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Resonant forms at zero for dissipative Anosov flows

MIHAJLO CEKIC
GABRIEL P PATERNAIN

We study resonant differential forms at zero for transitive Anosov flows on 3-manifolds. We pay particular
attention to the dissipative case, that is, Anosov flows that do not preserve an absolutely continuous
measure. Such flows have two distinguished Sinai—Ruelle-Bowen 3-forms, Q;tRB, and the cohomology
classes [t XQSiRB] (where X is the infinitesimal generator of the flow) play a key role in the determination
of the space of resonant 1-forms. When both classes vanish we associate to the flow a helicity that
naturally extends the classical notion associated with null-homologous volume-preserving flows. We
provide a general theory that includes horocyclic invariance of resonant 1-forms and SRB-measures
as well as the local geometry of the maps X + [ty Q;FRB] near a null-homologous volume-preserving
flow. Next, we study several relevant classes of examples. Among these are thermostats associated with
holomorphic quadratic differentials, giving rise to quasi-Fuchsian flows as introduced by Ghys (1992).
For these flows we compute explicitly all resonant 1-forms at zero, we show that [tx QgERB = 0 and give
an explicit formula for the helicity. In addition we show that a generic time change of a quasi-Fuchsian
flow is semisimple and thus the order of vanishing of the Ruelle zeta function at zero is — y(M ), the same
as in the geodesic flow case. In contrast, we show that if (M, g) is a closed surface of negative curvature,
the Gaussian thermostat driven by a (small) harmonic 1-form has a Ruelle zeta function whose order of
vanishing at zero is —y (M) — 1.
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3636 Mihajlo Cekic¢ and Gabriel P Paternain

1 Introduction

If X is a vector field on a closed manifold M, then typically the L? spectrum of X is not discrete but
consists of essential spectrum. However, when X is Anosov (or uniformly hyperbolic), there is a hidden
discrete resonance spectrum obtained by the action of X on some spaces of anisotropic regularity. This
spectrum, and the associated resonant states (eigenfunctions of X') encode many significant properties
of the flow, for instance one can read off whether X is ergodic or mixing (with respect to the Sinai—
Ruelle-Bowen measure), or even exponentially mixing. Furthermore, the analogously defined space of
resonant states Reslg of the Lie derivative Ly (acting on k-forms) at zero carries rich topological data, for
instance it is related to the Betti numbers of M or to dynamical invariants of the flow generated by X,
and is related to the periodic orbit spectrum (the set of periods of periodic orbits) through the Ruelle zeta
function. In this paper, we are interested in this spectrum of Ly at zero.

In general, the dependence of the resonant space spectrum of Ly at zero on various topological or
geometrical invariants of M and X is now understood to be very subtle. The goal of this paper is to cast
some light on the more difficult case when X does not preserve a smooth measure and to illustrate the
general picture with important classes of examples.

1.1 Geometric multiplicities of resonant forms

Assume M is a closed smooth 3-manifold, equipped with a smooth vector field X generating an Anosov
flow ¢;. This means that there is a continuous and flow invariant splitting of the tangent space

TM=RX®E;®E,

into flow, stable and unstable directions, respectively, such that for some constants C,v > 0 and an
arbitrary metric | ¢ | on M, and all x € M,

t>0, e FE ,
(1-1) (g (x)-v] < Ce™ || for §7 20 VEE)
t<0, ve E,(x).
It is well-known that the geodesic flow on the unit tangent bundle M = SM of a Riemannian manifold
(M, g) with negative sectional curvature is Anosov [1967]. Write E: /s = RX & E, /S)J' C T*M,

where o= is the annihilator of e.

Denote by 2 the bundle of differential k-forms and by QX = QK Nkeriy C QF the bundle of k-forms
in the kernel of the contraction with the vector field. Write D’ (M; Qk ) for the space of distributional
sections of ¥. Given £ € Z>1, introduce the spaces of generalised resonant k-forms at zero by

Reskt := {u e D'(M; Q%) | L5 u=0,WF(u) C E}}, Resk® = U Reskt,
>1

Reslg’e := Res®t N ker lx, Res’é’oo := Res® ™ N ker lx,
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where WF(u) C T*M \ 0 denotes the wavefront set of a distribution (see [Hormander 2003, Chapter 8]),
and Ly = 1xd + dy is the Lie derivative. These spaces are finite-dimensional: this is a nontrivial fact
that follows from the construction of anisotropic Sobolev spaces tailored to the flow, on which Ly acts as
a Fredholm operator; see [Faure and Sjostrand 2011] or [Dyatlov and Zworski 2016].

Write ml?o ;= dim Res]g’oo for the algebraic multiplicity. When £ = 1, denote by Reslg = Res’é’1 and

Res¥ := Res®! the spaces of resonant k-forms at zero, and write my o := dim Reslg and my, := dim Resk
for the geometric multiplicities. Say that the action of Ly on Q’é (resp. Qky is semisimple (at zero) if
Reslg = Reslg’oo (resp. Resk = Resk™).

The Ruelle zeta function

(1-2) tr(s) == [0 =), for Re(s)> I,
Y

is a converging product for Re(s) large enough and admits a meromorphic continuation to s € C by the
work of Giulietti, Liverani and Pollicott [Giulietti et al. 2013] and Dyatlov and Zworski [2016]. Here the
product is over all primitive closed orbits of the flow. Define the order of vanishing of the zeta function
at zero to be the unique integer mg(0) such that s7*( g (s) is holomorphic and nonzero at s = 0.
According to [Dyatlov and Zworski 2017, Section 3], we have

(1-3) mg(0) = mT3y —mg o —m3%.

It is known that if X is a transitive Anosov vector field (ie it has a dense orbit), then the action of Ly on
Q0 and Q% is semisimple and mg,9 = m2 ¢ = 1; see Proposition 3.1 below. Under this assumption, m{,
is hence the only remaining unknown in (1-3).

We now introduce some important dynamical invariants of the X. Denote by 2 ;’RB the Sinai—Ruelle—
Bowen (SRB) measure of X, that is, the unique invariant probability measure such that WF(Q;LRB) CE};
similarly introduce the SRB measure 2g,p for the flow —X'; see Section 2.6 for more details. We may
equivalently regard Qg‘:RB as (distributional) 3-forms, normalised so that they have integral 1. Since
ot =1y QsiRB are closed, the 2-forms w™ define de Rham cohomology classes in H2(M) that are
Poincaré dual to the classical winding cycles of the SRB measures (also known as asymptotic cycles
[Schwartzman 1957]). If both winding cycles vanish, ie [a)+]H2(M) = [0 ]g2(pm) = 0, by Lemma 2.4
below we may write * = d ¥ for some t € D'(M; Q1) (resp. = € D'(M; Q1)) with WE(z+) C E}}
(resp. WE(t1) C E¥) and it is possible to define the helicity H(X) by

(1-4) H(X) = /M tH(X) Qg = /M T (X) Qg

thanks to the wavefront set conditions. This quantity is independent of any choices (see Section 3) and it
agrees with the well-known concept of helicity in the volume-preserving case. The following statement
generalises [Ceki¢ and Paternain 2020, Theorem 1.2].
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3638 Mihajlo Ceki¢ and Gabriel P Paternain

Theorem 1.1 Assume X generates a transitive Anosov flow on M. The geometric multiplicity for the
action of Lx on Q(I) and Q! is determined as a function of [w¥] H2(Mm) and H(X) by the following table:

cases [T #0 | [0T]1#0 | [07]1=0 | [T ]=[07]=0| [0T]=[07]=0
[ ]#0 | [0 ]=0| [@7]#0 H(X)#0 H(X) =0
d(Resy) 0 0 Co™ 0 Co™
mi,0 = dim Res(l) bi(M)—1| by(M) b1 (M) b1 (M) bi(M)+1
d(Res!) 0 0 Co™ Co™ Co™
mi = dim Res! b1 (M) bi(M) | by(M)+1 bi(M)+1 bi(M) +1

Moreover, the map Res! Nkerd — H'(M) given by u + [u] is an isomorphism.

Note that there are two more cases compared to [Ceki¢ and Paternain 2020, Theorem 1.2], due to the
fact that QgLRB # Qg if the flow does not preserve a smooth volume; these are the second and third
columns (the contact case belongs to the fourth column). We would like to point out that, to the best of our
knowledge, there are no known examples of Anosov flows with zero helicity. Observe that Theorem 1.1
is really a statement about the 1-dimensional oriented foliation determined by X, as the resonant spaces
Res(l) and the conditions defining the various cases are all independent of time changes of X. The theorem
shows that dim Res! is also invariant under time changes. However, it should be noted that in principle
some of the resonant forms in Res! could be altered under time changes (in the first, third, and fourth
cases) but not their key properties. We explain this in more detail in Remark 3.9.

Finally, we remark that Theorem 1.1 should have an analogue in the nontransitive case (examples of such
Anosov flows were constructed in [Franks and Williams 1980]): indeed, then there are finitely many SRB
measures in bijection with the kernel of Ly on Res® by [Butterley and Liverani 2007, Theorem 1] or
[Bonthonneau et al. 2024, Theorem 3], and in principle a similar analysis applies.

Given that [w®] and #(X) feature prominently in Theorem 1.1 we next give some additional insights
into their properties.

1.2 Helicity of the SRB measures

The helicity is traditionally defined in the context of null-homologous volume-preserving flows [Arnold
and Khesin 1998]. One of our ancillary objectives is to explain that in the Anosov case, this quantity can
be defined in dissipative situations using the SRB measures and that it captures similar features as in the
volume-preserving case. For the quantity to be well-defined we require both cohomology classes [0*] =0
as explained above. Equation (1-4) defines H(X) taking advantage of the wave front set conditions and
hence as a distributional pairing and in this form it is well-suited for our proof of Theorem 1.1. However,
a natural question immediately arises: is it possible to express H (X ) using linking forms as in [Contreras
1995] or [Kotschick and Vogel 2003]? This would interpret 7 (X) introduced by (1-4) as an averaged
linking number.
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We show that this is indeed the case. Let K € D'(M x M; 7} Q! @ 75 Q1) be the Schwartz kernel of the
Green operator G of a fixed background Riemannian metric g; by definition, if Ag denotes the Hodge
Laplacian on 1-forms, G is given by 0 and Agl on ker Az and its L2 complement, respectively. Here 7
and w5 denote projections onto the first and second factors of M x M, respectively. The linking form
LeD'(MxM;nfQ! @ myQ!) is defined as the double form

L(x,y):=*ydyK(x,y),

where * denotes the Hodge star operator. It satisfies the property that when integrated over two knots
in M it gives the linking number of the two knots; see [Kotschick and Vogel 2003, Proposition 1].
Set A(x,y) := L(x,y)(X(x), X(y)) € D'(M x M); it is not hard to see that A is smooth outside
the diagonal A(M) and at the diagonal it has a singularity of type d(x,y)~! (where d(x, y) is the
distance between x and y). Also, as explained in Section 9, the wavefront set calculus implies that
Ax,y)Q ;FRB (x) x Qgpg(y) is well defined as a distribution. We have:

Theorem 1.2 The function A|nxa\A(am) 1S integrable with respect to 2 ;RB x Qgpp- The following
formula holds:

HOX) = / AGr y) Qg () X Qs ()
(x,y)EMXM

= lim A(x,y) Qpp (¥) X Qe ().
R—0* (x,y)EMXM\BR

where in the last line (BR) r>o is any nested tamily of neighbourhoods of A(M) C M x M such that
(\r>0 BrR = A(M), and the integral is interpreted classically.

We note that the first equality in the theorem is a direct consequence of the wavefront set calculus
(somewhat similar to (1-4)) and of using the Green operator G. Indeed, we have

’H(X):/ ‘L’+/\d‘L'_=/ Gd*dr+Adr_:/ A(x, ) Qs (¥) X Qgrp (1),
M M (x,y)eMxM

where in the second equality we used that 7T is equal to G d*d ™ up to closed terms (see (9-10) below),
and in the third one that %y, L(x, y) is the Schwartz kernel of G d*; see (9-7) below. The second equality
of the theorem is its main component and we emphasise that its proof requires some care due to the
singular nature of the SRB measures. Moreover, using recent results of Coles and Sharp [2023] it is
also possible by means of Theorem 1.2 to express the helicity in terms of linkings of closed orbits; see
Proposition 9.3. Finally we observe that the expression

H(X):/ t+/\w_=/ T AwT
M M

allows us also to directly interpret the helicity as a linking between the two SRB measures when both are
homologically trivial (ie when [w*] H2(Mm) = 0).
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{H(X) =0

Figure 1: Local geometry of vector fields according to the value of the winding cycle and the
helicity. Flows X5 € WY, but X ¢ W™, are constructed in Proposition 6.2, quasi-Fuchsian flows
Xqr € W are studied in Section 8, and thermostat flows satisfying X, ¢ W1 U W™ are provided
by Theorem 1.6.

1.3 Perturbation theory

Given the relevance of the classes [w¥] it is natural to try to understand in more detail the structure of
those Anosov vector fields X for which [w®(X)] = 0 at least for X close to Xo, where X, preserves
a volume form € and is null-homologous (ie [w®(Xo)] = 0). For what follows we fix such a vector
field Xo and we work in a fixed C " -neighbourhood U/ of X, for N sufficiently large. Set

WE =X eCV M, TM)|[0EX)]=0iNU and W:=WrnWw~.

We shall show that W* are C! Banach submanifolds near X, of codimension b1 (M), the first Betti
number of M. The intersection W1 N W™ is transversal, that is, it is a C! Banach submanifold of
codimension 251 (M). For the proof, see Lemma 5.5 below. These results can be complemented with
results on helicity: assuming additionally H(Xo) = 0, the set { X | #(X) =0} C W is locally a C ! Banach
submanifold of codimension 1; see Proposition 9.7 and Figure 1. We reiterate that we do not know if
such an X exists.

1.4 Horocyclic invariance of resonant forms

Resonant states and forms often exhibit an additional kind of invariance. This is most evident on constant
negatively curved surfaces, where a resonant state u at s € C satisfying (X + s)u =0 (and WF(u) C E};)
also satisfies (X +s+ 1)U—_u = 0, where U_ is the smooth vector field spanning the unstable foliation Ej,.
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Since there are no resonances in the right half-plane, we conclude that UXu = 0 for k large enough (this
is studied in detail in [Dyatlov et al. 2015]).

When we change the constant curvature setting to an arbitrary Anosov flow on M, the vector field U_—
spanning E; becomes only Holder regular in general and the definition of the derivative U_u is not
immediately clear. However, when X is a contact vector field and | Re(s)| is sufficiently small, # and U—
have enough regularity for U_u to exist as was observed by Guillarmou and Faure [2018] who showed
U_u = 0 in this situation. This observation was later used to show the existence of the first spectral band
for resonances by Guillarmou and the first author [Ceki¢ and Guillarmou 2021] (see Remark 4.7 for a
further discussion). Let us also mention that [Tsujii 2018] and [Faure and Tsujii 2024] introduce a more
abstract notion of ‘horocycle operators’.

In this paper, for arbitrary transitive Anosov flows in dimension 3, we are able to prove a version of
horocyclic invariance for closed resonant 1-forms u € Res(l) (see Lemmas 4.2 and 4.4), including the fact
that they are zero on the weak unstable bundle RX & E,,. The idea is to work with the regularity of
the weak unstable bundle, which is C !T%-regular for some o > 0. Similar results were proved in the
constant negative curvature setting; see [Ceki¢ et al. 2022] and [Kiister and Weich 2020]. We note that in
contrast to [Guillarmou and Faure 2018], where the horocyclic invariance holds near the imaginary axis,
the resonant forms at zero are “deep inside” the resonance spectrum (and as is well known, the leading
resonance is given by the topological entropy). There are a couple of reasons making this possible:

(1) contracting with vector fields costs less derivatives than differentiation, and

2) d Res(l) is at most 1-dimensional, so elements Res(l) can be shown to have slightly more regularity
than expected.

In addition, we are able to show that the SRB measures also satisfy a form of horocyclic invariance under
the hypothesis that one weak bundle is smooth; see Lemma 4.13.

1.5 Semisimplicity

Having sorted out the resonant forms at zero, the only remaining obstacle to compute the order of
vanishing at zero of the Ruelle zeta function using geometric multiplicities is semisimplicity for Ly acting
on 2 (1). As explained in [Ceki¢ and Paternain 2020], this is a subtle issue that could in principle depend
on the parametrisation of the flow. For example, [Ceki¢ and Paternain 2020, Theorem 1.4] shows that
there are time changes of geodesic flows of hyperbolic surfaces that are not semisimple. Here we propose
a conjecture in this direction.

Conjecture 1.3 Let X be a transitive Anosov vector field on a closed 3-manifold M. There exists an
open and dense set O C C*°(M;Rx¢) such that for [ € O, the action of Lsx on Q(l) is semisimple.

A couple of remarks are in order. The conjecture is equivalent to showing that there is just one time
change that is semisimple. This is easily seen using a pairing between resonant and coresonant spaces
(resonant spaces for —X are decorated with an additional subscript *) and noticing that semisimplicity is
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characterised in terms of the nondegeneracy of this pairing; see Lemma 2.1. Moreover, using the pairing
the conjecture is implied by a positive answer to the following intriguing question:

Question Given u € Res) and us € Res), with u Auy = 0, is it true that u = 0 or uy = 0?

Lemma 8.16 provides a positive answer to this question for an interesting class of flows, namely those
Anosov flows with smooth weak bundles; see Theorem 1.5 below. Note that semisimplicity is known in
a limited number of circumstances, eg for Reeb Anosov flows by [Dyatlov and Zworski 2017] and for
perturbations by [Ceki¢ and Paternain 2020].

1.6 Examples
Let us illustrate Theorem 1.1 with some specific examples.

1.6.1 Suspensions Let us first consider Anosov flows that are topologically orbit equivalent to the
suspension of a linear hyperbolic toral automorphism A € SL(2, Z). The suspension of A lives on a
solvable manifold M4 with b1 (My4) = 1. We have the following:

Corollary 1.4 Let X be any Anosov vector field on My. Then [w0*] # 0, Res(l) = Res(l)* = {0} and
{r(s) has a pole of order 2 at s = 0, that is, mg(0) = —2.

Proof By [Plante 1981, Theorem B], any Anosov flow on My is topologically orbit equivalent to the
suspension of A. Hence, it follows that the trivial homology class does not contain closed orbits of X
and thus X is not homologically full. By [Sharp 1993, Theorem 1] we must have [w®] # 0. Since
b1(My) =1, Theorem 1.1 gives that Res(l) = Res(l)* = {0} and therefore Ly is trivially semisimple on £2 (1).
Using (1-3) we deduce that {g(s) has a pole of order 2 at s = 0. |

1.6.2 Quasi-Fuchsian flows and the coupled vortex equations An interesting class of Anosov flows
arises from the data given by a closed Riemann surface and a holomorphic differential of degree m on the
surface, as we now explain.

Let (M, g) be a closed oriented Riemannian surface and denote by K its Gauss curvature. Introduce the
unit sphere bundle as

SM :={(x,v) eTM | |v|g =1},

which carries a natural smooth measure 2 given locally by the product of the volume form on M and
the Lebesgue measure in the spherical fibres. Denote by X the geodesic vector field and by V the
generator of (oriented) rotations in the fibres of SM . Define the canonical bundle K := (T(’Ck M)10 to be
the holomorphic part of the complexified cotangent bundle 7z M. For m € Z x>, there is a natural map

nk  C¥(M;K®™) — C®(SM), niT(x,v):=Tx(v,v,...,0).

If A€ C®(M;K®™), we may set A = Im(r¥ A) and we will be interested in the flow generated by the
vector field F := X + AV. Say that the pair (g, A) satisfies the coupled vortex equations if

(1-5) 0A=0, Kg=—1+(m—1)A[3.
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If (1-5) are satisfied, [Mettler and Paternain 2019, Theorem 5.1] shows that F' is Anosov, and by [loc. cit.,
Remark 5.3] for any A as above there is a unique metric in the conformal class [g] that solves (1-5).
Hence, this class of flows is parametrised by the data ([g], A). Moreover, by [loc. cit., Theorem 5.5],
F preserves an absolutely continuous measure if and only if A = 0, showing that when A % 0 we are in a
genuinely dissipative scenario.

The case m = 2 is special and in some sense these flows occupy a distinguished place among dissipative
Anosov flows, much in the same way as geodesic flows of hyperbolic surfaces are special among
contact/volume-preserving flows. The main reason they are special is that they have both weak bundles
of class C°°, but the SRB measures are singular as long as A # 0 and hence they are not algebraic.
Ghys [1992, Théoreme B] introduced and studied this type of flow. His construction produces a smooth
orientable Anosov foliation ¢4 ,1,[¢,] On the bundle of positive half-lines tangent to the surface M. Here,
gi fori = 1,2 are metrics of constant curvature —1 and [g;] are the corresponding points in Teichmiiller
space 7 (M). Any flow parametrising ¢[¢,],[¢,] has smooth weak stable foliation C*°-conjugate to
the weak stable foliation of the constant curvature metric g1 and smooth weak unstable foliation C °°-
conjugate to the weak unstable foliation of the constant curvature metric g,. Moreover, a volume form
is preserved if and only if [g1] = [g2]. Ghys named these flows quasi-Fuchsian flows, because his
construction is analogous to the construction of quasi-Fuchsian groups obtained by coupling two Fuchsian
groups. Theorem 4.6 in [Ghys 1993] ensures that for m = 2, the flow of F is C°°-orbit equivalent to a
quasi-Fuchsian flow, so we shall call such an F also a quasi-Fuchsian vector field. As we noted above
these are parametrised by 7*7 (M) and in forthcoming work [Ceki¢ and Paternain 2025] we will show
that they exhaust all possible ¢[g,1,[g,]- Working with F instead of ¢y, ] [¢,] has many advantages for our
purposes as it gives us access to the vertical Fourier analysis introduced by Guillemin and Kazhdan [1980],
which in turn will allow us to compute all resonant 1-forms at zero and the helicity of the SRB measures.
As far as we are aware this is the first explicit helicity calculation in a dissipative context.

Theorem 1.5 Let F be a quasi-Fuchsian vector field. Then m o = by (M), [0™] = 0, and the helicity is
14 et (F)
27 volg (M) + [gp a2 Q"

The function a is the unique Hélder solution to the equation

H(F) =

Fa+ (14+31Vi)a=-2,
and e (F) is the entropy production of the SRB measure, which is given explicitly by
et (F)= —f VAQds
SM

Moreover, for an open and dense set of f € C*°(SM;R~¢), the action of L¢p on Q(l) is semisimple and
so for the time-changed vector field fF, we have mg(0) = —y(M).

Curiously, we do not know if the action of L on Q(l) is semisimple, except for A small.
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1.6.3 Flows with [o*] =0and [#~] # 0 The next interesting class of examples that arises in relation
to Theorem 1.1 are flows in the second and third columns of the table. In fact, if X is an example with
[@T] =0 and [w™] # 0, then —X is an example with [w™*] # 0 and [w~] = 0. They have the special
feature that Res(l) contains nonclosed 1-forms, something unseen in the volume-preserving case. That such
examples must exist can now be easily inferred from the perturbation picture described in Section 1.3,
however we prefer to go one step further and give explicit smooth examples with the additional feature
that the weak stable bundle is C °°. This is carried out in Proposition 6.2. Incidentally, for these examples
we show that semisimplicity for £y acting on ! holds but fails for £_x. Also semisimplicity holds for
L4y acting on Q(l).

1.6.4 Homologically full flows with [w%] # 0 The case of suspensions studied in Corollary 1.4
certainly provides examples of flows with [w®] # 0. However, here we provide such examples which in
addition are homologically full, ie every homology class contains a closed orbit. The examples live on the
unit tangent bundle of a surface with negative curvature (and hence they are topologically orbit equivalent
to a geodesic flow) and are in fact Gaussian thermostats or W-flows as introduced in [Wojtkowski 2000]
(they are reparametrisations of the geodesics of a Weyl connection).

Let (M, g) be a closed oriented surface of negative Gaussian curvature and let p be a smooth closed
I-form. Consider A := 7{'p € C*°(SM) defined by lifting the 1-form p via 7] p(x,v) = px(v), and
F := X + AV. By [Wojtkowski 2000, Theorem 5.2] the flow of F is Anosov. Moreover, by [Dairbekov
and Paternain 2007], the flow preserves an absolutely continuous measure if and only if p = 0. Observe
that these flows are reversible, ie the flip (x, v) — (x, —v) conjugates the flow of F' with the flow of —F.

