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Heegaard Floer homology and integer surgeries on links

CIPRIAN MANOLESCU
PETER OZSVATH

Let L be a link in an integral homology three-sphere. We give a description of the Heegaard Floer
homology of integral surgeries on L in terms of some data associated to L, which we call a complete
system of hyperboxes for L. Roughly, a complete system of hyperboxes consists of chain complexes
for (some versions of) the link Floer homology of L and all its sublinks, together with several chain
maps between these complexes. Further, we introduce a way of presenting closed four-manifolds with
b; > 2 by four-colored framed links in the three-sphere. Given a link presentation of this kind for a
four-manifold X, we then describe the Ozsvath—Szab6 mixed invariants of X in terms of a complete
system of hyperboxes for the link. Finally, we explain how a grid diagram produces a particular complete
system of hyperboxes for the corresponding link.
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2784 Ciprian Manolescu and Peter Ozsvdth

1 Introduction

Heegaard Floer homology is a tool for studying low-dimensional manifolds, introduced by Zoltan Szab6
and the second author. In the case of closed three-manifolds, a genus g Heegaard diagram naturally
endows the g-fold symmetric product of the Heegaard surface with a pair of half-dimensional tori; and a
suitable adaptation of Lagrangian Floer homology in the symmetric product (relative to the Heegaard tori)
turns out to depend only on the underlying three-manifold. This three-manifold invariant is constructed in
[Ozsvath and Szab6 2004b; 2004c]; related invariants of four-dimensional cobordisms are constructed in
[Ozsvith and Szab6 2006; Zemke 2015]; invariants for knots and links in three-manifolds are developed
in [Ozsvath and Szab6 2004a; 2008a; Rasmussen 2003]. Of particular interest to us here are the mixed
invariants of closed four-manifolds defined in [Ozsvath and Szab6 2006]: they can detect exotic smooth
structures and, in fact, are conjecturally identical to the Seiberg—Witten invariants [Witten 1994].

The knot Floer homology groups from [Ozsvath and Szabé 2004a; Rasmussen 2003] are closely related
to the Heegaard Floer homology groups of (closed) three-manifolds obtained as surgeries on the knot.
Indeed, both these works showed that the filtered knot Floer complex contains enough information to
recover the Heegaard Floer homologies of all sufficiently large surgeries on the respective knot. This is
used as a stepping stone to reconstruct the Heegaard Floer homology of arbitrary surgeries on a knot in
[Ozsvath and Szab6 2008b; 2011].

Since every closed three-manifold can be obtained by surgery on a link in the three-sphere, a natural
question is whether the results from [Ozsvath and Szabé 2008b] admit a generalization for links. The
goal of this paper is to present such a generalization.

Let K C Y be a knot in an integral homology three-sphere. Recall that the knot Floer homology of K is
constructed starting from a Heegaard diagram for Y that has two basepoints w and z, which specify the
knot. One can build Floer homology groups by counting pseudoholomorphic curves in the symmetric
product of the Heegaard surface in various ways. For example, one can require the support of the curves
to avoid z, and at the same time keep track of the intersections with w by powers of a U variable: this
gives rise to knot Floer homology. Alternatively, one can define complexes A, in which one keeps track
the intersection number of the curve with both w and z, in a way that depends on the value of an auxiliary
parameter s € Z. When s > 0, the complex A]" corresponds to ignoring z completely and keeping track
of w via a U variable. When s <« 0, we have the reverse: A;" corresponds to ignoring w completely
and keeping track of z. Note that, whenever |s| 3> 0, the homology H.(AJ) is the Heegaard Floer
homology of Y, regardless of the sign of s (and, in particular, they are independent of the knot K C Y).
The intermediate complexes A" for s € Z, however, contain nontrivial information about the knot. Indeed,
according to [Ozsvéth and Szab6 2004a; Rasmussen 2003], the complexes A (as s varies) capture the
Floer homology groups of the three-manifolds obtained by sufficiently large surgeries on K. Moreover,
these complexes are basic building blocks of the constructions from [Ozsvath and Szabé 2008b; 2011].
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Heegaard Floer homology and integer surgeries on links 2785

Consider now an oriented link L in an integral homology three-sphere Y. The analogue of knot Floer
homology was defined in [Ozsvath and Szab6 2008a] and is called link Floer homology. The construction
starts with a Heegaard diagram 9¢ for Y that has several w and z basepoints, specifying the link. Let
Li,..., Ly be the components of L. Following [loc. cit.], we consider the affine lattice H (L) over z*
defined by

£
H(L) = X H(L);, H(L)i =y 1k(Li, L= L) +Z,

where lk denotes linking number. By keeping track of the basepoints in various ways, we can define
generalized Floer chain complexes A~ (%L, s) for s € H(L), which are the analogues of the groups AF
for knots with two basepoints. In the case where the diagram %~ is link-minimal (that is, it has only one
w and one z basepoint on each link component), the complexes A (%L, s) are made of free modules; in
general, this is not the case, and we will have to construct some resolutions A~ (%L, s) of A~ (%L, ).
We will then use the groups A~ (%L, s) to reconstruct the Heegaard Floer homology of integer surgeries
on L. Note that, to keep in line with the conventions in [loc. cit.], we will phrase our construction in
terms of the HF ™~ rather than the HF ™ version of Heegaard Floer homology. We also ignore sign issues
and work over the field F = Z /27.

Further, for technical reasons, we find it useful to use a slightly different variant of HF~ than the one
defined in [Ozsvath and Szab6 2004b]: we complete the groups with respect to the U variables, so that
they become modules over the power series ring F[[U]]; compare also [Kronheimer and Mrowka 2007].
We denote this completed version by HF —; it has the following technical advantage over HF~. The
uncompleted version HF~ is functorial under cobordisms equipped with Spin® structures, but it is not
functorial under cobordisms per se, whereas the completed version HF ~ is. In particular, HF ~ satisfies
surgery exact triangles (analogous to those in [Ozsvith and Szab6 2004c]) just like HF .

Fix a framing A for the link L. For a component L; of L, we let A; be its induced framing, thought
of as an element in H{(Y — L). The latter group can be identified with Z* via the basis of oriented
meridians for L. Given a sublink M C L, we let Q(M) be the set of all possible orientations on M. For
M e Q(M), we let 1_ (Z, M ) denote the set of indices i such that the component L; is in M and its
orientation induced from M is opposite to the one induced from L. Set
Aig= 2 AMeH(Y-L)= z*.
iel_(L,M)

Let YA (L) be the three-manifold obtained from Y by surgery on the framed link (L, A). The input that
we use to reconstruct HF ~ (YA (L)) is called a complete system of hyperboxes for the link L. The precise
definition is given in Section 8.6. Roughly, a complete system ¥ consists of Heegaard diagrams gL
representing all possible sublinks L" C L, together with some additional data that produces maps

oM o=l | s) — A~ (@E My M (5))
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2786 Ciprian Manolescu and Peter Ozsvdth

forany M CL'CL,s¢€ ]HI(L’) and M € Q(M). Here, wM H(L’) — H(L’'— M) are natural reduction
maps. The orientation M comes into play as follows: startmg with %L, we delete the w basepoints
corresponding to components L; € M withi € I (L, M ), and delete the z basepoints corresponding to
the remaining components L; € M. The resulting diagram represents the link L — M, and the complete
system gives us a sequence of steps that relate it to %¢£~™ | a diagram that also represents L — M. The
map @?71 is constructed by following that sequence of steps, and counting pseudoholomorphic polygons.
(In the case where the diagram is not link-minimal, the definition of ®M also involves certain transition
maps, which will be described in Section 13.) In particular, when M = &, the map @?7[ is the differential
on the complex A~ (%L, s).

Define
(1) A= [] a0 M yMe),

MCL seH(L)

where Y™ simply means wM with M being the orientation induced from the one on L. Equip €7 (3¢, A)
with a boundary operator as follows. For s € H(L) and x € Ql_ (LM M (5)), set

2) G = Y. D (AN

NCL— MNEQ(N)
P P a @MY yMIN () cem @A),
NEL-M Neq(N)

Our main result is:

Theorem 1.1 Fix a complete system of hyperboxes ¥ for an oriented, £-component link L inan integral
homology three-sphere Y, and fix a framing A of L. There is an isomorphism of homology groups

3) Hy (€7 (K. A)) = HF  (YA(L)),

where HF ~ is the completed version of Heegaard Floer homology over the power series ring F[[U].

Similar results hold for other variants of Heegaard Floer homology: HF, HFt and HF ® (the last being
a completed version of HF).

We refer to the isomorphism (3) as the link surgery formula. A more detailed description of this formula
(but still without many technicalities) is given in Section 4. We focus there on knots and two-component
links, and go over the example of surgeries on the Hopf link. The complete statement of the link surgery
formula, in the particular case of complete systems that are link-minimal (that is, the Heegaard diagrams
in the system are link-minimal), is found in Section 9. The statement in full generality, for arbitrary
complete systems, is given in Section 13.

The proof of Theorem 1.1 also gives a way of describing the maps from HF ~(Y) to HF (YA (L))
induced by the surgery cobordism. More generally, let W be a cobordism between two connected
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three-manifolds Y; and Y5 such that W consists of two-handle additions only. We can then find a link
L C S3 witha framing A and a sublink L’ C L such that surgery on L’ (with framing specified in A)
produces Y7, and the framed link specified by L — L/, thought of as a subset of Y7, exactly corresponds to
the cobordism W going to Y>. Using this setup, we can describe the map on Heegaard Floer homology
induced by the cobordism W in terms of a complete system of hyperboxes for L.

Refining this idea, we arrive at a similar description of a nontrivial smooth, closed four-manifold invariant.
Let X be a closed, oriented four-manifold with b; (X) = 2. The constructions from [Ozsvath and Szab6
2006] associated to every Spin® structure s on X an invariant called the mixed invariant ®x € F. (The
original definition was over Z and involved a homology action, but we ignore this extra structure in the
present paper.) The manifold X can be presented in terms of a link as follows. Delete two four-balls
from X to obtain a cobordism W from S3 to S3. Then split this cobordism into four parts,

W = Wy Uy, W Uy, W3 Uy, Wy,

such that W consists of one-handles only, W, and W3 of two-handles, and Wy of three-handles; further,
we arrange so that Y5 is an admissible cut in the sense of [ibid., Definition 8.3]. Next, find a framed
link (Z c S3, A) that splits as a disjoint union L; U L, U L3 such that surgery on L produces Y7, and
surgery on L, and L3 corresponds to the cobordisms W, and W3, respectively. We refer to the data
(Z = L1 ULyU L3, A) as a cut link presentation for X.

Theorem 1.2 Let X be a closed four-manifold with b; (X) = 2, together with a cut link presentation
(i = L1 UL U L3, A). One can describe the mixed invariants ®yx ., s € Spin®(X) with coefficients in
F = Z /27 in terms of the framing A and a complete system of hyperboxes for L.

The advantage of presenting the three- and four-manifold invariants in terms of link Floer complexes is
that the latter are understood better. Indeed, there exist several combinatorial descriptions of knot Floer
homology; see [Manolescu et al. 2009a; Sarkar and Wang 2010; Ozsvath and Szabd 2009]. We focus
on the description in [Manolescu et al. 2009a], in terms of grid diagrams, which has the advantage that
it extends to all versions of link Floer homology for links in S3. It turns out that a grid diagram for a
link gives rise to a complete system of hypercubes for that link (provided that the grid has at least one
free marking; see Section 15 for the exact condition). Hence, we can apply Theorems 1.1 and 1.2 to
obtain a description of the Heegaard Floer invariants for three- and four-manifolds in terms of counts of
holomorphic curves on symmetric products of grid diagrams. In [Manolescu et al. 2009b], we use this
result to describe the Heegaard Floer invariants in purely combinatorial terms.

It would be interesting to see whether the procedure of constructing three- and four-manifold invariants
from data associated to links, as presented here, can be applied to other settings. Indeed, there are several
homological invariants for links in S> that have much in common with Floer homology, but for which it
is unknown whether they admit extensions to three- and four-manifolds. We are referring in particular to
the link homologies constructed in [Khovanov 2000; Khovanov and Rozansky 2008a; 2008b].
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2788 Ciprian Manolescu and Peter Ozsvdth

In a different direction, the maps induced by surgery cobordisms can be used to construct another link
invariant, a link surgery spectral sequence (see [Ozsvith and Szab6 2005, Theorem 4.1; Baldwin 2011,
Theorem 5.2]). The methods giving Theorem 1.1 can also be used to give a description of this spectral
sequence in terms of complete systems of hyperboxes; see Theorem 14.12 below for the precise statement.

The organization of this paper is as follows. In Section 2 we explain the difference between the completed
theories HF ~ and HF *° used in this paper, and the versions HF~ and HF®® originally defined in
[Ozsvith and Szab6 2004b]. In Section 3 we define the generalized Floer chain complexes 2~ (%L, s),
and explain their invariance properties. We also define maps between generalized Floer complexes by
counting J -holomorphic polygons. Section 4 contains an overview of the link surgery formula, including
a comparison with the knot surgery formula from [Ozsviath and Szab6 2008b], and an explicit computation
for the case of the Hopf link. Sections 2—4 are sufficient for the reader who wants to reach a working
understanding of the main result, without going into the proof or even into the full details of the statement.

In Section 5 we discuss some homological algebra that is needed throughout the rest of the paper: we
introduce the notion of a hyperbox of chain complexes, and describe several operations on hyperboxes.
Section 6 contains some analytical results about the behavior of holomorphic polygon maps under a move
called quasistabilization. Section 7 contains similar analytical results for a move called index zero/three
link stabilization. Section 8 is devoted to building up the definition of a complete system of hyperboxes
for a link. In Section 9 we then give a more precise statement of Theorem 1.1, in the case of link-minimal
complete systems. The proof of Theorem 1.1 for link-minimal complete systems occupies Section 12, and
is based on a truncation procedure explained in Section 10 together with a surgery long exact sequence
discussed in Section 11. We then turn to general complete systems: in Section 13 we give both the
statement and the proof of Theorem 1.1 for arbitrary complete systems.

In Section 14 we present the extensions of Theorem 1.1 to the other versions of Heegaard Floer homology,
and to the invariants associated to cobordisms; we also prove Theorem 1.2 and discuss the link surgeries
spectral sequence. Finally, in Section 15, we explain how certain grid diagrams for links in 3 give
rise to complete systems of hyperboxes. Many of the diagrams in the resulting complete systems are
quasistabilized, and therefore the results from Section 6 can be used to simplify the description of the
surgery complex in terms of grids.

Acknowledgements We are thankful to Dylan Thurston for useful suggestions regarding the material in
Section 5, to Andras Juhdsz, Matthew Hedden, Sucharit Sarkar and Zoltan Szabé for helpful conversations,
and to John Baldwin, Damek Davis, Haofei Fan, Jonathan Hales, Tye Lidman, Yajing Liu, Yi Ni, Faramarz
Vafaee and lan Zemke for comments on previous versions of the paper. We are particularly grateful to the
referee for many useful suggestions, and to Ian Zemke for pointing out the need for trajectory «-slides
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2 Conventions

Throughout this paper we work with Floer homology groups with base field F = Z /27Z.

Let Y be a closed, connected, oriented three-manifold. We consider the Heegaard Floer homology groups
ar , HF T, HF~ and HF defined in [Ozsvath and Szab6 2004b; 2004c]. These are modules over the
polynomial ring F[U]. (In the case of HF, the action of U is trivial.)

Let HF ~ and HF *° denote the completions of HF~ and HF®® with respect to the maximal ideal (U) in
the ring [F[U]. Since completion is an exact functor, we can alternatively think of HF ~ as the homology
of the complex CF ~ with the same generators as CF—, but whose coefficient ring is the formal power
series ring F[[U ] rather than F[U]. Similarly, HF *° is the homology of this same complex, whose base
ring is now the field ring of semi-infinite Laurent polynomials IF [U, U '] (rather than F[U, U], as in
the construction of the usual HF®).

When s is a torsion Spin® structure, recall that HF~ (Y, s) is equipped with an absolute Q-grading such
that U drops grading by 2; see [Ozsvith and Szabd 2003]. We define the i graded piece of HF ~ (Y, 5)
to be the same as that of HF~ (Y, s). This does not quite induce a grading on HF ~ (Y, s) in the usual
sense, because HF ~ (Y, s) is not the direct sum of its graded parts, but rather the completion of the direct
sum. Still, by a slight abuse of terminology, we will refer to this structure as an absolute Q-grading
on HF ~ (Y, s). The same goes for HF ®°(Y, s).

When s is nontorsion, HF~ (Y, s) and HF°°(Y, s) admit relative Z/2kZ-gradings for suitable k (de-
pending on s). In this case, they induce true relative Z /2k Z-gradings on HF ~(Y,s) and HF *°(Y, 5),
characterized by the fact that each generator (ie intersection point between totally real tori) has the same
grading as it does when it is thought of as a generator of CF~ (Y, s), and, further, that multiplication by
U drops the grading by 2.

One can define cobordism maps and mixed invariants as in [Ozsvath and Szabé 2006], using HF ~ and
HF *° rather than HF~ and HF®°. This new setting is parallel to the one developed in [Kronheimer and
Mrowka 2007] in the context of gauge theory. It has the advantage that HF ~ and HF ®° now admit
exact triangles analogous to those for HF and HF from [Ozsvéth and Szab6 2004c¢, Section 9]. Further,
whereas for the definition of HF~ and HF®° one needs to use strongly admissible Heegaard diagrams
as in [Ozsvath and Szab6 2004b, Definition 4.10], in order to define HF ~ and HF *° it suffices to
consider weakly admissible diagrams. Indeed, Lemma 4.13 in [Ozsvath and Szab6 2004b] shows that
the differentials of CF~ and CF *° are finite whenever the respective Heegaard diagrams are weakly
admissible.
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2790 Ciprian Manolescu and Peter Ozsvdth

More generally, whenever we discuss versions of Heegaard and link Floer homology that were defined
originally over polynomial rings F[Uy, . .., U], in this paper we use their completions, which are modules
over formal power series rings F[Uy, ..., U].

One could also define versions of HF and HF * using the completed ring; but, since those are generated
by complexes on which the action of multiplication by U is nilpotent on each generator, the resulting
invariants coincide with the versions defined over F[U]. In particular, in the completed context, we have
an exact sequence for any closed, oriented three-manifold Y,

4) o> HF~(Y)—> HF®(Y) - HFt(Y)—---,
where HF T is the Heegaard Floer homology group from [Ozsvith and Szabé 2004b].

Note that, when Y is a three-manifold and s is a torsion Spin® structure on Y, the groups HF~ (Y, s)
and HF*°(Y, 5) are determined by HF ~ and HF *, respectively. Indeed, HF _; (Y, s) = (HF " )>; (Y, s)
for any given degree i € QQ, and, since the groups (and their module structure_) are determined by their
truncations, the claim follows. Similar remarks apply to HF °° and HF°.

For nontorsion Spin® structures s, there is some loss of information when passing from HF~ (Y, s) and
HF®(Y,s) to their completed analogues. For example, when ¥ = S! x S2, let & be a generator of
H?(Y;s) = Z, and 53 the Spin® structure with ¢1(s) = 2kh. Then

HF(S' x $2,5,) ~F[U]/(U* —1), HF*®(S'x S2,5;) ~F[U, U/ (U*-1),
SO
HF ~(S'x 82 ;) = HF®(S! x 5%,5;) = 0.

In general, for any nontorsion Spin® structure s,
(5 HF*(Y,s) =0.

Indeed, Lemma 2.3 in [Ozsvith and Szab6 2004d] says that (1 — UN)HF*® (Y, u) = 0 for some N > 1.
Since 1 — U" is invertible as a power series, after taking the completion we get (5). Consequently,
equation (5) combined with exactness in the sequence (4) gives a (grading-preserving) isomorphism

(6) HF~(Y,s) ~ HF (Y, s)

for any nontorsion Spin© structure s.

3 Generalized Heegaard Floer complexes for links

We define here some complexes associated to a Heegaard diagram for a link. As we shall see in
Section 12.1, these are the complexes which govern large surgeries on links.
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3.1 Heegaard diagrams

Combining the constructions of [Ozsvath and Szabd 2008a; Manolescu et al. 2009a], define a multipointed
Heegaard diagram to be data of the form # = (2, o, 8, w, z), where:

e Y is aclosed, oriented surface of genus g.

* o ={ay,...,0g 1} is a collection of disjoint, simple closed curves on X which span a g-
dimensional lattice of Hq(X;Z), and hence specify a handlebody Uy ; the same goes for f =
{B1...., Bg+k—1}» which specify a handlebody Ug.

e w={w,...,wi} and z = {z1,..., z,} (With k > m) are collections of points on ¥ with the
following property. Let {Ai}f.;l be the connected components of ¥ —a — -+ —ag4x—1 and
{B; }g‘zl be the connected components of ¥ — 1 —---— Bg4x—1. Then there is a permutation o
of {1,...,m} suchthat w; € 4; N B; fori =1,...,k,and z; € A; N By fori =1,...,m.

We do not take the orderings of the curves and basepoints to be part of the data of the Heegaard diagram;
rather, we just ask for such orderings to exist, so that the conditions above are satisfied.

A Heegaard diagram ¢ describes a closed, connected, oriented three-manifold ¥ = Uy Uy, Ug, and an
oriented link L, C Y (with £ <m components), obtained as follows. Fori = 1,...,m, we join w; to z;
inside A; by an arc which we then push by an isotopy into the handlebody Uy ; then we join z; to wg ;)
inside B; by an arc which we then push into Ug. The union of these arcs (with the induced orientation)
is the link L. We then say that 7€ is a multipointed Heegaard diagram representing L C Y. Note that
the definition we work with here is more general than the notion of a multipointed Heegaard diagram
from [Ozsvéth and Szab6 2008a], as we allow here for more than two basepoints per link component;
moreover, we are allowing for extra basepoints of type w which are not thought of as belonging to a link

component. We refer to Wy, 11, . .., Wg as free basepoints. The set of free basepoints is denoted by w™,

In order to define the chain complexes associated to a Heegaard diagram ¥ (as below, Section 3.2), we
need to require that it is generic, ie the alpha and beta curves intersect each other transversely. Further,
we should require that it is admissible in the sense of [Manolescu et al. 2009a, Definition 2.2]. More
precisely:

Definition 3.1 Let # = (X, «, 8, w, z) be a multipointed Heegaard diagram.

(a) Aregionin ¥ is the closure of a connected component of ¥ —(aq U- - -Uag g1 UB1U---UBgr—1).

(b) A periodic domain in ¥ is a two-chain ¢ on X, obtained as a linear combination of regions (with
integer coefficients), such that the boundary of ¢ is a linear combination of alpha and beta curves,
and the local multiplicity of ¢ at every w; € w is zero.

(¢) The diagram ¥ is called admissible if every nontrivial periodic domain has some positive local
multiplicities and some negative local multiplicities.
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Admissibility, as defined in part (c), is equivalent to the requirement that the underlying diagram
(X, a, B, w) representing Y be weakly admissible; see [Ozsvath and Szabé 2004b, Definition 4.10].
As mentioned in Section 2, since we will use coefficients in power series rings, there is no need to impose
the strong admissibility condition from [loc. cit.].

It is helpful to introduce some terminology for more restrictive classes of Heegaard diagrams:

Definition 3.2 A Heegaard diagram (X, &, 8, w, z) is called link-minimal if m = £, that is, each link
component has only two basepoints.

Definition 3.3 A Heegaard diagram (X, «, 8, w, z) for a nonempty link is called minimally pointed it
k = m = £, that is, each link component has only two basepoints and there are no free basepoints. If the
diagram represents an empty link, we call it minimally pointed it k = 1 and m = 0.

Clearly, a minimally pointed diagram is link-minimal. Minimally pointed diagrams were the ones
originally studied in [Ozsvith and Szab6 2004b; 2008a].

We can impose an even more restrictive condition:

Definition 3.4 A Heegaard diagram (X, &, 8, w, z) is called basic if it is minimally pointed and, further,
foreachi =1,..., ¢, the basepoints w; and z; (which determine one of the link components) lie on each
side of a beta curve f8;, and are not separated by any alpha curves.

Basic Heegaard diagrams for knots were constructed in [Ozsvdth and Szabé 2004a, Section 2.2], as the
doubly pointed diagrams associated to marked Heegaard diagrams. To see that every link admits a basic
Heegaard diagram, we can start with a minimally pointed diagram; then, for eachi =1, ..., £, we add
a 1-handle with one foot near w; and one near z;, and choose a path between these feet that does not
intersect any alpha curves. Further, we add alpha curves along the chosen paths and the cores of the
handles, and beta curves along the cocores of the handles. See Figures 3 and 4 for an example of how
this is done in the case of a diagram for the Hopf link.

More generally, we will also need to consider multipointed Heegaard multidiagrams: data of the form
= {n }fzo, w, z) such that each (=, ', §/, w, z) (for 0 <i # j <) is a multipointed Heegaard diagram.
A multidiagram is called generic if all the curves in it intersect transversely, and no three curves intersect
at one point. Finally, we have the following admissibility condition; compare [Ozsvath and Szabd 2004b,
Definition 8.8 and Section 8.4.2]:

Definition 3.5 A multiperiodic domain ¢ on a multipointed Heegaard multidiagram (X, {5’ }f —0W.2)
is a two-chain on X that is a linear combination of the connected components of X\ (Ul 7' ) with integer
coefficients, such that d¢ is a linear combination of eta curves, and the local multiplicity of ¢ at every
w; € w is zero. The Heegaard multidiagram is called admissible if every multiperiodic domain has some
positive local multiplicities and some negative local multiplicities.
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3.2 Generalized Floer complexes

Let L be an oriented £-component link in an integral homology sphere Y. We denote its components by
Li,...,Ly. Let # = (Z,a, B, w, z) be an admissible, generic, multipointed Heegaard diagram for L.
As in the previous subsection, k denotes the number of basepoints in w, and m denotes the number of
basepoints in z, so that £ <m <k.

In the introduction we defined sets
L
H(L)i = 3 Ik(Li,L=Li)+Z CQ, H(L)= X H(L),
1=
where lk denotes linking number. Let us also set

H(L) = (L) Ufso.+oo}, H(L)= X H(LY,

Remark 3.6 More invariantly, we could think of H(L) as an affine lattice over H;(Y — L;Z); see
[Ozsvith and Szabé 2008a]. The latter group is identified with z* using the oriented meridians of each
component. Furthermore, H (L) itself is canonically identified with the space of Spin® structures on Y
relative to the link Z; see [ibid., Section 8.1].

The Heegaard diagram determines tori
Toq =a1 X+ Xdgif_1. Tg=p1xxPgir_1 CSymETH1(x).

For x,y € To NTg, we let m2(x, y) be the set of homology classes of Whitney disks from x to y relative
to Ty and Tg, as in [Ozsvéth and Szabé 2004b]. For each homology class of disks ¢ € ma(x, y), we
denote by ny,; (¢) and nz; (¢) € Z the multiplicity of w; and z;, respectively, in the domain of ¢. Further,
we let (¢) be the Maslov index of ¢.

Any intersection point x € Ty N Ty has a Maslov grading M(x) € Z and an Alexander multigrading
given by
Ai(x)eH(L);, iefl,....¢}.

Let W; and Z; be the set of indices for the w’s and z’s, respectively, belonging to the i component of
the link. We then have
Ai(X) = Ai(p) =D nz (@)= > nuw, (@),
JEZ; JEW;

where ¢ is any class in m(x, y). Note that this formula determines the Alexander grading up to an
overall integer shift. The absolute Alexander grading can be pinned down either by relating intersection
points in T, N T to relative Spin® structures on (Y, Z) via vector fields, or (more simply) by using the
symmetry of link Floer homology. See [Ozsvath and Szab6 2008a, Sections 4 and 8; Manolescu et al.
2009a, Section 2.1] for details.
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Following [Ozsvéth and Szabé 2008a; Manolescu et al. 2009a], we define the link Floer complex
CFL™ (%) as follows. We let CFL™ () be the free module over R(#) = F[[Uy, ..., U] generated
by Tq NTp and equipped with the differential

@ = Y Y #@/R)- U gy,
YETNTp pema(x,y)
w(g)=1

Here, .l(¢) is the moduli space of pseudoholomorphic curves (solutions to Floer’s equation) in the class ¢,
and R acts on Jl(¢) by translations. Note that J(¢) depends on the choice of a suitable path of almost
complex structures on the symmetric product. We suppress the almost complex structures from notation
for simplicity.

The Maslov grading M produces the homological grading on CFL™ (%), with each U; decreasing M by
two. Furthermore, each Alexander grading A; defines a filtration on CFL™ (%), with U; decreasing the
filtration level A; by one when j € W;, and leaving A; constant otherwise.

Of course, if we ignore the Alexander filtrations, then CFL™ (%) is simply a Heegaard Floer complex rep-
resenting the underlying three-manifold Y, and we could writeitas CF ~ (X, a, B, w) or CF " (Ty, Tg, w).
However, we use the notation CFL™ (#) when we want to view it as an H(L)-filtered complex.

Definition 3.7 Given s = (s1,...,8¢) € H(L), we define the generalized Heegaard Floer complex
A" (¥,s)=A" (¥, 51,....50) = A" (T, Tg,s)

to be the subcomplex of CFL™ () consisting of the elements with filtration degrees A; < s; for all
i=1,...,¢

Thus, A7 (%, s) is generated as a product over [F by the elements Uln t... U: “x where x € T, N Tg and
ni,...,n € Z are such that
A,’(Uln1 ~'U:"x) = A,'(x)— Z n; <s;

JEW;
foralli =1,...,4.

Remark 3.8 When L = K is a knot and the diagram 7€ has only two basepoints (one w and one z),
the complex CFL™ (%) is the completion of the subcomplex C{i < 0} of the knot Floer complex
CFK® (Y, K), in the notation of [Ozsvath and Szab6 2004a]. Further, the generalized Floer complex
A~ (%, s) is the completion of the subcomplex Ay = C{max(i, j —s) < 0}. Note that, in [Ozsvéth and
Szab6 2008b], the formula for integral surgeries along a knot was stated in terms of HF ™. It involved the
similar complex Af = C{max(i, j —s) > 0}.

Remark 3.9 The restriction to the underlying three-manifold Y being an integral homology sphere is
not essential. Indeed, with minor modifications, one can define generalized Heegaard Floer complexes
for arbitrary null-homologous links in a three-manifold. Let us explain the only other version of the
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construction relevant to this paper, namely when # represents an unlink L (of m components) inside a
ballin Y = #"(S' x §2). The generators x € Ty N Tpg are then grouped in equivalence classes according
to the Spin® structures on Y. We focus attention on only those x that lie in the torsion Spin® structure s¢.
They have an Alexander grading A(x) € Z™, and generate a link Floer complex CFL™ (¥; sg). For
s € Z™, we then define A~ (9(, s) by the same procedure as above, but using only generators in sg.

So far we have defined A~ (#,s) for s = (s1,...,s7) € H(L). We can extend this definition to all
s € H(L); that is, we can let some of the s; be +o0. Indeed, if we allow some s; to be 400, we can use
the same definition as before, and the condition A4; (U ln ..U : Kx) < s; is vacuous. In particular, when
all s; are +o00, the complex A~ (%, s) is just the completed Heegaard Floer complex

CF~(Z,a,B,w)=CF (Ty,Tg,w)=CF~(Y)
representing the underlying three-manifold Y.

If we allow some of the s; to be —o0, we cannot use the same definition, since A; (U 1" ..U ]? kx) < —o0
is impossible. Instead, we let A~ (¥, s) be generated by those elements with Al-(Uln L. U,? kKx) <s; for
the values of i with s; # —oo, whereas for the values of i that are —oco, we do not put any condition
on A;, but rather replace the coefficient U ;wj ¢ in (7) with U ;Z(wj ) ), where z(w;) is the z basepoint
that follows w as we go along that link component (with its given orientation). In particular, when all s;

are —oo, the complex A~ (9, s) is just the completed Heegaard Floer complex
CF~(X,a,8,zU wfree) =CF (T, ']I‘ﬂ’ zU wfree)’

again representing the three-manifold Y.

3.3 Heegaard moves

Let# = (2, e, B, w,z) and ' = (X', /', B/, w’, z’) be two multipointed Heegaard diagrams representing
the same link L C Y. If this is the case, we say that 3¢ and ¥’ are equivalent. It is important to note that
we are fixing the three-manifold Y, not just its diffeomorphism class, and we are also fixing the link L,
not just its isotopy class. Similarly, the Heegaard surfaces X and ¥’ are thought of as embedded in Y.

We say that 3 and ¥’ are related by

(1) a three-manifold isotopy if there is a self-diffeomorphism ¢: ¥ — Y isotopic to the identity such
that ¢ (L) = L, ¢(X) = ¥/, and ¢ takes all the curves and basepoints on X into the corresponding
ones on X’;

(ii) an a-curve isotopy if ¥ = X, w = w’, z = z/, B = B, and the curves in o’ are obtained from those
in & by an ambient isotopy of ¥ supported away from all the basepoints; a S-curve isotopy is
similar, with the roles of e and &’ switched with those of g and B’;
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(iii)

(iv)

v)

(vi)

Ciprian Manolescu and Peter Ozsvdth

z

> %

Figure 1: An index zero/three link stabilization. The surface ¥’ is obtained from X by deleting
a disk and adding a cap, ie taking the connected sum with a sphere inside Y. This is the same
picture as [Manolescu et al. 2009a, Figure 5], but we emphasize the fact that the construction is
done inside the fixed three-manifold Y, with a fixed link L.

an o-handleslide if ¥ = X, w = w', z =z, B = B, a curve ] € &’ is obtained by handlesliding
the respective curve «; € a over another curve in o (with the handleslide being done away from
the basepoints), and the other curves in o are isotopic (by an isotopy away from the basepoints)
to the respective curves in a; a B-handleslide is similar, with the roles of e and &’ switched with
those of B and B’;

an index one/two stabilization if ¥’ is obtained by taking the connected sum (inside Y) of X and a
genus one surface with one alpha and beta curve intersecting transversely at a point; the connected
sum is done away from the link L and the basepoints, so that w = w’, z = z’;

a free index zero/three stabilization if ¥’ = X, 0’ =a U{a,}, B/ =BU{f'},w' =wU{w'},z/ =z,
where the new curves o’ and B’ intersect each other in two points, do not intersect any of the other
curves, and both bound disks containing the new free basepoint w’ this kind of stabilization was
called simple in [Ozsvath and Szab6 2008a, Section 6.1] (see [ibid., Figure 3] for a picture);

an index zero/three link stabilization if ¥’ is obtained from X by taking the connected sum (inside Y)
with a sphere, in the neighborhood of a z basepoint, as shown in Figure 1; this introduces the new
curves o’ and B’ as well as an additional (w, z) pair, denoted by (w’, z) in the picture.

The moves above and their inverses are called Heegaard moves. (The inverses of the stabilization

moves are called destabilizations.) An a-curve isotopy or an a-handleslide (resp. a -curve isotopy or

-handleslide) is called admissible if the corresponding Heegaard triple diagram (X, et, 8, o', w, z) (resp.
P g g P g 1Y

(Z,e,B,B,w,z)) is admissible. Admissible curve isotopies, admissible handleslides, together with all

other moves (i) and (iv)—(vi) and their inverses are called admissible Heegaard moves.

Combining the arguments in [Ozsvath and Szabd 2004b; 2008a, Proposition 3.9; Manolescu et al. 2009a,
Lemma 2.4], we obtain the following:
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Proposition 3.10 Any two equivalent, generic, admissible, multipointed Heegaard diagrams for L can
be related by a sequence of admissible Heegaard moves.

Remark 3.11 In fact, one can check that three-manifold isotopies are redundant in the list (i)—(vi) above,
that is, they can be obtained as combinations of the other moves. For example, a three-manifold isotopy
away from all the curves and the basepoints can be viewed as an index one/two stabilization, followed by
an index one/two destabilization. Nevertheless, we keep (i) in the list because we will refer to this move
in some of our future discussions, and it makes the exposition clearer.

We have the following refinement of Proposition 3.10:

Proposition 3.12 Let % and %’ be two equivalent, generic, admissible, multipointed Heegaard diagrams
representing the same link L with £ components. Suppose the diagram ¥ is link-minimal, and that %’
has m basepoints of type z. For ', let us choose one basepoint of type w on each component of L. The
remaining m — £ basepoints of type w on ¥ that are not free are called subsidiary.

Then the diagram ¥’ can be obtained from ¥ by a sequence of admissible Heegaard moves that includes
exactly m —{ index zero/three link stabilizations, with each of these stabilizations introducing a subsidiary
basepoint.

Proof This follows from the arguments in [Manolescu et al. 2009a, proof of Lemma 2.4]. O

For future reference, let us introduce some more terminology. If two Heegaard diagrams ¥ and ' have
the same underlying Heegaard surface X, and their collections of curves B and B’ are related by isotopies
and handleslides only (supported away from the basepoints), we say that g and B’ are strongly equivalent.

Definition 3.13 Consider multipointed Heegaard diagrams # = (X, a, 8, w,z) and %' = (X', o/, B’ , w’, 2’)
representing the same link LcyY.

(a) The diagrams ¥ and %’ are called strongly equivalent if ¥ = ¥/, w = w’, z = 2/, the curve collections
« and o’ are strongly equivalent, and B and B’ are strongly equivalent as well. In other words,
% and ¥’ should differ by the Heegaard moves (ii) and (iii) only.

(b) We say that % and % differ by a surface isotopy if ¥ = ¥’ and there is a self-diffeomorphism
¢: X — X isotopic to the identity and supported away from the link Z,, and such that ¢ takes the
curves and basepoints in ¥ to the corresponding curves and basepoints in . If % and %’ are
surface isotopic, we write # =~ %"

Note that any surface isotopy can be embedded into an ambient three-manifold isotopy. For this reason,
we did not include it in the list of Heegaard moves (i)—(vi). However, surface isotopies will play an
essential role in the definition of complete systems of hyperboxes in Section 8.6. Observe also that, by
definition, surface isotopies keep the basepoints on L fixed. If a surface isotopy kept all the basepoints
fixed, it could simply be viewed as a composition of curve isotopies. Therefore, the main role of surface
isotopies is to allow a way of moving the free basepoints on X, while keeping X fixed.
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3.4 Invariance

Just as in the usual case of Heegaard Floer homology (or link Floer homology), there is an invariance
statement for generalized Floer complexes for links. Before stating it, we need some preliminaries.

We start with a well-known algebraic lemma. We will use this lemma and variants of it throughout the

paper, so we include its proof for completeness.

Lemma 3.14 Let R be any F -algebra, and let C be a free complex over R[[U;]. Let C— and C4 be
copies of C. Consider the mapping cone complex

C' = Cone(C_[Us] =% ., [UL]).
Then the complexes C and C’ are chain homotopy equivalent over R[U1]).
Proof Let S be a set of free generators for C, over R[[U;]. For each x € S, we denote by x_ and x  the

corresponding generators of C_ and Cy. Then C’ is free over R[[Uy, U;]], with generators x_ and x 4
for each x € S.

Consider the morphisms over R[[U;]| given by

1:C—C', (x)=x4,
and
p:C'— C, p(Ux-) =0, pU)xy)=Ulx.
We claim that ¢ and p are homotopy inverses. Indeed, p o is the identity, whereas ¢ o p is chain homotopic
to the identity via the homotopy

Ur —yr
H:C'—C, HUIx_)=0, HUFxy)=-1—2x_.
Uy —U,
Here, by the fraction (U{' — U}')/(U1 — Uz) we meant the polynomial expression
UP '+ UP2Uy 4o+ U U2+ U5 O

Remark 3.15 The map ¢ is a morphism over R[[U;, U;]|, which induces an isomorphism on homology.
Thus, if we let U; act on C just as Uy does, we find that C and C’ are quasi-isomorphic over R[[Uy, Us]].
However, they are not normally chain homotopy equivalent over this bigger ring.

Next, following [Ozsvath and Szab6 2008a, Section 2], if Cyx and C;, are complexes with a filtration by a
Z*-affine space such as 9¢(L), we say that Cy and CJ, are filtered chain homotopy equivalent if there are
filtered chain maps f: C« — C, and g: C, — Cy and filtered chain homotopies H;: Cx — C,, 41 and
Hy:C, — Cyyqsuchthat go f —id=00o Hy+ Hyodand fog—id=00 Hy + Hy0d.

Recall that we defined CFL™ (#) and A~ (¥, s) as complexes over the ring R(¥) = F[[Uy, ..., U],
with one variable for each w basepoint. Assuming L is nonempty, let us also consider the ring

%(L) :F[[ﬁl,...,ﬁﬁ]],
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where each variable U; is associated to a link component L; C L. We define a natural inclusion of R(L)
into R() to be a homomorphism (of unitary rings) that takes each U; to one of the U; variables such
that the basepoint w; is on the link component L;. Note that when the diagram ¥ is link-minimal, then
there is a unique natural inclusion R (L) < R(F), and that inclusion is in fact an isomorphism.

If L is empty, we let R(L) =TF [[17 ]I, and a natural inclusion is a homomorphism that takes U to any of
the U; variables.

Given a natural inclusion R (L) < R(¥), we can view CFL™(3€) and A~ (%, s) as complexes over R (L),
by restriction of scalars.

We are now ready to state the invariance theorem.

Theorem 3.16 Let ¥ and ¥’ be two generic, admissible, multipointed Heegaard diagram for the same
oriented link L C Y. Picks € H(L). Pick also natural inclusions R(L) < R(%) and R(L) — R(%),
and view CFL™ (#), CFL™ (%), A~ (%,s) and A~ (3, s) as complexes over (L), according to those
inclusions. Then:

(a) The complexes CFL™ (#) and CFL™ (#’) are filtered chain homotopy equivalent over R(L).
(b) The complexes A~ (¥,s) and A~ (%', s) are chain homotopy equivalent over R.(L).

Note that part (b) is a simple algebraic consequence of part (a). Furthermore, part (a) follows by combining
the arguments from [Ozsvéth and Szab6 2008a, Theorem 4.4; Manolescu et al. 2009a, Proposition 2.5].
However, some aspects of this proof will be of particular importance for the present paper. We give below
an outline of the proof with special emphasis on those aspects.

Beginning of the proof of Theorem 3.16 We need to verify invariance under each of the Heegaard
moves (i)—(vi). Let us discuss these moves briefly in turn.

The proof of invariance under curve isotopies and index one/two stabilizations is completely similar to
the one in [Ozsvath and Szabd 2004b].

To check invariance under a three-manifold isotopy, one needs to pull back the almost complex structure
on the symmetric product under the isotopy, and then use the contractibility of the space of compatible
almost complex structures. (This is the same argument as the one used in [ibid., Theorem 6.1].)

Invariance under handleslides can also be proved along the lines in [ibid.], but one has to define suitable
(filtered) polygon maps between the link Floer complexes: the details of their construction are explained
in Section 3.5.

Let us now discuss the remaining two Heegaard moves (v)—(vi), which change the number of basepoints.

Suppose that we change a diagram 7 (with k basepoints of type w) by a free index zero/three stabilization
introducing an additional free basepoint w’. Let %’ be the new diagram. By the same argument as in
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[Ozsvéth and Szab6 2008a, proof of Proposition 6.5], the new link Floer complex CFL™ (%) is the
mapping cone

— U;-U, —
®) CFL™ (#)[Ug+1] = CFL™ (%) [Ug+1]
for some j € {l1,...,k}. The Alexander filtrations on both the domain and the target of (258) are induced

from those on CFL™ (¥), with Uy, keeping the filtration level fixed (since it corresponds to a free
basepoint). By Lemma 3.14, CFL™ (%) is chain homotopy equivalent to CFL™ (%) over the previous
ring R(9€) and hence over R (L), assuming that the natural inclusion R(L) < R(#’) factors through the
natural inclusion into R (7). Moreover, the maps constructed in the proof of Lemma 3.14 are filtered, so
CFL™ (%) and CFL™ (%) are filtered chain homotopy equivalent.

Given this, A~ (%', s) and A~ (%, s) are chain homotopy equivalent. In fact, A~ (%, s) is the mapping
cone

Ui —Uk+1
_

) A7 (. ) [Ur 411 = A (9, ) [U 411

Finally, suppose that we change a diagram ¥ by an index zero/three link stabilization introducing an
additional (w, z) pair on a link component L; € L. By the argument in [Manolescu et al. 2009a,
Proposition 2.3], the new link Floer complex CFL ™ (%) is also of the form (8), albeit in this case the A;
filtration on the domain of (8) is shifted by —1 from the original one on CFL™ (¥). Nevertheless, since
Uy +1 also decreases the A; filtration level by one, CFL™ (%) is still filtered chain homotopy equivalent
to CFL™(%). This implies that A~ (%, s) and A~ (%, s) are chain homotopy equivalent, although we
should point out that in this case 4~ (%,s) is not of the form (9). Once again, the chain homotopy
equivalence is over R (L), and we need to assume that there is a factorization of natural inclusions
R(L) = R(H) — R(H).

This completes the proof of invariance over %(L), with respect to some choices of natural inclusions
R(L) — R(H) and R(L) < R(%). To see that invariance holds with respect to any such choices, we
can make use of Proposition 3.12; this allows us to choose the basepoints that are introduced when we do
the index zero/three link stabilizations. |

We are grateful to Andrds Juhdsz and Sucharit Sarkar for conversations about the following point:

Remark 3.17 Part (b) of Theorem 3.16 implies that the homology H. (A~ (%, s)) (for basic diagrams )
is an invariant of L C Y and s, up to isomorphism. However, this is not so up to canonical isomorphism.
The problem is that, when relating a Heegaard diagram to itself via equivalence moves that include
three-manifold isotopies, the basepoints may trace homotopically nontrivial loops during those isotopies.
Nevertheless, the generalized Floer homology H.(A™ (¥, s)) (for basic diagrams) is an invariant of
L C Y, the level s and the basepoints w, z C L, up to canonical isomorphism. This can be proved along
the lines of [Ozsvdth and Stipsicz 2010, Section 6].
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3.5 Polygon maps

In this section we define certain maps between generalized Floer complexes that count holomorphic
polygons. For the sake of clarity, we start with the case of triangles, which (along with quadrilaterals) are
used in the part of the proof of Theorem 3.16 that deals with invariance under handleslides.

Let # = (¥, a, B, w, z) be a generic, admissible, multipointed Heegaard diagram representing a link
Lc Y, as in Section 3.1. Let y be a new set of attaching curves for X, which is strongly equivalent to f.
We assume that the Heegaard multidiagram (X, e, B, ¥, w, z) is generic and admissible. Note that the
diagram %" = (X, a, y, w, z) represents L C Y, whereas % = (X, B, y, w, z) represents an unlink in
the connected sum of several S! x S2. More precisely, with g, m and k as in Section 3.1, %’ represents
the unlink of m components inside #%(S! x §2).

We have link Floer complexes CFL™ (%) and CFL™ (%) filtered by H (L), and (according to Remark 3.9)
a complex CFL™ (#'; 5¢) filtered by Z™. We also have generalized Floer complexes A~ (%, s) and
A~ (9", s) for s € H(L), and A~ (%, s’) for s’ € 7.

Note that there is a projection Z™ — Z*, which takes s’ = (57, ....8,) to 8 =(5],..., 52), where
- /
T
JEW;

Since H(L) is an affine space over Z*, for any s € HI(L) and s’ € Z™ we can make sense of the expression
s+5 e H(L).

Forx e T, NTg,x' € TgNT,,y € T, NTy, we let m2(x, x’, y) be the space of homotopy classes
of Whitney triangles connecting x, x’, y, as in [Ozsvath and Szab6 2004b, Section 8.1.2]. We define a
triangle map

(10) fupy: CFL™ (%) ® CFL™(%'; 59) — CFL™ (")

by

faﬂy(x Rx') = Z Z #(M(¢))'U1nwl(¢)---U:wk(¢)y.

yeTaNTy ¢pema(x,x’,y)
u($)=0

Here, (¢) is the moduli space of pseudoholomorphic triangles in the class ¢, which is required to
have Maslov index p(¢) = 0. We define a filtration by H(L) on the domain of f,g, by adding up the
filtrations on CFL™ (%) and CFL™ (%'; 50) via (s,s’) — s 4 §" One can check that f,g,, is a filtered
chain map, using arguments as in [Ozsvéth and Szab6 2004a, proof of Proposition 8.1].

Hence, for s = (s, ...,5¢) € H(L) and s’ = (s, . .. ,8y) € Z*, we obtain triangle maps
A (H,)QA (¥, s') > A~ (¥, s +§),
which we still denote by fog,, .
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This construction of triangle maps can be extended to more general polygon maps; compare [Ozsvéth
and Szabd 2005, Section 4.2]. Let (X2, {nj }]’ —o+ W, ) be an admissible, generic, multipointed Heegaard
multidiagram such that each 9/ is a (g+k—1)-tuple of attaching circles. For simplicity, we assume that
the curve collections 7/ come in two equivalence classes such that the collections in the same class are
strongly equivalent, and the diagrams formed by curve collections in different classes represent a link L

in an integral homology sphere Y. We can then define Floer groups A~ (T,:, T, ;,s), where each s is

n.l b
either in Z™ or in H(L). In the former case, we have a well-defined projection § € Z¥; in the latter, we

use the notation § to simply denote s.

Suppose r > 1, and that #° and 5" are in different equivalence classes, so that (X, n°, »”, w, z) represents
the link in the integral homology sphere. Then we can define linear maps

.....

Jj=1
(11) wy (@) Ny, (@)
fno,...,n’(x1®'~'®xr)= Z Z #(J‘/L((;S))Uln 1 "'Uk KOy
YET, 0NT,yr pEm2 (X1, Xr,¥)
w(g)=2-r

given by counting isolated pseudoholomorphic (r+1)-gons in Sym# +hk—1 (%), withedgeson Tyo,. .., Tyr,
and with specified vertices. Here, the Maslov index u(¢) denotes the expected dimension of the space of
pseudoholomorphic polygons in the class ¢, where the domain (a disk with r 4+ 1 marked points) has a
fixed conformal structure. Since the moduli space of conformal structures on the domain has dimension
r — 2, the Maslov index equals the expected dimension of Al(¢) minus r — 2, where M (¢) is the space
of all pseudoholomorphic (r+1)-gons in the class ¢p. We warn the reader that this definition of w(¢) is
different from the one in [Ozsvath and Szab6 2005, Section 4.2], where w(¢) was simply the expected
dimension of /M(¢). Our definition of 1(¢) coincides with that used in [Sarkar 2011, Section 4]. It has

the advantage that it makes the Maslov index additive under the natural juxtaposition maps.
Whenr =1, by fpo ,1 we simply mean the differential d for a generalized Floer complex A~ (T o, T1, ).

The maps fno - can also be defined when all the curve collections n°, ..., 9" are strongly equivalent.

.....

The definition is completely analogous, except there is no need for the bars on the values s; the image
should be in A_(Tno, Tyr,s1+---+s,), where s1 +---+ s, € Z™.

For simplicity, we will ignore the subscripts on the maps fy0 and denote them all by f. The maps f

-n’
satisfy a generalized associativity property, which can be written as
(12) Z S, oooxi f(xigr, X)), X401, ...,%,) =0

0<i<j=<r

forany x; € A~ (T, ;—1,T,;,s;),j =1,...,r. Compare [Ozsvith and Szab6 2005, equation (9)].

Completion of the proof of Theorem 3.16 As mentioned in Section 3.3, the triangle and quadrilateral
maps defined here are used to prove the part of Theorem 3.16 that deals with invariance under handleslides.
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Indeed, one can follow the arguments of [Ozsvath and Szabé 2004b, Section 9] almost verbatim. The only
difference is that we use link Floer complexes, and we have to make sure that our maps are filtered. In
particular, if B and p are curve collections that differ from each other by an elementary handleslide as in
[ibid., Figure 9], instead of CF~ (88, y, 50) we use A_(TB, Ty, 0), where 0 = (0, ..., 0) denotes the zero

vector. Since all the 28 tk—1

generators are in Alexander grading zero, it is easy to see that A~ (Tg, Ty, 0)
has trivial differential. Therefore, its homology is that of a (g+k—1)-dimensional torus, over the base
ring R(#) =F[Uy, ..., Ur]. When constructing the triangle maps corresponding to this handleslide, we
use the top-degree generator ® € A~ (Tg, T}, 0). Observe that, when s’ = 0, the map fg, from (10)

produces a filtered map
CFL™ (%) - CFL™ ("), x> fyp,(x ® ©),

and hence chain maps from A~ (%, s) to A~ (%", s). These can be shown to be chain homotopy equiva-
lences by using (filtered) quadrilateral maps, along the lines of [ibid., Section 9]. It should be noted that
in [loc. cit.] it was only proved that the maps induced by handleslides are quasi-isomorphisms. However,
the stronger statement that they are chain homotopy equivalences follows from the existence of a chain
homotopy between the triangle map given by a small isotopy, and a continuation map; see [Lipshitz
2006, proof of Proposition 11.4; Ozsvéth and Stipsicz 2010, proof of Theorem 6.6] and the proof of
Lemma 8.14 below. |

3.6 An alternative description

In general, the generalized Floer complex A (9, s) is not free as an R(#)-module. In Section 13 we
will construct a resolution of A~ (%, s), denoted by 24~ (%, s). For now, we will focus on the special case
when the Heegaard diagram € is link-minimal (see Definition 3.2). In that case, A~ (%, s) admits an
alternative description as a free module 2™ (¥, s), as follows.

Since we assume that ¥ is link-minimal, we have W; = {w;} and Z; = {z;} foreachi =1,...,£. We
may also have some free basepoints w1, ..., wg. Fori € {1,...,£},s € H(L);, and ¢ € ma(x,y), we
set

nw, (¢) if 4;(x) <s, Ai(y) <s,
03 Eig) = |5~ A Frs @) A0 S5 i) 25,

nz (@) if Aj(x)>s, Ai(y) =,

Ai(x) —s+ny, (¢) if Aj(x)>s, 4;(y) <s.

Equivalently, we can write

(14) E{(¢) = max(s — A; (x),0) —max(s — A; (). 0) + nz, ()
= max(4;(x) —s,0) —max(4;(y) —s,0) +ny, (¢).

In particular, EL o (¢) = nz; (¢) and E%, () = nuw, (¢).
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Given s = (s1,...,5¢) € H(L), we define the complex 2~ (%, s) as the free module over R(¥) =
F[[Uy. ..., U]l generated by Ty N Ty, and equipped with the differential

El (9) EL@)  nu,, (9 nw, (¢)
15 dx= Y DO HUM@G)/R) UL U, T U U
yeToNTg pena(x,y)
w(g)=1
We also put a Z-grading g on 24~ (¥, s) by setting
L
(16) s (x) = M(x) =2 ) max(A; (x) = 5:.0),

i=1
at least when none of the values s; is —oo. When some of the values s; are —oco, we replace the
corresponding expressions max(A4; (x) —s;,0) by A4;(x) in (16).

Lemma 3.18 The complexes A~ (¥, s) and 21 (¥, s) are isomorphic over R(¥).

Proof When none of the values s; is —oo, the isomorphism 4~ (%, s) => A~ (¥, s) is given by

a7 X = UlmaX(Al (x¥)—s1,0) U(max(Ag(x)—se,())x'
When some of the values s; are —oo, we replace max(4; (x) — s;, 0) by A; (x) in the above formula. O

Remark 3.19 Although we could identify the complexes A~ (¥, s) and ™ (¥, s) using the isomorphism
from Lemma 3.18, in practice we will use the notation A~ (%, s) when we think of the subcomplex of
CFL™ (%), and 2™ (%, s) when we think of the alternative description above, as a free complex.

Remark 3.20 When the Heegaard diagram ¥ is not link-minimal, we have k variables U;, but only £
Alexander gradings. If we set the variables U; corresponding to the same link component to be equal to each
other, then one can define a complex by a formula similar to (15). However, this complex would not be well
behaved with Heegaard move (vi) from Section 3.3, the index zero/three link stabilization. Indeed, under
this move, the generalized Floer complex 24, (3¢, s) would turn into the direct sum 20, ; (%, sheA, (%, s),
where s’ differs from s by —1 in the spot corresponding to the link component that is being stabilized.

Recall from Remark 3.9 that the complexes A~ (¥, s) can also be defined when € represents an unlink
in #"(S! x $2). When ¥ is also link-minimal, we can construct isomorphic free complexes 2A~ (%, s)
in that context as well. Furthermore, the polygon maps from (11) can be rewritten in terms of the free
complexes as

.
Sy QAT (o1, Ty 87) = A (Tyo, Tyr.s1 4+ +57),

j=1
(18)
Sy X1 @@ xp) = Y S HU@) - Ui @y,
yGTnonan peT(x1,..., Xr,Yy)
nig)=2—r
where we use the notation
Esl ..... Sy (¢) Ef ..... Sy (¢) nyw (¢) Ry (¢)
UEsl,,,.,sr (¢) — U1 1.1 1 UZ 1.¢ £ . U€+f+1 "'Uk k ,
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with
sj = (Sj,l,...,Sj,g), j=1...,r
and

Ef s, @) =) max(s;; — Ai(x;),0) - max( > s —Ai(p), 0) + 1z, ($)

Jj=1 ji=1

= max(A; (x;) = s;,i,0) —max(A; () = Y 5,1 0) + 1, ().
Jj=1 j=1

3.7 Reduction

Suppose that M is a sublink of L = L IT--- IT L,. We choose an orientation on M (possibly different
from the one induced from Z), and denote the corresponding oriented link by M. We let I + (Z, M ) (resp.
I_ (Z, M )) be the set of indices i such that the component L; is in M and its orientation induced from L
is the same as (resp. opposite to) the one induced from M.

Fori €{l,...,£}, we define a projection map le :H(L); — H(L); by

) +oo ifiely(L, M),
M)y={—c0 ifiel (L M),
) otherwise.

Then, for s = (s1,...,s7) € H(L), we set

pM(s) = (p*(s1), .. p}! (s0).
Set N = L — M. We define a map
(19) M H(L) - H(N)

as follows. The map wM depends only on the summands H(L); of H(L) corresponding to L; € N. Each

of these L;’s appears in N with a (possibly different) index j;, so there is a corresponding summand
E(N)j,. of H(N). We then set

(20) Y M HL); TN, si— s — LKL, 5.

where L; is considered with the orientation induced from L, while M is with its own orientation. We then
define wM to be the direct sum of the maps 1/fM precomposed with projection to the relevant factors.

Remark 3.21 If we view H(L) as a lattice over H;(S> — L) — see Remark 3.6 — we can describe the
map Y™ as )
yM(s) =5 —3M],

where we denote elements in H1(S3 — L) the same as their inclusions into H1(S3 — N).
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Definition 3.22 Let ¥ be a multipointed Heegaard diagram representing a link LCY. Let M C Lbe
a sublink, with an orientation M (not necessarily the one induced from Z). The reduction of ¥ at M,
denoted by r . 9, is the Heegaard diagram for L — M obtained from ?f as folli)ws: first, we delete the
basepoints z from all components of M C L oriented the same way in L as in M ; second, we delete the
basepoints w, and relabel the basepoints z as w, from all components of M oriented the opposite way
in L asin M.

Remark 3.23 The reduction of a link-minimal Heegaard diagram is link-minimal. By contrast, the
reduction of a minimally pointed diagram is usually not minimally pointed (because we introduce new
free basepoints).

Using the interpretation of HI(L) as a space of relative Spin® structures (see Remark 3.6) it follows from
[Ozsvath and Szabo 2008a, Section 3.7] that there is an identification

@) A pM () =5 A7 (ry (), Y™ (s)).

When the diagram € is link-minimal, we can write this identification in terms of the free complexes from
Section 3.6 as

(22) A5, pM (s)) =5 A (r iy (50, ¥ M (s)).
3.8 Inclusion maps

Let L C Y and M C L be as in the previous subsection. Let also # be a generic, admissible, multipointed
Heegaard diagram for L.If M is equipped with the orientation induced from Z,, then, for s € H(L), we
have a natural inclusion map between subcomplexes of CFL™ (¥),

IM A=, 5) - A~ (%, pM (5)).

If ¥ is link-minimal, we can write 55?’1 in terms of the alternative description of generalized Floer
complexes from Section 3.6. In that setting, we have
(23) IM A, s) - A @ pM(s). sMx= [] Um0
L,-gi—M

Now suppose that M is equipped with an arbitrary orientation ]\71, not necessarily the one from L. We use
the notation /4 (Z, M ) from the previous subsection. If # is link-minimal then, by analogy with (23), we
define an inclusion map ) )

g A (3. 5) — A (3. pM (5)
by
(24) g)iux _ 1—[ Uimax(A,- (x)—si,0) 1—[ Uimax(s,-—Ai (x),0) x.

iel (L,M) iel_(L,M)
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Alternatively, in terms of the original description, we have

-

(25) IM A=) > A~ pM (), sMx= ] USTAW.x.

iel_(L,M)
Note that the expressions (23), (24) and (25) are well defined only when the exponents of the U; variables
involved there are finite. That is, we need to require that s; # —oco for all i € I+ (i, M ), and s; # +o0 for

alliel_ (Z, M ). These conditions will always be satisfied when we consider inclusion maps in this paper.

Observe that 99” is a chain map, and it shifts the grading (16) by a definite amount:

(26) Wity (I8 () = ps(®) =2 Y s
iel_(L,M)

Remark 3.24 When L = K is a knot, the maps 95 and ﬁs_lz correspond to the inclusions vy and Ay
of Ay into the subcomplexes C({i <0}) and C({j < s}), respectively; compare Remark 3.8. In [Ozsvith
and Szab6 2008b], there are analogous maps vy, ht: AT — BT =~ CFT(Y).

Remark 3.25 When % is not link-minimal, there does not seem to be a natural way of defining maps
ﬁﬁ” : A7(%,5) = A~ (%, pM(s)) for arbitrary orientations M. This is one of the reasons why, in
Section 13, we will construct resolutions A~ (¥, s) of A=(#, s); the resolutions will come with maps
Sﬁﬁu (AT (K, 5) — A~ (%, pM (s)) that generalize (24).

4 An overview of the link surgery formula

According to the link surgery formula (Theorem 1.1), the Heegaard Floer homology groups HF . of
a link surgery YA (L) can be computed from the surgery complex €~ (7, A). Constructing the surgery
complex is rather technical, and the full details will be postponed until Section 9. Until then, the purpose
of the present section is to give the reader a basic understanding of the link surgery formula, and to show
how it can be applied to compute some examples.

4.1 Preliminaries

As mentioned in the introduction, the input data for the surgery complex is called a complete system
of hyperboxes # for the link L. In this section, we will focus on the simplest type of complete system,
called basic. Complete systems of hyperboxes will be defined in Section 8, and basic ones in Section 8.7.
For now, it suffices to note that a basic system exists for every link, and is determined by the choice of a
single Heegaard diagram %L for L. The diagram %’ has to be basic in the sense of Definition 3.4; that
is, it should have no free basepoints, and every link component should intersect the Heegaard surface in
exactly two basepoints (one w; and one z;), situated on each side of a beta curve.
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Apart from %, the other diagrams appearing in a basic complete system % are the reductions
WM = rag (35,

obtained from % by deleting the z basepoints on the sublink M ; see Section 3.7. (In our case, M is

%L—M

given the orientation induced from Z.) Note that all the diagrams are link-minimal.

To the diagrams #X~M we associate generalized Floer complexes A~ (#L~M 5), as in Section 3.6.
These are modules over the ground ring

R = RHL) =F[UL, ..., Uf.
With this in mind, recall from (1) that, as an %2-module, the surgery complex is the infinite direct product

@7 ¢ o=@ [] e M yMe).

MCL seH(L)
Here, ¥ is the map from (19), with M again having the orientation induced from L.
To simplify the notation somewhat, we denote a typical term in the chain complex (27) by
(28) 65 = A~ (@M M (s)),
where ¢ = e(M) = (e1, ..., &) € {0, 1}¢ is such that L; € M if and only if &; = 1.
Furthermore, as noted in (2), the differential on the complex 6™ (¥, A) is given by
D (s,x) = Z Z (S+AI:7N'9(D§M(S)(x))

NEL-M Neq(N)

for s € H(L) and x € A~ (LM M (s)). In this formula, the maps

N, AT GEM M (5)) > A (LM N y MUN ()

YM(s)
are constructed from polygon maps of the type considered in Section 3.5; see also (18). We shall not give

their exact definition here, but we note that when N = &, the map &~
on A~ (HL=M M (5)), counting holomorphic disks.

UM (s) is just the usual differential

Let us denote a typical summand in the differential 2~ by

Q@& (68 +€

&, 8 N
29) 9 =0 A

€05 YM(s)”
where €2 = &(M), ¢ = &(N), and ¢’ € {0, 1}* is such that i € I_ (L N) if and only if &/ = 1. The dot
product & - A denotes the vector ) _ &; A;. Furthermore, as in Section 3.7, I (L N ) is the set of indices i
such that the orientation of L; C L — M is different in N from the one in L.

Whenever we drop a subscript or superscript from our notation, we will mean the direct product (or sum,
as the case may be) over all possible values of that subscript or superscript. For example, 6° = [ 6§
and € = P, €% =€~ (%, A).

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 2809

In practice, if one wants to compute the Heegaard Floer homology groups HF ~ (YA (L), u) using
Theorem 1.1, it is helpful to replace the infinite direct product from (27) with a finite one. We refer to this
procedure as horizontal truncation. It can be done along the same lines as the corresponding argument in
the case of surgery on knots, from [Ozsvath and Szab6 2008b, Section 4.1]. There are many ways of
doing horizontal truncation. A general procedure will be given in Section 10.1, but, until then, we will
explain a few ad hoc variants in the examples below.

The organization of the rest of Section 4 is as follows. In Section 4.2 we specialize the link surgery formula
to the case of knots, and explain the relation to the already-existing knot surgery formula from [ibid.].
In Section 4.3 we explain how horizontal truncation works in the simple case of 41 surgery on the
unknot, and we also justify our use of direct products rather than direct sums. In Section 4.4, we turn our
attention to two-component links, and describe the surgery complex in more detail in that case. Finally,
in Section 4.5, we show how the truncation technique can be used to arrive at an explicit computation in
the case of surgeries on the Hopf link.

4.2 Knots

Let L = K be an oriented knot in a homology three-sphere Y. In this case, only two Heegaard diagrams
appear in the surgery complex: a basic diagram %X for K (with one w basepoint and one z basepoint),
and its reduction 97, a diagram for Y that is obtained from %X by deleting z. The lattice H(L) is just Z,
and H(2) consists of the single element 0. Further, let U = U; be the unique variable in the ground ring
R =F[U]], and let m € Z be the surgery coefficient that specifies the framing A. As an %-module, the
surgery complex € = €™ (¥, m) takes the form

e=J]eo]].
SEZ SEZ
Here, %? is the generalized Floer complex 2~ (%X, s), and each ¢ Sl is a copy of the complex
A~ (%?,0) = CF ~(#7),
whose homology is HF ~(Y).

With regard to the differential, this is composed of the following terms: @8:2 (which is the usual differential
on %2), Qb?:g (which is the usual differential on <6sl ), as well as

Dore = DK 60 >6) and Dy = ;K€ €],
Thus, the complex € can be viewed as the mapping cone of the map

(30) []6—[]%) @.x)— (.05 + (s +m. o7%).

SEZ SEZ

Let us be more specific about what the maps @f and qu_K are in this case. The map <I>sK is just the
inclusion $ SK defined in Section 3.8, whose codomain 2~ (#X, +00) is identified with A~ (%2, 0) by (22).
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The map CIDS_K is also constructed from the corresponding inclusion ﬁs_K , but note that the codomain
of ﬁS_K is the complex A~ (%K, —00) = A~ (r_x (%X), 0). The diagram r_ g (%X) is obtained from %X
by deleting w and relabeling z as the new w. This diagram represents the underlying three-manifold Y,
just like %%, so it can be related to the latter by a sequence of Heegaard moves. In fact, in a basic system,
we use a specific set of Heegaard moves, which will be described in Section 8.7. The Heegaard moves
induce a chain homotopy equivalence from 2~ (r_x (X)) to A~ (#?,0). We define CIDS_K to be the
composition of &s_K with this homotopy equivalence.

The mapping cone (30) is strongly reminiscent of the mapping cone

P ar > P B (s.x) > (.0 () + (s +m. b (x)),

SEZ SEZ
that appears in the knot surgery formula from [Ozsvath and Szabé 2008b]. The main difference is that our
complex 6 computes the completed, minus flavor of Heegaard Floer homology, HF ~ (Y, (K)), whereas
the one in [loc. cit.] computed the plus flavor HF T (Y,,(K)). As noted in Remark 3.8, the complexes 6
are the completions of Ay = C{max(i, j —s) < 0}, in the notation of [loc. cit.]. Similarly, the complexes
<6§ = CF ™ (Y) are the analogues of BSJr = CFT(Y). Moreover, as explained in Remark 3.24, the maps
®K and ®;K are the analogues of v, and k] from [loc. cit.].

4.3 Remarks on direct products and the unknot

The reader who is familiar with the knot surgery formula from [Ozsvath and Szab6 2008b] may wonder
why our definition of the complex € in (27) involved a direct product rather than a direct sum. The results
in [loc. cit.] were phrased in terms of direct sums, but they only applied to HF™ and HF. In the case
of HF —, direct sums do not give the right answer. This can be seen even in the simple case of +1 surgery
on the unknot U in S3.

Specifically, let us consider a genus one Heegaard diagram for the unknot, with one alpha curve and
one beta curve intersecting transversely at a single point, and two basepoints w and z. This is a basic
Heegaard diagram, to which we can associate a basic complete system of hyperboxes. The complex 6 for
+1 surgery is

31) c= @ [

e€{0,1} s€Z

Here, if we use the alternative description of the complexes (6? = A~ (%X, 5) from Section 3.6, then
each such complex is freely generated by the single intersection point, so it is a copy of F[[U]. The
complexes <6s1 are also copies of F[[U]. Let a5 € CGS and b € ‘GSI be the generators of each piece.

The differential 9 is obtained as the sum of maps
oV:¢? >l and @7V:¢? -l
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The maps @? are inclusion maps éﬁ?, which are given by multiplication by a certain power of U; see (24).
The maps CIDS_U are inclusion maps &BS_U postcomposed with a homotopy equivalence, which in this case
is the identity. Thus, using (24), we obtain
(32) @?:{1_ %fszo, q)s_f,_{US %fSZO,

U™ ifs <0, 1 ifs<o0.
(Compare [Ozsvath and Szabd 2008b, Section 2.6].) The homology of the complex %€ is then isomorphic

to F[[U]], being freely generated by the element

Z ylsllsi=n72,

SEZ
The Heegaard Floer homology of +1 surgery on the unknot is HF ~(S3) = F[[U]], so Theorem 1.1
gives the right answer. However, if instead of the direct product in (31) we had used a direct sum, the
homology of the resulting complex would have been a more complicated F[[U]-module. Indeed, the
map % would then have nontrivial cokernel in the new 6! = @ 6}. The cokernel would be generated as
an F[[U]-module by classes [b;] for i € Z, subject to the relations

[bo] = [b1] = U[b—1] = U[bs] = U3[b_] = U3b3] = --- .

The basic reason why direct sums are not suitable for the surgery theorem for HF ~ is that they do not
behave as well with respect to filtrations as direct products do. As we shall see soon, filtrations play an
important role in the truncation procedure, which in turn is essential for the proof of Theorem 1.1.

Let us fix some terminology. For us, a filtration & on an R-module A is a collection of RR-submodules
{F (d) | i € Z} of oA such that F (sd) € F/ (sd) for all i < j. A filtration is called bounded above if
F (A) = o for i > 0, and bounded below if F (s4) = 0 for i < 0. A filtration is called bounded if it is
both bounded above and bounded below.

If o is equipped with a differential d that turns it into a chain complex, we say that the chain complex
(4, 0) is filtered by F if 9 preserves each submodule & (s4). The associated graded complex grg o is
defined as

(33) grg(s0) = EP(F () /F ~ (s4)),
i€Z
equipped with the differential induced from .
If % is a bounded filtration on a chain complex (s, d), a standard result from homological algebra says

that, if grg(sd) is acyclic, then o is acyclic as well. (Note that this can fail for filtrations that are not
bounded.)

A standard way to construct bounded filtrations is as follows. If o is freely generated over R by a
collection of generators G, a bounded map : G — Z defines a bounded filtration on s4 by letting F' ()
be the submodule generated by the elements g € G with %(g) <i.
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Suppose now that we have a direct product of R-modules

&ﬁ:l_[&is,

seS
indexed over a countable set S. Suppose further that each s is a free module over R with a set of
generators Gs. Assume that o is equipped with a differential d. (Typically, in our examples, each Gy is
finite, and the differential 0 is defined on each term so that it is locally finite, as in Definition 9.5.)

In this situation, an assignment
7| G2
seS
specifies bounded filtrations on each 5. Together these produce a filtration on & given by
F () = [ T F' (shs).
SES
This filtration on & is generally neither bounded above nor bounded below. It is bounded above provided
that there exists i > 0 such that F (sd) = s, for all s, that is, if F(g) <i forall g € G5 and s € S. We
have the following:

Lemma 4.1 Consider a module s = [[ ¢ s, where each sl is freely generated over R by a set
of generators Gs. Suppose F: | J,cg Gs — Z defines a filtration on si that is bounded above. Further,
suppose s is equipped with a differential d, and that the associated graded complex grg:(s4) is acyclic.
Then oA itself is acyclic.

Proof Consider the spectral sequence associated to %, whose E! term is Hy(gry(s4)) = 0. According
to [Weibel 1994, Theorem 5.5.10], the spectral sequence converges to H(s4) if the filtration is complete,
exhaustive, and the spectral sequence is regular. Completeness of the filtration means that s = lim s{ JF A,
which is true because o is constructed as a direct product. (Note that for a complete filtration we have
M F' 51 = 0.) Exhaustiveness is a weaker condition than being bounded above. Regularity (as defined in
[ibid., Definition 5.2.10]) is automatic when the E! term is zero, because the higher differentials have to
be zero as well. d

One can apply Lemma 4.1 to calculate H (%5‘((7 , 1)), where € = ‘6‘((7 , 1) is the surgery complex for
41 surgery on the unknot, considered above. (Of course, this calculation can also be done directly.) As a
module, the complex € is the direct product of all €% over ¢ € {0, 1} and s € Z. Each term in the direct
product is freely generated by an element ag or bs. We have two filtrations ¥y and %; on € defined by

Folas) = Fo(bs) =—s, Fil(as) = F1(bs+1) =5.

The map <I>§] preserves the Fo-grading and decreases & by one, whereas <I>s_U decreases %¢ by one and
preserves %1. Neither ¢ nor & are bounded above. However, we can consider the subcomplexes of 6
-0 =] [(6Q@€) and G-o=]](€) ;).

§>0 5s<0
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Then the restriction of % to 6~ and the restriction of & to € ¢ are both bounded above. Further, in
the associated graded of these subcomplexes the differential cancels out all the terms in pairs. Applying

Lemma 4.1 gives

The quotient complex €/(€~¢ ® €<p) is simply ‘68 =~ F[U] with a trivial differential. From the
corresponding long exact sequence, we get

H,. () = Hi(€)) =F[UT,

as expected.

Although Lemma 4.1 can be successfully used to compute the homology of the complex associated to +1
surgery on the unknot, if we try to do —1 surgery instead, we will need to work with filtrations that are
bounded below, rather than above. As the following example shows, the exact analogue of Lemma 4.1
fails for bounded below filtrations:

Example 4.2 Let sl =]];., sls, where each si; is a free module over I [U]] of rank two, with generators
as and bg. We equip A with the locally finite differential d given by dag = by, das = bs + bs—1 for s > 0,
and dbg = 0 for all s. Let F be the filtration on « defined by F(as) = F(bs) = s. Then F is bounded
below but not bounded above, and grg; o is acyclic. However, s itself is not acyclic, because ) ¢ ay is in
the kernel of its differential.

Nevertheless, we can obtain the desired result by imposing an additional condition on our filtration:

Definition 4.3 Suppose we have a module o = [ [, g s, Where each si; is freely generated over R =
F[[U1,..., U] by a finite set of generators G. Suppose o is equipped with a locally finite differential 9,
and with a filtration induced by an assignment &: | J,.g Gs — Z. Fori € Z, let Al =~ F (o) JF 1 (A)
be the free R-module generated by those g € | J; G5 with F(g) = i. Then we say that the filtration F is
U -tame if there exists k € Z such that, in the restriction of 9 to s/ %* s, all terms that drop the filtration
level contain at least a nontrivial power of U; for some j, that is, for all i > k,

a(&g[i]) C L] & (Uy,...,Up)- g’Ti_l(‘?ﬂ))-

Lemma 4.4 Let o be a chain complex as in Definition 4.3, with a U -tame filtration %. Suppose that the
associated graded complex grg:(s4) is acyclic. Then s itself is acyclic.

Proof Let k € Z be as in Definition 4.3. The complex % (s4) (with the restriction of the filtration %)
satisfies the hypotheses of Lemma 4.1, so it is acyclic. Thus, it suffices to prove that the quotient complex
A = s/ FK(s4) is acyclic.

If we view s’ as a complex over [F (rather than over R), we can equip it with a second filtration A, given
by the total degree of the U; variables. Precisely, if g € | J; G5 is a generator with F(gs) > k, we set

WU - UM - g) = —(my + -+ my).
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The original %-structure on ' implies that U is indeed a filtration on o’ (viewed as an [F-complex).
The U-tameness assumption implies that the differential on the associated graded gry, 4’ preserves each
F-filtration level s4(!! for i > k. Thus, gry, ' splits as a direct sum of complexes of the form gry, Al
fori > k.

We claim that each gry, Al is acyclic for i > k. We know that 4[] itself (being a summand of grg(sd))
is acyclic. The short exact sequence

0 — ol By glil s 5l 54l 5 0

induces a long exact sequence in homology, showing that Al /U YR acyclic. Iterating this argument
shows 4[] /(Uy,..., Up)silil is acyclic. Since gry, Al s just a direct sum of complexes isomorphic to
AU /Uy, ..., Uyl it must be acyclic as well. We deduce from this that grg, S’ is acyclic.

It now follows that 4’ is acyclic, by Lemma 4.1 applied to the filtration U. (Note that A is bounded
above by 0.) Consequently # is also acyclic. O

As an application of Lemma 4.4, let us compute the homology of the complex € = %‘((7 ,—1), associated
to —1 surgery on the unknot. Just as in the case of +1 surgery, our new complex € is the direct product
(as a module) of all €%, over € € {0, 1} and s € Z. Each term in the direct product is freely generated by
one element, denoted by a; (for ‘6?) and by (for C6}). The maps <I>§] and <I>S_U are still given by (32), but
now CIDS_[7 takes (62 to <€s1_1. Explicitly, we have
bs +UShs—; ifs>0,
{U_Sbs +bs—y ifs<0.’
Consider the quotient complexes of €
Gao=[[(€2 @€ and C<o=[](€2, ®E).
§>0 s<0

On %, we define a filtration % by

861_; == 8bS=O.

Folas) = Fo(bs) =s.

This filtration is not bounded above, but it is U-tame. Since its associated graded is acyclic, €0 is
acyclic by Lemma 4.4.

Similarly, on €< we have a U -tame filtration ¥; given by the assignment
97’1(05) = 971(b5_1) = —S.

Its associated graded is acyclic, so € is acyclic as well. We deduce that € is quasi-isomorphic to its
subcomplex 6}, which has homology F[U].

The calculations above (for +1 and —1 surgery on the unknot) are the simplest examples of horizontal
truncation, and serve as models for the general case. In Section 4.5 we will explain horizontal truncation
in a more complicated example, that of the Hopf link.
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4.4 Two-component links

We now consider the case of a two-component link L= L1 ULy CY. We are interested in surgery on L
with surgery coefficients p; on L1 and p, on L. The framing A is given by the matrix

A == (pl ¢ ) )
¢ D2
where c is the linking number between L and L,. We denote by A; and A, the two rows of A.

The affine lattice H(L) associated to L is Z x Z if ¢ is even, and (3 + Z) x (3 + Z) if ¢ is odd. The
lattices HI(L ) and H(L,) are copies of Z, and H(2) = 0.

A basic complete system H for L involves a basic diagram %% for L (with four basepoints: w; and
zy on L1, and w, and z, on Lj), as well as its reductions FeL (obtained from HL by deleting z1),
9¢L2 (obtained from %L by deleting z5), and %2 (obtained by deleting both z; and z,).

The surgery complex € is a “double mapping cone” of the form

[serw) €9° — Tsemw) €s°

ST

[serw) €8 — Tseme) 65"

Here, the horizontal arrows consist of maps of the form <I>§tL‘ , the vertical arrows of maps deLz, and
the diagonal of maps @;‘:LIUiLZ and @;‘ZL]LFLZ. Here, +L; (resp. —L;) means L; with the orientation
induced from (resp. opposite to) L. There are also maps ®2 (not shown in the diagram above), which

represent the differentials on each complex 65.

The values of s in the targets of each map are shifted by an amount depending on the type of map and the
framing A. Precisely, whenever we have a negatively oriented component —Zi in the superscript of a
map Dy, we add the vector A; € Z x Z to s. Note that all the maps preserve the equivalence class of s in
the quotient

H(L)/{A1, Az).

This quotient can be naturally identified with the space of Spin structures on the surgered manifold YA (L);
see Remark 3.6 and [Ozsvath and Szabd 2008a, Section 3.7]. Therefore, the complex 6 splits as a direct
sum, according to these Spin® structures. In fact, there is a more refined version of Theorem 1.1, which
establishes an isomorphism between the homology of each of these summands and the corresponding
HF ~(YA(L),[s]); see Theorem 9.6.

Let us now say a few words about the maps in (34). Those of the form bei are given by inclusions ﬂfi ,

i

as in Section 3.8. Those of the form ¢;Li are the compositions of inclusions 5>S_L with certain “descent

EX) Li
maps DpLi ©)"
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are chain homotopy equivalences induced by Heegaard moves between the respective Heegaard diagrams
(just as in the case of knots, discussed in Section 4.2).

Finally, the diagonal maps in (34) are chain homotopies between the corresponding compositions of

vertical and horizontal maps. For example, @212 is a chain homotopy between @51 La(s) © @y L2
and ® 12 o CDSL‘. These chain homotopies are constructed as compositions of inclusion and descent

.(p L1(s)
maps. In the case of a basic system for two component links, such as the one considered here, it turns out
that most of the descent maps, and hence the corresponding diagonal maps in (34), are zero.! Specifically,
the only diagonal map that may be nontrivial is @;LIU_LZ. This is the composition of the inclusion

97E197L2 with a descent map pyLiv-Lz

The descent map Dy L1U=L2 i¢ 4 chain homotopy between two maps induced by Heegaard moves

between the diagrams r_z (%L) and %2 (that is, between the diagrams obtained from %~ by deleting the
w basepoints or deleting the z basepoints). While the maps induced by Heegaard moves usually involve
counts of holomorphic triangles, the chain homotopy Dy L19U=L2 inyolves also counts of holomorphic
quadrilaterals. In practice, these counts are harder to get a handle on, but in some cases (such as the
example discussed in the next section) we can simplify the complex € so that we do not have to compute

Dy L2 g an,

4.5 Surgeries on the Hopf link

Let L = L1 UL, C S3 be the positive Hopf link shown in Figure 2. Its link Floer homology was
computed in [Ozsvath and Szab6 2008a, Section 12]. Let p; and p, be two integers with pj pa # £1.
Then (p1, p2) surgery on L produces the lens space L(pyp2 — 1, p1), which is a rational homology
sphere admitting p; p» — 1 different Spin® structures. For any such Spin® structure s, the corresponding
Heegaard Floer homology group is HF ~ (S ;’1’ Do (Z), 5) = F[U] as a relatively Z-graded module; see
[Ozsvéth and Szab6 2004c, Proposition 3.1]. In this section we show how Theorem 1.1 can be used to
recover this calculation. We assume for simplicity that pq, p2 > 2.

L1 L2

Figure 2: The positive Hopf link.

IThe reason why those descent maps vanish is because, in the terminology of Section 5 below, they are obtained by compressing
hyperboxes of size d = (d1, d2), where at least one of the d; is zero. See (41) and (100).
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Figure 3: A Heegaard diagram for the Hopf link. The thicker (red) curve is «, while the thinner
(black) curve is 8.

We use a basic system of hyperboxes for the Hopf link L. To construct it, we start with the genus zero
Heegaard diagram for L from Figure 3. We then stabilize it (and do some handleslides) to end up with
the basic Heegaard diagram pictured in Figure 4, in which w; and z; for i = 1,2 are separated by the
new beta curves fB;. The old alpha and beta curves are denoted by a3 and 3, respectively.

In the genus zero Heegaard diagram in Figure 3, the intersection & N B consists of four points, denoted
by a, b, ¢ and d. The index one holomorphic disks correspond to bigons. There are twelve such bigons:

Figure 4: Another Heegaard diagram for the Hopf link. This picture is obtained from Figure 3 by
stabilizing twice and doing some handleslides. It has the advantage that the basepoints come in
pairs (w1, z1) and (w3, z2), with w; and z; on each side of the curve f;.
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one from b to a containing w1, one from b to ¢ containing z5, one from d to ¢ containing z1, on from d
to a containing w,; two other bigons go from a to b and contain z1, but they cancel each other in the
Floer complex, so for all our purposes they can be ignored. Similarly, there are two bigons from ¢ to d
containing w1, two bigons from a to d containing z,, and two bigons from c¢ to b containing w,; all of
these can be ignored.

In the genus two a—f Heegaard diagram from Figure 4 (which is the diagram denoted by %~ as part of
the basic system), the tori Tq = o1 x a2 X 3 and Tg = B1 x B2 x B3 again intersect each other in four
points. Indeed, since 1 intersects a single alpha curve, namely «1, and that intersection consists of a
single point, that point must contribute to any intersection in T, N Tg. Similar remarks apply to a1 N Bs.
Therefore, the intersection points in Ty N Ty are determined by their component from a3 N B3. We
denote them still by a, b, ¢ and d, using the obvious correspondence with the intersections in Figure 3.

The index one holomorphic disks between Ty and Tg in Figure 3 are also in one-to-one correspondence
with those in Figure 4. Indeed, each bigon from Figure 3 corresponds to an annular domain in Figure 4.
These annular domains are of the same kind as those considered in [Ozsvath and Szabé 2004c, proof of
Lemma 3.4], where it is proved that they support exactly one holomorphic representative (modulo 2).
Therefore, when building «—f Floer chain complexes from Figure 4, we may just as well look at the
simpler Figure 3 and count the corresponding bigons.

The chain complexes we build from %L are A~ (%L, s) for s € H(L). We use the alternative definition
for these complexes given in Section 3.6. Note that

H(L) = (3 +Z) x (5 + Z).

The Alexander gradings (A1, A2) of a, b, c and d are (%, %), (—%, %), (—%, —%) and (%, —%), respectively.

Therefore, the formulas for the exponents E éi (¢) that appear in the definitions of A~ (%%, s) depend only
on the signs of s;.

More precisely, for each s = (s, s2) € H(L), the complex 2~ (%L, s) is freely generated over F[[U;, Us]]
by a, b, ¢ and d. When 51,55 > 0, the differential d on the respective complex counts powers of U
according to the multiplicities of w; and w, and ignores z; and z». We get the complex

D/ da=0c=0, dob=Uja+c, dd=Uza+ec.
When 51 > 0 and s, < 0, we use w; and z5, and ignore z1 and wy. We get the complex

AT da=0c=0, db=Uja+U, dd=a+c.
When 51 < 0 and s, > 0, we use z; and w, and obtain

AT da=0c=0, db=a+c, dd=Ua+ Ujc.
Finally, when s; < 0 and s, < 0, we use z; and z, and obtain

A da=0c=0, 0b=a+ Uz, dd=a+ Uic.
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We now turn our attention to the other three Heegaard diagrams in the basic system 9, namely %L1, %L2
and #“. Note that
H(L;) =H(Ly)=7Z, H(@)=0
and we have
YELUH(L) — H(Ly), vEEi(s1,s0) =5 F %
yEL2UH(L) — H(Ly), v FF'(s1,50) =51 F 4.

The diagram %Z1 is obtained from %~ by deleting z,. Let us study A~ (#X1,s) for s € Z. The four
generators a, b, ¢ and d have Alexander gradings 0, —1, —1 and 0, respectively. Thus, the complex
A~ (%L1, 5) is isomorphic to AT for s > 0 and to A~ for s < 0.

Similarly, 92 is obtained from %L by deleting z;. The complex A~ (%2, 5) is isomorphic to AT+ for
s>0and to AT for s <O0.

Lastly, %2 is obtained from % by deleting both z; and z,, and the corresponding complex 2~ (%2, 0)
is a copy of AT T,

The surgery coefficients p1, p, on the two components of L describe a framing A of L. Let (1,0) and
(0, 1) be the generators of Hy(S3 — L) = Z? corresponding to the meridians of L and L,, respectively.
Since the linking number between L1 and L5 is 1, the framings of the components are A; = (p1, 1) and
Az = (1, p2).

Let us now describe the full complex 6™ (¥, A), whose homology is presumed to produce

HF_(S?\(Z)) ~ FU]®@1P2—D),

As an R-module, € =€~ (¥, A) is the direct product of complexes 65 over s = (s1,52) e H(L) = (Z + %)2
where

b5 = A (I, 5) @A (HE 51— L) @A (L2, 5, — 1) @A (%2, 0).
Following (28), we denote the four terms in the direct sum above by 629, 621, €19 61! in this order;
for simplicity, we write the superscript as 00 rather than (0, 0), etc. Recall that each of the terms is freely
generated over F[[Uy, U,] by four generators a, b, ¢ and d. In order to be able to tell these generators

192 bs'®2, etc when they live in 652,

apart, we denote them by a§
The differential @~ : €~ (3¢, A) — €~ (¥, A) also splits as a sum of four terms

o — @00 +@01 +QD10 +@11
where @¢1€2 maps €6 to (€s+6’1A1+e’2A2- We have chosen here to drop €°, ¢ and s from (29). A
graphical representation of the differentials 9122 is given in Figure 5. Note that the equivalence relation
on H(L) generated by

(51.82) ~ (51 + p1.s2+ 1), (s1.52) ~ (s1+ L.s2+ p2)

breaks H(L) into p; p» — 1 equivalence classes, corresponding to the Spin€ structures on the surgered
manifold S 13\ (Z).
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52

o °
° *
L 2 o
o °

S1

Figure 5: The complex €~ (3¢, A) for p; = p, = 2. We show here the lattice H(L), as a union
of various icons in the plane: black dots, white dots and black diamonds. Each type of icon
corresponds to a particular Spin® structure on the surgered manifold. We also show how various
parts of the differential 9~ act on the lattice. Not shown is %°°, which simply preserves each
icon. Note that all parts of @~ preserve the type of the icon.

More precisely, @°° consists of the differentials d = ®Z on the chain complexes 6;'*? themselves, plus
the cross terms

Li.p00 10 L>.cp00 01 L .cp01 11 Ly .cpl0 11 L.p00 11
Pl:€g —><6s , Dy .<€s —><€s , @ e —><€s , @ e —><6s , Dy, —> 6.

vla(s) vli(s)
Note that ®F is a chain homotopy between @522 ) ° ®L2 and CDjszl © ° ®L1. In fact, as noted in
Section 4.4, the map ®Z vanishes in the case of a basic system.
The term %19 is simpler. It consists of the maps
—L1 .00 10
(51,82)° <@(s1’s2) - Cg(~91-i-p1,S2-i‘1)’

—L .01 11
Yl2(s1,52)° <6(S1,Sz) e %(S1+p1,Sz+1)’
(=L1)UL2 ., ,00 11
(s1,82) <6(Sl,Sz) - (€(S1+p1,S2+1)'
(—L1)UL>
qD(Sl »52)
911 is the simplest of all, consisting only of maps of the type

The chain homotopy is again zero. , A similar description applies to @°!. Finally, the term

—L .00 11
CD(Sl ,$2) " (6(51 52) (6(51 +p1+1,52+p2+1)°
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Figure 6: Four locally defined filtrations. This is a more in-depth look at Figure 5. Each dashed
circle corresponds to one of the icons from Figure 5, and the four bullets inside a dashed circle are the
four summands 6;. The values of ¢ are noted near each bullet, and the values of s near each dashed
circle. Each of the four parallelograms represents a summand (namely, the one containing 62%) in
the associated graded complex of one of the four filtrations Fgg, %19, Fo1 and F;.

Let us introduce four locally defined filtrations
gw]wzv w17w26{07 1}7

on the complex €~ (¥, A). These filtrations will play an important role in calculating the homology.
The differential on the associated graded of &, », Will be denoted by G@1®2 These associated graded
complexes are shown schematically in Figure 6.

Recall that the generators of €~ (¥, A) (as a direct product) are of the form

£1,82

8(s1.5y) & Ela.b.c.d} e1,62€{0. 1}, 51.52€Z + %

The first filtration Fgg is defined on generators by

€1,€2

(S1,Sz)) = min{—s1 , —Sz}.

Foo(g

The differential &~ either preserves or decreases the filtration level. In the associated graded, the only
visible part of 9~ is 00 — 500 Consequently, the associated graded splits as a direct product of terms
of the form (65, 9°9).

The next filtration F1¢ is defined on generators by

F10(g(5, ) = 51— (P1=Ds2 —e1.
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Again, the differential 9~ either preserves or decreases the filtration level. In the associated graded,
the only visible part of @7 is %10, which is the sum of $'° and the parts of %90 that preserve 1.
Consequently, the associated graded splits as a direct product of terms of the form

00 10
—
(51,52) %(S1+P1,S2+1)

N

01 11
(6(S1,S2) %(S1+P1,S2+1)

We similarly have a filtration %g; given by

£1,€2

Fo1(8 (s, o)) =52~ (p2—D)s1 —ée2.

The differential %°! on its associated graded consists of 9°! and the parts of %0 that preserve &,. There
is a direct product splitting of the associated graded analogous to (35):

(@00 @ 10
(51,52) (s1,52)
(36) l \ l
01

11
(s1+1,52+p2) (6(51+1,52+I72)

The last filtration %y is defined on generators by

€1,€2

T (g(51 »52)

) =min{s) — p1&1 — 2,852 — &1 — P2&a}.

The corresponding differential %1 on the associated graded is the sum of the following terms: the
differentials d = ®Z on the chain complexes 65! > themselves, plus the cross terms

—Li .00 10 —L . ¢p01 11
(s1,52)° Cg(51,Sz) - (G(S1+P1,S2+1)’ an//L2 (s1,52)° (6(51,52) - <6(Sl-i-Pl,Sz-i-l)’
=Ly .00 01 —L> .pl0 11
(s1,52) (6(31 52) (G(Sl +1.52+p2)’ CDWLI (s1,82) " (s1,82) - Cg(ﬁ +1,52+p2)’

and
11 _ x—L .00 11
@ = cD(Sl,sz) : (6(»?1,52) - (6(S1+p1+1,sz+p2+1)'

Consequently, the associated graded of %1 splits as a direct product of terms of the form

00 10
CG(S1,s2) (G(S1+p1,S2+1)
[~

01

11
<6(s1+1,sz+p2) €

(s1+p1+1,52+p2+1)

Let us now turn to the computation of the homology of €™ (3¢, A). This complex has a subcomplex

€0 = 1_[ C(s1,52)-
(s1,52)
max(sy,52)>0
Lemma 4.5 H,(€>0) =0.
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Proof We use the restriction of the filtration Fgo to €>¢. Note that this restriction is bounded above. In
light of Lemma 4.1, it suffices to show that the homology of the associated graded groups Hx (€, s,). 00
vanishes, whenever s; > 0 or s, > 0.

