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Quantitative Thomas–Yau uniqueness

YANG LI

Under Floer-theoretic conditions, we obtain quantitative estimates on the closeness (Hausdorff distance,
flat norm and F-metric) between two Lagrangians, depending on the smallness of Lagrangian angles. Some
applications include a strong–weak uniqueness theorem for special Lagrangians, and a characterization of
varifold convergence to special Lagrangians in terms of Lagrangian angles.

53C38, 53D12, 57R58

1 Background and introduction

1.1 Special Lagrangians

Inside an n-dimensional compact Kähler manifold .X; !/ with a nowhere-vanishing holomorphic volume
form � such that !n=n! D e2�.in2

=2n/�^�, an n-dimensional compact oriented submanifold L is
called special Lagrangian if

(1) !jL D 0; Im�jL D 0:

These sit at the crossroad of minimal surface theory and symplectic geometry:

� If the metric is Calabi–Yau (namely �D0), then special Lagrangians are absolute volume minimizers
inside their homology classes.

� Lagrangian submanifolds equipped with (unobstructed) brane structures define objects inside the
Fukaya category.

Recall that the Lagrangian angle � WL!R is defined by �jL D e��ei� dvolL, so special Lagrangians
amount to the condition � D 0. More generally, a Lagrangian is called quantitative almost calibrated if
j� j � 1

2
� � �0 for some fixed small �0 > 0. Such Lagrangians are important in the Thomas–Yau program;

see Li [9] and Thomas and Yau [12]. One of its immediate consequences is the a priori homological mass
bound

Vol.L/D
Z

L

dvol� 1

sin �0

Z
L

Re�:

1.2 Thomas–Yau uniqueness

As part of a wider program to relate the existence and uniqueness questions of special Lagrangian branes
to the Fukaya category and stability condition, Thomas and Yau [12] proved a remarkable uniqueness
theorem, which from the modern perspective reads:

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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2252 Yang Li

Theorem 1.1 (Imagi [6], Imagi, Joyce and Oliveira dos Santos [7] and Thomas and Yau [12]) Let
L and L0 be two compact embedded special Lagrangians with unobstructed brane structures , defining
isomorphic objects in the derived Fukaya category. Then their supports coincide.

The Floer degree of a transverse intersection point p 2 CF�.L1;L2/ between two Lagrangians L1 and
L2 is

(2) �L1;L2
.p/D

1

�

� nX
1

˛i � �L2
.p/C �L1

.p/

�
2 Z;

where inside TpX 'Cn we can put the tangent spaces into the standard form

TpL1 DRn; TpL2 D .e
i˛1 ; : : : ; ei˛n/Rn for 0< ˛i < �:

The proof idea of Theorem 1.1 can be outlined as follows. Assume L¤L0.

� By making C1-small Hamiltonian perturbations of L and L0, we can replace L and L0 by isomorphic
objects L1 and L2 intersecting transversely. Moreover, either by a Morse-theoretic argument [12], or
using real analyticity via a Łojasiewicz inequality [7], one can remove the degree-zero intersection points,
to ensure the Floer cochain group CF0.L1;L2/ is 0.

� Consequently, the Floer cohomology HF0.L;L/ ' HF0.L1;L2/ is 0. In particular the unit of the
Floer cohomology ring vanishes, which is impossible, because it violates Poincaré duality (alternatively,
because the image of the unit under the open–closed map is the homology class ŒL�2Hn.X; ƒnov/, which
cannot be zero).

We take note of a few conceptual features:

� The proof of Thomas–Yau uniqueness is analogous to a strong maximum principle argument. The role
of symplectic topology is to force the existence of a degree-zero intersection point, which is analogous
to the existence of a maximum, and a local calculation concerning the intersection point results in a
contradiction.

� The metric is not necessarily Calabi–Yau. The compactness of X can be replaced by any other standard
settings where Floer theory makes sense.

� The known proofs rely essentially on smoothness assumptions of the Lagrangians.

Remark 1.2 (for the analysts) Setting up Floer cohomology (or more generally, the Fukaya category)
requires a large baggage train, such as brane structure (spin structure, local system and bounding cochains),
complicated perturbation schemes and algebraic machinery. For background see Joyce [8, Section 2.5]
for a lightning-quick overview, and Auroux [5] for a gentle introduction on the Fukaya category.

The Thomas–Yau argument (as well as the rest of this paper) is not sensitive to the details of the Fukaya
category. Knowledge on the setup is not essential; the only facts from Floer theory that one really needs
for this paper are:

� Floer cohomology groups are invariant under Hamiltonian deformations of the Lagrangians.

Geometry & Topology, Volume 29 (2025)



Quantitative Thomas–Yau uniqueness 2253

� Nonzero Floer cohomology implies the existence of Lagrangian intersection points in the corresponding
degree, provided the Lagrangian intersections are all transverse.

� If two Lagrangian branes are in the same derived Fukaya category class, then they live in the same
homology class. (This follows from the property of the open–closed map.)

1.3 Quantitative Thomas–Yau uniqueness

A common theme in geometric analysis is rigidity theorems, eg a strong maximum principle naturally
suggests a Harnack inequality. Analogously, we ask:

Question 1 Suppose L and L0 have small Lagrangian angles (eg k�kC 0 � 1 or k�kL1 � 1). Then do
they have to be uniformly close to each other (eg in the Hausdorff distance for subsets, in the flat norm
distance for integral currents or the F -metric for varifolds)?

Remark 1.3 A paper of Abouzaid and Imagi [1] studies symplectic topological consequences of special
Lagrangians lying inside a small C 0-neighbourhood of a given special Lagrangian, under additional
hypotheses on the fundamental group and its representations.

Remark 1.4 New ideas are needed for this question: In a naive strategy, one takes a sequence of
Li and L0i , with Lagrangian angles converging to zero, and attempts to use compactness theorems in
geometric measure theory to extract subsequential limits L1 and L01, which should be special Lagrangian
integral currents. To deduce that Li is close to L0i , one would like to prove L1 D L01. This would
require a singular Lagrangian version of the Thomas–Yau uniqueness theorem, which is yet unknown.
(The interested reader may see Li [9, section 5.7] for some heuristic ideas.)

Our main technical result, Theorem 2.1, gives one answer to the question above. Morally, it provides
Floer-theoretic conditions such that if a quantitative almost-calibrated Lagrangian has small enough
L1-norm on its Lagrangian angle, then it is close to a given special Lagrangian, with respect to several
distance notions from geometric measure theory (Hausdorff distance, flat norm and F -metric), with
quantitative estimates depending on explicit powers of k�kL1 .

We now discuss qualitative consequences of Theorem 2.1, to be proved in Section 3. Theorem 2.1 can be
interpreted as the quantitative version of a strong–weak uniqueness theorem.

Definition 1.5 Let Li be a sequence of smooth embedded unobstructed Lagrangian branes which lie in
a fixed nonzero derived Fukaya category class (so in particular the same rational homology class), and
are all quantitatively almost calibrated. We say a Lagrangian C1-submanifold (resp. Lagrangian integral
current) L1 is a C1-limit (resp. varifold limit) if the Li converge to L1 in the C1-topology (resp. in
both the weak topology of varifolds and the flat norm topology of integral currents). Notice there is no
requirement that L1 is equipped with any brane structure.

Geometry & Topology, Volume 29 (2025)



2254 Yang Li

Theorem 1.6 (strong–weak uniqueness) Fix a derived Fukaya category class , and let L1 be a C1-limit
and L01 a varifold limit. Assume both are special Lagrangian �L1 D �L01

D 0. Then L1 D L01 as
integral currents.

Provided a derived Fukaya category class admits a special Lagrangian C1-limit, we have a satisfactory
characterization of varifold topology convergence in terms of the Lagrangian angle function.

Theorem 1.7 Fix a derived Fukaya category class , and assume there is a sequence of smooth embedded
representatives Li , converging in C1 topology to a special Lagrangian L1. Let L0i be a sequence of
quantitatively almost-calibrated Lagrangian branes in the same derived Fukaya category class. Then L0i
converges in the varifold topology to L1 if and only if k�L0

i
kL1 ! 0.

Remark 1.8 Since in our setting k�kL1 and the mass of the Lagrangian both have uniform bounds, by
interpolation k�kL1 ! 0 is equivalent to k�kLp ! 0 for any fixed p > 0.

2 Proof of quantitative Thomas–Yau uniqueness

2.1 Statement of quantitative Thomas–Yau uniqueness

Our main technical result is a quantitative version of the Thomas–Yau uniqueness theorem.

Theorem 2.1 Let L and L0 be two compact smoothly embedded Lagrangians with unobstructed brane
structures , in the same fixed homology classes in Hn.X;Q/, such that HF0.L;L0/¤0 or HF0.L0;L/¤0

holds. Assume the quantitative almost-calibrated condition k�L0kC 0 �
1
2
� � �0 for some fixed �0 > 0,

and moreover that there is some � small enough that the Lagrangian angles satisfy

� k�LkC 0 � �� 1,

� Vol.f�L0 > �g/� �n.

Then the Hausdorff distance between L and L0 is uniformly small :

(3)
�

supp2L dist.p;L0/� C�1=.2n/;

supp2L0 dist.p;L/� C�1=.4n2/:

The flat norm distance between L and L0 is bounded uniformly by C�1=.4n/C1=.4n2/. The F -metric
between L and L0 is bounded by C�1=.8n/. The constants depend on �0, X and L, but not on the regularity
bounds on L0, nor on the small �.

A few explanations may clarify the significance of the assumptions:

� If L and L0 are isomorphic nonzero objects in the derived Fukaya category, then HF0.L;L0/ ¤ 0,
HF0.L0;L/¤ 0 and ŒL�D ŒL0� 2Hn.X;Q/.

Geometry & Topology, Volume 29 (2025)



Quantitative Thomas–Yau uniqueness 2255

� The weak L1-type bound Vol.f�L0 > �g/� �n is implied by k�L0kL1.L0/ � �nC1. This is much
weaker than assuming C 0-smallness of �L0 . This weakening is needed for Theorem 1.7, because if a
sequence L0i of quantitatively almost-calibrated Lagrangians converge to a special Lagrangian in the weak
topology of varifolds (ie as Radon measures on the Grassmannian bundle), then k�L0

i
kL1 ! 0 as i !1,

but k�L0
i
kC 0 does not necessarily converge to zero.

� As we will indicate in a series of remarks, the embedded assumption on the Lagrangians in Theorem 2.1
can be relaxed to immersed Lagrangians with connected domains and transverse self-intersection points,
with rather minor changes. The connected domain assumption is quite crucial to our arguments here (see
Remark 2.3), and also appears in the literature on Thomas–Yau uniqueness for immersed Lagrangians [6].
On the other hand, the hypothesis of Theorem 2.1 is a little weaker than assuming L and L0 lie in the
same derived Fukaya category class, and does not make explicit use of holomorphic curves.

2.2 The small k�kC 0 case

In the special case where k�kC 0 � 1 is small, we show that the set of points on L lying near L0 is
sufficiently dense. This argument contains the Floer-theoretic ingredient in our strategy. We do not yet
use ŒL�D ŒL0� 2Hn.X /.

Lemma 2.2 Assume k�kC 0� ��1 for both L and L0. For all p2L, there is some p02L\B.C1�
1=2n/

such that dist.p0;L0/� C�.nC1/=.2n/. In particular dist.p;L0/� C�1=2n.

Proof We perform a Hamiltonian perturbation of the L within the Weinstein tubular neighbourhood
T �L'NL of the Lagrangian L. For a smooth Hamiltonian function h WX !R, we get a Hamiltonian
vector field Xh by �Xh

!D�dh (equivalently XhD Jrh), and for �kdhkC 1� 1, the time � flow sends L

to '�.L/, whose Lagrangian angle is denoted by �'�.L/. In our later applications, we can further assume
that along L, the vector field Xh is orthogonal to the tangent spaces of L, or equivalently Xh D JrLh

where rLh is the gradient of h on L. Alternatively, to the same effect, we can also choose the perturbed
Lagrangian as the graph of � dh inside the Weinstein neighbourhood T �L.

Notice the Lagrangian angle � is a locally defined smooth function on the Grassmannian bundle of
Lagrangian subspaces of the tangent space, and the flow '� acting on the Grassmannian bundle is close
to the identity, so by Taylor expansion

�'�.L/ D �LC �LXh
� CO.�2

kXhk
2
C 1/D �LC �LXh

� CO.�2
kdhk2

C 1/:

The linearized operator L.h/D LXh
� can be computed in the case of a general weighting function � as

follows, similar to the computation in Thomas–Yau [12, Lemma 2.3] in the Calabi–Yau metric case. We
observe that by the closedness of the holomorphic volume form �,

LXh
�D�iLJXh

�D i.d ��JXh
�C ��JXh

d�/D i d ��JXh
�:

Geometry & Topology, Volume 29 (2025)



2256 Yang Li

By the definition of the Lagrangian angle �jL D e��ei� dvolL, and the assumption that �JXh Dr
Lh

is tangent to L, the left side converts to

e��ei� .�LXh
�C iLXh

�/ dvolLCe��ei�LXh
.dvolL/;

while the right side converts to

i d.e��ei� �rLh dvolL/D i d.e��ei�
�L dh/D iei�d.e�� �L dh/� e��ei�d� ^�L dh:

Now dividing both sides by ei� and then comparing the imaginary parts, we obtain the formula

L.h/e�� dvolD d.e�� �L dh/;

namely that L.h/ is the drift Laplacian

(4) L.h/D e� divL.e
��
r

Lh/:

In the Calabi–Yau metric case (�D 0) this reduces to the Laplacian. By construction,

j�'�.L/� �L� �L.h/j � C�2
kdhk2

C 1 :

Given any point p 2 L, we prescribe a smooth function f W L! R such that f D 4 outside B.p; �/

for some �� 1 to be determined, the weighted integral
R

L e��f dvolL is 0, and jf j C jdf j� � C��n

inside B.p; �/. We solve L.h/D f with
R

L he�� dvolL D 0, to find the smooth function h with bound
jdhj C �jr dhj � C�1�n: Using the smoothness of L, we regard its Weinstein neighbourhood as the
cotangent bundle T �L, which is isomorphic to the normal bundle NL via the metric. We can then extend
h to a smooth function on X with the same bounds such that near L the function h is constant on the
cotangent fibres. This ensures that the Hamiltonian vector field Xh equals JrLh along L.

We choose � D C1�
1=2n for some large constant C1 independent of �. Then the displacement of the

time �-flow is bounded by the C 0 norm of the vector field �Xh, which is of order C�jdhj � C��1�n �

C�.nC1/=.2n/� 1, so '�.L/ is well defined inside the Weinstein neighbourhood. Furthermore,

j�'�.L/� �L� �L.h/j � C�2
kdhk2

C 1 � C.���n/2� �;

whence on '�.L nB.p; �//,

�'�.L/ � �LC �L.h/� � � �L.h/� 2� � 4�� 2� � 2�:

Without loss '�.L/ is transverse to L0 by genericity. By formula (2), any Lagrangian intersection
q 2 CF�.'�.L/;L0/ has Floer degree

�.q/�
1

�
.�'�.L/� �L0/�

1

�
�;

and hence degree-zero intersections cannot occur on '�.L nB.p; �//. By the Hamiltonian invariance of
Floer cohomology

HF0.'�.L/;L
0/D HF0.L;L0/¤ 0:

This forces there to be an intersection q 2 '�.L\B.p; �//\L0. Thus there is p0 2L\B.p; �/ whose
distance to q is less than C�jdhj � C�.nC1/=.2n/.

Geometry & Topology, Volume 29 (2025)



Quantitative Thomas–Yau uniqueness 2257

Remark 2.3 If we replace the embedded Lagrangians by immersed Lagrangians with connected domain
and transverse self intersections, we can still use the Floer cohomology of Akaho and Joyce [2]. The
main caveat is that in order for the Hamiltonian function h WL!R to extend to X , we need h to take the
same value at the finitely many self-intersection points. These finitely many linear constraints are easy to
meet, by relaxing f D 4 outside B.p; �/ to the more flexible condition f � 4 outside B.p; �/.

The connected domain hypothesis on L is important for solving the equation L.h/D f . If we drop this
hypothesis, then take for instance L the disjoint union of two special Lagrangians and L0 to be one of the
components, and the lemma would be false.

Remark 2.4 Lemma 2.2 easily gives a new proof to the original Thomas–Yau uniqueness theorem
(Theorem 1.1), not relying on Morse theory or real analyticity. Indeed, by taking the �! 0 limit, we
deduce that each point on L has zero distance to L0, and hence L�L0. Since the roles of L and L0 are
symmetric in Theorem 1.1, we recover LD L0. The rest of this paper treats the additional difficulties
caused by giving up quantitative regularity bounds on L0, and by relaxing the C 0-smallness of �L0 to
merely smallness on most of the measure.

2.3 Generic perturbation technique

The technique of controlling the number of intersection points by utilizing a sufficiently rich family of
perturbations originated from Arnold [4], who used it to study the dynamical growth of intersection points.
Proposition 2.5 is a detailed exposition to clarify the dependence of constants. Seidel [11, Lecture 5]
contains an application to bound the rank of Lagrangian Floer cohomology.

Let M be an m-dimensional compact manifold, N and N 0 be two compact submanifolds of complementary
dimension and U � N 0 be an open subset. Let V be a p-dimensional space of vector fields on M ,
which is surjective to the normal space TM=TN at every point of N . Fix a Euclidean metric on V , and
consider the p-dimensional family of diffeomorphisms �t of M obtained by exponentiating the vector
fields in P D B.0; �/ � V for some small �. This induces a p-parameter deformation family N ! P

for N whose fibres are �t .N / for t 2 P . There is an evaluation map � WN !M , which by construction
is surjective on tangent spaces.

Proposition 2.5 There exists some t 2 P such that �t .N / intersects N 0 transversely, and the number of
intersection points is

j�t .N /\U j � C��n Vol.U /;

where the constant C depends only on M , V and the C 1-regularity of N , but not on the small � and the
regularity bounds of N 0.

Proof The transversality holds for a.e. t 2 P by Sard and Smale, so that j�t .N /\U j is a well defined
integer for a.e. t 2 P . By the coarea formula,Z

P

j�t .N /\U j dt � Vol.N \��1.U //;

Geometry & Topology, Volume 29 (2025)
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where the volume is computed with respect to the restriction of the product metric on M �P . Now
� WN \��1.U /! U is surjective on tangent spaces, with Jacobian factor bounded below by C�1, so

Vol.N \��1.U //� C

Z
U

Vol.N \��1.y// dy:

For each y 2 U , the contributions to N \��1.y/ come from the deformations of the small local region
N \B.y;C�/. The assumption that V is surjective to TM=TN at every point of N , together with the
C 1-regularity of N , allows us to find a codimension-n subspace Vy � V such that the projection

N \��1.y/! P D B.0; �/� V ! Vy

exhibits N \��1.y/ as part of a C 1-graph over the �-ball inside Vy , whose volume is bounded by C�p�n.
We deduce

Vol.N \��1.y//� C�p�n:

Combining the above, Z
P

j�t .N /\U j dt � C�p�n Vol.U /;

so we can select some t 2 P with

j�t .N /\U j � C Vol.U /�p�n.Vol.P //�1
� C Vol.U /��n:

In our application, the idea is that under sufficiently generic Hamiltonian deformation, subsets with very
small measure do not contribute to Lagrangian intersection points. This allows us to relax Lemma 2.2 to
a weak L1-assumption on the Lagrangian angle of L0.

Proposition 2.6 Assume k�LkC 0 � �, while Vol.fj�L0 > �g/� ��n. Then there are constants C1 and C

independent of � such that for all p 2 L, there is some p0 2 L\B.C1�
1=2n/ satisfying dist.p0;L0/ �

C�.nC1/=.2n/.

Proof We can find a large-dimensional vector space V of Hamiltonian vector fields which is surjective
to the normal space TX=TL at every point of L. We can pick the Euclidean metric on V so that for
any v in the unit ball of V , the induced vector field acting on the Grassmannian bundle over X has
C 0-norm� 1. In particular, the Hamiltonian diffeomorphisms �t obtained via exponentiating vector
fields in P D B.0; �/� V only change the Lagrangian angle function by an amount� �.

We now reexamine the argument of Lemma 2.2. For any p2L, we can construct the C 1-small Hamiltonian
deformation '�.L/ of L such that on '�.L/.L nB.p; �//, we have �'�.L/ � 2�. Thus for any t 2 P , the
Hamiltonian deformation �t'�.L/ satisfies away from B.p; �/

��t'�.L/ � �'�.L/�
1
2
� � 3

2
�:

Let U D f�L0 > �g �L0. Then according to Proposition 2.5, there is some t 2 P such that �t'�.L/ is
transverse to L0, and the number of intersection points is

j�t'�.L/\U j � C��n Vol.U /� 1:
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Thus �t'�.L/\U is in fact empty. This forces �L0 � � at the Lagrangian intersections �t'�.L/\L0,
and we conclude as in Lemma 2.2.

Consequently, we get one half of the Hausdorff distance estimate:

Corollary 2.7 Under the same conditions ,

(5) sup
p2L

dist.p;L0/� C�1=2n:

Remark 2.8 We have so far not used the condition ŒL� D ŒL0� 2 Hn.X;Q/. Without this condition,
the constant C in Corollary 2.7 really requires some regularity bound on L. For instance, we consider
a surgery exact triangle L1! L2! L3! L1Œ1�, where L2 is the Lagrangian connected sum of L1

and L3 with very small neck, and all Lagrangians angles can be made arbitrarily small in C 0. The mere
assumption that HF0.L1;L2/ ¤ 0 cannot imply that supp2L2

dist.p;L1/ is small. The proof breaks
down because the C 1-regularity bound of L2 is highly degenerate in the neck region.

2.4 Monotonicity inequality

In minimal surface theory, the famous monotonicity formula says that for an n-dimensional submanifold
N inside a smooth compact ambient manifold, if the mean curvature k EHkL1 is less than C1, then
inside coordinate balls the volume ratio

eC r r�n Vol.B.p; r//

increases with the radius r . One useful consequence is that the volume of N \B.p; r/ has a lower bound
for p 2N . We only impose assumptions on the Lagrangian angle � , but not on j EH j directly. We shall see
that the volume lower bound is still satisfied. Our style of argument is inspired by Neves [10, Section 3.3];
see also [9, Section 5.2].

Recall a special case of the optimal isoperimetric inequality of Almgren. Denote by !n the volume of the
n-dimensional unit ball in Rn.

Proposition 2.9 [3, Theorem 10] Let T be an .n�1/-dimensional integral current inside RN with
@T D 0. Then there is an integral n-current Q inside RN with @QD T and

Mass.Q/� n�n=.n�1/!�1=.n�1/
n Mass.T /n=.n�1/:

Remark 2.10 The inequality is saturated by the n-dimensional unit ball; this sharpness of constant will
be important for getting the sharp coefficient in Proposition 2.11(ii), which is essential for proving that
the points on L0 close to L occupy almost the full measure in L0 as in Lemma 2.14. Moreover, if T is
contained in some ball B.R/, then Q can also be taken inside B.R/, because there is a retraction of RN

to B.R/ with Lipschitz constant 1.
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We now work inside the Kähler manifold X . Around any fixed p 2X , we can take local holomorphic
coordinates z1; : : : ; zn such that for small jzj,

! D

p
�1

2

X
dzi ^ d Nzi CO.jzj/; e�.p/�D dz1 ^ � � � ^ dznCO.jzj/; g D

X
jdzi j

2
CO.jzj/:

Beware that the smooth function � measures the failure of the metric to be Calabi–Yau.

Proposition 2.11 Let L0 be a smooth Lagrangian with j� j � 1
2
� � �0, and assume there exists p0 2L0

with jp0j � �� 1. We shall use C.�0/ to denote constants depending only on �0 and the coordinate chart.

(i) For the Euclidean balls BEucl.r/ with radius r >� contained in the chart , we have the volume lower
bound Vol.L0\BEucl.r//� C.�0/.r ��/

n.

(ii) Assume furthermore that Vol.f�L0 > �g \L0/ � �n where � � �2. Then for the Euclidean balls
BEucl.r/ with radius r > C.�0/� contained in the chart , we have the sharper volume lower bound

(6) Vol.L0\BEucl.r//� !n.r �C.�0/�/
n.1�C.�0/r/:

Proof For a.e. 0 < r smaller than the radius of the coordinate ball (of order O.1/), the level set
L0 \ @BEucl.r/ is smooth, and the isoperimetric inequality allows us to find Q � BEucl.r/ with @Q D
L0\ @BEucl.r/ and mass bound

Mass.Q/� n�n=.n�1/!�1=.n�1/
n Hn�1.L0\ @BEucl.r//

n=.n�1/:

Since @.L0\BEucl.r//D @Q, the form Re� is closed and Re�jQ � .1CO.r//e��.p/ dvolQ,Z
L0\BEucl.r/

Re�D
Z

Q

Re�� .1CO.r//e��.p/ Mass.Q/:

Under the quantitative almost-calibrated condition j� j � 1
2
� � �0,

Vol.L0\BEucl.r//D

Z
L0\BEucl.r/

dvol� 1

sin �0

Z
L0\BEucl.r/

e� Re�:

Combining the above,

Vol.L0\BEucl.r//� C.�0/Hn�1.L0\ @BEucl.r//
n=.n�1/:

The function f .r/ D Vol.L0 \BEucl.r// is increasing in r . Using the coarea formula, we rewrite the
differential inequality as

f .r/� C.�0/f
0.r/n=.n�1/:

For r > �, we have f .r/ > 0, and the increasing function f satisfies

.f 1=n/0 � C.�0/;

whence f � C.�0/.r ��/
n.
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Next we assume Vol.f�L0 >�g\L0/��n and deduce the sharper volume lower bound. For O.1/> r >C�

with C depending only on the volume lower bound constant, we have f .r/ > �n. Notice that on
L0\f�L0 � �g\BEucl.r/,Z

L0\BEucl.r/\f�L0��g

dvol� 1

cos �

Z
L0\BEucl.r/\f�L0��g

e� Re�� 1

cos �

Z
L0\BEucl.r/

e� Re�:

Hence
f .r/� �n

C
1

cos �

Z
L0\BEucl.r/

e� Re�� �n
C

1

cos �
.1CO.r//Mass.Q/

� �n
C

1

cos �
.1CO.r//n�n=.n�1/!�1=.n�1/

n f 0.r/n=.n�1/:

Now 1=cos � D 1CO.�2/ D 1CO.�/ D 1CO.r/, so the 1=cos � factor can be absorbed into the
1CO.r/ factor by changing the constant. Rearranging the terms,

f 0.r/� n!1=n
n .1�O.r//.f ��n/.n�1/=n:

We deduce
d

dr
.f ��n/1=n

� !1=n
n .1�O.r//;

and after integration
f � !n.r �C�/n.1�O.r//;

as required.

Remark 2.12 In the context of special Lagrangians in Cn, a standard way to deduce the monotonicity
formula is to compare the volume of L0\B.r/ with the cone over L0\ @B.r/. If we follow this strategy
for smooth Lagrangians inside Cn with j� j � �, then we would deduce

Vol.L0\B.r//�
1

cos �

Z
L0\B.r/

Re�� r

n cos �
Hn�1.L0\B.r//;

whence d=dr log Vol.L0\B.r//� n cos �=r . Unfortunately, this would only prove the monotonicity of
Vol.L0\B.r//r�n cos �, which is not sufficient to deduce the volume lower bound above.

We think it is an interesting question whether eC r Vol.L0 \ B.r//r�n is monotone under the mere
hypothesis that k�kC 0 is small, with no assumption directly on the mean curvature.

2.5 Hausdorff distance bound

We still need to show that all the points of L0 must stay close to L. The strategy is to first show that such
points occupy almost the full measure of L0, and then use a monotonicity inequality argument to extend
this to all points.

We record a weighted volume upper bound:

Lemma 2.13 If Vol.L0\f�L0 > �g/� �
n, then

R
L0 e
�� dvolL0 �

R
L0 Re�=cos �CC�n.

Proof On the subset L0\f�L0 � �g, we integrate e�� dvolL0 � .1= cos �/Re�jL0 .
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Lemma 2.14 In the setting of Theorem 2.1,

(7)
Z

L0\fdist. � ;L/��1=4ng

e�� dvolL0 � .1�C�1=4n/

Z
L

Re�:

Proof We can take �D C�1=2n such that by Corollary 2.7, any p 2L lies within distance � to L0. Our
setting implies �� �2 and Vol.f�L0 > �g/� �

n. By Proposition 2.11, and the fact that Euclidean balls
and Riemannian balls only differ by relative error O.r/, we see that for O.1/� r � C�,

Volg.L0\Bg.p; r//� !n.r �C�/n.1�C r/ for all p 2L:

The constants are uniform for p 2L, so after integrationZ
L

e��.p/ Volg.L0\Bg.p; r// dvolL.p/� !n.r �C�/n.1�C r/

Z
L

e�� dvolL

� !n.r �C�/n.1�C r/

Z
L

Re�:

The left side can be computed by Fubini’s theorem asZ
L0

e��.q/ dvolL0.q/
Z

L\Bg.q;r/

e�.q/��.p/ dvolL.p/:

The function � is smooth, so j�.q/� �.p/j � C r . The Lagrangian L has fixed C 1-regularity bound, so
for small radius r � 1, Z

L\Bg.q;r/

dvolL.p/� .1CC r/!nrn:

Combining the above,

!n.r �C�/n.1�C r/

Z
L

Re��
Z

L

e��.p/ Volg.L0\Bg.p; r// dvolL.p/

� .1CC r/!nrn

Z
L0\fdist. � ;L/�rg

e��.q/ dvolL0.q/;

whence for C�� r �O.1/,

(8)
Z

L0\fdist. � ;L/�rg

e��.q/ dvolL0.q/� .1�C r �C
�

r
/

Z
L

Re�:

The choice r D �1=4n yields the claim.

Remark 2.15 In the above, we assumed L is embedded. If L is merely immersed with transverse self
intersections, then the inequalityZ

L\Bg.q;r/

dvolL.p/� .1CC r/!nrn
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will break down for q in the r -neighbourhood of the self-intersection points. Essentially the same proof
would then give Z

L0\fdist. � ;L/��1=4ng

e�� dvolL0 � .1�C�1=4n/

Z
L

Re��C rn:

Since rn� �1=4n, the rn term can be absorbed.

We can finally prove the remaining half of the Hausdorff distance bound:

Proposition 2.16 In the setting of Theorem 2.1,

(9) sup
p2L0

dist.p;L/� C�1=.4n2/:

Proof The assumption that ŒL�D ŒL0� 2Hn.X;Q/ and the hypothesis that Vol.L0 \ f�L0 > �g/ � �
n,

together with Lemma 2.13, implyZ
L0

e�� dvolL0 �
1

cos �

Z
L

Re�CC�n
� .1CC�2/

Z
L

Re�:

Combined with Lemma 2.14,Z
L0\fdist. � ;L/��1=4ng

e�� dvolL0 � C�1=4n

Z
L

Re�:

Assume p 2L0 with rp WD dist.p;L/> �1=4n, so that L0\B.p; rp��
1=4n/ is in L0\fdist. � ;L/� �1=4ng.

From Proposition 2.11,

C.rp � �
1=4n/n � Vol.L0\B.p; rp � �

1=4n//� C�1=4n

Z
L

Re�:

Consequently rp � C�1=4n2

.

2.6 Flat norm distance bound

Recall that the flat norm distance between L and L0 is defined as

inffMass.T /CMass.R/ WL�L0 D @T CRg;

where T and R are integral currents of dimension nC 1 and n, respectively. Intuitively, the Hausdorff
distance bound is an L1-type bound on the distance function, while the flat norm behaves like an L1-type
bound. In the corollary below, we leverage the previous information to get a slightly better exponent than
the obvious bound from L1!L1, but we expect this is still not sharp.

Corollary 2.17 In the setting of Theorem 2.1, there is an integral current T with @T DL0�L such that
Mass.T /� C�1=.4n2/C1=.4n/.
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Proof The Hausdorff bound shows that L0 lies within a small C 0-neighbourhood of L. Using the
controlled C 1-regularity of L, we can view the C 0-neighbourhood as its normal bundle, and obtain a
projection map � WL0!L. Since L is homologous to L0 by assumption, � has degree 1. We form an
.nC1/-dimensional integral current T from the union of the line segments joining the points q 2L0 to
�.q/ 2L. Up to the choice of orientation sign, @T DL0���.L

0/DL0�L. The lengths of the segments
are comparable to dist.q;L/. Thus

Mass.T /� C

Z
L0

dist. � ;L/ dvolL0 D C

Z sup dist

0

dr

Z
L0\fdist. � ;L/�rg

dvolL0 :

Recall the weak L1-type estimate (8), which impliesZ
L0\fdist. � ;L/�rg

dvolL0 � C

8<:
1 if r DO.�1=2n/;

�1=2n=r if �1=2n � r � �1=4n;

�1=4n if r > �1=4n:

By the Hausdorff distance estimate, sup dist. � ;L/ � C�1=4n2

. Combining the above gives the mass
bound.

Remark 2.18 If L is immersed rather than embedded, then � would be only Lipschitz near the self-
intersection points, but the above argument is unaffected.

2.7 The F-metric bound

We view the C 0 neighbourhood of L as its normal bundle, which has a projection � to its zero section L.
Normal geodesic flow allows us to identify the tangent spaces TqX with T�.q/X . We now show that
L0 is graphical over L with small norm, away from a set with small measure. Denote by ET .q/ the unit
n-vector e1 ^ � � � ^ en on L0, where ei is an oriented orthonormal frame of TqL0, and by ET .�.q// the
analogous unit n-vector from the oriented orthonormal basis of T�.q/L.

Proposition 2.19 In the setting of Theorem 2.1, away from a subset E�L with Vol.E/CVol.��1.E//�

C�1=4n, the projection � WL0 n��1.E/!L nE is bijective , andZ
L0n��1.E/

j ET .q/� ET .�.q//j2 dvol.q/� C�1=4n:

Proof The projection � WL0!L is almost metric decreasing:

jd�jTqL0 j � 1CO.dist.q; �.q///:

As a general rule, the error coming from comparing ambient Kähler structures at q and �.q/ is bounded
by O.dist.q; �.q///. Let E0

1
D fdist. � ;L/� �1=4ng �L0. Then E0

1
has measure bounded by C�1=4n by

Lemma 2.13 and (7).
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Since � WL0!L has degree 1, it is surjective. Let E be the subset of L with at least two preimages. The
volume almost decreasing property of d� together with the assumption j� j � � on L imply

2

Z
E

Re�D 2

Z
E

e�� dvol.1CO.�//� .1CO.�1=4n2

//

Z
��1.E/

e�� dvol:

In particular,

(10) Vol.E/CVol.��1.E//� C

Z
��1.E/

e�� dvol� C 0
�Z

��1.E/

e�� dvol�
Z

E

Re�
�
:

On the other hand, at the points q 2 L0 n ��1.E/[E0
1
, the difference between the tangent planes is

bounded:
j ET .q/� ET .�.q//j2 � C.1� jd�. ET /jCO.�1=4n//:

Thus Z
L0n��1.E/

j ET .q/� ET .�.q//j2 dvol.q/� C�1=4n
CC

Z
L0n��1.E/

.1� jd�. ET /j/ dvol

� C�1=4n
CC 0

Z
L0n��1.E/

.1� jd�. ET /j/e�� dvol:

Here the contribution from E0
1

is absorbed into C�1=4n. From the pointwise inequality on L0n��1.E/[E0
1
,

jd�. ET /je�� D .1�O.�1=4n//jd�. ET /jjRe�jLj � Re�.�� ET /.1�O.�1=4n//;

the above is bounded by

C�1=4n
CC 0

�Z
L0n��1.E/

e�� dvol�
Z

LnE

Re�
�
:

The coefficient C 0 can be arranged as the same (large) constant appearing in (10). Adding the two
contributions and invoking the weighted volume upper bound in Lemma 2.13,

Vol.E/CVol.��1.E//C

Z
L0n��1.E/

j ET .q/� ET .�.q//j2 dvol.q/

� C�1=4n
CC 0

�Z
L0

e�� dvol�
Z

L

Re�
�

� C�1=4n
CC 0

�Z
L0

Re��
Z

L

Re�
�
D C�1=4n;

as required.

Remark 2.20 If L is immersed instead of embedded, then we include the O.�1=4n2

/ neighbourhood of
the self intersections into E, and the rest of the arguments run almost verbatim.

Recall the distance between two varifolds L and L0 is measured by F-metric

sup
�ˇ̌̌̌Z

L

f .p;TpL/ dvolL�
Z

L0
f .q;TqL0/ dvolL0

ˇ̌̌̌�
;
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where f ranges over all functions on the Grassmannian bundle of n-dimensional tangent subspaces
over X , with jf j � 1 and Lipschitz constant at most 1. Given a uniform upper bound on the mass, the
F -metric induces the same topology as the weak topology on varifolds (because continuous functions
can be approximated by Lipschitz functions).

Corollary 2.21 In the setting above , the F -metric between L and L0 is bounded by C�1=8n.

Proof Since jf j�1, the integrals on E, E0
1

and��1.E/ are bounded by C�1=4n. At q2L0n��1.E/[E0
1
,

by the Lipschitz bound on f ,

jf .q;TqL0/�f .�.q/;T�.q/L/j � jq��.q/jC j ET .q/� ET .�.q//j � C�1=4n
Cj ET .q/� ET .�.q//j:

The discrepancy between the volume forms �� dvolL and dvolL0 is bounded by

C j ET .q/� ET .�.q//j2 dvolL0 :

Consequently, the F-metric is bounded by

C�1=4n
C

Z
L0n��1.E/

j ET .q/� ET .�.q//j dvolL0 CC

Z
L0n��1.E/

j ET .q/� ET .�.q//j2 dvolL0 :

Using Proposition 2.19 and Cauchy–Schwarz, this is bounded by C�1=8n.

3 Consequences of Theorem 2.1

We now prove the consequences stated in the introduction.

Proof of Theorem 1.6 From the C1-limit assumption, Li!L1 with k�kC 0 ! 0. From the varifold
limit assumption, L0i ! L0. This implies that k�kL1 ! 0 as follows. Since the Lagrangian angle is
a continuous function on the open subset fRe� > 0g in the Grassmannian bundle, the weak topology
convergence of L0i implies Z

L0
i

j� j dvolL0
i
!

Z
L01

j� j dvolD 0:

All Lagrangians lie in the same homology class, and all the approximants Li and L0i lie in the same
derived category class. Thus Theorem 2.1 applies to Li and L0i for i � 1 and arbitrarily small �, and the
uniform C1-regularity on Li means that all the constants are uniform. The flat norm distance between
Li and L0i is bounded by C�1=.4n/C1=.4n2/. Taking the limit as i!C1, the flat norm distance between
L1 and L01 is bounded by C�1=.4n/C1=.4n2/, and letting �! 0 gives L1 DL01.

Proof of Theorem 1.7 As above, varifold convergence to L1 implies k�L0
i
kL1 ! 0. Conversely, if

k�L0
i
kL1 ! 0, then Theorem 2.1 applies to Li and L0i for i � 1 and arbitrarily small �, whence the

F -metric between Li and L0i is bounded by C�1=8n for i� 1 depending on �. In the i!C1 limit, the
F -metric distance between L0i and L1 tends to zero. Since all Lagrangians have uniform mass bounds,
the F -metric induces the same topology as the weak topology on varifolds, whence L0i ! L1 in the
varifold topology.
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4 Open questions

We raise some natural questions:

Question 2 With the same assumptions on L and L0 as in Theorem 2.1, what would be the sharp
exponent for the Hausdorff distance bound in terms of �?

This question has many variants. For instance, one can replace Vol.f�L0 > �g/� �
n with the smallness

of k�L0kLp.L0/ (or k�L0kC 0.L0/). We expect the exponents of � in Theorem 2.1 to be not optimal. On
the other hand, even in the simple setting of Calabi–Yau metrics, assuming L is a fixed smooth special
Lagrangian and k�L0kL1 < �, we do not expect the Hausdorff distance to be uniformly bounded by O.�/.
The reason is that the linearization of the special Lagrangian equation is the Poisson equation �uD f ,
and the failure of the Sobolev embedding W 2;1! C 1 means we cannot expect u to have C 1-bounds
proportional to kf kL1 . Some nonlinear effects are necessary for a result like Theorem 2.1.

Question 3 Do the uniform constants really depend on the C1-regularity bounds of L?

The part of our arguments most sensitive to C1-regularity bounds is Lemma 2.2, which involves solving
the Poisson equation on L with bounds. If L has some mild degeneration, eg when it is approximately the
desingularization of some special Lagrangian with certain isolated conical singularities, then we expect
results similar to Theorem 2.1 would hold, with possibly different exponents for �. On the other hand, it
is not clear if we can drop all regularity bounds on L beyond the information of the homology class and
the Lagrangian angles. A closely related question is whether strong uniqueness holds:

Question 4 Consider the variant of Theorem 1.6 where both L1 and L01 are varifold limits. Assuming
both are special Lagrangian �L1 D �L01

D 0, do they coincide as integral currents?

Question 5 If L and L0 are immersed Lagrangians defining the same object in the derived Fukaya
category, not necessarily with connected domains, then is there still an analogue of the quantitative
Thomas–Yau uniqueness theorem? Is there a corresponding strong–weak uniqueness theorem?

Acknowledgement This work was completed while the author was a Clay research fellow based at MIT.
He thanks P Seidel for discussions, Y Imagi for comments and the referees for useful suggestions.

References
[1] M Abouzaid, Y Imagi, Nearby special Lagrangians, preprint (2021) arXiv 2112.10385

[2] M Akaho, D Joyce, Immersed Lagrangian Floer theory, J. Differential Geom. 86 (2010) 381–500 MR Zbl

[3] F Almgren, Optimal isoperimetric inequalities, Indiana Univ. Math. J. 35 (1986) 451–547 MR Zbl

Geometry & Topology, Volume 29 (2025)

http://msp.org/idx/arx/2112.10385
http://projecteuclid.org/euclid.jdg/1303219427
http://msp.org/idx/mr/2785840
http://msp.org/idx/zbl/1226.53085
https://doi.org/10.1512/iumj.1986.35.35028
http://msp.org/idx/mr/855173
http://msp.org/idx/zbl/0585.49030


2268 Yang Li

[4] V I Arnol’d, Dynamics of complexity of intersections, Bol. Soc. Brasil. Mat. 21 (1990) 1–10 MR Zbl

[5] D Auroux, A beginner’s introduction to Fukaya categories, from “Contact and symplectic topology” (F
Bourgeois, V Colin, A Stipsicz, editors), Bolyai Soc. Math. Stud. 26, János Bolyai Math. Soc., Budapest
(2014) 85–136 MR

[6] Y Imagi, A uniqueness theorem for gluing calibrated submanifolds, Comm. Anal. Geom. 23 (2015) 691–715
MR

[7] Y Imagi, D Joyce, J Oliveira dos Santos, Uniqueness results for special Lagrangians and Lagrangian
mean curvature flow expanders in Cm, Duke Math. J. 165 (2016) 847–933 MR

[8] D Joyce, Conjectures on Bridgeland stability for Fukaya categories of Calabi–Yau manifolds, special
Lagrangians, and Lagrangian mean curvature flow, EMS Surv. Math. Sci. 2 (2015) 1–62 MR Zbl

[9] Y Li, Thomas–Yau conjecture and holomorphic curves, EMS Surv. Math. Sci. (online publication February
2025)

[10] A Neves, Recent progress on singularities of Lagrangian mean curvature flow, from “Surveys in geometric
analysis and relativity” (H L Bray, W P Minicozzi, editors), Adv. Lect. Math. 20, International, Somerville,
MA (2011) 413–438 MR

[11] P Seidel, Categorical dynamics, lecture notes, MIT (2012) Available at https://math.mit.edu/
~seidel/talks/mordell.pdf

[12] R P Thomas, S-T Yau, Special Lagrangians, stable bundles and mean curvature flow, Comm. Anal. Geom.
10 (2002) 1075–1113 MR Zbl

Department of Pure Mathematics and Mathematical Statistics, Cambridge University
Cambridge, United Kingdom

yl454@cam.ac.uk

Proposed: Richard P Thomas Received: 24 September 2022
Seconded: Mark Gross, Jim Bryan Revised: 29 October 2024

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://doi.org/10.1007/BF01236277
http://msp.org/idx/mr/1139553
http://msp.org/idx/zbl/0782.54020
https://doi.org/10.1007/978-3-319-02036-5_3
http://msp.org/idx/mr/3220941
https://doi.org/10.4310/CAG.2015.v23.n4.a1
http://msp.org/idx/mr/3385777
https://doi.org/10.1215/00127094-3167275
https://doi.org/10.1215/00127094-3167275
http://msp.org/idx/mr/3482334
https://doi.org/10.4171/EMSS/8
https://doi.org/10.4171/EMSS/8
http://msp.org/idx/mr/3354954
http://msp.org/idx/zbl/1347.53052
https://doi.org/10.4171/EMSS/96
http://msp.org/idx/mr/2906935
https://math.mit.edu/~seidel/talks/mordell.pdf
https://math.mit.edu/~seidel/talks/mordell.pdf
https://doi.org/10.4310/CAG.2002.v10.n5.a8
http://msp.org/idx/mr/1957663
http://msp.org/idx/zbl/1115.53054
mailto:yl454@cam.ac.uk
http://msp.org
http://msp.org


msp

Geometry & Topology 29:5 (2025) 2269–2342
DOI: 10.2140/gt.2025.29.2269

Published: 14 August 2025

Knot surgery formulae for instanton Floer homology, I:
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We prove an integral surgery formula for framed instanton homology I ].Ym.K// for any knot K in a
3-manifold Y with ŒK�D 02H1.Y IQ/ and m¤ 0. Although the statement is similar to Ozsváth–Szabó’s
integral surgery formula for Heegaard Floer homology, the proof is new and based on sutured instanton
homology SHI and the octahedral lemma in the derived category. As byproducts, we obtain a formula
computing instanton knot homology of the dual knot analogous to Eftekhary’s and Hedden–Levine’s work,
and also an exact triangle between I ].Ym.K//, I ].YmCk.K// and k copies of I ].Y / for any m¤ 0 and
large k. In the proof of the formula, we discover many new exact triangles for sutured instanton homology
and relate some surgery cobordism map to the sum of bypass maps, which are of independent interest. In
a companion paper, we derive many applications and computations based on the integral surgery formula.
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1 Introduction

The framed instanton homology I ].Y / for a closed 3-manifold Y was introduced by Kronheimer and
Mrowka [2011] and has been conjectured to be isomorphic to the hat version of Heegaard Floer homology,cHF.Y /. This conjecture is still widely open and, due to the computational difficulty of instanton Floer
homology, not many examples are known. In recent years, many people have done computations of the
framed instanton homology of special families of 3-manifolds; see for example [Lidman et al. 2022]
and [Baldwin and Sivek 2023; 2021]. So far, most results have focused on computing the dimension of
framed instanton Floer homology and many techniques only work for S3 or rational homology spheres,
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but a general structural theorem that relates the framed instanton homology of Dehn surgeries to the
information from the knot complement still remains elusive.

In [Li and Ye 2021], we proved a large surgery formula for framed instanton homology, which led to a
series of applications in computing the framed instanton homology and studying the representations of
the fundamental groups of Dehn surgeries of some families of knots. However, in that work, the Dehn
surgery slope must be large (at least 2gC 1, where g is the Seifert genus of the knot), and thus still not
much is known about the framed instanton homology of small Dehn surgery slopes. In this paper, we
further prove an integral surgery formula for rationally null-homologous knots, inspired by Ozsváth and
Szabó’s surgery formula [2008; 2011] for Heegaard Floer homology. For simplicity, in the introduction
we present only the discussions and results for (integral) null-homologous knots (eg knots in S3) and
leave the general setup to Section 3.3.

First let us recall the results from [Li and Ye 2021]. Suppose K � Y is a null-homologous knot. Let
Y nN.K/ be the knot complement, and let �� be the union of two oppositely oriented meridians of the knot
on @.Y nN.K//. Let SHI.�Y nN.K/;���/ be the corresponding sutured instanton homology introduced
by Kronheimer and Mrowka [2010], where the minus sign denotes orientation-reversal for technical
needs; note that SHI.�M;�
 /Š SHI.M; 
 / and in particular, I ].�Y�m.K//Š I ].Y�m.K//. A Seifert
surface of K induces a Z-grading on SHI.�Y nN.K/;���/. In [Li and Ye 2021], we constructed a set
of differentials on SHI.�Y nN.K/;���/,

d i
j W SHI.�Y nN.K/;���; i/! SHI.�Y nN.K/;���; j /

for any gradings i ¤ j 2 Z. We then constructed bent complexes

As D

�
SHI.�Y nN.K/;���/;

X
s�i<j

d i
j C

X
s�i>j

d i
j

�
;

BC D

�
SHI.�Y nN.K/;���/;

X
i<j

d i
j

�
and B� D

�
SHI.�Y nN.K/;���/;

X
i>j

d i
j

�
:

From [Li and Ye 2021], the homologies of these complexes are related to the Dehn surgeries of K by

H.BC/ŠH.B�/Š I ].�Y /;(1-1)

I ].Y�m.K//Š

b.m�1/=2cM
sDb.1�m/=2c

H.As/ for any integer m� 2g.K/C 1:(1-2)

To state the integral surgery formula, we introduce more notation. For s 2 Z, let B˙s be identical copies
of B˙. Define chain maps

�˙;s WAs! B˙s

as follows. For x 2 .SHI.�Y nN.K/;���/; i/,

�C;s.x/D

�
x if i � s;

0 if i < s;
and ��;s.x/D

�
x if i � s;

0 if i > s:
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Let �˙ denote the direct sum of all �˙;s . While this slightly abuses the notation, we also use it to denote
the induced maps on the homologies. The main result of the paper is the following.

Theorem 1.1 (integral surgery formula) Suppose K � Y is a null-homologous knot. Let As , B˙s and
�˙ be defined as above. Then for any m 2 Znf0g, there exists an isomorphism

„m W

M
s2Z

H.BCs /
Š
�!

M
s2Z

H.B�sCm/

as the direct sum of isomorphisms

„m;s WH.B
C
s /

Š
�!H.B�sCm/

such that

I ].�Y�m.K//ŠH

�
Cone

�
��C„m ı�

C
W

M
s2Z

H.As/!
M
s2Z

H.B�s /

��
:

Remark 1.2 As an analog of the surgery formula in Heegaard Floer homology, the map �� is related
to the vertical projection map v, and the map „m ı �

C is related to the map h, which is defined by
the composition of the horizontal projection and a chain homotopy equivalence between C fj � 0g to
C fi � 0g. Here we bend the horizontal part of the hook complex to become vertical, so the differentials
go upwards. The homotopy equivalence in Heegaard Floer homology depends on many auxiliary choices;
cf the construction before [Hedden and Levine 2024, Lemma 2.16]. The same situation applies to „m.
Hence we only state the existence of the isomorphism.

Remark 1.3 The hypothesis of Theorem 1.1 excludes the case where mD 0. This is due to the sign
ambiguity in the definition of sutured instanton homology. The original version of sutured instanton
homology defined by Kronheimer and Mrowka [2010] was only well-defined up to isomorphisms, and
then Baldwin and Sivek [2015] proved that they are well-defined up to a scalar in C. As a result, all
related maps are only well-defined up to scalars. When m ¤ 0, the maps �C;s and „m ı �

�;s have
distinct target spaces, namely Bs and BsCm. As a result, the scalar ambiguity for individual maps does
not influence the dimension of the homology of the mapping cone. However, when m D 0, different
scalars would indeed make differences. For an example of this subtlety, see the end of Section 4.

Remark 1.4 We also obtain a formula computing instanton knot homology KHI.�Y�m.K/;K�m/ of
the dual knot K�m inside the resulting manifold in Theorem 3.22, which is analogous to the results by
Eftekhary [2018, Proposition 1.5] for knot Floer homology bHFK and by Hedden and Levine [2024]. In
this formula, we may assume mD 0 because the scalar issue in Remark 1.3 does not appear.

With the isomorphisms in (1-2) and (1-1), we can truncate the above formula for I ].Y�m.K// to obtain
the following exact triangle.

Geometry & Topology, Volume 29 (2025)
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Corollary 1.5 (generalized surgery exact triangle) Suppose K � Y is a null-homologous knot , and m

is a fixed nonzero integer. Then for any sufficiently large integer k, there exists an exact triangle

(1-3)

I ].�Y�m�k.K// //
Lk

iD1 I ].�Y /

ww

I ].�Y�m.K//

gg

Remark 1.6 The analogous result of the exact triangle (1-3) in Heegaard Floer theory was proved by
Ozsváth and Szabó [2008] using twisted coefficients, which is a crucial step towards proving the integral
surgery formula in their setup. The proof cannot be applied to instanton theory directly. Thus, in this
paper, we adopt a reversed approach: we use sutured instanton theory to prove Theorem 1.1 and derive
Corollary 1.5 as a direct application. The strategy to prove Theorem 1.1 can be found in Sections 3.1
and 3.2.

The analogs of �˙;s in Heegaard Floer theory can be interpreted as cobordism maps associated to some
particular spinc structures. In instanton theory, there is a decomposition of cobordism maps along basic
classes. However, currently such a decomposition is only known to exist for cobordisms whose first Betti
number is zero. So for the moment let us assume the ambient 3-manifold Y is a rational homology sphere.
For any integer m, there is a natural cobordism Wm from �Y 3

�m.K/ to �Y 3. From [Baldwin and Sivek
2023, Section 1.2], there exists a decomposition of the cobordism map I ].Wm/ along basic classes

I ].Wm/D
X
s2Z

I ].Wm; Œs�/;

where Œs� 2H 2.W / denotes the class that satisfies the equality

Œs�.ŒS �/D 2s�m:

We make the following conjecture.

Conjecture 1.7 Suppose that K � Y is a null-homologous knot. Suppose that b1.Y /D 0 and m 2 Z

with m � 2g.K/C 1. Let As , B�s , �˙;s , Wm, I ].Wm; Œs�/ be defined as above. Then for any s 2

Œb.m� 1/=2c; b.1�m/=2c�\Z, there are commutative diagrams

H.As/
� � //

��;s

��

I ].�Y�m.K//

I].Wm;Œs�/

��

H.Bs/
Š

// I ].�Y /

H.As/
� � //

�C;s

��

I ].�Y�m.K//

I].Wm;ŒsCm�/

��

H.Bs/
Š

// I ].�Y /

Remark 1.8 In Heegaard Floer theory, the large surgery formula in [Ozsváth and Szabó 2004, Theo-
rem 4.1] states that the homology of the bent complex As is isomorphic to the Heegaard Floer homology
of Y�m.K/ together with a spinc structure specified by s. In instanton theory, we do not have the spinc
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structures in the construction of instanton Floer homology but a similar decomposition was introduced
in [Li and Ye 2022; 2024]. However, involving the spinc-type decomposition in the statement of
Conjecture 1.7 would make the statement more complicated. So here we only write the top horizontal
map in each commutative diagram as an inclusion.

The obstacle to obtaining a decomposition of the instanton cobordism map, in general, is one of the
difficulties in exporting the original proof of the integral surgery formula in Heegaard Floer theory to the
instanton setup. To overcome this problem, we need to work with a suitable setup for which some kind
of decompositions do exist. A good candidate is sutured instanton theory. In sutured instanton theory,
properly embedded surfaces induce Z-gradings on the homology, and bypass maps relating different
sutures are homogeneous with respect to such gradings. We have already used this setup to construct
spinc-like decompositions for the framed instanton homology of Dehn surgeries of knots, construct bent
complexes in instanton theory, and establish a large surgery formula in our previous work [Li and Ye
2022; 2024; 2021].

In this paper, to prove the integral surgery formula, we further study the relations between different sutures
on the knot complement and establish some new exact triangles and commutative diagrams that may be
of independent interest. Then these new and old algebraic structures relating to different sutures enable
us to apply the octahedral lemma to prove the desired integral surgery formula. It is worth mentioning
that ultimately the whole proof in the current paper depends only on some most fundamental properties
of Floer theory: the surgery exact triangle, the functoriality of the cobordism maps, and the adjunction
inequality. This implies that the existence of the surgery formula is an inherent property of Floer theory.

The surgery formula developed in the current paper is a powerful tool to study the Dehn surgeries along
knots. It enables us to do explicit computations in many cases, even when the ambient 3-manifold has a
positive first Betti number. In a companion paper [Li and Ye 2025], we will use the surgery formula and
the techniques developed in this paper to derive many new applications and computations. We sketch the
results as follows.

(1) We study the behavior of the integral surgery formula under the connected sum with a core knot in
a lens space (whose complement is a solid torus) and then derive a rational surgery formula for
framed instanton homology.

(2) We study the 0-surgery on a knot K inside S3. We derive a formula computing the nonzero grading
part of I ].S0.K// with respect to the grading induced by the Seifert surface.

(3) We study nonzero integral surgeries on Borromean knots inside Y D #2gS1 �S2, which gives
nontrivial circle bundles over surfaces. In this case the bent complexes As and B˙s can be computed
directly and the maps �˙ between them can be fixed with the help of the ƒ�H1.Y IC/-action.
Moreover, we show dimC I ].Y /DdimF2

cHF.Y / for most Seifert fibered manifolds Y with nonzero
orbifold degrees.

Geometry & Topology, Volume 29 (2025)
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(4) We study a family of alternating knots. Using an inductive argument by the oriented skein relation,
we can describe their bent complexes explicitly and then the surgery formula applies routinely.

(5) Using the same technique as above, we also study the nonzero integral surgery of twisted Whitehead
doubles. The results for Whitehead doubles can also tell us the framed instanton Floer homology
of the splicing of two knot complements in S3, where one knot is a twist knot, ie the Whitehead
double of the unknot.

(6) We study almost L-space knots, ie a non-L-space knot K such that there exists n 2 NC with
dim I ].S3

n .K//D nC 2; see [Baldwin and Sivek 2024] for the results in Heegaard Floer theory.
We prove a genus-one almost L-space knot is either the figure-eight or the mirror of the knot 52.
We also show that almost L-space knots of genus at least 2 are fibered and strongly quasi-positive.

Organization The paper is organized as follows. In Section 2, we introduce basic setup, the notation
in sutured instanton homology, and deal with the scalar ambiguity mentioned in Remark 2.4. We also
present some algebraic lemmas including the octahedral lemma in the derived category that are used in
latter sections. In Section 3, we present the strategy to prove the integral surgery formula. We first restate
the integral surgery formula using sutured instanton homology, and explain how to apply the octahedral
lemma to prove it. Then we explain how to translate the integral surgery formula from the language
of sutured instanton theory to the language of bent complexes, which coincides with the discussions
in the introduction. All the rest of the sections are devoted to prove the three exact triangles and three
commutative diagrams that are involved in the octahedral lemma, ie equations (3-2) to (3-7). In Section 4,
we study the relation between the .�1/-Dehn surgery map associated to a curve intersecting the suture
twice and the two natural bypass maps associated to that curve. This helps us to prove equations (3-2)
and (3-5). In Section 5, equations (3-3) and (3-6) and part of equation (3-4) are proved. The last two
sections are devoted to prove equations (3-4) and (3-7), which is the most technical part of the paper. In
Section 6 we prove some technical lemmas that are finally used in Section 7 to finish the proof.

Acknowledgements The authors thank John A Baldwin and Steven Sivek for the discussion on the proof
of Proposition 4.1, and thank Zekun Chen and Linsheng Wang for the discussion on homological algebra.
The authors thank Ciprian Manolescu and Jacob Rasmussen, and the anonymous referee for helpful
comments. The authors also thank Sudipta Ghosh, Jianfeng Lin, Yi Xie and Ian Zemke for valuable
discussions. Ye is also grateful to Yi Liu for inviting him to BICMR, Peking University when he was
writing the early version of this paper.

2 Basic setup

2.1 Conventions

If it is not mentioned, all manifolds are smooth, oriented and connected. Homology groups and cohomology
groups are with Z coefficients. We write Zn for Z=nZ and F2 for the field with two elements.
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A knot K � Y is called null-homologous if it represents the trivial homology class in H1.Y IZ/, while it
is called rationally null-homologous if it represents the trivial homology class in H1.Y IQ/.

For any oriented 3-manifold M , we write �M for the manifold obtained from M by reversing the
orientation. For any surface S in M and any suture 
 � @M , we write S and 
 for the same surface and
suture in �M , without reversing their orientations. For a knot K in a 3-manifold Y , we write .�Y;K/

for the induced knot in �Y with induced orientation, called the mirror knot of K. The corresponding
balanced sutured manifold is .�Y nN.K/;�
K /.

2.2 Sutured instanton homology

For any balanced sutured manifold .M; 
 / [Juhász 2006, Definition 2.2], Kronheimer and Mrowka [2010,
Section 7] constructed an isomorphism class of C-vector spaces SHI.M; 
 /. Later, Baldwin and Sivek
[2015, Section 9] dealt with the naturality issue and constructed (untwisted and twisted versions of)
projectively transitive systems related to SHI.M; 
 /. We will use the twisted version, which we write as
SHI.M; 
 / and call sutured instanton homology.

In this paper, when considering maps between sutured instanton homology, we can regard them as linear
maps between actual vector spaces, at the cost that equations (or commutative diagrams) between maps
only hold up to a nonzero scalar due to the projectivity. A more detailed discussion on the projectivity
can be found in the next subsection.

Moreover, there is a relative Z2-grading on SHI.M; 
 / obtained from the construction of sutured instanton
homology, which we consider as a homological grading and use to take Euler characteristic.

Definition 2.1 Suppose K is a knot in a closed 3-manifold Y . Let Y .1/ WD Y nB3 and let ı be a simple
closed curve on @Y .1/ŠS2. Let Y nN.K/ be the knot complement and let �� be two oppositely oriented
meridians of K on @.Y nN.K//Š T 2. Define

I ].Y / WD SHI.Y .1/; ı/ and KHI.Y;K/ WD SHI.Y nN.K/; ��/:

Remark 2.2 By the naturality results, we should specify the places of the removing ball, the neighborhood
of the knot, and the sutures to define I ].Y / and KHI.Y;K/. These data can be fixed by choosing a
basepoint in Y or K. For simplicity, we omit those choices in the notation.

From now on, we will suppose K � Y is a rationally null-homologous knot and fix some notation. Let �
be the meridian of K and pick a longitude � (such that � ��D 1) to fix a framing of K. We will always
assume Y nN.K/ is irreducible, but many results still hold due to the following connected sum formula
of sutured instanton homology [Li 2020, Remark 1.6]:

SHI.Y 0#Y nN.K/; 
 /Š I ].Y 0/˝SHI.Y nN.K/; 
 /:
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Given coprime integers r and s, let �r=s be the suture on @.Y nN.K// consists of two oppositely oriented,
simple closed curves of slope �r=s, with respect to the chosen framing (ie the homology of the curves are
˙.�r�C s�/ 2H1.@N.K//). Pick S to be a minimal genus Seifert surface of K, with genus gD g.S/.
Note that @S may have multiple components.

Convention For a fixed pair .�; �/ as above, we write p D @S �� and q D @S � �. Note that when
an orientation of the knot K is chosen, the orientation of S is induced by the knot. The orientation of
� is chosen such that p > 0, and the orientation of � is chosen such that � ��D 1. Note that p is the
order of ŒK� 2 H1.Y /, ie p is the minimal positive integer satisfying pŒK�D 0 2 H1.Y /. When K is
null-homologous, we always choose the Seifert framing �D @S . In such a case, we have .p; q/D .1; 0/.

Remark 2.3 The meanings of p and q above are different from our previous papers [Li and Ye 2022;
2021]. Before, we used y� and y� to denote the meridian of the knot K and the preferred framing. In
particular, the framing is fixed by [Li and Ye 2022, Definition 4.2]. In that case, we assume that @S is
connected, and hence it is the same as the homological longitude (with the notation � in previous papers,
while we use � to denote the homological meridian). Also, the numbers p and q in this paper should be
q and q0 in previous papers.

For simplicity, we use the bold symbol of the suture to represent the sutured instanton homology of the
balanced sutured manifold with the reversed orientation:

�r=s WD SHI.�.Y nN.K//;��r=s/:

When .r; s/D .˙1; 0/, we write �r=s D ��. When s D˙1, we write �n D �n=1 D �.�n/=.�1/. We also
write �� and �n for the corresponding sutured instanton homologies.

Remark 2.4 Strictly speaking, the sutures corresponding to .r; s/D .1; 0/ and .�1; 0/ are not identical
because the orientations are opposite. Since both sutures are on @.Y nN.K// of the same slope, they
are isotopic. Moreover, we can choose a canonical isotopy by rotating the suture along the direction
specified by the orientation of the knot. Due to discussion in Heegaard Floer theory [Sarkar 2015; Zemke
2015] and the conjectural relation between Heegaard Floer theory and instanton theory [Kronheimer and
Mrowka 2010], it is expected that rotating the suture back to the original position induces a nontrivial
isomorphism of the sutured instanton homology. So we pick the canonical isotopy to be the minimal
rotation of the suture. Hence we can abuse notation and write �� for both sutures. The same discussion
also applies to the relation between �n=1 and �.�n/=.�1/.

We always assume that @S has minimal intersections with �r=s , ie j@S \ 
 j D 2jrp � sqj. When the
intersection number rp� sq is odd, then S induces a Z-grading on �r=s . When rp� sq is even, we need
to perform either a positive stabilization or negative stabilization on S to induce a Z-grading, and the
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two gradings are related by an overall grading shift of 1. To get rid of stabilizations, we can equivalently
regard that, in this case, the surface S induces a

�
ZC 1

2

�
-grading. We write the graded part of �r=s as

.�r=s; i/ WD SHI.�.Y nN.K//;��r=s;S; i/

with i 2Z or i 2ZC 1
2

, depending on the parity of the intersection number. From the construction of the
grading in [Li 2021b], we have the following vanishing theorem due to the adjunction inequality.

Lemma 2.5 We have .�r=s; i/D 0 when

ji j>
jrp� sqj ��.S/

2
:

Proof This follows from [Li and Ye 2022, Theorem 2.21(1)] (which is ultimately based on [Kronheimer
and Mrowka 2010, Proposition 7.5]) and a direct computation in the new notation.

The bypass exact triangle for sutured instanton homology was introduced by Baldwin and Sivek in [2022b,
Section 4]. In [Li and Ye 2022, Section 4.2], we applied the triangle to sutures on knot complements and
computed the grading shifts. We restate the results in the notation introduced before.

Lemma 2.6 For any n 2 Z, there are two graded bypass exact triangles

�
�n; i C

1
2
p
�  n

C;nC1
// .�nC1; i/

 
nC1
C;�zz�

��; i �
1
2
.np� q/

� 
�
C;n

ee

�
�n; i �

1
2
p
�  n

�;nC1
// .�nC1; i/

 
nC1
�;�yy�

��; i C
1
2
.np� q/

� 
�
�;n

ee

where the maps are homogeneous with respect to the homological Z2-gradings.

Proof This is [Li and Ye 2022, Proposition 4.14] in the new notation. The idea of the proof can be
found in [loc. cit., Lemma 3.18] (see also [loc. cit., Remark 3.19]). Roughly, we perturb the surface S by
stabilizations so that its boundary is disjoint from the bypass arc. Then the grading shifts are obtained by
counting the number of positive or negative stabilizations.

Unlike the setup in [loc. cit., Section 4], here K is not necessarily a dual knot of the Dehn surgery on a
null-homologous knot, so we adopt the remarks in the beginning of [loc. cit., Section 5]. For example,
when n is large enough so that np� q � 0 and [loc. cit., Proposition 4.14(1)] applies, we have

yin
max D

np� q��.S/

2
; yin

min D�
np� q��.S/

2
; yi�max D

p��.S/

2
; yi

�
min D�

p��.S/

2
;

where we omit d � e since we think about ZC 1
2

if necessary. Then

yinC1
min �

yin
min D�

p

2
and yinC1

max �
yi�max D

np� q

2
:
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An easy way to understand the grading shift was described in [Li and Ye 2022, Remark 4.15]. Note that
the grading shift of a map between two spaces equals half of the intersection number between @S and the
curve corresponding to the third space up to the sign, while the sign depends on the choice of the sign in
the bypass map. For example, we have @S ��D p, so the grading shifts of  n

˙;nC1
are �p=2.

Remark 2.7 The reason to use balanced sutured manifolds with reversed orientation is because of the
above bypass exact triangles.

Remark 2.8 If we do not mention gradings, the above triangles and the results in the rest of this subsection
(except Corollary 2.9 and Lemma 2.19, since the statements involve gradings) also hold without the
assumption that K is rationally null-homologous since the proofs only involve the neighborhood of
@.�Y nN.K//.

Corollary 2.9 For any sufficiently large integer n, the following properties for restrictions of maps hold :

(1) The map  n
C;nC1

j.�n;i/ is an isomorphism when

i <
np� qC�.S/

2
:

(2) The map  n
�;nC1

j.�n;i/ is an isomorphism when

i > �
np� qC�.S/

2

(3) For any grading i such that

�
np� qC�.S/

2
< i <

.n� 2/p� qC�.S/

2
;

there is an isomorphism

. n
C;nC1/

�1
ı n
�;nC1 W .�n; i/

Š
�! .�n; i Cp/:

(4) The map  �n
�;1�n

j.��n;i/ is an isomorphism when

i <
.n� 2/pC qC�.S/

2
:

(5) The map  �n
C;1�n

j.��n;i/ is an isomorphism when

i > �
.n� 2/pC qC�.S/

2

(6) For any grading i such that

�
.n� 2/pC qC�.S/

2
< i <

.n� 4/pC qC�.S/

2
;

there is an isomorphism

. �n
C;1�n/

�1
ı �n
�;1�n W .��n; i/

Š
�! .��n; i Cp/:

Proof It is a combination of Lemmas 2.5 and 2.6.
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Definition 2.10 The maps in Lemma 2.6 are called bypass maps. The ones with subscripts C and � are
called positive and negative bypass maps, respectively. We will use ˙ to denote one of the bypass maps.
For any integer n and any positive integer k, define

‰n
˙;nCk WD  

nCk�1
˙;nCk

ı � � � ı n
˙;nC1 W �n! �nCk :

In [Li and Ye 2022, Section 4.4], we proved many commutative diagrams for bypass maps, which we
restate as follows by notation introduced before.

Lemma 2.11 For any n 2 Z, we have the following commutative diagrams up to scalars:

�n

 n
C;nC1

//

 n
�;nC1

��

�nC1

 
nC1
�;nC2

��

�nC1

 
nC1
C;nC2

// �nC2

�nC2

 
nC2
C;�

//

 
nC2
�;�

��

��

 
�
C;n

��

��
 
�
�;n

// �n

Proof The first diagram follows from [Li and Ye 2022, Lemma 4.33]. Note that the proof only used
the functionality of the contact gluing map and did not depend on the assumption that K is rationally
null-homologous. The second diagram is obtained from the first diagram by changing the choice of the
framed knot. Explicitly, let K0 be the dual knot corresponding to �nC1. Let �0 D�.nC 1/�C� denote
its meridian. Then �0 D �� is a framing of K0. Applying the first diagram to K0, we will obtain the
second diagram for the original K. Note that the sign of the bypass map may switch when we regard it as
the bypass map for the original knot. That is the reason for the signs in the second diagram. This can be
double-checked by keeping track of the grading shifts.

Lemma 2.12 For any n 2 Z, we have the following commutative diagrams up to scalars:

�n

 n
C;nC1

// �nC1

��

 
�
�;n

``

 
�

�;nC1

<<
�n

 n
�;nC1

// �nC1

��

 
�
C;n

``

 
�

C;nC1

<<

�n

 n
C;nC1

//

 n
�;�   

�nC1

 
nC1
�;�||

��

�n

 n
�;nC1

//

 n
C;�   

�nC1

 
nC1
C;�||

��

There are more bypass triangles involving more complicated sutures, which are obtained from changing
the choice of the framed knot as in the proof of Lemma 2.11.
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Lemma 2.13 For a knot K � Y and n 2 Z, there are two graded bypass exact triangles:

�
�n�1; i C

1
2
.np� q/

�  n�1

C; 1
2
.2n�1/

// .� 1
2
.2n�1/; i/

 
1
2
.2n�1/

C;n
ww�

�n; i �
1
2
..n� 1/p� q/

� n
C;n�1

hh

�
�n�1; i �

1
2
.np� q/

�  n�1

�; 1
2
.2n�1/

// .� 1
2
.2n�1/; i/

 
1
2
.2n�1/

�;n
ww�

�n; i C
1
2
..n� 1/p� q/

� n
�;n�1

hh

Lemma 2.14 For a knot K � Y and n 2 Z, there are commutative diagrams up to scalars

��
 
�

C;n�1
//

 
�

�;n�1

��

�n�1

 n�1

C; 1
2
.2n�1/

��

�n�1

 n�1

�; 1
2
.2n�1/

// � 1
2
.2n�1/

� 1
2
.2n�1/

 
1
2
.2n�1/

C;n
//

 
1
2
.2n�1/

�;n

��

�n

 n
�;�

��

�n

 n
C;�

// ��

��
 
�

C;n�1
// �n�1

�n

 n
�;�

``

 n
C;n�1

<<
��

 
�

�;n�1
// �n�1

�n

 n
C;�

``

 n
�;n�1

<<

�n�1

 
1
2
.2n�1/

C;n�1
//

 n�1
C;n !!

� 1
2
.2n�1/

 
1
2
.2n�1/

�;n
{{

�n

�n�1

 
1
2
.2n�1/

�;n�1
//

 n�1
�;n !!

� 1
2
.2n�1/

 
1
2
.2n�1/

C;n
{{

�n

Remark 2.15 The choices of positive and negative bypass maps in Lemma 2.14 seem to be different
from Lemmas 2.11 and 2.12. But indeed they are the same up to changing the framed knot. In particular,
the grading shifts match. Similar to the second diagram in Lemma 2.11, we always use the notation of
the bypass maps for the original knot, while the signs may change if the maps are regarded as the bypass
maps of the dual knot.
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Suppose ˛ is a connected nonseparating simple closed curve on @.Y nN.K//. We can push ˛ into the
interior of Y nN.K/. For any fixed suture on @.Y nN.K// and a closure of the sutured manifold, the
push-off of ˛ is inside the closure, which is a closed 3-manifold. We can then take the framing on
˛ induced by the surface @.Y nN.K// and there is an exact triangle associated to the instanton Floer
homology of the .�1/-, 0- and1-surgeries along the push-off of ˛. Since the push-off of ˛ is disjoint
from @.Y nN.K//, the exact triangle descends to one between corresponding sutured instanton Floer
homologies.

According to [Baldwin and Sivek 2016a, Section 4], when ˛ intersects the suture at two points, the
0-surgery along the push-off of ˛ (with framing induced by @.Y nN.K//) corresponds to a 2-handle
attachment along ˛. Note that attaching a 2-handle along ˛�@.Y nN.K//will change the 3-manifold from
Y nN.K/ to Y˛.K/nB

3, where Y˛.K/ is the Dehn surgery along K with slope specified by ˛. We write

Yr=s WD I ].�Y�r=s.K//;

and in particular
Yn WD I ].�Y�n.K// and Y WD I ].�Y /:

Lemma 2.16 [Li and Ye 2022, Lemma 3.21] For any n 2 Z, we have the following exact triangles:

�n
Hn

// �nC1

FnC1}}

Y

Gn

__
��

An�1
// �n�1

Bn�1||

Yn

Cn

``

Proof To obtain the first exact triangle, we can take the sutured manifold .�.Y nN.K//;��n/, and take
a meridian ˛ � @.Y nN.K//. As explained before the lemma, there is a surgery exact triangle associated
to the sutured instanton Floer homology of the three sutured manifolds obtained by taking .�1/-, 0-,
and1-surgeries [Scaduto 2015, Theorem 2.1]; see also [Floer 1990] for the original construction and
[Baldwin and Sivek 2022b, Proof of Theorem 1.21, especially (16)–(19)] for the resolution of the subtlety
of the bundle data.

The1-surgery will keep the manifold .�.Y nN.K//;��n/. The .�1/-surgery changes the framing and
hence we obtain .�.Y nN.K//;��nC1/. The 0-surgery, as discussed above, gives rise to the manifold
Y˛.K/nB

3, which is Y nB3 since ˛ is the meridian. Hence we obtain the expected triangle. The second
exact triangle in the statement of the lemma is obtained similarly by taking ˛ to be a curve on @.Y nN.K//
having slope �n instead of a meridian.

Remark 2.17 From [Baldwin and Sivek 2016a, Section 4], we know the 0-surgery corresponds to a 2-
handle attachment and a 1-handle attachment. Hence Y in the above lemma is indeed KHI.�Y;U /, where
U is the unknot in �Y bounding an embedded disk. By [loc. cit., Section 4], a 1-handle attachment does
not change the closure of the balanced sutured manifold, and then there is a canonical identification between
KHI.�Y;U / and I ].�Y /. Hence we can abuse the notation. The same discussion also applies to Yn.
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Furthermore, we proved the following properties in [Li and Ye 2022]. Note that the assumption that K is
the dual knot of a null-homologous knot in that paper is inessential by remarks in the beginning of [Li
and Ye 2022, Section 5]. The inequalities of the gradings are from Corollary 2.9.

Lemma 2.18 [Li and Ye 2022, Lemmas 3.21 and 4.9] For any n2Z, we have the following commutative
diagrams up to scalars:

�n

 n
C;nC1

// �nC1

Y

Gn

__

GnC1

==
�n

 n
�;nC1

// �nC1

Y

Gn

__

GnC1

==

�n

 n
C;nC1

//

Fn ��

�nC1

FnC1}}

Y

�n

 n
�;nC1

//

Fn ��

�nC1

FnC1}}

Y

Lemma 2.19 [Li and Ye 2022, Lemma 4.17, Proposition 4.26, Lemma 4.29 and Proposition 4.32] Let
Fn and Gn be defined as in Lemma 2.16. Then for any sufficiently large integer n, we have the following
properties:

(1) The map Gn�1 is zero and Fn is surjective. Moreover , for any grading

�
np� qC�.S/

2
< i0 <

np� qC�.S/

2
�pC 1;

the restriction of the map

Fn W

p�1M
iD0

.�n; i0C i/! Y

is an isomorphism.

(2) The map F�nC1 is zero and G�n is injective. Moreover , for any grading

�
.n� 2/pC qC�.S/

2
< i0 <

.n� 2/pC qC�.S/

2
�pC 1;

the map

Proj ıG�n W Y!

p�1M
iD0

.��n; i0C i/

is an isomorphism , where

Proj W ��n!

p�1M
iD0

.��n; i0C i/

is the projection.
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The following lemma is a special case of Proposition 4.1, which we will prove later.

Lemma 2.20 For any n 2 Z, let the maps Hn and  n
˙;nC1

be defined as in Lemmas 2.16 and 2.6,
respectively. Then there exist c1; c2 2Cnf0g such that

Hn D c1 
n
C;nC1C c2 

n
�;nC1:

2.3 Fixing the scalars

By construction, sutured instanton homology forms a projectively transitive system, which means all the
spaces and maps between spaces are well-defined only up to nonzero scalars. When the balanced sutured
manifold is obtained from a framed knot as in the last subsection, we can make some canonical choices
to reduce the projective ambiguities.

Suppose K�Y is a framed knot with the meridian � and the framing �. Fix a knot complement Y nN.K/

and the suture ��. We fix a special choice of a (marked odd) closure of .Y nN.K/; ��/ following the
construction in [Kronheimer and Mrowka 2010, formula (18)].

Let F be a closed, oriented, connected surface of genus at least 2. Suppose c0 is a nonseparating curve
in F . Let c D pt�c0 � S1 �F and let .�c ; �c/ be the meridian and the longitude of c (the latter comes
from the surface framing). Let

(2-1) .Y �;R/D .S
1
�FnN.c/[.�c ;�c/�.�;�/ Y nN.K/; pt0 �F /;

where pt0 is a point different from pt. We can pick ˛DS1�pt00 and ��R be a curve intersecting pt0 �c0

once. Since ˛ �R D 1 and � �R D 0, the pair .Y �; ˛ [ �/ defines an instanton Floer homology in the
setting of [Kronheimer and Mrowka 2010, Section 7.1]. Moreover, D� D .Y;R; �; ˛/ forms a marked
odd closure in [Baldwin and Sivek 2015, Definition 9.2], which was used in the naturality result [loc. cit.,
Theorem 9.17]. The reason for g.F /� 2 is to apply the naturality result; cf [loc. cit., Remark 9.4].

Similarly, for .Y nN.K/; �n/ and .Y nN.K/; �.2n�1/=2/, we fix closures Dn and D.2n�1/=2 as in (2-1),
except replacing the gluing map .�c ; �c/� .�; �/ by

.�c ; �c/� .��;�n�C�/ and .�c ; �c/� .�n�C�; .1� 2n/�C 2�/;

respectively.

For the sutured manifold .Y nB3; ı/, we regard it as .Y nN.U /; ��;U / by Remark 2.17, where U is the
unknot and ��;U is meridian suture on the unknot complement. Then we apply the above construction
to obtain a special closure of .Y nB3; ı/. We reverse the orientations of the chosen closures when the
orientations of the sutured manifolds are reversed. Note that we do not choose canonical closures for
.Yn.K/nB

3; ı/ since we only care about the dimension of its framed instanton homology.

After fixing the choices of closures, we can view �n and Y as actual vector spaces, and then the elements
in them are well-defined. Strictly speaking, we also need to choose extra data such as the metric and the
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perturbation on the closure to define the instanton Floer homology of the closure, but different choices of
metrics and perturbations now induce a transitive system of vector spaces, from which we can construct
an actual vector space. So we omit the discussion on those extra data.

The construction of bypass maps and surgery maps may not be realized as cobordism maps between the
chosen closures, but the construction of the projectively transitive system (cf [Baldwin and Sivek 2015,
Definition 9.18]) guarantees the existence of such maps up to scalars. Now we make (noncanonical)
choices of the maps to get rid of the scalar ambiguities in the commutative diagrams mentioned in the
last subsection.

We first assume that I ].Y /¤ 0. When I ].Y /D 0, the first exact triangle in Lemma 2.16 is trivial for
any n and hence the maps Fn and Gn that play an important role in later sections are both zero. This
makes fixing the scalars a somewhat straightforward job: we just need to fix the scalars for the bypass
maps. Also, it is worth mentioning that, the Euler characteristic result in [Scaduto 2015, Corollary 1.4]
implies that I ].Y /¤ 0 for any rational homology sphere Y and, up to author’s knowledge, there is no
known closed oriented 3-manifold Y with I ].Y /D 0.

To help us fixing the scalars, suppose the maps Fn and Gn are defined as in the proof of Lemma 2.16,
and we define

(2-2) nG Dminfn 2 Z jGn D 0g and nF Dmaxfn 2 Z j Fn D 0g:

We have the following basic properties for these indices.

Lemma 2.21 Assume I ].Y /¤ 0. Suppose nG and nF are defined as in equation (2-2). Then we have

�1< nF � nG <1:

Moreover , we have Gn D 0 if and only if n� nG , and Fn D 0 if and only if n� nF .

Proof The fact that �1< nF <1 and �1< nG <1 follow from Lemma 2.19 and the fact that they
fits into an exact triangle as in Lemma 2.16. Next, the commutative diagrams in Lemma 2.18 imply that
GnC1 D 0 whenever Gn D 0, and thus we know Gn D 0 if and only if n� nG . The argument for Fn is
similar. Finally, by definition we know GnG

D 0 and hence from the exact triangle we know that

Im FnC1 D ker GnG
D I ].Y /¤ 0:

Hence we conclude that nF � nG .

By Lemma 2.19, we can pick a sufficiently large integer n0 such that �n0 < nF � nG . Pick arbitrary
representatives of the maps

G�n0
;  

�n0

C;� ;  �n0
�;� ;  

�
C;�n0

;  ��;�n0
;

and also pick arbitrary representatives of the maps

 n
C;nC1;  

n�1
C;.2n�1/=2 for all n 2 Z:
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Now we explain how to fix the scalars for maps with n � n0. Note that we have already chosen a
representative for  �n0

C;�n0C1
and G�n0

. From Lemma 2.18, we have

G�n0C1
:
D  

�n0

C;�n0C1
ıG�n0

;

where :
D means commutative up to a nonzero scalar. We can choose a representative of G�n0C1 to obtain

an equality
G�n0C1 D  

�n0

C;�n0C1
ıG�n0

:

We then choose a representative of  �n0

�;�n0C1
so that

G�n0C1 D  
�n0

�;�n0C1
ıG�n0

:

Next, we pick representatives of the maps  n
�;nC1

inductively, with the base case nD�n0 constructed
above, so that

 n
�;nC1 ı 

n�1
C;n D  

n
C;nC1 ı 

n�1
�;n for all n� �n0C 1:

If the compositions happen to be zero, we could pick an arbitrary representative since the diagram will be
trivially satisfied. We will discuss the ambiguity arising from the possibility that  n

C;nC1
ı n�1
�;n D 0

more carefully later.

Similarly, we pick the maps  n
C;� inductively to satisfy the commutative diagram

 n
C;� ı 

n�1
�;n D  

n�1
C;� :

We can choose representatives of  n
�;�,  �C;n and  ��;n in a similar manner.

Furthermore, the representatives of

 .2n�1/=2
�;n ;  n

C;n�1;  n
�;n�1;  n�1

�;.2n�1/=2;  
.2n�1/=2
C;n

can be chosen according to Lemma 2.14. As mentioned in Remark 2.15, we always use the notation of
the bypass maps for the original knot even though we consider some dual knots in the proofs. Hence here
we first fix the knot K � Y and then fix the representatives, while we do not fix the representatives by
any commutative diagrams for the dual knot in the proofs.

Next, we deal with maps Gn and Fn in Lemma 2.16. We choose representatives of the maps Gn inductively
so that

GnC1 D  
n
C;nC1 ıGn for all n� �n0:

We pick arbitrary representatives of the map FnFC1 and then pick Fn inductively so that

FnC1 ı 
n
C;nC1 D Fn for all n� nF C 1:

We can then use induction to prove the following two equalities.

� GnC1 D  
n
�;nC1

ıGn for all n� �n0.

� FnC1 ı 
n
�;nC1

D c �Fn for a nonzero scalar c that is independent of n with n� nF C 1.
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We verify the equality for G first. The base case nD n0 is by construction. Assuming we have already
established the equality for n, from Lemmas 2.11 and 2.18, we have

GnC2 D  
nC1
C;nC2

ıGnC1

D  nC1
C;nC2

ı n
�;nC1 ıGn by inductive hypothesis

D  nC1
�;nC2

ı n
C;nC1 ıGn by Lemma 2.11

D  nC1
�;nC2

ıGnC1:

The argument for Fn is similar, once we take c ¤ 0 to be the complex number such that

(2-3) FnFC2 ı 
nFC1
�;nFC2

D c �FnFC1:

The remaining issues are summarized as follows:

(i) When choosing representatives of  n
�;nC1

, we use the commutative diagram

 n
�;nC1 ı 

n�1
C;n

:
D  n

C;nC1 ı 
n�1
�;n :

However, when  n
C;nC1

ı n�1
�;n D 0, there is no unique choice of  n

�;nC1
and one might worry

that different choices of  n
�;nC1

may affect the commutative diagrams in Lemma 2.18.

(ii) By Proposition 4.1, we can assume that the map Hn in the exact triangle in Lemma 2.16 has the
form

Hn D  
n
C;nC1� cn � 

n
�;nC1:

We want to pin down the values of cn.

(iii) We want to get rid of the scalar c in equation (2-3).

We treat these issues in several different cases.

Case 1 (nF C 3� nG) In this case, we know that

 n
C;nC1 ı 

n�1
�;n ¤ 0

for any integer n. Indeed, if nC 1< nG , we know from Lemma 2.18 that

 n
C;nC1 ı 

n�1
�;n ıGn�1 DGnC1 ¤ 0:

If nC 1� nG � nF C 3, instead of the above equation involving G, we have

FnC1 ı 
n
C;nC1 ı 

n�1
�;n D c �Fn�1 ¤ 0:

This implies that inductively we can fix a unique representative of  n
�;nC1

for all n� �n0C 1.

For any integer n with �n0 � n< nG � 1, we have GnC1 ¤ 0. Then we take an element ˛ 2 Y so that
GnC1.˛/¤ 0. Then we can solve the scalar cn as follows:

0DHn ıGn.˛/D . 
n
C;nC1� cn � 

n
�;nC1/ ıGn.˛/

D  n
C;nC1 ıGn.˛/� cn � 

n
�;nC1 ıGn.˛/

D .1� cn/ �GnC1.˛/:
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Hence we conclude that cn D 1. In particular, we can take nD nF C1< nG �1. Note that Fn ¤ 0 so we
can take x 2 �n so that Fn.x/¤ 0. Then we have

0D FnC1 ıHn.x/D FnC1 ı . 
n
C;nC1� 

n
�;nC1/.x/

D FnC1 ı 
n
C;nC1.x/�FnC1 ı 

n
�;nC1.x/

D .1� c/ �Fn.x/:

This implies that c D 1 as well. Now for any n � nG � 1 � nF C 2, we can take x 2 �n such that
Fn.x/¤ 0. we have

0D FnC1 ıHn.x/D FnC1 ı . 
n
C;nC1� cn � 

n
�;nC1/.x/D .1� cn/ �Fn.x/:

Hence we conclude that cn D 1. In summary, in Case 1, we have the following:

� We can fix a unique representative of  n
�;nC1

for any n� �n0.

� We have cn D 1 for any n� �n0.

� We have c D 1.

Case 2 (nG D nF C 2) Some arguments in Case 1 still apply. We summarize as follows:

� For n< nG � 1, we have GnC1 ¤ 0 so there is a unique choice of  n
�;nC1

.

� For n� nG D nF C 2, we have Fn�1 ¤ 0 so again there is a unique choice of  n
�;nC1

.

� For n< nG � 1, we have GnC1 ¤ 0 so cn D 1 in the expression of Hn.

� For n� nG � 1D nF C 1, we have Fn ¤ 0 so cn D c�1.

To resolve the issue (i), the only nonfixed index is nD nF C 1D nG � 1. In the case that

 n
C;nC1 ı 

n�1
�;n ¤ 0;

there is a unique choice of  n
�;nC1

so that

 n
�;nC1 ı 

n�1
C;n D  

n
C;nC1 ı 

n�1
�;n :

Otherwise, we just fix any representative of  n
�;nC1

.

To resolve issues (ii) and (iii), we rescale the maps Fn according to the grading on �n. To do this, for an
integer n and a grading i , define

j .n; i/D
j

i

p
�

n

2

k
:

It is straightforward that

j
�
nC 1; i C 1

2
p
�
D j .n; i/ and j

�
nC 1; i � 1

2
p
�
D j .n; i/� 1:

Hence we define

(2-4) zFn D

X
i

cj.n;i/
�Fn ıProjin;
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where the map
Projin W �n! .�n; i/

is the projection. Equivalently, if we have an element x 2 .�n; i/, we take

zFn.x/D cj.n;i/
�Fn.x/:

We then need to verify the following two equalities for zF :

� zFnC1 ı 
n
C;nC1

D zFn.

� zFnC1 ı 
n
�;nC1

D zFn.

For the first one, note that n
C;nC1

increases the grading by p=2 from Lemma 2.6. So assuming x 2 .�n; i/,

zFnC1 ı 
n
C;nC1.x/D cj.nC1;iC 1

2
p/
�FnC1.x/ ı 

n
C;nC1 D cj.n;i/

�Fn.x/D zFn.x/:

On the other hand, the map  n
�;nC1

decreases the grading by p=2 from Lemma 2.6, and so for x 2 .�n; i/,

zFnC1 ı 
n
�;nC1.x/D cj.nC1;i� 1

2
p/
�FnC1.x/ ı 

n
�;nC1 D cj.n;i/�1

� c �Fn.x/D zFn.x/:

Hence we can use zFn instead of Fn to get rid of the scalar c. However, changing Fn to zFn, we might
break the exact triangle in Lemma 2.16. Hence we need to alter the definition of Hn as well. We define

(2-5) zHn D  
n
C;nC1� 

n
�;nC1;

and it remains to establish the exact triangle

�n

zHn
// �nC1

zFnC1}}

Y

Gn

__

When n< nG�2D nF , the triangle automatically holds. Indeed, for such n, we have cnD 1 so zHnDHn;
the fact that FnC1 D 0 implies that zFnC1 D 0, so the new exact triangle is exactly the original one in
Lemma 2.16.

When nD nF , we still have cn D 1 and hence zHn DHn. So the exactness at �n is from Lemma 2.16.
By construction we have Im zFnC1 D Im FnC1 for any n so we conclude the exactness at Y. This also
implies that

dim ker zFnC1 D dim ker FnC1 D dim Im Hn:

Hence to show the exactness at �nC1, it remains to show that

Im Hn � ker zFnC1:

For any x 2 �n, we have
zFnC1 ıHn.x/D zFnC1 ı . 

n
C;nC1� 

n
�;nC1/.x/D

zFnC1 ı 
n
C;nC1.x/�

zFnC1 ı 
n
�;nC1.x/

D zFn.x/� zFn.x/D 0:

Hence we are done.
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Finally, we verify the exact triangle for n� nF C 1. Define a homomorphism

�n W �n! �n by �n.x/D
X

i

c�j.n;i/Projin.x/:

It is clear that � is an isomorphism as its inverse is

��1
n .x/D

X
i

cj.n;i/Projin.x/;

and from the construction of zF in equation (2-4), we have

�nC1.ker zFnC1/D ker FnC1:

From the fact that Hn D  
n
C;nC1

� c�1 � n
�;nC1

(we have cn D c�1), zHn D  
n
C;nC1

� n
�;nC1

, and that
 n
˙;nC1

shifts the grading by �p=2, we conclude that

�nC1.Im zHn/D Im Hn:

As a result, we conclude the exactness at �nC1. The exactness at Y holds as above, since we still have

Im zFnC1 D Im FnC1 D ker Gn:

Dimension counting similar to the above argument then implies that

dim ker zHn D dim Im Gn:

We then verify that
Im Gn � ker zHn:

For any ˛ 2 Y, we have

zHn ıGn.˛/D . 
n
C;nC1� 

n
�;nC1/ ıGn.˛/D  

n
C;nC1 ıGn.˛/� 

n
�;nC1 ıGn.˛/

DGnC1.˛/�GnC1.˛/

D 0:

In summary, in Case 2, we do the following (extra things):

� We choose representatives of  n
�;nC1

for all n� �n0C 1 so that

 n
�;nC1 ı 

n�1
C;n D  

n
C;nC1 ı 

n�1
�;n :

� We define new maps zFn for all n so that

(2-6) zFn D
zFnC1 ı 

n
˙;nC1:

� We define new maps zHn for all n so that we have the exact triangle

(2-7)
�n

zHn
// �nC1

zFnC1}}

Y

Gn

__
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Case 3 (nG D nF C 1 or nG D nF ) The situation and argument are similar to those in Case 2. We
summarize the differences here:

� In Case 3, the composition  n
C;nC1

ı n�1
�;n could only be zero when nG � 1� n� nF C 1. If the

composition is indeed 0, we choose an arbitrary representative of the map  n
�;nC1

.

� We still define the maps zFn as in equation (2-4) and the maps zHn as in equation (2-5), and can
verify equation (2-6) and the exact triangle (2-7) as in Case 2.

From Lemma 2.21, we must have nG � nF , so the above three cases cover all situations.

Finally, we could extend the choice of representatives for all relevant maps for the indices n<�n0. Note
that when n< �n0, we have that Gn is injective and Fn D 0; hence we do not need to worry about the
issues (i), (ii) and (iii).

Convention From now on, we write the maps zHn and zFn simply as Hn and Fn, respectively. From
the above discussion, when K � Y is a fixed rationally null-homologous knot, we can assume the first
commutative diagram in Lemma 2.11, and all commutative diagrams in Lemmas 2.12, 2.14 and 2.18 hold
without introducing scalars.

2.4 Algebraic lemmas

In this subsection, we introduce some lemmas in homological algebra. All graded vector spaces in this
subsection are finite-dimensional and over C, and all maps are complex linear maps. For convenience,
we will switch freely between long exact sequences and exact triangles.

From Section 2.2, we know the sutured instanton homology is usually Z˚Z2-graded, where we regard
the Z2-grading as a homological grading. Many results in this subsection come from properties of the
derived category of vector spaces over C, for which people usually consider cochain complexes. However,
for a Z2-graded space there is no difference between the chain complex and the cochain complex. Hence
by saying a complex we mean a Z2-graded (co)chain complex, though all results apply to Z-graded
cochain complexes verbatim.

For a complex C and an integer n, we write C n for its grading n part (under the natural map Z! Z2).
With this notation, we suppose the differential dC on C sends C n to C nC1. For any integer k, we write
C fkg for the complex obtained from C by the grading shift C fkgn D C nCk . We write H.C; dC / or
H.C / for the homology of a complex C with differential dC . A Z2-graded vector space is regarded as a
complex with the trivial differential.

For a chain map f W C !D, we write Cone.f / for the mapping cone of f , ie the complex consisting of
the space D˚C f1g and the differential

dCone.f / WD

�
dD �f

0 �dC

�
:

Then there is a long exact sequence

� � � !H.C /
f
�!H.D/

i
�!H.Cone.f // p

�!H.C /f1g ! � � � ;
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where i sends x 2D to .x; 0/ and p sends .x;y/ 2D˚C f1g to �y. If the differentials of C and D are
trivial, then we know

(2-8) H.Cone.f //Š ker.f /˚ coker.f /:

Remark 2.22 Our definitions about mapping cones follow from [Weibel 1994], which are different from
those in [Ozsváth and Szabó 2008; 2011].

Note that the derived category is a triangulated category, so it satisfies the octahedral lemma; see for
example [Weibel 1994, Proposition 10.2.4].

Lemma 2.23 (octahedral lemma) Suppose X , Y , Z, X 0, Y 0, Z0 are Z2-graded vector spaces satisfying
the long exact sequences

� � � !X
f
�! Y

h
�!Z0 �!X f1g ! � � � ;

� � � !X
gıf
�!Z

h0
�! Y 0

l 0
�!X f1g ! � � � ;

� � � ! Y
g
�!Z �!X 0

l
�! Y f1g ! � � � :

Then we have the fourth long exact sequence

� � � !Z0
 
�! Y 0

�
�!X 0

hf1gıl
���!Z0f1g ! � � �

such that the diagram

(2-9)

Y 0

�

%%

��

Z0

 
99

��

X 0
hf1gıl

oo

��

X

f
%%

gıf
// Z

OO

\\

Y

\\

g

99

commutes , where we omit the grading shifts and the notation for the maps h, l and j . We can also write
(2-9) in another form , so that there is enough room to write the maps:

(2-10)

Z0

 

  

// X f1g

f f1g

��

Y
g

��

h

??

Y 0

�

""

l 0
<<

Z

**

h0
>>

Y f1g

hf1g

##

X

f

AA

gıf

55

X 0
hf1gıl

//

l

OO

Z0f1g
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The maps  and � in (2-10) can be written explicitly as follows. By the long exact sequences in
the assumption of Lemma 2.23, we know that Z0;X 0;Y 0 are chain homotopic to the mapping cones
Cone.f /;Cone.g/;Cone.g ıf /, respectively. Under such homotopies, we can write

 W Y ˚X f1g !Z˚X f1g;  .y;x/ 7! .g.y/;x/;

� WZ˚X f1g !Z˚Y f1g; �.z;x/ 7! .z; f f1g.x//:

However, the chain homotopies are not canonical, and hence the maps  and � are also not canonical.
Thus, usually we cannot identify them with other given maps. Fortunately, with an extra Z-grading, we
may identify H.Cone.�// with H.Cone.�0// for another map �0 W Y 0!X 0.

First, we introduce the following lemma to deal with the projectivity of maps (ie maps well-defined only
up to scalars). Note that the Z-grading in the following lemma is not the homological grading used before.

Lemma 2.24 Suppose X and Y are Z-graded vector spaces and suppose f;g WX ! Y are homogeneous
maps with different grading shifts k1 and k2. Then Cone.f Cg/ is isomorphic to Cone.c1f C c2g/ for
any c1; c2 2Cnf0g.

Proof For simplicity, we can suppose k1 D 0 and k2 D 1. The proof for the general case is similar. For
i; j 2 Z, we write .X; i/ and .Y; j / for grading summands of X and Y , respectively. Suppose T is an
automorphism of X ˚Y that acts by

ci
2

ciC1
1

Id on .X; i/ and
c

j
2

c
j
1

Id on .Y; j /:

Then T is an isomorphism between Cone.f Cg/ and Cone.c1f C c2g/.

Then we state the lemma that relates the map � in Lemma 2.23 to another map �0 constructed explicitly.

Lemma 2.25 Suppose X , Y , Z, X 0, Y 0 are Z˚Z2-graded vector spaces satisfying the horizontal exact
sequences

Z
h0

//

D

��

Y 0
l 0

//

�

��

�0Da0Cb0

��

X f1g

f f1gDaCb

��

Z
�ıh0D�0ıh0

// X 0
l

// Y f1g

where the shift f1g is for the Z2-grading. Suppose � W Y 0!X 0 satisfies the two commutative diagrams
and suppose �0 W Y 0!X 0 satisfies the left commutative diagram. Suppose l and l 0 are homogeneous with
respect to the Z-grading. Suppose f f1g D aC b and �0 D a0C b0 are sums of homogeneous maps with
different grading shifts with respect to the Z-grading. Moreover , suppose the diagrams

Y 0
l 0

//

a0

��

X f1g

a

��

X 0
l

// Y f1g

Y 0
l 0

//

b0

��

X f1g

b

��

X 0
l

// Y f1g

hold up to scalars. Then there is an isomorphism between H.Cone.�// and H.Cone.�0//.
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Proof Since � and �0 share the same domain and codomain, it suffices to show that they have the same
rank. Fix inner products on Y 0 and X 0 such that we have orthogonal decompositions

Y 0 D Im.h0/˚Y 00 and X 0 D Im.� ı h0/˚X 00:

By commutativity, we know both � and �0 send Im.h0/ onto Im.� ı h0/. Hence if we choose bases with
respect to the decompositions so that linear maps are represented by matrices (we use row vectors), then

� D

�
A B

0 C

�
and �0 D

�
A0 B0

0 C 0

�
;

where ADA0 W Im.h0/! Im.� ı h0/ has full row-rank. Then it suffices to show C and C 0 have the same
row-rank.

By the exactness at Y 0 and X 0, we know the restriction of l 0 on Y 00 is an isomorphism between Y 00

and Im.l 0/, and the restriction of l on X 00 is an isomorphism between X 00 and Im.l/. By commutativity,
we know that both a and b send Im.l 0/ to Im.l/ and

row rank.C /D rank.f f1g j Im.l 0// and row rank.C 0/D rank..c1aC c2b/ j Im.l 0//

for some c1; c2 2Cnf0g. Since l and l 0 are homogeneous, there exist induced Z-gradings on Im.l/ and
Im.l 0/. The maps a and b are still homogeneous with different grading shifts with respect to these induced
gradings. Then we can apply Lemma 2.24 to obtain that the ranks of the restrictions of f f1g D aCb and
c1aC c2b on Im.l 0/ are the same.

3 Integral surgery formulae

3.1 A formula for framed instanton homology

In this subsection, we propose an integral surgery formula based on sutured instanton homology, and we
package it into the language of bent complexes in a later subsection.

Suppose K � Y is a framed rationally null-homologous knot, and we adopt the notation introduced in
Section 2.2. Define

�˙m;k WD‰
mCk
˙;m�1C2k

ı 
.2mC2k�1/=2

�;mCk
W �.2mC2k�1/=2! �mC2k�1

and write �˙;i
m;k

as the restriction of �˙
m;k

on .�.2mC2k�1/=2; i/. From Lemmas 2.13 and 2.6, we verify
that �˙

m;k
shifts grading by ˙.mp� q/=2, and then the integral surgery formula can be stated as follows.

Theorem 3.1 Suppose m is a fixed integer such that mp�q¤ 0. Then for any sufficiently large integer k,
there exists an exact triangle

�.2mC2k�1/=2

�
C

m;k
C��

m;k
// �mC2k�1

ww
Ym

hh

Hence we have an isomorphism

Ym ŠH.Cone.�C
m;k
C��m;k//:
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Remark 3.2 Let � and � represent the meridian and the longitude of the knot K, respectively. Then,
mp � q ¤ 0 is equivalent to the fact that �m�C � is not isotopic to a connected component of the
boundary of the Seifert surface. Specifically, if K is null-homologous, we must have m¤ 0.

In the rest of this subsection and in the next subsection, we state the strategy to prove Theorem 3.1,
and defer the proofs of some propositions to the remaining sections. An important step is to apply the
octahedral axiom mentioned in Section 2.4 to the following diagram:

(3-1)

�.2mC2k�1/=2

++

zz

Ym

55

��

�m�1C2k
oo

ww

��

))

// �m�1Ck ˚�m�1Ck

OO

gg

�m�1

dd

33

To obtain the dotted exact triangle, we need to establish the following three exact triangles:

I ].�S3
�m.K//

��

��

**
�m�1

dd

(3-2)

�.2mC2k�1/=2

xx

�� // �m�1Ck ˚�m�1Ck

hh

(3-3)

�m�1C2k

xx

�m�1Ck ˚�m�1Ck

OO

�m�1

44
(3-4)

and establish the following commutative diagram:

(3-5)
��

((

// �m�1Ck ˚�m�1Ck

�m�1

44

The octahedral lemma then implies the existence of the dotted triangle and ensures that all diagrams in
(3-1) other than exact triangles commute.
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We will then use Lemma 2.25 to identify the map coming from the octahedral lemma with �C
m;k
C��

m;k
.

We also require the following two extra diagrams to commute, where the maps other than �C
m;k
C��

m;k

come from (3-1):

�.2mC2k�1/=2
�
C

m;k
C��

m;k

++

�m�1C2k

�m�1Ck ˚�m�1Ck

OO

gg

(3-6)

�.2mC2k�1/=2

xx

�
C

m;k
C��

m;k

**

�m�1C2k

yy

��

++
�m�1

(3-7)

Indeed, by applying Lemma 2.25, it suffices to prove some weaker commutative diagrams involving �˙
m;k

separately.

3.2 A strategy of the proof

In this subsection, we provide more details of the strategy mentioned in Section 3.1. For simplicity, we
fix the scalar ambiguities of commutative diagrams as in Section 2.3. To write down the maps, we redraw
the octahedral diagram (3-1) as follows:

(3-8)

Ym

 

((

// ��

 
�

C;m�1

C 
�

�;m�1

��

�m�1
.‰m�1
C;m�1Ck

;‰m�1
�;m�1Ck

/

''

77

�.2mC2k�1/=2

�

$$

l 0
99

�m�1Ck ˚�m�1Ck

‰
m�1Ck
�;m�1C2k

�‰
m�1Ck
C;m�1C2k

,,

h0

66

�m�1

��

 
�

C;m�1

C 
�

�;m�1

AA

. 
�

�;m�1Ck
; 
�

C;m�1Ck
/

33

�m�1C2k

l

OO

where
h0 D  mCk�1

�;.2mC2k�1/=2
� mCk�1
C;.2mC2k�1/=2

:

The reader can compare (3-8) with (2-9) and (2-10). We omit the term corresponding to Z0f1g because
there is not enough room, and the maps involving it are not important in our proof.
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The first exact sequence of (3-8),

(3-9) ��
 
�

C;m�1
C 

�

�;m�1

������������! �m�1 �! Ym �! ��;

follows from the second exact triangle in Lemma 2.16. Though the map Am�1 may not be the same as
the sum  

�
C;m�1

C n
�;m�1

, we can use the following proposition and Lemma 2.24 (another special case
of Proposition 4.1) to identify Cone.Am�1/ with Cone. �

C;m�1
C n
�;m�1

/. Here we use the assumption
that mp� q ¤ 0.

Proposition 3.3 Suppose An�1 is the map in Lemma 2.16. For any integer n, there exist scalars
c1; c2 2Cnf0g such that

An�1 D c1 
�
C;n�1

C c2 
�
�;n�1

:

The exactness at
�m�1Ck ˚�m�1Ck

in the second and the third exact sequences are both special cases of the following proposition, which
will be proved in Section 5.1 by diagram chasing.

Proposition 3.4 Fixing the scalars as in Section 2.3, and given n 2 Z and k0 2NC, for any c1; c2; c3; c4

satisfying the equation
c1c3 D�c2c4;

the sequence

�n

.c1‰
n
C;nCk0

;c2‰
n
�;nCk0

/

�����������������! �nCk0
˚�nCk0

c3‰
nCk0
�;nC2k0

Cc4‰
nCk0
C;nC2k0

������������������! �nC2k0

is exact.

Remark 3.5 The exactness at the direct summand for the second exact sequence (the one involving ��)
might not be as clear from Proposition 3.4. Explicitly, we apply the proposition to the dual knot K0

corresponding to �mCk with framing �0 D�� and nD 0, k0 D 1.

