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Quantisation of derived Poisson structures

JONATHAN P PRIDHAM

We prove that every 0-shifted Poisson structure on a derived Artin n-stack admits a curved A, deformation
quantisation whenever the stack has perfect cotangent complex; in particular, this applies to LCI schemes,
where it gives a DQ algebroid quantisation. Whereas the Kontsevich—Tamarkin approach to quantisation
for smooth varieties hinges on invariance of the Hochschild complex under affine transformations, we
instead exploit the observation that the Hochschild complex carries an anti-involution, and that such
anti-involutive deformations of the complex of polyvectors are essentially unique. We also establish
analogous statements for deformation quantisations in C* and analytic settings.
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Introduction

A deformation quantisation of a Poisson structure on a geometric object Y is a noncommutative deforma-
tion, parametrised by power series in %, of the functions &y on Y, such that the classical limit # — 0
recovers the Poisson structure. Classically, this means looking at associative deformations 3 of the
multiplication on &y, with the Poisson bracket then given by {a, b} :=1limp_,o(a x4 b —b *3 a)/h. In
algebro-geometric settings, the local deformation quantisations tend not to glue strictly, leading to the
notion of DQ algebroid quantisations as deformations of the algebra regarded as a linear category on one
object, so the cocycle condition only holds up to an inner automorphism satisfying further coherence
relations. In derived geometry, Oy is homologically enriched so quantisations have to be formulated in
terms of more exotic algebraic structures.

By [Kontsevich 2003], every Poisson manifold admits a deformation quantisation. For smooth algebraic
varieties in characteristic 0, Kontsevich [2001] and Yekutieli [2005] proved an analogous statement,
showing that all Poisson structures admit DQ algebroid quantisations. Via local choices of connections,
the question reduced to constructing quantisations of affine space. These could then be handled as in
[Tamarkin 1999; Kontsevich 1999; Yekutieli 2015; Van den Bergh 2007]: formality of the E5 operad
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3718 Jonathan P Pridham

associates to the Hochschild complex a deformation of the P,-algebra of multiderivations, and invariance
under affine transformations ensures that it is the unique deformation. The same argument extends to
graded manifolds [Cattaneo and Felder 2007], but requires the differential to be trivial.!

We now consider generalisations of this question to singular schemes, and more generally to derived stacks
in characteristic 0, considering quantisations of 0-shifted Poisson structures in the sense of [Pridham
2017; Calaque et al. 2017] and their analytic and C*° analogues [Pridham 2020a; 2020b]. For positively
shifted structures, the analogous question is a formality, following from the equivalence E, 1 =~ Pp41
of operads. Quantisations for nondegenerate 0-shifted Poisson structures were established in [Pridham
2018], and we now consider degenerate quantisations as well, addressing the remaining unsolved case of
[Toén 2014, Conjecture 5.3],2 long regarded as the hardest.3

The construction of nondegenerate quantisations in [Pridham 2018; 2022] only relied on the fact that the
Hochschild complex is an anti-involutive deformation of the complex of multiderivations. Our strategy
here is closer to [Tamarkin 1999; Kontsevich 1999] in that we establish an equivalence between the
two complexes. As in [Pridham 2018; 2022], the key observation is still that the Hochschild complex
of a differential graded-commutative algebra (CDGA) carries an anti-involution corresponding to the
endofunctor on deformations sending an algebra to its opposite. Via a formality quasi-isomorphism for
the E, operad corresponding to an even associator, the Hochschild complex becomes an anti-involutive
deformation of the P,-algebra of multiderivations.

We show (Corollary 1.19) that such deformations are essentially unique whenever the complexes of
polyvectors and of multiderivations are quasi-isomorphic. This condition is satisfied when the CDGA has
perfect cotangent complex, and so gives the following:

Theorem 2.21 Let A be a CDGA, C*°-DGA or DGA with entire functional calculus. Whenever A
has perfect cotangent complex in the relevant theory, any choice of even 1-associator yields a natural
quasi-isomorphism
D" (A1) ~ D RHom,, (LR )1y
p=0

of differential graded Lie algebras (DGLAs) between the relevant complex of polydifferential operators
and the algebra of derived polyvectors, compatible with canonical filtrations and involutions. In the CDGA
case, we can replace Dg) ly(A) with the cohomological Hochschild complex CCg g (A).

IShortly after this manuscript first appeared, [Liao et al. 2018] established a Kontsevich-Duflo formality quasi-isomorphism for
finite-dimensional dg C®°-manifolds, indirectly induced from formality for graded manifolds. A similar argument should apply
to derived affine schemes with perfect cotangent complexes.

2Althou‘gh the statement for derived DM stacks was specifically claimed in [Toén 2014, Theorem 5.4], it is not even stated in the
reference provided, whose proof is only relevant to strictly positive shifts, and it lacks the constraints on the cotangent complex
needed to rule out known affine counterexamples.

3See for instance the survey [Pantev and Vezzosi 2018, Section 3], but beware that deformation quantisations for negative shifts,
starting with the BV quantisations of [Pridham 2019], take a far more subtle form than proposed there, and that the declared aim
of [Pantev and Vezzosi 2018, Section 2] is somewhat moot given the uncited [Pridham 2017].
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Quantisation of derived Poisson structures 3719

The following underived consequence is a special case of Corollary 2.27 (applied to a cofibrant replacement
and taking Hy of the output). It was previously known only for nonsingular spaces.

Corollary Take the ring A of functions on an affine scheme, affine C*°-space, or affine analytic space,
with only local complete intersection (LCI) singularities, together with a Poisson structure {—, —} on A.
There then exist associative deformations x3 of the product on A[[#]] satisfying

{a,b}=(axpb—bxpa)/h mod h.

The coefficients of xj are given by differential operators, and the deformation can be chosen to be
anti-involutive in the sense thatb xpa = a x_3 b.

Theorem 2.21 enjoys sufficient functoriality to yield the following global consequence (a special case of
Corollary 2.31, which also considers derived objects and gives a complete parametrisation):

Corollary Given an algebraic, C*°, or analytic space or Deligne—Mumford stack X with only LCI
singularities, every Poisson structure on the sheaf O of functions admits DQ algebroid deformations <
of Ox[[#]. These can be chosen to be selt-dual in the sense that <7_3 >~ ,saf; PP,

Deformation quantisations of 1-shifted coisotropic structures also follow as an immediate consequence
(Corollary 2.36) of Theorem 2.21. A 1-shifted coisotropic structure on a morphism X — %) is a notion
corresponding to a 1-shifted Poisson structure z on ) acting on a 0-shifted Poisson structure 7z on X. The
deformation quantisations established in Corollary 2.36 when X has perfect cotangent complex consist
of an almost commutative E»-algebra deformation of (&y), @) acting appropriately on a deformation
quantisation of (O, ).

In Section 3, we extend these results to derived Artin n-stacks. This follows by essentially the same
argument, but is much more technically complicated because of the subtleties in formulating polyvectors
and Hochschild complexes for Artin stacks. Locally, these are defined as Tate (ie sum—product) realisations
Tot of double complexes arising from formally étale charts by stacky thickenings of derived affine schemes
(Lie algebroids, broadly speaking). Those total complexes do not satisfy the conditions of Corollary 1.19,
so we introduce an intermediate category through which Tot factorises, and in which the P,-algebra of
polyvectors has no nontrivial involutive deformations.

For stacky thickenings of derived affine schemes, this leads to an equivalence (Theorem 3.35) between
polyvectors and polydifferential operators or the Hochschild complex, generalising Theorem 2.21 above.
Via a form of étale functoriality, that yields the following corollary, where E; quantisations of X are
almost commutative curved Aoo-algebra deformations of the rings of functions on formally étale stacky
derived affine charts.

Corollary 3.38 Given a derived Artin n-stack X (algebraic, C*°, or analytic) with perfect cotangent
complex, any even associator yields a map from the space of 0-shifted Poisson structures on X to the
space of self-dual E| quantisations of X.
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3720 Jonathan P Pridham

These quantisations give rise to curved Ao, deformations of the dg category of perfect O'x-complexes,
h-semilinearly anti-involutive with respect to the dg endofunctor 7 om¢, (—, Ox), whenever X is strongly
quasicompact (ie quasicompact, quasiseparated .. .).

Any 1-shifted Lagrangian structure on a morphism gives rise to a 1-shifted coisotropic structure by
[Melani and Safronov 2018, Theorem 4.22]. Examples of these from [Calaque 2015] include quotient
stacks [Y/G] when Y is equipped with a Hamiltonian or quasi-Hamiltonian structure (Lagrangian over
[g*/G] and [G/G?], respectively), and the derived moduli stack Perf(X) of perfect complexes on a
del Pezzo surface ¥ (Lagrangian over Perf(FE) for an elliptic curve E C X). A 1-shifted coisotropic
structure on a morphism gives a 0-shifted Poisson structure on its source, to which Corollary 3.38 can
then be applied. We can however say more, with Corollary 3.41 showing that, when the source has perfect
cotangent complex, 1-shifted coisotropic structures admit deformation quantisations in the form of an E»
quantisation of the target acting on an E; quantisation of the source.

Acknowledgements [ would like to thank Ted Voronov for alerting me to a missing symmetrisation
in the definition of Poisson L .-morphisms, Brent Pym and Travis Schedler for letting me know of the
examples in [Mathieu 1997], and the referee for suggesting several improvements.

Notation and terminology We write CDGAs (commutative differential graded algebras) and DGAAs
(differential graded associative algebras) as chain complexes (homological grading), and denote the
differential on a chain complex by §.

The graded vector space underlying a chain (resp. cochain) complex V is denoted by Vi (resp. V¥). Since
we often have to work with chain and cochain structures separately, we denote shifts by subscripts and
superscripts, respectively, so (V[;1)n := Vi+n and (vlihyn .— yitn,
Given a DGAA A, and A-modules M and N in chain complexes, we write Hom 4 (M, N) for the chain
complex given by

Hom, (M, N); = Homu, (Mg, Nyj;1),
with differential §f =8y o f + f o8y, where Vi denotes the graded vector space underlying a chain
complex V.

When we need to compare chain and cochain complexes, we make use of the equivalence u from chain
complexes to cochain complexes given by (uV)? := V_;, and refer to this as rewriting the chain complex
as a cochain complex (or vice versa). On suspensions, this has the effect that u(V,)) = (u V)[_”].

1 Involutively filtered deformations of Poisson algebras

We will assume that all filtrations are increasing and exhaustive, unless stated otherwise. An action of the
algebraic group G,, on a vector space V' is equivalent to a decomposition V' = ; W; V; given a G-
equivariant vector space V', we then define a weight filtration W on V by setting W,V := p; < WiV For
Gm-equivariant complexes U and V', we write WW; Hom(U, V') for the complex [ | ; Hom(W; U, Wi V)
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Quantisation of derived Poisson structures 3721

of homomorphisms of weight i, with similar conventions for complexes of derivations etc; beware that
the inclusion @; W; Hom(U, V) — Hom(U, V) is not surjective in general.

1.1 Involutively filtered deformations of P-algebras

We now adapt an idea developed in [Pridham 2016, Section 14.3.2], using Rees constructions to interpret
the problem of recovering a filtered algebra from its associated graded algebra as a deformation problem.

Definition 1.1 We say that a vector space V is involutively filtered if it is equipped with a filtration W
and an involution e which preserves W and acts on ger V' as multiplication by (—1)".

We say that a chain complex V, is quasi-involutively filtered if it is equipped with a filtration W by
subcomplexes and an involution e which preserves W and acts on H (ger V') as multiplication by (—1).

Observe that if V' is involutively filtered, then the involution gives an eigenspace decomposition V' =
ve=l g ve==1 Because (grl.l’li1 V)e=CD" =0, we have Wajg1VEe=l =Wy, V=1 and Wy Ve="1 =
Waj—1 ves—l1 IfV, is quasi-involutively filtered, we similarly have that W5 veslcw, i+l ve=1and
Waj—1 ve=—l cw, ¥ V¢==1 are quasi-isomorphic subcomplexes.

Definition 1.2 Given a quasi-involutively filtered chain complex (V,, W, e), define the involutively
filtered chain complex (V,, W€, ¢) by setting

WV = (Wa V) =D @ Wy Va)e=CD"

Lemma 1.3 After localisation at filtered quasi-isomorphisms, the inclusion functor from involutively
filtered chain complexes to quasi-involutively filtered chain complexes gives an equivalence of co-
categories.

Proof We can identify the involutively filtered objects as those (V,, W, e) for which the natural transfor-
mation ey : (V,, W€, e) — (V,, W, e) is an isomorphism, so the functor (V,, W, e) > (V,, W€, e) is right
adjoint to the inclusion functor, with € the counit of the adjunction.

It remains to show that ey is a filtered quasi-isomorphism for all quasi-involutively filtered chain complexes.
Observe that W, _1V, is contained in W,? V,, with quotient isomorphic to gr,I;V sz(_l)n, which implies
that the inclusion W;?V, < W, V, is indeed a quasi-isomorphism by quasi-involutivity of W. a

Definition 1.4 Define the G,,-equivariant algebra Q[#] by setting # to have weight 1 for the G,,-action
(and implicitly homological degree 0).

Definition 1.5 For a quasi-involutively filtered chain complex (V, W;V, e) over Q, we define

Reesy, (V) 1= @h”{v e W,V :e(w) = (—=1)"v}.

This is a G,,-equivariant chain complex of Q[#2]-modules, where the G,,-action is induced by the action
on #.
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3722 Jonathan P Pridham
Lemma 1.6 The involutive Rees functor of Definition 1.5 gives an equivalence between the category of
involutively filtered Q-vector spaces and the category of flat G, -equivariant Q[#?]-modules.

For quasi-involutively filtered complexes (V, W, e), it also satisfies Reesj,. (V') = Rees}, (V), and so
factorises the oo-equivalence of Lemma 1.3.

Proof We adapt the equivalence between exhaustively filtered vector spaces and flat G, -equivariant
Q[A]-modules from for instance [Pridham 2016, Lemma 2.1].

The functor Rees® has a left adjoint, which sends a G,,-equivariant Q[#%]-module M in complexes to
the complex M/(h? — 1) equipped with involution —1 € G,, and filtration

Wa(M/(h* = 1)) := (@WiM)/(hz - 1)( (D W,M) =Wy M & Wy—1 M;
i<n i<n—2
flatness of M ensures that the map W, (M/(h%? — 1)) — M/(h* — 1) is indeed an inclusion.

Evaluation at # = 1 gives a morphism Reesf, (V)/ (h?> —1) — V, the counit of the adjunction. When V/
is involutively filtered, this map is a filtered isomorphism. Even when V is not involutively filtered, it
follows easily that W, (Reesy, (V')/ (h? — 1)) = W,¢V. Thus the involutive Rees functor factorises the
oo-equivalence of Lemma 1.3, and the counit of the adjunction is a natural isomorphism when restricted
to involutively filtered objects.

Meanwhile, for any G,,-equivariant Q[#2]-module M we have

WyReesS, (M/(h2 — 1)) 22 Wy @ Wt M)~ =w, M,
so the unit of the adjunction is a natural isomorphism. O
Remark 1.7 Although we are assuming that filtrations are exhaustive, beware that we are not assuming

they are Hausdorff. For instance, the G,,-equivariant Q[#%]-module V[#2, A ™2] corresponds under
Lemma 1.6 to the vector space V' with trivial involution and filtration W;V =V for all i.

However, in applications we only ever work with filtrations W on algebras satisfying the stronger condition
W_1V =0, and our filtrations on operads will always be complete.

For the remainder of this subsection, we fix a G,,-equivariant operad P in chain complexes over Q.

Definition 1.8 The category of quasi-involutively filtered (P, W, e)-algebras consists of quasi-involutively
filtered chain complexes (V, W;V, e) of Q-vector spaces equipped with a P-algebra structure which is
compatible with the involution —1 € G, on P and compatible with the filtration in the sense that the
structure maps P(n) ® V&" — V restrict to maps

WiP(n) ® Wr(V®n) = WiV
for all r and i, where W, (V®") := Yoritotrg=r W V)@@ (Wp, V).

Geometry & Topology, Volume 29 (2025)
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The involutive Rees functor is clearly lax monoidal, ie Reesjy, (V) ®gz2)Reesyy, (V) — Reesyy, (U ®q V),
as is its left adjoint M +— M /(h? — 1), so Lemma 1.6 has the following immediate consequence:

Lemma 1.9 The functor of Definition 1.5 gives an equivalence of co-categories from the category of
quasi-involutively filtered (P, W, e)-algebras localised at filtered quasi-isomorphisms to the co-category of
G -equivariant P-algebras in chain complexes of flat Q[#?]-modules, localised at quasi-isomorphisms.

Note that there is a projective model structure on G,,-equivariant P-algebras in chain complexes, for which
fibrations are surjections and weak equivalences are quasi-isomorphisms. Existence of this cofibrantly
generated model structure follows from [Hirschhorn 2003, Theorem 11.3.2] applied to the forgetful
functor to G,,-equivariant chain complexes of Q-vector spaces.

Definition 1.10 Given a G,,-equivariant P-algebra A, we write Derp g, (4, M) for the complex of
Gm-equivariant P-derivations from A to M. We also write RDerp g,, (A, M) for the complex of derived
derivations, given as in [Quillen 1970] by Derp g, (A, M) for any cofibrant replacement A of A in the
projective model structure.

Here, M is a Beck A-module, meaning that A& M is a G,,-equivariant P-algebra for which the projection
map AP M — A and the addition map (A M ) x4 (ADM)— AP M are both P-algebra homomorphisms.
Explicitly,

Derp, G, (A, M), := Hom(A, A @ cone(M)(+1]) XHom(4,4) {id},
where Homs on the right-hand side are in the category of P-algebras in G,,-equivariant chain com-

plexes. The differential Derp g,,(A, M), — Derp g,, (A, M),—1 is then induced by the obvious map
cone(M )p41] — cone(M ).

Proposition 1.11 Take quasi-involutively filtered (P, W, e)-algebras A and B such that the filtration
on B is complete (satisfied in particular if W_1 B = 0), together with a morphism f: gt A — gt B of
the associated G, -equivariant P-algebras.