Let us first consider the case s1, 52 > 0. Then €, 5,) consists of four copies of the same complex, AT,
L,

¥la(s)
are all isomorphisms, corresponding to the identity on the complex 2™, while the chain

related by the five cross terms in the description of %% above. Among these, CDSL ' CIDf 2, P

and (DﬁzL L)
homotopy @f is trivial. Thus, the complex €5 can be described as

gt+ = 9t+

gttt = gtt
This is clearly acyclic.

Next, let us consider the case 51 > 0 and s2 < 0. Then 6y, ,) consists of two copies of 2AT~, namely
(600

(51.52) and C@%ﬁ 5)° and two copies of D/ namely C@?Sll ) and ¢!!

(s1,52) Thus g can be described as

At~ =t

gttt = ott
Even though the vertical maps are not isomorphisms, the horizontal ones are identities. This suffices to
show that €5 is acyclic. Indeed, the filtration % restricts to a filtration on €5, whose associated graded
differential consists of the two horizontal maps above. Therefore, this associated graded is acyclic, and so
is G.

Similar remarks apply to the case 51 < 0 and s2 > 0. This shows that €>¢ is acyclic. O

Lemma 4.5 implies that the homology of €~ (H, A) is the same as that of its quotient complex

€<0 = l_[ C(s1,50)-

51,52<0

Next, we show that a large part of the complex 6<¢ is also acyclic. Pick small ¢y, > 0 linearly
independent over Q. Consider the parallelogram Pg in the plane with vertices

(=61,=¢2), (C1—p1,—8—1), (& —1,-8—p2), (Gi—p1—1,-8—p2—1).

If {1 and ¢ are sufficiently small, the parallelogram PR contains a unique representative from each
equivalence class in H(L), ie from each Spin® structure on the surgered manifold. Set P = Pg NH(L).

For w1, wy € {0, 1}, let O, 0, be the quadrant in the plane given by
OQwiw, =1(s1,52) €EH(L) |51 < =81+ (@1 —Dp1+(w2—1), s2<—-L+ (01 —1) + (02— 1)pa}.
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[ ] [ ] [ ] [ ] [ ] .10 [ ] [ ] [ ] [ ]
00 01
[ ] [ ] [ ] 00 [ ] [ ] [ ] [ ] [ ] [ ] [ ]
00
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Qoo R,

Figure 7: The complex 6o for p; = 4 and p, = 3. The parallelogram P is darkly shaded,
and the two regions R; and R, are more lightly shaded. Each dot represents an element of
Q11 C H(L). The boundaries of Q¢g9, Qo1, Q10, Q11 and P split the lower left quadrant in
eleven regions. In each of these regions we mark the values &1 &, for which the respective groups
@5'*? are part of the complex €g = €—o/6g.

The complement R = Q11 \ Qoo consists of the union of P and two other regions: one to the left of P,
which we denote by R;, and one below P, which we denote by R». These regions and the parallelogram P
are shown in Figure 7.

Consider the submodule of 6

(€<R = 1_[ (c€20 EB(@;?HM @CG.?-IFAz 69(fgsl‘—li-Al-i-Az)'
s€Qoo
It is straightforward to check that € is a subcomplex of €. We denote the corresponding quotient
complex by €g.

Lemma 4.6 H.(6-g)=0.

Proof We use the restriction of the filtration %;; to the subcomplex €~ g. Since this restriction is
bounded above, by Lemma 4.1 it suffices to prove that the associated graded groups are acyclic.
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Recall that the differential of the associated graded of %;; is denoted by P11 see the description of the
terms of %!! before the diagram (37). As discussed in Section 4.4, the maps ® appearing in P are
compositions of descent maps D with inclusion maps $. Since §1, 52 < —% and the generators all have
Alexander gradings at least —%, from the description (24) of the inclusion maps we see that in our case
the inclusion maps are the identity.

Turning our attention to the descent maps, one could in principle compute them explicitly by counting
holomorphic polygons. However, it is not necessary to do so. All we need to know is that the descent
maps at one component only (be it —L; or —L;), given by counting holomorphic triangles, induce
isomorphisms on homology. This is true because they correspond to the natural triangle maps between
strongly equivalent Heegaard diagrams.

The associated graded of ¢~ with respect to %;; breaks down into a direct product of factors of the
form (37), one for each s € Qgo. The fact that the vertical and horizontal maps in (37) are quasi-
isomorphisms implies that the respective factors are acyclic. The claim follows. a

We denote the quotient complex of 6 -g C €9 by Cg. Lemma 4.6 implies that

Hy(€<p) = He(€R).

¢p =] €

seP

Let €p C 6 g be the submodule

This is a quotient complex of €. The respective subcomplex 6 g, ur, splits as a direct sum of two

complexes
CR, = ( [Teo]] %;0) N6r, g, = ( [[eo]] %21) N%xg.
SER, seP SER> seP
Lemma 4.7 Hy(6Rr,) = H«(€R,) = 0.

Proof Consider the restriction of the filtration %19 to the complex € g,. This restriction is bounded
above. The respective associated graded splits as a direct product of mapping cone complexes of two
possible kinds:

o, "1
A~ =60 —— @), =AT
for s € Qo1 N Ry, and
@, 2
AT~ =@ = @Ol gt
for s = (sl,—%) € R;.
Mapping cone complexes of the first kind are acyclic by the same reasoning as in Lemma 4.6, because

—L . .. .
®; ! is a quasi-isomorphism.
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Let us study a mapping complex of the second kind. To compute CIDf 2, note that it is the composition of
a descent map D and an inclusion map $; the former is the identity and the latter is multiplication by
suitable powers of U,. More precisely, in terms of the generators a, b, ¢ and d of A~ and AT, the
map ®L2 is given by

ar>Uya, b—Uyb, cr—c, d—d.

This induces an isomorphism on homology, which implies that the respective mapping cone complex is
acyclic. Hence H«(€g,) =0.

The proof that € g, is acyclic is similar, but uses the filtration %¢ instead of Fy. O

Putting together Lemmas 4.5, 4.6 and 4.7 we obtain that the homology of the full complex ¢~ (3¢, A) is
the same as the homology of the complex

¢p =[] €
seP

For s1, 52 < 0, we have %20 =~ A~ ~, whose homology is easily seen to be isomorphic to
F[Uy, U2]/(Uy = Uz) = F[U].
Since there are p; pp — 1 lattice points from H (L) inside the parallelogram P, we obtain

Hy (6™ (%, N)) = IF[[U]]@(IHPZ—U’

as expected.

4.6 Remarks about the general case

For an £-component link L CY, the surgery complex (27) takes the form of an £-dimensional hypercube,
similar to the double complex (34). At the vertices of the hypercube we have complexes 2/~ (LM M)
which are resolutions of the generalized Floer complexes A~ (%L~M M (s5)). When the diagrams
9%L~M are link-minimal (that is, have only two basepoints on each link component), the complexes
A~ (HL=M M (5)) were constructed in Section 3.6, and are isomorphic to A~ (#L~M M (s)). In the
general case, the resolutions 2~ (%L =M yM (s)) will be defined in Section 13.

N
YM(s)
even in the link-minimal case (such as for a basic system). In the link-minimal case, the maps ®

that are the building blocks of the differential requires additional work,
N

yM(s)
are the composition of inclusion maps $ (of the type defined in Section 3.8), and certain descent maps D.

Describing the maps &

The simplest descent maps (those that appear along the edges of the hypercube) are equivalences induced
by Heegaard moves. The descent maps that are needed for the higher-dimensional faces of the hypercube
are chain homotopies between the edge maps, and higher homotopies between these. They will be defined
by counting holomorphic polygons. Note that, for the equivalences induced by Heegaard moves, we need
to compose the maps corresponding to a single move. Similarly, for the higher descent maps, we need to
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compose higher homotopies from hypercubes. The homological algebra needed to describe this kind of
compositions will be developed in Section 5.

The general link surgery formula is stated not just for a basic system, but for a general complete system
of hyperboxes. (We need this more general formulation in the context of grid diagrams, for example;
see Section 15.) Complete systems will be defined in Section 8. In a complete system, the diagram M
associated to M C L is not necessarily the reduction of 9%¢ at M. Rather, for any orientation M of M,
as part of the complete system we specify a sequence of Heegaard moves that relate r (#L) to #M.
These Heegaard moves are then used to construct the descent maps. Furthermore, in the case where the
diagrams are not link-minimal, to get the descent maps we will compose the maps induced by Heegaard
moves with certain other transition maps; we refer to Section 13 for more details.

5 Hyperboxes of chain complexes and compression

In this section we develop some homological algebra that is essential for the statement of the surgery
theorem. All the vector spaces we consider are over F = Z /27.

When f is a function, we denote its n' iterate by f°”,ie f°° =id, f°! = f and fotl) — fong g
5.1 Hyperboxes of chain complexes

An n-dimensional hyperbox is a subset of R” of the form [0, d;] x --- x [0, d,], where d; > 0 for
i=1,...,n. We will assume that d = (d1,...,d,) € (Z>0)" is a collection of nonnegative integers. We
then let E(d) be the set of points in the corresponding hyperbox with integer coordinates, ie

Ed)={=(e1,...,6n) | & €{0,1,...,d;}, i =1,...,n}.
In particular, E, = E(1,...,1) = {0, 1}" is the set of vertices of the n-dimensional unit hypercube.
For e = (e1,...,&n) € E(d), we set
lell = &1+ +en.
We can view the elements of E(d) as vectors in R”. There is a partial ordering on E(d), given by ¢’ < ¢
if and only if &, < ¢; for all i. We write &’ < ¢ if ¢’ < e and ¢’ #&.

Fori =1,...,n,let t; € E, be the n-tuple formed of n — 1 zeros and a single one, where the one is in
position . Then, for any ¢ € E(d),
E=&1T1+ -+ EnTy.

Definition 5.1 An n-dimensional hyperbox of chain complexes of size d € (Z>¢)" consists of a collection
of Z-graded vector spaces

(C®)eer@). C°= @ CE,
*€Z
together with a collection of linear maps

e . e e9+e
Dy:Cy — C*—H—IISII’
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one for each £? € E(d) and ¢ € E,, such that ® +& € E(d ). The maps are required to satisfy the relations
o > D5, 0 D =0
g'<e

for all €® € E(d) and ¢ € E,, such that £* + ¢ € E(d).

Given a hyperbox of chain complexes as above, we write

and define linear maps D¢: C — C, by setting them on generators to

DE(x) = {Difo(x) for x € CEZ with €% + ¢ e E(d),

0 for x € C® with e® 4+ ¢ ¢ E(d).
We denote a typical hyperbox of chain complexes by H = ((C?)seE(a). (D) ge]En);z the maps Dgo are
implicitly taken into account in the direct sums D?. Sometimes, by abuse of notation, we let D? stand

for any of its terms D;"O. Ifd =(1,...,1), we say that H is a hypercube of chain complexes.

Observe that a zero-dimensional hyperbox of chain complexes is simply a chain complex, while a one-
dimensional hyperbox with d = (d) consists of chain complexes C® for i =0, ..., d together with a
string of chain maps

39 c© DM c® p®»_  pw @

To give another example, a two-dimensional hypercube is a diagram of complexes and chain maps

C(0,0) D10 C(I’O)

pO.D pO.D
c©.n 2%~

together with a chain homotopy

(40) pLD. (0,0 _, ~(1,1)

between D(1:9) o p(0:1) apd p©.1) o p(1.0),

In general, if ((C®)sek(a). (D®)¢eE,) is an n-dimensional hyperbox, then (C¢, D©---9)) are chain
complexes. Along the edges of the hyperbox we see strings of chain maps D% fori = 1,...,n. In fact,
let us imagine the hyperbox [0, d1]x--- % [0, dy] to be split into dyd> - - - d,, unit hypercubes. Then, along
each edge of one of these hypercubes, we see a chain map. Along the two-dimensional faces of the unit
hypercubes we have chain homotopies, and along higher-dimensional faces we have higher homotopies.

2The same notation ¢ is used for both elements of E(d) and elements of E,. Of course, E,, can be viewed a subset of E(d).
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Observe that, when H = (C?, D?).cE,, is a hypercube, we can also form a total complex Hi = (Cx, D),

Co= P iy

e€E(d)

where the grading on C is given by

and the boundary map is the sum D = )" D*®.

5.2 Compression

Let H = ((C?®)¢ek(d). (D®)scE,) be an n-dimensional hyperbox of chain complexes. We will explain
how to construct from H an n-dimensional hypercube H= (6 ¢ D¢ )ecE,,- The process of turning H
into A will be called compression.

The simplest example of compression is when n = 1, and H is a string of chain complexes and chain
maps as in (39). Then compression is composing the maps. Precisely, the compressed hypercube H
consists of the complexes CO=cOand CD =@, linked by the chain map

(DWyd = pWo...opM: cO® _, c@

For general n and d = (dy, ..., dy), the compressed hypercube H has at its vertices the same complexes
as those at the vertices of the original hyperbox H:

6(815'"’8}1) — C(Sldly"-’snd)’l)’ &= (81, e, 8}’!) c En‘
Further, along each edge of H we should see the composition of the respective edge maps in H, ie
D% = (D")°%,

The construction of the maps corresponding to the higher-dimensional faces of H is rather involved, and
will occupy Sections 5.3-5.6. For now, to give a flavor of the respective formulas, let us explain the
simplest nontrivial case, namely n = 2.

When n =2 and d = (d1, d2), the hyperbox H is a rectangle split into dyd» unit squares. Along the
horizontal edges we have chain maps denoted by f; = D@0 apd along the vertical edges we have
chain maps denoted by f> = D1 Further, each unit square carries a chain homotopy fa2y = p:D
between f1 o f> and f> o f1. Then, on the edges of the compressed hypercube H, we have maps

N od A od
D 1.0 = £, pO.1 = f°.

For the diagonal map DD we choose

dy d»
~ of i of in o(do i o(di— 7
(41) Dy — 2 : § :fl U1 1)0f2(12 l)of{l,z}ofz( 2 Jz)ofl( 1 ]l).

J1=1j2=1
It is easy to check that D@D ig a chain homotopy between DO 5 pO. — f1°d1 ) 2°d2 and
DOV 6 D0 — f2°d2 o flod‘. See Figure 8 for a pictorial interpretation.
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12
f2 /\
12
153
fZ f1°6
/2

h A A h A N

Figure 8: Compression of a rectangle into a square. This is the graphical representation of the
term of the form f°? o ;720 fi1.230 f5? o f°2 appearing in the sum (41), with d; = 6,d> =5
and j; = j, = 3. Each unit segment which is part of the thick line corresponds to a map f; or
/>, while the shaded square is the chain homotopy f{; »;. Taking the sum of all the terms in
(41) corresponds to filling up the whole rectangle with 30 unit squares, and represents a chain
homotopy between £ o £ and f;° o fS.

5.3 The algebra of songs

Let X be a finite set. (Typically, X will be a subset of the set of nonnegative integers.)

Definition 5.2 An X -valued song is a finite ordered list of items, where each item can be either a note,
ie an element of X, or a harmony, ie a subset of X.

For example, if X = {1, 2, 3}, a typical X-valued song is written as

s = (213{2,312{}12{3}).

The song s has nine items, six being notes and three being harmonies. Note that we allow the empty
harmony {}, and that we distinguish between the note 3 and the one-element harmony {3}. Also, our
convention is to write songs between parentheses. For example, if A € X is a harmony, by (4) we mean
the one-item song made of that harmony.

Let § (X) be the [F-vector space freely generated by all X -valued songs. Since songs form a monoid under
concatenation (with the empty song as the identity element), this induces the structure of a noncommutative
algebra on S (X).

Definition 5.3 The algebra of X-valued songs, denoted by S(X), is the quotient of S (X) by the
ideal I(X) generated by the following relations:

e For any note x € X,
(42) (x{h) = ({x)
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and
(43) (x{x}) = ({x}x).
e For any note x € X and song s € S(X),
(44) (x{x}sx) + (xs{x}x) = (xs) + (sx).
e For any harmony A4 C X,

45) > (B)(4\B)=0.

BcA

Remark 5.4 The reader may wonder why we defined the algebra S(X) this way. The motivation behind
our choice of the relations (42)—(45) is that they do not affect the playing of songs, as defined in Section 5.5
below. See Lemma 5.11 for the relevant result.

Let Y = X U{y} be the set obtained from X by adding a new note y. We define an operation on songs
¥y S(X) — 8(¥),
as follows. For a note x € X, we set

Yy (x) = (xy{x, y}yx).

For a harmony A C X, let I1(A) be the set of all ordered decompositions (A4, ..., A) of A into a disjoint
union
A=A 1T A, O---1I Ay,

where k > 0 and all A;’s are nonempty. For A # {}, we set

Yy = > (G AUNy AUy -y (A Uiy D).

(A1 ,...,Ar)€TI(A)
while for A = {} we set ¥, (4) = ().

So far we defined ¥y, only on one-item songs, consisting of either one note or one harmony. We extend it
to arbitrary songs by requiring it to act as a derivation:

Yy (s152) = ¥y (s1)s2 + 519y (52).

For example,
¥3(2{1,2}) = (23{2,3}32{1,2}) + (23{1,2,3}3) + (23{1,3}3{2, 3}3) + (23{2, 3}3{1, 3}3).

Finally, we extend v, to all of S (X) by requiring it to be linear.

Lemma 5.5 The operation V/,, descends to a linear map between S(X) and S(Y').
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Proof We need to check that when we apply v, to the relations (42)—(45) from Definition 5.3, we obtain
relations that hold true in S(Y'), ie lie in the ideal /(Y).

Let us first look at the relation (42). The claim is that ¥y, (x{}) = ¥, ({}x). Indeed,

(46) Yy (e} + ¥y ((3x) = (eyix. yiyxdd) + (xy) + (Gxyix, yiyx) + (yx)
= (xy(x, i 4 Gdx, yDyx) + (xp) + (yx)
= (xy({xy} + {yHxhyx) + (xy) + (yx)
= (x({xHy Ly + 3 Hx)x) + () + (yx)
= (x(Yix} +{xjy)x) + (xy) + (yx)
= (xy{x}x) + (x{xpyx) + (xy) + (yx)
=0.
To get the second equality in (46) we used (42), namely the fact that {} commutes with x and y. To get the

third equality we applied (45) for A = {x, y}, while to get the fifth and seventh equalities we applied (44).

The similar result for (43) is simpler. It suffices to apply (43) twice and(44) once:

@7 Yy (x{x}) + ¥y ({xtx) = (eyix, yiyx{x}) + (xfxylx, yyx) + (xyix, y}y) + (yix, y}yx)
= (xy{x, yiy{x}x) + (xc{x}y{x, yjyx) + (xy{x, y}y) + (yix, y}yx)
=0.

Here is the analogous result for (44):

(48) Yy (x{xjsx) + vy (xs{x}x) + ¥y (xs) + ¥y (sx)
= (xy{x, yhyxixpsx) 4+ (xyix, yiysx) + (x{xjyy (s)x) + (x{xisxy{x, y}yx)
+ (eydx, yiyxs{xjx) + (esy{x, yiyx) + (x¥y (s)ixjx) + (xs{xjxy{x, yiyx)
+ (eyix, y3yxs) + (x ¥y (s)) + Yy (s)x) + (sxyix, yiyx)
= ((xyfx, yyyxdxhsx) + (xy{x, yyyxs{xyx) + (xydx, yiysx) + (xy{x, y}yxs))
+ (Gefacfsxy{x, yiyx) + Ges{xday{x, yhyx) + (esydx, yiyx) + (sxy{x, y}yx))

+ (Cefadyry (5)x) + (eyry () {3x) + (e Py () + (¥ (5)x))
=0.

In the last step, the four terms within each of the large parentheses cancel each other out by applying (44).

Lastly, we prove that (45) holds true after applying v,,. Let us introduce the following notational shortcut:
if A is a subset of X, we write A = AU {y} C Y.
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For any 4 C X, we have

(49) wy( > (B)(A\ B))

BcA

=Y ¥y(B)-(A\B)+ (A\ B)- ¥, (B)

BCA

=> > (0Biy-yBry(A\B)+ ((A\B)yBiy---yByy))
BCA (By,...,Bi)ell(B)

= > (OAry-yA1yAr) + (Ary Ay -y Agy))
(Al 5"'5Ak)€H(A)

+ Y (A -y Ay + Oy Ary -y Ary)).
(A1,...,Ax)€eIl(A)

The last equality was obtained by splitting the summation on the second line into terms with B # A and
B = A.

The final expression in (49) is a sum of two terms, where each term is a summation over the elements of
IT(A). Using the fact that {} and y commute, the second summation (the one appearing on the very last
line of (49)) is seen to equal

k
(50) o Y (A yAiay) - ((GAD) + (AifD) - (pAiry -+ y A y)).

(Aq,..., Ap)ell(A)i=1
Applying (45) to Zi, we see that the middle factor of the summand in (50) is
A+ A= Y B)A\B)=(Ai{yh)+ {4+ D ((B)(A4i\ B)+(B)(4; \ B)).

ngi BCA;
B#@,g,‘ B#0.4;

Plugging this back into (50), we obtain that (50) equals

k
(51) o D Ay -y A - (A + GAHYY)) - (Aigry - y A y))
(A1,...,Ap)ell(4) i=1

k—1
+ Y > Ay y A Ay -y Ay)
(Ayq,..., Ap)ell(A4) i=1

k—1
+ Y Y Ay yA Ay y Agy).
(A1, Ap)ETI(A) i=1

Here, in the last two summations, we changed notation so that (A1, ..., 4j—1, B, Ai \ B, Ai+1,..., Ak)
is renamed (A1, ..., Ag).

Now, applying (44) to the middle factor (y{y}A4;y) + (yAi;{y}y) in the first summand in (51), we can
replace it with (yA4;) + (A4; y). Consequently, most of the terms in that first summation cancel out with
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terms in the second and third summations in (51). The only remaining terms are some corresponding to
i =1andi = k. More precisely, we get that (51) equals

Yo (A y Ay AR) + (Ary Agy -y Agy).
(Ayq,..., AR)ell(A)
This exactly corresponds to the first summation in the final expression in (49). Hence, we obtain

wy( Z(B)(A\B)) o,

BCA
as desired. O

5.4 Symphonies

Definition 5.6 Let X be a finite, totally ordered set, and m(X) the maximal element in X. The symphony
a(X) € S(X) on the set X is defined, recursively, by

(@) ={}). aX)=Ymo(@X \{m(X)}).

We call a, = «({1,2,...,n}) the n standard symphony.

For example,

ar=y1({) = (D,
az = Ya(1) = (12{1,2}21),
a3 = Y¥3(12{1,2}21)
= (123{1,2,3}321) + (123{2,3}32{1,2}21) + (12{1,2}23{2,3}321) + (12{1, 2}213{1, 3}31)
+ (1341, 3}312{1,2}21) 4+ (123{1, 3}3{2, 3}321) + (123{2, 3}3{1, 3}321).
Computer experimentation shows that o4 is a linear combination of 97 different songs, and a5 a linear
combination of 2051 different songs. In general, a song s that appears with nonzero multiplicity in oy,

is easily seen to satisfy the following two conditions. Let s consist of & notes and / harmonies, and let
hi,...,h; be the cardinalities of each harmony. Then

/
(52) k=2n+1-1, Zhi:n+l—l.

i=1

Of course, not every song that satisfies (52) appears in the formula for «,.

Lemma 5.7 For any finite, totally ordered set X, we have the relation, in S(X),

(53) > a(¥)a(X\Y)=0.

YCX
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Proof We proceed by induction on the cardinality n of X. For n = 0 the corresponding relation {}{} =0
is (45) for A = {}, while for n = 1 the corresponding relation (x{}) = ({}x) is (42).

Let X be a set of cardinality n > 2, and write m = m(X). Suppose that (53) is true for all sets of
cardinality < n, and, in particular, for X’ = X \ {m}. Then

Z a(Y)a(X\Y) = Z (V)X U{m\Y) +a(Y U{mpa(X"\Y))

YCX YCXx/

= Y (@) Ym@X'\ V) + (Ym(@(Y))a(X"\ V)

YCX’
=wm( )3 a(Y)a(X/\Y))
YCX’
— Ym(0) =0, 0

5.5 Hypercubical collections

Let X be a finite set and (A4, +, *) be a (possibly noncommutative) algebra over F. Given an element
o € A, we denote by &7*/ = o7 x---x o/ its jM power. In particular, &*® = 1 is the unit.

Definition 5.8 An n-dimensional hypercubical collection in the algebra A, modeled on X, is a collection
o/ composed of elements <7z € A, one for each Z C X, which are required to satisfy the relations

(54) Z JZfZ! * szz\z/ =0
zZ2'cZ
for any Z C X.

Example 5.9 Let H = (C?, D¥) be a hyperbox of chain complexes as in Section 5.1. Choose X =
{1,2,...,n}. For any Z C X, we can define an element {(Z) = ({(Z)1,...,((Z)n) € E, = {0, 1}" by
1 ifieZ,

0 otherwise.

(55) {(Z)i =

Then the
oy = D¢

form a hypercubical collection in the algebra End(C), modeled on X.

Definition 5.10 Let X be a finite set and let d = (dx)xex be a collection of positive integers indexed
by X. Let & = {Az}zcx be a hypercubical collection in an algebra A. Let also s be an X -valued song,

spelled out as a sequence of items

1 1,1 14,2 2.2 2 1 Il Iy 041 I+1
s:(xl---x,l{yl,...,ytl}xl--'xrz{yl,...,ytz}---xl'--x,]{yl,...,ytl}xl"' -~xrlJ:L]),

where some of the r;’s can be zero.
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The result of playing the song s to the hypercubical collection <7 , in the register d , is the algebra element
lff(s) € A defined by

d *]1 /rl ]1 /’2
(56) pld(s) = Z@f KLy F Tl T R RS ka2
. i 41
vy S
R K E I VAl y Ry R R

where the sum is over all possible powers j7 > 0 satisfying, for each x € X,

I+1 1o
DD e +Z styu
o=1u=1 o=1u=1

Here §;,; is the Kronecker delta symbol.

It is worth giving some examples of playing. First, note that, unless every x € X appears at least once in
the song s (either as a note or as part of a harmony), we have plff,j (s)=0.

If X = {1} and d = (d), then & consists of two algebra elements .«7;; and .7{1;. Playing the song (1)
to .« yields the d™ power gf’{’;‘}? On the other hand, playing the song ({1}) to &/ yields .71} when d =1
and 0 otherwise.

If X ={1,2} and d = (d1,d>), then &/ consists of four algebra elements .7, <1}, @2y and < 7}.

Playing the second standard symphony o, = (12{1, 2}21) to .« yields

(d1,d2) _ *J * j2
AP = T A e gk A r A
it+iz=di—1
Ja+it=d>—1

or, equivalently,

1 2
di.d2) | _ *(1=1) , _*(j2—1) (da=p2) , *(di=)
Py Pea) =) > oy TV w2 ey oy )T
J1=1j2=1

(Compare (41) and Figure 8.)

Lemma 5.11 Let o/ be a hypercubical collection in an algebra A, modeled on a set X, and pick a series
of nonnegative integers d = (dx)xex. Then the operation of playing songs to </ in the register d descends
to a linear map plgf: S(X)— A.

Proof We extend the playing of songs linearly to a map S (X) — A. In order to show that it descends
to S(X), we need to check that the relations (42)—(45) hold true after playing them. In fact, since playing
is not multiplicative, one needs to check that these relations, when multiplied on the left and right with
arbitrary songs, still hold true after playing.
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For example, let us look at the relation (42), namely (x{}) = ({}x) for any x € X. The claim is that the
maps plg, x15,) and plig, f1xs,) are equal, for any songs s and s3. This is true because x{} corresponds
to taking a power of @7y} in the big summation in (56), followed by the factor .7;. Equation (54) for
Z = {x} implies that «7;; commutes with .¢7{,, so it also commutes with its power.

The relation (43) holds true after playing because both (x{x}) and ({x}x) correspond to taking an arbitrary,
but nontrivial, power of .27y in the big summation in (56).

The relation (44) holds true after playing because the left-hand side is a sum of two terms, both roughly of
the form xsx, except that in the first we impose the condition that the exponent of .o7(,} terms is nonzero
on the left of s, and in the second that it is nonzero on the right of s. Therefore, most of the terms obtained
after playing cancel in pairs. The only remaining ones are those obtained by playing either sx or xs (with
no @/ powers on the left and right, respectively).

Finally, the fact that (45) holds true after playing boils down to (54) in the definition of a hypercubical
collection. O

Let o7 be a hypercubical collection modeled on a set X. For any X’ C X, the subcollection composed
of @7z for Z C X' is a hypercubical collection modeled on X', which we denote by 7| X". Further, if
d = (dy)xex is a series of nonnegative integers, by picking only the terms d, for x € X’ we obtain a
new series, denoted by d | X".

The following is a straightforward consequence of the definition of playing taking into account Lemma 5.11:

Corollary 5.12 Let </ be a hypercubical collection in an algebra A, modeled on aset X. Let X = X' 11 X"
be a decomposition of X as a disjoint union. Then

d| X’ d|xX”
P () % pIS Y, (57) =PI (s's”)

forany s’ € S(X’) and s” € S(X").

Suppose now that X is a finite, totally ordered set. We equip all Z € X with the induced total ordering.

Let 7 be a hypercubical collection in an algebra A, modeled on X. Pick d = (dx)xex with dy > 0 and,
for any Z C X, define
d|Z
of =p?)7 (@(2)).

where «(Z) is the symphony on Z from Definition 5.6.
Lemma 5.13 The elements {;zfg }zcx form a new hypercubical collection </ 4 in A.

Proof We need to check that, for any Z C X,

(57) Y A xdg, =0.
Z'UZz"=Z
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Indeed, the left-hand side in (57) equals

d Z d|z” d Z
8 > @) p @z = Y, pl@z)az")
Z'Uuz’=z2 Z'uzr=z
d|Z d|Z
=pl’} Z( 3 a(z')a(z”)) =pl?\% (0) =0.
Z'uz"=Z7
The first equality in (58) is a consequence of Corollary 5.12, the second of linearity (Lemma 5.11), and
the third of Lemma 5.7. |

5.6 Back to compression

Let H = ((C®)¢ek(a), (D®)seE,,) be an n-dimensional hyperbox of chain complexes as in Section 5.1.
In Section 5.2 we advertised the construction of a compressed hypercube H= (6 €, ﬁs) €k, » With

6(81 ..... 8n) — C(81d1 ..... Sndn).

We are now ready to explain the exact construction of the maps D®. Let A be the algebra End(C) under
composition, where C = @se]E(d) C?. As mentioned in Example 5.9, the maps D® = D! D) = o,
form a hypercubical collection .7 in A, modeled on X = {1,...,n}. (Note that every ¢ € [E,, can be
written as {(Z) for a unique Z C X.)

For Z C{l1,...,n}, set

(59) D!D = 74 = ;’)fl (@(2)).
For example, when Z = {i} and ¢ = t; for some i € {1,...,n}, the map along the corresponding edge

gjl {)l}(l) = (D%)°% as noted in Section 5.2. For n = 2, by playing the

symphony on a set of two elements, we recover formula (41) for DY,

of the hypercube is D% = pl

Proposition 5.14 H= (68, 55)6611;” is a hypercube of chain complexes.

Proof The relations (38) are a direct consequence of Lemma 5.13. The fact that D¢ changes grading by
llell — 1 (as required in the definition of a hypercube) follows from the similar property for the maps D?,
together with the second relation in (52), which is satisfied by all the terms appearing in a symphony on a
set of size n. |

5.7 Chain maps and homotopies

Let
°H = (°C®cer(a), °D%)ser,). "H = (('C®)cer(a). ('D®)ceR,)

be two hyperboxes of chain complexes, having the same size d € (Zx¢)". Let (d, 1) € (Z=0)" ™! be the
sequence obtained from d by adding 1 at the end.
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Definition 5.15 A chain map F:°H — 'H is a collection of linear maps

e .0e0 NG ¥l Ote
G = e
satisfying

(60) Y (DEE 0 Ff 4+ F5 £, 0 D5) =0

g'<e

for all €© € E(d) and ¢ € E,, such that £* + ¢ € E(d).

In other words, a chain map between the hyperboxes °H and 'H is an (n+1)-dimensional hyperbox of
chain complexes, of size (d, 1), such that the subhyperbox corresponding to €,41 = 0 is °H and the one
corresponding to &,+1 = 1 is 1. The maps F are those maps D in the new hyperbox that increase &, 1
by 1.

Note that, in the particular case when d = (0, ..., 0), so that °’4 and 'H are ordinary chain complexes,
the notion of chain map coincides with the usual one. Also note that, when d = (1,..., 1), so that °H
and 'H are hypercubes, a chain map F induces an ordinary chain map F, between the corresponding
total complexes 0Cior and 1Cyy.

The identity chain map Id: H — H is defined to consist of the identity maps Idi0 when ¢ = (0,...,0),
and zero for other &.

Lemma 5.16 A chain map F between hyperboxes °H and 'H induces a natural chain map F between
the compressed hypercubes OH and 'H.

Proof As mentioned above, the information in F can be used to build a new hyperbox of size (d, 1)
composed of °H and 'H. Compressing this bigger hyperbox gives the required map F |

Definition 5.17 Let F:°H — 'H and G: 'H — 2H be chain maps between hyperboxes of the same
size. Their composite G o F is defined to consist of the maps

(GoF)eg =) G%E, o F%.

g'<e

Definition 5.18 Let F and G be two chain maps between hyperboxes °H and 'H. A chain homotopy
between F and G is a collection W of linear maps

8 0 g0 1 e04¢
Cs C*+1+||e||

satisfying
80 = Z( 80—1—3’ ° ‘Ijso + 30+e’ o Dgo)

g'<e

for €2 € E(d) and € € E,, such that €* + ¢ € E(d).

Geometry & Topology, Volume 29 (2025)



2840 Ciprian Manolescu and Peter Ozsvdth

Note that we can also interpret a chain homotopy as a bigger hyperbox, namely an (n+2)-dimensional one
of size (d, 1, 1), where e,41 = 0 and ¢,+1 = 1 are the (n+1)-dimensional hyperboxes corresponding to
F and G, respectively, and the maps in the new direction (from &,4, = 0 to e,42 = 1) are the identities
(preserving &, +1) and W (increasing €, by one).

We define a chain homotopy equivalence between hyperboxes as a chain map that has an inverse up to

chain homotopy. The following follows from the same kind of argument as Lemma 5.16:

Lemma 5.19 If F:°H — 'H is a chain homotopy equivalence, then the compressed map F is also a
chain homotopy equivalence.

Observe that, if F:°H — 1H is a chain homotopy equivalence between hypercubes, the map Fio; between
the respective total complexes is an ordinary chain homotopy equivalence.
Definition 5.20 A chain map F:°H — 'H is called a quasi-isomorphism of hyperboxes if its components
F(g"”’o): Ocso — lcso
&
induce isomorphisms on homology for all £° € E(d).

We note that a chain homotopy equivalence of hyperboxes is a quasi-isomorphism. Further, if F:°H — 1H
is a quasi-isomorphism between hypercubes, the total map Fiy is an ordinary quasi-isomorphism.

5.8 Elementary enlargements

For future reference, we introduce here a simple operation on hyperboxes, called elementary enlargement.

Let H = ((C®)sek(d). (D?)scE,) be a hyperbox of chain complexes, of size d € (Zx0)". Pick k €
{1,....,nYand j €{0,1,...,dy}. Definedt = (d+,...,d,;") € (Zso)"bydt =d + 1y, ie
Jt = d; ifi #k,
! di+1 ifi=k.
We construct a new hyperbox

HY = ((C+’8)seE(d+), (D+’S)seIEn)

by replicating (ie introducing a new copy of) the complexes in positions with e = j. The new copy will
be in position &, = j + 1, and everything with higher ¢ is shifted one step to the right. The two identical
copies (which can be thought of as subhyperboxes) are linked by the identity chain map. Precisely, we set

D%, if ) +ex < Jj.
cHe = Cc® if e <, and pte — 1d ifé‘z:j,e:rk
Co™ ifeg = j +1, 0 0 if 60 = j, e =1, ||e]l =2,
Df,_,  ife) >

We then say that H T is obtained from H by an elementary enlargement at position (j, k). The following
is easy to check from the definitions:
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Lemma 5.21 Let H™ be an elementary enlargement of a hyperbox of chain complexes H. Then the
compressed hypercubes H and H* are identical.

5.9 Canonical inclusions

We describe here yet another construction that will be useful to us later. We restrict to the case of
hypercubes (since this is all we need), but everything can also be done in the more general context of
hyperboxes.

Definition 5.22 Let (K4, d) be a chain complex. The n-dimensional canonical hypercube H(K,n)
associated to (K, d) is defined to consist of the vector spaces

C: = K*, RS En,
together with the maps

d if flel] =0,
Df=11d if e =1,
0 if |lg] > 2.

Now suppose that H = (C?, D®).eE,, is an arbitrary n-dimensional hypercube of chain complexes. Our
aim is to construct a chain map

which will be called the canonical inclusion.

When n = 0 this is simply the identity map. When n = 1, the hypercube H consists of a single chain
map f =DM :C©® — M petween two chain complexes. The canonical inclusion is then the square

c®_14 . -0

Idl lf

co_1 .~
with the diagonal map being trivial.

For general n, we construct the canonical inclusion as a composition of # different chain maps as follows.
Fori €{0,...,n}and e = (e1,...,&n) € E,, we let [< i] € E,, be the multi-index obtained from ¢ by
changing all entries above i to be zero. In other words,
=il =] LI=h

0 ifj>i.
Similarly, we let ¢[> i] to be obtained from ¢ by setting all entries less than or equal to i to be zero.
We define a hypercube H[i] to consist of the chain groups

Cliff =C*=1, cek,,
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and the maps

DE-DEN it el> i) =e[> i),
D[l * =41 if e[<i]=¢[<i]and ||'[>i]—e[> ]| =1,
0 otherwise.

Note that H[0] is the canonical hypercube H(C 9 ), while H[n] = H.
Fori =1,...,n, we define chain maps

F[i]: H[i — 1] - H[i]

to consist of

ISR =il =
Flil; ™" =11d ife=¢"and g; =0,
0 otherwise.

The canonical inclusion is then

Fg" = FnloF[n—1]o---0 F[1].

6 Quasistabilizations

In this section we introduce a new move that relates certain equivalent, multipointed Heegaard diagrams,
called quasistabilization. Basically, a quasistabilization is the composition of a free index zero/three
stabilization and some handleslides.

Our goal is to study how the polygon maps on Heegaard Floer complexes behave under this move. There
are two motivations for this. First, the behavior of polygon maps under ordinary (free) index zero/three
stabilizations (which can be viewed as particular examples of quasistabilizations) is one of the inputs in
the construction of complete systems of hyperboxes in Section 8, as well as in the proof of the surgery
theorem, Theorem 9.6. Second, the more general quasistabilizations are needed in Section 15, where they
appear in the context of grid diagrams.

For concreteness, we will first describe the results in the case of triangles (for general quasistabilizations).
Then we will explain how similar arguments can be used to study higher polygon maps. At the end we
will specialize to the case of ordinary index zero/three stabilizations.

6.1 The setup

Let # = (¥, a, B, w, z) be a multipointed Heegaard diagram, as in Section 3.1. Suppose ¥ represents a
link L in an integral homology sphere Y. Fix s € H(L), so that we have a well-defined generalized Floer
complex A7 (¥,s) = A7 (Ty, Tg,s).

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 2843

7 N
7/ \
/ 9 \

/

;B Y1
/ \
! \
| wq |

a1 | 1
\ , P
VX y X Yoo
\ /

\ /

\ o’ /

\ /
N 7/

Figure 9: Quasistabilization. We show here a part of the triple Heegaard diagram described in
Section 6.1. In Section 6.5, we will stretch the complex structure along the dashed curve.

Let g be the genus of ¥ and d the number of alpha (or beta) curves. We assume that 8; € 8 bounds a
disk containing a free basepoint w1, and that the only alpha curve intersecting 81 is o1, which does so
at two points x and x’. On the other hand, «; can intersect other beta curves. We also require that the
homology class [«1] lies in the span of the other [¢;] in H;(X).

Let % = (X, &, B, w, z) be the diagram obtained from % by deleting 1, B and w;. We then say that 3¢
is obtained from € by quasidestabilization. The reverse process is called quasistabilization.

Remark 6.1 By handlesliding «; over other alpha curves, we can arrange that it does not intersect any
beta curve except 8. The resulting diagram is then a usual free index zero/three stabilization of J(; see
[Ozsvath and Szabé 2008a].

Consider now an extra collection of d attaching curves y on X such that y; € y has the same properties
as f31: it bounds a disk containing w1, and the only alpha curve that it intersects is «1, with the respective
intersection consisting of two points y and y’. Furthermore, we assume that y; is a small Hamiltonian
translate of 81, and intersects B in two points 6 and 6’, as in Figure 9. We assume that the relative
positions of x, x’, y, y/, 6 and 0’ are exactly as in the figure.

Let y be the collection of curves obtained from y by removing y;. Then (X, e, y, w, z) is a quasi-
stabilization of (X, &, ¥, w, z). For any x € Ty N Tg, the intersection x N« is either x or x’ We denote
byx e TgNT 3 the generator obtained from x by deleting the point in x Noy. Similarly, for y € To, N'T),
there is a corresponding generator y in Tz N T, obtained by deleting y or y’.

Pick an intersection point 6 in Tg N T), such that € € 6. We have a map
F:A (Ty, Tg,s) > A" (Te, Ty,s), F(x)=f(x®80),

which counts index zero pseudoholomorphic triangles with one vertex at @, as in Section 3.5.

Set =0 —{A}eT N Ty. There is a corresponding triangle map in the quasidestabilized diagram
F:A™(Tz Tz.5) > A~ (Tg, Ty,5), F(¥)=f(® 0).
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Next, we define amap G: A~ (Ty, Tg,s) = A7 (Ty, Ty, s) as follows. Writing the coefficients of F
as ng,y, so that, for x € T, N Tg,

FE¥)= > nzjJy.
yeTagNTy

Gx)= > ngs(FUxna)).

yeTgnNTy

we set

Proposition 6.2 For a quasistabilized triple Heegaard diagram (X, &, B, y, w, z) as above, and suitable
almost complex structures on the symmetric products, the maps F and G coincide.

The proof of Proposition 6.2 will occupy Sections 6.2-6.5.
6.2 Cylindrical formulations

We recall Lipshitz’s cylindrical formulation [2006] of Heegaard Floer homology; see also [Ozsvéth and
Szab6 2008a, Section 5.2]. Instead of holomorphic strips [0, 1] x R — Symd (X) with boundaries on Ty
and Tg, Lipshitz considers pseudoholomorphic maps from a Riemann surface S (with boundary) to the
target

W =2Xx]0,1]xR.
The four-manifold W admits two natural projection maps

ny: W —>3X and ap: W —[0,1] xR.

The notation mry refers to the unit disk D C C, which can be viewed as the conformal compactification
of [0, 1] x R, obtained by adding the points =+i.

We equip W with an almost complex structure J translation invariant in the R-factor, and such that 7 is
a pseudoholomorphic map. Further, we ask for J to be tamed by a natural split symplectic form on W.
Typically, we choose J to be a small perturbation of a split complex structure jx X jp, where jx and jp
are complex structures on X and [0, 1] x R, respectively. Sometimes (for example, to ensure positivity of
intersections) it will be convenient to require J to be split on U, that is, split on U x [0, 1] x R, where
U C X is an open subset.

Definition 6.3 An annoying curve is a pseudoholomorphic curve in W contained in a fiber of npy.

To define the differential on the cylindrical Heegaard Floer complex, Lipshitz uses pseudoholomorphic
maps
u:S—->wW=¥xJ[0,1]xR
with the following properties:
e § is a Riemann surface with boundary and 2d punctures on its boundary, of two types: d “positive”
punctures {p1,..., pg} and d “negative” punctures {¢q1,...,¢4}.

e u is a smooth embedding.
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e u(0S) C(ax{l}xR)U (B x{0}xR).
e u has finite energy (where the energy is defined as in [Bourgeois et al. 2003, Section 6.3]).

e For each i, u=!'(a; x {1} x R) and u~'(B; x {0} x R) consist of exactly one component of
0S —{p1,---.Pd q1,---.494}-

e No components of the image u(S) are annoying curves.

e Any sequence of points in S converging to g; (resp. p;) is mapped under 7 to a sequence of
points whose second coordinate converges to —oo (resp. +00).

Curves of this kind are called cylindrical flow lines. Any cylindrical flow line u can be extended to a
map u from the closure of S to the compactification £ x ID. The image of this extension contains the
points x x {—i} and y x {i} forx € x and y € y, where x,y € T, N Tg C Symd(E). We then say that
Y connects x to y.

To every cylindrical flow line u: S — W one can associate a strip 7 : [0, 1] xR — Symd () with boundaries
on Ty and Tg, by setting u(z) = wx((np o u)~1(z)). Thus, cylindrical flow lines can be organized
according to moduli spaces JM(¢), indexed by homology classes ¢ € wa(x, y) for the corresponding
Whitney disks. Moreover, Lipshitz [2006, Appendix A] identifies the moduli spaces of cylindrical flow
lines in a class ¢ with the respective moduli spaces of pseudoholomorphic strips (ordinary flow lines),
for suitable almost complex structures, in the case when the Maslov index w(¢) is one. It follows that
the Heegaard Floer complex can be defined just as well by counting cylindrical flow lines instead of
pseudoholomorphic strips.

When studying degenerations of cylindrical flow lines (for example, in the proof that 9> = 0 in the
cylindrical setting), we also encounter maps of the following kind:

Definition 6.4 Consider a Riemann surface S with boundary and d punctures {pi,..., pg} on its
boundary. A (cylindrical) boundary degeneration is a pseudoholomorphic map u: S — X x (—oo, 1] xR
which has finite energy, is a smooth embedding, sends dS into & x {1} x R, contains no component in the
fiber of the projection to (—oo, 1] x R, and has the property that each component of u~!(e; x {1} x R)
consists of exactly one component of 95 \ {p1, ..., pg}. A similar definition can be made with 8 playing
the role of o and using the interval [0, oo) instead of (—oo, 1].

Note that, for a boundary degeneration u, the points at infinity must be mapped to a fixed x € Ty.
The boundary degenerations with endpoint x can be organized into moduli spaces N (1) according to
homology classes ¥ € 5 (x) = Ha(X, ).

Next let us recall from Section 3.5 that, when one has three collections of curves &, 8 and y on a fixed
Heegaard surface with marked basepoints (X, w), one can define a map

f=Japy: A" (Tq, Tg,s) @ A™(Tg, Ty,0) > A" (Ty. Ty, s)
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Figure 10: The triangular region A. This region is conformally equivalent to a triangle with
punctures at the vertices.

by counting index zero pseudoholomorphic triangles in Symd (X), with boundaries on Ty, Tg and T,,.
These maps admit a cylindrical formulation, too; see [Lipshitz 2006, Section 10]. Indeed, consider a
contractible subset A C C as in Figure 10, with three boundary components ey, eg and ey, and three
infinite ends vyg, vg, and vqy, all diffeomorphic to [0, 1] x (0, 0o). Setting

WAZEXA,

note that there are natural projections wx and ma to the two factors. We equip Wa with an almost
complex structure having properties analogous to those of the almost complex structure on W.

We then consider pseudoholomorphic maps

u:S — Wa
with the following properties:

e S is a Riemann surface with boundary and 3d punctures plqﬂ , piﬁ ¥ and pl‘.xy fori €{l,...,d}on

the boundary 9.S.
e u is a smooth embedding.
* u(dS) C(axxey)U(Bxeg)U(y xey).
e u has finite energy.

e Foreachi = 1,...,d and o € {a, B, y}, the preimage u~!(0; x e,) consists of exactly one

component of the punctured boundary of S.

e No components of the image u(S) are annoying curves.
B

i
of points converges towards infinity in the strip-like end vyg (resp. vgy,, Vay).

e Any sequence of points in S converging to p;.xﬂ (resp. pr?, p;.xy) is mapped under A to a sequence
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Maps u like this are called cylindrical triangles. They can be organized into moduli spaces Jl(¢) according
to homology classes ¢ € ma(x,y,z) forx € To N Tg, y € TgNTy and z € Ty N'Ty,. The moduli
space of such maps in classes ¢ with ©(¢) = 0 can be identified with the moduli space of ordinary
pseudoholomorphic triangles in Symd (X), as used in the definition of the map f = fug,. (This can be
proved by the same methods as in [Lipshitz 2006, Section 13].) It follows that f can be described in
terms of counts of cylindrical triangles.

Similar descriptions can be given to the higher polygon maps from Section 3.5.

6.3 Domains

Let ¢ € ma(x, y) be a homology class of Whitney disks in a Heegaard diagram (X, ¢, 8, w). The curves
« and B split the Heegaard surface into several connected components Ry, ..., R,, which we call regions.
A domain % on the Heegaard diagram is by definition a linear combination of regions, with integer
coefficients. The class ¢ has an associated domain @ (¢) — see [Ozsvith and Szab6 2004b, Section 3.5] —

,

D(@) =D (¢-[{zi} x Sym? 1 (D)]). R;.

i=1

where z; is a point chosen in the interior of the region R; and - denotes intersection product.
Let 9 be a domain and x € o; N B; an intersection point for some i and j. A neighborhood of x is
split by o; and f; into four quadrants. Two of the four quadrants have the property that, as we move
counterclockwise around x, we first see ; on their boundary and then f;; for the other two quadrants,
we first see B; and then «;. Let m® (%, x) be the sum of the multiplicities of % in the two quadrants of
the first type, and mB(%, x) the sum of multiplicities in the other two quadrants.
Given a point x € ; N B; and a d-tuple x € T, N'Tg, we set
ifx ex,

S, x) =1
X,Xx)= )
0 otherwise.

Definition 6.5 Let % be a domain on (X,«,f) and x,y € Ty N Tg. The domain % is said to be
acceptable for the pair (x, y) if, forevery i, j = 1,...,d and x € o; N B}, we have

(61) m®P (@, x) —mP(@, x) = §(x,x) = §(y, x).
The proof of the following lemma is straightforward:

Lemma 6.6 A domain % is acceptable for the pair (x, y) if and only if it is of the form %(¢) for some
¢ em(x,y).

We now turn to the Maslov index p(¢), which is the expected dimension of the moduli space of
pseudoholomorphic representatives of ¢ € o (x, y). The Maslov index can be calculated in terms of the
domain 9 = %(¢) using the following formula, due to [Lipshitz 2006, Corollary 4.3]:
(62) W@ =e(@)+ > ne @+ ny().

XEX yeEy
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Here, n, (%) denotes the average multiplicity of & in the four quadrants around a point p, while e(9) is
the Euler measure of the domain, as defined in [ibid.].

Now consider a boundary degeneration class ¢ € 75 (x). Its domain is then an a-periodic domain
P =P() € Hy(X, @), ie a linear combination of components of ¥ — ¢. In fact, there is a one-to-one
correspondence between periodic domains and classes in 5 (x). The respective Maslov index is given
by

(63) p@) =e@)+2)  ne(®).

xXex

We also have an alternative characterization; see [Ozsvath and Szabd 2008a, Lemma 5.4]. Recall that we
have a basepoint w; in each component of 3 — . Then

d—g+1
(64) W) =2 Y nu (@)

i=1

Next, we turn to homology classes of triangles. Let (2, &, 8, y, w, z) be a triple Heegaard diagram, with
each curve collection consisting of d curves. By regions we now mean the connected components of
2\ (@UBUy). Given a homology class ¢ € ma(x, y,z) forx € ToNTg, y € TgNTy andz € Ty N'T,
its domain @ = %(¢) is defined as before. We have analogues of Definition 6.5 and Lemma 6.6:

Lemma 6.7 The necessary and sufficient condition for a domain % to be of the form %(¢) for some
¢ € ma(x,y,z) is that D be acceptable for the triple (x, y, z), that is, it should satisfy

(65) m* (@, x) —mPU(D, x) = §(x, x) for x € a; N B,
(66) mPY (@, y) —m" (@, y) = 8(y.y) for yepiny,
(67) m"*(@,z) —m*Y (D,z) =8(z,z) for z €y Naj.

The vertex multiplicities of a domain are defined as in the case of bigons. We can similarly define
the Euler measure. Further, we let a(%) denote the intersection 0% N e, viewed as a one-chain on X,
supported on e. Similarly, we define h(%) = 0% N B and c(D) = % N y. We let a(D).c(D) denote
the average of the four algebraic intersection numbers between a’(%) and ¢(%), where a’ (%) is a small
translate of a(%) in any of the four “diagonal” directions off &, such that no endpoint of a(%) lies on yp,
and no endpoint of ¢(9) lies on . We could similarly define bH(9).a(@) or ¢(9).b(D). Sarkar [2011,
Theorem 4.1] proved the following formula for the index of holomorphic triangles:3

(68) W@ =e@ + Y ne@+ Y ny(@) —a(@).c(@)—id.

X€Ex yeYy
30ur conventions are different from those in [Sarkar 2011]. There, the sides of a holomorphic triangle were on «, 8 and y in

counterclockwise order, whereas we have them clockwise. Thus, Sarkar’s expression a(%).c(@) differs from ours by a negative
sign. The formula (68) above is written with our conventions.
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Sarkar also gave a generalization of this formula to higher polygons. Suppose we have curve collections
n' fori =0,...,[ on a pointed surface (X, w, z) such that each collection consists of d curves. We then
consider a homotopy class of (I4+1)-gons ¢ € m2(x°, ..., x!), where x' € T,i NT,i+1 fori </ and
xle TypoNT,:;. We can define %(¢) as before, and we have acceptability conditions similar to (65)—(67).
We let a’' (D) = 09 N »'. With our conventions, Theorem 4.1 in [Sarkar 2011] says

I
(69) p(§) =e(@)+ Y nx(@)+ Y ny(@)=a’@). Y al @)~ ) al(@).a"@)~3d(-1).

xex0 yex! Jj=2 j>k>1

Here, the Maslov index (¢) is as defined in Section 3.5.
6.4 Convergence and gluing for the moduli spaces of triangles

Let (21, al, B, y') and (22, a2, B2, y?) be two triple Heegaard diagrams. (For the purposes of this
subsection, we can ignore the basepoints.) For i = 1,2, we let d; be the number of curves in the
collection o (or %, or y'), and g; < d; the genus of X¢.

Consider an extra simple closed curve a! on ! that is disjoint from the other curves in ! and lies in
their homological span. Set

a'T=alU {a;}.
Pick also one of the curves in a?, say a%, and call it &2. The subscript s stands for “special”.

Pick points p; € aé fori =1, 2 that do not lie on any of the beta or gamma curves. We form the connected
sum X = X1 #X; at py and pa, of genus ¢ = g1 + g2. By joining each of the two ends of «! at p; with
the respective end of a2 at p,, we obtain a new curve oy = ! #a2 on . We set

o=a'U(@? —{asz}) U {os}.

This is a collection of d = dy + d» attaching curves on X. We can also form collections § = 8! U 2 and
y =y Uyp3. Together, they turn ¥ into a triple Heegaard diagram, which we call the special connected
sum of (21, al, B, y1) and (22, a2, B2, y?).

Example 6.8 A triple Heegaard diagram (X, &, 8, ) as in Section 6.1 can be viewed as the special
connected sum of the diagram (X, &, B, ) with the genus zero diagram (¥, a1, 81, y1) shown in Figure 11.
The notation is as in Section 6.1.

Given a special connected sum of triple Heegaard diagrams, note that intersection points x! € Ty,1 N'T Bl
and x? € T,2 N'Tg2 give rise to an intersection point x' x x* € T, N Tg. Conversely, any x € To N Ty
is of this form, because none of the points on ozsl N ﬁl.l fori =1,...,d; can be part of x. Similar remarks
apply to generators of the form y = y; x y2 € TgNTy and z = zy xz3 € T) N Ty.

Given a homology class ¢ € m2(x, y, z) on the special connected sum, we denote by m; = m1(%) and
my = mo (D) the multiplicities of & on each side of the curve oy, near the connected sum neck. (See
Figure 11 for an example.)
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Figure 11: The sphere . This is the one-point compactification of the disk bounded by the
dashed curve in Figure 9. It could be viewed as a triple Heegaard diagram, except it is missing
a basepoint. The compactification point p? is shown by a gray dot. The four boxes show the
multiplicities of a triangular domain inside the corresponding regions.

Lemma 6.9 For a triple Heegaard diagram obtained as a special connected sum as above, pick x =
xIxx?2eTy NTg,y =y1xy2€TgNTy and z = z1 xz5 € T, NTy. Then there is a natural surjective

map
(70) p:nz(x,y,z)—>n2(x2,y2,zz).

Furthermore, a choice of a domain % € H, (X, a'™) whose boundary contains o} with multiplicity one
gives rise to a map

o:ma(x?, y?%,2%) = ma(x, y,z)

such that p oo = id.

Proof We use the identification between homology classes ¢ € m2(x, y, z) and acceptable domains
% = %(¢); see Lemma 6.7. An acceptable domain % on the special connected sum gives rise to an
acceptable domain %, on ¥, with respect to (x2, y2, z2), by restriction. This produces the map p.

Given @ is as in the statement of the lemma, the desired map s takes an acceptable domain %, on X, to

the acceptable domain @ = %y + (m1 (D) —m2(PD7))P on the special connected sum. |

Let ¢ € mp(x,y,z) have a domain %. We define an equivalence relation on pairs (¢!, %), where
¢! € ma(x!, yl,z!) and P € Hp(Z, o' ™) has o! with multiplicity m1(%) — m2(%) on its boundary.
Two pairs (qbl1 ,%P1) and (¢21,9>2) are set to be equivalent if ¢11 + P = (1)21 + %5, as two-chains on X1,
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By identifying homology classes with acceptable domains (as in the proof of Lemma 6.9), we see that
every ¢ determines a unique such equivalence class ¢!*. We set

1) = (") + n@)
for any (¢!, P) e o1 7.

Lemma 6.10 Let ¢ € ma(x, y, z) be a homology class of triangles in a triple Heegaard diagram obtained
by special connected sum, as above. Let ¢? € mp(x?2, y2,2z%) be its restriction to £2, and ¢'* the

corresponding equivalence class of pairs on ©!. Then

(@) = p(@' ) + w(@?) —mi(D) —ma (D),
where & = %(¢) is the domain of ¢.

Proof In Sarkar’s formula (68), all terms except e(%) are additive under the special connected sum.
When adding up the Euler measures, we have to subtract m (D) + m,(%) because doing the special
connected sum involves deleting two disks, each made of two bigons. Two of these four bigons have
multiplicity m1(9), the other two m5 (%), and the Euler measure of a bigon is % O

We now proceed to study holomorphic triangles on a special connected sum. We will use Lipshitz’s
cylindrical formulation from Section 6.2.

Note that, if a homology class ¢ (of cylindrical flow lines, boundary degenerations, triangles, etc) admits
pseudoholomorphic representatives, the principle of positivity of intersections implies that the domain
%(¢) is a linear combination of regions with only nonnegative coefficients:

D(¢p) = 0;
see [Ozsvath and Szabé 2004b, Lemma 3.2].

In addition to the cylindrical flow lines, boundary degenerations and triangles from Section 6.2, when
discussing special connected sums we will also need to study some new objects:

Definition 6.11 Consider a Heegaard surface 3 and a collection of attaching circles & on ¥. An annoying
a-degeneration is a holomorphic curve u: S — Wa = X x A such that S is a connected Riemann surface
with boundary and punctures on the boundary, and there exists an unpunctured component d¢S of the
boundary 9§ satisfying u(d9S) C & x eq. Here, A is as in Figure 10.

Lemma 6.12 An annoying «-degenerationu: S — W is an annoying curve in the sense of Definition 6.3,
that is, all of S is mapped to a fixed point p € e, under wa o u.

Proof Let D(S) be the double of S taken along the component doS C 9, and D(A) the double of A
along ey. We can extend A o u to a holomorphic map f: D(S) — D(A) using Schwartz reflection.
Since d¢S is compact and e, is not, there exists some zg € doS with f'(zg) = 0. If f were not constant,
it would have a branch point of order k > 2 at zo. This contradicts the local model near zg, which is that
of a holomorphic function f mapped to C such that Re f(z) > 0 for Rez > 0. |
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Annoying «-degenerations can be organized according to their domains, which are relative homology
classes P € Hp(X,«). The domain % must be nonnegative. Even though there are no transversality
results for annoying curves, compare [Lipshitz 2006, Section 3], one can still define the Maslov index
W(P) according to (63), by treating % as in the case of usual boundary degenerations.

We will mostly be interested in annoying «-degenerations on the first surface X! that is part of the
special connected sum. The degenerations will be taken with respect to the collection of curves o'
that includes «!. For an annoying a-degeneration of this form, with domain %, and any x € Ty1, we
have (63). However, in (63) there are no vertex multiplicity contributions from the curve oz}, so (64)
needs to be modified accordingly. Precisely, if we place basepoints wy, ..., wg1_g1 in all components
of Z! —a!* except the two that have «! on their boundary, we obtain

d 1 —g 1
(71) p@) =mi (@) +maP)+2 Y nuy ().

i=1

This has the following consequence:

Lemma 6.13 Let u be an annoying «-degeneration in (2!, ' ™), with domain %. Then (%) > 0, with
equality if and only if % = 0.

We now turn to studying how cylindrical triangles in Wa = X x A relate to those in WA1 =31 x A and
WA2 = %2 x A when we do a special connected sum. Pick almost complex structures J! and J2 on WA1
and WA2 and disk neighborhoods D! of p! in =1 and D? of p? in X2. We assume that J ! and J?Z are
split near D! and D2. For T > 0, we form the connected sum

(T =& —=DHu(-T-1,T+1]xSHu (=2 - D?)

by inserting a long cylinder, using the identifications dD! = {—T'} x S and dD? = {T} x S!. We
construct an almost complex structure J(7') on

Wa(T) = =(T) x A

by extending J ! and J?2 on the two sides, and using a split complex structure on the cylinder. The quantity
T is called the neck-length.

By a broken triangle in a homology class ¢, we mean the juxtaposition of a cylindrical triangle with
some cylindrical flow lines and ordinary boundary degenerations such that the sum of all their homology
classes (as a two-chain on the Heegaard surface) is ¢.

We then have the following convergence result:
Proposition 6.14 Suppose we have a special connected sum, with the notation above. Consider a homol-
ogy class ¢ € ma(x,y,z). Let ¢? € mp(x2, y2, z?) be its restriction to X2, and ¢! the corresponding
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equivalence class of pairs on X!. Suppose that the moduli space .M(¢) of cylindrical triangles is nonempty
for a sequence of almost complex structures J(T;) with T; — co. Then the moduli space of broken
holomorphic triangles in the class ¢ is nonempty. Further, there exists a representative (¢, %) of the
equivalence class ¢ such that the moduli space of broken holomorphic triangles in the class ¢! is
nonempty and there exist some annoying o -degenerations with domains that sum to %.

Proof The proof is similar to that of the second part of Theorem 5.1 in [Ozsvath and Szab6 2008a], and is
based on Gromov compactness; compare also [Lipshitz 2006, Sections 7, 8 and 10]. In the limit 7; — oo,
the sequence of holomorphic triangles must have a subsequence converging to some holomorphic objects
on £! and ¥2. On %2 the object is a broken triangle u2. The only new twist is that, when 7, o u? maps
a point of the boundary of the domain to the connected sum point p? € %2, on the other side (ie on X 1)
an annoying a-degeneration must appear in the limit. In the end on Z! we obtain a union of a broken

triangle and some annoying «-degenerations. a
There is also a gluing result:

Proposition 6.15 Consider a homology class ¢ € m(x, y, z) on a triple Heegaard diagram obtained by
special connected sum. Let ¢p? € m5(x2, y2,z?) be the restriction of ¢ to X2, and ¢p'* the equivalence
class of pairs obtained by restricting ¢ to ©'. Suppose that ¢! contains a representative of the form
(¢',0), with ¢! € mr(x!, y',z'). Further, suppose that d» > g5, u(¢') = 0, u(¢?) = 2m, and the
domain 9 of ¢ has m1(D) = m»(D) = m, so that u(¢) = 0; see Lemma 6.10. Consider the maps

ol M(pl) — Sym™(A) and p?: M($p?) — Sym™ (int(A) U ey),
where . . .
p'(u) = ma((rs ou') " ({p'}).
If the fibered product

M(P") Xsymm () M(P?) = {u' xu? € M(p") x M(p?) | p' (u') = p*(u?)}

is a smooth manifold, then this fibered product can be identified with the moduli space M (¢) for sufficiently
large neck-length.

Proof We claim that, for sufficiently large neck-length, if u: .S — ¥ x A is a holomorphic representative
of ¢, no point of S is mapped to p? under s o u. Indeed, if such points existed, in the limit when
T — oo we would get a broken triangle in a class ¥! and one (or more) annoying a-degenerations
on X!, summing up to a class P € H>(Z!, ! ™). We must have p(y!) > 0 because of the existence of a
holomorphic representative, 1(%) > 0 by Lemma 6.13, and p(¥1) + (%) = 0 because (!, P) ~ (¢, 0).
This is a contradiction, so our claim was true.

By the definition of the fibered product, if a holomorphic triangle u? € Al(¢?) is such that p?(u?) ¢
Sym™ (int(A)), that triangle cannot appear in the fibered product. With these observations in mind, the
rest of the proof is completely analogous to that of the third part of Theorem 5.1 in [Ozsvath and Szabé
2008a]. Basically, the index conditions forbid the presence of flow lines and boundary degenerations as
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part of broken triangles in the relevant moduli space. Further, the hypothesis d, > g5 is used to exclude
the presence of sphere bubbles on the £2 side. One can then use the gluing arguments from [Lipshitz
2006], applied to triangles. a

6.5 A degeneration argument

We now return to the setting of Section 6.1. We view the triple Heegaard diagram (X, «, 8, y) as the
special connected sum of the diagram (X, &, B, ¥) with the genus zero diagram (¥, ay, 1, y1) from
Figure 11; see Example 6.8.

Lemma 6.16 Let v € m»(a, 0, b) be a homology class of triangles in &, witha € {x,x’} and b € {y, y'}.
Let my, mp, m3 and my be the local multiplicities of the domain of v in the regions marked as such in
Figure 11. Then

w(p) =my +mo+msz+my.

Proof The claimed equality is true when v is the index zero triangle in 72 (x, 6, y). Any other class ¥
is related to this by the juxtaposition of a linear combination of embedded index one «—f or a—y bigons
(ie homology classes of flow lines) and index two disks (ie homology classes of boundary degenerations
on «, B or y). It is straightforward to check the equality for these disks and bigons. O

Proof of Proposition 6.2 We seek to understand the moduli space of triangles M (¢) for ¢ € m2(x, 0, y)
with u(¢) =0.

Suppose .I(¢) # @ for any sufficiently large neck-length T. Let ¢ = ¢ € m2(a, 6, b) be the restriction
of ¢ to &, where a € {x,x’} and b € {y, y'}. Let also ¢! be the equivalence class of pairs which is the
restriction of ¢ to (X, &, B, ¥). Using Proposition 6.14, there must be a pair (¢, ?) € ¢ T that admits
holomorphic representatives. Hence, ¢ and P are nonnegative domains, and (¢! 1) > 0.

On the other hand, by Lemmas 6.10 and 6.16, we have

0= () = @'+ pn@) —mi—my = (@' +ms +ma.

Since all the terms on the right-hand side are nonnegative, we deduce that (¢! ™) = m3 = m4 = 0. The
fact that 1(¢1T) = 0, together with Lemma 6.13, implies that there can be no annoying a-degenerations:
P =0, u(¢) = 0 and m; = m,. Denote by m the common value 7| = m,. We are now able to apply
Proposition 6.15 to obtain an identification

(72) M(P) = M () Xsymm () M),

The fact that m; = my and m3 = my4 = 0 implies that ¥ must be a class in either w2 (x, 6, y) or
m2(x’, 6, y"). Without loss of generality, let us consider ¥ € m»(x, 6, y). We have u(y) = 2m. From
the proof of Proposition 6.15, we know that, for any u € M (),

p(u) = wa((rs ou) ™ ({p?)))
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lies in Sym™ (int(A)), that is, it does not contain any points on ey. Given p € Sym™ (A), set

M, p) ={u € M(Y) | p(u) = p}.
Define
M(p) = Z #M(Y, p).

Yems(x,60,y)
my(Y)=m2(Y)=m
m3(¥)=mas(y)=0

A Gromov compactness argument shows that M (p) is independent of p, modulo 2; compare [Ozsvéth and
Szab6 2008a, Lemma 6.4]. By taking the limit as p consists of m distinct points, all approaching the edge
ep of A with spacing at least 7' between them, with 7' — 0o, we obtain that the respective contributions
M (p) are splicings of the index zero triangle class Yo € m2(x, 8, y) and m B-boundary degenerations of
index two; compare [loc. cit.]. There is a unique possible class of f-boundary degenerations of index
two with m3 = my4 = 0, namely the exterior of the curve 81 from Figure 11. For this class the count of
pseudoholomorphic representatives (modulo the two-dimensional group of automorphisms) is 1 (mod 2);
see [ibid., Theorem 5.5]. Moreover, the index zero triangle class ¥ has a unique pseudoholomorphic
representative. It follows that

M(p) =1 (mod 2).

A similar equality holds for the sum of contributions from classes ¥ € m,(x’, 0, y’) with my(y) =
ma(y) = m and m3(y) = m4(y) = 0. Combining these observations with (72), we deduce that

Yo M= Y M) (mod2)

pemz(x,0.y) demnr(%,0,7)
for sufficiently large neck-length. This implies that the triangle maps F' and G are the same. |

6.6 Higher polygons

We now turn to a generalization of Proposition 6.2. Suppose we have / > 2 collections of attaching
curves a, BV, @ . BD on a multipointed Heegaard surface (X, w, z) such that each diagram
(=, o, B, w, z) is the quasistabilization of a diagram (=, &, @), w, z), obtained by adding curves o;
and ,BY) and the basepoint wi. We also assume that, for every i # j, the curves ,BY) and ﬂgj ) differ by a
small Hamiltonian isotopy, and intersect each other in two points. See Figure 12.

Let {x,x'} = a1 N ,3?) and {y,y'} = a1 N ﬁil), with x and y to the left of x’ and y’, as in Figure 12.
Let also 0@ ¢ ﬂg’) N ﬂilﬂ) be the upper intersection point between the two curves.

There is a unique index zero (/+41)-gon class o on the sphere & with vertices at x, o .. pU-D, y
such that ¢ has a positive domain; see Figure 12. The moduli space of holomorphic representatives
for g is (I—2)-dimensional, corresponding to all possible lengths of the cuts at 81 .. . 6U-2),
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Figure 12: Several curve collections. This is the analogue of Figure 9 for higher polygons. We
show here the case / = 4. The shaded domain is a pentagon of index zero.

Lemma 6.17 For a fixed generic conformal structure on the domain (which is a disk with | + 1 marked
points on its boundary), the number of pseudoholomorphic representatives of Vg is 1 (mod 2).

Proof We use induction on /. The case / = 3 was treated in [Ozsvath and Szab6 2005, proof of
Theorem 4.7]. For [ > 4, let Jy be a generic conformal structure on the domain. Take a generic, smooth
path of conformal structures (J¢);e[o,1), Which starts at Jo and limits (as ¢ — 1) to a degenerate conformal
structure, corresponding to taking the length of one of the cuts starting at 0(=2 o infinity. Thus, in the
limit # — 1 the domain degenerates into the union of an /-sided polygon and a triangle. Let Jt; = A (Y¥o)
be the moduli space of pseudoholomorphic representatives of 1o with the conformal structure J; on the
domain. By Gromov compactness and generic transversality, the union

M:Umt

t€[0,1]

is a one-dimensional compact manifold with boundary Jly U JAl;. By the inductive hypothesis, the
cardinality of Jl; is odd; hence, the same must be true for Jlp. O

Fori = 1, . ,l— 1, ple 0_(1) € TE(,’) N TE”"’” and set
0D =gy {Q(i)} € Tﬂ(z’) N Tﬂ(z‘—l—l).
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Just as in Section 6, there is a map
F:A™(To. Tg).s) > A" (Ta. Tgwr.8). F(x)=fx @0V -@0¢V),
this time given by counting pseudoholomorphic (/4 1)-gons of index 2 —/; see Section 3.5.

For any x € To N Tga) and y € Tg N Tga), we can eliminate their intersections with o to obtain
generators X € Tg N'T B andy e TgNT g~ We can define a map F by counting (/+1)-gons in the
destabilized diagram with [ — 1 fixed vertices at 8V, ..., 0U=D 1f F(x) = ZjeTanTE(” ngy5y,we
set

Gx)= Y  ngz(x(xne)).

yeTaNTzq)

Proposition 6.18 For X, «, ,B(l), e /3(1), 0 (1), ...,0 (=1 a5 above and suitable almost complex struc-
tures on the symmetric products, the maps F and G coincide.

Proof The arguments are completely analogous to the ones for / = 2. We insert a long neck along
the dashed curve from Figure 12. We thus view X as the special connected sum of the sphere &
and the quasidestabilized diagram, except now each has [ + 1 collections of attaching curves. Let
¢ €ma(x, 0D .. 00D y)be ahomology class of (I+1)-gons, of index 2 — [, that admits pseudo-
holomorphic representatives. In the limit when the neck-length 7" — oo, the class ¢ splits into homology
classes of broken (/+1)-gons v on the sphere ¥, ¢ on the quasidestabilized diagram, and a class % of
annoying «-degenerations. Lemma 6.10, equation (71) and Lemma 6.16 still hold true, and therefore

(73) 2—1 = u(p) = u(p) + (@) +mz+mg>Q2—1)+0+0+0.

Hence, % = 0 (so there are no annoying «-degenerations), m3 = m4 = 0, and we end up with a fibered
product description of Jl(¢) analogous to (72). On the ¥ side, we can use a limiting process to ensure
that the holomorphic representatives of v are splicings of an index zero (/+1)-gon and several f(1)-
boundary degenerations. One possibility for the index zero (/+1)-gon is that it lies in the class g
analyzed in Lemma 6.17. In the fibered product description the conformal structure of the domain of a
pseudoholomorphic (/4 1)-gon in Vg is specified by the (/41)-gon on the quasidestabilized diagram. By
Lemma 6.17, the number of the holomorphic representatives of 1o with this constraint is 1 (mod 2). A
similar discussion applies to the index zero (I41)-gon class with vertices at x’, 6 ... §¢=1 y’ The
fibered product description then implies the identification of the two maps F and G. O

The reader may wonder what happens in the case / = 1, that is, how are flow lines in a diagram % related
to flow lines in its quasistabilization 3. This question is more difficult, because if we try to degenerate
along the special connected sum neck, we can no longer avoid the presence of annoying o-degenerations.
Indeed, in (73) the inequality j(¢) > 2—1 = 1 does not hold true, due to the existence of index zero flow
lines on ¥ (namely, trivial ones). This leaves open the possibility that (%) = 1.

Nevertheless, we make the following:
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Conjecture 6.19 Let % = (E,&,E, w, z) be a Heegaard diagram, and % = (X, «, 8, w, z) be its
quasistabilization, as in Section 6.1. Suppose w, is the second basepoint (apart from w1) in the component
of ¥ — a that contains the curve 1. Suppose the variables corresponding to w; and w, are Uy and U,.
Then, for suitable almost complex structures, there is an identification between the Floer complex
A~ (%, s) and the mapping cone complex

A~ )[U1] L= 4=, 5)[U].

Note that this is a generalization of [Ozsvath and Szab6 2008a, Proposition 6.5], which dealt with
ordinary index zero/three stabilizations. The difficulty in proving Conjecture 6.19 is the lack of available
transversality and gluing results for annoying curves. In Section 15.4, we will give a proof of the conjecture
for a particular class of Heegaard diagrams, using rather ad hoc arguments.

6.7 Stabilizations

We now specialize to the case of ordinary (free) index zero/three stabilizations.
Let (2, e, {ﬂ(i)}le, w, z) be as in the previous section, and
F:A™ (Tq.Tgwy.s) > A" (Ta, Tgar.s). Fx)=fx @0V ®---090"V),
the corresponding polygon map. Assume further that the curves ,BY) is a small Hamiltonian translate of

a1, intersecting it in two points. Thus, (=, &, B¢, w, z) is obtained from (, &, 8@, w, z) by an index
zero/three stabilization, and

F: A_(T&’Tﬂ_(lhs) - A_(T&’ TE([)’S)’ F(,X_f) — f(.f ®0_(1) KRR 0_(1_1))

We keep the notation from Conjecture 6.19, with basepoints w;, w, and variables Uy, U,. Associate one
U variable to each w basepoint, and let % be the power series ring generated over [ by all U variables
except Uj.

From the proofs of Theorem 3.16 and Lemma 3.14, we know that there are destabilization maps

Destab’ : A7 (2, e, ﬂ(i),s) — A~ (. & BD,s),
defined by
Ul'(x xx") =0, UMxxx)—USx,

and these maps are equivalences over the ring R.

Proposition 6.20 The equivalences induced by destabilization commute with the polygon maps; that is,

Destab’ o F = F o Destab’.

Proof Use Proposition 6.18. |
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Versions of Proposition 6.20 are true for ordinary Heegaard Floer complexes, as well. In that case, we can
consider an admissible multidiagram (2, a, {8 )}f —1» W), where again the curves ,BY) are small isotopic
translates of o1, so that we can form the index zero/three destabilizations, and corresponding maps

Fo: CF~(Tq. Ty, w) = CF~(Ta. Tgay.w).  Fo: CF~(Tg. Tg,. %) — CF ~(Ty. Tgq). ).

(Note that the Heegaard diagrams appearing here can represent arbitrary three-manifolds.)

We have analogous destabilization maps Destab,,.

Proposition 6.21 In the case of ordinary Heegaard Floer complexes, the equivalences induced by
destabilization commute with the polygon maps; that is,

Destabf) oF,=F,o0 Destab;.

Proof This is analogous to the proof of Proposition 6.20. |

7 Index zero/three link stabilizations

In this section we study one of the Heegaard moves that appeared in Section 3.3, namely index zero/three
link stabilization. The behavior of holomorphic disks under this move was discussed in [Manolescu et al.
2009a; Zemke 2015]. We will review those results, and then (in Section 7.4) we extend them to the case
of more general holomorphic polygons. Furthermore, in Section 7.5, we will study what happens to
holomorphic polygons under a type of strong equivalence that relates different kinds of stabilizations.

The analytical input for this section comes from [Zemke 2015].
7.1 Algebraic preliminaries

In Section 3.4 we established Lemma 3.14, which said that a free complex C over R[U;] is chain
homotopy equivalent to the mapping cone

(74) Cone(C_[U] L=% ¢, [U,]).

That cone appeared naturally in the context of (both free and link) index zero/three stabilizations; see the
proof of Theorem 3.16.

To better understand link index zero/three stabilizations, we will also need the following variant of
Lemma 3.14:

Lemma 7.1 Let R be an [ -algebra, and let C be a free complex over R[[U1]. Let Ci]‘_’Uz be two
copies of the free complex over R[U;]| obtained from C by replacing the variable Uy with U,. Then the
complexes C and

C’ = Cone(C{' P2 [Un] 2= U=y )

are chain homotopy equivalent over R[U1]).
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Proof Let us fix a set of free generators S for C. We write the differential on C as
ox = Z c(x,y)Uln(x’y)y,
yeS
where ¢(x, y) € {0, 1} and n(x, y) are nonnegative integers. Further, given a generator x € S, we denote

by x4 and x_ the corresponding generators in Cf‘_)Uz and CU1=02,

We construct chain maps between C and C’ in both directions such that they are module maps over
R[[U1]] and they are homotopy inverses.

We let p: C’ — C be given by
p(U"x—)=U{"x, p(Uj"x4) =0.

In the opposite direction, we define t: C — C' by

n(xyy) _ Un(xsy)

— 1 2
=t D elrn T

One can check that p and « commute with the differentials, and p ot is the identity. Moreover, if we define

Ur —yr
H:C'—-C', HUlxy)=0, HUlx_)=-1—"2x,,
Uy —-U,
then we find that ¢ o p is chain homotopic to the identity, via the homotopy H. a

7.2 Holomorphic disks

As defined in Section 3.3, an index zero/three link stabilization is a local move on a Heegaard diagram, in
the neighborhood of an existing basepoint of type z. The move introduces a new alpha curve, a new beta
curve, and a basepoint of each type; see Figure 1. For convenience, we include Figure 1 again here, as
Figure 13, with the curves «, and 8, relabeled as o7 and B1, and the basepoints z, w’ and z’ relabeled as
z1, wp and z5. (Not shown is, for example, the basepoint w;, which is separated from z; by a number of
beta curves.)

We will denote the initial diagram by % = (f, o, E , W, Z) and the stabilized diagram by # = (X, &, 8, w, z).
We let L C L be the link component on which the stabilization is performed.

We are interested in the relation between the holomorphic disks in  and those in . If we ignore
the z basepoints, our picture is just that of a free index zero/three stabilization, and an analysis of the
holomorphic disks was done in [Ozsvath and Szab6 2008a, Section 6]; see also [Manolescu et al. 2009a,
Section 2]. The analysis is based on viewing % as the connected sum of ¥ (with z; deleted) and a
sphere ¥ containing the new curves (ie containing what is shown in Figure 13), and then degenerating the
Heegaard surface along the curve ¢ in Figure 13, by taking the length of the connected sum neck to infinity.
Further, the connected sum point p is then taken to be close to one of the circles «; or B; in Figure 13.
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Figure 13: An index zero/three link stabilization.

The analysis in [Ozsvath and Szab6 2008a; Manolescu et al. 2009a] did not distinguish between the disks
that cross z; and those that cross z;. A more complete characterization of the holomorphic disks was
given in [Zemke 2015, Lemmas 14.3 and 14.4]. This is based on a different degeneration. We still stretch
the neck along the dashed curve ¢ in Figure 13, but then, instead of taking the connected sum point close
to a curve, we stretch along the dashed curve cg. Note that stretching along cg is very similar to the
degeneration used for quasistabilizations in Section 6.

We state the results from [loc. cit.] here, with slightly different conventions: z; and z, play the roles of
w’ and w in [ibid., Lemma 14.3], and «; and f; are switched.

Proposition 7.2 [Zemke 2015] For generic almost complex structures associated to sufficiently large
neck stretching along ¢ and cg, with regard to the counts of holomorphic disks (modulo 2) in 3¢:

e The only disks of Maslov index one in a class ¢ € mp(x X x—, y X x_) from ¥ appear when
nz, (¢) = nw,(¢) = 0, in which case they are in one-to-one correspondence with the holomorphic
disks of Maslov index one in the corresponding class ¢ € m2(x,y) in ¥. Here, ¢ is obtained
from ¢ by taking connected sum (along c) with some copies of the complement of the disk bounded
by B in Figure 13, so that n,,(¢) = nz, (¢).

e The same description applies to the holomorphic disks of Maslov index one in classes ¢ €
T (X X Xg, p X X4).

e The only holomorphic disks of Maslov index one in a class ¢ € o (x X x—, y X x4+ ) from ¥ appear
when x = y and the domain of ¢ is either the bigon in Figure 13 containing w; or the bigon
containing w,; moreover, in each of these cases, there is only one such disk.

e The only holomorphic disks of Maslov index one in a class ¢ € mp(x X x4, y X x_) from ¥ appear
when x =y and nz,(¢) = nz,(¢) = 0. Moreover, for each x, there are exactly two classes ¢ such
that the total count of holomorphic disks in ¢ is 1 (mod 2): one class is the one whose domain is
the bigon in Figure 13 containing w», and the other is a class ¢ that has ny,, (¢) = 1 and goes over
no other basepoints.
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Proposition 7.2 allows us to relate the various Heegaard Floer complexes associated to 9 and %. For
example, if we ignore the z basepoints, we are in the setting of a free index zero/three stabilization.
Consider the complex C = CF ™ (Tg, T 3 w). Then the corresponding complex CF ~(Ty, Tg, w) in the
stabilized diagram is identified with

(75) C_[U.] 224 ¢ [ua],

where we denoted by C4 the copies of C that are obtained by including the basepoint x4 in . This cone
appeared in (74), and explains why Lemma 3.14 is relevant to our situation. In particular, Lemma 3.14
implies the following result (which we have already seen as part of the proof of Theorem 3.16):

Corollary 7.3 In the setting of Figure 13, the destabilization map

p:CF ™ (Ty, Tg, w) — CF ™ (Tg, TE, w)
given by
(U (x x x4)) = U'x,  p(UF (x xx-)) = 0

is a chain homotopy equivalence over % (the ring with one U variable for each w basepoint in the
diagram %).

Furthermore, the equivalence p is filtered with respect to the Alexander filtrations, and therefore gives rise
to equivalences
p: AT (¥, 5) > A (%, 5).

Note that A ~ (7, s) does not admit a mapping cone description similar to (75). However, such descriptions
do apply to, for example, generalized link Floer complexes that involve only the w basepoints on the
component L1, but may involve both w’s and z’s on the other components.

Also relevant to link stabilizations is Lemma 7.1. Indeed, let us ignore the w basepoints and look at the
complexes constructed with z basepoints. We relabel the z basepoints on L1 as w’s, so that our notation
is consistent with that from Section 3.1. Then Figure 13 becomes Figure 14. The move in Figure 14
consists in introducing two new curves and a new basepoint w, in the neighborhood of wj. This is a
variant of a free index zero/three stabilization: it differs from that by a strong equivalence (see Section 7.5
below), and in fact it could replace the ordinary free index zero/three stabilizations in the list of Heegaard
moves in Section 3.3.

If we now write C = CF ™ (Tg, T i w), then Proposition 7.2 implies that the corresponding complex
CF ™ (Ty, Tg, w) in ¥ is

(76) cUi=ley, L2%, Uity
Lemma 7.1 has the following:
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Figure 14: A variant of the free index zero/three stabilization.

Corollary 7.4 For the move shown in Figure 14, the destabilization map

(77) p: CF~(Ta. Tg.w) - CF~(Tz. Tz.®).  p(UY (x xx_) = U"x,  p(U"(x xx4)) =0,
is a chain homotopy equivalence over .

Remark 7.5 The result of Corollary 7.4 also holds if instead of CF~ we work with generalized link

Floer complexes that involve only the z basepoints on the component L (now relabeled as w’s), but may
involve both w’s and z’s on the other components.

7.3 Changes in the almost complex structures

In the previous subsection we worked with a generic family (call it Jg) of almost complex structures
associated to neck stretching along the curves ¢ and c¢g. We could just as well stretch along ¢ and a curve
cq around ay; let us denote the corresponding family of almost complex structures by J,.

With J,, the analogue of Proposition 7.2 holds, with the difference that the disks in a class ¢ €
mo(x X X_,y Xx_) or ma(x X x4,y X x4) have n,,(¢) = 0 instead of nz, (¢) = 0; and the classes ¢
are obtained from ¢ by taking connected sum with some copies of the complement of the disk bounded
by a1. Note that the description of CF ™ (Tg, Tg, w) as the cone (75) is still true, and so is Corollary 7.3.

On the other hand, once we ignore the w basepoints and relabel z’s as w’s, the description we have
of CF (T, Tg, w) from (76) changes. In the situation depicted on the right-hand side of Figure 15,
with Jy, the complex CF ~(Ty, Tg, w) is simply the cone

U,—-U
(78) C1[Ua] = C-[Ua].
Corollary 7.4 still holds, with the p map defined by the same formula (77).

One can interpolate between Jg and Jy by a family of almost complex structures, all with sufficiently
large connected sum neck along c¢. This induces a map on Floer complexes

(79) q)JB_>JaZ CF™ (T, Tﬁ, w, Jﬂ) — CF (T, Tlg, w, Jy).
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Figure 15: A change of almost complex structures from Figure 14.

See Figure 15. The change of almost complex structure map was studied in [Zemke 2015, Lemma 14.5].
We state the result below with our conventions.

Here, and later in the paper, we will write maps between mapping cones as 2 x 2 matrices; each cone will
be viewed (as a vector space) as the direct sum of its domain and target, in this order.

Proposition 7.6 [Zemke 2015] For sufficiently stretched almost complex structures, the map (79) can
id *
P do = (0 id)

U] = ¢4 U]

U1—U2l / Jle—U2

cU=Uau, | 4 U]

be written as

or, in more expanded form,

Remark 7.7 The upper right entry * in ® s, 5, can be computed explicitly; see Remark 14.6 of [Zemke
2015]. However, we do not need to know it for our purposes.

Corollary 7.8 The map (79) is related to the projections p of the form (77) by
po®r,—y, =p-

Proof This follows immediately from Proposition 7.6. Indeed, recall that the maps p take the domains
of the cones to zero, and act on the targets by taking both Uy and U, to Uj. O

We also need to consider the change of almost complex structures map for a free index zero/three
stabilization done in the neighborhood of a basepoint wi; see Figure 16. This will be useful to us in
Section 7.5 below. To be in agreement with the notation there, we will denote the unstabilized diagram by
(X, a, ¥, w), and the stabilized one by (X, e, y, w), withae =a U {1}, y =y U{y;} and w = w U {w,}.
We consider almost complex structures Jo stretched along ¢ and ¢y, and J,, stretched along ¢ and ¢,,. We
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Figure 16: A change of almost complex structures for free index zero/three stabilizations.

then interpolate between them using a family of almost complex structures sufficiently stretched along c.
This induces a map

(80) ® .7, CF~(Tg, Ty, w, Jo) = CF (T, Ty, w, Jy).

Note that, if we write C = CF ™ (Tg, Ty, w), then both the domain and the target of @, s, can be
identified with the cone

U,—-U
(81) C_[U2] = C4[Ux].
The following result comes from [Zemke 2015, Proposition 14.22]:

Proposition 7.9 [Zemke 2015] For sufficiently stretched almost complex structures, the map (80) can

id 0
o5, = (4 1)
C_[U2] —% C_[Us]

Ul—Uzl X JUl—Uz

C1[Us] =2 C4[Ua]

be written as

or, in more expanded form,

Once again, the lower right term * is computed explicitly in [Zemke 2015, Proposition 14.22], but we do
not need to know that formula here.

We are interested in the relation of the map (80) with the projections p.
Corollary 7.10 There is a chain homotopy
po®j, 7, = p.

Proof Note that, since now the lower right term is nonzero, we do not have po @, s, = p on the nose,
as in Corollary 7.8. On the other hand, we can look at the homotopy inverses to p. From the proof of
Lemma 3.14, such homotopy inverses are given by

1:CF~ (Tg, Ty, w) - CF~(Ty, Ty, w), 1(x)=xxx4.
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Proposition 7.9 implies that t = ®, J, oL, on the nose. Since to p >~ id and p ot = id, we have

po®j,»g, xpo®y, g, 0t0p=poLop=p. o
7.4 Holomorphic polygons

Our next goal is to study the behavior of holomorphic polygons under an index zero/three link stabilization.
The discussion will be modeled on Section 6, where we did a similar study for quasistabilizations.

Consider a Heegaard multidiagram

&, a®, .. a® gn gD 7).
and let
(=,aM, .. a® gV D 2)

be its index zero/three link stabilization, in the sense that each pair (D, ﬂ(j )Y is related to (&, B ()
by an index zero/three link stabilization, introducing two new basepoints w, and z, near z;, and two
new curves ozY) and ,BY ), Furthermore, we want the new curves ozgi) to be Hamiltonian translates of
one another, intersecting at two points each; and the same for the new curves ,ng ). See Figure 17 for an

example, with k =2 and [ = 3.

Mark the top-degree intersection points QS) € ozf) ﬂaiiﬂ) fori =1,...,k—1,and Géj) € ,BY) N ,BY'H)
for j =1,...,1 — 1. Pick 00([i) € Ty N Tya+1) containing Ho(ti), and pick 0/(3j) € Tﬂ(j) N Tﬂ(j-i—l)
containing Géj ) Let 67(@ = GS) — {9(5,")} and O_éj ) = OIgj ) _ {Qéj )} be the corresponding intersection
points in the destabilized diagram.

Let x4+ and x_ be the two points of intersection between agl) and ,3%1) such that there is a bigon from

X4 to x— going over z; (and also one going over z3). Similarly, let y4+ and y_ be the two points of

intersection between agk) and ﬂgl) such that there is a bigon from y4 to y_ going over z.

We want to study holomorphic (k+1I)-gons with boundaries on &®, ... @ M gD in this
clockwise order, and with vertices at 05) and Olgj ) as well as arbitrary x € T, 1) N Tﬁ(l) and y €
Ty N Tgay. A class ¢ of such holomorphic (k+1/)-gons can be viewed as the connected sum of a
class ¢ on the destabilized diagram, and a class i of polygons on the sphere &¥. Furthermore, given ¢
and intersection points ry € agl) N /351) and rp € ozgk) N /351), we define ®(¢, 1, r2) as the set of classes
¢ = (¢, V) satisfying ny,(¢) = 0, and with ¥ going from r; to r,. This set is nonempty only when
(r1,r2) = (x4, y4) or (r1,r2) = (x—, y—), in which case it consists in splicing of a standard polygon
Yo on & (an example is the shaded region in Figure 17) and some beta boundary degenerations.

Proposition 7.11 Choose generic almost complex structures Jg associated to a sufficiently large con-
)
1

nected sum neck along ¢, and also sufficiently stretched along a curve cg enclosing the "’ curves, as in

Figure 17. Then:
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Figure 17: General polygons under an index zero/three stabilization. The black dots represent the
0 intersection points. The shaded region is the domain of a pentagon class .

(a) When the components of (x, y) on ¥ are the pair (x4, y—), the counts of holomorphic (k+1)-gons
in classes

k— (1) (-1
pem@F V. .. 0 x. 0 L8 y)
are always zero.

(b) Supposex = x xryand y = y X rp with (r1,r2) = (x4, y+) or (x—, y—). Then the counts of
holomorphic (k+1)-gons in classes

pem@FV. oM x 00 00V y)
can be nonzero only when ny,, (¢) = 0. Further, for

Fem@f D, .. 00 280,807 ),

if we define ®(¢, r1,12) as the set of classes ¢ = (¢, V) satisfying ny, (¢) = 0, and with y going
from rq tory, then

(82) #M(@)= > #M(¢) (mod2).

peD(P.r1,r2)

Proof We use similar arguments to those in the proof of Proposition 6.18.
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In the limit as we stretch the connected sum neck along ¢, holomorphic polygons become splicings of
(possibly broken) holomorphic polygons on the two sides. The homology classes of polygons split also,
as ¢ = (¢, ¥), where ¢ is on = and ¥ on &.

Unlike for quasistabilizations, now the curve 1 does not go through the point p, and hence cannot serve
as boundary for the domains on X. Hence, ¢ is now an ordinary class of polygons (rather than a pair of a
polygon and an o boundary degeneration), so the analysis becomes somewhat simpler.

Consider a few domain multiplicities for ¢, shown in Figure 17:

my=np(@), ma=nz(p), m3z=nz(p), mg=ny,(P).

The analogue of Lemma 6.10 gives the index of the class ¢:

1(9) = p(@) + p(y) —2my.
There is also an analogue of Lemma 6.13, which gives the index of the component :
wW)=0@B—k—=1)+mi+my+m3+my.
Hence,
(83) 1(P) = (@) +m2 +m3+mg—my.
Further, by the relations for a domain to be acceptable (see Lemma 6.7), we have

m3—mg =my—mz+94,
with .
1 if (r1,r2) = (x4, y-),
§=140 if (r1,r2) = (x4, y4) or (x—, y-),

-1 if (rl, }’2) = (x_, y+).
From here and (83), we get

(84) ((P) = p(P) +2ma + 6.

We are interested in classes ¢ with u(¢) = 3 —k — [, so that we can count rigid holomorphic (k+/)-
gons. If such a class ¢ contains holomorphic representatives, we must have (¢) > 3 —k — . The
relation (84) implies that 2m4 + § < 0. Since my4 > 0, this disallows the case § = 1; that is, we cannot
have (r1,72) = (x4, y—). Part (a) is proved.