The exactness at �� and �.2mC2k�1/=2 in the second exact sequence of (3-8),

(3-10) ��
. 
�

�;m�1Ck
; 
�

C;m�1Ck
/

�����������������!
�m�1Ck
˚

�m�1Ck

 
mCk�1

�; 1
2
.2mC2k�1/

� 
mCk�1

C; 1
2
.2mC2k�1/

������������������������! � 1
2
.2mC2k�1/

l 0
�! ��;

will also be proved by diagram chasing. We can explicitly construct the map l 0 by the composition of
bypass maps

l 0 WD  mCk
�;� ı 

1
2
.2mC2k�1/

C;mCk
D  mCk

C;� ı 
1
2
.2mC2k�1/

�;mCk
;

where the last equation follows from Lemma 2.14 and the conventions in Section 2.3. The following
proposition will be proved in Section 5.2 by diagram chasing.
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Proposition 3.6 Suppose l 0 is constructed as above. For any c1; c2; c3; c4 2Cnf0g, the sequence

�m�1Ck
˚

�m�1Ck

c3 
mCk�1

�; 1
2
.2mC2k�1/

Cc4 
mCk�1

C; 1
2
.2mC2k�1/

���������������������������!� 1
2
.2mC2k�1/

l 0
�!��

.c1 
�

�;m�1Ck
;c2 

�

C;m�1Ck
/

��������������������!
�m�1Ck
˚

�m�1Ck

is exact.

Remark 3.7 In the proof of [Li and Ye 2021, Theorem 3.23], we obtained a long exact sequence

��
. 
�

C;n�1
; 
�

�;n�1
/

������������! �n�1˚�n�1 �! � 1
2
.2n�1/ �! ��

by the octahedral lemma. However, we did not know the two maps involving � 1
2
.2n�1/ explicitly. Thus,

the second exact sequence here is stronger than the one from the octahedral lemma.

Remark 3.8 The reason that Proposition 3.6 holds for any choices of c1; c2; c3; c4 is because

ker..c1 
�

�;m�1Ck
; c2 

�

C;m�1Ck
//D ker.c1 

�

�;m�1Ck
/\ ker.c2 

�

C;m�1Ck
/;

Im.c3 
mCk�1

�; 1
2
.2mC2k�1/

C c4 
mCk�1

C; 1
2
.2mC2k�1/

/D Im.c3 
mCk�1

�; 1
2
.2mC2k�1/

/C Im.c4 
mCk�1

C; 1
2
.2mC2k�1/

/;

where the right-hand sides of the equations are independent of scalars.

The exactness at �m�1 and �m�1C2k in the third exact sequence of (3-8),

(3-11) �m�1

.‰m�1
C;m�1Ck

;‰m�1
�;m�1Ck

/

�����������������!�m�1Ck˚�m�1Ck

‰
m�1Ck
�;m�1C2k

�‰
m�1Ck
C;m�1C2k

������������������!�m�1C2k
l
�!�m�1;

is harder to prove since the map l cannot be constructed by bypass maps. We expect that there are many
equivalent constructions of l , and we will use the one for which the exactness is easiest to prove. Even so,
we only prove the exactness under the assumption that k is large. See Section 7.2 for more details.

Proposition 3.9 Suppose c1; c2; c3; c4 2Cnf0g and suppose k0 is a large integer. For any n 2 Z, there
exists a map l such that the sequence

�nCk0
˚�nCk0

c3‰
nCk0
�;nC2k0

Cc4‰
nCk0
C;nC2k0

������������������! �nC2k0

l
�! �n

.c1‰
n
C;nCk0

;c2‰
n
�;nCk0

/

�����������������! �nCk0
˚�nCk0

is exact.

Remark 3.10 In the first arXiv version of this paper, we only proved Proposition 3.9 for knots in S3

because we had to use the fact that dimC I ].�S3/D 1 and S3 has an orientation-reversing involution.
The construction of l for knots in general 3-manifolds is inspired by the original proof for S3, and the
proof in Section 7 is a generalization of the previous proof.

Remark 3.11 For the same reason as in Remark 3.8, the coefficients in Proposition 3.9 are not important.
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Then we consider the commutative diagrams mentioned in Section 3.1. By Lemmas 2.6 and 2.12, we have

.‰m�1
C;m�1Ck ; ‰

m�1
�;m�1Ck/ ı . 

�
C;m�1

C 
�
�;m�1

/D . 
�

�;m�1Ck
;  

�

C;m�1Ck
/;

which verifies the commutative diagram in the assumption of the octahedral axiom.

Define

�0 WD �C
m;k
C��m;k D‰

mCk
C;m�1C2k

ı 
1
2
.2mC2k�1/

�;mCk
C‰mCk

�;m�1C2k
ı 

1
2
.2mC2k�1/

C;mCk
:

By Lemmas 2.13 and 2.14 with nDmC k, we have

�0ıh0 D
�
‰mCk
C;m�1C2k

ı 
1
2
.2mC2k�1/

�;mCk
C‰mCk
�;m�1C2k

ı 
1
2
.2mC2k�1/

C;mCk

�
ı
�
 mCk�1

�; 1
2
.2mC2k�1/

� mCk�1

C; 1
2
.2mC2k�1/

�
D‰mCk

�;m�1C2k
ı 

1
2
.2mC2k�1/

C;mCk
ı mCk�1

�; 1
2
.2mC2k�1/

�‰mCk
C;m�1C2k

ı 
1
2
.2mC2k�1/

�;mCk
ı mCk�1

C; 1
2
.2mC2k�1/

D‰mCk
�;m�1C2k

ı mCk�1
�;mCk

�‰mCk
C;m�1C2k

ı mCk�1
C;mCk

D‰m�1Ck
�;m�1C2k

�‰m�1Ck
C;m�1C2k

:

This verifies the second commutative diagram mentioned in Section 3.1.

Finally, we state a weaker version of the third commutative diagram mentioned in Section 3.1, which is
enough to apply Lemma 2.25. The following proposition will be proved in Section 7.4.

Proposition 3.12 Suppose l 0 and l are the maps in Propositions 3.6 and 3.9. Then there are two
commutative diagrams up to scalars:

� 1
2
.2mC2k�1/

l 0
//

�
C

m;k

��

��

 
�

C;m�1

��

�m�1C2k
l

// �m�1

� 1
2
.2mC2k�1/

l 0
//

��
m;k

��

��

 
�

�;m�1

��

�m�1C2k
l

// �m�1

Proof of Theorem 3.1 We verified all assumptions of the octahedral lemma (Lemma 2.23) for the
diagram (3-8). Hence, there exists a map � such that

Ym ŠH.Cone.�//:

We also verified all assumptions of Lemma 2.25 for �0 D �C
m;k
C��

m;k
. Thus, we have

H.Cone.�0//ŠH.Cone.�//Š Ym:

Then the desired triangle in the theorem holds.
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3.3 Reformulation by bent complexes

In this subsection, we restate Theorem 3.1 using the language of bent complexes introduced in [Li and Ye
2021]. Suppose K is a rationally null-homologous knot in a closed 3-manifold Y . We continue to adopt
the notation and conventions from Sections 2.2 and 2.3.

Putting bypass triangles in Lemma 2.6 for different n together, we obtain the diagram

(3-12)

� � � �nC1
oo

 
nC1
C;�   

�n

 n
C;nC1

oo

 n
C;�   

�n�1

 n�1
C;n

oo

 n�1
C;�   

�n�2

 n�2
C;n�1

oo � � �oo

� � � ��

 
�
C;n

>>

 
�

�;n�2~~

��

 
�

C;n�1

>>

 
�

�;n�1~~

��

 
�

C;n�2

>>

 
�
�;n~~

� � �

� � � // �n�2
 n�2
�;n�1

// �n�1
 n�1
�;n

//

 n�1
�;�

``

�n
 n
�;nC1

//

 n
�;�

``

�nC1

 
nC1
�;�

``

// � � �

where the Z-grading shift of  �
˙;k
ı k
˙;� is ˙p for any k 2 Z. From (3-12), we constructed in [Li and

Ye 2021, Section 3.4] two spectral sequences fEr;C; dr;Cgr�1 and fEr;�; dr;�gr�1 from �� to Y, where
dr;˙ is roughly

(3-13)  k
˙;� ı .‰

k
˙;kCr /

�1
ı 

�

˙;kCr
for any k 2 Z:

The composition with the inverse map is well-defined on the r th page, and the independence of k (and
hence n in (3-13)) follows from Lemma 2.12. The Z-grading shift of dr;˙ is ˙rp. By fixing an inner
product on ��, we then lifted those spectral sequences to two differentials dC and d� on �� such that

H.��; dC/ŠH.��; d�/Š Y:

In such a way, the inverses of ‰k
˙;kCr

are also well-defined, which we will use freely later.

Then we propose an integral surgery formula for Ym using differentials dC and d� on ��. To state the
formula, we introduce the following notation.

Definition 3.13 [Li and Ye 2021, Construction 3.27 and Definition 5.12] For any integer s, define the
complexes

B˙.s/ WD

�M
k2Z

.��; sC kp/; d˙

�
;

BC.� s/ WD

�M
k�0

.��; sC kp/; dC

�
;

B�.� s/ WD

�M
k�0

.��; sC kp/; d�

�
:
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Furthermore, define

IC.s/ W BC.� s/! BC.s/ and I�.s/ W B�.� s/! B�.s/

to be the inclusion maps. We also use the same notation for the induced map on homology.

Remark 3.14 By Lemma 2.5, we know that the nontrivial gradings of �� are finite. Then, for any
sufficiently large integer s0 satisfying

s� s0p � �
p��.S/

2
and sC s0p �

p��.S/

2
;

we have
BC.s/D BC.� s� s0p/ and B�.s/D B�.� sC s0p/:

In such a case, IC.s� s0p/ and I�.sC s0p/ are identities.

By splitting the diagram (3-12) into Z-gradings, we can calculate homologies of the complexes defined
in Definition 3.13.

Proposition 3.15 Suppose n2NC and i is a grading. Fix an inner product on �n. If i> 1
2
.p��.S//�np,

then there exists a canonical isomorphism

H.BC.� i//Š

�
�n; i C

.n� 1/p� q

2

�
:

If i < �.p��.S//=2C np, then there exists a canonical isomorphism

H.B�.� i//Š

�
�n; i �

.n� 1/p� q

2

�
:

Proof The proof mirrors that of [Li and Ye 2021, Lemma 5.13]. Following the notation in [Li and Ye
2021, (3.9) and (3.10)], if

i > yi�max � nq D
p��.S/

2
� np;

then �
i;C
0
D 0 (the corresponding grading summand of �0), and the isomorphism follows from the

convergence theorem of the unrolled spectral sequence [Li and Ye 2021, Theorem 2.4]; see also [Boardman
1999, Theorem 6.1]. Note that the unrolled spectral sequence induces a filtration on �n, and the homology
is canonically isomorphic to the direct sum of all associated graded objects of the filtration. Then we use
the inner product to identify the direct sum with the total space �n. The other statement holds for the
same reason.

Definition 3.16 [Li and Ye 2021, Construction 3.27 and Definition 5.12] For any integer s, define the
bent complex

A.s/ WD

�M
k2Z

.��; sC kp/; ds

�
;

Geometry & Topology, Volume 29 (2025)



Knot surgery formulae for instanton Floer homology, I: The main theorem 2301

where for any element x 2 .��; sC kp/,

ds.x/D

8<:
dC.x/ if k > 0;

dC.x/C d�.x/ if k D 0;

d�.x/ if k < 0:

Define

�C.s/ WA.s/! BC.s/ and ��.s/ WA.s/! B�.s/

by

�C.s/.x/D

�
x if k � 0;

0 if k < 0;
and ��.s/.x/D

�
x if k � 0;

0 if k > 0;

where x 2 .��; sC kp/. Define

�˙ W
M
s2Z

A.s/!
M
s2Z

B˙.s/

by putting �˙.s/ together for all s. We also use the same notation for the induced map on homology.

Remark 3.17 Similar to Remark 3.14, according to Lemma 2.5, there are only finitely many the nontrivial
gradings of ��. Then, for any sufficiently large integer s0 such that s0 � .p��.S//=2, we have

A.s0/D B�.s0/ and A.�s0/D BC.�s0/:

In such a case, ��.s0/ and �C.�s0/ are identities.

Now, we state the integral surgery formula in the above setup.

Theorem 3.18 Suppose m is a fixed integer such that mp� q ¤ 0. Then there exists an isomorphism

„m W

M
s2Z

H.BC.s//
Š
�!

M
s2Z

H.B�.sCmp� q//

as the direct sum of isomorphisms

„m;s WH.B
C.s//

Š
�!H.B�.sCmp� q//

so that

Ym ŠH

�
Cone

�
��C„m ı�

C
W

M
s2Z

H.A.s//!
M
s2Z

H.B�.s//

��
:

Proof According to Remark 3.17, we only need to consider the maps �˙.s/ for jsj less than a fixed
integer. For such values of s, we can apply the following proposition.
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Proposition 3.19 [Li and Ye 2021, Proposition 3.28] Fix m; s 2Z such that jsj � 1
2
.p��.S//. For any

large integer k, fix inner products on � 1
2
.2mC2k�1/ and �m�1C2k . Then there exist s1; s

C

2
; s�

2
; sC

3
; s�

3
2Z

such that the diagram
H.A.s//

�˙.s/
//

Š

��

H.B˙.s//

Š

��

.� 1
2
.2mC2k�1/; s1/

�
˙;s1
m;k

// .�m�1C2k ; s
˙
3
/

commutes , where the maps �˙;s1

m;k
, defined in Section 3.1, factor through .�mCk ; s

˙
2
/.

Remark 3.20 The maps �˙.s/ factor through I˙.s/ constructed in Definition 3.13. We write

�˙.s/D IC.s/ ı�˙;0.s/:

This corresponds to the factorization about .�mCk ; s
˙
2
/ in Proposition 3.19 (we fix an inner product on

�mCk to apply Proposition 3.15), ie the following diagrams commute:

H.A.s//
�C; 0.s/

//

Š

��

H.BC.� s//

Š

��

IC.s/
// H.BC.s//

Š

��

.� 1
2
.2mC2k�1/; s1/

 
1
2
.2mC2k�1/

�;mCk
// .�mCk ; s

C

2
/

‰
mCk
C;m�1C2k

// .�m�1C2k ; s
C

3
/

H.A.s//
��;0.s/

//

Š

��

H.B�.� s//

Š

��

I�.s/
// H.B�.s//

Š

��

.� 1
2
.2mC2k�1/; s1/

 
1
2
.2mC2k�1/

C;mCk
// .�mCk ; s

�
2
/

‰
mCk
�;m�1C2k

// .�m�1C2k ; s
�
3
/

From the calculation in [Li and Ye 2021, Remark 3.29] (we replace n and l there by mC k and k � 1,
and note that there is a typo about sign in the first arXiv version of [Li and Ye 2021]), the difference of
the grading shifts is

sC
3
� s�3 D .mC k � .k � 1/� 1/p� q Dmp� q:

Note that the notation in this paper and [Li and Ye 2021] are different (cf Remark 2.3).

Then we can construct the isomorphism

„m;s WH.B
C.s//

Š
�!H.B�.sCmp� q//

for jsj � 1
2
.p��.S// by identifying both H.BC.s// and H.B�.sCmp� q// with .�m�1C2k ; s

C

3
/ for

a sufficiently large k. A priori, this isomorphism depends on inner products on

��;� 1
2
.2mC2k�1/;�m�1C2k and �mCk :

For other s, we can take any isomorphism „m;s since the choice does not affect the computation of the
mapping cone.
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Consequently, we obtain

H.Cone.��C„m ı�
C//ŠH.Cone.��m;k C�

C

m;k
//Š Ym;

where the last isomorphism comes from Theorem 3.1.

Remark 3.21 Theorem 3.18 is slightly weaker than Theorem 3.1. Indeed, when we use the integral
surgery formula to calculate surgeries on the Borromean knot in the companion paper [Li and Ye 2025],
we have to study the H1.Y / action on sutured instanton homology, where Y D #2nS1�S2 is the ambient
manifold of the knot. This action vanishes on �� so vanishes on the bent complex. But it is nonvanishing
on �mCk and �m�1C2k and we use this information to realize the computation. This issue for the bent
complex might be resolved by introducing some E0-pages for differentials dC and d� such that the action
is nontrivial on E0-pages.

3.4 A formula for instanton knot homology

The third exact sequence (3-11) implies

�m�1 ŠH
�
Cone.‰m�1Ck

�;m�1C2k
�‰m�1Ck
C;m�1C2k

W �m�1Ck ˚�m�1Ck ! �m�1C2k/
�

for any sufficiently large integer k. Since there are two copies �m�1Ck , we can always regard the grading
shifts of the maps ‰m�1Ck

�;m�1C2k
as different ones by rescaling the grading of the first summand from i to

2i � 1 and the second summand from i to 2i . Hence we do not need the assumption mp� q ¤ 0 as in
the previous mapping cone formula in Theorem 3.1. By Lemma 2.24, we can replace the minus sign with
any coefficient.

In this subsection, we restate this result in the language of bent complexes. The formula is inspired by
Eftekhary’s formula [2018, Proposition 1.5] for knot Floer homology bHFK; see also Hedden-Levine’s
work [Hedden and Levine 2024]. Since m can be any integer, we replace m� 1 by m.

Theorem 3.22 Suppose m; j 2 Z. Define

jC D j �
.m� 1/p� q

2
and j� D j C

.m� 1/p� q

2
:

Then there exists an isomorphism

„0m;j WH.B
C.jC//

Š
�!H.B�.j�//

such that

.�m; j /ŠH
�
Cone

�
I�.j�/C„0m;j ı IC.jC/ WH.B�.� j�//˚H.BC.� jC//!H.B�.j�//

��
:

Proof As mentioned before, we have

�m ŠH.Cone.‰mCk
�;mC2k

�‰mCk
C;mC2k

//ŠH.Cone.‰mCk
�;mC2k

C‰mCk
C;mC2k

//

for any sufficiently large integer k.
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Since bypass maps are homogeneous, the above mapping cone splits into Z-gradings (or
�
ZC 1

2

�
-gradings).

Hence we can use it to calculate .�m; j /. By Lemma 2.6, the corresponding spaces are�
�mCk ; j �

1
2
kp
�
˚
�
�mCk ; j C

1
2
kp
�

and .�mC2k ; j /:

From Proposition 3.15 with i D j ˙ 1
2
kp, by fixing an inner product on �mCk , we know that�

�mCk ; j �
1
2
kp
�
ŠH.B�.� j�// for j � 1

2
kp < �1

2
.p��.S//C .mC k/p;�

�mCk ; j C
1
2
kp
�
ŠH.BC.� jC// for j C 1

2
kp > 1

2
.p��.S//� .mC k/p:

Since m is fixed, when k is sufficiently large, we know that any j with .�m; j / nontrivial (ie with
jj j � .jmp� qj ��.S//=2 by Lemma 2.5) satisfies the above inequalities. By Proposition 3.15 again
(fixing an inner product on �mC2k) and Remark 3.14, for k sufficiently large, we know that

.�mC2k ; j /ŠH.B�.j�//ŠH.BC.jC//

for such j . By unpackaging the construction of differentials dC and d� in [Li and Ye 2021, Section 3.4],
we know that the restrictions of maps‰m

�;mC2k
and‰m

C;mC2k
on the corresponding gradings coincide with

the maps induced by the inclusions I�.j�/ and IC.jC/ under the canonical isomorphisms, respectively.

For jj j � .jmp� qj ��.S//=2, let

„0m;j WH.B
C.jC//

Š
�!H.B�.j�//

be the isomorphism obtained from identifying both spaces to the corresponding grading summand
of �mC2k . Note that it depends on inner products on ��;�mCk and �mC2k . For other j , we can take
any isomorphism „0m;j since the choice does not affect the computation of the mapping cone. Then we
know that

.�m; j /ŠH
�
Cone

�
‰mCk
�;mC2k

C‰mCk
C;mC2k

j
�
�mCk ; j C

1
2
kp
�
˚
�
�mCk ; j �

1
2
kp
���

ŠH
�
Cone

�
I�.j�/C„0m;j ı IC.jC/

��
:

4 Dehn surgery and bypass maps

In this section, we prove a generalization of Lemma 2.20 and Proposition 3.3.

Suppose .M; 
 / is a balanced sutured manifold and ˛ � @M is a connected simple closed curve that
intersects the suture 
 twice. There are two natural bypass arcs associated to ˛, each of which intersects
the suture at three points and induces a bypass triangle (cf [Baldwin and Sivek 2022b, Section 4])

SHI.�M;�
 /
 ˙

// SHI.�M;�
2/

uu

SHI.�M;�
˙
3
/

ii

where 
2 and 
˙
3

are the sutures coming from bypass attachments. Note that the horizontal arrows involve
the same set of balanced sutured manifolds but have different maps. Let .M0; 
0/ be obtained from
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.M; 
 / by attaching a contact 2-handle along ˛. From [Baldwin and Sivek 2016b, Section 3.3], it has
been shown that a closure of .�M0;�
0/ coincides with a closure of the sutured manifold obtained from
.�M;�
 / by 0-surgery along ˛ with respect to the surface framing. Hence there is also a surgery exact
triangle (cf [Li and Ye 2022, Lemma 3.21])

SHI.�M;�
 /
H˛

// SHI.�M;�
2/

vv

SHI.�M0;�
0/

hh

The map H˛ is related to the bypass maps  ˙ as follows:

Proposition 4.1 There exist c1; c2 2Cnf0g such that

H˛ D c1 CC c2 �:

Remark 4.2 The proof of Proposition 4.1 was developed through the discussions with John A Baldwin
and Steven Sivek.

Proof of Proposition 4.1 Let A� @M be a tubular neighborhood of ˛� @M . Push the interior of A into
the interior of M to make it a properly embedded surface. By a standard argument in [Honda 2000], we
can assume that a collar of @M is equipped with a product contact structure such that 
 is (isotopic to) the
dividing set, ˛ is a Legendrian curve, A is in the contact collar, and A is a convex surface with Legendrian
boundary that separates a standard contact neighborhood of ˛ off M . The convex decomposition of M

along A yields two pieces
M DM 0

[
A

V;

where M 0 is diffeomorphic to M and V is the contact neighborhood of ˛. It is straightforward to check
that, after rounding the corners, the contact structure near the boundary of M 0 is still a product contact
structure with @M 0 being a convex boundary. Let 
 0 be the dividing set on @M 0. Also, after rounding
the corners, with the contact structure on V Š S1 �D2, we can suppose @V is a convex surface with
dividing set being the union of two connected simple closed curves on @V of slope �1. When viewing V

as the complement of an unknot in S3, the dividing set coincides with the suture �1 � V , so from now
on we call it �1. By the construction of the gluing map in [Li 2021a], there exists a map

G1 W SHI.�M 0;�
 0/˝SHI.�V;��1/! SHI.�M;�
 /:

As in [Li 2021a], the map G1 comes from attaching contact handles to .M 0; 
 0/t .V; �1/ to recover the
gluing along A. From [Li 2021b, Proposition 1.4], we know that

SHI.�V;��1/ŠC:

Note that M 0 and M are equipped with the product contact structure near their boundaries. From the
functoriality of the contact gluing map in [Li 2021a], we know that G1 is an isomorphism. Now both the
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.�1/-surgery along a push-off of ˛ and the bypass attachments can be thought of as happening in the
piece V. Note that the result of both .�1/-surgery and the bypass attachments for �1 is �2. Hence we
have the commutative diagram

(4-1)

SHI.�M 0;�
 0/˝SHI.�V;��1/
G1

//

Id˝ yH˛

��

SHI.�M;�
 /

H˛

��

SHI.�M 0;�
 0/˝SHI.�V;��2/
G2

// SHI.�M;�
2/

where yH˛ denotes the surgery map for the manifold V and G2 is the gluing map obtained by attaching
the same set of contact handles as G1. A similar commutative diagram holds when replacing H˛ and yH˛

by  ˙ and
y ˙ W SHI.�V;��1/! SHI.�V;��2/

in (4-1), respectively.

Since G1 is an isomorphism, to obtain a relation between H˛ and  ˙, it suffices to understand the relation
between yH˛ and y ˙. From [Li 2021b, Proposition 1.4], we know that

SHI.�V;��2/ŠC2:

Moreover, the meridian disk of V induces a
�
ZC 1

2

�
grading on SHI.�V;��2/ and we have

SHI.�V;��2/Š SHI
�
�V;��2;

1
2

�
˚SHI

�
�V;��2;�

1
2

�
;

with
SHI

�
�V;��2;

1
2

�
Š SHI

�
�V;��2;�

1
2

�
ŠC:

Let
1 2 SHI.�V;��1/ŠC

be a generator. In [Li 2021b, Section 4.3] it is shown that

y �.1/ 2 SHI
�
�V;��2;

1
2

�
and y C.1/ 2 SHI

�
�V;��2;�

1
2

�
are nonzero. Also, when viewing V as the complement of the unknot U , there is an exact triangle

(4-2)

SHI.�V;��1/
yH˛

// SHI.�V;��2/

F2ww

I ].�S3/

G1

gg

as in Lemma 2.16. Comparing the dimensions of the spaces in (4-2), we have G1D 0 and yH˛ is injective.
From the fact that �I .U /D 0, we know from [Ghosh et al. 2024, Corollary 3.5] that

F2 j SHI
�
�V;��2;

1
2

�
¤ 0 and F2 j SHI

�
�V;��2;�

1
2

�
¤ 0:
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By the exactness in (4-2), we have ker.F2/D Im. yH˛/ and then yH˛.1/ is not in SHI
�
�V;��2;˙

1
2

�
, ie it

is a linear combination of generators of SHI
�
�V;��2;˙

1
2

�
. Hence we know that there are c1; c2 2Cnf0g

such that
yH˛.1/D c1

y C.1/C c2
y �.1/:

Then the proposition follows from the commutative diagram (4-1).

In Remark 1.3, we discussed the ambiguity arising from scalars. It is worth mentioning that such ambiguity
already exists in instanton theory. For example, if M is the complement of a knot K � S3 and 
 consists
of two meridians of the knot, which we denote by ��, we can choose ˛ to be a curve on @.S3nN.K// of
slope �n. Then we have a surgery triangle

SHI.�M;���/
Hn

// SHI.�M;��n�1/

vv

I ].�S3
�n.K//

hh

Note that this triangle is not the one from Floer’s original exact triangle, but rather one with a slight
modification on the choice of 1-cycles inside the 3-manifold that represents the second Stiefel–Whitney
class of the relevant SO.3/-bundle; see [Baldwin and Sivek 2021, Section 2.2] for more details. Floer’s
original exact triangle, on the other hand, yields a different triangle

SHI.�S3nN.K/;���/
H 0n

// SHI.�S3nN.K/;��n�1/

uu

I ].�S3
�n.K/; �/

ii

where ���S3
�n.K/ denotes a meridian of the knot. The difference between H˛ and H 0˛ is that they come

from the same cobordism but the SO.3/-bundles over the cobordism are different. The local argument to
prove Proposition 4.1 works for both H˛ and H 0˛. Hence there exists nonzero complex numbers c1, c2,
c0

1
, c0

2
such that

H˛ D c1 
�
C;nC c2 

�
�;n�1

and H 0˛ D c01 
�
C;nC c02 

�
�;n�1

;

where the maps

 
�
˙;n�1

W SHI.�S3
nN.K/;���/! SHI.�S3

nN.K/;��n�1/

are the two related bypass maps. When n¤ 0, these two bypass maps have different grading-shifting
behavior, so by Lemma 2.24, a different choice of nonzero coefficients does not change the dimensions
of the kernel and cokernel of the map. Hence we conclude that for n¤ 0,

I ].�S3
�n.K/; �/Š I ].�S3

�n.K//:
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However, when n D 0, the two bypass maps  �
˙;n�1

both preserve gradings, making the coefficients
significant, ie I ].�S3

0
.K/; �/ and I ].�S3

0
.K// might have different dimensions for different choices of

coefficients. Indeed, it is observed by Baldwin and Sivek [2021] that for what they called W-shaped knots
(which is clearly a nonempty class, eg the figure-eight knot [Baldwin and Sivek 2022a, Proposition 10.4]),
these two framed instanton homologies have dimensions that differ by 2.

5 Some exactness by diagram chasing

5.1 At the direct summand

In this subsection, we prove Proposition 3.4 by diagram chasing. We restate the result in Proposition 5.1.
We also adopt the conventions for scalars from Section 2.3, and this together with Lemma 2.11 implies
that

‰
nCk0

C;nC2k0
ı‰n
�;nCk0

D‰
nCk0

�;nC2k0
ı‰n
C;nCk0

for any n and k0.

Proposition 5.1 Given n 2 Z and k0 2NC, for any c1; c2; c3; c4 satisfying

c1c3 D�c2c4;

the sequence

�n

.c1‰
n
C;nCk0

;c2‰
n
�;nCk0

/

�����������������! �nCk0
˚�nCk0

c3‰
nCk0
�;nC2k0

Cc4‰
nCk0
C;nC2k0

������������������! �nC2k0

is exact.

Proof For simplicity, we only prove the proposition for nD 0. The proof for any general n is similar
(replacing all �m below by �nCm and modifying the notation for bypass maps). Also, we only prove the
case when

c1 D c2 D c3 D 1 and c4 D�1:

The proof for general scalars can be obtained similarly.

We prove the proposition by induction on k0. We will use the exactness in Lemma 2.6 and the commutative
diagrams in Lemmas 2.12 and 2.11 many times. For simplicity, we will use them without naming them.

First, we assume k0 D 1. The proposition reduces to

ker. 1
�;2� 

1
C;2/D Im.. 0

C;1;  
0
�;1//:

The commutative diagram in Lemma 2.11 implies

ker. 1
�;2� 

1
C;2/� Im.. 0

C;1;  
0
�;1//:
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We then prove
ker. 1

�;2� 
1
C;2/� Im.. 0

C;1;  
0
�;1//:

Suppose
.x1;x2/ 2 ker. 1

�;2� 
1
C;2/; ie;  

1
�;2.x1/� 

1
C;2.x2/D 0:

Then we have
 1
C;�.x1/D  

2
C;� ı 

1
�;2.x1/D  

2
C;� ı 

1
C;2.x2/D 0:

By exactness, there exists y 2 �0 such that  0
C;1
.y/D x1. Then

 1
C;2 ı 

0
�;1.y/D  

1
�;2 ı 

0
C;1.y/D  

1
�;2.x1/ and  1

C;2.x2� 
0
�;1.y//D 0:

By exactness, there exists z 2 �� such that

 
�
C;1
.z/D x2� 

0
�;1.y/:

Let y0 D yC 
�
C;0
.z/. Then

 0
C;1.y

0/D  0
C;1.y/D x1 and  0

�;1.y
0/D  0

�;1.y/C 
0
�;1 ı 

�
C;0
.z/D  0

�;1.y/C 
�
C;1
.z/D x2;

which concludes the proof for k0 D 1.

Suppose the proposition holds for k0 D k. We prove it also holds for k0 D kC 1. The proof is similar to
the case for k0 D 1. Again by Lemma 2.11, we have

ker.‰kC1
�;2kC2

�‰kC1
C;2kC2

/� Im..‰0
C;kC1; ‰

0
�;kC1//:

Then we prove
ker.‰kC1

�;2kC2
�‰kC1
C;2kC2

/� Im..‰0
C;kC1; ‰

0
�;kC1//:

Suppose

.x1;x2/ 2 ker.‰kC1
�;2kC2

�‰kC1
C;2kC2

/; ie ‰kC1
�;2kC2

.x1/�‰
kC1
C;2kC2

.x2/D 0:

Then we have

 kC1
C;� .x1/D  

2kC2
C;� ı‰

kC1
�;2kC2

.x1/D  
2kC2
C;� ı‰

kC1
C;2kC2

.x2/D 0:

By exactness, there exists y1 2 �k such that  k
C;kC1

.y1/D x1. By a similar reason, there exists y2 2 �k

such that  k
�;kC1

.y2/D x2. The goal is to prove

‰k
�;2k.y

0
1/D‰

k
C;2k.y

0
2/

for some modifications y0
1

and y0
2

of y1 and y2 as for y0 in the case of k0 D 1. Then the induction
hypothesis will imply that there exists w 2 �0 such that

‰0
C;k.w/D y01 and ‰0

�;k.w/D y02:
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Hence we will have

‰0
C;kC1.w/D  

k
C;kC1.y

0
1/D x1 and ‰0

�;kC1.w/D  
k
�;kC1.y

0
2/D x2:

This will conclude the proof for k0 D kC 1.

Now we start to construct y0
1
. We have

 2kC1
C;2kC2

.‰kC1
C;2kC1

.x2/�‰
k
�;2kC1.y1//D  

2kC1
C;2kC2

ı‰kC1
C;2kC1

.x2/� 
2kC1
C;2kC2

ı‰k
�;2kC1.y1/

D‰kC1
C;2kC2

.x2/� 
2kC1
C;2kC2

ı‰k
�;2kC1.y1/

D‰kC1
�;2kC2

.x2/�‰
kC1
C;2kC2

.x1/

D 0:

By exactness, there exists z1 2 �� such that

 
�

C;2kC1
.z1/D‰

kC1
C;2kC1

.x2/�‰
k
�;2kC1.y1/:

Let y0
1
D y1C 

�

C;k
.z1/. Then

 k
C;kC1.y

0
1/D  

k
C;kC1.y1/D x1;

‰k
�;2kC1.y

0
1/D‰

k
�;2kC1.y1/C‰

k
�;2kC1 ı 

�

C;k
.z1/

D‰k
�;2kC1.y1/C 

�

C;2kC1
.z1/

D‰kC1
C;2kC1

.x2/:

Then we start to construct y0
2
. We have

 2k
�;2kC1.‰

k
�;2k.y

0
1/�‰

k
C;2k.y2//D‰

k
�;2kC1.y

0
1/� 

2k
�;2kC1 ı‰

k
C;2k.y2/

D‰k
�;2kC1.y

0
1/�‰

kC1
�;2kC1

.x2/

D 0:

By exactness, there exists z2 2 �� such that

 
�

�;2k
.z2/D‰

k
�;2k.y

0
1/�‰

k
C;2k.y2/:

Let y0
2
D y2C 

�

�;k
.z2/. Then

 k
�;kC1.y

0
2/D  

k
�;kC1.y2/D x2;

‰k
C;2k.y

0
2/D‰

k
C;2k.y2/C‰

k
C;2k ı 

�

�;k
.z2/

D‰k
C;2k.y2/C 

�

�;2k
.z2/

D‰k
�;2k.y

0
1/:
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Then we have the commutative diagrams

x1 2 �kC1

�

&&

y0
1
2 �k

C 77

�

((
�0

C

::

�

""

�2k
�

$$

�2kC2

�2kC1

C 99

y0
2
2 �k

�

''

C

88

x2 2 �kC1

C

::

By the induction hypothesis, there exists w 2 �0 such that

‰0
C;k.w/D y01 and ‰0

�;k.w/D y02;

which concludes the proof for k0 D kC 1.

Remark 5.2 By similar arguments, we can prove that the sequence

�n

.c1‰
n
C;nCk1

;c2‰
n
�;nCk2

/

�����������������! �nCk1
˚�nCk2

c3‰
nCk1
�;nCk1Ck2

Cc4‰
nCk2
C;nCk1Ck2

����������������������! �nCk1Ck2
;

is exact for any k1; k2 2NC, where the scalars satisfy c1c3 D�c2c4.

5.2 The second exact triangle

In this subsection, we prove Proposition 3.6 by diagram chasing. For convenience, we restate it as follows,
which is a little stronger than the previous version. Replacing the original knot in the proposition by the
dual knot in the Dehn filling of slope �.mC k/�C� with framing �� and setting nD�1 will recover
Proposition 3.6.

Proposition 5.3 Suppose
l 0 D  

�
C;n�1

ı nC1
C;� D  

�
�;n�1

ı nC1
�;� :

Then for any c1; c2; c3; c4 2Cnf0g, the sequence

�n˚�n

c3 
n
�;nC1

Cc4 
n
C;nC1

���������������! �nC1
l 0
�! �n�1

.c1 
n�1
�;n ;c2 

n�1
C;n /

������������! �n˚�n

is exact.
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Proof We adopt the conventions from Section 2.3. We will use Lemmas 2.6, 2.11 and 2.12 without
mentioning them. We prove the exactness at �n�1 first. We have

 n�1
˙;n ı l 0 D  n�1

˙;n ı 
�
˙;n�1

ı nC1
˙;� D 0:

Hence
ker..c1 

n�1
�;n ; c2 

n�1
C;n //� Im.l 0/:

Next we prove
ker..c1 

n�1
�;n ; c2 

n�1
C;n //� Im.l 0/:

Suppose
x 2 ker..c1 

n�1
�;n ; c2 

n�1
C;n //D ker. n�1

�;n /\ ker. n�1
C;n /:

By exactness, there exists y 2 �� such that  �
C;n�1

.y/D x. Then we have

 
�
C;n.y/D  

n�1
�;n ı 

�
C;n�1

.y/D  n�1
�;n .x/D 0:

By exactness, there exists z 2 �nC1 such that  nC1
C;� .z/D y. Thus, we have l 0.z/D x, which concludes

the proof for the exactness at �n�1.

Next we prove the exactness at �nC1. By exactness, we have

ker.l 0/� Im.c3 
n
�;nC1C c4 

n
C;nC1/D Im. n

�;nC1/C Im. n
C;nC1/:

Suppose x 2 ker.l 0/. If  nC1
C;� .x/D 0, then by the exactness we know x 2 Im. n

C;nC1
/. If  nC1

C;� .x/¤ 0,
then by the exactness, there exists y 2 �n such that

 n
C;�.y/D  

nC1
C;� .x/:

Then we know
x� n

�;nC1.y/ 2 ker. nC1
C;� /D Im. n

C;nC1/:

Thus, we have
x 2 Im. n

�;nC1/C Im. n
C;nC1/;

which concludes the proof of the exactness at �nC1.

6 Some technical constructions

6.1 Filtrations

In this subsection, we study some filtrations on Y and �� that will be important in later sections. We
continue to adopt conventions from Section 2.3. In particular, K � Y is a rationally null-homologous
knot and S is a rational Seifert surface of K.
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Lemma 6.1 The maps Gn in Lemma 2.16 lead to a filtration on Y: for a sufficiently large integer n0,

0D ker G�n0
� � � � � ker Gn � ker GnC1 � � � � � ker Gn0

D Y:

Proof It follows from Lemma 2.19 that when n0 is sufficiently large we have

0D ker G�n0
and ker Gn0

D Y:

It follows from Lemma 2.18 that for any n 2 Z,

ker Gn � ker GnC1:

Lemma 6.2 For any n 2 Z, the map Gn induces an isomorphism

Gn W .ker GnC1=ker Gn/
Š
�! ker n

C;nC1\ ker n
�;nC1:

Proof Suppose x 2 ker GnC1. Then from Lemma 2.18 we know that

 n
˙;nC1 ıGn.x/DGnC1.x/D 0:

Hence we have
Gn.ker GnC1//� ker n

C;nC1\ ker n
�;nC1:

Clearly Gn is injective on ker GnC1=ker Gn so it suffices to show that the image is ker n
C;nC1

\ker n
�;nC1

.
To achieve this, for any element x 2 ker n

C;nC1
\ ker n

�;nC1
, Lemma 2.20 implies that

x 2 ker Hn D Im Gn:

As a result, there exists ˛ 2 Y such that
x DGn.˛/:

Again from Lemma 2.18 we know that

GnC1.˛/D  
nC1
C;n ıGn.˛/D  

nC1
C;n .x/D 0:

This implies that ˛ 2 ker GnC1.

Lemma 6.3 For any n 2 Z, the maps  �
˙;n induce isomorphisms

 
�
C;n W .Im nC2

C;� =Im nC1
C;� /

Š
�! ker n

C;nC1\ ker n
�;nC1;

 ��;n W .Im nC2
�;� =Im nC1

�;� /
Š
�! ker n

C;nC1\ ker n
�;nC1:

Proof We only prove the lemma for positive bypasses. The proof for the negative bypasses is similar.
Let u 2 Im nC2

C;� . By Lemmas 2.6 and 2.12, we have

 n
C;nC1 ı 

�
C;n.u/D 0 and  n

�;nC1 ı 
�
C;n.u/D  

�
C;nC1

.u/D 0:
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Hence we know
 
�
C;n.Im nC2

C;� /� ker n
C;nC1\ ker n

�;nC1:

Since ker �C;n D Im nC1
C;� , the map  �C;n is injective on Im nC2

C;� =Im nC1
C;� . To show it is surjective as

well, pick x 2 ker n
C;nC1

\ ker n
�;nC1

. Note that x 2 ker n
C;nC1

D Im 
�
C;n implies that there exists

u 2 �� such that  �C;n.u/D x. Lemma 2.12 then implies that

 
�
C;nC1

.u/D  n
�;nC1 ı 

�
C;n.u/D  

n
�;nC1.x/D 0:

As a result, u 2 ker �
C;nC1

D Im nC2
C;� .

Corollary 6.4 (1) For any n 2 Z, there is a canonical isomorphism

.ker GnC1=ker Gn/Š .Im nC2
C;� =Im nC1

C;� /Š .Im nC2
�;� =Im nC1

�;� /:

(2) For sufficiently large n0, there exists a (noncanonical ) isomorphism

Y Š .Im 
n0

C;�=Im 
�n0

C;�/Š .Im n0
�;�=Im �n0

�;� /:

Definition 6.5 For any integer n 2 Z and any grading i , define the map F i
n as the restriction

F i
n D Fn j .�n; i/;

where Fn is the map from Lemma 2.16.

Lemma 6.6 Suppose n0 2Z is small enough that Fn0
D 0 (cf Lemma 2.19). Then for any integer n� n0

and any grading i , we have

 n
˙;�.ker F i

n/D Im.Proj
i� 1

2
..n�1/p�q/

� ı 
n0

˙;�/;

where

Proj
i� 1

2
..n�1/p�q/

� W ��!

�
��; i �

.n� 1/p� q

2

�
is the projection.

Proof We only prove the lemma for positive bypasses and the proof for negative bypasses is similar.
First, suppose

u 2 Im.Proj
i� 1

2
..n�1/p�q/

� ı 
n0

C;�/D Im 
n0

C;�\

�
��; i �

.n� 1/p� q

2

�
:

Pick x 2 .�n0
; i � 1

2
.n� n0/p/ such that

 
n0

C;�.x/D u:

Taking y D ‰
n0
�;n.x/, we know from Lemma 2.6 that y 2 .�n; i/, from Lemma 2.18 that Fn.y/ D

Fn0
.x/D 0, and from Lemma 2.12 that  n

C;�.y/D u. As a result, we conclude that u 2  n
C;�.ker F i

n/.
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Second, suppose u 2  n
C;�.ker F i

n/ is nonzero. Pick x1 2 ker F i
n such that

 n
C;�.x1/D u:

By Lemmas 2.5 and 2.6, the fact that  n
C;�.x1/D u¤ 0 implies that

(6-1) �
p��.S/

2
� i �

.n� 1/p� q

2
�

p��.S/

2
:

Pick a sufficiently large integer k and then take

x2 D‰
n
�;nCk.x1/ and x3 D‰

nCk
C;2nC2k�n0

.x2/:

By Lemma 2.18 we have

F2nC2k�n0
.x3/D FnCk.x2/D Fn.x1/D 0:

Note that the grading j of x3 equals

(6-2) j D i C
kp

2
�
.nC k � n0/p

2
D i �

.n� n0/p

2
:

Combining (6-1) and (6-2), we obtain

.n0� 2/p� q��.S/

2
� j �

n0p� q��.S/

2
:

Note that we pick k to be a sufficiently large integer. In particular, we can assume

�.2nC 2k � n0/pC qC�.S/

2
C 1�

.n0� 2/p� q��.S/

2
;

n0p� q��.S/

2
�
.2nC 2k � n0/p� qC�.S/

2
:

Thus j is in this range as well, and Lemma 2.19 implies that F2nC2k�n0
is injective on the grading j .

Hence x3 D 0. Then the following lemma (Lemma 6.7) applies to .x;y/ D .x2; 0/, and there exists
x4 2 �n0

such that
‰

n0

�;nCk
.x4/D x2:

Thus by Lemma 2.12,

uD  n
C;�.x1/D  

nCk
C;� .x2/D  

n0

C;�.x4/ 2 Im.Proj
i� 1

2
..n�1/p�q/

� ı 
n0

C;�/:

Lemma 6.7 Suppose n 2 Z and k1; k2 2NC. Suppose x 2 �nCk1
and y 2 �nCk2

are such that

‰
nCk1

C;nCk1Ck2
.x/D‰

nCk2

�;nCk1Ck2
.y/:

Then there exists z 2 �n such that

‰n
�;nCk1

.z/D x and ‰n
C;nCk2

.z/D y:

Proof This is a restatement of Remark 5.2. The proof is similar to that of Proposition 5.1.
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6.2 Tau invariants in a general 3-manifold

Definition 6.8 An element ˛ 2 Y is called homogeneous if there exists an n 2 Z and a grading i such
that ˛ 2 Im F i

n. Note that from Lemma 2.18 and Corollary 2.9, we know that

˛ 2 Im F i
n D) ˛ 2 Im F

i˙ 1
2

p

nC1
:

For a homogeneous element ˛ 2 Y, we pick a sufficiently large n0 and define

�C.˛/ WDmax
i
fi j Fn0

.x/D ˛ for some x 2 .�n0
; i/g�

.n0� 1/p� q

2
;

��.˛/ WDmin
i
fi j Fn0

.x/D ˛ for some x 2 .�n0
; i/gC

.n0� 1/p� q

2
;

�.˛/ WD 1C
��.˛/� �C.˛/C q

p
D

min�max
p

C n0:

We will prove the independence of these � invariants about n0 later in Lemma 6.12.

Remark 6.9 Here we fix the knot K � Y and define the tau invariants for a homogeneous element
˛ 2 I ].Y /. The reason we go in this order is because

(1) currently the definition of homogeneous elements depends on the choice of the knot, and

(2) in this paper we only focus on the Dehn surgeries of a fixed knot.

Remark 6.10 The normalization�1
2
..n0�1/p�q/ comes from the grading shifts of n0

˙;� in Lemma 2.6.
When K is a knot inside Y DS3, we have that �˙.˛/ is equal to the tau invariant �I .K/ defined in [Ghosh
et al. 2024], where ˛ is the unique generator of I ].�S3/ŠC up to a scalar. Then �.˛/D 1� 2�I .K/.

Lemma 6.11 We have the following properties.

(1) Suppose n1; n2 are two integers and i1; i2 are two gradings such that there exist x1 2 .�n1
; i1/ and

x2 2 .�n2
; i2/ with

Fn1
.x1/D Fn2

.x2/¤ 0:

Then there exists an integer N such that

i2 D i1�
.n2� n1/p

2
CNp;

ie when we send x1 and x2 into the same �n3
with n3 > n1; n2 by bypass maps , then the difference

of the expected gradings of the images is divisible by p (the grading-shifts of the bypass maps
 n
˙;nC1

are�p=2).
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(2) Suppose we have an integer n1, a grading i1 and an element x1 2 .�n1
; i1/. Then for any integer

n2 � n1 and grading i2 such that there exists an integer N 2 Œ0; n2� n1� with

i2 D i1�
.n2� n1/p

2
CNp;

there exists an element x2 2 .�n2
; i2/ such that

Fn1
.x1/D Fn2

.x2/:

(3) Suppose n 2 Z and for 1 � j � l we have a grading ij and an element xj 2 .�n; ij / such that
Fn.x1/; : : : ;Fn.xl/ are linearly independent. Then the element

˛ D

lX
jD1

Fn.xj /

is homogeneous if and only if for any 1� j � l , we have

ij � i1 .mod p/:

Proof (1) Take n0 a sufficiently large integer. For j D 1; 2, take i 0j 2
�
�

1
2
p; 1

2
p
�

to be the unique
grading such that there exists an integer Nj with

i 0j D ij �
.n0� nj /p

2
CNj p:

Take
x0j D‰

njCNj
C;n0

ı‰
nj
�;njCNj

.xj /:

From Lemma 2.18 we know that

x0j 2 .�n0
; i 0j / and Fn0

.x01/D Fn1
.x1/D Fn2

.x2/D Fn0
.x02/:

By Lemma 2.19, we know that x0
1
D x0

2
and in particular, i 0

1
D i 0

2
. As a result, we can take N DN1�N2,

and then it is straightforward to verify that

i2 D i1�
.n2� n1/p

2
CNp:

(2) We can take
x2 D‰

n1CN
�;n2

ı‰
n1

C;n1CN
.x1/:

Then it follows from Lemma 2.6 that x2 2 .�n2
; i2/, and it follows from Lemma 2.18 that

Fn2
.x2/D Fn1

.x1/:

(3) The proof is similar to that of (1).

Lemma 6.12 For a homogeneous element ˛, we have the following:

(1) �˙.˛/ and hence �.˛/ are well-defined , ie they are independent of the choice of the large integer n0.

(2) We have �.˛/ 2 Z.
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(3) For any integer n and grading i , the following two statements are equivalent.

(a) There exists x 2 .�n; i/ such that Fn.x/D ˛.

(b) We have n� �.˛/ and there exists N 2 Z such that N 2 Œ0; n� �.˛/� and

i D 1
2

�
�C.˛/C ��.˛/� .n� �.˛//p

�
CNp:

(4) We have

�C.˛/� �
p��.S/

2
and ��.˛/�

p��.S/

2
:

Proof (1) Suppose ˛ is a homogeneous element. Then by definition there exists x 2 .�n; i/ for some
integer n and grading i such that

Fn.x/D ˛:

Then for sufficiently large n0, we can take

y D  n
C;n0

.x/

and then Lemma 2.18 implies that
Fn0

.y/D ˛;

and hence �˙.˛/ exists.

To show that the value of �˙.˛/ is independent of n0 as long as it is sufficiently large, a combination of
Lemmas 2.5 and 2.6 implies that the map

 
n0

�;n0C1
W .�n0

; i/!
�
�n0C1; i C

1
2
p
�

is an isomorphism for any i > g� 1
2
.n0p� q� 1/. Then Lemma 2.18 implies that �C is well-defined.

The argument for �� is similar.

(2) It follows directly from Lemma 6.11 part (1).

(3) We first establish the following claim.

Claim There exists an element

z 2 .��.˛/;
1
2
.�C.˛/C ��.˛/// such that F�.˛/.z/D ˛:

Proof Suppose n0 2 Z is sufficiently large and

x˙ 2

�
�n0

; �˙.˛/˙
.n0� 1/p� q

2

�
such that Fn0

.x˙/D ˛. Note that the existence of x˙ follows from the definition of �˙.˛/. Let

x0˙ D‰
n
˙;2n0��.˛/

.x˙/:

It follows from Lemma 2.6 that

x0˙ 2

�
�2n0��.˛/;

�C.˛/C ��.˛/

2

�
:
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From Lemma 2.18 we know that

F2n0��.˛/.x
0
C/D ˛ D F2n0��.˛/.x

0
�/:

By Lemma 2.19 this implies that
x0C D x0�:

Hence Lemma 6.7 applies and there exists z 2 ��.˛/ such that

‰
�.˛/
�;n .z/D x˙:

Again Lemma 2.6 implies that z is in the grading

z 2

�
��.˛/;

�C.˛/C ��.˛/

2

�
;

and Lemma 2.18 implies
F�.˛/.z/D ˛:

Now if an integer n and a grading i satisfy statement (b), then (a) is a direct consequence of the above
claim and Lemma 6.11(2).

It remains to show that (a) implies (b). Suppose there exists x 2 .�n; i/ such that Fn.x/D ˛. From the
above claim, we already know that there exists

z 2

�
��.˛/;

�C.˛/C ��.˛/

2

�
such that F�.˛/.z/D ˛:

Hence Lemma 6.11(1) implies that there exists N 2 Z such that

i D
�C.˛/C ��.˛/� .n� �.˛//p

2
CNp:

If N > n� �.˛/, we can take a sufficiently large n0 and

x0 D‰n
�;n0

.x/:

It follows from Lemma 2.6 that

x0 2 .�n0
; i 0/ with i 0 > �C.˛/C

.n0� 1/p� q

2
:

Then Lemma 2.18 implies that
Fn0

.x0/D ˛;

which contradicts the definition of �C in Definition 6.8. Similarly, if N < 0 we can take

x0 D‰n
C;n0

.x/;

which would be an element contradicting the definition of ��. When n< �.˛/ we have n� �.˛/ < 0, so
there is always a contradiction by the above argument. This concludes (b).

(4) It follows from the definition of �˙ and Lemma 2.19 that Fn0
is an isomorphism when restricted to

the direct sum of p consecutive middle gradings of �n0
when n0 is large.
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Lemma 6.13 For any n 2 Z we have that

Im Fn D Spanf˛ 2 Y j ˛ is homogeneous and �.˛/� ng:

Proof Suppose ˛ 2 Im Fn. Let

˛ D
X

i

˛i ; where ˛i 2 Im F i
n is homogeneous:

From Lemma 6.12 we know that �.˛i/� n for all i . On the other hand, suppose

˛ D
X

i

˛i ; where �.˛i/� n for all i:

By Lemma 6.12(3), we can pick zi 2 ��.˛i / such that

F�.˛i /.zi/D ˛i :

Then from Lemma 2.18 we know
˛ D Fn

�X
i

‰
�.˛i /
C;n .zi/

�
:

6.3 A basis for framed instanton homology

We pick a basis B for Y as follows. First

BD
[
n2Z

Bn:

To construct the set Bn, first, let Bn D∅ if Fn D 0. By Lemma 2.19 this means Bn D∅ for all small
enough n. Write

B�n D

[
k�n

Bk :

We pick the set Bn inductively. Note that we have taken Bn D∅ for n with Fn D 0. Suppose we have
already constructed the set B�n�1 that consists of homogeneous elements and is a basis of Im Fn�1. We
pick the set Bn such that Bn consists of homogeneous elements with � D n, and the set

B�n DB�n�1[Bn

forms a basis of Im Fn. Note that Lemma 6.13 implies that Bn exists and

jBnj D dimC.Im Fn=Im Fn�1/:

For any n; k 2 Z such that k � n� 2, define maps

�n
˙;k WBn! �k

as follows: for any ˛ 2Bn � Im Fn, since ˛ is homogeneous and �.˛/D n, we can pick

z 2

�
�n;

�C.˛/C ��.˛/

2

�
by Lemma 6.12(3) such that Fn.z/D ˛. Then define

�n
˙;k.˛/D  

�

˙;k
ı n
˙;�.z/:
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Lemma 6.14 Suppose n; k 2 Z are such that k � n� 2.

(1) The maps �n
˙;k

are all well-defined.

(2) We have �n
C;n�2

D cn � �
n
�;n�2

for some scalar cn 2Cnf0g.

(3) Elements in Im �n
˙;k
� �k are linearly independent.

(4) Im �n
˙;n�2

forms a basis for ker n�2
C;n�1

\ ker n�2
�;n�1

.

(5) For any ˛ 2Bn, we have

�n
˙;k.˛/ 2

�
�k ;

�C.˛/C ��.˛/

2
�
.n� 2� k/p

2

�
:

(6) We have
 k�1
�;k ı �

n
˙;k�1 D �

n
˙;k and  k�1

˙;k ı �
n
˙;k�1 D 0:

Proof (1) We only work with �n
C;k

, and the arguments for �n
�;k

are similar. Suppose there are
z1; z2 2 .�n; i/ such that Fn.z1/D Fn.z2/D ˛, where i D 1

2
.�C.˛/C ��.˛//. Then

z1� z2 2 ker F i
n;

and by Lemma 6.6 we have

 n
C;�.z1� z2/ 2  

n
C;�.ker F i

n/� Im 
n0

C;� � Im kC1
C;� :

Here n0 2 Z is a small enough integer. As a result,

�n
C;k.˛/D  

�

C;k
ı n
C;�.z1/D  

�

C;k
ı n
C;�.z2/

is well-defined.

(2) This follows directly from Lemma 2.11. Note that in Section 2.3 we do not fix the scalars of the
second commutative diagram of Lemma 2.11, and hence a nonzero coefficient cn would possibly arise.

(3) We only work with �n
C;k

and the arguments for �n
�;k

are similar. Suppose

Bn D f˛1; : : : ; ˛lg;

where l D jBnj D dimC.Im Fn=Im Fn�1/.

Suppose there exists �1; : : : ; �l such that

lX
jD1

�j � �
n
C;k. j̨ /D 0:

Pick zj 2
�
�n;

1
2
.�C. j̨ /C �

�. j̨ //
�

such that Fn.zj /D j̨ . Then we have

 
�

C;k
ı n
C;�

� lX
jD1

�j zj

�
D 0:
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As a result, there exists x 2 �kC1 such that

 kC1
C;� .x/D  

n
C;�

� lX
jD1

�j zj

�
:

Note that, from Lemma 2.12, we know that

 n
C;� ı‰

kC1
�;n .x/D  

kC1
C;� .x/D  

n
C;�

� lX
jD1

�j zj

�
;

so as a result there exists y 2 �n�1 such that

lX
jD1

�j zj D‰
kC1
�;n .x/C 

n�1
C;n .y/:

Hence by Lemma 2.18 we have

lX
jD1

�j j̨ D Fn

� lX
jD1

�j zj

�
D Fn ı‰

kC1
�;n .x/CFn ı 

n�1
C;n .y/D FkC1.x/CFn�1.y/� Im Fn�1:

Since j̨ form a basis of Bn, the sum cannot be in Im Fn�1 except �i D 0 for all i .

(4). For ˛ 2Bn, pick z 2 .�n;
1
2
.�C.˛/C ��.˛/// such that Fn.z/D ˛. Then by definition

�n
C;n�2.˛/D  

�
C;n�2

ı n
C;�.z/:

Now we can compute

 n�2
C;n�1 ı �

n
C;n�2.˛/D  

n�2
C;n�1 ı 

�
C;n�2

ı n
C;�.z/D 0;

and by Lemma 2.12

 n�2
�;n�1 ı �

n
C;n�2.˛/D  

n�2
�;n�1 ı 

�
C;n�2

ı n
C;�.z/D  

�
C;n�1

ı n
C;�.z/D 0:

Hence
�n
C;n�2.˛/ 2 ker n�2

C;n�1\ ker n�2
�;n�1:

Then (4) follows from (3), Lemma 6.2, and Im Fn D ker Gn�1.

(5) It follows directly from the construction of �n
˙;k

and Lemma 2.6.

(6) It follows from the construction of �n
˙;k

, the commutativity in Lemma 2.12 and the exactness in
Lemma 2.6.

Convention We can define

z�n
C;k D �

n
C;k and z�n

�;k D cn � �
n
�;k such that z�n

C;n�2 D z�
n
�;n�2;

and the new maps satisfy all properties in Lemma 6.14 except (2). We will use �n
C;k

to denote z�n
C;k

in
latter sections.
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7 The map in the third exact triangle

In this section, we construct the map l in Propositions 3.9 and 3.12 and show it satisfies the exactness and
the commutative diagram. We continue to adopt conventions from Section 2.3. We restate the propositions
as follows, and no longer use the notation l; l 0 for maps.

Proposition 7.1 Suppose n 2 Z is fixed and k 2 Z is sufficiently large. Then there is an exact triangle

�n

ˆn
nCk

// �nCk ˚�nCk

ˆ
nCk
nC2kxx

�nC2k

ˆ
nC2k
n

bb

where two of the maps are already constructed :

ˆn
nCk WD .‰

n
C;nCk ; ‰

n
�;nCk/ W �n! �nCk ˚�nCk ;

ˆnCk
nC2k

WD‰nCk
�;nC2k

�‰nCk
C;nC2k

W �nCk ˚�nCk ! �nC2k :

Proposition 7.2 Suppose n2Z is fixed and k 2Z is sufficiently large. Suppose ˆnC2k�1
n�1

is constructed
in Proposition 7.1. Then , there are two commutative diagrams up to scalars:

� 1
2
.2nC2kC1/

‰
nCkC1
C;nC2k

ı 
1
2
.2nC2kC1/

�;nCkC1

��

 
nCkC1
C;� ı 

1
2
.2nC2kC1/

�;nCkC1
// ��

 
�
C;n

��

�nC2k

ˆ
nC2k
n

// �n

� 1
2
.2nC2kC1/

‰
nCkC1
�;nC2kC1

ı 
1
2
.2nC2kC1/

C;nCkC1

��

 
nCkC1
�;� ı 

1
2
.2nC2kC1/

C;nCkC1
// ��

 
�
�;n

��

�nC2k

ˆ
nC2k
n

// �n

7.1 Characterizations of the kernel and the image

Before constructing ˆnC2k
n , we characterize the spaces kerˆn

nCk
and ImˆnCk

nC2k
. These results will

motivate the construction of ˆnC2k
n to ensure that

ImˆnC2k
n D kerˆn

nCk and kerˆnC2k
n D ImˆnCk

nC2k
:

Since ˆn
nCk

and ˆnCk
nC2k

are constructed using bypass maps, it suffices to consider their restrictions on
each grading.

Lemma 7.3 Suppose n 2 Z is fixed and k 2 Z is sufficiently large. Let

Projin W �n! .�n; i/

be the projection. Then we have

kerˆn
nCk \ .�n; i/D Im.Projin ıGn/:
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Proof We need to apply Lemma 2.20. Following conventions in Section 2.3, we have

(7-1) Hn D  
n
C;nC1� 

n
�;nC1:

Suppose x 2 Im.Projin ıGn/. Pick ˛ 2 Y and y 2 �n such that

Gn.˛/D xCy;

where Projin.y/D 0. When k is sufficiently large, we know from Lemma 2.19 that

GnCk � 0:

In particular, from Lemma 2.18,

‰n
˙;nCk.x/C‰

n
˙;nCk.y/DGnCk.˛/D 0:

Since the maps ‰n
˙;nCk

are homogeneous, we know that

‰n
˙;nCk.x/D 0;

which implies that x 2 kerˆn
nCk
\ .�n; i/.

Next, suppose x 2 kerˆn
nCk
\ .�n; i/. We take xi

n D x and we will pick x
j
n 2 .�n; j / for all j ¤ i such

that X
j

xj
n 2 ker Hn D Im Gn:

We will use the notation xb
a to denote an element in .�a; b/. Recall that from Lemma 2.6, the grading

shifts of  n
˙;nC1

are �1
2
p. Take

x
iC 1

2
.k�1/p

nCk�1
D‰n

�;nCk�1.x/ and x
iC 1

2
.kC1/p

nCk�1
D 0:

Since x 2 kerˆn
nCk
\ .�n; i/ we know that

(7-2)  nCk�1
�;nCk

.x
iC 1

2
.k�1/p

nCk�1
/D‰n

�;nCk.x/D 0D  nCk�1
C;nCk

.x
iC 1

2
.kC1/p

nCk�1
/:

Hence, from Lemma 6.7, there exists

x
iC 1

2
kp

nCk�2
2 .�nCk�2; i C

1
2
kp/

such that

 nCk�2
�;nCk�1

.x
iC 1

2
kp

nCk�2
/D x

iC 1
2
.kC1/p

nCk�1
D 0 and  nCk�2

C;nCk�1
.x

iC 1
2

kp

nCk�2
/D x

iC 1
2
.k�1/p

nCk�1
:

Then we can take
x

iC 1
2
.kC2/p

nCk�2
D 0 and x

iC 1
2
.k�2/p

nCk�2
D‰n

�;nCk�2.x/:

We can apply the same argument and use Lemma 6.7 to find

x
iC 1

2
.kC3/p

nCk�3
; x

iC 1
2
.kC1/p

nCk�3
; x

iC 1
2
.k�1/p

nCk�3
; x

iC 1
2
.k�3/p

nCk�3
2 �nCk�3
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such that the  nCk�3
˙;nCk�2

send them to corresponding elements in �nCk�2. Repeating this argument, we
can obtain elements

xiCpj
n 2 .�n; i Cpj / for j 2 Œ1; k�\Z

such that
xi

n D x;  n
�;nC1.x

iCpk
n /D 0;  n

C;nC1.x
i�pk
n /D 0;

and for any j 2 Œ1; k � 1�\Z we have

 n
�;nC1.x

iCpj
n /D  n

C;nC1.x
iCp.jC1/
n /:

Note that we obtain the above x
iCpj
n for j 2 Œ1; k�\Z essentially from the fact that ‰n

�;nCk
.x/D 0 as

in equation (7-2). However, x 2 kerˆn
nCk

so we have ‰n
C;nCk

.x/D 0 as well. A similar argument as
above then yields

xiCpj
n 2 .�n; i Cpj / for j 2 Œ�k;�1�\Z:

Together with xi
n D x, we obtain x

iCpj
n for all j 2 Œ�k; k�\Z.

It is then straightforward to check that

y D

kX
jD�k

xiCpj
n 2 ker. n

C;nC1� 
n
�;nC1/D ker Hn D Im Gn:

Lemma 7.4 Suppose ˛ 2 Y is a homogeneous element and

˛ D

lX
jD1

�j � j̨ ;

where �j ¤ 0 and j̨ 2B for 1� j � l . Let n be an integer , i be a grading and k be a sufficiently large
integer. For an element x 2 .�nC2k ; i/ such that FnC2k.x/D ˛, the following is true.

(1) We have
�C.˛/D min

1�j�l
f�C. j̨ /g and ��.˛/D max

1�j�l
f��. j̨ /g:

(2) We have x 2 ImˆnCk
nC2k

if and only if for any 1� j � l , at least one of the following inequalities
holds:

i � ��. j̨ /�
.n� 1/p� q

2
;

i � �C. j̨ /C
.n� 1/p� q

2
:

(3) If x 62 ImˆnCk
nC2k

then there exist j ;N 2 Z such that 1� j � l , 0�N � �. j̨ /� n� 2 and

i D �C. j̨ /C
.n� 1/p� q

2
C .N C 1/p:

Proof (1) We only demonstrate the proof of the result for �C and the proof for �� is similar. First, we
make the following two claims.
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Claim 1 For any homogeneous elements (not necessarily elements in B) ˛1 and ˛2 such that ˛1C˛2 is
also homogeneous , if �C.˛1/ > �

C.˛2/, then �C.˛1C˛2/D �
C.˛2/.

To prove Claim 1, let n0 be sufficiently large. From Lemma 6.11(3) we know that

(7-3) �C.˛1/� �
C.˛2/� �

C.˛1C˛2/ .mod p/:

Assume �C.˛1C˛2/ > �
C.˛2/. Let

�C Dminf�C.˛1/; �
C.˛1C˛2/g> �

C.˛2/:

We claim that there exist
x1;x3 2

�
�n0

; �CC
.n0� 1/p� q

2

�
such that

Fn0
.x1/D ˛1 and Fn0

.x3/D ˛1C˛2:

We prove only the existence of x1, and the argument for the existence of x3 is similar. By Definition 6.8,
we know that

�C.˛1/C
.n0� 1/p� q

2
D
�C.˛1/C �

�.˛1/� .n0� �.˛1//p

2
C .n0� �.˛1//p:

Taking

N D .n0� �.˛1//�
1

p
.�C.˛1/� �

C/;

we know that

(7-4) �CC
.n0� 1/p� q

2
D
�C.˛1/C �

�.˛1/� .n0� �.˛1//p

2
CNp:

Equation (7-3) implies that N 2 Z. The definition of �C makes sure that N � n0 � �.˛1/. The fact
that n0 is sufficiently large and Lemma 6.12(4) implies that N � 0. Hence Lemma 6.12(3) implies the
existence of x1 such that

x1 2

�
�n0

; �CC
.n0� 1/p� q

2

�
and Fn0

.x1/D ˛1:

Now the existence of x1 and x3 implies that

Fn.x3�x1/D ˛2;

which contradicts the definition of �C.˛2/.

Claim 2 Suppose ˛1; : : : ; ˛u 2B are pairwise distinct elements in B such that

�C.˛1/D �
C.˛2/D � � � D �

C.˛u/D �
C:

Suppose that

˛0 D

uX
iD1

�i �˛i

and suppose it is homogeneous. Then �C.˛0/D �C.
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To prove Claim 2, assume that �C.˛0/ > �C. Without loss of generality, assume that �1 ¤ 0 and

��.˛1/D min
1�j�u

f��. j̨ /g:

Then a similar argument as in the proof of Claim 1 implies that

��.˛0/� ��.˛1/:

Note that we have assumed �C.˛0/ > �C D �C.˛1/. Hence by Definition 6.8, �.˛0/ < �.˛1/, which
contradicts the construction of the set B.

Now we prove part (1). Suppose ˛1; : : : ; ˛l 2B are pairwise distinct elements in B. Let

˛ D

lX
jD1

�j � j̨ :

We want to show that
�C.˛/D min

1�j�l
f�C. j̨ /g:

To do this, relabel the elements j̨ if necessary so that

�C.˛1/D �
C.˛2/D � � � D �

C.˛u/ < �
C.˛uC1/� �

C.˛uC2/� � � � � �
C.˛l/:

Since ˛ is homogeneous, from Lemma 6.11(3) we know that the sum
vX

jD1

�j � j̨

is also homogeneous for any v D 1; : : : ; l . Applying Claim 2, we conclude that

�C
� uX

jD1

�j � j̨

�
D �C.˛1/:

Hence we can apply Claim 1 repeatedly to conclude that

�C
� lX

jD1

�j � j̨

�
D �C.˛1/D min

1�j�l
f�C. j̨ /g:

(2) If x 2 ImˆnCk
nC2k

, then there exists y 2
�
�nCk ; i �

1
2
kp
�

and z 2
�
�nCk ; i C

1
2
kp
�

such that

x D‰nCk
�;nC2k

.y/C‰nCk
C;nC2k

.z/:

By assumption,

FnC2k.x/D ˛ D

lX
jD1

�j � j̨ ;

with �j ¤ 0 and ˛ homogeneous. By Lemma 2.18 we have

˛ D FnCk.yC z/:
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Since B forms a basis for Y, we can write

FnCk.y/D

lX
jD1

�0j � j̨ and FnCk.z/D

lX
jD1

�00j � j̨ ;

where l D jBj. Then for any 1� j � l , at least one of �0j and �00j is nonzero. Since both FnCk.y/ and
FnCk.z/ are homogeneous, from part (1) we know

i �
kp

2
� ��. j̨ /�

.nC k � 1/p� q

2
when �0j ¤ 0;

i C
kp

2
� �C. j̨ /C

.nC k � 1/p� q

2
when �00j ¤ 0:

Conversely, suppose for any 1� j � l at least one of the inequalities

i � ��. j̨ /�
.n� 1/p� q

2
or i � �C. j̨ /C

.n� 1/p� q

2

holds. We need to show that x 2 ImˆnCk
nC2k

. We deal with three cases.

Case 1 The grading i satisfies

i �
.nC 2k � 2/p� qC�.S/

2
:

We want to argue that

‰nCk
�;nC2k

W

�
�nCk ; i �

kp

2

�
! .�nC2k ; i/

is surjective and hence conclude that x 2 ImˆnCk
nC2k

. To do this, note that ‰nCk
�;nC2k

j.�nCk ;i�
1
2

kp/ is the

composition of maps  nCkCj

�;nCkCjC1
j.�nCkCj ;i�

1
2

kpC 1
2

jp/ for j D 0; 1; : : : ; k�1. With the assumption of
Case 1, we have

i �
kp

2
C

jp

2
�
.nC kC j � 2/p� qC�.S/

2
> �

.nC kC j /p� qC�.S/

2
:

(Note that since k is sufficiently large this is a very loose inequality.) Then Corollary 2.9(2) applies
and we conclude that  nCkCj

�;nCkCjC1
j.�nCkCj ;i�

1
2

kpC 1
2

jp/ is an isomorphism for all j D 0; 1; : : : ; k � 1.
Hence we conclude Case 1.

Case 2 The grading i satisfies

i � �
.nC 2k � 2/p� qC�.S/

2
:

The argument is similar to that for Case 1, except for using ‰nCk
C;nC2k

instead of ‰nCk
�;nC2k

.

Case 3 The grading i satisfies

ji j<
.nC 2k � 2/p� qC�.S/

2
:

Under the assumption of Case 3, Lemma 2.19(1) implies that FnC2k is injective when restricted to
.�nC2k ; i/.
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Now, for each j D 1; 2; : : : ; l , if we have

i � ��. j̨ /�
.n� 1/p� q

2
;

we claim that there exists yj 2
�
�nCk ; i �

1
2
kp
�

such that

FnCk.yj /D �j � j̨ :

If instead
i � �C. j̨ /C

.n� 1/p� q

2
;

we claim that there exists zj 2
�
�nCk ; i C

1
2
kp
�

such that

FnCk.zj /D �j � j̨ :

We will verify the existence of yj or zj in a moment, but for now let y be the sum of all the yj and z be
the sum of all the zj . Then from Lemma 2.18 it is straightforward to check that

FnC2k.‰
nCk
�;nC2k

.y/C‰nCk
C;nC2k

.z//D ˛ D FnC2k.x/:

Since in Case 3 the restriction of FnC2k on .�nC2k ; i/ is injective, we conclude that

x D‰nCk
�;nC2k

.y/C‰nCk
C;nC2k

.z/ 2 ImˆnCk
nC2k

:

It remains to show that the desired yj or zj exists. We only prove the existence of yj , and the argument
for zj is similar. Now assume that

i � ��. j̨ /�
.n� 1/p� q

2
:

This implies that

i �
kp

2
� ��. j̨ /�

.nC k � 1/p� q

2
:

The hypothesis of the lemma and the definition of ��. j̨ / in Definition 6.8, together with Lemma 6.11(3),
imply that

i � ��. j̨ /�
.n� 1/p� q

2
.mod p/:

As a result, there exists an integer N � 0 such that

i �
kp

2
D ��. j̨ /�

.nC k � 1/p� q

2
CNp:

From Definition 6.8, we know that

��. j̨ /�
.nC k � 1/p� q

2
D
�C. j̨ /C �

�. j̨ /� .nC k � �. j̨ //p

2
:

As a result, we have

i �
kp

2
D
�C. j̨ /C �

�. j̨ /� .nC k � �. j̨ //p

2
CNp:

The assumption in Case 3 and Lemma 6.12(4) then implies that N � .nCk/��. j̨ /. Hence Lemma 6.12(3)
implies the existence of yj .
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(3) If x 62 ImˆnCk
nC2k

, then part (2) means that there exists some j such that

�C. j̨ /C
.n� 1/p� q

2
< i < ��. j̨ /�

.n� 1/p� q

2
:

Note that, by Lemma 6.11(3), we must have

i � ��. j̨ /�
.n� 1/p� q

2
� �C. j̨ /C

.n� 1/p� q

2
.mod p/:

By direct calculation, we have

.��. j̨ /�
.n� 1/p� q

2
/� .�C. j̨ /C

.n� 1/p� q

2
/D .�. j̨ /� n/p:

Then we can choose N with 0�N � �. j̨ /� n� 2 as desired.

7.2 The construction of the map

Since ˆn
nCk

and ˆnCk
nC2k

are homogeneous, we can construct ˆnC2k
n for each grading to achieve both

the exactness and the commutativity. Given the grading shifts in Lemmas 2.6 and 2.13, the map ˆnC2k
n

preserves the gradings. From Lemma 2.5, for any grading i with

ji j>
jnp� qj ��.S/

2
;

we have .�n; i/ D 0. From Corollary 2.9, we know either ‰nCk
C;nC2k

or ‰nCk
�;nC2k

is surjective onto
.�nC2k ; i/ for such a grading i . Thus, on such a grading i , the zero map satisfies the exactness for ˆnC2k

n

(although we still have to verify the commutativity in Proposition 7.2).

On the other hand, from Lemma 2.19, the restriction of FnC2k on the consecutive p middle gradings is
an isomorphism. In particular, when p D 1, it is an isomorphism when restricted to each middle grading.
Also from Lemma 7.3, it seems that the definition of ˆnC2k

nCk
on .�nC2k ; i/ should involve Projin ıGn.

However, if we simply take
Projin ıGn ıFnC2k

as the definition, the current techniques fall short of demonstrating exactness and commutativity.

We resolve this issue by introducing an isomorphism

I W Y
Š
�! Y;

and define

(7-5) ˆnC2k
n .x/D Projin ıGn ı I ıFnC2k.x/ for x 2 .�nC2k ; i/:

The construction of I is noncanonical but it helps us to prove the exactness and commutativity.

Remark 7.5 In the first arXiv version of this paper, we deal with the special case Y D S3. In this case
Y ŠC so up to a scalar we have I D Id. In this special case indeed we could prove the exactness and
commutativity without explicitly writing down the isomorphism I as follows.
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We first define the map I on the basis

BD
[
n2Z

Bn

of Y chosen in Section 6.3 that consists of homogeneous elements, and then extend the map on the whole
space linearly. We will show it is an isomorphism.

Fix n0 2 Z small enough such that Corollary 2.9 and Lemma 2.19 apply. For any ˛ 2Bn, there exists a
grading i.˛/ 2

�
�

1
2
p; 1

2
p
�

such that there exists N.˛/ 2 Z with

i.˛/D
�C.˛/C ��.˛/

2
�
.�.˛/� 2� n0/p

2
CN.˛/p:

From the above equality, we know that

N.˛/D
�.˛/� 2� n0

2
C

2i.˛/� �C.˛/� ��.˛/

2p
:

Note that, except for n0, the rest of the terms are bounded, so N.˛/ � 0 when n0 is small enough.
Similarly,

N.˛/C n0 D
�.˛/� 2C n0

2
C

2i.˛/� �C.˛/� ��.˛/

2p
;

so we have N.˛/Cn0 � �.˛/� 2 when n0 is small enough. As a result, by Lemma 6.14(2) and (6) (and
the convention after the lemma), we know that for any ˛ 2Bn,

‰
n0CN.˛/

�;�.˛/�2

�
�
�.˛/

C;n0CN.˛/
.˛/
�
D �

�.˛/

C;�.˛/�2
.˛/

D �
�.˛/

�;�.˛/�2
.˛/

D‰
�.˛/�2�N.˛/

C;�.˛/�2

�
�
�.˛/

�;�.˛/�2�N.˛/
.˛/
�
:

Then by Lemma 6.7, there exists w 2 .�n0
; i.˛// such that

(7-6)
‰

n0

C;n0CN.˛/
.w/D �

�.˛/

C;n0CN.˛/
.˛/;

‰
n0

�;�.˛/�2�N.˛/
.w/D �

�.˛/

�;�.˛/�2�N.˛/
.˛/:

Let

Proj W �n0
!

M
i2.� 1

2
p; 1

2
p�

.�n0
; i/:

From Lemma 2.19, we know

Proj ıGn0
W Y!

M
i2.� 1

2
p; 1

2
p�

.�n0
; i/

is an isomorphism. Hence we define

I.˛/D .Proj ıGn0
/�1.w/:
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Writing nD �.˛/, n1 D �.˛/� 2�N.˛/ and n2 D n0CN.˛/, the following diagram might be helpful
for understanding the construction of I :

�n
�;n1

.˛/ 2 �n1

‰
n1
C;n�2

((

w 2 �n0

‰
n0
�;n1

99

‰
n0
C;n2

%%

�n
�;n�2

.˛/D �n
C;n�2

.˛/ 2 �n�2 z 2 �n

Fn

��

yy

�n
C;n2

.˛/ 2 �n2

‰
n2
�;n�2

66

��

aa

OO

oo

I.˛/ 2 Y

Gn0

OO

˛ 2 Y
I

oo

Remark 7.6 For a general 3-manifold Y , our construction of I is noncanonical since there are many
choices such as the basis B and the element w for each ˛ 2B. However, one could still ask whether
we could simply pick I D Id or not. If we take I D Id, then Proposition 7.2 can finally be reduced to
Conjecture 7.7, which we state below. We believe that the following conjecture is true, although currently
we do not find a proof for it. Hence, in order to fulfill the main purpose of the paper, we introduce the
isomorphism I to bypass this conjecture.

Conjecture 7.7 For any ˛ 2B, and any integer n� �.˛/� 2, we have

�
�.˛/
˙;n .˛/D Projj˙n ıGn.˛/;

where

j˙ D
�C.˛/C ��.˛/

2
�
.�.˛/� 2� n/p

2
;

and
Projj˙n W �n! .�n; j˙/

is the projection.

Lemma 7.8 (1) Suppose ˛ 2 B and n0, w, N.˛/ are chosen as above. Suppose n and k are two
integers such that n0 � k � n. Then

(a) ‰k
�;n ı‰

n0

C;k
.w/¤ 0

if and only if

(b) k � n0CN.˛/ and n� k � �.˛/� 2� n0�N.˛/ (in particular , we have n� �.˛/� 2).
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(2) The map I W Y! Y is an isomorphism.

(3) For an element ˛ 2B, an integer n and a grading i , the following two statements are equivalent.
(a) We have Projin ıGn ı I.˛/¤ 0.
(b) We have n� �.˛/� 2 and there exists N 2 Z such that N 2 Œ0; �.˛/� 2� n� and

i D
�C.˛/C ��.˛/� .�.˛/� 2� n/p

2
CNp:

(4) Suppose for an integer n and a grading i we have ˛1; : : : ; ˛L 2B such that Projin ıGn ı I. j̨ /¤ 0

for all 1� j �L. Then Projin ıGn ı I.˛1/; : : : ;Projin ıGn ı I.˛L/ are linearly independent.

(5) Suppose ˛ 2B. For any n 2 Z such that n� �.˛/� 2, we have

Proji˙n ıGn ı I.˛/D �
�.˛/
˙;n .˛/ where i˙ D

�C.˛/C ��.˛/� .�.˛/� 2� n/

2
:

Proof (1) First, when k > n0CN.˛/, from the construction of w, we know that

‰
n0

C;k
.w/D‰

n0CN.˛/

C;k
ı‰

n0

C;n0CN.˛/
.w/D‰

n0CN.˛/

C;k
ı �

�.˛/

C;n0CN.˛/
.˛/D 0:

The last equality is from Lemma 6.14(6). Similarly, if n� k > �.˛/� 2� n0 �N.˛/, we know from
Lemma 2.11 that

‰k
�;n ı‰

n0

C;k
.w/D‰

nCn0�k
C;n ı‰

n0

�;nCn0�k
.w/

D‰
nCn0�k
C;n ı‰

�.˛/�2�N.˛/

�;nCn0�k
ı‰

n0

�;�.˛/�2�N.˛/
.w/

D‰
nCn0�k
C;n ı‰

�.˛/�2�N.˛/

�;nCn0�k
ı �

�.˛/

�;�.˛/�2�N.˛/
.˛/ by definition of w

D 0 by Lemma 6.14(6).

Next, we need to show that ‰k
�;n ı‰

n0

C;k
.w/¤ 0 when k � n0CN.˛/ and n�k � �.˛/�2�n0�N.˛/.

Again, from Lemma 2.11 we have

‰n
C;nCN.˛/Cn0�k ı‰

k
�;n ı‰

n0

C;k
.w/D‰

n0CN.˛/

�;n0CN.˛/Cn�k
ı‰

n0

C;n0CN.˛/
.w/

D‰
n0CN.˛/

�;n0CN.˛/Cn�k
ı �

�.˛/

C;n0CN.˛/
.˛/ by definition of w

D �
�.˛/

C;n0CN.˛/Cn�k
.˛/ by Lemma 6.14(6)

¤ 0 by Lemma 6.14(3).

(2) Suppose BD f˛1; : : : ; ˛Lg, where LD dimC Y. We order the elements ˛i such that

�.˛i/� �.˛iC1/:

Let wi , Ni DN.˛i/ be the data associated to ˛i as above. Since

wi 2

M
j2.� 1

2
p; 1

2
p�

.�n0
; j / for any i;
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and by Lemma 2.19, the map

Proj ıGn0
W Y!

M
j2.� 1

2
p; 1

2
p�

.�n0
; j /

is an isomorphism, in order to show that I is an isomorphism, it suffices to show that w1; : : : ; wL are
linearly independent.

Now suppose there are complex numbers �1; : : : ; �L such that

LX
iD1

�iwi D 0:

Our goal is to show that all �i are zero. The idea is to apply various maps ‰n0CN1

C;�.˛1/�2
ı‰

n0

�;n0CN1
to

filter out different indices by part (1) of the lemma.

Applying the map ‰n0CN1

C;�.˛1/�2
ı‰

n0

�;n0CN1
, from the construction of wi , the order of ˛i and part (1) of

the lemma, we know

0D‰
n0CN1

C;�.˛1/�2
ı‰

n0

�;n0CN1

� LX
iD1

�iwi

�
D

X
˛i

�i�
�.˛1/

˙�.˛1/�2
.˛i/;

where the summation in the second line is over all ˛i with

�.˛i/D �.˛1/ and Ni DN1:

From Lemma 6.14(2) and the convention after the lemma, we know �
�.˛1/

C�.˛1/�2
D �

�.˛1/

��.˛1/�2
. From

Lemma 6.14 again, we know that ��.˛1/

˙�.˛1/�2
.˛i/ are linearly independent, and as a result all relevant �i

must be zero. Suppose i0 is the smallest index in the rest. By our choice of ˛i , the element ˛i0
has the

largest � among the rest of the ˛i . Hence we can apply the map ‰
n0CNi0

C;�.˛i0
/�2
ı‰

n0

�;n0CNi0

to filter out ˛i

with smaller � . Repeating this argument, we could prove that all �i must be zero.

(3) Let n0, w, i.˛/ and N.˛/ be constructed as above. We first prove that (b) D) (a). Note that, when
constructing the isomorphism I , from Corollary 2.9 and Lemma 2.18 we can take n0

0
D n0 � 2 and

w0D . 
n0�2
C;n0�1

/�1 ı . 
n0�1
C;n0

/�1.w/ that will lead to the same I as n0 and w. (Note that, by construction,
passing from n0 to n0� 2 will increase N.˛/ by 1.)

Remark 7.9 The main goal of the current paper is to derive an integral surgery formula. For n that is
sufficiently large, we already know a large surgery as in [Li and Ye 2021]. When n is small enough, we
can pass to �n for the mirror of the knot. As a result, instead of changing n0 for particular n, we could
assume a universal bound for all the integers n that we care about and make n0 universally small.
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As a result, we can always assume that n0 is small enough compared with any given n. Now recall by
construction

i.˛/D
�C.˛/C ��.˛/

2
�
.�.˛/� 2� n0/p

2
CN.˛/p;

and by the assumption in (b) we have

i D
�C.˛/C ��.˛/� .�.˛/� 2� n/p

2
CNp:

We can assume that n0 is small enough such that N.˛/ >N . Take k DN.˛/�N Cn0. By construction
we have w 2 .�n0

; i.˛//, so from Lemma 2.6 we know that

‰k
�;n ı‰

n0

C;k
.w/ 2 .�n; i.˛/�

.k � n0/p

2
C
.n� k/p

2
/D .�n; i/:

As a result, we conclude from the definition of w and Lemma 2.18 that

‰k
�;n ı‰

n0

C;k
.w/D‰k

�;n ı‰
n0

C;k
ıProji.˛/no

ıGn0
ı I.˛/

D Projin ı‰
k
�;n ı‰

n0

C;k
ıGn0

ı I.˛/

D Projin ıGn ı I.˛/:

Then it is straightforward to verify that k � n0 �N.˛/ and n� k � �.˛/� 2� n0�N.˛/. As a result,
we conclude from part (1) that

Projin ıGn ı I.˛/¤ 0:

Next we show that (a) D) (b). Again assume that n0 is small enough compared with the given n. Then
there exists i 0 2

�
�

1
2
p; 1

2
p
�

such that there exists N 0 2 Z with

i 0 D i �
.n� n0/p

2
CN 0p:

By Lemma 2.18, we know that

Projin ıGn ı I.˛/D‰n0CN 0

�;n ı‰
n0

C;n0CN 0
ıProji

0

n0
ıGn0

ı I.˛/:

From the construction of I.˛/ and Lemma 2.19 we know Projin ıGn ı I.˛/ ¤ 0 only if i 0 D i.˛/, in
which case

Projin ıGn ı I.˛/D‰n0CN 0

�;n ı‰
n0

C;n0CN 0
ıProji

0

n0
ıGn0

ı I.˛/D‰n0CN 0

�;n ı‰
n0

C;n0CN 0
.w/:

Hence Projin ıGn ı I.˛/¤ 0 implies that

N 0 �N.˛/ and n�N 0 � �.˛/� 2�N.˛/

by part (1). Taking N DN.˛/�N 0, it is then straightforward to check that

N 2 Œ0; �.˛/� 2� n� and i D
�C.˛/C ��.˛/� .�.˛/� 2� n/p

2
CNp:

(4) The proof is similar to that of (2).

(5) It follows from the proofs of parts (1) and (3).
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7.3 The exact triangle

In this subsection, we prove the exact triangle. Note that we choose the basis B of Y as in Section 6.3.

Proof of Proposition 7.1 We will verify the exactness at each space of the triangle.

The exactness at �nCk ˚�nCk This follows from Proposition 5.1.

The exactness at �n From Lemma 7.3 and the construction ofˆnC2k
n in (7-5), we know that ImˆnC2k

n �

kerˆn
nCk

. Now pick an arbitrary

x 2 .�n; i/\ kerˆn
nCk D Im.Projin ıGn/:

Since I is an isomorphism, we can assume that

x D

lX
jD1

Projin ıGn.�j � I. j̨ //;

where j̨ 2B and Projin ıGn ı I. j̨ /¤ 0. From Lemma 7.8(3), we know that this implies that for any
j 2 Œ1; l �\Z, we have n� �. j̨ /� 2 and there exists Nj 2 Z such that Nj 2 Œ0; �. j̨ /� 2� n� and

i D
�C. j̨ /C �

�. j̨ /� .�. j̨ /� 2� n/p

2
CNj p:

Now, for k sufficiently large, we have nC 2k > �. j̨ /. Taking

N 0j D nC kC 1� �. j̨ /CNj 2 Z;

it is straightforward to verify that when k is sufficiently large, we have

N 0j 2 Œ0; nC 2k � �. j̨ /� and i D
�C. j̨ /C �

�. j̨ /� .nC 2k � �. j̨ //p

2
CN 0j p:

Hence by Lemma 6.12(3), there exists yj 2 .�nC2k ; i/ such that FnC2k.yj / D j̨ . As a result, it is
straightforward to check that

x DˆnC2k
n

� lX
jD1

�j �yj

�
2 ImˆnC2k

n :

The exactness at �nC2k Suppose x 2 .�nC2k ; i/ and

FnC2k.x/D

lX
jD1

�j � j̨

with �j ¤ 0 and j̨ 2B.

First, if x 2 ImˆnCk
nC2k

, then from Lemma 7.4(2), we know that for any 1� j � l we have

either i � ��. j̨ /�
.n� 1/p� q

2
or i � �C. j̨ /C

.n� 1/p� q

2
:
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If we write

i D
�C. j̨ /C �

�. j̨ /� .�. j̨ /� 2� n/p

2
CNj p;

then for some Nj the inequality

i � ��. j̨ /�
.n� 1/p� q

2

implies that

Nj �
1

p

�
��. j̨ /�

.n� 1/p� q

2
�
�C. j̨ /C �

�. j̨ /� .�. j̨ /� 2� n/p

2

�
D

1

2

�
1C

��. j̨ /� �
C. j̨ /C q

p

�
C
�. j̨ /

2
� 1� n

D �. j̨ /� 1� n:

Note that the last equality uses the definition of �.˛/ in Definition 6.8. Similarly, we can compute that
the inequality

i � �C. j̨ /C
.n� 1/p� q

2

implies that

Nj �
1

p

�
�C. j̨ /C

.n� 1/p� q

2
�
�C. j̨ /C �

�. j̨ /� .�. j̨ /� 2� n/p

2

�
D

1

2

�
�1C

�C. j̨ /� �
�. j̨ /� q

p

�
C
�. j̨ /

2
� 1

D�1:

In summary, x 2 ImˆnCk
nC2k

implies that for all 1� j � l , either Nj � �. j̨ /� 1� n or Nj ��1. Hence
from Lemma 7.8(3), we know that

Projin ıGn ı I. j̨ /D 0

for all 1� j � l and as a result, ˆnC2k
n .x/D 0.

Second, suppose x 62 ImˆnCk
nC2k

. For any 1� j � l , we can write

i D
�C. j̨ /C �

�. j̨ /� .�. j̨ /� 2� n/p

2
CNj p

for some Nj . Then from Lemma 7.4(3) we know that there exists j such that 1� j � l , and

Nj 2 Œ0; �. j̨ /� 2� n�\Z:

Hence by Lemma 7.8(3) and (4) we know that

Projin ıGn ı I. j̨ /¤ 0)ˆnC2k
n .x/¤ 0:

Hence we conclude that
ImˆnCk

nC2k
D kerˆnC2k

n :
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7.4 The commutative diagram

In this subsection, we will prove the commutative diagram presented at the beginning of the section. Note
that we choose the basis B of Y as in Section 6.3.

Lemma 7.10 Suppose n 2 Z and i is a grading. Suppose x 2 .�n; i/ such that

Fn.x/D

lX
j

�j j̨ ;

with �j ¤ 0 and j̨ 2B for all 1 � j � l . Then for any 1 � j � l , there exists Nj 2 Œ0; nC 1� �. j̨ /�

such that
i D

�C. j̨ /C �
�. j̨ /� .nC 1� �. j̨ //p

2
CNj p:

Proof This is a combination of Lemma 6.11(3), Lemma 6.12(3) and Lemma 7.4(1). The proof is similar
to that of Lemma 7.4(2).

Proof of Proposition 7.2 We only prove the first commutative diagram

� 1
2
.2nC2kC1/

‰
nCkC1
C;nC2k

ı 
1
2
.2nC2kC1/

�;nCkC1

��

 
nCkC1
C;� ı 

1
2
.2nC2kC1/

�;nCkC1
// ��

 
�
C;n

��

�nC2k

ˆ
nC2k
n

// �n

The other is similar. Note that at the end of Section 6.3, we introduce new notation of �n
˙;n�2

to remove
the scalars. Then the second commutative diagram only holds up to a scalar.

First, note that the maps from � 1
2
.2nC2kC1/ to �� and �nC2k both factor through �nCkC1. As a result,

we only need to prove the commutative diagram

�nCkC1

‰
nCkC1
C;nC2k

��

 
nCkC1
C;�

// ��

 
�
C;n

��

�nC2k

ˆ
nC2k
n

// �n

for sufficiently large k. Now suppose x 2 .�nCkC1; i/. Write

FnCkC1.x/D

lX
jD1

�i � j̨

with �j ¤ 0 and j̨ 2B for 1� j � l . We want to first establish an identity

(7-7)  
�
C;n ı 

nCkC1
C;� .x/D

X
1�j�lI n��. j̨ /�2
NjDnCkC1��. j̨ /

�j � �
�. j̨ /

C;n . j̨ /;

and then show that the other composition has exactly the same expression.
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From Lemma 7.10, we know for any 1� j � l , there exists Nj 2 Œ0; nC kC 1� �. j̨ /� such that

(7-8) i D
�C. j̨ /C �

�. j̨ /� .nC kC 1� �. j̨ //p

2
CNj p:

Taking n0j D �. j̨ / and N 0j D 0, we can apply Lemma 6.12(3) to find an element

xj 2

�
��. j̨ /;

�C. j̨ /C �
�. j̨ /

2

�
such that F�. j̨ /.xj /D j̨ :

It is then straightforward to check that

(7-9) yj D‰
�. j̨ /CNj
C;nCkC1

ı‰
�. j̨ /

�;�. j̨ /CNj
.xj / 2 .�nCkC1; i/:

Write

y D x�

lX
jD1

�j �yj 2 .�nCkC1; i/:

From Lemma 2.18 we know that

FnCkC1.y/D 0:

As a result, by Lemma 6.6,

 
�
C;n ı 

nCkC1
C;� .x/D

lX
jD1

�j � 
�
C;n ı 

nCkC1
C;� .yj /:

Note that, unless Nj D nC kC 1� �. j̨ /, we have

 nCkC1
C;� ı‰

�. j̨ /CNj
C;nCkC1

D 0

by the exactness. As a result,

 
�
C;nı 

nCkC1
C;� .x/D

X
1�j�l

NjDnCkC1��. j̨ /

�j � 
�
C;nı 

nCkC1
C;� ı‰

�. j̨ /

�;�. j̨ /CNj
.xj /

D

X
1�j�lI n��. j̨ /�2
NjDnCkC1��. j̨ /

�j � 
�
C;nı 

�. j̨ /

C;� .xj /C
X

1�j�lI n��. j̨ /�1
NjDnCkC1��. j̨ /

�j � 
�
C;nı 

�. j̨ /

C;� .xj /

D

X
1�j�lI n��. j̨ /�2
NjDnCkC1��. j̨ /

�j � 
�
C;nı 

�. j̨ /

C;� .xj /

D

X
1�j�lI n��. j̨ /�2
NjDnCkC1��. j̨ /

�j ��
�. j̨ /

C;n . j̨ /;

where the second equality is by Lemma 2.12, the third equality is by equation (7-10), and the last equality
is by definition of ��. j̨ /C;n .
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This verifies equation (7-7) if we show thatX
1�j�lI n��. j̨ /�1
NjDnCkC1��. j̨ /

�j � 
�
C;n ı 

�. j̨ /

C;� .xj /D 0:

To verify this last equality, assume that n� �. j̨ /� 1. Then from Lemma 2.12 and the exactness of the
bypass maps, we have

(7-10)  
�
C;n ı 

�. j̨ /

C;� .xj /D  
�
C;n ı 

nC1
C;� ı‰

�. j̨ /

�;nC1
.x/D 0:

Now we deal with ˆnC2k
n ı‰nCkC1

C;nC2k
.x/. Since FnCkC1.y/D 0, Lemma 2.19 implies that

‰nCkC1
C;nC2k

.y/D 0:

Hence

‰nCkC1
C;nC2k

.x/D

lX
jD1

�j �‰
nCkC1
C;nC2k

.yj /;

where yj is defined as in (7-9). By definition we have yj 2 .�nC1Ck ; i/, so from Lemma 2.6, we know

‰nCkC1
C;nC2k

.yj / 2

�
�nC2k ; i �

.k � 1/p

2

�
:

By (7-9) and Lemma 2.18, we know that

FnC2k ı‰
nCkC1
C;nC2k

.yj /D F�. j̨ /.xj /D j̨ :

Hence

ˆnC2k
n ı‰nCkC1

C;nC2k
.x/D

lX
jD1

�j �Proj
i� 1

2
.k�1/p

n ıGn ı I. j̨ /:

We write
i �

.k � 1/p

2
D
�C. j̨ /C �

�. j̨ /� .�. j̨ /� 2� n/p

2
CN 0j p:

Comparing the above formula with (7-8), we know

N 0j DNj C �. j̨ /� n� k � 1:

By construction, Nj � nC kC 1� �. j̨ /, which means N 0j � 0. Hence from Lemma 7.8 we know

Proj
i� 1

2
.k�1/p

n ıGn ı I. j̨ /¤ 0

if and only if N 0j D 0, ie Nj D nC kC 1� �.˛/. Also when N 0j D 0 from Lemma 7.8(5) we know

Proj
i� 1

2
.k�1/p

n ıGn ı I. j̨ /D �
�. j̨ /

C;n . j̨ /:

We can focus on indices j such that Proji�
1
2
.k�1/p

n ı Gn ı I. j̨ / ¤ 0 because if an index j makes
Proji�

1
2
.k�1/p

n ıGn ı I. j̨ /D 0, then on one hand it does not contribute to ˆnC2k
n ı‰nCkC1

C;nC2k
.x/ since

the corresponding summand is 0, and on the other hand we have Nj ¤ n C k C 1 � �.˛/, hence
per equation (7-7) it does not contribute to  �C;n ı 

nCkC1
C;� .x/, either. Also, we know from Lemma 7.8(3)

that when Proji�
1
2
.k�1/p

n ıGn ı I. j̨ /¤ 0 we must have n� �. j̨ /� 2.
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As a result, we know

ˆnC2k
n ı‰nCkC1

C;nC2k
.x/D

lX
jD1

�j �Proj
j� 1

2
.k�1/p

n ıGnıI. j̨ /D
X

1�j�lI n��. j̨ /�2
NjDnCkC1��. j̨ /

�j ��
�. j̨ /

C;n . j̨ /

D  
�
C;nı 

nCkC1
C;� .x/;

where the last inequality holds by equation (7-7).
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Our main result is a local-to-global principle for Morse quasigeodesics, maps and actions. As an
application of our techniques we show algorithmic recognizability of Morse actions and construct Morse
“Schottky subgroups” of higher-rank semisimple Lie groups via arguments not based on Tits ping-
pong. Our argument is purely geometric and proceeds by constructing equivariant Morse quasiisometric
embeddings of trees into higher-rank symmetric spaces.
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1 Introduction

This is a sequel to our paper [Kapovich et al. 2017] and mostly consists of the material of Section 7 of
our earlier paper [Kapovich et al. 2014] (the only additional material appears in Theorem 4.9 and the
appendices). We recall that quasigeodesics in Gromov hyperbolic spaces can be recognized locally by
looking at sufficiently large finite pieces; see [Coornaert et al. 1990]. In our earlier papers [Kapovich et al.
2017; 2018a; 2018b] as well as [Kapovich and Leeb 2018b; 2018a], for higher-rank symmetric spaces X

(of noncompact type) we introduced an analogue of hyperbolic quasigeodesics, which we call Morse
quasigeodesics. Morse quasigeodesics are defined relatively to a certain face �mod of the model spherical
face �mod of X (which can be defined as a fundamental domain for the action on the Tits building of X of
the identity component Isom0.X / of the isometry group of X). In addition to the quasiisometry constants
L and A, �mod-Morse quasigeodesics come equipped with two other parameters, a positive number D
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and a Weyl-convex subset ‚ of the open star of �mod in the modal spherical chamber �mod. In [Kapovich
et al. 2014; 2017; 2018b] we also defined �mod-Morse maps Y ! X from Gromov-hyperbolic spaces
to symmetric spaces. These maps are defined by the property that they send geodesics to uniformly
�mod-Morse quasigeodesics, ie �mod-Morse quasigeodesics with a fixed set of parameters, .‚;D;L;A/.

The main result of this paper is a local characterization of Morse quasigeodesics in X :

Theorem 1.1 (local-to-global principle for Morse quasigeodesics) For L;A; ‚;‚0;D there exist
S;L0;A0;D0 such that every S -local .‚;D;L;A/-local Morse quasigeodesic in X is a .‚0;D0;L0;A0/–
Morse quasigeodesic.

Here S -locality of a certain property of a map means that this property is satisfied for restrictions of this
map to subintervals of length S . We refer to Theorem 3.34 and Theorem 3.34 for the details. Based on
this principle, we prove in Section 3.7 a local-to-global principle for Morse maps from hyperbolic metric
spaces to symmetric spaces.

Below, G is a semisimple Lie group acting isometrically and transitively on X, and K is a maximal
compact subgroup of G, so that X is diffeomorphic to G=K. We will assume that G is commensurable
with the isometry group Isom.X / in the sense that we allow finite kernel and cokernel for the natural
map G! Isom.X /. However, we require G to act trivially on the model spherical chamber of X ; see
Section B for details.

We prove several consequences of the local-to-global principle:

1. (Theorems 4.4 and 4.7) The structural stability of Morse subgroups of G, generalizing Sullivan’s
structural stability theorem in rank one [1985]; see also [Kapovich et al. 2024] for a detailed proof. While
structural stability for Anosov subgroups was known earlier (Labourie and Guichard–Wienhard), our
method is more general and applies to a wider class of discrete subgroups; see [Kapovich and Leeb�2025].

Theorem 1.2 (openness of the space of Morse actions) For a word hyperbolic group � , the subset of
�mod-Morse actions of � on X is open in Hom.�;G/.

Theorem 1.3 (structural stability) Let � be word hyperbolic. Then for �mod-Morse actions � W � Õ X,
the boundary embedding ˛� W @1�! Flag.�mod/ depends continuously on the action �.

In particular, actions sufficiently close to a faithful Morse action are again discrete and faithful. We
supplement this structural stability theorem with a stability theorem on domains of proper discontinuity,
Theorem 4.9.

2. (Section 4.3) The locality of the Morse property implies that Morse subgroups are algorithmically
recognizable:

Theorem 1.4 (semidecidability of Morse property of group actions) Let � be word hyperbolic. Then
there exists an algorithm whose inputs are homomorphisms � W �!G (defined on generators of �) and
which terminates if and only if � defines a �mod-Morse action � Õ X.

Geometry & Topology, Volume 29 (2025)
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In other words, the property of being a �mod-Morse subgroup of G is semidecidable. If an action of � on
X is not Morse, the algorithm runs forever. Note that in view of [Kapovich 2016], there are no algorithms
(in the sense of BSS computability) which would recognize if a representation � ! Isom.H3/ is not
geometrically finite.

3. (Section 4.2) We illustrate our techniques by constructing Morse–Schottky actions of free groups on
higher-rank symmetric spaces. Unlike all previously known constructions, our proof does not rely on
ping-pong arguments, but is purely geometric and proceeds by constructing equivariant quasiisometric
embeddings of trees. The key step is the observation that a certain local straightness property for
sufficiently spaced sequences of points in the symmetric space implies the global Morse property. This
observation is also at the heart of the proof of the local-to-global principle for Morse actions.

Since [Kapovich et al. 2014] was originally posted, several improvements on the material of its Section 7
and, hence, of the present paper were made:

(a) Different forms of combination theorems for Anosov subgroups were proven in [Dey et al. 2019]
and [Dey and Kapovich 2023; 2025], written in collaboration with Subhadip Dey. The first one was a
generalization of the technique in Section 4.2 of the present paper, but the other two generalizations are
based on a form of the ping-pong argument.

(b) Explicit estimates in the local-to-global principle for Morse quasigeodesics and, hence, Morse embed-
dings, were obtained by Max Riestenberg [2025]. Riestenberg’s estimates are based on replacing certain
limiting arguments used in the present paper with differential-geometric and Lie-theoretic arguments.

Organization of the paper The notions of Morse quasigeodesics and actions are discussed in detail
in Section 3. In that section, among other things, we establish local-to-global principles for Morse
quasigeodesics.

In Section 4 we apply local-to-global principles to discrete subgroups of Lie groups: We show that
Morse actions are structurally stable and algorithmically recognizable. We also construct Morse–Schottky
actions of free groups on symmetric spaces. In Appendices A and B we prove further properties of Morse
quasigeodesics that we found to be useful in our work.

Acknowledgements Kapovich was supported by NSF grants DMS-12-05312 and DMS-16-04241, by
KIAS (the Korea Institute for Advanced Study) through the KIAS scholar program, and by a Simons
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this work was done. We are grateful to the referee for carefully reading the paper and for making various
useful suggestions.
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2 Preliminaries

2.1 Basic notions of geometry of symmetric spaces

Throughout the paper we will be using definitions, notation and results of our earlier work. For the
reader’s convenience, we also review these notions in detail in Appendix B.

We refer the reader to our earlier papers for the various notions related to symmetric spaces such as
polyhedral Finsler metrics on symmetric spaces [Kapovich and Leeb 2018b], the opposition involution � of
�mod, model faces �mod of �mod and the associated �mod-flag-manifolds Flag.�mod/ [Kapovich et al. 2017,
Sections 2.2.2 and 2.2.3], Weyl-convex subsets ‚� �mod [Kapovich et al. 2017, Definition 2.7], type map
� W @1X ! �mod, open Schubert cells C.�/� Flag.�mod/ [Kapovich et al. 2017, Section 2.4], �-valued
distances d� on X [Kapovich et al. 2017, Section 2.6], ‚-regular geodesic segments (see [Kapovich et al.
2017, Section 2.5.3]), parallel sets, stars, open stars and ‚-stars, st.�/, ost.�/, and st‚.�/, Weyl sectors
V .x; �/ [Kapovich et al. 2017, Section 2.4], Weyl cones V .x; st.�// and ‚-cones V .x; st‚.�//, diamonds
}�mod.x;y/ and ‚-diamonds }‚.x;y/ [Kapovich et al. 2017, Section 2.5], �mod-regular sequences and
groups [Kapovich et al. 2017, Section 4.2], �mod-convergence subgroups, flag-convergence, the Finsler
interpretation of flag-convergence (see [Kapovich and Leeb 2018b, Sections 4.5 and 5.2] and [Kapovich
et al. 2017]), �mod-limit sets ƒ�mod.�/ � Flag.�mod/ [Kapovich et al. 2017, Section 4.5]), visual limit
set [Kapovich et al. 2017, page 4], uniformly �mod-regular sequences and subgroups [Kapovich et al.
2017, Section 4.6]), Morse subgroups [Kapovich et al. 2017, Section 5.4] and, more generally, Morse
quasigeodesics and Morse maps [Kapovich et al. 2018b, Definitions 5.31 and 5.33]), antipodal limit
sets [Kapovich et al. 2017, Definition 5.1] and antipodal maps to flag-manifolds [Kapovich et al. 2018b,
Definition 6.11].