If
H;RDerp g, (gr" A, 72D g By = 0

for all n > 0 and all i > —1, then the homotopy fibre over f of the associated graded functor
ng :Rmap(p ) (A, B) > Rmapp g, (ngA, ngB)
on mapping spaces in the respective oo-categories is contractible.
Proof By Lemma 1.9, Rmapp ) (4, B) ~ Rmapgs21ep,G,, (Reesyy, A, Reesy, B). Since the filtration
on B is complete, Reesy, B = lim_(Rees}, B)/ h2" | the limit being taken in the G,,-equivariant category
<~—n
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3724 Jonathan P Pridham
(ie separately in each weight). Since the maps (Reesy;, B)/ K212 (Reesy, B)/ h2" are all surjective,
they are fibrations in the projective model structure, and thus the limit is a homotopy limit, so

Rmapp2) g, (Reesyy A, Reesyy, B) = holim Rmapp;2) g, (Reesy, A, (Reesy, B)/h?"),
n

where we write P[#?] for the operad Q[A?] ® P
Since the natural map (Reesf;, 4)/ 7?2 — g A is a quasi-isomorphism, and similarly for B, we have
Rmapp;2) g, (Reesy, 4, (Reesy, B)/h?) ~ Rmapp g, (gt 4, gt B),
so it suffices to show that the maps
Rmapps21 g, (Reesy, 4, (Reesy, B)/h?*"t2) - Rmappps2) ,, (Reesy, 4, (Reesy, B)/h*™)
are all equivalences.

We now invoke a standard obstruction theory argument. Since #2"Q C Q[#2]/A%" 12 is an ideal, there is
an obvious CDGA structure on the chain complex C’ := cone(A2"Q — Q[#2]/A2"2), with the quotient
map C’ — Q[#?]/h>" being a quasi-isomorphism. Moreover, since (%2") - (h%) = 0 in Q[A?]/A%>" T2,
the natural surjection C’ — cone(A2"Q 2 Q) is also a CDGA map, with
21 /42042 ~ 7
Q[h ]/h =C Xcone(h2"(@2>@) Q

Tensoring with Reesf;, (B) over QIA?], this gives rise to a quasi-isomorphism

C := cone(h*": Rees$y (B)/h* — Rees$y (B)/h*"12) & Rees$y (B)/h*"
of G,-equivariant P[A2]-algebras, together with an isomorphism

Reesfy (B)/h*"+2 22 C Xpon Reest, (B)/#2) 1y @ReesS, (B)/#2 Reesfy (B) /A2,

That fibre product is a homotopy fibre product because « is surjective, so we have a homotopy pullback
square

Rmapp;21 g, (Reesy, (4), Rees$y, (B) /h?"+2) —————— Rmapp g, (er” A, gr'” B)

! |

Rmapp2) g, (Reesyy, (4), Reesyy, (B)/h?") —— Rmapy (e A, g B @ n?" g B_y))

Taking homotopy fibres over f € Rmapp g, (er” A, gt B) gives a homotopy fibre sequence
Rmapp;2) g, (Reesy, (4), Reesjy, (B)/h*" +2)f — Rmappp;2) g, (Reesy, (4), Reesyy, (B)/h*" )f

— Rmapp ¢, (gt A, gt B @ n*" ngB[_l])f,
but

mjRmapp g, (er' A. gr” B @ h*" gr” Bi_y1)s =~ H,;_RDerp g, (g 4. 5*" gr” B),

which is 0 by hypothesis for all j > 0. Thus the base of the fibration is contractible, which gives the
desired equivalence. |
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Corollary 1.12 If A is a quasi-involutively filtered (P, W, e)-algebra such that the filtration is complete
and H;RDerp G,, (g™ A, 5%" gt" A) = 0 for all n > 0 and all i > —1, then A is quasi-isomorphic to
gt A as a (P, W, e)-algebra.

Proof Proposition 1.11 implies that the co-category of quasi-involutively filtered (P, W, e¢)-algebras B
with fixed quasi-isomorphism gr’¥ B ~ gr A4 is contractible (by taking f to be the identity map on gr'¥ A).
Since A and gr'’ A both lie in this category, it follows that they are quasi-isomorphic. |

Corollary 1.13 The associated graded functor from the oco-category of quasi-involutively filtered
(P, W, e)-algebras to the category of G,,-equivariant P-algebras becomes an equivalence when restricted
to objects A satistying the conditions

(1) gr” A~0foralli <0, and
(2) RDerp g, (gr' A, M) ~ 0 for all Beck gr"¥ A-modules M with W; M ~ 0 for all i <?2.

The quasi-inverse tunctor is given by sending a G, -equivariant P-algebra to the underlying filtered
algebra.

In particular, note that these conditions are satisfied if gr’ A has a cofibrant replacement generated in
weights < 1.

Proof Given A satisfying condition (2), B satisfying condition (1), and a morphism f: gt¥' A — gr'V' B,
observe that the Beck A-module #2+1) gr B is acyclic in weights below 27 + 2, so for all n > 0 we

have
RDerp G, (gr'” 4, 12"+ ot B) ~ 0

by hypothesis on A. Thus Proposition 1.11 ensures that the restricted functor is full and faithful. The
functor sending a grading to its underlying increasing filtration is clearly a right inverse to gr’’’, and hence
a quasi-inverse. a

Remark 1.14 If we take a quasi-involutively filtered dg operad Q with an involutive equivalence
g Q ~ P, then the conditions of Proposition 1.11 give the same conclusion when 4 and B are
quasi-involutively filtered (Q, W, e)-algebras, with the same proof, because the associated graded pieces
are the same. Since gr’” Q-algebras are not then canonically Q-algebras, the analogous statement to
Corollary 1.13 is just that the associated graded functor from quasi-involutively filtered (Q, W, e)-algebras
to the category of G,,-equivariant P-algebras is full and faithful when restricted to objects satisfying
those conditions.

Essential surjectivity also follows if we assume H<oP = 0 and restrict to Q-algebras A satisfying
H<o(zr'"” 4) = 0, because if the condition H_,RDerp g,, (B, #2(*+1) B) = 0 holds for all n > 0, then
there must exist a quasi-involutively filtered (Q, W, e)-algebra A with gr'” 4 ~ B. This follows by the
following deformation argument similar to [Kontsevich and Soibelman 2000; Hinich 2004]. By taking a
cofibrant model for B concentrated in nonnegative degrees and lifting generators, we have a quasifree
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3726 Jonathan P Pridham

Rees};, (Q)-algebra Bin graded vector spaces, on which we wish to define a closed derivation § lifting §;
the quasifreeness and concentration conditions will ensure the dg algebra (B 8) is cofibrant. We construct
§ on generators inductively in /2, with the potential obstruction to lifting from B/A2" to B /#2(+1)
being the class [8 o 8] in the space of derivations above.

1.2 Almost commutative Poisson algebras

We now consider nonunital Py -algebras (ie (k—1)-shifted Poisson algebras); these are nonunital CDGAs
equipped with a Lie bracket of chain degree k — 1 acting as a biderivation. They are governed by an
operad Pj which can be written as Com o (s ¥ Lie) via a distributive law (cf [Loday and Vallette 2012,
Section 8.6]), for the operads Com and Lie governing nonunital commutative algebras and Lie algebras,
where the shift s of a dg operad P is given by (sP)(n) := P(n)[n—1]-

Definition 1.15 The G,,-equivariant dg operad P;° is the dg operad Com o s1=%4~1 Lie, where
(R/P)(i) := A/C=DP(i) for any operad P, and as in Definition 1.4, # has degree 0 and weight 1
for the G, -action.

Define a quasi-involutive almost commutative Py-algebra over a CDGA R to be an (R® P2°, W, e)-algebra
A in quasi-involutively filtered chain complexes. Here R ® P is the operad (R o P)(n) := R ® P(n) with
operad structure coming from the distributive law (as in [loc. cit., Section 8.6]) P(n) ® R®" — R Q@ P(n)
given by the multiplication on R.

Thus a Gy,-equivariant P;-algebra is a Pg-algebra equipped with a G,y -action for which multiplication
has weight 0 and the Lie bracket has weight —1. A quasi-involutive almost commutative Py -algebra over
R is a Py-algebra in R-modules, equipped with an increasing filtration W satisfying W; - W; C W; 1 ; and
[W;, W;] C W, 4 j—1, together with an involution * preserving the filtration, satisfying (a -b)* = a* - b*
and [a, b]* = —[a*, b*], and acting as (—1)’ on Hx ger.

Note that the chain degree of a nonzero element of the operad P/ is always 1 —k times its weight.
Lemma 1.16 The Koszul dual of the G, -equivariant dg operad P° is given by sk_thI?C.
Proof The proof of [Loday and Vallette 2012, 8.6.5] adapts to this shifted and graded setting (cf [Fresse
2017, Appendix C]) to give

(P,?C)! = (Comos' a1 Lie)' = (s' %4 Lie)' o Com' = (s¥~ % Com) o Lie

= s*"1h(Como (s' 747! Lie)) = s¥1h P O

We now fix a CDGA R over Q. There is a model structure on the category of G,,-equivariant R-chain
complexes (the projective model structure), in which fibrations are surjections.
Before we state the next proposition, recall that the cotangent complex LR! for CDGAs is defined as the
left-derived functor of Kihler differentials '. For a morphism f: A — B of CDGAs, that means L B/A
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L

(defined up to B-linear quasi-isomorphism) is given by the B-module QB /4

® g B for any factorisation
A— B — B of f as a cofibration followed by a weak equivalence.

For a morphism A — B of nonunital R-CDGAs, we then write LQ};/A = LQ%R@B)/(R@A), using the
equivalence between B-modules and modules for the unital ring R @ B. Note that this agrees with the
definition above for morphisms of unital CDGAs because then there are isomorphisms R @ A = R x A and
R ® B = R x B sending (r, x) to (r,r + x), with LQ%RXB)/(RXA) ~ LQ;;/A since cotangent complexes

satisfy étale descent and LQ}e /R 0.

The following lemma runs on similar lines to [Melani 2016]:

Lemma 1.17 Given a Gy, -equivariant P;°-algebra A in R-chain complexes which is cofibrant as a
Gm-equivariant R-CDGA (unital or nonunital), together with a Beck A-module M, there is a model
for RDerpxgR,G,, (A, M) which has a complete decreasing filtration F1 D F? O ..., with associated
graded complexes quasi-isomorphic to

- Gm - GW!
Hom,, (CoS% (R, ) 1-k1)- #” 1M)[_k] or  Hompg 4(CoSke 4 (R4 p) -k H? IM)[_k]
in the unital and nonunital cases, respectively, where Q! denotes the complex of Kihler differentials of

the underlying CDGA and Con’ (N) = CoSymmﬁ (N) = (N®4P)Zp  the cosymmetric powers.

Proof Adapting the formulae of [Loday and Vallette 2012, Section 11.2] to the R-linear setting, the
Koszul duality map «: (s(P]?C)!)V — P[° gives rise to a cobar-bar adjunction Q¢ < By between P°-
algebras in R-chain complexes and s(P,?C)!—coalgebras in R-chain complexes. Moreover, Q2¢By A4 is a
cofibrant resolution of A [loc. cit., Theorem 11.4.7], so

RDerprgRr,G,, (4. M) >~ DerpegRr,G,, (S2aBa 4, M).
Since 24 C is freely generated by Cpy}, the latter complex can be rewritten as
(H_OmR(BOZAv M)<[G’_n11]’ 5 + [(l)A od, _]),

where wy encodes the data defining the P;“-algebra structure on A and the bracket is defined via the
convolution product of [loc. cit., 6.4.4] (which is of weight O for the G,,-action).

Substituting for By, we can rewrite this complex as
(]‘[(h"‘1 PRk (n—1)) ®" Hom g(A®", M) 6 4 [wg 0, —1)
n

= (Hom (CoSymm™ (™! CoLie(A[_1)) 1)) k1 M)E™, 8 + [wa 0 @, ).

Since the differential on By A is nonincreasing on cosymmetric powers, it follows that this dual complex
has a complete decreasing filtration F, with F? given by terms involving CoSymm’ for i > p. The
associated graded pieces are then given by

grh = (Hom g (CoSymm? (™! CoLie(A[—1) -k ) M)C™, 8 + [04 0, ).
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In order to proceed further, we use the Koszul duality map B: (s Lie)¥ — Com, which as in [loc. cit.,
Section 11] gives us a cofibrant resolution A’ := QcomBcomA of the nonunital CDGA underlying A, on
generators (BcomA)[1]. Repeating the argument above for this instance of Koszul duality gives

(Hom g (CoSymm? (! CoLie(A[—1]) -k k) M)®m §+ [wg0a,—])
= Hom g 4/ (COSRg 4 (AR )i, M)([[i’;z] ~Hom g 4 (CoSR g 4 (' Q4 )11, M)‘[‘ir;;],

where the final line follows because A is cofibrant and A" — A a quasi-isomorphism. When A is unital,
the first factor of R x A == R @ A acts trivially on Q/II /R and on the A-module M, so we may replace
R & A with A throughout. O

Proposition 1.18 If B is a nonnegatively weighted G, -equivariant P;°-algebra over a CDGA R for

which the map (WILQIIE/WOB) ®(LREBWOB) (R® B) — LQ%?/WOB is a quasi-isomorphism, then
RDerprgRr,G,, (B, M) ~0

for all Beck B-modules M with W; M ~ 0 forall i < 2.

Proof Without loss of generality, we may assume that B is cofibrant. For the unital algebra B’ := R® B,

with R in weight 0, we have QL, ~ Qg and Qll/voB/ o~ le/voB’

and hence an exact triangle
Qll/VOB ®W()B/ B/ —> Qllg —> QE/WOB — Q)l/VOB ®W0B/ Bf_l]’
which by hypothesis simplifies to
Qo8 ®wos' B' = Q2 = V1250, 8) @won B = Qyy, 5 Oy Bl_yy.

Since 9}3 is quasi-isomorphic to a B-module (equivalently, B’-module) freely generated by terms of
weights 0 and 1, we thus have that RHomg, (CoS% ,((Q}g / RI=k1)> N YGm is acyclic for any Beck module
N with weights > p, or more generally with W; N acyclic fori < p. Setting N := #?~! M, the statement
now follows from the convergent spectral sequence

Extg, (CoSE, (Rp,p) k) hPI MG = Hi—jRDerpxgRr,G,, (B, M)
arising from the complete filtration of Lemma 1.17. |

Corollary 1.19 The associated graded functor from the co-category of quasi-involutive almost commuta-
tive Py -algebras to Gp,-equivariant P})*-algebras becomes an equivalence when restricted to those objects
B with W_1 B = 0 for which the map

W1ol L w 1
(gry LLg wop) ORowop) (RO T B) > L 1wy y p
of commutative cotangent complexes is a quasi-isomorphism.

The quasi-inverse functor is given by sending a Gp,-equivariant P;°-algebra to the underlying filtered
algebra.

Proof Substitute Proposition 1.18 into Corollary 1.13. |

Geometry & Topology, Volume 29 (2025)



Quantisation of derived Poisson structures 3729

Remark 1.20 For noninvolutive deformations, the analogue of Corollary 1.19 does not hold. The
noninvolutive analogue of Corollary 1.13 involves homology of RDerp g, (gr B, M) for M concentrated
in weights > 1, giving a first term which is seldom acyclic. This is similar to phenomena arising in
[Pridham 2018; 2019; 2022], where the only obstruction to quantisation is first-order, and can be eliminated
by restricting to involutive quantisations.

Remark 1.21 Following Remark 1.14, if we take an involutively filtered dg operad (P, W) with an
involutive equivalence gr’¥ P ~ P, then the conditions of Corollary 1.19 also ensure (via the argument
of [Kontsevich and Soibelman 2000; Hinich 2004]) that for B a nonnegatively weighted G,,-equivariant
P/-algebra concentrated in nonnegative homological degrees, the space of quasi-involutive almost
w B’

commutative derived P-algebras (B’, W) with gr ~ B is contractible.

In particular, when k = 1 we can take P to be the BD; operad, given by the PBW filtration on the
associative operad as in [Calaque et al. 2017, Section 3.5.1] (named by analogy with the Beilinson—
Drinfeld (BD or BDy) algebras of [Costello and Gwilliam 2017, Section 2.2]). The argument above then
gives an essentially unique filtered associative dg algebra (B’, W) equipped with a filtered involution
(B")°PP =~ B’ and an equivalence gr'’” B’ ~ B. When B is an algebra of polyvectors, B’ will thus be given
by the ring of differential operators & (a)l/ 2) (in the sense of [Ginzburg 1998, Section 2.2]) on a square

1/2

root w'/# of the dualising bundle whenever this exists, and B’ gives a ring of twisted differential operators

generalising Z(w!/2) even when the dualising complex is not a line bundle, or has no square root.

2 Quantisations on derived Deligne-Mumford stacks

2.1 Hochschild complexes

Definition 2.1 For a cofibrant CDGA A over R, we define the filtered chain complex
(CCra(A),T™)
to be the direct sum total complex (written as a chain complex) of the double complex CC%(A) given by
CC'%(A) = Homp(A®%" 4),
with Hochschild differential b: CC"~! — CC" given by
(bf)ai.....an)

n—1
=ay f(az,....ay) + Z(—l)’f(al, ey di—1,0iAi 41,0142, ..., dn) + (D" f(ay, ..., apn—1)ay.
i=1
The filtration tHH on CC%(A) and CCRg g(A). is given by good truncation in the Hochschild direction,
50 7, "CCR, @ (A)s C CCR,g(A). is the subspace
p—1
l_[ Hom(A®R!, A)pi x ker(b: Hom(A®RP, 4) — Hom(A®RP+D, A))ip1-
=0
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Remarks 2.2 Beware that CCg g (A4). is usually a proper subcomplex of the cohomological Hochschild
complex CCg m1(A4). of A, which is defined by taking the product, rather than sum, total complex. Since
CCr.e(A)e=U B r}){HCC R.11(A)., our constructions will be consistent with those of [Pridham 2018].