Part (b) deals with the case § = 0. Then u(¢) >3 —k —I = j1(¢) and (84) imply that
(@) =0, my=0.

This shows that ¢ € ®(¢, 1, 7). Observe that the classes in ®(¢, rq, r2) are splicings of a standard
polygon class ¥ on ¥ (an example is the shaded region in Figure 17) and some disk classes (namely,
exteriors of the curves ai’) or ﬂg’ ) in Figure 17).
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We have convergence and gluing results entirely similar to those in the proof of Proposition 6.18; compare
Propositions 6.14 and 6.15. From there we obtain the desired relation (82) between the holomorphic
polygons in the class ¢ and those in the possible classes ¢. |

Remark 7.12 If we had a single set of alpha curves (and several betas), then the result of Proposition 7.11
would follow more directly from the analysis in Section 6.6; see also [Zemke 2015, Lemma 14.25]. In
that case, we would actually get a stronger conclusion; for example, the holomorphic polygon counts
would be zero for (r1,r2) = (x—, y+) as well.

Remark 7.13 In the proof of Proposition 7.11 we actually did not use that the almost complex structures
are stretched along cg, only along c. However, we need to stretch along c¢g in order to identify holomorphic
disks —and thus express the domain and target of polygon maps in terms of mapping cones — for
Propositions 7.16 and 7.14 below.

We present below two consequences of Proposition 7.11. They are similar in spirit to Propositions 6.21
and 6.20.

First, we consider the polygon maps on ordinary Floer complexes CF ~, and study their behavior with
respect to the variant of index zero/three stabilization shown in Figure 14. The relevant picture is obtained
from Figure 17 by deleting w, and relabeling z; and z, as w; and w,. In the stabilized diagram, we have
a map

F:CF (Tyn), Tga) > CF  (Tyw, Tgw), F(x)= fOF V.. .00V @x ®0/(31)®- . -®0/(31_1)),
whereas, in the original (destabilized) diagram, we have

F:CF~(Tga). Tga) = CF~(Tzw. Tgoy)).  F(@) = f0F Vo2V 0i26" @ - -@(ig"l)).

Proposition 7.14 In the setting of Figure 14, the polygon maps induced on CF ~ commute (on the nose)
with the projections p from Corollary 7.4; that is,

poF = Fop.

Proof The map p takes generators containing x4 or y4 to zero, and otherwise sends both U; and U
to U;. In view of this, the result follows readily from Proposition 7.11: if y appears with some coefficient
U{" in the polygon map (on the destabilized diagram) applied to some X, then y x y_ appears with
a coefficient UI" ! U; 2 in the polygon map applied to X x x_ such that n; + n, = n. This implies
commutation with p. a

Remark 7.15 Proposition 7.14 easily extends to maps between generalized link Floer complexes, where
these complexes may use both types of basepoints on the link components that are not involved in the
stabilization move.
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Secondly, we can look at an index zero/three stabilization as in Figure 17, and consider the polygon maps
induced on generalized link Floer complexes

F:A™(Tym, Tgay,s) = A (Tyw, Tgar, 8),

(85) _ _
Fx)=f0% Ve 00 exao’ e -00]")
and _
F: A_(T&(l), TE(”’ S) — A_(T&(k), TE”)’ S),
(86)

F& = 0% Ve 0P eioie 00l

We are interested in whether these maps commute with the projections p. In Corollary 7.3, the maps p on
A~ (¥, s) are induced from those on CF ~, using the Alexander filtration. Further, homotopy inverses ¢
to the p maps on CF ~ can be found from the proof of Lemma 3.14: they are given by

Hx) =xxXx4, Uy)=yxXy+.
The same formulas must give homotopy inverses for the filtered versions of p, on A~ (%, s).
Proposition 7.11 now shows that the polygon maps commute with ¢, on the nose:
(87) Fou=10oF.

In the case when F and F are triangle maps (ie k = 1 and / =2, or k = 2 and [ = 1), the same argument
as in the proof of Corollary 7.10 shows that these triangle maps commute with the homotopy inverses
to ¢, which are the maps p:

(88) poF ~ Fop.

For k 4 [ > 4, however, the polygon maps F and F are not chain maps, so a chain homotopy as in (88)
would not make sense. Nevertheless, we can state a similar result by considering hypercubes of chain
complexes, as in Section 5. Suppose that

C= (Cs’ Ds)seEn

is a hypercube, where the C® are generalized link Floer complexes of the form A™ (Ty(s), Tg(¢), 5)
for some collections of curves a(g) and f(¢) depending on ¢, and the maps D¢ are polygon maps of
the form (85) above, with k + [ = ||¢]| + 2. (Such hypercubes will appear throughout this paper; see
Section 8.3 below.) Furthermore, suppose that all a(g) and B(e) are obtained from collections & (g) and
B(¢) by index zero/three stabilizations in the same spot. We have a hypercube

(_j = (58’ 58)8€]En
in the destabilized diagram, where the maps D are of the form (86).
The analogue of (88) in this general situation is the following:
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Figure 18: A strong equivalence between different kinds of stabilizations.

Proposition 7.16 Consider two hypercubes of chain complexes C and C as above, related by an index
zero/three link stabilization, with almost complex structures chosen as in Proposition 7.11. Then there

exists a chain map (as in Definition 5.15)
v:C—-C

whose components \1:2: C? — C? are the projections p from Corollary 7.3.

Proof For the components of W that increase the value of |g|| by one, we choose the chain homotopies
in (88); then (88) says that the condition for ¥ to be a chain map, equation (60), is satisfied along

two-dimensional faces.

The higher components of W are constructed inductively in the dimension of the faces. This is done
using (87) and arguments similar to those in the proof of Corollary 7.10, but applied to chain maps

between hypercubes. |

7.5 A strong equivalence

We now turn to discussing a move that will appear naturally in the context of index zero/three link
stabilizations for complete systems of hyperboxes, in Section 8.9. This move is pictured in Figure 18,
and consists in replacing the curve 81 by y; in that diagram, as well as replacing all the other beta curves
(not shown) with small isotopic translates of themselves, intersecting them in two points. We denote by
% = (=, a, B, w) the initial diagram, by %’ = (X, a, y, w) the final one, and by ¥ = (X, &, 8, w) and
%' = (Z.a, y, w) the destabilized diagrams, with a single w in place of Figure 18. Note that % and %’
are strongly equivalent, and in fact surface isotopic, in the sense of Definition 3.13. As usual, we view X
as the connected sum of ¥ and a sphere & that contains Figure 18.
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Observe that #€ is exactly the variant of free index zero/three stabilization pictured in Figure 14, whereas
9 is an ordinary free index zero/three stabilization of %. Our move from ¥ to % is a strong equivalence —
see Definition 3.13(a) —and it can be viewed as handlesliding 8 over several other beta curves — those
on the boundary of the component of X \ B that contains wj.

For each curve 8; not shown in the figure, let y; be its translate, and let 6; € B; N y; be the intersection
point that gives higher homological grading. We denote by 6 € Tg NT, the generator formed by all 6;
together with the point 6 in Figure 18. Let @ =0 —{A} e T zN Ty be the corresponding generator in the
destabilized diagram.

To compute Floer complexes, we will use almost complex structures for sufficiently large neck stretching
along the curves ¢ and ¢y, in Figure 18. With these almost complex structures, recall from Section 7.3
that the Heegaard Floer complexes CF ~ (%, Jy) and CF ~ (%', J,) can be described as the mapping
cones (78) and (81), respectively. Thus, they are chain homotopy equivalent to CF ~ (%) and CF ~ (%),
respectively, via the projections p.

At the level of Heegaard Floer complexes, the strong equivalence from % to %’ induces a map
F:CF~ (%) — CF~ (%)
given by counting holomorphic triangles with one vertex at 6.
Similarly, the strong equivalence from % to %’ induces a map
Fo:CF~(%,Jy) — CF— (¥, Jy)
given by counting holomorphic triangles with one vertex at 6.
The map Fy, is a version of the transition map computed in [Zemke 2015, Proposition 14.8]. Translated

into our setting, his result reads:

Proposition 7.17 [Zemke 2015] For generic almost complex structures J,, associated to a sufficiently
large neck along the curves ¢ and cy, the map Fy is given by the 2 x 2 matrix

F O
(89) Fa:(o F)’

or, in a more expanded form, B
F
C+[Uz] —— C_[U-]

U]—UQJ/ lU1—U2

F
C_[Uz]] —— CL[U-]
where C = CF (%) and C' = CF~(¥).

Remark 7.18 Since the B and y curves are obtained from each other by small isotopies, the triangle
map F is chain homotopic to the nearest-point map; see [Ozsvath and Stipsicz 2010, proof of Theorem 6.6].
On homology, we can think of the map induced by F as the identity.
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Corollary 7.19 Under the hypotheses of Proposition 7.17, we have a commutative diagram
CF (%, Jo) — CF~ (3, J)
o| |-
CF~(%) —F s cFr—@30)
Proof This is an immediate consequence of Proposition 7.17. |
While in Proposition 7.17 we worked with almost complex structures Jy stretched along ¢ and ¢, in
this paper we will mostly work in the setting of Section 7.2; that is, with almost complex structures Jg,

stretched along ¢ and cg (or Jy,, stretched along ¢ and ¢y ). Recall from (76) that CF (3, Jg) can be

identified with the cone S
Ci/1—>Uz [[Ul]] M CEJ1—>U2 [[Ull]-

Further, CF ~ (%, Jy) can be identified with the cone from (75), namely

C_[U] L=% ¢4 U]

We can go from CF (%, Jg) to CF~ (%', J,) by first changing the almost complex structures from Jg
to Jy as in Proposition 7.6, then applying the triangle map Fy, from Proposition 7.17, and then changing
the almost complex structure from Jy to J), as in Proposition 7.9; that is, we define

FiCF_(%,Jﬂ)%CF_(%/,JV), F=<I>Ja_>JyoFaoq>_]ﬁ_>Ja.
Our main interest is the relation of F with the destabilization maps p from Corollaries 7.3 and 7.4.

Corollary 7.20 The following diagram commutes up to a chain homotopy (represented by the diagonal

map): F
CF~(¥#,Jy) — CF (¥, J,)

, l \ l o
CF~ %) —f s cFr~@)
Proof Put together the results of Corollaries 7.8, 7.19 and 7.10. |

We now turn to discussing how higher polygon maps interact with the move in Figure 18.

Specifically, in Figure 18, we will introduce several isotopic translates of each curve. Suppose we have a
Heegaard multidiagram

(i&(l), .. .,&(k),ﬂ_(l), .. .,E(Z), }7(1), el }7(’"), w,z),
and let
(Z,a(l), .. ,oc(k),ﬂ(l),...,B(l),y(l),...,y(m), w,z)

be obtained from it by adding a new basepoint w, and new curves
aii), i=1,....k; Ei), i=1,....[; yl(i), i=1,....m
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that are translates of @1, 1 and y; from Figure 18. Furthermore, we want the new curves ozg) to intersect
one another at two points each, and similarly for the new beta and gamma curves.

We mark the top-degree intersection points 90(,i) € ozgi) N agiﬂ) fori =1,...,k—1, and similarly GX)
and 9)9). Pick 85 e T

y NTyi+1) containing Go(f), and let 53) = 0(5") —{95')}. We pick 05) containing
9;;) and 0)(,1) containing 0)9) , and define 0_;;) and 0_)(,1) similarly.

ol

Furthermore, we assume that the curves 8 @ and y M are small isotopic translates of each other, intersect-
ing in two points. We let @ be the top intersection point in T go N Tya), and then set § = 0 x 6, where
0 e ﬁil) N yl(l) is as in Figure 18.

We now count holomorphic (k+/+m)-gons with boundaries, in clockwise order, on a(k), el a(l),
BW . D y@  y and with vertices at 0(8), 05), 0 and 0)(,1) as well as arbitrary x €

Tyay NTgay and y € Ty N'T, om. If we use almost complex structures Jy stretched along ¢ and cq

&

(where ¢y encloses the curves 0‘1.) ), the holomorphic polygon counts give rise to a map
Gq: CF_(Ta(l), Tﬂ(l), Jo) — CF_(Ta(k), Ty(m), Jo).
There is a corresponding map in the destabilized diagram

G: CF (Tzm,Tzuy) = CF (Tgzw). ']T?(m)).

B
We can also consider almost complex structures Jg stretched along ¢ and c¢g (where cg encloses ﬂgl) )

and J) stretched along ¢ and ¢, (where ¢ encloses yfm)). By pre- and post-composing with change of
almost complex structure maps, we can define

G=25,57,0G6Ga0Py,-7,: CF (T,m, Tﬂu), Jg) = CF~ (Tyw, Ty(m), Jy).
The analysis done for holomorphic triangles in [Zemke 2015, Proposition 14.8] extends to the case of
higher polygons (see also the proof of Proposition 7.11). We obtain the following result:
Proposition 7.21 The higher polygon maps G, commute with the projections p:
poGa=Gop.
Observe that Proposition 7.21 implies an analogous result for the maps G instead of G, but with the
commutation only up to homotopy, and assuming that the maps G are chain maps:
poG ~Gop.

Of course, in general, the polygon maps G are not chain maps, but rather fit into hypercubes of chain
complexes similar to those in the setting of Proposition 7.16. The “commutation up to homotopy” can
then be phrased in terms of the existence of a chain map between hypercubes, which has the maps p
along its edges.
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Remark 7.22 The discussion in this section was for Heegaard Floer complexes, using only w basepoints.
However, if there are some z basepoints (away from the sphere &, so that w and w, are still free), the
same results apply to generalized link Floer complexes.

8 Hyperboxes of Heegaard diagrams

In this section we define the notion of a complete system of hyperboxes for a link. As advertised in the
introduction, this notion is the basic input for the surgery theorem.

Let B = (B1.....Bg+k—1) and B’ = (B, ... ,ﬁé+k_1) be two collections of curves on (X, w, z). We
will need the following terminology:

Definition 8.1 Suppose that, for any i, the curve B/ is obtained from f; by an isotopy such that f;
and B/ intersect each other transversely, in exactly two points, and do not intersect any of the other curves
in the diagrams. If this is the case, we write B ~ B’, and we say that B’ approximates B. Replacing B by
B’ is called an approximation.

Fix a multipointed, generic, admissible Heegaard diagram (X, &, 8, w, z) for a link L, and s € H(L).
If B’ approximates B sufficiently closely, then there is a nearest-point map from A~ (Ty, Tg,s) to
A~ (Ty, Tgs, s) taking each intersection point to the corresponding nearest intersection point.

Lemma 8.2 If B’ approximates B sufficiently closely, then the nearest-point map is an isomorphism of
chain complexes.

Proof When the approximation is sufficiently small, the nearest-point map, which is clearly an iso-
morphism of modules, coincides with a continuation map obtained from varying the almost complex
structure. The latter is always a chain map; see [Ozsvéth and Szabd 2004b, Section 7.3]. |

8.1 B-hyperboxes

Let B and B’ be collections of curves on (X, w, z) that are strongly equivalent. Note that the Heegaard
diagram (X, B, B/, w, z) is link-minimal, and represents an unlink inside the connected sum of several
copies of S x §2. If the pair (8, B’) is generic and admissible, we can define a generalized Floer chain
complex A~ (Tg, Tp,0) as in Section 3.2; see in particular Remark 3.9. (Here, 0 is the zero vector.) We
will use the alternative description of that complex from Section 3.6, and thus denote it by 21~ (Tg, Tg/, 0).
The resulting Floer homology Hx (™ (Tg, Tp-,0)) is the generalized Heegaard Floer homology of an
unlink inside the connected sum of several copies of S x $2, hence it equals the homology of a torus; see
the completion of the proof of Theorem 3.16 at the end of Section 3.5. As such, there is a well-defined
maximal-degree element 6g g € H« (A (Tg, Tp,0)). Observe that, if the surface X has genus g, then
this maximal degree is u = % g. In the particular case when B ~ B/, there is also a canonical cycle

(intersection point) 6%3%/ representing g g/.
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Recall the notation from Section 5.1; in particular, pick d = (d1,...,dn) € (Z>0)",n > 0, and consider
the set of multi-indices E(d). We say that two multi-indices ¢, &’ € E(d) with ¢ < ¢’ are neighbors if
¢’ — e € E,. Note that, in the definition of a hyperbox of chain complexes (Definition 5.1), we only have
linear maps D¢ ~¢: C® — C¢ in the case when ¢ and ¢’ are neighbors.

The hyperbox E(d) can be viewed as a union of several unit hypercubes: if all d;’s are nonzero, there
are dids ---d, unit hypercubes of dimension n, whereas, if some d;’s are zero, we get a union of
unit hypercubes of smaller dimension. More precisely, let d° = (d7,...,d,) consist of the values
d? = max(d; —1,0), and let n° be the number of nonzero d;’s. Then E(d) is the union of the unit
hypercubes ¢ + E 0 for e € d°.

Definition 8.3 An empty B-hyperbox of size d € (Z>0)" on a fixed surface with marked points (X, w, z)
consists of a collection {8°},egq) of strongly equivalent sets of attaching beta curves B°, indexed by
¢ € E(d). Further, we require that, for each unit hypercube of the form ¢ + E,o with ¢ € d°, the
corresponding Heegaard multidiagram (X, {ﬂs/} ¢’€(e+E,0)» W, Z) is generic and admissible.

Definition 8.4 Let {8°},cEk(q) be an empty B-hyperbox, consisting of diagrams on a surface of genus g.
Set u = % g. A filling © of the hyperbox consists of chain elements

@g,g/ € Ql,l:-i-”&"—&‘”—l(’]:rﬂg’ ’]Tﬂg/, 0),

one for each pair (g, ¢’) such that ¢ < ¢’ and ¢ and ¢’ are neighbors. The chains ®,  are required to
satisfy the following conditions:

e When ¢ <&’ and ||¢’ —¢|| = 1 (ie ¢ and ¢’ are the endpoints of an edge in the hyperbox), ®, . is a
cycle representing the maximal-degree element 6 g pe in Floer homology.

e For any ¢ < &’ such that ¢ and &’ are neighbors,
lle’—el
(90) Z Z f(Og,1 ®: @Oz -1 ) =0.
[=1 {e=gV<--<el=¢'}
The data consisting of an empty B-hyperbox {8°}.cg4) and a filling by {®,  } is simply called a
B-hyperbox.

Remark 8.5 The simplest kind of S-hyperbox is a 8-hypercube, ie one with d = (1,..., 1), so that
E(d) = E,. Then the Heegaard multidiagram consisting of all 2" curve collections has to be admissible.
Further, any two ¢, ¢’ € [E,, with ¢ < &’ are neighbors, so, for any such ¢ and &, the pair (8°, ,Be/) needs to
come equipped with a chain ®, ¢ such that these chains satisfy (90).

This kind of B-hypercube is quite natural, and has already appeared implicitly in the Heegaard Floer
literature, eg in [Ozsvéth and Szabd 2005]. There are two reasons why we need the more general kind of
hyperbox. The first is that we want to allow for some of the beta pairs in the hyperbox (those for which
¢ and &' are not neighbors) to form nonadmissible diagrams. These nonadmissible diagrams make an
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appearance in the construction of basic systems; see Section 8.7 below. The second reason is that general
hyperboxes appear naturally in the context of grid diagrams; see Section 15.6 below.

Lemma 8.6 Any empty B-hyperbox admits a filling. Moreover, if a filling is partially defined on the m-
skeleton of a B-hyperbox (ie the elements ®, . are defined only for neighbors ¢ and &' with ||’ —¢| < m,
and satisfy the required conditions), it can be extended to a filling on the whole hyperbox.

Proof We construct the chain elements ©; . inductively on ||&’ —¢]|.
When ||¢’ —¢|| = 1, we choose arbitrary cycles representing the maximal-degree elements in homology.

When | ¢’ —¢|| > 1, suppose we want to define ®, s and we have defined elements ©,,,/, whenever
ly'— v < |le’ — ¢l|, satisfying (90). Set

e’ —ell
¢= Z Z f(Op0e1 ®:-®O g1 ).
=2 {8=80<“'<81=6‘/}

Using (12), we obtain

lle’—ell

de= )" > F(f(Op00 ®®O, -1 41))

=2 {e=g0<-.<gl=¢'}

lle’—ell
=) X Y fOp @@ (O i1 @ RO, ) B B Ot 1)
1=2 {8:80<...<81:g/} 051<]Sl
(@,/)#0,0)
=0.

Here, for the last equality we applied (90) to the pair (&', /).

Thus, ¢ is a cycle in Ql;+||s/—e||—2(jr/38’ Ty, 0). If |¢’ — || = 2, then ¢ is the sum of two terms of the
form f(©, .1 ® O, ). Both of these terms represent the nonzero homology class of maximal degree
(compare [Ozsvéth and Szabé 2005, proof of Lemma 4.5]), and therefore their sum c is a boundary. If
|¢’ —&|| > 2, then the respective homology group Ql; Hle—el-2 (Tge. Tyer, 0) is zero (being beyond the
maximal degree 1), so ¢ is again a boundary. Thus, in any case we can choose O such that 00, o =c.
Then (90) is satisfied for the pair (e, &’). a

8.2 Hyperboxes of strongly equivalent Heegaard diagrams

We define an a-hyperbox on (X, w, z) to be the same as a 8-hyperbox, except we denote the collections
of curves by a’s and, for any neighbors ¢ < ¢/, we are given elements ® ; € A7 (T, Tqe, 0) rather
than in A~ (Tge, T, 0). The compatibility relation (90) has to be modified accordingly:

lle’—ll

(29) Z Z SO ®: QO -1 ) =0.

I=1 {¢/=e0>..>¢l=¢}
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Now suppose that we have d = (d1, ..., d,) € (Z>¢)" for some n > 0, and we are given maps
rit{l,...,di} > {a,B}, i=1,...,n.

We can then assign to each edge (¢, ¢’) of the hyperbox E(d) a symbol r (e, &’) € {«, B} as follows: if
the edge is parallel to the i™ axis and its projection to that axis is the segment [j — 1, j], we choose
r(e, &) =ri(j). We refer to {r; }'_, as bipartition maps.

Given bipartition maps as above and ¢ € E(d), we set

£ =#r7 W@ N1, .e)), & =#OTI BN, e

for i = 1,...,n. These define n-tuples ¢* € E(d%) and ¢f € E(d#), where d* = (d¥)?_, and

i=1
db = (a’l.ﬂ);’:1 (where, of course, d* = #rl._l(oz) and dl.ﬂ = #rl._l(,B)). Note that % + 8? = ¢g; for any i.
Definition 8.7 Choose d € (Z>¢)" and bipartition maps r; fori =1,...,n. A hyperbox ¥ of strongly
equivalent Heegaard diagrams consists of an a-hyperbox of size d“ € (Z>¢)" and a B-hyperbox of
size dP € (Z0)", both on the same multipointed surface (X, w, z). These are required to satisfy the
following condition: For each multi-index ¢ € E(d), we can consider the Heegaard diagram

¥ = (2,0, B, w, 2).

For each unit hypercube ¢ 4+ E,o C E(d), the curve collections appearing in the diagrams #./, for all
¢ € e + Eypo, are required to form a generic, admissible Heegaard multidiagram.

We can view some of the information in # in the following way. The hyperbox # has at each of its vertices
a Heegaard diagram %, such that all of these are strongly equivalent, and each edge in the hyperbox
corresponds to changing either the alpha or the beta curves. Further, we have elements ®g‘,’ e = Qg e
for ¢ < &’ neighbors in E(d %), and @f, o = Og ¢ for & < & neighbors in E(d £). We usually refer to a
hyperbox € as going between the Heegaard diagrams 3, .. o) and #(q, ... 4,)-

Remark 8.8 Suppose we have a hyperbox # of strongly equivalent Heegaard diagrams representing a
link L C Y. Then the hyperbox # naturally gives rise to a reduced hyperbox r (#0), with the same size
and bipartition maps, made of the reduced Heegaard diagrams (r (%)) = 1 (%z); see Definition 3.22.
Indeed, in 7, (#) we can take the images of the ®-chain elements from 7€ under the corresponding
inclusion maps defined in Section 3.8.

8.3 Hyperboxes of Floer complexes

Let ¥ be a hyperbox of strongly equivalent Heegaard diagrams, of size d € (Z>¢)" and with partition
maps r; fori =1,...,n. At each vertex we have an admissible Heegaard diagram 7€.. Let us assume that
¥, represents a link Linan integral homology sphere Y. Fix s € H(L). We will construct an associated
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hyperbox of chain complexes as in Section 5.1. To each vertex ¢ € E(d) we assign the generalized Floer
chain complex
C: = A;(%é‘? S) = A;(Tasa > Tﬂsﬂ s S);

compare Section 3.2.
We define the linear maps Dg’—e: Ct¢ — C* by
D™ (x)

=) > > f(©% 1 @-00% , ®x8O 8 @O, ).
l’p {8/(X=y0>...>yl=stx} {SB=§O<---<§p=S/'B}

Example 8.9 When ¢ = ¢/, the corresponding map D? is just the differential f = 9 on the generalized
Floer complex A, (¥, s).

Example 8.10 When |¢' —¢|| = 1, ie (g, &) is an edge in the hypercube, Dg/_s is given by counting
holomorphic triangles with one specified vertex. Since that vertex is a ®-cycle representing the maximal-
degree element in homology, the chain map Dgl_s is a chain homotopy equivalence.

Example 8.11 When ||¢’ — ¢|| = 2, we distinguish two cases, according to whether the edges of the
square between ¢ and ¢’ are marked with only one or both of the symbols & and f. In the first case,

&'—¢

assuming they are marked with B, the map D{ ~° is a sum of three different polygon maps: one counting

triangles with one vertex at @ﬂ 5 and two counting quadrilaterals with two vertices at @ﬁ and eFf e
where { is an intermediate mu1t1 1ndex between £# and ¢, (There are two p0s51b111t1es for ¢.) In the
second case, when ¢ and ¢ are the vertices of a square with two edges marked with « and two with 3,

the map Dﬁ is given by counting quadrilaterals with two specified vertices at @ﬁ B and ®%

’aa

Lemma 8.12 A~ (¥,s) = ((C®)sek(a). (D®)¢eE,) is a hyperbox of chain complexes.

Proof We need to check (38), ie that, for any ¢, &” € E,,

(92) > DEFoDETE=0.
e<g/<g”

Indeed, the summation in (92) equals
D f(0% @ ®0% i ®f(O% @ @O%,  ®X®OL 8 R0, )

® ®fj,;j+1 ®-® ®€p—1,;p)’

where the sum is taken over all possible /, p, i, j and multi-indices £ = y% > -+- > y/ = &% and
e = < o<P = gP. Applying (12), we find that this sum further equals

YO, @@ (0%, i ® RO )@ ®0%,  ®x®O), 8RO, )

SN
+Yf(O% 8 ®O%_,  ®xB0OL, , ® @ f(OF_, ,® RO, )86, ,,).

gi=1gi ¢/=1es gp=lge
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Both of these sums vanish. Indeed, let us fix i, / — j, p and all y’s and {’s in the first sum, except for
o
v/,

by (91). Similarly, by applying (90) we find that the second sum is also zero. a

¥',...,y/~1. Then the corresponding sum of f(®§i—1 yi ® Q06 yf') over y',...,y/lis zero

In the case where the hyperbox ¥ consists of link-minimal diagrams, we can use the alternative description
of A7 (., s) as free complexes A, (#,, s), as in Section 3.6. We then denote the resulting hyperbox of
chain complexes by A~ (¥, s).

8.4 Moves on hyperboxes

In this section we describe a series of moves on hyperboxes of strongly equivalent Heegaard diagrams. In
light of Lemma 8.6, we see that hyperboxes are easy to construct, and thus are rather flexible objects.

Recall the list of Heegaard moves between multipointed Heegaard diagrams from Section 3.3. Suppose
now that # is a hyperbox of strongly equivalent Heegaard diagrams. We have a similar list of hyperbox
Heegaard moves on #:

(1) A three-manifold isotopy of ¥ consists of applying the same three-manifold isotopy to all the Heegaard
diagrams #? simultaneously, keeping the same partition maps and taking the ®-chain elements (which
are linear combinations of collections of intersection points) to the corresponding linear combinations in
the isotopic diagrams.

(i1) An index one/two stabilization of a hyperbox ¥ consists of a simultaneous index one/two stabilization
of all diagrams ¥, in the same position. Note that if two collections of attaching curves are strongly
equivalent, they remain so after the stabilization. With regard to the fillings, we need to pair each ®-chain
element with the unique intersection point between the new alpha curve and new beta curve. The fact
that the new ®-chain elements still satisfy the relations (90) follows from the argument of [Ozsvéth and
Szab6 2006, Lemma 4.7] generalized to polygons.

(iii) A free index zero/three stabilization of a hyperbox ¥ consists of a simultaneous free index zero/three
stabilization of all diagrams ¥, in the same position. We again note that if two collections of attaching
curves are strongly equivalent, they remain so after the stabilization. With regard to the fillings, we
pair each ®-chain element with the maximal-degree intersection point between the new alpha and beta
curves. The fact that the new ®-chain elements still satisfy the relations (90) follows from the first part of
Proposition 6.20.

(iv) An index zero/three link stabilization of a hyperbox € consists of a simultaneous index zero/three
link stabilization of all diagrams ¥, in the same position. The fillings are constructed as in (iv), by
pairing with the maximal-degree intersection point between the new curves. The relations (90) are then a
consequence of Proposition 7.16.
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(v) Instead of curve isotopies and handleslides, we now have global shifts, defined as follows. Consider
two hyperboxes 3 and %’ having the same size d € (Z>¢)" and the same partition maps r;. A global shift S
from % to ¥’ is an (n+1)-dimensional hyperbox of size (d, 1) € (Zx0)"*! such that its subhyperbox
corresponding to &,+1 = 0 is ¥ and its subhyperbox corresponding to &,4+1 = 1 is #’. Note that there
are two kinds of global shifts, & and §, according to the value of the map r,+1: {1} — {a, B}. Observe
that, by definition, a global shift does not change the Heegaard surface with basepoints (X, w, z).

(vi) An elementary enlargement will be defined later (see Definition 8.17).

(vii) Inverses to the above. In particular, the inverse process to a stabilization is called destabilization,
and the inverse of an elementary enlargement is called a contraction.

Note that the moves (i)—(v) (and their inverses) preserve the size of the respective hyperbox.

As a particular kind of three-manifold isotopy, we define a surface isotopy of ¥ to consist in applying
the same surface isotopy to all the Heegaard diagrams simultaneously, compare Definition 3.13(b). If %
and ¥’ are surface isotopic hyperboxes, we write # = .

Let us now focus on understanding global shifts further. Note that a global shift induces a chain map
between the respective hyperboxes of generalized Floer chain complexes; compare Definition 5.15. It
turns out that this map is always a chain homotopy equivalence. Before proving this fact, we need some
preliminaries.

Definition 8.13 Let % and ' be two hyperboxes of strongly equivalent Heegaard diagrams such that
either

(a) the corresponding alpha curves on ¥ and ¥’ coincide, whereas the corresponding beta curve
collections approximate each other (8¢ ~ /3/‘9 ) in the sense of Definition 8.1; or

(b) the corresponding beta curves coincide, and the corresponding alpha curve collections approximate
each other.

Further, suppose that the approximations are sufficiently small (for Lemma 8.2 to hold) and suppose
the ®-chains correspond to each other under the respective nearest-point maps. We then say that %’
approximates ¥, and write ¥ ~ %. If we are in case (a), we call this an approximation of type 8, and if
we are in case (b), we call it of type «.

Lemma 8.14 Suppose ¥ ~ ¥/, where the approximation is of type 8. Then there exists a canonical
global shift between % and ¥’ such that along the new edges we see the canonical elements (mentioned
in Section 8.1)
can __ (no\can
®8 _®ﬂ6,ﬂ/8 ETﬂamTﬂ/S.
Proof For simplicity, we explain the construction in the case when the hyperboxes are one-dimensional
of length one. Thus, 9 consists of two curve collections 8° and B! and a chain element © relating them.
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Similarly, %’ consists of curve collections "0 and ,3/1 and a chain element @’ that is the image of ®

under the nearest-point map. Along the new edges we are required to place the two intersection points
can can

Oy and O™,

We also have a cycle
(CUNS A7 (Tgo, Tg1,0)

that is the image of ® under the nearest-point map changing 8! into ,B/l. (This is a cycle because of
Lemma 8.2.) Recall that there is a canonical homotopy between the continuation map 24~ (T 8O’ T Bl 0)—
A7 (Tgo, Tg1/,0) and the triangle map x > f(OF" ® x); see [Lipshitz 2006, proof of Proposition 11.4]
or [Ozsvath and Stipsicz 2010, proof of Theorem 6.6]. This chain homotopy is defined by counting
holomorphic bigons with a varying almost complex structure and stretching of the neck. Thus,

f(@?)an ® @/) — @// + dH(),
where Hj is the image of ® under the canonical chain homotopy. Similarly,
fOQOF™) =0 +dH,.

where H is the image of a map counting stretched bigons with one vertex at ®. We then place the chain
element Hy + H; on the two-dimensional face of our global shift. Relation (90) is satisfied.

If % and ¥’ are one-dimensional (of arbitrary length), we place chain elements as above on all their
two-dimensional faces. Further, the construction generalizes to hyperboxes of higher dimension, by
considering continuation maps with several stretched necks. a

The global shift constructed in Lemma 8.14 is called the identity shift. There exists a similar identity shift
between hyperboxes that approximate each other through an approximation of type «.

Now suppose % ~ %’ and fix s € H(L). Let (C¢, D) and (C'¢, D’®) be the hyperboxes of generalized
Floer complexes (for the value s) associated to 3 and %, respectively. Note that there is a nearest-
point map from C¢ to C’é, defined by taking each generator (intersection point) to its image under
the approximation. This is a chain map provided that the almost complex structures are chosen in a
compatible way. In fact, by adding zeros on the higher-dimensional faces, we obtain a chain map between
the respective hyperboxes of generalized Floer complexes. We refer to this as the nearest-point map, too.

Lemma 8.15 An identity shift induces a map on the hyperboxes of Floer complexes which is chain
homotopic to the nearest-point map.

Proof The triangle map induced by an approximation is chain homotopic to the nearest-point map; see
[Ozsvath and Stipsicz 2010, proof of Theorem 6.6]. The argument in [loc. cit.] can also be applied to
higher polygons, with the result that the chain homotopies between triangle and nearest-point maps lift to
chain homotopies between the respective hyperboxes. |
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Lemma 8.16 The chain map F(S) induced by any global shift S on hyperboxes of Floer complexes is a
chain homotopy equivalence.

Proof Let S be a global shift between two n-dimensional hyperboxes ¥, #’ of size d, so that S has size
(d,1). Let #”, %" be two hyperboxes that approximate ¥ and each other.

We construct an (n42)-dimensional hyperbox S of size (d, 1, 1) as follows. Its subhyperbox correspond-
ing to &4 = 01is S, so that &,+1 = &4 = 0 corresponds to ¥, and e,41 = 1 and g,4, = 0 is . Its
subhyperbox corresponding to 5,41 = 1 is any global shift between %’ and ¥”; for example, the reverse
S” of S composed with the identity shift from € to #”. Thus &,4+1 = &,42 = 1 corresponds to . For
en+1 = 0 and &,4+2 = 1, we take the other hyperbox ¥ that approximates ¥. For &,,4+1 = 0 we choose
the identity shift between 3 and %", and for &, = 1 the identity shift between %"’ and 9”. We then
fill in the remaining faces of the hyperbox S (those corresponding to increasing both &, 41 and &,4, by
1) with ®-chain elements in an arbitrary way.

On the level of Floer complexes, the hyperbox S then produces a chain homotopy between F'(S") o F(S)
and the identity. a

Definition 8.17 We define an elementary enlargement of a hyperbox ¥ of strongly equivalent Heegaard
diagrams by analogy with the corresponding concept from Section 5.8. Let d € (Zx¢)" be the size of ¥.
Pick igp € {1,...,n} and jo € {0,1,...,d;}. Define d* = d + 1} as in Section 5.8. We also choose a
symbol k = « or §.
We construct a new hyperbox #* of size d *, with bipartition maps rl.Jr =r; fori # iy, and

rig(J) if j = Jjo.

r() =« if j = jo+1,

rig(j —1) if j = jo+2.
The hyperbox % is obtained from 3¢ by splitting the latter into two halves along the hyperplane &;, = jo,
adding a new subhyperbox at ¢;, = jo 41 that approximates the one at ¢;, = jo, and inserting the identity

global shift between them. We say that H ™ is obtained from H by an elementary enlargement. The
reverse process is called elementary contraction.

In Section 5.8 we defined a similar notion of elementary enlargement for hyperboxes of chain complexes.
If %7 is the elementary enlargement of a hyperbox of Heegaard diagrams 9, let A~ (9, s) and A~ (%7, s)
be the respective hyperboxes of generalized Floer chain complexes, as in Section 8.3. Let also A~ (%, s) ™
be the corresponding elementary enlargement of the hyperbox of chain complexes A~ (¥, s). By applying
Lemma 8.15, we see that 24~ (%, s)* is chain homotopy equivalent to A~ (%, s).

Lemma 8.18 Let ¥ and ¥’ be two hyperboxes of strongly equivalent Heegaard diagrams representing
the same oriented link L C Y and having the same dimension. Then:

(a) The hyperboxes ¥ and ¥ can be related by a sequence of hyperbox Heegaard moves.
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(b) Suppose further that the diagrams in ¥ are link-minimal, and the diagrams in %' have m basepoints
of type z, and therefore m — £ subsidiary w basepoints, as in Proposition 3.12. (We choose the
same basepoints to be subsidiary in all the diagrams in ¥.) Then ¥’ can be obtained from ¥
using a sequence of hyperbox Heegaard moves that includes exactly m — £ index zero/three link
stabilizations, with each of these stabilizations introducing a subsidiary basepoint.

Proof For part (a), use three-manifold isotopies, stabilizations, and destabilizations to transform the
hyperboxes into two new ones that have the same underlying Heegaard surface (X, w, z). After a few
more index one/two stabilizations as in [Manolescu et al. 2009a, Lemma 2.4], we can also arrange so
that the alpha curves in % are strongly equivalent to the alpha curves in ¥, and the beta curves in ¥ are
strongly equivalent to the beta curves in #. We can then use elementary enlargements to arrange so that
the hyperboxes # and #’ have the same size and bipartition maps. Using the winding procedure from
[Ozsvath and Szabd 2004b, Section 5], we can find a sequence of empty hyperboxes (of the same size
and with the same bipartition maps) that interpolate between the two: # = #°, %1, ..., %? = %’ such
that each pair (%/~!, %) forms an empty hyperbox of one dimension bigger (satisfying the required
admissibility conditions). We then choose arbitrary fillings of the intermediate hyperboxes %/ (see
Lemma 8.6) as well as arbitrary global shifts between %/ ~! and #/ for j = 1,..., p. The result is a
sequence of global shifts relating % and (.

Part (b) follows by combining the strategy above with Proposition 3.12. |

Recall the invariance statement about generalized Floer complexes for links (Theorem 3.16). We have an
analogous result for hyperboxes of strongly equivalent Heegaard diagrams representing a link:

Proposition 8.19 Let ¥, %’ be two hyperboxes of strongly equivalent Heegaard diagrams that represent
the same oriented link L C Y, and have the same dimension. Let A~ (¥,s) and A= (¥, s) be the
hyperboxes of generalized Floer chain complexes associated to % and ¥, respectively, for some s € H(L).
Pick also natural inclusions R.(L) < R(%) and R(L) — R(H'), as in Theorem 3.16. Then the hypercubes
obtained from A~ (¥,s) and A~ (9, s) by compression (see Section 5.2) are chain homotopy equivalent
over (L), in the sense of Section 5.7.

Proof By Lemma 8.18, it suffices to investigate the effect of hyperbox Heegaard moves on the corre-
sponding (compressed) hyperboxes of generalized Floer complexes. Index one/two stabilizations and
three-manifold isotopies produce chain homotopy equivalences between the respective hyperboxes; see
[Ozsvath and Szab6 2004b; 2006]. The same goes for global shifts, according to Lemma 8.16. The
chain homotopy equivalences then descend to the compressed hyperboxes, according to Lemma 5.19.
Elementary enlargements also produce quasi-isomorphisms between the respective compressions; see
Lemma 5.21. Free index zero/three stabilizations result in equivalences; see [Ozsvéth and Szabd 2008a,
Proposition 6.5] and Proposition 6.20. Index zero/three link stabilizations also result in equivalences, as a
consequence of Corollary 7.3 and Proposition 7.16. |
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8.5 Sublinks and hyperboxes

Let L C Y be an oriented link, and M C L a sublink with m components. We choose an orientation
M of M, not necessarily the one induced from L. We denote by L — M the sublink L — M with the
orientation induced from L.

Definition 8.20 A hyperbox of Heegaard diagrams for the pair (L, M ) is an m-dimensional hyperbox
¥ of strongly equivalent Heegaard diagrams representing the link L-— M, together with an ordering
My, ..., My, of the components of M.

Remark 8.21 In particular, a hyperbox of Heegaard diagrams for a pair (L, @) is simply a Heegaard
diagram for L.

Definition 8.20 may appear mysterious at first. The intuition behind it is that a hyperbox ¥ for a pair
(L, M ) corresponds to subtracting the link M from L. Indeed, although this is not required by the

definition, the initial diagram (g .. o) of # will always be obtained from a Heegaard diagram for L

by deleting some of its basepoints. The final diagram will represent L — M, and the ordering of the
components is telling us the parts of the hyperbox associated to subtracting the respective components
M; from L. Indeed, we can think of the ordering as a one-to-one correspondence between the coordinate

axes of the hyperbox and the components of M, where the i coordinate corresponds to M;.

To make this more precise, let %L M be a hyperbox for the pair (L M ). Then, for each M’ C M, we
denote by %L M (M) the Heegaard diagram el o M’)’ where ¢(M’) is the multi-index with components
e(M’); fori =1,...,m, given by

di ifM; C M,

e(M"); =
(M 0  otherwise.

Informally, we think of %L M (M) as the intermediate step in the hyperbox obtained after subtracting M !
from L. In particular, the initial and final vertex of the hyperbox %L M are %L M (2) and %L M (M),

respectively.

For every M "' C M, there is a subhyperbox of geL-M going from %L M (M) to geL.M (M). We denote
it by %L M(M’ M). Note that %L M(M’ M) is a hyperbox associated to the pair (L—M',M—M).
We also denote by %L A’f (o.M ') the subhyperbox of %L M going from %L M (2) to %L M (M), which
is complementary to %¢L-M (M’, M).
g¢L.M

We say that two hyperboxes and %L’M for the same pair (L, M ) are isotopic if they have the

same ordering of the components of M, and the underlying hyperboxes of strongly equivalent Heegaard

diagrams are isotopic. If this is the case, we write #X-M =~ LM

Up to now, the orientation for M has not played any role in the definition of a hyperbox for a pair (L M ).
However, it played a role when we discussed reduction (see Definition 3.22 and Remark 8.8). Observe
that if %L M is a hyperbox for a pair (L M ), its reduction at an oriented sublink N C L — M, denoted
by ry (%L M), is a hyperbox for the pair (L N, M).
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Figure 19: Compatibility between hyperboxes. We represent here hyperboxes schematically by
lenses. On top we have a hyperbox LM and two subhyperboxes, shown as sublenses with
different shadings. The compatibility condition (a) in Definition 8.22 is the equality between the
two lightly shaded lenses. Condition (b) is the equality between the two darkly shaded lenses.

We are now ready to mention the following notions of compatibility for hyperboxes (see Figure 19):

Definition 8.22 Let %L-M be a hyperbox for a pair (L M ), and HLM pe o hyperbox for the pair
(L, M), where M is a sublink of M with the orientation M’ induced from M. Let also SeL—M' . M—M’
be a hyperbox for the pair (L — M', M — M").

9L-M and geL-M’

(a) We say that the hyperboxes are compatible if

(93) rig g (EM) = 9t M (o M),

(b) We say that the hyperboxes %Z’M and %Z_M M —M’ are compatible if there is a surface isotopy
(94) LM M=M" o gL M (\17 pp).
8.6 Complete systems of hyperboxes

In the following definition (and in the rest of this subsection), all sublinks of a link L that are denoted
by L’ will come with the orientation L’ induced from L and, similarly, all sublinks in a link M that are
denoted by M’ will come with the orientation M’ induced from M.

Definition 8.23 A complete presystem of hyperboxes ¥ representing the link L consists of a collection of
hyperboxes subject to certain compatibility conditions, as follows. For each pair of subsets M C L' CL,
and each orientation M € §2(M), the complete presystem assigns a hyperbox %fL/’M for the pair (Z' M ).

Moreover, the hyperbox geL'-M g required to be compatible with both geL'-M’ and geL'—M'.M-M’
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%K,K(g) %K,K %K’K(K)
@ o ¢ o o @

remove 74

#K &
remov% Gk —K

@ o o o @
%K—K (z) #5K(K)

® ¥%~°

WA

Figure 20: A complete presystem of hyperboxes for a knot K. For simplicity, we assume here
that %X has no free basepoints, and exactly two linked basepoints (w and z). The symbols
indicate surface isotopies.

In particular, note that a complete presystem contains hyperboxes of the form 9¢L"2  which are zero-
dimensional; in other words, they consist of a single Heegaard diagram, which we denote by 9L’ The
diagram geL' represents the sublink L' C Y.

As previously mentioned in Section 8.5, we think of the hyperbox %i"M as a way of destabilizing L
at the components of M. Indeed, %L'-M goes from r (%L/) (ie 9¢L with half of the basepoints on M

deleted, according to the orientation M) to gL' =M

Example 8.24 Let L =K CY beaknot. Then a complete presystem of hyperboxes for K consists of
two multipointed Heegaard diagrams, %X for K and %2 for Y itself, together with two one-dimensional

9%K-K | going from a diagram #%-X (o)

hyperboxes of strongly equivalent Heegaard diagrams: one,
(which is just %X with the z points on K removed) to some diagram %X (K) (surface isotopic to %?);
and another one, #%X:~K going from the diagram %X~ —K(2) (which is just #X with the w points

removed), down to a diagram #X-—K(K) (surface isotopic to %?). This is illustrated in Figure 20.

In short, a complete presystem of hyperboxes for a knot K produces a multipointed diagram %X for the
knot, together with a way of relating the diagram %X with the z points on K removed to the diagram
9K with the w points on K removed, via a certain sequence of strongly equivalent Heegaard diagrams
and ®-cycles, plus some surface isotopies in the middle (moving the w basepoints into the z basepoints).
Note that both of the diagrams that we relate in this fashion represent Y itself. Observe also that the
sequence of ®-cycles (and surface isotopies) induces a corresponding sequence of chain maps on Floer
complexes as in Section 8.3. These chain maps are all chain homotopy equivalences; see Example 8.10.
By composing them we obtain a chain homotopy equivalence between the initial and the final Floer
complex. This is exactly the kind of structure that was used in [Ozsvéth and Szab6 2008b], in the context
of describing the Heegaard Floer homology of integer surgeries on knots. One should view complete
presystems as a generalization of this structure to the case of links.
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g¢L2

I

ﬁnove Zy

%Ll UL>,Lq

remove 7

9¢L1UL> - remove zi, zZp

remove&

Il

® jt?

[

remove zq

L{UL>,L
JeL1YLla, Lo g¢L1,L1

I

%nove 71

Figure 21: A part of a complete presystem of hyperboxes for a link L= L, U L. For simplicity,
we assume that %~ has exactly two basepoints w and z; on Lj, and two basepoints w, and z»
on L,. We show here one quarter of the complete presystem, consisting of the two-dimensional
hyperbox F¢L1YL2:L1YL2 and all smaller hyperboxes related to it by compatibility conditions.

)
gL

Example 8.25 When L= L1 U L, is alink of two components, a complete presystem of hyperboxes
for L consists of four zero-dimensional hyperboxes

%Ll ULZ’ %Ll , %LZ’ %Q,
eight one-dimensional hyperboxes

geL1ULa, Ly geLiUL2,—Ly gpl1UL2,Ly geliUL2,—La geLi,Ly1 geLli,—L1 gpla,Lo gplo,—L>

and four two-dimensional hyperboxes

%LIULz,LlULz %LIULz,—LlULz %LluLz,Llu—Lz %LIULz,—LlU—Lz
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These hyperboxes are related by various compatibility conditions. Some of these conditions are illustrated
in Figure 21.

In the case of a knot K C S3, the complete presystem only contains data for quasi-isomorphisms (in
fact, chain homotopy equivalences) between various Heegaard Floer complexes of ¥ = S3. At the
level of homology, there is a unique F[[U]-module isomorphism from HF ~(Y) = F[U] to itself,
namely the identity. However, in the case of links (or even for knots, but in more general homology
spheres Y), complete presystems give rise to quasi-isomorphisms between generalized Floer complexes
of sublinks, whose homology can be complicated. Recall from Remark 3.17 that, in general, the resulting
isomorphisms on generalized Floer homology are not canonical. To ensure naturality, we need to control
the paths traced by basepoints under the surface isotopies involved in the compatibility relations (94).

We start with the following:

Definition 8.26 Let # = (X, a, 8, w, z) be a multipointed Heegaard diagram for an oriented link L cY,
with a corresponding Heegaard splitting ¥ = Uy Uy Ug. For each basepoint w € w N L, we denote by
z(w) € z the successor of w on Z, that is, the basepoint on the same component L j of L as w which
appears just after w as we go around I:,- according to its orientation. A good set of trajectories

c={cy|lwewnl}
for # consists of disjoint, smoothly embedded paths
cw:[0,1] > X, cw(0)=w, cyp(l)=z(w),

such that each path ¢y, is homotopic (inside the handlebody U, ) to the minimal oriented segment [y,
on L going from w to z(w), by a homotopy whose interior avoids the link L. Further, we require that the
image of each ¢y, is disjoint from the free basepoints (ie the basepoints in w \ L).

Observe that the alpha and the beta curves did not play an essential role in the definition above; we could
have made the same definition by starting with a Heegaard splitting (and suitable basepoints) instead of a
multipointed Heegaard diagram.

Definition 8.27 Let L C Y be an oriented link. A set of surface data (X, w, z, c¢) for L consists of

e an (oriented) embedded surface X C Y that produces a Heegaard splitting ¥ = Uy Uy, Ug with
Uy = —0Ug = X; we assume X to be transverse to L;

e adecomposition of L N X into alternating w and z basepoints; z is the set of z basepoints, and w
is the union of those basepoints and possibly some additional ones on X\ L;

e a good set of trajectories ¢ as in Definition 8.26.
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Consider now a complete presystem of hyperboxes # for L C Y. Note that all the hyperboxes %Z/ M in

€ contain Heegaard diagrams with the same underlying Heegaard surface . Let wl M (resp. z LM )
be the set of basepomts of type w (resp. z) on the diagrams in the hyperbox %L . In particular, we let
wl’ = wl’? and 2L = 22 We also set w = w” and z = zL.

Given a sublink M C L with an orientation Zl71, welet M = M I M_, where M4 (resp. M_) consists
of those components of M that have the same (resp. opposite) orientation in L asin M. Suppose M
is a sublink of some L’ C L (with the orientation L coming from Z). Because of the compatibility
condition (93) (applied to L' instead of Z,, and taking M' = &), we must have

=@ \MHuEY NnM_) and M L (L'—M).

Thus, the basepoints on all hyperboxes are determined by those on the diagrams 9L for L' C L. To
get further control on the basepoints (and the way they move under surface isotopies), consider a good
set of trajectories ¢ = {cy, } for the initial diagram %~ (which represents Ii). We say that the complete
presystem ¥ is dependent on the trajectory set ¢ if the following conditions are satisfied:

 For any L' C L, wehave wl = wand zL = zN L, so that, for any M C L’ with an orientation M,

wl'M = w\M_)uznM_), 'M=zn(L —M).
e Forany M'C M C L’ C L, and any orientation M of M, in the respective compatibility relation (94),
which reads

(95) %Z/—M/,M—M/ o~ %L/’M(M,, M),

we use a surface isotopy that moves each basepoint w € w N M (appearing in the diagram on the
left-hand side of (95)) to its successor z(w) € z N M (appearing in the diagram on the right-hand
side of (95)), exactly tracing the path c¢,,. Moreover, we require the surface isotopy to be supported
in a small neighborhood of the path ¢y, and in particular to fix all the basepoints in

Ww\M)U@EN M -M))u(zN(L - M)),

which appear on both sides of (95).

Definition 8.28 A complete system of hyperboxes (¥, ¢) representing a link L CY consists of a complete
presystem of hyperboxes # for L together with a good set of trajectories ¢ for ¢ such that % is dependent
on ¢. (We usually drop ¢ from the notation, and refer to ¥ as a complete system of hyperboxes.)

If # is a complete system of hyperboxes for L with a good set of trajectories ¢, and if (2, w, z) is
the multipointed Heegaard surface of the initial diagram %%, we refer to (X, w, z, ¢) as the underlying
surface data for #. (Compare Definition 8.27.)

Definition 8.29 A complete system of hyperboxes (¥, ¢) for L CY is called link-minimal if 56~ (and
hence all the Heegaard diagrams in #) are link-minimal, in the sense of Definition 3.2.
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Definition 8.30 A complete system of hyperboxes (¥, ¢) for L CY is called minimally pointed if the
diagram ¢ is minimally pointed, in the sense of Definition 3.3. (Note that this does not imply that the
other diagrams in the system are minimally pointed.)

Definition 8.31 A complete system of hyperboxes (#, ¢) for L CY iscalled of pure S-type if all its
hyperboxes are pure B-hyperboxes, ie the corresponding bipartition maps r; take all the indices to S.
(Hence, in such a system, the alpha curves always stay fixed, and we have ¢ = &P for any multi-index ¢.)

8.7 Basic systems

Let L C Y be a link. In this section we describe a special kind of minimally pointed complete system of
pure B-type for L, which we call basic.

In a basic complete system, all hyperboxes of the form %i/’&’ will be trivial, ie of size (0,...,0), when
M has the orientation induced from L (or, equivalently, from L ). In particular, all diagrams gL' = geL'-2
will simply be obtained from an initial diagram, %%, by deleting the z basepoints on the components
of L—L"

Let £ be the number of components of L. We choose the Heegaard diagram %~ to be basic (see
Definition 3.4), that is, of genus g, with g + £ — 1 alpha curves and g + £ — 1 beta curves, £ basepoints
marked w, £ basepoints marked z, and such that the basepoints w; and z; fori = 1..., £ lie on each side
of a beta curve f;, and are not separated by any alpha curves. Thus, the beta curves split the surface X
into £ components X1,..., Xy, numbered such that X; contains the basepoints w; and z;, and has both
sides of fB; as parts of its boundary. We denote by L; the component of L on which w; and z; lie. We
construct a good set of trajectories ¢ = {cy, } for %L to consist of small paths ¢y, from w; to z; that
intersect 8; once and do not intersect any of the other curves. We will take (X, {w;},{z;}, ¢) to be the
underlying surface data for our complete system.

Let B be the curve obtained from f; by a small isotopy pushing w; into z;, following the path ¢y, as in
Figure 22. Note that, if we ignore w;, then ] can also be obtained from B; by handleslides supported
in X; away from z;, namely by handlesliding B; over all the other curves on the boundary of ¥;; compare
[Ozsvath and Szabé 2004b, proof of Proposition 7.1].

We would like to construct a complete system using the curves f§; and ;. Of course, if the isotopy from
w; to z; is supported just in a small neighborhood of ¢y, then the curves B; and B’ are not transverse
(they have a whole arc in common away from that neighborhood), so cannot be part of the same Heegaard
diagram. This issue persists even if we slightly isotope B further so that its intersection with f; is
transverse and consists of two points, as in Figure 22. Indeed, let Bi1 be the bigon between f; and B/
containing z; and Bl.2 the other bigon. Then X; — Bl.1 + Bl.2 is a periodic domain in ¥ with only nonnegative
multiplicities, and with zero multiplicity at the basepoint z;. This is a source of problems if one tries to
construct a Heegaard diagram using the curves f; and B and the basepoint z;, because such diagrams
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Bi
Figure 22: The curves f; and B;. We show here a component X; of the complement of the beta
curves in X.

are not admissible. In order to fix this problem, we introduce an intermediate curve f; as in Figure 23.
Then there are no periodic domains as above between f; and 3/, nor between f; and ;"

-

Let us now describe the hyperbox %Z’_L, which is the biggest hyperbox in our basic system. As mentioned
above, the hyperbox %¢L-~L is a pure 8 -hyperbox. Its punctures are z; fori = 1,..., £, but playing the
role of w’s in the definition of a multipointed Heegaard diagram. The hyperbox has dimension £ and size
d=2,2,..,2).Foreck(d)=1{0,1,2}*, the collection of curves B¢ is given by an approximation

Bi ife; =0,
BE~ Bl ife =1,
Bl ife; =2,

fori < ¢, and B¢ ~ B; fori > £. We also arrange so that 7 ~ ,Bf/ for any ¢ # ¢’ with &; = ¢].

Note that with this choice of 8%, when two multi-indices ¢ and &’ are neighbors, we never see a pair of
curves that approximate ; and ;" (for the same i) in the Heegaard diagram (X, 8°, B ¢ w, z). Hence,
the admissibility hypothesis in the definition of the B-hyperbox is satisfied. Further, there is a natural
choice for the chain ®, , when (¢, ¢’) is an edge in the hyperbox: namely, the respective intersection
points of maximal degree. For example, if in the Heegaard diagram (=, B¢, B¢, w, z) we see the curves
Bi and B, then the point marked 6; in Figure 23 would be part of the corresponding ®-chain. When
e < ¢ are neighbors but ||’ —¢| > 2, we set O » = 0.

Figure 23: The curves f; and . The diagram formed by them is admissible.
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The fact that the ®-chains satisfy the compatibility relations (90) has a proof similar to those of [Ozsvath
and Szab6 2004b, Lemma 9.7; 2005, Lemma 4.3].

For future reference, we denote the beta curves in the %L =L hyperbox by

Let us now describe an arbitrary hyperbox %Z"M in the basic system. Let M = My I M_ as in
Section 8.6, where M+ (resp. M_) consists of those components of M that have the same (resp. opposite)
orientation in L as in M. Denote by m (resp. my, m_) the number of components in M (resp. My, M_).
Order the components of M according to their ordering as components of L:

M=L;jU---UL;

im>»

1< <ip.

The hyperbox 9L’ M phas size dM = (dlM, e, d,j,‘?), where
d_];,: 0 ifL;, S My,
2 ifL;, CSM-.

Its diagrams all lie on the surface ¥ with punctures wl’ M gng ;LM given by

wE M = fwy | L S L-MjUtz | LS M-} and 259 =z Lic L'— M),
Consider the injective map
)UVI;IE(dM) —>IE(d_z) —0.1.2¢,
given by ] o |
OM(er,....em))i = gj i)ftlllei;ijsior some J,

For the beta curves 87 in the hyperbox 9¢L"-M e choose

(96) pe=p"®  ceR@M) ic{l.....g+0-1}.

Finally, we let the ®-cycles on the edges be the respective intersection points of maximal degree, and we
let the rest of the ®-chain elements be zero.

This completes the description of the hyperboxes 9¢L"-M  (Note that, when M_ = &, we indeed get
a trivial hyperbox consisting of the initial Heegaard diagram %~ with the points z; on (L — L) U M
removed.) The verification of the conditions in the definition of a complete system is an easy exercise.

Definition 8.32 A complete system of hyperboxes ¥ representing the link L is called basic if it is
constructed as above. If this is the case, we refer to € more simply as a basic system for the link L.

To review, every basic system for L is associated to a particular 2¢-pointed Heegaard diagram

(Z,a1,....0g 101, B1.. - Bgpt—1. W1, ..., WgiZ1, ..., Zp)
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with the property that, for eachi =1, ..., £, the basepoints w; and z; lie on each side of the curve §; and
are not separated by any alpha curves. In addition, the construction of the basic system requires several
choices (the curves B8] and B and their approximations). For simplicity, we typically forget those choices
and just say that the basic system is associated to a special Heegaard diagram as above.

Remark 8.33 Another complete system of hyperboxes for a link is described in Section 15.6, using grid
diagrams.

8.8 A more general construction

While Section 8.7 was focused on basic systems, the same ideas can be used to construct complete systems
from any Heegaard diagram and good set of trajectories.

Proposition 8.34 Let HL = (2, a, B, w, z) be a multipointed Heegaard diagram for a link L CY, and
let ¢ be a good set of trajectories for 3¢ . Then there exists a complete system of hyperboxes 9 which is
of pure B-type, is dependent on ¢, and has 9L as its initial diagram.

Proof We will construct # so that its hyperboxes 9¢L"-M are of the same size as the ones defined for a
basic system in Section 8.7. Also, since ¥ is meant to be of pure B-type, the collections of alpha curves

will be fixed to be the same collection  from %L, in all the hyperboxes.

We begin by describing the biggest hyperbox %Z,—Z’ which is of size d = (2,2,...,2). Recall that
each trajectory ¢y, in ¢ gives a surface isotopy supported in a neighborhood of ¢y, taking w to its
successor z(w). For e e E(d) = {0, 1, 2}¥, let 7, be the composition of all surface isotopies corresponding
to ¢y for basepoints w on link components L; with g; # 0.

If none of the values g; are 1, we choose the collection of beta curves B¢ to be

B® :=1:(B).

Thus, when some value ¢; changes from 0 to 2, the beta curves change by an isotopy moving some
basepoints, similarly to how ;" was obtained from f; in Section 8.7.

We construct the remaining collections 8¢ by induction on the number of values 1 among the ¢;. Let
g € {0, 2}¢ be obtained from & by changing all values 1 among ¢; to 2. Then we define 8° by winding
the curves B¢ = 7,(B) sufficiently to achieve admissibility with the already defined collections of beta
curves, in each hypercube. This is done as in [Ozsvéth and Szabé 2004b, Sections 5 and 8.4.2], and is
similar to how we obtained the curve ] from B’ in Section 8.7.

After the beta curves are constructed, we fill in the hyperboxes in %L - with ®-chain elements using
Lemma 8.6. We then define the other hyperboxes %L M based on what we have in %L —L , using the
same formula (96) for tlle bﬁeta curves as in the basic case. We alsoqlet the ®-chain elements to be
induced from those in 9%¢£-~L": the element for the pair (g, &') in 9¢L"-M should be the same as the one
for (AM (¢), AM (&')) in L1, 0
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8.9 Moves on complete systems of hyperboxes

In Section 8.4 we defined several moves on hyperboxes of strongly equivalent Heegaard diagrams. We
can define an analogous list of system Heegaard moves between complete systems of hyperboxes.

First note that three-manifold isotopies, index one/two stabilizations, free index zero/three stabilizations,
global shifts (and all their inverses) have straightforward extensions to complete systems of hyperboxes.
A certain move of one of these types on a complete system consists of applying that type of move to
all the hyperboxes in the system, in a way compatible with restrictions. The good set of trajectories
should be taken into the corresponding one by the respective moves. The (index one/two, or free index
zero/three) stabilizations are required to be done away from the trajectories ¢y, in the good set, so that
these trajectories are preserved.

The three other system Heegaard moves in the list are elementary enlargements / contractions, index
zero/three link stabilizations (and destabilizations), and trajectory «-slides, which require more discussion.

An elementary enlargement of a complete system ¢ consists of picking a component My of L, with
an orientation M(), and doing compatible elementary enlargements of those hyperboxes %D’M with
A7[0 C M (and the orientation on ]\710 is the one induced from M ); these elementary enlargements are
all done along the coordinate axis corresponding to M. The good set of trajectories is unchanged. An
elementary contraction is the inverse of an elementary enlargement.

An index zero/three link stabilization of a complete system ¥ is as follows. We do an index zero/three
link stabilization of the initial diagram % resulting in two additional basepoints w’ and z’ near an old
basepoint z on a component L; C L; see Figure 1. Let 3’ be the new Heegaard surface, and w’ and z’
the new collections of basepoints. We let ¢y, be a short trajectory (inside the disk bounded by «’) joining
w’ to z". Adding ¢y to the good set of trajectories ¢ for ¥, we obtain a new trajectory set ¢’. We take
(Z,w', 2/, ¢’) to be the underlying surface data for the new stabilized complete system %, which we now
describe. Let M C L’ C L be sublinks, with M = M 1T M_ having an orientation M (that coincides with
the orientation of L exactly on M4 ). To get from the hyperboxes in ¥ to the corresponding hyperboxes
in %, we do the following.

If L; € L"— M_, we change the hyperbox %Z/’M by an index zero/three link stabilization performed in
the same place as in J¢L.

If L; € L — L', note that the z and z’ basepoints should disappear. Therefore, we change %Z/’M by a
free index zero/three stabilization at the same location (followed by a three-manifold isotopy to get from
3 to X).

If L; € M_, note that the w’ basepoint disappears, and we relabel z and z’ as w and w’, respectively.

We first construct a hyperbox G¢L'-M from g¢L'-M by taking (in each Heegaard diagram) the respective

connected sum with a sphere, and adding the two new curves «’ and 8’ encircling w and w’, as in Figure 24.
, o S

)L M

The corresponding hyperbox (¢’ in the new system %’ is obtained from gL' -M by increasing the
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Figure 24: Index zero/three link stabilizations of complete systems. Compared to the right-hand
side of Figure 1, we deleted w’ and relabeled z and z’ as w and w’, respectively. The curve 8"
can be obtained from 8’ by handlesliding it over other beta curves.

length of its side in the L; direction by one, and adding on (at the end of each segment in the L; direction)
new diagrams in which the curve 8’ is replaced by B” as in Figure 24. (Observe that replacing 8 with "
is the strong equivalence discussed in Section 7.5, with different notation.) The ®-chain elements on the
new edges in the L; direction contain the point 6 in the figure. After this modification, the subhyperbox
(' )L M (L;, M) is surface isotopic to the free index zero/three stabilization of 9eL'~Li;M—L;i , as it
should be according to the compatibility relation (94). Note that the change from %L M to (%’ )L M can
be realized as the composition of an elementary enlargement and a global shift (of hyperboxes). We do
these moves in a compatible way on all hyperboxes corresponding to pairs (Z/ M ) with L; € M_. This
completes the description of the index zero/three link stabilization of #.

Finally, we have one more system Heegaard move, the trajectory a-slide, which did not have an analogue
in the list of moves on hyperboxes. This involves changing the good set of trajectories c. It is a move
that we only perform on complete systems of pure B-type, ie those where the alpha curves are fixed;
see Definition 8.31. Suppose # is such a complete system, and let t be an embedded arc connecting a
basepoint z; to an alpha curve «;, and not intersecting any alpha curves in its interior. Observe that the
trajectory ¢y, does not intersect alpha curves either — otherwise these would be moved by the isotopy
along ¢y, , but we assume them to be fixed. On the other hand, both ¢y, and T may intersect various beta
curves, from different diagrams in the complete system. See Figure 25, top left.

The trajectory -slide is a move that transforms % into a new complete system 9, where the trajectory ¢y,
is replaced by c{ui, the result of a handleslide of ¢,,; over «; along the arc 7, as in Figure 25, top right.
To motivate the description of ¥, consider the relations

%L/—M/,M—M/ o~ %L/,M (M/, M)

from (94), where the surface isotopy goes along ¢, ; this happens when w; € M. Let us denote this
surface isotopy by ¥. Then, if on the left-hand side of the above equation we have a diagram with
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Figure 25: A trajectory «-slide.

curves B, on the right-hand side we will have the curves ¥ (B), as in Figure 25, bottom left. Now, in
the new complete system %, we would like to have on the right-hand side the curves v’ (Bj) instead,
where v’ is the isotopy following c{ul_ , as in Figure 25, bottom right. To achieve this, given any hyperbox
%i/’&[ with w; € M_, we increase its side length corresponding to the component L; (the one containing
w;) by 2, by letting (B ) be followed by a new curve ,/C and then by ¥'(Bx); the intermediate curves
,8]’( are chosen by twisting ;. sufficiently to ensure admissibility. We then fill in the new parts of the
hyperboxes using the procedure from Lemma 8.6. The result is a new complete system of pure S-type,
which is our desired 3¢’

With the list of system Heegaard moves in place, we can now state the analogue of Lemma 8.18 in this
context:

Proposition 8.35 Let ¥ and % be two complete systems of hyperboxes representing the same oriented
link L C Y.

(a) The complete systems % and ¥’ can be related by a sequence of system Heegaard moves.

(b) Suppose that ¥ is a link-minimal system and that the diagram (3¢')* in %' has m points of type z,
and hence m — £ subsidiary w basepoints. Then ¥’ can be obtained from ¥ by a sequence of system
Heegaard moves that includes exactly m — { index zero/three link stabilizations, with each of these
stabilizations introducing a subsidiary basepoint.

Recall that each complete system # has some underlying surface data S = (X, w, z, ¢); compare
Definition 8.27. To prove Proposition 8.35, we will relate the complete systems by first relating their
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underlying surface data. With the exceptions of global shifts and elementary enlargements/contractions
(which do not change the surface data), each system move has a corresponding move at the level of the
surface data itself. Thus, we distinguish the following types of moves of surface data: three-manifold
isotopies, index one/two stabilizations, index zero/three stabilizations (free or linked), and trajectory
a-slides. (In the case of trajectory w«-slides, to define these without reference to alpha curves, we
simply require one of the trajectories in ¢ to slide over a simple closed curve that bounds a disk in the
handlebody Uy.)

Lemma 8.36 Let S and S’ be two sets of surface data for the same oriented link £-component LcY.

(a) The sets S and S’ can be related by a sequence of moves of surface data.

(b) Suppose that S is link-minimal (that is, it contains exactly £ basepoints of type z), and that S’ has
m points of type z, and hence m — £ subsidiary w basepoints. Then S’ can be obtained from S by a
sequence of moves of surface data that includes exactly m — £ index zero/three link stabilizations.

Proof Let us first consider the case when both § = (2, w, z,¢) and S’ = (X', w’, 2/, ¢/) are minimally
pointed; that is, they each have only £ basepoints of type w and £ basepoints of type z.

In this case, after a three-manifold isotopy, we can assume S and S’ have the same basepoints w = w’ and
z = z/, and in fact that the corresponding surfaces X and ¥’ agree in a neighborhood of each basepoint
(intersecting that neighborhood in the same small disk). Moreover, we can make the trajectories ¢y, agree
with ¢/, in small neighborhoods of the basepoints.

After this, to relate S and S’, we use a Morse-theoretic argument. We fix a Riemannian metric on Y.
For each component L; of L (with basepoints w; and z;), we also fix a standard self-indexing Morse
function f; in a small tubular neighborhood v(L;) of L;. We ask for f; to have exactly two critical points,
both on L;, one of index 0 and one of index 3, such that L; consists of two gradient flow trajectories
between these two critical points, and

1 3)==nvLy) =Y nu(L),
so that the alpha handlebody (from either S or S”) intersects v(L;) in fi_1 [0, %], and the beta handlebody
intersects v(L;) in fi_l[%, 3].

Furthermore, we can assume that ¢y, NV (L;) = c{ui N v(L;) consists of two small arcs on X: an arc a;

from w; to some point w} on dv(L;), and another arc b; from some point z* on dv(L;) to z;. We let

¢i C ¢y, be the remaining arc from wl-* to Zl?" along the trajectory cy,, after we remove a; and b;. We
/ P

define ¢; C ¢, similarly.

We choose a pushoff y; of the arc L; N fl._1 [0, %] so that y; goes along the boundary dv(L;), from w
to z*. See Figure 26.

We extend the functions f; to a single self-indexing Morse—Smale function f on all of Y, by introducing
new index 1 and 2 critical points (but no additional index O or 3 critical points) so that & = f ! (%) We
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Figure 26: Constructing a Morse—Smale function. We show here a neighborhood of a link
component L;, together with the path ¢;. The arrows represent gradient flow lines taking y; into c¢;.

ask that the arc y; is taken by the forward gradient flow to the arc ¢; on X, from w to z*. To see that we
can choose f this way, note that, by assumption, y; is homotopic to ¢; inside the alpha handlebody, and
therefore, by Dehn’s lemma, the union of y; and ¢; bounds an embedded disk D; in that handlebody. We
extend the functions f; from v(L;) to a neighborhood of that disk, so that the flow takes y; to ¢;, then
extend them to the rest of the alpha handlebody — so that on X it takes the value %, and finally to the
beta handlebody.

Next, we apply the same procedure to X', obtaining a Morse—Smale function g with ¥/ = g~! (%) such
that ¢; is the image of y; under the forward gradient flow.

We now relate the two functions f and g by a generic smooth homotopy (F;)o<s<1, With Fo = f, F1 =g,
keeping F; fixed in the neighborhoods v(L;). Following the level set at % along this homotopy, we can
relate the surfaces X and ¥’ by three-manifold isotopies and index 1/2 stabilizations and destabilizations;
compare [Ozsvath and Szab6 2004b, Proposition 2.2] or [Juhdsz 2006, Proposition 2.15]. As for the
trajectories ¢y, and c{vi, they remain fixed near the basepoints throughout the homotopy, while the arc c;
changes into ¢/ by following the images of y; through the homotopy. In this generic one-parameter family
of functions, at finitely many points it may happen that the forward flow takes y; into an index 1 critical
point. Then ¢; changes not by an isotopy on X, but rather by a trajectory «-slide (over the intersection
of ¥ with the ascending manifold of the index 1 critical point).

Thus, we have succeeded in relating any two minimally pointed sets of surface data. If we have arbitrary
surface data S’, we can find some minimally pointed surface data S and a sequence of three-manifold
isotopies and index zero/three (free and linked) stabilizations, that take S into S”. Indeed, we can position
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these (de)stabilizations around the trajectories ¢, and the free basepoints that we want to eliminate
from S’, until we get to the minimally pointed setting. This completes the proof of part (a). For part (b),
note that in the above process we used the minimal number of index zero/three link stabilizations. O

Proof of Proposition 8.35 First, let us consider the case when ¥ and %’ have the same underlying
surface data S = (X, w, z, ¢). If so, elementary enlargements and contractions can be used to make the
sizes (and bipartition maps) of all corresponding hyperboxes to agree. Then we use global shifts to relate
the resulting complete systems, as we did in Lemma 8.18 for hyperboxes.

In view of the above observation, instead of relating two complete systems ¥ and %’ by moves, it suffices
to consider their surface data S and S’, use Lemma 8.36 to relate these by a sequence of intermediate data

o7 S =S80, 81,8,...., S5, =5

and, for each k = 0,...,n — 1, find some complete system #; with data Sj, related by some system
move to a complete system ‘576;( with data Sk ;. We would then be able to relate € to ¥y (because they
have surface data Sp), each ¥}, to ?6;( and to ¥ 1 (as the latter two have the same surface data Si 1),
and finally %, _, with % The combination of these system moves will enable us to get from % to ¥

It remains to see that every move of surface data can be upgraded to a corresponding move of complete
systems. We have already seen in Proposition 8.34 that for any surface data, we can find a complete
system of pure S-type having that data. If our move is a three-manifold isotopy, we just follow the same
isotopy to change the complete system. If our move is a stabilization (of any kind), let S' be the data
before the stabilization and S’ the one after. Up to isotopy, we can assume that the stabilization happens
in a neighborhood of some point p, and therefore we can choose a complete system ¥, with underlying
data S such that we can apply the same stabilization to it (ie the curves involved in the diagrams in # do
not go through p); the result is a system % for S".

Finally, if our move is a trajectory «-slide over some curve g, we pick a complete system  of pure S-type
that contains oo as one of its alpha curves. (This can be done because in the proof of Proposition 8.34,
there was a lot of freedom in the choice of alpha curves: we just wanted them to represent the given
handlebody, and we can choose such a set by starting with any curve bounding a disk in the handlebody.)
Then we let the new complete system %’ be obtained from ¥ by the given trajectory «-slide. |

9 Statement of the surgery theorem for link-minimal complete systems

We are now ready to state a version of Theorem 1.1 for the case of link-minimal complete systems. We
let L = L, 1I---1I L, be an oriented link in an integer homology sphere Y. We suppose we are given
a link-minimal complete system of hyperboxes ¥ for Z, as in Definition 8.29. In particular, # is a
Heegaard diagram for L. We let k be the number of w basepoints in %~ (or in any other diagram in %),
so that %L has k — £ free basepoints.
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Since all the diagrams we work with are link-minimal, we are free to use the description of generalized
Floer complexes A~ (-, s) as free complexes 2~ (-, s); see Section 3.6.

9.1 Descent to a sublink

Let M C L be a sublink, with an orientation M, which can be different from the one coming from L, as

in Section 3.7.
Recall that in Section 3.7 we defined projection maps
M.H(L)— H(L),
as well as reduction maps
yM H(L) > H(L - M).
Fix s € H(L). Since wﬂ depends only on the components of L that are not on M, we have
yM (M) =yM ().
Consider the m-dimensional hyperbox %Z’M from the complete system. This hyperbox consists of
diagrams representing the link L —M. By the definition of the complete system, 9¢L-M has to be compatible
with %12 = 9¢L | ie the initial diagram in %X+ is obtained from %% by deleting the basepoints z; on

components L; with i € I (i, M ), deleting w; on the components L; withi € I_ (Z, M ), and also
relabeling z; as w; for the components L; withi € I_ (Z, M ). In view of (22), we have an identification

(98) A (E, pM () =A™ M (2), v M (5)).
Letd M € (Z>0)™ be the size of %Z’M . We have an associated hyperbox of generalized Floer complexes

WM M (5)) = (C), gty (DDecs, )

as defined in Section 8.3. By compressing the hyperbox (C?, D) we obtain a hypercube ( .D $)e€E,,

see Sections 5.2 and 5.6. We are only interested in the longest diagonal map in this hypercube, namely

D(1 """ D , which we simply denote by Dfl . According to (59),

~ 17 M
DsM =pl?Dsg}(am),

where a;, is the m™ standard symphony and pl denotes the operation of playing songs; see Definitions
5.6 and 5.10.

Thus, for any s € H(L), we have defined a descent map
DY (et pM () — A @M (M), M (s)),
as a sum over compositions of polygon maps associated to various subhyperboxes of %L M . We used here

the identification (98). Since DM depends only on the projection pM (s), we will write DM as D%( y
s

Geometry & Topology, Volume 29 (2025)



2902 Ciprian Manolescu and Peter Ozsvdth

A~ (2, gl (s))

L
v/Ll ()

A~ (L (L), g A (%52, pr2 (Y1 (s)))

le(s) / HL
Ll © D Zayriesy
2~ (%L Li(Ly), pL2(yti(s)))
A~ (HE, pLi(s)) Bl Hlz A~ (L2 L2(Ly), yl(s))
pL(s) pLali(sy)
L2
/ \l;l(s) = =~

\

L1UL2 p (S) ~
A= (9L 5) 25 A= (L, pL(s)) —— = A (UL (L), Yl (s))———= A (%2, YL (s))
9t DL =
5’ L2(s) pL(s) ’\Ll
A= (9L, pLa(s)) WL%» A= (FeLrLi(Ly), yl(s))

A" (%L F2(La). pH1 (Y F2(s)))
AL2 ALy

pl2(s) \ Dle wl2(s)
sz(s)

A~ (P2 (La), yh2(s)) A~ (351, pr(yra(s)))

\ /va2(s)

A (%1, yr2(s))

Figure 27: Chain maps coming from hyperboxes in a complete system. We consider here a
complete system € for a link L= L; U L,. Recall that one quarter of such a complete system
was illustrated in Figure 21. We show here the corresponding chain maps: to each reduction
(deletion of basepoints) in the complete system we have an associated inclusion map ¢, to each
face of a hyperbox we have an associated descent map D, and to each surface isotopy we have
an associated isomorphism denoted by the symbol 2. For simplicity, all the sublinks are taken
here with their induced orientation from Z, and we drop the arrows from the notation. There
are similar maps corresponding to other hyperboxes in the complete system, in which some link
components can appear with the opposite orientation.

Example 9.1 Suppose M is a single link component L;. Each edge of the one-dimensional hyperbox
%L L; comes equipped with a corresponding theta chain element, and this gives a triangle map between
the Floer homology groups associated to the initial and final Heegaard diagrams for that edge. The map

L;

D\Il;jq ) is the composition of these triangle maps. Note that all the triangle maps, and hence also D W (s)
pM(s

B

are chain homotopy equivalences; see Example 8.10.
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A~ (HF (L), ph(s))

L2
LL‘ L) It
A~ (L2, pL2(yli(s)))

A~ (HE, phi(s)) Dk

L L(s) Ly
/ gl2 DpLz(val ()
Ll ()
L

‘%L]UIQ D L(s)
A= (L, sy25— A= (%L, pL(s)) P28 A= (97, v E ()

9& Ly DL2
’ %Lzm Phe) DL

A= (L, pL2(s)) pLi@l2(s))

A (L, pEr(yla(s)))
Ly
DpLZ(S)

wL2<s)
A (HE2(Lo), yha(s))
Figure 28: More chain maps coming from hyperboxes in a complete system. This is the same as

Figure 27, but we have composed the descent maps D with chain isomorphisms (coming from
surface isotopies) to obtain the maps denoted by D.

%L—M

In a complete system of hyperboxes, we have an isotopy %Z’M (M) = , which induces an

identification between the respective Floer complexes. When we change the range of b\% ) via this
. . . . p s
identification, we denote the resulting map by

©9) Iy 2O pM (5)) > 2 My M (s)),

Example 9.2 In the case of a link with two components, some of the inclusion and descent maps are
illustrated in Figures 27 and 28.

For any s € H(L), we now define a map

(100) q>M D%( ) oM o~ (L, 5) - A (LM y M (s)).

Note that we can define similar maps if we replace L by a sublink L By abuse of notation, we will
always denote the maps corresponding to inclusion and descent at M by 9M DM and q)ﬁw , even

M (s)
though their domains of definition may vary. *

Lemma 9.3 Let M1, M, C L be two disjoint sublinks, with orientations ]\21 and ]\712. For any s € E(L),

M M M M
g2 p¥r =p¥r vz
Yy Mi(s) ° pMi(s) pM1UM2(5) ° pMi(s)
Proof Fors = (s1,...,s¢), let us denote by s/ the components of s" = ¥Mi(s), obtained from s; by

subtracting half the linking number of L; and M1; compare (20).
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Observe that both Dilj‘ll L(s) and Di{\;‘, |UlT (5 8T SUmS of compositions of polygon maps. The same poly-
gons get counted in both maps, but with different powers of U;. More precisely, suppose we have a chain of

polygons relating intersection points x from %% and y from ?GL_M 1=M> 1t is one of the colors, let ¢;
/ e . . Ml Ml
(resp. e j) be the exponent of U; in the coefficient of y in Dp it (s)(x) (resp. Dp ity Uity (s)(x)). We have
ej—e; = Z (max(A; (x) —s;,0) —max(4;(y) —s;.0))
i€l (Z,,Mz)
Ti=j + Z (max(sl- — A;(x),0) —max(s; — 4; (). 0));
iel-(L,M>)

Ti=Jj
compare Section 3.5.

On the other hand, according to (24), the map ﬁijl ® contributes a power of U; with exponent
D s

> max(4i(x)—si, 00+ > max(s; — 4;(x).0)

ie1+(i,.1\22) iel_(L,M>)
=] 7=

and the map 95}41 ) a power of U; with exponent

Z max(4; (y)—s/,0) + Z max(s; — 4; (), 0).

iely(L,M>) iel_(L,M>)
Ti=J ti=J
These contributions exactly cancel out the difference between e]/. and e;. O

Proposition 9.4 Choose a sublink M C L, and endow it with an orientation M. Then, for anys € H(L),

M My _
(101) ) Z qcbwl(s)o@s =0,
M UOM>=M

where M 1 and Mz are equipped with the orientations induced from M.

Proof We have

M M M M M M
oMz oM — pM2 g1z p™ gMi
. Z . Wi . Z . Py (s)) 7 gty piti(s) S
M\ OM>=M M\ UM>=M
— Z M - oDMQ1 _ 09M3 o ;‘41
L = T pMayMis)) T pMa(yMi(s)) T pMi(s)
M \UM>=M
M M M{UM
= D } _ OD J _ O§ 1 2
(Q Z . pM2(yMi(s)) pMz(le(s») s
M\ UOM>=M
=0.

Indeed, the second equality above follows from Lemma 9.3, and the last equality is a consequence of
Proposition 5.14, together with the properties of a complete system of hyperboxes. |
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9.2 The surgery theorem

Let us fix a framing A for the link L. Fora component L; of L, we let A; be its induced framing, thought
of as an element in H(Y — L).

Given a sublink N C L, we let Q(N) be the set of all possible orientations on N, as in the introduction.
For N € Q(N), we let
AZ,,]_\}: Z AiGHl(Y—L).
iel_(L,N)
We view H(L) C Hi(Y — L; Q) as an affine lattice over H1(Y — L) as in Remark 3.6. Thus, if s € H(L),
then s + AZ,N is also in H(L).

Now consider the R-module

(102) ¢ =B [] 2o yMe),

MCL seH(L)
where Y™ simply means ¥ with M being the orientation induced from the one on L.

Note that the definition of 6~ (%, A) involves direct products; in fact, the direct sum in (102) can equally
be thought of as a direct product, since it is finite. It is worth saying a few words about how one can
define maps between direct products:

Definition 9.5 Let S and T be countable index sets, and A = [[;cg s and B = [ [, B, direct
products of modules over a commutative ring R. Suppose we are given module homomorphisms

Fs,t:ﬂs —)%t

for each s € § and ¢ € T. The collection of maps {Fs .} is called locally finite if, for each ¢t € T, only
finitely many Fy, are nonzero.

If {Fs ¢} is a locally finite collection of homomorphisms as in Definition 9.5, we can assemble them into
a single homomorphism

F:d—®B, F(as}ses)= {ZFs,t(as)} .
SES teT
With this in mind, we equip the module €™ (€, A) with a boundary operator &~ as follows. For s € H(L)
and x € A~ (HL=M M (s)), we set

D0 = Y Y A5 OV, )

NCL-M §eq(N)

e P P wEEMN yMUN () e (3, A).

NEL-M NeQ(N)
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This defines a locally finite collection of maps between the modules A~ (LM M (s)), producing a
well-defined map
D€ (I, A) —> € (%, A).

According to Proposition 9.4, 6~ (#, A) is a chain complex. Note that €~ (%, A) naturally breaks into a
direct product of terms €™ (¥, A, u), according to equivalence classes ut of the values s. Here s1 and s,
are equivalent if they differ by an element in the (possibly degenerate) sublattice

H(L,A) <€ Hi(Y — L),

generated by all possible A ; & or, equivalently, by the component framings A; € H; (Y —L). The space
of equivalence classes is parametrized by the quotient

H(L)/H(L, M),

which can be naturally identified with the space of Spin® structures on the surgered manifold Y4 (L); see
Remark 3.6 and [Ozsvath and Szab6 2008a, Section 3.7].

Given a Spin® structure u on Y (L), we set

(103) o(u) = ged (c1(w), &),
§€H>(YA(L);Z)

where c1(u) is the first Chern class of the Spin® structure. The Heegaard Floer homology HF [ (YA (L), u)
admits a relative Z /0 (u)Z-grading; see [Ozsvath and Szab6 2004b]. In Section 9.3 we will construct a
relative Z /0(u)Z-grading on the complex 6~ (€, A, u) as well.

The surgery theorem (for link-minimal systems) then says:
Theorem 9.6 Fix a link-minimal complete system of hyperboxes ¥ for an oriented, £-component link L

in an integral homology three-sphere Y, and fix a framing A of L. Then, for any u € Spin® (Y5 (L)) =~
H(L)/H(L, A), there is an isomorphism of relatively graded F[[U]-modules

Note that the left-hand side of (104) is a priori an %k-module, where R = F[[Uy, ..., Ui]. However, part
of the claim of the theorem is that all U;’s act the same, so we can think of it as an [ [[U []-module.

The proof of Theorem 9.6 will be given in Section 12.

Remark 9.7 In the case when the Spin® structure u is torsion, one should be able to use the same
techniques as in [Ozsvéth and Szabé 2008b] to obtain an isomorphism of absolutely graded groups, with

a well-determined shift in grading between the two sides of (104). However, we will not pursue this
direction here.
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9.3 Gradings

As promised in the previous subsection, we proceed to construct a relative Z/0(u)Z-grading on the
complex €~ (¥, A, u).

Let us identify H;(Y — L) with Z* as in Remark 3.6. We view the framing A as an {-by-{ symmetric
matrix with columns A;. The matrix element ¢;; in A (fori, j =1,..., ) is the linking number between
L; and L; when i # j, and the surgery coefficient A; of L; wheni = j.

Let H(L, A)* C Z* be the orthogonal complement to H(L, A), that is,

H(L,A)J'={UEZK|U'AI=Of0ralll}= (vl”vE)GZZ)Zlelzo}
i

There are natural identifications

H2(YA(L)) = Hi(YA(L)) = Z*/H(L, A)
such that

c1([s]) = [2s]

for any s € Spin® (Y (L)) = H(L)/H(L, A). This can be deduced from the formulas for the Chern class
in [Ozsvéth and Szab6 2008a, equation (24) and Lemma 3.13]; compare also Lemma 11.2 below.

Using Poincaré duality, we obtain a natural identification H»(Ya (L)) = H(L, A)*. Hence,

(105) dw=ged > 25w,
veH(L,A)+
where we wrote v = (vq,...,0¢), and s = (s1,...,8¢) is any element in the corresponding equivalence

classue H(L)/H(L, A).

Remark 9.8 It is clear from (103) that 0(u) is always even. One can also verify this using the description
of 0(u) given in (105). Indeed, let A = (A1,...,A¢) = (c11,...,¢g¢) be the diagonal vector of the
framing matrix A. For s € H(L) and v € H(L,A)*, we have 2s = A +---+ Ay — A (mod 2) and
(A1+--+Ap)-v=0,s0

L y/ L ¢
2s)-v=A-v= Zciivi = Zciiviz = Z ch'jvjvj =vTAv=0 (mod 2).
i=1 i=1 i=1j=1

Lemma 9.9 Fix an equivalence class u € H(L)/H(L, A). There exists a function v:u— Z/0(u)Z with
the property that
(106) v(s + Aj) =v(s) + 2s;

foranyi =1,...,Land s = (s1,...,57) €EU.
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Proof Pick some s® = (s(l), . ,s?) € u. Any other s € u is of the form sO+ > aiA;, for some a; € Z.

Set ‘ ¢ ‘
v(so + ZaiA,') = Zzais? + Z ajajcij.
i=1 i=1 i,j=1
There is an indeterminacy in expressing s as s® + Y a; A;, namely one can add an element in H (L, N

to the vector (ay,...,ay). It is easy to check that v(s) is independent (modulo ?(u)) of how we express s,
and that (106) is satisfied. O

Remark 9.10 The function v from Lemma 9.9 is unique up to the addition of a constant.

Fix a function v as in Lemma 9.9. Each factor A~ (%¢L~M M (s)) appearing in the complex €~ (%, A, u)
admits a natural Z-grading ;,Lﬁ,u = Ly M (5) as in (16). We define a Z/0(u)Z-grading p on 6™ (%, A, u)
as follows. For s € uand x € A~ (HL™M M (s5)), we set

(s, x) = p (x) +v(s) - | M|,

where |M | denotes the number of components of M.
Lemma 9.11 The differential 9~ on €~ (¥, A, u) decreases . by one modulo 0(1t).

Proof Use (26), (100), and the fact that D?;’M ) (being the longest map in an | M |-dimensional hypercube
of chain complexes) changes grading by |M | — 1. m|

10 Truncation

As noted near the end of Section 4.1, in order to calculate the Heegaard Floer homology groups
HF ~(YA(L),u) using Theorem 9.6, it is helpful to replace the infinite direct product from (102) with a
finite one. This is called horizontal truncation, and we saw a few instances of it in Sections 4.3 and 4.5.
In Section 10.1, we will describe a general way of doing horizontal truncation for surgery on an arbitrary
link.

Even after horizontal truncation, the direct product in (102) is still an infinite-dimensional [F-vector space,
due to the fact that each term is a free module over a ring of power series. However, in Section 10.2
we show that the power series ring can be replaced (essentially without any loss of information) by a
finite-dimensional polynomial ring. This process is called vertical truncation, and is done by setting
large powers of the U variables to zero. By combining horizontal and vertical truncation, we can replace
the right-hand side of (102) with a finite-dimensional chain complex. In Section 10.3, we describe an
alternative way of doing so, by applying a slightly different horizontal truncation to the vertically truncated
complex. In Section 10.4, we alter the combined truncation procedure from Section 10.3 further, by
adding certain “crossover maps”. We call the result a folded truncation of the original complex. Folded
truncation will play an important role in the proof of Theorem 9.6 presented in Section 12.

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 2909

Before describing all these truncations, let us recall some notation from Section 4. We denote a typical
term in the surgery complex (102) by

5 =AMy M (s)),

where ¢ = ¢(M) € E; = {0, 1}6 is such that L; € M if and only if &; = 1. A typical summand in the
differential 9~ is denoted by

8,8 _ & —|—g
gbso,s CDIIIM( ) (‘gs-i-s’ A

where £ = e(M), s = &(N), and &’ € E is such that i € I_(L, N) if and only if &} = 1. The dot product
&'+ A denotes the vector ) &7 A;. Note that we always have &' < ¢.

Dropping a subscript or superscript from the notation means considering the direct product over all
possible values of that subscript or superscript. For example, 6° = [ [, €%, and € = ), €° = 6(%, A).
Observe that (62, %¢) forms a hypercube of chain complexes as defined in Section 5.1 (except it may
have only a Z /27-grading, rather than a Z-grading) and ¢ is the total complex of this hypercube.

10.1 Horizontal truncation

We now return to the setting of Section 9, where L is an arbitrary link, equipped with an orientation, a
complete system of hyperboxes #, and a framing A.

Lemma 10.1 There exists a constant b > 0 such that, for anyi = 1, ..., £ and for any sublink M C L
not containing the component L;, the chain map

L; _ _ Y _ _M—L: , MUL:
R T AR N N A )
induces an isomorphism on homology provided that either

e s € H(L) is such that s; > b, and L; is given the orientation induced from L; or

e s € H(L) is such that s; < —b, and L; is given the orientation opposite the one induced from L.

Proof For |s;| sufﬁciently large, and L; oriented as in the lemma (according to the sign of s;), the

inclusion map gki from (24) is the identity. Moreover, the descent map pt is a composition

¥M (s) LML L(WM())
of maps along the edges of the corresponding hyperbox # i and hence induces an isomorphism on

homology; see Example 9.1. The conclusion then follows in light of (100). O

Lemma 10.1 is the key ingredient in truncating the complex €™ (¥, A). Roughly, it allows the terms of
this complex to cancel in pairs, whenever s € H(L) has at least one component s; with |s;| > b. The
result is that the homology of the complex 6™ (#, A) can be computed by restricting to some terms
corresponding to s lying in a compact subset of H(L).

Of course, we need to be more explicit about how this is done. For simplicity, let us assume (for the
moment) that the framing vectors A1, ..., Ay are linearly independent in R¢. This is equivalent to asking
for Y (L) to be a rational homology sphere.
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l3 R4

Figure 29: The parallelogram Q and the regions R;. The parallelogram Q, which is (roughly)
the support of the truncated complex 6~ (%, A)(b), is shown shaded.

Let us first recall the case of surgery on knots; see [Ozsvath and Szab6 2008b, Section 4.1]. Then the
framing coefficient A is a nonzero integer. Set

(107) ¢ @b = P wEhne P A7 vh(s) (@A)
—b<s<b —b+A<s<b

It is easy to check that €~ (#, A)(b) is a subcomplex of €~ (¥, A) for A <0, and a quotient complex
of €7 (¥, A) when A > 0. In both cases, an application of Lemma 10.1 shows that €~ (7, A) and
@~ (¥, A)(b) are quasi-isomorphic.