In the paper we will be frequently using convexity of ‚-cones in X :

Proposition 2.1 [Kapovich et al. 2017, Proposition 2.10] For every Weyl-convex subset ‚� st.�mod/,
for every x 2X and � 2 Flag.�mod/, the cone V .x; st‚.�//�X is convex.

2.2 Standing notation and conventions
� We will use the notation X for a symmetric space of noncompact type, G for a semisimple Lie

group acting isometrically and transitively on X, and K for a maximal compact subgroup of G, so
that X is diffeomorphic to G=K. We will assume that G is commensurable with the isometry group
Isom.X / in the sense that we allow finite kernel and cokernel for the natural map G! Isom.X /.
In particular, the image of G in Isom.X / contains the identity component Isom.X /o.

� We let �mod � �mod be a fixed �-invariant face type.

� We will use the notation xn
f
�! � 2 Flag.�mod/ for the flag-convergence of a �mod-regular sequence

xn 2X to a simplex � 2 Flag.�mod/.

Geometry & Topology, Volume 29 (2025)
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� We will be using the notation ‚;‚0 for an �-invariant, compact, Weyl-convex [Kapovich et al.
2017, Definition 2.7] subset of the open star ost.�mod/� �mod.

� We will always assume that ‚<‚0, meaning that ‚� int.‚0/.

� Constants L;A;D; �; ı; l; a; s;S are meant to be always strictly positive and L� 1.

2.3 �-angles

We fix as auxiliary datum an �-invariant type � D �mod 2 int.�mod/. (We will omit the subscript in �mod in
order to avoid cumbersome notation for �-angles.) For a simplex � � @1X of type �mod, ie � 2Flag.�mod/,
we define �.�/ 2 � as the ideal point of type �mod. Given two such simplices �˙ 2 Flag.�mod/ and a point
x 2X, define the �-angles

.2.2/ †
�
x.��; �C/ WD †

�
x.��; �C/ WD †x.��; �C/;

where �˙ D �.�˙/.

Similarly, define the �-Tits angle

.2.3/ †
�
Tits.��; �C/D†

�
Tits.��; �C/ WD †Tits.��; �C/D†x.��; �C/;

where x belongs to a flat F � X such that ��; �C � @TitsF . Then simplices �˙ (of the same type) are
antipodal if and only if

†
�
Tits.��; �C/D �

for some, equivalently, every, choice of � as above.

Remark 2.4 We observe that the ideal points �˙ are opposite, †Tits.��; �C/D � , if and only if they can
be seen under angle ' � (ie close to �) from some point in X. More precisely, there exists �.�mod/ such
that:

If †x.��; �C/ > � � �.�mod/ for some point x, then �˙ are opposite.

This follows from the angle comparison †x.��; �C/�†Tits.��; �C/ and the fact that the Tits distance
between ideal points of the fixed type �mod takes only finitely many values.

For a �mod-regular unit tangent vector v 2 TxX we denote by �.v/ � @1X the unique simplex of
type �mod such that ray �v with the initial direction v represents an ideal point in ost.�.v//. We put
�.v/ D �.xy/ D �.�.v//, where xy is a geodesic segment in X with the initial direction v. Note that
�.v/ depends continuously on v 2 TX.

For a �mod-regular segment xy in X we let �.xy/D �.v/, where v is the unit vector tangent to xy.

For �mod-regular segments xy;xz and � 2 Flag.�mod/, we define the �-angles

.2.5/ †
�
x.�;y/D†

�
x.y; �/D†

�
x.�.xy/; �/; and †

�
x.y; z/D†

�
x.�.xy/; �.xz//:

Geometry & Topology, Volume 29 (2025)
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Note that the �-angle †�x.y; z/ depends not on y; z but rather on the simplices �.xy/; �.xz/. These
�-angles will play the role of angles the between diamonds }�mod.x;y/ and }�mod.x; z/, meeting at x.
Note that if X has rank 1, then the �-angles are just the ordinary Riemannian angles.

We observe that compactness of the set of ‚-regular unit vectors in TxX and transitivity of the G-action
on X imply that the map v 7! �.v/ from the set of ‚-regular unit vectors to G� is uniformly continuous.
This implies uniform continuity of the �-angle function †�x.�;y/.

2.4 Distances to parallel sets versus angles

In this section we collect some geometric facts regarding parallel sets in symmetric spaces, primarily
dealing with estimation of distances from points in X to parallel sets.

Remark 2.6 The constants and functions in this section are not explicit, and their existence is proven by
compactness arguments. For explicit computations here and in Theorem 3.18, we refer the reader to the
PhD thesis of Max Riestenberg [2025].

We first prove a lemma which strengthens Corollary 2.46 of [Kapovich et al. 2017].

Lemma 2.7 Suppose that �˙ are antipodal simplices in @TitsX. Then every geodesic ray 
 asymptotic to
a point � 2 ost.�C/ is strongly asymptotic to a geodesic ray in P .��; �C/.

Proof If � belongs to the interior of the simplex �C, then the assertion follows from Corollary 2.46 of
[Kapovich et al. 2017]:

Weyl sectors V .x1; �/ and V .x2; �/ are strongly asymptotic if and only if x1 and x2 lie in the
same horocycle at � .

We now consider the general case. Suppose that � belongs to an open simplex int.� 0/ such that � is a face
of � 0. Then there exists an apartment a� @TitsX containing both � (and, hence, � 0 as well as �) and the
simplex ��. Let F �X be the maximal flat with @1F D a. Then F contains a geodesic asymptotic to
points in �� and �C. Therefore, F is contained in P .��; �C/. On the other hand, by Corollary 2.46 of
[Kapovich et al. 2017], applied to the simplex � 0, we conclude that 
 is strongly asymptotic to a geodesic
ray in F .

The following lemma provides a quantitative strengthening of the conclusion of Lemma 2.7:

Lemma 2.8 Let ‚ be a compact subset of ost.�C/. Then those rays x� with �.�/ 2 ‚ are uniformly
strongly asymptotic to P .��; �C/, ie d. � ;P .��; �C// decays to zero along them uniformly in terms of
d.x;P .��; �C// and ‚.

Proof Suppose that the assertion of lemma is false, ie there exists � > 0, a sequence Ti 2RC diverging
to infinity, and a sequence of rays �i D xi�i with �i 2‚ and d.xi ;P .��; �C//� d , such that

.2.9/ d.y;P .��; �C//� � for all y 2 �.Œ0;Ti �/:

Geometry & Topology, Volume 29 (2025)
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Using the action of the stabilizer of P .��; �C/, we can assume that the points xi belong to a certain compact
subset of X. Therefore, the sequence of rays xi�i subconverges to a ray x� with d.x;P .��; �C// � d

and � 2‚. The inequality (2.9) then implies that the entire limit ray x� is contained outside of the open
�-neighborhood of the parallel set P .��; �C/. However, in view of Lemma 2.7, the ray x� is strongly
asymptotic to a geodesic in P .��; �C/. Contradiction.

We next relate distances from points x 2 X to parallel sets and the �-angles at x. Suppose that the
simplices �˙, equivalently, the ideal points �˙ D �.�˙/ (see Section 2.3), are opposite. Then

†
�
x.��; �C/D†x.��; �C/D �

if and only if x lies in the parallel set P .��; �C/. Furthermore, †�x.��; �C/' � if and only if x is close
to P .��; �C/, and both quantities control each other near the parallel set. More precisely:

Lemma 2.10 (i) If d.x;P .��; �C//� d , then †�x.��; �C/� � � �.d/ with �.d/! 0 as d ! 0.

(ii) For sufficiently small �, � � �0.�mod/, we have: The inequality †�x.��; �C/ � � � � implies that
d.x;P .��; �C//� d.�/ for some function d.�/ which converges to 0 as �! 0.

Proof The intersection of parabolic subgroups P�� \P�C preserves the parallel set P .��; �C/ and acts
transitively on it. Compactness and the continuity of †� .��; �C/ therefore imply that � �†� .��; �C/
attains on the boundary of the tubular r -neighborhood of P .��; �C/ a strictly positive maximum and
minimum, which we denote by �1.r/ and �2.r/. Furthermore, �i.r/! 0 as r! 0. We have the estimate

� ��1.d.x;P .��; �C///�†x.��; �C/� � ��2.d.x;P .��; �C///:

The functions �i.r/ are (weakly) monotonically increasing. This follows from the fact that, along rays
asymptotic to �� or �C, the angle†� .��; �C/ is monotonically increasing and the distance d. � ;P .��; �C//

is monotonically decreasing. The estimate implies the assertions.

The control of d. � ;P .��; �C// and †� .��; �C/ “spreads” along the Weyl cone V .x; st.�C//, since the
latter is asymptotic to the parallel set P .��; �C/. Moreover, the control improves if one enters the cone
far into a �mod-regular direction. More precisely:

Lemma 2.11 Let y 2 V .x; st‚.�C// be a point with d.x;y/� l .

(i) If d.x;P .��; �C//� d , then

d.y;P .��; �C//�D0.d; ‚; l/� d;

with D0.d; ‚; l/! 0 as l!C1.

(ii) For sufficiently small �, � � �0.�mod/, we have: If †x.��; �C/� � � �, then

†y.��; �C/� � � �
0.�;‚; l/� � � �.d.�//;

with �0.�;‚; l/! 0 as l!C1.

Geometry & Topology, Volume 29 (2025)



2350 Michael Kapovich, Bernhard Leeb and Joan Porti

Proof The distance from P .��; �C/ takes its maximum at the tip x of the cone V .x; st.�C//, because it
is monotonically decreasing along the rays x� for � 2 st.�C/. This yields the right-hand bounds d and,
applying Lemma 2.10 twice, �.d.�//.

Those rays x� with uniformly �mod-regular type �.�/2‚ are uniformly strongly asymptotic to P .��; �C/,
ie d. � ;P .��; �C// decays to zero along them uniformly in terms of d and ‚; see Lemma 2.8. This yields
the decay D0.d; ‚; l/! 0 as l!C1. The decay of �0 follows by applying Lemma 2.10 again.

3 Morse maps

In this section we investigate the Morse property of sequences and maps. The main aim of this section
is to establish a local criterion for being Morse. To do so we introduce a local notion of straightness
for sequences of points in X. Morse sequences are in general not straight, but they become straight
after suitable modification, namely by sufficiently coarsifying them and then passing to the sequence of
successive midpoints. Conversely, the key result is that sufficiently spaced straight sequences are Morse.
We conclude that there is a local-to-global characterization of the Morse property.

3.1 Morse quasigeodesics

Definition 3.1 (Morse quasigeodesic) A .‚;D;L;A/-Morse quasigeodesic in X is an .L;A/-quasi-
geodesic p W I ! X (defined on an interval I � R) such that for all t1; t2 2 I , the subpath pjŒt1;t2� is
D-close to a ‚-diamond }‚.x1;x2/ with d.xi ;p.ti//�D.

We will refer to a quadruple .‚;D;L;A/ as a Morse datum and abbreviate M D .‚;D;L;A/. Set
M CD0 D .‚;DCD0;L;AC 2D0/. We say that M contains ‚ if M has the form .‚;D;L;A/ for
some D � 0, L� 1, A� 0.

The following lemma is immediate from the definition of an M -Morse quasigeodesic.

Lemma 3.2 (perturbation lemma) If p;p0 are paths in X such that p is M -Morse and d.p;p0/�D0,
then p0 is M CD0-Morse.

A Morse quasigeodesic p is called a Morse ray if its domain is a half-line. If I D R, then a Morse
quasigeodesic is called a Morse quasiline.

Morse quasirays do not in general converge at infinity (in the visual compactification of X ), but they
�mod-converge at infinity. This is a consequence of:

Lemma 3.3 (conicality) Every Morse quasiray p W Œ0;1/!X is uniformly Hausdorff close to a subset
of a cone V .p.0/; st‚.�// for a unique simplex � of type �mod.
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Proof The subpaths pjŒ0;t0� are uniformly Hausdorff close to ‚-diamonds. These subconverge to a cone
V .x; st‚.�// x uniformly close to p.0/ and � a simplex of type �mod. This establishes the existence.
Since p.n/

f
�! � , the uniqueness of � follows from the uniqueness of �mod-limits; see [Kapovich et al.

2017, Lemma 4.23].

Definition 3.4 (end of Morse quasiray) We call the unique simplex given by the previous lemma the
end of the Morse quasiray p W Œ0;1/!X , and denote it by

p.C1/ 2 Flag.�mod/:

Hausdorff close Morse quasirays have the same end by Lemma 3.3. In Section 3.3 we will prove uniform
continuity of ends of Morse quasirays with respect to the topology of coarse convergence of quasirays.

3.2 Morse maps

We now turn to Morse maps with more general domains (than just intervals).

Definition 3.5 Let Y be a Gromov-hyperbolic geodesic metric space. A map f W Y ! X is called
M -Morse if it sends geodesics in Y to M -Morse quasigeodesics.

Thus, every Morse map is a quasiisometric embedding. While this definition makes sense for general
metric spaces, in [Kapovich et al. 2018b] we proved that the domain of a Morse map is necessarily
hyperbolic.

More generally, one can define Morse maps on quasigeodesic metric spaces:

Definition 3.6 (quasigeodesic metric space) A metric space Z is called .l; a/-quasigeodesic if all
pairs of points in Y can be connected by .l; a/-quasigeodesics. A space is called quasigeodesic if it is
.l; a/-quasigeodesic for some pair of parameters l; a.

Every quasigeodesic space is quasiisometric to a geodesic metric space. Namely, if Z is a .�; ˛/-
quasigeodesic space then it is quasiisometric to the 1-skeleton of its .�C˛/-Rips complex (one proves
this by repeating the proof of [Drut,u and Kapovich 2018, Theorem 8.52]). The quasigeodesic spaces
considered in this paper are discrete groups equipped with word metrics, for which the claim is clear
since we can use the Cayley graph as the geodesic space. The next definition is a slight generalization of
the notion of Morse maps defined above.

Definition 3.7 (Morse embedding) Let .‚;D;L;A/ be a Morse datum. An .‚;D;L;A; l; a/-Morse
embedding from an .l; a/-quasigeodesic space Z into X is a map f W Z ! X which sends .l; a/-
quasigeodesics in Z to .‚;D;L;A/-Morse quasigeodesics in X.
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Of course, every .l; a/-quasigeodesic metric space is also .l 0; a0/-quasigeodesic space for any l 0� l; a0�a.
The next lemma shows that this choice of quasigeodesic constants is essentially irrelevant.

Lemma 3.8 Let f WZ! X be a map from a Gromov-hyperbolic .l; a/-quasigeodesic space Z. If f
is M D .‚;D;L;A; l; a/-Morse then for any .l 0; a0/, it sends .l 0; a0/-quasigeodesics in Z to M 0 D

.‚;D0;L0;A0/-Morse quasigeodesics in X. Here the datum M 0 depends only on M; l 0; a0 and the
hyperbolicity constant ı of Z.

Proof This follows from the definition of Morse quasigeodesics, and the Morse lemma applied to Z.

Notice that the parameter ‚ in the Morse datum M 0 is the same as in M . Hence, we arrive at:

Definition 3.9 A map f WZ!X of a quasigeodesic hyperbolic space Z is called ‚-Morse if it sends
uniform quasigeodesics in Z to ‚-Morse uniform quasigeodesics in X.

This notion depends only on the quasiisometry class of Z, ie the precomposition of a‚-Morse embedding
with a quasiisometry is again ‚-Morse. For this to be true we have to require control on the images of
quasigeodesics of arbitrarily bad (but uniform) quality.

Let � be a hyperbolic group with a fixed finite generating set S , and let Y be the Cayley graph of � with
respect to S . For x 2X, an isometric action � Õ X determines the orbit map ox W �! �x �X. Every
such map extends to the Cayley graph Y of � , sending edges to geodesics in X.

Definition 3.10 An isometric action � Õ X , or a representation � W �!G, is called M -Morse (with
respect to a basepoint x 2X ) if the (extended) orbit map ox W Y !X is M -Morse. Similarly, a subgroup
� <G is Morse if the inclusion homomorphism � ,!G is Morse.

The Morse property of an action and the parameter ‚, of course, do not depend on the choice of a
generating set of � and a basepoint x, but the triple .D;L;A/ does. Thus, it makes sense to talk about
‚-Morse and �mod-Morse actions of hyperbolic groups, where ‚� ost.�mod/. In [Kapovich et al. 2017;
2018b] and [Kapovich and Leeb 2018b] we gave many alternative definitions of Morse actions, including
the equivalence of this definition to the notion of Anosov subgroups.

3.3 Continuity at infinity

Let X;Y be proper metric spaces. We fix a basepoint y 2 Y .

Definition 3.11 A sequence of maps fn W Y ! X is said to coarsely converge to a map f W Y ! X if
there exists C <1 such that for every R there exists N DN.C;R/ for which

d.fnjB; f jB/� C for all n�N;

where B D B.y;R/.
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Note the difference between this definition and the notion of uniform convergence on compacts: since we
are working in the coarse setting, requiring the distance between maps to be less than � close to zero is
pointless.

In view of the Arzelà–Ascoli theorem, the space of .L;A/-coarse Lipschitz maps Y ! X sending y

to a fixed bounded subset of X is coarsely sequentially compact: every sequence contains a coarsely
converging subsequence.

In the next lemma we assume that Y is a geodesic ı-hyperbolic space and X is a symmetric space of
noncompact type. The lemma itself is an immediate consequence of the perturbation lemma, Lemma 3.2.

Lemma 3.12 Suppose that pn WRC!X is a sequence of M -Morse rays which coarsely converges to a
map p WRC!X. Then p is M 0-Morse , where M 0 DM CC and the constant C is the one appearing in
the definition of coarse convergence.

In particular, a coarse limit of a sequence of (uniformly) Morse quasigeodesics is again Morse.

For the next lemma, we equip the flag-manifold FD Flag.�mod/ with some background metric dF.

Lemma 3.13 Suppose that pn W RC ! X is a sequence of M -Morse rays coarsely converging to a
M -Morse ray p W RC! X. Then the sequence �n WD pn.1/ of ends of the quasirays pn converges to
� D p.1/. Moreover , the latter convergence is uniform in the following sense. For every � > 0 there
exists n0 depending only on M and C and N.R;C / (appearing in Definition 3.11) such that for all
n� n0, dF.�n; �/� �.

Proof Suppose that the claim is false. Then in view of coarse compactness of the space of M -Morse
maps sending y to a fixed compact subset of X, there exists a sequence .pn/ as in the lemma, coarsely
converging to p, such that the sequence pn.1/ D �n converges to � 0 ¤ p.1/ D � . By the coarse
convergence pn!p, there exists C <1 and a sequence tn!1 such that d.pn.tn/;p.tn//�C . By the
definition of Morse quasigeodesics, there exists a sequence of cones V .xn; st.�n// (with xn in a bounded
subset B �X ) such that the image of pn is contained in the D-neighborhood of V .xn; st.�n//. Thus, the
sequence .pn.tn// flag-converges to � 0, while .p.tn// flag-converges to � . According to [Kapovich et al.
2017, Lemma 4.23], altering a sequence by a uniformly bounded amount does not change the flag-limit.
Therefore, the sequence .p.tn// also flag-converges to � 0. Hence, � D � 0. A contradiction.

3.4 A Morse lemma for straight sequences

In order to motivate the results of this section we recall the following sufficient condition for a piecewise
geodesic path in a Hadamard manifold Y of curvature � �1 to be quasigeodesic; see eg [Kapovich and
Liu 2019].
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Proposition 3.14 Suppose that c is a piecewise geodesic path in Y whose angles at the vertices are�˛>0

and whose edges are longer than L, where ˛ and L satisfy

.3.15/ cosh.L=2/ sin.˛=2/� � > 1:

Then c is an .L.�/;A.�//-quasigeodesic.

By considering c with vertices on a horocycle in the hyperbolic plane, one sees that the inequality in this
proposition is sharp.

Corollary 3.16 If L is sufficiently large and ˛ is sufficiently close to � , then c is (uniformly) quasi-
geodesic.

In higher rank, we do not have an analogue of the inequality (3.15); instead, we will be generalizing the
corollary. However, angles in the corollary will be replaced with �-angles. We will show (in a “string of
diamonds” theorem, Theorem 3.30) that if a piecewise geodesic path c in X has sufficiently long edges,
and �-angles between consecutive segments sufficiently close to � , then c is M -Morse for a suitable
Morse datum.

In the following, we consider finite or infinite sequences .xn/ of points in X. For the next definition, we
remind the reader of the definition of �-angles given in (2.5).

Definition 3.17 (straight and spaced sequence) We call a sequence .xn/ .‚; �/-straight if the segments
xnxnC1 are ‚-regular and

†
�
xn
.xn�1;xnC1/� � � �

for all n. We call it l-spaced if the segments xnxnC1 have length � l .

Note that every straight sequence can be extended to a biinfinite straight sequence.

Straightness is a local condition. The goal of this section is to prove the following local-to-global result
asserting that sufficiently straight and spaced sequences satisfy a higher-rank version of the Morse lemma
(for quasigeodesics in hyperbolic space).

Theorem 3.18 (Morse lemma for straight spaced sequences) For ‚;‚0; ı there exist l; � such that
every .‚; �/-straight l-spaced sequence .xn/ is ı-close to a parallel set P .��; �C/ with simplices �˙
of type �mod, and it moves from �� to �C in the sense that its nearest-point projection xxn to P .��; �C/

satisfies

.3.19/ xxn˙m 2 V .xxn; st‚0.�˙// for all n and m� 1:

Remark 3.20 (global spacing) (1) As a corollary of this theorem, we will show that straight spaced
sequences are quasigeodesic:

d.xn;xnCm/� clm� 2ı

with a constant c D c.‚0/ > 0. See Corollary 3.29. In particular, by interpolating the sequence
.xn/ via geodesic segments we obtain a Morse quasigeodesic in X.
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(2) Theorem 3.18 is a higher-rank generalization of two familiar facts from geometry of Gromov-
hyperbolic geodesic metric spaces: The fact that local quasigeodesics (with suitable parameters)
are global quasigeodesics and the Morse lemma stating that quasigeodesics stay uniformly close to
geodesics. In the higher rank, quasigeodesics, of course, need not be close to geodesics, but, instead
(under the straightness assumption), are close to diamonds/Weyl cones/parallel sets. A different
version of the same phenomenon is established in our paper [Kapovich et al. 2018b, Theorem 1.3],
where closeness of certain quasigeodesics to diamonds/Weyl cones/parallel sets is proven under the
uniform �mod-regularity (rather than the straightness) assumption. As far as we know, neither result
directly implies the other, ie neither uniform regularity directly implies straightness, nor vice-versa.

(3) One can obviously strengthen the Corollary 3.16 by stating that for each � < � there exists
L0.�/ such that if ˛ � � � � and L � L0.�/, then c is a uniform quasigeodesic in X. A similar
strengthening is false for symmetric spaces of rank � 2. For instance, when W ŠS3 and �D 2�=3,
then no matter what ‚;‚0 and l are, the conclusion of Theorem 3.18 fails already for sequences
contained in a single flat.

In order to prove the theorem, we start by considering half-infinite sequences and prove that they keep
moving away from an ideal simplex of type �mod if they do so initially.

For the next definition we recall the definition of �-angles given in Section 2.3. Given a face � � @TitsX

of type �mod and distinct points x;y 2X, we have the angle

†
�
x.�;y/ WD †

�
x.z;y/D†x.z; �.xy//;

where z is a point (distinct from x) on the geodesic ray x� , where � 2 � is the point of type �. (See (2.5).)

Definition 3.21 (moving away from an ideal simplex) We say that a sequence .xn/ moves �-away from
a simplex � of type �mod if

†
�
xn
.�;xnC1/� � � � for all n:

Lemma 3.22 (moving away from ideal simplices) For small � and large l , � � �0 and l � l.�;‚/, the
following holds:

If the sequence .xn/n�0 is .‚; �/-straight l-spaced and if

†
�
x0
.�;x1/� � � 2�;

then .xn/ moves �-away from � .

Proof By Lemma 2.11(ii), the unit-speed geodesic segment c W Œ0; t1�! X from p.0/ to p.1/ moves
�.d.2�//-away from � at all times, and �0.2�;‚; l/-away at times� l , which includes the final time t1. For
l.�;‚/ sufficiently large, we have �0.2�;‚; l/� �. Then c moves �-away from � at time t1, which means
that †�x1

.�;x0/� �. Straightness at x1 and the triangle inequality yield that again †�x1
.�;x2/� � � 2�.

One proceeds by induction.
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Note that there do exist simplices � satisfying the hypothesis of the previous lemma. For instance, one
can extend the initial segment x0x1 backwards to infinity and choose � D �.x1x0/.

Now we look at biinfinite sequences.

We assume in the following that .xn/n2Z is .‚; �/-straight l-spaced for small � and large l . As a first
step, we study the asymptotics of such sequences and use the argument for Lemma 3.22 to find a pair of
opposite ideal simplices �˙ such that .xn/ moves from �� towards �C.

Lemma 3.23 (moving towards ideal simplices) For small � and large l , � � �0 and l � l.�;‚/, the
following holds:

There exists a pair of opposite simplices �˙ of type �mod such that the inequality

.3.24/ †
�
xn
.��;xn˙1/� � � 2�

holds for all n.

Proof 1. For every n define a compact set C
�
n � Flag.�mod/

C˙n D f�˙ W †
�
xn
.�˙;xn�1/� � � 2�g:

As in the proof of Lemma 3.22, straightness at xnC1 implies that C�n �C�
nC1

. Hence the family fC�n gn2Z

form a nested sequence of nonempty compact subsets and therefore have nonempty intersection containing
a simplex ��. Analogously, there exists a simplex �C which belongs to CCn for all n.

2. It remains to show that the simplices ��; �C are antipodal. Using straightness and the triangle
inequality, we see that

.?/ †
�
xn
.��; �C/� � � 5�

for all n. Hence, if 5� < �.�/, then the simplices ��; �C are antipodal in view of Remark 2.4.

The pair of opposite simplices .��; �C/ which we found determines a parallel set in X. The second step
is to show that .xn/ is uniformly close to it.

Lemma 3.25 (close to parallel set) For small � and large l , � � �.ı/ and l � l.‚; ı/, the sequence .xn/

is ı-close to P .��; �C/.

Proof The statement follows from the combination of the inequality (?) in the second part of the proof
of Lemma 3.23, and Lemma 2.10.

The third and final step of the proof is to show that the nearest point projection .xxn/ of .xn/ to P .��; �C/

moves from �� towards �C.

Lemma 3.26 (projection moves towards ideal simplices) For small � and large l , with � � �0 and
l � l.�;‚;‚0/, the segments xxnxxnC1 are ‚0-regular and

†
�
xxn
.��; xxnC1/D � for all n:

Geometry & Topology, Volume 29 (2025)



Morse actions of discrete groups on symmetric spaces: local-to-global principle 2357

Proof By the previous lemma, .xn/ is ı0-close to P .��; �C/ if �0 is sufficiently small and l is sufficiently
large. Since xnxnC1 is ‚-regular, the triangle inequality for �-lengths yields that the segment xxnxxnC1 is
‚0-regular, again if l is sufficiently large.

Let �C denote the ideal endpoint of the ray extending this segment, ie xxnC1 2 xxn�C. Then xnC1 is
2ı0-close to the ray xn�C. We obtain that (in view of the uniform continuity of �-angles observed in
Section 2.3)

†
�
Tits.��; �C/�†

�
xn
.��; �C/'†

�
xn
.��;xnC1/' �;

where the last step follows from inequality (3.24). The discreteness of Tits distances between ideal points
of fixed type � implies that in fact

†
�
Tits.��; �C/D �;

ie the ideal points �.��/ and �.�C/ are antipodal. But the only simplex opposite to �� in @1P .��; �C/

is �C, so �.�C/D �C and
†
�
xxn
.��; xxnC1/D†

�
xxn
.��; �C/D �;

as claimed.

Proof of Theorem 3.18 It suffices to consider biinfinite sequences.

The conclusion of Lemma 3.26 is equivalent to xxnC1 2 V .xxn; st‚0.�C//. Combining Lemmas 3.25
and 3.26, we thus obtain the theorem for mD 1.

The convexity of ‚0-cones, cf Proposition 2.1, implies that

V .xxnC1; st‚0.�C//� V .xxn; st‚0.�C//;

and the assertion follows for all m� 1 by induction.

Remark 3.27 The conclusion of the theorem implies flag-convergence x˙n! �˙ as n!C1. However,
the sequences .xn/n2˙N do not in general converge at infinity, but accumulate at compact subsets
of st‚0.�˙/.

3.5 Lipschitz retractions to straight paths

Consider a (possibly infinite) closed interval J in R; we will assume that J has integer or infinite bounds.
Suppose that p W J \Z! P D P .��; �C/ � X is an l-separated, �-Lipschitz, .‚; 0/-straight coarse
sequence pointing away from �� and towards �C. We extend p to a piecewise geodesic map p W J ! P

by sending intervals Œn; nC1� to geodesic segments p.n/p.nC1/ via affine maps. We retain the name p

for the extension.

Lemma 3.28 There exists LDL.l; �;‚/ and an L-Lipschitz retraction of X to p, ie an L-Lipschitz
map r WX ! J such that r ıp D Id. In particular , p W J \Z!X is an .xL; xA/-quasigeodesic , where xL
and xA depend only on l , � and ‚.
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Proof It suffices to prove existence of a retraction. Since P is convex in X, it suffices to construct a map
P ! J . Pick a generic point � D �C 2 �C and let b� W P !R denote the Busemann function normalized
so that b�.p.z//D 0 for some z 2 J \Z. Then the ‚-regularity assumption on p implies that the slope
of the piecewise linear function b� ıp W J !R is strictly positive, bounded away from 0. The assumption
that p is l-separated �-Lipschitz implies that

l � jp0.t/j � �

for each t (where the derivative exists). The straightness assumption on p implies that the function
h WD b� ıp W J ! R is strictly increasing. By combining these observations, we conclude that h is an
L-bi-Lipschitz homeomorphism to h.J / for some LDL.l; �;‚/. Let � WR! J denote the nearest-point
projection to the interval J ; it is a 1-Lipschitz map. Lastly, we define

r W P ! J by r D h�1
ı � ı b� :

Since b� is 1-Lipschitz, the map r is L-Lipschitz. By the construction, r ıp D Id.

Corollary 3.29 Fix ı > 0 and ‚;‚0 such that ‚� int.‚0/. Let l D l.l; ‚;‚0; ı/ and �D �.l; ‚;‚0; ı/
be the constants as in Theorem 3.18. Suppose that p W J \Z! X is an l-spaced , �-Lipschitz, .‚; �/-
straight sequence. Then for LDL.l � 2ı; �C 2ı;‚0/ we have:

(1) There exists an .L; 2ı/-coarse Lipschitz retraction X ! J .

(2) The map p is a .‚0;D0;L0;A0/-quasigeodesic with D0;L0;A0 depending only on l; �;‚;‚0; �.

Proof The statement immediately follows the above lemma combined with Theorem 3.18.

Reformulating in terms of piecewise geodesic paths, we obtain:

Theorem 3.30 (string of diamonds theorem) For any pair of Weyl convex subsets ‚<‚0 and a number
D� 0, there exist positive numbers �, S , L, A depending on the datum .‚;‚0;D/ such that the following
holds.

Suppose that c is an arc-length parametrized piecewise geodesic path (finite or infinite) in X obtained by
concatenating geodesic segments xixiC1 such that , for all i ,

(1) each segment xixiC1 is ‚-regular and has length � S , and

(2) †�xi
.xi�1;xiC1/� � � �.

Then the path c is .‚0;D;L;A/-Morse.

3.6 Local Morse quasigeodesics

According to Theorem 3.30, sufficiently straight and spaced straight piecewise geodesic paths are Morse.
In this section we will now prove that, conversely, the Morse property implies straightness in a suitable
sense, namely that for sufficiently spaced quadruples the associated midpoint triples are arbitrarily straight.
(For the quadruples themselves this is in general not true.)
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Definition 3.31 (quadruple condition) For points x;y 2 X , we let mid.x;y/ denote the midpoint
of the geodesic segment xy. A map p W I ! X satisfies the .‚; �; l; s/-quadruple condition if for all
t1; t2; t3; t4 2 I with t2� t1; t3� t2; t4� t3 � s, the triple of midpoints

.mid.t1; t2/;mid.t2; t3/;mid.t3; t4//

is .‚; �/-straight and l-spaced.

Proposition 3.32 (Morse implies quadruple condition) For L;A; ‚;‚0;D; �; l there exists a scale
s D s.L;A; ‚;‚0;D; �; l/ such that every .‚;D;L;A/-Morse quasigeodesic satisfies the .‚0; �; l; s0/-
quadruple condition for every s0 � s.

Proof Let p W I ! X be an .L;A; ‚;D/-Morse quasigeodesic, and let t1; : : : ; t4 2 I be such that
t2� t1; t3� t2; t4� t3 � s. We abbreviate pi WD p.ti/ and mi Dmid.pi ;piC1/.

Regarding straightness, it suffices to show that the segment m2m1 is‚0-regular and that†�m2
.p2;m1/�

1
2
�

provided s is sufficiently large in terms of the given data.

By the Morse property, there exists a diamond }‚.x1;x3/ such that

d.x1;p1/; d.x3;p3/�D and p2 2ND.}‚.x1;x3//:

The diamond spans a unique parallel set P .��; �C/. (Necessarily, we have x3 2 V .x1; st‚.�C// and
x1 2 V .x3; st‚.��//.)

We denote by xpi and xmi the projections of pi and mi to the parallel set.

We first observe that m2 (and m3) is arbitrarily close to the parallel set if s is large enough. If this
were not true, a limiting argument would produce a geodesic line at strictly positive finite Hausdorff
distance 2 .0;D� from P .��; �C/ and asymptotic to ideal points in st‚.�˙/. However, all lines asymptotic
to ideal points in st‚.�˙/ are contained in P .��; �C/.

Next, we look at the directions of the segments xm2 xm1 and xm2 xp2 and show that they have the same
�-direction. Since xp2 is 2D-close to V . xp1; st‚.�C//, the point xp1 is 2D-close to V . xp2; st‚.��//,
and hence also xm1 is 2D-close to V . xp2; st‚.��//. Therefore, xp1; xm1 2 V . xp2; st‚0.��// if s is large
enough. Similarly, xm2 2 V . xp2; st‚0.�C// and hence xp2 2 V . xm2; st‚0.��//. The convexity of ‚0-cones,
see Proposition 2.1, implies that also xm1 2 V . xm2; st‚0.��//. In particular, †�

xm2
. xp2; xm1/ D 0 if s is

sufficiently large.

Since m2 is arbitrarily close to the parallel set if s is sufficiently large, it follows by another limiting
argument that †�m2

.p2;m1/� �=2 if s is sufficiently large.

Regarding the spacing, we use that xm1 2 V . xp2; st‚0.��// and xm2 2 V . xp2; st‚0.�C//. It follows that

d. xm1; xm2/� c � .d. xm1; xp2/C d. xp2; xm2//

with a constant c D c.‚0/ > 0, and hence that d.m1;m2/� l if s is sufficiently large.
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Theorem 3.18 and Proposition 3.32 say that the Morse property for quasigeodesics is equivalent to
straightness (of associated spaced sequences of points). Since straightness is a local condition, this leads
to a local-to-global result for Morse quasigeodesics, namely that the Morse property holds globally if it
holds locally up to a sufficiently large scale.

Definition 3.33 (local Morse quasigeodesic) An S -local .‚;D;L;A/-Morse quasigeodesic in X is a
map p W I !X such that for all t0, the subpath pjŒt0;t0CS � is a .‚;D;L;A/-Morse quasigeodesic.

Note that local Morse quasigeodesics are uniformly coarse Lipschitz.

Theorem 3.34 (local-to-global principle for Morse quasigeodesics) For L;A; ‚;‚0;D there exist
S;L0;A0;D0 such that every S -local .‚;D;L;A/-local Morse quasigeodesic in X is an .‚0;D0;L0;A0/-
Morse quasigeodesic.

Proof We choose an auxiliary Weyl convex subset ‚00 such that ‚<‚00 <‚0.

Let p W I !X be an S -local .‚;D;L;A/-local Morse quasigeodesic. We consider its coarsification on
a (large) scale s and the associated midpoint sequence, ie we put ps

n D p.ns/ and ms
n Dmid.ps

n;p
s
nC1

/.

Whereas the coarsification itself does not in general become arbitrarily straight as the scale s increases,
this is true for its midpoint sequence due to Proposition 3.32. We want it to be sufficiently straight and
spaced so that we can apply to it the Morse lemma from Theorem 3.18. Therefore we first fix an auxiliary
constant ı, and further auxiliary constants l; � as determined by Theorem 3.18 in terms of ‚0; ‚00 and ı.
Then Proposition 3.32 applied to the .‚;D;L;A/-Morse quasigeodesics pjŒt0;t0CS � yields that .ms

n/ is
.‚00; �/-straight and l-spaced if S � 3s and the scale s is large enough depending on L;A; ‚;‚00;D; �; l .

Now we can apply Theorem 3.18 to .ms
n/. It yields a nearby sequence . xms

n/ with d. xms
n;m

s
n/� ı, which

has the following property: For all n1 < n2 < n3, the segments xms
n1
xms

n3
are uniformly regular and the

points ms
n2

are ı-close to the diamonds }‚0. xms
n1
; xms

n3
/.

Since the subpaths pjŒns;.nC1/s� filling in .ps
n/ are .L;A/-quasigeodesics (because S � s), and it follows

that for all t1; t2 2 I the subpaths pjŒt1;t2� are D0-close to ‚0-diamonds with D0 depending on L;A; s.

The conclusion of Theorem 3.18 also implies a global spacing for the sequence .ms
n/, compare Remark 3.20,

ie d.ms
n;m

s
n0/� c � jn� n0j with a positive constant c depending on ‚0; l . Hence p is a global .L0;A0/-

quasigeodesic with L0;A0 depending on L;A; s; c.

Combining this information, we obtain that p is an .‚0;D0;L0;A0/-Morse quasigeodesic for certain
constants L0;A0 and D0 depending on L;A; ‚;‚0 and D, provided that the scale S is sufficiently large
in terms of the same data.

3.7 Local-to-global principle for Morse maps

We now deduce from our local-to-global result for Morse quasigeodesics, Theorem 3.34, a local-to-global
result for Morse embeddings.
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We restrict to the setting of maps of Gromov-hyperbolic .l; a/-quasigeodesic metric spaces Z to symmetric
spaces X.

Definition 3.35 (local Morse embedding) We call a map f WZ!X an S-local .‚;D;L;A/-Morse
embedding if for any .l; a/-quasigeodesic q W I !Z defined on an interval I of length � S , the image
path f ı q is a .‚;D;L;A/-Morse quasigeodesic in X.

Theorem 3.36 (local-to-global principle for Morse embeddings of Gromov hyperbolic spaces) For
l; a;L;A; ‚;‚0;D there exists a scale S and a datum .D0;L0;A0/ such that every S -local .‚;D;L;A/-
Morse embedding from an .l; a/-quasigeodesic Gromov hyperbolic space into X is a .‚0;D0;L0;A0/-
Morse embedding.

Proof Let f WZ!X denote the local Morse embedding. It sends every .l; a/-quasigeodesic q W I !Z

to an S -local .‚;D;L;A/-Morse quasigeodesic pD f ıq in X. By Theorem 3.34, p is .L0;A0; ‚0;D0/-
Morse if S � S.l; a;L;A; ‚;‚0;D/, where L0;A0;D0 depend on the given data.

Below is a reformulation of this theorem in the case of geodesic Gromov-hyperbolic spaces.

Let Z be a ı-hyperbolic geodesic space. An R-ball B.z;R/ in Z need not be convex, but it is ı-
quasiconvex. In particular, the restriction of the metric from Z to B.z;R/ results in a .1; ı/-quasigeodesic
metric space.

Theorem 3.37 (local-to-global principle for Morse embeddings of geodesic spaces) For L, A, ‚,
‚0, D and ı there exists a scale R and a datum .D0;L0;A0/ such that if Z is a ı-hyperbolic geodesic
metric space and the restriction of f to any R-ball is .‚;D;L;A; 1; ı/-Morse , then f W Z ! X is
.‚0;D0;L0;A0/-Morse.

4 Group-theoretic applications

As a consequence of the local-to-global criterion for Morse maps, in this section we establish that the
Morse property for isometric group actions is an open condition. Furthermore, for two nearby Morse
actions, the actions on their �mod-limit sets are also close, ie conjugate by an equivariant homeomorphism
close to identity. In view of the equivalence of Morse property with the asymptotic properties discussed
earlier, this implies structural stability for asymptotically embedded groups. Another corollary of the
local-to-global result is the algorithmic recognizability of Morse actions.

We conclude the section by illustrating our technique by constructing Morse–Schottky actions of free
groups on higher-rank symmetric spaces.
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4.1 Stability of Morse actions

We consider isometric actions � Õ X of finitely generated groups.

Definition 4.1 (Morse action) We call an action � Õ X ‚-Morse if one (any) orbit map �! �x �X

is a ‚-Morse embedding with respect to a(ny) word metric on � . We call an action � Õ X �mod-Morse
if it is ‚-Morse for some �mod-Weyl convex compact subset ‚� ost.�mod/.

Remark 4.2 (Morse actions are �mod-regular and undistorted) (i) It follows immediately from the
definition of Morse quasigeodesics that ‚-Morse actions are �mod-regular for the simplex type �mod

determined by ‚.

(ii) Morse subgroups of G are undistorted in the sense that the orbit maps are quasiisometric embeddings.
In [Kapovich and Leeb 2018b] we prove that Morse subgroups of G satisfy a stronger property:
they are coarse Lipschitz retracts of G. This retraction property is stronger than nondistortion:
every finitely generated subgroup which is a coarse retract of G is undistorted in G, but there
are examples of undistorted subgroups which are not coarse retracts. For instance, the group
ˆ WD F2 �F2 admits an undistorted embedding in the isometry group of X DH2 �H2. On the
other hand, pick an epimorphism � W F2! Z and define the subgroup � < ˆ as the kernel of the
homomorphism

.
1; 
2/ 7! �.
1/��.
2/:

Then � is a finitely generated undistorted subgroup of ˆ (see eg [Ol’shanskii and Sapir 2001,
Theorem 2]), but is not finitely presented (see eg [Baumslag and Roseblade 1984]). Hence,
� <G D Isom.H2/� Isom.H2/ is undistorted but is not a coarse Lipschitz retract.

We denote by Hom�mod.�;G/� Hom.�;G/ the subset of �mod-Morse actions � Õ X.

By analogy with local Morse quasigeodesics, we define local Morse group actions � W � Õ X of a
hyperbolic group (with a fixed finite generating set):

Definition 4.3 An action � is called S-locally .‚;D;L;A/-locally Morse, or .‚;D;L;A/-locally
Morse on the scale S , with respect to a basepoint x 2 X, if the orbit map � ! � � x � X induces an
S -local .‚;D;L;A/-local Morse embedding of the Cayley graph of � .

According to our local-to-global result for Morse embeddings (see Theorem 3.37), an action of a word
hyperbolic group is Morse if and only if it is local Morse on a sufficiently large scale. Since this is a
finite condition, it follows that the Morse property is stable under perturbation of the action:

Theorem 4.4 (Morse is open for word hyperbolic groups) For any word hyperbolic group � the subset
Hom�mod.�;G/ is open in Hom.�;G/. More precisely , if � 2Hom�mod.�;G/ is M -Morse with respect to
a basepoint x 2X then there exists a neighborhood of � in Hom.�;G/ consisting entirely of M 0-Morse
representations with respect to x, where M 0 depends only on M .
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Proof Let � W � Õ X be a Morse action. We fix a word metric on � and a basepoint x 2X. Then there
exist data M D .L;A; ‚;D/ such that the orbit map � ! �x � X extends to a .‚;D;L;A/-Morse
map of the Cayley graph Y on � .

We relax the Morse parameters slightly, namely we consider .L;A; ‚;D/-Morse quasigeodesics as
.L;AC1; ‚;DC1/-Morse quasigeodesics satisfying strict inequalities. For every scale S , the orbit map
�!�x�X defines an .L;AC1; ‚;DC1;S/-local Morse embedding Y !X. Due to �-equivariance,
this is a finite condition in the sense that it is equivalent to a condition involving only finitely many orbit
points. Since we relaxed the Morse parameters, the same condition is satisfied by all actions sufficiently
close to �.

Theorem 3.37 provides a scale S such that all S -local .‚;DC 1;L;AC 1/-Morse embeddings Y !X

are M 0-Morse for some Morse datum M 0 depending only on .L;AC 1; ‚;DC 1;S/. It follows that
actions sufficiently close to � are �mod-Morse.

Lemma 4.5 Let ˆ be a finite group and G a semisimple Lie group with finitely many connected
components and finite center. Then Hom.ˆ;G/=G is finite , where g 2G act on representations � Wˆ!G

by postcompositions with the inner automorphism Inng of G defined by g,

� 7! Inng ı�:

Proof As before, we fix a maximal compact subgroup K <G. Since every homomorphism � Wˆ!G

has compact image, its image is conjugate to a subgroup of K. Thus, it suffices to prove finiteness
of Hom.ˆ;K/=K. The group K has the structure of a real-algebraic group; hence, Hom.ˆ;K/ also
has a natural structure of a compact (with respect to the Lie group topology of K) algebraic subset of
K �K � � � � �K (n times, where n is the number of generators of ˆ). For � 2 Hom.ˆ;K/ the Zariski
tangent space T�.Hom.ˆ;K/=K/ is isomorphic to the group of 1-cocycles

Z1.ˆ; kAd ı�/;

where we regard the Lie algebra k as a Rˆ-module via the composition of � and the adjoint representation
of K. For every finite groupˆ and an Rˆ-module M , we have H i.ˆ;M /D0 for all i >0; see eg [Brown
1982, Corollary 10.2]. Applying this to M D kAd ı�, we see that every point in Hom.ˆ;K/=K is isolated;
see eg [Raghunathan 1972, Theorem 6.7]. Since Hom.ˆ;K/=K is compact, it follows that it is finite.

Corollary 4.6 For every hyperbolic group � the space of faithful Morse representations

Hominj ;�mod.�;G/

is open in Hom�mod.�;G/.

Proof Every hyperbolic group � has the unique maximal finite normal subgroup ˆ G � (if � is not
elementary thenˆ is the kernel of the action of� on @1�). Since Morse actions are properly discontinuous,
the kernel of every Morse representation �!G is contained in ˆ. Since Hom.ˆ;G/=G is finite (see
Lemma 4.5), it follows that the set of faithful Morse representations is open in Hom�mod.�;G/.
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The result on the openness of the Morse condition for actions of word hyperbolic groups (see Theorem 4.4)
can be strengthened in the sense that the asymptotics of Morse actions vary continuously:

Theorem 4.7 (Morse actions are structurally stable) The boundary map at infinity of a Morse action
depends continuously on the action.

Proof According to Theorem 4.4 nearby actions are uniformly Morse. The assertion therefore follows
from the fact that the ends of Morse quasirays vary uniformly continuously; cf Lemma 3.13.

Remark 4.8 (i) Since the boundary maps at infinity are embeddings, the �-actions on the �mod-limit
sets are topologically conjugate to each other and, for nearby actions, by a homeomorphism close
to the identity.

(ii) In rank one, our argument yields a different proof for Sullivan’s structural stability theorem [1985]
for convex cocompact group actions on rank-one symmetric spaces. Other proofs can be found in
[Labourie 2006; Guichard and Wienhard 2012] (for Anosov subgroups in higher rank), [Corlette
1990; Izeki 2000; Bowditch 1998] for rank-one symmetric spaces.

Our next goal is to extend the topological conjugation from the limit set to the domains of proper
discontinuity. Recall that in [Kapovich et al. 2018a] we constructed domains of proper discontinuity and
cocompactness for �mod-Morse group actions on flag-manifolds Flag.�mod/D G=P�mod . Such domains
depend on a certain auxiliary datum, a balanced thickening Th�W, which is a W�mod-left invariant subset
satisfying certain conditions; see [Kapovich et al. 2018a, Section 3.4]. Let �mod � �mod be an �-invariant
face such that Th is invariant under the action of W�mod via the right multiplication (this is automatic if
�modD�mod since W�modDfeg). The thickening Th�W defines a thickening Th.ƒ�mod.�//�Flag.�mod/.
One of the main results of [Kapovich et al. 2018a] (Theorem 1.7) is that each �mod-Morse subgroup
� <G acts properly discontinuously and cocompactly on

�Th.�/ WD Flag.�mod/�Th.ƒ�mod.�//:

Theorem 4.9 (stability of Morse quotient spaces) Suppose that �n W�! �n.�/D�n <G is a sequence
of faithful �mod-Morse representations converging to a �mod-Morse embedding � W � ,!G. Then:

(1) The sequence of thickenings Th.ƒ�mod.�n// Hausdorff-converges to Th.ƒ�mod.�//.

(2) If 
n 2 � is a divergent sequence , then , after extraction , the sequence .�n.
n// flag-converges to a
point in ƒ�mod.�/.

(3) For all sufficiently large n, there exists an equivariant diffeomorphism

hn W�Th.�/!�Th.�n/� Flag.�mod/

such that the sequence of maps .hn/ converges to the inclusion map�Th.�/!Flag.�mod/ uniformly
on compacts.

(4) In particular , the quotient orbifolds�Th.�n/=�n are diffeomorphic to�Th.�/=� for all sufficiently
large n.
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Proof (1) First of all, suppose that a sequence �n 2 Flag.�mod/ converges to � 2 Flag.�mod/. Then, since
Flag.�mod/DG=P�mod , there is a sequence gn 2G, gn! e, such that gn.�/D �n. Since

gn.Th.�//D Th.gn�/D Th.�n/;

it follows that we have Hausdorff-convergence of subsets Th.�n/!Th.�/. Moreover, this convergence of
subsets is uniform: There exists n0Dn.ı/ such that if d.�n; �/< ı for all n�n0, then d.Th.�n/;Th.�//<
� D �.ı/ for all n � n0. Here �! 0 as ı! 0. Since the sequence of limit sets ƒ�mod.�n/ Hausdorff-
converges to ƒ�mod.�/, it follows that the sequence of thickenings Th.ƒ�mod.�n// Hausdorff-converges to
Th.ƒ�mod.�//. This proves (1).

(2) Consider a sequence of geodesic rays e�n in the Cayley graph Y of � such that 
n lies in an R-
neighborhood of e�n for all n. Then, in view of the uniform M 0-Morse property for the representations �n,
each point �n.
n/.x/ belongs to the D0-neighborhood of the Weyl cone V .x; st.�n//, where �n D ˛n.�n/,
and ˛n W @1� ! ƒ�mod.�n/ is the asymptotic embedding. Thus, by the definition of flag-convergence,
the sequences .�n.
n// and .�n/ have the same flag-limit in Flag.�mod/. By part (1), the sequence .�n/

subconverges to a point in ƒ�mod.�/. Hence, the same holds for .�n.
n//.

(3) The proof of this part is mostly standard; see [Izeki 2000] in the case when X is a hyperbolic
space. The quotient orbifold O D�Th.�/=� has a natural .F;G/-structure where FD Flag.�mod/. The
orbifold O has finitely many components, let Z be one of them and let yZ ��Th.�/ be a component
projecting to Z. It suffices to construct maps hn on each component yZ and then extend these maps to
maps hn of �Th.�/ by �n-equivariance.

The covering map yZ ! Z induces an epimorphism � W �1.Z/! �Z , where �Z is the �-stabilizer
of yZ. Let dev W zZ! yZ ��Th.�/ be the developing map, where zZ!Z is the universal covering. By
the Ehresmann–Thurston holonomy theorem (see [Lok 1984], [Canary et al. 1987], [Goldman 1988] or
[Kapovich 2001, Section 7.1]), for all sufficiently large n, the homomorphism �n WD�nı� is the holonomy
of an .F;G/-structure on Z. Moreover, the developing maps devn W

zZ! F converge to dev uniformly on
compacts in the C1-topology. Since �1. yZ/ is contained in the kernel of �, it is also in the kernel of �n.
Hence, the maps devn descend to maps bdevn W

yZ! F. The sequence bdevn still converges to the identity
embedding yZ ,! F uniformly on compacts. Pick a compact fundamental set C � yZ for the �Z -action, ie
a compact subset whose �-orbit equals yZ. In view of part (1) of the theorem, bdevn.C /��Th.�n/ for all
sufficiently large n. Therefore, we can assume that bdevn. yZ/ is contained in a component yZn of �Th.�n/.
By the compactness of the quotient orbifolds, bdevn projects to a finite-to-one (smooth) orbi-covering
map cn WZ!Zn WD

yZn=�n.�Z /. Hence, bdevn W
yZ! yZn is a covering map as well. If yZn were simply

connected, it would follow that bdevn is a diffeomorphism as required (and this is how Izeki concludes
his proof in [Izeki 2000]). We will prove that bdevn is a diffeomorphism by a direct argument.

Suppose that each bdevn is not injective. Then, by the equivariance of these maps, after extraction, there
exist convergent sequences zn! z and z0n! z0 in yZ and a sequence 
n 2 � such that

�n.
n/bdevn.zn/Dbdevn.z
0
n/; 
n.zn/¤ z0n:
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If the sequence .
n/ were contained in a finite subset of � we would obtain a contradiction with the
uniform convergence on compacts bdevn! id on yZ. Hence, after extraction, we may assume that .
n/ is
a divergent sequence. We therefore obtain a dynamical relation between the points z; z0 via the sequence
.�n.
n//. According to part (2), the sequence .�n.
n// flag-accumulates to ƒ�mod.�/. The dynamical
relation then contradicts fatness of the balanced thickening Th; see [Kapovich et al. 2018a, Section 5.2]
and the proof of Theorem 6.8 in [Kapovich et al. 2018a].

We conclude that the maps
bdevn W

yZ! yZn

are diffeomorphisms for all sufficiently large n. Since �n W�!�n are isomorphisms, equivariance of the de-
veloping maps implies that the maps hn W�Th.�/!�Th.�n/ are diffeomorphisms for sufficiently large n.

(4) This part is an immediate corollary of part (3).

Remark 4.10 (i) When X is a hyperbolic space, the equivariant diffeomorphism hn W�.�/!�.�n/

combined with the equivariant homeomorphism of the limit setsƒ.�/!ƒ.�n/ yield an equivariant
homeomorphism @1X ! @1X ; see [Tukia 1985; Izeki 2000]. Such an extension does not exist
in higher rank since, in general, there is no equivariant homeomorphism of thickened limit sets
Th.ƒ�mod.�// ! Th.ƒ�mod.�n//. This can be already seen for group actions on products of
hyperbolic planes.

(ii) An analogue of Theorem 4.9 holds when we replace the group actions on flag-manifolds with
actions on Finsler compactifications of the symmetric space and replace flag-manifold thicken-
ings Th.ƒ�mod/ with Finsler thickenings ThF Ru.ƒ�mod/ � @F RuX. Proving this requires extending
Ehresmann–Thurston holonomy theorem to the category of smooth manifolds with corners and we
will not pursue it here.

4.2 Schottky actions

In this section we apply our local-to-global result for straight sequences (Theorem 3.18) to construct
Morse actions of free groups, generalizing and sharpening1 Tits’ ping-pong construction.

We consider two oriented �mod-regular geodesic lines a; b in X. Let �˙a; �˙b 2 Flag.�mod/ denote the sim-
plices which they are � -asymptotic to, and let �˙a; �˙b 2 �mod denote the types of their forward/backward
ideal endpoints in @1X. (Note that ��a D �.�a/ and ��b D �.�b/.) Let ‚ be a compact convex subset of
ost.�mod/� �mod, which is invariant under �.

Definition 4.11 (generic pair of geodesics) We call the pair of geodesics .a; b/ generic if the four
simplices �˙a; �˙b are pairwise opposite.

1In the sense that we obtain free subgroups which are not only embedded, but also asymptotically embedded in G.
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Let ˛; ˇ 2G be axial isometries with axes a and b respectively and translating in the positive direction
along these geodesics. Then �˙a and �˙b are the attractive/repulsive fixed points of ˛ and ˇ on Flag.�mod/.

For every pair of numbers m; n 2N we consider the representation of the free group in two generators

�m;n W F2 D hA;Bi !G

sending the generator A to ˛m and B to ˇn. We regard it as an isometric action �m;n W F2 Õ X.

Definition 4.12 (Schottky subgroup) A �mod-Schottky subgroup of G is a free �mod-asymptotically
embedded subgroup of G.

If G has rank one, this definition amounts to the requirement that � is convex cocompact and free.
Equivalently, this is a discrete finitely generated subgroup of G which contains no nontrivial elliptic and
parabolic elements and has totally disconnected limit set; see [Kapovich 2008]. We note that this definition
essentially agrees with the standard definition of Schottky groups in rank-one Lie groups, provided one
allows fundamental domains at infinity for such groups to be bounded by pairwise disjoint compact
submanifolds which need not be topological spheres; see [Kapovich 2008] for the detailed discussion.

Theorem 4.13 (Morse–Schottky actions) If the pair of geodesics .a; b/ is generic and if �˙a; �˙b 2

int.‚/, then the action �m;n is ‚-Morse for sufficiently large m; n. Thus , such �m;n is injective and its
image is a �mod-Schottky subgroup of G.

Remark 4.14 In particular, these actions are faithful and undistorted; compare Remark 4.2.

Proof Let S D fA˙1;B˙1g be the standard generating set. We consider the sequences .
k/ in F2 with
the property that 
�1

k

kC1 2 S and 
kC1 ¤ 
k�1 for all k. They correspond to the geodesic segments in

the Cayley tree of F2 associated to S which connect vertices.

Let x 2X be a basepoint. In view of Lemma 3.8 we must show that the corresponding sequences .
kx/ in
the orbit F2 �x are uniformly ‚-Morse. (Meaning for instance that the maps R!X sending the intervals
Œk; kC 1/ to the points 
kx are uniform ‚-Morse quasigeodesics.) As in the proof of Theorem 3.34 we
will obtain this by applying our local-to-global result for straight spaced sequences (Theorem 3.18) to
the associated midpoint sequences. Note that the sequences .
kx/ themselves cannot be expected to be
straight.

Taking into account the �-action, the uniform straightness of all midpoint sequences depends on the
geometry of a finite configuration in the orbit. It is a consequence of the following fact. Consider the
midpoints y˙m of the segments x˛˙m.x/ and z˙n of the segments xˇ˙n.x/.

Lemma 4.15 For sufficiently large m and n, the quadruple fy˙m; z˙ng is arbitrarily separated and
‚-regular. Moreover , for any of the four points , the segments connecting it to the other three points have
arbitrarily small �-angles with the segment connecting it to x.
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Proof The four points are arbitrarily separated from each other and from x because the axes a and b

diverge from each other due to our genericity assumption.

By symmetry, it suffices to verify the rest of the assertion for the point ym, ie we show that the
segments ymy�m and ymzn are ‚-regular for large m; n and that limm!1†

�
ym
.x;y�m/ D 0 and

limn;m!1†
�
ym
.x; zn/D 0.

The orbit points ˛˙mx and the midpoints y˙m are contained in a tubular neighborhood of the axis a.
Therefore, the segments ymx and ymy�m are ‚-regular for large m and †ym

.x;y�m/! 0. This implies
that also †�ym

.x;y�m/! 0.

To verify the assertion for .ym; zn/ we use that, due to genericity, the simplices �a and �b are opposite
and we consider the parallel set P DP .�a; �b/. Since the geodesics a and b are forward asymptotic to P ,
it follows that the points x;ym; zn have uniformly bounded distance from P . We denote their projections
to P by xx; xym;xzn.

Let ‚00 � int.‚/ be an auxiliary Weyl convex subset such that �˙a; �˙b 2 int.‚00/. We have that
xym 2V .xx; st‚00.�a// for large m because the points ym lie in a tubular neighborhood of the ray with initial
point xx and asymptotic to a. Similarly, xzn2V .xx; st‚00.�b// for large n. It follows that xx2V .xym; st‚00.�b//

and, using the convexity of ‚-cones (Proposition 2.1), that xzn 2 V .xym; st‚00.�b//.

The cone V .ym; st‚00.�b// is uniformly Hausdorff close to the cone V .xym; st‚00.�b// because the Haus-
dorff distance of the cones is bounded by the distance d.ym; xym/ of their tips. Hence there exist points
x0; z0n 2 V .ym; st‚00.�b// uniformly close to x; zn. Since d.ym;x

0/; d.ym; z
0
n/!1 as m; n!1, it

follows that the segments ymx and ymzn are‚-regular for large m; n. Furthermore, since†�ym
.x0; z0n/D0

and both †ym
.x;x0/! 0 and †ym

.zn; z
0
n/! 0, it follows that †�ym

.x; zn/! 0.

To conclude the proof of Theorem 4.13, the lemma implies that for any given l; � the midpoint triples of
the four point sequences .
kx/ are .‚; �/-straight and l-spaced if m; n are sufficiently large; compare the
quadruple condition (Definition 3.31). This means that the midpoint sequences of all sequences .
kx/

are .‚; �/-straight and l-spaced for large m; n. Theorem 3.18 then implies that the sequences .
kx/ are
uniformly ‚-Morse.

Remark 4.16 (1) Generalizing the above argument to free groups with finitely many generators, one
can construct Morse Schottky subgroups for which the set �.ƒ/� �mod of types of limit points is
arbitrarily Hausdorff close to a given �-invariant Weyl convex subset‚. This provides an alternative
approach to the second main theorem in [Benoist 1997] using coarse geometric arguments.

(2) Theorem 4.13 was generalized (by arguments similar to the proof of Theorem 4.13) in [Dey et al.
2019] to free products of Morse subgroups of G.
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4.3 Algorithmic recognition of Morse actions

In this section, we describe an algorithm which has an isometric action � W � Õ X and a point x 2X as
its input and terminates if and only if the action � is Morse (otherwise, the algorithm runs forever).

We begin by describing briefly Riley’s algorithm [1983] accomplishing a similar task, namely, detecting
geometrically finite actions on X DH3. Suppose that we are given a finite (symmetric) set of generators
g1 D 1; : : : ;gm of a subgroup � � PO.3; 1/ and a basepoint x 2X DH3. The idea of the algorithm is
to construct a finite sided Dirichlet fundamental domain D for � (with center at x): every geometrically
finite subgroup of PO.3; 1/ admits such a domain. (The latter is false for geometrically finite subgroups
of PO.n; 1/ with n� 4 but is, nevertheless, true for convex cocompact subgroups.) Given a finite sided
convex fundamental domain, one concludes that � is geometrically finite. Here is how the algorithm
works: for each k define the subset Sk � � represented by words of length � k in the letters g1; : : : ;gm.
For each g 2 Sk consider the half-space Bis.x;g.x//�X bounded by the bisector of the segment xg.x/

and containing the point x. Then compute the intersection

Dk D

\
g2Sk

Bis.x;g.x//:

Check if Dk satisfies the conditions of Poincaré’s fundamental domain theorem. If it does, then D DDk

is a finite sided fundamental domain of � . If not, increase k by 1 and repeat the process. Clearly, this
process terminates if and only if � is geometrically finite.

One can enhance the algorithm in order to detect if a geometrically finite group is convex cocompact.
Namely, after a Dirichlet domain D is constructed, one checks for whether:

(1) The ideal boundary of a Dirichlet domain D has isolated ideal points (they would correspond to
rank-two cusps which are not allowed in convex cocompact groups).

(2) The ideal boundary of D contains tangent circular arcs with points of tangency fixed by parabolic
elements (coming from the “ideal vertex cycles”). Such points correspond to rank-one cusps, which
again are not allowed in convex cocompact groups.

Checking (1) and (2) is a finite process; after its completion, one concludes that � is convex cocompact.

We refer the reader to [Gilman 1995; 1997], [Gilman and Maskit 1991], [Kapovich 2016] and [Kapovich
and Leeb 2018a, Section 1.8] for more details concerning discreteness algorithms for groups acting on
hyperbolic planes and hyperbolic 3-spaces.

We now consider group actions on general symmetric spaces. Let � be a hyperbolic group with a fixed finite
(symmetric) generating set; we equip the group � with the word metric determined by this generating set.

For each n, let Ln denote the set of maps q W Œ0; 3n�\Z!� which are restrictions of geodesics zq WZ!� ,
such that q.0/D 1 2 � . In view of the geodesic automatic structure on � (see eg [Epstein et al. 1992,
Theorem 3.4.5]), the set Ln can be described via a finite state automaton.
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Suppose that � W � Õ X is an isometric action on a symmetric space X ; we fix a basepoint x 2X and the
corresponding orbit map f W �! �x � X. We also fix an �-invariant face �mod of the model spherical
simplex �mod of X. The algorithm that we are about to describe will detect that the action � is �mod-Morse.

Remark 4.17 If the face �mod is not fixed in advance, we would run algorithms for each face �mod in
parallel.

For the algorithm we will be using a special (countable) increasing family of Weyl convex compact
subsets ‚D‚i � ost.�mod/ � �mod which exhausts ost.�mod/; in particular, every compact �-invariant
convex subset of ost.�mod/� �mod is contained in some ‚i :

.4.18/ ‚i WD

�
v 2 � W min

˛2ˆ�mod

˛.v/�
1

i

�
;

where ˆ�mod is the subset of the set of simple roots ˆ (with respect to �mod) which vanish on the face �mod.
Clearly, the sets ‚i satisfy the required properties. Furthermore, we consider only those L and D which
are natural numbers.

Next, consider the sequence

.Li ; ‚i ;Di/D .i; ‚i ;Di/ for i 2N:

In order to detect �mod-Morse actions we will use the local characterization of Morse quasigeodesics
given by Theorem 3.18 and Proposition 3.32. Due to the discrete nature of quasigeodesics that we will be
considering, it suffices to assume that the additive quasiisometry constant A is zero.

Consider the functions
l.‚;‚0; ı/; �.‚;‚0; ı/

as in Theorem 3.18. Using these functions, for the sets ‚D‚i ; ‚
0 D‚iC1 and the constant ı D 1 we

define the numbers
li D l.‚;‚0; ı/; �i D �.‚;‚

0; ı/:

Next, for the numbers LDLi ;D DDi and the sets ‚D‚i ; ‚
0 D‚iC1, consider the numbers

si D s.Li ; 0; ‚i ; ‚iC1;Di ; �iC1; liC1/

as in Proposition 3.32. According to this proposition, every .Li ; 0; ‚i ;Di/-Morse quasigeodesic satisfies
the .‚iC1; �iC1; liC1; s/-quadruple condition for all s � si . We note that, a priori, the sequence si need
not be increasing. We set S1 D s1 and define a monotonic sequence Si recursively by

SiC1 Dmax.Si ; siC1/:

Then every .‚i ;Di ;Li ; 0/-Morse quasigeodesic also satisfies the .‚iC1; �iC1; liC1;SiC1/-quadruple
condition.
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We are now ready to describe the algorithm. For each i 2N we compute the numbers li ; �i and, then, Si ,
as above. We then consider finite discrete paths in � , q 2 LSi

, and the corresponding discrete paths in X,
p.t/D q.t/x with t 2 Œ0; 3Si �\Z. The number of paths q (and, hence, p) for each i is finite, bounded
by the growth function of the group � .

For each discrete path p we check the .‚i ; �i ; li ;Si/-quadruple condition. If for some i D i�, all paths p

satisfy this condition, the algorithm terminates: it follows from Theorem 3.18 that the map f sends all
normalized discrete biinfinite geodesics in � to Morse quasigeodesics in X. Hence, the action � Õ X is
Morse in this case. Conversely, suppose that the action of � is .‚;D;L; 0/-Morse. Then f sends all
isomeric embeddings zq W Z! � to .‚;D;L; 0/-Morse quasigeodesics zp in X. In view of the properties
of the sequence

.Li ; ‚i ;Di/;

it follows that for some i ,
.L; ‚;D/� .Li ; ‚i ;Di/;

ie L � Li , ‚ � ‚i and D � Di ; hence, all the biinfinite discrete paths zp are .‚i ;Di ;Li ; 0/-Morse
quasigeodesic. By the definition of the numbers li ; �i ;Si , it then follows that all the discrete paths
p D f ı q; q 2 LSi

satisfy the .‚iC1; �iC1; liC1;SiC1/-quadruple condition. Thus, the algorithm will
terminate at the step i C 1 in this case.

Therefore, the algorithm terminates if and only if the action is Morse (for some parameters). If the action
is not Morse, the algorithm will run forever.

Remark 4.19 Applied to a rank-one symmetric space X and a hyperbolic group � without a nontrivial
normal finite subgroup, the above algorithm verifies if the given representation � W�! Isom.X / is faithful
with convex-cocompact image. We could not find this result in the existing literature; cf however [Gilman
and Keen 2016].

Appendix A Further properties of Morse quasigeodesics

This is the only part of the paper not contained in [Kapovich et al. 2014]. Here we collect various
properties of Morse quasigeodesics that we found to be useful elsewhere in our work.

A.1 Finsler geometry of symmetric spaces

In [Kapovich and Leeb 2018b] (see also [Kapovich et al. 2017]), we considered a certain class of G-
invariant “polyhedral” Finsler metrics on X. Their geometric and asymptotic properties turned out to
be well adapted to the study of geometric and dynamical properties of regular subgroups. They provide
a Finsler geodesic combing of X which is, in many ways, more suitable for analyzing the asymptotic

Geometry & Topology, Volume 29 (2025)



2372 Michael Kapovich, Bernhard Leeb and Joan Porti

geometry of X than the geodesic combing given by the standard Riemannian metric on X. These Finsler
metrics also play a basic role in the present paper. We briefly recall their definition and some basic
properties, and refer to [Kapovich and Leeb 2018b, Section 5.1] for more details.

Let x� 2 int.�mod/ be a type spanning the face type �mod. The x� -Finsler distance d
x� on X is the G-invariant

pseudometric defined by
d
x� .x;y/ WD max

�.�/Dx�

�
b�.x/� b�.y/

�
for x;y 2X, where the maximum is taken over all ideal points � 2 @1X with type �.�/D x� . It is positive,
ie a (nonsymmetric) metric, if and only if the radius of �mod with respect to x� is < �=2. This is in turn
equivalent to x� not being contained in a factor of a nontrivial spherical join decomposition of �mod, and is
always satisfied if for instance X is irreducible.

If d
x� is positive, it is equivalent to the Riemannian metric. In general, if it is only a pseudometric, it is

still equivalent to the Riemannian metric d on uniformly regular pairs of points. More precisely, if the
pair of points x;y is ‚-regular, then

L�1d.x;y/� d
x� .x;y/�Ld.x;y/

with a constant LDL.‚/� 1.

Regarding symmetry of the Finsler distance, one has the identity

d �
x� .y;x/D d

x� .x;y/;

and hence d
x� is symmetric if and only if �x� D x� . We refer to d

x� as a Finsler metric of type �mod.

The d
x� -balls in X are convex but not strictly convex. (Their intersections with flats through their centers

are polyhedra.) Accordingly, d
x� -geodesics connecting two given points x;y are not unique. To simplify

notation, xy will stand for some d
x� -geodesic connecting x and y. The union of all d

x� -geodesic xy

equals the �mod-diamond }�mod.x;y/, that is, a point lies on a d
x� -geodesic xy if and only if it is contained

in }�mod.x;y/; see [Kapovich et al. 2017]. Finsler geometry thus provides an alternative description of
diamonds. Note that with this description, the diamond }�mod.x;y/ is also defined when the segment xy

is not �mod-regular. Such a degenerate �mod-diamond is contained in a smaller totally geodesic subspace,
namely in the intersection of all �mod-parallel sets containing the points x;y. The description of geodesics
and diamonds also implies that the unparametrized d

x� -geodesics depend only on the face type �mod, and
not on x� . We will refer to d

x� -geodesics as �mod-Finsler geodesics. Note that Riemannian geodesics are
Finsler geodesics.

We will call a ‚-regular �mod-Finsler geodesic a ‚-Finsler geodesic. If xy is a ‚-regular (Riemannian)
segment, then the union of ‚-Finsler geodesics xy equals the ‚-diamond }‚.x;y/.

Every �mod-Finsler ray in X is contained in a �mod-Weyl cone, and we will use the notation x� for a
�mod-Finsler ray contained V .x; st.�//. Similarly, every �mod-Finsler line is contained in a �mod-parallel set,
and we denote by ���C an oriented �mod-Finsler line forward/backward asymptotic to two antipodal
simplices �˙ 2 Flag.�mod/ and contained in P .��; �C/.
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Examples of ‚-regular Finsler geodesics can be obtained as follows. Let .xi/ be a (finite or infinite) se-
quence contained in a parallel set P .��; �C/ such that each Riemannian segment xixiC1 is �C-longitudinal
(see Definition B.2) and ‚0-regular. Then the concatenation of these geodesic segments is a ‚-regular
Finsler geodesic; see Remark B.3.

Conversely, every ‚-regular Finsler geodesic c W I !X can be approximated by a piecewise Riemannian
Finsler geodesic c0: pick a number s > 0 and consider a maximal s-separated subset J � I . Then take c0

to be the concatenation of Riemannian geodesic segments c.i/c.j / for consecutive pairs i; j 2 J . In
view of this approximation procedure, the “string of diamonds” theorem (Theorem 3.30) holds if instead
of Riemannian geodesic segments xixiC1, we allow ‚-regular Finsler segments.

A.2 Stability of diamonds

Diamonds can be regarded as Finsler-geometric replacements of geodesic segments in nonpositively
curved symmetric spaces of higher rank.

Riemannian geodesic segments in Hadamard manifolds (and, more generally, CAT.0/ metric spaces)
depend uniformly continuously on their tips: by convexity of the distance function we have,

dHaus.xy;x0y0/�max.d.x;x0/; d.y;y0//:

In [Kapovich et al. 2018b, Proposition 3.70] we proved that diamonds }�mod depend continuously on
their tips.

Below we establish uniform control on how much sufficiently large ‚-diamonds vary with their tips.

Lemma A.1 For d 0 > d > 0 there exists C D C.‚;‚0; d; d 0/ such that the following holds:

If a segment x�xC �X is ‚-regular with length � C and y˙ 2 B.x˙; d/, then

(i) the segment y�yC is ‚0-regular , and

(ii) }‚.x�;xC/�Nd 0.}‚0.y�;yC//.

Proof (i) The ‚0-regularity of y�yC for sufficiently large C follows from the �-triangle inequality.

(ii) Suppose that there exists no constant C for which (ii) holds. Then there are sequences of points x˙n
with d.x�n ;x

C
n / ! C1, y˙n with d.x˙n ;y

˙
n / � d , xn 2 }‚.x

�
n ;x

C
n / and yn 2 }‚0.y

�
n ;y

C
n / with

d.xn;}‚0.y
�
n ;y

C
n //D d.xn;yn/D d 0. We may assume convergence xn! x1 and yn! y1 in X.

After extraction, at least one of the sequences .x˙n / diverges. There are two cases to consider.

Suppose first that both sequences .x˙n / diverge. Then they are uniformly �mod-regular and, after extraction,
we have �mod-flag convergence x˙n ;y

˙
n ! �˙ 2 Flag.�mod/. The limit simplices �˙ are antipodal (because

xn! x1). We observe that

d.xn; @}‚0.x
�
n ;x

C
n //; d.yn; @}‚0.y

�
n ;y

C
n //!C1:
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It follows that the sequences of diamonds }‚0.x�n ;x
C
n / and }‚0.y�n ;y

C
n / both Hausdorff converge to

the �mod-parallel set P DP .��; �C/. It holds that x1 2P because xn 2}‚.x
�
n ;x

C
n /. On the other hand,

d.x1;P /D d 0 because d.xn;}‚0.y
�
n ;y

C
n //D d 0, a contradiction.

Second, suppose that only one of the sequences .x˙n / diverges, say, after extraction, x�n ! x�1 and
y�n ! y�1 in X to limit points with d.x�1;y

�
1/� d , and xCn ! �C 2 Flag.�mod/. Now the distance of xn

from the boundary of the ‚0-Weyl cone with tip xCn and containing xn goes to infinity and it follows that
}‚0.x

�
n ;x

C
n /! V .x�1; st‚0.�C// and, similarly, }‚0.y�n ;y

C
n /! V .y�1; st‚0.�C//. The asymptotic

limit Weyl cones have Hausdorff distance d.x�1;y
�
1/. On the other hand, x1 2 V .x�1; st‚0.�C// and

d.x1;V .y
�
1; st‚0.�C///D d 0, again a contradiction.

This shows that (ii) holds for sufficiently large C .

We reformulate this result in terms of Finsler geodesics:

Lemma A.2 There exists C D C.‚;‚0; d; d 0/ such that the following holds: if x�xC is a ‚-Finsler
geodesic in X with d.x�;xC/� C , and y˙ are points with d.y˙;x˙/� d , then every point x on x�xC

lies within distance d 0 of a point y on a ‚0-Finsler geodesic y�yC.

We do not claim here that one can take the same Finsler geodesic y�yC for all points x on x�xC.

We now apply this stability result to Morse quasigeodesics. One, somewhat annoying, feature of the
definition of ‚-Morse quasigeodesics p W I !X is that p.Œt1; t2�/ is not required to be uniformly close
to a ‚-diamond spanned by p.t1/;p.t2/. (One reason is because the segment p.t1/p.t2/ need not be
‚-regular.) Nevertheless, Lemma A.1 implies:

Lemma A.3 For every Morse datum M D .‚;B;L;A/ and ‚0 >‚, there exists C D C.M; ‚0/ and
D0 such that the following holds for all .‚;B;L;A/-Morse quasigeodesics p W I !X :

Whenever d.x1;x2/ � C , the segment x1x2 D p.t1/p.t2/ is ‚0-regular and p.Œt1; t2�/ lies in the
D0-neighborhood of the ‚0-diamond }‚0.x1;x2/.

A.3 Finsler approximation of Morse quasigeodesics

The next theorem establishes that every (sufficiently long) Morse quasigeodesic is uniformly close to
a Finsler geodesic with the same endpoints. In this theorem, for convenience of notation, we will be
allowing Morse quasigeodesics p to be defined on closed intervals I in the extended real line; this is just
a shorthand for a map p W I 0 D I \R! X such that, as t !˙1 in I 0, p.t/! p.˙1/ 2 Flag.�mod/.
When we say that such maps p; c are within distance D0 from each other, this simply means that their
restrictions to I 0 are within distance �D0.
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Theorem A.4 (Finsler approximation theorem) For every Morse datum M D .‚;D;L;A/, ‚0 >‚,
and positive number S , there exist C D C.M; ‚0;S/ and D0 DD0.M; ‚0;S/ satisfying the following.

Let p W I D Œt�; tC�!X [Flag.�mod/ be an M -Morse quasigeodesic between the points x˙ D p.t˙/ in
X [Flag.�mod/ such that d.x�;xC/� C . Then there exists a ‚0-Finsler geodesic x�xC equipped with a
monotonic parametrization c W I ! x�xC such that

(a) the maps p; c W I !X are within distance �D0 from each other , and

(b) x�xC is an S -spaced piecewise Riemannian geodesic , ie the Riemannian length of each Riemannian
segments of x�xC is � S .

Proof We will prove this in the case when both x˙ are in X , since the proofs when one or both points
x˙ are in Flag.�mod/ are similar: one replaces diamonds with Weyl cones or parallel sets.

By the definition of an M -Morse quasigeodesic, for all subintervals Œs�; sC� � Œt�; tC� there exists a
‚-diamond

}‚.y
0
�;y

0
C/

whose D-neighborhood contains p.Œs�; sC�/, and for y˙ D p.s˙/ we have

d.y˙;y
0
˙/�D:

Therefore, applying Lemma A.1(i), we conclude that the Riemannian segment y�yC is ‚0-regular
provided that

.A.5/ d.y�;yC/� C1 D C1.M; ‚0/:

In view of the quasigeodesic property of p, there exists s D s.M; ‚0/ such that the separation condition

sC� s� � s D s.M; ‚0/

implies the inequality (A.5). This, of course, also applies to Œs�; sC� D Œt�; tC� and hence, using
Lemma A.1(ii), we obtain

p.I/�ND.}‚.x
0
�;x

0
C//�NDCD1

.}‚0.x�;xC//;

where D1 DD1.M; ‚0/. We let

xy˙ 2 }
0
WD }‚0.x�;xC/D V .x�; st‚0.�C//\V .xC; st‚0.��//

denote the nearest-point projections of y˙ D p.s˙/. There exists s0 D s0.M; ‚0/ such that as long as
sC � s� � s0, the Riemannian segments xy� xyC are also ‚0-regular and have length � S . Furthermore,
as in the proof of Proposition 3.32, we can assume that s0 D s0.M; ‚0/ is chosen so that, whenever
sC� s� � s0, each segment xy� xyC is �C-longitudinal. We fix this s0 D s0.M; ‚0/ from now on.

We also assume, in what follows, that tC� t� � s0.M; ‚0/; this is achieved by assuming that

L�1.d.x�;xC/�A/� s0 D s0.M; ‚0/:
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Take a maximal s0-separated subset J � I containing t˙. For each j 2 J define the point

zj WD p.j / 2 }0:

Then for all consecutive i; j 2 J , with s0 � jj � i j � 2s0, we have

.A.6/ L�1s0� .AC 2DC 2D1/� d.zi ; zj /� 2Ls0C .AC 2DC 2D1/:

We then let c denote the concatenation of Riemannian segments zizj for consecutive i; j 2 J , where we
use the affine parametrization of Œi; j �! zizj . Thus, c is a ‚0-Finsler geodesic. We now take the smallest
s00 � s0.M; ‚0/ satisfying

S �L�1s00� .AC 2DC 2D1/:

The inequalities (A.6) imply that c satisfies both requirements of the approximation theorem with

D0 D 2Ls00C .AC 2DC 2D1/C .DCD1/C .2Ls00CA/:

Remark A.7 In the case when the domain of p is unbounded, one can prove a slightly sharper result;
namely, one can take ‚0 D‚. Compare [Kapovich and Leeb 2023, Section 6].

A.4 Altering Morse quasigeodesics

Below we consider certain modifications of M -Morse quasigeodesics p in X represented as concatenations
p D p� ?p0 ?pC, where x˙ are the endpoints of p0, and y˙;x˙ are the endpoints of p˙. (As in the
previous section, we will be allowing y˙ to be in X [ Flag.�mod/.) These modifications will have the
form p0 D p0� ?p0

0
?p0C, where p0

˙
and p0

0
are all Morse. We will see that, under certain assumptions,

the entire p0 is again Morse (for suitable Morse datum M 0).

We begin by analyzing extensions of p to biinfinite paths.

Lemma A.8 (extension lemma) Suppose that p D p� ? p0 ? pC is an M -Morse quasigeodesic as
above. Assume , furthermore , that

p˙ � V˙ D V .x˙; st.�˙//:

Whenever y˙ is in X, we let c˙ be ‚-regular Finsler rays contained in V˙ and connecting y˙ to �˙.
Then , for every ‚0>‚, there exists a Morse datum M 0 containing ‚0 (and depending only on M and ‚0)
such that the concatenation

yp D c� ?p ? cC

is M 0-Morse , provided that d.x˙;y˙/� C D C.M; ‚0/.

Proof We fix an auxiliary subset‚1 satisfying‚<‚1<‚
0. We let S DS.‚1; ‚

0; 1/; �D �.‚1; ‚
0; 1/

be constants as in the string of diamonds theorem (Theorem 3.30).

According to Theorem A.4, there exists a ‚0-regular Finsler geodesic

xc D y�xx� ? xx�xxC ? xxCyC
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within distance D1 D D1.M; ‚0;S/ from the path p, such that xc is the concatenation of segments of
length � S and d.x˙; xx˙/�D1. We let z˙y˙ denote the subsegments of xx˙y˙ containing y˙.

Since d.x˙; xx˙/ � D1, for each � > 0 and a sufficiently large C1 D C1.D1; ‚
0/, the inequality

d.x˙;y˙/� C1 implies
†
�
y˙
.x˙; xx˙/� �:

Therefore,
†
�
y˙
.z˙; �˙/� � � 2�

and, hence, the piecewise geodesic path

yc D c� ? xc ? cC

is .‚1; 2�/-straight and S-spaced. By Theorem 3.30, the concatenation yc is M1-Morse, where M1 D

.‚0; 1;L;A/. Since the path yp is within distance D1 from yc, it is M 0-Morse, where M 0 DM1CD1.

The next lemma was proven in [Dey et al. 2019, Thm. 4.11] in the case when p;p0 are finite paths. The
proof in the case of (bi)infinite paths is the same and we omit it.

Lemma A.9 (replacement lemma) Suppose that p0D p0�?p0
0
?p0C is an M -Morse quasigeodesic in X,

which is a concatenation of M -Morse quasigeodesics p0�;p
0
0
;p0C. Let p0 be an M -Morse quasigeodesic

connecting the initial and the terminal point of p0
0
. Then for every ‚0 >‚ there exists a Morse datum M 0

containing ‚0 (again , depending only on M and ‚0) such that the path

p0 D p0� ?p0 ?p0C

is M 0-Morse.

In the following three lemmata we will modify an M -Morse quasigeodesic pD p� ?p0 ?pC by altering
p˙ and keeping p0 unchanged (“wiggling the head and the tail of p”).

Lemma A.10 (wiggle lemma, I) Suppose p is as above and the paths p˙ are both infinite and p0

connects the points xC;x�. We let p0
˙

be M -Morse quasigeodesic rays with finite terminal points x˙

and set p0 WD p0� ?p0 ?p0C. Then , given ‚0 >‚ there exists � D �.M; ‚0/ > 0 and a Morse datum M 0

(depending only on M and ‚0) containing ‚0 such that if

� WDmax.†�x˙.p
0
˙.˙1/;p˙.˙1/// < �;

then p0 is M 0-Morse.

Proof We fix an auxiliary compact Weyl-convex subset ‚1 � ost.�mod/ such that ‚ < ‚1 < ‚
0. Set

�˙ D p˙.˙1/, � 0˙ D p0
˙
.˙1/.

According to Lemma A.9, there exists a Morse datum M1 containing ‚1 such that for any ‚1-regular
Finsler geodesic rays c˙ WD x˙�˙, the concatenation c� ?p0 ? cC is M1-Morse.
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Let M2 > M1 C 1 be a Morse datum containing ‚0 and let S > 0 be such that if a path q in X is
S-locally M1 C 1-Morse then q is M2-Morse; see Theorem 3.34. Let � be such that for x 2 X and
�; � 0 2 Flag.�mod/, if †�x.�; � 0/ < � then each ‚1-regular Finsler segment of length � S in V .x; st.� 0// is
within unit distance from a ‚1-regular Finsler segment of length � S in V .x; st.�//. We assume now
that � < �.

Since p0
˙

are M -Morse rays, they are within distance D1 DD1.M; ‚1/ from ‚1-regular Finsler rays
c0
˙
D x˙�

0
˙

connecting x˙ and � 0
˙

. Define a new path c0 WD c0� ?p0 ? c0C.

By our choice of �, the ‚1-regular Finsler subsegment s0
˙
D x˙y0

˙
of c0
˙

of length S is within unit
distance from a ‚1-regular Finsler subsegment s˙ D x˙y˙ of c˙ of length S , where c˙ D x˙�˙ is a
‚1-Finsler geodesic connecting x˙ to �˙.

The concatenation
s� ?p0 ? sC

is M1-Morse and, since c0
˙

are‚1-Finsler geodesic, the path c0 is S -locally M1C1-Morse. By our choice
of S , the path c0 is M2-Morse. Since c0 is within distance D1 from p0, the path p0 is M2CD1-Morse.
Lastly, we set M 0 WDM2CD1.

We generalize this lemma by allowing finite Morse quasigeodesics. We continue with the setting and
notation of Lemma A.10; as before, M 0 in the next two lemmata will depend only on M and ‚0. In
Lemma A.11 we now allow paths p˙ and p0

˙
to be finite, connecting y˙;x˙ and y0

˙
;x˙, respec-

tively. (Some of y˙;y
0
˙

might be in Flag.�mod/.) However, we will now assume that the distances
d.x˙;y˙/; d.x

0
˙
;y˙/ are sufficiently large, namely � C .

Lemma A.11 (wiggle lemma, II) Given ‚0 > ‚ there exist C � 0, � > 0 and a Morse datum M 0

containing ‚0 such that if

� WDmax.†�x˙.y
0
˙;y˙// < � and � WDmin.d.x˙;y˙/; d.x˙;y0˙//� C;

then p0 is M 0-Morse.

Proof Pick an auxiliary compact Weyl-convex subset ‚2, with ‚<‚2 <‚
0.

We define biinfinite geodesic extensions yp; yp0 as in Lemma A.8, by extending (if necessary) the paths
p˙;p

0
˙

via ‚-Finsler geodesics y˙�˙ and y0
˙
� 0
˙

. According to Lemma A.8, there exists C > 0 and a
Morse datum M2 (containing ‚2), both depending on M and ‚2, such that the path yp is M2-Morse.
The same lemma applied to the paths yp0

˙
implies that they are also M2-Morse.

By the construction,
� WD †�x˙.y

0
˙;y˙/D†

�
x˙
.� 0˙; �˙/:

Now, the claim follows from Lemma A.10.
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Lastly, we prove a general wiggle lemma where we allow perturbing of the entire path p. We consider
concatenations

p D p� ?p0 ?pC and p0 D p0� ?p00 ?p0C

of M -Morse quasigeodesics, where we assume that p0 and p0
0

are within distance D0 from each other.
The paths p˙ connect y˙;x˙, and the paths p0

˙
connect y0

˙
;x0
˙

.

In the next lemma, we continue with the setting and notation of Lemma A.10.

Lemma A.12 (wiggle lemma, III) Given ‚0 > ‚ there exist C � 0, � > 0 and a Morse datum M 0

containing ‚0 such that if

� WDmax.†�x˙.y
0
˙;y˙// < � and � WDmin.d.x˙;y˙/; d.x0˙;y

0
˙//� C;

then p0 is M 0-Morse.

Proof As before, we fix an auxiliary compact Weyl-convex subset‚3,‚<‚3<‚
0. Then p0

˙
are within

distance D3 DD3.M; ‚3/ from ‚3-regular Finsler geodesics c˙ WD y0
˙

x˙. We apply Lemma A.11 to
the pair of paths

p;p00 WD c� ?p0 ? cC:

It follows that p00 is M3-Morse for some Morse datum M3 containing ‚0 provided that

�� � D �.M; ‚3; ‚
0/ and � � C D C.M; ‚3; ‚

0/:

Since the paths p00 and p0 are within distance D0 WD max.D0;D3/ from each other, the path p0 is
M 0 WD .M3CD0/-Morse.

Appendix B Geometry of nonpositively curved symmetric spaces and their
ideal boundaries

In this appendix we collect various definitions and facts about symmetric spaces of noncompact type,
their ideal boundaries and their isometry groups. The material of this section is taken from [Kapovich
et al. 2017; 2018b] and [Kapovich and Leeb 2018b].

Let X be a symmetric space of noncompact type. Throughout the paper we will be using the visual
compactification of X, namely X DX [ @1X (see [Ballmann et al. 1985]), where @1X is defined as
the set of asymptotic equivalence classes of geodesic rays in X : two rays are equivalent if they are at
finite Hausdorff distance from each other. We refer to [Ballmann et al. 1985] for the detailed definition of
the topology on X. We will also occasionally use the notion of strongly asymptotic geodesic rays: these
are rays �i WRC!X for i D 1; 2 such that

lim
t!1

d.�1.t/; �2.t//D 0:
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The space of classes of strongly asymptotic rays is a topological space, obtained by taking the quotient
space of the space of all geodesic rays in X. The latter is topologized by the topology of uniform
convergence on compacts. Given a point � 2 @1X, one defines X� , the space of strong asymptote classes
at � as follows. Consider the set Ray.�/ consisting of all geodesic rays in X asymptotic to � (and, as
before, equipped with the topology of uniform convergence on compacts). Then take the quotient of
Ray.�/ by the equivalence relation where two rays are equivalent if they are strongly asymptotic. One can
identify the resulting space X� as follows. Pick a point y� 2 @1X opposite to � and consider the parallel
set P .�; y�/, which is the union of all geodesic rays in X which are forward/backward asymptotic to �; y� .
Each point x 2 P .�; y�/ defines the ray x� asymptotic to �. The projection of the subset of such rays to
X� is a homeomorphism. Thus, we can identify X� with the parallel set P .�; y�/. One metrizes X� by

d.�1; �2/D lim
t!1

d.�1.t/; �2.t//:

Then the projection P .�; y�/!X� is an isometry. We refer to [Kapovich et al. 2017, Section 2.8] for details.

Given a subset A�X we let @1A denote the accumulation set of A in @1X.

Building notions The visual boundary @1X of a symmetric space X admits a structure as a thick
spherical building (the Tits building of X ), which is a certain spherical simplicial complex; see [Eberlein
1996; Ballmann et al. 1985]. This complex is either connected (if X has rank � 2) or discrete (if X has
rank one, or equivalently, X is negatively curved). In the connected case, this building is equipped with
the path-metric †Tits induced by the spherical metrics on simplices. This metric space has diameter 1. In
the case when the building is discrete, the distance between distinct points is � .

The connected component Isom0.X / of the isometry group of X acts isometrically on this spherical
building, and transitively on facets (top-dimensional simplices). The quotient @1X= Isom0.X / is a single
spherical simplex, denoted by �mod, the model spherical chamber of the building @1X. One can identify
�mod with a facet of the building @1X, a fundamental domain for the action Isom0.X / on the building. We
will use the notation � W @1X ! �mod for the type projection, the quotient map @1X ! @1X= Isom0.X /.
The full isometry group Isom.X / acts on both @1X and �mod and the map � is equivariant with respect
to these actions. Note that the action on �mod, in general, is nontrivial. Throughout the paper, G denotes
a Lie group with finitely many components, which acts isometrically on X with finite kernel, so that
the action of G on �mod is trivial and the image of G in Isom.X / has finite index. In particular, we can
identify X with G=K, where K is a maximal compact subgroup of G. The reader can think of G as
being equal to the kernel of the action of Isom.X / on �mod. However, this would exclude such natural
examples as G D SL.2;R/, which acts on the associated symmetric space (the hyperbolic plane) with
finite nontrivial kernel (equal to the center of G).

For an algebraically inclined reader, the spherical building above is defined as a simplicial complex
whose vertices are conjugacy classes of maximal parabolic subgroups of G. If W is the Weyl group of X

(equivalently, the relative Weyl group of G) and r is the rank of X (equivalently, the split real rank of G),
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then W is a reflection group acting isometrically on the unit sphere amod of dimension r �1 and �mod is a
fundamental chamber of this action. From the building viewpoint, amod is the model spherical apartment
of the Tits building @1X.

We return to the geometric discussion of @1X. We let � W �mod! �mod denote the opposition involution:
it is the projection to �mod of Cartan involutions of X. We will use the notation x� D �.�/ for elements
of �mod. Similarly (cf [Kapovich et al. 2017, Section 2.2.2]), we let �mod � �mod denote faces of �mod:
these are the model simplices in the Tits building; we will use the notation � for simplices in @1X of
type �mod, so that �.�/D �mod. Given a face �mod of �mod, we let @�mod�mod denote the union of faces of
�mod disjoint from �mod; we use the notation ost.�mod/ for the complement �mod n@�mod�mod, the open star
of �mod in �mod.

Let W�mod denote the stabilizer of the face �mod in W. A (convex) subset‚��mod is said to be Weyl-convex
(more precisely, Weyl-convex with respect to a face �mod) if the W�mod-orbit of ‚ is a convex subset in the
sphere amod; see [Kapovich et al. 2017, Definition 2.7]. We will always use the notation ‚ for compact
�-invariant Weyl-convex subsets of the open star ost.�mod/.

Note that, when X has rank one, the data �mod and ‚ are obsolete since �mod is a singleton. In this case,
we also have that @�mod D∅ and ‚D int.�mod/D �mod is clopen.

Two points in @1X are called antipodal if their distance in the Tits building @1X equals � . Equivalently,
these points are connected by a geodesic in X. Equivalently, antipodal points are swapped by a Cartan
involution of X. Similarly, two simplices in @1X are said to be antipodal if they are swapped by a Cartan
involution. We will use the notation �; y� for pairs of antipodal simplices. Their types in �mod are swapped
by the opposition involution �. Two simplices �; � 0 in @1X are antipodal if and only if �.�.� 0//D �.�/
and the open simplices corresponding to �; � 0 contain antipodal points.

Identify �mod with a simplex in @1X. Then G-stabilizers of faces �mod of �mod are standard parabolic
subgroups of G, and are denoted by P�mod ; these are closed subgroups of G. The set of simplices of
type �mod in @1X is identified with the quotient G=P�mod , which is a smooth compact manifold called
the flag-manifold Flag.�mod/ of type �mod; see [Kapovich et al. 2017, Sections 2.2.2 and 2.2.3]. Given
� 2 Flag.�mod/, one defines the open Schubert cell C.�/ � Flag.�mod/, which is an open subset of
Flag.�mod/ consisting of elements opposite to � ; see [Kapovich et al. 2017, Section 2.4]. We will use the
notation int � for the open simplex obtained by removing from � all its proper faces. The notation st.�/
is used to denote the star of � in @1X, the union of all faces of @1X containing � . Similarly, ost.�/,
the open star of � in @1X , is obtained from st.�/ by removing all faces disjoint from � . Accordingly,
@�mod�mod is defined as �mod n ost.�mod/.

Given a Weyl-convex compact subset ‚� ost �mod � �mod, we will define the ‚-star of a simplex � in
@1X of type �mod as the preimage of ‚ under the restriction � W st.�/� @1X ! �mod.
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Symmetric space notions An isometry of X is called a transvection if it preserves a geodesic in X and
acts trivially on its normal bundle. Transvections in X are precisely the compositions of pairs of Cartan
involutions.

A flat in X is an isometrically embedded totally geodesic Euclidean subspace of X. The dimension of
a maximal flat in X is the rank of X. We will use the notation F for maximal flats in X. The parallel
set P .l/ of a geodesic l in X is the union of all maximal flats in X containing l . We let �˙ denote the
smallest simplices in @1X containing the elements �˙ 2 @1l ; these simplices are antipodal. We will use
the notation P .��; �C/ for the parallel set P .l/, since P .l/ can be described as the union of geodesics
in X that are forward/backward asymptotic to points in the open simplices int �˙.

Given a maximal flat F � X, the stabilizer GF of F in G acts transitively on F . For each x 2 F the
intersection Gx \GF acts on F as a finite reflection group, isomorphic to the Weyl group W of X.
One frequently fixes a basepoint x D o 2 X and the model maximal flat Fmod � X containing o; the
stabilizer Gx is then denoted by K, it is a maximal compact subgroup of G. A fundamental domain for
the W -action on Fmod is the model Euclidean Weyl chamber, denoted by �. The ideal boundary @1� is
then identified with �mod, the model chamber in @1X.

The Euclidean Weyl chamber� is the Euclidean cone over the simplex �mod. Thus, we can also “cone-off”
various objects from �mod. In particular, we define the �mod-boundary @�mod� of � as the union of rays o�

with � 2 @�mod�mod (see [Kapovich et al. 2017, Section 2.5.2]), and define the ‚-cone �‚ as the union of
rays o� with � 2‚, where ‚� ost �mod � �mod.

The group of transvections along geodesics in F is usually denoted by A; then (in the case G < Isom.X /)
GDKAK is the Cartan decomposition of G. The more refined form of this decomposition is GDKACK,
where AC � A is the subsemigroup consisting of transvections mapping � into itself. Geometrically
speaking, the Cartan decomposition states that each K-orbit Ky�X intersects� in exactly one point. The
projection c W y 7!Ky \� is 1-Lipschitz since each orbit Ky meets Fmod orthogonally and transversally.
This projection leads to the notion of �-distance on X (see [Kapovich et al. 2017, Section 2.6] and
[Kapovich et al. 2009]): Given a pair of points x;y 2X, find g 2G such that g.x/D o and zD g.y/2�.
Then

�!oz WD d�.x;y/:

The vector d�.x;y/ is the complete G-congruence invariant of pairs .x;y/ 2X 2, and

d.x;y/D kd�.x;y/k;

where k � k is the Euclidean norm on Fmod (regarded as a Euclidean vector space with o serving as zero).
Since c is 1-Lipschitz, the �-distance satisfies the triangle inequality

kd�.x;y/� d�.x; z/k � kd�.y; z/k D d.y; z/:

We refer the reader to [Kapovich et al. 2009] for in-depth discussion of generalized triangle inequalities
satisfied by the �-valued distance function on X.
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We say that a nondegenerate segment xy �X is �mod-regular if

d�.x;y/ … @�mod�;

and that it is ‚-regular if
d�.x;y/ 2�‚:

See [Kapovich et al. 2017, Section 2.5.3]. In what follows, we will always assume that �mod is �-invariant
and ‚� ost.�mod/ is an �-invariant Weyl-convex compact subset of ost.�mod/� �mod.

An injective map f from an interval I in R to X is called �mod-regular if for all s < t in I the geodesic
segment f .s/f .t/ is �mod-regular.

Weyl cones Fix a simplex � in @1X and a point x 2X. We define the Weyl cone V .x; st.�// with the tip
x over the star st.�/� @1X as the union of geodesic rays emanating from x and asymptotic to points of
st.�/. Similarly, assuming that � has the type �mod and ‚� ost.�mod/� �mod is a Weyl-convex compact
subset, we define the ‚-cone V .x; st‚.�// with the tip x over the ‚-star st‚.�/� @1X as the union of
geodesic rays emanating from x and asymptotic to points of st‚.�/. It was proven in [Kapovich et al.
2017, Section 2.5] that Weyl cones V .x; st.�// and ‚-cones V .x; st‚.�// are convex in X.

In particular, these cones satisfy the nested cones property:

(1) If y 2 V .x; st.�//, then V .y; st.�//� V .x; st.�//.

(2) If y 2 V .x; st‚.�//, then V .y; st‚.�//� V .x; st‚.�//.

Finsler geodesics in X These are geodesics with respect to certain G-invariant Finsler metrics on X

defined in [Kapovich and Leeb 2018b]. The precise description of all Finsler geodesics is given in
[Kapovich and Leeb 2018b, Section 5.1.3]. We merely use the following description of Finsler geodesics
in lieu of the definition:

Definition B.1 (Finsler geodesics) Fix an �-invariant face �mod of �mod. Let I �R be an interval. A
(continuous) path c W I !X is called a Finsler geodesic (more precisely, a �mod-Finsler geodesic) if there
exists a pair of antipodal flags �˙ 2 Flag.�mod/ such that c.I/� P .�C; ��/ and

c.t2/ 2 V .c.t1/; st.�C// for all t1 < t2:

Moreover, given an �-invariant compact Weyl-convex subset ‚� ost.�mod/, a Finsler geodesic c W I !X

is called a ‚-Finsler geodesic if, in addition to the above, it satisfies the following stronger condition:

c.t2/ 2 V .c.t1/; st‚.�C// for all t1 < t2;

ie c is ‚-regular.

Note that each �mod-Finsler geodesic is automatically a �mod-regular path in X.
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Diamonds Intersecting cones, we define diamonds in X ; see [Kapovich et al. 2017, Section 2.5]. Take
two antipodal simplices �C; �� of the type �mod D ��mod and points x˙ 2X such that

xC 2 V .x�; st.�C//;x� 2 V .xC; st.��//:

Then the intersection
}�mod.x�;xC/D V .x�; st.�C//\V .xC; st‚.��//

is the �mod-diamond with tips x˙. Similarly, suppose that ‚ � ost.�mod/ � �mod is a Weyl-convex
�-invariant compact subset and

xC 2 V .x�; st‚.�C//; x� 2 V .xC; st‚.��//:

Then the ‚-diamond is defined as the intersection

}‚.x�;xC/D V .x�; st‚.�C//\V .xC; st‚.��//:

Thus, diamonds are also convex in X.

Diamonds have a nice interpretation in terms of Finsler geometry of X : it is proven in [Kapovich and
Leeb 2018b] that }�mod.x�;xC/ is the union of all Finsler geodesics in X connecting the points x˙.
Similarly, }‚.x�;xC/ is the union of all ‚-regular Finsler geodesics in X connecting the points x˙.

Longitudinal notions The following definition is taken from [Kapovich et al. 2018b, Section 3.2]. Let
P D P .��; �C/�X be a parallel set, where �˙ are antipodal simplices of type �mod in @TitsX.

Definition B.2 (longitudinal directions and segments in parallel sets) A nondegenerate geodesic segment
xy in P is said to be longitudinal or, more precisely, �C-longitudinal, if it is contained in a geodesic ray
x� � P , where � 2 ost.�C/.

Remark B.3 (1) Longitudinal directions and segments are, in particular, �mod-regular.

(2) A nondegenerate segment xy is longitudinal if and only if all nondegenerate subsegments xy are
longitudinal.

(3) If xy and yz are �C-longitudinal‚-regular segments in P , then so is the segment xz. This follows,
for instance, from the fact that

V .y; st‚.�C//� V .x; st‚.�C//:

Regular sequences and groups The reader should think of regularity conditions for subgroups � <G as
a way of strengthening the discreteness assumption: The discreteness condition means that the sequence
of distances d.x; 
n.x// diverges to infinity for every sequence of distinct elements gn 2 � . Regularity
conditions on � require certain forms of divergence to infinity of vector-valued distances d�.x;gnx/.

We first consider sequences in the euclidean model Weyl chamber �. Recall that

@�mod�D V .0; @�mod�mod/��

is the union of faces of � which do not contain the sector V .0; �mod/. Note that

@�mod�\V .0; �mod/D @V .0; �mod/D V .0; @�mod/:
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The following definitions are taken from [Kapovich et al. 2017, Section 4.2].

Definition B.4 (i) A sequence .ın/ in � is called �mod-regular if it drifts away from @�mod�, ie

d.ın; @�mod�/!C1:

(ii) A sequence .xn/ in X is �mod-regular if for some (any) basepoint o2X the sequence of�-distances
d�.o;xn/ in � has this property.

(iii) A sequence .gn/ in G is �mod-regular, if for some (any) point x 2 X the orbit sequence .gnx/

in X has this property.

(iv) A subgroup � <G is �mod-regular if all sequences of distinct elements in � have this property.

Next, we describe a stronger form of regularity following [Kapovich et al. 2017, Section 4.6].

Definition B.5 (i) A sequence ın!1 in � is uniformly �mod-regular if it drifts away from @�mod�

at a linear rate with respect to its norm,

lim inf
n!C1

d.ın; @�mod�/

kınk
> 0:

(ii) A sequence .xn/ in X is uniformly �mod-regular if for some (any) basepoint o 2X the sequence of
�-distances d�.o;xn/ in � has this property.

(iii) A sequence .gn/ in G is uniformly �mod-regular if for some (any) point x 2X the orbit sequence
.gnx/ in X has this property.

(iv) A subgroup � <G is uniformly �mod-regular if all sequences of distinct elements in � have this
property.

Note that (uniform) regularity of a sequence in X is independent of the basepoint and stable under
bounded perturbation of the sequence (due to the triangle inequality for �-distances). A sequence .xn/ is
uniformly �mod-regular if and only if there exists a compact ‚� ost.�mod/ such that for each x 2X all
but finitely many vectors d�.x;xn/ belong to �‚.

Remark B.6 The definition of regularity of sequences in G has the following dynamical interpretation, in
terms of dynamics on the flag-manifold Flag.�mod/, which generalizes the familiar convergence property
for sequences of isometries of a Gromov-hyperbolic space Y acting on the visual boundary of Y .

A sequence .gn/ in G is said to be �mod-contracting if there exists a pair of elements �˙ 2 Flag.�mod/

such that the sequence .gn/ converges to �C uniformly on compacts in C.��/ � Flag.�mod/. Here, as
elsewhere, C.��/ is the open Schubert cell in Flag.�mod/ consisting of simplices antipodal to ��. In
this situation, the simplex �C is the �mod-limit of .gn/. A sequence .gn/ is �mod-regular if and only if
there exists a pair of bounded sequences an; bn 2 G such that the sequence of compositions cngnbn is
�mod-contracting. Equivalently, a sequence .gn/ is �mod-regular if and only if every subsequence in .gn/

contains a further subsequence which is �mod-contracting. We refer the reader to [Kapovich et al. 2017]
for details.
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For a subgroup � < G, uniform �mod-regularity is equivalent to the visual limit set ƒ � @1X being
contained in the union of the open �mod-stars. Here ƒ is the accumulation set in @1X of some (any)
�-orbit in X.

