation comes from Section 5.7, we see that elements of 77, M

2k=3 or 2k=2 1 particular, the minimum nonzero rank is > 2k_3, and

2k—2

acting on V have rank either 0,
hence r > 2%~ But the weight-0 and weight-1 spaces of the spin representation both have dimension
so that dim H'(C, Eg) and dim H°(C, Eg) ® wc (D)) are each equal to 2572 and hence < 2r. Since
g = 2r 4+ 2 > 3, this contradicts Lemma 7.7. |

7.13 Lemma Letk be a natural number. Letay, ..., ay and b be rational numbers. Suppose that either:

(1) k =1 and all sums of the form %(:I:al ta,+---xap)+ %kb are equal to 0 or 1, with both values
attained.

(2) k > 4 and either
(a) all sums of the form %(j:al ‘a,t---tap)+ %kb with an even number of minus signs are
equal to 0 or 1, with both values attained, or

(b) all sums of the form %(:I:al ta,t---tap)+ %kb with an odd minus sign are equal to 0
or 1, with both values attained.

Then, up to reordering and swapping signs, we have a; = 1, a,,...,a =0,andb =1/k.

Proof By swapping signs, we may assume all the a; are nonnegative.

In case (1), if two of the a;s are nonzero, then without loss of generality we may assume a; and a, are
both nonzero, and we obtain three distinct sums

k k k
1 1 1
5(—a1—a2+Zak+kb), z(—al—l—az—l—Zak—l-kb), §(a1+a2+2ak+kb).
i=3 i=3 i=3
So all but one of the a; are 0, and up to reordering only a; may be nonzero, so the only possible weights
are %al + %kb and —%al + %kb. Since the difference between these must be 1, we must have a; = 1,
which implies b = 1/ k.

In case (2), if two of the @; are nonzero, without loss of generality a; and a;, the sums with an even
number of minus signs will include the three distinct values

k
1
§(a1 tayt+as+as+ )y a +kb),
i=5
k

1
5(—01 +ax—as +a4+2;ak +kb),
i=

k

1

5(—611 —az—ag—a4+2ak +kb).
=
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Similarly, the sums with an odd number of minus signs will include the three distinct values

k
l(al—l—az +as +a4—as+zak +kb)’

2
i=6
1 k
E(_al +ay—az+ag—as+ Zak +kb),
i=6
1 k
E(_al —dy—dad3z —d4 —ds +Zak +kb)
i=6
So only one of the @; may be nonzero. We conclude the argument the same way as in case (1). a

7.14 Lemma Let v > 7 be a natural number. Let w € s0, be an element with a one-dimensional
1-eigenspace, a one-dimensional (—1)-eigenspace, and a (v—2)-dimensional 0-eigenspace. Let N € so,,
be an element such that WN — Nw = —N. Then if v = 2k — 1 is odd, the action of N on the
2k=1_dimensional spin representation of so, has rank either 2K=2, 2k=3 or 0. If v = 2k is even, the
action of N on either of the 2~ -dimensional half-spin representations of so,, has rank either 2k=2 pk=3

or 0.

Proof The action of N sends the one-dimensional weight 1-eigenspace to the (v—2)-dimensional
0-eigenspace, and sends the 0-cigenspace to the (—1)-eigenspace. Thus N is determined by its action on
a generator of the 1-eigenspace space as the condition that it is equal to minus its transpose will then
determine its action on the 0-eigenspace. Fix a two-dimensional subspace W of the 0-eigenspace where
the quadratic form is nondegenerate. Then W contains nontrivial elements where the quadratic form
attains any fixed value, including zero, and thus W intersects each orbit of SO,,_, on the 0-eigenspace.

Hence any element of the 0-eigenspace is SO,,_j-conjugate to an element of W, and thus N is conjugate to
an element that sends the generator of the 1-eigenspace to an element of W. It follows from N =—NT that
N sends every element of the 0-eigenspace perpendicular to W to the zero element of the (—1)-eigenspace,
ie N sends the orthogonal complement of W in the 0-eigenspace to 0. Elements of so, sending the
orthogonal complement of W in the 0-eigenspace to 0 form a Lie algebra, isomorphic to so4, so we
conclude that N is conjugate to a nilpotent element of s04.

The restriction to so4 of the spin representation of so0, for v = 2k — 1 is odd is isomorphic to the sum
of 2¥=3 copies of each half-spin representation of so4, and the same is true for the restriction to so4
of the half-spin representation of so, for v = 2k. This may be checked by comparing weights, since a
representation of a simple Lie group is uniquely determined by its weight multiplicities. Since so4 is
isomorphic to sl x sl,, with each spin representation the standard representation of one factor, every
nilpotent element is a pair of two nilpotent elements in sl,, each of which may be zero. The rank of the

2k—3

element is O if both elements of the pair vanish, if one element is nonvanishing, or 2K=2 if both are

nonvanishing. O
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7.15 Proof of main theorems We next give the proof of Theorem 1.9. This theorem says that, under
suitable hypotheses on 11, g and r, the monodromy map Ry, ,: Mod, — GL(W; H! (24 4, VP)) has image
with Zariski closure SO(W; H! (2 ,, VP)) when p is symplectically self-dual, Sp(W; H! (24, V7))
when p is orthogonally self-dual, and the product of SL(W; H!(Z, », V”)) with a finite central subgroup
when p is not self-dual.

