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Let K be a tunnel number one knot in M with irreducible knot exterior, where M is either S3, or a
connected sum of S2 x S'! with any lens space. (In particular, this includes M = S? x S'.) We prove
that if a nontrivial Dehn surgery on K yields a lens space, then K is a doubly primitive knot in M.
For M = S this resolves the tunnel number one Berge conjecture. For M = S2 x S! this resolves a
conjecture of Greene and Baker, Buck and Lecuona for tunnel number one knots.
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Introduction

One of the main goals of low-dimensional topology is to determine which manifolds are obtained by
Dehn fillings on knots in the 3-sphere. D Gabai [15] proved the Property R conjecture, ie if a Dehn
surgery on a knot in S3 yields S2 x S, then the knot must be a trivial knot. Another major achievement
in the 1980s was the proof by C Gordon and J Luecke [17] that if nontrivial surgery on a knot yields S°,
then the knot must be the trivial knot. Both S2 x S and S3 are lens spaces. So a natural question is:

Question 1 Which knots in S* other than the unknot have nontrivial surgery resulting in a lens space
which is not $3 or §2 x S1?

This question was first raised by L Moser [25] in 1971. She determined the surgeries on torus knots
yielding lens spaces. Subsequently, Bleiler and Litherland [11], Wang [35] and Wu [36], independently,
characterized the surgeries on satellite knots in S3 which result in lens spaces. The question is still
unresolved for hyperbolic knots.

In his celebrated notes, W Thurston [34] proved that each hyperbolic knot has only finitely many surgery
slopes so that the manifolds obtained by Dehn fillings along these slopes fail to be hyperbolic (this number
is uniformly bounded over all hyperbolic knots; see Agol [1], Bleiler and Hodgson [10], Lackenby [23]
and Lackenby and Meyerhoff [24]). There has been a huge effort by many mathematicians to precisely
determine these fillings. As lens spaces are nonhyperbolic, the above question can be viewed as a special
case of this huge task.

JBerge [7] observed that if a knot K is doubly primitive! (see definitions below), then a Dehn surgery on
K yields a lens space. He compiled a list of twelve families of doubly primitive knots K C S including
known cases of torus and satellite knots and asked whether a knot K C S? is on this list if and only if K
is doubly primitive? (This question was later formally conjectured by C Gordon [22, Problem 1.78].)2
The question became to be known as the Berge conjecture:

Conjecture 2 (the Berge conjecture) Let K C S?3 be a nontrivial knot which has Dehn surgery resulting
in a lens space. Then K is doubly primitive.

A simple closed curve on the boundary of a genus-two handlebody is primitive if the handlebody has
a compressing disk that transversely intersects this curve in a single point. A knot K C M is doubly
primitive if M has a genus-two Heegaard splitting and K can be isotoped onto the Heegaard surface so
that K is primitive in both handlebodies of the Heegaard splitting. Note that if one adds a two-handle to a
genus-two handlebody along a primitive curve, then the resulting manifold is a solid torus. Thus a doubly
primitive knot always has a Dehn surgery that results in a lens space.

IBerge calls these knots “double primitive”.

2Ultimately the proof that Berge’s list for knots in S is complete is a consequence of the lens space realization paper of
J Greene [19].
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Tunnel number one knots satisfy the Berge conjecture 3273

There is a stronger version of the Berge conjecture, which says that if a Dehn surgery on K produces
a lens space, then K has a doubly primitive presentation such that the framing given by the Heegaard
surface is the surgery slope. Note that a knot may have more than one doubly primitive presentation. By
Baker, Doleshal and Hoffman [4, Theorem 10], nontorus doubly primitive knots in .S 3or S2x S! have

no unexpected lens space surgery.

Given a knot K in a closed orientable 3-manifold M, a tunnel system for K is a collection of disjoint
properly embedded arcs {t1, ..., #,} in the knot exterior E(K) = M \ N(K), where N(-) means a regular
neighborhood of { -}, such that E(K) \ N ({Jj=, #i) is a handlebody. The tunnel number of the knot K is
the minimal number of arcs in a tunnel system for K. Note that a knot K has tunnel number 7 if and
only if M \ N(K) has Heegaard genus n + 1.

Let K C M be a doubly primitive knot. If one pushes K into the interior of either genus-two handlebody of
the corresponding Heegaard splitting, then after removing N'(K), this handlebody becomes a compression
body and the genus-two Heegaard surface for M becomes a Heegaard surface of M \ N'(K). Moreover,
the one-handle in the compression body determines an unknotting tunnel for K. This means that all
doubly primitive knots have tunnel number one.

Therefore, the Berge conjecture can be divided into two parts:

Conjecture 3 (the tunnel number one Berge conjecture) If K C S3 is a tunnel number one knot which
admits a Dehn surgery resulting in a lens space, then K is doubly primitive.

Conjecture 4 (the lens space Dehn surgery) If K C S? is a nontrivial knot which admits a Dehn
surgery resulting in a lens space, then K is a tunnel number one knot.

As the notion of doubly primitive knots is not limited to .53 one can ask whether a conjecture similar to
the Berge conjecture holds for other manifolds with Heegaard genus at most 2:

Question 5 Let K be a knot in a 3-manifold M such that a Dehn surgery on K yields a lens space. Is
K necessarily doubly primitive with respect to a genus-two Heegaard splitting of M ?

The answer to Question 5 is known to be negative when M is the Poincaré homology sphere (see
Baker [2]) or a lens spaces in general (see Baker, Buck and Lecuona [3]). Namely, there are knots in the
Poincaré homology sphere and in nontrivial lens spaces such that surgery on them yield lens spaces but
the knots are not doubly primitive with respect to a genus two Heegaard splitting of these spaces.

The next conjecture, which was made by JGreene [19, Conjecture 1.8] and by Baker, Buck and
Lecuona [3, Conjecture 1.1], says that the answer to Question 5 is expected to be true if M is S2x S

Conjecture 6 (Berge conjecture for S2 x S1) If K is a knot in S? x S which admits a lens space
Dehn surgery, then K is doubly primitive.
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In Theorem 7 we prove Conjecture 3. Theorem 7 also implies that Conjecture 6 also holds for knots with
tunnel number one.

Theorem 7 Let K C M be a tunnel number one knot with irreducible knot exterior, where M is
either S3 or (S? x SY)#L(r, s), where L(r, s) is any lens space. If a nontrivial Dehn surgery on K yields
a lens space, then K is doubly primitive.

Note that if M = (S?x S')# L(r,s) and K is a core curve of a Heegaard solid torus in the lens space
summand L (r, s), then a Dehn surgery on K may change L(r,s) to S3, thereby transforming M to the
lens space S? x S'. However, K may not be doubly primitive on the genus-two Heegaard surface of M.
This special case is the only reason we require the knot exterior M \ K to be irreducible in Theorem 7.
In particular, this hypothesis has no impact when M is S or $2 x S, since 3\ K is irreducible for all
knots, and if (S? x S!)\ K is reducible, then K lies in a 3-ball and no nontrivial Dehn surgery produces
a lens space. The only point in our proof where this hypothesis is required is in Lemma 1.1.3.

Theorem 7 suggests that the answer to Question 5 might be positive in the case where M is a connected
sum of S x S! and a lens space.

Let K be a knot in S3 We say that K admits genus-reducing surgery if S3\ N(K) has a nontrivial
surgery resulting in a manifold M so that g(M) < g(S3\ N(K))—1, where g(X) denotes the Heegaard
genus of the manifold X. It will be called strongly genus-reducing surgery if g(M) < g(S3*\ N(K))—1.
In this context, the second author would like to make the following conjecture:

Conjecture 8 (strong genus-reducing surgery) Knots in S3 do not have strongly genus-reducing surgery
slopes other than the slope of the meridian.

The following is a weaker conjecture:
Conjecture 9 For any knot K C S3 no integer slope is a strongly genus-reducing surgery slope.

It is a consequence of the cyclic surgery theorem (see Culler, Gordon, Luecke and Shalen [14]) that if
K C S? is a hyperbolic knot only integer slope surgery can yield a lens space. Thus Conjecture 9, if true,
together with Theorem 7 implies the Berge conjecture.

The Berge conjecture has been studied extensively, eg by Berge himself [7; 8; 9], also by D Gabai [16],
K Baker, E Grigsby and M Hedden [6], P Ozsvath and Z Szabé [29], J Rasmussen [30], T Saito [31],
M Tange [32; 33], Y Ni [27], J Greene [19] and others. There is some strong evidence for the Berge
conjecture. For example, Yi Ni [27] proved that if a knot in §3 admits lens space surgery, then the knot
must be fibered (all Berge knots are fibered). Greene [19, Theorem 1.3] proved that if a lens space can be
obtained by surgery on a knot in S3 then such a lens space can be obtained by a knot in the Berge list

However, very little is currently known on either of Conjectures 8 or 9. Some results in this direction
were obtained by K Baker, C Gordon and J Luecke [5, Corollary 1.1].

Geometry & Topology, Volume 29 (2025)



Tunnel number one knots satisfy the Berge conjecture 3275

The main idea of the proof and outline of the paper Assume that M is a 3-manifold and K C M is a
knot. Let {U, W} be a Heegaard splitting for M \ N'(K) along a genus-g Heegaard surface X, where
U is a compression body and W is a handlebody, see Definitions 1.1.1. Then ¥ is also a Heegaard
surface of the manifold M (r) obtained by r-surgery on M \ N(K). If the Heegaard splitting of M (r)
along ¥ is stabilized, then the handlebody W must contain an essential disk D and the compression
body U must contain a planar surface P such that P N D is a single point in X and, after the Dehn
surgery on K, P becomes an essential disk P. So (}3, D) is a genus-reducing destabilizing disk pair; see
Definitions 1.1.1 and 1.1.2 below. The pair (P, D) is called a (P, D)-pair.

As described at the beginning of Section 1.2, we are dealing with a genus-two Heegaard splitting of
M\ N(K), where M is either S or (S x S1)#L(r, s), which becomes, after integer surgery, a reducible
genus-two Heegaard splitting of a lens space. Thus the genus-two Heegaard splitting must contain a
(P, %D)-pair (P, D).

Consider a Heegaard diagram of the genus-two Heegaard splitting of M, namely V= {o,y} and
W= {6, &}, where 6 = 0D, ¢ is a meridian of the handlebody W disjoint from § and dP, « is a boundary
curve of a vertical annulus in the compression body U, and y is the boundary of a disk in U. See the
beginning of Section 1.3, Definitions 1.3.1 and 1.3.6 for more details.

The intuition behind the proof is the following: We do not know what the curves «, y, 8, ¢ and dP look
like. However, since the Heegaard surface X is of genus two and since y N =6 Ne=¢e¢NJIP = & and
dP N aD is a single point, the possible configurations of these curves should be sufficiently limited to
give the required result.

Main idea The name of the game is to analyze all possible configurations for these curves. Note that
if we cut the Heegaard surface ¥ along d4 P, the curves V= {y,a} and W = {8, &} are cut into a
collection of arcs on X \ N'(d+ P). Using this information define a notion of complexity ¢c(P, D, o, y)
of a (P, D)-pair; see Definition 1.2.1. In order to reduce this complexity, we perform wave moves (see
Definition 1.3.2) on the above curves which yield new curves and meridional disks so that one of the
following holds:

(1) We find a new (%, %)-pair or a new o with smaller complexity ¢(P, D, «, y). If this is the case then,
after iterating the argument if need be, we use Proposition 1.2.2 to conclude that K is a Berge knot.

(2) The knot K is a Berge—Gabai knot, see [8; 16], and hence doubly primitive, ie K is a Berge knot.

(3) The new Heegaard diagram, which is not standard, has no wave. In this case Theorems 1.3.7 and
1.3.8 are contradicted when M is one of S3 or (S2 x S!)# L(r,s), where L(r, s) is a lens space.

Outline of the paper In Sections 1.1-1.3, we define the necessary notions and prove some of the
lemmas that are needed throughout the paper. In particular, we define a notion of complexity and show
that if there is a (%, @)-pair and an annulus with very small complexity, then the knot K must be doubly
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primitive; see Proposition 1.2.2. We also study the Whitehead graphs of genus-two Heegaard splittings
of M. The edges of a Whitehead graph of M are restricted by Theorems 1.3.7 and 1.3.8. For example if
the Heegaard diagram is not “standard” (as in Definition 1.3.6), the edges cannot be blocking-edges as
defined in Definition 1.3.10.

The next crucial step, done in Section 2.1, is to first cut the Heegaard surface ¥ open along the curve 04 P,
denoting the resulting compact surface by T, and then fix a “standard” decomposition for $. The
surface  is composed of two annuli, denoted by 4, and #{;, and two rectangles denoted by ®* and R4,
The arcs ¥y \ 0+ P, @\ 0+ P, § \ 0+ P, and the curve ¢ in S =, URYUR U s have certain properties
and restrictions, which are discussed in lemmas, remarks and propositions numbered 2.1.1-2.1.9.

In Section 2.2 we concentrate on the {g, 8} and d P curves. In order to describe the curves we define the
notion of paths, more specifically short and long paths, which the curves {eg, 6} must follow (take); see
Definition 2.2.3. Each of the curves can take a path many times. Since the curves {¢, §} after being cut
along d+ P can have many parallel arcs which take the same path, it is convenient to think of them as
train tracks. This is done in the discussion below Definition 2.2.3. These train tracks will play a crucial
role in Section 3.

Section 3, which is the essence of the proof, is a careful and detailed analysis of the curve § in by depending
on the paths that § takes. It turns out that there are four possibilities:

(1) & takes one short path in ${; and one short path in s,

(2) & takes one short path in $4; or A, and two short paths in the other annulus.

(3) 6 takes two short paths in ${; and two short paths in <.

(4) 6 takes a long path in one (or both) of the annuli.

This analysis gives the three possibilities as in the main idea above, which proves the theorem.

Acknowledgements We thank John Berge for important remarks regarding (1, 1)-knots and for pointing
out the importance of the papers by T Homma, M Ochiai and M Takahashi [21] and M Ochiai [28] to the
Berge conjecture. Li thanks Ken Baker and Alex Zupan for helpful communications. Moriah and Pinsky
thank Dale Rolfsen for his support. We thank the referee for numerous corrections and suggestions.

Li is partially supported by an NSF grant. Moriah thanks the University of British Columbia for its
generous hospitality.

1 Preliminaries

Throughout the paper, we assume that M is either S3 or (S2 x S!)# L(r,s), where L(r,s) is a lens
space. Since S3 is a lens space, the case M = S? x S! is included. For any space Y, we use |Y| to
denote the number of components of Y, use int(Y') to denote the interior of ¥ and use N(Y') to denote
a small regular neighborhood of Y. Finally, throughout the paper the hyperelliptic involution will be
denoted by 7.
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1.1 Primitive and doubly primitive

We begin with some definitions:

Definition 1.1.1 A compression body is a connected 3-manifold U obtained by adding two-handles to a
product ¥ x I (I =10, 1]) along ¥ x {0}, where X is a closed and orientable surface, and then capping
off resulting 2-sphere boundary components by 3-balls. The surface X x {1} is denoted by d+U and
dU \ 04U is denoted by 0_U. If 0_U = @ then U is a handlebody. One can also view a compression
body with d_U # @ as a manifold obtained by adding one-handles on the same side of 0_U x [.

A Heegaard splitting of a 3-manifold Y, denoted by (U, W), is a decomposition of Y into two compression
bodies U and W along a closed surface ¥ = d4+U = 04+ W, and X is called a Heegaard surface.

Let K C M be a knot in M. Throughout the paper, we will use (U, W) to denote a Heegaard splitting for
M\ N(K) with 0_U = (M \ N(K)) being the boundary torus, and we use X to denote the Heegaard
surface. Note that a trivial Dehn filling along d_U extends U to a handlebody V, and hence X is also a
Heegaard surface of M. Throughout the paper, we use (V, W) to denote this Heegaard splitting of M,
with ¥ =09V =0W, K C V and U =V \ N(K).

For any surface S properly embedded in a compression body U, we use 0—S to denote S N d_U and
d4+S todenote SNJI+U C .

Throughout this paper P will denote a planar surface which is not a disk in U. We require further that P
has a single boundary component, denoted by d+ P on d4+U and N > 1 boundary components on d_U.

An annulus A properly embedded in the compression body U is called a vertical annulus if A is
incompressible and has one boundary component in d4 U and the other boundary component in d_U.
Note that there are many vertical annuli in U even with the same d_ A curve, by taking band sums of one
such A with compressing disks in U.

Definition 1.1.2 Let (U, W) be a Heegaard splitting of M \ N(K) as above. Let P be a planar surface
properly embedded in U and D a compressing disk in W. Suppose d4+ P is a single curve transversely
intersecting dD in X. We say that (P, D) is a (P, @)-pair with respect to the Heegaard splitting with
slope r if dD N d4 P is a single point and d— P consists of essential curves of slope r in the boundary
torus. If P is an annulus then we say that (P, D) is an (4, D)-pair.

In this paper we assume that some nontrivial Dehn surgery on K yields a lens space.

Lemma 1.1.3 Let M be either S3 or (S? x S')# L(r,s), and let K be a knot in M with irreducible
knot exterior. Suppose K admits a nontrivial Dehn surgery resulting in a lens space. Then either K is
doubly primitive, or the surgery slope is an integer slope.
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Proof If M = S? then since K admits lens space surgery, by the cyclic surgery theorem (see [14]),
either the surgery slope r is an integer or K is a torus knot. Since a torus knot is doubly primitive (see [7]),
the lemma holds.

Suppose therefore that M is S2 x S! or (S2 x S')# L(r,s). Since M \ N(K) is irreducible, by
[13, Corollary 1.4], either the surgery slope is an integer slope or M \ N'(K) is a simple Seifert fibered
space. If M \ N(K) is a simple Seifert fibered space, then it contains an essential annulus A which
divides M \ N'(K) into two solid tori. Since M is (S% x S!)# L(r, s) and since M \ N'(K) is irreducible,
M \ N(K) admits an essential planar surface with co-slope, ie S? \ N(K), where S? is an essential
2-sphere in (S2 x S1)# L(r,s). By [18], the boundary slope of A and the boundary slope of the planar
surface S2\ N'(K) has geometric intersection one. Hence the boundary slope of A4 is an integer slope.
Since A4 divides M \ N(K) into two solid tori and dA4 has integer slope, K must lie on a torus which
divides M into two solid tori, which implies that M = S? x S. Similar to the argument about torus
knots (see [7]), K is doubly primitive with respect to a genus-two Heegaard surface of M. |

Proposition 1.1.4 Let K C M be a tunnel number one knot with irreducible knot exterior, where M
is §3 or (S? x SY)Y# L(r,s). Suppose K admits a lens space surgery, Then, if there is an (s, %)-pair
with respect to a genus-two Heegaard splitting of M \ N(K) where d— A has the surgery slope, then K is
doubly primitive.

Proof Suppose (A4, D) is such a pair, ie A C U is a vertical annulus meeting the disk D C W in a
single point in d4+ A. If we perform Dehn filling along the slope r of d_A4, A extends to a disk and the
(A, D)-pair extends to a stabilizing pair of disks in the manifold M (r) obtained by Dehn filling along
the slope r. Since the Heegaard splitting has genus two, this implies that M (r) has Heegaard genus at
most one and hence is a lens space.

As in Lemma 1.1.3, this means that the slope r of d_A is an integer or K must be doubly primitive.
Suppose r is an integer, then d— A and hence 04+ A are isotopic to the knot K in M. So we may isotope
K to the curve 0+ 4 C 3. Since 01 A transversely intersects dD in one point, K is primitive in W. Since
U is a compression body, U contains a vertical annulus 4’ such that d_ A’ has meridional slope. Hence
0+ A’ bounds a disk D’ in the handlebody V = U U N (K) intersecting K in one point. So K is primitive
in V as well. O

Remark 1.1.5 A tunnel number one knot may have multiple different unknotting tunnels. Thus, a priori,
it is possible that a knot K is not doubly primitive with respect to some genus-two Heegaard surface of
S3\ N(K) but is doubly primitive with respect to a different genus-two Heegaard surface of S3\ N(K).

In fact, the (—2, 3, 7)-pretzel knot K is a tunnel number one knot with four unknotting tunnels; see [20].
John Berge pointed out that the compression body in one of these genus-two Heegaard splittings can be
obtained by adding a two-handle to the boundary of a genus-two handlebody H along a simple closed
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curve p C dH which represents the word x3y2x2y2x3y3 in 7 (H) = F(x, y), the free group on two

generators. In this case, there is only one simple closed curve disjoint from p which represents a primitive
in H, namely the curve x y, which is the meridian of H(p) = S3 \ N(K). So clearly K cannot be doubly
primitive with respect to this Heegaard splitting. However, the (—2, 3, 7)-pretzel knot is on the Berge list.

This example implies that the proof of the main theorem, Theorem 7, will have to deal with this possible
situation. This will be done in the next section.

1.2 A notion of complexity for a (%, %)-pair

Let K C M be a tunnel number one knot and (U, W) a genus-two Heegaard splitting of M \ N(K),
where W is a handlebody, and let X be the Heegaard surface. The surface X also determines a Heegaard
splitting (V, W) of M with V= U UN(K). Suppose the Dehn filling along a slope  yields a lens space.
Note that ¥ is also a genus-two Heegaard surface of the lens space. By Bonahon and Otal [12], the
genus-two Heegaard splitting of the lens space is stabilized by a stabilizing pair of disks (D, E). Assume
D C W and E C V. Hence E\N(K) C V\N(K) = U is a planar surface P C U which intersects
D C W in a single point. Thus, a stabilizing pair of disks gives rise to a (%, %)-pair (P, D), where d— P
has slope r. By Lemma 1.1.3, we may suppose that r is an integer slope. If P is compressible in U,
then by compressing P, we obtain a new planar surface P’ with d1 P’ = dP4. So, after finitely many
compressions, we obtain a new (%, %)-pair with incompressible planar surface. Assume throughout the
paper that P is incompressible in U. By Proposition 1.1.4, we shall assume P is not an annulus (as
otherwise we are done).

We now proceed to define a notion of complexity for (%, @)-pairs. As the Heegaard splitting is of
genus two, there is a unique, up to isotopy, nonseparating disk in U which is denoted by C. There is a
vertical annulus A4 in U such that d_ A has the co-slope (ie the meridional slope of K in M'). Note that
A is not unique; in fact, one can construct infinitely many such annuli by band-summing 4 with C in
different ways. Suppose C N A = &. Let y = dC and o = d+ A. Note that y and « lie on the Heegaard
surface X, and both y and & bound nonseparating disks in the handlebody V = U U N (K).

Definition 1.2.1 Given a (P, %)-pair (P, D) in a Heegaard splitting of M \ N(K) and a collection of
disjoint simple closed curves {«1,...,a,} C X in general position with respect to (0P+, dD), define
the complexity co(P, D,ay,...,a,) to be the number of segments of {o; U--- U ay} \ 4+ P which
intersect D.

In the current situation, for a given (P, D), consider the complexity ¢o(P, D, «,y), where y = 0C
and o = 04+ A and where A is a vertical annulus in U such that d_ A has the co-slope. Further, define
c1(D, o, y) to be the number of intersection points of dD and « U y. Now, define the pair

C(P! D,O(,)/) = (CO(P1 D,O(,)/),Cl(D,Ol,]/))
with the lexicographical order to be the complexity of (P, D).
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As mentioned above, the general idea of the proof is to show one can reduce the complexity of the
diagram. The following proposition shows that if one reaches a diagram with small complexity, then K
is a Berge knot. It is thus a main ingredient of the proof. This proposition also deals with the situation
described in Remark 1.1.5, where a knot space has multiple Heegaard splittings in which the knot K is
not doubly primitive with respect to some and is doubly primitive with respect to others.