We next discuss �mod-limit sets. In a nutshell, the �mod-limit set of a �mod-regular subgroup � <G is the
accumulation set in the flag-manifold Flag.�mod/ of one (equivalently, every) �-orbit in X. However, the
way the accumulation is defined is more subtle than in the rank-one case. If G (equivalently, X ) has
rank one, one can define convergence of a divergent sequence xn 2 X to a point � 2 @1X by taking
a sequence of geodesic rays o�n through xn (with the fixed initial point o). Then xn! � if and only
if �n ! � in Flag.�mod/ D @1X. In higher rank, a geodesic o�n through xn need not even terminate
in a face �n of @TitsX of type �mod. But, if it does, then xn! � 2 Flag.�mod/ if and only if �n! � in
Flag.�mod/. In general, due to the �mod-regularity assumption, one finds (for all sufficiently large n) a
unique face �n of type �mod in Flag.�mod/ such that �n belongs to the open star ost.�n/ of �n. Then, by the
definition, xn! � if and only if �n! � in Flag.�mod/. Lastly, if � <G is a �mod-regular subgroup, then
the �mod-limit set ƒ�mod.�/� Flag.�mod/ is the subset consisting of accumulation points in Flag.�mod/ of
one (equivalently, every) �-orbit in X, where convergence is understood as above.

A subset ƒ of Flag.�mod/ is said to be antipodal if any two distinct elements of ƒ are antipodal to each
other. A map ˇ WZ! Flag.�mod/ is said to be antipodal if it sends distinct elements of Z to antipodal
elements of Flag.�mod/. We will apply these notions to the limit sets of �mod-regular subgroups of G.

Morse quasigeodesics, maps and subgroups Lastly, we come to the heart of the matter, the notion of
Morse quasigeodesics in X (Definition 3.1), Morse embeddings (or Morse maps) to X (Definition 3.7)
and Morse subgroups of G and Morse actions on X (Definition 4.1).

Below we recall an alternative characterization of Morse quasigeodesics given in [Kapovich et al. 2018b].
A natural way to coarsify the notion of regularity for geodesic segments in X is as follows.

Let B � 0. We say that a pair .x;y/ of (not necessarily distinct) points is .‚;B/-regular if it is oriented
B-close to some ‚-regular pair of points .x0;y0/, ie d.x;x0/� B and d.y;y0/� B. This is equivalent
to the property that the segment xy is oriented B-Hausdorff close to the ‚-regular segment x0y0, and we
say also that the segment xy is .‚;B/-regular.

We say that a (not necessarily continuous) path p W I ! X is .‚;B/-regular if for every subinterval
Œa0; b0�� I , the segment p.a0/p.b0/ is .‚;B/-regular.

If �mod and ‚ are �-invariant, then we say that a subset of X is .‚;B/-regular if every pair of points
in the subset has this property, and more generally, that a map into X is .‚;B/-regular if it sends any
pair of points to a .‚;B/-regular pair of points in X. Note that the images of .‚;B/-regular maps are
.‚;B/-regular subsets. We say that the subset or map is (coarsely) ‚-regular if it is .‚;B/-regular for
some constant B.
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In [Kapovich et al. 2018b] we prove:

Theorem B.7 (regular implies Morse for quasigeodesics) Uniformly coarsely �mod-regular quasi-
geodesics in X are uniform �mod-Morse quasigeodesics and vice-versa.

Note that �mod-Morse embeddings are coarsely uniformly �mod-regular quasiisometric embeddings. We
also have the converse, proven in [Kapovich et al. 2018b]:

Theorem B.8 (regular implies Morse for quasiisometric embeddings) Coarsely uniformly �mod-regular
quasiisometric embeddings from quasigeodesic metric spaces into model spaces are uniform �mod-Morse
embeddings.

Morse actions on X are undistorted in the sense that the orbit maps are quasiisometric embeddings. In
particular, they are properly discontinuous. Furthermore, ‚-Morse actions are (coarsely) ‚-regular. In
[Kapovich et al. 2018b] we prove a converse:

Theorem B.9 (URU implies Morse) Uniformly �mod-regular undistorted isometric actions by finitely
generated groups on X are uniformly �mod-Morse.

Below we collect some of the equivalent characterizations of �mod-Morse (equivalently, �mod-Anosov)
subgroups of G given in [Kapovich et al. 2017; 2018b] and [Kapovich and Leeb 2018b]:

Theorem B.10 The following are equivalent for a subgroup � <G:

(1) � is �mod-Morse.

(2) � is �mod-URU , ie it is �mod-uniformly regular , finitely generated and one (equivalently, every)
orbit map �!X is a quasiisometric embedding.

(3) � is �mod-asymptotically embedded , ie � is �mod-regular , Gromov-hyperbolic with the Gromov-
compactification x�D�[@1� , and there exists an antipodal homeomorphism ˇ W @1�!ƒ�mod.�/

which , combined with one (equivalently, every) orbit map � ! X defines a continuous map
x� ! X [ Flag.�mod/, where the latter is topologized using the natural topologies of X and
Flag.�mod/, and the topology of �mod-flag convergence for sequences in X to elements of Flag.�mod/.

(4) � is �mod-RCA (regular , conical and antipodal ), ie � is �mod-regular , its �mod-limit set is antipodal
and every element � of ƒ�mod.�/ is conical. The latter means that for some (equivalently, every)
x 2 X there exists C < 1 and an infinite sequence 
n in � such that the sequence .
n.x//

flag-converges to � in the C -neighborhood of the Weyl cone V .x; st.�//.

The map ˇ in (3) is called the boundary map of � . It is unique as long as � is a nonelementary hyperbolic
group.
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Nearly geodesic immersions and domains of discontinuity

COLIN DAVALO

We study nearly geodesic immersions in higher-rank symmetric spaces of noncompact type, which
we define as immersions that satisfy a bound on their fundamental form, generalizing the notion of
immersions in hyperbolic space with principal curvature in .�1; 1/. This notion depends on the choice of
a flag manifold embedded in the visual boundary, and immersions satisfying this bound admit a natural
domain in this flag manifold that comes with a fibration. As an application we give an explicit fibration of
some domains of discontinuity for some Anosov representations. Our method can be applied in particular
to some ‚-positive representations for each notion of ‚-positivity.
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1 Introduction

Let �g be the fundamental group of a closed orientable surface Sg of genus g � 2. An interesting open
subset of the space of representations � W �g ! PSL.2;C/ is the space of quasi-Fuchsian representations,
which are representations whose limit set is a Jordan curve, or equivalently representations that are
quasi-isometric embeddings.
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An interesting open subset of this space is the set of nearly Fuchsian representations, which is the set of
representations that admit a �-equivariant immersion from the universal cover of Sg to the hyperbolic
space H3 whose image has principal curvature in .�1; 1/. Epstein [16] studied immersions satisfying
this bound. He proved in particular that these immersions must be proper embeddings and that their
Gauss map fibers a domain in @H3. Nearly Fuchsian representations must therefore be discrete, and one
can even conclude that they are quasi-isometric embeddings. A nearly Fuchsian representation is called
almost Fuchsian if the immersion u can be chosen to be a minimal immersion. These representations
have been studied, among others, by Uhlenbeck [36].

A generalization of quasi-Fuchsian representations for higher-rank semisimple Lie groups are Anosov
representations, introduced by Labourie [32] for representations of surface groups and by Guichard and
Wienhard [24] for representations of any Gromov hyperbolic group. Given a subset ‚ of the set of simple
restricted roots of the Lie group G, a ‚-Anosov representation is a representation that satisfies some
strong contraction property in the associated flag manifold, and it is in particular discrete. The set of
‚-Anosov representations � W �!G is moreover open.

We consider a generalization of Epstein’s bound on the second fundamental form of an immersion in a
symmetric space of noncompact type X associated to a semisimple Lie group G. Given a unit vector �
in the model Weyl chamber, or equivalently a flag manifold F� embedded in the visual boundary of X,
we define the notion of � -nearly geodesic and uniformly � -nearly geodesic immersions using Busemann
functions. We prove that a uniformly �-nearly geodesic immersion is an embedding, a quasi-isometric
embedding, and admits a domain in the corresponding flag manifold F� , which admits a fibration whose
fibers are the bases of some pencils of tangent vectors in X, which is a notion generalizing pencils of
quadrics that we introduce.

Given the fundamental group � of a compact manifoldN we also study � -nearly Fuchsian representations,
namely representations � W �!G that admit an equivariant and � -nearly geodesic immersion u W zN !X.
We prove that they form an open subset of the space Anosov representations.

As an application we study some domains of discontinuity associated to Anosov representations in flag
manifolds, constructed by Guichard and Wienhard [24] and Kapovich, Leeb and Porti [30]. Dumas
and Sanders conjectured in [14] that, in the context of complex Lie groups, the quotient of the domain
of discontinuity associated to a Tits–Bruhat ideal fibers equivariantly over the universal cover of the
surface Sg for every representation of a surface group �g that admits a totally geodesic equivariant
immersion. We show that for a nearly Fuchsian representation � of the fundamental group of N , the
domain associated with the immersion u coincides with a domain of discontinuity for �, and fibers
equivariantly over the universal cover of N . This technique can be applied to representations of surface
groups, and in particular to some ‚-positive representations for every notion of ‚-positivity. One can
also apply these techniques to fundamental groups of hyperbolic manifolds of higher dimension: we
consider two examples in the end of Section 8.5.

Geometry & Topology, Volume 29 (2025)
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Independently and with different techniques, Alessandrini, Maloni, Tholozan and Wienhard proved
that any domain of discontinuity associated to any representation that factors through a cocompact
representation into a rank-1 simple Lie group admits an equivariant fibration [3]. However the fibers are
not easy to describe in general.

It is not true that all the quotients of domains of discontinuity for Anosov representations of surface groups
always fiber over the surface. Gromov, Lawson and Thurston showed that there exist convex–cocompact,
and hence Anosov, representations of surface groups into SO.1; 4/ such that the quotient of its cocompact
domain of discontinuity in the unique associated flag manifold is hyperbolic and does not fiber over the
surface; see [21].

Although the only method we provide here to construct nearly geodesic immersions equivariant with
respect to a representation involves deforming locally a totally geodesic immersion, there may be examples
that cannot be deformed into generalized Fuchsian representations. Bronstein has constructed generalized
almost-Fuchsian representations in the isometry group of H4 that cannot be deformed into Fuchsian
representations [9].

1.1 Nearly geodesic immersions

We introduce and study a generalization of the condition of having principal curvature in .�1; 1/ in the
setting of higher-rank semisimple Lie groups of noncompact type G. More specifically we choose a
unit vector � in the associated model Weyl chamber aC. This choice is equivalent to the choice of a
flag manifold F� embedded in the visual boundary @visX of the symmetric space X associated to G. Let
� W SaC! SaC be the antipodal involution; to a point a 2 F� [F�.�/ � @visX and a basepoint o 2X one
can associate a Busemann function ba;o which can be interpreted as the distance to a in X, relative to o.

Definition 1.1 (Definition 5.1) An immersion u WM ! X is called �-nearly geodesic if for all a 2
F� [F�.�/ the function ba;o ıu WM !R has positive Hessian in any critical direction v 2 TM , for the
metric on M induced by the immersion.

This property is satisfied for totally geodesic immersions whose tangent vectors are �-regular, namely
whose Cartan projection is not orthogonal to w � � for any w in the Weyl group (see Definition 5.6). It is
equivalent to an open bound on the second fundamental form that depends on the Cartan projection of
the image of the differential of the immersion (see Proposition 5.2). When G D PSL.2;C/, a �-nearly
geodesic immersion for the only � 2 SaC is exactly an immersion with sectional curvature in .�1; 1/ in
XDH3 (see Proposition 5.5).

If the immersion is complete and uniformly �-nearly geodesic, namely if the Hessians of Busemann
functions in critical directions are uniformly bounded from below, we show moreover that it is a � -regular
embedding, a quasi-isometric embedding (see Proposition 5.16) and that the nearest-point projection
��u ıu WX! u.M/ is well defined for some explicit appropriate Finsler pseudodistance on X depending
on � (see Proposition 5.17).
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If a �-nearly geodesic immersion is equivariant with respect to a representation of a group acting
cocompactly and properly on M , it provides information about the representation:

Theorem 1.2 (Theorem 5.22) A �-nearly Fuchsian representation � W � ! G is ‚-Anosov for some
nonempty set of roots ‚ that depends on � and �.

This theorem can be stated in a simpler form if we consider a vector � 2 SaC colinear to a coroot. Given
a simple Lie group, the set � of simple roots can be partitioned into one or two Weyl orbits of simple
roots; see Figure 4. To a Weyl orbit of simple roots ‚ one can associate a unique normalized coroot
�‚ 2 SaC in the model Weyl chamber. The previous theorem can be restated in this case:

Theorem 1.3 (Theorem 5.20) A �‚-nearly Fuchsian representation for some Weyl orbit of simple roots
‚�� is ‚-Anosov.

When � D �‚ we also prove a sufficient condition for a surface to be � -nearly geodesic:

Theorem 1.4 (Theorem 5.23) Let ‚ be a Weyl orbit of simple roots. Let u W S !X be an immersion
that satisfies , for all v 2 TS and ˛ 2‚,

(1) kIIu.v; v/k< c‚˛.�.du.v///2:

Then u is a �‚-nearly geodesic immersion.

Here � W TX! aC denotes the Cartan projection. The constant c‚ depends on the scaling of the metric
chosen on X, and on ‚.

1.2 An associated domain in a flag manifold

In Section 6 we introduce and study pencils of tangent vectors, or d -pencils, which are vector subspaces
P � TxX of dimension d for some x 2 X. When G D PSL.n;R/ these can be thought of as pencils
of quadrics with zero trace with respect to some scalar product (see Proposition 6.5). To a pencil we
associate a subset of the flag manifold F� that we call its base, which is a smooth submanifold if the pencil
is �-regular, namely if all nonzero vectors v 2 P are �-regular; see Lemma 6.7. When G D PSL.n;R/
and F� 'RPn�1 the base of the pencil corresponds to the intersection of all the quadric hypersurfaces
defined by the elements of the corresponding pencil of quadrics.

To a complete and uniformly �-nearly geodesic immersion u WM ! X, we associate an open domain
��u � F� consisting of points a 2 F� for which ba;o ıu is proper and bounded from below for one, and
hence any basepoint o 2X. We define a projection �u W��u!M that associates to a 2��u the point in
M at which ba;o ıu is minimal. This point will be unique because ba;o ıu is convex and strictly convex
in critical directions.

Theorem 1.5 (Theorem 7.3) Let u WM !X be a complete and uniformly � -nearly geodesic immersion.
The map �u W ��u ! M is a fibration. The fiber ��1u .x/ at a point x 2 M is the base B� .Px/ of the
� -regular pencil of tangent vectors Px D du.TxM/.
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A domain of discontinuity � for a representation � W � ! G in a G-homogeneous space is an open
�.�/-invariant set on which �.�/ acts properly discontinuously (some authors call these domains of
proper discontinuity). A cocompact domain of discontinuity is a domain on which the action of �.�/
is cocompact.

If the representation � W�!G admits an equivariant � -nearly geodesic immersion u W zN !X, the domain
��� WD�

�
u does not depend on u, and is a cocompact domain of discontinuity for �. The fibration �u from

Theorem 1.5 is �-equivariant so the quotient of ��� fibers over the surface. We show in Theorem 7.11
that the domain ��� coincides with some domains of discontinuity associated to Tits–Bruhat ideals for
Anosov representations, constructed by Kapovich, Leeb and Porti [30]. The Tits–Bruhat ideals needed to
describe the domains ��� can always be constructed as a metric thickening.

We prove in Section 7.4 that the diffeomorphism type of the domains of discontinuity obtained by
Tits–Bruhat ideals is invariant under deformation in the space of Anosov representations. We therefore
understand the topology of some domains of discontinuity for all representations in some connected
component of a ‚-Anosov representation.

1.3 Applications

A union of connected components of representations of a surface group into a higher-rank simple Lie
group G consisting only of discrete representations is called a higher-rank Teichmüller space; see
Wienhard [37]. The Hitchin component is a higher-rank Teichmüller space for any split real simple Lie
group. When G is of Hermitian type, the space of maximal representations, namely representations
with maximal Toledo invariant, is also a higher-rank Teichmüller space. More generally, Guichard and
Wienhard defined a notion of ‚-positive representations for some simple Lie groups and some subsets
of simple roots ‚, of which Hitchin and maximal representations are a particular instance. Beyer and
Pozzetti proved that the spaces of ‚-positive representations in SO.p; q/ for 3� p < q are higher-rank
Teichmüller spaces [5]. Bradlow, Collier, García-Prada, Gothen and Oliveira [7] and Guichard, Labourie
and Wienhard [22] proved that for each notion of ‚-positivity there exist higher-rank Teichmüller spaces
consisting of ‚-positive representations.

The classical Teichmüller space can be defined as a connected component of the space of conjugacy
classes of discrete and faithful representations of a surface group into PSL.2;R/. It can also be interpreted
as the space of marked hyperbolic structures on the corresponding surface, a particular instance of
.G;X/-structures in the sense of Klein. To a manifold M equipped with a .G;X/-structure one can
associate its holonomy representation � W �1.M/!G, defined up to conjugation by elements of G.

Hitchin underlined similarities between the Teichmüller space and the Hitchin component, and asked
about the geometric significance of elements in the Hitchin component. In the spirit of this question it is
natural to ask the following:
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Question 1.6 Can ‚-positive representations � W �g !G be characterized as the holonomies on some
.G;X/-structures on a compact manifold M ?

In higher rank, Guichard and Wienhard [24] constructed geometric structures associated to Anosov
representations by constructing cocompact domains of discontinuity in the corresponding flag manifolds.
Such domains have been constructed in more generality by Kapovich, Leeb and Porti [30]. Since ‚-
positive representations are ‚-Anosov [22], the construction of Kapovich, Leeb and Porti provides
geometric structures associated to any ‚-positive representation.

The topology on the quotient of these domains, which are the manifolds on which we put a geometric
structure, is not completely clear. Alessandrini, Li and the author [2] studied the topology of this manifold
for Hitchin representations in PSL.2n;R/. Here we study more generally the domains of discontinuity
from [30] that coincide with the domains ���.

Suppose that G is center-free. Let h be an sl2 Lie subalgebra in the Lie algebra g of G, namely a
Lie subalgebra isomorphic to sl2.R/. One can associate to h a representation �h W SL.2;R/!G and a
�h-equivariant and totally geodesic embedding uh WH2!X. Choose � 2 SaC such that uh is �-regular,
so that uh is �-nearly geodesic. A representation preserving and acting properly and cocompactly on
uh.H2/ will be called h-generalized Fuchsian.

Theorem 1.7 (Theorem 8.7) Let � W �g!G be an h-generalized Fuchsian representation. Suppose that
the associated domain of discontinuity ��� is nonempty. Let C be the connected component of the space
of ‚-Anosov representations that contains �, for some nonempty ‚ depending on h. Every representation
in C is the restricted holonomy of a .G;F� /-structure on a fiber bundle over Sg .

The holonomy of the structure along the fibers is trivial, so one can consider the restricted holonomy
even if the fiber has nontrivial fundamental group. The fiber bundle is induced as the reduction of an
.SO.2;R/�CK.h//-principal bundle over Sg via the action of SO.2;R/ � CK.h/ on a codimension-2
submanifold of the flag manifold F� associated to h. This codimension-2 submanifold, which is the fiber
of the fiber bundle, can be described as the union of connected components of the �-base of a pencil of
tangent vectors in X associated to h.

This theorem applies to connected components of‚-positive representations that contain an h‚-generalized
Fuchsian representation, where h‚ is a ‚-principal sl2 Lie subalgebra. These components are known
to form higher-rank Teichmüller spaces of ‚-positive representations; see Guichard, Labourie and
Wienhard [22]. Suppose that G admits a notion of ‚-positivity and is not isomorphic to PSL.2;R/.

Corollary 1.8 (Corollary 8.11) Every ‚-positive representation � W �g !G in a component containing
an h‚-generalized Fuchsian representation is the restricted holonomy of a .G;F�‚0 /-structure on a fiber
bundle over Sg , for every Weyl orbit of simple roots ‚0 �‚.
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In this theorem F�‚ is a flag manifold associated to a set of simple roots ‚.�‚/ ��. In Figure 4 we
give the list of all Weyl orbit of simple roots, together with the corresponding sets of simple roots ‚.�‚/.
Corollary 1.8 describes exactly one geometric structure for each notion of ‚-positivity, except for Hitchin
representations in nonsimply laced split Lie groups, for which it describes two geometric structures.

Any maximal representation � W �g ! Sp.2n;R/ for n � 3 is the restricted holonomy of a projective
structure on a fiber bundle over Sg with fiber a Stiefel manifold. In the case nD 2, such structures are
already well described by Collier, Tholozan, Toulisse in [13], and it is not clear if our method can apply
to the Gothen components. In Appendix A we compare their fibration of the corresponding domain of
discontinuity with the one that we construct for nearly Fuchsian representations.

Every Hitchin representation � W �g ! PSL.n;R/ is the restricted holonomy of a structure modeled on
F1;n�1 on a fiber bundle over Sg , where F1;n�1 is the space of partial flags in Rn of the form .`;H/

where `�H �Rn, dim.`/D 1 and dim.H/D n� 1.

Similarly every ‚-positive representation � W �g ! SO.p; q/ for 3 � p and pC 1 < q is the restricted
holonomy of a structure modeled on F2 on a fiber bundle over Sg , where F2 is the space of isotropic
planes in Rp;q . If q D pC 1, there are some exceptional components that are conjectured to consist only
of Zariski-dense representations, so it is not clear if our method can be applied to these.
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2 Symmetric spaces of noncompact type

In this section we recall the general theory of symmetric spaces of noncompact type and fix some notation.
References for the results mentioned can be found in [15; 26]. We then illustrate some of these notions
for some families of Lie groups. Finally we introduce the notion of the Weyl orbit of simple roots.

2.1 Symmetric space associated to a semisimple Lie group

Let G be a connected semisimple Lie group with finite center and no compact factors, namely of
noncompact type.

Let g be the Lie algebra of G, and let B be the Killing form on g. Since g is semisimple it admits a
Cartan involution, namely an involutive automorphism � W g! g such that .v; w/ 7! �B.v; �.w// is a
scalar product on g. Any two Cartan involutions are conjugated by Adg for some g 2G.

Geometry & Topology, Volume 29 (2025)



2398 Colin Davalo

Let X be the space of Cartan involutions of g. For any x 2 X we will write the corresponding Cartan
involution �x W g! g. This involution determines a B-orthogonal decomposition gD tx˚ px , where tx

is the C1 eigenspace of � , and px the �1 eigenspace.

For x 2X , define Kx to be the group of elements k 2G such that Adk commutes with �x . This subgroup
is a maximal compact subgroup of G. Given any x 2 X, one can identify X with the homogeneous
space G=Kx . The Lie subalgebra tx is the Lie algebra of the compact Kx , and thus the space px is
naturally identified with TxX.

Let h � ; � ix be the scalar product defined for v;w 2 g as

(2) hv;wix D B.v; �x.w//:

This scalar product restricted to px ' TxX defines a Riemannian metric gX on X. We will denote by dX

the induced Riemannian distance on X. With this metric, the space X is a symmetric space in the sense
that for all x 2X there is an isometry �x of X such that dx� D�Id.

The symmetric space X is of noncompact type. It is simply connected and has nonpositive sectional
curvature. In particular it is a Hadamard manifold.

Remark 2.1 We only consider symmetric spaces X associated to semisimple Lie groups G, having their
Riemannian metric defined via the Killing form.

2.2 Reduced root systems

Fix a basepoint o 2X. Let a be a choice of a maximal abelian subalgebra of po. These maximal abelian
subalgebras are all conjugated by elements ofKx . The dimension rank.X/ of a will be called the rank of X.

Remark 2.2 In general rank.X/� rank.G/, where rank.G/ is the dimension of any Cartan subalgebra
in g.

Let ˛ 2 a� be a linear form. Let g˛ be the set of elements v 2 g such that for all � 2 a

ad� .v/D ˛.�/v:

The reduced root system † is the set of linear forms ˛ 2 a� such that g˛ ¤ f0g. An element � 2 a is
regular if for all ˛ 2† n f0g, ˛.�/¤ 0.

Let us choose a regular element �0 2 a. Let †C be the associated set of positive roots, namely the set of
˛ 2† such that ˛.�0/ > 0. There exists a unique set � of linearly independent roots in †C such that any
root if †C can be written as a linear combination of roots in �. The roots in � are called simple roots.

Let the Weyl group W be quotient of the subgroup of elements in Kx whose adjoint action stabilizes a by
the subgroup of elements that fix a pointwise.
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For any root ˛ 2† n f0g there is an element �˛ 2W whose action on a is the orthogonal symmetry with
respect to Ker.˛/ in a. The Weyl group acts linearly on a, and it is generated by the elements .�˛/˛2�.
The model Weyl chamber aC is the cone f� 2 a j 8˛ 2�; ˛.�/ � 0g. For any �0 2 a there is a unique
� 2 aC such that for some w 2W , w ��0D � . An element � 2 aC is ‚-regular for ‚�� if for all ˛ 2‚,
˛.�/¤ 0.

We denote by Sa and SaC the unit sphere in a and the unit sphere intersected with the model Weyl
chamber aC, respectively, for the metric (2).

Let w0 2W be the only element such that w0 � aC D�aC. This element is called the longest element
of the Weyl group. Let � W aC! aC be the opposition involution, namely the involution such that for
� 2 SaC, �.�/D�w0 � � . An element � 2 SaC is called symmetric if �.�/D � .

Given a set of simple roots ‚��, we say that the model ‚-facet is the set of elements � 2 SaC such
that for all ˛ 2�n‚, ˛.�/D 0. The open model ‚-facet is the set of elements � 2 SaC such that for all
˛ 2� n‚, ˛.�/D 0, and for all ˛ 2‚, ˛.�/ > 0. For an element � 2 SaC we will write ‚.�/ for the
unique set of simple roots such that ˛ lies in the open model ‚.�/-facet.

2.3 Maximal flats, visual boundary and parabolic subgroups

A flat in X is a complete totally geodesic subspace of X on which the sectional curvature completely
vanishes. A flat F is maximal if dim.F /D rank.X/. Flats passing through a point x 2X are in one-to-one
correspondence with abelian subalgebras of px , and maximal flats correspond to maximal subalgebras. As
a consequence the action of G on the space of maximal flats is transitive. The maximal flat corresponding
to a will be called the model flat. Moreover for any x 2X and v 2 TxX, there is a maximal flat F such
that x 2 F and v 2 TxF .

We say that two geodesic rays parametrized with unit length �1; �2 W R�0! X are asymptotic if there
exists a positive constant C such that for all t > 0, dX.
1.t/; 
2.t// � C . This defines an equivalence
relation on the space of rays.

The visual boundary @visX of the symmetric space X is the space of classes of asymptotic geodesic rays
parametrized with unit speed. The group G acts by isometries on X, and hence it acts on @visX.

A unit vector v 2 TxX at a point x 2X points towards a 2 @visX if the geodesic ray 
 such that 
.0/D x
and 
 0.0/D v is in the class corresponding to a. Since X is a Hadamard manifold, for any x 2 X and
a 2 @visX there is a unique unit vector that points towards a. We will denote this vector by va;x throughout
the paper. There exists a unique topology on @visX such that for any x 2X the map �x W a 7! va;x is a
homeomorphism between @visX and T 1xX.

The visual boundary of the model flat can be identified with Sa, and is included in the visual boundary
of X. The G-orbit of the point in the visual boundary of X associated to � 2 SaC will be denoted by F� .
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A ‚-facet is a subset of @visX that is the image of the model ‚-facet by the action of an element of G.
We define similarly the notion of open ‚-facet. The stabilizer of the open model ‚-facet will be denoted
by P‚, and we will denote by F‚ the associated flag manifolds, namely the quotient G=P‚. Since P‚ is
also the stabilizer of any point in the open ‚-facet, there exists a natural G-equivariant diffeomorphism
between the G-homogeneous spaces F‚ and F� for any � in the open model ‚-facet.

Example 2.3 When G D PSL.n;R/, a parabolic subgroup is the stabilizer of a partial flag f . Any point
in @visX belongs to a unique open facet, which corresponds to a partial flag. The type of the partial flag,
namely the dimensions of the subspaces that form the flag, determine a set of roots ‚f . The points in
@visX are in one-to-one correspondence with partial flags decorated with a point in the open ‚f -model
facet. This decoration can be interpreted as a collection of weights associated to the subspaces of the
partial flag.

Given any two points a; a0 2 @visX, one can define their Tits angle †Tits.a; a
0/ as the minimum of

†.va;x; va0;x/ for x 2X. This minimum is obtained when x 2X lies in a common flat with a and a0.

2.4 Cartan and Iwasawa decomposition

The Cartan projection � W TX! aC is the function that maps any vector w 2 TxX to the unique element
�.w/ 2 aC of the model Weyl chamber such that for some g 2G, g �w D �.w/.

The generalized distance da.x; y/ based at x 2X of a point y 2X is the Cartan projection �.w/ of the
unique vector w 2 TxX' px such that exp.w/ � x D y. This generalized distance is 1- Lipschitz in the
following sense:

Lemma 2.4 Let x; y; z 2X. Then

jda.x; z/�da.x; y/j � dX.y; z/:

A proof of this lemma can be found for instance in [35, Corollary 3.8]. Here j � j means the norm induced
by the metric (2).

We say that a vector v 2 TX is ‚-regular for a set of simple root ‚ if its Cartan projection is ‚-regular,
namely it avoids the walls of the Weyl chamber associated with elements of ‚. We will later introduce a
similar notion of a � -regular vector in Definition 5.6.

Let Ta;x W Pa!G be the map that associates to g 2Ga the limit

lim
t!C1

exp.�tva;x/g exp.tva;x/:

It is a well-defined continuous morphism. Let Na;x be the kernel of Ta;x , and na;x its Lie algebra. The
generalized Iwasawa decomposition is useful to compute Busemann functions.
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Theorem 2.5 (generalized Iwasawa decomposition) Let x 2X and a 2 @visX. Then the map

Na;x � exp.aa;x/�Kx!G; .n; exp.v/; k/ 7! n exp.v/k;

is a diffeomorphism. In particular for every x 2X and a 2 @visX there is a splitting

gD na;x˚ aa;x˚ kx :

The sum na;x˚ aa;x is orthogonal with respect to h � ; � ix .

In this theorem, aa;x � px is the centralizer of va;x .

2.5 Examples

In this subsection we consider the case when the semisimple Lie groupG is equal to PSL.n;R/, PSL.n;C/,
PSp.2n;R/ or PSO.p; q/. The notation introduced here will be used in the examples throughout the paper.

Let G D PSL.n;R/ and let us fix a volume form on Rn. Let Sn for n � 2 be the space of all scalar
products on Rn having volume 1. The group PSL.n;R/ acts transitively on Sn by changing the basis, ie
for g 2 PSL.n;R/, q 2X and v;w 2Rn we have that g �q.v; w/D q.g�1.v/; g�1.w//. For any q 2 Sn
the space Sn can be identified with the quotient PSL.n;R/=PSO.q/Š PSL.n;R/=PSO.n;R/.

Let �q at a point q 2X be the involutive automorphism of sl.n;R/ defined by u 7! �uT , where uT is
the transpose of u with respect to the scalar product q. This is a Cartan involution. The space Sn is the
symmetric space of noncompact type associated to G D PSL.n;R/.

The space pq is the space of symmetric endomorphisms with respect to q, and tq is the space of
antisymmetric endomorphisms with respect to q. The scalar product h � ; � iq at a point q 2 Sn is equal to
hu; viq D 2nTr.uTv/ for u; v 2 sl.n;R/.

We choose the standard scalar product q 2 Sn on Rn to be our basepoint of Sn. A maximal abelian
subalgebra a� pq � sl.n;R/ is equal to the algebra of diagonal matrices:

aD

�
Diag.�1; : : : ; �n/

ˇ̌̌
�1; : : : ; �n 2Rn;

nX
iD1

�i D 0

�
:

A choice of simple root is�Df˛1; : : : ; ˛n�1gwhere for any 1� i�n�1 and any �DDiag.�1; : : : ; �n/2a,
˛i .�/D �i � �iC1.

The Weyl chamber associated to this choice is

aC D

�
Diag.�1; : : : ; �n/

ˇ̌̌
�1 � � � � � �n 2Rn;

nX
iD1

�i D 0

�
:

The Weyl group W is isomorphic to Sn. It acts on a by permuting the entries.

LetGDPSL.n;C/. The space Hn of all positive-definite Hermitian bilinear forms of Cn having volume 1
can identified with PSL.n;C/=PSU.n;C/. It can be given in a similar way a Riemannian metric that
makes it a symmetric space of noncompact type associated to G D PSL.n;C/.
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��

�1
aC

Sa

Figure 1: The model restricted Cartan algebra a and its Weyl chamber aC for PSL.3;R/.

The subalgebra a� sl.n;R/� sl.n;C/ defined previously is still a maximal abelian subalgebra of pq .
One has rank.Sn/D rank.Hn/D rank.PSL.n;R//D n� 1, but rank.PSL.n;C//D 2n� 2.

Let G D PSp.2n;R/. Let ! be a symplectic form on R2n. Let Xn be the space of endomorphisms J on
R2n such that J 2D�Id and .v; w/ 7!!.v; J.w// is a scalar product on R2n. The semisimple Lie group
PSp.2n;R/ acts on Xn by conjugation. The space Xn can be identified with PSp.2n;R/=PSU.n;R/.
This is one of the models for the Siegel space; see for instance [12].

For J 2 Xn, let us write �J D AdJ . This is the Cartan involution of sp.2n;R/. The Siegel space is the
symmetric space of noncompact type associated with G D PSp.2n;R/.

Let ! and J 2 Xn be such that for x D .x1; : : : ; x2n/ and y D .y1; : : : ; y2n/,

!.x; y/D

nX
iD1

xiy2n�i �

2nX
iDnC1

xiy2n�i ; J.x/D .�x2n; : : : ;�xnC1; xn; : : : ; x1/:

We chose this special symplectic form so that the following set of diagonal matrices is a maximal abelian
subalgebra a� pJ � sp.2n;R/:

aD fDiag.�1; : : : ; �n;��n; : : : ;��1/ j �1; : : : ; �n 2Rng:

��

Ker.˛1/ Ker.˛3/

Ker.˛2/

SaC

Figure 2: The projectivization of the Weyl chamber SaC for G D PSL.4;R/ in an affine chart.
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�f˛1g

�f˛2g

Sa

Figure 3: The model restricted Cartan algebra a and its Weyl chamber aC for PSp.4;R/.

A choice of simple roots is�Df˛1; : : : ; ˛ng where ˛i .�/D �i��iC1 for 1� i � n�1 and ˛n.�/D 2�n,
with � D Diag.�1; : : : ; �n;��n; : : : ;��1/.

The Weyl chamber associated to this choice is

aC D fDiag.�1; : : : ; �n;��n; : : : ;��1/ j �1 � � � � � �n � 0 2Rng:

The Weyl group W is isomorphic to the subgroup of elements in S2n that commutes with the involution
� W i 7! 2nC 1� i . It acts on a by permuting the entries.

Let G D SO.p; q/ with p < q. Let Rp;q be the vector space RpCq equipped with a symmetric bilinear
form h � ; � i of signature .p; q/ defined in the standard basis by

hx; yi D

pX
iDi

.xiypCq�i C xpCq�iyi /�

p�qX
iD1

xpCiypCi :

A model for the associated symmetric space X is the space of spacelike subspaces U �Rp;q , namely
subspaces on which h � ; � i is positive definite.

A maximal abelian subalgebra a� pU � so.p; q/ is the algebra

aD fDiag.�1; : : : ; �p; 0; : : : ; 0;��p; : : : ;��1/ j �1; : : : ; �pg:

A choice of simple roots is �Df˛1; : : : ; p̨g where ˛i .�/D �i ��iC1 for 1� i �p�1, and p̨.�/D �p .

The Weyl chamber associated to this choice is

aC D fDiag.�1; : : : ; �p; 0; : : : ; 0;��p; : : : ;��1/ j �1 � � � � � �p � 0g:

The Weyl group W is isomorphic to the subgroup of elements in S2p that commutes with the involution
� W i 7! 2pC 1� i . It acts on a by permuting the first and last p entries.

2.6 Weyl orbits of simple roots

In this subsection we introduce Weyl orbits of simple roots, which are special sets of simple roots. To a
Weyl orbits of simple roots ‚ one can associate a unit vector in the Weyl chamber �‚ 2 SaC which is
colinear to a coroot.
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We consider the restricted root system † associated with the semisimple Lie group G, with a choice of a
set of positive roots †C and of simple roots �. Two simple roots ˛ and ˇ are conjugates if there is an
element w in the Weyl group W such that ˛ D w �ˇ D ˇ ıw�1.

Definition 2.6 A set of simple roots ‚�� is called a Weyl orbit of simple roots if it is an equivalence
class for the conjugation relation on the set of simple roots �.

Proposition 2.7 Let ‚ be a Weyl orbit of simple roots. There exists a unique unit vector �‚ 2 SaC such
that for any ˛ 2‚ there is some w 2W such that w � �‚ is orthogonal to ker.˛/. The vector �‚ 2 SaC

will be called the normalized coroot associated to ‚.

The normalized coroot associated to ‚ is colinear to a coroot which is itself conjugate via the Weyl group
to the coroot associated to any ˛ 2‚.

Proof Let ˛ 2‚. Let �0 2 Sa be a unit vector orthogonal to ker.˛/. Since every orbit for the action of
the Weyl group on SaC intersects exactly once the model Weyl chamber, there exists a unique vector
�‚ 2 SaC such that �‚ D w � �0 for some w 2W .

This definition does not depend of the choice of ˛ 2 ‚, because if ˇ 2 ‚ then for some w0 2 W ,
w0 �ˇ D ˛ and hence any vector � 00 orthogonal to ker.ˇ/ can be written � 00 Dw0 � �0 or � 00 D .w0�ˇ / � �0.
So W � �0 DW � � 00. Therefore W � �0\SaC DW � � 00\SaC D f�‚g.

Note that in particular �‚ is symmetric.

Remark 2.8 If ‚ is a Weyl orbit of simple roots, F�‚ is not in general the same flag manifold as
F‚ DG=P‚.

The Dynkin diagram associated to the restricted root system † is the graph with vertex set � such that
for all ˛; ˇ 2� distinct roots there is a link between ˛ and ˇ of multiplicity depending on the order k of
�˛�ˇ or �ˇ�˛, where �˛; �ˇ 2W are the symmetries associated with the roots ˛ and ˇ. If k D 2 we
consider that there is no link, there is a simple link if k D 3, a double link if k D 4 and a triple link if
k D 6. These are the only cases that occur for spherical Dynkin diagrams. If two roots have different
norms, we orient the edge towards the root with largest norm.

Proposition 2.9 Consider the Dynkin diagram associated with the reduced root system †, and remove
all the double or triple edges. A set ‚�� is a Weyl orbit of simple roots if and only if it is a connected
component of this graph.

Proof Let ˛ and ˇ be two simple roots such that �˛ D w�ˇw�1 for some w 2 W . Then the simple
root ˛ and w �ˇ are proportional, and hence ˛Dw �ˇ or ˛D�w �ˇ. In any case ˛ and ˇ are conjugated.
Reciprocally if ˛ and ˇ are conjugates, then �˛ and �ˇ are conjugated.
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The system .W; .�˛/˛2�/ is a Coxeter system. Generators of a Coxeter system are conjugated to one
another if and only if there is a path of single edges between the corresponding vertices in the Dynkin
diagram [19, Proposition 2.1]. Hence Weyl orbits of simple roots correspond exactly to connected
components for the modified Dynkin diagram.

We can now describe the Weyl orbits of simple roots in � for the restricted system of roots associated to
a simple group G. For this we use the classification of the Dynkin diagrams that occur as the reduced
root system for a symmetric space X associated to G.

Corollary 2.10 If the restricted root system † is of type An, Dn for n� 2, E6, E7 or E8, then the only
Weyl orbit of simple roots in � is �.

If the root system † is of type Bn, Cn for n � 2, F4 or G2, then � can be partitioned into its only two
Weyl orbits of simple roots.

Example 2.11 We keep notation from Section 2.5. If G D PSL.n;R/, with previous notation � is the
only Weyl orbit of simple roots and

�� D
1

2
p
n

Diag.1; 0; : : : ; 0;�1/:

The flag manifold Fp� can be identified with

F1;n�1 D f.`;H/ j `�H �Rn; dim.`/D 1; dim.H/D n� 1g:

If GD Sp.2n;R/, with previous notation ‚Df˛ng and ‚0Df˛1; ˛2; : : : ; ˛n�1g are the two Weyl orbits
of simple roots of �. One has

�‚ D
1

2
p
n

Diag.1; 0; : : : ; 0;�1/; �‚0 D
1

2
p
n

Diag.1; 1; 0; : : : ; 0;�1;�1/:

The flag manifold F�‚ can be identified with RP2n�1 and F�‚0 can be identified with the Grassmannian
of planes P in R2n that are isotropic for !, namely such that !jP D 0.

In general, the Weyl orbits of simple roots for any root system are summarized in Figure 4. The table also
includes an illustration of the set of roots ‚.�‚/ such that F‚.�‚/'F�‚ . The sets of roots are illustrated
in the diagram as the set of filled vertices. Using notation from [33, Table 1, page 293], the basis .ei / is
an orthonormal basis such that e_i D �i for Bn, Cn, Dn and F4, and e_i � .1=.nC 1//

PnC1
kD1 e

_
k
D �i for

An, E7, E8 and G2. For E6, we write e D �_.

The table can be checked as follows: for each Weyl orbit of simple root one can check that the vector
�‚ is orthogonal to the kernel of a root conjugate to a root in ‚, and lies in the model Weyl chamber.
Then one can check that the simple roots that do not vanish on �‚ are the ones in ‚.�‚/, as depicted
in Figure 4.
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� ‚ �‚ ‚.�‚/

An .1=
p
2/.e1� enC1/

BC2
e1

.1=
p
2/.e1C e2/

Bn, n� 3
e1

.1=
p
2/.e1C e2/

Cn, n� 3
e1

.1=
p
2/.e1C e2/

D4 .1=
p
2/.e1C e2/

Dn, n� 5 .1=
p
2/.e1C e2/

E6
p
2e

E7 .1=
p
2/.e8� e7/

E8 .1=
p
2/.e1� e9/

F4
.1=
p
2/.e1C e2/

e1

G2
.1=
p
2/.e1� e3/

.1=
p
6/.2e1� e2� e3/

Figure 4: Weyl orbits of simple roots and their associated normalized coroots.

3 Representations of hyperbolic groups

3.1 Gromov hyperbolic groups

Let � be a finitely generated group. Let F be any finite generating system for � that is symmetric, namely
such that s�1 2 F for all s 2 F . We can define the norm of an element 
 2 � as

j
 jF Dminfn j nD s1s2 � � � sn; si 2 Sg:

This norm defines the word distance on � by taking dF .
1; 
2/D j
�11 
2jF for 
1; 
2 2 � .

A map f W Y !X between two metric spaces X and Y is called a quasi-isometric embedding if there
exist C and D such that for all x1; x2 2X ,

1

C
dY .x1; x2/�D � dX .f .x1/; f .x2//� CdY .x1; x2/CD:

By extension, we say that a representation � is a quasi-isometric embedding if some, and hence any,
�-equivariant map u0 W �!X is a quasi-isometry, where � acts on itself by left multiplication.

This notion does not depend on the choice of F ; indeed if F 0 is another finite generating system, the
identity map .�; dF /! .�; dF 0/ is a quasi-isometric embedding.
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The group � is called hyperbolic if, as a metric space, it is hyperbolic in the sense of Gromov. We denote
by @� the Gromov boundary of a hyperbolic group � , which we equip with the usual topology [20].

Given a discrete representation, we will need to consider the limit cone of the Cartan projections of
elements of the group.

Definition 3.1 The limit cone of a discrete representation � W �!G is the closed subset

C� D
\
n2N

fŒda.o; �.
/ � o/�; j
 jw � ng D
\
n2N

�
da.o; �.
/ � o/

dX.o; �.
/ � o/
; j
 jw � n

�
� SaC:

Recall that the generalized distance da was defined in Section 2. This definition does not depend on the
choice of the basepoint o 2X.

Lemma 3.2 The limit cone C� of a discrete representation � W � ! G of a nonelementary hyperbolic
group is connected.

A hyperbolic group is nonelementary if it is neither finite nor virtually cyclic.

Remark 3.3 If � is a Zariski dense representation, Benoist proved that C� is convex [4]. We give a proof
of the connectedness of C� to avoid considerations of Zariski density.

Proof We define the distance d on Sa, as d.Œx�; Œy�/D
ˇ̌
x=jxj �y=jyj

ˇ̌
for x; y 2 a.

Assume that there exists a partition A[B of C� into two open and closed sets. These sets are compact
and hence are at uniform distance � > 0. Let F be a finite symmetric generating set for � . Let M be
the maximum for 
 2 F of dX.o; �.
/ � o/. Let E � � be the subset of elements 
 such that either
dX.o; �.
/ � o/� 12M=� or

d.Œda.o; �.
/ � o/�; C�/� 1
3
�:

Since � is discrete and by the definition of C�, E is finite. It is included in the ball of radius R centered at
the identity of � for j � jF and some R > 0.

We say that two elements 
 0 and 
 00 in � nE are E-connected if one can construct a sequence .
n/ of
elements of � nE such that for all 1 � i < N , 
iC1 D ai
ibi for some ai ; bi 2 F , with 
 0 D 
0 and

 00 D 
N .

Using only right translations, namely ai D Id, one can see that any point in @� has a neighborhood whose
intersection with � is E-connected. Indeed given D > 0 for any 
 2 � with j
 jF > RCD, the set of
elements 
 0 such that the geodesic from Id to 
 0 passes at distance at most D of 
 is E-connected. Any
point in the visual boundary admits neighborhood whose intersection with � has this form.

Using only left translations, namely bi D Id, one can see that the intersection of a neighborhood of @�
and � is E-connected. Indeed, the action of � on @� is minimal because � is nonelementary. Therefore
there exist b1 � � � bn D 
 2 � with bi 2 F such that 
 � x lies in the interior of V . Hence any 
 0 2 V \�
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close enough to 
 �x is E-connected to U \� . Therefore given x; y 2 @� with respective neighborhoods
U and V whose intersection with � is E-connected, the intersection .U [V /\� is also E-connected.
Since @� is compact one can find a cofinite E-connected subset of � .

Since A;B¤∅, the definition of the limit cone allows us to pick two large enough elements 
 0; 
 00 2�nE
such that

d.Œda.o; �.

0/ � o/�; A/� 1

3
�; d.Œda.o; �.


00/ � o/�; B/� 1
3
�:

One can assume that 
 0 and 
 00 are E-connected by taking them large enough. Therefore there exist

 2 � nE and a; b 2 F such that

d.Œda.o; �.
/ � o/�; A/�
1
3
�; d.Œda.o; �.a
b/ � o/�; B/�

1
3
�:

Using Lemma 2.4 one gets that

jda.o; �.
/ � o/�da.o; �.a
b/ � o/j � jda.o; �.
/ � o/�da.o; �.a
/ � o/jC dX.o; �.b/ � o/;

jda.�.
/
�1
� o; o/�da.�.
/

�1�.a/�1 � o; o/j � dX.�.a/
�1
� o; o/:

And therefore ˇ̌̌̌
da.o; �.
/ � o/

dX.o; �.
/ � o/
�
da.o; �.a
b/ � o/

dX.o; �.a
b/ � o/

ˇ̌̌̌
< 1
3
�:

This contradicts the fact that A and B are at distance �, so C� is connected.

The assumption that � is nonelementary is necessary; see the end of Section 5.4.

3.2 Anosov representations

The Anosov properties are more restrictive for a representation than the property of being a quasi-isometric
embedding. These notions are interesting in high rank because the Anosov properties hold for an open
set of representations, whereas the property of being a quasi-isometric embedding is not necessarily open
in Hom.�;G/ when the rank of X is at least 2.

Definition 3.4 [6, Section 4] Let ‚�� be a nonempty set of simple roots. A representation � W �!G

is ‚-Anosov if for every root ˛ 2‚ there exists some constants b; c > 0 such that for every 
 2 �

˛.da.o; �.
/ � o//� bj
 jF � c:

This definition does not depend on the choice of the generating set F and the basepoint o.

A �-Anosov representation in the case when G is a split real simple Lie group is called a Borel–Anosov
representation.

Remark 3.5 A representation is P -Anosov for a parabolic subgroup P if it is ‚-Anosov for the
corresponding set of simple roots ‚��.

Let ˛ 2� and �0 2 Sa be orthogonal to Ker.˛/. The evaluation of ˛ to da.x; y/ satisfies

˛.da.x; y//D ˛.�0/dX.x; y/ cos.†.da.x; y/; �0//:
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Anosov representations are necessarily quasi-isometric embeddings. Reciprocally a quasi-isometric
embedding is f˛g-Anosov if and only if the angle hda.o; �.
/ � o/; �0i is not too small in absolute value
for 
 2 � large enough.

In particular we have the following characterization of Anosov representations:

Theorem 3.6 [29] A representation � W � ! G is ‚-Anosov for ‚ � � if and only if it is a quasi-
isometric embedding and if Ker.˛/\ C� D∅ for all ˛ 2‚.

Representations that are ‚-Anosov admit a natural continuous and �-equivariant map �‚� W @�! F‚ D
G=�‚, where @� is the Gromov boundary of � .

In the proof of Theorem 7.11 we will use the following results about the boundary maps of Anosov
representations. For two points o; x 2X let `.o; x/ 2 @visX be the class of the unique geodesic ray with
unit speed starting from o and passing through x.

Theorem 3.7 [6, Section 4] Let � W �!G be a ‚-Anosov representation for a nonempty set ‚��.
There exists a unique �-equivariant continuous and dynamic preserving map �‚� W @�! F‚. This map is
such that for any o 2X and any sequence .
n/n2N of elements of � converging to � 2 @� , the �-facet
containing any limit point of the sequence .`.o; �.
n/ � o//n2N also contains the ‚-facet �‚� .�/.

For instance, when G D PSL.n;R/ and if ‚D f˛kg, one can associate a partial flag to any point in @visX.
If the representation � is f˛kg-Anosov, the partial flag associated to any limit point of .`.o; �.
n/ �o//n2N

contains the same k-dimensional plane, which will be denoted by �k� .�/.

Kapovich, Leeb and Porti also proved a generalization of the Morse lemma. Here is a version of this
result. Let us fix any metric on � quasi-isometric to a word metric.

Theorem 3.8 [31, Theorem 1.3] Let � W�!G be a‚-Anosov representation. Let o2X be a basepoint.
There exists a constant D>0 such that for every 
 2� , there exists a geodesic ray � WR>0!X at distance
at most D from �.
/ � o with �.0/D o, whose class Œ�� 2 @visX lies in a common �-facet with �‚� .�
 /.
Here �
 2 @� is the endpoint of any geodesic ray in � starting at the identity and going through 
 .

4 Busemann functions on symmetric spaces

Busemann functions are natural functions on Hadamard manifolds associated to points in the visual
boundary. These functions will play a key role in the definition of �-nearly geodesic immersions, and
in the fibration of domains of discontinuity. In this section we prove the main properties of Busemann
functions and compute their Hessian.

4.1 Main properties of Busemann functions

Busemann functions can be interpreted as the distance of a point x 2X to a point a in the visual boundary
relative to a basepoint o 2X.
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Definition 4.1 The Busemann function associated to a2 @visX and based at o2X is the map ba;o WX!R

that associates to x 2X the limit

lim
t!C1

dX.x; 
.t//� dX.o; 
.t//;

for any geodesic ray 
 WRC!X in the class of a.

This definition makes sense because X is a Hadamard manifold [15]. The definition implies that for any
x; o; o0 2X and a 2 @visX, the Busemann cocycle holds:

(3) ba;o0.x/D ba;o.x/C ba;o0.o/:

For symmetric spaces, this function can be computed using the generalized Iwasawa decomposition. First
we prove that unipotent elements preserve the level sets of Busemann functions:

Lemma 4.2 Let x; o 2X and a 2 @visX be two points. Let n be an element of the unipotent subgroup
Na;o of G. Then

ba;o.n � x/D ba;o.x/:

Proof The Busemann cocycle implies that ba;o.n � x/� ba;o.x/D ba;x.n � x/. This is by definition the
limit when t !1 of the difference

dX.n � x; exp.tva;x/ � x/� dX.x; exp.tva;x/ � x/

D dX.x; n
�1 exp.tva;x/ � x/� dX.x; exp.tva;x/ � x/

� dX.n
�1 exp.tva;x/ � x; exp.tva;x/ � x/:

But since n 2Na;x , exp.�tva;x/n exp.tva;x/ converges to the identity when t !C1, so this distance
converges to 0. Hence ba;x.n � x/D 0.

Recall that va;o is the unit vector in ToX pointing towards a 2 @visX. To compute a Busemann function
one needs to understand it on maximal flats. Let xD exp.w/ �o for w 2 po. Suppose that a, o and x lie in
the same flat subspace, namely Œw; va;o�D 0. The Busemann function on this Euclidean space is equal to

ba;o.x/D�dX.x; o/ cos.†o.a; x//D h�va;x; wix :

Using these facts we can write Busemann functions in the symmetric space X explicitly. Let o; x 2X be
a basepoint and a 2 @visX.

Corollary 4.3 Let o; x 2X and a 2 @visX. The Busemann function can be computed as

ba;o.x/D h�va;o; wio;

where w 2 aa;o is given by the generalized Iwasawa decomposition , namely is the unique element such
that one can write x D n exp.w/k � o with n 2Na;o and k 2Ko.
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Since G acts by isometries on X, Busemann functions are G-equivariant in the following sense:

Corollary 4.4 Let o 2X and a 2 @visX. For any g 2G and any x 2X, bg �a;g �o.g � x/D ba;o.x/.

The gradient of Busemann functions is characterized as follows:

Proposition 4.5 The gradient of the Busemann function based at any point o 2X associated to a 2 @visX

is the vector field .�va;x/x2X of unit vectors pointing towards a.

Proof The differential dxba;o of ba;x at x associates to an element w 2 px the value hw0;�va;xix ,
where w0 is the projection of w to aa;x with respect to the decomposition gD na;x ˚ aa;x ˚ kx . Note
that na;x and k are orthogonal to va;o 2 aa;x with respect to h � ; � ix . Hence w D w0, so the gradient of
ba;o at x is �va;x .

Busemann functions vary smoothly when the base flag varies in a flag manifold.

Lemma 4.6 For any o 2X and � 2 SaC the map F� �X!R given by .a; x/ 7! ba;o.x/ is smooth.

Proof Let P be the stabilizer of an element a 2 F� . By Corollary 4.4, for g 2 G and x; y 2 X,
bg �a0;o.y/D ba0;o.g

�1 �y/� ba0;o.g
�1 � o/.

Hence the map G �X!R, .g; x/ 7! bg �a0;o.x/ is smooth, and defines a smooth map from the quotient
G=P �X ' F� �X.

Example 4.7 Let XD Sn or Hn, the symmetric space associated with PSLn.K/ for KD R or C, as
in Section 2.5. Let .e1; : : : ; en/ be a basis of Kn. The projective space P .Kn/ can be identified with the
G-orbit F�1 of the point a2@visX corresponding to the limit point where t goes toC1 of the geodesic ray:

t 7!

0BBB@
e�t.n�1/ 0 � � � 0

0 et 0
:::

: : :

0 0 et

1CCCA :
The point a 2 F� ' P .Kn/ is identified with the first basis vector since the stabilizer of both points by
the respective actions of PSLn.K/ are equal.

The Busemann function bŒv�;q0 where q02X and Œv�2P .Kn/ associates the value
p
.n� 1/=n log.q.v;v//

to q 2X, where v is a representative of Œv� such that q0.v; v/D 1.

The asymptotic behavior of Busemann functions along geodesic rays is determined by the Tits angle
between the endpoints.
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Lemma 4.8 Let a 2 @visX and x 2X. Let � be a geodesic ray converging to b 2 @visX. Then there exists
a constant C > 0 such that for all t 2R,

jba;x0.�.t//C t cos.†Tits.a; b//j � C:

Proof There exists some element g 2G such that g � a and g � b belong to @visF with F the model flat
in X. Moreover there exists a geodesic ray �0 at bounded distance from g � � that belongs to the flat F .
On the flat subspace F , the Busemann function can be computed:

ba;�0.0/.�
0.t//D�t cos.†Tits.g � a; g � b//:

4.2 Computation of the Hessian

We compute here the Hessian of Busemann functions in the symmetric space X. This computation will
be used in the proof of Theorem 5.23.

Lemma 4.9 Let a 2 @visX, and x; o 2X. The Hessian of the Busemann function ba;o at a point x 2X is
given by the following quadratic form on TxX:

(4) v 7! h
p

ad2va;x .v/; vix :

Here
p

ad2va;x is the only root of the endomorphism adva;x ı adva;x jpx W px ! px that is symmetric and
semipositive for the scalar product h � ; � ix .

This quadratic form is semipositive , and vanishes exactly on z.va;x/\ px . For v 2 .z.va;x/\ px/
?, it

satisfies

(5) Hessx.v; v/� kvk2 min
˛2†;˛.�.a//¤0

j˛.�.va;x//j:

Recall that z.v/ for v 2 g is the centralizer in g of v.

Remark 4.10 The Hessian of a Busemann function is related to the sectional curvature of the symmetric
space. When measured along a tangent plane spanned by two orthogonal unit vectors v;w 2ToX' po� g,
the sectional curvature of X is equal to:

�v;w D�hŒv; Œv; w��; wio D�had2v.w/; wio:

This lemma implies that Busemann functions are strictly convex except on flats. This is a more general
fact about Hadamard manifolds; see [15].

Proof The Busemann functions with respect to two different basepoints differ only by a constant. Hence
we can assume here without any loss of generality that x D o.
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Let v 2 ToX be a vector. The generalized Iwasawa decomposition, and the fact that the exponential map
is a local diffeomorphism, implies that there exists a neighborhood I of 0 in R such that for all t 2 I ,

(6) exp.tv/D exp.nt / exp.wt / exp.kt /

for nt 2 na;o, wt 2 aa;x and kt 2 tx , and such that the map t 7! .nt ; wt ; kt / is smooth. Let us denote by
. Pn; Pw; Pk/ and . Rn; Rw; Rk/ the first and second derivative of this map at t D 0.

The limited development of order 2 at t D 0 of (6) yields

exp.tv/D exp
�
Pnt C 1

2
Rnt2
�

exp
�
Pwt C 1

2
Rwt2
�

exp
�
Pkt C 1

2
Rkt2
�
C o.t2/:

But the Baker–Campbell–Hausdorff formula [26] implies that the right side of this equality is equal to

exp
�
Pnt C Pwt C Pkt C 1

2
Rnt2C 1

2
Rwt2C 1

2
Rkt2C 1

2
.Œ Pn; Pw�C Œ Pn; Pk�C Œ Pw; Pk�/t2C o.t2/

�
:

Hence we get the following two equalities:

v D PnC PwC Pk; 0D 1
2
RnC 1

2
RwC 1

2
RkC 1

2
.Œ Pn; Pw�C Œ Pn; Pk�C Œ Pw; Pk�/:

However since v; Pw 2 px , �x. PnC Pk/D�Pn� Pk. Hence Pk D�1
2
. PnC �x. Pn//. This lets us simplify the last

part of the previous equation:

Œ Pn; Pw�C Œ Pn; Pk�C Œ Pw; Pk�D Œ Pn; Pw�� 1
2
Œ Pn; �x. Pn/��

1
2
Œ Pw; PnC �x. Pn/�:

The metric on X can be written h � ; � ix D B. � ; �x. � // on px with B the Killing form, defined on g.

Since va;x is orthogonal to na;o and tx , B.va;x; Rn/D B.va;x; Rk/D 0. Moreover Œ Pn; Pw� 2 na;o so

B.va;x; Œ Pw; PnC �x. Pn/�/D B.va;x; Œ Pn; Pw�/D 0:

In particular one gets

Hessx.ba;o/.v; v/D h�va;x; Rwix D 1
2
B.�va;x; Œ Pn; �x. Pn/�/D

1
2
B.Œ�va;x; Pn�; �x. Pn//:

Let †a �† be the set of roots ˛ such that ˛.�.a//¤ 0. The Lie algebra decomposes into root spaces:

gD z.va;x/˚
M
˛2†a

g˛a;x :

Here Adg.g˛a;x/ for any element g 2G such that g � va;x D �.va;x/ is the model root space g˛.

The restriction of adva;x on g˛a;x is a homothety of ratio ˛.�.va;x//. The vector v can be decomposed in
this direct sum:

v D v0C
X
˛2†a

v˛:

The endomorphism
p

ad2va;x associates to v the vectorX
˛2†a

j˛.�.va;x//jv
˛
2 px :
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Let †Ca be the set of roots ˛ such that ˛.�.va;x// > 0. The vector Pn can be expressed as

PnD 2
X
˛2†

C
a

v˛:

Hence, as desired,

(7) 1
2
B.Œ�va;x; Pn�; �x. Pn//D�2

X
˛2†

C
˛

˛.�.va;x//B.v
˛; �x.v

˛//

D

X
˛2†˛

j˛.�.va;x//jhv
˛; v˛ix D h

p
ad2va;x .v/; vix :

This is equal to zero if and only if v D v0.

5 Nearly geodesic immersions

In this section we introduce a local condition for an immersion into the symmetric space of noncompact
type X that generalizes the notion of an immersion with principal curvature in .�1; 1/ inside Hn.

5.1 Curvature bound and Busemann functions

We introduce the key definition of a nearly geodesic immersion, which relies on Busemann functions (see
Section 4). Let M be a smooth connected manifold, u WM !X be an immersion, o 2X a basepoint and
let � 2 SaC be a unit vector in the model Weyl chamber.

Definition 5.1 An immersion u WM!X is called � -nearly geodesic if for all a 2F�[F�.�/ and v 2 TM
such that d.ba;o ıu/.v/D 0, the function ba;o ıu has positive Hessian in the direction v.

The Hessian considered in this definition is computed with the induced metric u�gX on M . Recall that
F�.�/ is the opposite flag manifold to F� for � 2 SaC.

We will first show that the nearly geodesic condition can be written as a bound on the fundamental
form IIu, depending on the Cartan projection of the surface tangent vectors.

Since the Hessian of a Busemann function ba;o on X does not depend on o, we will denote it by Hessba .
Recall that va;o is the unit vector in ToX pointing towards a 2 @visX. The second fundamental form IIu for
x 2M of the immersion u is the difference u�rX�rM , where rX is the Levi-Civita connection on TX

associated to gX and rM is the Levi-Civita connection on TM � u�TX associated to the metric u�gX.
The second fundamental form is a symmetric 2-tensor with values in u�N , where N � TX is the normal
tangent bundle to u.M/.

Proposition 5.2 An immersion u WM ! X is �-nearly geodesic if and only if for all y 2M , for all
a 2 F� [F�.�/ and v 2 TyM such that hdu.v/; va;u.y/iu.y/ D 0:

(8) Hessba.du.v/; du.v//ChIIu.v; v/; va;u.y/iu.y/ > 0:
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The first term of this expression is always nonnegative, and the second one can be made negative up to
changing the sign of va;u.y/, so the first term needs to be positive for the inequality to hold. In particular
hdu.v/; va;u.y/iu.y/ D 0 implies that du.v/ cannot lie in the same flat as va;u.y/.

We will prove a sufficient condition that has a simpler form in Theorem 5.23 when � D �‚ for a Weyl
orbit of simple roots ‚.

Proof Let y 2M and a 2 F� [F�.�/. The function ba;o ıu is critical at y in the direction v 2 TyM if
and only if hdu.v/; va;u.y/iu.y/ D 0.

Let 
 WR!M be a geodesic for the metric u�gX on M such that 
.0/D y and 
 0.0/D v. The Hessian
of ba;o ıu on M is equal to the derivative at t D 0 of the differential of the Busemann function, namely

t 7! hva;u.
.t//; du.

0.t//iu.y/:

The first term, hrX
du.v/

va;u.
.t//; du.

0.t//iu.y/, is equal to Hessba.du.v/; du.v//. The second term can

be written
r

X
du.v/ du.


0/D u�r
M
v du.
 0/C IIu.v; v/:

However, 
 is a geodesic, so rMv du.
 0/D 0; therefore the Hessian of ba;o ıu on M in the direction v
is equal to

Hessba.du.v/; du.v//ChIIu.v; v/; va;u.y/iu.y/ > 0:

A consequence of Proposition 5.2 is that the property of being �-nearly geodesic is locally an open
property for the C2-topology, which is the topology associated with the uniform convergence over any
compact set of the first two differentials.

Corollary 5.3 Let u0 WM !X be a � -nearly geodesic map for some � 2 SaC. For all compact K �M ,
there exists a neighborhood U of u0 for the C2-topology in the space of C2 maps from M to X and
a neighborhood V of � in SaC such that for all � 0 2 V and u 2 U , u satisfies the � 0-nearly geodesic
immersion condition on K.

Let G be the isometry group of the n-dimensional hyperbolic space Hn for some n 2N with its usual
metric with sectional curvature equal to �1. We prove that the notion of �-nearly geodesic immersion
generalizes the notion of immersion with principal curvatures in .�1; 1/ in Hn. Principal curvatures are
only defined for hypersurfaces, but the following definition allows us to generalize the notion of having
bounded principal curvature:

Definition 5.4 An immersion u W M ! Hn has principal curvature in .�1; 1/ if and only if for all
v 2 TM , kdu.v/k2 > kIIu.v; v/k.

Since Hn is a rank-1 symmetric space, SaC contains a single element.

Proposition 5.5 An immersion u WM !Hn is nearly geodesic for the only element � 2 SaC if and only
if u has principal curvature in .�1; 1/.
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Proof Let x 2XDHn and a2F� DF�.�/DCP1D @Hn. For any w 2TxX, Hessba.w;w/D�kw
?k2,

where w? is the orthogonal projection of w onto the orthogonal in TxX of va;x by Lemma 4.9, with some
constant � which is equal to 1 for the metric of sectional curvature equal to �1 on Hn (see Remark 4.10).

If u is �-nearly geodesic, then it is an immersion and for every y 2 M and v 2 TyM there exists
a 2 @Hn such that va;u.y/ is positively colinear with �IIu.du.v/; du.v//. By Proposition 5.2, and since
v ? va;u.y/, one has

kdu.v/k2�kIIu.v; v/k> 0:

Therefore the principal curvature of u is in .�1; 1/.

Conversely if u is an immersion with principal curvatures in .�1; 1/, let a 2 @Hn, y 2 M and
v 2 TyM be such that ba;o ıu is critical in the direction v. Hence va;u.y/ is perpendicular to du.v/ so
Hessba.du.v; du.v//D kdu.v/k

2. Therefore the fact that u has principal curvature in .�1; 1/ implies
that the hypothesis of Proposition 5.2 holds, so u is � -nearly geodesic.

In general, the property of being � -nearly geodesic implies that the surface is regular in the following sense:

Definition 5.6 A tangent vector v 2 TX is called � -regular if its Cartan projection �.v/ does not belong
to
S
w2W .w � �/

?.

We say that an immersion u WM !X is � regular if for all v 2 TM , du.v/ is � -regular.

Being regular, namely having the Cartan projection in the interior of aC, and being �-regular are in
general unrelated. However when � D �‚ for a Weyl orbit of simple roots ‚, a � -regular vector v 2 TX

is exactly a ‚-regular vector, namely for all ˛ 2‚, ˛.�.v//¤ 0.

Proposition 5.7 Let � 2 SaC. If u is a �-nearly geodesic immersion , the tangent vectors du.v/ for
v 2 TM are � -regular.

Proof Let v 2 TyM for some y 2M . Assume that du.v/ is not �-regular, so its Cartan projection is
orthogonal to w � � for some w 2W . Therefore there is a unit vector which lies in a common maximal
flat with du.v/, and whose Cartan projection is equal to � . This vector is equal to va;u.y/ for some
a 2 F� [F�.�/.

Since va;u.y/ and du.v/ are in a common flat, Hessba.du.v/; du.v// D 0. One can assume that
hIIu.v; v/; va;u.y/iu.y/ � 0 up to exchanging a with its symmetric with respect to u.y/ which is still
in F� [F�.�/. Moreover since hva;u.y/; du.v/iu.y/ D 0, this is a contradiction with the criterion from
Proposition 5.2, so the immersion u cannot be � -nearly geodesic.

The property of being � -nearly geodesic is not necessarily satisfied for totally geodesic immersions, but it
is satisfied for � -regular totally geodesic immersions.

Proposition 5.8 A totally geodesic immersion is � -nearly geodesic if and only if it is � -regular.
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Proof An immersion u is totally geodesic if and only if IIu D 0. If u is a � -nearly geodesic immersion
that is totally geodesic, for every y 2M , v 2 TyM and every a 2 F� , y 2M and v 2 TyM such that
hdu.v/; va;u.y/iu.y/ D 0, Proposition 5.2 implies that

Hessba.du.v/; du.v// > 0:

This implies that for no a 2F� such that hdu.v/; va;u.y/iu.y/D 0 the vector va;u.y/ lies in a common flat
with du.v/ by Lemma 4.9. Hence the Cartan projection of du.v/ is not orthogonal tow2 � for anyw2W .

Conversely, if the totally geodesic immersion is �-regular, Hessba.du.v/; du.v// is never equal to 0
for any y 2M , v 2 TyM and a 2 F� such that hdu.v/; va;u.y/iu.y/ D 0. Since Hessba is nonnegative,
Proposition 5.2 implies that u is � -nearly geodesic.

5.2 Uniformly nearly geodesic immersions

If the nearly geodesic condition for an immersion is satisfied uniformly, one can prove that the exponential
of some multiple of Busemann functions are strictly convex on the image of the immersion.

Definition 5.9 Let � 2 SaC. An immersion u WM ! X is uniformly �-nearly geodesic if there exists
� > 0 such that for all v 2 TM such that kdu.v/k D 1, one has for all a 2 F� satisfying va;o ? v:

Hessba.du.v/; du.v//ChIIu.v; v/; va;oio � �:

Remark 5.10 When XDHn, being uniformly nearly geodesic for a hypersurface is equivalent to having
principal curvature in .��; �/ for some � < 1.

Suppose that M D zN is the universal cover of a compact smooth manifold N . Let � be the fundamental
group of N . A �-equivariant immersion u WM !X for some representation � W �!G which is � -nearly
geodesic is necessarily uniformly � -nearly geodesic since T 1N is compact.

If we consider a uniformly �-nearly geodesic immersion u, not only are Busemann functions convex in
critical directions, but for some � > 0, e�ba;oıu is strictly convex on M .

Lemma 5.11 Let � 2SaC. Let u WM!X be a uniformly � -nearly geodesic immersion. For some �>0,
for all a 2 F� the function exp.�ba;o ı u/ has positive Hessian for the metric u�.gX/. Moreover there
exists some �>0 such that for any a2F� and any geodesic � WR!M the functions f�D exp.�ba;oıuı�/
satisfy f 00 � �f .

Recall that the metric on M that we consider to define geodesics is the induced metric u�.gX/.

Proof Let o 2X and let U �� be the compact set of pairs .v; II/ 2 T 1Xo �ToX such that for all a 2 F�
satisfying va;o ? v,

Hessba.v; v/ChII; va;oio � �:
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Let us consider

C D inf
a2F� ; .v;II/2U ��

Hessba.v; v/ChII; va;xio
hva;o; vi2o

:

This infimum is the infimum of a continuous function taking values in R[ fC1g on a compact set.
Indeed the numerator must be strictly positive whenever the denominator vanishes, and the denominator
is always positive. Hence C 2R[fC1g.

Let � be any real number greater than max.1 � C; 0/. Let � be any geodesic in M . Let us write
g D ba;o ıu ı �. Note that g00 � C.g0/2 by definition of C . Therefore

.e�g/00=e�g D �g00C�2.g0/2 � .C�C�2/.g0/2C .��C/g00 � �.g0/2 � 0:

Note also that .e�g/00=e�g � �g00. Consider the following quantity:

M D inf
a2F� ; .v;II/2U ��

max.Hessba.v; v/ChII; va;xio; hva;o; vi
2
o/:

Note that M �max.g00; .g0/2/. Since K � U� , this quantity is strictly positive as it is an infimum taken
on a compact set of a positive function. Hence the function f D e�g is strictly convex and satisfies
f 00 > �Mf .

5.3 Convexity of a Finsler distance

When X D Hn, and given y 2 Hn, for any nearly geodesic immersion u W M ! Hn the function
x 7! exp.dHn.u.x/; y// is strictly convex. However for a general symmetric space of higher rank, the
� -nearly geodesic condition doesn’t imply the convexity for the Riemannian metric at critical points.

This leads us to consider a Finsler pseudodistance d �X on X associated to an element � 2 SaC. We show
in this section that this pseudodistance satisfies a similar convexity property for any �-nearly geodesic
immersion. This pseudodistance is symmetric when � is symmetric (namely � is fixed by the opposition
involution � on SaC) and it is equal to the Riemannian distance when rank.X/D 1. The convexity of
this distance allows us to prove the injectivity and properness of complete � -nearly geodesic immersions.
This Finsler pseudodistance is studied in [28, Section 5].

Let us define, for �0 2 a,
j�0j� D max

w2W
hw � �; �0i:

The map �0 7! j�0j� is nonnegative, homogeneous and subadditive, thus we call it in general a pseudonorm.

This pseudonorm is not necessarily symmetric: j�0j� D j��0j�.�/. In particular it is symmetric if and only
if � is symmetric. Figure 5 illustrates the unit ball of this norm in a for two examples of semisimple
Lie groups whose associated symmetric space has rank 2: on the left G D SL.3;R/ and � D ��, in the
middle G D SL.3;R/ and � D �1 (such that F�1 'RP2) and on the right G D Sp.4;R/ and � D �f˛ng
with the notation from Section 2.5.
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��
�1

�f˛2g

Figure 5: The unit ball in a of j � j�� and j � j�1 for G D SL.3;R/ and j � j�f˛2g for G D Sp.4;R/.

This pseudonorm isn’t necessarily positive on nonzero vectors. However if a nonzero vector v 2 a has
zero norm, the Weyl group does not act irreducibly on a since the W -orbit of � is orthogonal to v, which
means that the underlying Lie group G is not simple.

Example 5.12 Let n � 2 be an integer, G D PSL.2;R/n and X D .H2/n. A model flat in X is the
product of a geodesic in each of the n copies of H2. Let �k be the tangent vector to the geodesic on
the kth copy of H2. The pseudodistance on X defined by the pseudonorm j � j�k is the distance in H2 of
the kth components, which is not a distance on X.

However if G is simple and � is symmetric j � j� is a norm. This norm is W -invariant and hence it defines
a G-invariant not necessarily symmetric Finsler metric on X such that for v 2 TX, kvk� D j�.v/j� ,
where � is the Cartan projection [34, Theorem 6.2.1].

For any semisimple Lie group G, we denote by d �X W X�X! R�0 the corresponding pseudodistance
on X, namely dX.x; y/ is the infimum for all piecewise C1-paths � from x to y ofZ

k�0k� D

Z
j�.�0/j� :

This distance can be characterized in terms of Busemann functions.

Proposition 5.13 Let x; y 2X be two points. The pseudodistance d �X between these two points satisfies

d �X.x; y/D max
a2F�

ba;x.y/:

Proof Let o2X, v 2ToX and a 2F� . As usual va;o is the unit vector based at o pointing towards a. The
maximum for a 2 F� of hv; va;oi is reached when v and va;o are in a common flat [15, Proposition 24].

If we assume that v and va;o are in a common flat, the maximum is equal to j�.v/j� . Given two points
x; y 2X, any piecewise C1 curve � such that �.0/D x and �.1/D y satisfies, for all a 2 F� ,

.ba ı �/
0
D hva;�.t/; �

0.t/i�.t/ � k�
0
k� :

Hence
ba;x.y/�

Z
k�0k� :
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Moreover equality is reached for the Riemannian geodesic such that �.0/ D x and �.1/ D y. Indeed
there is a point a 2 F� that lies in a common flat with x and y such that j�0.t/j� D h�0.t/; va;�.t/i�.t/
for all t 2 Œ0; 1�. Hence ba;x.y/D d �X.x; y/. Note that the curve reaching this minimum is not unique
in general.

This pseudodistance satisfies the desired convexity condition:

Proposition 5.14 Let u WM !X be a uniformly � -nearly geodesic immersion. There exists � > 0 such
that for all x 2X the following function is strictly convex for the metric u�gX:

f W y 2M 7! exp.�d �X.x; u.y///:

A strictly convex continuous function on the Riemannian manifold .M; u�.gX// is a function that is
strictly convex on any geodesic.

Proof By Lemma 5.11 there exists � > 0 such that for any a 2F� , the function exp.�ba;o ıu/ is strictly
convex on M . One can then write f as

f .y/D exp.�d �X.x; u.y///D sup
a2F�

exp.ba;x ıu.y//:

Hence f is the supremum of a family of convex functions, so it is convex. Moreover the supremum is
taken over a compact family of strictly convex functions, so it is strictly convex.

A consequence of the convexity of this Finsler distance is that the immersion u is injective, which is an
interesting property of �-nearly geodesic surfaces. We say that u is complete if M is complete for the
induced metric u�.gX/.

Proposition 5.15 Let u WM !X be a complete uniformly �-nearly geodesic immersion. Then u is an
embedding.

Proof Consider y0 2M . The function y 2M 7! exp.�d �X.u.y/; u.y0/// is strictly convex for some
� > 0 and admits a minimum at y D y0. The completeness of the metric u�.gX/ implies that there is a
geodesic joining any two points. Hence the minimum of any strictly convex function is unique, so u is
injective. Therefore it is an embedding.

Moreover the immersion u cannot be too distorted: the metric induced by u is quasi-isometric to the
ambient metric on X. The notion of quasi-isometric embedding was recalled in Section 3.

Proposition 5.16 Let u WM ! X be a complete uniformly �-nearly geodesic immersion. Then u is a
quasi-isometric embedding for the induced metric u�gX on M . In particular u is proper.

Proof Let y0 2M and let oD u.y0/. Let � > 0 and �> 0 be the constants provided by Lemma 5.11. Let

 WR�0!M be a geodesic ray parametrized with unit speed in M for the metric u�gX with 
.0/D y0.
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Let a 2 F� be such that ba;o.u ı 
.1//D d �X.o; u ı 
.1//. Consider the function

f W t 2R�0 7! exp.�ba;uı
.t/.u ı 
.t///:

It is strictly convex and satisfies f .1/�f .0/ so f 0.1/�0. Moreover f 00>�f , so f .t/� cosh.�.t�1//>
1
2
e�.t�1/. In particular,

d �X.o; u ı 
.t//� ba;o.u ı 
.t//�
�

�
.t � 1/�

log.2/
�

:

For all y 2M there exists a geodesic ray 
 passing through y. If du is the Riemannian distance on M
induced by u�gX,

d �X.u.x0/; u.x//�
�

�
.du.x; y/� 1/

log.2/
�

:

This Finsler metric is equivalent to the Riemannian metric gX ifG is simple, and in general it is dominated
by the Riemannian metric. Moreover u is 1-Lipschitz with respect to the induced metric, so u is a quasi-
isometric embedding.

Using the convexity of this Finsler pseudodistance one can define a continuous projection from the whole
symmetric X to M . This projection will not be used in what follows, but the fibration of the domains
in F� constructed in Section 7 is an extension of it.

Proposition 5.17 Let u WM ! X be a complete uniformly �-nearly geodesic immersion. For every
x 2X, there exists a unique point ��u.x/ 2M that minimizes

y 2M 7! d �X.x; u.y//:

The function ��u WX!M is continuous , and ��u.u.y//D y for y 2M .

Proof Let �; � be the two constants provided by the Lemma 5.11 and let x 2X. The following function
is strictly convex on M :

y 7! exp.�d �X.x; u.y///:

It is moreover proper since u is proper by Proposition 5.16. Hence it has a unique minimum, so ��u is
well defined.

If we consider a sequence .xn/ 2 X of points that converge to x 2 X, then the sequence .��u.xn// is
bounded since � is discrete. Moreover any of its limit points is a minimum of d �X.x; u.y//, so the
sequence converges to ��u.x/. The function ��u is hence continuous.

5.4 Anosov property for nearly Fuchsian representations

Let N be a compact manifold with fundamental group � . We call a representation � W �!G that admits
a � -nearly geodesic equivariant immersion u W zN !X a � -nearly Fuchsian representation.

Proposition 5.18 The set of �-nearly Fuchsian representations is open in the space of representations
� W �!G, for the compact-open topology.
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Proof One can continuously deform any �-equivariant immersion u W zN !X to a �0-equivariant smooth
map u0 W zN ! X for �0 close to �. Indeed fix a Riemannian metric on N , and let � W RC ! RC be a
smooth function that is positive on Œ0; R� for R large enough and vanishes on ŒR0;C1/ for some R0 >R.
One can define u0.y/ for y 2 zN as the barycenter of the points xy
 D �0.
�1/ � u.
 � y/ with weight
�
y

 D �.d.y; 
 �y// for 
 2 � . Concretely this means that we consider the unique local minimum of the

convex function
D W x 2X 7!

X

2�

�y
d.x; x
y

 /
2:

Note that �0.
0/ � x
y

 D x


0�y



�10
and �y
 D �


0�y



�10
for 
0 2 � . Therefore u0 is �0-equivariant. Since X is a

Hadamard manifold D is strictly convex, so the barycenter map is well defined and smooth. Therefore
for �0 close enough to �, u0 is an immersion which is close to u for the C2-topology on any compact
fundamental domain of the action of � on zN . In particular u0 is a �-nearly geodesic immersion for �
close enough to �0.

The condition that u is � -nearly geodesic is local, but it will imply some coarse property on u and therefore
on �. Recall that the limit cone C� was defined in Section 3 (Definition 3.1). Due to flats, Busemann
functions are not strictly convex in critical directions on X. However Busemann functions are strictly
convex in critical directions on u. zN/. We deduce that �-nearly geodesic surfaces must coarsely avoid
these flats, which in turn can be interpreted as a property of the limit cone C�; see Definition 3.1.

Proposition 5.19 Let � W �!G be a � -nearly Fuchsian representation. Then

(9) C� \
[
w2W

.w � �/? D∅:

Recall that W is the Weyl group associated to G.

Proof Let x0; x 2 zN and oD u.x0/. Let w 2W . Then there exist two points a 2 F� and a0 2 F�.�/ that
are opposite from o, namely va;o D�va0;o, and such that

ba;o.u.x//D hda.o; u.x//; w � �i; ba0;o.u.x//D hda.o; u.x//;�w � �i:

This holds for a and a0 that lie in a maximal flat containing o and u.x/.

Let � be a geodesic parametrized with unit length in zN for u�.gX/ such that


.0/D x0 and 
.du.x0; x//D x:

Let �; � > 0 be the constants given by Lemma 5.11. Consider the function

f W t 7! exp.�ba;o ıu ı 
.t//:

Since va;oD�va0;o, up to exchanging a and a0 we can assume that f 0.0/� 0. By Lemma 5.11, f 00 > �f .
Together with the fact that f .0/D 1, this implies that for all t 2 Œ0; du.x0; x/�,

f .t/� cosh.�t/:
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Hence hda.o; u.x//; w �pi � .�=�/du.x0; x/� log.2/=�. Since u is a quasi-isometric embedding, there
exist c;D>0 such that for all x2 zN the distance for the induced metric u�.gX/ between x and x0 is at least

cdX.o; u.x//�D:

In conclusion �
da.o; u.x//

dX.o; u.x//
; w �p

�
�
c�

�
�

log.2/C �D
�dX.o; u.x//

:

Any element of C� therefore has a scalar product at least c�=� > 0 with w � � , for any w 2 W . This
implies that the limit cone cannot intersect

S
w2W .w � �/

?.

The set SaC n
S
w2W .w � �/

? contains a single connected component if and only if .w � �/? is always
a wall of the Weyl chamber decomposition of a, namely when � D �‚ for a Weyl orbit of simple roots
‚�� (this notion was defined Section 2.6). In this case

SaC n
[
w2W

.w � �‚/
?
D SaC n

[
˛2‚

Ker.˛/:

Hence we get the following:

Theorem 5.20 Let ‚ � � be a Weyl orbit of simple roots. A �‚-nearly Fuchsian representation
� W �!G is ‚-Anosov.

In particular, only hyperbolic groups admit �‚-nearly Fuchsian representations; see [6, Theorem 3.2].

If � 2 SaC does not correspond to a Weyl orbit of simple roots, let us assume that � is a nonelementary
Gromov hyperbolic group, so that the limit cone of � is connected; see Lemma 3.2.

To a � -nearly Fuchsian representation � W �!G one can associate the connected component ��� which C�
lies inside:

SaC n
[
w2W

.w � �/?:

To a connected component of this space one can associate a nonempty set ‚.��� / of simple roots. Recall
that for �0 2 SaC, ‚.�0/�� is the set of simple roots ˛ such that ˛.�0/¤ 0.

Lemma 5.21 Let � 2 SaC and let � � SaC be a connected component of

(10) SaC n
[
w2W

.w � �/?:

Let ‚.�/�� be the set of simple roots ˛ such that � \Ker.˛/D ∅. This set is nonempty, and there
exists some �0 2 � such that ‚.�0/D‚.�/.

In other words there is �0 2 � such that for any simple root ˛ 2�, ˛.�0/¤ 0 if and only if for all �00 2 � ,
˛.�0

0/¤ 0. Figure 6 illustrates the lines in SaC corresponding to
S
w2W .w � �/

? for some � 2 SaC, as
well as some connected component of the complement � . In this example ‚.�/ contains only one root.
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�

�

�0

Figure 6: Illustration for G D PSL.4;R/ of a connected component � of SaC n
S
w2W .w � �/

?

in an affine chart.

Proof LetW0�W be the subgroup of the Weyl group generated by symmetries associated to ˛2�n‚.�/.
Let y� � Sa be the connected component of � in

Sa n
[
w2W

.w � �/?:

This connected component y� is stabilized by W0. Indeed let ˛ be in �n‚.�/. By definition there is some
v 2 � such that ˛.v/D 0, and hence that is fixed by the symmetry associated to ˛. Thus the connected
component of v in Sa is stabilized by this symmetry, and hence by the group W0.

Let �0 2 � be any element and let �00 2 SaC be the element that, up to the action of W , is positively
colinear to X

w2W0

w � �0:

This sum does not vanish since h�; w � �0i has constant sign for w 2W0. This element �00 is W0-invariant,
and hence for all ˛ 2� n‚.�/, ˛.�00/D 0.

Moreover, since the Lie group G is semisimple, the action of W has no global fixed point on Sa, and
hence W0 ¤W , which proves that ‚.�/¤∅.

Theorem 5.22 A � -nearly Fuchsian representation � W �!G from a nonelementary hyperbolic group �
is ‚.��� /-Anosov.

Note that ‚.��� /¤∅, because of Lemma 5.21.

Proof We use the characterization of Anosov representations from Theorem 3.6. We already proved that
� -nearly Fuchsian representations are quasi-isometric embeddings in Proposition 5.16.

The limit cone C� lies inside ��� , which avoids Ker.˛/ for ˛ 2‚.��� /. Hence � is ‚.��� /-Anosov.

The nonelementary assumption is necessary; indeed the following representation � W Z! SL.3;R/ is not
Anosov for any set of roots:

n 7!

0@4n 0 0

0 2�n 0

0 0 2�n

1A :
However, this representation preserves a geodesic which is � -regular for almost every � 2 SaC.
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5.5 A sufficient condition for an immersion to be nearly geodesic

Let ‚ be a Weyl orbit of simple roots as in Section 2.6. Let ˛ 2‚ be any root. We define the following
constant:

(11) c‚ D min
ˇ2†;ˇ.�‚/¤0

jˇ.�‚/j

k˛k2
:

Here k˛k for ˛ 2‚ denotes the maximum of j˛.�/j for � 2 Sa a unit vector. This quantity is the same
for any ˛ 2‚, since ‚ is a Weyl orbit of simple roots.

A sufficient condition for the immersion u to be a �‚-nearly geodesic surface is the following:

Theorem 5.23 Let u W S !X be an immersion that satisfies , for all v 2 TS and ˛ 2‚,

(12) kIIu.v; v/k�‚ < c‚˛.�.du.v///
2:

Then u is a �‚-nearly geodesic immersion.

Note that k � k�‚ < k � k, so having (12) with the Riemannian metric in the left-hand side instead of the
Finsler pseudodistance from Section 5.5 is also a sufficient condition.

This property is a generalization of the property of having principal curvature in .�1; 1/, where the norm
of the tangent vector is replaced by the evaluation of roots of the Cartan projection.

Proof Let us show that (12) implies the condition of Proposition 5.2:

Hessba.du.v/; du.v//ChIIu.v; v/; va;u.y/iu.y/ > 0:

Let x D u.y/. Let us write du.v/ D w0Cw?, where w0 2 z.va;x/\px and w? 2 .z.va;x/\px/?.
Because of Lemma 4.9, one has

(13) Hessba.du.v/; du.v//� kw
?
k
2 min
ˇ2†;ˇ.�‚/¤0

jˇ.�‚/j:

Lemma 2.4 implies that for any ˛ 2†,

˛.�.w0//Ck˛k� kw
?
k � ˛.�.du.v///:

We assumed that hva;x; du.v/ix D 0. Since va;x 2 z.va;x/\px , one has therefore hva;x; w?ix D 0 and
hence hva;x; w0ix D 0. Moreover va;x and w0 are in a common flat. Since �.va;x/D �‚, this implies
that ˛.�.w0//D 0 for some root ˛ 2‚. Therefore for this root ˛,

(14) kw?k � k˛k�1˛.�.du.v///:

Recall that for any w 2 TxX and a 2F�‚ , hw; va;xix � kwk�‚ , as a consequence of [15, Proposition 24].

Equations (13) and (14) together imply the following inequality, with c‚ defined in (11):

Hessba.du.v/; du.v//ChIIu.v; v/; va;u.y/iu.y/ � c‚˛.�.du.v///
2
�kIIu.v; v/k�‚ :

The rightmost term is strictly positive because of (12).
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Example 5.24 Let G D PSL.n;R/. We choose the standard metric on X that comes from the Killing
form. In particular the Euclidean metric on a is given by

hDiag.�1; : : : ; �n/;Diag.�1; : : : ; �n/i D 2n
nX
iD1

�i�i :

In this case ��DDiag.1=.2
p
n/; 0; : : : ; 0;�1=.2

p
n//. The minimum nonzero value of ˇ.�‚/ for ˇ2† is

reached for the root ˛1 WDiag.�1; : : : ; �n/ 7!�1��2, and is equal to 1=.2
p
n/ if n� 3 and 1=

p
n if nD 2.

The norm of any root ˛ is equal to the norm of ˛1. But j˛1.�/j� j�1jCj�2j�
p
2
p
�21C�

2
2� .1=

p
n/k�k

with equality for some � 2 Sa. Hence k˛1k D 1=
p
n, so if n� 3,

c� D 2
p
n;

and c� D
p
2 if nD 2. Note that if we rescale the metric on XDH2 so that the sectional curvature is

equal to �1, (12) is exactly the condition of having principal curvature in .�1; 1/.

6 Pencils of tangent vectors

In this section we recall the classical notion of a pencil of quadrics, then we generalize it to the notion
of a pencil of tangent vectors in a symmetric space of noncompact type and its base in a flag manifold.
Bases of pencils appear as the fibers of the fibration that will be constructed in Section 7.

6.1 Pencils of quadrics

Some references for the notion of pencils of quadrics can be found in [17]. Let V be a finite-dimensional
vector space over KDR or C.

Definition 6.1 A pencil of quadrics, or more precisely a d -pencil of quadrics,1 on V is a linear subspace P
of dimension d in the space S.V / of symmetric bilinear forms on V if KDR, or in the space H.V / of
Hermitian forms on V if KDC.

The base b.P/ of a d -pencil P is the set of points Œv� 2 P .V / such that for all q 2 P , q.v; v/D 0.

The following is a criterion for a pencil of quadrics to have a smooth base:

Lemma 6.2 Let P be a pencil of quadrics such that all nonzero q 2 P are nondegenerate bilinear forms.
The map p WV !P� given by v 7! .q 7! q.v; v// is a submersion at every v 2V nf0g such that Œv�2 b.P/.
In particular b.P/ is a smooth manifold of codimension d .

Proof Let .q1; : : : ; qd / be a basis of P . Let us consider some v 2 V n f0g such that q1.v; v/D � � � D
qd .v; v/D 0. The kernel of the differential of p is the intersection of the orthogonal spaces Œv�?qi with
respect to qi of the line generated by v for 1 � i � d . Since the forms qi are nondegenerate, these
are hyperplanes.

1In the literature, for instance in [17], a pencil of quadrics is often just a 2-pencil of quadrics.
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Suppose that their intersection does not have codimension d . In particular the linear forms qi .v; � / for
1� i � d are not linearly independent, so there exists a linear combination of the bilinear forms that is
degenerate, but is a nonzero element of P , contradicting our assumption.

Hence the kernel of p has codimension d , so p is a submersion at v.

The base of a pencil of quadratics is smooth and has codimension d around each of its points which are
nonsingular, meaning that they are not degenerate points for any quadric in the pencil. We generalize this
notion of singular points in the next section.

6.2 Pencils of tangent vectors in symmetric spaces

In this subsection we consider pencils of tangent vectors in a symmetric space X of noncompact type,
which are related to pencils of quadrics when G D PSL.n;R/.

Definition 6.3 A pencil of tangent vectors at x 2X, or more precisely a d -pencil, is a vector subspace
P � TxX of dimension d for some point x 2X.

To a pencil one can associate some subsets of any G-orbit in the visual boundary. Recall that for a 2 @visX

and x 2X, the unit vector va;x 2 TxX is the unit vector pointing towards a. Let � 2 SaC.

Definition 6.4 The � -base of the pencil P , whose basepoint is x 2X, is the set B� .P/ of elements a 2F�
such that va;x is orthogonal to P .

When G D PSL.n;R/ and XD Sn, a pencil at q 2 Sn corresponds to a subspace P 0 of symmetric bilinear
forms on Rn, namely a pencil of quadrics, that is compatible with q in the sense that the trace of the
associated q-symmetric matrices vanishes.

Proposition 6.5 Let � 2 SaC be such that F� ' RPn�1. The �-base of the pencil P is identified via
this identification with the base of the pencil of quadrics P 0.

Proof The � -base of P is the space of lines ŒC � where C 2Rn is a column vector with Tr.CC?qM/D 0

for allM 2P 0, since CC?q is colinear to vŒC �;q . Hence the � -base of the pencil is also the set of lines ŒC �
such that C?qMC D 0, namely the base of the pencil of quadrics P 0.

We now generalize Lemma 6.2 to general pencils of tangent vectors.

Definition 6.6 A point a 2 F� in the base B� .P/ of a pencil P at x 2X is called singular if for some
w 2 P one has Œw; va;x�D 0.

We denote by B�� .P/� B� .P/ the set of nonsingular points, which we will also call the regular base.

Lemma 6.7 Let P be a pencil of tangent vectors at x in X. The function which associates to a 2 F�
the linear form v 7! hva;x; vix on P is a submersion at a 2 B� .P/ if and only if a 2 B�� .P/. In particular
B�� .P/ is always a smooth codimension d submanifold of F� .

Geometry & Topology, Volume 29 (2025)



2428 Colin Davalo

Proof Let � W F� ! P� be the map that associates to a 2 F� the linear form v 7! hva;x; vix .

Suppose that a 2 B� .P/ n B�� .P/. Then there exists some w 2 P such that Œw; va;x� D 0. The map
 W k 2Kx 7! k �a 2 F� is a submersion, so for every tangent vector in TaF� the differential of a 7! va;x

in this direction is adk.va;x/ for some k 2 kx . The differential of a 7! hva;x; wix in this direction is equal
to hadk.va;x/; wix D�B.adk.va;x/; w/D�B.k; Œva;x; w�/D 0. Hence the image of the differential of
� is not surjective: it is not a submersion.

Suppose that a 2 B�� .P/. Let v 2 P be any nonzero vector and consider Œva;x; v� D k 2 kx . The
differential of a 7! hva;x; vix in the corresponding tangent direction is equal to hadk.va;x/; vix D
�B.adk.va;x/; v/ D �B.Œva;x; v�; Œva;x; v�/ ¤ 0. Since for all v 2 P there is a direction in which the
differential of a 7! hva;x; vix does not vanish, the map � is therefore a submersion at a.

A pencil of tangent vectors P at x 2X is called �-regular if all its nonzero vectors are �-regular as in
Definition 5.6. In particular a �-regular pencil satisfies B�� .P/ D B� .P/, so the �-base of a �-regular
vector is a smooth codimension-d submanifold of F� .

Because of Lemma 6.7, the topology of the base of a regular pencil does not vary if the pencil is deformed
continuously.

Corollary 6.8 Let P0 and P1 be two pencils at x 2X in the same connected component of the space of
� -regular pencils at x. Then B� .P1/ and B� .P2/ are diffeomorphic.

Proof Since the space of regular pencils is an open subset of the Grassmannian of planes in TxX,
there exists a smooth path .Pt /t2Œ0;1� of regular pencils between P0 and P1. Because of Lemma 6.7
the set f.a; t/ j a 2 F� ; t 2 Œ0; 1�g is a submanifold with boundary F� � Œ0; 1� that comes with a natural
submersion .a; t/ 7! t . Since this manifold is compact, all the fibers are diffeomorphic by the Ehresmann
fibration theorem.

Example 6.9 Let G D PSL.3;R/ and X D S3. We identify the tangent space Tq0S3 at the point q0
corresponding to the standard scalar product on R3 with the space of three-by-three symmetric matrices
with real coefficients and zero trace. Consider the following two pencils:

Pirr D

*0@0 1 01 0 1

0 1 0

1A ;
0@2 0 0

0 0 0

0 0 �2

1A+; Pred D

*0@0 0 10 0 0

1 0 0

1A ;
0@1 0 0

0 0 0

0 0 �1

1A+:
Let �1 2 SaC be such that Fp1 is diffeomorphic in a PSL.3;R/-equivariant way to RP2, and let �� be
the normalized coroot associated to the Weyl orbit of simple roots �. It satisfies F�� ' F1;2, the space
of complete flags in R3.

The pencils Pirr and Pred are not �1-regular: B�1.Pirr/ is the disjoint union of a point and a line where
B��1.Pirr/ contains only the point. In this particular case the regular base is a connected component of the
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base, so it is a smooth compact codimension-2 submanifold. The set B�1.Pred/ is a single point that is
singular for the pencil. Here we see that a singular point can still be a point around which the base is a
smooth codimension-2 submanifold.

Both pencils are ��-regular, but their ��-bases are different.

A flag .`;H/ D .Œx�; Œy�?/ with x D .x1; x2; x3/ and y D .y1; y2; y3/ nonzero vectors such that
x21 C x

2
2 C x

2
3 D y

2
1 Cy

2
2 Cy

2
3 and x1y1C x2y2C x3y3 D 0 belongs to B��.Pred/ if and only if

x21 � x
2
3 D y

2
1 �y

2
3 ; 2x1x3 D 2y1y3:

Up to replacing y by �y, these equations are equivalent to x1Dy1, x2D�y2, x3Dy3 and x21Cx
2
3 Dx

2
2 .

The corresponding flags .`;H/ in the affine chart .x; y/ 7! Œx; 1; y� of RP2 are the tangent point and
tangent lines to the circle of radius 1 centered at the origin.

A flag .`;H/ D .Œx�; Œy�?/ with x D .x1; x2; x3/ and y D .y1; y2; y3/ nonzero vectors such that
x21 C x

2
2 C x

2
3 D y

2
1 Cy

2
2 Cy

2
3 and x1y1C x2y2C x3y3 D 0 belongs to B��.Pirr/ if and only if

2x21 � 2x
2
3 D 2y

2
1 � 2y

2
3 ; 2x1x2C 2x2x3 D 2y1y2C 2y2y3:

Let `0 D h.1; 0; 1/i and H0 D h.1; 0;�1/; .0; 1; 0/i. The corresponding flags .`;H/ belong to one of the
three circles in F1;2 defined by

� `D `0 and H is any plane through `,

� H DH0 and ` is any line in H ,

� `�H0 and `0 �H .

Indeed one can check that these flags satisfy the equations. In order to check that these are the only
solutions, one can see that these are the fibers of a fibration over the surface with three connected
components; see Section 8.3.2.

The ��-base B��.Pred/ is a circle, whereas B��.Pirr/ is the union of three circles. Hence Corollary 6.8
implies that they must lie in different connected components of the space of ��-regular pencils.

Since the pencils will be the fibers of the domains of discontinuity that we will construct, proving that
the domain is nonempty will be equivalent to having nonempty pencils. We present here a topological
argument to prove that some pencils are nonempty:

Proposition 6.10 Let � 2 SaC and P be a �-regular pencil of tangent vectors based at x 2 X of
dimension d . If the � -base of P is empty, then F� fibers over the sphere Sd�1.

If moreover d D 2, the fundamental group of F� is infinite.

Proof To a 2 F� we associate �0.a/ 2 P the orthogonal projection of va;x 2 TxX onto P � TxX.
Since the �-base of P is empty, one can define a map � W F� ! SP into the unit sphere of P where
�.a/D �0.a/=k�0.a/k. This map is a submersion. Indeed let a 2 F� , and let P0 � P be the orthogonal
to �.a/ in P . Lemma 6.7 applied to P0 implies that � is a submersion at a.
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This submersion is proper since F� is compact, and hence it is a fibration. This fibration induces a long
exact sequence, where F is the fiber:

� � � ! �1.F� /! �1.SP/! �0.F /! � � � :

Since F is compact, �0.F / is finite and if d D 2, �1.SP/' Z, so �1.F� / is infinite.

We conclude this section by the following remark, which says that regular pencils cannot be tangent to flats:

Proposition 6.11 If a 2-pencil is tangent to a flat , then it is not � -regular for any � 2 SaC.

Proof Up to the action of G one can identify P with a plane in a. But for any � 2 SaC, the orthogonal
of � intersects this plane. Hence there is an element of P whose Cartan projection is orthogonal to w � �
for some w in the Weyl group.

7 Fibered domains in flag manifolds

In this section we associate an open domain ��u � F� to any complete uniformly �-nearly geodesic
immersion u WM !X with � 2 SaC, and show that this domain is a smooth fiber bundle over M where
the fibers are � -bases of the pencils that are the tangent planes to u.M/. This construction is the analog
of the Gauss map for hypersurfaces in Hn. We also mention what happens with our construction for
totally geodesic immersions that are not � -regular.

If M D zN for some compact manifold N with torsion-free fundamental group � , and if u is equivariant
with respect to a representation �, we show that the domain ��u is a cocompact domain of discontinuity
for the action of � and its quotient fibers over N . This domain always coincides with some domain of
discontinuity associated to the Tits–Bruhat ideals constructed by Kapovich, Leeb and Porti [30]. Finally
we prove the invariance of the topology of the quotients of these domains of discontinuity.

7.1 A domain associated to a nearly geodesic immersion

Let � 2 SaC be any unit vector and u WM !X be a complete uniformly � -nearly geodesic immersion.

We consider a particular domain of the flag manifold F� , defined for any nearly geodesic immersion
u WM ! X using Busemann functions. For this we fix a basepoint o 2 X, but the definition will not
depend on this choice.

Definition 7.1 Let��u be the set of elements a 2F� such that the function ba;oıu is proper and bounded
from below.

We have additional properties if u is a complete uniformly � -nearly geodesic immersion.

Lemma 7.2 Let a2F� . There exists a critical point x 2M for the function ba;oıu if and only if a2��u.
In this case this point is unique , and the Hessian of ba;o ı u at this point is positive. The domain ��u
is open.
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Proof Let a 2 F� . Suppose that ba;o ıu is critical at y 2M . Since u is � -nearly geodesic, the Hessian
of ba;o ıu at y is positive. Moreover, due to Lemma 5.11 there exists � > 0 such that exp.�ba;o ıu/ has
positive Hessian everywhere on M .

A convex function with positive Hessian on a complete connected Riemannian manifold has a unique
minimum, and is proper. The function exp.�ba;o ı u/, and hence the function ba;o ı u, are therefore
proper and have a unique minimum. In particular a 2���.

Conversely if a 2���, ba;o ıu is proper it admits a global minimum, which is a critical point.

If a function has a critical point with positive Hessian, every small deformation of the function for
the C0-topology still admits a critical point. Indeed if x is a critical point with positive Hessian of a
convex function f , for any small enough closed disk D around x one has f > f .x/ on @D. If we fix
such a disk D, for g close enough in the C0-topology to f , one still has g > g.x/ on the compact @D.
Therefore g restricted to D must admit a global minimum that is reached at some point y in the interior
of D. This point y is a local minimum and hence a critical point of g.

In conclusion ��� is open.

We thus can define the projection �u W��u!M associated to u as the map that associates to a 2��u the
unique critical point �u.a/ 2M of ba;o ıu. This is an extension at infinity of the nearest-point projection
from Proposition 5.17.

Theorem 7.3 Let u W M ! X be a complete and uniformly �-nearly geodesic immersion. The map
�u W�

�
u!M is a fibration. The fiber ��1u .x/ at a point x 2M is the base B� .Px/ of the � -regular pencil

Px D du.TxM/.

Figure 7 illustrates this construction in the rank-1 case GD PSL.2;C/, for a totally geodesic immersion u.
The associated symmetric space H3 is depicted with Poincaré’s ball model. Since H3 has rank 1, its

a

a0

XDH3

F� DCP1

P
�u.a/

Figure 7: Fibration of the domain ��u in the rank-1 case, G D PSL.2;C/.

Geometry & Topology, Volume 29 (2025)



2432 Colin Davalo

visual boundary contains a single orbit F� 'CP1. The image of u is the disk bounded by the equator.
The pencil P is depicted as a parallelogram. Its � -base is a fiber of the fibration, and is the codimension-2
submanifold B� .P/D fa; a0g.

Remark 7.4 If some element g 2G preserves u.M/, then the map �uıu commutes with the action of g.
In particular if M D zN for a compact manifold N with fundamental group � and if u is �-equivariant
for some � W �!G, then �u is �-equivariant, and hence defines a fibration x�u W��u=�.�/!N .

The two important steps in the proof of Theorem 7.3 are to check that the fibers are distinct and far
enough from one another using Lemma 7.2, and that these fibers are smooth manifolds using Lemma 6.7.

Proof of Theorem 7.3 Consider the set

E D f.a; x/ 2��u �M j dx.ba;o ıu/D 0g:

Because of Lemma 7.2 the Hessian of ba;o ıu is nondegenerate at critical points, and hence E is locally
the zero set of a submersion, so it is a codimension-2 submanifold of ��u �M .

Let �1 W ��u �M ! ��u and �2 W ��u �M ! M be the projections onto the first and second factors,
respectively.

Lemma 7.2 implies that �1 restricted to E is a bijection. Moreover, again because of the nondegeneracy of
the Hessian of ba;oıu, the tangent space T.a;x/E at .a; x/2E intersects trivially TxM �T.a;x/.��u�M/.
Hence �1 restricted to E is a local diffeomorphism, and therefore a diffeomorphism.

Let .a; x/2E. By definition da.ba;oıu/ Wv 7!hdu.v/; va;u.x/iu.x/ vanishes, so va;u.x/?du.TxM/DPx .
Hence a belongs to the �-base of Px . Because of Proposition 5.7, this pencil is �-regular and hence
its �-base contains no singular points. Lemma 6.7 implies that the tangent space T.a;x/E at .a; x/ 2E
intersects trivially Ta��u � T.a;x/.�

�
u �M/. The map �2 restricted to E is therefore a submersion

at .a; x/.

As a conclusion, �u D �2 ı��11 is a smooth submersion. The � -base of the pencil Px is compact in F� ,
and it is included in ��u because of Lemma 7.2. Hence �u is a proper submersion over a connected
manifold; by the Ehresmann fibration theorem it is a fibration.

7.2 Totally geodesic immersions that are not nearly geodesic

In this subsection let u WM ! X be a complete totally geodesic immersion. Let � 2 SaC. We don’t
assume in this subsection that u is � -regular, and hence � -nearly geodesic.

One can still define ��u as the set of a 2 F� such that ba;o ıu is proper and bounded from below, but we
can’t always expect the domain to have compact fibers in this case. Lemma 7.2 can be adapted as follows:

Lemma 7.5 A point a 2 F� belongs to ��u if and only if the function ba;o ı u admits a critical point
�u.a/ 2 M at which the Hessian is positive. In this case the critical point is unique and is a global
minimum of ba;o ıu. The domain ��u is open.
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Proof Note that for a 2F� the function ba;o ıu is convex, since u is totally geodesic and ba;o is convex,
but not necessarily strictly convex. Let us show that if a 2���, ba;o ıu is strictly convex at critical points.

