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We prove a homological mirror symmetry equivalence for pairs of multiplicative hypertoric varieties, and
we calculate monodromy autoequivalences of these categories by promoting our result to an equivalence
of perverse schobers. We prove our equivalence by matching holomorphic Lagrangian skeleta, on the
A-model side, with noncommutative resolutions on the B-model side. The hyperkähler geometry of these
spaces provides each category with a natural t-structure, which helps clarify SYZ duality in a hyperkähler
context. Our results are a prototype for mirror symmetry statements relating pairs of K-theoretic Coulomb
branches.
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1 Introduction

In this paper, a sequel to [McBreen and Webster 2024], we realize a homological mirror symmetry
equivalence for multiplicative hypertoric varieties.
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3922 Benjamin Gammage, Michael McBreen and Ben Webster

Multiplicative hypertoric varieties are variants of the more familiar toric hyperkähler, or “additive
hypertoric”, varieties defined in [Goto 1992; Bielawski and Dancer 2000; Konno 2000]. Both multiplicative
and additive hypertoric varieties appear as the simplest examples of, and hence an excellent testing
ground for, a class of holomorphic symplectic spaces arising from supersymmetric gauge theory and
of great interest in geometric representation theory. Additive hypertoric varieties appear as Coulomb
branches of 3d N D 4 gauge theories, as first constructed in [Braverman et al. 2018], with abelian gauge
group. Their multiplicative cousins appear as Seiberg–Witten systems governing 4d N D 2 theories, and
after compactification of the 4-dimensional theory on a circle they appear in the K-theoretic Coulomb
branch construction from [Braverman et al. 2018]; see also [Teleman 2021; Finkelberg and Tsymbaliuk
2019] for further descriptions of these spaces.

We should emphasize that while the appearances of quantum field theory above are in dimensions above 2,
in this paper, we only consider “mirror symmetry” in the sense of the duality of 2d N D .2; 2/ theories
familiar to mathematicians from, for example, the work of Kontsevich [1995]. It would be interesting to
understand our results from the perspective of 3- or 4-dimensional constructions in field theory.

1.1 SYZ mirror symmetry

From the perspective of mirror symmetry, the salient feature of multiplicative Coulomb branches is the
presence of a Lagrangian torus fibration: indeed, to a first approximation, these spaces are holomorphic
symplectic manifolds admitting the structure of an integrable system whose generic fiber is a holomorphic
Lagrangian torus; by [Teleman 2021, Theorem 2], it is Poisson birational to T �T _, which is the spectrum
of the K-theory of the affine Grassmannian. (See also [Teleman 2021, Section 3] for a more detailed
discussion of the integrable system structure.) The mirror, obtained by “dualizing the torus fibration” à la
[Strominger et al. 1996] (a procedure which must be corrected in general for singular fibers), will be a
space with the same structure. For each such space U, it is expected that the symplectic geometry of U, or
at least those aspects visible to the Fukaya category of U, admits a description in terms of the algebraic
category of coherent sheaves on the mirror space U_.

The simplest multiplicative hypertoric variety is the affine variety

.T �C/ı WDC2
n fzwC 1D 0g:

As discussed in [Auroux 2007, Section 5.1], this space admits a fibration by 2-tori with a single nodal torus
fiber, and it is self-dual in the sense of the SYZ mirror construction of [Abouzaid et al. 2016]. The space
.T �C/ı is holomorphic symplectic, and the S1-action ei� �.z;w/D .ei�z; e�i�w/ is quasihyperhamiltonian
(ie quasihamiltonian with respect to the holomorphic symplectic form and hamiltonian with respect to
the real Kähler form — see Section 1.6 for our conventions on hamiltonian and quasihamiltonian torus
actions), so that it has a complex group-valued moment map and a real moment map, jointly valued in
C� �R. As described in Section 2, this can be lifted to a hyperhamiltonian (ie hamiltonian for all three
Kähler forms) action, with moment map valued in R3 DC �R, on the universal cover of .T �C/ı.
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Homological mirror symmetry for hypertoric varieties, II 3923

All multiplicative hypertoric varieties are given as complex quasihamiltonian reductions of .T �Cn/ı WD

..T �C/ı/n by a subtorus TR of .S1/n. To ensure that this reduction is smooth for generic choices of
parameters, we require that this subtorus is unimodular: if J � f1; : : : ; ng is a subset such that the
projection map TR! .S1/J is an isogeny (a finite cover), it is an isomorphism. Hence, a multiplicative
hypertoric variety U is determined by two pieces of data:

(1) a unimodular subtorus T � .C�/n complexifying TR; and

(2) a hyperhamiltonian reduction parameter, which we can split into a complex moment map parameter
ˇ 2 T _ and a GIT stability parameter ı 2 i t_R.

We will introduce an additional parameter 
 valued in the compact torus T _R , which physicists might call a
(periodicized) B-field. As we explain in Appendix A, the parameter 
 determines a class in H 2.UIR=Z/

by the Kirwan map H 2.BT IR=Z/!H 2.UIR=Z/, which we think of as the reduction mod Z of the
imaginary part of a complexified Kähler form on U.

We can combine ı and 
 into an element ˛ D 
 � exp.ı/ of T _. As we’ll see below, we expect the
parameters ˇ and ˛ to be exchanged under mirror symmetry.

Consider a generic pair .ˇ; ˛/ 2 .T _/2 with the unique factorization ˛ D 
 � exp.ı/ for 
 2 T _R and
ı 2 i t_R. (Warning: in our convention, i tR is the Lie algebra of the split real torus of T , since we have
privileged the compact real form with the notation tR.) Then we will write U.ˇ;˛/ for the multiplicative
hypertoric variety associated as above to the pair of parameters .ˇ; ˛/. The variety U.1;1/ is singular; the
varieties U.ˇ;1/ and U.1;˛/ are a smoothing and a resolution, respectively.

If .ˇ; ı/D .1; 0/ but 
 is generic, the underlying variety U.ˇ;˛/ is singular but we will define in Section 5 a
noncommutative resolution (in the sense of [van den Bergh 2004a]) depending on the choice of B-field 
 .

The diffeomorphism type of the underlying manifold U.ˇ;˛/ does not depend on .ˇ; ˛/, so long as they
are suitably generic, but its isomorphism type as an algebraic variety depends on ˇ (and not ˛), while its
complexified symplectic form depends only on ˛ (with the real part of the symplectic form depending
only on ı).

As mentioned above (and as we will recall in Appendix B), the space .T �C/ı is shown in [Auroux
2007; Abouzaid et al. 2016] to be equal to its SYZ dual space, defined as a moduli space of Lagrangian
torus objects in the Fukaya category Fuk..T �C/ı/, and the same is true for the n-fold product .T �Cn/ı.
Moreover, this space has two structures which are related by mirror symmetry: namely, a complex group-
valued moment map f W .T �Cn/ı! .C�/n, and a hamiltonian action of .S1/n. Standard conjectures in
mirror symmetry (see, for instance, [Teleman 2014; Oh and Tanaka 2019]) predict that mirror symmetry
exchanges the operations of imposing an equation ff D ag and taking a real hamiltonian reduction. It is
therefore natural to expect that the space U.ˇ;˛/, which is obtained by performing both operations, should
be mirror to another space U.˛0;ˇ 0/, where the pairs ˇ; ˇ0 and ˛; ˛0 are related by an (a priori complicated
and unknown) mirror map.

Geometry & Topology, Volume 29 (2025)



3924 Benjamin Gammage, Michael McBreen and Ben Webster

We conjecture that, unlike in the traditional setting of mirror symmetry for real symplectic manifolds,
where the mirror map is often transcendental, in our setting the mirror map is actually the identity:

Conjecture 1.1 The manifolds U.ˇ;˛/ and U.˛;ˇ/ are an SYZ mirror pair in the sense of [Abouzaid et al.
2016].

We refer to Appendix B for further details on SYZ mirror symmetry. In addition, we speculate in
Section 1.5 about the relation of Conjecture 1.1 to the SYZ mirror symmetry result proven in [Lau and
Zheng 2018], which relates a multiplicative hypertoric variety equipped with superpotential to an additive
hypertoric variety.

The homological mirror symmetry statement we prove in this paper will be in the setting where the
B-side variety U.ˇ;˛/ has ˇ D 1, and the A-side has ˛ D 1. (This implies, in particular, that the A-side
variety is affine with exact symplectic form.) Moreover, we will focus on the case where the nontrivial
parameter lives inside the compact real torus T _R , which will allow us to take advantage of the holomorphic
symplectic geometry of these varieties.

Remark 1.2 In the setting ˇ D 1 in which we prove homological mirror symmetry in this paper, it is
possible to derive a more direct SYZ-type relation between these two varieties, representing the B-side
variety as a moduli of torus-like objects in the Fukaya category of the A-side variety, and we discuss this
relation in Section 5.5. However, the statement is complicated by the presence of a B-field term, which
makes our B-side space not a variety but a noncommutative resolution.

1.2 Fukaya categories from Lagrangian skeleta

As we shall see, U.ˇ;1/ carries a natural Liouville structure. Computation of the Fukaya category of
Liouville manifolds has recently become much more tractable, thanks to work of Ganatra, Pardon, and
Shende [Ganatra et al. 2020; 2018b; 2018a] on Fukaya categories of Liouville sectors, following a
conjecture by Kontsevich [2009] and subsequent work by many other mathematicians on constructible-
sheaf approaches to mirror symmetry.

In this approach, the key object is the skeleton L, defined as the locus of points which do not flow off to
infinity under the Liouville flow. Following [Ganatra et al. 2018b], we say that a Liouville manifold is
weakly Weinstein if L is mostly isotropic and admits homological cocores.1 It will ensure good behavior
of the Fukaya category.

Locally, near a point on L where it looks like a conic Lagrangian in a cotangent bundle, one can compute
a category of microlocal sheaves along L, as defined in [Kashiwara and Schapira 1994]. When the
manifold X admits a stable normal polarization — a section over the Lagrangian Grassmannian of its
stabilized symplectic normal bundle — these are the stalks of a cosheaf of categories on L.

1As the name suggests, any Weinstein manifold is weakly Weinstein. Remark 3.48 touches on the role of Weinstein structures in
our context.
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Theorem 1.3 [Shende 2017] There is a cosheaf of dg categories �ShcL on the skeleton L of a stably
polarized weakly Weinstein manifold X whose costalks may be computed locally in terms of microlocal
sheaves on L.

Moreover, the results of Nadler and Shende [2020], combined with those of Ganatra, Pardon and Shende
[Ganatra et al. 2018b; 2018a], are sufficient to produce a comparison between the above cosheaf of
categories and the Fukaya category.

Theorem 1.4 [Ganatra et al. 2018a, Theorem 1.4] For X a stably polarized weakly Weinstein manifold
with Lagrangian skeleton L, there is an equivalence

Fuk.X/Š �ShcL.L/

between the wrapped Fukaya category of X and the global sections of the cosheaf �ShcL.

To apply these results in our case, we first define a Liouville structure on U.ˇ;1/ and calculate its
corresponding skeleton:

Proposition 1.5 (Proposition 3.46, Proposition 3.40 and Lemma 3.47) Let ˇ 2 T _ be contained in the
compact real torus T _R. Then there exists a weakly Weinstein Liouville structure on U.ˇ;1/ with associated
Lagrangian skeleton Lˇ a union of toric varieties Xi , whose moment polytopes are chambers of a certain
toric hyperplane arrangement Ator

ˇ .

It may seem strange to impose the requirement ˇ 2 T _R . One way to frame this choice is via the language
of stability conditions:

Conjecture 1.6 The parameter ˇ determines a stability condition (in particular a t-structure) on the
Fukaya category Fuk.U.ˇ;1//, and for ˇ 2T _R , this t-structure is a microlocal perverse t-structure described
below.

In Section 6, we give some evidence for Conjecture 1.6 by describing wall-crossing equivalences relating
the microlocal perverse t-structures associated to generic parameters ˇ 2 T _R when the parameter crosses
a real wall in the compact torus T _R .

A union of toric varieties as described in Proposition 1.5 actually exists as a holomorphic subvariety of
U.ˇ;1/ in a certain complex structure (defined only on an open subset of U.ˇ;1/), called the Dolbeault
complex structure. We may treat Lˇ not just as an ordinary Lagrangian but as a holomorphic Lagrangian
variety. (Recall that a holomorphic Lagrangian (or “(B,A,A)”) brane in a hyperkähler manifold is a
subspace which is Lagrangian with respect to Kähler forms !J and !K , and holomorphic with respect to
the complex structure I .)

Having a holomorphic Lagrangian skeleton rigidifies many local calculations and helps to simplify the
determination of the Fukaya category. As we explain in Section 4.1 and see in detail in Section 4.2,
the costalks of �ShcLˇ in this case can be coherently equipped with a t-structure, which looks like the
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perverse t-structure on the category of constructible sheaves. In other words, the global Fukaya category
of U.ˇ;1/ can be computed by gluing together categories of perverse sheaves (constructible with respect
to toric stratifications) on toric varieties.

These local categories of perverse sheaves can be described by purely linear-algebraic data, and the global
category obtained by gluing these together can be described by combining this data into a quiver Qˇ
together with relations in its path algebra. This quiver has one vertex for each chamber of Ator

ˇ (with
self-loops for the monodromies of the open torus of Xi ), a pair of opposite edges for each facet shared by a
pair of chambers, and the relations that the composition of one of these edge pairs is equal to monodromy
around the corresponding toric divisor.

Theorem A For ˇ 2 T _R generic , there is an equivalence of dg categories

�ShcLˇ .Lˇ /Š Qˇ -perfdg

between a category of microlocal sheaves on the Lagrangian skeleton Lˇ and the dg category of modules
for the quiver with relations Qˇ defined above (or described in more detail in Definitions 4.13 and 4.22).
Combining this with Theorem 1.4, we get an equivalence

Fuk.U.ˇ;1//Š Qˇ -perfdg

with the wrapped Fukaya category of U.ˇ;1/.

Remark 1.7 The space U.ˇ;1/ is a Stein manifold and thus admits a natural family of Weinstein structures
[Cieliebak and Eliashberg 2012]. However, we will endow U.ˇ;1/ with a distinguished Liouville structure
which does not — to our knowledge — arise in this manner. Its construction will rely on the hyperkähler
geometry of U.ˇ;1/. We expect that the resulting Fukaya categories are equivalent, but we do attempt to
prove this.

Remark 1.8 The assumption that TR � .S
1/n is unimodular implies that the components of Lˇ are

toric varieties rather than toric orbifolds/DM stacks, since no theory of microlocal sheaves on orbifolds
currently exists in the literature. However, it should not be difficult to define such a theory by descent
(using functoriality of �Sh under contactomorphisms). As we discuss at the end of Section 4.2, given
such a theory, the first equivalence of Theorem A holds even without the unimodularity assumption. It is
expected that the category computed in this way still models the Fukaya category of U.ˇ;1/, thought of
as an orbifold or smooth DM stack, but the foundational work necessary to define equivariant Fukaya
categories does not yet exist, so there is not yet any version of Theorem 1.4 in this case.

1.3 Homological mirror symmetry

On the B-side, we need to compute the category of coherent sheaves Cohdg.U.1;ˇ//. If we chose ˇ 2 T _

to be a generic parameter in the split real form of T _, then the variety U1;ˇ would be a resolution of
the singular space U.1;1/. However, to match the prescriptions of SYZ mirror symmetry, we would
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like to choose the parameter ˇ inside the compact real torus T _R instead. This “purely imaginary GIT
parameter” does not specify a resolution U.1;ˇ/ of U.1;1/ in the traditional sense. Rather, for each generic
choice of ˇ 2 T _R , we will define in Section 5.3 a sheaf of algebras on U.1;1/ which can be understood
as a noncommutative crepant resolution in the sense of [van den Bergh 2004a]. By definition, we
will understand the category Coh.U.1;ˇ// as the category of perfect modules for this noncommutative
resolution.

This notation is justified by the fact that the noncommutative resolution is the endomorphism algebra
of a tilting bundle on any smooth resolution U.1;ˇ 0/ for a generic ˇ0, which gives an equivalence to the
derived category of coherent sheaves on this resolution. However, this equivalence is not canonical, so
we prefer to think about the derived category of modules over the noncommutative resolution.

We construct this resolution by comparison with a similar noncommutative resolution for the additive
hypertoric variety in [McBreen and Webster 2024], which was independently constructed in [Špenko
and Van den Bergh 2021]. Related results for multiplicative hypertoric varieties were obtained by
Cooney [2016] and Ganev [2018], but we will not use these directly. We can view this noncommutative
resolution as arising from the approach of Kaledin [2008] and others, using quantization in characteristic p,
where ˇ now plays the rôle of a noncommutative moment map parameter for a quantum hamiltonian
reduction. The resulting noncommutative resolution is a special case of constructions of line operators in
gauge theory, described mathematically through the extended BFN category of [Webster 2016].

The categories Coh.U.1;ˇ// so constructed are all equivalent to each other (for generic ˇ), in accord with
the expectation that the topological B-model is not sensitive to the (complexified) Kähler parameter ˇ. In
analogy with (in fact, mirror to) Conjecture 1.6, this behavior can be best explained in the language of
stability conditions:

Conjecture 1.9 The parameter ˇ 2 T _ determines a stability condition (in particular a t-structure) on the
dg category of coherent sheaves on any symplectic resolution of U.1;1/, and for ˇ 2 T _R , this t-structure is
the “noncommutative crepant resolution” t-structure we construct.

The category Coh.U.1;ˇ// is explicitly described as a category of modules over a certain quiver with
relations. This quiver with relations can be expressed in terms of the combinatorics of the hyperplane
arrangement Ator in exactly the same way as the quiver describing the Fukaya category of U.ˇ;1/. By
comparing these two descriptions, we reach our main theorem (Theorem 5.8):

Theorem B There is an equivalence of dg categories

Fuk.U.ˇ;1//Š Cohdg.U.1;ˇ//

between the Fukaya category of the affine MHT U.ˇ;1/ and the category of coherent sheaves on a crepant
resolution of U.1;1/. For ˇ 2 T _R � T

_, this equivalence is induced from an equivalence of abelian
categories , the respective hearts of the perverse t-structure and the noncommutative resolution t-structure
determined by ˇ.
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1.4 Perverse schobers and monodromy

The mirror symmetry equivalences proved in Theorem 5.8 live above the components of T _R where ˇ is
generic. These components are separated from each other by walls of (real) codimension 1. However,
inside the full moduli space T _ of ˇ, these walls are of complex codimension 1, so it is natural to want
to follow these mirror symmetry equivalences around the walls, to produce derived equivalences between
the categories located at various choices of generic ˇ 2 T _R or in other words a local system of categories
over the complement T _gen of the discriminant locus.

In this paper, we prefer to study only those categories living above T _R , since this is where the Lagrangian
skeleton and hence also the t-structure are most tractable. Luckily, there is a way to compute the
aforementioned local system of categories using only categories living over T _R , if we understand the
relation of the categories computed above to the “singular Fukaya categories” living above parameters
ˇ in the discriminant locus of T _. This method uses the technology of perverse schobers developed by
Kapranov and Schechtman [2016; 2014]. Previous uses of perverse schobers to study families of varieties
include [Halpern-Leistner and Shipman 2016; Bondal et al. 2018; Donovan and Kuwagaki 2019].

Expectations for the B-side schober controlling families of resolved Coulomb branches (including additive
hypertoric varieties) were sketched in [Webster 2019]; in Section 6, we compute this schober explicitly in
the case of multiplicative hypertoric varieties. We then define an A-side perverse schober from Fukaya-
categorical data associated to the family U.ˇ;1/, and finally we prove that these two schobers agree
(Theorem 6.16):

Theorem C The A-side perverse schober defined in Section 6.3 is equivalent to the B-side perverse
schober defined in [Webster 2019], and both of them can be described explicitly in terms of representations
of a certain quiver.

1.5 Relation with Part I

Part I of this series [McBreen and Webster 2024] concerned mirror symmetry for additive hypertoric
varieties. The SYZ geometry of this situation was described in [Lau and Zheng 2018]:

Theorem 1.10 [Lau and Zheng 2018] Let M be an additive hypertoric variety. Then M is SYZ mirror2

to an LG model .U_; W W U!C/ whose underlying space U_ is a multiplicative hypertoric variety. In
particular, the complement in M of a divisor D is SYZ mirror to the multiplicative hypertoric variety U_.

In this paper, we explain that the multiplicative hypertoric variety U_ is mirror to another multiplicative
hypertoric variety U. The combination of Theorem 1.10 and Conjecture 1.1 suggests the following
conjecture.

2The notion of SYZ mirror used here is more precise than that in [Abouzaid et al. 2016] but in particular satisfies the definitions
of SYZ mirror from [Auroux 2007; Abouzaid et al. 2016].
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Conjecture 1.11 Let U be a multiplicative hypertoric variety. Then there exists an additive hypertoric
variety M, a divisor D�M, and an isomorphism UŠM nD.

More precisely, the pair .M;D/ should be as in Theorem 1.10; we refer to Section B for more detailed
discussion.

Remark 1.12 Unlike the remainder of the results described in this paper, which are expected to hold in
some form for multiplicative Coulomb branches more generally, the embedding U!M given by the above
conjecture is special to hypertoric varieties and is not expected to exist in general. The best relation we
can hope for between general additive and multiplicative varieties is the formal comparison isomorphism
described in Theorem 5.3. Using the description of additive/multiplicative Coulomb branches as Spec of
the homology/K-theory of a space, this map can be understood as a manifestation of the Chern character
map from K-theory to homology. (See the proof of [Braverman et al. 2019, Proposition 3.23] for another
application of this philosophy.)

The above conjecture suggests a concise explanation of the relationship between the results of this paper
and those of [McBreen and Webster 2024].

