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We introduce a unified framework for counting representations of knot groups into SU, and SL,R. For
aknot K in the 3-sphere, Lin and others showed that a Casson-style count of SU, representations with
fixed meridional holonomy recovers the signature function of K. For knots whose complement contains
no closed essential surface, we show there is an analogous count for SL;R representations. We then
prove the SL;R count is determined by the SU, count and a single integer /4 (K), allowing us to show the
existence of various SL,R representations using only elementary topological hypotheses.

Combined with the translation extension locus of Culler and Dunfield, we use this to prove left-orderability
of many 3-manifold groups obtained by cyclic branched covers and Dehn fillings on broad classes of knots.
We give further applications to the existence of real parabolic representations, including a generalization
of the Riley conjecture (proved by Gordon) to alternating knots. These invariants exhibit some intriguing
patterns that deserve explanation, and we include many open questions.

The close connection between SU, and SL,R comes from viewing their representations as the real
points of the appropriate SL,C character variety. While such real loci are typically highly singular at
the reducible characters that are common to both SU, and SL,R, in the relevant situations we show
how to resolve these real algebraic sets into smooth manifolds. We construct these resolutions using the
geometric transition S? — E2 — H?, studied from the perspective of projective geometry, and they allow
us to pass between Casson—Lin counts of SU, and SL,R representations unimpeded.
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1 Introduction

In analogy with Casson’s invariant for homology 3-spheres, Lin [1992] introduced an invariant of knots
in S3. In essence, Lin’s invariant is a signed count of (conjugacy classes of) irreducible representations
p: m1(S3 — K) — SU, where trp(t) = 0 for a meridian pu of K. This was generalized in [Herald
1997b; Heusener and Kroll 1998] to the Casson—Lin invariant thz (K) € Z, which counts irreducible
representations p: 771 (S>3 — K) — SU, with tr p(u) = ¢ for a fixed value of ¢ € [-2, 2]. Here, one needs to
exclude those ¢ corresponding to roots of the Alexander polynomial Ag (¢) on the unit circle, specifically
avoiding Dk :={a+1/a |a € C and Ag(a?) = 0}.

Here, we introduce a similar invariant thzR(K ), which counts representations p: 71 (S>3 — K) — SL,R
with tr p() = c¢. The fact that SL,R is noncompact introduces difficulties that we sidestep, at least for
this introduction, by requiring that K be small, that is, S 3 _ K contains no closed essential surface; in
particular, this implies K is prime. Following the standard approach, we show that:

1.1 Theorem If K is a small knot in S3, there is an integer-valued invariant thz]R (K) for each
ce[-2,2]\ Dk. If thzR (K) # 0, then there is an irreducible representation p: 1 (S>3 — K) — SLoR
with trp(u) = c.
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Fixing the knot K, we can view thzR (K) and thz (K) as functions of ¢ which are constant on the

components of [—2, 2]\ Dg. The central goal of this paper is to show that these two functions are related:

1.2 Theorem If K is a small knotin S3, there is an integer h(K) such that h(K) = hgy, (K) —I—h§L2R (K)
for all ¢ € [-2,2]\ Dg.

The SU, Casson—Lin invariant is determined by the Levine—Tristram signature function og: S' — Z
[Herald 1997b; Heusener and Kroll 1998], specifically

(1.3) $u,(K) =—%og(@?), where c =+ isin [-2,2]\ Dg.

Hence, by Theorem 1.2, our new SL,R Casson—Lin invariant is determined by the signature function
and the single integer #(K). As we outline in Section 1.4, the connection of thzR (K) to the classical
signature function is actually key to its usefulness. Specifically, it will allow us to prove the existence of

SL,R representations from elementary topological hypotheses.

For many knots, the invariant 4(K) is determined by the Trotter—Murasugi signature o (K) := og(—1);
specifically, for alternating knots and Montesinos knots we show h(K) = —%O’(K ) in Corollary 16.12
and Proposition 17.2. In contrast, for the positive torus knot K = T'(p, q), we have h(k) = g(K) =
%(p— 1)(¢ —1) by Corollary 17.9, which is greater than —%O’K unless (p,q) = (2,2n+1),(3,4) or (3, 5).
Many similar examples can be found by considering knots which have lens space surgeries.

1.4 Applications

Our principal motivation for studying 4(K) and thzR (K) is to prove the existence of irreducible
representations to SL,R from m1(Mg), where Mg = S3 \ v(K) is the knot exterior, as well as the
fundamental groups of manifolds constructed from K via branched coverings or Dehn surgery. Similar
questions for representations to SU, have been extensively studied in the context of instanton Floer
homology, for example in [Akbulut and McCarthy 1990; Collin and Steer 1999; Kronheimer and Mrowka

2004; Baldwin and Sivek 2023].

In recent years, interest in representations to SL,R has been raised by the L-space conjecture of Boyer,
Gordon and Watson [Boyer et al. 2013], which predicts that a prime 3-manifold Y is a Heegaard Floer
L-space if and only if 1 (Y) is not left-orderable. By Boyer, Rolfsen and Wiest [Boyer et al. 2005],
the existence of certain representations 71(Y) — SLyR provides one of our most effective criteria for
proving that 1 (Y) is left-orderable; see the overview in [Culler and Dunfield 2018, Section 1.5].

A representation p: w1 (Mg) — SLaR is called elliptic, parabolic or hyperbolic according to whether
p(w) is an elliptic, parabolic or hyperbolic element of SL,R. Our first application is a criterion for the
existence of elliptic representations analogous to results of Herald and Heusener—Kroll for SU5:

1.5 Corollary If K is a small knot with og (w) nonconstant, then w1 (Mg) admits an irreducible elliptic
representation to SLoR.
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The point here is that if og(w) is nonconstant, so is thz (K) by (1.3), and then also thzR(K) by
Theorem 1.2; hence, thzR (K) # 0 for some open set of ¢, giving the needed representation by
Theorem 1.1. The complement of the figure-eight knot has no such representations, so the condition that
ok (w) is nonconstant in Corollary 1.5 is necessary. For context, recall for nontrivial K there is always an
irreducible SU; representation, by the deep results of [Kronheimer and Mrowka 2004]. Reid has asked if
the same is true for SLyR, and Corollary 1.5 is perhaps the strongest general result in that direction.

Parabolic representations of 71 (M) are of particular interest. Since hgtUzz (K) =0 by Theorem 12.22,
the invariant #(K) can be interpreted as a signed count of parabolic SL,R representations of 71 (Mg);
see Corollary 14.3. Combined with Corollary 16.12 and Proposition 17.2, we have:

1.6 Theorem If K is a small knot with o (K) # O that is either alternating or Montesinos, then 1 (Mk)
admits an irreducible parabolic representation to SLoR. There are at least |o(K)| conjugacy classes of
such representations when counted with Casson—Lin multiplicities.

When K is a 2-bridge knot, the fact that K should have at least o (K) conjugacy classes of parabolic
representations, without any hypothesis on multiplicities, was conjectured by Riley [1972] and recently
proved by Gordon [2017]. Thus Theorem 1.6 can be naturally viewed as an extension of Riley’s conjecture
to alternating and Montesinos knots. In Section 17.14 we give a new proof of Gordon’s result and suggest
a refinement in the form of Conjecture 17.16.

Our most satisfactory results for left-orderability apply to cyclic branched covers. If ¥, (K) is the n-fold
cyclic branched cover of K, we prove:

1.7 Theorem If K is a small knot with ok (w) nonconstant, then 1(X%, (K)) is left-orderable for all
sufficiently large n.

Here, an explicit lower bound on n can be computed easily from the roots of Ag(¢); see Theorem 16.7
and also Remark 16.9. For small knots, this answers a question raised by Boileau, Boyer and Gordon
[Boileau et al. 2019], who proved a similar theorem, to the effect that large cyclic branched covers of
quasipositive knots are not L-spaces.

For Dehn surgery, our results are more complicated to state, but can be described succinctly when K is a
2-bridge knot. If o = g € Q, we write Mg («) for the result of Dehn surgery with slope pu 4+ g2 on K.
Then Theorem 16.22 gives:

1.8 Theorem If K is a 2-bridge knot with o (K) # 0, then w1 (Mg (o)) is left-orderable either for all
o € (—oo, 1) orforall @ € (—1, 00).

In the special case of double-twist knots, see the prior work of [Khoi et al. 2021; Gao 2022b]; for a family
of 2-bridge knots not covered by Theorem 16.22, see [Le 2021].

If K is a 2-bridge knot other than the unknot or the trefoil, every nontrivial surgery on K results in
a non-L-space, and thus should give a manifold whose fundamental group is left-orderable. Hence,
Theorem 1.8 has a less satisfactory conclusion with respect to the L-space conjecture than Theorem 1.7,
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which can be used to settle it for all but finitely many manifolds in its family. This discrepancy primarily
represents a failure of the technique of using elliptic SL,;R representations to prove left-orderability, rather
than a gap in our understanding of SL,R representations for these knots. If K is a 2-bridge knot with
o (K) > 0, we expect that the interval of left-orderable filling slopes can be improved to (—oo, 5 (K) — 1)
using elliptic SL>R representations, but no further.

A similar phenomenon is evident for knots with lens space surgeries. By [Ozsvath and Szabé 2005a], if
K has a positive lens space surgery, the set of L-space filling slopes of K is the interval [2g(K) — 1, o0].
In Section 16.24, and specifically Theorem 16.27, we use elliptic SL,R representations to prove that for
many such knots, the set of left-orderable filling slopes contains an interval of the form (—o0, k), where
k is a positive integer strictly less than 2g(K) — 1. The L-space conjecture predicts that the fillings in
the interval [k, 2g(K) — 1) should be left-orderable as well, but it seems unlikely that we will be able to
construct left-orderings there using representations to SLyR.

Our applications to left-orderability are detailed in Section 16. We make heavy use of the translation
extension locus of [Culler and Dunfield 2018], which organizes representations of 71(S3\ K) to the
universal covering group SER of SLyR. Indeed, that paper motivated much of our study here. Our
key advance over [loc. cit.] is that thZR(K ) allows us to give concrete lower bounds on the sizes of the
intervals of left-orderable branched covers/Dehn fillings, whereas in [loc. cit.] only the existence of a
nonempty open interval is proved. In complete generality, for Dehn surgery such intervals can be quite
small — see Figure 24 — meaning one cannot hope to improve on eg [ibid., Theorem 1.2] using only
SL,R techniques without additional hypotheses.

Using this perspective, in Section 14.15 we refine the count i(K) = héLg]R (K) of parabolic SL;R
representations into the extended Lin invariant h (K) in Z[t*1] by taking into account the “longitudinal
heights” of lifted representations 71(S> — K) — SER. This invariant exhibits some interesting formal
similarities to the Seiberg—Witten invariant of the knot complement. We suspect these should be explained
by [Haydys 2022], relating solutions to the 2-spinor Seiberg—Witten equations to representations into SLyR.
We show in Theorem 16.21 that if ﬁ(K ) has positive degree, then one gets left-orderability for large
ranges of Dehn fillings.

1.9 The character variety and the translation extension locus

We now outline the geometrical interpretations of /gy (K) and thzR (K), which are best understood
in terms of character varieties of representations to SU;, and SL;R; throughout, refer to Section 3 for
precise definitions and technical background.

Recall that the SU, character variety of Mg is
XSU2 (MK) = Hom(m (MK), SUz)/N,

where two representations p and p’ are equivalent if they define the same character, ie tr p(x) = tr p’(x)
for all x € 1 (M); for SU», this is the same as saying p and p are conjugate. Restriction gives a natural
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Figure 1: Left: the pillowcase orbifold Xsy, (0Mk) containing the image of Xgy, (Mg ) under
the restriction map, where K is the positive trefoil knot. Details are given in Section 14.4, but
the horizontal and vertical coordinates on the pillowcase are the holonomies of ¢ and A, where A
is the Seifert longitude. The light blue dots correspond to the roots of Ak () on the unit circle.

Right: the corresponding picture for X §1L12R (Mk).

map
i*: Xsu,(Mk) — Xsu, (0Mk) = Xsu, (T?).

The character variety Xsu,(dMk) is the pillowcase orbifold shown in Figure 1, left. The character
variety Xsu,(Mk) can be divided into the part X, é%jz (Mg) coming from reducible representations, whose
image is always the arc at the bottom of the pillowcase, and the part Xgi; (Mg ) coming from irreducible
representations, which has expected dimension 1. If Xgj; (Mk) is transversally cut out, it carries a
natural orientation, and hgy;, (K) can be interpreted [Heusener and Kroll 1998] as the intersection number
between i * (X su, (Mk)) and the vertical curve

Ve ={lp] | p: w1 (0Mk) — SU3 and tr p(u1) = c};

see Figure 1, left, where thz (K) =1 for the V. shown. This orientation can also be understood in terms
of Reidemeister torsion of cohomology with certain local coefficients [Dubois 2006].

The situation for SL,R is similar in many respects, but there are a few key differences. The part of
X SL2R(T2) where 71(T?) acts by elliptic elements is again a pillowcase, but now X. SLZR(TZ) also
contains four noncompact hyperbolic components which intersect the elliptic component at the orbifold
points of the pillowcase (see Section 14.4 and especially Figure 6). In this paper, we focus on the part
X §E2R (Mk) of Xs1,r(Mg) coming from representations whose restriction to 1 (dM[) is elliptic. This
gives a very similar picture to the SU, case; see Figure 1, right. Provided X ., (Mk) is transversally

SLoR

cut out, we will again be able to view thzR (K) as the intersection number of i * (X é"{zR (Mg)) with V.

Geometry & Topology, Volume 29 (2025)



A unified Casson—Lin invariant for the real forms of SL(2) 4063

holonomy of A

1 > >
0 1
holonomy of
0K 0 -2 0
thz 0 1 0
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Figure 2: For the positive trefoil knot K, this figure shows i *(Xsu, (Mk)) in green (dotted lines) and
i*(X gng(M k) in purple (thick solid lines) on a single pillowcase; compare Figure 1. Excluding
the locus of reducible characters, which is common to both, they come together only at the points
corresponding to roots of Ag on the unit circle. With respect to the orientations indicated, one has
thz (K) = (i*(Xé‘{Jz (Mk)), V) and similarly for thzR(K). Hence, h(K) =1 for this knot.

1.10 Sketch of the definition

As reinterpreted in [Heusener 2003], Lin’s construction begins by taking a bridge diagram of K with n
maxima. Splitting along the middle S 2 we can decompose Mg = Hy Ug,, H>, where S», denotes the
sphere with 2n punctures, and H; and H, are handlebodies (see Figure 5). If x; is a meridional loop
about the i™ puncture, we define X §U2 (S25) to be the variety of characters where all u; have trace c.
While X chz (S25) is singular at the reducible characters (a finite set), the irreducible characters X Scfjlzr(Szn)
form a'smooth open stratum of dimension 4n — 6. Each L; = X Sc{};r(H,-) is a half-dimensional subvariety
of X SC{};r(Sz,,). For ¢ ¢ Dk, the intersection of L and L_2 is compact; the invariant thZ(K ) is then
defined to be the intersection number of L1 and L, in X Sc{};r(Szn). (One must of course also show that
thz (K) does not depend on the particular bridge diagram.)

Turning to SLyR, the difficulty of repeating this construction is that SL,R is not compact. However,
by requiring that Mg be small (or more generally real representation small; see Section 3.13), the only
possible noncompactness of L 1M Ly in the smooth stratum X gii;rR (S25) is the kind already present for SU,,
namely intersections running out to some reducible character of 71 (M k). This is prevented by requiring
¢ ¢ Dk, just as in the SU; case, allowing us to define thzR(K ) for such ¢ and so prove Theorem 1.1.

Geometry & Topology, Volume 29 (2025)
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1.11 Motivation for Theorem 1.2

To motivate Theorem 1.2, recall from [Frohman and Klassen 1991] that if ¢ € Dg corresponds to a simple
root of Ag (¢) on the unit circle, then one gets a 1-parameter family of representations p;: (—1, 1) — SL,C
where p; is an irreducible SU, representation for # > 0 and an irreducible SL,R representation for ¢t < 0,
and py is a reducible representation with image in SU N SLoR = S! with tr(pg (1)) = c. For simplicity,
assume the parameter ¢ actually corresponds to the trace of u, say tr(p;(t)) = ¢ + ¢t. Then p; will
contribute to hga"zt (K) for t > 0 and to hgf;tR (K) for t <0; part of Theorem 1.2 is that these contributions

are the same and hence hg;}zt (K)+ hg;; t]R (K) is unchanged as ¢ crosses 0. Figure 2 visualizes this for

the trefoil by putting the SU; and SL>R pictures from Figure 6 together on the same pillowcase.

More generally, Theorem 1.2 can be viewed as a statement about representations of ; (M k) transitioning
from SU5; to SL,R and vice versa as the trace of p varies; any such transition must happen at a reducible
representation corresponding to ¢ € Dk (see eg Section 3.15). In particular, the starting point for
Theorem 1.2 is the observation that

XC(SZn) = XSCUZ (S2,) U XSCLZR(SZn)

is precisely the real points of the SL,C character variety X¢

SL,C
X§y,(S2n) and X SCLzR (S25) is the set of reducible characters, which is finite. The key difficulty is that

the reducible characters are highly singular points of X¢(S5,), as shown in Figure 3, left, for the case

(S27). Moreover, the intersection of

n = 2. Thus it is very unclear how to “track” the relevant intersection numbers used to define thz (K)

C
and hSLzR

(K) as one moves through the reducible locus.

To prove Theorem 1.2, we will resolve X€(S2,) to produce a smooth manifold ¥¢(S,,) containing
half-dimensional smooth submanifolds £1 and £ which are resolutions of the Xg, (H;)U X ngR (H;).
(See Figure 3, right, for a picture of ¥¢(S2,) when n = 2.) For any ¢ € [-2, 2], we then define an
invariant 4€(K) as the intersection number between &1 and £>. When ¢ ¢ D, the intersection £; N ¥,
will naturally subdivide into SU> and SL>R parts, showing h¢(K) = hgy, (K) + thzR(K ). We then
show there is a manifold %(S5,) with a submersion tr: X(S2,) — [—2, 2] such that tr=!(c) = %¢(S25).
Moreover, X(S2,) will have submanifolds &; such that &£; N%¥°(S2,) = £{. Then continuity of intersection
numbers, in the form of Theorem 2.10, ensures that 4¢(K) is independent of ¢. This will prove the

existence of h(K), at least for a fixed bridge diagram.

1.12 Resolutions of real points of character varieties

Next, we discuss the general setting for building %€ (S5,), which we call a resolution of X €(S2,). For ease
of exposition, we first discuss the corresponding resolution in the case of the free group F,, = (s1,...,5,)
and restrict to ¢ € (—2,2). Let X §L2(C (Fy) be the character variety of SL,C representations p of F;, where
all p(s;) have trace c. Its real points X “(Fy) are again the union of Xg, (F,) and X §L2R(F")’ which
meet in exactly X¢™4(F,). (Here, X¢(Fy) 'is a real algebljaic set with Xg, (Fy) and XsCLZR(Fn) real
semialgebraic subsets.) It turns out both X SC{}?(F,,) and X gf;R(Fn) are smooth manifolds of dimension
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LR 2R

SU, SU,
SLzR SLZR SLzR SL2R

SL,R

X€(Sa) = XG5 (Sa) U X™4(S4) U X' (Sa) %L (Sa) = X$y5 (Sa) U™ (S4) U X (Sa)

L

Figure 3: Left: X¢(S4) for ¢ = 2cos 2?”, drawn using the equations from [Benedetto and Goldman
1999]. Topologically, Xsu, (S4) is a 2-sphere, whereas Xsi,r(S4) has four distinct components,
each of which is a plane. The intersection X SCUZ (S4)NX SCLZR (S4) = X™4(S,) is just three points,
indicated by small dots. The bottom component of Xg; ,r(S4) corresponds to the Teichmiiller space
of hyperbolic structures on the orbifold with underlying space S and four points labeled Z /5. Right:
the resolution %€ (S, ) where each of the three points in X™¢(S,) has been replaced by a circle.

2n — 3, whereas X ©™4(F,) is just 2" ! points. Our resolution of X¢(F,) from Theorem 8.1 has the

following properties, many of which can be visualized by comparing the left and right parts of Figure 3:

)

2)

3)

“4)

)

The resolution is a smooth manifold ¥¢ (F},) equipped with a smooth surjection 7w : X¢ (F,) — X (Fy,).
We take ¥¢"4(F,) and X% (F,) to be the preimages under 7= of X¢™4(F,) and X" (F,),
respectively.

The subset %¢"4(F,,) is a smooth submanifold of %€ (F,,) of (real) codimension 1 and ¥ (F;,)
is an open submanifold.

The map 7 restricts to a diffeomorphism between the open sets <" (F;,) and X ©'™(F,). Each
connected component of ¥ (F,,) maps diffeomorphically under 7 to a connected component of
either Xg(j ' (Fy) or XSCE;R (Fp).

The subset X¢°4(F,,) can be naturally identified with the “character variety” of representations to

Uo={(&%)|a.b e C with |a| = 1} that are not conjugate to a representation with diagonal image.
For an automorphism o of F; coming from the braid group, consider the induced automorphism

o* of X¢(Fy). There is a unique diffeomorphism & * of ¥¢(F,) which is compatible with ¢* in
that sense that c* or = w0 5™,

In (4), we are replacing each character yo € X™(F,) with something made out of reducible SL,C

representations with that character. However, we should point out that Uy is not conjugate into either
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SU; or SL,R. Indeed, any representation p from F, into SU, or SL,R with character y¢ is will in fact
be diagonalizable in SL,C. Still, the appearance of Uy here is very natural from another vantage point:
back in the setting of a knot K, de Rham showed the roots of Ag on the unit circle characterize the ¢
where there are representations p: w1 (Mg) — Uy with tr p(u) = ¢ that are not diagonalizable.

1.13 Geometric transition via projective geometry

The work of Frohman and Klassen [1991] mentioned in Section 1.11 starts from the fact that, after
modding out by £/, the groups SU», Uy and SL>R are the orientation-preserving isometry groups of
the round sphere S2, the Euclidean plane E? and the hyperbolic plane H?. Their construction of the
arc of characters, half in X5y, (K) and half in Xg;,r(K), uses a 1-parameter family of metrics on the
plane that go from positive curvature to zero curvature to negative curvature. When the root of Ag is
simple, they show how a nondiagonalizable representation p: 71 (M) — Isom™ (E?) can be deformed
into isometries of these nearby metrics.

To build the resolution %€ (F;), we follow the lead of [loc. cit.] and consider the geometric transition
S? — E2 — H?, which we study via projective geometry using the perspective of [Cooper et al. 2018,
Section 2.1]. Because we are restricting to representations of F,, where the generators go to elliptic
elements of a fixed trace, a relevant representation into SU,, Uy, or SL,R is largely determined by the
fixed points of the generators in their action on S2, E2 or H?. This leads us to study configuration spaces
of n points in each of these three geometries in Section 5, where the points are taken modulo isometry
(for S2 and H?) or similarity (for E?). Here, we require that not all n points are the same, and denote the
resulting configuration spaces by €,,(S?), 6, (E?) and %, (H?), which have dimensions 2n — 3, 2n — 4
and 2n — 3, respectively.

We now sketch a natural way of combining these configuration spaces together into a single smooth
manifold. To begin, we consider %, (H?), which has two ends: one where all the points coalesce and
the other where their diameter goes to infinity. We focus on the former end and leave the other alone.
Given an element in €, (H?), we can rescale the metric on H? so that the diameter of the set of points
is exactly 1 in the new metric. The closer the original points are in H?, the flatter the rescaled metric
is. When the original points are very close, the new space is nearly isometric to E? on the scale of the
points in the final configuration. This makes it plausible that we should compactify this end of €, (H?)
by adding a copy of 6, (IE?) at infinity to produce a manifold with boundary. Looking now at the end
of €, (S?) where all the points come together, the exact same story applies to suggest that we should also
compactify this end by adding a copy of 6, (E2). We could then glue our two compactifications together
to get a nice manifold structure on 6, (H?) U %, (E?) U%,(S?).

