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Heegaard Floer homology and integer surgeries on links

CIPRIAN MANOLESCU

PETER OZSVÁTH

Let L be a link in an integral homology three-sphere. We give a description of the Heegaard Floer
homology of integral surgeries on L in terms of some data associated to L, which we call a complete
system of hyperboxes for L. Roughly, a complete system of hyperboxes consists of chain complexes
for (some versions of) the link Floer homology of L and all its sublinks, together with several chain
maps between these complexes. Further, we introduce a way of presenting closed four-manifolds with
bC2 � 2 by four-colored framed links in the three-sphere. Given a link presentation of this kind for a
four-manifold X, we then describe the Ozsváth–Szabó mixed invariants of X in terms of a complete
system of hyperboxes for the link. Finally, we explain how a grid diagram produces a particular complete
system of hyperboxes for the corresponding link.
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2784 Ciprian Manolescu and Peter Ozsváth

1 Introduction

Heegaard Floer homology is a tool for studying low-dimensional manifolds, introduced by Zoltán Szabó
and the second author. In the case of closed three-manifolds, a genus g Heegaard diagram naturally
endows the g-fold symmetric product of the Heegaard surface with a pair of half-dimensional tori; and a
suitable adaptation of Lagrangian Floer homology in the symmetric product (relative to the Heegaard tori)
turns out to depend only on the underlying three-manifold. This three-manifold invariant is constructed in
[Ozsváth and Szabó 2004b; 2004c]; related invariants of four-dimensional cobordisms are constructed in
[Ozsváth and Szabó 2006; Zemke 2015]; invariants for knots and links in three-manifolds are developed
in [Ozsváth and Szabó 2004a; 2008a; Rasmussen 2003]. Of particular interest to us here are the mixed
invariants of closed four-manifolds defined in [Ozsváth and Szabó 2006]: they can detect exotic smooth
structures and, in fact, are conjecturally identical to the Seiberg–Witten invariants [Witten 1994].

The knot Floer homology groups from [Ozsváth and Szabó 2004a; Rasmussen 2003] are closely related
to the Heegaard Floer homology groups of (closed) three-manifolds obtained as surgeries on the knot.
Indeed, both these works showed that the filtered knot Floer complex contains enough information to
recover the Heegaard Floer homologies of all sufficiently large surgeries on the respective knot. This is
used as a stepping stone to reconstruct the Heegaard Floer homology of arbitrary surgeries on a knot in
[Ozsváth and Szabó 2008b; 2011].

Since every closed three-manifold can be obtained by surgery on a link in the three-sphere, a natural
question is whether the results from [Ozsváth and Szabó 2008b] admit a generalization for links. The
goal of this paper is to present such a generalization.

Let K � Y be a knot in an integral homology three-sphere. Recall that the knot Floer homology of K is
constructed starting from a Heegaard diagram for Y that has two basepoints w and z, which specify the
knot. One can build Floer homology groups by counting pseudoholomorphic curves in the symmetric
product of the Heegaard surface in various ways. For example, one can require the support of the curves
to avoid z, and at the same time keep track of the intersections with w by powers of a U variable: this
gives rise to knot Floer homology. Alternatively, one can define complexes ACs in which one keeps track
the intersection number of the curve with both w and z, in a way that depends on the value of an auxiliary
parameter s 2 Z. When s� 0, the complex ACs corresponds to ignoring z completely and keeping track
of w via a U variable. When s� 0, we have the reverse: ACs corresponds to ignoring w completely
and keeping track of z. Note that, whenever jsj � 0, the homology H�.ACs / is the Heegaard Floer
homology of Y, regardless of the sign of s (and, in particular, they are independent of the knot K � Y ).
The intermediate complexes ACs for s 2Z, however, contain nontrivial information about the knot. Indeed,
according to [Ozsváth and Szabó 2004a; Rasmussen 2003], the complexes ACs (as s varies) capture the
Floer homology groups of the three-manifolds obtained by sufficiently large surgeries on K. Moreover,
these complexes are basic building blocks of the constructions from [Ozsváth and Szabó 2008b; 2011].
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Heegaard Floer homology and integer surgeries on links 2785

Consider now an oriented link EL in an integral homology three-sphere Y. The analogue of knot Floer
homology was defined in [Ozsváth and Szabó 2008a] and is called link Floer homology. The construction
starts with a Heegaard diagram HL for Y that has several w and z basepoints, specifying the link. Let
L1; : : : ; L` be the components of L. Following [loc. cit.], we consider the affine lattice H.L/ over Z`

defined by

H.L/D
`

�
iD1

H.L/i ; H.L/i D
1
2

lk.Li ; L�Li /CZ;

where lk denotes linking number. By keeping track of the basepoints in various ways, we can define
generalized Floer chain complexes A�.HL; s/ for s 2H.L/, which are the analogues of the groups ACs
for knots with two basepoints. In the case where the diagram HL is link-minimal (that is, it has only one
w and one z basepoint on each link component), the complexes A�.HL; s/ are made of free modules; in
general, this is not the case, and we will have to construct some resolutions A�.HL; s/ of A�.HL; s/.
We will then use the groups A�.HL; s/ to reconstruct the Heegaard Floer homology of integer surgeries
on L. Note that, to keep in line with the conventions in [loc. cit.], we will phrase our construction in
terms of the HF� rather than the HFC version of Heegaard Floer homology. We also ignore sign issues
and work over the field F D Z=2Z.

Further, for technical reasons, we find it useful to use a slightly different variant of HF� than the one
defined in [Ozsváth and Szabó 2004b]: we complete the groups with respect to the U variables, so that
they become modules over the power series ring F ŒŒU ��; compare also [Kronheimer and Mrowka 2007].
We denote this completed version by HF �; it has the following technical advantage over HF�. The
uncompleted version HF� is functorial under cobordisms equipped with Spinc structures, but it is not
functorial under cobordisms per se, whereas the completed version HF � is. In particular, HF � satisfies
surgery exact triangles (analogous to those in [Ozsváth and Szabó 2004c]) just like HFC.

Fix a framing ƒ for the link EL. For a component Li of L, we let ƒi be its induced framing, thought
of as an element in H1.Y �L/. The latter group can be identified with Z` via the basis of oriented
meridians for EL. Given a sublink M � L, we let �.M/ be the set of all possible orientations on M. For
EM 2 �.M/, we let I�. EL; EM/ denote the set of indices i such that the component Li is in M and its

orientation induced from EM is opposite to the one induced from EL. Set

ƒ EL; EM D
X

i2I�. EL; EM/

ƒi 2H1.Y �L/Š Z`:

Let Yƒ.L/ be the three-manifold obtained from Y by surgery on the framed link .L;ƒ/. The input that
we use to reconstruct HF �.Yƒ.L// is called a complete system of hyperboxes for the link EL. The precise
definition is given in Section 8.6. Roughly, a complete system H consists of Heegaard diagrams HL0

representing all possible sublinks L0 � L, together with some additional data that produces maps

ˆ
EM
s W A

�.HL0 ; s/! A�.HL0�M ;  
EM .s//

Geometry & Topology, Volume 29 (2025)



2786 Ciprian Manolescu and Peter Ozsváth

for any M �L0 �L, s 2H.L0/ and EM 2�.M/. Here,  EM WH.L0/!H.L0�M/ are natural reduction
maps. The orientation EM comes into play as follows: starting with HL0 , we delete the w basepoints
corresponding to components Li �M with i 2 I�. EL; EM/, and delete the z basepoints corresponding to
the remaining components Li �M. The resulting diagram represents the link L�M, and the complete
system gives us a sequence of steps that relate it to HL�M , a diagram that also represents L�M. The
map ˆ EMs is constructed by following that sequence of steps, and counting pseudoholomorphic polygons.
(In the case where the diagram is not link-minimal, the definition of ˆ EMs also involves certain transition
maps, which will be described in Section 13.) In particular, when M D∅, the map ˆ EMs is the differential
on the complex A�.HL; s/.

Define

(1) C�.H; ƒ/D
M
M�L

Y
s2H.L/

A�.HL�M ;  M .s//;

where  M simply means  EM with EM being the orientation induced from the one on EL. Equip C�.H; ƒ/

with a boundary operator as follows. For s 2H.L/ and x 2 A�.HL�M ;  M .s//, set

D�.s;x/D
X

N�L�M

X
EN2�.N/

.sCƒ EL; EN ; ˆ
EN
 M .s/

.x//(2)

2

M
N�L�M

M
EN2�.N/

A�.HL�M�N ;  M[
EN .s//� C�.H; ƒ/:

Our main result is:

Theorem 1.1 Fix a complete system of hyperboxes H for an oriented , `-component link EL in an integral
homology three-sphere Y, and fix a framing ƒ of L. There is an isomorphism of homology groups

(3) H�.C
�.H; ƒ//ŠHF �� .Yƒ.L//;

whereHF � is the completed version of Heegaard Floer homology over the power series ring F ŒŒU ��.

Similar results hold for other variants of Heegaard Floer homology: �HF, HFC and HF1 (the last being
a completed version of HF1).

We refer to the isomorphism (3) as the link surgery formula. A more detailed description of this formula
(but still without many technicalities) is given in Section 4. We focus there on knots and two-component
links, and go over the example of surgeries on the Hopf link. The complete statement of the link surgery
formula, in the particular case of complete systems that are link-minimal (that is, the Heegaard diagrams
in the system are link-minimal), is found in Section 9. The statement in full generality, for arbitrary
complete systems, is given in Section 13.

The proof of Theorem 1.1 also gives a way of describing the maps from HF �.Y / to HF �.Yƒ.L//
induced by the surgery cobordism. More generally, let W be a cobordism between two connected
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Heegaard Floer homology and integer surgeries on links 2787

three-manifolds Y1 and Y2 such that W consists of two-handle additions only. We can then find a link
EL� S3 with a framing ƒ and a sublink L0 � L such that surgery on L0 (with framing specified in ƒ)
produces Y1, and the framed link specified by L�L0, thought of as a subset of Y1, exactly corresponds to
the cobordism W going to Y2. Using this setup, we can describe the map on Heegaard Floer homology
induced by the cobordism W in terms of a complete system of hyperboxes for L.

Refining this idea, we arrive at a similar description of a nontrivial smooth, closed four-manifold invariant.
Let X be a closed, oriented four-manifold with bC2 .X/� 2. The constructions from [Ozsváth and Szabó
2006] associated to every Spinc structure s on X an invariant called the mixed invariant ˆX;s 2 F. (The
original definition was over Z and involved a homology action, but we ignore this extra structure in the
present paper.) The manifold X can be presented in terms of a link as follows. Delete two four-balls
from X to obtain a cobordism W from S3 to S3. Then split this cobordism into four parts,

W DW1[Y1 W2[Y2 W3[Y3 W4;

such that W1 consists of one-handles only, W2 and W3 of two-handles, and W4 of three-handles; further,
we arrange so that Y2 is an admissible cut in the sense of [ibid., Definition 8.3]. Next, find a framed
link . EL� S3; ƒ/ that splits as a disjoint union L1[L2[L3 such that surgery on L1 produces Y1, and
surgery on L2 and L3 corresponds to the cobordisms W2 and W3, respectively. We refer to the data
. ELD L1[L2[L3; ƒ/ as a cut link presentation for X.

Theorem 1.2 Let X be a closed four-manifold with bC2 .X/� 2, together with a cut link presentation
. ELD L1[L2[L3; ƒ/. One can describe the mixed invariants ˆX;s; s 2 Spinc.X/ with coefficients in
F D Z=2Z in terms of the framing ƒ and a complete system of hyperboxes for EL.

The advantage of presenting the three- and four-manifold invariants in terms of link Floer complexes is
that the latter are understood better. Indeed, there exist several combinatorial descriptions of knot Floer
homology; see [Manolescu et al. 2009a; Sarkar and Wang 2010; Ozsváth and Szabó 2009]. We focus
on the description in [Manolescu et al. 2009a], in terms of grid diagrams, which has the advantage that
it extends to all versions of link Floer homology for links in S3. It turns out that a grid diagram for a
link gives rise to a complete system of hypercubes for that link (provided that the grid has at least one
free marking; see Section 15 for the exact condition). Hence, we can apply Theorems 1.1 and 1.2 to
obtain a description of the Heegaard Floer invariants for three- and four-manifolds in terms of counts of
holomorphic curves on symmetric products of grid diagrams. In [Manolescu et al. 2009b], we use this
result to describe the Heegaard Floer invariants in purely combinatorial terms.

It would be interesting to see whether the procedure of constructing three- and four-manifold invariants
from data associated to links, as presented here, can be applied to other settings. Indeed, there are several
homological invariants for links in S3 that have much in common with Floer homology, but for which it
is unknown whether they admit extensions to three- and four-manifolds. We are referring in particular to
the link homologies constructed in [Khovanov 2000; Khovanov and Rozansky 2008a; 2008b].

Geometry & Topology, Volume 29 (2025)



2788 Ciprian Manolescu and Peter Ozsváth

In a different direction, the maps induced by surgery cobordisms can be used to construct another link
invariant, a link surgery spectral sequence (see [Ozsváth and Szabó 2005, Theorem 4.1; Baldwin 2011,
Theorem 5.2]). The methods giving Theorem 1.1 can also be used to give a description of this spectral
sequence in terms of complete systems of hyperboxes; see Theorem 14.12 below for the precise statement.

The organization of this paper is as follows. In Section 2 we explain the difference between the completed
theories HF � and HF1 used in this paper, and the versions HF� and HF1 originally defined in
[Ozsváth and Szabó 2004b]. In Section 3 we define the generalized Floer chain complexes A�.HL; s/,
and explain their invariance properties. We also define maps between generalized Floer complexes by
counting J -holomorphic polygons. Section 4 contains an overview of the link surgery formula, including
a comparison with the knot surgery formula from [Ozsváth and Szabó 2008b], and an explicit computation
for the case of the Hopf link. Sections 2–4 are sufficient for the reader who wants to reach a working
understanding of the main result, without going into the proof or even into the full details of the statement.

In Section 5 we discuss some homological algebra that is needed throughout the rest of the paper: we
introduce the notion of a hyperbox of chain complexes, and describe several operations on hyperboxes.
Section 6 contains some analytical results about the behavior of holomorphic polygon maps under a move
called quasistabilization. Section 7 contains similar analytical results for a move called index zero/three
link stabilization. Section 8 is devoted to building up the definition of a complete system of hyperboxes
for a link. In Section 9 we then give a more precise statement of Theorem 1.1, in the case of link-minimal
complete systems. The proof of Theorem 1.1 for link-minimal complete systems occupies Section 12, and
is based on a truncation procedure explained in Section 10 together with a surgery long exact sequence
discussed in Section 11. We then turn to general complete systems: in Section 13 we give both the
statement and the proof of Theorem 1.1 for arbitrary complete systems.

In Section 14 we present the extensions of Theorem 1.1 to the other versions of Heegaard Floer homology,
and to the invariants associated to cobordisms; we also prove Theorem 1.2 and discuss the link surgeries
spectral sequence. Finally, in Section 15, we explain how certain grid diagrams for links in S3 give
rise to complete systems of hyperboxes. Many of the diagrams in the resulting complete systems are
quasistabilized, and therefore the results from Section 6 can be used to simplify the description of the
surgery complex in terms of grids.

Acknowledgements We are thankful to Dylan Thurston for useful suggestions regarding the material in
Section 5, to András Juhász, Matthew Hedden, Sucharit Sarkar and Zoltán Szabó for helpful conversations,
and to John Baldwin, Damek Davis, Haofei Fan, Jonathan Hales, Tye Lidman, Yajing Liu, Yi Ni, Faramarz
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2 Conventions

Throughout this paper we work with Floer homology groups with base field F D Z=2Z.

Let Y be a closed, connected, oriented three-manifold. We consider the Heegaard Floer homology groups�HF, HFC, HF� and HF1 defined in [Ozsváth and Szabó 2004b; 2004c]. These are modules over the
polynomial ring F ŒU �. (In the case of �HF, the action of U is trivial.)

Let HF � and HF1 denote the completions of HF� and HF1 with respect to the maximal ideal .U / in
the ring F ŒU �. Since completion is an exact functor, we can alternatively think of HF � as the homology
of the complex CF � with the same generators as CF�, but whose coefficient ring is the formal power
series ring F ŒŒU �� rather than F ŒU �. Similarly, HF1 is the homology of this same complex, whose base
ring is now the field ring of semi-infinite Laurent polynomials F ŒŒU; U�1� (rather than F ŒU; U�1�, as in
the construction of the usual HF1).

When s is a torsion Spinc structure, recall that HF�.Y; s/ is equipped with an absolute Q-grading such
that U drops grading by 2; see [Ozsváth and Szabó 2003]. We define the i th graded piece of HF �.Y; s/
to be the same as that of HF�.Y; s/. This does not quite induce a grading on HF �.Y; s/ in the usual
sense, because HF �.Y; s/ is not the direct sum of its graded parts, but rather the completion of the direct
sum. Still, by a slight abuse of terminology, we will refer to this structure as an absolute Q-grading
on HF �.Y; s/. The same goes for HF1.Y; s/.

When s is nontorsion, HF�.Y; s/ and HF1.Y; s/ admit relative Z=2kZ-gradings for suitable k (de-
pending on s). In this case, they induce true relative Z=2kZ-gradings on HF �.Y; s/ and HF1.Y; s/,
characterized by the fact that each generator (ie intersection point between totally real tori) has the same
grading as it does when it is thought of as a generator of CF�.Y; s/, and, further, that multiplication by
U drops the grading by 2.

One can define cobordism maps and mixed invariants as in [Ozsváth and Szabó 2006], using HF � and
HF1 rather than HF� and HF1. This new setting is parallel to the one developed in [Kronheimer and
Mrowka 2007] in the context of gauge theory. It has the advantage that HF � and HF1 now admit
exact triangles analogous to those for �HF and HFC from [Ozsváth and Szabó 2004c, Section 9]. Further,
whereas for the definition of HF� and HF1 one needs to use strongly admissible Heegaard diagrams
as in [Ozsváth and Szabó 2004b, Definition 4.10], in order to define HF � and HF1 it suffices to
consider weakly admissible diagrams. Indeed, Lemma 4.13 in [Ozsváth and Szabó 2004b] shows that
the differentials of CF � and CF1 are finite whenever the respective Heegaard diagrams are weakly
admissible.
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2790 Ciprian Manolescu and Peter Ozsváth

More generally, whenever we discuss versions of Heegaard and link Floer homology that were defined
originally over polynomial rings F ŒU1; : : : ; U`�, in this paper we use their completions, which are modules
over formal power series rings F ŒŒU1; : : : ; U`��.

One could also define versions of �HF and HFC using the completed ring; but, since those are generated
by complexes on which the action of multiplication by U is nilpotent on each generator, the resulting
invariants coincide with the versions defined over F ŒU �. In particular, in the completed context, we have
an exact sequence for any closed, oriented three-manifold Y,

(4) � � � !HF �.Y /!HF1.Y /! HFC.Y /! � � � ;

where HFC is the Heegaard Floer homology group from [Ozsváth and Szabó 2004b].

Note that, when Y is a three-manifold and s is a torsion Spinc structure on Y, the groups HF�.Y; s/
and HF1.Y; s/ are determined by HF � and HF1, respectively. Indeed, HF ��i .Y; s/Š .HF�/�i .Y; s/
for any given degree i 2Q, and, since the groups (and their module structure) are determined by their
truncations, the claim follows. Similar remarks apply to HF1 and HF1.

For nontorsion Spinc structures s, there is some loss of information when passing from HF�.Y; s/ and
HF1.Y; s/ to their completed analogues. For example, when Y D S1 � S2, let h be a generator of
H 2.Y I s/Š Z, and sk the Spinc structure with c1.s/D 2kh. Then

HF�.S1 �S2; sk/Š F ŒU �=.U k � 1/; HF1.S1 �S2; sk/Š F ŒU; U�1�=.U k � 1/;

so

HF �.S1 �S2; sk/ŠHF
1.S1 �S2; sk/D 0:

In general, for any nontorsion Spinc structure s,

(5) HF1.Y; s/D 0:

Indeed, Lemma 2.3 in [Ozsváth and Szabó 2004d] says that .1�UN /HF1.Y; u/D 0 for some N � 1.
Since 1 � UN is invertible as a power series, after taking the completion we get (5). Consequently,
equation (5) combined with exactness in the sequence (4) gives a (grading-preserving) isomorphism

(6) HF �.Y; s/Š HFC.Y; s/

for any nontorsion Spinc structure s.

3 Generalized Heegaard Floer complexes for links

We define here some complexes associated to a Heegaard diagram for a link. As we shall see in
Section 12.1, these are the complexes which govern large surgeries on links.
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3.1 Heegaard diagrams

Combining the constructions of [Ozsváth and Szabó 2008a; Manolescu et al. 2009a], define a multipointed
Heegaard diagram to be data of the form HD .†;˛;ˇ;w; z/, where:

� † is a closed, oriented surface of genus g.

� ˛ D f˛1; : : : ; ˛gCk�1g is a collection of disjoint, simple closed curves on † which span a g-
dimensional lattice of H1.†IZ/, and hence specify a handlebody U˛; the same goes for ˇ D
fˇ1; : : : ; ˇgCk�1g, which specify a handlebody Uˇ .

� w D fw1; : : : ; wkg and z D fz1; : : : ; zmg (with k � m) are collections of points on † with the
following property. Let fAigkiD1 be the connected components of †� ˛1 � � � � � ˛gCk�1 and
fBig

k
iD1 be the connected components of †�ˇ1� � � � �ˇgCk�1. Then there is a permutation �

of f1; : : : ; mg such that wi 2 Ai \Bi for i D 1; : : : ; k, and zi 2 Ai \B�.i/ for i D 1; : : : ; m.

We do not take the orderings of the curves and basepoints to be part of the data of the Heegaard diagram;
rather, we just ask for such orderings to exist, so that the conditions above are satisfied.

A Heegaard diagram H describes a closed, connected, oriented three-manifold Y D U˛ [† Uˇ , and an
oriented link EL� Y (with `�m components), obtained as follows. For i D 1; : : : ; m, we join wi to zi
inside Ai by an arc which we then push by an isotopy into the handlebody U˛; then we join zi to w�.i/
inside Bi by an arc which we then push into Uˇ . The union of these arcs (with the induced orientation)
is the link EL. We then say that H is a multipointed Heegaard diagram representing EL � Y. Note that
the definition we work with here is more general than the notion of a multipointed Heegaard diagram
from [Ozsváth and Szabó 2008a], as we allow here for more than two basepoints per link component;
moreover, we are allowing for extra basepoints of type w which are not thought of as belonging to a link
component. We refer to wmC1; : : : ; wk as free basepoints. The set of free basepoints is denoted by wfree.

In order to define the chain complexes associated to a Heegaard diagram H (as below, Section 3.2), we
need to require that it is generic, ie the alpha and beta curves intersect each other transversely. Further,
we should require that it is admissible in the sense of [Manolescu et al. 2009a, Definition 2.2]. More
precisely:

Definition 3.1 Let HD .†;˛;ˇ;w; z/ be a multipointed Heegaard diagram.

(a) A region in H is the closure of a connected component of†�.˛1[� � �[˛gCk�1[ˇ1[� � �[ˇgCk�1/.

(b) A periodic domain in H is a two-chain � on †, obtained as a linear combination of regions (with
integer coefficients), such that the boundary of � is a linear combination of alpha and beta curves,
and the local multiplicity of � at every wi 2w is zero.

(c) The diagram H is called admissible if every nontrivial periodic domain has some positive local
multiplicities and some negative local multiplicities.
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Admissibility, as defined in part (c), is equivalent to the requirement that the underlying diagram
.†;˛;ˇ;w/ representing Y be weakly admissible; see [Ozsváth and Szabó 2004b, Definition 4.10].
As mentioned in Section 2, since we will use coefficients in power series rings, there is no need to impose
the strong admissibility condition from [loc. cit.].

It is helpful to introduce some terminology for more restrictive classes of Heegaard diagrams:

Definition 3.2 A Heegaard diagram .†;˛;ˇ;w; z/ is called link-minimal if mD `, that is, each link
component has only two basepoints.

Definition 3.3 A Heegaard diagram .†;˛;ˇ;w; z/ for a nonempty link is called minimally pointed if
k DmD `, that is, each link component has only two basepoints and there are no free basepoints. If the
diagram represents an empty link, we call it minimally pointed if k D 1 and mD 0.

Clearly, a minimally pointed diagram is link-minimal. Minimally pointed diagrams were the ones
originally studied in [Ozsváth and Szabó 2004b; 2008a].

We can impose an even more restrictive condition:

Definition 3.4 A Heegaard diagram .†;˛;ˇ;w; z/ is called basic if it is minimally pointed and, further,
for each i D 1; : : : ; `, the basepoints wi and zi (which determine one of the link components) lie on each
side of a beta curve ˇi , and are not separated by any alpha curves.

Basic Heegaard diagrams for knots were constructed in [Ozsváth and Szabó 2004a, Section 2.2], as the
doubly pointed diagrams associated to marked Heegaard diagrams. To see that every link admits a basic
Heegaard diagram, we can start with a minimally pointed diagram; then, for each i D 1; : : : ; `, we add
a 1-handle with one foot near wi and one near zi , and choose a path between these feet that does not
intersect any alpha curves. Further, we add alpha curves along the chosen paths and the cores of the
handles, and beta curves along the cocores of the handles. See Figures 3 and 4 for an example of how
this is done in the case of a diagram for the Hopf link.

More generally, we will also need to consider multipointed Heegaard multidiagrams: data of the form
.†; f�igliD0;w; z/ such that each .†;�i ;�j ;w; z/ (for 0� i ¤ j � l) is a multipointed Heegaard diagram.
A multidiagram is called generic if all the curves in it intersect transversely, and no three curves intersect
at one point. Finally, we have the following admissibility condition; compare [Ozsváth and Szabó 2004b,
Definition 8.8 and Section 8.4.2]:

Definition 3.5 A multiperiodic domain � on a multipointed Heegaard multidiagram .†; f�igliD0;w; z/

is a two-chain on † that is a linear combination of the connected components of †n
�S

i �
i
�
, with integer

coefficients, such that @� is a linear combination of eta curves, and the local multiplicity of � at every
wi 2w is zero. The Heegaard multidiagram is called admissible if every multiperiodic domain has some
positive local multiplicities and some negative local multiplicities.
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3.2 Generalized Floer complexes

Let EL be an oriented `-component link in an integral homology sphere Y. We denote its components by
L1; : : : ; L`. Let HD .†;˛;ˇ;w; z/ be an admissible, generic, multipointed Heegaard diagram for EL.
As in the previous subsection, k denotes the number of basepoints in w, and m denotes the number of
basepoints in z, so that `�m� k.

In the introduction we defined sets

H.L/i D
1
2

lk.Li ; L�Li /CZ�Q; H.L/D
`

�
iD1

H.L/i ;

where lk denotes linking number. Let us also set

H.L/i DH.L/i [f�1;C1g; H.L/D
`

�
iD1

H.L/i :

Remark 3.6 More invariantly, we could think of H.L/ as an affine lattice over H1.Y �LIZ/; see
[Ozsváth and Szabó 2008a]. The latter group is identified with Z` using the oriented meridians of each
component. Furthermore, H.L/ itself is canonically identified with the space of Spinc structures on Y
relative to the link EL; see [ibid., Section 8.1].

The Heegaard diagram determines tori

T˛ D ˛1 � � � � �˛gCk�1; Tˇ D ˇ1 � � � � �ˇgCk�1 � SymgCk�1.†/:

For x;y 2T˛\Tˇ , we let �2.x;y/ be the set of homology classes of Whitney disks from x to y relative
to T˛ and Tˇ , as in [Ozsváth and Szabó 2004b]. For each homology class of disks � 2 �2.x;y/, we
denote by nwj .�/ and nzj .�/ 2Z the multiplicity of wj and zj , respectively, in the domain of �. Further,
we let �.�/ be the Maslov index of �.

Any intersection point x 2 T˛ \Tˇ has a Maslov grading M.x/ 2 Z and an Alexander multigrading
given by

Ai .x/ 2H.L/i ; i 2 f1; : : : ; `g:

Let Wi and Zi be the set of indices for the w’s and z’s, respectively, belonging to the i th component of
the link. We then have

Ai .x/�Ai .y/D
X
j2Zi

nzj .�/�
X
j2Wi

nwj .�/;

where � is any class in �2.x;y/. Note that this formula determines the Alexander grading up to an
overall integer shift. The absolute Alexander grading can be pinned down either by relating intersection
points in T˛ \Tˇ to relative Spinc structures on .Y; EL/ via vector fields, or (more simply) by using the
symmetry of link Floer homology. See [Ozsváth and Szabó 2008a, Sections 4 and 8; Manolescu et al.
2009a, Section 2.1] for details.
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Following [Ozsváth and Szabó 2008a; Manolescu et al. 2009a], we define the link Floer complex
CFL�.H/ as follows. We let CFL�.H/ be the free module over R.H/ D F ŒŒU1; : : : ; Uk�� generated
by T˛ \Tˇ and equipped with the differential

(7) @x D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �U
nw1 .�/

1 � � �U
nwk .�/

k
y:

Here, M.�/ is the moduli space of pseudoholomorphic curves (solutions to Floer’s equation) in the class �,
and R acts on M.�/ by translations. Note that M.�/ depends on the choice of a suitable path of almost
complex structures on the symmetric product. We suppress the almost complex structures from notation
for simplicity.

The Maslov grading M produces the homological grading on CFL�.H/, with each Uj decreasing M by
two. Furthermore, each Alexander grading Ai defines a filtration on CFL�.H/, with Uj decreasing the
filtration level Ai by one when j 2Wi , and leaving Aj constant otherwise.

Of course, if we ignore the Alexander filtrations, then CFL�.H/ is simply a Heegaard Floer complex rep-
resenting the underlying three-manifold Y, and we could write it asCF �.†;˛;ˇ;w/ orCF �.T˛;Tˇ ;w/.
However, we use the notation CFL�.H/ when we want to view it as an H.L/-filtered complex.

Definition 3.7 Given sD .s1; : : : ; s`/ 2H.L/, we define the generalized Heegaard Floer complex

A�.H; s/DA�.H; s1; : : : ; s`/DA
�.T˛;Tˇ ; s/

to be the subcomplex of CFL�.H/ consisting of the elements with filtration degrees Ai � si for all
i D 1; : : : ; `.

Thus, A�.H; s/ is generated as a product over F by the elements U n11 � � �U
nk
k
x where x 2 T˛ \Tˇ and

n1; : : : ; nk 2 Z are such that

Ai .U
n1
1 � � �U

nk
k
x/D Ai .x/�

X
j2Wi

ni � si

for all i D 1; : : : ; `.

Remark 3.8 When L D K is a knot and the diagram H has only two basepoints (one w and one z),
the complex CFL�.H/ is the completion of the subcomplex C fi � 0g of the knot Floer complex
CFK1.Y;K/, in the notation of [Ozsváth and Szabó 2004a]. Further, the generalized Floer complex
A�.H; s/ is the completion of the subcomplex A�s D C fmax.i; j � s/� 0g. Note that, in [Ozsváth and
Szabó 2008b], the formula for integral surgeries along a knot was stated in terms of HFC. It involved the
similar complex ACs D C fmax.i; j � s/� 0g.

Remark 3.9 The restriction to the underlying three-manifold Y being an integral homology sphere is
not essential. Indeed, with minor modifications, one can define generalized Heegaard Floer complexes
for arbitrary null-homologous links in a three-manifold. Let us explain the only other version of the
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construction relevant to this paper, namely when H represents an unlink EL (of m components) inside a
ball in Y D #n.S1�S2/. The generators x 2T˛\Tˇ are then grouped in equivalence classes according
to the Spinc structures on Y. We focus attention on only those x that lie in the torsion Spinc structure s0.
They have an Alexander grading A.x/ 2 Zm, and generate a link Floer complex CFL�.HI s0/. For
s 2 Zm, we then define A�.H; s/ by the same procedure as above, but using only generators in s0.

So far we have defined A�.H; s/ for s D .s1; : : : ; s`/ 2 H.L/. We can extend this definition to all
s 2H.L/; that is, we can let some of the si be ˙1. Indeed, if we allow some si to be C1, we can use
the same definition as before, and the condition Ai .U

n1
1 � � �U

nk
k
x/� si is vacuous. In particular, when

all si are C1, the complex A�.H; s/ is just the completed Heegaard Floer complex

CF �.†;˛;ˇ;w/D CF �.T˛;Tˇ ;w/D CF
�.Y /

representing the underlying three-manifold Y.

If we allow some of the si to be �1, we cannot use the same definition, since Ai .U
n1
1 � � �U

nk
k
x/��1

is impossible. Instead, we let A�.H; s/ be generated by those elements with Ai .U
n1
1 � � �U

nk
k
x/� si for

the values of i with si ¤ �1, whereas for the values of i that are �1, we do not put any condition
on Ai , but rather replace the coefficient U

nwj .�/

j in (7) with U
nz.wj /.�/

j , where z.wj / is the z basepoint
that follows w as we go along that link component (with its given orientation). In particular, when all si
are �1, the complex A�.H; s/ is just the completed Heegaard Floer complex

CF �.†;˛;ˇ; z[wfree/D CF �.T˛;Tˇ ; z[w
free/;

again representing the three-manifold Y.

3.3 Heegaard moves

Let HD .†;˛;ˇ;w; z/ and H0D .†0;˛0;ˇ0;w0; z0/ be two multipointed Heegaard diagrams representing
the same link EL� Y. If this is the case, we say that H and H0 are equivalent. It is important to note that
we are fixing the three-manifold Y, not just its diffeomorphism class, and we are also fixing the link EL,
not just its isotopy class. Similarly, the Heegaard surfaces † and †0 are thought of as embedded in Y.

We say that H and H0 are related by

(i) a three-manifold isotopy if there is a self-diffeomorphism � W Y ! Y isotopic to the identity such
that �.L/D L, �.†/D†0, and � takes all the curves and basepoints on † into the corresponding
ones on †0;

(ii) an ˛-curve isotopy if †D†0, wDw0, zD z0, ˇ D ˇ0, and the curves in ˛0 are obtained from those
in ˛ by an ambient isotopy of † supported away from all the basepoints; a ˇ-curve isotopy is
similar, with the roles of ˛ and ˛0 switched with those of ˇ and ˇ0;
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† †0

z z

LL

˛n

ˇn

z0w0

Figure 1: An index zero/three link stabilization. The surface †0 is obtained from † by deleting
a disk and adding a cap, ie taking the connected sum with a sphere inside Y. This is the same
picture as [Manolescu et al. 2009a, Figure 5], but we emphasize the fact that the construction is
done inside the fixed three-manifold Y, with a fixed link L.

(iii) an ˛-handleslide if †D†0, wDw0, zD z0, ˇ D ˇ0, a curve ˛0i 2 ˛
0 is obtained by handlesliding

the respective curve ˛i 2 ˛ over another curve in ˛ (with the handleslide being done away from
the basepoints), and the other curves in ˛0 are isotopic (by an isotopy away from the basepoints)
to the respective curves in ˛; a ˇ-handleslide is similar, with the roles of ˛ and ˛0 switched with
those of ˇ and ˇ0;

(iv) an index one/two stabilization if †0 is obtained by taking the connected sum (inside Y ) of † and a
genus one surface with one alpha and beta curve intersecting transversely at a point; the connected
sum is done away from the link L and the basepoints, so that wDw0; zD z0;

(v) a free index zero/three stabilization if †0D†;˛0D ˛[f˛ng;ˇ0D ˇ[fˇ0g;w0Dw[fw0g; z0D z,
where the new curves ˛0 and ˇ0 intersect each other in two points, do not intersect any of the other
curves, and both bound disks containing the new free basepoint w0; this kind of stabilization was
called simple in [Ozsváth and Szabó 2008a, Section 6.1] (see [ibid., Figure 3] for a picture);

(vi) an index zero/three link stabilization if†0 is obtained from† by taking the connected sum (inside Y )
with a sphere, in the neighborhood of a z basepoint, as shown in Figure 1; this introduces the new
curves ˛0 and ˇ0, as well as an additional .w; z/ pair, denoted by .w0; z0/ in the picture.

The moves above and their inverses are called Heegaard moves. (The inverses of the stabilization
moves are called destabilizations.) An ˛-curve isotopy or an ˛-handleslide (resp. a ˇ-curve isotopy or
ˇ-handleslide) is called admissible if the corresponding Heegaard triple diagram .†;˛;ˇ;˛0;w; z/ (resp.
.†;˛;ˇ;ˇ0;w; z/) is admissible. Admissible curve isotopies, admissible handleslides, together with all
other moves (i) and (iv)–(vi) and their inverses are called admissible Heegaard moves.

Combining the arguments in [Ozsváth and Szabó 2004b; 2008a, Proposition 3.9; Manolescu et al. 2009a,
Lemma 2.4], we obtain the following:
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Proposition 3.10 Any two equivalent , generic , admissible , multipointed Heegaard diagrams for EL can
be related by a sequence of admissible Heegaard moves.

Remark 3.11 In fact, one can check that three-manifold isotopies are redundant in the list (i)–(vi) above,
that is, they can be obtained as combinations of the other moves. For example, a three-manifold isotopy
away from all the curves and the basepoints can be viewed as an index one/two stabilization, followed by
an index one/two destabilization. Nevertheless, we keep (i) in the list because we will refer to this move
in some of our future discussions, and it makes the exposition clearer.

We have the following refinement of Proposition 3.10:

Proposition 3.12 Let H and H0 be two equivalent , generic , admissible , multipointed Heegaard diagrams
representing the same link EL with ` components. Suppose the diagram H is link-minimal , and that H0

has m basepoints of type z. For H0, let us choose one basepoint of type w on each component of L. The
remaining m� ` basepoints of type w on H0 that are not free are called subsidiary.

Then the diagram H0 can be obtained from H by a sequence of admissible Heegaard moves that includes
exactlym�` index zero/three link stabilizations , with each of these stabilizations introducing a subsidiary
basepoint.

Proof This follows from the arguments in [Manolescu et al. 2009a, proof of Lemma 2.4].

For future reference, let us introduce some more terminology. If two Heegaard diagrams H and H0 have
the same underlying Heegaard surface †, and their collections of curves ˇ and ˇ0 are related by isotopies
and handleslides only (supported away from the basepoints), we say that ˇ and ˇ0 are strongly equivalent.

Definition 3.13 Consider multipointed Heegaard diagrams HD.†;˛;ˇ;w;z/ and H0D.†0;˛0;ˇ0;w0;z0/

representing the same link EL� Y.

(a) The diagrams H and H0 are called strongly equivalent if†D†0,wDw0, zDz0, the curve collections
˛ and ˛0 are strongly equivalent, and ˇ and ˇ0 are strongly equivalent as well. In other words,
H and H0 should differ by the Heegaard moves (ii) and (iii) only.

(b) We say that H and H0 differ by a surface isotopy if † D †0 and there is a self-diffeomorphism
� W†!† isotopic to the identity and supported away from the link EL, and such that � takes the
curves and basepoints in H to the corresponding curves and basepoints in H0. If H and H0 are
surface isotopic, we write HŠH0.

Note that any surface isotopy can be embedded into an ambient three-manifold isotopy. For this reason,
we did not include it in the list of Heegaard moves (i)–(vi). However, surface isotopies will play an
essential role in the definition of complete systems of hyperboxes in Section 8.6. Observe also that, by
definition, surface isotopies keep the basepoints on EL fixed. If a surface isotopy kept all the basepoints
fixed, it could simply be viewed as a composition of curve isotopies. Therefore, the main role of surface
isotopies is to allow a way of moving the free basepoints on †, while keeping † fixed.
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3.4 Invariance

Just as in the usual case of Heegaard Floer homology (or link Floer homology), there is an invariance
statement for generalized Floer complexes for links. Before stating it, we need some preliminaries.

We start with a well-known algebraic lemma. We will use this lemma and variants of it throughout the
paper, so we include its proof for completeness.

Lemma 3.14 Let R be any F-algebra , and let C be a free complex over RŒŒU1��. Let C� and CC be
copies of C. Consider the mapping cone complex

C 0 D Cone.C�ŒŒU2��
U1�U2
�����! CCŒŒU2��/:

Then the complexes C and C 0 are chain homotopy equivalent over RŒŒU1��.

Proof Let S be a set of free generators for C, over RŒŒU1��. For each x 2S, we denote by x� and xC the
corresponding generators of C� and CC. Then C 0 is free over RŒŒU1; U2��, with generators x� and xC
for each x 2 S.

Consider the morphisms over RŒŒU1�� given by

� W C ! C 0; �.x/D xC;

and
� W C 0! C; �.U n2 x�/D 0; �.U n2 xC/D U

n
1 x:

We claim that � and � are homotopy inverses. Indeed, �ı � is the identity, whereas �ı� is chain homotopic
to the identity via the homotopy

H W C 0! C 0; H.U n2 x�/D 0; H.U n2 xC/D
U n1 �U

n
2

U1�U2
x�:

Here, by the fraction .U n1 �U
n
2 /=.U1�U2/ we meant the polynomial expression

U n�11 CU n�21 U2C � � �CU1U
n�2
2 CU n�12 :

Remark 3.15 The map � is a morphism over RŒŒU1; U2��, which induces an isomorphism on homology.
Thus, if we let U2 act on C just as U1 does, we find that C and C 0 are quasi-isomorphic over RŒŒU1; U2��.
However, they are not normally chain homotopy equivalent over this bigger ring.

Next, following [Ozsváth and Szabó 2008a, Section 2], if C� and C 0� are complexes with a filtration by a
Z`-affine space such as H.L/, we say that C� and C 0� are filtered chain homotopy equivalent if there are
filtered chain maps f W C�! C 0� and g W C 0�! C� and filtered chain homotopies H1 W C�! C 0

�C1 and
H2 W C

0
�! C�C1 such that g ıf � idD @ ıH1CH1 ı @ and f ıg� idD @ ıH2CH2 ı @.

Recall that we defined CFL�.H/ and A�.H; s/ as complexes over the ring R.H/ D F ŒŒU1; : : : ; Uk��,
with one variable for each w basepoint. Assuming L is nonempty, let us also consider the ring

R.L/D F ŒŒ zU1; : : : ; zU`��;
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where each variable zUi is associated to a link component Li �L. We define a natural inclusion of R.L/

into R.H/ to be a homomorphism (of unitary rings) that takes each zUi to one of the Uj variables such
that the basepoint wj is on the link component Li . Note that when the diagram H is link-minimal, then
there is a unique natural inclusion R.L/ ,!R.H/, and that inclusion is in fact an isomorphism.

If L is empty, we let R.L/D F ŒŒ zU ��, and a natural inclusion is a homomorphism that takes zU to any of
the Uj variables.

Given a natural inclusion R.L/ ,!R.H/, we can view CFL�.H/ andA�.H; s/ as complexes over R.L/,
by restriction of scalars.

We are now ready to state the invariance theorem.

Theorem 3.16 Let H and H0 be two generic , admissible , multipointed Heegaard diagram for the same
oriented link EL� Y. Pick s 2H.L/. Pick also natural inclusions R.L/ ,!R.H/ and R.L/ ,!R.H0/,
and view CFL�.H/, CFL�.H0/, A�.H; s/ and A�.H0; s/ as complexes over R.L/, according to those
inclusions. Then:

(a) The complexes CFL�.H/ and CFL�.H0/ are filtered chain homotopy equivalent over R.L/.

(b) The complexes A�.H; s/ and A�.H0; s/ are chain homotopy equivalent over R.L/.

Note that part (b) is a simple algebraic consequence of part (a). Furthermore, part (a) follows by combining
the arguments from [Ozsváth and Szabó 2008a, Theorem 4.4; Manolescu et al. 2009a, Proposition 2.5].
However, some aspects of this proof will be of particular importance for the present paper. We give below
an outline of the proof with special emphasis on those aspects.

Beginning of the proof of Theorem 3.16 We need to verify invariance under each of the Heegaard
moves (i)–(vi). Let us discuss these moves briefly in turn.

The proof of invariance under curve isotopies and index one/two stabilizations is completely similar to
the one in [Ozsváth and Szabó 2004b].

To check invariance under a three-manifold isotopy, one needs to pull back the almost complex structure
on the symmetric product under the isotopy, and then use the contractibility of the space of compatible
almost complex structures. (This is the same argument as the one used in [ibid., Theorem 6.1].)

Invariance under handleslides can also be proved along the lines in [ibid.], but one has to define suitable
(filtered) polygon maps between the link Floer complexes: the details of their construction are explained
in Section 3.5.

Let us now discuss the remaining two Heegaard moves (v)–(vi), which change the number of basepoints.

Suppose that we change a diagram H (with k basepoints of type w) by a free index zero/three stabilization
introducing an additional free basepoint w0. Let H0 be the new diagram. By the same argument as in
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[Ozsváth and Szabó 2008a, proof of Proposition 6.5], the new link Floer complex CFL�.H0/ is the
mapping cone

(8) CFL�.H/ŒŒUkC1��
Uj�UkC1
�������! CFL�.H/ŒŒUkC1��

for some j 2 f1; : : : ; kg. The Alexander filtrations on both the domain and the target of (258) are induced
from those on CFL�.H/, with UkC1 keeping the filtration level fixed (since it corresponds to a free
basepoint). By Lemma 3.14, CFL�.H0/ is chain homotopy equivalent to CFL�.H/ over the previous
ring R.H/ and hence over R.L/, assuming that the natural inclusion R.L/ ,!R.H0/ factors through the
natural inclusion into R.H/. Moreover, the maps constructed in the proof of Lemma 3.14 are filtered, so
CFL�.H/ and CFL�.H0/ are filtered chain homotopy equivalent.

Given this, A�.H0; s/ and A�.H; s/ are chain homotopy equivalent. In fact, A�.H0; s/ is the mapping
cone

(9) A�.H; s/ŒŒUkC1��
Uj�UkC1
�������!A�.H; s/ŒŒUkC1��:

Finally, suppose that we change a diagram H by an index zero/three link stabilization introducing an
additional .w; z/ pair on a link component Li � L. By the argument in [Manolescu et al. 2009a,
Proposition 2.3], the new link Floer complex CFL�.H0/ is also of the form (8), albeit in this case the Ai
filtration on the domain of (8) is shifted by �1 from the original one on CFL�.H/. Nevertheless, since
UkC1 also decreases the Ai filtration level by one, CFL�.H0/ is still filtered chain homotopy equivalent
to CFL�.H/. This implies that A�.H0; s/ and A�.H; s/ are chain homotopy equivalent, although we
should point out that in this case A�.H0; s/ is not of the form (9). Once again, the chain homotopy
equivalence is over R.L/, and we need to assume that there is a factorization of natural inclusions
R.L/ ,!R.H/ ,!R.H0/.

This completes the proof of invariance over R.L/, with respect to some choices of natural inclusions
R.L/ ,!R.H/ and R.L/ ,!R.H0/. To see that invariance holds with respect to any such choices, we
can make use of Proposition 3.12; this allows us to choose the basepoints that are introduced when we do
the index zero/three link stabilizations.

We are grateful to András Juhász and Sucharit Sarkar for conversations about the following point:

Remark 3.17 Part (b) of Theorem 3.16 implies that the homologyH�.A�.H; s// (for basic diagrams H)
is an invariant of EL� Y and s, up to isomorphism. However, this is not so up to canonical isomorphism.
The problem is that, when relating a Heegaard diagram to itself via equivalence moves that include
three-manifold isotopies, the basepoints may trace homotopically nontrivial loops during those isotopies.
Nevertheless, the generalized Floer homology H�.A�.H; s// (for basic diagrams) is an invariant of
EL� Y, the level s and the basepoints w; z� L, up to canonical isomorphism. This can be proved along
the lines of [Ozsváth and Stipsicz 2010, Section 6].
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3.5 Polygon maps

In this section we define certain maps between generalized Floer complexes that count holomorphic
polygons. For the sake of clarity, we start with the case of triangles, which (along with quadrilaterals) are
used in the part of the proof of Theorem 3.16 that deals with invariance under handleslides.

Let H D .†;˛;ˇ;w; z/ be a generic, admissible, multipointed Heegaard diagram representing a link
EL� Y, as in Section 3.1. Let 
 be a new set of attaching curves for †, which is strongly equivalent to ˇ.
We assume that the Heegaard multidiagram .†;˛;ˇ;
;w; z/ is generic and admissible. Note that the
diagram H00 D .†;˛;
;w; z/ represents EL � Y, whereas H0 D .†;ˇ;
;w; z/ represents an unlink in
the connected sum of several S1 �S2. More precisely, with g, m and k as in Section 3.1, H0 represents
the unlink of m components inside #g.S1 �S2/.

We have link Floer complexesCFL�.H/ andCFL�.H00/ filtered by H.L/, and (according to Remark 3.9)
a complex CFL�.H0I s0/ filtered by Zm. We also have generalized Floer complexes A�.H; s/ and
A�.H00; s/ for s 2H.L/, and A�.H0; s0/ for s0 2 Zm.

Note that there is a projection Zm! Z`, which takes s0 D .s01; : : : ; s
0
m/ to Ns0 D .Ns01; : : : ; Ns

0
`
/, where

Ns0i D
X
j2Wi

s0j :

Since H.L/ is an affine space over Z`, for any s2H.L/ and s0 2Zm we can make sense of the expression
sC Ns0 2H.L/.

For x 2 T˛ \Tˇ ;x
0 2 Tˇ \T
 ;y 2 T
 \T˛, we let �2.x;x0;y/ be the space of homotopy classes

of Whitney triangles connecting x;x0;y , as in [Ozsváth and Szabó 2004b, Section 8.1.2]. We define a
triangle map

(10) f˛ˇ
 W CFL
�.H/˝CFL�.H0I s0/! CFL�.H00/

by

f˛ˇ
 .x˝x
0/D

X
y2T˛\T


X
�2�2.x;x

0;y/
�.�/D0

#.M.�// �U
nw1 .�/

1 � � �U
nwk .�/

k
y:

Here, M.�/ is the moduli space of pseudoholomorphic triangles in the class �, which is required to
have Maslov index �.�/D 0. We define a filtration by H.L/ on the domain of f˛ˇ
 by adding up the
filtrations on CFL�.H/ and CFL�.H0I s0/ via .s; s0/! sC Ns0. One can check that f˛ˇ
 is a filtered
chain map, using arguments as in [Ozsváth and Szabó 2004a, proof of Proposition 8.1].

Hence, for sD .s1; : : : ; s`/ 2H.L/ and s0 D .s01; : : : ; s
0
`
/ 2 Z`, we obtain triangle maps

A�.H; s/˝A�.H0; s0/!A�.H00; sC Ns0/;

which we still denote by f˛ˇ
 .
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This construction of triangle maps can be extended to more general polygon maps; compare [Ozsváth
and Szabó 2005, Section 4.2]. Let .†; f�j grjD0;w; z/ be an admissible, generic, multipointed Heegaard
multidiagram such that each �j is a .gCk�1/-tuple of attaching circles. For simplicity, we assume that
the curve collections �j come in two equivalence classes such that the collections in the same class are
strongly equivalent, and the diagrams formed by curve collections in different classes represent a link EL
in an integral homology sphere Y. We can then define Floer groups A�.T�i ;T�j ; s/, where each s is
either in Zm or in H.L/. In the former case, we have a well-defined projection Ns 2 Z`; in the latter, we
use the notation Ns to simply denote s.

Suppose r > 1, and that �0 and �r are in different equivalence classes, so that .†;�0;�r ;w; z/ represents
the link in the integral homology sphere. Then we can define linear maps

(11)

f�0;:::;�r W

rO
jD1

A�.T�j�1 ;T�j ; sj /!A�.T�0 ;T�r ; Ns1C � � �C Nsr/;

f�0;:::;�r .x1˝ � � �˝xr/D
X

y2T
�0
\T�r

X
�2�2.x1;:::;xr ;y/

�.�/D2�r

#.M.�// �U
nw1 .�/

1 � � �U
nwk .�/

k
y;

given by counting isolated pseudoholomorphic .rC1/-gons in SymgCk�1.†/, with edges on T�0 ; : : : ;T�r ,
and with specified vertices. Here, the Maslov index �.�/ denotes the expected dimension of the space of
pseudoholomorphic polygons in the class �, where the domain (a disk with r C 1 marked points) has a
fixed conformal structure. Since the moduli space of conformal structures on the domain has dimension
r � 2, the Maslov index equals the expected dimension of M.�/ minus r � 2, where M.�/ is the space
of all pseudoholomorphic .rC1/-gons in the class �. We warn the reader that this definition of �.�/ is
different from the one in [Ozsváth and Szabó 2005, Section 4.2], where �.�/ was simply the expected
dimension of M.�/. Our definition of �.�/ coincides with that used in [Sarkar 2011, Section 4]. It has
the advantage that it makes the Maslov index additive under the natural juxtaposition maps.

When rD1, by f�0;�1 we simply mean the differential @ for a generalized Floer complexA�.T�0 ;T�1 ; s/.

The maps f�0;:::;�r can also be defined when all the curve collections �0; : : : ;�r are strongly equivalent.
The definition is completely analogous, except there is no need for the bars on the values s; the image
should be in A�.T�0 ;T�r ; s1C � � �C sr/, where s1C � � �C sr 2 Zm.

For simplicity, we will ignore the subscripts on the maps f�0;:::;�r , and denote them all by f. The maps f
satisfy a generalized associativity property, which can be written as

(12)
X

0�i<j�r

f .x1; : : : ;xi ; f .xiC1; : : : ;xj /;xjC1; : : : ;xr/D 0

for any xi 2A�.T�j�1 ;T�j ; sj /; j D 1; : : : ; r . Compare [Ozsváth and Szabó 2005, equation (9)].

Completion of the proof of Theorem 3.16 As mentioned in Section 3.3, the triangle and quadrilateral
maps defined here are used to prove the part of Theorem 3.16 that deals with invariance under handleslides.
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Indeed, one can follow the arguments of [Ozsváth and Szabó 2004b, Section 9] almost verbatim. The only
difference is that we use link Floer complexes, and we have to make sure that our maps are filtered. In
particular, if ˇ and 
 are curve collections that differ from each other by an elementary handleslide as in
[ibid., Figure 9], instead of CF�.ˇ;
; s0/ we use A�.Tˇ ;T
 ; 0/, where 0D .0; : : : ; 0/ denotes the zero
vector. Since all the 2gCk�1 generators are in Alexander grading zero, it is easy to see thatA�.Tˇ ;T
 ; 0/
has trivial differential. Therefore, its homology is that of a .gCk�1/-dimensional torus, over the base
ring R.H/D F ŒŒU1; : : : ; Uk��. When constructing the triangle maps corresponding to this handleslide, we
use the top-degree generator ‚ 2A�.Tˇ ;T
 ; 0/. Observe that, when s0 D 0, the map f˛ˇ
 from (10)
produces a filtered map

CFL�.H/! CFL�.H00/; x 7! f˛ˇ
 .x˝‚/;

and hence chain maps from A�.H; s/ to A�.H00; s/. These can be shown to be chain homotopy equiva-
lences by using (filtered) quadrilateral maps, along the lines of [ibid., Section 9]. It should be noted that
in [loc. cit.] it was only proved that the maps induced by handleslides are quasi-isomorphisms. However,
the stronger statement that they are chain homotopy equivalences follows from the existence of a chain
homotopy between the triangle map given by a small isotopy, and a continuation map; see [Lipshitz
2006, proof of Proposition 11.4; Ozsváth and Stipsicz 2010, proof of Theorem 6.6] and the proof of
Lemma 8.14 below.

3.6 An alternative description

In general, the generalized Floer complex A�.H; s/ is not free as an R.H/-module. In Section 13 we
will construct a resolution of A�.H; s/, denoted by A�.H; s/. For now, we will focus on the special case
when the Heegaard diagram H is link-minimal (see Definition 3.2). In that case, A�.H; s/ admits an
alternative description as a free module A�.H; s/, as follows.

Since we assume that H is link-minimal, we have Wi D fwig and Zi D fzig for each i D 1; : : : ; `. We
may also have some free basepoints w`C1; : : : ; wk . For i 2 f1; : : : ; `g, s 2H.L/i , and � 2 �2.x;y/, we
set

(13) Eis.�/D

8̂̂̂<̂
ˆ̂:
nwi .�/ if Ai .x/� s; Ai .y/� s;
s�Ai .x/Cnzi .�/ if Ai .x/� s; Ai .y/� s;
nzi .�/ if Ai .x/� s; Ai .y/� s;
Ai .x/� sCnwi .�/ if Ai .x/� s; Ai .y/� s:

Equivalently, we can write

Eis.�/Dmax.s�Ai .x/; 0/�max.s�Ai .y/; 0/Cnzi .�/(14)

Dmax.Ai .x/� s; 0/�max.Ai .y/� s; 0/Cnwi .�/:

In particular, Ei�1.�/D nzi .�/ and Ei
C1

.�/D nwi .�/.
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Given s D .s1; : : : ; s`/ 2 H.L/, we define the complex A�.H; s/ as the free module over R.H/ D

F ŒŒU1; : : : ; Uk�� generated by T˛ \Tˇ , and equipped with the differential

(15) @x D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �U
E1s1

.�/

1 � � �U
E`s`

.�/

`
�U

nw`C1 .�/

`C1
� � �U

nwk .�/

k
y:

We also put a Z-grading �s on A�.H; s/ by setting

(16) �s.x/DM.x/� 2
X̀
iD1

max.Ai .x/� si ; 0/;

at least when none of the values si is �1. When some of the values si are �1, we replace the
corresponding expressions max.Ai .x/� si ; 0/ by Ai .x/ in (16).

Lemma 3.18 The complexes A�.H; s/ and A�.H; s/ are isomorphic over R.H/.

Proof When none of the values si is �1, the isomorphism A�.H; s/ Š�! A�.H; s/ is given by

(17) x 7! U
max.A1.x/�s1;0/
1 � � �U

max.A`.x/�s`;0/
`

x:

When some of the values si are �1, we replace max.Ai .x/� si ; 0/ by Ai .x/ in the above formula.

Remark 3.19 Although we could identify the complexesA�.H; s/ and A�.H; s/ using the isomorphism
from Lemma 3.18, in practice we will use the notation A�.H; s/ when we think of the subcomplex of
CFL�.H/, and A�.H; s/ when we think of the alternative description above, as a free complex.

Remark 3.20 When the Heegaard diagram H is not link-minimal, we have k variables Uj , but only `
Alexander gradings. If we set the variablesUj corresponding to the same link component to be equal to each
other, then one can define a complex by a formula similar to (15). However, this complex would not be well
behaved with Heegaard move (vi) from Section 3.3, the index zero/three link stabilization. Indeed, under
this move, the generalized Floer complex A�� .H; s/would turn into the direct sum A�

�C1.H; s
0/˚A�� .H; s/,

where s0 differs from s by �1 in the spot corresponding to the link component that is being stabilized.

Recall from Remark 3.9 that the complexes A�.H; s/ can also be defined when H represents an unlink
in #n.S1 �S2/. When H is also link-minimal, we can construct isomorphic free complexes A�.H; s/
in that context as well. Furthermore, the polygon maps from (11) can be rewritten in terms of the free
complexes as

(18)

f�0;:::;�r W

rO
jD1

A�.T�j�1 ;T�j ; sj /! A�.T�0 ;T�r ; s1C � � �C sr/;

f�0;:::;�r .x1˝ � � �˝xr/D
X

y2T
�0
\T�r

X
�2�2.x1;:::;xr ;y/

�.�/D2�r

#.M.�// �UEs1;:::;sr
.�/y;

where we use the notation

UEs1;:::;sr .�/D U
E1s1;1;:::;sr;1

.�/

1 � � �U
E`s1;`;:::;sr;`

.�/

`
�U

nw`C1 .�/

`C1
� � �U

nwk .�/

k
;
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with
sj D .sj;1; : : : ; sj;`/; j D 1; : : : ; r;

and

Eis1;i ;:::;sr;i .�/D

rX
jD1

max.sj;i �Ai .xj /; 0/�max
� rX
jD1

sj;i �Ai .y/; 0

�
Cnzi .�/

D

rX
jD1

max.Ai .xj /� sj;i ; 0/�max.Ai .y/�
rX

jD1

sj;i ; 0/Cnwi .�/:

3.7 Reduction

Suppose that M is a sublink of LD L1q� � �qL`. We choose an orientation on M (possibly different
from the one induced from EL), and denote the corresponding oriented link by EM. We let IC. EL; EM/ (resp.
I�. EL; EM/) be the set of indices i such that the component Li is in M and its orientation induced from EL
is the same as (resp. opposite to) the one induced from EM.

For i 2 f1; : : : ; `g, we define a projection map p EMi WH.L/i !H.L/i by

p
EM
i .s/D

8<:
C1 if i 2 IC. EL; EM/;

�1 if i 2 I�. EL; EM/;

s otherwise.

Then, for sD .s1; : : : ; s`/ 2H.L/, we set

p
EM .s/D .p

EM
1 .s1/; : : : ; p

EM
` .s`//:

Set N D L�M. We define a map

(19)  
EM
WH.L/!H.N /

as follows. The map  EM depends only on the summands H.L/i of H.L/ corresponding to Li �N. Each
of these Li ’s appears in N with a (possibly different) index ji , so there is a corresponding summand
H.N /ji of H.N /. We then set

(20)  
EM
i WH.L/i !H.N /ji ; si ! si �

1
2

lk.Li ; EM/;

where Li is considered with the orientation induced from L, while EM is with its own orientation. We then
define  EM to be the direct sum of the maps  EMi , precomposed with projection to the relevant factors.

Remark 3.21 If we view H.L/ as a lattice over H1.S3�L/— see Remark 3.6 — we can describe the
map  EM as

 
EM .s/D s� 1

2
Œ EM�;

where we denote elements in H1.S3�L/ the same as their inclusions into H1.S3�N/.

Geometry & Topology, Volume 29 (2025)



2806 Ciprian Manolescu and Peter Ozsváth

Definition 3.22 Let H be a multipointed Heegaard diagram representing a link EL� Y. Let M � L be
a sublink, with an orientation EM (not necessarily the one induced from EL). The reduction of H at EM,
denoted by r EMH, is the Heegaard diagram for EL�M obtained from H as follows: first, we delete the
basepoints z from all components of M � L oriented the same way in EL as in EM ; second, we delete the
basepoints w, and relabel the basepoints z as w, from all components of M oriented the opposite way
in EL as in EM.

Remark 3.23 The reduction of a link-minimal Heegaard diagram is link-minimal. By contrast, the
reduction of a minimally pointed diagram is usually not minimally pointed (because we introduce new
free basepoints).

Using the interpretation of H.L/ as a space of relative Spinc structures (see Remark 3.6) it follows from
[Ozsváth and Szabó 2008a, Section 3.7] that there is an identification

(21) A�.H; p
EM .s// Š�!A�.r EM .H/;  

EM .s//:

When the diagram H is link-minimal, we can write this identification in terms of the free complexes from
Section 3.6 as

(22) A�.H; p
EM .s// Š�! A�.r EM .H/;  

EM .s//:

3.8 Inclusion maps

Let EL� Y and M �L be as in the previous subsection. Let also H be a generic, admissible, multipointed
Heegaard diagram for EL. If M is equipped with the orientation induced from EL, then, for s 2H.L/, we
have a natural inclusion map between subcomplexes of CFL�.H/,

IMs WA
�.H; s/!A�.H; pM .s//:

If H is link-minimal, we can write IMs in terms of the alternative description of generalized Floer
complexes from Section 3.6. In that setting, we have

(23) IMs W A
�.H; s/! A�.H; pM .s//; IMs x D

Y
i

Li�L�M

U
max.Ai .x/�si ;0/
i �x:

Now suppose that M is equipped with an arbitrary orientation EM, not necessarily the one from EL. We use
the notation I˙. EL; EM/ from the previous subsection. If H is link-minimal then, by analogy with (23), we
define an inclusion map

I
EM
s W A

�.H; s/! A�.H; p
EM .s//

by

(24) I
EM
s x D

Y
i2IC. EL; EM/

U
max.Ai .x/�si ;0/
i �

Y
i2I�. EL; EM/

U
max.si�Ai .x/;0/
i �x:
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Alternatively, in terms of the original description, we have

(25) I
EM
s WA

�.H; s/!A�.H; p
EM .s//; I

EM
s x D

Y
i2I�. EL; EM/

U
si�Ai .x/
i �x:

Note that the expressions (23), (24) and (25) are well defined only when the exponents of the Ui variables
involved there are finite. That is, we need to require that si ¤�1 for all i 2 IC. EL; EM/, and si ¤C1 for
all i 2 I�. EL; EM/. These conditions will always be satisfied when we consider inclusion maps in this paper.

Observe that I
EM
s is a chain map, and it shifts the grading (16) by a definite amount:

(26) �
p EM .s/

.I
EM
s .x//D �s.x/� 2

X
i2I�. EL; EM/

si :

Remark 3.24 When LDK is a knot, the maps I
EK
s and I�

EK
s correspond to the inclusions v�s and h�s

of A�s into the subcomplexes C.fi � 0g/ and C.fj � sg/, respectively; compare Remark 3.8. In [Ozsváth
and Szabó 2008b], there are analogous maps vCs ; h

C
s W A

C
s ! BC Š CFC.Y /.

Remark 3.25 When H is not link-minimal, there does not seem to be a natural way of defining maps
I
EM
s W A

�.H; s/ ! A�.H; p
EM .s// for arbitrary orientations EM. This is one of the reasons why, in

Section 13, we will construct resolutions A�.H; s/ of A�.H; s/; the resolutions will come with maps
I
EM
s W A

�.H; s/! A�.H; p
EM .s// that generalize (24).

4 An overview of the link surgery formula

According to the link surgery formula (Theorem 1.1), the Heegaard Floer homology groups HF �� of
a link surgery Yƒ.L/ can be computed from the surgery complex C�.H; ƒ/. Constructing the surgery
complex is rather technical, and the full details will be postponed until Section 9. Until then, the purpose
of the present section is to give the reader a basic understanding of the link surgery formula, and to show
how it can be applied to compute some examples.

4.1 Preliminaries

As mentioned in the introduction, the input data for the surgery complex is called a complete system
of hyperboxes H for the link EL. In this section, we will focus on the simplest type of complete system,
called basic. Complete systems of hyperboxes will be defined in Section 8, and basic ones in Section 8.7.
For now, it suffices to note that a basic system exists for every link, and is determined by the choice of a
single Heegaard diagram HL for L. The diagram HL has to be basic in the sense of Definition 3.4; that
is, it should have no free basepoints, and every link component should intersect the Heegaard surface in
exactly two basepoints (one wi and one zi ), situated on each side of a beta curve.
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Apart from HL, the other diagrams appearing in a basic complete system H are the reductions

HL�M
WD rM .H

L/;

obtained from HL by deleting the z basepoints on the sublink M ; see Section 3.7. (In our case, M is
given the orientation induced from EL.) Note that all the diagrams HL�M are link-minimal.

To the diagrams HL�M we associate generalized Floer complexes A�.HL�M ; s/, as in Section 3.6.
These are modules over the ground ring

R WDR.HL/D F ŒŒU1; : : : ; U`��:

With this in mind, recall from (1) that, as an R-module, the surgery complex is the infinite direct product

(27) C�.H; ƒ/D
M
M�L

Y
s2H.L/

A�.HL�M ;  M .s//:

Here,  M is the map from (19), with M again having the orientation induced from EL.

To simplify the notation somewhat, we denote a typical term in the chain complex (27) by

(28) C"s D A�.HL�M ;  M .s//;

where "D ".M/D ."1; : : : ; "`/ 2 f0; 1g
` is such that Li �M if and only if "i D 1.

Furthermore, as noted in (2), the differential on the complex C�.H; ƒ/ is given by

D�.s;x/D
X

N�L�M

X
EN2�.N/

.sCƒ EL; EN ; ˆ
EN
 M .s/

.x//

for s 2H.L/ and x 2 A�.HL�M ;  M .s//. In this formula, the maps

ˆ
EN
 M .s/

W A�.HL�M ;  M .s//! A�.HL�M�N ;  M[N .s//

are constructed from polygon maps of the type considered in Section 3.5; see also (18). We shall not give
their exact definition here, but we note that when N D∅, the map ˆ EN

 M .s/
is just the usual differential

on A�.HL�M ;  M .s//, counting holomorphic disks.

Let us denote a typical summand in the differential D� by

(29) D";"
0

"0;s
Dˆ

EN
 M .s/

W C"
0

s ! C"
0C"
sC"0�ƒ;

where "0 D ".M/, "D ".N /, and "0 2 f0; 1g` is such that i 2 I�. EL; EN/ if and only if "0i D 1. The dot
product "0 �ƒ denotes the vector

P
"0iƒi . Furthermore, as in Section 3.7, I�. EL; EN/ is the set of indices i

such that the orientation of Li � L�M is different in EN from the one in EL.

Whenever we drop a subscript or superscript from our notation, we will mean the direct product (or sum,
as the case may be) over all possible values of that subscript or superscript. For example, C" D

Q
s C"s

and CD
L
" C" D C�.H; ƒ/.
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In practice, if one wants to compute the Heegaard Floer homology groups HF �.Yƒ.L/; u/ using
Theorem 1.1, it is helpful to replace the infinite direct product from (27) with a finite one. We refer to this
procedure as horizontal truncation. It can be done along the same lines as the corresponding argument in
the case of surgery on knots, from [Ozsváth and Szabó 2008b, Section 4.1]. There are many ways of
doing horizontal truncation. A general procedure will be given in Section 10.1, but, until then, we will
explain a few ad hoc variants in the examples below.

The organization of the rest of Section 4 is as follows. In Section 4.2 we specialize the link surgery formula
to the case of knots, and explain the relation to the already-existing knot surgery formula from [ibid.].
In Section 4.3 we explain how horizontal truncation works in the simple case of C1 surgery on the
unknot, and we also justify our use of direct products rather than direct sums. In Section 4.4, we turn our
attention to two-component links, and describe the surgery complex in more detail in that case. Finally,
in Section 4.5, we show how the truncation technique can be used to arrive at an explicit computation in
the case of surgeries on the Hopf link.

4.2 Knots

Let ELD EK be an oriented knot in a homology three-sphere Y. In this case, only two Heegaard diagrams
appear in the surgery complex: a basic diagram HK for K (with one w basepoint and one z basepoint),
and its reduction H∅, a diagram for Y that is obtained from HK by deleting z. The lattice H.L/ is just Z,
and H.∅/ consists of the single element 0. Further, let U D U1 be the unique variable in the ground ring
RD F ŒŒU ��, and let m 2 Z be the surgery coefficient that specifies the framing ƒ. As an R-module, the
surgery complex CD C�.H; m/ takes the form

CD
Y
s2Z

C0s ˚
Y
s2Z

C1s :

Here, C0s is the generalized Floer complex A�.HK ; s/, and each C1s is a copy of the complex

A�.H∅; 0/D CF �.H∅/;

whose homology is HF �.Y /.

With regard to the differential, this is composed of the following terms: D0;00;s (which is the usual differential
on C0s ), D0;01;s (which is the usual differential on C1s ), as well as

D1;00;s Dˆ
K
s W C

0
s ! C1s and D1;10;s Dˆ

�K
s W C

0
s ! C1sCm:

Thus, the complex C can be viewed as the mapping cone of the map

(30)
Y
s2Z

C0s !
Y
s2Z

C1s ; .s;x/ 7! .s; ˆKs /C .sCm;ˆ
�K
s /:

Let us be more specific about what the maps ˆKs and ˆ�Ks are in this case. The map ˆKs is just the
inclusion IKs defined in Section 3.8, whose codomain A�.HK ;C1/ is identified with A�.H∅; 0/ by (22).
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The map ˆ�Ks is also constructed from the corresponding inclusion I�Ks , but note that the codomain
of I�Ks is the complex A�.HK ;�1/ŠA�.r�K.H

K/; 0/. The diagram r�K.H
K/ is obtained from HK

by deleting w and relabeling z as the new w. This diagram represents the underlying three-manifold Y,
just like H∅, so it can be related to the latter by a sequence of Heegaard moves. In fact, in a basic system,
we use a specific set of Heegaard moves, which will be described in Section 8.7. The Heegaard moves
induce a chain homotopy equivalence from A�.r�K.H

K// to A�.H∅; 0/. We define ˆ�Ks to be the
composition of I�Ks with this homotopy equivalence.

The mapping cone (30) is strongly reminiscent of the mapping coneM
s2Z

ACs !
M
s2Z

BCs ; .s;x/ 7! .s; vCs .x//C .sCm; h
C
s .x//;

that appears in the knot surgery formula from [Ozsváth and Szabó 2008b]. The main difference is that our
complex C computes the completed, minus flavor of Heegaard Floer homology, HF �.Ym.K//, whereas
the one in [loc. cit.] computed the plus flavor HFC.Ym.K//. As noted in Remark 3.8, the complexes C0s
are the completions of A�s DC fmax.i; j � s/� 0g, in the notation of [loc. cit.]. Similarly, the complexes
C1s D CF

�.Y / are the analogues of BCs D CFC.Y /. Moreover, as explained in Remark 3.24, the maps
ˆKs and ˆ�Ks are the analogues of vCs and hCs from [loc. cit.].

4.3 Remarks on direct products and the unknot

The reader who is familiar with the knot surgery formula from [Ozsváth and Szabó 2008b] may wonder
why our definition of the complex C in (27) involved a direct product rather than a direct sum. The results
in [loc. cit.] were phrased in terms of direct sums, but they only applied to HFC and �HF. In the case
ofHF �, direct sums do not give the right answer. This can be seen even in the simple case ofC1 surgery
on the unknot EU in S3.

Specifically, let us consider a genus one Heegaard diagram for the unknot, with one alpha curve and
one beta curve intersecting transversely at a single point, and two basepoints w and z. This is a basic
Heegaard diagram, to which we can associate a basic complete system of hyperboxes. The complex C for
C1 surgery is

(31) CD
M
"2f0;1g

Y
s2Z

C"s:

Here, if we use the alternative description of the complexes C0s D A�.HK ; s/ from Section 3.6, then
each such complex is freely generated by the single intersection point, so it is a copy of F ŒŒU ��. The
complexes C1s are also copies of F ŒŒU ��. Let as 2 C0s and bs 2 C1s be the generators of each piece.

The differential D is obtained as the sum of maps

ˆ
EU
s W C

0
s ! C1s and ˆ�

EU
s W C

0
s ! C1sC1:
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The maps ˆ EUs are inclusion maps I
EU
s , which are given by multiplication by a certain power of U ; see (24).

The maps ˆ� EUs are inclusion maps I�
EU

s postcomposed with a homotopy equivalence, which in this case
is the identity. Thus, using (24), we obtain

(32) ˆ
EU
s D

�
1 if s � 0;
U�s if s � 0;

ˆ�
EU

s D

�
U s if s � 0;
1 if s � 0:

(Compare [Ozsváth and Szabó 2008b, Section 2.6].) The homology of the complex C is then isomorphic
to F ŒŒU ��, being freely generated by the elementX

s2Z

U jsj.jsj�1/=2as:

The Heegaard Floer homology of C1 surgery on the unknot is HF �.S3/ Š F ŒŒU ��, so Theorem 1.1
gives the right answer. However, if instead of the direct product in (31) we had used a direct sum, the
homology of the resulting complex would have been a more complicated F ŒŒU ��-module. Indeed, the
map D would then have nontrivial cokernel in the new C1 D

L
C1s . The cokernel would be generated as

an F ŒŒU ��-module by classes Œbi � for i 2 Z, subject to the relations

Œb0�D Œb1�D U Œb�1�D U Œb2�D U
3Œb�2�D U

3Œb3�D � � � :

The basic reason why direct sums are not suitable for the surgery theorem for HF � is that they do not
behave as well with respect to filtrations as direct products do. As we shall see soon, filtrations play an
important role in the truncation procedure, which in turn is essential for the proof of Theorem 1.1.

Let us fix some terminology. For us, a filtration F on an R-module A is a collection of R-submodules
fFi .A/ j i 2 Zg of A such that Fi .A/ � Fj .A/ for all i � j. A filtration is called bounded above if
Fi .A/DA for i � 0, and bounded below if Fi .A/D 0 for i � 0. A filtration is called bounded if it is
both bounded above and bounded below.

If A is equipped with a differential @ that turns it into a chain complex, we say that the chain complex
.A; @/ is filtered by F if @ preserves each submodule Fi .A/. The associated graded complex grF A is
defined as

(33) grF.A/D
M
i2Z

.Fi .A/=Fi�1.A//;

equipped with the differential induced from F.

If F is a bounded filtration on a chain complex .A; @/, a standard result from homological algebra says
that, if grF.A/ is acyclic, then A is acyclic as well. (Note that this can fail for filtrations that are not
bounded.)

A standard way to construct bounded filtrations is as follows. If A is freely generated over R by a
collection of generators G, a bounded map F WG!Z defines a bounded filtration on A by letting Fi .A/

be the submodule generated by the elements g 2G with F.g/� i .
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Suppose now that we have a direct product of R-modules

AD
Y
s2S

As;

indexed over a countable set S. Suppose further that each As is a free module over R with a set of
generators Gs . Assume that A is equipped with a differential @. (Typically, in our examples, each Gs is
finite, and the differential @ is defined on each term so that it is locally finite, as in Definition 9.5.)

In this situation, an assignment
F W

[
s2S

Gs! Z

specifies bounded filtrations on each As . Together these produce a filtration on A given by

Fi .A/D
Y
s2S

Fi .As/:

This filtration on A is generally neither bounded above nor bounded below. It is bounded above provided
that there exists i � 0 such that Fi .As/DAs for all s, that is, if F.g/� i for all g 2Gs and s 2 S. We
have the following:

Lemma 4.1 Consider a module A D
Q
s2S As , where each As is freely generated over R by a set

of generators Gs . Suppose F W
S
s2S Gs ! Z defines a filtration on A that is bounded above. Further ,

suppose A is equipped with a differential @, and that the associated graded complex grF.A/ is acyclic.
Then A itself is acyclic.

Proof Consider the spectral sequence associated to F, whose E1 term is H�.grF.A//D 0. According
to [Weibel 1994, Theorem 5.5.10], the spectral sequence converges to H�.A/ if the filtration is complete,
exhaustive, and the spectral sequence is regular. Completeness of the filtration means that AD lim

 ��
A=FiA,

which is true because A is constructed as a direct product. (Note that for a complete filtration we haveT
i FiAD 0.) Exhaustiveness is a weaker condition than being bounded above. Regularity (as defined in

[ibid., Definition 5.2.10]) is automatic when the E1 term is zero, because the higher differentials have to
be zero as well.

One can apply Lemma 4.1 to calculate H�.C�. EU ; 1//, where CD C�. EU ; 1/ is the surgery complex for
C1 surgery on the unknot, considered above. (Of course, this calculation can also be done directly.) As a
module, the complex C is the direct product of all C"s over " 2 f0; 1g and s 2 Z. Each term in the direct
product is freely generated by an element as or bs . We have two filtrations F0 and F1 on C defined by

F0.as/D F0.bs/D�s; F1.as/D F1.bsC1/D s:

The map ˆ EUs preserves the F0-grading and decreases F1 by one, whereas ˆ� EUs decreases F0 by one and
preserves F1. Neither F0 nor F1 are bounded above. However, we can consider the subcomplexes of C

C>0 D
Y
s>0

.C0s ˚C1s / and C<0 D
Y
s<0

.C0s ˚C1sC1/:
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Then the restriction of F0 to C>0 and the restriction of F1 to C<0 are both bounded above. Further, in
the associated graded of these subcomplexes the differential cancels out all the terms in pairs. Applying
Lemma 4.1 gives

H�.C>0/ŠH�.C<0/Š 0:

The quotient complex C=.C>0 ˚ C<0/ is simply C00 Š F ŒŒU �� with a trivial differential. From the
corresponding long exact sequence, we get

H�.C/ŠH�.C
0
0/Š F ŒŒU ��;

as expected.

Although Lemma 4.1 can be successfully used to compute the homology of the complex associated to C1
surgery on the unknot, if we try to do �1 surgery instead, we will need to work with filtrations that are
bounded below, rather than above. As the following example shows, the exact analogue of Lemma 4.1
fails for bounded below filtrations:

Example 4.2 Let AD
Q
s�0 As , where each As is a free module over F ŒŒU �� of rank two, with generators

as and bs . We equip A with the locally finite differential @ given by @a0D b0, @as D bsCbs�1 for s > 0,
and @bs D 0 for all s. Let F be the filtration on A defined by F.as/D F.bs/D s. Then F is bounded
below but not bounded above, and grF A is acyclic. However, A itself is not acyclic, because

P
s as is in

the kernel of its differential.

Nevertheless, we can obtain the desired result by imposing an additional condition on our filtration:

Definition 4.3 Suppose we have a module AD
Q
s2S As , where each As is freely generated over RD

F ŒŒU1; : : : ; U`�� by a finite set of generators Gs . Suppose A is equipped with a locally finite differential @,
and with a filtration induced by an assignment F W

S
s2S Gs!Z. For i 2Z, let AŒi� ŠFi .A/=Fi�1.A/

be the free R-module generated by those g 2
S
s Gs with F.g/D i . Then we say that the filtration F is

U -tame if there exists k 2 Z such that, in the restriction of @ to A=FkA, all terms that drop the filtration
level contain at least a nontrivial power of Uj for some j, that is, for all i > k,

@.AŒi�/�AŒi�
˚ ..U1; : : : ; U`/ �F

i�1.A//:

Lemma 4.4 Let A be a chain complex as in Definition 4.3, with a U -tame filtration F. Suppose that the
associated graded complex grF.A/ is acyclic. Then A itself is acyclic.

Proof Let k 2 Z be as in Definition 4.3. The complex Fk.A/ (with the restriction of the filtration F)
satisfies the hypotheses of Lemma 4.1, so it is acyclic. Thus, it suffices to prove that the quotient complex
A0 DA=Fk.A/ is acyclic.

If we view A0 as a complex over F (rather than over R), we can equip it with a second filtration U, given
by the total degree of the Uj variables. Precisely, if g 2

S
s Gs is a generator with F.gs/ > k, we set

U.Um11 � � �U
m`
`
�g/D�.m1C � � �Cm`/:
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The original R-structure on A0 implies that U is indeed a filtration on A0 (viewed as an F-complex).
The U -tameness assumption implies that the differential on the associated graded grU A0 preserves each
F-filtration level AŒi� for i > k. Thus, grU A0 splits as a direct sum of complexes of the form grU AŒi�

for i > k.

We claim that each grU AŒi� is acyclic for i > k. We know that AŒi� itself (being a summand of grF.A/)
is acyclic. The short exact sequence

0!AŒi� U1
�!AŒi�

!AŒi�=U1AŒi�
! 0

induces a long exact sequence in homology, showing that AŒi�=U1AŒi� is acyclic. Iterating this argument
shows AŒi�=.U1; : : : ; U`/A

Œi� is acyclic. Since grU AŒi� is just a direct sum of complexes isomorphic to
AŒi�=.U1; : : : ; U`/A

Œi�, it must be acyclic as well. We deduce from this that grU A0 is acyclic.

It now follows that A0 is acyclic, by Lemma 4.1 applied to the filtration U. (Note that U is bounded
above by 0.) Consequently A is also acyclic.

As an application of Lemma 4.4, let us compute the homology of the complex CDC�. EU ;�1/, associated
to �1 surgery on the unknot. Just as in the case of C1 surgery, our new complex C is the direct product
(as a module) of all C"s , over " 2 f0; 1g and s 2 Z. Each term in the direct product is freely generated by
one element, denoted by as (for C0s ) and bs (for C1s ). The maps ˆ EUs and ˆ� EUs are still given by (32), but
now ˆ�

EU
s takes C0s to C1s�1. Explicitly, we have

@as D

�
bsCU

sbs�1 if s � 0;
U�sbsC bs�1 if s � 0:

; @bs D 0:

Consider the quotient complexes of C

C>0 D
Y
s>0

.C0s ˚C1s / and C<0 D
Y
s<0

.C0sC1˚C1s /:

On C>0, we define a filtration F0 by

F0.as/D F0.bs/D s:

This filtration is not bounded above, but it is U -tame. Since its associated graded is acyclic, C>0 is
acyclic by Lemma 4.4.

Similarly, on C<0 we have a U -tame filtration F1 given by the assignment

F1.as/D F1.bs�1/D�s:

Its associated graded is acyclic, so C<0 is acyclic as well. We deduce that C is quasi-isomorphic to its
subcomplex C10, which has homology F ŒŒU ��.

The calculations above (for C1 and �1 surgery on the unknot) are the simplest examples of horizontal
truncation, and serve as models for the general case. In Section 4.5 we will explain horizontal truncation
in a more complicated example, that of the Hopf link.
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4.4 Two-component links

We now consider the case of a two-component link ELD L1[L2 � Y. We are interested in surgery on L
with surgery coefficients p1 on L1 and p2 on L2. The framing ƒ is given by the matrix

ƒD

�
p1 c

c p2

�
;

where c is the linking number between L1 and L2. We denote by ƒ1 and ƒ2 the two rows of ƒ.

The affine lattice H.L/ associated to L is Z�Z if c is even, and
�
1
2
CZ

�
�
�
1
2
CZ

�
if c is odd. The

lattices H.L1/ and H.L2/ are copies of Z, and H.∅/D 0.

A basic complete system H for EL involves a basic diagram HL for L (with four basepoints: w1 and
z1 on L1, and w2 and z2 on L2), as well as its reductions HL1 (obtained from HL by deleting z1),
HL2 (obtained from HL by deleting z2), and H∅ (obtained by deleting both z1 and z2).

The surgery complex C is a “double mapping cone” of the form

(34)

Q
s2H.L/ C00s

��

//

''

Q
s2H.L/ C10s

��Q
s2H.L/ C01s

//
Q
s2H.L/ C11s

Here, the horizontal arrows consist of maps of the form ˆ
˙L1
s , the vertical arrows of maps ˆ˙L2s , and

the diagonal of maps ˆ˙L1[˙L2s and ˆ˙L1[�L2s . Here, CLi (resp. �Li ) means Li with the orientation
induced from (resp. opposite to) EL. There are also maps ˆ∅

s (not shown in the diagram above), which
represent the differentials on each complex C"s.

The values of s in the targets of each map are shifted by an amount depending on the type of map and the
framing ƒ. Precisely, whenever we have a negatively oriented component �ELi in the superscript of a
map ˆs, we add the vector ƒi 2Z�Z to s. Note that all the maps preserve the equivalence class of s in
the quotient

H.L/=hƒ1; ƒ2i:

This quotient can be naturally identified with the space of Spinc structures on the surgered manifold Yƒ.L/;
see Remark 3.6 and [Ozsváth and Szabó 2008a, Section 3.7]. Therefore, the complex C splits as a direct
sum, according to these Spinc structures. In fact, there is a more refined version of Theorem 1.1, which
establishes an isomorphism between the homology of each of these summands and the corresponding
HF �.Yƒ.L/; Œs�/; see Theorem 9.6.

Let us now say a few words about the maps in (34). Those of the form ˆ
Li
s are given by inclusions ILis ,

as in Section 3.8. Those of the form ˆ
�Li
s are the compositions of inclusions I�Lis with certain “descent

maps” DLi
pLi .s/

. The general definition of descent maps will be given in (99), but in the case at hand they
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are chain homotopy equivalences induced by Heegaard moves between the respective Heegaard diagrams
(just as in the case of knots, discussed in Section 4.2).

Finally, the diagonal maps in (34) are chain homotopies between the corresponding compositions of
vertical and horizontal maps. For example, ˆL1[�L2s is a chain homotopy between ˆL1

 �L2 .s/
ıˆ
�L2
s

and ˆ�L2
 L1.s/

ıˆ
L1
s . These chain homotopies are constructed as compositions of inclusion and descent

maps. In the case of a basic system for two component links, such as the one considered here, it turns out
that most of the descent maps, and hence the corresponding diagonal maps in (34), are zero.1 Specifically,
the only diagonal map that may be nontrivial is ˆ�L1[�L2s . This is the composition of the inclusion
I�L1[�L2s with a descent map D�L1[�L2s .

The descent map D�L1[�L2s is a chain homotopy between two maps induced by Heegaard moves
between the diagrams r�L.HL/ and H∅ (that is, between the diagrams obtained from HL by deleting the
w basepoints or deleting the z basepoints). While the maps induced by Heegaard moves usually involve
counts of holomorphic triangles, the chain homotopy D�L1[�L2s involves also counts of holomorphic
quadrilaterals. In practice, these counts are harder to get a handle on, but in some cases (such as the
example discussed in the next section) we can simplify the complex C so that we do not have to compute
D
�L1[�L2
s at all.

4.5 Surgeries on the Hopf link

Let EL D L1 [ L2 � S
3 be the positive Hopf link shown in Figure 2. Its link Floer homology was

computed in [Ozsváth and Szabó 2008a, Section 12]. Let p1 and p2 be two integers with p1p2 ¤˙1.
Then .p1; p2/ surgery on EL produces the lens space L.p1p2 � 1; p1/, which is a rational homology
sphere admitting p1p2� 1 different Spinc structures. For any such Spinc structure s, the corresponding
Heegaard Floer homology group is HF �.S3p1;p2. EL/; s/Š F ŒŒU �� as a relatively Z-graded module; see
[Ozsváth and Szabó 2004c, Proposition 3.1]. In this section we show how Theorem 1.1 can be used to
recover this calculation. We assume for simplicity that p1; p2 � 2.

L2L1

Figure 2: The positive Hopf link.

1The reason why those descent maps vanish is because, in the terminology of Section 5 below, they are obtained by compressing
hyperboxes of size d D .d1; d2/, where at least one of the di is zero. See (41) and (100).
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w1 z2 z1b c d w2a

Figure 3: A Heegaard diagram for the Hopf link. The thicker (red) curve is ˛, while the thinner
(black) curve is ˇ.

We use a basic system of hyperboxes for the Hopf link EL. To construct it, we start with the genus zero
Heegaard diagram for EL from Figure 3. We then stabilize it (and do some handleslides) to end up with
the basic Heegaard diagram pictured in Figure 4, in which wi and zi for i D 1; 2 are separated by the
new beta curves ˇi . The old alpha and beta curves are denoted by ˛3 and ˇ3, respectively.

In the genus zero Heegaard diagram in Figure 3, the intersection ˛\ˇ consists of four points, denoted
by a, b, c and d . The index one holomorphic disks correspond to bigons. There are twelve such bigons:

w1 b c d
z1

˛1

˛2

ˇ3

ˇ2

ˇ1

˛3

z2 w2

a

Figure 4: Another Heegaard diagram for the Hopf link. This picture is obtained from Figure 3 by
stabilizing twice and doing some handleslides. It has the advantage that the basepoints come in
pairs .w1; z1/ and .w2; z2/, with wi and zi on each side of the curve ˇi .
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one from b to a containing w1, one from b to c containing z2, one from d to c containing z1, on from d

to a containing w2; two other bigons go from a to b and contain z1, but they cancel each other in the
Floer complex, so for all our purposes they can be ignored. Similarly, there are two bigons from c to d
containing w1, two bigons from a to d containing z2, and two bigons from c to b containing w2; all of
these can be ignored.

In the genus two ˛–ˇ Heegaard diagram from Figure 4 (which is the diagram denoted by HL as part of
the basic system), the tori T˛ D ˛1 �˛2 �˛3 and Tˇ D ˇ1 �ˇ2 �ˇ3 again intersect each other in four
points. Indeed, since ˇ1 intersects a single alpha curve, namely ˛1, and that intersection consists of a
single point, that point must contribute to any intersection in T˛ \Tˇ . Similar remarks apply to ˛1\ˇ2.
Therefore, the intersection points in T˛ \Tˇ are determined by their component from ˛3 \ ˇ3. We
denote them still by a, b, c and d , using the obvious correspondence with the intersections in Figure 3.

The index one holomorphic disks between T˛ and Tˇ in Figure 3 are also in one-to-one correspondence
with those in Figure 4. Indeed, each bigon from Figure 3 corresponds to an annular domain in Figure 4.
These annular domains are of the same kind as those considered in [Ozsváth and Szabó 2004c, proof of
Lemma 3.4], where it is proved that they support exactly one holomorphic representative (modulo 2).
Therefore, when building ˛–ˇ Floer chain complexes from Figure 4, we may just as well look at the
simpler Figure 3 and count the corresponding bigons.

The chain complexes we build from HL are A�.HL; s/ for s 2H.L/. We use the alternative definition
for these complexes given in Section 3.6. Note that

H.L/D
�
1
2
CZ

�
�
�
1
2
CZ

�
:

The Alexander gradings .A1;A2/ of a, b, c and d are
�
1
2
; 1
2

�
,
�
�
1
2
; 1
2

�
,
�
�
1
2
;�1

2

�
and

�
1
2
;�1

2

�
, respectively.

Therefore, the formulas for the exponents Eisi .�/ that appear in the definitions of A�.HL; s/ depend only
on the signs of si .

More precisely, for each sD .s1; s2/2H.L/, the complex A�.HL; s/ is freely generated over F ŒŒU1; U2��

by a, b, c and d . When s1; s2 > 0, the differential @ on the respective complex counts powers of U
according to the multiplicities of w1 and w2 and ignores z1 and z2. We get the complex

ACCW @aD @c D 0; @b D U1aC c; @d D U2aC c:

When s1 > 0 and s2 < 0, we use w1 and z2, and ignore z1 and w2. We get the complex

AC�W @aD @c D 0; @b D U1aCU2c; @d D aC c:

When s1 < 0 and s2 > 0, we use z1 and w2 and obtain

A�CW @aD @c D 0; @b D aC c; @d D U2aCU1c:

Finally, when s1 < 0 and s2 < 0, we use z1 and z2 and obtain

A��W @aD @c D 0; @b D aCU2c; @d D aCU1c:
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We now turn our attention to the other three Heegaard diagrams in the basic system H, namely HL1 , HL2

and H∅. Note that
H.L1/DH.L2/D Z; H.∅/D 0

and we have
 ˙L1 WH.L/!H.L2/;  ˙L1.s1; s2/D s2�

1
2
;

 ˙L2 WH.L/!H.L1/;  ˙L1.s1; s2/D s1�
1
2
:

The diagram HL1 is obtained from HL by deleting z2. Let us study A�.HL1 ; s/ for s 2 Z. The four
generators a, b, c and d have Alexander gradings 0, �1, �1 and 0, respectively. Thus, the complex
A�.HL1 ; s/ is isomorphic to ACC for s � 0 and to A�C for s < 0.

Similarly, HL2 is obtained from HL by deleting z1. The complex A�.HL2 ; s/ is isomorphic to ACC for
s � 0 and to AC� for s < 0.

Lastly, H∅ is obtained from HL by deleting both z1 and z2, and the corresponding complex A�.H∅; 0/

is a copy of ACC.

The surgery coefficients p1; p2 on the two components of L describe a framing ƒ of L. Let .1; 0/ and
.0; 1/ be the generators of H1.S3�L/Š Z2 corresponding to the meridians of L1 and L2, respectively.
Since the linking number between L1 and L2 is 1, the framings of the components are ƒ1 D .p1; 1/ and
ƒ2 D .1; p2/.

Let us now describe the full complex C�.H; ƒ/, whose homology is presumed to produce

HF �.S3ƒ.
EL//Š F ŒŒU ��˚.p1p2�1/:

As an R-module, CDC�.H; ƒ/ is the direct product of complexes Cs over sD .s1; s2/2H.L/D
�
ZC1

2

�2,
where

Cs D A�.HL; s/˚A�
�
HL1 ; s1�

1
2

�
˚A�

�
HL2 ; s2�

1
2

�
˚A�.H∅; 0/:

Following (28), we denote the four terms in the direct sum above by C00s , C01s , C10s , C11s in this order;
for simplicity, we write the superscript as 00 rather than .0; 0/, etc. Recall that each of the terms is freely
generated over F ŒŒU1; U2�� by four generators a, b, c and d . In order to be able to tell these generators
apart, we denote them by a"1"2s , b"1"2s , etc when they live in C"1"2s .

The differential D� W C�.H; ƒ/! C�.H; ƒ/ also splits as a sum of four terms

D� D D00CD01CD10CD11;

where D"
0
1"
0
2 maps Cs to CsC"01ƒ1C"

0
2ƒ2

. We have chosen here to drop "0, " and s from (29). A
graphical representation of the differentials D"

0
1"
0
2 is given in Figure 5. Note that the equivalence relation

on H.L/ generated by

.s1; s2/� .s1Cp1; s2C 1/; .s1; s2/� .s1C 1; s2Cp2/

breaks H.L/ into p1p2� 1 equivalence classes, corresponding to the Spinc structures on the surgered
manifold S3ƒ. EL/.
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s1

D10

D01
D10

D01

s2

D11

Figure 5: The complex C�.H; ƒ/ for p1 D p2 D 2. We show here the lattice H.L/, as a union
of various icons in the plane: black dots, white dots and black diamonds. Each type of icon
corresponds to a particular Spinc structure on the surgered manifold. We also show how various
parts of the differential D� act on the lattice. Not shown is D00, which simply preserves each
icon. Note that all parts of D� preserve the type of the icon.

More precisely, D00 consists of the differentials @Dˆ∅
s on the chain complexes C"1"2s themselves, plus

the cross terms

ˆL1s WC
00
s !C10s ; ˆL2s WC

00
s !C01s ; ˆ

L1
 L2 .s/

WC01s !C11s ; ˆ
L2
 L1 .s/

WC10s !C11s ; ˆLs WC
00
s !C11s :

Note that ˆLs is a chain homotopy between ˆL1
 L2 .s/

ıˆ
L2
s and ˆL2

 L1 .s/
ıˆ

L1
s . In fact, as noted in

Section 4.4, the map ˆLs vanishes in the case of a basic system.

The term D10 is simpler. It consists of the maps

ˆ
�L1
.s1;s2/

W C00.s1;s2/! C10.s1Cp1;s2C1/;

ˆ
�L1
 L2 .s1;s2/

W C01.s1;s2/! C11.s1Cp1;s2C1/;

ˆ
.�L1/[L2
.s1;s2/

W C00.s1;s2/! C11.s1Cp1;s2C1/:

The chain homotopy ˆ.�L1/[L2
.s1;s2/

is again zero. , A similar description applies to D01. Finally, the term
D11 is the simplest of all, consisting only of maps of the type

ˆ�L.s1;s2/ W C
00
.s1;s2/

! C11.s1Cp1C1;s2Cp2C1/:
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00

00

00

00

10

10

10

10

01

01

01

01

11

11

11

11

s

sCƒ1

sCƒ1Cƒ2sCƒ2

Figure 6: Four locally defined filtrations. This is a more in-depth look at Figure 5. Each dashed
circle corresponds to one of the icons from Figure 5, and the four bullets inside a dashed circle are the
four summands C"s. The values of " are noted near each bullet, and the values of s near each dashed
circle. Each of the four parallelograms represents a summand (namely, the one containing C00s ) in
the associated graded complex of one of the four filtrations F00, F10, F01 and F11.

Let us introduce four locally defined filtrations

F!1!2 ; !1; !2 2 f0; 1g;

on the complex C�.H; ƒ/. These filtrations will play an important role in calculating the homology.
The differential on the associated graded of F!1!2 will be denoted by zD!1!2 . These associated graded
complexes are shown schematically in Figure 6.

Recall that the generators of C�.H; ƒ/ (as a direct product) are of the form

g
"1;"2
.s1;s2/

; g 2 fa; b; c; dg; "1; "2 2 f0; 1g; s1; s2 2 ZC 1
2
:

The first filtration F00 is defined on generators by

F00.g
"1;"2
.s1;s2/

/Dminf�s1;�s2g:

The differential D� either preserves or decreases the filtration level. In the associated graded, the only
visible part of D� is zD00 D D00. Consequently, the associated graded splits as a direct product of terms
of the form .Cs;D

00/.

The next filtration F10 is defined on generators by

F10.g
"1;"2
.s1;s2/

/D s1� .p1� 1/s2� "1:
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Again, the differential D� either preserves or decreases the filtration level. In the associated graded,
the only visible part of D� is zD10, which is the sum of D10 and the parts of D00 that preserve "1.
Consequently, the associated graded splits as a direct product of terms of the form

(35)

C00
.s1;s2/

��

//

&&

C10
.s1Cp1;s2C1/

��

C01
.s1;s2/

// C11
.s1Cp1;s2C1/

We similarly have a filtration F01 given by

F01.g
"1;"2
.s1;s2/

/D s2� .p2� 1/s1� "2:

The differential zD01 on its associated graded consists of D01 and the parts of D00 that preserve "2. There
is a direct product splitting of the associated graded analogous to (35):

(36)

C00
.s1;s2/

��

//

''

C10
.s1;s2/

��

C01
.s1C1;s2Cp2/

// C11
.s1C1;s2Cp2/

The last filtration F11 is defined on generators by

F11.g
"1;"2
.s1;s2/

/Dminfs1�p1"1� "2; s2� "1�p2"2g:

The corresponding differential zD11 on the associated graded is the sum of the following terms: the
differentials @Dˆ∅

s on the chain complexes C"1"2s themselves, plus the cross terms

ˆ
�L1
.s1;s2/

W C00.s1;s2/! C10.s1Cp1;s2C1/; ˆ
�L1
 L2 .s1;s2/

W C01.s1;s2/! C11.s1Cp1;s2C1/;

ˆ
�L2
.s1;s2/

W C00.s1;s2/! C01.s1C1;s2Cp2/; ˆ
�L2
 L1 .s1;s2/

W C10.s1;s2/! C11.s1C1;s2Cp2/;

and
D11 Dˆ�L.s1;s2/ W C

00
.s1;s2/

! C11.s1Cp1C1;s2Cp2C1/:

Consequently, the associated graded of F11 splits as a direct product of terms of the form

(37)

C00
.s1;s2/

��

//

((

C10
.s1Cp1;s2C1/

��

C01
.s1C1;s2Cp2/

// C11
.s1Cp1C1;s2Cp2C1/

Let us now turn to the computation of the homology of C�.H; ƒ/. This complex has a subcomplex

C�0 D
Y
.s1;s2/

max.s1;s2/>0

C.s1;s2/:

Lemma 4.5 H�.C�0/D 0.

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 2823

Proof We use the restriction of the filtration F00 to C�0. Note that this restriction is bounded above. In
light of Lemma 4.1, it suffices to show that the homology of the associated graded groupsH�.C.s1;s2/;D

00/

vanishes, whenever s1 > 0 or s2 > 0.

Let us first consider the case s1; s2 > 0. Then C.s1;s2/ consists of four copies of the same complex, ACC,
related by the five cross terms in the description of D00 above. Among these, ˆL1s , ˆL2s , ˆL1

 L2 .s/

and ˆL2
 L1 .s/

are all isomorphisms, corresponding to the identity on the complex ACC, while the chain
homotopy ˆLs is trivial. Thus, the complex Cs can be described as

ACC
Š
//

Š
��

ACC

Š
��

ACC
Š
// ACC

This is clearly acyclic.

Next, let us consider the case s1 > 0 and s2 < 0. Then C.s1;s2/ consists of two copies of AC�, namely
C00
.s1;s2/

and C10
.s1;s2/

, and two copies of ACC, namely C01
.s1;s2/

and C11
.s1;s2/

. Thus Cs can be described as

AC�
Š
//

��

AC�

��

ACC
Š
// ACC

Even though the vertical maps are not isomorphisms, the horizontal ones are identities. This suffices to
show that Cs is acyclic. Indeed, the filtration F01 restricts to a filtration on Cs, whose associated graded
differential consists of the two horizontal maps above. Therefore, this associated graded is acyclic, and so
is Cs.

Similar remarks apply to the case s1 < 0 and s2 > 0. This shows that C�0 is acyclic.

Lemma 4.5 implies that the homology of C�.H;ƒ/ is the same as that of its quotient complex

C<0 D
Y

s1;s2<0

C.s1;s2/:

Next, we show that a large part of the complex C<0 is also acyclic. Pick small �1; �2 > 0 linearly
independent over Q. Consider the parallelogram PR in the plane with vertices

.��1;��2/; .��1�p1;��2� 1/; .��1� 1;��2�p2/; .��1�p1� 1;��2�p2� 1/:

If �1 and �2 are sufficiently small, the parallelogram PR contains a unique representative from each
equivalence class in H.L/, ie from each Spinc structure on the surgered manifold. Set P D PR\H.L/.

For !1; !2 2 f0; 1g, let Q!1!2 be the quadrant in the plane given by

Q!1!2 D f.s1; s2/ 2H.L/ j s1 < ��1C .!1� 1/p1C .!2� 1/; s2 < ��2C .!1� 1/C .!2� 1/p2g:
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00

00

00 01

10

10

00 01 00 1001

00

00

01

10

00

10
00

00

01

s2

s1

Q00

R1

R2

P

Figure 7: The complex C<0 for p1 D 4 and p2 D 3. The parallelogram P is darkly shaded,
and the two regions R1 and R2 are more lightly shaded. Each dot represents an element of
Q11 � H.L/. The boundaries of Q00, Q01, Q10, Q11 and P split the lower left quadrant in
eleven regions. In each of these regions we mark the values "1"2 for which the respective groups
C
"1"2
s are part of the complex CR D C<0=C<R.

The complement RDQ11 nQ00 consists of the union of P and two other regions: one to the left of P,
which we denote byR1, and one below P, which we denote byR2. These regions and the parallelogram P

are shown in Figure 7.

Consider the submodule of C<0

C<R D
Y
s2Q00

.C00s ˚C10sCƒ1 ˚C01sCƒ2 ˚C11sCƒ1Cƒ2/:

It is straightforward to check that C<R is a subcomplex of C<0. We denote the corresponding quotient
complex by CR.

Lemma 4.6 H�.C<R/D 0.

Proof We use the restriction of the filtration F11 to the subcomplex C<R. Since this restriction is
bounded above, by Lemma 4.1 it suffices to prove that the associated graded groups are acyclic.
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Recall that the differential of the associated graded of F11 is denoted by zD11; see the description of the
terms of zD11 before the diagram (37). As discussed in Section 4.4, the maps ˆ appearing in zD11 are
compositions of descent maps D with inclusion maps I. Since s1; s2 � �12 and the generators all have
Alexander gradings at least �1

2
, from the description (24) of the inclusion maps we see that in our case

the inclusion maps are the identity.