There is a filtration y from [Pridham 2022, Definition 1.18] which is quasi-isomorphic to t"H under
the cofibrancy hypothesis of Definition 2.1, but which also behaves well whenever A is cofibrant as an

R-module (rather than as an R-CDGA) and gives an involutive, rather than quasi-involutive, filtration

analogous to Lemma 2.8. For simplicity, we will just use 7HH,

Recall that a brace algebra B is a chain complex equipped with a cup product in the form of a chain map
B® B = B,
and braces in the form of maps
{(~H—....—}»: B® B®" — B,

satisfying the conditions of [Voronov 2000, Section 3.2] (where brace algebras are called homotopy
G-algebras) with respect to the differential. The commutator of the brace {—}{—}; is a Lie bracket, so
for any brace algebra B, there is a natural DGLA structure on B[_q].

There is a natural brace algebra structure on CCg g (A) by [Voronov 2000, Theorem 3.1].

The following are taken from [Pridham 2022, Section 1.2.1]:

Definition 2.3 Given a brace algebra B, define the opposite brace algebra B°PP to have the same
elements as B, but multiplication h°PP — ¢°PP := (—])degbdege (- _ )PP and brace operations given

by the multiplication (B B°PP) ® (B B°PP) — B B°PP on the bar construction induced by the isomorphism
(BB°PP) = (B B)°PP, the opposite coalgebra. Explicitly,

{b"pp}{c(l)pp, o Py = £ {bHem, ..., 01 }OP,

where + = (_l)m(m+1)/2+(degb—m)(zl~ degci—m)+Y; <, degc; degc;

Observe that when a filtered brace algebra B is almost commutative, then so is B°PP.

Definition 2.4 Define a filtration 7 on the brace operad Br of [Voronov 2000] by good truncation
aritywise, so (7—, Br)(n) := 7>, Br(n).

We refer to (brace, t)-algebras in filtered complexes as almost commutative brace algebras. We define
a quasi-involutive almost commutative brace algebra to be an almost commutative brace algebra (B, F')
equipped with an involution (B, F') = (B°P, F) of (brace, 7)-algebras which acts on Hy (griF B) as
multiplication by (—1)*.

Lemma 2.5 The filtered Hochschild complex (CCR g (A)., ') naturally has the structure of an almost
commutative brace algebra.
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Proof The double complex CC%(A) is a brace algebra in the cochain direction, as a consequence
of [Voronov 2000, Theorem 3.1]. Compatibility of tensor products with good truncation then makes
(CCR(A), tHH) a (Br, 7)-algebra in double complexes, and passing to total complexes gives the required
result. |

Definition 2.6 Define Pol(A/R,0) to be the G,-equivariant P}-algebra @pzo HomA(Qfl’ /R’ A)p]
with the obvious graded-commutative multiplication and the Schouten—Nijenhuis Lie bracket, given by
interpreting Hom 4 (Qﬁ /R’ A) as the complex of antisymmetric p-derivations A? — A.

Lemma 2.7 Let A be a cofibrant R-CDGA. Then the HKR isomorphism gives a quasi-isomorphism
HKR: gr’HH CCR,g(A)e — Pol(A/R,0) of G,,-equivariant gr* Br-algebras, where the gr* Br-algebra
structure on Pol(A/ R, 0) comes from the quasi-isomorphism gr* Br — Hy Br = P, of dg operads from
[McClure and Smith 2002].

Proof By turning the structural differential § on A off and on again, the HKR isomorphism gives us
a quasi-isomorphism (HH;’Q (A4),8) ~ Hom, (7, A), since A is cofibrant.* Thus ng’,HH CC%(A) maps
quasi-isomorphically to Hom , (%, A)l=rl,

Now, the action of gr® Br on HH, (A44) factors through its quotient Hy« Br2= P,. This operad is generated by
the commutative product and Lie bracket, and a simple check shows that the cup product and Gerstenhaber
bracket on Hochschild cohomology act in the prescribed fashion under the HKR isomorphism. O

Lemma 2.8 Given a cofibrant CDGA A over R, there is an anti-involution

—1: CCR,@(A)"pp — CCR,@(A)
given by
—i(f)(@ai,...,ap) = (~1)xi<ideeaideea; _ymm+tD/2 0 - gy,

making (CCg g(A), T™) into a quasi-involutive almost commutative brace algebra.

Proof The (brace, 7)-algebra structure is given by Lemma 2.5. The involution is given in [Braun 2014,
Section 2.1], and comes from the antipode on the cofree tensor coalgebra @(A[_l])®” regarded as the
universal enveloping coalgebra of a cofree graded Lie coalgebra. Quasi-involutivity is then a simple
calculation as in [Pridham 2018, Lemma 1.15], and compatibility with the brace structure follows as in
[loc. cit., Remark 2.22]. O

2.2 Polydifferential operators

There is a variant of the Hochschild complex defined using polydifferential operators instead of R-linear
maps. In the algebraic setting it is quasi-isomorphic to the Hochschild complex, and so leads to the same
theory, but in smooth and analytic settings it gives a much better behaved object.

41n fact, it suffices for 4 to be quasismooth in the sense of [Kontsevich 1994] (not to be confused with the clashing sense of

[Toén 2009]) or even ind-quasismooth, ie for Ag to be ind-smooth and the graded algebra Ay to be freely, or even projectively,
generated over it. The cofibrant hypothesis on A can be accordingly relaxed throughout this paper.
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The following adapts [Carchedi and Roytenberg 2012] as in [Pridham 2020a; 2020b]:

Definition 2.9 A C°°-DGA (over a base R = R), resp. an EFC-DGA (over a base R = K, a complete
valued field), is an R-CDGA for which

e Ay isequipped with a C*°-ring structure (resp. entire functional calculus) enhancing its commutative
R-algebra structure, and

e the derivation §: A9 — A—_1 is a C*°-derivation (resp. EFC-derivation).

A morphism A — B of C*°-DGAs (resp. EFC-DGASs) is then a morphism of R-CDGAs preserving the
C® (resp. EFC) structure.

A C* (resp. EFC) structure on Ag is a product-preserving set-valued functor R” — (A4g)" (resp.
K" — (Ap)") on the category with objects {R"},>¢ (resp. {K"},>0) and morphisms consisting of
C® (resp. K-analytic) maps. Explicitly, the set A is equipped, for every C* (resp. analytic) function f
in n variables with an operation ®r: (4¢)" — Ao. The condition on §: A9 — A—1 then says that the
map (id, §): Ag — Ag x A—1 is a C*° (resp. EFC) morphism.

As in [Carchedi and Roytenberg 2012, Theorem 6.10], the corresponding categories of algebras carry
cofibrantly generated model structures obtained by adjunction from the model category of chain complexes,
so weak equivalences are quasi-isomorphisms and fibrations are surjections. For most applications (though
not Section 2.4.3), it suffices to know that examples of cofibrant® C*®°-DGAs and EFC-DGAs A are
given by CDGAs A = A>¢ which are freely generated as graded-commutative Ag-algebras, with Ag
respectively a ring of smooth functions on R” or a ring of analytic functions on K”. Morphisms are
CDGA morphisms with additional restrictions in degree 0 corresponding to C*° (resp. holomorphic)
morphisms between manifolds.

Both C*°-DGAs and EFC-DGAs similarly have notions of derivations which are more restrictive than
those of the underlying CDGAs, with resulting modules of differential forms; for rings of functions on
manifolds, these correspond respectively to smooth and analytic forms on the manifold. This leads to a
notion of differential operators, which have the expected form in terms of coordinates as in [Pridham
2020b, Definition 3.1]; for intrinsic definitions, see [loc. cit., Remark 3.2].

Definition 2.10 For a cofibrant R-CDGA (resp. C*°-DGA, resp. EFC-DGA) A, we define the filtered
chain complex
1
(Dg " (A)., 7™

of polydifferential operators as follows. First let
DM (4) :=Diff (41", 4),
5Henceforth cofibrancy is only used to give the correct cotangent complexes, so the condition on A can be relaxed by asking

only that Ag consist respectively of functions on a smooth manifold or holomorphic functions on a Stein manifold, and that
A = A>¢ be projectively generated as a graded-commutative Ag-algebra.
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the complex of R-linear algebraic (resp. C*°, resp. EFC) differential operators from the n-fold coproduct
AU" (e A®BRM in the algebraic case) to the AU”_module A. This carries a Hochschild differential
b: DPOY:n=1 . Doy given by the same formula as in Definition 2.1, leading to a double complex
DPoY-*(4). We then define Dgly (A), to be the direct sum total complex of DPOY-*(A).

The filtration tHH on DPY>*(A4) and Dg;)ly (A), is given by good truncation in the Hochschild direction.

The subcomplex Dga0 ly(A). C CCR,g(A) is clearly closed under the brace operations, where R is taken
to be R (resp. K) in the C*° (resp. EFC) setting, so Dg’ ly(A). is a brace algebra over R.

Definition 2.11 Given a C*°-DGA A (resp. EFC-DGA A over K) define Pol(A4,0) to be the Gy,-

equivariant P;°-algebra of C*° (resp. EFC) polyvectors of A, defined by replacing Ql A/R in Definition 2.6

with the complexes SZ A.co0 and Q1 A/ K EFC of C*° and EFC differentials, respectively.

Lemma 2.12 For any cofibrant R-CDGA (resp. C*°-DGA, resp. EFC-DGA) A, we have a natural
quasi-isomorphism HKR: gr*" Dy Y(4), — Pol(A/R, 0) of G,,-equivariant gr* Br-algebras.

Proof Observe that for the order filtration F* on differential operators, we have gr; F prolyn( 4y ~

Hom, (Symm A((Q A)@”) A) Thus grf” DPOY-"(4) is the A-linear dual of the free A-algebra generated
by (Q}l)@”, and the Hochschild differential on these copies of Q1 4 1s easily seen to act as the total
differential of the simplicial nerve of Q}l. Thus the Eilenberg—Zilber theorem gives quasi-isomorphisms

grg Dgly(A). — Homy (Symmﬁ((Q}i)[_l]), A) ~ HomA(Qj, A)p]-

These are compatible with tHH, so the restriction to Dgly (A), of the HKR map is a quasi-isomorphism.
The rest of the proof follows as in Lemma 2.7. |

Lemma 2.13 Given a cofibrant R-CDGA (resp. C*°-DGA, resp. EFC-DGA) A, there is an anti-involution
—i: DRV (4) — DEY(A).

making (Dg)ly (A)&P(A), THH) into a quasi-involutive almost commutative brace algebra.

Proof Most of the properties follow immediately from Lemma 2.8, since Dg’ y (A)e CCCR,@(A)isa

brace subalgebra. It only remains to show that the involution acts as (—1)/ on Hx grrHH poly (A). By

Lemma 2.12, these groups are Hy ; Hom 4 (Q ) A), on which the induced involution acts as (—1)7 by
[Pridham 2018, Lemma 1.15], giving quasi-involutivity. O

2.3 Involutions from the Grothendieck—Teichmiiller group

In order to exploit the structure provided by the anti-involutions on brace algebras, we need a formality
isomorphism for the brace operad which intertwines the functors on brace algebras and Gerstenhaber
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algebras sending algebras to their opposites. Drinfeld associators which are even are known to provide
equivalences for Lie bialgebras satisfying an analogous property [Enriquez and Halbout 2010], and we
now deduce similar results for brace algebras.

Heuristically, the idea is that the involution oppg, of the brace operad which sends a brace algebra to its
opposite corresponds under Dunn additivity to the involution id * oppg, of E» =~ Ey * E; which sends
E-algebras in the second factor to their opposites. The group space of homotopy automorphisms of E»
is homotopy equivalent to the orthogonal group O(2, R) acting on discs in the obvious way, with both
this involution and Drinfeld’s involution corresponding to reflections, and thus being homotopic. Since
the interaction of Dunn additivity with solutions of the Deligne conjecture is not fully set out, we will
establish equivalence by a less direct argument.

By [Drinfeld 1990; Bar-Natan 1998] as interpreted in [Fresse 2017], the Grothendieck—Teichmiiller
group GT(Q), defined as certain automorphisms of the pro-unipotent completion of the free group F»
on two generators, acts naturally on a model for the operad C,(E>, Q) of chains of E; as an operad in
cocommutative dg coalgebras (equivalently, as a dg Hopf operad). GT is a pro-algebraic group with
reductive quotient G,.

Definition 2.14 As in [Bar-Natan 1998, Section 4.1], define P € GT(Q) to be the automorphism sending
each generator of F; to its inverse. This lies over —1 € G, and by [Drinfeld 1990, Proposition 4.1] is the
unique nontrivial object-preserving automorphism of the operad (in groupoids) of parenthesised braids.

Lemma 2.15 The brace operad Br equipped with its involution oppg, is naturally quasi-isomorphic as a
C»-equivariant Q-linear dg operad to the operad C,(E>, Q) of chains of the little discs operad equipped
with its involution P € GT.

Proof By [McClure and Smith 2002, Theorem 1.1], the brace operad Br is naturally Q-linearly quasi-
isomorphic to C,(E2, Q). As discussed in [Kaufmann 2007, Sections 3.2 and 4.5], there are models
E/, for E, for which the involution oppg, is induced by an involution ¢. In other words, there exist a
topological operad E), a quasi-isomorphism C,(E}, Q) — Br intertwining ¢ and oppg,, and a zigzag of
weak equivalences between E) and E>.

Now, by [Horel 2017, Theorem 8.5], the group space Aut” (E>) of homotopy automorphisms of E> is
weakly equivalent to O(2,R) ~ {£1} x BZ, with the nontrivial class in 7o Aut”(E,) being [P]. We
know that ¢ cannot be homotopic to the identity because oppg, acts nontrivially on gr* Br >~ P,. Moreover,
since the second cohomology group of C, with coefficients in the nontrivial representation on Z is zero, it
follows that the homotopy fibre of the map Rmap ¢, (C2., Aut” (E2)) = Homgp(C2, mo Aut” (E»)) over
the nontrivial homomorphism C, — {£1} is connected (and in fact equivalent to BZ, corresponding to the
space of reflections inside O(2, R)). Thus after identification via the quasi-isomorphism C,(E>, Q) ~ Br
above, P and ¢ must induce homotopic involutions Cp, — Auth(Ez). O

Geometry & Topology, Volume 29 (2025)



Quantisation of derived Poisson structures 3735

Definition 2.16 Denote the pro-unipotent radical of the pro-algebraic group GT (defined over Q) by GT!.
Write Levigr for the set of Levi decompositions GT 2= G,, x GT!; equivalently, this is the set of sections
of the natural map GT — G,,. We then define LevigT C Levigr to be the set of sections w satisfying
w(—1)=P.

Taking base change to arbitrary commutative Q-algebras A, we can extend this definition to give sets
Levigr(A4) and LevigT (A) of decompositions of the pro-algebraic group GT x Spec A over A.

Every Levi decomposition GT 2 GT! x G,,, of GT automatically equips GT! with a grading. Since the
natural G,,-action on the abelianisation of GT! has weight 1, each such grading splits the lower central
series filtration on GT!, giving an isomorphism between GT! and the graded Grothendieck—Teichmiiller
group GRT!. Thus Levigr is naturally isomorphic to the space of Drinfeld 1-associators. The subset
LevigT C Levigr then corresponds to 1-associators which are even in the sense of [Bar-Natan 1998,
Section 4.1].

Lemma 2.17 The functor LevigT is an affine scheme over Q equipped with the structure of a trivial
torsor for the subgroup scheme (GT')? c GT! given by the centraliser of P.

Proof We expand the argument from [Pridham 2018, Remark 2.22]. By the general theory [Hochschild
and Mostow 1969] of pro-algebraic groups in characteristic 0, the set Levigr(Q) is nonempty, and for
all commutative Q-algebras A, the group GT!(A) acts transitively on Levigr(A) via the adjoint action.
Because the graded quotients of the lower central series of GT! have nonzero weight for the adjoint
G m-action, the centralisers of this action are trivial and Levigr(A) is a torsor for GT'(4).

Now, choose any Levi decomposition wg € Levigr(Q) and let wo(—1) = Pu for u € GT!(Q). Since P
and wo(—1) are both of order 2, we have u = adp (u~!). Writing u = exp(v) for v in the pro-nilpotent

Lie algebra gtl, and setting ul/2 .= exp(%v), we have ul/2 = adp (u_l/z), giving w :=ad, 1,2 0wp €
Levié’T (Q). Thus LevigT is nonempty, so LevigT C Levigr is a torsor for the subgroup (GT!)? c GT!

fixing P under the adjoint action. |

Proposition 2.18 Every 1-associator w € Levigr induces a zigzag 0y, of filtered quasi-isomorphisms
between (Br, t) and (P>, t). If the 1-associator is even (ie w € LevigT), then the quasi-isomorphisms are
C>-equivariant, preserving the involutions given by —1 € Gy, on P} and by Definition 2.3 on Br.

The quasi-isomorphism 6y, is compatible with the natural maps s~! Lie — 27, and s~! Lie — Br from

the shifted Lie operad s~ ! Lie.

Proof Asin Lemma 2.15, we have a zigzag of C,-equivariant quasi-isomorphisms between (Br, oppg,)
and (C,(B PaB, Q), P), the dg operad of chains on the operad of parenthesised braids, equipped with
their respective involutions.
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As explained succinctly in [Petersen 2014], formality of the operad C,(B PaB, Q) is a consequence of its
GT-action and the observation that the Grothendieck—Teichmiiller group GT is a pro-unipotent extension
of G,,. The pro-unipotent radical GT! = ker(GT — G,,,) acts trivially on homology H (B PaB, Q) 2 P,,
inducing a G,,-action on P5.

Since the G,,-action has weight 0 on Hg Br(2) and weight —1 on H; Br(2), and since these generate the
whole operad, it follows that the G,,-action on H; Br(k) has weight —j for all j and k. Thus we have a
Gm-equivariant isomorphism

H«(BPaB, Q) = P;°

with the G,,-equivariant operad P2 = Como s~ 'A~! Lie of Definition 1.15. The element P € GT(Q)
lies over —1 € G, (Q), so the involution P on Br induces the action of —1 € G, on P° under the
isomorphism above.

Any Levi decomposition w: G;,, — GT gives a G,,-action on C,(B PaB, Q), ie a weight decomposition.
As in [Petersen 2014], the weight decomposition associated to w thus induces a zigzag of G,,-equivariant
quasi-isomorphisms between C, (B PaB, Q) and P}°. The involution —1 € G of the latter then necessarily
corresponds to the involution w(—1) € GT of the former.