To resolve X¢(Fy), the correct object to look at involves “signed points” to account for the rotation
directions of the generators at their fixed points. We assemble the relevant configuration spaces into a
smooth manifold % in Theorem 5.9, and then use it to build %€ (F,) in Theorem 8.1. The generalizations to
X (Sy) and to allowing ¢ to vary are too involved for this introduction but are tackled in Sections 9 and 10.
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1.14 Open problems

Our work here raises many questions, both general and specific. General problems include:

(1) Can the definition of thzR(K ) be extended to all knots, not just those which are real representation
small? Naively, could one simply ignore any noncompact components of the intersection? Alternatively,
could the sheaf-theoretic perspective of [Abouzaid and Manolescu 2020] in the case of SL,C be adapted
to our real-algebraic setting? Given its connection to the signature, one expects that h(K; # K») =
h(K1)+ h(K>). However, the connected sum of nontrivial knots is typically not real representation small,
meaning that we cannot make sense of h(K; # K,). More generally, it would be nice to be able to define
and compute 4 for satellite knots.

(2) Can we count hyperbolic representations with fixed trace and so extend the definition of thzR (K)
to all c € R\ Dg? Assuming this can be done, can thzR(K) jump as we move through ¢ € Dk for
|c| > 2? If it does not, we would get interesting consequences about ideal points of Xg;,r(K) in terms
of h1(K). A weak version of such an argument is provided by Corollary 15.13, which counts the number

of such points modulo 2.

(3) Can our theory be extended to knots in other closed 3-manifolds? One approach would be to use
bridge diagrams in Heegaard splittings and (g, n) knots. Here, the bridge presentations we use are (0, n)
knots and the doubly pointed Heegaard diagrams from [Ozsvath and Szab6 2004] are the (g, 1) case.
The first step would be to understand how to resolve the real points of the relevant character variety of
a surface of genus g with 2n punctures. Our approach here uses that representations of 71 (S2,) have
image generated by elliptic elements, which is no longer the case in higher genus. This more general
perspective might also help us understand the behavior of & for Berge knots and other (1, 1) knots.

(4) Is it possible to give a more intrinsic definition of thzR by working in the space of all SL,R

connections, as in Herald’s treatment [1997b] of the SU, Casson—Lin invariant? If this could be done, it
might provide a way to extend % to knots in general 3-manifolds. What would a proof of Theorem 1.2
look like in this context?

(5) The translation extension locus of [Culler and Dunfield 2018] shares some interesting similarities
with the moduli space of solutions to the Seiberg—Witten equations on the knot complement equipped
with a cylindrical end. In this setting, the extended Lin invariant ﬁ(K ) is analogous to the Seiberg—Witten
invariant. Haydys [2022] relates solutions to the 2-spinor Seiberg—Witten equations on a manifold Y
to the space of SL,R connections on Y. Can these similarities be explained by this? Conjectures 17.11
and 17.16, which concern / (K) for Berge knots and 2-bridge knots, were originally formulated with this

analogy in mind.

(6) The proof of Theorem 1.8 relies on the fact that if K is 2-bridge, then every parabolic p: 71 (Mg) —
SL,R lifts to p: w1 (Mg) — SL2R where p(A) has nonzero translation number. Are there other interesting
classes of knots for which this statement holds? This would enable one to prove results similar to
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Theorem 16.22 for such knots. It is conceivable that alternating or Montesinos knots have this property;
see Remark 16.23.

Among the specific problems, we point out Conjectures 17.11 and 17.16 which describe the expected
structure of the enhanced Lin invariant for Berge knots and 2-bridge knots. Other specific problems include
those of Section 9.26, Remark 15.9, Question 15.14, Remark 16.23, Remark 16.28 and Question 17.12.

Plan of the paper

The first half of the paper is devoted to the definition of 4 and the proof of Theorem 1.2. Sections 2—4
contain background material. Section 2 gives our conventions for smooth manifolds and orientations, and
collects some basic results about intersection numbers that are needed for the main theorems. Section 3
gives background on representations into SL,C and its subgroups SU; and SL,R, their associated
character varieties, and various standard or easy lemmas. Section 4 discusses representations into SER
and shows there is a “character variety” in this context (Theorem 4.3).

Sections 5-7 discuss configurations of points in S2, E? and H?, and how they fit together to form a space
% in Theorem 5.9. Section 8 then uses the space ¥ to build the resolution of X€(F},, S) for ¢ € (—2,2) in
Theorem 8.1. Section 9 builds the corresponding resolution for the punctured sphere S», in Theorem 9.2.
Section 10 contains Theorems 10.1 and 10.2, which build the “parametrized” resolutions where c¢ is
allowed to vary. Section 11 studies orientations on what has been constructed so far. Section 12 shows the
functoriality of ¢ with respect to automorphisms coming from the braid group, and uses this to define
thz, thzR’ and A€ for the plat closure of a braid. For a fixed braid, Theorem 12.21 shows that A€ is
independent of ¢ and Theorem 12.22 proves that /1 = hg;, + thZR' Section 13 shows that /gy, thzR
and /¢ do not depend on choice of plat diagram, completing the proofs of Theorems 1.1 and 1.2.

The second half of the paper is focused on the applications outlined in Section 1.4. Section 14 refines
what & says about parabolic representations and begins to study how it relates to SER representations
and the translation extension locus of [Culler and Dunfield 2018]; this leads to Definition 14.17 for the
extended Lin invariant ~(K). Section 15 establishes further properties of #(K) and &(K), including
their behavior under mirroring. Therein, Section 15.3 pins down the connection between our version of
hgy, (K) and that in [Heusener 2003], formally proving (1.3) as Corollary 15.5. Section 16 computes
h(K) for alternating knots and gives the applications to left-orderability. Finally, Section 17 computes /
for Montesinos knots and torus knots, and gives some conjectures about the extended Lin invariant for
Berge knots and 2-bridge knots.
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2 Background on orientations and smooth topology

2.1 Manifolds

Our terminology for smooth manifolds is as follows. A smooth embedding S — M of smooth manifolds
S and M is a smooth immersion that is a homeomorphism onto its image. The image of a smooth
embedding is called a smooth submanifold. When S has boundary, we insist dS is contained in dM with
S transverse to 0M ; we refer to the situation when 95 is contained in the interior of M as an embedded
submanifold with boundary. A smooth submanifold S is closed when it is a closed subset of M ; this is
equivalent to the inclusion S — M being a proper map.

We will need the following basic fact starting in Section 9:

2.2 Lemma Suppose m: M — N is a surjective submersion of smooth manifolds without boundary. If
S C M is a closed submanifold that is a union of fibers of 7, then 7 (S) is a closed submanifold of N of

the same codimension as S.

Proof By [Lee 2013, Proposition 4.28], the map 7 is a topological quotient map, and hence 7 (S)
is closed, and so it will be a closed submanifold if it is a submanifold at all. Set m = dim M and
n = dim N, and let k£ be the codimension of S. To see that 7(S) is an embedded submanifold of the
claimed codimension, we apply the local slice criterion of [ibid., Theorem 5.8]: it is enough to show that
given s¢ € S, we can find a chart U on N containing 7 (sg) such that 7 (S) N U is a local slice of the
form R” % x (0,...,0) in U =~ R".

Choose local charts V' = R™ on M and U =~ R” on N so that 5o = 0 in V, the image 7 (V) is U, and
the map 7: V — U is projection onto the first n coordinates. Let S" = S N V. Since (V) = U and
S is a union of fibers of 7, we have 7(S) N U = 7(S’). As S has codimension k, we can shrink our
charts so that additionally there is a submersion f: R™ — RF with S’ = f~1(0). Since S’ contains
0 x R™7" the last m —n columns of Dg f are 0, and hence the initial # columns of Dy f have rank k.
Thus, after zooming in if necessary, the restriction of f to R” x (0,...,0) is also a submersion. In
particular, H = S’ N (R” x (0, ...,0)) is a smooth embedded submanifold of R” x (0, ...,0), and, as 7
is coordinate projection, S’ = H x R™™". As r is a local diffeomorphism onto U when restricted to
R” x (0, ...,0), we have that (S’) is contained in a local slice near 7 (sg), as needed. a
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2.3 Orientations

A short exact sequence of oriented vector spaces
0>A4-5BZsC—0

is compatible when, given a positively oriented basis (a1, ...,a,) of A and a positively oriented basis
((b1),...,7m(by)) of C, the basis (b1,...,bm,i(a1),...,i(ay)) for B is also positively oriented. For
such a sequence, orientations on any two of A, B and C determine a unique orientation on the third that
makes the sequence compatible. With this convention, the standard orientation on the direct sum A @ B
is the one compatible with the sequence 0 > B - A® B — A — 0.

When E Z5 B is a smooth submersion of oriented manifolds, the fibers 7~!(b) can be compatibly
oriented by the requirement that for all e € E the sequence

0 T.F, 4L T,E 4% T)B -0

be compatibly oriented, where b = r(e) and F, = 7~ (b). In the special case of a smooth fiber bundle
of oriented manifolds F — E %> B with structure group Diff™ (F), orientations on any two of F, E
and B determine a unique orientation on the third that makes the orientations compatible with respect
to 7. Finally, if M C M’ is an embedding of smooth oriented manifolds, the normal bundle vps//p is
oriented by the requirement that the short exact sequence

0—>TM —>TM' — vprp — 0
be compatibly oriented.
We orient the boundary of a manifold via the “outwards normal first” convention of [Lee 2013, Chapter 15].

Thus, if M ={x e R” | x; <0} and (e1, ez, ..., ey} gives the preferred orientation of M, then an oriented
basis for dM is (e3,...,en).

2.4 Remark Our orientation conventions for both short exact sequences and dM differ from [Heusener
2003]: we use (base) @ (fiber) and “outwards normal first” and whereas he uses (fiber) @ (base) and
“inwards normal last”.

The rest of this section is not used until Section 12 or later, so you will want to skip ahead to Section 3

at first reading. If V is an oriented vector space, we write —V for the vector space with the opposite

orientation.

2.5 Lemma Suppose the following diagram of oriented finite-dimensional vector spaces commutes:
Vi1 > V12 > Vi3

L

Va1 > Voo > Vas

I

Va1 V3p > Va3

~
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If all of the rows and the leftmost two columns are short exact, then the rightmost column is short exact as
well. If additionally they are compatibly oriented, the rightmost column is also compatibly oriented if and
only if (dim V;3)(dim V3y) is even.

Proof The rightmost column is short exact by the (3x3)-lemma, so it remains to puzzle over the
orientations. With our conventions, the middle term can be written as an oriented direct sum in two ways:

Voo = Va3 @ Va1 = Va3 & (V31 @ V11)
=V3&Via=(V330V31) ® (Vi3 ® V11)
= (—)UmVEMV3) y s @ Vi3 @ Vag @ Vi
Canceling the V31 @ V11 from the ends of the first and last lines gives
Vaz = (—1)@mVi)@m Va0 gy 5,

proving the lemma. |

2.6 Corollary Suppose M C M’ and X C X’ are inclusions of smooth oriented manifolds and that
f: M’ — X' is a smooth submersion that restricts to a smooth submersion on M. Let N’ = f~1(X)
and N = N' N M. The submersions f: M’ — X" and f: M — X' determine orientations on N” and N,
respectively, and we have (vpr//p)| v = (=1)°vy//y, where e = (codimpy+ N)(codimy X).

Proof We have a commuting diagram of vector bundles on N

TN > TN/ > UN//N
™ > TM/ > UM//M

| A

155 ¢ —_— Vx’/X — 0
to which Lemma 2.5 applies, proving our claim. a
A very similar argument can be used to prove:

2.7 Corollary Suppose that Y C Y’ is an embedding of smooth oriented manifolds. Suppose G is an
oriented connected Lie group acting freely and properly on Y', where this action leaves Y invariant. Then
X =Y/G and X’ =Y’/ G inherit orientations from the orientations on G, Y, and Y'. The action of G on
Y extends to an action on vy, y, giving vy, x = (vys;y)/G as oriented vector bundles.

2.8 Intersection numbers

The invariants of Theorems 1.1 and 1.2 are defined as intersection numbers of certain pairs of submanifolds.
In this final subsection, we record the basic facts we will use starting in Section 12; they are well known,
but we could not find a good reference.
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2.9 Theorem Let M be a smooth oriented 2n-manifold without boundary, possibly noncompact.
Suppose A and B are oriented closed submanifolds of M of dimension n. If AN B is compact, then
there exists a compactly supported ambient isotopy of A to A" such that A’ and B intersect transversely.
The algebraic intersection number of A’ and B is independent of the choice of such isotopy, and will be
denoted by (A, B) .

Proof First, we construct the claimed ambient isotopy. Let f: A — M be the inclusion map. As
f is proper, we can choose a compact n-dimensional submanifold V' C A with boundary containing
£7Y(B) in its interior. Then f is trivially transverse to B on the closed set A4 \ int(}). By [Wall 2016,
Proposition 4.5.7], there is an arbitrarily small perturbation of f to a smooth f’ transverse to B where
f = f’ outside int(V'). By [ibid., Proposition 4.4.4], we can arrange that f’|y is also an embedding
that is isotopic to f |y via an isotopy that is constant on dV. (Here, you have to go back to the proof
of [ibid., Corollary 2.2.5] to see that the isotopy is constant where f and f’ agree.) Applying [ibid.,
Theorem 2.4.2] to the isotopy from f to f’, we get a compactly supported ambient isotopy of f to f”, as
required.

Because our isotopies are compactly supported, the proof that (A, B)ps is well defined is essentially the
same as when M is compact. Specifically, consider an isotopy of embeddings F: A x I — M where Fy
and Fj are transverse to B that is constant outside a compact set K C A containing F~!(B). We can
use [ibid., Proposition 4.5.7] to perturb F to a map F’ that agrees with F on both A x {0,1} and A\ K
and is transverse to B. Then (F’)~!1(B) is a closed 1-dimensional submanifold of A x I contained in
the compact set K x I. Therefore (F’)~1(B) is a finite union of oriented circles and arcs with endpoints
in A x {0, 1}, and the usual argument from eg [Guillemin and Pollack 1974, Chapter 3] shows that
(Fo(A), B)p = (F1(A), B)p, as needed. |

2.10 Theorem Let M be a smooth oriented (2n+1)-manifold with boundary, possibly noncompact,
with w: M — I a submersion where M = 7 ~1(3I). For t € I, let M; be the closed submanifold =~ (t).
Suppose that A and B are closed oriented submanifolds of M of dimension n + 1, that both 7|4 and 7 |p
are submersions, and that AN B is compact. Consider the n-dimensional submanifolds A; = AN M; and
B; = B N M;. Then the intersection number (A;, B;)y, is independent of t € I.

Proof It suffices to show that (A4¢, Bo)m, = (A1, B1)m, where I = [0, 1], since any case can be reduced
to this one by replacing M with 7 ~1([a, b]) and reparametrizing [a, b] by [0, 1].

Applying Theorem 2.9 to Ag and By in My, we get a compactly supported isotopy of M that takes Ao
to an Ay C My that is transverse to By. We also have an analogous isotopy of M taking A; to some
A’1 transverse to By. Since oM = My U M, we can use the collar structure near oM to extend these
isotopies to a compactly supported isotopy of M that takes A to some A’ such that Ay and A} are as
previously constructed. As embedded submanifolds, both A’ and B are transverse to M and hence the
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inclusion map f’: A" — M is transverse to B near A’ = A U A}. Now f” is proper and A" N B is
compact, so we can choose an open set U C A’ with compact closure containing ( f')~1(B). As f” is
transverse to B on dA’ U (A" \ U), by [Wall 2016, Proposition 4.5.7] we can perturb /' to f” which is
transverse to B without changing the values on 94’ U (A’ \ U). Thus ( f”)~1(B) is a closed submanifold
of A’ of codimension n which is contained inside the compact set U, that is, a finite union of circles and
arcs with endpoints in dA”. This 1-manifold comes with an orientation which we can use in the standard
way to conclude that (A, Bo)m, = (A}, B1)m,, as needed. O

In the setting of Theorem 2.9, suppose that, in addition to being compact, the intersection A N B has
only finitely many connected components. Now, connected components are always closed, and since
A N B has only finitely many such, each connected component Z of AN B is also open in A N B. Thus
we can find an open U C M with U N AN B = Z. In this situation, there is a local intersection number
(A, B)|z :={(ANU, BNU)y that is independent of the choice of U. Note that

(2.11) (A,B)=> (A,B)|z.
V4
where the sum runs over the connected components Z of AN B.

Now suppose that we are in the situation of Theorem 2.10, where moreover A N B has finitely many
connected components. If W is a connected component of A N B, pick an open neighborhood U of it
with U N AN B = W. We then have a local intersection number for each ¢ € I given by (A;, Bs)|w 1=
(A;NU, B; NU)y,, which is independent of U. Applying Theorem 2.10 to (U, ANU, BN U) and using
(2.11) gives:

2.12 Corollary The intersection number (A;, B;)|w is independent of t. If each A; N B; has finitely
many connected components, then, for all t,
(Ae, B)lw = Y (As. Bi)lz,
Zcw

where the sum is over the connected components of A; N B; contained in W.

Finally, recall that smooth submanifolds X and Y of M intersect cleanly when X NY is a smooth
submanifold with Tx (X NY) =T, X N T,Y forall x € X NY. This is a weaker notion than intersecting
transversely; for example, all pairs of affine subspaces in R” intersect cleanly.

2.13 Lemma Let M be a smooth oriented submanifold of M’ with A’, B’ C M’ smooth oriented
submanifolds, each of which intersects cleanly with M. Suppose A’ N B’ C M andlet A = A’ N M,
B = B’ N M. Assume further that there are oriented bundles V4, Vg on M such that Va4 = Vala,
vp/B = VB|p and vy = V4 @ Vp as oriented vector bundles. If Z is a compact component of
AN B = A’N B’ which is an open subset of AN B, then

(A", B'Ymr)|z = (=) mADENVE) (4 BYpr)| 7.
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Proof If A and B are transverse at x as submanifolds of M, then A’ and B’ are transverse at x as
submanifolds of M’, and we are just comparing the oriented vector space

TxA @ TyB = (Vi|x @ Ty A) ® (Vg|x ® Tx B)
with vpr/r @ TxM = (Valx @ VB|x) ® (Tx A ® Tx B).

In general, the assumption that A’ and B’ intersect cleanly with M means that, after restricting to a
tubular neighborhood of M, we can assume that M’ = vy /s, A" = V4|4 and B’ = Vg|p. Suppose f;
is an isotopy of A such that f7(A) is transverse to B. By choosing a connection on V4, we can extend f;
to an isotopy F; of A" with the property that F;(V4|x) = Valf,(x)- Then Fi(A’) is transverse to B" and
F1(A")N B’ = f1(A) N B, so the statement follows from the transverse case. |

3 Background on character varieties

In this section, we establish notation for the character varieties we will consider and recall some of their
basic properties; for further background, see [Culler and Shalen 1983, Section 1.4]. Beyond their mention
in the introduction, the contents of this section are not used until Section 8. Let I" be a finitely generated
group. The representation variety Rc (I') is Hom(I', SL,C) viewed as an affine algebraic set over C. The
group SL,C acts on R¢ (I') by conjugation, and the character variety Xc (I') is the geometric invariant
theory quotient of Rc (I') by this action. For each g € T', there is a regular function trg : Xc¢(I') - C
defined by [p] +> tr(p(g)). The character variety X (I") is also an affine algebraic set over C; concretely,
there is a finite set of g; € I' such that the trg, give global coordinates for Xc (I').

We will be interested in representations where a distinguished finite subset S = {5, ..., s,} of elements
of I' share a common conjugacy class in SL,C. Here, a typical pair (I', S) to keep in mind is when
I' = (s1,...,8y) is the free group generated by S.

Define the SL,C representation variety of the pair (I', §) to be
Rc (I, S):={p € Rc(I') | all p(s;) and p(s;) are conjugate in SL,C}.

Despite the name, Rc (T, S) is rarely an affine algebraic set, but rather is constructible, a term which we
now recall. If W and V are affine algebraic sets (ie are Zariski closed in C™), their difference W —V is a
quasiaffine algebraic set. A constructible set is then a finite union of quasiaffine sets. For context, recall
that the image of an affine algebraic set under a polynomial map is generally only constructible, but the
image of a constructible set under such a map is still constructible. We define X¢ (T, §) to be the image
of Re(T', S) C Re(I', @) = Rc(I') under the natural map t: Rc(I') = X (T'). Hence, X (T, S) is a
constructible subset of the locus {try, = trs; } of X¢ (I').

A representation p € Rc (I) is reducible when p(I") leaves invariant a line in C?; otherwise p is irreducible.
The corresponding subsets of Rc (I, §) are denoted by R{éd(F, S) and R}g(l", S), respectively. These two
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sets have disjoint images under t and are denoted by X E’d(l", S) and X, (icrr(F, S). The subsets Rf(ejd(I' ,S)
and X(Eed(F, S) are Zariski closed in Rc (T, S) and Xc (I, S), respectively, and hence Rig(F, S) and
X (iér (I, §) are Zariski open. For y in X (iér (T, S), all representations in 7! () are conjugate, whereas this
need not be the case for y in X fced(F, S).

We will need the following general fact about character varieties:

3.1 Lemma If ¢: I — I is an epimorphism, then the induced map ¢*: Xc (I2) — Xc (I7) given by
[p] = [p o ¢] is proper in the classical topology.

Proof First note that, for any I', a closed subset C C X¢ (I") is compact if and only if trg (C) is bounded
for all g € I'; this is because the functions trg give coordinates on X¢ (I'). So suppose K C Xc(I1) is
compact and set L = (¢*)71(K) in Xc(I:). Given g, € I, choose g1 € I7 with g2 = ¢(g1). Then
trg, (L) =trg, (K) and hence the former is bounded as the latter is. Thus L is compact and ¢™ is proper. O

3.2 Real characters

Our focus throughout this paper is on the real characters of I', that is, the subset X(I', S) of X¢ (T, S)
where trg (y) € R for all g € I'. The algebraic set Xc (I, @) is defined over Q [Morgan and Shalen 1984,
Section III.1], and the same is true for X¢ (I, S); hence, complex conjugation preserves X¢ (I, S) with
fixed-point set the real locus X (T, §). In particular, the subset X(T', §) is a real semialgebraic set, ie it is
defined by a system of real polynomial equations and inequalities. Note that =1 (X (T, S)) is usually
considerably larger than the real locus of Rc¢ (T, §). However, we will show that the points in X (T, ) all
come from representations into the subgroups SU, and SLyR of SL,C. For any subgroup H of SL,C,
let Ry (T, S) be the subset of Rc (I, S) consisting of p where p(I") C H, and let Xg (I, ) be the image
of Ry (T, S) under t.

3.3 Proposition The set X(I', S) is Xsu, (I, S) U Xg,r (I, §). Moreover, for

D:SUanLZR:{(C‘?” _Sm)} ~ st
sin ¢t cost

we have Xsu, (I', §) N Xs,r(I', S) = XTI, S) = Xp(T, S). Consequently, X'™(T', S) is the disjoint
union of Xy, (T, §) and X! (T, S).

Proof By [ibid., Proposition III.1.1], X(T'", @) = Xsu, (I', @) U Xg1,r (I', &). Moreover, by [Culler and
Dunfield 2018, Lemma 2.10], Xsu, (T, @) N Xs,r (T, @) = X4, @) = Xp (T, @). To transfer these
facts to X(T', S), it suffices to show

Xg (T, S)=Xyg[, 2)NXT,S) for H each of D, SU; and SL,R.