Theorem 1.6 Let F = X + 7{pV be the generator of a Gaussian thermostat with p harmonic and
nonzero. Then [w%] = —[w™] # 0 and thus my1,0 = by(M) — 1. Moreover, for p small enough,
the action of LF on Q(l) is semisimple and the order of vanishing of the Ruelle zeta function of F is
mr(0) = —y(M) —1.

A Gaussian thermostat as in Theorem 1.6 may also be seen as the geodesic flow of the unique affine
connection compatible with g and with torsion 7 (Y, Z) = — x p(Y)Z + xp(Z)Y [Przytycki and Wo-
jtkowski 2008]. Interestingly enough, we will also show that it is possible to produce flows with similar
features when p is exact and nonzero; see Proposition 5.9.

1.7 Outline of the paper

e In Section 2 we recall some preliminary notions from microlocal analysis and resonances for
Anosov flows.

e In Section 3 we study general 3-dimensional Anosov flows that do not necessarily preserve a
smooth measure and we determine the dimension of the resonant spaces of Lie derivatives at zero in
terms of the helicity and the winding cycles of the associated SRB measures, proving Theorem 1.1.
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e In Section 4 we show horocyclic invariance of resonant states and in Section 5 we study the local
manifold structure of W¥.

e Section 6 discusses examples of Anosov flows with smooth weak stable bundle, [@™] = 0 and
[w™] # 0.

e Section 7 introduces thermostats and provides a proof of Theorem 1.6.

e Section 8 is devoted to quasi-Fuchsian flows arising from the coupled vortex equations determined
by a pair ([g], A), where A is a quadratic holomorphic differential. Theorem 1.5 is proved here.

e Section 9 establishes the relation between the helicity and the linking form given by Theorem 1.2.

e Finally, there are two appendices: Appendix A deduces some standard properties of the ladder
operators 74, while Appendix B studies the behaviour of the geodesic vector field under rescaling.
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2 Preliminaries

Let X generate an Anosov flow ¢; on a closed manifold M. Denote by Q* the vector bundle of differential
k-forms, and by % = Q¥ Nker iy the bundle of k-forms that are in the kernel of the contraction tx with
the vector field X.

Let £ be a vector bundle over M. Denote by D’(M; £) the space of distributional sections of £. Given a
closed conic set I' C T* M, write

Dp(M;E) ={u € D'(M; ) | WF(u) C T}.

For m € R, denote the space of pseudodifferential operators of order m acting on sections of £ over M by
WM (M; E); when this action is on functions, write simply ¥ (M). For background on distribution theory
and the wavefront set, and pseudodifferential operators, see [Hormander 2003, Chapters II and VIII], and
[Hormander 2007, Chapter X VIII] or [Dyatlov and Zworski 2019, Appendix E], respectively.

Let us note that the treatment of the Pollicott—Ruelle resonances as eigenvalues of the flow generator
in anisotropic Banach or Hilbert spaces has been developed in the past twenty years by Baladi [2005],
Baladi and Tsujii [2007], Blank, Keller and Liverani [Blank et al. 2002], Goué&zel and Liverani [2006],
and Liverani [2004]. In this paper (see Section 2.1 below) we take the viewpoint of microlocal methods
for dynamical resonances, introduced by Faure and Sjostrand [2011] and Dyatlov and Zworski [2016].
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2.1 The resolvent and Pollicott—Ruelle resonances

For s € C with sufficiently large real part, we may define the resolvent R;: (s) = (Lx +s)~ ! acting on
L2(M:; %) by the expression

o
(2-1) (Lx +s5)7! =/0 eStp* di: L2(M; QF) - L2(M; QF),

where ¢, denotes the pullback operation by ¢_;. It has been shown by Faure and Sjostrand [2011] and
Dyatlov and Zworski [2016] that R,‘: (s) admits a meromorphic extension to the entire complex plane as
a map R]j (s): C®(M: QF) - D'(M; QF). Ata pole so € C, the resolvent admits a Laurent expansion
(see [Dyatlov and Zworski 2016])

Ji(s0) «_(p i—1p+
(2-2) RF() =R (sis0)+ Y (= Xt;(l)?yo)i k(SO)'

i=1
Here H; (so) is a finite-rank operator that extends to a map HZ (s0): D) * (M; QF) — D};; (M; Q%) and
satisfies H,j (50)> = H,j (s0). Further, Ji (so) > 1 is the least integer for which (Lx +s¢)”/* (50) H,j (s0)=0
and RZ’H(s; 50) is a holomorphic function defined near s = 5. The map R,‘:’H(s; so) also extends to a
map R:’H(s; s50): D) * (M; QF) — D/E;‘ (M; %) by [Dyatlov and Zworski 2016]. We call the poles of
R]'c" (s) resonances.

Given 5o € C and £ € Z>1, we introduce (similarly as in the introduction)
Res**(s0) = {u € Dig. (M; QF) | (Lx +50)"u = 0}.

Write Res¥ (s0) := Resk1 (so) and Resk-o° (50) = Up>1 Resk-t (so), and call the elements of Resk (so)
and Res®>® (so) resonant states and generalised resonant states, respectively. It can be checked that
so € C is a pole of R,j (s) if and only if Resk (so) is nontrivial, and that ran H,j(so) = Resk’oo(so). By
the residue theorem, we have

1
(2-3) nh = o §£SO R} (s) ds,

where ¢SO denotes integration along a small contour around s = sg. Say that semisimplicity holds for the

action of Ly on QF at sq if Resk"’o(so) = Resk (so).

Similarly, the resolvent for the backwards flow R, (s) = (— Lx +5)~1 is well-defined on L2(M:; %) for
all s € C with large real part. It also admits a meromorphic extension as a map R; (s): C*°(M; Qky -
D' (M; Qk). For sg € C, call the resonant states of — Lx +s¢ coresonant states and decorate the analogous
spaces with an additional subscript *: Res’i’e (s0), Resﬁ’oo(so), Res{: (s0). The projector at s = s is
denoted by IT; (s0)-

One may define analogous objects for the action of Ly on the bundle ng . In that case, denote the resulting
objects with an additional zero subscript:

k.t k,
Resgi, (s0),  Resg25(s0),  Resf,(s0), g o(s0)™
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For 5o = 0, in order to simplify the notation we omit the 0 in parentheses, denoting the resulting objects as
k.l k,00 k + +
Reso(*), Reso(*), Reso(*), I, Hk,o-

Since H,’: is given by the contour integral (2-3) (and similarly for H,:), and the Lie derivative Ly
commutes with the exterior differential d and the contraction ty, we have, on the domain of Hf;,

(2-4) dIf =TF, d and IIiE ix = i IIE.
2.2 The pairings

Let @ € C®(M; Q') be an arbitrary 1-form such that a(X) = 1. Introduce the following nondegenerate
bilinear pairing ((e, *)) (similar to the contact case studied in [Ceki¢ et al. 2022]):

(e, us)) :=/ a AuAuy for ue CPM:QK), uy € CPM; Q275).
M

Note that the pairing does not depend on the choice of «, and that by the wavefront set calculus it extends
to Dlg . (M: Qk) x Dl (M: Q27k).

If A: C°(M; ng) — D'(M; ng) is a continuous operator, let AT : C®°(M; Q%_k) — D'(M; Q(Z)_k)
be its transpose with respect to ((e, ®)). In particular, observe it holds that

(2-5) (Lx +s)T =—Lx +s for seC.

It follows that, using (2-3) and meromorphic continuation from s € C with large real part,

(2-6) (M )" =T34 o

More precisely, from (2-5), for large Re(s) we have ((Lx +s) 1w, ux)) = {(u, (— Lx +s) 'u4)), and
by meromorphic continuation for all s € C. Using (2-3) proves the claim. Moreover we can relate
semisimplicity for Ly on ng with the pairing ((e, ®)):

Lemma 2.1 The Lie derivative Lx acting on Q) is semisimple at s = 0 if and only if (e, ) is
nondegenerate on Res(l) X Res(l)*.

Proof Assume first that the pairing is nondegenerate and E)z( u = 0 for some u € D;E*(/\/l; Q(l)). Set
u
v:=Lxyu. Thenv € Res(l) and for any ux € Res(l)* we have

(v, ux)) = (Lx w. us) = —((u. Lx ux) = 0.
By nondegeneracy Ly u = v = 0 and the semisimplicity condition is verified.

For the other direction, assume that the semisimplicity condition holds. First we check that semisimplicity
holds also for coresonant states. Indeed, since by assumption Ly HTO = HTO Lx = 0, transposing we
get Lx II7 ; = 0, which proves the claim.
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Next, assume u € Res(l) satisfies (1, u4)) =0 for all uy € Res(l)*. Take any ¢ € C*°(M; Q(l)) and compute

0= ((u, Iy ) = (u. ),
where in the second equality we used (2-6) and Hiou = u. By the nondegeneracy of {(e, *)), we conclude
that u = 0, proving the result. |
Another nondegenerate pairing on C % (M; Q%) x C%°(M; 237%), with an extension to D/ * (M; QF) x
/E;k (M; 237%), is given by
(U, uyg) := / UAU.
M

Note that similarly to {(e, )), with respect to this pairing the transpose satisfies
(2-7) @mHT =1;_,.
In fact, we have:

Proposition 2.2 The pairing (e, *) is nondegenerate on Resk® x Resi_k’oo. Moreover, the action of Lx

on ¥ is semisimple if and only if the pairing (s, ¢) is nondegenerate on Resk x Resi_k .

Proof It suffices to consider some u € Res®*> such that
(u,us) =0 forall uy € Res™®,
and show u = 0. In particular, for any ¢ € C°°(M; 93_k) it holds that
0= (u.TI5_re) = (u. 9).

where we used (2-7) and H,':u = u in the second equality. Therefore u = 0, by the fact that the pairing
on C®(M; QF) x C*°(M; Q37%) is nondegenerate.

The second claim is proved analogously to Lemma 2.1, using (2-7). a
2.3 Mapping properties of the resolvent

For s € R, denote by C; (M) the Holder—Zygmund space of regularity s on M. See [Bonthonneau and
Lefeuvre 2023b, Section 2] or [Taylor 1997, Section 1.8] for a definition and background. In particular,
a pseudodifferential operator of order m is a bounded map C3 (M) — C37™(M). For s a nonnegative
integer, these spaces agree with the usual Holder spaces, and satisfy C* (M) - Ck(M) fork e Z>o. Let
us write C5~ (M) := N;<sCL(M). We need the following statement about the mapping properties of the
resolvent on Holder—Zygmund spaces:

Proposition 2.3 Let X generate an Anosov flow. Then:

(1) Letr € C*(M) for some ¢ > 0 be such that lim inf; o infxer((1/7) f(; @Z ,r(x)dp > v for some
v > 0. Then there exist §,8; > 0 such that (X + r + s)~! exists and is holomorphic as a map
Co%(M) — C°(M) and C8 (M) — C¥(M) in the region Re(s) > —§; > —v.

Geometry & Topology, Volume 29 (2025)



Resonant forms at zero for dissipative Anosov flows 3649

(2) There exists C > 0, such that for any a > 0 the resolvent R(]L (5)=(X+5)"L:C¥HM)— C%(M)
is meromorphic for Re(s) > —Ca. In particular, the holomorphic part of the resolvent at zero
R(‘)"’H: C (M) — D'(M) extends as an operator C¥ (M) — C*(M) for all « > 0.

Proof For item (1), it suffices to use the resolvent formula
o] -

(2-8) X+r+s)""'= / e~Ste=ho@prdr ox iy,

0
The conclusion on the mapping properties as a map C °(M) — C°(M) follows directly from the formula,
and the case of C¥(M) — C%(M) follows for small § > 0 by using interpolation between C°(M) and
Cl(M).
Item (2) follows from the recent result [Bonthonneau and Lefeuvre 2023a, Theorem 4.2], which was
proved in the setting of the unit tangent bundle of a cusp manifold, but the proof carries over to our setting.
Let us sketch the proof for completeness. Pick A € W°(M) such that A = 1 on a conical neighbourhood

CY of E} and WF(A) is contained in a larger conical neighbourhood C,i which does not intersect E; & E§
(by definition, E(’)" is the annihilator of E, @ E;). For o > 0 introduce the anisotropic norm

lulls := | Aullcze + (1= Aullce.

Choose T > 0 such that for all # > T we have CID,(C&) C CS, where @, (x, &) = (¢:x, £ o (de: (x))™)
is the Hamiltonian lift on ¢; to T* M (this choice is possible by the Anosov condition). Finally, as in
[Bonthonneau and Lefeuvre 2023a, equation (4.7)], introduce the norm

T
fullce = [ Nl di,
which defines a Banach space C*(M). It is straightforward to show the continuous inclusions
Ci(M) C CH¥(M) C C% (M),

so our conclusion will follow if we can show that R(J)r (s) extends as a family of meromorphic operators
acting on C*(M) in the required region. As in [loc. cit., Lemma 4.3], it is possible to show there is a
constant Co > 0 such that the propagator ¢*, satisfies the bound

(2-9) lp* ullce < Coe€O™®||u||ce, where a > 0.

Next, by the radial sink/source estimates in Holder—Zygmund spaces proved in [loc. cit.], following the
proof of [loc. cit., Proposition 4.3] and using (2-9), it is possible to show that there exists a C > 0 such
that for Re(s) > —Ca,

lullce = CUIX +s)ullce + | Kullce)  for u € CZ(M),

where K is a smoothing operator. From this estimate, it follows that X + s is a semi-Fredholm operator (it
has finite-dimensional kernel and closed range) with domain D(X) = {u € C*(M) | Xu € C¥(M)}, and
hence R(J)r (s): C*(M) — C¥(M) admits a meromorphic continuation by the analytic Fredholm theorem,
completing the proof. |
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2.4 Geometry of surfaces

For details about the content of this section, see [Guillemin and Kazhdan 1980; Merry and Paternain
2011; Singer and Thorpe 1976]. Let (M, g) be an oriented closed surface and let X be the geodesic
vector field on the unit sphere bundle S M. Denote by V the generator of the fibrewise rotation action
and by H the horizontal vector field. Let K be the Gauss curvature of (M, g). Then

(2-10) [HV]=X, [V.X]=H, [X.H|=KV.

Dually to the global frame {X, H, V'}, define a global frame of 1-forms {o, 8, V}. Set Q :=a APy Af =
o A da to be the canonical volume form on SM. For k € Z and x € M, introduce

Or(x) ={f € CZ(SxM) | Vf =ikf}.

It is straightforward to see that O — M has the structure of a smooth line bundle; a smooth section
of this bundle may be seen as a smooth function on SM. In fact if £ := (TgM )10 is the associated
canonical bundle and K~ := (TeM )91 then for any k € Z, O may be identified with the tensor
power K®k . For any k € Z>¢ and x € M, there are natural maps

7 (RKTEM)y — C®(SxM),  with 7} T(v) = T(v,...,v),

where ®§ TEM denotes the bundle of symmetric tensors of degree k. Denote by ®]§ TEM oy the
subbundle of frace-free symmetric tensors, where a symmetric k-tensor 7" at x is trace-free if for an
orthonormal basis (e,~)l.2=1 of TxM, T(ey,e1,...)+ T(ez,es,...)=0. It is straightforward to see that
there are vector bundle isomorphisms

RKTEM 0w = KZ* @ K®F  for all k € Zso,
i KB =50 forall k € Z.
Fork € Z, set H, := C®(M ;) C C*®°(SM). Then nl",‘d identifies smooth sections of K* with Hy.
By decomposing into eigenstates of V, it is straightforward to see that
L*(SM) = P L*(M; By),
keZ

and for f € L?(SM), let us write f =Y <z fx for the corresponding decomposition. We refer to fj
as the Fourier mode of degree k of f. Define the degree of f to be the maximal k € Z>o U {oo} such
that fi # 0 or f_i # 0. Introduce the raising/lowering operators ni:

X—iH d X+iH
= an _ = .
N+ 5 n 5

By (2-10) it follows that
[+, V]=Fins,

and therefore n+: Hy — Hy 1. Another consequence of (2-10) is the commutation relation
(2-11) [74+.n-]1 = 3iK, V.
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The Hodge star operator »: Q! = Qlis given by (oriented) rotation by 7/2, and »: Q° = Q2 by
*(1) = dvolg, the volume form of g, where 1 is the constant function equal to 1 everywhere. It can
be checked that the codifferential on 1-forms is given by d* = — x d x. Moreover, if X_ is defined on
H_1® H; by X_(f—1+ f1) = n+ f—1 + n— f1, by Proposition A.3 we have

(2-12) X_nfy=—Linfd*y forall y e C®(M;:Q").

Finally, it is standard and follows from the expressions for X and H in local isothermal coordinates
(see (A-1)) that

(2-13) Xnyf=7n7{(df) and Hngf =—ni(xdf) forall feC®(M),
and also similarly that

Vaty =—nf(xy) and gn*(xy)=nfy forall y e C®(M;Q").
2.5 Decomposition of differential forms

In this section we give a standard result about decomposition of differential forms, similar to [Dyatlov
and Zworski 2017, Lemma 2.1]. Denote by d* the codifferential on (M, g), where g is an arbitrary
Riemannian metric on M. Denote by Ay := d*d + dd* the Hodge Laplacian on Q¥.

Lemma 2.4 Let T' C T*M\O be a closed conic set. Let u € D (M; QYN CE(M; QF) for some s € R.
Then there exist v € Di(M; Q=1 0 CSH(M; QF71), w e DR(M; QKF1) N CSF2(Mm; @K1, and
0 € C®(M; Qk), with d*v =0, dw = 0, such that

u=dv+d*w+0.

Moreover, if du = 0 then we may assume w = 0, thus we have df = 0, and the cohomology class
[0] € H*(M) is well-defined.
Proof Let Q) € ¥2(M; Qk) be an elliptic parametrix of Ag, ie such that

OrAr —1d, with ApQf —1Id € U~°(M; QF).
Setting 6 :=u — A Qru, v:=d*Qru and w := dQyu concludes the proof of the first claim.
For the second claim, notice that using [Ag, d] = 0 and the properties of the parametrix,

dQr = QrArdQy = QxdArQr = Qxd  mod ¥™°(M).

Thus, using the proof of the first claim, we may assume that w = 0. If we write u = dv; + 6; for some
v;, 0; as above fori = 1,2, then 8 — 6, = d(vy —v1) € C*®°(M; Qk). Using d * (v, —v1) = 0, elliptic
regularity implies v, — vy is smooth and thus [#] is well-defined, finishing the proof. |
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2.6 SRB measures and entropy production

A probability measure Q;"RB on M is called a Sinai—Ruelle-Bowen (SRB) measure if there is a probability
volume form €2 on M such that (see [ Young 2002])

T

(2-14) Qg = Jim 1 /0 ¢, Qdt

in the weak limit sense (ie when paired with any smooth function). It is known that for transitive Anosov
flows (recall that by definition transitive flows have a dense orbit), there exists a unique SRB measure;
see for instance [Butterley and Liverani 2007]. This measure may be seen as a resonant state for the Lie
derivative acting on differential forms of top degree. For a microlocal point of view, see [Bonthonneau
et al. 2025, Theorem 3], who characterise SRB measures as invariant measures whose wavefront set lies
in E;;. In this paper, we will use the latter description. Similarly, there is a unique SRB measure for the

flow —X that we denote by Qgp (it has wavefront set in EY).

Next we examine the transformation law for SRB measures under a (positive) time-change f € C°°(M).
Assume X is transitive with the unique SRB measure Q;FRB. Then the unique SRB measure Q;FRB (fX)
of fX is given by the formula
-1 +
f SRB
1o+
f/\/t S Qe
Given an arbitrary smooth volume form €2 on M, the entropy production of the SRB measure is given by

et (X):= —/M dive (X) Qdzp-

This quantity does not depend on the chosen volume form €2, since given a smooth function f > 0,
divrq(X) —dive(X) = X(log f). Note that

Q;_RB(fX) =

et (—X) = / divg(X) Qg =: ¢~ (X).
M
An important property of entropy production was proved by Ruelle [1996, Theorem 1.2], who showed
et(X)=>0,

with equality if and only if X preserves a smooth measure. Later in the article we shall see several
interesting classes of Anosov vector fields with e 7(X) > 0.

3 Dissipative Anosov flows, general case

In this section we discuss resonant forms at zero for an arbitrary topologically transitive Anosov flow X
on an oriented 3-manifold M equipped with a Riemannian metric g and a smooth volume form €2 that
integrates to one.

As a first step, we analyse the spaces Resg for k = 0,2, and Res>. The classification for k = 1 is relegated
to Theorem 1.1.
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Proposition 3.1 We have:

(1) dimRes®® = dimRes>> = 1. The space Res® = Res">*® is spanned by constant functions, and
Res? is spanned by the SRB measure Q;'RB.

(2) dim Resg’oo = 1. The space Res% is spanned by 1y QgLRB.

Proof The proof is a straightforward consequence of well-known facts. By [Bonthonneau et al. 2024,
Theorem 3] (or [Butterley and Liverani 2007, Theorem 1]), the space Res? for a transitive flow is spanned
by the SRB measure Q;RB. Moreover, semisimplicity holds: if £)2( Q = 0 for some Q € D) * (M; Q3),
then Lx Q = CQ;_RB for some ¢ € C. Stokes’ theorem implies that ¢ = 0, showing semisimplicity
for the action of L£x on Q3 and the semisimplicity for the action of X on Q0 (functions) follows by
Proposition 2.2. By the latter fact it follows that Res®*® is spanned by constant functions.

Next, if Ly u = 0 for some u € D}E; (M; Q2), then du € D%; (M; Q3) and so du = cQdyp for some
¢ € C. By Stokes’ theorem we get ¢ = 0 and thus du = 0. Write u = h - 1x Q2 for some h € DQE; (M).
This implies Ly (h2) = 0 and so hQ € Res>. This gives that Resg is spanned by tx Q;RB. Finally, to
show that dim Resﬁ’oo =1, consider u € DIE;{ (M, Q%) with Lig( u =0 and set v = Ly u. We wish to
show that v = 0. Since v € Res(z,, there is a constant ¢ such that v = ctx Q;RB. Thus

c:c/ Q;RB:c/ a/\LXQ;RB:/ a/\v:/ oz/\txdu:/ du =0,
M M M M M

and therefore v = 0 as desired. (Alternatively, by the version of Lemma 2.1 for Resg X Resg*, semi-
simplicity follows from the semisimplicity of — Ly on Q° established in the previous paragraph.) O

3.1 Characterisation of Res(l,

Let us follow a similar strategy as in [Ceki¢ and Paternain 2020, Section 4]. By Proposition 3.1, the two
SRB measures are given by

+ +
Qsrp = 1137 (2).
Recall that here HZ‘ and IT} are the projections onto Resk>* and Res]i’oo, respectively, introduced in
Section 2.1. Next, introduce the notation

w:=1xQ and ot:= LXQsiRB-

Define the winding cycle W (resp. W ™) by setting, for any u € D', (M; Q1) (resp. u € D,..(M; Q1)),

W= (u) =/ u(X) QL.
M

When we additionally impose that du = 0, the cohomology class [u]g1 () of u is well-defined by
Lemma 2.4, W*(u) only depend on [u] H1(Mm) since QsiRB are flow invariant, and so in particular W=
descend to H(M). In what follows, for simplicity we will often drop the index under the cohomology
class. Note that W= = 0 (on ker d) if and only if [0*] = 0, by Lemma 2.4 and Poincaré duality.
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Say that the SRB measure Q;RB (resp. Qggp) is exact or null-homologous if [w™] = 0 (resp. [@~] = 0).
Equivalently, by Lemma 2.4 this means that o™ = d ¢ (resp. o~ = d ™) for some t* € D) ; (M; Q)
(resp. T~ € ngs* (M; Q1)). Still equivalently, applying the projector H;‘ (resp. IT5) and using (2-4), we
may assume that 7T e Resh® (resp. 17 € Resi’oo). Note that iyt € Res®>® (resp. iyt~ € Resg’oo),
and so by Proposition 3.1 we know ty 7™ = ¢ (resp. iyt~ = ¢ ™) for some constants ¢®, which implies
t+ e Res! (resp. 7~ € Res)). It may be assumed that c* € R.