Proposition 1.2.2 Let (P, D) be a (P, %)-pair, and « = 0+ A as above. Suppose | P N A| is minimal
up to isotopy on P and A. If co(P, D,a) < 1, then K is doubly primitive with respect to a (possibly
different) genus-two Heegaard splitting of M.

Proof We have assumed at the beginning of Section 1.2 that P is incompressible. This implies P does
not have a d-compressing disk at the boundary torus dN'(K). To see this, if P has such a d-compressing
disk, after boundary compressing P along this disk we obtain a new surface P’ with a boundary curve
bounding a disk on the boundary torus N (K). If this curve bounds a disk in P’ as well, then since
M \ N(K) is irreducible, P must be a boundary parallel annulus. If this curve is essential in P’, then the
disk in dN'(K) gives rise to a compressing disk for P. Both cases contradict the choice of P.

By Lemma 1.1.3, we may assume that the curves in d— P have integer slope. Hence each component of
d— P intersects d— A in exactly one point. Since P is incompressible and | P N A| is minimal we may
assume that, perhaps after isotopy, P N A contains no closed curve that is trivial in A. Since P does not
have d-compressing disk at the boundary torus, after isotopy, P N A contains no arc with both endpoints
in d_ A. Further, each component of A N P must be either an essential arc in 4 or an arc in A with both
endpoints in @ = d4+ A.

Let kq,...,ky be arcs in A N P that are essential in A. Thus kq, ..., ky divide 4 into N rectangles
Ry, ... Ry. By Proposition 1.1.4, we may assume P is not an annulus and hence N > 2.

Suppose co(P, D, ) < 1. Then the intersection « N dD, if nonempty, must lie in a single arc of o \ P
and thus in the boundary of a single rectangle R;, and without loss of generality we may assume that
aNdD C dR;. Set R= RyU---URN.If PN R contains arcs that are d-parallel in A, we can perform
d-compressions on P along these arcs. Since RN D = @, such d-compressions do not create new
intersection points with D. Hence, after the d-compressions, one of the resulting planar surfaces still
intersects D in a single point. Thus we may assume that no arc in P N R is d-parallel in A; in other
words, PN R = U1N=1 ki.

Let K* denote the dual knot to K in the corresponding lens space L, where L \ N(K*) =~ M \ N(K).
We view P, D and A in the exterior of K* The planar surface P can be viewed as an N -punctured
disk in L \ N(K™*). The arcs kq, ..., kx, when viewed in P, are arcs connecting the N components of
d— P to 04+ P. Let p; be the component of d_ P that contains an endpoint of k;, wherei = 1,..., N, and
let Ny; be the closure of a small neighborhood of p; U k; in P. So Ny, is an annulus of which p; is a
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Figure 1: The surfaces Ap, left, and ﬁd, right, used to modify the Heegaard splitting.

boundary component. We may view the annulus Ny, as a subsurface of P cut off by an arc d;, where
d; C Ny, and d; is properly embedded in P; see Figure 1, left. The arc d; is the arc in P that goes
around u; U k; as indicated in Figure 1, left.

Since k1, ..., kn are vertical arcs of the rectangle R there is a rectangle ﬁd = I x I “following” R so
that each d; is a vertical arc in ﬁd of the form of {x} x I and I/Q\d N X = I x dI; see Figure 1, right (the
shaded region denotes ﬁ). The rectangle ﬁd can be obtained by first taking two parallel copies of R and
then connecting them around K* Note that {d,...,dy} is a collection of disjoint vertical arcs in ﬁd.
Since R is disjoint from D we have ﬁd ND=wg.

Next we modify the Heegaard splitting (U, W) of M \N(K) = L\ N(K™*). LetU' =U \N(I’éd). Note
that ﬁd deformation retracts to d; for any i. So U’ =~ U \ N'(d;) and one may view N (ﬁd) as a “fat”
tunnel in U. As U is a compression body, there is a vertical annulus 4,, C U between any pu; and a
curve in X. Notice that, after isotopy, A,,; N A4 is a single arc k which is vertical in both 4,; and A4.
Hence k; is isotopic to k in the annulus A. As kK C A, we can isotope u; U k; into A,;. Hence the
annulus Ny, can be isotoped to a subsurface of A4,,. In particular, d; can be isotoped into A, .

As d; has both end points on X, d; is d-parallel in A,; and hence d-parallel in U. Thus drilling out a
tunnel in U with the arc d; as its core results in a compression body isotopic to U’ = U \ N (ﬁd). The
complement of U’ is a genus-three handlebody W’. Thus (U’, W) is a stabilized genus-three Heegaard
splitting of M \ N(K) = L\ N(K™).

Note that /V,; is a vertical annulus in U " Let A C W’ be a cocore (meridional) disk of the (fat) tunnel
N(ﬁd) that we drill out from U. So A N Ny; is a single point and (N, , A) is an (54, 9)-pair.

Let Ap be the closure of P\ Uf\;l Ny, ; see the shaded region in Figure 1, left. Since R connects all
the components of d— P, Ap is a disk which can be viewed as a properly embedded disk in U’. Since
iéd is disjoint from D, the operation of drilling this tunnel does not affect D. Hence we may view D

Geometry & Topology, Volume 29 (2025)



3282 Tao Li, Yoav Moriah and Tali Pinsky

as a disk in W/, and DN Ap = D N P is a single point. Thus (D, Ap) is a stabilizing pair of disks
for the genus-three splitting (U’, W’). By cutting W’ along D and adding N'(D) as a two-handle to U’
along D, we destabilize the splitting (U’, W) into a new genus-two Heegaard splitting of M \ N(K).
As D is disjoint from both N,,; and A, the pair (Vy;, A) described above remains an (s{, %)-pair in the
resulting genus-two Heegaard splitting. By Proposition 1.1.4, K is doubly primitive with respect to this
new genus-two Heegaard splitting. O

By Definition 1.2.1, ¢o(P, D,a) < co(P, D,«, y). Hence K is doubly primitive if ¢co(P, D, o, y) < 1.
In light of Proposition 1.2.2 we adopt the following:

Assumption 1.2.3 Fix a (%, @)-pair (P, D) and suppose P is incompressible in U. By Proposition 1.1.4,
we may assume P is not an annulus. Throughout the paper, we assume P, D and o are chosen so that
c¢(P, D, a, y) is minimal among all the (%, @)-pairs and all such annuli 4 (o = 9+ A).

We finish this section with the following lemma.
Lemma 1.2.4 Let P and y be as in Assumption 1.2.3. Then 0+ PNy # .

Proof Suppose on the contrary that d4+ P Ny = &. Recall that y = 0C, where C is a compressing
disk in U. Since P is incompressible in U and since d+ P Ny = &, we can perform an isotopy so that
PNC=0.

If we cut U open along the disk C, then the resulting manifold is homeomorphic to 72 x I and P C T2 x 1.
Note that if P is d-compressible in 72 x I, then P is compressible (one can construct a compressing disk
using two parallel copies of a d-compressing disk). Since P is assumed to be incompressible, P must be
both incompressible and 9-incompressible and hence 71 -injective in 72 x I. This means that P must be
an annulus, contradicting Assumption 1.2.3. O

1.3 Meridional disks and Whitehead graphs

In this section we define Whitehead graphs and waves, which are the main tools in the proof of the
theorem.

Let (V, W) be a genus-two Heegaard splitting of a closed 3-manifold M with a Heegaard surface X.
Let V = {V1,V,} and W = {Wy, Wy} be complete meridian sets respectively. That is, each is a pair of
essential disks such that V' \ V and W \ W are 3-balls. Let v; = dV; and w; = W, fori = 1,2. To
simplify notation, we also call v; and w; meridians of V' and W, respectively. If we cut X open along
v1 Uy, we get a 4-punctured sphere whose boundary consists of four components {v;L, vy, v;' , U, }, and
w1y U ws, is cut into a collection of properly embedded curves in the 4-punctured sphere.
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Figure 2: The three graphs given in [28].

Let V = {v1,v2} and W= {wy,wy}. A Heegaard diagram (X, v, W) for the 3-manifold M is said to
be normal if no domain in X\ {17 u W} is a bigon; see [28] for more detailed definitions. We can always
isotope the curves vy, vy, w1 wy in X to eliminate all the bigons and obtain a normal Heegaard diagram.
Throughout the paper, we assume all the Heegaard diagrams are normal.

Definition 1.3.1 (genus-two Whitehead graphs) The graph I'({vy, vy}) (or I’(I7)) obtained, as above,
by setting {vfr, vy, v;, v, } to be vertices and the arcs of (w; Uwy) \ (vi Uwvy) to be edges is called the
Whitehead graph corresponding to {vy, v2}. As X\ V is a 4-hole sphere, I"'({v1, v2}) is a planar graph in
the sphere. Similarly we have the Whitehead graph I"({w, w,}) (or F(W)) corresponding to {wy, wy}.

Ochiai [28, Theorem 1] states that any Whitehead graph of a genus-two Heegaard diagram of a 3-manifold
is isomorphic as a planar graph to one of the three graphs in Figure 2, where the integers a, b, ¢ and d
represent the number, which can be zero, of parallel arcs corresponding to each graph edge. Note that it
is easy to understand this theorem and Figure 2 using the hyperelliptic involution 7: Each nonseparating
simple closed curve in a genus-two surface is invariant (up to isotopy) under & with orientation reversed.
So the involution interchanges v;r and v;” for/ =1, 2, and induces an involution on the Heegaard diagram.
For example, as w; is invariant under the involution, the numbers of arcs connecting v;r to v;r and v to
v, are the same (indicated by a in Figure 2). Furthermore, this theorem is about the graphs only. If one
interchanges vy and v, or switches the +--signs of v;, then the diagram is of the same type. Note that if
wj is parallel to v; (ie M has an S2 x S! summand) then there are no w; arcs in I'({v;, v2}).

Definition 1.3.2 (1) A standard wave { with respect to a closed curve « on an orientable surface X is
a simple arc such that { Nk = 9, the arc { intersects k from the same side and ¢ is not homotopic
into a subarc of « rel 9¢.

(2) When X is the boundary of a genus-two handlebody V with a fixed meridian system {v{, vy},
a standard wave ¢ with respect to v; is called an s-wave if { is disjoint from v; for j # i, and
¥\ (v; U¢) is connected.
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(3) In a Heegaard diagram (X, v, W) of some 3-manifold M, where V and W are complete sets of
meridians, an s-wave n C X with respect to a meridian v; C V is called a wave with respect to v;
ifnﬂWz@ornisasubarcofVT/.

For example, in the Whitehead graph depicted in Figure 2, right, the edges labeled b correspond to subarcs
of w; U w; that are waves with respect to v;.

Remark 1.3.3 The configurations in Figure 2 are symmetric under the hyperelliptic involution 7.
Therefore, if there is a wave n with endpoints in vl.Jr , there must be a wave ' = () with endpoints
in v;"; for example, see the two edges labeled b in Figure 2, right. Moreover, 7 and 7’ are attached to
opposite sides of v; and hence are distinct waves.

Definition 1.3.4 Let V = {v1, v2} be as above. If there exists an s-wave 5 with respect to v;, each of the
three boundary components of N'(v; U ) bounds a disk in the handlebody V. Since V is of genus two,
we necessarily have two of the boundary components isotopic to vy and v, respectively, while the third
component is the boundary of a new nonseparating disk. We call the operation of replacing the disk V; in
the complete meridian set 14 by the new disk the wave move of v; along 5. In this paper we often view
the wave move as a two-step operation: The first step is a surgery on v; which connects the endpoints
of v; \ N(dn) using two parallel copies of 7, thus obtaining two curves. Note that one of these curves is
parallel to v; where j # i. In the second step we delete the curve parallel to v; where j # i, and the
remaining curve is the boundary of the new disk obtained from the wave move.

Remark 1.3.5 N(v; Un) in Definition 1.3.4 is a pair of pants in X with two of its boundary components
isotopic to vy and v,, respectively. So the new curve obtained by the wave move can also be obtained by
a band sum of v{ and v, along an arc in N(v; U n).

Definition 1.3.6 Meridian sets V = {vy,v2} and W= {w1, wy} for a genus-two Heegaard splitting of
S3 are standard if vy Nw;| = |va Nwy| =1 and v; Nwy = vy Nw; = @. Meridian sets V= {vi,v2}
and W = {w;, w,} for a genus-two Heegaard splitting of (S' x S2)# L(r, s) are standard if

(1) the curves vy and wy are parallel and disjoint from v, U w,, and

(2) there is a separating essential simple closed curve in % disjoint from v{ U v, U w; U ws.

Note that a separating curve in (2) bounds disks in both handlebodies and the two disks form a separating
essential 2-sphere in M. A genus-two Heegaard diagram of S3 or (S x S2)# L(r, s) is standard if the
corresponding meridian sets are standard.

We are now ready to state the following theorems, which play a crucial role in the argument. The main
theorem of Homma, Ochiai and Takahashi in [21] states:

Theorem 1.3.7 Any genus-two Heegaard diagram for S either is standard or contains a wave.
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For M = (S! x S2)# L(r, s), we have the following theorem of Negami and Okita [26]:

Theorem 1.3.8 Any genus-two Heegaard diagram of (S' x S?)# L(r, s) is either standard or contains a
wave.

Lemma 1.3.9 Suppose V= {V1,V,} and W = {Wy, W,} are complete meridian sets for a genus-two
Heegaard splitting (V, W) for a 3-manifold M, and the Whitehead graph of F(I7) has edges connecting
the vertices as in one of the following cases:

(1) There are edges connecting v1 to v1 and v2 tov, .
(2) There are edges connecting both v2 and vy to the same vertex v{" orvy.

(3) There are edges connecting both vf and vy to the same vertex v; orv; .

Then the Heegaard diagram (17, W) contains no waves with respect to V.

Proof Since this is a Heegaard diagram of a 3-manifold, Theorem 1 of [28] applies and the Whitehead
graph is as in Figure 2. For case (1), the Heegaard diagram must be of the type in Figure 2, left, with
¢ > 0and d > 0. Note that a wave with respect to v; must separate v from v;” for i # j; see the edge
labeled b in Figure 2, right, for an example of a wave. So an edge connecting vl.+ to v;” prevents any
wave with respect to v;, for i # j with i, j € {1,2}. Hence case (1) holds.

Cases (2) and (3) are symmetric. For case (2), the Heegaard diagram must be of the type shown at left
and center of Figure 2, with @ > 0 and b > 0. Similar to case (1), since the edges labeled ¢ and b in
Figure 2, left and center, connect v;“, vy, v;r and v; together, there cannot be any wave with respect to

v; and v;. O
Definition 1.3.10 Throughout the paper, for any different vertices vjE and vJ , We use [vli v]i] to
denote an edge of the Whitehead graph F(V) connecting vjE to vjE If [vjE i] is an edge in either

case (1), (2) or (3) of Lemma 1.3.9, we say this edge is a [vjE i] blocking-edges with respect to V.
Lemma 1.3.9 says that, if the Whitehead graph F(V) has both types of blocking-edges in either case
(1), (2) or (3) of Lemma 1.3.9, then the Heegaard diagram (V, W) contains no waves with respect to V.
The phrase “blocking-edge” is used in the paper whenever we are searching for edges in case (1), (2) or
(3) of Lemma 1.3.9. We would like to emphasize that one type of blocking-edge alone does not “block”
waves, and we need both types in case (1), (2) or (3) of Lemma 1.3.9. The corresponding statement of
Lemma 1.3.9 also holds for the Whitehead graph F(W) and we can similarly define blocking-edges with
respect to W.

For example, if two adjacent intersection points of w; N (v; U v,) along w; both belong to vy and have
the same sign of intersection, then the subarc of w; between these two points is a [vi", v; ] blocking-edge.

Moreover, if there is a similar subarc of w; with endpoints in v, and having the same sign of intersection,
+
2 ’
diagram has no wave with respect to V.

then we also have a [v,, v;] blocking-edge. By case (1) of Lemma 1.3.9, this means that the Heegaard

Geometry & Topology, Volume 29 (2025)



3286 Tao Li, Yoav Moriah and Tali Pinsky

Figure 3: Dual Whitehead graphs, case (1): T'( W), left, and F(I7), right.
We finish this section with the following lemma on the Whitehead graphs.

Lemma 1.3.11 Let V = {vi, vy} and W= {w1, w,} be complete sets of meridians. Suppose vy U v,

+
A~ 2 ’

to {vi, vy} and suppose I'(W) is a connected graph.

contains a [w;r, w1 ] blocking-edge and a [w,", w; | blocking-edge. Suppose there is a wave with respect

(1) If no subarc of wy U w, is a wave with respect to {vy, v, }, then the Whitehead graphs F(W) and
1"(17) are as shown in Figure 3, where all the labels are nonzero.

(2) If a subarc of wy or w, is a wave with respect to {v1, v, }, then the Whitehead graphs F(W) and
1"(17) are as shown in Figure 4, where all the labels are nonzero.

Proof Since v{ U v, contains a [w;r, w7 ] blocking-edge and a [w;r , w; | blocking-edge, the Whitehead
graph F(W) must be of the type in Figure 2, left, with ¢ > 1 and d > 1. If a = b = 0 in Figure 2, left,
then the Whitehead graph F(W) is disconnected, a contradiction to the hypothesis. Hence at least one of
a and b in Figure 2, left, is nonzero. If » = 0 and a # 0 in Figure 2, left, then F(W) is exactly the left
picture of Figure 3. If @ = 0 and b # 0 in Figure 2, left, then by interchanging the locations of v;' and
v, in Figure 2, left, F(W) is isotopic to the left picture of Figure 3. If neither a or b is zero in Figure 2,
left, then F(W) is the left picture of Figure 4.

If F(W) is as in the left picture of Figure 3, then X \ (v; U vy, Uw; Uw;) consists of two octagons and a
collection of quadrilaterals (ie the regions between parallel arcs of the same edge type). If F(W) is as in
the left picture of Figure 4, then X \ (v; U v, Uw; U w,) consists of four hexagons and a collection of
quadrilaterals.

Next, consider the Whitehead graph F(I7). Since there is a wave with respect to {vy, v} and since the
diagram is connected, the Whitehead graph F(f}) must be of type shown in Figure 2, right, with a # 0
and at least one of ¢ and d nonzero. Without loss of generality, suppose ¢ # 0.

If b = d = 0 in Figure 2, right, then the picture of Figure 2(iii) indicates that X \ (v{ U vy U w; U w,)
consists of one 12-gon and a collection of quadrilaterals. This configuration is incompatible with the two
possible configurations of F(W) discussed above. So this cannot happen and at least one of » and d in
Figure 2, right, is nonzero.
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Figure 4: Dual Whitehead graphs, case (2): F(W), left, and I’(I7), right.

If b # 0 and d = 0 in Figure 2, right, then X \ (v{ U v, U wy U w;) consists of one octagon, two
hexagons and a collection of quadrilaterals. This configuration is also incompatible with the two possible
configurations of F(W) discussed above. So this cannot happen either.

If b =0 and d # 0 in Figure 2, right, then F(I?) is as in the right picture of Figure 3, in which case
¥\ (v1 Uvy Uwq Uwy) consists of two octagons and a collection of quadrilaterals. By the description of
F(W) above, this means that F(W) must be as in the left picture of Figure 3. Note that an edge in F(I7)
is a wave if and only if b # 0 in Figure 2, right. In this configuration, since no edge in F(I7) is a wave,
no subarc of w; and w, is a wave with respect to {vy, v,}. This is case (1) of the lemma.

If b # 0 and d # 0 in Figure 2, right, then F(I7) is as in the right picture of Figure 4, in which case
3\ (vi Uvy Uwq Uw,y) consists of four hexagons and a collection of quadrilaterals. By the discussion
of I'(W) above, this means that F(W) must be as in the left picture of Figure 4. Moreover, since b # 0
in Figure 2, right, b’ # 0 in Figure 4 and hence a subarc of w; or w, (ie edge marked b’ in Figure 4) is a
wave with respect to {vq, vo}. This is case (2) of the lemma. O

2 The planar surface and the curves «, ¥, § and &

2.1 Fixing the decomposition of )

As in Section 1.2, we have a genus-two Heegaard splitting (U, W) of M \ N(K) along the Heegaard
surface ¥. The Heegaard splitting extends to a Heegaard splitting (V, W) of M with V = U U N(K).
Given a (P, 9)-pair (P, D) as in Section 1.2, the Dehn filling along the slope of d_ P yields a lens space L.
The union of U and the surgery solid torus is a genus-two handlebody V"’ in L, and (V', W) is a genus-two
Heegaard splitting of the lens space L. Moreover, (P, D) extends to a stabilizing pair of disks for the
Heegaard splitting (V/, W) of L. This implies that there is a nonseparating disk E in W which is disjoint
from P U D. So {D, E} is a complete meridian set for W. Let § = dD and ¢ = dE. Hence s N0+ P =@
and § N 0+ P is a single point. In Section 1.2, we denote by y the curve which bounds the nonseparating
disk C C U, and let @ = 0+ A, where A is a vertical annulus and the slope of d_A4 is the co-slope. Thus
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34 P"

a4 P4

Figure 5: The decomposition of < into two annuli and two rectangles.

both ¢ and o bound disks in the handlebody V in M and {y, o} is a complete set of meridians for V.
In this paper, we will study the Heegaard diagram of M formed by V= {y,a} and W= {3, ¢&}.

Let £ be the surface obtained by cutting ¥ open along d4 P, ie S=3 \ N(0+ P). Throughout the paper,
we often view < as the closure of = \ d+ P under the path metric. As d+ P is nonseparating, Tisa
twice-punctured torus. Fix a rectangle-annulus decomposition of this twice-punctured torus as a union of
two annuli &, and «; connected by two rectangles R* and R4, as in Figure 5; see Lemma 2.1.1 below
for detailed requirements. The two boundary components of this twice punctured torus are denoted by
3, P* and 9, P9 (the upper and lower components as depicted in Figure 5). The core curves of the
annuli are denoted by a, and a;, respectively.

Arcs in the rectangles %% and R4 that are properly embedded and non-0-parallel in T will be called
cocore arcs in the rectangles; eg the arcs marked y in Figure 5 represent components of y N S that are
cocore arcs of rectangles % and 4. An arc in R* or ¢ connecting s4; to 4, will be called a core arc
of the rectangles. An arc properly embedded in s4; or sd, connecting 84 P* to 94 P4 will be called a
cocore of the annulus.

In the remaining part of Sections 2.1 and 2.2 we prove, using the above definition of complexity
c¢(P,D,ua,y), aseries of technical lemmas which are dedicated to a careful analysis of possible intersec-
tions of the curves «, v, § and ¢ with the surface 3.

Lemma 2.1.1 The rectangle-annulus decomposition of S in Figure 5 can be constructed so that each
segment of (o« Uy) N X is a cocore arc of a rectangle or an annulus. Furthermore, in each of the rectangles
R* and RY, there is at least one y segment which is a cocore arc for the rectangle.