Let a2���, and let y 2M be a critical point of ba;oıu, namely a global minimum since ba;oıu is convex.
Assume for contradiction that the Hessian of ba;o in the direction du.v/ vanishes for some v 2 TyM .

There must exist a flat that contains a and du.v/ by Lemma 4.9. Let � be the geodesic ray starting
at du.v/ in X. The function ba;o is linear on � since a and � belong to a common flat. However the
derivative of ba;o along � vanishes at u.y/, so ba;o is constant along �. Moreover u is totally geodesic
and the whole geodesic ray starting at du.v/ in X belongs to the image of u, so ba;o ıu is not proper,
contradicting the assumption that a 2���.

For all a 2 ��� we showed that the functions ba;o ı u are convex and strictly convex at any critical
point. Such a critical point is therefore unique since ba;o ıu is convex. The rest of the proof goes as in
Lemma 7.2.

We define a map �u W ��u !M , using Lemma 7.5. We show that this map is a fibration. Recall that
the regular base B�� .P/ defined in Section 6 is a subset of the base B� .P/ that is always a smooth
codimension-d submanifold.

Theorem 7.6 To every a 2��u, we associate the unique critical point �u.a/ 2M of ba;o ıu provided
by Lemma 7.5. The map �u W��u!M is a smooth fibration , and the fiber of this map at y 2M is the
regular base B�� .du.TyM//.

Proof By the same argument as for Theorem 7.3, �u is a smooth submersion.

However we need to proceed differently to prove that this map is a fibration, since the fiber is not
necessarily compact. Let g 2G be an element that stabilizes u.M/�X . The map �u is equivariant with
respect to g, namely for all a 2���,

�u.g � a/D g ��u.a/:

Let y2M . Recall that the exponential map for the Lie groupG defines a map exp WTu.y/X'pu.y/�g!G.
Moreover since u.M/ is totally geodesic, any element of exp.du.TyM// is a transvection on this totally
geodesic subspace; hence it stabilizes u.M/. We consider the map

� W TyM �B�� .du.TyM//!��u; .v; a/ 7! exp.du.v// � a;

which is an immersion between spaces of equal dimension. Moreover it is a bijection, and hence it is a
diffeomorphism. Through the identification exp W TyM !M , this gives ��u the structure of a fibration
with projection �u.

Since the regular base is open, it is compact if and only if the regular points form a union of connected
component of B� .P/. This is for instance the case if G D PSL.3;R/ and P D Pirr as in Example 6.9.
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Example 7.7 Let G D SL.3;R/, and let � be a representation of the form � D �irr ı �0 for some
Fuchsian representation �0 W �g ! SO.1; 2/' PSL.2;R/ of a surface group and the natural inclusion
�irr W SO.1; 2/! SL.3;R/. This representation admits a �-equivariant totally geodesic map u W zSg !X

(see Section 8.1 for more details). The pencil P D du.Ty zSg/ for any y 2 zSg is, up to the action of G,
equal to the pencil Pirr defined in Example 6.9.

This pencil is not �1 regular, so u is not �1-nearly geodesic. However because of Theorem 7.6 the
domain ��1u fibers over zSg with base B��1.Pirr/, which is a point in F�1 'RP2. This domain is the disk of
positive vectors for the chosen bilinear form of signature .1; 2/ on R3. In this example the regular points
of B�1.Pirr/ form a connected component so the fibration is proper. If we consider a point `2RP2 outside
of the closure of this disk, the associated Busemann function is minimal in u. zSg/ on a full geodesic line.
If ` is in the boundary of the disk, the associated Busemann function is not bounded from below on u. zSg/.

7.3 Comparison with metric thickenings

In this section we consider the case when M D zN for some compact manifold N with fundamental
group � and u is equivariant with respect to a representation � W �!G. In other words � is a �-nearly
Fuchsian representation, as we defined in Section 5.4.

We show that if we have a � -nearly Fuchsian �-equivariant map u W zN !X for a representation � W �!G

the domain ��u coincides with a domain of discontinuity associated to Anosov representations constructed
by Kapovich, Leeb and Porti [30].

The domain ��� WD�
�
u depends on � and � but not on u. Indeed a 1-Lipschitz function on X is proper on

the image of u if and only if it is proper on any �.�/ orbit in X.

Even though this will be a consequence of Theorem 7.11, one can easily check that the existence of the
fibration of ��� implies that it is a cocompact domain of discontinuity.

Theorem 7.8 Let � W �!G be a representation that admits an equivariant � -nearly geodesic immersion
u W zN !X. The action of � on ��� via � is properly discontinuous and cocompact.

Proof Let �u be the fibration from Theorem 7.3. Let A be a compact subset of���. Its image �u.A/� zN
is compact on zN . Since � acts properly on zN , all but finitely many 
 2 � satisfy �u.A/\ 
�u.A/D∅.
Hence for all but finitely many 
 2 � , A\ �.
/A D ∅. The action of � via � is therefore properly
discontinuous.

Let D be a compact fundamental domain for the action of � on zN , namely a compact set that satisfies[

2�

D D zN:

The set ��1u .D/ is a fundamental domain for the action of � on ��� by � by the equivariance of �u. It is
closed in���. Moreover ��1u .D/ is closed in F� . Indeed if we consider a sequence .an/ of elements of���
that converge to a 2 F� such that �u.an/ always belong to D, one can assume that �u.an/ converges to
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y0 2D up to taking a subsequence. In the limit, ba;o ıu.y0/� ba;o ıu.y/ for all y 2 zN . Hence y0 is a
critical point for ba;o ıu, so by Lemma 7.2, a 2���.

Hence ��� admits a compact fundamental domain for the action of � via �; therefore this action is
cocompact.

We consider the domains of discontinuity constructed by metric thickenings, which are particular instances
of the domains of discontinuity associated with a Tits–Bruhat ideal, defined in [30].

Let .�; �0/ be a pair of elements in SaC. This pair will be called balanced if �0 is � -regular, namely

�0 …
[
w2W

.w � �/?:

Note that this is equivalent to � being �0-regular. Using the Tits angle †Tits W @visX2! Œ0; �� we associate
to any b 2 @visX a thickening Kb � F� defined as

Kb D
˚
a 2 F� j †Tits.a; b/�

1
2
�
	
:

Recall that the Tits angle was defined in Section 2, and is defined for points in @visX.

Lemma 7.9 Let b1 and b2 belong to a common maximal facet in @visX, and suppose that their Cartan
projections lie in the same connected component of

SaC n
[
w2W

.w � �/?:

Then Kb1 DKb2 .

Proof Let f 2 F� be a maximal facet that contains b1 and b2. Let a 2 F� . Then there exists a maximal
flat of X such that f and a belong to its visual boundary. This flat can be identified with a so that f
corresponds to @visa

C.

Hence as long as b lies in the visual boundary of this flat, †Tits.a; b/ is equal to the Euclidean angle in
the flat, so the sign of its cosine does not vary as long as the Cartan projection of b does not lie in .w ��/?

for any w 2W . Therefore if the Cartan projections of b1 and b2 are in the same connected component of
the complement, Kb1 DKb2 .

Recall that the flag manifold F�0 is G-equivariantly diffeomorphic to F‚.�0/DG=P‚.�0/ where ‚.�0/ is
the set of simple root that do not vanish on �0. Hence given a flag f 2 F‚.�0/ we define K�0

f
DKb � F�

for the unique b 2 F�0 corresponding to f .

Given a pair .�; �0/ and a ‚.�0/-Anosov representation (see Definition 3.4), Kapovich, Leeb and Porti
define a domain of discontinuity in F� .
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Theorem 7.10 [30, Theorem 1.10] Let .�; �0/ be a pair of elements of SaC. Let � W � ! G be a
‚.�0/-Anosov representation. The following is a domain of discontinuity for �:

�.�;�0/� D F� n
[
�2@�

K
�0

�
‚.�0/
� .�/

:

Moreover if .�; �0/ is balanced , then the action of � via � on �.�;�0/� is cocompact.

In this statement �‚.�0/� .�/D f 2 F‚.�0/ is the image of � 2 @� by the boundary map �‚.�0/� associated
to �, introduced in Theorem 3.7.

This theorem is a particular case of their result concerning Tits–Bruhat ideals. In [30] it is explained how
a pair .�; �0/ yields a Tits–Bruhat ideal, defined via a metric thickening. This ideal is balanced if and only
if the pair is balanced in our sense.

For a �-nearly Fuchsian representation, the domain ��� is always equal to some domain obtained by
metric thickening. More precisely:

Theorem 7.11 Let � be a � -nearly Fuchsian representation of a nonelementary hyperbolic group. Recall
that ��� and ‚.��� / were defined in Section 5.4. Let �0 2 ��� be any element such that ‚.�0/D‚.��� /,
whose existence is provided by Lemma 5.21. Then

��� D�
.�;�0/
� :

The domain from Theorem 7.10 is a domain of discontinuity since � is ‚.��� /-Anosov by Theorem 5.22,
and this domain is cocompact since the pair .�; �0/ is balanced.

Proof Let us write ‚ D ‚.��� / D ‚.�0/. Let a 2 F� n��� and let .yn/n2N be a diverging sequence
of points in M such that .ba;o.u.yn///n2N is bounded from above. Up to taking a subsequence let us
assume that it converges to a point � 2 @� ' @ zN . We consider the geodesic segments Œo; u.yn/� � X

for n 2 N. Since � is �-nearly Fuchsian it is a quasi-isometric embedding by Proposition 5.16, so in
particular the length of these segments goes to C1. Up to taking a subsequence, we can assume that
these geodesic segments converge to a geodesic ray � WR�0!X with �.0/D o. Let Œ�� 2 @visX be the
point corresponding to the class of �.

Busemann functions are convex, so the function ba;o is bounded from above on all the geodesic segments
Œo; u.yn/� for n2N, and hence ba;oı� is bounded from above. Therefore†Tits.a; b/�

1
2
� by Lemma 4.8,

so a 2KŒ��. Let b 2F�0 be an element such that b and Œ�� belong to a common maximal facet and whose
Cartan projection lies in ��� . Lemma 7.9 implies that KŒ�� DKb . Theorem 3.7 implies that Kb DK

�0
�‚� .�/

.
Therefore if a 2 F� n��� then a 2 F� n�

.�;�0/
� .

Conversely let a 2 ��� and let � 2 @� . Consider a geodesic ray � W R>0 ! zN for the metric u�.gX/

converging to �. Theorem 3.8 implies that there existsD>0 such that for all t > 0, there exists a geodesic
ray �t WR>0!X such that �t .0/D uı�.0/, �t .t/ is at distance at most D from uı�.t/ and Œ�t � 2 @visX

belongs to a common maximal facet with �‚� .�/. Since C� � ��� , for all t large enough, KŒ�t � DK
�0
�‚� .�/

.
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The Busemann function ba;o is proper on �; hence for t large enough ba;o ı �t .t/ > ba;o ı �t .0/. Since
ba;o is convex, this implies that ba;o is growing at least linearly on �t , so a … KŒ�t � by Lemma 4.8.
Therefore a 2�.�;�0/� .

7.4 Invariance of the topology

In this section we prove that the topology of the quotient of the domains of discontinuity considered by
Kapovich, Leeb and Porti does not vary when the representation is deformed continuously. Guichard and
Wienhard proved this already for the domains of discontinuity that they consider in [24].

Let � be a torsion-free finitely generated group and F a G-homogeneous space. Let .�t /t2Œ0;1� be a
smooth family of representations from � to G. Consider for every t 2 Œ0; 1� an open �t .�/-invariant
domain �t � F .

Lemma 7.12 Suppose that these domains are uniformly cocompact domains of discontinuity for .�t /,
namely the domain � D f.t; a/ j a 2 �tg � Œ0; 1� � F is open and the action of � via � is properly
discontinuous and cocompact where �.
/ �.t; a/D .t; �t .
/ �a/. The quotient �0=�0.�/ is diffeomorphic
to �1=�1.�/.

Proof The projection onto the first factor in Œ0; 1��F descends to a submersion p W�=�.�/!R. Since
�=�.�/ is compact and the base is connected, Ehresmann’s fibration theorem implies that the proper
submersion p is a fibration. Hence p�1.0/ and p�1.1/ are diffeomorphic.

Remarks 7.13 A concrete way to construct this diffeomorphism is to pick a Riemannian metric on
�=�.�/ and consider the flow of the gradient of p. If we consider two different Riemannian metrics, the
diffeomorphisms obtained are isotopic, since the space of Riemannian metrics is path connected. Hence
this operation constructs a unique diffeomorphism up to isotopy.

Note that a family of cocompact domains of discontinuity could be nonuniformly cocompact, for instance
a family of representations such that �t W Z! PSL.2;R/ is hyperbolic for 0 � t < 1 and parabolic for
t D 1. These representations admit a unique maximal domain of discontinuity in RP1 with two connected
components for t < 1 and one for t D 1. The quotient of the corresponding domain � is homeomorphic
to the noncompact space S1 � Œ0; 1�tS1 � Œ0; 1/.

In order to apply Lemma 7.12, we need a slight adaptation of Theorem 7.10 from [30]. Let � be any
Gromov-hyperbolic group. We check that the domains constructed by Kapovich, Leeb and Porti are
uniformly cocompact domains of discontinuity for any smooth path of Anosov representations.

Proposition 7.14 (adaptation of [30, Theorem 1.10]) Let .�; �0/ be a balanced pair as in Section 7.3.
Let � W Œ0; 1�! Hom.�;G/, t 7! �t be a continuous path such that the family .�t /t2Œ0;1� consists only of
‚.�0/-Anosov representations.

The family of domains �t D�
.�;�0/
�t for t 2 Œ0; 1� are uniformly cocompact domains of discontinuity for

the family of representations �.
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We check that the arguments from Kapovich, Leeb and Porti are uniform on neighborhoods of Anosov
representations. The same proof holds if one considers more generally domains of discontinuity constructed
with balanced Tits–Bruhat ideals as in [30].

Proof The domain � is the complement in Œ0; 1��F� of

K� D
[
t2Œ0;1�

ftg �K�;t ; K�;t D
[
x2@�

K
�0
�‚�t .x/

:

Since the boundary maps �‚� are continuous and vary continuously when � varies continuously in the
space of ‚-Anosov representations (see [6, Section 6]), and since K.�;�0/

�‚� .x/
is compact, K� is compact, so

�D f.t; a/ j a 2�tg � Œ0; 1��F is open.

Let us fix a Riemannian distance d on F� . Let A D f.t; a/ j t 2 Œ0; 1�; a 2 At � �g be a compact set
and let .
n/ 2 � be a diverging sequence. Corollary 6.8 of [30] implies that given t 2 Œ0; 1�, for any
� > 0, for all n large enough, if d.a;K�;t /� � then d.�t .
n/ �a;K�;t /� �, where the minimal value of n
needed depends on the constants b and c that come into play in the definition of Anosov representations
(Definition 3.4).

Since we consider a compact set of Anosov representations, and since these constants can be chosen
locally uniformly around a given Anosov representation (see [29, Theorem 7.18]), these constants can
be chosen uniformly for all representations .�t /t2Œ0;1�. Moreover the compact sets At are at uniform
distance from K�;t Therefore, for all n 2N large enough, for all t 2R, �t .
n/ �At \At D∅. So for all
n large enough �.
n/ �A\AD∅. We have proven that the action of � on � is properly discontinuous.

In order to prove the cocompactness of the action on �, we will check that the transverse expansion holds
uniformly. It follows from [30, Proposition 7.7] that for every t 2 Œ0; 1�, the action of �t is transversely
expanding at the limit set of �t as in [30, Definition 5.21], namely for all x 2 @� , there exists 
 2 � , an
open neighborhood U of K�0

�‚�t .x/
in F� and a constant � > 1 such that for all a 2 U and y 2 @vis� that

satisfy K�0
�‚�t .y/

� U , one has

d.�t .
/ � a; �t .
/ �K
�0
�‚�t .y/

/� �d.a;K
�0
�‚�t .y/

/:

Let g 2G, f 2 F‚ � > 1 and U � F� be an open set. We say that g is expanding at K�0
f

over U with
factor � if for all a 2 U ,

d.g � a; g �K
�0
f
/� �d.a;K

�0
f
/:

This property is open in the following sense: if g is expanding at K�0
f

over U with factor �, then for any
1 < �0 < � and any open subset E such that E � U there exists a neighborhood Ug of g in G and Uf of
f in F‚ such that for all g0 2 Ug and f 0 2 Uf , g0 is expanding at K�0

f 0
over E with factor �0.

This implies that the action of � on F� � Œ0; 1� satisfies the transverse expansion property, where K� is
considered as a bundle over Œ0; 1��K. Namely for all t 2 Œ0; 1� and x 2 @� , there exists 
 2 � , an open
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neighborhoodU0 ofK�0
�‚�t .x/

in F��Œ0; 1� and a constant �0>1 such that for all a2U and y 2@� satisfying
K
�0
�‚�t .y/

� ftg � U0, one has

d.�.
/ � a; �.
/ �K
�0
�‚�t .y/

� ftg/� �0d.a;K
�0
�‚�t .y/

� ftg/:

Therefore by [30, Proposition 5.26] the action of � is cocompact on �.

From Proposition 7.14 and Lemma 7.12 we get the following corollary:

Corollary 7.15 Assume that � is torsion-free. Let C � Hom.�;G/ be an open and connected set
consisting only of ‚-Anosov representations for some ‚��. Let .�; �0/ be a balanced pair such that
for all ˛ 2� n‚, ˛.�0/D 0. The diffeomorphism type of �.�;�0/� =�.�/ is independent of � 2 C.

If moreover C is simply connected , the diffeomorphism provided by Lemma 7.12 between �.�;�0/�1 =�1.�/

and �.�;�0/�2 =�2.�/ for �1; �2 2 C is uniquely determined up to isotopy.

Connectedness via paths that are smooth by parts for an open set in Hom.�;G/ is equivalent to connect-
edness since Hom.�;G/ is locally a real algebraic variety.

8 Applications

In this section we apply our results to prove that all representations in some connected components of
Anosov representations are the restricted holonomy of a geometric structure on a fiber bundle over a
manifold. For these applications we only consider nearly geodesic surfaces that are totally geodesic. We
will mostly focus on surface groups, but in Section 8.5 we also describe two applications for representations
of fundamental groups of higher-dimensional compact hyperbolic manifolds.

8.1 Totally geodesic immersions

Totally geodesic surfaces provide examples of � -nearly geodesic surfaces if these surfaces are � -regular
(Proposition 5.8). The study of totally geodesic surfaces in X is related to the study of representation of
semisimple Lie algebras in g. We recall here a classical fact:

Proposition 8.1 Let h� g be a semisimple Lie subalgebra of noncompact type. Let H be the closed Lie
subgroup of G with Lie algebra h and Y its associated symmetric space of noncompact type. There exists
an H-equivariant and totally geodesic embedding uh W Y !X. The image of this embedding is unique up
to the action of the centralizer:

CG.h/D fg 2G j 8h 2 h; Adg.h/D hg:

If y 2 Y , let K � G be the stabilizer of uh.y/ in G. Every element in CK.h/ of h in G fixes uh.Y /
pointwise. If the centralizer CG.h/ in G is compact , then CK.h/ D CG.h/, so the totally geodesic
submanifold uh.Y /�X is uniquely determined.
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Proof Let hD tC p be a Cartan decomposition of h associated with the Cartan involution �y for y 2 Y .
Let OhD tC ip be the associated compact real form of h˝C. Since Oh is the Lie algebra of a semisimple
compact Lie group, it is the Lie algebra of a compact Lie subgroup of GC . In particular there exists a
Cartan involution �C of g˝C such that �C.v/D v for all v 2 Oh.

Let �C be the Cartan involution conjugate to �C in g˝C. Let � be the Cartan involution of g˝C

corresponding to the midpoint in the symmetric space associated with g˝C of �C and �C . It is invariant
by conjugation, so it descends to a Cartan involution on g, associated with a point x 2X. There exists
a transvection along the geodesic between �C and �C in the symmetric space associated to g˝C that
induces a unique inner automorphism � of g˝C such that ��C��1D � and �2�C��2D �C . Moreover
� is symmetric positive with respect to BC. � ; �C. � //, where BC is the Killing form on g˝C and the
transvection �4 is equal to a composition of symmetries �C�C . The transvection �4 stabilizes h˝C, so
� also stabilizes h˝C. Therefore � D ��C��1 stabilizes h˝C. But � is a real Cartan involution as it
is preserved by conjugation, so it stabilizes h. Let x 2X be the point corresponding to � in X.

The map uh W Y !X such that for all h 2H , uh.h �y/D h � x is well defined since t� tx , so the image
of the stabilizer of y 2 Y by H lies in the stabilizer of x 2 X. Moreover it is totally geodesic, since
�.p/� px; see [26, Chapter 4, Section 7]. This map is by definition H-equivariant.

Suppose that there is another H-equivariant and totally geodesic embedding u0h such that u0h.y/D x
0.

Let � 0 be the corresponding Cartan involution of g. Then � 0ı� is the identity on h and is equal to the adjoint
action of exp.z/ for some z 2 px . Therefore z is in the centralizer of h in g. Hence gD exp

�
1
2
z
�
2 CG.h/

satisfies Adg ıu0h D uh. Conversely let g0 2 CK.h/. Then g0 fixes uh.y/ 2 X, and it fixes h, so it fixes
duh.TyY /. Therefore it preserves and acts trivially on uh.Y /.

Now assume that CG.h/ is compact; there cannot be any element z 2 px in the centralizer of h in g, so
the totally geodesic and H-equivariant embedding uh is unique and CK.h/D CG.h/.

Remark 8.2 A totally geodesic embedding u W Y ! X can only be a �-nearly geodesic immersion if
rank.Y /D 1, because otherwise it cannot be �-regular for any � 2 SaC (see Proposition 6.11). When
rank.Y /D 1, all the unit tangent vectors to this embedded surface have the same Cartan projection, so
the embedding is � -regular for all � in the complement in SaC of a finite collection of hyperplanes.

We illustrate Proposition 8.1 in the following example for some special sl2 Lie subalgebras in sln.R/.

Example 8.3 Here we construct representations � from SL.2;R/ into SL.n;K/ that stabilize some totally
geodesic hyperbolic planes inside the symmetric space XD Sn associated with G D SL.n;K/ for KDR

or C.

Let KDR or C. Let Vn.K/ be the space of homogeneous polynomial with coefficients in K of degree n�1
in two variables X and Y . To an element g 2 SL2.R/ one can associate an element �irr.g/ 2 SL.Vn.K//
that acts by a change of variable on Vn.K/, ie that associates to P 2 Vn.K/ the polynomial P ı g�1.
Let h be the corresponding sl2-Lie subalgebra of sln.R/; note that �irr D �h.
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Let q the Euclidean or Hermitian metric on Vn.K/ such that for all 0� a; b � n� 1:

q.XaY n�1�a; XbY n�1�b/D

��
n�1
a

��1
if aD b;

0 otherwise:

Consider the following basis of the lie algebra sl2.R/:

hD

�
1 0

0 �1

�
; f D

�
0 1

1 0

�
; g D

�
0 1

�1 0

�
;

which satisfies Œg;h�D�2f , Œh;f �D 2g and Œf ;g�D 2h. Fix the following orthonormal basis for q:

.ea/0�a�n�1 D

�
XaY n�1�a

�n�1
a

�1
2

�
0�a�n�1

:

For 0� a � n� 1, one has

d�irr.f /.ea/D .2a�nC 1/ea;

d �irr.e/.ea/D aX
a�1Y n�a

�n�1
a

�1
2
� .n� 1� a/XaC1Y n�2�a

�n�1
a

�1
2
;

d �irr.e/.ea/D
p
a.n� a/ea�1�

p
.aC 1/.n� 1� a/eaC1;

and moreover g D 1
2
Œf ;h�. In particular d�irr.f / and d�irr.g/ are symmetric or Hermitian and d�irr.h/

is antisymmetric or anti-Hermitian with respect to q.

Hence as in the proof of Proposition 8.1, there is a totally geodesic map uh WH2! Sn such that the image
of the Cartan involution M 7! �M t is equal to the point in Sn corresponding to q.

This representation �irr is the unique irreducible representation of SL.2;R/ into SL.n;R/ up to conjugation
by elements of GL.n;R/. The image of �irr lies in the subgroup Sp.2k;R/ for some symplectic form
on R2k when nD 2k is even, and in SO.k; kC 1/ for some quadratic form on R2kC1 when nD 2kC 1
is odd.

One can construct other totally geodesic hyperbolic planes in Sn by considering representations of
SL.2;R/ that can be decomposed into a direct sum of irreducible representations. Equivalently one can
consider other reducible sl2-subalgebras of sln.R/.

For instance one can define �red W SL.2;R/! SL.2n;R/ that associates to a matrix M 2 SL.2;R/ the
block diagonal matrix

�red.M/D

0B@M :: :

M

1CA :
The image of �red lies in Sp.2n;R/ for some symplectic form ! on R2n.

8.2 Geometric structures on fiber bundles

Using the projection defined by Busemann functions from Theorem 7.3, one can show that Anosov
deformations of a representation that admits an equivariant nearly geodesic immersion are holonomies of
.G;X/ structures on a fiber bundle over Sg .
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A .G;X/-structure on a manifold N , for a Lie group G and a G-homogeneous space X on which G acts
faithfully, is a maximal atlas of charts of M valued in X whose transition functions are the restriction of
the action of some elements in G. A more developed introduction to this notion can be found in [1].

To a .G;X/-structure one can associate a developing map dev W zN !X that is a local diffeomorphism
compatible with the atlas defining the .G;X/-structure on N , and a holonomy hol W �1.N /! G such
that dev is hol-equivariant. This pair is unique up to the action of G by conjugation of the holonomy and
postcomposition of the developing map.

Let N be a manifold and � its fundamental group. In what follows, we say that a .G;X/-structure on
a fiber bundle F over N is a .G;X/-structure on F for which the fundamental group of the fibers is
included in the kernel of the holonomy. Hence one can define the restricted holonomy of the structure as
the quotient map � W �1.N /!G induced by the holonomy.

Constructing domains of discontinuity allows us to construct geometric structures.

Proposition 8.4 Let � W � ! G be a representation and � � X a cocompact nonempty domain of
discontinuity which fibers �-equivariantly over zN . Any connected component of the quotient �=�.�/
inherits a .G;X/-structure on a fiber bundle , with restricted holonomy �.

Note that even if � is disconnected, the quotient �=�.�/ can be connected.

From now on, we assume that G is center-free, so it acts faithfully on its flag manifolds. Let N be a
compact manifold whose fundamental group � is Gromov hyperbolic and torsion-free. Let � 2 SaC.

Theorem 8.5 Let �0 W �!G be a representation that admits an equivariant �-nearly geodesic surface
u W zN ! X such that ��u ¤ ∅. Let C be the connected component of the space of ‚.���0/-Anosov
representations in Hom.�;G/ containing �0. Every representation in C is the restricted holonomy of a
.G;F� /-structure on a fiber bundle F over N .

Proof Theorem 7.8 implies that the domain ��u admits a �0-equivariant fibration over zN . The domain
���0 coincides with a domain obtained as a metric thickening �.�;�0/�0 for some �0 2 SaC such that
‚.�0/D‚.�

�
�0
/. Let F be a connected component of ���0=�0.�/. Corollary 7.15 implies that for every

representation � 2 C, a connected component F� of �.�;�0/� =�.�/ is diffeomorphic to F , which is a
fiber bundle over M . The covering map �.�;�0/� ! �

.�;�0/
� =�.�/ induces the covering yF� ! F� ' F

associated to the subgroup of the fundamental group of F corresponding to the fundamental group of the
fiber of F over M .

Note that F is assumed to be nonempty. The .G;F� /-structure on F� ' F is such that the holonomy of
the fundamental group of each fiber is trivial. Indeed the developing map dev W zF�! F� descends to the
inclusion yF�! F� , so the fundamental group of the fiber belongs to the kernel of the holonomy.
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Let M D Sg be a closed orientable surface of genus g and � D �g be its fundamental group. We apply
Theorem 8.5 in cases when the nearly geodesic surface is totally geodesic and we describe the fibration
that is obtained.

Let h� g be an sl2 Lie subalgebra, namely a Lie subalgebra isomorphic to sl2.R/. Note that if G is a
quotient of its adjoint form, which is the case since we assumed that G is center-free, the corresponding
Lie group H is isomorphic to SL.2;R/ or PSL.2;R/. We write �h W SL.2;R/!G for the corresponding
Lie group representation, and uh WH2!X for a corresponding equivariant totally geodesic embedding.

Definition 8.6 We say that a representation � W �g ! G is h-generalized Fuchsian if it preserves and
acts cocompactly on uh.H2/.

If G is center-free, an h-generalized Fuchsian representation can be written 
 7! �h.�0.
//��.
/ for
some Fuchsian representation �0 W �g ! SL.2;R/ and some associated character � W �g ! CK.h/.

Let y 2H2 be a basepoint, and let K be the stabilizer in G of uh.y/. We write B� .h/ for the �-base of
the pencil of tangent vectors duh.TyH2/. Note that this pencil is stabilized by �h.SO.2;R//� CK.h/.

The quotient map SL.2;R/!SL.2;R/=SO.2;R/'H2 defines a principal SO.2;R/-bundle zP over H2.
Let PSg be its quotient via some Fuchsian representation. Given a character � W �g ! CK.h/, let
PSg;� ! Sg be the .SO.2;R/�CK.h//-principal bundle obtained as the product of PSg and the flat
CK.h/-bundle associated to �.

Theorem 8.7 Suppose that h is �-regular , namely uh is � -regular , and that ��uh ¤∅. Let � W �g !G

be an h-generalized Fuchsian representation with associated character � and let � 2 SaC.

Let C be the connected component of the space of ‚.��� /-Anosov representations that contains �. Every
representations in C is the restricted holonomy of a .G;F� /-structure on a fiber bundle F over Sg .

The fiber bundle F is a connected component of the reduction of the .SO.2;R/�CK.h//-principal bundle
PSg;� over Sg via the action of �h.SO.2;R//� CK.h/ on B� .h/.

Note that when ‚ � � is a Weyl orbit of simple roots and � D �‚, a �‚-regular immersion is just a
‚-regular immersion and ‚.��� /D‚.

Remark 8.8 If we replace G and F� by finite covers yG and yF� so that yG acts faithfully on yF� ,
Theorem 8.7 still applies. In this case one should replace B� .h/ by its preimage 1B� .h/ by the covering
map yF� ! F� .

The only part of Theorem 8.7 that is not already contained in Theorem 8.5 is the description of the fibration.
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Proof The embedding uh is totally geodesic. Moreover it is assumed to be �-regular. Hence uh is
� -nearly geodesic, so one can apply Theorem 8.5. It only remains to describe the fibration.

The fibration � W��uh!H2 is �h.SL.2;R//-equivariant. The corresponding fiber bundle can be identified
in an SL.2;R/-equivariant way as the reduction of the SO.2;R/-principal bundle zP by the action of
�h.SO.2;R// on the fiber B� .h/. The quotient of this fiber bundle by any Fuchsian representation
�0 W �g ! SL.2;R/ is hence the bundle induced by the principal bundle PSg . Once we quotient ��uh by
�D �h ı �0 �� the quotient becomes the twisted fiber bundle induced by PSg;�.

8.3 Higher-rank Teichmüller spaces

In this section we apply Theorem 8.7 to Hitchin representations in PSL.n;R/ and to maximal representa-
tions in Sp.2n;R/. Then we explain how in general one can apply it to the connected components of
‚-positive representations containing at least one generalized Fuchsian representation associated to a
‚-principal sl2-Lie subalgebra.

8.3.1 Positive representations Let G be a connected simple Lie group of noncompact type with trivial
center and ‚ a set of its simple roots such that the pair .G;‚/ admits a notion of ‚-positivity in the
sense of [25]. We moreover assume that G is not locally isomorphic to PSL.2;R/. This means that one
of the following holds:

(i) G is split real and ‚D�.

(ii) G is Hermitian of tube type.

(iii) G is locally isomorphic to SO.p; q/ and ‚D f˛1; : : : ; p̨g.

(iv) G is a real form of the complex Lie group with Dynkin diagram F4, E6, E7 or E8 with restricted
Dynkin diagram F4 and ‚ consists of the two larger roots.

For any of these pairs, Guichard and Wienhard [25] constructed a connected component U in the space
and transverse triples of elements in G=P‚. They call such triples positive triples, and a representation
� W �g ! G is called ‚-positive if it admits a continuous and �-equivariant map � W @� ! G=P‚ such
that for all distinct triples of points .x; y; z/ 2 @�.3/, .�.x/; �.y/; �.z// 2 U . They prove in particular
that such representations are ‚-Anosov. Moreover the space of ‚-positive representation is closed in the
space of representation that do not virtually factor through a parabolic subgroup, by work of Guichard,
Labourie and Wienhard [22].

A ‚-principal Lie subalgebra h‚ for a pair .G;‚/ that admits a notion of ‚-positivity is a principal
subalgebra of the split Lie subalgebra g‚ � g generated by all the root spaces associated to ‚; see [25].
These Lie subalgebra were introduced by Bradlow, Collier, Gothen and García -Prada as magical triples
in [7]. Let h‚ be a ‚-principal sl2 Lie subalgebra of g.
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Theorem 8.9 [7, Theorem 8.8] There exists a union of connected components of � W�!G, the Cayley
components , consisting only of representations that do not factor through any parabolic subgroup. All
h‚-generalized Fuchsian representations with respect to the principal sl2 Lie subalgebra h‚ lie in some
Cayley component.

Cayley components are conjectured to be all the connected components of ‚-positive representations [7],
but there exist components consisting of positive representations that do not contain h‚-generalized
representations, for instance the Gothen components for GD Sp.4;R/. The results of Guichard, Labourie
and Wienhard [22] imply the following:

Corollary 8.10 Every connected component of representations � W�g!G containing an h‚-generalized
Fuchsian representation consists only of ‚-positive representations.

The sets of simple roots ‚ � � that admit a notion of ‚-positivity always admit one or two subsets
which are Weyl orbits of simple roots; see Figure 4. Let ‚0 � ‚ be a Weyl orbit of simple roots. Let
G ¤ PSL.2;R/. Theorem 8.7 implies:

Corollary 8.11 Let � W �g ! G be a representation in a connected component of ‚-positive repre-
sentations containing an h‚-generalized Fuchsian representation. It is the restricted holonomy of a
.G;F�‚0 /-structure on a fiber bundle F over Sg .

Let � be the character associated to one of the h‚-generalized Fuchsian representations in the Cayley
component. This fiber bundle is diffeomorphic to the reduction of the .SO.2;R/�CK.h//-bundle PSg;�
via its action on the base B� .h/ of the pencil of tangent vectors associated to h.

The proof of the fact that the associated domains are nonempty as soon as G is not isomorphic to
PSL.2;R/ is delayed to Section 8.4.

8.3.2 Hitchin representations in PSL.n;R/ Let h be a principal sl2 Lie subalgebra in sln.R/. The
associated representation �h is the representation �irr from Example 8.3.

Definition 8.12 A representation � W �g! PSL.n;R/ is Hitchin if it is a deformation in Hom.�g ; G/ of
an h-generalized Fuchsian representation.

The centralizer of h in PSL.n;R/ is trivial, so h-generalized Fuchsian representations can be written �irrı�0.

Hitchin proved that the quotient of the space of Hitchin representations by conjugation in PGL.n;R/ is
a ball of dimension .2g� 2/.n2� 1/; see [27]. Labourie proved that Hitchin representations are Borel
Anosov, namely �-Anosov [32].

The unique Weyl orbit of simple roots for G D PSL.n;R/ is �. The flag manifold F�� can be identified
with the flag manifold F1;n�1 consisting of pairs of subspaces .`;H/ where `�H �R2, dim.`/D 1
and dim.H/D n� 1. The sl2 Lie subalgebra h is �-regular. Theorem 8.7 implies the following:
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Corollary 8.13 Let n� 3. Every Hitchin representation � W �g ! PSL.n;R/ is the restricted holonomy
of a .PSL.n;R/;F1;n�1/-structure on a fiber bundle over Sg .

When nD 3, the boundary map of any h-generalized Fuchsian representation is an ellipsoid E �RP2. The
domain ���� � F1;2 admits three connected components: the set of .`;H/ 2 F1;2 with ` in the inside of
the ellipsoid E , with H completely outside of the ellipsoid, and finally with ` outside the ellipsoid and H
crossing the ellipsoid in two points. One can see that the quotient of this domain is the union of three copies
of the projectivization of the tangent bundle of Sg . If we apply Theorem 7.3 to uh, we obtain a fibration
where the model fiber B� .h/ is the union of three circles described in Example 6.9. Also when nD 3
one can get a domain in projective space, as described in Example 7.7, that is the interior of an ellipse.

When n is even, Hitchin representations are also the holonomy of projective structures. We consider these
structures in Appendix B.

In general, for any split simple Lie groupG, Fock and Goncharov proved that all�-positive representations
can be deformed into an h�-generalized Fuchsian representation [18], namely they lie in a Hitchin
component, so our method always applies.

8.3.3 Maximal representations in PSp.2n;R/ Given an orientation of the surface Sg , one can define
the Toledo invariant Tol W Hom.�g ;PSp.2n;R// ! Z. This continuous map can be defined as the
pullback by � of an element of the continuous group cohomology H 2.G;Z/ of G by � [11]. Reversing
the orientation of Sg reverses the sign of the Toledo invariant.

A representation � W �g ! PSp.2n;R/ is called maximal if its Toledo invariant is maximal among all
representations, namely if Tol.�/D n.2g� 2/. A way to construct maximal representation is to use the
representation �red W PSL.2;R/! PSp.2n;R/. Burger, Iozzi, Labourie and Wienhard proved that maximal
representations are f˛ng-Anosov [10].

Let h be the sl2 Lie subalgebra of sp2n.R/ which is the image of d�h. Every h-generalized representation
is maximal for one of the two orientations of the surface Sg .

Theorem 8.14 [23] If n� 3, every maximal representation � W �g ! PSp.2n;R/ can be deformed into
an hf˛ng-generalized Fuchsian representation in the sense of Definition 8.6.

Theorem 8.7 implies:

Corollary 8.15 Let n � 2. Every maximal representation � W �g ! PSp.2n;R/ is the holonomy of a
contact projective structure , namely a .PSp.2n;R/;RP2n�1/-structure on a fiber bundle.

Indeed one can consider the Weyl orbit of simple roots‚Df˛ng. The corresponding flag manifold F�f˛ng
can be identified with RP2n�1. The Lie subalgebra h is f˛ng-regular, so one can apply Theorem 8.7.
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It is not clear if our method applies to the Gothen components of representations � W �g ! PSp.4;R/ that
contain only Zariski-dense representations [8]. However since PSp.4;R/' SOo.2; 3/, the case nD 2 of
Corollary 8.15 is a consequence of the work of Collier, Tholozan and Toulisse [13]. We discuss in more
depth the relation between their construction and our techniques in Appendix A.

The fiber obtained for Hitchin representations that are also f˛ng-positive is a union of connected com-
ponents of B�f˛ng.h�/, and for maximal representations one gets a union of connected components of
B�f˛ng.h‚/. These two submanifolds of RP2n�1 are diffeomorphic to the same Stiefel manifold, which
is connected if n� 3; see Appendix B.

8.3.4 Positive representations in PSO.p; q/ Let G D PSO.p; q/ with q > p and ‚D� n f p̨g. This
pair admits a notion of ‚-positivity. The corresponding flag manifold F�‚ can be identified with the
Grassmannian of isotropic planes in Rp;q .

Representations satisfying the ‚-positive property were studied by Beyer and Pozzetti [5]. In particular
they showed that all‚-positive representations � W�g! PSO.p; q/ can be deformed to an h‚-generalized
Fuchsian representation when q > pC 1, so in this case Corollary 8.11 applies to all ‚-positive represen-
tations. However when q D pC 1, there are connected components of ‚-positive representations that are
conjectured to contain only Zariski-dense representations; it is not clear if our techniques can be applied
to these components.

8.4 Nonempty domains

In order to get a geometric structure associated to a domain of discontinuity, one needs to ensure that
the domain is nonempty. Kapovich, Leeb and Porti have a condition that ensures that there exists a
thickening such that the domain is not empty [30], and Guichard and Wienhard proved that the domains
they considered were not empty by computing the dimension of their complement.

We will use the following criterion to prove that some domains of discontinuity for surface groups are
nonempty. Remember that the groups �g that we consider here are surface groups.

Lemma 8.16 Let � W �g ! G be a ‚-Anosov representation and .�; �0/ be a balanced type pair of
elements in SaC, namely such that �0 is �-regular , satisfying ‚.�0/ D ‚. Suppose that F� has finite
fundamental group. The domain of discontinuity �.�;�0/� is nonempty.

Note that it is however not a necessary condition to have a nonempty domain, as we see later for SO.2; 3/.
This lemma is very similar to Proposition 6.10.

Proof If the domain is empty, it means that the flag manifold F� can be written as the union for x 2 @�g
of the thickenings K�0

�‚� .x/
. This union is disjoint since the limit map is transverse. Moreover the limit

map �‚� is continuous (see [6] for instance), which implies that F� fibers over the circle with a compact
base. As in Proposition 6.10, this implies that F� has infinite fundamental group.
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We prove that some domains of discontinuity are nonempty for representations of a surface group �g .
Let .G;‚/ be a pair that admits a notion of positivity and let ‚0 �‚ be a Weyl orbit of simple roots.

Proposition 8.17 The flag manifold F�‚0 has finite fundamental group , except if G is locally isomorphic
to PSL.2;R/ or if G is locally isomorphic to SOo.2; 3/, ‚D� and ‚0 D f˛2g.

If G is locally isomorphic to SOo.2; 3/, ‚D� and ‚0 D f˛2g we work by hand using the notation from
Section 2.5. The domain of discontinuity associated to a f˛2g-Anosov representation � W �g ! SOo.2; 3/
obtained by metric thickening for any f˛2g-regular �0 2 SaC is

�
.�f˛2g;�0/
� D Ein.R2;3/ n

[
x2@�g

P .�2� .x/
?/:

For any x 2 @�g , The submanifold P .�2� .x/
?/ has dimension 1 in Ein.R2;3/, which has dimension 3.

Therefore the domain �
.�f˛2g;�0/
� is nonempty.

Lemma 8.16 together with Proposition 8.17 imply the following:

Corollary 8.18 If G is not locally isomorphic to PSL.2;R/, the domain of discontinuity obtained by
metric thickening �.�‚0 ;�0/� � F�‚0 for any ‚0-regular vector �0 2 SaC and any ‚-Anosov representation
� W �g !G is nonempty.

The proof of Proposition 8.17 relies on a description of the fundamental groups of flag manifolds associated
to real Lie groups.

Let us write �0 �� for the set of roots whose associated root-space is a line. Let ˛; ˇ 2�. We define
�.˛; ˇ/D .�1/.˛;ˇ

_/, namely �.˛; ˇ/D 1 if ˛ and ˇ are linked by no edge or if they are liked by two
edges and ˛ is the longest root, and otherwise �.˛; ˇ/D�1.

Theorem 8.19 [38, Theorem 1.1] Let A � � be a set of simple roots. The fundamental group of
FADG=PA is the group generated by .t˛/˛2�0 , defined by the relations tˇ t˛D t˛.tˇ /�.˛;ˇ/ for ˛; ˇ 2�0
and ˛ ¤ ˇ, and t˛ D e if ˛ 2�0 nA.

The following lemma will deal with most cases:

Lemma 8.20 If the Dynkin diagram restricted to �0 of the restricted root system of G has no connected
component of type Cn or A1, every flag manifold of G has finite fundamental group.

Proof Let A��. Using the relations, one may write any element of �1.FA/ as a product of powers of
generators so that each generator appears at most once. Therefore �1.FA/ is a finite group if and only if
for every ˛ 2 A, t˛ has finite order.
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If no connected component of the Dynkin diagram restricted to �0 is of type Cn or A1, then every ˛ 2�0
belongs to a subdiagram inside the Dynkin diagram of �0 of type A2, G2 or B3. In each of this cases the
relations between the generators imply that they have finite order. Indeed the flag manifold associated
to the Borel subgroup of SL.2;R/, SO.3; 4/ and the real split Lie group associated to G2 have finite
fundamental group; see [38].

Proof of Proposition 8.17 If G is a split Lie group �0 D �. If G is locally isomorphic to SO.p; q/
with p � 3 and q > pC 1, the Dynkin diagram restricted to �0 is of type Ap�1. Finally if G is the real
form of the complex Lie group associated to E6, E7 or E8 whose restricted root system is of type F4, the
Dynkin diagram restricted to �0 is of type A2. This follows from [33, Table 9]. or E8 whose restricted
root system is of type F4, the Dynkin

Therefore if .G;‚/ is a pair that admits a notion of ‚-positivity, Lemma 8.20 applies and every flag
manifold associated to G has finite fundamental group except in the following two cases: if G is of
Hermitian type and of tube type with ‚ consisting of only the longest simple root, or if G is split of
type A1 or Cn and ‚D�.

If G is of Hermitian type, the Dynkin diagram of the associated root system is Cn for n� 2. Suppose
that ‚0 D fˇng. Then F�‚0 D Ffˇ1g, as in Figure 4. Either ˇ1 …�0, in which case Ffˇ1g is trivial, or G
is split, by [33, Table 9]. If G is split, ˇ1; ˇ2 2�0, so the generator tˇ1 of �1.F/ satisfies the relation
tˇ1 tˇ2 D tˇ2.tˇ1/

�1, and tˇ2 D e so t2
ˇ1
D e. Therefore F�‚0 has finite fundamental group.

ˇ1 ˇ2 ˇn�2 ˇn�1 ˇn

It remains to consider the case where G is split with root system Cn for n � 3, ‚ D � and ‚0 D
fˇ1; : : : ; ˇn�1g. But in this case F�‚0 is the flag manifold associated to the root ˇ2, as shown in Figure 4.
The root ˇ2 belongs to a subdiagram of type A2, so the fundamental group of F‚0 is finite.

8.5 Other applications

Theorem 8.5 can also be applied to Gromov hyperbolic groups that are not surface groups. In this
subsection we consider representations of fundamental groups of hyperbolic manifolds.

For instance one can consider a compact hyperbolic 3-manifold M with fundamental group � and
holonomy �0 W�!PSL.2;C/. Let n�3, let �irr WPSL.2;C/!PSL.n;C/ be the irreducible representation
as in Example 8.3 and let hD d�irr.sl2.C//. As for the real case, h is �-regular, so in particular �irr ı�0 is
�-Anosov. Here � is the only Weyl orbit of simple roots, and the corresponding flag manifold F�� can
be identified with the space FC

1;n�1 of pairs .`;H/ where `�H �Cn, ` is a line and H is a hyperplane.

The domain of discontinuity associated to a �-Anosov representation � for one, and hence any, balanced
pair of the form .��; �0/ is the following, where the limit map of � decomposes as �‚� D .�

1
� ; : : : ; �

n�1
� /:

FC
1;n�1 n

[
x2@�

f.`;H/ j 91� k � n� 1 such that `� �k� �H g:
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The topological dimension of the thickening K�
f
� FC

1;n�1 for any flag f 2G=P� is the maximum for
1� k � n�1 of the real dimension of f.`;H/ 2FC

1;n�1 j `�E �H g for some E �Cn of dimension k.
The dimension of the thickening equals 2n� 4 and the dimension of the flag manifold equals 4n� 6, so
for n� 3 the domain is nonempty. Theorem 8.5 therefore implies the following:

Corollary 8.21 The representation
�irr ı �0 W �! PSL.n;C/

is the restricted holonomy of a .PSL.n;C/;FC
1;n�1/-structure on a fiber bundle over M .

One can also consider a hyperbolic n-manifold M for n� 2 with fundamental group � and holonomy
�0 W �! SOo.1; n/. Let � W SO.1; n/! SO.p; np/ be the diagonal representation for n� 1 and let h be
the image of d�. Here h is f p̨g-regular, so in particular �irr ı �0 is f p̨g-Anosov. Note that f p̨g is a
Weyl orbit of simple roots, and the corresponding flag manifold F�f˛pg can be identified with the set of
isotropic lines I � P .Rp;np/.

The domain of discontinuity associated to a f p̨g-Anosov representation � for one, and hence any, balanced
pair of the form .�f˛pg; �0/ is the following:

I n
[
x2@�

f` j `� �
f˛pg
� .x/g:

The dimension of the complement equals .p� 1/Cn� 1 and the dimension of the flag manifold equals
n.pC1/�2, so for n� 2 and p� 2 the domain is nonempty. Theorem 8.5 therefore implies the following:

Corollary 8.22 Let C be the connected component of � ı�0 in the space of f p̨g-Anosov representations
� W �! PSL.n;C/. Every representation in C is the restricted holonomy of an .SO.p; pn/; I/-structure
on a fiber bundle over M .

The fibers of this fiber bundle can be described as the set of isotropic lines in the intersection of p quadrics
in Rp;pn.

The centralizer of �.SO.1; n�1// in SO.p; pn/ has a larger dimension than the centralizer of �.SO.1; n//.
Indeed let E � Rp;np be the p-dimensional subspace preserved by �.SO.1; n � 1//. Any element
g 2 SO.p; pn/ acting trivially on E? centralizes �.SO.1; n� 1// but only finitely many such elements
centralize �.SO.1; n//. Therefore if the hyperbolic manifold contains a totally geodesic embedded
hypersurface, there exist nontrivial deformations of � ı � that one can construct using bending.

Appendix A Maximal representations of surface groups into SOo.2 ; n/

In [13] Collier, Tholozan and Toulisse studied maximal representations into SOo.2; n/, the connected
component of the identity of SO.2; n/, for n� 3. In particular they showed that maximal representations
are the restricted holonomies of photon structures which are geometric structures on a fiber bundle. They
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also showed a similar result for Einstein structures and Hitchin representations in SOo.2; 3/' PSp.4;R/.
In this appendix we compare the fibration of the domain of discontinuity that they obtained with the
one coming from the projection defined in Section 7, when the unique minimal equivariant immersion
satisfies the corresponding nearly geodesic property.

Maximal representations are f˛1g-Anosov, where f˛1g is the root such that Pf˛1g is the stabilizer of an
isotropic line in R2;nC1. The set f˛1g �‚ is a Weyl orbit of simple roots. We will denote by ��‚� this
domain associated to �, which can be seen as an open subspace of the Grassmannian of isotropic planes
on R2;nC1.

Let R2;nC1 be an .nC3/-dimensional vector space equipped with a symmetric bilinear form q of signature
.2; nC 1/. Let PSOo.2; n/� PSL.nC 3;R/ be the connected component of the identity of the isometry
group of q. Let H2;n � P .R2;nC1/ be the space of timelike lines, namely lines on which q is negative
definite. The bilinear form q induces a pseudo-Riemannian metric of signature .2; n/ on H2;n.

For a subspace V � R2;nC1, we denote by Pho.V / the set of photons of V , namely the set of planes
P � V such that qjP D 0. The flag manifold F�f˛2g can be identified with the space Pho.R2;nC1/. We
denote by Ein.V / the space of isotropic lines in V . When nD 2, the flag manifold F�f˛1g can be identified
with the space Ein.R2;3/.

Fix an orientation of Sg . A maximal representation � W �! PSOo.2; nC 1/ is a representation whose
Toledo invariant is maximal. Collier, Tholozan and Toulisse proved the following:

Theorem A.1 [13] Let � W � ! SOo.2; n/ be a maximal representation. There exists a unique �-
equivariant maximal space-like embedding ` W zSg!H2;n and a unique minimal �-equivariant embedding
u W zSg !X. The following cocompact domain of discontinuity fibers over the surface:

�� D Pho.R2;n/ n
[
x2@�g

fP 2 Pho.R2;n/ j P ? �1� .x/g:

The fibration � W��! zSg is such that for x 2 zS ,

��1.x/D Pho.`.x/?/:

When n D 3 and � W � ! SOo.2; 3/ is additionally a Hitchin representation , the following cocompact
domain of discontinuity fibers over the surface:

�� D Ein.R2;3/ n
[
x2@�g

f` 2 Ein.R2;3/ j `? �2� .x/g:

The fibration � W��! zSg is such that for x 2 zS ,

��1.x/D Ein.u.x/˚ `.x//:
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Theorem A.3 provides another description of the fibration from Theorem A.1; its purpose is to describe
the difference with the one constructed in Theorem 7.3.

The symmetric space X associated to PSOo.2; nC 1/ can be identified with one connected component
of the Grassmannian of oriented planes U � R2;n that are spacelike, namely on which q is positive.
Moreover it is of Hermitian type, so it admits a complex structure J .

Let P be an oriented 2-pencil of tangent vectors based at x 2X, ie a subspace of dimension 2 of TxX. It
is holomorphic (respectively antiholomorphic) if Jx fixes P and for all nonzero v 2 P , .v; Jx.v// is a
positively (respectively negatively) oriented basis of P .

To an oriented 2-pencil P at x 2X that is not antiholomorphic, with some orthonormal and oriented basis
.e; f /, one can associate a holomorphic pencil:

�.P/D he�Jx.f /; f CJx.e/i:

Note that the pencil �.P/ does not depend on the positively oriented orthonormal basis .e; f /. Similarly
one can associate to a 2-pencil that is not holomorphic the antiholomorphic pencil:

N�.P/D heCJx.f /; f �Jx.e/i:

Remark A.2 The pencils �.P/ and N�.P/ can be interpreted as the holomorphic and antiholomorphic
parts of the complex 2-dimensional subspace generated by P in TxX. In particular they are orthogonal to
one another.

The fibers of the fibration from Theorem A.1 can be described as bases of pencils of tangent vectors in X.

Theorem A.3 Let � W �g ! PSOo.2; n/ be a maximal representation. Let u W zSg ! X be the unique
minimal �-equivariant embedding and ` W zSg ! H2;n the unique maximal �-equivariant spacelike
embedding. For all x 2 zSg , the submanifold

Pho.`.x/?/� Pho.R2;n/' F�f˛1g

is equal to the �f˛1g-base of the holomorphic pencil of tangent vectors

�.du.Tx zSg//:

When nD 3 and � W�! SOo.2; 3/ is additionally a Hitchin representation , for all x 2 zSg the submanifold

Ein.`.x/˚u.x//� Ein.R2;3/' F�f˛2g

is equal to the �f˛2g-base of the antiholomorphic pencil of tangent vectors

N�.du.Tx zSg//:
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One can compare this fibration with the one provided by Theorem 7.3, if u is �-nearly geodesic, for
which the fiber at y 2 zSg was the �-base of the pencil du.Ty zSg/. In particular, in the case of photon
structures the two fibration coincide if u is holomorphic, which happens when � W �g ! PSOo.2; n/
factors through the reducible representation � W PSOo.2; 1/! PSOo.2; n/. However they differ in general,
and in particular if � factors through the irreducible representation � W PSOo.2; 1/! PSOo.2; 3/.

From now on, this section is devoted to proving Theorem A.3. We use the notation from [13, Section 3.3].
We first need a preliminary result about the unique minimal immersion for Hitchin representations
in SOo.2; 3/:

Lemma A.4 Let � W �g ! SOo.2; 3/ be a maximal and Hitchin representation. Its associated minimal
immersion u W zSg !X is never tangent to a totally geodesic submanifold X0 �X of the form

X0 D fU 2X j U �Eg

for any hyperplane E �R2;3.

The proof of this fact relies on the parametrization of the minimal surface using Higgs bundles and the
work of [13]. An introduction to Higgs bundles in SO.2; n/ can be found in [13, Section 2.3], and details
on the Higgs bundles associated to Hitchin representations in SO.2; 3/ can be found in [13, Section 4.3].

Proof Given a Hitchin representation � W �g ! SO.2; 3/, there exists a unique a conformal structure
on Sg such that the corresponding harmonic map in the symmetric space is minimal, and the Higgs
bundle .E�; ˆ/ corresponding to � can be written as

E� 'K
2
˚K1˚O˚K�1˚K�2:

The Higgs field ˆ is the following section of K˝End.E�/, or in other words the following one-form
valued in End.E�/:

ˆx D

0BBBB@
0 0 0 
 0

1 0 0 0 


0 ˇ 0 0 0

0 0 ˇ 0 0

0 0 0 1 0

1CCCCA :
Note that 1 is the tautological one-form valued in K�1, a section of K ˝ K�1. Note also that for
Hitchin representations, ˇ¤ 0 is also the tautological section, but we denote it differently from 1 because
their norm with respect to the harmonic metric are different in general. The harmonic metric on E�
is diagonal since the bundle is cyclic [13, Proposition 2.31]. As a consequence, the real form on the
complex bundle E� induced by the harmonic metric is the following for some sections h1; h2 of K2K�2

and K1K�1, respectively (see [13, Proposition 2.32]):

.z1; z2; z3; z4; z5/ 7! .h�11 Nz5; h
�1
2 Nz4; Nz3; h2 Nz2; h1 Nz1/:
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We identify ˆCˆ�h with the differential of the minimal immersion u. Let us fix a locally defined
holomorphic vector field @z . Suppose that the associated minimal immersion is tangent to a totally
geodesic submanifold X0 � X of the form X0 D fU 2 X j U � Eg for some hyperplane E � R2;3. If
this was the case at a point x 2 zSg , it would imply that the differential of u in every direction in Tx zSg
is identified with a symmetric endomorphism of E� that preserves the complexification H of the real
hyperplane in the fiber at x of E� corresponding to E �R2;3 via the flat connection. In particular the
endomorphisms ˆx.@z/Cˆ�hx .@z/ and iˆx.@z/� iˆ�hx .@z/ preserve H , so the endomorphism ˆx.@z/

preserves H .

Since ˆx.@z/ preserves a nondegenerate bilinear form (the one that determines the real form on E� with
the harmonic metric) and a real hyperplane, it must admit a real eigenvector .z1; z2; z3; z4; z5/. This
eigenvector being real, one has z3 D Nz3, z4 D h2 Nz2 and z5 D h1 Nz1. The eigenvector equation implies
that for some � 2C,

�z1 D 
.@z/h2 Nz2; �z2 D 1.@z/z1C 
.@z/h1 Nz1; �z3 D ˇ.@z/z2;

�h2 Nz2 D ˇ.@z/z3; �h1 Nz1 D 1.@z/h2 Nz2:

Moreover k
k< k1k for the metric h1 onK2, or in other words j1.@z/j>h1j
.@z/j; see [13, Section 4.3].
Therefore ˆx cannot admit a nonzero real eigenvector. Indeed if � D 0 we have that z2; z3 D 0 and
0 D 1.@z/z1 C 
.@z/h1 Nz1, so z1 D 0. If � ¤ 0, 1.@z/h2 Nz2 D h1
.@z/h2 Nz2 implies that z2 D 0 and
therefore z1; z3 D 0.

Proof of Theorem A.3 Let G.H2;n/ be the space of triples .U;L;N / where R2;n D U ˚L˚N is an
orthogonal splitting, L is a timelike line and U a spacelike plane. The tangent space of G.H2;n/ can be
decomposed as

T.U;L;N/G.H2;n/' Hom.L; U /˚Hom.L;N /˚Hom.U;N /:

The generalized Gauss map G W zS ! G.H2;n/ associated to a spacelike immersion ` W zSg !H2;n is the
unique map x 7! .u.x/; `.x/;N.x// such that

dG D .d`; 0; A`/:

Here du is the differential of `:

d` W Tx zSg ! Hom.`.x/; u.x//� Hom.`.x/; `.x/?/' T`.x/H
2;n:

And A` is related to the second fundamental form II` of the immersion `:

A` W Tx zSg ! Hom.u.x/;N.x//� Hom.u.x/; `.x/?/' T`.x/H
2;n
˝ .d`.Tx zSg//

�;

II`.v; w/D A`.v/ ı d`.w/ 2 T`.x/H
2;n
' Hom.`.x/; `.x/?/:

If ` is the unique equivariant maximal spacelike surface for a maximal representation � W�g!PSOo.2; n/,
the unique �-equivariant minimal surface u W zSg !X is the map coming from the Gauss map of ` [13].
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The differential of u in a direction v 2 Tx zSg is determined by dG, and is equal to the element
du.v/ 2 Hom.u.x/; u.x/?/' Tu.x/X such that

du.v/D A`.v/� .d`.v//
T :

In this expression .d`.v//T 2 Hom.u.x/; `.x// is obtained as the adjoint of the endomorphism d`.v/,
for the restriction of the bilinear form q on `.x/ and u.x/.

The endomorphism J D Ju.x/ coming from the complex structure on X acts by precomposition by the
rotation of u.x/ of angle �1

2
� on Tu.x/X ' Hom.u.x/; u.x/?/, with the orientation chosen on u.x/.

The choice of an orientation for every spacelike plane is equivalent to the choice of a complex structure
on X. Since � is maximal for the orientation we fixed on Sg , this orientation is preserved by du. We
write R for the corresponding rotation of Tx zSg , which is a rotation of angle �1

2
� .

Let .v; w/ be a positively oriented basis of Tx zSg . The endomorphism

f D du.v/�J.du.w// 2 Hom.u.x/; u.x/?/' Tu.x/X

satisfies

f .d`.v//D II`.v; v/� .d`.v//
T .d`.v//� II`.w;R � v/C .d`.w//

T .d`.R � v//;

f .d`.w//D II`.v; w/� .d`.v//
T .d`.w//� II`.w;R �w/C .d`.w//

T .d`.R �w//:

One hasR�vD�w,R�wDv. Also II`.v; w/D II`.w; v/, and since ` is maximal, II`.v; v/CII`.w;w/D0.
So the image of f is included in `, and f .d`.v//¤ 0.

This holds for any orthonormal positively oriented basis .v; w/, so �.du.Tx zSg// can be identified with
the dimension-2 subspace:

Hom.u.x/; `.x//� Hom.u.x/; u.x/?/' Tu.x/X:

It suffices now to show that for any .U;L;N / 2 G.H2;n/, the �f˛1g-base of the holomorphic pencil
P ' Hom.U;L/� Hom.U; U?/' TUX is the photon Pho.L?/, independently of U .

Let a 2 Pho.R2;n/ be a photon. The vector va;U 2 TUX pointing towards a can be identified with the
homomorphism fa W U ! U? whose graph fxCfa.x/ j x 2 U g is the photon a.

The Riemannian metric on X induces the following scalar product on Tu.x/X' Hom.U; U?/:

hf; gi D Tr.g? ıf /:

For this scalar product, fa is orthogonal to Hom.U;L/ � Hom.U; U?/ if and only if its image is
orthogonal to L, which is orthogonal to L if and only if a 2 Pho.L?/.

Now if nD 2 and � is maximal and Hitchin, the pencil N�.du.Tx zSg// is orthogonal to Hom.u.x/; `.x//'
�.du.Tx zSg//. But every unit vector f 2 Hom.u.x/; `.x// is identified to va;u.x/ 2 Tu.x/X, where
a 2 Ein.R2;n/ is the graph of f T W `.x/! u.x/. Therefore Ein.u.x/˚ `.x// belongs to the �f˛2g-base
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of N�.du.Tx zSg//. It only remains to check that this base is not larger. This is due in some sense to the
genericity of N�.du.Tx zSg//.

Suppose that there exists `02Ein.R2;n/nEin.u.x/˚`.x// that belongs to the �f˛2g-base of N�.du.Tx zSg//.
The associated element

v`0;u.x/ 2 TxX' Hom.u.x/; u.x/?/

corresponds to a rank-1 homomorphism v 2u.x/ 7! hv; u0in0, where u0 2u.x/, n0 2u.x/? and u0Cn0
generates `0. Since `0 belongs to the �f˛2g-base of N�.du.Tx zSg//, one has Im.f /? n0 for any

f 2 N�.du.Tx zSg//� TxX' Hom.u.x/; u.x/?/:

Let n00 be a nonzero vector in .u.x/˚`.x/˚`0.x//\N.x/�R2;3. It is orthogonal to the image of every
element in N�.du.Tx zSg// since N�.du.Tx zSg// is orthogonal to �.du.Tx zSg//. Moreover the image of
every element in �.du.Tx zSg// is orthogonal to N.x/, so n00 is orthogonal to the image of every element
in du.Tx zSg/� TxX' Hom.u.x/; u.x/?/. This cannot happen if � is Hitchin because of Lemma A.4.
Therefore Ein.u.x/˚ `.x// is the �f˛2g-base of N�.du.Tx zSg//.

Appendix B Projective structures with (quasi-)Hitchin holonomy

In this appendix we compare the fibration obtained using Theorem 8.5 with the one constructed in [2].

Let N � 3 be an integer, and let h be a principal sl2-lie subalgebra of sl.N;R/. The associated totally
geodesic immersion uh W H2 ! X is �1-regular if and only if N D 2n is even. Indeed an element
Diag.�1; : : : ; �n/ 2 a is �1-regular if and only if none of the �i are equal to 0, and the Cartan projection
of any tangent vector to uh is a multiple of Diag.N � 1;N � 3; : : : ; 3�N; 1�N/. Recall that �1 2 SaC

is such that F�1 is identifiable with RP2n�1.

Any f˛ng-Anosov representation � admits a cocompact domain of discontinuity

�� DRP2n�1 n
[
x2@�g

P .�f˛ng� /:

This is one of the domains constructed by Guichard and Wienhard [24], and is also the domain �.�1;�0/�

as in Theorem 7.10 for any symmetric �0 2 SaC that is �1-regular. For any Fuchsian representation
�0 W �g ! PSL.2;R/ the domain associated with �h ı �0 coincides with the domain ��1uh . This domain is
nonempty for n� 2.

To understand the topology of the quotient, it is sufficient to understand it for generalized Fuchsian
representations, so let uh WH2!X be the totally geodesic embedding that is �irr-equivariant, as defined
in Example 8.3.

We will compare two 2-pencils of quadrics. For this we will use an invariant associated to a regular
2-pencil of quadrics, which is called the Segre symbol [17].
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A pencil of quadrics is regular if it admits a nondegenerate element. Let P be a 2-pencil with a basis
.q1; q2/ such that q2 is nondegenerate. There exists a unique q2-symmetric or q2-Hermitian endomorphism
Aq1;q2 of V such that q1. � ; � /D q2.A � ; � /.

Lemma B.1 Let P be a 2-pencil of quadrics , and .q1; q2/ and .q01; q
0
2/ be two bases of the pencil with q1,

q2, q01 and q02 nondegenerate quadratic forms. Let ADAq1;q2 , B DAq01;q02 and a; b; c; d 2R be such that
q01 D aq1C bq2 and q02 D cq1C dq2. Then cAC d Id is invertible and B D .aAC b Id/.cAC d Id/�1.

Proof Let M D aAC b Id and N D cAC d Id. Then q02. � ; � /D q2.N � ; � /. But since q2 and q02 are
nondegenerate, then N D Aq02;q2 is invertible.

To complete the proof of the lemma, we need to check that q01.N � ; � /D q
0
2.M � ; � /. Let v;w 2 V , then

q01.Nv;w/D aq1.Nv;w/C bq2.Nv;w/

D adq1.v; w/C bcq2.Av;w/C acq1.Av;w/C bdq2.v; w/;

q02.Mv;w/D cq1.Mv;w/C dq2.Mv;w/

D caq1.Av;w/C cbq1.v; w/C daq2.Av;w/C dbq2.v; w/;

which concludes the proof since q1. � ; � /D q2.A � ; � /.

We can associate to a 2-pencil of quadrics an equivalence class of Segre symbols in the following way.

Definition B.2 The Segre symbol associated to a pair .q1; q2/ of nondegenerate symmetric or Hermitian
forms is the set S of characteristic values of the endomorphism Aq1;q2 , with the weights w.s/ given by
the multiplicity of the characteristic values and the partition p.s/ given by the sizes of the blocks of the
Jordan block decomposition of Aq1;q2 .

To a nondegenerate 2-pencil of quadrics P we can associate the class of all Segre symbols associated to
any basis .q1; q2/ of P where q1; q2 2P are nondegenerate, up to the action of PSL.2;R/ on the space of
possible Segre symbols. This equivalence class is well defined because of Lemma B.1. The Segre symbol
of a 2-pencil is invariant by the action of GL.V /, and hence two 2-pencils of quadrics with different
Segre symbols are not isomorphic.

Theorem B.3 The fiber of the fibration �uh W �� ! zS is the base of a nondegenerate 2-pencil of
quadrics P whose Segre symbol is equal to fi;�ig with multiplicity n at each point , and a minimal
partition Œn� of n at each point.

For KDR it is diffeomorphic to the Stiefel manifold

O.k/=.O.k� 2/�O.1//:

For KDC it is diffeomorphic to the Stiefel manifold

O.2k/=.O.2k� 2/�U.1//:
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A similar fibration was already constructed by Alessandrini, Li and the author in [2]. The fibers in both
constructions are bases of pencils, but in [2] the fiber of the fibration constructed is the base of a different
2-pencil P0. However, the base of P0 is diffeomorphic to the same Stiefel manifold.

The Segre symbol of the pencil P0 also has two conjugate points with multiplicity n, but decorated with a
maximal partition Œ1; 1; : : : ; 1� of n. A difference for instance is that the stabilizer in PSL2n.K/ is larger
for P0 than for P .

The rest of the section is devoted to the proof of Theorem B.3.

Proof As in Example 8.3, we identify Cn with the space V2n.C/ of homogeneous polynomials in X
and Y of degree 2n� 1. We consider the change of variable X DW CZ and Y D i.W �Z/. If KDR,
we recall that the conjugation � after the change of coordinates is given by the C-antilinear map defined
for 0� l < 2k by

� WW lZ2k�1�l 7!ZlW 2k�1�l :

This change of basis diagonalizes the action of PSO.2/. Let R.�/ be the rotation angle � in the hyperbolic
plane, or the class of the rotation of angle 1

2
� on R2. The action of R� satisfies, for 0� l < 2k,

�.R.�// �W lZ2k�1Cl D ei�.2k�1�2l/W lZ2k�1Cl :

Consider the following basis of V2n.C/:

.el/0�l<2k D
�
W lZ2k�1Cl

�2k�1
l

�1
2
�
0�l<2k

The pencil of tangent vectors duh.H2/2 Tq0X corresponds to a pencils of (Hermitian) quadrics generated
by q1 and q2. The corresponding matrices in this basis are

Q1 D

0BBBBBBBBBBBB@

0 �0
�0 0 �1

�1 0 �2

�2
: : :

: : :

: : :
: : : �2
�2 0 �1

�1 0 �0
�0 0

1CCCCCCCCCCCCA
; Q2 D i

0BBBBBBBBBBBB@

0 ��0
�0 0 ��1

�1 0 ��2

�2
: : :

: : :

: : :
: : : ��2
�2 0 ��1

�1 0 ��0
�0 0

1CCCCCCCCCCCCA
;

where �a D �2k�1�a D
p
.aC 1/.2k� 1� a/ for 0� a � 2k� 1.

The matrix associated to Aq1;q2 is conjugate to�
iT 0

0 �iT

�
;

Geometry & Topology, Volume 29 (2025)



Nearly geodesic immersions and domains of discontinuity 2459

where T is the following k � k matrix: 0BBBBB@
1 1 � � � 1 1

1 � � � 1 1
: : :

:::
:::

1 1

1

1CCCCCA :
The matrix T � In is nilpotent of order k. This implies that the characteristic values of Aq1;q2 are i
and �1, and the partition associated with the Jordan block decomposition is the minimal partition Œk� for
both singular values. This determines the Segre symbol of P .

Now let’s study the topology of the base of P in the case KDR. in order to do so we will deform this
pencil to get a pencil that can be decomposed into smaller blocks. Let us define for t 2R the pencil of
quadrics Pt generated by the quadratic forms q1;t and q2;t whose matrices Q1;t and Q2;t in the basis
.el/0�l<2k are

Q1;tD

0BBBBBBBBBBBB@

0 �0
�0 0 t�1

t�1 0 �2

�2
: : :

: : :

: : :
: : : �2
�2 0 t�1

t�1 0 �0
�0 0

1CCCCCCCCCCCCA
; Q2;tD i

0BBBBBBBBBBBB@

0 ��0
�0 0 �t�1

t�1 0 ��2

�2
: : :

: : :

: : :
: : : ��2
�2 0 �t�1

t�1 0 ��0
�0 0

1CCCCCCCCCCCCA
:

In other words, the coefficients �k for k odd are replaced by t�k . The determinant of Q1;t and Q2;t is
independent of t , and hence the pencils of quadrics Pt are all nondegenerate. Moreover one has

�.R.�// �Q1;t D cos.�/Q1;t C sin.�/Q2;t ;

which implies that all the nonzero quadrics in the pencil Pt are nondegenerate.

Let M D f.Œv�; t/ 2 P .Vn.R// �R j q1;t .v; v/ D q2;t .v; v/ D 0g and p W P .Vn.K// �R! R be the
projection onto the second factor. Because of Lemma 6.2, M is a submanifold of P .Vn.R//�R. The
map p is a proper submersion, and hence by the Ehresmann principle it is a fibration. In particular the
bases b.P/ and b.P0/ of these pencils are diffeomorphic.

The pencil of quadrics P0 is exactly the pencil that defines the Stiefel manifold in [2], so we get the
desired result.
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Using a geometric argument building on our new theory of graded sheaves, we compute the categor-
ical trace and Drinfel’d center of the (graded) finite Hecke category H

gr
W
D Chb.SBimW / in terms of

the category of (graded) unipotent character sheaves, upgrading results of Ben-Zvi and Nadler, and
Bezrukavnikov, Finkelberg, and Ostrik. In type A, we relate the categorical trace to the category of
2-periodic coherent sheaves on the Hilbert schemes Hilbn.C2/ of points on C2 (equivariant with respect to
the natural C��C� action), yielding a proof of (a 2-periodized version of) a conjecture of Gorsky, Negut,,
and Rasmussen which relates HOMFLY-PT link homology and the spaces of global sections of certain
coherent sheaves on Hilbn.C2/. As an important computational input, we also establish a conjecture of
Gorsky, Hogancamp, and Wedrich on the formality of the Hochschild homology of Hgr

W
.
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1 Introduction

1.1 Motivation

Let G be a (split) reductive group, T � B a fixed pair of a maximal torus and a Borel subgroup, and W

the associated Weyl group. The geometric finite Hecke category associated to G, defined to be the
category of B-biequivariant sheaves/D-modules on G, plays a central role in representation theory. Of
particular interest to us are results of Bezrukavnikov, Finkelberg, and Ostrik [12] (underived) and Ben-Zvi
and Nadler [9] (derived) which identify its categorical trace and Drinfel’d center with the category of
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character sheaves constructed by Lusztig in a series of seminal papers [41; 42; 43; 44; 45] as a tool for
studying the characters of the finite group G.Fq/.

The finite Hecke category has a graded cousin Chb.SBimW /, the monoidal (DG-)category of bounded
chain complexes of Soergel bimodules.1 Like its geometric counterpart, (variations of) graded finite
Hecke categories play an important role in geometric representation theory, especially in Koszul duality
phenomena. See, for example, Achar, Makisumi, Riche, and Williamson [1], Beilinson, Ginzburg, and
Soergel [6], Bezrukavnikov and Yun [14], and Lusztig and Yun [46]. Of particular interest to us is the
role these categories play in one construction of the HOMFLY-PT link homology. See Bezrukavnikov
and Tolmachov [13], Khovanov [32], Trinh [57], and Webster and Williamson [59].

It is thus natural to study the categorical trace and Drinfel’d center of Chb.SBimW / with an eye toward
both categorified link invariants and character sheaves. Indeed, the categorical trace has been studied by
Beliakova, Putyra, and Wehrli [7] and Queffelec, Rose, and Sartori [51; 52] (underived), and Gorsky,
Hogancamp, and Wedrich [27] (derived) with applications to HOMFLY-PT link homology. Moreover, it
was proposed in [27] that an in-depth study of the categorical trace should yield a proof of a conjecture
by Gorsky, Negut,, and Rasmussen [29] which relates HOMFLY-PT link homology and global sections of
coherent sheaves on the Hilbert schemes of points Hilbn.C2/ on C2.

Despite their importance in both categorified link homology and geometric representation theory, many
questions are still left unanswered by these previous works:

(i) What is the Drinfel’d center of Chb.SBimW /?

(ii) How are the categorical trace and Drinfel’d center of Chb.SBimW / related to the category of
character sheaves?

(iii) In type A, how are the trace and centers related to the category of coherent sheaves on Hilbn.C2/?

Various aspects of these questions have been raised by the experts previously, but without a precise answer.
See Ben-Zvi and Nadler [9, Section 1.1.5], Webster and Williamson [58, discussion after Theorem A],
Gorsky, Hogancamp, and Wedrich [27, Section 1.5], and Gorsky, Kivinen, and Simental [28, Section 7.5].

Here we provide complete answers to the questions above (except the center case of (iii)) and as an
application, give a proof of a version (see Remark 1.5.12 for a precise comparison) of the conjecture
of Gorsky, Negut,, and Rasmussen.2 Moreover, as the main computational input for answering (iii)
above, we also establish a conjecture of Gorsky, Hogancamp, and Wedrich [27, Conjecture 1.7] on the
formality of the Hochschild homology of Chb.SBimW /, which is a consequence of the formality of the
Grothendieck–Springer sheaf in our geometric setup. This formality conjecture is the main obstacle
for [27] to make the trace of Chb.SBimW / more explicit.

1Note that the notation is somewhat abusive here since SBimW depends on the Coxeter system rather than just the Weyl group.
2The link between the Drinfel’d centers and Hilbert schemes of points on C2 requires an entirely different technique to establish.
The details will appear in a forthcoming paper. We will not need this fact here; see also Remark 1.5.9.
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1.2 The approach

1.2.1 Categorical traces and Drinfel’d centers Unlike Beliakova, Putyra, and Wehrli [7] and Gorsky,
Hogancamp, and Wedrich [27], our computations of the categorical traces and Drinfel’d centers are
completely geometric, inspired by the arguments of Ben-Zvi and Nadler found in [9] and our previous
work [30]. This is possible thanks to our new theory of graded sheaves developed in [31], which provides a
geometric realization of Chb.SBimW / (as the category Shvgr;c.BnG=B/ of B-biequivariant constructible
graded sheaves on G) within a sheaf theory with weight structures and perverse t -structures and sufficient
functoriality to do geometry and categorical algebra. Such a theory is indispensable for our strategy since
other geometric constructions of Chb.SBimW / via BnG=B, such as those of Beilinson, Ginzburg, and
Soergel [6], Eberhardt and Scholbach [19], Rider [53], and Soergel, Virk, and Wendt [55], have not been
extended to include those spaces such as G=B and G=G (with conjugation actions), geometric objects
that appear naturally in the study of categorical traces and Drinfel’d centers.

While the general idea for computing the categorical traces and Drinfel’d centers (see Theorem 1.5.2)
is similar to the one in [9; 30], the implementation is more involved. This is because compared to
quasicoherent sheaves or D-modules, the categorical Künneth formula fails much more frequently for
constructible sheaves. But now, with the modifications done in this paper, the proof of Theorem 1.5.2
works equally well with other sheaf-theoretic settings, such as D-modules (which recovers the result
of Ben-Zvi and Nadler in [9]) or sheaves with positive characteristic coefficients (either in the classical
analytic topology when the geometric objects involved are defined over C or in the étale topology when
working over Fq D Fpn for some prime number p and natural number n � 1, as long as ` ¤ p). We
choose to work with `-adic sheaves throughout due to the availability of the theory of graded sheaves in
this setting, crucial for applications to Soergel bimodules.

1.2.2 Formality of Hochschild homologies of Hecke categories An interesting feature of our approach
to the formality problem conjectured by Gorsky, Hogancamp, and Wedrich in [27] is that its solution does
not follow the usual “purity implies formality” route. This is not possible since the algebra of derived
endomorphisms of the Grothendieck–Springer sheaf is not pure, already for the simplest case when G

is a torus. Instead, it relies on a transcendental argument carried out by the second author in [36] and
a spreading argument. In type A, once the categories of graded unipotent character sheaves are computed
explicitly using the formality result, their relation to the Hilbert schemes of points on C2 can then be
deduced as a combination of Koszul duality and results of Bridgeland, King, and Reid [17] and Krug [35].

1.2.3 Hilbert schemes and link invariants In terms of link invariants, the categorical trace of Hgr
GLn

is
a universal receptacle for (derived) annular link invariants coming out of Hgr

GLn
. As such, HOMFLY-PT

homology factors through it. Using an argument involving weight structures in the sense of Bondarko and
Pauksztello, we prove a corepresentability result for the degree-a parts of the HOMFLY-PT homology.
Matching the corepresenting objects on the Hilbert scheme side, we obtain a proof of a version (see
Remark 1.5.12 for a precise comparison) of a conjecture of Gorsky, Negut,, and Rasmussen.

Geometry & Topology, Volume 29 (2025)
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1.2.4 The use of 1-categories and higher algebra The use of homotopical/categorical algebra and
1-categories as developed by Gaitsgory and Rozenblyum [25; 26] and Lurie [38; 39] is indispensable
to our approach at many levels, from the definitions/constructions of the objects and the formulation of
the statements to the actual proofs. While being sophisticated, the theory is packaged in such a clean and
convenient way that our arguments can still be followed by readers who are not familiar with it. The readers
might also consult Ho and Li [31, Appendix A], where most of the relevant background is reviewed.

Remark 1.2.5 Employing completely different techniques involving matrix factorizations, Oblomkov
and Rozansky proved a 2-periodized version of work of Gorsky, Negut,, and Rasmussen [29] in a
series of papers [48; 49; 50]. It is not clear to us how their work fits with known results in geometric
representation theory revolving around finite (as opposed to affine) Hecke categories and character sheaves.
The appearance of affine Hecke categories and their interactions with the finite ones in their work are
themselves extremely interesting and deserve a closer look.

Our approach, on the other hand, draws a direct connection between finite Hecke categories, character
sheaves, and categorified knot invariants, where the passage from the first to the last one is as in the original
construction of HOMFLY-PT homology theory via Soergel bimodules by Khovanov in [32]. In fact, our
main result is geometric representation theoretic: we compute both the trace and the Drinfel’d center of the
graded finite Hecke categories and relate them to character sheaves, upgrading previous results of Ben-Zvi
and Nadler in [9] and Bezrukavnikov, Finkelberg, and Ostrik in [12]. The relation to HOMFLY-PT
homology is then deduced as a consequence. We note that the geometric description of the finite Hecke
categories is still conjectural in their framework; see Oblomkov and Rozansky [49, Conjecture 7.3.1]).

Their work lives in the coherent world whereas our arguments happen in the constructible world. Under
the Langlands philosophy, there should be a duality between the objects considered in their work and ours.
We expect that the two approaches are related via a graded version of Bezrukavnikov’s theorem on two
geometric realizations of affine Hecke algebras [11]. We plan to revisit this question in a subsequent paper.

In the remainder of the introduction, we will recall the basic objects in Sections 1.3 and 1.4 and then
provide the precise statements of the main results in Section 1.5.

1.3 Notation and conventions

Let us now quickly review the basic notation and conventions used throughout the paper.

1.3.1 Category theory We work within the framework of .1; 1/-categories (or more briefly, 1-
categories) as developed by Lurie in [38; 39]. By default, our categories are all 1-categories. In
particular, we use the language of DG-categories as developed by Gaitsgory and Rozenblyum in this
framework [25; 26]. See also Ho and Li [31, Appendix A] for a quick recap. All of our functors and
categories are “derived” by default when it makes sense.

We let DGCatpres;cont denote the category whose objects are presentable DG-categories and whose mor-
phisms are continuous (ie colimit-preserving) functors. Similarly, we let DGCatidem;ex denote the category
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whose objects are idempotent complete DG-categories and whose morphisms are exact (ie finite colimit-
and limit-preserving) functors. Finally, let DGCatpres;cont;c denote the 1-full subcategory (see Gaitsgory
and Rozenblyum [25, Chapter 1, Section 1.2.5]) of DGpres;cont whose objects are compactly generated
and whose morphisms are quasiproper functors, ie compact-preserving functors. Each is equipped with a
symmetric monoidal structure — the Lurie tensor product. The operation Ind of taking ind-completion is
symmetric monoidal and factors as

DGCatidem;ex DGCatpres;cont;c DGCatpres;cont:

Ind

Ind0

Moreover, the first functor is an equivalence of categories.

We will informally refer to objects in DGCatpres;cont (resp. DGCatidem;ex) as “large”/“big” (resp. “small”)
categories.

1.3.2 Algebraic geometry Unless otherwise specified our stacks are Artin, with smooth affine stabilizers,
and are of finite type over Fq (or Fq , depending on the field of definition), where q D pk for some prime
number p. We let Stk and StkFq

denote the categories of such Artin stacks over Fq and Fq , respectively.

We write pt0D SpecFq and ptD SpecFq . Moreover, for any Artin stack Y over Fq , we usually use Y0 to
denote an Fq-form of Y. We will make heavy use of the theory of graded sheaves developed by Ho and
Li [31], obtained by categorically semisimplifying Frobenius actions in the category of mixed sheaves;
see Beilinson, Bernstein, Deligne, and Gabber [5]. All notation involving the theory of graded sheaves
will be the same as in [31]. We will now recall only the main pieces of notation from there.

As the theory of graded sheaves is built on top of the theory of mixed `-adic sheaves, we fix a prime
number ` ¤ p throughout this paper. For any Artin stack Y0 over Fq and Y its base change to Fq ,
we will use Shvm;c.Y0/, Shvm.Y0/, and Shvm.Y0/

ren WD Ind.Shvm;c.Y0// (resp. Shvgr;c.Y/, Shvgr.Y/, and
Shvgr.Y/

ren WD Ind.Shvgr;c.Y/
ren/) to denote the DG-category of constructible mixed (resp. graded) sheaves,

the DG-category of mixed (resp. graded) sheaves, and the renormalized DG-category of mixed (resp.
graded) sheaves on Y0 (resp. Y). The first one is an object in Shvm;c.pt0/-Mod (resp. Vectgr;c -Mod)
whereas the last two are objects in Shvm.pt0/-Mod (resp. Vectgr -Mod). All the usual operations on
sheaves, when defined, are linear over these categories. Note that here, Shvgr.pt/ ' Vectgr, the (1-
derived) symmetric monoidal category of graded chain complexes over Q`, and Shvgr;c.pt/' Vectgr;c ,
the full symmetric monoidal subcategory consisting of perfect complexes.

Shvgr;c.Y/ is equipped with a six-functor formalism, a perverse t -structure, and a weight/co-t -structure in
the sense of Bondarko and Pauksztello. Moreover, it fits into the diagram

Shvm;c.Y0/
grY0
���! Shvgr;c.Y/

oblvgr
���! Shvc.Y/;

which is compatible with the six-functor formalism, the perverse t -structures, and the Frobenius weights.
Furthermore, oblvgr ı grY0

is simply the pullback functor along Y! Y0. Roughly speaking, grY0
turns

Frobenius weights into an actual grading and oblvgr forgets this grading.
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For any F;G 2 Shvgr;c.Y/, one can talk about the graded Hom-space Hom
gr

Shvgr;c.Y/
.F;G/ 2 Vectgr, the

category of graded (chain complexes) of vector spaces over Q`, such that

HomShvc.Y/.oblvgr F; oblvgr G/' oblvgr Hom
gr

Shvgr;c.Y/
.F;G/'

M
k

Hom
gr

Shvgr;c.Y/
.F;G/k ;

where for any V 2 Vectgr, Vk 2 Vect denotes the k th graded component of V . We also write

End
gr

Shvgr;c.Y/
.F/ WDHom

gr

Shvgr;c.Y/
.F;F/:

See Ho and Li [31, Appendix A.2.6] for a quick review on enriched Hom-spaces.

Since we always make use of the renormalized categories of sheaves (for example, Shvm.Y0/
ren and its

graded counterpart Shvgr.Y/ren) introduced by Arinkin, Gaitsgory, Kazhdan, Raskin, Rozenblyum, and
Varshavsky [4] and used extensively in [31] rather than the usual categories, we will omit ren from the
notation of the various pull and push functors. For example, we will simply write f �, f�, f !, and f!

rather than f �ren, f�;ren, f !
ren, and f!;ren as in [31].

Remark 1.3.3 We deviate slightly from the convention used in [31] in two places:

(i) The category Vectgr -Mod of Vectgr-module categories is denoted by ModVectgr there.

(ii) An Fq-form of Y is denoted by Y1 there rather than Y0 as we do here. What we use here conforms
to the standard convention employed by, for example, Kiehl and Weissauer [33]. More generally, in [31],
Yn is used to denote an Fqn-form of Y. This is necessary because we have to deal with different forms of
the same stack over different fields of definition. For example, see [31, Section 2.7].

1.3.4 Grading conventions The different grading conventions appearing in the theory of HOMFLY-PT
link homology can be a source of confusion (at least to the authors). We will now collect the various
grading conventions we use and where they appear. Serving as a point of orientation, this subsubsection
should thus be skipped, to be returned to only when the need arises.

In Vectgr, we use X to denote the formal grading and C the cohomological grading. Sometimes, to
emphasize the grading convention in the presence of other gradings, we also use VectgrX in place of Vectgr.
As most DG-categories in this paper are module categories over Vectgr, given two objects c1 and c2 in
such a category C, the Vectgr-enriched Hom, Hom

gr
C .c1; c2/ 2 Vectgr is a graded chain complex. The

gradings X and C therefore also apply to Hom
gr
C .c1; c2/. We refer to this as the singly graded situation

(as the cohomological grading is not a formal grading). This is our default grading.

The 2-periodic construction in Section 4.3 allows one to exchange an extra grading with 2-periodization.
It is used in Section 4.4 to introduce an extra grading on (the Homgr in) any Vectgr-module category by
turning it into a VectgrX ;grY-module category. As the notation suggests, the extra grading is denoted by Y .
Moreover, all the cohomological shearing and 2-periodization in this paper will be with respect to this
Y -grading. In other words, the Y -grading is artificially introduced and then gets “canceled out.”
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small big/renormalized

mixed Hm
G0
WDShvm;c.B0nG0=B0/ H

m;ren
G0
WDShvm.B0nG0=B0/

ren WD Ind.Shvm;c.B0nG0=B0//' Ind.Hm
G0
/

graded H
gr
G
WDShvgr;c.BnG=B/ H

gr;ren
G
WDShvgr.BnG=B/

ren WD Ind.Shvgr;c.BnG=B//' Ind.H
gr
G
/

ungraded HG WDShvc.BnG=B/ Hren
G WDShv.BnG=B/ren WD Ind.Shvc.BnG=B//' Ind.HG/

Table 1: Different versions of finite Hecke categories.

In Section 4.4.6, the zX ; zY -grading is introduced, which is related to the X;Y -grading via a linear change
of coordinates. This is the grading that is used in the statements of the main theorems regarding the
conjecture of Gorsky, Negut, and Rasmussen [29]. The switch is necessary to match with the usual grading
convention on the HOMFLY-PT homology side.

Finally, on the HOMFLY-PT homology, the most natural gradings, from our geometric point of view, are
given by Q0, A0, and T 0, defined in Section 5.2.4. The relations between Q0;A0;T 0, Q;A;T , and q; a; t

are also given there, where the last two grading conventions appear in work of Gorsky, Kivinen, and
Simental [28]. See also Remark 5.2.7 for the source of the difference between Q0;A0;T 0 and Q;A;T .

1.4 The main players

We will now recall the definitions of the various objects/constructions that appear in our main results.

1.4.1 The various versions of finite Hecke categories Let G0 be a split reductive group over Fq ,
equipped with a pair T0 � B0 of a maximal torus and a Borel subgroup. Let W be the associated Weyl
group. By convention, G, T , and B are the pullbacks of G0, T0, and B0 to Fq .

While our primary interest lies in the graded finite Hecke category H
gr
G
WD Shvgr;c.BnG=B/, which is

equivalent to Chb.SBimW / by Ho and Li [31, Theorem 4.4.1],3 it is necessary to consider its “big” or
renormalized version H

gr;ren
G

WD Ind.H
gr
G
/ because the “big” world possesses more functorial symmetries,

such as the adjoint functor theorem (see Lurie [38, Corollary 5.5.2.9]) and the fact that compactly generated
(presentable) stable1-categories are dualizable; see Gaitsgory and Rozenblyum [25, Proposition 7.3.2].4

Consequently, we will most of the time start with the renormalized case, from which we deduce the
corresponding result for the small variants.

Due to their geometric nature, our arguments apply equally well to other variants of the finite Hecke
categories, such as the mixed and ungraded versions, which are of independent interest. For the reader’s
convenience, we summarize all the different variants in Table 1 (see also Section 1.3.2 for our conventions
regarding algebraic geometry).

3See also note 1.
4Here, “big” refers to the fact that we are working with presentable categories. On the other hand, “renormalized” refers to the
fact that we use the renormalized sheaf theory on stacks.
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We also will adopt the notation H
?;ren
G

, H?
G , Shv?.pt/, and Shv?.Y/ etc in statements where ? can be

gr, m, or nothing/∅, that is, the ungraded case, eg H?
G D HG D Shvc.BnG=B/. In this notation,

H
?;ren
G
2 Alg.Shv?.pt/-Mod/ and H?

G 2 Alg.Shv?;c.pt/-Mod/. Unless otherwise specified, ? can be any of
the three.

Remark 1.4.2 (abuse of notation) The subscript 0 in, for example, G0, B0, T0, and pt0 etc can be
unwieldy and even conflicts with the use of ? introduced above. For example, Shv?.Y0/ is Shv.Y0/ in the
ungraded case, which does not really make sense, as it should be Shv.Y/ instead in this case. Therefore,
we will, in most cases, drop it altogether without fear of confusion. For example, Shvm.BG/ren and
Shvm.pt/ only make sense when we take BG and pt to be BG0 and pt0, respectively. Similarly, we will
use Hm

G and H
m;ren
G

rather than the more precise Hm
G0

and H
m;ren
G0

.

Remark 1.4.3 The ungraded renormalized Hecke category Hren
G is larger than that of Ben-Zvi and

Nadler [9]. Ignoring the distinction between D-modules and constructible sheaves, their category
corresponds to Shv.BnG=B/, the usual (as opposed to renormalized) category of sheaves on BnG=B.

1.4.4 Categorical trace and Drinfel’d center As mentioned earlier, our main goal is to study the
categorical trace and Drinfel’d center of Hgr

G
. Recall the following definition:

Definition 1.4.5 (Ben-Zvi, Francis and Nadler [8, Definition 5.1]) Let A be an associative algebra
object in a closed symmetric monoidal1-category C.

(i) The (derived) trace or categorical Hochschild homology of A, denoted by Tr.A/ 2 C, is the relative
tensor A A Arev A. It comes with a natural universal trace morphism tr W A! Tr.A/ given by
tr.a/D a 1A.

(ii) The (derived) Drinfel’d center or categorical Hochschild cohomology of A, denoted by Z.A/ 2 C,
is the endomorphism object EndA Arev.A/. It comes with a natural central morphism z W Z.A/!A

given by z.F /D F.1A/.

Here, we view A as a bimodule over itself. Moreover, Arev denotes an associative algebra with the same
underlying object as A but with reversed multiplications.5

Remark 1.4.6 The trace also has a natural S1-action. Moreover, the center is naturally equipped with
an E2-structure (Deligne’s conjecture), ie in the case of categories, it has a braided monoidal structure.
See Lurie [39, Sections 5.3 and 5.5].

Note that BnG=B ' BB �BG BB and the monoidal structures on the various versions of finite Hecke
categories are given by g!f

� (with the appropriate sheaf theory) in the following diagram:

.1.4.7/ BB �BG BB �BB �BG BB
f

id���id
 ������ BB �BG BB �BG BB

g
p13
��! BB �BG BB:

5In the literature, Aop is also used to denote Arev. We opt to use Arev since for a category A, Aop is usually already understood
as the opposite category.
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Depending on whether we work with the small or big/renormalized versions, these Hecke categories are
naturally algebra objects in Shv?;c.pt/-Mod or Shv?.pt/-Mod, where the symmetric monoidal structures
of the latter are given by relative tensors. See also Ho and Li [31, Appendices A.2 and A.7]. Their traces
and Drinfel’d centers are computed as objects in these symmetric monoidal categories. In other words,
the ambient categories C in Definition 1.4.5 that are relevant to us are the various categories of module
categories Shv?;c.pt/-Mod or Shv?.pt/-Mod.

1.5 The main results

1.5.1 Trace and center of Hecke categories We start with the computations of the trace and Drinfel’d
center. The result below upgrades the main result of Ben-Zvi and Nadler [9] to the graded setting.

Theorem 1.5.2 (Theorem 2.8.3) The trace Tr.H
?;ren
G

/ and center Z.H?;ren
G

/ of H?;ren
G

coincide with the
full subcategory Ch

u;?;ren
G

of Shv?.G=G/ren generated under colimits by the essential image of H?;ren
G

under
q!p
� in the correspondence

G=B

BnG=B G=G

p q

Moreover , under this identification , the canonical trace and center maps are adjoint tra z and are identified
with the adjoint pair q!p

� a p�q
!.

The trace Tr.H?
G/ coincides with the full subcategory Ch

u;?
G

of Ch
u;?;ren
G

spanned by compact objects.
Namely,

Ch
u;?
G
WD .Ch

u;?;ren
G

/c D Ch
u;?;ren
G

\ Shv?;c

�
G

G

�
:

Equivalently, they are generated under finite colimits and idempotent splittings by the essential image of
H?

G under q!p
�.

The center Z.H?
G/ is the full subcategory �Chu;?G of Ch

u;?;ren
G

spanned by the preimage of H?
G under the

central functor z.

Remark 1.5.3 The Drinfel’d center of H?
G , that is, working within the context of small categories, is

larger than its trace, unlike in the large category setting. This is true already in the case G D T is a torus;
see Remark 2.8.4. This seems to be new.

1.5.4 Formality of Hochschild homology By the description of the trace map above, the image of
the unit tr.1Hgr;ren

G
/ 2 Ch

u;gr
G

is, by definition, the (graded) Grothendieck–Springer sheaf Sprgr
G

, a graded
refinement of the usual Grothendieck–Springer sheaf, ie oblvgr.Spr

gr
G
/' SprG 2 Ch

u
G � Shvc.G=G/. By

Gaitsgory, Kazhdan, Rozenblyum, and Varshavsky [24, Theorem 3.8.5], the graded ring of endomorphisms
of this object is the Hochschild homology HH.H

gr;ren
G

/ of Hgr;ren
G

, where H
gr;ren
G

is viewed as a dualizable
object in Vectgr -Mod.
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Theorem 1.5.5 (Theorems 2.10.11 and 3.2.1, Gorsky, Hogancamp, and Wedrich [27, Conjecture 1.7])
The graded algebra HH.H

gr;ren
G

/ ' End
gr

Ch
u;gr;ren
G

.Spr
gr
G
/ 2 Alg.Vectgr/ is formal. Moreover , we have an

equivalence of algebras

End
gr

Ch
u;gr;ren
G

.Spr
gr
G
/' H�.End

gr

Ch
u;gr;ren
G

.Spr
gr
G
//' .H�gr.BT / H�gr.T // Q`ŒW �;

where H�gr.�/ is the functor of taking graded cohomology, ie we remember the Frobenius weights on the
cohomology (see Ho and Li [31, (4.2.1)]), and where the action of Q`ŒW � on the first factor is induced by
the natural actions of W on T and BT .

In type A, a result of Lusztig states that Chu;gr
G

is generated by Spr
gr
G

. As a consequence, we obtain the
following result:

Theorem 1.5.6 (Theorem 3.3.4) When G is of type A, we have

Ch
u;gr
G
' End

gr

Ch
u;gr
G

.Spr
gr
G
/-Mod.Vectgr/c ' .H�gr.BT / H�gr.T // Q`ŒW �-Mod.Vectgr/perf ;

where for any graded ring R 2 Alg.Vectgr/, R-Mod.Vectgr/ denotes the category of R-module objects
in Vectgr, ie the category of graded R-modules , and the superscript perf denotes the full subcategory
spanned by perfect complexes (or equivalently, compact objects).

1.5.7 The Hilbert scheme of points on C2 While the results above are of independent interest in
representation theory, their relation to the HOMFLY-PT link homology and the conjecture of Gorsky,
Negut,, and Rasmussen is one of our main motivations.

The first link is given by the following result, which relates the categories of unipotent character sheaves
and Hilbert schemes6 of points on C2. It is a consequence of Theorem 1.5.6, Koszul duality, and a result
of Krug in [35].

Theorem 1.5.8 (Theorem 4.4.15) When G DGLn, we have an equivalence of Vectgr zX ;gr zY ;2-per-module
categories (thus , also as DG-categories):

)Ch
u;gr;ren
G

'CŒ Qx; Qy� CŒSn�-Mod
gr zX ;gr zY ;2-per
nilp Qy

‰2-per

'
���! QCoh.Hilbn =G

2
m/

2-per
Hilbn; Qx

:

Similarly, we have the small variant , which is an equivalence of Vectgr zX ;gr zY ;2-per;c-module categories:

)Ch
u;gr
G
'CŒ Qx; Qy� CŒSn�-Mod

gr zX ;gr zY ;2-per
nilp Qy

‰2-per

'
���! Perf.Hilbn =G

2
m/

2-per
Hilbn; Qx

:

Here ,

(i) Vectgr zX ;gr zY ;2-per denotes the category of 2-periodic bigraded chain complexes (see Definition 4.4.11
for the precise definition);

(ii) Qx and Qy are multivariables ( Qx denotes Qx1; : : : ; Qxn and similarly for Qy) living in cohomological
degree 0 and bigraded degrees .1; 0/ and .0; 2/, respectively;

6Strictly speaking, the Hilbert schemes that appear in our paper are over Q`. However, we have an abstract isomorphism C'Q`

as fields. We will elide this inconsequential difference in the introduction section.
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(iii) similarly, the action of G2
m on Hilbn is induced by its action on A2, scaling the two axes with

weights .1; 0/ and .0; 2/, respectively;

(iv) the subscript nilpQy indicates the fact that we only consider the full subcategories where the variables
Qy act (ind-)nilpotently;

(v) the subscript Hilbn; Qx indicates the fact that we only consider quasicoherent sheaves with set-
theoretic supports on the closed subscheme of Hilbn consisting of points supported on the first axis
of A2 (see Section 4.2.9 for the precise definition); and

(vi) the superscripts) and 2-per denote cohomological shear and 2-periodization constructions (see
Sections 4.3 and 4.4 for an in-depth discussion on these constructions and Definition 4.4.10 for the
definitions of the 2-periodized categories of sheaves on the Hilbert schemes).

Remark 1.5.9 Theorem 1.5.8 above establishes the relation between the categorical trace of Hgr
GLn

and
the category of coherent sheaves on Hilbn set-theoretically supported “on the x-axis.” The center, on the
other hand, corresponds to the whole category of coherent sheaves on Hilbn without any support condition.
The details will appear in a forthcoming paper.

1.5.10 HOMFLY-PT link homology Using an argument involving weight structures in the sense of
Bondarko and Pauksztello, we prove a corepresentability result for the degree-a parts of the HOMFLY-PT
homology. Matching the corepresenting objects on the Hilbert scheme side, we obtain a proof of a version
of a conjecture of Gorsky, Negut,, and Rasmussen.

Theorem 1.5.11 (Theorem 5.4.6, Gorsky, Kivinen, and Simental [28, Conjecture 7.2(a)]) For any
Rˇ 2H

gr
n associated to a braid ˇ, there exists a natural Fˇ 2Perf.Hilbn =G2

m/
2-per
Hilbn; Qx

such that the a-degree
˛ component of the HOMFLY-PT homology of ˇ is given by

Hom
gr zX ;gr zY
Perf.Hilbn =G2

m/
2-per

�V˛
T2-per;Fˇ

�
;

where T is the tautological bundle. The two formal gradings (denoted by zX and zY ) coming from the G2
m

action coincide with q and
p

t . Moreover , the cohomological degree corresponds to
p

qt .

See Theorem 5.4.6 for a more precise formulation.

Remark 1.5.12 Theorem 1.5.11 differs from the conjecture of Gorsky, Negut,, and Rasmussen as
formulated in [28] in two important aspects. First, we work with the 2-periodized version of the Hilbert
scheme of points on C2 rather than the usual version; see Remark 1.5.13 below for brief discussion of
why this is necessary for us. And second, the degrees zX and zY correspond to q and

p
t for us rather than

q and t ; we believe that this is the correct torus action to consider. Moreover, compared to the conjecture
of Gorsky, Negut,, and Rasmussen as formulated in [29], our version and the version formulated in [28]
use the usual rather than the flagged version of the Hilbert scheme; see Remark 1.5.14 for a speculation
on how to relate the two.
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Remark 1.5.13 Theorem 1.5.8 relates the category of graded unipotent character sheaves for GLn

with the 2-periodic category of (quasi)coherent sheaves on Hilbn, equivariant with respect to the scaling
G2

m-action. As there is only one formal grading on the character sheaf side compared to the two Gm

actions on the Hilbert scheme side, 2-periodization is necessary to relate the two. Because of this, our
theorem regarding link invariants above relates HOMFLY-PT homology and 2-periodic quasicoherent
sheaves on Hilbert schemes rather than the precise version in [28]. The same phenomenon also appeared
in the work of Oblomkov and Rozansky.

A recent work of Elias [21] introduces an extra formal grading on the Hecke category. Even though it is
highly suggestive, we do not know how this helps remove the necessity of 2-periodization.

Remark 1.5.14 The main conjecture of [29] relates H
gr
n and the category of coherent sheaves on the

(derived) flag Hilbert scheme FHilbn of C2 via a pair of adjoint functors. More precisely, they relate
unbounded versions of these categories, which we expect to correspond to H

gr;ren
n and IndCoh.FHilbn/,

respectively. We also expect that their pair of adjoint functors fits with ours in the diagram

Hgr;ren
n � IndCoh.FHilbn/FHilbn;x

� IndCoh.Hilbn/Hilbn;x
' QCoh.Hilbn/Hilbn;x

;

where we suppress 2-periodization and equivariant parameter(s) altogether. Here, the compositions are
our trace and central functors. Moreover, the second adjoint pair should be given by pulling and pushing
along the natural map FHilbn! Hilbn.

In work of Elias [20], the category of coherent sheaves over FHilbn is speculated to be related to a
subcategory of the Hecke category generated by the Jucys–Murphy elements, which are themselves
certain relative centralizers. The methods developed in (the first part of) this paper could be extended
to study these relative centers geometrically. But it is unclear to us at the moment how to put all the
Jucys–Murphy elements together in a geometric way.

1.5.15 Support of Fˇ Thanks to the Hilbert–Chow morphism, Hilbn ! A2n==Sn, the geometric
realization of HOMFLY-PT link homology given in Theorem 1.5.11 implies that it admits an action of
the algebra of symmetric functions in n variables. More algebraically, the definition of HOMFLY-PT
homology via Soergel bimodules also affords such an action (see, for example, Gorsky, Kivinen, and
Simental [28, Section 5.1]). We show that these two are the same.

Theorem 1.5.16 (Theorem 5.5.1, part of [28, Conjecture 7.2(b)]) The two actions above coincide.

Theorem 1.5.16 is a statement about the “global” property of Fˇ as it contains information about Fˇ after
pushing forward to A2n==Sn. More precisely, by [28, Section 5.1], the supports of the various a-degree
parts of the HOMFLY-PT homology of a braid ˇ, as a sheaf over An==Sn, can be bounded above using
the number of connected components of the link associated to ˇ.

The support of Fˇ over Hilbn itself is, however, a more local (and hence more refined) property. To prove
a similar statement, we have to start by transporting the corresponding support condition on the Rouquier
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complex Rˇ. However, this does not quite make sense since there is no quasicoherent sheaf involved at
this stage yet. To circumvent this difficulty, we formulate this support condition using module category
structures and the notion of support developed by Benson, Iyengar, and Krause [10] and Arinkin and
Gaitsgory [3]. Transporting this structure around to the Hilbert scheme side, where it coincides with the
usual notion of support, we obtain the desired statement.

Theorem 1.5.17 (Theorem 5.6.4, [28, Conjecture 7.2(b) and (c)]) Let ˇ be a braid on n strands. Then
an upper bound for the support of Fˇ (as a sheaf over Hilbn) given in Theorem 1.5.11 is determined by
the number of connected components of the link obtained by closing up ˇ. See Theorem 5.6.4 for a more
precise formulation.

Outline

We will now give an outline of the paper. In Section 2, we study the categorical traces and Drinfel’d
centers of the various variants of the finite Hecke categories and relate them to the theory of character
sheaves. In Section 3, we prove the formality result for the graded Grothendieck–Springer sheaf, of
which formality of the Hochschild homologies of the graded finite Hecke categories is a consequence.
In type A, this result gives an explicit description of the categorical trace of Hgr;ren

n . This is followed by
Section 4, where the relation between unipotent character sheaves and Hilbert schemes of points on C2 is
established. We conclude with a proof of aversion (see Remark 1.5.12 for a precise comparison) of the
conjectures by Gorsky, Negut,, and Rasmussen in Section 5.