Fix ˇ 2 T _, which as usual we factor as

ˇ D 
 0 � exp.ı0/:

As explained earlier, from the choice of ˇ we can define U D U.1;ˇ/ as a (possibly noncommutative,
if ı0 ¤ 0) resolution of U.1;1/. Similarly, we can consider the additive hypertoric variety MDM.0;ˇ/

defined as the hyperkähler reduction of T �Cn with complex moment map parameter 0, real moment
map parameter ı0 and B-field 
 0. (Once again, this means that if ı0 is zero but 
 0 is nonzero, we think
of M.0;ˇ/ as a noncommutative resolution of M.0;0/.) Write Cohdg.M/0 for the category of coherent
sheaves on M which are set-theoretically supported on the zero fiber of the moment map to d_ (or
equivalently, scheme-theoretically supported on the completion of the zero fiber inside M/. This is one
of the categories of coherent sheaves studied in [McBreen and Webster 2024].

Since the zero moment map fiber does not intersect the divisor D described in [Lau and Zheng 2018],
this category is equivalent to Cohdg.M nD/0 and hence equivalent to a category Cohdg.U/1 of coherent
sheaves on a completion of U on the fiber over 1 2D_.

Although we do not prove Conjecture 1.11, we are able to directly construct the desired equivalence on
formal completions; this is Theorem 5.3 below. Thus, for a general value of the parameter ˇ 2 T _, we
obtain an isomorphism

(1-1) Cohdg.U.1;ˇ//1 Š Cohdg.M.0;ˇ//0;

where the parameter ˇD 
 0 � exp.ı0/ specifies multiplicative and additive hypertoric varieties as described
above. We highlight two special cases of (1-1). When 
 0 D 1 but ı0 is generic, the varieties M and U
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are “purely commutative” resolutions of the singular affine additive/multiplicative hypertoric varieties,
and (1-1) is an equivalence of categories of coherent sheaves. However, when ı0 D 0, then (1-1) is an
equivalence of module categories for the noncommutative resolutions M and U. In fact, this theorem is a
key technical tool and motivating observation for the noncommutative resolution we construct.

Under the homological mirror symmetry equivalence of Theorem 5.8, we see that the passage from
Cohdg.U/ to Cohdg.U/1 is mirrored by passing from the category Fuk.U_/ to the category Fuk.U_/uni

where we require the monodromies on each component of L to be unipotent.

A different incarnation of this A-brane category was produced in [McBreen and Webster 2024] by studying
a category DQ of DQ-modules supported on the union of toric varieties L with unipotent monodromies
on the components of L. In order to specialize the category DQ at a particular quantization parameter
hD 1, the authors of [loc. cit.] use a grading on DQ, mirror to the conic C�-action on M, coming from
the Hodge theory of DQ-modules. (It would be interesting to understand better how this sort of C�-action
interacts with mirror symmetry in general.)

By [loc. cit., Proposition 4.35], the category DQ is equivalent to the derived category of representations
which are continuous in the discrete topology of a topological algebra yHˇ

C ; see Definition 4.29. On the
other hand, by Theorem A, the Fukaya category Fuk.U_/uni is the equivalent category for an algebra yAˇ
obtained by completion of the algebra with relations appearing in this theorem. In Proposition 4.30, we
explicitly construct an isomorphism yH

ˇ
C Š

yAˇ , which shows that we have an equivalence of categories
Fuk.U_/uniŠDQ. On simples, this functor sends the quantization of the structure sheaf of a Lagrangian to
the constant local system on the same Lagrangian. Thus, the resulting equivalence behaves like a solutions
functor, sending a DQ-module to the constructible sheaf on each component obtained by considering it as a
D-module on the component, and applying the Riemann–Hilbert correspondence. At the moment, we have
not constructed this functor in a local geometric way, though this would be an interesting research direction.

To produce a full statement of homological mirror symmetry for the additive hypertoric variety M, we
would have to take into account the superpotential W. In the language of Liouville sectors and skeleta,
this would entail adding to the Lagrangian skeleton L discussed above a noncompact piece asymptotic to
the fiber of W.

1.6 Notation and conventions

The basic combinatorial datum in this paper is a short exact sequence 1! T !D!G! 1 of complex
tori. We write GR (and similarly for D and T ) for the compact real torus inside G; G_ for the dual torus,
containing compact torus G_R; and we write g; gR; g

_; g_R for their respective Lie algebras; hence we
also write igR; ig

_
R for the Lie algebras of the split real tori in G;G_. (Note that since we write GR for

the compact real form of G instead of the split, our conventions on which part of the torus is “real” and
which “imaginary” are reversed from [Teleman 2014].)
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The pair of parameters .ˇ; ˛/ on which the definition of multiplicative hypertoric varieties depends lives
in T _ �T _. We will sometimes find it useful to factor

˛ D 
 � exp.ı/;

where 
 2 T _R and ı 2 i t_R. For instance, if T _ is identified with C�, then 
 D e2�i Arg.˛/, and ıD log j˛j.

We will also write

gH WD gR˝R R3 D g˚ gR

for the “quaternionified Lie algebra” of G, and g_Z WDX
�.G/ for the character lattice of G.

In this paper, we use both dg categories and abelian categories; we will always be explicit about which
are which. All limits, colimits, sheaves, etc of categories are always taken in the appropriate homotopical
sense. Here we make clear our notation for various flavors of categories we consider:

� For X an algebraic variety, we write Coh.X/ for the abelian category of coherent sheaves on X ,
and Cohdg.X/ for the dg-category of complexes in this category.

� For A a (possibly dg) algebra, we write A -moddg for the dg category of complexes of A-modules.
In the case where A is an underived (ie concentrated in degree 0) algebra, we write A-mod for the
abelian category of A-modules. Similarly, we write A -perf and A -perfdg for the respective abelian
and dg categories of perfect A-modules.

� ForM a Weinstein manifold or sector, we write Fuk.M/ for (an idempotent-complete, dg model of)
the Fukaya category of M as defined in [Ganatra et al. 2020].

� For X a manifold, we write Sh.X/ for the dg category of possibly infinite-rank complexes of
sheaves on X with constructible cohomology. If X is a complex manifold, we write Perv.X/ for
the abelian category of possibly infinite-rank perverse sheaves on X .

� In general, for C a dg category equipped with a t-structure, we write C~ for the abelian category
which is its heart.

We also study various classes of closely related spaces, whose notation we list here:

� The letter M always denotes a toric hyperkähler variety, which we refer to in this paper as an
“additive hypertoric variety”, to distinguish it from its multiplicative analogue.

� Multiplicative hypertoric varieties will be denoted by U. We will sometimes call this a “Betti MHT”
to distinguish it from its Dolbeault version. We write zU for the g_Z cover of U determined by pulling
back the complex group-valued moment map U!G_ along the exponential map g_!G_.

� The “Dolbeault version” of a multiplicative hypertoric variety, which is a hyperkähler rotation of
(an open retract of) U, is denoted by D.
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Finally, we discuss some nonstandard or possibly unfamiliar usages in symplectic geometry.

� Let X be a symplectic manifold with an action of a compact torus TR. We say that this action
is quasihamiltonian if there is a map X ! T _R such that the pullback X �T_R t_R! t_R along the
exponential map t_R! T _R is a moment map for the TR-action on the pullback. The map X! T _R
is the group-valued moment map associated to this quasihamiltonian action. (We do not consider
quasihamiltonian actions of nonabelian groups, whose definition is more involved and for which
we refer readers to [Alekseev et al. 1998].)

� Let X be a space equipped with a Kähler form !J and a holomorphic symplectic form �J D

!KCi!I . We say that an action of a torus is hyperhamiltonian if it is hamiltonian for all three forms
!J ; !K ; !I and quasihyperhamiltonian if it is hamiltonian for two of them and quasihamiltonian
for the third.

� The space U we study in this paper is equipped with a quasihyperhamiltonian action of a torus GR,
for which we denote the !J moment map by �̊R W U! g_R, and we combine the other two moment
maps into a map �̊C� W U!G_.

� In the above situation, we will sometimes want instead to combine the two additive moment maps
to a map to the complex Lie algebra g_. To emphasize that this map is compatible with an unusual
complex structure on U, we denote it by �̊I;C W U! g_.

� Let TR be a torus with a hamiltonian action on a Kähler manifold X . Traditionally, a symplectic
reduction X ==ı TR is specified by a parameter ı 2 t_R, which determines the symplectic form on the
reduction. However, to match up mirror complex-structure and Kähler moduli, we would actually
like to specify a complexified Kähler form, understood as a Kähler form plus an “imaginary-valued”
2-form, on such a hamiltonian reduction, which requires a choice of parameter ˛ 2 T _. We will
often write ˛ D 
 � exp.ı/, so that it consists of the data of the traditional moment-map (or GIT)
parameter ı together with a T _R -valued parameter 
 . This latter parameter determines a class in
H 2.X IR=Z/ by the Kirwan map, which we call the B-field. It is the reduction modulo Z of the
imaginary part of a complexified Kähler form on the hamiltonian reduction X ==ı TR. (We choose
to remember this class only modulo Z because the B-field contributes to Floer-theory calculations
via its exponential, which is Z-periodic.) We write X ==˛ TR for the quotient X ==ı TR equipped
with this complexified Kähler form. For more details of this construction, see Appendix A.
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2 Multiplicative hypertoric varieties

In this section, we describe the construction of hypertoric, or toric hyperkähler, varieties and their
multiplicative versions. The most basic hypertoric variety is the space T �Cn, which is holomorphic
symplectic and in fact hyperkähler, as is obvious from its identification with Hn. All other additive
hypertoric varieties will be hyperhamiltonian reductions of this space.

Hence we begin with the data of a k-dimensional complex torus T and a faithful linear action of T on
the affine space Cn; we will think of T as a subtorus of the torus D Š .C�/n of diagonal matrices in
GLn.C/Š End.Cn/. As discussed in the introduction, we assume that T is unimodular:

Definition 2.1 For each subset J � f1; : : : ; ng, we have a coordinate subtorus .S1/J , and a projection
�J W TR! .S1/J . We call T unimodular if whenever �J is an isogeny, it is an isomorphism.

Furthermore, we assume that no coordinate subtorus lies in the image of T . Writing G for the quotient of
the n-torus D by its subtorus T , we have a short exact sequence of tori

(2-1) 1! T !D!G! 1:

The action of D on Cn induces a hyperhamiltonian action of DR on T �Cn, on which an element
d 2 D acts on .Ex; Ey/ 2 Cn by .Ex; Ey/ 7! .d � Ex; d�1 � Ey/. We factor the hyperkähler moment map
�H W T

�Cn! d�˝R3 into algebraic and real parts as

(2-2) .�C; �R/ W T
�Cn
! d_˚ d_R; .zi ; wi /

n
iD1 7!

�
.ziwi /; .jzi j

2
� jwi j

2/
�n
iD1

:

By restricting along the inclusion T ,!D, we also have an action of T and hence a hyperkähler moment
map to t_ � t_R. This moment map is obtained by composing the moment map (2-2) with the maps
obtained by dualizing the inclusion t! d. From now on, we will use �H D .�C; �R/ to denote this
moment map.

Fix .ˇ; ı/ 2 t_˚ t_R D t_H.
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Definition 2.2 The hypertoric variety Y associated to the data of the short exact sequence (2-1) and
the choice of .ˇ; ı/ is the hyperhamiltonian reduction T �Cn ===.ˇ;ı/ TR of T �Cn by TR with parameters
.ˇ; ı/. In other words, Y is the GIT quotient of ��1C .ˇ/ by T at character ı.

There are many natural ways (for instance, passing through multiplicative preprojective algebras [Crawley-
Boevey and Shaw 2006; Yamakawa 2008], K-theoretic Coulomb branches [Braverman et al. 2018;
Finkelberg and Tsymbaliuk 2019], or moduli of microlocal sheaves on nodal curves [Bezrukavnikov
and Kapranov 2016] ) to produce a “multiplicative” or “loop-group” version of the above construction.
The construction we describe below produces a space U which we refer to as a Betti multiplicative
hypertoric variety, to distinguish from the Dolbeault space which we will introduce later. The latter is a
hyperkähler manifold which admits a J -holomorphic embedding as an open subset of the Betti variety.
(See Theorem 3.8.)

2.1 The Betti MHT

Our construction now proceeds exactly as before, except that we replace the space T �Cn with its
multiplicative version

.T �Cn/ı WD f.z1; : : : ; zn;w1; : : : ;wn/ j ziwi ¤�1g � T
�Cn;

equipped with a holomorphic symplectic form

�K WD

nX
iD1

dzi dwi

1C ziwi
;

as well as a Liouville structure whose definition we postpone to Proposition 3.46. We will write !I and
!J for the real and imaginary parts of �K , respectively.

As in the additive case, D acts on .T �Cn/ı, although with respect to �K the action is now quasihamilto-
nian in the sense of [Alekseev et al. 1998] (see also [Safronov 2016] for a modern perspective): to the
D-action is associated a moment map �̊C� valued in the group D_. This D-action is quasihamiltonian
for the holomorphic symplectic form �K , and the DR-action is hamiltonian for the third symplectic form
!K , so that we have a quasihyperhamiltonian moment map

.�̊C� ; �̊R/ W .T
�Cn/ı!D_ � d_R; .zi ;wi /

n
iD1 7!

�
.ziwi C 1/; .jzi j

2
� jwi j

2/
�n
iD1

:

From now on we use �̊C� and �̊R to denote the composition of the above maps with the pullbacks
D_! T _ and d_R! t_R.

Definition 2.3 The (Betti) multiplicative hypertoric variety U.ˇ;˛/ associated to the data of the short
exact sequence (2-1) and the respective complex-structure and moment-map parameters .ˇ; ˛/2 T _�T _,
where we write ˛ D 
 � exp.ı/, is the hamiltonian reduction

U.ˇ;˛/ WD �̊
�1
C�.ˇ/ ==˛ TR;
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as defined in Definition A.5: its underlying symplectic manifold is �̊�1C�.ˇ/ ==ı TR, with periodicized
B-field pulled back from 
 2H 2.BTRIR=Z/ along the Kirwan map. Where the parameters .ˇ; ˛/ are
either already clear or else irrelevant, we will sometimes refer to this variety just as U.

As in the case of additive hypertoric varieties, the variety associated to parameters .ˇ; ı/ D .1; 0/ is
singular and affine; the first parameter controls a smoothing, and the second a resolution, of the singular
variety U.1;1/. In particular, for suitably generic ˇ, the variety U.ˇ;1/ is smooth and affine. In this paper,
we will be interested in the symplectic geometry of this affine variety; we will see that the mirror to this
space is a (possibly noncommutative) resolution of U.1;1/.

We can be more explicit about the space of generic parameters ˇ for which the variety U.ˇ;ı/ is smooth:

Definition 2.4 The support of an element x2dZDZn is the subset of f1; : : : ; ng consisting of coordinates
with nonzero coefficient.

A signed circuit of dZ is a primitive element in the image of tZ with minimal support. Note that if � is a
signed circuit, then so is �� . A circuit is the support of a signed circuit.

Definition 2.5 The orthogonal complement to a circuit � 2 tZ determines a codimension one subtorus
T _� � T

_. The parameter ˇ 2 T _ is said to be generic if it does not lie in T _� for any circuit.

Lemma 2.6 Let ˇ 2 T _ be generic. Then the variety U.ˇ;0/ is smooth.

Proof First, we show that the action of T on �̊�1C .ˇ/ is free. Assume not; in this case, the Lie algebra of
the stabilizer of some point .z;w/ contains a signed circuit � 2 tZ. This means that zi D wi D 0 for all i
in the corresponding circuit and in turn implies that �̊C.z;w/ 2 T

_
� , contradicting the assumption of

genericity.

Thus, the action of T on �̊�1C .ˇ/ is free. This implies that all the orbits of T are closed, since if an orbit
isn’t closed, it will have an orbit of lower dimension in its closure, which is thus necessarily nonfree.
Since all orbits are closed, U.ˇ;0/ is the set-theoretic quotient, and this is smooth since it has a free and
proper action of T .

From now on, unless otherwise specified, we assume that ˇ is generic in this sense. Note that if we
restrict our parameter space to the compact torus T _R , the generic parameters form an open dense subset —
in fact, they are the complement of a toric hyperplane arrangement, which will be studied in more detail
in Section 6.

We will need one further piece of structure on U.ˇ;˛/. The action of D on .T �Cn/ı descends to an action
on U.ˇ;˛/ factoring through the torus G DD=T . The latter has moment map

(2-3) .�̊C� ; �̊R/ W U.ˇ;˛/!D_ � d_R

obtained by restricting the D-moment map, and its image is the translate of G_ � g_R given by the
preimage of .ˇ; ı/ under the quotient map D_ � d_R! T _ � t_R.
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3 Liouville structures and Dolbeault spaces

A Liouville domain is a compact symplectic manifold with boundary .M0; !/ equipped with a primitive
! D d� for the symplectic form, or equivalently a vector field X on M0 satisfying LX! D !, so that the
Liouville form is �DXy!, satisfying the condition that the Liouville vector field X is outward-pointing
at the boundary @M0. A Liouville manifold is a noncompact exact symplectic manifold .M;! D d�/
with an exhaustion by Liouville domains; a finite-type Liouville manifold is equivalently a manifold
obtained from a Liouville domain .M0; ! D d�/ by adjoining the cylindrical end @M �R�0. We say
that a Liouville manifold .M;! D d�/ is Weinstein if it can be equipped in addition with an exhausting
Morse–Bott function f WM !R such that the Liouville vector field X is gradient-like for f . A standard
reference for the theory of Liouville, Stein, and Weinstein manifolds is [Cieliebak and Eliashberg 2012].

Definition 3.1 Let .M;! D d�/ be a Liouville manifold with Liouville vector field V D!�1.�/, whose
time-t flow we denote by �t . The skeleton of X is the subset L�M of points in M which do not escape
to infinity under this flow.

Thanks to results of [Ganatra et al. 2018a], the Fukaya category of a Weinstein manifold may be
calculated locally on its skeleton L, so our task is to determine a skeleton for the multiplicative hypertoric
variety U.ˇ;1/. One natural way to define a Liouville structure is via a choice of Morse–Bott Kähler
potential on the Stein manifold U.ˇ;1/. However, this approach leads to some sensitive calculations in
Morse–Bott theory.

We resolve this issue by introducing Dolbeault spaces to our story. In addition to the complex structure
so far, the smooth manifold underlying U.ˇ;1/ admits another complex structure, which makes it into a
complex analytic manifold Dˇ , the Dolbeault hypertoric space (or Dolbeault space for short). These
spaces were first defined by Hausel and Proudfoot in an unpublished note, and have been recently studied
in [McBreen and Webster 2024] and [Dancso et al. 2019]. We will briefly recall their construction below,
referring to [McBreen and Webster 2024, Section 4] or [Dancso et al. 2019, Section 7] for more details.

The relevance of these spaces for us is that the most convenient Liouville form on the space U.ˇ;1/ is
naturally defined in terms of the geometry of the Dolbeault space Dˇ . This is analogous to the case of
conic symplectic resolutions, where a Liouville structure on the deformation of a symplectic singularity
may be defined by means of a C�-action on the resolution (which is diffeomorphic to the deformation).
As we will see, in our case we will make use of a C�-action not on the Dolbeault space Dˇ itself, but
rather on a related space, the algebraization of its universal cover.

The resulting Liouville structure will be weakly Weinstein rather than Weinstein. This is enough to apply
the results of [Ganatra et al. 2018a].

Warning 3.2 The above paragraphs mention two ways of producing a Liouville structure on the manifold
U.ˇ;1/: either by using a Stein Kähler potential on the affine algebraic variety U.ˇ;1/, or by defining a
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Liouville structure on the diffeomorphic Dolbeault space Dˇ . We opt for the latter, and we expect that
the two approaches are equivalent, but we do not prove this.

We begin by introducing the basic building block Z of the Dolbeault space, and constructing a Liouville
domain Z� � Z in Lemma 3.19. We then define more general Dolbeault spaces, and associate a Liouville
domain .Dˇ /� �Dˇ to each in Lemma 3.36. Finally, we identify the Liouville completion of .Dˇ /�
with U.ˇ;1/ in Proposition 3.46.

Throughout this section, we take the parameter ˇ 2 T _ to live inside the compact torus T _R .

3.1 Construction of the basic spaces Z, zZ and zZalg

In this section we construct the analogue Z of the basic Betti space .T �C/ı. It is an elliptic fibration over
the disk. We begin by defining an infinite type toric surface zZalg, before introducing Z in Definition 3.5 as
a Z quotient of an open set of zZalg. This construction is in the spirit of Mumford’s construction [1972] of
degenerating abelian varieties; we learned of its relevance to hypertoric geometry from unpublished work
of Hausel and Proudfoot.

Definition 3.3 Let zZalg be the infinite type toric surface obtained by identifying C2
n n fxn D 0g with

C2
nC1 n fynC1 D 0g via

ynC1 D x
�1
n and xnyn D xnC1ynC1:

We write q W zZalg!C for the function which equals xnyn on C2
n. It is a C� fibration over C, degenerating

over the origin to a union of Z copies of P1 glued end-to-end.

Remark 3.4 One may view zZalg as the toric variety whose fan of cones in R2 is generated by

f.n; 1/ j n 2 Zg:

There is an action of C� �C� satisfying

(3-1) .z; w/�xn D w
nC1zxn; .z; w/�yn D w

�nz�1yn:

We write C�z D f.z; 1/g and C�w D f.1; w/g for the complementary subtori. The variety zZalg carries an
algebraic symplectic form �

alg
I which restricts to dxn ^ dyn on C2

n. The subtorus C�z preserves �alg
I ,

with moment map q W zZalg!C. The subtorus C�w scales both �alg
I and q with weight one:

(3-2) .z; w/��
alg
I D w�

alg
I ; .z; w/�q D wq:

We have an action of Z on zZalg, whose generator � is characterized by

��xn D xn�1; ��yn D yn�1:
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From (3-1), we have the following relation between the Z-action and the C�z �C�w -action (expressed in
terms of the pullback map on functions):

(3-3) ��.z; w/� D .wz;w/���:

The Z-action on zZalg is discrete along the locus where jqj< 1.

Definition 3.5 Let zZ WD fjqj< 1g � zZalg. Let Z WD zZ=Z.

Note that the action of C�w does not preserve zZ� zZalg, since it scales q with weight one.