Proof Consider the disk C C U (y = dC). Assume |P N C| is minimal up to isotopy. Since P is
incompressible, P N C contains no closed curve. Since P is not an annulus by assumption, P N C # &
by Lemma 1.2.4. Let p be an arc in P N C that is outermost in C. The arc p cuts off a subdisk A, of C
with A, N P = p. As [P N C|is minimal, A, is a d-compressing disk for P. Let k; = dA, \ int(p).
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So k; Cy = dC. As M is orientable and since the two endpoints of x; are connected by the arc p
in C, 0k is a pair of points of y N d4 P with opposite signs of intersection. Thus, we may view k; as a
properly embedded arc in $ with both endpoints of k; on the same boundary curve, say 0+ P As yisa
closed curve we are guaranteed to have another arc k; of y N T in S on the other side of P with both
endpoints in d4+ P* (one can also see the existence of k, using the involution 7).

For each i =1, 2, consider a regular neighborhood N'(k;) of «; in T. We isotope all the arcs of (¢ Uy )N )
that are parallel to «; into N(k;) fori = 1, 2, and set R = N(ky) and R* = N(kp). We may set all the
arcs of (@Uyp)N T in ®9 and R* as cocore arcs of the rectangles.

As N(k1) and N(k,) are disjoint in the twice-punctured torus T, the complement of R U R¥ is a pair of
annuli, which we denote by #; and ,. Moreover, each boundary curve of «{; and s, contains exactly
one subarc of 3%¢ and dR¥ as depicted in Figure 5. Since all the arcs of (¢ Uy) N S that are parallel
to k; are in ®¢ U RY this implies that the remaining arcs of (@ U y) N S are nonintersecting arcs in
A; and o, with endpoints in different components of dsd; and dsd,. Thus we may set all the arcs of
(xUyp)N T in A; and s, as cocore arcs of the annuli. This gives a decomposition as required. a

Remark 2.1.2 As in the proof of Lemma 2.1.1, if we boundary compress P along A,, we obtain
two planar surfaces P; and P,. By the construction in the proof, d+ P; and 04 P, are isotopic to the
two core curves a; and a, of the annuli ${; and s,, respectively. In particular, 0+ P; and 04 P, are
nonseparating curves in X. If P; is a disk, then since C is the only nonseparating essential disk in the
compression body U (up to isotopy), P; must be parallel to C, which contradicts the assumption that A,
is a d-compressing disk for P. Thus neither P; nor P, is a disk.

Remark 2.1.3 (1) AseNdy P = & the curve ¢ is contained in the interior of T

(2) Since the hyperelliptic involution v leaves each simple closed curve in X invariant up to isotopy, we
may suppose 6 and d P are invariant under 7. Thus X =8N d4 P is a fixed point of 7r. Moreover
we may suppose the two annuli &{; and &, are invariant under w and hence 7 interchanges the
two rectangles R¢ and R“

Lemma 2.1.4 Each of the intersections § N R* and § NR¥ contains at least two arcs that are core arcs
of the corresponding rectangle.

Proof Without loss of generality, suppose that at most one component of § N R4 is a core arc of R%. Note
that a component of § N R4 is either a core arc of R or an arc connecting a boundary edge of R4 to the
intersection point X = § N d4 P. This means that, after an isotopy in R4 a cocore arc of R intersects &
at most once. In the proof of Lemma 2.1.1, the cocore arc « of R4 is a boundary arc of a d-compressing
disk A, for P. So we may isotope k; in R4 50 that k; intersects § at most once. Since PN = X isa
single point, the assumption on k1 N § implies that the surface obtained by the d-compression along A,
intersects § in at most three points: the point X and the two copies of k; N § created by the boundary
compression.
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As in Remark 2.1.2, the two planar surfaces obtained by d-compressing P along A, are P; and P,. So
(P; U P,) N § consists of at most 3 points. Moreover, (P; U P,) N § consists of exactly 3 points if and
only if k1 N§ # &, in which case P; N # & and P, N§ # . This implies that either P, NS or P N §
is a single point; say, P; N 3. Thus (P;, D) forms a new (P, D)-pair.

By Remark 2.1.2, d Py is isotopic to the core curve a; of the annulus {;. We may isotope d+ P; to the
upper boundary component of s{;. After this isotopy, any intersection point of & U y with d4 P; is an
intersection point with d. P. Therefore, any segment of (¢ Uy)\ 0+ P; is composed of a nonzero number of
segments of ¢ Uy in $. It follows that c(P;, D,a,y)<c(P, D,a,y), contradicting Assumption 1.2.3. O

Lemma 2.1.5 Let P, D and V= {y,a} be as above. Then there is no s-wave with respect to « that is
disjoint from §.

Proof Suppose, for the sake of contradiction, that there is such an s-wave n with dn C ¢ and nN§ = .

Let oy and a, be the two components of o \ N'(dn). We define co(e;) for i = 1,2 to be the number
of segments of «; \ d4+ P that intersect §. This implies that ¢o(P, D, o) + 2 > co(oty) + co(an) (see
Definition 1.2.1) because a segment of « \ d+ P may be split into two segments by dn,

Recall that the first step of a wave move along 7 is to connect the two endpoints of «; and the two
endpoints of a, by a pair of arcs parallel to 7. Denote the two resulting closed curves by &} and o),
respectively. Since N8 = @ fori € {1, 2} we have co(a;) > co(P, D, a}). Therefore, ¢o(P, D, o) +2 >
co(P, D,a) 4 co(P, D, at)).

Because X is of genus two, one of the two closed curves &} and o, obtained after the first step of

the wave move, is isotopic to y. Say it is ;. By Lemma 2.1.4 and the construction of %% and R4,
co(P, D,a))) = co(P, D,y) > 2. This plus the inequality above implies that ¢o(P, D, &) > co(P, D, at}).
Recall that in the case of a genus-two surface, a curve obtained by a wave move can also be obtained
by a band sum. So o] can be obtained by a band sum of & and y. Since « =94 4 and y = 9C, o] is a
boundary curve of an annulus obtained by a band sum of 4 and C. Moreover, [a N§| = |} NS|+|a; NE],
and by Lemma 2.1.4, yN§ = ), N # @. Thus |e; N | < |eN | and ¢(P, D,a},y) <c(P,D,a,y),
contradicting Assumption 1.2.3. |

Lemma 2.1.6 Any s-wave with respect to V= {y, a} must intersect d P.

Proof As in the proof of Lemma 1.2.4, since P is incompressible and U \ N(C) = T? x I, each
component of P\ N(C) is either a disk or a vertical annulus in U \ N(C). Let p’ be an arc in the
intersection P N C which is outermost in P. So p’ cuts off a subsurface Q' of P with Q' NC = p’. Since
| P N C| is assumed to be minimal up to isotopy, Q' cannot be a disk. Hence Q’ is a vertical annulus
in U \ N(C). Now consider the annulus A with 9+ 4 = «. As C N A = & and since d_ P has integer
slope, after isotopy, Q' N 4 is a single vertical arc, and thus d+ Q' N« is a single point. Note that 9+ Q’
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<7

Figure 6: Subarcs of d4 P forming blocking-edges for s-wave of {y, a}.

is the union of p’ and a subarc k’ of 0 P; see Figure 6. So «” is an arc properly embedded in ¥\ N(y)
intersecting o exactly once and having both endpoints in the same boundary component of X \ N'(y).

Now cut X open along y and o and obtain a four-holed sphere. Denote the boundary curves of the
four-holed sphere by ¥+, y~, a™ and a~. The restriction of 1 P to this four-holed sphere is a collection
of arcs. It follows that the arc «” is cut into two subarcs in the four-holed sphere connecting o™ and ™
to the same curve, say . By the symmetry induced from the involution 7, the curve 94 P also contains
subarcs in the four-holed sphere connecting both @t and o™ to y~. Similar to the proof of cases (2)
and (3) of Lemma 1.3.9, these two subarcs of d4 P “block” any s-wave with respect to V= {y,a}. In
other words, any s-wave with respect to V= {y, o} must intersect 04 P. |

Corollary 2.1.7 The curves § and ¢ do not contain subarcs which are waves with respect to « or y .

Proof As above we denote the boundary curves of the four-holed sphere £ \ N(az U y) by y+, y~,
at and ™. If a subarc 7 of § U ¢ is a wave with 35 in y* (or a®), then by the symmetry from the
hyperelliptic involution, another subarc 1’ of § U ¢ is a wave with 1’ in ¥ T (or @ ™). By Lemma 2.1.6,
both 1 and 1’ must intersect d+ P, which means that § U ¢ has at least two intersection points with 0. P.
This is a contradiction because e N P = @ and |6 N P| = 1. m|

Let {3, &’} be a complete set of meridians for W, where ¢’ may not be the same as ¢. Fix an orientation
for each of @, y, § and ¢’. These orientations induce a £-sign for each point of intersection of the curves.

Proposition 2.1.8 Letw, y, 8, ¢ be as above. Consider the Heegaard diagram given by {3, ¢’} and {«, y}.
Suppose the Heegaard diagram is not a standard Heegaard diagram of S3 or (S? x S')# L(r,s). Then

(1) Suppose there is no wave with respect to {8, ¢’}. Then all the intersection points, of § with each
curve of {«, y}, have the same sign. Moreover, if no subarc of ¢ is a wave with respect to {c, y },
then the intersection points of ¢ with each curve of {«,y} all have the same sign.

(2) If &’ =¢, then § and & admit orientations so that the intersection points of § Ug with each component
of (¢ Uy)\ 0+ P all have the same sign.
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Proof Assume for the sake of contradiction that the statement of part (1) of the proposition is false and
that ¢ intersects a curve vy € {«, y} with different signs. In particular, § has a subarc connecting one side
of vy, say the plus side, to the same side. Denote an innermost such subarc by t, so t Nv; = d7z and
T connects the plus side of v; to the same side. If T does not have other intersection points with the other
curve vy € {«, y} in its interior, then 7 is a wave with respect to vq € {«, ¥}, contradicting Corollary 2.1.7.
Hence t must intersect the other curve v, € {o, ¥} in its interior. These intersection points of t with
v, must have the same sign (otherwise t contains a subarc that is a wave with respect to v, € {a, ¥}
contradicting Corollary 2.1.7).

Denote the two sides of v; by vl.i. The arc T was chosen to connect vfr to vfr. The curve v, divides

T into a collection of subarcs. Since all the points of 7 N v, have the same sign, the two subarcs of ©
containing dt must be arcs connecting v;r to v;r and vfr to v, respectively, in other words, the two arcs
are [v;L, v;r ] and [v;r, v, | blocking-edges. Hence, by Lemma 1.3.9, there can be no wave with respect
toV = {a, y}. Since, by the hypothesis, there is no wave with respect to {8, &'}, there is no wave in
the Heegaard diagram given by {8, ¢’} and {«, v}, contradicting Theorems 1.3.7 and 1.3.8. Thus all the
intersection points of § with each curve of {«, y} must have the same sign.

If no subarc of ¢’ is a wave with respect to {«, y}, then the same proof also works for ¢ and hence the
intersection points of ¢ with each curve of {«, y} all have the same sign. This proves part (1) of the
proposition.

To prove part (2), we first show that the intersection points of each curve of {§, ¢} with any component of
(¢ Uy)\ 04+ P all have the same sign: Suppose, to the contrary, that a curve w; € {6, ¢} has opposite
signs at intersection points with a segment / of (¢ U y) \ d+ P. Then a subarc of /1 connects one side
of wy, say the plus side, to the same side. Let ¢’ be an innermost such subarc. So v’ Nw; = d7’.

First suppose that t does not intersect the other curve w, € {8, ¢} in its interior, then 7’ is a wave with
respect to wy € {6, ¢} and is disjoint from d4 P. If wy; = §, since T’ N d4+ P = &, a wave move on §
along 7’ yields a new meridional curve 8’ of W that intersects d4 P in a single point. Let D’ be the
disk in W bounded by &’. So (P, D’) is a (P, D)-pair. However, it is clear from the wave move that the
complexity satisfies ¢(P, D', «,y) < ¢(P, D,a, y). This contradicts Assumption 1.2.3. If w; = ¢ then a
wave move on ¢ along t’ yields a meridional curve of W that is disjoint from § U d4 P and not parallel
to &, which is impossible in the genus-two surface X.

Thus 7/ cannot be a wave and hence T/ must contain intersection points with the other curve w, € {6, &}

in its interior. By applying the argument used on the arc t as above to t, we conclude that the arc 7’
+
1 b
be no wave with respect to {§, ¢}. By Corollary 2.1.7, no subarc of ¢ is a wave with respect to {«, y}.

contains two subarcs that are [w w;r ] and [w;r w; | blocking-edges. Thus, by Lemma 1.3.9, there can

Hence, it follows from part (1) of this proposition that the intersection points of w; with each curve of
{a, v} all have the same sign, a contradiction to our assumption on / at the beginning. This proves that the
intersection points of each curve of {4, ¢} with any component of (¢ U y) \ a4+ P all have the same sign.
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This conclusion implies that part (2) of the proposition holds if no component of (o« U y) \ 0+ P intersects
both § and e. Assume therefore, for the sake of contradiction, that / is a component of (¢ Uy )\ d4 P which
intersects both § and e. By the conclusion above, we may fix orientations for § and ¢ so that the intersection
points of § U & with / all have the same sign. So part (2) of the proposition is true unless there is another
component /4’ of (« U y) \ 04+ P such that points in 2’ N§ and 4’ N & have opposite signs. Suppose there
is such an arc A’. A subarc of /4’ has one endpoint in § and the other endpoint in &. As they have opposite
signs, this subarc is either a [§ T, e*] ora [§~, 7] edge. Similarly, since the intersection points of § Ue with
h all have the same sign, a subarc of sisa[§~, ] or [§T, 7] edge. Thus 4 U/’ contains two subarcs that

+

either connect both 1 and §~ to the same % or connect both ¢ and &~ to the same §=. It now follows

from (2) and (3) of Lemma 1.3.9 that the Heegaard diagram contains no wave with respect to {§, &}.

By Corollary 2.1.7 no subarc of ¢ is a wave. So part (1) of this proposition implies that # and 4’ must
belong to different curves of {«, y}. Without loss of generality, suppose & C «, i’ C y. Moreover, by
part (1) of the proposition, we may choose the orientation of § and ¢ so that

(a) points in & N (§ U ¢) all have positive signs,
(b) points in y N§ have positive signs, and

(c) points in y N ¢ have negative signs.

Similar to the argument on / and /4’ above, this means that a subarc of § is an [, Y] or [« ™, y ] edge
and a subarc of £ is an [¢™, yT] or [¢ ™, y 7] edge. Again by (2) and (3) of Lemma 1.3.9, the Heegaard
diagram contains no wave with respect to {c, y }. Hence the Heegaard diagram has no wave, contradicting
Theorems 1.3.7 and 1.3.8. d

Lemma 2.1.9 Let«, y, 68, & be as in Proposition 2.1.8. Consider the Heegaard diagram formed by
V= {y,a} and W = {8,¢'}. Suppose the Heegaard diagram is not a standard Heegaard diagram of
S3 or (S2 x SY)Y# L(r,s). Suppose that o Uy contains both [§%,87] and [¢/T, &'~] blocking-edges.
Furthermore, suppose that no subarc of ¢’ is a wave with respect to V= {a,y}. Then:

(1) F(W) is of the type in Figure 2, left, where ¢ # 0, d # 0 and exactly one of a, b is 0. In other
words, F(W) is as in the left picture of Figure 3. See Figure 7, left, for an example of such
Heegaard diagram.

(2) Suppose that there are more than one [§T, 8~ |-edges in the Heegaard diagram. Then there is a
wave with respect to {o, y} connecting a [§T, §™]-edge to an [¢'T, ¢’ ]-edge; see the dashed arc in
Figure 7, center.

Proof First note that since F(W) contains both [§1, 7] and [¢'T, /7] blocking-edges, it follows from
case (1) of Lemma 1.3.9 that there is no wave with respect to {3, ¢’}. Moreover, it implies that F(W)
must be of the type in Figure 2, left, with ¢ 7 0 and d # 0.
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Figure 7: Heegaard diagrams and waves.

If both a and b are 0, then the Whitehead graph is disconnected and there is a circle ¥ C ¥ which is
disjoint from V U W and which separates the [§T, §7]-edges from the [¢'T, &’"]-edges. Since W is a
separating circle in ¥ disjoint from V U W, W bounds separating disks in both handlebodies V' and W
and the two disks form a separating S2 in M. This implies that F(W) is a standard Heegaard diagram
of a connected sum of two lens spaces L(c,s)# L(d,t). Since ¢ > 0 and d > 0, none of L(c,s) and
L(d,t)is S? x SL As I'(W) is not the standard Heegaard diagram of S3 and since M is either S3 or a
connected sum of S% x S and a lens space, this is a contradiction.

The argument above implies that the Whitehead graph is connected. Moreover, since there is no wave
with respect to {8, &'}, by Theorems 1.3.7 and 1.3.8, there must be a wave with respect to {«, y}.

By Corollary 2.1.7, no subarc of § is a wave with respect to {«, y}. Thus, by the hypothesis that no subarc
of ¢’ is a wave with respect to {«, y}, the conditions in part (1) of Lemma 1.3.11 are satisfied. Hence,
F(W) must be as in the left picture of Figure 3. This proves part (1) of the lemma.

Next, we prove part (2) of the lemma. Since no subarc of ¢’ is a wave, by part (1) of Proposition 2.1.8,
we may assign orientations for §, ¢’ and y so that the intersection points of y with § U ¢" all have the
same sign. In particular, the Heegaard diagram is as in Figure 7, left. Furthermore, the configuration of
Figure 7, left, implies that we may choose the orientation for « so that all the intersection points have the
same sign.

As illustrated in Figure 7, left, the four curves 8, &, o and y cut the Heegaard surface into two octagons
and a collections of quadrilaterals. All the [§T, 87 ]-edges are parallel and all the [¢'T, &'"]-edges are
parallel. We say that a [§T, §~]-edge or an [¢/T, ¢/~ ]-edge is outermost if it is a boundary edge of an
octagon. The hyperelliptic involution 7 interchanges the two octagons and the two outermost [§ T, §7]-
edges. Furthermore, if there is more than one [¢'T, ¢/~]-edge, then 7 also interchanges the two outermost
[T, &' ]-edges, and if there is a single [¢'T, ¢/~ ]-edge, then 7 leaves this edge invariant.

Since all the intersection points have the same sign, if the outermost [§*, §~]-edges and [¢/T, &' ]-edges
belong to the same curve « or y, then the dashed arc 5 in Figure 7, center, is a wave and part (2) of the
lemma holds. Next, suppose that they belong to different curves. Without loss of generality, suppose the
outermost [§1, §~]-edges belong to y and the outermost [¢'T, ¢/~]-edges belong to .

By Theorems 1.3.7 and 1.3.8, there must be a wave n with respect to {, y}. Since no subarc of § or &’ is
a wave, a wave with respect to {&, ¥} must be in an octagon connecting two opposite boundary edges.
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Thus, either there is a wave as in Figure 7, center, and part (2) of the lemma holds, or the wave 7 is as

shown in Figure 7, right.

Suppose the wave 7 is as shown in Figure 7, right. By Lemma 2.1.5, n must be a wave with respect to ).
Perform the wave move along 7 in two steps: The first step is a surgery on y along 1, resulting in a new
meridian Y’ and a curve «’ parallel to «; see the dashed arcs in Figure 7, right. The second step is to
delete o’ and obtain a new set of meridians {c, y'}.

Since ' is parallel to « and since the outermost [§ T, §"]-edges before the wave move belong to y, the
newly created [¢'", &'"]-edge by the first step (see the blue dashed arc in Figure 7, right) must belong
to o/, and the newly created [§1, §~]-edge (see the red dashed arc in Figure 7, right) must belong to 3"
Moreover, this newly created [§, §~]-edge is an outermost [§ T, §]-edge. As every essential curve in
¥ is invariant under the involution 7, the other outermost [§*, §~]-edge must also belong to . Since
the second step removes a’ and leave y’ unchanged, after the wave move, we must have two outermost
[T, 8 ]-edges, both belong to y’. Furthermore, since « is unchanged by this wave move, the outermost
[T, ¢/"]-edges still belong to «, and if there is more than one [¢/T, ¢~]-edge before the wave move,
there is more than one [¢'", ¢'"]-edge in the new Heegaard diagram. Therefore, we can conclude:

(1) In the new Heegaard diagram after the wave move, the outermost [§*, §~]-edges belong to 3’ and
the outermost [¢'T, ¢/~ ]-edges still belong to .

(2) Since there is more than one [§T, §~]-edge in the diagram before the wave move, there is more than
one [§1, §7]-edge in new Heegaard diagram. Moreover, if there is more than one [¢'", &'~ ]-edge
before the wave move, there is more than one [¢/T, ¢/~ ]-edge in the new Heegaard diagram.

Since there is a [§T, 8 ]-edge and an [¢/T, ¢"]-edge in the new Heegaard diagram, there is no wave
with respect to {8, ¢’} by Lemma 1.3.9. Moreover, )’ has an induced orientation from y and hence the
intersection points of § and ¢’ with ¢’ all have the same sign. So no subarcs of § or &’ is a wave with
respect to {«, y’}. The argument above implies that a wave with respect to {c, '} must be in an octagon
similar to the arc n in Figure 7, right. Thus we can repeat the wave moves described above until the new
Heegaard diagram is of the type in Figure 2, left, with « = b = 0, which means that M is a connected
sum of two lens spaces L(c,s)# L(d,t) and none of L(c,s) and L(d,t)is S*> xS

Furthermore, the argument above implies that there is always more than one [§1, §]-edge after each
wave move, that is ¢ > 2. Hence M cannot be S3. This contradicts the hypothesis that M is either S3 or
a connected sum of S? x S with a lens space. O

2.2 Paths, junctions, train tracks and the curves § and ¢

As ¥ is endowed with the structure from Lemma 2.1.1, it has a decomposition as two annuli and two
rectangles o, U R* U od; U R4 As explained above, we assume that the hyperelliptic involution =&
maps d4 P to itself. Hence 7 induces an involution on by interchanging the two boundary curves d4 P*
and 94 P4,
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Remark 2.2.1 (A) The surface, as in Figure 5, has the following three symmetries:

(1) The hyperelliptic involution: a 180°-rotation about the horizontal axis within the projection
plane in Figure 5, puncturing each annulus in two points. It interchanges the rectangles, and
keeps each annulus in place.

(2) A reflection along a vertical plane cutting through the “middle” of the figure. The vertical plane
is disjoint from the two annuli and intersects each rectangle in a cocore arc. The reflection
interchanges the two annuli &, and ;.

(3) A reflection along a cylinder which meets each of % and R4 in a core arc and each of A, and
sA; in two cocore arcs. The restriction of this reflection on each rectangle is a reflection along
its core arc, and the restriction on each annulus is a reflection of the annulus along a vertical
plane that cut the annulus vertically into two halves. This symmetry flips the orientations of
the core curves of the two annuli.

(B) The second and the third reflections commute with the hyperelliptic involution.

As it is assumed that 7 leaves § = dD and 0+ P invariant, 7w fixes X = § N d+ P. The image of the
point X in 94 P and 34 P* is denoted by X< and X, respectively. So the restriction of § to S is an
arc connecting X 4 1o X" and the restriction of 77 on & interchanges X'“ and X d

First consider the possibility that X € <. Hence, by the involution, X% € d%* In this case, let k¢
be the arc component of § N %4 that contains X< If k% N (¢ U y) = @, then by the construction of the
rectangles, we may “shrink” the rectangle R4, by an isotopy so that both k? and X are no longer in R4,
Thus, we may assume that if X 4 ¢ 34, then k9 N (v U y) # &. Note that we can perform this shrinking
operation symmetrically on ®* so that the symmetry from 7 is preserved.