As the definitions immediately give Xy (T, S) C Xg (T, @) N X(T, S), we need only show the other
containment.
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Given y € Xp (I, @)NX(T, §), choose p € Rp (I, @) with 7(p) = y. Now, on X(I', §) we have try;, = tr;
for all s;,s; € S. Moreover, elements of D are conjugate in SL,C if and only if they have the same trace.
Hence, p must be in Rp (T, S) and hence y is also in Xp (I, §), as needed.

The identical argument works for SU,, but not SL;R as here there are two conjugacy classes of
elements with trace 2 and —2. However, since X “’dR(F ) = Xp(I', D), we need only consider
yeXim SLy r (I, @), where every fiber of 7 in R¢ (', &) consists of conjugate representations. In particular,
if y € X‘rr R(F )N X(T, S) comes from p € Rlrr R(F @), it follows that p € R‘rr R(F S') since some
©’ with the same character is in Rc (T, S). |

Both Xsu, (I', S) and Xg1,r (I, S) are real semialgebraic sets since they are images of the real semi-
algebraic subsets Rsuy, (I', §) and Rsp,r (I, S) of Rc(I', S) under the polynomial map 7 that is defined
over Q. Note that while Xsy, (I', @) can be identified with the topological quotient Rsy, (I', @)/SU,,
the analogous statement for SL,R is false. This is for two reasons: first, because there are nonconjugate
elements of SL,R with the same trace; and second, because the normalizer of SL,R in SL,C is larger
than just SL,R. To be precise, the normalizer is the full stabilizer of the copy of H? c H? that is
preserved by SL,R, and hence is a double cover of the disconnected group Isom(H?). We use SL%t R)
to denote the normalizer of SL>R in SL,C.

Note also that

Rsu, (I', §) = {p € Rsu, (') | all p(s;) and p(s;) are conjugate in SU>}
and
Rs,r(I', §) = {p € Rs,r(I") | all p(s;) and p(s;) are conjugate in SL;(R)}.

Recalling that, for y in X(icrr (T, S), all representations in 7~ (y) C Rc (T, S) are conjugate, it is easy to

show:

3.4 Lemma As topological spaces, X R(F S) is the quotient ofR R(F S) by the conjugation
action of SL;E (R).

3.5 The free group

We now establish some basic facts about the character variety of the free group. We start by consid-
ering Xc (Fy, @) for the free group F, on generators S = {s1, ..., s, }. By [Heusener and Porti 2004,
Proposition 5.8], for n > 2, the smooth locus of X¢ (F},, @) is precisely X(iér(Fn, @); for n < 2, the
entirety of X¢ (Fy, @) is smooth. We define

X&(Fn) ={lp) € X§ ¢ (Fn. D) | p(si) # 1 for all i},
which is a Zariski-open subset of X (IC“ (Fy, @) as one has

Xc(Fp)={xe X N (Fp, @) | for all i there exists j with y([s;.s;]) # 2}.
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Since y € X(rced(Fn, @) satisfies y([s;,s;]) =2 for all i, j, we have

XE(Fp) = Xc(Fu. @)\ | J{x € Xc(Fu. @) | x([si.s]) =2 for all j}.

i=1

In particular, X (Fy) is a quasiaffine algebraic set.

Consider the map trs: X&(F,) — C” given by trs(x) = (x(s1)...., x(sn)). For ¢ € C, we take
¢c=(c,...,c) € C" and define

XE™ () =151 (0) € XE ()

Observe that X (Fy, S) = Ueec X&' (Fu, S).

3.6 Lemma The sets X(cj’m(Fn, S) and X(icrr(Fn, S) are quasiaffine and smooth. The map
tr: XSC“(F,,, S)—>C, x> x(s1),
is a submersion, with tr=1(c) = X(E’irr(Fn, S).
Proof For clarity, we denote the map X (iér (Fn,S) — C in the statement as trg, to distinguish it from
trs: X¢&(Fn) — C" and also tr: SL,C — C. Set
RG(Fn) = {p: Fn = SLoC | p(s;) # £1 forall i} = (SLoC \ {£1})",

s0 T(R¢ (Fn)) = X & (Fy). The only critical points of the map tr: SL,C — C are £/, sotrgot: R¢.(Fy,) —
C™ is a surjective submersion. It follows that trg is a surjective submersion. Now X, (ic"(Fn, S) = ‘[rg1 (A),
where A = {c | c € C} C C", so X&' (Fy,S) is a smooth quasiaffine algebraic set. The restriction
trs: X (iér(Fn, S) — A is also a surjective submersion whose composition with any coordinate projection
A— Cistrg, : X(icrr(Fn, S) — C; hence, the latter map is a surjective submersion and X(é’lrr(Fn, S) =
trs_ll (c) is also smooth and quasiaffine. |

For ¢ € R, we define X% (F,, S) and X'™(F,, S) to be the real loci of Xgi“(Fn, S) and X{T(Fy, S),
respectively. Since they are the real loci of smooth algebraic sets, we see that:

3.7 Corollary The sets X'"(F,, S) and X"™(F,, S) are smooth.

Using Proposition 3.3, we have
XOT(Fy, §) = XG5y (Fn. ) U X"k (Fn. S) and  X™(Fy, S) = | ) X“™(Fy. S).
ceR

as well as the following consequence of Lemma 3.6:

3.8 Corollary The maptr: X'™(F,,S) — R is a submersion.

Geometry & Topology, Volume 29 (2025)



4078 Nathan M Dunfield and Jacob Rasmussen

We define Rfc’i“(Fn, S) inside R%g (Fy, S) to be the preimage of X é’i”(Fn, S) under t and use analogous
notation for the other target groups.

3.9 Lemma The maps t: RS (F,,S) — X%I"(F,,S) and t: R™(F,,S) — X™(F,,S) are sub-
mersions.

Proof As X'™(F,,S) is the disjoint union of Xlrr ,(Fn,S) and X R(Fn, S) by Proposition 3.3, this
breaks up into two cases, corresponding to SU» and SL,R. We do SLZR, the other case is identical.

By [Culler and Dunfield 2018, Lemma 2.11], for any group I" the map 7: Rgi,r (I', @) = Xsp,r (I, @)
has the weak-path lifting property: given f: [ — XSLZR(I‘ @) there exists f I — Xgs1,r(I', @) with
f=to f . By [loc. cit.], if f(0) is in ‘L R(I‘ &), then f (0) can be required to be any representation in

7 1(£(0)). To show t: RngR(Fn, S)— XSCL”ER(Fn, S) is a submersion, consider p € RngR(Fn, S) and
v any tangent vector to XngR(F,,, S) at 7(p). Choose a smooth path f: [ — XngR(Fn, S) with
f(0) =t(p) and f'(0) = v. Let f I — Rgp,r (Fp, D) be alift with f(O) =p. As RngrrR(Fn, S) is
the preimage under 7 of X “}R (Fp, S), it follows that f(I) is contained in RS "rR(Fn, S) and so f/(0)
is a tangent vector to RngR(Fn, S') that maps to v under Dz, proving t is a submersion. The proof that
T: RILR(F"’ S)— X“EZR(F,,, S) is a submersion is identical. |
3.10 Lemma When c is not in (-2, 2), the set XSCUIH(F,,, S) is empty. For ¢ = £2, every [p] €

Sc]jrrR(Fn, S) has p(s;) # +1 for all i. The same holds for any pair (I", S) where I' is generated by

conjugates of elements of S.

Proof The first claim is immediate for |c| > 2 since SU» has no elements with that trace. For |c¢| = 2, if
[p] € X SCUZ(Fn, S), the only possibilities for p(s;) are I or —I depending on the sign of ¢, which means
the image of p is contained in {£/} and so [p] is reducible; hence, Xg E2i lrr(
suppose ¢ = 2 and [p] € XScLlrER (Fy,S) withp e R R(Fn’ S). As all p(s,) are conjugate by definition,

if any p(s;) = %1 then all are, which is impossible as p is irreducible. |

F,, S) is empty. Finally,

We will also need the following standard lemma:
3.11 Lemma If an irreducible p: I' — PSL,R is centralized by A € PSL,R, then A = I.

Proof We provide the proof to caution that the conclusion does not hold when we allow A to be in the
larger group PSL,C. Following [Heusener and Porti 2004, Section 3], a representation p: I' — PSL,C
is Ad-reducible if it leaves invariant either a point in P!(C) or a geodesic in H3. Moreover, p is
Ad-irreducible exactly when its stabilizer under the conjugation action of PSL,C is trivial by [ibid.,
Proposition 3.16(ii)]. So if p: I' — PSL,R is Ad-irreducible, then the lemma holds. If instead p: I' —
PSL,R is irreducible but Ad-reducible, then it is a metabelian representation into the stabilizer of some
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geodesic L in H3, which is a copy of C* x(Z/2). Since any finite representation into PSL, R is reducible,
p(T") contains elements that translate along L. This forces L to be in H?2. As p is irreducible, p(I") also
contains elliptic elements of order two that interchange the two endpoints of L. Thus there is a unique
nontrivial centralizer of p(I"), namely the elliptic of order two with fixed-point set L. As that element is
not in PSL;R, we are done. O

3.12 Reducibles

Suppose p € REd(Fn, S), so p(Fy) preserves a line in C2. Conjugating by an element of SL,C, we may
assume this line is spanned by e;. Hence, the elements of p(I") are upper triangular matrices, say

A’.
pon = 45)-
J

Since p has the same character as an abelian representation, namely the one which sends s; to (Aoj AOTI ),
we see X gd(Fn, S) is the image of the subset R%’(Fn, S) of abelian representations. ’

Now suppose that [p] is a real character, and moreover one in X ¢(Fy, S), so for each generator we have
trp(s;) =A; + )Lj_l = ¢ € R. If we further assume that ¢ € (—2,2), then A; € S!. Letting @ = cos™! 5
we can write A; = e'“/%, where €; = £1. Hence, [p] is determined by the vector € = (€1, ..., €,) € {£1}".
It is easy to see that the representations determined by € and €’ have the same character if and only if
€ = +¢€’. Hence, the set X¢"4(F,, S) is in bijection with {+1}"*/+1, where 1 = (1,...,1). We denote

the reducible character associated to [e] € {£1}" /%1 by Xfe]’ or just y[] when c is clear from context.

3.13 Kbnot complements

Suppose M is the exterior of a knot K in S3, and p € 71(dM) is a meridian. We will use X(K) to
denote X (M, {u}); as S = {u} has only one element, X(M, {u}) = X(M), and so the X(K) notation
is just encoding that tr: X(K) — R is tr;,. Similarly, we define X“(K) := X“(M, {u}). The knot K is
small when M does not contain a closed essential surface. Our main results will apply to small knots
as well as to the following much larger class. Specifically, we say K is real representation small if the
preimage of [—2, 2] under tr: X(K) — R is compact. As the nomenclature suggests:

3.14 Lemma If K is small then it is real representation small. Moreover, for each ¢ € R, the set
X¢(K) =tr~Y(c) is finite.

We prove this using the Culler—Shalen machinery.

Proof We need to prove E := tr;1 ([-2,2]) in X(M) is compact. Consider the complex affine algebraic
set Xc(M). By [Cooper et al. 1994, Section 2.4], as M is small, every irreducible component of X¢ (M)
has complex dimension 1. As there are finitely many such components C, it suffices to prove each £ N C
is compact. Following [Culler and Shalen 1983, Section 1.3], let C be a smooth projective curve with a
birational isomorphism ¢: C—C.In particular, Cisa compact Riemann surface. The points where ¢ is
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regular (ie defined) will be denoted by éreg; the finitely many points in C \ éreg are called ideal points.
The trace map tr;,: C — C induces a regular map try,: C - PL(C).

We next claim E := Y(E N C) is closed in C; throughout this proof, open and closed refer to the
classical rather than Zariski topology. We know F is closed in X (M) which is closed in X¢ (M); thus,
ENC is closed in C. Hence, E is closed in éreg, so it suffices to show that no ideal point x is a limit point
of E. If x were such an ideal point, then try (x) € [-2, 2] by continuity of tr,: C —> P1(C). By [Culler
et al. 1987, Chapter 1], there is an essential surface S associated to x, and, as tr;, (x) # oo, it follows
that S is either closed or has boundary some number of parallel copies of . In the latter case, [ibid.,
Theorem 2.0.3] implies that M also contains a closed essential surface. In either case, this contradicts
that M is small, so E is closed in C. As C is compact, E is compact and, by definition, it is contained
in éreg. As t(éreg) isallof C, ENC = L(E ) is the continuous image of a compact set and hence compact,
as desired. So K is real representation small.

The final claim that each X “(K) is finite follows provided each try,: C - P! (C) is nonconstant. This is
the case since otherwise we would again have an ideal point where tr; (x) # oo, violating smallness. O

3.15 Reducible representations and the Alexander polynomial

As noted in Section 3.12, the subset X gd(K ) of reducible characters is the same as the characters of
diagonal representations. As the latter factor through H{(M; Z) = Z, we can parametrize X, (rced(K ) by
tr, (x) € C; we will use x© to denote the reducible character with tr, = c.

For the Alexander polynomial Ag (¢) of K, define
Dk :={a+1/a|a € C with Ag(a®) = 0}.

Note that Ag(+1) is always an odd integer, so Dk is finite with 0 and 42 not in Dg. By de Rahm,
the set Dk is exactly the ¢ € C where there is a reducible representation p to SL,C with nonabelian
image and character y¢; see [Cooper et al. 1994, Section 6] or [Burde et al. 2014, Proposition 14.6]. Any
reducible character that is the limit of irreducible ones must come from Dg:

3.16 Lemma [Cooper et al. 1994, Proposition 6.2] If a reducible character x° is in the Zariski closure
of X{&(K), thenc € Dk.

4 Representations to the universal covering group

Next, we discuss the basics of representations into the Lie group Sm, the universal cover of SLoR;
throughout, see [Culler and Dunfield 2018, Section 3] for background and the basic facts that we use,
noting that SL,R = PSL,R. This material will not be used until Section 14.12.

The Lie group SER is the universal central extension of SL,R by 71 (SLyR) =~ Z,
@.1) 1 — 7 — SLoR — SLoR — 1.
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Note the Z in (4.1) is actually index two in the center (c) = Z in SER with ¢ — —I under the map
SLQR — SLzR and SLzR/<C) = PSLzR.

For a finitely generated group I, the obstruction to lifting p: ' — SL,R to a representation p: ' — SL\ZTR
is the Euler class e(p) € H?(I"; Z). When e(p) =0, the cohomology group H ! (I"; Z) acts freely on the set
of lifts: viewing o € H(I"; Z) as a homomorphism from I to the Z in (4.1), we set («-p)(g) = a(g)p(g)
for g € ', which is another representation as «(I") is central in SE]R. Consider the set of liftable SL,R
representations

RsL,R(I)o = {p € Rs1,r () | e(p) = 0},

which is a union of connected components of Rgy,gr(I") by [ibid., Section 3.3]. The group SER is not
linear and so has a real analytic rather than real algebraic structure. Still, R SR (I") makes sense as a real
analytic variety. The cohomology group H !(I"; Z) acts freely and properly discontinuously on R SOR ()

with quotient Rgy,r(I")o; in particular, Rsm (I') = Rsp,r(I')g is a covering map.

Before introducing the analogue of the character variety for SL,R, we take a brief detour to study
X, sL,R(I") = Rs,r(I')//~, where // denotes the geometric invariant theory quotient and ~ is the
equivalence relation generated by conjugation by elements of SL,R. Equivalently, X sLoRr(I") is the
polystable quotient of Rgy,gr(I") under the action of SLoR by conjugation, as discussed in Section 4.4

below. This differs from Xg;,r(I"), which is Rgp,r(I")// SL;E (R), as discussed in Section 3.2. In

0
—i

X sL,R(I') down to Xgp,r(I"); thus the natural map X sLL,R(I") = Xgsi,r(I") is a (possibly branched)

particular, the conjugation action of (6 ) on Rg,r(I") descends to a Z/2 action that quotients
2-fold cover. As with Xgs;,r(I"), the space X sL,R (I") is a real semialgebraic set [Richardson and Slodowy
1990, Theorem 7.6], and thus Hausdorff and locally contractible by [Basu et al. 2006, Theorem 5.43].
The following will be needed in Section 14:

4.2 Lemma The map X sLoR(I') = Xsi,r (I') can be branched only at reducible characters. In particular,

st,r (D)

each y e X é{zR (I") has two distinct preimages in X

Proof Lest you think the claim obvious, we point out that it fails for PSL,;R (consider an infinite dihedral
group in PSLoR generated by two distinct elements of order 2). Suppose p € Rgs,r(I") represents y.
The claim is equivalent to showing that the SL%E (R)-orbit of p has two connected components (each of
which is then a distinct SL,R-orbit, giving two distinct points in X érizR (I")). Since the stabilizer of an
irreducible representation in SLoC is just {1} (eg use the setup of the proof of [Culler and Shalen 1983,
Lemma 1.5.1]), we see SL;E (R) - p is disconnected by the orbit—stabilizer theorem. O

We will define X Sm(F) to be the polystable quotient of Rsﬂk(r) under the action of SLoR by
conjugation; see Section 4.4 and especially Corollary 4.7 for details. The main result of this section tells

us that while SER is not an algebraic group, it still has a very reasonable “character variety” in the form

of XS’L\ZI/R (F)I

Geometry & Topology, Volume 29 (2025)



4082 Nathan M Dunfield and Jacob Rasmussen

4.3 Theorem The image XSLZR (I")o of Rgr,r(I")o in XSLZR (T") is a union of connected components.
The map Rsm (I') = Rs1,r (I')o induces a regular covering map fsm (') — )?SLZR(I‘)O, where the
covering group is H'(I"; Z).

We point out that the final conclusion of this theorem does not hold for the central extension Z/2 —
SL,C — PSL,C; the map Xsi,c(I') = Xpsi,c(I') can have branching, at irreducible representations
no less [Heusener and Porti 2004, Section 4]. The proof of Theorem 4.3 is unconnected with the rest of
this paper, and so the trusting reader can skip ahead to Section 5.

4.4 Polystable quotients

Following [Richardson and Slodowy 1990, Section 7.2], consider the following construction. Let H be
a locally compact group acting on a locally compact space V. This action is polystable when for all v
in V there is a unique closed H -orbit in the closure of H - v. For a polystable action, let V* be those
points in V' whose H -orbits are closed, which is called the set of polystable points. Now define the set
V//H tobe V*/H. Let w: V — V//H send v to [x], where H - x is the unique closed orbit in the closure
of H -v. Finally, give V//H the quotient topology induced by ; this space is called the polystable
quotient. As the notation suggests, the space V//H is also the geometric invariant theory quotient in
many situations, including when H is a reductive real or complex linear algebraic group acting on an
affine variety [Richardson and Slodowy 1990]. In particular, this gives an alternative perspective on the
construction of Rc(I') = X (I'). Since the polystable quotient is purely a topological construction, we
can try to apply it to the conjugation action of SER on R SR (I") where there is no geometric invariant
theory quotient to be had; we succeed in doing so in Corollary 4.7.

For ease of notation, set G = SLyR, G = SL,R and G = PSL,R = G/Z(G) = G/Z(é). We are
interested in the conjugation action of G on Rg(I") and Rz (I"). There are five types of orbits G - p for
p € Rg(I):
(1) When the image of p is in Z(G), we have G - p = {p}, which is closed.
(2) When p is irreducible, the orbit G - p is closed and homeomorphic to G itself (compare Lemma 3.11).
(3) When p is a reducible and has a unique fixed point in H?, the orbit G - p is closed and homeomorphic
to H2.
(4) When p is reducible and has exactly two fixed points in P!(R), it is conjugate to a representation
into {(§ ,7,) | @ € R*}. The orbit G - p is again closed and homeomorphic to S x R.

(5) When p is reducible and has a unique fixed point in P1(R), the orbit G - p is not closed. There is
a unique orbit of type (4) in the closure of G - p: if p is upper triangular, that orbit is that of its
“diagonal part”. Indeed, if p is upper triangular, define p; for ¢ € [0, 1] by

2
pe(g) = (g fil) when p(g) = (g a]il)-

This is a smooth path in Rg (I") where pg is diagonal and p; is conjugate to p for ¢ > 0 by (fgl 0 )
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For an action of a group H on a space V, for v € V define
[vlg = {w € V | the closures of H -v and H - w intersect}.

When H acts polystably on V with induced map 7: V — V//H, we have [v]g = 7~ (7 (v)) for each v
in V. The basic facts about the action of G on Rg(I") and its quotient are then:

4.5 Lemma The action of G on Rg(T") is polystable. The fibers of t: Rg(T") — Xg(D) = Rc(I) /G
are closed and path connected. Finally, = (z(p)) = [plg for each p € R (T').

Proof The first claim can be deduced with some effort from the concrete description of the orbits, but
it is also a general fact about actions of real reductive groups [ibid., Theorem 7.3.1]. As noted above,
Xg (I") is Hausdorff, so points are closed and hence so are their preimages under the continuous map t.
That the fibers are path connected follows from the discussion in (5). Finally, as previously mentioned,
the last statement holds for any polystable action. |

We turn now to studying 7: Rz(I') — Rg(I")o, which we recall is a regular cover with deck group
H\(T: 7).

4.6 Lemma Foreach p € R (I')o, there is an open set U containing [p]g where the following holds: For
every lift p € Rz (") of p, there is an open U c 7~ (U) containing [0lg where 7| is a homeomorphism
onto U. Moreover, [p|g is closed in Rz (I") and 7 restricts to a homeomorphism [plz — [p]g-

Proof Consider the continuous translation number function trans: G — R discussed in [Culler and Dun-
field 2018, Section 3.1], which is a conjugacy invariant. Let 51, ..., s; in I generate H1(I"; Z)/(torsion).
Define T: Rz(I") — R4 by T(p); = trans(p(s;)), which is continuous and constant on G-orbits. Let
a € HY(T;Z) act on x € R? by (a - x); = x; + 2a(s;). If ¢ is the preferred generator of Z(G), one has
trans(gck) = trans(g) + k; from this it follows that 7" is H'(T'; Z)-equivariant (recall here that the Z
in (4.1) is {c?), not (c)).

For now, fix any 5 in 7~ 1(p). Let V be the open box in R4 about T (p) that is the product of intervals
(ti—%.ti+ %), where 1; = T(p);.. Let C be the closed box which is the product of intervals [ti—%.ti+ %]
Consider U = T~Y(V) and D = T~(C), which are open and closed, respectively, with p € DcU,;
moreover, both D and U are invariant under the G action. As T(5) = T'(G - p) = T([p] g) both [p]&
and its closure are contained in D.

For all nonzero o € H(T"; Z), VNa-Vis empty since & moves some coordinate of R4 by at least two.
As T is equivariant, Una-Uis empty. This implies 7| is injective. As U is open and 7 is an open map,
7| is a homeomorphism onto the open set U = n(ﬁ). To show n(ﬁ) is closed in Rg (I"), we note that
its complement is the image under the open map 7 of the open set 7! (Rd \ [ [{e- ClaeHYT; 7)}).
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As 7 is G-equivariant, the subsets 71(5) and U are also invariant under the G action. So G - p and indeed
its closure is contained in n(ﬁ). If p; is any representation where the closure of G - p; meets the closure
of G - p, then G - p; must meet U and hence be contained in it. Thus [0l is contained in U, and of course
7([p]g) is contained in [p]g; in fact, since 7| is a G -equivariant homeomorphism, they are equal. So
[0l is closed in U since [p]g is closed in Rg (I')o by Lemma 4.5. Since it is also a subset of D which
is closed in R ('), it follows that [p]5 is closed in R (I"), as needed.