Proof of Theorem 1.9 As in Notation 2.1, let 7: ¢ — .# be a versal family of n-pointed curves of genus
g, with associated punctured versal family 7°: ¢° — .#, and suppose f: 2" — € gives a versal family
of H-covers. Let p: H — GL, (C) be an irreducible representation of H, let V? denote the associated
local system on X , and let U” be the associated local system on ¢°; we wish to analyze the connected
monodromy group of Rz UP. By the discussion of Section 2.3, this suffices.

By Theorem 6.7, the connected monodromy group associated to W; R! 72 UP” is a simple group, acting
irreducibly. As described in Section 7.1, there are several possibilities for the monodromy representation.
Recall we are assuming g > 2r + 2, so the bounds on g in Lemmas 7.2, 7.9 and 7.12 are satisfied. By
removing the possibilities excluded via Lemmas 7.2, 7.9 and 7.12, we see that the monodromy represen-
tation must act via the standard representation of SL,, SOy, or Sp,,, ie must be SO(W; H (2 5, V?)),
Sp(Wi HY(Zg 4, VP)) or SL(IW; HY (Zg 4, VP)).

We next show that the identity component of the monodromy group is
(1) SO(WyH!(Zg,, VP))if p is symplectically self-dual,
(2) Sp(WyH'(Zg,, VP)) if p is orthogonally self-dual, and
(3) SL(WH'(Zg 4, VP)) if p is not self-dual.

We first handle the case that p is self-dual.

If p is symplectically self-dual, the antisymmetric pairing on p induces a symmetric pairing on the
weight-one piece Wi H!(Zg », V), which implies that the connected monodromy group must be con-
tained in SO(W; H'(Zg 4, VP)). This implies that the monodromy cannot be Sp(W; H!(Z¢ 1, V7))
or SL(Wy H' (4.1, VP)) so must be SO(W; H! (4.4, VP)). If p is orthogonally self-dual, the mon-
odromy must be contained in Sp(W; H! (4.1, V?)), and we similarly obtain that it must be equal to
Sp(W H' (Zg.n, VP)).

To conclude the calculation of the identity component, it remains to show that the identity component
of the Zariski closure of the image of monodromy is SL(W; H! (X ¢ VP)) when p is not self dual. As
explained above, there are only three possibilities, and hence it remains to show that the monodromy
cannot be SO(W1 H (24, VP)) or Sp(Wy H! (Zg 5, VP)). If the monodromy has this form, then there is
an isomorphism of local systems between Wi H! (2 ,, VP) and Wy H! (4.4, V), which by Poincaré
duality is Wi H' (Zg n, VP7). It follows from Corollary 6.9 that p and pV are conjugate, contradicting
the assumption that p is not self-dual.
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Having described the connected monodromy group, we now describe the monodromy group itself. If p is
orthogonally self-dual, Poincaré duality gives a symplectic form on W; H!(Z g.n> VP), so the monodromy
group is contained in Sp(W; H!(Z4.», V?)) and contains Sp(W; H!(Zgz 4, V?)), and thus must equal
Sp(W, H' (Zg.n, VP)).

Similarly, if p is symplectically self-dual, Poincaré duality gives a symmetric form on Wy H! (X an> VP),
so the monodromy group is contained in O(W; H!(Zg », V)) and contains SO(W; H!(Z4 4, VP)), and
thus must equal either SO(W; H'! (Zg,n, VP)) or oW, H! (Zg,n, VP)). However, we now check that
the monodromy group is not O(W; H!(Z g.n> VP)): The representation p, being symplectic and unitary,
necessarily has the structure as a representation over the quaternions H, ie has an R-linear action of the
quaternions compatible with the action of H. Hence the complex local system W; H!(Z g VP) has
an R-linear action of the quaternions compatible with the mapping class group action. Thus, for each
element o in the mapping class group, the eigenspace with eigenvalue 1 of o, acting on W; H (X an> VP),
has an action of the quaternions and hence is an even-dimensional complex vector space. However,
any elements of Oy — SOp for even N have an odd-dimensional 1-eigenspace, so the image of the
mapping class group is contained in SO(W; H!(Z », V”)) and thus the monodromy group must be
SO(W HY (Zg 4, VP)).

Finally, if p is not self-dual, the monodromy group is a subgroup of GL(W; H! (2, », V?)) whose identity
component is SL(W; H! (Zg,n, VP)) and hence must be the product of SL(W; H! (Zg,n, VP)) with a
finite subgroup of the center of GL(W; H'! (Zgn, VP)). |

For the proof of Theorem 1.3, we will also need the following explicit description of the symplectic
centralizer.