We note that the different sections are largely independent of each other, both in terms of techniques
and results. More precisely, the sections can be grouped as follows: (Section 2), (Section 3), (Sections 4
and 5). The reader can read each group mostly independently, referring to the other parts of the paper
mostly to look up the notation.

2 Categorical traces and Drinfel’d centers of (graded) finite Hecke
categories

This section is dedicated to the proof of the first main theorem, Theorem 1.5.2 (which appears as
Theorem 2.8.3 below), which relates the categorical trace and Drinfel’d center of a finite Hecke category
and the category of unipotent character sheaves. We work with mixed, graded, and ungraded versions and
in both settings of “big” and “small” categories. One interesting feature is that the trace and center of
a “big” (also known as renormalized) finite Hecke category coincide, whereas the center of the “small”
version is larger than its trace.

In what follows, Section 2.1 reviews basic definitions and outlines the basic strategy. In Sections 2.2
and 2.3, we study the categorical analog of Künneth formula for finite orbit stacks and the Beck–
Chevalley condition, respectively. As the trace/center is computed by the colimit/limit of a certain
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simplicial/cosimplicial category, the categorical Künneth formula allows one to interpret each term
in the (co)simplicial diagram algebro-geometrically, whereas the Beck–Chevalley condition acts as a
descent-type result which allows one to realize the colimit/limit more concretely in terms of sheaves on
some space. In Section 2.4, we formulate the monoidal structure of finite Hecke categories in terms of
1-manifolds, which is then used in Section 2.5 to formulate the cyclic bar simplicial category computing
the trace of a finite Hecke category in terms of the geometry of a circle. The geometric formulation
developed thus far is applied in Section 2.6 to verify the Beck–Chevalley conditions in a uniform way.
The computations of the traces and centers conclude in Section 2.7. In Section 2.8, we introduce the
various versions of the category of (graded) unipotent character sheaves and state our main results thus
far in terms of these categories. In Section 2.9, we show that Tr.Hgr

G
/ inherits the weight and perverse

t -structure from the ambient category Shvgr;c.G=G/. Finally, Section 2.10, which is mostly independent
of the rest of the paper, deduces several consequences for the trace and center of a finite Hecke category
from the rigidity of the latter.

2.1 Preliminaries

We will now review the basic definitions of the objects involved and outline the strategy employed to
prove Theorem 1.5.2.

2.1.1 Generalities regarding big vs small categories In the situation of Definition 1.4.5, the trace
Tr.A/DA A Arev A can be computed as the geometric realization (ie colimit) of the simplicial object
obtained from the cyclic bar construction. Namely,

Tr.A/D jA .�C1/
j WD colimA .�C1/;

where the last face map is given by multiplying the last and first factors of A and where the other face
maps are given by multiplying adjacent A factors; see also [8, Section 5.1.1; 39, Remark 5.5.3.13].

The small and big category settings are related by taking Ind via the following standard result:

Proposition 2.1.2 [9, Corollary 3.6 and Proposition 3.3] Let A 2 Alg.DGCatpres;cont/ be a compactly
generated rigid monoidal category (see [9, Definition 3.1]). Taking Ind-completion (resp. passing to right
adjoints , resp. passing to the full subcategory .�/c spanned by compact objects) induces a canonical
equivalence (i)!(ii) (resp. (ii)!(iii), resp. (ii)!(i)), between

(i) the category Ac-Mod of Ac-module categories in DGCatidem;ex, where Ac is full subcategory of A

spanned by compact objects ,

(ii) the category A-Modc of A-module categories in DGCatpres;cont;c ,

(iii) the opposite of the category whose objects are A-module categories in the category of compactly
generated DG-categories and whose morphisms are functors that are both cocontinuous (ie limit
preserving) and continuous.
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As mentioned earlier, we will work mostly in the setting of Proposition 2.1.2(ii) even though we are
most interested in the “small” setting described in Proposition 2.1.2(i) because the former has more
functoriality.

Remark 2.1.3 This result was also proved (but not explicitly stated) in [25, Chapter 1, Section 9]. Note
also that [9] proved the result above more generally for semirigid monoidal categories. We do not need
this level of generality here.

Remark 2.1.4 In the literature, the property of being rigid is usually applied to a “small” monoidal
DG-category. By definition, a category C0 2 Alg.DGCatidem;ex/ is rigid if all objects c 2 C0 have left and
right duals. By [25, Chapter 1, Lemma 9.1.5], such a category C0 is rigid if and only if C WD Ind.C0/ is
rigid in the sense of [25, Chapter 1, Definition 9.1.2]. In this case, C is compactly generated by definition.

We use the term rigid for both “big” and “small” categories. The context should make it clear in which
sense we use the term.

2.1.5 Computing colimits Recall that Ind WDGCatidem;ex!DGCatpres;cont preserves all colimits by [25,
Chapter 1, Corollary 7.2.7] and that the forgetful functor A-Mod! DGCatpres;cont preserves all colimits
by [39, Corollaries 4.2.3.5]. Proposition 2.1.2 then implies that the colimit colimi2I C0

i of a diagram
I !Ac-Mod can be computed as

colim
i2I

C0
i '

�
colim

i2I
Ind.C0

i /
�c
;

where .�/c denotes the procedure of taking the full subcategory spanned by compact objects. Moreover,
the category underlying the colimit on the right-hand side can be computed in DGCatpres;cont.7

2.1.6 Computing limits The forgetful functors A-Mod! DGCatpres;cont and DGCatpres;cont ! Cat

preserve all limits by [39, Corollary 4.2.3.3] and [38, Proposition 5.5.3.13], where Cat denotes the
category of all .1; 1/-categories. The underlying category of a limit in A-Mod can thus be computed in
the category of all categories.

However, Ind does not preserve limits. In fact, this is the reason why the renormalized category of sheaves
on a stack differs from the usual category. Moreover, as we shall see, this will also be responsible for the
fact that the Drinfel’d center of the “small” version of a finite Hecke category differs from its trace.

2.1.7 The strategy The trace of H?;ren
G

as an algebra object in Shv?.pt/-Mod is given by the geometric
realization of the cyclic bar construction

.2.1.8/ Tr.H
?;ren
G

/� WD .H
?;ren
G

/ Shv?.pt/.�C1/

' H
?;ren
G Shv?.pt/ H

?;ren
G Shv?.pt/ � � � Shv?.pt/ H

?;ren
G
2 .Shv?.pt/-Mod/�

op

:

In the next two subsections, we will discuss the two main technical ingredients used to understand the
geometric realization of the simplicial object above. First, the categorical Künneth formula for finite orbit

7Note, however, that colimits in the presentable setting are different from colimits in the category of all1-categories.
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stacks allows one to realize the terms in the simplicial object above as the categories of sheaves on certain
stacks. Second, the Beck–Chevalley condition on a simplicial category is essentially a descent-type result
that allows one to realize its geometric realization as a full subcategory of a more concrete category.

By a duality argument, we show that the Drinfel’d center of H?;ren
G

coincides with its trace. Finally, the
traces and Drinfel’d centers of the small versions H?

G are obtained from those of the renormalized versions.

2.2 The categorical Künneth formula for finite orbit stacks

This subsection is dedicated to the following result:

Proposition 2.2.1 Let Y0 and Z0 be Artin stacks over pt0. Suppose that Y0 is a finite orbit stack. Then
the external tensor product

.2.2.2/ Shv?.Y/
ren

Shv?.pt/ Shv?.Z/
ren �
'
�! Shv?.Y�Z/

ren

induces an equivalence of categories.

Proof We will treat the mixed case, ie ?Dm. The graded and ungraded cases can be treated similarly.

By [4, (F.18)], we know that (2.2.2) is fully faithful. By [31, Corollary A.4.13], we know that the left-hand
side of (2.2.2) is generated by objects of the form F0� G0 where F0 and G0 are constructible. Since
(2.2.2) is continuous, it suffices to show that F0�G0 2 Shvm.Y0�pt0 Z0/

ren generates the category. Using
excision and the fact that Y0 is a finite orbit stack, we reduce to the case where Y0 DBH0 for a (smooth)
algebraic group H0 over Fq . This case is treated in Lemma 2.2.3 below.

Lemma 2.2.3 Proposition 2.2.1 holds when Y0 D BH0, where H0 is a smooth algebraic group over pt0.

Proof It suffices to show that

Shvm;c.BH0/ Shvm;c.pt0/ Shvm;c.Z0/
�
�! Shvm;c.BH0 �pt0 Z0/

is an equivalence of categories.

By descent along the surjective smooth map Z0! BH0 �pt0 Z0 (using the .�/!-functor), we have

Shvm;c.BH0 �pt0 Z0/' Tot.Shvm;c.H
�pt0�

0
�pt0 Z0//:

Then [39, Proposition 4.7.5.1] provides an equivalence of categories

.2.2.4/ Shvm;c.BH0 �pt0 Z0/' ..�0/!.�0/
!Q`/-Mod.Shvm;c.Z0//;

where �0 WH0! pt0 and where .�0/!.�0/
!Q` 2Alg.Shvm;c.pt0//. Note that here, the algebra structure on

.�0/!.�0/
!Q` is obtained from the multiplication structure of H : indeed, .�0/!.�0/

!Q` is the homology
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C�.H / WD �!�
!Q` of H along with a Frobenius action, where � W H ! pt is the pullback of �0.

Equation (2.2.4) can thus be rewritten in the following more familiar form:

Shvm;c.BH0 �pt0 Z0/' C�.H /-Mod.Shvm;c.Z0//:

Note also that the action of Shvm;c.pt0/ on Shvm;c.Z0/ is used to make sense of the right side of (2.2.4).

Arguing similarly (see also [25, Chapter 1, Proposition 8.5.4]),

Shvm;c.BH0/ Shvm;c.pt0/ Shvm;c.Z0/' C�.H /-Mod.Shvm;c.pt0// Shvm;c.pt0/ Shvm;c.Z0/

' C�.H /-Mod.Shvm;c.Z0//:

2.3 The Beck–Chevalley condition

We will now turn to the Beck–Chevalley condition, a technical condition that allows one to realize
geometric realizations (ie colimits of simplicial objects) and totalizations (ie limits of cosimplicial objects)
of categories in more concrete terms.

Definition 2.3.1 [39, Definition 4.7.4.13] Suppose we have a diagram of1-categories

C D

C0 D0

H

V V 0

H 0

which commutes up to a specified equivalence ˛ W V 0 ıH '
�!H 0 ıV .

We say that this diagram is horizontally left (resp. right) adjointable if H and H 0 admit left (resp. right)
adjoints H L and H 0R (resp. H R and H 0R), respectively, and if the composite transformation

H 0L ıV 0!H 0L ıV 0 ıH ıH L ˛
'
�!H 0L ıH 0 ıV ıH L

! V ıH L

.resp. V ıH R
!H 0R ıH 0 ıV ıH R ˛�1

'
��!H 0R ıV 0 ıH ıH R

!H 0R ıV 0/

is an equivalence.

We say that this diagram is vertically left (resp. right) adjointable if the transposed diagram

C C0

D D0

V

H H 0

V 0

is horizontally left (resp. right) adjointable.

Remark 2.3.2 What we call horizontally left (resp. right) adjointable is simply called left (resp. right)
adjointable in [39]. This condition on a commutative square of categories is also commonly called the
Beck–Chevalley condition.
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We are now ready to give the main statement of this subsection.

Proposition 2.3.3 (Lurie) Let C� W�
op
C! DGCatpres;cont be an augmented simplicial diagram of DG-

categories. Let CD C�1, F W C0! C be the obvious functor , and G its right adjoint. Suppose that for
every morphism ˛ W Œn�! Œm� in�C which induces a morphism ˛C W ŒnC1�' Œ0�� Œn�! Œ0�� Œm�' ŒmC1�,
the diagram

.2.3.4/

CmC1 Cm

CnC1 Cn

d0

d0

is vertically right adjointable. Then the functor � W jC�j�op j ! C is fully faithful. When G is conservative ,
� is an equivalence of categories.

Proof We will deduce this proposition from its dual version [39, Corollary 4.7.5.3].

Passing to right adjoints, we get an augmented cosimplicial object C�. Note that for each n, Cn ' Cn as
only the functors change. By [38, Corollary 5.5.3.4] (see also [25, Chapter 1, Proposition 2.5.7]), we
have a canonical equivalence of categories

jC�j�op j ' Tot.C�j�/:

Moreover, the canonical functor C! Tot.C�j�/ is the right adjoint �R of � .

Observe that
CmC1 Cm

CnC1 Cn

d0

d0

is horizontally left adjointable as this is equivalent to (2.3.4) being vertically right adjointable. Thus
[39, Corollary 4.7.5.3] implies that � is a fully faithful embedding, and moreover, it is an equivalence of
categories when G is conservative.

Remark 2.3.5 The same proof goes through when we replace DGCatpres;cont by A-Mod, where A is a
rigid monoidal category, for example, when A is Shvm.pt0/ or Vectgr ' Shvgr.pt/. This is because the
forgetful functor A-Mod! DGCatpres;cont preserves all limits and colimits, by [39, Corollaries 4.2.3.3
and 4.2.3.5], and adjoints of an A-linear functor are automatically A-linear by [31, Corollary A.4.7].

2.4 H?;ren

G
as a functor out of 1-manifolds

While it is straightforward how to apply Proposition 2.2.1, the verification of the adjointability conditions
(aka Beck–Chevalley conditions) necessary for the application of Proposition 2.3.3 is more subtle. The
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argument can be made transparent by reformulating the simplicial object (2.1.8) geometrically in terms of
1-manifolds. In preparation for that, we will, in this subsection, upgrade H

?;ren
G

to a right-lax symmetric
monoidal functor coming out of the category of 1-manifolds. The construction found in this subsection is
a simplification of the one found in [30].

2.4.1 1-manifolds and their boundaries Let Mnfd1 denote the symmetric monoidal1-category of
1-dimensional manifolds with finitely many connected components whose morphisms are given by
embeddings and whose symmetric monoidal structure is given by disjoint unions. Note that the objects
are simply finite disjoint unions of lines and circles. Although these manifolds are, technically speaking,
without boundary, we will make use of their “boundaries” in our construction. We will now explain what
this means.

Let Mnfd01 be the1-category of compact 1-manifolds, usually denoted by M , with possibly nonempty
boundary, denoted by @M , such that VM WD M n @M 2 Mnfd1. Moreover, morphisms are given by
(necessarily closed) embeddings. Taking the interior gives a natural functor of1-categories

F WMnfd01!Mnfd1; M 7! VM :

Lemma 2.4.2 [30, Lemma 2.4.10] The functor F is an equivalence of categories. We write M 7!M to
denote an inverse of F .

Because of this equivalence, we will generally not make a distinction between 1-manifolds without
boundaries and compact 1-manifolds with possibly nonempty boundaries, unless confusion is likely to
occur. For instance, when M 2Mnfd1, by abuse of notation,

@M WD @M WDM nM

is used to denote the boundary of M .

We also use Disk1 to denote the full subcategory of Mnfd1 consisting of just lines. Moreover, the category
Disk01 WD Disk1 �Mnfd1

Mnfd01 consisting of compact line segments is equivalent to Disk1 itself.

2.4.3 H
?;ren

G
as a functor out of Mnfd1 Following [30, Section 3.1.2], we will now construct a right-lax

symmetric monoidal functor
H

?;ren
G
WMnfd1! Shv?.pt/-Mod;

whose restriction to Disk1 is symmetric monoidal. The functor H?;ren
G

is obtained as a composition8

.2.4.4/ Mnfd1
M
��! Corr.Stk/propIsm

Shv
�;ren
?;!

�����! Shv?.pt/-Mod :

We will now explain the various functors and categories that appear in the diagram above. We start with
the functor M , which is defined as the composition

.2.4.5/ Mnfd1
B
�! Corr..Spc�

1

fin /
op/

Map
���! Corr.Stk/:

8Even though we write Stk, it should be understood as StkFq
when we consider the mixed variant.
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2.4.6 Correspondences For any category C, Corr.C/ is the category of correspondences in C. A
morphism from c1 to c2 in Corr.C/ is illustrated, equivalently, by diagrams of the form

c1 c

c2

h

v or
c

c1 c2

h v or c1 c c2:
h v

Here, h and v stand for horizontal and vertical, respectively. As usual, compositions are given by pullbacks.

More generally, let vert and horiz be two collections of morphisms in C such that vert (resp. horiz) is
closed under pulling back along a morphism in horiz (resp. vert). Then we let Corr.C/vertIhoriz be the 1-full
subcategory of Corr.C/ consisting of the same objects, but for morphisms we require that v 2 vert and
h 2 horiz. See [30, Section 2.8.1] for more details.

2.4.7 The functor B When CD Spcfin, the category of finite CW-complexes, the functor

B W Spcfin! Corr..Spc�
1

fin /
op/;

(B stands for boundary) at the level of objects, is given by

B.M /D .@M !M / 2 Spc�
1

fin :

Moreover, B sends an open embedding N ,!M to the following morphism in Corr..Spc�
1

fin /
op/:

.2.4.8/

@N M nN @M

N M M
y

'

We will often suppress the morphisms and simply use, for example, .@M;M / to denote an object in
Spc�

1

fin to make diagrams and formulas more compact.

2.4.9 The functor Map We have a natural functor

Map W .Spc�
1

/op! Stk

which assigns to each object .N !M / 2 .Spc�
1

/op an object .BB;BG/N;M WD BBN �BGN BGM

(see also Remark 1.4.2 and note 8), which is precisely the stack of commutative squares

N BB

M BG

This functor upgrades naturally to an eponymous functor

Map W Corr..Spc�
1

/op/! Corr.Stk/;

used in (2.4.5) above.

By construction, Map turns colimits in Spc�
1

to limits in Stk.

Geometry & Topology, Volume 29 (2025)



Graded character sheaves, HOMFLY-PT homology, and Hilbert schemes of points on C2 2483

2.4.10 The functor M The functor M in (2.4.4) is given by the following result:

Lemma 2.4.11 The composition Map ıB factors through Corr.Stk/propIsm, ie the horizontal (resp. verti-
cal ) maps are smooth (resp. schematic and proper).

Proof Let N ,!M be a morphism in Mnfd1, ie it is an open embedding of 1-manifolds. We will now
show that the map

.2.4.12/ .BB;BG/MnN;M ' BBMnN
�

BGMnN BGM
! BB@N �BG@N BGN

' .BB;BG/@N;N ;

which is induced by the left square of (2.4.8), is smooth. Since the left square of (2.4.8) is a pushout, we have

.BB;BG/MnN;M ' .BB;BG/@N;N �BB@N BBMnN

and the map (2.4.12) identifies with the vertical map on the left of the following pullback diagram:

.BB;BG/MnN;M BBMnN

.BB;BG/@N;N BB@N

It thus suffices to show that the map

.2.4.13/ BBMnN
! BB@N

is smooth. Without loss of generality, we can assume that M is connected, in which case, M is either a
circle or a line.

When N is empty, it is clear that (2.4.13) is smooth since it is simply

BBM
! pt;

where BBM is either BB or B=B depending on whether M is a line or a circle. Thus, it remains to treat
the case where N is nonempty.

When M is a line, the desired statement follows from the fact that (2.4.13) is a product of (copies of) of
the smooth maps idBB and �BB W BB! BB �BB. When M is a circle, since the only embedding of a
circle into itself is a homeomorphism, N can only be a circle or a disjoint union of lines. In the first case,
the map under consideration is an equivalence, and hence it is smooth. In the second case, we also see
that (2.4.13) is a product of (copies of) the diagonal map �BB W BB! BB �BB, which is smooth.

Next, we will show that the map

.2.4.14/ .BB;BG/MnN;M 'BBMnN
�

BGMnN BGM
!BB@M �BG@M BGM

' .BB;BG/@M;M ;

induced by the right square of (2.4.8), is proper. As above, we can (and we will) assume that M is
connected. Note that when N is empty, (2.4.14) becomes

BBM
! BB@M �BG@M BGM ;
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which is equivalent to
B

B
' BBS1

!
G

G
when M ' S1, and to

BB! BB �BG BB

when M 'R. Both of these are easily seen to be proper.

When N is not empty, M nN and @M are homotopically equivalent to a (possibly empty) disjoint
union of points. Moreover, @M !M nN is homotopically equivalent to an inclusion of connected
components. We will thus treat them as disjoint unions of points in what follows. In particular, we can
write M nN ' @M t ..M nN / n @M /. The map (2.4.14) factors as

BBMnN
�

BGMnN BGM
' .BB@M �BG@M BGM /�

BGM .BB.MnN /n@M �
BG.MnN /n@M BGM /

! BB@M �BG@M BGM ;

where the last map is induced by BB.MnN /n@M ! BG.MnN /n@M , which is proper since it is just a
product of maps of the form BB! BG.

2.4.15 The functor H
?;ren

G
Applying the functor Shvren;�

?;!
of [31, (2.8.13) and Theorem 2.8.20], which

is right-lax symmetric monoidal, we complete (2.4.4). Note that in our case, we only need Shv
ren;�
?;!

to
encode (renormalized) �-pullbacks along smooth morphisms and (renormalized) !-pushforwards along
proper morphisms rather than the more general case described in [31].

2.4.16 Renormalized finite Hecke categories Being a right-lax symmetric monoidal functor, H?;ren
G

sends algebra objects to algebra objects. In particular,

H
?;ren
G

.R/' Shv?..BB �BB/�BG�BG BG/ren ' Shv?.BB �BG BB/ren

has an algebra structure, induced by the algebra structure on R 2 Mnfd1, whose multiplication is
given by Rt2 ,! R. Chasing through (2.4.8), we see that this is precisely the monoidal structure on
Shv?.BB �BG BB/ren defined earlier via the correspondence (1.4.7). This justifies the abuse of notation
where we use H

?;ren
G

to denote both the functor and its value on R.

2.4.17 Horocycle correspondence We will now explain how the horocycle correspondence appears
naturally from this point of view. First, observe that @S1 ' ∅, and hence H

?;ren
G

.S1/' Shv?.G=G/ren

since BGS1

'G=G, where the quotient is taken using the conjugation action.

Let  WR! S1 be an embedding. The functor B carries  to the diagram

ptt pt pt ∅

R S1 S1
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which is sent to
BnG=B ' BB �BG BB 

G

B
!

G

G

under Map, where we have used BB�BG .G=G/'G=B. This is the horocycle correspondence appearing
in Theorem 1.5.2.

2.5 Augmented cyclic bar construction via Mnfd1

Using the geometric picture of Section 2.4, we will now produce an augmented simplicial object that will
be used as the input for Proposition 2.3.3. The underlying simplicial object is the same as the one that
computes the categorical trace of H?;ren

G
introduced in (2.1.8).

2.5.1 Circle geometry and augmented simplicial sets Consider the over-category .Mnfd1/=S1 . Fix
a morphism  WR! S1, and consider .Mnfd1/ ==S1 WD ..Mnfd1/=S1/ =. We note that .Mnfd1/=S1 has
a final object, by construction, and moreover, it is precisely the category obtained from .Disk1/=S1 WD

Disk1 �Mnfd1
.Mnfd1/=S1 by adjoining a final object. Similarly, the category .Mnfd1/ ==S1 also has a final

object and is equivalent to the category obtained from .Disk1/ ==S1 by adjoining a final object.

We will now relate .Mnfd1/ ==S1 and �op
C using a variation of the construction in [39, Section 5.5.3].

Note that an object of .Mnfd1/ ==S1 is given by a diagram

R U

S1

 

j

 0

which commutes up to isotopy, where U is either S1 or a finite disjoint union of copies of R. The set of
components �0.S

1 n 0.U // is finite: empty when U is S1 and equal to the number of components of U

when it is a disjoint union of copies of R. Fix an orientation of the circle. We define a linear ordering �
on �0.S

1 n 0.U //: if x;y 2 S1 belong to different components of S1 n 0.U /, then we write x < y if
the three points .x;y;  0.j .0/// are arranged in clockwise order around the circle, and y < x otherwise.
This construction determines a functor from .Mnfd1/ ==S1 to the opposite of the category of finite linearly
ordered sets, which is �op

C.

Lemma 2.5.2 The above construction determines an equivalence of 1-categories

�C W .Mnfd1/ ==S1 !�
op
C;

which restricts to an equivalence of 1-categories

� WD �Cj.Disk1/ ==S1
W .Disk1/ ==S1 !�op:

Proof The second equivalence is [39, Lemma 5.5.3.10]. The first part is a direct extension of the second
by adjoining a final object.
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2.5.3 The augmented simplicial category We are now ready to construct the augmented simplicial
category. Let Tr.H?;ren

G
/� be the augmented simplicial category given by the following composition of

functors:

.2.5.4/ �
op
C

��1
C
��! .Mnfd1/ ==S1

'
�!Mnfd1

H
?;ren
G
���! Shv?.pt/-Mod :

Here ' is the obvious forgetful functor.

Since BB �BG BB ' BnG=B is a finite orbit stack by the Bruhat decomposition, Proposition 2.2.1
implies that Tr.H?;ren

G
/�j�op ' Tr.H

?;ren
G

/� of (2.1.8); see also [39, Remarks 5.5.3.13 and 5.5.3.14]. In
particular,

Tr.H
?;ren
G

/n ' Tr.H
?;ren
G

/n ' Shv?..BB �BG BB/nC1/ren for n� 0

and
Tr.H

?;ren
G

/�1 ' Shv?

�
G

G

�ren
where, by convention, G=G denotes the quotient of G by itself under the adjoint action.

2.5.5 “Small” variants We have “small” variants H?
G and Tr.H?

G/� of H?;ren
G

and Tr.H
?;ren
G

/�, given by
the following diagram:

�
op
C .Mnfd1/ ==S1 Mnfd1 Corr.Stk/propIsm Shv?;c.pt/-Mod

Tr.H?
G
/�

��1
C ' M

H?
G

Shv�
?;c;!

The only difference between the two versions is that in the last step, we use Shv�
?;c;!

rather than Shv
ren;�
?;!

.

2.6 Adjointability

We are now ready to show that Tr.H?;ren
G

/� satisfies the adjointability condition of Proposition 2.3.3. The
result follows from a simple geometric statement about topological 1-manifolds.

2.6.1 Adjointable squares in a category of correspondences For any category C, a commutative
square in Corr.C/, which illustrates two morphisms from x to y0 to be equivalent, has the shape

.2.6.2/

x cxy y

cxx0 cxy0 cyy0

x0 cx0y0 y0

2 1

3 4

where 1 and 3 are pullback squares.
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Definition 2.6.3 The commutative diagram in Corr.C/ (2.6.2) is called adjointable if 2 and 4 are also
pullback squares, ie all squares are pullback squares.

2.6.4 Let ˛ W Œn�! Œm� be a morphism in �C and M !N the corresponding morphism in Mnfd1 via
' ı ��1

C ; see (2.5.4). Let MC!NC be the morphism associated to ˛C W ŒnC 1�! ŒmC 1�. MC can be
obtained from M by deleting the image of Œ�"; "��R in M for some fixed ", and similarly for N . This
construction is functorial, and hence we obtain the map MC!NC.

We have the commutative diagram
MC M

NC N

in Mnfd1, which induces, via the B construction of Section 2.4.7, the following commutative diagram in
Corr..Spc�

1

fin /
op/:

.2.6.5/

.@MC;MC/ .M nMC;M / .@M;M /

.NC nMC;NC/ .N nMC;N / .N nM;N /

.@NC;NC/ .N nNC;N / .@N;N /

Applying the Map construction, we obtain the following commutative diagram in Corr.StkFq
/propIsm:

.2.6.6/

.BB;BG/@MC;MC .BB;BG/MnMC;M .BB;BG/@M;M

.BB;BG/NCnMC;NC .BB;BG/N nMC;N .BB;BG/N nM;N

.BB;BG/@NC;NC .BB;BG/N nNC;N .BB;BG/@N;N

2

f

1

g

3

p

q

f

4

p

q

g

p

q

f g

Lemma 2.6.7 The diagram (2.6.5) is adjointable in Corr..Spc�
1

fin /
op/. As a result , (2.6.6) is adjointable in

Corr.Stk/propIsm.

Proof The second part follows from the first part because Map turns colimits to limits, and hence,
in particular, it sends pushout squares to pullback squares. The first part is an explicit and elementary
statement about gluing 1-manifolds that is easier to check directly than to describe. We leave the details
to the reader.
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Proposition 2.6.8 The augmented simplicial object Tr.H?;ren
G

/� in Shv?.pt/-Mod satisfies the condition
of Proposition 2.3.3. Namely, for every ˛ W Œn�! Œm� in �C, the diagram

.2.6.9/

Tr.H
?;ren
G

/mC1 Tr.H
?;ren
G

/m

Tr.H
?;ren
G

/nC1 Tr.H
?;ren
G

/n

d0

d0

is vertically right adjointable.

Proof Note that (2.6.9) is obtained from (2.6.6) by applying Shv
�;ren
?;!

. By Lemma 2.4.11, in (2.6.6) the
morphisms f and p (resp. g and q) are smooth (resp. proper). To prove that (2.6.9) is vertically right
adjointable, it suffices to show that we have the natural equivalence

g!f
�p�q

! '
�! p�q

!g!f
�;

where we start from the bottom left of (2.6.6). Indeed, we have

g!f
�p�q

!
' g!p�f

�q!
' p�g!q

!f � ' p�q
!g!f

�;

where the first, second, and third equivalences are due to the following reasons, respectively:

� smooth base change for square 2, using the fact that f is smooth,

� commuting upper ! and upper � using the fact that f is smooth, and commuting lower ! and lower �
using the fact that g is proper, and

� using the fact that g is proper, the desired equivalence follows from g�q
! ' q!g�, which is the

Verdier dual of the usual proper base change result.

Remark 2.6.10 Unlike the “big” version, the “small” variant Tr.H?
G/� discussed in Section 2.5.5 does

not satisfy the adjointability condition of Proposition 2.3.3. This is because the right adjoint to the unit
map does not preserve constructibility. Indeed, the right adjoint is given by p�q

! in the following diagram:

BB

BB �BG BB pt:

q p

But now, note that p� does not preserve constructibility.

2.7 Traces and Drinfel’d centers of finite Hecke categories

We are now ready to complete the proof of the first main result. The trace case follows directly from the
discussion above and thus will be handled at the beginning of this subsection. We will then deduce the
Drinfel’d center case from the trace case.

2.7.1 Traces of finite Hecke categories We will now prove the trace part of the first main result:
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Theorem 2.7.2 The trace of H?;ren
G

(resp. H?
G) where H

?;ren
G

(resp. H?
G) is viewed as an algebra object

of Shv?.pt/-Mod (resp. Shv?;c.pt/-Mod) coincides with the full subcategory of Shv?.G=G/ren (resp.
Shv?;c.G=G/) generated under colimits (resp. finite colimits and idempotent completion) by the image of
H

?;ren
G

(resp. H?
G) via q!p

� in the horocycle correspondence (see Remark 1.4.2)

.2.7.3/

G=B

BnG=B G=G

p q

Moreover , under this identification , the natural functor tr W H?;ren
G
! Tr.H

?;ren
G

/ (resp. tr W H?
G! Tr.H?

G/) is
identified with q!p

�.

Proof We start with the “big” variant H?;ren
G

. Propositions 2.6.8 and 2.3.3 imply that the natural functor
Tr.H

?;ren
G

/! Shv?.G=G/ren is fully faithful. Moreover, the functor H?;ren
G
! Tr.H

?;ren
G

/ ,! Shv?.G=G/ren

identifies with q!p
� in the horocycle correspondence.

By [25, Chapter 1, Proposition 8.7.4], we know that Tr.H?;ren
G

/ is compactly generated by the essential
image of H?

G! H
?;ren
G
! Tr.H

?;ren
G

/. Note that the conditions required to apply this result amount to the
existence of the “small” variant introduced in Section 2.5.5.

Combining the two statements, we conclude that Tr.H?;ren
G

/ is identified with the full subcategory of
Shv?.G=G/ren compactly generated by the image of H?

G D Shv?;c.BnG=B/ under the horocycle corre-
spondence. In particular, it is generated by the image of H?;ren

G
under colimits.

The “small” variant is obtained from the first by taking the full subcategories of compact objects, using
Proposition 2.1.2. The statement regarding generation under finite colimits and idempotent splittings
follows from [25, Chapter 1, Lemma 7.2.4(100)].

2.7.4 Drinfel’d centers of the finite Hecke categories The case of Drinfel’d center is slightly more
subtle. Consider the following versions H

?;ren;!
G

(resp. H?;!
G

) of the Hecke categories where instead of
using Shv

ren;�
?;!

(resp. Shv�
?;c;!

), we use Shv
ren;!
?;�

(resp. Shv!
?;c;�

). More concretely, we use g�f
! in the

correspondence (1.4.7) to define the convolution monoidal structure.

Since f is smooth of relative dimension dim B, f ! ' f �Œ2 dim B�.dim B/ in the mixed case and
f ! ' f �Œ2 dim B�h2 dim Bi in the graded case, where .�/ denotes the Tate twist and h�i denotes
the grading shift defined in [31, Section 2.4.7].9 Note that in the ungraded setting, we simply have
f ! ' f �Œ2 dim B�. Thus, by cohomologically shifting and Tate twisting Œ�2 dim B�.� dim B/ for the
mixed case (resp. cohomologically shifting and grade shifting Œ�2 dim B�h�2 dim Bi for the graded case,
resp. cohomologically shifting Œ�2 dim B� for the ungraded case), we obtain an equivalence of monoidal
categories

H
?;ren
G

'
�! H

?;ren;!
G

(resp. H?
G
'
�! H

?;!
G
/:

9The factor 2 is there because weight is twice the Tate twist.
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Even though the !-version is equivalent to the usual version, it is, as we shall see, technically more
advantageous to use when studying the center.

2.7.5 Observe that the category H
?;ren;!
G

is self-dual as an object in Shv?.pt/-Mod. Indeed, first note that
any object Y 2 Corr.Stk/ is self-dual, with duality datum given by

pt Y! Y�Y and Y�Y Y! pt:

Thus, if Y is a finite orbit stack, such as YD BB �BG BB, Shvren;!
?;�

turns the self-duality datum above
into a self-duality datum of Shv?.X /

ren, using Proposition 2.2.1. In particular, H?;ren;!
G

is self dualizable.

Suppose
X Z! Y

is a morphism from X to Y in Corr.Stk/. The dual of this morphism is precisely

Y Z! X:

Thus, if X and Y are finite orbit stacks, then the functors Shv?.X/
ren ! Shv?.Y/

ren and Shv?.Y/
ren !

Shv?.X/
ren associated to the two correspondences above are dual to each other. Note that when following

the correspondences here, we use .�/�.�/!.

2.7.6 We are now ready to compute the Drinfel’d centers of H?;ren
G

.

Theorem 2.7.7 The Drinfel’d center Z.H?;ren
G

/ of H?;ren
G

, where the latter is viewed as an object in the
category Alg.Shv?.pt/-Mod/, coincides with its trace Tr.H

?;ren
G

/. Moreover , under the identification of
Tr.H

?;ren
G

/ as a full subcategory of Shv?.G=G/ren, the natural functor z WZ.H?;ren
G

/!H
?;ren
G

can be identified
with p�q

! in the horocycle correspondence (2.7.3). In particular , we have a pair of adjoint functors tr a z.

Proof To simplify the notation, we will write AD H
?;ren;!
G

and BD H
?;ren
G

. Moreover, unless otherwise
specified, all tensors and Hom are over Shv?.pt/. We will therefore omit Shv?.pt/ from the notation.

Recalling from Definition 1.4.5, we have

Z.A/'HomA Arev.A;A/;

ie the category of continuous A Arev-linear functors from A to itself. As in [8, Section 5.1.1], we have
an equivalence of categories A' jA .�C2/j. Thus,

HomA Arev.A;A/'HomA Arev.jA
.�C2/

j;A/

' Tot.HomA Arev.A
.�C2/;A//' Tot.Hom.A �;A//

' Tot.A .�C1//.2.7.8/

' jB .�C1/
j.2.7.9/

' Tr.B/:
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Here (2.7.8) is obtained by passing to the duals, using the discussion in Section 2.7.5. Moreover, (2.7.9)
is obtained by passing to left adjoints [38, Corollary 5.5.3.4] (see also [25, Chapter 1, Proposition 2.5.7]),
and noticing that the resulting diagram is precisely the diagram used to compute the trace of B WD H

?;ren
G

.
We deduce the corresponding statement for Z.B/ using the equivalence of monoidal categories A'B.

The second part regarding the identification of the functor z follows from the argument above.

2.7.10 We will now study the centers of the “small” version H?
G , which is more subtle than the case of

traces above.

Theorem 2.7.11 The Drinfel’d center Z.H?
G/ of H?

G 2 Alg.Shv?;c.pt/-Mod/ is equivalent to the full
subcategory of Z.H

?;ren
G

/ consisting of objects whose images under the natural central functor z are
constructible as sheaves on BnG=B.

Proof For brevity’s sake, we write AD H
?;ren;!
G

and A0 D H
?;!
G

. Moreover, all tensors and Hom, unless
otherwise specified, will be over Shv?.pt/ or Shv?;c.pt/ depending on whether we are working with “big”
or “small” categories, which should be clear from the context. We will thus not include Shv?.pt/ or
Shv?;c.pt/ in the notation.

By definition,
Z.A0/'HomA0 Arev

0
.A0;A0/;

the category of exact A0 Arev
0

-linear functors from A0 to itself. As in the proof of Theorem 2.7.7, we
have

Z.A0/' Tot.Hom.A
�

0
;A0//;

which naturally embeds into
Z.A/' Tot.Hom.A �;A//;

whose essential image is the full subcategory of Z.A/ consisting of objects whose images in Hom.A �;A/

are compact-preserving functors. Observe that all the functors between A � (which induces functors
between Tot.Hom.A �;A//) are compact preserving, since we only push along schematic (in fact proper)
morphisms, by Lemma 2.4.11. Thus Z.A0/ is, equivalently, the full subcategory of Z.A/ spanned by
objects whose images in

Hom.A 0;A/'Hom.Shv?.pt/;A/'A' Shvgr.BnG=B/
ren

are compact, ie constructible. But this functor is precisely the central functor z and is identified with p�q
!

in the horocycle correspondence (2.7.3), as in the proof of Theorem 2.7.7 above.

The statement for H?
G follows since H?

G ' H
?;!
G

and the proof concludes.

2.8 Character sheaves

We will now state our results in terms of character sheaves. We start with the following definition:
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Definition 2.8.1 The renormalized category of mixed (resp. graded, resp. ungraded) unipotent character
sheaves of G, denoted by Ch

u;?;ren
G

where ?Dm (resp. ?D gr, resp. ? is empty), is the full subcategory
of Shv?.G=G/ren generated by colimits by the image of H?;ren

G
under q!p

� in the horocycle correspon-
dence (2.7.3). Equivalently, it is compactly generated by the image of H?

G under this functor.

The category of mixed (resp. graded, resp. ungraded) unipotent character sheaves of G is the full
subcategory spanned by compact objects, ie

Ch
u;?
G
WD .Ch

u;?;ren
G

/c D Ch
u;?;ren
G

\ Shv?;c

�
G

G

�
:

Finally, the category of mixed (resp. graded, resp. ungraded) monodromic character sheaves, denoted by�Chu;?G , is the full subcategory of Chu;?;ren
G

consisting of objects whose images under p�q
! are constructible,

where p and q are defined in the horocycle correspondence (2.7.3).

Remark 2.8.2 The last equality in the definition of Chu;?
G

uses the following fact: if we have a fully
faithful and compact-preserving functor A ,! B, then Ac DA\Bc . Indeed, Ac �A\Bc due to the
compact preservation assumption. On the other hand, A\Bc �Ac is always true by the very definition
of compactness. In the case of interest, the fact that the functor involved is compact preserving is proved
in Theorem 2.7.2 above.

With the new notation, Theorems 2.7.2, 2.7.7, and 2.7.11 above can be summarized:

Theorem 2.8.3 The trace Tr.H
?;ren
G

/ and center Z.H?;ren
G

/ of H
?;ren
G

coincide with the full subcategory
Ch

u;?;ren
G

of Shv?.G=G/ren generated under colimits by the essential image of H?;ren
G

under q!p
� in the

correspondence
G=B

BnG=B G=G

p q

Moreover , under this identification , the canonical trace and center maps are adjoint tra z and are identified
with the adjoint pair q!p

� a p�q
!.

The trace Tr.H?
G/ coincides with the full subcategory Ch

u;?
G

of Ch
u;?;ren
G

spanned by compact objects.
Moreover , the center Z.H?

G/ is the full subcategory �Chu;?G of Ch
u;?;ren
G

spanned by the preimage of H?
G

under the central functor z.

Remark 2.8.4 It is easy to see that Chu;gr
G

is contained in �Chu;grG . In fact, the latter is strictly larger,
already when G D Gm, the multiplicative group. Indeed, in this case, Hgr;ren

Gm
' Shvgr.BGm/

ren and
Ch

u;gr;ren
Gm

is the full subcategory of Shvgr.Gm=Gm/
ren ' Shvgr.Gm �BGm/

ren generated by the constant
sheaf. Moreover, the natural central functor is simply given by p� where p W Gm �BGm ! BGm is
the projection onto the second factor. Thus, to see that �Chu;grG is larger than Ch

u;gr
G

, it suffices to realize
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that �� W LSugr.Gm/! Vectgr does not reflect constructibility, where LSugr.Gm/ is the full subcategory of
Shvgr.Gm/ consisting of unipotent local systems, ie it is generated by (grading shifts of) the constant
sheaves, and where � WGm! pt is the structure morphism.

By construction,10

LSugr.Gm/
Homgr.Q`;�/'��

'
������������! Endgr.Q`/

op-Mod.Vectgr/'Q`Œ˛�-Mod.Vectgr/;

where ˛2 D 0 and ˛ lives in cohomological degree 1 and graded degree 2. Under this equivalence, ��
corresponds to the forgetful functor Q`Œ˛�-Mod.Vectgr/! Vectgr ' Shvgr.pt/. But now, on the one hand,
the object Q` 2Q`Œ˛�-Mod.Vectgr/ is not compact, and hence it corresponds to a nonconstructible sheaf
on the left. On the other hand, its image in Vectgr is compact.

Remark 2.8.5 The restriction of the adjunction tr W H
?;ren
G
� Ch

u;?;ren
G

Wz to small categories yields the
commutative diagram

Ch
u;?
G

H?
G

�Chu;?G

�

z

tr

ztr

z

where ztr' � ı tr and z' z ı�.

2.9 Weight structure and perverse t-structure on Chu;gr

G

In this subsection, we will show that Chu;gr
G

inherits the weight structure and perverse t -structure from the
ambient category Shvgr;c.G=G/.

2.9.1 The perverse t-structure on Ch
u;?

G
We will now show that for ? 2 fgr;∅g, the category Ch

u;?
G

inherits the perverse t-structure from Shv?;c.G=G/. Moreover, Chu;gr
G

inherits the weight structure from
Shvgr;c.G=G/.

We start with a general lemma concerning t -structures.

Lemma 2.9.2 Let D be a triangulated category equipped with a bounded t-structure whose heart is
Artinian. Let C WD hLiii2I be the smallest full DG-subcategory of D containing a collection of simple
objects fLigi2I for some indexing set I . Then C is stable under the truncation of D, and hence it inherits
the t -structure on D. Consequently, C is idempotent complete.

Proof The argument is similar to that of [31, Proposition 3.6.2]. For F 2 Shv?;c.Y/, we will show that
the following conditions are equivalent:

(i) F 2 C.

(ii) The simple constituents of Hi.F/ belong to fLigi2I .

10The superscript gr in Homgr and Endgr denotes the Vectgr-enriched Hom-spaces; see [31, Appendix A.2.6].
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Indeed, suppose F satisfies (ii). Then F can be built from successive extensions of Li’s, which then
implies that F 2 C, ie F satisfies (i). The other direction is obtained by observing that (ii) is closed under
finite direct sums, shifts, and cones.

(ii) is clearly stable under the perverse truncations of Shv?;c.Y/, and hence C inherits the perverse
t -structure of Shv?;c.Y/. Because this t -structure is bounded, idempotent completeness of C follows from
[2, Corollary 2.14].

Corollary 2.9.3 For ? 2 fgr;∅g, that is , we are working in the graded or ungraded setting , the category
Ch

u;?
G

is stable under the perverse truncations of Shv?;c.G=G/, and hence it inherits the perverse t -structure
on Shv?;c.G=G/.

Proof We will argue for the graded case as the ungraded case is identical and is in fact well known.

By definition, Chu;gr
G

is the smallest idempotent complete full DG-subcategory of Shvgr;c.G=G/ containing
the images tr.K/ of K 2Hgr

G
that are irreducible perverse sheaves, ie they are (grading shifts of) Kazhdan–

Lusztig elements. Since tr is obtained by pulling back along a smooth map and pushing forward along
a proper map, tr.K/ decomposes into a finite direct sum of simple perverse sheaves.11 Let C be the
smallest full DG-subcategory containing these simple perverse sheaves. By Lemma 2.9.2, C inherits the
perverse t -structure on Shvgr;c.G=G/. It remains to show that CD Ch

u;gr
G

.

Clearly, C � Ch
u;gr
G

. Moreover, Chu;gr
G

is the idempotent completion of C. But by Lemma 2.9.2, C is
already idempotent complete.

2.9.4 Weight structure on Ch
u;gr

G

Lemma 2.9.5 The category Ch
u;gr
G

inherits the weight structure on Shvgr;c.G=G/. Consequently, the
trace functor tr W H

gr
G
! Ch

u;gr
G

is weight exact.

Proof As above, Chu;gr
G

is generated as a DG-category by tr.K/ where K 2 H
gr
G

is pure of weight 0. Note
that tr.K/ is pure of weight 0 in Shvgr;c.G=G/ since in the horocycle correspondence, we only pull back
along a smooth map and push forward along a proper map. Thus, the objects tr.K/ form a negatively
self-orthogonal collection in Shvgr;c.G=G/, and hence also in Chu;gr. By [16, Corollary 2.1.2] (see also
[22, Remark 2.2.6]), they form the weight heart of a weight structure on Ch

u;gr
G

. It is clear from the
definition of this weight structure that it is compatible with the one on Shvgr;c.G=G/.

2.10 Rigidity and consequences

In this subsection, we show that the finite Hecke categories are (compactly generated) rigid monoidal
categories from which we deduce various interesting consequences. This subsection is mostly independent
of the rest of the paper.

11Note that this is not necessarily the case if we work with the mixed sheaves, ie when ?Dm.
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2.10.1 Rigidity of finite Hecke categories The rigidity of Hecke categories has been established in [9].

Proposition 2.10.2 [9, Theorem 6.2] The category H
?;ren
G

is compactly generated rigid monoidal.

Proof H?;ren is compactly generated by construction. Rigidity follows from the same proof as that of
[9, Theorem 6.2]. Indeed, the same argument as over there implies that H?;ren

G
is semirigid. But since

we are working with the renormalized category of sheaves, all constructible sheaves are compact by
definition. In particular, the monoidal unit is compact. Thus, they are rigid, by [9, Proposition 3.3].

Remark 2.10.3 As a consequence of Proposition 2.10.2, H?
G is rigid as “small” monoidal categories in

the sense of Remark 2.1.4.

2.10.4 Rigidity of Drinfel’d centers The rigidity of finite Hecke categories implies that for their
Drinfel’d centers:

Proposition 2.10.5 The (braided ) monoidal category Z.H
?;ren
G

/ is semirigid. Moreover , the (braided )
monoidal category Z.H?

G/ is rigid (in the sense of Remark 2.1.4).

Proof The “small” case follows from [34, Remark 2.4.2]. For the “big” case, first note that by construction,
we have a (braided) monoidal functor Z.H?

G/ ,! Z.H
?;ren
G

/ whose image contains the compact generators
of Z.H?;ren

G
/; see also Remark 2.8.4. But since all objects of Z.H?

G/ are dualizable (as the category is
rigid), the compact generators of Z.H?;ren

G
/ are also dualizable. In other words, Z.H?;ren

G
/ is compactly

generated by dualizable objects, and hence is semirigid by definition; see [9, Definition 3.1].

Directly from Definition 1.4.5, we see that the Drinfel’d center always acts on the original category and
its trace. We will use to denote this action. In the case of Hecke categories, we have the following
compatibility:

Corollary 2.10.6 Using the same notation as in Remark 2.8.5, let a 2 H
?;ren
G

(resp. a 2 H?
G) and

b 2 Ch
u;?;ren
G

(resp. b 2 �Chu;?G ). Then we have a natural equivalence

tr.a z.b//' tr.a/ b .resp. ztr.a z.b//' ztr.a/ b/:

Proof This is equivalent to stating that the functor tr (resp. ztr) is a functor of Chu;?;ren
G

- (resp. �Chu;?G -)
modules. By [9, Lemma 3.5] (resp. [34, Remark 2.4.2]), this follows from the fact that the central functor z
is monoidal and that Chu;ren

G
(resp. ChuG) is semirigid (resp. rigid).

2.10.7 Hochschild homology Let c be a dualizable object, with dual c_, in a symmetric monoidal
category C (see [25, Chapter 1, Section 4] for an extended discussion on this topic).12 Then the trace

12Note that since we are working in a symmetric monoidal category, the left and right duals coincide.
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of c, also known as the Hochschild homology of c and denoted13 by HH.c/, is an element of EndC.1C/,
where 1C is the monoidal unit of C, given by the composition

1C
coevc
���! c c_ ' c_ c

evc
��! 1C;

where coevc and evc are, respectively, the coevaluation and evaluation maps coming from the duality
datum between c and c_.

The category C of interest to us is Shv?.pt/-Mod. Since Shv?.pt/ is a rigid symmetric monoidal category,
[25, Chapter 1, Propositions 7.3.2 and 9.4.4] imply that any compactly generated category in Shv?.pt/-Mod

is dualizable. Given such an object A in Shv?.pt/-Mod, its Hochschild homology HH.A/ is an object in
Shv?.pt/.

When A 2 Alg.Shv?.pt/-Mod/ is such that the underlying object A 2 Shv?.pt/-Mod is dualizable, HH.A/
acquires a natural algebra structure, ie HH.A/ 2 Alg.Shv?.pt//, by [24, Section 3.3.2].

2.10.8 We have the following result from [24, Theorem 3.8.5]. Note that the meanings of HH and Tr in
that paper are switched compared to ours. Note also that they prove it for the case where the ambient
category is DGCatpres;cont. However, the same proof carries through for Shv?.pt/-Mod.

Theorem 2.10.9 [24, Theorem 3.8.5] Let A be a rigid monoidal category in Shv?.pt/-Mod such that A
is dualizable. Then there is a canonical equivalence of associative algebras

HH.A/' End?
Tr.A/.tr.1A// 2 Alg.Shv?.pt//;

where the superscript ? in End, which is a placeholder for m (resp. gr, resp. nothing/∅), denotes the
Shvm.pt0/- (resp. Vectgr-, resp. Vect-) enriched Hom-spaces. See [31, Appendix A.2.6].

2.10.10 Let Spr?GD tr.1H?
G
/2Ch

u;?
G

denote the image of the monoidal unit of the finite Hecke category via
the natural functor. In the ungraded setting, this is known as the Grothendieck–Springer sheaf. In the mixed
(resp. graded) case, we will thus refer to this object as the mixed (resp. graded) Grothendieck–Springer
sheaf. Proposition 2.10.2 and Theorem 2.10.9 imply the following result:

Theorem 2.10.11 We have a natural equivalence of algebras

HH.H
?;ren
G

/' End?.Spr?G/ 2 Alg.Shv?.pt//:

3 Formality of the Grothendieck–Springer sheaf

The first main result of this section, Theorem 3.2.1, states that Endgr.Sprgr
G
/2Alg.Shvgr.pt//'Alg.Vectgr/

is formal. It is obtained by a spreading argument, taking as input the ungraded case, proved by the
second author using transcendental methods. Combining with a generation result of Lusztig in type A,

13This is not to be confused with the notion of trace used above. This is why we will exclusively use the term Hochschild
homology for the type of trace discussed here.
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the formality result provides a concrete realization of the category of graded unipotent character sheaves,
Theorem 3.3.4.

Below, the ungraded case is recalled in Section 3.1, followed by the proof of the graded case in Section 3.2
using a spreading argument. The section then concludes with Section 3.3, where everything can be made
more explicit, especially in type A.

3.1 The ungraded case via transcendental method

In this subsection, we will work over C; namely, the geometric objects are stacks over C and the sheaves
are in C-vector spaces. Let p W B=B! G=G, q W B=B! T=T , IndG

T�B WD p!q
�, and its right adjoint

ResGT�B WD q�p
!. We have SprG D p!CB=B D IndG

T�B CT=T 2 Ch
u
G . Here, all the quotients are obtained

by using the adjoint actions.

The category of all character sheaves ChG was explicitly computed in [36] (for simply connected groups)
and [37] (for reductive groups) by using a complex analytic cover of the adjoint quotient G=G to reduce
the calculation to generalized Springer theory. We need the following particular statement:

Theorem 3.1.1 [37] Let G be a reductive group.

(i) There is an equivalence of DG-algebras

End.SprG/' .H
�.BT / H�.T // CŒW �:

In particular , End.SprG/ is a formal DG-algebra.

(ii) There is a natural equivalence ResGT�B.SprG/'C˚W
T=T

. Moreover , the natural DG-algebra homo-
morphism End.SprG/! End.ResGT�B.SprG//' End.C˚W

T=T
/ can be expressed explicitly via the

commutative diagram

End.SprG/ End.ResG
T�B.SprG//

.H�.BT / H�.T // CŒW � .H�.BT / H�.T // EndC.CŒW �/

End.H�.BT / H�.T // CŒW �..H
�.BT / H�.T // CŒW �/ EndH�.BT / H�.T /..H

�.BT / H�.T // CŒW �/

' '

' '

where the bottom arrow is induced by the restriction of module structure along

H�.BT / H�.T /! .H�.BT / H�.T // CŒW �:

(iii) Similarly, the natural DG-algebra homomorphism End.CT=T /!End.SprG/ can be identified with

H�.BT / H�.T /! .H�.BT / H�.T // CŒW �:

Picking an abstract isomorphism of fields C ŠQ`, we see that Theorem 3.1.1 holds equally well for
cohomology with coefficients in Q`. In the rest of this section, we will work with Q` coefficients.
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3.2 Formality of the graded Grothendieck–Springer sheaf

The main goal of the current subsection is a graded version of Theorem 3.1.1 formulated in the following
theorem, whose proof will conclude in Section 3.2.11, after some preliminary preparation.

Theorem 3.2.1 Let G be a reductive group over Fq , T � B and W as before.

(i) There is an equivalence of DG-algebras

Endgr.Spr
gr
G
/' .H�gr.BT / H�gr.T // Q`ŒW �'Q`Œx; � � Q`ŒW �;

where x and � are generators of the cohomology rings H�gr.BT / and H�gr.T /, respectively. In
particular , Endgr.Sprgr

G
/ is formal. Moreover , x and � have degrees .2; 2/ and .2; 1/, respectively,

with the first (resp. second ) index indicating graded (resp. cohomological ) degrees.

(ii) There is a natural equivalence ResGT�B.Spr
gr
G
/'Q˚W

`;T=T
. Moreover , after taking cohomology, the

natural DG-algebra homomorphism Endgr.Spr
gr
G
/! Endgr.ResGT�B.Spr

gr
G
//' Endgr.Q˚W

`;T=T
/ can

be expressed explicitly via the commutative diagram

H�.Endgr.Spr
gr
G // H�.Endgr.ResG

T�B.Spr
gr
G ///

.H�gr.BT / H�gr.T // Q`ŒW � .H�gr.BT / H�gr.T // EndQ`
.Q`ŒW �/

End
gr

.H�gr.BT / H�gr.T // Q`ŒW �
..H�gr.BT / H�gr.T // Q`ŒW �/ End

gr

H�.BT / H�gr.T /
..H�gr.BT / H�gr.T // Q`ŒW �/

' '

' '

where the bottom arrow is induced by the restriction of module structure along

H�gr.BT / H�gr.T /! .H�gr.BT / H�gr.T // Q`ŒW �:

(iii) Similarly, after taking cohomology , the natural DG-algebra homomorphism Endgr.Q`;T=T /!

Endgr.SprG/ can be identified with

H�gr.BT / H�gr.T /! .H�gr.BT / H�gr.T // Q`ŒW �:

Combining with Theorem 2.10.11, we obtain the following result:

Corollary 3.2.2 The DG-algebra HH.H
gr;ren
G

/ is formal , and we have an equivalence of DG-algebras

HH.H
gr;ren
G

/'Q`Œx; � � Q`ŒW �;

where x and � have degrees .2; 2/ and .2; 1/, respectively, where the first (resp. second ) index indicates
graded (resp. cohomological ) degree.

3.2.3 The strategy for proving Theorem 3.2.1 The passage from Theorem 3.1.1 to Theorem 3.2.1
is via a spreading argument that we will now explain. Let R be a strictly Henselian discrete valuation
ring between ZŒ1=.lN /� and C, where N � 0. Let { W SpecFq ! SpecR and | W SpecC! SpecR be
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geometric points over the special and generic points of SpecR, respectively. Then we have the symmetric
monoidal equivalences of categories

Vect' Shv.SpecFq/
{�

'
 � LS.SpecR/

|�

'
�! Shv.SpecC/' Vect;

where LS.SpecR/ denotes the category of Q`-local systems on SpecR. This induces equivalences of
categories

.3.2.4/ Alg.Vect/' Alg.Shv.SpecFq//
{�

'
 � Alg.LS.SpecR//

|�

'
�! Alg.Shv.SpecC//' Alg.Vect/:

Thus, if we have an algebra in Alg.Shv.SpecFq// whose formality we would like to establish, it suffices
to produce a natural candidate in Alg.LS.SpecR// whose image under |� is known to be formal in
Alg.Shv.SpecC//.

The algebra in question is End.SprG/, which we will now spread out to SpecR.

3.2.5 Spreading out Let GR denote the split reductive group over SpecR given by the same root
datum as that of G. Fix TR � BR a pair of a maximal torus and a Borel subgroup. All the objects
considered above have natural relative versions over R. We will use the subscript R (resp. Fq , resp. C)
in the notation, for example, SprGR

(resp. SprGFq
, resp. SprGC

), when it is necessary to emphasize where
these objects live over, ie over R (resp. Fq , resp. C).

Let StGR
D BR=BR �GR=GR

BR=BR. Then we have the following composition of correspondences:

.3.2.6/

StGR

BR=BR BR=BR

TR=TR GR=GR TR=TR

r s

q p p q

Lemma 3.2.7 (Mackey filtration) StGR
has a locally closed stratification indexed by w 2W ,

StGR
D

G
w2W

StwGR
;

such that on StwGR
, (3.2.6) is identified with

Bw
R
=Bw

R

BR=BR BR=BR

TR=TR GR=GR TR=TR

i Adw

q p p q

where Bw
R
D BR \Ad�1

w .BR/.
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Proof Observe that for any stack Y, Map.S1;Y/' Y�Y�Y Y. Hence, if Z is a locally closed substack
of Y, then

Map.S1;Z/' Z�Z�Z Z' Z�Y�Y Z

is a locally closed substack of Y�Y�Y Y. Moreover, if YD
F

i Zi is a stratification of Y where the Zi are
locally closed substacks of Y, then

Map.S1;Y/' Y�Y�Y Y'
G
i;j

Zi �Y�Y Zj '

G
i

Zi �Y�Y Zi '

G
i

Zi �Zi�Zi
Zi '

G
i

Map.S1;Zi/

is a stratification of Y�Y�Y Y by locally closed substacks. Here, the third equivalence is due to the fact
that when i ¤ j , Zi �Y�Y Zj is empty.

Applying this to the case where YD BBR �BGR
BBR and the Bruhat stratification, we obtain

StGR
DMap.S1;BBR�BGR

BBR/DMap.S1;BRnGR=BR/D
G
w2W

Map.S1;BRnBRwBR=BR/

D

G
w2W

Map.S1;BBwR /D
G
w2W

BwR=B
w
R :

Corollary 3.2.8 Res
GR

TR�BR
SprGR

' Res
GR

TR�BR
Ind

GR

TR�BR
Q`;TR=TR

'Q˚W
`;TR=TR

.

Proof We first show that ResGR

TR�BR
SprGR

is a local system on TR=TR concentrated in cohomological
degree 0. The filtration in Lemma 3.2.7 implies that ResGR

TR�BR
SprGR

has a filtration whose associated
pieces are given by .q ı i/�Q`;Bw

R
=Bw

R
, which is simply Q`;TR=TR

. Thus, ResGR

TR�BR
SprGR

is a complex
of local systems. To see that it concentrates in degree 0, it suffices to check the stalk at a point in TC=TC .
But this is now a well-known statement; see, for example, [18, Proposition 3.2].

Generically on TR=TR, the map StGR
! TR=TR is a trivial W-cover. Thus, on this open dense

subset, ResGR

TR�BR
SprGR

is a trivial local system of rank jW j. This implies the same statement for
Res

GR

TR�BR
SprGR

itself, as it is the IC-extension of the local system on an open dense subset.

Corollary 3.2.9 We have that �GR=GR;� End.SprGR
/' �StGR

;�Q`;StGR
is a complex of local systems

on SpecR, ie an object in LS.SpecR/. Here End denotes the sheaf of endomorphisms , and for any
R-stack YR, �YR

W YR! SpecR denotes the structure map of YR.

Proof The equivalence �GR=GR;� End.SprGR
/' �StGR

;�Q`;StGR
is a standard statement. The second

claim follows from the first since

�StGR
;�Q`;StGR

' �TR=TR;�q�r�Q`;StGR
' �TR=TR;�Q

˚W
`;TR=TR

' .�TR=TR;�Q`;TR=TR
/˚W ;

where the second equivalence is due to Corollary 3.2.8, and

�TR=TR;�Q`;TR=TR;� ' �TR�BTR;�Q`;TR�BTR
;

which is a complex of local systems.
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Corollary 3.2.10 We have {��GR=GR;� End.SprGR
/' End.SprGFq

/ and |��GR=GR;� End.SprGR
/'

End.SprGC
/.

Proof We will prove the statement for |� only; the proof for {� is identical. By adjunction, we have a
natural map of algebras

|��GR=GR;� End.SprGR
/! �GC=GC;� End.SprGC

/' End.SprGC
/:

It suffices to show that this is an equivalence of the underlying chain complexes. But now, we have

|��GR=GR;� End.SprGR
/' |��StGR

;�Q`;StGR
' |��TR=TR;�Q

˚W
`;TR=TR

' �TC=TC;�Q
˚W
`;TC=TC

' End.SprGC
/:

Here, the third equivalence is by direct computation (as it only involves the torus) and the other equivalences
are due to Corollary 3.2.9, which holds equally over Fq and C.

3.2.11 Proof of Theorem 3.2.1 Applying the discussion in Section 3.2.3 to �GR=GR;� End.SprGR
/

using Corollaries 3.2.9 and 3.2.10 and the result over C, Theorem 3.1.1(i), we obtain the formality of the
algebra End.SprGFq

/. But since the formality of a graded DG-algebra can be detected at the ungraded level,

we obtain the formality of Endgr.Sprgr
G
/ as well. In particular, we have an equivalence of DG-algebras

Endgr.Spr
gr
G
/' H�.Endgr.Spr

gr
G
//'Q`Œx; � � Q`ŒW �

for some variables x and � whose cohomology degrees we know (ie 2 and 1, respectively) but whose
graded degrees still need to be computed.

We note that in the case of a torus, Sprgr
T
'Q`;T=T and we have

Endgr.Spr
gr
T
/' H�gr.BT / H�gr.T /'Q`Œx; � �;

where x and � have degrees .2; 2/ and .2; 1/, respectively. We will deduce the general case from this case.

Over Fq , we still have the equivalence ResGT�B.SprG/'Q˚W
`;T=T

, which is the precise statement of [18,
Proposition 3.2]. In fact, the ungraded version14 of Theorem 3.2.1(ii) follows from (3.2.4), Corollary 3.2.10
and the complex version, which is Theorem 3.1.1(ii). In particular, at the ungraded level, the natural
algebra map

End.SprG/! End.ResGT�B SprG/

is identified with

Q`Œx; � � Q`ŒW � ,! EndQ`
.Q`ŒW �/ .H�.BT / H�.T //'Q`Œx; � � EndQ`

.Q`ŒW �/:

The grading on the right is known, as this is the case of a torus. By degree considerations, x and � on the
left must have degrees .2; 2/ and .2; 1/, respectively.

The identifications of the algebra morphisms in Theorem 3.2.1(ii) and (iii) follow from the ungraded case.

14That is, we still work over Fq , but forget the grading. In other words, we work with Shv rather than Shvgr.

Geometry & Topology, Volume 29 (2025)



2502 Quoc P Ho and Penghui Li

Remark 3.2.12 In the above, we used the fact that the formality of a graded DG-algebra (ie a DG-algebra
with an extra formal grading) can be detected after forgetting the grading. This can be seen, for example,
by applying the main result of [47] and the fact that the formation of a certain spectral sequence in loc. cit.
commutes with forgetting the formal grading.

We expect that the same statement also holds for the formality of a morphism between formal graded
DG-algebras. However, we know neither how to prove this statement nor a place where it is proved.
Because of that, the statements appearing in Theorem 3.2.1(ii) and (iii) are only at the level of cohomology
groups.

3.3 An explicit presentation of Chu;gr

G

The main goal of this subsection is to give an explicit presentation of Chu;gr
G

. We will only fully work out
type A case.

3.3.1 A generation statement in type A We first recall the following result, which is well known to
experts. We include it here for the reader’s convenience.

Proposition 3.3.2 Let G be a reductive group of type A over Fq . Then ChuG is generated by the
Grothendieck–Springer sheaf SprG .

Proof Let F 2 ChuG . Then, by Corollary 2.9.3, we know that F can be built from successive extensions
of irreducible character sheaves. It thus suffices to show that when F is irreducible, it is a direct summand
of SprG .

By [41, Theorem 4.4(a)], F is a summand of IndG
L�P .K/ for some cuspidal character sheaf K on L,

the Levi factor of some parabolic subgroup P of G. The group A.G/ WDZ.G/=Z0.G/ acts on F via a
character �F which is the composition A.G/� A.L/

�K
��!Q`, where �K is the action of A.L/ on K.

Since F is a unipotent character sheaf, �F is trivial, and hence so is �K.

We claim that if L is not a torus, then K as above with trivial �K must be zero, which would force F to
be a summand of IndG

T�B.Q`/D SprG . Indeed, by [42, (7.1.3)], K' IC.†;E/Œdim†�, where .†;E/ is a
cuspidal pair of L in the sense of [40, Definition 2.4]. Moreover, by [40, Section 2.10], the classification
of cuspidal pairs of L is further reduced to the classification of unipotent cuspidal pairs of H , where
H D ZL0.s/, with the group L0 being the simply connected cover of L=Z0.L/ and s a semisimple
element in an isolated conjugacy class of L0. Now L is of type A, and hence H is also of type A (and is
not isomorphic to a torus). Therefore, by the classification of unipotent cuspidal pairs [40, beginning of
page 206], we see that �K must be nontrivial if K is nonzero (it is easy to see that �K ’s (non)triviality is
preserved under the above reductions).

We now turn to the graded version of the result above:
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Corollary 3.3.3 Let G be a reductive group of type A over Fq . Then Ch
u;gr
G

is generated by grading
shifts Sprgr

G
h�i of the graded Grothendieck–Springer sheaf. In other words , Chu;gr is generated by Spr

gr
G

as
a Vectgr;c-module category. Consequently, Chu;gr;ren

G
is compactly generated by Spr

gr
G

as a Vectgr-module
category.

Proof As above, it suffices to show that any irreducible perverse graded character sheaf K 2 Ch
u;gr
G

appears as a direct summand of Sprgr
G

up to a grading shift. However, this can be checked after forgetting
the grading since simplicity implies purity, and moreover we have a complete description of simple pure
graded perverse sheaves by [31, Theorem 3.2.19].

The last statement follows immediately since Ch
u;gr;ren
G

' Ind.Ch
u;gr
G
/.

Theorem 3.3.4 Let G be a reductive group of type A over Fq . Then taking Hom
gr

Ch
u;gr;ren
G

.Spr
gr
G
;�/

induces an equivalence of Vectgr-module categories

Ch
u;gr;ren
G

'Q`Œx; � � Q`ŒW �-Mod.Vectgr/DW .H�gr.BT / H�gr.T // Q`ŒW �-Modgr

' HH.H
gr;ren
G

/-Modgr :

Taking the full subcategory of compact objects , we get

Ch
u;gr
G
'Q`Œx; � � Q`ŒW �-Mod.Vectgr;c/perf DW .H�gr.BT / H�gr.T // Q`ŒW �-Modgr;perf

' HH.H
gr;ren
G

/-Modgr;perf :

Here , perf denotes the full subcategory consisting of perfect complexes.

Proof The first statement can be obtained by a standard Barr–Beck–Lurie argument using the generation
result in Corollary 3.3.3 and the identification of HH.Hgr;ren

G
/ in Corollary 3.2.2. The second statement

follows from the first by taking compact objects.

4 A coherent realization of character sheaves via Hilbert schemes of points
on C2

Working in type A, ie GDGLn for some n, this section’s main result, Theorem 4.4.15, relates the category
of graded unipotent character sheaves Ch

u;gr
G
' Tr.H

gr
G
/ and the Hilbert scheme of n points on C2. The

passage from the categorical trace to the Hilbert scheme of points on C2 is given by Koszul duality and a
result of Krug [35], both of which will be reviewed in Sections 4.1 and 4.2. In Section 4.3, we recall
the categorical constructions of cohomological shearing and 2-periodization. The relation between the
two allows us to introduce an extra formal grading at the cost of having to work with 2-periodic objects.
All of these results are then used in Section 4.4 to prove the main result of this section, Theorem 4.4.15.
Finally, in Section 4.5, we match various objects on the two sides, to be used in Section 5 to realize the
HOMFLY-PT homology of a link geometrically via Hilbert schemes of points.

In this section, we will work exclusively with the case G D GLn and adopt the notation H
gr
n WD H

gr
GLn
'

Chb.SBimn/.
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4.1 Koszul duality: a recollection

We will now recall an equivalence of categories coming out of Koszul duality. The materials presented
here are classical, but it can also be viewed as a particularly simple case of the theory developed by
Arinkin and Gaitsgory in [3]; for example, see Section 1.3.5 therein.

4.1.1 A t-structure on Ch
u;gr;ren

G
By shearing, we obtain an equivalence of DG-categories

Ch
u;gr;ren
G

'Q`Œx; � � Q`ŒSn�-Modgr 'Q`Œ Qx; Q�� Q`ŒSn�-Modgr;

where Qx and Q� live in degrees .2; 0/ and .2;�1/, respectively. Here we follow the same convention as in
Theorem 3.2.1.

The latter category has a natural t-structure which makes the forgetful functor to Vectgr t-exact, where
Vectgr is equipped with the standard t-structure. The equivalence of categories above then endows
Ch

u;gr;ren
G

'Q`Œx; � � Q`ŒW �-Modgr with a t -structure compatible with the sheared t -structure on Vectgr,
namely, the t-heart of Vectgr in this t-structure consisting of complexes whose support lie in degrees
.k; k/ for k 2 Z.

Note that the algebra Q`Œx; � � Q`ŒSn� is connective with respect to this sheared t-structure on Vectgr,
whereas the algebra Q`Œ Qx; Q�� Q`ŒSn� is connective in the usual t -structure. In fact, by shearing, we have
a t -exact equivalence of DG-categories

Ch
u;gr;ren
G

' QCoh..An
�AnŒ�1�/=.Gm �Sn//;

where Gm scales all coordinates with degree 2.

4.1.2 Coherent objects Following [23], we define

Q`Œx; � � Q`ŒSn�-Modgr;coh �Q`Œx; � � Q`ŒSn�-Modgr ' Ch
u;gr;ren
G

to be the full subcategory spanned by objects of bounded cohomological amplitude and coherent coho-
mologies (with respect to the t -structure defined in the previous subsubsection). This category is generated
by Q`Œx� Q`ŒSn� under finite (co)limits, idempotent splittings, and grading shifts.

4.1.3 Relative Koszul duality Consider the functor of taking � -invariants,

inv� WDHom
gr

Q`Œx;�� Q`ŒSn�-Modgr;coh
.Q`Œx� Q`ŒSn�;�/ WQ`Œx; � � Q`ŒSn�-Modgr;coh! Vectgr :

Since the category on the left is generated by Q`Œx� Q`ŒSn�, an application of the Barr–Beck–Lurie
theorem as in Theorem 3.3.4 above implies that we have an equivalence of categories

Q`Œx; � � Q`ŒSn�-Modgr;coh
invenh
�

'
���! End

gr

Q`Œx;�� Q`ŒSn�-Modgr;coh
.Q`Œx� Q`ŒSn�/-Modgr;perf

'Q`Œx;y� Q`ŒSn�-Modgr;perf ;

where the y live in degrees .�2; 0/.

We refer to this equivalence as the (relative) Koszul duality.
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4.1.4 To simplify the notation, we let V denote a graded vector space of dimension n living in graded
degree 2 and cohomological degree 0, equipped with a basis and hence also a permutation representation
of W D Sn. Then

Q`Œ� �' SymV� Œ�1�; Q`Œx�' SymVx Œ�2�; Q`Œy�' SymV _y ;

where the subscripts x, � , and y are there just to make it easy to keep track of the names of the variables.
To further simplify the notation, we define

An WD Sym.Vx Œ�2�˚V� Œ�1�/ Q`ŒSn�

and
Bn WD Sym.Vx Œ�2�˚V _y / Q`ŒSn�:

The equivalence of categories above then becomes

invenh� WAn-Modgr;coh '�!Bn-Modgr;perf :

4.1.5 Let
triv� WD SymVx Œ�2� Q`ŒSn� 2An-Modgr;coh;

where the � act trivially, ie by 0. Directly from the construction, we have

invenh� .triv� /'Bn:

Moreover, the inverse functor to invenh
�

is given by taking y-coinvariants:

coinvenhy WDQ` SymV _y
�:

4.1.6 Twisting For our purposes, it is convenient to twist invenh
�

and coinvenhy by the sign representation
of Sn. We let finvenh� WD Symn V _Œ1� invenh� and ecoinvenhy WD Symn V Œ�1� coinvenhy

be mutually inverse functors

.4.1.7/ finvenh� WAn-Modgr;coh�Bn-Modgr;perf W ecoinvenhy :

4.1.8 Restricting to An-Modgr;perf Let

trivy WD Sym.Vx Œ�2�/ Q`ŒSn� 2Bn-Modgr;perf ;

where y act trivially, ie by 0. An easy computation using the self-duality of the Koszul complex shows
that

ecoinvenhy .trivy/'An;

and hence, finvenh� .An/' trivy ' Sym.Vx Œ�2�/ Q`ŒSn�:

In other words, finvenh� simply “kills” the variables � in An.
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This implies that finvenh� and ecoinvenhy restrict to a pair of (eponymous) mutually inverse functors

.4.1.9/ finvenh� WAn-Modgr;perf�Bn-Mod
gr;perf
nilpy

W ecoinvenhy ;

where the subscript nilpy denotes the fact that the variables y act nilpotently. This is because on the one
hand, the left side is generated by An under finite (co)limits, idempotent splittings, and grading shifts and
on the other hand, An is sent to trivy on which the y act by 0.

The equivalence (4.1.9) is in fact a particularly simple case of the theory of singular support developed
in [3], where perfect complexes have 0-singular support.

4.1.10 Unipotent character sheaves The discussion above gives the following Koszul dual descriptions
of Chu;gr

G
and Ch

u;gr;ren
G

when G D GLn:

Proposition 4.1.11 Let G D GLn be the general linear group of rank n over Fq . Then we have an
equivalence of Vectgr;c-module categories

Ch
u;gr
G
'Bn-Mod

gr;perf
nilpy

:

Taking Ind-completion , we get an equivalence of Vectgr-module categories

Ch
u;gr;ren
G

'Bn-Mod
gr
nilpy

:

Proof The second statement follows from the first by taking the Ind-completion on both sides. The first
statement follows from Theorem 3.3.4 and (4.1.9).

4.2 The Hilbert scheme of points on C2

We will now recall the main results of [35], which give an explicit presentation of the categories of
quasicoherent sheaves on the Hilbert schemes of points on C2. This will allow us to relate Hilbert schemes
of points on C2, Chu;gr

G
, and Ch

u;gr;ren
G

(when G D GLn), which will be discussed in Section 4.3.

As we have been working over Q` rather than C, our Hilbert schemes are in fact Hilbn.Q2
`
/, which live

over Q`. Although the two are isomorphic as abstract varieties due to the isomorphism Q` 'C, we will
keep using Q` for the sake of consistency. In fact, all varieties appearing in this subsection are over Q`,
and hence we will employ base-field-agnostic notation as much as possible; for example, A2 will be used
to denote the 2-dimensional affine space over Q`.

4.2.1 The isospectral Hilbert scheme Let Hilbn denote the Hilbert scheme of points on A2, A2n=SnD

.A2/n=Sn the stack quotient of A2n by the permutation action of Sn, and A2n==Sn the GIT quotient.
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There is a natural map g W A2n=Sn! A2n==Sn and the Hilbert–Chow morphism H W Hilbn! A2n==Sn.
The isospectral Hilbert scheme is the reduced pullback

Ison A2n

Hilbn A2n==Sn

Ison has a natural Sn-action compatible with the permutation Sn-action on A2n and the trivial Sn-action
on Hilbn. Thus, we obtain the following commutative diagram:

.4.2.2/

Ison=Sn A2n=Sn

Hilbn A2n==Sn:

q

p

g

H

4.2.3 A derived equivalence In the notation above, one of the main results of [35] (which is itself a
variant of [17] but has a more convenient form for us) takes the following form:

Theorem 4.2.4 [35, Proposition 2.8] The functor ‰ WD q�p
� W QCoh.A2n=Sn/! QCoh.Hilbn/ is an

equivalence of categories , where all functors are derived and where QCoh.�/ denotes the (1-)derived
category of quasicoherent sheaves.

Passing to the full subcategories spanned by compact objects , we obtain an equivalence

‰ W Perf.A2n=Sn/
'
�! Perf.Hilbn/:

4.2.5 Gm-equivariant structures Each of the terms in (4.2.2) has a natural G2
m-action induced by the

action of G2
m on A2 where the first (resp. second) factor of G2

m scales the first (resp. second) factor of A2

by weight 1 (resp. 2). Moreover, all maps are compatible with this action. We thus obtain an equivariant
form of the theorem above. By abuse of notation, we will employ the same notation for the equivariant
case as the nonequivariant case above. Note also that the category QCoh.Hilbn =.G2

m// below also appears
as QCohG2

m
.Hilbn/ (or some variant thereof) in the literature.

Corollary 4.2.6 The functor‰ WDq�p
� WQCoh.A2n=.Sn�G2

m//!QCoh.Hilbn =.G2
m// is an equivalence

of categories. The same statement applies when restricted to the full subcategories of compact objects (ie
perfect complexes).

This equivalence allows us to have an explicit presentation of QCoh.Hilbn =.G2
m// as a plain (as opposed

to a symmetric monoidal) DG-category.

Proposition 4.2.7 We have an equivalence of categories

QCoh.Hilbn =.G
2
m//

‰�1

���! QCoh.A2n=.Sn �G2
m//'Q`Œ Qx; Qy� Q`ŒSn�-Modgr;gr;

Geometry & Topology, Volume 29 (2025)



2508 Quoc P Ho and Penghui Li

where the superscript gr; gr indicates the fact that we are working with bigraded complexes. Moreover , Qx
and Qy have cohomological degree 0 and bidegrees (with respect to the superscript gr; gr) .1; 0/ and .0; 2/,
respectively.

Proof Only the last equivalence needs to be proved. Applying Barr–Beck–Lurie to the adjunction

QCoh.A2n=.Sn �G2
m//

p�

p�
�� ��!�� QCoh.B.Sn �G2

m//'Q`ŒSn�-Modgr;gr;

where p WA2n=.Sn �G2
m/! B.Sn �G2

m/ is the natural map, we obtain an equivalence of categories

QCoh.A2n=.Sn �G2
m//'Q`Œ Qx; Qy�-Mod.Q`ŒSn�-Modgr;gr/:

But the latter is equivalent to
Q`Œ Qx; Qy� Q`ŒSn�-Modgr;gr :

Remark 4.2.8 Instead of .1; 0/ and .0; 2/, we could have chosen any other bigradings for the Qx and Qy
variables. As we will see, these specific choices are made because of the connection to character sheaves
and HOMFLY-PT homology. For example, see Section 4.4.6 for the relation to the grading on the category
of graded unipotent character sheaves.

4.2.9 Supports Let i Qx WA
n
Qx
=Sn!A2n=Sn denote the closed subscheme defined by the vanishing of all

the Qy-coordinates. Let Hilbn; Qx be the pullback

Hilbn; Qx Hilbn

An
Qx
=Sn A2n=Sn

i Qx

For any closed embedding of schemes (or in fact stacks) Z � X , we let QCoh.X /Z denote the full
subcategory of QCoh.X / consisting of objects whose supports lie in Z. Similarly, we let Perf.X /Z
denote the full subcategory of Perf.X / spanned by objects whose supports lie in Z.

Lemma 4.2.10 The equivalence ‰ above restricts to the following equivalences of categories:

Q`Œ Qx; Qy� Q`ŒSn�-Mod
gr;gr
nilp Qy
' QCoh.A2n=.Sn �G2

m//An
Qx
=.Sn�G2

m/
‰
�! QCoh.Hilbn =.G

2
m//Hilbn; Qx =.G2

m/
:

The same statement applies when restricted to the full subcategories of compact objects (ie perfect
complexes).

Proof For brevity’s sake, we suppress the Gm-equivariant structures (ie the gradings) from the notation.

From (4.2.2), we see that ‰ is compatible with the action of QCoh.A2n=Sn/. Now, we note that the full
subcategories of interest are cut out precisely by the condition that the variables Qy (from A2n=Sn) act
nilpotently.
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Alternatively (and more categorically), one can use the theory of support as discussed in, for example,
[3, Section 3.5], to conclude:

QCoh.A2n=Sn/An
Qx
=Sn
'QCoh.A2n=Sn/ QCoh.A2n==Sn/

QCoh.A2n==Sn/An
Qx
==Sn

'QCoh.Hilbn/ QCoh.A2n==Sn/
QCoh.A2n==Sn/An

Qx
==Sn
'QCoh.Hilbn/Hilbn; Qx

:

4.3 Cohomological shearing and 2-periodization

The algebra Q`Œ Qx; Qy� Q`ŒSn� appearing in Proposition 4.2.7 and the algebra Bn DQ`Œx;y� Q`ŒSn�

appearing in Section 4.1.4 are almost the same, except for the mismatch in the cohomological gradings
and the number of formal gradings.

In this subsection, we will discuss two general categorical constructions which will allow us, in Section 4.4,
to relate the categories of modules over these two rings, and hence also to relate the category of
(quasi)coherent sheaves on Hilbn and Ch

u;gr;ren
G

for G D GLn. One of them, known as cohomological
shearing, reduces the number of formal gradings whereas the other, 2-periodization, increases the number
of gradings. As it turns out, these two are equivalent, which is the content of Proposition 4.3.16 below.

The materials presented here are more or less standard, at least among the experts. We include it here
since we cannot find a place where everything is written down in a way that is convenient for us.

The discussion in this subsection applies to both small and large categories. For brevity’s sake, we will
only discuss the large category case. As usual, the small case can be obtained by passing to compact
objects.

4.3.1 Shearing functors on Vectgr Consider the shear functors

sh( W Vectgr! Vectgr; .Vi/i 7! .Vi Œ2i �/i and sh) W Vectgr! Vectgr; .Vi/i 7! .Vi Œ�2i �/i :

Note that these are equivalences of symmetric monoidal categories.

For Agr 2 Vectgr, we let Agr;( WD sh(.Agr/ 2 Vectgr and Agr;) WD sh).Agr/ 2 Vectgr. Since sh(

and sh) are symmetric monoidal equivalences, Agr;( (resp. Agr;)) is equipped with a natural algebra
structure if and only if Agr is.

4.3.2 Shearing a Vectgr-module structure Since Vectgr is symmetric monoidal, any Cgr 2Vectgr -Mod

can be upgraded naturally to a Vectgr-bimodule category C 2 Vectgr -BiMod. We visualize them as Vectgr

acting on the left and on the right even though they all come from the left module structure.

Remark 4.3.3 For us, the right Vectgr-module structure is important only for the purpose of taking
relative tensor products. We will generally ignore this structure unless the formation of relative tensor
products is involved.
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For each of the left/right module structures, we can precompose the action of Vectgr with sh( to obtain a
new module structure. For example, )Cgr;( has the following Vectgr-bimodule structure:15

Q`hii� c�Q`hj i 7! chi C j iŒ2i � 2j �:

Here, the positions of the arrows with respect to the category indicate which of the left or right module
structure we are shearing, and the directions of the arrows indicate which shear we use. A missing arrow
indicates that shearing does not occur; for example, Cgr;( has a sheared Vectgr-action on the right while
keeping the action on the left unchanged. Note that these modifications only change the action of Vectgr

while keeping the underlying DG-category intact.

4.3.4 The following diagram demonstrates how the functors sh( and sh) interact with Vectgr-bimodule
structures:

) Vectgr;)
sh(

sh)
�� ����!�� Vectgr

sh(

sh)
�� ����!��

( Vectgr;( :

Here all functors are equivalences as morphisms in Vectgr -BiMod. Similarly, we can mix and match the
directions of the arrows. For example,

sh( W Vectgr;) '
�!
( Vectgr :

Shearing Vectgr-bimodule structures can be written naturally in terms of relative tensors. For example,

Cgr;(
' Cgr

Vectgr Vect
gr;( and )Cgr

'
) Vectgr VectgrC

gr:

4.3.5 Shearing Agr-Modgr Let Agr be a graded DG-algebra, ie Agr 2Alg.Vectgr/. Then the category of
graded Agr-modules, Agr-Modgr WDAgr-Mod.Vectgr/2Vectgr -Mod, is naturally a Vectgr-module category,
and hence also an object in Vectgr -BiMod, as discussed above. A similar discussion as in the case of
Vectgr gives the following equivalences of objects in Vectgr -Mod:

).Agr;)-Modgr;)/
sh(

sh)
�� ����!�� Agr-Modgr

sh(

sh)
�� ����!��

(.Agr;(-Modgr;(/:

Moreover, as above, we can mix and match the directions of the arrows.

Replacing Agr by Agr;(, we obtain the following equivalences of objects in Vectgr -BiMod:

Agr-Modgr;)
sh(

sh)
�� ����!��

(.Agr;(-Modgr/ and Agr-Modgr;(
sh)

sh(
�� ����!��

).Agr;)-Modgr/:

4.3.6 Sheared degrading Let Cgr 2 Vectgr -Mod. Then we can form the degraded version C of Cgr,

C WD Vect VectgrC
gr;

15Note that the formula below is compatible with the definitions of sh) and sh( since, for example, Q`hii lives in graded
degree �i .
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where the Vectgr-module structure on Vect is given by the symmetric monoidal functor

oblvgr W Vect
gr
! Vect; .Vi/i 7!

M
i

Vi ;

which forgets the grading on Vectgr.

We note that the functor of forgetting the grading is also defined for Cgr:

oblvgr W C
gr
' Vectgr VectgrC

gr oblvgr idCgr

��������! Vect VectgrC
gr
' C:

4.3.7 The sheared degradings of Cgr, denoted by CW and CV, are defined to be the usual degradings of
)Cgr and (Cgr, respectively (note the reversal of the arrows!):

CV WD Vect Vectgr
(Cgr and CW WD Vect Vectgr

)Cgr:

Remark 4.3.8 In general, C, CW, and CV are different as DG-categories. However, the case where
Cgr D Vectgr is special as we always have an equivalence of DG-categories

.4.3.9/
Vect

V 7!V�Q`
'

�������! Vect Vectgr
( Vectgr DW VectV;

Vect
V 7!V�Q`
'

�������! Vect Vectgr
) Vectgr DW VectW :

Since Vect has a natural Vectgr-module category structure, we can shear this action and obtain, for
example, Vect( and Vect). These two are in fact equivalent to VectW and VectV, respectively, which
explains the reversal of the arrows in the definition of the sheared degrading procedure.

Indeed, the right action of Vectgr on VectV is as follows: Q`hiiŒj � sends V �Q` to

V � .Q`hiiŒj �/' V � .Q`hiiŒ�2i �Œj C 2i �/' .V Œj C 2i �/�Q`;

which corresponds to V Œj C 2i � 2 Vect under the equivalence of categories (4.3.9). But this is precisely
the)-sheared action of Vectgr on Vect on the right.

4.3.10 We can write sheared degradings in a natural way as relative tensors of categories

CW ' Vect Vectgr
)Cgr

' Vect Vectgr
) Vectgr VectgrC

gr
' Vect( VectgrC

gr
' VectW VectgrC

gr:

Similarly,
CV ' Vect) VectgrC

gr
' VectV VectgrC

gr:

4.3.11 Sheared degrading Agr-Mod Let Agr 2 Alg.Vectgr/ be as above and consider the category of
(ungraded) Agr-modules, denoted by oblvgr.A

gr/-Mod. By abuse of notation, when confusion is unlikely,
we also write Agr-Mod WD oblvgr.A

gr/-Mod.

Clearly, Agr-Mod ' Vect VectgrA
gr-Modgr is a degrading of Agr-Modgr. But we also have sheared

degradings as defined in Section 4.3.6. Namely,

Agr-ModW WDVect Vectgr
).Agr-Modgr/

idVect sh(

'
�������!Vect VectgrA

gr;(-Modgr;('oblvgr.A
gr;(/-Mod(;

and similarly for Agr-Mod).
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Ignoring the right Vectgr-actions (see also Remark 4.3.3), we have the following equivalences of DG-
categories:

.4.3.12/ Agr-ModW ' oblvgr.A
gr;(/-Mod and Agr-ModV ' oblvgr.A

gr;)/-Mod :

4.3.13 2-periodization We start with the simplest example of 2-periodization and its interaction with
sheared degrading.

Let Q`Œu;u
�1� 2 ComAlg.Vectgr/ be a commutative algebra object where u is in graded degree 1 and

cohomological degree 0. It is easy to see that the functor of extracting the graded degree 0 part

Q`Œu;u
�1�-Modgr

.Mi /i 7!M0

'
��������! Vect

is an equivalence of Vectgr-module categories where the actions of Vectgr are the obvious ones (ie no
shearing). The inverse functor is given by V 7!Q`Œu;u

�1� V .

The discussion above thus gives us the equivalences

VectW ' Vect( Q`Œu;u
�1�-Modgr;( ).Q`Œu;u

�1�)-Modgr/

Q`Œu;u�1�)˝�

Q`Œu;u�1�˝�

'

sh)

'

and

VectV ' Vect) Q`Œu;u
�1�-Modgr;) (.Q`Œu;u

�1�(-Modgr/:

Q`Œu;u�1�(˝�

Q`Œu;u�1�˝�

'

sh(

'

Here, by construction, Q`Œu;u
�1�) (resp. Q`Œu;u

�1�() is the algebra of Laurent polynomials generated
by one element living in graded degree 1 and cohomological degree 2 (resp. �2).

In particular, we have

.4.3.14/ (VectW'(Vect('Q`Œu;u
�1�)-Modgr; )VectV')Vect)'Q`Œu;u

�1�(-Modgr :

4.3.15 We will now turn to the general case.

Let Cgr 2Vectgr -Mod be as above. Then the positive and negative 2-periodizations of Cgr are defined to be

Cgr;2-perC WDQ`Œu;u
�1�)-Modgr VectgrC

gr
'Q`Œu;u

�1�)-Mod.Cgr/

and
Cgr;2-per� WDQ`Œu;u

�1�(-Modgr VectgrC
gr
'Q`Œu;u

�1�(-Mod.Cgr/;

respectively.

Note that Q`Œu;u
�1�( (resp. Q`Œu;u

�1�)) is equivalent to Q`Œˇ; ˇ
�1� where ˇ lives in graded degree 1

and cohomological degree �2 (resp. 2). The category of module objects over Q`Œˇ; ˇ
�1� is thus the

category of (graded) 2-periodic objects appearing in the literature.

The grading allows one to absorb 2-periodicity. In fact, the 2-periodization construction agrees with the
sheared degrading construction from above.

Geometry & Topology, Volume 29 (2025)



Graded character sheaves, HOMFLY-PT homology, and Hilbert schemes of points on C2 2513

Proposition 4.3.16 Let Cgr 2 Vectgr -Mod. Then we have natural equivalences of Vectgr-module cate-
gories

Cgr;2-per� ').CV/ and Cgr;2-perC '(.CW/:

Proof We treat the case of 2-per�, as the other case is similar. We have

Cgr;2-per� WDQ`Œu;u
�1�(-Modgr VectgrC

gr
'
) VectV VectgrC

gr
'
)CV;

where the second and third equivalences are due to (4.3.14) and Section 4.3.10, respectively.

Remark 4.3.17 We have the following commutative diagrams of symmetric monoidal categories:

Vectgr Vect

Q`Œu;u
�1�(-Modgr Vectgr;2-per�

oblvgrısh
)

Q`Œu;u�1�(˝�
M 7!M0

Vectgr Vect

Q`Œu;u
�1�)-Modgr Vectgr;2-perC

oblvgrısh
(

Q`Œu;u�1�)˝�
M 7!M0

Thus, by construction, the action of Vectgr on ).CV/ (resp. (.CW/) factors through Vectgr;2-per�

(resp. Vectgr;2-perC). On the other hand, Cgr;2-per� (resp. Cgr;2-perC) is equipped with a natural action of
Vectgr;2-per� (resp. Vectgr;2-perC).

Chasing through the definitions, it is easy to see that the two actions are compatible. In other words,
the two equivalences in Proposition 4.3.16 are equivalences of Vectgr;2-per�-(resp. Vectgr;2-perC-)module
categories.

4.3.18 More formal gradings In the above, the “background category” is Vect in the sense that all
categories are DG-categories, ie they are Vect-module categories. Then we work with categories with
one extra grading, ie with Vectgr-module categories, and consider various categorical operations using
this structure. We could have started with Vectgr-module categories but still added another grading and
worked with Vectgr;gr-module categories. Everything discussed above still goes through, except that
now everything has one more grading. For example, degrading goes from Vectgr;gr-module categories to
Vectgr-categories.16 This is the setting that we will work with below.

4.4 2-periodic Hilbert schemes and character sheaves

We will now relate Hilbert schemes of points and character sheaves, using the procedure of 2-periodization
discussed above to make the precise statement.

4.4.1 Introduce an extra grading By default, all of our categories are singly graded in the sense that they
are Vectgr-(or, if we work with the small variant, Vectgr;c-)module categories. Note that any DG-category
can be viewed as a Vectgr-module category via the symmetric monoidal functor oblvgr W Vectgr! Vect. In
particular, any Vectgr-module category is a Vectgr;gr-module category, where the second Vectgr acts by

16In fact, we could, more generally, work with .Vectgr/ n-module categories and then add one more grading to get nC 1

gradings. We will not need this generality here.
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forgetting the formal grading. By convention, we use X to denote the default grading and Y the extra
grading we just introduced. We will also use the notation VectgrX ;grY if we want to make it clear which
grading convention we are using.

In this subsection, unless otherwise specified, all the shearing and 2-periodization constructions will be
with respect to the Y -grading, even when we start with Cgr 2 VectgrX -Mod, which has only one grading.
In this case, we simply view C as an object in VectgrX ;grY -Mod, where VectgrY acts via the symmetric
monoidal functor oblvgrY W Vect

grY ! Vect. In particular, if we forget the VectgrY-action, Cgr, (Cgr, and
)Cgr are equivalent as objects in VectgrX -Mod (and hence also as DG-categories). The difference in the
VectgrY-module structures can be seen by looking at VectgrX ;grY-enriched Hom, denoted by HomgrX ;grY .

More precisely, for c1; c2 2 C
gr, on the one hand, we have

Hom
grX ;grY
Cgr .c1; c2/'

M
k

Hom
grX
Cgr .c1; c2/hkiY 'Q`Œu;u

�1� Hom
grX
Cgr .c1; c2/ 2 Vect

grX ;grY :

Here, in the tensor formula, the grX -enriched Homs are put in Y -degree 0. In other words, it is simply
copies of the VectgrX-enriched Hom, put in all Y -degrees. On the other hand, a simple argument using
adjunctions gives the following identification, which is essentially the same as Proposition 4.3.16 but
with one extra grading (see also Remark 4.3.17):

Lemma 4.4.2 In the situation above , we have natural equivalences

Hom
grX ;grY
(Cgr .c1; c2/' sh).Hom

grX ;grY
Cgr .c1; c2//'Q`Œu;u

�1�) Hom
grX
Cgr .c1; c2/ 2 Vect

grX ;grY ;2-perC

and

Hom
grX ;grY
)Cgr .c1; c2/' sh(.Hom

grX ;grY
Cgr .c1; c2//'Q`Œu;u

�1�( Hom
grX
Cgr .c1; c2/ 2 Vect

grX ;grY ;2-per� ;

where sh) and sh( are with respect to the Y -grading. Moreover , in the tensor formula , the grX -enriched
Homs are put in Y -degree 0.

4.4.3 The algebra Bn and variants Let Bgr
n D Q`Œx;y� Q`ŒSn� 2 Alg.VectgrX ;grY / be a bigraded

DG-algebra, where the variables x (resp. y) live in cohomological degree 2 (resp. 0) and graded degrees
.2; 1/ (resp. .�2; 0/). Here, the first (resp. second) coordinate represents the X -(resp. Y -)grading. Note
that the Y -grading is the extra grading whereas the X -grading came from the above.

By construction, we have an equivalence of (singly graded) DG-algebras oblvgrY .B
gr
n /'Bn2Alg.Vect

grX/,
where Bn is the graded DG-algebra defined in Section 4.1.4. Let zBgr

n WDB
gr;(
n and zBn WD oblvgrY .

zB
gr
n /,

where the shear is with respect to the Y -grading. Then

zBgr
n 'Q`Œ Qx; Qy� Q`ŒSn� 2 Alg.Vect

grX ;grY /;

where the variables Qx (resp. Qy) live in cohomological degree 0 and graded degrees .2; 1/ (resp. .�2; 0/).
Moreover,

zBn WD oblvgrY .B
gr
n /'Q`Œ Qx; Qy� Q`ŒSn� 2 Alg.Vect

grX /;

where the Qx (resp. Qy) live in cohomological degree 0 and graded degree 2 (resp. �2).
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Lemma 4.4.4 We have the following equivalence of VectgrX-categories:

Bn-ModgrX ' zBgr
n -ModgrX ;V :

Proof We have
Bn ' oblvgrY .B

gr
n /' oblvgrY .

zBgr;)
n /

and hence, by (4.3.12), we have the equivalence of VectgrX-module categories

Bn-ModgrX ' oblvgrY .
zBgr;)

n /-ModgrX ' zBgr
n -ModgrX ;V;

where, by convention, all shears are with respect to the Y -grading.

Corollary 4.4.5 We have a natural equivalence of VectgrX ;grY-module categories

).Bn-ModgrX /' zBgr
n -ModgrX ;grY ;2-per� ;

where the VectgrY-module structure on the right-hand side is the obvious one. Moreover , the shear on the
left-hand side is with respect to the VectgrY-module structure. Namely, VectgrY acts on the left via

VectgrY sh(
���! VectgrY

oblvgrY
����! Vect;

as in Proposition 4.3.16. Consequently, by Remark 4.3.17, the equivalence above is an equivalence of
VectgrX ;grY ;2-per�-module categories , where 2-per� is with respect to the Y -grading.

Proof We have

).Bn-ModgrX /').zBgr
n -ModgrX ;V/' zBgr

n -ModgrX ;grY ;2-per� ;

where the first and second equivalences are due to Lemma 4.4.4 and Proposition 4.3.16, respectively. By
convention, shearing and 2-periodization are with respect to the Y -grading.

The last statement is due to Remark 4.3.17.

4.4.6 Change of gradings The gradings X and Y used above need to be changed to match with the
one used in [28]. We denote the new gradings by zX and zY , where

zX DX 2Y and zY DX�1;

or equivalently,
X D zY �1 and Y D zX zY 2:

Under this change of gradings, we have

zBgr
n 'Q`Œ Qx; Qy� Q`ŒSn� 2 Alg.Vect

gr zX ;gr zY /;

where the variables Qx (resp. Qy) live in cohomological degree 0 and graded degrees .1; 0/ (resp. .0; 2/).
We note that this algebra matches precisely with the algebra appearing in Proposition 4.2.7.
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Remark 4.4.7 In the rest of this paper, unless otherwise specified, all the shears and 2-periodizations
are still with respect to the Y -grading (in the .X;Y /-grading system), even when we are working with
the . zX ; zY /-grading. As different grading conventions in the HOMFLY-PT homology theory cause a lot
of confusion, at least, to the authors of the current paper, we write down explicit examples below.

4.4.8 2-per� in terms of . zX ; zY /-grading In terms of the . zX ; zY /-grading, negative periodization
2-per� in the Y -direction with respect to the .X;Y /-grading (such as the one appearing in Corollary 4.4.5)
takes the following form. For C 2 VectgrX ;grY -Mod' Vectgr zX ;gr zY -Mod,

C2-per� 'Q`Œˇ; ˇ
�1�-Mod.C/;

where ˇ lives in cohomological degree �2 and graded degrees .0; 1/ in terms of the .X;Y /-grading or
equivalently, .1; 2/ in terms of the . zX ; zY /-grading. Since this is the only 2-periodization that we will use
in connection to the . zX ; zY /-grading, we will adopt the notation

C2-per
WD C2-per� 'Q`Œˇ; ˇ

�1�-Mod.C/

in the rest of the paper, where, as above, ˇ lives in cohomological degree �2 and graded degrees .0; 1/ in
terms of the .X;Y /-grading or, equivalently, .1; 2/ in terms of the . zX ; zY /-grading.

Below are a couple of examples that are important to us.

Definition 4.4.9 (2-periodizing an object) For C 2 VectgrX ;grY -Mod' Vectgr zX ;gr zY -Mod and c 2 C, the
corresponding 2-periodized object c2-per 2 C2-per is defined to be Q`Œˇ; ˇ

�1� c.

Definition 4.4.10 (2-periodized Hilbert schemes) Let G2
m act on A2 by scaling the coordinate axes Qx

and Qy with weights .1; 0/ and .0; 2/, respectively (in the . zX ; zY /-grading). This induces an action of G2
m

on Hilbn WD Hilbn.A2/ for any n. The 2-periodized category of quasicoherent sheaves on Hilbn is defined
to be

QCoh.Hilbn =G
2
m/

2-per
WDQ`Œˇ; ˇ

�1�-Mod.QCoh.Hilbn =G
2
m//;

where ˇ lives in cohomological degree �2 and bigraded degrees .1; 2/. Taking the compact objects, we
define17

Perf.Hilbn =G
2
m/

2-per
WD .Q`Œˇ; ˇ

�1�-Mod.QCoh.Hilbn =Gm///
perf :

The full subcategories QCoh.Hilbn =G2
m/

2-per
Hilbn; Qx =G2

m
and Perf.Hilbn =G2

m/
2-per
Hilbn; Qx =G2

m
are defined analo-

gously (see also Section 4.2.9).

Definition 4.4.11 (2-periodized bigraded chain complexes) We define

Vectgr zX ;gr zY ;2-per
WDQ`Œˇ; ˇ

�1�-Modgr zX ;gr zY ;

17Note that since the Hilbert scheme is smooth, we could replace Perf by Coh.
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where ˇ lives in cohomological degree �2 and bigraded degrees .1; 2/. The full subcategory spanned by
compact objects is defined analogously and is denoted by

Vectgr zX ;gr zY ;2-per;c
WDQ`Œˇ; ˇ

�1�-Modgr zX ;gr zY ;perf :

More generally, for any algebra B 2 Alg.Vectgr zX ;gr zY /, we let

B-Modgr zX ;gr zY ;2-per
WDQ`Œˇ; ˇ

�1�-Mod.B-Modgr zX ;gr zY /;

and similarly for the full subcategory spanned by the compact objects

B-Modgr zX ;gr zY ;2-per;perf
WDQ`Œˇ; ˇ

�1�-Mod.B-Modgr zX ;gr zY /perf :

4.4.12 Shearing in terms of zX ; zY -grading Let C2VectgrX ;grY -Mod'Vectgr zX ;gr zY -Mod. Then, unless
otherwise specified, all shears are considered to be with respect to the Y -grading. For example, the action
of Vectgr zX ;gr zY on )C is given by

Q`hki zX �Q`hli zY � c 7!Q`h2k � liX �Q`hkiY � c 7! ch2k � liX hkiY Œ2k�:

Here chmiX denotes the result obtained by Q`hmiX acting on c (and similarly for chmiY ). Moreover,
the square bracket denotes cohomological shift, which appears here due to the shear.

By Remark 4.3.17, )C is equipped with a natural action of Vectgr zX ;gr zY ;2-per (see Definition 4.4.11).

4.4.13 The Hilbert scheme of points and graded unipotent character sheaves The relation between
Hilbert schemes of points and graded unipotent character sheaves can now be deduced in a straightforward
way from the discussion above.

We start with a 2-periodized form of Proposition 4.2.7:

Lemma 4.4.14 We have the equivalences of Vectgr zX ;gr zY ;2-per-module categories

QCoh.Hilbn =G
2
m/

2-per
' zBgr

n -Modgr zX ;gr zY ;2-per and QCoh.Hilbn =G
2
m/

2-per
Hilbn; Qx

' zBgr
n -Mod

gr zX ;gr zY ;2-per
nilp Qy

;

and similarly for the full subcategories of perfect complexes.

Proof The second equivalence follows from the first. The first follows from applying the 2-periodization
construction 2-per described in Section 4.4.8 to Proposition 4.2.7.

Theorem 4.4.15 When G D GLn, we have the equivalence of Vectgr zX ;gr zY ;2-per-module categories

)Ch
u;gr;ren
G

' zBgr
n -Mod

gr zX ;gr zY ;2-per
nilp Qy

‰2-per
���! QCoh.Hilbn =G

2
m/

2-per
Hilbn; Qx

;

and similarly, we have the small variant , which is an equivalence of Vectgr zX ;gr zY ;2-per;c-module categories ,

)Ch
u;gr
G
' zBgr

n -Mod
gr zX ;gr zY ;2-per
nilp Qy

‰2-per
���! Perf.Hilbn =G

2
m/

2-per
Hilbn; Qx

:
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Proof The second statement follows from the first one by taking the full subcategories spanned by
compact objects. For the first one, we have

)Ch
u;gr;ren
G

'
).Bn-Mod

grX
nilpy

/' zBgr
n -Mod

grX ;grY ;2-per�
nilp Qy

' zBgr
n -Mod

gr zX ;gr zY ;2-per
nilp Qy

' QCoh.Hilbn =G
2
m/

2-per
Hilbn; Qx

;

where

� the first equivalence is due to Proposition 4.1.11 (after adding a sheared action of VectgrY ),

� the second equivalence is due to Corollary 4.4.5,

� the third equivalence is by definition (see also Section 4.4.8),

� and finally, the last equivalence is due to Lemma 4.4.14.

4.5 Matching objects

Let T denote the tautological bundle over Hilbn. By abuse of notation, we will use the same symbol
to denote its equivariant version, ie a vector bundle of rank n over Hilbn =G2

m. We will now match its
exterior powers

V˛
T under the equivalences of categories stated in Proposition 4.2.7 and Lemma 4.4.14.

This subsection is merely a recollection of the results proved in [35], stated in our notation.

4.5.1 Exterior powers of the permutation representation Let

T 2 zBn-Modgr zX ;gr zY ' QCoh.A2n=.Sn �G2
m//

denote the tensor of the structure sheaf with the permutation representation. More explicitly,

T WDQ`Œ Qx; Qy� P 2 zBn-Modgr zX ;gr zY ;

where P 2 RepSn is the permutation representation. More geometrically, if we let

p WA2n=.Sn �G2
m/! B.Sn �G2

m/;

then T WD p�.P /, where P 2QCoh.B.Sn�G2
m// is the permutation of Sn put in bigraded degrees .0; 0/

and cohomological degree 0. More generally, we have
V˛

T ' p�
�V˛

P
�
.

We have the following elementary lemma:

Lemma 4.5.2 For any 0� ˛ � n, we have a natural isomorphism of Sn-representations

IndSn

S˛�Sn�˛
.sign˛� trivn�˛/'

V˛
P;

where sign˛ is the sign representation of S˛ and trivn�˛ is the 1-dimensional trivial representation
of Sn�˛.