Lemma 2.2.2 No component of (§ Ueg) Nsd; and (6 U e) N A, is an arc with both endpoints in the same
rectangle R% or RX

Proof Assume to the contrary that the statement of the lemma is false. Without loss of generality,
suppose (8 U &) N sd; has a component p with dp C <. Note that p is a topologically d-parallel arc in the
annulus &;. Let k; and k, be the components of either § N R4 or e NR4 that contain the two endpoints
of p. So k; fori = 1,2 is either a core arc of R4 or the component k% of § "R that contains X . By the
assumption before Lemma 2.2.2, k4 N (¢ U y) # @. Since a core arc of R intersects every component
of (@ Uy)NRY, ky and k, must both intersect a component of (o U y) N &< This implies that the two
intersection points of k1 U pU k, with a component of (o« Uy) N%¢ have opposite signs. This contradicts
part (2) of Proposition 2.1.8. O

Choose product structures S1 % I on each of the annuli Ay and s, and I x I on each of the rectangles R*
and RY, so that each component of (a U y) N S is of the form {x}x I in d;, sd,, R* or R We call an
arc of the form {x} x I a vertical arc in the annuli or rectangles. After performing an isotopy on §, we
may assume each arc in § N sd; and § N oA, is transverse to all the vertical arcs of ${; and 4.
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Figure 8: Examples of §-paths: § takes 2 short paths, left, and § takes a long path, right.

Definition 2.2.3 (paths, long and short) Let / be a subarc of § that is properly embedded in &4, or ;.
By Lemma 2.2.2, / is an arc connecting R4 to RH By the assumption before Definition 2.2.3, / is
transverse to all the vertical arcs. We call [ a regular arc if one of the following two conditions is satisfied:

(1) Either / is intersects a vertical arc of s, or s{; more than once (in other words, the curve [ wraps
around the annulus more than once), or

(2) [ shares endpoints with two components of § N (¢ U ®¥) that are core arcs of R¢ and R¥
respectively.

The purpose of condition (2) is to rule out a special case that / is attached to the component of § N R¥ or
§ NR4 which contains X* or X* (eg the arc k¢ described before Lemma 2.2.2). A path is an isotopy
class of regular arcs which setwise preserves R4 and R% Two regular arcs of § are said to belong to
the same path if the two arcs are isotopic via an isotopy that setwise preserves R4 and R* We say that
8 takes a path if it contains a subarc that belongs to that path. A path is called a long path in 4, or o; if
a regular arc in that path intersects a vertical arc of s, or s{; more than once (ie it satisfies condition (1)
above). Otherwise it will be called a short path. Note that § can take at most two different paths in one
annulus and that there may be multiple arcs in the same path; see Figure 8 for a picture. We would like to
emphasize that, in a short path, both ends of a regular arc must attach to core arcs of R4 and R in 6.

The decomposition of $ divides § into a collection of regular arcs and core arcs of R4 and R, as well
as two special arcs connecting X9 and X* to 9%¢ and %* The two special arcs join at X to form a
subarc of § containing X', which we denote by px. By Definition 2.2.3, each end of py is attached to
either a regular arc in a long path or a core arc in R4 and R in 6.

Definition 2.2.4 (junctions) The intersections 9% N dsd; and dRY N dsd; are subarcs of different
components of dsd;; see Figure 5. Choose the product structure on s; so that no vertical arc has one
endpoint in dR¥ and the other end point in dRY.

As illustrated in Figure 9, let $7 and ;‘e;i be the unions of all vertical arcs of s; with an endpoint in d%R*
and d%R9, respectively. Similarly let $% and C%i be the unions of vertical arcs of o, with an endpoint in
dR* and 9R?, respectively. With this choice 37 };’, J% and f}‘," are disjoint squares in &{; and ,; see
Figure 9. Call these four squares junctions.
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Figure 9: The junctions in s

The purpose of introducing the structure of junctions in Definition 2.2.4 is to construct train tracks, which
are our main tools in analyzing curves.

Definition 2.2.5 (train tracks) The four junctions give Ta decomposition into ten rectangles: R, R4,
37 };’,, v ;ﬁf, A\ ($7 U j;") and o4, \ ($4 U }f). When all the arcs of § \ px in each of these rectangles
with endpoints in the same pair of boundary edges are collapsed into a single arc, we obtain a train track.
Now we consider how the special arc py is affected by the train-track construction. If § does not take
a long path, then the train-track construction pinches the two endpoints of px onto the train track, and
the construction does not affect int(py); see Figure 10 for a local picture. If § takes a long path, then
two subarcs of py at its ends may be affected by the train-track construction. For example, in the left
picture of Figure 25, p, contains arcs in the middle of the shaded region where parallel arcs on both sides
of p, are collapsed into a single arc in the train track. If this happens, we collapse these two subarcs
of px (which are at the two ends of py) onto the train track (ie collapse all the arcs in shaded region of
Figure 25 into a single segment in the train track). In either case, this train track, together with p,, forms
a slightly larger train track, which we denote by tp; see Figure 10 and the left picture of Figure 25. The
special arc px becomes a special segment of tp, which we still denote by px.

The switches (or cusp points) of the train track divide the train track into a collection of arcs which are called
the segments of the train track. The weight of § at a segment of tp is the number of §-arcs which collapse
onto this segment. (In other words, the number of times that § passes this segment.) It follows from our
construction that the arc p is a segment of 7p that contains the point X'; see Figure 10. Clearly the weight
of § at the segment p, is one by the construction. Moreover, by part (2) of Proposition 2.1.8, each segment
of tp has an induced orientation from § and the orientations of the segments are compatible at each cusp.

Px

Figure 10: Pinch § into a traintrack 7p.
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D=t

Figure 11: Isotopy on an annulus.

Remark 2.2.6 In the decomposition of T=3 \N(d4 P), the product structures on the two rectangles %R*
and R4 depend on their intersections with y U ; see the y arcs in Figure 5. So the product structures of R*
and R are “basically” fixed with respect to §, and there is no ambiguity in the train track construction.

The product structures on s; and s, are somewhat flexible on the regions which do not intersect y U .
For example, if y U o does not intersect the shaded region in Figure 11, then we can perform an isotopy
on the annulus as in Figure 11 that changes the product structure. The effect of this isotopy on the train
track tp is performing a splitting move on the train track.

Definition 2.2.7 Consider 7p as a train track in the Heegaard surface ¥ and a small neighborhood of
7p in X, denoted by N(zp). We can view N(zp) as an /-bundle over the train track tp. The curve
8 C N(tp) is transverse to the /-fibers of N(zp). Similar to a train track, N(zp) has a collection of
cusps at its boundary. There is a collection of arcs 51, ..., in N(tp) which are disjoint from § and are
transverse to the /-fibers, and which connect the cusps of N'(zp) in pairs. If one cuts open N(zp) along
S1,...,8k, the resulting space is an /-bundle over §. We call each s; a splitting arc.

3 Proof of the main theorem

In this section we prove Theorem 7 using the terms defined and facts proved in the previous sections.

We begin with a description of the arc § \ 0+ P C by connecting X* to X% The possible locations for X*
and X9 in 94 P* and 04 P, respectively, are not determined by the construction as the precise gluing
map between d4 P* and 94 P4 is unknown. Nonetheless, since X is assumed to be a fixed point of the
hyperelliptic involution 7, the points X* and X 4 are symmetric under 7.

It follows from Lemma 2.1.4 that § must take at least one path in each annulus #;, o{,. The following
are the four possible configurations in $ for this arc:

¢ Configuration 1 § takes one short path in &; and one short path in ;.
e Configuration 2 § takes one short path in s{; or o, and two short paths in the other annulus.
¢ Configuration 3 § takes two short paths in ${; and two short paths in .

¢ Configuration 4 § takes a long path in one (or both) of the annuli.

A key difference between these four configurations can be seen in the train track tp (constructed in
Definition 2.2.5).

Geometry & Topology, Volume 29 (2025)



3300 Tao Li, Yoav Moriah and Tali Pinsky

-arc

y-arc

Figure 12: A train track whose complement is a once-punctured torus.

In Configuration 1 the two short paths and a core arc from each rectangle ®* and %4 are pinched into a
circle, and the train track tp is the union of this circle and the special segment p, which contains the
point X = § N d4 P, as illustrated in the construction of the train track tp in Figure 10. Thus tp in the
first configuration must be as shown in Figure 12. The x- and y-arcs marked in Figure 12 are the three
segments of tp, where the x-arc is the segment with cusp directions at its endpoints pointing into this arc.
The special segment o, is one of the y-arcs in Figure 12. Note that in this configuration, X \ 7p is a
once-punctured torus with two cusps at its boundary.

In Configuration 2, see Figure 13, the train track tp can be obtained by adding an additional segment
to the train track in Figure 12. Hence tp in this configuration has four cusps. Since d+ P N tp is just
a single point X, the train track tp is nonseparating in . The complement X \ tp in Configuration 2
can be obtained by cutting the once-punctured torus in Configuration 1 along an essential arc, which
means that X \ 7p in Configuration 2 is a topological annulus. Moreover, since every essential curve
in a genus-two surface is invariant by the hyperelliptic involution, after isotopy, we may assume tp is
invariant by the involution and this implies that the annulus ¥ \ Tp has two cusps at each boundary curve.

Similarly, in Configuration 3, since tp N d4+ P is a single point, X \ tp is connected. As tp has six cusps
in this configuration, for Euler characteristic reason, X \ 7p is a disk with six cusps at its boundary.

v

Il <
x4

Figure 13: A configuration for § that takes one short path in s{; and two short paths in s,.
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In Configuration 4, tp takes a long path in one annulus, say #{,. Then 7p has two possible configurations
depending on whether § takes one short path, two short paths, or another long path in &;. If tp takes
one short path in s;, then tp has four cusps, and similar to Configuration 2, the surface X \ N(zp) is an
annulus with two cusps on each boundary curve. If tp takes two short paths or another long path in Ay,
then tp has six cusps, and similar to Configuration 3, ¥ \ tp is a disk with six cusps at its boundary.

We discuss each of these configurations in separate sections. The sections below deal with the configura-
tions above in order 2, 3, 4 and 1 for convenience of the proof.

3.1 The curve § takes three short paths

In this section, Configuration 2 is considered, where § takes two short paths in one of the annuli, and a
single short path in the other annulus. An example of this situation is given in Figure 13.

Proposition 3.1.1 If § takes two short paths in one annulus and a single short path in another annulus,
then K is doubly primitive.

Proof After applying symmetry (2) in Remark 2.2.1 if necessary, assume without loss of generality that
§ takes two short paths in s, and one short path in ;. Since symmetry (3) in Remark 2.2.1 interchanges
the two short paths in s4;, assume further that § takes a fixed short path in s4;; see Figure 13.

As explained at the beginning of the section, X \ N(tp) is an annulus denoted by Ap. The annulus Ap
has two cusps in each boundary component of 4p and the cusps correspond to the cusps of the train
track tp.

By construction, the train track tp has a special segment p, which contains the intersection point X and
the weight of § at px is one. The two ends of p, are two cusps of tp, which are called the p-cusps. The
other two cusps of 7p are at the two junctions of &4, where the two short paths meet; see Figure 13. We
call these two cusps the j-cusps. As § is invariant under 7 and X is a fixed point of 77, we may assume
Px 1is invariant under 7 and 7 interchanges the two p-cusps and the two j-cusps.

A neighborhood N'(zp) of Tp contains two splitting arcs as in Definition 2.2.7. Denote them by s, and s;.
These splitting arcs connect the cusps of N(tp) in pairs such that s, and s; are disjoint from §, and if
one splits N'(tp) along s, and s;, the resulting surface N(zp) \ (s, U s;) is a product neighborhood of §.

We claim that one splitting arc, say s,, connects the two p-cusps and the other splitting arc s; connects
the two j-cusps. To see this, consider the modified train track 7, obtained by removing px from 7p.
As in the discussion at the beginning of the section, the train track 7, is as in Figure 12 and N'(tj) is
a once-punctured torus. We view N(z;)) as an /-bundle over t;, and view s, and s; as arcs in N (7))
transverse to the /-fibers.

Assume, for the sake of contradiction, that s, connects a p-cusp to a j-cusp. Then s, connects a cusp of
N(zp) to a smooth boundary point of N'(zp,). Since s, is transverse to the I-fibers, this implies that s, is
nontrivial in the once-punctured torus N (7). Similarly, s; is also nontrivial in N(z,).
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The symmetry induced by 7 implies that the two endpoints of p, (ie the two p-cusps) and the two j-cusps
alternate along the boundary curve of N(z},); see Figure 13.

If s, connects a p-cusp to a j-cusp, then the endpoints ds, and ds; do not alternate along dN'(zp)).
However, the endpoints of any pair of disjoint nonparallel essential arcs in a once-punctured torus do
alternate along the boundary curve. Thus s, and s; must be parallel in the once-puncture torus N(zp)).
Hence, N'(t})) \ (sp Us;) has two components, one of which is an annulus. Since s, and s; are transverse
to the I-fibers of N(z},), this annular component of N () \ (s, U s;) must be an /-bundle over a simple
closed curve with each 7-fiber a subarc of an I-fiber of N (7). This is impossible because s, and s; are
the splitting arcs of N'(tp) and N(zp) \ (s, Us;) is an I-bundle over &, ie we have a contradiction. Thus,
one splitting arc, say s,, connects the two p-cusps, and the other s; connects the two j-cusps.

Claim 3.1.2 Each of the splitting arcs s, and s; passes through both " and ®¢. In other words, each
contains subarcs that are core arcs of ®* and ®%. In particular, each splitting arc intersects y at least
twice.

Proof Since the splitting arc s; connects the two j-cusps, as illustrated in Figure 13, s5; must pass
through both rectangles R4 and R* Now we consider Sp-

Recall the construction of the special arc p. As discussed before Definition 2.2.4, in general, each
end of py is attached either to a long path or to a component of § N (®? UR¥). Since there is no long
path in the configuration of Proposition 3.1.1, the two ends of p, are attached to two components of
§ N (R4 UR¥) that are core arcs of R and R¥, respectively.

In the construction of the train track tp, all the core arcs of § N pd (and § N R*) are pinched onto the
same segment of 7p. As illustrated in Figure 10, this means that, similar to the two j-cusps, the cusp

directions at the two ends of px must point into R4 and RY, respectively. Thus, s, passes through both
R4 and R O

As ¢ N § = &, the intersection € N N'(7p) is a collection of arcs through the cusps of N(zp). By part (2)
of Proposition 2.1.8, we can choose an orientation on ¢ so that the induced orientation on all the arcs in
e N N(tp) is compatible with the orientation of § near the cusps of N(zp); see the arrows in Figure 14.
If ¢ goes through all the cusps of N(zp), then as shown in Figure 14, there must be an s-wave p with
respect to & which is parallel to a §-arc. Perform a sequence of wave moves on ¢ along s-waves similar
to p (as in Figure 14) so that the resulting curve &’ goes into at most one cusp in each boundary component
of Ap = X\ N(tp). This implies that the arcs in &’ N N(zp), if there are any, are all parallel to either s,
or s;.

Claim 3.1.3 The intersection ¢ N N(tp) contains at least two arcs.

Proof The proof is by contradiction and is divided into two cases:
(i) &€ NN(zp)|=0,ie & NN(zp) =2, or
(i) |¢NN(zp)|=1.
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P -~

Figure 14: The annulus Ap = ¥\ 7p and the s-wave p with respect to &.

Case (i) (¢ NN(zp) = @, ie &' is isotopic to the core curve of the annulus Ap) Since 04 P N px =
d+ P N§ is the single point X, the intersection d+ P N A p is an essential arc in Ap. As &’ is isotopic to the
core curve of Ap, the intersection &’ N d P is a single point. Let £’ denote the disk in the handlebody W
which is bounded by &’. Hence (P, E’) is a (P, D)-pair.

Showing that the (P, %)-pair (P, E’) has a smaller complexity than (P, D) will rule out Case (i). To
compute the complexity, consider the arcs in (¢ U y) N T, or equivalently arcs in (o U y) \ 4+ P. There
are two possible subcases:

The first subcase is that when a component of (o U y) \ 0+ P intersects &’ then it also intersects 8. In this
subcase, co(P, E',a,y) < co(P, D, ,y) by the definition of the complexity.

The second subcase is that there is a component of (@ U y) \ d+ P which intersects ¢’ but does not
intersect §. Let € denote the union of the components of (e U ) N Ap which are not d-parallel in Ap.
So, in case (i), we have [(@ Uy) Ne'| = |€].

The arcs in 6 can be viewed as vertical arcs of the annulus Ap and d+ P N Ap can be viewed as a spiral
in Ap. In the second subcase, since Ap = X\ tp, a component of (o« U y) \ 94+ P which intersects &’ but
does not intersect § must be contained in the interior of A p. This implies that the arc in € which contains
such a component of (¢ U y)\ d4+ P must meet d+ P more than once. Hence the curve d+ P N Ap wraps
around A p more than once, which means that each arc in 6 must intersect d+ P at least once. Thus, for
each component o of 6, we can pick one intersection point of o N d P, and so we have a total of |6| such
intersection points. These || intersection points divide o U y into |6] arcs, each of which meets §. Since
these || points are in d P, each of the these || arcs contains at least one component of (¢ Uy)\ d+ P
which meets 6. By our definition of complexity, this implies that ¢o(P, D, «, ) > |6|. Moreover, by the
definition of the complexity,
co(P.E' a,y) <|(@Uy)Nnée.

As [(@ Uy)Ne'| =|46|, we have ¢o(P, E', o, y) < co(P, D,, y) in both subcases.
Since each arc in € intersects &’ in one point, Lemma 2.1.4 implies that in fact

l(@Uy)Ne|<|(@Uy)nd
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and thus
c¢(P,E' a,y)<c(P,D,a,y).

This contradicts Assumption 1.2.3 on the choice of the pair (P, D) and therefore ¢’ N N'(tp) # @.

Case (ii) (¢'NN(zp) is a single arc) Consider the train track 7, obtained by removing the segment px
from zp. Note that N (7)) is a once-punctured torus and & N N(zj)) is a single arc in N(zj). Since
¢’ N px = @, we have &' N.N'(zp) = &' NN(z}). Hence &' N N(zp) is also a single arc in N(z}). Further,
note that the arc &’ N N (tp) is parallel to one of the two splitting arcs s, or s;. Similar to the argument
before Claim 3.1.2, the endpoints ds, (or ds;) and the endpoints dpy alternate along the boundary
of N'(z,). Hence the endpoints of the arc &’ NN (z},) and the endpoints of the arc § NN (z})) alternate
along the boundary of N'(zy). As N(z}) is a once-punctured torus, this implies that § N N (7)) and
&’ N N(ty) are nonparallel essential arcs in N'(;)). Thus we may assume that § N N'(z,) is of slope 1/0
and &' NN'(zp,) is of slope 0/1 with respect to a basis of the relative first homology of the once-punctured
torus N'(zp)).

Since ¢ takes two short paths in s4,, we can isotope the core curve a, of 4, into N (). So there is an
arc of slope p/q in N(t})) interesting a, in a single point. Let £’ and D be the disks bounded by &’
and § in W, respectively. We can take p parallel copies of D and ¢ parallel copies of E’, and perform
a sequence of band sums of these disks along the boundary of N'(z})) to obtain a disk D" in W' so that
dD" NN () is an arc of slope p/q. Hence 0D’ intersects a, in a single point. Recall that a, is a boundary
curve of a planar surface P,, ie a, = d+ P, where P, is obtained by a single d-compression on P; see
Remark 2.1.2. Thus the pair (P, D’) is a new (P, %)-pair.

Now compute the complexity of this new (P, D’) pair. The curve a, can be viewed as the union of two
segments of tp. Since § intersects every a- and y-arc in &, and intersects at least two other y-arcs in
the rectangles R4 and R we have

[(@Uy)Na,| <co(P,D,a,y).
By the definition of the complexity,
co(Pr, D' o, y) [ (@Uy) N4 Pr| = [(@Uy) Nayl.
Thus, when putting the two inequalities together we have co(P,, D', a,y) < ¢o(P, D, «, y) again, a
contradiction to Assumption 1.2.3. This finishes the proof of the claim. O

Next, consider the Heegaard diagram formed by the {3, ¢’} and {c, y} sets of curves.

Claim 3.1.4 The curve y has two distinct subarcs that are [¢'~, &'T]-edges and also has two distinct
subarcs that are [§~, §*]-edges.

Proof As illustrated by the arrows in Figure 14, before the wave moves on &, the orientations of §
and ¢ are compatible within N'(zp) (see part (2) of Proposition 2.1.8). The wave moves on ¢, that were
performed above, are disjoint from N(zp). Hence there is an induced orientation on ¢’ and the induced
orientations of the arcs ¢’ N N'(tp) are compatible with the orientation of §.
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In the paragraph before Claim 3.1.3, we concluded that the arcs in &' N N'(zp) are all parallel to either s,
or sj in N(rp). By Claim 3.1.3, ¢’ N N'(rp) contains at least two such parallel arcs. As the orientations
of the arcs ¢’ N N'(zp) are compatible, the intersection points of each arc of y N N'(zp) with & all have
the same sign. Thus each subarc of ¥ N.N'(tp) between two curves of &’ NN (zp) is an [¢/~, &'T]-edge.
By Claim 3.1.2, y intersects each arc in &’ N N'(tp) at least twice, so y has at least two distinct subarcs
that are [¢/~, ¢]-edges. Similarly, since &’ does not go through all cusps, it follows from Claim 3.1.2
that y has two distinct subarcs that are [§~, § ]-edges. |

In the Heegaard diagram formed by {8, &'} and V = {a, y}, the existence of both [§~, 5] and [¢/~, &'T]-
edges implies that the Whitehead Graph I"(8, &) must be of the type in Figure 2, left, with ¢ # 0 and
d # 0. In fact ¢ > 2 and d > 2 by Claim 3.1.4. By part (1) of Lemma 1.3.9, the Heegaard diagram
contains no wave with respect to {§, &’}. By Theorems 1.3.7 and 1.3.8, it must contain a wave with respect

to {&, y}.

Since every essential simple closed curve is invariant by the involution 7 after perhaps some isotopy, one
may assume that &', as well as §, 04 P, « and y, are invariant under 7. It also follows from part (1) of
Proposition 2.1.8 that we can fix an orientation for o and y so that the intersection points of o and y
with § all have the same sign.

Now, assume that 7 is a wave with respect to {y, o} and assume further that | N 0 P| is minimal among
all such waves. It follows from Lemma 2.1.6 that N d4 P # &. The curve d4 P divides 7 into a sequence
of subarcs k1, ..., kg so that the first and last subarcs k1 and «; contain the endpoints of 1. Next, consider
the k;, withi = 1,...,s, as arcs in . The two arcs k1 and kg at the ends are arcs connecting y U «
to 5. All other arcs k; fori =2,...,s— 1 are properly embedded in 5.

For each ]unctlon $ (see Definition 2.2.4) in the decomposition of E let } be a hexagonal nelghborhood
of $in T see Figure 15, left. Any arco in & connecting a component of ()/ Ua)N T to 9%, is called a
Jjunction arc if after isotopy on T, the arc o liesina hexagonal neighborhood ;ﬁ of a junction $ connecting
a pair of opposite edges of ﬁ; see the dashed arc in Figure 15, left.

Claim 3.1.5 Letn and k1, ...,ks be as above. Then each k; fori =2,...,s — 1 is isotopic to a vertical
arc of d; and both k1 and kg are junction arcs.