Next, we turn to the case when the link L has two components. We denote by A; and A, the framings of
L1 and L, (as compared to the framings coming from Seifert surfaces for those components), and by ¢
the linking number between L and L,. Thus, in terms of the standard basis of H{(Y — L) = Z?2,

A1 =(11,C), A2=(C,kz).
Recall our assumption that A1 and A, are linearly independent, ie A1 A —c2 # 0.

As before, €5'°2 will denote the term A~ (#L~M M (s)) appearing in (102), where &; = 1 or 0
depending on whether or not L; € M for i = 1,2. We say that €;'®? is supported at the point § =
(s1,82) e H(L) C R2.

Let b be the constant from Lemma 10.1. We seek to define a chain complex €~ (3¢, A)(b) quasi-isomorphic
to 6~ (%, A), and composed of only finitely many of the terms ;' ®2. For this purpose, we construct a
parallelogram Q in the plane, with edges parallel to the vectors A and A5, and with vertices P;, P»,
P3 and P4 as in Figure 29. We require the coordinates of P; to satisfy x, y > b, the coordinates of P>
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to satisfy x < —b, y > b, etc. Further, we choose half-lines /1, /5, /3 and /4 with [; starting at P; and
staying in the i™ quadrant. For example, /1 has to form an angle between 0 and Z with the x-axis, etc.
The half-lines /; split the complement R2— Q into four regions, denoted by R;, R;, R3 and Ry; see
Figure 29. We require that the edges of the parallelogram Q and the half-lines /; miss the lattice H(L).

We require that the slopes of the lines /1, /5, /3 and /4, compared to those of the vectors A; and A,, are
as indicated in Figure 30. We distinguish there six cases, according to the values A1, A, and c¢. (Note
that these cases cover all the possibilities for ;A — c¢? # 0, with some overlap. When we are in an
overlap situation, we are free to choose either setting.) For example, in Case I, we require both vectors
A1 and A, to point into R, when placed on the half-line /5.

By Lemma 10.1, the maps ®L! appearing in the definition of the differential for €~ (%, A) induce
isomorphisms on homology when restricted to terms supported in R;. The same is true for the maps
®L2 supported in R», for the maps ®~L1 supported in R3, and for the maps ® L2 supported in Ry.
(Here, as in Section 4.5, we let L1 and L, have the orientation induced from L, and we add a minus
sign when we wish to indicate the opposite orientation.) These facts allow us to truncate the complex
%~ (9, A) to a obtain a quasi-isomorphic one € = €~ (J, A)(b), which is (roughly) supported in the
parallelogram Q. This is obtained by taking successive subcomplexes and quotient complexes from
€%~ (¥, A), and canceling out complexes supported in Ry, Ry, R3 and R4. Some care has to be taken
with what happens near the boundaries of these regions, so we proceed to do a case-by-case analysis. We
present the first case in detail, and for the others we sketch the necessary modifications.

Casel (1,12 >0, A1, —c2>0) Let 6 R,UR, be the subcomplex of €~ (¥, A) consisting of those
terms supported in Rq U R,. There is a filtration %o9 on 6 g, ur, (analogous to the one used for the
Hopf link in Section 4.5) such that Fgg is bounded above, and in the associated graded we only see the
differentials that preserve s. The associated graded then splits into a direct sum € g, & € g,, where g, is
the direct product of the terms supported in R;. On € g, there is an additional two-step filtration such that
the differential of its associated graded consists only of maps of the form ®%1, which are isomorphisms
on homology. Hence, by applying Lemma 4.1, we have Hx(€g,) = 0. Similarly H«(6ég,) = 0, using an
associated graded that leaves only the maps ®L2 in the differential. Putting these together, and using
Lemma 4.1 again, we deduce that ‘€ g, ur, is acyclic.

The quotient complex of ‘6 g, ur, is supported in Q U R3 U Ry4. Let us define a subcomplex of it, denoted
by €r;UR,. to consist of those terms A51°2 with the property that s —e1 A1 —e2Ar € R3 U Ry. This is
roughly supported in R3 U Ry, although some terms spill over into Q. We define 6 ¢ to be its quotient
complex.

We claim that 6 is quasi-isomorphic to the original complex €~ (4, A). For this, we need to show that
6 R;UR, 18 acyclic. In the region R3, we would like to use the maps ®~L2 to cancel out terms in pairs.
However, there exist a whole region of values s € R3 such that s + A5 lands in R; rather than R3. The
direct product of ‘620 and %?1 over the values s in that region forms a quotient complex of € g,uRr,; this
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Ry R>
R3 R] R3 Rl
R4 R4
LA;>0,4>0, A{A,—c2>0 ILA; <0, Ay <0, A{Ay—c2>0

LAy >0, Ay <0 IV.A1 <0, A, >0
R2 R2
R3 Rl R3 R]
Ry Ry
V.)nl)\z—C2<O,C>0 VI.)L])Lz—C2<0,C<0

Figure 30: Horizontal truncation. We show here the required slopes for the half-lines /;, in
relation to the vectors A1 and A,. There are six cases.

quotient is acyclic, because the maps ®L2 (being close to the region R,) make the terms %20 and (621
cancel out in pairs. The corresponding subcomplex <€/R3U Ry is quasi-isomorphic to ‘€ g,ur,. Similarly,
we can eliminate the terms %20 and <€s10 from ‘(%/R3U Rs for those s € R4 such that s + A1 € Ry. The
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result is a quasi-isomorphic complex <€’1’€3U Ry Consider the associated graded of this complex with
respect to a filtration J;; (analogous to the one used for the Hopf link in Section 4.5) such that the
remaining differentials preserve s —e1 A1 —e2A». The associated graded is acyclic, as it splits into a
direct sum according to the regions R3 and R4, and those are acyclic by Lemma 10.1. We conclude that

H*(C@R3UR4) = H*((@/I/?3UR4) =0.

Case I (A;,A5 <0, A;A2 —c? > 0) This is similar to Case I, except quotient complexes and
subcomplexes are swapped, and the unbounded filtrations are reversed. Specifically, € g, ur, is a quotient
complex, on which —%q defines a filtration. Its associated graded splits as € g, @ €, and is acyclic
(by using the same two-step filtration as in Case I). The filtration —%¢ is no longer bounded above;
still, it is U-tame in the sense of Definition 4.3, and we can apply Lemma 4.4 to deduce that ‘€ g, ur,
is acyclic. There is a subcomplex of the whole €~ (9, A) with €g,uRr, as the corresponding quotient;
that subcomplex has a quotient complex € g,ur, and a subcomplex €. We can prove that € g,ur, is
acyclic similarly to how we did so in Case I, this time relying on Lemma 4.4 when the filtrations are not
bounded above. We conclude that €™ (¥, A) is quasi-isomorphic to €.

CaseIIl (A1 > 0, A, <0) We define a subcomplex 6g, composed of those terms ®5'°2 such that
either s € Ry, or s € R4, &2 =1 and s — Ay € R1. We also define another subcomplex € g, composed of
those terms 65! °? such that either s —e1A; € R3, 0rs € Ry, &3 =1 and s —e; A1 — Ay € R3. Both 6g,
and € g, are acyclic. The corresponding quotient complex admits two further acyclic quotient complexes:
one, 6 g, , consisting of 65'“> with s € R and the other, ‘6 g, , consisting of 65'“? such that s —ey A, € Ry.
We let €9 be the resulting subcomplex.

CaseIV (A1 <0, A2 > 0) This is similar to Case III, but now €, and € g, are quotient complexes,
while €, and €, are subcomplexes.

Case V (c >0, A{Ay —c? < 0) This is similar to Case I, except that in order to make the complex
6 rR;UR, acyclic, we need to slightly modify its definition near the corners P>, P4 of the parallelogram Q.
Specifically, when we define ‘€ g,uR,, we still ask that s —e1 A1 —e2A2 € R3 U Ry, but from such pairs
(s, &) we eliminate those with

(@ se€Q,s+A1€Ry,s—AreRzand e =(0,1); or
(b) s€eQ,s+A2eR,s—A1 €Rsand e =(1,0).

Case VI (c <0, 1A, — 2 < 0) This is similar to Case II, except we need to make adjustments near
the corners P, and P4 as in Case V.

A similar construction can be done for surgery on links with an arbitrary number of components £. Recall
that we assume the framing vectors A, ..., Ay to be linearly independent in R¢ (ie YA (L) is a rational
homology sphere). Let x1, . . ., x; be the coordinates in R* 2 H; (Y — L; R). The coordinate hyperplanes
x; = 0 split R¢ into 2¢ “hyperquadrants”. We construct a “skewed hyperbox” Q (analogous to the
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parallelogram Q in the case £ = 2), with one vertex in each hyperquadrant, as follows. The vertices of Q
are P, for ¢ € E; = {0, 1}¢, with coordinates satisfying

xi(P8)>b ifel':O, xi(P8)<—b ifs,':l.

Thus, the skewed hyperbox Q contains the hypercube [—b, b]¢, where b is the constant in Lemma 10.1.
Further, we require the edges of Q to be parallel to the vectors A;.

Let
Fig, ie{l,....4},0ce{-11},

be the hyperface of Q that lies completely in the half-space given by ox; > 0. In other words, F; ; has
as vertices all P, with (—1)% =g¢.

We can truncate the complex €~ (9, A) to obtain a quasi-isomorphic one €, roughly supported in
the skewed hyperbox Q. This truncated complex € = €™ (9, A)(b) is obtained from 6~ (3, A) after
canceling some acyclic subcomplexes and quotient complexes, one for each face F; . We use Lemma 10.1
to show acyclicity, along the same lines as in the case £ = 2. Note that, near the faces F; 11, the truncation
is done exactly along the boundaries of Q, while near the faces F; _1, we allow some terms to spill in or
out of @, ie instead of requiring (locally) that s € Q, we have a requirement of the form s —¢; A; € Q.
This allows for the cancellation of the terms outside €. We leave the verification of the details to the
interested reader.

Finally, let us turn to the case when the framing matrix A is degenerate, so that b1 (YA (L)) > 0. Then
one can still truncate each complex 67~ (%, A, u), corresponding to a specific Spin® structure u on Y5 (L).
The truncations is done in the same way as in the case b1 (YA (L)) =0, but we cut only in £ — b1 (YA (L))
directions.

In principle, the complex €~ (#, A) is a direct product over 6™ (¥, A, u), and there are infinitely many
Spin¢ structures u. Nevertheless, Theorem 2.3 in [Ozsvéth and Szab6 2004c], together with (6), implies
that there are only finitely many Spin® structures u for which HF ~ (YA (L), u) # 0. In addition, one can
find an a priori bound (in terms of a suitable Heegaard diagram) to determine the range of possible u
with nonzero Floer homology. By only taking those particular u in the direct product [ €~ (%, A, u) we
obtain a chain complex quasi-isomorphic to the original 6™ (#, A), which we can then truncate to arrive
at a quasi-isomorphic finite direct product. We denote the resulting chain complex with finite support by
%~ (%, A)(b), depending on b > 0.

10.2 Vertical truncation

This section is an analogue of [Ozsvéth and Szabé 2008b, Section 2.7], with HF ~ replacing HF ™, and
with the use of possibly several U variables, as well as nontorsion Spin® structures.
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Let C be a chain complex over & = F[[Uy, ..., U], with a relative Z /2N Z-grading, where N is a
nonnegative integer and each U; has degree —2. Let § be a positive integer. Let % be the quotient of R
by the ideal generated by Ui‘s,i =1,...,£. We then denote by C 5 the complex C Qg R8. Further, if
F:C — D is a map between chain complexes over R, we denote by F 8 the corresponding map between
C?% and DS. The procedure of replacing C by C 8 or F by F 8 is referred to as vertical truncation.

If §' > §, note that there is a natural projection R — RS which gives a map C ¥ 5 CF. Set

(108) HIY(C) = Im(HW(CY) - Hau(CP)).

Definition 10.2 A chain complex C over R = F[[Uy,..., U] is said to be of torsion CF ™~ type if it
admits an absolute (Q-grading and a relative Z-grading, and it is quasi-isomorphic (over R) to a finitely
generated, free chain complex over %R.

Remark 10.3 The prototype of a chain complex of torsion CF ~ type is the Heegaard Floer complex
CF ™~ (Y,u), where Y is a three-manifold and u a torsion Spin® over Y'; see [Ozsvéth and Szabé 2004b;
2004c; 2006]. Also, when u is torsion, the complex €~ (3, A, u) constructed in Section 9.2 is of CF ~
type, because it is quasi-isomorphic to a (finitely generated, free) horizontally truncated complex as in
Section 10.1.

Note that if C is of torsion CF ~ type, then the homology Hj (C) vanishes for k > 0. Further, as an
%-module, H(C) admits a quotient module H>y = P, Hi(C) for any k € Z.
In the lemma below, the symbol 2 denotes isomorphism of R-modules.

Lemma 104 (a) Let C be a complex of torsion CF~ type. Then, for any k € Q, there exists a
constant d such that, for all integers 6 > d, we have Hxj (C%) ~ Hs i (C).

(b) If A and B are chain complexes of torsion CF ~ type satisfying Hy(A%) = H,(B%) for all § > 0,
then Hy(A) = H«(B).

(¢) More generally, suppose we are given integers a,b > 0. If A and B are chain complexes of torsion
CF ™ type satistying

Hy(A%) ® (Hiy25-1(S*71)®% = Hy(B%) ® (Hys25-1(57 7))
for all § > 0, then H.(A) = H«(B). (The tensor products are taken over IF.)

Proof Part (a) is similar to [Ozsvath and Szab6 2008b, proof of Lemma 2.7]. We consider the short
exact sequence

s
(109) 0-cYcsc/uic o

For a given k, we choose d such that H;(C) =0 fori > k +2d — 1. The induced long exact sequence
then gives an isomorphism H>y (C) = H>;(C/U 15 C) for § > d. Iterate this argument, replacing C with
C/USC and Uy with Uy, then use Us, etc.
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Parts (b) and (c) follow from (a), combined with the fact that Hxy(A) = H>y(B) for all k implies
H.(A) = H.(B). For (c), we also need to note that Hy(A%) and Hx(4%) ® (Hy425-1 (§26-1))®a haye
the same quotient modules corresponding to degrees > k for any § sufficiently large compared to k, and
that a similar statement applies to B 8 |

Remark 10.5 If C is finitely generated, we can estimate the value of d in Lemma 10.4(a) as follows: if
m is the maximal degree of the generators of Cyx, we can choose d > %(m —k).

Definition 10.6 A chain complex C over ® = F[[Uy,..., U] is said to be of nontorsion CF ™ type if
it admits a relative Z /2N Z-grading for some N > 0 and it is quasi-isomorphic (over R) to a finitely
generated, free chain complex over %R.

Lemma 10.7 Let Y be a three-manifold and u a nontorsion Spin® structure over Y. Then the Heegaard
Floer complex CF ~ (Y, u) is of nontorsion CF ~ type, and there exists d > 0 such that Ul.d HF~ (Y,u)=0
forall i.

Proof The fact that CF ™ (Y, u) is of nontorsion CF ~ type was established in [Ozsvath and Szab6
2004b].

For the second statement, note that all U;’s act the same way on homology; see [Ozsvath and Szabé
2008a]. Let us denote their common action by U. We need to check that this action is nilpotent. Indeed,
HF*°(Y,u) = 0 by (5). Since HF *° is the ring of fractions of HF ~ with respect to (U), the action of
U on HF ~ must be nilpotent. a

Lemma 10.8 (a) Let C be a complex of nontorsion CF ~ type. Suppose there exists d > 0 such that
Ul.d H«(C) =0 for all i. Then, for all integers § > d and §' > § + d, we have an isomorphism of
relatively graded %R-modules

(110) H} % (C) ~ H,(C).

(b) Let A and B be relatively 7 /2N 7Z-graded chain complexes of nontorsion CF ~ type satistying
HIY(4) = HEY'(B) forall § > 6 > 0. Suppose there exists d > 0 such that Ul.d H.(A)=0
for all i. Then Hy«(A) = H«(B), as relatively graded % -modules.

Proof (a) Note that the short exact sequences (109) for 6’ and § fit into a commutative diagram

0 C——C c/ufc—o
]
uj
0 C C C/USC ——0
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At the level of homology, this produces the commutative diagram

0 —— Hy(C) —— Hi(C/UFC) —— Hi(C) —— 0

T

0 —— Hy(C) —— Ho(C/UC) —— Hy(C) —— 0

The third vertical arrow is zero by hypothesis. It follows that Im(H (C/U{S/C) — H, (C/U{SC)) ~
H.(C). By iterating this argument £ times, we obtain (110).

(b) If Ul.d annihilates H(A), the long exact sequence in homology associated to (109) implies that Ul-d
also annihilates Hy(A%), for all § > 0. Since Hy(A®%) 2 H,(B?) by hypothesis (where we chose §’ = §),
Uf Hy(B%) =0 for § > 0.

We claim that this implies Ul-d H.(B) =0 for all i. Let us explain the argument in the case £ = 1. The
long exact sequence in homology

-+ Hy(B) . H+«(B) - Hy(B%) — -

implies that M = Uld H.(B) is in Uf H.(B) = U{s_dM for all large §. Since M is a finitely generated
module over the local Noetherian ring R = F[[Uy, ..., U], Krull’s theorem implies that ﬂi U 1’ M =0;
see [Atiyah and Macdonald 1969, Corollary 10.19]. Thus U ld H.(B) = 0. Iterating this argument £ times
produces the same conclusion for an arbitrary number of U; variables.

The claim that H4«(A) =~ H.(B) now follows by applying (a) to both A and B. |

Lemma 10.9 Let C be a complex of nontorsion CF ~ type such that all U; act the same on homology, and
U4 H,(C) =0 for some d >0, where U denotes the common U; action. Suppose dimp (Hx(C%11)) =
dimp (H«(C?)) for some § > 1. Then H3<25(C) =~ H(C).

Proof Explicitly, the homology Hx(C) is a direct sum P, (F[U]/U k5), so that dimp (Hx (C)) = Y k;.
The long exact sequence on homology associated to (109), iterated £ times, implies that dimy (H«(C 8)) =
243" min(k;, 8). If dimp (H«(C¥+1)) = dimp (H«(C?)), we must have § > k; for all j, which means
that Ul.8 H,(C) = 0. The claim now follows from Lemma 10.8(a). a

Let us apply this discussion to the complex €~ (#, A) from (102). Suppose we understand the chain
groups and differentials and we want to compute its homology. First, we decompose the complex
into terms of the form 6~ (%, A, u), according to Spin‘ structures u. Then we apply the horizontal
truncation from Section 10.1 and get quasi-isomorphic complexes €~ (¥, A, u)(b). If u is torsion, the
complex €7 (¥, A, u)(b) is finite-dimensional in each given degree, so we can compute its homology.
Alternatively, we could replace it by a quasi-isomorphic, finite-dimensional complex €~ (%, A, u)(b)?
(see Lemma 10.4), where 6 can be estimated as in Remark 10.5. If u is nontorsion, the complex
€~ (%, A, u)(b) is of nontorsion CF ~ type, and its homology is annihilated by a power of the U;’s; see
Theorem 9.6 and Lemma 10.7. We then start computing the homology of the complexes 6™ (¥, A, u) (b)5,
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and let § increase by one until we find that the complexes for § and § + 1 have the same total rank. By
Lemma 10.9, Hy (€™ (%, A, u)) = HE<25(€~ (%, A, u)). The latter homology group can be computed
from finite-dimensional complexes.

10.3 A combined truncation

Pick § > 0 and consider the vertically truncated complex @5 =€~ (%,A)®. We could apply the hori-
zontal truncation procedure from Section 10.1 to obtain a quasi-isomorphic, finite-dimensional complex
@~ (%, A)®(b). In this section we describe a different way of doing horizontal truncation. This new
procedure cannot be applied directly to €~ (¥, A); it is essential to do the vertical truncation by § first.
The new horizontal truncation is an intermediate step towards constructing the folded truncation in
Section 10.4.

We use the notation introduced at the beginning of Section 10, ie we denote by C@i’(s the factors of 6°,
and by Qbibe, s 5 the maps that form the differential. The property that distinguishes the vertically truncated
complex %% from € is the following:

Lemma 10.10 Fix § > 0. Then there is a constant b® > 0 such that, foranyi =1, ..., £, the map sz;f’;’g
is a quasi-isomorphism provided that either
e e=1; (leg; =1landeg; =0forj #i),& =0, and s; > b8 or
e c=¢ =1 and s; < —b%;
and, further, Qbig‘i;’s = 0 provided that either
° & =¢ =1and s; > b®, or
e g =16 =0, ands; <—b3.
Proof For the first part of the statement, it suffices to make sure that b% > b, where b is the constant

from Lemma 10.1. For the second statement (about the triviality of the respective maps), observe that, for
N

L V)
This “inclusion” is the zero map

example, &; = ¢; = 1 means thati € 1 (Z, N ), and we are asked to show that ® is zero. This is
N N

) ) v v M) ) ) )
because it contains a large power of U; see (24), and that power is set to zero in the vertical truncation.

true because by (100), one of the factors of ® is the map $

The case &; = 1, ¢} = 0 is similar. m|
Let us fix some ¢ = (¢1, . .., ¢7) € R¥ such that the values ¢; are very close to zero, and linearly independent
over Q. We let Pr(A) C RY be the hyperparallelepiped with vertices

C+AEAI AL £AY)

for all possible choices of signs. This is a fundamental domain for R¢ JH(L,A), where H(L, A) is
the lattice generated by the vectors A;, as in Section 9.2. Let P(A) be the collection of points in the
lattice H (L) that also lie in Pr(A). Because of our choice of ¢, there are no lattice points on the boundary
of Pr(A). Therefore,

(111) P(A) ~H(L)/H(L, A).
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In terms of the standard basis of H{(Y — L), we write

Ai = (ci1,....Cip),
where ¢;; = A; is the framing coefficient on the component L;, and ¢;; is the linking number between L i
and Z,j fori # j.

Pick m; >0, fori =1,...,£, and let A be obtained from A by increasing the framing coefficients by m;;
that is,
A = (Ci1, ..., Cip),
with - cij+m; ifi =],
Ci; =
o Cij ifi # j.

For each ¢ € Ey, consider the hyperparallelepiped P(K, A, &)r C RE with vertices

1 12

{+5 X;(Uil\i + (1 —0)ei Aj)
1=
over all possible choices of signs o; € {£1}. Set
P(A,A,e) = P(A, A, e)g NH(L).

Fore=(0,...,0), we recover the old P(K), while, for e = (1, ..., 1), the hyperparallelepiped P(K, A, ¢)
is a rectangular hyperbox of size (my,...,my).

Set
(112) =P D @’
c€Ey se P(A,A,8)

See Figure 31 for an example.

Remark 10.11 The hyperparallelepipeds P (A, A, ¢) behave nicely with respect to the maps ™ : H(L) —
H(L — M) as defined in Section 3.7. Indeed, consider the link

M = U L;
gi=1

with the orientation induced from L. Then vM takes P(7\, A, ¢) exactly to the hyperparallelepiped
P(Kl L—M ), and it does so in an m (M )-to-one fashion, where

m(M) = l_[ m;.
L, CM
Therefore, we can rewrite (112) as

(113) CR=P P @ ase My,
MCL sepP(AlL—m)

Geometry & Topology, Volume 29 (2025)



2920 Ciprian Manolescu and Peter Ozsvdth

A
S1 = —b8 Sl = b8 2

Ay

(1,0)

an
(1,0)

(1.0) (1.1
0.0) (0.1

(1.0)
0,0) (0.1

0. 1)

Figure 31: The complex €° ((K)) for a two-component link. We show here the combined truncation
corresponding to surgery on a framed link with, say, A; = (200, 100), A, = (100,200), m; =
my = 600 and % = 50. The four parallelograms in the picture are P(A, A, ¢) for £ =2, & € {0, 1}2,
and A and A fixed. In each region we mark the values of ¢ such that the corresponding P(K, A ¢e)
contains the region. This tells us which terms <€§’8 form the truncated complex €% (A)). The
framing A is sufficiently large compared to 5%, as explained in the proof of Proposition 10.12.

Proposition 10.12  Fix § > 0. If we pick the values m; sufficiently large, the direct sum € ((A)), equipped
with the restriction of the differential 9%, forms a chain complex quasi-isomorphic to (6%, %7%).

Proof Let P be a hyperparallelepiped in R¢, with vertices VO, for o = (01, ...,04) € {—1,1}*. We
assume that 0; V;° > 0 for all o and i; that is, each vertex lies in the hyperquadrant in R¢ that corresponds

to 0. For each
o= (w,...,w0p) €{—1,0, l}g,

we define a subset Pr[w] C RY as follows. First, define a completion of w to be a vector o € {—1, 1}¢
such that o; = w; whenever |w;| = 1. In other words, a completion of w is a vector in which we
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752

Pg[(0. D]

Pg[(1,1)]
Pr[(=1,1)]

PR[(_I’ 0)]

Pr[(1,-1)]

Pr[(—1,-1)]

Figure 32: A decomposition of the plane into nine regions. We show here an example of the
subsets Pg[w] C R? for w € {—1,0, 1}2.

replace the zero entries of w with +1 or —1. Let Pg’ be the subparallelepiped of Pg with vertices V7,
where o runs over all possible completions of w. Further, given a vector with only nonnegative entries
t =(11,....17) € [0, 00)¢, we define # * w to be the pointwise product
txw={tw,..., Lhwy) € RY.
Set
Prlol= ) (PR+1tx0).
t€[0,00)¢
Note that Pr[(0,...,0)] = Pr. We have a decomposition
Rf= | Prlol
we{—1,0,1}¢
See Figure 32 for the case { = 2.

Suppose there are no points in the lattice H(L) on the boundary of any Pr|[w]. Then, letting P[w] =
Prlw] NH(L), we get a decomposition as a disjoint union
H(L)= ][] Ple)
we{—1,0,1}¢

We can apply this to any of the hyperparallelepipeds P(K, A, €) and obtain a decomposition of H (L) for
each ¢.
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For w € {—1,0, l}e, consider the direct sum

-® I @

c€E¢ se P(ALA,0)[w]
so that

(114) “= P (Al

we{—1,0,1}¢

We choose the values m; sufficiently large such that whenever V is a vertex of some P(K, A, €) with
o; Vi > 0, we in fact have o; V; > bs. (Here b% is the constant in Lemma 10.10.)

Starting from here, the idea is to use Lemma 10.10 to show that the terms %8(( A))[w] in the direct
sum (114) produce acyclic complexes for w # (0, ..., 0). We eliminate them one by one, beginning with
the ones with || = ) w; = ¢, then those with || = £ — 1, all the way to |w| = 1, after which we are
left only with €% (A)[(0,...,0)] = €S (A).

We start with w such that |w| = £, ie all values w; are 1 or —1. Let w = (w1q, ..., wy) be the vector
consisting of the values w; = %(1 —w;) forall i. Each P(A, A, ¢)[w] is obtained from the hyperquadrant
determined by w by translating by an amount that depends on &. More precisely, if V' is the unique vertex
of P(A, A,0)[w], then the vertex of P(A, A, &)[w] is V + (w xg)-A.

The second part of Lemma 10.10 implies that the maps D 8 are trivial unless &’ = w * ¢. It follows
from here that €% (A ))[w] is a direct summand of ¢% as a cham complex ie it is preserved by the

&,e’ 8 maps <68 ¥ into €558 we deduce that the differential

differential. Moreover, since by definition D sel A

on €% ((A))[w] preserves the quantity
s—(w*¢)-A.

Hence, the complex €% (A A N w] splits into a direct sum of terms corresponding to values of s — (@ *€)- A.

£,e',6

Each such term is an £-dimensional hypercube that has on its edges maps of the form Dy withe=r1.

5

By the first part of Lemma 10.10, all these edge maps are quasi-isomorphisms. Therefore, the respective
hypercube complexes are acyclic, and so is €% (A ) [w].

We then proceed inductively on £ — |w|. At each stage, we have a complex €% ((A)[< |w|] obtained
from 6% by canceling the terms with higher |w|. Each € (A )) [w], for the given |w|, splits as a direct
sum of subcomplexes and quotient complexes of 6% ({(A))[< |w|]. They are acyclic by an application of
Lemma 10.10. The claim follows. |

10.4 A folded truncation

In this section we describe the variant of truncation which will be useful to us in Section 12. We keep the
notation from the previous subsection, with @ = € (#, A)8 and A as before. The folded truncation
%S{K} that we are about to describe will be isomorphic to 6? ((K)) as an R-module, but its differential
will contain some additional maps.
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For e = e(M) € Ey and s € H(L), we introduce the notation [s]. to denote the translate of s that lies
in the hyperparallelepiped P(K, A, ¢), where we allow translations by multiples of Ai —&;A; for any
i =1,...,£. In other words, we consider the tessellation of R¢ by translates of P(K, A, €), and “fold”
all the hyperparallelepipeds in this tessellation onto the fundamental domain P(K, A, €) using translation.
For simplicity, we write %fs] for the complex ‘Gfs]g.

Observe that if s € H(L) is sufficiently close to a face of P (K, A, €) (say, at a distance of no more than the
sum of the absolute values of the entries of A) and the values m; were chosen sufficiently large, then [s]; is
also close to a (possibly different) face of P(K, A, ¢). Further, in this case in 65 =A™ (HL=M M (5))
all entries in ¥M (s) are either sufficiently large or sufficiently small that they can be replaced with oo,
so 6¢ is naturally isomorphic to 2~ (%), using the data in the complete system . The same is true of
€[5 so we have an identification between 65 and €[,

“Ai=EP P <.

e€E¢ se P(A,A,0)

With this in mind, we define

with the differential %~ {A} consisting of all maps

0 0
(68 — <68 +e&

&8 (v _ AN .
(115) Do g WA = Py 5y € [s+¢"-A]

fore® =e(M),e=¢e(N)and ¢’ € Ey such that €2 + ¢ € E; and ¢’ <.

Of course, it may happen that the value s is in the hyperparallelepiped P(K, A, &%), buts +¢ - A is not
in P(/~\, A, 0+ ¢). In such cases, note that s must be close enough to a face of P(1~\, A, g%+ ¢); hence,

C80+8

[s+e-A] S explained above.

/ L . e .. . .
the target of the map QBZ;,SS, which is a priori <€§ +’;/8 A 18 identified with
The maps @75  of this form are called crossover maps.

We let €% {A} be the vertical truncation (by §) of €{A}. Then €% {A} differs from the truncation € ((A))

only in that its differential contains the crossover maps.

Example 10.13 If K is a knot with framing coefficient A € Z, recall from (107) from Section 10.1 that
we have a horizontal truncation
¢by= P We P @ice
—b=<s<b —b+A<s<b

If we also do vertical truncation by §, the resulting complex @8 (b) is the same as the combined truncation
@5 ((A)) from Section 10.3, with A = 2b. When A = 1, the truncation €% (b) = 6% ((2b)) is shown in
Figure 33. In principle, in the folded truncation €%{2b} we have to add the crossover maps CIDJ_F;{ and
CDI;K shown by dashed lines in Figure 33. (In our notation, for example, @ff is @i;)f;{/"{} with €% =0,
e=1,¢& =0ands =—b, so that [s + &"- Al,0,, = [s];0,, = b.) However, observe that, if b is chosen
sufficiently large compared to b?, then the maps CIDJ_“f and CIDZK vanish, according to Lemma 10.10.
Thus, in this case, the folded truncation is the same as the combined truncation. (In fact, the same is true
for any A, that is, for any integer surgery on a knot.)
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s =—b’ s =b’
@, @, «
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Figure 33: The folded truncation for surgery on a knot K. In this example, A = 1 and b = 8.
Each black dot represents a complex 6, each vertical arrow represents a map ®jK , and each
diagonal arrow represents a map CDS_K . The dashed arrows are crossover maps that appear in
©{2b}. They are set to zero in 6% {2b} because they originate outside the region between the two
dotted lines; compare Lemma 10.10.

Example 10.14 When L is a link of two or more components, there exist crossover maps that remain
nontrivial even when vertically truncating by §. Examples are shown in Figure 34. For concreteness,
consider the dashed arrow ®+Z2 starting at the leftmost red triangle in the figure, and ending at the
rightmost green triangle. In our notation, this is the crossover map @if's{x} for €2 = (0,0), e = (0, 1)
and ¢’ = (0,0), with s in the leftmost red triangle and [s],0 . in the rightmost green triangle.

For future use, let us also write the definition of ¢° {K} in a slightly different way. For e = e(M) € Ey, let
7°¢ be the (finite) polynomial ring over [F in variables 7; for those i such that &; = 1 (thatis, L; C M),
with relations 7, = 1. If M = L;) U---U L;, and k = (k1,...,kp) € ZP, we formally write

p
k_ kj
= 1_[ Tij
j=1
Fix a reference value s° = (s?, . ,s?) € H(L) with all of its entries less than b% in absolute value. In

view of Remark 10.11, we have an identification
~ ~ ~ M s5i—s?
P(AA,8) => P(A|p—m) x T8, s=(s1,...,57) > (w (s), 1_[ T, z).
=1
Therefore, we can write
(116) Ch=P D vl MoeTim.

MCEL seP(AlL—m)

with the differential made of terms

(117) g% S Ky =T@INL 5 . N3

0.s yM(s)’
where €% = ¢(M), ¢ = &(N), and the orientation NonN is given by i € I_(Z, ﬁ) if and only if &} = 1.
By (A|N)Z,Kf we mean the image of AZ,N = A; € Hi(Y — L) under the natural map
H{(Y —-L)— H{(Y —N).

Ziel_(i,ﬁ)
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Figure 34: The folded truncation for surgery on a two-component link. We show here the same
parallelograms as in Figure 31, corresponding to surgery on a link with A; = (200, 100) and
A, = (100, 200). Examples of crossover maps are given by dashed lines. They go from the
quotient complex <€‘30ut{ A} (indicated by the red regions) to the subcomplex %fn{/i} (indicated
by the green regions). In addition to the four crossover maps shown by dashed lines, there
are four others: two of the form ®+Z1 and two of the form ®~L2 (not shown here in order to
avoid overcrowding the picture). In each green or red region we mark the values ¢ such that
‘6?8 is part of the respective quotient complex or subcomplex. Further, near each green region
we mark (in green square brackets) the edge of the parallelogram that blocks the points in that
region: [1, +], [1, =], [2, +] or [2, —]; see the proof of Proposition 10.15 for an explanation. The
subcomplex C@fn{f\} is acyclic because its differential contains quasi-isomorphisms (indicated
by the green arrows) that cancel its terms in pairs. Similarly, Cégm{x} is acyclic because of the
quasi-isomorphisms indicated by the red arrows.
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Our main goal is to show:

Proposition 10.15 Fix § > 0. If we pick the values m; sufficiently large, then the complexes % and
@%{A} are quasi-isomorphic.

The proof of Proposition 10.15 will proceed along the following lines. Recall from Proposition 10.12
that 6% is quasi-isomorphic to the truncated complex €° ((K)). Thus, it suffices to show that €% ((K))
and %S{K} are quasi-isomorphic. The basic idea is that all nontrivial crossover maps go into an acyclic
subcomplex of %8{;{}; therefore, deleting them will not change the quasi-isomorphism type of the
complex.

In order to make this argument precise, we first introduce the auxiliary complex we need, and show that
it is acyclic.

Note that many of the crossover maps in @8 {K} are automatically zero, by an application of Lemma 10.10.
In particular, when L is a knot, all crossover maps vanish; compare Example 10.13 and Figure 33. On the
other hand, in Figure 34, some crossover maps have to vanish and others do not: for example, near the
top right corner of Figure 34, in principle we should have crossover maps of the form ®~Z1 and ®~12;
but these are zero, so we did not show them in the figure.

Roughly, the auxiliary complex (éfn{x} (to be defined below) will be the target of all crossover maps that
are not being automatically set to zero by applying Lemma 10.10. In Figure 34, this complex is indicated
by the green regions. (When L is a knot, the auxiliary complex is zero.)

Precisely, we define an incoming crossover point to be a pair (¢°,s) with & € E; and s = (s1,...,5¢) €
P(K, A, €9) satisfying the following property: there exist &, &’ € E; such that

e % ¢ccEjandée <

o s'=(s},....5))i=s—¢-A¢g PR, A —e);
o thereisnoi =1,....L withe; =1,¢; =0ands] < —bS:
o thereisnoi =1,....L withe; =1,¢, =1 ands] +Zj¢i Ik(L;, Lj)(1—¢j) > b,
In other words, we ask for (¢2, s) to specify the target of a (not a priori trivial) crossover map

’ 0 0
£, . cpeV—e £
@80 st Os — ((%s .

We denote by In(A, A) the set of all incoming crossover points. (In Figure 34, the set In(A, A) is exactly
the union of the green regions.) Define the incoming crossover subcomplex of ‘65{]{} to be

%ﬁn{x} = @ (6?8‘

(e,5)€m(A,A)

Lemma 10.16 The subcomplex %fn{/'{} is acyclic.
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Proof Recall that the crossover maps must end near the faces of the hyperparallelepipeds under consid-
eration. Near each face Lemma 10.10 indicates the presence of a particular kind of quasi-isomorphism
among the edge maps d>§H‘". We claim that these quasi-isomorphisms are part of the differential for
%fn{lh{}, and cause its terms to cancel out in pairs. (In Figure 34, the quasi-isomorphisms that produce the
cancellation are indicated by the green arrows.)

To make this precise, let (¢°, s) be an incoming crossover point. The condition s —g’- A ¢ P(K, A, e%—¢)
means that s — &’ - A fails to satisfy at least one of the 2¢ inequalities describing the hyperparallelepiped
P(K, A, €% — ¢). This inequality comes from one of the 2{ codimension one faces of the hyper-
parallelepiped, and we say that (¢°, s) is an incoming crossover point blocked by that face. One way to
distinguish one of the 2¢ codimension one faces is to say which of the 2¢ coordinate half-axes of RE it
intersects. In general, if P is a hyperparallelepiped like the ones in our construction, the face of P that
intersects the positive s;-axis will be called the [i, 4] face, and the face that intersects the negative s;-axis
will be called the [i, —] face.

Suppose an inequality that fails for s —¢&"- A is the one defining the [1, 4] face of P(A, A, e%—¢). Since
s does satisfy the inequality defining the [1, +] face of P(K, A, €9), it must be that s lies close to those
faces — where by “close” we mean a distance comparable to the entries of A and much smaller than b or
the m;’s. (An example is when s is in the rightmost vertical green triangle in Figure 34, and £° = (0, 1) or
(1, 1); there, e = (0, 1) and &’ = (0, 0), so @;ﬁz is the crossover map.) Suppose further that 8(1) =0, and
let £° € E; be obtained from £° by changing the entry 8(1) from O to 1. Changing £° into £° does not change
the [1, +] face of P(K, A, €9) at all. The same is true for the [1, +] face of P(A, A, &% —¢). Therefore,
(s, £%) is an incoming crossover point blocked by the [1, 4] face if and only if (s, £) is. Moreover, since

we are near the [1, +] face, the value s is bigger than %, so Lemma 10.10 says that
cD;i—Ll . (€§0,8 — (65‘0,8
° N

is a quasi-isomorphism. (This is shown as one of the green arrows in Figure 34.) Consider the subcomplex
of € {A} consisting of " for all (£, 5) € In(A, A) blocked by the [1, +] face. This subcomplex is
acyclic, because it consists of two hypercubes of chain complexes (corresponding to 8(1) =0and 8(1) =1,
respectively), connected by a chain map which has quasi-isomorphisms CIDQH‘ ! along the edges. We can
kill off this acyclic subcomplex and obtain a new complex quasi-isomorphic to %fn{K}, which does not
involve any (s, &%) blocked by the [1, 4] face. Similarly, from this new complex we can kill off the terms
blocked by the [2, +] face, then the terms blocked by the [3, +] face, and so on, all without changing the
quasi-isomorphism type.

An analogous elimination procedure works for the terms blocked by faces of the type [i, —]. Indeed,
suppose an inequality that fails for s —&’- A is the one defining the [1, —] face of P(A, A, &% — ¢). Since
s does satisfy the corresponding inequality for P(K, A, €9), it must be that s lies close to those faces.
(An example of this situation is when s is in one of the two leftmost vertical green triangles in Figure 34,
and €% = (0, 1) or (1, 1); there, ¢ = ¢ = (0, 1), so CD[_S{]Z is the crossover map.) Suppose further that
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8(1) =0, and let £ € E; be obtained from £° by changing the entry 8(1) from O to 1. This time, changing
&0 into &9 results in translating the [1, —] face of P(K, A, £9) by the vector Aj. The same happens to the
[1,—] face of P(A, A, €® —¢). Therefore, (8%, s + A1) is also an incoming crossover point blocked by
the [1, —] face. Further, since s; <« —b%, Lemma 10.10 says that

“Ly. 08 @08
o kg @l

is a quasi-isomorphism. Consequently, the terms in %fn{/"{} that are blocked by the [1, —] face cancel
each other out in pairs (using qbs_Ll ). By a similar argument, we can kill off the remaining terms blocked
by the [2, —] face, and so forth. We conclude that the whole of %fn{x} is acyclic. |

It is worthwhile to note that we can similarly define an outgoing crossover point to be a pair (¢°, s) with
®cEjands = (s1,...,85) € P(K, A, €9) satisfying the following property: there exist ¢, &’ € Ey such
that

e %+ccEjande <

e s+&-Aé¢ P, AL +e);

o thereisnoi =1,....L withe; =1,¢, =1 and s; > bS:

e thereisnoi =1,...,0 withe; =1,&; =0and s; + 3 IK(Li, Lj)(1 —9) < =b°.

We denote by Out(A, A) the set of all outgoing crossover points. (In Figure 34, the set Out(A, A) is the
union of the red regions.) Define the outgoing crossover quotient complex of @8 {K} to be

Cuhl= D G
(s,s)GOut(K,A)
with the differential induced from %gm{]{}. Roughly, (Ggm{ A} is the domain of all crossover maps that
are not being automatically set to zero by applying Lemma 10.10. One can show that %SOut{A} is acyclic

by an argument similar to the one used for %fn{f\}. However, we will not need to use the complex
%Bout{]{} in the proof below.

Proof of Proposition 10.15 Let
CiA= P ef

ecky
seP(A,A,e)
(e.5)¢In(A,A)
be the quotient complex of %8{7\} obtained from by quotienting out the subcomplex Céfn{f\}. Since
%fn{]{} are acyclic, it follows that €5 {A} and €% {{A}} are quasi-isomorphic.

Equally well, we can think of Céfn{lh\'} as a subcomplex of the truncation 6% (A )) (the one without crossover
maps). Thus, %8{{]{}} is a quotient of @4 ((K)), and quasi-isomorphic to it. We deduce that €° ((K)) and
@%{A} are quasi-isomorphic. The conclusion then follows from Proposition 10.12. |
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11 A general surgery exact sequence

Theorem 9.6 is a generalization of the corresponding result for knots [Ozsvath and Szab6 2008b,
Theorem 1.1]. The key component of the proof of that result is the existence of a long exact sequence

(118) o= HF ~(Y4(K)) > HF ~(Ypin(K) > " HF~(Y) - - ;

see [ibid., Theorem 3.1], stated there with HF ' instead of HF ~ (see also [Ozsvéth and Szabé 2011,
Theorem 6.2], for a generalization to rationally null-homologous knots inside three-manifolds). Here
n,m € Z are surgery coefficients of the knot K C Y with m > 0, and Y an integral homology sphere.
The fact that we work with the completed version HF ~ (see Section 2) allows the triangle to exist for
HF ~ just as for HF .

As a first step towards the proof of Theorem 9.6, in this section we will discuss a broader generalization
of (118), in which K is an arbitrary knot in a closed, oriented three-manifold Y. In Sections 11.1 and 11.2
we establish a few useful facts about cobordism maps in Heegaard Floer homology. We then proceed to
state the general exact sequence. Its proof in Section 11.3 is a straightforward adaptation of [Ozsvéth
and Szab6 2008b, Theorem 3.1], as long as one does not keep track of gradings and decompositions into
Spin® structures. We deal with these two last issues at length in Sections 11.5, 11.6 and 11.7 for the exact
sequence with vertically truncated complexes.

11.1 Four-dimensional cobordisms

We spell out here a way of describing homology classes, cohomology classes, and Spin® structures on
four-dimensional cobordisms (given by two-handle additions) in terms of surgery. This will be useful
to us when discussing the surgery long exact sequence later in this section, as well as when discussing
surgery maps in Section 14.

Let (Z, A) be a framed £-component link inside an integral homology three-sphere Y. Recall that the
space of Spin structures on Yz (L) is identified with the quotient H(L)/H (L, A) (see Section 9.2).
Also, H{ (YA (L)) = H2(Y5 (L)) is identified with Z¢/H(L, A) and Hy(Y5 (L)) = H' (YA (L)) with
H(L,A)™" (see Section 9.3).

Let L’ C L be an £’-component sublink, with the orientation induced from L. Denote by
H(L,Alp) CHi(Y — L)~ Z*
the sublattice generated by the framings A;, for L; € L.

Let Wx (L', L) be the cobordism from Y, ,,(L’) to YA (L) given by surgery on L — L’ (framed with the
restriction of A). Further, let W (L) = W (@, L), so that

WA(L) = Wy, (L"YUWA (L, L).
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Lemma 11.1 (a) There is a natural identification
(119) Hy(Wa(L', L)) = H(L, A|L/)J' ={ve z* |v-A; =0forall i withL; C L'},
under which the intersection product
Hay(Wa(L', L)) ® Hx(WA(L', L)) - Z
is given by v ® v/ — v’ Av’.
(b) There is a natural identification
(120) H*(Wa(L'. L)) = Z*/H(L. A|L).
under which the natural projection
a7z H(L, AN|p) — ZEJH(L, A)
corresponds to restriction to H?(Y 5 (L)), while restriction to the coordinates corresponding to L,
Z*/H(L.Alp) — 2 /H(L' AlL).
corresponds to restriction to H 2(YA| o (L)).
(c) Under the identifications (119) and (120), the evaluation map
H2(Wa(L', L)) ® Ho(WA(L', L)) - Z

corresponds to the usual scalar multiplication of vectors in Z*t. Also, the composition of Poincaré
duality with the natural map in the long exact sequence of a pair

Hy(Wa (L', L)) => H>(Wx(L', L), 0WA (L', L)) - H>(Wa(L', L))
corresponds to the multiplication v — Av.
Proof We start by proving the claims in the case when L’ = &, ie Wp (L, L) = W (L). Choose Seifert
surfaces F; C Y for each link component L;. (Of course, these surfaces may intersect each other.) Let ﬁ',
be the surface obtained by capping off F; in Wy (L), using the core of the respective two-handle. Note

that the homology class [13,-] is independent of our choice of F;. Further, since Y is an integral homology
sphere, the classes [13,], i=1,...,¢, form a basis of Hz(Wj\ (L)), so we have the desired identification

(121) H,(Wy (L)) = Z°.

Note that the intersection form on H,(Wx (L)) in this basis is the framing matrix A.
We also have another identification

(122) H?*(Wa(L)) = Z*,

obtained by sending a cohomology class ¢ to ({c, [ﬁ ), ....{c, [134])). The claims in (c) are then easy to
check for Wp (L).
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Let us now consider the general case of L’ C L. For part (a), observe that
H3(WA(L), WA(L', L)) = H3(Wy,, (L"), Yy, (L") =0,

because Wy, (L) consists of two-handle additions only. Hence, the long exact sequence in homology
for the pair (WA (L), Wa (L', L)) reads

0— Hy(Wa(L', L)) = Ha(Wa(L)) L5 Hy(Wa (L), Wa(L', L)) = H*(Wy,,,(L')).

Using (121) and (122), we can view f as a map from Z¢ to Z*". From part (c) for W (L), we get that f
is given in matrix form by the restriction of A to the components of L’ The identification (119) follows.

For part (b), use the identifications (122) for Wa (L) and Wy, (L), as well as the commutative diagram
0 —— H?>(WA(L), WA(L', L)) —— H?*(Wp(L)) — H?*(WA(L',L)) —— 0
0 —— H>(Wp,, (L)), Yp|,, (L)) —— H>(Wy),, (L) —— H?>(Yp),, (L") ——0
Part (c) follows from the respective statements for W (L). O
We also have a description of the space of Spin® structures on the cobordism Wy (L', L):

Lemma 11.2 There is a natural identification
(123) Spin®(Wa (L', L)) = H(L)/H(L, Alr/)
under which the natural projection
»L Y H(L)/H(L, A|l)) — H(L)/H(L, A)
corresponds to restricting the Spin€ structures to Y (L), while the map
yE T HL)/H(L AlL) - HL)/H(L' AlL)
corresponds to restricting them to Y, |, ,(L'). Further, the first Chern class map

c1: Spin®(Wa (L', L)) — HX(Wa(L', L)) = Z*/H(L, A|')
is given by

(124) cr([sh) =[2s — (A1 +---+ Ap)].

Proof The space of Spin® structures on Wy (L) is identified with the space of relative Spin® structures on
(Y, L), and hence with H(L) via the formula (124) (see Remark 3.6). Similarly, we have an identification
Spin®(Wy,, (L") = H(L’). Moreover, there is a commutative diagram

0 —— Spin“ (WA (L), Wa(L', L)) ——— Spin®(Wp (L)) — Spin°(Wx (L', L)) —— 0
0 —— Spin®(Wa|,, (L"), Y4, (L") — Spin® (W, (L)) — Spin® (Y4, (L)) —— 0
where the two horizontal rows are short exact sequences. The conclusion easily follows. |
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11.2 Gradings, cobordism maps and twisted coefficients

We now discuss the general grading properties for Heegaard Floer complexes with twisted coefficients
and cobordism maps between them. Let Y be a closed, oriented three-manifold with a Spin€ structure
wand a F[H'(Y;Z)]-module M. A pointed, admissible Heegaard diagram for ¥ (with a complete set
of paths for the generators, as in [Ozsvéth and Szab6 2004b, Definition 3.12]) gives rise to a twisted
Heegaard Floer complex CF ~ (Y, u; M); see [Ozsvith and Szab6 2004c, Section 8.1]. (Here we use the
completed version, and delete the usual underline from notation for simplicity.) This complex admits a
relative Z /0(u, M )Z-grading, where

(125) ou, M) = ged {c1(w), €).

§€Hy (Y Z)
PD(&)-m=m for all me M

This is true because the ambiguity in the grading difference between two generators is the Maslov index of
periodic domains for which the corresponding classes in H!(Y; Z) act trivially on M ; compare [loc. cit.].

Next, we set up cobordism maps with twisted coefficients, following [ibid., Section 8.2], but in slightly
more generality.

Consider a pointed, admissible triple Heegaard diagram (X, ¢, 8, y, w) which represents a cobordism
X = Xg,p,y with boundaries Y, g, Yg , and Yy ;. Suppose we are given an F[Hl(Ya,ﬁ; Z)]-module
M, g and an F[H ! (Yg ,; Z)]-module Mg ,,. Given a Spin® structure # on X, we denote by Spin®(X;¢)
the space of relative Spin® structures on X representing ¢. Note that Spin®(X; ¢) has a natural action of
H'(Yyp:Z)x H'(Yp,:Z) x H'(Yy,y: Z). The Spin® structure ¢ induces an F[H'(Yy,y; 7Z)]-module

(ma,ﬁ,mﬂ,y,g) € Ma,ﬂ XMﬁ’y x Spin®(X; t)

{Myp® Mg} = :
BB T g gmp oy ) ~ (hap Mo g hp, mpy. (hap X hgy x0)-1)

where hy g and hg ,, are arbitrary elements of H 1 (Ya,p:7Z) and H Ly, 8,y L), respectively.
Suppose we are also given an F[H ! (Yy,,; Z)]-module My, and a module homomorphism
0 {Mop ® Mgy} — Moy

For simplicity, let us write M for the triple (Mg g, Mg ,,, My ). We then have a cobordism map with
twisted coefficients

fa_,ﬂ,y;t,M,E: CF™ (Yo,8.t|Y, 5: Ma,p) CF ™ (Yp y . tly, s Mpy) > CF~ (Ya,y. tly, s Ma,y),

given by

fa_,ﬂ,y;t,M,c(ma,ﬂx ®mﬂyy) = Z Z (#M(¢))'Un71)(¢)§(ma,ﬂ ®mﬂy ®t_w (¢))Z7
2€ToNTy pema(x,y,2)
w(g)=0
ty (p)=t

with the usual notation in Heegaard Floer theory; compare [ibid., equation (10)].
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Set
(126) ot M) = ged(0(t]y,, 5. Map)- vy, Mp,y). 3ty . May)).
Note that the Floer complexes
CF™(Yop.tly, 5: Ma,g). CF~(Yp,y. tlys s Mpy), CF~ (Ya,y . tly, ,: Ma,y)
all admit relative Z/0(t, M ) Z-gradings.

Lemma 11.3 (a) The map fa_ﬂ yut.M.¢ Preserves the relative Z./0o(t, M ) Z-gradings.

(b) Lett’ be aSpin® structure on X with the same restrictions to 0X as t, and let {':{ M, g ®M5,y}’/ —
My, be a module homomorphism. Set t' —t = u € H?(X,3X;Z). Then, for every pair of
homogeneous elements x € CF ™~ (Yy g, tly, 4: Myg) and y € CF~(Yg ., t|y, s Mg ),

(2D) & g st ® D) =& fop e p e (8 ® 9) = (c1() ~ -+~ w)[X] (mod (e, M)).

Proof (a) The ambiguity in the grading shift comes from doubly periodic domains with trivial module
actions. The contribution of these domains to the Maslov index is given by their pairing with ¢ (¢).

(b) This follows from the formula for the Maslov index of a triply periodic domain in [Sarkar 2011,
Section 5]. O

Of course, equation (125) and Lemma 11.3 apply equally well to truncated Floer complexes CF -8
instead of CF ~, and to triple Heegaard diagrams with several basepoints.

Remark 11.4 A particular example of a cobordism map is the untwisted one corresponding to a two-
handle addition, as in [Ozsvéth and Szab6 2006]. In this case, Yg , is a connected sum of S1x82’s, and we
consider only triangles with one vertex at a representative for the top-degree homology generator y = @f;“;
Supposing further that ¢ (¢) has torsion restrictions to Y, g and Yy, the respective Floer homology
groups have absolute Q-gradings compatible with their relative Z-gradings. Let W be the cobordism
from Y, g and Y, obtained from X by filling in the other boundary component with three-handles. It is

shown in [loc. cit.] that the cobordism map shifts absolute grading by
(128) (@) =21(W) =30 (W),
where y and o denote Euler characteristic and signature, respectively. If we further suppose that ¢q(¢’)

has torsion restrictions to Yy g and Yg,,, we can then view (127) as a simple consequence of (128), with
o(t, M) =0.

11.3 A long exact sequence

In this section we sketch the construction of the surgery long exact sequence from [Ozsvath and Szabd
2008b, Section 3; 2011, Section 6.1]. It is stated there for rationally null-homologous knots, but the
construction can be generalized to works for arbitrary knots inside three-manifolds. In the more general
setting, one of the Floer complexes may appear with genuinely twisted coefficients; see Proposition 11.5
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below, as well as its graded refinements Propositions 11.11, 11.15, 11.17, 11.24, 11.28 and 11.29. (A
slightly different generalized surgery sequence with twisted coefficients was proved by Fink [2009].)

We work in the setting of Section 11.1, with (Z, A) being a framed £-component link inside an integral
homology three-sphere Y. Let A be the framing on L obtained from A by adding m; > 0 to the surgery
coefficient A1 of the first component L1; that is, the corresponding framing vectors are Kl =A1+mi11,
where here 77 1s a meridian for L, and 1_\,~ = A; fori # 1. Also, we let L’ = L — Ly and denote by A’
the restriction of the framing A to L’, with framing vectors A',, ..., A’ ;- We can view K = Lj as a knot
inside the three-manifold Yo/(L’), and Y (L) as the result of surgery along that knot. (Note that, given
any knot K inside a three-manifold M, we can find L = Ly UL’ C Y = S3 such that M = S?\, (L') and
K corresponds to L1.)

Suppose we have a multipointed Heegaard diagram (X, «, B, w,zy) for K C Ya/(L'), with possibly
several free basepoints, but a single basepoint pair (w1, z1) on K. Let g be the genus of X and k the total
number of w basepoints, as in Section 3.1. Moreover, we assume that w; and z; can be connected by a
path which crosses 44— exactly once, and which is disjoint from all the other alpha and beta curves.

As in [Ozsvith and Szab6 2008b, proof of Theorem 3.1], we let yo 41 be a simple, closed curve in X
disjoint from By, ..., Bgx—> Which specifies the A1-framing of L1 CY. We complete this to a (g+k—1)-
tuple y of attaching curves on X by taking curves y1,. .., Yg4+k—2 Which approximate B1, ..., Bgirr—2
in the sense of Definition 8.1. We define another collection § similarly, only now 8¢ x_; specifies
the framing A; + my on L. Thus, (¥, e, y, w) and (¥, «, §, w) are Heegaard diagrams for Y5 (L)
and Y3 (L), respectively.

The Heegaard triple (X, o, p, §, w) represents a four-manifold X; with three boundary components,

+k—2
(

Ya(L), L(my, ) #H S'xS?) and Yz(L).

There is a canonical torsion Spin® structure on the manifold L(my, 1) # #% +k_2(S 1 % §2); see [ibid.,
Definition 3.2]. We arrange that the Floer homology HF ~(T,, Ts, w) in that Spin® structure, in the
maximal degree with nonzero homology, is represented by a unique intersection point, which we call
canonical. We define a map

Ji :CF (Ty, Ty, w) - CF~ (Ty, Ts, w)
by counting holomorphic triangles with one vertex in the canonical intersection point.

Let us add g + k — 2 three-handles to X to kill off the S! x S? summands in the middle boundary
component, then remove a neighborhood of a path between the first two boundary components. We thus
obtain a cobordism Wy from Y (L) # L(m1,1) to Y5 (L). Itis easy to see that

ST = fiy, (x @ O5),
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where fw_,1 is the map on Floer complexes induced by the cobordism Wj (as in [Ozsvath and Szabd
2006]), and @;ag is the top-degree generator for the Floer homology of L(m, 1) (in its canonical Spin©

structure u"),

Next, we look at the Heegaard triple (X, e, 8, B, w). This represents a cobordism X5 with three boundary
components,
Yx(L). #72(S'x 82 and Yu(L).

By filling in the middle component with three-handles, we obtain a cobordism W, from Yz (L) to Y/ (L’).
This is simply the reverse of the cobordism —W3 (L', L) in the notation of Section 11.1. Here, by reverse
of a cobordism we mean a reversal in direction, ie turning the cobordism around so that we view it as
a cobordism from the final to the initial manifold. The minus sign denotes the additional reversal of
orientation.

To X, we associate a cobordism map with twisted coefficients as in Section 11.2. (Compared to the
notation there, we now have X» instead of X, & instead of B, and B instead of y.) We let M, 5 and M g
be the modules [, with trivial action by the respective cohomology groups. Consider the ring

71 =F[Z/mZ] = F[Ta]/(T{"" = D).

We make .77 into an F[H ! (Ya(L'))]-module M, g by letting h € H (Y (L')) act by multiplication by

Tl(h’[L']). In the corresponding Floer complex CF (Y x/(L'); 1) each isolated holomorphic strip gets

counted in the differential with a coefficient Tln wi @)=z, (¢), where ¢ is the homotopy class of the strip.

Given t € Spin®(W>,), we abuse notation slightly, letting ¢ also denote the restriction of ¢ from W, to X5.
We consider the module homomorphism

Ci{My s ® Ms g}t — My g

given by composing the projection
Spin‘ (X5 1)
H (Y5 (L)) x HU(#5T572(51 x §2))

{Mys®Ms g}* —

with the map
Spin€(X5: 1)
H(Y5 (L)) x HU (#572(51 x §2))

nwl (1//)_”21 (W)

(129) -7, W1 .

where ¥ € Spin€(X5,: ) is viewed as a homotopy class of triangles; compare [Ozsvath and Szabé 2004c,
Section 8.2.1]. Note that the map (129) is well defined, because every doubly periodic domain ¢ for
Yz (L) or #57572(S1x §2) has nu, () = nz, (#).

We define
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by
@)= 3 faspamsx @ O5p).
t €Spin© (W>)
where @ga"}} is the respective canonical generator. In other words, the map f;~ counts holomorphic

w1 (1/f)—nz1 (W)

triangles in a class ¥ with a coefficient T . For future reference, since we will be interested

in the grading properties of f,~, we note that

(130) o(t, 71) = ged((tlyx (). ¥ty (). T1)):

where we wrote 0(¢, Z7) = 0(¢, M) for simplicity. Equation (130) follows from (126) together with the
triviality of the modules M, s and M g.

Finally, we consider the cobordism X3 corresponding to the Heegaard triple (X, ¢, B, ). The associated
filled-in cobordism W3 from Ya/(L’) to YA (L) is simply W (L', L), ie surgery on the framed knot
(L1, A1). We set up a map

f3_: CF_(TOU Tﬂ7 w; y.l) - CF_(TOC’ Ty, w)
as follows. (Compare the definition of the map f3+ in [Ozsvath and Szabd 2008b, Section 3].) Fix any
triangle class ¥ € 712(@;&%, @;;‘%, @;f‘g), where @lc‘lj“ are canonical generators as before. Set

C =Ny, (W) —Nz (W)

By analyzing triply periodic domains, one can check that the residue of ¢ modulo m is independent of
the choice of . Set

(131) IUSEIEEDY > (#Ml(p)) - U™ Py,
yeTanT, pem(x,05" ,y)
u(g)=0
S1+nw, (@)—nz, ($)=c(modm1)
Where My (@) (@)
Unw(®) .— Ulwl _Uka .

Observe that f5 is not a usual cobordism map with twisted coefficients. Rather, its value depends on
the exponent s; in the input TIS !'. x. When applied to a fixed Tls ' x, the map f; acts as a sum of
several cobordism maps with twisted coefficients; these are associated to the cobordism W3 = W (L', L)
and to the Spin® structures s € Spin®(W3) =~ H(L)/H(L, A|r/) with some fixed value of s modulo
(ml,O,. .. ,0).

We denote by F[~, F,” and F; the maps induced by f;~, f, and f;~ on homology.

Proposition 11.5 For any framed link (Z, A) inside an integral homology sphere, there is a long exact
sequence

Fy” F;5 Fy
> HF~(YA(L)) —> HF ~(Yz(L)) == HF ~(Yn(L'); 1) = -+ .
In fact, the complex CF ~ (YA (L)) = CF ~(Tg, Ty, w) is quasi-isomorphic to the mapping cone of f,".
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The proof of Proposition 11.5 is given in [Ozsvath and Szabé 2011, Section 6.1] for the case when L is
rationally null-homologous inside ¥ (L’) (and for HF " instead of HF ~), but it applies equally well to
our situation, so we omit it.

We would like to have a refined statement of Proposition 11.5, in which we keep track of the decomposition
of CF~ (YA (L)) into Spin® structures, as well as the respective relative gradings on it. However, keeping
track of gradings is possible only if we work with vertically truncated complexes CF ~3 (as in Section 10.2)
instead of CF ~. We write fl.‘g (resp. HZ.S) for the vertical truncation of f;~ (resp. Hl.a). The proof of
Proposition 11.5 in fact gives the following more precise version:

Proposition 11.6 Fix § > 0. For any framed link (Z, A) inside an integral homology sphere, the complex
CF—¢ (Tg, Ty, w) =CF =8 (YA (L)) is quasi-isomorphic to the mapping cone

(132) CF (Y5 (L)) S, cp-9 (Ya(L'): T).

In fact, following [Ozsvath and Szab6 2008b; 2011], there are two natural quasi-isomorphisms that can
be used to prove Proposition 11.5. First, we have the quasi-isomorphism

(133) CF 3 (YA (L)) => Cone(CF (Y7 (L)) L, cp-4 (Ya(L'); 7))

given by a triangle-counting map f18 to the first term in the mapping cone and a quadrilateral-counting
map H f (a null-homotopy of f28 o fl‘g) to the second factor. Second, we have a quasi-isomorphism in the
opposite direction

(134) Cone(CF 3 (Y7 (L)) B, cp—s (Yn(L'); 7)) => CF =5 (YA (L)),

given by a triangle-counting map f35 from the second term of the mapping cone, and a quadrilateral-
counting map Hg (a null-homotopy of f35 ) f25) from the first term.

11.4 Refinements of Proposition 11.6

We will discuss below several refinements of Proposition 11.6, on a case-by-case basis, depending on A.
By choosing m judiciously (in particular, sufficiently large compared to §), we describe cases where the
quasi-isomorphism (133) or (134) has good Spin® structure decompositions and good grading-preserving
properties.

More precisely, we consider the following two cases:

e Casel A is nondegenerate.

e CaseIl A is degenerate, and furthermore A € Span(As, ..., Ay).

(We do not consider the case where A is degenerate, but A; ¢ Span(A,, ..., Ay). That case turns out
not to be needed for our present applications.)
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Case I is further subdivided as follows. Let & > 0 be the smallest integer such that the vector
a=(ai,...,a;) =hA"1(1,0,...,0)

has all integer coordinates. We choose m; > 0 such that the vector mity = (m1,0,...,0) is in
H(L,A)=Span(A1,...,Ay).* Hence, the value d = m1/ h is an integer, too. Choosing m sufficiently
large is the same as choosing d sufficiently large. In the case when a; # 0, we impose an additional
constraint on our choices of sufficiently large m1: namely, we ask for m to be a multiple of a4, ie for
d to be a multiple of a;.

It is easy to check that @; = 0 if and only if A’ is degenerate, and when A’ is nondegenerate, the sign of a;
is the same as the sign of the restriction of A (viewed as a symmetric bilinear form) to the one-dimensional
space Spang (A2, ..., A Ot c QF. (Here, the orthogonal complement is taken with respect to the standard
inner product.)

We thus distinguish three subcases, according to the sign of ay:

CaseI(a) (a;>0) Inthissubcase, the graded refinement of Proposition 11.6 is given in Proposition 11.11
below. The model example to keep in mind is that of positive surgery on aknot K C Y, eg ¥ = S3, n is
a positive integer, A = (n), A = (n+m1), N =@,a; =1 and h = n.

Case I(b) (a; < 0) In this subcase, the refinement is given in Proposition 11.15 below. The model
example to keep in mind is that of negative surgery on a knot K C Y, eg Y = S3, n is a positive integer,
A=(n),A=(n+m),N=2,a1=—1and h =n.

Case I(c) (a; = 0) In this subcase, the refinement is given in Proposition 11.17 below. The model
example here is fractional surgery on a knot in 3, as follows. Let K C ¥ = S3 be a knot, which we can
promote to a two-component link L. = L U K, where here L; is a meridian for K. In this case, write

_ 01 T _ m11 ’r _ .
I T T

In this model example, YA (L) = S3, Yz (L) = Sil/ml(K) and Yp (L) = Sg(K). Note now that
Yn (L') appears with twisted coefficients. Thus, Proposition 11.17 can be viewed as a generalized,

negative-surgery version of the fractional surgery theorem [Ozsvath and Szab6 2004c, Theorem 9.14].

In Case II, there are two refinements, given in Propositions 11.24 and 11.28, corresponding to the two
possible quasi-isomorphisms from (133) and (134), respectively. Another case, where the Floer complex
for Y4 (L) has twisted coefficients, is given in Proposition 11.29. The model example for Case II is that of
0 surgery on a knot in an integral homology three-sphere: A = (0), A = (m), A’ = @. In this example,
Proposition 11.24 should be compared with the integer surgeries exact sequence [ibid., Theorem 9.19].

In all these cases, to understand the Spin® decompositions, we find it useful to study further the cobordism
W1 from YA (L) # L(my, 1) to Yz (L), in the manner of Section 11.1.

4By “span” we will mean the span of integral vectors over Z, unless we explicitly refer to the “Q-span”.
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A

\ L[+2
S

Figure 35: The cobordism W;. By adding an unlinked, unknotted component L with framing m
to the original link L we obtain a surgery presentation for Y5 (L) # L(m, 1). The cobordism W;
is then given adding a two-handle along the unknot component L;4, with framing 0, which has
linking number one with both L; and Ly ;.

Lytq

The cobordism Wj consists of a single two-handle addition. A Kirby calculus picture for it is shown in
Figure 35. If we denote by L™ the (£+2)-component link L U Ly, U Ly, from the figure, and by A™
its given framing (also shown in the figure), we can express our cobordism as

Wi =Wt (LT —Lgya, L),
in the notation used in Section 11.1. In matrix form, the framing A" for L™ is

01
00

(135)

We denote the rows of At by AT fori=1,...,¢4+2.

Definition 11.7 Two Spin® structures u on Y5 (L) and it on Yz (L) are called linked if there exists a
Spin® structure on Wy which restricts to u#u" on YA (L) # L(m1, 1), and to ti on Yz (L).

Note that we can use Lemma 11.2 to describe Spin® structures and restriction maps concretely. We have:

Lemma 11.8 Two Spin® structures u € Spin®(Ya (L)) = H(L)/H(L,A) and u € Spin®(Y3 (L)) =
H(L)/H(L, A) are linked if and only if there exists s € H(L) and j € Z such that u=s + H(L, A) and
i=s+jmity + H(L,A).

Proof Suppose we have a Spin® structure
t € Spin®(W1) = H(L™)/Span(AT,.... A} AT, ).
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andletsT = (s1+, el szr, SZ+1 , Sé:_z) cH(LT)bea representative of #. Using Lemma 11.2, the condition
that the restriction of ¢ to YA (L) # L(mq, 1) is u#u®" translates into

u=s+ H(L,A), where s = (sf—%,sj,...,s[) e H(L),

and
yL=Letr(s1) =0 e Spin®(L(m1. 1)) = Z/my,
ie
sZ‘H =qmq+ %

for some g € Z.
On the other hand, the restriction of ¢ to Yz (L) is
s+ HWLT, AY) e H(LT)/H(LT, AT)).

Note that we have two different expressions for Spin°(Yz (L)) as a quotient, one coming from the
cobordism W; and one from W3 (L). They are related by the isomorphism

H(LT)/H(LT, AT - H(L)/H(L,A), stT+HLT, AY)—5§5+H(L,A),
where
§=Gr....50) =67 —sf Amusf,s5 .8

The conclusion follows by taking j = s2'+2 —q. a

11.5 Refinements of Proposition 11.6, Case I: A is nondegenerate

Case I(a) (a; > 0) (The model example to keep in mind is that of positive surgery on a knot K C Y,
for which the grading issues have been studied in [Ozsvath and Szab6 2008b, Sections 4.5-4.6].)

In this situation Y5 (L), Y5z (L), and Y/ (L) are all rational homology spheres, and therefore the corre-
sponding Floer chain complexes all admit absolute Q-gradings (and relative Z-gradings) in each Spin©
structure; see [Ozsvath and Szab6 2006].

In fact, we can rephrase this subcase as being about positive surgery on the knot L inside the rational
homology sphere Ya/(L). As such, it was fully treated in [Ozsvath and Szab6 2011, Section 6.3] (see
also [Ozsvath and Szabd 2008b, Sections 4.5-4.6]). However, we present a slightly different proof here,
which will be easier to adapt to the other cases below, and which gives us the opportunity to establish
some notation.

We aim to understand the quasi-isomorphism ( fl‘g, H f) from (133). We start by studying the map flg,
which corresponds to the cobordism W; from Figure 35.

Lemma 11.9 If a; > 0, then the cobordism W) is negative definite. In fact, a generator 3, of
Hy(W1;Z) = Z satisfies X1 - X1 = —mq(a1d + 1).
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Proof Using the matrix form (135) for AT and the identification (119), the generator of Hy(W1;7Z) is
given in coordinates by

(136) Elz(ald,...,agd,l,—ml).

The conclusion then follows from Lemma 11.1(a). O

Using Lemma 11.8, we can specify the relation between the Spin® structures on W; and its two boundary
components. Precisely, since myt; = (m1,0,...,0) € H(L, A), we deduce that Spin® structures u €
Spin® (YA (L)) = H(L)/H(L, A) and u € Spin®(Y3 (L)) = H(L)/H (L, A) are linked if and only if

() =u,

where
m: (H(L)/H(L,A)) — (H(L)/H(L. A))

is the natural projection. Note that the projection makes sense because

H(L,K) = Span(Aj1 +mit1, A2, ..., Ay)
is a subset of H(L, A).

This observation implies that the map fl‘g is a direct sum of the maps

e CFP@aL)w— P CFxz(L).i)
u€eSpin® (Yz (L))
w(u)=u

for u € Spin® (YA (L)). Further, the map fl‘iu is itself a sum of maps fl‘iu;t, one for each Spin® structure
t € Spin (Wy) with yle+2 (1) = u#ucan,

Let us now turn our attention to the map
mi1—1 )
f3:CF 3 (Yg(L)) > CF P (Ya(L'): 1) = @) T -CF~* (Ya (L)),
i=0
whose mapping cone appears in (133). This is simply a twisted coefficient map associated to the
cobordism W, the reverse of —Wx (L', L) in the notation of Section 11.1.

Lemma 11.10 The cobordism W, is negative definite. Its second homology is generated by a class X5
with X5 - X = —alh(ald + 1).

Proof It is easier to think about the cobordism W5 (L', L), for which we can apply Lemma 11.1. Indeed,
by part (a) of that lemma, the generator of the second homology is the vector a, with a’ Aa = a1h(a1d +1).
The change in sign in the final answer is due to the fact that in W5, the orientation is reversed. |
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Using Lemma 11.2, we can relate Spin® structures on the two boundaries of W,. By also keeping track
of the powers of T7, we obtain that f28 is a sum of maps

(137) [t CF3 (Y5 (L), 1) — T - CF 3 (Y (L)), w21 (1))

for t € Spin®(W,) = H(L)/H(L, A|r) restricting to it € Spin®(Y5 (L)). Here, T} denotes Tla'(t_t(’),
where t¢ is a fixed Spin° structure on W,. Note that the expression a - (f — to) is well defined because
a-v=0forallve H(L,A|r ). (In fact, as can be seen from the proof of Lemma 11.10, multiplication
with a represents evaluation on the homology generator.)

Taking the sum of all maps f28 . over all # (with u fixed), we obtain a map

La CFRA R0~ @ T CFoa).yh @),
t€Spin¢ (W2)
nl-l (t)=q
By a slight abuse of notation, for u € Spin® (Y (L)), we set
5 8
f 2u = Z f 2,u°
ueSpin‘ (Y5 (L))
m(uw)=u
Note that each term 77 - CF 3 (Ypn (L)), w) fori =0,...,m;—1and ' € Spin (Y (L')) appears in
the target of exactly one of the maps fz‘g . Indeed, two Spin® structures ¢ and ¢’ on W, have the same
term in the target if and only if t —¢' € Z* /H (L, A|1/) has a representative of the form (dh/a;,0, ..., 0).
Since we have chosen d to be a multiple of a1, and (%,0,...,0) is in the span of Aq,..., Ay, we get
that # and ¢’ have the same reduction modulo H (L, A), ie they correspond to the same u. We conclude
that the map f25 is the direct sum of all fz‘s’u, for u € Spin‘ (Y (L)).

The last map that appears in (133) is the null-homotopy H 18 This also splits as a direct sum of maps H f’u
over u € Spin®(YA (L)), where H f’u denotes the corresponding null-homotopy of f28,u ) fl‘i .- Moreover,
each H f’u is a sum of maps H f’u; ¢» over Spin® structures on Wy U W restricting to u#u°*" on the boundary
component YA (L) # L(mq, 1).

The quasi-isomorphism (133) can then be viewed as a direct sum itself. Precisely, the summand
CF—* (YA (L), u) is quasi-isomorphic to the mapping cone of

]
(138) P cF Ay ELAN P 1 CFa). vt @)
ueSpin® (Y (L)) teSpin© (W>)
m(W)=u (Ll (#)=u

via the map (fl‘g’u, H{g’u).

Note that the direct summands appearing in (138) are absolutely Q-graded and relatively Z-graded (in a
compatible way).

We seek to prove:
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Proposition 11.11 Fix § > 0. Suppose that A is nondegenerate, a; > 0, and m1 (a multiple of a1 h) is
sufficiently large. Then, for every u € Spin(Ya (L)), there is a relative Z-grading on Cone( fz‘g’u) such
that the quasi-isomorphism

(f3 HE ) CF 73 (YA(L), 1) => Cone(f5,)

respects the relative 7Z.-gradings on the two sides.
For this, we need a few lemmas, for which we make use of the absolute Q-gradings on our complexes:

Lemma 11.12 Let L C Y and A be as above, and fix § > 0. Then there are constants C1 and C,
(depending only on L, A and 8) such that, for all sufficiently large my (chosen as specified above, ie a
multiple of ayh) and for all i € Spin“ (Y5 (L)) = H(L)/H(L, A),

(139) max gr CF 9 (Y (L), &) —mingr CF % (Y5 (L), &) < Cy,

_ _ . l@2s—Ay)-al?
140 CF~3(Yz(L), 1) — — | <
( ) max gt ( A( ) Ll) serfll-lll?é) 4a1h(a1d + 1) -

[s]=u

Cs.

Proof This is an analogue of [Ozsvath and Szabé 2008b, Corollary 2.4], and has a similar proof,
so we only sketch the argument. (See also [Ozsvéth and Szabé 2011, Lemma 4.6 and the proof of
Proposition 4.2].) The first inequality follows from the large surgeries theorem [ibid., Theorem 4.1],
which gives a relatively graded identification of CF _’S(Yl—\ (L), u) with a generalized Floer complex
of L inside Y/(L’). This latter complex is independent of m1.

For the second inequality, note that if ¢ € Spin®(W>) =~ H(L)/H (L, A|L’), then, using Lemma 11.10 and
the formula ¥, = a for the homology generator in standard coordinates, we get

(c1(0).[2]) = 2s —Ay) -a.
and
|(2s — A1) -al?
aih(ard +1)°

where s € H(L) is any representative of #. Consider the map induced on (truncated) Floer homologies by

(141) c1(t)? =

the cobordism W, in the Spin® structure ¢ for which ¢ (¢)? is maximized along all ¢ that restrict to ii.
The large surgeries theorem [loc. cit.] also identifies this map with a standard inclusion map between
generalized Floer complexes. Since the target graded group CF -8 (Ya (L)), ¥L1(t)) is independent
of m, inequality (140) follows from the formula (128) for absolute grading shifts. O

Lemma 11.13 Fix Z A and § as above, and a constant C3 € R. Then there is a constant b with the
following property. For all sufficiently large m (divisible by ayh), for any fixed i € Spin‘(Yz (L)) =
H(L)/H(L, A), there are at most two Spin® structures t on W whose restriction to Y + (L) is u, and with
the property that

(142) max gr CF % (Y5 (L), i) > C3 — Le1(0)%
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these are the Spin® structures t = tf with

(c1(t).[Z2]) = 2s £ A1) -a,
where s € H(L) is any representative of u which satisfies
(143) —1h(ard +1) <s-a < Lh(ard +1).
All other Spin© structures t restricting to u satisfy the inequality

c1(t)? < —4m;.

Moreover, if there is no representative s of u satisfying |s -a| < b, then there is a unique Spin® structure t
(restricting to u) that satisfies (142), namely the one for which |{c1(t), [22]}| is minimal.
Proof Since Aj-a = h(a;d + 1) and A;-a =0 fori > 1, each it € H(L)/H (L, A) has indeed a
representative s satisfying (143), and the value of s - a is independent of that representative.
We use formula (141) for ¢ (t)z, as well as the inequalities (139) and (140) to verify the statements of

the lemma. For more details in a special case, see [Ozsvath and Szab6 2008b, Lemma 4.4]. O

Lemma 11.14 Fix a constant Cy. For all sufficiently large m (divisible by a1 h), the following statement
holds. Each Spin® structure it over Yz (L) has at most one extension t to Wi whose restriction to
YA(L)#L(mq, 1) is w(u) #u““" and for which

(144) Co =< c1(t)* +m.
Further, if such a Spin® structure t = t; exists, then

4d(s - a)?

h(ard +1)°
where s € H(L) is the representative of [s] =it € H(L)/H(L, A) for which the absolute value |s - a| is
minimal.

(145) ci(t)? =

Proof (compare [Ozsvath and Szabé 2008b, Lemma 4.7; 2011, Lemma 6.7]) Since both boundaries of
W are rational homology spheres, for any ¢ € Spin® (W;) we can write ¢1(¢) = a-PD(XZ1), for some o € Q.
Here, X is the homology generator from Lemma 11.9. Using the computation 31 - ¥y = —m(ai1d + 1)
from that lemma, inequality (144) becomes

| _m1—Co
(146) ol = mi(ard+1)

(Recall that d = m1/h.) Restriction to the boundaries determines ¢ up to addition of PD(X), ie u
determines « up to the addition of an even integer. Since the right-hand side of (146) becomes very
small when d gets large, in each equivalence class mod 27 there is at most one o satisfying (146).
Inequality (144) follows.
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To establish (145), we investigate in more detail the possible values of (c1(?),[X1]), over all ¢ which
have fixed restrictions 1 and 7 (it) # u®® to the boundaries. Given such a Spin® structure

t € Spin°(Wy) = H(L™Y)/Span(AT,.... AT . AT, ).

£+1
letst = (sfr e s;, SZLI , Sz_+2) € H(L™) be arepresentative of ¢. Recall from the proof of Lemma 11.8
that
(147) sf =mi+ 3.

and the restriction of # to Yz (L) isu = [s] € H(L)/H(L, A), where
(148) s =(51,...,8) = (sfr —SZH +m1sé:_2,s;, e ,SZ_).
Using (147), (148) and the formula (136) for the homology generator 31, we get
(c1(6). 1) = @2st = AT ) -(and. ... .apd. 1,—my)
=2ds-a+2myi(a1d + 1)(1 —st)
=2d(s +A1(1 -5/ ,))-a.

Since the equivalence class it = [s] € H(L)/H(L, A) is unchanged by the addition of a multiple of A1,
by relabeling ¢ we conclude that the possible values of (c;(#), 1) (when u is fixed) are exactly given by

(c1(2), 1) =2ds -a,

where s € H(L) is a representative of #. Hence,

2s-a
= — € N
= hmd+1) <
and
()2 4d(s -a)?
¢ =———"—
! h(ard + 1)
Thus, |«| is small if and only if |s - a| is small, and (145) follows. m|

Proof of Proposition 11.11 We start by equipping the domain of the map fz‘iu with a relative Z-grading
such that fl‘s’ . Tespects the gradings. We do this as follows. Lemma 11.12 supplies a constant Co with the
property that for all ¢ € Spin (W;) with yLe+2(¢) = u#u", the map fl‘g,u; ¢ 18 zero unless Inequality (144)
is satisfied. Now, Lemma 11.14 shows that for each it € Spin®(Yz (L)) such that 77 (i) = u, there is at
most one extension ¢ = ¢2 of u to W satisfying (144). Now we choose a relative grading on the domain
of fz‘s’u so that each map fl,u;tg is grading-preserving.

We grade the range of fz‘g’ . S0 that this map (thought of as differential of the mapping cone) drops grading
by one. To do this, we need to check that, for any given term

T - CF 5 (Ya (L)), W)

Geometry & Topology, Volume 29 (2025)



2946 Ciprian Manolescu and Peter Ozsvdth

in the target of fzz’:u, the compositions fz‘iu;tz o fl‘g’u;t1 which hit that summand induce the same shift in
grading. Lemmas 11.13 and 11.14 imply that, if we fix the target, there are at most two pairs (¢, ¢») for
which the corresponding compositions are nonzero. In fact, in many cases there is at most one such pair.
If two pairs with nonzero compositions (with the same domain and target) exist, they are of the form

(t1.t2) = (65.¢) and  (£1.85) = (t5, 7, T2 A )
where 1 € Spin®(Yz (L)) admits a representative s with |s -a| < b.

Let s be the representative of 1 with |s - @] minimal. Using (128), checking that f25 wts © f18u~t1 and
f28u' o © fl‘su, ;- shift degree by the same amount is equivalent to showing that
Ehetldo) ERetla |

(149) c1(t1)? +c1(t)? = c1(t2)* + c1(t2)%

Indeed, using Lemma 11.14, we get
4d|(s + A1)-a|*>  4d|s-a|?
et = el = = S T hwd 1 1)
_4d(Ar-a)((2s + Ay)-a)
N h(aid +1)
_4d(2s+A1)-a
o ald +1

Using Lemma 11.13, we get

(2s+K1)-a (2s+2A1—K1)-a

arh(aid +1)  arh(aid +1)

_ 4((A1—A1)-a)-((2s + A1) -a)
alh(ald—i- 1)

_4d(2s+A1)-a

B a1d+1

c1(thy)? —ci(t2)* =

Equation (149) is therefore satisfied, and we conclude that f18,u preserves the relative grading. The other
component of the quasi-isomorphism under consideration is the null-homotopy H f,u' To check that it
is grading-preserving, note that it is a sum of terms H f’u;t over certain Spin® structures on W; U W,.
The inequalities (139), (140), (142) and (144) imply that the only nonzero terms correspond to Spin©
structures of the form (¢1,22) = (7, tl-f:); compare [Ozsvath and Szabé 2008b, Lemma 4.8]. The grading
shifts are one less than to the corresponding shifts of the compositions f25 wits © fl‘iu;tl. Hence, since fl‘iu
preserves the relative grading, so does H f,u. a

CaseI(b) (a1 <0) The model example is that of negative surgery on a knot K C Y, which was discussed
in [ibid., Section 4.7].

In this situation, again, Y5 (L), Yz (L) and Y/(L’) are rational homology spheres, so we can use absolute
gradings and computations of grading shifts. The computations in Lemmas 11.9 and 11.10 still hold, with
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the important difference that now X - ¥ = —m(a1d + 1) is positive, hence W) is positive definite.
Since we need to work with maps induced by negative definite cobordisms, we consider instead the
quasi-isomorphism in the other direction (ie (134) rather than (133)), and show that it preserves relative
grading. To this end, instead of W we use the negative definite cobordism W3 = Wy (L', L) from Y /(L)
to YA (L), which gives rise to the map f35 .

The quasi-isomorphism (134) is a direct sum of quasi-isomorphisms (Hg’u, f38’u), one for each u €
Spin®(Ya(L)).

Proposition 11.15 Fix § > 0. If A is nondegenerate, a; < 0 and m1 (a multiple of a1 h) is sufficiently
large, then, for every u € Spin(Y (L)), the quasi-isomorphism

(HS .. £3.): Cone(f3,) = CF~3(Ya(L), u)

respects the relative 7Z.-gradings on the two sides.

Sketch of the proof The quasi-isomorphism under consideration is a sum of several maps, corresponding
to Spin® structures on W, U W3. Analogues of Lemmas 11.13 and 11.14 show that, if we fix the domain
and the target of the maps, there at most two Spin® structures on W, U W3 which give nonzero maps, and
a computation similar to that for (149) shows that those two maps shift the absolute gradings in the same
way. Compare [Ozsvath and Szab6 2008b, Section 4.7; 2011, Section 6.4]. O

Case I(c) (a; =0, ie A is degenerate) (A model example to keep in mind is surgery on a link of two
components L. = L U L, C Y, where the linking number of L; and L, is nonzero, and the framing
coefficient of L5 is zero.)

In this situation Lemma 11.9 still holds, we have X1 - ¥; = —m, so the cobordism W] is negative
definite. Consequently, we choose to look at the quasi-isomorphism (133), just like in Case I(a). The
main difference from that subcase is that now Y /(L) has b; = 1, so the respective Floer complex (with
twisted coefficients) does not have a relative Z-grading.

Let us study the relationship between Spin® structures on the boundaries of the cobordisms Wy and W5,
just as we did in Case I(a). For W1, it is still true that u € Spin®(Ys (L)) and 1t € Spin® (Y3 (L)) are linked
if and only if 7 (1) = u, where

i (H(L)/H (L, N)) — (H(L)/H(L, A))
is the natural projection. Moreover, because now (71,0, ...,0) = A; — A is in the span of A,, ..., Ay,

we have H(L, A) = H(L, A), and the projection 7 is actually a bijection. Thus, the triangle map f18
decomposes as a direct sum of maps

[ CF=3(YA(L), u) — CF =¥ (Yz (L), n ' (w))

for u € Spin®(YA (L)). Just as before, the map f{’:u is itself a sum of maps fl‘g,u;t, over Spin® structures
t € Spin®(Wp) with the given restriction to the boundary.
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With regard to the cobordism W,, we have:

Lemma 11.16 If A is nondegenerate and ay = 0, then the natural restriction map

Spin® (W) — Spin®(dW>) == Spin® (Y3 (L)) x Spin® (Y (L")

is injective.

Proof It suffices to prove the analogous statement for second cohomology groups, which is easier
because then the restriction map is a homomorphism and we can talk about its kernel. It is also easier to
think of the cobordism W5 (L', L), which is the reverse of W, with the opposite orientation, and apply
Lemma 11.1 to it. Suppose s € Z* is such that

[s] € H2(Wx(L', L)) = Z*/Span(A, ..., Ay)
has trivial projections to Z¢/H (L, A) and to Z*~'/H(L’, A'). We need to show that [s] = 0.

By assumption, there exist by, ..., by such that s —by Ap —---—by A ¢ has only the first coordinate nonzero.
Hence [s] has a representative s” = (s7, 0, ..., 0). Also by hypothesis, s’ must be in H (L, A)=H(L,A)=
Span(A1q,...,Ag). But, since (%,0,...,0) is in the span of As,..., Ay, and A is nondegenerate, we
must have that s’ is also in the span of A,, ..., Ay. Therefore, [s] = [s'] = 0. |

Recall that A - (0,42, ...,a;) = (h,0,...,0), so since A is nondegenerate, the kernel H(L’, A')* of
A (which is identified with H!(Ya/(L’)); see Section 9.3) must be a copy of Z, generated by a’ =
(az,...,ag). If N'j = Aq|p is the vector of linking numbers between L; and the other components, we
have A'|-a’ = h, ie the generator @’ of H!(Y/(L’)) evaluates to h on [L1]. We define an F[H ! (Ya/(L'))]-
module

¥y =F[Vi]/ (V¢ =),

where ¢ € H!(Yp /(L)) acts on 'y by multiplication by V1<c’[L Dk

If we equate Tlh = V1, it is easy to check that for every u’ € Spin®(Y /(L)) we have an isomorphism
h—1 .
CF 3 (Yp (L) s ) = @@ T) - CF S (Yar (L) 1 V).
i=0
Lemma 11.16 implies that f28 is a direct sum of maps

f3 i CF3 (g (L), a7 ) — T CF 3 (Yar (L)) 03 y),

each either zero or corresponding to the unique Spin® structure on W, that extends 7 ~! (1) € Spin© Yz (L))
and v’ € Spin®(Ya/(L')). Here, u denotes a Spin® structure on Y4 (L), and T}' is shorthand for Tl(“_u(’)'a,
where ug is a fixed Spin structure on Y5 (L). (Observe that the dot product with a is well defined modulo

mi.) We let fz‘s’ .. be the sum of f28 w» over all possible u’ (fixing u).
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For v’ = [(s2,...,5¢)] € Spin(Ya (L)) = H(L")/H(L', \), using (125) we get
l
0w, ) =0, V) = gcd Z2s,~v,~.

veH(L',N)t j=»
A -v=0(mod m1)

Note that A, - v = 0(mod m1), or equivalently (A’;/h)-v = 0(modd), is the condition on v €
H(L',A)t = H'(Yx (L") to act trivially on the module .7; (or, equivalently, on V).

Recall that H(L', N')* is a copy of Z, generated by @’ = (a2, .. ., ay). For v € Z, we have A'; - (va) = vh,
which is divisible by m = dh if and only if v is divisible by d. Hence,

L
ZZSiai
=2

Note that this is always divisible by 2d, because the expression inside the absolute value is even (see
Remark 9.8). Therefore, in particular, the Floer complexes CF -8 (Yar (L), u';91) have relative Z/2d Z-
gradings.

W, V) =d-

Further, for any ¢ € Spin€(W,) whose restriction to Yx/(L’) is v/, equation (130) says that 0(¢,7) =
(¢, 71) =0(v, 7). Thus, according to Lemma 11.3(a), every map f28 . breserves the relative Z /2d Z-
gradings.

We equip the mapping cone of fz“):u with the relative Z /2d 7Z-grading which gets decreased by one
under fz‘iu. Note that the target of fz‘iu is a direct sum of terms corresponding to possible 1, which a
priori have unrelated relative Z /2d Z-gradings. As part of the mapping cone, however, their direct sum
becomes relatively Z /2d Z.-graded.

The second ingredient in (133), the null-homotopy H § is then a direct sum of maps H S’U, which represent
null-homotopies of fz‘g’u o fl‘g’u.
Proposition 11.17 Fix § > 0. If A is nondegenerate and a1 = 0, then, for every m1 = dh sufficiently
large and for every u € Spin®(Y s (L)), the quasi-isomorphism

(fu H,): CF ™% (YA(L).w) => Cone(f3,)
respects the relative 7. /2d 7Z.-gradings on the two sides.

Instead of Lemma 11.14, we now have the following:

Lemma 11.18 Fix a constant Cy. For all sufficiently large m1 = dh, the following statement holds. Each

Spin® structure it over Y3 (L) has at most two extensions t to Wy whose restrictions to YA (L) # L(my, 1)

can and for which

are w(u) #u
(150) Co <c1(t)*> +my.
Further, if two such Spin® structures t and t’ exist, then

(151) c1(0)? = c1(t).
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Proof Just as in the proof of Lemma 11.14, we find that if ¢ satisfies (150) and ¢ (¢) = «-PD(X), then

m—Co _ Gy
(152) |“|5\/—m1(a1d+1)_\/1 o

Also, @ =2(s -a)/ h for some representative s € H(L) of ¢, so & must live in the discrete subset % -Z.C Q.

Hence, if we choose m1 > —Coh/(2h + 1), the only way inequality (152) is satisfied is if
| < 1.

If we fix the restriction of ¢ to dWj, the value of « is determined up to the addition of even integers.
Typically there is at most one ¢ with |a| < 1. The only time there are two such Spin® structures ¢ and ¢/,
the respective values of o are +1, and we have

c1()?> =ci1(t)? = —my. o

Proof of Proposition 11.17 Using Lemma 11.18 and formula (128), we find that each f18,u is the sum of
at most two nonzero maps corresponding to Spin structures on Wi, and if there are two such maps, they
shift absolute grading by the same amount. Thus, fl‘g’u preserves the relative Z-gradings on the two sides
(and hence their Z /2d Z reductions). From our discussion of W, we also know that each fz‘g’ . preserves
relative grading. The Spin® structures that give nontrivial contributions to H f’u are subject to similar
constraints, and shift grading by one degree less than the respective maps ]’2‘3:u ° fl‘iu. |

11.6 Refinements of Proposition 11.6, Case II: A; € Spang(A2,..., Ay)

When the framing matrix A is degenerate, we will discuss refinements only in the case when A is in
the Q-span of A,, ..., Ay. (A model example for this is 0 surgery on a knot in the integral homology
sphere Y.) Note that, in the present case, b1 (Yz (L)) = b1(Ya (L)) = b1 (Ya(L)) — 1.

In this situation we are free to choose whether to consider the quasi-isomorphism in (133), or the one
in (134). We will focus on the quasi-isomorphism (133), which involves the cobordisms W; and W,. We
denote by A the smallest positive integer such that

hAy € Span(Aj, ..., Ay).

Lemma 11.19 If A is in the Q-span of A,, ..., Ay, then the vector t1 = (1,0,...,0) is not in the
Q-spanof Aq,...,Ay.