Turning our attention to the descent maps, one could in principle compute them explicitly by counting
holomorphic polygons. However, it is not necessary to do so. All we need to know is that the descent
maps at one component only (be it �L1 or �L2), given by counting holomorphic triangles, induce
isomorphisms on homology. This is true because they correspond to the natural triangle maps between
strongly equivalent Heegaard diagrams.

The associated graded of C<R with respect to F11 breaks down into a direct product of factors of the
form (37), one for each s 2 Q00. The fact that the vertical and horizontal maps in (37) are quasi-
isomorphisms implies that the respective factors are acyclic. The claim follows.

We denote the quotient complex of C<R � C<0 by CR. Lemma 4.6 implies that

H�.C<0/DH�.CR/:

Let CP � CR be the submodule
CP D

Y
s2P

C00s :

This is a quotient complex of CR. The respective subcomplex CR1[R2 splits as a direct sum of two
complexes

CR1 D

� Y
s2R1

Cs˚
Y
s2P

C10s

�
\CR; CR2 D

� Y
s2R2

Cs˚
Y
s2P

C01s

�
\CR:

Lemma 4.7 H�.CR1/DH�.CR2/D 0.

Proof Consider the restriction of the filtration F10 to the complex CR1 . This restriction is bounded
above. The respective associated graded splits as a direct product of mapping cone complexes of two
possible kinds:

A�� Š C00s
ˆ
�L1
s
����! C10sCƒ1 Š AC�

for s 2Q01\R1, and

A�� Š C00s
ˆ
L2
s
���! C01s Š A�C

for sD
�
s1;�

1
2

�
2R1.

Mapping cone complexes of the first kind are acyclic by the same reasoning as in Lemma 4.6, because
ˆ
�L1
s is a quasi-isomorphism.
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Let us study a mapping complex of the second kind. To compute ˆL2s , note that it is the composition of
a descent map D and an inclusion map I; the former is the identity and the latter is multiplication by
suitable powers of U2. More precisely, in terms of the generators a, b, c and d of A�� and A�C, the
map ˆL2s is given by

a 7! U2a; b 7! U2b; c 7! c; d 7! d:

This induces an isomorphism on homology, which implies that the respective mapping cone complex is
acyclic. Hence H�.CR1/D 0.

The proof that CR2 is acyclic is similar, but uses the filtration F01 instead of F10.

Putting together Lemmas 4.5, 4.6 and 4.7 we obtain that the homology of the full complex C�.H; ƒ/ is
the same as the homology of the complex

CP D
Y
s2P

C00s :

For s1; s2 < 0, we have C00s Š A��, whose homology is easily seen to be isomorphic to

F ŒŒU1; U2��=.U1�U2/Š F ŒŒU ��:

Since there are p1p2� 1 lattice points from H.L/ inside the parallelogram P, we obtain

H�.C
�.H; ƒ//Š F ŒŒU ��˚.p1p2�1/;

as expected.

4.6 Remarks about the general case

For an `-component link EL� Y, the surgery complex (27) takes the form of an `-dimensional hypercube,
similar to the double complex (34). At the vertices of the hypercube we have complexesA�.HL�M; M.s//

which are resolutions of the generalized Floer complexes A�.HL�M ;  M .s//. When the diagrams
HL�M are link-minimal (that is, have only two basepoints on each link component), the complexes
A�.HL�M ;  M .s// were constructed in Section 3.6, and are isomorphic to A�.HL�M ;  M .s//. In the
general case, the resolutions A�.HL�M ;  M .s// will be defined in Section 13.

Describing the maps ˆ EN
 M .s/

that are the building blocks of the differential requires additional work,

even in the link-minimal case (such as for a basic system). In the link-minimal case, the maps ˆ EN
 M .s/

are the composition of inclusion maps I (of the type defined in Section 3.8), and certain descent maps D.
The simplest descent maps (those that appear along the edges of the hypercube) are equivalences induced
by Heegaard moves. The descent maps that are needed for the higher-dimensional faces of the hypercube
are chain homotopies between the edge maps, and higher homotopies between these. They will be defined
by counting holomorphic polygons. Note that, for the equivalences induced by Heegaard moves, we need
to compose the maps corresponding to a single move. Similarly, for the higher descent maps, we need to
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compose higher homotopies from hypercubes. The homological algebra needed to describe this kind of
compositions will be developed in Section 5.

The general link surgery formula is stated not just for a basic system, but for a general complete system
of hyperboxes. (We need this more general formulation in the context of grid diagrams, for example;
see Section 15.) Complete systems will be defined in Section 8. In a complete system, the diagram HM

associated to M � L is not necessarily the reduction of HL at M. Rather, for any orientation EM of M,
as part of the complete system we specify a sequence of Heegaard moves that relate r EM .H

L/ to HM.
These Heegaard moves are then used to construct the descent maps. Furthermore, in the case where the
diagrams are not link-minimal, to get the descent maps we will compose the maps induced by Heegaard
moves with certain other transition maps; we refer to Section 13 for more details.

5 Hyperboxes of chain complexes and compression

In this section we develop some homological algebra that is essential for the statement of the surgery
theorem. All the vector spaces we consider are over F D Z=2Z.

When f is a function, we denote its nth iterate by f ın, ie f ı0 D id, f ı1 D f and f ı.nC1/ D f ın ıf.

5.1 Hyperboxes of chain complexes

An n-dimensional hyperbox is a subset of Rn of the form Œ0; d1� � � � � � Œ0; dn�, where di � 0 for
i D 1; : : : ; n. We will assume that d D .d1; : : : ; dn/ 2 .Z�0/n is a collection of nonnegative integers. We
then let E.d/ be the set of points in the corresponding hyperbox with integer coordinates, ie

E.d/D f"D ."1; : : : ; "n/ j "i 2 f0; 1; : : : ; dig; i D 1; : : : ; ng:

In particular, En D E.1; : : : ; 1/D f0; 1gn is the set of vertices of the n-dimensional unit hypercube.

For "D ."1; : : : ; "n/ 2 E.d/, we set
k"k D "1C � � �C "n:

We can view the elements of E.d/ as vectors in Rn. There is a partial ordering on E.d/, given by "0 � "
if and only if "0i � "i for all i . We write "0 < " if "0 � " and "0 ¤ ".

For i D 1; : : : ; n, let �i 2 En be the n-tuple formed of n� 1 zeros and a single one, where the one is in
position i . Then, for any " 2 E.d/,

"D "1�1C � � �C "n�n:

Definition 5.1 An n-dimensional hyperbox of chain complexes of size d 2 .Z�0/n consists of a collection
of Z-graded vector spaces

.C "/"2E.d/; C " D
M
�2Z

C "� ;

together with a collection of linear maps

D"
"0
W C "

0

� ! C "
0C"
��1Ck"k

;
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one for each "0 2E.d/ and "2En such that "0C"2E.d/. The maps are required to satisfy the relations

(38)
X
"0�"

D"�"
0

"0C"0
ıD"

0

"0
D 0

for all "0 2 E.d/ and " 2 En such that "0C " 2 E.d/.

Given a hyperbox of chain complexes as above, we write

C D
M
"2E.d/

C "

and define linear maps D" W C ! C, by setting them on generators to

D".x/D

�
D"
"0
.x/ for x 2 C "

0

with "0C " 2 E.d/;

0 for x 2 C "
0

with "0C " … E.d/:

We denote a typical hyperbox of chain complexes by H D ..C "/"2E.d/; .D
"/"2En/;

2 the maps D"
"0

are
implicitly taken into account in the direct sums D". Sometimes, by abuse of notation, we let D" stand
for any of its terms D"

"0
. If d D .1; : : : ; 1/, we say that H is a hypercube of chain complexes.

Observe that a zero-dimensional hyperbox of chain complexes is simply a chain complex, while a one-
dimensional hyperbox with d D .d/ consists of chain complexes C .i/ for i D 0; : : : ; d together with a
string of chain maps

(39) C .0/ D
.1/

��! C .1/ D
.1/

��! � � �
D.1/
��! C .d/:

To give another example, a two-dimensional hypercube is a diagram of complexes and chain maps

C .0;0/

D.0;1/
��

D.1;0/
// C .1;0/

D.0;1/
��

C .0;1/
D.1;0/

// C .1;1/

together with a chain homotopy

(40) D.1;1/ W C .0;0/! C .1;1/

between D.1;0/ ıD.0;1/ and D.0;1/ ıD.1;0/.

In general, if ..C "/"2E.d/; .D
"/"2En/ is an n-dimensional hyperbox, then .C ";D.0;:::;0// are chain

complexes. Along the edges of the hyperbox we see strings of chain maps D�i for i D 1; : : : ; n. In fact,
let us imagine the hyperbox Œ0; d1��� � �� Œ0; dn� to be split into d1d2 � � � dn unit hypercubes. Then, along
each edge of one of these hypercubes, we see a chain map. Along the two-dimensional faces of the unit
hypercubes we have chain homotopies, and along higher-dimensional faces we have higher homotopies.

2The same notation " is used for both elements of E.d/ and elements of En. Of course, En can be viewed a subset of E.d/.
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Observe that, when H D .C ";D"/"2En is a hypercube, we can also form a total complex HtotD .C�;D/,
where the grading on C is given by

C� D
M
"2E.d/

C "
�Ck"k

and the boundary map is the sum D D
P
D".

5.2 Compression

Let H D ..C "/"2E.d/; .D
"/"2En/ be an n-dimensional hyperbox of chain complexes. We will explain

how to construct from H an n-dimensional hypercube yH D . yC "; yD"/"2En . The process of turning H
into yH will be called compression.

The simplest example of compression is when nD 1, and H is a string of chain complexes and chain
maps as in (39). Then compression is composing the maps. Precisely, the compressed hypercube yH
consists of the complexes yC .0/ D C .0/ and yC .1/ D C .d/, linked by the chain map

.D.1//ıd DD.1/ ı � � � ıD.1/ W C .0/! C .d/:

For general n and d D .d1; : : : ; dn/, the compressed hypercube yH has at its vertices the same complexes
as those at the vertices of the original hyperbox H :

yC ."1;:::;"n/ D C ."1d1;:::;"ndn/; "D ."1; : : : ; "n/ 2 En:

Further, along each edge of yH we should see the composition of the respective edge maps in H; ie

yD�i D .D�i /ıdi :

The construction of the maps corresponding to the higher-dimensional faces of yH is rather involved, and
will occupy Sections 5.3–5.6. For now, to give a flavor of the respective formulas, let us explain the
simplest nontrivial case, namely nD 2.

When nD 2 and d D .d1; d2/, the hyperbox H is a rectangle split into d1d2 unit squares. Along the
horizontal edges we have chain maps denoted by f1 D D.1;0/ and along the vertical edges we have
chain maps denoted by f2 DD.0;1/. Further, each unit square carries a chain homotopy ff1;2g DD.1;1/

between f1 ıf2 and f2 ıf1. Then, on the edges of the compressed hypercube yH, we have maps

yD.1;0/ D f
ıd1
1 ; yD.0;1/ D f

ıd2
2 :

For the diagonal map yD.1;1/ we choose

(41) yD.1;1/ D

d1X
j1D1

d2X
j2D1

f
ı.j1�1/
1 ıf

ı.j2�1/
2 ıff1;2g ıf

ı.d2�j2/
2 ıf

ı.d1�j1/
1 :

It is easy to check that yD.1;1/ is a chain homotopy between yD.1;0/ ı yD.0;1/ D f
ıd1
1 ı f

ıd2
2 and

yD.0;1/ ı yD.1;0/ D f
ıd2
2 ıf

ıd1
1 . See Figure 8 for a pictorial interpretation.
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f2

f1 f1 f1 f1 f1 f1

f2

f2

f2

f2

f ı61

f ı52

Figure 8: Compression of a rectangle into a square. This is the graphical representation of the
term of the form f ı21 ıf

ı2
2 ı ff1;2g ıf

ı2
2 ı f

ı3
1 appearing in the sum (41), with d1 D 6, d2 D 5

and j1 D j2 D 3. Each unit segment which is part of the thick line corresponds to a map f1 or
f2, while the shaded square is the chain homotopy ff1;2g. Taking the sum of all the terms in
(41) corresponds to filling up the whole rectangle with 30 unit squares, and represents a chain
homotopy between f ı61 ıf

ı5
2 and f ı52 ıf

ı6
1 .

5.3 The algebra of songs

Let X be a finite set. (Typically, X will be a subset of the set of nonnegative integers.)

Definition 5.2 An X -valued song is a finite ordered list of items, where each item can be either a note,
ie an element of X, or a harmony, ie a subset of X.

For example, if X D f1; 2; 3g, a typical X -valued song is written as

s D .213f2; 3g2fg12f3g/:

The song s has nine items, six being notes and three being harmonies. Note that we allow the empty
harmony fg, and that we distinguish between the note 3 and the one-element harmony f3g. Also, our
convention is to write songs between parentheses. For example, if A�X is a harmony, by .A/ we mean
the one-item song made of that harmony.

Let zS.X/ be the F -vector space freely generated by all X -valued songs. Since songs form a monoid under
concatenation (with the empty song as the identity element), this induces the structure of a noncommutative
algebra on zS.X/.

Definition 5.3 The algebra of X-valued songs, denoted by S.X/, is the quotient of zS.X/ by the
ideal I.X/ generated by the following relations:

� For any note x 2X,

(42) .xfg/D .fgx/
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and

(43) .xfxg/D .fxgx/:

� For any note x 2X and song s 2 zS.X/,

(44) .xfxgsx/C .xsfxgx/D .xs/C .sx/:

� For any harmony A�X,

(45)
X
B�A

.B/.A nB/D 0:

Remark 5.4 The reader may wonder why we defined the algebra S.X/ this way. The motivation behind
our choice of the relations (42)–(45) is that they do not affect the playing of songs, as defined in Section 5.5
below. See Lemma 5.11 for the relevant result.

Let Y DX [fyg be the set obtained from X by adding a new note y. We define an operation on songs

 y W zS.X/! zS.Y /;

as follows. For a note x 2X, we set

 y.x/D .xyfx; ygyx/:

For a harmony A�X, let ….A/ be the set of all ordered decompositions .A1; : : : ; Ak/ of A into a disjoint
union

AD A1qA2q� � �qAk;

where k � 0 and all Ai ’s are nonempty. For A¤ fg, we set

 y.A/D
X

.A1;:::;Ak/2….A/

.y.A1[fyg/y.A2[fyg/y � � �y.Ak [fyg/y/;

while for AD fg we set  y.A/D .y/.

So far we defined  y only on one-item songs, consisting of either one note or one harmony. We extend it
to arbitrary songs by requiring it to act as a derivation:

 y.s1s2/D  y.s1/s2C s1 y.s2/:

For example,

 3.2f1; 2g/D .23f2; 3g32f1; 2g/C .23f1; 2; 3g3/C .23f1; 3g3f2; 3g3/C .23f2; 3g3f1; 3g3/:

Finally, we extend  y to all of zS.X/ by requiring it to be linear.

Lemma 5.5 The operation  y descends to a linear map between S.X/ and S.Y /.
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Proof We need to check that when we apply  y to the relations (42)–(45) from Definition 5.3, we obtain
relations that hold true in S.Y /, ie lie in the ideal I.Y /.

Let us first look at the relation (42). The claim is that  y.xfg/D  y.fgx/. Indeed,

(46)  y.xfg/C y.fgx/D .xyfx; ygyxfg/C .xy/C .fgxyfx; ygyx/C .yx/

D .xy.fx; ygfgC fgfx; yg/yx/C .xy/C .yx/

D .xy.fxgfygC fygfxg/yx/C .xy/C .yx/

D .x.yfxgfygyCyfygfxgy/x/C .xy/C .yx/

D .x.yfxgC fxgy/x/C .xy/C .yx/

D .xyfxgx/C .xfxgyx/C .xy/C .yx/

D 0:

To get the second equality in (46) we used (42), namely the fact that fg commutes with x and y. To get the
third equality we applied (45) for AD fx; yg, while to get the fifth and seventh equalities we applied (44).

The similar result for (43) is simpler. It suffices to apply (43) twice and(44) once:

(47)  y.xfxg/C y.fxgx/D .xyfx; ygyxfxg/C .fxgxyfx; ygyx/C .xyfx; ygy/C .yfx; ygyx/

D .xyfx; ygyfxgx/C .xfxgyfx; ygyx/C .xyfx; ygy/C .yfx; ygyx/

D 0:

Here is the analogous result for (44):

(48)  y.xfxgsx/C y.xsfxgx/C y.xs/C y.sx/

D .xyfx; ygyxfxgsx/C .xyfx; ygysx/C .xfxg y.s/x/C .xfxgsxyfx; ygyx/

C .xyfx; ygyxsfxgx/C .xsyfx; ygyx/C .x y.s/fxgx/C .xsfxgxyfx; ygyx/

C .xyfx; ygyxs/C .x y.s//C . y.s/x/C .sxyfx; ygyx/

D
�
.xyfx; ygyxfxgsx/C .xyfx; ygyxsfxgx/C .xyfx; ygysx/C .xyfx; ygyxs/

�
C
�
.xfxgsxyfx; ygyx/C .xsfxgxyfx; ygyx/C .xsyfx; ygyx/C .sxyfx; ygyx/

�
C
�
.xfxg y.s/x/C .x y.s/fxgx/C .x y.s//C . y.s/x/

�
D 0:

In the last step, the four terms within each of the large parentheses cancel each other out by applying (44).

Lastly, we prove that (45) holds true after applying  y . Let us introduce the following notational shortcut:
if A is a subset of X, we write zAD A[fyg � Y.
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For any A�X, we have

(49)  y

� X
B�A

.B/.A nB/

�
D

X
B�A

 y.B/ � .A nB/C .A nB/ � y.B/

D

X
B�A

X
.B1;:::;Bk/2….B/

�
.y zB1y � � �y zBky.A nB//C ..A nB/y zB1y � � �y zBky/

�
D

X
.A1;:::;Ak/2….A/

..y zA1y � � �y zAk�1yAk/C .A1y zA2y � � �y zAky//

C

X
.A1;:::;Ak/2….A/

�
.y zA1y � � �y zAkyfg/C .fgy zA1y � � �y zAky/

�
:

The last equality was obtained by splitting the summation on the second line into terms with B ¤ A and
B D A.

The final expression in (49) is a sum of two terms, where each term is a summation over the elements of
….A/. Using the fact that fg and y commute, the second summation (the one appearing on the very last
line of (49)) is seen to equal

(50)
X

.A1;:::;Ak/2….A/

kX
iD1

�
.y zA1y � � �y zAi�1y/ �

�
.fg zAi /C . zAifg/

�
� .y zAiC1y � � �y zAky/

�
:

Applying (45) to zAi , we see that the middle factor of the summand in (50) is

.fg zAi /C . zAifg/D
X
B� zAi
B¤∅; zAi

.B/. zAi nB/D .Aifyg/C .fygAi /C
X
B�Ai
B¤∅;Ai

.. zB/.Ai nB/C .B/. zAi nB//:

Plugging this back into (50), we obtain that (50) equals

(51)
X

.A1;:::;Ak/2….A/

kX
iD1

�
.y zA1y � � �y zAi�1/ �

�
.yfygAiy/C .yAifygy/

�
� . zAiC1y � � �y zAky/

�
C

X
.A1;:::;Ak/2….A/

k�1X
iD1

.y zA1y � � �y zAi�1Aiy � � �y zAky/

C

X
.A1;:::;Ak/2….A/

k�1X
iD1

.y zA1y � � �yAi�1 zAiy � � �y zAky/:

Here, in the last two summations, we changed notation so that .A1; : : : ; Ai�1; B;Ai nB;AiC1; : : : ; Ak/
is renamed .A1; : : : ; Ak/.

Now, applying (44) to the middle factor .yfygAiy/C .yAifygy/ in the first summand in (51), we can
replace it with .yAi /C .Aiy/. Consequently, most of the terms in that first summation cancel out with
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terms in the second and third summations in (51). The only remaining terms are some corresponding to
i D 1 and i D k. More precisely, we get that (51) equalsX

.A1;:::;Ak/2….A/

..y zA1y � � �y zAk�1yAk/C .A1y zA2y � � �y zAky//:

This exactly corresponds to the first summation in the final expression in (49). Hence, we obtain

 y

� X
B�A

.B/.A nB/

�
D 0;

as desired.

5.4 Symphonies

Definition 5.6 Let X be a finite, totally ordered set, and m.X/ the maximal element in X. The symphony
˛.X/ 2 zS.X/ on the set X is defined, recursively, by

˛.∅/D .fg/; ˛.X/D  m.X/
�
˛.X n fm.X/g/

�
:

We call ˛n D ˛.f1; 2; : : : ; ng/ the nth standard symphony.

For example,

˛1 D  1.fg/D .1/;

˛2 D  2.1/D .12f1; 2g21/;

˛3 D  3.12f1; 2g21/

D .123f1; 2; 3g321/C .123f2; 3g32f1; 2g21/C .12f1; 2g23f2; 3g321/C .12f1; 2g213f1; 3g31/

C .13f1; 3g312f1; 2g21/C .123f1; 3g3f2; 3g321/C .123f2; 3g3f1; 3g321/:

Computer experimentation shows that ˛4 is a linear combination of 97 different songs, and ˛5 a linear
combination of 2051 different songs. In general, a song s that appears with nonzero multiplicity in ˛n
is easily seen to satisfy the following two conditions. Let s consist of k notes and l harmonies, and let
h1; : : : ; hl be the cardinalities of each harmony. Then

(52) k D 2nC l � 1;

lX
iD1

hi D nC l � 1:

Of course, not every song that satisfies (52) appears in the formula for ˛n.

Lemma 5.7 For any finite , totally ordered set X, we have the relation , in S.X/,

(53)
X
Y�X

˛.Y /˛.X nY /D 0:
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Proof We proceed by induction on the cardinality n of X. For nD 0 the corresponding relation fgfg D 0
is (45) for AD fg, while for nD 1 the corresponding relation .xfg/D .fgx/ is (42).

Let X be a set of cardinality n � 2, and write m D m.X/. Suppose that (53) is true for all sets of
cardinality < n, and, in particular, for X 0 DX n fmg. ThenX

Y�X

˛.Y /˛.X nY /D
X
Y�X 0

�
˛.Y /˛.X 0[fmg nY /C˛.Y [fmg/˛.X 0 nY /

�
D

X
Y�X 0

�
˛.Y / m.˛.X

0
nY //C

�
 m.˛.Y //

�
˛.X 0 nY /

�
D  m

� X
Y�X 0

˛.Y /˛.X 0 nY /

�
D  m.0/D 0:

5.5 Hypercubical collections

Let X be a finite set and .A;C;�/ be a (possibly noncommutative) algebra over F. Given an element
A 2 A, we denote by A �j D A � � � � �A its j th power. In particular, A �0 D 1 is the unit.

Definition 5.8 An n-dimensional hypercubical collection in the algebra A, modeled on X, is a collection
A composed of elements AZ 2 A, one for each Z �X, which are required to satisfy the relations

(54)
X
Z0�Z

AZ0 �AZnZ0 D 0

for any Z �X.

Example 5.9 Let H D .C ";D"/ be a hyperbox of chain complexes as in Section 5.1. Choose X D
f1; 2; : : : ; ng. For any Z �X, we can define an element �.Z/D .�.Z/1; : : : ; �.Z/n/ 2En D f0; 1gn by

(55) �.Z/i D

�
1 if i 2Z;
0 otherwise.

Then the
AZ DD

�.Z/

form a hypercubical collection in the algebra End.C /, modeled on X.

Definition 5.10 Let X be a finite set and let d D .dx/x2X be a collection of positive integers indexed
by X. Let A D fAZgZ�X be a hypercubical collection in an algebra A. Let also s be an X -valued song,
spelled out as a sequence of items

s D .x11 � � � x
1
r1
fy11 ; : : : ; y

1
t1
gx21 � � � x

2
r2
fy21 ; : : : ; y

2
t2
g � � � xl1 � � � x

l
rl
fyl1; : : : ; y

l
tl
gxlC11 � � � xlC1rlC1

/;

where some of the ri ’s can be zero.
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The result of playing the song s to the hypercubical collection A , in the register d , is the algebra element
pldA .s/ 2 A defined by

(56) pldA .s/D
X

A
�j 11
fx11g
� � � � �A

�j 1r1
fx1r1g
�A
fy11 ;:::;y

1
t1
g
�A

�j 21
fx21g
� � � � �A

�j 2r2
fx2r2g
�A
fy21 ;:::;y

2
t2
g

� � � � �A
�j l1

fxl1g
� � � � �A

�j lrl

fxlrl g
�A
fyl1;:::;y

l
tl
g
�A

�j
lC1
1

fx
lC1
1 g
� � � � �A

�j
lC1
rlC1

fx
lC1
rlC1
g
;

where the sum is over all possible powers j �u � 0 satisfying, for each x 2X,

lC1X
�D1

r�X
uD1

ıx;x�u j
�
u C

lX
�D1

t�X
uD1

ıx;y�u D dx :

Here ıi;j is the Kronecker delta symbol.

It is worth giving some examples of playing. First, note that, unless every x 2X appears at least once in
the song s (either as a note or as part of a harmony), we have pldA .s/D 0.

If X D f1g and d D .d/, then A consists of two algebra elements A∅ and Af1g. Playing the song .1/
to A yields the d th power A �d

f1g
. On the other hand, playing the song .f1g/ to A yields Af1g when d D 1

and 0 otherwise.

If X D f1; 2g and d D .d1; d2/, then A consists of four algebra elements A∅, Af1g, Af2g and Af1;2g.
Playing the second standard symphony ˛2 D .12f1; 2g21/ to A yields

pl.d1;d2/A .˛2/D
X

j 11Cj
2
2Dd1�1

j 12Cj
2
1Dd2�1

A
�j 11
f1g
�A

�j 12
f2g
�Af1;2g �A

�j 21
f2g
�A

�j 22
f1g

;

or, equivalently,

pl.d1;d2/A .˛2/D

d1X
j1D1

d2X
j2D1

A
�.j1�1/

f1g
�A

�.j2�1/

f2g
�Af1;2g �A

�.d2�j2/

f2g
�A

�.d1�j1/

f1g
:

(Compare (41) and Figure 8.)

Lemma 5.11 Let A be a hypercubical collection in an algebra A, modeled on a set X, and pick a series
of nonnegative integers d D .dx/x2X . Then the operation of playing songs to A in the register d descends
to a linear map pldA W S.X/! A.

Proof We extend the playing of songs linearly to a map zS.X/! A. In order to show that it descends
to S.X/, we need to check that the relations (42)–(45) hold true after playing them. In fact, since playing
is not multiplicative, one needs to check that these relations, when multiplied on the left and right with
arbitrary songs, still hold true after playing.
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For example, let us look at the relation (42), namely .xfg/D .fgx/ for any x 2X. The claim is that the
maps pl.s1xfgs2/ and pl.s1fgxs2/ are equal, for any songs s1 and s2. This is true because xfg corresponds
to taking a power of Afxg in the big summation in (56), followed by the factor A∅. Equation (54) for
Z D fxg implies that A∅ commutes with Afxg, so it also commutes with its power.

The relation (43) holds true after playing because both .xfxg/ and .fxgx/ correspond to taking an arbitrary,
but nontrivial, power of Afxg in the big summation in (56).

The relation (44) holds true after playing because the left-hand side is a sum of two terms, both roughly of
the form xsx, except that in the first we impose the condition that the exponent of Afxg terms is nonzero
on the left of s, and in the second that it is nonzero on the right of s. Therefore, most of the terms obtained
after playing cancel in pairs. The only remaining ones are those obtained by playing either sx or xs (with
no Afxg powers on the left and right, respectively).

Finally, the fact that (45) holds true after playing boils down to (54) in the definition of a hypercubical
collection.

Let A be a hypercubical collection modeled on a set X. For any X 0 � X, the subcollection composed
of AZ for Z � X 0 is a hypercubical collection modeled on X 0, which we denote by A jX 0. Further, if
d D .dx/x2X is a series of nonnegative integers, by picking only the terms dx for x 2 X 0 we obtain a
new series, denoted by d jX 0.

The following is a straightforward consequence of the definition of playing taking into account Lemma 5.11:

Corollary 5.12 Let A be a hypercubical collection in an algebraA, modeled on a set X. Let XDX 0qX 00

be a decomposition of X as a disjoint union. Then

pld jX
0

A jX 0
.s0/� pld jX

00

A jX 00
.s00/D pldA .s

0s00/

for any s0 2 S.X 0/ and s00 2 S.X 00/.

Suppose now that X is a finite, totally ordered set. We equip all Z �X with the induced total ordering.

Let A be a hypercubical collection in an algebra A, modeled on X. Pick d D .dx/x2X with dx > 0 and,
for any Z �X, define

A d
Z D pld jZ

A jZ
.˛.Z//;

where ˛.Z/ is the symphony on Z from Definition 5.6.

Lemma 5.13 The elements fA d
Z gZ�X form a new hypercubical collection A d in A.

Proof We need to check that, for any Z �X,

(57)
X

Z0qZ00DZ

A d
Z0 �A d

Z00 D 0:

Geometry & Topology, Volume 29 (2025)



2838 Ciprian Manolescu and Peter Ozsváth

Indeed, the left-hand side in (57) equals

(58)
X

Z0qZ00DZ

pld jZ
0

A jZ0
.˛.Z0//� pld jZ

00

A jZ00
.˛.Z00//D

X
Z0qZ00DZ

pld jZ
A jZ

.˛.Z0/˛.Z00//

D pld jZ
A jZ

� X
Z0qZ00DZ

˛.Z0/˛.Z00/

�
D pld jZ

A jZ
.0/D 0:

The first equality in (58) is a consequence of Corollary 5.12, the second of linearity (Lemma 5.11), and
the third of Lemma 5.7.

5.6 Back to compression

Let H D ..C "/"2E.d/; .D
"/"2En/ be an n-dimensional hyperbox of chain complexes as in Section 5.1.

In Section 5.2 we advertised the construction of a compressed hypercube yH D . yC "; yD"/"2En , with

yC ."1;:::;"n/ D C ."1d1;:::;"ndn/:

We are now ready to explain the exact construction of the maps yD". Let A be the algebra End.C / under
composition, where C D

L
"2E.d/ C

". As mentioned in Example 5.9, the maps D" D D�.Z/ D AZ

form a hypercubical collection A in A, modeled on X D f1; : : : ; ng. (Note that every " 2 En can be
written as �.Z/ for a unique Z �X.)

For Z � f1; : : : ; ng, set

(59) yD�.Z/ D A d
Z D pld jZ

A jZ
.˛.Z//:

For example, when Z D fig and "D �i for some i 2 f1; : : : ; ng, the map along the corresponding edge
of the hypercube is yD�i D pl.di /

A jfig
.i/ D .D�i /ıdi , as noted in Section 5.2. For n D 2, by playing the

symphony on a set of two elements, we recover formula (41) for yD.1;1/.

Proposition 5.14 yH D . yC "; yD"/"2En is a hypercube of chain complexes.

Proof The relations (38) are a direct consequence of Lemma 5.13. The fact that yD" changes grading by
k"k� 1 (as required in the definition of a hypercube) follows from the similar property for the maps D",
together with the second relation in (52), which is satisfied by all the terms appearing in a symphony on a
set of size n.

5.7 Chain maps and homotopies

Let
0H D ..0C "/"2E.d/; .

0D"/"2En/;
1H D ..1C "/"2E.d/; .

1D"/"2En/

be two hyperboxes of chain complexes, having the same size d 2 .Z�0/n. Let .d ; 1/ 2 .Z�0/nC1 be the
sequence obtained from d by adding 1 at the end.
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Definition 5.15 A chain map F W 0H ! 1H is a collection of linear maps

F "
"0
W
0C "

0

� !
1C "

0C"
�Ck"k

satisfying

(60)
X
"0�"

.D"�"
0

"0C"0
ıF "

0

"0
CF "�"

0

"0C"0
ıD"

0

"0
/D 0

for all "0 2 E.d/ and " 2 En such that "0C " 2 E.d/.

In other words, a chain map between the hyperboxes 0H and 1H is an .nC1/-dimensional hyperbox of
chain complexes, of size .d ; 1/, such that the subhyperbox corresponding to "nC1 D 0 is 0H and the one
corresponding to "nC1D 1 is 1H . The maps F are those maps D in the new hyperbox that increase "nC1
by 1.

Note that, in the particular case when d D .0; : : : ; 0/, so that 0H and 1H are ordinary chain complexes,
the notion of chain map coincides with the usual one. Also note that, when d D .1; : : : ; 1/, so that 0H
and 1H are hypercubes, a chain map F induces an ordinary chain map Ftot between the corresponding
total complexes 0Ctot and 1Ctot.

The identity chain map Id WH !H is defined to consist of the identity maps Id"
"0

when "D .0; : : : ; 0/,
and zero for other ".

Lemma 5.16 A chain map F between hyperboxes 0H and 1H induces a natural chain map yF between
the compressed hypercubes 0 yH and 1 yH.

Proof As mentioned above, the information in F can be used to build a new hyperbox of size .d ; 1/
composed of 0H and 1H . Compressing this bigger hyperbox gives the required map yF.

Definition 5.17 Let F W 0H ! 1H and G W 1H ! 2H be chain maps between hyperboxes of the same
size. Their composite G ıF is defined to consist of the maps

.G ıF /"
"0
D

X
"0�"

G"�"
0

"0C"0
ıF "

0

"0
:

Definition 5.18 Let F and G be two chain maps between hyperboxes 0H and 1H. A chain homotopy
between F and G is a collection ‰ of linear maps

‰"
"0
W
0C "

0

� !
1C "

0C"
�C1Ck"k

satisfying
F "
"0
�G"

"0
D

X
"0�"

.D"�"
0

"0C"0
ı‰"

0

"0
C‰"�"

0

"0C"0
ıD"

0

"0
/

for "0 2 E.d/ and " 2 En such that "0C " 2 E.d/.
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Note that we can also interpret a chain homotopy as a bigger hyperbox, namely an .nC2/-dimensional one
of size .d ; 1; 1/, where "nC1 D 0 and "nC1 D 1 are the .nC1/-dimensional hyperboxes corresponding to
F and G, respectively, and the maps in the new direction (from "nC2 D 0 to "nC2 D 1) are the identities
(preserving "nC1) and ‰ (increasing "nC1 by one).

We define a chain homotopy equivalence between hyperboxes as a chain map that has an inverse up to
chain homotopy. The following follows from the same kind of argument as Lemma 5.16:

Lemma 5.19 If F W 0H ! 1H is a chain homotopy equivalence , then the compressed map yF is also a
chain homotopy equivalence.

Observe that, if F W 0H! 1H is a chain homotopy equivalence between hypercubes, the map Ftot between
the respective total complexes is an ordinary chain homotopy equivalence.

Definition 5.20 A chain map F W 0H! 1H is called a quasi-isomorphism of hyperboxes if its components

F
.0;:::;0/

"0
W
0C "

0

!
1C "

0

induce isomorphisms on homology for all "0 2 E.d/.

We note that a chain homotopy equivalence of hyperboxes is a quasi-isomorphism. Further, if F W 0H! 1H

is a quasi-isomorphism between hypercubes, the total map Ftot is an ordinary quasi-isomorphism.

5.8 Elementary enlargements

For future reference, we introduce here a simple operation on hyperboxes, called elementary enlargement.

Let H D ..C "/"2E.d/; .D
"/"2En/ be a hyperbox of chain complexes, of size d 2 .Z�0/n. Pick k 2

f1; : : : ; ng and j 2 f0; 1; : : : ; dkg. Define dC D .dC1 ; : : : ; d
C
n / 2 .Z�0/

n by dC D d C �k , ie

dCi D

�
di if i ¤ k;
di C 1 if i D k:

We construct a new hyperbox

HC D ..CC;"/"2E.dC/; .D
C;"/"2En/

by replicating (ie introducing a new copy of) the complexes in positions with "k D j. The new copy will
be in position "k D j C1, and everything with higher "k is shifted one step to the right. The two identical
copies (which can be thought of as subhyperboxes) are linked by the identity chain map. Precisely, we set

CC;" D

�
C " if "k � j;
C "��k if "k � j C 1;

and D
C;"

"0
D

8̂̂̂<̂
ˆ̂:
D"
"0

if "0
k
C "k � j;

Id if "0
k
D j; "D �k

0 if "0
k
D j; "k D 1; k"k � 2;

D"
"0��k

if "0
k
> j:

We then say that HC is obtained from H by an elementary enlargement at position .j; k/. The following
is easy to check from the definitions:
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Lemma 5.21 Let HC be an elementary enlargement of a hyperbox of chain complexes H. Then the
compressed hypercubes yH and yHC are identical.

5.9 Canonical inclusions

We describe here yet another construction that will be useful to us later. We restrict to the case of
hypercubes (since this is all we need), but everything can also be done in the more general context of
hyperboxes.

Definition 5.22 Let .K�; @/ be a chain complex. The n-dimensional canonical hypercube H.K; n/
associated to .K�; @/ is defined to consist of the vector spaces

C "� DK�; " 2 En;

together with the maps

D"
"0
D

8<:
@ if k"k D 0;
Id if k"k D 1;
0 if k"k � 2:

Now suppose that H D .C ";D"/"2En is an arbitrary n-dimensional hypercube of chain complexes. Our
aim is to construct a chain map

F can
H WH.C

.0;:::;0/; n/!H;

which will be called the canonical inclusion.

When nD 0 this is simply the identity map. When nD 1, the hypercube H consists of a single chain
map f DD.1/ W C .0/! C .1/ between two chain complexes. The canonical inclusion is then the square

C .0/
Id
//

Id
��

C .0/

f
��

C .0/
f
// C .1/

with the diagonal map being trivial.

For general n, we construct the canonical inclusion as a composition of n different chain maps as follows.
For i 2 f0; : : : ; ng and "D ."1; : : : ; "n/ 2 En, we let "Œ� i � 2 En be the multi-index obtained from " by
changing all entries above i to be zero. In other words,

"Œ� i �j D

�
"j if j � i;
0 if j > i:

Similarly, we let "Œ> i� to be obtained from " by setting all entries less than or equal to i to be zero.

We define a hypercube HŒi� to consist of the chain groups

C Œi�" D C "Œ�i�; " 2 En;
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and the maps

DŒi�"
0�"
" D

8̂<̂
:
D
."0�"/Œ�i�

"Œ�i�
if "Œ> i�D "0Œ> i�;

Id if "Œ� i �D "0Œ� i � and k"0Œ> i�� "Œ> i�k D 1;
0 otherwise.

Note that HŒ0� is the canonical hypercube H.C .0;:::;0/; n/, while HŒn�DH.

For i D 1; : : : ; n, we define chain maps

F Œi� WHŒi � 1�!HŒi�

to consist of

F Œi�"
0�"
" D

8̂<̂
:
D
"0Œ�i��"Œ�.i�1/�

"Œ�.i�1/�
if "i D 1; "Œ> i�D "0Œ> i�;

Id if "D "0 and "i D 0;
0 otherwise.

The canonical inclusion is then

F can
H D F Œn� ıF Œn� 1� ı � � � ıF Œ1�:

6 Quasistabilizations

In this section we introduce a new move that relates certain equivalent, multipointed Heegaard diagrams,
called quasistabilization. Basically, a quasistabilization is the composition of a free index zero/three
stabilization and some handleslides.

Our goal is to study how the polygon maps on Heegaard Floer complexes behave under this move. There
are two motivations for this. First, the behavior of polygon maps under ordinary (free) index zero/three
stabilizations (which can be viewed as particular examples of quasistabilizations) is one of the inputs in
the construction of complete systems of hyperboxes in Section 8, as well as in the proof of the surgery
theorem, Theorem 9.6. Second, the more general quasistabilizations are needed in Section 15, where they
appear in the context of grid diagrams.

For concreteness, we will first describe the results in the case of triangles (for general quasistabilizations).
Then we will explain how similar arguments can be used to study higher polygon maps. At the end we
will specialize to the case of ordinary index zero/three stabilizations.

6.1 The setup

Let HD .†;˛;ˇ;w; z/ be a multipointed Heegaard diagram, as in Section 3.1. Suppose H represents a
link EL in an integral homology sphere Y. Fix s 2H.L/, so that we have a well-defined generalized Floer
complex A�.H; s/DA�.T˛;Tˇ ; s/.
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x y0y

ˇ1

˛1
w1

�

� 0

x0

Figure 9: Quasistabilization. We show here a part of the triple Heegaard diagram described in
Section 6.1. In Section 6.5, we will stretch the complex structure along the dashed curve.

Let g be the genus of † and d the number of alpha (or beta) curves. We assume that ˇ1 2 ˇ bounds a
disk containing a free basepoint w1, and that the only alpha curve intersecting ˇ1 is ˛1, which does so
at two points x and x0. On the other hand, ˛1 can intersect other beta curves. We also require that the
homology class Œ˛1� lies in the span of the other Œ˛i � in H1.†/.

Let HD .†; x̨; x̌; xw; z/ be the diagram obtained from H by deleting ˛1, ˇ1 and w1. We then say that H

is obtained from H by quasidestabilization. The reverse process is called quasistabilization.

Remark 6.1 By handlesliding ˛1 over other alpha curves, we can arrange that it does not intersect any
beta curve except ˇ1. The resulting diagram is then a usual free index zero/three stabilization of H; see
[Ozsváth and Szabó 2008a].

Consider now an extra collection of d attaching curves 
 on † such that 
1 2 
 has the same properties
as ˇ1: it bounds a disk containing w1, and the only alpha curve that it intersects is ˛1, with the respective
intersection consisting of two points y and y0. Furthermore, we assume that 
1 is a small Hamiltonian
translate of ˇ1, and intersects ˇ1 in two points � and � 0, as in Figure 9. We assume that the relative
positions of x, x0, y, y0, � and � 0 are exactly as in the figure.

Let x
 be the collection of curves obtained from 
 by removing 
1. Then .†;˛;
;w; z/ is a quasi-
stabilization of .†; x̨; x
; xw; z/. For any x 2T˛ \Tˇ , the intersection x\˛1 is either x or x0. We denote
by Nx 2Tx̨\T x̌ the generator obtained from x by deleting the point in x\˛1. Similarly, for y 2T˛\T
 ,
there is a corresponding generator Ny in Tx̨ \Tx
 , obtained by deleting y or y0.

Pick an intersection point � in Tˇ \T
 such that � 2 � . We have a map

F WA�.T˛;Tˇ ; s/!A�.T˛;T
 ; s/; F .x/D f .x˝�/;

which counts index zero pseudoholomorphic triangles with one vertex at � , as in Section 3.5.

Set N� D � �f�g 2 T x̌\Tx
 . There is a corresponding triangle map in the quasidestabilized diagram

F WA�.Tx̨;T x̌; s/!A�.Tx̨;Tx
 ; s/; F . Nx/D f . Nx˝ N�/:
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Next, we define a map G WA�.T˛;Tˇ ; s/!A�.T˛;T
 ; s/ as follows. Writing the coefficients of F
as n Nx; Ny , so that, for x 2 T˛ \Tˇ ,

F . Nx/D
X

Ny2Tx̨\Tx


n Nx; Ny Ny;

we set
G.x/D

X
Ny2Tx̨\Tx


n Nx; Ny. Ny [ .x\˛1//:

Proposition 6.2 For a quasistabilized triple Heegaard diagram .†;˛;ˇ;
;w; z/ as above , and suitable
almost complex structures on the symmetric products , the maps F and G coincide.

The proof of Proposition 6.2 will occupy Sections 6.2–6.5.

6.2 Cylindrical formulations

We recall Lipshitz’s cylindrical formulation [2006] of Heegaard Floer homology; see also [Ozsváth and
Szabó 2008a, Section 5.2]. Instead of holomorphic strips Œ0; 1��R! Symd .†/ with boundaries on T˛
and Tˇ , Lipshitz considers pseudoholomorphic maps from a Riemann surface S (with boundary) to the
target

W D†� Œ0; 1��R:

The four-manifold W admits two natural projection maps

�† WW !† and �D WW ! Œ0; 1��R:

The notation �D refers to the unit disk D �C, which can be viewed as the conformal compactification
of Œ0; 1��R, obtained by adding the points ˙i .

We equip W with an almost complex structure J translation invariant in the R-factor, and such that �D is
a pseudoholomorphic map. Further, we ask for J to be tamed by a natural split symplectic form on W.
Typically, we choose J to be a small perturbation of a split complex structure j†� jD , where j† and jD

are complex structures on † and Œ0; 1��R, respectively. Sometimes (for example, to ensure positivity of
intersections) it will be convenient to require J to be split on U, that is, split on U � Œ0; 1��R, where
U �† is an open subset.

Definition 6.3 An annoying curve is a pseudoholomorphic curve in W contained in a fiber of �D.

To define the differential on the cylindrical Heegaard Floer complex, Lipshitz uses pseudoholomorphic
maps

u W S !W D†� Œ0; 1��R

with the following properties:

� S is a Riemann surface with boundary and 2d punctures on its boundary, of two types: d “positive”
punctures fp1; : : : ; pd g and d “negative” punctures fq1; : : : ; qd g.

� u is a smooth embedding.
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� u.@S/� .˛� f1g �R/[ .ˇ� f0g �R/.

� u has finite energy (where the energy is defined as in [Bourgeois et al. 2003, Section 6.3]).

� For each i , u�1.˛i � f1g � R/ and u�1.ˇi � f0g � R/ consist of exactly one component of
@S �fp1; : : : ; pd ; q1; : : : ; qd g.

� No components of the image u.S/ are annoying curves.

� Any sequence of points in S converging to qi (resp. pi ) is mapped under �D to a sequence of
points whose second coordinate converges to �1 (resp. C1).

Curves of this kind are called cylindrical flow lines. Any cylindrical flow line u can be extended to a
map Nu from the closure of S to the compactification †�D. The image of this extension contains the
points x � f�ig and y � fig for x 2 x and y 2 y , where x;y 2 T˛ \Tˇ � Symd .†/. We then say that
u connects x to y .

To every cylindrical flow line u WS!W one can associate a strip Qu W Œ0; 1��R!Symd .†/with boundaries
on T˛ and Tˇ , by setting Qu.z/ D �†..�D ı u/

�1.z//. Thus, cylindrical flow lines can be organized
according to moduli spaces M.�/, indexed by homology classes � 2 �2.x;y/ for the corresponding
Whitney disks. Moreover, Lipshitz [2006, Appendix A] identifies the moduli spaces of cylindrical flow
lines in a class � with the respective moduli spaces of pseudoholomorphic strips (ordinary flow lines),
for suitable almost complex structures, in the case when the Maslov index �.�/ is one. It follows that
the Heegaard Floer complex can be defined just as well by counting cylindrical flow lines instead of
pseudoholomorphic strips.

When studying degenerations of cylindrical flow lines (for example, in the proof that @2 D 0 in the
cylindrical setting), we also encounter maps of the following kind:

Definition 6.4 Consider a Riemann surface S with boundary and d punctures fp1; : : : ; pd g on its
boundary. A (cylindrical) boundary degeneration is a pseudoholomorphic map u W S !†� .�1; 1��R

which has finite energy, is a smooth embedding, sends @S into ˛�f1g�R, contains no component in the
fiber of the projection to .�1; 1��R, and has the property that each component of u�1.˛i � f1g �R/

consists of exactly one component of @S nfp1; : : : ; pd g. A similar definition can be made with ˇ playing
the role of ˛ and using the interval Œ0;1/ instead of .�1; 1�.

Note that, for a boundary degeneration u, the points at infinity must be mapped to a fixed x 2 T˛.
The boundary degenerations with endpoint x can be organized into moduli spaces N. / according to
homology classes  2 �˛2 .x/ŠH2.†;˛/.

Next let us recall from Section 3.5 that, when one has three collections of curves ˛, ˇ and 
 on a fixed
Heegaard surface with marked basepoints .†;w/, one can define a map

f D f˛ˇ
 WA
�.T˛;Tˇ ; s/˝A

�.Tˇ ;T
 ; 0/!A�.T˛;T
 ; s/
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eˇ

v˛ˇ

vˇ


Figure 10: The triangular region �. This region is conformally equivalent to a triangle with
punctures at the vertices.

by counting index zero pseudoholomorphic triangles in Symd .†/, with boundaries on T˛, Tˇ and T
 .
These maps admit a cylindrical formulation, too; see [Lipshitz 2006, Section 10]. Indeed, consider a
contractible subset � � C as in Figure 10, with three boundary components e˛, eˇ and e
 , and three
infinite ends v˛ˇ , vˇ
 and v˛
 , all diffeomorphic to Œ0; 1�� .0;1/. Setting

W� D†��;

note that there are natural projections �† and �� to the two factors. We equip W� with an almost
complex structure having properties analogous to those of the almost complex structure on W.

We then consider pseudoholomorphic maps

u W S !W�

with the following properties:

� S is a Riemann surface with boundary and 3d punctures p˛ˇi , pˇ
i and p˛
i for i 2 f1; : : : ; dg on
the boundary @S.

� u is a smooth embedding.

� u.@S/� .˛� e˛/[ .ˇ� eˇ /[ .
 � e
 /.

� u has finite energy.

� For each i D 1; : : : ; d and � 2 f˛; ˇ; 
g, the preimage u�1.�i � e� / consists of exactly one
component of the punctured boundary of S.

� No components of the image u.S/ are annoying curves.

� Any sequence of points in S converging to p˛ˇi (resp. pˇ
i , p˛
i ) is mapped under �� to a sequence
of points converges towards infinity in the strip-like end v˛ˇ (resp. vˇ
 , v˛
 ).
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Maps u like this are called cylindrical triangles. They can be organized into moduli spaces M.�/ according
to homology classes � 2 �2.x;y; z/ for x 2 T˛ \ Tˇ , y 2 Tˇ \ T
 and z 2 T˛ \ T
 . The moduli
space of such maps in classes � with �.�/ D 0 can be identified with the moduli space of ordinary
pseudoholomorphic triangles in Symd .†/, as used in the definition of the map f D f˛ˇ
 . (This can be
proved by the same methods as in [Lipshitz 2006, Section 13].) It follows that f can be described in
terms of counts of cylindrical triangles.

Similar descriptions can be given to the higher polygon maps from Section 3.5.

6.3 Domains

Let � 2 �2.x;y/ be a homology class of Whitney disks in a Heegaard diagram .†;˛;ˇ;w/. The curves
˛ and ˇ split the Heegaard surface into several connected components R1; : : : ; Rr , which we call regions.
A domain D on the Heegaard diagram is by definition a linear combination of regions, with integer
coefficients. The class � has an associated domain D.�/— see [Ozsváth and Szabó 2004b, Section 3.5] —

D.�/D

rX
iD1

.� � Œfzig �Symd�1.†/�/; Ri ;

where zi is a point chosen in the interior of the region Ri and � denotes intersection product.

Let D be a domain and x 2 ˛i \ ǰ an intersection point for some i and j. A neighborhood of x is
split by ˛i and ǰ into four quadrants. Two of the four quadrants have the property that, as we move
counterclockwise around x, we first see ˛i on their boundary and then ǰ ; for the other two quadrants,
we first see ǰ and then ˛i . Let m˛ˇ .D; x/ be the sum of the multiplicities of D in the two quadrants of
the first type, and mˇ˛.D; x/ the sum of multiplicities in the other two quadrants.

Given a point x 2 ˛i \ ǰ and a d -tuple x 2 T˛ \Tˇ , we set

ı.x; x/D

�
1 if x 2 x;
0 otherwise.

Definition 6.5 Let D be a domain on .†;˛;ˇ/ and x;y 2 T˛ \ Tˇ . The domain D is said to be
acceptable for the pair .x;y/ if, for every i; j D 1; : : : ; d and x 2 ˛i \ ǰ , we have

(61) m˛ˇ .D; x/�mˇ˛.D; x/D ı.x; x/� ı.y; x/:

The proof of the following lemma is straightforward:

Lemma 6.6 A domain D is acceptable for the pair .x;y/ if and only if it is of the form D.�/ for some
� 2 �2.x;y/.

We now turn to the Maslov index �.�/, which is the expected dimension of the moduli space of
pseudoholomorphic representatives of � 2 �2.x;y/. The Maslov index can be calculated in terms of the
domain DD D.�/ using the following formula, due to [Lipshitz 2006, Corollary 4.3]:

(62) �.�/D e.D/C
X
x2x

nx.D/C
X
y2y

ny.D/:
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Here, np.D/ denotes the average multiplicity of D in the four quadrants around a point p, while e.D/ is
the Euler measure of the domain, as defined in [ibid.].

Now consider a boundary degeneration class  2 �˛2 .x/. Its domain is then an ˛-periodic domain
PD P. / 2H2.†;˛/, ie a linear combination of components of †�˛. In fact, there is a one-to-one
correspondence between periodic domains and classes in �˛2 .x/. The respective Maslov index is given
by

(63) �. /D e.P/C 2
X
x2x

nx.P/:

We also have an alternative characterization; see [Ozsváth and Szabó 2008a, Lemma 5.4]. Recall that we
have a basepoint wi in each component of †�˛. Then

(64) �. /D 2

d�gC1X
iD1

nwi .P/:

Next, we turn to homology classes of triangles. Let .†;˛;ˇ;
;w; z/ be a triple Heegaard diagram, with
each curve collection consisting of d curves. By regions we now mean the connected components of
†n.˛[ˇ[
/. Given a homology class � 2�2.x;y; z/ for x 2T˛\Tˇ , y 2Tˇ \T
 and z2T˛\T
 ,
its domain DD D.�/ is defined as before. We have analogues of Definition 6.5 and Lemma 6.6:

Lemma 6.7 The necessary and sufficient condition for a domain D to be of the form D.�/ for some
� 2 �2.x;y; z/ is that D be acceptable for the triple .x;y; z/, that is , it should satisfy

m˛ˇ .D; x/�mˇ˛.D; x/D ı.x; x/ for x 2 ˛i \ ǰ ;(65)

mˇ
 .D; y/�m
ˇ .D; y/D ı.y; y/ for y 2 ˇi \ 
j ;(66)

m
˛.D; z/�m˛
 .D; z/D ı.z; z/ for z 2 
i \ j̨ :(67)

The vertex multiplicities of a domain are defined as in the case of bigons. We can similarly define
the Euler measure. Further, we let a.D/ denote the intersection @D\˛, viewed as a one-chain on †,
supported on ˛. Similarly, we define b.D/ D @D\ ˇ and c.D/ D @D\ 
 . We let a.D/:c.D/ denote
the average of the four algebraic intersection numbers between a0.D/ and c.D/, where a0.D/ is a small
translate of a.D/ in any of the four “diagonal” directions off ˛, such that no endpoint of a.D/ lies on 
 ,
and no endpoint of c.D/ lies on ˛. We could similarly define b.D/:a.D/ or c.D/:b.D/. Sarkar [2011,
Theorem 4.1] proved the following formula for the index of holomorphic triangles:3

(68) �.�/D e.D/C
X
x2x

nx.D/C
X
y2y

ny.D/� a.D/:c.D/�
1
2
d:

3Our conventions are different from those in [Sarkar 2011]. There, the sides of a holomorphic triangle were on ˛, ˇ and 
 in
counterclockwise order, whereas we have them clockwise. Thus, Sarkar’s expression a.D/:c.D/ differs from ours by a negative
sign. The formula (68) above is written with our conventions.
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Sarkar also gave a generalization of this formula to higher polygons. Suppose we have curve collections
�i for i D 0; : : : ; l on a pointed surface .†;w; z/ such that each collection consists of d curves. We then
consider a homotopy class of .lC1/-gons � 2 �2.x0; : : : ;xl/, where xi 2 T�i \T�iC1 for i < l and
xl 2T�0 \T�l . We can define D.�/ as before, and we have acceptability conditions similar to (65)–(67).
We let ai .D/D @D\�i . With our conventions, Theorem 4.1 in [Sarkar 2011] says

(69) �.�/D e.D/C
X
x2x0

nx.D/C
X
y2x1

ny.D/�a
0.D/:

lX
jD2

aj .D/�
X

j>k>1

aj .D/:ak.D/� 1
2
d.l�1/:

Here, the Maslov index �.�/ is as defined in Section 3.5.

6.4 Convergence and gluing for the moduli spaces of triangles

Let .†1;˛1;ˇ1;
1/ and .†2;˛2;ˇ2;
2/ be two triple Heegaard diagrams. (For the purposes of this
subsection, we can ignore the basepoints.) For i D 1; 2, we let di be the number of curves in the
collection ˛i (or ˇi , or 
 i ), and gi � di the genus of †i .

Consider an extra simple closed curve ˛1s on †1 that is disjoint from the other curves in ˛1 and lies in
their homological span. Set

˛1C D ˛1[f˛1s g:

Pick also one of the curves in ˛2; say ˛21 , and call it ˛2s . The subscript s stands for “special”.

Pick points pi 2 ˛is for i D 1; 2 that do not lie on any of the beta or gamma curves. We form the connected
sum †D†1 #†2 at p1 and p2, of genus gD g1Cg2. By joining each of the two ends of ˛1s at p1 with
the respective end of ˛2s at p2, we obtain a new curve ˛s D ˛1s #˛2s on †. We set

˛D ˛1[ .˛2�f˛2s g/[f˛sg:

This is a collection of d D d1Cd2 attaching curves on †. We can also form collections ˇD ˇ1[ˇ2 and

 D 
1[
3. Together, they turn † into a triple Heegaard diagram, which we call the special connected
sum of .†1;˛1;ˇ1;
1/ and .†2;˛2;ˇ2;
2/.

Example 6.8 A triple Heegaard diagram .†;˛;ˇ;
/ as in Section 6.1 can be viewed as the special
connected sum of the diagram .†; x̨; x̌; x
/with the genus zero diagram .S; ˛1; ˇ1; 
1/ shown in Figure 11.
The notation is as in Section 6.1.

Given a special connected sum of triple Heegaard diagrams, note that intersection points x1 2 T˛1 \Tˇ1

and x2 2 T˛2 \Tˇ2 give rise to an intersection point x1�x2 2 T˛ \Tˇ . Conversely, any x 2 T˛ \Tˇ
is of this form, because none of the points on ˛1s \ˇ

1
i for i D 1; : : : ; d1 can be part of x. Similar remarks

apply to generators of the form y D y1 �y2 2 Tˇ \T
 and zD z1 � z2 2 T
 \T˛.

Given a homology class � 2 �2.x;y; z/ on the special connected sum, we denote by m1 Dm1.D/ and
m2 D m2.D/ the multiplicities of D on each side of the curve ˛s , near the connected sum neck. (See
Figure 11 for an example.)
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1

y0

w1

˛1

ˇ1

m3

m2

m4

m1

y

x

x0

�

Figure 11: The sphere S. This is the one-point compactification of the disk bounded by the
dashed curve in Figure 9. It could be viewed as a triple Heegaard diagram, except it is missing
a basepoint. The compactification point p2 is shown by a gray dot. The four boxes show the
multiplicities of a triangular domain inside the corresponding regions.

Lemma 6.9 For a triple Heegaard diagram obtained as a special connected sum as above , pick x D
x1�x2 2T˛\Tˇ , y D y1�y2 2Tˇ \T
 and zD z1�z2 2T
 \T˛ . Then there is a natural surjective
map

(70) p W �2.x;y; z/! �2.x
2;y2; z2/:

Furthermore , a choice of a domain P 2H2.†;˛
1C/ whose boundary contains ˛1s with multiplicity one

gives rise to a map

� W �2.x
2;y2; z2/! �2.x;y; z/

such that p ı � D id.

Proof We use the identification between homology classes � 2 �2.x;y; z/ and acceptable domains
D D D.�/; see Lemma 6.7. An acceptable domain D on the special connected sum gives rise to an
acceptable domain D2 on †2 with respect to .x2;y2; z2/, by restriction. This produces the map p.

Given P is as in the statement of the lemma, the desired map s takes an acceptable domain D2 on †2 to
the acceptable domain DD D2C .m1.D2/�m2.D2//P on the special connected sum.

Let � 2 �2.x;y; z/ have a domain D. We define an equivalence relation on pairs .�1;P/, where
�1 2 �2.x

1;y1; z1/ and P 2 H2.†;˛
1C/ has ˛1s with multiplicity m1.D/�m2.D/ on its boundary.

Two pairs .�11 ;P1/ and .�12 ;P2/ are set to be equivalent if �11 CP1 D �
1
2 CP2, as two-chains on †1.
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By identifying homology classes with acceptable domains (as in the proof of Lemma 6.9), we see that
every � determines a unique such equivalence class �1C. We set

�.�1C/D �.�1/C�.P/

for any .�1;P/ 2 �1C.

Lemma 6.10 Let � 2 �2.x;y; z/ be a homology class of triangles in a triple Heegaard diagram obtained
by special connected sum , as above. Let �2 2 �2.x2;y2; z2/ be its restriction to †2, and �1C the
corresponding equivalence class of pairs on †1. Then

�.�/D �.�1C/C�.�2/�m1.D/�m2.D/;

where DD D.�/ is the domain of �.

Proof In Sarkar’s formula (68), all terms except e.D/ are additive under the special connected sum.
When adding up the Euler measures, we have to subtract m1.D/Cm2.D/ because doing the special
connected sum involves deleting two disks, each made of two bigons. Two of these four bigons have
multiplicity m1.D/, the other two m2.D/, and the Euler measure of a bigon is 1

2
.

We now proceed to study holomorphic triangles on a special connected sum. We will use Lipshitz’s
cylindrical formulation from Section 6.2.

Note that, if a homology class � (of cylindrical flow lines, boundary degenerations, triangles, etc) admits
pseudoholomorphic representatives, the principle of positivity of intersections implies that the domain
D.�/ is a linear combination of regions with only nonnegative coefficients:

D.�/� 0I

see [Ozsváth and Szabó 2004b, Lemma 3.2].

In addition to the cylindrical flow lines, boundary degenerations and triangles from Section 6.2, when
discussing special connected sums we will also need to study some new objects:

Definition 6.11 Consider a Heegaard surface† and a collection of attaching circles ˛ on†. An annoying
˛-degeneration is a holomorphic curve u W S!W�D†�� such that S is a connected Riemann surface
with boundary and punctures on the boundary, and there exists an unpunctured component @0S of the
boundary @S satisfying u.@0S/� ˛� e˛. Here, � is as in Figure 10.

Lemma 6.12 An annoying ˛-degeneration u WS!W� is an annoying curve in the sense of Definition 6.3,
that is , all of S is mapped to a fixed point p 2 e˛ under �� ıu.

Proof Let D.S/ be the double of S taken along the component @0S � @S, and D.�/ the double of �
along e˛. We can extend �� ı u to a holomorphic map f W D.S/! D.�/ using Schwartz reflection.
Since @0S is compact and e˛ is not, there exists some z0 2 @0S with f 0.z0/D 0. If f were not constant,
it would have a branch point of order k � 2 at z0. This contradicts the local model near z0, which is that
of a holomorphic function f mapped to C such that Ref .z/ > 0 for Re z > 0.
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Annoying ˛-degenerations can be organized according to their domains, which are relative homology
classes P 2 H2.†;˛/. The domain P must be nonnegative. Even though there are no transversality
results for annoying curves, compare [Lipshitz 2006, Section 3], one can still define the Maslov index
�.P/ according to (63), by treating P as in the case of usual boundary degenerations.

We will mostly be interested in annoying ˛-degenerations on the first surface †1 that is part of the
special connected sum. The degenerations will be taken with respect to the collection of curves ˛1C

that includes ˛1s . For an annoying ˛-degeneration of this form, with domain P, and any x 2 T˛1 , we
have (63). However, in (63) there are no vertex multiplicity contributions from the curve ˛1s , so (64)
needs to be modified accordingly. Precisely, if we place basepoints w1; : : : ; wd1�g1 in all components
of †1�˛1C except the two that have ˛1s on their boundary, we obtain

(71) �.P/Dm1.P/Cm2.P/C 2

d1�g1X
iD1

nwi .P/:

This has the following consequence:

Lemma 6.13 Let u be an annoying ˛-degeneration in .†1;˛1C/, with domain P. Then �.P/� 0, with
equality if and only if PD 0.

We now turn to studying how cylindrical triangles in W� D†�� relate to those in W 1
� D†

1 �� and
W 2
� D†

2 �� when we do a special connected sum. Pick almost complex structures J 1 and J 2 on W 1
�

and W 2
� and disk neighborhoods D1 of p1 in †1 and D2 of p2 in †2. We assume that J 1 and J 2 are

split near D1 and D2. For T > 0, we form the connected sum

†.T /D .†1�D1/[ .Œ�T � 1; T C 1��S1/[ .†2�D2/

by inserting a long cylinder, using the identifications @D1 Š f�T g � S1 and @D2 D fT g � S1. We
construct an almost complex structure J.T / on

W�.T /D†.T /��

by extending J 1 and J 2 on the two sides, and using a split complex structure on the cylinder. The quantity
T is called the neck-length.

By a broken triangle in a homology class �, we mean the juxtaposition of a cylindrical triangle with
some cylindrical flow lines and ordinary boundary degenerations such that the sum of all their homology
classes (as a two-chain on the Heegaard surface) is �.

We then have the following convergence result:

Proposition 6.14 Suppose we have a special connected sum , with the notation above. Consider a homol-
ogy class � 2 �2.x;y; z/. Let �2 2 �2.x2;y2; z2/ be its restriction to †2, and �1C the corresponding
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equivalence class of pairs on†1. Suppose that the moduli space M.�/ of cylindrical triangles is nonempty
for a sequence of almost complex structures J.Ti / with Ti !1. Then the moduli space of broken
holomorphic triangles in the class �2 is nonempty. Further , there exists a representative .�1;P/ of the
equivalence class �1C such that the moduli space of broken holomorphic triangles in the class �1 is
nonempty and there exist some annoying ˛-degenerations with domains that sum to P.

Proof The proof is similar to that of the second part of Theorem 5.1 in [Ozsváth and Szabó 2008a], and is
based on Gromov compactness; compare also [Lipshitz 2006, Sections 7, 8 and 10]. In the limit Ti !1,
the sequence of holomorphic triangles must have a subsequence converging to some holomorphic objects
on †1 and †2. On †2 the object is a broken triangle u2. The only new twist is that, when �† ıu2 maps
a point of the boundary of the domain to the connected sum point p2 2†2, on the other side (ie on †1)
an annoying ˛-degeneration must appear in the limit. In the end on †1 we obtain a union of a broken
triangle and some annoying ˛-degenerations.

There is also a gluing result:

Proposition 6.15 Consider a homology class � 2 �2.x;y; z/ on a triple Heegaard diagram obtained by
special connected sum. Let �2 2 �2.x2;y2; z2/ be the restriction of � to †2, and �1C the equivalence
class of pairs obtained by restricting � to †1. Suppose that �1C contains a representative of the form
.�1; 0/, with �1 2 �2.x1;y1; z1/. Further , suppose that d2 > g2, �.�1/ D 0, �.�2/ D 2m, and the
domain D of � has m1.D/Dm2.D/Dm, so that �.�/D 0; see Lemma 6.10. Consider the maps

�1 WM.�1/! Symm.�/ and �2 WM.�2/! Symm.int.�/[ e˛/;
where

�i .u/D ��..�† ıu
i /�1.fpig//:

If the fibered product

M.�1/�Symm.�/ M.�2/D fu1 �u2 2M.�1/�M.�2/ j �1.u1/D �2.u2/g

is a smooth manifold , then this fibered product can be identified with the moduli space M.�/ for sufficiently
large neck-length.

Proof We claim that, for sufficiently large neck-length, if u W S!†�� is a holomorphic representative
of �, no point of @S is mapped to p2 under �† ı u. Indeed, if such points existed, in the limit when
T !1 we would get a broken triangle in a class  1 and one (or more) annoying ˛-degenerations
on †1, summing up to a class P 2H2.†

1;˛1C/. We must have �. 1/� 0 because of the existence of a
holomorphic representative, �.P/>0 by Lemma 6.13, and �. 1/C�.P/D 0 because . 1;P/� .�1; 0/.
This is a contradiction, so our claim was true.

By the definition of the fibered product, if a holomorphic triangle u2 2 M.�2/ is such that �2.u2/ š
Symm.int.�//, that triangle cannot appear in the fibered product. With these observations in mind, the
rest of the proof is completely analogous to that of the third part of Theorem 5.1 in [Ozsváth and Szabó
2008a]. Basically, the index conditions forbid the presence of flow lines and boundary degenerations as

Geometry & Topology, Volume 29 (2025)



2854 Ciprian Manolescu and Peter Ozsváth

part of broken triangles in the relevant moduli space. Further, the hypothesis d2 > g2 is used to exclude
the presence of sphere bubbles on the †2 side. One can then use the gluing arguments from [Lipshitz
2006], applied to triangles.

6.5 A degeneration argument

We now return to the setting of Section 6.1. We view the triple Heegaard diagram .†;˛;ˇ;
/ as the
special connected sum of the diagram .†; x̨; x̌; x
/ with the genus zero diagram .S; ˛1; ˇ1; 
1/ from
Figure 11; see Example 6.8.

Lemma 6.16 Let  2 �2.a; �; b/ be a homology class of triangles in S, with a 2 fx; x0g and b 2 fy; y0g.
Let m1, m2, m3 and m4 be the local multiplicities of the domain of  in the regions marked as such in
Figure 11. Then

�. /Dm1Cm2Cm3Cm4:

Proof The claimed equality is true when  is the index zero triangle in �2.x; �; y/. Any other class  
is related to this by the juxtaposition of a linear combination of embedded index one ˛–ˇ or ˛–
 bigons
(ie homology classes of flow lines) and index two disks (ie homology classes of boundary degenerations
on ˛, ˇ or 
 ). It is straightforward to check the equality for these disks and bigons.

Proof of Proposition 6.2 We seek to understand the moduli space of triangles M.�/ for � 2 �2.x;�;y/
with �.�/D 0.

Suppose M.�/¤∅ for any sufficiently large neck-length T. Let  D �2 2 �2.a; �; b/ be the restriction
of � to S, where a 2 fx; x0g and b 2 fy; y0g. Let also �1C be the equivalence class of pairs which is the
restriction of � to .†; x̨; x̌; x
/. Using Proposition 6.14, there must be a pair .x�;P/ 2 �1C that admits
holomorphic representatives. Hence, x� and P are nonnegative domains, and �.�1C/� 0.

On the other hand, by Lemmas 6.10 and 6.16, we have

0D �.�/D �.�1C/C�. /�m1�m2 D �.�
1C/Cm3Cm4:

Since all the terms on the right-hand side are nonnegative, we deduce that �.�1C/Dm3 Dm4 D 0. The
fact that �.�1C/D 0, together with Lemma 6.13, implies that there can be no annoying ˛-degenerations:
PD 0, �.x�/D 0 and m1 Dm2. Denote by m the common value m1 Dm2. We are now able to apply
Proposition 6.15 to obtain an identification

(72) M.�/ŠM.x�/�Symm.�/ M. /:

The fact that m1 D m2 and m3 D m4 D 0 implies that  must be a class in either �2.x; �; y/ or
�2.x

0; �; y0/. Without loss of generality, let us consider  2 �2.x; �; y/. We have �. /D 2m. From
the proof of Proposition 6.15, we know that, for any u 2M. /,

�.u/D ��..�† ıu/
�1.fp2g//
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lies in Symm.int.�//, that is, it does not contain any points on e˛. Given p 2 Symm.�/, set

M. ;p/D fu 2M. / j �.u/D pg:

Define

M.p/D
X

 2�2.x;�;y/
m1. /Dm2. /Dm
m3. /Dm4. /D0

#M. ;p/:

A Gromov compactness argument shows thatM.p/ is independent of p, modulo 2; compare [Ozsváth and
Szabó 2008a, Lemma 6.4]. By taking the limit as p consists of m distinct points, all approaching the edge
eˇ of � with spacing at least T between them, with T !1, we obtain that the respective contributions
M.p/ are splicings of the index zero triangle class  0 2 �2.x; �; y/ and m ˇ-boundary degenerations of
index two; compare [loc. cit.]. There is a unique possible class of ˇ-boundary degenerations of index
two with m3 Dm4 D 0, namely the exterior of the curve ˇ1 from Figure 11. For this class the count of
pseudoholomorphic representatives (modulo the two-dimensional group of automorphisms) is 1 .mod 2/;
see [ibid., Theorem 5.5]. Moreover, the index zero triangle class  0 has a unique pseudoholomorphic
representative. It follows that

M.p/� 1 .mod 2/:

A similar equality holds for the sum of contributions from classes  2 �2.x0; �; y0/ with m1. / D
m2. /Dm and m3. /Dm4. /D 0. Combining these observations with (72), we deduce thatX

�2�2.x;�;y/
�.�/D0

M.�/�
X

x�2�2. Nx; N�; Ny/

�.x�/D0

M.x�/ .mod 2/

for sufficiently large neck-length. This implies that the triangle maps F and G are the same.

6.6 Higher polygons

We now turn to a generalization of Proposition 6.2. Suppose we have l � 2 collections of attaching
curves ˛;ˇ.1/;ˇ.2/; : : : ;ˇ.l/ on a multipointed Heegaard surface .†;w; z/ such that each diagram
.†;˛;ˇ.i/;w; z/ is the quasistabilization of a diagram .†; x̨; x̌.i/; xw; z/, obtained by adding curves ˛1
and ˇ.i/1 and the basepoint w1. We also assume that, for every i ¤ j, the curves ˇ.i/1 and ˇ.j /1 differ by a
small Hamiltonian isotopy, and intersect each other in two points. See Figure 12.

Let fx; x0g D ˛1 \ ˇ
.1/
1 and fy; y0g D ˛1 \ ˇ

.l/
1 , with x and y to the left of x0 and y0, as in Figure 12.

Let also � .i/ 2 ˇ.i/1 \ˇ
.iC1/
1 be the upper intersection point between the two curves.

There is a unique index zero .lC1/-gon class  0 on the sphere S with vertices at x; � .1/; : : : ; � .l�1/; y
such that  0 has a positive domain; see Figure 12. The moduli space of holomorphic representatives
for  0 is .l�2/-dimensional, corresponding to all possible lengths of the cuts at � .1/; : : : ; � .l�2/.
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� .1/

x0

� .3/� .2/

w1

y0

ˇ
.1/
1

˛1

yx

ˇ
.2/
1 ˇ

.3/
1 ˇ

.4/
1

Figure 12: Several curve collections. This is the analogue of Figure 9 for higher polygons. We
show here the case l D 4. The shaded domain is a pentagon of index zero.

Lemma 6.17 For a fixed generic conformal structure on the domain (which is a disk with l C 1 marked
points on its boundary), the number of pseudoholomorphic representatives of  0 is 1 .mod 2/.

Proof We use induction on l . The case l D 3 was treated in [Ozsváth and Szabó 2005, proof of
Theorem 4.7]. For l � 4, let J0 be a generic conformal structure on the domain. Take a generic, smooth
path of conformal structures .Jt /t2Œ0;1/, which starts at J0 and limits (as t! 1) to a degenerate conformal
structure, corresponding to taking the length of one of the cuts starting at � .l�2/ to infinity. Thus, in the
limit t! 1 the domain degenerates into the union of an l-sided polygon and a triangle. Let Mt DMt . 0/

be the moduli space of pseudoholomorphic representatives of  0 with the conformal structure Jt on the
domain. By Gromov compactness and generic transversality, the union

MD
[
t2Œ0;1�

Mt

is a one-dimensional compact manifold with boundary M0 [M1. By the inductive hypothesis, the
cardinality of M1 is odd; hence, the same must be true for M0.

For i D 1; : : : ; l � 1, pick N�.i/ 2 T x̌.i/ \T x̌.iC1/ and set

�.i/ D N�.i/[f� .i/g 2 Tˇ .i/ \Tˇ .iC1/ :
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Just as in Section 6, there is a map

F WA�.T˛;Tˇ .1/ ; s/!A�.T˛;Tˇ .l/ ; s/; F .x/D f .x˝�.1/˝ � � �˝�.l�1//;

this time given by counting pseudoholomorphic .lC1/-gons of index 2� l ; see Section 3.5.

For any x 2 T˛ \ Tˇ .1/ and y 2 T˛ \ Tˇ .l/ , we can eliminate their intersections with ˛1 to obtain
generators Nx 2 Tx̨ \T x̌.1/ and y 2 Tx̨ \T x̌.l/ . We can define a map F by counting .lC1/-gons in the
destabilized diagram with l � 1 fixed vertices at N�.1/; : : : ; N�.l�1/. If F . Nx/D

P
Ny2Tx̨\T x̌.l/

n Nx; Ny Ny , we
set

G.x/D
X

Ny2Tx̨\T x̌.l/

n Nx; Ny. Ny � .x\˛1//:

Proposition 6.18 For †;˛;ˇ.1/; : : : ;ˇ.l/;�.1/; : : : ;�.l�1/ as above and suitable almost complex struc-
tures on the symmetric products , the maps F and G coincide.

Proof The arguments are completely analogous to the ones for l D 2. We insert a long neck along
the dashed curve from Figure 12. We thus view † as the special connected sum of the sphere S

and the quasidestabilized diagram, except now each has l C 1 collections of attaching curves. Let
� 2 �2.x;�

.1/; : : : ;�.l�1/;y/ be a homology class of .lC1/-gons, of index 2� l , that admits pseudo-
holomorphic representatives. In the limit when the neck-length T !1, the class � splits into homology
classes of broken .lC1/-gons  on the sphere S, x� on the quasidestabilized diagram, and a class P of
annoying ˛-degenerations. Lemma 6.10, equation (71) and Lemma 6.16 still hold true, and therefore

(73) 2� l D �.�/D �.x�/C�.P/Cm3Cm4 � .2� l/C 0C 0C 0:

Hence, PD 0 (so there are no annoying ˛-degenerations), m3 Dm4 D 0, and we end up with a fibered
product description of M.�/ analogous to (72). On the S side, we can use a limiting process to ensure
that the holomorphic representatives of  are splicings of an index zero .lC1/-gon and several ˇ.1/-
boundary degenerations. One possibility for the index zero .lC1/-gon is that it lies in the class  0
analyzed in Lemma 6.17. In the fibered product description the conformal structure of the domain of a
pseudoholomorphic .lC1/-gon in  0 is specified by the .lC1/-gon on the quasidestabilized diagram. By
Lemma 6.17, the number of the holomorphic representatives of  0 with this constraint is 1 .mod 2/. A
similar discussion applies to the index zero .lC1/-gon class with vertices at x0; � .1/; : : : ; � .l�1/; y0. The
fibered product description then implies the identification of the two maps F and G.

The reader may wonder what happens in the case l D 1, that is, how are flow lines in a diagram H related
to flow lines in its quasistabilization H. This question is more difficult, because if we try to degenerate
along the special connected sum neck, we can no longer avoid the presence of annoying ˛-degenerations.
Indeed, in (73) the inequality �.x�/� 2� l D 1 does not hold true, due to the existence of index zero flow
lines on H (namely, trivial ones). This leaves open the possibility that �.P/D 1.

Nevertheless, we make the following:
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Conjecture 6.19 Let H D .†; x̨; x̌; xw; z/ be a Heegaard diagram , and H D .†;˛;ˇ;w; z/ be its
quasistabilization , as in Section 6.1. Supposew2 is the second basepoint (apart fromw1) in the component
of †� x̨ that contains the curve ˛1. Suppose the variables corresponding to w1 and w2 are U1 and U2.
Then , for suitable almost complex structures , there is an identification between the Floer complex
A�.H; s/ and the mapping cone complex

A�.H; s/ŒŒU1��
U1�U2
�����!A�.H; s/ŒŒU1��:

Note that this is a generalization of [Ozsváth and Szabó 2008a, Proposition 6.5], which dealt with
ordinary index zero/three stabilizations. The difficulty in proving Conjecture 6.19 is the lack of available
transversality and gluing results for annoying curves. In Section 15.4, we will give a proof of the conjecture
for a particular class of Heegaard diagrams, using rather ad hoc arguments.

6.7 Stabilizations

We now specialize to the case of ordinary (free) index zero/three stabilizations.

Let .†;˛; fˇ.i/gliD1;w; z/ be as in the previous section, and

F WA�.T˛;Tˇ .1/ ; s/!A�.T˛;Tˇ .l/ ; s/; F .x/D f .x˝�.1/˝ � � �˝�.l�1//;

the corresponding polygon map. Assume further that the curves ˇ.i/1 is a small Hamiltonian translate of
˛1, intersecting it in two points. Thus, .†;˛;ˇ.i/;w; z/ is obtained from .†; x̨; x̌.i/; xw; z/ by an index
zero/three stabilization, and

F WA�.Tx̨;T x̌.1/ ; s/!A�.Tx̨;T x̌.l/ ; s/; F . Nx/D f . Nx˝ N�.1/˝ � � �˝ N�.l�1//:

We keep the notation from Conjecture 6.19, with basepoints w1; w2 and variables U1; U2. Associate one
U variable to each w basepoint, and let R be the power series ring generated over F by all U variables
except U1.

From the proofs of Theorem 3.16 and Lemma 3.14, we know that there are destabilization maps

Destabi WA�.†;˛;ˇ.i/; s/!A�.†; x̨; x̌.i/; s/;

defined by
U n1 . Nx� x

0/ 7! 0; U n1 . Nx� x/ 7! U n2 Nx;

and these maps are equivalences over the ring R.

Proposition 6.20 The equivalences induced by destabilization commute with the polygon maps; that is ,

Destabl ıF D F ıDestab1:

Proof Use Proposition 6.18.
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Versions of Proposition 6.20 are true for ordinary Heegaard Floer complexes, as well. In that case, we can
consider an admissible multidiagram .†;˛; fˇ.i/gliD1;w/, where again the curves ˇ.i/1 are small isotopic
translates of ˛1, so that we can form the index zero/three destabilizations, and corresponding maps

Fo W CF
�.T˛;Tˇ .1/ ;w/! CF �.T˛;Tˇ .l/ ;w/; Fo W CF

�.Tx̨;T x̌.1/ ; xw/! CF �.T˛;T x̌.l/ ; xw/:

(Note that the Heegaard diagrams appearing here can represent arbitrary three-manifolds.)

We have analogous destabilization maps Destabo.

Proposition 6.21 In the case of ordinary Heegaard Floer complexes , the equivalences induced by
destabilization commute with the polygon maps; that is ,

Destablo ıFo D Fo ıDestab1o:

Proof This is analogous to the proof of Proposition 6.20.

7 Index zero/three link stabilizations

In this section we study one of the Heegaard moves that appeared in Section 3.3, namely index zero/three
link stabilization. The behavior of holomorphic disks under this move was discussed in [Manolescu et al.
2009a; Zemke 2015]. We will review those results, and then (in Section 7.4) we extend them to the case
of more general holomorphic polygons. Furthermore, in Section 7.5, we will study what happens to
holomorphic polygons under a type of strong equivalence that relates different kinds of stabilizations.

The analytical input for this section comes from [Zemke 2015].

7.1 Algebraic preliminaries

In Section 3.4 we established Lemma 3.14, which said that a free complex C over RŒŒU1�� is chain
homotopy equivalent to the mapping cone

(74) Cone.C�ŒŒU2��
U1�U2
�����! CCŒŒU2��/:

That cone appeared naturally in the context of (both free and link) index zero/three stabilizations; see the
proof of Theorem 3.16.

To better understand link index zero/three stabilizations, we will also need the following variant of
Lemma 3.14:

Lemma 7.1 Let R be an F-algebra , and let C be a free complex over RŒŒU1��. Let CU1!U2
˙

be two
copies of the free complex over RŒŒU2�� obtained from C by replacing the variable U1 with U2. Then the
complexes C and

C 0 D Cone.CU1!U2
C

ŒŒU1��
U1�U2
�����! CU1!U2� ŒŒU1��/

are chain homotopy equivalent over RŒŒU1��.

Geometry & Topology, Volume 29 (2025)



2860 Ciprian Manolescu and Peter Ozsváth

Proof Let us fix a set of free generators S for C. We write the differential on C as

@x D
X
y2S

c.x;y/U
n.x;y/
1 y;

where c.x;y/ 2 f0; 1g and n.x;y/ are nonnegative integers. Further, given a generator x 2 S, we denote
by xC and x� the corresponding generators in CU1!U2

C
and CU1!U2� .

We construct chain maps between C and C 0 in both directions such that they are module maps over
RŒŒU1�� and they are homotopy inverses.

We let � W C 0! C be given by

�.Um2 x�/D U
m
1 x; �.Um2 xC/D 0:

In the opposite direction, we define � W C ! C 0 by

�.x/D x�C
X
y2S

c.x;y/
U
n.x;y/
1 �U

n.x;y/
2

U1�U2
yC:

One can check that � and � commute with the differentials, and �ı � is the identity. Moreover, if we define

H W C 0! C 0; H.U n2 xC/D 0; H.U n2 x�/D
U n1 �U

n
2

U1�U2
xC;

then we find that � ı � is chain homotopic to the identity, via the homotopy H.

7.2 Holomorphic disks

As defined in Section 3.3, an index zero/three link stabilization is a local move on a Heegaard diagram, in
the neighborhood of an existing basepoint of type z. The move introduces a new alpha curve, a new beta
curve, and a basepoint of each type; see Figure 1. For convenience, we include Figure 1 again here, as
Figure 13, with the curves ˛n and ˇn relabeled as ˛1 and ˇ1, and the basepoints z, w0 and z0 relabeled as
z1, w2 and z2. (Not shown is, for example, the basepoint w1, which is separated from z1 by a number of
beta curves.)

We will denote the initial diagram by HD .†; x̨; x̌; xw; Nz/ and the stabilized diagram by HD .†;˛;ˇ;w; z/.
We let L1 � L be the link component on which the stabilization is performed.

We are interested in the relation between the holomorphic disks in H and those in H. If we ignore
the z basepoints, our picture is just that of a free index zero/three stabilization, and an analysis of the
holomorphic disks was done in [Ozsváth and Szabó 2008a, Section 6]; see also [Manolescu et al. 2009a,
Section 2]. The analysis is based on viewing H as the connected sum of H (with z1 deleted) and a
sphere S containing the new curves (ie containing what is shown in Figure 13), and then degenerating the
Heegaard surface along the curve c in Figure 13, by taking the length of the connected sum neck to infinity.
Further, the connected sum point p is then taken to be close to one of the circles ˛1 or ˇ1 in Figure 13.
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x�

xC

z1 w2 z2

ˇ1
˛1

cˇ

c

Figure 13: An index zero/three link stabilization.

The analysis in [Ozsváth and Szabó 2008a; Manolescu et al. 2009a] did not distinguish between the disks
that cross z1 and those that cross z2. A more complete characterization of the holomorphic disks was
given in [Zemke 2015, Lemmas 14.3 and 14.4]. This is based on a different degeneration. We still stretch
the neck along the dashed curve c in Figure 13, but then, instead of taking the connected sum point close
to a curve, we stretch along the dashed curve cˇ . Note that stretching along cˇ is very similar to the
degeneration used for quasistabilizations in Section 6.

We state the results from [loc. cit.] here, with slightly different conventions: z1 and z2 play the roles of
w0 and w in [ibid., Lemma 14.3], and ˛1 and ˇ1 are switched.

Proposition 7.2 [Zemke 2015] For generic almost complex structures associated to sufficiently large
neck stretching along c and cˇ , with regard to the counts of holomorphic disks .modulo 2/ in H:

� The only disks of Maslov index one in a class � 2 �2.x � x�;y � x�/ from H appear when
nz1.�/D nw2.�/D 0, in which case they are in one-to-one correspondence with the holomorphic
disks of Maslov index one in the corresponding class x� 2 �2.x;y/ in H. Here , � is obtained
from x� by taking connected sum (along c) with some copies of the complement of the disk bounded
by ˇ1 in Figure 13, so that nz2.�/D nz1.x�/.

� The same description applies to the holomorphic disks of Maslov index one in classes � 2
�2.x� xC;y � xC/.

� The only holomorphic disks of Maslov index one in a class � 2 �2.x�x�;y �xC/ from H appear
when x D y and the domain of � is either the bigon in Figure 13 containing w1 or the bigon
containing w2; moreover , in each of these cases , there is only one such disk.

� The only holomorphic disks of Maslov index one in a class � 2 �2.x�xC;y �x�/ from H appear
when xD y and nz1.�/D nz2.�/D 0. Moreover , for each x, there are exactly two classes � such
that the total count of holomorphic disks in � is 1 .mod 2/: one class is the one whose domain is
the bigon in Figure 13 containing w2, and the other is a class � that has nw1.�/D 1 and goes over
no other basepoints.
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Proposition 7.2 allows us to relate the various Heegaard Floer complexes associated to H and H. For
example, if we ignore the z basepoints, we are in the setting of a free index zero/three stabilization.
Consider the complex C D CF �.Tx̨;T x̌; xw/. Then the corresponding complex CF �.T˛;Tˇ ;w/ in the
stabilized diagram is identified with

(75) C�ŒŒU2��
U2�U1
�����! CCŒŒU2��;

where we denoted by C˙ the copies of C that are obtained by including the basepoint x˙ in S. This cone
appeared in (74), and explains why Lemma 3.14 is relevant to our situation. In particular, Lemma 3.14
implies the following result (which we have already seen as part of the proof of Theorem 3.16):

Corollary 7.3 In the setting of Figure 13, the destabilization map

� W CF �.T˛;Tˇ ;w/! CF �.Tx̨;T x̌; xw/

given by
�.Um2 .x� xC//D U

m
1 x; �.Um2 .x� x�//D 0

is a chain homotopy equivalence over R (the ring with one U variable for each w basepoint in the
diagram H).

Furthermore , the equivalence � is filtered with respect to the Alexander filtrations , and therefore gives rise
to equivalences

� WA�.H; s/!A�.H; s/:

Note thatA�.H; s/ does not admit a mapping cone description similar to (75). However, such descriptions
do apply to, for example, generalized link Floer complexes that involve only the w basepoints on the
component L1, but may involve both w’s and z’s on the other components.

Also relevant to link stabilizations is Lemma 7.1. Indeed, let us ignore the w basepoints and look at the
complexes constructed with z basepoints. We relabel the z basepoints on L1 as w’s, so that our notation
is consistent with that from Section 3.1. Then Figure 13 becomes Figure 14. The move in Figure 14
consists in introducing two new curves and a new basepoint w2 in the neighborhood of w1. This is a
variant of a free index zero/three stabilization: it differs from that by a strong equivalence (see Section 7.5
below), and in fact it could replace the ordinary free index zero/three stabilizations in the list of Heegaard
moves in Section 3.3.

If we now write C D CF �.Tx̨;T x̌; xw/, then Proposition 7.2 implies that the corresponding complex
CF �.T˛;Tˇ ;w/ in H is

(76) C
U1!U2
C

ŒŒU1��
U1�U2
�����! CU1!U2� ŒŒU1��:

Lemma 7.1 has the following:
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x�

xC

w1 w2

ˇ1
˛1

cˇ

c

Figure 14: A variant of the free index zero/three stabilization.

Corollary 7.4 For the move shown in Figure 14, the destabilization map

(77) � WCF �.T˛;Tˇ ;w/!CF �.Tx̨;T x̌; xw/; �.Um2 .x�x�//D U
m
1 x; �.Um2 .x�xC//D 0;

is a chain homotopy equivalence over R.

Remark 7.5 The result of Corollary 7.4 also holds if instead of CF � we work with generalized link
Floer complexes that involve only the z basepoints on the component L1 (now relabeled as w’s), but may
involve both w’s and z’s on the other components.

7.3 Changes in the almost complex structures

In the previous subsection we worked with a generic family (call it Jˇ / of almost complex structures
associated to neck stretching along the curves c and cˇ . We could just as well stretch along c and a curve
c˛ around ˛1; let us denote the corresponding family of almost complex structures by J˛.

With J˛, the analogue of Proposition 7.2 holds, with the difference that the disks in a class � 2
�2.x � x�;y � x�/ or �2.x � xC;y � xC/ have nz2.�/D 0 instead of nz1.�/D 0; and the classes �
are obtained from x� by taking connected sum with some copies of the complement of the disk bounded
by ˛1. Note that the description of CF �.T˛;Tˇ ;w/ as the cone (75) is still true, and so is Corollary 7.3.

On the other hand, once we ignore the w basepoints and relabel z’s as w’s, the description we have
of CF �.T˛;Tˇ ;w/ from (76) changes. In the situation depicted on the right-hand side of Figure 15,
with J˛, the complex CF �.T˛;Tˇ ;w/ is simply the cone

(78) CCŒŒU2��
U2�U1
�����! C�ŒŒU2��:

Corollary 7.4 still holds, with the � map defined by the same formula (77).

One can interpolate between Jˇ and J˛ by a family of almost complex structures, all with sufficiently
large connected sum neck along c. This induces a map on Floer complexes

(79) ˆJˇ!J˛ W CF
�.T˛;Tˇ ;w; Jˇ /! CF �.T˛;Tˇ ;w; J˛/:
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x�

xC

w1 w2

ˇ1
˛1

cˇ

c

w1 w2

c

˛1

c˛

ˇ1

x�

xC

ˆJˇ!J˛

Figure 15: A change of almost complex structures from Figure 14.

See Figure 15. The change of almost complex structure map was studied in [Zemke 2015, Lemma 14.5].
We state the result below with our conventions.

Here, and later in the paper, we will write maps between mapping cones as 2�2 matrices; each cone will
be viewed (as a vector space) as the direct sum of its domain and target, in this order.

Proposition 7.6 [Zemke 2015] For sufficiently stretched almost complex structures , the map (79) can
be written as

ˆJˇ!J˛ D

�
id �
0 id

�
or , in more expanded form ,

C
U1!U2
C

ŒŒU1��
id
//

U1�U2
��

CCŒŒU2��

U1�U2

��

CU1!U2� ŒŒU1��
id
//

�

88

C�ŒŒU2��

Remark 7.7 The upper right entry � inˆJˇ!J˛ can be computed explicitly; see Remark 14.6 of [Zemke
2015]. However, we do not need to know it for our purposes.

Corollary 7.8 The map (79) is related to the projections � of the form (77) by

� ıˆJˇ!J˛ D �:

Proof This follows immediately from Proposition 7.6. Indeed, recall that the maps � take the domains
of the cones to zero, and act on the targets by taking both U1 and U2 to U1.

We also need to consider the change of almost complex structures map for a free index zero/three
stabilization done in the neighborhood of a basepoint w1; see Figure 16. This will be useful to us in
Section 7.5 below. To be in agreement with the notation there, we will denote the unstabilized diagram by
.†; x̨; x
; xw/, and the stabilized one by .†;˛;
;w/, with ˛D x̨[f˛1g, 
 D x
[f
1g and wD xw[fw2g.
We consider almost complex structures J˛ stretched along c and c˛ , and J
 stretched along c and c
 . We
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Figure 16: A change of almost complex structures for free index zero/three stabilizations.

then interpolate between them using a family of almost complex structures sufficiently stretched along c.
This induces a map

(80) ˆJ˛!J
 W CF
�.T˛;T
 ;w; J˛/! CF �.T˛;T
 ;w; J
 /:

Note that, if we write C D CF �.Tx̨;Tx
 ; xw/, then both the domain and the target of ˆJ˛!J
 can be
identified with the cone

(81) C�ŒŒU2��
U2�U1
�����! CCŒŒU2��:

The following result comes from [Zemke 2015, Proposition 14.22]:

Proposition 7.9 [Zemke 2015] For sufficiently stretched almost complex structures , the map (80) can
be written as

ˆJ˛!J
 D

�
id 0

� id

�
or , in more expanded form ,

C�ŒŒU2��
id
//

U1�U2
��

�

%%

C�ŒŒU2��

U1�U2
��

CCŒŒU2��
id
// CCŒŒU2��

Once again, the lower right term � is computed explicitly in [Zemke 2015, Proposition 14.22], but we do
not need to know that formula here.

We are interested in the relation of the map (80) with the projections �.

Corollary 7.10 There is a chain homotopy

� ıˆJ˛!J
 ' �:

Proof Note that, since now the lower right term is nonzero, we do not have �ıˆJ˛!J
 D � on the nose,
as in Corollary 7.8. On the other hand, we can look at the homotopy inverses to �. From the proof of
Lemma 3.14, such homotopy inverses are given by

� W CF �.Tx̨;Tx
 ; xw/! CF �.T˛;T
 ;w/; �.x/D x� xC:
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Proposition 7.9 implies that �DˆJ˛!J
 ı �, on the nose. Since � ı �' id and � ı �D id, we have

� ıˆJ˛!J
 ' � ıˆJ˛!J
 ı � ı �D � ı � ı �D �:

7.4 Holomorphic polygons

Our next goal is to study the behavior of holomorphic polygons under an index zero/three link stabilization.
The discussion will be modeled on Section 6, where we did a similar study for quasistabilizations.

Consider a Heegaard multidiagram

.†; x̨.1/; : : : ; x̨.k/; x̌.1/; : : : ; x̌.l/; xw; Nz/;

and let
.†;˛.1/; : : : ;˛.k/;ˇ.1/; : : : ;ˇ.l/;w; z/

be its index zero/three link stabilization, in the sense that each pair .˛.i/;ˇ.j // is related to .x̨.i/; x̌.j //
by an index zero/three link stabilization, introducing two new basepoints w2 and z2 near z1, and two
new curves ˛.i/1 and ˇ.j /1 . Furthermore, we want the new curves ˛.i/1 to be Hamiltonian translates of
one another, intersecting at two points each; and the same for the new curves ˇ.j /1 . See Figure 17 for an
example, with k D 2 and l D 3.

Mark the top-degree intersection points � .i/˛ 2 ˛
.i/
1 \˛

.iC1/
1 for i D 1; : : : ; k�1, and � .j /

ˇ
2ˇ

.j /
1 \ˇ

.jC1/
1

for j D 1; : : : ; l � 1. Pick �.i/˛ 2 T˛.i/ \ T˛.iC1/ containing � .i/˛ , and pick �.j /
ˇ
2 Tˇ .j/ \ Tˇ .jC1/

containing � .j /
ˇ

. Let N�.i/˛ D �
.i/
˛ � f�

.i/
˛ g and N�.j /

ˇ
D �

.j /

ˇ
� f�

.j /

ˇ
g be the corresponding intersection

points in the destabilized diagram.

Let xC and x� be the two points of intersection between ˛.1/1 and ˇ.1/1 such that there is a bigon from
xC to x� going over z1 (and also one going over z2). Similarly, let yC and y� be the two points of
intersection between ˛.k/1 and ˇ.l/1 such that there is a bigon from yC to y� going over z1.

We want to study holomorphic .kCl/-gons with boundaries on ˛.k/; : : : ;˛.1/;ˇ.1/; : : : ;ˇ.l/, in this
clockwise order, and with vertices at �.i/˛ and �.j /

ˇ
as well as arbitrary x 2 T˛.1/ \ Tˇ .1/ and y 2

T˛.k/ \Tˇ .l/ . A class � of such holomorphic .kCl/-gons can be viewed as the connected sum of a
class x� on the destabilized diagram, and a class  of polygons on the sphere S. Furthermore, given x�
and intersection points r1 2 ˛

.1/
1 \ˇ

.1/
1 and r2 2 ˛

.k/
1 \ˇ

.l/
1 , we define ˆ.x�; r1; r2/ as the set of classes

� D .x�; / satisfying nw2.�/ D 0, and with  going from r1 to r2. This set is nonempty only when
.r1; r2/D .xC; yC/ or .r1; r2/D .x�; y�/, in which case it consists in splicing of a standard polygon
 0 on S (an example is the shaded region in Figure 17) and some beta boundary degenerations.

Proposition 7.11 Choose generic almost complex structures Jˇ associated to a sufficiently large con-
nected sum neck along c, and also sufficiently stretched along a curve cˇ enclosing the ˇ.j /1 curves , as in
Figure 17. Then:
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˛
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1
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1

ˇ
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1
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1

xC y�cˇ

c
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x�

z1

w2

m2

m3

Figure 17: General polygons under an index zero/three stabilization. The black dots represent the
� intersection points. The shaded region is the domain of a pentagon class  0.

(a) When the components of .x;y/ on S are the pair .xC; y�/, the counts of holomorphic .kCl/-gons
in classes

� 2 �2.�
.k�1/
˛ ; : : : ;�.1/˛ ;x;�

.1/

ˇ
; : : : ;�

.l�1/

ˇ
;y/

are always zero.

(b) Suppose x D Nx � r1 and y D Ny � r2 with .r1; r2/ D .xC; yC/ or .x�; y�/. Then the counts of
holomorphic .kCl/-gons in classes

� 2 �2.�
.k�1/
˛ ; : : : ;�.1/˛ ;x;�

.1/

ˇ
; : : : ;�

.l�1/

ˇ
;y/

can be nonzero only when nw2.�/D 0. Further , for

x� 2 �2. N�
.k�1/
˛ ; : : : ; N�.1/˛ ; Nx; N�

.1/

ˇ
; : : : ; N�

.l�1/

ˇ
; Ny/;

if we define ˆ.x�; r1; r2/ as the set of classes � D .x�; / satisfying nw2.�/D 0, and with  going
from r1 to r2, then

(82) #M.x�/D
X

�2ˆ.x�;r1;r2/

#M.�/ .mod 2/:

Proof We use similar arguments to those in the proof of Proposition 6.18.
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In the limit as we stretch the connected sum neck along c, holomorphic polygons become splicings of
(possibly broken) holomorphic polygons on the two sides. The homology classes of polygons split also,
as � D .x�; /, where x� is on † and  on S.

Unlike for quasistabilizations, now the curve ˛1 does not go through the point p, and hence cannot serve
as boundary for the domains on †. Hence, x� is now an ordinary class of polygons (rather than a pair of a
polygon and an ˛ boundary degeneration), so the analysis becomes somewhat simpler.

Consider a few domain multiplicities for �, shown in Figure 17:

m1 D np.�/; m2 D nz2.�/; m3 D nz1.�/; m4 D nw2.�/:

The analogue of Lemma 6.10 gives the index of the class �:

�.�/D �.x�/C�. /� 2m1:

There is also an analogue of Lemma 6.13, which gives the index of the component  :

�. /D .3� k� l/Cm1Cm2Cm3Cm4:

Hence,

(83) �.�/D �.x�/Cm2Cm3Cm4�m1:

Further, by the relations for a domain to be acceptable (see Lemma 6.7), we have

m3�m4 Dm1�m2C ı;

with

ı D

8<:
1 if .r1; r2/D .xC; y�/;
0 if .r1; r2/D .xC; yC/ or .x�; y�/;
�1 if .r1; r2/D .x�; yC/:

From here and (83), we get

(84) �.�/D �.x�/C 2m4C ı:

We are interested in classes � with �.�/ D 3� k � l , so that we can count rigid holomorphic .kCl/-
gons. If such a class � contains holomorphic representatives, we must have �.x�/ � 3 � k � l . The
relation (84) implies that 2m4C ı � 0. Since m4 � 0, this disallows the case ı D 1; that is, we cannot
have .r1; r2/D .xC; y�/. Part (a) is proved.

Part (b) deals with the case ı D 0. Then �.x�/� 3� k� l D �.�/ and (84) imply that

�.x�/D 0; m4 D 0:

This shows that � 2 ˆ.x�; r1; r2/. Observe that the classes in ˆ.x�; r1; r2/ are splicings of a standard
polygon class  0 on S (an example is the shaded region in Figure 17) and some disk classes (namely,
exteriors of the curves ˛.i/1 or ˇ.j /1 in Figure 17).
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We have convergence and gluing results entirely similar to those in the proof of Proposition 6.18; compare
Propositions 6.14 and 6.15. From there we obtain the desired relation (82) between the holomorphic
polygons in the class x� and those in the possible classes �.

Remark 7.12 If we had a single set of alpha curves (and several betas), then the result of Proposition 7.11
would follow more directly from the analysis in Section 6.6; see also [Zemke 2015, Lemma 14.25]. In
that case, we would actually get a stronger conclusion; for example, the holomorphic polygon counts
would be zero for .r1; r2/D .x�; yC/ as well.

Remark 7.13 In the proof of Proposition 7.11 we actually did not use that the almost complex structures
are stretched along cˇ , only along c. However, we need to stretch along cˇ in order to identify holomorphic
disks — and thus express the domain and target of polygon maps in terms of mapping cones — for
Propositions 7.16 and 7.14 below.

We present below two consequences of Proposition 7.11. They are similar in spirit to Propositions 6.21
and 6.20.

First, we consider the polygon maps on ordinary Floer complexes CF �, and study their behavior with
respect to the variant of index zero/three stabilization shown in Figure 14. The relevant picture is obtained
from Figure 17 by deleting w2 and relabeling z1 and z2 as w1 and w2. In the stabilized diagram, we have
a map

F WCF �.T˛.1/ ;Tˇ .1//!CF
�.T˛.k/ ;Tˇ .l//; F .x/Df .�.k�1/˛ ˝� � �˝�.1/˛ ˝x˝�

.1/

ˇ
˝� � �˝�

.l�1/

ˇ
/;

whereas, in the original (destabilized) diagram, we have

F WCF �.Tx̨.1/ ;T x̌.1//!CF
�.Tx̨.k/ ;T x̌.l//; F . Nx/Df . N�.k�1/˛ ˝� � �˝ N�.1/˛ ˝ Nx˝

N�
.1/

ˇ
˝� � �˝ N�

.l�1/

ˇ
/:

Proposition 7.14 In the setting of Figure 14, the polygon maps induced on CF � commute (on the nose)
with the projections � from Corollary 7.4; that is ,

� ıF D F ı �:

Proof The map � takes generators containing xC or yC to zero, and otherwise sends both U1 and U2
to U1. In view of this, the result follows readily from Proposition 7.11: if Ny appears with some coefficient
U n1 in the polygon map (on the destabilized diagram) applied to some Nx, then Ny � y� appears with
a coefficient U n11 U

n2
2 in the polygon map applied to Nx � x� such that n1 C n2 D n. This implies

commutation with �.

Remark 7.15 Proposition 7.14 easily extends to maps between generalized link Floer complexes, where
these complexes may use both types of basepoints on the link components that are not involved in the
stabilization move.
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Secondly, we can look at an index zero/three stabilization as in Figure 17, and consider the polygon maps
induced on generalized link Floer complexes

(85)
F WA�.T˛.1/ ;Tˇ .1/ ; s/!A�.T˛.k/ ;Tˇ .l/ ; s/;

F .x/D f .�.k�1/˛ ˝ � � �˝�.1/˛ ˝x˝�
.1/

ˇ
˝ � � �˝�

.l�1/

ˇ
/

and

(86)
F WA�.Tx̨.1/ ;T x̌.1/ ; s/!A�.Tx̨.k/ ;T x̌.l/ ; s/;

F . Nx/D f . N�.k�1/˛ ˝ � � �˝ N�.1/˛ ˝ Nx˝
N�
.1/

ˇ
˝ � � �˝ N�

.l�1/

ˇ
/:

We are interested in whether these maps commute with the projections �. In Corollary 7.3, the maps � on
A�.H; s/ are induced from those on CF �, using the Alexander filtration. Further, homotopy inverses �
to the � maps on CF � can be found from the proof of Lemma 3.14: they are given by

�.x/D x� xC; �.y/D y �yC:

The same formulas must give homotopy inverses for the filtered versions of �, on A�.H; s/.