These quasi-isomorphisms of operads combine to give 6, and the quasi-isomorphisms respect the
involutions when w(—1) = P. The good truncation filtration t of Definition 2.4 is defined similarly
on any dg operad in place of Br, and in particular there is a good truncation on the quasi-isomorphic
Q-linear dg operads C,(B PaB, Q) and C,(E3, Q) of chains® on the topological operad E,. Any chain
map automatically preserves the good truncation filtration, so 8y, is a filtered quasi-isomorphism.

Finally, the natural morphism from the Lie operad to Br is given in each arity by inclusion of the top
weight term for the decreasing filtration, ie

{Br(n)}n < {t=n—1Br(n)}n = {Hp—1 Br(”)[l—n]}n = {Lie(n)[l—n]}n = {S_l Lie(n)}n.

The same construction applied to each dg operad in the zigzag ensures that our map (P5, t) — (Br, 7) in
the homotopy category of filtered dg operads (or C»-equivariant filtered dg operads for w even) respects
the natural maps from the shifted Lie operad on each side. |

Definition 2.19 Given a Levi decomposition w € Levigr(Q) of the pro-algebraic group GT over Q, we
denote by py, the oo-functor from almost commutative brace algebras to almost commutative P,-algebras
coming from the map 6y, : (P», t) — (Br, ). This preserves the underlying filtered Lo-algebras up to
equivalence.

When w € Levié)T (Q), this induces an co-functor from quasi-involutive almost commutative brace algebras
to quasi-involutive almost commutative P,-algebras, which we also denote by py,.

%The latter is presumably what is meant by the filtration given by the Postnikov tower in [Calaque et al. 2017, Section 3.5.1],
since the Postnikov tower itself consists of quotients rather than subspaces, with kernels given by good truncation.
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Explicitly, Proposition 2.18 gives us a filtered quasi-isomorphism O - ﬁz“c — (Br, 7) from any Gy,-
equivariant cofibrant replacement ﬁ;c of 132, and 5w is involutive when w is even. This automatically
gives any involutive almost commutative brace algebra the structure of an involutive almost commutative
ﬁ;‘c—algebra, and we can then obtain p,, by applying the derived left adjoint of the forgetful functor from
Rees;[,1 €Gm (P5°)-algebras to Reesﬁ,lec”” (ﬁfc)—algebras induced by the morphism ﬁ;c — Pi°.

2.4 Existence of deformation quantisations
2.4.1 Formality

Lemma 2.20 Take a cofibrant R-CDGA (resp. C*°-DGA, resp. K-EFC-DGA) A with perfect cotangent

1
A/K EF

algebra Pol(A, 0) of polyvectors (of Definition 2.6, resp. Definition 2.11), the map

complex Qil /R (resp. Q}l,coo’ resp. 2 o)- For the nonnegatively weighted Gp,-equivariant P3°-

1 L 1
(W1LQp1(4,0)/4) ®4 Pol(A,0) = L&2p 4 0)/4

of commutative cotangent complexes is a quasi-isomorphism.

Proof Write Qj g for Qﬁ/R (resp. Qg oo TESP. Qf{)/K grc)- Since le 0 is perfect, we have a G-
equivariant quasi-isomorphism

ED LSymmﬁ (HomA(Qi’D, Ay — @ HomA(QiD, A)[p).  LSymmy, (W Pol(4, 0)) — Pol(A4,0)
p=0 p>0

of CDGAs, from which the statement follows immediately. |

Theorem 2.21 Given a cofibrant R-CDGA (resp. C*°-DGA or K-EFC-DGA) A with perfect cotangent

1 1
A/R A/K EFC

of polydifferential operators Dg)ly (A)[—1] with the increasing filtration tHH of Definition 2.10 is filtered
quasi-isomorphic to the graded DGLA Pol(A, 0)[—] from Definition 2.6 (resp. Definition 2.11).

complex 2 (resp. le,coo or €2 ), the quasi-involutively filtered DGLA underlying the complex

This quasi-isomorphism depends only on a choice of even 1-associator w € LevigT, and is natural with
respect to all morphisms (Dg;ly(A), HH) (Dz;)ly (A"), 1) in the co-category of quasi-involutive almost
commutative brace algebras.

When A is an R-CDGA with perfect cotangent complex, the same statements hold for the Hochschild
complex CCg g (A) in place of Dg’ly (A).

Proof Lemma 2.13 shows that (Dg.fly(A), tHH) is a quasi-involutive almost commutative brace alge-
bra. We have a quasi-isomorphism HKR: grtHH Dg)ly(A) = Pol(A4, 0) of graded gr* Br-algebras by
Lemma 2.12.

Lemmas 2.8 and 2.7 give the corresponding statements for CCg g (A) in the algebraic setting; since
Dg)ly(A) — CCR,@(A) is thus a filtered quasi-isomorphism, it suffices to prove the statements for
polydifferential operators in place of the Hochschild complex.
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Applying the oco-functor py, of Definition 2.19 for some even associator w € LeVigT(Q) (or even a point
in the space LeVigT(R)) gives a quasi-involutive almost commutative P,-algebra py, Dg’ 1y (A) together
with a zigzag of quasi-isomorphisms of (,,-equivariant Pj°-algebras between its associated graded
algebra and Pol(A4, 0).

By Lemma 2.20, Lﬂll,ol( 4.0)/4 satisfies the conditions of Corollary 1.19, giving an essentially unique
equivalence of involutive almost commutative P;-algebras ay 4: pw Dg)ly (A) =~ py er™ Dg)ly (A),
natural with respect to quasi-involutive almost commutative brace algebra morphisms of Dg;ly(A).
Composition with the HKR quasi-isomorphism then gives us the required equivalence

HKR 0 0y 4 puw Dl (A) = Pol(4,0). O

Remark 2.22 When applied to polynomial rings in the algebraic setting and to C°°(R") in the smooth
setting, the statement of Theorem 2.21 recovers [Kontsevich 1999, Theorem 4; Tamarkin 1999, Section 3].
For more general smooth varieties it recovers [Van den Bergh 2007, Theorem 1.1]. The preliminary steps
are the same, but the arguments for eliminating the potential first-order deformation are very different,
as we consider anti-involutive deformations while Tamarkin and Kontsevich looked at invariance under
affine transformations, which do not exist even locally for our more general rings.

Complete intersection singularities have perfect cotangent complexes, so Theorem 2.21 also promotes
Kontsevich’s quasi-isomorphism [2007, Proposition 1] to an L, quasi-isomorphism.
2.4.2 Affine quantisations
Definition 2.23 Given a differential graded Lie algebra (DGLA) L with homological grading, define the
Maurer—Cartan set by

MC(L):={we Ly |Sw+ i[w.0]=0€ L_,}.

Following [Hinich 2001], define the Maurer—Cartan space MC(L) (a simplicial set) of a nilpotent DGLA
L by

MC(L), := MC(L ®q 22(A").),
where

QA" =Qlto. 11, .. 1, 810, 511, .. .,&n]/(Zz,- - 1,2&,-)

is the commutative dg algebra of de Rham polynomial forms on the n-simplex, with the #; of degree 0
and &¢; of chain degree —1, so Q(A")_,, = Q™ (A"), the space of m-forms.

Given an inverse system L = {Ly} of nilpotent DGLAS, define
MC(L) := imMC(Lq). MC(L) = limMC(Ly).
o o
Note that MC(L) = MC(lim, L), but MC(L) # MC(lim , Ly).
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Definition 2.24 Given a cofibrant R-CDGA A (resp. C*°-DGA or EFC-DGA), as in [Pridham 2017,
Definition 1.1] we complete the P,-algebra Pol(A4, 0) of Definition 2.6 (resp. Definition 2.11) to give a
P,-algebra
Pol(A,0) := [ | Wy Pol(4.0)
p=0
of polyvectors. This is ]_[pzﬂ Hom, (QZ /R’ A)[p] in the algebraic setting and corresponding expressions
using C*° or EFC differentials in the other settings.

This is not graded, but does have a decreasing filtration
F' Pol(4,0) := [ [ W, Pol(4,0).
p=i
The space P (A, 0) of 0-shifted Poisson structures on A is then defined in [Pridham 2017, Definition 1.5]

to be
MC(F? Pol(A, n){-1));

this is equivalent to the space of Pj-algebras with underlying CDGA quasi-isomorphic to A.

Definition 2.25 Given a cofibrant R-CDGA, C*°-DGA or K-EFC-DGA A, adapting [Pridham 2018,
Definition 1.16] as in [Pridham 2020a; 2020b], we define the DGLA Q ﬁal(A, 0)[—1] of quantised

polyvectors by setting
Q Pol(4,0) := [ | o™ DE" (4),nP "
p=0

observe that because the Gerstenhaber bracket satisfies [I}J{H, r,?H] - rllffq_l, this is indeed a DGLA.

Define a decreasing filtration F on (0] ﬁal(A, 0) by the subcomplexes
~ o~ 1 P
F'QPol(4,0):=[ [/ Dg " (A)n/~".
j=zi
This filtration is complete and Hausdorff, with [f 1FI ] C Fi+i=1 and in particular this makes
F2Q Pol(A4, 0)[_y] into a pro-nilpotent filtered DGLA.

The space QP(A,0) of 0-shifted quantisations of A is then defined to be (adapting [Pridham 2018,
Definition 1.23])
MC(F2Q Pol(A, n)[-1y).

The subspace QP (A,0)* C QP(A,0) of self-dual quantisations then consists of fixed points for the
involution (—)* given by A* (%) := i (A)(—#), for the involution i of Lemma 2.8.

Remark 2.26 Since for an R-CDGA A, the inclusion Dg) ly(A). C CCR,g(A). is a filtered quasi-
isomorphism, replacing polyvectors with the Hochschild complex gives an equivalent construction in the
algebraic setting. Similarly the filtration y from [Pridham 2022, Definition 1.18] is quasi-isomorphic
to HH, so the definitions are also equivalent to those of [loc. cit.].
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As in [loc. cit., Remark 2.15], QP(A4, 0) is thus equivalent to the space of curved BDj-algebras (almost
commutative %-adic associative algebras) deforming A; when A lies in nonnegative chain degrees no
curvature is possible on objects, but curvature still leads to additional higher morphisms coming from
inner automorphisms. The objects in the C* and EFC settings admit a similar interpretation, but with
additional constraints from the restriction to polydifferential operators.

As in [loc. cit., Remark 2.15], QP (4, 0)* consists of curved BD-algebras A deforming A and equipped
with an anti-involution A°PP 2~ A which is semilinear under the transformation # > —h.

Corollary 2.27 Given a cofibrant R-CDGA (resp. C*°-DGA or K-EFC-DGA) A with perfect cotangent
complex Q) /R (tesp. QY oo Or 2} /k.grc) the space QP(A,0) of O-shifted quantisations of A is
equivalent to the Maurer—Cartan space

M_C((A[_l]h x Hom (R} . A)h x ]_[ Hom,, (2 o, A)[p_l]hp—l) [[h]])
p=2

= MC(F? Pol(4,0)_1) x h ' Pol(A, 0)_yj x &” Pol(4, 0)_y)[4]),

where the DGLA structure comes from the Schouten—Nijenhuis bracket, and Qi’ 0 is Qf; /R (resp. Qi oo

P
or 2y g prc)-

The subspace QP(A,0)* € QP(A,0) of self-dual quantisations is then equivalent to the Maurer—Cartan
space

I\E((A[_l]h x Hom (R} . A)h* x ]‘[ Hom, (Q4 1, A)[p_l]hp_l)[[hz]])
p=2

2 MC(F2 Pol(A, 0)[_ ] x h% Pol(4, 0)_1; [#>]).

In particular, there exist self-dual associative quantisations for every Poisson structure on A.

Proof The quasi-isomorphism of Theorem 2.21 gives us a quasi-isomorphism
F2QPol(A,0) iy~ [] WiPol(4,0)_yh?~! = [ [#™=1Dw; Pol(4, 0)_y[[7]
P=2,i<p i=0
of pro-nilpotent filtered DGLAS, and hence an equivalence of the respective Maurer—Cartan spaces. We
then use the isomorphism

F2Pol(A,0) x hF! Pol(A4,0) x #? Pol(A4, 0)[A] = [ [A™¢~1Dw; Pol(4, 0)[1]
i
given by multiplying W; Pol(4, 0) by 7' ~!; this gives a DGLA morphism because the Schouten—Nijenhuis
bracket satisfies [W;, W;] C Wiy 1.
Now, the involution * acts on H*(grirHH CCr(A))h’/ and on W; Pol(A4,0)h/ as (—1)'*t/~1. Under
the isomorphism above given by division by #'~!, this corresponds to the involution % +— —h of
F2Pol(A,0) x#F! Pol(A,0) x #2 Pol(A, 0)[[4]], so the fixed points are F2 Pol(4, 0) x 42 Pol(4, 0)[A2].
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Existence of quantisations then follows by inclusion of the first term in F2 1581(/1, 0) x A2 1551(6’, 0)[1#2],
giving a morphism P(4,0) — QP(4,0)* C QP(4,0). O

Remark 2.28 In principle, the proof of Corollary 2.27 could be used to construct deformation quan-
tisations. It would be similar to explicit application of [Tamarkin 1999] to smooth varieties, for which
the author is unaware of any examples. After choosing an even associator, the first step would be to
describe the resulting strong homotopy P,-algebra operations on Hochschild cochains as combinations of
brace operations. One would then have to solve iteratively for the essentially unique involutive filtered
equivalence between that strong homotopy P5-algebra and the algebra of polyvectors, with the resulting
L » equivalence generating quantisations from Poisson structures.

2.4.3 Etale functoriality revisited Functoriality for Hochschild complexes and polyvectors is subtle,
but exists with respect to homotopy étale morphisms as in [Pridham 2018, Section 3.1; 2017, Section 2.1.2].
We now revisit and generalise the results there.

Definition 2.29 Given a category C, let [ BC be the Grothendieck construction of the nerve of C.
Explicitly, objects of [ BC are pairs (m, A: [m] — C) = (m, A(0) - A(1) — --- — A(m)) for m > 0,
and a morphism u: (m, A: [m] - C) — (n, B:[n] — C) is a morphism #: n — m in the simplex category
such that B = Aou.

Lemma 2.30 The category C is equivalent to the simplicial localisation of [ BC at the class Wy of
morphisms u: (m, A: [m] - C) — (n, Aou: [n] = C) with u(0) =0 e m.

Proof The functor p: [ BC —C is given by p(m, A) = A(0) on objects and p(u) = A(y): A(0) - A(u(0))
on morphisms u: (m, A: [m] — C) — (n, Aou: [n] — C), for the unique morphism y: 0 — u(0) in m.

In order to show that this induces an equivalence L""0 ( [ B C) =~ C of simplicial categories, by [Dwyer and
Kan 1987, Theorem 2.2] it suffices to show that the functor p*: (sSet)¢ — (sSet)/ BEMo from the model
category of simplicial set-valued functors on C to the model category of Wy-restricted [ BC-diagrams is
a right Quillen equivalence.

Now, giving a simplicial set-valued functor F on [ BC is equivalent to giving a bisimplicial set [ F
over the nerve BC, with (/ F), := [l ;ep, ¢ F(x). Thus the category (sSet)/ BEWo s equivalent
to ssSet | BC. Moreover, F sends morphisms in Wy to weak equivalences if and only if the maps
F(n,A(0) - ---— A(n))) — F(0, A(0)) are weak equivalences, which amounts to saying that the maps

9"
(/ F) (91) 5 (/ F) XB()C,(al)n BnC
n 0

are weak equivalences. When [ F is Reedy fibrant, this is equivalent to saying that [ F is a left fibration
over BC in the sense of [Boavida de Brito 2018].
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The equivalence [ 1. sSet | BC — (sSet)f BCWo of categories is a right Quillen functor for the left
fibration model structure on sSet | BC, and the observation above implies that it is a Quillen equivalence.
Composing this with the right Quillen equivalence of [loc. cit., Theorem A] (in its variant for left fibrations)
then gives the required result. |

If C is the category of R-CDGAs, EFC-DGAs, or C*°-DGAs, then for any diagram D: I — C, we can
define Dg)ly(D) and Pol(D, 0) by substituting Homp (M, N) with the equaliser of the obvious diagram

[ [Hompg (M) N@) =[]  Hompg (M), fxN(j))

iel frii—jinl
throughout the corresponding definitions for algebras. These constructions behave well for diagrams
D: [m] — C¢,— to the subcategory C.,—» C C of cofibrant objects and surjective morphisms. Since a
morphism u: [n] — [m] naturally induces a morphism u*: Dg’ly(D) — Dga0 ly(u*D) by restriction, the
constructions D — (Dg (D), tHH) and D > Pol(D, 0) define functors on the Grothendieck construction
[ BC¢,—.

Since all objects of C are fibrant, the functor C, . — C induces a weak equivalence of simplicial categories
on localisation at weak equivalences. We are unaware of a reference for this fact, but [Dwyer and Kan
1980, Proposition 5.2] gives a closely related statement with a very similar proof. Since the category
admits a right homotopy calculus of fractions, the key to the argument is that for any morphism f: 4 — B
in C, factorising the graph of f leads to a weakly equivalent span (A <~ Py A — B) in C —» with the
first map a trivial fibration. The homotopy equivalence is given by the span (4 <= Pr A — Pigz B) (which
lies in C¢,—» whenever f is a fibration) and its canonical levelwise trivial fibrations to the span above and
to the span (A = A — B).

# is moreover a

When u(0) = 0 and the morphisms in D are all homotopy étale, the morphism u
filtered quasi-isomorphism, so the restriction of Dg’ly to the subcategory [ B (C¢,—» &) of homotopy étale
morphisms sends morphisms in Wy to filtered quasi-isomorphisms. It then follows from Lemma 2.30 and
quasi-isomorphism invariance that (Dg’ly, tHH) and Pol(—, 0) define co-functors on the co-category Lc¢
of R-CDGAs, EFC-DGAs, or C*°-DGAs, and homotopy étale morphisms; the HKR quasi-isomorphism
is then a natural transformation between them. Taking Maurer—Cartan elements as in Definition 2.25 then

gives an oco-functor QP (—, 0) from LC to the oo-category of simplicial sets.