7.16 Lemma Let pq,...,py denote the orthogonally self-dual complex irreducible representations
of H, let pgy+1, ..., pa+p denote the symplectically self-dual irreducible complex representations of H,
and let (Pq+B+1s PatB+y+1)s-- -+ (Patptys Pat+p+2y) denote the dual pairs of complex irreducible
representations of H. We use V* to denote the local system on X , corresponding to p. Then the
isomorphism
a+p+2y
H' (Zg.C) = [ o/ @WiH'(Zgn. V7)

i=1

induces an isomorphism

(7-1)  Sp(H'(Zg,C)H =

il atp a+pB+y
[ISpWiH! (Zgn. Vo)X [T OWH (Sgn Vo)x [T GLVIH! (Sgn. V7).
i=1 i=a+1 i=a+p+1
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Hence the commutator of Sp(H'! (Xgr, C)HH is

a a+p a+B+y
72 [[Sp A Sen Vo) x [] SOMH (Sgn. Vo)) x [ SLOMH(Sgn V).
i=1 i=a+1 it i1

The above lemma follows from the explicit description of the symplectic centralizer given in [Jain 2016,
Theorem 3.1.10] (which seems to implicitly work over finite fields, but the same proof works over the
complex numbers).

We next prove our main result, Theorem 1.3, which states that under suitable hypotheses on g, n and the
maximal dimension 7 of an irreducible representation of H, the identity component of the Zariski closure of
the monodromy map R, : Mod, — Sp(H! (Xgrs C))H is the commutator subgroup of Sp(H'! (Xgrs C)H.

Proof of Theorem 1.3 Let G be the identity component of the Zariski closure of the image of the mapping
class group in (7-1). In other words, G is the connected monodromy group of @7;1’3 +y Wi H (2 gn VP
Checking Theorem 1.3, ie that the virtual image of the mapping class group is Zariski dense in the
commutator subgroup of this group, is equivalent to checking that G contains (7-2). By the discussion of
Section 2.3, we may interpret all the representations in question as monodromy representations associated
to local systems on the base .# of a versal family of ¢-covers.

To check that G contains (7-2), we apply the Goursat—Kolchin—Ribet criterion of Katz [1990, Propo-
sition 1.8.2]. We let V; be the representation of G acting on WlHl(Eg,n, VPi). Let G; be the im-
age of G in GL(V;), which we know from Theorem 1.9 is Sp(WlHl(Eg,n, V+i)) for i from 1 to «,
SO(W1HY (Zg 4, VP)) fori froma + 1to @ + f, and SL(W; H (Zg ,, VPi)) for i from 1 + o + B to
o + B + y. Then [loc. cit., Proposition 1.8.2] guarantees that G %% = ]_[?:1‘6 ty G? 4T which is the
desired (7-2), as long as four conditions are satisfied, which we verify next.

The first condition is that for each i, G? 4T operates irreducibly on V;, and its Lie algebra is simple.
Theorem 1.9 guarantees that the action is by the standard representation, which is irreducible except in
the case of the two-dimensional standard representation of SO,, and the Lie algebra is simple except in
the case of the four-dimensional standard representation of SO4. But our assumptions on r and g imply
each representation has dimension > 2r;(g — 1) > 2r;(2r; + 1) > 6 where r; = dim p;, so this condition
is always satisfied.

The second condition is that for any i # j, (G? 4t ) and (GJ(.)’der, Vj) are Goursat-adapted in the sense
of [Katz 1990, Section 1.8], but this follows by [loc. cit., Example 1.8.1] from the fact that G; is a
classical group and V; is its standard representation of dimension > 6 with the possible exception that
G; = Gj =SOg. However, we know from Theorem 1.9 that G; is SO, only if p; is symplectically self-dual,
which implies p; has rank r; > 2 since all symplectically self-dual representations are even-dimensional
and thus dim V; > 2r; (2r; + 1) > 20 > 8, so G; cannot be SOg.

Geometry & Topology, Volume 29 (2025)



2770 Aaron Landesman, Daniel Litt and Will Sawin

The third and fourth conditions say that for each i # j and each character x of G, neither the repre-
sentation V; nor its dual is isomorphic to V; ® x. Since G is the connected monodromy group of a
local system of geometric origin, it is necessarily simple, and so y is finite-order. Thus by passing to
a finite cover of ./, the character x becomes trivial, showing that W) H'(Z g, VP) is isomorphic to
Wi H (Z g.n» VP7) or its dual over this finite covering. This case is ruled out by Corollary 6.9 unless p;
is conjugate to p; or its dual, which is impossible as i # j and 7, j < o + 8 4 y so they cannot be part
of a dual pair.

Since all the conditions of the Goursat—Kolchin—Ribet criterion of Katz [1990, Proposition 1.8.2] are

satisfied, G4 = ﬂf‘:lﬂ 7G> and thus ]_[?:1’3 TV G4 is a subgroup of G, as desired. o

7.17 Proofs of corollaries We next prove Corollary 1.10, which states that, for X a very general

H-curve, under suitable hypotheses on g and H, the Mumford—Tate group of H!(X, Q) contains the
commutator subgroup of Sp(H ! (X, Q))¥ and is contained in GSp(H ' (X, Q))H.