Proposition 7.11 now shows that the polygon maps commute with �, on the nose:

(87) F ı �D � ıF :

In the case when F and F are triangle maps (ie k D 1 and l D 2, or k D 2 and l D 1), the same argument
as in the proof of Corollary 7.10 shows that these triangle maps commute with the homotopy inverses
to �, which are the maps �:

(88) � ıF ' F ı �:

For kC l � 4, however, the polygon maps F and F are not chain maps, so a chain homotopy as in (88)
would not make sense. Nevertheless, we can state a similar result by considering hypercubes of chain
complexes, as in Section 5. Suppose that

C D .C ";D"/"2En

is a hypercube, where the C " are generalized link Floer complexes of the form A�.T˛."/;Tˇ."/; s/

for some collections of curves ˛."/ and ˇ."/ depending on ", and the maps D" are polygon maps of
the form (85) above, with kC l D k"kC 2. (Such hypercubes will appear throughout this paper; see
Section 8.3 below.) Furthermore, suppose that all ˛."/ and ˇ."/ are obtained from collections x̨."/ and
x̌."/ by index zero/three stabilizations in the same spot. We have a hypercube

C D .C ";D"/"2En

in the destabilized diagram, where the maps D" are of the form (86).

The analogue of (88) in this general situation is the following:
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w2

w1

1 ˇ1

c˛

c

x�

xCy�

Figure 18: A strong equivalence between different kinds of stabilizations.

Proposition 7.16 Consider two hypercubes of chain complexes C and C as above , related by an index
zero/three link stabilization , with almost complex structures chosen as in Proposition 7.11. Then there
exists a chain map (as in Definition 5.15)

‰ W C ! C

whose components ‰0" W C
"! C " are the projections � from Corollary 7.3.

Proof For the components of ‰ that increase the value of k"k by one, we choose the chain homotopies
in (88); then (88) says that the condition for ‰ to be a chain map, equation (60), is satisfied along
two-dimensional faces.

The higher components of ‰ are constructed inductively in the dimension of the faces. This is done
using (87) and arguments similar to those in the proof of Corollary 7.10, but applied to chain maps
between hypercubes.

7.5 A strong equivalence

We now turn to discussing a move that will appear naturally in the context of index zero/three link
stabilizations for complete systems of hyperboxes, in Section 8.9. This move is pictured in Figure 18,
and consists in replacing the curve ˇ1 by 
1 in that diagram, as well as replacing all the other beta curves
(not shown) with small isotopic translates of themselves, intersecting them in two points. We denote by
HD .†;˛;ˇ;w/ the initial diagram, by H0 D .†;˛;
;w/ the final one, and by HD .†; x̨; x̌; xw/ and
H0 D .†; x̨; x
; xw/ the destabilized diagrams, with a single w in place of Figure 18. Note that H and H0

are strongly equivalent, and in fact surface isotopic, in the sense of Definition 3.13. As usual, we view †

as the connected sum of † and a sphere S that contains Figure 18.
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Observe that H is exactly the variant of free index zero/three stabilization pictured in Figure 14, whereas
H0 is an ordinary free index zero/three stabilization of H0. Our move from H to H0 is a strong equivalence —
see Definition 3.13(a) — and it can be viewed as handlesliding ˇ1 over several other beta curves — those
on the boundary of the component of † nˇ that contains w1.

For each curve ˇi not shown in the figure, let 
i be its translate, and let �i 2 ˇi \ 
i be the intersection
point that gives higher homological grading. We denote by � 2 Tˇ \T
 the generator formed by all �i
together with the point � in Figure 18. Let N� D � �f�g 2 T x̌\Tx
 be the corresponding generator in the
destabilized diagram.

To compute Floer complexes, we will use almost complex structures for sufficiently large neck stretching
along the curves c and c˛ in Figure 18. With these almost complex structures, recall from Section 7.3
that the Heegaard Floer complexes CF �.H; J˛/ and CF �.H0; J˛/ can be described as the mapping
cones (78) and (81), respectively. Thus, they are chain homotopy equivalent to CF �.H/ and CF �.H0/,
respectively, via the projections �.

At the level of Heegaard Floer complexes, the strong equivalence from H to H0 induces a map

F W CF �.H/! CF �.H0/

given by counting holomorphic triangles with one vertex at N� .

Similarly, the strong equivalence from H to H0 induces a map

F˛ W CF
�.H; J˛/! CF �.H0; J˛/

given by counting holomorphic triangles with one vertex at � .

The map F˛ is a version of the transition map computed in [Zemke 2015, Proposition 14.8]. Translated
into our setting, his result reads:

Proposition 7.17 [Zemke 2015] For generic almost complex structures J˛ associated to a sufficiently
large neck along the curves c and c˛, the map F˛ is given by the 2� 2 matrix

(89) F˛ D

�
F 0

0 F

�
;

or , in a more expanded form ,
CCŒŒU2��

F
//

U1�U2
��

C 0�ŒŒU2��

U1�U2
��

C�ŒŒU2��
F
// C 0
C
ŒŒU2��

where C D CF �.H/ and C 0 D CF �.H0/.

Remark 7.18 Since the x̌ and x
 curves are obtained from each other by small isotopies, the triangle
map F is chain homotopic to the nearest-point map; see [Ozsváth and Stipsicz 2010, proof of Theorem 6.6].
On homology, we can think of the map induced by F as the identity.
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Corollary 7.19 Under the hypotheses of Proposition 7.17, we have a commutative diagram

CF �.H; J˛/
F˛
//

�
��

CF �.H0; J˛/

�
��

CF �.H/
F

// CF �.H0/

Proof This is an immediate consequence of Proposition 7.17.

While in Proposition 7.17 we worked with almost complex structures J˛ stretched along c and c˛, in
this paper we will mostly work in the setting of Section 7.2; that is, with almost complex structures Jˇ ,
stretched along c and cˇ (or J
 , stretched along c and c
 /. Recall from (76) that CF �.H; Jˇ / can be
identified with the cone

C
U1!U2
C

ŒŒU1��
U1�U2
�����! CU1!U2� ŒŒU1��:

Further, CF �.H; J
 / can be identified with the cone from (75), namely

C�ŒŒU2��
U1�U2
�����! CCŒŒU2��:

We can go from CF �.H; Jˇ / to CF �.H0; J
 / by first changing the almost complex structures from Jˇ

to J˛ as in Proposition 7.6, then applying the triangle map F˛ from Proposition 7.17, and then changing
the almost complex structure from J˛ to J
 as in Proposition 7.9; that is, we define

F W CF �.H; Jˇ /! CF �.H0; J
 /; F DˆJ˛!J
 ıF˛ ıˆJˇ!J˛ :

Our main interest is the relation of F with the destabilization maps � from Corollaries 7.3 and 7.4.

Corollary 7.20 The following diagram commutes up to a chain homotopy (represented by the diagonal
map):

CF �.H; J˛/
F
//

�

�� ''

CF �.H0; J
 /

�

��

CF �.H/
F

// CF �.H0/

Proof Put together the results of Corollaries 7.8, 7.19 and 7.10.

We now turn to discussing how higher polygon maps interact with the move in Figure 18.

Specifically, in Figure 18, we will introduce several isotopic translates of each curve. Suppose we have a
Heegaard multidiagram

.†; x̨.1/; : : : ; x̨.k/; x̌.1/; : : : ; x̌.l/; x
.1/; : : : ; x
.m/; xw; z/;

and let
.†;˛.1/; : : : ;˛.k/;ˇ.1/; : : : ;ˇ.l/;
.1/; : : : ;
.m/;w; z/

be obtained from it by adding a new basepoint w2 and new curves

˛
.i/
1 ; i D 1; : : : ; kI ˇ

.i/
1 ; i D 1; : : : ; l I 


.i/
1 ; i D 1; : : : ; m
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that are translates of ˛1, ˇ1 and 
1 from Figure 18. Furthermore, we want the new curves ˛.i/1 to intersect
one another at two points each, and similarly for the new beta and gamma curves.

We mark the top-degree intersection points � .i/˛ 2 ˛
.i/
1 \˛

.iC1/
1 for i D 1; : : : ; k� 1, and similarly � .i/

ˇ

and � .i/
 . Pick �.i/˛ 2T˛.i/\T˛.iC1/ containing � .i/˛ , and let N�.i/˛ D �
.i/
˛ �f�

.i/
˛ g. We pick �.i/

ˇ
containing

�
.i/

ˇ
and �.i/
 containing � .i/
 , and define N�.i/

ˇ
and N�.i/
 similarly.

Furthermore, we assume that the curves x̌.l/ and x
.1/ are small isotopic translates of each other, intersect-
ing in two points. We let N� be the top intersection point in T x̌.l/ \Tx
.1/ , and then set � D N� � � , where
� 2 ˇ

.l/
1 \ 


.1/
1 is as in Figure 18.

We now count holomorphic .kClCm/-gons with boundaries, in clockwise order, on ˛.k/; : : : ;˛.1/,
ˇ.1/; : : : ;ˇ.l/, 
.1/; : : : ;
.m/ and with vertices at �.i/˛ , �.i/

ˇ
, � and �.i/
 as well as arbitrary x 2

T˛.1/ \Tˇ .1/ and y 2 T˛.k/ \T
.m/ . If we use almost complex structures J˛ stretched along c and c˛
(where c˛ encloses the curves ˛.i/1 ), the holomorphic polygon counts give rise to a map

G˛ W CF
�.T˛.1/ ;Tˇ .1/ ; J˛/! CF �.T˛.k/ ;T
.m/ ; J˛/:

There is a corresponding map in the destabilized diagram

G W CF �.Tx̨.1/ ;T x̌.1//! CF �.Tx̨.k/ ;Tx
.m//:

We can also consider almost complex structures Jˇ stretched along c and cˇ (where cˇ encloses ˇ.1/1 ),
and J
 stretched along c and c
 (where c
 encloses 
 .m/1 ). By pre- and post-composing with change of
almost complex structure maps, we can define

G DˆJ˛!J
 ıG˛ ıˆJˇ!J˛ W CF
�.T˛.1/ ;Tˇ .1/ ; Jˇ /! CF �.T˛.k/ ;T
.m/ ; J
 /:

The analysis done for holomorphic triangles in [Zemke 2015, Proposition 14.8] extends to the case of
higher polygons (see also the proof of Proposition 7.11). We obtain the following result:

Proposition 7.21 The higher polygon maps G˛ commute with the projections �:

� ıG˛ DG ı �:

Observe that Proposition 7.21 implies an analogous result for the maps G instead of G˛, but with the
commutation only up to homotopy, and assuming that the maps G are chain maps:

� ıG 'G ı �:

Of course, in general, the polygon maps G are not chain maps, but rather fit into hypercubes of chain
complexes similar to those in the setting of Proposition 7.16. The “commutation up to homotopy” can
then be phrased in terms of the existence of a chain map between hypercubes, which has the maps �
along its edges.

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 2875

Remark 7.22 The discussion in this section was for Heegaard Floer complexes, using only w basepoints.
However, if there are some z basepoints (away from the sphere S, so that w1 and w2 are still free), the
same results apply to generalized link Floer complexes.

8 Hyperboxes of Heegaard diagrams

In this section we define the notion of a complete system of hyperboxes for a link. As advertised in the
introduction, this notion is the basic input for the surgery theorem.

Let ˇ D .ˇ1; : : : ; ˇgCk�1/ and ˇ0 D .ˇ01; : : : ; ˇ
0
gCk�1

/ be two collections of curves on .†;w; z/. We
will need the following terminology:

Definition 8.1 Suppose that, for any i , the curve ˇ0i is obtained from ˇi by an isotopy such that ˇi
and ˇ0i intersect each other transversely, in exactly two points, and do not intersect any of the other curves
in the diagrams. If this is the case, we write ˇ � ˇ0, and we say that ˇ0 approximates ˇ. Replacing ˇ by
ˇ0 is called an approximation.

Fix a multipointed, generic, admissible Heegaard diagram .†;˛;ˇ;w; z/ for a link L, and s 2H.L/.
If ˇ0 approximates ˇ sufficiently closely, then there is a nearest-point map from A�.T˛;Tˇ ; s/ to
A�.T˛;Tˇ 0 ; s/ taking each intersection point to the corresponding nearest intersection point.

Lemma 8.2 If ˇ0 approximates ˇ sufficiently closely , then the nearest-point map is an isomorphism of
chain complexes.

Proof When the approximation is sufficiently small, the nearest-point map, which is clearly an iso-
morphism of modules, coincides with a continuation map obtained from varying the almost complex
structure. The latter is always a chain map; see [Ozsváth and Szabó 2004b, Section 7.3].

8.1 ˇ-hyperboxes

Let ˇ and ˇ0 be collections of curves on .†;w; z/ that are strongly equivalent. Note that the Heegaard
diagram .†;ˇ;ˇ0;w; z/ is link-minimal, and represents an unlink inside the connected sum of several
copies of S1 �S2. If the pair .ˇ;ˇ0/ is generic and admissible, we can define a generalized Floer chain
complex A�.Tˇ ;Tˇ 0 ; 0/ as in Section 3.2; see in particular Remark 3.9. (Here, 0 is the zero vector.) We
will use the alternative description of that complex from Section 3.6, and thus denote it by A�.Tˇ ;Tˇ 0 ; 0/.
The resulting Floer homology H�.A�.Tˇ ;Tˇ 0 ; 0// is the generalized Heegaard Floer homology of an
unlink inside the connected sum of several copies of S1�S2, hence it equals the homology of a torus; see
the completion of the proof of Theorem 3.16 at the end of Section 3.5. As such, there is a well-defined
maximal-degree element �ˇ;ˇ 0 2H�.A�.Tˇ ;Tˇ 0 ; 0//. Observe that, if the surface † has genus g, then
this maximal degree is � D 1

2
g. In the particular case when ˇ � ˇ0, there is also a canonical cycle

(intersection point) ‚can
ˇ;ˇ 0

representing �ˇ;ˇ 0 .
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Recall the notation from Section 5.1; in particular, pick d D .d1; : : : ; dn/ 2 .Z�0/n; n� 0, and consider
the set of multi-indices E.d/. We say that two multi-indices "; "0 2 E.d/ with " � "0 are neighbors if
"0� " 2 En. Note that, in the definition of a hyperbox of chain complexes (Definition 5.1), we only have
linear maps D"

0�" W C "! C "
0

in the case when " and "0 are neighbors.

The hyperbox E.d/ can be viewed as a union of several unit hypercubes: if all di ’s are nonzero, there
are d1d2 � � � dn unit hypercubes of dimension n, whereas, if some di ’s are zero, we get a union of
unit hypercubes of smaller dimension. More precisely, let dı D .dı1 ; : : : ; d

ı
n/ consist of the values

dıi D max.di � 1; 0/, and let nı be the number of nonzero di ’s. Then E.d/ is the union of the unit
hypercubes "CEnı for " 2 dı.

Definition 8.3 An empty ˇ-hyperbox of size d 2 .Z�0/n on a fixed surface with marked points .†;w; z/
consists of a collection fˇ"g"2E.d/ of strongly equivalent sets of attaching beta curves ˇ", indexed by
" 2 E.d/. Further, we require that, for each unit hypercube of the form "C Enı with " 2 dı, the
corresponding Heegaard multidiagram .†; fˇ"

0

g"02."CEnı /;w; z/ is generic and admissible.

Definition 8.4 Let fˇ"g"2E.d/ be an empty ˇ-hyperbox, consisting of diagrams on a surface of genus g.
Set �D 1

2
g. A filling ‚ of the hyperbox consists of chain elements

‚";"0 2 A
�
�Ck"0�"k�1.Tˇ" ;Tˇ"0 ; 0/;

one for each pair ."; "0/ such that " < "0 and " and "0 are neighbors. The chains ‚";"0 are required to
satisfy the following conditions:

� When " < "0 and k"0� "k D 1 (ie " and "0 are the endpoints of an edge in the hyperbox), ‚";"0 is a
cycle representing the maximal-degree element �ˇ";ˇ"0 in Floer homology.

� For any " < "0 such that " and "0 are neighbors,

(90)
k"0�"kX
lD1

X
f"D"0<���<"lD"0g

f .‚"0;"1 ˝ � � �˝‚"l�1;"l /D 0:

The data consisting of an empty ˇ-hyperbox fˇ"g"2E.d/ and a filling by f‚";"0g is simply called a
ˇ-hyperbox.

Remark 8.5 The simplest kind of ˇ-hyperbox is a ˇ-hypercube, ie one with d D .1; : : : ; 1/, so that
E.d/D En. Then the Heegaard multidiagram consisting of all 2n curve collections has to be admissible.
Further, any two "; "0 2En with "� "0 are neighbors, so, for any such " and "0, the pair .ˇ";ˇ"

0

/ needs to
come equipped with a chain ‚";"0 such that these chains satisfy (90).

This kind of ˇ-hypercube is quite natural, and has already appeared implicitly in the Heegaard Floer
literature, eg in [Ozsváth and Szabó 2005]. There are two reasons why we need the more general kind of
hyperbox. The first is that we want to allow for some of the beta pairs in the hyperbox (those for which
" and "0 are not neighbors) to form nonadmissible diagrams. These nonadmissible diagrams make an
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appearance in the construction of basic systems; see Section 8.7 below. The second reason is that general
hyperboxes appear naturally in the context of grid diagrams; see Section 15.6 below.

Lemma 8.6 Any empty ˇ-hyperbox admits a filling. Moreover , if a filling is partially defined on the m-
skeleton of a ˇ-hyperbox (ie the elements ‚";"0 are defined only for neighbors " and "0 with k"0� "k �m,
and satisfy the required conditions), it can be extended to a filling on the whole hyperbox.

Proof We construct the chain elements ‚";"0 inductively on k"0� "k.

When k"0� "k D 1, we choose arbitrary cycles representing the maximal-degree elements in homology.

When k"0 � "k > 1, suppose we want to define ‚";"0 and we have defined elements ‚
;
 0 , whenever
k
 0� 
k< k"0� "k, satisfying (90). Set

c D

k"0�"kX
lD2

X
f"D"0<���<"lD"0g

f .‚"0;"1 ˝ � � �˝‚"l�1;"l /:

Using (12), we obtain

@c D

k"0�"kX
lD2

X
f"D"0<���<"lD"0g

f .f .‚"0;"1 ˝ � � �˝‚"l�1;"l //

D

k"0�"kX
lD2

X
f"D"0<���<"lD"0g

X
0�i<j�l
.i;j /¤.0;l/

f .‚"0;"1 ˝ � � �˝f .‚"i ;"iC1 ˝ � � �˝‚"j�1;"j /˝ � � �˝‚"l�1;"l /

D 0:

Here, for the last equality we applied (90) to the pair ."i ; "j /.

Thus, c is a cycle in A�
�Ck"0�"k�2

.Tˇ" ;Tˇ"0 ; 0/. If k"0� "k D 2, then c is the sum of two terms of the
form f .‚";"1 ˝‚"1;"0/. Both of these terms represent the nonzero homology class of maximal degree
(compare [Ozsváth and Szabó 2005, proof of Lemma 4.5]), and therefore their sum c is a boundary. If
k"0� "k> 2, then the respective homology group A�

�Ck"0�"k�2
.Tˇ" ;Tˇ"0 ; 0/ is zero (being beyond the

maximal degree �), so c is again a boundary. Thus, in any case we can choose ‚";"0 such that @‚";"0 D c.
Then (90) is satisfied for the pair ."; "0/.

8.2 Hyperboxes of strongly equivalent Heegaard diagrams

We define an ˛-hyperbox on .†;w; z/ to be the same as a ˇ-hyperbox, except we denote the collections
of curves by ˛’s and, for any neighbors " < "0, we are given elements ‚"0;" 2 A�.T˛"0 ;T˛" ; 0/ rather
than in A�.T˛" ;T˛"0 ; 0/. The compatibility relation (90) has to be modified accordingly:

(91)
k"0�"kX
lD1

X
f"0D"0>���>"lD"g

f .‚"0;"1 ˝ � � �˝‚"l�1;"l /D 0:
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Now suppose that we have d D .d1; : : : ; dn/ 2 .Z�0/n for some n� 0, and we are given maps

ri W f1; : : : ; dig ! f˛; ˇg; i D 1; : : : ; n:

We can then assign to each edge ."; "0/ of the hyperbox E.d/ a symbol r."; "0/ 2 f˛; ˇg as follows: if
the edge is parallel to the i th axis and its projection to that axis is the segment Œj � 1; j �, we choose
r."; "0/D ri .j /. We refer to frigniD1 as bipartition maps.

Given bipartition maps as above and " 2 E.d/, we set

"˛i D #.r�1i .˛/\f1; : : : ; "ig/; "
ˇ
i D #.r�1i .ˇ/\f1; : : : ; "ig/

for i D 1; : : : ; n. These define n-tuples "˛ 2 E.d˛/ and "ˇ 2 E.dˇ /, where d˛ D .d˛i /
n
iD1 and

dˇ D .d
ˇ
i /
n
iD1 (where, of course, d˛i D #r�1i .˛/ and dˇi D #r�1i .ˇ/). Note that "˛i C "

ˇ
i D "i for any i .

Definition 8.7 Choose d 2 .Z�0/n and bipartition maps ri for i D 1; : : : ; n. A hyperbox H of strongly
equivalent Heegaard diagrams consists of an ˛-hyperbox of size d˛ 2 .Z�0/n and a ˇ-hyperbox of
size dˇ 2 .Z�0/n, both on the same multipointed surface .†;w; z/. These are required to satisfy the
following condition: For each multi-index " 2 E.d/, we can consider the Heegaard diagram

H" D .†;˛
"˛ ;ˇ"

ˇ

;w; z/:

For each unit hypercube "CEnı � E.d/, the curve collections appearing in the diagrams H"0 , for all
"0 2 "CEnı , are required to form a generic, admissible Heegaard multidiagram.

We can view some of the information in H in the following way. The hyperbox H has at each of its vertices
a Heegaard diagram H" such that all of these are strongly equivalent, and each edge in the hyperbox
corresponds to changing either the alpha or the beta curves. Further, we have elements ‚˛"0;" D ‚"0;"
for " < "0 neighbors in E.d˛/, and ‚ˇ";"0 D‚";"0 for " < "0 neighbors in E.dˇ /. We usually refer to a
hyperbox H as going between the Heegaard diagrams H.0;:::;0/ and H.d1;:::;dn/.

Remark 8.8 Suppose we have a hyperbox H of strongly equivalent Heegaard diagrams representing a
link EL� Y. Then the hyperbox H naturally gives rise to a reduced hyperbox r EM .H/, with the same size
and bipartition maps, made of the reduced Heegaard diagrams .r EM .H//" D r EM .H"/; see Definition 3.22.
Indeed, in r EM .H/ we can take the images of the ‚-chain elements from H under the corresponding
inclusion maps defined in Section 3.8.

8.3 Hyperboxes of Floer complexes

Let H be a hyperbox of strongly equivalent Heegaard diagrams, of size d 2 .Z�0/n and with partition
maps ri for i D 1; : : : ; n. At each vertex we have an admissible Heegaard diagram H". Let us assume that
H" represents a link EL in an integral homology sphere Y. Fix s 2H.L/. We will construct an associated
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hyperbox of chain complexes as in Section 5.1. To each vertex " 2 E.d/ we assign the generalized Floer
chain complex

C "� DA
�
� .H"; s/DA

�
� .T˛"˛ ;Tˇ"ˇ ; s/I

compare Section 3.2.

We define the linear maps D"
0�"
" W C "! C "

0

by

D"
0�"
" .x/

D

X
l;p

X
f"
0˛D
0>���>
 lD"˛g

X
f"ˇD�0<���<�pD"

0ˇg

f .‚˛

0;
1

˝� � �˝‚˛

 l�1;
 l

˝x˝‚
ˇ

�0;�1
˝� � �˝‚

ˇ

�p�1;�p
/:

Example 8.9 When "D "0, the corresponding map D0" is just the differential f D @ on the generalized
Floer complex A�� .H"; s/.

Example 8.10 When k"0 � "k D 1, ie ."; "0/ is an edge in the hypercube, D"
0�"
" is given by counting

holomorphic triangles with one specified vertex. Since that vertex is a ‚-cycle representing the maximal-
degree element in homology, the chain map D"

0�"
" is a chain homotopy equivalence.

Example 8.11 When k"0 � "k D 2, we distinguish two cases, according to whether the edges of the
square between " and "0 are marked with only one or both of the symbols ˛ and ˇ. In the first case,
assuming they are marked with ˇ, the map D"

0�"
" is a sum of three different polygon maps: one counting

triangles with one vertex at ‚ˇ
"ˇ;"
0ˇ

and two counting quadrilaterals with two vertices at ‚ˇ
"ˇ;�

and ‚ˇ
"ˇ;�

,
where � is an intermediate multi-index between "ˇ and "

0ˇ . (There are two possibilities for �.) In the
second case, when " and "0 are the vertices of a square with two edges marked with ˛ and two with ˇ,
the map D"

0�"
" is given by counting quadrilaterals with two specified vertices at ‚ˇ

"ˇ;"
0ˇ

and ‚˛
"
0˛;"˛

.

Lemma 8.12 A�.H; s/D ..C "/"2E.d/; .D
"/"2En/ is a hyperbox of chain complexes.

Proof We need to check (38), ie that, for any "; "00 2 En,

(92)
X

"<"0<"00

D"
00�"0

"0 ıD"
0�"
" D 0:

Indeed, the summation in (92) equalsX
f
�
‚˛

0;
1

˝ � � �˝‚˛

 i�1;
 i

˝f .‚˛

 i ;
 iC1

˝ � � �˝‚˛

 l�1;
 l

˝x˝‚
ˇ

�0;�1
˝ � � �˝‚

ˇ

�j�1;�j
/

˝‚
ˇ

�j ;�jC1
˝ � � �˝‚

ˇ

�p�1;�p

�
;

where the sum is taken over all possible l , p, i , j and multi-indices "
0˛ D 
0 > � � � > 
 l D "˛ and

"ˇ D �0 < � � �< �p D "
0ˇ . Applying (12), we find that this sum further equalsX

f .‚˛

0;
1

˝ � � �˝f .‚˛

 i�1;
 i

˝ � � �˝‚˛

j�1;
j

/˝ � � �˝‚˛

 l�1;
 l

˝x˝‚
ˇ

�0;�1
˝ � � �˝‚

ˇ

�p�1;�p
/

C

X
f .‚˛


0;
1
˝� � �˝‚˛


 l�1;
 l
˝x˝‚

ˇ

�0;�1
˝� � �˝f .‚

ˇ

� i�1;� i
˝� � �˝‚

ˇ

�j�1;�j
/˝� � �˝‚

ˇ

�p�1;�p
/:
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Both of these sums vanish. Indeed, let us fix i , l � j, p and all 
’s and �’s in the first sum, except for

 i ; : : : ; 
j�1. Then the corresponding sum of f .‚˛


 i�1;
 i
˝ � � �˝‚˛


j�1;
j
/ over 
 i ; : : : ; 
j�1 is zero

by (91). Similarly, by applying (90) we find that the second sum is also zero.

In the case where the hyperbox H consists of link-minimal diagrams, we can use the alternative description
of A�.H"; s/ as free complexes A�� .H"; s/, as in Section 3.6. We then denote the resulting hyperbox of
chain complexes by A�.H; s/.

8.4 Moves on hyperboxes

In this section we describe a series of moves on hyperboxes of strongly equivalent Heegaard diagrams. In
light of Lemma 8.6, we see that hyperboxes are easy to construct, and thus are rather flexible objects.

Recall the list of Heegaard moves between multipointed Heegaard diagrams from Section 3.3. Suppose
now that H is a hyperbox of strongly equivalent Heegaard diagrams. We have a similar list of hyperbox
Heegaard moves on H:

(i) A three-manifold isotopy of H consists of applying the same three-manifold isotopy to all the Heegaard
diagrams H" simultaneously, keeping the same partition maps and taking the ‚-chain elements (which
are linear combinations of collections of intersection points) to the corresponding linear combinations in
the isotopic diagrams.

(ii) An index one/two stabilization of a hyperbox H consists of a simultaneous index one/two stabilization
of all diagrams H", in the same position. Note that if two collections of attaching curves are strongly
equivalent, they remain so after the stabilization. With regard to the fillings, we need to pair each ‚-chain
element with the unique intersection point between the new alpha curve and new beta curve. The fact
that the new ‚-chain elements still satisfy the relations (90) follows from the argument of [Ozsváth and
Szabó 2006, Lemma 4.7] generalized to polygons.

(iii) A free index zero/three stabilization of a hyperbox H consists of a simultaneous free index zero/three
stabilization of all diagrams H", in the same position. We again note that if two collections of attaching
curves are strongly equivalent, they remain so after the stabilization. With regard to the fillings, we
pair each ‚-chain element with the maximal-degree intersection point between the new alpha and beta
curves. The fact that the new ‚-chain elements still satisfy the relations (90) follows from the first part of
Proposition 6.20.

(iv) An index zero/three link stabilization of a hyperbox H consists of a simultaneous index zero/three
link stabilization of all diagrams H", in the same position. The fillings are constructed as in (iv), by
pairing with the maximal-degree intersection point between the new curves. The relations (90) are then a
consequence of Proposition 7.16.
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(v) Instead of curve isotopies and handleslides, we now have global shifts, defined as follows. Consider
two hyperboxes H and H0 having the same size d 2 .Z�0/n and the same partition maps ri . A global shift S
from H to H0 is an .nC1/-dimensional hyperbox of size .d ; 1/ 2 .Z�0/nC1 such that its subhyperbox
corresponding to "nC1 D 0 is H and its subhyperbox corresponding to "nC1 D 1 is H0. Note that there
are two kinds of global shifts, ˛ and ˇ, according to the value of the map rnC1 W f1g ! f˛; ˇg. Observe
that, by definition, a global shift does not change the Heegaard surface with basepoints .†;w; z/.

(vi) An elementary enlargement will be defined later (see Definition 8.17).

(vii) Inverses to the above. In particular, the inverse process to a stabilization is called destabilization,
and the inverse of an elementary enlargement is called a contraction.

Note that the moves (i)–(v) (and their inverses) preserve the size of the respective hyperbox.

As a particular kind of three-manifold isotopy, we define a surface isotopy of H to consist in applying
the same surface isotopy to all the Heegaard diagrams simultaneously, compare Definition 3.13(b). If H

and H0 are surface isotopic hyperboxes, we write HŠH0.

Let us now focus on understanding global shifts further. Note that a global shift induces a chain map
between the respective hyperboxes of generalized Floer chain complexes; compare Definition 5.15. It
turns out that this map is always a chain homotopy equivalence. Before proving this fact, we need some
preliminaries.

Definition 8.13 Let H and H0 be two hyperboxes of strongly equivalent Heegaard diagrams such that
either

(a) the corresponding alpha curves on H and H0 coincide, whereas the corresponding beta curve
collections approximate each other .ˇ" � ˇ

0") in the sense of Definition 8.1; or

(b) the corresponding beta curves coincide, and the corresponding alpha curve collections approximate
each other.

Further, suppose that the approximations are sufficiently small (for Lemma 8.2 to hold) and suppose
the ‚-chains correspond to each other under the respective nearest-point maps. We then say that H0

approximates H, and write H�H0. If we are in case (a), we call this an approximation of type ˇ, and if
we are in case (b), we call it of type ˛.

Lemma 8.14 Suppose H � H0, where the approximation is of type ˇ. Then there exists a canonical
global shift between H and H0 such that along the new edges we see the canonical elements (mentioned
in Section 8.1)

‚can
" D‚

can
ˇ";ˇ

0" 2 Tˇ" \Tˇ 0" :

Proof For simplicity, we explain the construction in the case when the hyperboxes are one-dimensional
of length one. Thus, H consists of two curve collections ˇ0 and ˇ1 and a chain element ‚ relating them.
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Similarly, H0 consists of curve collections ˇ
00 and ˇ

01 and a chain element ‚0 that is the image of ‚
under the nearest-point map. Along the new edges we are required to place the two intersection points
‚can
0 and ‚can

1 .

We also have a cycle
‚00 2 A�.Tˇ0 ;Tˇ10 ; 0/

that is the image of ‚ under the nearest-point map changing ˇ1 into ˇ
01. (This is a cycle because of

Lemma 8.2.) Recall that there is a canonical homotopy between the continuation map A�.Tˇ00 ;Tˇ10 ; 0/!
A�.Tˇ0 ;Tˇ10 ; 0/ and the triangle map x 7! f .‚can

0 ˝x/; see [Lipshitz 2006, proof of Proposition 11.4]
or [Ozsváth and Stipsicz 2010, proof of Theorem 6.6]. This chain homotopy is defined by counting
holomorphic bigons with a varying almost complex structure and stretching of the neck. Thus,

f .‚can
0 ˝‚

0/D‚00C dH0;

where H0 is the image of ‚0 under the canonical chain homotopy. Similarly,

f .‚˝‚can
1 /D‚00C dH1;

where H1 is the image of a map counting stretched bigons with one vertex at ‚. We then place the chain
element H0CH1 on the two-dimensional face of our global shift. Relation (90) is satisfied.

If H and H0 are one-dimensional (of arbitrary length), we place chain elements as above on all their
two-dimensional faces. Further, the construction generalizes to hyperboxes of higher dimension, by
considering continuation maps with several stretched necks.

The global shift constructed in Lemma 8.14 is called the identity shift. There exists a similar identity shift
between hyperboxes that approximate each other through an approximation of type ˛.

Now suppose H�H0 and fix s 2H.L/. Let .C ";D"/ and .C 0";D0"/ be the hyperboxes of generalized
Floer complexes (for the value s) associated to H and H0, respectively. Note that there is a nearest-
point map from C " to C 0", defined by taking each generator (intersection point) to its image under
the approximation. This is a chain map provided that the almost complex structures are chosen in a
compatible way. In fact, by adding zeros on the higher-dimensional faces, we obtain a chain map between
the respective hyperboxes of generalized Floer complexes. We refer to this as the nearest-point map, too.

Lemma 8.15 An identity shift induces a map on the hyperboxes of Floer complexes which is chain
homotopic to the nearest-point map.

Proof The triangle map induced by an approximation is chain homotopic to the nearest-point map; see
[Ozsváth and Stipsicz 2010, proof of Theorem 6.6]. The argument in [loc. cit.] can also be applied to
higher polygons, with the result that the chain homotopies between triangle and nearest-point maps lift to
chain homotopies between the respective hyperboxes.
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Lemma 8.16 The chain map F.S/ induced by any global shift S on hyperboxes of Floer complexes is a
chain homotopy equivalence.

Proof Let S be a global shift between two n-dimensional hyperboxes H;H0 of size d , so that S has size
.d ; 1/. Let H00;H000 be two hyperboxes that approximate H and each other.

We construct an .nC2/-dimensional hyperbox zS of size .d ; 1; 1/ as follows. Its subhyperbox correspond-
ing to "nC2 D 0 is S, so that "nC1 D "nC2 D 0 corresponds to H, and "nC1 D 1 and "nC2 D 0 is H0. Its
subhyperbox corresponding to "nC1 D 1 is any global shift between H0 and H00; for example, the reverse
Sr of S composed with the identity shift from H to H00. Thus "nC1 D "nC2 D 1 corresponds to H00. For
"nC1 D 0 and "nC2 D 1, we take the other hyperbox H000 that approximates H. For "nC1 D 0 we choose
the identity shift between H and H000, and for "nC2 D 1 the identity shift between H000 and H00. We then
fill in the remaining faces of the hyperbox zS (those corresponding to increasing both "nC1 and "nC2 by
1) with ‚-chain elements in an arbitrary way.

On the level of Floer complexes, the hyperbox zS then produces a chain homotopy between F.Sr/ıF.S/
and the identity.

Definition 8.17 We define an elementary enlargement of a hyperbox H of strongly equivalent Heegaard
diagrams by analogy with the corresponding concept from Section 5.8. Let d 2 .Z�0/n be the size of H.
Pick i0 2 f1; : : : ; ng and j0 2 f0; 1; : : : ; dkg. Define dC D d C �k as in Section 5.8. We also choose a
symbol � D ˛ or ˇ.

We construct a new hyperbox HC of size dC, with bipartition maps rCi D ri for i ¤ i0, and

rCi0 .j /D

8<:
ri0.j / if j � j0;
� if j D j0C 1;
ri0.j � 1/ if j � j0C 2:

The hyperbox HC is obtained from H by splitting the latter into two halves along the hyperplane "i0 D j0,
adding a new subhyperbox at "i0 D j0C1 that approximates the one at "i0 D j0, and inserting the identity
global shift between them. We say that HC is obtained from H by an elementary enlargement. The
reverse process is called elementary contraction.

In Section 5.8 we defined a similar notion of elementary enlargement for hyperboxes of chain complexes.
If HC is the elementary enlargement of a hyperbox of Heegaard diagrams H, let A�.H; s/ and A�.HC; s/

be the respective hyperboxes of generalized Floer chain complexes, as in Section 8.3. Let also A�.H; s/C

be the corresponding elementary enlargement of the hyperbox of chain complexes A�.H; s/. By applying
Lemma 8.15, we see that A�.H; s/C is chain homotopy equivalent to A�.HC; s/.

Lemma 8.18 Let H and H0 be two hyperboxes of strongly equivalent Heegaard diagrams representing
the same oriented link EL� Y and having the same dimension. Then:

(a) The hyperboxes H and H0 can be related by a sequence of hyperbox Heegaard moves.
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(b) Suppose further that the diagrams in H are link-minimal , and the diagrams in H0 have m basepoints
of type z, and therefore m� ` subsidiary w basepoints , as in Proposition 3.12. (We choose the
same basepoints to be subsidiary in all the diagrams in H0.) Then H0 can be obtained from H

using a sequence of hyperbox Heegaard moves that includes exactly m� ` index zero/three link
stabilizations , with each of these stabilizations introducing a subsidiary basepoint.

Proof For part (a), use three-manifold isotopies, stabilizations, and destabilizations to transform the
hyperboxes into two new ones that have the same underlying Heegaard surface .†;w; z/. After a few
more index one/two stabilizations as in [Manolescu et al. 2009a, Lemma 2.4], we can also arrange so
that the alpha curves in H are strongly equivalent to the alpha curves in H0, and the beta curves in H are
strongly equivalent to the beta curves in H0. We can then use elementary enlargements to arrange so that
the hyperboxes H and H0 have the same size and bipartition maps. Using the winding procedure from
[Ozsváth and Szabó 2004b, Section 5], we can find a sequence of empty hyperboxes (of the same size
and with the same bipartition maps) that interpolate between the two: HDH0;H1; : : : ;Hp DH0 such
that each pair .Hj�1;Hj / forms an empty hyperbox of one dimension bigger (satisfying the required
admissibility conditions). We then choose arbitrary fillings of the intermediate hyperboxes Hj (see
Lemma 8.6) as well as arbitrary global shifts between Hj�1 and Hj for j D 1; : : : ; p. The result is a
sequence of global shifts relating H and H0.

Part (b) follows by combining the strategy above with Proposition 3.12.

Recall the invariance statement about generalized Floer complexes for links (Theorem 3.16). We have an
analogous result for hyperboxes of strongly equivalent Heegaard diagrams representing a link:

Proposition 8.19 Let H;H0 be two hyperboxes of strongly equivalent Heegaard diagrams that represent
the same oriented link EL � Y, and have the same dimension. Let A�.H; s/ and A�.H0; s/ be the
hyperboxes of generalized Floer chain complexes associated to H and H0, respectively , for some s 2H.L/.
Pick also natural inclusions R.L/ ,!R.H/ and R.L/ ,!R.H0/, as in Theorem 3.16. Then the hypercubes
obtained from A�.H; s/ and A�.H0; s/ by compression (see Section 5.2) are chain homotopy equivalent
over R.L/, in the sense of Section 5.7.

Proof By Lemma 8.18, it suffices to investigate the effect of hyperbox Heegaard moves on the corre-
sponding (compressed) hyperboxes of generalized Floer complexes. Index one/two stabilizations and
three-manifold isotopies produce chain homotopy equivalences between the respective hyperboxes; see
[Ozsváth and Szabó 2004b; 2006]. The same goes for global shifts, according to Lemma 8.16. The
chain homotopy equivalences then descend to the compressed hyperboxes, according to Lemma 5.19.
Elementary enlargements also produce quasi-isomorphisms between the respective compressions; see
Lemma 5.21. Free index zero/three stabilizations result in equivalences; see [Ozsváth and Szabó 2008a,
Proposition 6.5] and Proposition 6.20. Index zero/three link stabilizations also result in equivalences, as a
consequence of Corollary 7.3 and Proposition 7.16.
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8.5 Sublinks and hyperboxes

Let EL � Y be an oriented link, and M � L a sublink with m components. We choose an orientation
EM of M, not necessarily the one induced from EL. We denote by EL�M the sublink L�M with the

orientation induced from EL.

Definition 8.20 A hyperbox of Heegaard diagrams for the pair . EL; EM/ is an m-dimensional hyperbox
H of strongly equivalent Heegaard diagrams representing the link EL�M, together with an ordering
M1; : : : ;Mm of the components of M.

Remark 8.21 In particular, a hyperbox of Heegaard diagrams for a pair . EL;∅/ is simply a Heegaard
diagram for EL.

Definition 8.20 may appear mysterious at first. The intuition behind it is that a hyperbox H for a pair
. EL; EM/ corresponds to subtracting the link EM from EL. Indeed, although this is not required by the
definition, the initial diagram H.0;:::;0/ of H will always be obtained from a Heegaard diagram for EL
by deleting some of its basepoints. The final diagram will represent EL�M, and the ordering of the
components is telling us the parts of the hyperbox associated to subtracting the respective components
Mi from EL. Indeed, we can think of the ordering as a one-to-one correspondence between the coordinate
axes of the hyperbox and the components of M, where the i th coordinate corresponds to Mi .

To make this more precise, let H
EL; EM be a hyperbox for the pair . EL; EM/. Then, for each M 0 �M, we

denote by H
EL; EM .M 0/ the Heegaard diagram H

EL; EM
".M 0/

, where ".M 0/ is the multi-index with components
".M 0/i for i D 1; : : : ; m, given by

".M 0/i D

�
di if Mi �M

0;

0 otherwise.

Informally, we think of H
EL; EM .M 0/ as the intermediate step in the hyperbox obtained after subtracting M 0

from EL. In particular, the initial and final vertex of the hyperbox H
EL; EM are H

EL; EM .∅/ and H
EL; EM .M/,

respectively.

For every M 0 �M, there is a subhyperbox of H
EL; EM going from H

EL; EM .M 0/ to H
EL; EM .M/. We denote

it by H
EL; EM .M 0;M/. Note that H

EL; EM .M 0;M/ is a hyperbox associated to the pair . EL�M 0; EM �M 0/.
We also denote by H

EL; EM .∅;M 0/ the subhyperbox of H
EL; EM going from H

EL; EM .∅/ to H
EL; EM .M 0/, which

is complementary to H
EL; EM .M 0;M/.

We say that two hyperboxes H
EL; EM and zH EL; EM for the same pair . EL; EM/ are isotopic if they have the

same ordering of the components of M, and the underlying hyperboxes of strongly equivalent Heegaard
diagrams are isotopic. If this is the case, we write H

EL; EM Š zH
EL; EM .

Up to now, the orientation for M has not played any role in the definition of a hyperbox for a pair . EL; EM/.
However, it played a role when we discussed reduction (see Definition 3.22 and Remark 8.8). Observe
that if H

EL; EM is a hyperbox for a pair . EL; EM/, its reduction at an oriented sublink EN � L�M, denoted
by r EN .H

EL; EM /, is a hyperbox for the pair . EL�N; EM/.
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EL�M
EL

EL

EL�M 0

EL�M

EL�M 0

EL�M 0

H
EL; EM

r EM�M 0
Š

H
EL; EM 0

H
EL; EM .M 0;M/

H
EL�M 0; EM�M 0

H
EL; EM .∅;M 0/

Figure 19: Compatibility between hyperboxes. We represent here hyperboxes schematically by
lenses. On top we have a hyperbox H

EL0; EM and two subhyperboxes, shown as sublenses with
different shadings. The compatibility condition (a) in Definition 8.22 is the equality between the
two lightly shaded lenses. Condition (b) is the equality between the two darkly shaded lenses.

We are now ready to mention the following notions of compatibility for hyperboxes (see Figure 19):

Definition 8.22 Let H
EL; EM be a hyperbox for a pair . EL; EM/, and H

EL; EM 0 be a hyperbox for the pair
. EL; EM 0/, where M 0 is a sublink of M with the orientation EM 0 induced from EM. Let also H

EL�M 0; EM�M 0

be a hyperbox for the pair . EL�M 0; EM �M 0/.

(a) We say that the hyperboxes H
EL; EM and H

EL; EM 0 are compatible if

(93) r EM�M 0.H
EL; EM 0/DH

EL; EM .∅;M 0/:

(b) We say that the hyperboxes H
EL; EM and H

EL�M 0; EM�M 0 are compatible if there is a surface isotopy

(94) H
EL�M 0; EM�M 0

ŠH
EL; EM .M 0;M/:

8.6 Complete systems of hyperboxes

In the following definition (and in the rest of this subsection), all sublinks of a link L that are denoted
by L0 will come with the orientation EL0 induced from EL and, similarly, all sublinks in a link M that are
denoted by M 0 will come with the orientation EM 0 induced from EM.

Definition 8.23 A complete presystem of hyperboxes H representing the link EL consists of a collection of
hyperboxes subject to certain compatibility conditions, as follows. For each pair of subsets M � L0 � L,
and each orientation EM 2�.M/, the complete presystem assigns a hyperbox H

EL0; EM for the pair . EL0; EM/.
Moreover, the hyperbox H

EL0; EM is required to be compatible with both H
EL0; EM 0 and H

EL0�M 0; EM�M 0 .
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Š

HK;�K.∅/

HK;K

HK;�K

remove z

HK;K.∅/ HK;K.K/

Š

H∅

HK;�K.K/

HK

remove w

Figure 20: A complete presystem of hyperboxes for a knot EK. For simplicity, we assume here
that HK has no free basepoints, and exactly two linked basepoints (w and z). The symbols Š
indicate surface isotopies.

In particular, note that a complete presystem contains hyperboxes of the form H
EL0;∅, which are zero-

dimensional; in other words, they consist of a single Heegaard diagram, which we denote by HL0 . The
diagram HL0 represents the sublink L0 � Y.

As previously mentioned in Section 8.5, we think of the hyperbox H
EL0; EM as a way of destabilizing EL0

at the components of EM. Indeed, H
EL0; EM goes from r EM .H

L0/ (ie HL0 with half of the basepoints on M
deleted, according to the orientation EM ) to HL0�M .

Example 8.24 Let ELD EK � Y be a knot. Then a complete presystem of hyperboxes for EK consists of
two multipointed Heegaard diagrams, HK for K and H∅ for Y itself, together with two one-dimensional
hyperboxes of strongly equivalent Heegaard diagrams: one, HK;K , going from a diagram HK;K.∅/
(which is just HK with the z points on K removed) to some diagram HK;K.K/ (surface isotopic to H∅);
and another one, HK;�K , going from the diagram HK;�K.∅/ (which is just HK with the w points
removed), down to a diagram HK;�K.K/ (surface isotopic to H∅). This is illustrated in Figure 20.

In short, a complete presystem of hyperboxes for a knot K produces a multipointed diagram HK for the
knot, together with a way of relating the diagram HK with the z points on K removed to the diagram
HK with the w points on K removed, via a certain sequence of strongly equivalent Heegaard diagrams
and ‚-cycles, plus some surface isotopies in the middle (moving the w basepoints into the z basepoints).
Note that both of the diagrams that we relate in this fashion represent Y itself. Observe also that the
sequence of ‚-cycles (and surface isotopies) induces a corresponding sequence of chain maps on Floer
complexes as in Section 8.3. These chain maps are all chain homotopy equivalences; see Example 8.10.
By composing them we obtain a chain homotopy equivalence between the initial and the final Floer
complex. This is exactly the kind of structure that was used in [Ozsváth and Szabó 2008b], in the context
of describing the Heegaard Floer homology of integer surgeries on knots. One should view complete
presystems as a generalization of this structure to the case of links.
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Š

HL2

remove z1

remove z2

HL1[L2;L1

HL2;L2

HL1;L1

HL1

HL1[L2;L2

remove z1; z2

remove z2

remove z1

remove z1

remove z2

Š

Š

H∅

Š

Š

Š

Š

HL1[L2

HL1[L2;L1[L2

Figure 21: A part of a complete presystem of hyperboxes for a link ELD L1[L2. For simplicity,
we assume that HL has exactly two basepoints w1 and z1 on L1, and two basepoints w2 and z2
on L2. We show here one quarter of the complete presystem, consisting of the two-dimensional
hyperbox HL1[L2;L1[L2 , and all smaller hyperboxes related to it by compatibility conditions.

Example 8.25 When ELD L1[L2 is a link of two components, a complete presystem of hyperboxes
for EL consists of four zero-dimensional hyperboxes

HL1[L2 ;HL1 ;HL2 ;H∅;

eight one-dimensional hyperboxes

HL1[L2;L1 ;HL1[L2;�L1 ;HL1[L2;L2 ;HL1[L2;�L2 ;HL1;L1 ;HL1;�L1 ;HL2;L2 ;HL2;�L2 ;

and four two-dimensional hyperboxes

HL1[L2;L1[L2 ;HL1[L2;�L1[L2 ;HL1[L2;L1[�L2 ;HL1[L2;�L1[�L2 :
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These hyperboxes are related by various compatibility conditions. Some of these conditions are illustrated
in Figure 21.

In the case of a knot K � S3, the complete presystem only contains data for quasi-isomorphisms (in
fact, chain homotopy equivalences) between various Heegaard Floer complexes of Y D S3. At the
level of homology, there is a unique F ŒŒU ��-module isomorphism from HF �.Y / D F ŒŒU �� to itself,
namely the identity. However, in the case of links (or even for knots, but in more general homology
spheres Y ), complete presystems give rise to quasi-isomorphisms between generalized Floer complexes
of sublinks, whose homology can be complicated. Recall from Remark 3.17 that, in general, the resulting
isomorphisms on generalized Floer homology are not canonical. To ensure naturality, we need to control
the paths traced by basepoints under the surface isotopies involved in the compatibility relations (94).

We start with the following:

Definition 8.26 Let HD .†;˛;ˇ;w; z/ be a multipointed Heegaard diagram for an oriented link EL� Y,
with a corresponding Heegaard splitting Y D U˛ [† Uˇ . For each basepoint w 2w\L, we denote by
z.w/ 2 z the successor of w on EL, that is, the basepoint on the same component ELj of EL as w which
appears just after w as we go around ELj according to its orientation. A good set of trajectories

c D fcw j w 2w\Lg

for H consists of disjoint, smoothly embedded paths

cw W Œ0; 1�!†; cw.0/D w; cw.1/D z.w/;

such that each path cw is homotopic (inside the handlebody U˛) to the minimal oriented segment lw
on EL going from w to z.w/, by a homotopy whose interior avoids the link L. Further, we require that the
image of each cw is disjoint from the free basepoints (ie the basepoints in w nL).

Observe that the alpha and the beta curves did not play an essential role in the definition above; we could
have made the same definition by starting with a Heegaard splitting (and suitable basepoints) instead of a
multipointed Heegaard diagram.

Definition 8.27 Let EL� Y be an oriented link. A set of surface data .†;w; z; c/ for EL consists of

� an (oriented) embedded surface †� Y that produces a Heegaard splitting Y D U˛ [† Uˇ with
@U˛ D�@Uˇ D†; we assume † to be transverse to L;

� a decomposition of L\† into alternating w and z basepoints; z is the set of z basepoints, and w
is the union of those basepoints and possibly some additional ones on † nL;

� a good set of trajectories c as in Definition 8.26.
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Consider now a complete presystem of hyperboxes H for EL� Y. Note that all the hyperboxes H
EL0; EM in

H contain Heegaard diagrams with the same underlying Heegaard surface †. Let w EL
0; EM (resp. z EL

0; EM )
be the set of basepoints of type w (resp. z) on the diagrams in the hyperbox H

EL0; EM . In particular, we let
wL
0

Dw
EL0;∅ and zL

0

D z
EL0;∅. We also set wDwL and zD zL.

Given a sublink M � L with an orientation EM, we let M DMCqM�, where MC (resp. M�) consists
of those components of M that have the same (resp. opposite) orientation in EL as in EM. Suppose M
is a sublink of some L0 � L (with the orientation EL0 coming from EL). Because of the compatibility
condition (93) (applied to EL0 instead of EL, and taking M 0 D∅), we must have

w
EL0; EM
D .wL

0

nM�/[ .z
L0
\M�/ and z

EL0; EM
D zL

0

\ .L0�M/:

Thus, the basepoints on all hyperboxes are determined by those on the diagrams HL0 for L0 � L. To
get further control on the basepoints (and the way they move under surface isotopies), consider a good
set of trajectories c D fcwg for the initial diagram HL (which represents EL). We say that the complete
presystem H is dependent on the trajectory set c if the following conditions are satisfied:

� For any EL0� EL, we have wL
0

Dw and zL
0

D z\L0, so that, for any M �L0 with an orientation EM,

w
EL0; EM
D .w nM�/[ .z\M�/; z

EL0; EM
D z\ .L0�M/:

� For anyM 0�M �L0�L, and any orientation EM ofM, in the respective compatibility relation (94),
which reads

(95) H
EL0�M 0; EM�M 0

ŠH
EL0; EM .M 0;M/;

we use a surface isotopy that moves each basepoint w 2w\M 0� (appearing in the diagram on the
left-hand side of (95)) to its successor z.w/ 2 z\M 0� (appearing in the diagram on the right-hand
side of (95)), exactly tracing the path cw . Moreover, we require the surface isotopy to be supported
in a small neighborhood of the path cw , and in particular to fix all the basepoints in

.w nM�/[ .z\ .M �M
0/�/[ .z\ .L

0
�M//;

which appear on both sides of (95).

Definition 8.28 A complete system of hyperboxes .H; c/ representing a link EL�Y consists of a complete
presystem of hyperboxes H for EL together with a good set of trajectories c for HL such that H is dependent
on c. (We usually drop c from the notation, and refer to H as a complete system of hyperboxes.)

If H is a complete system of hyperboxes for EL with a good set of trajectories c, and if .†;w; z/ is
the multipointed Heegaard surface of the initial diagram HL, we refer to .†;w; z; c/ as the underlying
surface data for H. (Compare Definition 8.27.)

Definition 8.29 A complete system of hyperboxes .H; c/ for EL� Y is called link-minimal if HL (and
hence all the Heegaard diagrams in H) are link-minimal, in the sense of Definition 3.2.
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Definition 8.30 A complete system of hyperboxes .H; c/ for EL� Y is called minimally pointed if the
diagram HL is minimally pointed, in the sense of Definition 3.3. (Note that this does not imply that the
other diagrams in the system are minimally pointed.)

Definition 8.31 A complete system of hyperboxes .H; c/ for EL � Y is called of pure ˇ-type if all its
hyperboxes are pure ˇ-hyperboxes, ie the corresponding bipartition maps ri take all the indices to ˇ.
(Hence, in such a system, the alpha curves always stay fixed, and we have "D "ˇ for any multi-index ".)

8.7 Basic systems

Let EL� Y be a link. In this section we describe a special kind of minimally pointed complete system of
pure ˇ-type for EL, which we call basic.

In a basic complete system, all hyperboxes of the form H
EL0; EM will be trivial, ie of size .0; : : : ; 0/, when

EM has the orientation induced from EL (or, equivalently, from EL0). In particular, all diagrams HL0 DHL0;∅

will simply be obtained from an initial diagram, HL, by deleting the z basepoints on the components
of L�L0.

Let ` be the number of components of L. We choose the Heegaard diagram HL to be basic (see
Definition 3.4), that is, of genus g, with gC `� 1 alpha curves and gC `� 1 beta curves, ` basepoints
marked w, ` basepoints marked z, and such that the basepoints wi and zi for i D 1 : : : ; ` lie on each side
of a beta curve ˇi , and are not separated by any alpha curves. Thus, the beta curves split the surface †
into ` components †1; : : : ; †`, numbered such that †i contains the basepoints wi and zi , and has both
sides of ˇi as parts of its boundary. We denote by Li the component of L on which wi and zi lie. We
construct a good set of trajectories c D fcwi g for HL to consist of small paths cwi from wi to zi that
intersect ˇi once and do not intersect any of the other curves. We will take .†; fwig; fzig; c/ to be the
underlying surface data for our complete system.

Let ˇ00i be the curve obtained from ˇi by a small isotopy pushing wi into zi , following the path cwi , as in
Figure 22. Note that, if we ignore wi , then ˇ00i can also be obtained from ˇi by handleslides supported
in †i away from zi , namely by handlesliding ˇi over all the other curves on the boundary of †i ; compare
[Ozsváth and Szabó 2004b, proof of Proposition 7.1].

We would like to construct a complete system using the curves ˇi and ˇ00i . Of course, if the isotopy from
wi to zi is supported just in a small neighborhood of cwi , then the curves ˇi and ˇ00i are not transverse
(they have a whole arc in common away from that neighborhood), so cannot be part of the same Heegaard
diagram. This issue persists even if we slightly isotope ˇ00i further so that its intersection with ˇi is
transverse and consists of two points, as in Figure 22. Indeed, let B1i be the bigon between ˇi and ˇ00i
containing zi and B2i the other bigon. Then†i�B1i CB

2
i is a periodic domain in† with only nonnegative

multiplicities, and with zero multiplicity at the basepoint zi . This is a source of problems if one tries to
construct a Heegaard diagram using the curves ˇi and ˇ00i and the basepoint zi , because such diagrams
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zi
wi

ˇi

ˇ00i
cwi

Figure 22: The curves ˇi and ˇ00i . We show here a component †i of the complement of the beta
curves in †.

are not admissible. In order to fix this problem, we introduce an intermediate curve ˇ0i as in Figure 23.
Then there are no periodic domains as above between ˇi and ˇ0i , nor between ˇ0i and ˇ00i .

Let us now describe the hyperbox H
EL;�EL, which is the biggest hyperbox in our basic system. As mentioned

above, the hyperbox H
EL;�EL is a pure ˇ-hyperbox. Its punctures are zi for i D 1; : : : ; `, but playing the

role of w’s in the definition of a multipointed Heegaard diagram. The hyperbox has dimension ` and size
d D .2; 2; : : : ; 2/. For " 2 E.d/D f0; 1; 2g`, the collection of curves ˇ" is given by an approximation

ˇ"i �

8<:
ˇi if "i D 0;
ˇ0i if "i D 1;
ˇ00i if "i D 2;

for i � `, and ˇ"i � ˇi for i > `. We also arrange so that ˇ"i � ˇ
"0

i for any "¤ "0 with "i D "0i .

Note that with this choice of ˇ", when two multi-indices " and "0 are neighbors, we never see a pair of
curves that approximate ˇi and ˇ00i (for the same i) in the Heegaard diagram .†;ˇ";ˇ"

0

;w; z/. Hence,
the admissibility hypothesis in the definition of the ˇ-hyperbox is satisfied. Further, there is a natural
choice for the chain ‚";"0 when ."; "0/ is an edge in the hyperbox: namely, the respective intersection
points of maximal degree. For example, if in the Heegaard diagram .†;ˇ";ˇ"

0

;w; z/ we see the curves
ˇi and ˇ0i , then the point marked �i in Figure 23 would be part of the corresponding ‚-chain. When
" < "0 are neighbors but k"0� "k � 2, we set ‚";"0 D 0.

zi
wi

�i

ˇi

ˇ0i

Figure 23: The curves ˇi and ˇ0i . The diagram formed by them is admissible.
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The fact that the ‚-chains satisfy the compatibility relations (90) has a proof similar to those of [Ozsváth
and Szabó 2004b, Lemma 9.7; 2005, Lemma 4.3].

For future reference, we denote the beta curves in the H
EL;�EL hyperbox by

ž"
i D ˇ

"
i ; " 2 f0; 1; 2g`; i 2 f1; : : : ; gC `� 1g:

Let us now describe an arbitrary hyperbox H
EL0; EM in the basic system. Let M D MC qM� as in

Section 8.6, where MC (resp. M�) consists of those components of M that have the same (resp. opposite)
orientation in EL as in EM. Denote by m (resp. mC, m�) the number of components in M (resp. MC, M�).
Order the components of M according to their ordering as components of L:

M D Li1 [ � � � [Lim ; i1 < � � �< im:

The hyperbox H
EL0; EM has size d EM D .d EM1 ; : : : ; d

EM
m /, where

d
EM
j D

�
0 if Lij �MC;
2 if Lij �M�:

Its diagrams all lie on the surface † with punctures w EL
0; EM and z EL

0; EM given by

w
EL0; EM
D fwi j Li � L�M�g[ fzi j Li �M�g and z

EL0; EM
D fzi j Li � L

0
�M g:

Consider the injective map
�
EM
W E.d

EM /! E.d�
EL/D f0; 1; 2g`;

given by
.�
EM ."1; : : : ; "m//i D

�
"j if i D ij for some j;
0 otherwise.

For the beta curves ˇ"i in the hyperbox H
EL0; EM , we choose

(96) ˇ"i D
ž�
EM ."/

i ; " 2 E.d
EM /; i 2 f1; : : : ; gC `� 1g:

Finally, we let the ‚-cycles on the edges be the respective intersection points of maximal degree, and we
let the rest of the ‚-chain elements be zero.

This completes the description of the hyperboxes H
EL0; EM . (Note that, when M� D ∅, we indeed get

a trivial hyperbox consisting of the initial Heegaard diagram HL with the points zi on .L�L0/[M
removed.) The verification of the conditions in the definition of a complete system is an easy exercise.

Definition 8.32 A complete system of hyperboxes H representing the link EL is called basic if it is
constructed as above. If this is the case, we refer to H more simply as a basic system for the link EL.

To review, every basic system for EL is associated to a particular 2`-pointed Heegaard diagram

.†; ˛1; : : : ; ˛gC`�1; ˇ1; : : : ; ˇgC`�1; w1; : : : ; w`I z1; : : : ; z`/
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with the property that, for each i D 1; : : : ; `, the basepoints wi and zi lie on each side of the curve ˇi and
are not separated by any alpha curves. In addition, the construction of the basic system requires several
choices (the curves ˇ0i and ˇ00i and their approximations). For simplicity, we typically forget those choices
and just say that the basic system is associated to a special Heegaard diagram as above.

Remark 8.33 Another complete system of hyperboxes for a link is described in Section 15.6, using grid
diagrams.

8.8 A more general construction

While Section 8.7 was focused on basic systems, the same ideas can be used to construct complete systems
from any Heegaard diagram and good set of trajectories.

Proposition 8.34 Let HL D .†;˛;ˇ;w; z/ be a multipointed Heegaard diagram for a link EL� Y, and
let c be a good set of trajectories for HL. Then there exists a complete system of hyperboxes H which is
of pure ˇ-type , is dependent on c, and has HL as its initial diagram.

Proof We will construct H so that its hyperboxes H
EL0; EM are of the same size as the ones defined for a

basic system in Section 8.7. Also, since H is meant to be of pure ˇ-type, the collections of alpha curves
will be fixed to be the same collection ˛ from HL, in all the hyperboxes.

We begin by describing the biggest hyperbox H
EL;�EL, which is of size d D .2; 2; : : : ; 2/. Recall that

each trajectory cw in c gives a surface isotopy supported in a neighborhood of cw , taking w to its
successor z.w/. For "2E.d/Df0; 1; 2g`, let �" be the composition of all surface isotopies corresponding
to cw for basepoints w on link components Li with "i ¤ 0.

If none of the values "i are 1, we choose the collection of beta curves ˇ" to be

ˇ" WD �".ˇ/:

Thus, when some value "i changes from 0 to 2, the beta curves change by an isotopy moving some
basepoints, similarly to how ˇ00i was obtained from ˇi in Section 8.7.

We construct the remaining collections ˇ" by induction on the number of values 1 among the "i . Let
N" 2 f0; 2g` be obtained from " by changing all values 1 among "i to 2. Then we define ˇ" by winding
the curves ˇ N" D �".ˇ/ sufficiently to achieve admissibility with the already defined collections of beta
curves, in each hypercube. This is done as in [Ozsváth and Szabó 2004b, Sections 5 and 8.4.2], and is
similar to how we obtained the curve ˇ0i from ˇ00i in Section 8.7.

After the beta curves are constructed, we fill in the hyperboxes in H
EL;�EL0 with ‚-chain elements using

Lemma 8.6. We then define the other hyperboxes H
EL0; EM based on what we have in H

EL;�EL0 , using the
same formula (96) for the beta curves as in the basic case. We also let the ‚-chain elements to be
induced from those in H

EL;�EL0 : the element for the pair ."; "0/ in H
EL0; EM should be the same as the one

for .� EM ."/; � EM ."0// in H
EL;�EL0 .
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8.9 Moves on complete systems of hyperboxes

In Section 8.4 we defined several moves on hyperboxes of strongly equivalent Heegaard diagrams. We
can define an analogous list of system Heegaard moves between complete systems of hyperboxes.

First note that three-manifold isotopies, index one/two stabilizations, free index zero/three stabilizations,
global shifts (and all their inverses) have straightforward extensions to complete systems of hyperboxes.
A certain move of one of these types on a complete system consists of applying that type of move to
all the hyperboxes in the system, in a way compatible with restrictions. The good set of trajectories
should be taken into the corresponding one by the respective moves. The (index one/two, or free index
zero/three) stabilizations are required to be done away from the trajectories cw in the good set, so that
these trajectories are preserved.

The three other system Heegaard moves in the list are elementary enlargements / contractions, index
zero/three link stabilizations (and destabilizations), and trajectory ˛-slides, which require more discussion.

An elementary enlargement of a complete system H consists of picking a component M0 of L, with
an orientation EM0, and doing compatible elementary enlargements of those hyperboxes H

EL0; EM with
EM0 � EM (and the orientation on EM0 is the one induced from EM ); these elementary enlargements are

all done along the coordinate axis corresponding to M0. The good set of trajectories is unchanged. An
elementary contraction is the inverse of an elementary enlargement.

An index zero/three link stabilization of a complete system H is as follows. We do an index zero/three
link stabilization of the initial diagram HL resulting in two additional basepoints w0 and z0 near an old
basepoint z on a component Li � L; see Figure 1. Let †0 be the new Heegaard surface, and w0 and z0

the new collections of basepoints. We let cw 0 be a short trajectory (inside the disk bounded by ˛0) joining
w0 to z0. Adding cw 0 to the good set of trajectories c for H, we obtain a new trajectory set c0. We take
.†;w0; z0; c0/ to be the underlying surface data for the new stabilized complete system H0, which we now
describe. LetM �L0�L be sublinks, withM DMCqM� having an orientation EM (that coincides with
the orientation of EL exactly on MC). To get from the hyperboxes in H to the corresponding hyperboxes
in H0, we do the following.

If Li � L0�M�, we change the hyperbox H
EL0; EM by an index zero/three link stabilization performed in

the same place as in HL.

If Li � L�L0, note that the z and z0 basepoints should disappear. Therefore, we change H
EL0; EM by a

free index zero/three stabilization at the same location (followed by a three-manifold isotopy to get from
† to †0).

If Li �M�, note that the w0 basepoint disappears, and we relabel z and z0 as w and w0, respectively.
We first construct a hyperbox {H EL

0; EM from H
EL0; EM by taking (in each Heegaard diagram) the respective

connected sum with a sphere, and adding the two new curves ˛0 and ˇ0 encirclingw andw0, as in Figure 24.
The corresponding hyperbox .H0/ EL

0; EM in the new system H0 is obtained from {H EL
0; EM by increasing the
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ˇ0

�

ˇ00

˛0

w0

w

Figure 24: Index zero/three link stabilizations of complete systems. Compared to the right-hand
side of Figure 1, we deleted w0 and relabeled z and z0 as w and w0, respectively. The curve ˇ00

can be obtained from ˇ0 by handlesliding it over other beta curves.

length of its side in the Li direction by one, and adding on (at the end of each segment in the Li direction)
new diagrams in which the curve ˇ0 is replaced by ˇ00 as in Figure 24. (Observe that replacing ˇ0 with ˇ00

is the strong equivalence discussed in Section 7.5, with different notation.) The ‚-chain elements on the
new edges in the Li direction contain the point � in the figure. After this modification, the subhyperbox
.H0/

EL0; EM .Li ;M/ is surface isotopic to the free index zero/three stabilization of H
EL0�Li ; EM�Li , as it

should be according to the compatibility relation (94). Note that the change from {H EL
0; EM to .H0/ EL

0; EM can
be realized as the composition of an elementary enlargement and a global shift (of hyperboxes). We do
these moves in a compatible way on all hyperboxes corresponding to pairs . EL0; EM/ with Li �M�. This
completes the description of the index zero/three link stabilization of H.

Finally, we have one more system Heegaard move, the trajectory ˛-slide, which did not have an analogue
in the list of moves on hyperboxes. This involves changing the good set of trajectories c. It is a move
that we only perform on complete systems of pure ˇ-type, ie those where the alpha curves are fixed;
see Definition 8.31. Suppose H is such a complete system, and let � be an embedded arc connecting a
basepoint zi to an alpha curve j̨ , and not intersecting any alpha curves in its interior. Observe that the
trajectory cwi does not intersect alpha curves either — otherwise these would be moved by the isotopy
along cwi , but we assume them to be fixed. On the other hand, both cwi and � may intersect various beta
curves, from different diagrams in the complete system. See Figure 25, top left.

The trajectory ˛-slide is a move that transforms H into a new complete system H0, where the trajectory cwi
is replaced by c0wi , the result of a handleslide of cwi over j̨ along the arc � , as in Figure 25, top right.
To motivate the description of H0, consider the relations

H
EL0�M 0; EM�M 0

ŠH
EL0; EM .M 0;M/

from (94), where the surface isotopy goes along cwi ; this happens when wi 2M 0�. Let us denote this
surface isotopy by  . Then, if on the left-hand side of the above equation we have a diagram with
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zj

ˇ3

j̨

zj

ˇ3

j̨

wj

ˇ2
ˇ1 cwj

�
wj

ˇ2
ˇ1

c0
wj

zj

wj

 0.ˇ3/

j̨

 0.ˇ2/
 0.ˇ1/

zj

wj

ˇ3

j̨

 .ˇ2/
 .ˇ1/

Figure 25: A trajectory ˛-slide.

curves ˇk , on the right-hand side we will have the curves  .ˇk/, as in Figure 25, bottom left. Now, in
the new complete system H0, we would like to have on the right-hand side the curves  0.ˇk/ instead,
where  0 is the isotopy following c0wi , as in Figure 25, bottom right. To achieve this, given any hyperbox
H
EL0; EM with wi 2M�, we increase its side length corresponding to the component Li (the one containing

wi ) by 2, by letting  .ˇk/ be followed by a new curve ˇ0
k

and then by  0.ˇk/; the intermediate curves
ˇ0
k

are chosen by twisting ˇk sufficiently to ensure admissibility. We then fill in the new parts of the
hyperboxes using the procedure from Lemma 8.6. The result is a new complete system of pure ˇ-type,
which is our desired H0.

With the list of system Heegaard moves in place, we can now state the analogue of Lemma 8.18 in this
context:

Proposition 8.35 Let H and H0 be two complete systems of hyperboxes representing the same oriented
link EL� Y.

(a) The complete systems H and H0 can be related by a sequence of system Heegaard moves.

(b) Suppose that H is a link-minimal system and that the diagram .H0/L in H0 has m points of type z,
and hencem�` subsidiary w basepoints. Then H0 can be obtained from H by a sequence of system
Heegaard moves that includes exactly m� ` index zero/three link stabilizations , with each of these
stabilizations introducing a subsidiary basepoint.

Recall that each complete system H has some underlying surface data S D .†;w; z; c/; compare
Definition 8.27. To prove Proposition 8.35, we will relate the complete systems by first relating their
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underlying surface data. With the exceptions of global shifts and elementary enlargements/contractions
(which do not change the surface data), each system move has a corresponding move at the level of the
surface data itself. Thus, we distinguish the following types of moves of surface data: three-manifold
isotopies, index one/two stabilizations, index zero/three stabilizations (free or linked), and trajectory
˛-slides. (In the case of trajectory ˛-slides, to define these without reference to alpha curves, we
simply require one of the trajectories in c to slide over a simple closed curve that bounds a disk in the
handlebody U˛.)

Lemma 8.36 Let S and S 0 be two sets of surface data for the same oriented link `-component EL� Y.

(a) The sets S and S 0 can be related by a sequence of moves of surface data.

(b) Suppose that S is link-minimal (that is , it contains exactly ` basepoints of type z), and that S 0 has
m points of type z, and hence m� ` subsidiary w basepoints. Then S 0 can be obtained from S by a
sequence of moves of surface data that includes exactly m� ` index zero/three link stabilizations.

Proof Let us first consider the case when both S D .†;w; z; c/ and S 0 D .†0;w0; z0; c0/ are minimally
pointed; that is, they each have only ` basepoints of type w and ` basepoints of type z.

In this case, after a three-manifold isotopy, we can assume S and S 0 have the same basepoints wDw0 and
zD z0, and in fact that the corresponding surfaces † and †0 agree in a neighborhood of each basepoint
(intersecting that neighborhood in the same small disk). Moreover, we can make the trajectories cw agree
with c0w in small neighborhoods of the basepoints.

After this, to relate S and S 0, we use a Morse-theoretic argument. We fix a Riemannian metric on Y.
For each component Li of L (with basepoints wi and zi ), we also fix a standard self-indexing Morse
function fi in a small tubular neighborhood �.Li / of Li . We ask for fi to have exactly two critical points,
both on Li , one of index 0 and one of index 3, such that Li consists of two gradient flow trajectories
between these two critical points, and

f �1i
�
3
2

�
D†\ �.Li /D†

0
\ �.Li /;

so that the alpha handlebody (from either S or S 0) intersects �.Li / in f �1i
�
0; 3
2

�
, and the beta handlebody

intersects �.Li / in f �1i
�
3
2
; 3
�
.

Furthermore, we can assume that cwi \ �.Li /D c
0
wi
\ �.Li / consists of two small arcs on †: an arc ai

from wi to some point w�i on @�.Li /, and another arc bi from some point z�i on @�.Li / to zi . We let
ci � cwi be the remaining arc from w�i to z�i along the trajectory cwi , after we remove ai and bi . We
define c0i � c

0
wi

similarly.

We choose a pushoff 
i of the arc Li \f �1i
�
0; 3
2

�
, so that 
i goes along the boundary @�.Li /, from w�i

to z�i . See Figure 26.

We extend the functions fi to a single self-indexing Morse–Smale function f on all of Y, by introducing
new index 1 and 2 critical points (but no additional index 0 or 3 critical points) so that †D f �1

�
3
2

�
. We
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†

U˛

Uˇ

ciai bi
ziwi

w�i z�i


i

Li

�.Li /

Figure 26: Constructing a Morse–Smale function. We show here a neighborhood of a link
component Li , together with the path ci . The arrows represent gradient flow lines taking 
i into ci .

ask that the arc 
i is taken by the forward gradient flow to the arc ci on †, from w�i to z�i . To see that we
can choose f this way, note that, by assumption, 
i is homotopic to ci inside the alpha handlebody, and
therefore, by Dehn’s lemma, the union of 
i and ci bounds an embedded disk Di in that handlebody. We
extend the functions fi from �.Li / to a neighborhood of that disk, so that the flow takes 
i to ci , then
extend them to the rest of the alpha handlebody — so that on † it takes the value 3

2
, and finally to the

beta handlebody.

Next, we apply the same procedure to †0, obtaining a Morse–Smale function g with †0 D g�1
�
3
2

�
such

that c0i is the image of 
i under the forward gradient flow.

We now relate the two functions f and g by a generic smooth homotopy .Ft /0�t�1, with F0D f, F1Dg,
keeping Ft fixed in the neighborhoods �.Li /. Following the level set at 3

2
along this homotopy, we can

relate the surfaces † and †0 by three-manifold isotopies and index 1/2 stabilizations and destabilizations;
compare [Ozsváth and Szabó 2004b, Proposition 2.2] or [Juhász 2006, Proposition 2.15]. As for the
trajectories cwi and c0wi , they remain fixed near the basepoints throughout the homotopy, while the arc ci
changes into c0i by following the images of 
i through the homotopy. In this generic one-parameter family
of functions, at finitely many points it may happen that the forward flow takes 
i into an index 1 critical
point. Then ci changes not by an isotopy on †, but rather by a trajectory ˛-slide (over the intersection
of † with the ascending manifold of the index 1 critical point).

Thus, we have succeeded in relating any two minimally pointed sets of surface data. If we have arbitrary
surface data S 0, we can find some minimally pointed surface data S and a sequence of three-manifold
isotopies and index zero/three (free and linked) stabilizations, that take S into S 0. Indeed, we can position

Geometry & Topology, Volume 29 (2025)



2900 Ciprian Manolescu and Peter Ozsváth

these (de)stabilizations around the trajectories cw and the free basepoints that we want to eliminate
from S 0, until we get to the minimally pointed setting. This completes the proof of part (a). For part (b),
note that in the above process we used the minimal number of index zero/three link stabilizations.

Proof of Proposition 8.35 First, let us consider the case when H and H0 have the same underlying
surface data S D .†;w; z; c/. If so, elementary enlargements and contractions can be used to make the
sizes (and bipartition maps) of all corresponding hyperboxes to agree. Then we use global shifts to relate
the resulting complete systems, as we did in Lemma 8.18 for hyperboxes.

In view of the above observation, instead of relating two complete systems H and H0 by moves, it suffices
to consider their surface data S and S 0, use Lemma 8.36 to relate these by a sequence of intermediate data

(97) S D S0; S1; S2; : : : ; Sn D S
0

and, for each k D 0; : : : ; n� 1, find some complete system Hk with data Sk , related by some system
move to a complete system H0

k
with data SkC1. We would then be able to relate H to H0 (because they

have surface data S0), each Hk to H0
k

and to HkC1 (as the latter two have the same surface data SkC1),
and finally H0n�1 with H0. The combination of these system moves will enable us to get from H to H0.

It remains to see that every move of surface data can be upgraded to a corresponding move of complete
systems. We have already seen in Proposition 8.34 that for any surface data, we can find a complete
system of pure ˇ-type having that data. If our move is a three-manifold isotopy, we just follow the same
isotopy to change the complete system. If our move is a stabilization (of any kind), let S be the data
before the stabilization and S 0 the one after. Up to isotopy, we can assume that the stabilization happens
in a neighborhood of some point p, and therefore we can choose a complete system H, with underlying
data S such that we can apply the same stabilization to it (ie the curves involved in the diagrams in H do
not go through p); the result is a system H0 for S 0.

Finally, if our move is a trajectory ˛-slide over some curve ˛0, we pick a complete system H of pure ˇ-type
that contains ˛0 as one of its alpha curves. (This can be done because in the proof of Proposition 8.34,
there was a lot of freedom in the choice of alpha curves: we just wanted them to represent the given
handlebody, and we can choose such a set by starting with any curve bounding a disk in the handlebody.)
Then we let the new complete system H0 be obtained from H by the given trajectory ˛-slide.

9 Statement of the surgery theorem for link-minimal complete systems

We are now ready to state a version of Theorem 1.1 for the case of link-minimal complete systems. We
let ELD L1q� � �qL` be an oriented link in an integer homology sphere Y. We suppose we are given
a link-minimal complete system of hyperboxes H for EL, as in Definition 8.29. In particular, HL is a
Heegaard diagram for EL. We let k be the number of w basepoints in HL (or in any other diagram in H),
so that HL has k� ` free basepoints.
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Since all the diagrams we work with are link-minimal, we are free to use the description of generalized
Floer complexes A�. � ; s/ as free complexes A�. � ; s/; see Section 3.6.

9.1 Descent to a sublink

Let M � L be a sublink, with an orientation EM, which can be different from the one coming from EL, as
in Section 3.7.

Recall that in Section 3.7 we defined projection maps

p
EM
WH.L/!H.L/;

as well as reduction maps

 
EM
WH.L/!H.L�M/:

Fix s 2H.L/. Since  EM depends only on the components of L that are not on M, we have

 
EM .p

EM .s//D  
EM .s/:

Consider the m-dimensional hyperbox H
EL; EM from the complete system. This hyperbox consists of

diagrams representing the linkL�M. By the definition of the complete system, H
EL; EM has to be compatible

with H
EL;∅ DHL, ie the initial diagram in H

EL; EM is obtained from HL by deleting the basepoints zi on
components Li with i 2 IC. EL; EM/, deleting wi on the components Li with i 2 I�. EL; EM/, and also
relabeling zi as wi for the components Li with i 2 I�. EL; EM/. In view of (22), we have an identification

(98) A�.HL; p
EM .s//Š A�.H

EL; EM .∅/;  EM .s//:

Let d EM 2 .Z�0/m be the size of H
EL; EM . We have an associated hyperbox of generalized Floer complexes

A�.H
EL; EM ;  

EM .s//D ..C "s /"2E.d EM /
; .D"s/"2Em/

as defined in Section 8.3. By compressing the hyperbox .C "s ;D
"
s/ we obtain a hypercube . yC "s ; yD

"
s/"2Em ;

see Sections 5.2 and 5.6. We are only interested in the longest diagonal map in this hypercube, namely
yD
.1;:::;1/
s , which we simply denote by yD EMs . According to (59),

yD
EM
s D pld

EM

fD"sg
.˛m/;

where ˛m is the mth standard symphony and pl denotes the operation of playing songs; see Definitions
5.6 and 5.10.

Thus, for any s 2H.L/, we have defined a descent map

yD
EM
s W A

�.HL; p
EM .s//! A�.H

EL; EM .M/;  
EM .s//;

as a sum over compositions of polygon maps associated to various subhyperboxes of H
EL; EM . We used here

the identification (98). Since yD EMs depends only on the projection p EM .s/, we will write yD EMs as yD EM
p EM .s/

.
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I
L2

pL1 .s/
I
L1
s

A�.HL; s/ A�.HL; pL.s// A�.HL;L.L/;  L.s//
I
L1[L2
s

yD
L2

pL2 .s/

A�.H∅;  L.s//

I
L1

 L2 .s/

yD
L2
pL.s/

yDL
pL.s/

A�.HL; pL1.s//
yD
L1
pL.s/

A�.HL; pL2.s//

I
L1

pL2 .s/

I
L1

 L2 .s/

Š

A�.HL2;L2.L2/;  
L.s//

Š

Š

yD
L1

pL1 .s/

Š

yD
L1

pL1 . L2 .s//

yD
L2

pL2 . L1 .s//

A�.HL1;L1.L1/;  
L.s//

Š

A�.HL;L2.L2/;  
L2.s// A�

�
HL1 ; pL1. L2.s//

�
yD
L1

pL1 . L2 .s//

Š

Š

I
L2
s

A�.HL2 ;  L1.s//

A�
�
HL;L1.L1/; p

L2. L1.s//
�

A�
�
HL;L2.L2/; p

L1. L2.s//
�

A�.HL1 ;  L2.s//

Š

Š yD
L2

pL2 . L1 .s//

I
L2

 L1 .s/

A�.HL;L1.L1/;  
L1.s// A�

�
HL2 ; pL2. L1.s//

�
I
L2

 L1 .s/

Figure 27: Chain maps coming from hyperboxes in a complete system. We consider here a
complete system H for a link ELD L1 [L2. Recall that one quarter of such a complete system
was illustrated in Figure 21. We show here the corresponding chain maps: to each reduction
(deletion of basepoints) in the complete system we have an associated inclusion map I, to each
face of a hyperbox we have an associated descent map yD, and to each surface isotopy we have
an associated isomorphism denoted by the symbolŠ. For simplicity, all the sublinks are taken
here with their induced orientation from EL, and we drop the arrows from the notation. There
are similar maps corresponding to other hyperboxes in the complete system, in which some link
components can appear with the opposite orientation.

Example 9.1 Suppose M is a single link component Li . Each edge of the one-dimensional hyperbox
H
EL; ELi comes equipped with a corresponding theta chain element, and this gives a triangle map between

the Floer homology groups associated to the initial and final Heegaard diagrams for that edge. The map
yD
ELi
p
EM .s/

is the composition of these triangle maps. Note that all the triangle maps, and hence also yD
ELi

p EM .s/
,

are chain homotopy equivalences; see Example 8.10.
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I
L2

pL1 .s/

I
L1
s

A�.HL; s/ A�.HL; pL.s//
I
L1[L2
s

D
L2

pL2 .s/

D
L2
pL.s/

A�.HL; pL1.s//
D
K1
pL.s/

A�.HL; pL2.s//

I
L1

pL2 .s/

I
L1

 L2 .s/

D
L1

pL1 .s/

D
L1

pL1 . L2 .s//

A�.HL;L2.L2/;  
L2.s//

I
L2
s

A�.HL;L1.L1/;  
L1.s//

A�.H∅;  L.s//
DL
pL.s/

D
L2

pL2 . L1 .s//

I
L2

 L1 .s/

A�
�
HL1 ; pL1. L2.s//

�

A�
�
HL2 ; pL2. L1.s//

�

Figure 28: More chain maps coming from hyperboxes in a complete system. This is the same as
Figure 27, but we have composed the descent maps yD with chain isomorphisms (coming from
surface isotopies) to obtain the maps denoted by D.

In a complete system of hyperboxes, we have an isotopy H
EL; EM .M/ Š HL�M , which induces an

identification between the respective Floer complexes. When we change the range of yD EM
p EM .s/

via this
identification, we denote the resulting map by

(99) D
EM

p EM .s/
W A�.HL; p

EM .s//! A�.HL�M ;  
EM .s//:

Example 9.2 In the case of a link with two components, some of the inclusion and descent maps are
illustrated in Figures 27 and 28.

For any s 2H.L/, we now define a map

(100) ˆ
EM
s DD

EM

p EM .s/
ıI
EM
s W A

�.HL; s/! A�.HL�M ;  
EM .s//:

Note that we can define similar maps if we replace EL by a sublink EL0. By abuse of notation, we will
always denote the maps corresponding to inclusion and descent at EM by I

EM
s , D EM

p EM .s/
and ˆ EMs , even

though their domains of definition may vary.

Lemma 9.3 Let M1;M2 �L be two disjoint sublinks , with orientations EM1 and EM2. For any s 2H.L/,

I
EM2

 
EM1 .s/
ıD

EM1

p
EM1 .s/

DD
EM1

p
EM1[

EM2 .s/
ıI
EM2

p
EM1 .s/

:

Proof For s D .s1; : : : ; s`/, let us denote by s0i the components of s0 D  EM1.s/, obtained from si by
subtracting half the linking number of Li and M1; compare (20).
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Observe that both D
EM1

p
EM1 .s/

and D
EM1

p
EM1[

EM2 .s/
are sums of compositions of polygon maps. The same poly-

gons get counted in both maps, but with different powers of Ui . More precisely, suppose we have a chain of
polygons relating intersection points x from HL and y from HL�M1�M2 . If j is one of the colors, let ej
(resp. e0j ) be the exponent of Uj in the coefficient of y in D

EM1

p
EM1 .s/

.x/ (resp. D
EM1

p
EM1[

EM2 .s/
.x/). We have

ej � e
0
j D

X
i2IC. EL; EM2/

�iDj

�
max.Ai .x/� si ; 0/�max.Ai .y/� s0i ; 0/

�
C

X
i2I�. EL; EM2/

�iDj

�
max.si �Ai .x/; 0/�max.s0i �Ai .y/; 0/

�
I

compare Section 3.5.

On the other hand, according to (24), the map I
EM2

p
EM1 .s/

contributes a power of Uj with exponentX
i2IC. EL; EM2/

�iDj

max.Ai .x/� si ; 0/C
X

i2I�. EL; EM2/
�iDj

max.si �Ai .x/; 0/

and the map I
EM2

 
EM1 .s/

a power of Uj with exponentX
i2IC. EL; EM2/

�iDj

max.Ai .y/� s0i ; 0/C
X

i2I�. EL; EM2/
�iDj

max.s0i �Ai .y/; 0/:

These contributions exactly cancel out the difference between e0j and ej .

Proposition 9.4 Choose a sublink M � L, and endow it with an orientation EM. Then , for any s 2H.L/,

(101)
X

EM1q EM2D EM

ˆ
EM2

 
EM1 .s/
ıˆ

EM1
s D 0;

where EM1 and EM2 are equipped with the orientations induced from EM.

Proof We haveX
EM1q EM2D EM

ˆ
EM2

 
EM1 .s/
ıˆ

EM1
s D

X
EM1q EM2D EM

D
EM2

p
EM2 . 

EM1 .s//
ıI
EM2

 
EM1 .s/
ıD

EM1

p
EM1 .s/
ıI
EM1
s

D

X
EM1q EM2D EM

D
EM2

p
EM2 . 

EM1 .s//
ıD

EM1

p
EM2 . 

EM1 .s//
ıI
EM2

p
EM1 .s/
ıI
EM1
s

D

� X
EM1q EM2D EM

D
EM2

p
EM2 . 

EM1 .s//
ıD

EM1

p
EM2 . 

EM1 .s//

�
ıI
EM1[ EM2
s

D 0:

Indeed, the second equality above follows from Lemma 9.3, and the last equality is a consequence of
Proposition 5.14, together with the properties of a complete system of hyperboxes.
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9.2 The surgery theorem

Let us fix a framing ƒ for the link EL. For a component Li of L, we let ƒi be its induced framing, thought
of as an element in H1.Y �L/.

Given a sublink N � L, we let �.N/ be the set of all possible orientations on N, as in the introduction.
For EN 2�.N/, we let

ƒ EL; EN D
X

i2I�. EL; EN/

ƒi 2H1.Y �L/:

We view H.L/�H1.Y �LIQ/ as an affine lattice over H1.Y �L/ as in Remark 3.6. Thus, if s 2H.L/,
then sCƒ EL; EN is also in H.L/.

Now consider the R-module

(102) C�.H; ƒ/D
M
M�L

Y
s2H.L/

A�.HL�M ;  M .s//;

where  M simply means  EM with EM being the orientation induced from the one on EL.

Note that the definition of C�.H; ƒ/ involves direct products; in fact, the direct sum in (102) can equally
be thought of as a direct product, since it is finite. It is worth saying a few words about how one can
define maps between direct products:

Definition 9.5 Let S and T be countable index sets, and A D
Q
s2S As and B D

Q
t2T Bt direct

products of modules over a commutative ring R. Suppose we are given module homomorphisms

Fs;t WAs!Bt

for each s 2 S and t 2 T. The collection of maps fFs;tg is called locally finite if, for each t 2 T, only
finitely many Fs;t are nonzero.

If fFs;tg is a locally finite collection of homomorphisms as in Definition 9.5, we can assemble them into
a single homomorphism

F WA!B; F .fasgs2S /D

�X
s2S

Fs;t .as/

�
t2T

:

With this in mind, we equip the module C�.H; ƒ/ with a boundary operator D� as follows. For s 2H.L/

and x 2 A�.HL�M ;  M .s//, we set

D�.s;x/D
X

N�L�M

X
EN2�.N/

.sCƒ EL; EN ; ˆ
EN
 M .s/

.x//

2

M
N�L�M

M
EN2�.N/

A�.HL�M�N ;  M[
EN .s//� C�.H; ƒ/:
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This defines a locally finite collection of maps between the modules A�.HL�M ;  M .s//, producing a
well-defined map

D� W C�.H; ƒ/! C�.H; ƒ/:

According to Proposition 9.4, C�.H; ƒ/ is a chain complex. Note that C�.H; ƒ/ naturally breaks into a
direct product of terms C�.H; ƒ; u/, according to equivalence classes u of the values s. Here s1 and s2
are equivalent if they differ by an element in the (possibly degenerate) sublattice

H.L;ƒ/�H1.Y �L/;

generated by all possible ƒ EL; EN or, equivalently, by the component framings ƒi 2H1.Y �L/. The space
of equivalence classes is parametrized by the quotient

H.L/=H.L;ƒ/;

which can be naturally identified with the space of Spinc structures on the surgered manifold Yƒ.L/; see
Remark 3.6 and [Ozsváth and Szabó 2008a, Section 3.7].

Given a Spinc structure u on Yƒ.L/, we set

(103) d.u/D gcd
�2H2.Yƒ.L/IZ/

hc1.u/; �i;

where c1.u/ is the first Chern class of the Spinc structure. The Heegaard Floer homologyHF �� .Yƒ.L/; u/
admits a relative Z=d.u/Z-grading; see [Ozsváth and Szabó 2004b]. In Section 9.3 we will construct a
relative Z=d.u/Z-grading on the complex C�.H; ƒ; u/ as well.

The surgery theorem (for link-minimal systems) then says:

Theorem 9.6 Fix a link-minimal complete system of hyperboxes H for an oriented , `-component link EL
in an integral homology three-sphere Y, and fix a framing ƒ of L. Then , for any u 2 Spinc.Yƒ.L//Š
H.L/=H.L;ƒ/, there is an isomorphism of relatively graded F ŒŒU ��-modules

(104) H�.C
�.H; ƒ; u/;D�/ŠHF �� .Yƒ.L/; u/:

Note that the left-hand side of (104) is a priori an R-module, where RD F ŒŒU1; : : : ; Uk��. However, part
of the claim of the theorem is that all Ui ’s act the same, so we can think of it as an F ŒŒU ��-module.

The proof of Theorem 9.6 will be given in Section 12.

Remark 9.7 In the case when the Spinc structure u is torsion, one should be able to use the same
techniques as in [Ozsváth and Szabó 2008b] to obtain an isomorphism of absolutely graded groups, with
a well-determined shift in grading between the two sides of (104). However, we will not pursue this
direction here.
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9.3 Gradings

As promised in the previous subsection, we proceed to construct a relative Z=d.u/Z-grading on the
complex C�.H; ƒ; u/.

Let us identify H1.Y �L/ with Z` as in Remark 3.6. We view the framing ƒ as an `-by-` symmetric
matrix with columns ƒi . The matrix element cij in ƒ (for i; j D 1; : : : ; `) is the linking number between
Li and Lj when i ¤ j, and the surgery coefficient �i of Li when i D j.

Let H.L;ƒ/? � Z` be the orthogonal complement to H.L;ƒ/, that is,

H.L;ƒ/? D fv 2 Z` j v �ƒi D 0 for all ig D
�
.v1; : : : ; v`/ 2 Z`

ˇ̌̌X
i

viƒi D 0

�
:

There are natural identifications

H 2.Yƒ.L//ŠH1.Yƒ.L//Š Z`=H.L;ƒ/

such that
c1.Œs�/D Œ2s�

for any s 2 Spinc.Yƒ.L//ŠH.L/=H.L;ƒ/. This can be deduced from the formulas for the Chern class
in [Ozsváth and Szabó 2008a, equation (24) and Lemma 3.13]; compare also Lemma 11.2 below.

Using Poincaré duality, we obtain a natural identification H2.Yƒ.L//ŠH.L;ƒ/?. Hence,

(105) d.u/D gcd
v2H.L;ƒ/?

X
i

2sivi ;

where we wrote vD .v1; : : : ; v`/, and sD .s1; : : : ; s`/ is any element in the corresponding equivalence
class u 2H.L/=H.L;ƒ/.

Remark 9.8 It is clear from (103) that d.u/ is always even. One can also verify this using the description
of d.u/ given in (105). Indeed, let � D .�1; : : : ; �`/ D .c11; : : : ; c``/ be the diagonal vector of the
framing matrix ƒ. For s 2 H.L/ and v 2 H.L;ƒ/?, we have 2s � ƒ1C � � � Cƒ` �� .mod 2/ and
.ƒ1C � � �Cƒ`/ � vD 0, so

.2s/ � v� � � v�
X̀
iD1

ci ivi �
X̀
iD1

ci iv
2
i �

X̀
iD1

X̀
jD1

cij vivj � v
Tƒv� 0 .mod 2/:

Lemma 9.9 Fix an equivalence class u 2H.L/=H.L;ƒ/. There exists a function � W u!Z=d.u/Z with
the property that

(106) �.sCƒi /� �.s/C 2si

for any i D 1; : : : ; ` and sD .s1; : : : ; s`/ 2 u.
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Proof Pick some s0 D .s01 ; : : : ; s
0
`
/ 2 u. Any other s 2 u is of the form s0C

P
aiƒi , for some ai 2 Z.

Set

�

�
s0C

X̀
iD1

aiƒi

�
D

X̀
iD1

2ais
0
i C

X̀
i;jD1

aiaj cij :

There is an indeterminacy in expressing s as s0C
P
aiƒi , namely one can add an element in H.L;ƒ/?

to the vector .a1; : : : ; a`/. It is easy to check that �.s/ is independent (modulo d.u/) of how we express s,
and that (106) is satisfied.

Remark 9.10 The function � from Lemma 9.9 is unique up to the addition of a constant.

Fix a function � as in Lemma 9.9. Each factor A�.HL�M ;  M .s// appearing in the complex C�.H; ƒ; u/

admits a natural Z-grading �Ms D � M .s/ as in (16). We define a Z=d.u/Z-grading � on C�.H; ƒ; u/

as follows. For s 2 u and x 2 A�.HL�M ;  M .s//, we set

�.s;x/D �Ms .x/C �.s/� jM j;

where jM j denotes the number of components of M.

Lemma 9.11 The differential D� on C�.H; ƒ; u/ decreases � by one modulo d.u/.

Proof Use (26), (100), and the fact thatD
EM

p
EM .s/

(being the longest map in an jM j-dimensional hypercube
of chain complexes) changes grading by jM j � 1.

10 Truncation

As noted near the end of Section 4.1, in order to calculate the Heegaard Floer homology groups
HF �.Yƒ.L/; u/ using Theorem 9.6, it is helpful to replace the infinite direct product from (102) with a
finite one. This is called horizontal truncation, and we saw a few instances of it in Sections 4.3 and 4.5.
In Section 10.1, we will describe a general way of doing horizontal truncation for surgery on an arbitrary
link.

Even after horizontal truncation, the direct product in (102) is still an infinite-dimensional F -vector space,
due to the fact that each term is a free module over a ring of power series. However, in Section 10.2
we show that the power series ring can be replaced (essentially without any loss of information) by a
finite-dimensional polynomial ring. This process is called vertical truncation, and is done by setting
large powers of the U variables to zero. By combining horizontal and vertical truncation, we can replace
the right-hand side of (102) with a finite-dimensional chain complex. In Section 10.3, we describe an
alternative way of doing so, by applying a slightly different horizontal truncation to the vertically truncated
complex. In Section 10.4, we alter the combined truncation procedure from Section 10.3 further, by
adding certain “crossover maps”. We call the result a folded truncation of the original complex. Folded
truncation will play an important role in the proof of Theorem 9.6 presented in Section 12.
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Before describing all these truncations, let us recall some notation from Section 4. We denote a typical
term in the surgery complex (102) by

C"s D A�.HL�M ;  M .s//;

where "D ".M/ 2 E` D f0; 1g
` is such that Li �M if and only if "i D 1. A typical summand in the

differential D� is denoted by
D";"

0

"0;s
Dˆ

EN
 M .s/

W C"
0

s ! C"
0C"
sC"0�ƒ;

where "0D ".M/, "D ".N /, and "0 2E` is such that i 2 I�. EL; EN/ if and only if "0i D 1. The dot product
"0 �ƒ denotes the vector

P
"0iƒi . Note that we always have "0 � ".

Dropping a subscript or superscript from the notation means considering the direct product over all
possible values of that subscript or superscript. For example, C" D

Q
s C"s, and CD

L
" C" D C.H; ƒ/.

Observe that .C";D"/ forms a hypercube of chain complexes as defined in Section 5.1 (except it may
have only a Z=2Z-grading, rather than a Z-grading) and C is the total complex of this hypercube.

10.1 Horizontal truncation

We now return to the setting of Section 9, where L is an arbitrary link, equipped with an orientation, a
complete system of hyperboxes H, and a framing ƒ.

Lemma 10.1 There exists a constant b > 0 such that , for any i D 1; : : : ; ` and for any sublink M � L
not containing the component Li , the chain map

ˆ
ELi

 EM .s/
W A�.HL�M ;  

EM .s//! A�.HL�M�Li ;  
EM[ELi .s//

induces an isomorphism on homology provided that either

� s 2H.L/ is such that si > b, and Li is given the orientation induced from L; or

� s 2H.L/ is such that si < �b, and Li is given the orientation opposite the one induced from L.

Proof For jsi j sufficiently large, and Li oriented as in the lemma (according to the sign of si ), the
inclusion map I

ELi
 
EM .s/

from (24) is the identity. Moreover, the descent mapD
ELi

p
ELi . 

EM .s//
is a composition

of maps along the edges of the corresponding hyperbox H
EL�M;Li , and hence induces an isomorphism on

homology; see Example 9.1. The conclusion then follows in light of (100).

Lemma 10.1 is the key ingredient in truncating the complex C�.H; ƒ/. Roughly, it allows the terms of
this complex to cancel in pairs, whenever s 2H.L/ has at least one component si with jsi j > b. The
result is that the homology of the complex C�.H; ƒ/ can be computed by restricting to some terms
corresponding to s lying in a compact subset of H.L/.

Of course, we need to be more explicit about how this is done. For simplicity, let us assume (for the
moment) that the framing vectors ƒ1; : : : ; ƒ` are linearly independent in R`. This is equivalent to asking
for Yƒ.L/ to be a rational homology sphere.
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P3

R1

R4

R3

Q

x D�b x D b

y D b

y D�b

R2

l4

l3

l1

P4

P1
P2

l2

Figure 29: The parallelogram Q and the regions Ri . The parallelogram Q, which is (roughly)
the support of the truncated complex C�.H; ƒ/hbi, is shown shaded.

Let us first recall the case of surgery on knots; see [Ozsváth and Szabó 2008b, Section 4.1]. Then the
framing coefficient ƒ is a nonzero integer. Set

(107) C�.H; ƒ/hbi D
M
�b�s�b

A�.HL; s/˚
M

�bCƒ�s�b

A�.H∅;  L.s//� C�.H; ƒ/:

It is easy to check that C�.H; ƒ/hbi is a subcomplex of C�.H; ƒ/ for ƒ< 0, and a quotient complex
of C�.H; ƒ/ when ƒ > 0. In both cases, an application of Lemma 10.1 shows that C�.H; ƒ/ and
C�.H; ƒ/hbi are quasi-isomorphic.

Next, we turn to the case when the link L has two components. We denote by �1 and �2 the framings of
L1 and L2 (as compared to the framings coming from Seifert surfaces for those components), and by c
the linking number between L1 and L2. Thus, in terms of the standard basis of H1.Y �L/Š Z2,

ƒ1 D .�1; c/; ƒ2 D .c; �2/:

Recall our assumption that ƒ1 and ƒ2 are linearly independent, ie �1�2� c2 ¤ 0.

As before, C"1"2s will denote the term A�.HL�M ;  M .s// appearing in (102), where "i D 1 or 0
depending on whether or not Li � M for i D 1; 2. We say that C"1"2s is supported at the point s D
.s1; s2/ 2H.L/�R2.

Let b be the constant from Lemma 10.1. We seek to define a chain complex C�.H; ƒ/hbi quasi-isomorphic
to C�.H; ƒ/, and composed of only finitely many of the terms C"1"2s . For this purpose, we construct a
parallelogram Q in the plane, with edges parallel to the vectors ƒ1 and ƒ2, and with vertices P1, P2,
P3 and P4 as in Figure 29. We require the coordinates of P1 to satisfy x; y > b, the coordinates of P2
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to satisfy x < �b, y > b, etc. Further, we choose half-lines l1, l2, l3 and l4 with li starting at Pi and
staying in the i th quadrant. For example, l1 has to form an angle between 0 and �

2
with the x-axis, etc.

The half-lines li split the complement R2 �Q into four regions, denoted by R1, R2, R3 and R4; see
Figure 29. We require that the edges of the parallelogram Q and the half-lines li miss the lattice H.L/.

We require that the slopes of the lines l1, l2, l3 and l4, compared to those of the vectors ƒ1 and ƒ2, are
as indicated in Figure 30. We distinguish there six cases, according to the values �1, �2 and c. (Note
that these cases cover all the possibilities for �1�2 � c2 ¤ 0, with some overlap. When we are in an
overlap situation, we are free to choose either setting.) For example, in Case I, we require both vectors
ƒ1 and ƒ2 to point into R2 when placed on the half-line l2.

By Lemma 10.1, the maps ˆL1 appearing in the definition of the differential for C�.H; ƒ/ induce
isomorphisms on homology when restricted to terms supported in R1. The same is true for the maps
ˆL2 supported in R2, for the maps ˆ�L1 supported in R3, and for the maps ˆ�L2 supported in R4.
(Here, as in Section 4.5, we let L1 and L2 have the orientation induced from L, and we add a minus
sign when we wish to indicate the opposite orientation.) These facts allow us to truncate the complex
C�.H; ƒ/ to a obtain a quasi-isomorphic one CQ D C�.H; ƒ/hbi, which is (roughly) supported in the
parallelogram Q. This is obtained by taking successive subcomplexes and quotient complexes from
C�.H; ƒ/, and canceling out complexes supported in R1, R2, R3 and R4. Some care has to be taken
with what happens near the boundaries of these regions, so we proceed to do a case-by-case analysis. We
present the first case in detail, and for the others we sketch the necessary modifications.

Case I (�1; �2 > 0, �1�2� c2 > 0) Let CR1[R2 be the subcomplex of C�.H; ƒ/ consisting of those
terms supported in R1 [R2. There is a filtration F00 on CR1[R2 (analogous to the one used for the
Hopf link in Section 4.5) such that F00 is bounded above, and in the associated graded we only see the
differentials that preserve s. The associated graded then splits into a direct sum CR1˚CR2 , where CRi is
the direct product of the terms supported in Ri . On CR1 there is an additional two-step filtration such that
the differential of its associated graded consists only of maps of the form ˆL1 , which are isomorphisms
on homology. Hence, by applying Lemma 4.1, we have H�.CR1/D 0. Similarly H�.CR2/D 0, using an
associated graded that leaves only the maps ˆL2 in the differential. Putting these together, and using
Lemma 4.1 again, we deduce that CR1[R2 is acyclic.