2.4.4 Global quantisations Incorporating the homotopy étale functoriality of Section 2.4.3 into the
functoriality of Theorem 2.21 immediately leads to the following generalisation of Corollary 2.27 on
taking derived global sections on the étale site:

Corollary 2.31 Given a derived DM n-stack X over R with perfect cotangent complex L2 31€ /R’ the space
OP(X,0) := RI['(Xg, QP(0,0)) of 0-shifted quantisations of X in [Pridham 2018, Definitions 1.23
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and 3.9] and its subspace QP(X, 0)*¢ of self-dual (or involutive) quantisations in [loc. cit., Definition 1.33]
are respectively equivalent to the Maurer—Cartan spaces

RT (X5, MC(F? Pol(6,0) 1) x h F ' Pol(&7, 0)_y] x 4* Pol(&, 0)_yy[A])),
RT (Xg, MC(F2 Pol(0,0)(_1) x h? Pol(@, 0)_1j [#°])).

In particular, every Poisson structure w € P(X,0) = RI'(X¢, MC(F? ﬁ(;l(ﬁ, 0)[-11)) admits self-dual
quantisations in the form of almost commutative curved Aoo-deformations <#, of Ox with </_p =~ ,;z%; PP,

The analogous statements for derived C* and derived analytic DM n-stacks (in the sense of [Pridham
2020a]) with perfect cotangent complexes also hold.

Remarks 2.32 The hypotheses of Corollary 2.31 are satisfied by any derived Deligne-Mumford stack
locally of finite presentation over the CDGA R. When R = Hg R, this includes underived schemes X which
are local complete intersections over R, in which case the cotangent complex L2 )1( /R is concentrated
in homological degrees [0, 1]. For such underived schemes, a quantisation in the sense of the corollary
reduces to the usual notion, namely a DQ algebroid deformation of &y over R[[#]]. For more details, see
[Pridham 2022, Remarks 2.15, 4.10, and 4.17].

In analytic settings, Corollary 2.31 similarly gives DQ algebroid quantisations for local complete intersec-
tions. Since C*° spaces tend to embed in affine space under mild finiteness hypotheses, Corollary 2.27
also gives strict quantisations for LCI C*° spaces.

Our hypothesis that X have perfect cotangent complex cannot be removed, since Mathieu’s example
[1997] gives a nonquantisable Poisson structure on a non-LCI scheme.

Remark 2.33 The space QP71 (X,0) of strict deformation quantisations, that is, quantisations by
BD-algebras (associative almost commutative algebras) rather than algebroids, is given by replacing
0 Pol(0x, 0) with the kernel F2Q 15514_(6’35, 0) of the natural map F2Q Pol(6x,0) — hox[[h], and
similarly by F2Q 1581+(6’33, 0)%d := ker(F20 ﬁal(ﬁx, 0) — hOx[H?]) for QPT(X,0)*. These maps
are not in general compatible with the formality quasi-isomorphism of Corollary 2.31, but they are
pro-nilpotent surjections of DGLAs, and so lead to homotopy fibre sequences

OPT(X,0) > QP(X,0) — RI(X, i0x[h]) -2,
OPH(X,00 = OP(X,0)* — RI(X, hOx[H*]) -2

In particular, this means that if H?(X, &%) = 0 then every (self-dual) quantisation in Corollary 2.31 comes
from a strict (self-dual) quantisation.

2.4.5 Quantisation of 1-shifted coisotropic structures In [Melani and Safronov 2018, Section 5.3],
existence of quantisations for n-shifted coisotropic structures is established as a direct consequence of the
formality of the E, operad, for n > 1. Theorem 2.21 allows us to establish the corresponding result for
1-shifted coisotropic structures.
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Before defining quantised coisotropic structures, we need a few preliminaries. We will use the term
Aoo-brace algebra to refer to algebras B for the brace operad Br of [Willwacher 2016, Section 3.4],
corresponding to the restricted class of Bo-algebras from [Getzler and Jones 1994, Section 5.2]; this
enlarges the class of brace algebras from Section 2.1 by having an Ac-algebra structure rather than just
an associative cup product, and can be encoded as a bialgebra structure on the dg coalgebra Bass B given
by the bar construction, with restrictions.

Definition 2.34 Given a 0-shifted quantisation A € MC(ﬁ 20 };SI(A, 0)[1]), define the centre of (4, A) by

TAQ Pol(4,0) := [ | F,CCx(A)A?,
p=0

with derivation § + b + [A, —] (necessarily square-zero by the Maurer—Cartan conditions). The A
operations — + {A}{}> and {A}{}; for i > 3, and unchanged brace operations {}{}; for j > 1, make this
an A brace algebra. Explicitly, this structure corresponds to twisting the differential on the bialgebra
BassTo O lgc;l(A, 0) by the commutator of A with respect to the product induced by the brace operations.

Similarly, given a 0-shifted Poisson structure 77 € MC(F? I;SI(A, 0), define the centre of (A, ) by
Ty Pol(A, 0) := (Pol(4,0). 8, + [. —]).
with the same commutative product and shifted Lie bracket as lga(A, 0) making this a P,-algebra.
We now take the model for BD given by the completed Rees construction of the good truncation filtration

on the Ay, brace operad, so a BD,-algebra is an almost commutative Ao, brace algebra in complete
R[[#]-modules equipped with the #-adic filtration.

The following is slightly weaker than the n = 1 case of [Melani and Safronov 2018, Definition 5.13]
since we cannot require the quantisation of X to be strict.
Definition 2.35 A 1-shifted quantised coisotropic structure on a morphism f: X — ) of (algebraic)

derived DM n-stacks consists of

(1) a quantised 0-shifted Poisson structure A on X,

(2) aquantised 1-shifted Poisson structure on %) in the form of a BD-algebra 5"@ deforming the CDGA
Oy in the sense that it is equipped with a CDGA quasi-isomorphism 5’@ ®%€[[h]] R — Oy, and

(3) a BDj-algebra morphism
F: f 16y — TaQ Pol(0x,0)
of étale hypersheaves on X, where the target is defined using the functoriality of Section 2.4.3.

We say that this quantisation is self-dual if A is self-dual, the BD;-algebra 5"@ is given a quasi-involutive
structure, and F' intertwines the involutions.
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Note that on reducing modulo % and applying the HKR quasi-isomorphism, this gives a 0-shifted
Poisson structure 7 on X, a strong homotopy P»-algebra structure @ on the CDGA 0Oy (ie a 1-shifted
Poisson structure), and a zigzag f 10y <= f~'0y/h — Ty Pol(0%,0) of strong homotopy Pa-
algebra morphisms, with the first a quasi-isomorphism. This last is equivalent to giving a morphism
p: [T Oy — Ty ﬁ;l(@’x, 0) in the oco-category of P,-algebras, so (i, w, p) are precisely the data of a
1-shifted coisotropic structure on f in the sense of [Melani and Safronov 2018].

Corollary 2.36 Given a morphism f : X — 9) of (algebraic) derived DM n-stacks such that X has perfect
cotangent complex, every 1-shifted coisotropic structure on f admits self-dual quantisations in the sense
of Definition 2.35.

Proof The twisting in Definition 2.35 commutes with formality, by [Dolgushev and Willwacher 2015,
Theorem 1.1]. Alternatively, we can interpret (F, A) as a curved brace morphism, with any formality
equivalence for the unital brace operad as a Hopf operad compatibly inducing formality for the curved
brace operad by Koszul duality.

Applying the co-equivalence p,, for any even associator w, and then composing with the filtered quasi-
isomorphism HKR o ay, g from the proof of Theorem 2.21, we thus see that a quantisation is equivalent
to the data of Theorem 2.21 together with a formal deformation py, 5@ of 0y over R[[A] equipped with
an R[[A]-linear 1-shifted Poisson structure, and a morphism

£ by — ( T LAL, (T )i ? TAD. 6 + far A. —})
>0

of strong homotopy P,-algebras over R[[#]]. In the notation of [Melani and Safronov 2018], this is
a formal P, 1j[[#]-algebra deformation of a P[ j-algebra (ie 1-shifted coisotropic) structure on f,
except that we allow our P[, 1}[[%]]-algebra to incorporate h2-curvature in the underlying P [4]-algebra
deformation of &x. When the quantisation is self-dual, the deformation is invariant under the involution

h +— —h, or equivalently induced by a deformation over R[[A?]).

In particular, every P, jj-algebra structure & on (Oy, f -1 Oy — O%) admits a self-dual quantisation
corresponding under the equivalence above to the trivial P qj[[%2]-algebra deformation Z[[A]] of &2. O

Remark 2.37 (analytic and C* analogues) For structures defined as in Definition 2.35, the proof of
Corollary 2.36 is still valid for analytic and C* derived DM n-stacks. However, such structures are too
weak to quantise the correct notion of coisotropic structures in those cases, since the strong homotopy
P»-algebra é"@ /#h and strong homotopy P,-algebra morphism F/# should be defined in terms of EFC or
C* multiderivations.

Instead of constructing BDj-algebras and morphisms in the category of complexes over R[#]], the
solution is to work in the pretriangulated dg category generated by Oy [[%]]-modules and differential
operators. Although this dg category is not monoidal, we can still define algebras by endowing it with
the dg multicategory (ie coloured dg operad) structure in which multioperations (M, ..., M;) > N
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are given by (EFC or C*) polydifferential operators. Because an EFC or C*° polydifferential operator
which is an algebraic derivation is automatically an EFC or C* multiderivation, Pj-algebras in that dg
multicategory do correspond to (k—1)-shifted Poisson structures.

Working in that dg multicategory and recasting Definition 2.35 accordingly, the proof of Corollary 2.36 then
gives genuine deformation quantisations of 1-shifted coisotropic structures in analytic and C*° settings.

3 Quantisations on derived Artin stacks

When applied to (derived) Artin stacks, the definition of Poisson structures in [Pridham 2017, Section 3]
or [Calaque et al. 2017] and their quantisations in [Pridham 2018, Definitions 1.23 and 3.9] is more subtle
than for derived DM stacks, since polyvectors and the Hochschild complex are not functorial with respect
to smooth morphisms.

This is resolved in [Pridham 2017, Section 3.1] by observing that the formal completion of a derived
Artin stack X along an affine atlas f: U — X with f smooth can be recovered from a commutative
algebra in double complexes.

These lead to sufficiently functorial constructions of polyvectors and Hochschild complexes, but only
after passing to sum—product total complexes T6t (Tate realisations in the terminology of [Calaque et al.
2017]). Generalising quantisation results to derived Artin stacks is thus far from straightforward, and to
establish them we introduce an intermediate category Upze [42] in Section 3.3 which delicately balances
the requirements of functoriality and deformations.

Remark 3.1 While the results of Section 1 easily adapt to P;°-algebras in double complexes, the
P, »-algebra of n-shifted polyvectors only satisfies the analogue of Proposition 1.18 before applying
Tét. In terms of our notation below, Pol (—, n) — roughly corresponding to Pol™(—, z) in [loc. cit.] —
is not sufficiently functorial, while the algebra Totg,, Pol(—, n) — roughly corresponding to Pol’ (—, )
in [loc. cit.] — cannot simply be described as derived symmetric powers of the tangent complex, so we
cannot constrain its deformations.

3.1 Double complexes and stacky Hochschild complexes

Definition 3.2 A stacky CDGA is a chain cochain complex (ie a double complex)
AL = (A2 % AL 2, 423, ..

equipped with a commutative product A ® A — A and unit Q — A. Given a chain CDGA R, a stacky
CDGA over R is then a morphism R — A of stacky CDGAs, where we silently regard R as a stacky
CDGA concentrated in cochain degree O.

A stacky C*°-DGA (resp. EFC-DGA over K) is a stacky CDGA over R (resp. K) AZ equipped with
a C*®-DGA (resp. EFC-DGA) structure on 4% and such that 9: Ag — A(l) is a C°°-derivation (resp.
EFC-derivation) in the sense of [Pridham 2020a, Definition 2.9].
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As explained in [Pridham 2017, Remark 3.32], these correspond to the “graded mixed” CDGAs of [Calaque
et al. 2017] (but beware that the latter are something of a misnomer, not having mixed differentials). The
structure in the chain direction encodes derived information, while the cochain direction encodes stacky
structure.

For general derived Artin n-stacks, these formal completions are constructed in [Pridham 2017, Section 3.1]
by forming affine hypercovers as in [Pridham 2013], and then applying the functor D* (left adjoint to
denormalisation) to obtain a stacky CDGA. When X is a derived Artin 1-stack, the formal completion of
an affine atlas U — X is simply given by the relative de Rham complex

o)L ap by S
which arises by applying the functor D* to the Cech nerve of U over X.

Lemma 3.3 There is a cofibrantly generated model structure on the category of cochain chain complexes
in which fibrations are surjections and weak equivalences are levelwise quasi-isomorphisms in the chain
direction. For any chain operad P, this induces a cofibrantly generated model structure on P-algebras in
cochain chain complexes, in which fibrations and weak equivalences are those of the underlying cochain
chain complexes.

Similarly, for any G, -equivariant chain operad P, there is a cofibrantly generated model structure on the
category of G,-equivariant P-algebras in cochain chain complexes with the same cofibrations, fibrations,
and weak equivalences.

Proof This follows as in the proof of [Pridham 2017, Lemma 3.4]. Each generating (trivial) cofibration
in the non-Gy,-equivariant setting gives rise to a Z-indexed family of generating (trivial) cofibrations in
the G,,-equivariant setting, corresponding to choices of weights for the generators. a

Note that since P is assumed to be a chain operad, the operations for the P-algebras A in Lemma 3.3 are
maps
. mj . mn my+-+mpy
Pn)i @A @@ A" = AL Gy
We refer to such P-algebras in cochain chain complexes as stacky P-algebras; beware that this conflicts
slightly with the terminology of Definition 3.2 because we allow stacky P-algebras to have terms of

negative cochain degree, while our stacky CDGAs are concentrated in nonnegative cochain degrees.
We also have a more subtle variant:
Lemma 3.4 Given a chain CDGA R, there is a cofibrantly generated model structure on the category

of Gp-equivariant stacky P°-algebras A over R of nonnegative weights (ie WW; A = 0 for all i <0), in
which fibrations are surjections and weak equivalences are levelwise quasi-isomorphisms.

Moreover, the forgetful functor from this category to the category of G,,-equivariant stacky R-CDGAs
preserves cofibrant objects.
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Proof We apply [Hirschhorn 2003, Theorem 11.3.2] to the forgetful functor mapping to nonnegatively
weighted G,,-equivariant double complexes of (Q-vector spaces. The only nontrivial condition to check
for the first statement is that the left adjoint F' sends trivial cofibrations to levelwise quasi-isomorphisms.
For the second statement it suffices to show that for the class C of cofibrations of double complexes,
pushouts of morphisms in F'C over F'C-cells (ie transfinite iterated pushouts of morphisms in F'C) are
cofibrations of G,,-equivariant stacky R-CDGAs.

Since the forgetful functor factors through the category of nonnegatively weighted G,,-equivariant stacky
si=kp—1 Lie-algebras (by forgetting the commutative R-algebra structure but keeping the Lie bracket),
the left adjoint F' factors as (R ® Symmg) o L4, where L is the left adjoint to the forgetful functor
from that intermediate category. For the Lie bracket of chain degree k — 1 and G,-weight —1, the functor
L4 sends a G,-equivariant double complex V' to the quotient L(V)/(W<oL(V')) of the free graded Lie
algebra L(V') (with Koszul signs) by the Lie ideal generated by terms of negative weight.

Now, a cofibration of double complexes is an injective map U < V for which the quotient V/U is
acyclic in the cochain direction (ie H’ (V;/Uj) =0forall i and j); it is trivial if it is moreover acyclic in
the chain direction. On V/ U there is thus a contracting cochain homotopy h: (V/U)§ — V/ U:f =1 such
that the graded commutator [0, /] is the identity, and if the cofibration is trivial, there is also a contracting
chain homotopy A" (V/U )ﬁ —- (V/U )ﬁ[l] such that [§, #'] is the identity. If we give V an increasing
filtration with Fil_;V = 0, FilgV = U, and Fil; V = V, then the Lie bracket induces an exhaustive
increasing filtration Fil on L (V), with grf' L (V) = L (U @ (V/U)).

We can then define a derivation
H:g" L, (V)E — gl L+(V)z[_1] (resp. H': @i L (V)i — g™l L+(V)§[1]),

given on generators by 0 on U and / (resp. h’) on V/U. It follows that the commutator [d, H] (resp.
[6, H]) is a derivation acting as O on generators U and as the identity on generators V' /U, so it must act
as multiplication by p on grg Li(V).

The maps Fil, L1V — Fil, 41 L4V are thus cofibrations (resp. trivial cofibrations) of double complexes
for all p > 0, since h/(p + 1) and H/(p + 1) provide the necessary homotopies on the quotient, so
L U — L,V is a cofibration (resp. trivial cofibration) of double complexes. Passing to symmetric
powers over R then gives that F'(U) — F(V') is a cofibration (resp. trivial cofibration) of G,-equivariant
CDGA:s, proving the first statement.

For the second statement, observe that cochain acyclicity of the quotient allows us to split any cofibration
of double complexes if we turn off the chain differential. Any F C-cell A thus has the form (F(Us), 8)
for some differential 6, and a pushout B of A along a map in FC takes the form (F(Us & Vi), §) with
S(U@ V) C Aand V acyclic in the cochain direction. Taking the increasing filtration Fil of L4 (U & V)
by powers of V, the quotients gr;i1 L (Uy @ Vi) are cochain acyclic with §(Fil,+1) C Symm(Fil,), so
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taking symmetric powers gives a sequence of cofibrations Symm(Fil,) — Symm(Fil, 1) of stacky sub-
CDGAs of B; composing them all implies that the morphism A — B is a cofibration of G,,-equivariant
stacky CDGA:s. a

Hochschild complexes and multiderivations on stacky CDGAs are then defined in terms of the semi-infinite
total complex:

Definition 3.5 The subcomplex T6t V C Tot'! V is given by
TtV = (@ Vi) @ (T W)
i<0 i>0
with differential d + §. This functor has the properties that it maps levelwise quasi-isomorphisms in the
chain direction to quasi-isomorphisms, and that it is lax monoidal.
Applied to the internal Hom functor Hom, this construction gives chain complexes

Homp (M, N) :=TotHomgr(M, N)

for cochain complexes M and N of R-modules in chain complexes, and hence a dg enhancement of the
monoidal category of R-cochain chain complexes.