Let us introduce the helicity H(X) with respect to the SRB measures. Assume that both QgtRB are
null-homologous, that is, [0 1] = [@~] = 0. Introduce

H(X)I=C+=[ T+(X)QS_RB=/ 1:+/\d1'_:/ r_/\err:/ t_(X)Qg'RBzc_,
M M M M

where we used Stokes’ theorem in the fourth equality. It also follows from Stokes’ theorem that H(X)
is independent of the choices of both primitives t* of w®, so the helicity #(X) € R is a well-defined
quantity.

Proposition 3.2 Let f € D,..(M) and assume [, f Qgzg = 0. Then there exists u € D'.(M) such
that Xu = f.

Proof By Proposition 3.1 and (2-2), near zero we may write

H My
RS (s) = R (s) + TO
Therefore, by applying X + s to this equation we obtain close to zero
3-1) (X +5)RFH () + T =1d.
Introduce u := RJ H f, which lies in D;EJ (M; &) by the mapping properties of R(T H
Harf = 0, we have by (3-1) evaluated at s = 0,

f=f-0ff=xrS"f=xu.

. Then, assuming

Now we prove that H(J)r f = 0. For this, use that by (2-7) we have (H(J)r 7T = IT5 and

Mg f = (1§ f. Qsps) = (£ 115 (Q5pp)) = (/. Qsps) =0,
where in the first equality we used that H(‘)" f is constant and that Qg integrates to 1, and in the third
equality that IT5 Qgpp = Q2gpp by definition, thus completing the proof. |

We proceed with an auxiliary lemma.
Lemma 3.3 There exists T € Res! with 1x7 = 1 and dT = 0, if and only if [w~] # 0.

Proof Assume first that such 7 exists. Then W™ (7) = 1 and so [w™] # 0 (recall that W~ = 0 if and
only if [w™] = 0, by Lemma 2.4 and Poincaré duality), proving one of the implications. To see the other
direction, assume [w™] # 0. There is a closed, smooth 1-form 5 such that W~ (n) = 1. By Proposition 3.2
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this implies we can solve
XF =1—u1xn, with Fe D/E;;(M)'

Set T = dF + n. Then T satisfies all of the assumptions of the lemma, completing the proof. |
The next lemma determines d (Res(l,) as a function of [w*] and H(X).

Lemma 3.4 There is a linear map T : Res(l) — C such that du = T (u)w™, where u € Res(l). The map T
satisfies the following:

(1) If[wt]#0,0r [w"] =[w~]=0and H(X) # 0, then T is trivial.
(2) If [w*] =0, and either [w~] = 0 with H(X) =0, or [0~] # 0, then T is surjective.
Proof Letu € Res(l). Then du € Res%, so du = cw™ for some ¢ € C by Proposition 3.1. Setting
T (u) := c defines a linear map such that du = T'(u)w™. It clearly follows that T = 0 if [0T] # 0.
If [o1] =0, then o™ = d 1™ for some t+ € Res! with iytt = ¢, where ¢t € C, and we have
du—Tw)tT) =0.
Now note that, using tyu = 0, and the invariance of Q;FRB,
(3-2) —T)ct =W (u—-Tw)t").

Assume first that [0 ~] = 0; then also W~ =0. If ¢t =H(X) #0, (3-2) implies 7 =0; if ¢t =H(X) =0,
then 7T € Res(l) and dtt =wT #0,s0 T #0.

Next, assume that [w~] # 0. By Lemma 3.3, there is T € Res! such that 7 = 0 and (xT = 1. Therefore
tT —cTT eRes) and d(xT —cTF) = wt #0, so T # 0. This completes the proof. m|

Next, we compute the dimension of the space of closed elements of Res(l).

Lemma 3.5 There is an injection
(3-3) S:kerT — HY(M).
The injection can be described as follows: let u € ker T. Then there exists F € D) * (M) such that
(3-4) u—dF € C®(M: Q)
and also d(u — d F') = 0. The injection map is
(3-5) S:kerT — HY(M), uw~ [u—dF].
An element [n] € H'(M) is in the image of S if and only if

W= = [ 100 25 =0.

M

Finally, we have

(1) dimSkerT) =b (M) if [w™] =0,
2) dim S(ker T) = by (M) — 1 if [0~] # 0.
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Proof LetuckerT,sodu=0. By Lemma 2.4 there is an F € D/ * (M) such thatu—d F € C®(M; Q1)
is closed. We claim that the class S(u) = [u — dF] € H'(M) is independent of our choice of F. Let
G €D ; (M) be arbitrary such that u —d G is smooth and closed. Then d(F — G) € C®(M; Q1), so
by Lemma 2.4, F — G is smooth and thus [u —dF] = [u —dG].

For injectivity, let us assume that u — d F is exact. Moreover, without loss of generality we may assume
u =dF. Then tyu = 0 implies XF = 0, so by Proposition 3.1 we have that F is constant, so u = 0.

If [n] is in the image of S, then n = u — d F for some F € D};; (M). Contracting with X, we see that
n(X) = —XF, so integrating gives

W) = /M 1(X) en = 0.

Conversely, if the last integral is zero, Proposition 3.2 gives an F € D’E; (M) such that n(X) = —XF, so
u:=n+dF e€kerT and S(u) = [n].

Finally, observe S(ker T') = ker W™ | g1 (). Since W™ = 0 if and only if [@™] = 0, the conclusions
follow. o

Let us now put everything together and compute Res(l) in terms of [w*] and H(X).

Proof of Theorem 1.1 for Res(l) This is a direct consequence of the rank-nullity theorem and Lemmas 3.4
and 3.5, since we may write

dim Res(l) =dim S(ker T') + dimran 7. O

3.2 Characterisation of Res!

In this subsection we compute the dimension of Res' and we complete the proof of Theorem 1.1. To this
end we start with a simple lemma.

Lemma 3.6 An element u is in Res! if and only if tydu = 0 and tyu is constant. If there exists an
element o € Res! with ixo = 1, then

Res' = Res) ®Ro.
If no such element exists, then Res! = Res(l).
Proof Anelement u € Res! if and only if Lyu = 1xdu+dixyu = 0. From this it follows that ty dixyu =0
and thus txyu € Res?, hence txu is constant by Proposition 3.1.

Suppose there exists o € Res! such that (yo = 1. Given any u € Res!, we have u — (ixu)o € Res(l)
and thus Res! = Res(l) @®Ro. If no such o exists, then given any u € Res! we must have tyu = 0 and
u € Resy. O

We are now ready to prove the following proposition, which completes the proof of Theorem 1.1.
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Proposition 3.7 Assume X generates a transitive Anosov flow on M. The resonant 1-forms for Ly on
Q! at zero are determined in terms of [w¥] H2(Mm)> H(X), and Res(l, by the following table:

cases [t #0 | [0T1#0 | [0T]=0 | [0 ]=[0]=0| [0 ]=[0]=0
[@7]#0 | [07]=0 | [07]#0 H(X) #0 H(X)=0
Res! Res(l) ®Ro Res(l) Res(l) ®Ro Res(l) ®Ro Res(l)
d(Res!) 0 0 Cowt Cot Co™*
dim Res! b1 (M) by(M) | by(M)+1 bi(M)+1 by(M)+1

In the table, the form o € Res! satisfies .;yo = 1 as in Lemma 3.6. Moreover, the map
Res! Nkerd — HY(M), u > [ul,

is an isomorphism.

Proof Consider cases as follows, which combined give a proof of the various cases in the table.

(1) (Jo™]# 0) By Lemma 3.6 it suffices to show that there is a form ¢ with do =0 and t1yo = 1.
This form is given by Lemma 3.3.

(2) ([w*]=0and H(X) #0) There is a primitive 7T € Res! with dtt = 0™ and iy 7 = H(X).
Then o := t+/H(X) satisfies the conditions of Lemma 3.6, completing the proof.

(3) (Jw*]#0and[w~]=0) Suppose there is o € Res! with ;ydo =0 and tyo = 1. Since do € Resﬁ
and [w™] # 0 we must have do = 0 by Proposition 3.1. But by Lemma 3.3 this implies [w~] # 0
and hence such o cannot exist. By Lemma 3.6 it follows that Res! = Res|) as claimed.

(4) ([w*]=0and #(X)=0) Once again we need to show that there is no o € Res! with iydo =0
and tyo = 1. Since [w~] = 0 we must have do = cw™, where ¢ # 0 by Lemma 3.3. Since
¢ 1o (X) # 0, this would give nonzero helicity and thus a contradiction.

Finally, the map Res! Nkerd — HY(M), u — [u], is clearly injective: if u = df for f € D, ;(M),
then X/ = c. Integration against Qg gives ¢ = 0 and thus f must be constant by Proposition 3.1. A
glance at the table in the proposition shows that the map must be an isomorphism. |

Remark 3.8 An interesting asymmetry arises in the second and third columns of the table in the
previous proposition. Consider the case when we have a flow with [0*] = 0 and [w™] # 0. Then
dimRes! = by (M) + 1 but dim Res. = b; (M) (by applying the proposition to —X). Note that by virtue
of Theorem 1.1, we always have dim Res(l) = dim Res(l)*. Also note that thanks to the pairing between
Res(l) and Res(l)* and Lemma 2.1, semisimplicity for £x and £_x acting on Q(l) are equivalent. This is no
longer the case for the actions of L4y on Q! as we shall see below.

Remark 3.9 As we mentioned before, dim Res! is invariant under time changes. In the cases given by
the first and third columns of the table there is o € Res! with do = 0 and 1xo = 1. After a time change
this particular form may no longer be in Res!, however, there is always a form of that type. A similar
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remark applies to the fourth column, where there is always a form o € Res! such that do = cow™ and
txo = 1 with ¢ # 0. For example, if we begin with a Reeb Anosov vector field, after performing a time
change most likely it will no longer be a Reeb vector field (as the bundle E;, @ E; stops being smooth);
nevertheless it remains “weakly Reeb” in the sense that there still exists a form in Res! playing the same
role as the contact form at least from the point of view of resonant states.

3.2.1 Semisimplicity on ! Finally, we discuss semisimplicity for the action of the Lie derivative
on Q1.

Proposition 3.10 Assume there is T+ € Res}, such that dt™ = o™ (this corresponds to item (2) of
Lemma 3.4). Then the semisimplicity for the action of £_x on Q! fails.

Proof Let o~ € Resi™ such that ixa™ = 1. Such @~ exists since we may take any o € C®°(M; Q1)
with iy = 1 and set @™ := II] « (here we use (2-4)). Then

1:/ Ot_Adt+:/ dOt_/\‘L'+:/ aAyda” At = (ixda™, ),
M M M

where in the first equality we used iya™ =1 (so that o™ Ad T = Q;"RB), we used Stokes’ theorem in the
second one, while in the third equality we used txtT =0and iy = 1. Therefore, Ly o~ = ixda™ #£0
and so @~ ¢ Res., and so by definition semisimplicity for the action of £_y on Q! fails. |

Remark 3.11 The described failure of semisimplicity for £_y acting on 1 persists under time changes
since the property that d (Res(l)) # 0 is invariant under time changes, and that the same property is open
in the set W \ W™ (defined in Section 5). Moreover, semisimplicity for the action of £_x on (1) and
Q! can hold and fail, respectively; see Proposition 6.2, item (4).

3.3 Characterisation of Res?
Here we complete the study of resonant forms at zero and compute the dimension of Res?.
Lemma 3.12 A form u is in Res? if and only if du = 0 and dixu = 0.

Proof By definition, being in Res? means that Ly u = 0 and since £x commutes with d and (y we
must have du € Res? and ixu € Res(l,. By Proposition 3.1 there is a constant ¢ such that du = cQ;RB,
and integrating we deduce that ¢ = 0, and the lemma follows. O

Lemma 3.13 The map iy : Res?> — Res(l) Nkerd is surjective with right inverse v H;‘(a A V), where
« is any smooth 1-form such that iya = 1. Moreover, kerty = C ot.

Proof The map is well-defined by Lemma 3.12. Since ¢y commutes with HT and H; (see (2-4)), we
have for v € Res(l) that
T (@ Av) = T (x (@ Av)) = T (v) = v.
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If in addition dv = 0, then H;“(oz A ) is closed since dH;“(a AV) = HgL(da AV)=c Q;RB for some
constant ¢ € C by Proposition 3.1, and ¢ = 0 by integration by parts, so H;r (¢ Av) € Res?.

The claim about the kernel of txy follows from item (2) in Proposition 3.1. O

Lemma 3.13 shows that there exists a surjective linear map C : Res? — C such that any u € Res? may be
written as

(3-6) U= H;(a AV)+Cu)w™, v =ixu.

From Lemma 3.13 and Theorem 1.1 applied to £X, we derive right away the following corollary.

Corollary 3.14 Assume X generates a transitive Anosov flow on M. The resonant 2-forms for the
action of Ly on Q! at zero satisty
dimRes? = dim Resi.

Using (3-6) we may relate the pairings as follows. Given u € Res? and u, € Resl, we have
(37 (u,ux) = (T3 (@ A V) + Cao ™ us) = (uer us) + C ) W (us),

where we used (2-7) and 17 ux = u4 in the second equality. In the case [@*] = 0 and [0~] # 0, by
Proposition 3.7 (applied to —X) we know that Res! = Res(l)* and d (Res(l)*) = {0}, hence Wt (uyx) =0
for all u, € Res). Thus u = w™ satisfies (u, ux) = O for all u, € Resl, showing that semisimplicity fails
for the action of £x on ©2, by Proposition 2.2. But we expect semisimplicity to hold for the pairing
{(», ®)) at least under small perturbations as in Section 6.

In the case [0*] = 0 and H(X) = 0, we see also that Resl = Res(l)*. There is however a nonclosed
element of Res(l)*, but we still get W+ (ux) = 0 for all uy € Res!. Therefore u = w satisfies (1, u4) =0
for all u, € Res! and again, semisimplicity fails for the action of Lx on 2 by Proposition 2.2.

Remark 3.15 The pairings ((e, *)) and (e, ®) are between Res(l) and Res(l)*, and Res? and Res], respectively,
and in both cases dimensions of the corresponding resonant spaces agree (this would be obvious under
semisimplicity). We are not aware at the moment of an alternative proof of these facts that does not go
through Theorem 1.1.

The two conclusions following (3-7) about nonsemisimplicity follow directly from Propositions 2.2
and 3.10, however our aim above was to relate the two pairings explicitly by (3-7).

4 Horocyclic invariance

According to Faure and Guillarmou [2018], the Ruelle resonant states for contact Anosov flows (in
dimension 3) close to the imaginary axis exhibit horocyclic invariance. In a suitable sense, here we extend
this idea to resonant 1-forms at zero of transitive Anosov flows.
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Let X generate an arbitrary transitive Anosov flow on a closed orientable 3-manifold M. By [Hasselblatt
1994, Corollary 1.8], it is known that the weak unstable/stable bundles RX & E,, /, are C I+e_Holder
regular for some > 0 (depending on the flow). In particular, if the E,, /; are orientable, there are vector
fields Y, /5 € C 1+ (M; T M) such that RX @ E,, /s are spanned by {X, Y,,/s} at every point. Moreover,
by [Hasselblatt 1994], there are C B regular vector fields U u/S for some B > 0, differentiable along
the flow, spanning E,, /s at every point, as well as r“/s € CP(M) such that

@-1) [X, UM/S] = —pu/syuls,

Let w, @y /5 € C1T¥(M; Q1) be defined as

42) s (V) = w,s(X) =0, @,V =1, o¥*)=w(¥*)=0, oX)=1.

Let H and V be smooth vector fields approximating U* and U, respectively, in the sense that
IH—=U*llco+ [V —=U’lco<e and [I[X,H]=[X.U"]llco+ I[X,V]=[X,U’]llco <&

for a certain sufficiently small € > 0, to be specified later. Indeed, such an approximation exists thanks to
standard arguments; see eg [Dyatlov and Zworski 2019, Lemma E.45] in the related setting of the scale
of Sobolev spaces. After possibly time-changing U*/$ by some nowhere zero by, /s €C B (M) such that
buss — Uicony + 1 Xbuysllcoary < Ce for some uniform C > 0, we may assume that

4-3) UY=H+ryV—ayX and US=rygH+V —asX

for some rg /vy, ay s € CB(M). Further, since Y */5 = Xy /s X +uu/SU“/S for some xy, /5., Uy /s € cB(Mm)
(where u,, /5 # 0 pointwise), using (4-3) we immediately get that

Xyjs —Uy/sly/ss  Uyjs, Uulv, UsTH eCc'te(Mm).
In particular u, /; € C 1+e (M) implies

u r
TH/V = —s/: H/V € C1+a(M).

s/u

After subtracting the X part in (4-3), we may redefine Y */5 to
(4-4) Y¥ =H+ryV and YS:=rgH+V,

where rg/y € C I+ (Af), and {X, Y*/5} still spans the weak bundle RX & E,, /s pointwise. In fact, if
¢ > 0 is small enough, by [Guillarmou and de Poyferré 2022, Theorem 2], the rg/y additionally satisfy a
wavefront set condition

(4-5) ry € Dgs (M) N C'™*(M) and rye Dgs(M)N cltem.
It follows from (4-4), (4-3) and (4-1) that
(4-6) Y =ay s X +UYS and  [X,YY5] = (X +r"/S)ay s X —r*/SYV/s,
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Integrating (4-1) the function r¥ satisfies, for all t € R and z € M,

u _ —ft rop_s(z)dsyru
4-7) do—(z)U"(z) =70 SHEUN9r2),
which implies in particular that (by definition of Anosov flows (1-1))
T
0 < vmin := Th—r>noozlen/1\:/l_ ru°§0—s(z) ds

is the minimal expansion rate.
In fact, more is true about the regularity of r*/5:

Lemmad4.l Xr#/s pu/s, Xry/y and (X + r”/s)au/s all belong to C't*(M)N D%;/s (M). Moreover,
the rg v satisfy a Riccati type equation.

Proof In the following, for a vector field Z, denote by Zy, /v the component of Z in the X/H/V
direction, respectively. To simplify the notation we consider the unstable quantities only, the case of
stable ones follows similarly. Write the commutator formula (4-6) in two ways, using (4-4):

[X,Y"] = (X, Hlx +rv[X, VX)X + (X, Hlg +rv[X, V]g) H+([X, Hly + (X +[X, V]y)ry)V
=X+r'ayX—r*H—r"ryV.
By equating the coefficients next to the vector fields X, H, V, we get using (4-5):
(X +r")ay = [X, Hlx +rv[X, V]x € C'T*(M) N D (M),
—r* =X, Hlg +rv[X,V]g € C'T¥(M) N D (M),
—r*ry =[X.Hly + (X +[X. V]y)ry.
It follows that the left-hand side of the last equation is also in C11%(M) and so Xry is in C1T¥(M),

and thus also by the second equation X% € C!T¥(M). This proves the first part of the claim, while the
second part follows by substituting the second equation into the third one. a

4.1 Horocyclic invariance of resonant 1-forms

Next we show that (closed) elements u € Res(l) vanish on the weak unstable bundle, generalising the
analogous claims for geodesic flows in constant negative curvature [Cekic et al. 2022; Kiister and Weich
2020]. In particular, we will show that u € C;17(M; Q1) and since RX @ E, is CT%-regular, the
contraction is well-defined. We remark that it suffices to check that tyxu = 0 (;yu = 0 by definition),
and then tyu = 0 for any C*H“ section Y of RX & E,,.

Lemma 4.2 (horocyclic invariance, I) Suppose that X generates a transitive Anosov flow on a closed
3-manifold M such that E,, is orientable. Then:

(1) Ifue Res(l) Nkerd, thenu € C*_l_(./\/l; 821) and tyvu = 0;

(2) Assume X preserves a smooth probability volume form 2. Then any u € Res(l) is such that

ueCm(M; Q) and tyvu = 0.
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Proof Observe firstly that U* = Y* —a, X (see (4-6)) extends continuously as a differential operator to
some C, ¢(M) ND(X), where D(X) denotes the domain of X, ie all u € C,¢(M) such that Xu is in
C,.%(M), for any ¢ with min(a, B) > & > 0.

We deal first with the case when du = 0. By Lemma 2.4 and Proposition 3.2, write u = 6 + do,
where § € C®(M;Q1), d0 =0, X¢ = —i1x0, and ¢ = —R(J)“H(LXG) is obtained by applying (holo-
morphic part of) the resolvent at zero. By Proposition 2.3 this implies ¢ € C9~(M) N D] ;(M) and
sou € Co17(M; Q1. Since H:{R;’H = 0 (see Proposition 3.2), we have Hggo = 0, or equivalently
S @ Qgrp = 0. Clearly ¢ € D(X) and we claim that

Utp e CO(M),
and in fact U%g is Holder regular for some positive exponent. To see this, it suffices to show
(4-8) Ute = (X +r")"'U"Xp,

since X¢ = —1x0 € C®(M), U*X¢p € CB (M), and (X +r*)~! is a continuous map C (M) — C°(M)
by Proposition 2.3.

Observe that for Re(s) > 0, f,¢ € C*(M), we have in the sense of distributions (using the formula
(2-8) from Proposition 2.3):

(4-9) /M (X +r* +5)7 U f(x)p(x) dvol(x)
= / ¢ (x) dvol(x) /00 e o op—pts) v f(o_sx)di
M 0
= [ stravoicn) [ e o) (dp-s (U ) di
M 0
=/ ¢(x)dvol(x)/ e STUM(*, f)(x) dt
M 0

= lim U(X +s)"1(1d —e_SN(pr)f(x)gi) (x) dvol(x)

N—>o0 M
= [ v £ wg ) dvolc),
M

where dvol is an arbitrary smooth volume form on M. In the second line, we used (4-7), in the fourth
we rewrote the integral as the resolvent and used that fON e StUY(p*, f) dt converges in C%(M), and
in the last line we used that U¥(X +s5)~!: C%(M) — D’'(M) is continuous to take the limit as N — oo.

To show (4-8), observe that for Re(s) > 0,
(4-10) X4+ +s5) WX =U"(X +5) ' Xo=U"p—sU*(X +5) Lo,

where the first equality holds by (4-9). Now for Re(s) > 0 and s close to zero, (X +5) 1¢ = R;r H (s)p
since HS’ @ =0, and recalling that U¥ extends continuously as a differential operator to C, (M) ND(X)

Geometry & Topology, Volume 29 (2025)



Resonant forms at zero for dissipative Anosov flows 3663
(since U¥ = Y¥ —ay, X), and using R(J)F’H(s)(p € C.%(M) is uniformly bounded (by Proposition 2.3),
taking s — O proves the claim.
Now going back to X¢ = —ix 6, we may apply U¥ to get, using d6 = 0 and (4-1),
U'Xp =-U"1x0 =dO(X,U") — Xigub + [x,uu]0 = —(X +r")igub.
Since (y« 0 and U¥* X ¢ belong to C°(M), applying (X + r*)~! we conclude that
e =—(X +r) U Xp = —UY,

where in the last equality we used (4-8). Using t4, x0 = —ay X¢, we conclude 0 = tyu 0 + Y¥¢ = tyuu,
completing the proof in the case du = 0.

By Proposition 3.1, since du € Res% it remains to deal with the case du = 1y Q;RB. By assumption,
Q ;RB = Qgrp = €2 since €2 is a smooth and invariant, so in particular du € C*®(M; Q(z)). By Lemma 2.4,
there exist ¢ € ng;k (M), a closed ¢ € D (M Q?), and a smooth § € C®°(M; Q') such that

(4-11) u=dp+d*y+0.