The space Z is an elliptic fibration over the disk with a nodal fiber

(3-4) L WD q�1.0/

over the origin. Fix a small � > 0 and let

zZ� D fjqj � 1� �g � zZ:

We similarly define Z� D zZ�=Z. It is a manifold with boundary. It admits a hyperkähler metric, first
described by Ooguri and Vafa [1996] and studied at length in Section 3 of [Gross and Wilson 2000].
The construction proceeds via the Gibbons–Hawking ansatz. This starts with a four-manifold X with a
circle-action and an open embedding X=S1!R3, and a harmonic function on the image with prescribed
singularities at images of the S1-fixed points. It returns a hyperkähler metric on X , such that the map
X ! R3 is the hyperkähler moment map for the S1-action. Starting from an elliptic fibration X over
a disk with a nodal fiber at the origin, Gross and Wilson show how to pick the harmonic function on
(a subset of) R3 so as to ensure that one of the hyperkähler complex structures coincides with the given
complex structure on X . In general this may require shrinking the radius of the disk by an amount which
depends on the periods of the fibration. In our setting, the radius can be taken arbitrarily close to 1, and
we choose 1� � to be slightly smaller than the maximum possible radius. None of our constructions will
depend on the precise choice of �.

For more details on the application of Gross and Wilson’s results to our setting, we refer the reader to
[Dancso et al. 2019, Section 7]. We summarize the properties of the resulting metric as follows.

Theorem 3.6 The space zZ� admits a Z-invariant (noncomplete) hyperkähler metric g. We denote the
associated triple of complex structures by .I; J;K/, and the triple of associated symplectic forms by

!I D g.I�;�/; !J D g.J�;�/; !K D g.K�;�/:

We combine two of these into the holomorphic symplectic form

�I WD !J C I!K :

The complex structure I (situated at1 on the twistor sphere) is the one obtained by restriction from zZalg.
The algebraic form �

alg
I restricts to �I .
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Theorem 3.7 The action of the compact subtorus S1 � C�z on zZ� is hyperhamiltonian , with moment
map .�I ; �J ; �K/ W zZ�!R�C satisfying

(3-5) ��.�I ; �J ; �K/D .�I C 1; �J ; �K/;

where � 2 Z is the generator. The map q restricts to �J C I�K W zZ�!D.

In addition, the following result, comparing the Dolbeault space Z� to the Betti space .T �C/ı, can be
found in [Li 2019, Section 1.3.2]:

Theorem 3.8 In complex structure J , the space Z� admits a complex-analytic embedding into .T �C/ı.

We see from (3-5) that the action of S1 �C�z on Z� is quasihyperhamiltonian with moment map valued
in C �S1: in other words, the S1-action is honestly hamiltonian for the holomorphic symplectic form
but quasihamiltonian for the real Kähler form on Z�.

Definition 3.9 Let Y be the hyperhamiltonian vector field Y generated by the S1-action on zZ�.

By definition,
d�I D !I .Y;�/; d�J D !J .Y;�/; d�K D !K.Y;�/:

3.2 Liouville vector fields in zZ�

Let Yz and Yw denote the vector fields on zZalg generating the action of S1z � C�z and S1w � C�w ,
respectively. Then Yz restricts to the hyperhamiltonian vector field Y on zZ�, whereas Yw restricts to a
nonhyperhamiltonian vector field.

Definition 3.10 Let zX WD I �Yw .

This is the vector field on zZalg generating the action of R� �C�w . We will from now on view as a vector
field on the open subset zZ�. By (3-2), we have

L zX.!J C I!K/D !J C I!K ;(3-6)

L zX.�J C I�K/D �J C I�K :(3-7)

Lemma 3.11 The vector field zX dilates the symplectic form !J and is outward-pointing along the
boundary q�1.S11��/.

Proof The first statement is (3-6). On the other hand, (3-7) shows that zX scales the function qD�JCI�K
and thus points outward along the level set fjqj D 1� �g.
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We would like to obtain a Liouville domain by passing to Z� D zZ�=Z. Unfortunately, zX is not Z-invariant:
from (3-3), we have

(3-8) �� zXD zXC I �Y:

Hence zX does not descend to a Liouville vector field on Z�. We will obtain a Z-invariant Liouville
vector field on zZ� by adding a hamiltonian correction term to zX. Given f W zZ�!R, let Wf denote the
hamiltonian vector field associated to the function f and the form !J .

Definition 3.12 Set

(3-9) Z WD zXCW�I�K :

Remark 3.13 In (3-9), the moment maps �I ; �K make an appearance, whereas the moment map �J
does not. Had we chosen !K instead of !J as our real symplectic form, we would see the moment maps
�I ; �J appear at this stage.

To prove that this is Z-invariant, we need to do a few preliminary calculations.

Lemma 3.14 We have
W�K D�I �Y and W�I DK �Y:

Proof The first equality follows from

�I �Y.!J /D g.JI �Y;�/D g.�K �Y;�/D��Y.!K/D�d�K :

The proof of the second equality is identical.

Lemma 3.15 We have

(3-10) W�I�K D��I I �YC�KK �Y:

Proof The claim follows from Lemma 3.14 and the general equality Wfg D f Wg CgWf .

Lemma 3.16 Z is a Z-invariant vector field on zZ�.

Proof We have ��W�I�K DW.�IC1/�K DW�I�K CW�K DW�I�K � I �Y. This cancels the term
appearing in (3-8), leaving us with a Z-invariant vector field.

Lemma 3.17 We have

(3-11) LZ.!J /D !J :

Proof Since Z differs from zX by a hamiltonian vector field, this follows from (3-6).
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3.3 Making Z� into a Liouville domain

We now show that Z dilates the base D of the elliptic fibration, in the following sense. Recall that D is a
disk with coordinates �J and �K .

Lemma 3.18 Z.�J /D �J and Z.�K/D �K.1Cg.Y;Y//.

Proof We have zX.�J / D �J by (3-6), and W�I�K .�J / D f�I�K ; �J g D �Y.�I�K/ D 0. Hence
Z.�J /D �J .

We have zX.�K/ D �K by (3-6), and W�I�K .�K/ D f�I�K ; �Kg. Applying the Leibnitz rule, this
equals

(3-12) �Kf�I ; �Kg D �K!J .�I �Y; K �Y/D �Kg.Y;Y/:

Hence Z.�K/D �K.1Cg.Y;Y//.

Lemma 3.19 The symplectic form !J and the vector field Z make Z� into a Liouville domain.

Proof By Lemma 3.17, Z dilates the symplectic form. On the other hand Lemma 3.18 shows that Z

points outwards along the boundary.

Lemma 3.20 The skeleton of Z� is the zero fiber .�J C I�K/�1.0/� Z�.

Proof By Lemma 3.18, any point x 2 Z� away from the zero fiber f�J D �K D 0g will escape to the
boundary under the Liouville flow. On the other hand, the same Lemma shows that the Liouville flow
preserves f�J D �K D 0g. Since the latter space is compact, it must equal the nonescaping set.

3.4 Construction and properties of the general Dolbeault space

Recalling the exact sequence of tori (2-1), we observe that Zn� admits a quasihyperhamiltonian action of
TR. Since in this section we require ˇ 2 T _ to live inside the compact torus T _R , it is sensible to use it as
a group-valued parameter for the quasihamiltonian part of this action. We will also fix a lift Log.ˇ/ 2 g_R
of ˇ.

Definition 3.21 The Dolbeault multiplicative hypertoric space .Dˇ /� associated to the exact se-
quence (2-1) and the data ˇ is the quasihyperhamiltonian reduction Zn� ===.ˇ;1/ TR.

Remark 3.22 For a pair of general parameters .ˇ; ˛/ 2 T _ �T _, the quasihyperhamiltonian reduction
Zn� ===.ˇ;˛/ TR is still reasonable to consider, where we take the compact part Arg.˛/ of ˛ as a B-field
parameter and combine the noncompact parts Log.ˇ/;Log.˛/ into a t_-valued parameter for the complex
moment map. We will not consider such spaces in this paper.
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We similarly define the hyperhamiltonian reduction . zDˇ /� WD zZn� ===.Log.ˇ/;1/ TR. The lattice g_Z acts by
isometries, and .Dˇ /� D . zDˇ /�=g_Z.

The compact subtorus GR �G acts by hyperhamiltonian transformation on . zDˇ /� and quasihyperhamil-
tonian transformations on .Dˇ /�, with a triplet of moment maps

.�I ; �J ; �K/ W . zDˇ /�! g_R � g
_
C

descending to
.�I ; �J ; �K/ W .Dˇ /�! .g_R=g

_
Z/� g

_
C:

As in the basic case, we will also need an algebraization of . zDˇ /� , denoted by zDalg
ˇ

. The latter space was
studied in detail by Groechenig and McBreen [2022]. Its key property is the existence of the C�-action
in Lemma 3.24. In fact, we will only use the derivative zX of this C�-action, restricted to the open
subset . zDˇ /�. The reader willing to take the existence of a vector field satisfying (3-18), (3-19) and
(3-20) on faith may skip ahead to Section 3.5.

To construct zDalg
ˇ

, we start with the action of T �D on .zZalg/n, with its holomorphic moment map

�C W .zZ
alg/n! t_C:

The moment map can be understood explicitly as follows. The action of D on .zZalg/n preserves the
fibration .qi /niD1 W .zZ

alg/n ! Cn D d_C , and the moment map is obtained by composing this fibration
with the dual d_C ! t_C of the inclusion tC ! dC . Its restriction to zZn� equals the complex part of the
hyperkähler moment map for TR.

Groechenig and McBreen [2022] explain how the choice of Log.ˇ/ determines a Hom.G;C�/-invariant
T -equivariant ample line bundle on .zZalg/n. The ample line bundle determines a semistable locus
.zZalg/nLog.ˇ/-ss of the T -action on .zZalg/n in the sense of geometric invariant theory.

Definition 3.23 zD
alg
ˇ

is the algebraic symplectic reduction

(3-13) ��1C .0/Log.ˇ/-ss=T � .zZ
alg/nLog.ˇ/-ss=T:

The residual action of D on zDalg
ˇ

factors through D=T D G. It carries an algebraic moment map
� W zD

alg
ˇ
! g_C , obtained by restricting the map .qi /niD1 to the moment fiber and descending to the quotient.

The character lattice g_Z also acts on zDalg
ˇ

, and this action is a covering space action on the subset fjqi j<1g.
As in the basic case, we have an open embedding of holomorphic symplectic manifolds

(3-14) . zDˇ /� � zD
alg
ˇ
:

Since the left-hand side is a hyperkähler reduction and the right-hand side is a GIT quotient, this requires
some explanation. We first consider the analytic open subset

fjqi j< 1� �gLog.ˇ/-ss=T
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of the right-hand side of (3-13). We would like to identify the latter with the symplectic reduction

fjqi j< 1� �g ==Log.ˇ// TR D �
�1
R .Log.ˇ//=TR

with respect to !I . If .zZalg/n were compact, this would be a consequence of the Kempf–Ness theorem.
The latter boils down to the fact that a T orbit in .zZalg/n is semistable exactly if it intersects the moment
fiber ��1R .Log.ˇ// in a TR orbit. In our setting, this follows directly from the explicit description in
[Groechenig and McBreen 2022, Lemma 17] of the semistable locus of .zZalg/n as a union of toric
subvarieties of .zZalg/n. Thus the inclusion

��1R .Log.ˇ//� fjqi j< 1� �g

descends to an isomorphism of complex manifolds

(3-15) ��1R .Log.ˇ//=TR D fjqi j< 1� �gLog.ˇ/-ss=T:

Intersecting both sides of (3-15) with the zero fiber of the complex moment map �C W
zZn! t_C , we obtain

the embedding (3-14).

To sum up, we have the cartesian square

(3-16)

. zDˇ /�

�JCI�K

��

// zD
alg
ˇ

�

��

B // g_C

where B is an analytic open neighborhood of the origin in g_C given by fjqi j< 1� �g.

Lemma 3.24 The diagonal subtorus C� � .C�w/
n preserves the T -semistable locus

��1C .0/Log.ˇ/-ss � �
�1
C .0/;

and thus acts on the quotient zDalg
ˇ

. This action of C� scales both �alg
I and the holomorphic moment

map � with weight one.

This dilating action also plays a crucial role in the prequel to this paper: see [McBreen and Webster 2024,
Section 4.3]. As in the basic case, C� does not preserve . zDˇ /� � zD

alg
ˇ

.

Lemma 3.25 For any � 2 g_Z, we have ���I D �I C � as functions . zDˇ /�! g_R.

Consider the surjectionDD .C�/n!G, (the real part of) its derivative Rn! gR and the dual embedding
g_R!Rn.

We write h�;�i for the pullback of the standard inner product on Rn to g_R. It defines an isomorphism
g_R! gR, denoted by � ! y� , such that �.y�/D h�; �i.
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Lemma 3.26 For � 2 g_Z and .z; w/ 2G �C�w we have

(3-17) ��.z; w/� D .y�.w/z; w/���;

where on the right-hand side we view y� as a cocharacter of G.

Proof The action of � 2 g_Z on zDalg
ˇ

is defined by the action of its pullback � 0 2Hom.D;C�/ on .zZalg/n,
restricted to the zero fiber of the moment map. Applying (3-3) to this lift, we obtain the result.

3.5 Making .Dˇ/� into a Liouville domain

As in the basic case, let Wf denote the hamiltonian vector field generated by f with respect to the form
!J . Given � 2 g_R, pairing with the various moment maps defines three functions

h�; �I i; h�; �J i; h�; �KiW zD!R:

Definition 3.27 Let Y� WDWh�;�J i.

It is the hamiltonian vector field generating the S1-action associated with the cocharacter y� of GR.

Definition 3.28 Let zX be the vector field on . zDˇ /� generating the action of R� �C�w .

By Lemma 3.24 we have

L zX.!J C I!K/D !J C I!K ;(3-18)

L zX.�J C I�K/D �J C I�K :(3-19)

From (3-17) we deduce:

Proposition 3.29 We have

(3-20) �� zXD zXC I �Y� :

As in the base case, we will add a certain hamiltonian vector field to zX to obtain something Z-invariant.

Fix an orthonormal basis f�agrkGaD1 of g_R with respect to our inner product h�;�i. We can expand
�I D

PrkG
aD1 �

a
I�a and likewise for �J and �K .

Definition 3.30 H WD
PrkG
aD1 �

a
I�

a
K .

Note that H depends nontrivially on the choice of orthonormal basis.

Definition 3.31 Z WD zXCWH .

To show that this is invariant under deck transformations � 2 g_Z, we make the following calculations.
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Lemma 3.32 ��H DH Ch�; �Ki.

Proof ��H D
PrkG
aD1 �

��aI�
a
K DH C

PrkG
aD1h�; �ai�

a
K DH Ch�; �Ki.

In the last step, we used the orthonormality of the basis �a.

The proof of Lemma 3.14 extends immediately to give

(3-21) Wh�;�Ki D�I �Y� :

Corollary 3.33 ��WH DWH � I �Y� .

Corollary 3.34 The vector field Z is invariant under the action of g_Z on . zDˇ /�, and descends to a vector
field on .Dˇ /� satisfying

LZ!J D !J :

We now generalize Lemma 3.18, and show that the vector field Z dilates the base B of the hypertoric
Hitchin map .Dˇ /�! B. More precisely, we will show that its flow increases the functions

h�K ; �Ki D

rkGX
aD1

.�aK/
2 and h�J ; �J i D

rkGX
aD1

.�aJ /
2:

Lemma 3.35 We have

Z.h�J ; �J i/D 2h�J ; �J i;(3-22)

Z.h�K ; �Ki/D 2.h�K ; �KiCg.R;R//;(3-23)

where RD
PrkG
aD1 �

a
KYa.

Proof By (3-19), we have zX.�aJ /D �
a
J and zX.�aK/D �

a
K for each 1� a � rkG. Thus

zX.h�K ; �Ki/D zX

� rkGX
aD1

.�aK/
2

�
D 2

� rkGX
aD1

.�aK/
2

�
D 2h�K ; �Ki;

and likewise
zX.h�J ; �J i/D 2h�J ; �J i:

We have WH .�J /D�Y.H/D 0, which proves the first equality. On the other hand, we can expand

WH .h�K ; �Ki/D fH;

rkGX
aD1

.�aK/
2
g D

rkGX
a;bD1

�bKf�
b
I ; .�

a
K/
2
g

D 2

rkGX
a;bD1

�aK�
b
Kf�

b
I ; �

a
Kg D 2

rkGX
a;bD1

�aK�
b
Kg.Y

a;Yb/

D 2g.R;R/:

This proves the second equality.
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Lemma 3.36 The symplectic form !J and the vector field Z make .Dˇ /� into a Liouville domain.

Proof Corollary 3.34 gives the dilating property Z!J D !J . Lemma 3.35 shows that it is outwards
pointing along the boundary.

Lemma 3.37 The skeleton of Z is the zero fiber ��1.0/D .�J C I�K/�1.0/� .Dˇ /�.

Proof The vector field R vanishes along f�aK D 0g. As in the proof of Lemma 3.20, we conclude that
the flow preserves the zero fiber and sends everything else off to the boundary.

3.6 The central fiber

The key structure we have used in defining the Liouville flow is the action of C� on zDalg
ˇ

. This action fixes
setwise the central fiber zL WD ��1.0/, while flowing all other fibers outward. It should now be clear why
it was necessary to work on zDalg

ˇ
when defining this action: first, different fibers of the complex-valued

moment map on .Dˇ /� are nonequivalent abelian varieties, so there can be no C�-action identifying
them with each other; hence, it is necessary to pass to the universal cover zDˇ , where fibers become copies
of .C�/k . And second, the C�-action does not preserve the small neighborhood B, so it is necessary to
pass from there to the algebraic variety zDalg

ˇ
.

We will be very interested in the central fiber zL. It also lives inside of . zDˇ /�, and we will denote by L
its image in .Dˇ /�, in accord with the case where D D Z� is the Tate curve and L is the nodal curve
defined in (3-4). The components of zL are smooth complex Lagrangians: in fact, they are toric varieties
intersecting cleanly along toric subvarieties.

Example 3.38 Let D� D Z� . Then the space zL is an infinite chain of projective lines, meeting nodally at
0 and1.

We can encode the data of these toric varieties and their intersections into a periodic hyperplane arrangement
inside of g_R, defined in terms of the exact sequence (2-1) and the parameter ˇ 2 T _R. Let G_;ˇR denote
the preimage of ˇ under the composition T _R  D_; this is an affine subtorus modeled on G_R. The
intersection of G_;ˇR with the coordinate subtori in D_R form a toric arrangement in G_;ˇR ŠG_R. We can
pull this back via the cover d_R!D_R to obtain a periodic hyperplane arrangement on g

_;ˇ
R , the translate

of g_R by (any choice of) logˇ.

Definition 3.39 We denote by Aper
ˇ

the periodic hyperplane arrangement in g
_;ˇ
R defined as above, and

we write Ator
ˇ for the toric arrangement which is its image in G_;ˇR .

In other words, the chambers of the periodic hyperplane arrangement Aper
ˇ

are defined by

�x D fa 2 g
_;ˇ
R j xi < ai < xi C 1g;

where x 2 Zn Š d_Z is a character of D.
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Proposition 3.40 [McBreen and Webster 2024, Proposition 4.11] The irreducible components of the
variety zL are the toric varieties Xx associated to the polytopes �x, for �x ¤ 0. The images of Xx in g_R
under the GR-moment map are the chambers of the arrangement Aper

ˇ
. They intersect cleanly along toric

subvarieties indexed by the intersections �x \�y .

Lemma 3.41 Each component Xx admits an open neighborhood Ux in . zDˇ /� isomorphic to an open
neighborhood of Xx in its cotangent bundle. The intersection of Xy with this neighborhood is identified
with the conormal to a toric stratum.

Proof First consider the basic case zZ�. The components of zL are given by rational curves P1
k

labeled
by an integer k 2 Z. In this case, we can take Uk to be a standard neighborhood of P1

k
. For a general

Dolbeault space zZn ===.ˇ;1/ TR„ the components Xx of zL are symplectic reductions of componentsQn
iD1.P

1/ki �
zZn. The desired neighborhood is defined by zDx WD

Qn
iD1 Uki ===.ˇ;1/ TR.

Remark 3.42 If we were to relax our assumption on the unimodularity of the subtorus TR � .S
1/n,

the clean intersections statement would need to be interpreted in the sense that there is an orbifold chart
around the intersection with the toric subvarieties corresponding to coordinate subspace, with the finite
group acting by diagonal matrices. As we will see, our microlocal-sheaf computation applies to this case
as well.

Remark 3.43 We can now simplify our Definition 2.5 of genericity for ˇ 2 t_R: the parameter ˇ is
generic if and only if the hyperplane arrangement Aper

ˇ
is simple, in the sense that any k hyperplanes

always intersect in codimension k.

3.7 Liouville structure and skeleton of U.ˇ;1/

We are now ready to use the Liouville domain .Dˇ /� to define a Liouville structure on the multiplicative
hypertoric variety U.ˇ;1/. It will be useful to recall the following singular Lagrangian torus fibration
on U.ˇ;1/.

Definition 3.44 Let m W U.ˇ;1/! g_C be the map m WD log j�̊C� j C i �̊R (generalizing the map �̊I;C
defined in Example B.1).

In Example B.1, we describe how the map �̊I;C on .T �C/ı gives a fibration of .T �C/ı by 2-tori, with one
singular fiber, the nodal torus �̊�1

I;C.0/. It is straightforward to identify the preimage of a disk �̊�1
I;C.D/,

as a smooth manifold with a singular torus fibration, with the Tate curve Z! D, and in fact, such an
identification exists for general multiplicative hypertoric varieties:

Proposition 3.45 [Dancso et al. 2019, Theorem 9.6] There exists an open GR-equivariant embedding

(3-24) .Dˇ /� ,! U.ˇ;1/

intertwining �̊I;C and m.
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Proposition 3.46 The completion of .Dˇ /� is diffeomorphic to U.ˇ;1/, equipped with a Liouville
structure whose skeleton is the central fiber L WDm�1.0/ of the map m described in Definition 3.44.