This establishes that U has the properties claimed in the statement of the lemma for the particular lift p
that we fixed near the start. The H!(I"; Z) action on R & (") shows that the same U also works for any
other lift p’, completing the proof. O

It follows from Lemma 4.6 that 7= maps the closure of G - § to the closure of G - p homeomorphically and
G-equivariantly. Since the action of G on Rg (") is polystable, the action of G on R & (') is polystable
as well. Hence, we can define )?5 (= RG(F)//G.

4.7 Corollary The fibers of Rz (I") — )?é (T') are closed and the map r: Rz(I') - Rg (') induces
a continuous map 7 : X g0 — X G (') that makes the obvious diagram commute. Similarly, for each

y € I, the function transy : Rz (I') — R given by transy (p) := trans(p(y)) descends to a continuous map
trans,, : )?6 (') = R.

Proof The first claim is immediate from Lemma 4.6, since each [p] is closed. For the second claim, we
need to check that each fiber of Rz (I") — X & (') has constant image under the composition Rz (') —
Rg(I') = X (I'). This also follows from Lemma 4.6, since 7 ([p]g) = [p]lg and Xg(I') = Rg(I')//G.
Finally, the last claim follows since trans,, is constant on each fiber [p]g. a

Consider the maximal compact subgroup K = PSO, in G. From [Richardson and Slodowy 1990], there
is a closed subset J of Rg(I") such that:

(1) The closed G-orbits in Rg(T") are exactly those that meet .L.

(2) For p € A, the intersection of G - p with Al is K - p.

(3) There is a continuous K -equivariant deformation retraction ¢: R (I') x [0, 1] = R (T") of Rg (")

onto . that is along the orbits of G; that is, for all p € Rg ("), we have {¢(p,?) |t €[0,1)}CG-p
and ¢(p, 1) is in the closure of G - p.
(4) The map M/K — RG(I")//G induced by the inclusion M — Rg(T") is a homeomorphism. (That

this map is a continuous bijection follows from (1) and (2).)

We call a closed M satisfying (1)—(4) a Kempf—Ness subset [1979]. Their usefulness lies in that (4) allows
us to understand the topology of Rg(I")//G in terms of an ordinary topological quotient by a compact
group. To prove Theorem 4.3, we will need:

4.8 Theorem Let My = MN Rg(I")o and set M =" (Mo) inside Rz (I"). Then Misa Kempf—Ness
subset for the action of G on R&(T).
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Proof We check the properties in turn, with p denoting a representation in Rg(I")o and p one of its
preimages in Rz (I"). Throughout, we use Lemma 4.6 without further comment.

For (1), to start we know that [p]g and [p]g are closed in Rg(I") and R (T'), respectively, and that the
restriction 7 : [p]g — [plg is @ homeomorphism. Thus G - p is closed if and only if G - p is closed, and
of course G - p meets A if and only if G - p meets Jly. Hence, property (1) for Rg(I") gives the same
for Rz (I"). Property (2) follows since 7 restricts to a G -equivariant bijection from G -5 to G - p.

For (3), recall Rg(I") is a real semialgebraic set and hence locally contractible; in particular, every
connected component is path connected. Also, Rg(I')¢ is a union of connected components of Rg(I").
If ¢ is the deformation retraction for Rg(I"), consider

R (D) x[0.1] —-%=5 R5()

xid| |

RG(I)o x [0,1] == Rg (Mo

Here the vertical maps are covering maps and ¢ is a homotopy equivalence. Now Rz (I") x [0, 1] is locally
path connected since Rg(I") x [0, 1] is, so basic covering space theory gives us a lift ¢ of ¢ o (7 x id)
whose restriction @ is the identity map on R (I"). Since 7 is bijective on each G -orbit, the claims that
@ is K-equivariant and is along the orbits of G follow from the corresponding properties of ¢.

To see that ¢ is a deformation retract onto A, suppose p € M. Note the path @(p,t) for ¢t € [0, 1] is a lift
of ¢(p, t) which is the constant path at p. Since 7 ~!(p) is discrete, @(p, t) must be the constant path at p.
In particular, each ¢; restricts to the identity on M. As @ (Rg(T)) is contained in 7 Y(im(¢1)) = M,
we have shown ¢ satisfies (3).

For (4), we use the argument from [Richardson and Slodowy 1990, Section 9.6]. By (1) and (2), the
iEclusign /EL — Rz(I') induces a continuous bijection A7L/I? - R_é(F)//é. If 7 is the quotient map
M — M/K, we claim the composite 7g o @1: Rz([') — /K is constant on each fiber of 7, ie
on each [p]z. To see this, note that since ¢ is along G -orbits, 31(p) € [olg, so, if p € M, we have
97 (K- p) = [plg. In particular, 7 o @; descends to the right-hand map in

M/K — Rz(T)/))G — /K.

The definitions give that the composition above is the identity on Jl7L/ K. Both maps are continuous, and
the leftmost one is a bijection, so both are homeomorphisms. |

Proof of Theorem 4.3 First, we show that X¢ (I")p is a union of connected components. By Lemma 4.5,
the fibers of 7: Rg(I") — Xg (T") are connected. Since Rg(I")g is a union of components, this implies
that 7! ()?G (IM)o) = Rg(IN)o, so, like Rg(T")o, the subset Xg (I")p is both open and closed, ie a union
of components.
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To show X g — X G (I')g is a covering map, consider Kempf—Ness subsets Jl and A as in Theorem 4.8
and set Mo = M N Rg(I")o. We have the commutative diagram

M/K —— Xz(T)

| !

Mo/K — Xg()o

where the horizontal maps are homeomorphisms and vertical ones are induced by 7: Rz (I') — Rg (I)o.
Moreover, the top homeomorphism is equivariant with respect to the H!(I"; Z) action. Now 7 : M — fl/lo
is a K-equivariant covering map with covering group H!(I';Z). As K is compact, this implies that
Jl7t/ K — Mo /K is also a H(T"; Z) cover, which proves the theorem since the diagram commutes. O

5 Geometric point configurations

Having dispensed with the background, we move to the main body of the paper. Our first task is to
construct a resolution of the character variety X¢(Fy, S), in the sense of Section 1.12. We do this in
Sections 5-8. The goal of this section is to state Theorem 5.9, which describes a smooth manifold % built
out of configurations of n > 1 points in all three 2-dimensional geometries: E2, S? and H?2. We prove
this theorem in Section 7. In Section 8, we show that ¥ is the desired resolution of X € (Fj, S).

5.1 Conventions and models

Throughout this section, the integer n > 1. We fix for the whole paper the following preferred models
for the three 2-dimensional geometries E2, S and H?: First, we define the Euclidean plane E? as R?
with the Riemannian metric associated to the standard quadratic form x? + y? oriented so that e;, e; is a
positive basis. Second, the sphere S? is the points in R3 where x2 + y? + z2 = 1 with the Riemannian
metric determined by restricting the quadratic form x2 + y2 + z2 to the tangent bundle 7'S?; we orient
S2 so that eq, e, is a positive basis for T,;S2. Finally, the hyperbolic plane H? is the upper sheet of the
hyperboloid x2 4 y2 — z2 = —1 with the Riemannian metric coming from x? + y2 — z2, where ey, e5 is
a positive basis for T, H?2.

5.2 The Euclidean case

Consider the action of the orientation-preserving isometry group Isom™ (E?) on ordered n-tuples of
points in E2, that is, the diagonal action of Isom™ (E?) on (E?)*. This action is free except when
all the points are the same, in which case the stabilizer is S!. Restricting to ¢, = (E?)" \ A, where
A={(p,p.....p) | p€E?}, we have a free action of Isom™ (E?). As this action is also proper, the
quotient €, /Isom™ (E2) is a smooth manifold. The manifold €, /Isom™ (E?) is noncompact with two
ends: one corresponding to all the points coalescing and the other to the diameter of the set of points

going to infinity.
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Let Sim™ (E?) denote the group of orientation-preserving similarities of E2, which is generated by
Isom™ (E?) and dilations about any given point. While the action of Sim™* (E?) on E? is not proper (point
stabilizers are noncompact), its action on €,, is proper, roughly because the amount of dilation is detected

in the change in the distance between any pair of distinct points. So we get a manifold
€n(E?) = €,/Sim™ (E?),
whose topology is as follows:

5.3 Lemma The manifold 6,,(E?) is diffeomorphic to P"*~2(C).

Proof We will typically denote a point in €, by v = (v1, v2,..., v,), where each v; € E? is regarded
as a vector in R2. Using translations and dilations, we see that the subset

n
V1 =Oand2|v,~|2= 1}

=2

meets every Sim™ (E2)-orbit, and indeed that 6, (E?) is the quotient of s¢ under the S action of rotations
about 0. Now o is just §2773 C (R2)*~! = C"~!, and so the quotient under the circle action is exactly
P"~2(C), as claimed. |

5.4 Signed points

We will also need to work with n ordered points where each one has an associated sign in {3-1}. The set of
such configurations is %,ﬂf =€, x{x1}", where, if (v, €) € %,jf then ¢; is the sign associated to the point v;.
We define an action of the full group of similarities Sim(E?) on %,jf so that an orientation-preserving
element leaves the signs unchanged, but an orientation-reversing element multiplies them all by —1. The
action of Sim(E?) on %,f is again free and proper, and we set

€5 (E) = €, /Sim(E?)

Note that the signs are important to make this action free: any v in € where all v; lie on a common line L
is fixed by reflection in L.

There is an action of {£1}" on C@,}*L (IE?) by changing the signs of the points; more formally, the action
of {£1}" on %,jf by multiplication on the second factor commutes with the action of Sim(E?), and so
descends to an action on C@f (E?). Using this action, you can show that <€,jf (E?) is the disjoint union
of 2"~ copies of 6, (E?); a subtlety here is that while (—1, ..., —1) does not permute the connected
components of € ,jf (IE2), it does act nontrivially on each of them when n > 3.

5.5 The hyperbolic case

For the hyperbolic plane H?, our focus will be on
€, (H?) = %, /Isom™* (H?), where %, = (H>)"\ A,
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which, as in the Euclidean case, is a smooth manifold with two ends. We will show below that €, (H?) is
diffeomorphic to €, (E?) x R = P"~2(C) x R, but for now just note that dim €, (H?) = 2n — 3. There
is also a signed variant

GE(H?) = %, x {£1}"/Isom(H?)

defined as above, which again has an action of {£1}" and consists of 2”1 copies of €, (H?).

5.6 The spherical case

Turning now to the round sphere S2, we must remove a little more to get a free action since a pair of
antipodal points has nontrivial stabilizer. Specifically, we have a free action of Isom™ (52) on

Fp={ve(SH"|v ¢ {—vj,v;} for at least one i, j },
which is automatically a proper action since Isom™ (S?) = SO3 is compact. Hence,
©,(S?) =%, /Isom™ (S?)

is a smooth manifold of dimension 21 — 3. This time, it has 2" ~! ends, corresponding to the different
ways the points can coalesce to a pair of antipodal points; concretely, each v; for i > 1 can approach
either v; or —vy. We will show in Theorem 7.4 that each end is diffeomorphic to €, (E?) x R.

The action of {41} on ¥, by coordinatewise multiplication descends to an action on €, (S2). This
action is faithful but not free; for example, when n = 2 the entire group fixes [(e1, €2)]. We will not use
this directly, but the quotient orbifold €, (S2)/{£1}" is €,(P>(R)), that is, configurations of n points
in P2(R), not all the same, modulo Isom(P?(R)) = PO3 = SOs.

5.7 Orientations

We will eventually use these configuration spaces to construct an invariant via an algebraic intersection
number, so we next give them preferred orientations. These will be derived from the orientations of
E2, H? and S? specified in Section 5.1, and we use freely the orientation conventions of Section 2.3.
To start, we need to orient Sim(E?), Isom(H?) and Isom(S?). We orient the tangent bundle of an
oriented surface X so that, if (x1, xp) are oriented coordinates on X, then (x1, x»,d/dx1,d/dxz) are
oriented coordinates on 7' X. We orient the unit tangent bundle U T X by viewing it as the boundary of the
submanifold {v € TX | |v| < 1}; equivalently, if (v, v2) is an oriented orthonormal basis of 7, X, then

we orient T(, ) (UTX) =Tp X @& Ty, S by (v1,v2, v3) where v3 = %}tzo cos(t)vy + sin(z)vs.

If we fix a tangent vector vg € TEZ2, then the map Sim™ (E?) — TE? given by g + g - vg is a
diffeomorphism, and we orient Sim™ (E2) so that this map is orientation-preserving. We then orient all
of Sim(E?) by insisting that the orientation be left-invariant. We orient Isom(H?) by the corresponding
identification of Isom™ (H?) with U TH? and orient Isom(S?) analogously.
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For the unsigned configuration spaces, we first give €, the product orientation, and then orient 6, (E?)
by requiring that the fiber bundle Sim™ (E2?) — €, — %, (IE?) be compatibly oriented. Analogously,
we orient €, (H?) and €,(S?) via Isom™* (H?) — %, — €,(H?) and Isom™*(S?) — %, — €,(S?),
respectively.

The signed case is handled as follows, focusing on E? for ease of notation. Orient E2 x {%1} so that
E2 x {+1} has the preferred orientation of E? and E% x {—1} has its reverse. Consider the homomorphism
sign: Sim(E?) — {41} that is 1 on orientation-preserving similarities and —1 on orientation-reversing
ones. We make g € Sim(E?) act on E2 x {41} by g- (v, s) = (g(v), sign(g)s) and note that this action is
always orientation-preserving. Now orient € ,jf =€, x {Z1}" via the product orientation on (EZ x {#1})".
The action of Sim(E?) on %,ﬂf preserves this orientation, and the orientation induced on C@,}*L (E?) from
Sim(E?) — %,:1‘: — <€,:1': (IE2) will be our preferred one there.

Each of <6,jf (H?), C@,jf (E?) and €, (S?) is acted on by {£1}", and it will be important to understand how
these actions interact with our preferred orientations. In all cases, an € € {£1}" preserves orientation if
the product of the €; is 41 and reverses it otherwise.

5.8 Putting the geometries together

We now sketch a natural way of combining these configuration spaces for H?, E2 and S? together into a
single smooth manifold. To begin, we consider the end of ¢, (H?) where all the points coalesce. Given an
element in 6, (H?), we can rescale the metric on H? so that the diameter of the set of points is exactly 1
in the new metric. The closer the original points are in H?, the flatter the rescaled metric is. When the
original points are very close, the new space is nearly isometric to E? on the scale of the points in the
final configuration. This makes it plausible that we should compactify this end of %, (H?) by adding
a copy of €, (E?) at infinity to produce a manifold with boundary. Looking now at the particular end
of 6, (S?) where all the points come together, the exact same story applies to suggest that we should also
compactify this end by adding a copy of 6, (E?). We could then glue our two compactifications together
to get a nice manifold structure on 6, (H?) U %, (E?) U%,(S?).

As discussed, the manifold €, (S?) has 2”1 ends, and we can bring the others into our picture as follows.
Regard an element of €,,(S?) as n pairs of antipodal points where one point in each pair is labeled +1
and the other —1; the action of {41} on %, (5?) now simply swaps the labels as appropriate. An end
of 6, (S?) can now be labeled by an € in {41} corresponding to the pattern of signs on the points that
are coalescing; in fact, each end has two such labels, € and —e, as there are two clusters of points we can
focus on. The points in these two clusters have opposite signs and their positions differ by the antipodal
map, which is orientation-reversing. Thus, to compactify all the ends of %, (S?), we should consider
signed points in E2, up to the equivalence used to define %f(Ez). Hence, we should be able to make
<€,jf (E?) U%,(S?) into a compact manifold with boundary to which we can attach a copy of %3: (H?).

That this whole sketch can be made precise is the content of:
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5.9 Theorem There is a smooth structure on ‘6?1: (H?) U <€,jf (E?) U, (S?) making it into an oriented
manifold % of dimension 2n — 3 that is compatible with the previously defined smooth structures on
@E(H?), € (E?) and €,(S?); the orientation of % agrees with that of €6, (S?) but is opposite of that
on (G,Q—L (H?). The action of {£1}" on the set % is in fact an action by diffeomorphisms. The subset
Cé,jf (H?) U C@,ﬂf (E2) is a closed submanifold with boundary equal to C@,}—L (E2), and it is diffeomorphic to
2"~ copies of P"~2(C) x [0, 00).

One consequence of Theorem 5.9 is that ¥ is diffeomorphic to €, (S?) itself. We will prove Theorem 5.9
over the next two sections.

6 Groups and quadratic forms

Our framework for building the smooth structure on % will be the geometric transition H? — E? — §2,
studied via projective geometry from the perspective of [Cooper et al. 2018, Section 2.1]. To describe
this transition, we use a family of quadratic forms and their automorphism groups.

6.1 The quadratic forms B,

On R3 with coordinates (x, y, z), consider the family of quadratic forms
B; =t(x*>+ y?)+z%, where 1 €R.

We will use B;(-,-) for the associated bilinear forms. Let Q ¢+ be the quadric surface where B; = 1,
which is an ellipsoid when ¢ > 0, two planes when ¢ = 0, and a hyperboloid of two sheets when ¢ < 0.
We define Q; to be the subset of Q; where z > 0.

The group R acts on R3 by dilating the x- and y-coordinates:

(6.2) s-(x,y,z)=(sx,5y,2).

Note this action satisfies B;(s-v) = B2, (v) for v € R3 and hence v - s-v gives an isometry (R3, B;) —
(R3, B, /s2). Thus 5-Q;= Q,/sz. Consequently, each (Q;, B;) with ¢ > 0 is isometric to S = (By, Q1)
and each (Q;, B;) with ¢ < 0 is isometric to (Q_;, B_1), which is two copies of H? with the negative
of its metric from Section 5.1. We give the two planes making up Q¢ the Euclidean metric associated
to the quadratic form x2 + y2. We will always orient Q; by the convention that uy, u, is a positive
basis for Ty Qt if and only if v, u1, u, is a positive basis for R3:in particular, e, ep is a positive basis
for T, Q, and e1, —e; is a positive basis for 7_, Qt.

6.3 The groups G;
For t # 0, let G; = SO(B;) be the subgroup of SL3R that preserves B;. For ¢t = 0, we define Gy to be

the subgroup of SL3R that preserves B and acts on Q¢ by an isometry; concretely,

(6.4) Go = { (61 de’iA) € SL3R ‘ Ae 0(2)}.
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From our definition of the orientation on Q ¢, since G; < SL3R, we see that G; acts on Q + preserving
orientation. For ¢ > 0, the group G; 2 G = Isom™ (S?) is connected. However, for ¢ < 0, the group G,
has two connected components, corresponding to whether an element preserves or interchanges the two
components of Q.

If t <0, the identity component of G; is
Isomt(Q;) = Isom™ (Q_;) = Isom™ (H?).

We can regard the full isometry group Isom(Q;) as the subgroup of the full orthogonal group O(B;) that
preserves Q. There is an isomorphism Isom(Q;) — G, given by g > (det g)g, so G, = G_; =Isom(H?).
Note that the action of G_; on Q_; corresponds to the action of Isom(H?) on H2x {1} from Section 5.5,
with Q; playing the role of H? x {1}. A similar argument shows that Go = Isom(EE?).

When ¢ = 0, the groups R~ and G both act on Qy; their actions can be combined to give the action of
a larger group @0 =~ Sim(E?). More precisely, define 60 to be the subgroup of SL3R generated by Gg
and matrices of the form (501 ‘1)) for s > 0. The action of Gy preserves Q. Restriction to Q¢ defines a
homomorphism from Go to Sim(EE2), which you can check is an isomorphism.

6.5 The groups U;
The groups G; are closely related to certain subgroups of SL,C which we now describe. For ¢ € R, let
b
Ui = {( @ _) ‘a,b € C with |a|?> +t|b]?> = 1}.

—tb a
For ¢ # 0, the group Uy is the subgroup of SL,C that preserves the Hermitian form given by J; = ((t) ‘1))
as can be seen by solving A*J;A = J; in the form A*J; = J; A7l In particular, U; = SU; and
U-1 = SUy,1 = SLyR. More generally, if Ts = (§ 9), you can easily check that TyU; Ty ' = U, /2, s0
Us=U; =SUzfort >0and Uy = U_1 =SUy 1 fort <O.

Let U/ be the normalizer of U; in SL,C. When ¢ # 0, we define

0 t—1/2
Ve = (_tl/z 0 )a

which is in U/, with conjugation by y; inducing the automorphism of U; that is complex conjugation of
the matrix entries. For ¢t > 0, we have U/ = Uy, and, for t = 0, the group Uy consists of upper triangular
matrices with determinant 1. For ¢ < 0, the subgroup U/ is conjugate to the subgroup SLg: (R) from
Section 3.2; it is generated by U; and y;.

The Lie algebra u; of U, is easy to compute: when ¢ # 0, the relation A*J; = J,A™! turns into
X*J; = —J:X; combining this with the trace 0 condition defining s[,C gives

. z —Xx—1iy
(6.6) ut_%l(—t(x—iy) . ))x,y,zeR}.
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It is easy to check that this formula for 1, is also valid when ¢ = 0. Let ¢;: R3 — u, be given by

. z —X—iy
(pt(x’y’z)_l(—t(x—iy) —z )

From now on, we identify 1, with R3 via ¢,, for example getting a linear action of G; on u, by requiring
g - ¢:(v) = s (g - v). With this identification, a routine calculation shows that the Killing form on u; is a
multiple of By, specifically —8 B;. As any Lie algebra automorphism in Aut(u;) preserves the Killing
form, we see Aut(u;) < O(By).

As U/ normalizes U;, we get a homomorphism ¥, : U/ — Aut(u,) by the adjoint action v, (A4) = Ady.
A key relationship between the groups G, and U; is:

6.7 Lemma For t # 0, the action of G; onu; gives Gy = Aut(u;) as subgroups of GL(u;). Moreover,
Aut(uy) = Aut(U;) = ¢, (U)) = U/ /£1.

Proof First, note u; carries a natural orientation determined by the ordered basis v, w, [v, w], where
v and w are any linearly independent elements of 1;,. Now Aut(it;) preserves this orientation and the
Killing form, giving Aut(u;) < SO(B;) = G¢.

Now U, acts on U; by conjugation, giving Jli U/ — Aut(U;) whose kernel is +1. The group U; is
connected, so the derivative at / gives an injective homomorphism Aut(U;) — Aut(u;). Note that the ;
defined previously is the composition of 1;, and Aut(U;) — Aut(u;), so the kernel of ¥, is also 1.

So ¥ (Uy) = Uy /{£1} is a connected Lie subgroup of dimension 3 inside G, which forces ¥, (U;) to
be the identity subgroup of G;. If ¢ > 0, then U/ = U, and G, are all connected, so y;(U/) = G;. If
t <0, recall that, for u € u;, we have Ady, (1) = u, implying

-10 0
Vi(y))=| 01 0] isin Gy,
00 —1

and again ¥, (U/) = G;. All the claims of the lemma now follow since ¥ (U/) < Aut(U;) < Aut(u;) < G;
must all actually be equalities. a

The analogue of Lemma 6.7 when ¢ = 0 is:

6.8 Lemma As subgroups of GL (1), we have Aut(up) = Go. Moreover, Aut(ug) = Aut(Uy). Finally,
Vo(Uy) = Uy/+1 and yo(Ug) = Up/ =1 are the identity components of Go and Gy, respectively.

Proof Write up = L & (h), where L = { (8 %) | € C}, which we view as a 1-dimensional complex

vector space, and h = (§ _?). We have [v, w] =0if v,w € L, and [h, v] = 2iv for v € L. Observe that

A x

g € Aut(up) must preserve L, and so is represented by a matrix of the form ( 0o

). In order for g to
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respect the bracket, we must have [ah, A(v)] = A(2iv), or equivalently ia A(v) = A(iv). As a self-map
of L, we know A is R-linear, so applying this relation twice we see that > = 1. When a = 1, the map 4
is C-linear; when @ = —1, it is conjugate linear. In either case, A = s - A, where s € R~¢ and 4 € O(2).
Hence, Aut(ug) C Go.