Proof First, consider the arcs k; fori =2, ..., s—1, which are properly embedded in . By Lemma 2.1.1,
y intersects both &% and R4 see Figure 5. Asnisawave,nNd = andk; Ny = fori =2,...,5—1.
Since § passes through %* and R4 and since k; N y=afori =2,...,5s—1, the arc «; is either d-parallel
in £ or an essential arc in Ay or . If k; is boundary parallel, then the bigon disk between «; and 04+ P
can be eliminated by a simple isotopy. This isotopy yields a new wave with fewer intersection points
with d4 P, contradicting our hypothesis on 1. Thus «; for i =2,...,5 — 1 is isotopic to a vertical arc of
Aj or Ay, and since it does not intersect § it must be in ;.
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isotopy

Kl:

Figure 15: Junction arcs.

Next consider «1; the proof for k; is identical. Let o be the component of (y Ua) N S that contains an
endpoint Z of x; (which is also an endpoint of the wave 7). As illustrated in Figure 5, two y-arcs in R*
and 29 divide £ into two topological annuli. Moreover, since int(k;) Ny = &, both ¢ and «; lie in
one of the two annuli. Let o’ and ¢ be the two components of o \ Z. If both k1 U ¢’ and k; U o” are
nontrivial arcs in these two annuli, as illustrated in Figure 15, center and right, perform an isotopy so that
k1 connects a pair of opposite edges of a hexagonal neighborhood of a junction and hence « is a junction
arc. Note that since 1 is a wave, if « is as in Figure 15, center, then the shaded region cannot contain any
a- or y-arc. Hence the isotopy from the center diagram to the right-hand diagram in Figure 15 is in fact
the isotopy in Figure 11.

It remains to consider the case that either k1 U’ or k; Uo” is a d-parallel arc in &. Suppose k; U o’ is
d-parallel, then k; U ¢’ and a subarc of 9% bound a triangle A C T see Figure 16, left.

If AN (§U¢g") = @, one can perform an isotopy pushing k across A, as can be seen in Figure 16. This
yields a new wave with fewer intersection points with d4 P, contradicting our hypothesis on 7.

If AN(§U¢") # @, then § and &’ cut off a subtriangle A’ in A; see the shaded triangle in Figure 17,
left. The triangle A’ is rotated by the involution 7 into a triangle 7 (A’) on the other side of d+ P. Since
5, ¢ and d04 P are invariant under 7, there are two possible configurations, corresponding to whether
the vertical arc on the boundary of w(A’) meets 04+ P in A or outside it. The two configurations are
illustrated in Figures 17, left and right.

Figure 17, left, is the case where an endpoint of 7 (o) lies on the boundary of A. In this case the curve
« or y that contains 77 (0) must cut into A and meet 1. This contradicts the fact that 7 is a wave and
nN (¢ Uy) = 0dn. So the situation in Figure 17, left, cannot occur.

isotopy

R

Figure 16: An isotopy on 7.
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94 P

0+ P @A)~
(o) 1

Figure 17: Possible configurations of «.

Figure 17, right, is the configuration where a vertex of A lies in the boundary of 7 (A’). In this case, the
wave 1 must meet (o). Since n N (o U y) = dn, this means that the union of x; and the extension of k;
in w(A’) —see the green arc in Figure 17, right — must be the whole of 7. In this case the wave 1 can
be isotoped to a wave that is disjoint from d4 P; see the dashed arc in Figure 17, right, contradicting
Lemma 2.1.6. |

It follows from Claim 3.1.5 that, after isotopy, any wave 1 contains two junction arcs at its two ends. Note
that in a hexagonal neighborhood of a junction, two junction arcs connecting different pairs of opposite
edges must intersect. Hence the two junction arcs in 1 belong to two different junctions. For each wave 1,
the involution 7 sends 7 to a disjoint dual wave 7 (n); see Remark 1.3.3. Hence the four junction arcs of
n and 7 (n) must be at different junctions. Since 7 leaves ${; and «, invariant, 7 interchanges the two
junctions at sd; and interchanges the two junctions at ${,. As 1 and 7 (n) are distinct waves, this implies
that one junction arc of n must be at a junction of s, and the other junction arc is at a junction of ;.

Without loss of generality, suppose « is a junction arc in &, and «; is a junction arc in ${;. By assumption,
d takes two short paths in {,. Therefore, as shown in Figure 18, left, since the junction arc «; is disjoint
from &, up to interchanging 1 and 7 (n), the arc k; must connect an arc in (y Ua) NR* to .

A~

Next, perform a wave move along 1 and study how the new curve, obtained by the wave move, intersects X,
focusing on how the curve is changed near the arc k;. By Lemma 2.1.5, the wave n must be a wave
with respect to y. Perform the wave move along 7 in two steps as in Definition 1.3.4. The surgery-step

=

1
-_—

3

~—arc next to the
cusp

r

[——

Figure 18: Wave move along 7 in two steps.
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changes y into two curves 3’ and «o where g is parallel to «, and the second step is to remove ¢ and
obtain a new set of meridians {«, y’}.

Since k; is a junction arc in &, as shown in Figure 18, left and center, the surgery-step of the wave move
changes the arc in y NR¥ that contains an endpoint of 7 into two vertical arcs of &, next to the junction,
one in y’ and the other in «y.

By Claim 3.1.5, the intersection of both curves y’ and o with T is a collection of nontrivial arcs with
respect to the decomposition of 3. Furthermore, after slightly modifying the product structure of &{; and
s, if necessary, we may assume both y’ and ag meet X in a collection of vertical arcs in ;, od,, R
and R

Since « is parallel to @ and as shown in Figure 18, center and right, after deleting ¢¢ in the second step
of the wave move, one of two arcs of (@ U y’) N s, next to a junction belongs to ¥’ and the other is in «.
These two arcs are depicted in Figure 18, right, and are called arcs in S, next to the cusp of §. Moreover,
since the intersection points of § with « and y all have the same sign, the direction of the two arcs next to
the cusp must be opposite in oA, ; see Figure 18, right.

Let $% and }‘," be the two junctions in s, and denote the two components of s, \ ($% U }‘f ) by Ry
and R, . Since the involution 7 interchanges the junctions $% and }f, the induced action of 7 on each of
Ry and Ry, is a 180°-rotation. As a consequence of this symmetry, the two outermost arcs of (¢Uy") N Ry,
must belong to the same curve « or y’. Since the two arcs in s, next to the cusp of § are in different
curves, see Figure 18, right, the two outermost arcs of (o Uy’) N R, must be in the same curve, say «,
and the two outermost arcs of (¢ U y’) N R, are in y’. Note that it is possible that (¢ U y’) N Ry or
(¢ Uy’) N Ry is a single arc. Thus, after the first wave move along 7, the curves y’ and o have the
following two properties:

(1) (¢Uy’)N R, # & and each outermost arc of (¢ Uy')N R, isin y .

(2) (@Uy’)N Ry # @ and each outermost arc of (¢ Uy’) N Ry is in a.

If y’ U still intersects % and <, then similar to Claim 3.1.4, two subarcs of 3’ U« are [§1, §~]-edges
and two subarcs of ' U« are [¢/T, &'"]-edges, ruling out a wave with respect to {8, &’}. The same
argument, as above, implies that there must be a wave 1’ with respect to {«, y'}.

The next step is to perform a wave move along 1’. Before proceeding, notice that 1’ has similar properties
as 1. A property of 1 that was used in the proof of Claim 3.1.5 is that n N d+ P # &, which follows from
Lemma 2.1.6. The next claim says that the same is true for the following wave 7’.

Claim 3.1.6 Any wave with respect to {«, Y’} must intersect 0+ P.

Proof We prove this claim using the property that, before the wave move along 7, every wave with
respect to {&, ¥} must intersect 04 P.
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........

Figure 19: Construct new waves using o.

Assume for the sake of contradiction that there is a wave w with respect to {c, ¥’} which is disjoint
from 04 P. We first show that @ must be a wave with respect to y’. To see this, consider a pair of pants Q
which is a neighborhood of y U n before the wave move along . So we may view the three boundary
curves of Q as y, @ and y’. If @ is a wave with respect to « in the Heegaard diagram formed by {«, '}
and {8, &'}, then w Ny’ = @. If w is also disjoint from y, then w is a wave with respect to {«, y} and
disjoint from d4 P, a contradiction to the property that there is no such wave before the wave move
along 7. Thus, @ must intersect y and hence w has subarcs in Q as well as outside Q. Asw Ny’ = &,
this means that a subarc of @ must be a wave with respect to y in the Heegaard diagram formed by {c¢, ¥}
and {4, ¢’}. This again contradicts the property above since w N d+ P = &. Therefore, @ must be a wave
with respect to .

As described by the surgery-step of the wave move, we may view )’ as the union of 1 and a subarc y;
of y,ie y’ =nUy; and y; C y. Since the original y has no wave disjoint from 9 P, there are two
possibilities:

(1) dw Cn.

(2) w has one endpoint in 1 and the other endpoint in y;.

(1) If 0w C n, then the union of w and two subarcs of 7 is a wave with respect to y; see the dashed arc
in Figure 19, left. Since w N 04+ P = &, we may view @ as an arc in . Note that the endpoints of w
cannot be on the same vertical segment of 7\ d+ P as in this case w must be trivial. Thus, as illustrated in
Figure 19, left, this new wave has fewer intersection points with d P, contradicting our assumption on 7.

(2) If o has one endpoint in 1 and the other endpoint in y;, then the endpoint of w in 5 divides 1 into
two subarcs 17 and 7,. Both w U7y and w U n, are waves with respect to y; see the two dashed arcs in
Figure 19, right. Moreover, since w N d4 P = &, at least one of w Un; and w U n, has fewer intersection
points with d4+ P, contradicting our assumption on 7.

The two contradictions prove this claim. O

Claim 3.1.6 implies that Claim 3.1.5 also holds for n’. In particular, 1’ is divided by d4 P into a collection
of vertical arcs in ; and a pair of junction arcs. Moreover, one of the junction arcs is in s, and the
other is in #;; see the dashed arc 7 in Figure 18, left, for a picture of .
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Now perform a wave move along 1’. If 97’ C «, call the curve resulting from the wave move an «-curve,
and if dn’ C y/, call the resulting curve a y-curve. To simplify notation, we also call « and y’ an - and a
y-curve, respectively.

Next, apply wave moves repeatedly enabled by Claims 3.1.6 and 3.1.5. To simplify notation, if a wave
move is along a wave with respect to an a- or a y-curve, we always name the resulting curve o’ or y’,
respectively.

If (@ Uy )NR% # & (and (¢/ Uy") NRY # & by symmetry), then similarly to Claim 3.1.4, two subarcs
of o/ Uy’ are [§1, 87 ]-edges and two subarcs are [¢/T, ¢'~]-edges. Moreover, the two properties after the
first wave move that were emphasized before Claim 3.1.6 always hold for {’, y’}. This implies that the
Heegaard diagram formed by {3, ¢’} and {&’, ¥’} is not a standard Heegaard diagram of M. Because of
the [§T,87] and [¢/T, /7] blocking-edges, there is no wave with respect to {8, &’}. So, Theorems 1.3.7
and 1.3.8 imply that there must be a wave with respect to {«’, ¥’}. Furthermore, Claims 3.1.6 and 3.1.5
also hold for the new wave with respect to {¢’, '} and we can continue with the wave moves described
above.

Since each wave move reduces the number of intersection points, this process will eventually end. Stop
performing the wave moves whenever (o’ U y’) N (R? UR") = @. This means that, at this stage, every
arc in (o’ Uy’) N S is a vertical arc in either s4; or sd,.

As above, call each component of &/ N S an o/-arc and each component of ¥’ N $ a y'-arc. It follows
from our construction that the two properties before Claim 3.1.6 also hold for {&’, y'}. Hence for the
rectangles Ry and R, we have both that

(1) (@’ Uy’)yN Ry # @ and each outermost arc of (&’ Uy’) N Ry is in &', and
(2) (¢’Uy’)N Ry, # @ and each outermost arc of (¢’ Uy’)N R, isin y’.

Claim 3.1.7 If (¢’ Uy’) N R, (resp. (¢’ Uy’) N Ry) contains more than one arc before the wave move,
then there is more than one arc in R, (resp. Ry), after the wave move.

If R, contains exactly one y’-arc (resp. Ry contains exactly one o’-arc) before the wave move and if the
next wave move is with respect to y' (resp. o), then after this wave move, R, (resp. Rq) contains more
than one arc.

Proof Denote the wave by n”. It follows from Claims 3.1.6 and 3.1.5 that, similarly to the first wave 7,
the curve d4 P divides n” into a collection of vertical arcs in 4; and a pair of junction arcs. As in the
argument for 1, one of the junction arcs is at a junction in #,. Again, focus on how curves are changed
by this wave move along n” near this junction.

First, assume that (¢’ U ") N R, contains more than one arc. Then R, has two outermost arcs and both
are y’-arcs. As before, perform the next wave move along 1" in two steps:
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Figure 20: Local pictures of a wave move at a junction in s,

If the wave is with respect to o, then the surgery step of the wave move changes &’ into two curves
and a,, where @, is parallel to y’. As illustrated in Figure 20, left, near the junction arc of #” in «,, the
new arc from the surgery step that lies in R,, must belong to &, since «; is parallel to . So after o5 is
deleted in the second step of the wave move, the two outermost y’-arcs in R, remain outermost arcs
in Ry,. Hence Ry, still has at least two y'-arcs, as claimed.

If the wave 1" is with respect to y/, then the surgery step of the wave move changes y’ into two curve
y1 and y,, where y» is parallel to @’ and will be removed in the second step of the wave move. Similar
to the argument above and as illustrated in Figure 20, center, two new vertical arcs are created near the
junction arc of the wave by the surgery step, one in R, and the other in R, . Since y;, is parallel to o/, the
new arc in Ry is in y, and the new arc in R, is in yq; see Figure 20, center.

Let «, denote this new vertical arc in R, next to the junction; see Figure 20, center. The second step of
the wave move deletes y, and the curve y; becomes the new y’-curve. So k;, becomes a new outermost
y’-arc in R,,.

Note that ,, cannot be the only arc left because the deleted curve y; is parallel to o, which means that if
an arc in R, is deleted in the second step, there is at least one o’-arc in R,. Hence there are at least two
vertical arcs in R, after the wave move on 7”. In fact, by the symmetry from 7, both outermost arcs in
R, must be y’-arcs after the wave move.

For the second part of the claim: In the argument above, suppose (¢’ U y’) N R, contains only one arc;
denote it by p. So u C y’. As the next wave move is with respect to )/, after the surgery step of the wave
move, R, contains two arcs k;, and u; see Figure 20, right. Neither ), nor u will be removed in the
second step of the wave move because there is no «’-arc in R, and the removed curve is parallel to o’. A
similar argument applies to the R, and o’ case. This proves the latter part of the claim. |

Recall that a sequence of wave moves is performed on {a’, ¥’} until (&’ Uy’) N (R4 USR¥) = @. Once
that is achieved, consider the Heegaard diagram given by {3, ¢’} and {&’, y'}.

As illustrated in Figure 21, the induced orientations (from a fixed orientation on d+ P) on the two arcs
inds N ds; are the same along the annulus ;. Hence the two endpoints of each arc of (o’ Uy’) N oAy
represent intersection points of &’ Uy’ and d4+ P with the same sign. Similarly, the two endpoints of each
arc of (o’ U y’) N o, represent points of (¢’ Uy’) N d4+ P with the same sign. Since o’ U )’ does not
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Figure 21: Intersection of &’ and y’ with § and S after the wave moves.

intersect R U R¥ at this stage, this implies that any two points of o’ N d P adjacent along &’ must have
the same sign. Thus the intersection points of &’ N d P all have the same sign. Similarly, the intersection
points of ¥’ N d4 P all have the same sign.

As claimed above, after the first wave move along 7, R, contains at least one «’-arc and R,, contains
at least one y’-arc. Since the intersection points of § N (e U y) all have the same sign before the wave
moves, it follows from the wave-move operation that intersection points of § N (o’ U y”) all have the same
sign. Hence the o’-arc and y’-arc next to the cusp in «, must have opposite directions with respect to
the core curve of s, ; see Figure 21 and Figure 18, right. This means that the signs of «’ N d4+ P and
y' N d4+ P are opposite. Moreover, since the intersection points of § with o’ Uy’ have the same sign, all
the arcs of Ry N (o’ Uy’) must be o’-arcs and all the arcs in R, N (a’ U y’) must be y’-arcs, at this stage.

Next, consider «; N (¢’ U y’). Suppose there is a component x of #f; N (a’ U y’) that meets §; see
Figure 21. The §-curve from the « arc to s, along d+ P determines a rectangle 7, depicted as the shaded
region in Figure 21. Two opposite edges of a7 are subarcs of k and (¢’ U y") N . Another edge of 9T
is a subarc of §, and the fourth edge is a subarc of 93

Denote by «’ the arc of (a’ U y’) N s, containing the edge of dT opposite to k. Since the intersection
points of § with o’ Uy’ have the same sign, the ¥ and ¥’ must have compatible orientation. Since the
signs of @’ N d4 P and y’ N d4 P are opposite, the arcs k and k” are either both a’-arcs or both y’-arcs;
see Figure 21. For the same reason, any arc of (&’ Uy’) N S that intersects the rectangle 7" must also
belong to the same curve o’ or y’ as k and «’.

The discussion above shows that the subarc of § in 9T determines an [o'~, o’ blocking-edge if « is an
o'-arc and a [y’~, y’T] blocking-edge if « is a y’-arc.
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Claim 3.1.8 Either the knot K is doubly primitive and Proposition 3.1.1 holds, or (¢’ Uy") N S has two
o' -arcs and two y’-arcs that meet § and the Heegaard diagram contains both [o'~,o’"] and [y'~, y' "]
blocking-edges.

Proof Suppose that § contains no [y'~, y'*] blocking-edge. The goal is to show that K must be doubly
primitive. The proof for the case that § contains no [@’~, a’"] blocking-edge is similar.

There is no [y'~, y'*] blocking-edge, so the argument before the claim implies that no arc of s4; N (o’ Uy”)
that meets § can be a y’-arc. Furthermore, if R, N (e’ U y’) contains more than one arc, since all the
arcs of Ry, N (o’ Uy’) are y’-arcs, two y’-arcs in R, are connected by a subarc of § in R, which is a

[y’~, ¥'T]-edge, and this contradicts the assumption. Thus, R, contains exactly one y’-arc.

Since the arcs in Ry N (o’ U y’) consist of a’-arcs and since no arc of «; N (a’ U y’) that meets § can be
a y’-arc, one concludes that exactly one arc in y’ N X intersects §.

Recall that, after the first wave move, there is at least one arc in R,. By Claim 3.1.7, at any stage of
the sequence of wave moves, if R, contains more than one arc, then R, will contain more than one
arc regardless of the type of wave move. Since R, contains exactly one arc in the end of the process,
R, must contain exactly one arc after each wave move in the sequence. Furthermore, if any wave move
in the sequence, after the first wave move, is with respect to y’, then by the second part of Claim 3.1.7,
R, will contain more than one arc after that wave move, contradicting the fact that at the last stage there
is a single arc. By Lemma 2.1.5 the first wave is with respect to y. Thus the only possible way to have
only one arc in Ry, is if

(a) R, contains only one arc after the first wave move on y, and

(b) all the subsequent wave moves are with respect to the «-curve.

We conclude that the curve Y’ will not change and stay fixed after the first wave move. To emphasize this
fact, let B denote the image of )’ after the first wave move. Restating the conclusion above: There is
exactly one arc of N S that intersects §.

Since the curve f is obtained by a wave move on y, we can also obtain S by band-summing o with y.
Since y = dC and « is the outer boundary of the annulus A, § is the outer boundary of an annulus A’
obtained by band-summing A with the disk C. There is exactly one arc of 8 N T that intersects §. It now
follows from Definition 1.2.1 that ¢q(P, D, ) = 1 and thus, by Proposition 1.2.2, K is doubly primitive.

The remaining case is that § contains no [o’~, @’"]-edge at the end of the wave-move process. Then by
the argument above, we have:

(1) There is exactly one arc of o' N ¥ that intersects §.

(2) Rq contains only one arc after the first wave move and all the subsequent wave moves are with
respect to the y’.
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Figure 22: Whitehead graphs of T" ({5, &'}).

Since the first wave move is on y, this means that none of the wave moves in the sequence is on ¢« and
the curve « is never changed. So there is exactly one arc of & N X that intersects §. As before, this means
that co(P, D, ) = 1 and it follows from Proposition 1.2.2 that K is doubly primitive. |

Claim 3.1.9 Suppose K is not doubly primitive. Then, after the sequence of wave moves, there is no
wave with respect to {5, ¢'}.

Proof First consider the Heegaard diagram formed by curves {3, ¢’} and {o’, '} before the sequence of
wave moves has finished. So, at this stage, the curves &’ U y’ still intersect the rectangles ®* and R4,
As in the argument above and similarly to Claim 3.1.4, this implies that «’ U y’ contains at least two
[6~,8%]-edges and two [¢/~, &/ t]-edges. Thus, the Whitehead graph I'({§, ¢’}) is of the type in Figure 2,
left, with ¢ > 2 and d > 2. If a and b in Figure 2, left, are both zero, then the Heegaard diagram is a
standard Heegaard diagram of L(c, p) # L(d, q). Since ¢ > 2 and d > 2, this contradicts our hypothesis
that M is either S3 or (S2 x S')# L(s,t). Thus at least one of @ and b is nonzero and in particular, the
Whitehead graph T'({5, ¢’}) is connected.

Since the intersection points of § with o’ and y’ all have the same sign, no subarc of § can be a wave
with respect to {&’, y’}. It follows from Lemma 1.3.11 that, if no subarc of ¢’ is a wave with respect to
{a’, y'}, then the Heegaard diagram is as in Figure 7, left, and if a subarc of &’ is a wave with respect to
{a’, ¥’} then the Heegaard diagram is as in Figure 22, right.

Next, consider the Heegaard diagram determined by {8, ¢’} and {’, ¥’} after the sequence of wave moves
has finished. Assume in contradiction that the claim is false and there is a wave with respect to {§, &’}.

Since K is assumed not to be doubly primitive, by Claim 3.1.8, the curve § contains both [a’~, o’T] and
[y'~, y'*] blocking-edges. Since § meets both ’ and y’ and since the intersection points of § with o’
and y’ all have the same sign, there are subarcs of § connecting &’* to '~ and y'* to a’~. This means
that the Whitehead graph I" ({6, &’}) is still connected.

Since there is a wave with respect to {3, ¢}, it follows from Lemma 1.3.11 that I'({8, ¢’}) must be as in
Figure 22, left or center, where vy denotes either § or ¢” and all the labels d’, &', ¢/, d’ are nonzero. In both
cases, there are two types of arcs (ie edges marked ¢’ and d’ in Figure 22, left and center) connecting vf’
to v, where vy is either Sorég.
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This means that the last wave move (in the sequence of wave moves on {«’, ¥’}) changes the configuration
of I'({8, ¢’}) from Figure 7, left, or Figure 22, right, to Figure 22, left or center. We will show next that
it is impossible to make such a change on the configurations of I'({3, ¢’}) via wave moves on {a’, y'}.
There are two possible cases:

Case (1) Before the last wave move, a subarc of &’ is a wave with respect to {’, '}, ie T' ({8, ¢’}) is as
shown in Figure 22, right; see Lemma 1.3.11.

In this case, by Lemma 1.3.11, I'({&’, y'}) is the picture in Figure 4, right. In particular, X\ (o’ Uy’ U8’ U¢g")
consists of four hexagons and a collection of quadrilaterals. Since the intersection points of § with o’ and
y’ all have the same sign, no subarc of § can be a wave. So, the edge labeled 4’ in Figure 4 denotes b’
copies of &’-arcs. Moreover, all the waves with respect to {o’, ¥’} are parallel to these &’-arcs.