The quotient complex of CR1[R2 is supported in Q[R3[R4. Let us define a subcomplex of it, denoted
by CR3[R4 , to consist of those terms A"1"2s with the property that s� "1ƒ1� "2ƒ2 2R3[R4. This is
roughly supported in R3[R4, although some terms spill over into Q. We define CQ to be its quotient
complex.

We claim that CQ is quasi-isomorphic to the original complex C�.H; ƒ/. For this, we need to show that
CR3[R4 is acyclic. In the region R3, we would like to use the maps ˆ�L2 to cancel out terms in pairs.
However, there exist a whole region of values s 2R3 such that sCƒ2 lands in R2 rather than R3. The
direct product of C00s and C01s over the values s in that region forms a quotient complex of CR3[R4 ; this
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ƒ1

R1

R4
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R3

Q

I. �1 > 0; �2 > 0; �1�2 � c2 > 0 II. �1 < 0; �2 < 0; �1�2 � c2 > 0

R1

R4

R2

ƒ2
Q

R3

IV. �1 < 0; �2 > 0III. �1 > 0; �2 < 0

ƒ1

R1

R2

R4R4

R2

R1R3

QQ

ƒ2

R3
ƒ1

ƒ2

V. �1�2 � c2 < 0; c > 0 VI. �1�2 � c2 < 0; c < 0

ƒ1

ƒ2

R1

R4

R2

R3

Q

R1

R4

R2

R3

ƒ1
Q

ƒ2

Figure 30: Horizontal truncation. We show here the required slopes for the half-lines li , in
relation to the vectors ƒ1 and ƒ2. There are six cases.

quotient is acyclic, because the maps ˆL2 (being close to the region R2) make the terms C00s and C01s
cancel out in pairs. The corresponding subcomplex C0R3[R4 is quasi-isomorphic to CR3[R4 . Similarly,
we can eliminate the terms C00s and C10s from C0R3[R4 for those s 2 R4 such that sCƒ1 2 R1. The
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result is a quasi-isomorphic complex C00R3[R4 . Consider the associated graded of this complex with
respect to a filtration F11 (analogous to the one used for the Hopf link in Section 4.5) such that the
remaining differentials preserve s� "1ƒ1 � "2ƒ2. The associated graded is acyclic, as it splits into a
direct sum according to the regions R3 and R4, and those are acyclic by Lemma 10.1. We conclude that
H�.CR3[R4/DH�.C

00
R3[R4

/D 0.

Case II (�1; �2 < 0, �1�2 � c2 > 0) This is similar to Case I, except quotient complexes and
subcomplexes are swapped, and the unbounded filtrations are reversed. Specifically, CR1[R2 is a quotient
complex, on which �F00 defines a filtration. Its associated graded splits as CR1 ˚CR2 and is acyclic
(by using the same two-step filtration as in Case I). The filtration �F00 is no longer bounded above;
still, it is U -tame in the sense of Definition 4.3, and we can apply Lemma 4.4 to deduce that CR1[R2
is acyclic. There is a subcomplex of the whole C�.H; ƒ/ with CR1[R2 as the corresponding quotient;
that subcomplex has a quotient complex CR3[R4 and a subcomplex CQ. We can prove that CR3[R4 is
acyclic similarly to how we did so in Case I, this time relying on Lemma 4.4 when the filtrations are not
bounded above. We conclude that C�.H; ƒ/ is quasi-isomorphic to CQ.

Case III (�1 > 0, �2 < 0) We define a subcomplex CR1 composed of those terms C"1"2s such that
either s 2R1, or s 2R4, "2 D 1 and s�ƒ2 2R1. We also define another subcomplex CR3 composed of
those terms C"1"2s such that either s� "1ƒ1 2R3, or s 2R4, "2 D 1 and s� "1ƒ1�ƒ2 2R3. Both CR1
and CR3 are acyclic. The corresponding quotient complex admits two further acyclic quotient complexes:
one, CR2 , consisting of C"1"2s with s2R2 and the other, CR4 , consisting of C"1"2s such that s�"2ƒ2 2R4.
We let CQ be the resulting subcomplex.

Case IV (�1 < 0, �2 > 0) This is similar to Case III, but now CR1 and CR3 are quotient complexes,
while CR2 and CR4 are subcomplexes.

Case V (c > 0, �1�2 � c2 < 0) This is similar to Case I, except that in order to make the complex
CR3[R4 acyclic, we need to slightly modify its definition near the corners P2; P4 of the parallelogram Q.
Specifically, when we define CR3[R4 , we still ask that s� "1ƒ1� "2ƒ2 2R3[R4, but from such pairs
.s; "/ we eliminate those with

(a) s 2Q, sCƒ1 2R2, s�ƒ2 2R3 and "D .0; 1/; or

(b) s 2Q; sCƒ2 2R1, s�ƒ1 2R4 and "D .1; 0/.

Case VI (c < 0, �1�2� c2 < 0) This is similar to Case II, except we need to make adjustments near
the corners P2 and P4 as in Case V.

A similar construction can be done for surgery on links with an arbitrary number of components `. Recall
that we assume the framing vectors ƒ1; : : : ; ƒ` to be linearly independent in R` (ie Yƒ.L/ is a rational
homology sphere). Let x1; : : : ; x` be the coordinates in R`ŠH1.Y �LIR/. The coordinate hyperplanes
xi D 0 split R` into 2` “hyperquadrants”. We construct a “skewed hyperbox” Q (analogous to the
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parallelogram Q in the case `D 2), with one vertex in each hyperquadrant, as follows. The vertices of Q
are P" for " 2 E` D f0; 1g

`, with coordinates satisfying

xi .P"/ > b if "i D 0; xi .P"/ < �b if "i D 1:

Thus, the skewed hyperbox Q contains the hypercube Œ�b; b�`, where b is the constant in Lemma 10.1.
Further, we require the edges of Q to be parallel to the vectors ƒi .

Let

Fi;� ; i 2 f1; : : : ; `g; � 2 f�1; 1g;

be the hyperface of Q that lies completely in the half-space given by �xi > 0. In other words, Fi;� has
as vertices all P" with .�1/"i D � .

We can truncate the complex C�.H; ƒ/ to obtain a quasi-isomorphic one CQ, roughly supported in
the skewed hyperbox Q. This truncated complex CQ D C�.H; ƒ/hbi is obtained from C�.H; ƒ/ after
canceling some acyclic subcomplexes and quotient complexes, one for each face Fi;� . We use Lemma 10.1
to show acyclicity, along the same lines as in the case `D 2. Note that, near the faces Fi;C1, the truncation
is done exactly along the boundaries of Q, while near the faces Fi;�1, we allow some terms to spill in or
out of Q, ie instead of requiring (locally) that s 2Q, we have a requirement of the form s� "iƒi 2Q.
This allows for the cancellation of the terms outside CQ. We leave the verification of the details to the
interested reader.

Finally, let us turn to the case when the framing matrix ƒ is degenerate, so that b1.Yƒ.L// > 0. Then
one can still truncate each complex C�.H; ƒ; u/, corresponding to a specific Spinc structure u on Yƒ.L/.
The truncations is done in the same way as in the case b1.Yƒ.L//D 0, but we cut only in `�b1.Yƒ.L//
directions.

In principle, the complex C�.H; ƒ/ is a direct product over C�.H; ƒ; u/, and there are infinitely many
Spinc structures u. Nevertheless, Theorem 2.3 in [Ozsváth and Szabó 2004c], together with (6), implies
that there are only finitely many Spinc structures u for which HF �.Yƒ.L/; u/¤ 0. In addition, one can
find an a priori bound (in terms of a suitable Heegaard diagram) to determine the range of possible u

with nonzero Floer homology. By only taking those particular u in the direct product
Q

C�.H; ƒ; u/ we
obtain a chain complex quasi-isomorphic to the original C�.H; ƒ/, which we can then truncate to arrive
at a quasi-isomorphic finite direct product. We denote the resulting chain complex with finite support by
C�.H; ƒ/hbi, depending on b� 0.

10.2 Vertical truncation

This section is an analogue of [Ozsváth and Szabó 2008b, Section 2.7], with HF � replacing HFC, and
with the use of possibly several U variables, as well as nontorsion Spinc structures.
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Let C be a chain complex over R D F ŒŒU1; : : : ; U`��, with a relative Z=2NZ-grading, where N is a
nonnegative integer and each Ui has degree �2. Let ı be a positive integer. Let Rı be the quotient of R

by the ideal generated by U ıi ; i D 1; : : : ; `. We then denote by C ı the complex C ˝R Rı . Further, if
F W C !D is a map between chain complexes over R, we denote by F ı the corresponding map between
C ı and Dı . The procedure of replacing C by C ı , or F by F ı is referred to as vertical truncation.

If ı0 � ı, note that there is a natural projection Rı 0 !Rı , which gives a map C ı
0

! C ı . Set

(108) H ı ı 0

� .C /D Im.H�.C ı
0

/!H�.C
ı//:

Definition 10.2 A chain complex C over RD F ŒŒU1; : : : ; U`�� is said to be of torsion CF � type if it
admits an absolute Q-grading and a relative Z-grading, and it is quasi-isomorphic (over R) to a finitely
generated, free chain complex over R.

Remark 10.3 The prototype of a chain complex of torsion CF � type is the Heegaard Floer complex
CF �.Y; u/, where Y is a three-manifold and u a torsion Spinc over Y ; see [Ozsváth and Szabó 2004b;
2004c; 2006]. Also, when u is torsion, the complex C�.H; ƒ; u/ constructed in Section 9.2 is of CF �

type, because it is quasi-isomorphic to a (finitely generated, free) horizontally truncated complex as in
Section 10.1.

Note that if C is of torsion CF � type, then the homology Hk.C / vanishes for k� 0. Further, as an
R-module, H�.C / admits a quotient module H�k D

L
i�kHi .C / for any k 2 Z.

In the lemma below, the symbol Š denotes isomorphism of R-modules.

Lemma 10.4 (a) Let C be a complex of torsion CF � type. Then , for any k 2 Q, there exists a
constant d such that , for all integers ı � d , we have H�k.C ı/ŠH�k.C /.

(b) If A and B are chain complexes of torsion CF � type satisfying H�.Aı/ŠH�.Bı/ for all ı� 0,
then H�.A/ŠH�.B/.

(c) More generally, suppose we are given integers a; b � 0. If A and B are chain complexes of torsion
CF � type satisfying

H�.A
ı/˝ .H�C2ı�1.S

2ı�1//˝a ŠH�.B
ı/˝ .H�C2ı�1.S

2ı�1//˝b

for all ı� 0, then H�.A/ŠH�.B/. (The tensor products are taken over F .)

Proof Part (a) is similar to [Ozsváth and Szabó 2008b, proof of Lemma 2.7]. We consider the short
exact sequence

(109) 0! C
U ı1
�! C ! C=U ı1C ! 0:

For a given k, we choose d such that Hi .C /D 0 for i � kC 2d � 1. The induced long exact sequence
then gives an isomorphism H�k.C /ŠH�k.C=U

ı
1C/ for ı � d . Iterate this argument, replacing C with

C=U ı1C and U1 with U2, then use U3, etc.
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Parts (b) and (c) follow from (a), combined with the fact that H�k.A/ Š H�k.B/ for all k implies
H�.A/ŠH�.B/. For (c), we also need to note that H�.Aı/ and H�.Aı/˝ .H�C2ı�1.S2ı�1//˝a have
the same quotient modules corresponding to degrees � k for any ı sufficiently large compared to k, and
that a similar statement applies to Bı .

Remark 10.5 If C is finitely generated, we can estimate the value of d in Lemma 10.4(a) as follows: if
m is the maximal degree of the generators of C�, we can choose d > 1

2
.m� k/.

Definition 10.6 A chain complex C over RD F ŒŒU1; : : : ; U`�� is said to be of nontorsion CF � type if
it admits a relative Z=2NZ-grading for some N > 0 and it is quasi-isomorphic (over R) to a finitely
generated, free chain complex over R.

Lemma 10.7 Let Y be a three-manifold and u a nontorsion Spinc structure over Y. Then the Heegaard
Floer complexCF �.Y; u/ is of nontorsionCF � type , and there exists d �0 such that U di HF

�.Y; u/D0

for all i .

Proof The fact that CF �.Y; u/ is of nontorsion CF � type was established in [Ozsváth and Szabó
2004b].

For the second statement, note that all Ui ’s act the same way on homology; see [Ozsváth and Szabó
2008a]. Let us denote their common action by U. We need to check that this action is nilpotent. Indeed,
HF1.Y; u/D 0 by (5). Since HF1 is the ring of fractions of HF � with respect to .U /, the action of
U on HF � must be nilpotent.

Lemma 10.8 (a) Let C be a complex of nontorsion CF � type. Suppose there exists d � 0 such that
U di H�.C /D 0 for all i . Then , for all integers ı � d and ı0 � ıC d , we have an isomorphism of
relatively graded R-modules

(110) H ı ı 0

� .C /ŠH�.C /:

(b) Let A and B be relatively Z=2NZ-graded chain complexes of nontorsion CF � type satisfying
H ı ı 0

� .A/ŠH ı ı 0

� .B/ for all ı0 � ı� 0. Suppose there exists d � 0 such that U di H�.A/D 0
for all i . Then H�.A/ŠH�.B/, as relatively graded R-modules.

Proof (a) Note that the short exact sequences (109) for ı0 and ı fit into a commutative diagram

0 // C
U ı
0

1
//

U ı
0�ı
1

��

C // C=U ı
0

1 C

��

// 0

0 // C
U ı1
// C // C=U ı1C

// 0

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 2917

At the level of homology, this produces the commutative diagram

0 // H�.C / // H�.C=U
ı 0

1 C/
//

��

H�.C / //

U ı
0�ı
1

��

0

0 // H�.C / // H�.C=U
ı
1C/

// H�.C / // 0

The third vertical arrow is zero by hypothesis. It follows that Im.H�.C=U ı
0

1 C/! H�.C=U
ı
1C// Š

H�.C /. By iterating this argument ` times, we obtain (110).

(b) If U di annihilates H�.A/, the long exact sequence in homology associated to (109) implies that U di
also annihilates H�.Aı/, for all ı� 0. Since H�.Aı/ŠH�.Bı/ by hypothesis (where we chose ı0D ı),
U di H�.B

ı/D 0 for ı� 0.

We claim that this implies U di H�.B/D 0 for all i . Let us explain the argument in the case `D 1. The
long exact sequence in homology

� � � !H�.B/
U ı1
�!H�.B/!H�.B

ı/! � � �

implies that M D U d1 H�.B/ is in U ı1H�.B/D U
ı�d
1 M for all large ı. Since M is a finitely generated

module over the local Noetherian ring RD F ŒŒU1; : : : ; U`��, Krull’s theorem implies that
T
i U

i
1M D 0;

see [Atiyah and Macdonald 1969, Corollary 10.19]. Thus U d1 H�.B/D 0. Iterating this argument ` times
produces the same conclusion for an arbitrary number of Ui variables.

The claim that H�.A/ŠH�.B/ now follows by applying (a) to both A and B.

Lemma 10.9 Let C be a complex of nontorsionCF � type such that all Ui act the same on homology, and
U dH�.C /D 0 for some d � 0, where U denotes the common Ui action. Suppose dimF .H�.C

ıC1//D

dimF .H�.C
ı// for some ı � 1. Then H ı 2ı

� .C /ŠH�.C /.

Proof Explicitly, the homologyH�.C / is a direct sum
L
j .F ŒŒU ��=U

kj /, so that dimF .H�.C //D
P
kj .

The long exact sequence on homology associated to (109), iterated ` times, implies that dimF .H�.C
ı//D

2`
P

min.kj ; ı/. If dimF .H�.C
ıC1//D dimF .H�.C

ı//, we must have ı � kj for all j, which means
that U ıi H�.C /D 0. The claim now follows from Lemma 10.8(a).

Let us apply this discussion to the complex C�.H; ƒ/ from (102). Suppose we understand the chain
groups and differentials and we want to compute its homology. First, we decompose the complex
into terms of the form C�.H; ƒ; u/, according to Spinc structures u. Then we apply the horizontal
truncation from Section 10.1 and get quasi-isomorphic complexes C�.H; ƒ; u/hbi. If u is torsion, the
complex C�.H; ƒ; u/hbi is finite-dimensional in each given degree, so we can compute its homology.
Alternatively, we could replace it by a quasi-isomorphic, finite-dimensional complex C�.H; ƒ; u/hbiı

(see Lemma 10.4), where ı can be estimated as in Remark 10.5. If u is nontorsion, the complex
C�.H; ƒ; u/hbi is of nontorsion CF � type, and its homology is annihilated by a power of the Ui ’s; see
Theorem 9.6 and Lemma 10.7. We then start computing the homology of the complexes C�.H; ƒ; u/hbiı ,
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and let ı increase by one until we find that the complexes for ı and ıC 1 have the same total rank. By
Lemma 10.9, H�.C�.H; ƒ; u//ŠH ı 2ı

� .C�.H; ƒ; u//. The latter homology group can be computed
from finite-dimensional complexes.

10.3 A combined truncation

Pick ı > 0 and consider the vertically truncated complex Cı D C�.H; ƒ/ı . We could apply the hori-
zontal truncation procedure from Section 10.1 to obtain a quasi-isomorphic, finite-dimensional complex
C�.H; ƒ/ıhbi. In this section we describe a different way of doing horizontal truncation. This new
procedure cannot be applied directly to C�.H; ƒ/; it is essential to do the vertical truncation by ı first.
The new horizontal truncation is an intermediate step towards constructing the folded truncation in
Section 10.4.

We use the notation introduced at the beginning of Section 10, ie we denote by C";ıs the factors of Cı ,
and by D

";"0;ı

"0;s the maps that form the differential. The property that distinguishes the vertically truncated
complex Cı from C is the following:

Lemma 10.10 Fix ı > 0. Then there is a constant bı > 0 such that , for any i D 1; : : : ; `, the map D";"
0;ı

"0;s

is a quasi-isomorphism provided that either

� "D �i (ie "i D 1 and "j D 0 for j ¤ i ), "0 D 0, and si > bı , or

� "D "0 D �i and si < �bı ;

and , further , D";"
0;ı

"0;s
D 0 provided that either

� "i D "
0
i D 1 and si > bı , or

� "i D 1; "
0
i D 0, and si < �bı .

Proof For the first part of the statement, it suffices to make sure that bı � b, where b is the constant
from Lemma 10.1. For the second statement (about the triviality of the respective maps), observe that, for
example, "i D "0i D 1 means that i 2 I�. EL; EN/, and we are asked to show that ˆ EN

 M .s/
is zero. This is

true because by (100), one of the factors of ˆ EN
 M .s/

is the map I
EN
 M .s/

. This “inclusion” is the zero map
because it contains a large power of Ui see (24), and that power is set to zero in the vertical truncation.
The case "i D 1; "0i D 0 is similar.

Let us fix some �D .�1; : : : ; �`/2R` such that the values �i are very close to zero, and linearly independent
over Q. We let PR.ƒ/�R` be the hyperparallelepiped with vertices

�C 1
2
.˙ƒ1˙ƒ2˙ � � �˙ƒ`/

for all possible choices of signs. This is a fundamental domain for R`=H.L;ƒ/, where H.L;ƒ/ is
the lattice generated by the vectors ƒi , as in Section 9.2. Let P.ƒ/ be the collection of points in the
lattice H.L/ that also lie in PR.ƒ/. Because of our choice of �, there are no lattice points on the boundary
of PR.ƒ/. Therefore,

(111) P.ƒ/ŠH.L/=H.L;ƒ/:
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In terms of the standard basis of H1.Y �L/, we write

ƒi D .ci1; : : : ; ci`/;

where ci i D �i is the framing coefficient on the component Li , and cij is the linking number between ELi
and ELj for i ¤ j.

Pick mi� 0, for i D 1; : : : ; `, and let zƒ be obtained from ƒ by increasing the framing coefficients by mi ;
that is,

zƒi D . Qci1; : : : ; Qci`/;

with
Qcij D

�
ci i Cmi if i D j;
cij if i ¤ j:

For each " 2 E`, consider the hyperparallelepiped P.zƒ;ƒ; "/R �R` with vertices

�C
1

2

X̀
iD1

.�i zƒi C .1� �i /"iƒi /

over all possible choices of signs �i 2 f˙1g. Set

P.zƒ;ƒ; "/D P.zƒ;ƒ; "/R\H.L/:

For "D .0; : : : ; 0/, we recover the old P.zƒ/, while, for "D .1; : : : ; 1/, the hyperparallelepiped P.zƒ;ƒ; "/
is a rectangular hyperbox of size .m1; : : : ; m`/.

Set

(112) Cıhh zƒii D
M
"2E`

M
s2P. zƒ;ƒ;"/

C";ıs :

See Figure 31 for an example.

Remark 10.11 The hyperparallelepipedsP.zƒ;ƒ;"/ behave nicely with respect to the maps MWH.L/!
H.L�M/ as defined in Section 3.7. Indeed, consider the link

M D
[
"iD1

Li

with the orientation induced from EL. Then  M takes P.zƒ;ƒ; "/ exactly to the hyperparallelepiped
P.zƒjL�M /, and it does so in an m.M/-to-one fashion, where

m.M/D
Y
Li�M

mi :

Therefore, we can rewrite (112) as

(113) Cıhh zƒii D
M
M�L

M
s2P. zƒjL�M /

Mm.M/
.A�;ı.HL�M ; s//:
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ƒ1

ƒ2

s2 D b
ı

s2 D�b
ı

s1 D�b
ı s1 D b

ı

.0;1/

.1;0/

.1;0/

.0;0/

.0;0/

.1;0/

.0;0/

.0;0/

.0;0/

.1;0/ .1;1/

.0;1/

.1;1/

.1;0/

.0;1/

.1;1/

.0;1/

.0;1/

Figure 31: The complex Cıhh zƒii for a two-component link. We show here the combined truncation
corresponding to surgery on a framed link with, say, ƒ1 D .200; 100/, ƒ2 D .100; 200/, m1 D
m2D 600 and bı D 50. The four parallelograms in the picture are P.zƒ;ƒ; "/ for `D 2, "2 f0; 1g2,
and zƒ and ƒ fixed. In each region we mark the values of " such that the corresponding P.zƒ;ƒ; "/
contains the region. This tells us which terms C";ıs form the truncated complex Cıhh zƒii. The
framing zƒ is sufficiently large compared to bı , as explained in the proof of Proposition 10.12.

Proposition 10.12 Fix ı >0. If we pick the valuesmi sufficiently large , the direct sum Cıhh zƒii, equipped
with the restriction of the differential D�;ı , forms a chain complex quasi-isomorphic to .Cı ;D�;ı/.

Proof Let PR be a hyperparallelepiped in R`, with vertices V � , for � D .�1; : : : ; �`/ 2 f�1; 1g`. We
assume that �iV �i > 0 for all � and i ; that is, each vertex lies in the hyperquadrant in R` that corresponds
to � . For each

! D .!1; : : : ; !`/ 2 f�1; 0; 1g
`;

we define a subset PRŒ!��R` as follows. First, define a completion of ! to be a vector � 2 f�1; 1g`

such that �i D !i whenever j!i j D 1. In other words, a completion of ! is a vector in which we
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PRŒ.1; 1/�PRŒ.0; 1/�

s1

s2

PRŒ.�1;�1/�
PRŒ.0;�1/�

PRŒ.1;�1/�

PRŒ.1; 0/�PR

PRŒ.�1; 0/�

PRŒ.�1; 1/�

Figure 32: A decomposition of the plane into nine regions. We show here an example of the
subsets PRŒ!��R2 for ! 2 f�1; 0; 1g2.

replace the zero entries of ! with C1 or �1. Let P !R be the subparallelepiped of PR with vertices V � ,
where � runs over all possible completions of !. Further, given a vector with only nonnegative entries
t D .t1; : : : ; t`/ 2 Œ0;1/

`, we define t �! to be the pointwise product

t �! D .t1!1; : : : ; t`!`/ 2R`:

Set
PRŒ!�D

[
t2Œ0;1/`

.P !R C t �!/:

Note that PRŒ.0; : : : ; 0/�D PR. We have a decomposition

R` D
[

!2f�1;0;1g`

PRŒ!�:

See Figure 32 for the case `D 2.

Suppose there are no points in the lattice H.L/ on the boundary of any PRŒ!�. Then, letting P Œ!�D
PRŒ!�\H.L/, we get a decomposition as a disjoint union

H.L/D
a

!2f�1;0;1g`

P Œ!�:

We can apply this to any of the hyperparallelepipeds P.zƒ;ƒ; "/ and obtain a decomposition of H.L/ for
each ".
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For ! 2 f�1; 0; 1g`, consider the direct sum

Cıhh zƒiiŒ!�D
M
"2E`

Y
s2P. zƒ;ƒ;"/Œ!�

C";ıs ;

so that

(114) Cı D
M

!2f�1;0;1g`

Cıhh zƒiiŒ!�:

We choose the values mi sufficiently large such that whenever V is a vertex of some P.zƒ;ƒ; "/ with
�iVi > 0, we in fact have �iVi > bı . (Here bı is the constant in Lemma 10.10.)

Starting from here, the idea is to use Lemma 10.10 to show that the terms Cıhh zƒiiŒ!� in the direct
sum (114) produce acyclic complexes for ! ¤ .0; : : : ; 0/. We eliminate them one by one, beginning with
the ones with j!j D

P
!i D `, then those with j!j D `� 1, all the way to j!j D 1, after which we are

left only with Cıhh zƒiiŒ.0; : : : ; 0/�D Cıhh zƒii.

We start with ! such that j!j D `, ie all values !i are 1 or �1. Let $ D .$1; : : : ;$`/ be the vector
consisting of the values $i D 1

2
.1�!i / for all i . Each P.zƒ;ƒ; "/Œ!� is obtained from the hyperquadrant

determined by ! by translating by an amount that depends on ". More precisely, if V is the unique vertex
of P.zƒ;ƒ; 0/Œ!�, then the vertex of P.zƒ;ƒ; "/Œ!� is V C .$ � "/ �ƒ.

The second part of Lemma 10.10 implies that the maps D";"
0;ı

"0;s
are trivial unless "0 D$ � ". It follows

from here that Cıhh zƒiiŒ!� is a direct summand of Cı as a chain complex, ie it is preserved by the
differential. Moreover, since by definitionD";"

0;ı

"0;s
maps C"

0;ı
s into C"

0C";ı
sC"0�ƒ, we deduce that the differential

on Cıhh zƒiiŒ!� preserves the quantity
s� .$ � "/ �ƒ:

Hence, the complex Cıhh zƒiiŒ!� splits into a direct sum of terms corresponding to values of s�.$ �"/ �ƒ.
Each such term is an `-dimensional hypercube that has on its edges maps of the form D

";"0;ı

"0;s
with "D �i .

By the first part of Lemma 10.10, all these edge maps are quasi-isomorphisms. Therefore, the respective
hypercube complexes are acyclic, and so is Cıhh zƒiiŒ!�.

We then proceed inductively on `� j!j. At each stage, we have a complex Cıhh zƒiiŒ� j!j� obtained
from Cı by canceling the terms with higher j!j. Each Cıhh zƒiiŒ!�, for the given j!j, splits as a direct
sum of subcomplexes and quotient complexes of Cıhh zƒiiŒ� j!j�. They are acyclic by an application of
Lemma 10.10. The claim follows.

10.4 A folded truncation

In this section we describe the variant of truncation which will be useful to us in Section 12. We keep the
notation from the previous subsection, with Cı D C�.H; ƒ/ı and zƒ as before. The folded truncation
Cıf zƒg that we are about to describe will be isomorphic to Cıhh zƒii as an R-module, but its differential
will contain some additional maps.
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For "D ".M/ 2 E` and s 2H.L/, we introduce the notation Œs�" to denote the translate of s that lies
in the hyperparallelepiped P.zƒ;ƒ; "/, where we allow translations by multiples of zƒi � "iƒi for any
i D 1; : : : ; `. In other words, we consider the tessellation of R` by translates of P.zƒ;ƒ; "/, and “fold”
all the hyperparallelepipeds in this tessellation onto the fundamental domain P.zƒ;ƒ; "/ using translation.
For simplicity, we write C"

Œs�
for the complex C"

Œs�"
.

Observe that if s2H.L/ is sufficiently close to a face of P.zƒ;ƒ; "/ (say, at a distance of no more than the
sum of the absolute values of the entries ofƒ) and the valuesmi were chosen sufficiently large, then Œs�" is
also close to a (possibly different) face of P.zƒ;ƒ; "/. Further, in this case in C"s D A�.HL�M ;  M .s//

all entries in  M .s/ are either sufficiently large or sufficiently small that they can be replaced with ˙1,
so C"s is naturally isomorphic to A�.H∅/, using the data in the complete system H. The same is true of
C"
Œs�

, so we have an identification between C"s and C"
Œs�

.

With this in mind, we define
Cf zƒg D

M
"2E`

M
s2P. zƒ;ƒ;"/

C"s;

with the differential D�f zƒg consisting of all maps

(115) D";"
0

"0;s
f zƒg Dˆ

EN
 M .s/

W C"
0

s ! C"
0C"
ŒsC"0�ƒ�

for "0 D ".M/, "D ".N / and "0 2 E` such that "0C " 2 E` and "0 � ".

Of course, it may happen that the value s is in the hyperparallelepiped P.zƒ;ƒ; "0/, but sC "0 �ƒ is not
in P.zƒ;ƒ; "0C "/. In such cases, note that s must be close enough to a face of P.zƒ;ƒ; "0C "/; hence,
the target of the map D";"

0

"0;s
, which is a priori C"

0C"
sC"0�ƒ, is identified with C "

0C"
ŒsC"0�ƒ�

, as explained above.
The maps D";"

0

"0;s
of this form are called crossover maps.

We let Cıf zƒg be the vertical truncation (by ı) of Cf zƒg. Then Cıf zƒg differs from the truncation Cıhh zƒii

only in that its differential contains the crossover maps.

Example 10.13 If K is a knot with framing coefficient ƒ 2 Z, recall from (107) from Section 10.1 that
we have a horizontal truncation

Chbi D
M
�b�s�b

C0s ˚
M

�bCƒ�s�b

C1s � C:

If we also do vertical truncation by ı, the resulting complex Cıhbi is the same as the combined truncation
Cıhh zƒii from Section 10.3, with zƒ D 2b. When ƒ D 1, the truncation Cıhbi D Cıhh2bii is shown in
Figure 33. In principle, in the folded truncation Cıf2bg we have to add the crossover maps ˆCK

�b
and

ˆ�K
b

shown by dashed lines in Figure 33. (In our notation, for example, ˆCK
�b

is D";"
0

"0;s
f zƒg with "0 D 0,

"D 1, "0 D 0 and sD�b, so that ŒsC "0 �ƒ�"0C" D Œs�"0C" D b.) However, observe that, if b is chosen
sufficiently large compared to bı , then the maps ˆCK

�b
and ˆ�K

b
vanish, according to Lemma 10.10.

Thus, in this case, the folded truncation is the same as the combined truncation. (In fact, the same is true
for any ƒ, that is, for any integer surgery on a knot.)
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ˆCK
�b

ˆ�K
b

C1
b

C1
�bC1

s D bıs D�bı

C0
�b

C0
�bC1

C0
b

Figure 33: The folded truncation for surgery on a knot K. In this example, ƒ D 1 and b D 8.
Each black dot represents a complex C"s , each vertical arrow represents a map ˆCKs , and each
diagonal arrow represents a map ˆ�Ks . The dashed arrows are crossover maps that appear in
Cf2bg. They are set to zero in Cıf2bg because they originate outside the region between the two
dotted lines; compare Lemma 10.10.

Example 10.14 When L is a link of two or more components, there exist crossover maps that remain
nontrivial even when vertically truncating by ı. Examples are shown in Figure 34. For concreteness,
consider the dashed arrow ˆCL2 starting at the leftmost red triangle in the figure, and ending at the
rightmost green triangle. In our notation, this is the crossover map D";"

0

"0;s
f zƒg for "0 D .0; 0/, "D .0; 1/

and "0 D .0; 0/, with s in the leftmost red triangle and Œs�"0C" in the rightmost green triangle.

For future use, let us also write the definition of Cıf zƒg in a slightly different way. For "D ".M/2E`, let
T " be the (finite) polynomial ring over F in variables Ti for those i such that "i D 1 (that is, Li �M ),
with relations Tmii D 1. If M D Li1 [ � � � [Lip and kD .k1; : : : ; kp/ 2 Zp, we formally write

T k D

pY
jD1

T
kj
ij
:

Fix a reference value s0 D .s01 ; : : : ; s
0
`
/ 2H.L/ with all of its entries less than bı in absolute value. In

view of Remark 10.11, we have an identification

P.zƒ;ƒ; "/ Š�! P.zƒjL�M /�T "; sD .s1; : : : ; s`/ 7!

�
 M .s/;

Y
"iD1

T
si�s

0
i

i

�
:

Therefore, we can write

(116) Cıf zƒg D
M
M�L

M
s2P. zƒjL�M /

A�;ı.HL�M ; s/˝T ".M/;

with the differential made of terms

(117) D";"
0;ı

"0;s
f zƒg D T

.ƒjN / EL; EN �ˆ
EN;ı

 M .s/
;

where "0 D ".M/, "D ".N /, and the orientation EN on N is given by i 2 I�. EL; EN/ if and only if "0i D 1.
By .ƒjN / EL; EN we mean the image of ƒ EL; EN D

P
i2I�. EL; EN/

ƒi 2 H1.Y � L/ under the natural map
H1.Y �L/!H1.Y �N/.
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.0;0/

ƒ1

ƒ2

.0;0/

.0;1/

.1;1/

.1;0/

.1;0/

s1 D�b
ı s1 D b

ı

s2 D�b
ı

s2 D b
ı

Œ1;��

Œ2;��

Œ2;��

Œ2;C�

Œ1;C�

.1;0/

ˆCL2

.0;1/.0;0/

ˆ�L1

ˆ�L1

ˆCL2 .0;1/

.0;0/

.1;0/

.1;1/

.0;1/

.1;1/

.1;1/

Œ1;��

Figure 34: The folded truncation for surgery on a two-component link. We show here the same
parallelograms as in Figure 31, corresponding to surgery on a link with ƒ1 D .200; 100/ and
ƒ2 D .100; 200/. Examples of crossover maps are given by dashed lines. They go from the
quotient complex CıOutf

zƒg (indicated by the red regions) to the subcomplex CıInf
zƒg (indicated

by the green regions). In addition to the four crossover maps shown by dashed lines, there
are four others: two of the form ˆCL1 and two of the form ˆ�L2 (not shown here in order to
avoid overcrowding the picture). In each green or red region we mark the values " such that
C";ıs is part of the respective quotient complex or subcomplex. Further, near each green region
we mark (in green square brackets) the edge of the parallelogram that blocks the points in that
region: Œ1;C�, Œ1;��, Œ2;C� or Œ2;��; see the proof of Proposition 10.15 for an explanation. The
subcomplex CıInf

zƒg is acyclic because its differential contains quasi-isomorphisms (indicated
by the green arrows) that cancel its terms in pairs. Similarly, CıOutf

zƒg is acyclic because of the
quasi-isomorphisms indicated by the red arrows.
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Our main goal is to show:

Proposition 10.15 Fix ı > 0. If we pick the values mi sufficiently large , then the complexes Cı and
Cıf zƒg are quasi-isomorphic.

The proof of Proposition 10.15 will proceed along the following lines. Recall from Proposition 10.12
that Cı is quasi-isomorphic to the truncated complex Cıhh zƒii. Thus, it suffices to show that Cıhh zƒii

and Cıf zƒg are quasi-isomorphic. The basic idea is that all nontrivial crossover maps go into an acyclic
subcomplex of Cıf zƒg; therefore, deleting them will not change the quasi-isomorphism type of the
complex.

In order to make this argument precise, we first introduce the auxiliary complex we need, and show that
it is acyclic.

Note that many of the crossover maps in Cıf zƒg are automatically zero, by an application of Lemma 10.10.
In particular, when L is a knot, all crossover maps vanish; compare Example 10.13 and Figure 33. On the
other hand, in Figure 34, some crossover maps have to vanish and others do not: for example, near the
top right corner of Figure 34, in principle we should have crossover maps of the form ˆ�L1 and ˆ�L2 ;
but these are zero, so we did not show them in the figure.

Roughly, the auxiliary complex CıInf
zƒg (to be defined below) will be the target of all crossover maps that

are not being automatically set to zero by applying Lemma 10.10. In Figure 34, this complex is indicated
by the green regions. (When L is a knot, the auxiliary complex is zero.)

Precisely, we define an incoming crossover point to be a pair ."0; s/ with "0 2 E` and sD .s1; : : : ; s`/ 2
P.zƒ;ƒ; "0/ satisfying the following property: there exist "; "0 2 E` such that

� "0� " 2 E` and "0 � ";

� s0 D .s01; : : : ; s
0
`
/ WD s� "0 �ƒ … P.zƒ;ƒ; "0� "/;

� there is no i D 1; : : : ; ` with "i D 1, "0i D 0 and s0i < �b
ı ;

� there is no i D 1; : : : ; ` with "i D 1, "0i D 1 and s0i C
P
j¤i lk.Li ; Lj /.1� "j / > bı .

In other words, we ask for ."0; s/ to specify the target of a (not a priori trivial) crossover map

D";"
0

"0�"0;s
W C"

0�"
s0 ! C"

0

s :

We denote by In.zƒ;ƒ/ the set of all incoming crossover points. (In Figure 34, the set In.zƒ;ƒ/ is exactly
the union of the green regions.) Define the incoming crossover subcomplex of Cıf zƒg to be

CıInf zƒg D
M

.";s/2In. zƒ;ƒ/

C";ıs :

Lemma 10.16 The subcomplex CıInf
zƒg is acyclic.
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Proof Recall that the crossover maps must end near the faces of the hyperparallelepipeds under consid-
eration. Near each face Lemma 10.10 indicates the presence of a particular kind of quasi-isomorphism
among the edge maps ˆ˙Lis . We claim that these quasi-isomorphisms are part of the differential for
CıInf
zƒg, and cause its terms to cancel out in pairs. (In Figure 34, the quasi-isomorphisms that produce the

cancellation are indicated by the green arrows.)

To make this precise, let ."0; s/ be an incoming crossover point. The condition s�"0 �ƒ…P.zƒ;ƒ; "0�"/
means that s� "0 �ƒ fails to satisfy at least one of the 2` inequalities describing the hyperparallelepiped
P.zƒ;ƒ; "0 � "/. This inequality comes from one of the 2` codimension one faces of the hyper-
parallelepiped, and we say that ."0; s/ is an incoming crossover point blocked by that face. One way to
distinguish one of the 2` codimension one faces is to say which of the 2` coordinate half-axes of R` it
intersects. In general, if P is a hyperparallelepiped like the ones in our construction, the face of P that
intersects the positive si -axis will be called the Œi;C� face, and the face that intersects the negative si -axis
will be called the Œi;�� face.

Suppose an inequality that fails for s� "0 �ƒ is the one defining the Œ1;C� face of P.zƒ;ƒ; "0� "/. Since
s does satisfy the inequality defining the Œ1;C� face of P.zƒ;ƒ; "0/, it must be that s lies close to those
faces — where by “close” we mean a distance comparable to the entries of ƒ and much smaller than bı or
the mi ’s. (An example is when s is in the rightmost vertical green triangle in Figure 34, and "0D .0; 1/ or
.1; 1/; there, "D .0; 1/ and "0 D .0; 0/, so ˆCL2

Œs0�
is the crossover map.) Suppose further that "01 D 0, and

let O"0 2E` be obtained from "0 by changing the entry "01 from 0 to 1. Changing "0 into O"0 does not change
the Œ1;C� face of P.zƒ;ƒ; "0/ at all. The same is true for the Œ1;C� face of P.zƒ;ƒ; "0� "/. Therefore,
.s; "0/ is an incoming crossover point blocked by the Œ1;C� face if and only if .s; O"0/ is. Moreover, since
we are near the Œ1;C� face, the value s1 is bigger than bı , so Lemma 10.10 says that

ˆCL1s W C"
0;ı
s ! CO"

0;ı
s

is a quasi-isomorphism. (This is shown as one of the green arrows in Figure 34.) Consider the subcomplex
of CıInf

zƒg consisting of C"
0;ı
s for all ."0; s/ 2 In.zƒ;ƒ/ blocked by the Œ1;C� face. This subcomplex is

acyclic, because it consists of two hypercubes of chain complexes (corresponding to "01 D 0 and "01 D 1,
respectively), connected by a chain map which has quasi-isomorphisms ˆCL1s along the edges. We can
kill off this acyclic subcomplex and obtain a new complex quasi-isomorphic to CıInf

zƒg, which does not
involve any .s; "0/ blocked by the Œ1;C� face. Similarly, from this new complex we can kill off the terms
blocked by the Œ2;C� face, then the terms blocked by the Œ3;C� face, and so on, all without changing the
quasi-isomorphism type.

An analogous elimination procedure works for the terms blocked by faces of the type Œi;��. Indeed,
suppose an inequality that fails for s� "0 �ƒ is the one defining the Œ1;�� face of P.zƒ;ƒ; "0� "/. Since
s does satisfy the corresponding inequality for P.zƒ;ƒ; "0/, it must be that s lies close to those faces.
(An example of this situation is when s is in one of the two leftmost vertical green triangles in Figure 34,
and "0 D .0; 1/ or .1; 1/; there, " D "0 D .0; 1/, so ˆ�L2

Œs0�
is the crossover map.) Suppose further that
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"01 D 0, and let O"0 2 E` be obtained from "0 by changing the entry "01 from 0 to 1. This time, changing
"0 into O"0 results in translating the Œ1;�� face of P.zƒ;ƒ; "0/ by the vector ƒ1. The same happens to the
Œ1;�� face of P.zƒ;ƒ; "0� "/. Therefore, .O"0; sCƒ1/ is also an incoming crossover point blocked by
the Œ1;�� face. Further, since s1��bı , Lemma 10.10 says that

ˆ�L1s W C"
0;ı
s ! CO"

0;ı
sCƒ1

is a quasi-isomorphism. Consequently, the terms in CıInf
zƒg that are blocked by the Œ1;�� face cancel

each other out in pairs (using ˆ�L1s ). By a similar argument, we can kill off the remaining terms blocked
by the Œ2;�� face, and so forth. We conclude that the whole of CıInf

zƒg is acyclic.

It is worthwhile to note that we can similarly define an outgoing crossover point to be a pair ."0; s/ with
"0 2 E` and sD .s1; : : : ; s`/ 2 P.zƒ;ƒ; "0/ satisfying the following property: there exist "; "0 2 E` such
that

� "0C " 2 E` and "0 � ";

� sC "0 �ƒ … P.zƒ;ƒ; "0C "/;

� there is no i D 1; : : : ; ` with "i D 1, "0i D 1 and si > bı ;

� there is no i D 1; : : : ; ` with "i D 1, "0i D 0 and si C
P
j¤i lk.Li ; Lj /.1� "0j / < �b

ı .

We denote by Out.zƒ;ƒ/ the set of all outgoing crossover points. (In Figure 34, the set Out.zƒ;ƒ/ is the
union of the red regions.) Define the outgoing crossover quotient complex of Cıf zƒg to be

CıOutf
zƒg D

M
.";s/2Out. zƒ;ƒ/

C";ıs ;

with the differential induced from CıOutf
zƒg. Roughly, CıOutf

zƒg is the domain of all crossover maps that
are not being automatically set to zero by applying Lemma 10.10. One can show that CıOutf

zƒg is acyclic
by an argument similar to the one used for CıInf

zƒg. However, we will not need to use the complex
CıOutf

zƒg in the proof below.

Proof of Proposition 10.15 Let

Cıff zƒgg D
M
"2E`

s2P. zƒ;ƒ;"/

.";s/…In. zƒ;ƒ/

C";ıs

be the quotient complex of Cıf zƒg obtained from by quotienting out the subcomplex CıInf
zƒg. Since

CıInf
zƒg are acyclic, it follows that Cıf zƒg and Cıff zƒgg are quasi-isomorphic.

Equally well, we can think of CıInf
zƒg as a subcomplex of the truncation Cıhh zƒii (the one without crossover

maps). Thus, Cıff zƒgg is a quotient of Cıhh zƒii, and quasi-isomorphic to it. We deduce that Cıhh zƒii and
Cıf zƒg are quasi-isomorphic. The conclusion then follows from Proposition 10.12.
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11 A general surgery exact sequence

Theorem 9.6 is a generalization of the corresponding result for knots [Ozsváth and Szabó 2008b,
Theorem 1.1]. The key component of the proof of that result is the existence of a long exact sequence

(118) : : :!HF �.Yn.K//!HF �.YmCn.K//!
Mm

HF �.Y /! � � � I

see [ibid., Theorem 3.1], stated there with HFC instead of HF � (see also [Ozsváth and Szabó 2011,
Theorem 6.2], for a generalization to rationally null-homologous knots inside three-manifolds). Here
n;m 2 Z are surgery coefficients of the knot K � Y with m > 0, and Y an integral homology sphere.
The fact that we work with the completed version HF � (see Section 2) allows the triangle to exist for
HF � just as for HFC.

As a first step towards the proof of Theorem 9.6, in this section we will discuss a broader generalization
of (118), in which K is an arbitrary knot in a closed, oriented three-manifold Y. In Sections 11.1 and 11.2
we establish a few useful facts about cobordism maps in Heegaard Floer homology. We then proceed to
state the general exact sequence. Its proof in Section 11.3 is a straightforward adaptation of [Ozsváth
and Szabó 2008b, Theorem 3.1], as long as one does not keep track of gradings and decompositions into
Spinc structures. We deal with these two last issues at length in Sections 11.5, 11.6 and 11.7 for the exact
sequence with vertically truncated complexes.

11.1 Four-dimensional cobordisms

We spell out here a way of describing homology classes, cohomology classes, and Spinc structures on
four-dimensional cobordisms (given by two-handle additions) in terms of surgery. This will be useful
to us when discussing the surgery long exact sequence later in this section, as well as when discussing
surgery maps in Section 14.

Let . EL;ƒ/ be a framed `-component link inside an integral homology three-sphere Y. Recall that the
space of Spinc structures on Yƒ.L/ is identified with the quotient H.L/=H.L;ƒ/ (see Section 9.2).
Also, H1.Yƒ.L// ŠH 2.Yƒ.L// is identified with Z`=H.L;ƒ/ and H2.Yƒ.L// ŠH 1.Yƒ.L// with
H.L;ƒ/? (see Section 9.3).

Let L0 � L be an `0-component sublink, with the orientation induced from EL. Denote by

H.L;ƒjL0/�H1.Y �L/Š Z`

the sublattice generated by the framings ƒi , for Li � L0.

Let Wƒ.L0; L/ be the cobordism from YƒjL0 .L
0/ to Yƒ.L/ given by surgery on L�L0 (framed with the

restriction of ƒ). Further, let Wƒ.L/DWƒ.∅; L/, so that

Wƒ.L/DWƒjL0 .L
0/[Wƒ.L

0; L/:
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Lemma 11.1 (a) There is a natural identification

(119) H2.Wƒ.L
0; L//ŠH.L;ƒjL0/

?
D fv 2 Z` j v �ƒi D 0 for all i with Li � L0g;

under which the intersection product

H2.Wƒ.L
0; L//˝H2.Wƒ.L

0; L//! Z

is given by v˝ v0! vtƒv0.

(b) There is a natural identification

(120) H 2.Wƒ.L
0; L//Š Z`=H.L;ƒjL0/;

under which the natural projection

�L;L
0

W Z`=H.L;ƒjL0/! Z`=H.L;ƒ/

corresponds to restriction to H 2.Yƒ.L//, while restriction to the coordinates corresponding to L0,

Z`=H.L;ƒjL0/! Z`
0

=H.L0; ƒjL0/;

corresponds to restriction to H 2.YƒjL0 .L
0//.

(c) Under the identifications (119) and (120), the evaluation map

H 2.Wƒ.L
0; L//˝H2.Wƒ.L

0; L//! Z

corresponds to the usual scalar multiplication of vectors in Z`. Also , the composition of Poincaré
duality with the natural map in the long exact sequence of a pair

H2.Wƒ.L
0; L// Š�!H 2.Wƒ.L

0; L/; @Wƒ.L
0; L//!H 2.Wƒ.L

0; L//

corresponds to the multiplication v!ƒv.

Proof We start by proving the claims in the case when L0D∅, ie Wƒ.L0; L/DWƒ.L/. Choose Seifert
surfaces Fi � Y for each link component Li . (Of course, these surfaces may intersect each other.) Let yFi
be the surface obtained by capping off Fi in Wƒ.L/, using the core of the respective two-handle. Note
that the homology class Œ yFi � is independent of our choice of Fi . Further, since Y is an integral homology
sphere, the classes Œ yFi �; i D 1; : : : ; `, form a basis of H2.W zƒ.L//, so we have the desired identification

(121) H2.Wƒ.L//Š Z`:

Note that the intersection form on H2.Wƒ.L// in this basis is the framing matrix ƒ.

We also have another identification

(122) H 2.Wƒ.L//Š Z`;

obtained by sending a cohomology class c to .hc; Œ yF1�i; : : : ; hc; Œ yF`�i/. The claims in (c) are then easy to
check for Wƒ.L/.
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Let us now consider the general case of L0 � L. For part (a), observe that

H3.Wƒ.L/;Wƒ.L
0; L//ŠH3.WƒjL0 .L

0/; YƒjL0 .L
0//D 0;

because WƒjL0 .L
0/ consists of two-handle additions only. Hence, the long exact sequence in homology

for the pair .Wƒ.L/;Wƒ.L0; L// reads

0!H2.Wƒ.L
0; L//!H2.Wƒ.L//

f
�!H2.Wƒ.L/;Wƒ.L

0; L//ŠH 2.WƒjL0 .L
0//:

Using (121) and (122), we can view f as a map from Z` to Z`
0

. From part (c) for Wƒ.L/, we get that f
is given in matrix form by the restriction of ƒ to the components of L0. The identification (119) follows.

For part (b), use the identifications (122) for Wƒ.L/ and WƒjL0 .L
0/, as well as the commutative diagram

0 // H 2.Wƒ.L/;Wƒ.L
0; L// //

Š

��

H 2.Wƒ.L// //

��

H 2.Wƒ.L
0; L// //

��

0

0 // H 2.WƒjL0 .L
0/; YƒjL0 .L

0// // H 2.WƒjL0 .L
0// // H 2.YƒjL0 .L

0// // 0

Part (c) follows from the respective statements for Wƒ.L/.

We also have a description of the space of Spinc structures on the cobordism Wƒ.L
0; L/:

Lemma 11.2 There is a natural identification

(123) Spinc.Wƒ.L0; L//ŠH.L/=H.L;ƒjL0/

under which the natural projection

�L;L
0

WH.L/=H.L;ƒjL0/!H.L/=H.L;ƒ/

corresponds to restricting the Spinc structures to Yƒ.L/, while the map

 L�L
0

WH.L/=H.L;ƒjL0/!H.L0/=H.L0; ƒjL0/

corresponds to restricting them to YƒjL0 .L
0/. Further , the first Chern class map

c1 W Spinc.Wƒ.L0; L//!H 2.Wƒ.L
0; L//Š Z`=H.L;ƒjL0/

is given by

(124) c1.Œs�/D Œ2s� .ƒ1C � � �Cƒ`/�:

Proof The space of Spinc structures onWƒ.L/ is identified with the space of relative Spinc structures on
.Y; L/, and hence with H.L/ via the formula (124) (see Remark 3.6). Similarly, we have an identification
Spinc.WƒjL0 .L

0//ŠH.L0/. Moreover, there is a commutative diagram

0 // Spinc.Wƒ.L/;Wƒ.L0; L// //

Š

��

Spinc.Wƒ.L// //

��

Spinc.Wƒ.L0; L// //

��

0

0 // Spinc.WƒjL0 .L
0/; YƒjL0 .L

0// // Spinc.WƒjL0 .L
0// // Spinc.YƒjL0 .L

0// // 0

where the two horizontal rows are short exact sequences. The conclusion easily follows.
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11.2 Gradings, cobordism maps and twisted coefficients

We now discuss the general grading properties for Heegaard Floer complexes with twisted coefficients
and cobordism maps between them. Let Y be a closed, oriented three-manifold with a Spinc structure
u and a F ŒH 1.Y IZ/�-module M. A pointed, admissible Heegaard diagram for Y (with a complete set
of paths for the generators, as in [Ozsváth and Szabó 2004b, Definition 3.12]) gives rise to a twisted
Heegaard Floer complex CF �.Y; uIM/; see [Ozsváth and Szabó 2004c, Section 8.1]. (Here we use the
completed version, and delete the usual underline from notation for simplicity.) This complex admits a
relative Z=d.u;M/Z-grading, where

(125) d.u;M/D gcd
�2H2.Y IZ/

PD.�/�mDm for allm2M

hc1.u/; �i:

This is true because the ambiguity in the grading difference between two generators is the Maslov index of
periodic domains for which the corresponding classes in H 1.Y IZ/ act trivially on M ; compare [loc. cit.].

Next, we set up cobordism maps with twisted coefficients, following [ibid., Section 8.2], but in slightly
more generality.

Consider a pointed, admissible triple Heegaard diagram .†;˛;ˇ;
; w/ which represents a cobordism
X D X˛;ˇ;
 with boundaries Y˛;ˇ ; Yˇ;
 and Y˛;
 . Suppose we are given an F ŒH 1.Y˛;ˇ IZ/�-module
M˛;ˇ and an F ŒH 1.Yˇ;
 IZ/�-module Mˇ;
 . Given a Spinc structure t on X, we denote by Spinc.X I t/
the space of relative Spinc structures on X representing t. Note that Spinc.X I t/ has a natural action of
H 1.Y˛;ˇ IZ/�H

1.Yˇ;
 IZ/�H
1.Y˛;
 IZ/. The Spinc structure t induces an F ŒH 1.Y˛;
 IZ/�-module

fM˛;ˇ ˝Mˇ;
g
t
D

.m˛;ˇ ; mˇ;
 ; t/ 2M˛;ˇ �Mˇ;
 �Spinc.X I t/

.m˛;ˇ ; mˇ;
 ; t/� .h˛;ˇ �m˛;ˇ ; hˇ;
 �mˇ;
 ; .h˛;ˇ � hˇ;
 � 0/ � t/
;

where h˛;ˇ and hˇ;
 are arbitrary elements of H 1.Y˛;ˇ IZ/ and H 1.Yˇ;
 IZ/, respectively.

Suppose we are also given an F ŒH 1.Y˛;
 IZ/�-module M˛;
 and a module homomorphism

� W fM˛;ˇ ˝Mˇ;
g
t
!M˛;
 :

For simplicity, let us write M for the triple .M˛;ˇ ;Mˇ;
 ;M˛;
 /. We then have a cobordism map with
twisted coefficients

f �˛;ˇ;
 It;M;� W CF
�.Y˛;ˇ ; tjY˛;ˇ IM˛;ˇ /˝CF

�.Yˇ;
 ; tjYˇ;
 IMˇ;
 /! CF �.Y˛;
 ; tjY˛;
 IM˛;
 /;

given by

f �˛;ˇ;
 It;M;� .m˛;ˇx˝mˇ
y/D
X

z2T˛\T


X
�2�2.x;y;z/
�.�/D0
tw.�/Dt

.#M.�// �U nw.�/�.m˛;ˇ ˝mˇ
 ˝ Ntw.�//z;

with the usual notation in Heegaard Floer theory; compare [ibid., equation (10)].
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Set

(126) d.t;M/D gcd
�
d.tjY˛;ˇ ;M˛;ˇ /; d.tjYˇ;
 ;Mˇ;
 /; d.tjY˛;
 ;M˛;
 /

�
:

Note that the Floer complexes

CF �.Y˛;ˇ ; tjY˛;ˇ IM˛;ˇ /;CF
�.Yˇ;
 ; tjYˇ;
 IMˇ;
 /;CF

�.Y˛;
 ; tjY˛;
 IM˛;
 /

all admit relative Z=d.t;M/Z-gradings.

Lemma 11.3 (a) The map f �
˛;ˇ;
 It;M;�

preserves the relative Z=d.t;M/Z-gradings.

(b) Let t 0 be a Spinc structure onX with the same restrictions to @X as t, and let �0 W fM˛;ˇ˝Mˇ;
g
t0!

M˛;
 be a module homomorphism. Set t 0 � t D u 2 H 2.X; @X IZ/. Then , for every pair of
homogeneous elements x 2 CF �.Y˛;ˇ ; tjY˛;ˇ IM˛;ˇ / and y 2 CF �.Yˇ;
 ; tjYˇ;
 IMˇ;
 /,

(127) gr f �˛;ˇ;
 It0;M;� 0.x˝y/� grf �˛;ˇ;
 It;M;� .x˝y/� .c1.t/` uCu` u/ŒX� .mod d.t;M//:

Proof (a) The ambiguity in the grading shift comes from doubly periodic domains with trivial module
actions. The contribution of these domains to the Maslov index is given by their pairing with c1.t/.

(b) This follows from the formula for the Maslov index of a triply periodic domain in [Sarkar 2011,
Section 5].

Of course, equation (125) and Lemma 11.3 apply equally well to truncated Floer complexes CF �;ı

instead of CF �, and to triple Heegaard diagrams with several basepoints.

Remark 11.4 A particular example of a cobordism map is the untwisted one corresponding to a two-
handle addition, as in [Ozsváth and Szabó 2006]. In this case, Yˇ;
 is a connected sum of S1�S2’s, and we
consider only triangles with one vertex at a representative for the top-degree homology generator yD‚can

ˇ;

.

Supposing further that c1.t/ has torsion restrictions to Y˛;ˇ and Y˛;
 , the respective Floer homology
groups have absolute Q-gradings compatible with their relative Z-gradings. Let W be the cobordism
from Y˛;ˇ and Y˛;
 obtained from X by filling in the other boundary component with three-handles. It is
shown in [loc. cit.] that the cobordism map shifts absolute grading by

(128) 1
4
.c1.t/

2
� 2�.W /� 3�.W //;

where � and � denote Euler characteristic and signature, respectively. If we further suppose that c1.t 0/
has torsion restrictions to Y˛;ˇ and Y˛;
 , we can then view (127) as a simple consequence of (128), with
d.t;M/D 0.

11.3 A long exact sequence

In this section we sketch the construction of the surgery long exact sequence from [Ozsváth and Szabó
2008b, Section 3; 2011, Section 6.1]. It is stated there for rationally null-homologous knots, but the
construction can be generalized to works for arbitrary knots inside three-manifolds. In the more general
setting, one of the Floer complexes may appear with genuinely twisted coefficients; see Proposition 11.5
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below, as well as its graded refinements Propositions 11.11, 11.15, 11.17, 11.24, 11.28 and 11.29. (A
slightly different generalized surgery sequence with twisted coefficients was proved by Fink [2009].)

We work in the setting of Section 11.1, with . EL;ƒ/ being a framed `-component link inside an integral
homology three-sphere Y. Let xƒ be the framing on L obtained from ƒ by adding m1 > 0 to the surgery
coefficient �1 of the first component L1; that is, the corresponding framing vectors are xƒ1Dƒ1Cm1�1,
where here �1 is a meridian for L1, and xƒi Dƒi for i ¤ 1. Also, we let L0 D L�L1 and denote by ƒ0

the restriction of the framing ƒ to L0, with framing vectors ƒ02; : : : ; ƒ
0
`
. We can view K D L1 as a knot

inside the three-manifold Yƒ0.L0/, and Yƒ.L/ as the result of surgery along that knot. (Note that, given
any knot K inside a three-manifold M, we can find LD L1[L0 � Y D S3 such that M D S3ƒ0.L

0/ and
K corresponds to L1.)

Suppose we have a multipointed Heegaard diagram .†;˛;ˇ;w; z1/ for K � Yƒ0.L0/, with possibly
several free basepoints, but a single basepoint pair .w1; z1/ on K. Let g be the genus of † and k the total
number of w basepoints, as in Section 3.1. Moreover, we assume that w1 and z1 can be connected by a
path which crosses ˇgCk�1 exactly once, and which is disjoint from all the other alpha and beta curves.

As in [Ozsváth and Szabó 2008b, proof of Theorem 3.1], we let 
gCk�1 be a simple, closed curve in †
disjoint from ˇ1; : : : ; ˇgCk�2 which specifies the �1-framing ofL1�Y. We complete this to a .gCk�1/-
tuple 
 of attaching curves on † by taking curves 
1; : : : ; 
gCk�2 which approximate ˇ1; : : : ; ˇgCk�2
in the sense of Definition 8.1. We define another collection ı similarly, only now ıgCk�1 specifies
the framing �1 Cm1 on L1. Thus, .†;˛;
;w/ and .†;˛; ı;w/ are Heegaard diagrams for Yƒ.L/
and Yxƒ.L/, respectively.

The Heegaard triple .†;˛;
; ı;w/ represents a four-manifold X1 with three boundary components,

Yƒ.L/; L.m1; 1/ # #gCk�2.S1 �S2/ and Yxƒ.L/:

There is a canonical torsion Spinc structure on the manifold L.m1; 1/ # #gCk�2.S1 � S2/; see [ibid.,
Definition 3.2]. We arrange that the Floer homology HF �.T
 ;Tı ;w/ in that Spinc structure, in the
maximal degree with nonzero homology, is represented by a unique intersection point, which we call
canonical. We define a map

f �1 W CF
�.T˛;T
 ;w/! CF �.T˛;Tı ;w/

by counting holomorphic triangles with one vertex in the canonical intersection point.

Let us add gC k � 2 three-handles to X1 to kill off the S1 � S2 summands in the middle boundary
component, then remove a neighborhood of a path between the first two boundary components. We thus
obtain a cobordism W1 from Yƒ.L/ #L.m1; 1/ to Yxƒ.L/. It is easy to see that

f �1 .x/D f
�
W1
.x˝‚can


;ı/;
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where f �W1 is the map on Floer complexes induced by the cobordism W1 (as in [Ozsváth and Szabó
2006]), and ‚can


;ı
is the top-degree generator for the Floer homology of L.m1; 1/ (in its canonical Spinc

structure ucan).

Next, we look at the Heegaard triple .†;˛; ı;ˇ;w/. This represents a cobordism X2 with three boundary
components,

Yxƒ.L/; #gCk�2.S1 �S2/ and Yƒ0.L
0/:

By filling in the middle component with three-handles, we obtain a cobordismW2 from Yxƒ.L/ to Yƒ0.L0/.
This is simply the reverse of the cobordism �Wxƒ.L

0; L/ in the notation of Section 11.1. Here, by reverse
of a cobordism we mean a reversal in direction, ie turning the cobordism around so that we view it as
a cobordism from the final to the initial manifold. The minus sign denotes the additional reversal of
orientation.

To X2 we associate a cobordism map with twisted coefficients as in Section 11.2. (Compared to the
notation there, we now have X2 instead of X, ı instead of ˇ, and ˇ instead of 
 .) We let M˛;ı and Mı;ˇ

be the modules F, with trivial action by the respective cohomology groups. Consider the ring

T1 D F ŒZ=m1Z�D F ŒT1�=.T
m1
1 � 1/:

We make T1 into an F ŒH 1.Yƒ0.L
0//�-module M˛;ˇ by letting h 2H 1.Yƒ0.L

0// act by multiplication by
T
hh;ŒL1�i
1 . In the corresponding Floer complex CF �.Yƒ0.L0/IT1/ each isolated holomorphic strip gets

counted in the differential with a coefficient T
nw1 .�/�nz1 .�/

1 , where � is the homotopy class of the strip.

Given t 2 Spinc.W2/, we abuse notation slightly, letting t also denote the restriction of t from W2 to X2.
We consider the module homomorphism

� W fM˛;ı ˝Mı;ˇ g
t
!M˛;ˇ

given by composing the projection

fM˛;ı ˝Mı;ˇ g
t
!

Spinc.X2I t/

H 1.Yxƒ.L//�H
1
�
#gCk�2.S1 �S2/

�
with the map

(129)
Spinc.X2I t/

H 1.Yxƒ.L//�H
1
�
#gCk�2.S1 �S2/

� ! T1; Œ � 7! T
nw1 . /�nz1 . /

1 ;

where  2 Spinc.X2I t/ is viewed as a homotopy class of triangles; compare [Ozsváth and Szabó 2004c,
Section 8.2.1]. Note that the map (129) is well defined, because every doubly periodic domain � for
Yxƒ.L/ or #gCk�2.S1 �S2/ has nw1.�/D nz1.�/.

We define

f �2 W CF
�.T˛;Tı ;w/! CF �.T˛;Tˇ ;wIT1/
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by
f �2 .x/D

X
t2Spinc.W2/

f �˛;ı;ˇ It;M;� .x˝‚
can
ı;ˇ /;

where ‚can
ı;ˇ

is the respective canonical generator. In other words, the map f �2 counts holomorphic
triangles in a class  with a coefficient T

nw1 . /�nz1 . /

1 . For future reference, since we will be interested
in the grading properties of f �2 , we note that

(130) d.t;T1/D gcd
�
d.tjYxƒ.L//; d.tjYƒ0 .L0/;T1/

�
;

where we wrote d.t;T1/D d.t;M/ for simplicity. Equation (130) follows from (126) together with the
triviality of the modules M˛;ı and Mı;ˇ .

Finally, we consider the cobordism X3 corresponding to the Heegaard triple .†;˛;ˇ;
/. The associated
filled-in cobordism W3 from Yƒ0.L

0/ to Yƒ.L/ is simply Wƒ.L0; L/, ie surgery on the framed knot
.L1; ƒ1/. We set up a map

f �3 W CF
�.T˛;Tˇ ;wIT1/! CF �.T˛;T
 ;w/

as follows. (Compare the definition of the map f C3 in [Ozsváth and Szabó 2008b, Section 3].) Fix any
triangle class  2 �2.‚can


;ˇ
; ‚can

ˇ;ı
; ‚can


;ı
/, where ‚can

i;j are canonical generators as before. Set

c D nw1. /�nz1. /:

By analyzing triply periodic domains, one can check that the residue of c modulo m1 is independent of
the choice of  . Set

(131) f �3 .T
s1
1 �x/D

X
y2T˛\T


X
�2�2.x;‚

can
ˇ;

;y/

�.�/D0
s1Cnw1 .�/�nz1 .�/�c.modm1/

.#M.�// �U nw.�/y;

where
U nw.�/ WD U

nw1 .�/

1 �U
nwk .�/

k
:

Observe that f �3 is not a usual cobordism map with twisted coefficients. Rather, its value depends on
the exponent s1 in the input T s11 � x. When applied to a fixed T s11 � x, the map f �3 acts as a sum of
several cobordism maps with twisted coefficients; these are associated to the cobordism W3DWƒ.L

0; L/

and to the Spinc structures s 2 Spinc.W3/ Š H.L/=H.L;ƒjL0/ with some fixed value of s modulo
.m1; 0; : : : ; 0/.

We denote by F�1 , F�2 and F�3 the maps induced by f �1 , f �2 and f �3 on homology.

Proposition 11.5 For any framed link . EL;ƒ/ inside an integral homology sphere , there is a long exact
sequence

� � � !HF �.Yƒ.L//
F�1
��!HF �.Yxƒ.L//

F�2
��!HF �.Yƒ0.L

0/IT1/
F�3
��! � � � :

In fact , the complex CF �.Yƒ.L//Š CF �.T˛;T
 ;w/ is quasi-isomorphic to the mapping cone of f �2 .
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The proof of Proposition 11.5 is given in [Ozsváth and Szabó 2011, Section 6.1] for the case when L1 is
rationally null-homologous inside Yƒ0.L0/ (and for HFC instead of HF �), but it applies equally well to
our situation, so we omit it.

We would like to have a refined statement of Proposition 11.5, in which we keep track of the decomposition
of CF �.Yƒ.L// into Spinc structures, as well as the respective relative gradings on it. However, keeping
track of gradings is possible only if we work with vertically truncated complexesCF �;ı (as in Section 10.2)
instead of CF �. We write f ıi (resp. H ı

i ) for the vertical truncation of f �i (resp. H ı
i ). The proof of

Proposition 11.5 in fact gives the following more precise version:

Proposition 11.6 Fix ı� 0. For any framed link . EL;ƒ/ inside an integral homology sphere , the complex
CF �;ı.T˛;T
 ;w/D CF

�;ı.Yƒ.L// is quasi-isomorphic to the mapping cone

(132) CF �;ı.Yxƒ.L//
f ı2
��! CF �;ı.Yƒ0.L

0/IT1/:

In fact, following [Ozsváth and Szabó 2008b; 2011], there are two natural quasi-isomorphisms that can
be used to prove Proposition 11.5. First, we have the quasi-isomorphism

(133) CF �;ı.Yƒ.L//
��! Cone

�
CF �;ı.Yxƒ.L//

f ı2
��! CF �;ı.Yƒ0.L

0/IT1/
�

given by a triangle-counting map f ı1 to the first term in the mapping cone and a quadrilateral-counting
map H ı

1 (a null-homotopy of f ı2 ıf
ı
1 ) to the second factor. Second, we have a quasi-isomorphism in the

opposite direction

(134) Cone
�
CF �;ı.Yxƒ.L//

f ı2
��! CF �;ı.Yƒ0.L

0/IT1/
�
��! CF �;ı.Yƒ.L//;

given by a triangle-counting map f ı3 from the second term of the mapping cone, and a quadrilateral-
counting map H ı

2 (a null-homotopy of f ı3 ıf
ı
2 ) from the first term.

11.4 Refinements of Proposition 11.6

We will discuss below several refinements of Proposition 11.6, on a case-by-case basis, depending on ƒ.
By choosing m1 judiciously (in particular, sufficiently large compared to ı), we describe cases where the
quasi-isomorphism (133) or (134) has good Spinc structure decompositions and good grading-preserving
properties.

More precisely, we consider the following two cases:

� Case I ƒ is nondegenerate.

� Case II ƒ is degenerate, and furthermore ƒ1 2 Span.ƒ2; : : : ; ƒ`/.

(We do not consider the case where ƒ is degenerate, but ƒ1 … Span.ƒ2; : : : ; ƒ`/. That case turns out
not to be needed for our present applications.)
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Case I is further subdivided as follows. Let h > 0 be the smallest integer such that the vector

aD .a1; : : : ; a`/D hƒ
�1.1; 0; : : : ; 0/

has all integer coordinates. We choose m1 � 0 such that the vector m1�1 D .m1; 0; : : : ; 0/ is in
H.L;ƒ/D Span.ƒ1; : : : ; ƒ`/.4 Hence, the value d Dm1=h is an integer, too. Choosing m1 sufficiently
large is the same as choosing d sufficiently large. In the case when a1 ¤ 0, we impose an additional
constraint on our choices of sufficiently large m1: namely, we ask for m1 to be a multiple of a1h, ie for
d to be a multiple of a1.

It is easy to check that a1D 0 if and only if ƒ0 is degenerate, and when ƒ0 is nondegenerate, the sign of a1
is the same as the sign of the restriction ofƒ (viewed as a symmetric bilinear form) to the one-dimensional
space SpanQ.ƒ2; : : : ; ƒ`/

?�Q`. (Here, the orthogonal complement is taken with respect to the standard
inner product.)

We thus distinguish three subcases, according to the sign of a1:

Case I(a) (a1>0) In this subcase, the graded refinement of Proposition 11.6 is given in Proposition 11.11
below. The model example to keep in mind is that of positive surgery on a knot K � Y, eg Y D S3, n is
a positive integer, ƒD .n/, xƒD .nCm1/, ƒ0 D∅, a1 D 1 and hD n.

Case I(b) (a1 < 0) In this subcase, the refinement is given in Proposition 11.15 below. The model
example to keep in mind is that of negative surgery on a knot K � Y, eg Y D S3, n is a positive integer,
ƒD .�n/, xƒD .�nCm1/, ƒ0 D∅, a1 D�1 and hD n.

Case I(c) (a1 D 0) In this subcase, the refinement is given in Proposition 11.17 below. The model
example here is fractional surgery on a knot in S3, as follows. Let K � Y D S3 be a knot, which we can
promote to a two-component link LD L1[K, where here L1 is a meridian for K. In this case, write

ƒD

�
0 1

1 0

�
; xƒD

�
m1 1

1 0

�
; ƒ0 D .0/; a1 D 0; hD 1:

In this model example, Yƒ.L/ D S3, Yxƒ.L/ D S3
�1=m1

.K/ and Yƒ0.L0/ D S30 .K/. Note now that
Yƒ0.L

0/ appears with twisted coefficients. Thus, Proposition 11.17 can be viewed as a generalized,
negative-surgery version of the fractional surgery theorem [Ozsváth and Szabó 2004c, Theorem 9.14].

In Case II, there are two refinements, given in Propositions 11.24 and 11.28, corresponding to the two
possible quasi-isomorphisms from (133) and (134), respectively. Another case, where the Floer complex
for Yƒ.L/ has twisted coefficients, is given in Proposition 11.29. The model example for Case II is that of
0 surgery on a knot in an integral homology three-sphere: ƒD .0/, xƒD .m1/, ƒ0 D∅. In this example,
Proposition 11.24 should be compared with the integer surgeries exact sequence [ibid., Theorem 9.19].

In all these cases, to understand the Spinc decompositions, we find it useful to study further the cobordism
W1 from Yƒ.L/ #L.m1; 1/ to Yxƒ.L/, in the manner of Section 11.1.

4By “span” we will mean the span of integral vectors over Z, unless we explicitly refer to the “Q-span”.
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m1

L`C1

L`C2

L1

L0

ƒ0

�1

0

Figure 35: The cobordism W1. By adding an unlinked, unknotted component L`C1 with framing m
to the original link L we obtain a surgery presentation for Yƒ.L/ #L.m1; 1/. The cobordism W1
is then given adding a two-handle along the unknot component LlC2 with framing 0, which has
linking number one with both L1 and L`C1.

The cobordism W1 consists of a single two-handle addition. A Kirby calculus picture for it is shown in
Figure 35. If we denote by LC the .`C2/-component link L[L`C1[L`C2 from the figure, and by ƒC

its given framing (also shown in the figure), we can express our cobordism as

W1 DWƒC.L
C
�L`C2; L

C/;

in the notation used in Section 11.1. In matrix form, the framing ƒC for LC is

(135)

0BBBBBBB@

0 1

ƒ
0 0
:::
:::

0 0

0 0 � � � 0 m1 1

1 0 � � � 0 1 0

1CCCCCCCA
We denote the rows of ƒC by ƒCi for i D 1; : : : ; `C 2.

Definition 11.7 Two Spinc structures u on Yƒ.L/ and Nu on Yxƒ.L/ are called linked if there exists a
Spinc structure on W1 which restricts to u # ucan on Yƒ.L/ #L.m1; 1/, and to Nu on Yxƒ.L/.

Note that we can use Lemma 11.2 to describe Spinc structures and restriction maps concretely. We have:

Lemma 11.8 Two Spinc structures u 2 Spinc.Yƒ.L// Š H.L/=H.L;ƒ/ and Nu 2 Spinc.Yxƒ.L// Š
H.L/=H.L; xƒ/ are linked if and only if there exists s 2H.L/ and j 2Z such that uD sCH.L;ƒ/ and
NuD sC jm1�1CH.L; xƒ/.

Proof Suppose we have a Spinc structure

t 2 Spinc.W1/ŠH.LC/=Span.ƒC1 ; : : : ; ƒ
C

`
; ƒC

`C1
/;
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and let sCD .sC1 ; : : : ; s
C

`
; sC
`C1

; sC
`C2

/2H.LC/ be a representative of t. Using Lemma 11.2, the condition
that the restriction of t to Yƒ.L/ #L.m1; 1/ is u # ucan translates into

uD sCH.L;ƒ/; where sD
�
sC1 �

1
2
; sC2 ; : : : ; s

C

`

�
2H.L/;

and
 L�L`C1.sC/D 0 2 Spinc.L.m1; 1//Š Z=m1;

ie
sC
`C1
D qm1C

1
2

for some q 2 Z.

On the other hand, the restriction of t to Yxƒ.L/ is

sCCH.LC; ƒC/ 2 .H.LC/=H.LC; ƒC//:

Note that we have two different expressions for Spinc.Yxƒ.L// as a quotient, one coming from the
cobordism W1 and one from Wxƒ.L/. They are related by the isomorphism

H.LC/=H.LC; ƒC/!H.L/=H.L; xƒ/; sCCH.LC; ƒC/ 7! NsCH.L; xƒ/;

where
NsD .Ns1; : : : ; Ns`/D .s

C
1 � s

C

`C1
Cm1s

C

`C2
; sC2 ; : : : ; s

C

`
/:

The conclusion follows by taking j D sC
`C2
� q.

11.5 Refinements of Proposition 11.6, Case I: ƒ is nondegenerate

Case I(a) (a1 > 0) (The model example to keep in mind is that of positive surgery on a knot K � Y,
for which the grading issues have been studied in [Ozsváth and Szabó 2008b, Sections 4.5–4.6].)

In this situation Yƒ.L/; Yxƒ.L/, and Yƒ0.L0/ are all rational homology spheres, and therefore the corre-
sponding Floer chain complexes all admit absolute Q-gradings (and relative Z-gradings) in each Spinc

structure; see [Ozsváth and Szabó 2006].

In fact, we can rephrase this subcase as being about positive surgery on the knot L1 inside the rational
homology sphere Yƒ0.L0/. As such, it was fully treated in [Ozsváth and Szabó 2011, Section 6.3] (see
also [Ozsváth and Szabó 2008b, Sections 4.5–4.6]). However, we present a slightly different proof here,
which will be easier to adapt to the other cases below, and which gives us the opportunity to establish
some notation.

We aim to understand the quasi-isomorphism .f ı1 ;H
ı
1 / from (133). We start by studying the map f ı1 ,

which corresponds to the cobordism W1 from Figure 35.

Lemma 11.9 If a1 > 0, then the cobordism W1 is negative definite. In fact , a generator †1 of
H2.W1IZ/Š Z satisfies †1 �†1 D�m1.a1d C 1/.
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Proof Using the matrix form (135) for ƒC and the identification (119), the generator of H2.W1IZ/ is
given in coordinates by

(136) †1 D .a1d; : : : ; a`d; 1;�m1/:

The conclusion then follows from Lemma 11.1(a).

Using Lemma 11.8, we can specify the relation between the Spinc structures on W1 and its two boundary
components. Precisely, since m1�1 D .m1; 0; : : : ; 0/ 2 H.L;ƒ/, we deduce that Spinc structures u 2

Spinc.Yƒ.L//ŠH.L/=H.L;ƒ/ and Nu 2 Spinc.Yxƒ.L//ŠH.L/=H.L; xƒ/ are linked if and only if

�.Nu/D u;

where

� W .H.L/=H.L; xƒ//! .H.L/=H.L;ƒ//

is the natural projection. Note that the projection makes sense because

H.L; xƒ/D Span.ƒ1Cm1�1; ƒ2; : : : ; ƒ`/

is a subset of H.L;ƒ/.

This observation implies that the map f ı1 is a direct sum of the maps

f ı1;u W CF
�;ı.Yƒ.L/; u/!

M
Nu2Spinc.Yxƒ.L//

�.Nu/Du

CF �;ı.Yxƒ.L/; Nu/

for u 2 Spinc.Yƒ.L//. Further, the map f ı1;u is itself a sum of maps f ı1;uIt , one for each Spinc structure
t 2 Spinc.W1/ with  L`C2.t/D u # ucan.

Let us now turn our attention to the map

f ı2 W CF
�;ı.Yxƒ.L//! CF �;ı.Yƒ0.L

0/IT1/Š

m1�1M
iD0

T i1 �CF
�;ı.Yƒ0.L

0//;

whose mapping cone appears in (133). This is simply a twisted coefficient map associated to the
cobordism W2, the reverse of �Wxƒ.L

0; L/ in the notation of Section 11.1.

Lemma 11.10 The cobordism W2 is negative definite. Its second homology is generated by a class †2
with †2 �†2 D�a1h.a1d C 1/.

Proof It is easier to think about the cobordism Wxƒ.L
0; L/, for which we can apply Lemma 11.1. Indeed,

by part (a) of that lemma, the generator of the second homology is the vector a, with at xƒaDa1h.a1dC1/.
The change in sign in the final answer is due to the fact that in W2, the orientation is reversed.
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Using Lemma 11.2, we can relate Spinc structures on the two boundaries of W2. By also keeping track
of the powers of T1, we obtain that f ı2 is a sum of maps

(137) f ı2;NuIt W CF
�;ı.Yxƒ.L/; Nu/! T t1 �CF

�;ı.Yƒ0.L
0/;  L1.t//

for t 2 Spinc.W2/ Š H.L/=H.L;ƒjL0/ restricting to Nu 2 Spinc.Yxƒ.L//. Here, T t1 denotes T a�.t�t0/1 ,
where t0 is a fixed Spinc structure on W2. Note that the expression a � .t � t0/ is well defined because
a � vD 0 for all v 2H.L;ƒjL0/. (In fact, as can be seen from the proof of Lemma 11.10, multiplication
with a represents evaluation on the homology generator.)

Taking the sum of all maps f ı2;NuIt over all t (with Nu fixed), we obtain a map

f ı2;Nu W CF
�;ı.Yxƒ.L/; Nu/!

M
t2Spinc.W2/
�L;L

0
.t/DNu

T t1 �CF
�;ı.Yƒ0.L

0/;  L1.t//:

By a slight abuse of notation, for u 2 Spinc.Yƒ.L//, we set

f ı2;u D
X

Nu2Spinc.Yxƒ.L//
�.Nu/Du

f ı2;Nu:

Note that each term T i1 �CF
�;ı.Yƒ0.L

0/; u0/ for i D 0; : : : ; m1 � 1 and u0 2 Spinc.Yƒ0.L0// appears in
the target of exactly one of the maps f ı2;u. Indeed, two Spinc structures t and t 0 on W2 have the same
term in the target if and only if t� t 0 2Z`=H.L;ƒjL0/ has a representative of the form .dh=a1; 0; : : : ; 0/.
Since we have chosen d to be a multiple of a1, and .h; 0; : : : ; 0/ is in the span of ƒ1; : : : ; ƒ`, we get
that t and t 0 have the same reduction modulo H.L;ƒ/, ie they correspond to the same u. We conclude
that the map f ı2 is the direct sum of all f ı2;u, for u 2 Spinc.Yƒ.L//.

The last map that appears in (133) is the null-homotopy H ı
1 . This also splits as a direct sum of maps H ı

1;u

over u 2 Spinc.Yƒ.L//, where H ı
1;u denotes the corresponding null-homotopy of f ı2;u ı f

ı
1;u. Moreover,

eachH ı
1;u is a sum of mapsH ı

1;uIt , over Spinc structures onW1[W2 restricting to u#ucan on the boundary
component Yƒ.L/ #L.m1; 1/.

The quasi-isomorphism (133) can then be viewed as a direct sum itself. Precisely, the summand
CF �;ı.Yƒ.L/; u/ is quasi-isomorphic to the mapping cone of

(138)
M

Nu2Spinc.Yxƒ.L//
�.Nu/Du

CF �;ı.Yxƒ.L/; Nu/
f ı2;u
���!

M
t2Spinc.W2/
�.�L;L

0
.t//Du

T t1 �CF
�;ı.Yƒ0.L

0/;  L1.t//

via the map .f ı1;u;H
ı
1;u/.

Note that the direct summands appearing in (138) are absolutely Q-graded and relatively Z-graded (in a
compatible way).

We seek to prove:
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Proposition 11.11 Fix ı > 0. Suppose that ƒ is nondegenerate , a1 > 0, and m1 (a multiple of a1h) is
sufficiently large. Then , for every u 2 Spinc.Yƒ.L//, there is a relative Z-grading on Cone.f ı2;u/ such
that the quasi-isomorphism

.f ı1;u;H
ı
1;u/ W CF

�;ı.Yƒ.L/; u/
��! Cone.f ı2;u/

respects the relative Z-gradings on the two sides.

For this, we need a few lemmas, for which we make use of the absolute Q-gradings on our complexes:

Lemma 11.12 Let EL � Y and ƒ be as above , and fix ı > 0. Then there are constants C1 and C2

(depending only on EL, ƒ and ı) such that , for all sufficiently large m1 (chosen as specified above , ie a
multiple of a1h) and for all Nu 2 Spinc.Yxƒ.L//ŠH.L/=H.L; xƒ/,

max grCF �;ı.Yxƒ.L/; Nu/�min grCF �;ı.Yxƒ.L/; Nu/� C1;(139) ˇ̌̌̌
max grCF �;ı.Yxƒ.L/; Nu/� min

s2H.L/
Œs�DNu

j.2s� xƒ1/ � aj
2

4a1h.a1d C 1/

ˇ̌̌̌
� C2:(140)

Proof This is an analogue of [Ozsváth and Szabó 2008b, Corollary 2.4], and has a similar proof,
so we only sketch the argument. (See also [Ozsváth and Szabó 2011, Lemma 4.6 and the proof of
Proposition 4.2].) The first inequality follows from the large surgeries theorem [ibid., Theorem 4.1],
which gives a relatively graded identification of CF �;ı.Yxƒ.L/; Nu/ with a generalized Floer complex
of L1 inside Yƒ0.L0/. This latter complex is independent of m1.

For the second inequality, note that if t 2 Spinc.W2/ŠH.L/=H.L;ƒjL0/, then, using Lemma 11.10 and
the formula †2 D a for the homology generator in standard coordinates, we get

hc1.t/; Œ†2�i D .2s� xƒ1/ � a;

and

(141) c1.t/
2
D�
j.2s� xƒ1/ � aj

2

a1h.a1d C 1/
;

where s 2H.L/ is any representative of t. Consider the map induced on (truncated) Floer homologies by
the cobordism W2 in the Spinc structure t for which c1.t/2 is maximized along all t that restrict to Nu.
The large surgeries theorem [loc. cit.] also identifies this map with a standard inclusion map between
generalized Floer complexes. Since the target graded group CF �;ı.Yƒ0.L0/;  L1.t// is independent
of m1, inequality (140) follows from the formula (128) for absolute grading shifts.

Lemma 11.13 Fix EL, ƒ and ı as above , and a constant C3 2 R. Then there is a constant b with the
following property. For all sufficiently large m1 (divisible by a1h), for any fixed Nu 2 Spinc.Yxƒ.L//Š
H.L/=H.L; xƒ/, there are at most two Spinc structures t on W2 whose restriction to Yxƒ.L/ is Nu, and with
the property that

(142) max grCF �;ı.Yxƒ.L/; Nu/� C3�
1
4
c1.t/

2
I
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these are the Spinc structures t D t˙
Nu with

hc1.t
˙
Nu /; Œ†2�i D .2s˙

xƒ1/ � a;

where s 2H.L/ is any representative of Nu which satisfies

(143) �
1
2
h.a1d C 1/� s � a <

1
2
h.a1d C 1/:

All other Spinc structures t restricting to Nu satisfy the inequality

c1.t/
2
� �4m1:

Moreover , if there is no representative s of Nu satisfying js �aj< b, then there is a unique Spinc structure t
(restricting to Nu) that satisfies (142), namely the one for which jhc1.t/; Œ†2�ij is minimal.

Proof Since xƒ1 � a D h.a1d C 1/ and ƒi � a D 0 for i > 1, each Nu 2 H.L/=H.L; xƒ/ has indeed a
representative s satisfying (143), and the value of s � a is independent of that representative.

We use formula (141) for c1.t/2, as well as the inequalities (139) and (140) to verify the statements of
the lemma. For more details in a special case, see [Ozsváth and Szabó 2008b, Lemma 4.4].

Lemma 11.14 Fix a constant C0. For all sufficiently largem1 (divisible by a1h), the following statement
holds. Each Spinc structure Nu over Yxƒ.L/ has at most one extension t to W1 whose restriction to
Yƒ.L/ #L.m1; 1/ is �.Nu/ # ucan and for which

(144) C0 � c1.t/
2
Cm1:

Further , if such a Spinc structure t D tı
Nu exists , then

(145) c1.t
ı
Nu /
2
D�

4d.s � a/2

h.a1d C 1/
;

where s 2H.L/ is the representative of Œs�D Nu 2H.L/=H.L; xƒ/ for which the absolute value js � aj is
minimal.

Proof (compare [Ozsváth and Szabó 2008b, Lemma 4.7; 2011, Lemma 6.7]) Since both boundaries of
W1 are rational homology spheres, for any t 2Spinc.W1/we can write c1.t/D˛ �PD.†1/, for some ˛2Q.
Here, †1 is the homology generator from Lemma 11.9. Using the computation †1 �†1D�m1.a1d C1/
from that lemma, inequality (144) becomes

(146) j˛j �

r
m1�C0

m1.a1dC1/
:

(Recall that d D m1=h.) Restriction to the boundaries determines t up to addition of PD.†1/, ie Nu
determines ˛ up to the addition of an even integer. Since the right-hand side of (146) becomes very
small when d gets large, in each equivalence class mod 2Z there is at most one ˛ satisfying (146).
Inequality (144) follows.
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To establish (145), we investigate in more detail the possible values of hc1.t/; Œ†1�i, over all t which
have fixed restrictions Nu and �.Nu/ # ucan to the boundaries. Given such a Spinc structure

t 2 Spinc.W1/ŠH.LC/=Span.ƒC1 ; : : : ; ƒ
C

`
; ƒC

`C1
/;

let sCD .sC1 ; : : : ; s
C

`
; sC
`C1

; sC
`C2

/2H.LC/ be a representative of t. Recall from the proof of Lemma 11.8
that

(147) sC
`C1
Dm1C

1
2
;

and the restriction of t to Yxƒ.L/ is NuD Œs� 2H.L/=H.L; xƒ/, where

(148) sD .s1; : : : ; s`/D .s
C
1 � s

C

`C1
Cm1s

C

`C2
; sC2 ; : : : ; s

C

`
/:

Using (147), (148) and the formula (136) for the homology generator †1, we get

hc1.t/; †1i D .2s
C
�ƒC

`C2
/ � .a1d; : : : ; a`d; 1;�m1/

D 2ds � aC 2m1.a1d C 1/.1� s
C

`C2
/

D 2d.sC xƒ1.1� s
C

`C2
// � a:

Since the equivalence class NuD Œs� 2H.L/=H.L; xƒ/ is unchanged by the addition of a multiple of xƒ1,
by relabeling t we conclude that the possible values of hc1.t/; †1i (when Nu is fixed) are exactly given by

hc1.t/; †1i D 2ds � a;

where s 2H.L/ is a representative of t. Hence,

˛ D
2s � a

h.a1d C 1/
2Q;

and
c1.t/

2
D�

4d.s � a/2

h.a1d C 1/
:

Thus, j˛j is small if and only if js � aj is small, and (145) follows.

Proof of Proposition 11.11 We start by equipping the domain of the map f ı2;u with a relative Z-grading
such that f ı1;u respects the gradings. We do this as follows. Lemma 11.12 supplies a constant C0 with the
property that for all t 2Spinc.W1/ with  L`C2.t/D u#ucan, the map f ı1;uIt is zero unless Inequality (144)
is satisfied. Now, Lemma 11.14 shows that for each Nu 2 Spinc.Yxƒ.L// such that �.Nu/D u, there is at
most one extension t D tı

Nu of Nu to W1 satisfying (144). Now we choose a relative grading on the domain
of f ı2;u so that each map f1;uItı

Nu
is grading-preserving.

We grade the range of f ı2;u so that this map (thought of as differential of the mapping cone) drops grading
by one. To do this, we need to check that, for any given term

T i1 �CF
�;ı.Yƒ0.L

0/; u0/

Geometry & Topology, Volume 29 (2025)



2946 Ciprian Manolescu and Peter Ozsváth

in the target of f ı2;u, the compositions f ı2;uIt2 ıf
ı
1;uIt1

which hit that summand induce the same shift in
grading. Lemmas 11.13 and 11.14 imply that, if we fix the target, there are at most two pairs .t1; t2/ for
which the corresponding compositions are nonzero. In fact, in many cases there is at most one such pair.
If two pairs with nonzero compositions (with the same domain and target) exist, they are of the form

.t1; t2/D .t
ı
Nu ; t
C

Nu / and .t 01; t
0
2/D .t

ı
NuCƒ1

; t�NuCƒ1/;

where Nu 2 Spinc.Yxƒ.L// admits a representative s with js � aj< b.

Let s be the representative of Nu with js � aj minimal. Using (128), checking that f ı2;uIt2 ı f
ı
1;uIt1

and
f ı
2;uIt02

ıf ı
1;uIt01

shift degree by the same amount is equivalent to showing that

(149) c1.t1/
2
C c1.t

0
1/
2
D c1.t2/

2
C c1.t2/

2:

Indeed, using Lemma 11.14, we get

c1.t1/
2
� c1.t

0
1/
2
D
4d j.sCƒ1/ � aj

2

h.a1d C 1/
�
4d js � aj2

h.a1d C 1/

D
4d.ƒ1 � a/..2sCƒ1/ � a/

h.a1d C 1/

D
4d.2sCƒ1/ � a

a1d C 1
:

Using Lemma 11.13, we get

c1.t
0
2/
2
� c1.t2/

2
D
.2sC xƒ1/ � a

a1h.a1d C 1/
�
.2sC 2ƒ1� xƒ1/ � a

a1h.a1d C 1/

D
4..xƒ1�ƒ1/ � a/ � ..2sCƒ1/ � a/

a1h.a1d C 1/

D
4d.2sCƒ1/ � a

a1d C 1
:

Equation (149) is therefore satisfied, and we conclude that f ı1;u preserves the relative grading. The other
component of the quasi-isomorphism under consideration is the null-homotopy H ı

1;u. To check that it
is grading-preserving, note that it is a sum of terms H ı

1;uIt over certain Spinc structures on W1 [W2.
The inequalities (139), (140), (142) and (144) imply that the only nonzero terms correspond to Spinc

structures of the form .t1; t2/D .t
ı
Nu ; t
˙
Nu /; compare [Ozsváth and Szabó 2008b, Lemma 4.8]. The grading

shifts are one less than to the corresponding shifts of the compositions f ı2;uIt2 ıf
ı
1;uIt1

. Hence, since f ı1;u
preserves the relative grading, so does H ı

1;u.

Case I(b) (a1<0) The model example is that of negative surgery on a knotK�Y, which was discussed
in [ibid., Section 4.7].

In this situation, again, Yƒ.L/; Yxƒ.L/ and Yƒ0.L0/ are rational homology spheres, so we can use absolute
gradings and computations of grading shifts. The computations in Lemmas 11.9 and 11.10 still hold, with
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the important difference that now †1 �†1 D �m1.a1d C 1/ is positive, hence W1 is positive definite.
Since we need to work with maps induced by negative definite cobordisms, we consider instead the
quasi-isomorphism in the other direction (ie (134) rather than (133)), and show that it preserves relative
grading. To this end, instead ofW1 we use the negative definite cobordismW3DWƒ.L

0; L/ from Yƒ0.L
0/

to Yƒ.L/, which gives rise to the map f ı3 .

The quasi-isomorphism (134) is a direct sum of quasi-isomorphisms .H ı
2;u; f

ı
3;u/, one for each u 2

Spinc.Yƒ.L//.

Proposition 11.15 Fix ı > 0. If ƒ is nondegenerate , a1 < 0 and m1 (a multiple of a1h) is sufficiently
large , then , for every u 2 Spinc.Yƒ.L//, the quasi-isomorphism

.H ı
2;u; f

ı
3;u/ W Cone.f ı2;u/

��! CF �;ı.Yƒ.L/; u/

respects the relative Z-gradings on the two sides.

Sketch of the proof The quasi-isomorphism under consideration is a sum of several maps, corresponding
to Spinc structures on W2[W3. Analogues of Lemmas 11.13 and 11.14 show that, if we fix the domain
and the target of the maps, there at most two Spinc structures on W2[W3 which give nonzero maps, and
a computation similar to that for (149) shows that those two maps shift the absolute gradings in the same
way. Compare [Ozsváth and Szabó 2008b, Section 4.7; 2011, Section 6.4].

Case I(c) (a1 D 0, ie ƒ0 is degenerate) (A model example to keep in mind is surgery on a link of two
components L D L1 [L2 � Y, where the linking number of L1 and L2 is nonzero, and the framing
coefficient of L2 is zero.)

In this situation Lemma 11.9 still holds, we have †1 �†1 D �m1, so the cobordism W1 is negative
definite. Consequently, we choose to look at the quasi-isomorphism (133), just like in Case I(a). The
main difference from that subcase is that now Yƒ0.L

0/ has b1 D 1, so the respective Floer complex (with
twisted coefficients) does not have a relative Z-grading.

Let us study the relationship between Spinc structures on the boundaries of the cobordisms W1 and W2,
just as we did in Case I(a). For W1, it is still true that u2 Spinc.Yƒ.L// and Nu2 Spinc.Yxƒ.L// are linked
if and only if �.Nu/D u, where

� W .H.L/=H.L; xƒ//! .H.L/=H.L;ƒ//

is the natural projection. Moreover, because now .m1; 0; : : : ; 0/D xƒ1�ƒ1 is in the span of ƒ2; : : : ; ƒ`,
we have H.L;ƒ/DH.L; xƒ/, and the projection � is actually a bijection. Thus, the triangle map f ı1
decomposes as a direct sum of maps

f ı1;u W CF
�;ı.Yƒ.L/; u/! CF �;ı.Yxƒ.L/; �

�1.u//

for u 2 Spinc.Yƒ.L//. Just as before, the map f ı1;u is itself a sum of maps f ı1;uIt , over Spinc structures
t 2 Spinc.W1/ with the given restriction to the boundary.
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With regard to the cobordism W2, we have:

Lemma 11.16 If ƒ is nondegenerate and a1 D 0, then the natural restriction map

Spinc.W2/! Spinc.@W2/Š Spinc.Yxƒ.L//�Spinc.Yƒ0.L0//

is injective.

Proof It suffices to prove the analogous statement for second cohomology groups, which is easier
because then the restriction map is a homomorphism and we can talk about its kernel. It is also easier to
think of the cobordism Wxƒ.L

0; L/, which is the reverse of W2 with the opposite orientation, and apply
Lemma 11.1 to it. Suppose s 2 Z` is such that

Œs� 2H 2.Wxƒ.L
0; L//Š Z`=Span.ƒ2; : : : ; ƒ`/

has trivial projections to Z`=H.L; xƒ/ and to Z`�1=H.L0; ƒ0/. We need to show that Œs�D 0.

By assumption, there exist b2; : : : ; b` such that s�b2ƒ2�� � ��b`ƒ` has only the first coordinate nonzero.
Hence Œs� has a representative s0D .s01; 0; : : : ; 0/. Also by hypothesis, s0 must be inH.L; xƒ/DH.L;ƒ/D
Span.ƒ1; : : : ; ƒ`/. But, since .h; 0; : : : ; 0/ is in the span of ƒ2; : : : ; ƒ`, and ƒ is nondegenerate, we
must have that s0 is also in the span of ƒ2; : : : ; ƒ`. Therefore, Œs�D Œs0�D 0.

Recall that ƒ � .0; a2; : : : ; a`/ D .h; 0; : : : ; 0/, so since ƒ is nondegenerate, the kernel H.L0; ƒ0/? of
ƒ0 (which is identified with H 1.Yƒ0.L

0//; see Section 9.3) must be a copy of Z, generated by a0 D
.a2; : : : ; a`/. If ƒ01 Dƒ1jL0 is the vector of linking numbers between L1 and the other components, we
haveƒ01 �a

0Dh, ie the generator a0 ofH 1.Yƒ0.L
0// evaluates to h on ŒL1�. We define an F ŒH 1.Yƒ0.L

0//�-
module

V1 D F ŒV1�=.V
d
1 � 1/;

where c 2H 1.Yƒ0.L
0// acts on V1 by multiplication by V hc;ŒL1�i=h1 .

If we equate T h1 D V1, it is easy to check that for every u0 2 Spinc.Yƒ0.L0// we have an isomorphism

CF �;ı.Yƒ0.L
0/; u0IT1/Š

h�1M
iD0

T i1 �CF
�;ı.Yƒ0.L

0/; u0IV1/:

Lemma 11.16 implies that f ı2 is a direct sum of maps

f ı2;u;u0 W CF
�;ı.Yxƒ.L/; �

�1.u//! T u
1 �CF

�;ı.Yƒ0.L
0/; u0IV1/;

each either zero or corresponding to the unique Spinc structure onW2 that extends ��1.u/2Spinc.Yxƒ.L//
and u0 2 Spinc.Yƒ0.L0//. Here, u denotes a Spinc structure on Yƒ.L/, and T u

1 is shorthand for T .u�u0/�a1 ,
where u0 is a fixed Spinc structure on Yƒ.L/. (Observe that the dot product with a is well defined modulo
m1.) We let f ı2;u be the sum of f ı2;u;u0 , over all possible u0 (fixing u).
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For u0 D Œ.s2; : : : ; s`/� 2 Spinc.Yƒ0.L0//ŠH.L0/=H.L0; ƒ0/, using (125) we get

d.u0;T1/D d.u0;V1/D gcd
v2H.L0;ƒ0/?

ƒ01�v�0.modm1/

X̀
iD2

2sivi :

Note that ƒ01 � v � 0 .modm1/, or equivalently .ƒ01=h/ � v � 0 .mod d/, is the condition on v 2
H.L0; ƒ/? ŠH 1.Yƒ0.L

0// to act trivially on the module T1 (or, equivalently, on V1).

Recall thatH.L0; ƒ0/? is a copy of Z, generated by a0D .a2; : : : ; a`/. For v 2Z, we haveƒ01 �.va/D vh,
which is divisible by m1 D dh if and only if v is divisible by d . Hence,

d.u0;V1/D d �

ˇ̌̌̌X̀
iD2

2siai

ˇ̌̌̌
:

Note that this is always divisible by 2d , because the expression inside the absolute value is even (see
Remark 9.8). Therefore, in particular, the Floer complexes CF �;ı.Yƒ0.L0/; u0IV1/ have relative Z=2dZ-
gradings.

Further, for any t 2 Spinc.W2/ whose restriction to Yƒ0.L0/ is u0, equation (130) says that d.t;V1/ D
d.t;T1/D d.u0;T1/. Thus, according to Lemma 11.3(a), every map f ı2;u;u0 preserves the relative Z=2dZ-
gradings.

We equip the mapping cone of f ı2;u with the relative Z=2dZ-grading which gets decreased by one
under f ı2;u. Note that the target of f ı2;u is a direct sum of terms corresponding to possible u0, which a
priori have unrelated relative Z=2dZ-gradings. As part of the mapping cone, however, their direct sum
becomes relatively Z=2dZ-graded.

The second ingredient in (133), the null-homotopyH ı
1 , is then a direct sum of mapsH ı

1;u, which represent
null-homotopies of f ı2;u ıf

ı
1;u.

Proposition 11.17 Fix ı > 0. If ƒ is nondegenerate and a1 D 0, then , for every m1 D dh sufficiently
large and for every u 2 Spinc.Yƒ.L//, the quasi-isomorphism

.f ı1;u;H
ı
1;u/ W CF

�;ı.Yƒ.L/; u/
��! Cone.f ı2;u/

respects the relative Z=2dZ-gradings on the two sides.

Instead of Lemma 11.14, we now have the following:

Lemma 11.18 Fix a constant C0. For all sufficiently largem1D dh, the following statement holds. Each
Spinc structure Nu over Yxƒ.L/ has at most two extensions t to W1 whose restrictions to Yƒ.L/ #L.m1; 1/
are �.Nu/ # ucan and for which

(150) C0 � c1.t/
2
Cm1:

Further , if two such Spinc structures t and t 0 exist , then

(151) c1.t/
2
D c1.t

0/2:
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Proof Just as in the proof of Lemma 11.14, we find that if t satisfies (150) and c1.t/D ˛ �PD.†1/, then

(152) j˛j �

r
m1�C0

m1.a1dC1/
D

r
1�

C0
m1
:

Also, ˛D 2.s �a/=h for some representative s 2H.L/ of t, so ˛ must live in the discrete subset 1
h
�Z�Q.

Hence, if we choose m1 > �C0h=.2hC 1/, the only way inequality (152) is satisfied is if

j˛j � 1:

If we fix the restriction of t to @W1, the value of ˛ is determined up to the addition of even integers.
Typically there is at most one t with j˛j � 1. The only time there are two such Spinc structures t and t 0,
the respective values of ˛ are ˙1, and we have

c1.t/
2
D c1.t

0/2 D�m1:

Proof of Proposition 11.17 Using Lemma 11.18 and formula (128), we find that each f ı1;u is the sum of
at most two nonzero maps corresponding to Spinc structures on W1, and if there are two such maps, they
shift absolute grading by the same amount. Thus, f ı1;u preserves the relative Z-gradings on the two sides
(and hence their Z=2dZ reductions). From our discussion of W2 we also know that each f ı2;u preserves
relative grading. The Spinc structures that give nontrivial contributions to H ı

1;u are subject to similar
constraints, and shift grading by one degree less than the respective maps f ı2;u ıf

ı
1;u.

11.6 Refinements of Proposition 11.6, Case II: ƒ1 2 SpanQ.ƒ2; : : : ;ƒ`/

When the framing matrix ƒ is degenerate, we will discuss refinements only in the case when ƒ1 is in
the Q-span of ƒ2; : : : ; ƒ`. (A model example for this is 0 surgery on a knot in the integral homology
sphere Y.) Note that, in the present case, b1.Yxƒ.L//D b1.Yƒ0.L//D b1.Yƒ.L//� 1.

In this situation we are free to choose whether to consider the quasi-isomorphism in (133), or the one
in (134). We will focus on the quasi-isomorphism (133), which involves the cobordisms W1 and W2. We
denote by h the smallest positive integer such that

hƒ1 2 Span.ƒ2; : : : ; ƒ`/:

Lemma 11.19 If ƒ1 is in the Q-span of ƒ2; : : : ; ƒ`, then the vector �1 D .1; 0; : : : ; 0/ is not in the
Q-span of ƒ1; : : : ; ƒ`.