Since dyr = 0, it follows that dd*y = A, (recall that A, is the Hodge Laplacian on Q2 of some
Riemannian metric). Observe that

(4-12) du= Ay +df for du e C®(M;Q?),
and by elliptic regularity (equivalently, by applying the operator Q, from Lemma 2.4), we get that i is
in C®(M;Q2). Set n:=d*y + 60 € C®(M; Q).
Using tyu = 0, we get X¢ = —ixn. In particular, we may apply R: “H and assume that
o =—RyTixne CI7(M) N D (M),

by Proposition 2.3. Observe that (4-9) still holds, and arguing as before we conclude that we may take
the limit s — 0 in (4-10), so (4-8) holds in this setting as well. Then we compute

U'Xp =-U"txn=dn(X,U")— Xigun + x,yn = —(X +r")igun,

where in the first equality we used (4-11) and in the third equality we used that tydn = txydu = 0
and (4-1). Since tyun and U* X ¢ are Holder regular, applying (X + r%)~! to the previous equation,
using X¢ = —ixn and (4-8), we get

U +gun = tywu = 0. O
Remark 4.3 The only unclear case in Lemma 4.2 is when du = 1y Q;RB for some u € Res(l) and
X does not preserve a smooth measure. Let us follow the notation of the second part of Lemma 4.2.
Then du € (C°(M))’ only and by Sobolev embeddings and elliptic regularity we eventually get that

Y e W2e3/G-a9- (MmN D7%..(M) for all 0 < & < 1. Then the regularity of ¢ = —R(J)F’Htxr] is not
entirely clear: given these estimates, it belongs only to C; 2~ (M), which is not enough to define Y *g.
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Next we give a lemma that relates Res(l) to a resonant state of X 4+ O with an additional horocyclic
invariance, where Q is some singular potential, generalising the case of geodesic flows in constant
negative curvature [Dyatlov et al. 2015; Guillarmou et al. 2018; Cekic et al. 2022].

Lemma 4.4 (horocyclic invariance, II) Let u € Res(l, Nkerd. Then ¢ :=tyu € C; 1= (M)ND . (M)

satisfies
X+ [X,V]g-rv —=[X,V]y)c =0,

(H+[H,V]g -ryv—[H,V]y)c+ V(ryc) =0.
Similarly, any us € Res(l)* Nkerd satisfies, if cx := Ly Ux,
(X +[X,H]y -rg —[X, H]g)cx =0,
H(rgces) +(V —[H,V]y -rg +[H,V]g)cx = 0.

Proof Firstly, since {X, H, V'} form a smooth global frame, there is a smooth global dual coframe
{a, B, ¥}. By Lemma 4.2, tyvu = 0. If u = aa + bf + ¢ for some a,b,c € Dgx(M) N Colm(M),
it follows that

ixu=0 = a=0 and (yuu=0 = b+cry =0.

A similar argument applies for any u, € Res}, Nkerd, so there is L1« =: cx € Dgx(M)N Colm(Mm)
such that

(4-13) u=c—ryB) and u.=c«(B—rgy).
Now du = 0 implies
(4-14) 0=du(X,V)=Xwu—yxyu=Xc—c(X,Vly —rv[X.V]n),

where in the second equality we used tyu = 0, and in the third one we applied (4-13). This gives the first
equation for u, and the second one follows similarly:

4-15) O0=du(H,V)=Hwu—Vigu—pyu=Hc+V(ryc)+c(H,V]g-rv —[H,V]y),
where we used (4-13) in the third equality. The case of u4 € Res(l)* follows analogously. a

We emphasise that the preceding result was not known even in the case of geodesic flows in variable
negative curvature. Let us record this fact separately:

Proposition 4.5 Let (M, g) be an Anosov surface, M = SM the unit sphere bundle, and X the geodesic
vector field. Let {X, H, V'} be the orthonormal frame constructed in Section 2.4. Then every u € Res(l)
satisfies, where ¢ == iy u,

(X—=r*)c=0 and Hc+V(r¥c) =0,
where r" is the unique function such that H +r*V € E,,.

Proof Note firstly that d (Res(l)) = 0 in this case, as follows from Theorem 1.1. Next, we observe that in
this frame ry = r*. Indeed, this is well-known and follows for instance from Lemma 7.1 below for A =0
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(ie in this case we may take U¥ = Y% = H + r*V). Then the claim follows directly from Lemma 4.4
and (2-10). ad

Remark 4.6 In Lemma 4.4, the subtlety lies in the divergence type expression V(ryc), which cannot
be expanded since the products V(ry)-c and ry - Ve typically do not make sense. However, as soon as
the regularity of ry is C21 (M) (ie when the weak unstable bundle is C 21 (M)-regular), these products
make sense and we have a classical interpretation of horocyclic invariance.

Remark 4.7 Using similar techniques one can easily prove horocyclic invariance for resonant states
with resonances with real part sufficiently close to zero for arbitrary Anosov flows in dimension three.
We believe this may be useful for studying the exponential speed of mixing of 3-dimensional Anosov
flows as in [Ceki¢ and Guillarmou 2021]. We leave this for discussion elsewhere.

Remark 4.8 Proposition 4.5 extends easily to arbitrary Anosov thermostats F = X 4+ AV as introduced
in Section 7: if u € Res(l) Nkerd and ¢ = tyu, then

(F=r"4+V@QA)c=0 and Hc+Ac+V(r*c)=0.
The form u can be written as u = ¢(—r* B — Aa + V).

4.2 Horocyclic invariance of SRB measures

Next, we show that SRB measures exhibit some horocyclic invariance. Let us fix a smooth volume form €2
on M, and denote A := —(X + r*)a, (Holder regular by Lemma 4.1), and recall that by (4-6),

(4-16) [X,Y¥] = —-AX —r¥Y".
Lemma 4.9 (horocyclic invariance, IIlI) Let W € C*°(M). Let oy be the Holder continuous solution of
4-17) X +r'aw =¥ =-1)W.
Then the following commutation relation holds:
X+ W Y"+awy]=—-AX+W)-r*0" +aw).

As a consequence, if the SRB measure is given by Q;FRB = fQ for some f € D/.(M) satisfying
(X +divg X) f = 0, then we have

(4-18) (X +divg X +r")(Y" + agivg, x) f = 0.
Proof The first result is a straightforward computation:
(X +W.Y" +aw]=—-AX —r"Y" + X(aw) - Y"(W) =0, by (4-17)
= AMX+W)=r*Y" +aw) + AW + raw + X(aw) — Y (W),
where we use (4-16) in the first equality.

For the conclusion about SRB measures, set W :=divg X. Since Y% € C1T¥(M; T M), and aryy is Holder
regular, while f € is a measure, we may apply the commutation above to f to directly obtain (4-18). O
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Remark 4.10 The operator X + divg X + r¥ is invertible (eg on L' (M, Q)), however the space to
which (Y 4 ag4iv, x) f a priori belongs is very irregular. However, it is expected that (4-18) implies
(Y™ + agivg x) f = 0, and we will indeed see this is the case in the next section under a regularity
assumption on the weak unstable bundle.

4.3 Case of one smooth weak bundle

In this section we assume that the weak unstable vector bundle RX & E,, is smooth, or equivalently, that
the vector field Y* is smooth. Indeed, this is clear by the construction of Y* at the top of Section 4; the
fact that Y'* is somewhat noncanonical does not play any role and what we care about is its regularity and
the fact that it is pointwise linearly independent of X. It follows that ryy € C°°(M) and by inspection of
the proof of Lemma 4.1, we have r* € C°(M). Then the proof of Lemma 4.2 simplifies, and we get
horocyclic invariance for resonant 1-forms u that are not closed, ie we have:

Lemma 4.11 Assume Y* € C°(M; T M). Then:

(1) Letue Res! such that iyu = D € C. Then tyvu = Day,.

(2) Letu € Res(l). Then there is a constant D € C such that for ¢ := tyu,
“-19) X +[X.V]g-rv —[X,V]y)e =0,
Y"+[H. Vlg-ry +V(ry)—[H. V]y)e = —3D Qgp(X, H. V).

Denote by S the set of distributional solutions of (4-19) for D € C. Then the map P : Res(l) -8,
U > Ly u, is an isomorphism.

Proof For the first claim, it can be checked that in fact the proof of the second part of Lemma 4.2 carries
over in this setting, that is, the summary of Remark 4.3 applies. However, let us give a slightly different
and more direct argument.

The idea is to express the contractions in two ways: via meromorphic extension of the resolvent (see
Section 2.1) and via the resolvent integral. Let us for simplicity first consider the case D = 0. Via the
resolvent integral, we consider for large Re(s) and y € C*°(M; Q(l)) the expression, for some x € M,

(4-20) Ly +5) y(x) = /O ¢Sty ()Y (x)) di
- [0 Y (i) (dp—r (x) Y (x)) dt

o0
< Clylleoll Ul o / R Hrmn—8) g1 < oo,
0

where ¢ > 0, C = C(¢) > 0, we recall by (4-6) that Y* = a,, X + U¥, and by the Anosov property, there
exists C' = C’(g) > 0 such that

ldo—: (Y)v|| < C'e=Cmn=8 |1y forall y € M and all v € Ey,(y).
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Therefore
s> yu(Ly +5) "ty € CO(M)

is a holomorphic map in the region Re(s) > —vpin.

On the other hand, by Section 2.1 we know that R (s) = (Lx +s)~': C®(M; Q1) — D'(M; Q1) admits
a meromorphic extension to s € C. Since Y* is smooth, it follows that s — tyu (Lx +s)" 1y € D'(M)
is meromorphic. Since the two extensions agree for Re(s) > 1, it follows that they are identical and
holomorphic for Re(s) > —vpin. If u € Res(l), we have u = HT)/ for some y € C*°(M; Q(l)), and
since H]L =(1/@ni)) ¢,(Lx +5)~ ! ds, we conclude that tyvu = (1/(27i)) Gy tyu (Lx +5) lyds =0,
which concludes the proof of the first part.

For the case D # 0, it suffices to observe that upon replacing ty« with (y« in (4-20) and taking
y € C®(M;Q1), we similarly get that s > tyu (Ly +5)~ 1y € C°(M) is holomorphic for Re(s) > —Vmin.
Next, expressing

wu Ly +9)7 1y = wyu(Ly +5) 7'y —au(X +5) " Lixy,

we conclude, using also Proposition 2.3 for the second term, that s > tyu (Lx +s)~ !y is meromorphic
(as a composition) for Re(s) > —e for some & > 0 small enough. Then the conclusion follows similarly to
before, since u = HTV for some y € C®(M; Q).

To derive (4-19), note firstly that by Proposition 3.1 we may write du = —%DLX Q g-RB for some D € C.
The first equation of (4-19) follows from tx du = 0, item (1), and the computation carried out in (4-14).
The other equation is a consequence of the computation in (4-15); note that the divergence term V(ryc)
can now be expanded and the leading term becomes Y ¥c.

Finally, P is clearly injective by item (1), ie tyu = 0 implies ¥ = 0. In the other direction, if ¢ solves
(4-19) we deduce that WF(c) C E;;, where we also use that WF(Q;FRB) C E;;. Moreover, we have

P (c W —ry ﬁ)) = ¢ and it is straightforward to check that c (¢ —ry ) € Res(l) by using the computations
(4-14) and (4-15). O

Remark 4.12 The method of Lemma 4.11, item (1), applies in general to u € Res(l, under the assumption
that the resolvent is a meromorphic map (Lx +s)~!1: C®(M; Q) — C;17(M; Q1) for s close to zero.
In that case one may define the composition ty, (Cx +s)~! and the proof carries over.

Lemma 4.13 If Qfy, = /Q for some f € D/..(M), then
(V" + agivg, x) f = 0.

Proof Observe firstly by Lemma 4.1 that A = —(X +r%)ay, satisfies WF(1) C E;. Using that 7* and Y'*
are smooth, it follows that the solution agiv, x of (4-17) with W = divg X satisfies WF(agiv,, x) C E,).
Therefore (Y* + agivg, x) f has wavefront set in E;, so it is a resonant state (at zero) of the operator
X +divg X +r¥* by Lemma 4.9. However, s — (X +divg X +r% +5)"1: LY(M, Q) — LY (M, Q) is
holomorphic for Re(s) > —vpin and so this resonant state is equal to the zero function. |
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S Perturbation theory

Let Xy be a fixed smooth Anosov vector field generating a transitive Anosov flow. In this section we
study the local manifold structure of flows with vanishing winding cycles using the implicit function
theorem.

5.1 Anisotropic Sobolev spaces

We will use the perturbation theory developed by Bonthonneau [2020], for which we need to introduce
anisotropic Sobolev spaces. Recall that these are given, for any k € Ny, by

HrG, i (M; Qk):=e " OPG g (M; Q) for r>0and s eR.

Here Op is a quantisation procedure on M, G(x, §) = m(x, £)log(1 + |£]) is a logarithmically growing
symbol on T* M, and m(x, §) satisfies certain conditions with respect to any vector field X close to X
in C1(M; T M) norm; these conditions are explicitly stated in [Bonthonneau 2020, equation (4)]. We
note that the main theorem of [loc. cit.] features only H,g,o(M; Qk ); however, it is observed at the end
of [loc. cit., Section 2] that the methods carry over to H,g,;(M:; Qk ) (with a different threshold).

When ¢ = 0 we will use the notation H,g (M; Qk ) i=HrG,0(M; Qk ), and when clear from context, we
will simply write H,g,; for H,g,;(M; Qk) and H,¢g for H,g(M; Qk). Denote the domain of X (note
that the domain does depend on X) by
DG /(M Q%) = {u € Hrg, (M: Q%) | Ly u € Hypg, (M: QF)}.
For N > 1 and n > 0 write
Uny =X e CNMTM) || X = Xollew <113,
RN,y :=1(X,s) €lUn,y xC | s is aresonance of Ly on Qk, Re(s) > —1}.

Here n will always be chosen small enough so that the flows in Uy ; are Anosov; this may be done by
[Fisher and Hasselblatt 2019, Corollary 5.1.11].

We summarise the contents of [Bonthonneau 2020, Theorem 1 and Corollary 2] in the following lemma
(see also the end of [Bonthonneau 2020, Section 2]):

Lemma 5.1 There exist Ng > 0, n > 0 and Cy € R such that the following holds. For any N > Ny, for
all X eUp,y, and allt € R such thatr > Co + [t],

Lx +s: DS(GJ(M; Qk) — MGt (M; Qk) for Re(s) > —1

is a Fredholm operator, and its inverse, when s is not a resonance, is given by (Lx +s)_1. Moreover,
the set Rn,, C Un,y x C is closed and the resolvent (Lx +5)~1 is bounded locally uniformly away
from Ry y.

We remark that Bonthonneau works in infinite regularity, but the microlocal methods from this reference
only require the control of a finite number of derivatives and thus carry over.
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5.2 Derivative of the winding cycle

Now specialise to dim M = 3 and fix a smooth probability volume form €2 on M. Set, for some large N
to be specified later,

(5-1) WE = {X e CNM; TM) | [0F(X)]g2my =0} NUn,y and Wi=WEnW™,

where o™ (X) denotes the winding cycles of X. Our goal is to show eventually in Section 5.3 that W*
are locally transversal Banach manifolds near certain flows. Of course, for this we will assume that
Xo € W, however there is no need to do so in this subsection since we will only study the dependence
of w*(X) on X.

Recall that w®(X) = 1y H;“XQ, where for any k, HZ’X is the spectral projector at zero of Ly on
k-forms. Here, we use that H;’XQ =: Q;R’g is the SRB measure of X; it is a probability measure since
we assumed that €2 is a probability measure. For the remainder of this section, in order to simplify the
notation we drop the superscript H in the holomorphic part at zero of the resolvent R,':’H’X of Lx acting
on Q¥ and write R:’X instead. When clear from context we will also drop the vector field X from the
notation.

Let us first study the X dependence in H;"’X.

Lemma 5.2 There exist No > 0, n > 0 and Cy € R, such that for some r > Co+ 3 and N > Ny, the map
X~ H;"’X ‘Hrg(M; Q3) — HrG,—3(M; Q3) for X € Un,y
is C-regular. Moreover, for Ny large enough, the map
X = ixI5% 1, 6(M; Q%) — Hrg_3(M: Q%) for X €Uy,
is C!-regular. Finally, for any (X,Y) € Uy X CN(M;TM) and N > N,

D[a)+(X)](Y) = H;’Xtyﬂ;{g + dR;r’thtny;rﬁg.
Here, we remark that D[a)+(X )](Y ) denotes the derivative of @™ at X in the direction of Y.

Proof Let y be a small smooth contour around zero, such that Ly, acting on Q3 has no nonzero
resonances on a neighbourhood of the closed domain that y bounds. We recall here that since X is
transitive, the rank of the spectral projector H;L’XO isequal to 1. By Lemma 5.1, there is a neighbourhood V
of y such that for some small enough 7 > 0, for any X € Uy 5, Lx has no resonances in V and (Lx +s5)7 1
is uniformly bounded as a map on H,g. Therefore we may define

~ 1
(5-2) H;“X = 9§(£X +5)"'ds for X e UN,p.

2wi J,

By [Ceki¢ and Paternain 2020, Lemma 6.1], the rank of I:I;FX is constant for X € Uy ; for small enough
n > 0; therefore ﬁ;x = H;’X.
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Note that by the resolvent identity, for any X,Y € Uy, and s € V,

(5-3) (Lx +9) 7' = (Ly +5)7" = (Lx +5) 7 (Ly — Lx)(Ly +9) 7.

By Lemma 5.1, (Ly +s)~! is uniformly bounded for s € V as a map on H, and (Lx +s)~! is uniformly
bounded as map on H,G,—1, if r > Co + 1. We would like to estimate Ly — Ly = Lx_y as a map
Hr¢ — Hri,—1. Equivalently, we would like to estimate the norm of the operator

P=(1+Ag) 2e"%C) £y 1 e OB [2001: QF) - L2(M; Q5).
By the composition formula for pseudodifferential operators and the Calderén—Vaillancourt theorem (see
[Zworski 2012, Theorems 4.14 and 4.23] for these statements in the Euclidean setting), it follows that
the norm || P ||;2_, 72 depends on a finite number of derivatives of the symbols of the operators in the
composition. Therefore if we take N large enough,
1£x = Ly 11,6 >mr6. 1 = I Plr2sp2 < CIIX =Yllen
for some C > 0 (depending also on r). This estimate and (5-3) finally show that the map
X (Lx+s) Vi H g — HrG,—1 for X elUn,,
is Lipschitz continuous for s € V. Therefore, taking the limits we get
D[(Lx +5)7'1(Y) = —(Lx +5) 7" Ly (Lx +5)7" for (X.Y) €Unyx CN(M;TM)

as maps H,g — Hrg,—2. In fact, by the above discussion (for instance we need to use the bound
I1Lx -y 1,61, 1r6.—» < ClIX =Y |cn~ for some C > 0), the right-hand side is only continuous as a
map H,c — H,G,—3, since for each of the operators we lose one derivative. We conclude that

X (Ly —I-S)_l ‘Hrg = Hrg,—3 for X elUyyandseV
is C-regular. Here and throughout we ask that r > Cy + 3.

Since H;L’X = (1/(2xi)) gﬁy (Lx +s)~ds, the first claim follows. The second claim follows by the C'!
properties of the multiplication CN (M) x HrG,—3(M) = HrG,—3(M) for large enough N.

Next, we compute the first derivative of the SRB measure:
1
X - -
G4 DI =5 Pkt Ly ek 4970
Y

= (R ¥ oy nf* + ¥ £y REF)Q = —drS Xy &Y,
where in the second equality we used the residue theorem and the expansion (2-2), and in the last equality
we used Ly = duy + tyd, as well as H;“Xd =0, dR;r’X =0, dH;r’X =0, and dR;’X = R;F’Xd.

The final formula now easily follows:

+,X _ +,X +,X +.X _ +.X +,X +,X +,X
D[ixQggp J(Y) = 1y Qg —ixdR;y ™ iy Qe = T3 " ty Qg +dR txty Qg

where in the second equality we used Ly = 1xd + dux, Lx R; X —1d —H; X (which follows from
(2-2)) and 1y R; X — R;L’XLX. This completes the proof. O
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Remark 5.3 In the dynamical systems literature, the regularity of the SRB measure with respect to
perturbations has been intensively studied, and statements similar to Lemma 5.2 but in a different functional
setting have been obtained; see [Ruelle 2008, Theorem A], [Butterley and Liverani 2007, Theorem 2]
and [Goué&zel and Liverani 2006, Theorem 2.7]. The point of this lemma is to provide an alternative
microlocal proof of the regularity statement, and to compute the first variation of the winding cycle in
this setting. We also remark that in the dynamical systems literature the formula (5-4) for the derivative
of the SRB measure is sometimes known as the linear response formula.

5.3 Banach manifolds W*

We are now in shape to study the local Banach manifold structure of the spaces W*. Assume that Xo
preserves a smooth probability volume 2, so that 2 ;rRB = Qgrp = 2, and assume that [01] = [0~] = 0.

We first prove an auxiliary result:

Lemma 54 ForY € C®(M; T M), define Z£(Y) := H%tyQ. Then the following map is surjective,
unless X is a contact flow:

Z:C®(M;TM) = Res>® xRes2®, Y > (ZH(Y), Z7(Y)).

If X is contact, then ran(Z) is of codimension 1, and the projection of ran(Z) to H?(M) x H?(M)
is surjective. In either case, Z7 and Z~ are surjective onto Res>**® and Resi’oo, respectively, which
further project surjectively to H?(M).

Proof Assume for the sake of contradiction that the map Z is not surjective. Then, by Proposition 2.2,
there is nonzero (ux,u) € Resi’oo x Res!"® such that

/u*/\l'[;tyﬁ—i—/ unIl;iyQ =0 forall Y € C®(M;TM).
M M

It follows by (2-7) that
(5-5) / ly(u+us) Q=0 forall Y € C®(WM;TM),
M

which translates into u + u, = 0. By the wavefront set condition, it follows that u € C®°(M; Q). By
using the contraction/expansion properties, we get that u|g, g, = 0, and since tx,u € Res®, we have
tx,u is a constant. By [Hurder and Katok 1990, Theorem 2.3] it follows that the flow is either a suspension
of an Anosov diffeomorphism on a torus contradicting [w™*] = 0, or u is a contact form. This completes
the proof of the first claim.

For the second claim, assume that X is contact with contact form o € C°°(M; Ql), satisfying 1y, = 1
and Ly, o = 0; then we may assume (up to rescaling) that 2 = o A da. Since tx,, Res>® C Res(l, (here
we use that Ly, is semisimple on Q(l) as shown by [Dyatlov and Zworski 2017, Proposition 3.1(3)]), and
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every u € Res>*™® decomposes invariantly as u = o A txou + (U — o Atyyu), we conclude that
(5-6) Res>® =a A Res(l) <) Resﬁ =aA Res(l) ®Cda,

where the semisimplicity of Lx, on Q% was proved in Proposition 3.1; hence in particular Res? = Res?*®
and similarly Res? = Res3'™. Since (I1F)7 = I by (2-7) and [T{ & = a, we have

/aAHjtsz/ Ot/\LyQ=/ anIlZ iy,
M M M

/Moz/\(u—u*)=0§.

We claim that the equality holds. We have Z(Xo) = (do, do) and so using (5-6) it suffices to show that

and so we get that

ran(Z) C { (u, 1) € Res® @ Res2

C®(M;TM) — Resg xResp,, Y > (x, 2T (Y),1x, 27(Y)) = —(IT{ ty de, T 1y dav),

is surjective. Here in the equality we used that Q = o A do and LXOZi(Y) = HliLXOLyQ = —Hlitydoz.
Again, if not, by Lemma 2.1 there exist ux € Res(l)* and u € Res(l) (at least one of which is nonzero) such
that for all Y,

0:/ oz/\(u*/\HfLyda—i-u/\Hl_Lyda):/ a/\(u*—i-u)/\tyda:/ ty (U +uy) Q,
M M M

where we used (2-6) in the second equality, and (¥ + u«) A do = 0 in the third equality. This implies
U+ux,=0,s0ueC>®M,; Q(l)), which by the same argument as above translates to ¥ = 0 (and so also
us = 0). This contradicts the assumption and proves the claim about Z.

That the projection onto H?(M) x H?(M) is surjective now follows from the observation that for a
smooth closed 2-form 7
M3 n = (d—RJ Lx,)1 = 1—dR{ ix,1.

SO H;r restricts to an injection on H2(M) to Res®>*®, and similarly for IT;. Since do is exact, we
conclude that ran(Z) contains o A Res(l) Xa A Res(l,*, which projects onto H?(M) x H?(M), completing
the proof.