Let ¢; and ¢, be the two outermost arcs among these b’ parallel ¢’-arcs. This means that {; C & for
i = 1,2, and each {; is an edge of a hexagonal region of X \ (&’ Uy’ U U¢g’). Now we view {; in the
Whitehead graph T'({3, ¢'}). The three dashed arcs in Figure 22, right, are possible pictures of waves

parallel and next to ;.

The new meridian after a wave move along ¢; can be obtained by a surgery using one of the three dashed
arcs in Figure 22, right. The effect of this surgery on the configuration of I" ({8, &’}) is to merge the two
edges of a hexagonal region of X \ (¢’ Uy’ Ud’ U¢’) that are adjacent to ¢; into an arc parallel to the
edge opposite to ¢; in the hexagon. In particular, the wave move along ¢; does not create any new edge
type in I'({3, ¢’}). However, Figure 22, left or center, has two types of edges (ie edges marked ¢’ and d”)
connecting v;r to v but there is only one type of [6F,87]- or [¢/T, &'"]-edge in Figure 22, right. As
the wave move does not create any new edge type in I'({, ¢’}), the wave move can never change the
configuration of I'({§, &’'}) from Figure 22, right, to Figure 22, left or center.

Case (2) No subarc of ¢’ is a wave with respect to {&’, ¥’} before the last wave move.

By Lemma 2.1.9, each wave in the sequence of wave moves must connect a pair of opposite sides of
an octagon; see the wave 1 in Figure 7, center. Similar to Case (1), the effect of this wave move on the
configuration of " ({3, ¢'}) is to merge the two opposite edges of an octagon region of X\ (o’ Uy’ U8 U¢g’)
into another edge of this octagon. In particular, the wave move does not create any new edge type in
I'({8,&’}). Thus, similar to Case (1), the wave move can never change the configuration of I"({3, ¢'})
from Figure 7, left, to Figure 22, left or center.

Therefore, in both cases, I' ({5, ¢’}) cannot be changed to Figure 22, left or center, by the sequence of
wave moves and this is a contradiction which proves the claim. |

We now finish the proof of Proposition 3.1.1. By Lemma 1.3.9 and Claims 3.1.8 and 3.1.9 we conclude
that there is no wave in the Heegaard diagram after these wave moves. Since the intersection pattern of
the curves rules out a standard Heegaard splitting, this is a contradiction to Theorems 1.3.7 and 1.3.8.
The only possibility left by Claim 3.1.8 is that K is doubly primitive. O
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3.2 The curve § takes four short paths

This section deals with Configuration 3, where § takes two short paths in each annulus.

Proposition 3.2.1 If the curve § takes two short paths in each of the annuli, then K is doubly primitive.

Proof The train track 7p corresponding to this case is obtained from the train track in Proposition 3.1.1
by attaching another segment. Thus, as explained at the beginning of Section 3, the complement X\ N(tp)
is a disk with six cusps on its boundary. So one can think of ¥ \ N'(tp) as a hexagon.

As in Section 3.1, the two cusps at dpx are called the p-cusps and the other four cusps called the j-cusps.
The j-cusps are located at the four junctions of &{; and #, with the cusp directions pointing into the
rectangles R4 and R™ The configuration in each annulus is similar to the picture of the right annulus in
Figure 13.

The train track tp has a special segment p, containing the intersection point X and the weight of § at py
is one (as in Section 3.1). As before, assume that p, and the hexagon X \ N(tp) are invariant under the
involution 7. Similar to Section 3.1, the complement of 7p \ px is an annulus as in shown Figure 14 and
Figure 23, left, and d P must be a core curve of this annulus. Since tp and 0+ P are invariant under 7
the intersection point X = px N d4 P is a fixed point of 7 and hence 7 interchanges the two p-cusps; see
Figure 23, left. Moreover, as described in Remark 2.2.1, the involution 7 interchanges the two junctions
in #; and the two junctions in .

As indicated by Figure 23, left, the two sides of a small neighborhood N (px ) are parts of a pair of opposite
edges of the hexagon X \ N(zp). Hence the action of 7 on the hexagon X \ N(tp) interchanges these
opposite edges. Moreover, as d4 P is invariant under 7, the arc d4+ P N (X \ N(tp)) connects a pair of
opposite boundary edges of the hexagon X\ N(tp).

In N(zp) there are three splitting arcs (defined in Definition 2.2.7) connecting the cusps of N(zp) in
pairs which are disjoint from §. When N(tp) is cut open along these three splitting arcs, the resulting
surface is a product neighborhood of §. Denote the three splitting arcs by s,, s; and ;..

By connecting the endpoints of each splitting arc via an arc in the disk X \ N(tp), we obtain a nontrivial
simple closed curve. Since every nontrivial simple closed curve is invariant under the involution 7 after
isotopy, the two cusps at the endpoints of each splitting arc must be invariant under 7. Since the involution

€ /'/
Figure 23: Configurations of X \ rp and s-wave for ¢.
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interchanges the two p-cusps and interchanges the two junctions in each annulus «; and ,, this implies
that s, connects the two p-cusps, s; connects the two j-cusps at 7, and s, connects the two j-cusps at 4.

As the cusp directions of the j-cusps point into the two rectangles R4 and R* both s; and s, contain
subarcs that are core arcs of ¢ and %% Similar to Section 3.1, this implies that each of s; and s,

intersects y at least twice.

Now we consider s,. Similar to the proof of Claim 3.1.2 in Section 3.1, each end of py is attached either
to a long path or to a component of § N (@4 UR¥). Since there is no long path in the current configuration,
the two ends of py are attached to two components of § N (R? U %) that are core arcs of R¢ and R¥,
respectively. As in the proof of Claim 3.1.2, this implies that s, also contains subarcs that are core arcs
of ®4 and R¥ and sp intersects y at least twice.

By part (2) of Proposition 2.1.8, we may assume that the orientations of § and & are compatible in N(zp);
see the arrows of the arcs in Figure 23, right. The surface ¥ \ N(zp) is a disk with six cusps at its
boundary. Similar to the s-wave illustrated in Figure 14, perform wave moves on ¢ along all possible
s-waves in X \ N(tp); such s-waves are indicated by the dashed arc in Figure 23, right.

Notice that if there are two distinct g-arcs in the disk X \ N'(zp) that go into two adjacent cusps, then
there is an s-wave connecting these two arcs; see Figure 23, right. We perform all possible wave moves
along such s-waves on ¢ and denote the resulting meridian of W by &’.

Suppose &’ no longer admits any s-wave as in Figure 23, right. In particular, similarly to the argument
before Claim 3.1.3, ¢’ does not pass through all cusps of N'(zp). Consider different types of &’-arcs in
the cusped disk ¥ \ 7p. The induced action by 7 on the disk X \ 7p is a 180°-rotation, so the &'-arcs
in the cusped disk X \ 7p are symmetric with respect to the rotation. Since &’ admits no s-wave in the
cusped disk X\ 7p, the &’-arcs in X \ 7p have three possible configurations, up to rotation and reflection,
which are indicated in Figure 24:

(1) There are three types of &¢’-arcs in X \ tp: diagonals connecting a pair of opposite cusps and arcs
parallel to a pair of opposite edges next to the diagonal; see the blue arcs in Figure 24, left.

(2) All the ¢’-arcs in X\ 7p are parallel to a diagonal connecting a pair of opposite cusps; see the blue
arcs in Figure 24, center (ignore the dashed arcs for now).

(3) The &’-arcs in X\ 7p are all parallel to a pair of opposite edges; see the blue arcs in Figure 24,
right (ignore the dashed arcs for now).

/NN AN NN

Y Y VY

Figure 24: Possible configurations of ¢’ in ¥ \ N(zp).
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Now consider the Heegaard diagram given by {8, ¢’} and {«, y}. There are three cases to discuss.

Case (a) Assume there is a cusp of N'(zp) that contains two &’-arcs. In other words, two components
of ¢’ N N'(zp) are parallel to the same splitting curve s,, s; Or S,.

Note that this case includes the configuration in Figure 24, left, since there are multiple curves going
into a pair of opposite cusps and since each splitting arc s,, 57 or 5, connects a pair of opposite cusps.

Similar to Claim 3.1.4, since each s,, s; or s, intersects y at least twice and since the orientations of arcs
of & NN (tp) are compatible, y contains two distinct subarcs that are both [¢/~, ¢’ T]-edges. As explained
before Case (a), there is a cusp that contains no &’-arcs. This means that y also contains two distinct
subarcs that are [§~, § T ]-edges.

Now the proof for Case (a) is identical to the proof in Section 3.1. Recall that in Claim 3.1.4, we have
the same conclusion, which implies that there is no wave with respect to {§, &’} and hence there must
a wave 1 with respect to {c, ¥ }. As in the argument between Claims 3.1.4 and 3.1.5, we can isotope 7 to
intersect 04 P efficiently. In the current setting, <, also has two short paths, which is the same situation
as in Section 3.1. Thus Claims 3.1.5-3.1.9 also hold and hence Proposition 3.2.1 holds in Case (a).

Note that the setting in this section is simpler than Section 3.1. The annulus &{; has two short paths in this
setting while s{; has only one short path in Section 3.1. The additional short path in the current setting
could be ignored and the proof can proceed as in Section 3.1.

Next, assume that Case (a) does not occur, ie each cusp of N(rp) has at most one &’-arc. In particular,
the first possible configuration of &’-arcs in X \ tp, ie Figure 24, left, does not occur. Thus, it remains
to discuss the second and third possible configurations, ie Figure 24, center and right.

Case (b) The configuration for &’ N (X \ N(zp)) is as in Figure 24, center.

Since Case (a) does not occur, there is only a single &’-arc in Figure 24, center, going into the cusp. So
the intersection ¢’ N (X \ N'(zp)) is a single arc forming a main diagonal of the hexagon ¥\ N(zp). We
concluded earlier in the proof of Proposition 3.2.1 that 94+ P N (X \ N(zp)) is an arc connecting a pair
of opposite edges of X\ N(zp), indicated by the dashed arc in Figure 24, center (also see Figure 23, left),
for a picture of how d4 P intersects ¥ \ N(tp). As shown in Figure 24, center, this conclusion on
d+ PN (Z\ N(tp)) implies that ¢ intersects d+ P in exactly one point. Let E’ is the disk in W bounded
by &/, then (P, E’) is a (P, @)-pair. The configuration of &’ implies that

l(@Uy)Ne| < |[(@Uy)ni.
Since § takes two paths in each annulus, every component of (o U y) N $ must intersect § and
co(P.E'.et.y) = [(@Uy) NE| = co(P. D.ev.y).

Hence ¢(P, E',a,y) < c¢(P, D, «,y), contradicting Assumption 1.2.3 regarding the choice of the pair
(P, D).

Geometry & Topology, Volume 29 (2025)



Tunnel number one knots satisfy the Berge conjecture 3319

Case (¢) The configuration for ¢’ N (X \ N(zp)) is as in Figure 24, right.

In this case, we can use a main diagonal of the hexagon ¥\ N'(zp), see the dashed arc in Figure 24, right,
to connect the two ends of the splitting arc of N'(zp) which connects (in N'(zp)) the two cusps that &” does
not pass through. This gives a nonseparating simple closed curve ¢” that is disjoint from both § and &;
see the dashed arc in Figure 24, right, for a picture of ¢” within X \ N(zp). As {6, &’} is a complete set
of meridians for W, ¢’ must also bound a disk in W. Now consider {3, ¢”}. The configuration of &” is
the same as that of ¢’ in Case (b). So we can apply the argument in Case (b) to ¢” and obtain the same
contradiction to Assumption 1.2.3.

This finishes the proof of the proposition. a

3.3 The curve § takes a long path

In this section we consider Configuration 4, namely when § takes a long path in one (or both) of the
annuli.

Proposition 3.3.1 If § takes a long path in an annulus, then K is doubly primitive or there is an isotopy
of the annulus which converts the long path to a short path.

Proof Without loss of generality, suppose § takes a long path in &4,

First note that in some special configurations one can perform an isotopy on &, so that § only takes short
paths in s4,. For example, if 6 only wraps around ${, once and if o U y does not intersect the shaded
region in Figure 25, then after an isotopy in Figure 25, § only takes short paths in s4,. This isotopy is
equivalent to choosing a different product structure for &, provided that arcs of (¢ U y) N o4, remain
vertical in the new product structure. So assume that § takes a long path in s, after all such isotopies
have been performed. In other words, assume that § N s, (similarly § N & if it contains a long path)
cannot be converted to short paths by such an isotopy.

isotopy
—_—

0 splitting
—_—

Px
Figure 25: An isotopy converting a long path to a short path.
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Claim 3.3.2 Either Proposition 3.3.1 holds or there is a meridian &' of W, disjoint from &, such that there
is no wave with respect to {8, &'} in the Heegaard diagram determined by {«, y} and {5, €'}.

Proof Consider the possible configurations of § N #;, ie the intersection of § with the other annulus.
There are two cases to consider:

Case (1) The curve § either takes two short paths, or a long path in ;.

Note that it is still assumed that if § takes a long path in s4;, and there is no isotopy as in Figure 25 that
converts the long path into a short path. Furthermore, as explained at the beginning of Section 3, the
surface X \ tp in this case is a disk with six cusps along its boundary. The discussion in this case is
similar to Section 3.2. For convenience here is a summary of the setup in Section 3.2:

There are three splitting curves in N'(zp) which are disjoint from & and which connect the cusps of N(tp)
in pairs. When the surface N(zp) is cut open along these three splitting curves, the resulting surface
is a product neighborhood of §. As in Section 3.2, each splitting arc is invariant under . Hence the
involution interchanges the two cusps at the endpoints of each splitting arc. The involution interchanges
the two p-cusps, and also interchanges the other two cusps in &{; and A, respectively. Thus a splitting arc,
denoted by s,, connects the two p-cusp. The other two splitting arcs, denoted by s; and s,, connect two
cusps in &; and two cusps in o, respectively.

The difference between the current setting and Section 3.2 is that in the current setting the splitting arcs
Sp, s; and s, may not go through the two rectangles R* and R4 In fact, it is not immediately clear that
the three splitting arcs even intersect o U y.

First consider s,. The proof of Claim 3.1.2 on p, implies that either there is a long path or (¢ Uy )Ns, # @.
Moreover, it follows from Definition 2.2.5 that the only configuration where (o« U y) Ns, = & is as shown
in the left picture of Figure 25, where s, is a short arc cutting through the shaded region of Figure 25 and
the shaded region does not contain any «- or y-arc. Thus, if (¢« Uy) Ns, = &, we can perform an isotopy
as shown in Figure 25. The isotopy can be viewed as a change of the product structure of the annulus.
Since (¢ Uy) Ns, = &, o Uy does not intersect the shaded region in Figure 25. Hence, the isotopy
does not affect & and y. Note that the effect of this isotopy on the train track is a splitting along s,; see
Figure 25. This isotopy converts a long path to a short path, contradicting our assumption, before the
claim, that there is no such isotopy. Thus, (¢ Uy) Ns, # @.

Similarly, if (¢ Uy) Ns; = @ (or (e Uy)Ns, = ), then the configuration of s; (or s,) must be a short
arc cutting through the shaded region of Figure 25 and the shaded region does not contain any «- or y-arc.
We can perform a similar isotopy (without changing o U ) which changes the long path into a short path,
also contradicting the assumption that there is no such isotopy.

Therefore, 55, 57 and s, must all meet « U . Now the argument is the same as Section 3.2. Performing
wave moves on ¢ in the hexagon X \ tp along s-waves, a meridian &’ is obtained. As in Section 3.2,
there are three possible configurations for the ¢'-arcs in the hexagon X \ tp. If the configuration is as in
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Case (a) in Section 3.2, since s,, s; and s, all meet & Uy, @ U y contains subarcs that are [§~, 7] and

)—

[¢/~, &/T] blocking-edges. By Lemma 1.3.9, there is no wave with respect to {8, ¢’} and the claim holds.

If the configuration is as in Cases (b) and (c¢) in Section 3.2, then Assumption 1.2.3 is contradicted.
Case (2) The curve § takes one short path in ;.

In this case, as explained at the beginning of Section 3, the surface ¥ \ N(zp) is an annulus with two
cusps on each boundary curve. As in the argument before Claim 3.1.3, perform wave moves on ¢ along
s-waves as in Figure 14 to obtain a new meridian ¢’ of W. In particular, the arcs in ¢’ N N(zp), if there
are any, are all parallel to one of the two splitting arcs of N'(zp). Furthermore, Claim 3.1.3 also holds for
¢’ in the current setting, since N'(tp) in Section 3.1 is of the same topological type. So the intersection
¢ N N(zp) contains at least two arcs, all parallel to a splitting arc.

Since it is assumed that a long path cannot be converted to a short path, the argument in Case (1) implies
that both splitting arcs of N(rp) must intersect o U y. Similarly to Claim 3.1.4, this implies that o U y

J—

contains subarcs that are [§~, 7] and [¢/~, ¢/T] blocking-edges. By Lemma 1.3.9, this means that there is

no wave with respect to {3, ¢’} as claimed. |

We are now in position to finish the proof of Proposition 3.3.1. By Claim 3.3.2, we may assume that there
is no wave with respect to {8, ¢’}. By part (1) of Proposition 2.1.8, the intersection points of § Ny all
have the same sign. Next, we consider the core curve a, of «d,. Since § takes a long path in &, an arc
in § N &4, wraps around the annulus at least once. So the core curve a, is carried by the train track tp.
Hence a, admits a direction induced from the orientation of § and tp. Since points of § Ny all have the
same sign, the intersection points of a, N y all have the same sign.

Recall that in our construction (see Remark 2.1.2), an arc in y N%R* determines a d-compression disk for P.
When P is d-compressed along this disk, we obtain two planar surfaces P; and P, in the compression
body U with a; = 04 P; and a, = d+ P,. Since y bounds a disk C in U, if C N P, # &, the two endpoints
of each arc in C N P, are points in y N a, with opposite signs of intersection, a contradiction to the
conclusion that the intersection points of a, N y all have the same sign. Thus C N P, = & and hence
y Na, = <. By Lemma 1.2.4, this means that P, must be a vertical annulus in the compression body U.
Moreover, since the surgery slope is an integer, after isotopy, P, N A is a single vertical arc, where A4 is
the annulus with 04+ 4 = «. Hence @ N a, is a single point. So we have #, Ny = @ and o, N« is a
single arc.

Since there is no wave with respect to {3, &'}, by Theorems 1.3.7 and 1.3.8, there must be a wave with
respect to {&, ¥} and by Lemma 2.1.5, this wave must be with respect to . If a component of § N4, in the
long path intersects the arc o N s, more than once, since s, Ny = &, a subarc of § N sd, must be a spiral
around s, connecting the plus-side of « to its minus-side. This means that a subarc of § is an [a™, o]
blocking-edge. However, by the proof of Lemma 1.3.9, the existence of an [@ 1, o] blocking-edge means
that there is no wave with respect to y, a contradiction. So each component of § N s, in the long path
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intersects the arc o M o4, only once. This means that the shaded region in Figure 25 does not contain any
a-arc. As A, Ny = I, the shaded region in Figure 25 intersects neither & or y. Hence we can perform an
isotopy as in Figure 25, changing the long path into a short path with respect to the new product structure.
This contradicts our assumption at the beginning of the proof. Therefore, Proposition 3.3.1 holds. |

3.4 The curve § takes one short path in each annulus, a special case

In this and the next section we rule out the remaining possible configuration, namely, when § takes
only two short paths: One in s4; and one in .. As § takes only two short paths it imposes the least
restrictions on the possible configurations and hence this is the most complicated case. We therefore
begin by considering a special case in this section and will deal with the general case in the following
section. The configurations and proof for the special case are similar to those of Sections 3.1 and 3.3.

As before, we assume § and d4 P are invariant under 7 and X = § N d4 P is a fixed point of 7. By
symmetry (2) in Remark 2.2.1, we may assume X% U X lies in either d4; or R4 U dR% Moreover,
since symmetry (3) in Remark 2.2.1 interchanges the two short paths in ${;, we may assume & takes a
fixed short path in s4;.

Consider the train track tp. As explained at the beginning of this section, the shape of tp must be as
shown in Figure 12. So both N(zp) and X \ N(zp) are once-punctured tori. The train track tp has a
special segment p, which contains the point X = § N d+ P, and the weight of § at py is one.

The special case that we discuss in this section is:

Special case There is a component k of (¢ U y) \ 0+ P such that k N tp = k N px contains more than
one point; see Figure 26 where the dashed arc is «.

Consider the arc x. By the construction of tp, the intersection k¥ N p, consists of exactly two points, see
Figure 26. There are four possible configurations for § N o{; as shown in Figure 26.

Let «’ be the subarc of k between the two points of k¥ N px. By collapsing the arc «’ to a point, we can
pinch 7p to a new train track 77, that also fully carries §. The train tracks 7, N s4; corresponding to the
four possible configurations in Figure 26 are shown in Figure 27, respectively. Notice that, if s{; and 4,
are switched, the train tracks r;) in Figure 26(a)—(b) are basically the same as the train track tp for two
short paths in Section 3.1. Also, the train tracks tj, for Figure 26(c)—(d) are basically the same as the
train track tp for a long path in Section 3.3. The proofs for the two types of configurations will also be
the same as the arguments in Sections 3.1 and 3.3, respectively.

Recall the definition of a splitting arc in Definition 2.2.7. The original train track tp has two cusps which
survive the pinching of «’. The splitting arc in N'(zp) that connects the two cusps and which is disjoint
from § in N'(zp) was denoted by s;. Note that Lemma 2.1.4 implies that s; passes through both R4
and %", Denote the image of s; in N'(z},) by s]/.. Clearly, s]’. passes through both rectangles R* and R,
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(b)

Figure 26: Possible configurations of p, and «.

(d)

For the train track 7;,, we have an additional splitting arc, which we denote by s;), corresponding to the
pinching along «, ie cutting N'(t},) along s;) will undo the pinching operation along k. Since « is an arc
in (¢ U y) N X, this new splitting arc s;) intersects o U y at least once. Furthermore as ¢ N § = &, the
intersection € NN (r’D) consists of arcs parallel to sj/. and s;). In all four possible configurations in the
Figure 27, the surface ¥ \ N'(t},) is an annulus with two cusps at each boundary curve; see Figure 14 in
Section 3.1 for a picture. Now follow the argument in Section 3.1. The first step is to perform a maximal
number of wave moves on ¢ along s-waves in the annulus X\ N'(z},); see Figure 14 for a picture of such
s-waves. Denote the resulting meridian by &’. As in Section 3.1, &’ does not pass through all the cusps; in

other words, &' N.N'(t},) consists of arcs all of which are parallel to either s; or sj,.

First note that Claim 3.1.3 is also valid for N'(z})) and &/, that is, &' N N'(t},) contains at least two arcs.
The slight difference is that, under the setting of Section 3.1, the proof of Claim 3.1.3 needs the fact that
the core curve a, of the annulus &, can be isotoped into N'(zp), while in the current setting, the core
curve a; of &d; can be isotoped into N (‘[/D) in all four configurations of Figure 27.

Similarly to Claim 3.1.4, since both sj/. and s, intersect o Uy, this means that & Uy contains both [¢'~, &’ -
and [§~, 8 "]-edges. So, by Lemma 1.3.9, there is no wave with respect to {8, &’}. Moreover, since sj/.
passes through both &% and %%, sJ’. meets y at least twice and there are two [¢/~, &/t]- or [§~, §]-edges.
This means that the Heegaard diagram formed by {«, '} and {6, ¢’} is not a standard Heegaard diagram
of S3 or (S2x S')# L(p,q). Hence there must be a wave with respect to {a, y}. By Lemma 2.1.5, this
wave must be with respect to y.