Proof Let us view the framing matrix ƒ as a self-adjoint linear operator on Q` (with the standard inner
product). Since ƒ1 is in the Q-span of ƒ2; : : : ; ƒ`, there exists a vector v D .v1; v2; : : : ; v`/ in the
kernel of ƒ, with v1¤ 0. The kernel is orthogonal to the image of ƒ, so, since v � �1D v1¤ 0, the image
cannot contain �1.

Lemma 11.20 The vector j�1 is in Span.xƒ1; ƒ2; : : : ; ƒ`/ if and only if j is divisible by m1h.
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Proof Writing
j�1 D v1.ƒ1Cm1�1/C v2ƒ2C � � �C v`ƒ`;

we have .j � v1m1/�1 D v1ƒ1C� � �C v`ƒ`. This can only happen if j D v1m1 (by Lemma 11.19) and
v1 is divisible by h (by the definition of h).

Lemma 11.21 Suppose ƒ1 is in the Q-span of ƒ2; : : : ; ƒ`, and let ƒ01 Dƒ1jL0 be the vector of linking
numbers between L1 and the other components. Then jƒ01 2 Span.ƒ02; : : : ; ƒ

0
`
/ if and only if j is a

multiple of h.

Proof If i is a multiple of h, we already know that iƒ1 2 Span.ƒ2; : : : ; ƒ`/. For the converse, suppose
jƒ01D

P
viƒ
0
2 for some vi 2Z; iD2; : : : ; `. Then jƒ1�

P
viƒi is a multiple of �1. From Lemma 11.19

we see that it must be zero, so j is a multiple of h.

Lemma 11.22 If ƒ1 is in the Q-span of ƒ2; : : : ; ƒ`, the natural restriction map

Spinc.W1/! Spinc.@W1/Š Spinc.Yƒ.L/ #L.m1; 1//�Spinc.Yxƒ.L//

is injective.

Proof We prove the similar statement for second cohomology groups, by looking at the kernel of the
corresponding homomorphism. Suppose sD .s1; : : : ; s`C2/ 2 Z`C2 is such that

Œs� 2H 2.W1/Š Z`C2=Span.ƒC1 ; : : : ; ƒ
C

`C1
/

has trivial projection to the boundary. We need to show that Œs�D 0.

By hypothesis, the vector .s1; : : : ; s`/ is in the image of ƒ, and s`C1 is a multiple of m1. By adding
suitable multiples of ƒC1 ; : : : ; ƒ

C

`C1
, we can assume that s D .0; : : : ; 0; s`C2/ without changing the

equivalence class Œs�. Also by hypothesis, there exist integers bi for i D 1; : : : ; `C 2 such that

sD b1ƒ
C
1 C � � �C b`C2ƒ

C

`C2
:

Restricting attention to the first ` coordinates of s, .b`C2; 0; : : : ; 0/ is in the span of ƒ1; : : : ; ƒ`. From
Lemma 11.19 we see that b`C2 D 0. Hence s is in the span on ƒC1 ; : : : ; ƒ

C

`C1
, as desired.

Let us define an equivalence relation on Spinc structures on Yƒ.L/. For u1; u2 2 Spinc.Yƒ.L// Š
H.L/=H.L;ƒ/, we say u1 is equivalent to u2 if and only if there exist s1; s2 2H.L/ with

Œs1�D u1; Œs2�D u2 and s1� s2 D jm1�1

for some j 2 Z.

We call a Spinc structure u on Yƒ.L/ small if our complex CF �;ı.Yƒ.L//D CF �;ı.T˛;Tˇ ;w/ has at
least one generator in that Spinc structure. Clearly there are only finitely many small Spinc structures.
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Further, for m1 � 0, using Lemma 11.19 we see that every equivalence class of Spinc structures
on Yƒ.L/ contains at most one small structure. Let us pick one representative (in Spinc.Yƒ.L//) from
each equivalence class, in such a way that all small structures are picked. We call the chosen Spinc

structures special. By construction, for every special u,

(153) CF �;ı.Yƒ.L/; u/D
M
u1�u

CF �;ı.Yƒ.L/; u/:

Building up on Definition 11.7, we write u� Nu if u 2 Spinc.Yƒ.L// and Nu 2 Spinc.Yxƒ.L// are linked.
Further, we say that two Spinc structures Nu on Yxƒ.L/ and u0 on Yƒ0.L0/ are linked (and write Nu� u0) if
there exists a Spinc structure on W2 interpolating between the two. We also say that u 2 Spinc.Yƒ.L//
is linked to u0 2 Spinc.Yƒ0.L0// (and write u � u0) if there exists Nu 2 Spinc.Yxƒ.L// such that u � Nu
and Nu� u0.

The following lemma describes how the Spinc structures on the three manifolds Yƒ.L/, Yxƒ and Yƒ0 are
linked to each other:

Lemma 11.23 Suppose that ƒ1 is in the Q-span of ƒ2; : : : ; ƒ`, and m1 > 0 is sufficiently large. Then:

(a) Every u 2 Spinc.Yƒ.L// is linked to exactly h Spinc structures on Yxƒ.L/, while every Nu 2
Spinc.Yxƒ.L// is linked to exactly one special Spinc structure on Yƒ.L/.

(b) Every Nu 2 Spinc.Yxƒ.L// is linked to exactly h Spinc structures on Yƒ0.L0/, while every u0 2

Spinc.Yƒ0.L0// is linked to exactly m1h Spinc structures on Yxƒ.L/.

(c) Every u 2 Spinc.Yƒ.L// is linked to exactly h Spinc structures on Yƒ0.L0/, while every u0 2

Spinc.Yƒ0.L0// is linked to exactly m1 special Spinc structures on Yƒ.L/.

Before proving the lemma, it is useful to illustrate its content in a particular example, shown graphically
in Figure 36. We consider a framed link LD L1[L2 with framing matrix

ƒD

�
1 3

3 9

�
;

so that hD3 and H.L/D
�
ZC 1

2

�2. The set of Spinc structures on Yƒ.L/ is identified with H.L/=h.1; 3/i.
The ones that differ by .m1; 0/ are called equivalent. Thus, there are only 3m1 special Spinc structures
(one from each equivalence class). The set of special Spinc structures on Yƒ.L/ is the left rectangle in
the picture (where m1D 7), with each structure being represented by a black dot. Going down one square
in the rectangle (in a cyclical fashion) corresponds to adding the vector .1; 0/. Going left corresponds to
adding the vector .0; 1/, and is also done in a cyclical fashion, except when we go from the third to the
first column we also move one step up, according to the relation .0; 3/D .�1; 0/.

The second rectangle in Figure 36 represents the space of all 9m1 Spinc structures on Yxƒ.L/, where

xƒD

�
m1C1 3

3 9

�
:
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Z=9

H.L/=h.1; 3/; .m1; 0/i H.L/=h.m1C 1; 3/; .3; 9/i

f ı1 f ı2

Yƒ.L/ Y Nƒ.L/ Yƒ0.L
0/

Figure 36: Linking of Spinc structures. Each dot in the first rectangle corresponds to a special
Spinc structure on Yƒ.L/, and is linked to the three dots (representing Spinc structures on Yxƒ.L/)
in the corresponding square of the second rectangle. Furthermore, all the dots in the same column
of the second rectangle are linked to the three dots (representing Spinc structures on Yƒ0.L0/) in
the corresponding column of the third rectangle.

The dots in the same square differ from each other by multiples of .m1; 0/. Going down one square in
the rectangle still means adding .1; 0/, and going left means adding .0; 1/. When we go horizontally in a
cycle we move up one square as well, according to the relation .0; 3/D .�m1� 1; 0/.

Finally, the rectangle on the right of Figure 36 represents the set of Spinc structures on Yƒ0.L0/, which is
simply identified with Z=9. The dots in the same square differ from each other by multiples of 3.

The linking of Spinc structures between the three rectangles is as shown in Figure 36, and corresponds to
the description in Lemma 11.23.

Proof of Lemma 11.23 (a) Consider two Spinc structures Nu1 and Nu2 on Yxƒ.L/. By Lemma 11.8,
Nu1 and Nu2 are linked to a single u 2 Spinc.Yƒ.L// if and only if the difference

Nu1� Nu2 2H
2.Yxƒ.L//Š Z`=H.L; xƒ/

can be represented (in Z`) by a multiple of m1�1 D xƒ1�ƒ1. The smallest such multiple that lies in the
span of xƒ1; : : : ; ƒ` (ie represents a trivial cohomology class) is h.xƒ1�ƒ1/.

In the other direction, consider two Spinc structures u1 and u2 on Yƒ.L/. Applying Lemma 11.8 again,
we see that u1 and u2 can be linked to a single Nu 2 Spinc.Yxƒ.L// if and only if the difference

u1� u2 2H
2.Yƒ.L//Š Z`=H.L;ƒ/
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can be represented (in Z`) by a multiple of m1�1, ie u1 and u2 are equivalent. There is a unique special
structure in each equivalence class, by construction.

(b) Apply Lemma 11.1(b) to Wxƒ.L
0; L/, which is �W2 turned upside down. Two structures u01; u

0
2 2

Spinc.Yƒ0.L0//ŠH.L0/=H.L0; ƒ0/ are linked to a single one on Yxƒ.L/ if and only if

u01� u02 2H
2.Yƒ0.L

0//Š Z`�1=H.L0; ƒ0/

can be represented (in Z`�1) by a multiple of xƒ1jL0 Dƒ01. From Lemma 11.21 we see that jƒ01 is zero
in cohomology if and only if the respective factor j is divisible by h.

In the other direction, two Spinc structures Nu1; Nu2 on Yxƒ.L/ are linked to a single one on Yƒ0.L0/ if and
only if Nu1� Nu2 can be represented (in Z`) by a multiple of �1. By Lemma 11.20, the first such multiple
that lies in H.L; xƒ/ is m1h�1.

(c) Use the descriptions of linking in (a) and (b). We get that two Spinc structures u01 and u02 on Yƒ0.L0/
are linked to a single one on Yƒ.L/ if and only if u01� u02 can be represented by a multiple of ƒ01, and
two Spinc structures u1 and u2 on Yƒ.L/ are linked to a single one on Yƒ0.L0/ if and only if u1�u2 can
be represented by a multiple of �1.

From (153) and Lemma 11.23(a), we see that the cobordism map f ı1 splits into the direct sum of the
maps

f ı1;u W CF
�;ı.Yƒ.L/; u/!

M
Nu�u

CF �;ı.Yxƒ.L/; Nu/

over special Spinc structures u.

Turning our attention to the map f ı2 , note that the action of H 1.Yƒ0.L
0//ŠH.L0; ƒ0/? on the module

T1 D F ŒT1�=.T
m1
1 � 1/ is trivial. Indeed, if v0 2 Z`�1 satisfies v0 �ƒ0i D 0 for all i D 2; : : : ; `, we must

also have v0 �ƒ01 D 0 (because ƒ1 is in the Q-span of ƒ2; : : : ; ƒ`).

Hence, for every u0 2 Spinc.Yƒ0.L0//, we have a decomposition

CF �;ı.Yƒ0.L
0/; u0IT1/Š

m1�1M
iD0

T i1 �CF
�;ı.Yƒ0.L

0/; u0/:

Moreover, using the description of linking in Lemma 11.23(b) (see also Figure 37), f ı2 splits as a direct
sum of maps

f ı2;u W
M
Nu�u

CF �;ı.Yxƒ.L/; Nu/!
M
u0�u

T u
1 �CF

�;ı.Yƒ0.L
0/; u0/

over special Spinc structures u on Yƒ.L/. Here, T u
1 denotes T .u�u0/�v1 , where u0 is a fixed Spinc structure

on Yƒ.L/, and v is an arbitrary vector in H2.W2/ŠH.L; xƒjL0/?.

Using Lemma 11.23 again, we also obtain a similar decomposition of H ı
2 into maps H ı

2;u, one for each
special Spinc structure u on Yƒ.L/. Each CF �;ı.Yƒ.L/; u/ is quasi-isomorphic to the mapping cone of
the respective f ı2;u, via the pair .f ı1;u;H

ı
1;u/.
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Yƒ.L/ Y Nƒ.L/ Yƒ0.L
0/

H.L/=h.1; 3/; .m1; 0/i H.L/=h.m1C 1; 3/; .3; 9/i

f ı1 f ı2

Z=9�Z=m1

Figure 37: Linking of Spinc structures, keeping track of the powers of T1. The map f ı2 decom-
poses as a sum according to powers of T1. Each dot in the rectangle on the right represents a pair
.u0; i/, where u0 2 Spinc.Yƒ0.L0// and i 2 Z=m1 is an exponent of T1. Going down one square
in the rectangle corresponds to multiplication by T1. This way, a dot in the second rectangle is
linked (that is, gives a contribution to f ı2 ) only with the three dots in the corresponding square of
the third rectangle. Therefore, the pair of maps .f ı1 ; f

ı
2 / decomposes as a direct sum according

to dots in the first rectangle (ie special Spinc structures u on Yƒ.L/).

Proposition 11.24 Fix ı > 0 and suppose that ƒ1 is in the Q-span of ƒ2; : : : ; ƒ`. Then , for every
m1� 0 and for every special Spinc structure u on Spinc.Yƒ.L// such that m1 is divisible by d.u/, the
mapping cone Cone.f ı2;u/ admits a relative Z=d.u/Z-grading , and the quasi-isomorphism

.f ı1;u;H
ı
1;u/ W CF

�;ı.Yƒ.L/; u/
��! Cone.f ı2;u/

respects the relative Z=d.u/Z-gradings on the two sides.

Before proceeding with the proof, we establish a few lemmas. First, note that for u 2 Spinc.Yƒ.L//Š
H.L/=H.L;ƒ/, equation (105) gives

(154) d.u/D gcd
v2Z`
ƒvD0

2v � s

for Œs�D u.

Lemma 11.25 Suppose u 2 Spinc.Yƒ.L// and Nu 2 Spinc.Yxƒ.L// are linked. Then d.u/ divides d.Nu/.

Proof If Œs�D u, then, according to the proof of Lemma 11.23(a), ŒsC jm1�1�D Nu for some j 2Z. We
have

d.Nu/D gcd
vD.v1;:::;v`/2Z`

xƒvD0

2.v � sC jv1m1/:
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From Lemma 11.19 we see that xƒv D m1v1�1 C ƒv D 0 implies v1 D 0 and ƒv D 0. Hence,
2.v � s C jv1m1/ D 2v � s is one of the elements for which we take the greatest common divisor
in (154). Hence, d.u/ divides d.Nu/.

Lemma 11.26 Suppose u 2 Spinc.Yƒ.L// and u0 2 Spinc.Yƒ0.L0// are linked. Then d.u/ divides d.u0/.

Proof If u D Œs� with s D .s1; : : : ; s`/ and we let s0 D .s2; : : : ; s`/, then, according to the proof of
Lemma 11.23(c), u0 D Œs0C jƒ01� for some j 2 Z. We have

d.u0/D gcd
v02Z`�1
ƒ0v0D0

2v0 � .s0C jƒ01/:

Note that ƒ0v0 D 0 implies ƒ01 � v
0 D 0, so the expression in the gcd is 2v0 � s0. Moreover, if we let v 2 Z`

be the vector with first coordinate zero and the others given by v0, then ƒvD .u; 0; : : : ; 0/ for some u2Z.
Lemma 11.19 implies that uD 0, so v gets counted in (154), and the conclusion follows.

Proof of Proposition 11.24 Let u be a special Spinc structure on Yƒ.L/ with m1 divisible by d.u/.
Lemma 11.3(a), together with Lemmas 11.22 and 11.25 imply that we can equipM

Nu�u

CF �;ı.Yxƒ.L/; Nu/

with a relative Z=d.u/Z-grading such that f ı1;u is grading-preserving. Furthermore, Lemma 11.26 shows
that each direct summand T u

1 �CF
�;ı.Yƒ0.L

0/; u0/ in the target of f ı2;u is relatively Z=d.u/Z-graded.

We would like to give the mapping cone of f ı2;u a relative Z=d.u/Z-grading such that f ı1;u is grading-
preserving. To be able to do this, we need to check that for any two Spinc structures t; tCu on W1[W2
which restrict to u on Yƒ.L/, and to the same Spinc structure on Yƒ0.L0/, the contributions to the
composition f ı2;u ıf

ı
1;u coming from t and tCu shift the relative Z=d.u/Z-gradings by the same amount.

Using Lemma 11.3(b), this is equivalent to showing that

(155) hc1.t/` uCu` u; ŒW1[W2�i � 0 .mod d.u//:

Here u 2H 2.W1[W2; @.W1[W2/IZ/ is Poincaré dual to some class in H2.W1[W2IZ/.

The cobordism W1[W2 admits the following description in terms of surgery. Consider the link LC from
Figure 35, and add an zero-framed, unknotted component L`C3, which forms a Hopf link (in particular,
has linking number one) with L`C1, and is unlinked with the other components of LC. Call the resulting
framed link .LCC; ƒCC/. Then, in the notation of Section 11.1,

W1[W2 DWƒCC.L1[ � � � [L`C1; L
CC/:
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In matrix form,

ƒCC D

0BBBBBBBBBB@

0 1 0

ƒ
0 0 0
:::
:::
:::

0 0 0

0 0 � � � 0 m1 1 1

1 0 � � � 0 1 0 0

0 0 � � � 0 1 0 0

1CCCCCCCCCCA
Using Lemma 11.1(a), we see that

PD.u/D Œ.v1; : : : ; v`; j; 0;�m1j /� 2H2.W1[W2/

for some j 2 Z and vD .v1; : : : ; v`/ 2H.L;ƒ/?. We get

hu` u; ŒW1[W2�i D �m1j
2;

which is divisible by d.u/ (because we assumedm1 was so). Also, if uD Œs� with sD .s1; : : : ; s`/2H.L/,
then we must have

t D
��
s1C

1
2
; s2; : : : ; s`; m1C 1; s`C2; s`C3

��
2H.LCC/=H.LCC; ƒCC/;

which gives
hc1.t/` u; ŒW1[W2�i D 2s � vC 2m1j.1� s`C3/:

This is divisible by d.u/ because of (154) and by our choice of m1.

Therefore, (155) holds, and f ı1;u can be made grading-preserving. The homotopyH d
1;u is also automatically

grading-preserving.

Corollary 11.27 Suppose ƒ1 is in the Q-span of ƒ2; : : : ; ƒ`, and fix ı > 0. Then , for every m1� 0

suitably chosen and for every small Spinc structure u on Spinc.Yƒ.L//, the mapping cone Cone.f ı2;u/
admits a relative Z=d.u/Z-grading , and the quasi-isomorphism .f ı1;u;H

ı
1;u/ is grading-preserving.

Proof Since there are only finitely many small Spinc structures u, we can choose m1 to be a multiple
of d.u/ for all u small. We then apply Proposition 11.24.

Proposition 11.24 and Corollary 11.27 give a (partial) grading-preserving decomposition of the quasi-
isomorphism .f ı1 ;H

ı
1 / from (133). Similar arguments can be applied to the quasi-isomorphism .H ı

2 ; f
ı
3 /

from (134). Indeed, one can check that an analogue of Lemma 11.22 holds for the cobordism W3; ie the
restriction map

Spinc.W3/! Spinc.@W3/Š Spinc.Yƒ0.L0//�Spinc.Yƒ.L/ #L.m1; 1//

is injective. Further, the maps f ı3 and H ı
2 split into direct sums of maps f ı3;u and H ı

2;u, according
to special Spinc structures u on Yƒ.L/. A study of grading differences similar to that in the proof of
Proposition 11.24 yields the following:

Geometry & Topology, Volume 29 (2025)



2958 Ciprian Manolescu and Peter Ozsváth

Proposition 11.28 Fix ı > 0 and suppose that ƒ1 is in the Q-span of ƒ2; : : : ; ƒ`. Then , for every
m1� 0 and for every special Spinc structure u on Spinc.Yƒ.L// such that m1 is divisible by d.u/, the
quasi-isomorphism

.H ı
2;u; f

ı
3;u/ W Cone.f ı2;u/

��! CF �;ı.Yƒ.L/; u/

respects the relative Z=d.u/Z-gradings on the two sides.

To conclude this subsection we state a twisted coefficients generalization of Propositions 11.24 and 11.28.
We work in the following setting. Recall that .†;˛;ˇ;w/; .†;˛;
;w/ and .†;˛; ı;w/ are the Heegaard
diagrams for Yƒ.L/, Yxƒ.L/, and Yƒ0.L0/, respectively. Also, for i < gC k� 1, the curves ˇi , 
i and ıi
approximate one another. For i D 1; : : : ; gC k � 1, let us place points pi and qi on each side of the
curve ˇi so that they can be joined by an arc that intersects ˇi , 
i and ıi once each, and does not intersect
any of the alpha curves. (These are the analogues of w1 and z1.) Let n1; : : : ; ngCk�2 be nonnegative
integers. Consider the ring

(156) S D F ŒS1; : : : ; SgCk�2�=.S
n1
1 � 1; : : : ; S

ngCk�2
gCk�1

� 1/:

We can then construct Floer complexes with twisted coefficients

CF �;ı.Yƒ.L/IS /; CF �;ı.Yxƒ.L/IS /; CF �;ı.Yƒ0.L
0/IS ˝T1/

and cobordism maps f ı1IS , f ı2IS and f ı3IS relating them, by counting all pseudoholomorphic strips and
triangles using the coefficients

S
np1 .�/�nq1 .�/

1 � � �S
npgCk�2 .�/�nqgCk�2 .�/

gCk�2
;

where � denotes the respective relative homology class. (This is all in addition to the power of T1 coming
from the twisting by T1.)

A straightforward generalization of Proposition 11.6 shows that CF �;ı.Yƒ.L/IS / is quasi-isomorphic
to the mapping cone of f ı2IS . Note that twisting by S can have a nontrivial effect on the Floer homology
of Yƒ.L/ only when b1.Yƒ.L// > 0. Supposing further that ƒ1 is in the Q-span of ƒ2; : : : ; ƒ` (as we
did in this section), we have twisted coefficients analogues f ıi;uIS and H ı

i;uIS of the maps f ıi;u and the
homotopies H ı

i;u, respectively.

Proposition 11.29 Fix ı > 0 and suppose that ƒ1 is in the Q-span of ƒ2; : : : ; ƒ`. Then , for every
m1� 0 and for every special Spinc structure u on Spinc.Yƒ.L// such that m1 is divisible by d.u;S /,
the mapping cone Cone.f ı2;uIS / admits a relative Z=d.u;S /Z-grading , and the quasi-isomorphisms

.f ı1;uIS ;H
ı
1;uIS / W CF

�;ı.Yƒ.L/; uIS / ��! Cone.f ı2;uIS /
and

.H ı
2;uIS ; f

ı
3;uIS / W Cone.f ı2;uIS /

��! CF �;ı.Yƒ.L/; uIS /

respect the relative Z=d.u;S /Z-gradings on the two sides.

The proof of Proposition 11.29 is similar to those of Propositions 11.24 and 11.28.
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11.7 Cobordism maps

Propositions 11.11, 11.15, 11.17 and 11.24 all describe quasi-isomorphisms between chain complexes
of the form CF �;ı.Yƒ.L/; u/ and mapping cones Cone.f ı2;u/. Our goal in this section is to describe
commutative diagrams which relate the inclusion of the target of f2;u into Cone.f ı2;u/, with a cobordism
map from the Floer complex (possibly with twisted coefficients) of Yƒ0.L0/ to the Floer complex of Yƒ.L/.
These diagrams will prove useful in our description of cobordism maps in terms of surgery, in Section 14.1.

We state several results, on a case-by-case basis, corresponding to the case analysis described above. We
will always denote by f ı3It the map (with twisted coefficients) induced by the cobordism W3 with a Spinc

structure t. We start with Case I. In Case I(a), we have:

Proposition 11.30 Fix ı > 0 and i 2 Z. Suppose ƒ is nondegenerate , a1 > 0, and m1 is a sufficiently
large multiple of a1h. Suppose s0 2 H.L/ is such that Œs0� D t0 2 Spinc.W2/ is the base Spinc

structure used to define the expression T t1 in (137). If s 2 H.L/ is such that a � .s � s0/ D i , let
uD Œs� 2 Spinc.Yƒ.L//ŠH.L/=H.L;ƒ/, u0 D Œ L1.s/� 2 Spinc.Yƒ0.L0//ŠH.L0/=H.L0; ƒ0/ and

ti D Œs� 2 Spinc.W3/ŠH.L/=Span.ƒ2; : : : ; ƒ`/:

Then there is a diagram

CF �;ı.Yƒ0.L
0/; u0/

f ı3Iti
//

Š

��

CF �;ı.Yƒ.L/; u/

.f ı1;u;H
ı
1;u/

��

T i1 �CF
�;ı.Yƒ0.L

0/; u0/ // Cone.f ı2;u/

commuting up to chain homotopy. Here , the bottom horizontal arrow is the inclusion into the mapping
cone.

Proof The existence of such a diagram is a consequence of the proof of the fact that .f ı1;u;H
ı
1;u/

is a quasi-isomorphism; see the homological algebra lemma [Ozsváth and Szabó 2005, Lemma 4.4];
compare also [Ozsváth and Szabó 2008b, proof of Theorem 4.2]. A priori, the top horizontal arrow is a
sum of all maps f ı3It , over all t 2 Spinc.W3/ such that t and ti have the same restrictions to @W3, and
a � .t � Œs0�/ � i .modm1/. However, any such t differs from ti by a multiple of d � PD.†3/, where
†3 D s is the generator of H2.W3/. Since i and ı are fixed, if m1 (and hence d D m1=h) is chosen
sufficiently large, all ti C dj �PD.†3/ produce trivial cobordism maps for j 2 Z with j ¤ 0.

We have a similar result in Case I(b):

Proposition 11.31 Fix ı > 0 and i 2 Z. Suppose ƒ is nondegenerate , a1 < 0 and m1 is a sufficiently
large multiple of a1h. Suppose s0; s 2 H.L/ (with a � .s � s0/ D i ) and let u, u0 and ti be as in
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Proposition 11.30. Then there is a commutative diagram

T i1 �CF
�;ı.Yƒ0.L

0/; u0/ //

Š

��

Cone.f ı2;u/

.Hı
2;u;f

ı
3;u/

��

CF �;ı.Yƒ0.L
0/; u0/

f ı3Iti
// CF �;ı.Yƒ.L/; u/

where the top horizontal arrow is the inclusion into the mapping cone.

Proof This is simpler than Proposition 11.11 (and the diagram commutes on the nose, rather than only
up to chain homotopy), because the relevant quasi-isomorphism (134) already involves f3;u. The fact that
the only contribution to f3;u comes from ti (for ı; i fixed and m1 large) is a consequence of the proof of
Proposition 11.15.

In Case I(c), we have:

Proposition 11.32 Fix ı > 0. Supposeƒ is nondegenerate , a1D 0 and m1 is a sufficiently large multiple
of h. Suppose

t 2 Spinc.W3/ŠH.L/=Span.ƒ2; : : : ; ƒ`/

has restrictions u0 to Yƒ0.L0/ and u to Yƒ.L/. Then there is a diagram

CF �;ı.Yƒ0.L
0/; u0IV1/

f ı3It
//

Š

��

CF �;ı.Yƒ.L/; u/

.f ı1;u;H
ı
1;u/

��

T u
1 �CF

�;ı.Yƒ0.L
0/; u0IV1/ // Cone.f ı2;u/

commuting up to chain homotopy, with the bottom horizontal arrow being inclusion into the mapping
cone.

Proof The existence of the commutative diagram follows from the same reasoning as in Proposition 11.30,
with the top arrow being the sum of cobordism maps over all possible Spinc structures on W3 with the
given restrictions to the boundary. However, we claim that t is the unique such Spinc structure. For this,
it suffices to prove that the restriction

(157) H 2.W3/!H 2.@W3/ŠH
2.Yƒ.L//˚H

2.Yƒ0.L
0//

is injective. Suppose Œv�2H 2.W3/DZ`=Span.ƒ2; : : : ; ƒ`/ is in the kernel. Because Œv� becomes trivial
when projected to its last `� 1 components, without loss of generality we can assume vD .j; 0; : : : ; 0/
for some j 2 Z. We also know that v 2H.L;ƒ/, so j must be a multiple of h. Since .h; 0; : : : ; 0/ is in
the span of ƒ2; : : : ; ƒ` (because a1 D 0), we must have Œv�D 0.

Proposition 11.32 involves the map f ı3It , which uses twisted coefficients. From here one can also
similarly identify the usual (untwisted) map corresponding to the cobordism W3 DWƒ.L

0; L/. Indeed,
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the untwisted complex CF �;ı.Yƒ0.L0/; u0/ can be viewed as a subcomplex of CF �;ı.Yƒ0.L0/; u0IV1/
via the inclusion

(158) � W CF �;ı.Yƒ0.L
0/; u0/ ,! CF �;ı.Yƒ0.L

0/; u0IV1/; x 7! x.1CV1C � � �CV
d�1
1 /:

The composition f ı3It ı � is the untwisted chain map representing the cobordism W3. By precomposing
with � in the diagram from Proposition 11.32, we get the following corollary:

Proposition 11.33 Under the hypotheses of Proposition 11.32, we have a diagram

CF �;ı.Yƒ0.L
0/; u0/

f ı3Itı�
//

Š

��

CF �;ı.Yƒ.L/; u/

.f ı1;u;H
ı
1;u/

��

T u
1 �CF

�;ı.Yƒ0.L
0/; u0/ // Cone.f ı2;u/

commuting up to chain homotopy, with the bottom horizontal map being the composition of � and the
inclusion into the mapping cone.

Finally, we have the following result in Case II:

Proposition 11.34 Fix ı > 0. Suppose ƒ1 is in the Q-span of ƒ2; : : : ; ƒ` and m1 is suitably chosen
sufficiently large. Suppose

t 2 Spinc.W3/ŠH.L/=Span.ƒ2; : : : ; ƒ`/

has restrictions u0 to Yƒ0.L0/ and u to Yƒ.L/ such that u is special. Then:

(a) There is a diagram

CF �;ı.Yƒ0.L
0/; u0/

f ı3It
//

Š

��

CF �;ı.Yƒ.L/; u/

.f ı1;u;H
ı
1;u/

��

T u
1 �CF

�;ı.Yƒ0.L
0/; u0/ // Cone.f ı2;u/

commuting up to chain homotopy , with the bottom horizontal arrow being inclusion into the
mapping cone.

(b) There is a diagram

T u
1 �CF

�;ı.Yƒ0.L
0/; u0/ //

Š

��

Cone.f ı2;u/

.Hı
2;u;f

ı
3;u/

��

CF �;ı.Yƒ0.L
0/; u0/

f ı3It
// CF �;ı.Yƒ.L/; u/

commuting up to chain homotopy , with the top horizontal arrow being inclusion into the mapping
cone.
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Proof For both (a) and (b), just as in the proof of Proposition 11.32, it suffices to prove that the restriction
map (157) is injective. As before, if Œv� is in the kernel, we can assume that vD .j; 0; : : : ; 0/ for some
j 2 Z. Lemma 11.19 then shows that v 2H.L;ƒ/ only if j D 0.

Let us also state the twisted coefficients generalization of Proposition 11.34, which has a similar proof:

Proposition 11.35 Let ı, ƒ, t, u and u0 be as in Proposition 11.34, and S a twisted coefficients ring as
in (156). Then:

(a) There is a diagram

CF �;ı.Yƒ0.L
0/; u0IS /

f ı3It;S
//

Š

��

CF �;ı.Yƒ.L/; uIS /

.f ı1;uIS ;Hı
1;uIS /

��

T u
1 �CF

�;ı.Yƒ0.L
0/; u0IS / // Cone.f ı2;uIS /

commuting up to chain homotopy , with the bottom horizontal arrow being inclusion into the
mapping cone.

(b) There is a diagram

T u
1 �CF

�;ı.Yƒ0.L
0/; u0IS / //

Š

��

Cone.f ı2;uIS /

.Hı
2;uIS ;f ı3;uIS /

��

CF �;ı.Yƒ0.L
0/; u0IS /

f ı3ItIS
// CF �;ı.Yƒ.L/; uIS /

commuting up to chain homotopy , with the top horizontal arrow being inclusion into the mapping
cone.

12 Proof of the surgery theorem for link-minimal complete systems

The goal of this section is to prove Theorem 9.6. We first do so for the case of the basic systems from
Definition 8.32. The proof in that case will be modeled on the proof of the formula for the Heegaard Floer
homology of integral surgeries on knots; see [Ozsváth and Szabó 2008b]. We will need to combine the
arguments in [loc. cit.] with the homological algebra from [Ozsváth and Szabó 2005]. At the end we will
explain how the statement of Theorem 9.6 for basic systems implies the statement for all link-minimal
complete systems of hyperboxes.

12.1 Large surgeries on links

Let EL� Y be a link in an integral homology three-sphere as in Section 9. We let zƒ� 0 be a sufficiently
large framing on L, meaning that the framing coefficients z�i on each component are sufficiently large, as
for the framing denoted by zƒ in Sections 10.3. We let zƒi 2H1.Y �L/ be the induced framings on each
component Li , as usual. Recall that H.L; zƒ/ denotes the lattice in H1.Y �L/ŠZ` generated by all zƒi .
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We use the notation from Section 11.1. In particular, surgery on the framed link L produces a cobordism
W zƒ.L/ between Y and the surgered manifold Y zƒ.L/. Since zƒ is chosen sufficiently large, the manifold
Y zƒ.L/ is a rational homology three-sphere. LetW 0

zƒ
.L/ be the cobordism between Y zƒ.L/ and Y, obtained

by turning around the cobordism �W zƒ.L/.

As in the proof of Lemma 11.1, choose a Seifert surface Fi � Y for each link component Li , and let
yFi be the surface obtained by capping off Fi in W zƒ.L/. By a slight abuse of notation, we also denote

by yFi the corresponding surface in W 0
zƒ
.L/. The homology classes Œ yFi � for i D 1; : : : ; ` form a basis

of H2.W 0zƒ.L//. As in (122), we identify H 2.W 0
zƒ
.L// with Z` by sending a cohomology class c to

.hc; Œ yF1�i; : : : ; hc; Œ yF`�i/.

Given a Spinc structure u over Y zƒ.L/, we can extend it to a Spinc structure t over W 0
zƒ
.L/. We can then

find s 2H.L/ such that

c1.t/� 2s� .zƒ1C � � �C zƒ`/ .mod 2H.L; zƒ//:

The correspondence u 7! s determined by the above formula induces an isomorphism

Spinc.Y zƒ.L//!H.L/=H.L; zƒ/:

Let P.zƒ/ be the intersection of the lattice H.L/ with the hyperparallelepiped with vertices

�C 1
2
.˙zƒ1˙ zƒ2˙ � � �˙ zƒ`/;

as in Section 10.3. This is a fundamental domain for H.L/=H.L; zƒ/; see (111). Hence, there is a
bijection

Spinc.Y zƒ.L//Š P.zƒ/I

see Section 9.2. From now on we will denote a Spinc structure on Y zƒ.L/ by the corresponding value
s 2 P.zƒ/�H.L/. For s 2 P.zƒ/, we denote by xs the Spinc structure over W 0

zƒ
.L/ satisfying

(159) c1.xs/D 2s� .zƒ1C � � �C zƒ`/I

compare (124).

Let us choose a basic system H for EL� Y, as in Section 8.7. Recall that the initial Heegaard diagram
HL D .†;˛;ˇ;w; z/ in the system contains ` beta curves ˇ1; : : : ; ˇ` such that the basepoints wi and zi
lie one on each side of ˇi . Let RD F ŒŒU1; : : : ; U`��.

Theorem 12.1 For zƒ sufficiently large , there exist quasi-isomorphisms of relatively Z-graded complexes
of R-modules

‰�
zƒ;s
W CF �.Y zƒ.L/; s/! A�.HL; s/

for all s 2 P.zƒ/.

Geometry & Topology, Volume 29 (2025)



2964 Ciprian Manolescu and Peter Ozsváth

Proof For each i D 1; : : : ; `, we construct a curve ıi by twisting the longitude of Li z�i times along ˇi ,
in a symmetric way as in [Ozsváth and Szabó 2004a, Figure 5] (but with the twisting done in the opposite
direction). Thus, ıi specifies the framing zƒi of the component Li for i D 1; : : : ; `. We complete this to a
full set of attaching circles ı by taking curves ı`C1; : : : ; ı`Cg�1 that approximate (ie are small Hamiltonian
translates of) ˇ`C1; : : : ; ˇ`Cg�1. The result is a triple Heegaard diagram .†;˛; ı;ˇ;w/ for the cobordism
W 0
zƒ
.L/ such that we have the three-manifolds Y˛;ˇ Š Y, Y˛;ı Š Y zƒ.L/ and Yı;ˇ Š #g�1.S1 �S2/.

For s 2H.L/, we can define a chain map ‰�
zƒ;s
W CF �.Y zƒ.L/; s/! A�.HL; s/ by

(160) ‰�
zƒ;s
.x/D

X
y2T˛\Tˇ

X
�2�2.x;‚;y/
�.�/D0

nwi .�/�nzi .�/DAi .y/�si for all i

#M.�/ �
Ỳ
iD1

U
min.nzi .�/;nwi .�//
i �y;

where ‚ 2 CF �.Yı;ˇ / is the top-degree generator in homology.

The proof that ‰ zƒ;s is a quasi-isomorphism for zƒ� 0 and s 2 P.zƒ/ then proceeds along the same lines
as [ibid., proof of Theorem 4.4]; see also [Ozsváth and Szabó 2008b, Theorem 2.3; 2011, Theorem 4.1].
Roughly, the argument is as follows. There are ` winding regions on the surface †, that is, neighborhoods
of the curves ˇi for i D 1; : : : ; ` in which the twisting of the corresponding curves ıi takes place. A
generator x 2 T˛ \Tı is said to be supported in the winding regions if it contains points in all the `
winding regions. If this is the case, the i th component of the Spinc structure s 2 P.zƒ/ of x equals the
depth of the respective point of x inside the i th winding region, up to the addition of a constant; see
[Ozsváth and Szabó 2004a, equation (14)]. A Spinc structure s is said to be supported in the winding
regions if all the generators x 2 s are supported in the winding regions. For such s, the map ‰ zƒ;s is
actually an isomorphism of chain complexes, because it is approximated (with respect to area filtrations)
by a “nearest-point” map which is a bijection.

Note that we have some freedom in choosing the winding region. Indeed, by replacing each ıi for
i D 1; : : : ; ` with an isotopic curve ı0i so that the number of twists to the left of ˇi is changed (ie
translating the twists to the right or left of the curve ˇi ), we obtain another strongly equivalent triple
Heegaard diagram .†;˛;ˇ; ı0;w; z/. If ı0i differs from ıi by ki twists, the set of Spinc structures
supported in the new winding regions is a translate of the old set by .k1; : : : ; k`/. We have

.z�1�C1/ � .z�2�C2/ � � � .z�`�C`/

possibilities for the position of the attaching set ı, where C1; : : : ; C` are constants (independent of the
framing coefficients). For each of these ı, the number of Spinc structures not supported in the respective
winding regions is of the order of

z�1 � � � z�` �
X̀
iD1

C 0i
z�i

for some constants C 0i .
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Let us choose 2` different sets of curves ı" for "2f0; 1g` such that ı"i and ı"
0

i differ by 1
2
z�i twists whenever

"i ¤ "
0
i (and are the same curve if "i D "0i ). If z�1; : : : ; z�i are sufficiently large, each Spinc structure s on

Y zƒ.L/ is supported in one of the winding regions for some ı". The fact that the new map ‰";�
zƒ;s

(using
ı" instead of ı) is an isomorphism implies that the original map ‰�

zƒ;s
(which differs from ‰

";�
zƒ;s

by
composition with chain homotopy equivalences) is a quasi-isomorphism.

Let ELo be L with some arbitrary orientation o, and let xos be the Spinc structure on W 0
zƒ
.L/ satisfying

(161) c1.x
o
s/D c1.xs/C 2zƒ EL; ELo ;

where zƒ EL; ELo D
P
i2I�. EL; ELo/

zƒi and I�. EL; ELo/ is the set of indices describing components of EL oriented
differently in ELo; see Section 3.8.

We denote by F�W;x the map on Heegaard Floer complexes induced by a particular cobordism W and
Spinc structure x; see [Ozsváth and Szabó 2006].

Theorem 12.2 Fix ELo � Y as above. For any zƒ� 0 and s 2 P.zƒ/, there is a commutative diagram

(162)
CF �.Y zƒ.L/; s/

F�
W 0
zƒ
.L/;xos

//

‰�
zƒ;s
��

CF �.Y /

Š
��

A�.HL; s/
I
ELo
s

// A�.HL; p
ELo
.s//

for all s 2 P.zƒ/.

The proof of Theorem 12.2 is similar to that of [Ozsváth and Szabó 2008b, Theorem 2.3]. In the
diagram (162), we implicitly identified A�.HL; p

ELo
.s// with A�.r ELo.H

L/;  
ELo
.s//; see (22). Also,

it is worth mentioning that in the proof of Theorem 12.2, the map F�
W 0
zƒ

.L/ is defined using the triple
Heegaard diagram .†;˛; ı;ˇ;wo/, where

wo
D fwi j i 2 IC. EL; EL

o/g[ fzi j i 2 I�. EL; EL
o/g:

(This is the set of basepoints that would be denoted by w EL; EL
o

in the notation of Section 8.7.)

There is a more refined version of Theorem 12.2, as follows. Note that the cobordism W 0
zƒ
.L/ consists of

` two-handle additions, which can be composed in any order. Different ways of composing are related by
chain homotopies, forming a hypercube of chain complexes. In the refined version that we state below
(Theorem 12.3) we replace the top arrow in (162) with this hypercube; this is isomorphic to another
hypercube, replacing the bottom arrow in (162).

Let ı D .ı1; : : : ; ıgC`�1/ be a set of attaching curves as in the proof of Theorem 12.1. Given " D
."1; : : : ; "`/ 2 E` D f0; 1g

`, we define a new .gC`�1/-tuple of attaching circles �" by

�"i �

�
ıi if "i D 0;
ˇi if "i D 1:
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For each " 2 E`, we denote by ELo;" � ELo the oriented sublink consisting of those components Li such
that "i D 1, all taken with the orientation induced from o. We let L" be the underlying sublink. Note that
the Heegaard diagram .†;˛;�";wo/ represents the three-manifold Y zƒjL�L" .L�L

"/.

Further, for every " < "0, the Heegaard diagram .†;�";�"
0

;wo/ represents a connected sum of some
copies of S1 �S2. We can arrange so that the Floer homology HF.T�" ;T�"0 /, in the maximal degree
with nontrivial homology (and in the torsion Spinc structure), is represented by a unique intersection
point, which we denote by ‚can

";"0 . Set

(163) ‚";"0 D

�
‚can
";"0 if k"0� "k D 1;

0 otherwise.
For "� "0, let

W 0
zƒ
.L�L"; L�L"

0

/�W 0
zƒ
.L/

be the cobordism from Y zƒjL�L" .L � L
"/ to Y zƒj

L�L"
0 .L � L

"0/ obtained by reversing the surgery
on L"

0�". When x is a Spinc structure on W 0
zƒ
.L/, we keep the same notation x for its restriction

to W 0
zƒ
.L�L"; L�L"

0

/.

Consider the polygon map

F."; "0;wo/ W CF �.T˛;T�" ;w
o/! CF �.T˛;T�"0 ;w

o/;

F ."; "0;wo/.x/D
X

"D"0<���<"pD"0

f .x˝‚"0;"1 ˝ � � �˝‚"p�1;"p /;

in the notation of Section 3.5, used here for polygon maps between ordinary Floer chain complexes,
as in [Ozsváth and Szabó 2005, Section 4.2]. When " D "0, this is simply the differential @. When
k"0�"kD 1, the map F."; "0;wo/ is a triangle map representing the cobordism W 0

zƒ
.L�L"; L�L"

0

/ and,
as such, it decomposes as a sum of maps according to the Spinc structures on that cobordism. For general
" < "0, the map F."; "0;wo/ is a higher order chain homotopy relating the different ways of splitting
W 0
zƒ
.L�L"; L�L"

0

/ into two-handle additions. It still decomposes as a sum of maps

F."; "0;wo; x/

according to the Spinc structures x on the cobordism W 0
zƒ
.L�L"; L�L"

0

/.

Theorem 12.3 Fix zƒ� 0, s 2P.zƒ/ and an orientation o on L as above. Then the hypercube with chain
groups

C " D CF �.T˛;T�" ;w
o;  

ELo;"
.s//D CF �.Y zƒjL�L"

.L�L"/;  
ELo;"

.s//

and maps
D"
0�"
" D F."; "0;wo; xos/

is quasi-isomorphic to the hypercube with chain groups

C " D A�.HL; p
ELo;"

.s//D A�.r ELo;".H
L/;  

ELo;"
.s//
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and maps

D"
0�"
" D

8̂<̂
:
@ if "D "0;

I
ELo
i

p EL
o;"
.s/

if k"0� "k D 1; ELo;"0 D ELo;"q ELo
i ;

0 otherwise.

Proof The maps

‰�
zƒjL�L" ; 

ELo;"
.s/
W CF �.Y zƒjL�L"

.L�L"/;  
ELo;"

.s//! A�.r ELo;".H
L/;  

ELo;"
.s//

given by (160) can be generalized to give maps (increasing ") which count higher polygons, and where
the U powers are counted just as in (160). These form a chain map between the two hypercubes.

By definition, a quasi-isomorphism of hypercubes means that the corresponding "-preserving maps are
quasi-isomorphisms for all ". Indeed, the maps ‰�

zƒjL�L" ; 
ELo;"

.s/
are quasi-isomorphisms by a simple

extension of Theorem 12.1.

We can change the two hypercubes in Theorem 12.3 by chain homotopy equivalences, and arrive at the
following:

Proposition 12.4 Fix zƒ� 0 and s 2 P.zƒ/ and an orientation o as above. Then the hypercube H o
s with

chain groups

C " D CF �.T˛;T�" ;w;  
ELo;"

.s//D CF �.Y zƒjL�L"
.L�L"/;  

ELo;"
.s//

and maps
D"
0�"
" D F."; "0;w; xos/

is quasi-isomorphic to the hypercube Ho
s having chain groups

C " D A�.HL�L" ;  
ELo;"

.s//

and maps
D"
0�"
" Dˆ

ELo;"0�"

 EL
o;"
.s/
DD

ELo;"0�"

.p EL
o;"0�"

ı EL
o;"
/.s/
ıI
ELo;"0�"

 EL
o;"
.s/
;

in the notation of Section 9.1.

Proof Let us compare the first hypercube in Theorem 12.3 with the first hypercube in Proposition 12.4.
Note that the Heegaard diagrams .†;˛;�";wo/ and .†;˛;�";w/ both represent the same three-manifold
Y zƒjL�L"

.L�L"/. Hence, the respective chain complexes are chain homotopy equivalent. In fact, we can
describe the chain homotopy equivalence along the lines of Section 8.7. First, note that .†;˛;�";wo/

is isotopic to .†;˛;�
00";w/, where the collection �

00" differs from �" by replacing every curve that
approximates ˇi with one that approximates ˇ00i . Here ˇ00i is as in Section 8.7, and similarly we recall
that we also have an intermediate curve ˇ0i . One can relate CF �.T˛;T�00" ;w/ to CF �.T˛;T�0" ;w/
and then to CF �.T˛;T�" ;w/ via chain homotopy equivalences given by triangle maps with one vertex
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in the respective canonical generator. It is straightforward to lift these to chain homotopy equivalences
between the respective hypercubes. Moreover, we can restrict everything to a Spinc structure  EL

o;"
.s/,

which is left unchanged throughout.

Now let us compare the second hypercube in Theorem 12.3 with the second hypercube in Proposition 12.4.
The former is reminiscent of a canonical hypercube as in Definition 5.22, but it has inclusions rather than
identity maps along its edges. Nevertheless, we can construct a chain map very similar to the canonical
inclusion from Section 5.9, as follows.

For "D ."1; : : : ; "`/ 2 E` and i 2 f0; 1; : : : ; `g, we let "Œ� i � (resp. "Œ> i�) be the multi-indices obtained
from " by changing all entries indexed by j > i (resp. j � i ) into zeros; compare Section 5.9. We define
an intermediate hypercube HŒi� to have chain groups

C Œi�" D A�.HL�L"Œ�i� ; . 
ELo;"Œ�i�

ıp
ELo;"

/.s//

and maps

DŒi�"
0�"
" W A�.HL�L"Œ�i� ; . 

ELo;"Œ�i�
ıp
ELo;"

/.s//! A�.HL�L"
0Œ�i�

; . 
ELo;"0Œ�i�

ıp
ELo;"0

/.s//

given by

DŒi�"
0�"
" D

8̂<̂
:
D
ELo;."0�"/

ıI
ELo;."0�"/

if "Œ> i�D "0Œ> i�;

I
ELo;."0�"/

if "Œ� i �D "0Œ� i � and k"0Œ> i�� "Œ> i�k D 1;
0 otherwise.

We omitted here the subscripts in the maps D and I, as they are uniquely determined by the domains of
those maps.

Note that HŒ0� is the second hypercube in Theorem 12.3, while HŒ`� is the second hypercube in
Proposition 12.4.

For i D 1; : : : ; `, we define chain maps

F Œi� WHŒi � 1�!HŒi�

to consist of

F Œi�"
0�"
" W A�.HL�L"Œ�.i�1/� ; . 

ELo;"Œ�.i�1/�
ıp
ELo;"

/.s//! A�.HL�L"
0Œ�i�

; . 
ELo;"0Œ�i�

ıp
ELo;"0

/.s//;

F Œi �"
0�"
" D

8̂<̂
:
D
ELo;"0Œ�i��"Œ�.i�1/�

ıI
ELo;."0�"/Œ�.i�1/�

if "i D 1; "Œ> i�D "0Œ> i�;
Id if "D "0 and "i D 0;
0 otherwise.

Note that when "D "0 the map F Œi�"
0�"
" is either the identity (when "i D0) or an edge map of the formD

ELo
i

(when "i D 1); in either case, it is a chain homotopy equivalence. One can lift the respective chain
homotopies to the level of the hypercubes. This shows that each F Œi� is a chain homotopy equivalence of
hypercubes. The composition F Œ`� ı � � � ıF Œ1� then represents a chain homotopy equivalence between
HŒ0� and HŒ`�.

The claim now follows from Theorem 12.3.
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12.2 Iterating the exact triangle

Our goal in this subsection is to present a generalization of the exact triangle (118) in the form of a
description of HF �.Yƒ.L// for arbitrary surgery on a link L in an integral homology sphere Y. This
will be based on iterating the more general exact triangle from Proposition 11.5.

Let zƒ� 0 be a new framing for L, as in Section 12.1. We denote by z�i and �i the framing coefficients
on the component Li , coming from zƒ and ƒ, respectively. For each i D 1; : : : ; `, set

mi D z�i ��i � 0:

We keep all the notation from Section 12.1. In particular, we have chosen a basic system H for EL� Y,
and we have collections of curves �" for each " 2 E` D f0; 1g

`.

We now define collections �" for all " 2 f0; 1;1g` such that, when " 2 f0; 1g`, the respective collection
coincides with the one already defined. Let 
i be a simple closed curve in † disjoint from the basepoints
and the beta curves, which specifies the framing ƒi of the component Li for i D 1; : : : ; `. (In other
words, this is the analogue of ıi when we use ƒ instead of zƒ.) We complete this to a full set of attaching
circles 
 by taking curves 
`C1; : : : ; 
`Cg�1 that approximate (ie are small Hamiltonian translates of)
ˇ`C1; : : : ; ˇ`g�1. The Heegaard diagram .†;˛;
;w/ then represents the three-manifold Yƒ.L/.

Given "D ."1; : : : ; "`/ 2 f0; 1;1g`, we define the .gC`�1/-tuple of attaching circles �" by

�"i �

8<:
ıi if "i D 0;
ˇi if "i D 1;

i if "i D1:

For every " < "0, the Heegaard diagram .†;�";�"
0

;w/ represents a connected sum of some copies of
S1 � S2 and lens spaces. As such, there is a canonical torsion Spinc structure on this manifold; see
[Ozsváth and Szabó 2008b, Definition 3.2] and Section 11.3. We arrange so that the Floer homology
HF �.T�" ;T�"0 ;w/ in that Spinc structure, in the maximal degree with nonzero homology, is represented
by a unique intersection point. We denote that point by ‚can

";"0 . We then define ‚";"0 just as in (163).

Consider the ring
T D F ŒT1; : : : ; T`�=.T

m1
1 � 1; : : : ; T

m`
`
� 1/:

Construct the chain complex with twisted coefficients CF �.T˛;Tˇ ;wIT /, which as a module is
CF �.T˛;Tˇ ;w/˝F T , and comes equipped with the differential

(164) @�x D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#M.�/ �

� Ỳ
iD1

T
nwi .�/�nzi .�/

i U
nwi .�/

i

�
�y:

Since Y is an integral homology sphere, all the periodic domains on the diagram .†;˛;ˇ;w/ are multiples
of †. As a consequence, there exists an isomorphism of chain complexes

CF �.T˛;Tˇ ;wIT /Š CF
�.T˛;Tˇ ;w/˝F T D

Mm1m2���m`
CF �.T˛;Tˇ ;w/I

compare [ibid., equation (7)].
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More generally, for " 2 f0; 1;1g`, we let T " be the polynomial ring in variables Ti for those i such that
"i D 1, and with relations Tmii D 1. We consider the chain complex with twisted coefficients

C " D CF �.T˛;T�" ;wIT
"/;

constructed as above, but in which we only keep track of the multiplicities nwi �nzi (using Ti ) for those
i with "i D 1. Let

m" D
Y
"iD1

mi :

We then have an identification of chain complexes

C " D CF �.T˛;T�" ;wIT
"/Š CF �.T˛;T�" ;w/˝F T "

D

Mm"

CF �.T˛;T�" ;w/:

For multi-indices "� "0 define linear maps

D"
0�"
" W CF �.T˛;T�" ;wIT

"/! CF �.T˛;T�"0 ;wIT
"0/;

D"
0�"
" .x/D

X
p

X
f"D"0<���<"pD"0g

f .x˝‚"0;"1 ˝ � � �˝‚"p�1;"p /;

where f is the polygon map as in Section 3.5, which keeps track of the difference in multiplicities at wi
and zi according to Ti , just as in (164) above. (Compare Section 8.3 and [Ozsváth and Szabó 2008b,
Section 3; 2005, equation (9)].)

The direct sum
L
"2f0;1;1g` C " forms a chain complex with differential D D

P
D"
0�"
" . The proof that

D2 D 0 is similar to that of [Ozsváth and Szabó 2005, Proposition 4.4], with the difference that here
we use twisted coefficients as in the proof that f C2 ı f

C
1 ' 0 in [Ozsváth and Szabó 2008b, Section 3].

Note that D is composed of ordinary twisted coefficients maps (and higher homotopies) between Floer
complexes. In Section 11.3 (and, in particular, in Proposition 11.5) we needed a more complicated map
denoted by f �3 . In our current context, f �3 would go from C " to C "

0

where in "0 we changed an 1
coordinate of " to 0. Maps of this type do not appear in D.

Let us consider the quotient complex corresponding to " 2 E` D f0; 1g
` � f0; 1;1g`. The projection

of the differential (which we still denote by D) turns this quotient complex into a hypercube of chain
complexes, which we denote by H .

Proposition 12.5 The complex CF �.Yƒ.L//D CF �.T˛;Tˇ ;w/D C .1;:::;1/ is quasi-isomorphic to
the total complex of the hypercube H D .C ";D"/"2E` .

Proof Iterate the quasi-isomorphism from Proposition 11.5 along the same lines as in the proof of
[Ozsváth and Szabó 2005, Theorem 4.1]. Observe that in order to prove exactness in Proposition 11.5 we
had to use the more complicated map f �3 . However, having established in Proposition 11.5 that there
are quasi-isomorphisms along the edges of our hypercube, we automatically obtain quasi-isomorphisms
under iteration. Thus, there is no need to define higher homotopy versions of the map f �3 .
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Remark 12.6 For now, we just regard Proposition 12.5 as a statement about ungraded complexes. The
same goes for all the quasi-isomorphisms discussed below, until we deal with the question of relative
gradings in Section 12.5.

We can give an alternative description of the hypercube H as follows. For " 2 E`, note that

C " Š CF �.T˛;T�" ;w/˝F T "
D CF �.Y zƒjL�L"

.L�L"//˝F T ";

where L" � L is the sublink consisting of those components Li such that "i D 1. Since zƒ� 0; the
manifold Y zƒjL�L" .L�L

"/ is a rational homology three-sphere.

Consider now "; "0 2 E` with " � "0. Suppose L"
0

D L" [Li1 [ � � � [Lip for p D k"0 � "k. If we set
all the variables Ti equal to 1, the map D"

0�"
" would simply be (several copies of) the polygon map

F."; "0;w/ from Section 12.1. When we keep the variables Ti as they are, they keep track of the Spinc

structures on the cobordismW 0
zƒ
.L�L"; L�L"

0

/, which is a two-handle attachment relating the manifolds
Y zƒjL�L" .L�L

"/ and Y zƒj
L�L"

0 .L�L
"0/. Indeed, by the argument used for [Ozsváth and Szabó 2008b,

equation (8)], there is an identification

(165) Spinc.W 0
zƒ
.L�L"; L�L"

0

// Š�! Zp; k 7! .k1; : : : ; kp/;

such that

(166) D"
0�"
" D

X
k2Zp

T k �F."; "0;w;k/;

where we formally wrote

(167) T k D

pY
jD1

T
kj
ij
:

12.3 Modifying the hypercube

Fix an integer ı > 0. As in [Ozsváth and Szabó 2008b], it is helpful to replace the Floer complexes CF �

by the corresponding complexes CF �;ı ; see Section 10.2. Proposition 12.5 has the following immediate
consequence (which could also be obtained by iterating Proposition 11.6):

Proposition 12.7 The complex CF �;ı.Yƒ.L//D CF �;ı.T˛;T
 ;w/ is quasi-isomorphic to the total
complex of the hypercube

H ı
D .C ";ı D CF �;ı.T˛;T�" ;wIT

"/;D";ı/"2E` :

Here is the vertical truncation of (166):

(168) D"
0�";ı
" D

X
k2Zp

T k �F."; "0;w;k/ı :
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Let L"
0

D L"qM, with M D L"
0�" D Li1 [ � � � [Lip . Note that among the Spinc structures on the

cobordism W 0
zƒ
.L�L"; L�L"

0

/ there are some special ones, namely those of the form

xos D xosjW 0
zƒ
.L�L";L�L"

0
/

(see Section 12.1) for all possible orientations o of L and Spinc structures s on Y zƒ.L/. Note that xos,
viewed as a Spinc structure on W 0

zƒ
.L�L"; L�L"

0

/, only depends on the restriction of o to M. Indeed,
from (161), we deduce

c1.x
o
sjW 0

zƒ
.L�L";L�L"

0
//D c1.xsjW 0

zƒ
.L�L";L�L"

0
//C 2.

zƒjM / EL; EM o :

To simplify notation, for EM 2�.M/ we denote by x
EM
s the restriction to W 0

zƒ
.L�L"; L�L"

0

/ of any
Spinc structure xos such that the restriction EM o of o to M is EM. Then, with respect to the identification
W 0
zƒ
.L�L"; L�L"

0

/Š Zp from (165),

(169) x
EM
s D xsC .zƒjM / EL; EM :

The advantage of using truncated maps comes from the following:

Lemma 12.8 Fix ı > 0. Then , for sufficiently large zƒ� 0 (compared to ı) and for any "; "0 2 E` with
" < "0,

F."; "0;w;k/ı D 0

whenever the Spinc structure k onW 0
zƒ
.L�L"; L�L"

0

/ is not of the form x
EM
s for any s2Spinc.Y zƒ.L//D

P.zƒ/ and EM 2�.L"
0�"/. Moreover , there is a constant bı > 0 such that

F."; "0;w; xos/
ı
D 0

whenever sD .s1; : : : ; s`/ 2 P.zƒ/�R` admits some i 2 f1; : : : ; `g with the property that either

� si > b
ı and i 2 I�. EL; EM/, or

� si < �b
ı and i 2 IC. EL; EM/.

Proof Since both Y zƒjL�L" .L�L
"/ and Y zƒj

L�L"
0 .L�L

"0/ are rational homology three-spheres, the
respective Floer complexes C ";ı and C "

0;ı admit absolute Q-gradings; see [Ozsváth and Szabó 2006].
Because these complexes are vertically truncated, their absolute gradings lie in a finite range. Each
map F."; "0;w;k/ı shifts the grading by a definite amount. The vanishing of the claimed maps happens
because the respective shifts take the range for the initial complex to outside the grading range for the
final complex. We leave the verification of the details to the interested reader. In the case p D 1, this was
done in [Ozsváth and Szabó 2008b, Lemma 4.4 and Section 4.3].

Observe that the restriction of the Spinc structure x
EM
s to the cobordism W 0

zƒ
.L � L"; L � L"

0

/ only
depends on the value  L

"

.s/ 2 P.zƒjL�L"/. (As we recall from Remark 10.11, the hyperparallelepipeds
P.zƒ/ behave well with respect to restriction to sublinks.) Thus, we can write x

EM
Ns

for x EMs whenever
NsD  L

"

.s/ 2 P.zƒjL�L"/.
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By (168) and Lemma 12.8, for zƒ� 0,

D"
0�";ı
" D

X
EM2�.L"

0�"/

X
s2P. zƒjL�L" /

T x
EM

s �F."; "0;w; x
EM
s /

ı :

By adjusting the identifications (165) if necessary, and taking (169) into account, we can simply write

D"
0�";ı
" D

X
EM2�.L"

0�"/

X
s2P. zƒjL�L" /

T
. zƒj

L"
0�" / EL; EM �F."; "0;w; x

EM
s /

ı :

We have T zƒi�ƒi D 1 for all i , by the definition of the Ti variables. Hence,

T
. zƒjM / EL; EM D T

.ƒjM / EL; EM :

To summarize, the total complex C ı of the hypercube H ı is

(170) C ı D
M
"2E`

M
s2P. zƒjL" /

CF �;ı.T˛;T�" ;w; s/˝T "

with the differential on each summand being

(171) Dı D
X
"0�"

X
EM2�.L"

0�"/

T
.ƒj

L"
0�" / EL; EM �F."; "0;w; x

EM
s /

ı :

On the other hand, in Section 10.4 we constructed a folded truncated complex C�;ı.H; ƒ/f zƒg quasi-
isomorphic to C�;ı.H; ƒ/. By rephrasing its description from (116), (117), we have

(172) C�;ı.H; ƒ/f zƒg D
M
"2E`

M
s2P. zƒjL�L" /

A�;ı.HL�L" ; s/˝T "

with the differential

(173) D�;ı D
X
"0�"

X
EM2�.L"

0�"/

T
.ƒj

L"
0�" / EL; EM �ˆL

"0�";ı
s :

Looking at (171), we observe that the maps F."; "0;w; x EMs /
ı also appear in the vertical truncations (by ı)

of the hypercubes H o
s considered in the statement of Proposition 12.4. Similarly, looking at (173), we

observe that the maps ˆL
"0�";ı
s appear in the vertical truncation of the other hypercube Ho considered

in the statement of Proposition 12.4. We seek to apply the result of Proposition 12.4 to obtain a quasi-
isomorphism between the hypercubes H ı and Hı . Before doing so, however, we need a basic result
from homological algebra:

Lemma 12.9 Let A, B, A0 and B 0 be hypercubes of chain complexes (of the same dimension d , with
differentials denoted by @), and

F1; F2 W A! B; F 01; F
0
2 W A

0
! B 0
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be chain maps. Suppose that , for i D 1; 2, the corresponding .dC1/-dimensional hypercubes for the maps
Fi and F 0i (that is , the mapping cones A Fi

�! B and A0 Fi�! B 0) can be related by a quasi-isomorphism
consisting of maps .ˆi ; ‰i ; hi / as in the diagram

A

Fi
��

ˆi
//

hi

  

A0

F 0
i
��

B
‰i

// B 0

Assume that ˆ1 and ‰1 are quasi-isomorphisms. Further , suppose that the maps ˆ1 and ˆ2 are chain
homotopic , and so are ‰1 and ‰2. Then the mapping cones A F1CF2

�����! B and A0 F
0
1CF

0
2�����! B 0, viewed as

.dC1/-dimensional hypercubes , are quasi-isomorphic as well.

Proof By hypothesis,

F 01ˆ1�‰1F1 D @h1C h1@; F 02ˆ2�‰2F2 D @h2C h2@;

and there are homotopies � W A! A0,  W B! B 0 such that

ˆ1�ˆ2 D @�C�@; ‰1�‰2 D @ C @:

It follows that
.F 01CF

0
2/ˆ1�‰1.F1CF2/D @gCg@;

where
g D h1C h2CF

0
2�C F2:

Thus, .ˆ1; ‰1; g/ form a chain map between the mapping cones A F1CF2
�����! B and A0

F 01CF
0
2

�����! B 0. This
map is a quasi-isomorphism because ˆ1 and ‰1 are so; compare Definition 5.20.

Proposition 12.10 Given a basic system H for a link EL in an integral homology sphere Y, there is an
isomorphism

H�.C
�;ı.H; ƒ/;D�;ı/ŠHF �;ı� .Yƒ.L//:

Proof Let us denote by H
o;ı
s and Ho;ı

s the vertical truncations by ı of the hypercubes H o
s and Ho

s

considered in Proposition 12.4. The result of that proposition implies (after vertical truncation) that, for
any orientation o, the hypercubes H

o;ı
s and Ho;ı

s are related by a quasi-isomorphism. Further, if we
change the orientation o, it is easy to see that the respective quasi-isomorphisms are chain homotopic.

The hypercube Hı D .C�;ı.H; ƒ/f zƒg;D�;ı/ described in (172)–(173), is basically obtained from the
hypercubes

Q
s Ho;ı

s for all possible choices of orientations o 2�.L/, by gluing those hypercubes along
their common parts (corresponding to sublinks). More precisely, this gluing process is an iteration of
the one that made an appearance in Lemma 12.9: given two mapping cone hypercubes A F1

�! B and
A
F2
�! B, we replace them by A F1CF2

�����! B. (See Figure 38 for an illustration of the gluing procedure in
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ˆ�L2

ˆL2

ˆL2

ˆ�L1ˆL2

ˆL2

ˆL1

ˆL1 ˆ�L2

ˆ�L1

ˆ�L2

ˆL1

ˆL1

ˆL2

ˆL2

ˆL1Cˆ�L1

ˆL1Cˆ�L1

ˆL1Cˆ�L1 ˆL1Cˆ�L1

ˆL1Cˆ�L1

ˆL2Cˆ�L2

ˆ�L1

ˆ�L2

ˆ�L1

ˆ�L2

ˆ�L2

ˆL2Cˆ�L2

ˆL1Cˆ�L1

Figure 38: Gluing hypercubes in the proof of Proposition 12.10. Given a two-component link
ELDL1[L2, each of the four squares in the top row represent one of the hypercubes

Q
s Ho

s (with
the factors Ho

s as defined in Proposition 12.4) for the four possible orientations o of L. Combining
these hypercubes (by adding up the respective differentials, as shown) yields the hypercube H at
the bottom, which is the one appearing in the statement of the surgery theorem, Theorem 9.6. The
dashed lines represent chain homotopies such as ˆL1[L2 ; ˆ.�L1/[L2 , etc.

the case `D 2.) Observe also that the hypercube H ı described in (170)–(171) is obtained by from the
hypercubes

Q
sH

o;ı
s by gluing them using the same process.

By applying Lemma 12.9 repeatedly, we can construct a quasi-isomorphism between .C ı ;Dı/ and
.C�;ı.H; ƒ/f zƒg;D�;ı/. The former complex is quasi-isomorphic to CF �;ı.Yƒ.L// by Proposition 12.7,
and the latter to C�;ı.H; ƒ/ by Proposition 10.15.

12.4 Spinc structures

Recall from Section 9.2 that the complexes C�.H; ƒ/ and CF �.Yƒ.L// both break into direct sums of
complexes C�.H; ƒ; u/ and CF �.Yƒ.L/; u/ according to the set Spinc.Yƒ.L//ŠH.L/=H.L;ƒ/. Of
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course, the same is true for their vertical truncations by ı. We would like to prove that the isomorphism
in Proposition 12.10 preserves these decompositions.

As a warm-up exercise toward this goal, let us investigate to what extent we can make the total complex
C ı of the hypercube H ı break into a direct sum according to Spinc structures u 2H.L/=H.L;ƒ/.

We claim that this splitting can be realized when the lattice H.L;ƒ/ is nondegenerate, ie the vectors
ƒi are linearly independent over Q or, equivalently, Yƒ.L/ is a rational homology three-sphere. Indeed,
from (166) we see that the complex C ı breaks into a direct sum according to equivalence classes of Spinc

structures on Y zƒ.L/, where two structures in Spinc.Y zƒ.L// Š H.L/=H.L; zƒ/ are equivalent if they
differ by an element in the Z-span of the vectors mi�i D zƒi �ƒi for i D 1; : : : ; `. In other words, the
decomposition is according to H.L/=H.L;ƒ; zƒ/, where H.L;ƒ; zƒ/�Z` is the lattice generated by all
ƒi and zƒi . Sinceƒ is nondegenerate, we can arrange so thatH.L;ƒ; zƒ/DH.L;ƒ/ by simply choosing
mi�0withmi�i 2H.L;ƒ/, for all i . With this choice of zƒ, our claim about the splitting of C ı holds true.

When H.L;ƒ/ is degenerate, we need to refine this approach, and settle for a splitting of a complex
quasi-isomorphic to C ı , rather than one of C ı itself. Indeed, since the vectors ƒi do not span Q`, we
cannot always find mi 2 Z such that mi�i 2H.L;ƒ/. Nevertheless, let us first choose some arbitrary
m0i � 0 such that the resulting framing zƒ0 satisfies the conditions in Lemma 12.8. Next, suppose the
vectors ƒi span a subspace V �Q` of dimension `�p, with p > 0. Choose p coordinate vectors �i
such that their span is complementary to V. Without loss of generality, assume those coordinate vectors
are �i for i D 1; : : : ; p. Choose mi � m0i arbitrarily for i D 1; : : : ; p, and let H.L;ƒ/C � Z` be the
lattice spanned by ƒi ’s together with m1�1; : : : ; mp�p . Now choose mi �m0i for i D pC 1; : : : ; ` such
that mi�i 2H.L;ƒ/C. The result is a framing zƒ� zƒ0.

Lemma 12.8 says that the complex C ı (constructed with respect to the framing zƒ/ is similar in structure
to the complex Cı D C�;ı.H; ƒ/, compare Lemma 10.10. Hence, we can apply the combined truncation
procedure from Section 10.4 to C ı , using the smaller framing zƒ0. The result is a complex C ıhh zƒ0ii

quasi-isomorphic to C ı .

The advantage of the complex C ıhh zƒ0ii is that it splits as a direct sum according to H.L/=H.L;ƒ/.
Indeed, we know it splits according to H.L/=H.L;ƒ; zƒ/ just like C ı . Moreover, it is supported roughly
on the hyperparallelepiped P.zƒ0/, which is very small compared to P.zƒ/. The key observation is that,
with our choice of the values mi , if two elements in P.zƒ0/ differ by an element in H.L;ƒ; zƒ/, they
differ by an element in H.L;ƒ/. This is true because H.L;ƒ; zƒ/ is contained in the union of parallel
subspaces

(174)
[

t1;:::;tp2Z

.VC t1m1�1C � � �C tpmp�p/:

Set �.P.zƒ0//D fs� s0 j s; s0 2 P.zƒ0/g. If �.P.zƒ0// is sufficiently small compared to the values mi ,
the only one of the parallel subspaces in the union (174) that intersects it nontrivially is V itself. This
implies our claim about the decomposition of C ıhh zƒ0ii according to H.L/=H.L;ƒ/.
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Observe that similar remarks are applicable to the folded truncated complex C�;ı.H; ƒ/f zƒg. When
H.L;ƒ/ is nondegenerate, it splits according to Spinc structures on Y zƒ.L/, provided the values mi are
chosen suitably. When H.L;ƒ/ is degenerate, we can replace it by a quasi-isomorphic complex

C�;ı.H; ƒ/f zƒghh zƒ0ii D C�;ı.H; ƒ/hh zƒ0ii;

which again has the desired splitting.

12.5 Relative gradings

As explained in Sections 9.2 and 9.3, for every u 2 Spinc.Yƒ.L//, both complexes

C�;ı.H; ƒ; u/ and CF �;ı.Yƒ.L/; u/

admit relative Z=d.u/Z-gradings, where d.u/ 2 Z depends on u. Our goal is to prove the following
strengthening of Proposition 12.10:

Proposition 12.11 Let H be a basic complete system for an oriented link EL inside an integral homology
sphere Y. We then have Z=d.u/Z-grading-preserving isomorphisms

(175) H�.C
�;ı.H; ƒ; u/;D�;ı/ŠHF �;ı� .Yƒ.L/; u/

and

(176) H ı ı 0

� .C�.H; ƒ; u//ŠHF �;ı ı
0

� .Yƒ.L/; u/

for all ı0 � ı � 0 and u 2 Spinc.Y zƒ.L//.

Proof Recall that the quasi-isomorphism in Proposition 12.7 can be obtained by iterating Proposition 11.6.
Indeed, let xƒ be the framing on L obtained from ƒ by adding m1 to the coefficient of the first component,
as in Section 11.3. Also, we let L0 D L�L1 and denote by ƒ0 the restriction of the framing ƒ to L0,
Consider the ring T1 D F ŒT1�=.T

m1
1 � 1/. The iteration process in the proof of Proposition 12.7 starts by

applying Proposition 11.6 to get that CF �;ı.Yƒ.L//D C.1;1;:::;1/;ı (in the notation of Section 12.2)
is quasi-isomorphic to the mapping cone complex

(177) CF �;ı.Yxƒ.L//
f ı2
��! CF �;ı.Yƒ0.L

0/IT1/;

where the left-hand side is the Floer complex C.0;1;:::;1/;ı , the right-hand side is the Floer complex
C.1;1;:::;1/;ı with twisted coefficients, and the map f ı2 is the triangle-counting map D

.1;0;:::;0/;ı

.0;1;:::;1/

from (168).

The next step in the iteration process will be to show that each of the two sides in (177) is itself quasi-
isomorphic to a mapping cone (for Floer complexes corresponding to multi-indices in which another one of
the1 components is replaced by 0 and 1). These quasi-isomorphisms extend to give a quasi-isomorphism
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between CF �.Yƒ.L// and a two-dimensional hypercube of complexes. We continue this until we get a
quasi-isomorphism between CF �.Yƒ.L// and the total complex of the hypercube H ı .

Note that we have some freedom in this iteration: we could change the ordering of the components and
start with L2 instead of L1, for example. We will choose the ordering as follows. For every i D 1; : : : ; `,
denote by ƒ.i/ the restriction of ƒ to

Li [LiC1[ � � � [L`;

and by ƒ.i/i ; : : : ; ƒ
.i/

`
the respective framing vectors. We require that, for every i D 1; : : : ; `, either ƒ.i/

is nondegenerate, or else ƒ.i/i is in the Q-span of ƒ.i/iC1; : : : ; ƒ
.i/

`
. Note that this can easily be arranged,

by choosing which component we call L1 first, then which component we call L2, and so on.

Another degree of freedom in the iteration comes from the direction of the quasi-isomorphisms. In order
to apply the results of Section 11, at each step we have to choose a quasi-isomorphism as in (133) or as
in (134), depending on the framing ƒ. At the first step, when we relate CF �;ı.Yƒ.L// to Cone.f ı2 /, we
choose (133) if ƒ is nondegenerate and the restriction of ƒ to Span.ƒ2; : : : ; ƒ`/? is zero or positive
definite. (This corresponds to Cases I(a) and I(c) discussed in Section 11.5.) We choose (133) if ƒ is
nondegenerate and the restriction of ƒ to Span.ƒ2; : : : ; ƒ`/? is negative definite. When ƒ is degenerate
(so, by our choice of ordering, ƒ1 is in the span of the other framing vectors), we are free to choose
either (133) or (134); compare Case II in Section 11.6.

At the second step, we need to combine a quasi-isomorphism relating CF �;ı.Yxƒ.L// to a mapping
cone, and one relating CF �;ı.Yƒ0.L0/IT1/ to a mapping cone. Of course, these quasi-isomorphisms
should go in the same direction. We choose the direction according to the same recipe as at the first
step. Precisely, if xƒ is nondegenerate, we choose the direction based on the sign of the restriction of xƒ
to Span.xƒ1; ƒ3; : : : ; ƒ`/?. In particular, if ƒ was nondegenerate to start with, then xƒ is automatically
nondegenerate and, for m1 sufficiently large, the relevant sign is negative if and only if the sign of the
restriction of xƒ to Span.�1; ƒ3; : : : ; ƒ`/? is negative; or, equivalently, if the sign of the restriction of ƒ0

to Span.ƒ3; : : : ; ƒ`/? is negative. If xƒ is degenerate (for m1� 0), then ƒ0 is degenerate also, and we
choose the direction of the quasi-isomorphisms arbitrarily.

We continue to choose directions this way at the following steps. At step i , we look at the framing matrix

xƒi D .ƒ1Cm1�1; : : : ; ƒi�1Cmi�1�i�1; ƒi ; : : : ; ƒ`/

for m1; : : : ; mi�1� 0. If it is degenerate, we choose the direction arbitrarily. If it is nondegenerate, we
choose it according to the sign of the restriction of xƒi to the subspace

Span.ƒ1Cm1�1; : : : ; ƒi�1Cmi�1�i�1; ƒiC1; : : : ; ƒ`/
?:

With these choices of ordering and quasi-isomorphism directions, at every step in the iteration process
we can apply one of the refinements of Proposition 11.6 discussed in Sections 11.5–11.6, namely
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Proposition 11.11, 11.15, 11.17, 11.24 or 11.28. We first choose m1� 0 in such a way that the respective
proposition applies, then we choose m2� 0, and so on. At the second step and later we may need to
use the twisted coefficients variant, Proposition 11.29. We claim that in the end we obtain the desired
isomorphisms (175), one for each u 2 Spinc.Yƒ.L//.

Indeed, at least in the case when ƒ and all ƒ.i/’s are nondegenerate, all the complexes appearing in the
proof of Proposition 12.10 decompose according to Spinc.Yƒ.L//ŠH.L/=H.L;ƒ/. It is straightforward
to check that the decompositions correspond to each other under the respective quasi-isomorphisms, and
these quasi-isomorphisms preserve the relative Z-gradings. Note that when iterating the exact sequences
which give quasi-isomorphisms between mapping cones, at later steps in addition to the maps involved
in Propositions 11.11 and 11.15 we also have certain higher homotopies. However, these decompose
into Spinc structures and preserve the relative Z-gradings by the same arguments as those used in the
discussion of the homotopy H ı

1;u in Proposition 11.11, for example.

When ƒDƒ.1/ or one of the other ƒ.i/’s is degenerate, there are two additional complications. First,
in order to get a good decomposition into Spinc structures we have to replace the complex C ı by a
horizontally truncated, quasi-isomorphic one C ıhh zƒ0ii, as discussed in Section 12.4. (When applying
Propositions 11.24 or 11.28, this corresponds to focusing on a subset of all u 2 Spinc.Yƒ.L//, and
choosing the respective value m1 so that d.u/ divides m1 for all such u; compare Corollary 11.27.
The unused Spinc structures u give rise to trivial complexes, so we can ignore them.) We then get a
decomposition of C ıhh zƒ0ii according to Spinc structures u. We have similar decompositions of Cıhh zƒ0ii,
as well as of all the other complexes in the proof of Proposition 12.10, provided we truncate them
with respect to zƒ0. The respective truncations are quasi-isomorphic to the original complexes. Putting
everything together, we obtain the desired isomorphisms (175), for any u 2 Spinc.Y zƒ.L//.

The second complication has to do with the grading-preserving properties of the isomorphisms (175).
If d.u/ D 0, then, when we apply Proposition 11.17 at a step in the iteration process, the respective
quasi-isomorphism preserves only the relative Z=2dZ-reduction of the relative Z-grading. (Indeed, its
target is only Z=2dZ-graded.) Thus, the resulting isomorphism (175) only preserves this Z=2dZ-grading.
However, we can get such an isomorphism for any d in a sequence fdng with dn!1. Both sides of (175)
are finite-dimensional, relatively Z-graded vector spaces, so if they are related by a Z=2dnZ-grading-
preserving isomorphism for all dn, they must in fact be isomorphic as relatively Z-graded vector spaces.
This completes the proof of the claim about the existence of a grading-preserving isomorphism (175).

Finally, as ı varies, the isomorphisms (175) commute with the natural maps between the respective
truncations, and we get the isomorphisms (176).

Proof of Theorem 9.6 for basic systems Apply (175) and Lemma 10.4(b) for u torsion, and (176) and
Lemma 10.8(b) for u nontorsion.
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12.6 Link-minimal complete systems

Now that we have established the truth of Theorem 9.6 for basic systems, we are left to do so for all
link-minimal complete systems.

Proof of Theorem 9.6 Let H be a link-minimal complete system of hyperboxes for a link L, and let
Hb be a basic system for L. According to Proposition 8.35(b), the system H can be obtained from
Hb by a sequence of system moved that do not include any index zero/three link stabilizations; ie by
a sequence of three-manifold isotopies, index one/two stabilizations and destabilizations, free index
zero/three stabilizations, global shifts, elementary enlargements and contractions, and trajectory ˛-slides.

According to Proposition 8.19, except for the trajectory ˛-slides, all the other moves induce quasi-
isomorphisms (in fact, chain homotopy equivalences) between the compressions of the respective
hyperboxes of generalized Floer complexes A�.HL0;M ; s/ and A�.HL0;M

b
; s/. These compressions are

the building blocks of the surgery complexes C�.H; ƒ; u/ and C�.Hb; ƒ; u/. The quasi-isomorphisms
commute with the restriction maps relating these building blocks, so by putting them together, we obtain
a quasi-isomorphism between the two surgery complexes.

The effect of a trajectory ˛-slide on the surgery complex of a complete system was studied in [Zemke
2021, Corollary 13.5]. In general, changing a trajectory cw by concatenating it with a curve 
 changes
the surgery complex by a formula involving the action of the homology class Œ
� 2H1.†IZ/. Examining
the formula for the action of 
 in [ibid., Section 13.3], we see that this action vanishes identically on the
span of the alpha curves. In our case, 
 is a concatenation of the form � � j̨ � �

�1, where � and j̨ are
as in Figure 25top left. In particular, 
 is homologous to the curve j̨ which bounds a disk in the alpha
handlebody, so the action of 
 on the surgery complex is trivial. Applying Zemke’s result, it follows that
the two surgery complexes are quasi-isomorphic.

Since Theorem 9.6 holds for the basic system Hb , we deduce that it must also hold for H.

13 The general link surgery formula

This section contains the precise statement, as well as the proof, of the link surgery formula (Theorem 1.1).
Up to now we have established the formula in the case of link-minimal complete systems. The case
of general complete systems requires several new ingredients: explicit resolutions A�.H; s/ for the
generalized Floer complexes A�.H; s/ (compare Section 3.6), as well as transition maps that allow one
to define maps I

EM
s similar to the ones in Section 3.8; see Remark 3.25. Moreover, the proof of the

general surgery formula is based on an analysis of the effect of an index zero/three link stabilization on a
complete system, and uses the material from Section 7.

The new constructions are rather involved so, to help the reader, we build up the general statement by
first considering some simpler cases. In Section 13.1 we describe the link surgery formula for a knot
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represented by a diagram with two w and two z basepoints. In Section 13.2 we study the simplest version
of an index zero/three link stabilization, relating a knot diagram with one basepoint of each type to a
diagram with two basepoints of each type. In Section 13.3 we explain how to define polygon maps
between the resolutions A�.H; s/, again in the simplest nontrivial example, that of a knot with two w and
two z basepoints. In Section 13.4 we describe the link surgery formula in more generality, still for a knot,
but now with an arbitrary number of basepoints. In Section 13.5 we do yet another warm-up case, that of
a link with two components, and with two basepoints of each type per component. Finally, in Section 13.6
we give the statement of the link surgery formula in full generality, and in Section 13.7 we prove it.

13.1 A knot with four basepoints

We consider the case of a knotK � Y, represented by a Heegaard diagram HK with four linked basepoints
w1, z1, w2 and z2. We suppose HK is part of a complete system H, that also contains a diagram H∅

for Y, and two hyperboxes HK;K and HK;�K ; see Example 8.24.

In Section 3.2 we introduced the link Floer complex CFL�.HK/, which in our case is freely generated
over R D F ŒŒU1; U2�� by intersection points x 2 T˛ \Tˇ . Let us consider the infinity version of this
complex, obtained by inverting the U variables:

CFL1.HK/D .U1; U2/
�1CFL�.HK/:

As a direct product, the complex CFL1.HK/ has generators (over F) U n11 U
n2
2 x, with ni 2 Z and

x 2T˛\Tˇ . The differential takes into account intersection with w’s, so we write CFL1.HK/DC fwg.
On the other hand, CFL�.HK/ only has the generators that satisfy n1; n2 � 0, so we write

CFL�.HK/D C fwIn1; n2 � 0g:

For each s 2 Z, we also have a subcomplex

A�.HK ; s/D C fwIn1; n2 � 0; A.x/�n1�n2 � sg:

For the surgery formula, we have an inclusion IKs of A�.HK ; s/ into CFL�.HK/D C fwIn1; n2 � 0g;
see Section 3.8. We can then use the Heegaard moves specified by the hyperbox HK;K to relate
CFL�.HK/ to CF �.H∅/. The composition could play the role of the map ˆKs (just as in the case of
link-minimal systems).

However, we also need a map ˆ�Ks , which would involve a chain map I�Ks from A�.HK ; s/ to
C fzIn1; n2 � 0g, a complex with the differential counting z’s. It does not seem possible to construct a
suitable such map. To deal with this problem, we will replace A�.HK ; s/ with an explicit resolution,
A�.HK ; s/.

In the case of a knot with two basepoints, the map I�Ks involves the inclusion of the complexA�.HK ; s/D

C fwIn�0; A.x/�n� sg into C fwIA.x/�n� sg. The latter complex is then identified with C fzIn�0g
by using the isomorphism x! U s�A.x/x.
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Similarly, for four basepoints, we have an inclusion of A�.HK ; s/ into the intermediate complex

Cint D C fwIn2 � 0; A.x/�n1�n2 � sg:

We will start by constructing a resolution of Cint, denoted by Cint, and then identify a subcomplex of Cint

as the resolution A�.HK ; s/ of A�.HK ; s/. We will also construct a chain map (called a transition map)
from Cint to C fzIn1; n2 � 0g.

Consider the elements of Cint

x0 WD U
A.x/�s
1 x; x1 WD U

A.x/�s�1
1 U2x; x2 WD U

A.x/�s�2
1 U 22 x; : : :

over all possible x 2 T˛ \Tˇ . Every element of Cint can be written as an infinite sum

(178)
X

x2T˛\Tˇ

1X
iD1

U
ai
1 U

bi
2 xni D

X
x2T˛\Tˇ

1X
iD1

U
A.x/�s�niCai
1 U

biCni
2 x;

where .ai ; bi ; ni / is a sequence (depending on x) consisting of distinct triples of nonnegative integers.
Furthermore, in order to avoid infinitely many negative powers of U1 in the sum, we need to impose the
condition

(179) .9K > 0/.8i/ ni � ai <K:

Observe also, that, if (179) is satisfied, then (178) is a well-defined sum. Indeed, because ai ; ni ; bi � 0,
we cannot have that the pair .A.x/� s�ni C ai ; bi Cni / is some fixed .a; b/ for infinitely many values
of i .

Remark 13.1 Informally, we can think of the elements xn as generators for Cint. If we had worked with
polynomials in U1 and U2 instead of power series, then every element of the resulting Cint would have
been a finite linear combination of the xn. With power series, however, we need to allow infinite sums
satisfying (179).

The elements xn are not free, as they satisfy relations of the form

U2xn D U1xnC1:

To get a resolution of Cint, we turn xn into linearly independent elements, by introducing a new variable V2,
so that xn corresponds to V n2 x. We also need to make sure U2V n2 x�U1V

nC1
2 x D .U2CU1V2/V

n
2 x is

in the image of the differential, so we introduce a further variable Y2 so that

Y 22 D 0; @Y2 D U2CU1V2:

Furthermore, in order to determine the differential of some x 2 Cint, note that the differential of the
corresponding element UA.x/�s1 x 2 Cint consists of terms of the form

U
A.x/�s
1 �U

nw1 .�/

1 U
nw2 .�/

2 y D U
nz1 .�/Cnz2 .�/

1 .U
A.y/�s�nw2 .�/

1 U
nw2 .�/

2 y/:
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The last expression in parentheses corresponds to V
nw2 .�/

2 y . Thus, @x in Cint should consist of terms of
the form

U
nz1 .�/Cnz2 .�/

1 V
nw2 .�/

2 y:

Here is the precise definition of Cint. We first consider the subring

RD

� 1X
iD1

U
ai
1 U

bi
2 V

ni
2

ˇ̌̌
ni � ai is bounded above

�
� F ŒŒU1; U2; V2��:

This is a module over F ŒŒU1; U2��, and contains the polynomial module F ŒŒU1; U2��ŒV2�. We will write

RD F ŒŒU1; U2��ŒV2�
0;

where the prime indicates that we allow infinite sums satisfying the boundedness condition (179).

We define C0int to be the free complex over R with generators x 2 T˛ \Tˇ , and differential

(180) @x D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �U
nz1 .�/Cnz2 .�/

1 V
nw2 .�/

2 y:

Lemma 13.2 The map @ on C0int satisfies @2 D 0.

Proof The usual arguments in Floer theory apply, with @2 counting the ends of a one-dimensional moduli
space of pseudoholomorphic disks. One caveat is the presence of disk bubbles. According to the analysis
in [Ozsváth and Szabó 2008a, Theorem 5.5], there are four such bubbles, one going over w1 and z1, one
over z1 and w2, one over w2 and z2, and one over z2 and w1. Their contribution to @2x is

U1xCU1V2xCU1V2xCU1x D 0:

This shows that @2x D 0.

We now let Cint be the mapping cone

(181) Y2 �C
0
int

U2CU1V2
�������! C0int:

Alternatively, we can simply define Cint starting from the free dg (differential graded) module over the dg
algebra

RY D F ŒŒU1; U2��ŒV2; Y2�
0=.Y 22 D 0; @Y2 D U2CU1V2/;

with generators x 2 T˛ \Tˇ , by introducing the differential on generators as in (180). The homological
grading on RY is given by gr.Ui /D�2; gr.V2/D0; gr.Y2/D�1. The prime again indicates the condition
(179) in infinite sums.

However, most of the time we will view Cint as a complex over the ring RD F ŒŒU1; U2��, rather than over
R or RY .
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Define a chain map P W Cint! Cint by setting

(182) P.V n2 x/D U
A.x/�s�n
1 U n2 �x; P.V n2 Y2x/D 0;

and extending it linearly (including to the allowed infinite sums) over RD F ŒŒU1; U2��.

Lemma 13.3 P is a chain map.

Proof In the expression .@P CP@/.V n2 x/, for each holomorphic disk in a class � 2 �2.x;y/, we obtain
a term involving y with coefficient

U
A.x/�s�n
1 U n2 �U

nw1 .�/

1 U
nw2 .�/

2 CU
nz1 .�/Cnz2 .�/

1 �U
A.y/�s�n�nw2 .�/

1 U
nw2.�/Cn

2 :

Since A.x/�A.y/D nz1.�/Cnz2.�/�nw1.�/�nw2.�/, these terms cancel.

We also have

.@P CP@/.V n2 Y2x/D P.@.V
n
2 Y2x//

D P.U2V
n
2 xCU1V

nC1
2 xCV n2 Y2.@x//

D U2 �U
A.x/�s�n
1 U n2 �xCU1 �U

A.x/�s�n�1
1 U nC12 �xC 0

D 0:

This shows that P is a chain map.

Lemma 13.4 The map P W Cint! Cint exhibits Cint as a resolution of Cint over RD F ŒŒU1; U2��; that is ,
P is a surjective quasi-isomorphism.

Proof Clearly P is surjective; we need to show that it is also a quasi-isomorphism. Let G be the kernel
of P, so that we have a short exact sequence

0!G! Cint! Cint! 0:

By considering the long exact sequence in homology, we see that it suffices to prove that G is acyclic.

Note that G is freely generated over RD F ŒŒU1; U2��ŒV2�0 by the elements of the form .U2CU1V2/x

and Y2x. The map H WG!G given by

H..U2CU1V2/x/D Y2x; H.Y2x/D 0

is a chain homotopy between the identity and zero. Hence G is acyclic.

Next, we define a filtration F on Cint by the negative of the exponent of U1, ie by setting

F.x/D 0; F.U1/D�1; F.U2/D 0:

Note that A�.HK ; s/ is the subcomplex of Cint given by F� 0.
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We also define a filtration F on Cint by setting

(183) F.x/D�A.x/; F.U1/D�1; F.U2/D 0; F.V2/D 1; F.Y2/D 0:

Using (180) and (181), it is easy to check that the differential of Cint respects the filtration.

One can also verify that the map P from (182) is filtered of degree �s with respect to F and F. Indeed,

F.V n2 x/D n�A.x/D F.U
A.x/�s�n
1 U n2 x/� s:

We define the resolution A�.HK ; s/ ofA�.HK ; s/ to be the subcomplex of Cint corresponding to filtration
level F � s. Concretely, A�.HK ; s/ consists of infinite sums (with coefficients in R, and a suitable
boundedness condition) of the elements

(184) Qxan WD U
max.sCn�A.x/;0/
1 V n2 Y

a
2 x; x 2 T˛ \Tˇ ; n 2 Z�0; a 2 f0; 1g:

Let
zP W A�.HK ; s/!A�.HK ; s/

be the restriction of P from (182). In terms of the elements Qx0n and Qx1n,

(185) zP . Qx0n/D U
max.A.x/�s�n;0/
1 U n2 �x;

zP . Qx1n/D 0:

Lemma 13.5 The map zP WA�.HK ; s/!A�.HK ; s/ exhibits A�.HK ; s/ as a resolution ofA�.HK ; s/.

Proof This is a filtered version of Lemma 13.4. Note that the kernel zG D Ker. zP / is the subgroup
of G D Ker.P / in filtration level F � s. Moreover, the null-homotopy H W G ! G from the proof of
Lemma 13.4 is a filtered map; hence, by restricting it to zG, we get that zG is acyclic.

We now construct a transition map

„ W Cint! C fzIn1; n2 � 0g

by setting

(186) „.V n2 Y2x/D x

and

(187) „.V n2 x/D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �U
nz1 .�/

1

U
nz2 .�/

1 �U
nz2 .�/

2

U1�U2
y:

This definition is inspired from [Sarkar 2015]. Of course, by .U
nz2 .�/

1 �U
nz2 .�/

2 /=.U1�U2/ we actually
mean the polynomial

U
nz2 .�/�1

1 CU
nz2 .�/�2

1 U2C � � �CU1U
nz2 .�/�2

2 CU
nz2 .�/�1

2 :

We extend „ to be a module map over RD F ŒŒU1; U2��.
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Lemma 13.6 „ is a chain map.

Proof Note that„ is a module map over RDF ŒŒU1; U2��ŒV2�0, where V2 acts on the target by the identity.
Thus, it suffices to check that „@C @„D 0 on generators of the form x and Y2x.

Let us first check that
„@.x/C @„.x/D 0:

In the expression„@.x/, a pair of holomorphic disks in classes � 2�2.x; a/ and  2�2.a;y/ contributes

U
nz1 . /

1

U
nz2 . /

1 �U
nz2 . /

2

U1�U2
�U

nz1 .�/Cnz2 .�/

1 y:

In @„.x/, the same pair contributes

U
nz1 . /

1 U
nz2 . /

2 �U
nz1 .�/

1

U
nz2 .�/

1 �U
nz2 .�/

2

U1�U2
y:

Adding these together, we get a total contribution of

(188) U
nz1 .�� /

1

U
nz2 .�� /

1 �U
nz2 .�� /

2

U1�U2
y:

This only depends on the combined domain � � . The usual proof that @2 D 0 applies here, and shows
that adding up all these contributions gives 0. Note that when x D y , there are four periodic domains
to take care of: one contains w1 and z1, one w1 and z2, one w2 and z1, and the last w2 and z2. Their
contributions add up to zero, because the w’s do not play a role in the expression (188).

Now let us check that
„@.Y2x/C @„.Y2x/D 0:

We have

„@.Y2x/D„

�
U2xCU1V2xC

X
y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/�U
nz1 .�/Cnz2 .�/

1 V
nw2 .�/

2 Y2y

�

D

X
y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/
�
.U2CU1/�U

nz1 .�/

1

U
nz2 .�/

1 �U
nz2 .�/

2

U1�U2
CU

nz1 .�/Cnz2 .�/

1

�
y

D

X
y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/U
nz1 .�/

1 U
nz2 .�/

2 y:

On the other hand, we also have

@„.Y2x/D @x D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/U
nz1 .�/

1 U
nz2 .�/

2 y:
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We now have all the ingredients to write down the surgery formula for K (with four basepoints). This
takes the form of a mapping cone, where the initial complex is the direct product of A�.HK ; s/ over
s 2 Z, and the final complex is the direct product of copies of some CF �.H∅/D CF �.S3/.

The map ˆKs is defined to be the composition

(189) A�.HK ; s/
zP
�!A�.HK ; s/ ,! C fwIn1; n2 � 0g

��! CF �.H∅/;

with the last map being an equivalence obtained from the Heegaard moves in HK;K . In fact, we denote
the composition of the first two maps in (189) by

IKs W A
�.HK ; s/! C fwIn1; n2 � 0g D CFL

�.HK/D CF �.pK.HK//:

This plays the role of the inclusion map from Section 3.8. Since in our case it also includes the projection zP,
we call IKs a projection-inclusion map.

The final equivalence in (189), induced by Heegaard moves, is a descent map

DK W CF �.pK.HK//! CF �.H∅/;

similar to the ones considered in Section 9.1. Thus, we can write

ˆKs DD
K
ıIKs ;

just as before.

On the other hand, the map ˆ�Ks is defined to be the composition

(190) A�.HK ; s/ ,! Cint
„
�! C fzIn1; n2 � 0g

��! CF �.H∅/;

with the last map again obtained from Heegaard moves, this time the ones from the hyperbox HK;�K .
In this context, we let I�Ks be the first inclusion above (into Cint), and we define the descent map
D�K to be the composition of „ and the equivalences induced by Heegaard moves. We can still write
ˆ�Ks DD�K ıI�Ks .

Just as in the link-minimal case, by summing up the ˆKs and ˆ�Ks maps (with suitable shifts in s), we
obtain the surgery complexes C�.H; n/ for n 2 Z.

13.2 Invariance under an index zero/three link stabilization

As a warm-up to the general case of invariance, in this section we will study the effect of an index
zero/three link stabilization on a minimally pointed complete system of hyperboxes for a knot K � Y.

Let H denote such a complete system. Recall from Example 8.24 that H consists of

� a Heegaard diagram HK for K with two basepoints w1 and z1;

� a Heegaard diagram H∅ for Y with the single basepoint w1;

� a hyperbox (a sequence of Heegaard moves with ‚ elements) HK;K from pK.HK/ to H∅;

� another hyperbox, HK;�K , relating p�K.HK/ to H∅.
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x�

xC

z1 w2 z2

ˇ1
˛1

cˇ

c

Figure 39: An index zero/three link stabilization.

From H we can construct a surgery complex C�.H; n/ for each n2Z. This is a free complex over F ŒŒU1��.

We now do a stabilization as in Figure 39, by introducing two new curves ˛1 and ˇ1, and two new
basepoints w2 and z2 in the neighborhood of the existing z1. We let H be the complete system obtained
from H by this stabilization; see Section 8.9.

Thus, in the complete system H, we have

� the diagram HK obtained from HK by the link stabilization;

� the diagram H∅ obtained from H∅ by a free index zero/three stabilization introducing ˛1, ˇ1
and w2;

� a hyperbox HK;K from pK.HK/ to H∅ obtained from HK;K by doing free index zero/three
stabilizations at each step;

� a hyperbox HK;�K from p�K.HK/ to H∅ obtained HK;�K by doing free index zero/three stabi-
lizations at each step, and then the move shown in Figure 18.

From H we can form a surgery complex C�.H; n/ as explained in Section 13.1. This is a free complex
over F ŒŒU1; U2��.

In Section 7.2 we described the behavior of holomorphic disks under an index zero/three link stabilization;
see Proposition 7.2. For our calculations, we will choose almost complex structures as in that proposition,
that is, with sufficiently stretched necks along the curves c and cˇ from Figure 18.

Proposition 13.7 For every n 2 Z, the surgery complexes C�.H; n/ and C�.H; n/ are quasi-isomorphic
over F ŒŒU1��.

Proof Let C fwIn � 0g D CF �.pK.HK// and C fzIn � 0g D CF �.p�K.HK// be the complexes
obtained from the diagram HK by using the w1 and the z1 basepoint, respectively. Then, as in the proof of
Theorem 3.16 or in the discussion from Section 7.2, we can identify C fwIn1; n2� 0gDCF �.pK.HK//

with the mapping cone

(191) C fwIn� 0g�ŒŒU2��
U1�U2
�����! C fwIn� 0gCŒŒU2��;
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where the subscripts� andC indicate the point in ˛1\ˇ1 that is part of the respective generator (x� or xC).
Hence, by Corollary 7.3, we have a chain homotopy equivalence (and hence a quasi-isomorphism)

� W C fwIn1; n2 � 0g ! C fwIn� 0g;

acting on the domain of (191) by zero, and on the target by U n11 U
n2
2 x! U

n1Cn2
1 x.

By a slight abuse of notation, we will denote by � all quasi-isomorphisms of a similar form. For example,
there are such equivalences � relating the complexes CF � for all the diagrams in the hyperbox HK;K

to the corresponding ones in HK;K . Furthermore, according to Proposition 6.21, these equivalences
commute with the descent maps induced by Heegaard moves. Therefore, we have a commutative diagram

(192)

C fwIn1; n2 � 0g D CF
�.pK.HK//

DK
//

�

��

CF �.H∅/

�

��

C fwIn� 0g D CF �.pK.HK//
DK
// CF �.H∅/

Theorem 3.16(b) gives yet another equivalence

A�.HK ; s/ ��!A�.HK ; s/:

We precompose this with the map zP from (185), which is a quasi-isomorphism according to Lemma 13.5.
The result is a quasi-isomorphism

(193) � W A�.HK ; s/!A�.HK ; s/D A�.HK ; s/:

By construction, we get a commutative diagram

A�.HK ; s/
IKs
//

�

��

CF �.pK.HK//

�

��

A�.HK ; s/
IKs
// CF �.pK.HK//

Combining this with (192), we obtain a commutative diagram

(194)

A�.HK ; s/
ˆK
//

�

��

CF �.H∅/

�

��

A�.HK ; s/
ˆK
// CF �.H∅/

We aim to construct a similar diagram involving ˆ�K instead of ˆK :

(195)

A�.HK ; s/
ˆ�K

//

�

�� &&

CF �.H∅/

�

��

A�.HK ; s/
ˆ�K

// CF �.H∅/
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This time, the maps � will not commute with ˆ�K on the nose, but only up to chain homotopy. Still, by
introducing the chain homotopy as a diagonal map in the diagram above, we can form a chain map from
the cone of the first row to the cone of the second row. This map is a quasi-isomorphism because the
vertical maps are.

Recall that the ˆK and ˆ�K maps are the building blocks in the surgery complex. Thus, once we
have (194) and (195), we can form a quasi-isomorphism between the surgery complexes C�.H; n/ and
C�.H; n/.

We are left to construct (195). By Proposition 7.2, we can identify C fzIn1; n2 � 0g with

(196) C fzIn� 0g
U1!U2
C

ŒŒU1��
U1�U2
�����! C fzIn� 0gU1!U2� ŒŒU1��;

and hence, by Corollary 7.4, we have an equivalence

� W C fzIn1; n2 � 0g ! C fzIn� 0g:

We can do the same with the complexes appearing in the hyperboxes HK;�K versus the ones in HK;�K .
We obtain a diagram, which commutes up to some diagonal chain homotopy,

(197)

C fzIn1; n2 � 0g D CF
�.p�K.HK//

�
//

�

�� ((

CF �.H∅/

�

��

C fzIn� 0g D CF �.p�K.HK//
�
// CF �.H∅/

where the horizontal maps are equivalences induced by the Heegaard moves in the respective hyperboxes.
The fact that these maps commute with the projections �, up to chain homotopy, follows from Proposi-
tions 7.14 and 7.21. (The latter proposition applies for the final map in the stabilized hyperbox, the one
shown in Figures 18 and 24.)

We claim that there is also a diagram

(198)

A�.HK ; s/
I�Ks

//

�

��

Cint
„

//

�

��

Z

((

C fzIn1; n2 � 0g

�

��

A�.HK ; s/
I�Ks

// C fzIn� 0g
id

// C fzIn� 0g

where the left square in the diagram commutes, and the right square commutes up to the chain homotopy
defined by Z; that is,

(199) �C � ı„D @ ıZCZ ı @:

In the diagram (198), the two maps that we still have to define are the middle vertical map

(200) � W Cint! C fzIn� 0g

and the chain homotopy Z.
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We first note that, in view of (180) and the description of the holomorphic disks in Proposition 7.2, we
can identify C0int with the cone

(201) C fzIn� 0gU1!U2� ŒŒU1��ŒV2�
0 V2�1
���! C fzIn� 0g

U1!U2
C

ŒŒU1��ŒV2�
0:

The same argument as in Lemma 3.14 shows that C0int is chain homotopy equivalent to

C fzIn� 0gU1!U2 ŒŒU1��

over F ŒŒU1; U2��, via the projection that takes

(202) x� xC! x; x� x�! 0; V2! 1

for x 2 T˛ \Tˇ , where T˛ and Tˇ are the totally real tori coming from the diagram HK .

Furthermore, Cint is obtained from C0int by taking the cone of U2CU1V2. Consequently, using (202), Cint

is chain homotopy equivalent to the cone of U2CU1 on C fzIn� 0gU1!U2 ŒŒU1��. In turn, this is chain
homotopy equivalent to C fzIn� 0g over F ŒŒU1��, via the usual map taking the domain of the cone to 0,
and projecting the target with U2 7! U1; see Lemma 7.1.