Proof The space .Dˇ /� is obtained from the Dolbeault space defined in [Dancso et al. 2019] by imposing
jqj < 1� �. The retraction defined in [loc. cit., Lemma 6.37], for the star-convex set jqj < 1� �, is a
diffeomorphism preserving the central fiber. The diffeomorphism required here is obtained by composing
this with the diffeomorphisms constructed in [loc. cit., Theorem 9.6 and Corollary 9.10].

This is the Liouville structure on U.ˇ;1/ which we will henceforth use in this paper. Recall from [Ganatra
et al. 2018b] that a Liouville manifold is called weakly Weinstein if its skeleton L is mostly Lagrangian,
and each smooth point p 2 L admits a generalized cocore. The latter is an exact Lagrangian cylindrical at
infinity with respect to the Liouville flow, which intersects L transversely at p and nowhere else.

Lemma 3.47 The Liouville manifold U.ˇ;1/ is weakly Weinstein.

Proof The skeleton is mostly Lagrangian because it is a finite union of smooth Lagrangian submanifolds.

The generalized cocore through a smooth point x 2L consists of a closed Lagrangian diskDx intersecting
L transversely at x, extended to a cylindrical Lagrangian disk by applying the Liouville flow to the
boundary @Dx .

Recall from Lemma 3.35 that Z.F / � F , where F D h�J ; �J i C h�K ; �Ki. This ensures that the
extension along the flow is closed.

More explicitly, fix a component X � zL. By construction, the pullback of the Liouville vector field
decomposes as Z D zX CWH on zDˇ . As in the proof of Lemma 3.35, we have Z.F / D 2F and
WH .F /� 0.

On the other hand, there is a cocharacter � WC�!G generating a hamiltonian vector field W� , such that
in a Weinstein neighborhood of X we have zXD ZstdCW� . Here Zstd is the standard Liouville vector
field on T �X. Because G preserves �J and �K , we have W� .F /D 0.

Consider a smooth function � W R�0 ! R�0 such that �.x/ D 1 for x < 1
4

and �.x/ D 0 for x > 1
2

.
Then Z� WD Z� �.F /.W� CWH / satisfies Z�.F /� F . It coincides with Zstd near X and with Z near
@1.Dˇ /�. The attracting cell of x with respect to Z� is the requisite generalized cocore.

Remark 3.48 As mentioned in Warning 3.2, we expect that there is a Liouville homotopy between
the Liouville structure defined in Proposition 3.46 and a Weinstein structure arising as in [Cieliebak
and Eliashberg 2012] from the natural Stein structure on U.ˇ;1/. This would ensure that the resulting
Fukaya categories are equivalent. However, we do not prove this, and prefer to use the Liouville structure
constructed above without perturbation.
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3.8 Polarizations

Before we can proceed to a discussion of categories associated to these geometries, we need one more
geometrical input about the spaces U, which is the existence of a stable polarization.

Definition 3.49 A stable polarization of a symplectic manifold .X; !/ is a section of the bundle of
stabilized Lagrangian Grassmannians LGr.TxX ˚CN / for N � 0.

As we will discuss in the next section, this stable polarization can be understood as providing the data
necessary to define the Fukaya category, or as the data necessary to glue together local microlocal-sheaf
calculations.

Definition 3.50 A stable holomorphic polarization of a holomorphic symplectic manifold .X;�/ is a sec-
tion of the bundle of stabilized holomorphic Lagrangian Grassmannians LCGr.TxX˚T �CN / forN � 0.

A stable holomorphic polarization for � defines a polarization in the sense of Definition 3.49 for
! D Re.�/.

The desirable features of holomorphic Lagrangians can be understood through the map LCGr.T �CN /D

Sp.N /=U.N /!U.2N/=O.2N/DLGr.C2N /. In particular, the domain of this map is simply connected,
so that a family of holomorphic Lagrangian subspaces in T �CN, considered as real Lagrangians in C2N,
will never wrap the Maslov cycle in LGr.C2N /. The absence of any “Maslov anomaly” will be ultimately
responsible for the existence of a perverse t-structure on the categories we describe in the next section.

Lemma 3.51 Let X be a hyperkähler manifold with a hyperhamiltonian action of a torus TR. Suppose
X has a TR-equivariant holomorphic polarization P � TX . Then any smooth hyperkähler reduction
Y D ��1H .�/=TR of X has a stable holomorphic polarization.

Proof The restriction of TX to the moment fiber ��1H .�/ may be identified with ��T Y ˚T �t, where t

is the complexified Lie algebra of TR and � W ��1H .�/! ��1H .�/=TR D Y is the quotient map. Thus the
descent P to Y is a Lagrangian subbundle of T Y ˚T �t.

Corollary 3.52 The manifold Dˇ admits a stable holomorphic polarization.

Proof We start by constructing an S1-invariant holomorphic polarization on the basic space Z. Consider
the bundle of holomorphic Grassmannians LCGrZ over Z. The action of S1 on Z induces an action on
LCGrZ; we want to find an S1-invariant section of this bundle, or equivalently a section of the quotient
fibration LCGrZ =S1! Z=S1 DD�S1.

The fiber away from 0�1 is P1, and the fiber over 0�1 is P1=S1D Œ0; 1�. The end points of this interval
are the images of the two S1-fixed points in LCGrZ.
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A continuous section of the fibration LCGrZ =S1! Z=S1 ŠD�S1, passing through 0 2 Œ0; 1�, may be
constructed as follows. Cover S1 by two closed intervals A1; A2 meeting at two points. Suppose A1
contains 1 in its interior. The preimage U2 � LCGrZ =S1 of A2 is a P1-bundle over D � Œ0; 1�. Since
the base is contractible, this bundle is trivial, and we fix a trivialization. The part of Z living over A1 is
topologically (the closure of) a neighborhood of 0 in T �C, which carries the usual cotangent polarization.
This defines a continuous section on the preimage U1�LCGrZ =S1 of A1. Restricted to either component
of the boundary, this defines a continuous section of a P1 bundle over D. The space of such sections
is path-connected, since D is contractible and P1 is connected. We extend the polarization over U2 by
choosing a path between the two boundary sections.

By taking products, we obtain a TR-invariant polarization on .T �Cn/ı. This induces a stable polarization
on the reduction Dˇ D Zn === TR, by Lemma 3.51.

We now recall the notion of orientation class of a polarization. We follow the discussion in [Côté et al.
2022, Section 3] and refer the reader to that paper for further details.

LetO and U denote the stable orthogonal and unitary groups. We viewO as the subgroup of U preserving
a fixed Lagrangian submanifold. Suppose that Y is a symplectic manifold, with stable tangent bundle
classified by a map Y ! B.U /. A stable polarization is a lift of this map to

(3-25) Y ! B.O/:

This lift determines a nullhomotopy of the composite map

(3-26) Y ! B.U /! B.U=O/! B2.O/

induced by the tautological nullhomotopy of the composition

B.O/! B.U /! B.U=O/:

A second nullhomotopy of (3-26) is induced by the natural nullhomotopy of

B.U /! B.U=O/! B2.O/:

The difference of the two nullhomotopies defines a map

(3-27) Y ! B.O/;

which is canonically identified with (3-25). The orientation class of the polarization is the element of
H 2.Y;Z=2Z/ classified by the composition of (3-27) with w2 W B.O/! B2.Z=2Z/. It thus coincides
with the second Stiefel–Whitney class of any bundle representing the polarization.

Returning to our setting, we write � for the stable polarization on Dˇ constructed in Corollary 3.52, and
w2.�/ 2H

2.Dˇ ;Z=2Z/ for its orientation. On the other hand, each component Xx of zL is a smooth
manifold, which maps to an immersed manifold in Dˇ . We denote by w2.Xx/ 2H 2.Xx;Z=2Z/ the
second Stiefel–Whitney class of its cotangent bundle.
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Lemma 3.53 The pullback of w2.�/ by the immersion Xx!Dˇ equals w2.Xx/.

Proof We start by proving an equivariant version of the claim on zZ. The polarization of Z constructed
in Corollary 3.52 is a rank-one S1-invariant subbundle of the tangent bundle. It therefore defines an
S1-equivariant complex line bundle on zZ. Because the orientation class is the second Stiefel–Whitney
class of this bundle, it has a natural lift to an S1-equivariant class. The latter pulls back to an element of
H 2
S1
.P1;Z=2Z/ which we may write as

˛0Œ0�C˛1Œ1�;

where ˛0; ˛12Z=2Z and Œ0�; Œ1� are the classes of the two S1-fixed points 0;12P1. Using equivariant
localization, we find that ˛0; ˛1 are the parities of the S1-representations defined by the fibers of the
polarization over 0;1. Thus ˛0D ˛1D 1. The result coincides with the S1-equivariant Stiefel–Whitney
class w2.P1/, which is the reduction modulo two of the perhaps more familiar first Chern class of P1.

We can apply the same argument to the product case Dˇ D Zn. The polarization is now viewed as an
.S1/n-equivariant subbundle of TDˇ , and as in the basic case its orientation class pulls back to the
equivariant Stiefel–Whitney class w2..P1/n/.

We now consider the case of a general Dˇ , which we view as a hyperkähler reduction of Zn. Fix a
component Xx of the central fiber. As in the proof of Lemma 3.41, we view Xx as the symplectic
reduction of

Qn
iD1.P

1/ki by a subtorus TR � .S
1/n.

The claim now follows from the fact that both w2.�/jXx and w2.Xx/ are obtained by descent from
the corresponding equivariant classes on .P1/n. For the orientation class, this is clear by construction.
For the Stiefel–Whitney class, we argue as follows. Suppose more generally that a torus T acts by
hamiltonian automorphisms on a symplectic manifold Y , and let X WD Y ==� T D �

�1.�/=T be the
reduction at a regular value of the moment map. Let � W ��1.�/ ! X be the projection. We have
��1TX ˚N��1.�/Y Š T Y��1.�/=t, where the right-hand side is the natural quotient by the Lie algebra
of T . The differential d� gives an equivariant trivialization of the normal bundleN��1.�/Y . Since Stiefel–
Whitney classes are invariant under sums with and quotients by trivial bundles, we find ��1.w.TX//D
w.��1TX/ D w.T Y j��1.�//. The second equality holds at the level of equivariant classes, and thus
w.TX/ equals the descent of the T -equivariant Stiefel Whitney class of T Y.

4 Microlocal perverse sheaves and the Fukaya category

4.1 Microlocal sheaves

Let X be a manifold. We write Sh.X/ for the dg category of complexes of (possibly infinite-rank)
constructible sheaves on X : for every object F 2 Sh.X/, there exists a stratification X D

F
X� such

that the cohomology of the restriction of F to each X� is a local system, possibly of infinite rank. (We
emphasize that this is in contrast to the usual definition of constructibility, which generally assumes
finite-dimensionality of the stalks.)
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For ƒ � T �X a conical Lagrangian, we write Shƒ.X/ for the full subcategory of sheaves on X with
singular support contained in ƒ. This category localizes to a conic sheaf �Shƒ of dg categories on the
Lagrangian ƒ (hence also a sheaf �Sh@ƒ on the Legendrian @ƒ), the sheafification of a presheaf of
categories whose stalks are described by Kashiwara and Schapira [1994]. Each smooth point .x; �/ 2ƒ
determines a functor

Shƒ.X/! Vect
dg
k

defined by taking a sheaf F to the microstalk of F at .x; �/, which we denote by F.x;�/. For � ¤ 0, this
is also known as the vanishing cycles of F at x in codirection �.

Definition 4.1 We denote by Shcƒ.X/ the category of compact objects in Shƒ.X/.

As discussed in [Nadler 2016; Ganatra et al. 2018a], the left adjoints of the restriction maps for the sheaf
�Shƒ preserve compact objects, so that Shcƒ.X/, equipped with the functoriality coming from these left
adjoints, localizes to a cosheaf of categories on ƒ.

Definition 4.2 We denote by �Shcƒ (resp. �Shc
@ƒ

) the cosheaf of dg categories obtained from �Shƒ

(resp. �Sh@ƒ) by taking compact objects.

As first observed in [Nadler 2016], it is easy to describe a set of generators of the category Shcƒ.X/ (which,
from the Fukaya-categorical perspective discussed below, will correspond to transversal Lagrangian disks
through points of ƒ). Write ƒı for the complement of the singular locus in ƒ; it will be a disjoint union
of smooth components ƒı D

Fr
iD1ƒ

ı
i .

Proposition 4.3 [Ganatra et al. 2018a, Corollary 4.21] Let .xi ; �i / be a point in ƒıi . Then the functor
taking an object F to its microstalk F.xi ;�i / is corepresented by an object Pi of Shcƒ.X/. The objects
P1; : : : ;Pr generate Shc.ƒ/.

In [Nadler 2016], the cosheaf of categories �Shcƒ was defined, as above, for ƒ a conical Lagrangian in a
cotangent bundles; the definition was generalized in [Shende 2017; Nadler and Shende 2020] to the case
where ƒ is a conical Lagrangian in a general (sufficiently) Weinstein manifold, equipped with a stable
polarization (or more generally with Maslov data).

Theorem 4.4 [Shende 2017] Let W a weakly Weinstein manifold , � a stable polarization of W in
the sense of Definition 3.49, and ƒ�W a conic Lagrangian containing the skeleton LW of W , so that
ƒ D LW [Cone.@1ƒ/. Then there is a cosheaf of dg categories �Shcƒ;� on ƒ. If W is a cotangent
bundle equipped with its natural polarization �fib by cotangent fiber directions , then there is an equivalence

(4-1) �Shcƒ;�fib Š �Sh
c
ƒ

of this cosheaf with the cosheaf defined in Definition 4.2 above.

It is further established in [Nadler and Shende 2020] that the global section category �Shcƒ;� .ƒ/ of this
cosheaf is invariant under Weinstein homotopies. In fact, the methods of that paper, combined with the
tools developed in [Ganatra et al. 2018b], are sufficient to prove something stronger:
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Theorem 4.5 [Ganatra et al. 2018a, Theorem 1.4] Let W; �;ƒ as above , and write �ƒ D LW [

Cone.�@1ƒ/ for the conic Lagrangian obtained from ƒ by applying the involution negating cotangent
fibers. Then there is an equivalence of categories

(4-2) �Shc�ƒ;� .�ƒ/Š Fuk.W; @1ƒ/

between the global sections of the above cosheaf (for �ƒ) and the Fukaya category of the Liouville sector
of W stopped at @1ƒ. (If @1ƒD¿, so ƒD LW , then this is the usual Fukaya category of W .)

This suggests a method of computing the Fukaya category of a stably polarized weakly Weinstein manifold
W : first, determine a skeleton LW for W together with an open cover LD

S
Li such that the Li are

conic Lagrangians in cotangent bundles. Second, study the cosheaves �ShcLi . Finally, the Fukaya category
of W will be computed as global sections of the cosheaf �ShcL, which can be glued together from its
values on the Li , so it remains only to compute that colimit. The first step is what we have accomplished
in the previous section; as we have seen, in our case, each local piece Li will be of the form of the union
of a toric variety together with conormals to its toric strata.

As colimits of categories can be difficult to understand, we will simplify the above procedure via the
following trick:

Lemma 4.6 Let CD lim
��!

Ci be a colimit of cocomplete dg categories Ci along continuous functors Fi .
Then C is equivalent to the limit lim

 ��
Ci obtained by replacing Fi by their left adjoints.

We can thus compute the colimit described above as

(4-3) lim
��!

�ShcLi .Li /D .lim��!�ShLi .Li //
c
D .lim
 ��

�ShLi .Li //
c :

If the limit in (4-3) is the dg category A -moddg of modules over a dg algebra A, then the compact objects
.A -moddg/

c will be the dg category A -perfdg of perfect A-modules.

Our two remaining difficulties are, first, to compute the individual categories involved in this limit,
and second, to keep track of the restriction maps among them, which may depend sensitively on how
the polarization � varies as we move over the skeleton. Each of these difficulties will be addressed in
Section 4.2; in the remainder of this subsection, we establish the auxiliary results we will need there. In
each case, the crucial fact will be that our Lagrangian skeleton L is actually holomorphic Lagrangian,
and the polarization � is actually a holomorphic polarization.

In fact, the Lagrangian skeleton L is covered by local pieces Li which are conormals to unions of complex
subvarieties in complex manifoldsXi . Recall that in this case, the sheaf category ShLi .Xi / has a t-structure
whose heart ShLi .Xi /

~ is the abelian category PervLi .Xi / of perverse sheaves on Xi with microsupport
along Li . (Under the equivalence of Shƒ.X/with the Nadler–Zaslow infinitesimal Fukaya category [2009]
of T �X , the abelian category PervLi .Xi / is known by [Jin 2015] to contain all the holomorphic Lagrangian
branes in T �Xi .) In good situations, this category remembers all the information of the category ShLi .Xi /,
in the sense that ShLi .Xi / may be recovered as the dg derived category of its heart.
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Like the category of constructible sheaves, the category of perverse sheaves microlocalizes to a sheaf of
categories (in this case a sheaf of abelian categories) �Perv, as constructed in [Waschkies 2004]. The
perverse t-structure is easy to describe from a microlocal point of view.

Proposition 4.7 [Kashiwara and Schapira 1994, Theorem 10.3.12] Let Xi and Li be as above. An
object F in ShLi .Xi / is contained in the perverse heart of this category if and only if the microstalk F.x;�/
at every smooth point of Li is cohomologically concentrated in degree 0.

Under some additional hypotheses, a microlocalized version of this t-structure on the sheaf of categories
�Shƒ;� of microlocal sheaves on the holomorphic Lagrangian skeleton of a complex exact symplectic
manifold is defined in [Côté et al. 2022]. Outside the holomorphic setting, such a microlocalization is not
possible for the usual t-structure on constructible sheaves, since after microlocalization, the microlocal
stalk functor is defined only up to a shift in homological degree: a choice of homotopy between a given
polarization � and the cotangent fiber polarization �fib can have arbitrary winding number k 2 Z around
the Maslov cycle in LGr, shifting homological degree by k. This does not occur in the case of holomorphic
polarizations, since the inclusion LCGr! LGr does not wrap the Maslov cycle:

Lemma 4.8 [Côté et al. 2022, Theorem 1.2] Let ƒ be the Lagrangian skeleton of an exact complex
symplectic manifold (or sector) equipped with holomorphic stable normal polarization � . At each smooth
point x of ƒ, there is a microlocal stalk functor

�x W �Shƒ;� .ƒ/! Vectk;

well-defined up to (noncanonical ) isomorphism. If � D �fib is the cotangent fiber polarization of a
cotangent bundle , then the functor �x is isomorphic to the usual microlocal stalk functor.

Although the microstalk functor just defined is not canonical, it is canonical on objects, allowing one to
define a pair of sheaves of subcategories �Sh�0ƒ;� ; �Sh

�0
ƒ;� � �Shƒ;� on the objects, whose microstalks

are concentrated in nonpositive (resp. nonnegative) degree.

The main theorem of [Côté et al. 2022] establishes that for ƒ a complex conic Lagrangian inside a
complex exact symplectic manifold whose Liouville vector field integrates to a weight-1 C�-action, these
subcategories can be used to define a t-structure on the sheaf �CShƒ;� of complex global microsheaves,
a certain sheaf of full subcategories of �Shƒ;� . It is not known in general whether the embedding
�CSh ,! �Sh is fully faithful; however, this is the case when ƒ is a C�-conic subset of a complex
cotangent bundle.

Theorem 4.9 [Côté et al. 2022, Theorem 1.4] Let ƒ � T �X be a C�-conic subset of a complex
cotangent bundle , with holomorphic stable polarization � . Then �Sh�0ƒ;� , �Sh�0ƒ;� as defined above
determine a t-structure on the sheaf of microsheaf categories �Shƒ;� .

Although the pair .W;L/ we study in this paper — namely, the Weinstein manifoldW DU with skeleton L

constructed above — is not globally a complex cotangent bundle, it is covered (Lemma 3.41) by charts
.Ui ; ƒi /, where Ui � T �Xi is an open neighborhood of the zero section in a complex cotangent bundle
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and ƒi is a conic holomorphic Lagrangian. Accordingly, its sheaf of microsheaf categories �ShL;� will
inherit a t-structure which is locally as described in Theorem 4.9. In the following subsection we will
study these local pieces, and we will see that the local categories �ShL;� .ƒi / are the derived categories
of their perverse hearts, so the global category will be a certain colimit of derived categories of abelian
categories, which we will compute in Section 4.3.

Remark 4.10 Although our notation does not reflect it, the category �ShL;� on a conic Lagrangian L

in a polarized Weinstein manifold .W; �/ depends in addition on the Liouville structure of W. This may
seem to present a difficulty in applying the strategy of covering .W;L/ via local charts .Ui ; ƒi / if the
Liouville structures �i on Ui are not equal to the restricted Liouville structure of W. However, as we shall
see in Remark 4.20, this is not actually a problem for the charts we consider: the category of microsheaves
will be invariant over the contractible space of Liouville forms for which the skeleton remains conic.

4.2 Perverse sheaves on toric varieties

Let X� be a k-dimensional projective toric variety with momentum polytope�. We denote byƒ�T �X�
the union of conormals to toric strata. We will be interested in the abelian category Pervƒ.X�/ of perverse
sheaves on X� constructible with respect to the toric stratification.

The fundamental calculation in this subject is the determination of this category in the case when X�DCn,
first accomplished in [Galligo et al. 1985]. We begin by recalling the nD 1 case.

Example 4.11 Suppose X� D C. The category Perv.C; 0/ of perverse sheaves on C with singular
support inside the union of the zero section and the conormal to 0 has a classical description, given by the
linear-algebraic data of a pair of vector spaces and maps

var Wˆ�‰ Wcan;

such that the compositions 1‰C var ı can and 1ˆC can ı var are invertible.

As described for instance in [Verdier 1985, Section 4] or [Beĭlinson 1987], the vector space ‰ and ˆ
are the nearby and vanishing cycles, respectively, of an object in Perv.C; 0/, and the invertible maps
described above are their monodromies. In terms of the conic Lagrangian ƒ� T �C which is the union
of conormals to toric strata (in other words, the union of the zero section with the conormal to the origin),
the vector spaces ‰ and ˆ are the respective microstalks at the two components of the smooth locus
ƒıDC�tC�, on which a perverse sheaf restricts (or microlocalizes) to a local system, with monodromy
given as above.