For the converse, observe the adjoint action gives a homomorphism Jo: Uy — Aut(Up) whose kernel
is £1. As before, Aut(Up) — Aut(utg) is injective as Uy is connected, and so ¥o also has kernel +1.
Hence, ¥o(Uj) = Uj/{x1} is a connected Lie group of dimension 4 inside Go. As dim Go = 4, this
means Vo(Uy) = Uj/{x1} is the identify component of Go. The elements of Aut(Up) and Aut(ugp)
induced by entrywise complex conjugation correspond to

-10 O
C=]1 01 0 in Go.
00 -1

As Gy is generated by its identity component and C, we have Aut(Up) = Aut(ug) = Go, as desired. O

6.9 Further properties of G, and U,

Combining Lemmas 6.7 and 6.8, we will view G; as a subgroup of Aut(U;), and hence G; acts on Uy;.
Indeed, for ¢ # 0, the homomorphism v, : U; — G is surjective, so concretely the action of G; on Uy is
given by ;(A)- B = ABA™!. For all ¢, the element

-10 0
C=1 01 O
00 -1

acts on u; as complex conjugation, and C = v, (y;) for t # 0. The action also satisfies
exp(g-u) =g-expu and tr(g-B)=trB,
which may be easily checked for g € im ¢, (U;) or g = C, and so hold for all g € G;.

Recall that T,U, T, ' = U, /52> Where Ty = (59). The adjoint action of Ty on s[>C thus takes u; to u, /525
under our identification of the latter two with R3, this is precisely the dilation action defined in (6.2). In
particular, it carries Q; C 1 to Q,/Sz Cuy/s2 and By to B, /2. Moreover, the diagram

_ Adry =
0: 21 9,0
v (g)l e
Adry

commutes for each g € U,, since both compositions send v € u; to Tygvg ™! Ts_l.
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6.10 Remark We will always orient u; by taking (x, y, z) from (6.6) to be oriented coordinates. This is
consistent with our earlier conventions in the following sense: if we orient G, as isometries of Q; using
the convention of Section 5.7, then the homomorphism U; — Gy is orientation-preserving. We leave the
detailed check of this to you, but note that as the orientations of Q;, G; and U, all vary continuously in ,
it suffices to check this for t = 0.

6.11 A C* action

The action of R~ on R? extends to an action of C* as follows. Writing R? = C x R, where (x, y, z) is
identified with (x + iy, z), we define u - (w, z) = (uw, z) for u € C*. An easy calculation shows that

_ u 0
(6.12) @tz -v) = Tupe (V) T, 1 where T}, = (0 1) .

The C* action combines the actions of R~ ¢ and the adjoint action of the subgroup of U; consisting of
diagonal matrices, in the sense that if : S! — U, is given by
) Ju 0
t(u) = 1),
0 Ju!
then @, (u - v) = () - 91 (v).

6.13 The exponential map

Suppose A € Uy, and let ¢ =tr A. A quick look at the definitions of U; and u; shows that we can write
A= %cl + u, where u € u;. Moreover, if g € G;, we have g- A = %cl + g -u, where G; acts on U;
in the right-hand side of the equality and acts on 1 in the left-hand side; this is easily checked when
g € imy; and when g = C, and so holds for all elements of G;.

6.14 Lemma Ifu e Q; Cuy, thenexp(ou) = (cosa)l + (sina)u. Geometrically, the element exp(cu)
acts on Q; as the isometry in G, that fixes u and rotates about it anticlockwise by angle 2« with respect
to the orientation of Q, fixed in Section 6.1.

Proof We first prove the claims for 2 = (0,0, 1) € Q ¢, which corresponds to (6 _?) € u; under ¢;. First,

we have de
exp(ah) = ( 0 e_i“) = (cosa)l + (sin)h,

as claimed. A straightforward calculation shows

cos(2a) —sin(2x) 0
Ye(exp(ah)) = | sinRQe) cosRe) 0,
0 0 1

which verifies the geometric claim.
For a general u € Q,, choose g € G; with g-h = u. Then

exp(au) = exp(g-ah) = g-exp(ah) = (cosa)l + (sina)g-h = (cosa)l + (sina)u.
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We also have v, (exp(au)) = ¥, (g - exp(ah)) = gy, (exp(ah))g™! and, as noted in Section 6.3, the
action of G; on Q; preserves orientation. Therefore, exp(o:u) acts as a 2a-anticlockwise rotation about u,
as desired. |

6.15 Corollary If c € (—2,2) and ¢ =2cosa, themapr: Q, — tr—'(c) N U, given by r(u) = exp(au)
is a diffeomorphism.

Proof It is evident from Lemma 6.14 that tr(exp(au)) = 2cosa, so imr C tr~!(c). The hypothesis
¢ € (—2,2) implies that sin & # 0, so the same lemma also shows that » and its derivative are injective. If
tr A = ¢, we can write A = (cosa)l + (sina)u for some u € u;; the condition that det A = 1 implies
that u € Oy, so r is surjective. |

7 Joining configuration spaces

In this section, we construct the smooth structure on €, (S?) U%?f (E?) U(G,jf (H?) promised in Section 5.8.
Consider the set

Ry = {(t,vl,...,vn) eRx(R3"|v; € Q; foralli; v; ¢ {vj,—v;} for some i, j if n > 1}

By calculating the Jacobian matrix of its n defining equations, you can check &, is a smooth (2n+1)-
dimensional submanifold of R x (R3)” = R3"*1 A typical element of %, will be denoted by v with
constituent vectors v; and ¢ value denoted by #(v). Given w € R3 which does not lie on the z-axis, there
is a unique ¢ such that w € Q. It follows that for n > 1, any v € Ry, is uniquely determined by the
vectors (vq,...,Vy).

Recall that R~q acts on R3 by dilating the x- and y-coordinates: s - (x,y,z) = (sx,sy,z). Since
507 = Qt/sz, the group R acts on &, by

S (6,01, 0p) = (1/8%,5-V1,...,5-Vp).
For t € R, we set 97{51 ={veR, |t(v) =t}. The group G; acts on the slice 97%; via g-(t,v1,...,0p) =
(t,g-v1,...,8 vy). The action of R~ ¢ intertwines these actions, in the sense that, if g € G; and we

define (s-g)(v) =s-(g-(s~'-v)) forve Q,/sz, thens- g € Gy/42.

We define the space % to be the quotient of &, by the simultaneous actions of R~ and all the G;, where
%Y has the quotient topology. We let ¥_, Yo and Y+ be the images of @;0, @2 and @; 0'in Y. The main
result of this section is:

7.1 Theorem The space ¥ can be given the structure of a smooth (2n—3)-dimensional manifold such
that the quotient map o : R,, — Y is a smooth submersion. The subsets ¥_ and ¥ are open submanifolds
of %, while ¥ is a closed codimension-1 submanifold. They are diffeomorphic to ‘6,}5 (H?), €,(5?)
and C@,ﬂf (E2), respectively. Finally, the action of {&1}" on% is by diffeomorphisms.
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We will need the following technical tool in our eventual proof of Theorem 7.1:

7.2 Lemma Suppose (t,v) € Ry withv = (x, y,z) and z > 0. Let L be the unique shortest geodesic
segment in Q joining v to ez = (0,0, 1). Then

1—tx2/(14z2) —txy/(1+z) x
—txy/(14z) 1—ty?/(142z2) y
—Ix =ty z
is an element of G; taking e3 tov. Whent < 0, it is a translation whose axis contains L; whent > 0,

it is a rotation with angle 8 < w whose invariant equator contains L. Finally, the inverse of W(t,v) is
wi(t, (—x,—y,z)).

Proof When ¢ = 0, we have z = 1 and the formula for W(z, v) greatly simplifies, making it clear that
W(t,v) is the element of G¢ that translates e3 to v. So we henceforth assume ¢ # 0. A tedious but
straightforward calculation using that Q;(v) = 1 shows that the columns of W(¢, v) have the same By
inner products as the standard basis {eq, e2, e3} for R3. Hence, W(t, v) preserves B;, and moreover
it is in G, as we can connect W (¢, v) to the identity matrix by moving v to e3 along L. Now W(¢, v)
takes e3 to v, and we can see the claimed geometric description by noting that W(z, v) fixes (—y, x, 0),
which is a basis for the B;-orthogonal complement to the plane spanned by {e3, v}. Noting that e3, v and
(—x,—y, z) all lie on the geodesic containing L, the fact that W(z, v) and W(¢, (—x, —y, z)) are inverses
follows from their geometric characterizations. |

7.3 A local model

Rather than tackle Theorem 7.1 all at once, we start with a more specialized statement that exhibits all

the key issues. Given 0 <8 < Z, let ¥, = {v € Ry | all v; € O}, and consider

Ry =4{v eV, | By(vy,vi) > cosd forall i}.

Note that %R, is an open subset of R,. When ¢ < 0, the condition B (v1,v;) > cosé is automatically
satisfied: applying an element of G;, we can assume that v; = e3 and then B;(v1, v;) is just the z-
coordinate of v; € Oy, which is at least 1. When ¢ > 0, the condition on B;(v1, v;) is equivalent to the
geometric distance in Q; between vy and v; being less than §. Since the dilation action of R~ on R
preserves the By, the set R, is invariant under this action.

Let Y8 = o (Ry), where o: Ry — Y is the quotient map, and take Oy‘g_, oyg and Oy‘i to be its intersection
with the subsets Y_, Yo and Y4 of Y. We will show:

7.4 Theorem Foranyn >1and 0 <§ < 7, there is a smooth structure on s making it diffeomorphic
to P"~2(C) x R. With respect to this smooth structure, the projection o : R, — %3 is a submersion. The
subsets Y%, S and V3, are identified with P"~2(C) x (—00, 0), P"~2(C) x {0} and P"~2(C) x (0, 00),
respectively.
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The smooth structure on Y¥ is uniquely characterized by the requirement that o be a submersion; this
is a consequence of the following basic fact that we will use repeatedly: if 7: M — M is a surjective
submersion and f: M — N is any smooth map that is constant on each fiber of 7, then the induced map
f: M — N is smooth [Lee 2013, Theorem 4.30].

To prove Theorem 7.4, we focus on a subset R, of R, which still surjects Y3 but where the fibers
Ry %% are simple enough that we can push the smooth structure forward. To this end, consider the
(degenerate) quadratic form H on R3 given by x? + y? and define

Ry, ={veERy |vi =e3} and Q{Z:{ve%;

n
> H(v) = 1} .
i=2
Unrolling all the definitions, if we set v; = (x;, yi, zi), then equivalently
n
(7.5 Ry ={(t.v1,...,vn) eR" T (x2+y2)+22 =1, z; > cos$ for all i; vy =e3; in2+yl-2 = 1}.

=2

It is straightforward to check that R, and %, are smooth submanifolds of &,,.
7.6 Lemma There are submersions R, L% R/ and R/, £2> R/ that commute with R, -Z> Y°.

Proof Let us start with py: R) — R/, which we define via the R~ action by
1

T H

The sets s - %R, as s varies are a family of local sections to p, which pass through every point of &),
showing that p, is a submersion.

Our map p;: R, — R), is defined using Lemma 7.2 to move v to e3 in a consistent way: given v € Ry,
with v; = (x;, yi, zi), define

p1(v) = W(t(v),v))~ v = Wt (v), (=x1,—y1,21)) - v,

which is a smooth function by the formula for W in Lemma 7.2. To see this is a submersion at w € R,
pick a path y: (¢(w) —n, t(w) + n) — V1 for some 1 > 0 with ¢(y(s)) = s for all s and y(t(w)) = w;.
Then the map By : R), — R, given by

Buw(v) =W (t(v), y(t(v)))-v

gives a local section to p; whose image contains w. |

Note that both %, and %/, are invariant under the S! action of rotations about the z-axis. This S is a
subgroup of G; for all ¢, giving a continuous map

jiR2/ST -y via the composition R L3 R /S — o (R) — WS,
where p3 is the topological quotient map R, — R;, /S L
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7.7 Lemma The map j is a homeomorphism.

Proof This S! can be viewed as the subgroup of G, that stabilizes e3, so any g € G, \ S! moves
{ve®R, |t(v) =t} to something disjoint from %,,. Additionally, any s # 1 in R takes %, completely
off itself since H (s -v) = s2H (v). It follows that j is injective. Lemma 7.6 implies that j is surjective,

1

so it remains to check that j ~" is continuous.

Given U C ®///S! open, we must check that j(U) is open in Y3 ie that o~ (j(U)) is open in Ry,.
This too follows from Lemma 7.6, since o~ (j(U)) = pl_l(pz_l(pgl(U))), and p1, p» and p3 are all
continuous. |

Proof of Theorem 7.4 The S! action on &/ is free and proper, so %///S! = Y% inherits a smooth

4

structure from %!/, where we have identified /S with %% via j from Lemma 7.7. In addition,

o: Ry — Y is a submersion, since o = p3 o ppo pp and each of the individual factors is a submersion.

It remains to identify the topology of %3 and its various pieces. Consider the smooth map k: R, —
R x §2773 defined by k(v) = (t(v), X2, V2, ..., Xn, yn), Where as usual v; = (x;, y;,z;). From the
description of &, in (7.5), we see « is injective with image the open set

(7.8) Tpn=1(tx2,V2,....Xn, yn) ERx S2"3 |t < st—(a)
max; (x? + y?)

and moreover that k has a smooth inverse on J,. Therefore, the map « is a diffeomorphism onto 7.
There is a natural action of S on R x $2"~3 by viewing the latter as a subset of R x C"~! and acting
diagonally on the C factors. As this action is compatible with the S! action on %/, we have an embedding
of Y8 = R”/St into R x P"~2(C). Since T, is simply the region lying below the graph of a piecewise
smooth function $27~3 — R, we see that ¥% is indeed diffeomorphic to R x P"~2(C). The remaining
conclusions of the theorem are now easily checked. O

Proof of Theorem 7.1 For0<d < Z,let Ry ={v € Ry | Bs(v1,v;) > cos§ for all i }, which contains
Rn as an open subset. A v € R, with 7(v) > 0 is in R if and only if the geometric distance in Q)
from vy to v; is less than & for all ;. When ¢(v) <0, av € R, is in %Ry exactly when the v; all belong to
the same component of Q t(v)- As Ry is an open subset of %R, which is invariant under the actions of
R0 and the G, 0(R};) is an open subset of Y. Note that o(R,) C 0(%R;;); we claim that these two sets
are equal. Indeed, given v € R, we can find g € G(,) with g-v; = e3. Since § < 7, the element g - v is
in Ry, and so 0(Ry;) C 0 (Ry). Hence, 0(R)) =0 (R,) = Wyl is open in Y.

The group {#1}" acts on R, where the action is given by (e - v); = €;v;. This action commutes with the
actions of G; and R~. Let 1 be the identity element of {£1}". The subgroup +1 preserves 97{: and
ife # 41, then e -R*NRF = @. For y € {£1}*/£1, let R = y-R*. The sets Ry are disjoint open
subsets of %, which are invariant under the actions of R~ and the G,. Together with @; 0 they form an
open cover of R,.
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Let %X = g (%R}), which is an open subset of . By Theorem 7.4, X can be given the structure of a
smooth manifold diffeomorphic to P"~2(C) x R for which the map o : R} — YX is a submersion.

The set 97{,70 is invariant under the actions of R~ and G, so Y4 = G(@; 0) is an open subset of . The
set R} is a global slice for the action of R~ on %9, so

Yy =RL/Gy = Fy/Tsom™(S?) = €,(S?)

can be given the structure of a smooth manifold. The map o': 97t; 0 %, (S?) is the composition of the
map pqa: R0 — RL given by ps(v) = /t(v)-v with the projection ps: R} — €, (5?). Both p4 and ps
are submersions, so 0 : 97{; 0 - ¢, (S?) is a submersion as well.

In summary, we have shown that the Y%, together with Y, form an open cover of Y, each of whose
elements is a smooth manifold. To show that ¥ is a smooth manifold, we must show that the transition
functions relating different sets in our cover are smooth and that % is Hausdorff. For the first, consider
the overlap Oyi =YX NY,4. Viewing Oyﬁ as a subset of YX and identifying Y with €, (5?), we get a
transition function g, : Y% — €, (S?). As gy is induced by the smooth map o: %;® — %,,(S?), which
is constant on the fibers of the submersion o: &% N R* — oyi we know g, is smooth by [Lee 2013,
Theorem 4.30]. A similar argument shows g;l is smooth, making all transition functions smooth, as
needed.

To show % is Hausdorff, suppose x and y are distinct points of %Y. The open sets Y% and Y+ forming the
cover are themselves Hausdorff, so, if x and y both belong to the same open set U of the cover, they can
be separated by sets Uy, Uy which are open in U and hence open in %Y. On the other hand, if x € YX! and
y € YX2 with yy # x2, then x and y are separated by YX! and YX2, The only remaining case is when
x €YX\ Y, and y € Yy \ YX. Since x ¢ Y, we have x € y-Y% forall 0 < §y < Z. Write y = o (v)
for v € R}, and let §o = %max(d(vi, v;j)). Then x and y are separated by the open sets Uy = x -@yio
and Uy = {o(v) | t(v) > 0 and max(d(v;,v;)) > do}.

With this smooth structure on %, the group {#£1}" acts by diffeomorphisms since our open cover was
constructed using that very action and we already knew {4 1}" acts smoothly on ¥ =%, (S?). Moreover,
the map o : R, — ¥ is a smooth submersion, since its restriction to each set in our open cover of R, is
a smooth submersion. It remains to check the descriptions of Y_, Yo and Y4 given in the statement.
We have already shown that % is a smooth submanifold of ¥ diffeomorphic to €, (S?). The same
argument shows that Y_ is diffeomorphic to %,jl: (H?). Finally, Theorem 7.4 implies that ¥ is a closed
submanifold of %Y. The subspace %Yy is the quotient of R by the simultaneous actions of Gy and R~ .
This is the quotient of

{ve Qp | v # +v; for some i, j}

by the action of the group Gy, which is the space €F/Sim(E2) = €F(E2). So Yo = €E(E2), as
needed. O
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Applying Theorem 7.4 to the open cover Y U{YX}, o« 13741 of Y in the preceding proof of Theorem 7.1,
we see that ¥ is diffeomorphic to its subset Y+ and hence:

7.9 Corollary The manifold % is diffeomorphic to €, (S?).

As we oriented €, (S?) in Section 5.7, the corollary shows that % is orientable. Moreover, with the
orientation on ¢, (H?) from Section 5.7:

7.10 Proposition If we orient % so that the induced orientation on ¥ matches that of 6, (S?), then
the induced orientation on % _ is the reverse of that on 6, (H?).

Proof We begin with the case n = 2. The maps €, (H?) — Rx¢ and €,(S?) — (0, ) that compute
the distance between the two points are diffeomorphisms which, given our conventions in Section 5.7,
are either both orientation-preserving or both orientation-reversing (it is the former, but we do not need
this). Recall the set 7, from (7.8). Then we can identify Y% with the slice {(¢, 1,0) | 7 < sin?(§)} of the
S action on 5. For ¢ > 0, increasing ¢ increases the distance between the two points in €5(S2) N s,
However, for ¢ <0, increasing ¢ decreases the distance on €, (H?). Thus, in this case € (S?) and €, (H?)
give opposite orientations to Y%,

For general n, the moral is that, for ¢ > 0, we act by A/t to normalize a point of 9]{;{ into °l/,11 =,
whereas, for < 0, we act by /—t to normalize a point of 9]{;1’ into CV;I = #,,; as the orientations on
¥} and ;! match in a suitable sense, the orientation flip between /7 and +/— means that €% (S2) and
%, (H2) give opposite orientations to Y°.

This proves the proposition for the subset of (G,jf (H?) where all points have the same sign. As discussed
at the end of Section 5.7, the action of an element on {£1}" on %6, (S?) and %,ﬂf (H?) either preserves
the orientation of both or reverses it for both. As the action of {41}" is transitive on the components
of <6,jf (H?), this completes the proof. |

Finally, we can assemble all the pieces to give the result promised in Section 5:

Proof of Theorem 5.9 All but the last claim are covered by Theorem 7.1 and Proposition 7.10; the last
claim follows from Theorem 7.4 and the {£1}" action. |

8 The character variety of the free group

Fix ¢ € (=2, 2) and consider the free group Fj, generated by S = {s1,..., s, }. Recall from Sections 3.5
and 3.12 that the character variety X€(Fy,, S) = X§L2R(Fn, S)U Xgy, (Fr, S) is a smooth manifold away
from the reducible locus, which consists of 2"~ reducible characters Xfe] labeled by [e] € {£1}"/£1.
The main result of this section is that the space ¥ from Theorem 7.1 is a resolution of X (Fy, S):
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8.1 Theorem For each ¢ € (—2,2), there is a proper smooth surjective map w.: Y — X(Fy,, S).
The function . maps Y_ = %f(Hz) diffeomorphically onto XSC]:';R(Fn, S) and maps Y1 == €, (S?)
diffeomorphically onto X SC{E(F,,, S). It maps the component of Mg = %ff (E2) corresponding to [¢] €

{£1}"*/+£1 to the reducible character Xfe]'

To understand the statement that 7. is smooth, note that while only the dense open set X' (F,,, ) is
a smooth manifold for n > 2, the semialgebraic set X(F,, S) can be viewed as a subset of some R™
using suitable trace functions as coordinates. While the same space % appears as the resolution for all
¢ € (—2,2), when we want to emphasize the value of ¢, we write ¢ (Fj,, S) for %. Furthermore, we set

(8.2) LT (Fy, S) = 1, L (XONT(Fy, S)) 2 €, (S?) UG (H?)

and note that ¥ (F,,, S) is dense in Z(F,,, S) by the last sentence in Theorem 5.9. Similarly, we define
%c,red(Fn’ S) — nc_l (Xc,red(Fn’ S)) ~ (@r:::(EZ)

We will define 7. using a map 7/, from the space PR, of Section 7, whose quotient is Y, to the representation
variety Rc (£, S). In doing so, we will make heavy use of the subgroups U; of SL,C from Section 6.5.
Recall the conjugacy class of U; in SL,C depends only on whether ¢ is positive, negative or zero. Thus,
much of the distinction between the U; is meaningless at the level of character varieties. However, this
nicely varying family U; will be crucial in writing down a smooth 7. : Rp — Rc(Fp, S) even though
U; =SU, and U_; = SL,R are radically different subgroups of SL,C.

Turning now to the reducible locus, the points of ¥¢™4(F,, S) can be understood in terms of repre-
sentations to Uy as follows. Recall from Sections 6.3 and 6.5 that G = Isom(E?) and Uy — Gy is a
double cover onto the identity component of Gy, which is Isom™ (E2). Recall also that G is contained
in Go =~ Sim(IE?), which is Aut(Up) by Lemma 6.8. A representation p to Uy is fully reducible when it
is conjugate to one with diagonal image. Now set

8.3) Rfjo (Fu,S)={p: F, = Up | all tr p(s;) = ¢ and p not fully reducible}.

We define X ZCJO (Fy, S) to be the quotient RfJO(Fn, S)/ Go. Despite the notation, the set X ((}o (Fy,S)is
not a true character variety: it turns out to be a manifold of dimension 2n — 4, whereas the representations
in R‘i}O(Fn, S') have only the finitely many distinct characters )(fe]. We will show:

8.4 Theorem The group Go =~ Aut(Uy) acts freely and properly on R%O(Fn, S), so X(CJO(F,,, S') has a
natural smooth structure, and there is a diffeomorphism 7:4: ¥¢*4(F,, §) — X lCJo(F”’ S). Under this
identification, the restriction . : X¢4(F,, S) — X¢™4(F,, S) corresponds to the map X§, (Fn, ) —
X¢red(F,, S) taking [p] to its character.