Proof Let v1; : : : ; vn be the natural basis of P as the permutation representation of Sn and v a basis of
sign˛� trivn�˛. We have a natural morphism between .S˛�Sn�˛/-representations

sign˛� trivn�˛!
V˛

P; v 7! v1 ^ � � � ^ v˛:
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Since v1 ^ � � � ^ v˛ generates
V˛

P as a representation of Sn, we obtain a surjective map

IndSn

S˛�Sn�˛
.sign˛� trivn�˛/!

V˛
P:

Comparing the dimensions, we see that this must be an isomorphism.

4.5.3 Wedges of the tautological bundle and wedges of the permutation representation We will
now match the wedges on both sides.

Theorem 4.5.4 [35, Theorem 3.9] Under the equivalence of categories stated in Proposition 4.2.7,V˛
T 2 zBn-Modgr zX ;gr zY ' QCoh.A2n=.Sn �G2

m// corresponds to
V˛

T 2 QCoh.Hilbn =G2
m/.

Proof This is [35, Theorem 3.9] in the case where the line bundle involved is just the structure sheaf.
Lemma 4.5.2 allows us to match the wedges

V˛
T with the W ˛.�/ construction in [35, Definition 3.4].

4.5.5 2-periodization We will need the 2-periodized version of Theorem 4.5.4 below.

Corollary 4.5.6 Under the equivalence of categories stated in Lemma 4.4.14,�V˛
T
�2-per

2 zBn-Modgr zX ;gr zY ;2-per
' QCoh.A2n=.Sn �G2

m//
2-per

corresponds to
�V˛

T
�2-per

2 QCoh.Hilbn =G2
m/

2-per. Here the superscript 2-per denotes the procedure of
2-periodizing an object (see Definition 4.4.9).

Proof This follows from 2-periodizing Theorem 4.5.4.

5 HOMFLY-PT homology via Hilbert schemes of points on C2

We will now use the results above to obtain a proof of a version of a conjecture of Gorsky, Negut,, and
Rasmussen [29] which predicts a remarkable way to realize HOMFLY-PT homology as the cohomology
of a certain coherent sheaf on the Hilbert scheme of points on C2. The precise version of the conjecture
that we prove appeared as [28, Conjecture 7.2] with some modifications emphasized in Remark 1.5.12.
In particular, we will prove parts (a), (b), and (c) of [28, Conjecture 7.2].

Below, in Section 5.1, we use weight structures to describe a general mechanism to turn a cohomological
grading into a formal grading and interpret the construction of the HOMFLY-PT homology theory in these
terms (this is what happens with the a-degree). It is followed by Section 5.2, where we describe how
HOMFLY-PT can be obtained from the categorical trace of Hgr

n . In Section 5.3, we explicitly compute all
the functors involved in the factorization of HOMFLY-PT homology through the categorical trace of Hgr

n

in terms of the explicit description of the category of the latter, which was obtained in Theorem 3.3.4. In
Section 5.4, transporting these computations to the Hilbert scheme side using Koszul duality and Krug’s
result (which are encapsulated in Section 4), we arrive at Theorem 5.4.6 (part (a) of [28, Conjecture 7.2])
which associates to each braid ˇ on n strands a (2-periodic) coherent sheaf Fˇ on Hilbn whose global
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sections (after being tensored by the dual of various exterior powers of the tautological bundle) recover
the HOMFLY-PT homology of the link associated by ˇ. Finally, in Sections 5.5 and 5.6 we study the
actions of symmetric functions on HOMFLY-PT homology and the support of Fˇ on Hilbn in relation
to the number of connected components the braid closure of ˇ has. These appear as Theorems 5.5.1
and 5.6.4, which are parts (b) and (c) of [28, Conjecture 7.2].

5.1 Restricting to and extending from the weight heart

Let Rˇ 2 Chb.SBimn/ be the Rouquier complex associated to a braid ˇ. Recall that the HOMFLY-PT
homology of the associated braid closure of ˇ is obtained by taking Hochschild homology termwise and
then taking the cohomology of the resulting complexes. The final answer thus has three gradings: internal
grading, complex grading (from Chb.SBimn/), and the Hochschild grading. From the point of view of
homological algebra, this is quite unusual: one does not normally apply a derived functor termwise to a
complex.

There have been many interpretations of this construction, for example, [13; 57; 59]. In this subsection,
we offer a general paradigm to understand this type of construction using weight structures and then
apply it to the case of HOMFLY-PT homology. This allows one to see more clearly what is happening
conceptually, especially on the Koszul dual side, which will be discussed in Section 5.4 below.

As we will use weight structures in a crucial way, the reader might find it beneficial to take a quick look
at [31, Section 3.1] for a quick review of the theory.

5.1.1 Extending from the weight heart One salient feature of the theory of weights is that given an
idempotent complete stable1-category C with a bounded weight structure, the category C along with the
weight structure can be reconstructed from its weight heart C~w .18 In a precise sense, C is the free stable
1-category generated by its weight heart. Namely, C' .C~w /fin, where for any additive category A,
Afin is the stabilization of the sifted-completion of A (see [22] for more details). We note that the .�/fin

procedure generalizes the construction Chb.�/ in the following sense: if A is a classical additive category,
then Afin ' Chb.A/.

Lemma 5.1.2 Let C and D be idempotent complete stable1-categories such that C is equipped with a
bounded weight structure. Then restricting along � W C~w ! C gives an equivalence of categories

.5.1.3/ Funex.C;D/ �
!

�! Funadd.C~w ;D/;

where Funex denotes the category of exact functors (ie those that preserve all finite (co)limits) and Funadd

denotes the category of additive functors (ie those that preserve all finite direct sums).

18A DG-structure is not necessary for this discussion in this subsection. However, the reader should feel free to replace all
occurrences of stable1-categories with DG-categories if they prefer.
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Proof This is essentially [56, Proposition 3.3, part 2] (but see also [22, Theorem 2.2.9] for a variant).
We will thus only indicate the main steps.

We will first show the equivalence of categories

.5.1.4/ Funex.C; Ind.D// �
!

�! Funadd.C~w ; Ind.D//;

where Ind.D/ is the Ind-completion of D. Here �! admits a left adjoint �! given by left Kan extending
along �. Since left Kan extending along a fully faithful embedding is fully faithful, �! is fully faithful. It
remains to show that �! is also fully faithful. Namely, we want to show that the natural map �!�!F ! F is
an equivalence for any F 2 Funex.C;D/.

Since �!�!�!F ' �!F by full faithfulness of �!, we see that �!�!F.c/' F.c/ for all c 2 C~w . But since both
sides of �!�!F ! F preserve all finite (co)limits and since C is generated by C~w under finite (co)limits,
we are done.

To obtain (5.1.3) from (5.1.4) we only need to show that �! and �! restrict to the corresponding full
subcategories on both sides. But this is immediate using the fact that C is generated by C~w under finite
(co)limits.

We will also need the following result, which is a consequence of the lemma above:

Corollary 5.1.5 [22, Theorem 2.2.9] Let C and D be idempotent complete stable1-categories such
that both C and D are each equipped with a bounded weight structure. Then restricting along � W C~w ! C

gives an equivalence of categories

Funex;w-ex.C;D/ �
!

�! Funadd.C~w ;D~w /;

where w-ex denotes weight exactness , ie we consider the category of exact functors which send weight
heart to weight heart.

Consequently, when D~w is classical , we have the following equivalences:

Funex;w-ex.C;D/' Funadd.C~w ;D~w /' Funadd.hC~w ;D~w /' Funex;w-ex.Chb.hC~w/;D/:

5.1.6 Turning cohomological grading into a formal grading In situations where D also has a t-
structure, the procedure of restricting and extending along C~w ,! C also allows one to create an extra
grading. Indeed, let C and D be as in Lemma 5.1.2 and F W C!D be an exact functor. Suppose that D is
equipped with a t -structure. Then we obtain a functor

H�.F jC~w / W C
~w

F j
C~w
�����!D H�

��!D~t ;gr;

where D~t ;gr is the category of Z-graded objects in D~t . Applying the .�/fin construction and using
Corollary 5.1.5, we obtain a functor

zF W C! .D~t ;gr/fin ' Chb.D~t ;gr/! Chb.D~t /gr;
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where the equivalence is due to the fact that D~t ;gr is classical, ie it does not have negative Exts. In fact,
since D~t ;gr is classical, C~w !D~t ;gr factors through C~w ! hC~w and hence zF factors as follows:

.5.1.7/

C Chb.D~t /gr

Chb.hC~w /

wt

zF

F

Here hC~w is the homotopy category of C~w , obtained from C~w by killing negative Exts,19 and wt

denotes the weight complex functor (see [31, Remark 3.1.12] for a quick review). Note that hC~w is
always a classical category whereas C~w might have nontrivial1-categorical structures. Moreover, F is
given by applying H�.F / termwise.

5.1.8 When C~w is already classical, ie C~w ' hC~w , the weight complex functor is an equivalence of
categories

wt W C '�! Chb.C~w /:

Under this identification, the functor zF is identified with F , which is given by applying H�.F / termwise
to the chain complexes in C~w .

5.1.9 The category D that is of interest to us is D' Vectgr. Given an exact functor F W C! Vectgr, the
construction above thus produces a functor zF W C! Vectgr;gr whose target is the DG-category of chain
complexes in doubly graded vector spaces. We can take cohomology another time and obtain triply graded
vector spaces. As we will soon see, further specializing to the case where C D H

gr
n ' Chb.H

gr;~w
n / '

Chb.SBimn/ and F is the functor of taking Hochschild homology, we recover the usual construction of
the triply graded HOMFLY-PT homology theory.

5.1.10 The last observation is a tautology, but a powerful one when combined with Lemma 5.1.2 which
allows one to compare functors by restricting to the weight heart of the source. This point of view is
especially useful when the weight structure is not evident, as is the case on the Hilbert scheme side.
Indeed, as we shall see below, Lemma 5.1.2 allows us to identify HH˛ and the functor corepresented by
the ˛th exterior of the tautological bundle on the Hilbert scheme.

5.2 HOMFLY-PT homology via Tr.Hgr
n /

We will now describe how HOMFLY-PT homology can be obtained from Tr.H
gr
n /' Ch

u;gr
G

. Everything in
this subsection has essentially been proved in [59], but in different language: they use the chromatographic
complex construction (which is not known to be functorial) of which the weight complex functor is a
functorial upgrade. See also [54, Section 6.4] for a presentation that is closer to ours (but still does not
use weight structures).

19For an additive1-category A, the homotopy category hA of A is obtained from A by taking �0 of the Hom spaces. This
is not to be confused with the homotopy category Kb.B/ WD hChb.B/ of bounded chain complexes of a (classical) additive
category B, which is also sometimes referred to as, somewhat confusingly, the homotopy category of B.
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5.2.1 A geometric interpretation of HOMFLY-PT homology We start with a formulation of HOMFLY-
PT homology in terms of graded sheaves on BB�BG BB DBnG=B. Consider the commutative diagram

BB �BG BB G=B G=G pt

BB �BB BB

�

p

�

q

p

where the square is Cartesian. We have the following functor:

.5.2.2/ HH W Hgr
n ' Shvgr;c.BB �BG BB/

��
��! Shvgr;c.BB �BB/

p�
��! Shvgr;c.BB/

C�gr.BB;�/
�������! Vectgr :

Applying the construction in Section 5.1.6, we obtain a functorfHH W Hgr
n ! Vectgr;gr :

Taking cohomology one more time, we get

HHH WD H�.fHH/ W Hgr
n ! Vect~t ;gr;gr;gr;

the category of triply graded vector spaces.

Lemma 5.2.3 Let Rˇ 2 H
gr
n be associated to a braid ˇ. Then up to a change of grading (to be discussed

in Section 5.2.4 below), H�.fHH.Rˇ// is the triply graded HOMFLY-PT link homology of ˇ.

Proof (sketch) This is the main theorem of [59], phrased in our language. See also [54, Section 6.4] for
a presentation that is closer to ours. We will thus only indicate the main steps here.

The construction in Section 5.1.6 amounts to saying that fHH.Rˇ/ is obtained by applying p��� termwise
to Rˇ 2 H

gr
n ' Chb.H

gr;~w
n /. By [31, Proposition 4.3.5], Shvgr;c.BB �BB/ (resp. Shvgr;c.BB/) corre-

sponds to the category of (perfect complexes of) graded bimodules (resp. modules) over C�gr.BB/ '

C
gr
� .BT /' Sym.V Œ�2�/, where V is the graded vector space of dimension n living in graded degree 2

and cohomological degree 0 (see also Section 4.1.4). Moreover, by [31, Section 4.3.4], pulling back along
p W BB! BB �BB corresponds to taking Hochschild homology. Finally, by [31, (4.4.4)], ��jHgr;~w

n
is

identified with the forgetful functor from Soergel bimodules to bimodules over Cgr
� .BB/' C

gr
� .BT /.

5.2.4 Gradings We let Q0 and A0 denote the two formal gradings on Vectgr;gr (the target of the
functor fHH) and T 0 the cohomological grading. To keep track of these gradings, we will from now on
adopt the notation VectgrQ0 ;grA0 rather than simply Vectgr;gr as above. We use Œn�Q0 , hniA0 , and fngT 0 to
denote the grading shifts.

The relations between the Q0, A0, and T 0 gradings and the Q, A, and T of [28] are as follows (written
multiplicatively):

Q0 DA�1Q; A0 DA; T 0 D T:

Note, however, that [28] uses Hochschild cohomology rather than homology to define the HOMFLY-PT
link homology. Thus, for the unknot we get .1CQ02A0/=.1�Q02A02/D .1CQ2A�1/=.1�Q2/ whereas
they get .1CQ�2A/=.1�Q2/.
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We also use the q, t , and a gradings, where

q DQ2
DQ02A02; aDQ2A�1

DQ02A0; t D T 2Q�2
D T 02Q0�2A0�2:

In terms of q, a, and t , the unknot gives .1C a/=.1� q/.

5.2.5 On H
gr
n , Chu;gr

G
'An-Modgr;perf , and An-Modgr;coh there are two grading shift operators for each

n 2 Z, the cohomological shift Œn� and the grading shift hni, and both are compatible with the various
functors between these categories. In terms of the grading convention of Section 4.4, this formal grading
is the X -grading over there.

5.2.6 Unwinding the construction, we see that the functor fHH relates the grading shift operators on H
gr
n

and those on VectgrQ0 ;grA0 as follows:20

Œn� fngT 0 ; hni Œn�A0hniQ0f�ngT 0 ; Œn�hni Œn�A0hniQ0 :

Remark 5.2.7 The difference between Q0, A0, T 0 and Q, A, T comes from the fact that the identification
H
gr
n WDShvgr;c.BnG=B/'Chb.SBimn/ involves a shear. More concretely, objects in H

gr
n are most naturally

viewed as graded C�gr.BB/-bimodules, where the generators of C�gr.BB/' C�gr.BT /' SymV Œ�2� live
in graded (resp. cohomological) degree 2 (resp. 2). On the other hand, the generators of the polynomial
ring used to define Soergel bimodules are, by convention, put in graded (resp. cohomological) degrees 2

(resp. 0). See [31, Section 4] for a more in-depth discussion.

5.2.8 HOMFLY-PT homology via truncated categorical trace By smooth base change, we see that
the functor HH of (5.2.2) admits an alternative construction

HH W Hgr
n ' Shvgr;c.BB �BG BB/

p�
��! Shvgr;c

�
G

B

�
q�'q!
����! Shvgr;c

�
G

G

�
C�gr.G=G;�/
��������! Vectgr;

which is the same as

.5.2.9/ HH W Hgr
n

tr
�! Tr.Hgr

n /' Ch
u;gr
G

,! Shvgr;c.G=G/
C�gr.G=G;�/
��������! Vectgr :

Since the functor tr W Hgr
n ! Ch

u;gr
G

is weight exact, it commutes with the weight complex functors. Thus,
to construct fHH from HH, we can apply the construction from Section 5.1.6 to the last step of (5.2.9). As
a result, we obtain the factorization of fHH

.5.2.10/

H
gr
n Ch

u;gr
G

VectgrQ0 ;grA0

Chb.h Ch
u;gr;~w
G

/

gHH
tr �

wt
�

20The first and last are easiest to see from the definition, from which the middle one could be deduced. Alternatively, the middle
one can also be seen by looking at the weight complex functor.
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where � is obtained by applying the construction from Section 5.1.6 to the functor C�gr.G=G;�/ and � is
the induced functor; see (5.1.7). The category Chb.h Ch

u;gr;~w
G

/ (resp. h Chu;gr;~w
G

) can be thought of as a
truncation of Chu;gr

G
(resp. Chu;gr;~w ), which justifies the name truncated trace. It is also referred to as

the underived trace and is denoted by Tr0.H
gr
G
/ in [27].

5.3 Explicit computation of functors

In what follows, we will compute the functors � , � , and wt in (5.2.9) explicitly in terms of the identification

Ch
u;gr
G
'Q`Œx; � � Q`ŒSn�-Modgr;perf DAn-Modgr;perf

of Theorem 3.3.4. In particular, we apply Lemma 5.1.2 to deduce a corepresentability statement similar to
the main result of [13; 57].21 Moreover, our computation identifies the weight complex functor wt with
the functor of restricting to the nilpotent cone, explaining conceptually why the latter appears in [57]; see
Section 5.3.5.

5.3.1 Identifying the weight complex functor wt for Chu;gr
G

We will now give a concrete interpretation
of the functor wt appearing in (5.2.10) in terms of modules over An. Consider the functorfinv� WD Symn V _Œ1� inv� WAn-Modgr;perf !An-Modgr;perf ;

where inv� is defined in Section 4.1 and where we define

An WDQ`Œx� Q`ŒSn�' SymVx Œ�2� Q`ŒSn�:

See also Section 4.1.4 for the definitions of V and An.

Note that inv� is originally defined on An-Modgr;coh. So strictly speaking, in the above, we restrict this
functor to the full subcategory of perfect complexes. It is easy to see that finv� is given precisely by
applying finvenh� followed by the functor of forgetting the action by the variables y.

The goal now is to identify wt W Ch
u;gr
G
! Chb.h Ch

u;gr;~w
G

/ with finv� .

5.3.2 By Lemma 2.9.5, we see that in type A, Chu;gr
G
'An-Modgr;perf is equipped with a weight structure

whose weight heart is spanned under finite direct sums of direct summands of Sprgr
G
Œk�hki (for all k 2Z),

which corresponds to AnŒk�hki (for all k 2 Z) under this equivalence of categories. Here Œk� and hki
denote cohomological and grading shifts, respectively.

A similar statement is true for An-Modgr;perf .

Lemma 5.3.3 The category An-Modgr;perf has a natural weight structure whose weight heart is spanned
by finite direct sums of direct summands of AnŒk�hki for all k 2 Z.

21It is in fact possible to reprove the corepresentability statement of [13] using the computation presented here. The details will
appear in a forthcoming paper.
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Moreover , the weight heart An-Modgr;perf;~w is classical , and hence the weight complex functor induces
an equivalence of categories

wt WAn-Modgr;perf '�! Chb.An-Modgr;perf;~w /:

Proof It is easy to see that the direct summands of AnŒk�hki generate the category under finite
(co)limits. Moreover, as there are no positive Exts between them, the weight structure is obtained
by invoking [15, Theorem 4.3.2.II]. The second part follows by observing that there are no negative Exts
between these objects either; see also [31, Section 3.1.9].

We are now ready to identify wt and finv� .

Proposition 5.3.4 The functor finv� induces an equivalence of categories inv� as given in the following
commutative diagram:

An-Modgr;perf An-Modgr;perf

Chb.hAn-Modgr;perf;~w /

wt

finv�
'

inv�

Proof The computation in Section 4.1.8 shows that finv� .An/'An and hence finv� is weight exact. By
Corollary 5.1.5, finv� fits into the following commutative diagram:

An-Modgr;perf An-Modgr;perf

Chb.hAn-Modgr;perf;~w / Chb.An-Modgr;perf;~w /

wt

finv�
wt'

inv�

It remains to show that inv� is an equivalence of categories.

The diagram above is determined by the following commutative diagram involving the weight hearts:

An-Modgr;perf;~w An-Modgr;perf;~w

hAn-Modgr;perf;~w An-Modgr;perf;~w

�0

finv~w�

inv
~w
�

By Corollary 5.1.5, it suffices to show that inv~w� is an equivalence of categories. But this is clear since
both

HomAn-Modgr;perf;~w .An;AnŒk�hki/!HomhAn-Modgr;perf;~w .�0An; �0AnŒk�hki/

and
HomAn-Modgr;perf;~w .An;AnŒk�hki/!HomAn-Modgr;perf;~w .An;AnŒk�hki/

realize the right side by killing off � from the left side.
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5.3.5 Restricting to the nilpotent cone The discussion above has a geometric interpretation in terms
of character sheaves and sheaves on the nilpotent cone of G. It gives an explanation for why the nilpotent
cone should appear at all in [57]. The materials presented here are of independent interest and are not
needed anywhere else in the paper; we include them here mostly for the sake of completeness. The reader
should feel free to skip to Section 5.3.11.

Let N denote the nilpotent cone of the group G D GLn, equipped with the conjugation action of G. Let
�N WN ,!G denote the closed embedding. Then we have the following functor:

��N W Ch
u;gr
G
! Shvgr;c.N=G/:

We let Spr
gr
G WD �

�
N Spr

gr
G

denote the (graded) Springer sheaf.

The starting point is the following formality result of Rider, which was formulated in different language:

Theorem 5.3.6 [53, Theorem 7.9] The functor Hom
gr

Shvgr;c.N=G/
.Spr

gr
G ;�/ induces an equivalence of

Vectgr;c-categories

Shvgr;c.N=G/' Endgr.Spr
gr
G/-Modgr;perf 'An-Modgr;perf :

The next input is a theorem of Trinh which compares the graded derived endomorphism rings of Sprgr
G

and Spr
gr
G :

Theorem 5.3.7 [57, Theorem 1] The morphism of algebras

Endgr.Spr
gr
G
/! Endgr.��N Spr

gr
G
/' Endgr.Spr

gr
G/

identifies with the natural quotient An!An.

The following is thus a direct consequence of the two theorems above and Theorem 3.3.4:

Corollary 5.3.8 We have a commutative diagram

Ch
u;gr
G

Shvgr;c.N=G/

An-Modgr;perf An-Modgr;perf

��N

'Hom
gr

Ch
u;gr
G

.Spr
gr
G
;�/ ' Hom

gr
Shvgr;c.N=G/

.Spr
gr
G ;�/finv�

5.3.9 The category Shvgr;c.N=G/ has a natural weight structure whose weight heart is spanned by
finite direct sums of summands of Spr

gr
G Œk�hki; k 2 Z. This corresponds to the natural weight structure

on An-Modgr;perf which is spanned by finite direct sums of summands of AnŒk�hki for k 2 Z. Since
��N.Spr

gr
G
/' Spr

gr
G , ��N is weight exact (as can also be seen at the level of finv� ).
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Proposition 5.3.10 We have a commutative diagram

Ch
u;gr
G

Shvgr;c.N=G/

Chb.h Ch
u;gr;~w
G

/

wt

��N

'

where all functors are weight-exact.

Proof This follows from Corollary 5.3.8 and the identification of wt with finv� in Proposition 5.3.4.

In [59], the HOMFLY-PT homology groups are given via the chromatographic complex construction, which
is a triangulated (as opposed to DG) version of the weight complex functor; see also [31, Remark 3.1.12].
In [57], the HOMFLY-PT homology construction is then proved to factor through the nilpotent cone.
Proposition 5.3.10 above puts these two results into context by identifying the weight complex functor
itself and the functor ��N of restricting to the nilpotent cone, explaining why the nilpotent cone appears.
Moreover, the equivalence h Ch

u;gr;~w
G

' Shvgr;c.N=G/~w formulates precisely the sense in which
Shvgr;c.N=G/ is the truncated trace of Hgr

n , as was speculated in [57].

5.3.11 Identifying the functor � We will now compute � appearing in (5.2.10) more explicitly: we
decompose it into a direct sum (according to the a-degrees) of corepresentable functors. In other words,
the ˛th piece captures the part of � that is ˛ away from being pure.

For each integer ˛, consider
Q'˛ W Z! Z2

such that
Q'˛.X / WD �˛C'.X / WD .2˛; ˛/C .X;X /; X 2 Z:

We define the associated functors Q�˛; �˛ W Vectgr ! VectgrQ0 ;grA0 given by Q'˛;� and '�, both followed
by a cohomological shear to the left whose amount is given by the X -degree. More precisely, for
.VX /X2Z 2 Vect

gr (note that T 0 is the cohomological degree of VectgrQ0 ;grA0 , see Section 5.2.4),

Q�˛..VX /X2Z/Q0;A0 D

�
VX fX gT 0 if .Q0;A0/D Q'˛.X /;
0 otherwise;

�˛..VX /X2Z/Q0;A0 D

�
VX fX gT 0 if .Q0;A0/D '.X /;
0 otherwise:

Note that the shear to the left by X is there to account for the fact that something in graded degree X and
cohomological degree X in Vectgr is sent to something of cohomological degree 0 when we apply the
construction in Section 5.1.6 to turn a cohomological grading to a formal grading.

Proposition 5.3.12 The functor � WAn-Modgr;perf ! VectgrQ0 ;grA0 breaks up into a finite direct sum

� '
M
˛

Q�˛.Hom
gr

An-Modgr;perf

�V˛
P Q`Œx�;�

�
/;

where P 2 RepSn is the permutation representation.
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Proof By Lemma 5.1.2, � is determined by its restriction to the source’s weight heart,

�~w WAn-Modgr;perf;~w ! Vect~t ;grQ0 ;grA0 ! VectgrQ0 ;grA0 :

This functor, in turn, is determined by its action on An. Under the equivalence of categories in
Theorem 3.3.4, the constant sheaf corresponds to Q`Œx; � �, from which we obtain the natural equivalence

�~w .An/' �.An/'
M
˛

Q�˛
�V˛

P Q`Œx�
�

'

M
˛

Q�˛
�
Hom

gr

An-Modgr;perf;~w

�V˛
P Q`Œx�;Q`Œx� Q`ŒSn�

��
'

M
˛

Q�˛
�
Hom

gr

An-Modgr;perf;~w

�V˛
P Q`Œx�;An

��
;

where we have implicitly picked an isomorphism of Sn-representations P ' P_. Moreover, the factor
.2˛; ˛/ in Q'˛ is to account for the degrees of � in An which are not there anymore in

V˛
P : these are

precisely the .Q0;A0/-degrees of homogeneous wedges of � of order ˛. Thus we have an equivalence of
functors

�~w '
M
˛

Q�˛
�
Hom

gr

An-Modgr;perf;~w

�V˛
P Q`Œx�;�

��
WAn-Modgr;perf;~w ! Vect~t ;grQ0 ;grA0 :

But now, the second functor has an extension to the whole of An-Modgr;perf , which is given byM
˛

Q�˛
�
Hom

gr

An-Modgr;perf

�V˛
P Q`Œx�;�

��
WAn-Modgr;perf ! VectgrQ0 ;grA0 :

The proof thus concludes by Lemma 5.1.2.

Definition 5.3.13 We define
�˛ WDHom

gr

An-Modgr;perf

�
Q`Œx�

V˛
P;�

�
WAn-Modgr;perf ! Vectgr;

�̨ WD �˛ ıwt' �˛ ıfinv� WAn-Modgr;perf ! Vectgr;fHH˛ WD �̨ ı tr W Hgr
n ! Vectgr :

Here wt is the weight complex functor of Ch
u;gr
G
' An-Modgr;perf , which is identified with finv� by

Proposition 5.3.4.

As a direct consequence of the direct sum decomposition of � in Proposition 5.3.12, we get the following
direct sum decompositions of � and fHH:

Corollary 5.3.14 We have the following equivalences of functors:

� '
M
˛

Q�˛ ı�˛; � '
M
˛

Q�˛ ı �̨ and fHH'M
˛

Q�˛ ıfHH˛:
5.3.15 Gradings By construction, for any integer ˛, Q�˛ sends a graded vector space of graded degree X

and cohomological degree C to an object of .Q0;A0;T 0/-degree .X C 2˛;X C ˛;C � X /. Written
multiplicatively (see also Section 5.2.4), this object has degree

Q0XC2˛A0XC˛T 0C�X
DQ02˛A0˛Q0X A0X T 0C�X

D a˛QX T C�X :
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In other words, the target of Q�˛ has a-degree ˛. Consequently, Q�˛ ı�˛ , Q�˛ ı �̨ , and Q�˛ ıfHH˛ all land in the
a-degree ˛ part. This justifies the notation given in Definition 5.3.13: �˛ , �̨ , and fHH˛ are the a-degree
˛ parts of � , � , and fHH, respectively.

Observe that the factor .2˛; ˛/ in Q'˛ is responsible precisely for the a-degree. In what follows, we will
treat each a-degree separately, and for each a-degree we will ignore the a-factor and consider only the
.Q;T /-degrees. Proposition 5.3.12 thus has the following reformulation:

Corollary 5.3.16 The a-degree ˛ part �˛ of � is given by Hom
gr

An-Modgr;perf

�V˛
P Q`Œx�;�

�
2 Vectgr,

where the degree .X;C / corresponds to .X;C �X / in the .Q;T /-grading. Here X is the graded degree
and C is the cohomological degree in Vectgr.

5.3.17 Identifying the functor � Our goal is now to show an analog of Corollary 5.3.16 for the
functor � appearing in (5.2.10). We already saw in Corollary 5.3.14 above that � is decomposed into a
direct sum of �˛ı�̨ . We will now show that the �̨ are corepresentable, except that now, the corepresenting
objects live in An-Modgr;coh �An-Modgr ' Ind.An-Modgr;perf/. In other words, they are corepresented
by ind-objects (which happen to be coherent)!

Recall the functor ftriv� WD Symn V Œ�1� triv� WAn-Modgr;perf !An-Modgr;coh;

where triv� sends a perfect An complex to a coherent object where � act by 0. This functor has a partially
defined right adjoint finv� WD Symn V _Œ1� inv� WAn-Modgr;perf !An-Modgr;perf ;

where An-Modgr;perf is naturally a full subcategory of An-Modgr;coh. This pair of partial adjoints comes
from the standard adjunction pair triv� a inv� between the Ind-completed categories An-Modgr D

Ind.An-Modgr;perf/ and Ind.An-Modgr;coh/.

Remark 5.3.18 (abuse of notation) In what follows, we will abuse notation and implicitly view objects
of An-Modgr;perf as living in An-Modgr;coh whenever necessary. For example, when c 2 An-Modgr;coh

and p 2An-Modgr;perf , we write

Hom
gr

An-Modgr;coh
.c;p/ WDHom

gr

An-Modgr;coh
.c; �perf,!cohp/;

where �perf,!coh WAn-Modgr;perf ,!An-Modgr;coh is the natural inclusion.

In view of Corollaries 5.3.14 and 5.3.16, we have the following analog of Proposition 5.3.12 for �:

Proposition 5.3.19 The a-degree ˛ part �̨ of � is given by

�̨ 'Hom
gr

An-Modgr;coh

�V˛
P Symn V Œ�1� Q`Œx�;�

�
WAn-Modgr;perf ! Vectgr;

where the degree .X;C / in Vectgr corresponds to .X;C �X / in the .Q;T /-grading. Here X is the graded
degree and C is the cohomological degree in Vectgr.
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Proof Using the adjunction ftriv� afinv� discussed above, for any M 2An-Modgr;perf , we have

�̨ .M /'Hom
gr

An-Modgr;perf

�V˛
P Q`Œx�;finv�M

�
'Hom

gr

An-Modgr;coh

�V˛
P ftriv� .Q`Œx�/;M

�
'Hom

gr

An-Modgr;coh

�V˛
P Symn V Œ�1� Q`Œx�;M

�
:

We are now ready to state the main theorem of this subsection, which is a direct consequence of the
results proved so far.

Theorem 5.3.20 The a-degree ˛ part fHH˛ of fHH is given byfHH˛'Hom
gr

An-Modgr;perf

�V˛
P Q`Œx�;finv� tr.�/�'Hom

gr

An-Modgr;coh

�V˛
P Symn V Œ�1� Q`Œx�; tr.�/

�
as functors H

gr
n ! Vectgr, where the degree .X;C / corresponds to .X;C �X / in the .Q;T /-grading ,

where X is the graded degree and C is the cohomological degree in Vectgr.

Proof This follows directly from the computation of �̨ in Proposition 5.3.19 and the fact that fHH˛ D
�̨ ı tr (see Definition 5.3.13 and Corollary 5.3.14).

Example 5.3.21 The a-degree ˛ part of the HOMFLY-PT link homology of the unlink of n components
is given by

Hom
gr

An-Modgr;perf

�V˛
P Q`Œx�;finv� tr.1/�'Hom

gr

An-Modgr;coh

�V˛
P Symn V Œ�1� Q`Œx�; tr.1/

�
;

where 1 is the monoidal unit of Hgr
n and where the Q and T gradings are given as in Theorem 5.3.20.

Now, recall that finv� tr.1/'An. The computation in the proof of Proposition 5.3.12 then shows that the
left-hand side of the equivalence above is simply

V˛
P Q`Œx�. The associated three-variable polynomial

is thus � nX
˛D0

�n

˛

�
a˛
�� 1X

lD0

Q2l

�n

D

�
1C a

1�Q2

�n

D

�
1C a

1� q

�n

:

5.4 HOMFLY-PT homology via Hilb.C2/

We will now finally establish the realization of HOMFLY-PT homology via Hilbert schemes of points
on C2. The main point is to transport Theorem 5.3.20 to the Hilbert scheme side via Koszul duality and
the result of Krug as encapsulated in Section 4.

5.4.1 Koszul duality We will now reformulate Theorem 5.3.20 using Koszul duality, which is an
equivalence of categories (4.1.7). We start with the following matching of objects:

Lemma 5.4.2 Under the equivalence of categories (4.1.7), we have the following matching of objects:

finvenh� �V˛
P Symn V Œ�1� Q`Œx�

�
'
V˛

P Q`Œx;y�'
V˛

P Sym.Vx Œ�2�˚V _y / 2Bn-Modgr;perf :
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Proof Directly from the construction (see also Section 4.1.5), we have

invenh� .Q`Œx�/'Q`Œx;y�:

Thus, finvenh� .Q`Œx�/ WD Symn V _Œ1� invenh� .Q`Œx�/' Symn V _Œ1� Q`Œx;y�:

Since all functors involved are linear over Q`ŒSn�-Modgr;perf , we get

finvenh� �V˛
P Symn V Œ�1� Q`Œx�

�
'
V˛

P Q`Œx;y� 2Bn-Modgr;perf :

Corollary 5.4.3 The a-degree ˛ part fHH˛ of fHH is given by the cohomology of

fHH˛.Rˇ/'Hom
gr

Bn-Modgr;perf

�V˛
P Q`Œx;y�;finvenh� .tr.Rˇ//

�
2 Vectgr;

where the degree .X;C / corresponds to .X;C �X / in the .Q;T /-grading. Here X is the graded degree
and C is the cohomological degree in Vectgr.

Proof This is simply Theorem 5.3.20 transported to Bn-Modgr;perf using the equivalence of categories
(4.1.7) and the matching of objects done in Lemma 5.4.2.

5.4.4 HOMFLY-PT homology via 2-periodized Hilbert schemes We will now relate HOMFLY-PT
homology and 2-periodized Hilbert schemes of points. Since there are now multiple gradings, we will
include them in the notation. Recall that on the Bn-Modgr;perf side, there are two sets of gradings: .X;Y /
and . zX ; zY /. Here X is the original grading coming from graded sheaves whereas Y is the extra grading
(to be “canceled out” by 2-periodization). Moreover, the . zX ; zY /-grading is related to the .X;Y /-grading
via a simple change of coordinates; see Sections 4.4.1 and 4.4.6.

Definition 5.4.5 We define

fHH2-per
˛ W Hgr

n !Q`Œˇ; ˇ
�1�-ModgrX ;grY DW VectgrX ;grY ;2-per� ' Vectgr zX ;gr zY ;2-per

by Q`Œˇ; ˇ
�1� fHH˛, where ˇ lives in cohomological degree �2 and .X;Y /-degree .0; 1/, and wherefHH˛ is viewed as a complex with two formal gradings by setting the Y -degree to 0 while keeping

the X -degree the same. See also Section 4.4.8 for the various definitions and grading conventions for
2-periodization.

We note that fHH2-per
˛ and fHH˛ contain the same amount of information. The introduction of 2-periodization

allows us to introduce a formal grading Y that is twice the cohomological degree. For example, the
Y D l part of H0.fHH2-per

˛ .�// is precisely H2l.fHH˛.�//. In this precise sense, we have Y D C 2 (in
multiplicative notation) if we use C to denote the cohomological degree. All the cohomology groups offHH˛ can then be recovered by looking only at H0 and H1 of fHH2-per

˛ .
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Theorem 5.4.6 [28, Conjecture 7.2(a)] We have the equivalence of functors from H
gr
n !Vectgr zX ;gr zY ;2-per

fHH2-per
˛ 'Hom

gr zX ;gr zY
Perf.Hilbn =G2

m/
2-per

��V˛
T
�2-per

; ‰2-per.finvenh� .tr.�//2-per/
�
;

where T is the tautological bundle on Hilbn. The . zX ; zY /-grading matches with the .q; t/-grading as
follows: zX D q and zY D

p
t . Moreover , the cohomological degree C on the right corresponds to

p
qt .

Note also that for any R2H
gr
n ,‰2-per.finvenh� .tr.R//2-per/2Perf.Hilbn =G2

m/
2-per
Hilbn;x

, ie it is supported along
the x-axis.

In particular , for any Rˇ 2 H
gr
n associated to a braid ˇ, there exists a natural

Fˇ WD‰
2-per.finvenh� .tr.Rˇ//

2-per/ 2 Perf.Hilbn =G
2
m/

2-per
Hilbn; Qx

such that the a-degree ˛ component of the HOMFLY-PT homology of ˇ is given by

Hom
gr zX ;gr zY
Perf.Hilbn =G2

m/
2-per

�V˛
T2-per;Fˇ

�
:

Proof For any R 2 H
gr
n , we have the natural equivalences

fHH2-per
˛ .R/ WDQ`Œˇ; ˇ

�1� fHH˛.R/
'Q`Œˇ; ˇ

�1� Hom
grX
Bn-Modgr;perf

�V˛
P Q`Œx;y�;finvenh� .tr.R//

�
'Hom

grX ;grY
).Bn-Modgr;perf/

�V˛
P Q`Œx;y�;finvenh� .tr.R//

�
'Hom

gr zX ;gr zY
zB
gr
n -Mod

gr zX
;gr zY

;2-per;perf

��V˛
T
�2-per

; .finvenh� .tr.R///2-per�
'Hom

gr zX ;gr zY
Perf.Hilbn =G2

m/
2-per

��V˛
T
�2-per

; ‰2-per.finvenh� .tr.R//2-per/
�
;

where the first follows from Corollary 5.4.3, the second from Lemma 4.4.2, the third from Corollary 4.4.5,
and the last from Theorem 4.4.15 and Corollary 4.5.6. Note that as before, we implicitly passed from
.X;Y /-grading to . zX ; zY /-grading.

For the matching of gradings, observe that zX k zY l DX 2kY kX�l DX 2k�lC 2k corresponds to

Q2k�lT 2k�2kCl
DQ2k�lT l

DQ2kQ�lT l
D qk.

p
t/l

in the .q; t/-degree. In other words, . zX ; zY /-grading corresponds to .q;
p

t/-grading precisely. Moreover,
cohomological degree 1, which is C , corresponds to

T DQQ�1T D
p

qt :

Remark 5.4.7 When decategorified, a term in cohomological degree 1 of fHH2-per
˛ contributes a factor

of �
p

qt . The sign is there because of the odd cohomological degree.
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Example 5.4.8 We now rephrase Example 5.3.21 in terms of 2-periodic complexes. By Definition 5.4.5,
the a-degree ˛ part of the 2-periodized HOMFLY-PT homology is given byfHH2-per

˛ DQ`Œˇ; ˇ
�1�

V˛
P Q`Œx�:

Since there’s no odd cohomological degree, the associated polynomial is extracted from

H0.fHH2-per
˛ /'

V˛
P Q`Œˇx�;

where ˇx has cohomological degree 0 and .X;Y /-degree .2; 1/, or equivalently . zX ; zY /-degree .1; 0/,
which is the same as .q; t/-degree .1; 0/. The associated polynomial is thus� nX

˛D0

�n

˛

�
a˛
�� 1X

lD0

ql

�n

D

�
1C a

1� q

�n

:

5.5 Matching the actions of Q`Œx�Sn

In [28, Section 5.1], an action of the variables x (or equivalently, Qx, depending on whether we are working
with the sheared or the 2-periodized version) on HHH is constructed. In particular, symmetric functions
on x (or equivalently, Qx) also act. On the other hand, by construction, the geometric realization of fHH2-per

via Hilbert schemes in Theorem 5.4.6 automatically equips it with an action of Q`Œ Qx; Qy�
Sn DH0.Hilbn;O/.

In particular, it admits an action of Q`Œ Qx�
Sn �Q`Œ Qx; Qy�

Sn .

This subsection is dedicated to showing the following result, whose proof will conclude in Section 5.5.16:

Theorem 5.5.1 (part of [28, Conjecture 7.2(b)]) The two actions above coincide.

The proof is a simple matter of chasing through the construction. To keep the main ideas evident, we
will elide the difference between sheared and 2-periodic versions. For example, we will pass seamlessly
between x;y and Qx; Qy.

The argument can be most conceptually and conveniently phrased in terms of module categories. For
example, instead of saying that a (graded) commutative ring R acts on objects of a (Vectgr-module)
category C, we formulate everything in terms of the symmetric monoidal category O D R-Mod (or
O D R-Modgr) acting on C itself. Then the core of the argument revolves around observing that all
functors involved are linear over O.

5.5.2 Module categories and actions of a commutative ring We start with some generalities regarding
module categories and actions of commutative rings.

Let O and O0 be compactly generated rigid symmetric monoidal categories equipped with a symmetric
monoidal functor F W O! O0 and a right adjoint G, which is necessarily right-lax symmetric monoidal.
The symmetric monoidal functor F equips O0 with the structure of an O-module category. F can thus
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be written as F D � 1O0 . The functor G can thus be written as G ' HomO
O0.1O0 ;�/, where the

superscript O in Hom denotes the O-enriched Hom. See [31, Appendix A.2.6] for a quick review on
enriched Hom-spaces.

Lemma 5.5.3 Let O and O0 be as above , and C an O0-module category. Then , for any c1; c2 2 C,
HomO

C .c1; c2/ has a natural EndOO0.1O0/-module structure. Moreover , this module structure is compatible
with

(i) O0-linear functors: if F W C!D is a morphism of O0-module categories , then HomO
C .c1; c2/!

HomO
D.F.c1/;F.c2// is a morphism of modules over EndOO0.1O0/;

(ii) the restriction of structure via a symmetric monoidal functor F 0 W O0 ! O00: if the O0-module
structure on C comes from restricting an O00-module structure , then the EndOO0.1O0/-module struc-
ture on HomO

C .c1; c2/ is obtained by restriction of scalars along the commutative algebra map
EndOO0.1O0/! EndOO00.1O00/.

Proof We have HomO0

C .c1; c2/ 2 O
0, and thus it naturally has a module structure over 1O0 . Since G is

right-lax symmetric monoidal, G HomO0

C .c1; c2/ has a natural module structure over G.1O0/'EndOO0.1O0/.
But, by adjunction, G HomO0

C .c1; c2/'HomO
C .c1; c2/ and we are done.

The second part regarding various compatibilities is an easy diagram chase.

Lemma 5.5.4 Let O, O0, and C be as above. Then for any c there is a natural map of algebra objects in O

'c W End
O
O0.1O0/! EndOC .c/:

Moreover , this map is compatible with O0-linear functors and with restriction of structure via a symmetric
monoidal functor O0! O00.

Proof EndO
0

C .c/ is an algebra object in O0, and hence it receives a natural algebra map from 1O0 since
1O0 is the initial algebra object. Applying G to this map, we obtain the desire map of algebras in O.

The second part follows from Lemma 5.5.3.

Remark 5.5.5 In the case where OD Vect (resp. OD Vectgr), Lemma 5.5.4 states that any object c 2 C

admits a natural action (resp. a graded action) of EndO0.1O0/ (resp. EndgrO0.1O0/).

Corollary 5.5.6 Let O, O0, and C be as above. Then for any c1; c2 2 C the action of EndOO0.1O0/ on
HomO

C .c1; c2/ factors through EndOC .c1/
rev and EndOC .c2/. Here the superscript rev denotes the reverse

multiplication.

Proof Since 1O0 is the initial algebra object in O0, the action of 1O0 on HomO0

C .c1; c2/ factors through
the natural actions of EndO

0

C .c1/
rev and EndO

0

C .c2/. Applying G, we obtain the desired conclusion.

In what follows, we will apply the statements above to the case where O0DR-Modgr for some commutative
ring R and ODVectgr. Moreover, F is the functor of taking free R-modules and G is the forgetful functor.
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Remark 5.5.7 In the situations that we are interested in, the functor F and all the actions (in various
module category structures) are compact preserving. Note, however, that G does not preserve compactness.
Thus, when working with the small full subcategory spanned by compact objects, Lemmas 5.5.3 and 5.5.4
and Corollary 5.5.6 still apply, except that the enriched Homs are not necessarily compact.

5.5.8 The action of Q`Œx� on HHH We will now recast the action of Q`Œx� on HHH as described in
[28, Section 5.1] in the categorical language above. To start, observe that Hgr

n ' Shvgr;c.BB �BG BB/

has an action of Shvgr;c.BB �BB/'Q`Œx�
2-Modgr;perf where the two factors act on the left and the

right, respectively. The usual action of Q`Œx�
2 on any R 2 H

gr
n (ie any Soergel bimodule) can thus be

recovered from Lemma 5.5.3. Note also that the commutative diagram

BB �BG BB BB

BB BG

implies that the induced actions of Shvgr;c.BG/' C�gr.BG/-Modgr;perf 'Q`Œx�
Sn-Modgr;perf via these

two actions (on the left and right) agree. In particular, the two actions of C�gr.BG/ on any R2H
gr
n obtained

from restricting the two actions of C�gr.BB/ along C�gr.BG/! C�gr.BB/ agree; see also [28, Lemma 5.1].

5.5.9 Reducing to the weight heart By construction HHH is obtained by applying Hochschild homology
termwise (via the weight complex functor) to an element R 2 H

gr
n . This was formulated geometrically in

Section 5.2.1. Since all the categorical actions are weight exact, for the purpose of describing the action
of Q`Œx� on HHH, we can assume that R 2 H

gr;~w
n and forget about the weight complex functor. The

action of Q`Œx�'C�gr.BB/ on HHH.R/ can thus be obtained by applying Lemma 5.5.3 where ODVectgr,
O0 D Shvgr.BB/ren, CD Shvgr.G=B/

ren, c1 DQ`;G=B , and c2 D p�R. Indeed, this is because HHH.R/

is given by (the cohomology of)

C�gr.BB; ��p
�R/'Hom

gr

Shvgr;c.G=B/
.Q`;G=B;p

�R/:

5.5.10 The action of Q`Œx�Sn on HHH We can restrict the action of Q`Œx� on HHH to Q`Œx�
Sn �Q`Œx�

and obtain an action of Q`Œx�
Sn , which is the action described in [28]. We will now realize this action

more geometrically. We start with the following result:

Lemma 5.5.11 For R 2 H
gr;~w
n , the action of Q`Œx�

Sn D C�gr.BG/ on

HHH.R/D H�.Hom
gr

Shvgr;c.G=B/
.Q`;p

�R//

is given by the Shvgr;c.BG/-module structure on Shvgr;c.G=B/ via Lemma 5.5.3, where the former acts
via pulling back along G=B! BB! BG.
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Proof By definition, the C�gr.BG/-action is given by restricting along C�gr.BG/ ! C�gr.BB/. The
result thus follows by applying Lemma 5.5.3(ii) to the case where O D Vectgr, O0 D Shvgr.BG/ren,
O00 D Shvgr.BB/ren, CD Shvgr.G=B/

ren, c1 DQ`;G=B , and c2 is p�R.

Lemma 5.5.12 For R 2 H
gr;~w
n , the action of C�gr.BG/ on HHH.R/ described above agrees with the one

coming from the Shvgr;c.BG/-module structure on Shvgr;c.G=G/ via Lemma 5.5.3 and the equivalence

HHH.R/D H�.Hom
gr

Shvgr;c.G=G/
.Q`;G=G ; q�p

�R//' H�.Hom
gr

Ch
u;gr
G

.Q`;G=G ; tr.R///:

Proof Consider the (non-Cartesian) commutative square

G=B

BB �BG BB G=G

BG

p q

where p and q form the horocycle correspondence. Note that p� and q� are Shvgr;c.BG/-linear. By
rigidity of Shvgr;c.BG/, p� and q� are also Shvgr;c.BG/-linear. But now, we have a natural equivalence

Hom
Shvgr.BG/ren

Shvgr.G=B/ren
.Q`;p

�R/'Hom
Shvgr.BG/ren

Shvgr.G=B/ren
.q�Q`;p

�R/

'Hom
Shvgr.BG/ren

Shvgr.G=G/ren
.Q`; q�p

�R/ 2 Shvgr;c

�
G

G

�
� Shvgr

�
G

G

�ren
:

The proof concludes by applying Hom
gr

Shvgr;c.G=G/
.Q`;�/ as in Lemma 5.5.3 and using Lemma 5.5.11.

The action above has a more explicit description in terms of Theorem 3.3.4. We start with the following
result:

Lemma 5.5.13 We have an equivalence of Q`Œx�
Sn-Modgr;perf-module categories (or equivalently, of

Shvgr;c.BG/-module categories)

Hom
gr

Ch
u;gr
G

.Spr
gr
G
;�/ W Ch

u;gr
G

'
�!Q`Œx; � � Q`ŒSn�-Modgr;perf ;

where the Shvgr;c.BG/-module structure on the left-hand side is inherited from the embedding Ch
u;gr
G

,!

Shvgr;c.G=G/ and where the C�gr.BG/-Modgr;perf-module structure on the right-hand side comes from the
natural morphism of algebras

.5.5.14/ Q`Œx�
Sn ' C�gr.BG/' End

gr

Shvgr;c.BG/
.Q`/! End

gr

Ch
u;gr
G

.Spr
gr
G
/'Q`Œx; � � Q`ŒSn�

given by Lemma 5.5.4. Moreover , this morphism of algebra is the obvious one , given by the embedding
of symmetric polynomials on x to all polynomials.
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Proof Instead of running the proof of Theorem 3.3.4 relatively over Vectgr, we could have run it relatively
over Shvgr.BG/ren. Then we obtain an equivalence of Shvgr.BG/ren-module categories (or equivalently,
of Q`Œx�

Sn-module categories)

Ch
u;gr;ren
G

'
�!Q`Œx; � � Q`ŒSn�-Mod.Shvgr.BG/ren/'Q`Œx; � � Q`ŒSn�-Mod.Q`Œx�

Sn-Mod/;

where the category on the right-hand side is formed using the natural morphism of algebras (5.5.14), by
Corollary 5.5.6. Note also that the equivalence of categories in Theorem 3.3.4 is obtained by further
composing with the forgetful functor

Q`Œx; � � Q`ŒSn�-Mod.Shvgr.BG/ren/'Q`Œx; � � Q`ŒSn�-Mod.Q`Œx�
Sn-Mod/

forgetful
�����!Q`Œx; � � Q`ŒSn�-Mod.Vectgr/'Q`Œx; � � Q`ŒSn�-Modgr :

Now, observe that the forgetful functor is in fact an equivalence of categories. The proof of the first part
thus concludes.

We will compute the morphism (5.5.14) explicitly, as stated in the last sentence of the lemma. Consider
the following (non-Cartesian) commutative diagram:

B=B G=G

BB BG

h

q

h

q

Now, applying Lemma 5.5.4 and the fact that Sprgr
G
' q�Q`, we see that the natural algebra morphism

C�gr.BG/' End
gr

Shvgr;c.BG/
.Q`/! End

gr

Shvgr;c.G=G/
.Spr

gr
G
/

factors as

C�gr.BG/ C�gr.BB/ End
gr

Shvgr;c.B=B/
.Q`/ End

gr

Shvgr;c.G=G/
.Spr

gr
G
/

Q`Œx�
Sn Q`Œx� Q`Œx; � � Q`Œx; � � Q`ŒSn�

where the maps in the bottom row are the obvious ones. The commutativity of the third square is due to
Theorem 3.2.1(iii). The commutativity of the other two squares is obvious. The desired statement then
follows from the commutativity of the outer square in the diagram above.

We obtain the following refinement of Theorem 4.4.15:

Corollary 5.5.15 We have an equivalence of Q`Œ Qx�
Sn-Modgr zX ;gr zY ;2-per;perf-module categories

)Ch
u;gr
G
' zBgr

n -Mod
gr zX ;gr zY ;2-per
nilp Qy

‰2-per

'
���! QCoh.Hilbn =G

2
m/

2-per
Hilbn; Qx

;

where the Q`Œx�
Sn-Modgr zX ;gr zY ;2-per;perf-module category structure on the first two (resp. last) categories

(resp. category) is given by Lemma 5.5.13 (resp. by the Hilbert–Chow map and forgetting the Qy-variables).

Similarly, we have the corresponding statement for the small category variant by passing to the full
subcategories of compact objects.
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Proof Lemma 5.5.13 above, combined with Koszul duality, implies that we have an equivalence of
Q`Œ Qx�

Sn-Modgr zX ;gr zY ;2-per;perf-module categories

)Ch
u;gr;ren
G

' zBgr
n -Mod

gr zX ;gr zY ;2-per
nilp Qy

;

where on the right, the module structure is induced by the algebra map

Q`Œ Qx�
Sn !Q`Œ Qx; Qy�

Sn !Q`Œ Qx; Qy� Q`ŒSn�DW zB
gr
n ;

which is geometrically realized as coming from the natural morphism

A2n=Sn!A2n==Sn!An==Sn:

The commutative diagram (4.2.2) implies that ‰2-per is linear over Q`Œ Qx; Qy�
Sn-Modgr zX ;gr zY ;2-per (see also

[35, Remark 3.11]), where the Q`Œ Qx; Qy�
Sn-Modgr zX ;gr zY ;2-per-module category structure is given by the

Hilbert–Chow morphism Hilbn!A2n==Sn. In particular, ‰2-per is linear over Q`Œ Qx�
Sn-Modgr zX ;gr zY ;2-per.

Thus we obtain an equivalence of Q`Œ Qx�
Sn-Modgr zX ;gr zY ;2-per-module categories

zBgr
n -Mod

gr zX ;gr zY ;2-per
nilp Qy

‰2-per

'
���! QCoh.Hilbn =G

2
m/

2-per
Hilbn; Qx

:

5.5.16 Completing the proof of Theorem 5.5.1 In Lemma 5.5.12, we show that the action of Q`Œx�
Sn on

HHH as given in [28] comes from the Shvgr;c.BG/-module category structure on Ch
u;gr
G

. In Lemma 5.5.13,
we show that this module category structure is induced by an explicit map of algebras, which is then used
in Corollary 5.5.15 to show that this module structure is compatible with the one on the Hilbert scheme
side, where the structure is induced by the Hilbert–Chow morphism. But now, this structure is responsible
for the geometric construction of the action of Q`Œx�

Sn on HHH and the proof concludes.

5.6 The support of Fˇ on Hilbn

We will now show that for a braid ˇ, the support of Fˇ on Hilbn, where Fˇ is as in Theorem 5.4.6, can
be bounded above using the number of components of the link associated to ˇ. This is the content of
[28, Conjecture 7.2(b) and (c)]. Unlike what is implied over there, however, we do not deduce this as a
consequence of Theorem 5.5.1. The obstacle is that Theorem 5.5.1 is a statement about global sections of
a sheaf, whereas the statement we are after is one about the support before taking global sections, which
is more local in nature. The route we take is thus via the theory of supports as developed in [3; 10], which
is inherently local.

As in the previous subsection, to keep the exposition light, we will elide the difference between the
2-periodic and sheared versions of the various categories involved, passing seamlessly between, for
instance, x;y and Qx; Qy.

5.6.1 Subspaces of Hilbn and supports of Fˇ We start with some notation regarding various subspaces
of Hilbn which will appear as supports of Fˇ.
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Definition 5.6.2 (i) For ˇ 2 Brn a braid on n strands, we define wˇ 2 Sn to be the corresponding
permutation.

(ii) For each w 2 Sn, we let A2n
w �A2n denote the closed subscheme of A2n defined by the relations

xi D x0
w.i/

, where x1; : : : ;xn;x
0
1
; : : : ;x0n are the coordinates of the A2n.22

(iii) We let An
w WD A2n

w �A2n An be the closed subscheme of the diagonal An, where An ! A2n is
the diagonal map. Alternatively, if we let the xi denote the coordinates of the diagonal An, then An

w is
defined by the relations xi D xw.i/.

(iv) For each w 2 Sn, we let xw denote its conjugacy class, .An
xw/==Sn � An==Sn the image of An

w in
An==Sn, and An

xw �An the preimage of .An
xw/==Sn in An. In other words, An

xw is the orbit of An
w under the

Sn action and An
xw==Sn its GIT quotient.

(v) For each w 2 Sn, we let Hilbn; xw � Hilbn denote the preimage of An
xw==Sn under Hilbn!A2n==Sn!

An==Sn, where the first map is the Hilbert–Chow map and the second map is the projection onto the first
factor.

(vi) For each w 2 Sn, we let Hilbn; Qx; xw be the closed subscheme of Hilbn fitting in the Cartesian square

Hilbn; Qx; xw Hilbn; Qx Hilbn

An
xw==Sn An==Sn A2n==Sn

where the bottom right horizontal map is induced by An 'An � f0g !A2n. Equivalently, Hilbn; Qx; xw D

Hilbn; Qx \Hilbn; xw.

Note that all of these subschemes are stable under the scaling action of Gm. It thus makes sense to talk
about Gm-equivariant (quasi)coherent sheaves on these spaces.

Remark 5.6.3 Since these schemes are used for the sole purpose of making statements about set-
theoretical supports of (quasi)coherent sheaves, any possible nonreduced or derived structure is not
relevant to us. For definiteness, we take the underlying reduced classical schemes if any nonreduced or
derived structure is present.

With the definitions in place, we are now ready to state the main result of this subsection, whose proof
will conclude in Section 5.6.12 below.

Theorem 5.6.4 [28, Conjecture 7.2(b) and (c)] Let ˇ be a braid on n strands and wˇ 2 Sn the associated
permutation. Then Fˇ 2 Perf.Hilbn =G2

m/
2-per
Hilbn; Qx

(see Theorem 5.4.6) is set-theoretically supported on
Hilbn; Qx; xwˇ , ie Fˇ 2 Perf.Hilbn =G2

m/
2-per
Hilbn; Qx; xwˇ

.
22Note that A2n

w has dimension n; the superscript is simply to indicate that it is a closed subscheme of A2n.
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5.6.5 Support in DG-categories As in Section 5.5, the proof is most conceptually explained in terms
of module category structures. These structures are naturally in contact with support conditions in the
sense of Arinkin and Gaitsgory in [3].

More precisely, let ODA-Modgr;perf be a symmetric monoidal category where A is a graded commutative
(DG) algebra and C an O-module category. Consider the commutative algebra AD

L
n H2n.A/ which is

doubly graded. Equivalently, SpecA is equipped with an action of G2
m. Then, for any G2

m-invariant closed
subset Y of SpecA, [3] defines the full subcategory CY of C consisting of objects supported along Y .

The algebras A in our cases are of the forms C�gr.BB � BB/ ' Q`Œx;x
0�, C�gr.BB/ ' Q`Œx�, and

C�gr.BG/ ' Q`Œx�
Sn , which are pure and concentrate in only even degrees. The two Gm actions thus

coincide, and moreover the algebra A is simply a shear of A. We can therefore ignore one of the gradings
and the closed subsets Y we will consider are simply Gm-invariant closed subsets of A2n, An, and An==Sn.
These are precisely the ones that appear in Definition 5.6.2.

Remark 5.6.6 Since these are the only cases that we are interested in, we will assume that all of our
commutative graded DG-algebras A used to study supports are pure and concentrated in even degrees.

Remark 5.6.7 Strictly speaking, [3] works with big categories whereas we formulate everything using
small categories. This is not a problem, however, since all of our categories are compactly generated and
all actions are compact preserving. Alternatively, we could formulate everything using big categories by
working with, for example, Hgr;ren

n and Shvgr.BG/ren, etc. We chose not to do so since, for example, Hgr
n

is a much more familiar object than H
gr;ren
n .

5.6.8 Supports of Rouquier complexes We will now formulate the support conditions satisfied by
Rouquier complexes. Recall that for a braid ˇ on n strands, we use Rˇ 2 H

gr
n to denote the associated

Rouquier complex. As seen above, Hgr
n WD Shvgr;c.BB �BG BB/ has a natural module category structure

over Shvgr;c.BB�BB/'Q`Œx;x
0�-Modgr;perf . By [3, Section 3.5 and E.3.2], it makes sense to talk about

the support of any element in H
gr
n relative to Q`Œx;x

0�-Modgr;perf . More precisely, given any conical closed
subset Y �A2n (with respect to the usual scaling action of Gm), we can talk about the full subcategory

.Hgr
n /Y ' Hgr

Shvgr;c.BB�BB/ Shvgr;c.BB �BB/Y ' Hgr
Q`Œx;x0�-Modgr;perfQ`Œx;x

0�-Mod
gr;perf
Y

,! Hgr
n

of objects supported on Y .

The main computational input is the following result:

Proposition 5.6.9 Let ˇ 2 Brn be a braid on n strands. Then Rˇ 2 H
gr
n is supported on A2n

wˇ
with respect

to the action of Shvgr;c.BB �BB/ on H
gr
n .

Proof This is essentially [28, Theorem 5.2] but formulated in a more “local” way. For the sake of
completeness, let us also sketch a more geometric proof, which follows the usual strategy. Namely, we
decompose ˇ into a product of simple crossings.
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We thus start with the case of a single simple crossing ˇi . Then wˇi
is a simple permutation. Consider

the stack BnBwˇi
B=B. Observe that

C�gr.BnBwˇi
B=B/'Q`Œx;x

0�=.xk �xwˇi
.k//;

and hence,
Shvgr;c.BnBwˇi

B=B/'Q`Œx;x
0�=.xk �xwˇi

.k//-Modgr;perf :

Consequently, any object in Shvgr;c.BnBwˇi
B=B/ is supported on A2n

wˇi
, relative to

C�gr.BB/ C�gr.BB/-Modgr;perf ' Shvgr;c.BB �BB/:

Now, let jwˇi
W BnBwˇi

B=B! BnG=B. Then by rigidity of Shvgr;c.BB �BB/,

jwˇi
;�; jwˇi

;! W Shvgr;c.BnBwˇi
B=B/! Shvgr;c.BnG=B/

are linear over Shvgr;c.BB �BB/, and hence they both preserve supports. In particular, the Rouquier
complexes Rˇi

and Rˇ�1
i

are both supported on A2n
wˇi

.

For a general braid ˇ, we write ˇ D ˇ1 : : : ˇm. Then Rˇ is obtained using the usual convolution diagram
for Hecke categories. The proof concludes by applying [3, Proposition 3.5.9] to the convolution diagram
realizing Rˇ as a product of Rˇi

.

5.6.10 The support of tr.Rˇ/ The rest of the proof of Theorem 5.6.4 is straightforward and follows
essentially the same strategy as the one used in Section 5.5. Namely, it amounts to transporting the
support condition on Rˇ established in Proposition 5.6.9 around to Ch

u;gr
G

and then to Hilbn. We will now
consider the first part.

Corollary 5.6.11 Let Rˇ be the Rouquier complex associated to a braid ˇ. Then the support of
tr.Rˇ/ 2 Ch

u;gr
G

, relative to Shvgr;c.BG/'Q`Œx�
Sn-Modgr;perf , lies inside An

xw==Sn.

Proof Recall that trD q!p
�, where p and q are given in the following diagram:

BB �BG BB G=B G=G

BB �BB BB BG

p q

Applying [3, Proposition 3.5.9] and the fact that supports are preserved under functors compatible
with module category structures, we see that p�Rˇ has support in An

wˇ
WD A2n

wˇ
�A2n An relative to

Shvgr;c.BB/, as a consequence of Proposition 5.6.9. Applying [3, Proposition 3.5.9] again, we see that
p�Rˇ has support An

xwˇ
==Sn relative to Shvgr;c.BG/. Now, the proof concludes by using the fact that q!

is Shvgr;c.BG/-linear.

5.6.12 Completing the proof of Theorem 5.6.4 First, recall that in geometric settings, ie when all
categories involved are QCoh of Artin stacks of finite type and module category structures are given by
pulling back along morphisms of stacks, categorical support in the sense above agrees with the usual
notion of set-theoretic support. Thus it suffices to show that the sheaf Fˇ is supported on An

xwˇ
==Sn relative
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to An==Sn. Indeed, this is equivalent to stating that Fˇ is set-theoretically supported on Hilbn; xw � Hilbn,
and hence also on Hilbn; Qx; xw D Hilbn; Qx \Hilbn; xw since Fˇ is known to have support on Hilbn; Qx by
Theorem 5.4.6 already.

But now, by Corollary 5.5.15 and, again, the fact that supports are preserved by functors that are
compatible with the module category structures, this support condition is equivalent to the one proved in
Corollary 5.6.11 above.
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Asymptotically Calabi metrics and weak Fano manifolds

HANS-JOACHIM HEIN

SONG SUN

JEFFREY VIACLOVSKY

RUOBING ZHANG

We show that any asymptotically Calabi manifold which is Calabi–Yau can be compactified complex
analytically to a weak Fano manifold. Furthermore, the Calabi–Yau structure arises from a generalized
Tian–Yau construction on the compactification, and we prove a strong uniqueness theorem. We also give
an application of this result to the surface case.

53C21, 53C25, 53C55; 14J32, 14J45

1 Introduction

This paper is concerned with the Tian–Yau construction [35] of complete Ricci-flat Kähler metrics on the
complement of a smooth anticanonical divisor in a smooth Fano manifold. We begin by describing their
geometry at infinity.

1.1 Asymptotically Calabi metrics

We begin by defining the asymptotic models for the metrics constructed in [35]. Let D be an .n�1/-
dimensional compact Kähler manifold with trivial canonical bundle and let L! D be an ample line
bundle. Define

(1-1) deg.L/D
Z

D

c1.L/
n�1;

and fix a nowhere vanishing holomorphic .n�1/-form �D on D satisfying

(1-2) 1

2

Z
D

.
p
�1/.n�1/2�D ^�D D .2�c1.L//

n�1:

Using Yau’s resolution [37] of the Calabi conjecture, there exists a unique Ricci-flat Kähler metric
!D 2 2�c1.L/ with

(1-3) !n�1
D D

1
2
.
p
�1/.n�1/2�D ^�D :
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2548 Hans-Joachim Hein, Song Sun, Jeffrey Viaclovsky and Ruobing Zhang

There exists a unique hermitian metric h on L whose curvature form is �
p
�1!D , up to scaling. Fixing

a choice of h, the Calabi model space is the subset C of L consisting of all elements � with 0< j�jh < 1.
We next define a nowhere vanishing holomorphic volume form �C and a Ricci-flat Kähler metric !C

which is incomplete as j�jh! 1 and complete as j�jh! 0. Let p WC!D denote the bundle projection and
Z be the holomorphic vector field generating the natural C�-action on the fibers of p. The holomorphic
volume form �C is uniquely determined by the equation

(1-4) Zy �C D p��D ;

and the metric !C is given by the Calabi ansatz

(1-5) !C D
n

nC 1

p
�1 @x@.�log j�j2h/

.nC1/=n;

which satisfies the complex Monge–Ampère equation

!n
C D

1
2
.
p
�1/n

2

�C ^�C;

hence is Ricci-flat. The function z D .�log j�j2
h
/1=n is the !C-moment map for the natural S1-action

on L. It is easily verified that the !C-distance function r to a fixed point in C satisfies

(1-6) r�1z.nC1/=2
D C C o.1/ as z!1:

We will consider Kähler manifolds with trivial canonical bundle which will be denoted by .X; I; !;�/,
where X is a smooth manifold of real dimension 2n, I is a complex structure, ! is a Kähler form, and
� is a holomorphic volume form. We say that .X; I; !;�/ is a Calabi–Yau structure if it satisfies the
complex Monge–Ampère equation

(1-7) !n
X D �

n
�

1
2
.
p
�1/n

2

��X ^�X

for some constant � > 0. We are interested in Calabi–Yau structures which are asymptotic to the above
Calabi model spaces. More precisely, we make the following definition.

Definition 1.1 A Calabi–Yau structure .X; IX ; !X ; �X / is asymptotically Calabi if there exists ı > 0,
a Calabi model space C, and a diffeomorphism ˆ W C nK0 ! X nK, where K � X is compact and
K0 D

˚
j�jh > 1

2

	
, such that for all k 2N0, the following hold uniformly as z!C1:

jr
k
gC
.ˆ�IX � IC/jgC DO.e�ız

n=2

/;(1-8)

jr
k
gC
.ˆ��X ��C/jgC DO.e�ız

n=2

/;(1-9)

jr
k
gC
.ˆ�!X �!C/jgC DO.e�ız

n=2

/:(1-10)

Remark 1.2 The decay assumption on the error terms is the natural one since harmonic functions on the
Calabi model space have this type of decay; see [19; 32].

Our main theorem is the following.
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Theorem 1.3 Any Calabi–Yau structure .X; I; !;�/ which is asymptotically Calabi can be compactified
complex analytically to a weak Fano manifold X . Furthermore , the Calabi–Yau structure arises from a
generalized Tian–Yau construction on X and ! is the unique Calabi–Yau metric with respect to .I; �/
satisfying (1-10) and representing Œ!� 2H 2.X /.

The above theorem solves a particular case of Yau’s conjecture in [38]. We give a precise description
of this generalized Tian–Yau construction in Section 2. The main step in the proof is to show that for
a certain choice of a parallel complex structure I , the underlying complex manifold of an Calabi–Yau
asymptotically Calabi metric can be compactified to a weak Fano manifold. This involves producing
holomorphic functions with controlled growth at infinity, which is typically done using weighted Fredholm
theory. This strategy runs into trouble due to the fact that, in the Tian–Yau construction, the decay rate of
the metric is much slower than the decay rate of the complex structure. To overcome this difficulty, our
strategy is based on the L2-estimates in several complex variables pioneered by Hörmander [21]. The
proof of Theorem 1.3 can be found in Section 2. We also have the following corollary. Recall the index
of X is the largest integer k such that K�1

X
DH k for some line bundle H .

Corollary 1.4 Let .X n; I; !;�/ be a Calabi–Yau structure which is asymptotically Calabi. Then �1.X /

is a cyclic group with order the index of X . Furthermore , there exists a constant C.n/, depending only
upon n, such that deg.L/6 C.n/.

This degree bound is remarkable because in Definition 1.1, deg.L/ could a priori be any integer, but if
C occurs at infinity for a Calabi–Yau asymptotically Calabi metric, then deg.L/ must be bounded. The
proof of this degree bound uses Theorem 1.3 and deep results in birational geometry.

1.2 The surface case

A gravitational instanton is by definition a complete noncompact hyperkähler 4-manifold .X;g;!/ with
square-integrable curvature. By the results of the recent paper by Sun and Zhang [33], a gravitational
instanton is always asymptotic to a model end. Accordingly, gravitational instantons can be classified
into 6 families: ALE, ALF, ALG, ALH, ALG�, ALH�. There has been extensive work, much of it quite
recent, on classifying the 6 families completely; see Chen and Chen [3; 2; 4], Chen and Viaclovsky [5],
Kronheimer [25] and Minerbe [27]. The results in this paper are relevant to the ALH� family. This
has the unique intriguing feature that its members have fractional asymptotic volume growth; indeed,
the volume growth exponent of an ALH� model end is 4

3
. Gravitational instantons of type ALH� also

appear as singularity models in polarized degenerations of K3 surfaces; see Hein, Sun, Viaclovsky and
Zhang [19] and Sun and Zhang [31]. Their precise definition can be found in Section 3.

There are two known mathematical constructions of ALH� gravitational instantons. Both of them come
with a preferred choice of complex structure, and are based on solving a complex Monge–Ampère equation
on a quasiprojective surface with trivial canonical bundle. First, we have the Tian–Yau construction [35],
which involves the complement of a smooth anticanonical divisor in a del Pezzo surface. Second, we

Geometry & Topology, Volume 29 (2025)



2550 Hans-Joachim Hein, Song Sun, Jeffrey Viaclovsky and Ruobing Zhang

have the construction of Hein [18], which involves the complement of a singular fiber of Kodaira type Ib

in a rational elliptic surface. Our next theorem relates the complex structures involved in these two
constructions.

Theorem 1.5 Let .X;g;!/ be an ALH� gravitational instanton.

(i) Letting I denote the complex structure corresponding to !1, then .X; I/ is biholomorphic to weak
del Pezzo surface X minus a smooth anticanonical elliptic curve. Furthermore , the hyperkähler
structure arises from a generalized Tian–Yau construction on this compactification and is the
unique Calabi–Yau metric with respect to .I; �D!2C

p
�1!3/ satisfying (1-10) and representing

Œ!1� 2H 2.X /.

(ii) Letting J denote the complex structure corresponding to I2, then .X;J / compactifies to a rational
elliptic surface S with a global section by adding F , a Kodaira type Ib fiber of multiplicity 1. The
2-form �D !2C

p
�1!3 is a rational 2-form on S with a simple pole along F .

The proof of Theorem 1.5 will be given in Section 3 and is our originally intended proof of some claims
made in [19, Remark 2.4]. The main ingredients in the proof are Theorem 1.3, the decay estimates of
[19, Section 3], and the analysis of harmonic functions on asymptotically Calabi spaces of [19, Section 4].
We also note that in the meantime Collins, Jacob and Lin [8, Theorem 1.3] have proved, using an entirely
different method, that a Tian–Yau space can be compactified to a rational elliptic surface.
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was partially supported by NSF grants DMS-1811096 and DMS-2105478. Zhang was partially supported
by NSF grants DMS-1906265 and DMS-2304818. Finally, the authors thank the referee for their careful
reading of the paper, and for their questions and comments which improved the exposition of the paper.

2 Compactification to weak Fano manifold

In this section, we give the proof of Theorem 1.3. Let .X; I; !;�/ be a complete Calabi–Yau manifold
that is asymptotically Calabi. We identify X nK smoothly with a Calabi model space C nK0, where
K0 D fz 6 z0g for some z0� 0, and assume that (1-8)–(1-10) are satisfied. Let �0 � zn � ızn=2, for
some ı 2

�
0; 1

2

�
to be chosen later. Then

(2-1) ddc
C�0 D�dJC d�0 D�d

��
nzn�1

�
1
2
nızn=2�1

�
JC dz

�
D d

��
n� 1

2
nız�n=2

�
�
�

D
�
n� 1

2
nız�n=2

�
d� C ı

�
1
2
n
�2

z�n=2�1 dz ^ �;
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where � ��zn�1JCdz. Note also that

!D D
p
�1@x@.�log k�k2h/D

p
�1@x@.zn/D 1

2
n d�;(2-2)

!C D
n

nC 1

1

2
ddc

CznC1
D�

n

2.nC 1/
dJC dznC1

D�
1
2
n d.znJ dz/D 1

2
n d.z�/

D
1
2
n.z d� C dz ^ �/:

(2-3)

Then for z1� z0,

(2-4) ddC�0 D z�n=2�1
��

nzn=2C1
�

1
2
n ız

�
d� C ı

�
1
2
n
�2

dz ^ �
�

D z�n=2�1
��

nzn=2C1
�

1
2
n ız� .n=2/2ız

�
d� C ı

�
1
2
n
�2
.z d� C dz ^ �/

�
> z�n=2�1 1

2
n ı!C;

since 1
2
n d� D !D is positive definite on D. Let AD zn

1
� ız

n=2
1

, and choose a smooth increasing and
convex function u WR!R such that u.t/D 2A=3 for t 6 A=2 and u.t/D t for t > A. Write �1� uı�0.
Then

(2-5) ddc
C�1 D�dJC d.u ı�0/D�dJCu0.�0/ d�0

D�u00.�0/ d�0 ^JC d�0Cu0.�0/ ddc
C�0:

Since the form �d�0 ^ JCd�0 is positive semidefinite, we see that ddc
C�1 > 0 for all z > z0 and

ddc
C�1 > Cız�n=2�1!C for z > z1.

Notice that �1 can be naturally viewed as a smooth function on X , and it satisfies ddc
I
�1 > P .z/! for a

nonnegative function P .z/ with P .z/> Cız�n=2�1 when z is large. In particular, we know that .X; I/
is 1-convex. So, by [13, Section 2], there is a Remmert reduction � W X ! zX , where zX is Stein and
Sing. zX / is a finite set contained in the region fz 6 z1g. Then zX admits an exhaustion function  zX which
is smooth on zX nSing. zX / and satisfies ddc

I
 zX > 0. Denote  X � �

� zX . Then ddc
I
 X > 0 on X nE,

where E � ��1.Sing. zX //. Choose a cutoff function � on X supported in fz 6 z1C 1g with �� 1 on
fz 6 z1g. Then let � � "� X C �1 for a fixed 0 < "� 1. The above calculation shows that � also
satisfies ddc

I
� > P .z/!, where P .z/> 0 on X , P .z/ > 0 on X nE, and P .z/> Cız�n=2�1 outside a

compact set.

Any holomorphic section s 2H 0.D;Lk/ gives rise to a holomorphic function fs on L n 0L by defining

(2-6) fs.�/D s.�.�//=�˝
k

;

where � 2 L n 0L, and � W L!D is the bundle projection. In particular, fs restricts to a holomorphic
function on C. Taking the logarithm of (2-6), and using that znD�2 log j�jh, we see that fsD

zfse.k=2/z
n

,
where zfs is a function on the unit circle bundle of L.
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Lemma 2.1 For all l > 0 and any " > 0, we have jrl
gC
fsjgC DO.e.k=2/z

nC"zn=2

/ as z!1.

Proof The estimate for l D 0 holds with " D 0, and follows from the previous remarks. Since fs is
holomorphic, it is harmonic. The curvature of the Calabi metric is in particular bounded at infinity; see
[35, Lemma 4.3] and [19, Remark 3.2]. Given p 2 C, let B1.p/ be a unit ball around p, and B1. yp/ be a
unit ball in its universal cover. Then standard elliptic estimates for harmonic functions yield that

(2-7) jr
lfsj.p/6 krlfskC 0.B1=2. zp//

6 ClkfskC 0.B1. zp//
:

Using (1-6), one can easily check that if jr.q/� r.p/j< 1, then

(2-8) jz.q/n� z.p/nj6 C z.p/.n�1/=2:

Since .n� 1/=2< n=2, the claim follows.

Denote by O.X / the space of I -holomorphic functions on X .

Proposition 2.2 There is an injective linear map L W
L1

kD0 H 0.D;Lk/ ! O.X / such that for any
nonzero section s 2H 0.D;Lk/, we have that

(2-9) jr
l
ˆ�g.L.s/ ıˆ�fs/jˆ�g DO.e.k=2/z

n�.ık=2/z
n=2

/

for all l > 0 and for some ık > 0 as z!1.

Proof In the following proof, for simplicity of notation we will omit the diffeomorphism ˆ. Fix a
cutoff function � on C which is equal to 1 when z > z1C 1 and vanishes when z 6 z1. Then for any
s 2H 0.D;Lk/, the function �fs naturally extends to a smooth function on X . Notice that for z > z0C1

we have that

(2-10) jx@I .�fs/jg D jx@Ifsjg D j.x@I �
x@C/fsjg 6 e.k=2/z

n�ızn=2

:

Set ı �min
�
ı=.4k/; 1

4

�
in the definition of �0 above. Then we have that

(2-11)
Z

X nE

1

P .z/
jx@I .�fs/j

2
ge�k� dVolg <1:

Notice that X nE Š zX nSing. zX / admits a complete Kähler metric; see [29, Proposition 4.1]. Also, by
assumption KX is trivial, so we can apply the standard L2-estimates for the x@-operator on X nE — see for
example [11, Chapter VIII.6, Theorem 6.1] — to find a unique solution u to the equation x@I uD x@I .�fs/

with

(2-12)
Z

X nE

juj2e�k� dVolg 6
Z

X nE

1

P .z/
jx@I .�fs/j

2
ge�k� dVolg

such that u is L2 orthogonal to ker.x@I /. Notice that

(2-13) �guD x@�I;g
x@I .�fs/DO.e.k=2/z

n�.ı=2/zn=2

/:

Similar to the proof of Lemma 2.1, it follows from local L2 elliptic estimates that for all l > 0,

(2-14) jr
l
gujg DO.e.k=2/z

n�ızn=2

/ as z!1:
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Indeed, by straightforward computations, one can find a C > 0 such that Volg.B1.p//> C �z�.n�1/=2.p/.
Therefore using (2-8) and (2-12), there exists a uniform constant C > 0 such that for any z.p/� 1,

(2-15) /
Z

B1.p/

juj2 dvolg 6 Cek�z.p/n�ı0�z.p/n=2

;

where ı0 > 0 is any smaller number than ı. By an obvious volume comparison argument, we obtain
a similar estimate for the lifting of u to B1=2. yp/ in the local universal cover 1B1.p/ of B1.p/. Since
1B1.p/ is noncollapsed with bounded curvature, standard elliptic theory applied to the lifting of (2-13)

yields (2-14).

To finish the proof, we let L.s/� �fs �u. This function is holomorphic away from E, so by Hartogs’s
theorem (applied to zX ) one can see that it is globally holomorphic on X . The conclusion then follows.

Fix k such that Ll jD is very ample for all l > k. Then we have a holomorphic embedding

(2-16) Fk WL! P .H 0.D;Lk/�˚H 0.D;LkC1/�/; .x; �/ 7! .evx;k =�
˝k ; evx;kC1 =�

˝.kC1//;

where x 2D, � 2Lx and evx;l WH
0.D;Ll/!Ll jx is the evaluation map. Alternatively, we can describe

Fk as follows. By assumption, we have the embeddings

(2-17) iLk WD! P .H 0.D;Lk/�/; iLkC1 WD! P .H 0.D;LkC1/�/:

We can view iLk and iLkC1 as mapping into P .H 0.D;Lk/� ˚ H 0.D;LkC1/�/. Then for x 2 D,
Fk maps the fiber ��1.x/ � L linearly to the line between iLk

.�.p// and iLkC1.�.p//, so it is
clearly an embedding. Obviously, Fk.0L/ is isomorphic to D and is contained in the linear subspace
P .H 0.D;LkC1/�/� P .H 0.D;Lk/�˚H 0.D;LkC1/�/.

Now we define a holomorphic map Gk WX ! P .H 0.D;Lk/�˚H 0.D;LkC1/�/ via

(2-18) p 2X 7! .eevp;k ; eevp;kC1/;

where eevp;k WH
0.D;Lk/!C is given by eevp;k.s/D L.s/.p/.

We denote by X the topological compactification of X by adding Fk.D/ to the end of Gk.X /. This is
justified by the following.

Proposition 2.3 There exists a compact set K � X such that Gk is a holomorphic embedding on
X nK with Gk.X nK/\Fk.D/ D ∅. Furthermore there is a neighborhood of Fk.D/ in X which is
homeomorphic to a neighborhood of Fk.0L/ in Fk.L/.

Proof The key point is that we can compare Gk with Fk via the fixed embedding of the end of X

into C � L. Given any point q0 2 0L Š D, we can find sections s0; : : : ; sn�1 2 H 0.D;Lk/ and
sn 2 H 0.D;LkC1/ such that s0.q0/ ¤ 0, s1.q0/ D � � � D sn�1.q0/ D 0, ds1.q0/; : : : ; dsn�1.q0/ are
linearly independent, and sn.q0/¤ 0. Then wk � sk=s0 for 1 6 k 6 n� 1 and wn � s0=sn form local
holomorphic coordinates in a neighborhood U of q0 in L. To clarify this definition, note that wn is
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a local section of L�1 on D, but by duality we can view such a section as a local function on the
total space of L which is linear on fibers. We therefore can think of w1; : : : ; wn�1 as coordinates on
the divisor, and wn as a fiber coordinate. Denote this coordinate system by w W U ! Cn. Notice that
j�j2

hL
D jwnj

2e�'.w1;:::;wn�1/ for a smooth function ' satisfying
p
�1@x@' D !D . The Calabi metric in

the .w1; : : : ; wn/ coordinates is given by

(2-19) !C D .�log j�j2hL
/1=n!D C 1=n.�log j�j2hL

/.1=n/�1
�
p
�1 �

�
dwn

wn
� @'

�
^

�
d xwn

xwn
�x@'

�
:

We define a mapping ‰ from an open subset V �P .H 0.D;Lk/�˚H 0.D;LkC1/�/ containing Fk.q0/

to Cn by

(2-20) Œ.˛; ˇ/� 7!

�
˛.s1/

˛.s0/
; : : : ;

˛.sn�1/

˛.s0/
;
˛.s0/

ˇ.sn/

�
:

Then the restriction of ‰ to Image.Fk/ is a coordinate chart for Image.Fk/ near Fk.q0/, and ‰ıFk Dw

in a neighborhood of q0 2 0L. Next, let �j D L.sj /=L.s0/ for 1 6 j 6 n� 1, and �n D L.s0/=L.sn/,
and we denote this mapping � Wˆ.U n 0L/!Cn (after possibly shrinking U ). Note that for any p in the
domain of �, we have

‰.Gk.p//D‰.Œeevp;k ; eevp;kC1�/D

�eevp;k.s1/eevp;k.s0/
; : : : ;

eevp;k.s0/eevp;kC1.sn/

�
D

�
L.s1/

L.s0/
.p/; : : : ;

L.s0/

L.sn/
.p/

�
D �.p/:

(2-21)

By Proposition 2.2, on U n 0L we have that � ıˆD w.1C �/ with jrl
g�jg DO.e�ı

0zn=2

/ for all l > 0

for some ı0 > 0. In the following, the constant ı0 is allowed to change from line to line. Using (2-19), we
have that

(2-22)
�
@.� ıˆ/˛

@wˇ

�
D

0BBBB@
:::

In�1CO.e�ı
0zn=2

/ O.e�ı
0zn=2

jwnj
�1/

:::

� � � O.e�ı
0zn=2

jwnj/ � � � 1CO.e�ı
0zn=2

/

1CCCCA :
Thus, the Jacobian matrix .@.� ıˆ/˛=@wˇ/ is nondegenerate for z � 1, which implies that Gk is an
immersion outside a compact set.

Next, we show that Gk is injective onto its image for z� 1. Suppose we have two points p1;p2 2 X

with Gk.p1/ D Gk.p2/, and z.q2/ > z.q1/ � 1, where ˆ.qj / D pj . Let dFS denote the Fubini–
Study distance on P .H 0.D;Lk/� ˚ H 0.D;LkC1/�/. We claim that there exists " > 0 such that
dFS.Fk.q/;Gk.ˆ.q/// < " if q 2L is sufficiently near D. To see this, using the formula

(2-23) dFS.Z;W /D arccos

s
hZ;W i2

kZk2kW k2
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and Proposition 2.2, we obtain that

(2-24) dFS.Fk.q/;Gk.ˆ.q///D arccos.1CO.e�ı
0z.q/n=2

// as z!1;

since LkC1 is very ample. Then

(2-25) dFS.Fk.q1/;Fk.q2//6 dFS.Fk.q1/;Gk.p1//C dFS.Gk.p2/;Fk.q2// < 2":

This implies that q1 and q2 must be contained in the same w coordinate patch above, and therefore
�˛.p1/D �˛.p2/ for ˛D 1; : : : ; n. Denote �˛ � jw˛.q2/�w˛.q1/j. Then �˛ Dw˛.q1/O.e

�ı0z.q1/
n=2

/.
So we know in particular that jwn.q1/j6 C jwn.q2/j. Notice that

(2-26) j�˛j D jw˛.q2/�˛.q2/�w˛.q1/�˛.q1/j6 Ce�ı
0z.q1/

n=2

j�˛jC jw˛.q1/j � j�˛.q2/� �˛.q1/j:

Let qt with t 2 Œ0; 1� be the straight line connecting q1 and q2 in the w coordinates. Then

(2-27) j�˛.q2/� �˛.q1/j6
nX
ˇD1

sup
t2Œ0;1�

ˇ̌̌̌
@�˛

@wˇ
.qt /

ˇ̌̌̌
� j�ˇj6 Ce�ı

0z.q1/
n=2

� n�1X
jD1

j�j jC
1

jwn.q1/j
j�nj

�
:

Combining (2-26) and (2-27) with ˛ D n, we get that when z1� 1,

j�nj6 Ce�ı
0z.q1/

n=2

jwn.q1/j �

n�1X
jD1

j�j j:

If we now sum (2-26) for ˛ D 1; : : : ; n� 1 and use (2-27), then we obtain that �˛ D 0 for 1 6 ˛ 6 n� 1

and hence that �n D 0 as well.

Next, we claim that away from a sufficiently large compact subset, Gk maps no point into Fk.0L/. To see
this, assume that there exists a point p 2X with Gk.p/D Fk.x/, where x 2 0L. Letting q Dˆ�1.p/,
if z.q/ is sufficiently large then q and x must be contained in a same w-coordinate chart as above. Taking
the nth component of ‰.Gk.p//D �.p/, yields

(2-28) 0D wn.x/D‰n.Fk.x//D �n.p/D �n.ˆ.q//D wn.q/.1C �n.q//:

But if z.q/� 1, we obtain a contradiction since wn.q/ ¤ 0. The proposition then follows from the
above.

Remark 2.4 Recall the coordinate .� ıˆ/n D wn.1C �n/, and since e�ız
n=2

� e�ı
0
p
� log jwnj, the

complex structure I is not even Hölder continuous at the divisor. Thus, one cannot invoke any known
weak version of the Newlander–Nirenberg theorem to construct a complex-analytic compactification; see
for example [20]. This is the reason why we had to deviate from the known approaches to constructing
such compactifications; compare for example the proofs of [16, Theorem 3.1] and [26, Theorem 1.6].

Denote by Z the image of Gk . It follows from the Remmert–Stein theorem [11, Chapter II.8, Theorem 8.7]
that Z is a complex analytic variety in a neighborhood of Fk.0L/ŠD. Since Z is topologically a manifold
by Proposition 2.3, it follows that Z is locally irreducible. Thus, by [11, Chapter II.7, Corollary 7.13],
the normalization map Z0!Z is a homeomorphism.
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Denote by D0 the copy of D in Z0. Notice that, in the proof of Proposition 2.3, the functions �˛ for
1 6 ˛ 6 n can be viewed as local holomorphic functions on a neighborhood of a point q 2 D0 in Z0.
Moreover, they define a local topological embedding of Z0 into Cn. So the inverse map is holomorphic,
which implies that Z0 must be smooth near D0. Now we may glue Z0 to X and obtain a smooth
complex-analytic compactification of X , which we denote by X 0. By construction, D0 is a smooth divisor
in X 0.

Write !0 �
p
�1
�Pn�1

jD1 d�j ^ dx�j C j�nj
�2 d�n ^ dx�n

�
. This is a locally defined Kähler metric in a

punctured neighborhood of D0, with cylindrical behavior normal to D0. It is easy to check using the
calculations in the proof of Proposition 2.3 that for all l > 0,

(2-29)
n�1X
jD1

jr
l
!0.wj /j!0 Cjw

�l
n r

l
!0.wn/j!0 6 Cl :

This is a crucial fact for us. One can also reinterpret this as saying that the metric !0 is C1 uniformly
equivalent to the corresponding cylindrical Kähler metric defined using .w1; : : : ; wn/. Note that j@wj zj6
C z1�n for 1 6 j 6 n� 1 and j@wn

zj6 C z1�njwnj
�1. In particular, we have that

(2-30) jr
l
!0zj!0 6 Clz

1�nl :

Recall that � is the holomorphic volume form on .X;g/ with respect to I , and �C is the corresponding
holomorphic 2-form on the Calabi model space C. Notice that �C is a meromorphic 2-form on L with a
simple pole along the zero section 0L, and � can be viewed as a holomorphic 2-form on X 0 nD0.

Lemma 2.5 � is a meromorphic volume form on X 0 with a simple pole along D0. In particular , D0 is an
anticanonical divisor.

Proof We may locally, near a point p 2D, write �C D f .w1; : : : ; wn/wn
�1dw1^ � � � ^dwn, where f

is a nowhere vanishing local holomorphic function. Then �D f .w1; : : : ; wn/wn
�1dw1^� � �^dwnC�

with j�^�=!n
Cj DO.e�ız

n=2

/. But !n
CD

1
2
.
p
�1/n

2

�C^
x�C��jwnj

�2dw1^d xw1^� � �^dwn^d xwn

near D. It follows that C�1 6 j�j!0 6 C , so the form wn� extends holomorphically to D0 locally.

Now choose a finite open cover fVj g of D such that each Vj has holomorphic coordinatesw1;j ; : : : ; wn�1;j

given by the quotients sk;j=s0;j for some sections s0;j ; : : : ; sn�1;j 2H 0.D;Lk/ for 1 6 k 6 n� 1, and
LjVj has a trivializing section ej D sn;j=s0;j for some sn;j 2H 0.D;LkC1/. Consequently we obtain an
open cover fUj g of a neighborhood of 0L ' D in L, with holomorphic coordinates fw1;j ; : : : ; wn;j g,
such that a point � 2L is represented as � D wn;j � ej .w1;j ; : : : ; wn�1;j /. Write e�'j .w1;j ;:::;wn�1;j / D

jej .w1;j ; : : : ; wn�1;j /j
2
h
.

Accordingly, we get an open cover fU 0j g of a neighborhood of D0 in X 0. In each U 0j we then have
holomorphic coordinates �k;j D L.sk;j /=L.s0;j / and �n;j D L.s0;j /=L.sn;j /. From the proof of
Proposition 2.3 we know that �k;j D wk;j on U 0j \D0 for 1 6 k 6 n� 1, and the transition functions
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satisfy @�n;j=@�n;i D @wn;j=@wn;i on U 0i \ U 0j \D0. This implies that the conormal bundle N�1
D0

is
isomorphic to L�1, so in particular D0 has ample normal bundle in X 0. Moreover, the local functions �n;j

together give rise to a global section SD0 of the line bundle ŒD0�'K�1

X 0
with a simple zero along D0.

Now the local functions 'j define a hermitian metric on ND0 ' ŒD
0�. Fix an arbitrary extension of this to

a hermitian metric h0 on ŒD0� on a neighborhood of D0. On each chart Uj , this extension h0 has a local
representation given by e��j , with �j D 'j along D0. We consider a smooth closed .1; 1/-form

(2-31) !m �
n

nC 1

p
�1@x@.�log jSD0 j

2
h0/
.nC1/=n:

It is well-defined and positive definite outside a compact subset of X 0 nD0.

One can check that !m and !0 satisfy

(2-32) C�1z1�n!0 6 !m 6 C z!0

for some constant C , and for each k > 0,

(2-33) jr
k
!0!mj!0 DO.zmk /

for some mk 2N0, as z!1. Therefore covariant derivative with respect to !0 and !m differ by at most
polynomial error terms.

Proposition 2.6 For all l > 0 and all ı <min.ık ; ı/, we have that

(2-34) jr
l
!m
.! �!m/j!m

DO.e�ız
n=2

/:

Consequently, Œ!� 2 im.H 2
c .X /!H 2.X //.

Proof By assumption, ! D !CCˇ1, where jrl
!C
ˇ1j!C DO.e�ız

n=2

/ for all l > 0. Let

z! �
n

nC 1

p
�1 @I

x@I znC1:

Writing !C D z!Cˇ2, using (2-30), (2-32) and (2-33), we have that jrl
z!
ˇ2jz! DO.e�ız

n=2

/ for all l > 0

and ı < ı. In Uj , we have that

zn
D�log j�j2hL

D�log jwn;j j
2
C'j .w1;j ; : : : ; wn�1;j /:

On the other hand, we have that

jSD0 j
2
h0 D�log j�n;j j

2
C�j .�1;j ; : : : ; �n;j /:

Notice that �n;j D wn;j .1Cˇ3/, with jrl
!ˇ3j! DO.e�ıkzn=2

/ for all l > 0, and �j .�1;j ; : : : ; �n;j /D

'j .w1;j ; : : : ; wn�1;j /C�n;j P .�1;j ; : : : ; �n;j / for some smooth function P . Estimate (2-34) now follows
from a straightforward computation, using the key property (2-29), (2-32) and (2-33).
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By integrating from infinity as in [19, Lemma 3.7], away from a compact set we may write ! D!mCd� ,
where � is a smooth real-valued 1-form such that jrl

!m
� j!m

DO.e�ız
n=2

/ for all l > 0. Then the smooth
real-valued 2-form

(2-35) ! � d

�
�

�
� C

n

2.nC 1/
dc

I .�log jSD0 j
2
h0/
.nC1/=n

��
is cohomologous to ! and has compact support, where � is a cutoff function which is 1 in a neighborhood
of infinity and 0 on a compact set.

Now we claim that X 0 is a weak Fano manifold, ie X 0 is projective and K�1

X 0
is big and nef. Assuming

projectivity, the nef property is obvious because K�1

X 0
D ŒD0� for some smooth divisor D0 with ample

normal bundle, and it is also elementary to deduce the big property from this fact; see for example
[36, Lemma 2.3]. Projectivity follows from a similar reasoning as in the proof of [10, Theorem 2.1]; see
in particular [10, page 4, proof in the smooth case]. In short, one first proves, using the theory of the
Remmert reduction (see the beginning of Section 2), that K�1

X 0
is semiample. This also strongly relies

on the fact that K�1

X 0
D ŒD0�, where D0 has ample normal bundle. It then follows that X 0 is Moishezon,

which implies that Hodge theory holds on X 0. Also, h0;2.X 0/D 0 thanks to the Grauert–Riemenschneider
vanishing theorem [14, Satz 2.1]. Using the latter two properties, the fact that X 0 admits compactly
supported Kähler classes by Proposition 2.6, and another vanishing theorem on the open manifold X

due to Grauert–Riemenschneider [14, page 278, Korollar], one can explicitly write down a Kähler form
on X 0. The Kodaira embedding theorem now implies that X 0 is projective because we already know that
h0;2.X 0/D 0. We note that a similar gluing argument of Kähler forms will appear again in the proof
of Lemma 2.7 below. The argument works here even though, unlike in [10], D0 is not Fano, so that
H 1;1.X 0/ may not surject onto H 2.X /. The key point is that we are restricting ourselves to the case of
compactly supported Kähler classes on X .

To finish the proof of Theorem 1.3, it remains to identify the Ricci-flat Kähler metric ! on X with a slight
generalization of the construction given by Tian and Yau [35, Theorem 4.2]. Let M be an n-dimensional
projective manifold containing a smooth divisor D with ample normal bundle such that K�1

M
D ŒD�. Then

M is necessarily weakly Fano. Fix a defining section S 2 H 0.M;K�1
M
/ of the divisor D and denote

X �M nD. Following the beginning of the argument from [10] sketched above, one first proves that
K�1

M
is semiample. Here this also follows from the Kawamata basepoint-free theorem [22, Theorem 6.1]

because we already know that M is projective. Let E be the nonample locus of K�1
M

. This is a union of
some subvarieties of M that are disjoint from D. We fix a smooth hermitian metric zh on K�1

M
such that

its curvature form is nonnegative everywhere and is positive away from E. Write zv ��log jS j2
zh
.

We may view S�1 as a holomorphic volume form �X on X with a simple pole along D. Let �D be the
holomorphic volume form on D given by the residue of �X along D. Let hD be a hermitian metric on
K�1

M
jD such that its curvature form is a Calabi–Yau metric !D on D. Rescaling S if necessary, we may

assume that !n�1
D
D

1
2
.
p
�1/.n�1/2�D ^

x�D .
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One can extend hD to a smooth hermitian metric h on K�1
M

such that its curvature form is positive definite
in a neighborhood of D. Fix such an extension, denoted by hM . For any A 2R, we write hA � hM e�A.
Then it is easy to see that outside a compact subset of X , .�log jS j2

hA
/.nC1/=n is strictly plurisubharmonic.

As in the beginning of this section, by composing with a convex function we may find a global smooth
function vA on X with ddcvA > 0 such that

vA D
n

nC 1
.�log jS j2hA

/.nC1/=n

outside a compact set and vA is constant in a neighborhood of E.

Abusing notation, we denote by H 2
c;C.X / the subset of im.H 2

c .X /!H 2.X // consisting of classes k
such that

R
Y kp > 0 for any compact analytic subset Y of X of pure complex dimension p > 0. Notice

that any such Y must be contained in E.

Lemma 2.7 For all k 2H 2
c;C.X / and all numbers A 2R, � > 0, there exists a smooth Kähler form !A;�

on X such that Œ!A;� �D k and jrl
!A;�

.!A;� � �ddcvA/j!A;�
DO.jS j

ı0

hM
/ for some ı0 > 0 and all l > 0.

Proof By hypothesis, k is represented by a closed 2-form ˇ on X such that ˇ D 0 away from some
compact subset of X . In particular, ˇ trivially extends to a smooth closed 2-form on M . By the Grauert–
Riemenschneider vanishing theorem [14, Satz 2.1], or (because we are assuming that M is projective)
by the Kawamata–Viehweg vanishing theorem (see for example [24, Theorem 2.64]), we have that
h0;2.M /D 0. Thus, there exist a smooth closed .1; 1/-form � and a smooth 1-form 
 on M such that
ˇ D �C d
 . Because ˇ has compact support in X �M , it follows that � is d-exact on some open
neighborhood of D in M . In particular, �jD D ddcf for some smooth function f on D. We choose an
arbitrary smooth extension of f to M and replace ˇ by �� ddcf . Thus, we are now assuming without
loss of generality that ˇ is a smooth closed .1; 1/-form on M such that ˇjD D 0 and ŒˇjM � D k. It is
straightforward to check that such a form ˇ satisfies the exponential decay estimate from the statement of
the lemma with respect to any reference metric of the form � ddcvA outside a sufficiently large compact
subset of X . (If n > 3, then instead of applying the ddc-lemma on D it is possible to apply a stronger
ddc-lemma on the complement of a large compact subset of X to arrange directly that ˇ still has compact
support in X ; see for example [7, Lemma 4.3].)

Because k 2 H 2
c;C.X /, by the generalized Demailly–Păun criterion of [9, Theorem 1.1] there exists a

smooth function u0 on X such that ˇC ddcu0 is positive in a neighborhood U of E. Choose a cutoff
function � of compact support contained in U which equals 1 on a neighborhood of E, and let �D �.t/
be a cutoff function on Œ0;1/ which equals 1 when t 6 1 and vanishes when t > 2. For fixed A and � ,
we define

(2-36) !A;� � ˇC ddc

�
�u0CC1

�
� ı

�
1

C2

zv

��
� zvC �vA

�
:

It is straightforward to verify that if we first choose C1 large and then C2 large (depending on C1/, then
!A;� is globally positive on X .
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One can also see that !n
A;�
D e�fA;� �n �

1
2
.
p
�1/n

2

�X ^
x�X for some function fA;� which tends to zero

at infinity.

Lemma 2.8 Given any � > 0, there is a unique ADA.�/ such that

(2-37)
Z

X

�
!n

A;� � �
n 1

2
.
p
�1/n

2

�X ^
x�X

�
D 0:

Proof It is easy to check that the integral is finite for any A. For a given A, add and subtract !n
0;�

under
the integral sign and split up the integral accordingly. For " > 0 sufficiently small, we haveZ

jS jh6"

.!n
A;� �!

n
0;� /D �

Z
jS jhD"

.dcvA ^!
n�1
A;� � dcv0 ^!

n�1
0;� /:

By computing the boundary term explicitly and letting "! 0, one sees thatZ
X

.!n
A;� �!

n
0;� /D � �A�

n

Z
D

!n�1
D

for some � D �.n/ ¤ 0. The key point is that we only care the limit as " ! 0, and thus we only
need to understand the leading term and ignore all the lower order terms. This argument goes back to
[35, Lemma 4.6]. For a more detailed exposition, see also the very recent paper [6, page 14]. Then the
desired condition becomes a linear equation for A.

Using Lemmas 2.7 and 2.8 as ingredients, we now get the following existence theorem, which generalizes
the classical existence result of Tian and Yau [35, Theorem 4.2].

Theorem 2.9 Given any k2H 2
c;C.M / and � > 0, there is a complete Kähler metric !� D!A.�/;�Cddc�

on X such that Œ!� � D k and !n
� D �

n 1
2
.
p
�1/n

2

�X ^
x�X , and such that for some ı0 > 0 and for all

l > 0 we have that jrl
!A.�/;�

�j!A.�/;�
DO.e

�ı0.�log jS j2
hM

/1=2

/.

This follows from [35, Theorem 1.1] and [18, Proposition 2.4, Proposition 2.9(ia) and (ii)]. The correct
choice of ADA.�/ is crucial because otherwise the relevant Monge–Ampère equation cannot be solved by
direct methods. Once the equation has been solved for ADA.�/, it follows that a solution exists for all A

by adding vA.�/;��vA;� to the potential, but vA.�/;��vA;� is comparable to .A.�/�A/�.�log jS j2
hM
/1=n

at infinity, which is not even uniformly bounded for A¤A.�/.

Remark 2.10 The decay rate of the complex structure is of order O.e�.
1
2
�"/zn

/ for all " > 0. This is
much faster than the decay rate of the metric, which is in general only of order O.e�ız

n=2

/.

Theorem 2.11 Suppose we have a Kähler metric ! on X such that !n D C�X ^
x�X for some C > 0

and such that there exist � > 0 and A 2R such that jrl
!.!� �ddcvA/j! DO.e�ı.�log jS j2

h
/1=2

/ for some
ı > 0 and for all l > 0. Then ! D !� , where !� is the metric constructed in Theorem 2.9 in the class
kD Œ!� 2H 2

c;C.X /.

Proof By rescaling ! if necessary, we may assume that C D 1. As in the proof of Proposition 2.6,
we can see that ! D � ddcvA C d� outside a compact set, where � is a smooth real-valued 1-form
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such that jrl
!m
� j!m

D O.e�ı.�log jS j2
h
/1=2

/ for all l > 0. In particular, Œ!� 2 im.H 2
c .X /! H 2.X //.

Thus, if we let k denote the de Rham cohomology class of ! in H 2.X /, then we have that k 2H 2
c;C.X /.

Consequently, we can apply Theorem 2.9 to obtain a complete Calabi–Yau metric !� on X with Œ!� �D k.
By construction, we have that !n D !n

� . Then, as in the proof of Lemma 2.8, we can see that ADA.�/,
so we know that ! D !� C dz� , with jrl

!�
z� j!� DO.e�ı1.�log jS j2

h
/1=2

/ for some ı1 > 0.

Next, we solve the Poisson equation x@�x@uD x@�z�0;1 with respect to !� . Note that
R
X .
x@�z�0;1/ !n

� D 0

by definition, so we can apply [17, Theorem 1.5] to conclude the existence of a C1 solution u which
is uniformly bounded and satisfies

R
X jduj2!�!

n
� <1. Moreover, by the integration argument in the

proof of [18, Proposition 2.9(ia)], after subtracting a constant from u one actually has the asymptotics
jrl
!�

uj!� D O.e�ı2.�log jS j2
h
/1=2

/ for some ı2 > 0 and all l > 0. Let 
 � z�0;1 �x@u. By construction,
x@
 D x@�
 D 0 with respect to !� . Thus, by the Bochner formula, �j
 j2 > 0. Since 
 tends to zero at
infinity, it must vanish identically. It follows that ! �!� D ddc.

p
�1.xu�u//. Writing

(2-38) 0D !n
�!n

� D .! �!� /.!
n�1
C � � �C!n�1

� /;

then multiplying (2-38) by xu� u and integrating by parts, since xu� u is decaying, we conclude that
uD xu, hence ! D !� .

The second statement in Theorem 1.3 follows from Theorem 2.11 (applied to M D .X 0; I/) and
Proposition 2.6.

Proof of Corollary 1.4 By [34, Theorem 1.1], the weak Fano manifold X DX [D is simply connected.
Since �KX is big, D does not consist of a pencil, so by [28, Corollary 2.10], �1.X /' �1.�K�

X
/, where

�K�
X
D�KX n 0�K

X
. Letting N denote the unit circle bundle of �KX , the homotopy sequence of the

fibration S1!N !X yields

(2-39) �2.X /! Z! �1.X /! 0:

Since X is simply connected and �K�
X

deformation retracts onto N , noticing that KX is trivial over X ,
we have �1.N /Š �1.�K�

X
/Š �1.X /. By [30, Proposition 2], the first mapping factors as the Hurewicz

projection from �2.X / ! H2.X ;Z/ composed with the mapping ı W H2.X ;Z/ ! Z given by the
intersection paring with ŒD� 2Hn�2.X ;Z/, that is,

(2-40) ı.†/D

Z
†

c1.ŒD�/:

By Poincaré duality, this mapping is nontrivial, so the image is an infinite subgroup kZ � Z, and
consequently �1.X /D Z=kZ is cyclic, with k equal to the index of X .