The calculation for general n is essentially a product of this calculation, which we will rephrase in terms
of the moment-map geometry of T �Cn.

Definition 4.12 Let� be the moment polytope of a toric variety, and consider the hyperplane arrangement
given by extending all facets of � to hyperplanes, restricted to a small neighborhood of � so that no two
hyperplanes intersect outside of @�. We will denote this arrangement by H�.
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For � the moment polytope of Cn, this is just the hyperplane arrangement in Rn given by coordinate
hyperplanes. The chambers of this hyperplane arrangement represent the moment polytopes of conormals
of toric strata in Cn: the upper-right orthant is the moment polytope of Cn itself; the lower-left orthant is
the moment polytope of the Fourier dual Cn (the cotangent fiber at 0); and in general, an orthant meeting
the upper-right orthant at a face F , representing a stratum S �Cn, is the moment polytope of T �FCn.

Thus, each chamber ı in this arrangement corresponds to a toric variety (in this case, Cn), whose dense
torus we will denote by Tı . Each facet connecting two chambers ı; ı0 represents a subvariety where the
closures of Tı and Tı 0 meet in a subvariety with codimension 1 in each closure. Let Tıı 0 be the dense
torus in this closure; this is a single G-orbit, and each point in it is stabilized by a 1-dimensional subtorus.
There are two parametrizations of this subtorus, corresponding to the normal vectors pointing into ı
and ı0, respectively. We let 
F be the loop in �1.Tı/ given by applying the ı-parametrization to the
positive parametrization of the unit circle in C�, and similarly for the ı0-parametrization in �1.T 0ı/. Note
that if we identify Tı Š Tı 0 using the G-action, these classes will be inverse in the fundamental group.

We will now associate a quiver with relations to this hyperplane arrangement.

Definition 4.13 Let H be a locally finite hyperplane arrangement in t� with every H hyperplane defined
by an equation 
H D nH for 
H 2 tZ; nH 2R, and let U be its set of chambers. We define a quiver QH

as follows.

(1) For every chamber ı in U , we associate a vertex vı . (We will also write Vı for the vector space
placed at vertex Vı in a representation.)

(2) For every facet F separating two chambers ı; ı0, there are a pair of opposite arrows

uı 0ı W Vı 0� Vı Wuıı 0 :

(3) The vector space Vı at the vertex vı has an action of the group algebra CŒ�1.T /�.

For every facet F separating two chambers ı; ı0, we will write MF for the endomorphism of Vı given by

MF WD uı 0ıuıı 0 C 1Vı :

The relations we impose on Q� are the following:

(1) For F a facet of ı whose affine span is a hyperplane H , the endomorphism MF 2 End.Vı/ is
identified with the loop 
H 2CŒ�1.T /�. In particular, MF is invertible.

(2) IfF is a codimension-2 face along which ı and ı00 meet, and denoting by ı01; ı
0
2 the two chambers that

are adjacent (by a facet) to both ı and ı00, then the following pairs of length-two paths in Qı agree:

(a) the two paths from Vı 00 to Vı ,

(b) the two paths from Vı to Vı 00 , and

(c) the two paths from Vı 01
to Vı 02 .

We will write AH for the path algebra of the quiver Q� with relations as above.
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In the case where H is the facets of the moment polytope � of C, the category of A� D AH-modules
is clearly just a reformulation of the perverse sheaf category described in Example 4.11. But the above
description has been engineered in order to serve equally well to describe perverse sheaves on the product
variety Cn.

Theorem 4.14 [Galligo et al. 1985] The category Pervƒ.Cn/ of perverse sheaves on Cn constructible
with respect to its toric stratification is equivalent to the category A�-mod of A�-modules.

By using descent for categories of perverse sheaves, local copies of the calculation in Theorem 4.14 can
be glued together to produce an analogous description for a general toric variety.

Theorem 4.15 [Dupont 2010] Let X� be a smooth toric variety with moment polytope �. Then the
category Pervƒ.X�/ of perverse sheaves on X� constructible with respect to its toric stratification is
equivalent to the category A�-mod of modules over the algebra A�.

By construction, the correspondence is just as described in Example 4.11: given a perverse sheaf F
on X�, the corresponding quiver representation will have at vertex Vı the microstalk of F at a point of
the open orbit of Xı , which we think of as a conormal, living inside T �X�, of a stratum of X�.

Example 4.16 Let X� D P2. Its momentum polytope is the compact chamber ıc of the arrangement
depicted below. There are three chambers ı1; ı2; ı3 corresponding to the conormal bundles to the toric
divisors in P2, and three chambers ı12; ı13; ı23 corresponding to the conormal fibers to the toric fixed
points; see Figure 1, left.

The corresponding quiver has one vertex for each chamber, and a pair of arrows for each plane separating
two adjacent chambers; see Figure 1, right.

Moreover, perverse sheaves do encapsulate the whole Fukaya category in this case, in the sense that the
dg category Shƒ.X�/ is equal to the dg derived category of Pervƒ.X�/:
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Proposition 4.17 Shƒ.X�/ is equivalent to the dg category A�-moddg of modules over the algebra A�.

Proof The dg category A�-moddg is the derived category of Pervƒ.X�/. As described in Proposition 4.3,
the category Shƒ.X�/ is generated by the objects Pi which corepresent microstalk functors at smooth
points of ƒ, so we need to prove that all of the objects Pi are contained in the heart of the perverse
t-structure on Shƒ.X�/— ie that the objects corepresenting microstalk functors in Pervƒ.X�/ also
corepresent microstalk functors in Shƒ.X�/.

First, consider the case where Pi corresponds to the open torus orbit in X�. Consider the free (infinite-
rank) local system L on the open torus orbit U0ŠG with fiber CŒ�1.G/� obtained by pushing forward the
constant sheaf on the universal cover of G. If � WU0!X� is the inclusion, then we claim �ŠL corepresents
the functor of taking stalk at any point of U0 (ie at any smooth point on the zero section X��ƒ/. Indeed,
for any F 2 Shƒ.X�/, we have

(4-4) HomShƒ.X�/.�ŠL;F/Š HomLoc.U0/.L; �ŠF/Š HomLoc.U0/.L; ��F/;

where the first equivalence is by adjunction and the second follows from the fact that � is an open
immersion. Since L is the universal local system on the torus U0, we conclude that (4-4) is indeed
equivalent to the (micro)stalk of F at a smooth point of the zero section.

Now consider the case of a general component of the Lagrangian ƒ. Recall that the components of the
smooth locus of ƒ are in bijection with toric subvarieties in X�. Given such a toric subvariety, choose a
T -fixed point x in its closure, and let U �X� be the open subset given by all torus orbits which contain x
in their closure. This subset may be identified with an orbifold quotient of Cd, with the various toric
subvarieties corresponding to the coordinate subspaces in Cd, and the components of ƒı given by the
conormals to these. In this context, we have already constructed the perverse sheaf corepresenting the
functor of microstalk at a smooth point in the zero section, and the sheaves corepresenting microstalks along
generic covectors to other toric subvarieties of Cd may be constructed from this one by Fourier transform.

To extend these perverse sheaves from U to all of X�, we push forward by �Š under the inclusion
� W U ! X� as above. Since Fourier transform and �Š for an open inclusion are exact in the perverse
t-structure, the results of this pushforward remain perverse. Moreover, they continue to corepresent
microstalk functors on Shƒ.X�/: this may be deduced from the fact that for F 2 Shƒ.X�/, we have

HomShƒ.X�/.�ŠP;F/Š HomShƒ.U /.P; ��F/I

by construction, the object P measures the desired microstalk in Shƒ.U /, and the pullback �� does not
affect the microstalk of F there.

In particular, this implies that the Hom spaces HomShƒ.X�/.Pi ;Pj / are concentrated in degree 0, since
this Hom space can be interpreted as the microstalk of Pj at vertex vi .

Note that Theorem 4.15 remains true if we allow X� to be an orbifold toric variety which is smooth
when considered as a DM stack; we provide here a couple of examples to illustrate this point.
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Example 4.18 Consider the case X� DC=f˙1g; even though the underlying variety is still isomorphic
to C, the space X carries a nontrivial orbifold structure. We can find this as a Lagrangian inside the
additive hypertoric orbifold C2=f˙1g, which one can interpret as the cotangent bundle of X�. The
category of perverse sheaves on X� D C=f˙1g is the category of f˙1g-equivariant perverse sheaves
on C. As before, we can take ˆ and ‰ with the maps var and can, but the operation of parallel transport
from 1 to �1 in C�, followed by moving back to 1 using the f˙1g-action, gives an endomorphism of ‰
which is the square root of the monodromy.

In case the example C=f˙1g is confusing, the following example offers a possibly clearer illustration:

Example 4.19 Let X� DC2=.Z=2/. If we write

CŒX��DCŒx; y�Z=2 DCŒx2; xy; y2�DCŒa; b; c�=.b2� ac/;

then we see that on the open stratum of X�, the torus acting is

T� WD Spec CŒa˙; b˙; c˙�=.b2� ac/:

In Q�, the two pairs of maps at the vertex V� corresponding to this stratum have compositions equal
to 1 � a and 1 � c, respectively. However, in contrast to the normal crossings case, 1C u1v1 and
1Cu2v2 do not give all the invertible self-loops of V�, but rather this vertex is equipped with an extra
automorphism b which is equal to a square root of ac.

By (4-1), the above results have given a computation of the sheaf of categories �Shƒ;�fib in T �X�. Such
Lagrangiansƒ will form a cover of the skeleton L which will study below, and hence we will be interested
in the restriction to ƒ of �ShL;� for a more general holomorphic polarization � . We now investigate
establish invariance of the sheaf of categories �Sh under certain changes of polarization.

Remark 4.20 Hidden by our notation is the fact that for a conic Lagrangian ƒ in a Weinstein manifold
.W; �/, the sheaf of categories �Shƒ;� depends not only on � but also on the Liouville form �, since
it is defined first for contact manifolds, and then extended to Liouville manifolds by embedding W D
W � f0g ,!R�W in the contact manifold .R�W; dt C�/. However, in fact, the change in Liouville
form will not affect the above calculations: if � and �0 are two Liouville forms on T �Cn which vanish
on the conic Lagrangian ƒ, then, writing �� �0 D df , the family .t; w/ 7! .t C sf;w/ for 0 � s � 1,
gives a contact isotopy, preserving the Legendrian f0g �ƒ, on R�W between the contact forms dt C�
and dt C�0, showing invariance of �Shƒ;� under the change in Liouville form.

Let X� be a smooth toric variety and let ƒ� T �X� be the union of conormals to toric strata. Consider
the cotangent fiber polarization �fib of T �X�. Now fix a stable holomorphic polarization � with the
property that the orientation class w2.�/ 2H 2.T �X�;Z=2/'H 2.X�;Z=2/ discussed in Section 3.8
agrees with w2.X�/.
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Proposition 4.21 There is an equivalence of cosheaves of dg categories

(4-5) �Shcƒ;� Š �Sh
c
ƒ;�fib

respecting the microlocal perverse t-structures. The space of such equivalences (4-5) is a torsor for the
space of maps to BZ=2.

Proof As is shown in [Nadler and Shende 2020, Proposition 11.19] (cf [Ganatra et al. 2018a, Section 5.3]
for relation to the traditional grading and orientation data), the data necessary for defining a microlocal-
sheaf category (with coefficients in Z-modules) within the symplectic manifold T �X� is a nullhomotopy
of the composition

(4-6) T �X�! B.U=O/' B2.Z�BO/! B2 Pic Z' B2Z�B3.Z=2/;

where the first map in (4-6) classifies the stable Lagrangian Grassmannian bundle of T �X�, and [Jin
2020, Theorem 1.2] (following an earlier calculation for Z-module coefficients in [Guillermou 2012,
Theorem 11.5]) identifies the second map with the double delooping of the J -homomorphism, followed
by the change-of-coefficients map Pic.S/! Pic.Z/.

The microsheaf categories appearing in (4-5) are defined by the respective trivializations of (4-6) sup-
plied by the polarizations �; �fib (or rather their underlying real polarizations), which by definition are
nullhomotopies of the first map T �X�! B.U=O/ in (4-6).

The difference between these two nullhomotopies is therefore a map

T �X�!�B.U=O/D B.U=O/;

which induces (by composition with the looped right-hand map of (4-6)) a map

(4-7) T �X�! B Pic.Z/' BZ�B2.Z=2/;

measuring the difference between the respective sheaves of categories defined by these polarizations.

We claim that the map (4-7) trivial. Indeed, the two nullhomotopies of the first factor in (4-6) are the same
since both (coming from holomorphic polarizations) are induced from the canonical nullhomotopy of
the composition Sp =U ! U=O! BZ, which shows that the first factor in (4-7) is trivial. On the other
hand, by definition, the second factor measures the difference between w2.�/ and w2.�fib/D w2.X�/,
and our assumption on � guarantees that these are equivalent. The choice of such an equivalence is a
torsor for the space of maps from the variety T �X to �B2.Z=2/D BZ=2.

4.3 The global calculation

We are now ready to glue together the local perverse-sheaf computations described above. We begin by
describing what the result of this gluing will be.

Recall that the hyperplane arrangement Aper
ˇ

defined in Definition 3.39 expresses Rn as an infinite union
of n-dimensional polytopes.
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Definition 4.22 Let Qˇ be the quiver with relations associated to the hyperplane arrangement Aper
ˇ

by
Definition 4.13.

The category Qˇ -mod can be reconstructed from subquivers associated to pieces of the hyperplane
arrangement Aper

ˇ
. For each vertex v 2Aper

ˇ
, write Qv

ˇ
for the full subquiver of Qˇ (with the same relations)

obtained by forgetting the vertices of Qˇ associated to any chambers of Aper
ˇ

not containing v as a vertex.
Similarly, for F a higher-dimensional face (or chamber) in Aper

ˇ
, we write QF

ˇ
for the subquiver whose

vertices correspond to the chambers in Aper
ˇ

containing F .

Observe that for an inclusion F � F 0 in Aper
ˇ

, we have an inclusion of quivers-with-relations QF
0

ˇ
! QF

ˇ

and hence a restriction map on module categories QF
ˇ

-mod! QF
0

ˇ
-mod, and that these functors commute

for chains of inclusions.

Definition 4.23 Let P denote the face poset of this polytopal decomposition of Rn given by Aper
ˇ

.

Lemma 4.24 There is a canonical equivalence

(4-8) Qˇ -moddg
��! lim

 ��
F 2P

QFˇ -moddg

between the dg category of Qˇ -modules and the homotopy limit of the dg categories of QF
ˇ

-modules.

We give a proof of this result in Appendix C, written jointly with Laurent Côté and Justin Hilburn.
The idea of the proof is relatively simple: “a representation of Qˇ is the same as a representation of
its subquivers QF

ˇ
, together with coherent equivalences among the restrictions to shared subquivers”.

However, establishing an equivalence of dg categories requires checking that the spaces of such equivalence
data are contractible. This is obvious if the hyperplane arrangement Aper

ˇ
is 1-dimensional; it is still true in

higher dimensions, but the bookkeeping is more tedious, which is why we have banished it to an appendix.

We will now produce this same limit of categories in a description of microlocal sheaves on our Lagrangian
skeleton L. As above, to simplify notation we will work on the universal cover zL, a holomorphic
Lagrangian which is the union of toric varieties whose moment polytopes are the chambers in Aper

ˇ
.

Proposition 4.25 Let z� be the holomorphic polarization on zU.ˇ;1/ pulled back from the polarization �
constructed on U.ˇ;1/ in Corollary 3.52. Then the global microlocal sheaf category �ShzL;z� .zL/ is
equivalent to the limit lim

 ��F 2P
QF
ˇ

-moddg.

Proof The Lagrangian zL has an open cover indexed by the face poset P of the hyperplane arrangement
A

per
ˇ

: to a face F we write zLF � zL for the open subset of zL given by the union of toric orbits in zL

whose moment polytopes contain F in their closure. The basic open sets in this cover are the opens zLv
associated to the vertices v, and their intersections are given by

zLv1 \ � � � \ zLvk D zLF

if F is the minimal face containing all the vi (with empty intersection if no such face exists).
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The category �ShzL;z� .L/ is the global sections of a sheaf of categories �ShzL;� , so we may compute it as
the limit of its sections over the open cover fzLF gF 2P which we just described.

Now observe that for any vertex for a vertex v 2 P , the Lagrangian zLv is equivalent to the union of
conormals to toric strata in Cn, and for any face F containing v, the Lagrangian zLF is the sub-Lagrangian
obtained by deleting some coordinate axes in Cn (and their conormals).

For a chamber C with vertices v1; : : : ; vk , write

zLC WD
zLv1 [ � � � [ zLvk

for the natural open neighborhood of the closure of zLC . This open subset is naturally identified with
the union of conormals to toric strata in T �XC , where XC is the toric component of the skeleton
L corresponding to chamber C , and Proposition 4.21 gives an equivalence between �ShzL;z� jzLC

and
microsheaves computed in the cotangent fiber polarization of T �XC .

For each face F of C , we thus have an equivalence

�ShzL;z� .
zLF /' QFˇ -moddg;

such that these equivalences coherently intertwine the restriction diagrams

(4-9) �ShzL;z� .
zLF /! �ShzL;z� .

zLF 0/

for subfaces F 0 � F , with the maps

(4-10) QFˇ -moddg! QF
0

ˇ -moddg

given by forgetting the vertices of QF
ˇ

corresponding to chambers whose closures do not contain the
face F 0.

Since the equivalence provided by Proposition 4.21 is canonical up to a map to BZ=2, and the open
subsets zLC and their intersections are simply connected, the above identifications are compatible globally
over the skeleton. We conclude that the P-diagram of categories �ShzL;z� .zLF / and restriction maps is
equivalent to the P-indexed diagram of categories QF

ˇ
and “forget vertex” maps, from which the result

follows.

Combining the equivalences of Lemma 4.24 and Proposition 4.25, we conclude:

Corollary 4.26 There is an equivalence of categories

(4-11) �ShzL;z� .
zL/Š Qˇ -moddg:

We have been dealing so far with the universal cover zU.ˇ;1/, but it is easy to deduce from the above
result a similar one about U.ˇ;1/ itself. Let xQˇ denote the quiver with relations associated to the toroidal
hyperplane arrangement obtained from Aper

ˇ
by quotienting by the translational g_Z D �1.U/ symmetry.
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Corollary 4.27 There is an equivalence of categories

�ShL;� .L/Š xQˇ -moddg:

Proof As the polarization z� on zL is pulled back from � along the g_Z-cover zL ! L, the category
�ShzL;z� .

zL/ has a g_Z-action, and �ShL;� .L/ is the invariant category for this action. Under the equiv-
alence (4-11), this g_Z-action corresponds to the action on Qˇ -moddg induced by g_Z-actions on the
quiver Qˇ . This is a free action, with invariant category .Qˇ -moddg/

g_Z Š xQˇ -moddg.

Corollary 4.28 There is an equivalence of dg categories

Fuk.U.ˇ;1//Š xQˇ -perfdg:

Proof In Proposition 3.40, we realized L as a Lagrangian skeleton for U.ˇ;1/. From Theorem 4.5 and
Lemma 4.6, we conclude that the Fukaya category is equivalent to compact objects in the category of
microlocal sheaves on the Lagrangian skeleton L (where both Fukaya category and microsheaves are
understood with respect to polarization data � ). The result now follows from Corollary 4.27 by passing
to compact objects.

This is one point where we can make a connection to the constructions of Part I of this series [McBreen
and Webster 2024]. We constructed an algebra Hˇ

Z in [McBreen and Webster 2024, Section 3.9], which
is a quotient of the path algebra of the same quiver xQˇ , but with the Laurent polynomial ring CŒ�1.G/�

replaced by the polynomial ring Sym�.g/ and with different relations [McBreen and Webster 2024,
(3.10a–c)]. While this algebra is different from Aˇ , we can compare our results by showing they coincide
after a completion.

Definition 4.29 Let yAˇ be the completion of this algebra by the 2-sided ideal generated by g� 1 for all
g 2CŒ�1.T /�. Denote by yHˇ

Z the completion of this algebra by the 2-sided ideal generated by t.

Proposition 4.30 The algebras yAˇ and yHˇ
C are isomorphic.

Proof First, note that we have an isomorphism ' between the completions Sym�.g/ and 3CŒ�1.G/�.
The former is generated by elements si which are the image of the usual basis in the Lie algebra d of
diagonal matrices, and the latter by loops 
i which are images of coordinate subtori of dimension 1. This
isomorphism sets

'.si /D log 
i D .
i � 1/� 1
2
.
i � 1/

2
C � � �

using the Taylor expansion of log.x/ at x D 1. Indeed, this matches the linear relations in g as a quotient
of D to the multiplicative relations of �1.G/ as a quotient of �1.D/. Note that log 
i=.
i � 1/ is an
invertible element of the completion, given by the Taylor expansion of the function

log x
x� 1

D 1�
x

2
C
x2

3Š
� � � �

at x D 1, or more generally any real power .log 
i=.
i � 1//p for p 2R, using the binomial expansion.
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Thus, now we need to match the length 1 paths cı;ı 0 in yHˇ
C to the paths uı;ı 0 in yAˇ . Compare the

relation cı;ı 0cı 0;ı D si from [McBreen and Webster 2024, (3.10a)] with the relation uı;ı 0uı 0;ı D 
i � 1
of Definition 4.13(1). These don’t match perfectly, but this is easy to fix. We let

'.cı;ı 0/D uı;ı 0

�
log 
i

i � 1

�1=2
:

The relations are compatible, since

'.cı;ı 0/'.cı 0;ı/D uı;ı 0uı 0;ı
log 
i

i � 1

D log 
i D '.si /D '.cı;ı 0cı 0;ı/:

The relations [McBreen and Webster 2024, (3.10b–c)] exactly match Definition 4.13(2).