Proof Let us view the framing matrix A as a self-adjoint linear operator on Q* (with the standard inner
product). Since A is in the Q-span of As,..., Ay, there exists a vector v = (v, V2, ..., Vy) in the
kernel of A, with vy # 0. The kernel is orthogonal to the image of A, so, since v-t; = vy # 0, the image
cannot contain 7. O

Lemma 11.20 The vector jt; is in Span(A1, Ay, ..., Ay) if and only if j is divisible by mh.
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Proof Writing

Ju=vi(A1+mit1) + v2hAz + -+ vy,
we have (j —vym1)ty = v1A1 +---+ veAg. This can only happen if j = vym; (by Lemma 11.19) and
vy is divisible by % (by the definition of /). O

Lemma 11.21 Suppose A1 is in the Q-span of A, ..., Ay, and let N'; = A1|r/ be the vector of linking
numbers between L and the other components. Then jA'; € Span(/A,, ..., A’e) if and only if j is a
multiple of h.

Proof If i is a multiple of &, we already know that i A; € Span(A», ..., Ag). For the converse, suppose
jA’1 =) v A’2 forsomev; € Z,i =2,...,£. Then jA1—)_ v;A; is amultiple of r;. From Lemma 11.19
we see that it must be zero, so j is a multiple of /. a
Lemma 11.22 If A is in the Q-span of A,, ..., Ay, the natural restriction map

Spin®(W1) — Spin(0W7) == Spin®(Ys (L) # L(my, 1)) x Spin® (Y7 (L))
is injective.
Proof We prove the similar statement for second cohomology groups, by looking at the kernel of the
corresponding homomorphism. Suppose s = (s1,...,S5¢42) € Z*%2 is such that

[s] € H2(Wy) = Z*+2/Span(AT..... AT )

has trivial projection to the boundary. We need to show that [s] = 0.

By hypothesis, the vector (sq,...,S¢) is in the image of A, and sy is a multiple of m;. By adding
suitable multiples of AT, ..., A;f 41> We can assume that s = (0,...,0,5¢4) without changing the
equivalence class [s]. Also by hypothesis, there exist integers b; fori = 1,...,£ + 2 such that

s =biAT 4 +bpaAT .
Restricting attention to the first £ coordinates of s, (by45,0,...,0) is in the span of Aq,..., Ay. From
Lemma 11.19 we see that by, = 0. Hence s is in the span on AJ{, el AZF_H, as desired. O

Let us define an equivalence relation on Spin® structures on YA (L). For uj,uy € Spin(Yp (L)) =
H(L)/H(L,A), we say uy is equivalent to u, if and only if there exist 51, s, € H(L) with

[s1]=u1, [s2]=ux and s;1—s2=jmi7q

for some j € Z.

We call a Spin® structure u on Yz (L) small if our complex CF—* (Ya(L))=CF =0 (To, Ty, w) has at
least one generator in that Spin® structure. Clearly there are only finitely many small Spin® structures.
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Further, for m; > 0, using Lemma 11.19 we see that every equivalence class of Spin® structures
on Y (L) contains at most one small structure. Let us pick one representative (in Spin®(Y s (L))) from
each equivalence class, in such a way that all small structures are picked. We call the chosen Spin©
structures special. By construction, for every special u,
(153) CF*(Ya(L).w) = @ CF P (Ya(L).v).

up~u
Building up on Definition 11.7, we write u ~ it if u € Spin®(¥4 (L)) and 1t € Spin® (Y% (L)) are linked.
Further, we say that two Spin® structures it on Y5 (L) and u’ on Y (L') are linked (and write &t ~ u’) if
there exists a Spin® structure on W, interpolating between the two. We also say that u € Spin® (Y (L))
is linked to u’ € Spin°(Yx/(L')) (and write u ~ ') if there exists 1 € Spin®(Yz (L)) such that u ~ 1
and it ~ u”.

The following lemma describes how the Spin® structures on the three manifolds Y5 (L), Yz and Y are
linked to each other:

Lemma 11.23 Suppose that A1 is in the Q-span of A», ..., Ay, and my > 0 is sufficiently large. Then:

(a) Every u € Spin®(Yx (L)) is linked to exactly h Spin® structures on Y (L), while every il €
Spin® (Y3 (L)) is linked to exactly one special Spin® structure on Y (L).

(b) Every i € Spin®(Y7 (L)) is linked to exactly h Spin® structures on Y/ (L), while every u’ €
Spin®(Y /(L") is linked to exactly mh Spin® structures on Yz (L).

(¢) Every u € Spin®(Y (L)) is linked to exactly h Spin® structures on Y (L'), while every v’ €
Spin€ (YA (L)) is linked to exactly my special Spin¢ structures on Y (L).

Before proving the lemma, it is useful to illustrate its content in a particular example, shown graphically
in Figure 36. We consider a framed link L = L; U L, with framing matrix

13
=)

sothath =3 and H(L) = (Z + %)2 The set of Spin® structures on Y (L) is identified with H(L)/{(1, 3)).
The ones that differ by (m1, 0) are called equivalent. Thus, there are only 3m special Spin® structures
(one from each equivalence class). The set of special Spin® structures on Yz (L) is the left rectangle in
the picture (where m; = 7), with each structure being represented by a black dot. Going down one square
in the rectangle (in a cyclical fashion) corresponds to adding the vector (1, 0). Going left corresponds to
adding the vector (0, 1), and is also done in a cyclical fashion, except when we go from the third to the
first column we also move one step up, according to the relation (0, 3) = (-1, 0).

The second rectangle in Figure 36 represents the space of all 9 Spin® structures on Y5 (L), where

- mi+1 3
()

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 2953

YA(L) Yi(L) Ya (L)
== § &\ -
o |0 o f18 o.o o.o o.o f23
N R R Z/9

HI(L)/((1.3). (m1,0)) H(L)/{(m1 +1,3),(3,9))

Figure 36: Linking of Spin® structures. Each dot in the first rectangle corresponds to a special
Spin® structure on YA (L), and is linked to the three dots (representing Spin® structures on Y5 (L))
in the corresponding square of the second rectangle. Furthermore, all the dots in the same column
of the second rectangle are linked to the three dots (representing Spin® structures on Y/ (L')) in
the corresponding column of the third rectangle.

The dots in the same square differ from each other by multiples of (m1,0). Going down one square in
the rectangle still means adding (1, 0), and going left means adding (0, 1). When we go horizontally in a
cycle we move up one square as well, according to the relation (0, 3) = (—m; — 1, 0).

Finally, the rectangle on the right of Figure 36 represents the set of Spin¢ structures on Ya/(L’), which is
simply identified with Z/9. The dots in the same square differ from each other by multiples of 3.

The linking of Spin® structures between the three rectangles is as shown in Figure 36, and corresponds to
the description in Lemma 11.23.
Proof of Lemma 11.23 (a) Consider two Spin® structures i; and ii; on Y +(L). By Lemma 11.8,
1y and ii, are linked to a single u € Spin®(Y A (L)) if and only if the difference

iy —ilp € H2(Y5(L)) = Z/H(L, N)

can be represented (in VA by a multiple of m;7; = A1 — A1. The smallest such multiple that lies in the
span of Aq,..., Ay (ie represents a trivial cohomology class) is #(A1 — A1).

In the other direction, consider two Spin® structures 17 and up on YA (L). Applying Lemma 11.8 again,
we see that u; and uy can be linked to a single it € Spin®(Y (L)) if and only if the difference

ui —up € H2(YA(L)) = Z*/H(L, N)
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can be represented (in Z%) by a multiple of m 7y, ie u; and u, are equivalent. There is a unique special
structure in each equivalence class, by construction.

(b) Apply Lemma 11.1(b) to W (L', L), which is —W, turned upside down. Two structures u}, u, €
Spin®(Ya/(L")) = H(L")/H(L’, N') are linked to a single one on Y5 (L) if and only if

uy—u, e H2(Ya (L) = Z* "1 JH(L', N)

can be represented (in AR by a multiple of A|zr = A ,- From Lemma 11.21 we see that jA', is zero
in cohomology if and only if the respective factor j is divisible by 4.

In the other direction, two Spin® structures i1, it on Y (L) are linked to a single one on Yo/(L') if and
only if 1 —uy can be represented (in VA, by a multiple of 7;. By Lemma 11.20, the first such multiple
that lies in H(L, A) is miht;.

(c) Use the descriptions of linking in (a) and (b). We get that two Spin® structures u} and u), on Y/(L')
are linked to a single one on Y (L) if and only if u} —u/, can be represented by a multiple of A}, and
two Spin€ structures u; and u on Yz (L) are linked to a single one on Y/ (L') if and only if 1; —u, can
be represented by a multiple of 7. |

From (153) and Lemma 11.23(a), we see that the cobordism map f18 splits into the direct sum of the
maps

flu: CFA(YA(L),w) > @ CF P (Y (L), )

u~u

over special Spin€ structures u.
Turning our attention to the map f25, note that the action of H'(Ya/(L')) = H(L', ')+ on the module
S =TF[T1]/(T{" — 1) is trivial. Indeed, if v’ € Z*~! satisfies v’ - N, =0foralli =2,...,¢, we must
also have v’ - A’, =0 (because A is in the Q-span of Az, ..., Ay).

Hence, for every 1’ € Spin®(Yx/(L’)), we have a decomposition
mi1—1
CF(Yn(L) W' ) = P T - CF 0 (Yp (L) W),
i=0
Moreover, using the description of linking in Lemma 11.23(b) (see also Figure 37), f28 splits as a direct
sum of maps
@ CF (g (L). ) — @ T CF P (Y (L), )
u~u w~u

Tl(u—uo)'v

over special Spin® structures u on Y4 (L). Here, T} denotes , where 1y is a fixed Spin® structure

on YA (L), and v is an arbitrary vector in Hp(W5) =~ H(L, A|p/)*.

Using Lemma 11.23 again, we also obtain a similar decomposition of H28 into maps H S’u’ one for each
special Spin€ structure u on Y (L). Each CF =8 (YA (L), u) is quasi-isomorphic to the mapping cone of
the respective fz‘g’u, via the pair ( fl‘iu, H f’u).
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Ya(L) Yi(L) Ya (L)
= V&\ R

N R _ff .o. .o. .o. _ff .o. .o. .o.
H(L)/((1,3). (m1.0)) H(L)/((m1 +1,3),(3.9)) Z[9XZ/m

Figure 37: Linking of Spin® structures, keeping track of the powers of 77. The map f28 decom-
poses as a sum according to powers of T7. Each dot in the rectangle on the right represents a pair
(v, i), where u’ € Spin®(Yx/(L')) and i € Z/, is an exponent of T}. Going down one square
in the rectangle corresponds to multiplication by 77. This way, a dot in the second rectangle is
linked (that is, gives a contribution to f28) only with the three dots in the corresponding square of
the third rectangle. Therefore, the pair of maps ( fls, f28) decomposes as a direct sum according
to dots in the first rectangle (ie special Spin® structures w on Y (L)).

Proposition 11.24 Fix § > 0 and suppose that A1 is in the Q-span of A,, ..., Ay;. Then, for every
my >> 0 and for every special Spin® structure u on Spin® (Y5 (L)) such that m is divisible by d(u), the
mapping cone Cone( fz‘s, ) admits a relative 7./0(u)Z-grading, and the quasi-isomorphism

(Fo HD ) CF 3 (YA (L) w) => Cone( £3,)

respects the relative 7. /0(u)Z-gradings on the two sides.

Before proceeding with the proof, we establish a few lemmas. First, note that for u € Spin® (Y (L)) =
H(L)/H(L, A), equation (105) gives

(154) o(u) = gecd 2v-s
veZt
Av=0

for [s] = u.

Lemma 11.25 Suppose u € Spin® (Y4 (L)) and 1t € Spin® (Y (L)) are linked. Then d(u) divides d(it).

Proof If [s] = u, then, according to the proof of Lemma 11.23(a), [s + jm71] = u for some j € Z. We
have
o(u) = gcd 2(v-s + juimy).

v=(vl_z...,vg)€Z’Z
Av=0
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From Lemma 11.19 we see that Av = mjvit; + Av = 0 implies v; = 0 and Av = 0. Hence,
2(v-s + juymy) = 2v -5 is one of the elements for which we take the greatest common divisor
in (154). Hence, 0(u) divides (). |

Lemma 11.26 Suppose u € Spin© (YA (L)) and v’ € Spin®(Y /(L)) are linked. Then 0(u) divides d(1).

Proof If u = [s] with s = (s1,...,5¢) and we let s’ = (s2,...,5¢), then, according to the proof of
Lemma 11.23(c), W = [s" 4+ jA/] for some j € Z. We have

)= ged 2v'-(s"+ jA)).
v'ezt!
Nv'=0
Note that A'v’ = 0 implies A, - v’ = 0, so the expression in the gcd is 20’ - s". Moreover, if we let v € Z*
be the vector with first coordinate zero and the others given by v/, then Av = (1,0, ..., 0) for some u € Z.
Lemma 11.19 implies that u = 0, so v gets counted in (154), and the conclusion follows. O

Proof of Proposition 11.24 Let u be a special Spin® structure on Y (L) with m; divisible by d(u).
Lemma 11.3(a), together with Lemmas 11.22 and 11.25 imply that we can equip

P cFr (vx(L). 1)

u~u
with a relative Z /0(u)Z-grading such that fl‘s, . 18 grading-preserving. Furthermore, Lemma 11.26 shows
that each direct summand 7} - CF =8 (Yar (L), ') in the target of fz‘g’u is relatively Z /0(u)Z-graded.

We would like to give the mapping cone of ]’25’u a relative Z /0(u)Z-grading such that fl‘g’u is grading-
preserving. To be able to do this, we need to check that for any two Spin® structures ¢, ¢ +u on Wy U W,
which restrict to u on YA (L), and to the same Spin® structure on Y/(L’), the contributions to the
composition fz‘g’u o fl‘g’u coming from ¢ and ¢ + u shift the relative Z /0(u)Z-gradings by the same amount.
Using Lemma 11.3(b), this is equivalent to showing that

(155) (c1(®) ~u+u~u,[W UW,]) =0 (mod d(u)).
Here u € H%(W; U W, (W U W,); Z) is Poincaré dual to some class in Hy(W; U Wa; Z).

The cobordism W; U W, admits the following description in terms of surgery. Consider the link LT from
Figure 35, and add an zero-framed, unknotted component Ly 3, which forms a Hopf link (in particular,
has linking number one) with Ly 1, and is unlinked with the other components of L. Call the resulting
framed link (L1, ATT). Then, in the notation of Section 11.1,

WiUWy = Wyst (L1 U---ULyyq, LTT).
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In matrix form,

010\

A 000

At — 0 00
0---0|m 11

10---0/ 100
0--0/100)

Using Lemma 11.1(a), we see that
PD(u) = [(v1, ..., v, J,0,—m1j)] € Ha(W1 UW2)
for some j € Z and v = (vy,...,v7) € H(L, A)L. We get
(u~u,[WyUWs]) =—m 2,

which is divisible by 0(ut) (because we assumed m1 was so). Also, if u=[s] withs = (s1,...,s7) € H(L),
then we must have

t=[(s14+ 2500 s0,m1+ 1, s40,5043)] e HLYT)/H(LTT AT,
which gives
(c1(®) v u, (W1 UW,]) =25 -v+2my1j(1 —s¢43).
This is divisible by d(u) because of (154) and by our choice of m.
Therefore, (155) holds, and f18,u can be made grading-preserving. The homotopy H f’u is also automatically

grading-preserving. O

Corollary 11.27 Suppose A1 is in the Q-span of A, ..., Ay, and fix § > 0. Then, for every m1 > 0
suitably chosen and for every small Spin® structure u on Spin® (Y5 (L)), the mapping cone Cone( fz‘iu)
admits a relative 7 /0(u)Z-grading, and the quasi-isomorphism ( f18,u’ H f’u) is grading-preserving.

Proof Since there are only finitely many small Spin® structures u, we can choose m to be a multiple
of 0(u) for all u small. We then apply Proposition 11.24. a

Proposition 11.24 and Corollary 11.27 give a (partial) grading-preserving decomposition of the quasi-
isomorphism ( fl‘g, H 18 ) from (133). Similar arguments can be applied to the quasi-isomorphism (Hg, f38)
from (134). Indeed, one can check that an analogue of Lemma 11.22 holds for the cobordism Wj; ie the
restriction map

Spin€ (W3) — Spin€ (dW3) 2= Spin® (Y (L)) x Spin€ (Yo (L) # L(m1, 1))

is injective. Further, the maps f38 and Hg split into direct sums of maps f3‘iu and Hg,u, according
to special Spin® structures 1t on YA (L). A study of grading differences similar to that in the proof of
Proposition 11.24 yields the following:
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Proposition 11.28 Fix § > 0 and suppose that A1 is in the Q-span of A,,..., Ay. Then, for every
m1 > 0 and for every special Spin® structure u on Spin® (YA (L)) such that m, is divisible by d(u), the
quasi-isomorphism

(Hj . f3,): Cone(f3,) = CF ¥ (Ya(L).w)

respects the relative 7. /0(ut) Z-gradings on the two sides.

To conclude this subsection we state a twisted coefficients generalization of Propositions 11.24 and 11.28.
We work in the following setting. Recall that (2, &, 8, w), (2, &, y, w) and (X, &, §, w) are the Heegaard
diagrams for YA (L), Yz (L), and Y/ (L’), respectively. Also, for i < g +k — 1, the curves f;, y; and §;
approximate one another. Fori = 1,...,g + k — 1, let us place points p; and ¢g; on each side of the
curve B; so that they can be joined by an arc that intersects f;, y; and §; once each, and does not intersect
any of the alpha curves. (These are the analogues of wy and zy.) Let ny,...,ng k> be nonnegative
integers. Consider the ring

(156) S =F[S1,. ., Sgyral/ (ST —1,..., STE2 1),

We can then construct Floer complexes with twisted coefficients
CFP(YA(L):). CFP(Y5(L):#). CFP(Yn(L):o ® 1)

and cobordism maps fl‘s; s fz‘s; o and f33; o relating them, by counting all pseudoholomorphic strips and
triangles using the coefficients

Snﬂl (¢)_nq1 (¢) . Snpg+k72 (¢)_n61g+k72 (¢)
1 g+k—2 ’

where ¢ denotes the respective relative homology class. (This is all in addition to the power of 77 coming
from the twisting by 77.)

A straightforward generalization of Proposition 11.6 shows that CF -8 (YA (L); ) is quasi-isomorphic
to the mapping cone of fz‘g;y. Note that twisting by . can have a nontrivial effect on the Floer homology
of YA (L) only when by (YA (L)) > 0. Supposing further that A is in the Q-span of As,..., Ay (as we
did in this section), we have twisted coefficients analogues fl.‘?u;y and H ig,u;f’ of the maps fl‘gu and the

homotopies Hf’u, respectively.

Proposition 11.29 Fix § > 0 and suppose that Ay is in the Q-span of A,, ..., Ay. Then, for every
m1 >> 0 and for every special Spin® structure u on Spin®(Y s (L)) such that m is divisible by 2(u,.¥),
the mapping cone Cone( fz‘S w.) admits a relative Z /d(u, #) Z-grading, and the quasi-isomorphisms

(fp HY . )): CFT (YA (L), u;.9) = Cone(f3,.)
and
(HS s f31.0): Cone(f3 ) > CF ™ (YA (L), 1;.7)

respect the relative Z /3 (u, .¥)Z-gradings on the two sides.

The proof of Proposition 11.29 is similar to those of Propositions 11.24 and 11.28.
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11.7 Cobordism maps

Propositions 11.11, 11.15, 11.17 and 11.24 all describe quasi-isomorphisms between chain complexes
of the form CF _’S(YA (L), u) and mapping cones Cone( fz‘s’u). Our goal in this section is to describe
commutative diagrams which relate the inclusion of the target of f5 , into Cone( fz‘g’u), with a cobordism
map from the Floer complex (possibly with twisted coefficients) of ¥ /(L") to the Floer complex of Y5 (L).
These diagrams will prove useful in our description of cobordism maps in terms of surgery, in Section 14.1.

We state several results, on a case-by-case basis, corresponding to the case analysis described above. We
will always denote by f35 , the map (with twisted coefficients) induced by the cobordism W3 with a Spin®
structure . We start with Case I. In Case I(a), we have:

Proposition 11.30 Fix § > 0 and i € Z. Suppose A is nondegenerate, a1 > 0, and m is a sufficiently
large multiple of aih. Suppose sg € H(L) is such that [sg] = t9 € Spin°(W>) is the base Spin®
structure used to define the expression T{ in (137). If s € H(L) is such that a - (s — so) = i, let
u=[s] € Spin®(Ya (L)) = H(L)/H(L, A), v/ = [yL1(s)] € Spin®(Yar (L)) = H(L')/H(L', ') and

t; = [s] € Spin®(W3) =~ HI(L)/Span(A,, ..., Ay).

Then there is a diagram

8

-8 o -8
CF°(YA(L), W) ——— CF°(YA(L),u)

El J/(fls.u’Hf.u)

Tli .CF—$ Ypa(LHo) — Cone(fz‘s,u)

commuting up to chain homotopy. Here, the bottom horizontal arrow is the inclusion into the mapping

cone.

Proof The existence of such a diagram is a consequence of the proof of the fact that ( fl‘iu, H f’u)
is a quasi-isomorphism; see the homological algebra lemma [Ozsvath and Szab6 2005, Lemma 4.4];
compare also [Ozsvath and Szabé 2008b, proof of Theorem 4.2]. A priori, the top horizontal arrow is a
sum of all maps f38;t, over all ¢ € Spin®(W3) such that ¢ and ¢; have the same restrictions to dW3, and
a-(t —[so]) =i (mod mi). However, any such ¢ differs from ¢; by a multiple of d - PD(X3), where
33 = s is the generator of H,(W3). Since i and § are fixed, if m (and hence d = m1/h) is chosen
sufficiently large, all t; 4+ dj - PD(X3) produce trivial cobordism maps for j € Z with j # 0. |

We have a similar result in Case I(b):

Proposition 11.31 Fix § > 0 and i € Z. Suppose A is nondegenerate, a1 < 0 and m is a sufficiently
large multiple of ayh. Suppose sg,s € H(L) (with a - (s —so) = i) and let u, v’ and t; be as in
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Proposition 11.30. Then there is a commutative diagram

T{-CF 3 (Yn(L'), W) — Cone(£{)

%J/ s l(Hg,u’f?iu)
S

CF 3 (Y (L)) —2 s CF=3 (YA (L), )

where the top horizontal arrow is the inclusion into the mapping cone.

Proof This is simpler than Proposition 11.11 (and the diagram commutes on the nose, rather than only
up to chain homotopy), because the relevant quasi-isomorphism (134) already involves f3 ,. The fact that
the only contribution to f3, comes from ¢; (for d, i fixed and m large) is a consequence of the proof of
Proposition 11.15. ]

In Case I(c), we have:

Proposition 11.32 Fix § > 0. Suppose A is nondegenerate, a; = 0 and m is a sufficiently large multiple

of h. Suppose
t € Spin®(W3) =~ H(L)/Span(A,, ..., Ay)

has restrictions w' to Yo/(L") and u to Yo (L). Then there is a diagram
8

12
CF A (Yp (L) V) —2 CF 3 (YA (L) w)

’él l(ff,uﬂis,u)

T} CF =3 (Yp (L)), s y) —— Cone(f)

commuting up to chain homotopy, with the bottom horizontal arrow being inclusion into the mapping

cone.

Proof The existence of the commutative diagram follows from the same reasoning as in Proposition 11.30,
with the top arrow being the sum of cobordism maps over all possible Spin® structures on W3 with the
given restrictions to the boundary. However, we claim that # is the unique such Spin® structure. For this,
it suffices to prove that the restriction

(157) H?(W3) — H?*(W3) =~ H*(YA(L)) ® H*(Yn (L")

is injective. Suppose [v] € H2(W3) = Z¢/Span(A», . .., Ay) is in the kernel. Because [v] becomes trivial
when projected to its last £ — 1 components, without loss of generality we can assume v = (/,0,...,0)
for some j € Z. We also know that v € H(L, A), so j must be a multiple of &. Since (4,0,...,0) isin
the span of Ay, ..., Ay (because a1 = 0), we must have [v] = 0. |

Proposition 11.32 involves the map f38;t, which uses twisted coefficients. From here one can also
similarly identify the usual (untwisted) map corresponding to the cobordism W3 = Wy (L', L). Indeed,
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the untwisted complex CF % (Y (L'), u) can be viewed as a subcomplex of CF % (Y (L"), ;%)
via the inclusion

(158) i CF 8 (Yp (L) W) e CF S (Yp (L) 03 71), x> x (14 Vi +--+ V7D,

The composition f3‘§t o is the untwisted chain map representing the cobordism W3. By precomposing
with ¢ in the diagram from Proposition 11.32, we get the following corollary:

Proposition 11.33 Under the hypotheses of Proposition 11.32, we have a diagram
-8 NN .y
CF>°(Yp(L) W) —— CF°(YaA(L),u)
gl j((fls.u’Hf.u)
T CF ™ (Yp(L').u') ——— Cone(f5,)

commuting up to chain homotopy, with the bottom horizontal map being the composition of ¢ and the
inclusion into the mapping cone.

Finally, we have the following result in Case 1I:

Proposition 11.34 Fix § > 0. Suppose A1 is in the Q-span of A5, ..., Ay and m is suitably chosen
sufficiently large. Suppose

t € Spin®(W3) =~ H(L)/Span(A,, ..., Ay)
has restrictions u' to Yo/(L') and u to Y (L) such that u is special. Then:

(a) There is a diagram

8 f33‘t )
CF°(Ypn (L), W) ——— CF°(YA(L),u)
gJ/ J/(fls,u’Hfs,u)
T CF—* Yp (L), W) —— Cone(fz‘g’u)

commuting up to chain homotopy, with the bottom horizontal arrow being inclusion into the
mapping cone.

(b) There is a diagram
T CF =3 (Yp (L"), u') ——— Cone(f3,)
gJ/ J/(Hg,u’f:’?,u)
-0 N oo/ f383’ -6
CF°(Yp(L), W) ———— CF°(Ya(L),u)

commuting up to chain homotopy, with the top horizontal arrow being inclusion into the mapping
cone.
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Proof For both (a) and (b), just as in the proof of Proposition 11.32, it suffices to prove that the restriction
map (157) is injective. As before, if [v] is in the kernel, we can assume that v = (/,0, ..., 0) for some
j € Z. Lemma 11.19 then shows that v € H(L, A) only if j = 0. |

Let us also state the twisted coefficients generalization of Proposition 11.34, which has a similar proof:

Proposition 11.35 Let §, A, t, u and v’ be as in Proposition 11.34, and .¥ a twisted coefficients ring as
in (156). Then:

(a) There is a diagram
5

CF Yy (L) W;.2) =225 CF 3 (YA (L), u; %)

El J((fla.u;y’Hf,u:‘S’)

T4 CF 3 (Yp (L) w';.9) —— Cone(fS .,
commuting up to chain homotopy, with the bottom horizontal arrow being inclusion into the
mapping cone.

(b) There is a diagram

T#-CF S (Yn(L').v';.9) —— Cone(fS.,)

%l J/(Hg u'LV’f:i(su'y)
f8
CF 3 (Ya (L) W;.7) =225 CF3 (YA (L), u; )

commuting up to chain homotopy, with the top horizontal arrow being inclusion into the mapping

cone.

12 Proof of the surgery theorem for link-minimal complete systems

The goal of this section is to prove Theorem 9.6. We first do so for the case of the basic systems from
Definition 8.32. The proof in that case will be modeled on the proof of the formula for the Heegaard Floer
homology of integral surgeries on knots; see [Ozsvath and Szab6 2008b]. We will need to combine the
arguments in [loc. cit.] with the homological algebra from [Ozsvath and Szab6 2005]. At the end we will
explain how the statement of Theorem 9.6 for basic systems implies the statement for all link-minimal

complete systems of hyperboxes.
12.1 Large surgeries on links

Let L C Y be alink in an integral homology three-sphere as in Section 9. We let A>O0bea sufficiently
large framing on L, meaning that the framing coefficients x ; on each component are sufficiently large, as
for the framing denoted by A in Sections 10.3. We let A; € H; (Y — L) be the induced framings on each
component L;, as usual. Recall that H(L, 7\) denotes the lattice in H; (Y — L) = Z* generated by all Aj.
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We use the notation from Section 11.1. In particular, surgery on the framed link L produces a cobordism
W3 (L) between Y and the surgered manifold Y5 (L). Since A is chosen sufficiently large, the manifold
Yz (L) is arational homology three-sphere. Let Wli\ (L) be the cobordism between Y (L) and Y, obtained
by turning around the cobordism —Wx (L).

As in the proof of Lemma 11.1, choose a Seifert surface F; C Y for each link component L;, and let
F; be the surface obtained by capping off F; in W3 (L). By a slight abuse of notation, we also denote
by F; the corresponding surface in W[i\ (L). The homology classes [F;] fori = 1,...,£ form a basis
of Hz(Wli\ (L)). As in (122), we identify H 2(W1L\(L)) with Z¢ by sending a cohomology class ¢ to
(e [F]).... (e LR

Given a Spin® structure u over Y3 (L), we can extend it to a Spin® structure t over Wli\ (L). We can then
find s € H(L) such that

c1() =25 — (A1 +---+ Ag) (mod 2H (L, A)).
The correspondence u — s determined by the above formula induces an isomorphism
Spin‘ (Y5 (L)) — H(L)/H(L, A).
Let P(K) be the intersection of the lattice H(L) with the hyperparallelepiped with vertices
(+3(EA £ A £ £ Ay,

as in Section 10.3. This is a fundamental domain for H(L)/H (L, A); see (111). Hence, there is a
bijection

Spin‘(Yz (L)) = P(A);
see Section 9.2. From now on we will denote a Spin® structure on Y (L) by the corresponding value
s € P(K) C H(L). For s € P(K), we denote by rg the Spin® structure over Wf\ (L) satisfying

(159) c1(rs) =25 = (Ay +---+ Ay);
compare (124).

Let us choose a basic system € for L C Y, as in Section 8.7. Recall that the initial Heegaard diagram
wL = (2, @, B, w, z) in the system contains £ beta curves f1, ..., B¢ such that the basepoints w; and z;
lie one on each side of B;. Let & = F[[Uy,..., U/].

Theorem 12.1 For A sufficiently large, there exist quasi-isomorphisms of relatively Z.-graded complexes

of R-modules
- . CF—(Y- — (9L
\DK,S'CF (YA(L),s)—>Q( (¥",s)
forall s € P(K).
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Proof Foreachi =1,...,£, we construct a curve §; by twisting the longitude of L; Ii times along S;,
in a symmetric way as in [Ozsvath and Szab6 2004a, Figure 5] (but with the twisting done in the opposite
direction). Thus, §; specifies the framing A; of the component L; fori =1,...,£. We complete this to a
full set of attaching circles § by taking curves 8741, ..., d¢4g—1 that approximate (ie are small Hamiltonian
translates of) B¢4 1. ..., Brg—1. Theresultis a triple Heegaard diagram (X, a, 8, B, w) for the cobordism
Wli\ (L) such that we have the three-manifolds Y, g =Y, Y, 5 = Yz (L) and Y5 g = #571(S1 x §2).

For s € H(L), we can define a chain map ‘Ijz:\ i CF~(Yx(L),s) > A~ (L, s) by

L
— min(nzi (¢)snw,- (¢))
(160) W ()= ) > #@)-[1u; v,

yeToNTg pen(x,0,y) i=1
w($)=0
ny,; (@)—nz; (9)=A4; (y)—s; forall i
where ® € CF ™ (Y5 g) is the top-degree generator in homology.

The proof that Wz  is a quasi-isomorphism for A > 0and s € P(A) then proceeds along the same lines
as [ibid., proof of Theorem 4.4]; see also [Ozsvéth and Szab6 2008b, Theorem 2.3; 2011, Theorem 4.1].
Roughly, the argument is as follows. There are £ winding regions on the surface X, that is, neighborhoods
of the curves g; fori = 1,...,£ in which the twisting of the corresponding curves §; takes place. A
generator x € Ty N Ty is said to be supported in the winding regions if it contains points in all the ¢
winding regions. If this is the case, the i component of the Spin® structure s € P(X) of x equals the
depth of the respective point of x inside the i winding region, up to the addition of a constant; see
[Ozsviéth and Szab6 2004a, equation (14)]. A Spin® structure s is said to be supported in the winding
regions if all the generators x € s are supported in the winding regions. For such s, the map W Ko is
actually an isomorphism of chain complexes, because it is approximated (with respect to area filtrations)
by a “nearest-point” map which is a bijection.

Note that we have some freedom in choosing the winding region. Indeed, by replacing each &; for
i =1,...,¢ with an isotopic curve §; so that the number of twists to the left of §; is changed (ie
translating the twists to the right or left of the curve f;), we obtain another strongly equivalent triple
Heegaard diagram (X, e, 8,8", w,z). If §; differs from 6; by k; twists, the set of Spin® structures
supported in the new winding regions is a translate of the old set by (k1, ..., ky). We have

(A1 —C1)-(ha—Ca) -+ (kg —Cy)

possibilities for the position of the attaching set §, where Cq, ..., C; are constants (independent of the
framing coefficients). For each of these §, the number of Spin¢ structures not supported in the respective
winding regions is of the order of

for some constants Ci/'
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Let us choose 2¢ different sets of curves 8¢ for & € {0, l}z such that 7 and §; ¢ differ by 5 17: twists whenever
e, # ¢ (and are the same curve if &; = 7). If )Ll, .. k are sufficiently large each Spin® structure s on

(L) is supported in one of the winding regions for some §¢. The fact that the new map ‘Il~ (usmg
8¢ instead of §) is an isomorphism implies that the original map \IJ~ (Wthh differs from \IJ~ by
composition with chain homotopy equivalences) is a quasi—isomorphism O

Let L° be L with some arbitrary orientation o, and let ¢ be the Spin® structure on Wji\ (L) satisfying

(161) 1) = c1(Es) + 24 7.,

where Aj 7. =31 (i iv)

differently in L°; see Section 3.8.

Ajand I_ (Z, i") is the set of indices describing components of L oriented

We denote by Fy, . the map on Heegaard Floer complexes induced by a particular cobordism W and
Spin® structure r; see [Ozsvath and Szab6 2006].

Theorem 12.2 Fix L° C Y as above. For any A > 0and s € P(A), there is a commutative diagram
e
W (L)

CF~(Yz(L),s) ——— CF~(Y)

wl L

Lo

A~ (L, 5) —— A~ (L, pL°(s)
forall s € P(A).

The proof of Theorem 12.2 is similar to that of [f)zsvéth and Szabd 2008Db, :Fheorem 2.3]. In the
diagram (162), we implicitly identified A~ (%L, pL°(s)) with A= (r>_ (#L), v (s5)); see (22). Also,
it is worth mentioning that in the proof of Theorem 12.2, the map F,, (L) is defined using the triple
Heegaard diagram (X, o, 8, 8, w°), where

w® = {w; |i € I4+(L,L°)}U{z |i € I_(L,L%)}.

(This is the set of basepoints that would be denoted by w’-L’ in the notation of Section 8.7.)

There is a more refined version of Theorem 12.2, as follows. Note that the cobordism WT/\ (L) consists of
£ two-handle additions, which can be composed in any order. Different ways of composing are related by
chain homotopies, forming a hypercube of chain complexes. In the refined version that we state below
(Theorem 12.3) we replace the top arrow in (162) with this hypercube; this is isomorphic to another
hypercube, replacing the bottom arrow in (162).

Let § = (81....,0g4¢—1) be a set of attaching curves as in the proof of Theorem 12.1. Given ¢ =
(e1,...,80) € Eg = {0, 1}, we define a new (g+£—1)-tuple of attaching circles 5° by
e |0 ife =0,
i ™ ,Bi if&‘i =1.
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For each ¢ € E;, we denote by Lo C L° the oriented sublink consisting of those components L; such
that &; = 1, all taken with the orientation induced from o. We let L? be the underlying sublink. Note that
the Heegaard diagram (X, oz, §®, w®) represents the three-manifold YKlL—LE (L—L?).

Further, for every ¢ < ¢/, the Heegaard diagram (X, 5°, 7, w°) represents a connected sum of some

copies of S! x §2. We can arrange so that the Floer homology HF (T, T, .), in the maximal degree

n’
with nontrivial homology (and in the torsion Spin¢ structure), is represented by a unique intersection
point, which we denote by @g‘jg,. Set

e if|le—¢|| =1,
(163) ®€,8’ — £,& ” . ”

0 otherwise.
For ¢ < &’ let

’ € & /
WK(L—L ,L—L )QWK(L)

be the cobordism from Yz, ,.(L — L) to Y7\|L_L8, (L — L") obtained by reversing the surgery
on L#~¢. When 1 is a Spin¢ structure on Wli\(L), we keep the same notation y for its restriction
to Wi(L—LE L - L.

Consider the polygon map

F(e, &/, w®): CF~(Ty, Tye, w°) - CF (T, Tng/, w?),
Fe.d w)@) = ) f(x®Ou0® @O ).
e=e0<..<gP =g/

in the notation of Section 3.5, used here for polygon maps between ordinary Floer chain complexes,
as in [Ozsvath and Szab6 2005, Section 4.2]. When ¢ = &/, this is simply the differential 9. When
&' —¢|| = 1, the map F (e, &', w®) is a triangle map representing the cobordism Wji\ (L—L¢ L—L) and,
as such, it decomposes as a sum of maps according to the Spin® structures on that cobordism. For general

& < &', the map F(e, &', w®) is a higher order chain homotopy relating the different ways of splitting
WIL\ (L-L% L—- LS/) into two-handle additions. It still decomposes as a sum of maps

F(e, ', w’, 1)

according to the Spin® structures ¢ on the cobordism Wli\ (L—L& L— Ls/).

Theorem 12.3 Fix A >0, s € P(K) and an orientation o on L as above. Then the hypercube with chain
groups

C® = CF ™ (Tq. Tye, w®, ¢ 27" (5)) = CF (Y5, (L—L%),y="(s))

lL—Le
and maps

Dg/“S = F(e, &, w° 1))
is quasi-isomorphic to the hypercube with chain groups
Co=A (", pt () = A (g (HE). YT (9)
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and maps

0 ife=¢,

&/—¢ _.f . / _ 7o, _ To, 7
D, "= L@pz‘w() if ||¢'—e|| =1, L>® = L** 1LY,

0 otherwise.

Proof The maps
— . — (V. X Lo —(. L Lo
VS ey CF TR, (L= L9 () = A (g, (). 0™ (5))

given by (160) can be generalized to give maps (increasing ) which count higher polygons, and where
the U powers are counted just as in (160). These form a chain map between the two hypercubes.

By definition, a quasi-isomorphism of hypercubes means that the corresponding e-preserving maps are

quasi-isomorphisms for all . Indeed, the maps W— T
. Alp—re, L% (s)
extension of Theorem 12.1. ad

are quasi-isomorphisms by a simple

We can change the two hypercubes in Theorem 12.3 by chain homotopy equivalences, and arrive at the
following:

Proposition 12.4 Fix A>0ands e P(K) and an orientation o as above. Then the hypercube 7 with
chain groups

C®=CF (Ty. Tye, w, =" (5)) = CF~(vz, , (L—L5), v (s))
and maps
D7 =F(e, &', w,1d)

is quasi-isomorphic to the hypercube 3 having chain groups

Ct = A (HEL ™ (5))

and maps
/_ Jo.&'—e Lo-g’—¢ Lo-g'—¢
DEt =L’ " = pL° ] oL,
¢ wLT ) T T (I oy L)) T L ()

in the notation of Section 9.1.

Proof Let us compare the first hypercube in Theorem 12.3 with the first hypercube in Proposition 12.4.
Note that the Heegaard diagrams (X, oz, %, w°) and (X, oz, 3%, w) both represent the same three-manifold
Y Ky (L — L?). Hence, the respective chain complexes are chain homotopy equivalent. In fact, we can
describe the chain homotopy equivalence along the lines of Section 8.7. First, note that (X, &, %, w°)
is isotopic to (X, e, 17”8 ,w), where the collection n”s differs from 5® by replacing every curve that
approximates f; with one that approximates 8. Here B is as in Section 8.7, and similarly we recall
that we also have an intermediate curve /. One can relate CF ™ (T, T,e. w) to CF ™ (T, T,ye. w)
and then to CF ™ (T, Tye, w) via chain homotopy equivalences given by triangle maps with one vertex
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in the respective canonical generator. It is straightforward to lift these to chain homotopy equivalences
between the respective hypercubes. Moreover, we can restrict everything to a Spin® structure ¥ 2" (s),
which is left unchanged throughout.

Now let us compare the second hypercube in Theorem 12.3 with the second hypercube in Proposition 12.4.
The former is reminiscent of a canonical hypercube as in Definition 5.22, but it has inclusions rather than
identity maps along its edges. Nevertheless, we can construct a chain map very similar to the canonical
inclusion from Section 5.9, as follows.

Fore=(e1,...,e¢) € Egandi €{0,1,...,£}, we let e[<i] (resp. &[> i]) be the multi-indices obtained
from ¢ by changing all entries indexed by j > i (resp. j < i) into zeros; compare Section 5.9. We define
an intermediate hypercube H [i] to have chain groups

. - _Lel=il Jo.el<il Jo.e
ClilP =2 @7 (™= 0 pk™)(s))

and maps
el _ _rel<il 7 o.el<il 7o.e _ _rél=<il 7 o.e’[<i] 7o
DIils oA @ (T o p ) > AT GE T T (T T e pt T ()

iven b
g y DZo,(s’—e) O§Zo,(s’—£)

if e[>i] =¢'[>1i],
DJi]f™* = { gLo¢'=® ife[<i] = ¢/[<i]and |¢'[> i] — &[> i]| = 1,
0 otherwise.
We omitted here the subscripts in the maps D and ., as they are uniquely determined by the domains of

those maps.

Note that H[0] is the second hypercube in Theorem 12.3, while H[{] is the second hypercube in
Proposition 12.4.

Fori =1,...,¢, we define chain maps

Fli]: H[i — 1] > H]i]
to consist of

F[i]g/_&,: m—(%L—L‘s[f“_l)]’ (wza,s[s(z’—l)] o pZos)(s)) N Q[_(%L_LS/[Si], (wl';a,s’[si] o pzo,s’)(s))’
Dljo.a’[si]—a[g(i—l)l ogai"’(s/_a)[sa_”] ife; =1, ¢[>i] = &[> ],
F[i]i"8 =41d ife=¢"and g; =0,
0 otherwise.

Note that when & = ¢’ the map F[i ]g’—s is either the identity (when &; = 0) or an edge map of the form D]:f
(when &; = 1); in either case, it is a chain homotopy equivalence. One can lift the respective chain
homotopies to the level of the hypercubes. This shows that each F[i] is a chain homotopy equivalence of
hypercubes. The composition F[¢]o---o F[1] then represents a chain homotopy equivalence between

H[0] and H [{].

The claim now follows from Theorem 12.3. O
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12.2 Iterating the exact triangle

Our goal in this subsection is to present a generalization of the exact triangle (118) in the form of a
description of HF ~ (YA (L)) for arbitrary surgery on a link L in an integral homology sphere Y. This
will be based on iterating the more general exact triangle from Proposition 11.5.

Let A > 0 be a new framing for L, as in Section 12.1. We denote by Ii and A; the framing coefficients
on the component L;, coming from A and A, respectively. For eachi =1,..., ¢, set

m; =Xl'—)t[ > 0.

We keep all the notation from Section 12.1. In particular, we have chosen a basic system ¥ for Lcy,
and we have collections of curves y° for each ¢ € Ey = {0, 1}¢.

We now define collections 3¢ for all & € {0, 1, 0o}¢ such that, when ¢ € {0, 1}¢, the respective collection
coincides with the one already defined. Let y; be a simple closed curve in 3 disjoint from the basepoints
and the beta curves, which specifies the framing A; of the component L; fori = 1,...,£. (In other
words, this is the analogue of §; when we use A instead of A.) We complete this to a full set of attaching
circles y by taking curves yyi 1, ..., Vg4 g—1 that approximate (ie are small Hamiltonian translates of)
Be+1s- -+ Be,—1- The Heegaard diagram (X, ec, y, w) then represents the three-manifold Y (L).
Given e = (g1, ...,¢&¢) € {0, 1, oo}¥, we define the (g+{—1)-tuple of attaching circles ¢ by

8 ife =0,

n~ B ifer =1,

y; if & = o0.
For every ¢ < ¢, the Heegaard diagram (X, 5%, 5, w) represents a connected sum of some copies of
S1 x S2 and lens spaces. As such, there is a canonical torsion Spin® structure on this manifold; see
[Ozsvath and Szabé 2008b, Definition 3.2] and Section 11.3. We arrange so that the Floer homology
HF ~(Te, Tng/, w) in that Spin® structure, in the maximal degree with nonzero homology, is represented
by a unique intersection point. We denote that point by ®g“g, We then define ®, ¢ just as in (163).
Consider the ring

T =F[T1.....T/(T" =1, T —1).

Construct the chain complex with twisted coefficients CF ™ (Tq, Tg, w;.7), which as a module is
CF ™ (Ty, Tg, w) ®F .7, and comes equipped with the differential

12
(164) x= Y S i) (1—[ r @) —nz; (9) u (¢)) .

yeTNTg pema(x,y) i=1
u(g)=1

Since Y is an integral homology sphere, all the periodic domains on the diagram (X, e, 8, w) are multiples

of X. As a consequence, there exists an isomorphism of chain complexes
Moemy

CF~(Tq.Tp.w: 7) = CF ~(To. Tg,w)®p 7 =D CF~(Ty.Ts. w);

compare [ibid., equation (7)].
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More generally, for & € {0, 1, co}¥, we let 7% be the polynomial ring in variables 7} for those i such that
¢; = 1, and with relations Timi = 1. We consider the chain complex with twisted coefficients

%8 = CF_(TQ, Tng, w; {78)’

constructed as above, but in which we only keep track of the multiplicities 7y, —n;, (using 7;) for those
i withg; = 1. Let
mé = 1_[ m;.
gi=1

We then have an identification of chain complexes
—_— —_— mg —_—
¢° = CF (To. Tpe.w: 7°) = CF (T, Tye, w) @ 7° =@ CF (T Tpe. w).
For multi-indices ¢ < &’ define linear maps
Qf/_ez CF ™ (Tq, Tye,w; 7°) - CF ™ (Tq, T)er, w; 7,
78 (x) =) > fX®O01 ® - ®Oppigp),

P {e=e0<--<el=¢'}
where f is the polygon map as in Section 3.5, which keeps track of the difference in multiplicities at w;
and z; according to T;, just as in (164) above. (Compare Section 8.3 and [Ozsvath and Szab6 2008b,
Section 3; 2005, equation (9)].)

The direct sum P,¢(9,1,003¢ ¢* forms a chain complex with differential 7 = 3 28~ The proof that
2? = 0 is similar to that of [Ozsvith and Szabé 2005, Proposition 4.4], with the difference that here
we use twisted coefficients as in the proof that f2+ o f1+ ~ 0 in [Ozsvéth and Szab6 2008b, Section 3].
Note that 2 is composed of ordinary twisted coefficients maps (and higher homotopies) between Floer
complexes. In Section 11.3 (and, in particular, in Proposition 11.5) we needed a more complicated map
denoted by f5 . In our current context, f;~ would go from ¢ to %*" where in ¢ we changed an oo
coordinate of ¢ to 0. Maps of this type do not appear in Z.

Let us consider the quotient complex corresponding to ¢ € £y = {0, 134 € {0, 1, 00}¢. The projection
of the differential (which we still denote by 2) turns this quotient complex into a hypercube of chain
complexes, which we denote by 7.

the total complex of the hypercube 7 = (¢°, 2°)cE, -

Proof Iterate the quasi-isomorphism from Proposition 11.5 along the same lines as in the proof of
[Ozsvath and Szab6 2005, Theorem 4.1]. Observe that in order to prove exactness in Proposition 11.5 we
had to use the more complicated map f; . However, having established in Proposition 11.5 that there
are quasi-isomorphisms along the edges of our hypercube, we automatically obtain quasi-isomorphisms
under iteration. Thus, there is no need to define higher homotopy versions of the map f5. |
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Remark 12.6 For now, we just regard Proposition 12.5 as a statement about ungraded complexes. The
same goes for all the quasi-isomorphisms discussed below, until we deal with the question of relative
gradings in Section 12.5.

We can give an alternative description of the hypercube .7# as follows. For ¢ € [E4, note that
¢ = CF ™ (Ta, Ty, w) ®F 7° = CF (Y|, (L—L%)®F 7°,

where L® C L is the sublink consisting of those components L; such that &; = 1. Since A > 0, the
manifold YT\IL—Ls (L — L?) is a rational homology three-sphere.

Consider now ¢, &’ € By with & < &, Suppose L& = LfU L;, U---U L;, for p = ||’ —¢l|. If we set
all the variables 7; equal to 1, the map 988/_8 would simply be (several copies of) the polygon map
F(e, &', w) from Section 12.1. When we keep the variables 7; as they are, they keep track of the Spin®
structures on the cobordism WliX (L-L%, L —L*), which is a two-handle attachment relating the manifolds
Y|, _;e(L—L?) and Y]\|L_LS, (L— Lgl). Indeed, by the argument used for [Ozsvath and Szabé 2008b,
equation (8)], there is an identification

(165) Spin‘(Wx (L — L, L — L) =577, k> (ki.....kp),
such that
(166) 787 =" T* . F(e.e . w. k),
kezr
where we formally wrote
p

k kj

(167) T =T] T
j=1

12.3 Modifying the hypercube

Fix an integer § > 0. As in [Ozsvéth and Szabé 2008b], it is helpful to replace the Floer complexes CF ~
by the corresponding complexes CF —9. see Section 10.2. Proposition 12.5 has the following immediate
consequence (which could also be obtained by iterating Proposition 11.6):

Proposition 12.7 The complex CF =8 (YA(L))=CF =8 (Tg, Ty, w) is quasi-isomorphic to the total
complex of the hypercube

A8 = (%5 = CF ¥ (T, Tye, w; 7°), 2°%) ock, -

Here is the vertical truncation of (166):

(168) 7878 = 3" T* Fe.e! . w. k)’
kezr
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Let Lf = L€ I M, with M = L&~¢ = Lij; U---ULj,. Note that among the Spin® structures on the
cobordism W[ix (L — L&, L — L") there are some special ones, namely those of the form

;; = x; |W}X(L_L5,L_Lg/)
(see Section 12.1) for all possible orientations o of L and Spin® structures s on Y5 (L). Note that g,

viewed as a Spin® structure on Wjix (L—L% L— Ls/), only depends on the restriction of o to M. Indeed,
from (161), we deduce

Cl(Fg|W' (L—L&,L—L¢") )= Cl(?s|w’ (L—LS L—LS’)) + 2(K|M)Z Mo*

To simplify notation, for M e Q(M) we denote by zcs the restriction to W~ (L— L%, L—L%) of any
Spin® structure ¢ such that the restriction M° of o to M is M. Then, with respect to the identification
WI\(L — L&, L — L&)~ ZP from (165),

(169) o =5+ R); g

The advantage of using truncated maps comes from the following:

Lemma 12.8 Fix § > 0. Then, for sufficiently large A0 (compared to §) and for any ¢, &' € E; with
e<é
F(e, €, w,k)5 =

whenever the Spin® structure k on W. (L L¢, L—L#") is not of the form zcsq for any s € Spin® (Y5 (L)) =
P(A) and M e Q(LE—*). Moreover there is a constant b% > 0 such that

F(s, 8’,w,zcg)8 =0
whenever s = (s1....,s¢) € P(A) C RY admits somei € {1,...,4£} with the property that either
o 5 > b andi e I_(E,M), or
o si<—blandic I+(Z,A7I).

Proof Since both Yx|, ,.(L —L?) and Y]{|L7LS, (L— Lg/) are rational homology three-spheres, the
respective Floer complexes %55 and €% admit absolute Q-gradings; see [Ozsvath and Szabd 2006].
Because these complexes are vertically truncated, their absolute gradings lie in a finite range. Each
map F(e, ¢/, w, k)? shifts the grading by a definite amount. The vanishing of the claimed maps happens
because the respective shifts take the range for the initial complex to outside the grading range for the
final complex. We leave the verification of the details to the interested reader. In the case p = 1, this was
done in [Ozsvath and Szabd 2008b, Lemma 4.4 and Section 4.3]. O

Observe that the restriction of the Spin® structure sz to the cobordism W (L LE, L — L&) only
depends on the value YL (s) € P(A |L—1¢). (As we recall from Remark 10. 11 the hyperparalleleplpeds
P(A) behave well with respect to restriction to sublinks.) Thus, we can write ;g for ;s whenever
§=vL(s) e P(A|L_Le).
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By (168) and Lemma 12.8, for A > 0,
9888 = Z Z T F(e,e, w, M)

MeQULE—¢)seP(A| _r¢)

By adjusting the identifications (165) if necessary, and taking (169) into account, we can simply write
MeQ(Le'~¢)seP(Al._re)
We have TKI'_AI' = 1 for all i, by the definition of the 7; variables. Hence,
T(1~\|M)LM — 7WAM); 47

To summarize, the total complex ¢ of the hypercube .29 is
(170) “=P P CF(Ta Ty w.s)®I°

e€Er seP(A|L¢)
with the differential on each summand being
a7h =y Y TN P ).

€28 MeQ(L~?)

On the other hand, in Section 10.4 we constructed a folded truncated complex €5 (%, A){A} quasi-

isomorphic to €79 (%, A). By rephrasing its description from (116), (117), we have

(172) ¢HHMNA =P H At e
e€Ey SGP(I\lL_LS)
with the differential

(173) =3 3 TRl i L7 ™8,
€28 ffeQ(Le~*)

Looking at (171), we observe that the maps F(e, &', w, }:?71 )8 also appear in the vertical truncations (by &)
of the hypercubes .7 con§idered in the statement of Proposition 12.4. Similarly, looking at (173), we
observe that the maps <1>ng 8 appear in the vertical truncation of the other hypercube #° considered
in the statement of Proposition 12.4. We seek to apply the result of Proposition 12.4 to obtain a quasi-
isomorphism between the hypercubes .#% and #°. Before doing so, however, we need a basic result

from homological algebra:

Lemma 12.9 Let A, B, A’ and B’ be hypercubes of chain complexes (of the same dimension d , with
differentials denoted by 0), and
Fi,F,:A— B, F{,F;:A—> B
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be chain maps. Suppose that, fori = 1,2, the corresponding (d +1)-dimensional hypercubes for the maps
F; and F/ (that is, the mapping cones A Ly B and A" L5 B’) can be related by a quasi-isomorphism
consisting of maps (®;, V;, h;) as in the diagram

Assume that ® and ¥ are quasi-isomorphisms. Further, suppose that the maps ®; and ®, are chain
. . F1+F: F/+F, .
homotopic, and so are W1 and W,. Then the mapping cones A D B oand A7 21, B’, viewed as

(d 4+1)-dimensional hypercubes, are quasi-isomorphic as well.

Proof By hypothesis,
Fl®y — W Fy = dhy +h1d,  Fj®y —UsFy = dha + had,
and there are homotopies ¢: A — A’, ¥: B — B’ such that

D) —Dy =00 +¢d, V-V =0y +yYa.
It follows that
(F{ + F5)®1 — W (F1 + F2) = 0g + g0,
where
g=hi+hy+ Fy¢ +yF,.

. . [+F; .
Thus, (®1, V1, g) form a chain map between the mapping cones A Hith, B and A’ ——23 B’ This

map is a quasi-isomorphism because ®; and W are so; compare Definition 5.20. |

Proposition 12.10 Given a basic system ¥ for a link L in an integral homology sphere Y, there is an
isomorphism
Hy (67596, A), 97%) = HF 7% (YA(L)).

Proof Let us denote by %@“’8 and %2’8 the vertical truncations by § of the hypercubes . and
considered in Proposition 12.4. The result of that proposition implies (after vertical truncation) that, for
any orientation o, the hypercubes jfg""g and ?76;’8 are related by a quasi-isomorphism. Further, if we
change the orientation o, it is easy to see that the respective quasi-isomorphisms are chain homotopic.

The hypercube %% = (6~ (%, A){K}, %8 described in (172)—(173), is basically obtained from the
hypercubes [ [ %§’8 for all possible choices of orientations o € (L), by gluing those hypercubes along
their common parts (corresponding to sublinks). More precisely, this gluing process is an iteration of
the one that made an appearance in Lemma 12.9: given two mapping cone hypercubes A B, B and

LN B, we replace them by A hth g (See Figure 38 for an illustration of the gluing procedure in
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@\:ﬁl R/ SN

ol +<1>—L1// w oL +¢—% &Lz
q%w %Ll + oL <I>N %Ll+®_’~l

oL 4L

q>L2+q) RﬂLl%_q) Ly

Figure 38: Gluing hypercubes in the proof of Proposition 12.10. Given a two-component link
L= L1 UL,, each of the four squares in the top row represent one of the hypercubes [ [; 92 (with
the factors 7 as defined in Proposition 12.4) for the four possible orientations o of L. Combining
these hypercubes (by adding up the respective differentials, as shown) yields the hypercube 7€ at
the bottom, which is the one appearing in the statement of the surgery theorem, Theorem 9.6. The
dashed lines represent chain homotopies such as oLVl oL DYUL2 efe,

the case £ = 2.) Observe also that the hypercube #8 described in (170)—(171) is obtained by from the
hypercubes [ [ %’f’g by gluing them using the same process.

By applying Lemma 12.9 repeatedly, we can construct a quasi-isomorphism between (¢%,2%) and
(‘69 (%, A){K}, %~8). The former complex is quasi-isomorphic to CF =8 (YA (L)) by Proposition 12.7,
and the latter to €% (3¢, A) by Proposition 10.15. m|

12.4 Spin® structures

Recall from Section 9.2 that the complexes €~ (3¢, A) and CF ~(Ya (L)) both break into direct sums of
complexes 6~ (%, A,u) and CF ~ (YA (L), u) according to the set Spin®(Yx (L)) = H(L)/H(L, A). Of
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course, the same is true for their vertical truncations by §. We would like to prove that the isomorphism
in Proposition 12.10 preserves these decompositions.

As a warm-up exercise toward this goal, let us investigate to what extent we can make the total complex
%% of the hypercube % break into a direct sum according to Spin€ structures u € H(L)/H (L, A).

We claim that this splitting can be realized when the lattice H(L, A) is nondegenerate, ie the vectors
A; are linearly independent over Q or, equivalently, YA (L) is a rational homology three-sphere. Indeed,
from (166) we see that the complex ¢ breaks into a direct sum according to equivalence classes of Spin®
structures on Y3 (L), where two structures in SpinC(YK (E)) ~ H(L)/H(L, K) are equivalent if they
differ by an element in the Z-span of the vectors m;t; = A; — A; fori =1,...,£. In other words, the
decomposition is according to H(L)/H (L, A, A), where H (L, A, K) C 7! is the lattice generated by all
Ajand A;. Since A is nondegenerate, we can arrange so that H(L, A, A)=H(L,A) by simply choosing
m; > 0withm;t; € H(L, A), for all i. With this choice of A, our claim about the splitting of %% holds true.

When H(L, A) is degenerate, we need to refine this approach, and settle for a splitting of a complex
quasi-isomorphic to %%, rather than one of €9 itself. Indeed, since the vectors A; do not span Q*, we
cannot always find m; € Z such that m;t; € H(L, A). Nevertheless, let us first choose some arbitrary
m), > 0 such that the resulting framing A’ satisfies the conditions in Lemma 12.8. Next, suppose the
vectors A; span a subspace V' C Q* of dimension £ — p, with p > 0. Choose p coordinate vectors t;
such that their span is complementary to V. Without loss of generality, assume those coordinate vectors
are 7; fori =1,..., p. Choose m; > m/ arbitrarily fori =1,..., p, and let H(L, AT C Z* be the
lattice spanned by A;’s together with m11q,...,mp7,. Now choose m; > m; fori =p+1,...,¢such
that m;7; € H(L, A)*. The result is a framing A > A’.

Lemma 12.8 says that the complex %% (constructed with respect to the framing 7\) is similar in structure
to the complex @5 =¢=5(%, A), compare Lemma 10.10. Hence, we can apply the combined truncation
procedure from Section 10.4 to ¢, using the smaller framing A’ The result is a complex ¢° ((K/ »
quasi-isomorphic to ¢9.

The advantage of the complex % ((K’ ) is that it splits as a direct sum according to H(L)/H(L, A).
Indeed, we know it splits according to H(L)/H (L, A, A) just like °. Moreover, it is supported roughly
on the hyperparallelepiped P(A’), which is very small compared to P(A). The key observation is that,
with our choice of the values m;, if two elements in P(A’) differ by an element in H(L, A, K), they
differ by an element in H(L, A). This is true because H(L, A, K) is contained in the union of parallel
subspaces

(174) U Or+amin 4+ omp).
tl,...,IPGZ

Set A(P(A')) ={s —s' | s,s’ € P(A)}. If A(P(A)) is sufficiently small compared to the values m1;,
the only one of the parallel subspaces in the union (174) that intersects it nontrivially is V" itself. This
implies our claim about the decomposition of ¢ ((A’)) according to H(L)/H (L, A).
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Observe that similar remarks are applicable to the folded truncated complex @8 (%, A){[~\}. When
H(L, A) is nondegenerate, it splits according to Spin® structures on Y7 (L), provided the values m; are
chosen suitably. When H(L, A) is degenerate, we can replace it by a quasi-isomorphic complex

€0 (%, A){AY(A) = €70 (%, A)(A),

which again has the desired splitting.

12.5 Relative gradings

As explained in Sections 9.2 and 9.3, for every u € Spin® (Y (L)), both complexes
6% (9, A, u) and CF 3 (YA (L), )
admit relative Z /0(u)Z-gradings, where 0(1t) € Z depends on u. Our goal is to prove the following

strengthening of Proposition 12.10:

Proposition 12.11 Let ¥ be a basic complete system for an oriented link L inside an integral homology
sphere Y. We then have 7 /0(u)Z-grading-preserving isomorphisms

(175) Ha (670 (56, A u), 97%) =« HF 73 (Y5 (L), u)
and
(176) HE¥ (67 (9. A w) = HF 55 (YA (L).v)

forall §' > § > 0 and u € Spin®(Y3 (L)).

Proof Recall that the quasi-isomorphism in Proposition 12.7 can be obtained by iterating Proposition 11.6.
Indeed, let A be the framing on L obtained from A by adding 1, to the coefficient of the first component,
as in Section 11.3. Also, we let L' = L — L and denote by A’ the restriction of the framing A to L/,
Consider the ring 77 = F[T1]/ (Tlm "' —1). The iteration process in the proof of Proposition 12.7 starts by
applying Proposition 11.6 to get that CF =8 (YA (L)) = ©4(99:00:-22):8 (i the notation of Section 12.2)
is quasi-isomorphic to the mapping cone complex

177 CF3(Y5(L) L CF# (Yu (L)): 7).

where the left-hand side is the Floer complex ¢(0,00,-,00),8 ' the right-hand side is the Floer complex
c@(l,oo,...,oo),S (1,0,...,0),8

with twisted coefficients, and the map f28 is the triangle-counting map Qb(o o.....00)
from (168).

The next step in the iteration process will be to show that each of the two sides in (177) is itself quasi-
isomorphic to a mapping cone (for Floer complexes corresponding to multi-indices in which another one of
the co components is replaced by 0 and 1). These quasi-isomorphisms extend to give a quasi-isomorphism
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between CF ~ (Y4 (L)) and a two-dimensional hypercube of complexes. We continue this until we get a
quasi-isomorphism between CF ~ (Y4 (L)) and the total complex of the hypercube .7

Note that we have some freedom in this iteration: we could change the ordering of the components and
start with L, instead of L1, for example. We will choose the ordering as follows. For every i =1,...,¢,
denote by AY) the restriction of A to

L;UL;jy1U---ULy,

and by A(l.i), R A(lf) the respective framing vectors. We require that, for every i = 1, ..., ¢, either AD
@)

i1
by choosing which component we call L first, then which component we call L5, and so on.

is nondegenerate, or else A(ii) is in the Q-span of A . A(g). Note that this can easily be arranged,

Another degree of freedom in the iteration comes from the direction of the quasi-isomorphisms. In order
to apply the results of Section 11, at each step we have to choose a quasi-isomorphism as in (133) or as
in (134), depending on the framing A. At the first step, when we relate CF =8 (YA (L)) to Cone( fz‘g), we
choose (133) if A is nondegenerate and the restriction of A to Span(A», ..., Ag)™ is zero or positive
definite. (This corresponds to Cases I(a) and I(c) discussed in Section 11.5.) We choose (133) if A is
nondegenerate and the restriction of A to Span(As, ..., Ay)" is negative definite. When A is degenerate
(so, by our choice of ordering, A is in the span of the other framing vectors), we are free to choose
either (133) or (134); compare Case II in Section 11.6.

At the second step, we need to combine a quasi-isomorphism relating CF -8 (Yx (L)) to a mapping
cone, and one relating CF -8 (Ya(L); 71) to a mapping cone. Of course, these quasi-isomorphisms
should go in the same direction. We choose the direction according to the same recipe as at the first
step. Precisely, if A is nondegenerate, we choose the direction based on the sign of the restriction of A
to Span(A 1, As, ..., Ag)*. In particular, if A was nondegenerate to start with, then A is automatically
nondegenerate and, for m; sufficiently large, the relevant sign is negative if and only if the sign of the
restriction of A to Span(ty, Az, ..., A g)J‘ is negative; or, equivalently, if the sign of the restriction of A’
to Span(As, ..., Ag)T is negative. If A is degenerate (for m; > 0), then A’ is degenerate also, and we
choose the direction of the quasi-isomorphisms arbitrarily.

We continue to choose directions this way at the following steps. At step i, we look at the framing matrix
AN =Ar+mity, .o N +Amication, Ay Ay)

for my,...,m;j—1 > 0. If it is degenerate, we choose the direction arbitrarily. If it is nondegenerate, we
choose it according to the sign of the restriction of A’ to the subspace

Span(Ay +miti, ... Ni—1 +mi—1Ti—1. Ajt1. ... AT

With these choices of ordering and quasi-isomorphism directions, at every step in the iteration process
we can apply one of the refinements of Proposition 11.6 discussed in Sections 11.5-11.6, namely
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Proposition 11.11, 11.15, 11.17, 11.24 or 11.28. We first choose m1 >> 0 in such a way that the respective
proposition applies, then we choose m3 >> 0, and so on. At the second step and later we may need to
use the twisted coefficients variant, Proposition 11.29. We claim that in the end we obtain the desired
isomorphisms (175), one for each u € Spin® (Y (L)).

Indeed, at least in the case when A and all A®)’s are nondegenerate, all the complexes appearing in the
proof of Proposition 12.10 decompose according to Spin® (Y (L)) = H(L)/H(L, A). Itis straightforward
to check that the decompositions correspond to each other under the respective quasi-isomorphisms, and
these quasi-isomorphisms preserve the relative Z-gradings. Note that when iterating the exact sequences
which give quasi-isomorphisms between mapping cones, at later steps in addition to the maps involved
in Propositions 11.11 and 11.15 we also have certain higher homotopies. However, these decompose
into Spin® structures and preserve the relative Z-gradings by the same arguments as those used in the
discussion of the homotopy H f’u in Proposition 11.11, for example.

When A = AWM or one of the other A?)’s is degenerate, there are two additional complications. First,
in order to get a good decomposition into Spin® structures we have to replace the complex %8 by a
horizontally truncated, quasi-isomorphic one € ((A’)), as discussed in Section 12.4. (When applying
Propositions 11.24 or 11.28, this corresponds to focusing on a subset of all u € Spin®(Ys (L)), and
choosing the respective value m; so that 0(u) divides m; for all such u; compare Corollary 11.27.
The unused Spin® structures u give rise to trivial complexes, so we can ignore them.) We then get a
decomposition of €% ((A’)) according to Spin® structures 1. We have similar decompositions of €% (A’)),
as well as of all the other complexes in the proof of Proposition 12.10, provided we truncate them
with respect to A’. The respective truncations are quasi-isomorphic to the original complexes. Putting
everything together, we obtain the desired isomorphisms (175), for any u € Spin® (Y3 (L)).

The second complication has to do with the grading-preserving properties of the isomorphisms (175).
If o(u) = 0, then, when we apply Proposition 11.17 at a step in the iteration process, the respective
quasi-isomorphism preserves only the relative Z /2d Z-reduction of the relative Z-grading. (Indeed, its
target is only Z/2d Z-graded.) Thus, the resulting isomorphism (175) only preserves this Z /2d Z.-grading.
However, we can get such an isomorphism for any d in a sequence {d, } with d,, — co. Both sides of (175)
are finite-dimensional, relatively Z-graded vector spaces, so if they are related by a Z/2d,Z-grading-
preserving isomorphism for all d,,, they must in fact be isomorphic as relatively Z-graded vector spaces.
This completes the proof of the claim about the existence of a grading-preserving isomorphism (175).

Finally, as § varies, the isomorphisms (175) commute with the natural maps between the respective
truncations, and we get the isomorphisms (176). |

Proof of Theorem 9.6 for basic systems Apply (175) and Lemma 10.4(b) for u torsion, and (176) and
Lemma 10.8(b) for u nontorsion. O
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12.6 Link-minimal complete systems

Now that we have established the truth of Theorem 9.6 for basic systems, we are left to do so for all
link-minimal complete systems.

Proof of Theorem 9.6 Let 7 be a link-minimal complete system of hyperboxes for a link L, and let
¥y be a basic system for L. According to Proposition 8.35(b), the system ¥ can be obtained from
¥, by a sequence of system moved that do not include any index zero/three link stabilizations; ie by
a sequence of three-manifold isotopies, index one/two stabilizations and destabilizations, free index
zero/three stabilizations, global shifts, elementary enlargements and contractions, and trajectory c-slides.

According to Proposition 8.19, except for the trajectory a-slides, all the other moves induce quasi-
isomorphisms (in fact, chain homotopy equivalences) between the compressions of the respective
hyperboxes of generalized Floer complexes 24— (9¢L"-M s) and A~ (%bL/’M, 5). These compressions are
the building blocks of the surgery complexes €~ (#, A, u) and €™ (¥, A, u). The quasi-isomorphisms
commute with the restriction maps relating these building blocks, so by putting them together, we obtain
a quasi-isomorphism between the two surgery complexes.

The effect of a trajectory «-slide on the surgery complex of a complete system was studied in [Zemke
2021, Corollary 13.5]. In general, changing a trajectory ¢y, by concatenating it with a curve y changes
the surgery complex by a formula involving the action of the homology class [y] € H1(X; Z). Examining
the formula for the action of y in [ibid., Section 13.3], we see that this action vanishes identically on the
span of the alpha curves. In our case, y is a concatenation of the form 7 * a; * =1, where 7 and & j are
as in Figure 25top left. In particular, y is homologous to the curve «; which bounds a disk in the alpha
handlebody, so the action of y on the surgery complex is trivial. Applying Zemke’s result, it follows that
the two surgery complexes are quasi-isomorphic.

Since Theorem 9.6 holds for the basic system ¥, we deduce that it must also hold for 7. a

13 The general link surgery formula

This section contains the precise statement, as well as the proof, of the link surgery formula (Theorem 1.1).
Up to now we have established the formula in the case of link-minimal complete systems. The case
of general complete systems requires several new ingredients: explicit resolutions A~ (¥, s) for the
generalized Floer complexes A~ (%, s) (compare Section 3.6), as well as transition maps that allow one
to define maps $M similar to the ones in Section 3.8; see Remark 3.25. Moreover, the proof of the
general surgery formula is based on an analysis of the effect of an index zero/three link stabilization on a
complete system, and uses the material from Section 7.

The new constructions are rather involved so, to help the reader, we build up the general statement by
first considering some simpler cases. In Section 13.1 we describe the link surgery formula for a knot
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represented by a diagram with two w and two z basepoints. In Section 13.2 we study the simplest version
of an index zero/three link stabilization, relating a knot diagram with one basepoint of each type to a
diagram with two basepoints of each type. In Section 13.3 we explain how to define polygon maps
between the resolutions 2™ (¥, s), again in the simplest nontrivial example, that of a knot with two w and
two z basepoints. In Section 13.4 we describe the link surgery formula in more generality, still for a knot,
but now with an arbitrary number of basepoints. In Section 13.5 we do yet another warm-up case, that of
a link with two components, and with two basepoints of each type per component. Finally, in Section 13.6
we give the statement of the link surgery formula in full generality, and in Section 13.7 we prove it.

13.1 A knot with four basepoints

We consider the case of a knot K C Y, represented by a Heegaard diagram %X with four linked basepoints
w1, 21, wp and z>. We suppose X is part of a complete system %, that also contains a diagram %~
for ¥, and two hyperboxes #X-X and 9%¢X-—K see Example 8.24.

In Section 3.2 we introduced the link Floer complex CFL ™ (#X), which in our case is freely generated
over ® = [F[[Uy, U>]| by intersection points x € Ty N Tg. Let us consider the infinity version of this
complex, obtained by inverting the U variables:

CFL>® (%X = (Uy, Up) "' CFL~ (%%).

As a direct product, the complex CFL® (#X) has generators (over F) U,"'Uy?x, with n; € Z and
x € Ty N'Tg. The differential takes into account intersection with w’s, so we write CF LK) = C{w}.
On the other hand, CFL ™ (%X) only has the generators that satisfy n1, 7, > 0, so we write

CFL~(%#X) = C{w:n1.n, > 0}.
For each s € Z, we also have a subcomplex
A~ (%K s) = C{w;n1,nr >0, A(x)—n1 —ns <s}.

For the surgery formula, we have an inclusion 95 of A=(#XK,s) into CFL™(%X) = C{w;n1,n, > 0};
see Section 3.8. We can then use the Heegaard moves specified by the hyperbox #%-X to relate
CFL~ (%X) to CF ~(%?). The composition could play the role of the map CIDSK (just as in the case of
link-minimal systems).

However, we also need a map CI>S_K , which would involve a chain map 9S_K from A~ (%K, s) to
C{z;ny,ny > 0}, a complex with the differential counting z’s. It does not seem possible to construct a
suitable such map. To deal with this problem, we will replace A~ (#X,s) with an explicit resolution,
A~ (HK  5).

In the case of a knot with two basepoints, the map §;K involves the inclusion of the complex A ~(#X , s) =
C{w;n>0, A(x)—n <s}into C{w; A(x)—n <s}. The latter complex is then identified with C {z;n > 0}
by using the isomorphism x — US~4®) x
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Similarly, for four basepoints, we have an inclusion of A_(%K ,§) into the intermediate complex
Cine = C{w;nz >0, A(x) —ny —na < s}.

We will start by constructing a resolution of Cjy, denoted by €y, and then identify a subcomplex of &y
as the resolution A~ (#X, s) of A~ (%X, 5). We will also construct a chain map (called a transition map)
from &y to C{z;n1,n, > 0}.

Consider the elements of Ciy¢
X = UlA(x)_Sx, X1 .= UlA(x)_S_lex, Xo 1= UlA(x)_s_zUzzx,
over all possible x € T N Tg. Every element of Ciy can be written as an infinite sum
o0 o0
(a78) Y Y UNUm = 3 YU,
x€TyNTgi=1 x€TyNTgi=1

where (a;, b;,n;) is a sequence (depending on x) consisting of distinct triples of nonnegative integers.
Furthermore, in order to avoid infinitely many negative powers of U; in the sum, we need to impose the
condition

(179) (3K > 0)(Vi) n;—a; <K.

Observe also, that, if (179) is satisfied, then (178) is a well-defined sum. Indeed, because a;,n;, b; > 0,
we cannot have that the pair (A(x) —s —n; +a;, b; + n;) is some fixed (a, b) for infinitely many values
of i.

Remark 13.1 Informally, we can think of the elements x, as generators for Ciy. If we had worked with
polynomials in U; and U, instead of power series, then every element of the resulting Ci,c would have
been a finite linear combination of the x,. With power series, however, we need to allow infinite sums
satisfying (179).
The elements x, are not free, as they satisfy relations of the form

Usxy = Urxpy1.

To get a resolution of Cj,, we turn x, into linearly independent elements, by introducing a new variable V5,
so that x,, corresponds to V' x. We also need to make sure U V)'x — U, V2”+1x = U+ Ui Vo)V x is
in the image of the differential, so we introduce a further variable Y, so that

Y7 =0, 0Yy=Uy+UVs.

Furthermore, in order to determine the differential of some x € &, note that the differential of the

corresponding element U IA (x)_sx € Cjyt consists of terms of the form
A(x)— nw (@), 1w, ($) nz, (@)+nz,(¢) AY)—5—nw, (9) ,  nw, (@)
Uj (x)—s U, 1 U, 29y = U, 1 2 U, 2 U, 2190y,
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The last expression in parentheses corresponds to Vzn w2 (#) y. Thus, dx in € should consist of terms of
the form
Ulnzl (¢)+n22 (¢) V2nw2 (¢)y .

Here is the precise definition of €, We first consider the subring

o
R = {ZUfiUzl’inni n; —a; is bounded above; C F[Uy, Us, V2].

i=1

This is a module over F[[Uy, U], and contains the polynomial module F [Uy, U]|[V>]. We will write
R =F[U. U][Va]’,
where the prime indicates that we allow infinite sums satisfying the boundedness condition (179).

We define (’:glt to be the free complex over R with generators x € Ty N Tg, and differential

(180) ox = Z Z #(M(p)/R) - Ulnzl (@)+nz, () Vznwz (¢)y.
yeTaNTg ¢pens(x,y)
n(@)=1

Lemma 13.2 The map 0 on (’:gﬁ satisfies 02 = 0.

Proof The usual arguments in Floer theory apply, with 92 counting the ends of a one-dimensional moduli
space of pseudoholomorphic disks. One caveat is the presence of disk bubbles. According to the analysis
in [Ozsvéth and Szabd 2008a, Theorem 5.5], there are four such bubbles, one going over w; and z1, one
over z; and w,, one over w, and z5, and one over z, and w;. Their contribution to 9%x is

Uix+UVox +UVox +Uix =0.
This shows that 92x = 0. O

We now let €, be the mapping cone

o Ux+UiVa o
int ” Q:int‘

(181) Y-

Alternatively, we can simply define €, starting from the free dg (differential graded) module over the dg
algebra
R =FU1, U]|[V2. Yol /(Y7 = 0,0Y, = Uy + U V2),

with generators x € Ty N Tg, by introducing the differential on generators as in (180). The homological
grading on MY is given by gr(U;) = =2, gr(V5) =0, gr(Y2) = —1. The prime again indicates the condition
(179) in infinite sums.

However, most of the time we will view €, as a complex over the ring R = F[[U;, U, ]|, rather than over
R or RY.
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Define a chain map P : €, — Ciy by setting
(182) P(Vx) = U™ yr ., P(V)Yyx) =0,

and extending it linearly (including to the allowed infinite sums) over ® = F[[Uy, U;]).
Lemma 13.3 P is a chain map.

Proof In the expression (3P + P 9)(V,'x), for each holomorphic disk in a class ¢ € m2(x, y), we obtain
a term involving y with coefficient

UlA(x)—s—n Uz U1nw1 @ U2nw2(¢) n UInZl (@) +nz,(4) UlA(y)—s—n—nwz(dJ) U2nw2(¢>)+".
Since A(x) — A(y) = nz,(¢) + nz,(¢) —ny, (¢) —ny,($), these terms cancel.

We also have
(0P + P0)(V,' Yax) = P(0(V,'Yax))
= P(UaVy'x + U1V}t x + V3 Y2 (3x))
= Uy - U™y x4 U, U gt 4o
=0.
This shows that P is a chain map. |

Lemma 13.4 The map P : € — Ciy exhibits €y as a resolution of Ciy over R = F[[Uy, Us]|; that is,
P is a surjective quasi-isomorphism.

Proof Clearly P is surjective; we need to show that it is also a quasi-isomorphism. Let G be the kernel
of P, so that we have a short exact sequence

0= G — € — Cipy — 0.
By considering the long exact sequence in homology, we see that it suffices to prove that G is acyclic.

Note that G is freely generated over R = F[[Uy, U,]|[V>] by the elements of the form (U, + Uy V2)x
and Y>x. The map H: G — G given by

H(Uz +UiVz)x) =Yox, H(Y2x)=0

is a chain homotopy between the identity and zero. Hence G is acyclic. |

Next, we define a filtration & on Cjy by the negative of the exponent of Uy, ie by setting
F(x)=0, FUy)=-1, FU,) =0.
Note that A~ (%X, s) is the subcomplex of Ciy given by F < 0.
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We also define a filtration § on €y by setting

(183) §(x)=-A(x), FWU)=-1, FU2)=0, §F(V2)=1 F(2)=0.

Using (180) and (181), it is easy to check that the differential of &, respects the filtration.

One can also verify that the map P from (182) is filtered of degree —s with respect to § and #. Indeed,
FVIx) =n—A(x) = FULO UL x) —s.

We define the resolution A~ (%X, 5) of A~ (%X, s5) to be the subcomplex of €y corresponding to filtration
level § < s. Concretely, Ql_(%K ,§) consists of infinite sums (with coefficients in %R, and a suitable
boundedness condition) of the elements

(184) fe = gt ADOynyay - e Ty NTp, neZso. ac{0, 1}

Let
PoaA= (5K, s) > A= (5K 5)

be the restriction of P from (182). In terms of the elements X0 and ¥,
(185) P =up @Oy P(xy) =0,

Lemma 13.5 The map P (%K, s) — A~ (%K 5) exhibits A~ (#X, 5) as a resolution of A~ (%X, s).

Proof This is a filtered version of Lemma 13.4. Note that the kernel G = Ker(P ) is the subgroup
of G = Ker(P) in filtration level § < s. Moreover, the null-homotopy H: G — G from the proof of
Lemma 13.4 is a filtered map; hence, by restricting it to G, we get that G is acyclic. a

We now construct a transition map

E: € — C{z;ny,n2 >0}

by setting
(186) E(V)Yax)=x
and
nz,(¢) nz,(¢)

- AU 2 -0

(187) EVx)= D D HM@)/R) U ey
YeTaNTp pemr(x,y) ! 2
n(@)=1
This definition is inspired from [Sarkar 2015]. Of course, by (U ln 2@) _ Uzn 2 (¢)) /(U1 — U,) we actually
mean the polynomial
U1’122(¢)_1 + U1n22(¢)_2U2 + . + Ul Uznzz((p)_z + U;Zz (¢)_1

We extend E to be a module map over % = F[[Uq, Uz].

Geometry & Topology, Volume 29 (2025)



2986 Ciprian Manolescu and Peter Ozsvdth

Lemma 13.6 = is a chain map.
Proof Note that E is a module map over R = F[[U;, U,]|[V2], where V; acts on the target by the identity.
Thus, it suffices to check that £E9d + dE = 0 on generators of the form x and Y, x.

Let us first check that
Eid(x)+08(x)=0.

In the expression Ed(x), a pair of holomorphic disks in classes ¢ € w5 (x,a) and Y € w2 (a, y) contributes

nz, (¥) nz, (¥)
na U2 =0, nzy (@)+n2, ()
U, U, y
Ui —-U,
In dE(x), the same pair contributes
nz, () nz,(9)
yr W ) ra @V 7 Uy ° y
1 2 1 U] _ U2 .
Adding these together, we get a total contribution of
no, (@x9) L onz, (@*Y)
nz, (pxy) Uy 2 -U,
188 U ! .
(188) 1 U — U, y

This only depends on the combined domain ¢ * 1. The usual proof that 3> = 0 applies here, and shows
that adding up all these contributions gives 0. Note that when x = y, there are four periodic domains
to take care of: one contains w; and z1, one wi and z,, one w, and z1, and the last w, and z,. Their
contributions add up to zero, because the w’s do not play a role in the expression (188).

Now let us check that
Ed(Yax)+ dE(Yax) =0.
We have

B0 =5 (U +tivart Y Y HUG/RIY,

nzl(¢)+n22(¢>vnw2<¢) y)
YeTouNTg pema(x,y)

w(g)=1
nz (¢) nz (¢)
S@U 2T =0, 2 @)1z, ()
= > > #(M(¢)/R)((U2+U1)U”l U TRy
1—U2

yeTNTg pema(x,y)
u(@)=1
- Y Y #u@)/RU,

YETNTg pema(x,y)
w(g)=1

nzy @) Nz, (¢)

U,

On the other hand, we also have

0E(Yox)=0dx = Y D #UM($) /R,

yeTNTg pema(x,y)
w(g@)=1

1.1 (¢) nZz (¢)
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We now have all the ingredients to write down the surgery formula for K (with four basepoints). This
takes the form of a mapping cone, where the initial complex is the direct product of A~ (%X, s) over
s € Z, and the final complex is the direct product of copies of some CF ~(#?) = CF ~(S3).

The map <I>sK is defined to be the composition
(189) A= (HK, ) L5 A~ (KK, 5) = C{w;n1,nr > 0} => CF ~(¥?),

with the last map being an equivalence obtained from the Heegaard moves in #X-X_ In fact, we denote
the composition of the first two maps in (189) by

IK A=K 5) > C{winy.ny > 0y = CFL™(%X) = CF~ (pX (%X)).

This plays the role of the inclusion map from Section 3.8. Since in our case it also includes the projection P,

we call ﬁsK a projection-inclusion map.
The final equivalence in (189), induced by Heegaard moves, is a descent map

DX CF~(pX (X)) — CF~(%?),
similar to the ones considered in Section 9.1. Thus, we can write

oK = pKogk,

just as before.
On the other hand, the map CDS_K is defined to be the composition
(190) A (HK, 5) > Cine => C{z;n1,n2 > 0} => CF ~(%9),
with the last map again obtained from Heegaard moves, this time the ones from the hyperbox %¢X-—K.
In this context, we let QS_K be the first inclusion above (into &), and we define the descent map

DK to be the composition of E and the equivalences induced by Heegaard moves. We can still write
oK =p-KogK,

Just as in the link-minimal case, by summing up the CIJSK and <DS_K maps (with suitable shifts in s), we
obtain the surgery complexes ¢~ (3¢, n) for n € Z.

13.2 Invariance under an index zero/three link stabilization

As a warm-up to the general case of invariance, in this section we will study the effect of an index
zero/three link stabilization on a minimally pointed complete system of hyperboxes for a knot K C Y.
Let % denote such a complete system. Recall from Example 8.24 that # consists of

e a Heegaard diagram #X for K with two basepoints w; and z1;

e a Heegaard diagram %2 for Y with the single basepoint wy;

e a hyperbox (a sequence of Heegaard moves with ® elements) %% from pX (%K) to #?;
o another hyperbox, #X~K  relating p~K (%K) to #°.
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Figure 39: An index zero/three link stabilization.

From % we can construct a surgery complex €~ (%, n) for each n € Z. This is a free complex over F[[U;].

We now do a stabilization as in Figure 39, by introducing two new curves «; and 1, and two new
basepoints w, and z5 in the neighborhood of the existing z;. We let ¥ be the complete system obtained
from % by this stabilization; see Section 8.9.

Thus, in the complete system ¥, we have

o the diagram %X obtained from X by the link stabilization;

o the diagram %2 obtained from 3 by a free index zero/three stabilization introducing o1, B;
and wy;

e a hyperbox #X:-X from pX(%X) to %2 obtained from #X-X by doing free index zero/three
stabilizations at each step;

o ahyperbox #5 =K from p~K (%K) to #? obtained #X-—K by doing free index zero/three stabi-
lizations at each step, and then the move shown in Figure 18.

From 9 we can form a surgery complex 6™ (#, n) as explained in Section 13.1. This is a free complex
over F[[U;, Uz].

In Section 7.2 we described the behavior of holomorphic disks under an index zero/three link stabilization;
see Proposition 7.2. For our calculations, we will choose almost complex structures as in that proposition,
that is, with sufficiently stretched necks along the curves ¢ and ¢g from Figure 18.

Proposition 13.7 For every n € Z, the surgery complexes €~ (%, n) and €~ (¥, n) are quasi-isomorphic
over F[[U1].

Proof Let C{w;n > 0} = CF~(pX(%X)) and C{z;n > 0} = CF ~(p~ X (%X)) be the complexes
obtained from the diagram %X by using the w; and the z; basepoint, respectively. Then, as in the proof of
Theorem 3.16 or in the discussion from Section 7.2, we can identify C{w;n1,n, >0} = CF ~(pX (#X))
with the mapping cone

(191) Clw:n = 0)_[U2] =% Clw;n = 0}4[Ua],
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where the subscripts — and + indicate the point in vy N 1 that is part of the respective generator (x— or x4 ).
Hence, by Corollary 7.3, we have a chain homotopy equivalence (and hence a quasi-isomorphism)

p:C{winy,ny >0} — C{w;n >0},
acting on the domain of (191) by zero, and on the target by U." U)*>x — U "2x.

By a slight abuse of notation, we will denote by p all quasi-isomorphisms of a similar form. For example,
there are such equivalences p relating the complexes CF ~ for all the diagrams in the hyperbox 9K
to the corresponding ones in #X-X . Furthermore, according to Proposition 6.21, these equivalences
commute with the descent maps induced by Heegaard moves. Therefore, we have a commutative diagram

Clwiny.ny > 0} = CF~(pK #K)) 255 cF=(?)

(192) ”l l"

— — K —
Cf{w:n >0} = CF~ (pK (%K) 2= CF~(#°)
Theorem 3.16(b) gives yet another equivalence
A~ (9K, 5) = A~ (FK, 5).

We precompose this with the map P from (185), which is a quasi-isomorphism according to Lemma 13.5.
The result is a quasi-isomorphism

(193) p: AT (HK 5) > A= (K, 5) = 4= (K 5).

By construction, we get a commutative diagram

$7S
A~ (UK, 5) —— CF~(pX(%5))
’| |-
_ 9K _
A~ (HK,5) —— CF~(pX(*5))
Combining this with (192), we obtain a commutative diagram

A= (9K 5) 25 CF— (362

(194) "l l"

— K —
A= (FK | 5) 2 CF~(30?)
We aim to construct a similar diagram involving ®~X instead of ®X:

A= (9K 5) 25, cF (362

15 |

A=K 5) 25, cF (52
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This time, the maps p will not commute with ®~X on the nose, but only up to chain homotopy. Still, by
introducing the chain homotopy as a diagonal map in the diagram above, we can form a chain map from
the cone of the first row to the cone of the second row. This map is a quasi-isomorphism because the
vertical maps are.

Recall that the ®X and &K maps are the building blocks in the surgery complex. Thus, once we
have (194) and (195), we can form a quasi-isomorphism between the surgery complexes 6~ (#(, n) and
€= (%, n).

We are left to construct (195). By Proposition 7.2, we can identify C{z;n1,n, > 0} with
(19) Clzin = 03~ [0n] 25 Clzin = 092 U],
and hence, by Corollary 7.4, we have an equivalence

p:C{z:ny,ny >0} — C{z;n>0}.

We can do the same with the complexes appearing in the hyperboxes %X~ versus the ones in XK.
We obtain a diagram, which commutes up to some diagonal chain homotopy,

C{zini,ny >0} = CF~(p~ X (%X)) —— CF~(%?)

|~

C{z:n >0} = CF~(p~ K (5X)) — CF~(%?)
where the horizontal maps are equivalences induced by the Heegaard moves in the respective hyperboxes.
The fact that these maps commute with the projections p, up to chain homotopy, follows from Proposi-

tions 7.14 and 7.21. (The latter proposition applies for the final map in the stabilized hyperbox, the one
shown in Figures 18 and 24.)

We claim that there is also a diagram

95 B
A~ (%K, 5) Cine C{ziny,ny >0}

.

A= (FK,5) = Clzin >0 —L & Clzin >0}

where the left square in the diagram commutes, and the right square commutes up to the chain homotopy
defined by Z; that is,

(199) p+poE=00Z+ Zoad.

In the diagram (198), the two maps that we still have to define are the middle vertical map
(200) 0: Cint = C{z;n >0}

and the chain homotopy Z.
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We first note that, in view of (180) and the description of the holomorphic disks in Proposition 7.2, we
can identify (’:gn with the cone

(201) Cizin = U2 U vl =5 Czin = 00 V2 [u vl

The same argument as in Lemma 3.14 shows that ¢

. 18 chain homotopy equivalent to

Ciz;n>0V=U2[uy]
over F[[U;, U], via the projection that takes
(202) XXXyt —>Xx, xxx_—0, V-1
for x € Tq N Ty, where Ty and Tg are the totally real tori coming from the diagram 5K

Furthermore, &, is obtained from Qﬁ&t by taking the cone of U, + Uj V,. Consequently, using (202), iy
is chain homotopy equivalent to the cone of U, + Uy on C{z;n > 0}Y1>U2[[U;]. In turn, this is chain
homotopy equivalent to C{z;n > 0} over F[[U ], via the usual map taking the domain of the cone to 0,
and projecting the target with U, — Uy ; see Lemma 7.1.

The combined homotopy equivalence from iy to C{z;n > 0} is the desired map (200). We can write it
as follows. The generators of €y over F[[U;] are

USVIYS (x xr), mn>0, aef{0,1}, xeTyNTg, refxy, x_}
Then
U"x ifa=0,r=x4+
203 UMV Yi(x xr)) =11 ' ’
(203) pU V2 1 (x x1)) {O otherwise.
As for the homotopy Z from (198), we let it be the F [U; ]-module map defined on generators by

m—1, e _ -
(204) ZWUPVIYE(x x7)) = {':Ul ¥ ma D
As an aside, observe that the Alexander grading of x X r is
A(x) if r =x4,
A(x)—1 ifr=x_.
Let us now check that the left square in (198) commutes. In preparation for that, note that the generators
of A~ (%X, 5) over F[U,] can be written

(205) Alx xr) = {

US (X XT)a, xeTyNTg, re{xy,x_}, neZso, aci0l1},
using the tilde notation from (184).

The left vertical map p: A~ (%X, s) — A~ (#XK, 5) in (198) is constructed in (193), by composing P from
(185) with a projection taking UJ" (x x r) to U["x if r = x4 and to zero if r = x_. Therefore,

Umax(A (x)—s—n,0)+m+n
p(Uy (X X7)p) =4 1 .
0 otherwise.

x ifa=0,r=x4,
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The first map in the bottom row in (198) is the inclusion ﬁs_K defined in (24) by x — U lm x(s=A(x).0 .

However, that formula was based on the alternative description of 2~ (%¢X) from Section 3.6, whereas

here we use its description as a subcomplex of C {w;n > 0}. The translation between the two is given by

max(A4(x)—s,0)

the inverse of (17), namely x — U, x. Composing these two formulas we obtain

95_K(x) = UIS_A(x)x.

Therefore,

Umax(s—A(x)+n ,0)+m

(206) I K op) (U (FxT)E) =1 ! .
0 otherwise.

x ifa=0,r=xq4,

With regard to the first map in the top row of (198), by (184), we have
(207) KU ()2 = et A0 gmynya o),

Using (203) and (205), 9;1{ op is given by the same formula as (206), so the left square in (198) commutes.
In fact, the middle vertical map p: €y — C{z;n > 0}, given by(203), is filtered (with respect to the
filtration § from (183) on the domain and the Alexander filtration on the target). Its restriction to filtration
levels < s is exactly the left vertical p map in (198).

Next, we check that the right square in (198) commutes up to the homotopy Z, ie that (199) is satisfied.

To compute the top horizontal map Z in this square, we use (186) and (187), as well as the description
of holomorphic disks in #X from Proposition 7.2. With our choice of almost complex structure, the
holomorphic disks in %X in classes ¢ with 71,,(¢) # 0 are

e the disks from x x x4 to x x x_, which contain z, once and no other basepoints, and

e disks from x x x4+ to y X x4, which corresponds to disks in the destabilized diagram from x to y,
and go over z, as many times as they went over z; in the destabilized diagram.