The bound on the degree is a consequence of the following results. It is a classical result that the degree
of a weak del Pezzo surface satisfies 1 6 d 6 9; see for example [12, Chapter 8]. A bound on the degree
of a weak Fano threefold is proved in [23, Corollary 1.3]. Finally, Birkar [1, Theorem 1.1] proved that in
any dimension there is an a priori bound on the degree of a weak Fano manifold.
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3 ALH� gravitational instantons

The 3-dimensional Heisenberg group is

(3-1) H.1;R/�

8<:
241 x t

0 1 y

0 0 1

35 W x;y; t 2R

9=; :
Let .T2;gc;� / be the flat 2-torus corresponding to the lattice c.Z˚Z�/ � C with � 2 H and c > 0,
where H is the upper half-plane in C. Write �1 D Re.�/ and �2 D Im.�/. For b 2ZC, let Nil3b;c;� be the
nilmanifold corresponding to the quotient of the Heisenberg group by the subgroup generated by

.x;y; t/ 7! .xC c;y; t C cy/;(3-2)

.x;y; t/ 7! .xC c�1;yC c�2; t C c�1y/;(3-3)

.x;y; t/ 7! .x;y; t C �2b�1c2/:(3-4)

Definition 3.1 For b 2 ZC; c > 0; � 2H, and R> 0, the ALH� model space is

(3-5) Mb;c;� .R/� .R;1/�Nil3b;�;c

together with the hyperkähler Riemannian metric

(3-6) gM
� V .dx2

C dy2
C dz2/CV �1�2;

where z is the coordinate on .R;1/, V � 2�bc�2��1
2

z and � � 2�bc�2��1
2
.dt �x dy/.

Choose the following orthonormal frame for T �M:

(3-7) fe1; e2; e3; e4g D fV
1
2 dx;V

1
2 dy;V

1
2 dz;V �

1
2 �g:

Define three almost-complex structures on T �M by

I�M.e1/D e2; I�M.e3/D e4;(3-8)

J�M.e1/D e4; J�M.e2/D e3;(3-9)

K�M.e2/D e4; K�M.e3/D e1;(3-10)

which are dual to almost-complex structures IM;JM;KM on TM, respectively. Denote the Kähler forms
associated to I�M;J

�
M;K

�
M by !M

1
; !M

2
; !M

3
, respectively. These are explicitly given by

!M
1 D dz ^ � CV dx ^ dy;(3-11)

!M
2 D dx ^ � CV dy ^ dz;(3-12)

!M
3 D dy ^ � CV dz ^ dx:(3-13)

Taken together, this data defines a hyperkähler structure on M, which we denote as .M;gM;!M/. This
structure can equivalently also be specified as .M;gM; IM;JM;KM/.
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Definition 3.2 (ALH� gravitational instanton) A hyperkähler structure .X;g;!/ on a 4-manifold X is
called an ALH� gravitational instanton with parameters b 2 ZC, c > 0 and � 2H if there exist ı;R> 0,
a compact subset XR �X , an ALH� model space .Mb;c;� .R/;g

M/ and a diffeomorphism

(3-14) ˆ WMb;c;� .R/!X nXR

such that for all k 2N0,

jr
k
gM.ˆ

�g�gM/jgM DO.e�ız/;(3-15)

jr
k
gM.ˆ

�!i �!
M
i /jgM DO.e�ız/ for i D 1; 2; 3;(3-16)

as z!1.

According to [19, Proposition 3.1], any ALH� model space M together with its complex structure IM is
holomorphically isometric to a Calabi model space up to rescaling. This means the following. We can
view the flat torus .T2;gc;� / as an elliptic curve D. Then there exists an ample line bundle L!D of
degree b, together with a hermitian metric hL whose curvature form defines the flat metric

(3-17) 2�bc�2��1
2 gc;�

on D, such that the underlying complex manifold .Mb;c;� .R/; IM/ can be identified with the open set

(3-18) C� f� 2L W 0< j�jhL
< e�

1
2

z2
0 g

for some z0 > 0. Moreover, the Kähler form and the holomorphic 2-form on M are respectively given by
!1 D �!C for some � > 0 and !2C

p
�1!3 D ��C for some � 2C�, where

(3-19) !C �
2
3

p
�1@C

x@C.�log j�j2hL
/

3
2

and �C is a holomorphic volume form which has a simple pole along the zero section 0L and is invariant
under the natural C�-action on L. In addition, we have that

(3-20) z D .�log j�j2hL
/

1
2 ;

and this is the !C-moment map for the natural S1-action on L. We note here that hL is unique only up
to scaling, and the scale of hL is an important free parameter; see Lemma 2.8.

Thanks to this identification, an ALH� gravitational instanton is the same as a complete hyperkähler
4-manifold which is asymptotically Calabi in the sense of [19, Definition 4.1]. The proof of part (i) of
Theorem 1.5 follows from this equivalence and Theorem 1.3.

3.1 Compactification to rational elliptic surfaces

In this subsection, we prove part (ii) of Theorem 1.5. First, we recall some basic facts about the lowest
nontrivial eigenvalue of the Laplacian on .T2;gc;� /. The Z2-action on C is generated by

(3-21) .x;y/ 7! .xC c;y/; .x;y/ 7! .xC c�1;yC c�2/:
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The eigenfunctions of the Laplacian on .T2;gc;� / are given by

(3-22) �m;n.x;y/D e2�imc�1.x��1�
�1
2

y/e2� inc�1��1
2

y

for .m; n/ 2 Z2. The eigenvalues are

(3-23) �m;n D 4�2c�2
fm2
C ��2

2 .n�m�1/
2
g:

Using the PSL.2;Z/-action on H, we can assume without loss of generality that j� j> 1. Then the lowest
nontrivial eigenvalue is given by �1 D �0;1 D 4�2c�2��2

2
, with eigenfunction �0;1.

Next, we establish an almost optimal decay rate for any ALH� gravitational instanton.

Proposition 3.3 Let .X;g;!/ be an ALH� gravitational instanton with parameters b 2ZC, c > 0, � 2H.
Then , in suitable ALH� coordinates , (3-15)–(3-16) hold with ı D

p
�1� " for any " > 0.

Proof By Theorem 1.3, .X;g; I/ arises as a Tian–Yau metric on a weak del Pezzo surface M minus
an anticanonical divisor D. Thus, we can use the coordinate system ˆ from [19, Proposition 3.4]. The
Tian–Yau metric is of the form ! D !0C

p
�1 @x@u with jrk

gC
ujgC DO.e�"z/ as z!1 for some " > 0

and all k > 0. By [19, Proposition 3.4], the background Kähler form satisfies the asymptotics

(3-24) jr
k
gC
.!0�!C/jgC DO.e�"z

2

/

as z!1, for some " > 0 and all k > 0. Expanding the Calabi–Yau equation

(3-25) .!0C
p
�1 @x@u/2 D 1

2
�^�

yields that �gCuDO.e�2"z/ as z!1. Assume that 2" <
p
�1. Then the arguments of [19, Section 4]

allow us to conclude that uDO.e�2"z/ for any "2 .0; "/. Indeed, notice that [19, Proposition 4.12] holds
with ı D

p
�1, as is clear from the proof. Using this, we can find a function u�2" defined on fz >R1g

for some R1 > R such that u�2" D O.e�2"z/ for any " 2 .0; "/ and �gCu�2" D �gCu. The function
u�u�2" is then harmonic with respect to gC and is also o.1/ as z!1, so from [19, Proposition 4.10]
(part (2) of which is easily seen to hold with ı=2 replaced by any number greater than �

p
�1), we have

(3-26) u�u�2" DO.e.�
p
�1C"

0/z/

for any "0 > 0, which implies that uDO.e�2"z/ for any " 2 .0; "/. We can iterate this argument together
with standard local derivative estimates for the equation (3-25) to get

(3-27) jr
k
gC

ujgC DO.e.�
p
�1C"/z/

as z!1, for all k > 0 and " > 0. This implies (3-16) for i D 1 with ı D
p
�1� " for any " > 0.

Also, from Theorem 1.3 and [19, Proposition 3.4(a)], we have that

(3-28) jr
k
gM
.ˆ�I � IM/jgM DO.e�"

0z2

/

for some "0 > 0 and any k > 0 as z!1. Since g is Kähler with respect to I , the metric condition (3-15)
with ı D

p
�1� " then follows from (3-28) and the above estimates on ˆ�!1�!

M
1

.
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Finally, from [19, Proposition 3.4(b)], we have that

(3-29) jr
k
gM
.ˆ��X ��M/jgM DO.e�"

0z2

/

for some "0 > 0 and any k > 0 as z!1. Because �X D !2C
p
�1!3 and �M D !

M
2
C
p
�1!M

3
, the

conditions (3-16) for i D 2 and i D 3 actually hold for any ı > 0.

Remark 3.4 Proposition 3.3 could also be proved by following the arguments in [33, Section 6.5]. This
way of reasoning is analytically more involved, but it does not require Theorem 1.3.

We now produce a J -holomorphic function on X asymptotic to a nice JM-holomorphic function on M

that defines an elliptic fibration of M with the desired behavior at infinity.

Proposition 3.5 Let .X;g; I;J;K/ be an ALH� gravitational instanton. Then there exists a function
u WX !C which is holomorphic with respect to J and satisfies

(3-30) uD e
p
�1.zCiy/

Cf;

where jrkf jg DO.e"z/ for all k > 0, as z!1, for any " > 0.

Proof The function zC
p
�1y is a locally defined JM-holomorphic function on M because

(3-31) JM.dzC i dy/D�dyC i dz D i.dzC i dy/:

Consequently, hD e
p
�1.zCiy/ is a globally defined JM-holomorphic function on M. Identify X and M

at infinity using the ALH� coordinate system of Proposition 3.3. Fix a cutoff function � such that �D 1

for z > 4R and �D 0 for z < 2R. Using the fact that �gMhD 0 and Proposition 3.3, we have that

(3-32) �g.�h/DO.e"z/ as z!1; for all " > 0:

Claim 1 There exists a function f 2 C1.X / such that �gf D��g.�h/ and

(3-33) f DO.e"z/ as z!1; for all " > 0:

Proof of claim Using [19, Proposition 4.12], we can find a smooth function fM defined on M such that
fMDO.e"z/ as z!1 for any "> 0 and such that�gMfMD��gh. Thus, aiming to set f D�fMCf 0,
we can reduce to solving the equation �gf

0 D h0 for f 0 DO.e"z/ (for any " > 0), where

(3-34) h0 ���g.�h/��g.�fM/DO.e.�
p
�1C"/z/

for any " > 0 thanks to Proposition 3.3. In fact, we will now show that for any ı > 0 there exists a
ı > 0 such that the equation �gf

0 D h0 with h0 D O.e�ız/ is solvable with f 0 D ˛z CO.e�ız/ for
some ˛ 2R. This implies what we want. To prove this new claim, we first observe that the function z

is gM-harmonic. Thus, by Proposition 3.3, �g.�z/ D O.e.�
p
�1C"/z/ for any " > 0, so in particular

�g.�z/ 2L1.X; dVolg/. The divergence theorem now allows us to conclude that
R
X �g.�z/ dVolg > 0.
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Indeed, the corresponding boundary integrals in .X;g/ and in .M;gM/ are asymptotic to each other
because z grows more slowly than any exponential in z, and the boundary integral in .M;gM/ approaches
a positive constant as z!1 by direct computation. Thus, by replacing h0 by h0�˛�g.�z/ for some
suitable ˛ 2R, we can assume without loss of generality that h0 has mean value zero over X with respect
to dVolg. It now follows from [17, Theorem 1.5] that the equation�gf

0Dh0 is solvable for some smooth
and uniformly bounded f 0 with

R
X jdf

0j2g dVolg <1. It then also follows from the integration argument
in the proof of [18, Proposition 2.9(ia)] that any such f 0 satisfies the estimate jrk.f 0�C /jg DO.e�ız/

for some constant C and for any k > 0 as z !1. After subtracting this constant, the (new) claim
follows.

Since the function u� �hCf is harmonic, the 1-form ˛ � x@J u satisfies

(3-35) x@J ˛ D 0; x@�J ;g˛ D 0:

Since g is Kähler with respect to J , from Proposition 3.3, we have that

(3-36) jJ �JMjgM DO.e.�
p
�1C"/z/ as z!1:

Using the fact that hDO.e
p
�1z/ and x@JM

hD 0, we can deduce from (3-36) that x@J hDO.e"z/ for any
" > 0 with respect to gM. By (3-33) and standard local gradient estimates, the same bound holds for x@J f .
Thus, it holds for ˛ as well. Since ˛ has J -type .0; 1/, Re.˛/ is half-harmonic with respect to g thanks
to (3-35). By [19, Theorem 5.1], we conclude that ˛ � 0, which implies that u is J -holomorphic.

We now complete the proof of part (ii) of Theorem 1.5. Given our work so far, the proof is similar to
the proof in [3, Section 4.7]. Let u be the holomorphic function from Proposition 3.5. From (3-30), it
follows that all fibers of u near infinity are regular and are diffeomorphic to tori, hence all the regular
fibers of u are diffeomorphic to tori, and so u W X ! C is an elliptic fibration. The ALH� coordinates
define a submanifold near infinity by

(3-37) †0 D f.x;y; t; z/ W x D 0; t D 0g:

This is clearly a smooth section of the model elliptic fibration over U �C nBR.0/ for some R� 1. It is
moreover JM-holomorphic because for all p 2†0,

(3-38) Tp†0 D spanp

�
@

@y
;
@

@z

�
D fY 2 TpM W e1.Y /D e4.Y /D 0g;

and spanfe1; e4g is invariant under JM by (3-9).

We view the section †0 as a mapping �0 WU !X nXR . We next want to perturb �0 to a section � which
is holomorphic with respect to J . Given any smooth (not necessarily holomorphic) section � over U ,
we can define x@� 2 �.ƒ0;1.U /˝ ��T 1;0.F //, where T 1;0.F / is the .1; 0/ part of the vertical tangent
bundle, by restricting the differential ��˝C to T 0;1.U /, and then projecting to the .1; 0/ part. Next, we
use the 2-form �D !1C

p
�1!3, which is holomorphic with respect to J . If we insert the T 1;0.F /
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component of x@� into �, we can define �ˇx@� 2 C1.U;C/, since ƒ1;0.U /˝ƒ0;1.U /Šƒ1;1.U / is
a trivial bundle. Denoting h.u; xu/D�ˇx@�0, from basic theory of the x@-operator in U , we can solve
the equation .@=@xu/H D h on U . Choose an arbitrary point p 2 U and an affine holomorphic fiber
coordinate w over a small neighborhood Up of p in U . Then fw D 0g is a local holomorphic section
over Up, and the holomorphic 2-form can be written as � D f .u/ du^ dw, where f .u/ is nowhere
vanishing. It is easy to see that the smooth local sections

(3-39) �h;p �

�
H.u; xu/

f .u/

�
@

@w

over Up patch up to a well-defined smooth section �h over U , independent of the choice of local w
coordinate. Consequently, the section � � �0� �h is a holomorphic section defined over all of U .

After identifying U with a punctured disc �� using z D u�1 as a holomorphic coordinate, we can then
identify the elliptic surface with .��z �Cw/=.Z˚Z/, with the action given by

(3-40) .m; n/ � .z; w/D .z; wCmt1.z/C nt2.z//; where .m; n/ 2 Z˚Z

(t1; t2 are the periods), such that fw D 0g defines � ; see for example [18, pages 369–370]. Consequently,
there exists a compactification of X to an elliptic surface S such that X D S nF , where F is the fiber at
infinity. Since the cross-sections are diffeomorphic to nilmanifolds of degree b, the only possibility is that
the monodromy is of type Ib . It is easy to see that the form � is then a meromorphic 2-form on S with
a pole of order 1 along F , which implies that F has multiplicity 1. Since div.�/D�F , we have that
KS D�ŒF �. From Corollary 1.4, b1.X /D 0. A Mayer–Vietoris argument similar to that in the proof of
Corollary 1.4 above shows that b1.S/D 0. Arguing exactly as in [4, Theorem 3.3], we see that S is a
rational elliptic surface, with projection u W S ! P1, so is the blowup of P2 in 9 points. Consequently,
there exists a .�1/-curve E (the exceptional divisor of the last blowup). The adjunction formula then
implies that KS �E D�1, so the condition that KS D�ŒF � implies that there are no multiple fibers, and
E is a global section; see [15, Proposition 4.1].
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The distribution of critical graphs of Jenkins–Strebel differentials
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By work of Jenkins and Strebel, given a Riemann surface X and a simple closed multicurve ˛ on it, there
exists a unique quadratic differential q on X whose horizontal foliation is measure equivalent to ˛. We
study the distribution of the critical graphs of these differentials in the moduli space of metric ribbon
graphs as the extremal length of the multicurves goes to infinity, showing they equidistribute to the
Kontsevich measure regardless of the initial choice of X .
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1 Introduction

Overview Famous independent works of Jenkins [1957] and Strebel [1966; 1975; 1976] show that, given
a Riemann surface X and a simple closed multicurve ˛ on it, there exists a unique quadratic differential q
on X whose horizontal foliation represents each curve of ˛ by a cylinder of height 1. To every such
quadratic differential q one can associate its critical graph, a ribbon graph having the singularities of q as
vertices and the horizontal saddle connections of q as edges. This ribbon graph inherits a metric from
the singular flat metric induced by q on X . Roughly speaking, the critical graph encodes the conformal
geometry of X away from ˛; see Figure 1.
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2572 Francisco Arana-Herrera and Aaron Calderon

Figure 1: A Jenkins–Strebel differential and its critical graph.

By work of Mirzakhani1 [2008b], given a closed connected oriented Riemann surface X , the number
of simple closed (multi)curves on X of extremal length � L2 is asymptotic to a polynomial of degree
6g� 6. Each one of these curves gives rise to a critical graph as described above. We show these critical
graphs, appropriately rescaled, equidistribute to the Kontsevich measure on the moduli space of metric
ribbon graphs. In particular, the limiting distribution is independent of the initial choice of X .

The question at hand is heavily motivated by analogous results in the setting of hyperbolic surfaces. In
[Arana-Herrera and Calderon 2022], the authors showed that, given a closed connected oriented hyperbolic
surface X , the metric ribbon graph spines of complementary subsurfaces to simple closed multigeodesics
also equidistribute to the Kontsevich measure on the corresponding moduli space as the lengths of the
geodesics goes to infinity. This result in turn follows a line of investigation that can be traced back to
several other authors [Mirzakhani 2016; Liu 2022; Arana-Herrera 2022; Erlandsson and Souto 2022].
Analogous questions have also been answered in the setting of homogeneous dynamics [Aka et al. 2016a;
2016b; Einsiedler et al. 2019].

Paralleling our approach in [Arana-Herrera and Calderon 2022], we reduce the problem to an equidistribu-
tion question concerning the dynamics of the Teichmüller horocycle flow on moduli spaces of quadratic
differentials. These reductions combine Margulis’s well-known averaging and unfolding techniques
[1970] with several recent developments in Teichmüller theory. Of particular importance are Delaunay
triangulations of quadratic differentials following Masur and Smillie [1991], the AGY-metric on the
moduli space of quadratic differentials developed by Avila, Gouëzel, and Yoccoz [Avila et al. 2006; Avila
and Gouëzel 2013], and the study of the projection of the Masur–Veech measure to the moduli space of
Riemann surfaces carried out by Athreya, Bufetov, Eskin, and Mirzakhani [Athreya et al. 2012].

Our main result also provides a new procedure for sampling random metric ribbon graphs. In particular,
the geometry of any single conformal surface reflects the geometry of random metric ribbon graphs.

Main result To streamline our exposition, for the moment we only state our main result in the (rep-
resentative) case of nonseparating simple closed curves. The statement for the general case appears as
Theorem 6.2 below.

1Although not explicitly stated, this follows directly from [Mirzakhani 2008b, Theorem 1.3]. See [Martínez-Granado and
Thurston 2021, Corollary 5.13] for another proof from the viewpoint of geodesic currents.
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For the rest of this discussion fix an integer g� 2 and denote by Sg a closed connected oriented surface of
genus g. Let Modg be the mapping class group of Sg , Tg be the Teichmüller space of marked conformal
structures on Sg , and Mg be the moduli space of conformal structures on Sg . Free homotopy classes of
unoriented simple closed curves on Sg will be referred to as simple closed curves. Given a simple closed
curve ˛ on Sg and a marked conformal structure X 2 Tg , denote by ExtX .˛/ > 0 the extremal length of ˛
with respect to X ; see Section 2 below for a discussion of the different definitions of extremal length.

Let 
 be a nonseparating simple closed curve on Sg and X 2 Tg be a marked conformal structure on Sg .
For every L> 0 consider the counting function

s.X; 
; L/ WD #f˛ 2Modg � 
 j ExtX .˛/� L2g:

This function does not depend on the marking of X 2 Tg but only on its underlying conformal structure
X 2Mg . Indeed, it is equal to the number of nonseparating simple closed curves on X of extremal
length �L2. By Mirzakhani’s seminal work [2008b], this counting function is asymptotically polynomial
(see (6-1) below).

Given X 2 Tg and a nonseparating simple closed curve ˛ on Sg , denote by JS.X; ˛/ the unique Jenkins–
Strebel differential on X whose horizontal measured foliation is equivalent to ˛ (where the curve is
given weight 1); in particular, the horizontal foliation of JS.X; ˛/ consists of a single cylinder of height 1.
Consider the critical graph of this differential, that is, the union of all of the singular horizontal trajectories
of JS.X; ˛/ equipped with the restriction of the underlying singular flat metric and the ribbon structure
coming from its embedding in Sg . Each of its boundaries has length ExtX .˛/, so to understand the
distribution of these graphs we need to rescale them (see Section 2).

Denote by MRGg�1;2.1; 1/ the moduli space of metric ribbon graphs of genus g� 1 with two boundary
components, each of length 1. For X and ˛ as above let

„1.X; ˛/ 2MRGg�1;2.1; 1/

denote the critical graph of JS.X; ˛/ rescaled by 1=ExtX .˛/. We remark that „1.X; ˛/ is not the same
as the critical graph of the unit-area Jenkins–Strebel differential whose horizontal foliation is projectively
equivalent to ˛; this is because critical graphs scale linearly while extremal length scales quadratically.

On MRGg�1;2.1; 1/ consider the counting measure

�LX;
 WD
X

˛2Modg �


1Œ0;L2�.ExtX .˛// ı„1.X;˛/:

Just like the counting function s.X; 
; L/, this measure does not depend on the marking of X 2 Tg but
only on the underlying conformal structure. Denote by �Kon the measure induced by the Kontsevich
symplectic form on MRGg�1;2.1; 1/ and by cg >0 its total mass (see Section 5 below or [Arana-Herrera
and Calderon 2022, Section 2]).
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The following theorem, which shows that the rescaled critical graphs of Jenkins–Strebel differentials of
nonseparating simple closed curves equidistribute over the moduli space MRGg�1;2.1; 1/, is an instance
of our main result. For the general version see Theorem 6.2, as well as Theorem 6.12 for an even stronger
version concerning simultaneous equidistribution.

Theorem 1.1 Let 
 be a nonseparating simple closed curve and X 2Mg . Then

lim
L!1

�LX;


s.X; 
; L/
D
�Kon

cg
;

with respect to the weak-? topology for measures on MRGg�1;2.1; 1/.

Main ideas of proof Our proof of Theorem 1.1 follows the same outline as the analogous result in the
hyperbolic setting [Arana-Herrera and Calderon 2022, Theorem 1.1]. Namely, we reduce the desired
equidistribution result on MRGg�1;2.1; 1/ to a curve counting result, which we then translate back into
an equidistribution result over Mg .

First, consider the following reformulation. Let f WMRGg�1;2.1; 1/!R�0 be a continuous compactly
supported function. Then, for any nonseparating simple closed curve 
 , any X 2 Tg , and any L > 0,
define the f -weighted counting

c.X; 
; f; L/ WD
X

˛2Modg �


1Œ0;L2�.ExtX .˛//f .„1.X; ˛//D
Z
MRGg�1;2.1;1/

f .x/ d�LX;
 .x/:

Theorem 1.1 is then equivalent to the following counting result:

Theorem 1.2 Let 
 be a nonseparating simple closed curve on Sg , X 2Mg be a conformal structure
on Sg , and f WMRGg�1;2.1; 1/!R�0 be a continuous compactly supported function. Then

lim
L!1

c.X; 
; f; L/

s.X; 
; L/
D

1

cg

Z
MRGg�1;2.1;1/

f .x/ d�Kon.x/:

Once in this setting, we apply Margulis’s “averaging and unfolding” techniques [1970] to reduce the
counting problem at hand to an equidistribution question over Mg . Just as in [Arana-Herrera and
Calderon 2022], during the averaging step one needs uniform control over how the metric ribbon graph
„1.X; ˛/ varies as X 2 Tg does. The basic issue is that if JS.X; ˛/ lies in (or near) a nonprincipal
stratum, then small deformations of X can change the topology of the critical graph. To remedy this, we
prove in Proposition 3.6 that for most ˛, the differential JS.X; ˛/ lies far away from nonprincipal strata.
Proposition 4.3 then shows that for such ˛ we can achieve the desired uniform control on the geometry of
the critical graph.

This control allows us to perform the averaging and unfolding step of our argument, after which our
original problem reduces to a question regarding the equidistribution of certain subsets, which we call
“critical-JS-horoballs”, in the moduli space Mg . To tackle this question we use the rich dynamics of the
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Teichmüller geodesic and horocycle flows. More concretely, we use work of Forni [2021] which in turn
relies crucially on work of Eskin, Mirzakhani, and Mohammadi [Eskin and Mirzakhani 2018; Eskin et al.
2015].

Related results As mentioned above, our main result directly parallels the main theorem of [Arana-
Herrera and Calderon 2022]. Indeed, as a consequence of our results, we find that the limiting distribution
of complementary subsurfaces to hyperbolic geodesics and critical graphs of Jenkins–Strebel differentials
are exactly the same. This is a reflection of the phenomenon that as the boundary lengths of hyperbolic
surfaces go to infinity, they look more and more like ribbon graphs; compare to [Do 2010; Mondello 2009b].

There is a rich history of using both the conformal and hyperbolic incarnations of moduli space to
probe its structure, often resulting in analogous theorems. Of particular relevance here are two different
identifications of the moduli spaces of punctured/bordered Riemann surfaces with the space of metric
ribbon graphs. The first, due to Harer, Mumford, Penner, and Thurston, uses Jenkins–Strebel differentials
with specified poles and residues; this identification was used in the computation of the orbifold Euler
characteristic of Mg;n [Harer and Zagier 1986] as well as Kontsevich’s proof [1992] of Witten’s conjecture.
The second, due to Do [2010] and Luo [2007], uses the spine of a hyperbolic surface with boundary;
see also [Mondello 2009b]. This can be used to unite Mirzkahani’s proof [2007] of Witten’s conjecture
with Kontsevich’s; see [Do 2010]. Our previous work [Arana-Herrera and Calderon 2022] dealt with this
second identification, while the paper at hand corresponds to the first paradigm.

Our theorem also echoes other equidistribution results on moduli space. The Teichmüller geodesic flow,
represented by the action of the diagonal matrix

gt WD

�
et 0

0 e�t

�
;

expands the length of horizontal separatrices by a factor of et , so for every simple closed curve ˛ the
rescaled critical graph „1.X; ˛/ is the same as the critical graph of g� log ExtX .˛/ JS.X; ˛/. Denote by
kqk the area of a quadratic differential q. With this identification, Theorem 1.1 states that point masses
on the critical graphs of

(1-1) fg� logkqkq j q D JS.X; ˛/ for ˛ 2Modg � 
 and kqk � Lg

equidistribute in MRGg�1;2.1; 1/ as L tends to infinity.

This should be compared with work of [Athreya et al. 2012] and the first author [Arana-Herrera 2023],
which give mean equidistribution theorems for expanding Teichmüller balls in moduli space. More
precisely, for every X 2 Tg , one can consider the underlying Riemann surfaces of the expanding ball

(1-2) fglogkqkq j q 2Q.X/ and kqk � Lg;

where Q.X/ is the vector space of holomorphic quadratic differentials on X ; this is the same as the set of
points with Teichmüller distance at most logL from X . Theorem 1.2 of [Athreya et al. 2012] then states
that on average, the images of these balls in Mg equidistribute as L tends to infinity. The link between
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these equidistribution results for (1-1) and (1-2) is the uniform distribution of simple closed curves on the
space MFg of singular measured foliations on Sg [Mirzakhani 2008b, Theorem 1.3].

Lastly, it is interesting to contrast our theorem with the main result of [Dozier and Sapir 2021], where it
is shown that the projections of some strata of Q1Mg to Mg are not coarsely dense; in particular, the
geometry of the critical graphs of horizontally periodic unit-area differentials may be strongly constrained.
For example, if X 2Mg is not near the projection of the minimal stratum then it supports no horizontally
periodic unit-area differential whose critical graph has a vertex of valence 4g � 2, and supports no
differential whose critical graph is close to such.

On the other hand, our main theorem implies that the set of critical graphs for a fixed X , rescaled
to have unit length, is dense in the space of metric ribbon graphs. Since critical graphs are scaled
under the Teichmüller geodesic flow, our result can also be interpreted as saying that any X supports a
Jenkins–Strebel differential q D JS.X; ˛/ such that g� logkqkq is arbitrarily close to the minimal stratum.

Organization In Section 2 we collect preliminary material needed to understand the statements and
proofs of our main results. In addition to standard background material, we focus on how taking the
critical graph of a Jenkins–Strebel differential gives a map to the moduli space of metric ribbon graphs.
In Section 3 we show that the Jenkins–Strebel differentials of most simple closed multicurves stay deep
within the principal stratum; this allows us in the subsequent Section 4 to invoke results about the AGY
metric to show that for most curves, the critical graphs of their Jenkins–Strebel differentials vary uniformly
as the base surface varies. In Section 5 we define “critical-JS-horoballs”, compute their total mass, and
show that they equidistribute over moduli space. The results in this section rely on transporting measures
between Tg and spaces of quadratic differentials, and leverage the ergodic theory of the SL.2;R/ action
on the latter spaces. Finally, in Section 6 we apply Margulis’s averaging and unfolding strategy to prove
Theorem 6.2, a generalization of Theorem 1.1 to arbitrary multicurves.

Acknowledgements The authors would like to thank Vincent Delecroix for suggesting the question
answered in this paper and Curt McMullen for helpful comments. The authors would also like to thank
Giovanni Forni for very enlightening conversations. Calderon acknowledges support from NSF grant
DMS-2202703.

2 Preliminaries

Outline of this section We give of a brief overview of the basic objects and theorems that will be used
throughout the rest of this paper. We begin with a discussion on the theory of Jenkins–Strebel differentials
with a special emphasis on the work of Hubbard and Masur [1979]. We then briefly recall the moduli spaces
of metric ribbon graphs; for a more detailed discussion of these spaces see [Arana-Herrera and Calderon
2022]. Lastly, we discuss in detail how the construction of critical graphs of Jenkins–Strebel differentials
defines a map from (quotients of) Teichmüller space to appropriate moduli spaces of metric ribbon graphs.
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Extremal length Given a Riemann surface X and a simple closed curve 
 on it, the extremal length
of 
 with respect to X admits two equivalent definitions. First, it can be defined analytically as

(2-1) ExtX .
/ WD sup
�

`�.
/
2

Area.�/
;

where the supremum ranges over all conformal metrics � on X of nonzero finite area and `�.
/ denotes
the infimum of the �-lengths of simple closed curves isotopic to 
 . Equivalently, it can be defined
geometrically as

(2-2) ExtX .
/ WD inf
C

1

mod.C /
;

where the infimum ranges over all embedded cylinders C on X with core curve isotopic to 
 and mod.C /
denotes the modulus of the cylinder C .

In independent work, Jenkins [1957] and Strebel [1966; 1975; 1976] showed these two a priori different
notions of extremal length are equivalent through the construction of so-called Jenkins–Strebel differentials;
see Theorem 2.1 below.

Quadratic differentials A (holomorphic) quadratic differential q on a Riemann surfaceX is a differential
which in local coordinates has the form f .z/ dz2 for some holomorphic function f .z/. Such a differential
has a well defined notion of area,

kqk WD Area.q/ WD
Z
X

jqj:

More precisely, the differential q induces a singular flat metric on X . If in local coordinates z D xC iy,
then the metric is given by dx2C dy2; the zeroes of the differential correspond to singularities of the
metric. The area of q is the total area of this metric. We denote by Q.X/ the complex vector space of
all quadratic differentials on a Riemann surface X , and by S.X/ � Q.X/ the sphere of all unit-area
quadratic differentials on X . We sometimes denote quadratic differentials by .X; q/ to record the Riemann
surface X on which they are defined.

The spaces Q.X/ and S.X/ for X ranging over the Teichmüller space Tg can be arranged into bundles
QT g and Q1Tg over Tg of marked (unit-area) quadratic differentials; note that “marking” here refers to a
marking only of the underlying surface Sg and not the zeros of the quadratic differential. These bundles
support natural Modg actions given by change of markings. The quotient Q1Mg WDQ1Tg=Modg is the
bundle of unit-area quadratic differentials over moduli space.

The bundle QTg carries a natural Lebesgue-class measure called the Masur–Veech measure, which is
induced from an integral lattice, corresponding to differentials tiled by unit-area squares. This measure
induces a measure �MV on the hypersurface Q1Tg also called the Masur–Veech measure. Both versions
of this measure are Modg invariant, and the corresponding pushforward O�MV on Q1Mg is a finite
Lebesgue-class measure. Throughout the paper we will denote its mass by bg .

Geometry & Topology, Volume 29 (2025)
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Singular measured foliations Denote by MFg the space of singular measured foliations on Sg up
to isotopy and Whitehead moves. The set of isotopy classes of weighted simple closed curves on Sg
embeds densely into MFg . Furthermore, geometric intersection number extends continuously to a pairing
on MFg . Train track coordinates (see Section 3) induce a natural integral piecewise-linear structure
on MFg . In particular, MFg carries a natural Lebesgue class measure �Thu called the Thurston measure,
which is invariant under the natural Modg -action on MFg . Denote by PMFg the projectivization
of MFg under the action that scales transverse measures and by Œ�� 2 PMFg the projective class of
� 2MFg .

Every quadratic differential q on a Riemann surface X gives rise to a pair of singular measured foliations
<.q/ and =.q/ on X . If in local coordinates z D xC iy the differential q corresponds to dz2, then <.q/
corresponds to the measured foliation induced by jdxj while =.q/ corresponds to the measured foliation
induced by jdyj; the zeroes of q correspond to the singularities of the foliations. We refer to <.q/ and
=.q/ as the vertical and horizontal foliations of q. These constructions give rise to Modg -equivariant
maps <;=WQT g !MFg .

Jenkins–Strebel differentials It is natural to ask whether, given a marked Riemann surface X 2 Tg
and a simple closed curve 
 on Sg , it is possible to find a marked quadratic differential q 2 Q.X/
such that =.q/D 
 . Jenkins [1957] and Strebel [1966; 1975; 1976] independently showed that this is
always possible and, moreover, in a unique way. We refer to the corresponding quadratic differential
JS.X; 
/ 2Q.X/ as the Jenkins–Strebel differential of 
 on X . Jenkins and Strebel’s motivation can be
further understood through the following result:

Theorem 2.1 Given a marked complex structure X 2 Tg and a simple closed curve 
 on Sg , the singular
flat metric induced by JS.X; 
/ 2Q.X/ realizes the supremum in (2-1). Furthermore , the complement of
the critical leaves of vertical foliation of JS.X; 
/ 2Q.X/ is a cylinder realizing the infimum in (2-2). In
particular , the supremum and infimum in (2-1) and (2-2) are equal.

The Hubbard–Masur theorem The question addressed by the works of Jenkins and Strebel can also be
considered for more general singular measured foliations. Indeed, Hubbard and Masur [1979] proved the
following structural result:

Theorem 2.2 Given X 2 Tg and a singular measured foliation � 2MFg , there exists a unique quadratic
differential q D q.X; �/ 2Q.X/ such that =.q/D �. Furthermore , the map q 2Q.X/ 7! =.q/ 2MFg
is a homeomorphism.

Said another way, the map associating to a simple closed curve its Jenkins–Strebel differential extends to
a homeomorphism JS W Tg �MFg !QTg .

Theorem 2.2 suggests the following extension of the notion of extremal length to singular measured
foliations: the extremal length ExtX .�/ of �2MFg with respect toX 2Tg is the area of JS.X; �/2Q.X/.
With this definition, extremal length is 2-homogeneous with respect to the scaling action on transverse
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measures; this prompts us to usually work with the square root of extremal length rather than with extremal
length itself. For other methods of extending extremal lengths to singular measured foliations (and more
general objects) see [Kerckhoff 1980; Martínez-Granado and Thurston 2021; Arana-Herrera 2024].

One can also ask which pairs of singular measured foliations can arise as the vertical and horizontal
foliations of quadratic differentials. It turns out that as long as the pair of foliations appropriately fills
the surface, this is always possible [Gardiner and Masur 1991]. A pair of singular measured foliations
.�; �/ 2MFg �MFg is said to fill the surface Sg if their geometric intersection number with any
singular measured foliation is positive. Denote by � �MFg �MFg the set of pairs of nonfilling
singular measured foliations.

Theorem 2.3 Given a pair of filling singular measured foliations �; � 2MFg , there exists a unique
quadratic differential q 2QT g such that <.q/D � and =.q/D �. Furthermore , we have that the map
.<;=/ WQT g !MFg �MFg n� is a homeomorphism.

We remark that, under this isomorphism, the product measure �Thu ��Thu coincides with �MV up to a
constant.

The Teichmüller metric The Teichmüller metric dTeich on Tg quantifies the minimal dilation among
quasiconformal maps between marked complex structures on Sg . More precisely, for every X; Y 2 Tg ,

dTeich.X; Y / WD
1
2

log
�

inf
f WX!Y

K.f /
�
;

where the infimum runs over all quasiconformal maps f W X ! Y in the homotopy class given by the
markings of X and Y , and where K.f / denotes the dilation of such maps. See [Farb and Margalit
2012, Chapter 11] for a more detailed definition. The action of the (extended) mapping class group on
Teichmüller space is the isometry group of the Teichmüller metric [Royden 1971]. The Teichmüller
metric is complete and its geodesics can be described explicitly in terms of the diagonal part of the natural
SL.2;R/-action on Q1Tg .

Kerckhoff [1980] proved the following formula for the Teichmüller metric; this formula provides control
over the extremal lengths of singular measured foliations in terms of the Teichmüller distance between
two marked complex structures.

Theorem 2.4 For any pair of marked complex structures X; Y 2 Tg ,

(2-3) dTeich.X; Y /D
1
2

max
�2MFg

log
�

ExtY .�/
ExtX .�/

�
:

Furthermore , if q D q.X; Y / 2 S.X/ is the unit-area quadratic differential corresponding to the unique
Teichmüller geodesic from X to Y , then =.q/ realizes the maximum in (2-3).
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The fact that =.q/ realizes the supremum (as opposed to<.q/) is due to the fact that Teichmüller mappings
stretch the leaves of =.q/ while shrinking its measure. For example, suppose q 2 S.X/; then �D=.q/
has unit extremal length. Then its image gtq under the Teichmüller geodesic flow still has area 1 and
=.gtq/D e

�t�. Thus � has extremal length e2t on gtq.

Metric ribbon graphs A ribbon graph is the combinatorial data of a deformation retraction of a surface
with boundary. More formally, it is a (simplicial) graph � equipped with a cyclic ordering of the edges at
each vertex; this can be reconciled with the first notion by thickening each edge to a ribbon and gluing the
edges of the ribbons according to the cyclic ordering. The genus and number of boundary components
of � are the values for the resulting topological surface. One may equip a ribbon graph � with a metric x

assigning a length to each of its edges to obtain a so-called metric ribbon graph .�;x/.

For b � 0 a nonnegative integer, denote by MRGg;b the moduli space of all metric ribbon graphs with
genus g and b distinctly labeled boundary components, all of whose vertices have valence at least three.
This space is built out of cones corresponding to trivalent ribbon graphs, glued along faces corresponding
to shared degenerations. See [Mondello 2009a] for a careful description of the topology of this space.
For a given tuple L D .L1; : : : ; Lb/ of positive numbers, define MRGg;b.L/ �MRGg;b to be the
subset of all ribbon graphs whose (labeled) boundary components have lengths L1; : : : ; Lb . Each slice is
homeomorphic to the usual moduli space of b-pointed Riemann surfaces Mg;b . The slices MRGg;b.L/
piece together to form a fibration MRGg;b!Rb>0.

Critical graphs Given a marked complex structure X 2 Tg and a simple closed curve 
 on Sg , the
critical graph of the Jenkins–Strebel differential qD JS.X; 
/2Q.X/ is the metric ribbon graph obtained
as the union of the critical leaves of =.q/ 2MFg endowed with the restriction of the singular flat metric
induced by q on X . A similar construction can be carried out for general multicurves, but to get a well
defined map to a corresponding moduli space of metric ribbon graphs, care needs to be exercised with
regards to the symmetries of the construction.

For the rest of this discussion let E
 WD .E
1; : : : ; E
k/ be an ordered oriented simple closed multicurve on Sg ,
let Stab0.E
/�Modg be its oriented stabilizer, ie the set of mapping classes that fix each component of E

together with its orientation, and let 
 2MFg be its equivalence class as a singular measured foliation.
Cutting Sg along the components of E
 yields a (possibly disconnected) surface with boundary Sg n E
 .
Label the components of Sg n E
 by .†j /cjD1; such a labeling is possible because the components of 

are labeled and oriented. For each j 2 f1; : : : ; cg let gj ; bj � 0 be nonnegative integers such that †j is
homeomorphic to Sgj ;bj

.

For any length vector L 2Rk>0 we set

MRG.Sg n E
 IL/ WD
cY

jD1

MRGgj ;bj
.L.j //;

where L.j / denotes the lengths corresponding to the boundary components of †j .
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These slices fit together into a larger moduli space MRG.Sg n E
/ which can be topologized through its
natural embedding into a product of combinatorial moduli spaces with variable boundary lengths. Denote
by ��Rk>0 the open simplex

� WD fL 2Rk>0 j L1C � � �CLk D 1g

and let MRG.Sg n E
 I�/ denote the total space of the fibration over � whose fiber above L 2 � is
MRG.Sg n E
 IL/; this can be thought of as the “projectivization” of the full moduli space MRG.Sg n E
/
under the natural rescaling action.

For any marked complex structure X 2 Tg , the critical graph of JS.X; 
/ is the metric ribbon graph
obtained as the union of the critical leaves of =.q/ 2MFg endowed with the restriction of the singular
flat metric induced by q on X . Notice this graph has one connected component for each component
of Sg n E
 . Using the labeling of these components one can define the critical graph map

„. � ; E
/ W Tg !MRG.Sg n E
/:

Furthermore, after rescaling the metric of the critical graph „.X; E
/ 2MRG.Sg n E
/ by 1=ExtX .
/, one
obtains the unit-length critical graph map

„1. � ; E
/ W Tg !MRG.Sg n E
 I�/:

Since Stab0.E
/ preserves labelings of complementary subsurfaces, the maps „. � ; E
/ and „1. � ; E
/ are
Stab0.E
/-invariant.

3 Near the multiple zero locus

Outline of this section We show that the Jenkins–Strebel differentials of most simple closed multicurves
lie deep within the principal stratum; see Proposition 3.6 for a precise statement. This control is crucial
to apply the bounds on the variation of critical graphs proved in Section 4; compare to Proposition 4.3.
The main tools used in this section are the theory of Delaunay triangulations of quadratic differentials
developed in work of Masur and Smillie [1991] and dual train tracks to triangulations.

Triangulations of quadratic differentials For the rest of this paper fix g � 2 and let Sg be a compact
connected oriented surface of genus g � 2. By a triangulation of a quadratic differential q we mean a
triangulation of its underlying Riemann surface whose edges are saddle connections of q (and hence
whose vertices are zeros of q). A triangulation of a quadratic differential q is said to be L-bounded for
some L> 0 if its edges have flat length � L.

Given a marked quadratic differential q 2 Q1Tg and a triangulation �0 of q, one can pull back �0 via
the marking map to obtain an isotopy class of triangulation � on Sg . In particular, because we are not
marking the zeros of q, the vertices of the triangulation � are not fixed. Recall that the mapping class
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group Modg acts properly discontinuously on Q1Tg and Tg by changing markings. It also acts on the set
of isotopy classes of triangulations of Sg by applying the mapping class, and the association described
above is equivariant.

Recall that � WQ1Tg ! Tg denotes the forgetful map.

Lemma 3.1 Let � be an isotopy class of triangulation of Sg , let K � Tg be a compact subset , and
L > 0. Then the subset of marked quadratic differentials q 2 ��1.Modg � K/ having an L-bounded
triangulation �0 that pulls back to � via the marking of q has compact closure in Q1Tg .

Proof Let q 2 ��1.Modg �K/ and �0 be an L-bounded triangulation of q which pulls back to � via
the marking of q. Fix a simple closed curve ˛ on Sg . As �0 is L-bounded and pulls back to � via the
marking of q, one can bound the flat length `˛.q/ of any geodesic representatives of ˛ on q uniformly in
terms ˛, �.Sg/, and L. This together with the fact that q 2 ��1.Modg �K/ implies the hyperbolic length
`˛.�.q// of the unique geodesic representative of ˛ with respect to the marked hyperbolic structure on
Sg induced by �.q/ 2 Tg via uniformization can be bounded uniformly in terms of ˛, �.Sg/, L, and K.
As the bundle � WQ1Tg ! Tg has compact fibers and as the only way of escaping to infinity in Tg is to
develop a simple closed curve of unbounded hyperbolic length, this finishes the proof.

Delaunay triangulations of quadratic differentials For every quadratic differential q denote by `min.q/

the length of its shortest saddle connections and by diam.q/ its diameter. Every quadratic differential
.X; q/ admits a triangulation by saddle connections which is Delaunay with respect to the singularities
of q and the singular flat metric induced by q on X [Masur and Smillie 1991, Section 4]. We refer to any
such triangulation as a Delaunay triangulation of q. For the purposes of this discussion we will not need
to appeal to the explicit construction of these triangulations. Rather, it will suffice to know they exist and
satisfy the following properties:

Lemma 3.2 [Athreya et al. 2012, Lemma 3.11] Let q 2Q1Tg and � be a Delaunay triangulation of q.
Let 
 be a saddle connection of q.

(1) If 
 belongs to �, then `
 .q/�g diam.q/.

(2) If `
 .q/�
p
2`min.q/, then 
 belongs to �.

Directly from Lemmas 3.1 and 3.2 we deduce the following result:

Proposition 3.3 For every compact subset K � Tg there exists a constant LD L.K/ > 0 and a finite
collection of isotopy classes of triangulations f�igniD1 on Sg with the following property. Let q 2��1.K/
and 
 be a saddle connection of q attaining the minimal flat length among saddle connections of q. Then
there exists i 2 f1; : : : ; ng and an L-bounded triangulation �0 of q having 
 as one of its edges and which
pulls back to �i via the marking of q.
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Proof Fix a compact subset K � Tg . By Lemma 3.2.1, there exists a constant L D L.K/ > 0 such
that every Delaunay triangulation of a quadratic differential in ��1.K/ is L-bounded. Moreover, by
Lemma 3.2.2, these triangulations always contain the shortest saddle connections of q. Thus it suffices
to show these triangulations pull back to finitely many triangulations on Sg . This follows because
triangulations of quadratic differentials in Q1Tg have at most 4g� 4 vertices, so up to the action of the
mapping class group there are finitely many combinatorial types of triangulations on Sg that can arise.
Applying Lemma 3.1 and the proper discontinuity of the Modg action on Q1Tg , we see that there are only
are finitely many isotopy classes of triangulations on Sg that are L-bounded on some q 2 ��1.K/.

Remark 3.4 This statement is false if we mark the zeros of q as well as the underlying surface. The
zeros can braid around each other while q remains in a compact subset of Q1Tg , yielding infinitely many
distinct triangulations that differ by the surface braid group. This reflects the fact that the intersection of
��1.K/ with any (nonminimal) stratum is not compact.

Train track coordinates We now discuss some aspects of the theory of train track coordinates. For
more details we refer the reader to [Penner and Harer 1992]. A train track � on Sg is an embedded
1-complex satisfying the following conditions:

(1) Each edge of � is a smooth path with a well-defined tangent vector at each endpoint. All edges at a
given vertex are tangent.

(2) For each component R of Sg n � , the double of R along the smooth part, of the boundary @R has
negative Euler characteristic; equivalently, R is not a bigon or a monogon.

The vertices of � where three or more edges meet are called switches. By considering the inward-pointing
tangent vectors of the edges incident to a switch, one can divide these edges into incoming and outgoing
edges. A train track � on Sg is said to be maximal if all the components of Sg n � are trigons, ie the
interior of a disc with three nonsmooth points on its boundary.

A singular measured foliation � 2MFg is said to be carried by a train track � on Sg if it can be obtained
by collapsing the complementary regions in Sg of a measured foliation of a tubular neighborhood of �
whose leaves run parallel to the edges of � . In this situation, the invariant transverse measure of �
corresponds to a counting measure v on the edges of � satisfying the switch conditions: at every switch
of � the sum of the measures of the incoming edges equals the sum of the measures of the outgoing edges.
Every � 2MFg is carried by some maximal train track � on Sg .

Given a maximal train track � on Sg , denote by V.�/� .R�0/18g�18 the .6g�6/-dimensional closed
cone of nonnegative counting measures on the edges of � satisfying the switch conditions. The set V.�/
can be identified with the closed cone U.�/�MFg of singular measured foliations carried by � . These
identifications give rise to coordinates on MFg called train track coordinates. The transition maps
of these coordinates are piecewise integral linear. In particular, MFg can be endowed with a natural
.6g�6/-dimensional piecewise integral linear structure where the integral points MFg.Z/ correspond to
integrally weighted simple closed multicurves.
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b

a

c

Figure 2: The 1-complex and the train track dual to a triangulation. The train track is obtained by
removing the dashed edges from the 1-complex. Left: the dual 1-complex and dual train track in
a triangle. Right: joining the dual 1-complexes and train tracks.

Train tracks dual to triangulations We now use our discussion of triangulations of q 2 ��1.K/ to
control what the horizontal foliations can coarsely look like. We begin by recalling the construction of a
train track dual to a triangulation; compare [Mirzakhani 2008a; Arana-Herrera 2025; Calderon and Farre
2024b; 2024a].

Let � be an isotopy class of triangulation on Sg . On each of the triangles of � consider a 1-complex as in
Figure 2, left; the edges of this complex that do not intersect the sides of the triangle will be referred to as
inner edges. Join these complexes along the edges of � as in Figure 2, right, to obtain a complex on Sg .
We say that a train track � on Sg is dual to � if it can be obtained from this complex by deleting one
inner edge in each triangle of �. We remark that this operation is well defined even though we are only
considering isotopy classes: two isotopic triangulations will give isotopic collections of dual train tracks.

Let q 2Q1Tg and �0 be a triangulation of q. Denote by � the triangulation of Sg obtained by pulling
back �0 via the marking of q. The horizontal foliation =.q/ 2MFg is carried by a train track dual to �.
Indeed, let T 0 be a triangle of �0. Label the edges of T 0 by a, b, and c so thatZ

a

d=.q/D

Z
b

d=.q/C

Z
c

d=.q/:

This labeling is unique unless one of the edges of T 0 is horizontal, in which case there exist two such
labelings. On T 0 consider a 1-complex as in Figure 2, left, and delete the inner edge of this complex
opposite to a. Consider the corresponding 1-complexes on all the triangles of�0. Joining these complexes
along the edges of �0 as in Figure 2, right, and pulling back the resulting complex to Sg yields a train
track � dual to�. This train track carries =.q/2MFg and, for each edge e of�0, the counting measure of
the corresponding edge of � is equal to

R
e d=.q/. If q is in the principal stratum of quadratic differentials,

the train track � obtained through this construction is maximal, and in general, the singularity structure
of q is reflected in the combinatorics of � .

Directly from the discussion above and Proposition 3.3 we deduce the following, which is analogous to
both [Arana-Herrera 2025, Proposition 2.7] and [Calderon and Farre 2024b, Section 10]:
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Proposition 3.5 For every compact subset K � Tg there exists a finite collection of train tracks f�igniD1
on Sg with the following property. Let q 2 ��1.K/ and 
 be a saddle connection of q that attains the
minimal flat length among saddle connections of q. Then there exists i 2 f1; : : : ; ng such that �i carries
=.q/ and such that the corresponding counting measure on the edges of �i gives weight

R

 d=.q/ to one

of the edges of �i .

The key estimate We are now ready to prove the main estimate of this section. This estimate will allow
us control the equidistribution problem of interest near the multiple zero locus in a sufficiently strong way.

Let JS W Tg �MFg !Q1Tg denote the Hubbard–Masur map from Theorem 2.2 which to every .X; �/ 2
Tg �MFg assigns the unique marked quadratic differential q 2 ��1.X/ such that =.q/ D �. This
differential has area ExtX .�/, so rescaling it by the square root of extremal length results in a unit-area
differential. LetK� �Q1Tg denote the set of marked unit-area quadratic differentials q 2Q1Tg belonging
to the principal stratum with `min.q/� � . Given X 2 Tg consider the set

F.X; �/ WD

�
˛ 2MFg.Z/

ˇ̌̌
1p

ExtX .˛/
JS.X; ˛/ …K�

�
and for any compact set K � Tg define F.K; �/ WD

S
X2K F.X; �/.

Proposition 3.6 Let K� Tg be a compact subset. Then there exists a constant C > 0 such that for every
X 2 K, every � > 0, and every L> 1,

#f˛ 2 F.K; �/ j Ext˛.X/� L2g � CL6g�7CC�L6g�6:

Proof Let f�igniD1 be a finite collection of train tracks on Sg as provided by Proposition 3.5. Now
consider ˛ 2MFg.Z/ such that Ext˛.X/� L2 and

q WD JS.X; ˛=
p

Ext˛.X// 2Q1Tg nK� :

Suppose first that q is not in the principal stratum. Then, by construction, any of the train tracks �i
carrying ˛ D

p
Ext˛.X/=.q/ is not maximal. Suppose now that q is in the principal stratum and that


 is a saddle connection of q attaining `min.q/. It follows by construction that, when carried by the
corresponding �i , one of the resulting weights of ˛ is at most �

p
Ext˛.X/� �L. As the collection of

train tracks f�igniD1 is finite, the desired bound follows from a standard lattice-point counting argument,
ie the fact that a ball of radius R > 0 in a d -dimensional Euclidean space contains approximately Rd

integer points.

4 Uniform geometric estimates

Outline of this section We show that the weights of the metric ribbon graph „1.X; Ę/ vary uniformly
over ˛ as X varies in a suitably chosen neighborhood of moduli space; see Proposition 4.3 for a precise
statement. The proof is based on a uniform continuity argument and uses the AGY metric on strata of
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quadratic differentials introduced by Avila, Gouëzel, and Yoccoz [Avila et al. 2006] in a crucial way.
Before proving Proposition 4.3 we discuss some of the basic properties of the AGY metric following
[Avila et al. 2006; Avila and Gouëzel 2013].

The AGY metric Let Q�QT g be the principal stratum of marked quadratic differentials on Sg , that
is, the subset of differentials with only simple zeros. Denote points in Q by .X; q/, where X is a marked
Riemann surface and q is a quadratic differential on X . Let .Z; !/! .X; q/ be the holonomy double
cover of .X; q/. The tangent space of Q at .X; q/ can be identified with the relative cohomology group
H 1

odd.Z;†IC/, where † � Z denotes the set of zeroes of !, and the subscript odd denotes the �1
eigenspace of the canonical involution of Z!X . For v 2H 1

odd.Z;†IC/ consider the norm

kvkq WD sup
s2S

ˇ̌̌̌
v.s/

hol!.s/

ˇ̌̌̌
;

where S denotes the set of saddle connections of ! and hol!.s/ 2C denotes the holonomy of the saddle
connection s with respect to !; we will sometimes denote this holonomy by jsj! . By work of Avila,
Gouëzel, and Yoccoz [Avila et al. 2006], this definition indeed gives rise to a norm on H 1

odd.Z;†IC/

and the restriction of the corresponding Finsler metric to any fixed-area slice of Q is complete. We refer
to this metric as the AGY metric of Q and denote it by dAGY. For any C1 path � W Œ0; 1�!Q, denote its
AGY length by

length.�/ WD
Z 1

0

k�0.t/k�.t/ dt:

We observe that the rescaling action q 7! rq for r 2 R>0 is an isometry of the AGY metric. Indeed,
given v 2H 1

odd.Z;†IC/ we have that krvkrq D kvkq , and so given any C 1 path �.t/ from q to q0 we
can compute the length of the corresponding path r�.t/ from rq to rq0:

length.r�/D
Z 1

0

kr�0.t/kr�.t/ dt D

Z 1

0

k�0.t/k�.t/ dt D length.�/:

The fundamental property Fix .X; q/ 2 Q and let ‰ D ‰q be the local parametrization of Q by its
tangent plane H 1

odd.Z;†IC/ as above. More formally, define ‰.v/ for v 2H 1
odd.Z;†IC/ as follows.

Consider the path � starting from .X; q/ with �0.t/D v for all times t . For small t the path �.t/ is well
defined. It is possible that �.t/ could be not defined for large t . If the path � is well defined for all
t 2 Œ0; 1� define ‰.v/ WD �.1/ 2Q.

Denote by B.0; r/ the ball of radius r centered at the origin of H 1
odd.Z;†IC/ with respect to the norm

k � kq . The following results, which will be crucial in later sections, give control on the image of the
“exponential map” ‰:

Proposition 4.1 The map ‰ is well defined on B
�
0; 1
2

�
. Moreover:

(1) For v 2 B
�
0; 1
2

�
,

dAGY.q;‰.v//� 2kvkq:
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(2) For every v 2 B
�
0; 1
2

�
and every w 2H 1

odd.Z;†IC/,

1
2
�
kwkq

kwk‰.v/
� 2:

(3) For v 2 B
�
0; 1
25

�
,

dAGY.q;‰.v//�
1
2
kvkq:

In particular , any q0 2Q with dAGY.q; q
0/ < 1

50
is equal to ‰.v/ for some v 2 B

�
0; 1
25

�
.

Apart from the last claim of (3), this is just the statement of [Avila and Gouëzel 2013, Proposition 5.3]
generalized to arbitrary vectors; we provide an outline of the final claim.

Proof sketch Consider the image of B
�
0; 1
25

�
under ‰. By invariance of domain, this is open; in

particular, it contains an open AGY ball BAGY of some maximal radius r > 0. Now by the first claim
of (3), we have that ‰�1.BAGY/ is contained in B.0; 2r/. In particular, if r < 1

50
then we can find a

slightly larger ball B.0; 2r C "/ whose ‰ image strictly contains BAGY (by the first claim of (3) again);
hence r was not maximal to begin with. So r � 1

50
.

A proof of the remaining statements can be obtained by closely following the arguments of [loc. cit.].
Indeed, the key input in the proof of Proposition 4.1 is [loc. cit., Proposition 5.5], which gives a bound
on the growth of the parallel translate of a vector in terms of the length of the path along which it is
translated, and is true for any v, not just those lying in the unstable distribution.

We record for future use a similar result on how the length of saddle connections changes along paths;
compare with [loc. cit., Lemma 5.6]:

Lemma 4.2 Suppose that � W Œ0; 1�!Q is a C 1 path and that s is a saddle connection that survives in
�.t/ for all t 2 Œ0; 1�. Then

e� length.�/
�
jsj�.0/

jsj�.1/
� elength.�/:

Variation of weights With these preliminaries taken care of, we can now show that the geometry of the
horizontal ribbon graph is controlled uniformly over most simple closed multicurves ˛ as X varies in a
small ball in Tg ; compare with [Arana-Herrera and Calderon 2022, Lemma 4.1 and Proposition 4.2].

Recall that if Ę is an ordered oriented simple closed multicurve on Sg , then ˛ 2MFg.Z/ denotes its
equivalence class as a singular measured foliation. Recall that for a compact set K � Tg and � > 0, the
set F.K; �/ denotes those integral simple closed multicurves ˛ 2MFg.Z/ so that, for some X 2 K, the
differential JS.X; ˛/ is either not in Q or has a saddle connection shorter than �

p
ExtX .˛/.

Proposition 4.3 Fix a compact subset K � Tg . Then , for every " > 0 and every � > 0, there exists
ı D ı.K; "; �/ > 0 such that for any ordered oriented simple closed multicurve Ę on Sg such that
˛ … F.K; �/ and any two X;X 0 2 K with dTeich.X;X

0/� ı, the following hold :
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(1) The horizontal ribbon graphs „.X; Ę/ and „.X 0; Ę/ have the same topological type , ie live in the
same facet of MRG.Sg n Ę/.

(2) For every edge e of „.X; Ę/ and/or „.X 0; Ę/, we have that

e�" �
jej„1.X; Ę/

jej„1.X 0; Ę/

� e":

The proof of this proposition has two steps: we first show that the hypotheses imply that the differentials
JS.X; ˛/ and JS.X 0; ˛/ are close in the AGY metric, then use properties of the metric to conclude the
desired statements.

The first step is accomplished using the uniform continuity of the Hubbard–Masur map. To get this, we
need to restrict to a compact set. Restricting to K� , as defined before Proposition 3.6, allows us to avoid
a neighborhood of the multiple zero locus, but we must also impose a bound on the areas of differentials
under consideration. As such, we first record an a priori bound on the extremal length of foliations as the
base surface ranges over a compact set. The following is a direct consequence of Theorem 2.4:

Lemma 4.4 For every compact K � Tg , there is a cK > 1 such that for every � 2MFg and every
X;X 0 2 K,

c�1K �

p
ExtX 0.�/
p

ExtX .�/
� cK:

We now show that if X and X 0 are close in the Teichmüller metric, then most of their Jenkins–Strebel
differentials are close in the AGY metric.

Lemma 4.5 Fix K and � as in Proposition 4.3. For any � > 0, there is a ı > 0 such that for anyX;X 0 2K
with dTeich.X;X

0/ < ı and any ˛ … F.K; �/,

dAGY.JS.X; ˛/; JS.X 0; ˛// < �:

Proof Fix any metric dMFg
on MFg equipping it with the standard topology. By Theorem 2.2, the

map JS W Tg �MFg !QTg is a homeomorphism, and is hence uniformly continuous on the compact set

J WD .K�MFg/\Ext�1.Œc�2K ; c2K�/\ JS�1.R>0 �K� /:

That is, for any � > 0 there is a ı > 0 such that for any .X; �/; .X 0; �/ 2 J with

dTeich.X;X
0/ < ı and dMFg

.�; �0/ < ı;

we have that
dAGY.JS.X; �/; JS.X 0; �0// < �:

In particular, Lemma 4.4 (alternatively, Theorem 2.4) implies that

p
ExtX 0

�
˛

p
ExtX .˛/

�
D

p
ExtX 0.˛/
p

ExtX .˛/
2 Œc�1K ; cK�;

Geometry & Topology, Volume 29 (2025)



The distribution of critical graphs of Jenkins–Strebel differentials 2589

so setting �D �0 D ˛=
p

ExtX .˛/ we have that JS.X; �/ and JS.X 0; �/ are � apart. The statement for ˛
itself follows from the fact that rescaling is an isometry of the AGY metric.

Now since JS.X; ˛/ and JS.X 0; ˛/ are close and live in the same leaf of the unstable foliation, we
can use the exponential map ‰ to connect them via a path completely contained in the unstable leaf
fJS.X; ˛/ jX 2 Tgg. Analyzing this map yields the proof of the main result of this section.

Proof of Proposition 4.3 We begin by observing that, by definition of the „1 map,

jej„1.X; Ę/

jej„1.X 0; Ę/

D
jej„.X; Ę/

jej„.X 0; Ę/

ExtX 0.˛/
ExtX .˛/

:

By Theorem 2.4, the ratio of extremal lengths is bounded arbitrarily close to 1 (so long as we take ı
small enough), so it suffices to compare the geometry of the nonnormalized critical graphs. For ease of
notation, throughout the rest of the proof let us define

q WD JS.X; ˛/ and q0 WD JS.X 0; ˛/:

Fix 0 < " < 2
25

. Lemma 4.5 tells us that by taking ı small enough we can ensure q and q0 are 1
4
" < 1

50

close in the AGY metric, so by Proposition 4.1(3) we have that q0 D‰.v/ for some v 2 B
�
0; 1
2
"
�
. But

now we know that q and q0 have the same horizontal foliation, and hence the same vertical periods.
Therefore v is real, ie v 2H 1

odd.Z;†IR/ with respect to the natural splitting

H 1
odd.Z;†IC/ŠH

1
odd.Z;†IR/˚H

1
odd.Z;†I iR/:

In particular, this implies that the period of every horizontal saddle remains real along �.t/. Since the
exponential map ‰ is well defined (and proper), every horizontal saddle must persist along the entire
path f�.t/g1tD0 (otherwise some saddle would shrink to zero, but doing so leaves the stratum). Hence
the topological type of the horizontal saddle connection graphs of �.0/D q and �.1/D q0 are the same,
establishing the first part of the proposition.

For the second part, kvk�.t/ grows by at most a factor of 2 along the entire path (Proposition 4.1.(2)),
so the length of � is at most ". Since each horizontal saddle persists along the entire path, Lemma 4.2
implies that the length of each can change by a factor of at most elength.�/. Thus the lengths on q and q0

of every edge of „.X; Ę/ have ratio bounded by e˙", proving the second claim.

5 Horoball measures

Outline of this section We introduce “critical-JS-horoballs” and show that, as they expand over moduli
space, they equidistribute with respect to the Masur–Veech measure. See Proposition 5.7 for a precise
statement. Our preliminary discussion relies on work of Athreya, Bufetov, Eskin, and Mirzakhani [Athreya
et al. 2012] as well as an expression for critical-JS-horoballs in terms of the fibered Kontsevich measure.
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The equidistribution result is a consequence of work of Forni [2021], which in turn relies on breakthroughs
of Eskin, Mirzakhani, and Mohammadi [Eskin and Mirzakhani 2018; Eskin et al. 2015]. Throughout we
use the normalizations in [Athreya et al. 2012; Arana-Herrera 2023; Arana-Herrera and Calderon 2022]
for all the measures considered.

The Masur–Veech measure Let E
 WD .E
1; : : : ; E
k/ be an ordered oriented simple closed multicurve on
Sg with underlying multicurve 
 2MFg . Recall that Stab0.E
/�Modg denotes the oriented stabilizer
of E
 , ie the set of mapping classes that fix each component of E
 together with its orientation.

Recall that �MV denotes the Masur–Veech measure on Q1Tg . The forgetful map � WQ1Tg ! Tg pushes
the Masur–Veech measure down to a Lebesgue-class measure m WD ���MV on Tg , which we also refer
to as the Masur–Veech measure. Both �MV and m are Modg -invariant. Let Q�MV and zm denote the
corresponding local pushforwards to Q1Tg=Stab0.E
/ and Tg=Stab0.E
/, and, similarly, let O�MV and ym
be the pushforwards of Q�MV and zm to Q1Mg and Mg . One could of course also define zm and ym by
pushing forward Q�MV and O�MV under the corresponding forgetful maps. Denote the total mass of O�MV, or,
equivalently, ym, by bg > 0.

Recall that for any Riemann surface X , we denote by S.X/ the sphere of unit-area quadratic differentials
on X . Let sX be the conditional probability measure on S.X/ induced by m on Tg . It is characterized by
the disintegration formula

(5-1) d�MV.X; q/D dsX .q/ dm.X/;

together with similar expressions for the measures Q�MV and O�MV on quotients.2

The Hubbard–Masur function Recall that the singular measured foliation =.q/ 2MFg denotes the
horizontal foliation of q 2 Q1Tg , and that Œ=.q/� 2 PMFg denotes its projective class. As observed
in [Athreya et al. 2012], every leaf of the unstable foliation Fu of Q1Tg carries a conditional measure
that is uniformly expanded by the Teichmüller geodesic flow. This measure can be explicitly obtained as
follows. By definition, any leaf of Fu is of the form

FuŒˇ� D fq 2Q
1Tg j Œ=.q/�D Œˇ� 2 PMFgg

for some ˇ 2MFg . By Theorem 2.2, this set can in turn be identified with the open set MFg.ˇ/�MFg
of singular measured foliations on Sg that together with ˇ fill the surface. The Thurston measure �Thu

on MFg therefore restricts to a nontrivial measure on MFg.ˇ/ and hence gives rise to a measure on
Fu
Œˇ�

which we denote by �u;ˇ .

Recall that fgt WQ1Tg!Q1Tggt2R is the Teichmüller geodesic flow on Q1Tg . The fundamental scaling
property described by the formula

(5-2) .gt /��u;ˇ D e
�.6g�6/t�u;ˇ

2We note that we do not need to worry about sizes of stabilizers when recording disintegration formulas at the level of moduli
space. For g � 3, we have that m-almost every X 2Mg has no nontrivial automorphisms and so the fiber of Q1Mg over X is
the entire sphere S.X/. For g D 2 every surface is hyperelliptic, but so is every quadratic differential.
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is then a consequence of the fact that the Teichmüller geodesic flow stretches the horizontal direction,
expanding the measure on the vertical foliation, and thus acting by multiplication by et on MFg.ˇ/.

By Theorems 2.2 and 2.3, the forgetful map � WQ1Tg ! Tg restricts to a homeomorphism �Œˇ� between
Fu
Œˇ�
ŠMF.ˇ/ and Tg . The pushforward of �u;ˇ by this map is in the Lebesgue measure class. Following

[loc. cit.], we denote by
�C.q/ WD

dm

d.�Œˇ�/��u;ˇ
.X/

the corresponding Radon–Nikodym derivative, where q D ��1
Œˇ�
.X/, that is, q D JS.X; ˇ/=

p
ExtX .ˇ/.

We recall from [loc. cit.] that the Hubbard–Masur function is defined to be the following integral:

ƒ.X/ WD

Z
Q1.X/

�C.q/ dsX :

Directly from the definitions, we observe that both �C.q/ andƒ.X/ are Modg -invariant; see also [loc. cit.,
top of page 1063].

Tracing through the definitions, one can arrive at the following formulation:

Lemma 5.1 [Athreya et al. 2012, Proposition 2.3(iii)] For any X 2 Tg ,

ƒ.X/D �Thu.fˇ 2MF j ExtX .ˇ/� 1g/:

In fact, Mirzakhani proved the following strong result:

Theorem 5.2 [Dumas 2015, Theorem 5.10] The function X 2 Tg 7!ƒ.X/ is constant.

As such, we refer to this value as the Hubbard–Masur constant ƒg > 0.

Horoballs For every L > 0 we define the (total) extremal length horoball measure mL
E


on Tg by
restricting m to the set of marked Riemann surfaces X 2 Tg on which

p
ExtX .
/ � L. We similarly

define the (total) unstable horoball measure �L
u;E


on Q1Tg by restricting �u;E
 to the preimage of this set
under the forgetful map � WQ1Tg ! Tg . The extremal length of 
 on X is the same as the area of the
quadratic differential q D JS.X; 
/, which in turn is equal to the geometric intersection number of the
horizontal and vertical foliations of q, so �L

u;E

can equivalently be defined by restricting the Thurston

measure on MFg.
/ to the set
fˇ 2MFg.
/ j i.ˇ; 
/� Lg

and pushing this “Thurston horoball measure” �LThu forward to Fu
Œ
�

. We then take local pushforwards to
get measures

zmL
E


on Tg=Stab0.E
/; Q�L
u;E


on Q1Tg=Stab0.E
/; Q�LThu on MF.
/=Stab0.E
/:

One can check that Q�LThu is finite, as the usual Thurston measure is locally finite on MFg and the closure
(inside MFg , including the 0 foliation) of a piecewise-linear fundamental domain for the action of
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Stab0.E
/ on the support of �LThu is compact. This implies that Q�Lu;
 and zmL

 are also finite, so we can take

the (global) pushforwards of Q�Lu;
 and zmL

 to the moduli spaces Q1Mg and Mg ; denote the resulting

measures by O�Lu;
 and ymL

 .

Recall from Section 2 that MRG.Sg n E
 I�/ denotes the moduli spaces of ribbon graphs of complementary
subsurfaces to E
 of total boundary length 2 and matching boundary lengths along the components of E
 .
Recall also that„1.X; E
/2MRG.Sg n E
 I�/ denotes the critical graph of the Jenkins–Strebel differential
JS.X; 
/ rescaled so that the boundaries have total length 2.

We also want to consider subsets of the horoballs above by conditioning on the shape of the horizontal
separatrices of the corresponding Jenkins–Strebel differentials. To this end, for any L>0 and any nonzero
continuous compactly supported function h WMRG.Sg n E
 I�/!R, define the „1-horoball measure on
Tg by

(5-3) dmL
E
;h
.X/ WD 1Œ0;L�.

p
ExtX .
//h.„1.X; E
//dm.X/:

We similarly define a version supported on the unstable leaf corresponding to 
 :

(5-4) d�L
u;E
;h

.X; q/ WD 1Œ0;L�.
p

ExtX .
//h.„1.X; E
//d�u;
 .q/:

We informally refer to the measures mL
E
;h

as “critical-JS-horoballs”. Compare with the definition of
“RSC-horoballs” from [Arana-Herrera and Calderon 2022, (5.1)]. Notice that the measures mL

E
;h
are

not equal to the pushforwards of the measures �L
u;E
;h

under the Hubbard–Masur map: they differ by the
Hubbard–Masur function.

The measures mL
E
;h
.X/ and �L

u;E
;h
.q/ are Stab0.E
/-invariant, and so as in the case of the total horoball

measures we can take their local pushforwards zmL
E
;h

and Q�L
u;E
;h

after quotienting by Stab0.E
/. We can
then further push down to finite measures ymL

E
;h
and O�L

u;E
;h
on Mg and Q1Mg , respectively.

The fibered Kontsevich measure In the next two subsections, we discuss how the “fibered Kontsevich
measure” describes critical-JS-horoballs in terms of the combinatorial data of metric ribbon graphs; see
Proposition 5.5. We begin by quickly recalling the definition of this measure and refer the reader to
[Arana-Herrera and Calderon 2022, Sections 2 and 7] for a more detailed overview.

Kontsevich [1992] defined a piecewise 2-form !Kon on MRGg;b that computes intersection numbers on
moduli space. Restricting to a slice MRGg;b.L/ with fixed boundary lengths, this form is seen to be
symplectic on every maximal facet. Thus the Kontsevich form gives rise to volume forms

1

.3g�3Cb/Š

V3g�3Cb
!Kon

on each maximal facet, which can be glued together into a volume form on the entire slice MRGg;b.L/.
We will use �L

Kon to denote the measure associated to this volume form and refer to it as the Kontsevich
measure3 on MRGg;b.L/.

3See [Arana-Herrera and Calderon 2022, Remark 2.1] for a discussion of how to deal with this measure in the presence of
nontrivial automorphism groups.

Geometry & Topology, Volume 29 (2025)



The distribution of critical graphs of Jenkins–Strebel differentials 2593

When E
 WD .E
1; : : : ; E
k/ is an ordered oriented simple closed multicurve on Sg with complementary
subsurfaces .†j /cjD1, we recall that we set

MRG.Sg n E
 IL/ WD
cY

jD1

MRGgj ;bj
.L.j //

for any length vector L 2Rk>0. As this is a product of moduli spaces with fixed boundary lengths, it has
a (product) Kontsevich measure �E
;LKon . Integrating against boundary lengths, the Kontsevich measures on
each slice also fit together into a canonical measure on the total space, defined for any measurable subset
A�MRG.Sg n E
/ by the formula

�
E

Kon.A/ WD

Z
Rk

>0

�
E
;L
Kon .A\MRG.Sg n E
 IL// dL1 � � � dLk :

We now use this to induce a measure on MRG.Sg n E
 I�/, the total space of the fibration over the standard
simplex ��Rk . For A�MRG.Sg n E
 I�/ set

cone.A/ WD f.�; tx/ j .�;x/ 2 A; t 2 .0; 1�g �MRG.Sg n E
/;

where � is the underlying ribbon graph and x corresponds to its metric structure.

Denote by �g.E
/ 2N the number of components of E
 that bound a torus with one boundary component.
Let �g.E
/ > 0 be the rational number given by

�g.E
/ WD

Qc
jD1jKgj ;bj

j

jStab0.E
/\Kg j
;

where Kgj ;bj
GModgj ;bj

is the kernel of the mapping class group action on Tgj ;bj
and Kg GModg is

the kernel of the mapping class group action on Tg . These factors arise from special symmetries of
moduli spaces of low-complexity surfaces; for a more extended discussion see [Arana-Herrera 2021;
Arana-Herrera and Calderon 2022].

Definition 5.3 The fibered Kontsevich measure V��Kon on MRG.Sg n E
 I�/ is the measure which to every
Borel measurable subset A assigns the value

V��Kon.A/ WD
�g.E
/

2�g.E
/

Z
cone.A/

L1 � � �Lk d�
E

Kon.�;x/:

Denote the total V��Kon-mass of MRG.Sg n E
 I�/ by mE
 .

Integral points and horoball masses Let mL
E
;h

denote the total mass of O�L
u;E
;h

(equivalently, of Q�L
u;E
;h

).
Note that, since intersection numbers and square roots of extremal lengths scale homogeneously, (5-2)
implies that

(5-5) mL
E
;h
D L6g�6m1

E
;h
:
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L1
L1

L2 L2

Figure 3: Thickening a ribbon graph and gluing boundaries to recover a Jenkins–Strebel differen-
tial with specified critical graph.

To compute m1
E
;h

and, in particular, to relate it to the (fibered) Kontsevich measure, we will need a better
structural understanding of the unstable leaf Fu

Œ
�
. The following statement gives us the desired control;

compare to the discussion of moderately slanted cylinder diagrams in [Arana-Herrera 2020, Section 3]
and to the discussion of shear-shape coordinates for quadratic differentials in [Calderon and Farre 2024b].

Lemma 5.4 The critical graph map „ W Fu
Œ
�
=Stab0.E
/ !MRG.Sg n E
/ demonstrates the quotient

Fu
Œ
�
=Stab0.E
/ as a torus bundle over MRG.Sg n E
/.

Proof By definition, every q 2 Fu
Œ
�

is a unit-area quadratic differential whose horizontal foliation (ie
imaginary part) is in the projective class of Œ
�. In particular, this implies that its horizontal cylinders all
have equal heights. Cutting along the core curves of these cylinder, we are left with a flat cone structure
with totally geodesic boundary on Sg n E
 . Collapsing the vertical leaves then defines a deformation retract
onto the critical graph „.q/ 2MRG.Sg n E
/.

Conversely, given a tuple of metric ribbon graphs .�;x/ 2MRG.Sg n E
/, there exists a unique choice
of height such that gluing together these metric ribbon graphs along cylinders of that height results in a
unit-area quadratic differential with the given horizontal separatrices; if .�;x/ 2MRG.Sg n E
 IL/, then
the corresponding height is 1=

Pk
iD1Li . Compare to Figure 3. The only ambiguity in this construction

arises in choosing how much to shear along the cylinders of 
 . Thus, for each x 2MRG.Sg n E
/, there is
a torus’s worth of ways to construct a quadratic differential q 2Fu

Œ
�
with critical graph „.q/D .�;x/.

The fibers of the critical graph map „ WFu
Œ
�
=Stab0.E
/!MRG.Sg n E
/ are tori of real dimension k equal

to the number of components of E
 . Each dimension represents twisting about one of the components.
Because of this, the fibers are naturally equipped with a notion of size coming from the circumferences
of the corresponding cylinders (representing the possible amounts of twisting, plus a correction factor for
extra symmetries). See also the discussion of the “cut-and-glue fibration” in [Arana-Herrera and Calderon
2022, Section 11].

This discussion allows us to express the pushforward of the Thurston measure by „ in terms of the
Kontsevich measure on the base of the fibration.
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Proposition 5.5 The following identity of measures on MRG.Sg n E
/ holds:

(5-6) d.„� Q�u;E
 /D
�g.E
/

2�g.E
/
L1 � � �Lk d�

E
;L
Kon dL1 � � � dLk :

That is , for every measurable subset A�MRG.Sg n E
/,

Q�u;E
 .„
�1A/D

�g.E
/

2�g.E
/

Z
Rk

>0

�
E
;L
Kon .A\MRG.Sg n E
 IL//L1 � � �Lk dL1 � � � dLk :

Proof There are natural notions of integer points for both Fu
Œ
�
=Stab0.E
/ and MRG.S n E
/. In the first

space, these are square-tiled surfaces. In the second space, these are integral metric ribbon graphs. The
measure �Thu can be defined as a weak-? limit of counting measures of integrally weighted simple closed
multicurves, and the corresponding measure �u;E
 can hence be interpreted as a weak-? limit of counting
measures of square-tiled surfaces.

Observe that the critical graph map „ W Fu
Œ
�
=Stab0.E
/!MRG.Sg n E
/ takes integer points to integer

points. Furthermore, over any integral metric ribbon graph in .�;x/ 2MRG.S n E
 IL/, there are exactly
L1 � � �Lk square-tiled surfaces in „�1.�;x/ (corresponding to integral amounts of twisting). Thus, up
to getting the correct normalization factor, it suffices to show that we can reinterpret the right-hand side
of (5-6) in terms of counting integer points. This statement was first observed by Norbury [2010], but is a
consequence of the fact that the Kontsevich measure is the Lebesgue measure in the lengths of edges.
Compare with the discussion on the fibered Kontsevich measure in [Arana-Herrera and Calderon 2022].

To get the normalizing constant, we must be careful to count integer points weighted by the size of their
automorphism group. Equivalently, we must ensure that the pushforwards of measures to orbifolds are
weighted by their symmetries. The symmetries of low-complexity moduli spaces (ie the kernel of the
mapping class group action on these Teichmüller spaces) hence contribute a factor of �g.E
/. The 2��g.E
/

factor comes from the elliptic involution on S1;1: its existence implies that there is only half as much
twisting in the toral fibers as one might expect.

Together with (5-5) and the definition of the fibered Kontsevich measure (Definition 5.3), Proposition 5.5
immediately implies the following:

Corollary 5.6 For any L> 0 and any nonzero continuous compactly supported function

h WMRG.Sg n E
 I�/!R;

the total mass mL
E
;h

of O�L
u;E
;h

is equal to

mL
E
;h
D L6g�6

Z
MRG.SgnE
 I�/

h.x/ d V��Kon.x/:
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Equidistribution of critical-JS-horoballs We now show that the expanding pushforwards of critical-JS-
horoballs equidistribute with respect to the Masur–Veech measure; this is the analogue of [Arana-Herrera
and Calderon 2022, Theorem 5.2]. As opposed to that paper, here we will be able to invoke strong results
from Teichmüller dynamics to deduce equidistribution relatively quickly; the approach presented here is
one of several possible ones. We first consider the horoball measures on unstable leaves.

Proposition 5.7 For any nonzero continuous compactly supported function h WMRG.Sg n E
 I�/!R,
the following convergence holds with respect to the weak-? topology for measures on Q1Mg :

lim
L!1

O�L
u;E
;h

mL
E
;h

D
O�MV

bg
:

Proof This result follows directly from [Forni 2021, Theorem 1.6].4 In fact, the cited theorem is stronger
in the sense that it guarantees equidistribution of “horospheres.” The desired result for horoballs can be
recovered by integrating horospheres along the direction of the Teichmüller geodesic flow.

We now use Proposition 5.7 to deduce the equidistribution of critical-JS-horoballs. Unlike in the hyperbolic
setting (see [Arana-Herrera and Calderon 2022, Theorem 5.2 and Corollary 5.3]) we cannot simply push
Proposition 5.7 down to Mg to arrive at the following result; this is related to the fact that �MV is
Modg -invariant while �u;E
 is not.

Corollary 5.8 For any nonzero continuous compactly supported function h WMRG.Sg n E
 I�/!R, the
following convergence holds with respect to the weak-? topology for measures on Mg :

lim
L!1

ymL
E
;h

mL
E
;h

D
ƒg

bg
ym:

Proof Let f WMg !R be a continuous compactly supported function and set Qf W Tg=Stab0.E
/!R

to be its pullback to Tg=Stab0.E
/. As a direct consequence of the definitions and the Hubbard–Masur
theorem, for every L> 0 we can rewriteZ

Mg

f .X/ d ymL
E
;h
.X/D

Z
Tg=Stab0.E
/

Qf .X/ d zmL
E
;h
.X/

D

Z
Tg=Stab0.E
/

Qf .X/�C
�

JS.X; 
/
p

ExtX .
/

�
d.�Œ
�/� Q�

L
u;E
;h

.X/

D

Z
Q1Tg=Stab0.E
/

Qf .�.q//�C.q/ d Q�L
u;E
;h

.q/:

4An alternative proof of the desired equidistribution statement can be obtained using the mixing property of the Teichmüller
geodesic flow; see for instance [Eskin et al. 2022, Proposition 3.2]. A proof using only the ergodicity of the Teichmüller horocycle
flow should also follow from the methods discussed in [Arana-Herrera 2021].
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Pushing back down to moduli space and dividing by the total mass mL
E
;h

we get

1

mL
E
;h

Z
Mg

f .X/ d ymL
E
;h
.X/D

1

mL
E
;h

Z
Q1Mg

f .�.q//�C.q/ d O�L
u;E
;h

.q/

!
1

bg

Z
Q1Mg

f .�.q//�C.q/ d O�MV.q/;

where the convergence as L!1 follows from Proposition 5.7. We can then integrate off the sX factor
using the product formula (5-1) and invoke Theorem 5.2 to deduce the desired result.

6 Equidistribution of critical graphs

Outline of this section We state and prove our main result in the case of a general multicurve. Theorem 1.1
follows as a special case. The proof is obtained by putting the results of the previous sections into the
outline discussed in the introduction. Namely, after reducing the equidistribution problem at hand to
a counting problem for curves whose Jenkins–Strebel differentials have constrained critical graphs,
averaging and unfolding techniques allow us to further reduce to an equidistribution question for critical
horoball measures. Propositions 3.6 and 4.3 will play an important role at this stage of the proof. The
results of Section 5, which rely on the ergodicity of the Teichmüller horocycle flow, guarantee these
measures equidistribute. The relationship between the total mass of critical horoball measures and the
Kontsevich measure, explained in Corollary 5.6, then allows us to relate the asymptotics of our curve
counting problem to the Kontsevich measure.

From equidistribution to counting Fix an ordered oriented simple closed multicurve E
 . For every
L> 0, consider the extremal length counting function

s.X; E
;L/ WD #f˛ 2Modg � E
 j
p

ExtX . Ę/� Lg:

This does not depend on the marking of X 2 Tg but only on its underlying conformal structure. Work of
Mirzakhani [2008b] gives sharp asymptotics for this count:

(6-1) lim
L!1

s.X; E
;L/

L6g�6
D
mE
ƒg

bg
:

Here ƒg > 0 is the Hubbard–Masur constant, bg > 0 is the total Masur–Veech volume of Q1Mg , and
mE
 is the total mass of the fibered Kontsevich measure V��Kon on the moduli space MRG.Sg n E
 I�/.

Remark 6.1 As discussed in [Arana-Herrera and Calderon 2022, Remark 7.6], the constant mE
 can be
reconciled with the usual statement of (6-1) involving the “frequency” c.
/ by observing that we are
counting ordered oriented multicurves (introducing a factor of ŒStab.
/ WStab0.E
/�) and that the coefficient
of the top-degree part of the Weil–Petersson volume polynomial of Sg n E
 is exactly mE
 .
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Recall that our goal is to study the asymptotic distribution of the counting measures on MRG.Sg n E
 I�/
given by

�L
X;E

WD

X
Ę2Modg � E


1Œ0;L�.
p

ExtX .˛// ı„1.X; Ę/:

The following is the general version of Theorem 1.1; its proof will occupy the rest of this section. Compare
with [Arana-Herrera and Calderon 2022, Theorem 7.7].

Theorem 6.2 Let E
 WD .E
1; : : : ; E
k/ be an ordered oriented simple closed multicurve on Sg and X 2Mg

be a complex structure on Sg . Then

lim
L!1

�L
X;E


s.X; E
;L/
D
V��Kon

mE


with respect to the weak-? topology for measures on MRG.Sg n E
 I�/.

Remark 6.3 For the sake of brevity and readability, throughout the rest of this section we will shorten
MRG.Sg n E
 I�/ to MRG. We will not consider any other spaces of ribbon graphs in the sequel.

As explained in Section 1, Theorem 6.2 is equivalent to a counting problem for metric ribbon graphs.
More concretely, it is enough to show that for every continuous compactly supported f WMRG!R�0,

lim
L!1

1

s.X; E
;L/

Z
MRG

f .x/ d�L
X;E

.x/D

1

mE


Z
MRG

f .x/ d V��Kon.x/:

For every L> 0 consider the f -weighted counting function

(6-2) c.X; E
; f; L/ WD

Z
MRG

f .x/ d�L
X;E

.x/D

X
Ę2Modg � E


1Œ0;L�.
p

ExtX .˛//f .„1.X; Ę//:

Observe that, although it is not compactly supported, one can follow the same argument with f � 1 and
recover the usual counting function s.X; E
;L/.

The rest of this section is devoted to proving the ensuing result, from which Theorem 6.2 follows directly
by the above discussion. This is a generalized version of Theorem 1.2 from the introduction in the case
of a general multicurve.

Theorem 6.4 Let E
 WD .E
1; : : : ; E
k/ be an ordered oriented simple closed multicurve on Sg and X 2Mg

be a complex structure on Sg . Then , for every continuous compactly supported f WMRG!R�0,

lim
L!1

c.X; E
; f; L/

s.X; E
;L/
D

1

mE


Z
MRG

f .x/ d V��Kon.x/:

For the rest of this section we fix a marked conformal structure X 2 Tg , an ordered oriented simple
closed multicurve E
 on Sg , and a nonzero nonnegative continuous compactly supported function
f WMRG!R�0.

Geometry & Topology, Volume 29 (2025)



The distribution of critical graphs of Jenkins–Strebel differentials 2599

Averaging counts Our next goal is to average the counting functions introduced in (6-2) over small
neighborhoods of moduli space. Using the results from Section 4, we first study how these counting
functions vary in such neighborhoods.

Recall that Proposition 4.3 states that for every pair of conformal structures X; Y 2 Tg that are sufficiently
close in the Teichmüller metric and most ordered oriented simple closed multicurves Ę on Sg , the critical
graphs „1.X; Ę/ and „1.Y; Ę/ belong to the same facet of MRG and the corresponding edges have
length differing by a multiplicative constant. We now define analogous neighborhoods in the moduli
space of ribbon graphs.

Given x 2MRG and a positive constant " > 0, denote by N".x/ the set of all y 2MRG in the same
facet as x, ie with the same topological type of underlying ribbon graph as x, such that for every edge e
of x and y ,

e�"jejx � jejy � e
"
jejx:

Here we have implicitly fixed a local marking so we can compare the weights of specific edges. For every
" > 0 consider the averaged functions

f min
" ; f max

" WMRG!R�0

given by
f min
" .x/ WD min

y2N".x/
f .y/; f max

" .x/ WD max
y2N".x/

f .y/:

We begin our proof of Theorem 6.4 with the following estimate, which allows us to compare counts of
curves on X with counts on nearby surfaces. Propositions 3.6 and 4.3 play a crucial role in the proof of
this result. For X 2Mg , a function f on MRG, and functions F and G on R, we say that F DOX;f .G/
if F DO.G/ where the implicit constants depend only on X and f .

Proposition 6.5 For every " > 0 there exists ı WD ı.X; "/ 2 .0; "/ such that for every Y 2Mg with
dTeich.X; Y / < ı, the following estimates hold :

c.Y; E
; f min
" ; e�ıL/COX;f .L

6g�7
C "L6g�6/� c.X; E
; f; L/;(6-3)

c.X; E
; f; L/� c.Y; E
; f max
" ; eıL/COX;f .L

6g�7
C "L6g�6/:(6-4)

Proof We prove (6-4). Similar arguments yield a proof of (6-3).

We begin by applying Proposition 3.6 to focus our attention on curves in the mapping class group orbit
of E
 whose corresponding Jenkins–Strebel differentials have no short saddle connections. Recall that
for any compact set K � Tg and any � > 0, we use F.K; �/�MFg.Z/ to denote the set of integrally
weighted simple closed multicurves ˛ on Sg such that JS.Y; ˛/, after rescaling to have unit area, has a
�-short saddle connection for some Y 2 K. By abuse of notation we also use F.K; �/ to denote the set
of ordered oriented simple closed multicurves Ę on Sg whose underlying multicurve belongs to F.K; �/.
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Now take K � Tg to be the closed unit ball in the Teichmüller metric centered at X and � D " > 0
arbitrary. Consider the truncated counting function

c�.X; E
; f; L/ WD
X

Ę2Modg � E
nF.K;"/

1Œ0;L�.
p

ExtX .˛//f .„1.X; Ę//:

By Proposition 3.6 it follows that

(6-5) c.X; E
; f; L/D c�.X; E
; f; L/Ckf k1OK.L
6g�7

C "L6g�6/:

We can now invoke the geometric comparison results of Section 4. Consider ı D ı.K; "; "/ > 0 as in
Proposition 4.3 and set

ı0 WDminf1; ı; "g:

Now for any Y 2 Tg such that dTeich.X; Y / < ı0 and any Ę 2 Modg � E
 n F.K; "/, it follows from
Proposition 4.3 that „1.X; Ę/ and „1.Y; Ę/ are in the same facet of MRG and that for every edge e of
such metric ribbon graphs,

e�"jej„1.Y; Ę/ � jej„1.X; Ę/ � e
"
jej„1.Y; Ę/:

It follows that „1.X; Ę/ 2N".„1.Y; Ę//, so by definition

(6-6) f .„1.X; Ę//� f max
" .„1.Y; Ę//:

By Kerckhoff’s characterization of the Teichmüller metric (Theorem 2.4),

(6-7)
p

ExtY .˛/� eı
0p

ExtX .˛/:

From (6-6) and (6-7) we deduce

(6-8) c�.X; E
; f; L/� c.Y; E
; f max
" ; eı

0

L/:

Putting together (6-5) and (6-8) we conclude

c.X; E
; f; L/� c.Y; E
; f max
" ; eı

0

L/Ckf k1OK.L
6g�7

C "L6g�6/:

We now integrate Proposition 6.5 against the pushforward ym of the Masur–Veech measure. For every
ı 2 .0; 1/ denote by UX .ı/ �Mg the open ball of radius ı centered at X 2Mg with respect to the
Teichmüller metric and let ˇX;ı WMg!R�0 be any bump function supported on UX .ı/ of total m mass 1.

Corollary 6.6 Let all notation be as in Proposition 6.5. Then c.X; E
; f; L/ is bounded below by

(6-9)
Z
Mg

ˇX;ı.Y /c.Y; E
; f
min
" ; e�ıL/ d ym.Y /COX;f .L

6g�7
C "L6g�6/

and above by

(6-10)
Z
Mg

ˇX;ı.Y /c.Y; E
; f
max
" ; eıL/ d ym.Y /COX;f .L

6g�7
C "L6g�6/:
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Unfolding averaged counts Unfolding the integrals in (6-9) and (6-10) over Tg=Stab0.E
/ and pushing
them back down to Mg in a suitable way will reduce the proof of Theorem 6.4 to an application of
Corollary 5.8. The following proposition describes this principle; the reader should also compare to
[Arana-Herrera 2022, Proposition 3.3; Arana-Herrera and Calderon 2022, Proposition 6.6].

Proposition 6.7 Fix a continuous compactly supported function h WMRG!R�0. Then for every ı > 0
and every L> 0,

(6-11)
Z
Mg

ˇX;ı.Y /c.Y; E
; h; L/ d ym.Y /D

Z
Mg

ˇX;ı.Y / d ym
L
E
;h
.Y /:

Remark 6.8 Our weight function has changed names; this is because we eventually apply Proposition 6.7
with h equal to the functions f max

" and f min
" .

Proof Let ı > 0 and L > 0 be arbitrary. For every Y 2Mg one can rewrite the counting function
c.Y; E
; h; L/ as follows:

c.Y; E
; h; L/D
X

Ę2Modg E


1Œ0;L�.
p

ExtY .˛//h.„1.Y; Ę//

D

X
Œ��2Modg=Stab0.E
/

1Œ0;L�.
p

ExtY .�:E
//h.„1.Y; �:E
//

D

X
Œ��2Modg=Stab0.E
/

1Œ0;L�.
p

Ext��1:Y .E
//h.„
1.��1:Y; E
//

D

X
Œ��2Stab0.E
/nModg

1Œ0;L�.
p

Ext�:Y .E
//h.„1.�:Y; E
//:

Let us record this fact as

(6-12) c.Y; E
; h; L/D
X

Œ��2Stab0.E
/nModg

1Œ0;L�.
p

Ext�:Y .E
//h.„1.�:Y; E
//:

Denote by pE
 W Tg=Stab0.E
/!Mg the quotient map and let Q̌X;ı D ˇX;ı ıpE
 be the lift of ˇX;ı to this
cover. Unfolding the integral on the left hand side of (6-11) using (6-12) it follows thatZ

Mg

ˇX;ı.Y /c.Y; E
; h; L/ d ym.Y /

D

Z
Tg=Stab0.E
/

Q̌
X;ı.Y /1Œ0;L�.

p
ExtY .E
//h.„1.Y; E
// d zm.Y /

D

Z
Tg=Stab0.E
/

Q̌
X;ı.Y / d zm

L
E
;h
.Y /D

Z
Mg

ˇX;ı.Y / d ym
L
E
;h
.Y /;

where the second equality follows from the definition of the horoball measure zmL
E
;h

appearing in (5-3)
and the third equality follows by taking the pushforward.
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Reducing counting to equidistribution We can now finish the proof of Theorem 6.4 by applying our
equidistribution results from Section 5. Proposition 6.7 relates averages of the f -weighted counting
function c.X; E
; f; L/ to horoball measures; our strategy now is to relate the original counting function
and the mass of these measures, which we can then compare with the count s.X; E
;L/ of all ordered
oriented simple closed multicurves in the Modg -orbit of E
 .

Proof of Theorem 6.4 Recall that we are aiming to prove that

lim
L!1

c.X; E
; f; L/

s.X; E
;L/
D

1

mE


Z
MRG

f .x/ d V��Kon.x/:

By Corollary 5.6, for any continuous compactly supported function h WMRG!R�0, the total mass mL
E
;h

of the unstable horoball measure ymL
E
;h

on Mg is L6g�6 times the integral

r.E
; h/ WD

Z
MRG

h.x/ d V��Kon.x/:

Proving Theorem 6.4 is then equivalent to showing that both of the following inequalities hold:

r.E
; f /

mE

� lim inf
L!1

c.X; E
; f; L/

s.X; E
;L/
;(6-13)

lim sup
L!1

c.X; E
; f; L/

s.X; E
;L/
�
r.E
; f /

mE

:(6-14)

We verify (6-14) by averaging and unfolding; a proof of (6-13) can be obtained following the same
argument. Let "2 .0; 1/ be arbitrary and ıD ı.X; "/ as in Corollary 6.6. Shrinking ı as necessary, we can
also assume that e.6g�6/ı � 2. Set h WD f max

" ; Corollary 6.6 then implies we can average our counting
function to get

c.X; E
; f; L/�

Z
Mg

ˇX;ı.Y /c.Y; E
; h; e
ıL/ d ym.Y /COX;f .L

6g�7
C "L6g�6/:

Set L0 WD eıL. Unfolding the integral, ie using Proposition 6.7, we deduce

c.X; E
; f; L/�

Z
Mg

ˇX;ı.Y / d ym
L0

E
;h
.Y /COX;f .L

6g�7
C "L6g�6/:

Dividing this inequality by mL
0

E
;h
(which is nonzero so long as f ¤ 0) we get

c.X; E
; f; L/

mL
0

E
;h

�

Z
Mg

ˇX;ı.Y / d
ymL0

E
;h

mL
0

E
;h

.Y /C
OX;f ."/

r.E
; h/
;

where we have invoked Corollary 5.6 and our assumption on ı to simplify the bound on the far right.
Since h� f , we know that r.E
; h/� r.E
; f /, so we can also absorb this term into our big O estimate.

Taking the lim sup as L!1 and applying Corollary 5.8, we deduce that

(6-15) lim sup
L!1

c.X; E
; f; L/

mL
0

E
;h

�
ƒg

bg

Z
Mg

ˇX;ı.Y / d ym.Y /COX;f ."/D
ƒg

bg
COX;f ."/:
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Combining this with Mirzakhani’s asymptotic count (6-1) and our expression for horoball masses
(Corollary 5.6), we arrive at the following estimate:

(6-16) lim sup
L!1

c.X; E
; f; L/

s.X; E
;L/
�
r.E
; h/e.6g�6/ı

mE

COX;f ."/:

We now shrink our approximating neighborhoods. By definition, h WD f max
" & f pointwise as "& 0. In

particular, by the monotone convergence theorem,

lim
"&0

r.E
; f max
" /D lim

"&0

Z
MRG

f max
" .x/ d V��Kon.x/D

Z
MRG

f .x/ d V��Kon.x/D r.E
; f /:

Sending ", and hence ı, to 0 we get that the right-hand side of (6-16) converges to r.E
; f /=mE
 , as
desired.

This completes the proof of the counting result (Theorem 6.4), and hence also the proof of our main
equidistribution result (Theorem 6.2).

Simultaneous equidistribution Drawing inspiration from [Aka et al. 2016a; 2016b; Einsiedler et al.
2019; Arana-Herrera and Calderon 2022], we now discuss the issue of simultaneous equidistribution. More
concretely, we show that the placement of simple closed multicurves in the space of singular measured
foliations is asymptotically independent from the critical graph of the Jenkins–Strebel differential they
define on a given Riemann surface.

Recall that PMFg denotes the space of projective singular measured foliations on Sg and that Œ�� 2
PMLg denotes the projective class of � 2MFg . Given X 2 Tg , consider the coned-off Thurston
measure �XThu which to every measurable subset A� PMLg assigns the value

�XThu.A/ WD �Thu.f� 2MLg j ExtX .�/� 1; Œ�� 2 Ag/:

By Lemma 5.1 and Theorem 5.2, the total mass of this measure is preciselyƒ.X/Dƒg >0, the Hubbard–
Masur constant. Furthermore, as discussed in [Athreya et al. 2012, Proposition 2.3], this measure can be
related to the fiberwise measures sX and the Hubbard–Masur function �C as follows:

Proposition 6.9 Let X 2 Tg be a marked complex structure on Sg . Consider the homeomorphism
Œ=� W S.X/! PMFg . Then

�C.q/D
dŒ=���

X
Thu

dsX
.q/:

Fix an ordered oriented simple closed multicurve E
 WD .E
1; : : : ; E
k/ on Sg and a marked hyperbolic
structure X 2 Tg . Recall that 
 2MFg denotes the equivalence class of E
 as a singular measured
foliation on Sg . For every L> 0 consider the counting measure on PMLg given by

�L
E
;X
WD

X
Ę2Modg � E


1Œ0;L�.
p

ExtX .˛// ıŒ˛�:
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Observe that we weight a given projective class Œ˛� by the index ŒStab.
/ WStab0.E
/�; this allows us to
use the oriented count s.X; E
;L/ below. The following result can be deduced directly from Mirzakhani’s
work [2008b, Theorem 6.4]:

Theorem 6.10 In the weak-? topology for measures on PMLg ,

lim
L!1

�L
E
;X

s.X; E
;L/
D
�XThu

ƒg
:

It is natural to consider the question of simultaneous equidistribution for the limits in Theorems 6.2
and 6.10. More precisely, fix an ordered oriented simple closed multicurve E
 WD .E
1; : : : ; E
k/ on Sg and
X 2 Tg . For every L> 0 consider the counting measure on PMFg �MRG.Sg n E
 I�/ given by

�L
E
;X
WD

X
Ę2Modg � E


1Œ0;L�.
p

ExtX .˛// ıŒ˛�˝ ı„1.X; Ę/:

As always, this measure depends only on the underlying hyperbolic structure of X 2 Tg and not on its
marking. The question of equidistribution as L!1 of these measures can be tackled by the same
methods used in the proof of Theorem 6.2 subject to some important modifications we now discuss.

The most important difference in the proof comes from the equidistribution result that one must use instead
of Corollary 5.8. Denote by P1Tg D Tg �PMFg the bundle projective singular measured foliations over
Teichmüller space. This bundle carries a natural measure � given by the following disintegration formula:

dn.X; Œ��/D d�XThu.Œ��/ dm.X/:

The quotient P1Mg D P1Tg=Modg by the diagonal action of the mapping class group is the bundle of
projective singular measured foliations over moduli space. As this action preserves the measure n, we
obtain a measure On on P1Mg satisfying the following disintegration formula:

d On.X; Œ��/D d�XThu.Œ��/ d ym.X/:

To define the relevant horoballs we want to consider over P1Mg we proceed as follows. For anyL>0 and
any nonzero continuous compactly supported function h WMRG.Sg n E
 I�/!R, define the „1-horoball
measure on P1Tg by

dnL
E
;h
.X; Œ��/ WD d ıŒ
�.Œ��/ dmL

E
;h
.X/;

where ıŒ
� denotes the delta mass at Œ
� 2 PMFg . Directly from the definitions one can check that this
measure is Stab0.E
/-invariant. It follows that one can locally push this measure forward to P1Tg=Stab0.E
/
to get a measure QnL

E
;h
. Denote by OnL

E
;h
the measure on P1Mg obtained by pushing forward this measure.

Notice that the total mass of this measure is exactly mL
E
;h
> 0.

The following is the main equidistribution result needed to address the simultaneous equidistribution
question alluded to above:
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Proposition 6.11 For any nonzero continuous compactly supported function h WMRG.Sg n E
 I�/!R,
the following convergence holds with respect to the weak-? topology for measures on P1Mg :

lim
L!1

OnL
E
;h

mL
E
;h

D
On

bg
:

Proof Let f WP1Mg!R be a continuous compactly supported function and set Qf WP1Tg=Stab0.E
/!R

to be its pullback. As a direct consequence of the definitions and the Hubbard–Masur theorem, for every
L> 0 we can rewriteZ

P1Mg

f .X; Œ��/ d OnL
E
;h
.X; Œ��/D

Z
P1Tg=Stab0.E
/

Qf .X; Œ��/ d QnL
E
;h
.X; Œ��/

D

Z
Tg=Stab0.E
/

Qf .X; Œ
�/�C
�

JS.X; 
/
p

ExtX .
/

�
d.�Œ
�/� Q�

L
u;E
;h

.X/

D

Z
Q1Tg=Stab0.E
/

Qf .�.q/; Œ=.q/�/�C.q/ d Q�L
u;E
;h

.q/:

Pushing back down to moduli space and dividing by the total mass mL
E
;h

we get

1

mL
E
;h

Z
P1Mg

f .X; Œ��/ d OnL
E
;h
.X; Œ��/D

1

mL
E
;h

Z
Q1Mg

f .�.q/; Œ=.q/�/�C.q/ d O�L
u;E
;h

.q/

!
1

bg

Z
Q1Mg

f .�.q/; Œ=.q/�/�C.q/ d O�MV.q/;

where the convergence as L!1 follows from Proposition 5.7. Disintegrating the Masur–Veech measure
fiberwise and using Proposition 6.9 we deduce

1

bg

Z
Q1Mg

f .�.q/; Œ=.q/�/�C.q/ d O�MV.q/D
1

bg

Z
Mg

Z
S.X/

f .X; Œ=.q/�/�C.q/ dsX .q/ d ym.X/

D
1

bg

Z
P1Mg

f .X; Œ��/ d On.X; Œ��/:

Putting the identities above together finishes the proof.

The following simultaneous equidistribution result can be proved by using similar arguments as in the
proof of Theorem 6.2 but working over the bundle P1Mg instead of Mg and using Proposition 6.11 in
place of Corollary 5.8; compare to [Arana-Herrera 2022, Proof of Theorem 3.5].

Theorem 6.12 Let E
 WD .E
1; : : : ; E
k/ be an ordered oriented simple closed multicurve on Sg and
X 2Mg be a complex structure on Sg . Then , with respect to the weak-? topology for measures on
PMFg �MRG.Sg n E
 I�/,

lim
L!1

�L
E
;X

s.X; E
;L/
D
�XThu

ƒg
˝
V��Kon

mE

:
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As a consequence, we see that even when prescribing how a set of curves coarsely wraps around Sg (for
example, by fixing a maximal train track chart for MFg ), the critical graphs defined by those curves
remain uniformly distributed.
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