Thus ' defines a homomorphism, and we can easily write down its inverse:

'�1.
i /D exp.si /; '�1.uı;ı 0/D cı;ı 0

�
exp.si /� 1

si

�1=2
:

Example 4.31 We spell out this construction when the underlying sequence of tori is 1!C�!C�.
Thus U.ˇ;1/ D U.1;˛/ D .T

�C/ı, whereas the Dolbeault hypertoric variety is the Tate curve. (Since T is
trivial, ˇ D ˛ D 1.) As previously explained, zL is an infinite chain of rational curves, with 0 of one link
intersecting nodally with1 of the next. Thus Q has vertices indexed by n 2 Z, each carrying a vector
space Vn on which the group algebra CŒ�1.C�/�DCŒZ� acts with generator 
n. Between neighboring
vertices, we have a pair of arrows un;nC1 W Vn� VnC1 Wvn;nC1, and an equality 1Cvn;nC1un;nC1 D 
n.
This is equivalent to the category of modules over the multiplicative preprojective algebra of the infinite
quiver

� � � ! �! �! �! � � � :

Any such module may be viewed as the global sections of a C�-equivariant coherent sheaf on .T �C/ı.

The simple modules Sn over Q are defined by a copy of C placed at a single vertex n, with all maps set
to zero. These correspond to C�-equivariant skyscraper sheaves at x D y D 0.

On the other hand, the projective object Pn has Vi DCŒ
i �. The maps vi;iC1, i < n and ui;iC1; i � n are
given by the natural isomorphism taking 
i to 
iC1. The maps in the reverse direction are fixed by the
quiver relations. Pn corresponds on the B-side to a line bundle whose global sections are the free graded
CŒx; y�Œ1=.1Cyx/�-module generated by xn for n > 0, or yn for n < 0.

Example 4.32 Now consider the sequence C�! .C�/2! C�, where the first map is the diagonal
embedding. In this case the C�-valued moment map on U1;˛/ expresses it as a C�-fibration over C� n 1,
whereas the fiber over 1 is the “TIE fighter” given by a P1 nodally intersecting two copies of A1 at 0
and1. On the other hand, U.ˇ;1/ is affine; its moment fibration has two singular fibers, each given by a
union of two nodally intersecting copies of A1. The unwrapped skeleton zL is as before, but the lattice
action on it now shifts the chain by two links rather than one, so that L is a copy of two spheres meeting
each other transversally at two points.
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Repeating the calculation as above, we find that the category of microlocal sheaves along zL is the
category of modules over the multiplicative preprojective algebra associated to the yA1 quiver. Recall
that the McKay correspondence of [Kapranov and Vasserot 2000] identifies modules over the additive
yA1 preprojective algebra with the category of coherent sheaves on the stack C2=Z=2 (which we should

think of as a noncommutative resolution of its singular coarse moduli space); similar arguments identify
modules over the multiplicative preprojective algebra with coherent sheaves on the stack/noncommutative
resolution .T �C/ı=Z=2, which is U.1;˛/.

More details of the calculation of this multiplicative preprojective algebra in the setting of Fukaya
categories and microlocal perverse sheaves can be found in [Etgü and Lekili 2017] and [Bezrukavnikov
and Kapranov 2016], respectively.

5 Tilting bundles and coherent sheaves

We will now calculate the B-model category associated to the mirror of U.ˇ;1/: this is the dg category
Cohdg.U.1;ˇ// of coherent sheaves on the multiplicative hypertoric variety U.1;ˇ/. As discussed before,
we factor ˇ 2 T _ as a product 
 � exp.ı/. ı will play the rôle of GIT parameter, whereas 
 will play the
rôle of B-field, indexing a noncommutative resolution – or, in the case where ı is generic, indexing an
Azumaya algebra on the resolution specified by ı.

5.1 Noncommutative resolutions and mirror symmetry

Recall the notion of a noncommutative crepant resolution (NCCR) of an affine Gorenstein variety
X D SpecR, originally defined in [van den Bergh 2004a]: this is an algebra AD EndR.M/, for some
reflexive R-module M , such that A is a Cohen–Macaulay R-module and the global dimension of A is
equal to dimX . This notion generalizes to a nonaffine scheme in an obvious way: we consider a coherent
sheaf of algebras A with module M such that the restriction to any affine open set is a NCCR.

In this paper, we will explicitly construct a NCCR for each generic choice of B-field 
 . For simplicity,
we will do this first in the case where the parameter is of the form .1; 
/. In this case, the underlying
variety U.1;1/ is affine and highly singular.

Recall that for a choice of z
 2 t_R (from which we can produce an element 
 D exp.z
/ 2 T _R /, we have
already described a quiver with relations xQ
 . This has only finitely many nodes, so we can think of its
path algebra A
 D A.xQ
 / as an algebra with unit given by the sum of idempotents ep for the different
chambers p of top dimension in the quotient arrangement Ator.

Theorem 5.1 (1) We have an isomorphism of algebras CŒU.1;1/�Š epA
ep for any chamber p.

(2) The algebra A acting on the module M D A
ep is a noncommutative crepant resolution of U.1;1/.
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This theorem is effectively the main theorem of our paper, since it identifies the Fukaya category of
U.ˇ;1/ with the category of “coherent sheaves” on this noncommutative resolution. However, we are not
yet ready to prove it. In fact, rather than showing directly that this algebra A has the desired properties,
we will show that it is derived equivalent to a usual commutative resolution of singularities obtained by
varying the parameter ı.

More precisely, assume that we have a (usual commutative) crepant resolution of singularities � W Y !X.
A D-equivalence between Y and a noncommutative resolution A is an equivalence of dg-categories
Cohdg.Y /Š A-moddg.

A standard way for these to arise is through a tilting generator, a locally free sheaf T on a scheme Y such
that Ext�.T ;�/ induces an equivalence of derived categories between End.T / -moddg and Cohdg.Y /;
note that as a consequence of this definition, we have that Exti .T ; T /D 0 for i > 0 and hT i D Cohdg.Y /,
which is the definition given in [Kaledin 2008, Definition 1.1]. The following is a corollary of [van den
Bergh 2004b, Lemma 3.2.9 and Proposition 3.2.10]:

Lemma 5.2 Suppose T is a tilting generator on Y such that the structure sheaf OY is a summand of T ,
and let M D �.Y I T /. Then AD EndCoh.Y /.T /Š EndR.M/ is a noncommutative crepant resolution of
singularities , canonically D-equivalent to Y .

We will prove Theorem 5.1 using this lemma, by constructing an appropriate tilting generator (see
Theorem 5.7).

5.2 Comparison of multiplicative and additive varieties

As mentioned before, a key component of the proof of Theorem 5.1 is that multiplicative hypertoric
varieties “locally look like additive hypertoric varieties”. More precisely, additive and multiplicative
hypertoric varieties have complex moment maps with respective targets g_ and G_, and we will show
that formal neighborhoods of the fibers of these maps agree.

We identify Zn with the cocharacter lattice of D by the map sending a 2 Zn to the cocharacter s 7!
diag.sa1 ; : : : ; san/ WGm!D. Under this identification, the standard characters �i of D_ are sent to the
unit vectors of Z. We can also consider these as functions on D_, and for a given h 2D_, we denote the
values of these by hi .

Assume now that h 2D_ is contained in the subtorus G_. The fact that h lies in G_ is reflected by the
relation

Q
i h
ai
i D 1 for a 2 tZ � Zn.

Consider the formal neighborhood U of h inside G_, and let yUh be the preimage of this neighborhood
inside U. In particular, any power series in the functions ziwi C 1� hi is well-defined as a function on
this completion.
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Let MDM.1;ı/ be the additive hypertoric variety associated to the data of the exact sequence (2-1) and
.1; ı/ 2 t_H; in order to avoid confusion, we will use xi ; yi , rather than zi ;wi , as variables for the additive
hypertoric variety. Let log.h/ 2 g_ be a choice of preimage of h under the exponential map, such that
log.hi /D 0 if hi D 1; implicitly, this fixes choices of log.hi / for all i , such that

P
ai log hi D 0 for all

a 2 tZ.

Let yMlog.h/ be the base change of M to a formal neighborhood of log.h/ 2 g_. Let L.�/� be the line
bundle on U induced by a character � W T !Gm and L.C/� be the correspond line bundle on M.

Theorem 5.3 The formal neighborhoods yUh and yMlog.h/ are isomorphic , by an isomorphism identifying

the character line bundles L.�/� and L.C/� .

Proof Recall that the projective coordinate rings of M and U are

CŒT �Cn�Œt �T =h�C D 0i and CŒ.T �Cn/ı�Œt �T =h�̊C� D 0i;

where �C; �̊C� denote the complex moment maps for the T -actions, and t is an additional variable
of degree 1 with T -weight �ı. We will produce isomorphisms between certain completions of these
coordinate rings.

Write 3.T �Cn/ıh for the completion of .T �Cn/ı with respect to the ideal generated by ziwi C 1� hi .

Note that if hi ¤ 1, then we have that ziwi is itself invertible, and

log.1C ziwi /D log.hi C .ziwi C 1� hi //

D log.hi /C
ziwi C 1� hi

hi
�
.ziwi C 1� hi /

2

2h2i
C
.ziwi C 1� hi /

3

3h3i
� � � �

is an invertible function on 3.T �Cn/ıh. If hi D 1, then

log.1C ziwi /D ziwi �
1
2
z2i w

2
i C

1
3
z3i w

3
i � � � �

is still well-defined, but no longer invertible. However, the quotient


i WD
log.1C ziwi /

ziwi
D 1� 1

2
ziwi C

1
3
z2i w

2
i � � � �

is invertible.

Let 1T �Cnlogh be the completion of T �Cn, now with variables xi and yi , at xiyi � log.hi /. Let xi ; yi map
to CŒ3.T �Cn/ıh� by

xi 7! zi ; yi 7! wi
i :

This map is an isomorphism, and its inverse is given by

zi 7! xi ; wi 7! yiıi ;

Geometry & Topology, Volume 29 (2025)



3968 Benjamin Gammage, Michael McBreen and Ben Webster

where we define

ıi WD
hie

xiyi�log.hi /� 1

xiyi
D
hi � 1

xiyi
C

hi

xiyi

1X
kD1

.xiyi � log.hi //k

kŠ
:

Furthermore, under these maps, we have
nX
iD1

aixiyi D

nX
iD1

ai log.1C ziwi /D log
� nY
iD1

.1C ziwi /
ai

�
;

so that these isomorphisms intertwine the additive and multiplicative moment maps. Furthermore, since

i and ıi are D-invariant, this is an equivariant isomorphism.

Thus, we obtain an isomorphism of projective coordinate rings for yUh and yMlog.h/, which moreover must
match the modules corresponding to the line bundles L.�/� and L.C/� .

5.3 Construction of the tilting bundle

In view of Lemma 5.2, we can complete the proof of Theorem 5.1 by constructing a tilting generator
on U.1;˛/ for ˛ generic. This has already been carried out in the additive case, implicitly in [Stadnik
2013] and explicitly in [McBreen and Webster 2024, Proposition 3.36]. This is accomplished using a
now-standard technique in geometric representation theory, quantization in characteristic p.

Roughly speaking, one notices that a cotangent bundle, as for instance T �An, has a noncommutative
deformation given by the sheaf of differential operators on the base; and moreover, in characteristic p,
this sheaf D is Azumaya over its center, which is actually (a Frobenius twist of) the original cotangent
bundle. If the parameter 
 is p-torsion, it may then be used as a noncommutative moment map parameter
for a quantum hamiltonian reduction, after which one obtains an Azumaya algebra A on the hamiltonian
reduction M of T �An, as desired. We would like write A as the endomorphism sheaf of a vector bundle,
ie to show that it is split. Based on some homological properties of the Azumaya algebra if a splitting
bundle were to exist, it would be necessarily tilting by [Kaledin 2008, Lemma 2.7], and for generic 
 ,
it would be a tilting generator by [Kaledin 2008, Proposition 4.2]. No such splitting bundle exists, but
the restriction of A to a formal neighborhood of the fiber ��1.0/ does split — it is isomorphic to the
endomorphisms of a Gm-equivariant vector bundle T.C/ on M, restricted to this formal neighborhood.
One can conclude that the vector bundle T.C/ is a tilting generator by the same arguments as above.

For the multiplicative case, this method of quantization has an analogue: instead of deforming to the sheaf
of differential operators, one deforms to a sheaf of q-difference operators. This was accomplished for
multiplicative hypertoric varieties in [Cooney 2016; Ganev 2018], and for general multiplicative quiver
varieties in [Ganev et al. 2019]. This allows us to define an Azumaya algebra on U as before, and one
could easily prove the same infinitesimal splitting property, but there is no contracting C�-action that
allows us to construct a tilting generator via the same automatic process.
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Disappointing as this fact is, we can still use it as inspiration to guess a tilting generator. In fact, this is
not truly a guess; the bundle in question arises naturally when we view CŒU� as a multiplicative Coulomb
branch (the Coulomb branch C4 in the terminology of [Teleman 2021]), and the other nodes in xQ as
spectrally flowed line operators, ie as objects of the extended BFN category introduced in [Webster 2016,
Section 3].

However one chooses to motivate the definition of this tilting generator, it is easy to describe: it is a direct
sum of equivariant line bundles L.�/� , which we enumerate below.

Choose a lift z
 D log.
/ 2 t_R. Let g_;z
R be the preimage of z
 under the projection d_R! t_R. Let

�x D fa 2 g
_;z

R j xi < ai < xi C 1g; ƒ.z
/D fx 2 d_Z j�x ¤¿g:

These are the chambers and their parametrizing set for a periodic hyperplane arrangement in g
_;z

R , which

we denote by Bper
z


. We write xƒ.z
/ for the quotient of ƒ.z
/ by the action of g_Z. This is a finite set,
parametrizing the chambers of the toric hyperplane arrangement Btor

z

WD B

per
z

=g_Z. Note that if we choose

z
 differently, then the result will change by an element of t_Z.

We continue to assume that z
 is generic, so that there is a neighborhood U of z
 in R˝ t_ such that for
all z
 0 2 U , we have ƒ.z
/Dƒ.z
 0/. In particular, the hyperplanes in Bper

z

intersect generically.

Consider the following vector bundles, defined on U and M, respectively:

T
.�/

z

WD

M
�2xƒ.z
/

L.�/� ; T
.C/

z

WD

M
�2xƒ.z
/

L.C/� :

Note that if we choose a different value of z
 while leaving 
 unchanged, the effect will be to tensor T
.�/

z


with the line bundle corresponding to the element of t_Z Š Pic.U/ we change our branch of log by. In
particular, we can always choose z
 so that 0 2ƒ.z
/, that is, the trivial bundle OU is a summand of T

.�/

z

.

Theorem 5.4 [McBreen and Webster 2024, Proposition 3.36] The vector bundle T
.C/

z

is a tilting

generator of M, and so End.T.C/
z

/ gives an NCCR of M.0;1/.

This motivates the corresponding multiplicative result:

Theorem 5.5 The bundle T
.�/

z

is a tilting generator for the category Coh.U1;ı/.

Proof First, let us verify that H i .U1;ı I End.T.�/
z

// D 0 for i > 0. We compute this by first pushing

forward End.T.�/
z

/ by the map �̊C� . Since tensoring with the completion of CŒG_� at 
 is exact, flat

base change shows that the completion of Ri .�̊C�/�.End.T.�/
z

// is the same as the i th cohomology sheaf

of the pullback of End.T.�/
z

/ to a formal neighborhood of the fiber. That is, it suffices to prove this fact on

the completion yUh for all h 2G_. By Theorem 5.3, we can transport this bundle to yMlog.h/ and obtain the
completions of the line bundles L.C/� for � 2 xƒ. By [McBreen and Webster 2024, Proposition 3.36], the
corresponding sheaf T

.C/

z

on M is a tilting generator, and so we have the desired cohomology vanishing.
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Now, we only need to check that this vector bundle generates the derived category. Here we will use
techniques from [Kaledin 2008]. In order to translate between that paper and this one, note that we will
use freely throughout the Morita equivalence between coherent sheaves and right End.T.�/

z

/-modules

induced by M 7!M ˝ .T
.�/

z

/_, so any place where Kaledin uses sections, we should apply sections after

using this functor to turn a coherent sheaf into a right End.T.�/
z

/-module.

This will, of course, be the case if the functor

(5-1) M 7!R�.U1;ı IM ˝ .T
.�/

z

/_/

L
˝End.T.�/

z

/

T
.�/

z


of taking derived sections and then localizing is an equivalence, since this immediately shows that if
R�.U1;ı IM ˝ .T

.�/

z

/_/D 0, then M D 0. Consider the sheaf of algebras on G_ given by

EG_ D .�̊C�/�.End.T.�/
z

//:

Since G_ is affine, we have that

(5-2) R�.U1;ı IM ˝ .T
.�/

z

/_/

L
˝End.T.�/

z

/

T
.�/

z

Š .R�̊C�/�M ˝ .T

.�/

z

/_

L
˝EG_ T

.�/

z

:

This functor (5-1) is given by Fourier–Mukai transform with a kernel on U1;ı �U1;ı which Kaledin [2008,
Lemma 3.1] denotes by M�; this is the localization of End.T.�/

z

/ considered as a bimodule over itself.

By (5-2), this kernel is supported on U1;ı �G_ U1;ı .

The counit of the adjunction induces a map M� 7!O� to the structure sheaf of the diagonal��U1;ı�U1;ı ,
whose cone we denote K�. As observed by Kaledin [2008, Definition 3.1], K� D 0 if and only if T

.�/

z

is

a tilting generator. Using flatness again, the functors

M 7! .R�̊C�/�M ˝ .T
.�/

z

/_; N 7!N

L
˝EG_ T

.�/

z

;

commute with restriction to a formal neighborhood of h2G_ and to yUh. This shows that the restriction of
K� to the formal neighborhood yUh� yUh � U1;ı �U1;ı is the same sheaf defined with respect to restriction
of End.T.�/

z

/ to yUh, ie the sheaf that measures the failure of this restriction to be a tilting generator.

As discussed above, we have already used Theorem 5.3 and [McBreen and Webster 2024, Proposition 3.36]
to argue that this restriction is a tilting generator, so this shows that the restriction of K� to the formal
neighborhood of any fiber of U1;ı �G_ U1;ı ! G_ is trivial. This shows that K� itself is trivial and
completes the proof.

Corollary 5.6 The map F !R Hom.T.�/
z

;F/ defines an equivalence of categories

Cohdg.U/Š End.T.�/
z

/ -moddg:

Together with Lemma 5.2, this shows that if we choose z
 so that 0 2ƒ.z
/, then the algebra End.T.�/
z

/ is

a noncommutative crepant resolution of singularities.
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5.4 Computation of the endomorphism algebra

We are now ready to compute the endomorphism algebra for the tilting bundle defined above. Recall from
Section 4.3 that we defined quivers with relations Q
 ; xQ
 , and A
 is the path algebra of the latter quiver.

Theorem 5.7 There is an isomorphism

(5-3) A
 Š End.T.�/
 /

sending the length-zero path ex to the projection to the corresponding line bundle. This induces an
equivalence of categories Cohdg.U/Š xQ
 -dgmod.

Note that this completes the proof of Theorem 5.1.

Proof We define the map (5-3) as follows: the map CŒG_�! End.T.�/
 / is given by the composition

CŒG_�!CŒU�! End.T.�/
z

/;

where the first map is the pullback and the second is the action of functions as endomorphisms of any
coherent sheaf. And for x;y 2ƒ such that y D xC �i , we send

cy;x 7! zi ; cx;y 7! wi :

We can easily check that this is a homomorphism: the relations (2) from Definition 4.13 are just
commutativity, and the relations (1) are the moment map condition.

Given any x;y 2ƒ, there is a unique element cx;y defined as the product along any minimal-length path
between these vertices. This maps to the unique minimal monomial in CŒ�̊�1.G_/� whose weight under
the action of D is the difference x � y , and so cx;y �CŒG_� maps surjectively to all elements of that
weight in CŒ�̊�1.G_/�. Since we have assumed that T contains no coordinate subtori, every cocharacter
into T has nontrivial weight on at least 2 coordinates, and by the symplectic property, this implies that the
Kirwan–Ness stratum for this cocharacter has codimension � 2. Thus, CŒ�̊�1.G_/� surjects to functions
on the stable locus.

This shows that cx;y �CŒG_� maps surjectively to the elements of Hom.L.�/x ;L.�/y / of the correct T -
weight. Ranging over all y with the same image in xƒ, we obtain all homomorphisms L.�/x ! L.�/y , so
the desired map is surjective. On the other hand, our relations allow us to shorten any path to an element
of cx;y �CŒG_�.

Combining Corollary 4.28 and Theorem 5.7, we deduce our main theorem.

Theorem 5.8 Let ˇ 2 T _ be generic. Then there is an equivalence of dg categories

(5-4) Fuk.U.ˇ;1//Š Cohdg.U.1;ˇ//:

For ˇ 2 T _R , this equivalence is induced from an equivalence of abelian categories , the respective hearts
of the perverse t-structure and the noncommutative resolution t-structure.
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5.5 SYZ mirror symmetry

In order to make contact with the theory of SYZ mirror symmetry, we make the following definition:

Definition 5.9 An object of Fuk.U.ˇ;1// is a torus fiber object if, under the equivalence Fuk.U.ˇ;1//Š

Qˇ -perfdg, it corresponds to an quiver representation with dimension vector .1; : : : ; 1/.

To see that this definition is reasonable, recall that the Lagrangian skeleton L of U.ˇ;1/ is equivalent to
the central fiber of the holomorphic integrable system on the Dolbeault space described in Section 3, and
that smooth fibers of this integrable system degenerate to the central fiber with multiplicity one along
each toric component. (If such a smooth torus fiber T is an exact Lagrangian, then an actual embedding
of the moduli of local systems on T into the Fukaya category Fuk.U.ˇ;1// can be accomplished using the
nearby cycles functors studied by Nadler and Shende [2020]. A similar embedding for nonexact torus
fibers is provided by Shende [2021], at the cost of introducing a Novikov variable.)

SYZ mirror symmetry, as discussed in Appendix B, takes the form of a statement relating torus fiber
objects in a Fukaya category to points of a dual variety. Using Definition 5.9, a statement of this form
can be obtained as a corollary of the mirror symmetry isomorphism in Theorem 5.8. Recall that there is
an equivalence

(5-5) Cohdg.U.1;ˇ//Š Cohdg.U.1;ı//

between the “noncommutative resolution” category Cohdg.U.1;ˇ// and the category of coherent sheaves
on an actual resolution U.1;ı/, given by a tilting bundle T.�/ on the resolution.