It is helpful to introduce the following notation. If the differential on C {z;n > 0} is given by

(208) ix= Y clxU*Yy.
yeTyNTg
we set
H Un(x,y) _ Un(x,y)
ad — , 1 2 ,
x= Y cxy) o
yeTaNTg
and
x = Z c(x,y)n(x,y)Uf(x’y)_ly.
yETaﬂTB
Then
UJ'(x xr) ifa=1,
EUSVIYS(xxr) = UM (x xx— + (0%x) xx4) ifa=0r=xy,
2 V2 Is 2
Ex) x x_ ifa=0,r =x_.
(0%x) f 0
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Moreover, in view of the identification (196), the rightmost vertical map in (198) is given by

um ifr =x_,
pUY (xxry=1 1% 1=

0 if r =x4.
Therefore,
U"x ifa=1,r=x_ora=0,r =x4
(209) (po YU VS Y (x x1)) = qUM('x) ifa=0,r=x_,
0 ifa=1,r=x4.

Combining this with (203), we get a formula for the left-hand side of (199):

Ul"x ifa=1r=x_,
(210) UPVIYE(x xr) > {UM@'x) ifa=0,r=x_,
0 ifr =xq4.

Let us compare this with the right-hand side of (199), which is the commutator d o Z + Z o d. Recall that
Z is given by (204). Note that, since €;y is the mapping cone of U, + U; V> on €0 the differential 9 on

nt’
Cine consists of two parts: one coming from C&t, and one taking Y5 to U, + U; V5. Further, in view of the

identification (201), the first part consist of a term coming from the differential on C {z;n> O}U‘ —Uz,
and a term taking x X x_ to (V2 —1)x x x. With this in mind, we can compute the effect of d0 Z + Z 09
on a generator U)" V'Y (x x ).

When r = x4, note that d cannot take a generator containing x4 into one containing x_. Since Z kills
off all generators of the form y x x4,

(00Z 4+ Z o d)(U'V3' Yy (x xx4)) =0,
in agreement with (210).
When r = x_ and a = 0, if we write dx € E{Z; n > 0} as in (208), then by using (201), we obtain
JUPVE(xxx2)) = (Vo= DUPVE(x xxp)+ D el U SV (y xx0)
yeTaNTg
and hence

(Zod)UFVF(xxx )= > c(x.y)m+n(x, p))UyHEDTy
yeTyNTg

On the other hand,

yeTaﬂTﬂ
From here, we get
(8 o/ + Z o 3)(U2{" Vzn(x X X+)) — Uln’l(a/x)’

as we expected from (210).
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Finally, when r = x_ anda =1,

B(US V3 Ya(x x x)

= U+ U1 Vo)UJ' V) (x xx—)+ (Vo= 1)U V' Yo (x xx4) + Z c(x,y)U2m+"(x’y)V2"Y2(yxx_),
yeTaNTg
SO

(Zod)(US'V3 Ya(x xx=))=((m+1)+m)U{"x +0+0=U{"x,
since we work modulo two. We also have

(00 Z)(UJ'V3 Ya(x xx=)) =0.
Therefore,
(00Z +Zod)(UJ'V3 Ya(x xx4)) =U"x,

again in agreement with (210).
This proves (199), ie that the right square in (198) commutes up to the given chain homotopy.

Putting the diagrams (197) and (198) side by side, we obtain (195), and the proof is complete. O

13.3 Maps between resolutions

Recall that one essential ingredient in the link surgery formula are the hyperboxes of strongly equivalent
Heegaard diagrams. These are defined in Section 8.2, for arbitrary (not necessarily link-minimal) diagrams.
The construction uses ©-chain elements in generalized Floer complexes of the form A~ (Tg, Tg/,0) =
A~ (Tg,Tgs,0) or A (T, Ter,0) = A7 (Ty, Ty, 0), associated to link-minimal diagrams of an unlink
in a connected sum of (S! x $2)’s. Furthermore, in Section 8.3, we showed that a hyperbox of strongly
equivalent Heegaard diagrams produces one of generalized Floer complexes of the form A~ (Tg, Tg, s);
this used the polygon maps between A~ complexes constructed in Section 3.5.

For the link surgery formula with diagrams that are not link-minimal, we will also need to see how the
same ©-chain elements produce hyperboxes made of the resolutions 21 (T, Tg, s) of generalized Floer
complexes. To do so, it suffices to construct polygon maps between these resolutions. We will explain
this here in the simplest nontrivial case, for two strongly equivalent diagrams representing a knot K C Y,
with two w and two z basepoints:

H=(Z,a, B,wi,wz,21,22), # =, a B wi,wa, z1,22).

We assume that B and B’ are strongly equivalent collections of curves, so together they form a (link-
minimal, admissible) diagram representing a two-component unlink in a connected sum of (S! x S2)’s.
Pick a cycle

© €A (Tg, Ty, 0).
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We can write ® as a linear combination of intersection points,

0= > c@U"PUu”@a
acTgNTg

for c¢(a) € {0, 1} and uq(a), uz(a) > 0.

There are two Alexander filtrations on Tg N Ty, call them A; and A», and we are interested in their
sum, A = A1 + A,. The fact that ® is in bifiltration level < (0 means that

Ar(a) —uqi(a) <0, Az(a) —uz(a) <0 forall a with c(a) =1.
and hence
(211) A(a) —uy(a) —uz(a) <0 forall a with c(a) = 1.
The ® element induces a triangle map (see Section 3.5)

A" (Ty.Tg,s) > A" (Ty, Tp, 5),

X = Z Z Z #Jl/L((j)) . C(a)Ulnwl (9)+ui(a) U2Ylw2(¢)+u2(a)y
YeToNTg acTgNTy ¢pens(x.a,y)
w(g)=0

Consider the resolutions A (Ty, Tg,s) of A7 (Tg, Tg,s) and A~ (Ty, Tg/,s) of A7 (Ty, Ty, s), con-
structed as in Section 13.1. We claim that ® also induces a chain map

A" (Ty, Tg,s) = A (Te, Tpr, ).
To construct it, let us first define an analogue of the complex Cglt from Section 13.1 for the -8’ diagram.

This complex, denoted by ¢? (Tg, Tg), is free over R = F[[Uq, U, ]|[V2] with generators a € TgNTg,

nt
and differential similar to (180), counting holomorphic disks with coefficients

Ulnzl (¢)+n22 ()] Vznwz (@) )

Recall that in (182) we defined a map P : €iy; — Cin, Whose restriction to an takes

X UlA(x)_Sx, Vo — UI_IUZ.
The idea is to “pull back” the element ® under a map of this form (with s = 0), that is, to consider

0= Z C(a)Ulul(a)—i-uz(a)—A(a) Vzuz(a)a c Q:&t(’]rﬂ, Tg).
aeTBﬂ'JI‘B/

Note that the condition (211) implies that U; has nonnegative exponents. Further, it is easy to check that
since O is a cycle, so is 0.
There is a filtration § on (’:gu(Tﬁ’ Tp) similar to the one from Section 13.1, ie

§(x)=—-A(x), §WUY=-1. FU2)=0, §(2)=1

Note that all the terms in the expression for O are in filtration degree § < 0.
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We have a triangle map

f €T, Tg) @ €D (T, Tpr) — Cine(Ta, Tpr)

given by
(212) xXQRa)= # . Un21(¢)+nz2(¢)vnw2(¢)y,
1 2
yeToaNTy ¢penz(x.a,y)
w(®)=0

and equivariant with respect to the actions of Uy, U,, V> and Y, (with Y, acting by 1 on (’lﬁlt(Tﬂ, Tﬂ/)).
This map is filtered with respect to the filtrations §.

By plugging in the ® element and restricting to § < 0, we obtain the desired map A~ (Ty, Tg,s) —
A~ (Ty, Ty, s), given by

(213) x— Y c(aupt@Te@-A@ye@ (g ),
aETBﬂTﬁ/

Higher polygon maps between the resolutions are constructed in a similar manner.

13.4 A knot with many basepoints

We now consider a knot K represented by a Heegaard diagram %K with 2 p basepoints, denoted (in order)
by W1,21,W2,22,..., wp, Zp.

Just as we had to construct a resolution of Cipy = C{w;ny >0, A(x) —ny —ny < s} for a knot with four
basepoints, we now start by constructing a resolution €, of the intermediate complex

Cini=Clw;na,...,np >0, A(x)—n1—---—np <s},
with elements of the form
214) Xp = Uf(x)_s_‘"lensz:”x, xeTyNT, n=(n2,...,np)e(Zzo)p_1,
where we wrote |n| = ny + -+ +n,. Every element of Cj, can be written as an infinite sum
oo
> Ut U,
x€TyNTgi=1

for some sequence of distinct tuples (a;, bl-z, . bl" n; = (ni2,...,nip))i>1 satisfying a boundedness
condition similar to (179), namely

3K > 0)(Vi) |nj|—a; <K.

In the construction of €y, we turn x, into linearly independent elements over F[[Uy,...,Up], by
introducing new variables V5, ..., V), so that x, corresponds to Vzn 2. Vpn ?x. More precisely, we
proceed as follows. Given a monomial m in several variables, we will write e, (X) for the exponent of a
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variable X in m. We define the subring R C F[[U;, Us, ..., Up, Va,..., V,] to consist of infinite sums
of monomials m such that

em(V2) +---+em(Vy) —em(Ur)

is bounded above (over all m in a sum). Note that R is a module over F[[U;, U;], and contains the ring
FU1,Us, ..., Upll[Va, ..., Vp]. We will write

R=F[Uy.Us.....Up]|[Va..... Vp].

Let ¢

i De the complex freely generated over R by the intersection points x € Ty N Ty, with differential

yeToaNTg pema(x,y)
u(p)=1

The fact that it is a complex (92 = 0) follows from [Ozsvéth and Szabé 2008a, Theorem 5.5]: There are
2 p boundary degenerations to account for, each containing a pair of basepoints,

(w19 Zl)s (Zl’ wz)s (w27 22)1 ey (wp, Zp)» (Zp, wl)
Since we keep track of all z basepoints through the same variable Uy, the contributions from boundary

degenerations cancel in pairs.

Next, we construct €, from Qﬁﬁlt by taking iterated mapping cones for maps of the form U; 4+ U; V;, that
is, we introduce new variables Y3, ..., Y, satisfying

Y2=0, 9Y;=U; +UV;.

1

We then take the tensor product

4
Qint = Cglt ®9’\ ® le.’
i=2

where %; is the free JR-complex with two generators 1 and Y;, and with differential dY; = U; + U, V;.
In other words, €y is the dg module over the dga

RY =F[U1,....Upl[Va,...,Vp, Ya,..., Y, /(Y2 =0,3Y; = U; + U V;)
generated by x € Ty N Tg, with differential (215).

We define a projection map P : iy — Cin by

UA(x)—s—|n|

n2... np — e — —
(216) P(Vznz_“VI;sz;sz;px): 01 U, U,”x foras ap =0,

otherwise,

and extending it linearly (to the allowed infinite sums) over R = F[[Uy, Us, ..., Up].

Lemma 13.8 The map P is a chain map, and exhibits &y as a resolution of Ciy.
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Proof The fact that P commutes with the differential follows as in the proof of Lemma 13.3.

To show that P is a quasi-isomorphism, observe that P is surjective, and denote its kernel by G. We seek
to prove that G is acyclic.

Note that G is generated over fR by the elements that contain nontrivial powers of some Y;’s, as well as
by the sums (U; + Uy V;)x, corresponding to relations between the generators x, of Ciy; see (214).

Consider an area filtration .7 on the generators of G, as follows. Let IT be the space of periodic domains ¢
on the Heegaard diagram %X that satisfy

n21(¢)+"'+nzp(¢) =0, ny,(¢)="-- :nwp(¢) =0.

Equip the Heegaard surface with an area form such that all domains in IT have zero area. Pick a base
generator x5 € Ty, N'Tg, and set 7 (x) = 0. Then, for any other generator of the form U{" V2" 2. V; ’x,
pick a class ¢ € w3 (x, xp) with

nz1(¢) + e +nzp(¢) =m, nw2(¢) =n2, ..., nwp(¢) =1np
and let o7 (U{" Vzn2 e V; ”x) be the area of ¢. Finally, let <7 be unchanged when we multiply by variables
Y; or U; fori > 2.

In view of (215), <7 defines a filtration on the complex €y, and hence on its subcomplex G. The associated
graded of </ on €y is a direct sum, over x € Ty N Tg, of Koszul complexes for the regular sequence

Uz + U1 Vo, Us + Ui V3, ..., U, + Ui Vp)

over the ring JR. The homology of such a Koszul complex is concentrated in degree zero, with respect to
the grading given by the sum of the exponents of the Y; variables. It follows that the same is true for the
associated graded for <7 on G. Moreover, in degree zero, all the generators (U; + Uy V;)x of G are in the
image of the differential d on the associated graded (because 0Y; = U; + U V;). We conclude that the
associated graded of G is acyclic, and from here that G is acyclic. a

Next, as in the case of four basepoints, we define a filtration & on Cj,; by the negative of the exponent
of Uy. Then A_(%K ,8) is the subcomplex of Cj, given by & < 0.

We also define a filtration § on €, by setting
§(x) =-A(x), FU)=-1, JW)=0, FV)=1 FXi)=0, i=2.
One can check that the map P from (216) is filtered of degree —s with respect to § and F.

We define a resolution A~ (%X, 5) of A~ (%X ) to be the subcomplex of Ciy corresponding to F < s.
Thus, 2~ (%X, 5) consists of infinite sums (with % coefficients, and a suitable boundedness condition) of

the elements

~a ._ pymax(s+|n|—A(x),0) y,n2 Npy,as ap
x, =U, Vy2 eV PY, 2 Y, x,
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where n = (na,...,np), a = (as,...,ap).
We let
P~ (K, 5) > A= (5K, 5)

to be the restriction of P from (216). In terms of the generators X,

Umax(A(x)—S—lnI,O)

~ o Uy — =g, =
P(zay = 01 U, U,”x foray ap =0,

otherwise.

By the same arguments as in Lemma 13.8, we can show that P exhibits A~ (%X, 5) as a resolution of
A~ (%K 5).

As in Section 13.1, we define the map CI{{( in the surgery formula as the composition
A=K, 5) Lo A=K 5) <> Clwiny.....np > 0} => CF~(%?),
Recall also that in Section 13.1 we defined the map CIDS_K as the composition
A~ (KK, 5) = Cine => Clzin1,n2 > 0} => CF~(5¢°),
with the last map again obtained from Heegaard moves.

In the general case, we have a similar sequence, but instead of the transition map E we have a composition
of p —1 maps

217) Co=Co =% ¢ 2o B2 ¢ = Clziny,....np > O}
Here, for 0 < j < p — 1, we consider the dga
R =F[U1.....UplVit2. .. Vp. Yjga..... Yp /(Y7 = 0,0Y; = U; + Ui Vi),
where the prime refers to allowing infinite sums of monomials m in the given variables, provided that
em(Viga) +--+em(Vp) —em(Uy)

is bounded above. The complex €; is defined as the dg module over %JY generated by x € Ty NTg, with
differential

= Y Y #HU@)/R)U
yeToNTg pema(x,y)
w(p)=1

.. U'an (¢)Un2j+1 (¢)++n2p (¢) Vnwj+2 (¢) .

n'qu (¢)
J Jj+1 Jj+2 :

nz, (¢)
1 ! ’ Vp

The transition maps E;: €; — &; 1 are constructed as follows. Recall that for p = 2 we had equations
(186) and (187). In general, we set

(218) Ej (V' pYj4ax) =x
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and
219) &, (I/'J-n+2x) — Z Z #(M(p)/R) - U1”z1 @ . anj-j1+l (@)
yeTouNTp pema(x,y)
w@g)=1 nz @ FeAnz, @) n (@) Fnz, (@)
U. Zj42 Zp _qy 2 p
ks Jj+2
Ui+1=Uj+2
Nwj3 (@) nw, (¢)
Viss eV Ty,
then extend these maps equivariantly with respect to the action of the variables Uy, ..., Uy, Vjy3,..., Vp,

Y]+3, c ey Yp.
Lemma 13.9 E; is a chain map.

Proof This is entirely similar to the proof of Lemma 13.6, with the variables U; 1 and U, 1, playing
the roles of U; and U,. Furthermore, all holomorphic disks get counted with an additional factor of

Ulnzl (¢) . U”Z] (¢)Vnwj+3(¢) .

nwp (¢)
J Jj+3 :

-V,

13.5 A link with two components and eight basepoints

As the next warm-up for the general case of setting up the hyperboxes, let us consider a link L = L; U L,
with two components. Suppose this is represented by a complete system of hyperboxes #, where the
initial diagram %L has four basepoints on each component:

w1,1,21,1,W1,2,21,2 on Ly,
and

W2.1,22,1,W2,2,22,2 on L.

The system # consists of several diagrams and hyperboxes, as listed in Example 8.25. We seek to
construct resolutions A~ (%M ,s8) of A_(%M ,8), for each sublink M C L, and also maps

oM =L s) > A~ M yM(5)) for MC L' CL,

associated to the hyperboxes gL' M

The complexes A~ (#L1,s), A~ (%?) = CF~(%?) and the chain map associated to 9eL1EL1 gre
constructed just as in Section 13.1, with L playing the role of K, except that when counting holomorphic

disks and triangles, we also keep track of the basepoints on L,, with coefficients

Nw,y 1 (@) nw, (@)
U2’12.1 U2’22.2 .

Similar remarks apply to A~ (%2, s) and the map associated to %ZZ’iZZ.
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Let us construct 2~ (%L, s). By analogy with what we did in Section 13.1, we first define R =
FlU1,1,U1,2,Uz2,1, U2 2][V1,2, V2,2] to consist of power series made of monomials m such that

em(Vi2) —em(Ur,1) and  em(V22) —em(Uz 1)

are bounded above. We let Q&t(%L ) to be freely generated by x € Ty N'Tg over R, with differential
counting holomorphic disks with coefficients

nzy 1 @)+nz; 5 (@) nwy (@) nzy (@) +nz, 5 (@) nw, 5 (P)
Ul’ll.l 1.2 V1’21.2 U2,12'1 2,2 V2,22,2 .

The complex Qim(%L ) is obtained from Q&t(%L ) by adjoining variables Y7 2, Y > with relations

(220) Y12,2 =0, 12=U12+ U1V,
(221) Y7,=0. Y2, =Usp+Uz1V20.

There are now two filtrations, §; and F», on Ciy (L), given by

S1(x) =—A1(x), F1(U11)=-1, FWU12)=0, FVi2)=1 F(X12)=0,
$1(U2,1) =§(U22) =5 (V2,2) =F(Y2,2) =0

and similarly for §». For s = (s1, 52), we let [~ (%L, §) be the subcomplex of Gim(%L ) in bifiltration
degrees F1 < 51, F2 < 57.

Next, consider the one-dimensional hyperboxes 9%¢L-*L1. The corresponding maps
OFET AT (A 5) — A2, Y (5)

are constructed as in Section 13.1, except that at each step, we keep track of the basepoints on L, through
coefficients

Uzn’zlz’l (¢)+n22’2 (¢) Vzn’;z’z (¢)
and we also keep the variable Y5 » with relations (221). Note that, as part of the construction, the ® ele-
ments that are part of the data in #Z+%Z1 are used to define an equivalence from A~ (r4 1, (%L), v L1 (s))
to A~ (9¢L2, y*+L1(s)). This equivalence is the composition of several triangle maps, induced by the ©
elements as explained in Section 13.3.

The maps associated to #L-*L2 are defined in the same way.

The last ingredient in the surgery formula are chain homotopies associated to the four two-dimensional
hyperboxes in %. We leave the constructions corresponding to 9¢L-L1YL2 geL.LiU=L2 ypq g¢L-(~L1UL>
as an exercise for the reader, and focus on the most complicated case, that of the hyperbox L —L1Y—L2,

(These constructions are all particular cases of the general definition, which will be given in Section 13.6.)
We seek to construct the map CDS_L, where s = (51, 52). This will be a composition
—-L _ n—L —-L
o " = Dp—L(s) oJ .
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 40: A hyperbox of chain complexes of size (d; + 1,d> + 1). This is the hyperbox
¢(#L-~L). The initial vertex is € (%L), and the rectangle bounded by dashed lines is the
hyperbox obtained by applying CF ~ to the diagrams in %L,

Here, L%S_L is just the inclusion of A~ (%L, s) into € (%L). The descent map D¢ L will be obtained
by compressing a certain hyperbox, which we proceed to describe. Note that, in this case, p_L (s) =
(—00, —o00) does not depend on s, so we can simply write DL or DS_L.

As part of the data we have the two-dimensional hyperbox #Z>~L of strongly equivalent Heegaard
diagrams (representing @ C S3). This hyperbox starts at r_z (%L), the diagram obtained from %% by
deleting the w basepoints, and ends at #<. Suppose that this hyperbox (rectangle) is of size d = (dy, d3),
and let us denote by %EL’_L the diagram at position € = (&1, &2), with g; € {0, ..., d;}.

We also have the one-dimensional hyperbox 9%¢L-~L1 of size d, consisting of strongly equivalent Heegaard
diagrams that represent L,. This hyperbox starts at r_y,, (#L), the diagram obtained from %L by
deleting the w basepoints on L only. Further, by the compatibility relation between hyperboxes (see
Definition 8.22), when we apply r_r,, to the hyperbox 9¢L-—L1 we should obtain the first row in the
two-dimensional hyperbox %¢Z-~L. Thus, if we denote by ?}65;_1"

L,—L L.—L
r—r,(#:7") =% -

the diagram at position &1, we have

There is also a similar hyperbox %> ~L2 of size d», in the other direction. (Compare Example 8.25 and
Figure 21.) Its reduction with respect to L is the first column in geL—L

Note that from %L~ we could get a hyperbox of chain complexes of size (d1, d»), by applying CF ~ to
each diagram %EL’_L, as in Section 8.3. However, we want to include transition maps into this hyperbox,
so we add an additional row and column in the beginning. The resulting hyperbox, denoted by &(3¢%-~L)
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mypypyma
Ul,l U2,1

my_pomy
O Ui —Uis U /)
5 Ui
0.0 Ui 1—Ui C10

myyrmo
Uix Uy

mi mj m3 m>
U2 _ymn2 Uih —Uis Ui =05
my Y21 7Y

LT
Uz 1—Us

Ui,1—Uiz Uy 10U

mp mp
Um1 U2,1 _Uz,z

1,2
Uy 1—Usz;

\

mi my
UiaUys,— co - CL! my prmy
m m U,U,5
Uiy —Ui, U s
- 5 Y2
Ui,1—Ui2

Figure 41: The first square in the hyperbox € (%%-~L). Each arrow is a map counting holomorphic
disks. We indicated the coefficients that keep track of the basepoints z; > and z5 5.

and pictured in Figure 40, is of size (d1 + 1, d» 4+ 1). At its vertices we have complexes

Cint(96L) if 61 =&, =0,
Couz — Cin (K21 ife1 #£0, 89 =0,

Cind (95" 12) ife1 =0, 600,

CF—(%ELI’:lL’Ez_I) if e1,80 # 0.

We need to specify the chain maps along the horizontal and vertical segments in the hyperbox, and the
chain homotopies along diagonals. In the bottom-right rectangle of size (dy, d»), they are the usual maps
in CF ~(%%>~L), given by counting holomorphic triangles or quadrilaterals, with some vertices fixed at
® elements that are part of the data in %X~ Note that these holomorphic triangles and quadrilaterals,
in classes ¢, are counted with coefficients

Ulnszll’l (¢) Uln’Zzl 2 (¢) U;,ZIZ’I (¢) U2n,222'2 (¢) .

We are left to specify the chain maps and chain homotopies in the first row and column of the hyperbox
(b1,

Let us start by looking at the top-left square, pictured in Figure 41. Observe that, at its vertices, we have
chain complexes associated to the same diagram %, in which we keep track of the basepoints in various
ways. With regard to the basepoints z1,1 and z3 j, at all four vertices, the coefficients in the differential
pick up factors of

nzy 1 (@) nz, (@)
Ul’ll.l U2,12,1 .
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On the other hand, with regard to z1 > and z 5, these are counted differently, depending on the vertex. If
we set

my = n21,2(¢)’ my = n22.2(¢)7

then m appears as an exponent of either Uy ; or Uy 2, and m, appears as an exponent of either Us 1
or U, 5 as indicated in Figure 41. We also have the w basepoints, which appear as exponents of V'
variables. In C%0 = Qﬁim(%L), we have

V”w1)2(¢)

nw,y ()
12 V. 2.2

2,2 ’

then in C1-9 we set Vi, =1 (and keep V> > as before). In CO1 we set V22 =1, and in CL1 poth V
variables are set to 1. A similar pattern holds for the Y variables: in C 0.0 we have both Y- 1,2 and Y o,
with relations (220) and (221); in C1° we drop Y12, in CO%1 we drop Y>>, and in Ccl1 we drop both.

With regard to the chain maps along the edges of the square in Figure 41, these are transition maps similar
to the map E from Section 13.1. For example, the top horizontal map

1,0, ~0,0 1,0
Dyo: €77 = C
is defined as follows. This map is equivariant with respect to the action of the U and V variables, as well

to the action of Y5 » (but not Y7 », which is a variable that does not appear in the target complex C 1,0y,
The map Dé’g takes

YA s @)+1125 5 (9)
nz 1,1 —Vi2 n; +n-
Yipxtsx, xe> ) ) #U@)/R)-Up oty

YETNTp pema(x,y)
u(g)=1

The bottom horizontal map, Dé:(l), is defined in the same way, with the only difference that when counting
holomorphic disks, the quantity 7, ,(¢) appears as an exponent of U > instead of U, 1. The two vertical
chain maps have similar definitions, with the roles of L1 and L, (and the corresponding variables)
switched.

Finally, the chain homotopy along the diagonal of the square,
L1, ~0,0 1,1
Dyy:C™" = C

is taken to be equivariant with respect to the U and V variables, to take the Y7 > and Y » variables to
zero, and to satisfy

nZ] 2(¢) nZ] 2(¢) nZ2 1(¢) n22 2(¢)
n Uiy —U noy U —Uy,
e Z Z #(M(@/R).UI’IM U1 —Ui2 U2’12~1 U1 —Uzp

YEToNTp pema(x,y)
w(g)=1

Lemma 13.10 With these definitions, the total differential D on the first square in the hyperbox
¢(#LL) satisfies D? = 0.
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Proof The one interesting case to check is when we apply D? to a generator x € C %9 (without any ¥
variables). Then y € To NTg (viewed as an element in C LTy appears in D?(x) with a sum of coefficients
that come from pairs of holomorphic disks, in classes ¢ € w2 (x.a), ¥ € ma(a, y), over alla € T N Tp.
For each pair (¢, ), there are four such contributions, from each of the four terms in

(222) D? = D0 Dy + Dyt 0 Do’ + Dg’g 0 Do + DY) o Dy’

In other words, we go from the initial to the final vertex in Figure 41 either by following the edges, or
along the diagonal combined with a differential (self-map) on either the initial or the final vertex.

We claim that these terms cancel in pairs. To see this, we need to track the powers of the U variables in
each of them. In all the terms we have factors of the form

Ulnyzll 1 (@*v) Uzn,zlz.] (¢*1/’)

We will ignore these, and focus on the appearances of 7, , and nz, ,. These are indicated in Figure 41,
for each map. Since we now have two different classes ¢ and y, let us define

mp = nZ1,2(¢)v mp = n22,2(¢)’ m/1 :=nZ1‘2(W)’ m,2 :=n22,2(W)-

For each pair of disks in classes (¢, %), we get the following contributions to the coefficient of y in 9%x,
corresponding to the four terms in (222):

um —um ure -y ure—um Ut —uh
1,1 1,2 ;,ma,my Y21 2,2 my Y2,1 2,2 Y1,1 1,2 Um’2

777  YaYie T o 1,1 2.2
Uig—-Uipz Us1—Usp Uy1—Uzp U1 Ui

/ 7 /
my M nm;

my mi my yym2 m>

L ymym Upg Ui Ui —Uy, Uiy —Ui, Uy —Uy,
1,1 Y2,1

Uin—Uip U1 —Uzp Up1—Uip U1 —Uzp

We obtain a fraction whose denominator is (Uy,1 — U;,2)(Uz2,1 — U3 ,2), and whose numerator is a sum of

m',  m/
1 2
U1,2 U2,2 :

sixteen terms. Twelve of those terms cancel one another in pairs, and the remaining four terms can be
combined into the product

mi+m) mi+m) )(Um2+m’2 _ Umz-l—m’2

(U1,1 - U1,2 2,1 2,2 .

Observe that my +m'| =nz, ,(¢ * ) and ma +m}, =n, ,(¢ * ). Thus, we are left with a count of
pairs of holomorphic disks, where the exponents depend only on the combined class ¢ * 1. By the usual
arguments in Floer theory, these pairs of holomorphic disks form the boundary of a one-dimensional
moduli space of holomorphic disks, in the class ¢ * 1. Since the coefficients only depend on ¢ * ¥, it
follows that the relevant count of pairs of disks is zero. The contributions from the boundary degenerations
cancel out in pairs, because the w’s do not appear in our expressions. We conclude that D? = 0. |

This completes the description of the top-left square in the hyperbox €(#Z>~L). We now proceed to
describe a typical square in the first row of that hyperbox. (The squares in the first column will be
described similarly.)
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Uzn!ll m-+uq Uzn’ll
OO / >U2’1 m S
Ce1s0 Cce1+10
UZ”,’I—UZW”2 Uz""l—Uz””Z
Uy 1—Us Uy 1—Usz;
<> <>

\

U2m2 Cal,l - Csl-i-l,l U2m2
5 Um+ua >

Figure 42: A further square in the first row of the hyperbox €(%% ~L). Each arrow is a map
counting holomorphic disks or triangles, as indicated by the nearby picture. We also wrote the
coefficients that involve the quantities m = n, ,(¢) and ug = uz 2(a) — Az 2(a).

Consider the square in the first row that starts at C¢1°%. This square is pictured in Figure 42. It consists
of data coming from two strongly equivalent Heegaard diagrams for L,, namely 3‘661 Lt and %SL] HL‘ .
Without loss of generality, let us suppose these differ by a strong equivalence among the beta curves;
we denote the sets of curves on %81’ —L by (a, B), and those on %81 +1 ! by (e, B’). Moreover, note
that both of these diagrams have the same six basepoints: the free basepoints z1,1 and z1 2, and the four
basepoints on L.

With this notation, the two complexes on the top edge of Figure 42 are
C10 = Cin(Ta, Tp),  CTH0 = Cin(Ta, Tp)).

The respective differentials count holomorphic disks with coefficients

nzy (@) nzy 5(@) nzy  (@)+nz, 5 (P)  nw, (@)
(223) Ul’ll.l U1’21.2 U2’12.1 2.2 V2’22.2 ,

and also have terms from tensoring with a mapping cone complex ¥, > (with a variable Y5 »).
By contrast, the complexes on the bottom edge of Figure 42 are
Ce! = CF (T4, Tg), C'T11=CF~(Ty, Tp).

They don’t involve the basepoints wj,» and w3 >, and have no variables V5 > or Y> ». Their differentials
count holomorphic disks with coefficients

nzy (@) nz (@) nz, (9) nz, (@)
(224) Ul’ll,l U1’21.2 U2’12.1 U2,22.2 .
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The vertical maps in Figure 42 are transition maps defined by the formulas

(225) Y2,2x|—>x
and
n22 2(¢) n22 2(¢)
nz (@), nz @) nz U7 = Uy
(2260) x> Z Z #(M(‘p)/R)'Ul,ll’l U1,2l’2 Uz,12’l 2’1U —U2,2 y.
yeToyNTg ¢pemr(x,y) 2,1 2,2
u(g)=1

The horizontal maps in Figure 42 are triangle maps induced by the strong equivalence from (e, ) to
(e, B). They are specified by the choice of a cycle

® € A~ (Tp, Tp:,0)

that represents the maximal-degree element in the homology of A~ (Tg, Tg-,0). Note that the diagram
formed by the B and B’ curves represents an unlink in a connected sum of (S x §2)’s, and this diagram
is link-minimal. The diagram contains the basepoints z;,; and z1 2 from L1, and all the four basepoints
coming from L,. The unlink consists of two components, one specified by w»,1 and z5 1, the other
by wz > and z3 5. As such, the intersection points @ € Tg N Ty, admit two Alexander gradings A» 1
and A3 >, whose sum is denoted by A,.

We can write ® as a linear combination of intersection points
_ Uiy iy (@)
®= Z c(a) l_[ Ui 1,02 a
aeT,gnTB/ i1,i2€{1,2}
for c(a) € {0, 1} and some nonnegative integers u;, i, (a).

By analogy with the construction of the triangle maps in Section 13.3 —see (212) and (213) — we define
the map along the top edge of Figure 42 by

nzy  (@)tuy (@), nz ,(@)+ui2(a)
@27) x> Y > > #M@) c(@Uy ;! U,
yeTuNTy acTgNTy ¢pens(x,a,y)
w(g)=0
nzy 1 (@)+nz, 5 (@) +uz.1(a)+uz 2(a)—Az(a)

Nw, 5 () +uz 2(a)
Uy V2,22’2 y

On the other hand, for the map along the bottom edge, we use the image of ® under the inclusion into
the complex that uses the z basepoints only; see Remark 8.8. Using (25), this element can be written

Z c(a) l—[ Ulu’l;,i(a) l—[ Uzuj,i(a)—Az,i(a)a.
acTgNTg ie{1,2} ie{1,2}

By analogy with (224), we let

z + z +
(228) x> Z Z Z #M(¢)'C(0)U1n,11’l () ul’l(a)UlnszZ(qb) ui2(a)
ToNTg acTgNTg a,
yelaly aclply demixar) [ @0 @ A21@ s 5 @) 40z @422
Uz 2,2 y
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Finally, for the chain homotopy along the diagonal of Figure 42, by analogy with (225) and (226), we let
(229) Y,x—0

and

nzy 1 @) nz (@) nz,  (@)+uzi(@)—Az,1(a)
@0 x> Y Y HU@)/R)c@Uy P Py e

yeTaNTg pema(x,y)

w(@)=1 Nz, 5 (@)+uz 2(a)—Az 2(a) Nz, 5 (@)+uz 2(a)—Az 2(a)
. U2,1 - U2,2 y
Uy1—-Usp '

Lemma 13.11 With these definitions, the total differential D on the square pictured in Figure 42 satisfies
D2 =0.

Proof Just as in Lemma 13.10, the interesting case to check is when we apply D? to a generator x in
the initial complex C¢1:0 (without the Y » variable). The result is a sum of counts of pairs consisting of
a holomorphic bigon and a holomorphic triangle. There are two cases, according to whether the triangle
or the bigon comes first in the composition.

Let us consider the case when we first have a triangle (in a class ¢), and then a bigon (in a class ). Such
contributions come from going along the top edge, and then the right edge in Figure 42, and also from
going along the diagonal and then using the differential on the final complex C&1+ 11, In the coefficients
of some y in D2x, we always obtain factors of the form

nzy (@)+ura(@)  nzy ,(0)+ui2a)  nz,  (0)+uz1(a)—A2,1(a)
C(a)Ul,ll’l l’21,2 2,12,1 )
where o is the combined class ¢ * v. These get multiplied by factors having to do with the basepoint z5 5,
as shown in Figure 42. If we write m = nz, ,(¢), m’ =nz, ,(¥) and ug = us »(a) — A2 »(a), the sum
of the latter factors is

m’ m’ m+ugq m+ugq m+m’'+ug m+m’+ug
U+ U, =07, Uy “=U,, um — Usa -U,,
2,1 2,2 =
’ Uy1—-Usp Uz —Usp Uz —Usp

Note that m +m’ = nz, ,(¢ * ), so the result only depends on the combined class 0 = ¢ * /.

The case when we first have a bigon and then a triangle is similar, and we get the same coefficients in
front of y, with dependence only on o.

Thus, it is natural to consider the one-dimensional moduli space of triangles with vertices at x, @ and y,
in the class o, and weigh it by the same factor

z + : + : + —A
231) c(a)Uln’ll‘l(U) ul'](a)Uln,zl’Z(c) un.z(a)U;,lz,l(c) uz, 1(a)—A42,1(a)
nzy 5 (0)+uz 2(a)—Az 2(a) Nz, 5 (0)+uz 2(a)—Az2(a)
Y2, — Y2

Uy1—Uzp
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The boundary of this moduli space represents pairs of bigons and triangles, including the two cases
described above. The other possibility involves a triangle with vertices at x, b and y (for some b €
Tpg NTg), combined with a bigon from a to b. However, the fact that ® is a cycle in A~ (Tg, Tg/, 0)
implies that those contributions sum up to zero. It follows that the coefficient of any y in D2x vanishes. O

This completes the description of the hyperbox ¢(#Z>~L). By compressing this hyperbox, we obtain the
descent map
DL e (96t — CF(5¢7).

After precomposing this with the inclusion .?s_L (AT (KL, 5) = Cin (L), we arrive at the map
o LA™ (HE, s) - CF(H?),

which can be used as a chain homotopy in the surgery complex.

13.6 The general statement

By building up on the particular cases presented in Sections 13.1, 13.4 and 13.5, we are now ready to
give the general statement of the link surgery formula, Theorem 1.1. In other words, we plan to define
the complex €~ (9, A), where ¥ is an arbitrary complete system of hyperboxes for the link L CY,and
A is a framing. Let L1, ..., L, be the components of L.

The surgery complex €~ (¥, A) has roughly the same form as in the link-minimal case presented in
Section 9.2:

@M= ] @M yMe),
MCL seH(L)
with differential

QD_(s,x)= Z Z (S+AZ,]V’<D§M(s)(x))

NCL-M jeq(N)

e @ @ et MN yMIN () e, A).

NEL-M Neq(nN)

Our job is to define the complexes A~ (#L~M M (5)) and the maps <I>$ M s) in the general setting. It

suffices to describe A~ (%L, s) and CD{’ ; then the same definitions will apply to the complexes for the
sublinks of L, and to the maps having these as domains.

To define 2~ (%L ,8), we denote the basepoints on the component L;, in order, by
wi,l, Z,',l, wi,z, Zl',z, ey wi,pi . Zi,pi-
We also allow some free basepoints, denoted by
Wo,1, Wo,2, ..., Wo,p-
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Consider first the dga
Y _ - . ) . . / 2 _ A & R /A
- B =l=4, ) =/ = s 2 3 =i=4, 1 - ’ 3 - 3 El El 4
R FI(Ui,j) 1<i<t, Wo,j)1<j<pll(Vi,j. Yi,j) 1<i<e, I/ (Y7 = 0,0Yi; = Ui, j + Ui Vi, ;)
1<j<pi 2<j=pi
where the prime refers to allowing infinite sums of monomials m such that, foreachi =1, ..., 4,

em(Vi,Z) + -+ em(Vi,pi) _em(Ui,l)
is bounded above.

We define the complex i (%L) as the dg module over R generated by x € Ty N Tg, with differential

L
nz 1 @) ttnz , @) nu,; ,(9) nw; ,. ()
232) dx= Y > #u)/R)-TTU TV
YeTNTp pem2(x,y) i=1
u(g)=1

p
nwo,j (¢)

10y

1
This complex admits filtrations §; for 1 <i < £ such that

Si(x)=—-4;(x), FiWU1)=-1, FVi;)=1j=2,

and §; takes all the other U, V and Y variables to zero (ie the action of those variables respects §;).
For s = (s1,...,s57) € H(L), we define A~ (%L, 5) to be the filtered part of €;n (%L) given by
Fi<si, i=1,...4¢.

Let ® be the power series ring freely generated over [ by the U variables (without V’s or Y’s). The
complex A~ (#L, s) admits an R-linear projection P to A~ (%L, s), given by
Ai)—si=X7 i ny i.p; .
15( [Tv" Y.a":fx) = { iz Uit T Uiy® Ui',lpipl x ifalla;; =0,
ij “i,J .
i 0 otherwise.

The proofs of Lemmas 13.5 and 13.8 extend to our setting, showing that P exhibits A~ (%L, s) as a
resolution of A~ (%L, s), over the ring R.

Next, let M C L a sublink, with an orientation M. As usual, 74 (Z, M ) (resp. 1— (Z, M )) denotes the set
of indices i such that the component L; is in M and its orientation induced from L is the same as (resp.
opposite to) the one induced from M. Let

I(L,M)=14(L,M)UI_(L,M).
Also, as in Section 8.6, we set
iely(L,M)
sothat M =M LI M_.
We seek to define maps ) )
OM o= (9L, 5) - A (FEM Y M (s)).
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Similarly to what we did in Section 9, these maps will be constructed as compositions

M _ nM M
o = DpM(s) 0%,
where 9{4 is a projection-inclusion and D% ) is a descent map; compare (189) and (190).
pM(s
Let us first define the map

oM=L, s) — A ek, M, pM (s)).

Here, the target A~ (%¢L, M, pM (s)) is a complex that looks like a resolution 2(~ with respect to L — M,
like CF~ = C{w} with respect to M, and like €, with respect to M_. Precisely, we first consider
Cine(rar, (#L)), a complex constructed similarly to i (%), except that for i € I (Z, M ) we do not
introduce variables V; ; and Y; ;; instead, for such i, we use ny), ; (¢) as exponents for U; ; in the formula
for the differential:

nz; (¢)+"'+nz,~! (¢) nw; 5 (#) Nw; ()
(233) ox= Y Y #@/R- ] U, ST A
yETaNTp pema(x,y) i¢I (L. M
1(@)=1 EL LD @ 2
Rw; (¢) nwi. i ¢ nwo, (¢)
l_[ Uip "' Uy, HUOJ Ty
iely(L,M) J=1

The complex Cine(ras, (9L)) has filtrations §; for i ¢ I (Z, M ), where we use the convention that
the Alexander gradings A; of x € Ty N Ty are the ones from the diagram 9L (rather than those from
™M, (L), where s becomes M+ (s)).

We let A~ (%L, M, pM (s)) be the subcomplex of Cine(rar, (9L)) in filtration degrees
§i<s; for L; QM

The map ﬁﬁu is the composition of a projection similar to 131 but taken only with respect to the indices
ielt (i, M ), and the natural inclusion into A~ (%L, M, pM (s)). Specifically, we set

o o T] T x)
iel (L,M) J
Ai(X)—=si=X ] i o i, p; . . > =
:{]—[iel+(f,,1\71)Ui,l =Myt Ly fall g = 0 fori € I (L. M),
0 otherwise.

We then extend 954 to be equivariant with respect to the action of the variables V; ; and Y; ; for
i¢ly (E, M ), as well as to that of all the U variables.

We are left to describe the descent map

-

(235) DPMM(S): A= (geL, 1, pM (s)) — A~ LMy M (5)).
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This is associated to the hyperbox %Z M in the system 9. Recall that the hyperbox ?61: M consists of
diagrams for L — M such that the initial dlagram is r (%L and the final one is %L M , which is surface
isotopic to %¢L~M _ The dimension of %L M is the number of components of M, denoted by m; we label
its coordinate directions by the indices i € {1,..., £} such that L; C M, and order them accordmgly

Let d; be the side length of the hyperbox %L M in the direction i. To construct the descent map o™ 27 ()’

%LM

we will compress a hyperbox of chain complexes associated to of the same dimension m but

possibly of larger size. The models are

e the precomposition with the p — 1 transition maps E; in Section 13.4, to construct the descent
map for a knot with 2 p basepoints of each type;

e the construction of the hyperbox €(%%>~L) in Section 13.5, where we added one extra row and
column at the beginning; see Figure 40.

In the general setting, we construct an m-dimensional hyperbox of chain complexes
C =e@M yM(s)
whose sides are labeled by i € 1 (Z,, M ), and such that the side length in direction i is

d; ifi e I(L, M),

(236) d = . 5 S
di+pi—1 ifiel_(L,M).

1

(Recall that p; denotes the number of basepoints of each type on the component L;.) We let d’ be the
vector with d; as entries.

At a vertex ¢ = (&) in the hyperbox, we place a complex C¢ defined as follows. Let

iel(L,M)
I(e) =i € I(L.M) | &1 < pi =1}
and
M= | ) LicM_.
i€l(e)
(For example, in Section 13.5, the part of the hyperbox & (#Z>~L) corresponding to & such that I(¢) =
is the dashed rectangle in Figure 40.)

We split the information in ¢ into two parts, = and £, corresponding to i € I(¢) and i ¢ I(g), respectively.
Specifically, £= is a vector, whose entries are indexed by i € I(¢), such that
=¢g.
The second vector, £, has entries indexed by i € 1 (Z, M ) — I(¢e) and is such that

~ (e ifi € I1(L, M),

For— > o

! g —(pi—1) ifiel_(L,M)—I(¢).
In the second case, we subtract p; — 1 so that we are in agreement with the indexing of the entries in the
hyperbox %%-M . Indeed, note that the values of g7 vary between 0 and d;.
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Consider the hyperbox 9¢L-M ~M: whose reduction at M, is identified with a subhyperbox of 9¢L-M ;
see Definitions 8.22 and 8.23. The complex C? will be associated to the diagram at position £~ in the
hyperbox %M =M= We write
(237) C® = Cpe (LM Me g, M (5)),
This is a Floer complex whose construction is a mix of those in Sections 13.4 and 13.5. Roughly speaking,
C*? looks like

e the resolution A~ (-, wﬂ(s)) in the directions i such that L; C L — M, iei ¢ I(Z, M);

* the complexes €; from (217), with j = g;, in the directions i € I(¢);

e the complex CF~ = C{z} in the directions i € I_(Z, M) —1(e);

e the complex CF~ = C{w} in the directions i € I+ (Z, M).
We will construct C¢ as a subcomplex of a complex denoted by

Coe (MM 1),
which is similar, except it looks like &y in the directions i ¢ / (Z, M ).
Let us make these definitions fully rigorous. First, recall that we have a base ring
k=TI h=i<t.1<j<p: (Uo,j)1<j=pl-

We introduce the dga
R (L, M, M,)

generated over % (in the sense of infinite sums with boundedness conditions) by new variables V; ;
and Y; ;, for indices 7 and j such that

(238) ((¢I(L.M).2<j<p) or (i€le).e+2<j<pi)

with relations

We let € < (%EL;M_ME, M) be the complex freely generated over 9%22 (Z, M, M¢) by x € T, NTg, with
differential

239) dx= > > #g)/R)-

yETaﬂTB pemH(x,y) T34 ]:,M
w(@)=1 PRILM)
nzi’l (¢) nzisgi (¢) nzi,si—‘rl (¢)+"'+nzi!pi (¢) nwi’si +2 (¢) nwi.pi (d’)
: l_[ Ui,l "'Ui,al- Ui,e,~+1 Vi,si+2 Vi,pi

nz @) Ftnz , @) nw @) nw, @)
[ Ui, Vi 7 Vi,

iel(e)

ne @) nz, @) g @), @) P, ()
1_[ Uia ! "'Ui,pl-p 1_[ Uia ! Ui ps " HUO,J‘ Ty

iel_(L,M)—I(¢) iely(L,M) i=1
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This complex admits filtrations §; for i ¢ [ (Z, M ) such that
Si(x)=—-4i(x), FiWU)=-1, FVij)=1 j=>2,

and §; takes all the other U, V and Y variables to zero. (Once again, the Alexander gradings A; are taken
to be the ones induced from the diagram 9¢L.)

We then define C¢ = €< (%f;M_Mg, M., wM (s)) to be the subcomplex of €< (%SL;M_MS, ¢) given

by
Si<si, i¢I(L,M).

In particular, when & = 0, observe that Mg = M_, 1(0) = I (Z, M ) and (by the compatibility conditions

between hyperboxes) %OL M—Mo _ ra+ (%), Therefore, we have identifications

Co(9tg ™ M0, My) = Cincrar, (1))

and
(240) CO = oM Mo pgo yM (5)) = A= (L, M, pM (s)).
At the other extreme, for ¢ such that /(¢) = @, we have M, = & and
c* z o LMy M (5)),
Thus, the final complex in the hyperbox Q:(%Z M , glfl‘jl (5)), with e =d’, is
(241) C? == @elM (ary, yM (s)).
For general ¢ and &’ such that ¢ < ¢’ and ¢, &’ are neighbors, we now proceed to define the maps
D~ Cf - C*F
that are part of the hyperbox Q(%Z’M , wi[ (s)).

Since ¢ and ¢’ are neighbors, for any i we must have ¢/ = &; or &} = &; + 1. Observe that I(¢') C I(¢).
When an index i belongs to I(g) — I(¢’), it means that &; = p; —2 and &, = p; — 1, so (¢')” has 0 in
position i. Thus, while (¢)” may have more entries that ¢, all these additional entries are zero; let us
denote by (¢7)’ the vector obtained from (¢')” by deleting these entries. In the same manner, (¢')< may
have fewer entries than ¢=, in which case the additional entries of ¢= are p; —2; we let (¢=)’ be the
vector obtained from (¢<)’ by introducing new entries of p; — 1 in those positions. Thus, (¢~)’ has the
same length as ¢, and (¢<)’ has the same length as &=.

Note that (by the compatibility between hyperboxes) %(Lé’,g\i_M‘E/, the diagram used to define C ¢ isa
reduction of a diagram in the hyperbox J¢L-M—Me.
I:,M—Msl _ Z,M—Mg
%(8’)> =TM.—-M, (%(8>)/ )
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L

(S;A;I/_Mg . Indeed, from

Thus, the complex C ¢ can be interpreted as being associated to the diagram #

the definitions,

/ Z,,];I—ME/ Y
C = €= Koy " Mer. Y™ (s))

= C(ey= (rate—na, (B M), Moy ™ ()
L.M—M, Y
= Cemy (H2y s Me, v ™ (5)).
Similar remarks apply to the intermediate indices between ¢ and ¢’ Specifically, we can write the
corresponding complexes as
&, (A MMe M.,y M (5))
for all v and n with

eS<v<(eY), & <n=<().

These complexes have almost the same definition as the one for index &, except that changing £ into 5

results in a change in the underlying Heegaard diagram (a different vertex in the hyperbox #L-M—Me),

whereas changing ¢~ into v results in a change in the exponents of U; ; for some i € I(¢) in (239);
namely, &; gets replaced by v;, which may equal &; + 1.

In light of this discussion, to define D ;f/_g we will focus on the hyperbox
%i,M—Mg,
and specifically on the subhypercube in that hyperbox corresponding to indices 1 such that
e <n=(e7).
We denote this hypercube by o
geL-M—Me (o> (5>Y).
This is a v-dimensional hypercube of strongly equivalent Heegaard diagrams, with
v=[(") -7

Recall that, in the link-minimal case, the maps D g‘/—a were defined in Section 8.3 as counts of holomorphic
k-gons, where k < (||¢’ — ¢|| + 2). In our setting, they will be given by counts of holomorphic k-gons for
k < v 42, coming from the above hypercube.

The formula in the link-minimal case was
DE ¢ (x) =
Z Z Z f(®g°,yl®'”®®?fl’—1,y’®x®®§°,él®”'®®§q*‘,§q)'

1, {o=y0>..5>yl=p0} {B=(0<..<fd=¢"B}

In general, our hypercube still has bipartition maps (see Section 8.2), so we can talk about indices
)= )P <P
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For any intermediate y between (and including) (¢”)% and (£7), as part of the hyperbox we have a
collection of curves e? such that all these collections are strongly equivalent. In particular, we write
/
a=a®) and o’ = &), Furthermore, for any two intermediate indices y and y’ with
() <y <y =)™
we have a chain element

®% , € A (T, Tar,0).

aV/ )
We can write this element explicitly in terms of intersection points as
uj /(a uo,j(aa/ )
0y = Z c(ay, )1_[ l_[Uoj Ty,
af/‘,y €T, NTyy J

with coefficients c(a;‘,‘,y) € {0, 1} and exponents u; ; (a;‘,‘,y), Uo,j (a‘;,‘,y) > 0.

Note that @“ , are part of the data in the hyperbox %Z M—M, , where the U; ; basepoints keep track of
the basepomts zj,j fori el (L M ) — I(¢), and of the basepoints w;, ; for other i.

Further, the o”' —« diagram is link-minimal, and therefore the intersection points @ y y admit Alexander
gradings A; ; for L; € M — My, that s, for i ¢ I(L M) as well as for i € I(e), and for all corresponding ;.
We will need to pull back the ® elements as in Section 13.3, so that the corresponding exponents are in

terms of the z basepoints rather than the w basepoints. It helps to introduce the notation
ul j(ay y) ul,j(a )_Ai,j(a())/[’y)'

The hypercube 9eL.M—M; (¢7,(¢7)’) also contains collections of beta curves and corresponding ©
elements. For ¢ between (¢7)# and (¢”)#, we have a collection of curves B¢, and for

)P <t <(E)?
we have a chain element

8
O

B _ ul /(aévz-/) Uo /(afl’) ﬂ
Op = D C%@l’[ [Tv.; Appr-

B
aé_C,ETB(ﬂTB J

€ A_(Tﬂz, Tﬂ;/,())
of the form

Similar remarks to those for the alpha curves apply here. In particular, we set
Ui,j (ay y) uj,j(a ;/) Ajj(a ;/)
The map Dg/_g - C¢ — C* are defined as follows. For an intersection point x € To N Ty, we set

(242) DE™H(x) =Y #Ml(g) - c(EYU By

where the summation is over data E consisting of
e l,g=0,

(8>)/a — VO S > j/l — (8>)(x’
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(8>)ﬁ :CO < ...<é‘q = (g>)//3’
. a;’/‘kka €T, NTy 4y, fork=0,....0—1,

B
@rkprt ETﬂzk mTﬂng fork=0,...,q—1,

y € Ta/ N Tﬂ/,

a? B .
o ¢€7t2(ay 0,10 y, I é-Oé-l""’aé-q—lé-q’y)Wlth“(‘p):l_l_q

In (242), by #.L(¢) we mean the count of holomorphic polygons in the class ¢p (where we divide by the
action of R if we count bigons). Moreover, the coefficient ¢(E) € {0, 1} is

c(E):= Hc(a(;,loyl) e c(a;tl—lyl) ‘C(a?o§1) e c(a?q—lgq)
i,j
whereas the factor U%(E) is a product of powers of U;,; that will be described soon. Let us first introduce

the shorthand notation
-1

Ny (@) :==nw, ; ($) + Z Wi j @k k1) + Z Ui J(agkgkﬂ)

-1

"‘zli'j (@) :=nz ;($) + Z uj ](ay yk+1) + Z uj J(a§k¢k+1)

-1

Mo, (@) 1= nw, ; ($) + Z Uo,j (@) k1) + Z Uo ,(agkgkﬂ)

k=0
Then, by analogy with the U-powers in the differentials (219), (230) and (239), we set

ZI (¢)+ +nz, (¢) l’lawl. (¢) nw,-. (¢)
ewy) v @= ] v, SR
i¢I(L,M)
ng, (4 ng @ nf L @+-tng @) ni, @) ny . @)
’ 1_[ Ui,l "'Ui,s,- Ui,si-l-l Vi,s;-i-z “'Vi,p;
iel(e)
V; =¢&;

nZi o 4o @) Ftns, | (9) nZ o 1o @) Ftnz, | (9)
ng- . (¢) U . 11 ! - RPN 12 !
l—[ U le U i.ej+1 1,6+ 1,6+

i,ei+1 - )
icl(e) ' Uiei+1— Ui +2
vi=¢;+1
" ep43(®) i p; (@)
“Viei+3 Vi pi
Ungi.l(q}) Untzli,Pi (¢) Unﬁ;,-_l(¢) w,p (¢) p U “wo
1_[ i,1 VYip 1_[ i1 o le 1_[
iel_(L.M)~1(s) iely (L,0)

We have described the values of Dg/_g at intersection points x. To define the map in full, we extend it to
be equivariant with respect to the action of all the U; j, V; ;, Y; ; and U, ; variables that appear in the

Geometry & Topology, Volume 29 (2025)



3018 Ciprian Manolescu and Peter Ozsvdth

construction of the target C ¢ In view of the conditions (238), note that the domain C* may have a few

more variables, namely
Viei+2, Yie;+2 for i € I(g) such that & =¢; + 1.

We let Dg/_s be equivariant with respect to V; ¢; +2, where we let this variable act on the target by 1.
With regard to Y; ¢; +2, this behaves somewhat like in an identity hyperbox, with identity maps on the
edges and zeros on the diagonals. Precisely, we set

Dg/_a(Yi,gl.Jrzx) =0 when ||g—¢|| >1,

whereas when | ¢’ —¢|| = 1 there is a unique i with & = &; 4+ 1, and (for the extra variable ¥ to exist) we
must have i € I(g); that is,
()i=e"4+1, (7)) =¢7.

In this particular case and for that particular 7, by analogy with (218) and (219), the formula for
DE ~¢(Y; ¢, +2x) differs from the one for D& ¢ (x) by replacing

) M @ beAnt @) nt @bt @) )
g @) g DU " U " Wi e 43 @ Py, (@)

U.

i1 Viei+1 i,&i+3 Vi pi

Uigi+1—Uig+2
on the third line of (243) with 1.

We have now completed the description of the hyperbox C(%E’M , wﬂ (s)). This plays the role of the
hyperbox A~ (#LM M (s)) from the link-minimal case presented in Section 9.1. Just as there, we let

DM o= (L, 1, 5) — A~ (9CLM (br), M (5))

be the longest diagonal map in the hypercube obtained from Q(%Z’M , wM (s)) by compression; compare
(240) and (241). After identifying %M (M) with %#L~M  we get the desired descent map DM

pM(s)
in (235). By precomposing it with the corresponding projection-inclusion map, we get

M _ M M
O = DpM(s) o9,
These are the maps used to define the surgery complex €~ (3¢, A). The fact that the differential on this
complex squares to zero is an extension of Proposition 9.4, with a similar proof.

13.7 Proof of the theorem

In this section we prove Theorem 1.1 for arbitrary complete systems #. In Section 12, we have already
given the proof in the case where # is link-minimal. Recall that any complete system # can be obtained
from a basic one by a sequence of the system moves listed in Section 8.9; see Proposition 8.35. Thus,
to prove Theorem 1.1 it suffices to check that the quasi-isomorphism type of the surgery complex
€~ (%, A) is unchanged by these moves. Invariance under most of these moves (three-manifold isotopies,
index one/two stabilizations and destabilizations, free index zero/three stabilizations, global shifts, and

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 3019

X—

=
S

X+

Figure 43: An index zero/three link stabilization.

elementary enlargements and contractions) follows by the same arguments as in the link-minimal case;
see Section 12.6.

It remains to establish the following:

Proposition 13.12 Let # be a complete system of hyperboxes for a link L C Y, and let ¥ be the system
obtained from ¥ by an index zero/three link stabilization. Then, for any framing A, the surgery complexes
@~ (%, A) and €~ (%, A) are quasi-isomorphic over F[[U].

Proof We keep the notation from Section 13.6 for everything in the construction of €~ (¥, A). Further-
more, we assume that the stabilization from % to %€ is done on the link component L, and introduces the
points labeled wy > and z1 2 in the neighborhood of an existing z;,1; see Figure 43.> Thus, the basepoints
on L in 9 are W1,1,21,1, W1,3, 21,3+ -+ » W1, pys Z1,p; -

Note that €~ (3¢, A) is a complex over the ring

R=F[WUij<i<t,1<j<p;» o, j)1<j<pll

and €~ (%, A) is a complex over the smaller ring %, in which we do not have the variable U 1,2. We will
in fact prove that the complexes 6~ (%, A) and 6~ (%, A) are quasi-isomorphic over %. This will imply
that they are quasi-isomorphic over F[[U]], where U is any of the variables in .

The proof will be very similar to the one in Section 13.2.

Let us start by comparing the complexes 2~ (%L, s) and A~ (%L, ). These are subcomplexes of Cin (L)
and Cim(%L ), respectively. Recall that Cim(%L ) was described in Section 13.6 as a dg module over the
dga
" =

]F[[(Ui,j)lgigﬁ,lfjfpi(Uo,j)lsjfp]][(vi,j» Yi,j)lsisk,Zgjspi]//(ij =0, 8Yi,j = Ui,j + Ui,lVi,j)-

5Strictly speaking, we lose some generality by choosing the stabilization on L1, because the compression procedure from
Section 5 involves an ordering of the components. However, this issue will not be relevant here, and the arguments below apply
equally well to all other components, with only cosmetic modifications.
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Similarly, @ (%L) is a dg module over a dga RY ; compared to 937, in RY we do not have the variables
Ui,2, V1,2 and Y1 2. Further, by looking at the formula (232) for the differential on Qﬁim(%l‘), and its
analogue for (’:im(%L ), we deduce that (’Zim(%L ) is obtained from (’:im(%L ) by first considering the cone

(244) Cin (YU V [U 1] Vh o) 222 Qint(%l‘)il’l_)ul'z (U 110[V1,2]

and then taking the cone of U; 2+ Uy,1 V1,2, ie introducing the variable Y » with 0Y1 2 =U; 2+ U1,1V1 2.
We are using here the description of the holomorphic disks in the stabilized diagram; see Proposition 7.2,
and the subscripts — and + refer to containing the points x_ and x4+ from Figure 43. The situation
is entirely similar to the one in Section 13.2, where €, was obtained from C {z;n > 0} in this way.
As explained there, this implies that the complexes are homotopy equivalent over . In our case, the
equivalence is given by the projection
_ Ux ifa=0,r=x

245 i (IE) — T (I, U VI, Y, (x xr)) =] b1 o
(245) 0 Cint(H™) int(#™) UL VY o( ) 0 otherwise.

Compare (203). The map p is filtered with respect to the filtrations §;, and as such it induces an equivalence
between the subcomplexes in filtration levels §; < s;:

p:Ql_(%L,s)—>91_(37€L,s).

Similar remarks apply when we compare the complexes A~ (#L~M ) and A~ (HL~M | 5) for sublinks
M such that L1 € M. We get that these complexes are equivalent via a projection p, defined by the same
formula (245).

When L C M, the situation is simpler, as the basepoints z1,; and z » disappear. The diagram geL—M
is obtained from %X~ by a free index zero/three stabilization. Hence, we can identify 2~ (#L~M | 5)
with the cone

— 5 L— Ui -U — s;L—
A @AM 5)  [Ur o] =25 27 G5 M 5) U 2]
Thus, we can still construct an equivalence

p: AT (M 5) > A (FHEM ),
this time given by

um if r =x4,
(246) p(UPy(x xr)) = ) L% BT =
’ 0 otherwise.

We can view the surgery complexes €~ (%, A) and €~ (%, A) as ¢-dimensional hypercubes (as in
Section 4.1). We aim to construct a chain map between these hypercubes, in the sense of Definition 5.15,
by starting from the equivalences

p: AT (HEM ) > A= (FHEM ),
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and then adding diagonal maps as in the diagram

AL 5) s o= LMy M (5))

| )

A () s A (M M (5))
For these to form a chain map between hypercubes, we need for example that when M is a knot (so that
CDM are chain maps), the projections p commute with <I>M up to the chain homotopy given by the diagonal.
In general, we need the diagonal maps to be higher chain homotopies, ie to satisfy the relations (60).

Observe that, if we can construct such a chain map, then it would be filtered with respect to the filtration
given by the value of —||¢|| in the hypercube. The maps on the associated graded would be just the
projections p, which are quasi-isomorphisms over %&. This would imply that the whole map from
€~ (%, A) and €~ (%, A) is a quasi-isomorphism, and complete the proof of the proposition.

We are left to find diagonal maps as in (247). Recall that each <I>£7[ is the composition of a projection-
inclusion &? and a descent map D 2{\—4 )" We will first show that the projections p commute with the
projection-inclusions (on the nose), and then that they commute with the descent maps up to chain
homotopies that fit into suitable hypercubes.

Thus, with regard to the projection-inclusions, we seek commutative diagrams of the form

yérl - "y
A~ (KL, ) —— A= (L, M, pM(s))

(248) pl lp

— ys —_ — 7
A~ (HE,s) —— A~ (HE, M, pM(s))
Here, the map p on the right-hand side is defined just as before, through formulas of the type (246) if
L, € M, or (245) otherwise.

To check that (248) commutes, we use the formula (234) for the projection-inclusion maps. If L1 € M,
the verification is straightforward, since both vertical maps are given by the same formula (245). If
LiCMiielely (Z,, M ), then we use (245) for the left vertical map and (246) for the right vertical
map. We calculate

i (o(vre T TIV vy Gxn)
iely (L,M) 7
Vnij a, J

M m nij a,, . _ _
IS (U TS Vi Yo Hzel+(LM)17é1H Vi x) ifa1p=0.r=x4,

0 otherwise,

which gives
m+Ay1(x)—s1— Z =3n1,j n1 3 ni,p, Ai(x)_si_zl'jézni,j nio ni,p;
Ut orstee Uy [T U ’ U™ Uiy X
iely (L,M)
i#1
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ifr=xyandalla; ; =0fori € I(L, M), and gives zero otherwise. This is the same answer as

p(&é” (Ul'f’2~ 1_[ 1_[ Vln]” Ylaj” (x xr)))
iel (L,M) 7

Aj(x)— St_z n;, i.p; . . 7 a7
:§p( 1o ier, i.in Uit =My UM (exr)) ifall a;; =0 for i € [ (L, M),

0 otherwise.

Hence, the diagram (248) commutes.

Next, we look at descent maps of the form (235). When M is a knot, we seek a diagram
DM

A= (L, M pM (s)) —2200s = (GeL =My M (s))

0 N 0
DM,

— - - M (g — - -~

A~ (L, M, pM (s)) 2 A~ FL~M M,y M (s))
that commutes up to the homotopy given by the diagonal map. For general M, we need higher chain
homotopies that fit into a chain map between hypercubes.

Recall from Section 13.6 that the map
DM, AT E M pM (5) — A My M (s))
is the largest diagonal in the compression of a hyperbox

C =@M yM(s)).
Similarly, the corresponding map D%( y coming from ¥ is obtained by compressing a hyperbox
pM(s
C =@ M. yM(s)).
The relation between the hyperboxes of chain complexes %%+ and %M was described in Section 8.9.
When Ly € M_, these two hyperboxes have the same size, and the diagrams in LM are obtained from
the corresponding ones in %L M by an index zero/three link stabilization. As such, there are equivalences p

%L M and %L M . These equivalences commute

that relate the corresponding complexes in the hyperboxes
(up to chain homotopy) with the polygon maps in the hyperboxes, by Propositions 6.20 and 7.16. Thus,
the maps p commute with DM

up to chain homotopy, and we obtain commuting diagrams of the
pM(s)
form (249).

The more interesting case is when L1 € M_. Then, as explained in Section 8.9, the hyperbox %Z M is
obtained from %i’i[ by stabilizing all diagrams as in Figure 14, and then also increasing the length of
the hyperbox by one in the direction i = 1, by adding the move shown in Figure 18. Furthermore, recall
from (236) that the length of the hyperbox C in the direction i = 1is d1 + p1 — 1, where d; is the length
of %L M | in that direction. A similar formula holds for C and %L M . Since there is one extra pair of
basepoints in 9¢L.M than in LM , we deduce that the first side length of C is two more than that of C.
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To be able to compare the hyperboxes, we replace C by a new hyperbox C, which is obtained from C by
two elementary enlargements, as in Section 5.8 both in the direction i = 1, with one done at the beginning
and one at the end. The beginning one has to do with the additional basepoint (and thus additional
transition maps) present in C, and the ending one with the move from Figure 18.

Now, the hyperboxes C and C have the same size. We claim that we can construct a chain map
Z:C—>C

between these hyperboxes, in the sense of Definition 5.15, such that the maps Z 2 =p:C%— C* are chain
homotopy equivalences over %. (Recall that a chain map between hyperboxes consists of maps Z g that
preserve the index ¢, as well as higher diagonal maps Z g/_sz C*¢ — C® when ¢ > ¢ are neighbors.) After
compression, our map Z would produce a chain map between the resulting hypercubes. Furthermore, by
Lemma 5.21, elementary enlargements leave the compressed hypercubes unchanged. We would thus get
the desired chain map between the compressions of C and C, providing diagonal maps in (249).

We start by constructing the quasi-isomorphisms p: C% — C*. Recall from Section 13.6 that C looks like
e the resolution 20 (-, wﬂ(s)) in the directions i ¢ I(Z, ]\71),
* the complexes €; from (217), with j = ¢;, in the directions i € I(¢),
e the complex CF~ = C{z} in the directions i € 1_(£, M) —1(e),
e the complex CF~ = C{w} in the directions i € I+(]:, 1\71).
A similar description applies to C*®. In our case, since L1 € M_, either 1 € I (e)orlel_ (Z, M )—1(¢),
according to whether €1 < p; — 1 or not.

Observe that &1 can take values from O to d { =dy+ p1 — 1. If 0 < &1 < d{, then (regardless of whether
g1 is less or greater than p; — 1), the basepoint w»,; does not play a role in the complex C?, and we are
in the situation of Figure 14. Thus, as in (76), we can identify C? with the cone
(58)51,1—>U1,2[[U1’1]] U11-Ui2 (C‘e)gl,leUl,z[[Ul’l]].
We get an equivalence p: C% — Ce given by
ur if r =x_,
UM x ) =1 bt T
’ 0 ifr=x4.
On the other hand, when &; = 0, then the complex C? is obtained from Ct by taking cones on Vj 5 —1
and U1 2 + Uj,1V1,2, as in (244), and therefore we have an equivalence p given by (245):
UMx iifa=0,r=x
UM VLY (x xr)) = bl ’ +
ULV Y15 ( ) {0 otherwise.
Lastly, when &1 = d{, then C? is constructed from the Heegaard diagram at the end of the move in
Figure 18, ie using the o1 and y; curves. This is just a free index zero/three stabilization of the diagram

that gives C¢, and therefore we can identify C¢ with the cone

Ci Uy 2] ——> C2[U12].
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We obtain an equivalence p: C® — Ct given by

Urx ifr=y_,
U (x xryy = 1t Y
’ 0 ifr=y4.

We now construct the other components of the chain map Z, ie Z g/_e for e < &'

When g1 > 0, we simply set Z g/_“" = 0. If we denote by Dg/—s and 55_8 the maps in the hyperboxes C
and C, we claim that the diagrams

&/—e

ct——c*

|l

Ce =~ C*
commute on the nose. Indeed, when 1 < &1 < d{ —1, this follows from the study of holomorphic polygons
in the stabilized diagram; see Proposition 7.14. For 1 = d{—2 and ¢} = d| — 1, we can use the description
of holomorphic polygons under the move in Figure 18, that is, Proposition 7.21. When &1 = ¢} = d| —1,
we use the similar description of a free index zero/three stabilization; see Proposition 6.21.

When &; = 0, we again set Z 88/_8 = 0 (for & < &), with one exception: if &’ differs from & only in position
i = 1, where 8/1 =1 (in other words if ¢’ = ¢ + 71 in the notation of Section 5.1). When ¢; = 0 and
&' =¢e4 11, we set

mUl”fl_lx ifa=0,r=x_,

Z&‘/—S Um Vn Ya X Xr =
e 1,271,2 1,2( ) 0 otherwise.

This is exactly analogous to the situation described in Section 13.2, where we had the formula (204) for
the diagonal map Z. Checking that Z g’—£ fits into a chain map between the hypercubes in C and C is
entirely similar to the proof of (199) in Section 13.2.

This completes the construction of the chain map between C and C. From here we obtain the desired
quasi-isomorphism between the surgery complexes €~ (%, A) and €~ (%, A). |

14 Beyond the surgery theorem
We discuss here several extensions of Theorem 1.1.

14.1 Maps induced by surgery

We work in the setting of Section 13.7, with Lcy being a link in an integral homology three-sphere,
and 7€ a complete system of hyperboxes for L. Let L' C L be a sublink, with the orientation induced
from L. The hyperboxes LM with M C L" C L’ form a complete system of hyperboxes for L/, which
we denote by ¥|z.
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Following the notation from Section 11.1, we let W (L', L) be the cobordism from Y| o (L") to Yo (L)
given by surgery on L — L’ (framed with the restriction of A). Recall that in Lemma 11.2 we established

an identification
Spin“(Wa (L', L)) =@ H(L)/H(L, A|r)

such that the natural projection
a ot (H(L)/H(L, AlL)) — (H(L)/H(L, A))
corresponds to restricting the Spin® structures to Y4 (L), and the map
y i (H(L)/H(L, AlL)) — (L) /H(L Alw))
corresponds to restricting them to Yy, (L.
Lemma 14.1 Fix an equivalence class t € H(L)/H(L, A|r’). Then the map
(250) Y s e HE) | 1= 1) = 4" e HA) | 1=y 7 (0))

is always surjective, and it is injective if and only if every component L; € L — L' is rationally null-
homologous inside the surgered manifold Yy, , (L.

Proof Using affine identifications between spaces of Spin€ structures and second cohomology, surjectivity
and injectivity of (250) are equivalent to the same conditions for the restriction map:

(251) Ker(H?*(Wa (L)) — H*(WA(L', L))) — Ker(H*(Wy|,, (L") = H*(Ya),,(L))).
Using long exact sequences for pairs, we can rewrite (251) as
Im(H?(Wa(L), Wa(L', L)) = H*(Wx(L))) — Im(H?(Wa),, (L"), Y5}, (L") — H?(Wy],, (L))
Surjectivity of the last map follows directly from the existence of a commutative diagram
H?>(Wp(L), Wa(L', L)) —— H*(Wa(L))
| |
H?>(Wp),, (L)), Y, (L) —— H?*(Wy),, (L))

Injectivity of (251) is equivalent to injectivity of the combined restriction map

(252) H?(Wp(L)) — H*(WA(L', L)) @ H?*(Wyy,, (L)

In turn, using the Mayer—Vietoris sequence in cohomology, injectivity of (252) is equivalent to surjectivity
of the map

(253) H'(WA(L'. L)) ® H'(Wa,, (L) — H' (Y], (L))

Since H 1(WA‘ (L) =0and H ! groups have no torsion, we can rephrase surjectivity of (253) as
injectivity of the dual map with rational coefficients:

Hi(Yp),,(L):Q) — Hi(Wa(L', L); Q).
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In turn, this is equivalent to the vanishing of the boundary map
(254) Hy(WA(L', L), Yy, (L):Q) = Hi(Ya),, (L): Q).

Since the domain of (254) is generated by the cores of the 2-handles attached along link components
L;CL- L’, the conclusion follows. O

Observe that, for every equivalence class ¢ € H(L)/H(L, A|L’),
Contt= P[] wE M yMe)

L-L'CMCL seH(L)
[s]=¢
is a subcomplex of €™ (¥, A, nL’L/(t)) CEC (#,AN).

If the injectivity condition in Lemma 14.1 holds, so that the map (250) is a bijection, then the complex
%_(%, ALt is isomorphic to

C @l Ayt Hen= @ [ aEE M M),
M'CL  s'eH(L)
[s1=v L (@)
Indeed, the isomorphism is induced by taking M to M’ = M — (L —L’) and s to s’ = yL=L'(s).
In the general case, even if the map (250) is not bijective, we still have an injective chain map
€@z Al R () - €@ M)
given by summing up all the natural identifications
A My M (s") s 2 @My M ()
suchthat M/ = M —(L—L’), [s] =t and s’ = yL~L'(s).

We denote by 67 (7, ALt the image of the inclusion ¢. This is a subcomplex of €~ (%, A, =L L' (1))
that is isomorphic to €~ (|-, A|z/, wL~L'(¢)). When the injectivity condition in Lemma 14.1 holds,
6~ (3¢, A)L"* coincides with the previously defined 6~ (3¢, A)L .

Example 14.2 Suppose L = L; U L, is a two-component link, with 1k(L{, L,) = 1. Consider (0, 0)
surgery on L, so that A = (0 (). Let L’ = L. Pick s’ € Z and set
2
t=[(s+ 3. 3] e HL)/HL,Alp)=(Z+1)/0,01).

Then 6~ (%2, Alr, wL~L'(¢)) is the complex associated to 0 surgery on L1, and consists of two
generalized Floer complexes

A=A~ (s, B :=A (),

Geometry & Topology, Volume 29 (2025)



Heegaard Floer homology and integer surgeries on links 3027

A A A A
+L/ -1
vl IR v .
B B B B

Figure 44: The inclusion of €~ (¥|./, A|L/, WL’L/(t)) into %’(%, AL The blue and red
arrows are copies of the maps @:Ll and CIDS_/LI, respectively. The inclusion ¢ is given by sending
each generator x e A to (...,x,x,x,...) in the infinite direct product on the right-hand side;
and similarly for generators y € *B. The image of ¢ is denoted by €™ (¥, A)L/’t .

related by the sum of the maps CD:CL ' and CIJ;L '. On the other hand, (é_(%, A)L/” is the direct product

of infinitely many copies of 2 and ‘B, related by maps CID;';L' and @;L‘

arranged in a zigzag, as in
Figure 44. The inclusion ¢ is similar to the one defined in (158) from Section 11.7, except now the target

has infinitely many factors.

Theorem 1.1 implies that the homology of €~ (¥|./, Alr/, wL_L/(t)), and hence also the homology of
¢~ (9, A)L"*, are isomorphic to

HF [ (Yy),, (L)), tyn,, @)
Ozsvéth and Szabé [2006] associated a map F W, to any cobordism W between connected three-manifolds,
and Spin® structure ¢ on that cobordism. In the case when the cobordism W consists only of two-handles
(ie is given by integral surgery on a link), the following theorem gives a way of looking at the map F; Wt
in terms of complete systems of hyperboxes:

Theorem 14.3 Let L C Y be a link in an integral homology three-sphere, L' C L a sublink, ¥ a
complete system of hypercubes for L,and A a framing of L. Then, for any t € Spin®(Wx (L', L)) =
H(L)/H(L, A|L), the following diagram commutes:

Ho (€™ (%, ALY Hy (696 A, 7L (1))

|

W (L!.L).t

HF  (Yp),, (L).tly,,, ) ———— HF ,(YA(L).tly,,, )

Here, the top horizontal map is induced from the inclusion of chain complexes, while the two vertical
isomorphisms are the ones from Theorem 1.1.

Proof We first discuss the proof in the case when # is a basic system. The argument is similar to the
one in [Ozsvéath and Szabé 2008b, Theorem 4.2]; basically, one has to keep track of the surgery maps all
throughout the arguments in Section 12. The key point is to find commutative diagrams that relate the
inclusion maps of subhypercubes of % to cobordism maps between the respective Floer complexes.
This is done by applying the results of Section 11.7 (precisely, Propositions 11.30, 11.31, 11.33 and 11.35)
repeatedly, as we follow the iteration process in the proof of Proposition 12.11.
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We emphasize that, even though in the proof of Proposition 12.11 we have chosen a particular ordering
of the components of L (such that, if A is degenerate, A is in the span of the other framing vectors,
etc), regardless of the ordering we can apply the results of Section 11.7 to obtain an identification of
the cobordism maps associated to Wy (L', L) for any sublink L’ C L. For the sake of concreteness, we
explain how this works in the case of a link of two components L = L1 U L».

Suppose that the framing matrix A is degenerate, so we had to choose the ordering of the components
such that A is a multiple of A,. (This is a constraint when A is the zero vector.) To pick a particular
situation, let us assume that A is indeed zero (so, in particular, L; and L, have zero linking number),
whereas the surgery coefficient of L, is positive. In the iteration process that leads to Proposition 12.7,
we have a diagram of maps

8

_ g} _ g _
CF (YA, (L1); %) —— CF 3 (YA, 1m0, (L1); 55) ————— CF (Y, 7)

| : :
-3 fP -8 e Sy
CF3 A (L) s CF g (1) — s (L 70

h5
CF (Y3 (L) ———— CF ™ (Yp,4mous(L2); T)

k3 15
8

_ g _
CF ’S(YA1+m1r|(L1)§<%)—2>CF ’S(Y;y)

Here 71 = F[T1]/(T;"" — 1), % = F[T»]/(T,"* — 1), and we have dropped the chain homotopies
(corresponding to diagonals in the squares above) from notation for simplicity. Note that the bottom two
rows in (255) form the complex %5,

In the proof of Proposition 12.11, we first look at a quasi-isomorphism ( fl‘s, H f ) from CF -8 (Ya(L)) to
the mapping cone Cone( fz‘g ), and then at a quasi-isomorphism from the latter to the mapping square %’ 8
Let u be a Spin® structure on YA (L). An application of Proposition 11.24 shows that the first quasi-
isomorphism above decomposes into a direct sum of several quasi-isomorphisms; one of them relates
CF(Yp,u)toa mapping cone Cone( fz‘g,u), in a grading-preserving fashion. Then a double application
of Proposition 11.11 gives a grading-preserving quasi-isomorphism from Cone( f28, ,) to a direct summand
€0 C 6P,

Our new claim is that under the composition of these quasi-isomorphisms, the inclusion of the subcomplex
Cone(gg,u) (resp. Cone(lg,u)) into ‘Kf corresponds to a cobordism map (coming from a unique Spin©
structure) from Yz, (L1) to YA (L) (resp. from Ya,(L2) to YA (L)).

Indeed, in the case of Cone(gg,u), a double application of Proposition 11.30 gives a commutative diagram
between its inclusion into %f and a map (consisting of kg,u, ) g’u and a diagonal chain homotopy) from
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Cone(gg,u) to Cone( f28,u)' Then another commutative diagram relates the latter map to a cobordism map
from Yz, (L1) to YA (L), using a double application of Proposition 11.29.

In the case of Cone(lg,u), a double application of Proposition 11.11 gives a commutative diagram between
its inclusion into %ug and the inclusion of a summand of CF ~% (Ya,(L2); 1) into Cone( fz‘g’u). Then
another commutative diagram relates the latter inclusion to a cobordism map from Yz, (L2) to YA (L),
by applying Proposition 11.34.

It is straightforward to extend this argument to links of several components (and arbitrary sublinks). This
leads to a proof of Theorem 14.3 in the case when the complete system 7€ is basic.

For general complete systems, note that the quasi-isomorphisms used in the proof of Theorem 1.1 in
Sections 12.6 and 13.7 respect the inclusion maps. We obtain the desired commutative diagram, except
that a priori, the bottom row is a more general cobordism map than the one considered in [Ozsvéth and
Szabé 2006]. More precisely, it counts holomorphic triangles between multipointed Heegaard diagrams
(for the respective three-manifolds) that may have more than one basepoint; the original cobordism maps
Fyaw.nya
some handleslides, isotopies and index one/two stabilizations and destabilizations, we can arrange so

as defined in [loc. cit.], were going between singly pointed diagrams. Nevertheless, after

that the multipointed Heegaard triple diagrams involved are all obtained from basic ones by a sequence
of index zero/three (free and link) stabilizations. The fact that the bottom row can be identified with

F-

W (L/.L).t then follows from Propositions 6.21 and 7.16. O

14.2 Other versions

The chain complex €~ (%, A, u) from Section 9.2 was constructed so that the version of Heegaard Floer
homology appearing in Theorem 15.9 is HF ~—. We now explain how one can construct similar chain
complexes "é(%, A, ), €T (%, A, u) and € (%, A, u), corresponding to the theories I-ﬁ”, HF' and HF *°.

The chain complex @(%, A, u) is simply obtained from €~ (3¢, A, u) by setting one of the variables U;
equal to zero. Its homology computes HF (Ya(L),u).

The chain complex €°°(#, A, u) is obtained from 6~ (3, A, u) by inverting all the U; variables. Itis a
module over the ring of Laurent semi-infinite polynomials

R® =F[Uy,....U; U7 L. U = (Ur, .. Up) TR

In other words, %A°° consists of those power series in U;’s that are sums of monomials with degrees
bounded from below.

Note that C~ (%, A, u) is a subcomplex of €°°(#, A, ). We denote the respective quotient complex by
@T (%, A,u). Theorems 1.1 and 14.3 admit the following extension:
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Theorem 14.4 Fix a complete system of hyperboxes € for an oriented, {-component link L in an
integral homology three-sphere Y, and fix a framing A of L. Pick u € Spin® (YA (L)) =~ H(L)/H(L, A).
Then there are vertical isomorphisms and horizontal long exact sequences making the following diagram
commute:

e Ho (67 (F, A1) —— Hoy (€%°(9, A, 1)) —— Hy (6 (9, A, 1) — -+

!

coio — s HF _(YA(L),u) —— HF (YA (L),u) —— HFF (YA(L),u) — ---

Furthermore, the maps in these diagrams behave naturally with respect to cobordisms, in the sense that
there are commutative diagrams analogous to those in Theorem 14.3, involving the cobordism maps

Fy F2° and Fj, .
Wa .0y " Waw .1yt War Lyt

Proof Inverting the U; variables is an exact operation on modules; see for example [ Atiyah and Macdonald
1969, Proposition 3.3]. Hence the quasi-isomorphisms relating €~ (¢, A, u) and CF ~ (YA (L), ut) induce
similar ones between the respective infinity versions. The five lemma then implies that the resulting maps
between the plus versions are quasi-isomorphisms as well. Naturality with respect to the cobordism maps
is clear from the construction. O

Remark 14.5 For the plus version, at least when ¢ (u) is torsion, we can replace direct products with
direct sums in the link surgery formula, and thus obtain a formula closer in spirit to [Ozsvath and Szab6
2008b]. Indeed, when ¢ (u) is torsion, we have a relative Z-grading on the surgery complex €T (9, A, 1),
and only finitely many terms in the direct product are nonzero in each grading level. Therefore, if we are
interested in a fixed grading level, direct sums and direct products give the same answer. This implies
that the plus surgery complexes constructed with direct sums are the same as those with direct products,
overall. (The U actions also coincide, because they coincide in each grading level.)

By contrast, recall that, for CF ~, we do need to use direct products, as explained in Section 4.3.
14.3 Mixed invariants of closed four-manifolds

Let us recall the definition of the closed four-manifold invariant from [Ozsvath and Szab6 2006]. Let
X be a closed, oriented four-manifold with b;’ (X) = 2. By deleting two four-balls from X we obtain a
cobordism W from S3 to S3. We can cut W along a three-manifold N so as to obtain two cobordisms
W1, W, with b; (W;) > 0; further, the manifold N can be chosen such that SH'(N;Z) C H*(W;Z) is
trivial. (If this is the case, N is called an admissible cut.) Let t be a Spin® structure on X and ty, t; its
restrictions to Wy, W,. In this situation, the cobordism maps
Fy, HF~(S?) > HF ~(N,t|ly) and Fy, :HF"(N,t|x)— HF"(S?)
factor through HF.q(N, t|5), where
HFeq = Coker(HF ®° — HF ") =~ Ker(HF ~ — HF ®).
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By composing them we obtain the mixed map
Fyv: HF~(S°) — HF(S?),
which changes degree by the quantity d(t) 4 2, where
d(t) = z(c1(6 =2x(X) = 30(X)).

Let ®_ be the maximal-degree generator in HF ~(S3), lying in degree —2. Clearly the map F, ;In,‘if can be
nonzero only when d(t) is even and nonnegative. If this is the case, the value

(256) Oy, = U2 FpX(©_) e HF§ (S*) = F

is an invariant of the four-manifold X and the Spin® structure t. It is conjecturally the same as the
Seiberg—Witten invariant.

Remark 14.6 In [Ozsvath and Szab6 2006, Section 9], the mixed invariant was defined as a map
F[U]® A*(H{(X)/Tors) — .

We only discuss here the value of this map at 1, which is exactly ®x ; as defined in (256).
The following definition was sketched in the introduction:

Definition 14.7 Let X be a closed, oriented four-manifold with b;‘ (X) > 2. A cut link presentation
for X consists of a link L C 3, a decomposition of L as a disjoint union

L=L{UL,1Ls,
and a framing A for L (with restrictions A; to L; fori =1, ..., 3) with the following properties:

o S 13{1 (L1) is a connected sum of m copies of S x §? for some m > 0. We denote by W; the cobordism
from S3 to #™(S! x S?) given by m one-handle attachments.
. S13\1 UA»UAs (L1 UL, U L3) is a connected sum of m’ copies of S1x S2 for some m’ > 0. We denote

by W4 the cobordism from #m,(S 1% §?) to S3 given by m’ three-handle attachments.

¢ If we denote by W, (resp. W3) the cobordisms from S 13\1 (L) to S13\1u As (L1 U L) (resp. from
S13\1 UAs (L1ULjy)to 513\1 UA>UAS (L1 U Ly U L3)) given by surgery on L, (resp. L3), ie consisting
of two-handle additions, then
W=WuUWw,uUWsUW,
is the cobordism from S3 to S3 obtained from X by deleting two copies of B*.

e The manifold N =S} 5 (L1UL2)isanadmissible cut for W, ie b5 (W1 UW2) >0, by (W3UWg) >0
and SH'(N) =0 in H2(W).

Lemma 14.8 Any closed, oriented four-manifold X with b; (X) > 2 admits a cut link presentation.
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Proof Start with a decomposition W = W’ Uy W along an admissible cut. Split W’ into three
cobordisms
W'=Ww/uUw,uUw;

such that W/ consists of i-handle additions only. It is easy to check that the decomposition
W =W uw)uWwsUw")
is still along an admissible cut. Next, split the cobordism W; U W” into
wuw, uwy

such that W/ consists of i-handle additions only. Finally, adjoin the one-handles from W’ to W| U W;
and rearrange the handles to obtain a decomposition

W{UW, UW/ =W, UW,,

where W; for i = 1,2 consists of i-handle additions only. If we set W3 = W,’ and W4 = WJ’, we obtain a
decomposition along admissible cut of the form

W = (Wi UWy) U (W3 U Wy),

We can then find a framed link L = L U L, U L3 such that surgery on L produces the same three-
manifold as at the end of the cobordism W (made of one-handles), whereas surgery on L, and L3 is
represented by the cobordisms W, and W3 (made of two-handles), respectively. |

Definition 14.9 Let X be a closed, oriented four-manifold with b; (X) > 2. A hyperbox presentation T’
for X consists of a cut link presentation (L = L1 U L, U L3, A) for X, together with a complete system
of hyperboxes for L.

The four-manifold invariant ®x ¢ can be expressed in terms of a hyperbox presentation I" for X as follows.

FWz,flwz and FW3,t|W3 in terms of counts of holomorphic

polygons on a symmetric product of the surface. We can combine these maps using their factorization

Using Theorem 14.4, we can express the maps

through HF.4, and obtain a mixed map
i . —(H" (1, 2 + (4 (g1, 2
Fiyows o, - HF #H"(S'xS5%) > HF(#" (S' x5?)).

On the other hand, by composing the maps induced on homology by natural inclusions of chain complexes
(of the kind used in Theorem 14.3), via factoring through a reduced group

KCI'(H*(%_(%, A)L1UL2J‘W3) — H*(<6OO(%’ A)L1UL2,t|W3))
we can construct a map
FRX: H (67 (96, A)Ertmaowsy s B (6t (9, A)E1 0Ll s1s2)).
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Theorem 14.4 implies that FT* is the same as F X , up to compositions with isomorphisms
It W2UW3,t|W2UW3

on both the domain and the target. Note, however, that at this point we do not know how to identify

elements in the domains (or targets) of the two maps in a canonical way. For example, we know that

there is an isomorphism
(257) Ho (€7 (96, A)Ertimauwsy ~ HE=(#7 (5! x §2)),

but it may be difficult to pinpoint what the isomorphism is, in terms of . Nevertheless, the good news
is that HF ~ (#™(S! x $2)) has a unique maximal-degree element ©, . We can identify what O
corresponds to on the left-hand side of (257) by simply computing degrees. Let us denote the respective
element by

OF € Ha(6™ (9, A)Erstimauwsy,

max

The following proposition says that one can decide whether ®x ¢ € I is zero or one from information in
the hyperbox presentation I':

Theorem 14.10 Let X be a closed, oriented four-manifold X with b; (X) > 2, with a Spin® structure
t with d(t) > 0 even. Let I" be a hyperbox presentation for X. Then ®x ¢ = 1 if and only if ydm/2.
FIIP;“"(G)II;MX) is nonzero.

Proof We have

_g7d®/2 i _ rt+ dt)/2 i —
CDX:t =U ®/ ) FII/IH/?;((’D_) - FW4,t\W4 (U @/ ) F;In/;XUW3,t|W2Uw3 (FWl ,t|W1 (®_)))

By the definition of the one-handle addition maps from [Ozsvath and Szab6 2006, Section 4.3],

max-*

FVI_/I,tIWl (@-) - @m

d@)/2 1 . . o . .
Note that U4®)/2. FVHI};XUWs,tIWZU% (e ) lies in the minimal degree k for which

HFI—:(SXIUA2UA3(L1 UL,UL3)) = HFI—ci_(#m (Sl X Sz))

is nonzero, namely k = —%m’ . There is a unique nonzero element in the Floer homology in that degree,

which is taken to 1 by the three-handle addition map FVJI;4 U, > S€€ [loc. cit.].
MWy

We deduce from here that ®yx ¢ = 1 if and only if U4®/2. FV“[};"UW3 twaomw. (©max) is nonzero. The
’ 2 3

: mix mix _
claim then follows from the fact that the maps FF’ . and FW2UW3, dwpom, € the same up to pre- and

post-composition with isomorphisms. a

14.4 The link surgeries spectral sequence

Our goal here will be to explain how the link surgeries spectral sequence from [Ozsvath and Szab6 2005,
Section 4] can be understood in terms of complete systems of hyperboxes for links in S3.
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We recall the main result from [loc. cit.]. Let M = M; U---U M, be a framed £-component link in a
three-manifold Y. For each ¢ = (e1,...,&;) € Ey = {0, 1}¥, we let Y (&) be the three-manifold obtained
from Y by doing ¢;-framed surgery on M; fori =1,...,£.

When ¢’ is an immediate successor to ¢ (that is, when ¢ < ¢’ and ||¢’ —¢|| = 1), the two-handle addition
from Y (¢) to Y(¢&’) induces a map on Heegaard Floer homology

F,_,:HF~(Y(¢e)) > HF ~(Y(¢)).

The following is the link surgery spectral sequence [ibid., Theorem 4.1], but phrased here in terms of
HF ~ rather than HF or HF *:

Theorem 14.11 (Ozsvéth and SzabS) There is a spectral sequence whose E ! term is D,k JHF ~(Y(9)),
whose dy differential is obtained by adding the maps F,_,, (for ¢’ an immediate successor to ¢), and
which converges to E®° =~ HF ~(Y).

To relate this to the constructions in this paper, we represent Y (0, ..., 0) itself as surgery on a framed
link (L', A') inside S3. Let L’l,...,L/e, be the components of L’ There is another framed link
(L =L1U---ULy, A)in S3, disjoint from L', such that surgery on each component L; (with the
given framing) corresponds exactly to the 2-handle addition from Y (0,...,0) to Y(0,...,0,1,0,...,0),
where the 1 is in position i. For ¢ € Ey, we denote by L? the sublink of L consisting of those components
L; such that &; = 1.

Let % be a complete system of hyperboxes for the link L/ U L C S3. As mentioned in Section 14.1, inside
the surgery complex €~ (%, A’ U A) (which is an (¢'+£)-dimensional hypercube of chain complexes)
we have various subcomplexes corresponding to surgery on the sublinks on L’ U L. We will restrict
our attention to those sublinks that contain L', and use the respective subcomplexes to construct a new,
{-dimensional hypercube of chain complexes 6~ (%, A’ U A /L) as follows.

At a vertex ¢ € E, we put the complex
€ (7, AU AJL)E =6 (¥|LuLe, ANU Alpe).

Consider now an edge from ¢ to & = ¢ + 7; in the hypercube E;. The corresponding complex
G (¥|ruLe, N UA|Le) decomposes as a direct product over all Spin® structures s on

Y(e)=S3(L'ULE, N UA|Le).