If the configuration of p, is as shown in Figures 26(c) or (d), then the corresponding configuration of
the train track 7}, is Figure 27(c) or (d), respectively. In both configurations, the core curve a; of s,
is carried by the train track 77, and hence has an orientation compatible with the orientation of §. The
argument for these two configurations is the same as in Section 3.3: Since there is no wave with respect
to {8, &'}, by part (1) of Proposition 2.1.8, the intersection points of § Ny all have the same sign. As in

(a) (b) (© (d)

Figure 27: Possible configurations of 77, at ;.
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Figure 28: An isotopy converting Figure 26(c) to (b) up to symmetry.

Section 3.3, this implies that a; and hence the planar surface P; is disjoint from y and the disk C. As in
Section 3.3, this means that P; is an annulus and a; N« is a single point. Thus the arc « is the only arc
in (@ Uy)Nsd;. Asin Section 3.3 and Figure 25, we can perform an isotopy in sd; which fixes « and
twists «; along the short path, such that the cusp directions point into the rectangles R4 and R* after the
isotopy; see Figure 28. So this isotopy basically converts the configurations of Figure 26(c) and (d) to the
configurations of Figure 26(b) and (a), up to symmetry. Moreover the isotopy does not affect o U y.

So it remains to consider the configurations in Figure 26(a)—(b). The next step in the proof is to convert the
configurations in Figure 26(a)—(b) to the setup in Section 3.1 and apply the arguments used in that section.

Remark 3.4.1 (1) Recall that, for the train track in Section 3.1, both splitting arcs s; and s, pass

through both rectangles R4 and R“ In the present case N'(z},) also has two splitting arcs sj/. and s;,

/
P

for N' (rb), the splitting arc sj’. indeed passes through both rectangles R4 and R but the splitting

arc s;) is too short and does not pass through the rectangles.

(2) The reason we need the property that both splitting arcs pass through both rectangles is the following:

where s/, is the short splitting arc corresponding to the pinching operation. In the current setting

In the argument in Section 3.1 (after Claim 3.1.3), we perform a sequence of wave moves on {¢, ¥}
and obtain a new set of meridians {’, y'}. Each &'~ or y’-arc in ®¢ and ¥ intersects the splitting
arcs s; and s, and hence contain [¢/~, &'T]- and [§~, § T ]-edges. Thus we can continue the sequence
of wave moves until o' and y’ do not intersect R4 and R* at all. This implies that the intersection
points of &’ and y’ with d4 P have consistent signs after these wave moves. So, the property that
both splitting arcs pass through the rectangles plays a crucial role in the final part of the argument
in Section 3.1.

To overcome this obstacle we next “enlarge” N'(z7,) and s, so that the new s, has the desired property.
That is, each a- or y-arc in ®¢ or R¥ gives rise to an intersection arc with the new s}’o. The “enlarging
operation” is as follows:

If there is an o- or a y-arc that forms a triangle with a cusp of N'(t},) (see the shaded triangle in Figure 29),
then we enlarge N'(t,) to contain this arc. The operation is illustrated in Figure 29, where the dashed
arcs denote s/’o. This operation on N'(z},) is similar in spirit to the pinching operation on a train track.

In order to do that, we will consider the gluing map ¢: d4+ P* — 04+ P which glues the two components
of 9% together to form X. The only thing we know for sure about ¢ is that p(X%) = X 4 Otherwise it
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<

enlarge
——————————

W/
W/

Figure 29: Enlarge N(t})).

can stretch and contract various segments when gluing the arc 8P_‘i \ X to the arc BPi \ X9 We will
consider the various possibilities of the gluing by ¢ by studying the configuration of § near the two sides
of 8+ P.

If the configuration of py is as in Figure 26(a), then consider the shaded triangle region A in Figure 30
which contains X as a vertex. The gluing map ¢ sends a boundary edge of A to a subarc of d P We
can view how things are identified by ¢ in the picture of a cyclic cover of ¥ dual to d P, see Figure 30,
where the shaded region A’ is a translation of A. The location of A’ depends on the gluing map ¢. Since
y intersects R¥ there must be a y-arc meeting the interior of A; see the top blue arc in Figure 30. So
there is a y-arc meeting the interior of A’ as illustrated in Figure 30.

Let R be the rectangle in s \ ($] U ;ﬁ;j) between the two junctions which contains the points X% X and
the arc . Note that R is invariant under the involution 7. Moreover, 7| g is a 180°-rotation around the
center of R, and the vertical arc of R that contains its center is invariant under 7. Let #* be the boundary
edge of R in 04 P¥ (ie the top edge of R). The involution 7 rotates r* to the bottom edge of R.

Consider the subarc of r¥ that lies in the boundary of A, ie the arc r* N dA, and the two §-arcs in R
attached to X% and X ?. If the length of the arc r* N A is less than half of the length of r¥ then the
symmetry from 7z implies that the vertical arc of R which contains its center must separate the two §-arcs
attached to X* and X“. In this case no vertical arc of R intersects both §-arcs, which contradicts the
hypothesis that « intersects both §-arcs; see Figure 30. Therefore, the length of the arc r* N dA must
be at least half of the length of r* and this implies that part of the arc ¢(r* N dA) must be outside R.
In other words, ¢(r* N dA) must reach the left junction in Figure 30. By the configuration of A and A/,

Figure 30: A global picture for Figure 26(a).
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Q- or y-arc
Figure 31: The first possible global picture for Figure 26(b).

this means that the y-arc that intersects A’ (the left blue arc in Figure 30) must intersect the §-curve in )
further to the left of the left junction of ;.

As illustrated by the two blue dots in the y-arc that meets A’ in Figure 30, two intersection points of §
with this y-arc have opposite signs, contradicting part (1) of Proposition 2.1.8. This means that the
configuration in Figure 26(a) cannot happen.

It remains to consider the configuration of p, as in Figure 26(b). Let A be the triangular region in
Figure 31 and we study the gluing map ¢ from the translation of A in a cyclic cover of ¥ dual to 4 P.
Again there are two possibilities:

The first possibility is that the shaded triangular region marked A in Figure 31 plus the junction next to
A are glued along 9+ P4 as illustrated in Figure 31. Figure 31 is the case where the junction next to A
is glued to dsd; or d%4 and there is an - or a y-arc that intersects %4 and meets a §-arc on the other
side of the junction; see the bottom blue arc in Figure 31. As illustrated by the two blue dots on this
arc in Figure 31, this means that two intersection points of § with this a- or y-arc have opposite signs,
contradicting part (1) of Proposition 2.1.8.

The second possibility is that there is no such «- or y-arc. Then after an isotopy (fixing o U y), we may
assume that the triangular region A is glued to d+ P4 and covers an entire boundary edge of R4, as
illustrated in Figure 32.

Now consider N (‘E]/_)) and the splitting arc s;) described earlier. As illustrated in Figure 29, if an «- or a
y-arc in X\ N(z}) is a 0-parallel arc that cuts off a neighborhood of a cusp, then we can enlarge N'(t},)
to include this neighborhood of the cusp and extend the corresponding splitting arc sJ’. or s;,. As the §-edge
of A is parallel to 94 P and since A is glued to cover a whole edge of 3%4, we can enlarge N (tp) to

contain A, and in particular, contain this boundary edge of dR4. Let N (rb)"‘ be the surface obtained
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Figure 32: The second possible global picture for Figure 26(b).

/
o

through the rectangle R4, This picture is symmetric under 77, so we can enlarge N (T]/_)) and extend the

by enlarging N'(t},) as above. As illustrated in Figure 32, the splitting arc s/, can be extended to pass
splitting arc s;) in the other direction to pass through ®* as well. As in Section 3.1, £ \ N' (tb)"‘ is still
an annulus with two cusps at each boundary component.

Now the configuration becomes the same as Section 3.1. In particular, both splitting arcs s]’. and s;, pass
through the two rectangles R4 and R* Thus we have all the ingredients needed for the argument in
Section 3.1, which can be applied to conclude that K is doubly primitive. This finishes the proof for the
special case.

3.5 The curve § takes one short path in each annulus, the general case

In this section we deal with the remaining general case of Configuration 1. Namely: The curve § takes
only two short paths, one in ; and one in ,, and the configurations in Section 3.4 and Figure 26 do
not occur.

As before, we assume § and 0 P are invariant under the involution 77 and X = § N d P is a fixed point
of 7. By symmetry (2) in Remark 2.2.1, we may assume X4 U X lies in either d4; or 9R% U dRX

Proposition 3.5.1 Suppose that the curve § takes one short path in $4; and one short path in s,. Then K
is doubly primitive.

Proof Suppose the configuration is not the one in Section 3.4. Hence for each component x of (¢ Uy)N )
such that k N 7p = k N px, the set k N px contains at most one point.

Consider the train track tp. As explained at the beginning of this section, the shape of tp must be as in
Figure 12. We may assume tp is also invariant under 7. The train track tp consists of three segments,
one of which has cusp directions at both endpoints pointing into the segment. Call this segment the x-arc
of 7p. The other two segments have cusps directions pointing away from the segments and we call them
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Figure 33: The once-punctured torus 7" and the s-wave p with respect to &.

the y-arcs; see Figure 12. Note that the special segment p, is a y-arc and, as before, the weight of &
at px is one.

Let N(zp) be a small neighborhood of tp. It is a once-punctured torus with two cusps on its boundary
corresponding to the two cusps of tp. We may assume & N N'(tp) consists of essential arcs in N(zp). As
¢Né =@ and § is a simple closed curve in N(zp), the set e N N(tp) is a collection of parallel arcs going
into one cusp of N'(tp) and coming out of the other cusp. It follows from part (2) of Proposition 2.1.8
that the orientations of these parallel arcs € N N(zp) (induced from an orientation of ¢) are all the same.

Let T denote the complement X \ N(zp). So T is also a once-punctured torus (with two cusps on the
boundary); see Figure 33 for a picture of ¢ near 97.

If & contains arcs in the cusps of N'(zp), then as shown in Figure 33, there is an s-wave p with respect to &,
parallel to one of the §-arcs connecting the two cusps on d7. If there are k, components of ¢ N N(zp),
then we can perform k. consecutive wave moves on ¢ along such s-waves p. The result of the wave moves
is a meridional curve ¢ of W which is completely contained in 7. Let E’ be the disk in W bounded
by &.

The proof will now proceed by the following sequence of claims:

Claim 3.5.2 There is a properly embedded planar surface Py in U such that (P, E') forms a (P, %)-
pair, and d_ P, has the same slope as 0— P in the boundary torus d_U.

Proof As explained in Remark 2.1.2, the result of a d-compression on P is a pair of planar surface P;
and P, with a4 P; and 04+ P, isotopic to the core curves a; and a, of ${; and s, respectively.

Since § takes one short path in both ${; and s, after isotopy, each of a; N N'(zp) and a, N N(zp) is a
single nonseparating arc in N'(tp). Note that the two arcs a; N N'(tp) and a, NN (tp) cannot be parallel
in N(tp) because this would imply that a band sum of a; = d+ P; and a, = d4 P, produces a curve
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disjoint from N'(zp) but parallel to d+ P. This is a contradiction to the fact that § N d4 P is a single
point. So a; N N(zp) and a, N N(zp) are nonisotopic arcs in the once-punctured torus N(zp). Hence the
endpoints of a; N N(zp) and a, N N (zp) alternate along the boundary of the once-punctured torus (one
can also see this by checking the possible configurations geometrically). Now, consider 7 = X\ N(zp).
The endpoints of a; N T and a, N T alternate along 07, which implies that a; N 7" and a, N 7T are also
nonisotopic essential arcs in the once-punctured torus 7.

Use the arcs a; N 7" and a, N T as representatives of a basis for Hy(7, 97T = Z & Z, and suppose they
represent elements with slope 1/0 and 0/1, respectively. Since ¢’ C T, there is a properly embedded arc
in 7" which intersects ¢’ in a single point. Suppose this arc has slope p/g, where p and ¢ are coprime.
Take p parallel copies of P; and ¢ parallel copies of P,, and perform a sequence of band sums of these
planar surfaces along 07 to obtain a planar surface P,/ so that the intersection of 7" with the resulting
curve d4 P is an arc of slope p/q. Hence the planar surface P, is such that &’ N d4 P is a single point.
Hence (P, E') forms a (%P, %)-pair. O

Isotope &’ to intersect & and y minimally. The following is an immediate corollary of Claim 3.5.2.
Corollary 3.5.3 No subarc of &’ is a wave with respect to {y, a}.

Proof The corollary is basically the same as Corollary 2.1.7.

By Claim 3.5.2, (P, E') forms a (P, %)-pair. If P is an annulus, then by Proposition 1.1.4, K is
doubly primitive and we are done. So we may assume that P,/ is not an annulus. After replacing the
planar surface P in Lemma 2.1.6 with P/, one can conclude that any s-wave with respect to {y, o} must
intersect 04 Pg: As in the proof of Corollary 2.1.7, if a subarc 1 of & is a wave with respect to {y, a},
then n N 04 Py # &. By the symmetry induced by 7, the curve &’ has another subarc ' = 7 () which
is also a wave with respect to {y, «} and ' N d4+ Py # &. This contradicts the fact that &’ N d4 Py is a
single point as (P, E') is a (%P, @)-pair. m|

As before, consider the Heegaard diagram formed by W = {8,¢'} and V= {y,a}. Let s; be the
splitting arc in N'(zp) which connects the two cusps, so that s; 1§ = @ and also N(tp) \ s; is a product
neighborhood of §.

Lemma 2.1.4 implies that s; passes through both %4 and R“ Since y intersects both ¢ and R* and
since ¢ C ¥\ N'(zp), our assumption on the orientation of § implies that y has two distinct subarcs in
R4 and R¥ that are [§~, § 7] blocking-edges.

In a once-punctured torus if two essential embedded curves or arcs intersect minimally then the algebraic
intersection number is equal to the geometric intersection number. Hence the intersection points of &’
with each arc of (o U y) N T all have the same sign.
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Figure 34: Intersection of { with tp.

For each arc of (« U y) N T, by collapsing all its intersection points with &” into one point along this arc,
we can construct a train track fully carrying ¢’. In fact, we can extend such collapsing/pinching as much
as possible to construct a train track tg which is either a train track as in Figure 12 or a circle (in which
case each arc of (@ Uy) N T intersects & in at most one point). In either case, each arc of (¢ Uy)NT
intersects the train track tg in at most one point.

Claim 3.5.4 [(@Uy)NtE| Zco(P, D,a,y).

Proof Let ¢ be a component of (o U y) \ d+ P and view ¢ as an arc in (¢ U y) N $. We first consider
the possibility that { N tp contains more then one point. In the construction of tp, all the parallel §-arcs,
except for the special arc py, were pinched into a single segment. Thus, ¢ intersects Tp \ px in at most
one point. As { N Tp contains more then one point, { must intersect py.

It is assumed at the beginning of Proposition 3.5.1 that the configuration is not in the special case in
Section 3.4. That is, for each component ¢ of (e U ) \ d4+ P such that { Ntp = ¢ N py, the set £ N px
contains at most one point. Thus, if { N (tp \ px) = &, then { N Tp = { N px contains at most one point.
Since ¢ N tp contains more then one point, { N (tp \ px) # . Figure 34 is a local picture when this
happens. Moreover, a subarc of ¢ between two points of ¢ N tp must connect py to Tp \ px.

Recall that in our case the train track tp is as in Figure 12. Hence, such a subarc of { between two points
of { Ntp is an arc in X \ tp that “cuts off” a cusp, as illustrated in Figure 34. In particular, such an arc
corresponds to a d-parallel arc in X \ N'(rp) which can be assumed to be disjoint from & after isotopy.

Thus, for each component ¢ of (¢Uy)\ 0+ P that meets 8, we can find a subarc ¢’ C ¢ so that {'N§ =N,
ie ¢’ contains all the points of ¢ N §, and so that ¢’ is disjoint from &’. Let 6’ be the collection of all such
subarcs ¢’. Hence, by definition,

|€’| = co(P, D,a, y).

Since each component of (¢ U y) \ N(tp) intersects Tg in at most one point, we have

l(@Uy)NTE| = [(@Uy)\ €.

As (¢ Uy)\ €| = 19| =co(P, D,a,y), we have [(¢ Uy) Ntg| <co(P, D,w,y) as stated. O

Claim 3.5.5 The train track tg cannot be a circle.
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Proof Suppose to the contrary that tg is a circle. So g = ¢’ and each arc of (@ Uy) N T intersects &’

in at most one point. By Claim 3.5.4, we have
[@Uy)Ne'| <co(P.D.a.y).

Let Py be as in Claim 3.5.2 and let E’ be the disk in W bounded by &’. So (P, E') is a (P, @)-pair. By
the definition of complexity,
co(Per E' ay) < [(@Uy)Nel.

Hence
co(Pe, E' a,y) <co(P,D,a,y).

Moreover, Lemma 2.1.4 implies that
[(@Uy)N1p| <[(@Uy)Nsl
By the construction of tg, we have
[(@Uy)Nze| = |(@Uy)Npl.
As T = ¢, we have
[(@Uy)ne|=eUy)Nte|<|(@Uy)Np| <|(@Uy)N3.

Thus ¢(Py, E',a,y) < c(P, D,a,y), and this contradicts Assumption 1.2.3. O

Claim 3.5.5 means that there is an arc of (¢ U ) N T that intersects ¢’ in more than one point in 7.
Hence a subarc of this arc is an [¢/~, ¢/T] blocking-edge. We have concluded before Claim 3.5.4 that y
contains two subarcs in ®¢ and R* that are [§~, §1] blocking-edges. So by part (1) of Lemma 1.3.9,
the Heegaard diagram has no wave with respect to {5, &’}. Moreover, since y contains two distinct
[§~, 81]-edges, the Heegaard diagram is not a standard Heegaard diagram of S3 or (§2 x S1)# L(r, s).
Thus, by Theorems 1.3.7 and 1.3.8, there must be a wave with respect to {«, y}. Since by Lemma 2.1.5,
there is no wave with respect to «, there must be a wave with respect to y.

By part (1) of Proposition 2.1.8, we may assign orientations to & and y so that the intersection points of
§ with & U y all have the same sign. By Corollary 3.5.3, the curves «, v, §, and &’ satisfy the conditions
in Lemma 2.1.9. Thus, by Lemma 2.1.9, the Heegaard diagram must be as depicted in Figure 7, left, and
the y-wave 7 must connect a [§~, §7]-edge to an [¢'~, &’T]-edge as shown in Figure 7, center,.

As illustrated in Figure 7, left, all the [§~, §T]-edges are parallel. Hence we may assume that all the
[§~,8%]-edges are in the cusp of N(zp). Similarly, we may assume that all the [¢'~, ¢'*]-edges are in
the cusp of N(zg). Figure 35, left, is a picture of the octagon in Figure 7, center, that contains the
wave 1 together with a picture of the cusps of N(zp) and N(tg). Since the intersection points of § with
a U y all have the same sign, the two edges of the octagon in Figure 35, left, next to the cusp must have
opposite orientation; see the orientation of the two arcs marked o and y in Figure 35, left. This means
that these two arcs must belong to different curves of {«, y}, that is, one «-arc and one y-arc as labeled
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Figure 35: Wave move along 7.

in Figure 35, left, since, if they belong to the same curve, then an arc in the octagon connecting these two
arcs is a wave and this wave is as shown in Figure 7, right. This contradicts part (2) of Lemma 2.1.9,
which claims that the wave should be as in Figure 7, center, and the two are not compatible.

Remark 3.5.6 Let 1 be the wave as in Figure 35, left (also see Figure 7, center). By Lemma 2.1.5, the
wave 1 must be with respect to . As in Definition 1.3.4 and similar to the argument in Section 3.1, a
wave move along 1 can be done in two steps. The first step is to perform a surgery: connect the endpoints
of y \ N(dn) using two parallel copies of 7. It can be seen from Figure 35, right, that the resulting two
curves do not form any bigon with § and ¢’. One of the resulting curves, which we denote by «g, is
parallel to &, and the other resulting curve, which we denote by y, is the final curve in the wave move.
The configuration of Figure 35, right, implies that the intersection of ¢ (resp. ¥’) with this octagon is an
arc parallel to the edge marked o (resp. y) in Figure 35, right. The curve ¢ is removed in the second
step of the wave move. Thus after the wave move, the two subarcs of @ U 3’ next to a cusp of tp belong
to different curves in {a, 3}, similar to the original configuration of {a, y} before this wave move. Thus,
as long as {a,y’} contains both [§~,8"] and [¢'~, &’T] edges, the component of £\ (§ U&’ Ua U y’)
that contains the previous wave remains an octagon; see Figure 7, center, and Figure 35, left. As in
Lemma 2.1.9, the next wave with respect to {o, '} must also connect a [§~, §T]-edge to an [¢/~, ¢/*]-edge
as depicted in Figure 35, left, as well.

Remark 3.5.6 implies that there is a sequence of wave moves 1, ..., 1, along waves as shown in
Figure 35, left, such that after the last wave move 7y, either

(a) T'(8,¢’) contains no more [¢/~, &’T] edges, or

(b) T'(8,¢) contains no more [§~, 57| edges.

Note that before the last wave move 1, the Whitehead graph I' (8, ¢”) contains both [§~, 1] and [¢/~, &' 7]
edges. Hence, we are left with the following three cases regarding g and the Whitehead graph T'(8, &’):

Casel The weight of ¢" at each segment of the train track tg is at least two, and I'(8, &¢’) contains no
more [¢/~, ¢/ T]-edges after the last wave move 7.

Case2 TI'(8,¢) contains no more [§~, §T]-edges after the last wave move 7y.
Case3 The weight of &’ at some segment of Tg is one, and I'(8, ') contains no more [¢/~, &' T]-edges

after the last wave move 7.
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To simplify notation, we use {&’, y’} to denote the set of meridional curves of V obtained by the sequence
of wave moves, where o’ and y’ are derived from the original meridians « and y, respectively.

Case 1 The weight of &’ at each segment of the train track g is at least two, and I"(8, ¢’) contains no
more [¢/~, &' T]-edges after the last wave move 7.

The goal in this case is to show that either the knot K is a Berge—Gabai knot (ie K lies in a Heegaard
solid torus and the solid torus remains a solid torus after a nontrivial Dehn surgery on K) and hence it is
doubly primitive by [8] and [16], or that before the last wave move along 1y, subarcs of ¢ are [@'t, o™ ]-
edges and [y’T, '~ ]-edges. Since I'(8, &) contains both [§~, §1] and [¢'~, &'T] edges before the last wave
move 1y, the latter possibility is a contradiction to Theorems 1.3.7 and 1.3.8. So in Case 1 we focus on
how ¢ intersects &’ Uy’ during the sequence of wave moves. This is done by studying the intersection
with the train track tg.

No subarc of ¢’ is a wave by Corollary 3.5.3. As in the proof of Lemma 2.1.9 and illustrated in Figure 7,
we may assign orientations to &, @ and y so that all the intersection points have the same sign. Thus
the orientation of @ and y are compatible along the train track tg. By Claim 3.5.5, tg is a train track
with two cusps as shown in Figure 12. Recall that the train track tg is constructed so that each arc of
(¢ Uy) N T intersects Tg in at most one point.