Thus we can think of Theorem 8.1 as saying we can resolve X ¢ (Fy, S) by “blowing up” the finitely many
reducible representations into the space of “characters” of Uy representations that are not fully reducible.
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8.5 Constructing 7,

Given v e Q, and « € (0, ), we regard v as the element ¢; (v) of the Lie algebra u, and define A(c, t,v) =
exp(ag; (v)) € Uy; as per Lemma 6.14, the element A(a, £, v) acts on O as a 2a—anticlockwise rotation
about v with

(8.6) Ao, t,v) = (cosa)l + (sin )@ (v).

Note that tr(A(x, t,v)) = 2cosa and A(a, t, —v) = A(a, t,v)~ L. For ¢ € (=2,2), let @ = cos™! 5. We

define 7): Rp — RG(Fy, S) by sending v € R, to the representation where
si > Ao, t(v), v;).
If #(v) # 0, the condition that v; # £v; for some i, j implies that 7/ (v) is irreducible. When 7(v) =0
that condition instead implies that 7/, (v) is not fully reducible.
First, we study the image of 7.(%,) under the projection t: RG(Fn, S) = X¢(Fn, S):
8.7 Lemma Foreacht # 0, the restriction of 7. to R!, gives a diffeomorphism to R}; lrr(Fn, S). Also,

the restriction of 7, to %2 gives a diffeomorphism to RfJO(Fn, S') as defined in (8.3). Finally, the subset
T(ml(Rn)) is equal to X (Fy, S).

Proof To start in on the initial claim where ¢ # 0 is fixed, note that for v € 97{’ each A(w, ¢, v;) is in Uy
and so 7/ (v) € Ry; '"(Fn, S). Next, we show 7, 97{’ — Rfjm(Fn, S) is onto. By Corollary 6.15, given
pE RZ‘“(F,,, S), there are unique v; € Q; with p(s;) = A(a, t, v;). Atleast one v; is not v as otherwise
all p(s;) would be p(s1)*!, violating the condition that p is irreducible. Hence, the associated v is in 97)1”,
establishing that 7. (%®!,) = R}; lrr(Fn, S). By uniqueness of the v;, in fact 7.: R, — Ry; “r(Fn, S)isa
bijection; Corollary 6.15 implies it is also a diffeomorphism since locally 7. on %2 is the restriction of
the product of n copies of the map r in the corollary. This completes the proof of the first claim, and the
second claim covering the case ¢t = 0 follows by the identical argument with “irreducible” replaced with
“not fully reducible”.

Turning now to the final claim of the lemma, first recall that
X(Fp. S) = Xg;"a (Fu. ) U Xgg (Fy. S) U X4 (F,. S).
When ¢ < 0, the subgroup U; < SL,C is conjugate to SL,R, so
(o (Rh)) = T(RG™ (Fn. $)) = T(RGg (Fu. 8)) = X (F. S).

For ¢ > 0, the subgroup Uy is conjugate to SUz and so t(n.(R})) = XSC{};(Fn, S). It thus remains to
show that 7(7/(R9)) = X4(F,S).

In one direction, given v € 97%2, let €; € {£1} be the z-coordinate of v;, and so

eiel-oc *
A(ot,O, Ui) = ( 0 e—iéia) .
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Hence, the character of m.(v) is the reducible character Xfe] from Section 3.12. Conversely, given
)(fe] e X¢d(F,, ), take v; = (1,0, €;) and all other v; = (0,0, ¢;) to get v € 97%2 with 77, (v) = x[e]-
Combined, we have 7(7.(R2)) = X¢™4(F,S), completing the proof of the lemma. O

8.8 Lemma There is a smooth map .. %Y — X (F,, S) making the following diagram commute:

_ al
Ry ——— im(x])

(8.9) l lt

Yy —" s X(F,,S)

Proof To show that 7, exists as a function, we must check that 7 o 7/, is invariant under the actions of
G; and R~ . First, recall from Section 6.5 that G; C Aut(U;) and that the action of G; on Uy satisfies
exp(g-v) = g-expv and so

(8.10) Ao, t,g-v)=g-Aa,t,v).

Using this, we define an action of G; on Rf]t(Fn, S) by (g-p)(s) = g- p(s), where g - p is also a
representation of F, as g acts as an element of Aut(U;); with this action, 7} is G;-equivariant. Since
tr(g - B) = tr B for all B € U;, we have 7(g - p) = t(p). Equation (8.10) implies that 7(7/(g - v)) =
7(g -7/ (v)) = (7 (v)), and thus 7 o 7/ is invariant under each G; action, as desired.

Turning to the R~ action, for the more general action of u € C*, equation (6.12) gives that

(8.11) A, t/|ul?,u-v) = TuA(oz,t,v)Tu_l, where Ty, = (1(; (1)) .

So, for s € R, it follows that 7/.(s - v) = T - /. (v), where T acts by conjugation, giving the claimed
invariance 7 (r.(s - v)) = t(..(v)).

To see 7. is smooth, first note 7. is smooth by (8.6) and (6.6). Moreover, t: Rc(Fy, S) — Xc (Fr, S)
is smooth since it corresponds to taking traces of matrices. Hence, 7 o 7/, in the diagram is smooth. The
map o is a submersion by Theorem 7.1, and so 7. is smooth, as claimed. |

We can now prove the theorems stated at the beginning of this section.

Proof of Theorem 8.4 To connect ¥¢4(F,,S) and X (‘}O(Fn, S), note that Lemma 8.7 gives a diffeo-
morphism RY — RY, (Fn, S) by restricting 7r;. Recall that Go = Aut(Up) = Sim(E2) acts on both %2
and Rfjo(Fn, S). We now show . is éo—equivariant, using that the action of Go on 97t2 is generated by
those of Gy fmd R-. In the proof of Lemma 8.8, we showed R0 — R%O(Fn, S) is Go-equivariant. The
element of G¢ corresponding to s € R~ is

(1) s
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and these act equivariantly since conjugating by 7, in (8.11) is the same as conjugating by ( “{f . /?/E)'
Thus 7.: RS — Ry, (Fn.S) is Go-equivariant.

As m): 97{2 — RfJO(Fn, S) is a diffeomorphism, the Go action on RCUO(F,,, S) is free and proper. Hence,
X (C]O(F,,, S) is a smooth manifold diffeomorphic to 29/ Go = x4 (Fy,, S) by the map 7 induced
by m/.. The final claim of the theorem now follows from commutativity of (8.9). |

Proof of Theorem 8.1 By Lemma 8.8, we have a smooth w.: Y — X°(F, S), which is surjective by
Lemma 8.7. Momentarily deferring the proof that 7. is proper, we next show that 77, gives diffeomorphisms
Y_ x~ XSCE;R(F,I, S)and Y4 =~ XSC{JIZT(F”, S). For t < 0 there is a commutative square

LN R (Fy. S)

(8.12) lo lf

Yo X G (. S)

which sits inside the commutative square (8.9). The map n,. is a diffeomorphism by Lemma 8.7 and it is
equivariant with respect to the action of G;. The maps o and t are projections to their quotients by the
actions of G, (the latter by Lemma 3.4 and the fact that U, is the conjugate of Sin (R) corresponding
to U;), and both are smooth submersions. It follows that . is a diffeomorphism. The argument for r > 0
is the same, and the case ¢ = 0 follows from Theorem 8.4 and the identification ¥¢4(F,,, S) = %,jf (E2).

Finally, we must check that 7, is proper. By Theorem 7.4 and the discussion in the proof of Lemma 8.7,
near Yo = 7, L(X™I(F,, S)) the map n, is modeled on the projection

P"2(C) x [-1,1] > (P"72(C) x [-1,1])/(P"2(C) x {0}),

which is proper as the domain is compact. Away from ¥y, the map 7. is a diffeomorphism. Combining
these two pictures, we see 7. is proper, as needed. a

9 The punctured sphere

9.1 Introduction

Let S, be the sphere with n punctures. We use the presentation
w1(Sn) = (S1,...,80 | S182 -5 = 1),

where the s; are a fixed set of loops representing the conjugacy classes of the boundary circles of S,,. As
before, we take S = {51, ..., S5}, and consider the character variety X°(S,, S) := X(S,, S)NX(Fy, S);
as S will be fixed throughout this section, we omit it and simply use X(S,) and analogous notation.
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The aim of this section is to construct a resolution of X¢(S,). As in the free group case, it turns out
that X(S,) is a smooth manifold (see Section 9.21 below), and X€(S,) is usually singular along
X¢red(S,). To resolve X¢(S,), we make use of our resolution %¢(F,) = % from Theorem 8.1; to reduce
clutter, we will use 7 rather than 7. for the map ¥°(F;,) — X°(F,). The main result of this section is:

9.2 Theorem Forc € (—2,2) and an even n > 4, there is a smooth closed codimension 3 submanifold
X€(Sy) C %X€(Fy) such that w(X°(Sy)) = X€(Sy) and 7w : X°(Sy) — X°(Sy) is a diffeomorphism away
from X ¢™4(S,,). Moreover, the closure of ¥ (S,,) in %¢(Fy,) is all of X¢(S,).

For odd n, the picture is slightly more complicated, and we do not pin it down completely as it is not
needed in the rest of the paper; see Section 9.26 for details. For n < 4, there is no need to resolve X €(Sy)
as you can check that it is empty when n = 1 and a single point when n is 2 or 3.

As with Theorem 8.4 for free groups, we can understand X¢4(S,,) := Z¢(S,) N X4 (F,) in terms of
certain Uy representations. Specifically, taking X [C]O (S») to be the subset of X cho(F”) corresponding to
representations of 71 (Sy), we will see below that X¢(Sy,) is a closed codimension 1 subset of X (c]O(Sn).

For the rest of this section, we fix ¢ = 2cosa € (—2,2) and some n > 4; unless explicitly specified,
n can be either even or odd. Although X¢(F,) = % for all ¢ € (-2, 2), the subset ¥¢(Sy), and indeed its
topology, will depend on c. To begin, we consider the map F: &, — SL,C given by

Fo) =[] At@.1().v) = (?; gz) .

i=1
In other words, the map F' is the composition of 7/ Ry — Rfc (Fy) from Section 8 with the evaluation
map p = p(s1s2---5,). Although the definition of F' depends on the trace ¢ and the entries F;; are
functions of v, this is not reflected in the notation. Note that F~1(7) is the set of v € R, whose
representation 7, (v) is in RG(Sn). Also, as all A(e, 1(v), v;) are in Uy(y), the matrix F(v) is in Uy (y) as
well. For g € G,(), equation (8.10) gives that F'(g-v) = g- F(v). Similarly, for u € C*, equation (8.11)
implies F(u-v) = T, F(v)T,7!. Thus the subset F~1(I) is invariant under the actions of G; and C*.
Naively, we might expect that the resolution % (.S,,) should be the quotient of F~!(I) by these actions,
but this is incorrect: the part of F~1(I) where ¢ = 0 is too big, as we now explain.

9.3 Reducible characters

The reducible character )(f q € X€(Fy) corresponding to [€] € {£1}" /%1 is in X¢(S,) precisely when
[Te€® = 1. We distinguish two kinds of reducible characters: the balanced ones are those where
> €; =0 and the rest are unbalanced. This distinction is relevant as every balanced )(fe] € X¢(Fy) isin
X€(Sy) for all values of ¢, but an unbalanced Xfe] is in X€(S,) for at most finitely many c¢. As c is fixed
in this section, we will write y[¢] in place of )(fe].
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Let 1 = woo: R, — X¢(Fy,) be the composition of maps from (8.9). The preimage IT~! (x[ep) for
Xle] € X € (Fy) consists of points of the form (0, vy,...,v,) € R, where vj =(xj,yj,z;) withall z; =¢;
orall z; = —¢;. Setting w; = y; —ix;, equation (8.6) gives

izja :
e'7% w;sina
. J
A(e, 0, vj)—( 0 e—iz_,-a)

For x[¢] not in X(Sy), it follows that H_l()([é]) is disjoint from F~1(I). For X[e] that are in X€(Sy),
on H_I(X[e]) we have F(0,vy,...,vy) = ((1) F112 ) so the equation F(v) = [ is a (real) codimension 2
condition on 97{2, specifically Fi, = 0. (While it is not clear a priori, we show F~1(I)NTI~( Xle)) s
nonempty for y[¢] in X(S,) whenever 7 is even in Proposition 9.18.) In contrast, for ¢ # 0, the equation
F(v) = I turns out to be a codimension 3 condition on 97{;, since dim U; = 3 (see Proposition 9.24 for
details). We now turn to resolving this discrepancy by imposing an additional condition when ¢ = 0.

9.4 Defining the resolution

Given € € {£1}", let
Ze={v 69712 |vj = (xj,yj.€;) forall j},

o) H_l()([e]) =Ze¢UZ_¢. For yq € X°(Sy), we define
Ve=1{veRy | sign(z;) = ¢; for all j and Re(F11(v)) > 0},
so Ve is an open neighborhood of Z, in Rp. Observe that the set Vg is preserved by the C* action on Ry
We have local coordinates (¢, w1, ..., wy) on Ve where
wj=y;—ix; and z; =¢;(1 —t|a)j|2)1/2.

When ¢ = 0, note that an @ € C" gives a point in Z, —that is, some v; # £v; —if and only if w is not
in the complex subspace generated by €; hence, we can view Z, as C" \ ().

It is easy to see that Fp; is a real analytic function of (¢, wy,...,wy), and, as we observed above,
Fi11(0,w1,...,w,) = 1. It follows that the function (F11; — 1)/t is well defined and analytic on V. The
function f¢: Ve — C x R defined by

Je = (Fiz2,Im(F11 —1)/1)
will play a key role in what follows.
We define R€(S,) C R, to be the union of F~1(I)N 97%#0 with £.71(0,0) C V¢ for all € with Xle] €
X€(Sy), and begin by showing:
9.5 Lemma The set ¢ (S,) is contained in F~(I) and is equal to it inside @#0.
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Proof Fix € with y[¢] € X¢(Sy). For v € V¢, we have f¢(v) = (0,0) implies F'(v) = I, so £710,0) is
indeed contained in F~1(7). It remains to show £,~1(0,0) N VE#O =F1(IH)n Vféo. Forv e VE#O, we
have fe(v) = (0,0) if and only if F11(v) € R~ and Fy2(v) = 0. Since F(v) € Uy (y), these conditions
hold if and only if F(v) = I. |

The key to proving Theorem 9.2 will be:

9.6 Proposition The subset R¢(S,) is a closed codimension 3 submanifold of %,,. It is invariant under
the C* action on ®,, and each G, action on gtﬁ,

The proof divides into two cases depending on whether ¢ is zero and takes the bulk of the rest of this
section. If v € RE(Sy) has t(v) # 0, then TI(v) is in X<™(S,). Following the work of [Lin 1992;
Heusener 2003] in the case of SU, representations, we will show in Proposition 9.24 that F~1(1) is a
submanifold near v. Otherwise, if v € R¢(S,) has 7(v) = 0, then v € Z, for some €. In this case, we
will show in Proposition 9.16 that f is a submersion at v.

9.7 fcis asubmersion

Building towards the proof of Proposition 9.16, we begin by describing the behavior of f¢ under the C*
action.

9.8 Lemma If f.(v) = (a,b), then f.(u-v) = (ua, |u|*b) for all u € C*.
Proof Recall that u-(t,vy,...,v,) = (¢/u|?> u-vy,...,u-vy). Using (8.11), we compute

n n
Fu-(tvr.....vn) =[] At/ u-v) = [ Tud(a. 1, v) T,

i=1 i=1
_ (u 0) (Fll(v) F12(v)) (u_l 0) _ ( Fi1(v) uFlz(U))
0 1) \F21(v) Fa2(v) 0 1 u='F1(v) Fa(v) )’
So fe(u-v) = (uFi2(v), Im(Fy1 (v) — 1)/(Ju|~2t)), as needed. i

When ¢t = 0, we can explicitly describe the function f.. Recall that we have local coordinates (¢, w) :=
(t,w1,...,wy) on Ve,

9.9 Lemma There is a linear function L : C" — C and a nondegenerate sesquilinear form B:C"xC" —C
such that f¢(0,w) = (L(w),Im B(w, w)).

We could guess that L is linear and B is sesquilinear from Lemma 9.8, but we need the computation
below to check that B is nonsingular.
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Proof We expand A(«,?,v;) as a power series in 7:

Ao, t,v)) = (

cosa +izjsina wj sina
—tw; sina cosa —iz;sina

. L 1- 2
0 g —wj  pi€jlo)]

where {; = e!%/%. Expanding F to first order in ¢, we find that

n
F(t,o1.....00) = [ [ Ala.t.0;) = Ao+ (tsina) Ay +--- ,
j=1

Aoz(i sinasglcjwj)’ E:HQ and ¢j = 1_[ 9] l_[ &

I=1 1<l<j j<I<n

where

The hypothesis that y() € X°(S,) implies that £ = 1 and so ¢; = §; [[;/; le. Taking L(w) =
(sina) Z;’ _1 cjw;, we see that the first component of f has the desired form.

We further compute that the upper-left entry of the matrix (sina)Aq, which is (F11 — 1)/t at (0, w), is
given by

B(w, a))—smocz 5€; ¢ {7 w;|? — sin? aijka)]wk,
j= k<j

— —1 — -2 : : :
where b = ]_[151<k 9] Hk<l<j g Hj<l§n & =8tk Hkslsj ¢; = The form B is nonsingular, since
its corresponding matrix is lower-triangular with nonzero diagonal entries. O

9.10 Lemma There is a Hermitian form H on ker L such that B(w,w) = iH(w, w) forw € ker L.

Proof From the proof of the last lemma, we have
Fii(t,w)—1  9Fn
t I 0w

(9.11) B(w,w) = tlirr%)

For a fixed value of w, consider the path y(¢) = (¢, F(¢, ®)) in R x SL,C. The image of y is contained in
the submanifold U = {(t,g) | g € Ut} C R xSL,C. It is easy to see that Tl7|(0 1 = (0,u0) @ ((1,0)).

If w eker L, then F(0,w) =1,s0y'(0) = ( TS }(0 w)) € TU|(0 I)- Hence, 2 5 ‘(O w) € ugp, which implies

that B(w, w) = 3F“ ‘(0 ©) is purely imaginary for all w € ker L. In other words, H := —iB|krr iS a
sesquilinear form w1th the property that H(w, w) is real for all w € ker L. Such a form must be Hermitian,
proving the lemma. |

For a € C, the matrix t, = ((1) ial/ 2) € Uy acts on Q¢ = [E? by translation, with an easy computation
showing that ¥¢(7y) - (0, w) = (0, w + a€) in our local coordinates. We next show that L. and H are

translation-invariant.

Geometry & Topology, Volume 29 (2025)



A unified Casson—Lin invariant for the real forms of SL(2) 4109

9.12 Lemma For all a € C and w € C", one has L(w + a¢) = L(w). If w € ker L, then also
H(w+ae,w +ae) = Hw, w).

Proof Recall from Section 9.1 that F(g-v) = g-F(v) for g € Uy(y). Taking t =0 and g = ¥ (74), we see
that F(0,w +ae) = 1, F(0,w)7, L. As F(0,0) = (1 F‘2) it commutes with 7,. Thus F(0,w + ae) =
F(0, ), giving the first relation, since L(w) = F12(0, w).

For the second relation, suppose that w € ker L, so F(0,w) = I. By (9.11), we must show that aF .

the same value at (0, w) and (0, w + ae). Since F11(0,n) = 1, the tangent space TQR?l is contalned in
ker(dF11). Hence, if y: R — R @ C” is given by y(¢) = (¢, w(t)), where w(0) = w, then

dF1 _d
“or —EFM(V(Z)) =0

takes

(9.13)

(0,0)
Choose a smooth family t,(¢) € U; satisfying t,(0) = t, and consider the path y, () = V(14 (2)) - (¢, w).
Then

(9.14) %F(Va (f))|t:0
= L F () 0)| _

; _
= SOFto)u®™|

= GO F(0,0)%(0) ' =% (O F(0.0)w(0) " 1050 +wO) (L Fe.0)| _)uo™

~la (%_I; (o,w))T"_l’

Where the last equality uses the fact that F(0,w) = I. In the proof of Lemma 9.10, we saw that

‘ (0.) €U0 for w e ker L; in particular it is upper triangular. Hence, the top-left entry of the matrix in
the final line of (9.14) is given by 3 tl ! 0.0)° By (9.13), the top-left entry in the initial line of (9.14) is
aF” |(o w+ae)” Thus (9.14) gives the desired equality H(w, ) = H(w + a€, w + ae). ad

9.15 Lemma The nullspace N ={nekerL | H(n,w) =0 forall v € ker L} of H is (€).

Proof Lemma 9.12 gives L(¢) = L(0) = 0 and so € € ker L. Moreover, that lemma implies H (€, €) =
H(0,0) = 0 and also that

H(w,w)=H(w+ae,w +ae) = H(w,w) +2Re(aH (e, w))

for all w € ker L and a € C. Cancelling the H(w, ) terms, we get that Re(a H (¢, w)) = 0. As this holds
for all a € C, we must have H (e, w) = 0 for each w € ker L and so € € N. For the converse, note that
H is the restriction of —i B to ker L. Since B is nonsingular and ker L has codimension 1 in C”, the
nullspace N is at most 1-dimensional, proving N = (e). |

9.16 Proposition If v € Z satisfies fc(v) = (0,0), then f¢|z, is a submersion at v.
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Proof Suppose v = (0, wp) in local coordinates. We will identify T, Z, with C". As fc(v) = (0,0), we
have L(wo) = 0. For all w € ker L, Lemma 9.10 gives f¢(0,w) = (0, H(w, w)). Thus, for n € ker L,

df |, (m) = (0, H(wo, n) + H(n, o)) = (0,2Re H(wo, n)).

So long as wy is not in N, there will be some 7 € ker L for which df }v (n) = (0, 1). Lemma 9.15 gives that
wp € N if and only if wg = ae, which happens if and only if v; = d-v; forall i and ;. Since v € Z¢ C Ry,
the latter is not the case, so (0, 1) € imdf, |v. By considering tangent vectors 1 ¢ ker L, we see that
imdf, ‘v contains vectors of the form (a, b) with a # 0. We conclude that f¢|z, is a submersion. a

We set M = £.1(0,0) N Z, which is a smooth submanifold by Proposition 9.16.

9.17 Lemma The submanifold M is in the closure of R€ (Sn) \@2 The C* action leaves M, invariant.
For g € Gy, we have g- M = M¢ when g is in the identity component of Go and g- M. = M_. otherwise.

Proof Take K. to be the full fe_l(O, 0) in V¢, so M = K¢ N Z. By Proposition 9.16, K. is a smooth
submanifold of V¢ near M, and moreover the codimension of K¢ in V¢ is the same as that of M, in Z,
which is three. It follows that M. is a codimension one submanifold of K, and hence the closure of
K¢\ M includes M,. This proves the first claim.

The statement for the C* action follows immediately from Lemma 9.8. For the rest, first recall that the
identity component of Gy is isomorphic to Isom™ (E?), and so is generated by rotations about the origin,
which are part of the C* action, and translations, corresponding to ¥o(z;) for a € C. As Lemma 9.12
implies that ¥o(t,) - Me = M, it follows that g - M = M, for all g in the identity component of Gy, as
claimed.