Proof of Corollary 1.10 This is immediate from André’s theorem of the fixed part [André 1992, Theorem
1 on page 10] and Theorem 1.3; André’s theorem implies the generic Mumford—Tate group contains
the monodromy group, namely the commutator subgroup of Sp(H!(Z g’ C))H. On the other hand, it is
contained in the centralizer of H in GSp(H!(Zg/, C)), as it centralizes H and preserves the symplectic
pairing on H' up to scaling (as the symplectic pairing corresponds to a Hodge class). |

We next prove Corollary 1.11, which, under the same hypotheses as in the previous corollary, states that
the endomorphism algebra of the Jacobian of a very general H-curve X is Q[H].

Proof of Corollary 1.11 Let G be the Mumford—Tate group of H!(X, Q). It suffices to show that the
natural map Q[ H]— Endys(H ! (X, Q)) =Endg (H (X, Q)) is a bijection, where HS is the category of Q-
polarizable variations of Hodge structure. As G contains the commutator subgroup S of Sp(H' (X, Q))H#
by Corollary 1.10, it moreover suffices to show that the map

Q[H] — Ends(H'(X,Q))

is a bijection; we may do so after tensoring with C, whence C[H] =[] i End(p;i), where the p; run
over the irreducible complex representations of H. Similarly, for V#i the local system on X/H — D
associated to p;,

H'(X,C) =@ pi @ Wi H'(X/H - D, V"),
where D C X/H is the branch locus of the natural map X — X/H. By the description of the sym-
plectic centralizer, Lemma 7.16, the W; H!(X/H — D, p;) are simple and pairwise nonisomorphic as

S-representations. Hence

Ends(H'(X,C)) = [ | Endc (o)
Pi

has dimension | H|. As the map we are studying is evidently injective, it is necessarily surjective as well
by a dimension count. O
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8 Proof of Theorem 1.15: big monodromy for » large

We now prove Theorem 1.15. We will require the following slight strengthening of [Landesman and Litt
2024b, Theorem 1.3.4], which was not quite stated optimally. See [Landesman and Litt 2024b, Definitions
1.2.1 and 1.2.3] for the definitions of hyperbolic curve and analytically very general.

8.1 Theorem Let (C, D) be hyperbolic of genus g and let (E, V) be a flat vector bundle on C with
regular singularities along D, and irreducible monodromy. Suppose that (E’, V') is an isomonodromic
deformation of (E, V) to an analytically general nearby curve, with Harder—Narasimhan filtration
0=(Fc(F)lc---c(FY"=E.
For 1 <i <m, let yi; denote the slope of griyy E':= (F')'/(F')'~. Suppose that E' is not semistable.
Then for every 0 <i < m, there exists j <i <k with
rk(grﬂ?\}l E')-tk(grfy EN>g+1 and 0< Wj+1— g < L.
Proof In fact this is precisely the output of the proof of [Landesman and Litt 2024b, Theorem 1.3.4]. O

8.2 Corollary With notation as in Theorem 8.1, let jLgiff = L1 — bm. Then
31k(E)

diff £ ———
o= /g1

Proof Set s to be the greatest integer which is strictly less than jgie/3. We first show that

+ 3.

k(E)>2+/g+1-s.

Fix disjoint closed intervals I, ..., Iy in [i,m, 1], each of length 3. For each interval, I; = [a;, a; + 3],
there exists i; with s € [a; + 1, as + 2], by Theorem 8.1. By the same theorem, there exists j; <i; < k;
with

(8-1) rk(gr/i ! By k(g B > g+ 1
and
0 < pj,+1—pie, = 1.
In particular, j, 41, g, € Ir, and hence all the integers j; + 1, k; are distinct.

Now we have s

tk(E) = tk(E') = Y (tk(g{i" E') + k(e £)).
t=1
which is bounded below by (2,/g 4 1)-s by the AM—GM inequality and (8-1). Sos <rk(E)/(2/g + 1),
which implies

31k(E)
Waitf < 35 +3 < ——=+3. O

2/g+1
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4
8.3 Lemma With notation as in Notation 3.3, one of E g and E g has slope less than or equal to —A /2r.

Proof It suffices to show that Eg &) Eg T = E(()p ®0") has degree less than or equal to —A. But if A

o
nontriv’

monodromy of pV at x. Hence if @ # 0 is a parabolic weight of E? at x, then 1 — « is a parabolic

is an eigenvalue of local monodromy of p at a point x of D then A~! is an eigenvalue of local

4 4
weight of E£  at x. In particular, the sum of the parabolic weights of E ip ®P") at x is at least 1 for each
o
X € Dnontriv‘
Hence,
nj
(p®p") i - i )it
deg E =— Z Za}dlm(E]’-/EJ’- ) =<— Z I <-A. |
Xj eDrﬁ)nm'v i=1 XEleomriv

8.4 Lemma With notation as in Notation 3.3, suppose (C, D) is a general n-pointed curve. If
3r2
Veg+1

then at least one of (Eg)v ® wc and (Egv)v ® wc is globally generated.