Consider the curves o’ and 3’ during the sequence of wave moves 71, . .., ni as described above. The
curves o’ and y’ have an induced orientation from « and y. We will inductively require that, at any
stage of the sequence of wave moves, «’ and y’ have the following property: Each arc of (¢’ Uy')NT
intersects the train track g in at most one point and the orientations of &’ and )’ are compatible along tg.
Since the involution 7 leaves ¢/, &’ and y’ invariant up to isotopy, we may assume that 7 leaves the train
track tg invariant. Hence 7 interchanges the two cusps of tg. The two cusp points of the train track tg
divide tg into three segments: one x-arc and two y-arcs, as in Figure 12.

For any segment « of the train track tg, the assumption on 7w implies that 7 leaves « invariant and
interchanges the two endpoints of «. Since 7 also leaves o’ and y’ invariant up to isotopy, this implies
that the intersection points of (a’ U y’) N« that are outermost in k are interchanged by 7 and hence must
belong to the same curve o’ or y’.

We first show that &’ U 3’ must meet at least two segments of the train track tg. Assume to the contrary
that &’ U y’ intersects only one segment x of tg. Now consider the region of X\ (N'(zp) U N(tg))
corresponding to the octagon of Figure 35, left. We see that the two subarcs of &’ U y’ next to a cusp
of g (see the arcs labeled « and y in Figure 35, left) must correspond to arcs that intersect k¥ with
outermost intersection points along x and thus belong to the same curve in {&’, '}, this implies that the
two vertical edges of the octagon in Figure 35, left, closest to the cusps of 7p and g must belong to the
same curve of {a’, ¥’}. This contradicts the conclusion in Remark 3.5.6. Thus we conclude that o’ U 3’
must intersect at least two segments of train track tg.
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Figure 36: Splitting the train track 7.

Let p: N(tg) — tEg be the map collapsing N(tg) to the train track tg. Since the cusp direction of tg
points into the x-arc, there are two parallel and adjacent &’-arcs #; and ¢, in N'(tg) that collapse onto the
x-arc by the map p. If the x-arc intersects @’ U 3/, then each intersection point corresponds to an arc of
o’ Uy’ between the two &’-arcs #; and #,. As the orientation is compatible, this arc is an [¢'~, &'t ]-edge.

Perform the sequence of wave moves 11, . .., N, with respect to {&’, y’}, as described in Remark 3.5.6.
There are two situations, depending on whether or not &’ and 3’ meet the x-arc of the train track.

If the x-arc of the train track 7 intersects o’ U 3/, then each intersection point correspond to an [¢/~, &/ T]-
edge. As indicated in Figure 35 and Remark 3.5.6, a wave move basically “pushes” an arc out of a cusp
of tg. Hence after each wave move, the number of intersection points of the x-arc with o’ Uy’ decreases
by at least one. Moreover, since originally each arc of (¢ U y) N T intersects g in at most one point, the
configuration of Figure 35, left, implies that after each wave move, each arc of (&’ Uy’) N T intersects
the train track tg in at most one point as well. So we can perform wave moves until the x-arc no longer
intersects a’ U y’. Note that Remark 3.5.6 says that the two arcs next to a cusp of tg are still one o’-arc
and one y’-arc.

If the x-arc of the train track g does not intersect {&’ U 3’} and we have not exhausted the sequence of
wave moves, then split the train track g as shown in Figure 36. Note that the splitting does not affect
o’ and Y’ as they do not intersect the x-arc. The splitting changes a y-arc of tg into the x-arc of the
resulting train track, and creates a new y-arc that does not intersect o’ U y’.

Call a y-arc of the train track a pure y-arc if it either does not intersect &’ U y’ or intersects only one
of the curves in @’ or y’. So the new, after this splitting, y-arc is a pure y-arc. We showed earlier that
o’ Uy’ must intersect at least two segments of train track. Since the newly created y-arc does not intersect
a’ U y’, the new x-arc of the train track must intersect o’ U .

To simplify notation, we still use 7g to denote the train track after the splitting. Now we continue with
the sequence of wave moves.

Claim Each pure y-arc of the train track tg remains a pure y-arc after the next wave move.

Proof There are two cases. The first is when k C T is a pure y-arc which meets one curve in {o’, 3},
say o, before a wave move. Then as in the argument in Remark 3.5.6, the surgery-step of the wave move
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“pushes” an arc out of the cusp creating a pair of arcs parallel to the - and y’-edges inside the octagon;
see Figure 35, right.

If the wave move is with respect to ', then Y’ is unchanged by the wave move. Since k is a pure y-arc
and does not intersect Y’ before the wave move, it does not intersect )’ after the wave move either. Hence
k remains a pure y-arc after the wave move.

If the wave move is with respect to )/, then the surgery-step of the wave move “splits” 3 into two curves
y1 and y,. One of y; and y; is parallel to «’. When viewed in the octagon, the surgery-step creates a
pair of arcs parallel and next to the ’- and y’-edges of the octagon as seen in Figure 35, right. Without
loss of generality, suppose the arc parallel to the y’-edge (resp. a’-edge) in the octagon belongs to y;
(resp. y2). Since the pure y-arc k only meets ', this means that y, intersects k¥ while y; does not. Recall
that in the construction of a wave move, the set of curves ¥’ U y; U y, bounds a pair of pants and one of
Y1 Or ¥, is parallel and next to «’. The arc parallel to the y’-edge in the octagon belongs to 1, so y;
cannot be the curve parallel to «’. Hence y, is parallel to &’ and is deleted in the second step of the wave
move and y; is the new y’-curve resulting from the wave move. Since y; does not intersect k and y» is
removed, this means that after this wave move the pure y-arc k only meets «’ (after the wave move) and
hence remains a pure y-arc.

The second case is when a y-arc k of the train track tg does not intersect o’ U ' before a wave move
with respect to y’. Then similar to the argument above, the surgery-step of the wave move “pushes” an
arc out of the cusp and “splits” ¥’ into two curves y; and y,. One of the resulting curves, say y;, meets
this y-arc « in exactly one point. Note that y; cannot be the curve parallel to o’ because this y-arc x does
not meet o’ and two parallel curves must have the same sequence of intersection points with § and &’
(since there is no bigon intersection by Remark 3.5.6 and since each arc of (¢’ Uy’) N T intersects 7g in
at most one point). So y; is the curve parallel to o’ and it is removed in the second step of the wave move.
Thus, if a y-arc k of the train track tg does not intersect &’ U y’ before a wave move, then « intersects
the new pair of curves «’ Uy’ after the wave move in exactly one point and hence is a pure y-arc.

Therefore, if a y-arc « is a pure y-arc before a wave move, it remains a pure y-arc after the wave move. O
Continue with the sequence of wave moves and as before, if the x-arc of the train track, after some wave
moves, no longer intersects a’ U y’, we split the train track as in Figure 36 and get a new x-arc and a

new pure y-arc. Since the splitting in Figure 36 is along an x-arc which does not intersect o’ Uy, when
performing the operations of wave moves and splittings, the following two properties are preserved:

(1) The curves o’ Uy’ always intersect at least two segments of the train track tg.

(2) Each component of (o’ Uy’) N T intersects the train track 7z in at most one point.

Since the weight of ¢’ at each segment of the original train track g is at least two, the splitting arc
of N(zg), see Definition 2.2.7, must “pass through” each segment. This means that, if we proceed with
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all the wave moves and splittings, every segment of the train track will eventually become an x-arc. Since
the splitting in Figure 36 turns the x-arc into a pure y-arc, after a number of such operations, we reach a
configuration where both y-arcs are pure y-arcs and ¢’ has weight one at each y-arc. This implies that
the weight of ¢ at the x-arc is 2.

Let yo and y; be the two y-arcs, such that yq is the pure y-arc right after the splitting in Figure 36 and
y1 is the other y-arc which is a pure y-arc from a previous splitting. So yo does not intersect &’ U .
Since o’ Uy’ always intersects at least two segments of the train track, both y; and the x-arc intersect
o’ Uy’. As y; is a pure y-arc, all the points of y; N (a’ U y’) belong to the same curve. Without loss of
generality, suppose y1 N (e’ Uy') C o'.

As discussed earlier, since o’ U )’ intersects the x-arc at this stage, there is an [¢/~, ¢/T] edge. By the
hypothesis of this case, this means that we have not exhausted the sequence of wave moves 1y, ..., .

Suppose the next wave move is 1,,, with m < k. Since yo does not intersect &’ U 3" and by the argument
above, after the wave move 1,,, the y-arc yq intersects &’ U y’ in exactly one point. As we have assumed
y1 N (@’ Uy’) C o, after the wave move 1y, then yo N (¢’ Uy’) is a point in y’'.

If the x-arc no longer intersects o’ Uy’ after the wave move 7,,, then since y; only intersects o’ and
since the weight of &’ at yg is one, Yy’ N &’ =y’ N yy is a single point after the wave move. As o’ and
y' are boundary curves of disks in the handlebody V and &’ is the boundary of a disk in W, this means
that ¢’ and y’ are boundary curves of a destabilizing pair of disks for ¥ in M (when viewing X as a
Heegaard surface of M'). By Claim 3.5.2, when viewing X as a Heegaard surface of the lens space by the
Dehn surgery on K, the curves &’ and 0. P,/ are boundary curves of a destabilizing pair of disks for &
in the lens space. So after compressing X along the disk E’ in the handlebody W bounded by &', the
resulting torus is a Heegaard torus for both M and the lens space obtained by the Dehn surgery. This
means that K is contained in a Heegaard solid torus in M which remains a solid torus after a nontrivial
Dehn surgery. Knots in solid tori with this property are called Berge—Gabai knots. They were classified
by Berge [8] and Gabai [16], who also showed that they are all doubly primitive.

Thus, we may assume that, after the 7,, wave move, the x-arc still intersects &’ U y’. At this point the

situation is that: both yy and y; are pure y-arcs and all three segments of the train track tg intersect
/ /

o’ Uy’

If the x-arc intersects o’ Uy’ in more than one point, then as the surgery-step of the wave move “pushes”
only one arc “out of” the x-arc, after the surgery-step, the x-arc still intersects the resulting curves. Recall
that each component of (¢’ U y’) N T intersects the train track Tg in at most one point. This implies
that the second step of the wave move (which deletes a parallel copy of o’ or y’) cannot remove all
the remaining intersection points of this x-arc with &’ Uy’ since the two parallel curves have the same
sequence of intersection points with the train track tg. Thus, if the x-arc intersects &’ Uy’ in more than
one point, then this x-arc still intersects «’ U y’ after one additional wave move.
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Therefore, we can continue the sequence of wave moves until the x-arc intersects &’ Uy’ in a single point.
As the x-arc still intersects o’ Uy’, o’ Uy’ still contains an [¢'", &'~]-edge. The hypothesis of Case (1) says
that, after we have exhausted the sequence of wave moves 71, ..., 1k, there is no more [¢'T, ¢/~ ]-edge.
Since we still have an [¢/T, &'~]-edge at this stage, this means that we have not exhausted the sequence of
wave moves. Each wave in the sequence of wave moves connects a [§T, §~]-edge to an [¢/T, ¢/ ]-edge,
as explained before Remark 3.5.6. Thus the curves a’ Uy’ must still contain a [§*, §~]-edge.

As in the earlier discussion, we have @ # y; N (e’ Uy’) Ca’ and & # yo N (¢’ Uy’) C y’. Without loss
of generality, suppose the intersection point of the x-arc with &’ Uy’ belongs to y’. So there is a subarc
of &’ connecting the y’-arc that intersects the x-arc to a y’-arc that intersect yo. As orientation of o’ Uy’
is compatible along the train track, this subarc of & is a [y'", y’~] edge.

We now have two situations to consider. If |y; N (&’ Uy’)| > 2, then a subarc of y; between two points
of y; N (a’ Uy’) corresponds to a subarc of & which is an [o’T, o’~] edge. By part (1) of Lemma 1.3.9,
there is no wave with respect to {o’, y’}. Moreover, we have concluded above that o’ U ¢’ contains both
[§%.,87] and [¢'T, &'~] blocking edges at this stage. So by part (1) of Lemma 1.3.9, there is no wave with
respect to {3, &’} either. This contradicts Theorems 1.3.7 and 1.3.8.

If |y; N (o’ Uy’)| = 1, then since the weight of &’ at y; is one, o’ intersects &’ in just one point. Hence &’
and o’ are boundary curves of disks which are a destabilizing pair for ¥ in M (when viewing X as a
Heegaard surface of M). As before, &’ and 04 P, are boundary curves of a destabilizing pair of disks for
> in the lens space that was obtained by the Dehn surgery. As in the argument above, this implies that K
is a Berge—Gabai knot in a Heegaard solid torus and hence is doubly primitive, by [8] and [16]. This
finishes the proof of Case (1).

Case 2 TI'(8,¢) contains no more [§~, 87 ]-edges after the last wave move 7.

The difference between Case 2 and Case 1 is due to the difference in the configuration of 7p. Recall
that the train track tp consists of a circle in % and an arc O that contains the point X = § N dL P.
By construction, the weight of § at the segment py is one, and this is the main difference between tp
and tg. If we simply apply the argument in Case 1 to tp, then we may not be able to conclude that both
y-arcs of the train track will become pure y-arcs as in Case 1. The way to deal with Case 2 is to use the
rectangle-annulus decomposition of S and the proof below is similar to the proof in Section 3.1.

By Remark 3.5.6, the subarcs of o’ Uy’ next to a cusp of tp are an o’-arc and a y’-arc. As before, tp
is invariant under sr. Similar to the discussion on tg in Case 1, for any segment of 7p, the outermost
(on the segment) intersection points of &’ U 3’ with the segment of tp belong to the same curve o’ or .
As in Case (1), this implies that o’ Uy’ intersects at least two segments of the train track tp.

Similarly to Case 1, continue with the wave moves and, at each stage, denote the resulting curves by o’
and y’. We first discuss how the curves o’ and y’ after the wave move intersect d4 P and . The goal is
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Figure 37: Possible configurations of § in ;.

to show that, after some isotopy, the intersection of &’ and y’ with 3 consists of vertical arcs in Ay, Ay,
R and R4, This will show, in particular, that the claims in Section 3.1 also hold in this setting.

Since every nonseparating simple closed curve in ¥ is invariant under 7, after isotopy, we may assume
that ¢/, § and d4 P are all invariant. Consider the wave 1. As illustrated in Figure 35, left, n connects an
arc in the cusp of N(zp) to an arc in the cusp of N(tg). We may suppose 7 intersects d P minimally.
Note that the proof of Claim 3.1.5 only uses the minimality of 7N d4 P and the symmetry of § and &’
under the involution, which means that Claim 3.1.5 also holds for 5. That is, d+ P divides 7 into a pair of
junction arcs at the ends and possibly some vertical arcs in d; and ;. Thus, after isotopy, the new curve
resulting from the wave move along 7 intersects T in a collection of vertical arcs in the rectangles RY, R4
and annuli o;, o, . Furthermore, Claim 3.1.6 also holds, that is, any wave with respect to the new set
of meridians {o’, '} must intersect 1 P. Therefore, by repeatedly applying Claims 3.1.5 and 3.1.6, we
may assume {o’, 3’} always intersect 3 in vertical arcs after isotopy.

Before proceeding, we study how these wave moves and isotopies affect the x- and y-arcs of 7p. Without
loss of generality, assume that the cusps of tp, which are symmetric under 7, lie in ;.

There are four possible configurations of § in sd;, as shown in Figure 37. In Figure 37(a, b), the cusp
direction of the two cusps of tp are horizontal in sd; and the shaded regions correspond to the x-arc of
tp. In this case, after a number of wave moves, the shaded regions in Figure 37(a, b) no longer contain
any «’- or y’-arcs. Thus, the next wave arc must pass through the shaded region in Figure 37(a)—(b).

As illustrated in Figure 15, center and right, there is an isotopy so that, after the isotopy, the wave becomes
a union of junction arcs and vertical arcs. Notice that the effect of the isotopy from the center diagram to
the right-hand diagram in Figure 15 changes the configuration of § N &4; from that of Figure 37(a)—(b)
to that of Figure 37(c)—(d). Therefore, it remains to consider the configurations in Figure 37(c)—(d) for
8 N A;. In this case the two y-arcs of tp are px and the short path in sd;. Note that in the configurations
of Figure 37(c)—(d), the cusp directions of the two cusp of Tp point into R* and R,

As in the discussion in Section 3.1, it follows from Lemma 2.1.4, that as long as (&’ Uy") N (R URD) *,
the curves o’ Uy’ contain [§1, §~]-edges inside % and %%. Thus, by the hypothesis of Case 2, after a
number of wave moves, we reach a situation where (¢/ Uy’) N (R UR9) = @.

The continuation of the argument is similar in spirit to the argument in the proof of Claim 3.1.8.
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Figure 38: Orientations of d4 P, o’ and y’.

Fix an orientation for d+ P and as illustrated in Figure 38, the two endpoints of each vertical arc of
(@’ Uy)yNd; and (o' Uy’) N o, are a pair of intersection points of (a’ U y’) N d4 P with the same
sign. Since (o/ Uy’) N (R* URY) = & at this stage, the intersection (¢/ Uy’) N T consists of vertical
arcs in #; and 9{,. This implies that all the intersection points of &’ N d4 P have the same sign and the
intersection points of ' N d4 P all have the same sign.

Let Ry and Ry be the two rectangles of s4; \ ($} U }7’) and suppose X C dRy. See the shaded region in
Figure 38 for a picture of R,. Note that py is a y-arc of the train track tp and the arcs of § N R, project
onto the other y-arc of Tp when we pinch § onto 7p. Moreover, since both y NR? # & and y NR* # &
before any wave move, at least one wave move must be performed to reach this stage. Similarly to the
proof of Case 1, this implies that &’ U " must intersect both y-arcs of the train track. In other words,
('Uy)NRy #Tand (' Uy )N px # 2.

Since the intersection points of § with &’ and y’ all have the same sign, the arcs of (¢’ U y’) N R, and
the arcs of (¢’ Uy’) N Ry which meet p, must have opposite directions with respect to the core curve a;
of sd;; see Figure 38 for a picture. However, the argument above showed that the intersection points of
o’ N d4 P all have the same sign and the intersection points of Y’ N d4 P all have the same sign. These
conclusions imply that arcs in (o’ U y’) N Ry, must belong to only one of the curves o’ or y’. Without
loss of generality, suppose that all arcs in (o’ U y’) N Ry, belong to . Then the arcs of o’ Uy’ that meet
px all belong to y’.

The conclusion above says that one y-arc of tp intersects only &’ and the other y-arc of tp intersects
only y’. Therefore, during the sequence of splittings, once (¢’ U y’) N (R* UR?) = &, then both y-arcs
of Tp are pure y-arcs and the situation becomes similar to Case 1.

Now we can apply the argument for tg and ¢’ in Case 1 to Tp and § (ie we switch the roles of tp and 7).
As indicated in Figure 38, the union of the §-curves in ®#% %< and the short path in s{, are pinched into
the x-arc of tp. By the argument in Case 1, after some wave moves, we reach a situation that the curves
o’ Uy’ intersect the x-arc in a single point. Since the involution 7 interchanges %* and %%, the symmetry
from 7 implies that, if o’ U’ intersects % it must also intersect R%. As o’ Uy intersects the x-arc in a
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single point, at this stage, we have that (o’ Uy’) N (R* UR?) = @ and o’ Uy’ intersects the short path
in s, exactly once; see the blue arc in s¢, in Figure 38. Now the situation becomes exactly the same as
Case 1: by performing a sequence of wave moves with respect to {&’, 3’} and possibly splitting the train
track tp, we can eventually either conclude that K is a Berge—Gabai knot or obtain a contradiction to
Theorems 1.3.7 and 1.3.8.

Case 3 The weight of ¢’ at some segment of 7 is one, and I'(§, ¢’) contains no more [¢/~, &' T]-edges
after the last wave move ny.

The idea of the proof is to convert Case 3 to the setup of Case 2. By the construction of tg, the hypothesis
of Case 3 implies that there is a properly embedded arc 7 in the once-punctured torus 7' = X \ N'(zp)
such that T N tg = T N &’ is a single point. One can band-sum parallel copies of the planar surfaces P;
and Py, as in Claim 3.5.2, to obtain a planar surface Py such that 04+ P N T = 7. So, (Py, E') is a
(P, D)-pair, where E’ is the disk in W bounded by &’. In particular, 0+ P Nt = 04 Py N ¢’ is a single
point since tNtg =t N¢.

By Claim 3.5.4, we may assume that
l(@Uy)Nzg| =co(P. D, y).
Since 04 P intersects both &’ and tg in a single point, the definition of the complexity implies that
co(Per E' aty) = [(@Uy) NeEl.

Thus,
CO(P€,7 E/va’ V) E CO(P, D, o, ‘)/)

Since c¢o(P, D, @, y) is minimal among all (%, %)-pairs and all such curves «, the equality holds. In
particular,
CO(PS/’ E/,O(, J/) = |(Ot U )/) N TEl'

We may assume that P, is minimal in the sense that |04+ Py N (@ U )| is the smallest among all such
planar surfaces Py with d4+ P, intersecting both tg and &’ in a single point.

Let f)fa be the closure (under the path metric) of ¥ \ d4 P.s. Similar to the decomposition of T into
rectangles and annuli, we have a decomposition of f]g into a pair of annuli joined by a pair of rectangles.
Moreover, each component of (¢ Uy )N f]; is a cocore arc of an annulus or a rectangle in this decomposition.
Since ¢o(Pe, E', a0, ) = [(@ U y) N tg|, each component of (o U y) N f); intersects Tg in at most one
point. As in the discussion on X in Section 2.1, a cocore arc of a rectangle in the decomposition is a
boundary arc of a d-compressing disk for P/, and if one performs a d-compression on P/, one obtains
two planar surfaces whose d-boundaries are the core curves of the two annuli in the decomposition.
This, plus the assumption that |d+ P N (e U y)| is the smallest among all such planar surfaces, implies
that Lemma 2.1.4 is also true for ¢’ and this decomposition of 28. In other words, &’ passes through
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each rectangle in the decomposition of fl; at least twice. In particular, this implies that the curves o U y
must contain an [¢'", &'"]-edge as long as they intersect the two rectangles in the rectangle-annulus
decomposition of X7.

Since tg only has two cusps and since each component of (¢ Uy)N f]; intersects Tg in at most one point,
the structure of g in fl/s is the same as the structure of 7p in $. In particular, &’ must take one short path
in each annulus in this decomposition. Since ¢" passes through each rectangle in the decomposition of f)’g
at least twice (similar to Lemma 2.1.4), we have all the ingredients and the argument in Case 2 also works
for &, 04+ Per and f)/s in this setup. Thus Case 3 follows from the argument in Case 2 after switching the
roles of §, tp and ¢, Tg respectively and using the rectangle-annulus structure of f]; instead of 3. So,
after a sequence of wave moves with respect to {a’, '}, we can eventually either conclude that K is
doubly primitive or obtain a contradiction to Theorems 1.3.7 and 1.3.8. O

3.6 The proof

In this section we prove the main theorem.

Proof of Theorem 7 We begin with the meridional systems W= {8,¢e} and V= {a, y}, as chosen in
Section 1.3 for the Heegaard diagram for M. As described at the beginning of Section 3, we consider all
possible configurations of § depending on the paths that § takes in the two annuli.

Now Propositions 3.1.1, 3.2.1, 3.3.1 and 3.5.1 deal with all possible configurations of 4. They show that
either K is doubly primitive or that the corresponding Heegaard diagram is not induced by a Heegaard
splitting of M. This proves Theorem 7. |
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