Definition 3.6 For a stacky DGAA A (ie an associative algebra in double complexes) over a chain
CDGA R, we define the internal cohomological Hochschild complex CCg g (A) by replacing Hom with
‘Hom in Definition 2.1 (as in [Pridham 2022, Definition 2.7]) to give a chain cochain complex. Note that
for the conventions we have chosen, this means that the Hochschild differential is acting in the chain
direction.

We similarly define Dg;)ly (A) C CCR,e(A) to be the double subcomplex of polydifferential operators
(including the C*° setting with R = R and the EFC setting with R = K, a complete valued field), defined
exactly as in Definition 2.10, but with an additional grading coming from the cochain grading on A.

The filtration % on CCg g (A4) and DEBO ]y(A) is then given by good truncation in the Hochschild direction.

Definition 3.7 For A a cofibrant stacky R-CDGA (resp. stacky C*°-DGA, resp. stacky EFC-DGA),
define the Gy,-equivariant stacky P;< ,-algebra Pol(A,n) by

Pol (A, n) := @) Homa (CoSE (R} 1) —n—1))- A).
p=0

where p is the weight for the G,,-action, the commutative multiplication and Lie bracket are defined in
the usual way for polyvectors, and Qﬁﬂ is Qj/R (resp. Qfl),coo’ resp. Qj/K,EFC)'

In particular, note that Pol(4,0) = P, HomA(SZj’D, A)(p)-
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3.2 Etale functoriality and Hom-equivalences

We now consider conditions for a morphism f: P — Q of A-modules to be a Hom 4-homotopy equivalence,
ie for the homology class [f] € Ho Hom, (P, Q) to have an inverse in Ho Hom,(Q, P). Writing
0="M := M/o”™M for the brutal cotruncation in the cochain direction, we have:

Lemma 3.8 If A is a stacky CDGA concentrated in nonnegative cochain degrees, and P and Q are
cofibrant A-modules in double complexes, with the chain complexes (P ®4 A®)! and (Q ®4 A°)! zero
for all i < r and acyclic for all i > s, then a morphism f: P — Q is a Hom,-homotopy equivalence
whenever the map Tot =% (P ® 4 A%) — Tot6=%(Q ®4 A°) is a quasi-isomorphism. Under this condition,
the morphism f*: Homa(Q, A) — Homy (P, A) is also a Hom 4-homotopy equivalence.

Proof Since P is cofibrant, brutal truncation {o=? M }, of any A-module M in cochain chain complexes
M induces surjections Homy (P, 0= M) — Homy (P, o=~ M) with kernels Homy (P, M')!=11. The
second hypothesis on P implies that (Homyu (P, M*)[=11)™ is acyclic for i > m + s, thus giving a
quasi-isomorphism

Homa (P, M)™ = lim Homy (P, 0="M)" => Homu (P, o =" M)".

n

Moreover, if M =0 forall i <¢, then Homy (P, ="+ M )™ =0 forall m <t —s, so Homy (P, M)™ ~0
for all m <t —s. Applying Tot then gives

Hom(P, M) ~ Tot'! 6=!=5 Hom(P, M).

Now, we have quasi-isomorphisms Toto="(P ®4 A°) — TOtO'SS/(Q ®4 A°) for all s’ > s, giving
quasi-isomorphisms Tot™ 6=~ Homy (Q, M') — Tot" 6=~ Homy (P, M) for all i. Writing M as
the limit of the tower --- — o='t1M — =M = (M")[7"] and setting s’ = s +i — 1, these give a
quasi-isomorphism

Tot™! 6=~ Homu (Q, M) — Tot™L 6='=5 Homy (P, M).
For all M bounded below in the cochain direction, we therefore have quasi-isomorphisms
Sf*:Hom,(Q, M) — Homy, (P, M).

The first hypothesis on P implies that P = ¢=" P, so it is bounded below. We may therefore take M = P,
giving a class [g] € Ho Hom,(Q, P) with f*[g] = [id]. Thus [g] is inverse to [ /] € Ho Hom, (P, Q), so
S is indeed a Hom 4-homotopy equivalence.

Finally, observe that the contravariant functor Hom4(—, A) on A-modules is a Hom4-enriched functor,
having natural maps

Homyg (M, N) — Homg(Homy (N, A), Homq (M, A))

Geometry & Topology, Volume 29 (2025)



Quantisation of derived Poisson structures 3751

for all A-modules M and N in chain cochain complexes, compatible with composition. Applying Tot
then gives maps
Hom, (M, N) — Hom, (Homa(N, A), Homq (M, A))

compatible with composition, so [ f] and [g] give rise to mutually inverse elements of

Ho Hom, (Hom4(Q, A), Homa(P, A)) and HoHom,(Homy(P, A), Homs(Q., A)). O
If D denotes an [m]-diagram (A(O) A(l) LN A(m)) of cofibrant stacky CDGAs with all f;

surjective, then adapting [Pridham 2018, Section 3.1] (cf Section 2.4.3), gives a stacky involutive almost
commutative brace algebra CCr g (D) (resp. Dg) ly(D)) with restriction maps

CCr&(D) — CCreW*D) and D% (D)—> Dy u*D)

for all maps u: [m’] — [m]. For C the relevant category of stacky CDGAs, EFC-DGAs, or C*°-DGAs,
these combine to give a functor on the Grothendieck construction f BC., of the nerve (cf Section 2.4.3).

Similarly, setting

Pol (4, B:n) := ) Homa(CoS{ (R} ) i—n—11): B).
p=0

where le,l:! is le/R (resp. le,coo’ resp. Q}l/K,EFC) and Pol(D,n) is

Pol(A(0), n) Xpo1(4(0),A(1);n) POL(A(1). 1) Xpo1(4(1),4@2)in) ** * XPol (A(m—1),A(m);n) POL(A(m), n)
gives a stacky P;< ,-algebra with restriction maps

Pol(D,n) — Pol(u*D,n)

for all maps u: [m’] — [m].

As in [Pridham 2018, Definition 1.7], we say that a map A — B of stacky CDGAs is homotopy formally

étale if the map
{Toto=9(LQ} ®% B%)}, — {Toto=1(LQ} ®% BY)},

is a pro-quasi-isomorphism, where o=¢ denotes the brutal cotruncation. When the maps f; are all
homotopy formally étale, the map Pol (A (O) A(l) /N A(n),n) — Pol(A(0),n) induced by
the inclusion [0] — [m] becomes a quasi-isomorphism on applying Tot, as shown in [Pridham 2018,
Section 3.1]. However, it will not usually be a levelwise filtered quasi-isomorphism. Crucially for us, a
slightly stronger property than Tot-quasi-isomorphism holds, as we will see in Lemma 3.10 below.

Definition 3.9 Given a stacky CDGA A and A-modules P and Q in cochain chain complexes, we
define RHom, (P, Q) to be any of the quasi-isomorphic complexes Hom A(ﬁ , Q) given by replacing
P with a cofibrant replacement P — P in the model structure of Lemma 3.3; all choices are quasi-
isomorphic because all objects are fibrant, so quasi-isomorphisms between cofibrant objects are homotopy
equivalences in the strict model structure, inducing quasi-isomorphisms on Hom and hence on Hom.
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We say that a map f: P — Q is an RHom,-homotopy equivalence if the induced homology class
[f] € Ho RHom, (P, Q) has an inverse in Ho RHom,(Q, P).

Lemma 3.10 Take a diagram D = (A(0) S, A(l) fo, L Tmy A(m)) of cofibrant stacky R-CDGAs
(resp. stacky EFC-DGAs, resp. stacky C°°-DGAs) concentrated in nonnegative cochain degrees with all
fi surjective, such that

(1) there exists s > 0 for which the chain complexes (le(i) 0 ®A4() A(i)®)" are acyclic for all r > s,
and

(2) the maps f; are all homotopy formally étale in the sense that the maps
Toto=* (R _1y.0 ®ai—1) AD)°) = Toto=* () ;) 0 ®ai) A()°)
are quasi-isomorphisms of A(i)°-modules.

Then the natural morphisms
W; Pol(D,n) — W; Pol(A(0),n)

are all RHOm 4(0)~homotopy equivalences.

Proof Since each f; is surjective and taking symmetric invariants is an exact functor, the question
reduces to showing that for A = A(i — 1) and B = A(i), the maps

Homp (g )%, B) — Homy (24 1)®17. B) = Homp () 1)®'? ®4 B. B)
are RHOm 4 (0)-homotopy equivalences for all i > 0.

The boundedness hypotheses ensure that the chain complexes ((Qiﬂ)@l’ ®4A°%¢ and ((Q}?,D)@’ ®8BY)
are acyclic for i > sp. Combined with the homotopy formally étale hypothesis, this ensures that the
maps (Q}1 D)®p ®q4 B — (Q}g D)@p satisfy the conditions of Lemma 3.8, so are Homp-homotopy
equivalenc’es, and hence RHom 1;(0)—homotopy equivalences a fortiori. a

Lemma 3.11 If A — B is a morphism of cofibrant G, -equivariant stacky CDGAs with nonnegative
G -weights such that Wy A — Wy B is a levelwise quasi-isomorphism and the morphisms W; A — W; B
are Hom,,, ,-homotopy equivalences for all i > 0, then the morphisms

Wi () ®4 WoA) = Wi (Qp ®5 WoB)
are H(A)mWO 4-homotopy equivalences for all i.

. . . o . . . 1 1 .
Proof Since WyA — Wy B is a levelwise quasi-isomorphism, so too is QWO 4> QWO g Using the exact

1

sequence 0 — Qll/voA Owpd A — le — Q}l/WOA — 0, we can thus replace Q}l and Q}_; with QA/WOA

1
and QB/W()B

Because A is cofibrant and W- oA is the augmentation ideal of the morphism A — Wy A, we have
le Iwoa B4 WoA = W=0A4)/(W=0A4) - (W=0A)), so the Koszul resolution (equivalently, the commu-
tative bar construction as in the proof of Lemma 1.17) gives a canonical Wy A-module resolution of

to give an equivalent statement.

le IWod B4 Wo A equipped with an increasing filtration whose graded pieces are CoLie, (WsoA[—1])[1]-
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In weight 7, this becomes a finite filtration only involving terms with n <i, so it suffices to observe that the
maps W; CoLie”WO AWsoA[_1) =W CoLie';VO g (W=oB[_1)) are all HGmWO 4-homotopy equivalences
because they are finite tensor expressions in the terms Wi A and W B. a

3.3 Poisson L ,,-morphisms in the Tate category

For this section, we fix a chain CDGA R over Q to act as our base ring.

We now introduce a variant of Definition 3.5 incorporating nonnegatively weighted G,-actions.

Definition 3.12 Define the nonnegatively weighted Tate dg category TIQL dg 38 follows. Objects are
Gm-equivariant R-modules in chain cochain complexes for which the G,,-weights are nonnegative.
Morphisms are given by the complexes

TRge(M. N) := [ [ Homg (W, M, W; N)

i>0

with the obvious composition rule.
The nonnegatively weighted Tate category ’TIQL is defined to have the same objects, but with morphisms
on,;jdg(M, N).

Note that the tensor product defines a bifunctor on these categories, since Tot commutes with finite direct
sums, SO
TRaeM®rM', P)= [] HomgOW;M g W;M', Wi, P),
i>0,7=0
meaning that the maps

Hom W M, W; N) @ g Hom g OV; M’ , W; N') — Hom g W, M @ g Wi M', Wi+ j(N ® N'))
coming from lax monoidality of Tot induce natural maps
TR aeM.N) ®R TR 4y(M'.N") = Tg (M @ M'.N @ N').

Note that our hypothesis that the G,,-weights be nonnegative is essential for this to hold, since otherwise
the expression W,(M Q g M) = @H—j:n Wi M ® g W; M’ would not be finite.

Also observe that ’7'; de has a dg-subcategory consisting of G,-equivariant R-linear morphisms of double
complexes, which we refer to as strict morphisms, given by []; - Z° Homg(W; M, W;N) C TI;" dg(M ,N).

Definition 3.13 Given a stacky CDGA A equipped with a ;,-action of nonnegative weights, we define
TAJFd o to be the dg category whose objects are G,,-equivariant A-modules in chain cochain complexes for
which the G,,-weights are nonnegative and whose complexes 7:4+dg(M , N)) of morphisms are given by

the natural equaliser
T];:dg(M’ N) :> T];:dg(A ®R M? N)

coming from the observations above.

The category TA+ is then defined to have the same objects, but with morphisms ZO?:::d . (M, N).
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Since the bifunctor Homp respects finite colimits in the first argument, for any morphism A — B of
nonnegatively weighted G,-equivariant CDGAs, the forgetful functor 7}; dg 7;1+dg then has a left
adjoint given by M +—> M ®4 B.

Since ’T; does not contain arbitrary coproducts, and in particular since infinite direct sums are not
coproducts there, we cannot directly adapt Section 1.2. Instead, in order to express our obstructions in
terms of polyvectors we have to enlarge the class of morphisms as follows.

For now, fix a nonnegatively weighted G,,-equivariant chain CDGA S, which in applications will be
either R[h?] or R[A%]/h>™.

Definition 3.14 Take a symmetric monoidal pretriangulated dg category C equipped with a tensor functor
from the dg category of Gp,-representations, and take P/°-algebras A and B in C; write #7: C — C for
the dg functor given by tensoring with the G, -representation of weight p.

We then define Poisson Ls.-morphisms from A to B to consist of sequences f = (fi, f2,...), with
fp € Hom,(Symm? (A[1_g)), h? 1 B) ,_, such that

(1) f isan Leo-morphism (ie satisfies the formulae of [Loday and Vallette 2012, Proposition 10.2.13]),
and

(2) f satisfies the multiplicative property

Ju+1(ab,x1,...,xn) = Z + fp+1(a. Xo(1)s - - s Xo(p) Sg+1(D. Xg(p11)s - - -+ X (n))»

ptg=n
o€Shy ¢4

where & denotes the appropriate Koszul sign (see Remark 3.15) and Sh,, 4 the set of (p, ¢)-shuffle
permutations.

When A and B are weighted G,,-equivariant stacky P;-algebras over S, we write Tatepx 5,1, (A, B)
for the set of Poisson L s,-morphisms from A to B in TS+dg.

Again, observe that the category from Lemma 3.4 arises as a subcategory of Tate P*,R,Loo (A, B), con-
sisting of morphisms f with f; € ZoZ° Homg (A, B) C T;dg(A, B) and f, =0 for all p > 1; we refer
to these as strict morphisms.

Remark 3.15 Adapting [Voronov 2018, Theorem 1], a conceptual interpretation Definition 3.14(2) is
that the tangent map of the Maurer—Cartan map w — ), fa(®, ..., w)/n! is universally multiplicative.
Explicitly, for any pro-nilpotent CDGA C and any element w € (4 ® C)—; (not necessarily satisfying
the Maurer—Cartan equation), condition (2) implies that the C-linear map

an+1(—,w,...,a))/n!:A®C —-B®C

n>0
is multiplicative. Condition (2) can be explicitly recovered from this property by letting C contain free
independent variables 71, ..., 1, with deg(#;) = —deg(x;) — 1, then setting w = ) _ x;t;.
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Lemma 3.16 Poisson L-morphisms are closed under composition of L -morphisms.

Proof This can be checked by direct substitution or as in [Voronov 2018, Theorems 3 and 6].

Alternatively, we can form bar constructions with respect to the Py and Lie operads (cf Lemma 1.17)
in the ind-category ind(C), which does have infinite coproducts. An Lso-morphism f corresponds to a
cocommutative coalgebra map Bric(f):Bgi—kp—11 ;04 = Bgi—«p—1;. B in the ind-category, with f being
given by restriction to cogenerators B. Since Bgi—x3-11;.4 is a quotient of the P;°-coalgebra B p}@cA,
the same procedure defines a map B pa( f):B prA — BpwxB of G,-equivariant graded P°-coalgebras
(ie a degree-0 morphism in the dg category but not necessarily closed). The conditions of Definition 3.14
are then precisely the evaluation on cogenerators B of the condition that B pa ( f) be closed under the
differential.

Thus a Poisson Loo-morphism from A to B in C corresponds to a P;°-coalgebra map B peA— BpxB
in ind(C) whose corestriction to the natural coalgebra quotient Bgi1—«3—1;. B factors through the corre-
sponding quotient Bi—xz—1 ;.4 of Bpx A. This property is manifestly closed under composition. O

Definition 3.17 Given a Gy-equivariant stacky P;-algebra A over S and a Beck A-module M
in the strict category of Gy,-equivariant S-modules in double complexes, define the chain complex
Dér P.S. Lo (A, M) to consist in degree n of G,-equivariant Poisson L oo-derivations A — cone(M )] in
T4, with differential §: Dér PS5, Loo (A M)n — Dér Pi¢.S, Lo (4: M)n—1 induced by the obvious map
cone(M ), — cone(M ),

The following acts as our substitute for Lemma 1.17 in the stacky setting:

Lemma 3.18 Given a nonnegatively weighted Gy,-equivariant stacky P;°-algebra A over R which
is cofibrant as a Gy, -equivariant R-CDGA, together with a Beck A-module M, there is a complete
decreasing filtration F' D F? O ... on the complex ]D)_érpzc, R.Lo, (A, M) with associated graded
complexes

7:4+ (Symmi((gzi/]{)[—k])’ hp_l M)[—k] s
where Q! denotes the double complex of Kihler differentials of the underlying stacky CDGA.
Proof Unwinding Definition 3.14, a G,,-equivariant Poisson L -derivation in 7, IQL is an Lo-derivation
6 for which the elements 6, € T;dg(Symmp (Ar1=x7), hp_lM)p_k satisfy
Opab,ya,...,yp) =abp(b,y2,....yp) £0p(a,y2.....¥p)b,
which, since the operations are symmetric, says precisely that they are multiderivations.