As we explained in Section 14.1, each factor 6~ (¥|rure, A U A|re,s) admits an inclusion into
€ (|, N UA| ) as a subcomplex. In fact, there are several such inclusion maps, one for
each Spin€ structure ¢ on the 2-handle cobordism from Y (¢) to Y (¢’) such that ¢ restricts to s on Y ().
Adding up all the inclusion maps on each factor, one obtains a combined map

G;<8/:(6_(%|L/UL8, AU Alpe) — (6_(%|L/UL5/’ N U Ang/).
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We take G__,, to be the edge map in the hypercube of chain complexes €~ (%, A’ U A /L). Since the
edge maps are just sums of inclusions of subcomplexes, they commute on the nose along each face of the
hypercube. Therefore, in the hypercube ¢~ (3¢, A’ U A /L) we can take the diagonal maps to be zero,

along all faces of dimension at least two.

This completes the construction of €~ (%, A’UA J/L). As an £-dimensional hypercube of chain complexes,
its total complex admits a filtration by —||¢||, which induces a spectral sequence; we will refer to the
filtration by —||¢|| as the depth filtration on €~ (¥, N U AJ/L).

Theorem 14.12 Fix a complete system of hyperboxes 3 for an oriented link L' UL in S3, and fix
framings A for L and A’ for L’. Suppose ¥ has k basepoints of type w and p colors, and that L has
£ components Li,...,Ly. Let Y(0,...,0) = SX,(L’), and let Y (¢) be obtained from Y (0, ...,0) by
surgery on the components L; € L with ¢; = 1 (for any ¢ € Ey). Then there is an isomorphism between
the link surgeries spectral sequence from Theorem 14.11 and the spectral sequence associated to the depth
filtration on 6~ (%, N UAJ/L).

Proof Theorem 1.1 gives a quasi-isomorphism between CF ~ (Y (1,...,1)) = CF_(S?\,UA(L/ UlL))
and the surgery complex 6~ (%, A’ U A). Let us summarize the main steps in the construction of this
quasi-isomorphism. It suffices to construct the quasi-isomorphism at the level of the vertical truncations
%_’8‘_8/(%, AN UA) and CF_"S‘_‘S/(Y(L ..., 1)). (In the proof, we used vertical truncations by § for
torsion Spin€ structures and by <4’ for nontorsion Spin® structures. However, it is clear that always
truncating by §<—4’ works, too.) We consider a basic system ¥, for L’ U L. By relating ¥ to %,
via some moves on complete systems, we find a quasi-isomorphism between @0 ‘_8/(%, N UA) and
@38 (9,, AU A). By a version of the large surgeries theorem, the hypercube ¢35 (9, A U A)
is shown to be quasi-isomorphic to a hypercube 5<% in which at each vertex we have the truncated
Floer complex of some surgery on a sublink of L’ U L, possibly with twisted coefficients. Finally, iterating
a variant of the surgery exact triangle, we obtain a quasi-isomorphism between CF _’8‘_8/(Y(1, )
and the total complex of .#3<%’

Recall that from the (£+£')-dimensional hypercube €~ (%, A’ U A) we construct an £-dimensional
hypercube 6~ (%, A’ U A//L). In the new hypercube, at each vertex ¢ € Ey we have an | ¢||-dimensional
subhypercube of the original 6~ (%, A’ U A); along the edges we have corresponding inclusion maps,
and along higher-dimensional faces the diagonal maps are trivial. We can apply an analogous proce-
dure to the truncated hypercubes ¢ 3<% (%, A’ U A), 655 (9,, A U A) and 5<% and obtain ¢-
dimensional hypercubes from them; we denote these by @8 (9, NUAJL), 658 (%, NUAJL)
and 5#%<% J/ L. The quasi-isomorphisms between ({+£’)-dimensional hypercubes constructed in the
proof of Theorem 1.1 all preserve the corresponding depth filtrations, and thus induce quasi-isomorphisms
between respective subhypercubes. As a consequence, we can construct filtered quasi-isomorphisms
(with respect to the depth filtration) between € 5<% (%, A" U A JL), 6<% (%,, N U AJL) and
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(%8‘_8/ J/L). This implies that the corresponding spectral sequences (induced by the depth filtrations on
£-dimensional hypercubes) are isomorphic.

It remains to find an isomorphism between the spectral sequence induced by the depth filtration on the hy-
percube Y anll // L, and the 6«4’ truncation of the link surgeries spectral sequence from Theorem 14.11.
Let us first explain how this is done in the simplest case, when £ = 1 so that the link L has a single
component L ; = K. We further assume that K has linking number zero with each component of L. We
will drop the truncation symbol §<—4’ from notation for simplicity (in fact, in this step of the argument
the quasi-isomorphism exists also at the level of untruncated complexes). The spectral sequence from
Theorem 14.11 is simply associated to the depth filtration on a one-dimensional hypercube, which is the
mapping cone

(258) CF~(S3/(L")) — CF~ (S s (L' UK)).

On the other hand, the hypercube 57/ L is a mapping cone

(259) () L)° — (L),

where (7 )/ L)° is CF_(S?\, (L") and (o7 /L)! is itself a mapping cone
(260) CF~(S}uamm @ UK) = @ CF~(S3,(L)
for some m > 0.

The surgery exact triangle (Proposition 11.5) says that the second term in (258) is quasi-isomorphic
to the second term in (259). In fact, we can take a quasi-isomorphism given by a triangle-counting
map from CF~ (S 3’u A(L" U K)) to the first term in (260), and a quadrilateral-counting map to the
second term in (258). We can extend this quasi-isomorphism to one between the mapping cone (258)
and the mapping cone (259), by taking the identity between their first terms CF ~(S3,(L’)), and also
adding a diagonal map from CF ~(S3,(L’)) to the mapping cone (259). This diagonal map consists of a
quadrilateral-counting map from CF (S 13\, (L)) to the first term in (260), and a pentagon-counting map
from CF ~(S3,(L’)) to the second term in (260). This produces a chain map between (258) and (259),
which is a quasi-isomorphism because it is so on the level of the associated graded of the depth filtrations.

Let us now discuss how this construction can be generalized to the case when the link L has an arbitrary
number £ of connected components. The link surgeries spectral sequence from Theorem 14.11 is
associated to the depth filtration on an £-dimensional hypercube, where at each vertex we have a Heegaard
Floer complex CF ~ (Y (¢)), along the edges we have triangle-counting maps (producing the cobordism
maps F,__,, on the £ ! page), and along the higher-dimensional faces we have higher polygon-counting
maps. We can construct a filtered quasi-isomorphism between this hypercube and 7/ L as follows:
between corresponding vertices we use the quasi-isomorphisms given iterating the surgery exact triangle
(Proposition 11.5), and then we complete this to a chain map between the hypercubes, by adding

further polygon-counting maps along the diagonals. A filtered quasi-isomorphism between £-dimensional
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hypercubes produces an isomorphism between the respective spectral sequences, and this completes the
proof. |

15 The surgery theorem applied to grid diagrams with free markings

In this section we state a variant of the surgery theorem, in terms of counts of polygons on grid diagrams
with free markings. The proof involves applying Theorem 1.1 to a special kind of complete system,
associated to the grid.

15.1 Grid diagrams with free markings

Toroidal grid diagrams are a particular kind of Heegaard diagrams for a link in S3. In [Manolescu et al.
2009a; 2007], they have been used to give combinatorial descriptions to link Floer complexes.

We introduce here a slightly more general concept, that of a toroidal grid diagram with free markings.
(An example is shown in Figure 45.) Such a diagram G consists of a torus J, viewed as a square in
the plane with the opposite sides identified, and split into # annuli (called rows) by n horizontal circles
o1,...,0,, and into n other annuli (called columns) by n vertical circles f1,..., 8,. Further, we are
given several markings on the torus, of two types X and O, such that

e each row and each column contains exactly one O marking;
e cach row and each column contains at most one X marking;

e if the row of an O marking contains no X markings, then the column of that O marking contains
no X markings either. An O marking of this kind is called a free marking.

It follows that G contains exactly n O markings and n — g X markings, where ¢ is the number of free
markings. A marking that is not free is called linked. The number 7 is called the grid number of G.

©

)

Figure 45: A grid diagram for the Hopf link, with two free markings. The link is drawn in green.
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Given G as above, we draw horizontal arcs between the (linked) markings in the same row, and vertical
arcs between the markings in the same column. Letting the vertical arcs be overpasses whenever they
intersect the horizontal arcs, we then obtain a planar diagram for a link L C S3, which we orient so that
all horizontal arcs go from an O to an X. We denote by £ the number of components of L.

A toroidal grid is a type of multipointed Heegaard diagram for L, with the horizontal circles being the alpha
curves a1, . . ., 0y, and the vertical curves being the beta curves B1, ..., B,. Welet § =8 (G) =Ty NTg,
where Ty = o1 X -+ xa, and Tg = B x--- x B, are tori in the symmetric product Sym” (7).

Following the notation of [Manolescu et al. 2007], we use X and O markings to play the role of the
basepoints z; and w;, respectively. In particular, we change the notation from Section 3.2 and write X;
and O; for n;; and ny,, , respectively. Further, we let X; and O; be the sets of X and O markings on a link
component L;. We write X = _J; X; for the set of all X markings, and O for the set of all O markings
(including the linked ones). We also fix an ordering of the basepoints in each set X; and Q;. Note that the
free markings are exactly the free basepoints; we arrange so that they are denoted by Oy,—g+1, ..., Ox.

For x, y € §, we let Rect(x, y) be the set of rectangles from x to y, as in [loc. cit.]. A rectangle from x
to y can exist only when x and y differ in exactly two rows (and therefore, also in exactly two columns).
In that case, those two rows and two columns split the torus J into four rectangles, and two of them are
said to go from x to y: those such that, when their horizontal boundary has the orientation induced from
9, it consists of arcs oriented from a point in x to a point in y. Furthermore, a rectangle is called empty if
it contains no points of x (or, equivalently, y) in its interior; it may still contain some O and X markings.
We let Rect®(x, y) be the set of empty rectangles from x to y.

The arguments in [Manolescu et al. 2009a] show that isolated holomorphic disks in Sym”(J) with
boundaries on Ty, Tg are in a natural one-to-one correspondence to empty rectangles on the grid G.
Thus, the Floer chain complex CFL™(G) = CFL™ (Ty, Tg) is the free module over R =F[U1, ..., Uy]
generated by .S, and endowed with the differential

(261) =) y210 . g0y,
YES reRect®(x,y)

We have Alexander gradings A; on S for i = 1,...,£, which produce filtrations on CFL™(G). For
s = (s1,....5¢) € H(L), we denote by A~(G,s) C CFL™(G) the subcomplex given by A; < s; for
i=1,...,¢

We have a resolution 27 (G, s) of A7 (G, s) constructed as in Section 13.6. Specifically, let us relabel
the basepoints on each component L; € L as

Oi,l’ Xi,17 0i,27 Xi,27 L) Oi,pi ’ Xi,p,' .
We also give the alternative name U; ; to the U variable associated to O; ;.
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Consider the complex €, (G), which is the dg module over the dga
RY =
FlWUi i=i<t1<j=pi Upn—gr1<j<pll(Vij. Yi)D1=i<t,2<j<pi ) /(Y7 =0.0Yi j = Ui j+Ui1 Vi ).

generated by x € S, with differential
Y/ n
Xia(r)++Xip; (1) 0; 5(r) 0i.»(r) 0;(r)
x=> 2 [lui A S I I 2
yES reRect®(x,y) i=1 j=n—q+1
This complex admits filtrations §; for 1 <i < £, as in Section 13.6. For s = (s1,...,5¢) € H(L), we
define 2~ (%L, 5) to be the filtered part of €j, (%) givenby §; <s; fori =1,...,4.

If M C L is a sublink with an orientation M, we have a complex A (G, M, pM (s)) and a projection-
inclusion map

(262) I A (G s) > A (G, M, pM(5)),
defined as in (234).
We also introduce the following notation: XM C X will be the subset consisting of the X basepoints on
L — M, and R
oM .= (@— U @i) u J x.
iel_(L,M) iel_(L,M)
Thus, (7, «, 8, @M, XM) is the reduction i (G), in the sense of Definition 3.22.

15.2 Handleslides over a set of markings

From now on we will specialize to the situation in which G is a toroidal grid diagram with at least one
free marking.

Consider a subset % = {Z1,..., Z;} € X U O consisting only of linked markings. We say that % is
consistent if, for any i, at most one of the sets N Q; and ¥ N X; is nonempty. From now on we shall
assume that % is consistent.

We let L(%#) C L be the sublink consisting of those components L; such that at least one of the markings
on L; is in %. We orient L(%), as Z(ZZ), so that a component L; is given the orientation coming from L
when ¥ N O; # &, and is given the opposite orientation when ¥ N X; # &.

Let us define a new set of curves % = {,3]9:Z | j=1,...,n}onthetorus 7. Let j; be the index corresponding
to the vertical circle B;; just to the left of a marking Z; € . We let ,B% be a circle encircling Z; and
intersecting f;, as well as the alpha curve just below Z;, in two points each; in other words, ,3% is
obtained from B; by handlesliding it over the vertical curve just to the right of Z;. For those j that are
not j; for any Z; € #, we let ,3% be a curve isotopic to B; and intersecting it in two points.
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Remark 15.1 Our assumption on the existence of a free marking is crucial here, because it ensures that
B¥ is a good set of attaching curves. Indeed, since % has strictly fewer than 7 markings, at least one beta
curve in % remains homologically nontrivial in Hy (7).

We denote
Tg = BT x---x BF C Sym™ (7).
Observe that . .
(g’ «, ﬂ9f7 @L(EZ)’ XL(EX))
is a multipointed Heegaard diagram representing the link L— L(%). For each s € H(L), we can associate
to this diagram a resolved Floer complex

A (Ta. Ty, YD (s)),

as in Section 13.6. For simplicity, we omit the basepoints from the notation for this chain complex. The
map L@ H(L) — H(L — L(%)) is as in Section 3.7.
More generally, let M be any sublink of L containing L(%) such that the restriction to L(%¥) of the
orientation on M coincides with L(Sf) We can then consider a diagram

(7. B, OM M)
and resolved Floer complexes R

A (T, Ty, ¥ ™ (5)).

By writing wM (s) we implicitly mean that the basepoints are taken to be those in @M and XM .

When we have two collections of markings % and %’ such that & U %’ is consistent, we will require that
ﬁ? and ﬁ?/ intersect in exactly two points. Hence, there is always a unique maximal-degree intersection

point O, € Tg N Tg/. See Figure 46.

Of course, for the above Floer complexes to be well defined, we need to make sure that the underlying
Heegaard diagrams are admissible. This follows from the stronger admissibility result in Lemma 15.2
below.

15.3 Handleslides for a sublink

Let M C Lbea sublink, endowed with an arbitrary orientation M. We seek to define a descent map for
the sublink M, along the lines of Section 9.1.

QZ(M)= U O; U U X;.

iely (L,M) iel_(L,M)

Set

- -

We proceed to construct a hyperbox %Ié’M for the pair (Z, M ) (in the sense of Definition 8.20), as follows.
Order the components of M according to their ordering as components of L:

M=LjU---UL;j . iy<-<in.

im>»
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Figure 46: A new collection of curves. We show here a part of a grid diagram, with the horizontal
segments lying on curves in & and the straight vertical segments lying on curves in 8. The
interrupted curves (including the two circles) represent curves in %, where % consists of the two
markings Z; and Z,. The maximal-degree intersection point 7", is represented by the black
dots.

For j =1,...,m, let us denote M; = L;; for simplicity, and equip M; with the orientation M i induced
from M. Then %(1\2 j) is either OQ;; or X;;. In either case, we have an ordering of its elements, so we can
write - _

wM;) =4z, ..., Z;‘f;’ L

where d;; is the cardinality of 22(1\2 ).
The hyperbox %é’M will be m-dimensional, of size
dM =(d;,.....d;,).

It will be a pure 8-hyperbox, ie the alpha curves remain fixed: they are the horizontal circles in the grid
diagram G. For each multi-index & = (1, ..., &,) € E(dM), we let %(1\2 )¢ C %(1\2 ) be the collection
of markings

m N N
— M M
F(M)E = U{Z1 T Zg )
j=1

We then let R
ﬁé‘ — ﬂif(M)a

be the collection of beta curves handleslid at the points of 23(1\2 )é. For each &, consider the Heegaard
diagram o

HgM = (7.0 pf.0M XM),
This diagram represents the link L—M.
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Figure 47: Asterisks in the Heegaard multidiagram.

According to Definitions 8.7 and 8.20, to have a well-defined hyperbox for a pair, we need admissibility
for the Heegaard multidiagrams corresponding to each hypercube in the hyperbox. In fact, it is convenient
to consider the bigger multidiagram that includes the curve collections % for all subsets % C %(1\71 ).
Once we prove that diagram is admissible, it will follow that all its subdiagrams (such as the ones relevant
for our hypercubes) are admissible as well.

Lemma 15.2  Consider the Heegaard multidiagram consisting of the curve collections & and B¥onT
for all possible % C %(A} ), with basepoints given by OM and XM . Then this multidiagram is admissible,
in the sense of Definition 3.5.

Proof The markings in X are irrelevant for admissibility, so we can ignore them. There is one marking
in OM in each row and in each column of the grid G. Without loss of generality, let us assume that M is
oriented as in L, so that OM = Q = {01,...,0p}.

Recall from Definition 3.5 that a multiperiodic domain is a Z-linear combination of regions such that
its boundary is a Z-linear combination of the curves in the multidiagram, and such that its multiplicity
at any O; is zero. Admissibility means there are no nontrivial multiperiodic domains that have only
nonnegative local multiplicities. By way of contradiction, suppose we had such a domain D.

Let us mark an asterisk in each square of the original grid diagram G. When we construct the new beta
curves 87, we make sure that each beta curve encircling some O; does not go around an asterisk, and
also that, whenever we isotope a beta curve to obtain a new beta curve intersecting it at two points, these
isotopies do not cross the asterisks. See Figure 47.

Let a; € Z be the coefficient with which the curve «; appears in dD. This means that, whenever we have
two regions in the multidiagram separated by a segment in «;, the difference between the multiplicities
of D on these two regions equals a;. Observe that there are two such regions such that one on top of «;
contains an O marking. The multiplicity of D is supposed to be zero at that marking and nonnegative
at the region below. It follows that a; < 0, and therefore the multiplicity increases (or stays constant)
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Figure 48: The Hamiltonian translates of a beta curve. On the left we have the neighborhood
of a vertical beta curve on the grid, shown here as a circle. The other circles are Hamiltonian
translates of the same curve. The horizontal lines are alpha curves, and the disk in the middle is a
handle that is connected to the exterior of the picture to produce the torus J. The shaded area is
the potential support of a periodic domain, in the proof of Lemma 15.2. On the right we show a
similar neighborhood of a beta curve encircling an O marking.

whenever we cross an alpha curve downward. In particular, if we look at the multiplicities of D at the
regions containing asterisks in a given column, they should be nondecreasing in cyclic order, which means
that they are constant.

We can do a similar argument with the beta curves, by letting b; be the sum of the coefficients in dD
of B; and all of its Hamiltonian translates. In this case b; is the difference in multiplicities as we cross all
the translates of B;. By looking at the region containing the O marking in each column, we find that b;
are all of the same sign. This shows that the multiplicities of D at the regions containing asterisks in a
given row are constant.

Combining these two results, we deduce that D has the same multiplicity at all the regions containing
asterisks. However, we know there is at least one free O marking in G, so that no handleslides are done
over that marking. Therefore, the region containing that marking has an asterisk, and D has multiplicity
zero there. It follows that D has multiplicity zero at all asterisks.

This means that D is a sum of disjoint periodic domains, each supported in the area bounded by the
Hamiltonian translates of the same curve: either a vertical beta curve, or a curve encircling an O marking;
see Figure 48. We can study these domains separately.

Let us consider the neighborhood of a vertical beta curve, as on the left-hand side of Figure 48. (The
other case is similar.) Let ¢y, ..., ¢, be the coefficients in D of each of the beta curves in the picture. As
we cross a beta curve (say, in the directions shown by arrows in Figure 48), the multiplicity of D should
changed by the corresponding c;. Note that the outside region at the top of the picture has an asterisk
and hence multiplicity zero. Therefore, ¢; > 0 for all i. Let mo < mj <--- < m) be the multiplicities at
the regions shown in the figure, as we go from left to right. We must have mo = m, = 0, because those
regions contain asterisks. Also, m; = m;_; + ¢;, which implies that

O=mo=<my <---<mp_1 <mp =0.
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This shows that m; = 0 and ¢; = O for all i, which implies that the domain is trivial. We arrived at a
contradiction, and therefore we have admissibility. |

To finish the construction of the hyperbox %Ié’M, whenever ¢, &’ € E(d™) with ¢ < ¢ are neighbors, we
need to pick chain elements O, ;s € A (Tge, T e’ s 0). We choose

O, ifle—e| =1,
Oper = ) (D) 3(M)e
0

otherwise.
The proof of (90) for these chains is similar to those of [Ozsvath and Szabé 2004b, Lemma 9.7; 2005,
Lemma 4.3].

As in Section 13.6, for each s € H(L), we have an associated hyperbox of generalized Floer complexes
LM , M
c@eg™ M (s)),
of size d'™ : =(dj,....d] ), where

, _ fdi ifi; e I.(L, M),
Y\ 2dy, — 1 ifi; e I-(L, M),

(Note that in our setting, the side length d;. of the hyperbox 9%LM i the same as the number i of w
g g J yp G pi;
basepoints on the respective link component.)

At each vertex ¢ € E(d 'M ), we have the Floer complex
€ = Cue (EMMe b,y (s)),
and along the faces we have linear maps Dg’—s: ce—Ce.
We compress the hyperbox C(%g’ﬂ, wﬂ (s)) as in Section 5.6, and define
(@63) DY (G M. p™ () = A (Ta Tp, M.y (5)) > A (T T3,y ¥ (s)

pM(s)’

to be the longest diagonal map in the resulting hypercube.

_>

For example, when M = L; is a single component with orientation M = L the map oY M (s) is a
composition of the triangle maps corresponding to handleslides over the basepoints in EI(M ), in the given
order. When M has several components, it is a sum of compositions of more complicated polygon maps,
corresponding to chain homotopies (of higher order) between compositions of the handleslide maps.

Remark 15.3 The formulas used to define Dg/_s in Section 13.6 simplify somewhat in the setting of
grids. Indeed, all the hypercubes of strongly Heegaard diagrams are of pure 8 type, meaning that the
curve collection « stays constant; that is, the bipartition maps take only the value . Further, the chain
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elements ®/;3 ¢ consist of a single intersection point (in Alexander gradings zero) when ||’ —¢|| = 1, and
are zero otherwise. Thus, ] B
1 ifa=0 £.60

B
clal, )=
( yy) 0 otherwise,
and

ﬂ[,j (af,y) = U (agg,) =0.

From here, we find that, for a = ®§ ¢ (which is the only intersection point with a nonzero contribution),
the quantities n? that appear in (243) are the same as the corresponding basepoint multiplicities n (with
the same subscripts).

15.4 The handleslid complex

For O; € O;, we let U;s be the variable corresponding to the row exactly under the row through O;.
Given a sublink M C L, we define a chain complex

(264) wM) = R QL.
M;CM je0;

Given s € H(L) and an orientation M of M, we seek to describe the complex A~ (T, Tg(M), wM (s))

explicitly. Before stating the result, let us introduce some terminology. We call the Heegaard diagram
L, = 7,040, 0 )

the handleslid diagram. It contains two kinds of beta curves: those that approximate curves in the original
collection 8, and those that encircle one of the points in %(M). We call the former curves old, and the
latter recent. Each recent curve bounds a disk in 9, which we call a marked disk. The curves in o are
also of two types: those that intersect a recent ,BEZ(M ) curve, and those that do not. We call the first alpha
curves special, and the latter normal. The connected components of I \ & are called rows, and a row is
called special if at least one of its boundaries is special. If both of its alpha boundaries are special, the
row is called very special.

Observe that each recent beta curve intersects a unique (special) alpha curve, and it does so in two points.

Hence, each x € Ty, N Tg(M) must contain exactly one of these two points.

Note that there is a quasidestabilized grid diagram G~ obtained from G by eliminating all rows and

GL—M

columns on which M is supported; compare Section 6. The diagram represents the link L — M,

with the orientation induced from L.

Proposition 15.4 For any s € H(L), for a suitable choice of almost complex structure on Sym” (7),
there is an isomorphism of chain complexes of %R-modules

@65) Wi (T Ty g (5)) > 2 (G M () U] @ (M),
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Here, the square brackets mean adjoining the variables U;, in order to make the respective group into an
%R-module.

Observe that, on the right-hand side of (265), we have the complex associated to the quasidestabilized
grid diagram G~ | for which holomorphic disks in the symmetric product exactly correspond to empty
rectangles on the grid; see [Manolescu et al. 2009a]. In proving Proposition 15.4, the challenge will be to
show that the complex on the left-hand side of (265) has the same description. The proof will occupy the
rest of this subsection.

The curves a and ,Bgi(ﬂ ) split the torus J into a number of regions. These can be rectangles, bigons,
hexagons, and octagons. The bigons and hexagons appear near the markings in EE(M ), while the octagons
only appear when two markings in %(M ) lie in adjacent rows and adjacent columns of G. The hexagons
and octagons are always supported in special rows.
Let ¢ € m2(x, y) be a homology class of Whitney disks in Sym” (7)) with boundaries on Ty and ng(M)’
forx,y e To N Tg(M). The class ¢ has an associated domain; see Section 6.3. Recall that the Maslov
index p(¢) can be calculated in terms of the domain % = %(¢) using Lipshitz’s formula (62):
(266) (@)=Y nx(@) 4+ ny( @) +e(@).
XEx yEy
Suppose & is written as a linear combination of regions
9 = ZaiRi’ a; € 7.
For any region R, we set n(R,x,y) =nx(R)+ny(R) and u(R,x,y) =n(R,x,y)+ e(R). Since the
Euler measure and vertex multiplicities are additive, equation (266) gives
(267) (@) => aiu(Ri.x.y).
The differential on A~ (T, ']I‘g(M), WM (s)) involves counts of holomorphic disks in homology classes
¢ with u(¢) = 1. The following are two necessary conditions for a domain % = %(¢) of index one to
admit a holomorphic representative:
(1) All local multiplicities a; of % must be nonnegative.
(i) The support of the domain & (that is, the closure of the union of the regions R; such that a; # 0)

must be connected.

The first condition is a consequence of the principle of positivity of intersection for holomorphic objects;
see [Ozsvath and Szabé 2004b, Lemma 3.2]. The second condition needs to be satisfied because if
the support were disconnected, the class ¢ would be the sum of two domains ¢ and ¢,, with each ¢;
required to admit pseudoholomorphic representatives generically. Hence p(¢1), u(¢2) > 1, which would
contradict the fact that u(¢1) + u(¢p2) = u(p) = 1.

A domain 9 that satisfies the two conditions above is called positive and connected.
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For our handleslid Heegaard diagram, we can completely characterize the index one domains that are
positive and connected. Indeed, given a class ¢ € w2 (x, y) that has such a domain, let us understand the
quantities @(R;, x, y) that appear with nonzero multiplicity a; > 0 in (267):

o If R; is a rectangle, then e(R;) = 0 and u(R;, x, y) € [0, 1], with the exact value depending on
the number of vertices in x, y among the corners of R;.

e If R; is a bigon, then e(R;) = % and w(R;,x,y) = 1. Indeed, note that x contains exactly one
of the two points of intersection between the respective new beta curve and a special alpha curve.

Hence x contributes % to the quantity n(R;, x, y). The same goes for y, while the Euler measure

of the bigon is %

e If R; is a hexagon, then e(R;) = —% and w(R;,x,y) € [O, %] Indeed, there is a contribution
of % to the vertex multiplicity coming from points on the recent beta curve, and there may be an
additional contribution from intersections between old beta curves and normal alpha curves. We

denote this additional contribution by n’(R;, x, y). It is at most %

e If R; is an octagon, then e(R;) = —1 and u(R;,x,y) = 0, because the vertex multiplicity
contribution is always one, coming from points on the two recent beta curves on the boundary of
the octagon.

Hence,

(268) w(p) = Z a; + Z ain(Ri,x,y)+ Z ain’(R;i, x,y) > 0.

bigonsR; rectangles R; hexagons R;
If u(¢) = 1, it follows that we can have at most one bigon in the support of &, and that the bigon (if it
exists) must appear with multiplicity one. Further, no points of x Ny can be contained in the interior of D.

We distinguish several cases for ¢ € w5 (x, y) positive, connected and of index one. These cases are
shown in Figures 49-52.

(I) There exists a normal alpha curve «; such that o; N x # «; N y. Then the two points o; N x and
a; Ny are on different (old) beta curves, so there must exist another normal alpha curve oy # o; with
o Nx # ar N y. We get a contribution of at least % to n(P) from each of the four intersection points
on «; and ag. Since w(¢) = 1, there can be no other contribution. It follows that the support of % has
no bigons. One possibility is that & is a big rectangle with vertices the four intersection points ¢; N x,
a; Ny, ar Nx and o Ny, with all the marked disks in the interior of the rectangle removed. This is
Case I(a), shown in Figure 49. Note that there is a one-to-one correspondence between such rectangles
and empty rectangles in the quasidestabilized grid diagram GL—M

The other possibility is that in addition to a big rectangle, % also contains some additional rectangle,
hexagon, or octagon regions. These have to be supported in some very special rows. Further, all nonbigon
regions in those rows are contained in the domain %, because the multiplicity of regions in a very special
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I(a)

I(b)

Figure 49: Positive connected domains of index one: Case I. In each subcase, the domain is
shaded, with darker shading corresponding to higher local multiplicity. In subcase (a) we only
have multiplicities zero and one, while in subcase (b) we can arbitrarily large multiplicities; in
the figure, they go up to multiplicity three. The black dots represent components of the initial
generator x, and the white dots components of y. There can be various markings (X and O)
in the domains, though not in the rows containing markings in if(ﬂ ). In subcase (a), apart
from the domain in the handleslid diagram (7, o, ﬂg(M )) on the left-hand side, we also show the
corresponding domain in the quasidestabilized grid diagram G~ , on the right-hand side.

row can only change when we pass the vertical curves through «; N x and «; N y. Thus, the domain
consists of a big rectangle as in Case I(a), plus one or more very special rows intersecting the big rectangle,
minus the bigons in those rows. The multiplicities in the special rows cannot change by more than one as
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Figure 50: Positive connected domains of index one: Case II. We use the same conventions as
in Case I. In subcase (a) we show a domain of width four and having local multiplicity two in
the darkly shaded regions. In (b) we show a domain of width three with only zero and one local
multiplicities. Of course, in each subcase the widths and multiplicities can be arbitrarily large,
just as we saw in Case I(b).

we pass a special alpha curve, because the support of % contains no bigons. A domain of this type is said
to be in Case I(b). An example is shown in Figure 49.

(II) We have oj N x = «; Ny for all normal alpha curves «;, and the support of &% contains no bigons.
Then % is supported in some adjacent special rows. Further, there are no old beta curves such that when
we pass them the multiplicity of @ gets changed. Hence, if the support of % contains a nonbigon region in
a special row, it must contain all the nonbigon regions in that row, with the same multiplicity. Further, one
of the boundaries of the support must be a normal alpha curve, which produces all nonzero contributions
to u(¢) in (268). There are two subcases, 1I(a) and II(b), according to whether the normal alpha curve is
the top or the bottom boundary of the support. In both cases, the multiplicity in the row bounded by the
normal alpha curve must be one. The multiplicities in the other rows can be higher, but they are constant
in each row and cannot change by more than one as we pass a special alpha curve. See Figure 50.

(IIT) We have a; N x = «; N y for all normal alpha curves «;, and the support of % includes a bigon
which contains a marking in Zi(]\jl ). Then the domain 9 is supported in some adjacent special rows,
and the bigon gives the only nonzero contributions to i (¢) in (268). Further, if % contains a rectangle,
hexagon or octagon in a special row, it must contains all the rectangles, hexagons, and octagons in that
row, with the same multiplicity. There are three subcases III(a)—(c), according to whether

(a) 9 is the bigon itself;
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Figure 51: Positive connected domains of index one: Case III. Same conventions as before. In
subcases (b) and (c) the widths and multiplicities can be arbitrarily large, just as in Case II.

O]

(b) 9 contains some special rows, but only above the bigon; or
(¢) 9 contains special rows both below and above the bigon.
See Figure 51.

(IV) We have a; Nx = oj Ny for all normal alpha curves «;, and the support of % includes a bigon which
does not contain a marking in SZ(M ). This is similar to Case III, in that we have the same observations
about the support consisting of some adjacent special rows, and three subcases:

(a) @ is the bigon itself;
(b) 9 contains some special rows, but only below the bigon; or
(¢) 9 contains special rows both below and above the bigon.

See Figure 52.

When a domain 9 is in one of the cases above, we say that it is of the corresponding type. For example, a
domain in Case II(b) is called of type II(b).

Definition 15.5 If 9 is a domain on the handleslid grid, the number of rows that have nontrivial

intersection with its support is called the width of 9.

We would like to count the number of holomorphic representatives for each class ¢ with a positive,
connected domain & of index one. One should note that many of the domains in Cases (I)-(IV) above
are decomposable, meaning that we can write them as a sum % + %o, with @; of index i € {0, 1} being
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Figure 52: Positive connected domains of index one: Case IV. Same conventions as before. In
subcases (b) and (c) the widths and multiplicities can be arbitrarily large, just as in Cases II and III.

IV(c)

positive and connected. This means that the number of holomorphic representatives for % may depend
on the choice of almost complex structure on the symmetric product. We will explain how to make a
suitable choice soon.

When counting holomorphic representatives, it is convenient to use Lipshitz’s cylindrical formulation of
Heegaard Floer homology [Lipshitz 2006], as in Section 6.2. In his setting, we need to choose an almost
complex structure on W = J x [0, 1] X R, rather than on the symmetric product.

Suppose
H(M) ={Z1..... Zi}.

The labeling of the markings is as follows. Choose a normal alpha curve o1 on the handleslid diagram.
Go vertically down around the torus, starting at «; and ending at o1, and number the markings in 25(1\2 )
as Z1,...,Zy, in the order in which they are encountered.

For each Z; € #(M), there is a recent beta curve ,B%(M), which is the boundary of the marked disk
containing Z;. Choose a slightly bigger curve around this beta curve, and introduce a long cylindrical
neck of length 7; there, for 7; >> 0. We can then choose an almost complex structure J(71,..., Tk)
on W which only depends on 7; on the neck around Z;, and is split on these necks. This is the analogue
of the “stretching the neck” process from Section 6.4, only now we consider flow lines rather than
triangles. In fact, we can view the handleslid diagram as a special connected sum of the quasidestabilized
grid diagram GL~M and k genus zero diagrams &1, . .., ¥. Each &; is obtained from the diagram in
Figure 11 by deleting the gamma curve. See Figure 53.
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Figure 53: Degenerations. We choose the complex structure by stretching the neck along the
dashed curves. The bigger black dots are components of the generator x in Lemma 15.7.

Given a marking Z;, we denote by M; the marked disk containing it, and by x; and y; the two points of
. . % (M)
intersection of .

marked disk.

with the corresponding alpha curve. The point x; is on the left of y; inside the

Lemma 15.6 Let ¢ € m2(x, y) be a homology class of Whitney disks in the handleslid diagram. Suppose
w(¢) =1 and the domain % = %(¢) is positive and connected. Suppose o is a special alpha curve that
intersects a recent beta curve ;. Let M; be the marked disk whose boundary is ;, and let Z; be the
marking inside. Suppose oj N x = x;, a; Ny = y;, and that 9 has multiplicity zero everywhere inside the
marked disk M;. Denote by r the row whose upper boundary is ;, and denote by b the bigonr N M;. If
the row r contains a marking Z; 11 € ¥(M), fix the corresponding neck-length T; 1. If the class ¢ admits

holomorphic representatives for a sequence of almost complex structures J (Tl(n), ey Tk(n) ) such that
Ti(") — 00 (where Ti(") corresponds to Z;) and Tl.(i)l = T; 4+ is fixed, then the support of the domain &

is exactly the union of all the regions in the row r, except the bigon b.

Proof For simplicity, let us first assume that all neck-lengths Ts(") = Ty are fixed for s # i, and Tl.(") — 00.

Let mq and m» the multiplicities of % on each side of «;, near the connected sum curve. By an analogue
of Proposition 6.14, in the limit 7; — oo the presumed holomorphic representatives of ¢ degenerate into
a broken flow line v on ¥;, and the union of a broken flow line v’ on the other side (ie on the diagram G’
obtained by deleting ;) with an annoying «-degeneration with domain %. Let ¢ and ¥’ be the homology
classes of v and v/, respectively. Lemmas 6.10 and 6.16 can be applied to homology classes of flow lines
just as well as to triangles. Therefore,

p(@) = pn(@) + u@W’) + (@) —mi—my and  p(Y) =my +ms.
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In principle, the latter equality should also involve the multiplicities of % inside the two bigons that
form M;, but those multiplicities are zero by hypothesis. We get

1= (@) = n@¥') + w@®).

Further, we must have m, = m1 + 1 because of the acceptability condition (61). This means that 0%
contains «; with multiplicity —1. In particular, % # 0, so (%) > 1; see Lemma 6.13 for u(%). We
deduce that u(y¥’) = 0. Since ¥’ admits holomorphic representatives (for an almost complex structure
which can be chosen to be generic away from the neck), it must be the case that ¥’ is trivial. As for the
remaining domain @, it is positive, of index one, and satisfies m, = m + 1. The only possibility is that
it is the row r, viewed in the quasidestabilized diagram G’; compare (71). The claim follows, provided
that the neck-lengths 7; stay fixed for s # i.

Now allow the other neck-lengths to vary as well, except 7;+1. In the limit some of them go to infinity,
so the holomorphic representatives of ¢ degenerate into broken flow lines on a number of surfaces ¥,
plus the union of a broken flow line and a-boundary degenerations on a diagram G’ obtained by deleting
several recent beta curves. Nevertheless, most of the arguments above still apply, with some notational
modifications. The broken flow line on G’ must be trivial, so all we are left with is some «-boundary
degenerations on G'. The main difference is that now, instead of (71), we have

p@) =) m@. ).

where the sum is over all curves « that did not intersect any of the deleted beta curves, and the quantity
m (%, «) is the sum of the multiplicities of ? in the two rows that have « as part of their boundary.

It follows that the inequality @ (%) > 0 in Lemma 6.13 still holds true, but equality can happen for some
nonzero domains on G’, namely those composed of very special rows such that the normal beta curves
intersecting their boundaries have been deleted. As such, a priori there are more possibilities for the
positive domain % of index one that represents the e-boundary degenerations. However, the fact that
the recent beta curve just below B; (if it exists) has not been deleted, together with the fact that P is
connected and satisfies m» = m1 + 1, suffice to determine % uniquely as being the row below «;. O

Lemma 15.6 suggests the following way of choosing the neck-lengths 771, ..., T; in the construction
of the almost complex structure J(77, ..., Ty ). We first choose T; >> 0 such that the conclusion of the
Lemma holds true for all possible classes ¢ satisfying the hypothesis, with i = k. This is possible because
there are a finite number of such classes, and the row r below Z} does not contain any marking in %(1\7[ ).
Next, choose Ti_1 > T} such that the conclusion of the Lemma holds for all classes with i =k — 1.
Iterate this procedure until we get to 77, so that

T1>T>»---> T >0.
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Lemma 15.6 implies that, for this choice of almost complex structure, the domains of type I(b), III(c)
and IV(c) have holomorphic disk counts equal to zero (mod 2), so they do not contribute to the differential.
The same goes for domains of type II(b) or III(b) that have width larger than one.

On the other hand, the holomorphic disk counts are one (mod 2) for
e simple bigons, that is, domains of types III(a) and IV(a);
e domains of type I(a); see [Ozsvath and Szabé 2009, Lemma 3.11];
e annular domains of type II(b) and width one; see [Ozsvith and Szabé 2004c¢, proof of Lemma 3.4];

e annular domains of type III(b) and width one; see [Ozsvath and Szabé 2004b, Lemma 9.4] —
indeed, for these the conformal angle of the beta part of the upper boundary is very small, because
of our choice of neck-lengths, which means that there exists a choice of cut length on the lower

boundary that makes the annulus holomorphic.

This leaves us with the domains of types II(a) and IV(b). It is more difficult to establish the holomorphic
disk counts for these. Instead, we will settle for computing their net effect on the differential d on the

handleslid complex.

More precisely, let us split the markings in 22(1\2 ) into equivalence classes, with the equivalence relation
being generated by the relations Z ~ Z’ if Z and Z’ lie in adjacent rows. Then an equivalence class
consists of all the markings in ZZ(A7I ) that lie between two normal alpha curves.

Let us consider such an equivalence class. Without loss of generality, say it is composed of the markings
Z1=01,...,Z, = Op, for some p < k. (See Figure 53 for the case p = 3.) Let G be the grid diagram
obtained by deleting the recent beta curves B, ..., B, that encircle Oq,. .., Op, as well as the special
alpha curves a1, ..., o) that intersect B1,..., Bp. Given a generator x € Ty N Tg(M), let x be the
corresponding generator in G obtained from x by deleting its components on ¢;, fori = 1,..., p. Define
I(x) to be the Maslov index of ¥ in G. Then I defines a filtration on the handleslid complex. Indeed, if
y contributes a nonzero term to the differential dx, we must have /(x) > I(y), with equality if and only
ifx=y.

Thus, the associated graded of the handleslid complex 2™ (T, Tg(M), WM (s)) splits as a direct sum of
terms C(x), where C(x) is generated by all possible x with the fixed reduction ¥ on G. Pick such a
direct summand C(x).

Lemma 15.7 For the almost complex structure J(T7y, ..., Ti) chosen as before (with Ty > Tp > -+ >
T > 0), the complex C(x) is isomorphic to the tensor product of the complexes

% Ui_Uf-‘l'l %

fori =1,...,p.
Proof Recall that the intersection points between «; and 8; are denoted by x; and y;; compare Figure 53.
The generators of C(x) can be written as x4, where A {1, ..., p}is the set of indices i such that x; € x4.
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(2)
)

Figure 54: The origin of the complexes H(M). The figure shows part of a grid diagram with
some arcs on the o and p¢41> Zk} curves drawn. There are two intersection points (marked
as bullets) between the alpha curve below the marking Z, and the corresponding beta curve.
There are two differentials going from the left to the right generator: a bigon containing Z; and
an annulus containing Z,, both drawn shaded in the diagram. This produces a factor of the form
R L7 % in the definition of the complexes H(M).

The contributions to the differential on C(x) come from domains completely supported in the rows
containing O1, ..., Op41. By our previous observations, if their contribution is nonzero, the domains
must be of types II(b) of width one, III(b) of width one, IlI(a), IV(a), II(a), or IV(b). We already know
that the first four cases in this series produce nonzero contributions mod 2. More precisely, the first three
cases give a term (U; — Ui+1)xA\{i} in dx4, whenever i € A.

The challenge is to figure out the contributions from domains of type II(a) and IV(b). Lemma 15.6 implies
that nonzero contributions can come only from domains that have no local multiplicities bigger than one.
Hence, the differential on the complex C(x) takes the form

oxA = Z(Ui —Upgr) - x4 Zn;“ x AVt
i€A i¢A

for some values nlA € {0, 1}. These values are constrained by the requirement that 9> = 0. In fact, it
suffices to look at the coefficient of x4 in 82(x4):

Zn?\{i} (Ui = Ui+1) + Z”fi (Ui =Ui4+1)=0.

i€A i¢A
Since the values U; — U; 41 fori =1,..., p, are linearly independent, we deduce that nlA = 0 for all
possible A and i ¢ A. This completely determines the complex C(x). |

Proof of Proposition 15.4 For our choice of almost complex structure, all the domains that contribute
to the differential on the handleslid complex are either of type I(a), or appear in the differential on a
summand C(x) of an associated graded.

The holomorphic count for all domains of type I(a) is always £=1. As previously noted, such domains are
in one-to-one correspondence with empty rectangles on the quasidestabilized grid GL~M . The result
now follows by combining this observation with Lemma 15.7. See Figure 54. |
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15.5 The surgery theorem

By composing the maps (262), (263) and (265), we construct a map
(269) @ =Wy o DY o9 AT(G.s) > A GETM Y M )V Liem] ®a (M),

defined for any s € H(L).

This is the analogue of the map d>£71 from (100). There is also an analogue of Proposition 9.4:

Proposition 15.8 For any M and s € H(L),

M; My _
(270) Z cpwl(s)ocbs =0,

-

M\UM>=M
where M 1 and A712 are only considered with the orientations induced from M.

-

M
: . - . o ) v )
in (269). These factors commute with the descent maps D corresponding to disjoint sublinks. Indeed, if

M 1N ]\712 = ¢, then Proposition 6.18 implies that

Proof This is similar to the proof of Proposition 9.4, except we have the additional factors W

M,  AM AM M
‘I[s/l ODS/2 :Ds/zollls/l’
where s = pMz(wM' ()).

The maps WM also commute with the inclusion maps $M2 corresponding to disjoint sublinks. With
these observations in mind, the proof of Proposition 9.4 can be easily adapted to the present context. [

Using the new maps CI>£’[ , we can exactly mimic Section 9.2, and state a version of the surgery theorem
for grid diagrams instead of complete systems of hyperboxes.

We transfer most of the notation from Section 9.2. In particular, we have a framing A for the link L.
For a sublink N C L, recall that Q(N) is the set of all possible orientations on N. For N e Q(N), the
quantity A7 € H1(S3 — L) is the sum of the framings of those components of N oriented differently
in N asin L.

We consider the R-module

¢ (G.AN=EF [] @Gy iLeml) @2 % M),

MCL seH(L)
where Y™ simply means wM with M being the orientation induced from the one on L.
We equip €7 (G, A) with a boundary operator &~ as follows.
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Fors € H(L) and x € (A~ (GE™M yM (s))[{U;,j }r,cm]) ®a H(M), we set
D(s.x)= Y Y (+A; 5 0F(x)

NCSL-M §eq(N)

e @ P @GN YMN))HUL, i cmun]) ®aK(MUN)C€ (G, A).
NCSL-M Neq(N)
According to (270), 6™ (G, A) is a chain complex. Just like the complex 6™ (¥, A) from Section 9.2, it
splits into a direct product of complexes €~ (G, A, u), according to 1 € Spin© (Si (L)) =H(L)/H(L,N).
The complexes ¢~ (G, A, u) admit relative Z /0(u)Z-gradings, constructed just as for 6 (¥, A, u).

Theorem 15.9 Fix a grid diagram G (with at least one free marking) for an oriented link L in S3, and
fix a framing A of L. Then, for every u € Spin® (S?\ (L)), we have an isomorphism of relatively graded
F[U]-modules

(271) Hi (€ (G, A, u),97) = HF (S (L), u).
15.6 A complete system associated to the grid

Theorem 15.9 is a consequence of Theorem 1.1, albeit not an immediate one. A first guess would be to
construct a complete system of hyperboxes #¢ out of a grid diagram G (with at least one free marking)
as follows: as noted in Section 15.3, the grid G gives rise to hyperboxes %é’M for the pairs (Z M ).
One is tempted to try to include these into a complete system. Unfortunately, this is not possible: in a
complete system, the diagrams %L M (M ) and %L -M (M) are required to be surface isotopic, while for
a grid G, typically the dlagrams %G am and ¥ d% are not surface isotopic. For example, if M has the
orientation induced from L then in the dlagram %é M the new beta curves are obtained by handlesliding
over the O markings on M, whereas in ?ﬁé they are obtained by handlesliding over the X markings
on M.

Nevertheless, we can still associate to a grid G a complete system of hyperboxes % such that the
(compressed) maps on Floer complexes coming from %é’M are essentially the same as those coming
from %‘fé’M

In fact, if M is the orientation induced from L, we define ‘?T(?G to be exactly the same as %G M . On
the other hand, if M has some components with a different orientation, we need to change %L M using
some more beta handleslides.

Before constructing %é’M in general, let us make an observation. Let O}, X; be two markings on the same
row in the grid G. Then the two collections of beta curves B/ and X/ are strongly equivalent, being
obtained from each other through handleslides of the beta curves between O; and X, as in Figure 55.

For simplicity, let us first consider the case when M= —Zi is a single component of L, oriented oppositely
from its orientation in L. Then %L “Lijsa one dimensional hyperbox, consisting of a sequence of moves
from the reduction r_y; (G) to the diagram ?}6 L i obtained from it by handleslides over all X; € X;. In

Geometry & Topology, Volume 29 (2025)



3058 Ciprian Manolescu and Peter Ozsvdth

9) X (63

I

o

0

Figure 55: Relating the handleslides over O and over X. The top left picture shows a part of a
grid diagram, with an O and X markings in the same row. The vertical arrow on the left describes
a handleslide over the O. The top arrow describes a handleslide over the X, as well as relabeling
the X as an O. The vertical arrow on the right shows a sequence of handleslides, the end result
being a diagram surface isotopic with the one on the bottom left.

the new one-dimensional hyperbox %L Li we add at the end of this sequence a series of handleslides
dL , which is r; (G) handleslid over all O; ; € O;.
See Figure 56 for an example. There are unique ch01ces for the 1ntersect10n points that play the role of

as in Figure 55, so that we end at the diagram el

®-chain elements.

7/ T. — 7/ 7.
More generally, for L; C L', we define the one-dimensional hyperboxes %L Li and %L Li o consist of
similar moves as in the case L’ = L, except starting at the diagram handleslid over all the O markings
that are on the components of L — L'.

Next, to define the higher-dimensional hyperboxes ‘?T(fé/’M for all L’ and M, note that we already know
the sequence of moves on their edges. The moves in one direction of the hyperbox are independent of
those in a different direction, so it is straightforward to fill in the hyperbox by combining these moves.
The ®-chain elements are taken to be zero on higher-dimensional faces, just as we did for the hyperboxes

> -

%é’M from Section 15.3. The result is a complete system of hyperboxes #¢ for L. Indeed, for the
associated good set of trajectories, we can take horizontal paths on the grid joining each O marking to
the X marking in the same row.

Proof of Theorem 15.9 In light of Theorem 1.1, it suffices to show that the chain complexes €~ (G, A, u)
and €~ (g, A, u) are chaln homotopy equivalent. Indeed, for s € H(L) let us look at the hyperbox
of Floer complexes Qﬁ(% VfM (s)) associated to a hyperbox % M in ¥, as in Section 13.6. This
contains as a subhyperbox Q(%Ié M , wM (s)).
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X {--10
X | Jo |
0 --1x
0 X
o)
O (9 (O
X 0 X 0 X 0
0 - 0 — (O
0 X 0 X 0 X
0 0 0
O (9 (O
X o) X 0 X 0
o| — o| — s
0 X 0 X 0 X
0 o) 0

O O

Figure 56: Some hyperboxes in a complete system for the Hopf link. We show a grid diagram G
for the Hopf link L (with one free marking) and two one-dimensional hyperboxes in the complete
system ¥ associated to the grid. At the top we have the grid G, with one component L shown by
the dashed lines. The second row is the hyperbox %é’Ll of size (2), where L has the orientation
induced from L. The two bottom rows show the hyperbox “27_615’_1‘1 , of size (4). We describe each
hyperbox as a sequence of Heegaard diagrams, from the initial to the final vertex. The two initial
diagrams are obtained from the grid G by reduction at Zl and —Zl. The two final diagrams are
surface isotopic.
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In fact, 6(‘?76é’M, wM (s)) is obtained from Q(%é’M, wM (s)) by adding polygon maps corresponding to
handleslides over marked disks as on the right of Figure 55. According to Proposition 6.18, if we choose
suitable almost complex structures, these extra higher polygon maps are the same as the corresponding
polygon maps in the quasidestabilized diagrams. In the quasidestabilized diagrams, the handleslides from
the right-hand side of Figure 55 are nothing more than curve isotopies. On the level of hyperboxes of
Floer complexes, isotopies have (up to chain homotopy) the effect of identity shifts; compare Lemma 8.15
and the discussion of elementary enlargements in Section 8.4. It follows that Q:(‘}T(fé’M, wﬂ (s)) is
obtained from C(%é’M, wM (s)) by elementary enlargements, in the sense of Section 5.8. Elementary
enlargements leave unchanged the corresponding compressed hypercubes; see Lemma 5.21. Hence, the
maps involved in the complexes €~ (G, A, u) and €~ (¥, A, u) are the same, up to compatible chain
homotopy equivalences. |

Remark 15.10 Theorems 14.3, 14.4 and 14.10 also admit straightforward adaptations to the case of grids,
with the respective complexes all being expressed in terms of hyperboxes %Ié’M . The exact statements
are given in [Manolescu et al. 2009b].
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Scattering amplitudes of stable curves

JENIA TEVELEV

Hypertree divisors on the moduli space of stable rational curves were introduced by Castravet and
Tevelev (2013). Their equations appear as numerators of scattering amplitude forms for n particles in
N =4 Yang—Mills theory in the work of Arkani-Hamed, Bourjaily, Cachazo, Postnikov and Trnka (2016).
Rather than being a coincidence, this is just the tip of the iceberg of an exciting relation between algebraic
geometry and high energy physics. We interpret leading singularities of scattering amplitudes of massless
particles as probabilistic Brill-Noether theory: the study of statistics of images of n marked points under
a random meromorphic function uniformly distributed with respect to the translation-invariant volume
form of the Jacobian. We focus on the maximum helicity violating case, which leads to a beautiful
physics-inspired geometry for various classes of complex algebraic curves: smooth, stable, hyperelliptic,
real algebraic, etc.
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1 Introduction

1.1 In physics, momenta of n particles satisfy the momentum conservation law, p; + -+ p, = 0.
In mathematics, meromorphic forms @ with simple poles pi, ..., p, (log forms) on a compact Riemann

surface satisfy the residue theorem:
1 2

p1+...+pn=0 ReSpla)+"‘+ReSpna)=O.

4 3
Let C be a stable projective algebraic curve with marked points p1, ..., p,. The exact sequence

0— HC,wc) = HY(C,wc(p1+ -+ + pn)) 25 C" =5 C >0,

valid for n > 1, shows that we can always view momenta of n one-dimensional particles satisfying
the momentum conservation law as residues of a form w € H°(C, wc (p1 + -+ + pn)). For a smooth
curve C, ambiguities in the choice of w can be eliminated by fixing its integrals along periods. For a nodal
curve C, a local section of wc(p1 + -+ + pn) at each node ¢y, ..., g, € C can be identified with a log
form on the normalization C” which has opposite residues at the points g;", ql.+ mapping to the node ¢;.
These residues can be viewed as momenta of “internal” or “on-shell” particles satisfying a momentum
conservation law for each of the s irreducible components of C, as follows from an exact sequence

0— HY(C”, wev) = HY(C.owc(pr+ -+ + pn)) 2 Cntr ZlemZe, o5

When all components of C are rational, H°(C", wcv) = 0 and the datum of a log form on C is equivalent
to the datum of external and internal momenta satisfying momentum conservation laws (one law for each
irreducible component of C). Equivalently, this is the datum of one “edge variable” for each internal
(corresponding to a node) and external (corresponding to a marked point) edge of the dual graph of C
with a conservation law for each vertex of the dual graph.

1.2 Imagine a random process that gives a vector of log forms on (C; py, ..., pn). What will be the
probability distribution of residues? We will study the following simple random process. The first step is
a random tensor product factorization

(1.2.1) wc(pr+-+p)=LQL

into two line bundles, L of degree d and L of degree d (and d + d= 2g —2 +n). The choice of L is a
choice of a point in Pic? C and, when C is smooth, every connected component of the Picard group has
a uniform probability measure, the volume form invariant under translations by the subgroup Pic® C of
topologically trivial line bundles. If C is not smooth then Pic® C contains noncompact factors C* and
probabilistic interpretation is less straightforward. In fact the case most related to physics literature is
when all irreducible components of C are rational curves and Pic® C ~ (C*)&. Noncompactness will not
be an issue for us.
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1.3 The second step is a choice of sections s € H(C, L), 55 € H°(C, L) for some indices € I and
ael. Tensoring these sections gives a matrix of log forms

We focus on the case |I| = |I| = 2, which is related to the N = 4 Yang—Mills theory. Let L C Mat; » be
the subvariety of matrices of rank at most 1. The projectivization P (L) is a quadric in P3 isomorphic to
P! x P! Let

Y ={p1,....pn€L|p1+-+py, =0} CL".

The space Mat; » can be viewed as the complexified 4-dimensional Minkowski space and LL as the com-
plexified light cone. Thus Y parametrizes complexified momenta of n massless particles in 4 dimensions
satisfying the momentum conservation law. We observe that (Resy, wyg, . .., Resp, wag) € Y, since
each matrix Res,, wyg is proportional to the matrix (sq(p;)Sz(pi)) after choosing trivializations. So this
matrix has rank at most one and the residues of wgyg (at marked points and nodes) can be viewed as
momenta of massless (external and internal) particles.

This construction is reversible, at least in the most physically relevant case. Namely, suppose all
components of C are rational and the dual graph is 3-valent. Given massless momenta pi,..., p,
(external) and ¢, . .., g, (internal) satisfying momentum conservation laws (one for each vertex of the
dual graph), suppose that no two momenta adjacent to the same vertex are proportional. Then there exists
a factorization (1.2.1) and sections s¢ € H%(C, L), 55 € H%(C, L) for a, & = 1, 2 such that the momenta
are the residues! of the 2 x 2 matrix of log forms (sq ® 55).

1.4 We would like to focus on situations where there are no constraints on external and internal momenta,
ie when a dense subset of points of Y can be obtained as residues up to a finite ambiguity. This requires
imposing the condition?

(14.1) n=g+3.

1.5 We would like to study distribution of residues of the matrix wgyg but we run into a problem: there is
no natural probability measure on the space of sections sy, 53 unless we choose some extra data such as
a hermitian metric on L. Instead of making a choice of a specific probability measure, we can design
an experiment with outcomes that don’t depend on sections by introducing a rational (ie defined on an

ndeed, let (wgg) be the 2 x 2 matrix of log forms that corresponds to the momenta. Since the restriction of wc (p1 + -+ pn)
to every irreducible component of C has degree 1, the sections w,g globally generate the line bundle wc (p1 +-- -+ pn) and
therefore give a morphism C — IP3 such that every irreducible component of C maps to a line. By assumption, images of
marked points and nodes belong to the quadric IP(IL). Since a line intersecting a quadric in 3 different points belongs to it, the
image of C lies on the quadric, ie the matrix of log forms has rank 1. The line bundles L and L are pullbacks of Op1,p1(1,0)
and Op1,p1 (0, 1), where P(L) = P! x P

2By the Riemann—Roch theorem, H%(C, L) and H°(C, L) have expected dimensions r = d + 1 — g and ¥ = d+1- g.
Rescaling all so by z € C* and 57 by z ! gives the same forms wyg and so the same residues. Thus the variety of choices
(L.L, sq. sz) modulo C* has expected dimension g + 2r + 27 — 1 = g +2n — 1. On the other hand, Y is a variety of dimension
3n — 4 (assuming n > 4). Thus the condition on dimensions is g + 2n — 1 = 3n — 4, which is equivalent to (1.4.1).
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open subset) map A: Y --> M to some algebraic variety M. If A is independent of sections s, and 53
then it descends to a rational map A : Pic? C --> M and describing a probability measure on M becomes
a well-posed problem. Concretely, projecting the quadric P(IL) = P! x P! to the first or the second factor
gives rational maps . -—> (IP1)” known as spinor variables in physics. Taking a quotient by the PGL,
action gives a rational map (P1)" --> My, to the moduli space of n distinct marked points on P!. To
summarize, we have two rational maps

AN Y L% > (P —-> Mg .

The image of a point (Resy, wqg. - .., Resp, wyg) under the map A (resp. A) is given by an n-tuple
([s1(pi) = 52(pi)])i=1....n (tesp. ([51(pi) :52(pi)])i=1...,n) of points in P! modulo PGL,. One can further
compactify My , by the Grothendieck-Knudsen moduli space Mg ,, of stable rational curves or choose a
different compactification.

Requiring that A descends to A: Pic? C --» My, obviously means that the expected dimension of
HO(C, L), which in the physical context is known as helicity, should be equal to 2. By Riemann—Roch,
this is equivalent to the requirement

(1.5.1) d=g+1.
1.6 Definition Let (C; p1,..., pn) be a stable curve of genus g with n = g + 3 marked points. Fix a
multidegree vector d = (d;) (one degree d; for each irreducible component of C) such that d =) d;

satisfies (1.5.1). This gives a connected component Pic? C c Pic? C. We say that a pair (C, d ) is
a maximum helicity violating (MHV) curve if, for a generic line bundle L € Pic? C, we have:

(1) L is not special, ie it has exactly two linearly independent global sections,
H%C,L)=C? and HYC,L)=0.
(2) The evaluation map : H°(C, L) ® Oc — L is surjective; equivalently,
¢L: C --> P!
is a morphism (which is automatic if C is smooth) and L >~ ¢; Op1(1).

(3) The rational scattering amplitude map

A:Pic? C - Mon, L (eL(p1),....0L(pn)),

is dominant at L, or equivalently, generically finite.

1.7 Definition The scattering amplitude form of an MHV curve is a unique (up to a constant multiple)
nonzero Pic® C-invariant holomorphic g-form

A e H°(Pic? C, Q9),
viewed as a multivalued meromorphic form on My 5.
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1.8 Summary We start with a stable curve C of genus g with n = g 4+ 3 marked points. The MHV
experiment is a choice of a random line bundle L of degree d = g + 1 or, equivalently, a random
meromorphic function ¢; : C — P! of degree d. When C is smooth, the probability distribution of L
is uniform with respect to the translation-invariant volume form on the Jacobian. We study probability
measures on My, that give statistics of points ¢r(p1),...,¢r(ps) € PL. This gives a family of
(complexified) probability measures that depend on 4g complex parameters describing the input curve
(C.p1,....pn) € Mg,n-

1.9 Remark It is clearly superfluous to keep the notation g, d, n for quantities related by the equations
(1.4.1) and (1.5.1) throughout this paper. Our excuse is that they are associated with the main players, the
curve C, its Picard group and My 5.

1.10 Example An MHYV curve of genus 0 is just P! with three marked points. In this case d = 1 and
Pic! C is a point, namely the line bundle L = Op1(1). The map ¢ : P! — P! is an isomorphism which
maps p1, p2, p3 to three distinct points, which can be moved to the points 0, 1, oo by applying the PGL,
action. It follows that the scattering amplitude map A in genus 0 is simply

pt = Pic! P! A, My 3 = pt.

1.11 Notation A connected component Pic‘? C of the Picard group is determined by multidegrees
ds = deg L|c,, one for each irreducible component C; C C. We have d = ) dy;. We draw an MHV
curve as an on-shell diagram, a dual graph of C with marked points as exterior legs. Vertices of the
diagram correspond to irreducible components of C and interior edges correspond to nodes. Genus-
zero components are drawn as circles, components of positive genus g, are decorated with g5 holes.
Components where the line bundle has degree ds = 0 are left blank, components of degree ds =1 are
shaded black, and if dg > 1 then we just write dg in or next to the component. If the curve is irreducible
then we don’t indicate the degree at all since it’s always equal to g + 1.

The advantage of the on-shell diagram over the dual graph of the stable curve is that it records the
multidegrees d of L. In Theorem 4.4, we will show that the locus of MHV curves is open. In particular,
the set of possible on-shell diagrams is closed under edge contractions.

1.12 Example In genus 1 there are many possibilities, illustrated in Figure 1. Here d =2 and n = 4.
So the map ¢z : C — P! is a double cover and the scattering amplitude map A takes L € Pic? C to the
cross-ratio of four points

or(p1),  eL(p2), ¢L(p3). ¢r(ps) € PL.

It turns out that if C is a smooth elliptic curve, then A : Pic> C — P! is a double cover and the scattering
amplitude form A is an integrand of an elliptic integral.
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1 21 2 123 123 1 2 1 2 3 1 2
4 3
1 2
4 3 4 3 4 4 4 3 4 3

Figure 1: On-shell diagrams of MHV curves of genus 1.

The calculations in genus 0 and 1 motivate the following theorem, which is explored from different
points of view in subsequent sections.

1.13 Theorem The scattering amplitude map A has degree 28 for a general curve C.

1.14 Contents of Section 2 One of the goals of the paper is to localize 28 line bundles in the preimage of
a general point of My ,, ie to describe branches of the multivalued inverse function A~1. In Theorem 2.3
we show that every smooth curve is an MHV curve. We use the theory of special divisors [Arbarello
et al. 1985], which was classically developed to study the images of Abel-Jacobi maps, in particular the
focus was on the d = g — 1 case. The MHV regime d = g + 1 is just as rich and exciting. We introduce
various special divisors in Pic¥ 7! C as well as the planar locus W that parametrizes presentations of the
curve C as a nodal plane curve of degree g + 1.

1.15 Contents of Section 3 Given that all smooth curves are MHV curves, one expects a simple
classification of stable MHV curves, but this is quite a delicate question, which we start to investigate in
this section. These results are not central to the paper but they are used throughout. If the curve C has a
node such that removing it separates C into two connected components (ie the on-shell diagram is not
2-connected), then C is not an MHV curve — the only MHYV curves with compact Jacobians are smooth
curves. This is known as a one-channel factorization in physics. If the on-shell diagram is 2-connected
but not 3-connected (more precisely, if C has a two-channel factorization, see Definition 3.11), then C is
separated into two components by removing two nodes, and information about the scattering amplitude
can be read from the components; see Theorems 3.16 and 3.18.

1.16 Contents of Section 4 To study families of MHV curves and scattering amplitudes, we introduce
the universal scattering amplitude map
A PicMIV @ s My,

over the locus of MHV curves Mé{;‘v C ./iTLg,n. We use two open substacks in the stack of quasimaps:
moduli of stable quotients [Marian et al. 2011] and moduli of presentations of slope-stable line bundles.

3Since the paper first appeared on the arXiv, many further interpretations and generalizations of this “Tevelev degree” have been
investigated; see eg [Buch and Pandharipande 2021; Cela 2023; Cela and Lian 2023; Cela et al. 2022; Farkas and Lian 2023;
Lian 2023; Lian and Pandharipande 2021].
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We find a convenient polarization for MHV curves and compactify Pic™V € by a projective family of
compactified Jacobians.

1.17 Example 1.12, continued While a smooth elliptic curve E degenerates into a wheel C of four
projective lines, Pic? E degenerates into PicMHV C, a wheel of two projective lines, the MHV components
Pic® 101 and Pic!:%1:0 represented by stacked on-shell diagrams on the right side of Figure 1. Each of
these components has the same amplitude form, a phenomenon called square move by physicists. For
any of the curves in Figure 1, the fiber of the universal scattering amplitude map is a ramified double
cover of P! by an irreducible curve of arithmetic genus 1 except for the four-wheel, when it becomes a
reducible 2 : 1 cover
PicMIVe =PI UP! ZL Pl = Mo 4.

1.18 Contents of Section 5 Scattering amplitude maps and forms of hyperelliptic curves give a new
perspective on the theory of parabolic vector bundles of rank 2 on P!, A hyperelliptic curve C is given
by the equation y2 = f(z), where f is a polynomial of degree 2g + 2 or 2g + 1 without multiple roots.
This gives a double cover map

on:C =Pl (z,y)z.

Marked points py, ..., p, project to points z1, ..., z, € P!, which we assume are different. In the study
of pointed hyperelliptic curves it is often assumed that all marked points are Weierstrass points (the roots
of f(z)), but in our approach the marked points are decoupled from the Weierstrass points. We show in
Lemma 5.6 that the scattering amplitude map of hyperelliptic curves factors as

. A B
A:Picf ™1 C 25 Bun(Plizy, ..., zp) o> Mo,

where Bun(P'; zy, ..., z,) is the moduli stack of parabolic rank 2 bundles with trivial determinant,
the map A associates to a line bundle L € Pic¥ ! C its pushforward (¢p)«L with parabolic lines
determined by marked points, and finally E is a very basic birational map which can be described as
follows. A projectivization of a generic parabolic vector bundle is a ruled surface P! x P! with points
(z1,91), ..., (zn,qn) giving the parabolic structure, and the map E assigns (¢1, ..., ¢n) to this bundle;
see Figure 2. It follows that in the hyperelliptic case the scattering amplitude map combines effects
of the birational morphism &, which only depends on z1, ..., z, but not on C, and the map 1_\, which
is thus a finer invariant in the hyperelliptic case. To study the scattering amplitude form as a form on
the moduli space of parabolic bundles, we have to choose its projective model. We study effects of
a well-known wall-crossing between projective models and the action of the Weyl group W(D,,) by
elementary transformations.

1.19 Contents of Section 6 In Theorem 6.2 we make another step towards proving Theorem 1.13: we
show that the scattering amplitude map A has degree 28 for every hyperelliptic curve C. We use beautiful
results of Jacobi [1846] (amplified by Moser and then Mumford [1984]) that give an explicit model for the
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P(E)

1 PP PP P S—
P Z1 Zn

Figure 2: The map E: Bun(P!;zy,...,2,) -—> Mo, given by (E; Vi,...,Va) = (q1, ... qn).

Jacobian of a hyperelliptic curve (with a removed theta-divisor) as the orbit space of conjugacy classes of
2 x 2 polynomial matrices. Moreover, translation-invariant vector fields on the Jacobian can be described
in the form of the Lax differential equation, and this can be used to compute branches of the scattering
amplitude form.

1.20 Contents of Section 7 In genus 2, where every curve is hyperelliptic, we combine methods of
Section 5 with a classical observation of Halphen [1882]: a sufficiently general divisor P = p1 +---4 py
of marked points on a smooth MHV curve embeds it ¢p : C < IP3 as a degree n = g + 3 space curve.
This gives a way to study the scattering amplitude using geometry of P3. By the results of Section 5,
the scattering amplitude map A : Pic®>C --> M 0,5 > dPs into the quintic del Pezzo surface factors
through the moduli space of parabolic vector bundles of rank 2, which in this case is the quartic del Pezzo
surface dPy4. In Theorem 7.6 we resolve this map by a finite morphism A : Blyg Pic® C — dP4 of degree 4
from the blow-up of Pic® C in 16 special points to the quartic del Pezzo surface. We show in Theorem 7.7
that whenever all marked points are Weierstrass points, A becomes a well-known map: it factors as a

composition of two double covers,
Bl Pic® € 25 K3 2L dpy,

where the K3 surface is the minimal resolution of the Kummer surface. For general marked points away
from the Weierstrass points, the intermediate K3 surface disappears from the picture but the degree 4
scattering amplitude morphism A as well as the double sixteen configuration on the abelian surface survive.

1.21 Contents of Section 8 In this section we inject a measure of reality into the study of scattering
amplitude forms of smooth curves. In order to obtain real probability measures, we have to turn to real
algebraic geometry. The answer is beautiful for smooth real curves with the maximal number of real ovals,
so called M-curves, with marked points distributed as in Figure 3: either all marked points are real and all
ovals contain one marked point except for one that contains three (type A) or all but two marked points
are real, one for each real oval, and the other two are complex-conjugate (type B). The main result of
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(OO

Figure 3: MHV M-curves of type A, left, and type B, right.

this section is Theorem 8.6: line bundles in every fiber of the scattering amplitude map A over My ,(R)
“localize” into different connected components (there are conveniently exactly 28 of them)

Pic§ "' R C Pics T1 R.

We use this theorem of real algebraic geometry to prove Theorem 1.13, which is a theorem of complex
algebraic geometry. Back to M-curves, in Theorem 8.10 we show that the scattering amplitude map A
gives real-analytic open immersions

Ar:PicS T R < Mo, (R)

from an open dense subset of every connected component of Pic5t! R. This gives real probability
measures | Ay | on My ,(R) that depend on 4g real parameters. For an especially nice connected component
Picffl,Jrl R, which we call the Huisman component, the scattering amplitude map induces a real-analytic
isomorphism
. g+1 A 1
R&/Z8 ~Picf;” R = (RP")8,

which gives a positive, smooth (in fact real-analytic) scattering amplitude probability measure on (RP1)&;
see Theorem 8.12. As an example, we study scattering amplitude probability measures in genus 2, which
produces pretty probability density functions as in Figure 4.

1.22 Contents of Section 9 In this section we describe maximally degenerate stable MHV curves,
ie curves with trivalent on-shell diagrams. By combining results from [Castravet and Tevelev 2013] and
[Arkani-Hamed et al. 2015], we show that they are given by CT hypertrees: collections I' ={I"y,..., [z}
of triples in {1, ..., n} that satisfy

ur

jes

9] >|S|+2 forevery SC{l,...,d}.

For example, as observed in [Castravet and Tevelev 2013], every checkerboard triangulation of a 2-sphere
gives a CT hypertree, in fact two of them. Vertices of the triangulation give the indexing set {1, ...,n} and
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Figure 4: Scattering amplitude probability measures in genus 2.

black triangles give triples; see Figure 5. Another CT hypertree is given by white triangles. The scattering
amplitude perspective uncovers geometry of spherical CT hypertrees: in Theorem 9.11 we show that
they appear as stable degenerations of real MHV M-curves. Beautiful results of Tutte on arborescences
associated with triangulations make an appearance in the proof.

1.23 Contents of Section 10 Here we compare our compactified Jacobian approach to a traditional
Grassmannian approach of [Arkani-Hamed et al. 2016], especially in the non-MHYV case.

black hypertree

white hypertree

2

Figure 5: Two spherical CT hypertrees from the same triangulation [Castravet and Tevelev 2013].
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2 Massless Brill-Noether theory

2.1 Example Let C be a smooth genus-1 curve with 4 marked points py, ..., p4. Every line bundle
L € Pic? C gives a double cover ¢y : C 1 p1 presenting C in the form y? = f(x), where f is a
polynomial of degree 3 or 4. Recall that

Moa =P\ {0, 1,00}

via the cross-ratio function of four points. We compactify My 4 by M 04=P 1 If we denote by q1,....q4
the images of marked points ¢z (p1). ...,z (ps) then the scattering amplitude map A takes L € Pic? C

to their cross-ratio function
g4 —4q1 92—43
q92—4q1 44 —4q3

Of course Pic? C ~ C but not canonically. In fact Pic?> C has 6 distinguished points
pij = O0(pi + pj), with i 7 j,
and carries a natural degree-2 line bundle

£ =0(p12+ p34) = 0(p13 + p24) = 0(p14 + p23).

The images of points p;; € Pic? C under the scattering amplitude map are

A(p1a) = A(p23) =0, A(p13) =A(p2a) =1, A(p12) = A(p34) = o0,

P2

P1

P3
Figure 6
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and A is the double cover
pg: Pic2C L pl.

In the complex torus model Pic? C = C/Z + Zt, the inverse of the scattering amplitude map A is given
by the elliptic integral

/ *odx

z= ,
xo v/ 8(x)
where g is a degree-4 or degree-3 polynomial. To summarize:

(1) The scattering amplitude form A(x) = dx /\/@ has 4 branch points.

(2) The curve C is uniquely determined by the scattering amplitude form.

(3) Marked points p1, ..., p4 are determined by A~1(0), A~!(1) and A ~!(00), but not uniquely: the
action of the Klein 4-group that permutes the marked points pq, ..., p4 in pairs is not detected by
the scattering amplitude.

2.2 Remark A special case is when py, ..., ps are 2-torsion points of an elliptic curve with origin p;.
We identify Pic? C with C = Pic! C by tensoring with O(p1). Then & is identified with 0(2p;). The
6 points p;; specialize to 3 points p>, p3, ps, each with multiplicity 2. A special feature of this scattering
amplitude form is that three of its branch points are at 0, 1, co. The fourth one determines the j-invariant.
More generally, we will see in Section 5 that scattering amplitudes of hyperelliptic curves can detect
whether or not the marked points are at the Weierstrass points.

2.3 Theorem Every smooth pointed curve (C; py, ..., pn) of genus g is an MHV curve.

Proof Recall thatn = g+ 3 and d = g + 1. We are going to use repeatedly that a generic line bundle of
degree less than g is not effective [Arbarello et al. 1985]. Let L be a generic line bundle of degree g + 1.
Then wc ® L* is also a generic line bundle. Since its degree is (2g —2) — (g + 1) = g —3 < g, we have
h' (L) = h®(wc ® L*) =0, ie L is not special. This proves part (1) of Definition 1.6.

Next, we verify part (2). If p € C then ' (L(—p)) = h®(wc ® L*(p)). Since the degree of wc ® L*(p)
is g —2, it is effective only if can be written as O(xq +-- -+ xg_2) for some points on the curve. It follows
that L >~ wc(p —x1 —---— xg—2). But the locus of these line bundles is at most (g—1)-dimensional,
which contradicts the fact that L is generic. Thus L is globally generated.

We claim that ¢, (p;) # ¢ (pj) wheni # j,ie A(L) € My, for a generic L. Indeed, h! (L(—p; —p;)) =
h®(we ® L*(pi + pj)) = O since its degree is g — 1 < g. Thus ¢, sends p; and p; to different points
of P1.

To show that the scattering amplitude map A : Pic¥ ™! C --> My 5, is generically finite, we compute its
differential at a generic point. Tensoring an exact sequence

g+3
0—0(-P) —> 06— P 0, 0.
i=1
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where P = py + -+ + pgy3, with ¢ (Tp1) >~ O(L®?) gives an exact sequence

g+3
HO(C,L®*(—P)) > H’(C. ¢} (Tp1)) > EP H (pi. ¢} (Tp1)) > H' (C. L®*(—P)).
i=1

Since L®?(—P) has degree 2(g + 1) — (g + 3) = g — 1, both ends of the sequence vanish for generic L
and we have an isomorphism

g+3
HO(C,9f(Tp1)) ~ €D H®(pi. ¢} (Tp1)) ~ CEF>,

i=1
In other words, every infinitesimal deformation of points ¢z, (p1), ..., ¢r(pg+3) in P! is induced by an
infinitesimal deformation of the map C — P! which, since H!(C, L) = 0, is given by an infinitesimal
deformation of L and infinitesimal PGL, action. It follows that the differential of A is an isomorphism
at L. |

Analyzing the special loci from the proof of Theorem 2.3 gives the following.

2.4 Amplification (planar locus W and special divisors E, E;;, R C Pic® 1)
(1) L is not special away from the image W of the map
Symg_3 C —>PicttC, (x1,...  Xg—3) > wc(—Xx] —- - —Xg_3).

(2) L is basepoint-free away from the image E of the map

C xSymf2C - Pic¥t1 C, (p,x1,....Xg—2) > 0Oc(p—X1 —+-—Xg_2).
(3) A(L)isin My, when L is away from E and the images E;; for 1 <i < j <n of the maps

Sym® ! C — Pict ! C, (X1,....Xg—1) > oc(—x1—+—Xg—1+ pi + pj).
(4) Let ® C Pic?$12 be the image of the map

Symf 1 C - Pic¥*2C,  (x1,....xg-1) > O(x1 + -+ Xg_1 + p1 + -+ Pg13).

The scattering amplitude map A is unramified away from E, E;; and the locus R = m~1(0),
where m is the map
m:Pic¥t1 C = Pic26+2C, L L®2

(5) W C E N[\, Eij has codimension 3 in Pict ™' C.

(6) E;j and © are theta-divisors.

(7) E is a theta-divisor if C is hyperelliptic, otherwise £ = (g — 1)0.
(8) The divisor R is algebraically equivalent to 40.
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Proof Recall that theta-divisors are defined up to translation by an element of Pic® C and are not
preserved by any nonzero translation. The locus of effective divisors in Pic¥ ™! C is “the” theta-divisor.
Thus everything follows from the proof of Theorem 2.3, except for the calculation of the class of the
ramification divisor R, which follows from the theorem of the cube, and the class of the “difference
divisor” E. If C is hyperelliptic then wc(p —x1—++—Xxg2)~Kc —(g—2)h+p+x1+---+xg—2,
where £ is the hyperelliptic divisor, and so E is the translate of the theta-divisor. If C is not hyperelliptic,
the class of E in the Neron—Severi group was computed in [Farkas et al. 2003, Proposition 3.7(b)]. O

2.5 Remark (i) As pointed out by the referee, [Farkas et al. 2003, Proposition 3.7] studies the image
of the difference map

wb,a:Symb C xSym? C — Pict— C, (p1,....pp)x(x1,....,x0)>0c(p1+--+pp—x1—++—Xxgq)

only under the assumption that | <b <a < %(g — 1), which is stronger than ours (b =1, a = g —2).
However, their argument works verbatim in our case. We only need to show that 1 g is birational
onto its image if C is not hyperelliptic. Arguing by contradiction, take two different points in a fiber,
P1— X1 — - —Xg—p ~ py —X| — - —x,_,, for a general (g—1)-tuple p1,x1,...,xg—2. Then
pr+xy+-+xg_y~ py+ X1+ + xg. If these divisors are different, then by Riemann singularity
theorem and dimension count, dim Sing ® > g — 3, which contradicts Martens’ theorem since C is not
hyperelliptic. Thus these divisors are the same, and so p; = x; for some i, which contradicts generality.

(ii) Divisors E, E;; and R all provide natural polarizations of Pic® *t1C. Note especially that E is
independent of the marked points py,..., ps.

2.6 Loci E and E;; After choosing a compactification of My ,, for example M 0.n. the scattering
amplitude map (as any rational map) will extend generically along divisors E and Ej;. Line bundles
L € E have base locus but (away from W) still determine meromorphic functions ¢z : C — P, However,
moving base points doesn’t change ¢, but changes L and as a result A contracts £ to a locus of smaller
dimension, most dramatically to a point 0 € My, in the hyperelliptic case (see Corollary 5.13). This
produces a singularity in the scattering amplitude probability measure. By contrast, divisors E;; are
largely harmless: extension of A maps E;; to the locus in the compactification of My , where two marked
points in P! come together, for example to the boundary divisor A;; in the case of M. Here is an
example of a different and very ergonomic compactification.

2.7 Lemma Fix three indices, for example g + 1, g + 2, g + 3. The scattering amplitude map induces a
generically finite rational map

T,y g

(2.7.1) A:PicBtTLC - My, ——5 (M .4)% ~ (P1)8,

where t;: Mo, — Mo fori = 1,..., g is the forgetful morphism given by the indicesi, g + 1, g + 2
and g + 3. A general line bundle L € Pic® ! C is mapped by m; to the cross-ratio of the points ¢ (p;),

oL (Pg+1): 9L (Pg+2). pL(Pg+3). Let L € PicBT C \{RU E}. If the points g1 (pg+1), ¢L(pg+2) and
@1 (pg+3) are different, then (2.7.1) is regular and unramified at L.

Geometry & Topology, Volume 29 (2025)



Scattering amplitudes of stable curves 3077

Proof Identical to the last paragraph of the proof of Theorem 2.3. O

2.8 Locus W We call W the planar locus: generically along W, ¢y, is a morphism

(2.8.1) or: C — P2,

If C is a general curve, ¢y, realizes it as a degree-(g+1) plane curve with % g(g —3) nodes away from the
marked points p1, ..., pn. Generically along W, the scattering amplitude map is resolved by the blow-up
(2.8.2) A:G =Bly Pictt1 C -——> My ,.

In the language of Brill-Noether theory [Arbarello et al. 1985], G parametrizes pencils of divisors on C
of degree g + 1. Let

WcG
be an exceptional divisor over W. The map W — W is a P2-bundle (generically along W). Generically

along W, the map A of (2.8.2) can be described as follows: a point (L, p) € w gives both a “planar
realization” (2.8.1) and a point p € P2. Projecting points

(pL(pl)7 .. ,§0L(pn) S Pz

from p gives points ¢1, . ..,q, € P!. The class of (q1,...,¢n) in Mo, is the image of (L, p) under A.
By [Castravet and Tevelev 2012, Theorem 3.1], A(Dw) C M 0,n 1s a divisor covered by surfaces

2
(2.8.3) S =Bly, (p1)seesor (0) P

for general L € W unless points ¢r (p1), - - ., ¢ (pn) lie on a conic, in which case the conic is contracted
to a point.

2.9 Lemma The multivalued scattering amplitude form A on My , has branches that vanish along the
divisor A (Dy) with multiplicity 2.

Proof Equivalently, we claim that the pullback of the scattering amplitude form A on Pic¥t! C to G
vanishes to the order 2 along W. But W has codimension 3 and for a blow-up 7: G = Bl X — X with
exceptional divisor W, one has 7* Ky = Kg(—k W), where k = codimy X — 1. a

2.10 Example W is empty in genus 1 and 2. For a curve of genus 3,
W ={K} e Pic* C,

and g : C — P? is an embedding of C as a quartic curve if C is not hyperelliptic and a 2 : 1 map to a
conic in P2 if C is hyperelliptic. If C is a general quartic (resp. hyperelliptic) curve then S as in (2.8.3)
is a general smooth (resp. nodal) cubic surface. This is related to the fact that Mo ¢ has another projective
model, the Segre cubic threefold in P4, and S is its hyperplane section. At the moment little is known
about divisors A(W) C My, for g > 3.
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3 One- and two-channel factorization

3.1 Recall that the on-shell diagram is the dual graph of C decorated with degrees of L € Pic? C on
its irreducible components. If C is an MHV curve then none of these degrees are negative since L is
globally generated. However, some of the degrees can be equal to 0. The corresponding components
are contracted by the map ¢;, : C — P'. The union of irreducible components where L € Pic? C has
degree 0 can be written as a disjoint union of maximal connected components

c. ....clo.

The following lemma is essentially from [Arkani-Hamed et al. 2015]:

3.2 Lemma If C is an MHV curve then each connected component Cl.(o) is a curve of arithmetic genus 0
(ie a tree of P1’s) with at most one marked point.

Proof The restriction of a generic line bundle L to each Cl.(o) is a globally generated, on the other hand
generic, line bundle of degree 0. Therefore this restriction is a trivial line bundle and so the genus of
each Cl.(o) is zero. Since ¢y, contracts each Cl.(O), it can contain at most one marked point, otherwise A is
not dominant. |

3.3 Remark One can substitute each tree Cl-(o) of rational components with any other fixed curve of
arithmetic genus zero with the same number of marked points (ie zero or one) and the same number of
“outbound” points (where Cl.(o) is connected to the rest of the curve C). This doesn’t change the scattering
amplitude. In the language of on-shell diagrams, Lemma 3.2 says that a subgraph of degree 0 vertices is
a disjoint union of r connected trees of white circles with at most one marked point on each tree. Each of
these trees can be substituted with one white megacircle without changing the scattering amplitude.

The following fact is very useful.

3.4 Lemma Let C be an MHV curve. Choose two points x,y € C (not necessarily marked points).
Then either x and y belong to the same rational component Cl-(o) of Section 3.1, or

oL (x) # oL (y)
for a general line bundle L € Pic? C.
Proof Let L be a general line bundle in Pic? C. It gives a morphism ¢; : C — P!, Suppose x and y are
not in the same component Cl-(o) (clearly contracted by ¢r,) but ¢, (x) = ¢r(y) =0 € P!. Conditions

(1) and (2) in Definition 1.6 of an MHV curve are open in Pic? C. We claim that L can be deformed to
force @1, (x) # ¢ (). Let g: C' — C be a morphism and let D, D’ C C’ be divisors defined as follows:

(1) If x is a smooth point of C and its irreducible component A containing x is not contracted by ¢y,
then C' = C and D = m|[x], where ¢} (0) = m[x]+--- and D’ = m[x'], where x" € A is a general
point.
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(2) If x is a node of C and irreducible components A and B passing through x are not contracted
by ¢y, (it could be that A = B) then C’ is a partial normalization of C obtained by separating the
node x, D is a divisor supported at g~ (x) such that (¢ 0 g)*(0) = D +--- and D’ is a general
effective divisor on C’ with the same multidegree as D.

(3) Finally, if x € Cl.(o), and letting C’ be C \Ci(O), then D is a divisor supported at g~ ! (Cl-(o)) such
that (¢ 02)*(0) = D +--- and D’ is a general effective divisor on C’ with the same multidegree
as D.

Let Lo e Pic® C be a line bundle such that g*Lo~0¢/(D’'—D), which exists since g*: Pic(C) — Pic(C’)
is surjective in all three cases. We can assume that ¢7.g1,,(y) = 0. We claim that 97,1, (x) # 0. Indeed,
let s be a global section of L that vanishes at x and y and let so be a rational section of L¢ such that
(g*s9) = D' — D. Then g*(s¢s) has no poles and doesn’t vanish along D, and therefore sqs is a global
section of Lo ® L that vanishes at y but not at x. O

There are two more restrictions on MHV curves:

3.5 Lemma Let (C, d ) be an MHV curve with a connected subcurve A of arithmetic genus p, and
LePic?C a generic line bundle.

(1) If p>0,thendegL|4 > p + 1.
(2) IfdeglL|4 = p+1, then A contains at most p + 3 marked points.

Proof Indeed, L|4 is both globally generated and generic, thus deg L.|4 > p + 1. This proves (1).
Let Ny C {1,...,n} be the subset of marked points that belong to A and let n4 be its cardinality. If
degL|g = p+1,then ¢, isamap A — P!, The scattering amplitude map A is dominant, therefore
the induced map Picda A — My, that sends L|4 to the configuration of points ¢r|,(p;) for i € Ny
must be dominant as well. It follows that n4 < p + 3. This proves (2). O

3.6 Corollary Figure I lists all MHV curves with g = 1 (up to permuting markings).

Proof A dual graph of a nodal curve of arithmetic genus 1 is a graph of genus 1, ie a genus 1 vertex or a
cycle (perhaps reduced to a loop) with trees attached. By Lemma 3.5, the degree of the cycle is 2, so all
trees have degree 0. By Lemma 3.2, there are actually no trees, so the on-shell diagram is a cycle. This
leaves diagrams from Figure 1. |

3.7 Example Let C be an irreducible nodal curve of arithmetic genus 1 with 4 marked points py, ..., ps.
We view C as P! with 0 and oo identified. Marked points py,..., ps € C* C P!. For x, y € C*, the
line bundle L = O([x] + [y]) € Pic? C determines the map

p

2:1 1
.. C —=P", _>—_—
v P =k —y)
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(Note that @7, (0) = ¢r (00).) It is easy to see that O([x]+[y]) >~ O([x']+[y’]) ifand only if xy = x"y' =z
in C*. This gives an identification of Pic> C ~ C*. The map

A:Pic>C — Mos~P', AL)=X1=[pL(p1):¢r(P2); oL (P3): oL (Pa)].

is the cross-ratio of points varying with L. Using invariance of the cross-ratio,

A(L) = [ P1 : D2 : D3 : D4 ]
L (p1 =) (p1—y) (p2—=x)(p2—Y) (p3—x)(p3—y) (pa—x)(ps—1Y)

[(p1—2)(p1—Y) (p2—x)(p2—Y) (p3—x)(p3—Y) (p4—X)(p4—y)]
i P1 ' P2 ’ P3 ' P1

z z z z
= pl—(x+y)+—:pz—(X+y)+—;p3—(X+y)+—:p4—(X+y)+—}
| P1 p2 D3 Pa
[ z z z z

=|p1+— p2+—ip3+— pat+—| =47

| P1 P2 D3 Pa

Thus A = A(z) extends to a map P! 2L P1 that sends 0,00 to [p1 : p2; p3 : pa). The target P! is the
M 0,4 and the source P! is a new feature of the stable curve case, the normalization of the compactified

Jacobian Pic? C, in this case a nodal cubic. The 1-form dz/z of Pic? C is invariant under the group

action of C* 2 Pic® C on Pic? C. As a form on Pic? C, the amplitude has log poles at its boundary point,
but as a form of A, the pole is located at [p; : p2; p3 : pa] ¢ {0, 1, oo}. To summarize:

(1) The scattering amplitude form is

dA
AQ) = ,
@ (A —20) v/ f2(R)

with the log pole
Ao =[p1:p2;p3: pa] 10,1, 00},

where f5 is a polynomial of degree 2 with roots A (& ./p1p2 p3pa).

(2) The marked points pq, ..., ps are determined modulo the action of the Klein 4-group that permutes
them in pairs. Specifically,

ATYNO0) = {p1pa, pap3},  AT'() ={p1p3, papa}, AT (00) = {p1p2, p3pa}.
3.8 Next we consider various situations when the curve C can be separated into two connected compo-
nents A and B by nodes. We will use the following notation:

(1) g4 and gp for the arithmetic genus of components A and B.
(2) dy4 and dp for the degree of Ly = L|4 and Lg = L|g. We have d4 +dp = d.

(3) N4 and Np for the subsets of marked points on A and B and n4 and np for their cardinalities. We
have ny +np =n.
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3.9 One-channel factorization Let C be a nodal curve with a separating node. In other words, the
on-shell diagram of C is not 2-connected. This is related to a one-channel factorization in physics where
virtual particles are interchanged through the separating node. The following lemma is well-known in
physics.

3.10 Lemma A curve with a separating node is never an MHV curve. In particular, the only MHV
curves with compact Jacobians are smooth curves.

Proof We argue by contradiction. Let the node separate C into components 4 and B. Note that
gat+gp=g.1fga>0and gp >0,thendg >gq+1anddp > gp+1byLemma3.5;thusg+1>g+2,
a contradiction. If g4 = g and gg = 0 (or vice versa) then d4 = g + 1 and dgp = 0 by Lemma 3.5. But
B contains at least two marked points, which contradicts Lemma 3.2. a

3.11 Definition (two-channel factorization) Suppose that C can be separated into A and B by two
nodes but not by one node. In other words, the on-shell diagram of C is 2-connected but not 3-connected.
We say that C has a two-channel factorization unless A (or B) is a P! with a marked point and L has
degree O on it.

3.12 Example Let (C: p1, p2. p3. p4) be a curve obtained by gluing two copies of P! at 0 and oo, with
P1, p2 on the first component and p3, p4 on the second. This is an example of a two-channel factorization.
The MHV component of the Picard group is Pic!*! C. Every line bundle L € Pic'*! C can be written as
O([x] + [x']), where x is a point of the first component and x” of the second (away from the nodes of C).
Consider the map

a—+

on the first component,
: — X
or: C 21, Pl, p— P ,

a + > on the second component,
p—Xx
where a = a’ and bx" = b’x so that ¢, is regular. It is easy to see that O([x] + [x]) =~ O([y] + [V']) if

and only if x/x’ = y/y’ = z. This gives an identification Pic*! C ~ C*.

We are studying the scattering amplitude map A : Pic''! C — M 0.4 ~ P! given by the cross-ratio of

points @7, (p1), ..., ¢r(pa) varying with L. Using invariance of the cross-ratio,
[ b b b’ b’
A=la+ ra+ ja+ Sta+ ,
L P1—X p2—x p3—x Pa—X
_'b.b.b/_b/i|_|:x.x.x/.x’]
[ p1—X p2—x p3—x' ps—x p1—x pa—x p3—x ps—x
_[piop2ps opa) T . ] _ZPa=p1 P2 D3
PR A P1:DP25Zp3 1 Zp4 P2— 1 ZDa—2p3

As in Example 3.7, we view the map A as the map from the compactified Jacobian:
picll C = IPZI/{0=OO} LN P}% = ]\70’4.
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The difference from Example 3.7 is that A (0) = A(oc0) = oco. In particular, the scattering amplitude
form, which is the Pic®? C-invariant form dz/z written as a multivalued form of A, has a log pole at co.
Explicitly, from the above, we have

(3.12.1) Az(p2— p1)(pa— p3) = (zpa— p1)(p2 — zp3).

Solving (3.12.1) for z using the quadratic formula gives, after algebraic manipulations,
& o (1= P (ps— )2
— =P1—P2)(p4—p3 ;
z vV 2(4)

where f>(A) is the discriminant of this quadratic equation.

3.13 Lemma Suppose (C, d ) is an MHV curve with a two-channel factorization into components A
and B by nodes x and y. Let L € Pic? C be a generic line bundle. Then:

(1) da=ga+1,dp=gp+1.

2) ng=ga+3,np=gp+1(Casel),orng =g4+2,np =gp+2 (Case II).