Corollary 5.10 Let Op 2 Coh.U.1;ı// be a skyscraper sheaf at a point of the resolved variety U.1;ı/.
Under the composition of equivalences (5-5) and (5-4), the object Op corresponds to a torus-like object
in the Fukaya category Fuk.U.ˇ;1//.

Proof The equivalence (5-5) sends Op to the natural End.T.�//-module given by R Hom.T.�/;Op/.
As Op is a skyscraper sheaf and T.�/ is a direct sum of line bundles, this module has dimension 1 at
each summand of T.�/, as desired.

Remark 5.11 The most robust statement of SYZ mirror symmetry would actually construct U.1;ˇ/ as
a moduli space of .1; : : : ; 1/-dimensional representations of the quiver Qˇ . Corollary 5.10 shows that
this is roughly correct: from examples, it appears that the map U.1;ˇ/ to the moduli stack of torus fiber
objects is birational. However, this map is definitely not an isomorphism, and in particular, certain points
in this moduli space will be in the image of U.1;ˇ/ for some ˇ and not for others; furthermore, some
points, such as the trivial representation, will not be in this image for any value of ˇ. At the moment, we
know no principled explanation for how this image depends on the GIT parameter ı; in particular, it does
not seem to have a description in terms of the usual slope-stability for quiver representations.
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6 Monodromy functors from perverse schobers

As mentioned in the introduction, a mirror symmetry theorem over the nonsingular parameter space would
include not only the equivalences (5-4), but also equivalences among these as we circumnavigate walls in
the parameter space. These equivalences would thus fit into an action of �1.T _gen/ by “monodromy in a
local system of categories”, compatible with the equivalences (5-4).

In fact, the categories we have computed should live not just over the nonsingular parameter space but
over the whole parameter space T _; the resulting family of categories will fail to be a local system
precisely along the real subtori of T _ which are the walls in a toric hyperplane arrangement Dtor. The
notion of such a “perverse sheaf of categories” exists already in mirror symmetry, thanks to work of
Kapranov and Schechtman [2014; 2016] working also with Bondal [Bondal et al. 2018], where it goes by
the name of perverse schober.

One advantage of the description from [Kapranov and Schechtman 2016; Bondal et al. 2018] is that
it presents the category of perverse sheaves on a complex vector space stratified with respect to a real
hyperplane arrangement only in terms of the behavior of these sheaves over subsets of the real locus
inside this complex vector space. For instance, the monodromy of such a perverse sheaf can be recovered
as a composition of canonical and variation maps into and out of the singular locus. This should be
understood as a generalization of the geometrical fact that monodromy of nearby cycles can be deduced
from a sufficiently good understanding of their relation with vanishing cycles.

Perverse schobers give a presentation of these facts at the level of categorical invariants: in short, all
the data of perverse sheaf of categories can be encapsulated in functors between nearby and vanishing
categories. Using this insight, we present here a construction of a “perverse schober of Fukaya categories”,
and we compare it to the B-side perverse schober defined using wall-crossing functors in [Webster 2019].
As expected, we prove that equivalence of categories (5-4) extends to an equivalence of perverse schobers.

6.1 Perverse schobers stratified by hyperplane arrangements

The B-side schober in this case fits into a pattern familiar in representation theory, namely the action of
wall-crossing functors, as explained in [Webster 2019, Section 4]. We review that discussion here and
then specialize to the hypertoric case.

We need from [Bondal et al. 2018] the notion of a perverse schober on a complex vector space stratified
with respect to a real hyperplane arrangement. (Technically, we are interested in perverse sheaves on
a complex torus stratified by a real toric hyperplane arrangement, but as usual we choose to simplify
notation by passing to the universal cover and working t_Z-equivariantly.) The precise version of the
definition we use is based on the procedure which associates to a perverse sheaf its sections along the
star of each stratum in a real hyperplane arrangement. (Recall from [Kapranov and Schechtman 2014,
Section 5] that a schober on a base B should associate categories to Lagrangian subsets of B .)
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Example 6.1 (“double-cut realization”) Consider the case when the underlying real vector space is
one-dimensional, stratified by a single hyperplane (point) at the origin. The Kapranov–Schechtman
description presents Perv.C; 0/ in the following way: to a perverse sheaf E, we associate one vector
space for each stratum in the real hyperplane arrangement. To the two open strata, we associate the
sections E˙ WD �R˙.E/ of E on the positive or negative real loci (which are equivalent to the stalks
of E at a generic positive and negative real point), and to the closed stratum, we associate the sections
E0 WD �R.E/ along the whole real line (which we think of as the star of the closed stratum). For each
inclusion of stratum closures, we get a pair of maps �R˙.E/� �R.E/, and the whole perverse sheaf is
determined by these maps.

Similarly, a perverse schober E in this setting is determined by three dg categories, which we write E˙

and E0, along with pairs of adjoint functors E˙� E0 satisfying some conditions, which we detail below.

The case of a higher-dimensional hyperplane arrangement is the obvious generalization of this example: the
data of a perverse schober includes a category EA associated to the star of each stratum A in the real vector
space, along with adjoint functors for incidences of strata. In the following definition (the modification in
[Webster 2019] of the definition from [Bondal et al. 2018]), we detail one way of encapsulating this data,
which we will find convenient for our purposes.

Definition 6.2 Let t_ D t_R˝C be the complexification of a real vector space, and Dper
� t_R a periodic

hyperplane arrangement. A perverse schober on t_, stratified by Dper, consists of the following data:

(1) A dg category EA for each face A in Dper.

(2) A pair of adjoint functors ıC 0C W EC � EC 0 W
CC 0 for any incidence of faces C 0 � C . The left
adjoint ıC 0C is the specialization, and its right adjoint 
CC 0 the generalization, functor for the
incidence C 0 � C . If xA\ xC ¤ 0, and B is the unique open face in the intersection, these functors
compose to give a transition functor �AC WD 
ABıBC W EC ! EA.

(3) Isomorphisms 
CC 0
C 0C 00 Š 
CC 00 for consecutive incidences C 00 � C 0 � C , with associativities
for longer incidences.

(4) Isomorphisms �AB�BC Š �AC for .A;B; C / a collinear family of faces, with associativities for
longer collinear families. Hence for any two faces A and B , we define �AB WD�AA1�A1A2 � � ��AnB
for A1; : : : ; An the ordered list of faces passed by a generic line segment from A to B; the previous
isomorphism data guarantees that these composite transition functors are well-defined.

These data are required to satisfy the following further conditions:

(i) If C 0 � C , the unit natural transformation 
C 0C ıCC 0 ! 1EC 0 is an isomorphism. For B any face
in the intersection xA\ xC , this gives a natural isomorphism �AB Š 
ABıBC .

(ii) If A and B have the same dimension, span the same subspace, and are adjacent across a face of
codimension 1 in A and B , then �AB is an equivalence.
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In our setting, we will associate to each stratum C an algebra AC , and to each pair of strata a bimodule

CTC 0 so that
EC D AC -perfdg and �CC 0 D CTC 0

L
˝�:

In particular, each top-dimensional stratum C of our stratification will consist of generic parameters ˇ in
the sense of Definition 2.5, and we will set EC DAˇ -perfdg, which we have seen describes both coherent
sheaves on U1;ˇ and the Fukaya category of U.ˇ;1/.

Remark 6.3 The above definition may seem involved; luckily, we will not need here to work with it in
any serious way: the verification that the B-side family we discuss satisfies this definition was already
performed in [Webster 2019], and we will prove that the A-side data we construct is isomorphic to that
B-side schober.

6.2 The B-side schober

As promised, we define a pair of perverse schobers over the parameter space t_R, which encapsulate the
whole family of B-side and A-side categories, respectively, as the parameter ˇ 2 t_R varies. We begin
here with the B-side schober.

Definition 6.4 Let Dper be the periodic hyperplane arrangement in t_R whose hyperplanes are the loci in
which the parameter ˇ 2 t_R is nongeneric, in the sense of Definition 2.5.

In other words, the walls of Dper are defined by the equations h�; ˇi D n, for n 2Z, and � a signed circuit
(as defined in Definition 2.4). The resulting stratification of t_R is the stratification by topological type
of Aper

ˇ
.

Definition 6.5 Let H be the periodic coordinate hyperplane arrangement in d_R DRn. We write zQ for
the quiver with relations associated to the arrangement H as in Definition 4.22.

The quiver zQ has a natural geometric interpretation. The trivial line bundle on �̊�1C�.1/ carries a different
equivariant structure for each character ofD, or equivalently for each chamber of H. One can easily modify
the proof of Theorem 5.7 to show that this quiver with relations controls theD-equivariant homomorphisms
between these line bundles. Of course, each such homomorphism maps to a homomorphism between the
associated bundles on U. However, it seems unlikely to always be a surjective map; the tilting property of
T.�/ guaranteed that this was not an issue in Theorem 5.7, but a general line bundle could have higher
cohomology that interferes with the surjectivity.

Fix a stratum C in Dper, and write UC for the preimage of the star of C under the projection map d_R! t_R.
The intersection UC \H picks out a subset of the chambers and faces of H; we can understand this as a
hyperplane arrangement in UC , which we will denote by HC .

Definition 6.6 We write zQC for the subquiver with relations of zQ associated to the inclusion HC �H.
Thus zQC contains only those vertices whose associated chambers intersect UC .
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Definition 6.7 We write Qsch
C for the quotient of this quiver by the action of the lattice g_Z. We let zAC be

the path algebra of this graph modulo the relations already discussed.

The map T !D induces an embedding CŒ�1.T /�!CŒ�1.D/�. We have a central embedding

CŒ�1.D/�! zAC :

Write AC for the quotient of zAC by the ideal generated by 
 � 1 for all 
 2 �1.T /.

Of course, the algebra AC contains a central copy of CŒ�1.G/�, which we identify with the function ring
of G_.

If we interpret the quiver zQ as the Ext algebra of a set of D-equivariant line bundles, then Qsch
C can be

understood as the Ext algebra of the same line bundles, deequivariantized from D to T .

The same quiver with additive moment map relations instead of multiplicative ones controls the schober
for coherent sheaves on an additive quiver variety described in [Webster 2019] and gives the algebra
denoted by AC in [Webster 2019, Section 4.5], which we will denote A.C/C here to avoid confusion. The
proof of Theorem 5.3 is easily extended to show that:

Lemma 6.8 The completion of AC at h 2G_ is isomorphic to the completion of A.C/C at log h, sending
the idempotent ex for x 2 Qsch

C to the same idempotent in A.C/C .

If C is a top-dimensional stratum (so that its star is again C ), the arrangement UC is the product of C
with Aper

ˇ
for any ˇ 2 C . This gives a natural isomorphism AC Š Aˇ .

More generally, if we have two faces CC and C� whose closures intersect, then there is a face C such
that xC D xCC\ xC�. In this case, Qsch

C contains Qsch
C˙

as subgraphs, so AC contains idempotents e˙ such
that e˙AC e˙ D AC˙ .

Definition 6.9 For a pair .CC; C�/ of adjacent faces whose closures meet at C , the wall-crossing
bimodules are given by

CCTC� WD eCAC e�; C�TCC WD e�AC eC:

For more general pairs of faces .C; C 0/, we pick a generic path between them that crosses a minimal
number of hyperplanes, passing consecutively through faces C 0; C1; : : : ; Cn; C , so that Ci and CiC1 are
adjacent. The corresponding wall-crossing bimodule is defined by

(6-1) C 0TC WD C 0TC1 ˝AC1 C1TC2 ˝AC2 � � � ˝ACn CnTC :

Lemma 6.8 shows that after completion at a point h2G_, the bimodule C 0TC with action transported by the
isomorphisms to A.C/C 0 ; A

.C/
C is isomorphic to the additive version of this wall-crossing bimodule C 0T

.C/
C ,

compatibly with the multiplication maps

C 00TC 0
L
˝C 0TC ! C 00TC :

In particular, this shows that:
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Lemma 6.10 (1) The multiplication map C 00TC 0
L
˝C 0TC ! C 00TC is a quasi-isomorphism if and only

if the same is true for the additive version of these bimodules C 00T
.C/
C 0

L
˝C 0T

.C/
C

��! C 00T
.C/
C .

(2) The tensor product functor C 0TC
L
˝AC �WD

C.AC -mod/!DC.AC 0-mod/ is an equivalence if and
only if the same is true for the additive version C 0T

.C/
C

L
˝
A
.C/
C

�WDC.A
.C/
C -mod/!DC.A

.C/
C 0 -mod/.

Proof Both of these are questions whether maps of complexes are isomorphisms, which is suffices to
check after completion at all points in G_. This is manifest in the first case. In the second, this is because

C 0TC
L
˝AC� is an equivalence if and only if the unit and counit of its adjunction with R HomAC 0 .C 0TC ;�/

are isomorphisms, ie if the natural maps

AC !R HomAC 0 .C 0TC ;C 0TC / and C 0TC
L
˝AC R HomAC 0 .C 0TC ; AC 0/! AC 0

are both isomorphisms. This completes the proof.

Since [Webster 2019, Lemma 4.6] (transferred to the multiplicative setting through the completion)
guarantees that higher Tors vanish, the defining equation (6-1) of C 0TC is actually a nonderived tensor
product.

That the procedure used to define C 0TC gives a well-defined wall-crossing functor is a consequence of
the schober property, proved in Theorem 6.12 below. For our purposes, it is more useful to think of the
algebras AC as the basic objects, and the wall-crossing functors as manifestations of them, since they
encode the full schober structure.

Definition 6.11 The B-side schober assigns the dg-category AC -moddg to a face C and the functor

C 0TC
L
˝� as the transition functor �C 0C .

This name is justified by the following theorem:

Theorem 6.12 The above assignment defines a perverse schober in the sense of Definition 6.2.

Proof The additive analogue of this structure is shown to be a perverse schober in [Webster 2019,
Theorem 4.15]. This is done by constructing an equivalence of finite dimensional AC -modules with
modules over certain quantizations of hypertoric varieties in characteristic p. We point this out since the
proof of the schober conditions [Webster 2019, Theorem 4.11] uses this language. However, the proof
just uses properties of wall-crossing functors which transport through all equivalences in the picture,
exactly those appearing in Lemma 6.10.

We first need to establish the required isomorphisms of functors for conditions (3) and (4). As shown
in the proof of [Webster 2019, Theorem 4.11] (points (1) and (3); note that the schober conditions are
numbered differently here), these isomorphisms are induced by multiplication maps as in Lemma 6.10(1).
The same is true of the isomorphism needed in (i) (which corresponds to point (2) in the proof of [Webster
2019, Theorem 4.11]).
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Finally, point (ii) (which matches point (4) in the proof of [Webster 2019, Theorem 4.11]) simply requires
a wall-crossing functor to be an equivalence of categories, which we can transport from the additive case
to the multiplicative by Lemma 6.10(2).

6.3 The A-side schober

We now propose a construction of a schober starting from a family of weakly Weinstein manifolds; we
do not show that this construction satisfies the schober axioms in general, but we check that in the case of
interest here, we do obtain a schober, which is moreover equivalent to the B-side schober defined above.

Constructible-sheaf methods for the construction of A-side perverse schobers have appeared before in
[Nadler 2019; Donovan and Kuwagaki 2019; Nadler 2018], though always in the 1-dimensional case
(the first two in the double-cut realization on C, the last in a slightly more involved arrangement). We will
be guided in particular by the geometry of [Nadler 2019].

Thus, let f W xX! t_ be a symplectic fibration of weakly Weinstein manifolds over a complexified vector
space t_ D t_R˝C, whose set of critical values is a real hyperplane arrangement Dper in t_R � t_. We
assume that the stratification induced by this arrangement lifts to a stratification of the critical locus by
weakly Weinstein submanifolds.

Definition 6.13 A schober skeleton for the family xX is a Lagrangian L� xX with the following properties:

� For any point 
 2 t_R not lying in a hyperplane, the fiber L
 WD L\X
 of L is a skeleton of the
fiber X
 .

� For any exit path 
 0! 
 in t_R with respect to the stratification of t_R, the fiber L
 0 is the symplectic
parallel transport of L
 along the path.

For C a stratum in t_R, we write xXC for the preimage f �1.star.C // of the star of C , and LC WDL\ xXC

for the part of L lying over the star of C . We expect that the following procedure will produce the A-side
perverse schober associated to the family xX:

Definition 6.14 To a schober skeleton L as above, we associate the following set of data:

� To a stratum C of t_R, we assign the category DC D �Sh
c
L
.LC / of sections of the “microlocal

sheaves” cosheaf �Shc
L

over LC .

� For an inclusion C 0 �C of strata, we define restriction functors ıC 0C WDC !DC 0 , by functoriality
of the cosheaf �Shc

L
along the inclusion LC ! LC 0 .

Note that the generalization functors are fixed as the adjoints of the restrictions, so the above data is
sufficient to characterize a schober. However, we do not check that the resulting structure does in fact
satisfy the requirements in the definition of a perverse schober.

Now we are ready to almost ready to begin considering the situation of interest to us: the family of affine
multiplicative hypertoric varieties indexed by complex moment map parameter ˇ. This space is obtained
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from .T �Cn/ı by performing a complex hamiltonian reduction with 0 real moment map parameter and
unfixed complex moment map parameter; in other words, it is the GIT quotient .T �Cn/ı ==T . This space
has a residual complex moment map to T _. Since we would like a schober on t_ rather than T _, we must
pull back this space along the universal cover t_! T _; we denote the resulting pullback by xX.

As desired, this space carries a map xX! t_, with fiber xXˇ over ˇ 2 t_ given by the multiplicative
hypertoric variety U.ˇ;1/. The critical locus of this map is the hyperplane arrangement Dper; the fibers
become progressively more singular as one moves to higher-codimension faces of the arrangement.

Now we would like to apply Definition 6.14, with schober skeleton given fiberwise by the usual skeleton L

on smooth fibers, and its degenerations on singular fibers. However, this doesn’t literally make sense as
stated, since the total space of the family xX is not smooth.

Nevertheless, xX is the hamiltonian reduction of a smooth space. Write X for the pullback of .T �Cn/ı

along the universal cover t_! T _: now, by definition, xX is obtained from X as a hamiltonian reduction
by the compact torus TR. Using the heuristic that the geometry of xX is the T -equivariant geometry of X,
we can associate a schober to xX by starting with a schober associated to X and passing to T -invariants.

So suppose that L is a schober skeleton for X which is invariant under the action of the torus TR on X.
(In our case, we have such a Lagrangian, given by the preimage of L under the TR-quotient.)

Then for any TR invariant open subset U , the category �ShcL.U / is graded by the character lattice of T ,
and we can pass to the T -invariant category �ShcL.U /

T by picking out the zero-weight part. In other
words, �ShcL.U / is the category of modules over an algebra A with a natural map from the group algebra
CŒ�1.T /�, and we define �ShcL.U /

T as modules over the algebra obtained from A by imposing the
relation 
 D 1 for all monodromies 
 .

We therefore define the conjectural schober associated to the family xX as follows:

Definition 6.15 Suppose that L is a schober skeleton for X which moreover is TR-equivariant. Then we
associate to L the following set of data:

� To a stratum C of t_R, the we assign the category DC D �Sh
c
L.LC /

T .

� For an inclusion C 0 �C of strata, we define restriction functors ıC 0C WDC !DC 0 , by functoriality
of the cosheaf .�ShcL/

T along the inclusion LC ! LC 0 .

As for Definition 6.14, we will not show that this defines a schober in general. However, for a family X

and equivariant schober skeleton L as above, we can check that this does define a schober by computing
it explicitly:

Theorem 6.16 For X and L as above , the data defined by Definition 6.15 are isomorphic to the data
of the B-side perverse schober from Definition 6.7. (In particular , Definition 6.15 does in fact define a
perverse schober in this case.)
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Proof First of all, to simplify the situation, we pass from X to its universal cover, which we can do
relative to the map X! t_, and work equivariantly with respect to the group of deck transformations.
Thus, let Xsc be the pullback of .T �Cn/ı along the map d_!D_ and Lsc the pullback of its skeleton.
These both carry a free fiberwise action of �1.D=T /D g_Z, with respective quotients X and L.

The periodic hyperplane arrangement H in d_R which encodes the structure of the skeleton Lsc is particularly
simple: the arrangement H is given by all integer translates of the coordinate hyperplanes. In other words,
the skeleton Lsc is a Zn worth of copies of .P1/n, glued together along their boundaries.

Let C be a stratum in t_R. Recall that we write UC for the preimage of the star of C under the projection
map d_R! t_R, and HC for the hyperplane arrangement in UC defined by the intersection UC \H. This
hyperplane arrangement is the moment-map X-ray for the Lagrangian Lsc;C . Thus, for each C , the
category �ShcLsc

.Lsc;C / is the dg category of modules over the quiver with relations QC appearing in
Definition 6.7. Passing to g_Z-invariants, we conclude that the category �ShcL.LC / is the dg category of
modules over the quotient of this quiver by g_Z.

Finally, for each C , we need to impose we need to impose T -equivariance on the category QC =g
_
Z -moddg.

As in the discussion preceding Definition 6.15, this is accomplished by imposing the relations 
 D 1 for

 2 �1.T /. Thus, we have an equivalence

DC Š AC -moddg

between the category DC which the equivariant A-side schober assigns to C and the category AC -moddg

assigned to C by the B-side schober of Definition 6.7. And in either case, for an inclusion C 0 � C of
strata, the specialization functor ıCC 0 is obtained from the inclusion of quivers QC ,! QC 0 corresponding
to the inclusion HC �HC 0 of hyperplane arrangements. Since these specialization functors determine all
the data of the perverse schober, we conclude that the two schobers are equivalent.

Appendix A Symplectic forms on hamiltonian reductions

We recall here how a symplectic form is determined by a choice of hamiltonian reduction parameter.
The material here is mostly standard: see for instance [Guillemin and Sternberg 1999] for equivariant
symplectic forms and [Kirwan 1984] for the Kirwan map.