Knowing this, it suffices to check g- M = M_, for a single g in the other component of Gy. We use
the element C from Section 6.9. From the relation F(C -v) = C - F(v), we see that if v € Z, and
fe(v) =(a,b),then C-ve Z_. and f_(C -v) = (a,—b). So C - M = M_¢, as desired. |

Let ﬁ[e] be the quotient of M U M_, by the simultaneous actions of R~ and Gy, so A/i[e] C%.
Equivalently, it is the quotient of M, = R¢(S,,) N Z, by the simultaneous actions of R~ and the identity
component of Gg. Note that ]\//}[6] is contained in 7~ 1( Xle])» Which is diffeomorphic to P"2(C) by
Lemma 5.3. We will later define %€ (S, ) so that X¢(S,) N7 ~1( Alel) = M [e]- We conclude this subsection
by giving an explicit description of M le]:

9.18 Proposition Suppose x[¢] € X (Sn). There are linear subspaces V1 C V> C C"~1, where V, has
dimension n — 2, such that 1\//}[6] can be identified with the boundary of a tubular neighborhood of the
prq;ectwe space P (V1) in the larger prOJecnvc space P(V), which itself sits in P"~2(C). In particular,
M[e] is compact. Moreover, the manifold M[e] is nonempty, except possibly when n is odd and € = £1.
If x[e) is balanced (son = 2m), thendim V7, =m — 1.
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Proof Recall from Section 9.4 that, in our local coordinates, Z¢ = C” \ (€). The submanifold M, =
{w e C"\ (¢) | L(w) =0 and H(w,w) = 0} is invariant under translation by any element of {(¢). We
identify C"~! with C”/(€). Taking this quotient has the same effect as normalizing so that the first point
w1 is 0, which absorbs all the G action except the part contained in C*. Setting V, = ker L/ (€), the
form H descends to a Hermitian form H’ on V, which is nondegenerate by Lemma 9.15. Then M [e] 1S
the quotient of Mc/(€) = {w € V2 \ {0} | H'(w, w) = 0} by the action of C*.

With respect to an appropriate basis of V5, the form H’ is

Hon) =—ml* == n|* + 11>+ + [1a—2l|?,

where k is the index of H'. Take Vi = {(n1.712....,0k.0,...,0)}; we leave it as an exercise to see that
M [] is the boundary of a tubular neighborhood of P(V7) in P(V>).

Next, the manifold M [e] 1s nonempty provided V7 is neither the trivial subspace nor all of V3; equivalently,
we need to show H' is not definite, ie there exists a nonzero n € V, with H’(n, n) = 0. (Recall from
the Section 9.1 that n > 4 so dim V, > 2.) First, suppose [¢] is not [1]. By cyclically permuting the
generators s;, we can assume €; = 1 and € = —1. In the formulae used to prove Lemma 9.9, we have
c1 =cs =e'*and by = 1, and hence 77 = (1,—1,0,...,0) is in ker L with H(7,7) = 0. As 7] ¢ (€),
this gives the desired element 1 € V, showing that H' is indefinite.

Second, suppose € = 1 and set { = e/*. Then each {; = ¢, and so {" = 1 with ¢ # =£1 since the
trace ¢ # £2. We then calculate ¢; = ¢2/=1 and bir = ¢2k=7) So the vectors V; = ¢%ej —ej4q for
1 < j <n-—2 together with € form a basis for ker L. Setting H” = (—2/sin«) H’, consider the associated
Hermitian matrix W with respect to the induced basis vy, ..., v,— of V5, that is, H” (v, w) = w*Wwv. A
calculation finds the only nonzero entries of W are ¢ + ¢~ =2 cos « along the diagonal, —¢ immediately
above the diagonal, and —¢~! immediately below. Using Lemma 9.20 below with ¢ = ¢ and m = n — 2,
we have

é-n—l _g-—(n—l) B C_l _é-
(-t T

As det W < 0, the form H” must be indefinite when 7 is even. Thus we have proved M [e] 1S nonempty

detW = =—1 as " =1 and ¢ # +1.

for all y[¢] € X(Sn), except possibly when n is odd and € = £1.

For the last claim, when y(¢] is balanced, it is part of a continuous family of reducible characters obtained
by varying «. The corresponding Hermitian forms are all nondegenerate and form a continuous family, and
so they have the same index. We compute this index in the limit as &« — 0. From the formulae in the proof
of Lemma 9.9, we have limy—o(L/sine) = Lo, where Lo(w) = Zj wj, and limg (B /sina) = By,
where Bo(w) = Zj —%ej|a)j|2. Then Ho := —iBy is a Hermitian form of index m = 5. Since (e)
is contained in the nullspace of Ho|yerL,, the form on ker Lo/ (€) induced by Hy has index m — 1, as

needed. O
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9.19 Remark When 7 is odd, the form H” with matrix W can be (negative) definite. Setting ¢, = e27%/",
then for n = 5 the form is definite when ¢ is either { g or ¢ g’ . More generally, experiment strongly suggests
that W is definite for n odd if and only if ¢ = ,Sn_l)/z + Z,Sn—H)/Z =

parity of n, it seems that the number of negative eigenvalues of H” for ¥ with k < % is exactly 2k — 1.

cos ”("T_l) Indeed, regardless of the

Finally, here is the lemma needed for the proof of the previous proposition:

9.20 Lemma Let J,, be the m x m matrix with entries in Z[q*'] whose nonzero entries are g + g~}

along the diagonal, —q immediately above the diagonal, and —g ' immediately below. Then det J,,, =

qm +qm—2 4. +q—(m—2) +q—m — (qm+1 _q—(m+l))/(q _q—l).

Proof We induct on m, with the base cases of m = 1 and m = 2 being easy checks. In the illustrative

1

case of m = 4, setting g = ¢~ *, we have

q9+9 —q 0 0

-4 q+4 —q 0
0 -9 q+q9 —q
0 0 —g qg+q

Jy =

Thus, expanding on the first row and using the known values of det J;, we get

m+1_ =m+1

q
q9-q
as needed to complete the induction and hence the proof. |

det Jpy = (¢ + ) det Jyp_1 — det Jpyp = 1

’

9.21 Irreducible characters

Our goal in this subsection is to show that F~1 (1) meets 97&7&0 as a smooth codimension 3 submanifold.
The argument follows the one given in [Heusener 2003], but with the group U; in place of SU»(2). We
start by briefly recalling some properties of U; from Section 6.5. Its Lie algebra u; consists of matrices
of the form

ix w
( _ ) where x € R and w € C.
—tw —ix

Vt={( Z_ lf)‘z,we@},
—tw Z

which we regard as a vector space over R rather than C. There is a symmetric bilinear form on V; given

Both U; and u; are contained in

by (u1,u2) = tr(uu»); it is nondegenerate for ¢ # 0. Note u; = I+ with respect to this form, and the
orthogonal projection p: V; — u; takes the tracefree part, with p(C) = C — %(tr C)I. The restriction of
(-,-) tou, is a scalar multiple of our standard bilinear form from Section 6.1, and hence a scalar multiple
of the Killing form.
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Fix ¢t # 0. We will show that the restriction of F to 97{2 is a submersion. This map can be factored as a
composition

R A (U 5 U, where A(t,v1,. .., 0) = (A(@,1,01), ..., A, 1, vp))
and m is the multiplication map. Recall that 97?,; is defined by the open condition that v; # £v; for some
i # j, and therefore each vector vy in a given v € 97i; can be moved independently in O, on a small

scale. Hence, im A will be an open subset of (US)", where U = {g € U; | trg = c}. For g € Uy, we
identify T¢ U; with u, via right multiplication, ie the map which sends u € u; to ug € T Us.

9.22 Lemma Fort # 0 and any ¢ € (—2,2), the subset U/ is a smooth submanifold of U;, with
T,Uf = p(g)t foreach g € Ur.

Proof Identifying T¢ Uy with u; as above, for u € u; we compute

dign) = 4| u(eg) = tf(%L:Oe”g) = tr(ug) = (u.g) = (u. p(g)).

Since g # £1, we have p(g) # 0. As ¢ # 0, the bilinear form on u; is nondegenerate, so there is u € u;
with (u, p(g)) #0. Thus tr: Uy — R is a submersion at g and T, U =ker(dtrg) = p(g)*, as needed. O

9.23 Lemma Suppose g = (g1,...,8n) € (UF)". If p(gi) and p(g;) are linearly independent for
somei, j, themapdmg: Tg(Uf)" — u; is surjective.

The proof is essentially the same as that of [Heusener 2003, Lemma 3.1], but we give it here for
completeness.

Proof If we identify Tg U/ with u} via the map which sends (u1,...,u,) € u} to (U181,...,Un&n) €
TgU/", the derivative dm: u} — u, at g is given by

n n
dmuy.... . ug) =Y g1+ gi—1uj(g1-g-1)" =D Ad(g1+-gj—1)uj.

By Lemma 9.22, dm(Tg (Uf)") is spanned by the sum of the subspaces Ad(g1 --~gj_1)(p(gj)L). Fix
an index j where p(g;) and p(g;+1) are linearly independent, and set & = g1 ---g;—1. To see dm is
onto, as dimu; = 3, it suffices to show that the 2-dimensional subspaces

Ad(h)(p(g;)™) and Ad(hg;)(p(gi+1)" )

of u; are distinct. Applying Ad(gj_lh_l), we equivalently examine Ad(gj_l)( p(gj)t) and p(gi+1)*.
As Ad preserves the bilinear form, we have

Ad(g7 ) (p(g)h) = (Ad(g7)(p(g)) " = plen™.

As the form is nondegenerate with p(g;) and p(g;+1 linearly independent, it follows that p(g;)* #
p(g j+1)J-, as needed to show m is a submersion at g. O
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We can now prove the main result of this subsection:

9.24 Proposition The intersection F~1(1) N 97%70 is a smooth closed codimension 3 submanifold
of 9_12750.

Proof Consider the submanifold U = {(t,2) | g € Us} CR xSL,C, and define a map F: 97{#0 —>U by
F(v) = (t(v), F(v)). We claim that F is a submersion. For v € R, set g; = A(a, 1, v;). By Lemma 6.14,
we have p(g;) = (cosa)v;. By definition, a point v € &, has v; # +v; for some j, and hence p(g;)
and p(g;) are linearly independent. Lemma 9.23 thus shows that d F (Tvth) = {0} x TgU;, where
g = F(v). By considering a path of the form y(t) = (¢, y1(¢), ..., s (t)) in R,, we see that im(d ﬁ)
contains a vector of the form (1, x). Hence, im(d F ) has dimension 4 and F is a submersion.

To conclude the proof, let T={@1 |t € R}. Now T is a smooth closed codimension 3 submanifold
of U, so F~Y(I)n Q_ifféo = F‘l(f) is a smooth codimension 3 submanifold of _70. |

9.25 Putting it all together

We can now prove the results stated at the beginning of this section.

Proof of Proposition 9.6 Recall from Section 9.4 that R¢(S,,) is the union of F~1(I) N 97%2#0 with
all £,1(0,0), where the union is taken over those € with Xle] € X(Sp). By Lemma 9.5, we know
RE(Sp) € F7H(I) and RE(S,) N @2¢0 =F(I)n 97%#0. To show that ¢ (S,) is a codimension 3
submanifold of R,,, we must check that, for each v € ¢ (S,,), there is an open subset O, C R, containing v
such that @tc(Sn) N Oy is a codimension 3 submanifold of O,. This follows from Proposition 9.24 when
t(v) # 0 using Oy = 97{;#0 and from Proposition 9.16 when ¢ (v) = 0 by taking O, to be some V.

Turning now to showing that %¢(S,) is closed, the main worry is that it could have a limit point in a
component of RY corresponding to € where Xle] is not in X€(Sy). As X°(S,) is a closed subset of
X€(Fy), for each € with y¢] ¢ X“(S,) we choose an open set We C X(Fy) disjoint from X°(S,). Let
Ve =TI"Y(W,), s0 Ze C Ve and Ve NRE(Sy,) = @. For the other € with Xle) in X(Sy), we continue to
define V, as in Section 9.4. Then %, has an open cover consisting of 97%#0 together with the V¢’s. If V is
one of the open sets in this cover, then ¢ (S,) NV is closed in V. It follows that %€ (S,) is closed in R,,.

Finally, regarding the group actions, as noted in Section 9.1, the subset F~1(1) is preserved by the actions
of C* and the G;. Those actions also preserve Q_{iféo, and hence also F~1(1)N Q_{ﬁféo =R(S,)N Q_{#O.
The rest, namely RE (SN 97{2, is the union of the submanifolds M, from Lemma 9.17, and that lemma
gives the needed invariance. a

Proof of Theorem 9.2 We define ¥¢(S,) = 0(%¢(S,)). Combining Lemma 2.2, Theorem 7.1, and
Proposition 9.6, we see that ¢ (Sy,) is a closed codimension 3 smooth submanifold of %€ (F,). To compute
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(%€ (Sy)), first observe that it is n(a(@c(Sn))) which is equal to ‘[(JTC/, (@C(Sn))) by Lemma 8.8. By
Lemma 9.5, the subset %¢(S,) is contained in F~!(I), and, as discussed in Section 9.1, the subset
7l (F~Y(I)) is contained in RG(Sy). Hence, w(%X°(Sn)) C t(RG(Sn)) = XG(Sn). As (X (Fp)) =
X€(Fy), taking intersections yields 7 (%€ (S,)) C X€(S,). To show equality, we consider the cases of
X¢I(S,) and X¢™4(S,) separately.

Given y € X"(S},), pick a corresponding representation p: 71 (S, ) — U; where t = £1. Viewing the
domain of p as Fj, Lemina 8.7 gives a unique v € ! with 7.(v) = p. As pisin RG(Sn), we have
ve F71(I) and so v € R!(S,). Then (o (v)) = y, as needed. If instead Xle] € X© red(S,.), consider
M e from Proposition 9.18. By this proposition and the discussion immediately before it, we have
M[e] = X¢(Sp) N~ 1( Xle))» and M[e] is nonempty since we are requiring that n is even. In particular,
we have y[q € m(X°(Sn)). So w(X°(Sy)) = X°(Sn), as claimed.

Next, the claim that the map 7 : Z°(S,) — X€(S,) is a diffeomorphism away from X¢™4(S,) is
immediate from the analogue for F,, in Theorem 8.1. Finally, to see that the closure of ¥¢™(S,) in
%€ (Fyp) is %€ (Sp), start by noting that X¢4(S,,) = A//Z[E], where the union is over y[¢] € X°(Sy). The
result now follows from the first statement in Lemma 9.17. |

9.26 Odd number of punctures

In proving Theorem 9.2, the only place the parity of n was used was Proposition 9.18, in the special case
that y[q € X(S,) for € = 1. Thus Theorem 9.2 still holds for odd n provided we exclude the finitely
many ¢ of the form 2 cos 2’}:—k forl <k < % For context, note that for a fixed odd n, any reducible
Xle] € X€(Sy) is necessarily unbalanced, and hence there are only finitely many ¢ € (-2, 2) for which
X¢red(S,) is nonempty. Thus, for most ¢, no resolution is necessary as X¢(S,) = X<'"(S,).

Moreover, given Remark 9.19, we conjecture that Theorem 9.2 holds if we exclude the single value
¢ =2cos @ For that specific ¢, it turns out that X¢;;'(S,) is empty (apply [Biswas 1998, Theorem A]
with j = 0), and experimental evidence suggests X ¢™4(S,) = { xr1s- It seems plausible that the

c,irr
SLoR
would hold modulo the isolated point X ¢4(S,,) not being in the image of X¢(S,).

corresponding X (S,,) does not limit on X ¢"4(S,,) and might even be empty; either way, Theorem 9.2

10 Varying the trace

Up to now, we have focused on character varieties where each of our preferred generators have the same
fixed trace ¢ € (—2,2). We now consider the effect of varying c, starting with the free group. Recall from
Section 3.5 that tr: X(Fy,, S) — R is the map sending y to y(s1), or equivalently to any y(s;). We will
show:
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10.1 Theorem For eachn > 2, there is a smooth (2n—2)-dimensional manifold ¥(Fy, S) and a smooth
map 1w : X(Fy,, S) — X(Fy,, S) with the following properties: First, the map Tr =trom :¥(F,,S)—>R isa
submersion, with Tr 1 (c) = %€ (Fy, S) forc € (—2,2) and Tr™ ! (c) = Xgii;R (Fy, S) otherwise. Second,
the subset X' (F,, S) := n~Y(X'™(F,, S)) is dense in ¥(F,, S) and m restricts to a diffeomorphism

K (Fy, S) = X'™(Fy, S).

For the punctured sphere, the situation is more complicated. Recall from Section 9.3 that for balanced e,
the reducible character )(fe] is in X€(S;,) for all ¢, but for unbalanced ¢, the character )(fe] isin X€(Sp)
only at isolated c. It turns out that we can fit the resolutions of the balanced reducibles into a family, but
not the resolutions of the unbalanced reducibles. Our solution to this problem is to excise the unbalanced
reducibles from our moduli space. More formally, we define

Xoal(Fn, §) = X(Fu, )\ {x{q | X & #0}

and Fpa(Fp, S) = 771 (Xpa(Fn, S)), 50 Xpa(Fy, S) is an open submanifold of ¥(F,, S). Likewise,
we take Xpa(Sn, S) = Xpa(Fun, S) N X(Sy, S) and Xpa(Sy, S) = X(Su, S) N Xpa(Fr, S), as well as
Lo (Sn, S) =X (Sn, S) N&par(Sn, S), etc. We will show:

10.2 Theorem For each even n > 4, there is a smooth closed codimension 3 submanifold (S, S) of
Foal(Fp, S) satisfying X'™(Sy,, S) C w(X(Sn, S)) C Xpai(Sn. S) with the following properties: The map
Tr: 2(S,, S) — R is a submersion, and Tr™ ' (c) = Xpy(Sn, S) for ¢ € (—2,2); otherwise Tr(c) =
X&TR(S”, S). Also, the subset ™ (S, S) := w1 (X™(S,, S)) is dense in X(S,,, S) and n restricts to
a diffeomorphism X" (S, S) — X"™(Sy, S).

The generating set S will remain fixed throughout this section, so we drop it from the notation, writing
X(Fy) for X(Fy, S), etc.

10.3 The free group

The space ¥(Fy,) will be constructed as the union of two sets B and C. Let B = (—2,2) x %Y, and
define wp: B — X(Fy,) by np(c,y) = n.(y), where m, is the map constructed in Theorem 8.1. As in
Lemma 8.8, we have a commutative square

(=2.2) xRy —5 Re(Fy)

Jioxo I

(—2,2) xy —"2 X(F,)
where the topmost map is defined by 7’(c, v) = 7/ (v), that is,
7' (c,v)(s;) = A(cos_l(%c),t(v), v,'),

and so 7’ is smooth by (8.6). As t is also smooth, so is T o ’. As the left-hand arrow is a submersion,
g 1s smooth.
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Next, we define C = X'™(F},,), which is a smooth manifold by Corollary 3.7. Let ¢ : C — X(Fy) be
the inclusion. We now define X(F,) = (B L1 C)/~, where b ~ ¢ if mg(b) = nc(c). We give X(Fy)
the quotient topology, so the maps wp and w¢ combine to give a continuous map 7 : X(F,) — X(Fy).
Finally, we let ip: B — %(Fy) and ic: C — %¥(F,) be the maps induced by inclusion. We define
B = 75! (X'™(F,)), which Theorem 8.1 shows is

(=2,2) X (Y \ €, (E?)) = (=2, 2) X (¢, (5?) L6, (H?)),

Next, notice that im wg Nim ¢ C X'™(F,) is (J{X ™ (F,) | =2 < ¢ < 2}. Since ¢ is injective and 7p
is injective on nEl (imnc) = B the maps ip and ic are also injective. Since ig and ic are injective,
we view B and C as subsets of X(F},).

Proof of Theorem 10.1 We first describe the smooth structure on €(F;,). The pieces B and C are both
smooth manifolds, so we define f: %(Fy,) — R to be smooth if and only if f|p and f|c are smooth. In
order for this to make sense, we must check that the transition function i El oig = nEl o g is a diffeo-
morphism from B onto its image. As 7¢ is the inclusion of the open subset C = X'™(F,) into X(Fy),
this amounts to analyzing 7 p restricted to B™. As noted, we have g (B'™) = | {XSI"(F,) | -2 <c <2},
and the latter is open in X (F;). Theorem 8.1 then gives that wp|pir is injective. As tr(wp(c, y)) = c,
dﬂg(%) is not in the image of each 7' ({c¢} x ¥) under d 7p, so Theorem 8.1 also gives that d 7p is
an isomorphism at each point in B, making ng|gir a diffeomorphism onto its image. We conclude
that & (F,) admits a smooth structure with respect to which ip and i¢ are open embeddings. The maps
w|p = np and w|¢c = ;¢ are smooth, so 7 is smooth.

Next, we check that &(F},) is Hausdorff. The pieces B and C are Hausdorff open subsets which cover
X(Fy), so it suffices to show that if x € B\ C and y € C \ B, then x and y can be separated by open
sets in X(Fy). Considering the map 7 : X(F,) — X(Fy), we see w(x) # 7 (y) since 7 (x) is reducible
but (y) is irreducible. As X(F},) is Hausdorff and 7 is continuous, we can separate x from y by the
preimages of open sets in X (F},) separating 7 (x) from 7 (y). Thus ¥(F}) is Hausdorft.

Turning now to the map Tr = tro w: ¥(F,) — R, note that it satisfies Tr(c, x) = ¢ for (¢, x) € B and
is given by the function tr on C. As Tr|p is thus a submersion and Tr|c is also by Corollary 3.8, Tr is
a submersion. We leave the statements about Tr™!(c) to you, but point out that for ¢ outside (=2, 2)
one has X&"™(F,, S) = Xscii;R(Fn, S) since Xscfji;r(Fn, S) is empty by Lemma 3.10. Finally, & maps
X" (Fy) := C diffeomorphically onto X" (F}) by construction, and the density of X" (Fy) in X(Fy)
follows from the density of ¢ (F,) in #¢(F,) for ¢ € (—2,2), which was noted after (8.2). |

10.4 Properness of projections

We now consider the smooth map 7 : ¥(F,) — X(Fy). Its image is
Xo(Fp):={x € X(Fp) | x € X™(F,) or tr(y) € (-2,2)}.
We let 7io: X (Fy) — Xo(Fy) be the map obtained by restricting the range of 7.
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10.5 Proposition The map 7o: X(F,) — Xo(Fy) is proper.
The proof makes use of the following:

10.6 Lemma Suppose f: W — W is continuous, where W = Uy U U is a metric space and the U; are
open. If both restrictions f;: f~'(U;) — U; are proper, then so is f.

Proof Let C; = W —Uj, so C; is closed and Cy N C; = @. We consider the maps d;: W — [0, c0)
given by d; (x) = d(x, C;) =inf{d(x, y) | y € C;}, which are continuous. As C; is closed in W, one has
di(x) = 0if and only if x € C;. Since the C; are disjoint, do(x) + d1(x) > 0 for all x € W. Hence, if we
define B do(x)

~do(x) +di(x)’

we have 0 < g(x) < 1. For each i, it follows that x € C; if and only if g(x) =i.

g(x)

Now let K C W be compact, and let Ko = g_l([%, 1]) NK, Ki = g_l([(), %]) N K. Then K; C U;
is a closed subset of a compact set, hence compact, and K = Ko U K;. Since each f; is proper,
fYK)= fl_1 (K1) U f2_1 (K>) is a union of compact sets, hence compact. Thus f is proper. |

Proof of Proposition 10.5 The sets U; := tr~1(=2,2) and U, := X'™(F,) form an open cover of
Xo(Fy) with 751(Uy) = B and 75 1 (Uy) = C. So, by Lemma 10.6, it is enough to check that 77; := 7o ;
is proper for i = 1,2. Now 7o 2: C — U, is proper as it is a homeomorphism, and so it remains to
consider 7?0,1, which we abbreviate to .

To show that 7 : B — U] is proper, suppose K C Uy is compact. By continuity of tr: Xo(Fy) — R, there is
a closed interval [a, b] C (-2, 2) such that tr(K) C [a, b]. Inside B, consider Z =Tr™ ! ([a, b]) = [a, b] xV,
and consider the smooth submanifold M := 7 ~1(X™4(F,))NZ, which s [a, b] x%f (E2) by Theorem 7.1,
and so compact by Lemma 5.3.