The final claim about the surjectivity of Z% follows easily from the method in the first paragraph, and the
fact that Res2:® and Res>"> surject onto H2(M). |

Next, we apply the preceding lemma to show the Banach manifold structure:

Lemma 5.5 Assume X preserves a smooth volume and that the winding cycles are zero, ie [0t (Xo)] =
[0~ (Xo)] = 0. Then W* are C' Banach submanifolds near Xo of codimension by (M). The intersection
W™ NW™ is transversal, that is, it is a C! Banach submanifold of codimension 2by(M).
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Proof Let us first show the claims about W*. Let (ei)?lz(lM ) be a basis of H! (M;R), and for X €eUpy,
define the maps

(-7 FEX) = ([ el ALXHf’XQ,...,/ ebl(M)/\LXH;t’XQ) e RIM,
M M

In suitable topologies given by Lemma 5.2, the maps F* are C !, and we may compute their derivative
along a C N-regular vector field Y as

(5-8) DXo]-"i(Y) = (/Mel /\Hg_tyﬂ,...,/M ebl(M)/\H;Lyﬂ).

We claim that Dy, F *+ are surjective. For that, it suffices to observe by Lemma 5.4 that Res?** projects
surjectively onto H2(M) and Y > H;r 1y Q is surjective onto Res?*®. Therefore, Poincaré duality
implies the initial claim. An application of the implicit function theorem [Lang 1999, Theorem 5.9]
shows that W¥ are locally C'! Banach manifolds of codimension b; (M), as required.

Next, consider the map F(X) := (FT(X), F (X)) € R261(M) - A in the paragraph above, we may
compute the derivative of F at X, and conclude by Lemma 5.4 that Dy, F is surjective onto R261(M)
both contact and noncontact cases. The surjectivity is then deduced by Poincaré duality, and the claim
follows by applying the implicit function theorem. |

Remark 5.6 It is expected that Lemma 5.5 is valid in the C °°-regularity setting. For that, we would need
to show that the assumptions of the Nash—-Moser implicit function theorem are satisfied (see [Hamilton
1982, Chapter 4]), that is, that the involved mappings, and the right inverse for the derivative map, are
tame in a neighbourhood of Xy. Since this would produce further technical difficulties, we refrained
from this exploration.

Remark 5.7 Throughout this section we assumed that X preserves a smooth volume €2. The reason is
that otherwise, we would not be able to show the surjectivity of the derivative: for instance following the
proof of Lemma 5.4 to show the surjectivity of Z+, we would reach the point where 4 A Lx, $2 ;RB =0
for some u4 € Resy'™. The problem is to show that usx = 0, which is very similar to the issue of
semisimplicity raised in Section 7 and Lemma 8.16.

5.4 Resonant 1-forms for nearly hyperbolic metrics

Resonant 1-forms for hyperbolic metrics are special in the sense that for them it is possible to show that
they are in one-to-one correspondence with holomorphic/antiholomorphic 1-forms on the surface by
means of a pushforward map to Fourier modes of degree +1 given by

ur (tyu)1 + (tlyu)—; for u € Res(l).

(See for example Lemma 8.7 for the case A = 0.) It is natural to ask if there is a similar correspondence
for an arbitrary negatively curved metric. In this subsection we show that this is not the case. More
precisely, the main result of this section is Proposition 5.8, where we construct conformal perturbations
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for which this correspondence is invalid. As a byproduct we derive Proposition 5.9 to construct specific
Gaussian thermostats that have both winding cycles nonzero.

We begin by deriving a relation between resonant 1-forms and Fourier modes. Let (M, g) be a negatively
curved surface and let X be the geodesic vector field on the unit sphere bundle M = SM. Let {X, H,V}
be the global frame introduced in Section 2.4. For § € H'(M), a real-valued 1-form, we set

(5-9) u:=T17*0 =n*0 +dp eRes), ¢:=—Riixn*0, c:=VpeC'"(M),

where the regularity claim follows from Lemma 4.2. It follows from Proposition 4.5 that u = c(—r* B+ 1),
where r* solves a Riccati equation and Y* = H + r*V, and

(X —r*)e=0, Hc+V('c)=0.

Reducing to Fourier modes, this translates to, for each k € Z (see Lemma 8.4 for the case of the hyperbolic
metric)

(5-10) 2n—cpy1—(k+ D" c)r =0 and 2n4cp—1+ (k—1)(r%c)r =0.

Note that the Fourier modes ¢ and (r%c); are smooth thanks to the wavefront set condition and the
fact that V ¢ RX @ E,. Indeed, by (4-5) we have that r* € D« (M) N C{T%(M), and from (5-9) it
follows that ¢ € D) * (M) N C71=(M). Therefore, the product r*c is well-defined, and by the usual
wavefront set analysis moreover we may obtain that WE(r*c) C E;;; see for example [Hormander 2003,
Theorem 8.2.10]. Let us first assume that k = 0. On smooth functions f', the zeroth Fourier mode is (up
to constant) equal to fo(x) = /. S M f(x,v) dv, where dv denotes the volume form on Sy M, ie fy is
the pushforward of f. The wavefront set calculus, see [Melrose 2003, Proposition 4.19], then shows that
indeed co and (r¥c)g are smooth, proving the claim. The case of nonzero k is similar.

Restricting the first and second equations in (5-10) to k = —1 and k = 1, respectively, we get n—_co =0
and n4co = 0, which implies that cq is constant. Since ¢ = V¢, integrating by parts implies that co = 0.
If g is the hyperbolic metric we have r¥ = 1 and so n—c; = 0. However, we will see in this section that
n—ci1 # 0 in general, by perturbation theory.

Proposition 5.8 Let go be a hyperbolic metric on M and fix a closed nonexact (real) 1-form 6 on M.
For an open and dense set of h € C°° (M), there exists an ¢ > 0 such that for 0 < |s| < ¢ and for the

—2sh

metric g 1= e go, the Fourier mode c1 of ¢ defined by (5-9) is not holomorphic, ie n—cq1 # 0.

Proof By (5-10) we have n_cy = %(r“c)o = %(Xc)o, so it suffices to consider the latter quantity.
Denote by S M; the unit sphere bundle of g, by £5: SMy — SM; given by £s(x,v) = (x, eShv) the
natural rescaling map, and by X; and V the geodesic and vertical vector fields on S My, respectively;
also denote by r¥(s) the solution to the Riccati equation of gs. Then by the third line of Lemma B.1
(and (2-13)),

(5-11) Zs =X = SONX —sVXnZh- V), LVi=V.
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If 7 (s) is the footpoint projection SMg; — M, denote ¢(s) := —R(J)F’XS tx,(s)*6 so that ¢(0) = ¢ and
if we set c(s) := Vsp(s), then

(5-12) d(s) :=Lfc(s) = —VRI %17, 7%

A

In suitable topologies determined by Lemma 5.2, we compute the derivative at zero of (5-12) (in various
expressions, the dot denotes taking the derivative at zero):

(5-13) d =V(R§ZT§ + T ZR )ixn*0 — VRS 1,7*0 = —VRS (nih - 1x*6),

where in the first equality we used the formula for the derivative of the resolvent derived in the proof of
Lemma 5.2 and in the second one we used VH(‘)" =0, ngnxn*e =0, as well as (5-11) and tpyw*8 = 0.
Therefore from (5-12)

(Zsd(s))o = ((wgh-X —VXulh-V)c)o— (XVR{ (mgh-ix7*0))o
=—(Xngh-c)o+ (HR{ (mih-1x0))o = (A + B)h,

where in the first equality we used (5-13), in the second equality we used that co =0, V2 X nyh=—Xngh
and (2-10); and in the last equality we used X = 14 + n— and introduced the operators

A(*):= —2Re(c_inimg(*).  B(e):= (HRE (w5 (+)-1x0))o.

acting on C°°(M). The operator B is actually pseudodifferential of order zero, as follows from [Ceki¢
and Lefeuvre 2025, Proposition 4.1]; note that there we deal with R(')|r + R, instead of R+, but the same
proof applies. The other operator A is a differential operator of degree 1. Since it has no degree-zero
terms, it is clearly nonzero since c—; is nonzero (in fact it is zero only at a finite number of points since
c_1 is antiholomorphic). Therefore A + B € W1 (M) is a nonzero pseudodifferential operator of order 1
and hence it is nonzero on an open and dense set of C*°(M).

We conclude that the first derivative of (Zsd(s))¢ at s = 0 is nonzero for an open and dense set of
h € C°(M). Since (where we identify the notation for the Fourier modes on S M and S M)

L (s)e ()0 = 345 (Xsc($))o = 5(Zsd(s))o,

it follows that for an open and dense set of 4 € C°°(M), there exists an & > 0 small enough such that for
0<|s| <e, (r“(s)c(s))o £ 0, ie (c(s))1 is not holomorphic, which completes the proof. |

We conclude this section with an application to the winding cycles of thermostats:

Proposition 5.9 Let (M, go) be a hyperbolic surface. For an open and dense set of h € C°° (M), there
exist f € C®°(M) and &, 8 > 0 such that for any metric g = e 25" g withe/2 < |s| < &, any vector field
Fi:=Xg +tXgny f-Vg with0 < |t| < § generates an Anosov flow which has both nonzero winding
cycles.
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Proof We adopt the notation of Proposition 5.8, which shows that for any fixed nonexact closed (real)
1-form 6, there is an open and dense set of 2 € C°°(M), and ¢ = e(h) > 0, such that (r"(s)c(s))o #0
for 0 < |s| < &. Write Q; for the canonical volume form on S M.

By Lemma 5.2, the first variation at ¢ = 0 of the winding cycle [w™ (F})] in the direction of 6 is

/ %0 A H;’X‘“(Xsna‘f-LVSQS) = / (0 +do(s)) A Xsmg [ o1y, Qs
SM; SM;

- / () Xsm f - Ry = — / (Xse(s))o -7 - Q5.
SM; SM;

By the proof of Proposition 5.8, (Xsc(s))o # 0, so there exists an f € C°° (M) such that the last integral
is nonzero, which shows [0~ (F;)] # 0 for e/2 <s < e and 0 < |¢| < §. A similar argument applies to
[T (F;)], or alternatively, this follows from the reversibility of the flow, completing the proof. |

6 Anosov flows with one smooth weak foliation

In this section we look at a particular subclass of Anosov of flows on closed 3-manifolds, namely those
that have one weak foliation of class C°°. To be definite, let us assume that this is the stable weak
foliation. In this context it is known that the flow is topologically orbit equivalent to the suspension of a
toral automorphism on T2 or, up to finite covers, to the geodesic flow of a hyperbolic surface [Ghys 1993,
Theorem 4.7]. We are mostly interested in flows that are not suspensions (since we already know what
happens in that case) and we shall ignore finite covers for the sake of simplicity. Under these assumptions
we may as well assume that M is the unit tangent bundle of a closed oriented hyperbolic surface (M, g).

Let X denote an Anosov vector field with C°° weak stable bundle on SM, and let X denote the
geodesic vector field of a hyperbolic metric g. By [Ghys 1993, Theorem 5.3], there is a diffeomorphism
f:SM — SM that conjugates the weak foliation of X with the weak foliation of X¢. This implies that
there are a, b € C°°(SM) such that

fe(X) =aXo+b(H V)

since {X¢, H — V'} is a basis for the weak stable bundle of X (recall that the global frame { Xy, H, V'}
on SM was introduced in Section 2.4). Without loss of generality we may remove the diffeomorphism f
from the notation and assume that we have an Anosov vector field X on SM of the form

(6-1) X =aXo+b(H-V)

for some a,b € C°°(SM). This implies that the bundle spanned by {X¢, H — V'} is invariant under the
flow of X and thus it must be one of the weak bundles. By switching the signs of a and b if necessary,
we may suppose it is the weak stable bundle. It follows that

(6-2) Elx =E;x,-
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Lemma 6.1 We have Res(l)* (Xp) C Resé*(X) and [w*] =0, where o™ = L)(Q;_RB.

Proof Take uy € Res(l)*(Xo). We know that dus = 0 (for instance, by Lemma 8.5 below for A = 0)
and u(H — V') = 0 by horocyclic invariance, Lemma 4.2. Since u(Xo) = 0 it follows that u(X) =0
and thus uy € Res(l)*(X ) since (6-2) holds. We also know that the map Res(l)* (Xo) = H'(SM) given
by U4 > [u] is an isomorphism. In other words, given any smooth closed 1-form n on SM there is
feD ;(SM) such that  + df € Res, (Xo). Thus n(X) +df(X) =0 and

/ 1(X) Qi = — / df (X) Qi = 0,
SM

showing [w™] = 0, as desired. m|

Next, consider the standard volume form €2 in SM. Since Xo, H and V preserve €2, we have
divo X = Xo(a)+ (H = V)(b).

Let A € C®°(SM;R) be givenby A = A_,, + A, € H_yy & Hyyy, where n_A,, = 0 and m > 1, and
Aom = )_km. By Lemma A.2 we know that this implies that Xo VA = mH A. For a and b we choose
V(M)

a=1+ b=-A.
This gives
(6-3) divpX = VA.
The case m = 1 corresponds to A = 76 (and hence VA = —n{ x 0), where 6 is a real harmonic 1-form;

see the proof of Proposition A.4. For this case we will prove:
Proposition 6.2 Let (M, g) be a closed oriented hyperbolic surface and let 6 be a nonzero harmonic
1-form. For s € R, consider the vector field
Xs=(—snf *0)Xo—sn{0(H—-V).
Then for all s # 0 sufficiently small, the Anosov vector field X has the following properties:

(1) The weak stable bundle is C®°, but the weak unstable bundle is only of class C 1% for some a > 0.

(2) [0T]=0and[w™]#0.

(3) Thereisu € Res(l) (Xs) that is not closed, but Res(l)* (Xs5) = Res(l)* (Xo), and all its elements are
closed.

(4) Semisimplicity for the actions of Lx, and L_x, on Q! hold and fail, respectively. Semisimplicity
for the action of Ly x, on Q' Nkertx, holds.

Proof Note that
—s* % 0(Xs) = VAL +sVA) + 5222 = sV A+ s2[(VA)? + A2,
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where in the second equality we used that 7*0(H ) = 7|6, which is a straightforward computation which
follows from (A-1). Thus

(6-4) —s/ 7 % 0(X) Qarp(s) =s[ VA szgRB(s)+s2[ (VA)? +2A%) Qgpp(s).
SM SM SM
Using (6-3) we see that
)= [ VAQ()
SM

is the entropy production of Qg5 (s). We know that e~ (s) > 0, with equality if and only if sV(4) is a
coboundary for X. Indeed, recall that by [Ruelle 1996, Theorem 1.2], the entropy production vanishes
if and only if the flow of X preserves a smooth measure. On the other hand, the flow of X preserves
a smooth measure if and only if its divergence sV (1) is a coboundary. We claim that sV (1) cannot be
coboundary for s # 0. If it were, the integral of V(A) along every closed orbit of X; would be zero.
Since X is topologically conjugate to Xy and every homology class contains a closed orbit of Xy, this
would imply that [x6] pairs to zero with each homology class, which is absurd since [*8] # 0. This gives
e~ (s) > 0 for s # 0, and going back to (6-4) we deduce that [w™ (Xs)] # 0 for s # 0.

The flow of X has a smooth weak foliation by construction; hence Lemma 6.1 gives [@™*] = 0, and this
shows item (2). To complete the proof of item (1), it suffices to note that if the weak unstable bundle
were also C *°, then Lemma 6.1 applied to — X would give that [w™] = 0, which contradicts [w]™ # 0.

Next, item (3) follows from Theorem 1.1 and item (2).

Finally, by item (3), there is a u € Res(l) (Xs) that is nonclosed, so semisimplicity for the action of
L_x, on Q! fails by Proposition 3.10. For the action of Lx, on QL we notice that by combining
item (2) and Proposition 3.7, we have dim Res! (X;) = b1(M) + 1 = dimRes'(Xy). Therefore by the
upper-semicontinuity of dim Res!*® (see [Ceki¢ and Paternain 2020, Lemma 6.2]), we conclude that the
required semisimplicity holds (note that Ly, is semisimple).

The claim about the action of Lx, on ! Nkerwy, follows from the fact that the action of Lx, on Q1 is

semisimple, and the analogous claim about £_x then follows directly by Lemma 2.1. a

Remark 6.3 Anosov flows with weak bundles as in item (1) of the previous proposition are always
dissipative, ie they do not preserve a smooth volume. Indeed if a smooth volume form is being preserved,
then both weak bundles would be smooth by [Hurder and Katok 1990, Corollary 3.5].

7 Thermostats

In this section we focus our attention on a particular kind of flow.

Let (M, g) be a closed oriented Riemannian surface and let A € C*°(SM; R). We will be interested in
the flow of the vector field F = X + AV. The integral curves of F have the form (y, y), where y : R — M
solves the ODE

7 =207,
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where the acceleration is computed using the Levi-Civita connection of g and J: TM — TM is rotation
by /2 according to the orientation of the surface. We call these vector fields thermostats (sometimes
they are referred to as “A-geodesic flows”). The flow of F models the motion of a particle under the
influence of a force that is orthogonal to the velocity and with magnitude A. For suitable choices of g
and A the vector field F will be a dissipative Anosov flow.

In [Dairbekov and Paternain 2007] it was proved that when F' is Anosov, E, /, are transversal to the
vertical direction and so there are r*/S € C1t¢ (M) (as the weak stable/unstable bundles RF & E,
are C17% see Section 4) functions such that Y*/5 := H +r*/SV e RF & E, /5. In fact, they satisfy
the Riccati equations (see [Dairbekov and Paternain 2007, Lemma 4.3] or [Merry and Paternain 2011,
Proposition 8.19]):

- Frfs 4 (U924 K — HA+ 22— V- r/s =,

We may therefore compute the following commutators:
Lemma 7.1 (commutator stable/unstable) [F,Y"/$| = —AF — p#/syuls,

Proof This is a straightforward computation, which we carry out just for r* (it is the same for r%):
X +AV.H+r*V]=[X,H|+Xr*-V+r*[X,V]—HA-V —A[H,V]+AVr* .V —r*VA.-V
=KV+Xr*-V—r"H—HA-V-AX +AVr* —r*V1)V
= AF+WA2>+K+Fr*—HA—r*VA)V —r*H
=—AF —r*(H +r"V)
= —-\AF —r¥Y¥,
where we used (2-10) in the second equality and (7-1) in the last one. This completes the proof. O
Write Q;RB = fQ for the SRB measures of F, where Q2 is the canonical volume form on SM (see
Section 2.4) and where f € D};; (M) satisfies
(7-2) O0=(F+divg F)f =(F+VA)f=Xf+VAS).

In what follows we will identify Q;RB with f. Note that all the Fourier modes f; of f are smooth thanks
to the wavefront set condition and the fact that V ¢ RF @ E,, /,; see the paragraph after (5-10) where
an argument is given. From (7-2) it follows that (Xf)o = 0 and so n— f1 + n+ f—1 = 0. Let 6 be the
real-valued 1-form defined by the relation

(7-3) 710 = fi+ fo1.
Therefore X _Jti" 6 = 0 and by (2-12) we obtain
dx0 =0,
ie x0 defines a cohomology class in H!(M). Recall that 0 = (p Q5.
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Lemma 7.2 We have [x0] g1 (5 = 0 if and only if [wT] = 0, ie the winding cycle of Q;RB vanishes.

Proof Observe that w™ is exact if and only if (by Poincaré duality) for every smooth closed real-valued
1-form 8 on SM we have

0= ﬁmFQ;RB:/ fB(F) Q.
SM SM

Since the pullback 7*: H'(M) — H'(SM) is an isomorphism (this is well-known, see eg [Merry and
Paternain 2011, Corollary 8.10]), the previous condition is equivalent to

0 =/ fB(X)Q forall BeC®(M;Q')Nkerd.
SM
Since B(X) = x| B, this is equivalent to

0= /S B+ B @ = (1107 Bl = 7 0. B = 7 /M B A%,

By Poincaré duality, we conclude that the last equality is equivalent to [*6]g1(pr) = 0. a

A case of particular interest arises when A is an odd function in the velocity variable as this results in
a reversible vector field F. Let J(x,v) = (x, —v) denote the flip map. It satisfies (see eg [Cekié¢ and
Paternain 2020, Proposition 5.1]) 7*X = —X, 7*V =V and J*A = —A, and therefore 7*F = —F. It
follows that 7* sends E, /s to Eg,, and E; /s 1O Es*/u. Moreover, the following holds.

Lemma 7.3 We have 2 ;RB = J*Qgqrp and the winding cycles satisfy

[0F]=—[o7].

Moreover, J* Res(l)* = Res(l).

Proof Since J*E) =Efand LFp J*=—-J* LF,we get J* Reslg* = Reslg forany k =0, 1,2, 3. Since
J is orientation-preserving, the claim about SRB measures follows from Proposition 3.1. For the other
claim, it follows from J*w~ = —w™ and the fact that J is homotopic to the identity (via rotations). O

In particular, this lemma applies to Gaussian thermostats, that is, when A = 7] p, where p is a smooth
1-form on M. Recall that if the curvature of g is negative and p is closed, the vector field F' is Anosov;
see [Mettler and Paternain 2019, Remark 4.4].

7.1 Coupled vortex equations

Let (M, g) be a compact oriented surface. Recall that an interesting class of thermostats is obtained
when A is generated by a holomorphic differential A of degree m > 2, that is, a section of KX®™, where
K = (TEM)'0 is the holomorphic part of T M, and it satisfies the coupled vortex equations (see
Appendix A for the notation)

(7-4) IA=0, Kg=—1+(m—1)|A.
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It is known that when (7-4) holds, the flow of F for

(7-5) A:=1Im(m, A)
is Anosov; see [Mettler and Paternain 2019, Theorem 5.1]. By (A-5) and (A-4) it holds that
*
A
(7-6) 4|Am|2 = |A|§ and A, = ]Tm' .
2

Moreover, when m > 2, 94 =0is equivalent, by Lemma A.2, to
(7-7) N—Am = N4A-m =0.
We finally note that by [Mettler and Paternain 2019, Lemma 5.2], we have

(7-8) ~1<Kg <0.
7.2 Proof of Theorem 1.6

In this case A = 7 p, where p is harmonic and nonzero. Let us compute the entropy production:

0§e+=—/ diVQ(F)Q;—RBZ—/ V)L-fQ:/ nf(*p)nf@ﬂzn/ *0 A x0,
SM SM SM M

where 6 was defined by (7-3) and we used that Vx{ = —m{x on 1-forms. Note that the first inequality
follows from Section 2.6. If [6]g1(pr) = 0 we have e™ = 0 and by [Dairbekov and Paternain 2007,
Theorem A] we obtain that [xp]g1(pr) = 0, a contradiction. By Lemma 7.2 we conclude that the
winding cycle [w*] # 0. The claim that [w*] = —[w ] is a consequence of Lemma 7.3. The claim that
mi,0 = b1(M) — 1 follows from the classification in Theorem 1.1.

The remaining claims are consequences of the general theory of perturbations and (1-3) as we now outline,
following [Cekié¢ and Paternain 2020, Section 7]. In fact, for 0 # p € H!(M) small enough, we will
show that L, where F, := X +m{'p V, has a splitting nonzero resonance when acting on 1-forms. This
implies that the action of Lp, on Q! Nker: F, 18 semisimple, by [Cekié¢ and Paternain 2020, Lemma 6.2]
and the fact that dim Res! (F,) = b1 (M) (as follows from the previous paragraph and Theorem 1.1).

For p sufficiently small, by Lemma 5.1 there exists an anisotropic Sobolev space ;G ,; :=H,G,: (SM; 2 b,
for t € R, such that by a statement analogous to Lemma 5.2, the map

T:H (M) - Hrg—3. pr> LF, T (p)a,

is C !-regular, where ﬁf(p) is the projector onto resonant 1-forms of F, near zero, defined analogously
to (5-2), and « is the contact form of X. We compute for p € H!(M) that

(7-9) DoT(p) = dsls=0TT (5p) Ly, & = Is|s=0TT{ (sp)s Lypx oy & = TIT (AB),

where in the first equality we used that £, and I:I;r (sp) commute, in the second one we used Ly o =0,
and for the last one we recall that A := 7] p. We claim that Do7 is injective. Indeed, let u := HIL(A B)
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for p # 0. Observe that HfL (VA-a) =0, for instance by noting that tx HT(V)L -a) = 0, and using that the
pairing {( ¢, ¢ )) is nondegenerate by Lemma 2.1 and [Dyatlov and Zworski 2017, Proposition 3.1(3)]. Thus,
as m*(xp) = —VA-a+ AP (since 7 (xp) = —VA and tg*(xp) = 1), we get u = Hi"(n*(*p)) #0
(recall that H;L: HY(M) — Res(l) is an isomorphism). Compute the quantity

(7-10) W= u()LV)Q:/ a AuAAB = (. AB) = ((u, TIT (AB)Y) = (. T*u)),
SM SM

where in the last line we used Hi"u = u and (2-6), and J *Hi" = I[17J*. By [Ceki¢ and Paternain
2020, Lemma 7.2], W > 0 since u # 0, proving the claim about injectivity of Do7. Therefore, by
Taylor expansion 7 is injective close to the zero 1-form (using that the unit ball in 7! (M) is compact).
Thus for p # 0 small, we have that 7(p) # 0, and also, using that dim Res! (F, ») = b1 (M) (see previous
paragraphs) and [Cekié and Paternain 2020, Lemma 6.2] (the rank of ﬁf is locally constant), either 7 (p)
is a splitting resonant state corresponding to a nonzero resonance, in which case Lr, 7 (p) # 0, or we
lose semisimplicity at zero for the action of L, on 2 1. in which case £ F, T(p) =0 (ie there is a Jordan
block of size 2). In what follows, we show that there is a splitting resonance.