(3) H°A,Ly) =H°%B,Lg)=2and H'(A,L4)=H'(B,Lg)=0.

(4) L4 and Lp are globally generated.

(5) @r(x) # ¢r(y). In particular, neither A nor B contains a degree 0 rational component Ci(o) with
both x and y as in Lemma 3.4.

Proof Let L € Pic? C bea generic line bundle. Consider a partial normalization map

viAUOB —C

and an exact sequence
0— Oc — V(04 ®Op) —> Ox ® Oy — 0,

where a(f,g) = (f(x)—g(x), f(y)—g()). Since H!(C, L) =0, tensoring with L gives H'(A, L4) =
H'(B, Lp) = 0. Since restrictions L4 and Lp are globally generated and neither A nor B is a P! with
a marked point and degree 0, we get

(3.13.1) da=ga+1, dp=gp+1, H°A,Lq)=HB,Lg)=2.

Next we consider the restriction map H%(A4, L4) — C? at points x and y. We claim that it is an

isomorphism (and the same for B) and in particular ¢y (x) # ¢ (y). If not, let s4 € H°(A, L4) be

a nonzero section that vanishes at x and y. Extension of this section by O on B gives a section s1 in
[s1:52]

H%(C,L). Let s, € H°(C, L) be a linearly independent section. Then the morphism ¢y : C ——=> P!
contracts B to a point. Thus all components of B have degree 0, which contradicts (3.13.1).

Finally, we study distribution of marked points among components A and B. By Lemma 3.5(2), ng <g4+3
and np < gp + 3. Up to symmetry, there are only two possible cases, namely (I) and (II). |
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(iii) (iiW)
Figure 7

3.14 Amplification The proof of the lemma shows how to build the map ¢y : C — P!. We start with
the maps ¢r ,: A — P! and ¢, : B — P! that each map x and y to different points. Without loss of
generality, we can assume that

pL,(X) =¢rp(x) =0 and @1, (y) = gLy (y) = oo.
The maps ¢z, and ¢ ,, then glue and give a map ¢: C — P!, which corresponds to some line bundle L
that restricts to L4 and Lpg. The restriction map

Pic? C — Pic? A x Pic? B

has kernel C*. Changing L by an element z € C* gives a map ¢,7, such that

¢zLla=¢Lla and @.1|Bp =z@L|B.

3.15 Curves A and B do not have to be stable. Suppose that A is not stable (analysis for B is the same).
Then A contains a rational component that in C is attached to x or y (or both) which has less than
3 special points (marked points or nodes) once x and y are separated. Since C doesn’t have a 1-channel
factorization, A can’t have a rational component with 1 special point (in A) attached to both x and y.
Thus A is at least semistable. We list the remaining possibilities in Figure 7:

(i) A contains a 4-pointed P! without marked points attached to x and y and to the rest of the
subcurve A’ at 2 points. Then d4’ > g4 by Lemma 3.5(1) if g4 > 1, or by Lemma 3.2 and ng =2
if g4 = 0. Then dg' +dp1 = ga + 1 and dp1 > 1 since ¢ (x) # @ (y). Thus P! has degree 1.

(iiW) A contains a 3-pointed P! of degree 0 without marked points attached to the rest of the subcurve A’
at 2 points and also to x (or y).

(iiB) A contains a 3-pointed P! of degree 1 without marked points attached to the rest of the subcurve A’
at 2 points and also to x (or y).4

(iii) A contains a 3-pointed P! with a marked point attached to the rest of the subcurve A’ at one
point and also to x (or y). This P! must have degree 0 by Lemma 3.5(1).

4By Lemma 3.5(1), this P! can’t have degree > 1.
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3.16 Theorem A curve C with a two-channel factorization such that ny = g4 +3 andnp = gp + 1 is
an MHYV curve if and only if:

(1) The stabilization A of A with itsn 4 marked points is an MHV curve that does not contain a degree 0
rational component Cl-(o) as in Section 3.1 with both x and y.

(2) The curve B obtained by adding to B two extra marked points in addition to its n g marked points
(at the nodes separating A from B) is an MHV curve.

A (multivalued) inverse of the map A at a general point (p1, ..., pn) € Mo can be found as follows.

Take Lg € A ' ((pi)ieny)- Then p’ = ¢p ,(x) # ¢r,(y) = p”. Take L € Ag" (p'. (pi)iens. P").
Finally, we can find L using Amplification 3.14.

Proof If A is stable then it is an MHV curve. Indeed, by Amplification 3.14 we have a commutative
diagram .
. d A
Pic* C —— Moy,
(3.16.1) Ress: LHLAl lm

Picdt 4 24 Mo,
where 74 is the forgetful map, and so the rational map A 4 is dominant. If A4 is not stable then we claim
that its stabilization A is an MHV curve. Indeed, cases (i) and (iiB) of Section 3.15 are impossible
because the remaining part A’ would have genus g4 — 1, degree g4, but will contain g4 + 3 points, in
contradiction with Lemma 3.5(2). In the remaining cases (iiW) and (iii) of Section 3.15, A is obtained by
contracting a P! (or two P!, one attached to x and another to y), both of degree 0. It follows that the
map ¢r |4 factors through A and we can argue as in the case when A is stable.

3.17 Claim The curve B obtained by adding x and y to B as extra marked points is MHYV.

Proof Indeed, B is clearly stable and we have already checked conditions (1) and (2) in Definition 1.6
of an MHV curve.®> We need to check that

A5:Pic?® B — Mo 42

is dominant. We use the fact that A is dominant, and diagram (3.16.1). Fix a general line bundle L4
on A and fix ny points Ag(Ly) C PL. Since these points include three different points in P!, no
automorphisms of PGL, preserve them. We adjust homogeneous coordinates on P! so that ¢, 4(x)=0
and ¢r,,(y) = oo. Thus A(L) for L Rele(LA) is determined by points ¢y (p;) for i € Ng. Since
A |Reszl (L) 18 @ dominant map from a semiabelian variety of dimension np = gp + 1, we see that the
following locus of points is dense:

{oL(pi)}ieny C (P15,

5We will not use this but note that if B is not stable then case (iii) of Section 3.15 is impossible because attaching this 3-pointed
P! to A instead of B creates a subcurve of genus g4, degree g4 + 1 with g4 + 4 marked points, which contradicts Lemma 3.5(2).

Geometry & Topology, Volume 29 (2025)



Scattering amplitudes of stable curves 3085

The map A 5z sends Lp to an isomorphism class of the (np + 2)-tuple of points (0, o1 (pi)ieng, )
in P!, equivalently to the class of {1, (p;)}ienz modulo C*. Therefore, A 7 1s dominant. |

It remains to show that if A and B are as in the theorem then C is an MHV curve, and to construct a
multivalued inverse of the scattering amplitude map A. Start with a point (p1,..., py) € My . Since
A is an MHV curve, we can find a line bundle L4 such that A4(L4) = (pi)ien,. We lift L4 to a line
bundle on A. By Lemma 3.4, p’ = ¢r , (x) # @1 ,(y) = p”. Since B is an MHV curve, we can find Lp
such that Ap(Lp) = (p'. (pi)ieny. P"). We finish using Amplification 3.14. |

When ng = g4 +2,np = gp + 2 (as in Example 3.12), our result is less precise.

3.18 Theorem Suppose that C is an MHV curve with a two-channel factorization such that ng = g4 +2
and np = gp + 2 which does not admit an alternative two-channel factorization as in Theorem 3.16. Then:

(1) The curve A obtained by adding to A an extra marked point (at one of the nodes separating A
from B) and stabilizing is an MHV curve that does not contain a degree-0 rational component Ci(o)
as in Section 3.1 with both x and y.

(2) The same for B.

Proof Suppose that A4 is not stable. In cases (i) and (iii) of Section 3.15, the curve admits an alternative
two-channel factorization of type considered in Theorem 3.16. Namely, in case (i) (resp. (iii)) we move
the 4-pointed (resp. the 3-pointed) P! to B. This gives a two channel factorization such that ny = g4 +3
and npr = gp/ + 1. So we will assume that neither (i) nor (iii) occurs for either A or B.

3.19 Claim We can choose extra points p and q for A and B at one of the points x or y such that curves
A and B obtained by stabilization are MHV curves.

Indeed, if A or B is not stable and case (iiB) occurs, we would have to add an extra point to that Pl
Note that (iiB) can only occur at one point of 4, x or y, and the same for B. Indeed, otherwise A" has
genus g4 — 2, degree g4 — 1 and g4 + 2 marked points, which contradicts Lemma 3.10(2).

If (iiB) does not occur, we are going to decide where to add an extra point later in the proof of the
claim. We stabilize the curves if (iiW) occurs but the extra point p is not attached to the corresponding
3-pointed P!. The curves A and B are of course stable and we have already checked conditions (1)
and (2) in the definition of an MHV curve. We just need to check that A 7 and A g are dominant. Since
the situation is symmetric, we only consider A. Suppose first that (iiB) occurs. From the commutative
diagram (3.16.1), the map A 4 is dominant. Note that an extra point p doesn’t impose any conditions
and can be anywhere in P!. Thus A 7 is dominant as well. Next we suppose that (iiB) does not occur.
For a general line bundle L4 € Pic‘?A A, the ny points ¢r ,(pi)ien, are distinct, and as we vary Lg4,
span an (n4—3)-dimensional open locus in My, ,. It suffices to show that adding ¢, , (x) (or ¢r,,(y))
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gives the locus of dimension n4 —2 = g4. Equivalently, we claim that adding both ¢ , (x) and ¢r,, (y)
gives the locus of dimension g4. We argue by contradiction. If this is not the case then ¢ ,(x) and
oL ,(y) are determined by positions of points ¢, , (pi)ien, up to a finite ambiguity. Positions of np
points ¢z, , (pi)ien, are then determined by gp + 1 parameters as in Amplification 3.14. Thus the locus
of images of marked points has dimension at most g4 + gp < g, which contradict the fact that A is
dominant. O

4 Compactified Jacobians of MHYV curves

4.1 In this section we will globalize the scattering amplitude map by the diagram
) A
@lcg/IHV € —— Mo,

|

MHV
Mg,n

where Mg{‘,j" C g » is an open locus of MHV curves, PicMV ¢ is a universal MHV Picard family
over it, Qi’icl(\)/IHV ¢ C Pic™V ¢ is an open locus and A is the universal scattering amplitude map. We also
compactify PicMHY € by a projective family PicMHV€ of compactified Jacobians. Recall that n = g + 3
andd =g+ 1.

4.2 Consider the stack 9 , 4 of quasimaps [Ciocan-Fontanine and Kim 2010] of C to PL. Its sections
over a scheme S are triples (€, %, o), where € — S is a family of semistable curves of genus g with
n marked points, & is a line bundle on ¢ of relative degree d, and «: @%2 — & is a homomorphism
which does not vanish on each fiber. The morphism

V. Qg,n’d — -./M,g’n

sends € to its stabilization. The stack 24 , 4 (and its higher-rank analogues) contains many useful open
proper separated substacks.

4.3 Definition Let Mg{‘jﬁ C g be the locus of families of stable curves such that all their geometric

fibers are MHV curves for some choice of d. Let Qgﬂ;lwd C 24,4 be the locus of families of quasimaps
such that, for any geometric fiber (C, L, @), the curve C is stable and (L, «) satisfies Definition 1.6(1)—(3).

4.4 Theorem (1) Mg‘,’lv is an open substack of Mg,n.

2) Qg{;‘?’d is an open substack of the proper and separated Deligne—Mumford stack O ¢.n,d Of stable
quotients as defined in [Marian et al. 2011].

(3) The morphism v: SZZHZ ', — MYMY is smooth, of relative dimension n.
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(4) Consider the action of GL, on SZMH n.d via its action on 6‘@2 The stabilizer of every point is the
diagonal torus C*. The quotient stack Picy™V ¢ ;= [QZMH /PGL;] is an open substack in the
rigidified Picard stack of pairs (C, L), where L is a degree d line bundle on C.

(5) Forl<i<j<n,letA;; C(PY)" be diagonals. We have a commutative diagram

o, —— @H"\U;,; A

g.n,d
l /PGL> J' /PGL>
A
PichHV ¢ ——— Mo,
MMHV

Proof Dualizing the homomorphism «: ©®2 — L gives an exact sequence
(4.4.1) 0—>L*—>02 %L 0o

The moduli space of stable quotients Q ¢,n,d parametrizes data (4.4.1) such that Q is locally free at the
nodes and at the marked points and has positive degree along all strictly semistable components of C. All
these conditions are clearly satisfied in our case, in fact ¢ = «. From [Marian et al. 2011], we conclude
that:

(1) There is a universal curve € over O ¢,n,d With n sections, and a universal quotient
0>9— @% 25950
over € with an invertible sheaf &.

(2) The map v: O gnd = ,/l7tg,n that sends 6 to its stabilization is proper.

3) Evaluatlng sections ¢(1,0) and ¢(0, 1) at the marked points pq, ..., p, gives evaluation maps
i+ Og.n.a — P!, which we combine into one morphism

Qg,n,d - (Pl)n-
(4) All structures above are equivariant under PGL,.

5) 0 ¢.n,d has a 2-term obstruction theory relative to v, given by RHom(, 2).

In particular, v is smooth at (C, g) if Ext!(S, Q) = 0, which in our case follows from the short exact
sequence (4.4.1) and H!(C, L) = 0. Since v: QMHVd — ./I/Lg n 1s smooth, its image A/LMHV isopen. O

4.5 Next we show that QPicl(\,AHV % is separated (note that the quotient by a free action of an algebraic
group is often not separated). We will introduce a natural polarization A on MHV curves and study
slope-stability of line bundles L with respect to it. It is well-known that slope stability on reducible curves
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boils down to Gieseker’s basic inequality: for any proper subcurve Y C C, we need to show

1
(4.5.1) < lwy,

d
dy —ay =5
ac
where
dy =degL|y, ay =degAly and #Y :=|YNX\Y|.

Classically, the most studied case was d¢c = g — 1, A = w¢, and no marked points. This is a convenient
choice because d¢ /ac = % In the MHV Brill-Noether theory, when d¢ = g + 1 and marked points are
present, an equally convenient choice is a fractional polarization

4
A:wc+;(p1+---+pn),

which also gives d¢ /ac = % The Q-line bundle A is ample as long as C is stable curve without rational
tails (subcurves of arithmetic genus 0 attached to the rest of the curve at one point), which doesn’t happen
for MHV curves by Lemma 3.10.

4.6 Lemma A line bundle is A-stable if and only if

2
4.6.1) dy > gy — 14+ —ny
n
for every proper connected subcurve Y C C, where gy is the arithmetic genus of Y and ny is the number

of marked points on it. For semistability, the inequality is not strict.

Proof For every proper subcurve ¥ C C, we have to check that
|dY — %ay} < %#Y.
For the complementary subcurve Y ¢ := X \ Y, we have dy — %ay = —dyec + %a ye. Thus we just have

to show that %ay —dy < %#Y for every proper subcurve Y, in fact for every proper connected subcurve,
which is equivalent to (4.6.1). O

4.7 Lemma For an MHYV curve C, every line bundle L € PicM?V C is A-stable.

Proof To verify (4.6.1), we consider several cases.
(1) If dy = gy + 2, the equation (4.6.1) is automatic.
(2) Ifdy = gy + 1, the equation (4.6.1) holds unless ny = n, in which case gy = g by Lemma 3.5
and therefore Y = C by Lemma 3.10, a contradiction.
(3) Ifdy < gy, then dy = gy = 0 by Lemma 3.5 and thus ny < 1 by Lemma 3.2. Equation (4.6.1)

follows.

This finishes the proof. a

4.8 Corollary The family @icl(‘)/mv € over MI;"’],;W is compactified by a projective (and hence separated)
family Pic™AVE of compactified Jacobians. Its geometric points represent gr-equivalence classes of
A-semistable admissible sheaves on an MHV curve C.
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4.9 Amplification If all irreducible components of C are rational, then PicMHV<g

is a stable toric variety
of an algebraic torus Pic® C ~ (C*)& and can be described as follows. Choose one on-shell diagram
for C, ie endow each vertex i of the dual graph I" of C with degree d; such that ) " d; = d. For every

vertex i € I,

(1) e; is the number of edges (count each loop twice);

(2) [; is the number of legs, ie the number of marked points on the corresponding irreducible component

of C;
(3) 6; is the Oda—Seshadri number [1979], in our case
41[ n(e,- — 2)
0; =—di + —— + —=.
: ittt T

Let Cp and C; be spaces of chains of the graph I' (with arbitrary coefficients). Let
d: Cl — Co

be the differential and let H be the first homology group. We can view 6 = (6;) as a vector in Co(T", Q).
Consider the tiling of the affine space 9~1(8) C C1(T", Q) by the hyperplanes x; = % + Z, where x; are
the natural coordinates on C; (one coordinate for each edge of the graph). This affine space is parallel to
the homology group H;(T", Q) and the tiling has to be viewed modulo the action of H; (T, Z). Irreducible
components of the compactified Jacobian are given by the g-dimensional polytopes of the tiling and the
rest of the tiling determines how they are glued.

Proof Follows from [Simpson 1994] and [Oda and Seshadri 1979], see also [Alexeev 2004]. O

4.10 Example Let C = Cy U---U Cy be the following curve of arithmetic genus 1: the wheel of four
P1*s with marked points p; € C; fori = 1,..., 4. The Picard group has two MHV components:

PicMHY ¢ = pic!:0-1.0 ¢ y pic® 101 .

Consider the first component. Since L has degree 0 on components C, and Cy, the map ¢ : C — P!
contracts them to points, say ¢z, (C2) = 0 and ¢, (C4) = oco. The restriction of ¢, to C; and Cj3 is an
isomorphism. Thus ¢y is completely determined by points x = @7 (p1) and y = ¢ (p3). We have an
identification

Picl010Cc ~C*, =

==

The scattering amplitude map A: Pic®10C — My 4 ~ P! is given by the cross-ratio of points
©L(p1), ..., 9L (pa) varying with L. This map is an isomorphism:

A=[x:0;y:00] =

The scattering amplitude form is dz/z = dA/A with log poles at 0 and co. Next we compute the
compactified Jacobian. There are 2 types of stable line bundle and 4 types of semistable line bundle
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Figure 8: MHV compactified Jacobian in genus 1.

(in two gr-equivalence classes); see Figure 8. Stable components are P1’s and gr-equivalence classes of

semistable line bundles correspond to their intersection points in the compactified Jacobian
Pic™VC = Pict*10C U Pic®%'c =P U P!

One can visualize topology on PicMHVC through “chip-firing” of black chips.

4.11 Remark The MHYV condition implies A-stability, but the converse is not true. For example, curves
with 1-channel factorization can have A-stable line bundles. Moreover, even the compactified Jacobian
of an MHV curve will typically contain non-MHV components contracted by the scattering amplitude
map A to loci of smaller dimension either in M 5, or in its boundary (for some compactification of My ).
Nevertheless, we view A-stability and MHV conditions as close.

4.12 Example Consider a genus 2 curve with 5 rational components, each with a marked point; see the
left of Figure 9 for on-shell diagrams of all possible stable line bundles. There are no strictly semistable

S %
i
I

1

H
H

S S

Papvges
P o

Figure 9: MHYV compactified Jacobians in genus 2.
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line bundles in this case. The compactified Jacobian contains 4 MHV (shaded gray) and 8 non-MHV
irreducible components. They are glued in an alternating fashion, MHV to non-MHYV, according to
Figure 9, which is a fundamental parallelogram of a tiling of a 2-torus: components adjacent to a side
of the parallelogram intersect components adjacent to the opposite side. The compactified Jacobian is
a stable toric surface of the algebraic torus Pic® C ~ (C*)? with polygons representing its irreducible
components, which are toric surfaces. MHV components are isomorphic to Bl; P? (hexagons) and
non-MHV components are isomorphic to P? (triangles). Crossing each of the six walls corresponds
to firing a black chip across the corresponding edge of the on-shell diagram. There are two types of
non-MHV components, with or without an irreducible component where L has degree 2. Under the
scattering amplitude map, surfaces of the first type contract to curves intersecting the interior of Mo s,
and surfaces of the second type contract to curves in the boundary.

4.13 Example Another genus 2 example is on the right of Figure 9. There are 4 MHV components
(shaded gray) and 11 non-MHYV components, which are all mapped to the boundary of My s by the
scattering amplitude map. Three of the MHV components are isomorphic to Bl, P? (pentagons) and one
to P! xPL.

5 Scattering via moduli of parabolic bundles

5.1 Let C be a smooth hyperelliptic curve of genus g > 2 with a hyperelliptic involution p — t(p)
(whenever it exists, the hyperelliptic involution is unique). The quotient by 7 is the double cover
on: C 2L P1 associated with the line bundle

h=0(p+1(p)ePic>C for peC.

Let p1,..., pn € C be distinct marked points, where n = g + 3. In our approach the marked points are
decoupled from 2g + 2 Weierstrass points (fixed points of the hyperelliptic involution). To simplify the
analysis, we make an assumption:

5.2 Assumption Points ¢y (p1),...,¢n(pn) are different, ie p; # t(p;) for i # j. Thus the special
feature of the hyperelliptic case is the existence of a well-defined point

(521) 0(p15 e pn) = (Zl’ e ,Zn) = ((ph(pl)’ et ’(ph(pn)) € MO,n’
that shouldn’t be confused with the scattering amplitude map

A:PictTC > Mo, L (oL(p1).- ... 0L(pn)).

5.3 LetBun(P!;zy,...,z,) be the smooth algebraic stack of quasiparabolic vector bundles F on P!
of rank 2 with trivial determinant [Pauly 1996]. Recall that a quasiparabolic structure on a vector bundle
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is a choice of a line V; C F|z; over each marked point. This data determines a ruled surface P(F) — P!
of even degree, and points

qi =P(V;)) CP(F|z;) fori=1,...,n.

5.4 Definition There is a standard morphism of stacks
A:Pictt1C > Bun(Plizy,....2,), L+ F = (pp)«L.

To see that (¢p,)«L gives an object of Bun(P!;z1,...,z,), we check that its determinant vanishes. It
suffices to check that (¢y,)«0 has determinant of degree —(g + 1). As with any double cover, we have
(0p)+0 ~ 0@ M1, where MB? ~ O(B), where B is a branch divisor. But the number of branch points
is 2g + 2; cf [Hartshorne 1977, Exercise 1V.2.6].

To define parabolic lines, note that F|;, = L|p; @ L|(p,) (or Lp;/ mf,l. if p; is a Weierstrass point). The
line V; C F|;; is the kernel of the surjection F|;; — L|p,.

5.5 A generic parabolic bundle F is a trivial bundle® P! x C? with lines {z;} x V; for V; C C2. The
corresponding ruled surface is the product P! x P! with points (z1,¢1), ..., (zn.qn) € P! x P!, where
q; = P(V;). Thus we have a birational map & : Bun(P!;zy,...,2,) -——> My, defined as in Figure 2.

5.6 Lemma The scattering amplitude map of a hyperelliptic curve C is a composition
A:Pics T C A Bun(Plizy,. ... zn) =5 Mo

The bundle A (L) has splitting type O @ O away from the theta-divisor E of Amplification 2.4.

Proof By Grothendieck’s theorem, (@)« L >~ O(—s) & O(s) for some s. We require that s = 0, which is
equivalent to the following conditions (i) and (ii):

(i) H°(P!,F) = H°(C,L) = 2, ie L is not special. This happens outside of the locus W of
Amplification 2.4.

(ii) RHom(F,0(—1)) = 0. By Grothendieck—Serre duality, this is equivalent to the vanishing of
RHom(L,0(—h + K + 2h)) = RT'(L*(K + h)). This means that L has to be away from the
theta-divisor

K+h—x1—=xg1=h+t(x)+--+1(xg_1) ePics~ ! C,

where we use that K ~ (g — 1)A. In fact this theta-divisor is the divisor E of Amplification 2.4,
which contains W.

%Indeed, the trivial vector bundle on P! does not deform, therefore these parabolic bundles are parametrized by a nonempty
open substack of Bun(P1;zq, ..., Zn). On the other hand, all parabolic bundles of rank 2 and degree 0 can be deformed to a
parabolic bundle with trivial F.
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Choosing a basis s, s2 of H%(C, L) is equivalent to choosing a splitting F ~ 0 @ 0. The scattering
amplitude map A is given by ([sl(pl) 2s2(p)]s .. [s1(pn) sz(pn)]), which is equal to the slopes of
Vi,...,V, inside C2. Thus A = EoA. O

5.7 Stability In view of Lemma 5.6, in the hyperelliptic case the scattering amplitude map combines
effects of the birational morphism &, which as we will see only depends on the point o = (z1, ..., z,)
in My, and the map A, which is a finer invariant in the hyperelliptic case. Moreover, the divisor E of
Pic? C is mapped to a divisor by A but is collapsed to the point 0 by A, which creates a singularity for
the probability measure; see the discussion of the real case in Section 8. However, at the moment the
target of A is the stack of quasiparabolic bundles. To make A more concrete, we will choose a projective
model for the stack (at the price of making A a rational map). There is a notion of slope-stability that
depends on a choice of a parabolic weight. Concretely, the weight @ is a sequence oy, ..., ay of real
numbers with 0 < o; < % A quasiparabolic bundle (F;Vy,...,V,) is an a-stable (resp. semistable)
parabolic bundle if and only if every line subbundle L C F satisfies the slope inequality

1 n
(5.7.1) k+ Zoz,- < 3 Zai (resp. <),

iel i=1
where k =deg L and I C{1,...,n}isasubsetof indices such that L|,, = V;. We denote the corresponding
moduli space by Bung(P!;zy,...,z,) or simply by Bung(P!;z1,...,2,) ifa; =-+- = a, = a. Here
is a summary of wall-crossing with chambers given by inequalities (5.7.1).

5.8 First we consider the standard case ZLI o > 2 as in [Bauer 1991; Mukai 2003; Araujo and
Casagrande 2017; Biswas et al. 2010; Araujo et al. 2021]. If & is strictly semistable, then

PicBun&(IP’l;zl, czp) =27
The Fano model (ie the model with —K ample) is
(5.8.1) Bun%(IP’l;zl, e Zn),

which is a smooth variety if n is odd, and has isolated singularities if n is even. As « increases from
2/nto % Bung(P!;zq,...,z,) undergoes the anticanonical minimal model program, ie the sequence
of birational transformations that makes —K more and more positive at every step. It proceeds as
follows [Bauer 1991]:

(1) Buny/, = P"=3 with (P!;zy,...,z,) embedded into P"~3 as a rational normal curve of degree
n — 3. The MMP starts with Bunz/n)+¢ = Blz, ... 2, P"73.

(2) The first birational transformation “antiflips” several P 1’s, namely lines connecting points z1, .. . , Z
pairwise and the rational normal curve. Each of these IP!’s is blown-up and the exceptional divisor
contracted onto P" >,

(3) On the following steps, we antiflip certain Pk°s analogously.
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(4) MMP stops when —K' becomes big and nef on Bunl _,, in fact even ample when 7 is odd. If n
is even, the anticanonical model Bun! is obtained by contracting certain K-trivial Pn=4)/2 in
Bunl_; to singular points.

5.9 The special case ZLI o; < 2 was studied in [Moon and Yoo 2016], in which case
PicBun&(IP’l;zl, o zp) =12
if @ is strictly semistable. The Fano model is the symmetric GIT quotient
(PH)" // PGLa,

which is smooth if 7 is odd and with isolated singularities if # is even. More generally, in the special case
Bung(P!;z1,...,z,) is the GIT quotient (P1)” //; PGL, with respect to the fractional polarization &.
The map

=L Moy, --> Bun(IP’l;zl, eesZn)

is equivalent to the natural embedding E~': My, < (P!)" //5 PGL,.

5.10 The transition from the special (2) to the standard (1) cases goes as follows.
(2) All stable parabolic bundles have splitting type 0@ 0. The product P! x P! with points (z1, z1), . . .,
(zn, zn) is stable, giving the point o € My ;.

(1) The product P! x P! above is destabilized by 0(—1) embedded by the sequence 0 — O(—1) —
0@ 0 — 0(1) — 0. The point o is blown-up. The exceptional divisor parametrizes parabolic
bundles of type O(—1) & O(1).

We summarize the discussion by the following diagram:

N

1 2 2
3 e r_l+8

= = _—¢
n n
MMP ‘ log Fano ‘ ‘Big Bang ‘ Fano | | Bigger Bang Fano
Bung ——> e ——> Bl, P 3 — pr—3 - (P1)" // PGL,
J
Bun(IP’l;zl, ey Zn) 25 Moy

5.11 Example Suppose g =2, n = 5. Apart from P? there are only two models:
Bun%+ = Bun% ~Bl;, ... zs P? = dP, (standard),
Bun%_ ~ Bl P? = dP; (special),
the quartic and quintic del Pezzo surfaces. The morphism
E:dPy —dPs >~ Mos
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contracts the conic through zy, ..., z5 to the point 0 = (z1, ..., z5) € My, s. This morphism can also be
described as projection of z1, ..., z5 € P2 to P! from a varying point of P2; see [Castravet and Tevelev
2012]. We will further study this example in Section 7.

Enhancing A by A corresponds to the transition from the special (2) to the standard (1) case of projective
moduli of parabolic bundles. In the case of the Fano model, we have the following description of the
indeterminacy locus of A.

5.12 Theorem Consider the induced map A:Picst1C --> Bun% (P Loz, Zn).

(1) A is regular away from loci U(k, I) (of codimension at least 2) of line bundles

@(kh+2pi+x1 +---+x]-) Cc PicstlC  for X1,...,x5 €C,
iel

where g +1 =2k + ||+ J, j<%(g_1)-

The loci U(k, I') with equality j = %(g — 1) give strictly semistable parabolic bundles.
(2) A*(—K)=40.

Proof First we check (1) using an argument from [Biswas et al. 2010]. Suppose F = A (L) is unstable
(resp. strictly semistable) and take its destabilizing line subbundle on P! of degree k that contains V; for
i € I. Pulling this line bundle back to C and using adjointness gives an injection

f:0c(kh)— L
such that f(O¢ (kh)) vanishes at each point p; for i € I. Thus we can write
L =@(kh+2pi + X1 +-~-+xj)
iel
for some points x1,...,x; € C. Equating degrees gives
g+1=2k+|I|+ ]

The slope inequality gives j < %(g — 1) (equal for strictly semistable). This gives loci listed in the
theorem. To show (2), notice that the ramification locus of A and A is the same by (1), namely the
divisor R. By Riemann—Hurwitz and Amplification 2.4,

A*(=K) ~ —Kpe+1 ¢ + R=40.
This finishes the proof.” |

"The papers [Biswas et al. 2010; Araujo et al. 2021] contain a formula equivalent to A*(—K) = 48 ®, which is different from
our formula. But there is a mistake in the last line of the proof of Lemma 3.1 in [Biswas et al. 2010]. Formulas (3.19) and (3.20)
there are both correct, but the conclusion is wrong; in fact the correct conclusion is exactly that A* (—K) = 4. This mistake
does not affect any of the main results in these papers.
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5.13 Corollary The image of the divisor E C Pic8 ! C of Amplification 2.4 under A is a divisor that
parametrizes parabolic bundles of splitting type O(—1) @& O(1). This divisor is contracted by E to the point
0 € M(),n.

Proof The first statement is clear from the proof of Lemma 5.6. For the second, notice that L € F if and
only if L =h®0(x1 + -+ xg—1) for some points on C. Generically along E, {x1,...,Xg_1} is the
base locus of L and therefore ¢, = ¢p. Thus A(E) = (en(p1), ..., 0n(pn)) =o. |

Next we study the dependence of scattering amplitude on marked points.

5.14 Notation Consider the Weil group W(D,) = S, x (Z>)"~!, where we identify (Z,)"~! with the
set of subsets of {1, ...,n} of even cardinality. The Weil group acts on the stack Bun(IP Loz, ., Zp) as
follows: the symmetric group acts by permuting marked points and the group (Z,)" ! acts by elementary
transformations: for every subset I C {1,...,n} of even cardinality, consider an exact sequence

(5.14.1) 0—F' % F - P(F|z)/ Vi 0.
iel
F’ is a rank-2 vector bundle of degree —|I| with parabolic lines defined as
, (el ifi gl
Keral; ifiel.

=
To force the degree to be 0, the elementary transformation is defined as
el; (F)=F'(311]).

In the language of ruled surfaces, elementary transformations are given by blowing up an even number of
parabolic points in fibers and blowing down proper transforms of fibers. W(D,,) acts on the Fano model
Bung (P!;zy,...,z,) by elementary transformations, in fact it is its full automorphism group [Araujo
et al. 2021].

5.15 Proposition Let Cj C C" be the configuration space of points p1, ..., py € C such that p; # p;
and p; # ©(p;) for i # j. Consider a commutative diagram

A E
Pict 1 C x C} —— Bunp(P!) —— Mo
l [
cr 2 M
0 —_— 0,n
where top arrows are rational maps and where
Bunp (P1) <5 Mo,
is the universal moduli space of parabolic vector bundles:
Z“l(zl, cesZp) = BunF(]P’l,Zl, ey Zn).

The map o is defined in (5.2.1). The action of W(Dy,) has the following compatibility:
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Figure 10
(1) The map Z:Bung(Pl;zy,...,z,) ——> My is Sy-equivariant. Elementary transformations ely
give birational involutions of My that depend on z1, ..., zy.

(2) The square of the diagram is W(Dy,) equivariant. The action is defined as follows:
(a) S, acts everywhere by permuting marked points.
(b) (Zo)* ! acts trivially® on Mo .
(c) EveryI € (Z,)" ' actson(D;p1,...,pn)€PicsT1 C x Cj as follows:

. w(p;) ifiel,

5.15.1 > D D— +Li7h.
( ) Di Pi ifi¢l, ZP1+2| |

iel
Proof For (1), everything follows from definitions except for the remark about birational involutions
on My,. Note that P(F) = IP’Zl X qu, and el(/) amounts to an elementary transformation of this
P! bundle (over P}) in points (z;,¢q;) for i € I. It suffices to consider the case when I = {1,n}. We
change coordinates so that z; = g1 = 0 and z,, = g, = oo. In these coordinates, proper transforms of
lines ¢ = Az after the elementary transformation become horizontal rulings. Thus
— z Zn—
©0,92,....qn—1,00) — (oo,q—zqn I,O) ~ (0,—2,..., " 1,00).
2 Zn—1 q2 4n—1

This is a Cremona transformation with center that depends on z1, ..., z,. See Figure 10.

For (2), notice that the sequence (5.14.1) is the pushforward of the sequence
O—>@(D—Zpi) —0(D) > P 6, 0.
iel iel
which gives the formula for F’ after tensoring with a multiple of O(#). |

8qurning: this My, is different from My in the top right corner!
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6 Scattering using the matrix model

We continue to use notation of Section 5. In particular, C is a smooth hyperelliptic curve of genus
g > 2 that satisfies Assumption 5.2, ie points pi,..., p, € C are different and no pair is in hyperelliptic
involution. Let z1,...,z, € P! be their projections and A:Pic!TlC — Bun(Pl; Z1,...,2Zp) is the
standard morphism to the stack of quasiparabolic vector bundles. We first review the Jacobi’s description
of the Jacobian of a hyperelliptic curve as the space of conjugacy classes of 2 x 2 matrices following
[Mumford 1984] and [Beauville 1990].

6.1 The curve C has equation y? = f(z), where f € Op1(2g + 2) is a polynomial without multiple
roots. The map 7 := ¢p: C — P! is the projection (z, y) > z. The points (zg, 0) with zo a root of f(z)
are the Weierstrass points. As the sheaf of Op1-modules, we have

JT*@C = @Pl(—g— 1) @@Pl.

The sheaf of algebras structure of 74Oc is completely determined by the map Sym? Opi1(—g—1) = Op1,
which is simply multiplication by f € Op1(2g 4+ 2). By Lemma 5.6, when L € Pic¥ ! C is away from
the theta-divisor E, we have

7xL = 0p1 @ Op1.

The action of m+O¢ on w4« L is determined by a 2 x 2 matrix

©6.1.1) M= [114// II/J] & Hom(Op1(—g — 1) ® (Op1 @ Op1), Op1 & Op1)

of polynomials U, V, V', W in z of degree at most g + 1. Applying M twice should be a multiplication
by the polynomial f(z), which gives equations on polynomials

Vi=-V,
(6.1.2) —det(M) =V24+UW = f(2).
Let S(f) c A3&+2) pe the affine subvariety given by equations (6.1.2), where A3(&+2) parametrizes
U,V,W. Then S(f) is smooth for any polynomial f(z) without multiple roots. Moreover, the group

PGL; acts on S( f) (with elements viewed as 2 x 2 matrices) by conjugation freely and the quotient is,
by [Beauville 1990, Theoreme 1.4],

(6.1.3) S(f)/PGL, ~Pic! ™1 C \ E.
6.2 Theorem The map A (and thus the scattering amplitude map A) has degree 2%.

Proof To determine the degree of 1_\, we fix a general point in Bunpg (IP’l ,Z1....,2Zn) and count the
number of preimages of this point in Pic¥ ™! C. A general parabolic bundle has splitting type 0 @ O and
the parabolic structure is the set of points (z1,¢1), - .., (zn, ¢n), S0 essentially we choose general points
q1.....qn € PL. The corresponding bundle L € Pic¥*! C is away from the theta-divisor E, so we can
locate it using (6.1.3).
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6.3 Suppose that neither of the points p1, ..., p, is a Weierstrass point. Then (77« L)|z; = Ll|p; ® L|(p,)
and thus the 2 x 2 matrix M (z;) has two distinct eigenspaces, one corresponds to the parabolic structure
given by p; and another by 7(p;). The point g; € P! gives the slope of this eigenspace. Thus we need to
do the following:

(1) Count the number of solutions in S( /) such that each matrix M(z;) has an eigenspace with a fixed
general slope ¢;.

(2) Divide this number by 2”. Indeed, using p; or t(p;) gives the scattering amplitude of the same
degree by Proposition 5.15.

Note that taking conjugacy classes of matrices by the PGL, action is not necessary: fixing three different
slopes of eigenspaces eliminates the conjugacy action.

6.4 The smooth solution set S(f) C C381° of dimension g + 3 is the intersection of 2g + 3 affine
quadrics, one for each coefficient of the degree-(2g+2) polynomial f(z). Solutions at infinity P38+
are given by the homogeneous equation V2 = U W, which has expected dimension g + 2. Indeed, if
V = 0 then either U = 0 or W = 0, which gives a union of two projective subspaces of dimension
g + 1 each. If V' # 0 then the solution is determined by V up to reordering of terms in the polynomial
factorization and rescaling U by A and W by A~!. Imposing the slope ¢; at z; is a linear equation on
U, V,W. Since det M(z;) # 0 but Tr M(z;) = 0, no matrix M(z;) has more than two eigenspaces, and so
these linear equations have no base locus on S( f). By Bertini’s theorem, the intersection is transversal
and has expected dimension. We claim that there are no solutions at infinity. Indeed, the solution set of
the homogeneous system of equations V2 = UW can be thought of as 2 x 2 matrices and is covered by
n open charts where M(z;) # 0. Since det M(z;) = Tr M(z;) = 0, M(z;) is a nonzero nilpotent matrix
and thus have only one eigenspace. Thus the base locus of the solution set is empty and so it has an
expected dimension by Bertini’s theorem, which means it is empty.

6.5 The space of matrices of polynomials with fixed slopes ¢; is a linear space of dimension 3(g+2)—n =
2g + 3 and we are counting intersection points of 2g + 3 quadrics under the assumption that intersection
is transversal and does not run away to infinity. Thus we have 228 T3 intersection points and therefore
_ 22g+3
degA = =28,
2n

6.6 If some of the points z; are Weierstrass points, ie p; = t(p;), the argument goes as before, except

for two issues:

(1) We don’t have to divide the number of solutions by 2, as in Section 6.3(2).

(2) By Claim 6.7, M(z;) is a nonzero nilpotent matrix. The subvariety of nilpotent 2 x 2 matrices is a
quadric cone and fixing the slope ¢; gives a ruling of this cone (intersection with the tangent plane
of multiplicity 2). Thus fixing the slope is not equivalent to pulling back a general hyperplane by a
morphism to projective space as in Section 6.4. The correct application of Bertini’s theorem is to
project this cone onto a conic (isomorphic to P!) and count this solution only once.
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Thus issues (1) and (2) cancel each other and we get the same count.

6.7 Claim M/(z;) is a nonzero matrix.

If M(z;) =0then U, V and W have a root at z;. But then f has a double root at z;, a contradiction. O

6.8 [Mumford 1984] In the model (6.1.3), one can eliminate the PGL,-action by making

e f a monic polynomial of degree 2g + 1 (one of the roots is moved to co),

e U a monic polynomial of degree g,

e 1 apolynomial of degree g — 1,

e W a monic polynomial of degree g + 1.
Under these conditions, the solution set M of equations (6.1.2) in A38 %1 is isomorphic to Pic¥t! C \ E.
Solutions look as follows. Suppose U(z) = (z—t1) - - - (z—tg) has no multiple roots. Choose s; =%/ f(#;)

fori =1,..., g and use Lagrange interpolation to find V' (z) such that V(¢;) =s; fori =1,...,g. Then
U(z) divides f(z) — V(z)? and we can define

zZ)— z 2
o= LV

For any ¢ € P!, the Lax pair differential equation gives a translation-invariant vector field F =
(U(2),V(z), W(z)) on M with components
V(e)U(z) = U(c)V(z)

Uz) =
z—c

. LU()W(z)—W(c)U

V=t (OW(2) =W(c)U(z) U(e)U(2),

2 zZ—c¢

. We)V(z)=V(c)W(z

W(z)= ©V() ©W( )~|—U(c)V(z).
z—c

General points c1, ..., cg give linearly independent translation-invariant vector fields Fi,....F ¢ and

thus a translation-invariant polyvector field AY = Fin---AF ¢, which is dual to the translation-invariant
volume form A4 on Pic¥ ! C. Applying d A to AV and dualizing gives the value of the branch of the
scattering amplitude form that corresponds to the point (U, V, W). More concretely, we can factor the
scattering amplitude map A: M — My 5 into maps

E:M -—> PY" and Q:(PY' -—> My,

where Q is the quotient by the PGL; action and FE is the map that assigns to a matrix of polynomials
(6.1.1) the slopes of its eigenspaces
y1—V(z1) yn—V(zn)
Uizi) 7 Ulz)

at marked points p; = (z;, y;) fori =1,...,n.
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7 Bypassing the Kummer surface
We will make results of the previous section more explicit for genus 2 curves.

7.1 Notation Fix a smooth pointed genus 2 curve (C; py, ..., p5).
(1) Let P:=p1+---+ ps.
(2) We view C as a degree-5 curve in P3 using the embedding ¢p: C — P3.
(3) K is a canonical divisor, ¢g : C 2L pliga hyperelliptic double cover.
(4) We introduce 16 points in Pic3 C,
§=P—-K, 6 =K+pi, 8j=P—pi—pj,
where the indices are 1 <7 <5and 1 <i < j <5, respectively.
(5) Special loci in Pic® C defined in Amplification 2.4 are as follows:
W=, R={D|2DeP+C}=40, E=K+C, E;j;=C+pi+p;.
(6) We introduce another useful theta-divisor on Pic3 C fori =1,...,5,
E;=P—p —C.

Here and elsewhere we don’t distinguish between line bundles and linear equivalence classes of divisors;
for example, E = K + C denotes the locus in Pic? C of line bundles of the form O(K + p) for p € C.
Hopefully this won’t cause confusion.

7.2 Lemma In genus 2, Assumption 5.2 is equivalent to any of the following:

(1) No two points of p1, ..., ps are related by the hyperelliptic involution.
(2) No three points of py, ..., ps € P? are colinear.

(3) 16 divisors E, E;, E;; are pairwise different.

(4) 16 points 8, §;, §;; are pairwise different.

(5) Wehave that § ¢ E;j foranyi # j.

Proof Left as a fun exercise for the reader. The hintis C = K — C C Pic! C. O

A special feature of the genus-2 case is that divisors of degree 2 are effective. This can be used to study
divisors D € Pic® C and their linear systems by associating to D a residual divisor P — D of degree 2.
This gives the following proposition.
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7.3 Proposition Let P2 C P3 be the plane passing through py, ..., ps. Let

be the del Pezzo surface of degree 4. Recall that M 0,5 1s the del Pezzo surface of degree 5. The scattering
amplitude map can be extended to a commutative diagram

A
Sym>C —— dP4

| =
. 3 A —
Pic°’C —— Mys
where horizontal arrows are rational maps. The maps can be described as follows:

(1) For any (x, y) € Sym? C, consider the secant line Ly C IP3 connecting x and y (or the tangent
line to C at x if x = y). Then A(x,y) = lyy NP2,

(2) The map E is given by projecting p1, ..., ps from a varying point of P?; see [Castravet and
Tevelev 2012]. It blows down the conic passing through p1, ..., ps to the point

0:= (px(p1),.... 9k (ps)) € Mo,s.
(3) Wehavea(x,y) =0(P —x —y). The map a gives Sym? C as the blow-up of Pic> C at §.

Proof Indeed, for x,y € C, | P —x — y| is the pencil of planes in P3 through £,. Projecting p1, ..., ps
from £ is equivalent to projecting them from £ N P2, m|

7.4 Corollary The scattering amplitude map A : Pic®> C --» My s has degree 4.
If course this follows from Theorem 6.2, but here is an independent proof.

Proof It suffices to check this for A. We have to count how many secant lines £, y pass through a general
point of P2. By dimension count, projection of C from a general point of P2 is a nodal curve of degree 5
and therefore has arithmetic genus 6. Thus there will be 6—2 = 4 nodes, each produced by a secant line. O

7.5 Lemma We have divisors %,%;,%;; C C >\ Ui< j A;j that parametrize configurations of marked
points p1, ..., ps € C satisfying any of the following equivalent conditions:

(1) € E,$ € E; and §;j € Ejj, respectively.
(2) € R,8; € Rand§;; € R, respectively.
(3) Eachof §— K, P—K—2p; and P —2p; —2p;, respectively, is an effective divisor.
Divisors %, %9; and %;; can also be characterized using geometric conditions:
(@) The unique quadric surface in P3 containing C is singular.
(@;) The tangent line at p; to C C P3 intersects C at another point.

(@ij) Tangent lines at p; and p; intersect.
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Proof Left as a fun exercise for the reader. O

7.6 Theorem Let X be the blow-up of Pic® C in 16 points 8, §; and 8;; with exceptional divisors A, A;
and A;j, respectively. Let E, E; and E;; be the respective proper transforms of divisors E, E; and E;;.

The scattering amplitude rational map A induces a finite 4 : 1 morphism X A, dP4. The preimages of
sixteen (—1)-curves of dPy4 are the following pairs:

A~ !(conic through p1, ..., ps) = AUE,
A~ !(exceptional divisor over p;) = A; UE;,
A~ !(line through p;, pj) = A UE;;.

The restriction of A to each “AU E” pair depends on whether (p1, ..., ps) is contained in the corre-
sponding configuration divisor “@” in C>:

(yes) A is ramified (of order 2) along A" and has degree 2 along “E”.

(no) A is an isomorphism along “A” and has degree 3 along “E”.

Proof We draw special curves on X and how they intersect; see Figure 11. We use that ©®2 = 2 and
check how special curves pass through the special points. In Figure 11 we draw the special curves when
the configuration (pi, ..., ps) is away from (top) and along (bottom) the corresponding &% divisors. In
the latter case, the inverse image of an “E” divisor in Pic® C is the union “A UE” and the ramification
divisor on X is the union of the proper transform of R and the “A” divisor. Note that the configuration
(p1,..., ps) can be on some 9 divisors and not on the others, so the actual picture could be a mixture of
the top and the bottom of Figure 11.

Next we study the map Sym? C — P2, (x, y) > £ xy N P2, of Proposition 7.3. It is well-defined unless
Ly C P2, which happens at points §; 7. So the map X — P2 induced by A is regular away from A; j,1n
particular it is regular along A UE.

What is the preimage of p;? In Sym? C, there are two possibilities, one is the curve (p;, C), ie E;.
Another is a point (x, y) such that P — (p; + x + y) is a degree-2 pencil, which should be K. So another
option is the point P — p; — K = §;. Thus on X away from the A;;, the preimage of p; is E; U A;.

What is the preimage of the conic Q through 5 points? This conic is the intersection of P? with the
unique quadric Q that contains C. Thus a secant £, must be contained in Q. If Q is smooth, C has
bidegree (2, 3). One ruling is cut by points in the hyperelliptic involution, which is the curve A. Another
ruling is cut by triples of points contained in the line, ie such that P —x —y — K is effective, which is the
curve E. If Q is singular then these two rulings are the same, given by the vertex of the quadratic cone
~ P —2K and pairs of points in the hyperelliptic involution. This shows that the rational map X --> dP4
is regular along A U E, and maps this divisor to the proper transform of the conic passing through five
points.
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-4 E(6) —+—E —— Ei (2
—— Ej4 —— Eas(3)
A A Ajj
E E; By
- AG) A —— A
— E 1 EiQ®
— E; (5) — Ay (4 — Aab (3)
— ]Eij 4) T Eap (3)
-4 E(6) —+—E —— E;®
4 E;(4 ——— Eup(3)
A Aj Ajj
E E; Ej
—t AGB) A+ A —T— Ai(®)
—  E —— E; (2)
—_EG) A4 T Au )
——— E;(4) —+— Ex ()

Figure 11: “Double sixteen” configuration on X away from (top) and along (bottom) the corre-
sponding & divisors.

Analysis of other “AUIE” pairs can be done similarly. However, this is not necessary. By Proposition 5.15,
the map X --> dP4 can be extended to a W(D5)-equivariant map

]_[ X7 —-> dPy,
1c{1,...,5}, |I|=0 mod 2

where X corresponds to a 5-tuple (5.15.1). Since the action permutes “A UE” pairs, if the map is regular
along one pair (for all X7), it is regular along all pairs. O

When does (p1, ..., ps) belong to all configuration divisors &, %;, %;; ?
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7.7 Theorem We have (p1,...,ps) € DN (; B; N();; Dij if and only if py, ..., ps are Weierstrass
points of C, ie ramification points of ¢g . Suppose that this is the case.

(1) Let pe be the remaining Weierstrass point. The 16 special points are
§=K+ps, 8 =K+ pi, 6 =pi+pj+Dps.

Equivalently, this is the set of 2-torsion points in Pic® C shifted by §.

(2) Let t be the involution of Pic® C induced by the hyperelliptic involution of C. Let Kum = Pic3 /7
be the Kummer surface with 16 double points, and let K3 be its minimal resolution. Then t lifts to
X =Bls g, 5, Pic>, and K3 = X /7.

(3) The scattering amplitude 4 : 1 cover A : X — dPy factors as

x 2L k3 2L gp,.

(4) The images of “A” and “E” type divisors give two configurations of 16 rational curves in K3.
Their images in Kum are the 16 nodes and 16 conics called “tropes”. The image of R is a genus-5
“Humbert” curve.

Proof Suppose that p;, ..., ps are Weierstrass points. Assumption 5.2 is satisfied. We have P ~3K — p¢
by the Riemann-Hurwitz formula. Thus

P—-2K~P—-K-2pi~P—2p;—2p; ~ ps
is effective, and the configuration belongs to all divisors.

In the opposite direction, let (p1, ..., ps) € DN(); D;. Define
P—-2K~zeC and P—-K-2p;~zieC.

Then z —z; ~2p; — K, ie z + t(p;) ~ p; + z; for every i, where t denotes the hyperelliptic involution.
There are two cases, either p; is a Weierstrass point or z = p; and z; = 7(p;). Thus either all five points
are Weierstrass points, which is what we are trying to prove, or 4 of them are, say p», p3, p4, ps, and
P —2K ~ p;. Butthen py 4+ p3 + ps + p5 ~ 2K, ie p» + p3 ~ pa + ps, which is impossible.

The rest is also easy: (1) is immediate to verify, (2) and (4) are classical and well-known [Dolgachev
2012; Skorobogatov 2010]. To prove (3) it suffices to notice that A is r-invariant if all marked points are
Weierstrass points. |

8 Scattering measures of M-curves

8.1 We refer to [Gross and Harris 1981] for the basic theory of real algebraic curves and Jacobians. Let
C be a smooth projective complex algebraic curve of genus g. We view the set of complex points C(C)
as a Riemann surface. The curve C endowed with a real structure (equivalently, an anti-holomorphic
involution) is called an M-curve® if the set of real points C(R) C C(C) has g + 1 (the maximal possible

9M stands for “maximal”.
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number) connected components Cy, ..., Cgt1. These ovals separate C(C) into two connected subsets
interchanged by the complex conjugation p — p. Recall from Theorem 2.3 that all smooth curves with
n = g + 3 marked points are MHV curves. In this section we will study the scattering amplitude of
M-curves.

8.2 Definition A smooth MHV M-curve is a pointed M-curve such that its divisor of marked points
p1+ -+ pn, where n = g 4 3, is preserved by the complex conjugation. Moreover, we assume that we
have one of the following two cases:

(A) All marked points are real and all components of C(R) contain one marked point each except for
one component, which contains three marked points.

(B) All but two marked points are real, one on each component of C(R). The two remaining marked
points are complex-conjugate.

8.3 It is well-known [Gross and Harris 1981] that the set of real points
Pic? R C Pic? C
of every component of the Picard group of an M-curve C is a union of 28 connected components denoted

by Pic}l R and indexed by subsets I C {1,...,g + 1} such that |/| = d mod 2. Namely, if a divisor
D = D is preserved by the complex conjugation, then the following conditions are equivalent:

(1) 06(D) € Picd R.
(2) The divisor D N C; has odd degree if and only if i € [.
Each component Pic? R C Pic? R is a torsor of the real Lie group
Pic R ~ U(1)® ~ (R/Z)8.
In what follows we mostly focus on the MHV component Pic? C, so that d = g+ 1L
8.4 Definition Let Méf;’l)(R) be the moduli space of n-tuples of distinct points in P!(C) such that
there are k real points and / pairs of complex conjugate points. We will need the cases (k,/) = (n,0)

and (n —2,1):
(A) M(fn (R), or simply My ,(R), the moduli space of n real points in P(C).
B) M(fn (R), the moduli space of n — 2 real and two complex-conjugate points.

See [Ceyhan 2007] for compactifications of real forms of Mg .

8.5 By Amplification 2.4, the scattering amplitude map A : Pic¥+t! C --» Moy 5, is well-defined away
from the divisors £, E;; and is unramified away from the divisor R. Since all components Pic§ IR of
an MHV M-curve are Zariski dense in Pic¥t! C, A is defined and unramified generically along them.

Moreover,
APicf T R) € My, (R).

Geometry & Topology, Volume 29 (2025)



Scattering amplitudes of stable curves 3107

where ? = A or B depending on the type of the curve C. Indeed, if L € Pic¥T! R then we can choose
@1 € R(C) a real meromorphic function and the marked points will be mapped to points of the Riemann
sphere according of type A or B.

8.6 Theorem Let? = A or B depending on the type of the MHV M-curve C. Then
AN (M, (R)) C Picf T R.

Moreover, restriction of A to any of the 28 connected components Picf IR s injective.

Proof Let (¢1,...,4n) € Mg’n (R). Let f € C(C) be a rational function of degree g + 1 such that
f(pi)=gq; foreveryi =1,...,n. First we claim that f € R(C). We argue by contradiction and suppose
that this is not the case. Then

g(2)=if(z)=i[(Z) €R(C)

is a nonzero real rational function. Thus g(z) has finitely many zeros on C(R), and so f(C(R))NP1(R)
is a finite union of points. By applying a transformation from PGL;(R), we can assume that co ¢ f(C(R)).
Thus g also doesn’t have any poles on C(IR). On the other hand, g(p;) = 0 for every i and div(g) N C;
is even for every i, which is true for any real rational function; see [Gross and Harris 1981, Lemma 4.1].
Thus g has at least one additional zero on each C; and therefore has degree at least 2g + 4. This is a
contradiction: zeros of g are intersection points of the diagonal in P! x P! with the image of C under the
map ( f(z), f(z)) which has homology class (g+1, g+1). Thus we have at most 2g +2 intersection points.

Next we show injectivity of the restriction of A to any connected component Pic§ TR, We argue by
contradiction and suppose that A (L) = A(L’) for two different line bundles in the same component. We
can find rational functions f, f’ € R(C) in the corresponding linear systems such that f(p;) = f'(pi) =qi
foreveryi =1,...,n (because A (L) = A(L’)) and such that f~1(co)NC; and f'~(c0) N C; have the
same parity for every i (because they are in the same component Picy). We can also apply a projective
transformation from PGL,(R) so that f and f’ have disjoint poles. Then f — f’ has an even number
of poles on every C;. Therefore f — f’ has an even number of zeros on every C;. One of these zeros
is pi, so there must be at least one additional zero on each C;. Thus f — f’ has at least 2g + 4 zeros
total, and we finish as in the first part. O

8.7 Corollary The scattering amplitude map of a generic MHV curve has degree 28 .

Proof By Theorem 8.6, every point in Mg,n (R) has at most 28 preimages by A. Since M(;?,n (R)isa
real form of My , of real dimension n — 3, it is Zariski dense in it. Thus the scattering amplitude map A
of any MHV M-curve has degree at most 28 in both types (A) and (B). Let D < 28 be the maximum of
these degrees.

Since the locus of MHV M-curves (C; p1, ..., pn) of either of these types is a connected component of
the real form of the moduli space M ,, of real dimension 3g —3 + n (see [Seppild and Silhol 1989]), it
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is Zariski dense in My ;. It follows that the degree of the scattering amplitude is bounded above by D
for a Zariski dense subset in My 5.

We claim that the degree of A is bounded above by D for all smooth curves. Indeed, let Pic¥ ! — M g.n
be the universal Jacobian and let

A:Pic8T - Mg n x Mo p

be the universal scattering amplitude map (the reader uncomfortable with stacks can use a 1-parameter
family of curves connecting two curves instead of My ). Since A is generically finite and Mg , x Mo,
is normal, the Stein factorization of A implies that cardinality of finite fibers can’t be more than D.

Finally, by Theorem 6.2, the scattering amplitude map of a hyperelliptic curve has degree 2. Therefore,
D =28, which completes the proof. |
8.8 Definition There exists a distinguished connected component of Pic¥ T! R,
-8+l . p:gtl
Picg, R:= Plc{l,...,g+l} R,
which was studied in [Huisman 2001]. We call it the Huisman component. Every effective divisor from

Picf;rl R is a union of g + 1 points, one in each connected component Cy, ..., Cg41 C C(R). Here are
some nice properties of Picj‘:_1 R:

8.9 Proposition [Huisman 2001] (1) Every L € Picf_lJrl R is nonspecial and globally generated.
(2) The map ¢y, is unramified along C(R) = C{ U---U Cgy1.
(3) The map ¢r|c,: Ci — P1(R) is a real-analytic isomorphism foranyi = 1,...,g + 1.
(4) Fixzgy1 € Cgy1. The map

Ci x---ng—>Pic§I+1R, 21y, 2g > 0(z1 4+ 2g +2g11),

is a real-analytic isomorphism.
Here’s the second main result of this section.

8.10 Theorem In the notation of Amplification 2.4, Pic5 *! R is disjoint from the ramification divisor R
in both types (A) and (B). In particular, the scattering amplitude map

Ar:PicsTHR) \ (E Yy E,-j) — M¢,(R)

i<j
is a real-analytic isomorphism onto its image for every component Pic“j' + (R).
Proof Suppose D € Pic® 71 (R) N R. By definition of R, this means that
2D ~x1+-+xg—1+p1+---+ pgy3 forsome x; € C.
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Since C has type (A) or (B), we can assume without loss of generality that either pg1> and pg43 are
complex-conjugate points (type B), or additional points on one of the connected components of C(R)
(type A). Let

G=x14-+xg-1+Ppg+2+ pg+3~2D—p1—-—pg+1.

Since O(2D) € Pic2f 72 R and O(p1 + -+ + pg+1) € Pic%, T R, it follows that 0(G) € Pic%,"' R, and
therefore it is basepoint-free and h°(G) = 2 by Proposition 8.9. On the other hand, it has a complex-
conjugate section X1 +-+-+ Xg—1 + pPg+2 + pg+3, which also contains pgy> and pg3. So this must
be the same section, otherwise pg4, and pg 43 are in the base locus of O(G). It follows that G is
invariant under complex conjugation. But then it can’t be in Picfj'l R since either pg 42 and pg 3 are
complex-conjugate or belong to the same connected component of C(R); in either case the degree of
G N C; can’t be odd for all i. Since A is injective by Theorem 8.6 and its domain is disjoint from R, it
is an analytic immersion where it is defined. O

8.11 Amplification By Corollary 8.7, for smooth complex curves, the scattering amplitude map
A:PicsTlC — My, has large degree 2. However, Theorems 8.6 and 8.10 show that for smooth
real M-curves line bundles in every fiber “localize” into different connected components Pic§ TR of
Pic T R. In other words, A is determined by open immersions (in the domain of A)

Ar:Picf TR - MY, (R).

Each component Picf 1R carries a uniform probability measure |A| given by the real-valued volume
form Aj translation-invariant under the real g-dimensional torus Pic% R. Viewed on Mg’n (R), this gives
a differential form A; and a probability measure |Ay| that we call a scattering amplitude probability
measure. We will typically compactify M(;?,n (R) in some way and extend A to its domain of definition
(so that, in particular, it will be determined at least generically along £ and E;;). Since not every
reasonable compactification of M, g’n (R) is an orientable manifold, one has to remember (from calculus)
that in this case the integral of a form is not well-defined, however one can always integrate probability
measures. The scattering measure of the Huisman’s component is especially well-behaved.

8.12 Theorem Let C be a smooth MHV M-curve with ovals C(R) = C; U---U Cg 1. Furthermore,
we assume that p; € C; fori =1,...,g+ 1 and that pg 12, pg+3 € Cg41 (type A) Or pgy2 = Pgi3
(type B). We compactify My, by (P1)8 ~ (M 4)¢ using the product of forgetful maps

Tig+1,g+2,g+3 Mon — Mo
fori =1,...,g. The scattering amplitude map induces a real-analytic isomorphism
RE /78 ~ Pic!, T R A5 (RP1)E
and gives a positive real-analytic scattering amplitude probability measure on (RP1)8.

Proof By Theorem 8.10, Pici,+1 R does not intersect the ramification divisor R. As an easy reformulation
of Definition 8.8(1), Picf;rl R does not intersect E either. Indeed, let D = z1 + -+ zg41 with z; € C;.
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Arguing by contradiction, suppose D is linearly equivalent to adivisorin E,ie D ~ K+xo—x1—+-—Xg—2
for some x; € C. Then h°(D) = 2 by 8.8 but since h%(x1 + -+ + xg—2) > 1,

hO(D —xo) = h%(K —x1 — -+ —xg—2) =h'(x1 + -+ xg-2) >2
by the Riemann—Roch formula, which contradicts the global generation of D.

For every L € Picf;'H R, ¢r(pg+1), o1 (pg+3) and ¢r (pg+3) are different. In type (A) this follows
from Definition 8.8(3). In type (B), this follows because points @7, (pg+2) and ¢, (pg+3) are not real
(the preimage of every real point under ¢y, is real). By Lemma 2.7, the map Picffl R --> (RPHE isa
regular real-analytic immersion at every point. On the other hand, it is injective by Theorem 8.10. O

8.13 Example (genus 1) Let C be an elliptic M-curve with two ovals, X and Y. We can use a point
x € X to identify C(R) with Pic? R by tensoring with O(x). We denote the corresponding ovals of Pic? R
by X® and Y @ It is clear that X + X = X® | where the left-hand side denotes the locus of line
bundles O(x + x’) for x, x’ € X. It is also clear that X + ¥ = Y ®)_ We claim that Y +Y = X ®_ Indeed,
we have a continuous map C — Pic?(R), which sends z to O(z + Z). By continuity, the image of this
map has to be equal to X ) In the notation of Section 8.3,

X? =PicZR and Y® =Pic} , R =Picy R
is the Huisman component of Pic? R. If L € X @ then the map
¢r: C(R) - P'(R)

represents C(R) in the form y? = f4(x), where f4(x) is a real polynomial with four real roots (the left
side of Figure 12). By tradition, one of these roots is usually moved to infinity. Here ¢, is projection
onto the x-axis. Note that restriction of ¢y, to either X or Y is neither surjective nor injective. By
contrast, if L € Y@, the map ¢;, represents the same curve in the form y2 = f4(x), where f4(x) is a
real polynomial with two pairs of complex conjugate roots (the right side of Figure 12). In accordance
with Definition 8.8, the restriction of ¢y to both X and Y is a real-analytic isomorphism with inverses

X (x, v/ fa(x), x> (x, =/ fa(x)).

Figure 12: Two types of double covers C(R) — P!(R) of an elliptic M-curve C. A double cover
from the Huisman component is on the right.

given by
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Figure 13: MHYV elliptic M curves of Type A, left, and type B, right.

Next we suppose that C is an MHV elliptic M-curve of type A or B. In other words, we add 4 marked
points so that, depending on the type,

(A) p1,p2,p3€Xand pse?,

B) p1€ X, pr eY and p3 = p4 are complex-conjugate points.
We have six special points p;; = O(p; + p;) € Pic? C. Depending on the type,

(A) p12. P13, p23 € XD and pia, prs. p3a € YP,

B) p3a€X®, p1o €Y@ and p13 = P14, p23 = P24 are complex-conjugate.

The scattering amplitude map A : Pic? C — P! is given by the line bundle

£ =0(p12+ p3a) =~ 0(p13 + p24) = O(p1a + p23).

In both cases (A) and (B), & € Y@ the Huisman component of Pic? (Pic2 C). The restriction of A to
both connected components X @ and Y@ of Pic? R is an analytic isomorphism with P1(R). In other
words, the scattering amplitude map A of an elliptic M-curve of type (A) or (B) looks like the projection
onto the x-axis as on the right side of Figure 12. We get a 4-parameter family of smooth scattering
amplitude probability measures given (up to normalization) by

dx

Valx)

where f4 is a real polynomial with two pairs of complex conjugate roots. A familiar 2-parameter subfamily

is given by

M(a,b) dx
T VG2 a2+ b2

where a # b and M(a, b) is the arithmetic—geometric mean of a and b.
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N

Figure 14

8.14 Remark The scattering probability measure p(x) |dx| is a smooth measure on Mg 4(R) ~ RP!
including the point at oo, ie p(1/x)/x? is smooth at 0. In fact, presenting it as a probability measure
on R depends on a specific choice of the identification M 04(R) ~ RP!, and it is well-known that there
are |S3| = 6 possibilities, which can result in differently looking density graphs; see Figure 14.

8.15 Genus 1, continued In type (A), the real form of My 4 is M(f4(R) = My 4(R), the configuration
space of 4 points in P! (R). Viewing M 4(C) as a Riemann sphere punctured at 0, 1, oo via the cross-ratio
map, Mo 4(R) is identified with the real axis without 0, 1, 0o and M ¢ 4(R) with P!(R), the equator of
the Riemann sphere. The scattering amplitude map A : Pic? R — M 0,4(R) has the property that

(8.15.1) A(p14) = A(p23) =0, A(p13) = A(p2a) =1, A(p12) = A(p3s) = o0,

In type (B), the real form is M(f4 (R), the configuration space of two real and two complex-conjugate
points in P1(C). If A = (p1, p2: p3. p4) is their cross-ratio then

A= (p1. pai pa. p3) =1—A.
Therefore,

My, (R) = {Re(z)=1} c C,

and the compactification M ﬁ:i (R) is obtained by adding a single point (at co). The scattering amplitude
map A : Pic?R — ]\7(2):‘1‘ (R) still has property (8.15.1), but now only oo is part of the real locus ]\73:‘1‘ (R).
This corresponds to the fact that points p13 = p14 and pp3 = p4 are not in Pic’? R.
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8.16 Real planar locus W Recall from Section 2.8 that the planar locus W C Pic® t! C has codimension
3 and (for a general curve) parametrizes realizations of C as a degree-(g+1) plane curve with % g(g—3)
nodes away from the marked points p1, ..., p,. Generically along W, the scattering amplitude map is
resolved by the blow-up (2.8.2) of W with exceptional divisor W, and the scattering amplitude form
vanishes along W with multiplicity 2. Suppose that C is a generic real MHV M-curve. Then line bundles
in W(R) give realizations of C as Harnack curves, more precisely real plane curves of degree g + 1 and
genus g with g + 1 real components. These curves have % g(g —3) acnodes, ie isolated real points (where
two complex-conjugate branches of the complex plane curve intersect transversally). If g is odd then all
g + 1 components are ovals (separate RIP? into a disk and a Mobius strip). If g is even, there are g ovals
and one pseudoline (a generator of 1 (RIP?)); see [Gross and Harris 1981]. It follows that a general real
line in RPP? has even degree on all components of C(R) if g is odd, and on all but one if g is even. So
for a general real MHV M-curve,
W(R) C Pics ™' R

if g is odd. If g is even, W(R) is contained in the union of Pic’*’;’Jrl R for || = 1. It follows that the
scattering amplitude probability measures |Az| (g odd) and |Af| for |[1| = 1 (g even) are the only ones
that vanish to the order 2 along W(R).

In the rest of the section we study scattering measures of genus 2 curves.

8.17 Let C be a smooth MHV M-curve of genus 2 given by the equation y? = f(x), where f is a real
polynomial of degree 5 with 5 distinct real roots. We denote the ovals of C(R) by Cy, C, and C3. Like

in Theorem 8.12, we assume that
pieC; fori=1,2,3,

and that
p4.ps € C3 (type A) or ps= ps (type B).

See Figure 3. We follow the notation of Section 7 for special points and divisors. In particular,
K e PicéR and P=p;+---+ps5¢€ Picf1’2’3}R.

The special points § = P — K, 6; = K + p; and 6;; = P — p; — p; are distributed among four components
of Pic® R as follows:

type |  Picj; R Pic}, R Pic}), R Pic}; R
A | 8, 845, 034, 635 81, 023, 024, 625 62, 013, 014, 615 83, 04, J5, S12
B 3, 845 01, 823 82, 613 93, 812

The map gp embeds C(R) into P3(R). Let P? C P3 be the plane passing through py,..., ps. Let
dP4 =Bly, ... ps P2 be the quartic del Pezzo surface. Depending on the type of the MHV M-curve C,
there are two possibilities for its real form,

dP{(R) =Blp, . ps P2(R) or dPP(R)=Blp, p, ps P>(R).

.....
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curve in dP4(R) | Picg(R) Pic},(R) Picjy(R) Pick,(R)

A conic A E(Cy) E(Cy) E(C3)

E(Cy) Ay Ei(C3)  Ei(Cy)

exceptional E>(Cy)  Ex(C3) A, E>(Cy)
Ex(C3)  Ex(C2)  Ex(Cr) Ak

Ay Ep(C)  En(C)  Er(Cs)
E» (Ch) Any E(C3)  Ex(Cy)

line Ew(C) Ew(C) Ay Ew(C)
E12(C3) E2(C2)  Ep(Ch) ANT)
B conic A E(Cy) E(Cy) E(C3)
Eq1(Cy) Ay Ei(C3)  E(Cr)
exceptional E>(Cy)  Ex(Cj) Ay E>(Cy)
E3(C3)  E3(Cy)  Es(Cy) Aj

Ays E4s(C1)  Ess(Ca)  E4s(Ci)
line E»3(Cy) As3 Ex3(C3)  Ex3(C)
E13(Cy)  E13(C3) Ays E13(Cy)

E12(C3)  Enn(C)  Ep(C) A

Table 1

8.18 By Theorem 8.10, Pic? R is disjoint!® from the ramification divisor R. This implies by Theorem 7.6
that the degree-4 morphism

A :Blig Pic’ C(R) — Bl,, .. »s P2(R) in type (A),

A: Blg Pic’ C(R) — Bly, p,.ps P2(R) in type (B),
induced by the scattering amplitude map is a real-analytic isomorphism on each connected component
Pic? C(R) blown up at four (in type A) or two (in type B) points. Note that topologically each of these
components is a connected sum of a torus 72 with four (in type A) or two (in type B) RP?’s, while

dP4(R) is a connected sum of six (in type A) or four (in type B) RIP2’s. The scattering amplitude map
A provides a real-analytic isomorphism between these (nonorientable) surfaces.

8.19 By Theorem 7.6, the preimage of each (—1)-curve in dPy is the union of the A and E-type divisors,
where the former is a P! and the latter is a copy of C. In Table 1 we give the preimages under A of real
(—1)-curves in dP4(R). Recall that the E-type divisors are

E=K+C, E;=P-pi—C, Ejj=C+pi+p;.
The range of indices &,/ in the table is 3, 4, 5. We use notation
E(Ci))=K+Ci, Ei(Cj))=P—pi—Cj, E;ij(C)=Ck+pi+p;.

10§ince § € Pic® R, this has a curious geometric consequence: the unique quadric surface in P3 containing C is smooth (by
Lemma 7.5).
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8.20 Remark The scattering amplitude measure on each connected component Pic;’ (R) is a probability
measure on a real algebraic surface that in any real-analytic chart U has form p(x, y)|dx dy|, where
p(x, y) > 0 is a smooth, in fact real-analytic, function. The behavior of the probability measure under the
blow-up is as follows. Locally, we blow up the origin (0, 0) of the chart,

I . BI(O,O) U—-U.

The surface Bl(g,g) U is nonorientable and contains an exceptional curve RP!, the preimage of (0, 0);
see the cover artwork of [Shafarevich 2013]. A tubular neighborhood of the curve RIP! is covered by
two charts that correspond to standard charts of RIP!. In each chart, 7 has the form (1, v) — (1, uv) and
thus the probability measure is

(8.20.1) o(u, uv)|ul|du dv].

Note that u = 0 is the local equation of the exceptional curve. The probability measure (8.20.1) vanishes
along it to the order of |u|. More generally, if |A]| is a probability measure on a real-analytic manifold X
which is smooth and nonvanishing generically along a submanifold ¥ of codimension c, then the same
measure on the blow-up Bly X vanishes along the exceptional divisor generically to the order of |u|¢~!.

8.21 Back in our situation, the scattering amplitude measure on dP4(R) is smooth and positive away
from four (in type A) or two (in type B) projective lines that correspond to A-divisors in the Section 8.19.
Along these lines, the scattering amplitude form vanishes like in (8.20.1). These disjoint (—1)-curves can
always be contracted to points giving morphisms dP4(R) — (RIP')2. Combining everything together
gives a commutative diagram

A
BIPic; (R) —— dP4(R)

| !

Picd(R) —— (RP!)2
where vertical arrows are blow-downs of four (type A) or two (type B) projective lines, and the bottom
arrow is a real-analytic isomorphism — note that algebraically these varieties can’t be more different! It
follows that we can view the scattering amplitude measure on dP4(RR) as a smooth positive probability
measure on (RPP1)2, subject to Mobius transformations of coordinates as in Remark 8.14.

8.22 So far we have treated the Huisman component and the other connected components of Pic*(R) on
an equal footing, but there is an important difference. For simplicity, we consider Type A only. Recall
that the space dP4 is an artifact of the hyperelliptic case; the actual observable is not this surface but
dPs = M 0,5- The map dP4 — dPs is a contraction of the conic that corresponds to the exceptional
divisor A only for the Huisman component (see Section 8.19), in which case the scattering amplitude
map gives a real-analytic isomorphism

A Blg, 55,655 Picy;(R) — dPs = Mg 5(R).
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The 10 exceptional divisors of dPs (the “Petersen graph”) are images of the 10 proper transforms /;; in
dP; of lines in P2 connecting points p; and p; of the conic pairwise. The lines /34, I35, [45 are images
of the exceptional divisors A3zg, A3s, Ags on Bl 5., 555 Pich. These three lines on dP5 are contracted
by the map

Mos— (PY? = (Mo4)*

given by cross-ratios 1345 and 2345. This gives a diagram of Theorem 8.12

. A —
Bls,s.834.635 Plc%i R) —— Mo5(R)
1345
2345

Pic}; (R) ————— (M4(R))?

where horizontal arrows are real-analytic isomorphisms. To summarize, for the Huisman component
we have a preferred choice of cross-ratios that gives a smooth positive scattering amplitude probability
measure on (RP1)2. For the reader’s amusement, we include a few pretty examples of these probability
density functions in Figure 15, rendered using Section 6.8.

Roots:-1, 0, 1, 2, 3 Roots:-1, 0, 1, 2, 3 Roots:-2, -0.2, 0.2, 2, 7
Marked points: Marked points: Marked points:

(-0.7, 1.8885) (-0.1, 0.802801) (-1.28, 5.59063)

(1.3, 1.03317) (1.9, 0.738573) (0.92, 3.93215)

(3.3, 3.56769) (3.9, 9.73481) (7.4, 33.3322)

(3.45, 4.95408) (4.35, 15.727) (7.6, 43.1488)

(4.2, -13.5832) (6.6, -68.2029) (8.6, -90.9632)

20 20
0 0
—20 —20
20 -20 0 20 -20 0 20

Figure 15: Scattering amplitudes in genus 2, Huisman’s component.
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9 Forest behind the hypertrees

9.1 Let C be a maximally degenerate stable curve: every irreducible component is a P! with three
special points (either nodes or marked points). Equivalently, an on-shell diagram is trivalent. We will
characterize MHV curves of this type.

9.2 Lemma If C is an MHV curve, then L has degree 0 or 1 on every component of C. The on-shell
diagram is a trivalent graph with d black circles (where L has degree 1) and the remaining white circles
(where L has degree 0).

Proof We argue by contradiction and suppose that the degree of L on some irreducible component B is
at least 2. By Lemma 3.10, the remaining part of the curve A is connected. Let g4 be its genus and let
d4 be the degree of L on A. Then dq4 <d —2 = g — 1. On the other hand, g4 > g —2. If g4 > O then,
by Lemma 3.5(1),dq4 = g—1and dg = g4 + 1. If g4 =0 then g = 2 and so again dq = g4 + 1. In both
cases, by Lemma 3.5(2), A contains at most g4 + 3 = n — 2 marked points. Thus B contains at least two
marked points. This contradicts Lemma 3.10. O

9.3 Assumption By Lemma 3.2 and Remark 3.3, if C is an MHYV curve then every connected component
of a subgraph of white circles of the on-shell diagram is a tree with at most one marked point. In addition,
by Lemma 3.5, a connected subcurve A C C of arithmetic genus p should satisty the following conditions:
(1) If p>0,thendegL|g > p+ 1.
(2) IfdegL|q = p+ 1, then A contains at most p + 3 marked points.

From now on we will assume that all these conditions hold.

The precise shape of these subtrees is not important for the calculation of the scattering amplitude map
and form and there are two ways to ignore them.

9.4 Definition Let C be a maximally degenerate curve satisfying Assumption 9.3.

(1) For each maximal connected subtree of white circles of the on-shell diagram, contract all interior
edges of the tree so that it shrinks to a point. We call this point a white megacircle. It is possible
for it to have more than three outgoing edges. A similar operation appears in [Arkani-Hamed et al.
2015]. Geometrically, this corresponds to a curve Cg obtained by smoothing some nodes of C.

(2) Contract each component of C where L has degree 0 to a singular point of a hypertree curve 3
[Castravet and Tevelev 2013, Definition 1.8]. X is not a stable curve: it has singularities worse
than nodes and marked points at singularities. But it is convenient: every morphism to P! given by
a line bundle in Picd C factors through X.

The following lemma was essentially proved in [Arkani-Hamed et al. 2015].
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9.5 Lemma Let C be a maximally degenerate curve satisfying Assumption 9.3. Then its on-shell
diagram has the following properties:

(1) Black circles are only connected to white megacircles and marked points.
(2) Each white megacircle is connected to exactly one marked point.

(3) The data of the on-shell diagram is equivalent to the data of triples in {1, ...,n}:
I={Iy,...,Tq}.

Each T'; is associated to one of the d black circles of the on-shell diagram. For such a circle, the
associated I'; consists of the markings that are either attached directly at that black circle, or sit on
a white megacircle connected to it.

Proof The first step is to place a dummy white megacircle with two edges between every marked point
and a black circle directly connected to it. After this operation, no black circle is connected directly to a
marked point. Let r be the total number of white megacircles. The on-shell diagram can be built step by
step as follows: start with r white megacircles connected to marked points. The Euler characteristic of this
graph is . Now add black circles one by one. Every time we add a new black (trivalent!) circle, the Euler
characteristic goes down by at most 2, and exactly by 2 only if the black circle is connected to an already
constructed graph at three points. It follows that at the end of the construction the Euler characteristic
will be at least » — 2(g + 1), on the other hand it should be equal to 1 — g. Thus r < g +3 = n. On the
other hand, n < r because each white megacircle is connected to at most one marked point. Thus we
have all the conclusions: r = n, all white megacircles are connected to marked points and black vertices
are not connected to each other. It remains to note that every black vertex is connected to three different
marked points. Indeed, otherwise a black vertex is connected to a white vertex by two paths, producing a
subcurve of arithmetic genus 1 and degree 1, which contradicts Assumption 9.3. a

Not every maximally degenerate curve satisfying Assumption 9.3 is an MHV curve. The precise condition
is as follows:

9.6 Theorem [Castravet and Tevelev 2013, Theorems 2.4 and 3.2] A maximally degenerate stable
curve C is an MHV curve if and only if it is give by triples I" as in Lemma 9.5 that form a CT hypertree,'!

Ur

jes

ie satisty equation (1),
>|S|+2 forevery S C{l,...,d}.

The scattering amplitude map is birational, with inverse map (called v in [loc. cit.])
9.6.1) AV My, —Pic? C, A7V(g1.....qn) = v 0pi(1),
where v: C — P! is a unique morphism such that v(p;) = ¢; and v*Op1(1) € Pic? C.

11gee [Castravet and Tevelev 2013] for motivation and a more general definition for subsets other than triples. There are other
notions of hypertree in literature, so to distinguish our case we use the terminology “CT hypertree”.
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b \

Figure 16

9.7 Definition [Castravet and Tevelev 2013] A CT hypertree I is called irreducible if () is a strict
inequality for every S such that 1 < |S| < d.

9.8 Example In genus 0 and 1, irreducible CT hypertrees are Examples 1.10 and 4.10, respectively.
In genus 2, there are none. See Figure 16 for irreducible hypertrees in genus 3, 4,5, 6. The database of
irreducible CT hypertrees in genus at most 8 up to symmetries along with equations and classes of the
corresponding hypertree divisors was created by Opie and Scheidwasser [2009].

9.9 The main goal of [Castravet and Tevelev 2013] was to construct hypertree divisors Dr C My , with
good properties. Suppose that I is an irreducible CT hypertree and g > 3. Then A ™! contracts a unique
divisor Dr C My, given by

e choosing a configuration of different points p1, ..., p, € P? such that different points p;, p iy Dk

are colinear if and only if {i, j,k} € T,

e projecting points pyp, ..., p, from a point p € P? to points ¢1,...,q, € P!, and

e representing the datum (P!;q¢1,...,¢n) by a point of Mo .
See Figure 17. The reader will notice a parallel with Section 2.8: the image W := A~!(Dr) C Pic? C
is the analogue of the planar locus W C Pic8T! C of a smooth MHV curve C that parametrizes its
presentations as a plane curve of degree g + 1. Like in the smooth case, the scattering amplitude form on
Pic? C (when pulled back to My ;) vanishes along Dr with multiplicity 2 because Wr has codimension 3.

This was noticed in [Castravet and Tevelev 2013] and [Arkani-Hamed et al. 2015], which both contain
(the same) determinantal equation for Dr.
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9.10 Remark The same stable curve can give many hypertrees by changing a vector d of multidegrees.
It is a nontrivial question to understand all MHV curves with the same underlying stable maximally
degenerate curve C.

We finish this section by studying geometry of spherical CT hypertrees. Recall that every checkerboard
triangulation of a 2-sphere as in Figure 5 gives a CT hypertree: vertices of the triangulation give the
indexing set {1, ...,n} and black triangles give triples (another CT hypertree is given by white triangles).

9.11 Theorem Let I' be a CT hypertree and let C be the corresponding maximally degenerate sta-
ble MHV curve. Then I' is spherical if and only if C does not have a 2-channel factorization (see
Definition 3.11) and admits a real algebraic structure such that:

(1) C is a stable limit of smooth pointed M-curves C; of type A; see Definition 8.2. Let C(R) =
Wi U---UWg 41 be the union of images of g + 1 ovals of C¢(R).

(2) No W; is an acnode, ie a real node which is a connected component of C(R).

(3) No W; is contained in a degree-0 component of C (white circle of the on-shell diagram). Equiva-
lently, W; is not contracted to a point by the morphism C — 3.

Proof Let C be a maximally degenerate stable MHV curve without 2-channel factorization that satisfies
properties (1)—(3). By Theorem 9.6, it corresponds to a CT hypertree I'. We need to show that T" is
spherical. According to [Seppild 1991], we can obtain C as follows.!? Start with a smooth pointed
M-curve C; of type A. Topologically, C; is obtained by gluing two identical discs D and D with g holes
removed. In (¢, these disks are interchanged by the complex conjugation. They are glued along the
12More precisely, [Seppili 1991] is restricted to curves without marked points. But there is a trick, a morphism from M g.n to

the “flag stratum” of M g+n-> which attaches a nodal genus-1 curve to every marking. All results that we need about the stable
reduction follow from the corresponding results for M g 4.
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Q"\'

Figure 18: A hypertree curve (top left) of a spherical CT hypertree (top right) with an on-shell
diagram (bottom left) is a degeneration of a real algebraic M-curve (bottom right).

real locus C(R) = D N D, which is the union of the outside oval of D and g inside ovals. Of course we
can turn any oval into an “outside” oval by turning D inside out. But there is a good choice: we choose
the oval with 3 marked points as an outside one, and the remaining ovals (with one marked point each) as
the inside ovals.

Next we fix a hyperbolic metric on C; \ {p1, ..., pn}, remove small conjugation-invariant discs around
marked points with geodesic boundaries and choose a conjugation-invariant pair-of-pants decomposition
of the remaining surface, with geodesic boundaries. The stable curve C is obtained by shrinking the
boundaries of pairs of pants to nodes, except for the boundaries around marked points.

We investigate the structure of this pair-of-pants decomposition. Since C does not contain acnodes by
condition (2), no real oval of C; is the boundary of a pair of pants. We claim that no boundary B is
entirely contained in D (or D) either. Indeed, if this were the case then by Jordan’s lemma B separates
D into two connected components. Shrinking B (and B) creates a pair of complex-conjugate nodes of C.
Neither of these nodes is a separating node because C does not admit a one-channel factorization by
Lemma 3.10. Thus these nodes separate C into two connected components. But this contradicts the fact
that C does not admit a two-channel factorization!? and satisfies condition (3).

Bnterestingly, if this two-channel factorization by complex-conjugate nodes does occur, the resulting curve is of the easy
type (I), completely described in Theorem 3.16.
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Figure 19: Decomposition of the disk D and the corresponding triangulation.

It follows that every pair of pants, a Riemann sphere with three discs removed, is in fact conjugation-
invariant, moreover isomorphic to P! (C) with the usual complex conjugation and three removed discs
are centered at three points of P!(R). The quotient of C; with the pair-of-pants decomposition by the
complex conjugation is the original disc D with g holes, and the quotient of each pair of pants is a curved
hexagon with alternating sides that are either arcs of real ovals of C(R) or arcs connecting the ovals. The
pairs of pants arising from the marked points look as follows: an arc around the marked point connecting
two points of the same real oval Z, then two arcs of Z, then two sides of the hexagon connecting Z to
an oval Z’', then an arc of Z’. Other pairs of pants connect three real ovals. We claim that in fact in the
first case Z # Z’, and in the second case all three real ovals are different. Indeed, if one of the sides of
the hexagon (not around the marked point) connects a real oval to itself, then the corresponding border
of the pair of pants is shrunk to a node of C that separates C into two connected components, which is
impossible by Lemma 3.10. We illustrate the decomposition of D into hexagons in Figure 19, where we
shade in gray the components of C of degree O.

Finally, we produce a checkerboard decomposition of the sphere, as follows. We shrink pairs of pants
arising from the marked points to points. Furthermore, we shrink hexagons that correspond to other degree
0 components of C to points. Furthermore, we shrink arcs connecting real ovals of degree-1 components
of C to points. This gives g 4 1 black triangles. We glue g 4+ 1 white polygons to the real ovals of C
along the arcs of black triangles. This gives a checkerboard decomposition of the sphere into g + 1 black
triangles and g + 1 white polygons. A priori, some of these white polygons may have two sides; however,
if that were the case then two adjacent black triangles would produce a two-channel factorization of C,
which is impossible. Thus all white polygons have at least three edges, and therefore they are all triangles
since the total number of edges of black and white triangles is the same. Therefore, the CT hypertree is
spherical. We illustrate the pair-of-pants decomposition and the corresponding triangulation in Figure 19.

It remains to prove that every spherical CT hypertree gives a maximally degenerate stable MHV curve
that can be obtained as a limit of smooth pointed M-curves C; of type A. The construction of the
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conjugation-invariant pair-of-pants decomposition should be obvious at this point. The only nontrivial
remaining part of the argument is to explain how to distribute points among the real ovals of C;(R).
Concretely, we start with a checkerboard triangulation of the sphere, attach three marked points to the
“outside” white triangle, and now have to distribute the remaining g marked points in g inside white
triangles so that every triangle contains exactly one marked point as in Figure 19. In other words, we
have to construct a perfect matching between nonexterior vertices of the triangulation and interior white
triangles. This nontrivial matching has been constructed by Tutte [1975] in his famous trinity theorem.

The algorithm goes as follows, as illustrated in Figure 20:

(1) Start with any checker-board triangulation.

(2) Itis easy to see that the vertices of the triangulation can be colored red, green and blue so that

every triangle has vertices of all colors.
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(3) There always exists at least one red arborescence: a directed connected tree connecting an outside
red vertex to all inside red vertices with one arrow pointing into each inside red vertex. Every
arrow first crosses a black and then a white triangle. In our illustration the red arborescence is just
a path but it can of course be a more complicated tree.

(4) At this point we can already construct a partial Tutte matching: match interior red vertices to white
triangles right before them in the arborescence. We indicate this by small red dots in these white
triangles.

(5) Construct another connected red tree by connecting blue and green vertices by edges which are not
intersected by the red arborescence.

(6) Shrink the red tree leaf-by-leaf and on every step match a vertex from which the leaf is removed to
a white triangle adjacent to the leaf. We indicate the matching by small green and blue dots in
these white triangles.

This completes construction of the matching and the proof of the theorem. O

10 Further remarks

Returning to the general case of factorization wc (p1+---+ pn) = L& L, we write d = degL=g+k—1,
where k is an expected dimension of H%(C, L), known in the physical context as helicity. When k > 2,
the line bundle L itself does not determine a map C — P!; one also needs to choose a two-dimensional
subspace in H?(C, L), ie a pencil of divisors. There are several ways to turn this set-up into a problem
about geometry of linear systems. One approach is to consider a diagram

A
G — Mo,

Pic? C
where all arrows are rational maps, the vertical map is generically a Grassmannian fibration with fiber
G(2, H°(C, L)), and the horizontal map sends a pencil into images of marked points in P!. While there

is no natural probability distribution on %, one can still ask about properties of the map A, for example
about its degree if it is generically finite, which happens if g +2(k —2) =n—3,ien = g+ 2k — 1.

Another approach is to consider maps ¢y : C — pk-1 given by complete linear systems instead of maps
to P! given by pencils. This gives a rational map

A
Pic? C -=» X(k,n),

where X(k,n) is the moduli space of n points in PX~! modulo PGLy; see [Keel and Tevelev 2006;
Schaffler and Tevelev 2022; Tevelev 2007] for the background on this space and its compactifications.
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With this definition, we can again view the volume form on Pic? C as a multivalued meromorphic
scattering amplitude form on X(k,n), at least if the map A is generically finite, which happens if
g=nk—1)—k?+1,ieifn = g/(k — 1) +k + 1. Another advantage is that the duality between bundles
L and L is manifest: we have

J:degz:(2g—2+n)—(g+k—1):g+(n—k)—1:g+E—1,

where k = n — k. In fact we have a commutative diagram

Pic? ¢ =5 Picd ¢

| L7
X(k,n)=>X(n—k,n)
with rational vertical arrows. Indeed, the Gale duality X(k,n) >~ X(n — k, n) corresponds to the pairing

(U C V) «— (UL C V*) between subspaces of C”, and global sections of L and L are indeed
perpendicular, due to the residue theorem.

10.1 Example The first non-MHYV case is the following “666 puzzle”. Let C be a genus-4 curve with 6
marked points 1, ... pe. A choice of a degree-6 line bundle L € Pic® C realizes C as a 6-nodal sextic
in P2 with 6 marked points. This gives a generically finite rational map A from Pic® C to X(3, 6), which
has dimension 4. What is the degree of A? An easier case for k = 3 would be to consider nodal genus 2
quartics in P? with 5 marked points, but by the Gale duality this case is equivalent to the MHV case
g = k =2, so the degree of A will be 4.

In the rest of this section we show that, in the maximally degenerate case, our scattering amplitude form
on X (k,n) (which is isomorphic to My, in the MHV case k = 2) is equivalent to the leading singularity
form of the scattering amplitude on the Grassmannian G (k, n) as described in [Arkani-Hamed et al. 2016].
It is convenient to pass to the (C*)"*~!-torsor Pic C — Pic C, which parametrizes line bundles L along
with trivializations #;: L|,, ~ C for i = 1,...,n. This automatically gives trivializations 7 : Z| p =C
such that #; ®; is the canonical trivialization wc (p1 + -+ =+ pn)|p; = C given by the residue. The choice
of global sections s, € H°(C, L) and 53 € H°(C, Z) for o, & = 1, 2 gives spinor 2-vectors A; = t; (S |p;)
and Xi =1 (5a |p;) such that each (external) momentum can be written as p; = )Ll-Il.T. The change of
trivializations corresponds to the action of the little torus (C*)” by A; > t;A; and L — ti_lxl-.

We have a commutative diagram _
Pic? C “25G (k,n)

L b
Picd C A5 X (k,n)

Here /A\(L, t1,...,1,) is the row space of the matrix (ti (s; |Pi)) g> Where sp,. .., s is a

i=1,..., n;j=1,...,
basic of H%(C, L), and 7 is a (rational) quotient map by the little torus acting on the Grassmannian. Being
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a torsor over Pic? C , lsi\ch also carries a canonical volume form, and writing it down as a multivalued
form on G (k,n) in Pliicker coordinates is equivalent to writing a scattering amplitude form on X (k, n).

We specialize to the maximally degenerate case. Let v be the number of irreducible components of C,
ie the number of vertices of the on-shell diagram, and let i be the number of internal edges. Then
dim PlCd C =g+n—1=2v—i. Furthermore, PlCdC has a presentation as a quotient torus

IS'iEdC ~ IS'iEde/((C*)i ~ ((C*)Zv/((c*)i’
defined as follows. The restriction of L to every irreducible component of C (equivalently, every connected
component of the normalization C") is either Op1(1) (for black vertices) or Op: (for white vertices). In
either case, choose its trivialization at three special points of that component and use these trivializations
to glue a line bundle on C from the line bundle on the normalization. The action of the torus (C*)’ comes
from simultaneously rescaling trivializations at two points of C” that glue to the same node of C. The
standard dlog form on (C*)2V/(C*)’ then gives the formula [Arkani-Hamed et al. 2016, (4.41)] for the
leading singularity of the scattering amplitude. Various delta-functions in this formula simply encode the

fact that choosing the spinor variables A; (resp. Ii) corresponds to choosing a two-dimensional subspace
in H°(C, L) (resp. in the Gale-dual H°(C, L), orthogonal of H°(C, L)).
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