(8-2) A > + 8r,

Proof Without loss of generality we may (by replacing p with p¥ if necessary) assume

A
EPy<——,
H(Eq) = 2r

by Lemma 8.3. We will show that in this case (E g )V ® wc is globally generated.

Let ;11 > -+ > u, be the set of slopes of the graded pieces of the Harder—Narasimhan filtration of E g ,
as in Theorem 8.1, and let pgir = (41 — Um- By Corollary 8.2, we have

3r
diff < ——+ 3.
i 2/g+1
Hence
A A 3r
U1 < —+ g < ——+ —=+3 < -1

2r 2r  2/g+1

by rearranging the assumption (8-2). Thus the Harder—Narasimhan slopes of (£ g )Y ® wc are all greater
than 2g — 1.

We claim any vector bundle V' such that each graded piece of its Harder—Narasimhan filtration has slope
more than 2g — 1 is globally generated. This is well known, but we explain it for completeness. A
vector bundle V is globally generated at p if H'(C, V(—p)) =0, as then H*(C,V) — H(C,V|p)
is surjective. By [Landesman and Litt 2024b, Lemma 6.3.5], if W is a vector bundle such that each
graded piece of its Harder-Narasimhan filtration has slope more than 2g —2, H'(C, W) = 0. Therefore,
H'(C,V(—=p)) = 0 for any point p, so V is globally generated. This shows (E g )Y ® wc is globally
generated. O
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8.5 Proof of Theorem 1.15 We are aiming to prove that, once A is sufficiently large (larger than
(3r2/+/g + 1) + 8r), there are no nonzero vectors with finite orbit in W; H!(Z g.n> V) under the image
of Mody; here, Mod,, is the stabilizer of ¢: 71 (2g ) — H in Modg 4 1.

As the virtual representations of Modg ,+1 on
WiH' (g0, V), Wi H' (S, V77

are semisimple and dual to one another, it suffices to prove this for one of p and p", so we may without
loss of generality assume by Lemma 8.4 that (E g )V ® wc is globally generated for (C, D) a general
n-pointed curve. A similar argument to that given in [Landesman and Litt 2023a, Proposition 3.4] shows
that the virtual action of Modg ,+1 on GL(W; H Iz ¢.n» V) has no nonzero finite-orbit vectors.

To make this proof slightly more self-contained, we recall briefly the idea of the proof of [Landesman
and Litt 2023a, Proposition 3.4]. Namely, the derivative of the period map as described in Proposition 3.6
associated to the Hodge filtration of W; H!(Z g.n, VP) can be identified with a map

H°(C, Ef ® wc(D)) ® HO(C, (E)Y @ wc) — H(C,0E*(D)).
If there is a vector with finite orbit in Wy H!(Z, », V?) then the adjoint map
H(C, Ef ® wc(D)) — Hom(H(C, (Ef)Y ® wc), H*(C, wE*(D)))
has a nonzero kernel. A vector in the kernel yields a nonzero map
¢: (EQ)Y @ wc — wd*(D)

inducing the 0 map on global sections. Then, ker ¢ C (E g )Y ® wc would be a proper subbundle inducing
an isomorphism on global sections, implying (E g )Y ® wc is not generically globally generated, hence
not globally generated, a contradiction. |

9 Big monodromy for Kodaira fibrations

In this section we analyze the connected monodromy groups of certain smooth proper families
.8 —>Z7Z

over C, referred to as Kodaira—Parshin fibrations, where Z is a smooth curve and 7 is smooth and
proper of relative dimension one, with connected fibers. Loosely speaking, these families will parametrize
covers of a fixed curve C, branched at a moving point. We next give a few definitions to fix notation for
Kodaira—Parshin fibrations.

9.1 Definition Let Z be a smooth, not necessarily proper, connected curve. A smooth proper morphism
m: S — Z of relative dimension one with connected fibers is a Kodaira—Parshin fibration if there exists
a smooth proper curve C, a reduced effective divisor D C C, a nonconstant map f: Z — C, and a
dominant finite map ¢: S — Z x C, branched only over the graph of f and Z x D, such that & factors
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as w = w1 o g, where 1y is projection onto the first coordinate, as in the diagram

s 1y 7zxc 25 C

(9-1) x lm
y4

9.2 Definition Continuing with notation as in Definition 9.1, fix z € Z, and consider the map a1 (z)—>C
given as 73 0 ¢|,—1(;), where mp: Z x C — C is projection on to the second coordinate. We refer to the
underlying map on topological spaces (in the Euclidean topology) as the fopological type of the family .