Next, we compute the derivatives of L, T (p), which is C 4_regular as a map H! (M) — H,G,— for p
small enough and for some ¢ large enough (similarly to the case above). In fact, we have

DolLF, TI(p) = 8sls=0 LF,, T(sp) = Laypy T(0) + Ly I (xfp-B) =0,
——
=0

where in second equality we used (7-9) and 7°(0) = 0, and in the third one that £y IT] = 0. The second
and third derivatives are computed as in [Ceki¢ and Paternain 2020, Section 7.2]. Indeed, we have

D§ LF, T(p) = 83 |s=0 LF,, T(sp) = 20s|s=0 LF,, T} (sp)({p-B) = 2zu =0

=Ug

at s = 0, where u, satisfies LF,, us = zsus for some z; € R and similarly to [Ceki¢ and Paternain
2020, equation (7.9)], the map s > z; is C2-regular. Therefore the last equality follows from the first
linearisation in [Ceki¢ and Paternain 2020, Section 7.2], which shows z = 0. For the third derivative, we
similarly have

D3 LE, T(p) = 81s=0 Ly, TIT (sp)(s77 p- ) = 303 |s=0(z5145) = 3%,

where in the last line we used that z = Z = 0 at s = 0. By the same argument as in the second linearisation
of [Ceki¢ and Paternain 2020, Section 7.2], and using that W > 0 by (7-10), we conclude that 7 < 0, and
since u # 0 by the discussion above this proves that the third derivative is nonzero when p # 0.

By means of a Taylor expansion, it follows that the map H!(M) — H,G,—z, p = L F, T (p), satisfies the
property that L, T (p) # 0 for p # 0 small enough, and so a resonance splits (in fact, as the proof shows,
necessarily to the right half-plane), proving the semisimplicity claim and completing the proof. O
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8 Quadratic holomorphic differentials

In this section we consider the coupled vortex equations (7-4) for m = 2 and we prove Theorem 1.5.
These thermostats are quasi-Fuchsian flows as defined by Ghys [1992]. Paternain [2007] conjectured that
all quasi-Fuchsian flows arise this way. In this case, the weak stable/unstable bundles are smooth and
moreover, by [Mettler and Paternain 2019, Section 6.1],

(8-1) =143V and r'=-1+1V1.

(The case m = 3 corresponds to Hilbert geodesic flows and the cases m > 4 are largely unstudied; see
[Mettler and Paternain 2019]. The case m = 2 is the only one for which it is possible to write down
explicitly the solutions r*/$ to the Riccati equation.)

Recall that A = A_, 4+ A, is a holomorphic differential of degree two, that is, n_A, = nA_» = 0;
A> = A_, since A is real-valued. Also, recall that Y*/S = H + /sy (see Section 7), and that we write
Qg = fQ for some f € D, (M) and @ = a Ay A B.

Let us first restate the horocyclic invariance result of Lemma 4.11 in this setting.

Lemma 8.1 (horocyclic invariance for holomorphic differentials) Letu € Res(l). Then there is a constant
¢ € C such that du = %chFQ and h := tysu satisfies

(8-2) (F+r¥)h=0, (Y"¥—-1h=cf.

Denote by S the set of distributional solutions of (8-2) for ¢ € C. Then the map Res(l) — § given by

U > Ly su IS an isomorphism.

Proof By Lemma4.11 we have that ty«u = 0. Next, similarly to Lemma 4.4, the first equation is derived

from
0=du(F,Y*) = Fh_L[F,YS]u = (F +r°)h,

where in the second equality we used ¢ pu = 0, and in the third one we used Lemma 7.1. For the second

equation, we have
(8-3) ng(F, Y¥.YS) = du(Y*.Y*) = Y*h —tyu ysqu.
where in the last equality we used ty»u = 0. Then we have the following computation:
(8-4) Y. Y*1=[H +r"V.H +r°V]
=Hr’-V+r’[HV]—Hr* -V —r¥[H V] +r*Vr’ -V —r’vt.v
=HF —r)y-V+@*—r"Y)y- X+ "V’ =r’viyv
=-2X+ 1+VA i l—i-V)L i Vv
B 2 ) 2 2 ) 2
=—2X —4AV = 2F —A(Y* —-Y?¥),

Geometry & Topology, Volume 29 (2025)



3684 Mihajlo Ceki¢ and Gabriel P Paternain

where we used (2-10) in the second line, that 7* — ¥ = —2 and (8-1) in the third line, and VZ) = —42
and Y* — Y% =2V in the final line. Also, we compute

QF Y . Y )=aAUABX+AV.H+r*V.H+r’V)=—r"4+r* =2,
which combined with (8-4) and (8-3) shows (8-2) and concludes the proof of the first claim.

For the final claim, the proof is straightforward and analogous to the proof of the final part of Lemma 4.11
and we omit it. O

8.1 Recurrence relations

We will use the ladder operators 7 to derive from Lemma 8.1 the recurrence relations for the solutions 4
of the system in (8-2).
Lemma 8.2 The PDE system (8-2) is satisfied if and only if, for every k € 7,

2n—hp41—(k+ Dhg +2A 2hp40i(k+ 1) =icf,

(8-5)
2hi—y + (k= Dhg + 2hg—ni(k — 1) = —icfy.

Proof To derive these equations, we first rewrite the system (8-2) more explicitly:
Xh+AVh+ (=14 3V0)h=0, Hh+(1+3VA)Vh—rh=cf.
Multiplying the second equation by i, and adding and subtracting from the first one, we get
2-h+A+i+3iVAVh+ (-1+3VA—id)h =icf.
2p4h+ (A—i—3iVA)Vh+ (=1 + 3VA+id)h =—icf.
Now writing VA/2 =iAy —iA_p and A = A_, + A, we rewrite these equations as
2n-h+({ +2A2)Vh+ (—1-2il)h =icf,
2n4h+ (=i +2A)Vh+ (=1 4+ 2idy)h = —icf.
Now rewriting these equalities with terms of fixed degree grouped, we get
2n_h+iVh—h+2A_,(Vh—ih)=icf,
2n4h—iVh—h+ 20, (Vh+ih) = —icf.
The equations in (8-5) readily follow by identifying the degree-k components. a

We start with the cases k = £1 in (8-5).

Lemma 8.3 Restricting to k = %1 in (8-5), we get
(8-6) 27}_h0 = icf_l, 277+h0 = —inl.

This system of equations has a solution hg if and only if ¢ = 0 or the winding cycle [t Q;_RB]Hz(M)
vanishes. These solutions, if they exist, are unique up to adding a constant.
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Proof Note that by conjugating the first equation in (8-6), and adding and subtracting from the second
one, we get equations for Re(/¢) and Im(/g), and c is replaced with Re(c) and Im(c), respectively (note
that f is real-valued, so f; = f_1). This argument allows us to assume that /¢ and ¢ are real-valued to
begin with.

Since n— is elliptic acting on Ho = C*°(M) and mapping to H_; = C*®°(M, K1) (by Lemma A.2), by
Fredholm theory and since (n4)* = —n_, if ¢ # 0 the first equation has a solution if and only if

(8-7) / J-1812 =0 forall g1 ekern_|q,.
M

Introducing g1 := g for some g; € kern_|q,, we may write 7{y = g1 + g—1 for some real-valued
1-form y on the base. Therefore, using (2-12) y is coclosed, that is, d x y = 0, and similarly dy = 0
by using Vr{ = —n{ . (In fact, the condition n—g1 = 0 is equivalent to the fact that y is a real-valued
harmonic 1-form on the base.)

Recall that 770 = f1 + f_1 (where 6 was defined in (7-3)), so the condition (8-7) is equivalent to

| it foesene= [ (At fe-g0@=0 foral g ckern-la,
M M
which in turn is simply equivalent, using g1 —g—1 = —iV(g1 + g-1) =in](xy), to
/ w10 -nyQ =[ 7f0-nf(xy)Q =0 forall y e H' (M),
M M

where 71 (M) denotes the set of harmonic 1-forms. Since xy € H!(M) if and only if y € 1 (M), the
second condition is redundant, and it is equivalent to having

/ *0Ay=0 forall yeH (M).
M
By Hodge decomposition, this is equivalent to [x0]g1(ar) = 0, so we conclude by Lemma 7.2.

If ¢ =0, set hg = 7y hoo for some hgg € C*°(M). By (2-13), n4-ho = n—ho = 0 implies that dhgo = 0,
and so hgo and hg are constant functions. Similarly, this argument proves uniqueness of solution to (8-6)
up to constants, completing the proof. |

We now try to figure out how &1 depends on /¢. To do this we have:

Lemma 8.4 The system (8-5) is equivalent to the set of equations
2(7- = 2idan g + Gk + D(=1 +4Aod o)y = c(ifi — 222 fiya),
~————
(8-8) K.
22id2n—+n4)hgq1 + (k + 1) (=4A2d2 + Dhgyo = (=242 fy —ifk+2),
~———

=—K,
valid for every k € Z.
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Proof We use the system (8-5), plugging k in the first equation and k + 2 in the second one, to obtain
2n—hgy1—(k+ Dhg +2A2hp ik + 1) = icfy,
201 hjegr + (K + Dhysr + 22k (k +1) = —icfieso.

The first equation of (8-8) follows by multiplying the second equation by 2i A_, and subtracting from the
first one; the second one follows from multiplying the first one by 2i A, and adding to the second one.

That the two systems are equivalent can be seen as follows. Denote the first and the second equation of
(8-5) by B =0 and C = 0, respectively. Then (8-8) takes the form

B—-2iA_,C =0, 2iAB+C =0.
From here it is easy to see that B = C = 0 is equivalent to this system of equations since
1—4)A 5 =1—]A4]> = —K, >0,
where we use (7-6) in the first equality, (7-4) in the second, and (7-8) for the final inequality. O
Note that the leading operators arising in (8-8) are conjugate to one another, that is,

(8-9) p—=n——=2idony,  pg =04+ 20k, pi=-—po
Here we also use (7-7), so that A2n— = n-A2, A—2n+ = n+A—2, and 07} = —1—.

Lemma 8.5 There are no solutions of (8-8) with ¢ # 0. In particular, we have d(Res(l,) =0, ie all
resonant 1-forms in the kernel of (g are closed.

Proof Using the notation of Lemma 8.1, it suffices to show that for u € Res(l) with du = %CL FQ, we
have ¢ = 0. By Lemma 8.4, it is equivalent to showing that the system (8-8) implies that ¢ = 0. Applying
the first equation in (8-8) for k = 0 and the second one for k = —2, we get

2p—h1 + Kgho = c(ifo — 242 f2),
2p4h—y + Kgho = ¢(=2A2 f—2 —ifo).
Subtracting the two equations, we obtain

2p—hy —pyhoy) =2ic(fo—i(Aafoa— Az f2)) =2ic(fo—5(VA- f)o).
Integrating over SM and using that % = —uF, we get that the left-hand side is zero, so
(8-10) 0:2ic/ (fo—3(VA-f)o) Q.
M
We have [, foQ = [, Qdzg = 1. On the other hand, we have
—/ (VA-f)Q= —/ VA-fQ= —/ divo(F) Qb = e T (F),
M M M

where divg F = VA is the divergence of F and we recall the entropy production e ™ (F) was introduced
in Section 2.6, and that it satisfies e 7 (F) > 0. We conclude that the integral on the right-hand side of
(8-10) is strictly positive, and so ¢ = 0, completing the proof. |
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Next, we show that the zero-order Fourier mode of 4 always vanishes.
Lemma 8.6 Assume h is real-valued and satisfies (8-8). Then hy = 0.

Proof By Lemma 8.5, we know ¢ = 0 in (8-8) and (8-6). In fact, from Lemma 8.3 it follows that A is
constant. Integrating the first equation of (8-8) for k = 0, and using u* = —pu—, we get

0=—2/ M_hlszzho./ Kg Q.
M M

By (7-8) we have K¢ < 0, which implies 29 = 0. m]

Now we will construct /i by hand solving (8-8) iteratively. For this we need to compute ker y.— on Hy,
because by Lemma 8.6, _h; = 0 is the initial equation. This and other needed properties of the operators
W4+ are proved in Section 8.2 below.

Lemma 8.7 Themap J:S — ker 4 |g_, ®ker u—|g, given by h +— (h—_y, hy) is an isomorphism on
the set S of solutions of the system (8-8). Moreover, dim Res(l) =b1(M).

Proof Recall first that by Lemma 8.5, for any solution 0 # h € S we have ¢ = 0; also hp = 0 by
Lemma 8.6. The map 7 is injective: if h; = h—; = 0, then by applying first and second equations
in (8-8), we get iy =0 for k <0, and Ay = 0 for k > 0, respectively (here we use that Ky < 0 by (7-8)).
Therefore h = 0.

To show surjectivity, let 41 € ker i—|g, . Then set hp = 0 for k < 0 and observe that equations in (8-8)
take the form (plugging k — 2 in the second one and k in the first one), using! Kz = —1 +4|1,|%:

(8-11) 2phg—y = (k—1)Kghy,

(8-12) 2/1,_hk+1 = —(k + 1)thk

Next, set ho, A3, ... to be defined inductively using (8-11) for k = 2,3, ... (note that they are all smooth,
since /1 is). Therefore (8-11) is now satisfied for all k, by definition of A; for k < 0. Also, (8-12) is

satisfied for k < —1 trivially, and for k = 0 by definition of /. Therefore, we are left to check that (8-12)
holds for k > 1.

We prove this by induction on k. If (8-12) holds for k < £ (starting with £ = 0), then we have

2p4hyyq 4 1
2 _h :2 — = | — h
H—1tg4+2 H (Kg(f-l—l) E-i—l“ Kgﬂ+ +1

4 (i 1
=—| =KVh —u—h
ZJrl(z g e+1+M+(KgM e+1))

= —2Kghgt1—2p+hy
= —2Kghgt1—lKghpt1 =—(l+2)Kghyiy.

IThis agrees with [Guillarmou et al. 2018, equations (3.12) and (3.13)] in the constant curvature case, ie A = 0.
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Here we used (8-11) for k = £ + 2 in the first line, Lemma 8.10 in the second line, the fact that
Vhgry =i+ 1)hgyq and (8-12) for k = £ in the third line, and finally (8-11) for k = £ + 1 in the last
line. This proves that (8-12) holds for k = £ + 1, which completes the proof of the induction.

It is left to show that h := ) g | hy converges in the distributional sense, and for that it suffices to
prove ||hgllr2(say = O(lk|N) as k — oo for some N > 0, since the Fourier modes of an arbitrary
¢ € C°°(SM) decay faster than any polynomial. In what follows, norms and inner products will be in
L?(SM). Notice that for k > 2,

2 1 2

1
1hll? = 1 ke B ) = —le<M— (K—hk),hk—1>
g g

(o)
e R )

Here we used (8-11) and u’ = —u— in the first line, and (8-12) (plugging in k — 1) in the third line.
Therefore, by the Cauchy—Schwarz and AM—-GM inequalities,
2
),

k 1 1
2" 2, - 2 -
e et (] “ | Kg) .

which gives, after setting Z := H|u_(1/Kg)||%oo] eN,

2
1l <

k—2
Iterating the last inequality, we obtain

k+Z k=147 3+Z sl
“ k-2 k-3

It follows that ||z |> = O(]k|41?), which proves the claim and shows 7 (h) = (0, 11).

i1 <

If h_y ekerpuy|mg_,, then h_1 €ker 1—|H,, so the construction above gives an h with 7h = (0, h_y),
implying Jh = (h—1,0). Thus J is surjective, completing the proof.

The final claim now follows from Lemma 8.11 below. |
Finally, we may show that the winding cycle of 2 ;’RB is trivial.

Lemma 8.8 The winding cycle of Q;RB vanishes, ie [t Q;_RB]H%M) = 0. Also, the helicity H(F) is
nonzero.

Proof By Lemmas 8.5 and 8.7, we know d (Res(l)) = 0 and dim Res(l, = b1(M), respectively; in
fact, by analogous arguments for coresonant states, ie arguing for the flow —F, the same lemmas
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imply d (Res(l)*) = 0 and dim Res(l,* = b1 (M). Therefore, the map T%: Res(l)* — C constructed (now
for coresonances) in Lemma 3.4 is trivial and the map S : Res(l)* — H'(M) constructed (again, for
coresonances) in Lemma 3.5 is an isomorphism. By the last part of Lemma 3.5 we conclude that the
winding cycle of Q;RB vanishes.

The final conclusion now follows from the classification in Theorem 1.1. O

So far, we have established the claims in Theorem 1.5 that assert that m,0 = b1 (M) and [w*] =0,
modulo properties of the operators 4+ to be proved next.

8.2 Properties of u 1

Recall that 4 were defined in (8-9). In this section we compute the principal symbols of pt4, the size
of their kernels, and also obtain the analogue of the formula (2-11) for the operators p . According to
Section 2.4, we will freely identify 1+ with operators acting on sections of tensor powers K& for m € 7Z.

Lemma 8.9 For any m € Z, the operators ju4 are elliptic.

Proof As % = —u—, it suffices to consider u— only; it also suffices to consider the case m > 0. In fact,
for each (x, £) € T*M the principal symbol o (u_)(x, £): K& (x) — K8~ (x) is a linear map and
hence may be identified with an element of E(x) (the dual bundle). Consider local isothermal coordinates
on U C M, that is, such that g|y = ?¥ (dx? 4 dy?) for some locally defined y. Fix an arbitrary
(zo,€) € T*U and take y, S € C°° (M) such that S(z¢9) = 0 and dS(z¢) = £, and supp(y) C U with
x = 1 near zg. Using Lemma A.2 (here we use the fact that the principal symbol of a pseudodifferential
operator is recovered by oscillatory testing, see eg [Zworski 2012, Theorem 4.19] in the related Euclidean
case and when S is linear, and see also [Hormander 1965, Definition 2.1])

0 (1) (z0,£)(dz") = lim hp—(xe'S!"dz™)(zo)

9 iS/h _ 9 —2myr ,iS/h
tim (25D 2y gmt L 7z g o2 2T i)
h—0 9z 0z
as - S
=i( =+ Adge™ 2 = )(z) - e 2V a1,
0z 0z
where in the second line we wrote 4 = Aodz?2, so that by (7-5), we have
. *(pdz>
Az = 7T2. and A—Z = _LO.Z)’
2i 2i

and in the final line, we also used
m3(dZ ® dz)(z0.v) = dZ(v)-dz(v) =vi +v) =e V.
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Using the identification of the symbol with an element of K(z¢), we conclude that

o (1) (z0. ) = dZ x l-g(gi_ + zo(zo)e—wco)i)
z 0z

Recall that |A| = |Ag||dz|?> = |Aole™2¥ and that by (7-4) and (7-8) we have |A|> = 1 + Ke < 1.
Therefore |Agle™2¥ < 1 and writing |Ag(zo)| = r and Ag(z9) = re' Y for some Y € R, the relation
o(u—)(zo, &) = 0 is equivalent to

0=¢&c+re 2V (g, cos T — £y sinY),
0=& +re 2V (—g, sin Y —&, cos T).
If - denotes Euclidean inner product in R2, this implies
E3+& = re 2V EN2(|(6x. ) - (cos T —sin 1) + |(£x. &) - (sin Y. cos T)[?)
= (re 2V E2 (G2 4 £)).

Since re~2¥(20) < 1, this is equivalent to £ = 0, showing that p_ is elliptic. |
Now we compute the commutator [t 4, p—]:

Lemma 8.10 We have

iK2V  ui K u—K
8-13 ] =——2= g — g .
(8-13) (4. -] St K, 2 K, Mt
In fact, this is equivalent to the formula
e i) 0y
Kg Kg 2

or once again, equivalently,

Proof Using the definition (8-9), [1+, i—] is equal to
N+ +2iA2n—,n— —=2iAon4] = [n4.n-] = 2in4 A2 - Ny —2in-A2 -1
+4(A2n—(A=2) - n+ + A2 Pn—nt — A—an(A2) - n— — [ A2 [*n4n=)
= (1= 42+, n-144(1-(A2) - 0+ = n+(A2*) - 1-)
=—Kg- %KgV +1-Kg-ny =14+ Kg -1,

where in the second equality we used n—A, = n+A_ =0, and in the last equality the commutator (2-11),
as well as (7-4). Coming back to the definition (8-9) of 4, we express 1+ in terms of 4 :

| |
(8-14) N-=—p Qidapiy +p-). M= Qidopi——py).
g g
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Substituting (8-14) into the previous equality, [@+, u—] + %i K ;V is equal to

. . . .
—ﬁ(bk—zw +u-)Kg - idzpp— — py) + ﬁ(bkzu— —u)Kg - Qiropuy +p-)
g g

1
= 5 (Qidapy +p) Ky + (4221 = 2id 2111 Kg)) - 1
g

1 . .
+ ﬁ(@llzu— — 1)K + (4227 g —2idop—Kg)) -

g
_ h-Kg p+ Ky
=Tk, M+ + Ky H—,

where we used that Kg = —1 + 4|12|? in the last line. This proves the first formula.

For the second formula, compute

[M M+] L (“_+)_LM+(k)
Ky K K, Kg Kg K,

1
= KZ[“+ p-l+ =

iV

(n4+Kg-p——p—Kg - piy) = —,

K3 2

where we used (8-13) in the last equality. The final formula is a straightforward restatement of this one. O
Finally, we are able to compute the index of w4 explicitly:

Lemma 8.11 We have ker iy |g,, = {0} for any m > 0. Also, ker ;i |g, is spanned by constant
functions. Moreover, for any m > 0, the analytical index satisfies ind((+ |g,,) = ind(n+|#,,)-

In particular, dimker ju_|g, = %bl (M).

Proof Assume p4 f =0, where f € H,, for some m > 0. Using the final identity of Lemma 8.10,
multiplying with f and integrating over M, we get

i — 1 —
o= [ Kevr-Fos | M+(K—u—f)-f9
g
=3 [ KelrPo- [ cnrrazo
since by (7-8), Kg <0, and we used p% = —u—. If m > 0, this shows f = 0 and completes the proof of

the first part of the statement.

For the second part, if m = 0, from the previous paragraph we get that u— f = 0. By (8-14), and from
the assumption p4+ f = 0, we conclude that n4 f = n— f = 0. This implies in particular that X f = 0,
which by (2-13) implies df = 0, which in turn gives that f is a constant.

Finally, let Py :=n_ —t-2iA_»n4+ be a continuous deformation of operators for ¢ € [0, 1]. By inspecting
the proof of Lemma 8.9 the operators P; are indeed elliptic in this region, when acting on sections
of K®™ (or equivalently, on H,,) for any m > 0. By topological invariance of the Fredholm index we
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conclude that 1 = Py and n— = Py have identical indices, ie ind(u—|#,,) = ind(n—|g,,). In particular,
for m = 1 we get that, using u’ = —u—,

dimker p—|pr, —dimker ju+ |5, = ind(u—|g,) = ind(n-|g,) = 5b1(M) — 1.
where in the last equality we used Proposition A.4. Since dimker t+|g, = 1, the final claim follows. O

8.3 Horocyclic invariance of the SRB measure

In this section we derive equations for the horocyclic invariance of the SRB measure. Let a := a, in
/E;; (M) be the Holder regular solution of

(8-15) (F +r*)ya=-A.
Note that this a is such that U¥ = Y* — a F (the notation coming from Section 4):
[F,U*]=[F,Y¥|—Fa-F =—r*Y¥—(Fa+MA)-F =—r*(Y¥—aF) =—r*U".
Using the results of Section 4, we have:
Lemma 8.12 If Q;RB = fQ is the SRB measure, it holds that
YY" —-21+4+2a)f =0.