Lemma A.1 Let .X; !/ be a symplectic manifold with a hamiltonian action of a group G. Then the
moment map � WX ! g_ determines a lift of ! to an equivariant 2-form !� 2�

2
G.X/.

Proof Recall that the Cartan model for equivariant de Rham cohomology ��G.X/ presents it as the
complex .Sym g_˝��.X//G , which we may understand as the space of equivariant polynomial functions
f W g!��.X/, equipped with differential

.df /.�/D ddR.f .�//� ��f .�/:
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We define the equivariant symplectic form !� lifting ! by

!�.�/ WD !Ch�; �i:

This equivariant form is closed, since

.d!�/.�/D ddR.!�.�//� ��!�.X/D ddR!C ddRh�; �i � ��! D 0

because ! is closed and the other two terms cancel by the definition of moment map.

Using the equivariant lift !� of !, it is easy to describe the symplectic form !˛ on a hamiltonian reduction
X ==˛ G. Recall that the Kirwan map is the map

(A-1) ��G.X/!��.X ==̨ G/

given by pullback along the inclusion X ==˛ G D �
�1.˛/=G ,!X=G. (Alternatively, using the Kempf–

Ness theorem to present the hamiltonian reduction as a GIT quotient, the Kirwan map is the pullback
along the inclusion of the ˛-semistable locus into the stack X=G.) We begin with the case where the
hamiltonian reduction parameter ˛ is zero:

Lemma A.2 The symplectic form on X ==G is the image of !� under the Kirwan map (A-1).

Proof This follows directly from the definition of the symplectic form on a hamiltonian reduction.

One may therefore also obtain the symplectic form on reductions at nonzero moment-map parameter
˛ 2 .g_/G by shifting the symplectic form !�.

Corollary A.3 The symplectic form on X ==˛ G is the image of !��˛ under the Kirwan map (A-1).

We now explain how a complexified moment-map parameter can be used to specify a complexified
symplectic form on a hamiltonian reduction.

Definition A.4 Let .M;!/ be a symplectic manifold, and let B 2H 2.M IR/. Then we say that B is a
B-field for M , and that !C iB is a complexified symplectic form.

We would like to construct a B-field on the hamiltonian reduction of a manifold X by a compact torus
G D TR. Let ˆ WH 2

TR
.pt/!H 2.X ==˛ TR/ denote the precomposition of the Kirwan map (A-1) with

the pullback H 2
TR
.pt/!H 2

TR
.X/, and note that the domain of ˆ may be identified with t_.

Definition A.5 Let TR be a torus with a hamiltonian action on a Kähler manifold X , and let ˛ 2 T _ be
an element of the complexified dual torus, which we write as ˛D 
 � exp.ı/, for ı 2 t_R and 
 2 T _R. Then
we write

X ==˛ TR WD .X ==ı TR; !ı C iˆ.z
//

for the symplectic manifold .X ==ı TR; !ı/ equipped with B-field ˆ.z
/, where z
 2 t_R is any lift of 

along the covering map t_R! T _R .
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As the notation suggests, what is fundamental for us is not z
 but rather the class 
 2 T _R DH
2
TR
.ptIR=Z/,

since the B-field contributes to Floer-theory calculations through its exponential, which is Z-periodic.

Appendix B SYZ duality

From the perspective of SYZ mirror symmetry, the most important feature of the multiplicative hypertoric
varieties U.ˇ;˛/ is the presence of a special Lagrangian torus fibration, whose properties we describe here.
We begin as usual with the basic case.

Example B.1 [Auroux 2007, Section 5.1] Consider the quasihyperhamiltonian moment map

�̊H W .T
�C/ı!C� �R;

which we can present more invariantly as a map with codomain R�S1 �R, given by

.z;w/ 7! .log jzwC 1j;Arg.zwC 1/; jzj2� jwj2/:
Consider the map

�̊I;C W .T
�C/ı!R2; .z;w/ 7! .log jzwC 1j; jzj2� jwj2/;

obtained by composing �̊ with the projection onto the two copies of R. The fiber of this map over any
nonzero point is a special (with respect to holomorphic volume form �K) Lagrangian 2-torus, and the
fiber over the central point is a nodal curve.

Auroux [2007] describes a mirror construction beginning from the symplectic manifold .T �C/ı and
producing a moduli space of Lagrangian tori. This construction was pursued systematically in a more
general context in [Abouzaid et al. 2016], and we will recall here the main theorem of that paper as it relates
to the spaces .T �C/ı and .T �Cn/ı. The notion of SYZ duality considered in that paper was as follows:

Definition B.2 [Abouzaid et al. 2016, Definition 1.2] For X a Kähler manifold equipped with a
Lagrangian torus fibration � WX!B , we say that Y is SYZ mirror to X if Y is a completion of a moduli
space of unobstructed torus-like objects of X supported on SYZ fibers.

The work [Abouzaid et al. 2016] contains several different “flavors” of SYZ mirror theorems; we are
interested in the one concerning conic bundles with a prescribed degeneracy locus. Let

X0 D f.x;y; z/ 2 .C�/n �Cd
�Cd

j fi .x/D yizig

be the iterated conic bundle over Cn degenerating where fi .x/D 0.

Its mirror will be described as the complement of a hypersurface in a toric variety. Let 'i be the
tropicalization of the function fi , and define a polytope

�Y D f.�; �1; : : : ; �d / 2Rn �Rd j �i � 'i .�/g:

Geometry & Topology, Volume 29 (2025)



Homological mirror symmetry for hypertoric varieties, II 3983

Let Y be the toric variety with moment polytope �Y , and for 1 � i � d , let vi W Y ! C be the toric
monomial with weight .0; 0; : : : ; 1; : : : ; 0/, whose only nonzero entry is the .nC i/th entry. Define the
function wi W Y !C by wi D vi � 1, and finally let

Y 0 D Y n

� dY
iD1

wi D 0

�
be the subset of Y where all the wi are nonzero.

Theorem B.3 [Abouzaid et al. 2016, Theorem 11.1] Y 0 is SYZ mirror to the iterated conic bundle X0.

We will be interested in a special case of this theorem:

Corollary B.4 The space .T �Cn/ı is SYZ mirror to itself.

Proof First, consider the space X0 as above, in the case where d D n and the function fi .x/ is defined
by fi .x/D xi C 1. In this case, the space X0 is evidently equal to .T �Cn/ı, so we need only to show
that Y 0 is also isomorphic to .T �Cn/ı.

The tropicalization 'i of fi is given by 'i .¸/Dmax.�i ; 0/. The resulting moment polytope�Y is abstractly
isomorphic to the positive orthant in R2n, so that the toric variety Y will be abstractly isomorphic to
C2n Š T �Cn. However, because the embedding of the polytope � is skewed, the toric monomial vi will
be ziwi (in the natural coordinates on T �Cn), and therefore the complement Y 0 will be the locus in Cn

where ziwi � 1¤ 0 for all i .

Now recall that the multiplicative hypertoric variety U.ˇ;˛/ is obtained from the variety .T �Cn/ı in two
steps:

(1) imposing the complex group-valued T -moment map equation �̊C� D ˇ, and

(2) performing a hamiltonian reduction by the real torus TR at character ˛.

To understand the relation between these operations, note that the hamiltonian TR-action occurs within
fibers of the Lagrangian torus fibration on .T �Cn/ı (which is a product of the fibration described in
Example B.1).

Definition B.5 Let � WX ! B be a Lagrangian torus fibration (with singular fibers), and suppose that
X admits a hamiltonian action by a torus TR which moreover acts within fibers of � . This condition
ensures that each fiber of � is contained in some level set of the moment map �R for the torus action.
Therefore, to a point in the SYZ mirror X_ to X (in the sense of Definition B.2), representing a torus
fiber of � (equipped with some local system) contained in some level set f�R D ıg, we can associate the
value exp.ı/ � 
 , where 
 2 T _R is the holonomy of the local system along the TR-orbit, and assembling
these together, we obtain a function f WX_! T _ from the SYZ mirror of X to the complexified dual
torus of TR. We say that this map is the mirror fibration to the hamiltonian TR-action on the SYZ
fibration X ! B .
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This definition does capture essential features of our situation: the proof of [Abouzaid et al. 2016,
Theorem 11.1] proves more than Theorem B.3, but also establishes the following fact:

Proposition B.6 Under the SYZ duality of Corollary B.4, the map .T �Cn/ı ! .C�/n given by
.xiwi � 1/

n
iD1 is the mirror fibration to the hamiltonian T n-action on .T �Cn/ı.

Definition B.5 is meant to suggest the following conjecture about SYZ mirror symmetry (whose “HMS”
counterpart is [Teleman 2014, Conjecture 4.2]):

Conjecture B.7 Let � W X ! B; TR, and f W X_! T _ be as in Definition B.5. Then a hamiltonian
reduction X ==˛ TR is SYZ mirror (in the sense of Definition B.2) to a fiber f �1.˛0/ of f .

Remark B.8 Another way to conceptualize the above conjecture is through the following observation:
the hamiltonian reduction X ==˛ TR imposes an equation on the SYZ base and imposes a quotient on SYZ
fibers, whereas the equation ff D ˛0g imposes an equation on the SYZ base and imposes an equation on
the SYZ fibers. In other words, both operations restrict to a dim.TR/-codimension subset of the SYZ
base, and on torus fibers they implement the dual operations of passage to subsets or quotients.

Note that the parameter ˛0 lives in T _, and (using the constructions of Appendix A to specify a complexified
symplectic form), the parameter ˛ can also be taken to live in T _. Therefore it is natural to guess that
one may take ˛ D ˛0 in Conjecture B.7. Unfortunately, this conjecture is too naïve, as it fails to account
for corrections coming from disks with boundary on SYZ fibers; see [Abouzaid et al. 2016, Section 5] for
a counterexample to this naïve conjecture.)

In our setting, we expect that such instanton corrections do not occur. Therefore, applying Conjecture B.7
twice, with ˛ D ˛0, we conjecture the following:

Conjecture B.9 The multiplicative hypertoric varieties U.ˇ;˛/ and U.˛;ˇ/ are SYZ mirror in the sense of
Definition B.2.

Lau and Zheng [2018] prove a form of SYZ mirror symmetry for hypertoric varieties. They begin with
an additive hypertoric variety M and then compute, using the techniques of [Abouzaid et al. 2016], that
the complement of a divisor D in M is SYZ mirror to a multiplicative hypertoric variety U. On the other
hand, the above considerations suggest that a multiplicative hypertoric variety U should be SYZ mirror to
another multiplicative hypertoric variety. The following conjecture is therefore natural:

Conjecture B.10 Let .M;D/ be the additive hypertoric variety and divisor which are constructed in [Lau
and Zheng 2018], with the property that the complement M nD is a mirror to a multiplicative hypertoric
variety. Then M nD is itself a multiplicative hypertoric variety.
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Appendix C Proof of Lemma 4.24
written jointly with Laurent Côté and Justin Hilburn

This appendix is devoted to a proof of Lemma 4.24. In fact, we will formulate and prove the slightly
more general Lemma C.2, in which Aˇ is replaced by a general arrangement.

Remark C.1 We will avoid mentioning microlocal sheaves and hypertoric spaces in the argument below.
However, the reader may wish to keep the following picture in mind.

The skeleton zL carries a sheaf �Sh of dg categories, as well as a sheaf �Perv of abelian categories.
The ultimate objective is to show that �Sh. zL/ is obtained from �Perv. zL/ by taking the dg category of
complexes. To do so, one may push forward both sheaves along the torus map �R W zL! g_R. The question
then reduces to a comparison of sheaves on a vector space stratified by a hyperplane arrangement. This
appendix carries out such a comparison.

C.1 Categories from arrangements

We fix a real (affine) hyperplane arrangement A� V . We allow A to have infinitely many hyperplanes,
but we ask that any compact subset of V intersect only finitely many of these.

This gives a stratification of V whose strata are the (closed) faces F of the various chambers of A. We
write @F � F for the union of all smaller dimensional subfaces and F ? D F n @F .

We associate two arrangements to a face F :

(1) AF is obtained by deleting all the hyperplanes which do not contain F .

(2) Let VF � V be the affine subspace spanned by F . Then the image of AF in V=VF defines a
central arrangement AF .

Roughly speaking, AF describes the arrangement in a neighborhood of a point in F ?, whereas AF
describes a transversal slice to this point.

There are natural bijections between the chambers of A containing F , the chambers of AF, and the
chambers of AF . We will sometimes abuse notation and use the same symbol for a chamber in all three
of these arrangements.

Definition 4.22 associates a quiver with relations Q to the hyperplane arrangement A. The quiver QF of
A
F is given by the full subquiver of Q obtained from the chambers containing F . It is naturally identified

with the quiver of AF .

If F � F 0 is an inclusion of faces, then QF
0

is a full subquiver of QF, inducing a restriction isomorphism
QF -moddg! QF

0

-moddg.
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Denote by P the face poset of the hyperplane arrangement. We are interested in the homotopy limit
of dg categories lim

 ��F 2P
QF
0

-moddg. An object of this limit consists of a collection .MF /F 2P of
representations of the various subquivers MF , together with some gluing data.

If representations of QF and QF
0

are both restrictions of the same representation of the full quiver Q,
then their further restrictions to any shared face of F and F 0 are canonically identified, so that we have a
functor

(C-1) ˆ W Q -moddg! lim
 ��
F 2P

QF -moddg:

The goal of this appendix is to prove the following.

Lemma C.2 The functor ˆ defines a canonical equivalence between the dg category of Q-modules and
the homotopy limit of the dg categories of QF -modules.

Our strategy is to reduce this claim to a calculation involving concrete objects on both sides. Given a
chamber �, restriction M !M� defines a functor Q-moddg ! CŒ�1T �-moddg, corepresented by an
object P�.

Lemma C.3 The functor on lim
 ��F 2P

QF -moddg that takes an object .MF / to M� is corepresented by
ˆ.P�/.

Before we move on to the proof, we note that it implies our main result:

Proof of Lemma C.2 given Lemma C.3 Lemma C.3 proves that ˆ is essentially surjective, since
the objects corepresenting .MF / 7!M� jointly generate the target, and it also implies that ˆ induces
equivalences Hom.P�; P�0/' Hom.ˆ.P�/; ˆ.P�//. Since the domain of ˆ is generated by the P�,
we are done.

To prove Lemma C.3, it will be helpful to give a more geometric interpretation of our set-up. The abelian
category of QF -modules is the stalk along F of a sheaf of abelian categories P.�/ on the vector space V
equipped with its usual topology, locally constant along the arrangement A. We have P.V /D Q-mod.
Consider the associated presheaf DG.P.�// of dg-categories and its sheafification Pdg.�/. Then the
right-hand side of (C-1) is simply Pdg.V /, and the lemma claims that the natural map is an isomorphism.

Consider the constant sheaf of rings R on V with fiber CŒ�1T �. If M and N are two objects of Pdg.V /,
then Hom.M;N / is the hypercohomology of a complex H.M;N / 2D.R/, locally constant with respect
to the face stratification of A and characterized by

(C-2) H.M;N /F D HomQF -moddg
.MF ; NF /;

with the natural restriction maps. Here H.M;N /F denotes the stalk of H along the interior of the face F .

Now, fix an object M of lim
 ��

QF -moddg and a chamber �, and let H WDH.ˆ.P�/;M/. We have

(C-3) H� DM�:
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Therefore, Lemma C.3 is equivalent to proving that H�.V;H/ D H�. We will show this below in
Corollary C.11, whose proof will occupy the rest of the appendix.

C.2 A partial order on faces

We start by giving an explicit description of the objects P�.

Lemma C.4 For each chamber ı of Q, we have a natural identification .P�/ı DCŒ�1T �. Given adjacent
chambers ı and ı0 separated by a hyperplane H, the map

.P�/ı ! .P�/ı 0

equals the identity if ı and � are on the same side of H , and equals 
H � id otherwise.

Proof This is essentially the calculation which we have already performed in the proof of Theorem 5.7;
it follows from the fact that the relations of Q allow any path between two vertices in the quiver to be
shortened to a “taut path” in the terminology of [Braden et al. 2010] — one which passes through no
hyperplane more than once — at the cost of picking up some factors of .1� 
H / when we cancel out a
back-and-forth trip across a hyperplane. As a result, the algebra Q has a Q-bimodule decomposition

Q'
M
�;�0

e�0Qe� '
M

e�0CŒ�T �e�;

with the projective P� given by

P� D Qe� D
M
�0

e�0CŒ�1T �e�:

Lemma C.4 motivates the following definition. Given a pair of faces F and F 0 such that F 0 � F , we
write F 0 <� F if there exists a collection of hyperplanes Hj in A, none of which contain F , such that:

(1) F 0 D F \H1\ � � � \Hl .

(2) The face F and the chamber � are on the same side of each Hj .

When the choice of � is clear, we simply write F 0 < F . This defines a partial order on faces.

Lemma C.5 (1) Every face F is contained in a unique chamber �.F / such that F ��.F /.

(2) If F � F 0, then �.F /D�.F 0/.

(3) The partial order on AF defined by �.F / equals the partial order obtained by restriction from A.

Proof We may suppose F is not a chamber. Consider the set of hyperplanes containing F . Each such
hyperplane divides V into two halfspaces. The chambers containing F are given by picking one of these
half-spaces for each such hyperplane. The only chamber ı satisfying F < ı is obtained by choosing
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in each case the half-space containing �. This proves the claim (1). Now suppose F � F 0. Then we
have F 0 ��.F 0/ and thus F ��.F 0/. Therefore, the claim (2) follows from (1). Finally, the claim (3)
follows from the fact that �.F / and � lie on the same side of every hyperplane containing F .

Consider the image of P� under the restriction functor Q-moddg ! QF -moddg. By Lemma C.4, it is
determined by the restriction of the partial order on A to AF. By Lemma C.5, this equals the partial order
defined by �.F /. The image must therefore be the projective P�.F /. This is the algebraic statement at
the heart of our proof, but we need to restate it in sheaf-theoretic terms to carry the argument through, as
we will do in the next section.

C.3 Receding sheaves

Consider a general complex G 2D.R/, locally constant with respect to A. From now on, one may take R
to be an arbitrary constant sheaf of rings.

Definition C.6 We say G recedes from � if, whenever F 0 < F , the generalization map GF 0 ! GF is an
isomorphism.

Lemma C.7 The sheaf H recedes from �.

Proof Combine (C-3) and part (2) of Lemma C.5.

Let ss.G/� T �V be the singular support. It is a closed, conical Lagrangian subset contained in the union
ƒ of the conormal bundles T �F ?V , where F ranges over the faces of A. It follows from [Kashiwara and
Schapira 1994, 8.3.13], that ss.G/ is in fact a union of subsets of the following forms:

(1) F ?, where F is a chamber.

(2) The closure of either component of T �F ?V nF
?, where F is face of codimension one.

(3) T �F ?V , where F is a face of codimension � 2.

Given a face F , the chamber�.F / defines a closed cone in the normal bundle TF ?V . Let�.F /ı�T �F ?V
be the polar dual of this cone. This consists of covectors which pair nonpositively with elements of the
cone. Consider the union

(C-4) �.ƒ/D
[
F

�.F /ı �ƒ:

Lemma C.8 Suppose that G recedes from �. Then ss.G/ lies in the closure of �.ƒ/.

Proof Fix .x; p/ …�.ƒ/. We must show .x; p/ … ss.G/. We have x 2 F ? for some face of A. We may
assume that .x; p/ does not lie in the closure of T �

.F 0/?
V for any F 0 ¤ F .

First, we consider the specialization of G to F ?. This is a conical sheaf on the normal bundle TF ?V,
which is defined in [Kashiwara and Schapira 1994, Section 4.2]. We denote it by �F G 2Db.TF ?V /.
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Because G is smooth with respect to a polyhedral stratification, its specialization may be characterized as
follows. Fix a tubular neighborhood U of F ? � TF ?V. There exists a neighborhood U 0 of F ? � V and
an isomorphism U Š U 0 restricting to the identity on F ?. Then �F G is the unique conical sheaf whose
restriction to U coincides with the restriction of G to U 0.

We can be more explicit. There is a natural identification TF ?V Š V=VF �F ?, where the latter carries
the fiberwise arrangement AF �F ?. The specialization �F G is pulled back from a conical sheaf �F G0 on
V=VF , smooth with respect to AF . The stalks and generalization maps of �F G0 coincide with those of G,
after identifying the faces of AF with the faces of A containing F .

To show that .x; p/ … ss.G/, we must show that the stalk of the Fourier–Sato transform of �F G0 vanishes
at .x; q/ for all q in a neighborhood of p. The stalk is given by

H�c .Kq; �F G0/;

where Kq D fy 2 V=VF W hq; yi � 0g. Since �F G0 is conical, its compactly supported cohomology equals
H�o .Kq; �F G0/, the cohomology with support at the origin o 2 V=VF .

If .x; p/ 2 T �F ?V but .x; p/ … �.F /ı, then for all q in a sufficiently small neighborhood, Kq \�.F /
has nonempty interior. In this case, the isomorphism .�F G0/F ! .�F G0/�.F / remains an isomorphism
after restricting to Kq . This shows H�o .Kq; �F G0/D 0.

Remark C.9 The singular support of a sheaf is a union of conical Lagrangians. On the other hand,
�.F /ı contains such a Lagrangian only when F is a chamber or a facet. It follows that we can restrict
the union in (C-4) to chambers and facets. We will not use this below.

Lemma C.10 Suppose that G recedes from �. The restriction map H�.V;G/! G� is an isomorphism.

Proof Fix an inner product on V and a point x0 in the interior of �. Let � D jx� x0j2.

We compute H�.V;G/ by taking the limit along the increasing sequence of opens Vr D ��1Œ0; r/. Given
a hyperplane H in A, let v be the normal vector pointing away from �. Then .d�.x/; v/ is positive for
any x 2H. It follows that d�.x/ … ss.G/ for all x ¤ x0.

By the microlocal Morse lemma [Kashiwara and Schapira 1994, Corollary 5.4.19], the sequence of
cohomology groups H�.Vr ;G/ is constant and thus equal to its initial term Gx0 D G�.

By Lemma C.7, the sheaf H recedes from �, so we then find that:

Corollary C.11 H�.V;H/DH�.

This completes the proof of Lemma C.3 and thus of Lemma C.2.
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