9.3 Remark The topological type of 7, as defined in Definition 9.2, is independent of z up to homeo-
morphism, by Ehresmann’s theorem. That is, every fiber of 7 is a cover of C of the same topological
type. Hence it makes sense to speak of the topological type of 7, and not just of & over z.

9.4 Definition Continuing with notation as in Definition 9.2, the topological type of a Kodaira—Parshin
fibration is a ramified map of (topological) surfaces 7: Xg/ — X ; we refer to the Galois group of (the
Galois closure of) this map as the Galois group of the Kodaira—Parshin fibration. Note that X has a
distinguished point, which corresponds to f'(z) under the isomorphism Xg >~ C. We refer to the conjugacy
class of the monodromy about this point in the Galois group H of the cover as the distinguished class
[h|C H.

We next recall the classical Kodaira—Parshin trick; see [Parshin 1968, Proposition 7] for the original
construction, and also [Landesman and Litt 2024b, Proposition 5.1.1] for a more modern construction in
families. See also [Atiyah 1969] and [Kodaira 1967] for closely related constructions.

9.5 Example (the Kodaira—Parshin trick) Let C be a smooth proper curve, and let p: S — C xC
be a dominant finite map branched only over the diagonal A. More precisely, S is the normalization of
C x C — A in the function field of a finite étale cover of C x C — A. Let

SZ.7z->C

be the Stein factorization of the composition 71 o p, where 1 : C x C — C is projection onto the first
factor. Then m is a Kodaira—Parshin fibration.

9.6 Remark Define a Koduaira fibration to be a surjective smooth proper morphism from a smooth
projective surface to a smooth proper curve. In the setting of Example 9.5, C itself is proper, so m is in
fact a Kodaira fibration. The construction of Example 9.5 is known as the Kodaira—Parshin trick, and is
used eg by Faltings in his proof of the Mordell conjecture.

The main theorem of this section is a computation of the connected monodromy group of a Kodaira—Parshin
fibration of topological type ¢: Xg — X, when g is large compared to the dimensions of the irreducible
representations of . We give a statement for Kodaira—Parshin fibrations with Galois topological type,
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but one may easily deduce an analogous statement for arbitrary Kodaira—Parshin fibrations by passing to
Galois closures. To state the theorem, we use the following notation.

9.7 Notation Let 7:S — Z be a Kodaira—Parshin fibration of topological type t: X4 — Xg, with ¢
a Galois cover branched at n points, with Galois group H and distinguished class [#] C H, as defined
in Definition 9.1. Let ¢: m;(Xg,,X) —> H denote the surjection associated to 7, for x a chosen
basepoint. Let ,010, cees ,00? be the irreducible orthogonally self-dual complex H -representations with
,oiO ([h]) nontrivial, ,ofp, ey ,olsgp the irreducible symplectically self-dual H irreducible complex represen-
tations with p?p([h]) nontrivial, and let (,0§L, ,o)sllji_l), e, (,0§,L, p?)’;) be the set of dual pairs of complex
irreducible H-representations with ,olsL([h]) nontrivial. Let 5 be the maximal dimension of an irreducible
representation p of H with p([/]) nontrivial. We use V* to denote the local system on X , associated to

the composition p o ¢.

9.8 Theorem With notation as in Notation 9.7, suppose g > max(25 + 1,52). Then the identity
component of the Zariski-closure of 7;(Z,z) in GL(H (7~1(z), C)) is

a 1 o P 1 Sp Y 1 SL
92 [[SPWiH" (Zgn. VP ) x [ [SOW1H' (0. VFi)) x [ [ SLOWL H' (0. VFI)),
the subgroup of the derived subgroup of the centralizer of H in Sp(H'(Z/, C)) corresponding to those
H -irreps which are nontrivial on [h].

The following purely topological corollary follows immediately from the definitions, as in Section 2.3 —
loosely speaking, it says that in the representations considered in Theorem 1.3, the restriction to the
“point-pushing subgroup” still has large image.

9.9 Corollary With notation as in Notation 9.7, suppose thatn > 0, and let h € 7;(Xg ,,x) be a
loop around a fixed puncture z of g ,, such that ¢(h) = [h] is the distinguished class. Suppose that
g > max(25 + 1,52). Let P, be the stabilizer of ¢ in the kernel of the map

induced by forgetting z. (Here we view X g , as an (n+1)-marked surface, with x an additional marked
point.) The identity component of the Zariski closure of
Rylp,: Py — Sp(H' (g, C)H
in GL(H'(Zg,C)) is
o B 14

[T SPWi B (S, V) x [] SOW H' (S g, VA')) x [ | SLOWy H' (S, V),

i=1 i=1 i=1
the subgroup of the derived subgroup of the centralizer of H in Sp(H'(Z ¢’» C)) corresponding to those
H -irreps nontrivial on [h]. Here R, is defined as in Theorem 1.3.
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In order to prove Theorem 9.8, we recall some notation from Notation 2.1. Given a branched cover

of topological surfaces, with Galois group H and n branch points (here consisting of the points of D
together with the f(z)), there is a versal family of covers over a variety .#;, parametrizing branched
covers of Riemann surfaces of topological type ¢ (see eg [Bertin and Romagny 2011, Section 6]), carrying
a family of covers 2} /%%, as in the diagram

7 g

After replacing Z with an étale cover, our given Kodaira—Parshin fibration S — Z of topological type ¢
is the pullback of 7" by a map ¢: Z — .#;. The family of pointed curves %;/.#; induces a dominant map
My — Mg n with finitely many geometric points in each fiber. By definition,  dominates a component
of the fiber of the composition .#; — .#g y — Mg n—1, given by forgetting the distinguished point as
defined in Definition 9.4.