Note that a f is well-defined as f 2 is an actual measure.

Proof According to the notation of Lemma 4.9 and by Lemma 4.13, it suffices to show that
Qiivg F = 2a —2A.
Since divg F = VA, for this it suffices to show the identity
B:=(F+r*)2a—-21)—Y"=1)Vi=0.

In fact, by the definition (8-15) of @ we compute

B=-20-2X+AV+(1+IVI)A—(H+(1+Lv)V)Va+ava

= 2A=2XA—2AVA =21 —AVA—HVA+4A+2AVA+AVA =0,

where we used that (2X 4+ HV)A = 0 (which follows from Lemma A.2) and V21 = —44. |

Lemma 4.9 implies that f satisfies the system
(8-16) (F+VA)f=0, (Y"-21+42a)f=0.

Under the assumption that f is a measure, or more generally, that it belongs to some Sobolev space with a
small negative exponent (so that a f makes sense), this system implies that f 2 is really the SRB measure.

Remark 8.13 One might hope to explicitly solve (8-16) similarly to how we did in Lemma 8.7 for
elements of Res(l) and the system (8-2). However, the issue here is that a has infinite Fourier content, that is,
its degree is infinite — otherwise, it would be smooth, and so the bundle £, would be smooth, which
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generically does not happen [Paternain 2007]. Therefore, the recurrence relations stemming from (8-16)
would now involve all Fourier modes of f, which complicates the situation significantly compared to (8-8).

Remark 8.14 Since A1, vanish at finitely many points due to holomorphicity of A (exactly at 4g — 4
of points, the degree of the holomorphic bundle X®2?), we see that the solution to (F + V1) f = 0 is
uniquely determined by fo, f1, f> (the f3,... are determined by dividing by A1, outside zeros of A and
by continuity on the zeros).

8.4 Generic semisimplicity

In this section we tackle the question of semisimplicity for quasi-Fuchsian vector fields. We will need the
following claim, proved in [Ceki¢ et al. 2022, Lemma 4.8].

Lemma 8.15 (linear algebra lemma) Let V C M,y be a (real or complex) linear subspace of the set of
n xn complex matrices such that for eachu, v € C" \ {0}, there exists B € V such that (Bu, v) # 0. (Here
(»,¢) denotes the canonical inner product on C”.) Then V contains a dense set of invertible matrices.

Next, we need to show that the product of certain distributions equals zero if and only if one of the
distributions itself is zero.

Lemma 8.16 (product lemma) Let P+ =Y + Q¥ and P12 =Y12+ 01,2, be first-order differential
operators with C°° coefficients, where Y,Y1,Y, € C®(M; T M) form a smooth global frame and
0%, 012 € C®(M). Assume uy € D'(M) satisfy Pyus = Pjuy = Pou— = 0. Then the product
u4u—_ is well-defined, and

utu— =0 = supp(u4)® Usupp(u_)* = M.

Proof The basic idea of the proof is to reduce the product of distributions to a tensor product in
suitable coordinates. Since WF(u) C (RY @ RY;)+ € T* M and WF(u_) C (RY @ RY>5)" have zero
intersection, where we recall that e denotes the annihilator of e, the distributional product is well-defined
by [Hormander 2003, Theorem 8.2.10]. Let x € M and pick flow-box coordinates (x1, x2, x3) € [—¢, 5]3
for some ¢ > 0 near x = (0,0, 0) such that Y = dx, and so

8-17) (0x; + O+)us =0.

By (8-17) we have WF(u 1) C R dxz @& R dx3, so since the conormal bundle of the slice S, := {x; =}
for each ¢ € [—¢, €] is R dx1, we may restrict u1 to S¢ by the wavefront set calculus; see [Hormander
2003, Corollary 8.2.7]. On each S¢, using (8-17) we may write the equations Piu4 =0 and Pu_ =0 as

(@+0x, +b40x; +O0Du+ =0 and (a—0y, +b_0x; +05)u_ =0,
e e’ e
=Zy =Z_

where a4, b+, Q] , depend on (¢, x2, x3), and Z are pointwise linearly independent in 7'S.. Since the
restriction of the product to S is the product of restrictions (well-defined similarly to the above since
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Z 4 are linearly independent), and the invariance (8-17) is valid, it suffices to show u 4 |g, or u_|s, =0
near (0, 0).

By using suitable smooth integrating factors, without loss of generality assume that 0} = Q) =0, so
that Z+u4 = 0 on Sp. This reduces the problem to a statement in 2 dimensions. We may put Z into
flow-box coordinates (y1, y2) € (=8, §)? for some § > 0, defined on So such that x = (0,0), Z4 = dy,,
and (possibly after a time-change) Z_ = ddy, + dy,, where d € C*®((—4, §)?), so that

dy,uyr =0 and (ddy, +0y,)u_=0.

Consider the flow o; of Z_, and the time ¢t = #(y1, y2) € R, defined on a subdomain (—§;, §1)? for
some 0 < 61 < 4, such that pr, oa—;(y1, y2) = 0, where for i = 1,2, pr; denotes the projection onto the
coordinate y;. Consider the map

G:(=81,81)% = (=6,8)%,  (y1,y2) > (pr; oa—(¥1, y2), 2),

and note that after taking §; > 0 small enough, G is a diffeomorphism onto its image by the inverse
mapping theorem (note that DG (0, 0) = (i (1)) on {y, =0} since G(y1,0) = (¥1, 0)). Denote by (G1, G»)
the components of G. By the wavefront set calculus, define v 1= u 4 [{9yx(—s,5) and v— :=u—_| (s 5)x{0}-
Since pullback of distributions under submersions is well-defined, see [Hormander 2003, Theorem 6.1.2],
the invariance Z4u 4 = 0 translates to Gyv4y =u4 and Gjv— =u_.

Let 8 > 0 be such that [—8,, 82]> C G((—81,81)?) and 8 < 81. Let ¥y, Y € C5°((—62, 82)) be arbitrary.
Then

f v_ (1) o4 (221 (21 V2 (22) 21 dza
G((—81,81)3)

Z/( 55,72 u—(y1, y2)u+ (31, y2)(GTv1) 1, y2)¥2(32) J (1, y2) dy1 dy2 = 0,
—01,01

since u+u_ = 0, and where J is the Jacobian of G. Since 11 and ¥, were arbitrary we conclude that
either v |(_s,.5,) OF v_|(—s,.5,) have to vanish and so either u; = GJvy or u_ = Gfv_ vanishin a
neighbourhood of x, completing the proof. a

Finally, we formulate the main result of this section: for a generic time-change, semisimplicity is valid
for Res(l, as claimed in Theorem 1.5.

Lemma 8.17 For an open and dense set of a € C°°(M;R~), the Lie derivative action LgF on Q(l) is
semisimple.

Proof For a € C°°(M;R), define the pairing

Ag (U, uy) =/ ac Au AUy  for (u,ux) eRes(l)xRes(l)*.
M
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Further identifying Res(l)( ) with C21 (M) (according to Lemma 8.7), we may identify A, with an n x n
complex matrix in Ml x,. Introduce the finite-dimensional real-linear vector space

For a € C°°(M;R~), denote by {(*,))g = {{(1/a) *,*)) the pairing associated to a F introduced in
Section 2.2. Since the weak stable/unstable bundles of aF' and F agree by [de la Llave et al. 1986,
Lemma 2.1], the Res(l)( «) Spaces with respect to a F and F agree. Thus (( e, *)), may be identified with
the matrix A;/4, and by Lemma 2.1 to prove the present lemma it suffices to show that for an open and
dense set of @ € C°°(M;R~g), the matrix A;/, is invertible. Openness is immediate and it suffices to
show density.

We first show that V' contains a dense set of invertible matrices; again, since invertibility is an open
condition, this set is also open. Let 0 # u € Res(l) and 0 # ux € Res(l)*. Then

Aa(u,u*)zf ahhwo A wy A ws,
M

where h = tysu, hyx = tyuux and @, /5 € C°(M; T* M) were defined in (4-2); we also used Lemma 4.2
and its analogue for coresonant states. If A4(u,ux) = 0 for all a € C*°(M;R), then hh, = 0. By
Lemmas 8.1 and 8.5, (F +r5)h = (Y* —A)h =0, and similarly (—F —r*)hy, = (Y5 —A)h4 = 0 and so
Lemma 8.16 applies to give that supp(%)¢ U supp(h)¢ = M. However, [Weich 2017, Theorem 1] shows
that & and & (being resonant states for F' + r® and —F — r¥%, respectively) either vanish everywhere or
have full support, which implies that either 4 = 0 or k4 = 0, contradiction. Therefore, by Lemma 8.15,
the claim about density follows.

Observe that for an arbitrary open set U C C*°(M;R), we have {44 € M, xn |@ € U} C V is open,
and so by density of invertible elements in V', we conclude that for a dense set of @ € C°°(M; R), the
matrix A, is invertible. Since C*°(M;R~o) C C*°(M;R) is also open, the main claim follows. ad

Remark 8.18 In fact, in order to establish generic semisimplicity under time changes as in Lemma 8.17
it is equivalent to showing semisimplicity for only one time change. This follows from basic linear
algebra.

8.5 Computation of the helicity

By Lemma 8.8 we know that the winding cycles of F = X + AV are zero; therefore there exists a
primitive 7™ € Res! such that
(8-18) dit =1pQ&s rtt =H(F)=:B.

Recall that a was defined in (8-15) and that it satisfies Y* = U + a F'; also recall ;rRB = f'Q for some
f e D’E&k (M), where 2 is the canonical measure on M = SM. Write f+ := £ in this section. We first
prove an auxiliary horocyclic invariance result similar to Lemma 8.1, but valid for t .
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Lemma 8.19 Letc:=tytt. Then

(8-19) (F+r%)c=—aB, (Y%—=XNc=—f"+ B+ Va).
Moreover, the following identity holds:

(8-20) —(Y"=rf =(F+r*A.

Proof By the first part of Lemma 4.11 we know that t* satisfies
gt + 1% = 1yutt =aB.
Using this relation, as well as [F, V] =—(H 4+ V A-V), the first equation of (8-19) follows from expanding
dtt(F,V) =0 similarly to Lemma 4.4. The second equation similarly follows by expanding the equation
dtT(H,V)=—f7,asin Lemma 4.4.
The final equation (8-20) follows from the following computation:
Y+ A =)= FA=—(H + (14 3VA)V)(=143V1) =24 — (X + AV)A
=—JHVA+2L+AVA—21—XA1—2AV2
=—(3HV +X)A=-2(n-22 4+ n4:A—2) =0,
which completes the proof. |
We are now in shape to compute B in terms of a and the entropy production (defined in Section 2.6). We
will denote by vol,(M) the volume of M equipped with the Riemannian metric .
Lemma 8.20 The following identity holds:
B 1+ 1et(F)
2w volg(M) + [, a2 Q'
Next, assume A 7 0 and set A(s) = sA fors € R. Consider the Riemannian metric g5 such that (gs, A(s))

(8-21) H(F)

solves the coupled vortex equations (7-4), and the associated thermostat vector field Fs. Then
H(Fs) = 0(%) as s — oo.

Proof Multiplying the first equation of (8-19) by A and integrating with respect to 2, we get (we omit
the volume form for simplicity)

—B /Ma/\ =/M(F+rs)c'k=—/M c(F+r*)A

:/MC(Y —A)r :—[M(Y —A)c-r
=_/ (—fT+ B+ Va)r’
M

=—(1+ %e+(F)) +B-2JTV01g(M)—ZB/ ah.
M
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In the second line we integrated by parts and used (8-1), in the third line we used (8-20), in the fourth
line we integrated by parts and used (8-1) again, in the fifth line we used the second equation of (8-19),
in the sixth line we used that divg F = VA, equation (8-1), the definition of entropy production, and
integration by parts. To prove the first claim, it now suffices to observe that

_/ ak:/(F—kr”)a-a:_%/ az(—2r”+V)t)=/ a?,
M M M M

where in the first equality we used (8-15), in the second one we integrated by parts, and in the final one
we used (8-1).

Next, consider the family of solutions gy := e2u(s) go to the coupled vortex equations (7-4) corresponding
to A(s), and giving A(s) :=s Im(n;,sA) € C*®(SMj), where n;’s is the pullback on 2-tensors to the
unit sphere bundle S M of gs, and V; is the vertical vector field on S M. Then the curvature of g5 being
negative (see (7-8)) translates to

(8-22) 0> Kg, =—1+ sze_4”(s)|A|§0 = 2O 5 s|Alg-

The volume form scales as dvolg, = €2*®) dvolg, and so by (8-22) we get

(8-23) volg (M) = / dvolg, = / ) dvolg, > s / | Al gy dvolg,.
M M M

Observe next that the entropy production is bounded: indeed, pointwise we have
[VsA(s)] = s im(2i w3 (A)| < 25|75 (A| = 25| Alg, = 25e72) | A4, <2,

where in the second equality we used (A-5), and in the final estimate we used (8-22). This shows that the
entropy production is bounded by

(8-24) et (Fy)| < / VoA(s)] Qg (Fy) < 2.
S .

M

Finally, it follows from the formula (8-21), as well as the estimates (8-23) and (8-24), that
1
< b
27 volg (M) ~ sm [3, |Alg, dvolg,

which completes the proof. a

H(Fy) <

Theorem 1.5 now follows directly from Lemmas 8.7, 8.8, 8.17 and 8.20.

9 Helicity and linking

In this final section we give an interpretation of helicity as an averaged quantity with respect to the SRB
measures, based on the wavefront set calculus, and the works of Coles and Sharp [2023] and Kotschick
and Vogel [2003]. We also give an interpretation of H(X) as an asymptotic weighted averaged sum
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over closed orbits. Throughout, we will assume that [w*] = [w~] = 0 and so there are distributional
1-forms ¥ such that

9-1) LXQécRB =dtT =w*, where 1T €Res!, 17 € Resi.

Throughout the section we will assume that dim M = 3.

9.1 The linking form

In [Kotschick and Vogel 2003, Section 2], the linking from is constructed for any pair (N, N2) of
null-homologous submanifolds whose sum of dimensions plus one is equal to the dimension of the
ambient space, and the linking number is expressed as its double integral over N1 x N». We proceed in a
similar fashion here.

Fix a Riemannian metric g on M and write
(9-2) Qg = fFdvol,, where fTeD (M), [T eDgi(M).

Denote by #' the space of harmonic i-forms on (M, g) and by (#/) its L? orthogonal complement; let
P denote the orthogonal projection onto %’ . Note that the Hodge Laplacian A = A; : (H')+ — (H/)*+
is an isomorphism, so we may introduce G € ¥~2(M) by asking that G =0 on %' and G = A~! on
(H)L. Then, by definition,

(9-3) GA=AG=1d-P, PG=0.
From GA = AG and the fact that [A,d] =0, [A,d*] =0 and [A, *x] = 0, it follows that
(9-4) [G’ d] =0, [G, d*] =0, [G, *] =0.

Denote by K € D'(MxM; pr} Q! ®prs Q') the Schwartz kernel of G; here pr; and pr, denote projections
onto the first and second factors of M x M, respectively. Since G € P2 (M; Qi), it follows that
K is smooth outside of A(M), and by [Neri 1970, Theorem 1.5], that d(x, y)|K(x, y)| is bounded
on M x M\ A(M) (this uses dim M = 3), where d(x, y) is the Riemannian distance function and
A(M) C M x M is the diagonal.

Then for any o € C%°(M; QF),

(9-5) Ga(x) = / ). K dvolg () = / L a0)AnKG).
ye ye

where (e, ), is the natural inner product on the fibres of Q!. Specialising to i = 1, the linking form
LeD'(MxM;priQ! @ prsQl) is defined as

L(x,y):=xydyK(x, ).
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It satisfies the property that when integrated over two knots in M it gives the linking number of the two
knots, see [Kotschick and Vogel 2003, Proposition 1] (or [Vogel 2003, Section 3]), ie

(9-6) k(K1 Kz) = / /
K1 JK»

where lk( e, e) denotes the linking number (taking values in the rationals QQ), and K; and K> are two
submanifolds of dimension 1, both of which have a trivial Poincaré dual over R. Then [Kotschick and
Vogel 2003, Proposition 1] shows that 1k(K, K») does not depend on the choice of g and agrees with
the definition through differential forms — also, it takes values in the rationals Q, see the discussion in
[Kotschick and Vogel 2003, Section 2]; if we assume furthermore that the Poincaré duals of K7 and K;
are trivial over Z, then 1k(K 1, K») € Z. In fact, in this paper, we define 1k(K, K») as in (9-6), where K
and K, are any two submanifolds of dimension 1. The difference then is that Ik(K;, K») does depend on
the choice of the metric g (through L), as opposed to the case when K; and K5 are assumed to have
trivial Poincaré duals. The same definition appears in [Coles and Sharp 2023, Section 7.2].

Note that *,, L(x, y) is actually the Schwartz kernel of the operator Gd*, since for any o € C*®(M; 22),
by (9-5) we have

©-7) Ga*an = [ () A Ky = / a0 ALG).
ye ye

It follows that d(x, y)?|L(x, )| is bounded on M x M \ A(M). Set
(9-8) A(x,y) = L(x, )(X(x), X(y)) € D'(M x M).
This distribution satisfies the following important properties:
Lemma 9.1 The distribution A(x, y) is the Schwartz kernel of the operator P := 1x Gd *1x . Moreover,
P € W~2(M) and thus there is a constant C A > 0 such that
d(x,y)|A(x,y)| <Cp for (x,y) € Mx M\ A(M).
Finally, A(x,y) = A(y,x) and f+(x)A(x,y) f~(y) € D'(M x M) is well-defined as a distribution.

We remark that the bound on A (x, y) was shown [Coles and Sharp 2023, Lemma 9.2] by a computation
in local coordinates, whereas here we employ a global approach.

Proof For any f € C°°(M) we compute
=A(x,y)

Pf(x) = [ OV xydvolg (5) Aty Lx. ) = f SO) A0l (3)-Cx o L)
ye ye

Here we used (9-7) in the first equality and the anticommuting property of the contraction in the second;
this completes the proof of the first claim.
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———
P =[ix.Gld*ix » +G(ixd* + d*ix)ix x € V"2(M),

For the second claim, simply write -0

since the commutators [ty, G] and Q are pseudodifferential operators of degrees —3 and 0, respec-
tively. Indeed, the principal symbol of G, given by 6(G)(x,§) = |€ |;2(x, £) x Idg1, is diagonal, and
o(tx)(x,€) = tx(x) and o (d*)(x, &) = g4, where & # is obtained by applying the musical isomorphism
to &. Since tx(x)lgr = —lgrlx(x)> this shows that O has degree 0, which completes the proof.

Next, the symmetry A(x,y) = A(y, x) is equivalent to P being formally self-adjoint, which follows
from integration by parts, by using that G is self-adjoint, and applying (9-4).

For the final claim it suffices to observe that

9-9) WF(A) C {(x,x,§,—€) | x e M, E € TIM}

since A is a kernel of a pseudodifferential operator, and that f ™ and f~ have disjoint wavefront sets,
hence the wavefront set calculus applies and the product £ ¥ (x)A(x, y) f~(y) is well-defined. |

We proceed with the proof of Theorem 1.2, which is the main result of this section.

Proof of Theorem 1.2 Observe that for any a € D'(M; Q1) it holds that
(9-10) Gd*da = GAa — Gdd*a = a —Pa —dh,
where h = Gd*«, and we used (9-3) and (9-4) in the second equality. Now we may compute

(9-11) H(X)=/ T_/\dT+=[ Gd*dt~ Andtt
M M
=/ Lde*tX*f_-f+dV01g=/ Pf_-f+dvolg
M M

- / FHEACE )£~ () dvolg ()  dvolg ().
(x,y)EMXM

Here in the second equality we used (9-10) for « = 7~ and integration by parts, in the third equality we
used (9-1) and (9-2), in the fourth we used the definition of P, and in the fifth we used that f TA fTisa
well-defined distribution by Lemma 9.1.

Finally, to interpret the integral in the fifth line as a limit of classical integrals, consider the regularisations
Ag:= EcA € C®(M x M) (where the mollifiers E, are introduced in Section 9.2 below). Then we
have the chain of limits

H(X) = lim / Ae(x. ) Qg (¥) X Vs ()
(x,y)EMXM

e—>0

= lim Ae(x, ) Qb () X Qgrp (V)
=0 J e e M\ AM) SKP R

/ A, y) Qb () X L (0)-
(x,y)EMXM\A(M)
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Here in the first equality we used the second part of Lemma 9.2 to obtain Ay — A in D[.(M x M), where
I' is given by the right-hand side of (9-9), and we used the sequential continuity of multiplication under
the wavefront set condition; see [Hormander 2003, Chapter 8]. Next, in the second line we used [Coles
and Sharp 2023, Lemma 9.7], which guarantees that the €2 ;RB X Qgpp measure of A(M) C M x M is
zero. In the final line we used the first part of Lemma 9.2 for § = A(M) and ¢ = 1, which says that A,
is dominated by the function Cd(x,y)™! ~ Cd ((x, ¥), A(/\/l))_1 for some uniform C > 0 (recall by
Lemma 9.1 that A has the singularity d(x, y)~! at the diagonal and is smooth outside of it), which is
integrable with respect to Q;'RB X Q2gpp by [Coles and Sharp 2023, Lemma 9.3(ii) as well as Lemma 9.6],
where the latter lemma is applied to Holder continuous functions ¢ = —r¥ and iy = r® which give the

SRB measures as equilibrium measures — recall that r%/$

were introduced in (4-1), see also Section 9.3.
This also shows the first part of the lemma and moreover, applying the dominated convergence theorem

completes the proof. a

9.2 Regularisation of the kernel

We now discuss the auxiliary mollification result used in the proof of Theorem 1.2. Given a metric gy
on a manifold N of dimension n = dim N, introduce the family of mollifiers defined for u € D'(N) and
e>0

d(x,
(9-12) Ecu(x):= F l(x) /N )(( (); y))u(y) dvolg(y) for x € N.

Here y € C*°(Rx>o; [0, 1]) is a nonincreasing cut-off function supported in [0, 1] with values in [0, 1] such
that y = 1 close to zero; also F, € C°°(N) is chosen such that E;1 =1 and for some C > 1,

(9-13) Cle" < Fo(x) <Ce&" forall ¢>0andall x € N.
By [Dyatlov and Zworski 2016, equation (2.18)] we know that
9-14) E. e WU °(N), E,“2%1d in WOT(N),
where the latter limit is understood in the Fréchet topologies of Wk (N) for every k > 0. We prove the
following approximation result:
Lemma 9.2 Let S C N be a smooth submanifold of dimension s. Denote by d(e,S) the distance
function to S. Then for any t € (0,n —s), there exists C; > 0 such that
[Ecd(e,S) ")(x) < Cid(x,S)™" forall e>0andallx ¢S.
Moreover, if u € D} (N) for some closed conic set I", we have

Eu 2% u in Dr(N).

The sequential topology in the space D(N) is introduced in [Hérmander 2003, Chapter 8].
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Proof We first show the second claim. For that, consider an arbitrary ¢ € C°°(N). By (9-14), we have
Ecp — ¢ in C®°(N) as ¢ — 0, where the superscript ! denotes the transposed operator. It follows that

0
(Eeu, ) = (U, "Ecp) — (u, p),

which means that E u 20 win D (N). To show convergence in Dp.(N), it suffices to show that for
an arbitrary 4 € WO(N) with WF(4A) N T = @, AEu is uniformly (in & > 0) bounded in C*°(N); see
[Hormander 2003, Definition 8.2.2]. Let B € W°(N) be such that WF(B) N"WF(A) = @ and WF(Id —B)
is contained in the complement of an open conic neighbourhood of I". Then

AE;u=AE;Bu+ AE.(I1d—B)u,

where by construction and (9-14) we have AE;B € W~°°(N) with uniformly bounded seminorms,
(Id—B)u € C®(N) (as WF(u) C I') and since again by (9-14) we have AE, € W% (N) with uniformly
bounded seminorms. The claim immediately follows.