The combined homotopy equivalence from Cint to C fzIn� 0g is the desired map (200). We can write it
as follows. The generators of Cint over F ŒŒU1�� are

Um2 V
n
2 Y

a
2 .x� r/; m; n� 0; a 2 f0; 1g; x 2 T˛ \Tˇ ; r 2 fxC; x�g:

Then

(203) �.Um2 V
n
2 Y

a
2 .x� r//D

�
Um1 x if aD 0; r D xC;
0 otherwise.

As for the homotopy Z from (198), we let it be the F ŒŒU1��-module map defined on generators by

(204) Z.Um2 V
n
2 Y

a
2 .x� r//D

�
mUm�11 x if aD 0; r D x�;
0 otherwise.

As an aside, observe that the Alexander grading of x� r is

(205) A.x� r/D

�
A.x/ if r D xC;
A.x/� 1 if r D x�:

Let us now check that the left square in (198) commutes. In preparation for that, note that the generators
of A�.HK ; s/ over F ŒŒU1�� can be written

Um2 . ex�r/an; x 2 T˛\Tˇ ; r 2 fxC; x�g; n 2 Z�0; a 2 f0; 1g;

using the tilde notation from (184).

The left vertical map � WA�.HK ; s/!A�.HK ; s/ in (198) is constructed in (193), by composing zP from
(185) with a projection taking Um2 .x� r/ to Um1 x if r D xC and to zero if r D x�. Therefore,

�.Um2 . ex�r/an/D
�
U

max.A.x/�s�n;0/CmCn
1 x if aD 0; r D xC;
0 otherwise.
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The first map in the bottom row in (198) is the inclusion I�Ks defined in (24) by x 7! U
max.s�A.x/;0/
1 x.

However, that formula was based on the alternative description of A�.HK/ from Section 3.6, whereas
here we use its description as a subcomplex of C fwIn� 0g. The translation between the two is given by
the inverse of (17), namely x 7! U

�max.A.x/�s;0/
1 x. Composing these two formulas we obtain

I�Ks .x/D U
s�A.x/
1 x:

Therefore,

(206) .I�Ks ı�/.U
m
2 . ex�r/an/D

�
U

max.s�A.x/Cn;0/Cm
1 x if aD 0; r D xC;
0 otherwise.

With regard to the first map in the top row of (198), by (184), we have

(207) I�Ks .Um2 . ex�r/an/D Umax.sCn�A.x�r/;0/
1 Um2 V

n
2 Y

a
2 .x�r/:

Using (203) and (205), I�Ks ı� is given by the same formula as (206), so the left square in (198) commutes.
In fact, the middle vertical map � W Cint ! C fzIn � 0g, given by(203), is filtered (with respect to the
filtration F from (183) on the domain and the Alexander filtration on the target). Its restriction to filtration
levels � s is exactly the left vertical � map in (198).

Next, we check that the right square in (198) commutes up to the homotopy Z, ie that (199) is satisfied.

To compute the top horizontal map „ in this square, we use (186) and (187), as well as the description
of holomorphic disks in HK from Proposition 7.2. With our choice of almost complex structure, the
holomorphic disks in HK in classes � with nz2.�/¤ 0 are

� the disks from x� xC to x� x�, which contain z2 once and no other basepoints, and

� disks from x�x˙ to y �x˙, which corresponds to disks in the destabilized diagram from x to y ,
and go over z2 as many times as they went over z1 in the destabilized diagram.

It is helpful to introduce the following notation. If the differential on C fzIn� 0g is given by

(208) @x D
X

y2T˛\Tˇ

c.x;y/U
n.x;y/
1 y;

we set

@„x D
X

y2T˛\Tˇ

c.x;y/
U
n.x;y/
1 �U

n.x;y/
2

U1�U2
y;

and
@0x D

X
y2T˛\Tˇ

c.x;y/n.x;y/U
n.x;y/�1
1 y:

Then

„.Um2 V
n
2 Y

a
2 .x� r//D

8<:
Um2 .x� r/ if aD 1;
Um2 .x� x�C .@

„x/� xC/ if aD 0; r D xC;
.@„x/� x� if aD 0; r D x�:
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Moreover, in view of the identification (196), the rightmost vertical map in (198) is given by

�.Um2 .x� r//D

�
Um1 x if r D x�;
0 if r D xC:

Therefore,

(209) .� ı„/.Um2 V
n
2 Y

a
2 .x� r//D

8<:
Um1 x if aD 1; r D x� or aD 0; r D xC
Um1 .@

0x/ if aD 0; r D x�;
0 if aD 1; r D xC:

Combining this with (203), we get a formula for the left-hand side of (199):

(210) Um2 V
n
2 Y

a
2 .x� r/ 7!

8<:
Um1 x if aD 1; r D x�;
Um1 .@

0x/ if aD 0; r D x�;
0 if r D xC:

Let us compare this with the right-hand side of (199), which is the commutator @ ıZCZ ı @. Recall that
Z is given by (204). Note that, since Cint is the mapping cone of U2CU1V2 on C0int, the differential @ on
Cint consists of two parts: one coming from C0int, and one taking Y2 to U2CU1V2. Further, in view of the
identification (201), the first part consist of a term coming from the differential on C fzIn� 0gU1!U2 ,
and a term taking x�x� to .V2�1/x�xC. With this in mind, we can compute the effect of @ıZCZ ı@
on a generator Um2 V

n
2 Y

a
2 .x� r/.

When r D xC, note that @ cannot take a generator containing xC into one containing x�. Since Z kills
off all generators of the form y � xC,

.@ ıZCZ ı @/.Um2 V
n
2 Y

a
2 .x� xC//D 0;

in agreement with (210).

When r D x� and aD 0, if we write @x 2 C fzIn� 0g as in (208), then by using (201), we obtain

@.Um2 V
n
2 .x� x�//D .V2� 1/U

m
2 V

n
2 .x� xC/C

X
y2T˛\Tˇ

c.x;y/U
mCn.x;y/
2 V n2 .y � x�/

and hence

.Z ı @/.Um2 V
n
2 .x� x�//D

X
y2T˛\Tˇ

c.x;y/.mCn.x;y//U
mCn.x;y/�1
1 y:

On the other hand,

.@ ıZ/.Um2 V
n
2 .x� x�//D

X
y2T˛\Tˇ

c.x;y/mU
mCn.x;y/�1
1 y:

From here, we get

.@ ıZCZ ı @/.Um2 V
n
2 .x� xC//D U

m
1 .@

0x/;

as we expected from (210).
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Finally, when r D x� and aD 1,

@.Um2 V
n
2 Y2.x� x�//

D .U2CU1V2/U
m
2 V

n
2 .x�x�/C.V2�1/U

m
2 V

n
2 Y2.x�xC/C

X
y2T˛\Tˇ

c.x;y/U
mCn.x;y/
2 V n2 Y2.y�x�/;

so

.Z ı @/.Um2 V
n
2 Y2.x� x�//D ..mC 1/Cm/U

m
1 xC 0C 0D U

m
1 x;

since we work modulo two. We also have

.@ ıZ/.Um2 V
n
2 Y2.x� x�//D 0:

Therefore,

.@ ıZCZ ı @/.Um2 V
n
2 Y2.x� xC//D U

m
1 x;

again in agreement with (210).

This proves (199), ie that the right square in (198) commutes up to the given chain homotopy.

Putting the diagrams (197) and (198) side by side, we obtain (195), and the proof is complete.

13.3 Maps between resolutions

Recall that one essential ingredient in the link surgery formula are the hyperboxes of strongly equivalent
Heegaard diagrams. These are defined in Section 8.2, for arbitrary (not necessarily link-minimal) diagrams.
The construction uses ‚-chain elements in generalized Floer complexes of the form A�.Tˇ ;Tˇ 0 ; 0/Š

A�.Tˇ ;Tˇ 0 ; 0/ or A�.T˛;T˛0 ; 0/ŠA�.T˛;T˛0 ; 0/, associated to link-minimal diagrams of an unlink
in a connected sum of .S1 �S2/’s. Furthermore, in Section 8.3, we showed that a hyperbox of strongly
equivalent Heegaard diagrams produces one of generalized Floer complexes of the form A�.T˛;Tˇ ; s/;
this used the polygon maps between A� complexes constructed in Section 3.5.

For the link surgery formula with diagrams that are not link-minimal, we will also need to see how the
same ‚-chain elements produce hyperboxes made of the resolutions A�.T˛;Tˇ ; s/ of generalized Floer
complexes. To do so, it suffices to construct polygon maps between these resolutions. We will explain
this here in the simplest nontrivial case, for two strongly equivalent diagrams representing a knot K � Y,
with two w and two z basepoints:

HD .†;˛;ˇ; w1; w2; z1; z2/; H0 D .†;˛;ˇ0; w1; w2; z1; z2/:

We assume that ˇ and ˇ0 are strongly equivalent collections of curves, so together they form a (link-
minimal, admissible) diagram representing a two-component unlink in a connected sum of .S1 �S2/’s.
Pick a cycle

‚ 2A�.Tˇ ;Tˇ 0 ; 0/:
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We can write ‚ as a linear combination of intersection points,

‚D
X

a2Tˇ\Tˇ0

c.a/U
u1.a/
1 U

u2.a/
2 a

for c.a/ 2 f0; 1g and u1.a/; u2.a/� 0.

There are two Alexander filtrations on Tˇ \Tˇ 0 , call them A1 and A2, and we are interested in their
sum, AD A1CA2. The fact that ‚ is in bifiltration level � 0 means that

A1.a/�u1.a/� 0; A2.a/�u2.a/� 0 for all a with c.a/D 1:

and hence

(211) A.a/�u1.a/�u2.a/� 0 for all a with c.a/D 1:

The ‚ element induces a triangle map (see Section 3.5)

A�.T˛;Tˇ ; s/!A�.T˛;Tˇ 0 ; s/;

x 7!
X

y2T˛\Tˇ0

X
a2Tˇ\Tˇ0

X
�2�2.x;a;y/
�.�/D0

#M.�/ � c.a/U
nw1 .�/Cu1.a/

1 U
nw2 .�/Cu2.a/

2 y:

Consider the resolutions A�.T˛;Tˇ ; s/ of A�.T˛;Tˇ ; s/ and A�.T˛;Tˇ 0 ; s/ of A�.T˛;Tˇ 0 ; s/, con-
structed as in Section 13.1. We claim that ‚ also induces a chain map

A�.T˛;Tˇ ; s/! A�.T˛;Tˇ 0 ; s/:

To construct it, let us first define an analogue of the complex C0int from Section 13.1 for the ˇ–ˇ0 diagram.
This complex, denoted by C0int.Tˇ ;Tˇ 0/, is free over RD F ŒŒU1; U2��ŒV2�0 with generators a 2 Tˇ \Tˇ 0 ,
and differential similar to (180), counting holomorphic disks with coefficients

U
nz1 .�/Cnz2 .�/

1 V
nw2 .�/

2 :

Recall that in (182) we defined a map P W Cint! Cint, whose restriction to C0int takes

x 7! U
A.x/�s
1 x; V2! U�11 U2:

The idea is to “pull back” the element ‚ under a map of this form (with s D 0), that is, to consider

z‚D
X

a2Tˇ\Tˇ0

c.a/U
u1.a/Cu2.a/�A.a/
1 V

u2.a/
2 a 2 C0int.Tˇ ;Tˇ 0/:

Note that the condition (211) implies that U1 has nonnegative exponents. Further, it is easy to check that
since ‚ is a cycle, so is z‚.

There is a filtration F on C0int.Tˇ ;Tˇ 0/ similar to the one from Section 13.1, ie

F.x/D�A.x/; F.U1/D�1; F.U2/D 0; F.V2/D 1:

Note that all the terms in the expression for z‚ are in filtration degree F� 0.
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We have a triangle map

f W Cint.T˛;Tˇ /˝C0int.Tˇ ;Tˇ 0/! Cint.T˛;Tˇ 0/

given by

(212) f .x˝ a/D
X

y2T˛\Tˇ0

X
�2�2.x;a;y/
�.�/D0

#M.�/ �U
nz1 .�/Cnz2 .�/

1 V
nw2 .�/

2 y;

and equivariant with respect to the actions of U1, U2, V2 and Y2 (with Y2 acting by 1 on C0int.Tˇ ;Tˇ 0/).
This map is filtered with respect to the filtrations F.

By plugging in the z‚ element and restricting to F � 0, we obtain the desired map A�.T˛;Tˇ ; s/!

A�.T˛;Tˇ 0 ; s/, given by

(213) x!
X

a2Tˇ\Tˇ0

c.a/U
u1.a/Cu2.a/�A.a/
1 V

u2.a/
2 f .x˝ a/:

Higher polygon maps between the resolutions are constructed in a similar manner.

13.4 A knot with many basepoints

We now consider a knot K represented by a Heegaard diagram HK with 2p basepoints, denoted (in order)
by w1; z1; w2; z2; : : : ; wp; zp.

Just as we had to construct a resolution of Cint D C fwIn2 � 0; A.x/�n1�n2 � sg for a knot with four
basepoints, we now start by constructing a resolution Cint of the intermediate complex

Cint D C fwIn2; : : : ; np � 0; A.x/�n1� � � � �np � sg;

with elements of the form

(214) xn WD U
A.x/�s�jnj
1 U

n2
2 � � �U

np
p x; x 2 T˛ \T ; nD .n2; : : : ; np/ 2 .Z�0/

p�1;

where we wrote jnj D n2C � � �Cnp. Every element of Cint can be written as an infinite sumX
x2T˛\Tˇ

1X
iD1

U
ai
1 U

b2
i

2 � � �U
bn
i
n xni

for some sequence of distinct tuples .ai ; b2i ; : : : ; b
n
i ;ni D .ni;2; : : : ; ni;p//i�1 satisfying a boundedness

condition similar to (179), namely

.9K > 0/.8i/ jni j � ai <K:

In the construction of Cint, we turn xn into linearly independent elements over F ŒŒU1; : : : ; Up��, by
introducing new variables V2; : : : ; Vp, so that xn corresponds to V n22 � � �V

np
p x. More precisely, we

proceed as follows. Given a monomial m in several variables, we will write em.X/ for the exponent of a
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variable X in m. We define the subring R� F ŒŒU1; U2; : : : ; Up; V2; : : : ; Vp�� to consist of infinite sums
of monomials m such that

em.V2/C � � �C em.Vp/� em.U1/

is bounded above (over all m in a sum). Note that R is a module over F ŒŒU1; U2��, and contains the ring
F ŒŒU1; U2; : : : ; Up��ŒV2; : : : ; Vp�. We will write

RD F ŒŒU1; U2; : : : ; Up��ŒV2; : : : ; Vp�
0:

Let C0int be the complex freely generated over R by the intersection points x 2T˛\Tˇ , with differential

(215) @x D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �U
nz1 .�/C���Cnzp .�/

1 V
nw2 .�/

2 � � �V
nwp .�/
p y:

The fact that it is a complex (@2 D 0) follows from [Ozsváth and Szabó 2008a, Theorem 5.5]: There are
2p boundary degenerations to account for, each containing a pair of basepoints,

.w1; z1/; .z1; w2/; .w2; z2/; : : : ; .wp; zp/; .zp; w1/:

Since we keep track of all z basepoints through the same variable U1, the contributions from boundary
degenerations cancel in pairs.

Next, we construct Cint from C0int by taking iterated mapping cones for maps of the form Ui CU1Vi , that
is, we introduce new variables Y2; : : : ; Yp satisfying

Y 2i D 0; @Yi D Ui CU1Vi :

We then take the tensor product

Cint D C0int˝R

pO
iD2

Yi ;

where Yi is the free R-complex with two generators 1 and Yi , and with differential @Yi D Ui CU1Vi .

In other words, Cint is the dg module over the dga

RY D F ŒŒU1; : : : ; Up��ŒV2; : : : ; Vp; Y2; : : : ; Yp�
0=.Y 2i D 0; @Yi D Ui CU1Vi /

generated by x 2 T˛ \Tˇ , with differential (215).

We define a projection map P W Cint! Cint by

(216) P.V
n2
2 � � �V

np
p Y

a2
2 � � �Y

ap
p x/D

�
U
A.x/�s�jnj
1 U

n2
2 � � �U

np
p x for a2 D � � � D ap D 0;

0 otherwise,

and extending it linearly (to the allowed infinite sums) over RD F ŒŒU1; U2; : : : ; Up��.

Lemma 13.8 The map P is a chain map , and exhibits Cint as a resolution of Cint.
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Proof The fact that P commutes with the differential follows as in the proof of Lemma 13.3.

To show that P is a quasi-isomorphism, observe that P is surjective, and denote its kernel by G. We seek
to prove that G is acyclic.

Note that G is generated over R by the elements that contain nontrivial powers of some Yi ’s, as well as
by the sums .Ui CU1Vi /x, corresponding to relations between the generators xn of Cint; see (214).

Consider an area filtration A on the generators of G, as follows. Let… be the space of periodic domains �
on the Heegaard diagram HK that satisfy

nz1.�/C � � �Cnzp .�/D 0; nw2.�/D � � � D nwp .�/D 0:

Equip the Heegaard surface with an area form such that all domains in … have zero area. Pick a base
generator xb 2T˛\Tˇ , and set A .xb/D 0. Then, for any other generator of the form Um1 V

n2
2 � � �V

np
p x,

pick a class � 2 �2.x;xb/ with

nz1.�/C � � �Cnzp .�/Dm; nw2.�/D n2; : : : ; nwp .�/D np

and let A .Um1 V
n2
2 � � �V

np
p x/ be the area of �. Finally, let A be unchanged when we multiply by variables

Yi or Ui for i � 2.

In view of (215), A defines a filtration on the complex Cint, and hence on its subcomplexG. The associated
graded of A on Cint is a direct sum, over x 2 T˛ \Tˇ , of Koszul complexes for the regular sequence

.U2CU1V2; U3CU1V3; : : : ; UpCU1Vp/

over the ring R. The homology of such a Koszul complex is concentrated in degree zero, with respect to
the grading given by the sum of the exponents of the Yi variables. It follows that the same is true for the
associated graded for A on G. Moreover, in degree zero, all the generators .Ui CU1Vi /x of G are in the
image of the differential @ on the associated graded (because @Yi D Ui CU1Vi ). We conclude that the
associated graded of G is acyclic, and from here that G is acyclic.

Next, as in the case of four basepoints, we define a filtration F on Cint by the negative of the exponent
of U1. Then A�.HK ; s/ is the subcomplex of Cint given by F� 0.

We also define a filtration F on Cint by setting

F.x/D�A.x/; F.U1/D�1; F.Ui /D 0; F.Vi /D 1; F.Yi /D 0; i � 2:

One can check that the map P from (216) is filtered of degree �s with respect to F and F.

We define a resolution A�.HK ; s/ of A�.HK ; s/ to be the subcomplex of Cint corresponding to F� s.
Thus, A�.HK ; s/ consists of infinite sums (with R coefficients, and a suitable boundedness condition) of
the elements

Qxan WD U
max.sCjnj�A.x/;0/
1 V

n2
2 � � �V

np
p Y

a2
2 � � �Y

ap
p x;
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where nD .n2; : : : ; np/, aD .a2; : : : ; ap/.

We let
zP W A�.HK ; s/!A�.HK ; s/

to be the restriction of P from (216). In terms of the generators Qxan,

zP . Qxan/D

�
U

max.A.x/�s�jnj;0/
1 U

n2
2 � � �U

np
p x for a2 D � � � D ap D 0;

0 otherwise.

By the same arguments as in Lemma 13.8, we can show that zP exhibits A�.HK ; s/ as a resolution of
A�.HK ; s/.

As in Section 13.1, we define the map ˆKs in the surgery formula as the composition

A�.HK ; s/
zP
�!A�.HK ; s/ ,! C fwIn1; : : : ; np � 0g

��! CF �.H∅/;

Recall also that in Section 13.1 we defined the map ˆ�Ks as the composition

A�.HK ; s/ ,! Cint
„
�! C fzIn1; n2 � 0g

��! CF �.H∅/;

with the last map again obtained from Heegaard moves.

In the general case, we have a similar sequence, but instead of the transition map„ we have a composition
of p� 1 maps

(217) Cint D C0
„0
��! C1

„1
��! � � �

„p�2
����! Cp�1 D C fzIn1; : : : ; np � 0g:

Here, for 0� j � p� 1, we consider the dga

RYj D F ŒŒU1; : : : ; Up��ŒVjC2; : : : ; Vp; YjC2; : : : ; Yp�
0=.Y 2i D 0; @Yi D Ui CU1Vi /;

where the prime refers to allowing infinite sums of monomials m in the given variables, provided that

em.VjC2/C � � �C em.Vp/� em.U1/

is bounded above. The complex Cj is defined as the dg module over RYj generated by x 2T˛\Tˇ , with
differential

@x D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �U
nz1 .�/

1 � � �U
nzj .�/

j U
nzjC1 .�/C���Cnzp .�/

jC1 V
nwjC2 .�/

jC2 � � �V
nwp .�/
p :

The transition maps „j W Cj ! CjC1 are constructed as follows. Recall that for p D 2 we had equations
(186) and (187). In general, we set

(218) „j .V
n
jC2YjC2x/D x
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and

(219) „j .V
n
jC2x/D

X
y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �U
nz1 .�/

1 � � �U
nzjC1 .�/

jC1

�
U
nzjC2 .�/C���Cnzp .�/

jC1 �U
nzjC2 .�/C���Cnzp .�/

jC2

UjC1�UjC2

�V
nwjC3 .�/

jC3 � � �V
nwp .�/
p y;

then extend these maps equivariantly with respect to the action of the variables U1; : : : ; Up; VjC3; : : : ; Vp ,
YjC3; : : : ; Yp.

Lemma 13.9 „j is a chain map.

Proof This is entirely similar to the proof of Lemma 13.6, with the variables UjC1 and UjC2 playing
the roles of U1 and U2. Furthermore, all holomorphic disks get counted with an additional factor of

U
nz1 .�/

1 � � �U
nzj .�/

j V
nwjC3 .�/

jC3 � � �V
nwp .�/
p :

13.5 A link with two components and eight basepoints

As the next warm-up for the general case of setting up the hyperboxes, let us consider a link LDL1[L2
with two components. Suppose this is represented by a complete system of hyperboxes H, where the
initial diagram HL has four basepoints on each component:

w1;1; z1;1; w1;2; z1;2 on L1;

and
w2;1; z2;1; w2;2; z2;2 on L2:

The system H consists of several diagrams and hyperboxes, as listed in Example 8.25. We seek to
construct resolutions A�.HM ; s/ of A�.HM ; s/, for each sublink M � L, and also maps

ˆ
EM
s W A

�.HL0 ; s/! A�.HL0�M ;  
EM .s// for M � L0 � L;

associated to the hyperboxes H
EL0; EM .

The complexes A�.HL1 ; s/, A�.H∅/ D CF �.H∅/ and the chain map associated to H
EL1;˙EL1 are

constructed just as in Section 13.1, with L1 playing the role of K, except that when counting holomorphic
disks and triangles, we also keep track of the basepoints on L2, with coefficients

U
nw2;1 .�/

2;1 U
nw2;2 .�/

2;2 :

Similar remarks apply to A�.HL2 ; s/ and the map associated to H
EL2;˙EL2 .
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Let us construct A�.HL; s/. By analogy with what we did in Section 13.1, we first define R D

F ŒŒU1;1; U1;2; U2;1; U2;2��ŒV1;2; V2;2�0 to consist of power series made of monomials m such that

em.V1;2/� em.U1;1/ and em.V2;2/� em.U2;1/

are bounded above. We let C0int.H
L/ to be freely generated by x 2 T˛ \Tˇ over R, with differential

counting holomorphic disks with coefficients

U
nz1;1 .�/Cnz1;2 .�/

1;1 V
nw1;2 .�/

1;2 U
nz2;1 .�/Cnz2;2 .�/

2;1 V
nw2;2 .�/

2;2 :

The complex Cint.H
L/ is obtained from C0int.H

L/ by adjoining variables Y1;2; Y2;2 with relations

Y 21;2 D 0; @Y1;2 D U1;2CU1;1V1;2;(220)

Y 22;2 D 0; @Y2;2 D U2;2CU2;1V2;2:(221)

There are now two filtrations, F1 and F2, on Cint.H
L/, given by

F1.x/D�A1.x/; F1.U1;1/D�1; F.U1;2/D 0; F.V1;2/D 1; F.Y1;2/D 0;

F1.U2;1/D F.U2;2/D F.V2;2/D F.Y2;2/D 0

and similarly for F2. For s D .s1; s2/, we let A�.HL; s/ be the subcomplex of Cint.H
L/ in bifiltration

degrees F1 � s1;F2 � s2.

Next, consider the one-dimensional hyperboxes HL;˙L1 . The corresponding maps

ˆ˙L1s W A�.HL; s/! A�.HL2 ;  ˙L1.s//

are constructed as in Section 13.1, except that at each step, we keep track of the basepoints on L2 through
coefficients

U
nz2;1 .�/Cnz2;2 .�/

2;1 V
nw2;2 .�/

2;2

and we also keep the variable Y2;2 with relations (221). Note that, as part of the construction, the ‚ ele-
ments that are part of the data in HL;˙L1 are used to define an equivalence from A�.r˙L1.H

L/;  ˙L1.s//

to A�.HL2 ;  ˙L1.s//. This equivalence is the composition of several triangle maps, induced by the ‚
elements as explained in Section 13.3.

The maps associated to HL;˙L2 are defined in the same way.

The last ingredient in the surgery formula are chain homotopies associated to the four two-dimensional
hyperboxes in H. We leave the constructions corresponding to HL;L1[L2 , HL;L1[�L2 and HL;.�L1/[L2

as an exercise for the reader, and focus on the most complicated case, that of the hyperbox HL;�L1[�L2 .
(These constructions are all particular cases of the general definition, which will be given in Section 13.6.)

We seek to construct the map ˆ�Ls , where sD .s1; s2/. This will be a composition

ˆ�Ls DD
�L
p�L.s/

ıI�Ls :
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: : :

C 0;0 C 1;0 : : : C d1C1;0

C 0;1 C 1;1 : : :

: : :

C 1;d2C1 C d1C1;d2C1

: : :

: : :

: : : : : :

C d1C1;1

C 0;d2C1

Figure 40: A hyperbox of chain complexes of size .d1 C 1; d2 C 1/. This is the hyperbox
C.HL;�L/. The initial vertex is Cint.H

L/, and the rectangle bounded by dashed lines is the
hyperbox obtained by applying CF � to the diagrams in HL;�L.

Here, I�Ls is just the inclusion of A�.HL; s/ into Cint.H
L/. The descent map D�Ls will be obtained

by compressing a certain hyperbox, which we proceed to describe. Note that, in this case, p�L.s/D
.�1;�1/ does not depend on s, so we can simply write D�L or D�Ls .

As part of the data we have the two-dimensional hyperbox HL;�L of strongly equivalent Heegaard
diagrams (representing ∅� S3). This hyperbox starts at r�L.HL/, the diagram obtained from HL by
deleting the w basepoints, and ends at H∅. Suppose that this hyperbox (rectangle) is of size d D .d1; d2/,
and let us denote by HL;�L

" the diagram at position "D ."1; "2/, with "i 2 f0; : : : ; dig.

We also have the one-dimensional hyperbox HL;�L1 of size d1, consisting of strongly equivalent Heegaard
diagrams that represent L2. This hyperbox starts at r�L1.H

L/, the diagram obtained from HL by
deleting the w basepoints on L1 only. Further, by the compatibility relation between hyperboxes (see
Definition 8.22), when we apply r�L2 to the hyperbox HL;�L1 , we should obtain the first row in the
two-dimensional hyperbox HL;�L. Thus, if we denote by HL;�L1

"1 the diagram at position "1, we have
r�L2.H

L;�L1
"1 /DHL;�L

"1;0
.

There is also a similar hyperbox HL;�L2 , of size d2, in the other direction. (Compare Example 8.25 and
Figure 21.) Its reduction with respect to L1 is the first column in HL;�L.

Note that from HL;�L we could get a hyperbox of chain complexes of size .d1; d2/, by applying CF � to
each diagram HL;�L

" , as in Section 8.3. However, we want to include transition maps into this hyperbox,
so we add an additional row and column in the beginning. The resulting hyperbox, denoted by C.HL;�L/
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U
m1
1;1 U

m2
2;1

C 0;0 C 1;0

C 0;1 C 1;1

U
m1
1;1 �U

m1
1;2

U1;1�U1;2

U
m2
2;1 �U

m2
2;2

U2;1�U2;2 U
m1
1;2

U
m2
2;1 �U

m2
2;2

U2;1�U2;2

U
m1
1;1 �U

m1
1;2

U1;1�U1;2
U
m2
2;2

U
m1
1;1 �U

m1
1;2

U1;1�U1;2
U
m2
2;1

U
m1
1;1

U
m2
2;1 �U

m2
2;2

U2;1�U2;2

U
m1
1;1 U

m2
2;2

U
m1
1;2 U

m2
2;1

U
m1
1;2 U

m2
2;2

Figure 41: The first square in the hyperbox C.HL;�L/. Each arrow is a map counting holomorphic
disks. We indicated the coefficients that keep track of the basepoints z1;2 and z2;2.

and pictured in Figure 40, is of size .d1C 1; d2C 1/. At its vertices we have complexes

C "1;"2 D

8̂̂̂<̂
ˆ̂:
Cint.H

L/ if "1 D "2 D 0;
Cint.H

L;�L1
"1�1

/ if "1 ¤ 0; "2 D 0;
Cint.H

L;�L2
"2�1

/ if "1 D 0; "2 ¤ 0;
CF �.HL;�L

"1�1;"2�1
/ if "1; "2 ¤ 0:

We need to specify the chain maps along the horizontal and vertical segments in the hyperbox, and the
chain homotopies along diagonals. In the bottom-right rectangle of size .d1; d2/, they are the usual maps
in CF �.HL;�L/, given by counting holomorphic triangles or quadrilaterals, with some vertices fixed at
‚ elements that are part of the data in HL;�L. Note that these holomorphic triangles and quadrilaterals,
in classes �, are counted with coefficients

U
nz1;1 .�/

1;1 U
nz1;2 .�/

1;2 U
nz2;1 .�/

2;1 U
nz2;2 .�/

2;2 :

We are left to specify the chain maps and chain homotopies in the first row and column of the hyperbox
C.HL;�L/.

Let us start by looking at the top-left square, pictured in Figure 41. Observe that, at its vertices, we have
chain complexes associated to the same diagram HL, in which we keep track of the basepoints in various
ways. With regard to the basepoints z1;1 and z2;1, at all four vertices, the coefficients in the differential
pick up factors of

U
nz1;1 .�/

1;1 U
nz2;1 .�/

2;1 :
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On the other hand, with regard to z1;2 and z2;2, these are counted differently, depending on the vertex. If
we set

m1 WD nz1;2.�/; m2 WD nz2;2.�/;

then m1 appears as an exponent of either U1;1 or U1;2, and m2 appears as an exponent of either U2;1
or U2;2 as indicated in Figure 41. We also have the w basepoints, which appear as exponents of V
variables. In C 0;0 D Cint.H

L/, we have

V
nw1;2 .�/

1;2 V
nw2;2 .�/

2;2 ;

then in C 1;0 we set V1;2 D 1 (and keep V2;2 as before). In C 0;1 we set V2;2 D 1, and in C 1;1 both V
variables are set to 1. A similar pattern holds for the Y variables: in C 0;0 we have both Y1;2 and Y2;2,
with relations (220) and (221); in C 1;0 we drop Y1;2, in C 0;1 we drop Y2;2, and in C 1;1 we drop both.

With regard to the chain maps along the edges of the square in Figure 41, these are transition maps similar
to the map „ from Section 13.1. For example, the top horizontal map

D
1;0
0;0 W C

0;0
! C 1;0

is defined as follows. This map is equivariant with respect to the action of the U and V variables, as well
to the action of Y2;2 (but not Y1;2, which is a variable that does not appear in the target complex C 1;0).
The map D1;00;0 takes

Y1;2x 7!x; x 7!
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/�U
nz1;1 .�/

1;1

U
nz1;2 .�/

1;1 �U
nz1;2 .�/

1;2

U1;1�U1;2
U
nz2;1 .�/Cnz2;2 .�/

2;1 y:

The bottom horizontal map, D1;00;1 , is defined in the same way, with the only difference that when counting
holomorphic disks, the quantity nz2;2.�/ appears as an exponent of U2;2 instead of U2;1. The two vertical
chain maps have similar definitions, with the roles of L1 and L2 (and the corresponding variables)
switched.

Finally, the chain homotopy along the diagonal of the square,

D
1;1
0;0 W C

0;0
! C 1;1

is taken to be equivariant with respect to the U and V variables, to take the Y1;2 and Y2;2 variables to
zero, and to satisfy

x 7!
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/�U
nz1;1 .�/

1;1

U
nz1;2 .�/

1;1 �U
nz1;2 .�/

1;2

U1;1�U1;2
U
nz2;1 .�/

2;1

U
nz2;1 .�/

2;1 �U
nz2;2 .�/

2;2

U2;1�U2;2
y:

Lemma 13.10 With these definitions , the total differential D on the first square in the hyperbox
C.HL;�L/ satisfies D2 D 0.
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Proof The one interesting case to check is when we apply D2 to a generator x 2 C 0;0 (without any Y
variables). Then y 2T˛\Tˇ (viewed as an element in C 1;1) appears inD2.x/ with a sum of coefficients
that come from pairs of holomorphic disks, in classes � 2 �2.x; a/;  2 �2.a;y/, over all a 2 T˛ \Tˇ .
For each pair .�;  /, there are four such contributions, from each of the four terms in

(222) D2 DD
0;1
1;0 ıD

1;0
0;0 CD

1;0
0;1 ıD

0;1
0;0 CD

1;1
0;0 ıD

0;0
0;0 CD

0;0
1;1 ıD

1;1
0;0 :

In other words, we go from the initial to the final vertex in Figure 41 either by following the edges, or
along the diagonal combined with a differential (self-map) on either the initial or the final vertex.

We claim that these terms cancel in pairs. To see this, we need to track the powers of the U variables in
each of them. In all the terms we have factors of the form

U
nz1;1 .�� /

1;1 U
nz2;1 .�� /

2;1 :

We will ignore these, and focus on the appearances of nz1;2 and nz2;2 . These are indicated in Figure 41,
for each map. Since we now have two different classes � and  , let us define

m1 WD nz1;2.�/; m2 WD nz2;2.�/; m01 WD nz1;2. /; m02 WD nz2;2. /:

For each pair of disks in classes .�;  /, we get the following contributions to the coefficient of y in @2x,
corresponding to the four terms in (222):

U
m1
1;1 �U

m1
1;2

U1;1�U1;2
U
m2
2;1U

m01
1;2

U
m02
2;1 �U

m02
2;2

U2;1�U2;2
CU

m1
1;1

U
m2
2;1 �U

m2
2;2

U2;1�U2;2

U
m01
1;1 �U

m01
1;2

U1;1�U1;2
U
m02
2;2

CU
m1
1;1U

m2
2;1

U
m01
1;1 �U

m01
1;2

U1;1�U1;2

U
m02
2;1 �U

m02
2;2

U2;1�U2;2
C
U
m1
1;1 �U

m1
1;2

U1;1�U1;2

U
m2
2;1 �U

m2
2;2

U2;1�U2;2
U
m01
1;2U

m02
2;2 :

We obtain a fraction whose denominator is .U1;1�U1;2/.U2;1�U2;2/, and whose numerator is a sum of
sixteen terms. Twelve of those terms cancel one another in pairs, and the remaining four terms can be
combined into the product

.U
m1Cm

0
1

1;1 �U
m1Cm

0
1

1;2 /.U
m2Cm

0
2

2;1 �U
m2Cm

0
2

2;2 /:

Observe that m1Cm01 D nz1;2.� � / and m2Cm02 D nz2;2.� � /. Thus, we are left with a count of
pairs of holomorphic disks, where the exponents depend only on the combined class � � . By the usual
arguments in Floer theory, these pairs of holomorphic disks form the boundary of a one-dimensional
moduli space of holomorphic disks, in the class � � . Since the coefficients only depend on � � , it
follows that the relevant count of pairs of disks is zero. The contributions from the boundary degenerations
cancel out in pairs, because the w’s do not appear in our expressions. We conclude that D2 D 0.

This completes the description of the top-left square in the hyperbox C.HL;�L/. We now proceed to
describe a typical square in the first row of that hyperbox. (The squares in the first column will be
described similarly.)
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Um2;1�U
m
2;2

U2;1�U2;2

C "1;0 C "1C1;0

C "1;1 C "1C1;1Um2;2 Um2;2

Um2;1

U
mCua
2;1 �U

mCua
2;2

U2;1�U2;2

U
mCua
2;1

U
mCua
2;2

Um2;1�U
m
2;2

U2;1�U2;2

Um2;1

Figure 42: A further square in the first row of the hyperbox C.HL;�L/. Each arrow is a map
counting holomorphic disks or triangles, as indicated by the nearby picture. We also wrote the
coefficients that involve the quantities mD nz2;2.�/ and ua D u2;2.a/�A2;2.a/.

Consider the square in the first row that starts at C "1;0. This square is pictured in Figure 42. It consists
of data coming from two strongly equivalent Heegaard diagrams for L2, namely HL;�L1

"1 and HL;�L1
"1C1

.
Without loss of generality, let us suppose these differ by a strong equivalence among the beta curves;
we denote the sets of curves on HL;�L1

"1 by .˛;ˇ/, and those on HL;�L1
"1C1

by .˛;ˇ0/. Moreover, note
that both of these diagrams have the same six basepoints: the free basepoints z1;1 and z1;2, and the four
basepoints on L2.

With this notation, the two complexes on the top edge of Figure 42 are

C "1;0 D Cint.T˛;Tˇ /; C "1C1;0 D Cint.T˛;Tˇ 0/:

The respective differentials count holomorphic disks with coefficients

(223) U
nz1;1 .�/

1;1 U
nz1;2 .�/

1;2 U
nz2;1 .�/Cnz2;2 .�/

2;1 V
nw2;2 .�/

2;2 ;

and also have terms from tensoring with a mapping cone complex Y2;2 (with a variable Y2;2).

By contrast, the complexes on the bottom edge of Figure 42 are

C "1;1 D CF �.T˛;Tˇ /; C "1C1;1 D CF �.T˛;Tˇ 0/:

They don’t involve the basepoints w1;2 and w2;2, and have no variables V2;2 or Y2;2. Their differentials
count holomorphic disks with coefficients

(224) U
nz1;1 .�/

1;1 U
nz1;2 .�/

1;2 U
nz2;1 .�/

2;1 U
nz2;2 .�/

2;2 :
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The vertical maps in Figure 42 are transition maps defined by the formulas

(225) Y2;2x 7! x

and

(226) x 7!
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �U
nz1;1 .�/

1;1 U
nz1;2 .�/

1;2 U
nz2;1 .�/

2;1

U
nz2;2 .�/

2;1 �U
nz2;2 .�/

2;2

U2;1�U2;2
y:

The horizontal maps in Figure 42 are triangle maps induced by the strong equivalence from .˛;ˇ/ to
.˛;ˇ0/. They are specified by the choice of a cycle

‚ 2A�.Tˇ ;Tˇ 0 ; 0/

that represents the maximal-degree element in the homology of A�.Tˇ ;Tˇ 0 ; 0/. Note that the diagram
formed by the ˇ and ˇ0 curves represents an unlink in a connected sum of .S1 �S2/’s, and this diagram
is link-minimal. The diagram contains the basepoints z1;1 and z1;2 from L1, and all the four basepoints
coming from L2. The unlink consists of two components, one specified by w2;1 and z2;1, the other
by w2;2 and z2;2. As such, the intersection points a 2 Tˇ \Tˇ 0 admit two Alexander gradings A2;1
and A2;2, whose sum is denoted by A2.

We can write ‚ as a linear combination of intersection points

‚D
X

a2Tˇ\Tˇ0

c.a/
Y

i1;i22f1;2g

U
ui1;i2 .a/

i1;i2
a

for c.a/ 2 f0; 1g and some nonnegative integers ui1;i2.a/.

By analogy with the construction of the triangle maps in Section 13.3 — see (212) and (213) — we define
the map along the top edge of Figure 42 by

(227) x 7!
X

y2T˛\Tˇ0

X
a2Tˇ\Tˇ0

X
�2�2.x;a;y/
�.�/D0

#M.�/ � c.a/U
nz1;1 .�/Cu1;1.a/

1;1 U
nz1;2 .�/Cu1;2.a/

1;2

�U
nz2;1 .�/Cnz2;2 .�/Cu2;1.a/Cu2;2.a/�A2.a/

2;1 V
nw2;2 .�/Cu2;2.a/

2;2 y:

On the other hand, for the map along the bottom edge, we use the image of ‚ under the inclusion into
the complex that uses the z basepoints only; see Remark 8.8. Using (25), this element can be writtenX

a2Tˇ\Tˇ0

c.a/
Y

i2f1;2g

U
u1;i .a/

1;i

Y
i2f1;2g

U
u2;i .a/�A2;i .a/

2;i a:

By analogy with (224), we let

(228) x 7!
X

y2T˛\Tˇ0

X
a2Tˇ\Tˇ0

X
�2�2.x;a;y/
�.�/D0

#M.�/ � c.a/U
nz1;1 .�/Cu1;1.a/

1;1 U
nz1;2 .�/Cu1;2.a/

1;2

�U
nz2;1 .�/Cu2;1.a/�A2;1.a/

2;1 U
nz2;2 .�/Cu2;2.a/�A2;2.a/

2;2 y:
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Finally, for the chain homotopy along the diagonal of Figure 42, by analogy with (225) and (226), we let

(229) Y2;2x 7! 0

and

(230) x 7!
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ � c.a/U
nz1;1 .�/

1;1 U
nz1;2 .�/

1;2 U
nz2;1 .�/Cu2;1.a/�A2;1.a/

2;1

�
U
nz2;2 .�/Cu2;2.a/�A2;2.a/

2;1 �U
nz2;2 .�/Cu2;2.a/�A2;2.a/

2;2

U2;1�U2;2
y:

Lemma 13.11 With these definitions , the total differentialD on the square pictured in Figure 42 satisfies
D2 D 0.

Proof Just as in Lemma 13.10, the interesting case to check is when we apply D2 to a generator x in
the initial complex C "1;0 (without the Y2;2 variable). The result is a sum of counts of pairs consisting of
a holomorphic bigon and a holomorphic triangle. There are two cases, according to whether the triangle
or the bigon comes first in the composition.

Let us consider the case when we first have a triangle (in a class �), and then a bigon (in a class  ). Such
contributions come from going along the top edge, and then the right edge in Figure 42, and also from
going along the diagonal and then using the differential on the final complex C "1C1;1. In the coefficients
of some y in D2x, we always obtain factors of the form

c.a/U
nz1;1 .�/Cu1;1.a/

1;1 U
nz1;2 .�/Cu1;2.a/

1;2 U
nz2;1 .�/Cu2;1.a/�A2;1.a/

2;1 ;

where � is the combined class � � . These get multiplied by factors having to do with the basepoint z2;2,
as shown in Figure 42. If we write mD nz2;2.�/, m

0 D nz2;2. / and ua D u2;2.a/�A2;2.a/, the sum
of the latter factors is

U
mCua

2;1

Um
0

2;1�U
m0

2;2

U2;1�U2;2
C
U
mCua

2;1 �U
mCua

2;2

U2;1�U2;2
Um

0

2;2 D
U
mCm0Cua

2;1 �U
mCm0Cua

2;2

U2;1�U2;2
:

Note that mCm0 D nz2;2.� � /, so the result only depends on the combined class � D � � .

The case when we first have a bigon and then a triangle is similar, and we get the same coefficients in
front of y , with dependence only on � .

Thus, it is natural to consider the one-dimensional moduli space of triangles with vertices at x, a and y ,
in the class � , and weigh it by the same factor

(231) c.a/U
nz1;1 .�/Cu1;1.a/

1;1 U
nz1;2 .�/Cu1;2.a/

1;2 U
nz2;1 .�/Cu2;1.a/�A2;1.a/

2;1

�
U
nz2;2 .�/Cu2;2.a/�A2;2.a/

2;1 �U
nz2;2 .�/Cu2;2.a/�A2;2.a/

2;2

U2;1�U2;2
:

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 3009

The boundary of this moduli space represents pairs of bigons and triangles, including the two cases
described above. The other possibility involves a triangle with vertices at x;b and y (for some b 2
Tˇ \Tˇ 0), combined with a bigon from a to b. However, the fact that ‚ is a cycle in A�.Tˇ ;Tˇ 0 ; 0/
implies that those contributions sum up to zero. It follows that the coefficient of any y inD2x vanishes.

This completes the description of the hyperbox C.HL;�L/. By compressing this hyperbox, we obtain the
descent map

D�L W Cint.H
L/! CF.H∅/:

After precomposing this with the inclusion I�Ls W A
�.HL; s/! Cint.H

L/, we arrive at the map

ˆ�Ls W A
�.HL; s/! CF.H∅/;

which can be used as a chain homotopy in the surgery complex.

13.6 The general statement

By building up on the particular cases presented in Sections 13.1, 13.4 and 13.5, we are now ready to
give the general statement of the link surgery formula, Theorem 1.1. In other words, we plan to define
the complex C�.H; ƒ/, where H is an arbitrary complete system of hyperboxes for the link EL� Y, and
ƒ is a framing. Let L1; : : : ; L` be the components of EL.

The surgery complex C�.H; ƒ/ has roughly the same form as in the link-minimal case presented in
Section 9.2:

C�.H; ƒ/D
M
M�L

Y
s2H.L/

A�.HL�M ;  M .s//;

with differential

D�.s;x/D
X

N�L�M

X
EN2�.N/

.sCƒ EL; EN ; ˆ
EN
 M .s/

.x//

2

M
N�L�M

M
EN2�.N/

A�.HL�M�N ;  M[
EN .s//� C�.H; ƒ/:

Our job is to define the complexes A�.HL�M ;  M .s// and the maps ˆ EN
 M .s/

in the general setting. It

suffices to describe A�.HL; s/ and ˆ EMs ; then the same definitions will apply to the complexes for the
sublinks of L, and to the maps having these as domains.

To define A�.HL; s/, we denote the basepoints on the component Li , in order, by

wi;1; zi;1; wi;2; zi;2; : : : ; wi;pi ; zi;pi :

We also allow some free basepoints, denoted by

wı;1; wı;2; : : : ; wı;p:
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Consider first the dga

RY D F ŒŒ.Ui;j / 1�i�`;
1�j�pi

.Uı;j /1�j�p��Œ.Vi;j ; Yi;j / 1�i�`;
2�j�pi

�0=.Y 2i;j D 0; @Yi;j D Ui;j CUi;1Vi;j /;

where the prime refers to allowing infinite sums of monomials m such that, for each i D 1; : : : ; `,

em.Vi;2/C � � �C em.Vi;pi /� em.Ui;1/

is bounded above.

We define the complex Cint.H
L/ as the dg module over RY generated by x 2 T˛ \Tˇ , with differential

(232) @x D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �
Ỳ
iD1

U
nzi;1 .�/C���Cnzi;pi

.�/

i;1 V
nwi;2 .�/

i;2 � � �V
nwi;pi

.�/

i;pi

�

pY
jD1

U
nwı;j .�/

ı;j y:

This complex admits filtrations Fi for 1� i � ` such that

Fi .x/D�Ai .x/; Fi .Ui;1/D�1; F.Vi;j /D 1; j � 2;

and Fi takes all the other U, V and Y variables to zero (ie the action of those variables respects Fi ).

For sD .s1; : : : ; s`/ 2H.L/, we define A�.HL; s/ to be the filtered part of Cint.H
L/ given by

Fi � si ; i D 1; : : : ; `:

Let R be the power series ring freely generated over F by the U variables (without V ’s or Y ’s). The
complex A�.HL; s/ admits an R-linear projection zP to A�.HL; s/, given by

zP

�Y
i;j

V
ni;j
i;j Y

ai;j
i;j x

�
D

(Q`
iD1 U

Ai .x/�si�
Ppi
jD2

ni;j

i;1 U
ni;2
i;2 � � �U

ni;pi
i;pi

x if all ai;j D 0;
0 otherwise.

The proofs of Lemmas 13.5 and 13.8 extend to our setting, showing that zP exhibits A�.HL; s/ as a
resolution of A�.HL; s/, over the ring R.

Next, let M �L a sublink, with an orientation EM. As usual, IC. EL; EM/ (resp. I�. EL; EM/) denotes the set
of indices i such that the component Li is in M and its orientation induced from EL is the same as (resp.
opposite to) the one induced from EM. Let

I. EL; EM/D IC. EL; EM/[ I�. EL; EM/:

Also, as in Section 8.6, we set
M˙ D

[
i2I˙.

EL; EM/

Li ;

so that M DMCqM�.

We seek to define maps
ˆ
EM
s W A

�.HL; s/! A�.HL�M ;  
EM .s//:
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Similarly to what we did in Section 9, these maps will be constructed as compositions

ˆ
EM
s DD

EM

p EM .s/
ıI
EM
s ;

where I
EM
s is a projection-inclusion and D EM

p EM .s/
is a descent map; compare (189) and (190).

Let us first define the map

I
EM
s W A

�.HL; s/! A�.HL; EM;p
EM .s//:

Here, the target A�.HL; EM;p
EM .s// is a complex that looks like a resolution A� with respect to L�M,

like CF � D C fwg with respect to MC, and like Cint with respect to M�. Precisely, we first consider
Cint.rMC.H

L//, a complex constructed similarly to Cint.H
L/, except that for i 2 IC. EL; EM/ we do not

introduce variables Vi;j and Yi;j ; instead, for such i , we use nwi;j .�/ as exponents for Ui;j in the formula
for the differential:

(233) @x D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �
Y

i…IC. EL; EM/

U
nzi;1 .�/C���Cnzi;pi

.�/

i;1 V
nwi;2 .�/

i;2 � � �V
nwi;pi

.�/

i;pi

�

Y
i2IC. EL; EM/

U
nwi;1 .�/

i;1 � � �U
nwi;pi

.�/

i;pi

pY
jD1

U
nwı;j .�/

ı;j y:

The complex Cint.rMC.H
L// has filtrations Fi for i … IC. EL; EM/, where we use the convention that

the Alexander gradings Ai of x 2 T˛ \Tˇ are the ones from the diagram HL (rather than those from
rMC.H

L/, where s becomes  MC.s/).

We let A�.HL; EM;p
EM .s// be the subcomplex of Cint.rMC.H

L// in filtration degrees

Fi � si for Li 6�M:

The map I
EM
s is the composition of a projection similar to zP, but taken only with respect to the indices

i 2 IC. EL; EM/, and the natural inclusion into A�.HL; EM;p
EM .s//. Specifically, we set

(234) I
EM
s

� Y
i2IC. EL; EM/

Y
j

V
ni;j
i;j Y

ai;j
i;j x

�

D

(Q
i2IC. EL; EM/

U
Ai .x/�si�

Ppi
jD2

ni;j

i;1 U
ni;2
i;2 � � �U

ni;pi
i;pi

x if all ai;j D 0 for i 2 IC. EL; EM/;

0 otherwise.

We then extend I
EM
s to be equivariant with respect to the action of the variables Vi;j and Yi;j for

i … IC. EL; EM/, as well as to that of all the U variables.

We are left to describe the descent map

(235) D
EM

p EM .s/
W A�.HL; EM;p

EM .s//! A�.HL�M ;  
EM .s//:
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This is associated to the hyperbox H
EL; EM in the system H. Recall that the hyperbox H

EL; EM consists of
diagrams for L�M such that the initial diagram is r EM .H

L/ and the final one is H
EL; EM , which is surface

isotopic to HL�M . The dimension of H
EL; EM is the number of components of M, denoted by m; we label

its coordinate directions by the indices i 2 f1; : : : ; `g such that Li �M, and order them accordingly.

Let di be the side length of the hyperbox H
EL; EM in the direction i . To construct the descent map D

EM

p
EM .s/

,
we will compress a hyperbox of chain complexes associated to H

EL; EM , of the same dimension m but
possibly of larger size. The models are

� the precomposition with the p � 1 transition maps „j in Section 13.4, to construct the descent
map for a knot with 2p basepoints of each type;

� the construction of the hyperbox C.HL;�L/ in Section 13.5, where we added one extra row and
column at the beginning; see Figure 40.

In the general setting, we construct an m-dimensional hyperbox of chain complexes

C D C.H
EL; EM ;  

EM .s//

whose sides are labeled by i 2 I. EL; EM/, and such that the side length in direction i is

(236) d 0i D

�
di if i 2 IC. EL; EM/;

di Cpi � 1 if i 2 I�. EL; EM/:

(Recall that pi denotes the number of basepoints of each type on the component Li .) We let d 0 be the
vector with d 0i as entries.

At a vertex "D ."i /i2I. EL; EM/
in the hyperbox, we place a complex C " defined as follows. Let

I."/D fi 2 I�. EL; EM/ j "i < pi � 1g

and
M" D

[
i2I."/

Li �M�:

(For example, in Section 13.5, the part of the hyperbox C.HL;�L/ corresponding to " such that I."/D∅
is the dashed rectangle in Figure 40.)

We split the information in " into two parts, "< and ">, corresponding to i 2 I."/ and i … I."/, respectively.
Specifically, "< is a vector, whose entries are indexed by i 2 I."/, such that

"<i D "i :

The second vector, ">, has entries indexed by i 2 I. EL; EM/� I."/ and is such that

">i D

�
"i if i 2 IC. EL; EM/;

"i � .pi � 1/ if i 2 I�. EL; EM/� I."/:

In the second case, we subtract pi � 1 so that we are in agreement with the indexing of the entries in the
hyperbox H

EL; EM . Indeed, note that the values of ">i vary between 0 and di .
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Consider the hyperbox H
EL; EM�M" , whose reduction at M" is identified with a subhyperbox of H

EL; EM ;
see Definitions 8.22 and 8.23. The complex C " will be associated to the diagram at position "> in the
hyperbox H

EL; EM�M" . We write

(237) C " D C"<.H
EL; EM�M"
">

;M";  
EM .s//:

This is a Floer complex whose construction is a mix of those in Sections 13.4 and 13.5. Roughly speaking,
C " looks like

� the resolution A�. � ;  
EM .s// in the directions i such that Li � L�M, ie i … I. EL; EM/;

� the complexes Cj from (217), with j D "i , in the directions i 2 I."/;

� the complex CF � D C fzg in the directions i 2 I�. EL; EM/� I."/;

� the complex CF � D C fwg in the directions i 2 IC. EL; EM/.

We will construct C " as a subcomplex of a complex denoted by

C"<.H
EL; EM�M"
">

;M"/;

which is similar, except it looks like Cint in the directions i … I. EL; EM/.

Let us make these definitions fully rigorous. First, recall that we have a base ring

RD F ŒŒ.Ui;j /1�i�`;1�j�pi .Uı;j /1�j�p��:

We introduce the dga
RY"<.

EL; EM;M"/

generated over R (in the sense of infinite sums with boundedness conditions) by new variables Vi;j
and Yi;j , for indices i and j such that

(238)
�
i … I. EL; EM/; 2� j � pi

�
or

�
i 2 I."/; "i C 2� j � pi

�
with relations

Y 2i;j D 0; @Yi;j D Ui;j CUi;1Vi;j :

We let C"<.H
EL; EM�M"
">

;M"/ be the complex freely generated over RY
"<
. EL; EM;M"/ by x 2T˛\Tˇ , with

differential

(239) @x D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

#.M.�/=R/ �
Y

i…I. EL; EM/

U
nzi;1 .�/C���Cnzi;pi

.�/

i;1 V
nwi;2 .�/

i;2 � � �V
nwi;pi

.�/

i;pi

�

Y
i2I."/

U
nzi;1 .�/

i;1 � � �U
nzi;"i

.�/

i;"i
U
nzi;"iC1

.�/C���Cnzi;pi
.�/

i;"iC1
V
nwi;"iC2

.�/

i;"iC2
� � �V

nwi;pi
.�/

i;pi

�

Y
i2I�. EL; EM/�I."/

U
nzi;1 .�/

i;1 � � �U
nzi;pi

.�/

i;pi

Y
i2IC. EL; EM/

U
nwi;1 .�/

i;1 � � �U
nwi;pi

.�/

i;pi

pY
jD1

U
nwı;j .�/

ı;j y:
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This complex admits filtrations Fi for i … I. EL; EM/ such that

Fi .x/D�Ai .x/; Fi .Ui;1/D�1; Fi .Vi;j /D 1; j � 2;

and Fi takes all the other U, V and Y variables to zero. (Once again, the Alexander gradings Ai are taken
to be the ones induced from the diagram HL.)

We then define C " D C"<.H
EL; EM�M"
">

;M";  
EM .s// to be the subcomplex of C"<.H

EL; EM�M"
">

;M"/ given
by

Fi � si ; i … I. EL; EM/:

In particular, when "D 0, observe that M0DM�, I.0/D I�. EL; EM/ and (by the compatibility conditions
between hyperboxes) H

EL; EM�M0

0
D rMC.H

L/. Therefore, we have identifications

C0.H
EL; EM�M0

0
;M0/Š Cint.rMC.H

L//

and

(240) C 0 D C0.H
EL; EM�M0

0
;M0;  

EM .s//Š A�.HL; EM;p
EM .s//:

At the other extreme, for " such that I."/D∅, we have M" D∅ and

C " Š A�.H
EL; EM
">

;  
EM .s//:

Thus, the final complex in the hyperbox C.H
EL; EM ;  

EM .s//, with "D d 0, is

(241) Cd
0

Š A�.H
EL; EM .M/;  

EM .s//:

For general " and "0 such that "� "0 and "; "0 are neighbors, we now proceed to define the maps

D"
0�"
" W C "! C "

0

that are part of the hyperbox C.H
EL; EM ;  

EM .s//.

Since " and "0 are neighbors, for any i we must have "0i D "i or "0i D "i C 1. Observe that I."0/� I."/.
When an index i belongs to I."/� I."0/, it means that "i D pi � 2 and "0i D pi � 1, so ."0/> has 0 in
position i . Thus, while ."0/> may have more entries that ">, all these additional entries are zero; let us
denote by .">/0 the vector obtained from ."0/> by deleting these entries. In the same manner, ."0/< may
have fewer entries than "<, in which case the additional entries of "< are pi � 2; we let ."</0 be the
vector obtained from ."</0 by introducing new entries of pi � 1 in those positions. Thus, .">/0 has the
same length as ">, and ."</0 has the same length as "<.

Note that (by the compatibility between hyperboxes) H
EL; EM�M"0

."0/>
, the diagram used to define C "

0

, is a

reduction of a diagram in the hyperbox H
EL; EM�M" :

H
EL; EM�M"0

."0/>
D rM"�M"0 .H

EL; EM�M"
.">/0

/:
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Thus, the complex C "
0

can be interpreted as being associated to the diagram H
EL; EM�M"
.">/0

. Indeed, from
the definitions,

C "
0

D C."0/<.H
EL; EM�M"0

."0/>
;M"0 ;  

EM .s//

D C."0/<.rM"�M"0 .H
EL; EM�M"
.">/0

/;M"0 ;  
EM .s//

D C."</0.H
EL; EM�M"
.">/0

;M";  
EM .s//:

Similar remarks apply to the intermediate indices between " and "0. Specifically, we can write the
corresponding complexes as

C�.H
EL; EM�M"
� ;M";  

EM .s//

for all � and � with
"< � � � ."</0; "> � �� .">/0:

These complexes have almost the same definition as the one for index ", except that changing "> into �
results in a change in the underlying Heegaard diagram (a different vertex in the hyperbox H

EL; EM�M"),
whereas changing "< into � results in a change in the exponents of Ui;j for some i 2 I."/ in (239);
namely, "i gets replaced by �i , which may equal "i C 1.

In light of this discussion, to define D"
0�"
" we will focus on the hyperbox

H
EL; EM�M" ;

and specifically on the subhypercube in that hyperbox corresponding to indices � such that

"> � �� .">/0:

We denote this hypercube by
H
EL; EM�M".">; .">/0/:

This is a v-dimensional hypercube of strongly equivalent Heegaard diagrams, with

v D k.">/0� ">k:

Recall that, in the link-minimal case, the mapsD"
0�"
" were defined in Section 8.3 as counts of holomorphic

k-gons, where k � .k"0� "kC 2/. In our setting, they will be given by counts of holomorphic k-gons for
k � vC 2, coming from the above hypercube.

The formula in the link-minimal case was

D"
0�"
" .x/DX
l;q

X
f"
0˛D
0>���>
 lD"˛g

X
f"ˇD�0<���<�qD"

0ˇg

f .‚˛

0;
1

˝� � �˝‚˛

 l�1;
 l

˝x˝‚
ˇ

�0;�1
˝� � �˝‚

ˇ

�q�1;�q
/:

In general, our hypercube still has bipartition maps (see Section 8.2), so we can talk about indices

.">/˛ � .">/
0˛; .">/ˇ � .">/

0ˇ :
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For any intermediate 
 between (and including) .">/˛ and .">/
0˛, as part of the hyperbox we have a

collection of curves ˛
 such that all these collections are strongly equivalent. In particular, we write
˛D ˛."

>/˛ and ˛0 D ˛."
>/
0˛

. Furthermore, for any two intermediate indices 
 and 
 0 with

.">/˛ � 
 � 
 0 � .">/
0˛;

we have a chain element
‚˛
 0;
 2A

�.T˛
0 ;T˛
 ; 0/:

We can write this element explicitly in terms of intersection points as

‚˛
 0;
 D
X

a˛

0

2T

˛

0\T˛


c.a˛
 0
 /
Y
i;j

U
ui;j .a

˛

0

/

i;j

Y
j

U
uı;j .a

˛

0

/

ı;j a˛
 0
 ;

with coefficients c.a˛
 0
 / 2 f0; 1g and exponents ui;j .a˛
 0
 /; uı;j .a
˛

 0
 /� 0.

Note that ‚˛
 0;
 are part of the data in the hyperbox H
EL; EM�M" , where the Ui;j basepoints keep track of

the basepoints zi;j for i 2 I�. EL; EM/� I."/, and of the basepoints wi;j for other i .

Further, the ˛

0

–˛
 diagram is link-minimal, and therefore the intersection points a˛
 0
 admit Alexander
gradings Ai;j for Li 6�M�M", that is, for i … I. EL; EM/ as well as for i 2 I."/, and for all corresponding j.
We will need to pull back the ‚ elements as in Section 13.3, so that the corresponding exponents are in
terms of the z basepoints rather than the w basepoints. It helps to introduce the notation

Nui;j .a
˛

 0
 / WD ui;j .a

˛

 0
 /�Ai;j .a

˛

 0
 /:

The hypercube H
EL; EM�M".">; .">/0/ also contains collections of beta curves and corresponding ‚

elements. For � between .">/ˇ and .">/
0ˇ , we have a collection of curves ˇ� , and for

.">/ˇ � � � �0 � .">/
0ˇ

we have a chain element
‚
ˇ

�;� 0
2A�.Tˇ� ;Tˇ�0 ; 0/

of the form
‚
ˇ

�;� 0
D

X
a
ˇ

��0
2T

ˇ�
\T

ˇ�
0

c.a
ˇ

�� 0
/
Y
i;j

U
ui;j .a

ˇ

��0
/

i;j

Y
j

U
uı;j .a

ˇ

��0
/

ı;j a
ˇ

�� 0
:

Similar remarks to those for the alpha curves apply here. In particular, we set

Nui;j .a
ˇ

 0
 / WD ui;j .a

ˇ

�� 0
/�Ai;j .a

ˇ

�� 0
/:

The map D"
0�"
" W C "! C "

0

are defined as follows. For an intersection point x 2 T˛ \Tˇ , we set

(242) D"
0�"
" .x/D

X
E

#M.�/ � c.E/U u.E/y;

where the summation is over data E consisting of

� l; q � 0,

� .">/
0˛ D 
0 > � � �> 
 l D .">/˛,
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� .">/ˇ D �0 < � � �< �q D .">/
0ˇ ,

� a˛

k
kC1

2 T˛

k
\T˛


kC1
for k D 0; : : : ; l � 1,

� a
ˇ

�k�kC1
2 Tˇ

�k
\Tˇ

�kC1
for k D 0; : : : ; q� 1,

� y 2 T˛0 \Tˇ 0 ,

� � 2 �2.a
˛

0
1

; : : : ; a˛

 l�1
 l

;x; a
ˇ

�0�1
; : : : ; a

ˇ

�q�1�q
;y/ with �.�/D 1� l � q.

In (242), by #M.�/ we mean the count of holomorphic polygons in the class � (where we divide by the
action of R if we count bigons). Moreover, the coefficient c.E/ 2 f0; 1g is

c.E/ WD
Y
i;j

c.a˛

0
1

/ � � � c.a˛

 l�1
 l

/ � c.a
ˇ

�0�1
/ � � � c.a

ˇ

�q�1�q
/

whereas the factor U u.E/ is a product of powers of Ui;j that will be described soon. Let us first introduce
the shorthand notation

nawi;j .�/ WD nwi;j .�/C

l�1X
kD0

ui;j .a
˛

k
kC1

/C

q�1X
kD0

ui;j .a
ˇ

�k�kC1
/;

nazi;j .�/ WD nzi;j .�/C

l�1X
kD0

Nui;j .a
˛

k
kC1

/C

q�1X
kD0

Nui;j .a
ˇ

�k�kC1
/;

nawı;j .�/ WD nwı;j .�/C

l�1X
kD0

uı;j .a
˛

k
kC1

/C

q�1X
kD0

uı;j .a
ˇ

�k�kC1
/:

Then, by analogy with the U -powers in the differentials (219), (230) and (239), we set

(243) U u.E/ WD
Y

i…I. EL; EM/

U
na
zi;1

.�/C���Cna
zi;pi

.�/

i;1 V
na
wi;2

.�/

i;2 � � �V
nwi;pi

.�/

i;pi

�

Y
i2I."/
�iD"i

U
na
zi;1

.�/

i;1 � � �U
na
zi;"i

.�/

i;"i
U
na
zi;"iC1

.�/C���Cna
zi;pi

.�/

i;"iC1
V
na
wi;"iC2

.�/

i;"iC2
� � �V

na
wi;pi

.�/

i;pi

�

Y
i2I."/
�iD"iC1

U
na
zi;1

.�/

i;1 � � �U
na
zi;"iC1

.�/

i;"iC1

U
na
zi;"iC2

.�/C���Cna
zi;pi

.�/

i;"iC1
�U

na
zi;"iC2

.�/C���Cna
zi;pi

.�/

i;"iC2

Ui;"iC1�Ui;"iC2

�V
na
wi;"iC3

.�/

i;"iC3
� � �V

na
wi;pi

.�/

i;pi

�

Y
i2I�. EL; EM/�I."/

U
na
zi;1

.�/

i;1 � � �U
na
zi;pi

.�/

i;pi

Y
i2IC. EL; EM/

U
na
wi;1

.�/

i;1 � � �U
na
wi;pi

.�/

i;pi

pY
jD1

U
na
wı;j

.�/

ı;j :

We have described the values of D"
0�"
" at intersection points x. To define the map in full, we extend it to

be equivariant with respect to the action of all the Ui;j , Vi;j , Yi;j and Uı;j variables that appear in the
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construction of the target C "
0

. In view of the conditions (238), note that the domain C " may have a few
more variables, namely

Vi;"iC2; Yi;"iC2 for i 2 I."/ such that "0i D "i C 1:

We let D"
0�"
" be equivariant with respect to Vi;"iC2, where we let this variable act on the target by 1.

With regard to Yi;"iC2, this behaves somewhat like in an identity hyperbox, with identity maps on the
edges and zeros on the diagonals. Precisely, we set

D"
0�"
" .Yi;"iC2x/D 0 when k"0� "k> 1;

whereas when k"0� "k D 1 there is a unique i with "0i D "i C1, and (for the extra variable Y to exist) we
must have i 2 I."/; that is,

."</0i D "
<
i C 1; .">/0i D "

>
i :

In this particular case and for that particular i , by analogy with (218) and (219), the formula for
D"
0�"
" .Yi;"iC2x/ differs from the one for D"

0�"
" .x/ by replacing

U
na
zi;1

.�/

i;1 � � �U
na
zi;"iC1

.�/

i;"iC1

U
na
zi;"iC2

.�/C���Cna
zi;pi

.�/

i;"iC1
�U

na
zi;"iC2

.�/C���Cna
zi;pi

.�/

i;"iC2

Ui;"iC1�Ui;"iC2
V
na
wi;"iC3

.�/

i;"iC3
� � �V

na
wi;pi

.�/

i;pi

on the third line of (243) with 1.

We have now completed the description of the hyperbox C.H
EL; EM ;  

EM .s//. This plays the role of the
hyperbox A�.H

EL; EM ;  
EM .s// from the link-minimal case presented in Section 9.1. Just as there, we let

yD
EM
s W A

�.HL; EM; s/! A�.H
EL; EM .M/;  

EM .s//

be the longest diagonal map in the hypercube obtained from C.H
EL; EM ;  

EM .s// by compression; compare
(240) and (241). After identifying H

EL; EM .M/ with HL�M , we get the desired descent map D EM
p EM .s/

as
in (235). By precomposing it with the corresponding projection-inclusion map, we get

ˆ
EM
s DD

EM

p EM .s/
ıI
EM
s :

These are the maps used to define the surgery complex C�.H; ƒ/. The fact that the differential on this
complex squares to zero is an extension of Proposition 9.4, with a similar proof.

13.7 Proof of the theorem

In this section we prove Theorem 1.1 for arbitrary complete systems H. In Section 12, we have already
given the proof in the case where H is link-minimal. Recall that any complete system H can be obtained
from a basic one by a sequence of the system moves listed in Section 8.9; see Proposition 8.35. Thus,
to prove Theorem 1.1 it suffices to check that the quasi-isomorphism type of the surgery complex
C�.H; ƒ/ is unchanged by these moves. Invariance under most of these moves (three-manifold isotopies,
index one/two stabilizations and destabilizations, free index zero/three stabilizations, global shifts, and
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x�

xC

˛1ˇ1

z1;2w1;2z1;1

Figure 43: An index zero/three link stabilization.

elementary enlargements and contractions) follows by the same arguments as in the link-minimal case;
see Section 12.6.

It remains to establish the following:

Proposition 13.12 Let H be a complete system of hyperboxes for a link EL� Y, and let H be the system
obtained from H by an index zero/three link stabilization. Then , for any framingƒ, the surgery complexes
C�.H; ƒ/ and C�.H; ƒ/ are quasi-isomorphic over F ŒŒU ��.

Proof We keep the notation from Section 13.6 for everything in the construction of C�.H; ƒ/. Further-
more, we assume that the stabilization from H to H is done on the link component L1, and introduces the
points labeled w1;2 and z1;2 in the neighborhood of an existing z1;1; see Figure 43.5 Thus, the basepoints
on L1 in H are w1;1; z1;1; w1;3; z1;3; : : : ; w1;p1 ; z1;p1 .

Note that C�.H; ƒ/ is a complex over the ring

RD F ŒŒ.Ui;j /1�i�`; 1�j�pi ; .Uı;j /1�j�p��

and C�.H; ƒ/ is a complex over the smaller ring R, in which we do not have the variable U1;2. We will
in fact prove that the complexes C�.H; ƒ/ and C�.H; ƒ/ are quasi-isomorphic over R. This will imply
that they are quasi-isomorphic over F ŒŒU ��, where U is any of the variables in R.

The proof will be very similar to the one in Section 13.2.

Let us start by comparing the complexes A�.HL; s/ and A�.HL; s/. These are subcomplexes of Cint.H
L/

and Cint.H
L/, respectively. Recall that Cint.H

L/ was described in Section 13.6 as a dg module over the
dga

RY D

F ŒŒ.Ui;j /1�i�`;1�j�pi .Uı;j /1�j�p��Œ.Vi;j ; Yi;j /1�i�`;2�j�pi �
0=.Y 2i;j D 0; @Yi;j D Ui;j CUi;1Vi;j /:

5Strictly speaking, we lose some generality by choosing the stabilization on L1, because the compression procedure from
Section 5 involves an ordering of the components. However, this issue will not be relevant here, and the arguments below apply
equally well to all other components, with only cosmetic modifications.
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Similarly, Cint.H
L/ is a dg module over a dga RY ; compared to RY, in RY we do not have the variables

U1;2, V1;2 and Y1;2. Further, by looking at the formula (232) for the differential on Cint.H
L/, and its

analogue for Cint.H
L/, we deduce that Cint.H

L/ is obtained from Cint.H
L/ by first considering the cone

(244) Cint.H
L/U1;1!U1;2� ŒŒU1;1��ŒV1;2�

0 V1;2�1
�����! Cint.H

L/
U1;1!U1;2
C

ŒŒU1;11��ŒV1;2�
0

and then taking the cone of U1;2CU1;1V1;2, ie introducing the variable Y1;2 with @Y1;2DU1;2CU1;1V1;2.
We are using here the description of the holomorphic disks in the stabilized diagram; see Proposition 7.2,
and the subscripts � and C refer to containing the points x� and xC from Figure 43. The situation
is entirely similar to the one in Section 13.2, where Cint was obtained from C fzIn � 0g in this way.
As explained there, this implies that the complexes are homotopy equivalent over R. In our case, the
equivalence is given by the projection

(245) � W Cint.H
L/! Cint.H

L/; �.Um1;2V
n
1;2Y

a
1;2.x� r//D

�
Um1;1x if aD 0; r D xC;
0 otherwise.

Compare (203). The map � is filtered with respect to the filtrations Fi , and as such it induces an equivalence
between the subcomplexes in filtration levels Fi � si :

� W A�.HL; s/! A�.HL; s/:

Similar remarks apply when we compare the complexes A�.HL�M ; s/ and A�.HL�M ; s/ for sublinks
M such that L1 6�M. We get that these complexes are equivalent via a projection �, defined by the same
formula (245).

When L1 �M, the situation is simpler, as the basepoints z1;1 and z1;2 disappear. The diagram HL�M

is obtained from HL�M by a free index zero/three stabilization. Hence, we can identify A�.HL�M ; s/

with the cone

A�.HL�M ; s/CŒŒU1;2��
U1;2�U1;1
�������! A�.HL�M ; s/�ŒŒU1;2��:

Thus, we can still construct an equivalence

� W A�.HL�M ; s/! A�.HL�M ; s/;

this time given by

(246) �.Um1;2.x� r//D

�
Um1;1x if r D xC;
0 otherwise.

We can view the surgery complexes C�.H; ƒ/ and C�.H; ƒ/ as `-dimensional hypercubes (as in
Section 4.1). We aim to construct a chain map between these hypercubes, in the sense of Definition 5.15,
by starting from the equivalences

� W A�.HL�M ; s/! A�.HL�M ; s/;
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and then adding diagonal maps as in the diagram

(247)

A�.HL; s/
ˆ
EM

s
//

�

�� ((

A�.HL�M ;  
EM .s//

�
��

A�.HL; s/
ˆ
EM

s
// A�.HL�M ;  

EM .s//

For these to form a chain map between hypercubes, we need for example that when M is a knot (so that
ˆ
EM
s are chain maps), the projections � commute withˆ EMs up to the chain homotopy given by the diagonal.

In general, we need the diagonal maps to be higher chain homotopies, ie to satisfy the relations (60).

Observe that, if we can construct such a chain map, then it would be filtered with respect to the filtration
given by the value of �k"k in the hypercube. The maps on the associated graded would be just the
projections �, which are quasi-isomorphisms over R. This would imply that the whole map from
C�.H; ƒ/ and C�.H; ƒ/ is a quasi-isomorphism, and complete the proof of the proposition.

We are left to find diagonal maps as in (247). Recall that each ˆ EMs is the composition of a projection-
inclusion I

EM
s and a descent map D

EM

p
EM .s/

. We will first show that the projections � commute with the
projection-inclusions (on the nose), and then that they commute with the descent maps up to chain
homotopies that fit into suitable hypercubes.

Thus, with regard to the projection-inclusions, we seek commutative diagrams of the form

(248)

A�.HL; s/
I
EM

s
//

�

��

A�.HL; EM;p
EM .s//

�
��

A�.HL; s/
I
EM

s
// A�.HL; EM;p

EM .s//

Here, the map � on the right-hand side is defined just as before, through formulas of the type (246) if
L1 �MC, or (245) otherwise.

To check that (248) commutes, we use the formula (234) for the projection-inclusion maps. If L1 6�MC,
the verification is straightforward, since both vertical maps are given by the same formula (245). If
L1 �MC, ie 1 2 IC. EL; EM/, then we use (245) for the left vertical map and (246) for the right vertical
map. We calculate

I
EM
s

�
�

�
Um1;2 �

Y
i2IC. EL; EM/

Y
j

V
ni;j
i;j Y

ai;j
i;j .x� r/

��

D

(
I
EM
s

�
Um1;1 �

Qp1
jD3 V

ni;j
i;j Y

ai;j
i;j �

Q
i2IC. EL; EM/;i¤1

Q
j V

ni;j
i;j Y

ai;j
i;j x

�
if a1;2 D 0; r D xC;

0 otherwise,

which gives

U
mCA1.x/�s1�

Pp1
jD3

n1;j

1;1 U
n1;3
1;3 � � �U

n1;p1
1;p1

�

Y
i2IC. EL; EM/

i¤1

U
Ai .x/�si�

Ppi
jD2

ni;j

i;1 U
ni;2
i;2 � � �U

ni;pi
i;pi

x
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if r D xC and all ai;j D 0 for i 2 IC. EL; EM/, and gives zero otherwise. This is the same answer as

�

�
I
EM
s

�
Um1;2�

Y
i2IC. EL; EM/

Y
j

V
ni;j
i;j Y

ai;j
i;j .x�r/

��

D

(
�
�
Um1;2�

Q
i2IC. EL; EM/

U
Ai .x/�si�

Ppi
jD2

ni;j

i;1 U
ni;2
i;2 � � �U

ni;pi
i;pi

.x�r/
�

if all ai;j D0 for i 2IC. EL; EM/;

0 otherwise.
Hence, the diagram (248) commutes.

Next, we look at descent maps of the form (235). When M is a knot, we seek a diagram

(249)
A�.HL; EM;p

EM .s//

D
EM

p
EM.s/

//

�
�� **

A�.HL�M ;  
EM .s//

�
��

A�.HL; EM;p
EM .s//

D
EM

p
EM.s/
// A�.HL�M ; EM; 

EM .s//

that commutes up to the homotopy given by the diagonal map. For general M, we need higher chain
homotopies that fit into a chain map between hypercubes.

Recall from Section 13.6 that the map

D
EM

p EM .s/
W A�.HL; EM;p

EM .s//! A�.HL�M ;  
EM .s//

is the largest diagonal in the compression of a hyperbox

C D C.H
EL; EM ;  

EM .s//:

Similarly, the corresponding map D EM
p EM .s/

coming from H is obtained by compressing a hyperbox

C D C.H
EL; EM ;  

EM .s//:

The relation between the hyperboxes of chain complexes H
EL; EM and H

EL; EM was described in Section 8.9.
When L1 6�M�, these two hyperboxes have the same size, and the diagrams in H

EL; EM are obtained from
the corresponding ones in H

EL; EM by an index zero/three link stabilization. As such, there are equivalences �
that relate the corresponding complexes in the hyperboxes H

EL; EM and H
EL; EM . These equivalences commute

(up to chain homotopy) with the polygon maps in the hyperboxes, by Propositions 6.20 and 7.16. Thus,
the maps � commute with D EM

p EM .s/
up to chain homotopy, and we obtain commuting diagrams of the

form (249).

The more interesting case is when L1 �M�. Then, as explained in Section 8.9, the hyperbox H
EL; EM is

obtained from H
EL; EM by stabilizing all diagrams as in Figure 14, and then also increasing the length of

the hyperbox by one in the direction i D 1, by adding the move shown in Figure 18. Furthermore, recall
from (236) that the length of the hyperbox C in the direction i D 1 is d1Cp1�1, where d1 is the length
of H

EL; EM in that direction. A similar formula holds for C and H
EL; EM . Since there is one extra pair of

basepoints in H
EL; EM than in H

EL; EM , we deduce that the first side length of C is two more than that of C.
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To be able to compare the hyperboxes, we replace C by a new hyperbox zC, which is obtained from C by
two elementary enlargements, as in Section 5.8 both in the direction i D 1, with one done at the beginning
and one at the end. The beginning one has to do with the additional basepoint (and thus additional
transition maps) present in C, and the ending one with the move from Figure 18.

Now, the hyperboxes C and zC have the same size. We claim that we can construct a chain map

Z W C ! zC

between these hyperboxes, in the sense of Definition 5.15, such that the maps Z0" D � WC
"! zC " are chain

homotopy equivalences over R. (Recall that a chain map between hyperboxes consists of maps Z0" that
preserve the index ", as well as higher diagonal maps Z"

0�"
" WC "! zC "

0

when "0 > " are neighbors.) After
compression, our map Z would produce a chain map between the resulting hypercubes. Furthermore, by
Lemma 5.21, elementary enlargements leave the compressed hypercubes unchanged. We would thus get
the desired chain map between the compressions of C and C, providing diagonal maps in (249).

We start by constructing the quasi-isomorphisms � WC "! zC ". Recall from Section 13.6 that C " looks like

� the resolution A�. � ;  
EM .s// in the directions i … I. EL; EM/,

� the complexes Cj from (217), with j D "i , in the directions i 2 I."/,

� the complex CF � D C fzg in the directions i 2 I�. EL; EM/� I."/,

� the complex CF � D C fwg in the directions i 2 IC. EL; EM/.

A similar description applies to zC ". In our case, since L1 �M�, either 1 2 I."/ or 1 2 I�. EL; EM/� I."/,
according to whether "1 < p1� 1 or not.

Observe that "1 can take values from 0 to d 01 D d1Cp1� 1. If 0 < "1 < d 01, then (regardless of whether
"1 is less or greater than p1� 1), the basepoint w2;1 does not play a role in the complex C ", and we are
in the situation of Figure 14. Thus, as in (76), we can identify C " with the cone

. zC "/
U1;1!U1;2
C

ŒŒU1;1��
U1;1�U1;2
�������! . zC "/U1;1!U1;2� ŒŒU1;1��:

We get an equivalence � W C "! zC " given by

�.Um1;2.x� r//D

�
Um1;1x if r D x�;
0 if r D xC:

On the other hand, when "1 D 0, then the complex C " is obtained from zC " by taking cones on V1;2� 1
and U1;2CU1;1V1;2, as in (244), and therefore we have an equivalence � given by (245):

�.Um1;2V
n
1;2Y

a
1;2.x� r//D

�
Um1;1x if aD 0; r D xC;
0 otherwise.

Lastly, when "1 D d 01, then C " is constructed from the Heegaard diagram at the end of the move in
Figure 18, ie using the ˛1 and 
1 curves. This is just a free index zero/three stabilization of the diagram
that gives zC ", and therefore we can identify C " with the cone

zC "CŒŒU1;2��
U1;1�U1;2
�������! zC "�ŒŒU1;2��:
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We obtain an equivalence � W C "! zC " given by

�.Um1;2.x� r//D

�
Um1;1x if r D y�;
0 if r D yC:

We now construct the other components of the chain map Z, ie Z"
0�"
" for " < "0.

When "1 > 0, we simply set Z"
0�"
" D 0. If we denote by D"

0�"
" and zD"

0�"
" the maps in the hyperboxes C

and zC, we claim that the diagrams

C "
D"
0�"
"
//

�
��

C "
0

�
��

zC "
zD"
0�"
"
// zC "

0

commute on the nose. Indeed, when 1< "1<d 01�1, this follows from the study of holomorphic polygons
in the stabilized diagram; see Proposition 7.14. For "1Dd 01�2 and "01Dd

0
1�1, we can use the description

of holomorphic polygons under the move in Figure 18, that is, Proposition 7.21. When "1 D "01 D d
0
1� 1,

we use the similar description of a free index zero/three stabilization; see Proposition 6.21.

When "1D 0, we again set Z"
0�"
" D 0 (for " < "0), with one exception: if "0 differs from " only in position

i D 1, where "01 D 1 (in other words if "0 D "C �1 in the notation of Section 5.1). When "1 D 0 and
"0 D "C �1, we set

Z"
0�"
" .Um1;2V

n
1;2Y

a
1;2.x� r//D

�
mUm�11;1 x if aD 0; r D x�;
0 otherwise.

This is exactly analogous to the situation described in Section 13.2, where we had the formula (204) for
the diagonal map Z. Checking that Z"

0�"
" fits into a chain map between the hypercubes in C and zC is

entirely similar to the proof of (199) in Section 13.2.

This completes the construction of the chain map between C and zC. From here we obtain the desired
quasi-isomorphism between the surgery complexes C�.H; ƒ/ and C�.H; ƒ/.

14 Beyond the surgery theorem

We discuss here several extensions of Theorem 1.1.

14.1 Maps induced by surgery

We work in the setting of Section 13.7, with EL� Y being a link in an integral homology three-sphere,
and H a complete system of hyperboxes for EL. Let L0 � L be a sublink, with the orientation induced
from EL. The hyperboxes H

EL00; EM with M �L00 �L0 form a complete system of hyperboxes for EL0, which
we denote by HjL0 .
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Following the notation from Section 11.1, we let Wƒ.L0; L/ be the cobordism from YƒjL0 .L
0/ to Yƒ.L/

given by surgery on L�L0 (framed with the restriction of ƒ). Recall that in Lemma 11.2 we established
an identification

Spinc.Wƒ.L0; L//ŠH.L/=H.L;ƒjL0/

such that the natural projection

�L;L
0

W
�
H.L/=H.L;ƒjL0/

�
! .H.L/=H.L;ƒ//

corresponds to restricting the Spinc structures to Yƒ.L/, and the map

 L�L
0

W
�
H.L/=H.L;ƒjL0/

�
!
�
H.L0/=H.L0; ƒjL0/

�
corresponds to restricting them to YƒjL0 .L

0/.

Lemma 14.1 Fix an equivalence class t 2H.L/=H.L;ƒjL0/. Then the map

(250)  L�L
0

W fs 2H.L/ j Œs�D tg ! fs0 2H.L0/ j Œs0�D  L�L
0

.t/g

is always surjective , and it is injective if and only if every component Lj � L�L0 is rationally null-
homologous inside the surgered manifold YƒjL0 .L

0/.

Proof Using affine identifications between spaces of Spinc structures and second cohomology, surjectivity
and injectivity of (250) are equivalent to the same conditions for the restriction map:

(251) Ker
�
H 2.Wƒ.L//!H 2.Wƒ.L

0; L//
�
! Ker

�
H 2.WƒjL0 .L

0//!H 2.YƒjL0 .L
0//
�
:

Using long exact sequences for pairs, we can rewrite (251) as

Im
�
H 2.Wƒ.L/;Wƒ.L

0; L//!H 2.Wƒ.L//
�
! Im

�
H 2.WƒjL0 .L

0/; YƒjL0 .L
0//!H 2.WƒjL0 .L

0//
�
:

Surjectivity of the last map follows directly from the existence of a commutative diagram

H 2.Wƒ.L/;Wƒ.L
0; L// //

Š

��

H 2.Wƒ.L//

��

H 2.WƒjL0 .L
0/; YƒjL0 .L

0// // H 2.WƒjL0 .L
0//

Injectivity of (251) is equivalent to injectivity of the combined restriction map

(252) H 2.Wƒ.L//!H 2.Wƒ.L
0; L//˚H 2.WƒjL0 .L

0//:

In turn, using the Mayer–Vietoris sequence in cohomology, injectivity of (252) is equivalent to surjectivity
of the map

(253) H 1.Wƒ.L
0; L//˚H 1.WƒjL0 .L

0//!H 1.YƒjL0 .L
0//:

Since H 1.WƒjL0 .L
0// D 0 and H 1 groups have no torsion, we can rephrase surjectivity of (253) as

injectivity of the dual map with rational coefficients:

H1.YƒjL0 .L
0/IQ/!H1.Wƒ.L

0; L/IQ/:
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In turn, this is equivalent to the vanishing of the boundary map

(254) H2.Wƒ.L
0; L/; YƒjL0 .L

0/IQ/!H1.YƒjL0 .L
0/IQ/:

Since the domain of (254) is generated by the cores of the 2-handles attached along link components
Lj � L�L

0, the conclusion follows.

Observe that, for every equivalence class t 2H.L/=H.L;ƒjL0/,

zC�.H; ƒ/L
0;t
WD

M
L�L0�M�L

Y
s2H.L/
Œs�Dt

A�.HL�M ;  M .s//

is a subcomplex of C�.H; ƒ; �L;L
0

.t//� C�.H; ƒ/.

If the injectivity condition in Lemma 14.1 holds, so that the map (250) is a bijection, then the complex
zC�.H; ƒ/L

0;t is isomorphic to

C�.HjL0 ; ƒjL0 ;  
L�L0.t//D

M
M 0�L0

Y
s02H.L0/

Œs0�D L�L
0
.t/

A�.HL0�M 0 ;  M
0

.s0//:

Indeed, the isomorphism is induced by taking M to M 0 DM � .L�L0/ and s to s0 D  L�L
0

.s/.

In the general case, even if the map (250) is not bijective, we still have an injective chain map

� W C�.HjL0 ; ƒjL0 ;  
L�L0.t//! zC�.H; ƒ/L

0;t

given by summing up all the natural identifications

A�.HL0�M 0 ;  M
0

.s0// Š�! A�.HL�M ;  M .s//

such that M 0 DM � .L�L0/, Œs�D t and s0 D  L�L
0

.s/.

We denote by C�.H; ƒ/L
0;t the image of the inclusion �. This is a subcomplex of C�.H; ƒ; �L;L

0

.t//

that is isomorphic to C�.HjL0 ; ƒjL0 ;  
L�L0.t//. When the injectivity condition in Lemma 14.1 holds,

C�.H; ƒ/L
0;t coincides with the previously defined zC�.H; ƒ/L

0;t .

Example 14.2 Suppose LD L1[L2 is a two-component link, with lk.L1; L2/D 1. Consider .0; 0/
surgery on L, so that ƒD

�
0
1
1
0

�
. Let L0 D L1. Pick s0 2 Z and set

t D
��
s0C 1

2
; 1
2

��
2H.L/=H.L;ƒjL0/Š

�
ZC 1

2

�2
=.0; 1/:

Then C�.HjL0 ; ƒjL0 ;  
L�L0.t// is the complex associated to 0 surgery on L1, and consists of two

generalized Floer complexes

A WD A�.HL1 ; s0/; B WD A�.H∅/;
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�

A

B

ˆ�L
0

s0

A A A

B B B

: : : : : :ˆCL
0

s0

Figure 44: The inclusion of C�.HjL0 ; ƒjL0 ;  
L�L0.t// into zC�.H; ƒ/L

0;t . The blue and red
arrows are copies of the maps ˆCL1

s0
and ˆ�L1

s0
, respectively. The inclusion � is given by sending

each generator x 2 A to . : : : ;x;x;x; : : : / in the infinite direct product on the right-hand side;
and similarly for generators y 2B. The image of � is denoted by C�.H; ƒ/L

0;t .

related by the sum of the maps ˆCL1s0 and ˆ�L1s0 . On the other hand, zC�.H; ƒ/L
0;t is the direct product

of infinitely many copies of A and B, related by maps ˆCL1s0 and ˆ�L1s0 arranged in a zigzag, as in
Figure 44. The inclusion � is similar to the one defined in (158) from Section 11.7, except now the target
has infinitely many factors.

Theorem 1.1 implies that the homology of C�.HjL0 ; ƒjL0 ;  
L�L0.t//, and hence also the homology of

C�.H; ƒ/L
0;t , are isomorphic to

HF �� .YƒjL0 .L
0/; tjYƒjL0 .L

0//:

Ozsváth and Szabó [2006] associated a map F�W;t to any cobordismW between connected three-manifolds,
and Spinc structure t on that cobordism. In the case when the cobordism W consists only of two-handles
(ie is given by integral surgery on a link), the following theorem gives a way of looking at the map F�W;t
in terms of complete systems of hyperboxes:

Theorem 14.3 Let EL � Y be a link in an integral homology three-sphere , L0 � L a sublink , H a
complete system of hypercubes for EL, and ƒ a framing of L. Then , for any t 2 Spinc.Wƒ.L0; L// Š
H.L/=H.L;ƒjL0/, the following diagram commutes:

H�.C
�.H; ƒ/L

0;t/ //

Š

��

H�
�
C�.H; ƒ; �L;L

0

.t//
�

Š

��

HF �� .YƒjL0 .L
0/; tjYƒjL0 .L

0//
F�
Wƒ.L

0;L/;t
// HF �� .Yƒ.L/; tjYƒjL .L/

/

Here , the top horizontal map is induced from the inclusion of chain complexes , while the two vertical
isomorphisms are the ones from Theorem 1.1.

Proof We first discuss the proof in the case when H is a basic system. The argument is similar to the
one in [Ozsváth and Szabó 2008b, Theorem 4.2]; basically, one has to keep track of the surgery maps all
throughout the arguments in Section 12. The key point is to find commutative diagrams that relate the
inclusion maps of subhypercubes of H ı to cobordism maps between the respective Floer complexes.
This is done by applying the results of Section 11.7 (precisely, Propositions 11.30, 11.31, 11.33 and 11.35)
repeatedly, as we follow the iteration process in the proof of Proposition 12.11.
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We emphasize that, even though in the proof of Proposition 12.11 we have chosen a particular ordering
of the components of L (such that, if ƒ is degenerate, ƒ1 is in the span of the other framing vectors,
etc), regardless of the ordering we can apply the results of Section 11.7 to obtain an identification of
the cobordism maps associated to Wƒ.L0; L/ for any sublink L0 � L. For the sake of concreteness, we
explain how this works in the case of a link of two components LD L1[L2.

Suppose that the framing matrix ƒ is degenerate, so we had to choose the ordering of the components
such that ƒ1 is a multiple of ƒ2. (This is a constraint when ƒ1 is the zero vector.) To pick a particular
situation, let us assume that ƒ1 is indeed zero (so, in particular, L1 and L2 have zero linking number),
whereas the surgery coefficient of L2 is positive. In the iteration process that leads to Proposition 12.7,
we have a diagram of maps

(255)

CF �;ı.Yƒ1.L1/IT2/
gı1
//

j ı3
��

CF �;ı.Yƒ1Cm1�1.L1/IT2/
gı2

//

kı3
��

CF �;ı.Y IT /

lı3
��

CF �;ı.Yƒ.L//
f ı1

// CF �;ı.YƒCm1�1.L//
f ı2

//

kı1
��

CF �;ı.Yƒ2.L2/IT1/

lı1
��

CF �;ı.Y zƒ.L//
hı2

//

kı2
��

CF �;ı.Yƒ2Cm2�2.L2/IT1/

lı2
��

CF �;ı.Yƒ1Cm1�1.L1/IT2/
gı2

// CF �;ı.Y IT /

Here T1 D F ŒT1�=.T
m1
1 � 1/, T2 D F ŒT2�=.T

m2
2 � 1/, and we have dropped the chain homotopies

(corresponding to diagonals in the squares above) from notation for simplicity. Note that the bottom two
rows in (255) form the complex C ı .

In the proof of Proposition 12.11, we first look at a quasi-isomorphism .f ı1 ;H
ı
1 / from CF �;ı.Yƒ.L// to

the mapping cone Cone.f ı2 /, and then at a quasi-isomorphism from the latter to the mapping square C ı .
Let u be a Spinc structure on Yƒ.L/. An application of Proposition 11.24 shows that the first quasi-
isomorphism above decomposes into a direct sum of several quasi-isomorphisms; one of them relates
CF �;ı.Yƒ; u/ to a mapping cone Cone.f ı2;u/, in a grading-preserving fashion. Then a double application
of Proposition 11.11 gives a grading-preserving quasi-isomorphism from Cone.f ı2;u/ to a direct summand
C ıu � C ı .

Our new claim is that under the composition of these quasi-isomorphisms, the inclusion of the subcomplex
Cone.gı2;u/ (resp. Cone.lı2;u/) into C ıu corresponds to a cobordism map (coming from a unique Spinc

structure) from Yƒ1.L1/ to Yƒ.L/ (resp. from Yƒ2.L2/ to Yƒ.L/).

Indeed, in the case of Cone.gı2;u/, a double application of Proposition 11.30 gives a commutative diagram
between its inclusion into C ıu and a map (consisting of kı3;u; l

ı
3;u and a diagonal chain homotopy) from

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 3029

Cone.gı2;u/ to Cone.f ı2;u/. Then another commutative diagram relates the latter map to a cobordism map
from Yƒ1.L1/ to Yƒ.L/, using a double application of Proposition 11.29.

In the case of Cone.lı2;u/, a double application of Proposition 11.11 gives a commutative diagram between
its inclusion into C ıu and the inclusion of a summand of CF �;ı.Yƒ2.L2/IT1/ into Cone.f ı2;u/. Then
another commutative diagram relates the latter inclusion to a cobordism map from Yƒ1.L2/ to Yƒ.L/,
by applying Proposition 11.34.

It is straightforward to extend this argument to links of several components (and arbitrary sublinks). This
leads to a proof of Theorem 14.3 in the case when the complete system H is basic.

For general complete systems, note that the quasi-isomorphisms used in the proof of Theorem 1.1 in
Sections 12.6 and 13.7 respect the inclusion maps. We obtain the desired commutative diagram, except
that a priori, the bottom row is a more general cobordism map than the one considered in [Ozsváth and
Szabó 2006]. More precisely, it counts holomorphic triangles between multipointed Heegaard diagrams
(for the respective three-manifolds) that may have more than one basepoint; the original cobordism maps
F�
Wƒ.L0;L/;t

as defined in [loc. cit.], were going between singly pointed diagrams. Nevertheless, after
some handleslides, isotopies and index one/two stabilizations and destabilizations, we can arrange so
that the multipointed Heegaard triple diagrams involved are all obtained from basic ones by a sequence
of index zero/three (free and link) stabilizations. The fact that the bottom row can be identified with
F�
Wƒ.L0;L/;t

then follows from Propositions 6.21 and 7.16.

14.2 Other versions

The chain complex C�.H; ƒ; u/ from Section 9.2 was constructed so that the version of Heegaard Floer
homology appearing in Theorem 15.9 is HF �. We now explain how one can construct similar chain
complexes yC.H; ƒ; u/, CC.H; ƒ; u/ and C1.H; ƒ; u/, corresponding to the theories �HF, HFC andHF1.

The chain complex yC.H; ƒ; u/ is simply obtained from C�.H; ƒ; u/ by setting one of the variables Ui
equal to zero. Its homology computes �HF.Yƒ.L/; u/.

The chain complex C1.H; ƒ; u/ is obtained from C�.H; ƒ; u/ by inverting all the Ui variables. It is a
module over the ring of Laurent semi-infinite polynomials

R1 D F ŒŒU1; : : : ; UkIU
�1
1 ; : : : ; U�1k �D .U1; : : : ; Uk/

�1R:

In other words, R1 consists of those power series in Ui ’s that are sums of monomials with degrees
bounded from below.

Note that C�.H; ƒ; u/ is a subcomplex of C1.H; ƒ; u/. We denote the respective quotient complex by
CC.H; ƒ; u/. Theorems 1.1 and 14.3 admit the following extension:
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Theorem 14.4 Fix a complete system of hyperboxes H for an oriented , `-component link EL in an
integral homology three-sphere Y, and fix a framing ƒ of L. Pick u 2 Spinc.Yƒ.L//ŠH.L/=H.L;ƒ/.
Then there are vertical isomorphisms and horizontal long exact sequences making the following diagram
commute:

� � � // H�.C
�.H; ƒ; u// //

Š

��

H�.C
1.H; ƒ; u// //

Š

��

H�.C
C.H; ƒ; u// //

Š

��

� � �

� � � // HF �� .Yƒ.L/; u/
// HF1� .Yƒ.L/; u/

// HFC� .Yƒ.L/; u/ // � � �

Furthermore , the maps in these diagrams behave naturally with respect to cobordisms , in the sense that
there are commutative diagrams analogous to those in Theorem 14.3, involving the cobordism maps
F�Wƒ.L0;L/;t

, F1Wƒ.L0;L/;t and FCWƒ.L0;L/;t.

Proof Inverting theUi variables is an exact operation on modules; see for example [Atiyah and Macdonald
1969, Proposition 3.3]. Hence the quasi-isomorphisms relating C�.H; ƒ; u/ and CF �.Yƒ.L/; u/ induce
similar ones between the respective infinity versions. The five lemma then implies that the resulting maps
between the plus versions are quasi-isomorphisms as well. Naturality with respect to the cobordism maps
is clear from the construction.

Remark 14.5 For the plus version, at least when c1.u/ is torsion, we can replace direct products with
direct sums in the link surgery formula, and thus obtain a formula closer in spirit to [Ozsváth and Szabó
2008b]. Indeed, when c1.u/ is torsion, we have a relative Z-grading on the surgery complex CC.H; ƒ; u/,
and only finitely many terms in the direct product are nonzero in each grading level. Therefore, if we are
interested in a fixed grading level, direct sums and direct products give the same answer. This implies
that the plus surgery complexes constructed with direct sums are the same as those with direct products,
overall. (The U actions also coincide, because they coincide in each grading level.)

By contrast, recall that, for CF �, we do need to use direct products, as explained in Section 4.3.

14.3 Mixed invariants of closed four-manifolds

Let us recall the definition of the closed four-manifold invariant from [Ozsváth and Szabó 2006]. Let
X be a closed, oriented four-manifold with bC2 .X/� 2. By deleting two four-balls from X we obtain a
cobordism W from S3 to S3. We can cut W along a three-manifold N so as to obtain two cobordisms
W1; W2 with bC2 .Wi / > 0; further, the manifold N can be chosen such that ıH 1.N IZ/�H 2.W IZ/ is
trivial. (If this is the case, N is called an admissible cut.) Let t be a Spinc structure on X and t1; t2 its
restrictions to W1; W2. In this situation, the cobordism maps

F�W1;t1 WHF
�.S3/!HF �.N; tjN / and FCW2;t2 W HFC.N; tjN /! HFC.S3/

factor through HFred.N; tjN /, where

HFred D Coker.HF1! HFC/Š Ker.HF �!HF1/:
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By composing them we obtain the mixed map

Fmix
W;t WHF

�.S3/! HFC.S3/;

which changes degree by the quantity d.t/C 2, where

d.t/D 1
4
.c1.t/

2
� 2�.X/� 3�.X//:

Let ‚� be the maximal-degree generator in HF �.S3/, lying in degree �2. Clearly the map Fmix
W;t can be

nonzero only when d.t/ is even and nonnegative. If this is the case, the value

(256) ˆX;t D U
d.t/=2

�Fmix
W;t .‚�/ 2 HFC0 .S

3/Š F

is an invariant of the four-manifold X and the Spinc structure t. It is conjecturally the same as the
Seiberg–Witten invariant.

Remark 14.6 In [Ozsváth and Szabó 2006, Section 9], the mixed invariant was defined as a map

F ŒU �˝ƒ�.H1.X/=Tors/! F :

We only discuss here the value of this map at 1, which is exactly ˆX;t as defined in (256).

The following definition was sketched in the introduction:

Definition 14.7 Let X be a closed, oriented four-manifold with bC2 .X/ � 2. A cut link presentation
for X consists of a link L� S3, a decomposition of L as a disjoint union

LD L1qL2qL3;

and a framing ƒ for L (with restrictions ƒi to Li for i D 1; : : : ; 3) with the following properties:

� S3ƒ1.L1/ is a connected sum ofm copies of S1�S2 for somem� 0. We denote byW1 the cobordism
from S3 to #m.S1 �S2/ given by m one-handle attachments.

� S3ƒ1[ƒ2[ƒ3.L1[L2[L3/ is a connected sum of m0 copies of S1�S2 for some m0 � 0. We denote

by W4 the cobordism from #m
0

.S1 �S2/ to S3 given by m0 three-handle attachments.

� If we denote by W2 (resp. W3) the cobordisms from S3ƒ1.L1/ to S3ƒ1[ƒ2.L1 [ L2/ (resp. from
S3ƒ1[ƒ2.L1[L2/ to S3ƒ1[ƒ2[ƒ3.L1[L2[L3/) given by surgery on L2 (resp. L3), ie consisting
of two-handle additions, then

W DW1[W2[W3[W4

is the cobordism from S3 to S3 obtained from X by deleting two copies of B4.

� The manifoldN DS3ƒ1[ƒ2.L1[L2/ is an admissible cut forW, ie bC2 .W1[W2/>0, bC2 .W3[W4/>0
and ıH 1.N /D 0 in H 2.W /.

Lemma 14.8 Any closed , oriented four-manifold X with bC2 .X/� 2 admits a cut link presentation.
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Proof Start with a decomposition W D W 0 [N W 00 along an admissible cut. Split W 0 into three
cobordisms

W 0 DW 01 [W
0
2 [W

0
3

such that W 0i consists of i -handle additions only. It is easy to check that the decomposition

W D .W 01 [W
0
2/[ .W

0
3 [W

00/

is still along an admissible cut. Next, split the cobordism W 03 [W
00 into

W 001 [W
00
2 [W

00
3

such that W 0i consists of i-handle additions only. Finally, adjoin the one-handles from W 001 to W 01 [W
0
2

and rearrange the handles to obtain a decomposition

W 01 [W
0
2 [W

00
1 DW1[W2;

where Wi for i D 1; 2 consists of i -handle additions only. If we set W3 DW 002 and W4 DW 003 , we obtain a
decomposition along admissible cut of the form

W D .W1[W2/[ .W3[W4/;

We can then find a framed link L D L1 [L2 [L3 such that surgery on L1 produces the same three-
manifold as at the end of the cobordism W1 (made of one-handles), whereas surgery on L2 and L3 is
represented by the cobordisms W2 and W3 (made of two-handles), respectively.

Definition 14.9 Let X be a closed, oriented four-manifold with bC2 .X/� 2. A hyperbox presentation �
for X consists of a cut link presentation .LD L1[L2[L3; ƒ/ for X, together with a complete system
of hyperboxes for L.