The following lemma is the main ingredient in the proof, and describes the monodromy of a Kodaira—
Parshin family associated to a particular representation.

9.10 Lemma With notation as above, let [h] € H be the distinguished class, and let p: H — GL,(C)
be an irreducible H -representation. Suppose g > max(2r + 1, r?). Then the identity component of the
Zariski-closure of the monodromy representation
(9-3) 71(Z,2) = GL(W H' (Sg,n, V)
is trivial if p([h)]) is trivial. If p([h]) is nontrivial, it is

(1) SO(WyH(Zg.,, VP)) if p is symplectically self-dual,

(2) Sp(W,H! (Xg,n, VP)) if p is orthogonally self-dual, or

(3) SL(WyH!(Zg,, VP)) if p is not self-dual.

Proof We first observe that if p([/4]) is trivial, the connected component of the monodromy group in
question is also trivial. Indeed, in this case, let K C H be the kernel of p; the monodromy representation
in question appears in the cohomology of S/ K — Z, which is isotrivial. Indeed, the fibers of this map
are covers of C branched at a fixed divisor, and hence do not vary in moduli.

We now suppose p([#]) is nontrivial. We first claim that it suffices to show that the monodromy represen-
tation (9-3) has infinite image. Indeed, by the discussion above the statement of the lemma, (9-3) factors
through a representation

(9-4) 71 (M) — GL(Wy H (Zg 0, VP)).
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By Theorem 1.9, the representation (9-4) has image with Zariski-closure SO, Sp or SL, depending on the
self-duality properties of p. The connected monodromy group of (9-3) is in fact a normal subgroup of
this group, as the fundamental group of the fiber of the map .#; — .#, ,—1 is normal in the fundamental
group of .#;. Thus if the image in question is infinite, it must be Zariski-dense in the Zariski-closure of
the image of (9-4), as this group is simple by Theorem 6.7.

We prove the infinitude of the image of this representation by Hodge-theoretic methods. As the monodromy
representation in question is a topological invariant, we may take Z to dominate a component of a general
fiber of the map .#; — .#¢ »—1 and hence assume that C is general.

Fix general z € Z, and let X = 7 ~!(z), let D C C be the branch locus of the cover X — C, and let p € C
be the image of z in C; note that (C, D) is general, and p € D by the definition of a Kodaira—Parshin
fibration. Recall that the theorem of the fixed part implies a VHS with finite monodromy has constant
period map. Using this, it suffices to show that the derivative of the period map

T.Z —Hom(H®(C, Ef ® wx (D)), H'(C, E))

is nonzero for generic z € Z. There is a natural identification
T.Z =ker(H'(C, Tc(—D)) — H'(C,Tc (=D + p))),
as the map Z — C is generically étale, so Serre-dually we wish to show that the pairing
H'(C, Ef @ wy (D)) ® H*(C. (Ef)Y @ wc) — H*(C.w&*(D - p))
— coker(H%(C, 02*(D — p))— H*(C, w&*(D)))

is nonzero, where the first map is induced by BY, as in Proposition 3.6. Evaluation at p identifies

coker(H(C,0@*(D — p))— H*(C, w&*(D)))
with a)?z(D)| p. Using that (C, D) is general, so Eg Q wy (D) and (E g )Y ® wc are globally generated
by Proposition 4.9, it is enough to show that the pairing

(Ef @ 0x (D)) ® (E§) ® oc = 0 (D),

is nonzero. But this pairing is induced by the corresponding pairing of sheaves between E g ® wy (D)
and (E (’; )Y ® wc, which is perfect, via the inclusion E g — F g . So it is nonzero as long as this inclusion
is nonzero at p, ie as long as p([4]) is nontrivial, as desired. a

To complete the proof of Theorem 9.8, we will need to compute the total monodromy group, which is
contained in a product of groups indexed by the different irreps of H. To prove our result we will use
Goursat’s lemma, and the following lemma is a key input to verifying the hypotheses of Goursat’s lemma.