Thus if we forget differentials, we have an isomorphism of graded R-modules

Dérpw p g (A Mg | | Tj. (Symmf (4 )=k . 5P~ M), 1.
- 'k b g / [ ]
p=1
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and we can then set F/ to be the product of the terms with p > j. Since ID)_érP]?c, R.Lo,(A. M) is a
subcomplex of the complex of Loo-derivations, the p' component (§6), is an expression in terms of 6;
for j < p.If 6, =0forall p < j, this implies that (66), =0 forall p < j, so §(F/) c F/ and we have
a filtration by subcomplexes. Moreover, (60); = 6(6;) under those conditions, so §6 € 6(6;) + F J+L
giving the required description of the associated graded complex. |

Definition 3.19 Say that a morphism A — B of stacky P-algebras is an abelian extension if it is surjective
and if whenever a P-algebra operation on A has more than one input in ker(A — B), the output is zero.
Say that a morphism A — B is a nilpotent extension if it is a finite composition of abelian extensions.

Note that the condition implies that ker(4 — B) is naturally a Beck A-module, and that this structure
is induced by a Beck B-module structure. It also gives us a stacky P-algebra isomorphism A xp A =~
AXxp (B @ker(A — B)).

The following proposition is the technical key to this section:

Proposition 3.20 Take strict morphisms B’ £> B b B L gof nonnegatively weighted G, -equivariant
stacky Pj-algebras over S such that g is an abelian extension with kernel I, h is a nilpotent extension,
and the natural Beck B-module structure on I is induced by a Beck B-module structure.

We then have a short exact sequence
0—ZoDérpw 51, (A, ful) —> Tateps 5,1, (A, B))s £ Tateps 5,1, (A, B)s
of groups and sets, where (—) s denotes the fibre over f € Tate P8, Loo (A, B).

Moreover, if A is cofibrant as a stacky CDGA in the model structure of Lemma 3.3, then the short exact
sequence extends to a further term og : Tatep g1, (A,B)y - H_ D_&PEC,S’LOO (A, fx1),s00g(¢) =0
if and only if ¢ lies in the image of g.

Proof Given two elements ¢,V € Tatepge s, Loo (A, B') s with g 0 ¢ = g o, consider the element
¢i_ Ve HPZI %fdg(Symmg(A[l_k]),hp_lB)p_k. Since g is an abelian extension with / a Beck
B-module, we have an isomorphism

B'xz(B&I1)= B xg B, (b,(h,x))r> (b,b+x)

of P/“-algebras. Noting that the inclusion functor from the strict dg category of double complexes to
TS+dg preserves finite limits, it follows that (f,¢ —¥): A — B @ I defines a Poisson Lso-morphism of
Gm-equivariant P°-algebras TS+. Expanding this out in terms of Definition 3.14, this says precisely that
¢ — €ZoDér Pi,S, Lo (A, f«I), which gives the first statement.

For the second statement, we start with an intermediate lemma.

Lemma When A is cofibrant as a stacky CDGA, every element p € Tate P8, Lo (A, B)y admits a lift p
in szl T;dg(Symmg (A[1-k1) L B’),_k satisfying the multiplicativity property of Definition 3.14.
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Proof of lemma Since this lifting property is preserved on passage to a retract, we may assume that 4 is
freely generated as a commutative algebra by a trigraded (ie G,,-equivariant bigraded) QQ-vector space
V =@, W, V; forgetting the differentials gives A} = @, S ®q Symmgy (V).

If we let « be the restriction of p to 1/, we can choose a lift & € ]_[pZl T& (Symm&(V[l_k]), hP—1 B')p—k»
since B’ — B is surjective. Repeated application of the multiplicativity property then gives us elements p,
of Tot"! (Homs (SymmZ% (A[y 1), P~ B’ ))p_ . agreeing with @, on generators V C A, but we need to
check that each term lies in 7&; C Tot™! Hom. The iterated multiplicativity property gives, for r := Zj’ —1 1
and L=r+1-—p,

pp(Symm™ V@---@Symm” V) C Y (V... V)b, (V.. V),
Yl mi=r
which in particular means that m; < p for all [, so p, depends only on {Gm }m<p.
Writing &, ; for the component of & in Homg (W Symma(V[l_k]), Wi—p+1B")p—k, and pp; for the
restriction of &, to W;, we moreover have that p,; depends only on the finite set {&m, j }m<p, j<i. Since
the set is finite, by definition of Hom there exists an integer N such that &, ; lies in cochain degrees
[-N,o00) forallm < pand j <i.

We can decompose &, ; as d;'n' ; Tt a,, j into terms of nonnegative and negative cochain degrees. Since

S is a strict morphism, the image of &, ; must lie in the kernel J' of the nilpotent surjection B’ — B.
If n is the index of nilpotence of J', then at most n — 1 of the terms &, ; can feature in a product to
give a nonzero contribution. Thus the cochain degree of pp; is bounded below by —(n — 1) N (crucially

independent of r), so pp,; € Homg(W; Symm§ (A[1=«1)s Wi+1—pB’) p—» proving the lemma. a

To complete the proof of the proposition, we can now proceed by a standard obstruction argument.

Given p € Tatepie 5,1, (4, B) s, we choose a lift f as in the lemma. This will be an L morphism if and
only if the induced coalgebra morphism By e (p) : Bgi—k oA — B1—« o B’, as in the proof of Lemma 3.16,
commutes with d + §. The resulting commutator «(p) € [, %ng(Symmg (Ap—k), HP71B") p_j—q is
thus the obstruction to p being an L, morphism. Since its projection x (p) to B is 0, it follows that « (p) is
an Lo derivation from A to I. Because B’ — B is an abelian extension, it moreover follows that « (0) is a
Poisson L, derivation and that the Poisson L, A-module structure on [ is that induced from p: A — B, so

k(p) €Z—y D_érplggs,Loo(A» SiI).
Any other lift of p is of the form p + 6 for 6 € D_érP,gC,S,LOO(A» f«I)o, since B’ — B is an abelian
extension. Then k(p + 6) = k(p) + [0 £ &, 6], the abelian property killing all other terms, so there exists
a lift of p to Tatepse 5.1, (A, B’) if and only if x(p) is a boundary, ie whenever o4 (p) := [k(p)] is 0 in
H_l ]D)—érP]zc,S,Loo(A’ f*l) O

Remark 3.21 The cofibrancy condition in Proposition 3.20 is stronger than the proof uses, since it
suffices for A to be a retract of a quasifree object. That is an instance of a general phenomenon that
deformation theory works most naturally with derived categories of the second kind.
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Definition 3.22 Define the category I/ P[h2]/h2m R (resp. U P[A2], r) as follows. Objects are nonnega-
tively weighted G, -equivariant stacky P/ ®q R[h?]/h>™-algebras (resp. P Rq R[h?]-algebras) which
are levelwise flat over R[A2]/h?™ (resp. R[h?]).

Morphisms from A to B then consist of those elements of
Tatepzc,R[hz]/hzm,Loo (A, B) (resp. Tatepzc,R[hz],Loo (A, B))

which are strict morphisms modulo %2, ie morphisms of G,,-equivariant P,° ®q R-algebras in the strict
category of double complexes.

We then say that a morphism 4 — B is a weak equivalence if the induced (strict) morphism A /4% — B/h?

is a levelwise quasi-isomorphism, ie induces isomorphisms H; (4/ /4%) — H'(B/ /h?) for all i and ;.

In particular, note that Upx g = U P[42]/h2,R is the strict category of nonnegatively weighted G-
equivariant stacky (P;°®q R)-algebras, ie the category with morphisms of cochain degree 0 and with no
higher L terms.

Also observe that since W; (A2 B) = 0 for all i < 2m, we have

HOm g2 (Wi A, W B) = lim Hom g2y (Wi A, Wi (B/B>™)),
m

so substitution in Definition 3.12 gives le[hz] oA B) = 1im, le[hz] o gg (A /h%™ B /h2™) and thus

uP/ic[h2],R(A’ B) =~ @UP;C[h2]/h2'",R(A/h2m’ B/th)
m
Definition 3.23 Letting U/ be either of the categories U Pi[h2]/h2m, R OF Up[s2] R and taking objects
A, B € U, define the simplicial set U/ (A, B) to be given by
n—U(A, BRQQA"),),
for the CDGA 2(A"), of polynomial de Rham forms as in Definition 2.23.

Corollary 3.24 Given A, B € Upse[n2]/n2m+2,Rs with A cofibrant in the model structure on G-
equivariant (P]?C®R[h2] /h?>M+2) algebras from Lemma 3.3, the map

0: ZL[P;C[hZ]/hZWI-f-Z,R(A, B) — Zilpzc[hz]/hzm’R(A/hzm, B/hzm)
is a Kan fibration of simplicial sets.

Moreover, for each element f €U P[A2]/R2m, r(A/B2™ B /h?™), there is a functorial obstruction o( f') €
H_,; D_érP,gc,R,Loo (A/h?, fh®>™(B/h?)) which vanishes if and only if the fibre 0~ ( f) is nonempty. If
o( f) vanishes, then 7r; (§~1( f)) is naturally a torsor for H; Dérpu + 1 (A/h2, fxh?>™(B/h?)).

k'R »™~00

Proof These are fairly standard consequences of Proposition 3.20. Since finite limits behave well in
Tate P[42]/h2M, R, Loo> for any finite simplicial set K we have

Homsset(K, Zi{P;;C[hZ]/hzm’R(A, B)) = uP;;C[hz]/hzm,R(A» B® Q(K).),
where Q" (K) := Homgge (K, Q7 (A®)).
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Letting S := R[h?]/A%™*2, the relative horn-filling condition for # then amounts to surjectivity of
Tatep;c,S,Loo (A, B® Q(An).)F
— Tatepie 5, Lo (A, (B ® QA" /H>™) X gga(anky,mzm B® QA™) ) F,

forall F € gp;;c,R(A/hz, B/h?), C Tatepie 5,1 (A, B ® Q(A")./h?), where the subscript denotes the
fibre over F'.

Now, the map
B®Q(A"). — (B ® QA" W/H*™) Xggaanity,mzm B ® QA™F),

is an abelian extension with kernel 72 (B /%2) Qker(Q(A"), — Q(A"),). The latter complex is acyclic,
so the obstruction of Proposition 3.20 vanishes, giving the required surjectivity for 6 to be a Kan fibration.

The obstruction o( f) is then given by applying Proposition 3.20 to the abelian extension B — B/#>™

of (P*®R[#*]/h>"*+2)-algebras. Then applying Proposition 3.20 to the extensions B ® Q(A"), —
B ®Q(A"),/h?>™ and writing V(n) := Dérpu g1, (A /B2, [ h?™(B/h?) @ Q(A™),) gives us a faithful
transitive action of ZoV(n) on 8~1( ), for all n, and hence of ;ZoV(—) on 7;0~1(f). Since 4 is
cofibrant, the simplicial chain complex V(—) is a Reedy fibrant replacement of the chain complex V(0),
so the simplicial abelian group ZoV(—) has homotopy groups w;ZoV (—) isomorphic to H; V(0), as
required. a

Corollary 3.25 Forl := Upse[y2]/n2m g (Tesp. U 1= Z/{PEC[;IZ]’R), with A, B €U such that A is cofibrant in
the model structure on G, -equivariant stacky (P,?C(X)R[hz] /h?™)-algebras (resp. (P,?C(X)R[hz])—algebras)
from Lemma 3.4, the simplicial set U(A, B) is a model for the derived mapping space

Rmap,, (A4, B)

of morphisms from A to B in the simplicial localisation L"VU{ of U at weak equivalences.

Proof We first show by induction on m that the functor U (—, —) preserves weak equivalences in both

factors, provided we restrict to cofibrant P} [h2] /B2

-algebras in the first factor. For m = 1, this follows
from [Hovey 1999, Section 5], since it is a right function complex with respect to the model structure of

Lemma 3.4. For the natural maps
Upsiieypemt, g (A, B) = Upwpioypom g (AR, B/R2™),

the description of Corollary 3.24 implies that the homotopy fibres are invariant under weak equivalences
in A and B, which gives the inductive step. The case U := U Pi[h2],R then follows by taking the limit
over m; since all maps are fibrations, the limit is a homotopy limit.

In the model category of Lemma 3.4, there exists a Reedy cofibrant cosimplicial frame A® of A [Hovey
1999, Section 5.4], leading to a simplicial set n — U(A", B). The invariance above, together with an
identical argument that I/ (A°,-) preserves weak equivalences, then gives us weak equivalences

U(A®, B) — diaglU(A*, B) < U(A, B)
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of simplicial sets. In the model category of restricted diagrams from [Toén and Vezzosi 2005, Section 2.3.2],
the natural morphisms U(A4, —) — U (A", —) are all weak equivalences, since the maps A" — A are
I It (A", —), the natural map
U(A,—) = U(A®, —) is also a weak equivalence in the category of restricted diagrams. The result now

weak equivalences in ¢/. Because U(A°®, B) is a model for holim

follows by [Dwyer and Kan 1987], as interpreted in [Toén and Vezzosi 2005, Theorem 2.3.5], since we
have shown that 2/(A*, —) ~ U(A, —) preserves weak equivalences. a

3.4 Uniqueness results for deformations
3.4.1 Uniqueness for stacky P [#2]-algebras
Corollary 3.26 Take A, B €U PE[A2],R such that A is cofibrant in the model structure on G, -equivariant
stacky (P;*®q R[#?])-algebras from Lemma 3.4. If
H; H)_&Plgc’R’Loo(A/th,hZ”f*(B/th)) >~
forall i > —1 and n > 1, and all morphisms f : A/h*A — B/h*>B inUpx g, then the natural map
Upcp2),r(A. B) = Upx r(A/h* A, B/h*B)
is a trivial fibration.
Proof Under these hypotheses, Corollary 3.24 gives fibrations
Upieipaypent2, R(AH2" 2, BIR2"2) = Upsa) gan p(A/H", B/h2")
for all n > 1, and shows that their fibres are contractible, making them trivial fibrations. The result then

follows by taking the limit over all 7. O

Definition 3.27 The lax monoidal dg functor Totg,, from G,,-equivariant double complexes to G, -
equivariant chain complexes is given by Totg,, A := &, Tot W, A.

Lemma 3.28 There is an oo-functor Totg,, from the co-category of nonnegatively weighted G, -
equivariant stacky P} ®q R [#2]-algebras to the co-category of G, -equivariant (P®qR [42])-algebras,
and this extends to an co-functor on LYVl P[A2],R-

Proof Since Tot is lax monoidal, Totg,, defines a functor from G,-equivariant stacky P-algebras to
Gm-equivariant P-algebras for all chain operads P, and this automatically yields an co-functor because
it preserves weak equivalences, sending levelwise quasi-isomorphisms to quasi-isomorphisms.

Similarly, Totg,, defines a functor from Upiej2),R to the category of Gm-equivariant Poisson Lso-
morphisms between G,,-equivariant (P,';‘°®QR[h2])—algebras. As in the proof of Lemma 3.16, these are
a fortiori R[A?]-linear ( Py )oo-morphisms, ie co-morphisms in the sense of [Loday and Vallette 2012,
Section 10.2.2].

Composing with the R[A?]-linear analogue of the rectification functor 2 prBp of Theorem 11.4.7 in
[loc. cit.] thus gives us a functor F := Q plch P Totg,, on L{PI?C[;,Z]’ Rr»> With the restriction of F' to the
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category of strict morphisms admitting a natural quasi-isomorphism from Totg,,. In order to show
that F' induces the required oo-functor, it suffices to show that it preserves weak equivalences. By the
R[}?]-linear analogue of [loc. cit., Proposition 11.4.11], that amounts to showing that the functor Ttg,,
sends weak equivalences to co-quasi-isomorphisms (ie ( Pg)oo-morphisms whose first component is a
quasi-isomorphism).

If f: A— B isa weak equivalence in i/, then fi: A/h%> — B/h? is a levelwise quasi-isomorphism, so
f1: Tot W; (A/h?) — Tt W; (B /h?) is a quasi-isomorphism. Now, the flatness hypotheses on objects of
Upi(2], g ensure that the maps h2k: (A/h2) — (h2k A/h%*+2 A) are isomorphisms and similarly for B
so by induction fi: Tot W (A/h2K) — Tot W (B /H3K) is a quasi-isomorphism for all k. Taking k > 5

then shows that the map f7: TotW; A — To6t W; B is a quasi-isomorphism for all 7. |:|

Definition 3.29 Given a nonnegatively weighted G,,-equivariant stacky P;°-algebra 4 over R and a Beck
A-module M in the strict category of G,,-equivariant double complexes, define RDér Derpuc g 1., (A, M) :=
Dér Deérpe g 1., (A, M) for any cofibrant replacement A of A as a G,,-equivariant stacky P/“-algebra; note
that by Lemma 3.18 this is well defined up to quasi-isomorphism because Lemma 3.4 implies that Ais
cofibrant as a stacky CDGA.

Theorem 3.30 For A := (A/h?A), the functors
A @PTotWiA and A P TotW; (A[h%)
j i

from the co-category of nonnegatively weighted G, -equivariant stacky (P]';‘°®QR[h2])—algebras to the
oo-category of G, -equivariant (P§C®@R[h2])-algebras become naturally equivalent when restricted to
objects A which are flat over R[h?] and satisfy

) RD_érP;C,R,LOO (A, M) ~ 0 for all Beck A-modules M of pure G,,-weight > 2.

Proof We adapt the proof of Corollary 1.13. As a preliminary, note that for all P, N € 7:4+, we have
7;1+(P, N) =lim 7;1+(P, N/Ws,N) essentially by construction. Since A is cofibrant, we can therefore
deduce by a filtration argument that RDér PR, Loo (A, N) >~ 0 whenever RDér P R, Lo (A WrN) ~0
for all r, which (}) above ensures for all Beck A-modules N with W; N =0 for all i < 2.

In particular, whenever A satisfies (1) and B is nonnegatively weighted, RDér PR, Lo (A,h?'B) ~ 0
for all i > 1, so Corollary 3.26 implies that the map U pxs2), (4. B) — Upw R(A/H?A, B/h?B) is a
weak equivalence. By Corollary 3.25, this means that the oco-functor 4 +— A/h? A from LU P[#2],R O
LWUplgc, R becomes full and faithful when restricted to objects satisfying () above. Since the functor
C + C[h?] is right inverse to reduction mod #2, it follows that the identity functor is naturally equivalent
to the functor A — (A /A2 A)[A?] on this co-subcategory (LWZ/{P;C[hZ],R)%.