The four-manifold invariant ˆX;t can be expressed in terms of a hyperbox presentation � for X as follows.
Using Theorem 14.4, we can express the maps F�

W2;tjW2
and FC

W3;tjW3
in terms of counts of holomorphic

polygons on a symmetric product of the surface. We can combine these maps using their factorization
through HFred, and obtain a mixed map

Fmix
W2[W3;tjW2[W3

WHF �
�
#m.S1 �S2/

�
! HFC

�
#m
0

.S1 �S2/
�
:

On the other hand, by composing the maps induced on homology by natural inclusions of chain complexes
(of the kind used in Theorem 14.3), via factoring through a reduced group

Ker
�
H�.C

�.H; ƒ/L1[L2;tjW3 /!H�.C
1.H; ƒ/L1[L2;tjW3 /

�
we can construct a map

Fmix
�;t WH�.C

�.H; ƒ/L1;tjW2[W3 /!H�.C
C.H; ƒ/

L1[L2[L3;tj#m
0
.S1�S2//:
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Theorem 14.4 implies that Fmix
�;t is the same as Fmix

W2[W3;tjW2[W3
, up to compositions with isomorphisms

on both the domain and the target. Note, however, that at this point we do not know how to identify
elements in the domains (or targets) of the two maps in a canonical way. For example, we know that
there is an isomorphism

(257) H�.C
�.H; ƒ/L1;tjW2[W3 /ŠHF �

�
#m.S1 �S2/

�
;

but it may be difficult to pinpoint what the isomorphism is, in terms of H. Nevertheless, the good news
is that HF �

�
#m.S1 �S2/

�
has a unique maximal-degree element ‚mmax. We can identify what ‚mmax

corresponds to on the left-hand side of (257) by simply computing degrees. Let us denote the respective
element by

‚�max 2H�.C
�.H; ƒ/L1;tjW2[W3 /:

The following proposition says that one can decide whether ˆX;t 2 F is zero or one from information in
the hyperbox presentation �:

Theorem 14.10 Let X be a closed , oriented four-manifold X with bC2 .X/� 2, with a Spinc structure
t with d.t/ � 0 even. Let � be a hyperbox presentation for X. Then ˆX;t D 1 if and only if U d.t/=2 �
Fmix
�;t .‚

�
max/ is nonzero.

Proof We have

ˆX;t D U
d.t/=2

�Fmix
W;t .‚�/D F

C

W4;tjW4

�
U d.t/=2 �Fmix

W2[W3;tjW2[W3

�
F�W1;tjW1

.‚�/
��
:

By the definition of the one-handle addition maps from [Ozsváth and Szabó 2006, Section 4.3],

F�W1;tjW1
.‚�/D‚

m
max:

Note that U d.t/=2 �Fmix
W2[W3;tjW2[W3

.‚mmax/ lies in the minimal degree k for which

HFC
k
.S3ƒ1[ƒ2[ƒ3.L1[L2[L3//D HFC

k

�
#m
0

.S1 �S2/
�

is nonzero, namely k D�1
2
m0. There is a unique nonzero element in the Floer homology in that degree,

which is taken to 1 by the three-handle addition map FC
W4;tjW4

; see [loc. cit.].

We deduce from here that ˆX;t D 1 if and only if U d.t/=2 � Fmix
W2[W3;tjW2[W3

.‚mmax/ is nonzero. The
claim then follows from the fact that the maps Fmix

�;t and Fmix
W2[W3;tjW2[W3

are the same up to pre- and
post-composition with isomorphisms.

14.4 The link surgeries spectral sequence

Our goal here will be to explain how the link surgeries spectral sequence from [Ozsváth and Szabó 2005,
Section 4] can be understood in terms of complete systems of hyperboxes for links in S3.
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We recall the main result from [loc. cit.]. Let M DM1 [ � � � [M` be a framed `-component link in a
three-manifold Y. For each "D ."1; : : : ; "`/ 2 E` D f0; 1g

`, we let Y."/ be the three-manifold obtained
from Y by doing "i -framed surgery on Mi for i D 1; : : : ; `.

When "0 is an immediate successor to " (that is, when " < "0 and k"0� "k D 1), the two-handle addition
from Y."/ to Y."0/ induces a map on Heegaard Floer homology

F�"<"0 WHF
�.Y."//!HF �.Y."0//:

The following is the link surgery spectral sequence [ibid., Theorem 4.1], but phrased here in terms of
HF � rather than �HF or HFC:

Theorem 14.11 (Ozsváth and Szabó) There is a spectral sequence whoseE1 term is
L
"2E`

HF �.Y."//,
whose d1 differential is obtained by adding the maps F�"<"0 (for "0 an immediate successor to "), and
which converges to E1 ŠHF �.Y /.

To relate this to the constructions in this paper, we represent Y.0; : : : ; 0/ itself as surgery on a framed
link .L0; ƒ0/ inside S3. Let L01; : : : ; L

0
`0

be the components of L0. There is another framed link
.L D L1 [ � � � [ L`; ƒ/ in S3, disjoint from L0, such that surgery on each component Li (with the
given framing) corresponds exactly to the 2-handle addition from Y.0; : : : ; 0/ to Y.0; : : : ; 0; 1; 0; : : : ; 0/,
where the 1 is in position i . For " 2E`, we denote by L" the sublink of L consisting of those components
Li such that "i D 1.

Let H be a complete system of hyperboxes for the link L0[L� S3. As mentioned in Section 14.1, inside
the surgery complex C�.H; ƒ0 [ƒ/ (which is an .`0C`/-dimensional hypercube of chain complexes)
we have various subcomplexes corresponding to surgery on the sublinks on L0 [L. We will restrict
our attention to those sublinks that contain L0, and use the respective subcomplexes to construct a new,
`-dimensional hypercube of chain complexes C�.H; ƒ0[ƒ==L/ as follows.

At a vertex " 2 E` we put the complex

C�.H; ƒ0[ƒ==L/" D C�.HjL0[L" ; ƒ
0
[ƒjL"/:

Consider now an edge from " to "0 D " C �i in the hypercube E`. The corresponding complex
C�.HjL0[L" ; ƒ

0[ƒjL"/ decomposes as a direct product over all Spinc structures s on

Y."/D S3.L0[L"; ƒ0[ƒjL"/:

As we explained in Section 14.1, each factor C�.HjL0[L" ; ƒ
0 [ ƒjL" ; s/ admits an inclusion into

C�.HjL0[L"0 ; ƒ
0 [ ƒjL"0 / as a subcomplex. In fact, there are several such inclusion maps, one for

each Spinc structure t on the 2-handle cobordism from Y."/ to Y."0/ such that t restricts to s on Y."/.
Adding up all the inclusion maps on each factor, one obtains a combined map

G�"<"0 W C
�.HjL0[L" ; ƒ

0
[ƒjL"/! C�.HjL0[L"0 ; ƒ

0
[ƒjL"0 /:
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We take G�"<"0 to be the edge map in the hypercube of chain complexes C�.H; ƒ0 [ƒ==L/. Since the
edge maps are just sums of inclusions of subcomplexes, they commute on the nose along each face of the
hypercube. Therefore, in the hypercube C�.H; ƒ0 [ƒ==L/ we can take the diagonal maps to be zero,
along all faces of dimension at least two.

This completes the construction of C�.H; ƒ0[ƒ==L/. As an `-dimensional hypercube of chain complexes,
its total complex admits a filtration by �k"k, which induces a spectral sequence; we will refer to the
filtration by �k"k as the depth filtration on C�.H; ƒ0[ƒ==L/.

Theorem 14.12 Fix a complete system of hyperboxes H for an oriented link EL0 [ EL in S3, and fix
framings ƒ for L and ƒ0 for L0. Suppose H has k basepoints of type w and p colors , and that L has
` components L1; : : : ; L`. Let Y.0; : : : ; 0/ D S3ƒ0.L

0/, and let Y."/ be obtained from Y.0; : : : ; 0/ by
surgery on the components Li � L with "i D 1 (for any " 2 E`). Then there is an isomorphism between
the link surgeries spectral sequence from Theorem 14.11 and the spectral sequence associated to the depth
filtration on C�.H; ƒ0[ƒ==L/.

Proof Theorem 1.1 gives a quasi-isomorphism between CF �.Y.1; : : : ; 1//D CF �.S3ƒ0[ƒ.L
0 [L//

and the surgery complex C�.H; ƒ0 [ƒ/. Let us summarize the main steps in the construction of this
quasi-isomorphism. It suffices to construct the quasi-isomorphism at the level of the vertical truncations
C�;ı ı

0

.H; ƒ0 [ƒ/ and CF �;ı ı
0

.Y.1; : : : ; 1//. (In the proof, we used vertical truncations by ı for
torsion Spinc structures and by ı ı0 for nontorsion Spinc structures. However, it is clear that always
truncating by ı ı0 works, too.) We consider a basic system Hb for L0 [ L. By relating H to Hb

via some moves on complete systems, we find a quasi-isomorphism between C�;ı ı
0

.H; ƒ0[ƒ/ and
C�;ı ı

0

.Hb; ƒ
0[ƒ/. By a version of the large surgeries theorem, the hypercube C�;ı ı

0

.Hb; ƒ
0[ƒ/

is shown to be quasi-isomorphic to a hypercube H ı ı 0 , in which at each vertex we have the truncated
Floer complex of some surgery on a sublink of L0[L, possibly with twisted coefficients. Finally, iterating
a variant of the surgery exact triangle, we obtain a quasi-isomorphism between CF �;ı ı

0

.Y.1; : : : ; 1//

and the total complex of H ı ı 0 .

Recall that from the .`C`0/-dimensional hypercube C�.H; ƒ0 [ ƒ/ we construct an `-dimensional
hypercube C�.H; ƒ0[ƒ==L/. In the new hypercube, at each vertex " 2 E` we have an k"k-dimensional
subhypercube of the original C�.H; ƒ0 [ƒ/; along the edges we have corresponding inclusion maps,
and along higher-dimensional faces the diagonal maps are trivial. We can apply an analogous proce-
dure to the truncated hypercubes C�;ı ı

0

.H; ƒ0[ƒ/;C�;ı ı
0

.Hb; ƒ
0[ƒ/ and H ı ı 0 , and obtain `-

dimensional hypercubes from them; we denote these by C�;ı ı
0

.H; ƒ0[ƒ==L/;C�;ı ı
0

.Hb; ƒ
0[ƒ==L/

and H ı ı 0==L. The quasi-isomorphisms between .`C`0/-dimensional hypercubes constructed in the
proof of Theorem 1.1 all preserve the corresponding depth filtrations, and thus induce quasi-isomorphisms
between respective subhypercubes. As a consequence, we can construct filtered quasi-isomorphisms
(with respect to the depth filtration) between C�;ı ı

0

.H; ƒ0 [ ƒ==L/;C�;ı ı
0

.Hb; ƒ
0 [ ƒ==L/ and
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.H ı ı 0==L/. This implies that the corresponding spectral sequences (induced by the depth filtrations on
`-dimensional hypercubes) are isomorphic.

It remains to find an isomorphism between the spectral sequence induced by the depth filtration on the hy-
percube H ı ı 0==L, and the ı ı0 truncation of the link surgeries spectral sequence from Theorem 14.11.
Let us first explain how this is done in the simplest case, when ` D 1 so that the link L has a single
component L1 DK. We further assume that K has linking number zero with each component of L0. We
will drop the truncation symbol ı ı0 from notation for simplicity (in fact, in this step of the argument
the quasi-isomorphism exists also at the level of untruncated complexes). The spectral sequence from
Theorem 14.11 is simply associated to the depth filtration on a one-dimensional hypercube, which is the
mapping cone

(258) CF �.S3ƒ0.L
0//! CF �.S3ƒ0[ƒ.L

0
[K//:

On the other hand, the hypercube H ==L is a mapping cone

(259) .H ==L/0! .H ==L/1;

where .H ==L/0 is CF �.S3ƒ0.L
0// and .H ==L/1 is itself a mapping cone

(260) CF �.S3ƒ0[.ƒCm/.L
0
[K//!

Mm
CF �.S3ƒ0.L

0//

for some m� 0.

The surgery exact triangle (Proposition 11.5) says that the second term in (258) is quasi-isomorphic
to the second term in (259). In fact, we can take a quasi-isomorphism given by a triangle-counting
map from CF �.S3ƒ0[ƒ.L

0 [K// to the first term in (260), and a quadrilateral-counting map to the
second term in (258). We can extend this quasi-isomorphism to one between the mapping cone (258)
and the mapping cone (259), by taking the identity between their first terms CF �.S3ƒ0.L

0//, and also
adding a diagonal map from CF �.S3ƒ0.L

0// to the mapping cone (259). This diagonal map consists of a
quadrilateral-counting map from CF �.S3ƒ0.L

0// to the first term in (260), and a pentagon-counting map
from CF �.S3ƒ0.L

0// to the second term in (260). This produces a chain map between (258) and (259),
which is a quasi-isomorphism because it is so on the level of the associated graded of the depth filtrations.

Let us now discuss how this construction can be generalized to the case when the link L has an arbitrary
number ` of connected components. The link surgeries spectral sequence from Theorem 14.11 is
associated to the depth filtration on an `-dimensional hypercube, where at each vertex we have a Heegaard
Floer complex CF �.Y."//, along the edges we have triangle-counting maps (producing the cobordism
maps F�"<"0 on the E1 page), and along the higher-dimensional faces we have higher polygon-counting
maps. We can construct a filtered quasi-isomorphism between this hypercube and H ==L as follows:
between corresponding vertices we use the quasi-isomorphisms given iterating the surgery exact triangle
(Proposition 11.5), and then we complete this to a chain map between the hypercubes, by adding
further polygon-counting maps along the diagonals. A filtered quasi-isomorphism between `-dimensional

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 3037

hypercubes produces an isomorphism between the respective spectral sequences, and this completes the
proof.

15 The surgery theorem applied to grid diagrams with free markings

In this section we state a variant of the surgery theorem, in terms of counts of polygons on grid diagrams
with free markings. The proof involves applying Theorem 1.1 to a special kind of complete system,
associated to the grid.

15.1 Grid diagrams with free markings

Toroidal grid diagrams are a particular kind of Heegaard diagrams for a link in S3. In [Manolescu et al.
2009a; 2007], they have been used to give combinatorial descriptions to link Floer complexes.

We introduce here a slightly more general concept, that of a toroidal grid diagram with free markings.
(An example is shown in Figure 45.) Such a diagram G consists of a torus T, viewed as a square in
the plane with the opposite sides identified, and split into n annuli (called rows) by n horizontal circles
˛1; : : : ; ˛n, and into n other annuli (called columns) by n vertical circles ˇ1; : : : ; ˇn. Further, we are
given several markings on the torus, of two types X and O, such that

� each row and each column contains exactly one O marking;

� each row and each column contains at most one X marking;

� if the row of an O marking contains no X markings, then the column of that O marking contains
no X markings either. An O marking of this kind is called a free marking.

It follows that G contains exactly n O markings and n� q X markings, where q is the number of free
markings. A marking that is not free is called linked. The number n is called the grid number of G.

Figure 45: A grid diagram for the Hopf link, with two free markings. The link is drawn in green.
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Given G as above, we draw horizontal arcs between the (linked) markings in the same row, and vertical
arcs between the markings in the same column. Letting the vertical arcs be overpasses whenever they
intersect the horizontal arcs, we then obtain a planar diagram for a link EL� S3, which we orient so that
all horizontal arcs go from an O to an X. We denote by ` the number of components of L.

A toroidal grid is a type of multipointed Heegaard diagram for EL, with the horizontal circles being the alpha
curves ˛1; : : : ; ˛n, and the vertical curves being the beta curves ˇ1; : : : ; ˇn. We let S DS .G/DT˛\Tˇ ,
where T˛ D ˛1 � � � � �˛n and Tˇ D ˇ1 � � � � �ˇn are tori in the symmetric product Symn.T/.

Following the notation of [Manolescu et al. 2007], we use X and O markings to play the role of the
basepoints zi and wi , respectively. In particular, we change the notation from Section 3.2 and write Xi
andOi for nzi and nwi , respectively. Further, we let Xi and Oi be the sets of X andO markings on a link
component Li . We write XD

S
i Xi for the set of all X markings, and O for the set of all O markings

(including the linked ones). We also fix an ordering of the basepoints in each set Xi and Oi . Note that the
free markings are exactly the free basepoints; we arrange so that they are denoted by On�qC1; : : : ; On.

For x;y 2 S, we let Rect.x;y/ be the set of rectangles from x to y , as in [loc. cit.]. A rectangle from x

to y can exist only when x and y differ in exactly two rows (and therefore, also in exactly two columns).
In that case, those two rows and two columns split the torus T into four rectangles, and two of them are
said to go from x to y: those such that, when their horizontal boundary has the orientation induced from
T, it consists of arcs oriented from a point in x to a point in y . Furthermore, a rectangle is called empty if
it contains no points of x (or, equivalently, y) in its interior; it may still contain some O and X markings.
We let Rectı.x;y/ be the set of empty rectangles from x to y .

The arguments in [Manolescu et al. 2009a] show that isolated holomorphic disks in Symn.T/ with
boundaries on T˛;Tˇ are in a natural one-to-one correspondence to empty rectangles on the grid G.
Thus, the Floer chain complex CFL�.G/DCFL�.T˛;Tˇ / is the free module over RDF ŒŒU1; : : : ; Un��

generated by S, and endowed with the differential

(261) @x D
X
y2S

X
r2Rectı.x;y/

U
O1.r/
1 � � �UOn.r/n y:

We have Alexander gradings Ai on S for i D 1; : : : ; `, which produce filtrations on CFL�.G/. For
s D .s1; : : : ; s`/ 2 H.L/, we denote by A�.G; s/ � CFL�.G/ the subcomplex given by Ai � si for
i D 1; : : : ; `.

We have a resolution A�.G; s/ of A�.G; s/ constructed as in Section 13.6. Specifically, let us relabel
the basepoints on each component Li � L as

Oi;1; Xi;1; Oi;2; Xi;2; : : : ; Oi;pi ; Xi;pi :

We also give the alternative name Ui;j to the U variable associated to Oi;j .
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Consider the complex Cint.G/, which is the dg module over the dga

RY D

F ŒŒ.Ui;j /1�i�`;1�j�pi .Uj /n�qC1�j�p��Œ.Vi;j ; Yi;j /1�i�`;2�j�pi �
0=.Y 2i;j D0; @Yi;j DUi;jCUi;1Vi;j /;

generated by x 2 S, with differential

@x D
X
y2S

X
r2Rectı.x;y/

Ỳ
iD1

U
Xi;1.r/C���CXi;pi .r/

i;1 V
Oi;2.r/

i;2 � � �V
Oi;p.r/

i;p �

nY
jDn�qC1

U
Oj .r/

j y:

This complex admits filtrations Fi for 1 � i � `, as in Section 13.6. For s D .s1; : : : ; s`/ 2H.L/, we
define A�.HL; s/ to be the filtered part of Cint.H

L/ given by Fi � si for i D 1; : : : ; `.

If M � L is a sublink with an orientation EM, we have a complex A�.G; EM;p
EM .s// and a projection-

inclusion map

(262) I
EM
s W A

�.G; s/! A�.G; EM;p
EM .s//;

defined as in (234).

We also introduce the following notation: X EM �X will be the subset consisting of the X basepoints on
L�M, and

O
EM
WD

�
O�

[
i2I�. EL; EM/

Oi

�
[

[
i2I�. EL; EM/

Xi :

Thus, .T;˛;ˇ;O EM ;X EM / is the reduction r EM .G/, in the sense of Definition 3.22.

15.2 Handleslides over a set of markings

From now on we will specialize to the situation in which G is a toroidal grid diagram with at least one
free marking.

Consider a subset Z D fZ1; : : : ; Zkg � X[O consisting only of linked markings. We say that Z is
consistent if, for any i , at most one of the sets Z\Oi and Z\Xi is nonempty. From now on we shall
assume that Z is consistent.

We let L.Z/�L be the sublink consisting of those components Li such that at least one of the markings
on Li is in Z. We orient L.Z/, as EL.Z/, so that a component Li is given the orientation coming from EL
when Z\Oi ¤∅, and is given the opposite orientation when Z\Xi ¤∅.

Let us define a new set of curves ˇZDfˇZ
j jj D1; : : : ; ng on the torus T. Let ji be the index corresponding

to the vertical circle ǰi just to the left of a marking Zi 2 Z. We let ˇZ
ji

be a circle encircling Zi and
intersecting ǰi , as well as the alpha curve just below Zi , in two points each; in other words, ˇZ

ji
is

obtained from ǰ by handlesliding it over the vertical curve just to the right of Zi . For those j that are
not ji for any Zi 2 Z, we let ˇZ

j be a curve isotopic to ǰ and intersecting it in two points.
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Remark 15.1 Our assumption on the existence of a free marking is crucial here, because it ensures that
ˇZ is a good set of attaching curves. Indeed, since Z has strictly fewer than n markings, at least one beta
curve in ˇZ remains homologically nontrivial in H1.T/.

We denote
T Z
ˇ D ˇ

Z
1 � � � � �ˇ

Z
n � Symn.T/:

Observe that
.T;˛;ˇZ;O

EL.Z/;X
EL.Z//

is a multipointed Heegaard diagram representing the link EL�L.Z/. For each s 2H.L/, we can associate
to this diagram a resolved Floer complex

A�.T˛;T
Z
ˇ ;  

EL.Z/.s//;

as in Section 13.6. For simplicity, we omit the basepoints from the notation for this chain complex. The
map  EL.Z/ WH.L/!H.L�L.Z// is as in Section 3.7.

More generally, let EM be any sublink of L containing EL.Z/ such that the restriction to L.Z/ of the
orientation on EM coincides with EL.Z/. We can then consider a diagram

.T;˛;ˇZ;O
EM ;X

EM /

and resolved Floer complexes
A�.T˛;T

Z
ˇ ;  

EM .s//:

By writing  EM .s/ we implicitly mean that the basepoints are taken to be those in O EM and X EM .

When we have two collections of markings Z and Z0 such that Z[Z0 is consistent, we will require that
ˇZ
i and ˇZ0

i intersect in exactly two points. Hence, there is always a unique maximal-degree intersection
point ‚can

Z;Z0 2 T Z
ˇ
\T Z0

ˇ
. See Figure 46.

Of course, for the above Floer complexes to be well defined, we need to make sure that the underlying
Heegaard diagrams are admissible. This follows from the stronger admissibility result in Lemma 15.2
below.

15.3 Handleslides for a sublink

Let M � EL be a sublink, endowed with an arbitrary orientation EM. We seek to define a descent map for
the sublink EM, along the lines of Section 9.1.

Set
Z. EM/D

[
i2IC. EL; EM/

Oi [

[
i2I�. EL; EM/

Xi :

We proceed to construct a hyperbox H
EL; EM
G for the pair . EL; EM/ (in the sense of Definition 8.20), as follows.

Order the components of M according to their ordering as components of L:

M D Li1 [ � � � [Lim ; i1 < � � �< im:
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Z1

Z2

Figure 46: A new collection of curves. We show here a part of a grid diagram, with the horizontal
segments lying on curves in ˛ and the straight vertical segments lying on curves in ˇ. The
interrupted curves (including the two circles) represent curves in ˇZ, where Z consists of the two
markings Z1 and Z2. The maximal-degree intersection point ‚can

∅;Z is represented by the black
dots.

For j D 1; : : : ; m, let us denote Mj D Lij for simplicity, and equip Mj with the orientation EMj induced
from EM. Then Z. EMj / is either Oij or Xij . In either case, we have an ordering of its elements, so we can
write

Z. EMj /D fZ
EMj
1 ; : : : ; Z

EMj
dij
g;

where dij is the cardinality of Z. EMj /.

The hyperbox H
EL; EM
G will be m-dimensional, of size

dM D .di1 ; : : : ; dim/:

It will be a pure ˇ-hyperbox, ie the alpha curves remain fixed: they are the horizontal circles in the grid
diagram G. For each multi-index "D ."1; : : : ; "m/ 2 E.dM /, we let Z. EM/" � Z. EM/ be the collection
of markings

Z. EM/" D

m[
jD1

fZ
EMj
1 ; : : : ; Z

EMj
"j g:

We then let
ˇ" D ˇZ. EM/"

be the collection of beta curves handleslid at the points of Z. EM/". For each ", consider the Heegaard
diagram

H
EL; EM
G;" D .T;˛;ˇ

";O
EM ;X

EM /:

This diagram represents the link EL�M.
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*

*

*

* *

*
Oi

Figure 47: Asterisks in the Heegaard multidiagram.

According to Definitions 8.7 and 8.20, to have a well-defined hyperbox for a pair, we need admissibility
for the Heegaard multidiagrams corresponding to each hypercube in the hyperbox. In fact, it is convenient
to consider the bigger multidiagram that includes the curve collections ˇZ for all subsets Z � Z. EM/.
Once we prove that diagram is admissible, it will follow that all its subdiagrams (such as the ones relevant
for our hypercubes) are admissible as well.

Lemma 15.2 Consider the Heegaard multidiagram consisting of the curve collections ˛ and ˇZ on T

for all possible Z�Z. EM/, with basepoints given by O EM and X EM . Then this multidiagram is admissible ,
in the sense of Definition 3.5.

Proof The markings in X EM are irrelevant for admissibility, so we can ignore them. There is one marking
in O EM in each row and in each column of the grid G. Without loss of generality, let us assume that EM is
oriented as in EL, so that O EM DO D fO1; : : : ; Ong.

Recall from Definition 3.5 that a multiperiodic domain is a Z-linear combination of regions such that
its boundary is a Z-linear combination of the curves in the multidiagram, and such that its multiplicity
at any Oi is zero. Admissibility means there are no nontrivial multiperiodic domains that have only
nonnegative local multiplicities. By way of contradiction, suppose we had such a domain D.

Let us mark an asterisk in each square of the original grid diagram G. When we construct the new beta
curves ˇZ

j , we make sure that each beta curve encircling some Oi does not go around an asterisk, and
also that, whenever we isotope a beta curve to obtain a new beta curve intersecting it at two points, these
isotopies do not cross the asterisks. See Figure 47.

Let aj 2Z be the coefficient with which the curve j̨ appears in @D. This means that, whenever we have
two regions in the multidiagram separated by a segment in j̨ , the difference between the multiplicities
of D on these two regions equals aj . Observe that there are two such regions such that one on top of j̨

contains an O marking. The multiplicity of D is supposed to be zero at that marking and nonnegative
at the region below. It follows that aj � 0, and therefore the multiplicity increases (or stays constant)
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**

* m1 m2 m3m1 m2 m3m0 m0m4 m4
Oi

Figure 48: The Hamiltonian translates of a beta curve. On the left we have the neighborhood
of a vertical beta curve on the grid, shown here as a circle. The other circles are Hamiltonian
translates of the same curve. The horizontal lines are alpha curves, and the disk in the middle is a
handle that is connected to the exterior of the picture to produce the torus T. The shaded area is
the potential support of a periodic domain, in the proof of Lemma 15.2. On the right we show a
similar neighborhood of a beta curve encircling an O marking.

whenever we cross an alpha curve downward. In particular, if we look at the multiplicities of D at the
regions containing asterisks in a given column, they should be nondecreasing in cyclic order, which means
that they are constant.

We can do a similar argument with the beta curves, by letting bj be the sum of the coefficients in @D
of ǰ and all of its Hamiltonian translates. In this case bj is the difference in multiplicities as we cross all
the translates of ǰ . By looking at the region containing the O marking in each column, we find that bj
are all of the same sign. This shows that the multiplicities of D at the regions containing asterisks in a
given row are constant.

Combining these two results, we deduce that D has the same multiplicity at all the regions containing
asterisks. However, we know there is at least one free O marking in G, so that no handleslides are done
over that marking. Therefore, the region containing that marking has an asterisk, and D has multiplicity
zero there. It follows that D has multiplicity zero at all asterisks.

This means that D is a sum of disjoint periodic domains, each supported in the area bounded by the
Hamiltonian translates of the same curve: either a vertical beta curve, or a curve encircling an O marking;
see Figure 48. We can study these domains separately.

Let us consider the neighborhood of a vertical beta curve, as on the left-hand side of Figure 48. (The
other case is similar.) Let c1; : : : ; cp be the coefficients in @D of each of the beta curves in the picture. As
we cross a beta curve (say, in the directions shown by arrows in Figure 48), the multiplicity of D should
changed by the corresponding ci . Note that the outside region at the top of the picture has an asterisk
and hence multiplicity zero. Therefore, ci � 0 for all i . Let m0 �m1 � � � � �mp be the multiplicities at
the regions shown in the figure, as we go from left to right. We must have m0 Dmp D 0, because those
regions contain asterisks. Also, mi Dmi�1C ci , which implies that

0Dm0 �m1 � � � � �mp�1 �mp D 0:
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This shows that mi D 0 and ci D 0 for all i , which implies that the domain is trivial. We arrived at a
contradiction, and therefore we have admissibility.

To finish the construction of the hyperbox H
EL; EM
G , whenever "; "0 2 E.dM / with " < "0 are neighbors, we

need to pick chain elements ‚";"0 2A�.Tˇ" ;Tˇ"0 ; 0/. We choose

‚";"0 D

(
‚can

Z. EM/";Z. EM/"
0

if k"0� "k D 1;

0 otherwise.

The proof of (90) for these chains is similar to those of [Ozsváth and Szabó 2004b, Lemma 9.7; 2005,
Lemma 4.3].

As in Section 13.6, for each s 2H.L/, we have an associated hyperbox of generalized Floer complexes

C.H
EL; EM
G ;  

EM .s//;

of size d
0M WD .d 0i1 ; : : : ; d

0
im
/, where

d 0ij D

�
dij if ij 2 IC. EL; EM/;

2dij � 1 if ij 2 I�. EL; EM/:

(Note that in our setting, the side length dij of the hyperbox H
EL; EM
G is the same as the number pij of w

basepoints on the respective link component.)

At each vertex " 2 E.d
0M /, we have the Floer complex

C " D C"<.H
EL; EM�M"
G;">

;M";  
EM .s//;

and along the faces we have linear maps D"
0�"
" W C "! C "

0

.

We compress the hyperbox C.H
EL; EM
G ;  

EM .s// as in Section 5.6, and define

(263) yD
EM

p EM .s/
W A�.G; EM;p

EM .s//Š A�.T˛;Tˇ ; EM; 
EM .s//! A�.T˛;T

Z. EM/

ˇ
;  
EM .s//

to be the longest diagonal map in the resulting hypercube.

For example, when M D Li is a single component with orientation EM D EL, the map yD
EM

p
EM .s/

is a
composition of the triangle maps corresponding to handleslides over the basepoints in Z. EM/, in the given
order. When M has several components, it is a sum of compositions of more complicated polygon maps,
corresponding to chain homotopies (of higher order) between compositions of the handleslide maps.

Remark 15.3 The formulas used to define D"
0�"
" in Section 13.6 simplify somewhat in the setting of

grids. Indeed, all the hypercubes of strongly Heegaard diagrams are of pure ˇ type, meaning that the
curve collection ˛ stays constant; that is, the bipartition maps take only the value ˇ. Further, the chain

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 3045

elements ‚ˇ
�;� 0

consist of a single intersection point (in Alexander gradings zero) when k�0� �k D 1, and
are zero otherwise. Thus,

c.a
ˇ

 0
 /D

�
1 if aD‚ˇ

�;� 0
;

0 otherwise;
and

Nui;j .a
ˇ

 0
 / WD ui;j .a

ˇ

�� 0
/D 0:

From here, we find that, for aD‚ˇ
�;� 0

(which is the only intersection point with a nonzero contribution),
the quantities na that appear in (243) are the same as the corresponding basepoint multiplicities n (with
the same subscripts).

15.4 The handleslid complex

For Oj 2 Oi , we let Uj 0 be the variable corresponding to the row exactly under the row through Oj .
Given a sublink M � L, we define a chain complex

(264) K.M/ WD
O
Mi�M

O
j2Oi

.R
Uj�Uj 0
�����!R/:

Given s 2H.L/ and an orientation EM of M, we seek to describe the complex A�.T˛;T
Z. EM/

ˇ
;  
EM .s//

explicitly. Before stating the result, let us introduce some terminology. We call the Heegaard diagram

H
EL; EM

G;dM
D .T;˛;ˇZ. EM/;O

EM ;X
EM /

the handleslid diagram. It contains two kinds of beta curves: those that approximate curves in the original
collection ˇ, and those that encircle one of the points in Z. EM/. We call the former curves old, and the
latter recent. Each recent curve bounds a disk in T, which we call a marked disk. The curves in ˛ are
also of two types: those that intersect a recent ˇZ. EM/ curve, and those that do not. We call the first alpha
curves special, and the latter normal. The connected components of T n˛ are called rows, and a row is
called special if at least one of its boundaries is special. If both of its alpha boundaries are special, the
row is called very special.

Observe that each recent beta curve intersects a unique (special) alpha curve, and it does so in two points.
Hence, each x 2 T˛ \T Z. EM/

ˇ
must contain exactly one of these two points.

Note that there is a quasidestabilized grid diagram GL�M obtained from G by eliminating all rows and
columns on which M is supported; compare Section 6. The diagram GL�M represents the link L�M,
with the orientation induced from EL.

Proposition 15.4 For any s 2 H.L/, for a suitable choice of almost complex structure on Symn.T/,
there is an isomorphism of chain complexes of R-modules

(265) ‰
EM

 EM .s/
W A�.T˛;T

Z. EM/

ˇ
;  
EM .s//! A�.GL�M ;  

EM .s//ŒŒfUigLi�M ��˝R K.M/:
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Here , the square brackets mean adjoining the variables Ui , in order to make the respective group into an
R-module.

Observe that, on the right-hand side of (265), we have the complex associated to the quasidestabilized
grid diagram GL�M , for which holomorphic disks in the symmetric product exactly correspond to empty
rectangles on the grid; see [Manolescu et al. 2009a]. In proving Proposition 15.4, the challenge will be to
show that the complex on the left-hand side of (265) has the same description. The proof will occupy the
rest of this subsection.

The curves ˛ and ˇZ. EM/ split the torus T into a number of regions. These can be rectangles, bigons,
hexagons, and octagons. The bigons and hexagons appear near the markings in Z. EM/, while the octagons
only appear when two markings in Z.M/ lie in adjacent rows and adjacent columns of G. The hexagons
and octagons are always supported in special rows.

Let � 2 �2.x;y/ be a homology class of Whitney disks in Symn.T/ with boundaries on T˛ and T Z. EM/

ˇ
,

for x;y 2 T˛ \T Z. EM/

ˇ
. The class � has an associated domain; see Section 6.3. Recall that the Maslov

index �.�/ can be calculated in terms of the domain DD D.�/ using Lipshitz’s formula (62):

(266) �.�/D
X
x2x

nx.D/C
X
y2y

ny.D/C e.D/:

Suppose D is written as a linear combination of regions

DD
X

aiRi ; ai 2 Z:

For any region R, we set n.R;x;y/D nx.R/Cny.R/ and �.R;x;y/D n.R;x;y/C e.R/. Since the
Euler measure and vertex multiplicities are additive, equation (266) gives

(267) �.�/D
X

ai�.Ri ;x;y/:

The differential on A�.T˛;T
Z. EM/

ˇ
;  
EM .s// involves counts of holomorphic disks in homology classes

� with �.�/D 1. The following are two necessary conditions for a domain DD D.�/ of index one to
admit a holomorphic representative:

(i) All local multiplicities ai of D must be nonnegative.

(ii) The support of the domain D (that is, the closure of the union of the regions Ri such that ai ¤ 0)
must be connected.

The first condition is a consequence of the principle of positivity of intersection for holomorphic objects;
see [Ozsváth and Szabó 2004b, Lemma 3.2]. The second condition needs to be satisfied because if
the support were disconnected, the class � would be the sum of two domains �1 and �2, with each �i
required to admit pseudoholomorphic representatives generically. Hence �.�1/; �.�2/� 1, which would
contradict the fact that �.�1/C�.�2/D �.�/D 1.

A domain D that satisfies the two conditions above is called positive and connected.
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For our handleslid Heegaard diagram, we can completely characterize the index one domains that are
positive and connected. Indeed, given a class � 2 �2.x;y/ that has such a domain, let us understand the
quantities �.Ri ;x;y/ that appear with nonzero multiplicity ai > 0 in (267):

� If Ri is a rectangle, then e.Ri /D 0 and �.Ri ;x;y/ 2 Œ0; 1�, with the exact value depending on
the number of vertices in x;y among the corners of Ri .

� If Ri is a bigon, then e.Ri /D 1
2

and �.Ri ;x;y/D 1. Indeed, note that x contains exactly one
of the two points of intersection between the respective new beta curve and a special alpha curve.
Hence x contributes 1

4
to the quantity n.Ri ;x;y/. The same goes for y , while the Euler measure

of the bigon is 1
2

.

� If Ri is a hexagon, then e.Ri / D �12 and �.Ri ;x;y/ 2
�
0; 1
2

�
. Indeed, there is a contribution

of 1
2

to the vertex multiplicity coming from points on the recent beta curve, and there may be an
additional contribution from intersections between old beta curves and normal alpha curves. We
denote this additional contribution by n0.Ri ;x;y/. It is at most 1

2
.

� If Ri is an octagon, then e.Ri / D �1 and �.Ri ;x;y/ D 0, because the vertex multiplicity
contribution is always one, coming from points on the two recent beta curves on the boundary of
the octagon.

Hence,

(268) �.�/D
X

bigonsRi

ai C
X

rectanglesRi

ain.Ri ;x;y/C
X

hexagonsRi

ain
0.Ri ;x;y/� 0:

If �.�/D 1, it follows that we can have at most one bigon in the support of D, and that the bigon (if it
exists) must appear with multiplicity one. Further, no points of x\y can be contained in the interior of D.

We distinguish several cases for � 2 �2.x;y/ positive, connected and of index one. These cases are
shown in Figures 49–52.

(I) There exists a normal alpha curve j̨ such that j̨ \x ¤ j̨ \y . Then the two points j̨ \x and

j̨ \y are on different (old) beta curves, so there must exist another normal alpha curve ˛k ¤ j̨ with
˛k \x ¤ ˛k \y . We get a contribution of at least 1

4
to n.D/ from each of the four intersection points

on j̨ and ˛k . Since �.�/D 1, there can be no other contribution. It follows that the support of D has
no bigons. One possibility is that D is a big rectangle with vertices the four intersection points j̨ \x,

j̨ \y , ˛k \x and ˛k \y , with all the marked disks in the interior of the rectangle removed. This is
Case I(a), shown in Figure 49. Note that there is a one-to-one correspondence between such rectangles
and empty rectangles in the quasidestabilized grid diagram GL�M .

The other possibility is that in addition to a big rectangle, D also contains some additional rectangle,
hexagon, or octagon regions. These have to be supported in some very special rows. Further, all nonbigon
regions in those rows are contained in the domain D, because the multiplicity of regions in a very special
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O

X O

O

X O

I(a)

X

O

I(b)

Figure 49: Positive connected domains of index one: Case I. In each subcase, the domain is
shaded, with darker shading corresponding to higher local multiplicity. In subcase (a) we only
have multiplicities zero and one, while in subcase (b) we can arbitrarily large multiplicities; in
the figure, they go up to multiplicity three. The black dots represent components of the initial
generator x, and the white dots components of y . There can be various markings (X and O)
in the domains, though not in the rows containing markings in Z. EM/. In subcase (a), apart
from the domain in the handleslid diagram .T;˛;ˇZ.M// on the left-hand side, we also show the
corresponding domain in the quasidestabilized grid diagram GL�M , on the right-hand side.

row can only change when we pass the vertical curves through j̨ \ x and j̨ \ y . Thus, the domain
consists of a big rectangle as in Case I(a), plus one or more very special rows intersecting the big rectangle,
minus the bigons in those rows. The multiplicities in the special rows cannot change by more than one as
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II(a)

II(b)

O

Figure 50: Positive connected domains of index one: Case II. We use the same conventions as
in Case I. In subcase (a) we show a domain of width four and having local multiplicity two in
the darkly shaded regions. In (b) we show a domain of width three with only zero and one local
multiplicities. Of course, in each subcase the widths and multiplicities can be arbitrarily large,
just as we saw in Case I(b).

we pass a special alpha curve, because the support of D contains no bigons. A domain of this type is said
to be in Case I(b). An example is shown in Figure 49.

(II) We have j̨ \x D j̨ \y for all normal alpha curves j̨ , and the support of D contains no bigons.
Then D is supported in some adjacent special rows. Further, there are no old beta curves such that when
we pass them the multiplicity of D gets changed. Hence, if the support of D contains a nonbigon region in
a special row, it must contain all the nonbigon regions in that row, with the same multiplicity. Further, one
of the boundaries of the support must be a normal alpha curve, which produces all nonzero contributions
to �.�/ in (268). There are two subcases, II(a) and II(b), according to whether the normal alpha curve is
the top or the bottom boundary of the support. In both cases, the multiplicity in the row bounded by the
normal alpha curve must be one. The multiplicities in the other rows can be higher, but they are constant
in each row and cannot change by more than one as we pass a special alpha curve. See Figure 50.

(III) We have j̨ \x D j̨ \y for all normal alpha curves j̨ , and the support of D includes a bigon
which contains a marking in Z. EM/. Then the domain D is supported in some adjacent special rows,
and the bigon gives the only nonzero contributions to �.�/ in (268). Further, if D contains a rectangle,
hexagon or octagon in a special row, it must contains all the rectangles, hexagons, and octagons in that
row, with the same multiplicity. There are three subcases III(a)–(c), according to whether

(a) D is the bigon itself;
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O

III(a)
O

III(b)

O

III(c)

Figure 51: Positive connected domains of index one: Case III. Same conventions as before. In
subcases (b) and (c) the widths and multiplicities can be arbitrarily large, just as in Case II.

(b) D contains some special rows, but only above the bigon; or

(c) D contains special rows both below and above the bigon.

See Figure 51.

(IV) We have j̨\xD j̨\y for all normal alpha curves j̨ , and the support of D includes a bigon which
does not contain a marking in Z. EM/. This is similar to Case III, in that we have the same observations
about the support consisting of some adjacent special rows, and three subcases:

(a) D is the bigon itself;

(b) D contains some special rows, but only below the bigon; or

(c) D contains special rows both below and above the bigon.

See Figure 52.

When a domain D is in one of the cases above, we say that it is of the corresponding type. For example, a
domain in Case II(b) is called of type II(b).

Definition 15.5 If D is a domain on the handleslid grid, the number of rows that have nontrivial
intersection with its support is called the width of D.

We would like to count the number of holomorphic representatives for each class � with a positive,
connected domain D of index one. One should note that many of the domains in Cases (I)–(IV) above
are decomposable, meaning that we can write them as a sum D1CD0, with Di of index i 2 f0; 1g being
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IV(a)

IV(b)

IV(c)

Figure 52: Positive connected domains of index one: Case IV. Same conventions as before. In
subcases (b) and (c) the widths and multiplicities can be arbitrarily large, just as in Cases II and III.

positive and connected. This means that the number of holomorphic representatives for D may depend
on the choice of almost complex structure on the symmetric product. We will explain how to make a
suitable choice soon.

When counting holomorphic representatives, it is convenient to use Lipshitz’s cylindrical formulation of
Heegaard Floer homology [Lipshitz 2006], as in Section 6.2. In his setting, we need to choose an almost
complex structure on W D T� Œ0; 1��R, rather than on the symmetric product.

Suppose

Z. EM/D fZ1; : : : ; Zkg:

The labeling of the markings is as follows. Choose a normal alpha curve ˛1 on the handleslid diagram.
Go vertically down around the torus, starting at ˛1 and ending at ˛1, and number the markings in Z. EM/

as Z1; : : : ; Zk , in the order in which they are encountered.

For each Zi 2 Z.M/, there is a recent beta curve ˇZ. EM/
ji

, which is the boundary of the marked disk
containing Zi . Choose a slightly bigger curve around this beta curve, and introduce a long cylindrical
neck of length Ti there, for Ti � 0. We can then choose an almost complex structure J.T1; : : : ; Tk/
on W which only depends on Ti on the neck around Zi , and is split on these necks. This is the analogue
of the “stretching the neck” process from Section 6.4, only now we consider flow lines rather than
triangles. In fact, we can view the handleslid diagram as a special connected sum of the quasidestabilized
grid diagram GL�M and k genus zero diagrams S1; : : : ;Sk . Each Si is obtained from the diagram in
Figure 11 by deleting the gamma curve. See Figure 53.
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x3

y2

x1 y1

O1

O3

O2

O4

x2

y3

Figure 53: Degenerations. We choose the complex structure by stretching the neck along the
dashed curves. The bigger black dots are components of the generator Nx in Lemma 15.7.

Given a marking Zi , we denote by Mi the marked disk containing it, and by xi and yi the two points of
intersection of ˇZ. EM/

ji
with the corresponding alpha curve. The point xi is on the left of yi inside the

marked disk.

Lemma 15.6 Let � 2�2.x;y/ be a homology class of Whitney disks in the handleslid diagram. Suppose
�.�/D 1 and the domain DD D.�/ is positive and connected. Suppose j̨ is a special alpha curve that
intersects a recent beta curve ǰ . Let Mi be the marked disk whose boundary is ǰ , and let Zi be the
marking inside. Suppose j̨ \xD xi , j̨ \y D yi , and that D has multiplicity zero everywhere inside the
marked disk Mi . Denote by r the row whose upper boundary is j̨ , and denote by b the bigon r \Mi . If
the row r contains a marking ZiC1 2Z.M/, fix the corresponding neck-length TiC1. If the class � admits
holomorphic representatives for a sequence of almost complex structures J.T .n/1 ; : : : ; T

.n/

k
/ such that

T
.n/
i !1 (where T .n/i corresponds to Zi ) and T .n/iC1 D TiC1 is fixed , then the support of the domain D

is exactly the union of all the regions in the row r , except the bigon b.

Proof For simplicity, let us first assume that all neck-lengths T .n/s DTs are fixed for s¤ i , and T .n/i !1.

Let m1 and m2 the multiplicities of D on each side of j̨ , near the connected sum curve. By an analogue
of Proposition 6.14, in the limit Ti !1 the presumed holomorphic representatives of � degenerate into
a broken flow line v on Si , and the union of a broken flow line v0 on the other side (ie on the diagram G0

obtained by deleting ǰ ) with an annoying ˛-degeneration with domain P. Let  and  0 be the homology
classes of v and v0, respectively. Lemmas 6.10 and 6.16 can be applied to homology classes of flow lines
just as well as to triangles. Therefore,

�.�/D �. /C�. 0/C�.P/�m1�m2 and �. /Dm1Cm2:
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In principle, the latter equality should also involve the multiplicities of D inside the two bigons that
form Mi , but those multiplicities are zero by hypothesis. We get

1D �.�/D �. 0/C�.P/:

Further, we must have m2 D m1C 1 because of the acceptability condition (61). This means that @P

contains j̨ with multiplicity �1. In particular, P ¤ 0, so �.P/ � 1; see Lemma 6.13 for �.P/. We
deduce that �. 0/D 0. Since  0 admits holomorphic representatives (for an almost complex structure
which can be chosen to be generic away from the neck), it must be the case that  0 is trivial. As for the
remaining domain P, it is positive, of index one, and satisfies m2 Dm1C 1. The only possibility is that
it is the row r , viewed in the quasidestabilized diagram G0; compare (71). The claim follows, provided
that the neck-lengths Ti stay fixed for s ¤ i .

Now allow the other neck-lengths to vary as well, except TiC1. In the limit some of them go to infinity,
so the holomorphic representatives of � degenerate into broken flow lines on a number of surfaces Ss ,
plus the union of a broken flow line and ˛-boundary degenerations on a diagram G0 obtained by deleting
several recent beta curves. Nevertheless, most of the arguments above still apply, with some notational
modifications. The broken flow line on G0 must be trivial, so all we are left with is some ˛-boundary
degenerations on G0. The main difference is that now, instead of (71), we have

�.P/D
X
˛

m.P; ˛/;

where the sum is over all curves ˛ that did not intersect any of the deleted beta curves, and the quantity
m.P; ˛/ is the sum of the multiplicities of P in the two rows that have ˛ as part of their boundary.

It follows that the inequality �.P/� 0 in Lemma 6.13 still holds true, but equality can happen for some
nonzero domains on G0, namely those composed of very special rows such that the normal beta curves
intersecting their boundaries have been deleted. As such, a priori there are more possibilities for the
positive domain P of index one that represents the ˛-boundary degenerations. However, the fact that
the recent beta curve just below ǰ (if it exists) has not been deleted, together with the fact that P is
connected and satisfies m2 Dm1C 1, suffice to determine P uniquely as being the row below j̨ .

Lemma 15.6 suggests the following way of choosing the neck-lengths T1; : : : ; Tk in the construction
of the almost complex structure J.T1; : : : ; Tk/. We first choose Tk� 0 such that the conclusion of the
Lemma holds true for all possible classes � satisfying the hypothesis, with i D k. This is possible because
there are a finite number of such classes, and the row r below Zk does not contain any marking in Z. EM/.
Next, choose Tk�1� Tk such that the conclusion of the Lemma holds for all classes with i D k � 1.
Iterate this procedure until we get to T1, so that

T1� T2� � � � � Tk� 0:
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Lemma 15.6 implies that, for this choice of almost complex structure, the domains of type I(b), III(c)
and IV(c) have holomorphic disk counts equal to zero (mod 2), so they do not contribute to the differential.
The same goes for domains of type II(b) or III(b) that have width larger than one.

On the other hand, the holomorphic disk counts are one (mod 2) for

� simple bigons, that is, domains of types III(a) and IV(a);

� domains of type I(a); see [Ozsváth and Szabó 2009, Lemma 3.11];

� annular domains of type II(b) and width one; see [Ozsváth and Szabó 2004c, proof of Lemma 3.4];

� annular domains of type III(b) and width one; see [Ozsváth and Szabó 2004b, Lemma 9.4] —
indeed, for these the conformal angle of the beta part of the upper boundary is very small, because
of our choice of neck-lengths, which means that there exists a choice of cut length on the lower
boundary that makes the annulus holomorphic.

This leaves us with the domains of types II(a) and IV(b). It is more difficult to establish the holomorphic
disk counts for these. Instead, we will settle for computing their net effect on the differential @ on the
handleslid complex.

More precisely, let us split the markings in Z. EM/ into equivalence classes, with the equivalence relation
being generated by the relations Z � Z0 if Z and Z0 lie in adjacent rows. Then an equivalence class
consists of all the markings in Z. EM/ that lie between two normal alpha curves.

Let us consider such an equivalence class. Without loss of generality, say it is composed of the markings
Z1 DO1; : : : ; Zp DOp , for some p � k. (See Figure 53 for the case p D 3.) Let G be the grid diagram
obtained by deleting the recent beta curves ˇ1; : : : ; p̌ that encircle O1; : : : ; Op, as well as the special
alpha curves ˛1; : : : ; p̨ that intersect ˇ1; : : : ; p̌. Given a generator x 2 T˛ \ T Z. EM/

ˇ
, let Nx be the

corresponding generator in G obtained from x by deleting its components on ˛i , for i D 1; : : : ; p. Define
I.x/ to be the Maslov index of Nx in G. Then I defines a filtration on the handleslid complex. Indeed, if
y contributes a nonzero term to the differential @x, we must have I.x/� I.y/, with equality if and only
if Nx D Ny .

Thus, the associated graded of the handleslid complex A�.T˛;T
Z. EM/

ˇ
;  
EM .s// splits as a direct sum of

terms C. Nx/, where C. Nx/ is generated by all possible x with the fixed reduction Nx on G. Pick such a
direct summand C. Nx/.

Lemma 15.7 For the almost complex structure J.T1; : : : ; Tk/ chosen as before (with T1� T2� � � � �

Tk� 0), the complex C. Nx/ is isomorphic to the tensor product of the complexes

R
Ui�UiC1
������!R;

for i D 1; : : : ; p.

Proof Recall that the intersection points between ˛i and ˇi are denoted by xi and yi ; compare Figure 53.
The generators of C. Nx/ can be written as xA, whereA�f1; : : : ; pg is the set of indices i such that xi 2xA.
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Z2

Z1

Figure 54: The origin of the complexes K.M/. The figure shows part of a grid diagram with
some arcs on the ˛ and ˇfZ1;Z2;:::;Zkg curves drawn. There are two intersection points (marked
as bullets) between the alpha curve below the marking Z1, and the corresponding beta curve.
There are two differentials going from the left to the right generator: a bigon containing Z1 and
an annulus containing Z2, both drawn shaded in the diagram. This produces a factor of the form
R

Uj�Uj 0
�����!R in the definition of the complexes K.M/.

The contributions to the differential on C. Nx/ come from domains completely supported in the rows
containing O1; : : : ; OpC1. By our previous observations, if their contribution is nonzero, the domains
must be of types II(b) of width one, III(b) of width one, III(a), IV(a), II(a), or IV(b). We already know
that the first four cases in this series produce nonzero contributions mod 2. More precisely, the first three
cases give a term .Ui �UiC1/x

Anfig in @xA; whenever i 2 A.

The challenge is to figure out the contributions from domains of type II(a) and IV(b). Lemma 15.6 implies
that nonzero contributions can come only from domains that have no local multiplicities bigger than one.
Hence, the differential on the complex C. Nx/ takes the form

@xA D
X
i2A

.Ui �UiC1/ �x
Anfig

C

X
i…A

nAi �x
A[fig

for some values nAi 2 f0; 1g. These values are constrained by the requirement that @2 D 0. In fact, it
suffices to look at the coefficient of xA in @2.xA/:X

i2A

n
Anfig
i � .Ui �UiC1/C

X
i…A

nAi � .Ui �UiC1/D 0:

Since the values Ui �UiC1 for i D 1; : : : ; p, are linearly independent, we deduce that nAi D 0 for all
possible A and i … A. This completely determines the complex C. Nx/.

Proof of Proposition 15.4 For our choice of almost complex structure, all the domains that contribute
to the differential on the handleslid complex are either of type I(a), or appear in the differential on a
summand C. Nx/ of an associated graded.

The holomorphic count for all domains of type I(a) is always ˙1. As previously noted, such domains are
in one-to-one correspondence with empty rectangles on the quasidestabilized grid GL�M . The result
now follows by combining this observation with Lemma 15.7. See Figure 54.
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15.5 The surgery theorem

By composing the maps (262), (263) and (265), we construct a map

(269) ˆ
EM
s D‰

EM

 EM .s/
ı yD

EM

p EM .s/
ıI
EM
s W A

�.G; s/! A�.GL�M ;  
EM .s//ŒŒfUi;j gLi�M ��˝R K.M/;

defined for any s 2H.L/.

This is the analogue of the map ˆ EMs from (100). There is also an analogue of Proposition 9.4:

Proposition 15.8 For any EM and s 2H.L/,

(270)
X

EM1q EM2D EM

ˆ
EM2

 
EM1 .s/
ıˆ

EM1
s D 0;

where EM1 and EM2 are only considered with the orientations induced from EM.

Proof This is similar to the proof of Proposition 9.4, except we have the additional factors ‰
EM

 
EM .s/

in (269). These factors commute with the descent maps yD corresponding to disjoint sublinks. Indeed, if
EM1\ EM2 D∅, then Proposition 6.18 implies that

‰
EM1
s0 ı

yD
EM2
s0 D

yD
EM2
s0 ı‰

EM1
s0 ;

where s0 D p EM2. EM1.s//.

The maps ‰ EM1 also commute with the inclusion maps I
EM2 corresponding to disjoint sublinks. With

these observations in mind, the proof of Proposition 9.4 can be easily adapted to the present context.

Using the new maps ˆ EMs , we can exactly mimic Section 9.2, and state a version of the surgery theorem
for grid diagrams instead of complete systems of hyperboxes.

We transfer most of the notation from Section 9.2. In particular, we have a framing ƒ for the link EL.
For a sublink N � L, recall that �.N/ is the set of all possible orientations on N. For EN 2�.N/, the
quantity ƒ EL; EN 2H1.S3�L/ is the sum of the framings of those components of N oriented differently
in EN as in EL.

We consider the R-module

C�.G;ƒ/D
M
M�L

Y
s2H.L/

�
A�.GL�M ;  M .s//ŒŒfUi;j gLi�M ��

�
˝R K.M/;

where  M simply means  EM with EM being the orientation induced from the one on EL.

We equip C�.G;ƒ/ with a boundary operator D� as follows.
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For s 2H.L/ and x 2
�
A�.GL�M ;  M .s//ŒŒfUi;j gLi�M ��

�
˝R K.M/, we set

D�.s;x/D
X

N�L�M

X
EN2�.N/

.sCƒ EL; EN ; ˆ
EN
s .x//

2

M
N�L�M

M
EN2�.N/

�
A�.GL�M�N ;  M[

EN .s//ŒŒfUi;j gLi�M[N ��
�
˝RK.M[N/�C�.G;ƒ/:

According to (270), C�.G;ƒ/ is a chain complex. Just like the complex C�.H; ƒ/ from Section 9.2, it
splits into a direct product of complexes C�.G;ƒ; u/, according to u2 Spinc.S3ƒ.L//ŠH.L/=H.L;ƒ/.
The complexes C�.G;ƒ; u/ admit relative Z=d.u/Z-gradings, constructed just as for C�.H; ƒ; u/.

Theorem 15.9 Fix a grid diagram G (with at least one free marking) for an oriented link EL in S3, and
fix a framing ƒ of L. Then , for every u 2 Spinc.S3ƒ.L//, we have an isomorphism of relatively graded
F ŒŒU ��-modules

(271) H�.C
�.G;ƒ; u/;D�/ŠHF �� .S

3
ƒ.L/; u/:

15.6 A complete system associated to the grid

Theorem 15.9 is a consequence of Theorem 1.1, albeit not an immediate one. A first guess would be to
construct a complete system of hyperboxes HG out of a grid diagram G (with at least one free marking)
as follows: as noted in Section 15.3, the grid G gives rise to hyperboxes H

EL; EM
G for the pairs . EL; EM/.

One is tempted to try to include these into a complete system. Unfortunately, this is not possible: in a
complete system, the diagrams H

EL; EM .M/ and H
EL;� EM .M/ are required to be surface isotopic, while for

a grid G, typically the diagrams H
EL; EM
G;dM and H

EL;� EM
G;dM are not surface isotopic. For example, if EM has the

orientation induced from EL, then in the diagram H
EL; EM
G

the new beta curves are obtained by handlesliding
over the O markings on M, whereas in H

EL;� EM
G

they are obtained by handlesliding over the X markings
on M.

Nevertheless, we can still associate to a grid G a complete system of hyperboxes HG such that the
(compressed) maps on Floer complexes coming from H

EL; EM
G are essentially the same as those coming

from H
EL; EM
G .

In fact, if EM is the orientation induced from EL, we define H
EL; EM
G to be exactly the same as H

EL; EM
G . On

the other hand, if EM has some components with a different orientation, we need to change H
EL; EM
G

using
some more beta handleslides.

Before constructing H
EL; EM
G in general, let us make an observation. LetOj ; Xj be two markings on the same

row in the grid G. Then the two collections of beta curves ˇOj and ˇXj are strongly equivalent, being
obtained from each other through handleslides of the beta curves between Oj and Xj , as in Figure 55.

For simplicity, let us first consider the case when EM D�ELi is a single component ofL, oriented oppositely
from its orientation in EL. Then H

EL;�Li
G is a one-dimensional hyperbox, consisting of a sequence of moves

from the reduction r�Li .G/ to the diagram H
EL;�ELi
G;dLi

obtained from it by handleslides over all Xj 2Xi . In
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XO

O

O

O
Š

Figure 55: Relating the handleslides over O and over X. The top left picture shows a part of a
grid diagram, with an O and X markings in the same row. The vertical arrow on the left describes
a handleslide over the O. The top arrow describes a handleslide over the X, as well as relabeling
the X as an O. The vertical arrow on the right shows a sequence of handleslides, the end result
being a diagram surface isotopic with the one on the bottom left.

the new one-dimensional hyperbox H
EL;�ELi
G

, we add at the end of this sequence a series of handleslides
as in Figure 55, so that we end at the diagram H

EL; ELi
G;dLi

, which is r ELi .G/ handleslid over all Oi;j 2Oi .
See Figure 56 for an example. There are unique choices for the intersection points that play the role of
‚-chain elements.

More generally, for Li � L0, we define the one-dimensional hyperboxes H
EL0; ELi
G and H

EL0; ELi
G to consist of

similar moves as in the case L0 D L, except starting at the diagram handleslid over all the O markings
that are on the components of L�L0.

Next, to define the higher-dimensional hyperboxes H
EL0; EM
G for all L0 and EM, note that we already know

the sequence of moves on their edges. The moves in one direction of the hyperbox are independent of
those in a different direction, so it is straightforward to fill in the hyperbox by combining these moves.
The ‚-chain elements are taken to be zero on higher-dimensional faces, just as we did for the hyperboxes

H
EL; EM
G from Section 15.3. The result is a complete system of hyperboxes HG for EL. Indeed, for the

associated good set of trajectories, we can take horizontal paths on the grid joining each O marking to
the X marking in the same row.

Proof of Theorem 15.9 In light of Theorem 1.1, it suffices to show that the chain complexes C�.G;ƒ; u/

and C�.HG ; ƒ; u/ are chain homotopy equivalent. Indeed, for s 2 H.L/, let us look at the hyperbox
of Floer complexes C.H

EL; EM
G ;  

EM .s// associated to a hyperbox H
EL; EM
G in HG , as in Section 13.6. This

contains as a subhyperbox C.H
EL; EM
G

;  
EM .s//.
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Figure 56: Some hyperboxes in a complete system for the Hopf link. We show a grid diagram G

for the Hopf link EL (with one free marking) and two one-dimensional hyperboxes in the complete
system HG associated to the grid. At the top we have the gridG, with one componentL1 shown by
the dashed lines. The second row is the hyperbox H

EL; EL1
G

of size .2/, where EL1 has the orientation
induced from EL. The two bottom rows show the hyperbox H

EL;�EL1
G

, of size .4/. We describe each
hyperbox as a sequence of Heegaard diagrams, from the initial to the final vertex. The two initial
diagrams are obtained from the grid G by reduction at EL1 and �EL1. The two final diagrams are
surface isotopic.

Geometry & Topology, Volume 29 (2025)



3060 Ciprian Manolescu and Peter Ozsváth

In fact, C.H
EL; EM
G ;  

EM .s// is obtained from C.H
EL; EM
G ;  

EM .s// by adding polygon maps corresponding to
handleslides over marked disks as on the right of Figure 55. According to Proposition 6.18, if we choose
suitable almost complex structures, these extra higher polygon maps are the same as the corresponding
polygon maps in the quasidestabilized diagrams. In the quasidestabilized diagrams, the handleslides from
the right-hand side of Figure 55 are nothing more than curve isotopies. On the level of hyperboxes of
Floer complexes, isotopies have (up to chain homotopy) the effect of identity shifts; compare Lemma 8.15
and the discussion of elementary enlargements in Section 8.4. It follows that C.H

EL; EM
G ;  

EM .s// is
obtained from C.H

EL; EM
G ;  

EM .s// by elementary enlargements, in the sense of Section 5.8. Elementary
enlargements leave unchanged the corresponding compressed hypercubes; see Lemma 5.21. Hence, the
maps involved in the complexes C�.G;ƒ; u/ and C�.HG ; ƒ; u/ are the same, up to compatible chain
homotopy equivalences.

Remark 15.10 Theorems 14.3, 14.4 and 14.10 also admit straightforward adaptations to the case of grids,
with the respective complexes all being expressed in terms of hyperboxes H

EL; EM
G

. The exact statements
are given in [Manolescu et al. 2009b].
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Scattering amplitudes of stable curves
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Hypertree divisors on the moduli space of stable rational curves were introduced by Castravet and
Tevelev (2013). Their equations appear as numerators of scattering amplitude forms for n particles in
N D 4 Yang–Mills theory in the work of Arkani-Hamed, Bourjaily, Cachazo, Postnikov and Trnka (2016).
Rather than being a coincidence, this is just the tip of the iceberg of an exciting relation between algebraic
geometry and high energy physics. We interpret leading singularities of scattering amplitudes of massless
particles as probabilistic Brill–Noether theory: the study of statistics of images of n marked points under
a random meromorphic function uniformly distributed with respect to the translation-invariant volume
form of the Jacobian. We focus on the maximum helicity violating case, which leads to a beautiful
physics-inspired geometry for various classes of complex algebraic curves: smooth, stable, hyperelliptic,
real algebraic, etc.
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1 Introduction

1.1 In physics, momenta of n particles satisfy the momentum conservation law, p1 C � � � C pn D 0.
In mathematics, meromorphic forms ! with simple poles p1; : : : ; pn (log forms) on a compact Riemann
surface satisfy the residue theorem:

p1C � � �Cpn D 0

1 2

4 3

1 2

34

Resp1 !C � � �CRespn ! D 0:

Let C be a stable projective algebraic curve with marked points p1; : : : ; pn. The exact sequence

0!H 0.C; !C /!H 0.C; !C .p1C � � �Cpn//
Res
�!Cn †

�!C! 0;

valid for n � 1, shows that we can always view momenta of n one-dimensional particles satisfying
the momentum conservation law as residues of a form ! 2H 0.C; !C .p1C � � � Cpn//. For a smooth
curve C , ambiguities in the choice of ! can be eliminated by fixing its integrals along periods. For a nodal
curve C , a local section of !C .p1C � � �Cpn/ at each node q1; : : : ; qr 2 C can be identified with a log
form on the normalization C � which has opposite residues at the points q�i , qCi mapping to the node qi .
These residues can be viewed as momenta of “internal” or “on-shell” particles satisfying a momentum
conservation law for each of the s irreducible components of C , as follows from an exact sequence

0!H 0.C � ; !C� /!H 0.C; !C .p1C � � �Cpn//
Res
�!CnCr †1;:::;†s

�����!Cs
! 0:

When all components of C are rational, H 0.C � ; !C� /D 0 and the datum of a log form on C is equivalent
to the datum of external and internal momenta satisfying momentum conservation laws (one law for each
irreducible component of C ). Equivalently, this is the datum of one “edge variable” for each internal
(corresponding to a node) and external (corresponding to a marked point) edge of the dual graph of C
with a conservation law for each vertex of the dual graph.

1.2 Imagine a random process that gives a vector of log forms on .C Ip1; : : : ; pn/. What will be the
probability distribution of residues? We will study the following simple random process. The first step is
a random tensor product factorization

(1.2.1) !C .p1C � � �Cpn/D L˝ zL

into two line bundles, L of degree d and zL of degree zd (and d C zd D 2g� 2Cn). The choice of L is a
choice of a point in Picd C and, when C is smooth, every connected component of the Picard group has
a uniform probability measure, the volume form invariant under translations by the subgroup Pic0 C of
topologically trivial line bundles. If C is not smooth then Pic0 C contains noncompact factors C� and
probabilistic interpretation is less straightforward. In fact the case most related to physics literature is
when all irreducible components of C are rational curves and Pic0 C ' .C�/g . Noncompactness will not
be an issue for us.

Geometry & Topology, Volume 29 (2025)
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1.3 The second step is a choice of sections s˛ 2H 0.C;L/, zsz̨ 2H 0.C; zL/ for some indices ˛ 2 I and
z̨ 2 zI . Tensoring these sections gives a matrix of log forms

!˛ z̨ D s˛˝zsz̨ 2H
0.C; !C .p1C � � �Cpn//:

We focus on the case jI j D j zI j D 2, which is related to the ND 4 Yang–Mills theory. Let L�Mat2;2 be
the subvariety of matrices of rank at most 1. The projectivization P .L/ is a quadric in P3 isomorphic to
P1 �P1. Let

Y D fp1; : : : ;pn 2 L j p1C � � �Cpn D 0g � Ln:

The space Mat2;2 can be viewed as the complexified 4-dimensional Minkowski space and L as the com-
plexified light cone. Thus Y parametrizes complexified momenta of n massless particles in 4 dimensions
satisfying the momentum conservation law. We observe that .Resp1 !˛ z̨; : : : ;Respn !˛ z̨/ 2 Y , since
each matrix Respi !˛ z̨ is proportional to the matrix .s˛.pi /zsz̨.pi // after choosing trivializations. So this
matrix has rank at most one and the residues of !˛ z̨ (at marked points and nodes) can be viewed as
momenta of massless (external and internal) particles.

This construction is reversible, at least in the most physically relevant case. Namely, suppose all
components of C are rational and the dual graph is 3-valent. Given massless momenta p1; : : : ;pn

(external) and q1; : : : ; qr (internal) satisfying momentum conservation laws (one for each vertex of the
dual graph), suppose that no two momenta adjacent to the same vertex are proportional. Then there exists
a factorization (1.2.1) and sections s˛ 2H 0.C;L/, zsz̨ 2H 0.C; zL/ for ˛; z̨ D 1; 2 such that the momenta
are the residues1 of the 2� 2 matrix of log forms .s˛˝zsz̨/.

1.4 We would like to focus on situations where there are no constraints on external and internal momenta,
ie when a dense subset of points of Y can be obtained as residues up to a finite ambiguity. This requires
imposing the condition2

(1.4.1) nD gC 3:

1.5 We would like to study distribution of residues of the matrix !˛ z̨ but we run into a problem: there is
no natural probability measure on the space of sections s˛ , zsz̨ unless we choose some extra data such as
a hermitian metric on L. Instead of making a choice of a specific probability measure, we can design
an experiment with outcomes that don’t depend on sections by introducing a rational (ie defined on an

1Indeed, let .!˛ z̨/ be the 2� 2 matrix of log forms that corresponds to the momenta. Since the restriction of !C .p1C� � �Cpn/
to every irreducible component of C has degree 1, the sections !˛ z̨ globally generate the line bundle !C .p1C � � �Cpn/ and
therefore give a morphism C ! P3 such that every irreducible component of C maps to a line. By assumption, images of
marked points and nodes belong to the quadric P .L/. Since a line intersecting a quadric in 3 different points belongs to it, the
image of C lies on the quadric, ie the matrix of log forms has rank 1. The line bundles L and zL are pullbacks of OP1�P1.1; 0/

and OP1�P1.0; 1/, where P .L/Š P1 �P1.
2By the Riemann–Roch theorem, H0.C;L/ and H0.C; zL/ have expected dimensions r D d C 1 � g and zr D zd C 1 � g.
Rescaling all s˛ by z 2 C� and zsz̨ by z�1 gives the same forms !˛ z̨ and so the same residues. Thus the variety of choices
.L; zL; s˛ ; sz̨/ modulo C� has expected dimension gC2rC2zr �1D gC2n�1. On the other hand, Y is a variety of dimension
3n� 4 (assuming n� 4). Thus the condition on dimensions is gC 2n� 1D 3n� 4, which is equivalent to (1.4.1).
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open subset) map ƒ W Y ÜM to some algebraic variety M . If ƒ is independent of sections s˛ and zsz̨
then it descends to a rational map ƒ W Picd C ÜM and describing a probability measure on M becomes
a well-posed problem. Concretely, projecting the quadric P .L/Š P1�P1 to the first or the second factor
gives rational maps Ln Ü .P1/n known as spinor variables in physics. Taking a quotient by the PGL2
action gives a rational map .P1/n ÜM0;n to the moduli space of n distinct marked points on P1. To
summarize, we have two rational maps

ƒ; zƒ W Y ,! Ln Ü .P1/n ÜM0;n:

The image of a point .Resp1 !˛ z̨; : : : ;Respn !˛ z̨/ under the map ƒ (resp. zƒ) is given by an n-tuple
.Œs1.pi / W s2.pi /�/iD1:::;n (resp. .Œzs1.pi / W zs2.pi /�/iD1:::;n) of points in P1 modulo PGL2. One can further
compactify M0;n by the Grothendieck–Knudsen moduli space M 0;n of stable rational curves or choose a
different compactification.

Requiring that ƒ descends to ƒ W Picd C Ü M0;n obviously means that the expected dimension of
H 0.C;L/, which in the physical context is known as helicity, should be equal to 2. By Riemann–Roch,
this is equivalent to the requirement

(1.5.1) d D gC 1:

1.6 Definition Let .C Ip1; : : : ; pn/ be a stable curve of genus g with nD gC 3 marked points. Fix a
multidegree vector Ed D .di / (one degree di for each irreducible component of C ) such that d D

P
di

satisfies (1.5.1). This gives a connected component Pic Ed C � Picd C . We say that a pair .C; Ed/ is
a maximum helicity violating (MHV) curve if, for a generic line bundle L 2 Pic Ed C , we have:

(1) L is not special, ie it has exactly two linearly independent global sections,

H 0.C;L/DC2 and H 1.C;L/D 0:

(2) The evaluation map ˛ WH 0.C;L/˝OC ! L is surjective; equivalently,

'L W C Ü P1

is a morphism (which is automatic if C is smooth) and L' '�LOP1.1/.

(3) The rational scattering amplitude map

ƒ W Pic
Ed C ÜM0;n; L 7! .'L.p1/; : : : ; 'L.pn//;

is dominant at L, or equivalently, generically finite.

1.7 Definition The scattering amplitude form of an MHV curve is a unique (up to a constant multiple)
nonzero PicE0 C -invariant holomorphic g-form

A 2H 0.Pic
Ed C;�g/;

viewed as a multivalued meromorphic form on M0;n.
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1.8 Summary We start with a stable curve C of genus g with nD gC 3 marked points. The MHV
experiment is a choice of a random line bundle L of degree d D g C 1 or, equivalently, a random
meromorphic function 'L W C ! P1 of degree d . When C is smooth, the probability distribution of L
is uniform with respect to the translation-invariant volume form on the Jacobian. We study probability
measures on M0;n that give statistics of points 'L.p1/; : : : ; 'L.pn/ 2 P1. This gives a family of
(complexified) probability measures that depend on 4g complex parameters describing the input curve
.C; p1; : : : ; pn/ 2M g;n.

1.9 Remark It is clearly superfluous to keep the notation g, d , n for quantities related by the equations
(1.4.1) and (1.5.1) throughout this paper. Our excuse is that they are associated with the main players, the
curve C , its Picard group and M0;n.

1.10 Example An MHV curve of genus 0 is just P1 with three marked points. In this case d D 1 and
Pic1 C is a point, namely the line bundle LD OP1.1/. The map 'L W P1! P1 is an isomorphism which
maps p1; p2; p3 to three distinct points, which can be moved to the points 0; 1;1 by applying the PGL2
action. It follows that the scattering amplitude map ƒ in genus 0 is simply

ptD Pic1 P1
ƒ
�!M0;3 D pt :

1.11 Notation A connected component Pic Ed C of the Picard group is determined by multidegrees
ds D degLjCs , one for each irreducible component Cs � C . We have d D

P
ds . We draw an MHV

curve as an on-shell diagram, a dual graph of C with marked points as exterior legs. Vertices of the
diagram correspond to irreducible components of C and interior edges correspond to nodes. Genus-
zero components are drawn as circles, components of positive genus gs are decorated with gs holes.
Components where the line bundle has degree ds D 0 are left blank, components of degree ds D 1 are
shaded black, and if ds > 1 then we just write ds in or next to the component. If the curve is irreducible
then we don’t indicate the degree at all since it’s always equal to gC 1.

The advantage of the on-shell diagram over the dual graph of the stable curve is that it records the
multidegrees Ed of L. In Theorem 4.4, we will show that the locus of MHV curves is open. In particular,
the set of possible on-shell diagrams is closed under edge contractions.

1.12 Example In genus 1 there are many possibilities, illustrated in Figure 1. Here d D 2 and nD 4.
So the map 'L W C ! P1 is a double cover and the scattering amplitude map ƒ takes L 2 Pic2 C to the
cross-ratio of four points

'L.p1/; 'L.p2/; 'L.p3/; 'L.p4/ 2 P1:

It turns out that if C is a smooth elliptic curve, then ƒ W Pic2 C ! P1 is a double cover and the scattering
amplitude form A is an integrand of an elliptic integral.
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Figure 1: On-shell diagrams of MHV curves of genus 1.

The calculations in genus 0 and 1 motivate the following theorem,3 which is explored from different
points of view in subsequent sections.

1.13 Theorem The scattering amplitude map ƒ has degree 2g for a general curve C .

1.14 Contents of Section 2 One of the goals of the paper is to localize 2g line bundles in the preimage of
a general point of M0;n, ie to describe branches of the multivalued inverse function ƒ�1. In Theorem 2.3
we show that every smooth curve is an MHV curve. We use the theory of special divisors [Arbarello
et al. 1985], which was classically developed to study the images of Abel–Jacobi maps, in particular the
focus was on the d D g� 1 case. The MHV regime d D gC 1 is just as rich and exciting. We introduce
various special divisors in PicgC1 C as well as the planar locus W that parametrizes presentations of the
curve C as a nodal plane curve of degree gC 1.

1.15 Contents of Section 3 Given that all smooth curves are MHV curves, one expects a simple
classification of stable MHV curves, but this is quite a delicate question, which we start to investigate in
this section. These results are not central to the paper but they are used throughout. If the curve C has a
node such that removing it separates C into two connected components (ie the on-shell diagram is not
2-connected), then C is not an MHV curve — the only MHV curves with compact Jacobians are smooth
curves. This is known as a one-channel factorization in physics. If the on-shell diagram is 2-connected
but not 3-connected (more precisely, if C has a two-channel factorization, see Definition 3.11), then C is
separated into two components by removing two nodes, and information about the scattering amplitude
can be read from the components; see Theorems 3.16 and 3.18.

1.16 Contents of Section 4 To study families of MHV curves and scattering amplitudes, we introduce
the universal scattering amplitude map

ƒ W PicMHV C ÜM0;n

over the locus of MHV curves MMHV
g;n �Mg;n. We use two open substacks in the stack of quasimaps:

moduli of stable quotients [Marian et al. 2011] and moduli of presentations of slope-stable line bundles.

3Since the paper first appeared on the arXiv, many further interpretations and generalizations of this “Tevelev degree” have been
investigated; see eg [Buch and Pandharipande 2021; Cela 2023; Cela and Lian 2023; Cela et al. 2022; Farkas and Lian 2023;
Lian 2023; Lian and Pandharipande 2021].
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We find a convenient polarization for MHV curves and compactify PicMHV C by a projective family of
compactified Jacobians.

1.17 Example 1.12, continued While a smooth elliptic curve E degenerates into a wheel C of four
projective lines, Pic2E degenerates into PicMHVC , a wheel of two projective lines, the MHV components
Pic0;1;0;1 and Pic1;0;1;0 represented by stacked on-shell diagrams on the right side of Figure 1. Each of
these components has the same amplitude form, a phenomenon called square move by physicists. For
any of the curves in Figure 1, the fiber of the universal scattering amplitude map is a ramified double
cover of P1 by an irreducible curve of arithmetic genus 1 except for the four-wheel, when it becomes a
reducible 2 W 1 cover

PicMHVC D P1[P1
2W1
�! P1 DM 0;4:

1.18 Contents of Section 5 Scattering amplitude maps and forms of hyperelliptic curves give a new
perspective on the theory of parabolic vector bundles of rank 2 on P1. A hyperelliptic curve C is given
by the equation y2 D f .z/, where f is a polynomial of degree 2gC 2 or 2gC 1 without multiple roots.
This gives a double cover map

'h W C ! P1; .z; y/ 7! z:

Marked points p1; : : : ; pn project to points z1; : : : ; zn 2 P1, which we assume are different. In the study
of pointed hyperelliptic curves it is often assumed that all marked points are Weierstrass points (the roots
of f .z/), but in our approach the marked points are decoupled from the Weierstrass points. We show in
Lemma 5.6 that the scattering amplitude map of hyperelliptic curves factors as

ƒ W PicgC1 C
xƒ
�! Bun.P1I z1; : : : ; zn/

„ÜM0;n;

where Bun.P1I z1; : : : ; zn/ is the moduli stack of parabolic rank 2 bundles with trivial determinant,
the map xƒ associates to a line bundle L 2 PicgC1 C its pushforward .'h/�L with parabolic lines
determined by marked points, and finally „ is a very basic birational map which can be described as
follows. A projectivization of a generic parabolic vector bundle is a ruled surface P1 �P1 with points
.z1; q1/; : : : ; .zn; qn/ giving the parabolic structure, and the map „ assigns .q1; : : : ; qn/ to this bundle;
see Figure 2. It follows that in the hyperelliptic case the scattering amplitude map combines effects
of the birational morphism „, which only depends on z1; : : : ; zn but not on C , and the map xƒ, which
is thus a finer invariant in the hyperelliptic case. To study the scattering amplitude form as a form on
the moduli space of parabolic bundles, we have to choose its projective model. We study effects of
a well-known wall-crossing between projective models and the action of the Weyl group W.Dn/ by
elementary transformations.

1.19 Contents of Section 6 In Theorem 6.2 we make another step towards proving Theorem 1.13: we
show that the scattering amplitude map ƒ has degree 2g for every hyperelliptic curve C . We use beautiful
results of Jacobi [1846] (amplified by Moser and then Mumford [1984]) that give an explicit model for the
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q1

P .E/ „

P1 z1 zn

q1

qn

Figure 2: The map „ W Bun.P1I z1; : : : ; zn/ÜM0;n given by .EIV1; : : : ; Vn/ 7! .q1; : : : ; qn/.

Jacobian of a hyperelliptic curve (with a removed theta-divisor) as the orbit space of conjugacy classes of
2� 2 polynomial matrices. Moreover, translation-invariant vector fields on the Jacobian can be described
in the form of the Lax differential equation, and this can be used to compute branches of the scattering
amplitude form.

1.20 Contents of Section 7 In genus 2, where every curve is hyperelliptic, we combine methods of
Section 5 with a classical observation of Halphen [1882]: a sufficiently general divisor P D p1C� � �Cpn
of marked points on a smooth MHV curve embeds it 'P W C ,! P3 as a degree nD gC 3 space curve.
This gives a way to study the scattering amplitude using geometry of P3. By the results of Section 5,
the scattering amplitude map ƒ W Pic3 C Ü M 0;5 ' dP5 into the quintic del Pezzo surface factors
through the moduli space of parabolic vector bundles of rank 2, which in this case is the quartic del Pezzo
surface dP4. In Theorem 7.6 we resolve this map by a finite morphism xƒ WBl16 Pic3 C ! dP4 of degree 4
from the blow-up of Pic3 C in 16 special points to the quartic del Pezzo surface. We show in Theorem 7.7
that whenever all marked points are Weierstrass points, xƒ becomes a well-known map: it factors as a
composition of two double covers,

Bl16 Pic3 C 2W1
�! K3 2W1

�! dP4;

where the K3 surface is the minimal resolution of the Kummer surface. For general marked points away
from the Weierstrass points, the intermediate K3 surface disappears from the picture but the degree 4
scattering amplitude morphism xƒ as well as the double sixteen configuration on the abelian surface survive.

1.21 Contents of Section 8 In this section we inject a measure of reality into the study of scattering
amplitude forms of smooth curves. In order to obtain real probability measures, we have to turn to real
algebraic geometry. The answer is beautiful for smooth real curves with the maximal number of real ovals,
so called M-curves, with marked points distributed as in Figure 3: either all marked points are real and all
ovals contain one marked point except for one that contains three (type A) or all but two marked points
are real, one for each real oval, and the other two are complex-conjugate (type B). The main result of
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P

PP

P

Figure 3: MHV M-curves of type A, left, and type B, right.

this section is Theorem 8.6: line bundles in every fiber of the scattering amplitude map ƒ over M0;n.R/

“localize” into different connected components (there are conveniently exactly 2g of them)

PicgC1I R� PicgC1R:

We use this theorem of real algebraic geometry to prove Theorem 1.13, which is a theorem of complex
algebraic geometry. Back to M-curves, in Theorem 8.10 we show that the scattering amplitude map ƒ

gives real-analytic open immersions

ƒI W PicgC1I R ,!M0;n.R/

from an open dense subset of every connected component of PicgC1R. This gives real probability
measures jAI j onM0;n.R/ that depend on 4g real parameters. For an especially nice connected component
PicgC1H R, which we call the Huisman component, the scattering amplitude map induces a real-analytic
isomorphism

Rg=Zg ' PicgC1H R
ƒ
�! .RP1/g ;

which gives a positive, smooth (in fact real-analytic) scattering amplitude probability measure on .RP1/g ;
see Theorem 8.12. As an example, we study scattering amplitude probability measures in genus 2, which
produces pretty probability density functions as in Figure 4.

1.22 Contents of Section 9 In this section we describe maximally degenerate stable MHV curves,
ie curves with trivalent on-shell diagrams. By combining results from [Castravet and Tevelev 2013] and
[Arkani-Hamed et al. 2015], we show that they are given by CT hypertrees: collections � Df�1; : : : ; �d g
of triples in f1; : : : ; ng that satisfy

(�)
ˇ̌̌̌ [
j2S

�j

ˇ̌̌̌
� jS jC 2 for every S � f1; : : : ; dg:

For example, as observed in [Castravet and Tevelev 2013], every checkerboard triangulation of a 2-sphere
gives a CT hypertree, in fact two of them. Vertices of the triangulation give the indexing set f1; : : : ; ng and
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Figure 4: Scattering amplitude probability measures in genus 2.

black triangles give triples; see Figure 5. Another CT hypertree is given by white triangles. The scattering
amplitude perspective uncovers geometry of spherical CT hypertrees: in Theorem 9.11 we show that
they appear as stable degenerations of real MHV M-curves. Beautiful results of Tutte on arborescences
associated with triangulations make an appearance in the proof.

1.23 Contents of Section 10 Here we compare our compactified Jacobian approach to a traditional
Grassmannian approach of [Arkani-Hamed et al. 2016], especially in the non-MHV case.

3
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Figure 5: Two spherical CT hypertrees from the same triangulation [Castravet and Tevelev 2013].
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2 Massless Brill–Noether theory

2.1 Example Let C be a smooth genus-1 curve with 4 marked points p1; : : : ; p4. Every line bundle
L 2 Pic2 C gives a double cover 'L W C

2W1
�! P1 presenting C in the form y2 D f .x/, where f is a

polynomial of degree 3 or 4. Recall that

M0;4 ' P1 n f0; 1;1g

via the cross-ratio function of four points. We compactifyM0;4 byM 0;4'P1. If we denote by q1; : : : ; q4
the images of marked points 'L.p1/; : : : ; 'L.p4/ then the scattering amplitude map ƒ takes L 2 Pic2 C
to their cross-ratio function

q4� q1

q2� q1
�
q2� q3

q4� q3
:

Of course Pic2 C ' C but not canonically. In fact Pic2 C has 6 distinguished points

pij D O.pi Cpj /; with i ¤ j;

and carries a natural degree-2 line bundle

LD O.p12Cp34/' O.p13Cp24/' O.p14Cp23/:

The images of points pij 2 Pic2 C under the scattering amplitude map are

ƒ.p14/Dƒ.p23/D 0; ƒ.p13/Dƒ.p24/D 1; ƒ.p12/Dƒ.p34/D1;

q1 q2 q3 q4

p1
p2

p3

p4

p1 p2

p3

p4

q1 q2 q3 q4

Figure 6
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and ƒ is the double cover
'L W Pic2 C 2W1

�! P1:

In the complex torus model Pic2 C DC=ZCZ� , the inverse of the scattering amplitude map ƒ is given
by the elliptic integral

z D

Z x

x0

dxp
g.x/

;

where g is a degree-4 or degree-3 polynomial. To summarize:

(1) The scattering amplitude form A.x/D dx=
p
g.x/ has 4 branch points.

(2) The curve C is uniquely determined by the scattering amplitude form.

(3) Marked points p1; : : : ; p4 are determined by ƒ�1.0/, ƒ�1.1/ and ƒ�1.1/, but not uniquely: the
action of the Klein 4-group that permutes the marked points p1; : : : ; p4 in pairs is not detected by
the scattering amplitude.

2.2 Remark A special case is when p1; : : : ; p4 are 2-torsion points of an elliptic curve with origin p1.
We identify Pic2 C with C D Pic1 C by tensoring with O.p1/. Then L is identified with O.2p1/. The
6 points pij specialize to 3 points p2; p3; p4, each with multiplicity 2. A special feature of this scattering
amplitude form is that three of its branch points are at 0; 1;1. The fourth one determines the j -invariant.
More generally, we will see in Section 5 that scattering amplitudes of hyperelliptic curves can detect
whether or not the marked points are at the Weierstrass points.

2.3 Theorem Every smooth pointed curve .C Ip1; : : : ; pn/ of genus g is an MHV curve.

Proof Recall that nD gC3 and d D gC1. We are going to use repeatedly that a generic line bundle of
degree less than g is not effective [Arbarello et al. 1985]. Let L be a generic line bundle of degree gC 1.
Then !C ˝L� is also a generic line bundle. Since its degree is .2g� 2/� .gC 1/D g� 3 < g, we have
h1.L/D h0.!C ˝L

�/D 0, ie L is not special. This proves part (1) of Definition 1.6.

Next, we verify part (2). If p 2C then h1.L.�p//D h0.!C ˝L�.p//. Since the degree of !C ˝L�.p/
is g�2, it is effective only if can be written as O.x1C� � �Cxg�2/ for some points on the curve. It follows
that L' !C .p � x1 � � � � � xg�2/. But the locus of these line bundles is at most .g�1/-dimensional,
which contradicts the fact that L is generic. Thus L is globally generated.

We claim that 'L.pi /¤'L.pj / when i ¤ j , ie ƒ.L/2M0;n for a genericL. Indeed, h1.L.�pi�pj //D
h0.!C ˝L

�.pi Cpj //D 0 since its degree is g� 1 < g. Thus 'L sends pi and pj to different points
of P1.

To show that the scattering amplitude map ƒ W PicgC1 C ÜM0;n is generically finite, we compute its
differential at a generic point. Tensoring an exact sequence

0! O.�P /! O!

gC3M
iD1

Opi ! 0;
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where P D p1C � � �CpgC3, with '�L.TP1/' O.L˝2/ gives an exact sequence

H 0.C;L˝2.�P //!H 0.C; '�L.TP1//!

gC3M
iD1

H 0.pi ; '
�
L.TP1//!H 1.C;L˝2.�P //:

Since L˝2.�P / has degree 2.gC 1/� .gC 3/D g� 1, both ends of the sequence vanish for generic L
and we have an isomorphism

H 0.C; '�L.TP1//'

gC3M
iD1

H 0.pi ; '
�
L.TP1//'CgC3:

In other words, every infinitesimal deformation of points 'L.p1/; : : : ; 'L.pgC3/ in P1 is induced by an
infinitesimal deformation of the map C ! P1 which, since H 1.C;L/D 0, is given by an infinitesimal
deformation of L and infinitesimal PGL2 action. It follows that the differential of ƒ is an isomorphism
at L.

Analyzing the special loci from the proof of Theorem 2.3 gives the following.

2.4 Amplification (planar locus W and special divisors E;Eij ; R � PicgC1 C )

(1) L is not special away from the image W of the map

Symg�3 C ! PicgC1 C; .x1; : : : ; xg�3/ 7! !C .�x1� � � � � xg�3/:

(2) L is basepoint-free away from the image E of the map

C �Symg�2 C ! PicgC1 C; .p; x1; : : : ; xg�2/ 7! !C .p� x1� � � � � xg�2/:

(3) ƒ.L/ is in M0;n when L is away from E and the images Eij for 1� i < j � n of the maps

Symg�1 C ! PicgC1 C; .x1; : : : ; xg�1/ 7! !C .�x1� � � � � xg�1Cpi Cpj /:

(4) Let ‚� Pic2gC2 be the image of the map

Symg�1 C ! Pic2gC2 C; .x1; : : : ; xg�1/ 7! O.x1C � � �C xg�1Cp1C � � �CpgC3/:

The scattering amplitude map ƒ is unramified away from E, Eij and the locus R D m�1.‚/,
where m is the map

m W PicgC1 C ! Pic2gC2 C; L 7! L˝2:

(5) W �E \
T
i¤j Eij has codimension 3 in PicgC1 C .

(6) Eij and ‚ are theta-divisors.

(7) E is a theta-divisor if C is hyperelliptic, otherwise E � .g� 1/‚.

(8) The divisor R is algebraically equivalent to 4‚.
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Proof Recall that theta-divisors are defined up to translation by an element of Pic0 C and are not
preserved by any nonzero translation. The locus of effective divisors in Picg�1 C is “the” theta-divisor.
Thus everything follows from the proof of Theorem 2.3, except for the calculation of the class of the
ramification divisor R, which follows from the theorem of the cube, and the class of the “difference
divisor” E. If C is hyperelliptic then !C .p�x1� � � ��xg�2/�KC � .g� 2/hCpCx1C� � �Cxg�2,
where h is the hyperelliptic divisor, and so E is the translate of the theta-divisor. If C is not hyperelliptic,
the class of E in the Neron–Severi group was computed in [Farkas et al. 2003, Proposition 3.7(b)].

2.5 Remark (i) As pointed out by the referee, [Farkas et al. 2003, Proposition 3.7] studies the image
of the difference map

 b;a WSymb C �Syma C!Picb�a C; .p1; : : : ; pb/�.x1; : : : ; xa/ 7!OC .p1C� � �Cpb�x1�� � ��xa/

only under the assumption that 1 � b � a � 1
2
.g� 1/, which is stronger than ours (b D 1, a D g� 2).

However, their argument works verbatim in our case. We only need to show that  1;g�2 is birational
onto its image if C is not hyperelliptic. Arguing by contradiction, take two different points in a fiber,
p1 � x1 � � � � � xg�2 � p01 � x

0
1 � � � � � x

0
g�2, for a general .g�1/-tuple p1; x1; : : : ; xg�2. Then

p1Cx
0
1C� � �Cx

0
g�2 � p

0
1Cx1C� � �Cxg�2. If these divisors are different, then by Riemann singularity

theorem and dimension count, dim Sing‚� g� 3, which contradicts Martens’ theorem since C is not
hyperelliptic. Thus these divisors are the same, and so p1 D xi for some i , which contradicts generality.

(ii) Divisors E, Eij and R all provide natural polarizations of PicgC1 C . Note especially that E is
independent of the marked points p1; : : : ; pn.

2.6 Loci E and Eij After choosing a compactification of M0;n, for example M 0;n, the scattering
amplitude map (as any rational map) will extend generically along divisors E and Eij . Line bundles
L2E have base locus but (away from W ) still determine meromorphic functions 'L WC !P1. However,
moving base points doesn’t change 'L but changes L and as a result ƒ contracts E to a locus of smaller
dimension, most dramatically to a point o 2M0;n in the hyperelliptic case (see Corollary 5.13). This
produces a singularity in the scattering amplitude probability measure. By contrast, divisors Eij are
largely harmless: extension of ƒ maps Eij to the locus in the compactification ofM0;n where two marked
points in P1 come together, for example to the boundary divisor �ij in the case of M 0;n. Here is an
example of a different and very ergonomic compactification.

2.7 Lemma Fix three indices , for example gC 1; gC 2; gC 3. The scattering amplitude map induces a
generically finite rational map

(2.7.1) ƒ W PicgC1 C ÜM0;n

�1;:::;�g
������! .M 0;4/

g
' .P1/g ;

where �i WM0;n!M 0;4 for i D 1; : : : ; g is the forgetful morphism given by the indices i , gC 1, gC 2
and gC 3. A general line bundle L 2 PicgC1 C is mapped by �i to the cross-ratio of the points 'L.pi /,
'L.pgC1/, 'L.pgC2/, 'L.pgC3/. Let L 2 PicgC1 C n fR[Eg. If the points 'L.pgC1/, 'L.pgC2/ and
'L.pgC3/ are different , then (2.7.1) is regular and unramified at L.
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Proof Identical to the last paragraph of the proof of Theorem 2.3.

2.8 Locus W We call W the planar locus: generically along W, 'L is a morphism

(2.8.1) 'L W C ! P2:

If C is a general curve, 'L realizes it as a degree-.gC1/ plane curve with 1
2
g.g�3/ nodes away from the

marked points p1; : : : ; pn. Generically along W, the scattering amplitude map is resolved by the blow-up

(2.8.2) ƒ WG D BlW PicgC1 C ÜM0;n:

In the language of Brill–Noether theory [Arbarello et al. 1985], G parametrizes pencils of divisors on C
of degree gC 1. Let

yW �G

be an exceptional divisor over W. The map yW !W is a P2-bundle (generically along W ). Generically
along yW, the map ƒ of (2.8.2) can be described as follows: a point .L; p/ 2 yW gives both a “planar
realization” (2.8.1) and a point p 2 P2. Projecting points

'L.p1/; : : : ; 'L.pn/ 2 P2

from p gives points q1; : : : ; qn 2 P1. The class of .q1; : : : ; qn/ in M0;n is the image of .L; p/ under ƒ.
By [Castravet and Tevelev 2012, Theorem 3.1], ƒ.DW /�M 0;n is a divisor covered by surfaces

(2.8.3) S D Bl'L.p1/;:::;'L.pn/ P2

for general L 2W unless points 'L.p1/; : : : ; 'L.pn/ lie on a conic, in which case the conic is contracted
to a point.

2.9 Lemma The multivalued scattering amplitude form A on M0;n has branches that vanish along the
divisor ƒ.DW / with multiplicity 2.

Proof Equivalently, we claim that the pullback of the scattering amplitude form A on PicgC1 C to G
vanishes to the order 2 along yW. But W has codimension 3 and for a blow-up � WG D BlW X !X with
exceptional divisor yW, one has ��KX DKG.�k yW /, where k D codimW X � 1.

2.10 Example W is empty in genus 1 and 2. For a curve of genus 3,

W D fKg 2 Pic4 C;

and 'K W C ! P2 is an embedding of C as a quartic curve if C is not hyperelliptic and a 2 W 1 map to a
conic in P2 if C is hyperelliptic. If C is a general quartic (resp. hyperelliptic) curve then S as in (2.8.3)
is a general smooth (resp. nodal) cubic surface. This is related to the fact that M0;6 has another projective
model, the Segre cubic threefold in P4, and S is its hyperplane section. At the moment little is known
about divisors ƒ. yW /�M0;n for g > 3.
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3 One- and two-channel factorization

3.1 Recall that the on-shell diagram is the dual graph of C decorated with degrees of L 2 Pic Ed C on
its irreducible components. If C is an MHV curve then none of these degrees are negative since L is
globally generated. However, some of the degrees can be equal to 0. The corresponding components
are contracted by the map 'L W C ! P1. The union of irreducible components where L 2 Pic Ed C has
degree 0 can be written as a disjoint union of maximal connected components

C
.0/
1 ; : : : ; C .0/r :

The following lemma is essentially from [Arkani-Hamed et al. 2015]:

3.2 Lemma If C is an MHV curve then each connected component C .0/i is a curve of arithmetic genus 0
(ie a tree of P1’s) with at most one marked point.

Proof The restriction of a generic line bundle L to each C .0/i is a globally generated, on the other hand
generic, line bundle of degree 0. Therefore this restriction is a trivial line bundle and so the genus of
each C .0/i is zero. Since 'L contracts each C .0/i , it can contain at most one marked point, otherwise ƒ is
not dominant.

3.3 Remark One can substitute each tree C .0/i of rational components with any other fixed curve of
arithmetic genus zero with the same number of marked points (ie zero or one) and the same number of
“outbound” points (where C .0/i is connected to the rest of the curve C ). This doesn’t change the scattering
amplitude. In the language of on-shell diagrams, Lemma 3.2 says that a subgraph of degree 0 vertices is
a disjoint union of r connected trees of white circles with at most one marked point on each tree. Each of
these trees can be substituted with one white megacircle without changing the scattering amplitude.

The following fact is very useful.

3.4 Lemma Let C be an MHV curve. Choose two points x; y 2 C (not necessarily marked points).
Then either x and y belong to the same rational component C .0/i of Section 3.1, or

'L.x/¤ 'L.y/

for a general line bundle L 2 Pic Ed C .

Proof Let L be a general line bundle in Pic Ed C . It gives a morphism 'L WC ! P1. Suppose x and y are
not in the same component C .0/i (clearly contracted by 'L) but 'L.x/D 'L.y/D 0 2 P1. Conditions
(1) and (2) in Definition 1.6 of an MHV curve are open in Pic Ed C . We claim that L can be deformed to
force 'L.x/¤ 'L.y/. Let g W C 0! C be a morphism and let D;D0 � C 0 be divisors defined as follows:

(1) If x is a smooth point of C and its irreducible component A containing x is not contracted by 'L,
then C 0DC and DDmŒx�, where '�L.0/DmŒx�C� � � and D0DmŒx0�, where x0 2A is a general
point.
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(2) If x is a node of C and irreducible components A and B passing through x are not contracted
by 'L (it could be that AD B) then C 0 is a partial normalization of C obtained by separating the
node x, D is a divisor supported at g�1.x/ such that .'L ıg/�.0/DDC � � � and D0 is a general
effective divisor on C 0 with the same multidegree as D.

(3) Finally, if x 2 C .0/i , and letting C 0 be C nC .0/i , then D is a divisor supported at g�1.C .0/i / such
that .'L ıg/�.0/DDC� � � and D0 is a general effective divisor on C 0 with the same multidegree
as D.

LetL02PicE0 C be a line bundle such that g�L0'OC 0.D
0�D/, which exists since g� WPic.C /!Pic.C 0/

is surjective in all three cases. We can assume that 'L˝L0.y/D 0. We claim that 'L˝L0.x/¤ 0. Indeed,
let s be a global section of L that vanishes at x and y and let s0 be a rational section of L0 such that
.g�s0/DD

0�D. Then g�.s0s/ has no poles and doesn’t vanish along D, and therefore s0s is a global
section of L0˝L that vanishes at y but not at x.

There are two more restrictions on MHV curves:

3.5 Lemma Let .C; Ed/ be an MHV curve with a connected subcurve A of arithmetic genus p, and
L 2 Pic Ed C a generic line bundle.

(1) If p > 0, then degLjA � pC 1.

(2) If degLjA D pC 1, then A contains at most pC 3 marked points.

Proof Indeed, LjA is both globally generated and generic, thus degLjA � p C 1. This proves (1).
Let NA � f1; : : : ; ng be the subset of marked points that belong to A and let nA be its cardinality. If
degLjA D pC 1, then 'LjA is a map A! P1. The scattering amplitude map ƒ is dominant, therefore
the induced map Pic EdA A!M0;nA that sends LjA to the configuration of points 'LjA.pi / for i 2 NA
must be dominant as well. It follows that nA � pC 3. This proves (2).

3.6 Corollary Figure 1 lists all MHV curves with g D 1 (up to permuting markings).

Proof A dual graph of a nodal curve of arithmetic genus 1 is a graph of genus 1, ie a genus 1 vertex or a
cycle (perhaps reduced to a loop) with trees attached. By Lemma 3.5, the degree of the cycle is 2, so all
trees have degree 0. By Lemma 3.2, there are actually no trees, so the on-shell diagram is a cycle. This
leaves diagrams from Figure 1.

3.7 Example Let C be an irreducible nodal curve of arithmetic genus 1 with 4marked points p1; : : : ; p4.
We view C as P1 with 0 and1 identified. Marked points p1; : : : ; p4 2 C� � P1. For x; y 2 C�, the
line bundle LD O.Œx�C Œy�/ 2 Pic2 C determines the map

'L W C
2W1
�! P1; p 7!

p

.p� x/.p�y/
:
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(Note that 'L.0/D'L.1/.) It is easy to see that O.Œx�CŒy�/'O.Œx0�CŒy0�/ if and only if xyD x0y0D z
in C�. This gives an identification of Pic2 C 'C�. The map

ƒ W Pic2 C !M 0;4 ' P1; ƒ.L/D �D Œ'L.p1/ W 'L.p2/I'L.p3/ W 'L.p4/�;

is the cross-ratio of points varying with L. Using invariance of the cross-ratio,

ƒ.L/D

�
p1

.p1� x/.p1�y/
W

p2

.p2� x/.p2�y/
I

p3

.p3� x/.p3�y/
W

p4

.p4� x/.p4�y/

�
D

�
.p1� x/.p1�y/

p1
W
.p2� x/.p2�y/

p2
I
.p3� x/.p3�y/

p3
W
.p4� x/.p4�y/

p1

�
D

�
p1� .xCy/C

z

p1
W p2� .xCy/C

z

p2
Ip3� .xCy/C

z

p3
W p4� .xCy/C

z

p4

�
D

�
p1C

z

p1
W p2C

z

p2
Ip3C

z

p3
W p4C

z

p4

�
D �:

Thus �Dƒ.z/ extends to a map P1
2W1
�! P1 that sends 0;1 to Œp1 W p2Ip3 W p4�. The target P1 is the

M 0;4 and the source P1 is a new feature of the stable curve case, the normalization of the compactified
Jacobian Pic2 C , in this case a nodal cubic. The 1-form dz=z of Pic2 C is invariant under the group
action of C�Š PicE0 C on Pic2 C . As a form on Pic2 C , the amplitude has log poles at its boundary point,
but as a form of �, the pole is located at Œp1 W p2Ip3 W p4� … f0; 1;1g. To summarize:

(1) The scattering amplitude form is

A.�/D
d�

.���0/
p
f2.�/

;

with the log pole
�0 D Œp1 W p2Ip3 W p4� … f0; 1;1g;

where f2 is a polynomial of degree 2 with roots ƒ.˙
p
p1p2p3p4/.

(2) The marked points p1; : : : ; p4 are determined modulo the action of the Klein 4-group that permutes
them in pairs. Specifically,

ƒ�1.0/D fp1p4; p2p3g; ƒ�1.1/D fp1p3; p2p4g; ƒ�1.1/D fp1p2; p3p4g:

3.8 Next we consider various situations when the curve C can be separated into two connected compo-
nents A and B by nodes. We will use the following notation:

(1) gA and gB for the arithmetic genus of components A and B .

(2) dA and dB for the degree of LA D LjA and LB D LjB . We have dAC dB D d .

(3) NA and NB for the subsets of marked points on A and B and nA and nB for their cardinalities. We
have nACnB D n.
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3.9 One-channel factorization Let C be a nodal curve with a separating node. In other words, the
on-shell diagram of C is not 2-connected. This is related to a one-channel factorization in physics where
virtual particles are interchanged through the separating node. The following lemma is well-known in
physics.

3.10 Lemma A curve with a separating node is never an MHV curve. In particular , the only MHV
curves with compact Jacobians are smooth curves.

Proof We argue by contradiction. Let the node separate C into components A and B . Note that
gACgB Dg. If gA>0 and gB >0, then dA�gAC1 and dB �gBC1 by Lemma 3.5; thus gC1�gC2,
a contradiction. If gA D g and gB D 0 (or vice versa) then dA D gC 1 and dB D 0 by Lemma 3.5. But
B contains at least two marked points, which contradicts Lemma 3.2.