9.11 Lemma Let py,p: H — GL,(C) be irreducible H -representations with p;([h]) nontrivial for
i =1,2. If g > r? and the monodromy representations

(9-5) m1(Z,z) — GL(W H' (Zg 0, VPi))

fori = 1,2 are isomorphic to one another, then p1 >~ p;.
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Proof We can factor (9-5) as a composition
(5-6) 71(Z,2) = 1 () 2 GLW, H' (S, V7)),

and by Proposition 6.4, it suffices to show that ¢ is isomorphic to ¢, possibly after passing to a cover
of .#;. By [Landesman and Litt 2024a, Lemma 2.2.2] (using that our two representations of 1 (Z, z) in
question are irreducible by Lemma 9.10), the projectivizations of ¢; and ¢, are isomorphic. Hence, we
may assume ¢; =~ ¢, ® x, for x a character. Observe that x must be of finite order because its connected
monodromy group is simple (as also argued in the penultimate paragraph of the proof of Theorem 1.3).
Hence, we may trivialize y by passing to a cover of .#;, and therefore reduce to the case ¢; =~ ¢», as
desired. d

Proof of Theorem 9.8 The proof follows from the Goursat—Kolchin—Ribet criterion of Katz [1990,
Proposition 1.8.2], precisely following the argument in the proof of Theorem 1.3; we use Lemma 9.10 in
place of Theorem 1.9, and Lemma 9.11 in place of Proposition 6.4. The final statement describing (9-2)
follows from Lemma 7.16. |

10 Questions

We conclude with a number of open questions motivated by the preceding results.

10.1 Improving the bounds in our results Theorem 1.3 gives a large monodromy result for the mapping
class group action on the homology of an H-cover of a genus g curve, on the assumption that g is
large compared to the dimensions of the irreducible representations of H. However, we don’t know a
counterexample to the statement of Theorem 1.3 as long as g > 3.

10.2 Question Let H be a finite group and let X4/ ,» — X ,, be an H-cover. Suppose that g > 3. Is
the identity component of the Zariski closure of the virtual image Modg ,4+1 in GL(W; H I(z ¢’)) the
commutator subgroup of Sp(H!(Z g’ C)HH9

It seems natural to conjecture that the answer is yes, strengthening the Putman—Wieland conjecture [2013]
as explained in Remark 1.6. Moreover one might expect that as soon as g > 3, the image is arithmetic:

10.3 Question Does the virtual image of Modg 41 in Sp(H (2, 7))H have finite index?

While our methods say nothing about Question 10.3, strengthening our results on (generic) global
generation would imply a positive answer to Question 10.2 in some cases, as we now explain.

10.4 Question Let g > 3, and let p: 71 (Zg ) — GL,(C) be a representation with finite image. Fix a
very general complex structure (C, D) on a pointed surface (Xg, X1, ..., x,) and let £, be the parabolic
bundle corresponding to p. Is the vector bundle E 0 ®wc (D)

(a) generically globally generated, or even

(b) globally generated?
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10.5 Remark When n = 0, a positive answer to Question 10.4(b) for arbitrary » would imply a positive
answer to Question 10.2 by the methods of this paper. Similarly, for arbitrary », a positive answer to
Question 10.4(a) would imply a positive answer to the Putman—Wieland conjecture [2013].

10.6 Remark One might naturally pose Question 10.4 for arbitrary unitary representations p. We are
grateful to Eric Larson and Isabel Vogt for explaining to us that in this case one must necessarily take
the meaning of “very general” in the question to depend on p. That is, every smooth proper curve C of
genus g > 2 admits a stable vector bundle E of degree zero (corresponding, by the Narasimhan—Seshadri

correspondence, to some unitary representation) such that £ ® wc¢ is not generically globally generated.

10.7 Remark A positive answer to Question 10.4 for general unitary representations would provide
some evidence for the well-known conjecture that mapping class groups have Kazhdan’s property T in
genus g > 3, as it would imply that certain unitary representations of mapping class groups are rigid,
following the methods of [Landesman and Litt 2024a]. See [Ivanov 2006, Section 8] for a discussion of
this question.

10.8 Arithmetic statistics As mentioned in Remark 1.14, the results of this paper are closely related
to a number of results in arithmetic statistics, which concern understanding the monodromy with Z /£Z
coefficients, instead of complex coefficients. As noted in the introduction, Jain [2016] is able to prove a
big monodromy result over genus 0 bases with the number 7 of punctures having monodromy in every
conjugacy class sufficiently large. However, his result does not say how large » has to be.

10.9 Question Is it possible to obtain a big monodromy result analogous to Theorem 1.3 which is
effective in g, or a result analogous to Conjecture 1.13 which is effective in n, with Z /£Z coefficients

instead of complex coefficients?

If the above were possible, can one use it to deduce some large ¢ limit versions of the Cohen—Lenstra

heuristics, as alluded to in Remark 1.14?

10.10 Analogs for free groups Finally, it is natural to pose analogues of the questions here for
representations of groups other than the mapping class group Mody ,. For example, the group Aut(F})
acts virtually on finite-index subgroups of the free group F}, and hence on their abelianizations.

10.11 Question Let n > 3 and fix a finite-index subgroup K C F,. Is the image in GL(K?) of the
stabilizer of K inside Aut(Fy) arithmetic? What is its Zariski-closure?

This last question is studied in many interesting special cases by Grunewald and Lubotzky [2009].
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