Since the oo-functor Totg,, factors through (LU PlA2], r) by Lemma 3.28, composition gives us the
required equivalence Totg, A ~ Totg,, ((A/h?A)[h?]), natural in objects 4 satisfying (). |
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3.4.2 Uniqueness for involutive almost commutative stacky Pj-algebras Adapting Definitions 1.1
and 1.15, we have:

Definition 3.31 A cochain chain complex V. is quasi-involutively filtered if it is equipped with a
filtration W by double subcomplexes and an involution e which preserves W and acts on Hy (ger V7/) as
multiplication by (—1)’ for all ;.

Define a quasi-involutive almost commutative stacky Pj-algebra over R to be an (R® P2°, W, e)-algebra
A in quasi-involutively filtered cochain chain complexes.

We have the following immediate analogue of Lemma 1.9:

Lemma 3.32 The Rees functor of Definition 1.5 gives an equivalence of co-categories from the category
of quasi-involutive almost commutative stacky Py -algebras over a chain CDGA R, localised at filtered
levelwise quasi-isomorphisms, to the co-category of Gy, -equivariant (R®q P[°)-algebras in cochain
chain complexes of flat Q[A#?]-modules, localised at levelwise quasi-isomorphisms.

Applying Lemmas 1.9 and 3.32 and taking functorial cofibrant replacement, Theorem 3.30 immediately
gives the following:

Corollary 3.33 The functors Tot and Tot gr” from the co-category of quasi-involutive almost commu-
tative stacky Py -algebras in double complexes (localised at filtered levelwise quasi-isomorphisms) to
the co-category of quasi-involutive almost commutative Py -algebras become naturally equivalent when
restricted to objects A satistying the conditions

(1) W_1A/ =0 forall j, and
(2) RDEr . L (et A, M) ~ 0 for all Beck Wy A-modules M of pure G,,,-weight > 2.
k'R »™O0O

The following analogue of Proposition 1.18 is now an immediate consequence of Lemmas 3.18 and 3.11:

Proposition 3.34 If B is a nonnegatively weighted G, -equivariant stacky P[°-algebra over a CDGA R
for which the map (WlLQ};/WOB) ®p B = LQ}?/WOB of commutative cotangent complexes is a
quasi-isomorphism, then

RO e it
for all Beck Wy B-modules M pure of G,,-weight > 2.

1 (B.M)~0

Moreover, if A is another such algebra, equipped with a morphism A — B such that Wy A — Wy B is a
levelwise quasi-isomorphism, and if the morphisms W; A — W; B are RHom,,,,, ,-homotopy equivalences
for all i > 0, then we also have RID)_érPaC L (B,M) ~0.

k2R »Lioo
3.5 Quantisations on derived Artin stacks
We are now in a position to generalise Theorem 2.21 to stacky CDGAs, and hence Corollary 2.31 to
derived Artin n-stacks.
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3.5.1 Quantisation of 0-shifted Poisson structures By [Pridham 2018, Lemma 1.14], based on
[Voronov 2000, Section 3], CCr(A) is equipped with a stacky brace algebra structure. Since A is
commutative, Lemma 2.8 moreover adapts to make (CCr,g(A), t1H) (resp. Dg]y(A)) into a quasi-
involutive stacky almost commutative brace algebra.

For w € LevigT (Q), Definition 2.19 gives an equivalence p,, between stacky quasi-involutive almost
commutative brace algebras and stacky quasi-involutive almost commutative P5-algebras by considering
the respective algebras in the dg category of cochain complexes of R-modules in chain complexes.
However, the proof of Theorem 2.21 does not immediately adapt to this setting, because functoriality for
stacky Hochschild complexes and stacky polyvectors is much more subtle, which is why we have had to
involve Hom.

Writing Q}l g for the cotangent module associated to the relevant theory (commutative, C°°, or EFC) as
in Corollary 2.27, we have:

Theorem 3.35 Take a cofibrant stacky R-CDGA (resp. stacky C°°-DGA or stacky K -EFC-DGA) A with:
(3) the cotangent complex (Q/l1 E])‘L‘& is perfect as an A*-module.

Then the quasi-involutively filtered DGLA underlying the complex of polydifferential operators

N 1

(Tot DEy™ (A)_yp. M)
is filtered quasi-isomorphic to the graded DGLA
Polg(A,0)[—q]:= @ Hom 4 (Qil],lj’ A)p—1]
p=0

of derived polyvectors on A, where the Lie algebra structure is given by the Schouten—Nijenhuis bracket.

This quasi-isomorphism depends only on a choice of even 1-associator w € LevigT, and is natural with
respect to homotopy étale functoriality induced by [Pridham 2017, Section 3.4.2; 2018, Section 3.1] and
its C°° and EFC analogues.

When A is a cofibrant stacky R-CDGA satisfying (%), the same statements hold for the Hochschild
complex CCR,a(A) in place of Dg?y(A).

Proof We adapt the proof of Theorem 2.21. As explained in Section 3.1, the cofibrant hypothesis ensures
that Lemma 2.8 adapts to show that (Dg’ly (A), THH) is a quasi-involutive almost commutative stacky
brace algebra, with a levelwise graded quasi-isomorphism HKR: grtHH Dg;ﬂy(A) = Pol(A,0). Since
Dgﬂy (A) — CCR,@(A) is a filtered levelwise quasi-isomorphism in the stacky R-CDGA setting, it suffices
to focus on Dg;’ly (A) in all settings.

For any even associator w, the co-functor p,, of Definition 2.19 then gives an involutive almost commu-
tative stacky Pp-algebra py, (D%)}é, tHH) with its associated graded algebra having a zigzag of levelwise
quasi-isomorphisms of G,-equivariant stacky P}°-algebras to Pol(4, 0).
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Since (le D)# is assumed to be perfect, Lemma 2.20 adapts verbatim to give a levelwise quasi-
isomorphism LQ71>ol(A 04 = Pol(A,0) ®114‘ W1 Pol(A,0) of A-modules. Thus Pol(A,0) satisfies
the conditions of Proposition 3.34.

By base change, we know that le O ®4 A® must be a perfect A°-module in double complexes, so
all but finitely many of the AO—mociules (QjLD ®4 A%)” must be acyclic. Thus if we take a diagram
D = (A(0) - A(1) - --- — A(m)) of homotopy formally étale surjections between m + 1 such stacky
CDGA:s, the hypotheses of Lemma 3.10 are satisfied, so the maps W; Pol (D, 0) — W; Pol(A(0), 0) are
RHOm (0)-homotopy equivalences.

Thus Pol (D, 0) also satisfies the conditions of Proposition 3.34, so py (D%Olé(D), tHH) satisfies the
conditions of Corollary 3.33, giving a zigzag of filtered involutive quasi-isomorphisms

ow,p: pw | To(MDEY (D)) = @ Totw; Pol (D, 0),
i i
natural with respect to all morphisms (Dg Y (D), THH) - (DY Y(D"), 7HH) in the co-category of quasi-
involutive almost commutative stacky brace algebras, for all such diagrams D and D’.

If we write C for the category of stacky R-CDGAs (resp. stacky C°°-DGAs or stacky K-EFC-DGAs),
with C¢ _ the subcategory of cofibrant objects and surjective morphisms, then as in Section 3.2 we have
functors D +— (Dg;)ly(D), t) and D + Pol (D, 0) on the Grothendieck construction | BCc,—» of the
nerve. If we further restrict to the full subcategory le,p_» C C¢,—» on objects satisfying (1), then the natural
transformation o, above gives a natural equivalence between the respective functors from [ BCEP_» to

the category of quasi-involutive almost commutative P,-algebras.

Consider the co-category Lt given by the localisation at levelwise quasi-isomorphisms of the cat-
egory of homotopy formally étale morphisms between stacky R-CDGAs (resp. stacky C*°-DGAs or
stacky K-EFC-DGAs) satisfying (f). By Lemma 2.30, LC"P4t arises as a simplicial localisation of
/B (Cé{pi), for the subcategory Cifp;t C Céf,p_» of homotopy formally étale morphisms. Since the maps
TotW; Pol (D, 0) — Tot W; Pol (A(0), 0) above are quasi-isomorphisms, our totalised functors descend
to that localisation, so we also have an equivalence

oy 2 | Tot(z g () = @ Totw; Pol (-, 0)
i i
of oo-functors from LCPt to the oo-category of quasi-involutive almost commutative P,-algebras. O

Definition 3.36 Given a cofibrant stacky R-CDGA, stacky C°°-DGA, or stacky K-EFC-DGA A4,
adapting [Pridham 2018, Definition 1.16] as in [Pridham 2020a; 2020b], we define the filtered DGLA
(Q @(A, 0)=11- F) of quantised polyvectors by setting

F'Q Pol(A,0) := [ ] Tot MDY (4)pr 1
p=i
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observe that the Gerstenhaber bracket satisfies [rHH HH] crt N¢J [f LF | C Fiti=1 making

F2Q Pol(4, 0)[_y] into a pro-nilpotent filtered DGLA.

p+q 1

The space QP(A,0) of 0-shifted quantisations of A is then defined to be (adapting [Pridham 2018,
Definition 1.23])
lim MC(F2Q Pol(4,0)—y)/ F").
1
The subspace QP(A4,0)*d C QP(A,0) of self-dual quantisations then consists of fixed points for the
involution (—)* given by A* (%) := i (A)(—h), for the involution i of Lemma 2.8.

These definitions all extend to diagrams (A(0) — --- — A(m)) in place of A, giving homotopy étale
functoriality as in the proof of Theorem 3.35.

For a strongly quasicompact derived Artin n-stack X, the space QP(X, 0) and its variants are defined
in [Pridham 2018, Section 3.1] by first taking an Artin (n+2)-hypergroupoid resolution X, of X, then
applying the left adjoint D* of the denormalisation functor D, forming a cosimplicial stacky CDGA
j—=>D*O(X Aj) with homotopy formally étale structure morphisms. This can be thought of as giving a
formally étale simplicial resolution of X by derived Lie algebroids. We then set
P(X,0) := holim P(D*O(X*'),0), QP(X,0) := holim QP(D*O(X'),0);
JEA JEA

this is shown to be well defined because the constructions are invariant under smooth hypercovers. Similar
constructions work verbatim for EFC and C*° analogues.

These constructions extend beyond the strongly quasicompact setting, either by allowing the hypercover
to involve disjoint unions of derived affine schemes, or as in [Pridham 2024] by working directly with a
functor on DX on stacky CDGAs which admits formally étale affine hypercovers. Indeed, analogously to
[Pridham 2020c, Section 2.3.4], this approach allows the definitions to extend to any homogeneous (also
known as infinitesimally cohesive on one factor) derived stack with a bounded below cotangent complex.

In the following lemma note that, as with any Fermat theory, modules over dg C*°-rings and dg EFC-rings
are just modules over the underlying CDGAs.

Lemma 3.37 If Y is a derived Artin m-hypergroupoid, then the stacky CDGA A := D* O(Y) satisfies
(! 4.0 ®4 A% ~ 0 for all r > m. If the associated derived Artin m-stack ) := Y¥ has perfect cotangent
complex, then (2})* is perfect as an A*-module.

Proof First, note that the double complex Q}l 0 ®4 A® is just the Dold-Kan normalisation N, of
the cosimplicial chain complex Ql y.0 ®ow) AP, since both constructions have the same right adjoint.
The term N/ in cochain degree r is thus isomorphic to the cokernel QY /M, roY ®o(y,) O(Yo) of the
(r,0)" partial matching map, which by hypothesis is a trivial cofibration in degrees » > m, and so
Q) p®4 4% ~0.
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The map Homy (2L, N)° — Homy (L, 0=""N)O to the brutal cotruncation is thus a quasi-isomorphism
for all A°-modules N in double complexes. That quasi-isomorphism extends to all A-modules N in
double complexes which are concentrated in nonnegative cochain degrees, since N = lim_ 0="N with
the quotients being A°-modules.

All the partial matching maps are smooth, so the argument of the first paragraph also shows that the
chain complexes (Qj1 0 ®4 A®)" are projective A°-modules in chain complexes, and in particular perfect
complexes, for all r > 0. Since Yy — %) is an Artin m-atlas and %) has perfect cotangent complex, so
does Yy, meaning that the A%-module QIZO,D = (le,lj ®4 A%)? is also a perfect complex. Since the
vanishing result above implies that (Q}1 Q4 A% ~ @'r”:()((Q}LD ®4 A1 we deduce that it is
perfect as an A%-module.

The functor Homy (QL, —)° thus commutes with filtered homotopy colimits of A%-modules in double
complexes, and hence (via quotients of the brutal truncation filtration) with filtered colimits of A-modules
concentrated in cochain degrees [0, m]. Since cotruncation commutes with filtered colimits, it follows
from the cotruncation property above that Homy (22}, —)° commutes with all filtered homotopy colimits
of A-modules, which is equivalent to saying that (le)# is perfect as an A*-module. a

Corollary 3.38 Given a derived Artin n-stack X over R with perfect cotangent complex, any even
associator w € LevigT gives rise to a map

P(X,0) > OPY(X,0)

from the space of 0-shifted Poisson structures on X to the space of self-dual E quantisations of X in the
sense of [Pridham 2018, Definitions 1.23 and 3.9]. When X is strongly quasicompact, these quantisations
give rise to curved Aoo deformations (pery, (X)[[7]], {m(i)}izo) of the dg category pery,(X) of perfect
Ox-complexes, h-semilinearly anti-involutive with respect to the dg endofunctor 7 omg, (—, Ox) on
pergg ().

The analogous statements for derived C*° and derived analytic Artin n-stacks (in the sense of [Pridham
2020a]) with perfect cotangent complexes also hold.

Proof The first statement and its C°° and analytic analogues follow immediately by substituting
Theorem 3.35 in the definitions above, via Lemma 3.37, and passing to homotopy limits.

By [Pridham 2018, Proposition 3.11], E; quantisations of X give rise to curved Ao, deformations
of pery,(X), as a consequence of the corresponding statement [loc. cit., Proposition 3.11] for stacky
CDGAs. The latter follows by establishing that the natural restriction map CCgr(Per(A)) — CCgr(A) is
a filtered quasi-isomorphism, for a bi-dg category Per(A) of perfect modules associated to A4 [loc. cit.,
Definition 1.24]. The identity A == A°PP extends to the dualisation functor (=) on Per(A), which is a
homotopy involution in the sense that it extends to an action of a simplicial resolution of the group Cs.
The restriction map above is then equivariant for this homotopy C,-action, and so induces equivalences
on homotopy fixed points of the respective spaces of deformations.
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Explicitly, for strongly self-dual A-modules P;, the self-dual condition on a curved A, deformation is
that the following diagram commutes for each of the A, operations m@ (#):

mp  p.(—h)
Hom(Po, P1) ® -+~ ® Hom(Pi_1, P;) —""s Hom(Po, P1)[A]
gl im(;?v o PY lg
Hom(PY, PY ) ®---® Hom(P), Py) —————25 Hom(PY, Py)[h] o

Remark 3.39 The hypotheses of Corollary 3.38 are satisfied by any derived Artin stack locally of
finite presentation over the CDGA R. When R = HyR, this includes those underived Artin n-stacks X

which admit Artin n-atlases by schemes which are local complete intersections over R, in which case the

1

cotangent complex L2, /R

is concentrated in homological degrees [—n, 1].

3.5.2 Quantisation of 1-shifted coisotropic structures In [Melani and Safronov 2018, Definition 5.14],
shifted coisotropic structures and their quantisations are defined for stacky CDGAs, and hence derived
Artin stacks, in terms of P, 11 ,]-algebras and BD[, 11 ,)-algebras in the unweighted Tate dg category
Tlg ,dg
0-shifted quantisation gives a curved strong homotopy BD;-algebra in Tlg, dg-

C 7'1{ dg’ the full dg subcategory of objects concentrated in weight 0. Unwinding our definition of a

Since we have to allow for curvature, we need a more general definition than [loc. cit.], similar to
Definition 2.35. We then encounter the subtlety that Tlg dg does not have infinite limits, so we work
with the pro-category pro(TIg d g) in order to accommodate the algebra of quantised polyvectors. The
monoidal functor TI{ de pro(Tlg’ dg) sending V to the pro-object {nosis Wi V}j allows us to make
the following definition.

Definition 3.40 A 1-shifted quantised coisotropic structure on a morphism f: A — B of stacky CDGAs
consists of
(1) a quantised 0-shifted Poisson structure A on B,

(2) a quantised 1-shifted Poisson structure on A in the form of a system of flat strong homotopy
BD,/h*-algebras A/h* in T
algebras in 7'12 dg’ and

[h]/hk dg® equipped with a weak equivalence A /A — A of commutative

(3) a strong homotopy morphism of BD;-algebras in pro(Tlg Glg):

Fid—TaQPol(B.0) = { ( [T ™D (BT .54 (A, ). — +{A}{ha. {A}{}izs)} .
0<i<j J

Define a 1-shifted quantised coisotropic structure on a morphism f : X — %) of derived Artin n-stacks to

consist of compatible 1-shifted quantised coisotropic structures on all morphisms f: A — B of stacky

CDGAs with A and B homotopy formally étale over ) and X, respectively, using the homotopy formally

étale functoriality of Section 3.2.
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We say that this quantisation is self-dual if A is self-dual, the BD,-algebras A are given compatible
quasi-involutive structures, and F intertwines the involutions.

Corollary 3.26, and hence the proof of Theorem 3.30, gives equivalences in LYl Pi[h2],R> and hence
a fortiori as P;° [4?]-algebras in T, IQL’ dg* Substituting in these results, the proof of Corollary 2.36 adapts
immediately to give:

Corollary 3.41 Given a morphism f: X — 2) of derived Artin n-stacks such that X has perfect
cotangent complex, every 1-shifted coisotropic structure on f admits self-dual quantisations in the sense
of Definition 3.40.

For analytic and C*° analogues, the considerations of Remark 2.37 apply equally to derived Artin stacks, so
the proof of Corollary 3.41 immediately gives abstract BD,-algebra quantisations in those settings, which
we can strengthen to genuine quantisations of the analytic or C*° coisotropic structures by replacing 7:1(;
with the multicategory of polydifferential operators.
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