3.11 Definition (two-channel factorization) Suppose that C can be separated into A and B by two
nodes but not by one node. In other words, the on-shell diagram of C is 2-connected but not 3-connected.
We say that C has a two-channel factorization unless A (or B) is a P1 with a marked point and L has
degree 0 on it.

3.12 Example Let .C Ip1; p2; p3; p4/ be a curve obtained by gluing two copies of P1 at 0 and1, with
p1; p2 on the first component and p3; p4 on the second. This is an example of a two-channel factorization.
The MHV component of the Picard group is Pic1;1 C . Every line bundle L 2 Pic1;1 C can be written as
O.Œx�C Œx0�/, where x is a point of the first component and x0 of the second (away from the nodes of C ).
Consider the map

'L W C
2W1
�! P1; p 7!

8̂<̂
:
aC

b

p� x
on the first component,

a0C
b0

p� x0
on the second component,

where a D a0 and bx0 D b0x so that 'L is regular. It is easy to see that O.Œx�C Œx0�/' O.Œy�C Œy0�/ if
and only if x=x0 D y=y0 D z. This gives an identification Pic1;1 C 'C�.

We are studying the scattering amplitude map ƒ W Pic1;1 C !M 0;4 ' P1 given by the cross-ratio of
points 'L.p1/; : : : ; 'L.p4/ varying with L. Using invariance of the cross-ratio,

�D

�
aC

b

p1� x
W aC

b

p2� x
I aC

b0

p3� x0
W aC

b0

p4� x0

�
D

�
b

p1� x
W

b

p2� x
I

b0

p3� x0
W

b0

p4� x0

�
D

�
x

p1� x
W

x

p2� x
I

x0

p3� x0
W

x0

p4� x0

�
D

�
p1

x
W
p2

x
I
p3

x0
W
p4

x0

�
D

�
p1 W p2I zp3 W zp4

�
D
zp4�p1

p2�p1
�
p2� zp3

zp4� zp3
:

As in Example 3.7, we view the map ƒ as the map from the compactified Jacobian:

Pic1;1 C D P1z =f0D1g
2W1
�! P1� DM 0;4:
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The difference from Example 3.7 is that ƒ.0/ D ƒ.1/ D1. In particular, the scattering amplitude
form, which is the Pic0;0 C -invariant form dz=z written as a multivalued form of �, has a log pole at1.
Explicitly, from the above, we have

(3.12.1) �z.p2�p1/.p4�p3/D .zp4�p1/.p2� zp3/:

Solving (3.12.1) for z using the quadratic formula gives, after algebraic manipulations,

dz

z
D .p1�p2/.p4�p3/

d�p
f2.�/

;

where f2.�/ is the discriminant of this quadratic equation.

3.13 Lemma Suppose .C; Ed/ is an MHV curve with a two-channel factorization into components A
and B by nodes x and y. Let L 2 Pic Ed C be a generic line bundle. Then:

(1) dA D gAC 1, dB D gB C 1.

(2) nA D gAC 3, nB D gB C 1 (Case I), or nA D gAC 2, nB D gB C 2 (Case II).

(3) H 0.A;LA/DH
0.B;LB/D 2 and H 1.A;LA/DH

1.B;LB/D 0.

(4) LA and LB are globally generated.

(5) 'L.x/¤ 'L.y/. In particular , neither A nor B contains a degree 0 rational component C .0/i with
both x and y as in Lemma 3.4.

Proof Let L 2 Pic Ed C be a generic line bundle. Consider a partial normalization map

� W AqB! C

and an exact sequence
0! OC ! ��.OA˚OB/

˛
�! Ox˚Oy! 0;

where ˛.f; g/D .f .x/�g.x/; f .y/�g.y//. SinceH 1.C;L/D 0, tensoring with L givesH 1.A;LA/D

H 1.B;LB/D 0. Since restrictions LA and LB are globally generated and neither A nor B is a P1 with
a marked point and degree 0, we get

(3.13.1) dA D gAC 1; dB D gB C 1; H 0.A;LA/DH
0.B;LB/D 2:

Next we consider the restriction map H 0.A;LA/ ! C2 at points x and y. We claim that it is an
isomorphism (and the same for B) and in particular 'L.x/ ¤ 'L.y/. If not, let sA 2 H 0.A;LA/ be
a nonzero section that vanishes at x and y. Extension of this section by 0 on B gives a section s1 in
H 0.C;L/. Let s2 2H 0.C;L/ be a linearly independent section. Then the morphism 'L W C

Œs1Ws2�
���! P1

contracts B to a point. Thus all components of B have degree 0, which contradicts (3.13.1).

Finally, we study distribution of marked points among componentsA andB . By Lemma 3.5(2), nA�gAC3
and nB � gB C 3. Up to symmetry, there are only two possible cases, namely (I) and (II).
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Figure 7

3.14 Amplification The proof of the lemma shows how to build the map 'L W C ! P1. We start with
the maps 'LA W A! P1 and 'LB W B ! P1 that each map x and y to different points. Without loss of
generality, we can assume that

'LA.x/D 'LB .x/D 0 and 'LA.y/D 'LB .y/D1:

The maps 'LA and 'LB then glue and give a map ' W C ! P1, which corresponds to some line bundle L
that restricts to LA and LB . The restriction map

Pic
Ed C ! Pic

EdA A�Pic
EdB B

has kernel C�. Changing L by an element z 2C� gives a map 'zL such that

'zLjA D 'LjA and 'zLjB D z'LjB :

3.15 Curves A and B do not have to be stable. Suppose that A is not stable (analysis for B is the same).
Then A contains a rational component that in C is attached to x or y (or both) which has less than
3 special points (marked points or nodes) once x and y are separated. Since C doesn’t have a 1-channel
factorization, A can’t have a rational component with 1 special point (in A) attached to both x and y.
Thus A is at least semistable. We list the remaining possibilities in Figure 7:

(i) A contains a 4-pointed P1 without marked points attached to x and y and to the rest of the
subcurve A0 at 2 points. Then dA0 � gA by Lemma 3.5(1) if gA >1, or by Lemma 3.2 and nAD 2
if gA0 D 0. Then dA0CdP1 D gAC 1 and dP1 � 1 since 'L.x/¤ 'L.y/. Thus P1 has degree 1.

(iiW) A contains a 3-pointed P1 of degree 0without marked points attached to the rest of the subcurveA0

at 2 points and also to x (or y).

(iiB) A contains a 3-pointed P1 of degree 1without marked points attached to the rest of the subcurveA0

at 2 points and also to x (or y).4

(iii) A contains a 3-pointed P1 with a marked point attached to the rest of the subcurve A0 at one
point and also to x (or y). This P1 must have degree 0 by Lemma 3.5(1).

4By Lemma 3.5(1), this P1 can’t have degree > 1.
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3.16 Theorem A curve C with a two-channel factorization such that nA D gAC 3 and nB D gB C 1 is
an MHV curve if and only if :

(1) The stabilization zA of A with its nA marked points is an MHV curve that does not contain a degree 0
rational component C .0/i as in Section 3.1 with both x and y.

(2) The curve zB obtained by adding to B two extra marked points in addition to its nB marked points
(at the nodes separating A from B) is an MHV curve.

A (multivalued ) inverse of the map ƒ at a general point .p1; : : : ; pn/ 2M0;n can be found as follows.
Take LA 2 ƒ�1A ..pi /i2NA/. Then p0 D 'LA.x/ ¤ 'LA.y/ D p

00. Take LB 2 ƒ�1B .p0; .pi /i2NB ; p
00/.

Finally, we can find L using Amplification 3.14.

Proof If A is stable then it is an MHV curve. Indeed, by Amplification 3.14 we have a commutative
diagram

(3.16.1)

Pic Ed C
ƒ
����! M0;n

ResA WL 7!LA

??y ??y�A
Pic EdA A

ƒA
����! M0;nA

where �A is the forgetful map, and so the rational map ƒA is dominant. If A is not stable then we claim
that its stabilization zA is an MHV curve. Indeed, cases (i) and (iiB) of Section 3.15 are impossible
because the remaining part A0 would have genus gA� 1, degree gA, but will contain gAC 3 points, in
contradiction with Lemma 3.5(2). In the remaining cases (iiW) and (iii) of Section 3.15, zA is obtained by
contracting a P1 (or two P1, one attached to x and another to y), both of degree 0. It follows that the
map 'LjA factors through zA and we can argue as in the case when A is stable.

3.17 Claim The curve zB obtained by adding x and y to B as extra marked points is MHV.

Proof Indeed, zB is clearly stable and we have already checked conditions (1) and (2) in Definition 1.6
of an MHV curve.5 We need to check that

ƒ zB W Pic
EdB B!M0;nBC2

is dominant. We use the fact that ƒ is dominant, and diagram (3.16.1). Fix a general line bundle LA
on A and fix nA points ƒA.LA/ � P1. Since these points include three different points in P1, no
automorphisms of PGL2 preserve them. We adjust homogeneous coordinates on P1 so that 'LA.x/D 0
and 'LA.y/ D1. Thus ƒ.L/ for L 2 Res�1A .LA/ is determined by points 'L.pi / for i 2 NB . Since
ƒjRes�1A .LA/

is a dominant map from a semiabelian variety of dimension nB D gB C 1, we see that the
following locus of points is dense:

f'L.pi /gi2NB � .P
1/nB :

5We will not use this but note that if B is not stable then case (iii) of Section 3.15 is impossible because attaching this 3-pointed
P1 to A instead of B creates a subcurve of genus gA, degree gAC1 with gAC4marked points, which contradicts Lemma 3.5(2).
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The map ƒ zB sends LB to an isomorphism class of the .nB C 2/-tuple of points .0; 'L.pi /i2NB ;1/
in P1, equivalently to the class of f'L.pi /gi2NB modulo C�. Therefore, ƒ zB is dominant.

It remains to show that if A and B are as in the theorem then C is an MHV curve, and to construct a
multivalued inverse of the scattering amplitude map ƒ. Start with a point .p1; : : : ; pn/ 2M0;n. Since
zA is an MHV curve, we can find a line bundle LA such that ƒA.LA/D .pi /i2NA . We lift LA to a line

bundle on A. By Lemma 3.4, p0 D 'LA.x/¤ 'LA.y/D p
00. Since zB is an MHV curve, we can find LB

such that ƒB.LB/D .p
0; .pi /i2NA ; p

00/. We finish using Amplification 3.14.

When nA D gAC 2, nB D gB C 2 (as in Example 3.12), our result is less precise.

3.18 Theorem Suppose that C is an MHV curve with a two-channel factorization such that nAD gAC2
and nB D gBC2 which does not admit an alternative two-channel factorization as in Theorem 3.16. Then:

(1) The curve zA obtained by adding to A an extra marked point (at one of the nodes separating A
from B) and stabilizing is an MHV curve that does not contain a degree-0 rational component C .0/i
as in Section 3.1 with both x and y.

(2) The same for B .

Proof Suppose that A is not stable. In cases (i) and (iii) of Section 3.15, the curve admits an alternative
two-channel factorization of type considered in Theorem 3.16. Namely, in case (i) (resp. (iii)) we move
the 4-pointed (resp. the 3-pointed) P1 to B . This gives a two channel factorization such that nA0 D gA0C3
and nB 0 D gB 0 C 1. So we will assume that neither (i) nor (iii) occurs for either A or B .

3.19 Claim We can choose extra points p and q for A and B at one of the points x or y such that curves
zA and zB obtained by stabilization are MHV curves.

Indeed, if A or B is not stable and case (iiB) occurs, we would have to add an extra point to that P1.
Note that (iiB) can only occur at one point of A, x or y, and the same for B . Indeed, otherwise A0 has
genus gA� 2, degree gA� 1 and gAC 2 marked points, which contradicts Lemma 3.10(2).

If (iiB) does not occur, we are going to decide where to add an extra point later in the proof of the
claim. We stabilize the curves if (iiW) occurs but the extra point p is not attached to the corresponding
3-pointed P1. The curves zA and zB are of course stable and we have already checked conditions (1)
and (2) in the definition of an MHV curve. We just need to check that ƒ zA and ƒ zB are dominant. Since
the situation is symmetric, we only consider zA. Suppose first that (iiB) occurs. From the commutative
diagram (3.16.1), the map ƒA is dominant. Note that an extra point p doesn’t impose any conditions
and can be anywhere in P1. Thus ƒ zA is dominant as well. Next we suppose that (iiB) does not occur.
For a general line bundle LA 2 Pic EdA A, the nA points 'LA.pi /i2NA are distinct, and as we vary LA,
span an .nA�3/-dimensional open locus in M0;nA . It suffices to show that adding 'LA.x/ (or 'LA.y/)
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gives the locus of dimension nA� 2D gA. Equivalently, we claim that adding both 'LA.x/ and 'LA.y/
gives the locus of dimension gA. We argue by contradiction. If this is not the case then 'LA.x/ and
'LA.y/ are determined by positions of points 'LA.pi /i2NA up to a finite ambiguity. Positions of nB
points 'LB .pi /i2NB are then determined by gB C 1 parameters as in Amplification 3.14. Thus the locus
of images of marked points has dimension at most gAC gB < g, which contradict the fact that ƒ is
dominant.

4 Compactified Jacobians of MHV curves

4.1 In this section we will globalize the scattering amplitude map by the diagram

PicMHV
0 C

ƒ
����! M0;n??y

MMHV
g;n

where MMHV
g;n � Mg;n is an open locus of MHV curves, PicMHV C is a universal MHV Picard family

over it, PicMHV
0 C�PicMHV C is an open locus and ƒ is the universal scattering amplitude map. We also

compactify PicMHV C by a projective family PicMHVC of compactified Jacobians. Recall that nD gC 3
and d D gC 1.

4.2 Consider the stack Qg;n;d of quasimaps [Ciocan-Fontanine and Kim 2010] of C to P1. Its sections
over a scheme S are triples .C;L; ˛/, where C! S is a family of semistable curves of genus g with
n marked points, L is a line bundle on C of relative degree d , and ˛ W O˚2C ! L is a homomorphism
which does not vanish on each fiber. The morphism

� W Qg;n;d !Mg;n

sends C to its stabilization. The stack Qg;n;d (and its higher-rank analogues) contains many useful open
proper separated substacks.

4.3 Definition Let MMHV
g;n �Mg;n be the locus of families of stable curves such that all their geometric

fibers are MHV curves for some choice of Ed . Let QMHV
g;n;d

� Qg;n;d be the locus of families of quasimaps
such that, for any geometric fiber .C;L; ˛/, the curve C is stable and .L; ˛/ satisfies Definition 1.6(1)–(3).

4.4 Theorem (1) MMHV
g;n is an open substack of Mg;n.

(2) QMHV
g;n;d

is an open substack of the proper and separated Deligne–Mumford stack Qg;n;d of stable
quotients as defined in [Marian et al. 2011].

(3) The morphism � W QMHV
g;n;d

!MMHV
g;n is smooth , of relative dimension n.
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(4) Consider the action of GL2 on QMHV
g;n;d

via its action on O˚2C . The stabilizer of every point is the
diagonal torus C�. The quotient stack PicMHV

0 C WD ŒQMHV
g;n;d

=PGL2� is an open substack in the
rigidified Picard stack of pairs .C;L/, where L is a degree-d line bundle on C .

(5) For 1� i < j � n, let �ij � .P1/n be diagonals. We have a commutative diagram

QMHV
g;n;d

����! .P1/n n
S
i;j �ij??y=PGL2

??y=PGL2

PicMHV
0 C

ƒ
����! M0;n??y

MMHV
g;n

Proof Dualizing the homomorphism ˛ W O˚2C ! L gives an exact sequence

(4.4.1) 0! L�! O˚2C
q
�!Q! 0:

The moduli space of stable quotients Qg;n;d parametrizes data (4.4.1) such that Q is locally free at the
nodes and at the marked points and has positive degree along all strictly semistable components of C . All
these conditions are clearly satisfied in our case, in fact q D ˛. From [Marian et al. 2011], we conclude
that:

(1) There is a universal curve C over Qg;n;d with n sections, and a universal quotient

0! S! O˚2C ! Q! 0

over C with an invertible sheaf S.

(2) The map � WQg;n;d !Mg;n that sends C to its stabilization is proper.

(3) Evaluating sections q.1; 0/ and q.0; 1/ at the marked points p1; : : : ; pn gives evaluation maps
evi WQg;n;d ! P1, which we combine into one morphism

Qg;n;d ! .P1/n:

(4) All structures above are equivariant under PGL2.

(5) Qg;n;d has a 2-term obstruction theory relative to �, given by RHom.S;Q/.

In particular, � is smooth at .C; q/ if Ext1.S;Q/D 0, which in our case follows from the short exact
sequence (4.4.1) and H 1.C;L/D 0. Since � W QMHV

g;n;d
!Mg;n is smooth, its image MMHV

g;n is open.

4.5 Next we show that PicMHV
0 C is separated (note that the quotient by a free action of an algebraic

group is often not separated). We will introduce a natural polarization A on MHV curves and study
slope-stability of line bundles L with respect to it. It is well-known that slope stability on reducible curves
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boils down to Gieseker’s basic inequality: for any proper subcurve Y � C , we need to show

(4.5.1)
ˇ̌̌̌
dY � aY

dC

aC

ˇ̌̌̌
< 1
2

#Y;

where
dY D degLjY ; aY D degAjY and #Y WD jY \X nY j:

Classically, the most studied case was dC D g� 1, AD !C , and no marked points. This is a convenient
choice because dC =aC D 1

2
. In the MHV Brill–Noether theory, when dC D gC 1 and marked points are

present, an equally convenient choice is a fractional polarization

AD !C C
4

n
.p1C � � �Cpn/;

which also gives dC =aC D 1
2

. The Q-line bundle A is ample as long as C is stable curve without rational
tails (subcurves of arithmetic genus 0 attached to the rest of the curve at one point), which doesn’t happen
for MHV curves by Lemma 3.10.

4.6 Lemma A line bundle is A-stable if and only if

(4.6.1) dY > gY � 1C
2

n
nY

for every proper connected subcurve Y �C , where gY is the arithmetic genus of Y and nY is the number
of marked points on it. For semistability, the inequality is not strict.

Proof For every proper subcurve Y � C , we have to check thatˇ̌
dY �

1
2
aY
ˇ̌
< 1
2

#Y:

For the complementary subcurve Y c WDX nY , we have dY � 1
2
aY D�dY c C

1
2
aY c . Thus we just have

to show that 1
2
aY �dY <

1
2

#Y for every proper subcurve Y , in fact for every proper connected subcurve,
which is equivalent to (4.6.1).

4.7 Lemma For an MHV curve C , every line bundle L 2 PicMHV C is A-stable.

Proof To verify (4.6.1), we consider several cases.

(1) If dY � gY C 2, the equation (4.6.1) is automatic.

(2) If dY D gY C 1, the equation (4.6.1) holds unless nY D n, in which case gY D g by Lemma 3.5
and therefore Y D C by Lemma 3.10, a contradiction.

(3) If dY � gY , then dY D gY D 0 by Lemma 3.5 and thus nY � 1 by Lemma 3.2. Equation (4.6.1)
follows.

This finishes the proof.

4.8 Corollary The family PicMHV
0 C over MMHV

g;n is compactified by a projective (and hence separated )
family PicMHVC of compactified Jacobians. Its geometric points represent gr-equivalence classes of
A-semistable admissible sheaves on an MHV curve C .

Geometry & Topology, Volume 29 (2025)



Scattering amplitudes of stable curves 3089

4.9 Amplification If all irreducible components of C are rational, then PicMHVC is a stable toric variety
of an algebraic torus Pic0 C ' .C�/g and can be described as follows. Choose one on-shell diagram
for C , ie endow each vertex i of the dual graph � of C with degree di such that

P
di D d . For every

vertex i 2 � ,

(1) ei is the number of edges (count each loop twice);

(2) li is the number of legs, ie the number of marked points on the corresponding irreducible component
of C ;

(3) �i is the Oda–Seshadri number [1979], in our case

�i D�di C
4li

dn
C
n.ei � 2/

2d
:

Let C0 and C1 be spaces of chains of the graph � (with arbitrary coefficients). Let

@ W C1! C0

be the differential and let H1 be the first homology group. We can view � D .�i / as a vector in C0.�;Q/.
Consider the tiling of the affine space @�1.�/� C1.�;Q/ by the hyperplanes xi D 1

2
CZ, where xi are

the natural coordinates on C1 (one coordinate for each edge of the graph). This affine space is parallel to
the homology group H1.�;Q/ and the tiling has to be viewed modulo the action of H1.�;Z/. Irreducible
components of the compactified Jacobian are given by the g-dimensional polytopes of the tiling and the
rest of the tiling determines how they are glued.

Proof Follows from [Simpson 1994] and [Oda and Seshadri 1979], see also [Alexeev 2004].

4.10 Example Let C D C1[ � � � [C4 be the following curve of arithmetic genus 1: the wheel of four
P1’s with marked points pi 2 Ci for i D 1; : : : ; 4. The Picard group has two MHV components:

PicMHV C D Pic1;0;1;0 C [ Pic0;1;0;1 C:

Consider the first component. Since L has degree 0 on components C2 and C4, the map 'L W C ! P1

contracts them to points, say 'L.C2/D 0 and 'L.C4/D1. The restriction of 'L to C1 and C3 is an
isomorphism. Thus 'L is completely determined by points x D 'L.p1/ and y D 'L.p3/. We have an
identification

Pic1;0;1;0 C 'C�; z D
y

x
:

The scattering amplitude map ƒ W Pic1;0;1;0 C ! M 0;4 ' P1 is given by the cross-ratio of points
'L.p1/; : : : ; 'L.p4/ varying with L. This map is an isomorphism:

�D Œx W 0Iy W 1�D
1� x

0� x
�
0�y

1�y
D z:

The scattering amplitude form is dz=z D d�=� with log poles at 0 and 1. Next we compute the
compactified Jacobian. There are 2 types of stable line bundle and 4 types of semistable line bundle

Geometry & Topology, Volume 29 (2025)



3090 Jenia Tevelev

gr grgr gr

Figure 8: MHV compactified Jacobian in genus 1.

(in two gr-equivalence classes); see Figure 8. Stable components are P1’s and gr-equivalence classes of
semistable line bundles correspond to their intersection points in the compactified Jacobian

PicMHVC D Pic1;0;1;0C [ Pic0;1;0;1C D P1[P1:

One can visualize topology on PicMHVC through “chip-firing” of black chips.

4.11 Remark The MHV condition implies A-stability, but the converse is not true. For example, curves
with 1-channel factorization can have A-stable line bundles. Moreover, even the compactified Jacobian
of an MHV curve will typically contain non-MHV components contracted by the scattering amplitude
map ƒ to loci of smaller dimension either in M0;n or in its boundary (for some compactification of M0;n).
Nevertheless, we view A-stability and MHV conditions as close.

4.12 Example Consider a genus 2 curve with 5 rational components, each with a marked point; see the
left of Figure 9 for on-shell diagrams of all possible stable line bundles. There are no strictly semistable

2

2

2

2

22

Figure 9: MHV compactified Jacobians in genus 2.
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line bundles in this case. The compactified Jacobian contains 4 MHV (shaded gray) and 8 non-MHV
irreducible components. They are glued in an alternating fashion, MHV to non-MHV, according to
Figure 9, which is a fundamental parallelogram of a tiling of a 2-torus: components adjacent to a side
of the parallelogram intersect components adjacent to the opposite side. The compactified Jacobian is
a stable toric surface of the algebraic torus Pic0 C ' .C�/2 with polygons representing its irreducible
components, which are toric surfaces. MHV components are isomorphic to Bl3 P2 (hexagons) and
non-MHV components are isomorphic to P2 (triangles). Crossing each of the six walls corresponds
to firing a black chip across the corresponding edge of the on-shell diagram. There are two types of
non-MHV components, with or without an irreducible component where L has degree 2. Under the
scattering amplitude map, surfaces of the first type contract to curves intersecting the interior of M0;5,
and surfaces of the second type contract to curves in the boundary.

4.13 Example Another genus 2 example is on the right of Figure 9. There are 4 MHV components
(shaded gray) and 11 non-MHV components, which are all mapped to the boundary of M0;5 by the
scattering amplitude map. Three of the MHV components are isomorphic to Bl2 P2 (pentagons) and one
to P1 �P1.

5 Scattering via moduli of parabolic bundles

5.1 Let C be a smooth hyperelliptic curve of genus g � 2 with a hyperelliptic involution p 7! �.p/

(whenever it exists, the hyperelliptic involution is unique). The quotient by � is the double cover
'h W C

2W1
�! P1 associated with the line bundle

hD O.pC �.p// 2 Pic2 C for p 2 C:

Let p1; : : : ; pn 2 C be distinct marked points, where nD gC 3. In our approach the marked points are
decoupled from 2gC 2 Weierstrass points (fixed points of the hyperelliptic involution). To simplify the
analysis, we make an assumption:

5.2 Assumption Points 'h.p1/; : : : ; 'h.pn/ are different, ie pi ¤ �.pj / for i ¤ j . Thus the special
feature of the hyperelliptic case is the existence of a well-defined point

(5.2.1) o.p1; : : : ; pn/D .z1; : : : ; zn/D .'h.p1/; : : : ; 'h.pn// 2M0;n;

that shouldn’t be confused with the scattering amplitude map

ƒ W PicgC1 C ÜM0;n; L 7! .'L.p1/; : : : ; 'L.pn//:

5.3 Let Bun.P1I z1; : : : ; zn/ be the smooth algebraic stack of quasiparabolic vector bundles F on P1

of rank 2 with trivial determinant [Pauly 1996]. Recall that a quasiparabolic structure on a vector bundle
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is a choice of a line Vi � F jzi over each marked point. This data determines a ruled surface P .F /! P1

of even degree, and points

qi D P .Vi /� P .F jzi / for i D 1; : : : ; n:

5.4 Definition There is a standard morphism of stacks

xƒ W PicgC1 C ! Bun.P1I z1; : : : ; zn/; L 7! F D .'h/�L:

To see that .'h/�L gives an object of Bun.P1I z1; : : : ; zn/, we check that its determinant vanishes. It
suffices to check that .'h/�O has determinant of degree �.gC 1/. As with any double cover, we have
.'h/�O' O˚M�1, where M˝2 ' O.B/, where B is a branch divisor. But the number of branch points
is 2gC 2; cf [Hartshorne 1977, Exercise IV.2.6].

To define parabolic lines, note that F jzi D Ljpi ˚Lj�.pi / (or Lpi=m
2
pi

if pi is a Weierstrass point). The
line Vi � F jzi is the kernel of the surjection F jzi ! Ljpi .

5.5 A generic parabolic bundle F is a trivial bundle6 P1 �C2 with lines fzig �Vi for Vi � C2. The
corresponding ruled surface is the product P1 �P1 with points .z1; q1/; : : : ; .zn; qn/ 2 P1 �P1, where
qi D P .Vi /. Thus we have a birational map „ W Bun.P1I z1; : : : ; zn/ÜM0;n defined as in Figure 2.

5.6 Lemma The scattering amplitude map of a hyperelliptic curve C is a composition

ƒ W PicgC1 C
xƒ
�! Bun.P1I z1; : : : ; zn/

„ÜM0;n:

The bundle xƒ.L/ has splitting type O˚O away from the theta-divisor E of Amplification 2.4.

Proof By Grothendieck’s theorem, .'h/�L' O.�s/˚O.s/ for some s. We require that s D 0, which is
equivalent to the following conditions (i) and (ii):

(i) H 0.P1; F / D H 0.C;L/ D 2, ie L is not special. This happens outside of the locus W of
Amplification 2.4.

(ii) RHom.F;O.�1// D 0. By Grothendieck–Serre duality, this is equivalent to the vanishing of
RHom.L;O.�hCK C 2h// D R�.L�.K C h//. This means that L has to be away from the
theta-divisor

KC h� x1� � � � � xg�1 D hC �.x1/C � � �C �.xg�1/ 2 Picg�1 C;

where we use that K � .g� 1/h. In fact this theta-divisor is the divisor E of Amplification 2.4,
which contains W.

6Indeed, the trivial vector bundle on P1 does not deform, therefore these parabolic bundles are parametrized by a nonempty
open substack of Bun.P1I z1; : : : ; zn/. On the other hand, all parabolic bundles of rank 2 and degree 0 can be deformed to a
parabolic bundle with trivial F .
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Choosing a basis s1; s2 of H 0.C;L/ is equivalent to choosing a splitting F ' O˚ O. The scattering
amplitude map ƒ is given by

�
Œs1.p1/ W s2.p1/�; : : : ; Œs1.pn/ W s2.pn/�

�
, which is equal to the slopes of

V1; : : : ; Vn inside C2. Thus ƒD„ ı xƒ.

5.7 Stability In view of Lemma 5.6, in the hyperelliptic case the scattering amplitude map combines
effects of the birational morphism „, which as we will see only depends on the point oD .z1; : : : ; zn/
in M0;n and the map xƒ, which is a finer invariant in the hyperelliptic case. Moreover, the divisor E of
Picd C is mapped to a divisor by xƒ but is collapsed to the point o by ƒ, which creates a singularity for
the probability measure; see the discussion of the real case in Section 8. However, at the moment the
target of xƒ is the stack of quasiparabolic bundles. To make xƒ more concrete, we will choose a projective
model for the stack (at the price of making xƒ a rational map). There is a notion of slope-stability that
depends on a choice of a parabolic weight. Concretely, the weight Ę is a sequence ˛1; : : : ; ˛n of real
numbers with 0 < ˛i � 1

2
. A quasiparabolic bundle .F IV1; : : : ; Vn/ is an Ę-stable (resp. semistable)

parabolic bundle if and only if every line subbundle L� F satisfies the slope inequality

(5.7.1) kC
X
i2I

˛i <
1

2

nX
iD1

˛i (resp. �);

where kDdegL and I �f1; : : : ; ng is a subset of indices such thatLjzi DVi . We denote the corresponding
moduli space by Bun Ę.P

1I z1; : : : ; zn/ or simply by Bun˛.P1I z1; : : : ; zn/ if ˛1 D � � � D ˛n D ˛. Here
is a summary of wall-crossing with chambers given by inequalities (5.7.1).

5.8 First we consider the standard case
Pn
iD1 ˛i > 2 as in [Bauer 1991; Mukai 2003; Araujo and

Casagrande 2017; Biswas et al. 2010; Araujo et al. 2021]. If Ę is strictly semistable, then

Pic Bun Ę.P
1
I z1; : : : ; zn/D ZnC1:

The Fano model (ie the model with �K ample) is

(5.8.1) Bun 1
2
.P1I z1; : : : ; zn/;

which is a smooth variety if n is odd, and has isolated singularities if n is even. As ˛ increases from
2=n to 1

2
, Bun˛.P1I z1; : : : ; zn/ undergoes the anticanonical minimal model program, ie the sequence

of birational transformations that makes �K more and more positive at every step. It proceeds as
follows [Bauer 1991]:

(1) Bun2=n D Pn�3 with .P1I z1; : : : ; zn/ embedded into Pn�3 as a rational normal curve of degree
n� 3. The MMP starts with Bun.2=n/C" D Blz1;:::;zn Pn�3.

(2) The first birational transformation “antiflips” several P1’s, namely lines connecting points z1; : : : ; zn
pairwise and the rational normal curve. Each of these P1’s is blown-up and the exceptional divisor
contracted onto Pn�5.

(3) On the following steps, we antiflip certain Pk’s analogously.
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(4) MMP stops when �K becomes big and nef on Bun 1
2
�", in fact even ample when n is odd. If n

is even, the anticanonical model Bun 1
2

is obtained by contracting certain K-trivial P .n�4/=2’s in
Bun 1

2
�" to singular points.

5.9 The special case
Pn
iD1 ˛i < 2 was studied in [Moon and Yoo 2016], in which case

Pic Bun Ę.P
1
I z1; : : : ; zn/D Zn

if Ę is strictly semistable. The Fano model is the symmetric GIT quotient

.P1/n ==PGL2;

which is smooth if n is odd and with isolated singularities if n is even. More generally, in the special case
Bun Ę.P

1I z1; : : : ; zn/ is the GIT quotient .P1/n == Ę PGL2 with respect to the fractional polarization Ę.
The map

„�1 WM0;n Ü Bun.P1I z1; : : : ; zn/

is equivalent to the natural embedding „�1 WM0;n ,! .P1/n == Ę PGL2.

5.10 The transition from the special (2) to the standard (1) cases goes as follows.

(2) All stable parabolic bundles have splitting type O˚O. The product P1�P1 with points .z1; z1/; : : : ,
.zn; zn/ is stable, giving the point o 2M0;n.

(1) The product P1 �P1 above is destabilized by O.�1/ embedded by the sequence 0! O.�1/!

O˚ O! O.1/! 0. The point o is blown-up. The exceptional divisor parametrizes parabolic
bundles of type O.�1/˚O.1/.

We summarize the discussion by the following diagram:

1
2

: : : : : : : : : : : : 2
n
C " 2

n
2
n
� "

Fano MMP log Fano Big Bang Fano Bigger Bang Fano

BunF Ü � � �Ü Bln Pn�3 �! Pn�3 Ü .P1/n ==PGL2

,!

Bun.P1I z1; : : : ; zn/
„Ü M0;n

5.11 Example Suppose g D 2, nD 5. Apart from P2 there are only two models:

Bun 2
5
C
D Bun 1

2
' Blz1;:::;z5 P2 D dP4 (standard);

Bun 2
5
�
' Bl4 P2 D dP5 (special),

the quartic and quintic del Pezzo surfaces. The morphism

„ W dP4! dP5 'M 0;5
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contracts the conic through z1; : : : ; z5 to the point oD .z1; : : : ; z5/ 2M0;5. This morphism can also be
described as projection of z1; : : : ; z5 2 P2 to P1 from a varying point of P2; see [Castravet and Tevelev
2012]. We will further study this example in Section 7.

Enhancing ƒ by xƒ corresponds to the transition from the special (2) to the standard (1) case of projective
moduli of parabolic bundles. In the case of the Fano model, we have the following description of the
indeterminacy locus of xƒ.

5.12 Theorem Consider the induced map xƒ W PicgC1 C Ü Bun 1
2
.P1I z1; : : : ; zn/.

(1) xƒ is regular away from loci U.k; I / (of codimension at least 2) of line bundles

O

�
khC

X
i2I

pi C x1C � � �C xj

�
� PicgC1 C for x1; : : : ; xj 2 C;

where gC 1D 2kCjI jC j; j < 1
2
.g� 1/:

The loci U.k; I / with equality j D 1
2
.g� 1/ give strictly semistable parabolic bundles.

(2) xƒ�.�K/� 4‚.

Proof First we check (1) using an argument from [Biswas et al. 2010]. Suppose F D xƒ.L/ is unstable
(resp. strictly semistable) and take its destabilizing line subbundle on P1 of degree k that contains Vi for
i 2 I . Pulling this line bundle back to C and using adjointness gives an injection

f W OC .kh/ ,! L

such that f .OC .kh// vanishes at each point pi for i 2 I . Thus we can write

LD O

�
khC

X
i2I

pi C x1C � � �C xj

�
for some points x1; : : : ; xj 2 C . Equating degrees gives

gC 1D 2kCjI jC j:

The slope inequality gives j < 1
2
.g � 1/ (equal for strictly semistable). This gives loci listed in the

theorem. To show (2), notice that the ramification locus of xƒ and ƒ is the same by (1), namely the
divisor R. By Riemann–Hurwitz and Amplification 2.4,

xƒ�.�K/��KPicgC1C CR� 4‚:

This finishes the proof.7

7The papers [Biswas et al. 2010; Araujo et al. 2021] contain a formula equivalent to xƒ�.�K/� 4g‚, which is different from
our formula. But there is a mistake in the last line of the proof of Lemma 3.1 in [Biswas et al. 2010]. Formulas (3.19) and (3.20)
there are both correct, but the conclusion is wrong; in fact the correct conclusion is exactly that xƒ�.�K/� 4‚. This mistake
does not affect any of the main results in these papers.
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5.13 Corollary The image of the divisor E � PicgC1 C of Amplification 2.4 under xƒ is a divisor that
parametrizes parabolic bundles of splitting type O.�1/˚O.1/. This divisor is contracted by„ to the point
o 2M0;n.

Proof The first statement is clear from the proof of Lemma 5.6. For the second, notice that L 2 F if and
only if LD h˝O.x1C � � �C xg�1/ for some points on C . Generically along E, fx1; : : : ; xg�1g is the
base locus of L and therefore 'L D 'h. Thus ƒ.E/D .'h.p1/; : : : ; 'h.pn//D o.

Next we study the dependence of scattering amplitude on marked points.

5.14 Notation Consider the Weil group W.Dn/D Sn Ë .Z2/n�1, where we identify .Z2/n�1 with the
set of subsets of f1; : : : ; ng of even cardinality. The Weil group acts on the stack Bun.P1; z1; : : : ; zn/ as
follows: the symmetric group acts by permuting marked points and the group .Z2/n�1 acts by elementary
transformations: for every subset I � f1; : : : ; ng of even cardinality, consider an exact sequence

(5.14.1) 0! F 0
˛
�! F !

M
i2I

.F jzi /=Vi ! 0:

F 0 is a rank-2 vector bundle of degree �jI j with parabolic lines defined as

V 0i D

�
˛�1Vi if i … I;
Ker˛jzi if i 2 I:

To force the degree to be 0, the elementary transformation is defined as

elI .F /D F 0
�
1
2
jI j
�
:

In the language of ruled surfaces, elementary transformations are given by blowing up an even number of
parabolic points in fibers and blowing down proper transforms of fibers. W.Dn/ acts on the Fano model
BunF .P1I z1; : : : ; zn/ by elementary transformations, in fact it is its full automorphism group [Araujo
et al. 2021].

5.15 Proposition Let C n0 � C
n be the configuration space of points p1; : : : ; pn 2 C such that pi ¤ pj

and pi ¤ �.pj / for i ¤ j . Consider a commutative diagram

PicgC1 C �C n0
xƒ

����! BunF .P1/
„

����! M0;n??y ??y�
C n0

o
����! M0;n

where top arrows are rational maps and where

BunF .P1/
�
�!M0;n

is the universal moduli space of parabolic vector bundles:

��1.z1; : : : ; zn/D BunF .P1; z1; : : : ; zn/:

The map o is defined in (5.2.1). The action of W.Dn/ has the following compatibility:

Geometry & Topology, Volume 29 (2025)



Scattering amplitudes of stable curves 3097

Figure 10

(1) The map „ W BunF .P1I z1; : : : ; zn/ÜM0;n is Sn-equivariant. Elementary transformations elI
give birational involutions of M0;n that depend on z1; : : : ; zn.

(2) The square of the diagram is W.Dn/ equivariant. The action is defined as follows:
(a) Sn acts everywhere by permuting marked points.
(b) .Z2/n�1 acts trivially8 on M0;n.
(c) Every I 2 .Z2/n�1 acts on .DIp1; : : : ; pn/ 2 PicgC1 C �C n0 as follows:

(5.15.1) pi 7!

�
�.pi / if i 2 I;
pi if i … I;

D 7!D�
X
i2I

pi C
1
2
jI jh:

Proof For (1), everything follows from definitions except for the remark about birational involutions
on M0;n. Note that P .F / D P1z � P1q , and el.I / amounts to an elementary transformation of this
P1 bundle (over P1z ) in points .zi ; qi / for i 2 I . It suffices to consider the case when I D f1; ng. We
change coordinates so that z1 D q1 D 0 and zn D qn D1. In these coordinates, proper transforms of
lines q D �z after the elementary transformation become horizontal rulings. Thus

.0; q2; : : : ; qn�1;1/ 7!

�
1;

q2

z2
; : : : ;

qn�1

zn�1
; 0

�
�

�
0;
z2

q2
; : : : ;

zn�1

qn�1
;1

�
:

This is a Cremona transformation with center that depends on z1; : : : ; zn. See Figure 10.

For (2), notice that the sequence (5.14.1) is the pushforward of the sequence

0! O

�
D�

X
i2I

pi

�
! O.D/!

M
i2I

Opi ! 0;

which gives the formula for F 0 after tensoring with a multiple of O.h/.

8Warning: this M0;n is different from M0;n in the top right corner!
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6 Scattering using the matrix model

We continue to use notation of Section 5. In particular, C is a smooth hyperelliptic curve of genus
g � 2 that satisfies Assumption 5.2, ie points p1; : : : ; pn 2 C are different and no pair is in hyperelliptic
involution. Let z1; : : : ; zn 2 P1 be their projections and xƒ W PicgC1 C ! Bun.P1I z1; : : : ; zn/ is the
standard morphism to the stack of quasiparabolic vector bundles. We first review the Jacobi’s description
of the Jacobian of a hyperelliptic curve as the space of conjugacy classes of 2� 2 matrices following
[Mumford 1984] and [Beauville 1990].

6.1 The curve C has equation y2 D f .z/, where f 2 OP1.2gC 2/ is a polynomial without multiple
roots. The map � WD 'h W C ! P1 is the projection .z; y/ 7! z. The points .z0; 0/ with z0 a root of f .z/
are the Weierstrass points. As the sheaf of OP1-modules, we have

��OC D OP1.�g� 1/˚OP1 :

The sheaf of algebras structure of ��OC is completely determined by the map Sym2 OP1.�g�1/! OP1 ,
which is simply multiplication by f 2 OP1.2gC 2/. By Lemma 5.6, when L 2 PicgC1 C is away from
the theta-divisor E, we have

��LD OP1 ˚OP1 :

The action of ��OC on ��L is determined by a 2� 2 matrix

(6.1.1) M D

�
V U

W V 0

�
2 Hom

�
OP1.�g� 1/˝ .OP1 ˚OP1/;OP1 ˚OP1

�
of polynomials U; V; V 0; W in z of degree at most gC 1. Applying M twice should be a multiplication
by the polynomial f .z/, which gives equations on polynomials

V 0 D�V;

�det.M/D V 2CUW D f .z/:(6.1.2)

Let S.f /� A3.gC2/ be the affine subvariety given by equations (6.1.2), where A3.gC2/ parametrizes
U; V;W. Then S.f / is smooth for any polynomial f .z/ without multiple roots. Moreover, the group
PGL2 acts on S.f / (with elements viewed as 2� 2 matrices) by conjugation freely and the quotient is,
by [Beauville 1990, Theoreme 1.4],

(6.1.3) S.f /=PGL2 ' PicgC1 C nE:

6.2 Theorem The map xƒ (and thus the scattering amplitude map ƒ) has degree 2g .

Proof To determine the degree of xƒ, we fix a general point in BunF .P1; z1; : : : ; zn/ and count the
number of preimages of this point in PicgC1 C . A general parabolic bundle has splitting type O˚O and
the parabolic structure is the set of points .z1; q1/; : : : ; .zn; qn/, so essentially we choose general points
q1; : : : ; qn 2 P1. The corresponding bundle L 2 PicgC1 C is away from the theta-divisor E, so we can
locate it using (6.1.3).
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6.3 Suppose that neither of the points p1; : : : ; pn is a Weierstrass point. Then .��L/jzi DLjpi˚Lj�.pi /
and thus the 2� 2 matrix M.zi / has two distinct eigenspaces, one corresponds to the parabolic structure
given by pi and another by �.pi /. The point qi 2 P1 gives the slope of this eigenspace. Thus we need to
do the following:

(1) Count the number of solutions in S.f / such that each matrix M.zi / has an eigenspace with a fixed
general slope qi .

(2) Divide this number by 2n. Indeed, using pi or �.pi / gives the scattering amplitude of the same
degree by Proposition 5.15.

Note that taking conjugacy classes of matrices by the PGL2 action is not necessary: fixing three different
slopes of eigenspaces eliminates the conjugacy action.

6.4 The smooth solution set S.f / � C3gC6 of dimension gC 3 is the intersection of 2gC 3 affine
quadrics, one for each coefficient of the degree-.2gC2/ polynomial f .z/. Solutions at infinity P3gC5

are given by the homogeneous equation V 2 D UW, which has expected dimension gC 2. Indeed, if
V D 0 then either U D 0 or W D 0, which gives a union of two projective subspaces of dimension
gC 1 each. If V ¤ 0 then the solution is determined by V up to reordering of terms in the polynomial
factorization and rescaling U by � and W by ��1. Imposing the slope qi at zi is a linear equation on
U; V;W. Since detM.zi /¤ 0 but TrM.zi /D 0, no matrix M.zi / has more than two eigenspaces, and so
these linear equations have no base locus on S.f /. By Bertini’s theorem, the intersection is transversal
and has expected dimension. We claim that there are no solutions at infinity. Indeed, the solution set of
the homogeneous system of equations V 2 D UW can be thought of as 2� 2 matrices and is covered by
n open charts where M.zi /¤ 0. Since detM.zi /D TrM.zi /D 0, M.zi / is a nonzero nilpotent matrix
and thus have only one eigenspace. Thus the base locus of the solution set is empty and so it has an
expected dimension by Bertini’s theorem, which means it is empty.

6.5 The space of matrices of polynomials with fixed slopes qi is a linear space of dimension 3.gC2/�nD
2gC 3 and we are counting intersection points of 2gC 3 quadrics under the assumption that intersection
is transversal and does not run away to infinity. Thus we have 22gC3 intersection points and therefore

deg xƒD
22gC3

2n
D 2g :

6.6 If some of the points zi are Weierstrass points, ie pi D �.pi /, the argument goes as before, except
for two issues:

(1) We don’t have to divide the number of solutions by 2, as in Section 6.3(2).

(2) By Claim 6.7, M.zi / is a nonzero nilpotent matrix. The subvariety of nilpotent 2� 2 matrices is a
quadric cone and fixing the slope qi gives a ruling of this cone (intersection with the tangent plane
of multiplicity 2). Thus fixing the slope is not equivalent to pulling back a general hyperplane by a
morphism to projective space as in Section 6.4. The correct application of Bertini’s theorem is to
project this cone onto a conic (isomorphic to P1) and count this solution only once.
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Thus issues (1) and (2) cancel each other and we get the same count.

6.7 Claim M.zi / is a nonzero matrix.

If M.zi /D 0 then U , V and W have a root at zi . But then f has a double root at zi , a contradiction.

6.8 [Mumford 1984] In the model (6.1.3), one can eliminate the PGL2-action by making

� f a monic polynomial of degree 2gC 1 (one of the roots is moved to1),

� U a monic polynomial of degree g,

� V a polynomial of degree g� 1,

� W a monic polynomial of degree gC 1.

Under these conditions, the solution set M of equations (6.1.2) in A3gC1 is isomorphic to PicgC1 C nE.
Solutions look as follows. SupposeU.z/D .z�t1/ � � � .z�tg/ has no multiple roots. Choose siD˙

p
f .ti /

for i D 1; : : : ; g and use Lagrange interpolation to find V.z/ such that V.ti /D si for i D 1; : : : ; g. Then
U.z/ divides f .z/�V.z/2 and we can define

W.z/D
f .z/�V.z/2

U.z/
:

For any c 2 P1, the Lax pair differential equation gives a translation-invariant vector field PF D
. PU.z/; PV .z/; PW .z// on M with components

PU.z/D
V.c/U.z/�U.c/V .z/

z� c
;

PV .z/D
1

2

U.c/W.z/�W.c/U.z/

z� c
�U.c/U.z/;

PW .z/D
W.c/V .z/�V.c/W.z/

z� c
CU.c/V .z/:

General points c1; : : : ; cg give linearly independent translation-invariant vector fields PF1; : : : ; PFg and
thus a translation-invariant polyvector field A_ D PF1^ � � � ^ PFg , which is dual to the translation-invariant
volume form A on PicgC1 C . Applying dƒ to A_ and dualizing gives the value of the branch of the
scattering amplitude form that corresponds to the point .U; V;W /. More concretely, we can factor the
scattering amplitude map ƒ WM !M0;n into maps

E WM Ü .P1/n and Q W .P1/n ÜM0;n;

where Q is the quotient by the PGL2 action and E is the map that assigns to a matrix of polynomials
(6.1.1) the slopes of its eigenspaces

y1�V.z1/

U.z1/
; : : : ;

yn�V.zn/

U.zn/

at marked points pi D .zi ; yi / for i D 1; : : : ; n.
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7 Bypassing the Kummer surface

We will make results of the previous section more explicit for genus 2 curves.

7.1 Notation Fix a smooth pointed genus 2 curve .C Ip1; : : : ; p5/.

(1) Let P WD p1C � � �Cp5.

(2) We view C as a degree-5 curve in P3 using the embedding 'P W C ,! P3.

(3) K is a canonical divisor, 'K W C
2W1
�! P1 is a hyperelliptic double cover.

(4) We introduce 16 points in Pic3 C ,

ı D P �K; ıi DKCpi ; ıij D P �pi �pj ;

where the indices are 1� i � 5 and 1� i < j � 5, respectively.

(5) Special loci in Pic3 C defined in Amplification 2.4 are as follows:

W D∅; RD fD j 2D 2 P CC g � 4‚; E DKCC; Eij D C Cpi Cpj :

(6) We introduce another useful theta-divisor on Pic3 C for i D 1; : : : ; 5,

Ei D P �pi �C:

Here and elsewhere we don’t distinguish between line bundles and linear equivalence classes of divisors;
for example, E DKCC denotes the locus in Pic3 C of line bundles of the form O.KCp/ for p 2 C .
Hopefully this won’t cause confusion.

7.2 Lemma In genus 2, Assumption 5.2 is equivalent to any of the following:

(1) No two points of p1; : : : ; p5 are related by the hyperelliptic involution.

(2) No three points of p1; : : : ; p5 2 P3 are colinear.

(3) 16 divisors E, Ei , Eij are pairwise different.

(4) 16 points ı, ıi , ıij are pairwise different.

(5) We have that ı …Eij for any i ¤ j .

Proof Left as a fun exercise for the reader. The hint is C DK �C � Pic1 C .

A special feature of the genus-2 case is that divisors of degree 2 are effective. This can be used to study
divisors D 2 Pic3 C and their linear systems by associating to D a residual divisor P �D of degree 2.
This gives the following proposition.
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7.3 Proposition Let P2 � P3 be the plane passing through p1; : : : ; p5. Let

dP4 D Blp1;:::;p5 P2

be the del Pezzo surface of degree 4. Recall that M 0;5 is the del Pezzo surface of degree 5. The scattering
amplitude map can be extended to a commutative diagram

Sym2 C
xƒ

����! dP4

a

??y ??y„
Pic3 C

ƒ
����! M 0;5

where horizontal arrows are rational maps. The maps can be described as follows:

(1) For any .x; y/ 2 Sym2 C , consider the secant line `xy � P3 connecting x and y (or the tangent
line to C at x if x D y). Then xƒ.x; y/D `xy \P2.

(2) The map „ is given by projecting p1; : : : ; p5 from a varying point of P2; see [Castravet and
Tevelev 2012]. It blows down the conic passing through p1; : : : ; p5 to the point

o WD
�
'K.p1/; : : : ; 'K.p5/

�
2M0;5:

(3) We have a.x; y/D O.P � x�y/. The map a gives Sym2 C as the blow-up of Pic3 C at ı.

Proof Indeed, for x; y 2C , jP �x�yj is the pencil of planes in P3 through `xy . Projecting p1; : : : ; p5
from ` is equivalent to projecting them from `\P2.

7.4 Corollary The scattering amplitude map ƒ W Pic3 C ÜM0;5 has degree 4.

If course this follows from Theorem 6.2, but here is an independent proof.

Proof It suffices to check this for xƒ. We have to count how many secant lines `xy pass through a general
point of P2. By dimension count, projection of C from a general point of P2 is a nodal curve of degree 5
and therefore has arithmetic genus 6. Thus there will be 6�2D 4 nodes, each produced by a secant line.

7.5 Lemma We have divisors D;Di ;Dij � C
5 n
S
i<j �ij that parametrize configurations of marked

points p1; : : : ; p5 2 C satisfying any of the following equivalent conditions:

(1) ı 2E, ıi 2Ei and ıij 2Eij , respectively.

(2) ı 2R, ıi 2R and ıij 2R, respectively.

(3) Each of ı�K, P �K � 2pi and P � 2pi � 2pj , respectively, is an effective divisor.

Divisors D, Di and Dij can also be characterized using geometric conditions:

(D) The unique quadric surface in P3 containing C is singular.

(Di ) The tangent line at pi to C � P3 intersects C at another point.

(Dij / Tangent lines at pi and pj intersect.
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Proof Left as a fun exercise for the reader.

7.6 Theorem Let X be the blow-up of Pic3 C in 16 points ı, ıi and ıij with exceptional divisors�,�i
and �ij , respectively. Let E, Ei and Eij be the respective proper transforms of divisors E, Ei and Eij .

The scattering amplitude rational map ƒ induces a finite 4 W 1 morphism X
xƒ
�! dP4. The preimages of

sixteen .�1/-curves of dP4 are the following pairs:

xƒ�1.conic through p1; : : : ; p5/D�[E;

xƒ�1.exceptional divisor over pi /D�i [Ei ;

xƒ�1.line through pi , pj /D�ij [Eij :

The restriction of xƒ to each “�[E” pair depends on whether .p1; : : : ; p5/ is contained in the corre-
sponding configuration divisor “D” in C 5:

(yes) xƒ is ramified (of order 2) along�00 and has degree 2 along “E”.

(no) xƒ is an isomorphism along “�” and has degree 3 along “E”.

Proof We draw special curves on X and how they intersect; see Figure 11. We use that ‚2 D 2 and
check how special curves pass through the special points. In Figure 11 we draw the special curves when
the configuration .p1; : : : ; p5/ is away from (top) and along (bottom) the corresponding D divisors. In
the latter case, the inverse image of an “E” divisor in Pic3 C is the union “�[E” and the ramification
divisor on X is the union of the proper transform of R and the “�” divisor. Note that the configuration
.p1; : : : ; p5/ can be on some D divisors and not on the others, so the actual picture could be a mixture of
the top and the bottom of Figure 11.

Next we study the map Sym2 C ! P2, .x; y/ 7! `xy \P2, of Proposition 7.3. It is well-defined unless
`xy � P2, which happens at points ıij . So the map X ! P2 induced by xƒ is regular away from �ij , in
particular it is regular along �[E.

What is the preimage of pi? In Sym2 C , there are two possibilities, one is the curve .pi ; C /, ie Ei .
Another is a point .x; y/ such that P � .pi CxCy/ is a degree-2 pencil, which should be K. So another
option is the point P �pi �K D ıi . Thus on X away from the �ij , the preimage of pi is Ei [�i .

What is the preimage of the conic Q through 5 points? This conic is the intersection of P2 with the
unique quadric Q that contains C . Thus a secant `xy must be contained in Q. If Q is smooth, C has
bidegree .2; 3/. One ruling is cut by points in the hyperelliptic involution, which is the curve �. Another
ruling is cut by triples of points contained in the line, ie such that P �x�y�K is effective, which is the
curve E. If Q is singular then these two rulings are the same, given by the vertex of the quadratic cone
�P �2K and pairs of points in the hyperelliptic involution. This shows that the rational map X Ü dP4
is regular along �[E, and maps this divisor to the proper transform of the conic passing through five
points.
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∆ ij∆ i∆
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ij
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(3)ab
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(4)ij

∆ (5)i

(5)i

(2)i

(3)ab(4)ij
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∆ ij∆ i∆
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ij
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∆ (2)i
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∆
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iji

(2)i

(3)ab(4)ij

(5)i

Figure 11: “Double sixteen” configuration on X away from (top) and along (bottom) the corre-
sponding D divisors.

Analysis of other “�[E” pairs can be done similarly. However, this is not necessary. By Proposition 5.15,
the map X Ü dP4 can be extended to a W.D5/-equivariant mapa

I�f1;:::;5g; jI j�0 mod 2

XI Ü dP4;

where XI corresponds to a 5-tuple (5.15.1). Since the action permutes “�[E” pairs, if the map is regular
along one pair (for all XI ), it is regular along all pairs.

When does .p1; : : : ; p5/ belong to all configuration divisors D;Di ;Dij ?
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7.7 Theorem We have .p1; : : : ; p5/ 2D\
T
i Di \

T
ij Dij if and only if p1; : : : ; p5 are Weierstrass

points of C , ie ramification points of 'K . Suppose that this is the case.

(1) Let p6 be the remaining Weierstrass point. The 16 special points are

ı DKCp6; ıi DKCpi ; ıij D pi Cpj Cp6:

Equivalently, this is the set of 2-torsion points in Pic0 C shifted by ı.

(2) Let � be the involution of Pic3 C induced by the hyperelliptic involution of C . Let KumD Pic3=�
be the Kummer surface with 16 double points , and let K3 be its minimal resolution. Then � lifts to
X D Blı;ıi ;ıij Pic3, and K3DX=� .

(3) The scattering amplitude 4 W 1 cover xƒ WX ! dP4 factors as

X
2W1
�! K3 2W1

�! dP4:

(4) The images of “�” and “E” type divisors give two configurations of 16 rational curves in K3.
Their images in Kum are the 16 nodes and 16 conics called “tropes”. The image of R is a genus-5
“Humbert” curve.

Proof Suppose that p1; : : : ; p5 are Weierstrass points. Assumption 5.2 is satisfied. We have P �3K�p6
by the Riemann–Hurwitz formula. Thus

P � 2K � P �K � 2pi � P � 2pi � 2pj � p6

is effective, and the configuration belongs to all divisors.

In the opposite direction, let .p1; : : : ; p5/ 2 D\
T
i Di . Define

P � 2K � z 2 C and P �K � 2pi � zi 2 C:

Then z� zi � 2pi �K, ie zC �.pi /� pi C zi for every i , where � denotes the hyperelliptic involution.
There are two cases, either pi is a Weierstrass point or z D pi and zi D �.pi /. Thus either all five points
are Weierstrass points, which is what we are trying to prove, or 4 of them are, say p2; p3; p4; p5, and
P � 2K � p1. But then p2Cp3Cp4Cp5 � 2K, ie p2Cp3 � p4Cp5, which is impossible.

The rest is also easy: (1) is immediate to verify, (2) and (4) are classical and well-known [Dolgachev
2012; Skorobogatov 2010]. To prove (3) it suffices to notice that xƒ is � -invariant if all marked points are
Weierstrass points.

8 Scattering measures of M-curves

8.1 We refer to [Gross and Harris 1981] for the basic theory of real algebraic curves and Jacobians. Let
C be a smooth projective complex algebraic curve of genus g. We view the set of complex points C.C/
as a Riemann surface. The curve C endowed with a real structure (equivalently, an anti-holomorphic
involution) is called an M-curve9 if the set of real points C.R/� C.C/ has gC 1 (the maximal possible

9M stands for “maximal”.
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number) connected components C1; : : : ; CgC1. These ovals separate C.C/ into two connected subsets
interchanged by the complex conjugation p 7! xp. Recall from Theorem 2.3 that all smooth curves with
n D gC 3 marked points are MHV curves. In this section we will study the scattering amplitude of
M-curves.

8.2 Definition A smooth MHV M-curve is a pointed M-curve such that its divisor of marked points
p1C� � �Cpn, where nD gC 3, is preserved by the complex conjugation. Moreover, we assume that we
have one of the following two cases:

(A) All marked points are real and all components of C.R/ contain one marked point each except for
one component, which contains three marked points.

(B) All but two marked points are real, one on each component of C.R/. The two remaining marked
points are complex-conjugate.

8.3 It is well-known [Gross and Harris 1981] that the set of real points

Picd R� Picd C

of every component of the Picard group of an M-curve C is a union of 2g connected components denoted
by PicdI R and indexed by subsets I � f1; : : : ; gC 1g such that jI j � d mod 2. Namely, if a divisor
D D xD is preserved by the complex conjugation, then the following conditions are equivalent:

(1) O.D/ 2 PicdI R.

(2) The divisor D\Ci has odd degree if and only if i 2 I .

Each component PicdI R� Picd R is a torsor of the real Lie group

Pic0∅ R' U.1/g ' .R=Z/g :

In what follows we mostly focus on the MHV component Picd C , so that d D gC 1.

8.4 Definition Let M .k;l/
0;n .R/ be the moduli space of n-tuples of distinct points in P1.C/ such that

there are k real points and l pairs of complex conjugate points. We will need the cases .k; l/D .n; 0/
and .n� 2; 1/:

(A) MA
0;n.R/, or simply M0;n.R/, the moduli space of n real points in P1.C/.

(B) MB
0;n.R/, the moduli space of n� 2 real and two complex-conjugate points.

See [Ceyhan 2007] for compactifications of real forms of M0;n.

8.5 By Amplification 2.4, the scattering amplitude map ƒ W PicgC1 C ÜM0;n is well-defined away
from the divisors E, Eij and is unramified away from the divisor R. Since all components PicgC1I R of
an MHV M-curve are Zariski dense in PicgC1C, ƒ is defined and unramified generically along them.
Moreover,

ƒ.PicgC1R/�M ‹
0;n.R/;
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where ‹D A or B depending on the type of the curve C . Indeed, if L 2 PicgC1R then we can choose
'L 2R.C / a real meromorphic function and the marked points will be mapped to points of the Riemann
sphere according of type A or B .

8.6 Theorem Let ‹D A or B depending on the type of the MHV M-curve C . Then

ƒ�1.M ‹
0;n.R//� PicgC1R:

Moreover , restriction of ƒ to any of the 2g connected components PicgC1I R is injective.

Proof Let .q1; : : : ; qn/ 2 M ‹
0;n.R/. Let f 2 C.C / be a rational function of degree gC 1 such that

f .pi /D qi for every i D 1; : : : ; n. First we claim that f 2R.C /. We argue by contradiction and suppose
that this is not the case. Then

g.z/D if .z/� if .xz/ 2R.C /

is a nonzero real rational function. Thus g.z/ has finitely many zeros on C.R/, and so f .C.R//\P1.R/

is a finite union of points. By applying a transformation from PGL2.R/, we can assume that1…f .C.R//.
Thus g also doesn’t have any poles on C.R/. On the other hand, g.pi /D 0 for every i and div.g/\Ci
is even for every i , which is true for any real rational function; see [Gross and Harris 1981, Lemma 4.1].
Thus g has at least one additional zero on each Ci and therefore has degree at least 2gC 4. This is a
contradiction: zeros of g are intersection points of the diagonal in P1�P1 with the image of C under the
map .f .z/; f .xz//which has homology class .gC1; gC1/. Thus we have at most 2gC2 intersection points.

Next we show injectivity of the restriction of ƒ to any connected component PicgC1I R. We argue by
contradiction and suppose that ƒ.L/Dƒ.L0/ for two different line bundles in the same component. We
can find rational functions f; f 02R.C / in the corresponding linear systems such that f .pi /Df 0.pi /Dqi
for every i D 1; : : : ; n (because ƒ.L/Dƒ.L0/) and such that f �1.1/\Ci and f 0�1.1/\Ci have the
same parity for every i (because they are in the same component PicI ). We can also apply a projective
transformation from PGL2.R/ so that f and f 0 have disjoint poles. Then f � f 0 has an even number
of poles on every Ci . Therefore f � f 0 has an even number of zeros on every Ci . One of these zeros
is pi , so there must be at least one additional zero on each Ci . Thus f � f 0 has at least 2gC 4 zeros
total, and we finish as in the first part.

8.7 Corollary The scattering amplitude map of a generic MHV curve has degree 2g .

Proof By Theorem 8.6, every point in M ‹
0;n.R/ has at most 2g preimages by ƒ. Since M ‹

0;n.R/ is a
real form of M0;n of real dimension n� 3, it is Zariski dense in it. Thus the scattering amplitude map ƒ

of any MHV M-curve has degree at most 2g in both types (A) and (B). Let D � 2g be the maximum of
these degrees.

Since the locus of MHV M-curves .C Ip1; : : : ; pn/ of either of these types is a connected component of
the real form of the moduli space Mg;n of real dimension 3g� 3Cn (see [Seppälä and Silhol 1989]), it
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is Zariski dense in Mg;n. It follows that the degree of the scattering amplitude is bounded above by D
for a Zariski dense subset in Mg;n.

We claim that the degree of ƒ is bounded above by D for all smooth curves. Indeed, let PicgC1!Mg;n

be the universal Jacobian and let

ƒ W PicgC1 ÜMg;n �M0;n

be the universal scattering amplitude map (the reader uncomfortable with stacks can use a 1-parameter
family of curves connecting two curves instead of Mg;n). Since ƒ is generically finite and Mg;n �M0;n

is normal, the Stein factorization of ƒ implies that cardinality of finite fibers can’t be more than D.

Finally, by Theorem 6.2, the scattering amplitude map of a hyperelliptic curve has degree 2g . Therefore,
D D 2g , which completes the proof.

8.8 Definition There exists a distinguished connected component of PicgC1R,

PicgC1H R WD PicgC1
f1;:::;gC1g

R;

which was studied in [Huisman 2001]. We call it the Huisman component. Every effective divisor from
PicgC1H R is a union of gC 1 points, one in each connected component C1; : : : ; CgC1 � C.R/. Here are
some nice properties of PicgC1H R:

8.9 Proposition [Huisman 2001] (1) Every L 2 PicgC1H R is nonspecial and globally generated.

(2) The map 'L is unramified along C.R/D C1[ � � � [CgC1.

(3) The map 'LjCi W Ci ! P1.R/ is a real-analytic isomorphism for any i D 1; : : : ; gC 1.

(4) Fix zgC1 2 CgC1. The map

C1 � � � � �Cg ! PicgC1H R; z1; : : : ; zg 7! O.z1C � � �C zg C zgC1/;

is a real-analytic isomorphism.

Here’s the second main result of this section.

8.10 Theorem In the notation of Amplification 2.4, PicgC1R is disjoint from the ramification divisor R
in both types (A ) and (B ). In particular , the scattering amplitude map

ƒI W PicgC1I .R/ n

�
E [

[
i<j

Eij

�
!M ‹

0;n.R/

is a real-analytic isomorphism onto its image for every component PicgC1I .R/.

Proof Suppose D 2 PicgC1.R/\R. By definition of R, this means that

2D � x1C � � �C xg�1Cp1C � � �CpgC3 for some xi 2 C:
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Since C has type (A) or (B), we can assume without loss of generality that either pgC2 and pgC3 are
complex-conjugate points (type B), or additional points on one of the connected components of C.R/
(type A). Let

G D x1C � � �C xg�1CpgC2CpgC3 � 2D�p1� � � � �pgC1:

Since O.2D/ 2 Pic2gC2∅ R and O.p1C � � �CpgC1/ 2 PicgC1H R, it follows that O.G/ 2 PicgC1H R, and
therefore it is basepoint-free and h0.G/D 2 by Proposition 8.9. On the other hand, it has a complex-
conjugate section xx1C � � �C xxg�1CpgC2CpgC3, which also contains pgC2 and pgC3. So this must
be the same section, otherwise pgC2 and pgC3 are in the base locus of O.G/. It follows that G is
invariant under complex conjugation. But then it can’t be in PicgC1H R since either pgC2 and pgC3 are
complex-conjugate or belong to the same connected component of C.R/; in either case the degree of
G \Ci can’t be odd for all i . Since ƒI is injective by Theorem 8.6 and its domain is disjoint from R, it
is an analytic immersion where it is defined.

8.11 Amplification By Corollary 8.7, for smooth complex curves, the scattering amplitude map
ƒ W PicgC1 C ! M0;n has large degree 2g . However, Theorems 8.6 and 8.10 show that for smooth
real M-curves line bundles in every fiber “localize” into different connected components PicgC1I R of
PicgC1R. In other words, ƒ is determined by open immersions (in the domain of ƒ)

ƒI W PicgC1I R ÜM ‹
0;n.R/:

Each component PicgC1I R carries a uniform probability measure jAI j given by the real-valued volume
form AI translation-invariant under the real g-dimensional torus Pic0∅ R. Viewed on M ‹

0;n.R/, this gives
a differential form AI and a probability measure jAI j that we call a scattering amplitude probability
measure. We will typically compactify M ‹

0;n.R/ in some way and extend ƒ to its domain of definition
(so that, in particular, it will be determined at least generically along E and Eij ). Since not every
reasonable compactification of M ‹

0;n.R/ is an orientable manifold, one has to remember (from calculus)
that in this case the integral of a form is not well-defined, however one can always integrate probability
measures. The scattering measure of the Huisman’s component is especially well-behaved.

8.12 Theorem Let C be a smooth MHV M-curve with ovals C.R/D C1[ � � � [CgC1. Furthermore ,
we assume that pi 2 Ci for i D 1; : : : ; gC 1 and that pgC2; pgC3 2 CgC1 (type A ) or pgC2 D xpgC3
(type B ). We compactify M0;n by .P1/g ' .M 0;4/

g using the product of forgetful maps

�i;gC1;gC2;gC3 WM0;n!M0;4

for i D 1; : : : ; g. The scattering amplitude map induces a real-analytic isomorphism

Rg=Zg ' PicgC1H R
ƒ
�! .RP1/g

and gives a positive real-analytic scattering amplitude probability measure on .RP1/g .

Proof By Theorem 8.10, PicgC1H R does not intersect the ramification divisorR. As an easy reformulation
of Definition 8.8(1), PicgC1H R does not intersect E either. Indeed, let D D z1C� � �C zgC1 with zi 2 Ci .
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Arguing by contradiction, supposeD is linearly equivalent to a divisor inE, ieD�KCx0�x1�� � ��xg�2
for some xi 2 C . Then h0.D/D 2 by 8.8 but since h0.x1C � � �C xg�2/� 1,

h0.D� x0/D h
0.K � x1� � � � � xg�2/D h

1.x1C � � �C xg�2/� 2

by the Riemann–Roch formula, which contradicts the global generation of D.

For every L 2 PicgC1H R, 'L.pgC1/, 'L.pgC3/ and 'L.pgC3/ are different. In type (A) this follows
from Definition 8.8(3). In type (B), this follows because points 'L.pgC2/ and 'L.pgC3/ are not real
(the preimage of every real point under 'L is real). By Lemma 2.7, the map PicgC1H R Ü .RP1/g is a
regular real-analytic immersion at every point. On the other hand, it is injective by Theorem 8.10.

8.13 Example (genus 1) Let C be an elliptic M-curve with two ovals, X and Y . We can use a point
x 2X to identify C.R/ with Pic2R by tensoring with O.x/. We denote the corresponding ovals of Pic2R

by X .2/ and Y .2/. It is clear that X CX D X .2/, where the left-hand side denotes the locus of line
bundles O.xCx0/ for x; x0 2X . It is also clear that XCY D Y .2/. We claim that Y CY DX .2/. Indeed,
we have a continuous map C ! Pic2.R/, which sends z to O.zCxz/. By continuity, the image of this
map has to be equal to X .2/. In the notation of Section 8.3,

X .2/ D Pic2∅ R and Y .2/ D Pic2
f1;2gRD Pic2H R

is the Huisman component of Pic2R. If L 2X .2/ then the map

'L W C.R/! P1.R/

represents C.R/ in the form y2 D f4.x/, where f4.x/ is a real polynomial with four real roots (the left
side of Figure 12). By tradition, one of these roots is usually moved to infinity. Here 'L is projection
onto the x-axis. Note that restriction of 'L to either X or Y is neither surjective nor injective. By
contrast, if L 2 Y .2/, the map 'L represents the same curve in the form y2 D f4.x/, where f4.x/ is a
real polynomial with two pairs of complex conjugate roots (the right side of Figure 12). In accordance
with Definition 8.8, the restriction of 'L to both X and Y is a real-analytic isomorphism with inverses
given by

x 7! .x;
p
f4.x//; x 7! .x;�

p
f4.x//:

In[5]:= f[x_] := -x * (x + 1) * (x - 1) * (x - 3);

ContourPlot [y^2 == f[x], {x, -2, 6}, {y, -5, 5},

ContourStyle Black , Axes {True , True }, Ticks False , Frame False (*,

Epilog {Black , PointSize [0.02 ] ,Point [{{-0.7,Sqrt [f[-0.7 ]]},{1.2,Sqrt [f[1.2 ]]},

{2.1,-Sqrt [f[2.1 ]]},{2.8,Sqrt [f[2.8 ]]}}],Text [p1,{-0.9,0.2+Sqrt [f[-0.7 ]]}],

Text [p2,{1,0.2+Sqrt [f[1.2 ]]}],Text [p3,{1.8,-.2+-Sqrt [f[2.1 ]]}],

Text [p4,{2.6,Sqrt [f[2.8 ]]-0.3 }]},Prolog

{Gray , PointSize [0.02 ] ,Point [{{-0.7,0},{1.2,0},{2.1,0},{2.8,0}}],Text [q1,{-0.7,0.2 }],

Text [q2,{1.2,0.2 }],Text [q3,{2.1,0.2 }],Text [q4,{2.8,0.2 }]}*)]

Out[6]= 

In[19]:= f[x_] := (x^2 + x + 0.5 ) * (x^2 - 2 * x + 1.1 );

ContourPlot [y^2 == f[x], {x, -2, 6}, {y, -5, 5},

ContourStyle Black , Axes {True , True }, Ticks False , Frame False ]

Out[20]= 

2     

Figure 12: Two types of double covers C.R/! P1.R/ of an elliptic M-curve C . A double cover
from the Huisman component is on the right.
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P

P

_

Figure 13: MHV elliptic M curves of Type A, left, and type B, right.

Next we suppose that C is an MHV elliptic M-curve of type A or B. In other words, we add 4 marked
points so that, depending on the type,

(A) p1; p2; p3 2X and p4 2 Y ,

(B) p1 2X , p2 2 Y and p3 D xp4 are complex-conjugate points.

We have six special points pij D O.pi Cpj / 2 Pic2 C . Depending on the type,

(A) p12; p13; p23 2X
.2/ and p14; p24; p34 2 Y .2/,

(B) p34 2X
.2/, p12 2 Y .2/ and p13 D xp14, p23 D xp24 are complex-conjugate.

The scattering amplitude map ƒ W Pic2 C ! P1 is given by the line bundle

LD O.p12Cp34/' O.p13Cp24/' O.p14Cp23/:

In both cases (A) and (B), L 2 Y .4/, the Huisman component of Pic2.Pic2 C/. The restriction of ƒ to
both connected components X .2/ and Y .2/ of Pic2R is an analytic isomorphism with P1.R/. In other
words, the scattering amplitude map ƒ of an elliptic M-curve of type (A) or (B) looks like the projection
onto the x-axis as on the right side of Figure 12. We get a 4-parameter family of smooth scattering
amplitude probability measures given (up to normalization) by

AD
dxp
f4.x/

;

where f4 is a real polynomial with two pairs of complex conjugate roots. A familiar 2-parameter subfamily
is given by

In[536]:= f[x_] := (x^2 + x + 0.5 ) * (x^2 - 2 * x + 1.1 );

ContourPlot [y^2 == f[x], {x, -2, 6}, {y, -5, 5},

ContourStyle Black , Axes {True , True }, Ticks False , Frame False ]

Out[537]= 

In[538]:= f[x_] := (x^2 + 1) * (x^2 + 2);

ContourPlot [y == Sqrt [1 / f[x]], {x, -6, 6}, {y, -0.5, 1},

ContourStyle Black , Axes {True , True }, Ticks False , Frame False ]

Out[539]= 

2     

M.a; b/

�

dxp
.x2C a2/.x2C b2/

;

where a¤ b and M.a; b/ is the arithmetic–geometric mean of a and b.
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In[79]:= TableForm [{{AA, BB, CC}, {DD, EE, FF}}]

Out[79]//TableForm= 

x 1 - x
1

x

1

1-x

x

x-1

x-1

x

4     

x 1� x
1

x

1

1�x

x

x�1
x�1

x

Figure 14

8.14 Remark The scattering probability measure �.x/ jdxj is a smooth measure on M 0;4.R/'RP1

including the point at1, ie �.1=x/=x2 is smooth at 0. In fact, presenting it as a probability measure
on R depends on a specific choice of the identification M 0;4.R/'RP1, and it is well-known that there
are jS3j D 6 possibilities, which can result in differently looking density graphs; see Figure 14.

8.15 Genus 1, continued In type (A), the real form of M0;4 is MA
0;4.R/DM0;4.R/, the configuration

space of 4 points in P1.R/. ViewingM0;4.C/ as a Riemann sphere punctured at 0; 1;1 via the cross-ratio
map, M0;4.R/ is identified with the real axis without 0; 1;1 and M 0;4.R/ with P1.R/, the equator of
the Riemann sphere. The scattering amplitude map ƒ W Pic2R!M 0;4.R/ has the property that

(8.15.1) ƒ.p14/Dƒ.p23/D 0; ƒ.p13/Dƒ.p24/D 1; ƒ.p12/Dƒ.p34/D1:

In type (B), the real form is MB
0;4.R/, the configuration space of two real and two complex-conjugate

points in P1.C/. If �D .p1; p2Ip3; p4/ is their cross-ratio then

x�D .p1; p2Ip4; p3/D 1��:

Therefore,
M
2;1
0;4 .R/D

˚
Re.z/D 1

2

	
�C;

and the compactification M 2;1
0;4.R/ is obtained by adding a single point (at1). The scattering amplitude

map ƒ W Pic2R!M
2;1
0;4.R/ still has property (8.15.1), but now only1 is part of the real locus M 2;1

0;4.R/.
This corresponds to the fact that points p13 D xp14 and p23 D xp24 are not in Pic2R.
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8.16 Real planar locus W Recall from Section 2.8 that the planar locusW �PicgC1 C has codimension
3 and (for a general curve) parametrizes realizations of C as a degree-.gC1/ plane curve with 1

2
g.g� 3/

nodes away from the marked points p1; : : : ; pn. Generically along W, the scattering amplitude map is
resolved by the blow-up (2.8.2) of W with exceptional divisor yW , and the scattering amplitude form
vanishes along yW with multiplicity 2. Suppose that C is a generic real MHV M-curve. Then line bundles
in W.R/ give realizations of C as Harnack curves, more precisely real plane curves of degree gC 1 and
genus g with gC1 real components. These curves have 1

2
g.g�3/ acnodes, ie isolated real points (where

two complex-conjugate branches of the complex plane curve intersect transversally). If g is odd then all
gC 1 components are ovals (separate RP2 into a disk and a Möbius strip). If g is even, there are g ovals
and one pseudoline (a generator of �1.RP2/); see [Gross and Harris 1981]. It follows that a general real
line in RP2 has even degree on all components of C.R/ if g is odd, and on all but one if g is even. So
for a general real MHV M-curve,

W.R/� PicgC1∅ R

if g is odd. If g is even, W.R/ is contained in the union of PicgC1I R for jI j D 1. It follows that the
scattering amplitude probability measures jA∅j (g odd) and jAI j for jI j D 1 (g even) are the only ones
that vanish to the order 2 along yW .R/.

In the rest of the section we study scattering measures of genus 2 curves.

8.17 Let C be a smooth MHV M-curve of genus 2 given by the equation y2 D f .x/, where f is a real
polynomial of degree 5 with 5 distinct real roots. We denote the ovals of C.R/ by C1, C2 and C3. Like
in Theorem 8.12, we assume that

pi 2 Ci for i D 1; 2; 3;

and that
p4; p5 2 C3 (type A) or p4 D xp5 (type B):

See Figure 3. We follow the notation of Section 7 for special points and divisors. In particular,

K 2 Pic2∅ R and P D p1C � � �Cp5 2 Pic5
f1;2;3gR:

The special points ıDP �K, ıi DKCpi and ıij DP �pi �pj are distributed among four components
of Pic3R as follows:

type Pic3H R Pic3
f1gR Pic3

f2gR Pic3
f3gR

A ı, ı45, ı34, ı35 ı1, ı23, ı24, ı25 ı2, ı13, ı14, ı15 ı3, ı4, ı5, ı12
B ı, ı45 ı1, ı23 ı2, ı13 ı3, ı12

The map 'P embeds C.R/ into P3.R/. Let P2 � P3 be the plane passing through p1; : : : ; p5. Let
dP4 D Blp1;:::;p5 P2 be the quartic del Pezzo surface. Depending on the type of the MHV M-curve C ,
there are two possibilities for its real form,

dPA4 .R/D Blp1;:::;p5 P2.R/ or dPB4 .R/D Blp1;p2;p3 P2.R/:
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curve in dP4.R/ Pic3H .R/ Pic3
f1g.R/ Pic3

f2g.R/ Pic3
f3g.R/

A conic � E.C1/ E.C2/ E.C3/

E1.C1/ �1 E1.C3/ E1.C2/

exceptional E2.C2/ E2.C3/ �2 E2.C1/

Ek.C3/ Ek.C2/ Ek.C1/ �k

�kl Ekl .C1/ Ekl .C2/ Ekl .C3/

line
E2k.C1/ �2k E2k.C3/ E2k.C2/

E1k.C2/ E1k.C3/ �1k E1k.C1/

E12.C3/ E12.C2/ E12.C1/ �12

B conic � E.C1/ E.C2/ E.C3/

E1.C1/ �1 E1.C3/ E1.C2/

exceptional E2.C2/ E2.C3/ �2 E2.C1/

E3.C3/ E3.C2/ E3.C1/ �3

�45 E45.C1/ E45.C2/ E45.C3/

line
E23.C1/ �23 E23.C3/ E23.C2/

E13.C2/ E13.C3/ �13 E13.C1/

E12.C3/ E12.C2/ E12.C1/ �12

Table 1

8.18 By Theorem 8.10, Pic3R is disjoint10 from the ramification divisorR. This implies by Theorem 7.6
that the degree-4 morphism

xƒ W Bl16 Pic3 C.R/! Blp1;:::;p5 P2.R/ in type (A);

xƒ W Bl8 Pic3 C.R/ ! Blp1;p2;p3 P2.R/ in type (B),

induced by the scattering amplitude map is a real-analytic isomorphism on each connected component
Pic3I C.R/ blown up at four (in type A) or two (in type B) points. Note that topologically each of these
components is a connected sum of a torus T 2 with four (in type A) or two (in type B) RP2’s, while
dP4.R/ is a connected sum of six (in type A) or four (in type B) RP2’s. The scattering amplitude map
xƒ provides a real-analytic isomorphism between these (nonorientable) surfaces.

8.19 By Theorem 7.6, the preimage of each .�1/-curve in dP4 is the union of the � and E-type divisors,
where the former is a P1 and the latter is a copy of C . In Table 1 we give the preimages under xƒ of real
.�1/-curves in dP4.R/. Recall that the E-type divisors are

E DKCC; Ei D P �pi �C; Eij D C Cpi Cpj :

The range of indices k; l in the table is 3; 4; 5. We use notation

E.Ci /DKCCi ; Ei .Cj /D P �pi �Cj ; Eij .Ck/D CkCpi Cpj :

10Since ı 2 Pic3R, this has a curious geometric consequence: the unique quadric surface in P3 containing C is smooth (by
Lemma 7.5).

Geometry & Topology, Volume 29 (2025)



Scattering amplitudes of stable curves 3115

8.20 Remark The scattering amplitude measure on each connected component Pic3I .R/ is a probability
measure on a real algebraic surface that in any real-analytic chart U has form �.x; y/jdx dyj, where
�.x; y/ > 0 is a smooth, in fact real-analytic, function. The behavior of the probability measure under the
blow-up is as follows. Locally, we blow up the origin .0; 0/ of the chart,

� W Bl.0;0/ U ! U:

The surface Bl.0;0/ U is nonorientable and contains an exceptional curve RP1, the preimage of .0; 0/;
see the cover artwork of [Shafarevich 2013]. A tubular neighborhood of the curve RP1 is covered by
two charts that correspond to standard charts of RP1. In each chart, � has the form .u; v/ 7! .u; uv/ and
thus the probability measure is

(8.20.1) �.u; uv/jujjdudvj:

Note that uD 0 is the local equation of the exceptional curve. The probability measure (8.20.1) vanishes
along it to the order of juj. More generally, if jAj is a probability measure on a real-analytic manifold X
which is smooth and nonvanishing generically along a submanifold Y of codimension c, then the same
measure on the blow-up BlY X vanishes along the exceptional divisor generically to the order of jujc�1.

8.21 Back in our situation, the scattering amplitude measure on dP4.R/ is smooth and positive away
from four (in type A) or two (in type B) projective lines that correspond to �-divisors in the Section 8.19.
Along these lines, the scattering amplitude form vanishes like in (8.20.1). These disjoint .�1/-curves can
always be contracted to points giving morphisms dP4.R/! .RP1/2. Combining everything together
gives a commutative diagram

Bl Pic3I .R/
xƒ

����! dP4.R/??y ??y
Pic3I .R/

'
����! .RP1/2

where vertical arrows are blow-downs of four (type A) or two (type B) projective lines, and the bottom
arrow is a real-analytic isomorphism — note that algebraically these varieties can’t be more different! It
follows that we can view the scattering amplitude measure on dP4.R/ as a smooth positive probability
measure on .RP1/2, subject to Möbius transformations of coordinates as in Remark 8.14.

8.22 So far we have treated the Huisman component and the other connected components of Pic3.R/ on
an equal footing, but there is an important difference. For simplicity, we consider Type A only. Recall
that the space dP4 is an artifact of the hyperelliptic case; the actual observable is not this surface but
dP5 DM 0;5. The map dP4 ! dP5 is a contraction of the conic that corresponds to the exceptional
divisor � only for the Huisman component (see Section 8.19), in which case the scattering amplitude
map gives a real-analytic isomorphism

ƒ W Blı45;ı34;ı35 Pic3H .R/! dP5 DM 0;5.R/:
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The 10 exceptional divisors of dP5 (the “Petersen graph”) are images of the 10 proper transforms lij in
dP4 of lines in P2 connecting points pi and pj of the conic pairwise. The lines l34, l35, l45 are images
of the exceptional divisors �34, �35, �45 on Blı45;ı34;ı35 Pic3H . These three lines on dP5 are contracted
by the map

M 0;5! .P1/2 D .M 0;4/
2

given by cross-ratios 1345 and 2345. This gives a diagram of Theorem 8.12

Blı45;ı34;ı35 Pic3H .R/

��

ƒ

'
// M 0;5.R/

1345
2345

��

Pic3H .R/
'

// .M 0;4.R//2

where horizontal arrows are real-analytic isomorphisms. To summarize, for the Huisman component
we have a preferred choice of cross-ratios that gives a smooth positive scattering amplitude probability
measure on .RP1/2. For the reader’s amusement, we include a few pretty examples of these probability
density functions in Figure 15, rendered using Section 6.8.

Roots:-1, 0, 1, 2, 3

Marked points:

(-0.7, 1.8885)

(1.3, 1.03317)

(3.3, 3.56769)

(3.45, 4.95408)

(4.2, -13.5832)

Roots:-1, 0, 1, 2, 3

Marked points:

(-0.1, 0.802801)

(1.9, 0.738573)

(3.9, 9.73481)

(4.35, 15.727)

(6.6, -68.2029)

Roots:-2, -0.2, 0.2, 2, 7

Marked points:

(-1.28, 5.59063)

(0.92, 3.93215)

(7.4, 33.3322)

(7.6, 43.1488)

(8.6, -90.9632)

20

0

�20

�20 0 20

20

0

�20

�20 0 20

20

0

�20

�20 0 20

Figure 15: Scattering amplitudes in genus 2, Huisman’s component.
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9 Forest behind the hypertrees

9.1 Let C be a maximally degenerate stable curve: every irreducible component is a P1 with three
special points (either nodes or marked points). Equivalently, an on-shell diagram is trivalent. We will
characterize MHV curves of this type.

9.2 Lemma If C is an MHV curve , then L has degree 0 or 1 on every component of C . The on-shell
diagram is a trivalent graph with d black circles (where L has degree 1) and the remaining white circles
(where L has degree 0).

Proof We argue by contradiction and suppose that the degree of L on some irreducible component B is
at least 2. By Lemma 3.10, the remaining part of the curve A is connected. Let gA be its genus and let
dA be the degree of L on A. Then dA � d � 2D g� 1. On the other hand, gA � g� 2. If gA > 0 then,
by Lemma 3.5(1), dAD g�1 and dAD gAC1. If gAD 0 then gD 2 and so again dAD gAC1. In both
cases, by Lemma 3.5(2), A contains at most gAC 3D n� 2 marked points. Thus B contains at least two
marked points. This contradicts Lemma 3.10.

9.3 Assumption By Lemma 3.2 and Remark 3.3, if C is an MHV curve then every connected component
of a subgraph of white circles of the on-shell diagram is a tree with at most one marked point. In addition,
by Lemma 3.5, a connected subcurve A�C of arithmetic genus p should satisfy the following conditions:

(1) If p > 0, then degLjA � pC 1.

(2) If degLjA D pC 1, then A contains at most pC 3 marked points.

From now on we will assume that all these conditions hold.

The precise shape of these subtrees is not important for the calculation of the scattering amplitude map
and form and there are two ways to ignore them.

9.4 Definition Let C be a maximally degenerate curve satisfying Assumption 9.3.

(1) For each maximal connected subtree of white circles of the on-shell diagram, contract all interior
edges of the tree so that it shrinks to a point. We call this point a white megacircle. It is possible
for it to have more than three outgoing edges. A similar operation appears in [Arkani-Hamed et al.
2015]. Geometrically, this corresponds to a curve Cs obtained by smoothing some nodes of C .

(2) Contract each component of C where L has degree 0 to a singular point of a hypertree curve †
[Castravet and Tevelev 2013, Definition 1.8]. † is not a stable curve: it has singularities worse
than nodes and marked points at singularities. But it is convenient: every morphism to P1 given by
a line bundle in Pic Ed C factors through †.

The following lemma was essentially proved in [Arkani-Hamed et al. 2015].
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9.5 Lemma Let C be a maximally degenerate curve satisfying Assumption 9.3. Then its on-shell
diagram has the following properties:

(1) Black circles are only connected to white megacircles and marked points.

(2) Each white megacircle is connected to exactly one marked point.

(3) The data of the on-shell diagram is equivalent to the data of triples in f1; : : : ; ng:

� D f�1; : : : ; �d g:

Each �i is associated to one of the d black circles of the on-shell diagram. For such a circle , the
associated �i consists of the markings that are either attached directly at that black circle , or sit on
a white megacircle connected to it.

Proof The first step is to place a dummy white megacircle with two edges between every marked point
and a black circle directly connected to it. After this operation, no black circle is connected directly to a
marked point. Let r be the total number of white megacircles. The on-shell diagram can be built step by
step as follows: start with r white megacircles connected to marked points. The Euler characteristic of this
graph is r . Now add black circles one by one. Every time we add a new black (trivalent!) circle, the Euler
characteristic goes down by at most 2, and exactly by 2 only if the black circle is connected to an already
constructed graph at three points. It follows that at the end of the construction the Euler characteristic
will be at least r � 2.gC 1/, on the other hand it should be equal to 1�g. Thus r � gC 3D n. On the
other hand, n � r because each white megacircle is connected to at most one marked point. Thus we
have all the conclusions: r D n, all white megacircles are connected to marked points and black vertices
are not connected to each other. It remains to note that every black vertex is connected to three different
marked points. Indeed, otherwise a black vertex is connected to a white vertex by two paths, producing a
subcurve of arithmetic genus 1 and degree 1, which contradicts Assumption 9.3.

Not every maximally degenerate curve satisfying Assumption 9.3 is an MHV curve. The precise condition
is as follows:

9.6 Theorem [Castravet and Tevelev 2013, Theorems 2.4 and 3.2] A maximally degenerate stable
curve C is an MHV curve if and only if it is give by triples � as in Lemma 9.5 that form a CT hypertree ,11

ie satisfy equation (�), ˇ̌̌̌ [
j2S

�j

ˇ̌̌̌
� jS jC 2 for every S � f1; : : : ; dg:

The scattering amplitude map is birational , with inverse map (called v in [loc. cit.])

(9.6.1) ƒ�1 WM0;n! Pic
Ed C; ƒ�1.q1; : : : ; qn/D v

�OP1.1/;

where v W C ! P1 is a unique morphism such that v.pi /D qi and v�OP1.1/ 2 Pic Ed C .

11See [Castravet and Tevelev 2013] for motivation and a more general definition for subsets other than triples. There are other
notions of hypertree in literature, so to distinguish our case we use the terminology “CT hypertree”.
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Figure 16

9.7 Definition [Castravet and Tevelev 2013] A CT hypertree � is called irreducible if (�) is a strict
inequality for every S such that 1 < jS j< d .

9.8 Example In genus 0 and 1, irreducible CT hypertrees are Examples 1.10 and 4.10, respectively.
In genus 2, there are none. See Figure 16 for irreducible hypertrees in genus 3; 4; 5; 6. The database of
irreducible CT hypertrees in genus at most 8 up to symmetries along with equations and classes of the
corresponding hypertree divisors was created by Opie and Scheidwasser [2009].

9.9 The main goal of [Castravet and Tevelev 2013] was to construct hypertree divisors D� �M0;n with
good properties. Suppose that � is an irreducible CT hypertree and g � 3. Then ƒ�1 contracts a unique
divisor D� �M0;n given by

� choosing a configuration of different points p1; : : : ; pn 2 P2 such that different points pi ; pj ; pk
are colinear if and only if fi; j; kg 2 � ,

� projecting points p1; : : : ; pn from a point p 2 P2 to points q1; : : : ; qn 2 P1, and

� representing the datum .P1I q1; : : : ; qn/ by a point of M0;n.

See Figure 17. The reader will notice a parallel with Section 2.8: the image W� WDƒ�1.D�/� Pic Ed C
is the analogue of the planar locus W � PicgC1 C of a smooth MHV curve C that parametrizes its
presentations as a plane curve of degree gC 1. Like in the smooth case, the scattering amplitude form on
Pic Ed C (when pulled back toM0;n) vanishes alongD� with multiplicity 2 becauseW� has codimension 3.
This was noticed in [Castravet and Tevelev 2013] and [Arkani-Hamed et al. 2015], which both contain
(the same) determinantal equation for D� .
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Figure 17

9.10 Remark The same stable curve can give many hypertrees by changing a vector Ed of multidegrees.
It is a nontrivial question to understand all MHV curves with the same underlying stable maximally
degenerate curve C .

We finish this section by studying geometry of spherical CT hypertrees. Recall that every checkerboard
triangulation of a 2-sphere as in Figure 5 gives a CT hypertree: vertices of the triangulation give the
indexing set f1; : : : ; ng and black triangles give triples (another CT hypertree is given by white triangles).

9.11 Theorem Let � be a CT hypertree and let C be the corresponding maximally degenerate sta-
ble MHV curve. Then � is spherical if and only if C does not have a 2-channel factorization (see
Definition 3.11) and admits a real algebraic structure such that :

(1) C is a stable limit of smooth pointed M-curves Ct of type A ; see Definition 8.2. Let C.R/ D
W1[ � � � [WgC1 be the union of images of gC 1 ovals of Ct .R/.

(2) No Wi is an acnode , ie a real node which is a connected component of C.R/.

(3) No Wi is contained in a degree-0 component of C (white circle of the on-shell diagram). Equiva-
lently, Wi is not contracted to a point by the morphism C !†.

Proof Let C be a maximally degenerate stable MHV curve without 2-channel factorization that satisfies
properties (1)–(3). By Theorem 9.6, it corresponds to a CT hypertree � . We need to show that � is
spherical. According to [Seppälä 1991], we can obtain C as follows.12 Start with a smooth pointed
M-curve Ct of type A. Topologically, Ct is obtained by gluing two identical discs D and xD with g holes
removed. In Ct , these disks are interchanged by the complex conjugation. They are glued along the

12More precisely, [Seppälä 1991] is restricted to curves without marked points. But there is a trick, a morphism from Mg;n to
the “flag stratum” of MgCn, which attaches a nodal genus-1 curve to every marking. All results that we need about the stable
reduction follow from the corresponding results for MgCn.
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Figure 18: A hypertree curve (top left) of a spherical CT hypertree (top right) with an on-shell
diagram (bottom left) is a degeneration of a real algebraic M-curve (bottom right).

real locus C.R/DD\ xD, which is the union of the outside oval of D and g inside ovals. Of course we
can turn any oval into an “outside” oval by turning D inside out. But there is a good choice: we choose
the oval with 3 marked points as an outside one, and the remaining ovals (with one marked point each) as
the inside ovals.

Next we fix a hyperbolic metric on Ct n fp1; : : : ; png, remove small conjugation-invariant discs around
marked points with geodesic boundaries and choose a conjugation-invariant pair-of-pants decomposition
of the remaining surface, with geodesic boundaries. The stable curve C is obtained by shrinking the
boundaries of pairs of pants to nodes, except for the boundaries around marked points.

We investigate the structure of this pair-of-pants decomposition. Since C does not contain acnodes by
condition (2), no real oval of Ct is the boundary of a pair of pants. We claim that no boundary B is
entirely contained in D (or xD) either. Indeed, if this were the case then by Jordan’s lemma B separates
D into two connected components. Shrinking B (and xB) creates a pair of complex-conjugate nodes of C .
Neither of these nodes is a separating node because C does not admit a one-channel factorization by
Lemma 3.10. Thus these nodes separate C into two connected components. But this contradicts the fact
that C does not admit a two-channel factorization13 and satisfies condition (3).

13Interestingly, if this two-channel factorization by complex-conjugate nodes does occur, the resulting curve is of the easy
type (I), completely described in Theorem 3.16.
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Figure 19: Decomposition of the disk D and the corresponding triangulation.

It follows that every pair of pants, a Riemann sphere with three discs removed, is in fact conjugation-
invariant, moreover isomorphic to P1.C/ with the usual complex conjugation and three removed discs
are centered at three points of P1.R/. The quotient of Ct with the pair-of-pants decomposition by the
complex conjugation is the original disc D with g holes, and the quotient of each pair of pants is a curved
hexagon with alternating sides that are either arcs of real ovals of C.R/ or arcs connecting the ovals. The
pairs of pants arising from the marked points look as follows: an arc around the marked point connecting
two points of the same real oval Z, then two arcs of Z, then two sides of the hexagon connecting Z to
an oval Z0, then an arc of Z0. Other pairs of pants connect three real ovals. We claim that in fact in the
first case Z ¤Z0, and in the second case all three real ovals are different. Indeed, if one of the sides of
the hexagon (not around the marked point) connects a real oval to itself, then the corresponding border
of the pair of pants is shrunk to a node of C that separates C into two connected components, which is
impossible by Lemma 3.10. We illustrate the decomposition of D into hexagons in Figure 19, where we
shade in gray the components of C of degree 0.

Finally, we produce a checkerboard decomposition of the sphere, as follows. We shrink pairs of pants
arising from the marked points to points. Furthermore, we shrink hexagons that correspond to other degree
0 components of C to points. Furthermore, we shrink arcs connecting real ovals of degree-1 components
of C to points. This gives gC 1 black triangles. We glue gC 1 white polygons to the real ovals of C
along the arcs of black triangles. This gives a checkerboard decomposition of the sphere into gC 1 black
triangles and gC1 white polygons. A priori, some of these white polygons may have two sides; however,
if that were the case then two adjacent black triangles would produce a two-channel factorization of C ,
which is impossible. Thus all white polygons have at least three edges, and therefore they are all triangles
since the total number of edges of black and white triangles is the same. Therefore, the CT hypertree is
spherical. We illustrate the pair-of-pants decomposition and the corresponding triangulation in Figure 19.

It remains to prove that every spherical CT hypertree gives a maximally degenerate stable MHV curve
that can be obtained as a limit of smooth pointed M-curves Ct of type A. The construction of the
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Figure 20: Tutte matching algorithm [1975].

conjugation-invariant pair-of-pants decomposition should be obvious at this point. The only nontrivial
remaining part of the argument is to explain how to distribute points among the real ovals of Ct .R/.
Concretely, we start with a checkerboard triangulation of the sphere, attach three marked points to the
“outside” white triangle, and now have to distribute the remaining g marked points in g inside white
triangles so that every triangle contains exactly one marked point as in Figure 19. In other words, we
have to construct a perfect matching between nonexterior vertices of the triangulation and interior white
triangles. This nontrivial matching has been constructed by Tutte [1975] in his famous trinity theorem.
The algorithm goes as follows, as illustrated in Figure 20:

(1) Start with any checker-board triangulation.

(2) It is easy to see that the vertices of the triangulation can be colored red, green and blue so that
every triangle has vertices of all colors.
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(3) There always exists at least one red arborescence: a directed connected tree connecting an outside
red vertex to all inside red vertices with one arrow pointing into each inside red vertex. Every
arrow first crosses a black and then a white triangle. In our illustration the red arborescence is just
a path but it can of course be a more complicated tree.

(4) At this point we can already construct a partial Tutte matching: match interior red vertices to white
triangles right before them in the arborescence. We indicate this by small red dots in these white
triangles.

(5) Construct another connected red tree by connecting blue and green vertices by edges which are not
intersected by the red arborescence.

(6) Shrink the red tree leaf-by-leaf and on every step match a vertex from which the leaf is removed to
a white triangle adjacent to the leaf. We indicate the matching by small green and blue dots in
these white triangles.

This completes construction of the matching and the proof of the theorem.

10 Further remarks

Returning to the general case of factorization !C .p1C� � �Cpn/DL˝ zL, we write d D degLDgCk�1,
where k is an expected dimension of H 0.C;L/, known in the physical context as helicity. When k > 2,
the line bundle L itself does not determine a map C ! P1; one also needs to choose a two-dimensional
subspace in H 0.C;L/, ie a pencil of divisors. There are several ways to turn this set-up into a problem
about geometry of linear systems. One approach is to consider a diagram

G
ƒ
����! M0;n??y

Picd C

where all arrows are rational maps, the vertical map is generically a Grassmannian fibration with fiber
G.2;H 0.C;L//, and the horizontal map sends a pencil into images of marked points in P1. While there
is no natural probability distribution on G, one can still ask about properties of the map ƒ, for example
about its degree if it is generically finite, which happens if gC 2.k� 2/D n� 3, ie nD gC 2k� 1.

Another approach is to consider maps 'L W C ! Pk�1 given by complete linear systems instead of maps
to P1 given by pencils. This gives a rational map

Picd C
ƒ

ÜX.k; n/;

where X.k; n/ is the moduli space of n points in Pk�1 modulo PGLk; see [Keel and Tevelev 2006;
Schaffler and Tevelev 2022; Tevelev 2007] for the background on this space and its compactifications.
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With this definition, we can again view the volume form on Picd C as a multivalued meromorphic
scattering amplitude form on X.k; n/, at least if the map ƒ is generically finite, which happens if
gD n.k�1/�k2C1, ie if nD g=.k� 1/CkC1. Another advantage is that the duality between bundles
L and zL is manifest: we have

zd D deg zLD .2g� 2Cn/� .gC k� 1/D gC .n� k/� 1D gC zk� 1;

where zk D n� k. In fact we have a commutative diagram

Picd C '
�! Pic zd C

ƒ

??y ??y zƒ
X.k; n/

'
�!X.n� k; n/

with rational vertical arrows. Indeed, the Gale duality X.k; n/'X.n� k; n/ corresponds to the pairing
.U � V /  ! .U? � V �/ between subspaces of Cn, and global sections of L and zL are indeed
perpendicular, due to the residue theorem.

10.1 Example The first non-MHV case is the following “666 puzzle”. Let C be a genus-4 curve with 6
marked points p1; : : : p6. A choice of a degree-6 line bundle L 2 Pic6 C realizes C as a 6-nodal sextic
in P2 with 6 marked points. This gives a generically finite rational map ƒ from Pic6 C to X.3; 6/, which
has dimension 4. What is the degree of ƒ? An easier case for k D 3 would be to consider nodal genus 2
quartics in P2 with 5 marked points, but by the Gale duality this case is equivalent to the MHV case
g D k D 2, so the degree of ƒ will be 4.

In the rest of this section we show that, in the maximally degenerate case, our scattering amplitude form
on X.k; n/ (which is isomorphic to M0;n in the MHV case k D 2) is equivalent to the leading singularity
form of the scattering amplitude on the Grassmannian G.k; n/ as described in [Arkani-Hamed et al. 2016].
It is convenient to pass to the .C�/n�1-torsor cPicC ! PicC , which parametrizes line bundles L along
with trivializations ti W Ljpi 'C for i D 1; : : : ; n. This automatically gives trivializations zti W zLjpi 'C

such that ti˝zti is the canonical trivialization !C .p1C� � �Cpn/jpi 'C given by the residue. The choice
of global sections s˛ 2H 0.C;L/ and zsz̨ 2H 0.C; zL/ for ˛; z̨ D 1; 2 gives spinor 2-vectors �i D ti .s˛jpi /
and z�i D zti .zs˛jpi / such that each (external) momentum can be written as pi D �iz�

T
i . The change of

trivializations corresponds to the action of the little torus .C�/n by �i 7! ti�i and z�i 7! t�1i
z�i .

We have a commutative diagram cPic EdC
yƒÜG.k; n/??y ??y�

Pic Ed C ƒÜX.k; n/

Here yƒ.L; t1; : : : ; tn/ is the row space of the matrix
�
ti .sj jpi /

�
iD1;:::;nIjD1;:::;k

, where s1; : : : ; sk is a
basic ofH 0.C;L/, and � is a (rational) quotient map by the little torus acting on the Grassmannian. Being
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a torsor over Pic Ed C , cPic EdC also carries a canonical volume form, and writing it down as a multivalued
form on G.k; n/ in Plücker coordinates is equivalent to writing a scattering amplitude form on X.k; n/.

We specialize to the maximally degenerate case. Let v be the number of irreducible components of C ,
ie the number of vertices of the on-shell diagram, and let i be the number of internal edges. Then
dim cPic EdC D gCn� 1D 2v� i . Furthermore, cPic EdC has a presentation as a quotient toruscPic

EdC ' cPic
EdC �=.C�/i ' .C�/2v=.C�/i ;

defined as follows. The restriction ofL to every irreducible component ofC (equivalently, every connected
component of the normalization C �) is either OP1.1/ (for black vertices) or OP1 (for white vertices). In
either case, choose its trivialization at three special points of that component and use these trivializations
to glue a line bundle on C from the line bundle on the normalization. The action of the torus .C�/i comes
from simultaneously rescaling trivializations at two points of C � that glue to the same node of C . The
standard dlog form on .C�/2v=.C�/i then gives the formula [Arkani-Hamed et al. 2016, (4.41)] for the
leading singularity of the scattering amplitude. Various delta-functions in this formula simply encode the
fact that choosing the spinor variables �i (resp. z�i ) corresponds to choosing a two-dimensional subspace
in H 0.C;L/ (resp. in the Gale-dual H 0.C; zL/, orthogonal of H 0.C;L/).
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