For the first claim, from the definition of E; and by the triangle inequality, it follows that
[Eed(,S)7'](x) < (d(x,8)—e)", d(x,5)>e,

and so we immediately get, setting u, := E.d(e,S)’,

(9-15) ug(x) <2'd(x,8)7", d(x,S)>2e.

Next, consider the injectivity radius ¢ > 0 of the metric gn . Identify an gg-neighbourhood of S with
T:=N<,S ={(x,6) e NS |x €8, |§] <eo} via the parametrisation by normal geodesics to S, where
NS denotes the normal bundle to S. By taking ¢ € (0, ty) small enough, we may assume there exists
Co > 1 such that for any (x, £), (v, n) € T with distance at most &¢ apart, we have

(9-16) Co 'd((x.8).(y.m) <d(x,y) +|E— Pyoxn| < Cod ((x.€). (v, ).

where Py_,x: TyN — Ty N is the parallel transport with respect to the Levi-Civita connection along
the unique short geodesic from y to x. For any (x, &) € T \ S with d ((x, £),S ) <2¢ (and & > 0 small
enough) and for any r € (0, 1), we make the following computation:

X(d((x,ri), (. 71)))

1 _
ug(x,ré)z—/ / 0™ T (y. ) dy dn
Fe(x,r8) Jyer,s,|y|<Cie JneN.s, |n|<Cie

_1/1 1
—n C01<;|y|+‘5_;7}) ~
<ce | / A )i v dy
€T« S,|y|<Cie JneNLS,|n|<Cie e/r
Co (1Y +1E=7'))
_ (Nt 0 s ., .y
=Cer /Y’GTxS, /n’eNxS, X( e/r )|77| Jx(ry',rn)dy dn

[¥'I<Cie/r " In'|<Cre/r

o £\* _
<Ceg " ’||Jx||oo(2C1)s(—) / 1|~ dn’
r nENLS, |n’'|<Cie/r
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s pCre/r
< VOl(Sn_s_l)CS_nrn_t||Jx||oo(2C1)s (;) /0 p—t-i-n—s—l d,O

1 Sn—s—l —t+n
< YUETT) gt 1 o025 (€)1 (f)
—t+n-—s r

<C'(n,s,1)e”" <C"2'd((x,£),5)7",

where in the first line we identified y with points in a geodesic ball of radius Cj¢ centred at x € S, for
a suitable uniform constant C1 > 0, and n with vectors in the fibre Ny S via parallel transport Py, x;
Jx(y, n) is the Jacobian of the volume form dvolg,, in the coordinates (y, 1) (uniformly bounded from
above). In the second line we used (9-13), (9-16) and the monotonicity of y, while in the third one we
changed the coordinates by n’ = n/r and y’ = y/r. In the fourth line we estimated y by 1 from above,
integrated in y” and bounded from above the volume of the unit ball in RS by 2¢; in the fifth we used the
polar coordinate system in N, S; throughout, vol(S¥) denotes the volume of the unit sphere S ¢ R¥+1,
In the sixth line, we used the assumption that d(e,S)™" is integrable (ie ¢ < n —s). In the seventh
line, we introduced the constant C' = C’(n, s,t) > 0. In the final estimate we used the assumption that
d((x,§),S) <2e. (The role of r € (0, 1) is to keep track of the natural scaling in this estimate.)

Since (x,&) € T\ S with d((x, ), S) < 2¢ (with & > 0 small enough), as well as r € (0, 1) were arbitrary,
combining the preceding estimate with (9-15) completes the proof. |

9.3 Relation with linking of closed orbits

Here we indicate how the results of [Coles and Sharp 2023] can be directly used in conjunction with
Theorem 1.2 to give another formula for the helicity in terms of linkings of closed orbits, generalising
[Coles and Sharp 2023, Theorem 1.1]. We first very briefly introduce some notation regarding the
thermodynamic formalism that will be used only in this section — we refer the reader to [Coles and Sharp
2023, Section 3], [Katok and Hasselblatt 1995] and [Merry and Paternain 2011, Chapter 10] for more
details.

Denote by PM(X) the set of flow-invariant Borel probability measures on M, and given v € PM(X)
denote by h(v) the measure-theoretic entropy of the time 1 map, ¢,. Given a Holder continuous function v,
denote by P () the pressure of ¥, ie

P(\ﬂ)zsup{h(v)+/Ml/fdv ( vePM(X)}.

There exists a unique [y € PM(X) that attains the supremum above, called the equilibrium state. It
is well-known that the SRB measures are equilibrium states, more precisely we have (see [Merry and
Paternain 2011, Chapter 10.3])

+ - _
Qerp = H—rv, Qg = Mrs,

where we recall that r*/* were defined in (4-1).
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For T > 0, denote by Pr the set of closed orbits of ¢; with period in (T — 1, T]; denote by Pr(0) C Pr
the subset of closed orbits which are trivial in homology Hi(M;R). Given y € Pr, set i, to be the
probability Dirac measure on y, that is, if T}, is the period of y, then

1
/Ly(f)zT—y/yf for f € COM).

Given a Holder function v, introduce the weighted orbital probability measures [Coles and Sharp 2023,
Section 9]

ZyePT ely w:“y 0o . ZyEPT(O) ef”wﬂy
Lv o MerT L
> epy €l 2 yerr(0) €

These measures are used to define the weighted sums

(9-17) Ky, T =

Ky, ¥') _f jugp, s
ZyGPT(O)r V/GPT+1 T T , e er fy r
Yy

—f,r¥+f,rs ’

(9-18)  L(T):= / Adp® . p xdprs 41 =
MM ZVGPT(O),V’GPT-H €

where we recall A was introduced in (9-8) (it is smooth outside of the diagonal), and in the second
equality we used the definition (9-17) of weighted orbital measures and the defining property of the
linking form L from (9-6).

Proposition 9.3 The following formula holds:
H(X)= lim L£(T).
T—o00

Proof By [Coles and Sharp 2023, Theorem 4.1], we get that p,s 7 — 2gpp in the weak limit sense
and moreover, by [loc. cit., Theorem 6.7] that ugru,T — U—puy fi, Where [t] = [t](—r") € HY(M;R)
is a cohomology class depending on —r* and f[;1(x) = 7(X(x)). More precisely, [r] is defined as the
minimizer of the function 8: H1(M;R) — R defined by B([w]) := P(—r* + J[w)) (as the notation
suggests, U—puy £, and P(—r* + fi5]) do not depend on the choice of the primitives T and @):
: u
peh= ol P fim).

That this infimum is uniquely attained follows from [loc. cit., Proposition 5.1] by noting that X is
homologically full, ie that every integral class in H;(M; Z) is represented by a closed orbit, which in turn
follows from the assumption that the winding cycle [w™] of Q;‘RB is zero and [loc. cit., Proposition 3.1].
From [loc. cit., Proposition 5.1] it also follows that the function [w] — B([w]) is strictly convex and
by [Lalley 1987; Sharp 1992] that it is real-analytic, and that its derivative at zero in the direction of
[w] € H'(M;R) is

DBO) = [ fim) s = [ () 2y =0,
M M
as [o™] = 0. By uniqueness of the infimum it follows that [t] = 0 and so 1° ,, 7 — Qdp weakly.
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Next, for R > 0 set Bg := {(x,y) e M x M | d(x,y) < R} D A(M). By [Coles and Sharp 2023,
Lemma 9.9] and as a consequence of Fubini’s theorem as in [loc. cit., proof of Lemma 9.9], there
exist @, > 0 such that for all R, T > 0 (note here that the supports of ,uo_ru’T and p,s, 741 do not
intersect so A is smooth in the domain of the following integral),

(9-19) /B IAldp® 7 x dprs, 741 < OR.
R

Take an arbitrary § > 0. By (9-19) and Theorem 1.2 we may take R > 0 small enough such that for all
T >0,

/B|A|dugru,Txd/¢L,x,T+1<8 and <4,
R

/ A Q;_RB X S2grp
Br

respectively. Next, by the preceding paragraph for 7' > 0 large enough we have

/ A dﬂo—ru,T X djirs T +1 _/ A Qgpp X Usrp
MxM\BR MXM\BR

Combining the two previous inequalities and by the triangle inequality, for R > 0 small enough and 7" > 0

<34.

large enough, we get

/ Adp® . p xdps 741 —/ A Qg X Qsrp
MXM MXM

Since § > 0 was arbitrary, using Theorem 1.2 concludes the proof. |

< 36.

Remark 9.4 As we have already mentioned there are no known examples of Anosov flows with zero
helicity. The formulas in [Coles and Sharp 2023, Theorem 1.1] and Proposition 9.3 give another point of
view to this problem, however since the linkings of closed orbits can be both positive and negative in
theory there could be cancellations in (9-18) that in the limit give zero.

Remark 9.5 In a recent article, Dang and Riviere [2024, Theorem 1.2] show that the linking of two
distinct closed geodesics (which are homologically trivial) in the unit sphere bundle of a negatively
curved surface can be expressed as the value at zero of a certain Poincaré series involving lengths of
orthogeodesics.

Remark 9.6 Marty [2023] proves the existence of a unique continuous symmetric bilinear form on
the space of null-homologous Borel invariant probability measures of a transitive Anosov flow such
that it extends the linking number between two null-homologous closed orbits. It is an interesting
question to decide if H(X) agrees with Marty’s linking between the SRB measures (when they are both
null-homologous).

9.4 First variation of the helicity

Here we compute the first variation formula for helicity and derive some consequences about the set of
Anosov flows with zero helicity. We will use the notation and the perturbation theory derived in Section 5.
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We will assume (9-1) for the vector field Xg. As follows from the second equality of (9-11), we have for
X € W near X,

(9-20) ’H(X)z/ Gd*ixQgpp A tx Qg
M

For technical reasons, we will now assume that X preserves a smooth volume 2. Recall that the spaces
WE and W = Wt N W™ defined in (5-1), are locally C! Banach submanifolds of codimensions b (M)
and 2b; (M), respectively, by Lemma 5.5. We prove:

Proposition 9.7 Assume X, preserves a smooth volume 2 such that [1x,2] = 0 and H(Xo) = 0. Then,
the set {X € W | H(X) =0} C W is locally a C' Banach submanifold of codimension 1.

Proof We first show that the map W — R, X — H(X), is C'-regular in suitable topologies (for
X € CN(M; T M) for N large enough). Coming back to Lemma 5.1, it follows from [Bonthonneau
2020, Section 2] that the function m(x, &) and the analogous function m’(x, &) for the flow —X¢ defined
on T* M may be chosen with values in [—% 1], such that m is equal to —% in a conic neighbourhood
of E;; and equal to 1 outside of slightly larger conic neighbourhood of E;;, and m’ is chosen to satisfy the
analogous property with respect to E;. If G'(x, §) ~ m’(x, &) log(1 + |£]) is a logarithmically growing
symbol on 7* M, for r large enough, it follows that the distributional wedge product is well-defined as
amap H,g,—3(M; Q) x Hygr,—3(M; Q2) — D' (M; 23). More precisely, for this wedge product to
make sense, by using the definition of anisotropic spaces, as well as integration by parts it suffices to
have (for simplicity, this is viewed on functions)

(1+ Ag)2e " OP@)=rOp(G) (] L AL)2 € BO(M).

In turn, by the composition rule for pseudodifferential operators it suffices to have r(m +m’) — 6 > 0.
By construction we have m +m’ > 1, so this is satisfied for large enough r. Thus, by noting that the
pseudodifferential operator Gd* of degree —1 maps H,gG,—3(M:; Q?) to HrG,—3(M; QU), the required
regularity follows from the expression (9-20) by applying Lemma 5.2.

Next, we compute the first derivative Dx,#. By the final formula of Lemma 5.2 we get for Y in
CN(M; TM) that

(9-21) Dx, H(Y) :/ Gd* T 1y Qdpp A txo Qe +/ Gd*1x,Qdpp A TT5 1y Qg

M M
Here we used (9-10) for o = 1x,, R;: ’HLY QSiRB and the fact that tx,o = 0 to get rid of the second term in
the last formula in Lemma 5.2.

As X has zero helicity, it is not a contact flow. By Lemma 5.4, there exists Y € C*°(M; T M) N Tx, W
such that H;tyg = da™ and IT5 1y 2 = 0, where H;rﬁ =: a1 € Res!™ is defined for some B in
C®(M; Q1) with tx,B =1 (the analogous construction for Resy'™ was carried out in Proposition 3.10)
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and so o™ satisfies 1y, = 1. Then the first variation formula (9-21) above gives, using also (9-10),

Dx, H(Y) =/ at Adt”+0=1,
M

sinceat Adt™ = Qgrp» Which shows that the derivative Dx,#H is surjective onto R and the main claim
follows from the implicit function theorem. |

Remark 9.8 If we restrict to Vg = {X € CN(M;TM) | Lx Q = 0}, ie flows preserving the fixed
smooth volume form €2, then it is straightforward (even much simpler than the dissipative case, since
there is no need for anisotropic spaces) to see that

(1) the manifolds W := WT NVq = W™ NVq C Vq are of codimension b1 (M) (follows from (5-7)
and (5-8), and the implicit function theorem), and

(2) the first derivative of the helicity at X is nonzero, so {X € W | H(X) = 0} C W is locally a
C !-regular Banach manifold (follows from (9-20) by noting that ;RB = Qgrp = 2 is fixed).

Appendix A Revision of elementary facts about 51

Here we recall some properties of the operators 1+ introduced in Section 2.4; we will follow the
notation introduced in that section. Let (x, y) denote local isothermal coordinates on U C M, so
glu = e?¥(dx? + dy?). Then on SM |y we have another set of coordinates,

(x,9.0) > (x,y, eV cosO,e Vsinh) e SM|y for (x,y,0) €U xS'.
In these coordinates, Merry and Paternain [2011, page 36] show that
(A1) X(x,y,0)= e_w(cos 0-0x +sin0 -0y + (—0xy -sin 6 4 3,y - cos 9)89),
H(x,y,0)= e_w(— sin@ -9y +cos -9y, — (05 -cos O + 3,y -sin 0)dyp).

so that we compute 74 = %(X FiH),d/0z = %(8x +1i0y), 0/0z = %(ax —i0y):

g 0 .0 o0 .0
(A-2) n-(x.y.0)=e Ve ? —_—i—lf-ae , n(x,y,0) =eVel? ——l—i—w-ae .
0z 0z 0z 0z

Now let A be a section of K®™ where K are the holomorphic 1-forms (spanned locally by dz). Then the
pullback 7* 4 is a section of 7*KC®™ C @™ T*(SM) (here the pullback is in the sense of tensor pullback
and we recall 7: SM — M is the projection), and in fact we claim:

Lemma A.1 The bundle n*K C T*(SM) is spanned by « + if.

Proof To see this, denote by J the complex structure on the surface (M, g), and note that by definition,
for any u € Ty ,)SM we have

a(x, v)(u) = gx (v, dm(x,v)u) = 7" (gx (v, *))(w),
Blx.v)(u) = gx(Jv,dm(x,v)u) = 7" (gx(J v, *))(u),
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so o and B indeed define sections of 7 *K, and we get
(@+iB)(x,v)(u) =gx(v+iJ(x)v,dm(x,v)u).

It is easy to see, where J = ((1) _01), that

gx(V+iJv,dy) = eV (vy —ivy), gx(v+iJv,0y) = ezw(vy +ivye) =ie?¥ (vy —ivy),
so we conclude that we get
gx(v+iJv, o) =€V (vy —ivy)dz,
and finally, using that eV (v2 4 v3) = 1,
n*dz
A-3 ] V) = ——,
(A-3) (o +if) e ) = 7o

which proves the claim. a

Therefore if A = fdz™ in U, we may write, using (A-3),

[N

T*A=nlf-(atdz)" = nl [ (dz )" (@4 i)t = xi foeTVel ™ (a +if)",

where the function @ defined by the local expression extends globally to SM (since o and 8 are global).
Since m,,, (fdz™)(z,v) = f(z)-(dz(v))™ =d(z,v), it follows that @ = 7, 4, so
n*A=n A -(a+ip)".
In [Mettler and Paternain 2019], the authors write @ = (Va/m) +ia = 2ia,,, where a = a—,, + ay, is
real-valued (ie a—,, = a,), from which it follows that
A

A-4 = .
( ) am a2

Therefore we obtain the relation

* A
A=a=am+am =2Re(ay) = 2Re(n;"i ) = —Re(in,,A) = Im(x,, A)

between A := a and A. Now using the convention that |dz|?> = %(|dx|2 +|dy|?) = e72Y, we get
A = [f@P-1dzP" = f(2))>- e,
and using dz(v) = e Vel?,
Ham(z,0)]> = [ Az, 0)* = | f@P - |dz )" = | f(2) e
We conclude with the relation between the norms:
(A-5) Yam(z,0))> = | f() -7V = |A[}.

Next, we compute explicitly the expressions in local coordinates for the operators 71 acting on tensor
powers of the canonical bundle .
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Lemma A.2 The following identity holds for m > 0:
N (fdz™) =z _,3(fdz™).

Equivalently, we have

d
g (=) = (5L e =,

a( fe=2m¥)
e (fdz") = 2V L

Therefore dA = 0 if and only if n—my A =0. If m > 1, then 9A = 0 if and only if XVa = mHa, or
alternatively if and only if HVa +mXa = 0.

1
g (dz™T).

Here
af
0z

is well-defined since dz is a holomorphic section of the holomorphic vector bundle K.

A(fdz"") = dzZ®dz™

Proof Using (A-2), and dz(v) = e Ve'?, compute
-t (fd2™) = (g fe™ "V ™) = n_(ng [) 7y (d2™) + 75 f 1 (eTTEV )
— ]T(;k (({;_]:) . e—(m+1)7r8‘1/fei(m—l)9 —I-J'[;)kf . n_(e—mn(’;l/feimO)'
z

—27 _
=e JToll'zrr’;_l(dz’” 1y

We claim that 7_(e ¥ ™) = (. Indeed, we compute using (A-2) that

n_(e—mt,/feimB) — e—(m—i—l)t/fei(m—l)@ . (_ma_w —i 8_10 -im) —0.
Next, compute the right-hand side

- i)
Tp_10(fdz") = 7g (a—jZ:

) i (dz) - wi (dz)" = 7 (%) o= MDY i(m—1)0

az
Iy - -
75 (?) eV (dz2"h),
which completes the proof of the first identity. The other identity follows analogously:
N+ (fdz™) = 04 (g f) - (d2™) + 78 f (e ™V el ™)

= ¢ (DY i+ 1)0 7 (g—f) +alfeVellemVimd (—ma—w iy im)
zZ zZ z

— o~ (m+DY i (m+1)8 (ng (2—f) —2mmg f % 8_1#)
z

0z
mﬂ).ﬁfﬂlﬁw.
dz
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For the final conclusion, observe
XVa—-mHa=0 < X(am—ia—ym)—H(au +a_y) =0
— (X+iH)aymy—(X—iH)a_,, =0,

which holds if and only if n_a,, = 0, which by (A-4) completes the proof. The other equivalence is
similarly obtained. ad

Recall that X_ on H_1 @ H; is defined by X_(f_1 + f1) = n+ f—1 + n— f1. Then:

Proposition A.3 It holds that

X_nly =—3mgd*y forall y e C®(SM; QY.

Proof It suffices to consider the operator 7— and in local isothermal coordinates, y = f dz. By
Lemma A.2,

a
n-nf(fdz)=e Vn} (a—];)

On the other hand, we compute

nyd*(fdz) = —my(*d x fdz) = in{(xdf Andz)

0 0
=ing (*(8—]:)21'(1’)6 A dy) = 2 W (a—{)
Z z

Here we used that in isothermal coordinates xdz = —i dz, dZ Adz = 2i dx A dy, and that the volume
form is equal to e2¥dx A dy. a

Proposition A.4 We have
dimker(n—|g,) = dimker(n4|p,) = 1.
Moreover, it holds that
dimker(7—|,) = dimker(+|i_,) = b1(M).
Proof For the first claim, by (2-13) note that f € ker(n—|n,) if and only if df =i » df. It follows that

ldf | L2(ar) = 0 and so f is constant. For the other case note that ker(n+ |, ) is obtained by conjugation
from ker(n—|m,)-

Next, we claim that the map
(A-6) H (M) — kerni |, @kern-|m,. v+ (f-1. /1),

is well-defined and an isomorphism, where 7{'y = f_; + fj is the splitting of ]y into Fourier modes.
Since complex conjugation provides an isomorphism between ker n4 |g_, and ker n—|g,, the claim will
follow.
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To see (A-6), by Proposition A.3 we have
—37 (d*y) = X-n{y = 4 fo1 +1- f1,
3o (d* xy) = X_al xy = —X_Vafy = —i(=n4 fi +n-f1),

where in the second line we also use V| = —m{ x. Therefore, y is both closed and coclosed if and only

(A7)

if n— f1 = n4+ f—1 = 0. This shows that the map (A-6) is well-defined and moreover an isomorphism,
completing the proof. i

Appendix B Conformal rescaling of the geodesic vector field

In this appendix we study the behaviour of the geodesic vector field under a conformal rescaling of a
Riemannian metric on a surface. Let g = e~2/ g be a conformal scaling of the metric of the surface
(M, g), for some f € C°°(M). Consider the scaling diffeomorphism

, ) = (x, e/ v),
v]lg,

where SM; denotes the unit sphere bundle of (M, g1). Let X; be the geodesic vector field on SM;
and denote by 1 the footpoint projection SM; — M. Moreover, denote by a1, 81, Y1 the global frame

l1:SM — SM;, (x,v)+— (x

constructed in Section 2.4 on SM;. Then:

Lemma B.1 For (x,v) € SM, we have
Xp=0X1=e/ X +af(xd(e)V, GVi=V.

In particular, X is a time-change by e/ of the thermostat flow X — V(x{(df))V (asnf* =—=Vr]).

Proof Let us compute £1v1,{]aq, {7 B1 in terms of ¥, o, B. We start with oy

Cron (x,v)(£) = a1(x, e/ v)(d L1 (x,v)§) = (dr1 0 dli(x,v)E, e/ v)g, = e a(x,v)(E).
=dn
Then we have, if B(x,v)(§) = (dm(x,v)§,iv)g,
CiB1(x, v)(§) = Br(x, el v)(d L1 (x,v)E) = (dm 0 dli(x,v)E ief v)g, = e Blx,v)(®).

Recall that the 1-form 1 is defined as

¥ (x,v)(§) = (K(x,v)§.iv)g.
where KC is the connection map, defined by
D

K. 0)(©) = 0 (0) € TeM,

where ¢: (—e,¢) — TM is any curve satisfying ¢(0) = (x,v), ¢(0) = &€ and c(¢t) = (y(¢), Z(t)), and
D/dt is the covariant derivative along y with respect to the Levi-Civita connection V of (M, g). Let
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V! be the Levi-Civita connection of (M, g1). Then by Koszul’s formula we have, for arbitrary vector
fields Y and T (see [Lee 2018, Proposition 7.29]),

VyT =VyT—Yf-T—Tf-Y +g(Y,T)Vf.

It follows that
D'Z(t)

dt
Recall that Z(0) = v and y(0) = dn(x,v)&, and observe that £; o c(t) = (y(t),e/ Z(t)) is a curve
adapted to (x, e/ v) and d£; (x, v)&. Therefore
) )
V) = iV
t=0 . dt li=0 <
. <DZ

dr ,-o’“’> —0—df(x.v) - (d7m(x. v)§.1v)g + {d7(x, v)§. v)g - (V[ (x).iv)g
- g

=¥ (x,v)(§) —df (x,v)- B(x,v)(§) + df (x,iv) - a(x, v)(§),

where we used that Z(0) = v L iv in the third and fourth equalities. Since df (x,iv) = —x df(x,v), as
both i and * are rotations by /2 counterclockwise, we conclude that

V1=V —n{(df)B—n{(xdf)a.

ZV}/Zzvﬁz_df()'/)'z—df(Z)-))q—()'/,Z).Vf_

DY e/ Z)
dt

51 (. )(€) = (K1 (x. e/ 0) (@ (x,0)6). ie v)g, = e—f<

Now we use that
Cog(iX) =eTaiXx) =1, LB1LIX) =y X,) =0,
to conclude that writing £7 X1 = aX + bH + ¢V, by the above expressions,
a=el, b=0, c¢= ni"(*df)ef = ni"(*def),

which completes the proof of the first claim. The formula for £] V; readily follows as well, completing
the proof. a
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