Let Dy C Z be a closed tubular neighborhood of M, which we identify with the product M x [—1, 1]
(using Theorem 7.4), and let D5 be Z with M x (—%, %) removed. Then D1 and D, are closed subsets
of B, with 7 (D) and 7 (D>) being closed subsets of U; which cover K. Now let K; = K N7 (D;).
Then K; and K> are closed subsets of K, hence compact, and K = K| U K5. The preimage a1 (Kyp) is
a closed subset of the compact set D, hence compact. The restriction of 7 to D5 is a homeomorphism
onto its image, so 7~ (K>) is compact. Hence, 771 (K) = 71 (K1) U 71 (K3) is compact. It follows
that 7 = 7,1 is proper and hence so is 77o. |

10.7 The punctured sphere

From now on, we assume 7 is even and construct the submanifold ¥(S;,) C Xpa(F) from submanifolds
B’ C B and C’ C C, where B and C were used to define ¥(F;,). First, we define B’, which is inside the
open subset Byy = B N &pa(Fy) of B:
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10.8 Lemma The set B’ = {(c,y) € B | y € ¥;,(Sn)} is a closed smooth codimension 3 submanifold
of Byy. The map Tr: B’ — R is a submersion.

Proof Recall from Section 9.4 the subsets Z¢ and R¢(S,,) of &,,. We define
R bal = R \U{ZE lee{£l}" and ) € # 0},

so that Ry par = TI7 (X, (Fp)) for all ¢ € (—2,2). Let R(Fy) = (—2,2) X Ry pa1, and define R(S,) =
{(c,v) € R(F,) | v € RE(Sy)}. We will first show that R(S,) is a closed smooth codimension 3
submanifold of ®(Fy), and that the restriction of Tr to R(S)) is a submersion.

Consider the function G : ®(F,) — SL,C given by

G(c,v) = 1_[ A(cos_l(%c), 1(v), vi).

i=1
so that the restriction to the slice ¢ x @n,bal is the function F from Section 9.
Let W = (—2,2) x 97&1#0, and, for each balanced e, let
Ve ={(c.v) € R(Fy) | signz; = ¢, for all j and Re(G1;(c.v)) > 0}.

Then W together with the Ve’s form an open cover of ®(F,). Recall that U= {(t,8)| g€ U;} CRxSL,C,
and define G: W — U by G(c,v) = (t(v), G(c,v)). Then R(S,) N W = G~Y(I) = G~Y(I), where
T ={(.1)|teR}. We showed in the proof of Proposition 9.24 that the restriction of G to each
slice ¢ x @n,bal is a submersion, so @(Sn) N W is a closed codimension 3 submanifold of 1717, and
Tr: R(S,) N W — R is a submersion.

As in Section 9, we have local coordinates (c, ¢, w1, ..., ®y,) on 175. The function G is real analytic on 176,
and the fact that € is balanced implies that G11(c, 0, v) = 1. It follows that g¢ = (G12,Im(G1; —1)/t)
is real analytic on 175. Its restriction to the slice ¢ x V is the function f, from Section 9, so g~1(0,0) =
@(Sn) N 176. We showed in Section 9.21 that f¢ is a submersion, and hence g is as well, so @(S,,) N 175
is a smooth closed submanifold of 176. Now Tr: 175 — R is a submersion, being projection onto the first
coordinate c. As gc is a submersion restricted to each fiber of Tr, as that is some fe, it follows that
Tr: R(S,) N Ve — R is also a submersion. This completes our proof that (S},) is a smooth submanifold
of R(Fy) of codimension 3 and that Tr: R(S,) — R is a submersion.

Now By, is the quotient of Q_'t(Fn) by the simultaneous actions of the G; and R, and B’ is the image
of %(S,) under this quotient, so the statement of the lemma follows from Lemma 2.2. a
10.9 Lemma The subset C’ := X'™(S},) is a closed codimension 3 submanifold of C = X'™(F,), and

tr: C' — R is a submersion.

Geometry & Topology, Volume 29 (2025)



4120 Nathan M Dunfield and Jacob Rasmussen

Proof Recall from Section 3.2 that
X'(Fy) = X§0, (Fo) U X g (Fy) = X7 (Fp) LX{F (Fy).

Similarly, X™(S,) = X (Sp) L X' (Sn). We will show that the claims of the lemma hold for
Xli}r_l (S»); the proofs for Xir,rl (Sy) are identical.

Consider the map w: RilI]T_l (Fn) — U_1 given by u(p) = p(sy---sn). Applying Lemmas 9.22 and 9.23,
we see that the restriction of y to each R™¢(F,) is a submersion. It follows that . is a submersion, and
o) Ri{]r_l (Sp) = u~1(I) is a closed codimension 3 submanifold of Ri{,r_l (Fp).

The projection 7: Ri{}_l (Fp)— X gr_l (Fy) is a submersion by Lemma 3.9, and R"™(S,,) is a union of fibers
of 7. Applying Lemma 2.2, we conclude that X gr_l (Sp) = r(Ri(r]r_1 (S5)) is a smooth closed submanifold
of Xi (Fn).

For the last claim, note that tr: RiU"_1 (Fn) — R is a submersion by Corollary 3.8 and Lemma 3.9. The
restriction of w to the fibers of tr is a submersion, so tr: Ri{}_l (S5) — R is a submersion. This map factors
as the composition RiU”_1 (Sp) = Xgr_l (Sp) %> R, so tr: X}}r_l (S») — R is a submersion as well. O

Proof of Theorem 10.2 Theorem 9.2 gives that BN C = C' N B =tr—1(=2,2) N X'™(S,,). We define
X(Sn) =B’ UC’, s0%(Sp)N B = B and ¥(S,) NC = C’. Since B and C form an open cover of ¥(Fy,),
Lemmas 10.8 and 10.9 give that %(S,) is a closed submanifold of ¥py (S, S) of codimension 3, and also
w(%(Sy)) is the union of Uce(—z,z) X¢,(Sp) with X'(S,) which is a subset of Xpa(S,) as claimed.
The claims about Tr also follow immediately from Lemmas 10.8 and 10.9. Finally, the density of " (Sy)
in €(S,) follows from the last sentence of Theorem 9.2. |

10.10 Remark As discussed in Section 9.26, we do not determine the complete analogue of Theorem 9.2
when the number of punctures 7 is odd. However, the claims of Theorem 10.2 are effectively trivial for
odd n: every reducible is unbalanced, and hence Xpa(S,,S) = X im(S,, S), so one can simply define
®(Sy,, S) as X (S,, S).

11 Orientations

In this section, we orient the spaces constructed in the previous sections: &€ (Fy), X(Fy), X°(Sy)
and X(S5). These spaces contain the SU, character varieties used in [Heusener 2003] as open subsets.
We compare our orientations with his, as this will be needed in Section 15.3.

11.1 The free group

By Corollary 7.9 and Theorem 8.1, we know that ¥¢(F,) =~ XSC{E(F,,) =~ €,(S?). We defined an
orientation on the latter space in Section 5.7. To compare this orientation with Heusener’s, we explain
how to orient X, ér[rb (Fy) from the perspective of character varieties, following [Heusener 2003].
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First, we orient SU, = U via Remark 6.10. For all ¢ € (-2, 2), we orient the conjugacy class RgUz (Fp)=
tr~1(c) so that the submersion tr: SU, \ {21} — (=2, 2) is compatibly oriented in the sense of Section 2.3,
where (—2, 2) has the opposite of the standard orientation (this seemingly odd choice will be explained in
the proof of Proposition 11.2). Give Rgy, (Fn) = (Rgy, (F1))" the product orientation, which then orients
its open subset R®™(F,). Now orient Xg; lrr(F ) by the requirement that SO3 — Rg; lrr(F )= XS lrr(F )
be compatibly oriented, where SO3 is oriented as SUp/{+£1}.

Furthermore, we orient X ér[rjz (Fy) using
C lrr(F ) - Xér[rjz(Fn) t_r> (_27 2)7

where (—2, 2) again has the reversed orientation, the map tr is a submersion by Corollary 3.8, and the
orientations on the fibers vary smoothly by construction.

11.2 Proposition The orientation on XSC{}S(Fn) is opposite to that of [Heusener 2003]. Also, the
diffeomorphism 7. : 6, (S?) — Xg & lrr(Fn) from Theorem 8.1 is orientation—preserving, where €,,(S?) is
oriented as in Section 5.7. Finally, the map (—=2,2) x 6,(S?) — X U, (Fn) that sends (c, p) to mc(p) is
an orientation-preserving diffeomorphism, where (—2, 2) has the reversed orientation.

Proof For the first claim, our construction matches [Heusener 2003], except there conjugacy classes
in SUj are parametrized by « € (0, ), where ¢ = 2 cos« and (0, i) has the usual orientation. However,
this corresponds to the reversed orientation we used on (—2,2). Second, we must account for the
differences in orientation conventions noted in Remark 2.4. The sequence used to orient R§U2 (Fy) gives
the same orientation as Heusener, since the fiber is even-dimensional. However the second sequence gives
the opposite of Heusener’s orientation, since both the fiber SO3 and base X & lrr(F,,) are odd-dimensional,
proving the first claim.

For the second claim, the key is to show that the diffeomorphism of Q 1=S2t0 R§U2 (F) that sends v —
A(er, 1,v) with @ = cos™! 5 is orientation-preserving; this will suffice as the constructions of orientations
on €, (5?) and Xc lrr(Fn) are then strictly analogous. Recall that A(«, ¢, v) = exp(ags(v)). Now the
exponential map restricts to an orientation-preserving diffeomorphism from {v € u; | 0 < B1(v) < 72} to
U\ {£I} whichsends Q1 ={v eu; | B;(v) =a?} to R§U2 (F1). Since the orientation of the sphere O ;
from Section 6.1 is the same as orienting it with the outward normals, this matches the orientation on
Ry, (F1) which comes from increasing . So the map 01— Rgy, (F1) is orientation-preserving, as

needed to prove the second claim.

The final claim follows easily as X ér{b(Fn) was oriented using the submersion tr: X ér{b(Fn) —(=2,2)
where (—2,2) has the reversed orientation. |
To orient X e R(F ), we follow the same steps as for SU,. First, fix the orientation on SLZR coming

from its 1dent1ﬁcat10n to U_1 = SUy,1. There is a submersion tr: (SLoR \ {£7}) — R, where R denotes
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R with the reversed orientation, and we orient RngR (Fy) := tr~!(c) as its fiber. By definition, the
singular points &/ are not in Rg'izz g (F1). Unlike for SU;, where each conjugacy class is a sphere, the
topology of RngR (F1) depends on c, but this makes no difference at this stage. Now orient Rg’Ll;rR(Fn)
as an open subset of the product (Rng]R (F1))". (When ¢ = +£2, recall that for p € RngR (Fy), the p(s;)

are all conjugate in SL,C. Hence, if p € R;thz’]gr(Fn), p(si) # £1.) Orient X, gii;rR(Fn) by the fiber bundle

PSLE(R) — RS (Fa) — X5 (Fa)

where the orientation on PSL;E R) = Sin (R)/{x1} comes from the left-invariant extension to Sin (R)
of the one on SL,R. Finally, orient X, érizR(Fn) by tr: X ;{2R(Fn) — I@, which is a submersion by
Corollary 3.8.

11.3 Proposition For ¢ € (-2, 2), the diffeomorphism 7 : ‘6% (H?) - X Scii;R from Theorem 8.1 is

orientation-preserving, where %f(Hz) is oriented as in Section 5.7.

Proof As in the proof of Proposition 11.2, the key is to check that the diffeomorphism from Q_; to
1

( 2
Recall from Section 6.1 that both sheets of Q_; are oriented with respect to normals that point away

RngR(F 1) that sends v > A(w, 1,v) = exp(ep—_;1(v)), where o = cos™ is orientation-preserving.

from the origin in u_;. For any f € (0, ), the exponential map gives a diffeomorphism from 8Q _;
to Rglf;)]sRﬂ (F1); here, BO_; denotes the dilation by ordinary scalar multiplication of vectors, not the
R~ action from earlier. Orient each SQ_; as we did Q_; hence, the dilation Q_; — Q1 is
orientation-preserving. Since RgE;SRﬂ (F1) was oriented using tr: Rsp,r(R1) — R, ie with respect to
increasing B, and the map exp: u—; — U_; is orientation-preserving by definition, the diffeomorphism
from BO_1 to Rgﬁ;ﬁf (F)) is orientation-preserving. Therefore the map from O_; to RgLZR(F 1) that
sends v — A(w, 1,v) = exp(av) is the composition of two orientation-preserving maps and hence
orientation-preserving, as needed. O

11.4 Theorem The manifold ¥(F) is orientable, and we take its preferred orientation to be the one
SLoR
standard orientation. The submersion Tr: X(F, ) — R gives a preferred orientation to each X (Fy), which

is the standard orientation on X SCSS(F ) but the reverse of it for X Sclf;rR (Fyn).

compatible with its open subset X g{Jz (Fn). Then the open subset X (Fy) has the reverse of its

Proof Recall from Section 10.3 that ¥(F},) is the union of open submanifolds B = (—2,2) x ¥ and
C=X"(Fp) =X, (F) U ngzR(F,,). Both B and C are orientable, but the orientability of X(Fy)
is not immediate as B N C is disconnected. Orient B by giving (—2, 2) the reversed orientation and %
the orientation compatible with the one on %, (S?). Now orient C by giving X ér{jz(Fn) and X inZR(Fn)
their standard and reversed orientations, respectively. By Proposition 7.10, the inclusions of €6, (S?) and
‘6,? (H?) into Y are orientation-preserving and -reversing, respectively. Combining Propositions 11.2
and 11.3 with the fact that the submersion tr: X™(F,) — R is compatible with the orientations on
X (F,), we see that the restrictions of the two orientations to B N C agree. This gives the desired

global orientation on X(F}), and the claims about ¥¢-"( F,,) are immediate from the construction. O
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11.5 The punctured sphere

To begin, we orient the manifold Xg; lrr(S,,) as follows. By Lemma 9.23, the map yu: Rg; lrr(F ) — SU,
where j1(p) = p(s1 - - Sp) is a submersion, so we orient =1 (/) = RS; lrr(S,,) using our usual conventions.
Now orient XSCU]”(S,,) by SO3 — Rc lrr(S,,) X$ "r(Sn) Finally orient IU (Sp) by tr: ‘U (Sy) — R,

which is a submersion by Lemma 10.9, and the just constructed orientation on the fibers X SCUIH

(S,), noting
that said orientation varies continuously in ¢. Our standard orientations on X SCLMR (S,) and X SLo & (Sn)

are analogous.

11.6 Remark The orientations just constructed on Rg; lrr(Sn) and Xg; lrr(Sn) are the opposites of those
used in [Heusener 2003]. For RgI}H(Sn) this is because RSU (S7) and SU, are both odd-dimensional,
so the convention dlfference discussed in Remark 2.4 matters. This difference persists to Xg; ’"(Sn)
since in both cases X&; SUZ "(S,) is even-dimensional and hence the convention for orienting submersions is
irrelevant.

Unlike in the free group case, we can orient &°(S,) so that both X & lrr(Sn) and X SCI:i;R (S5) inherit their
standard orientations:

11.7 Theorem The manifold ¥¢(S,) is orientable, and we take its preferred orientation to be the
one compatible with its open subset X gUm(Sn) The open subset X sﬂmR (Sy») then also has its standard
orientation.

Proof We imitate the construction of the standard orientation on X§ (Sn) in the setting of our con-
struction of %€ (S,) from Section 9. We proceed in three steps.

Step 1 (orient ®,) Recall from Section 6.1 that each Q, is oriented so that (11, u5) is a positive basis
for T, (Q;) exactly when (v, u1,us) is a positive basis for R3. There is a submersion &, — R whose
fibers are O”; we give Q’t’ the product orientation and use the fibration

(11.8) 0" - Ry, >R
to orient R,,.

Step 2 (orient R¢(S,)) Recall from the proof of Proposition 9.24 that RE1#0(S,) := F1 (f ), where
F: QTiffo — U is a submersion. The normal bundle v 7 1s the bundle over R whose fibers are u; C TU ;
we orient each u; as described in Remark 6.10, which gives smoothly varying orientations on the fibers
of vs.

1

Over RE*79(S,,), the short exact sequence
(11.9) 0= TRAFO(S,) - TR 45, o o
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can be used to orient @CJ#O(S,,). You might think that we should extend this orientation to all of
%RE(Sy), but this is actually not possible. To see this, consider the function h: U—CxR given by
h(t,A) = (A12,Im Ay1). We have h=1(0,0) = TU—T, where —T is everything of the form (¢, —1); thus
V7 is one connected component of 2*(7Tp(R x C)). So the orientation on RE1#0(S,) induced by (11.9)
is the same as that induced by the submersion 97?,"”#0(5,1) — 97{70 hoF, R xC. But, on the open set V¢

from Section 9.3, the subset %€ (Sy) N Ve is cut out by a submersion fe: Ve — C x R, which satisfies

fe = (F12,f11), where hoﬁ = (Flz,lfll).

Consequently the induced orientation on fe_1 (0, 0) will agree with the orientation induced by (11.9) for
¢t > 0, but will be its opposite for ¢ < 0 since f¢ differs from & o F by scaling the second coordinate of
C xR by ¢.

To orient R (Sn), we give V¢ the orientation induced by our orientation on R, and the orientation on
C x R that pulls back to our standard orientation on u; under 2*. Then the submersion f¢ induces an
orientation on £, 1(0,0). We give F\(T YNRL>0 the orientation coming from (11.9), and F\(T YNRL=0
the opposite orientation. The discussion in the previous paragraph shows that these orientations are all
compatible and together give a global orientation on R (S,,).

Step 3 (orient X°(S,)) Now we can orient X£¢(S,). We use the orientation on u; to orient G; as in
Remark 6.10, give R~ ¢ the positive orientation, and give R~ x G, the product orientation. We will
orient &€ (Sy,,) using the exact sequence

(11.10) 0 — To(Roo X Gy) = Ty (Sy) — Ty (Sy) — 0,

where t = t(v), e = (0,1) and o (v) = p. As the orientations on T,%¢(S,) and T.(R>g x G;) vary
continuously, even as ¢ changes, the main issue is that, for # < 0, the fibers R~ ¢ x G of the submersion
0 RE(Sp) — ¥€(Sy) are disconnected. So, for ¢ < 0, we must find v, v’ belonging to two different
components of 0 ~!(p) where the orientations on T, % (S,) induced by the exact sequences

0= Te(R>0 X Gr) = Ty®R(Sp) — Tp%°(Sn) — 0,

0 — Te(Rso % Gt) = TyRE(Sp) — TpX(Sp) — 0

are the same.

To do this, consider

which is in every G;. Its action on each u; is orientation-preserving, and corresponds to complex
conjugation, as noted in Section 6.9. We successively deduce that C: O; — O; and C: R, — R, are
orientation-preserving. Since F(C -v) = C-F(v), as noted in Section 9.1, we see that C : R(Sy,) — R(S,)
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and is orientation-preserving. Taking v’ = C - v, we have a commutative diagram

J/idxAdc ldc lid
The two leftmost vertical maps are orientation-preserving, so the right-hand vertical map is as well. In

other words, the two induced orientations on 7,,%¢ (S, ) are the same. We conclude that (11.10) determines
an orientation on & (Sy).

Having defined an orientation on %¢(Sy), it remains to check that the orientations it induces on its open

subsets X SC{}:(SH) and X SCL';R (S,) agree with their standard orientations. First, we consider the case ¢ > 0.

For the standard orientation of X SC{E(S,,), we have the decomposition as oriented vector spaces
(11.11) TO" = T(Rgy, (F1)") = TU; @ T(Rgy,(Sn)) = TU1 @ [T (Xgy, (Sn)) ® TUyp].

For the orientation of %¢(S,), we have TR, = R @ T Q", where the R-factor corresponds to the
t-coordinate. Again as oriented vector spaces, we have, from (11.10),

TR = TU, ® TR (Sn) = TUr & (TA(Sn) ® T (R0 X Gr))
=-TMR>0)BTU ®@TE(Sn) ®TU;
since dim%€(S,) = 2n — 6 and dimU; = 3. Now, as s - Q; = Qt/sz and ¢ > 0, increasing s actually

decreases ¢. Hence,
TRE =—-T[R>0)®T QY.

Comparing, we conclude that T Q" = TU; & T¥“(S,) ® T Uy, and, taking ¢ = 1, we see from (11.11)
that % (S,,) and X, (S,) have matching orientations, as desired.
The case of ¢ < 0 is very similar, except that now T@ft =T(Rx0) ® T Q" and

TR =T (Rs0) ®TU; & TH(Sy) ® TU;

since the orientation on this part of %(S,) comes from that of FY(TI )N 97{£l<0 which was given the
opposite orientation in Step 2. The net effect is to insert a — sign at one point and remove it from another,
so we again find that the induced orientation agrees with the standard one. a

11.12 Corollary The manifold ¥(Sy,) is orientable, with preferred orientation that matches the standard

ones on both X ér{b (Sy) and X érizR (Sn). The submersion Tr: X(Sy,) — R is compatible with the preferred

orientations on ¥y, (S,) C *°(Sy) from Theorem 11.7.

Proof Recall from Section 10.7 that ¥(S,) = B’ U C’. The map Tr: B’ — (—2,2) is a submersion by
Lemma 10.8, so there is a short exact sequence

0— T%E,(Sp) — TB' — T(=2,2) — 0,
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which we use to orient B’; as usual, we give (—2,2) the reversed orientation. (Note %f(S,) is
an open subset of ¥¢(S,), and inherits an orientation from it.) We give both components of C’ =
X ér[rjz(Sn) ox érizR (Sy,) our standard orientations. The orientation on X g{h (S») is induced by the short
exact sequence

0= X (Sn) = X85, (Sw) = T(=2,2) >0

and similarly for XérizR(Sn). By Theorem 11.7, the orientations on X€(S}), XSC{}Z(S,,) and XérizR (S»)
are compatible. It follows that the orientations on B’ and C’ are compatible and determine a global
orientation on %(S,) which has the desired properties. |

12 Definition of the invariant

12.1 Braids and plat closures

We are now ready to define the total Lin invariant of a knot K C S3. Following Heusener [2003], we
represent knots as plat closures of braids. Our conventions for braids are given in Figure 4, which
also describes the identification of the braid group B, with MCG(Dj,), the mapping class group of the
n-punctured disk. In turn, there is a homomorphism from MCG(D;) to MCG(S,) induced by capping
off the boundary to D,, with a disk to form S,. If 8 € B,, we abuse notation and write 8 for its image
@p in MCG(Sy). Recall a homomorphism ¢: I' — A of finitely generated groups has an induced regular
real algebraic map ¢*: X(A) — X(I") given by [p] — [po¢]. If S and T are finite generating sets of I"
and A, respectively, where ¢ takes each s; € S to a conjugate of some #; € T or its inverse, then we also
have induced maps ¢*: X“(A,T) — X(T', S) for each ¢ € R. Hence, B«: 71(Sn) — 71(Sy) induces a
map B*: X¢(S,,S) = X°(S,, S) for each ¢ € R.

Given a braid € Bs,,, we can form its plat closure B as shown in Figure 4. Given a knot K C S3, we
choose B with § = K. As shown in Figure 5, this presents the exterior of K as the union of two genus m
handlebodies glued together along the 2m—punctured sphere So,:

Mg = S*\v(K) = Hy Us,,, H>.

Here, the surface S»,, is identified with the boundary of H; and x € dH is glued to S(x) € dH5. The
inclusion S, — Mk induces a surjection 71 (S2,,) — 71 (Mg) and hence an injection of X¢(K) =
XC(MK7 {M}) intO XC(SZWH S)

Similarly, if T}, is the set of generators for 1 (H}) shown in Figure 5, the inclusion ji: Sz — Hy
induces an injection j: X (Hy, Ty) — X(Sam, S). We let L C X(Sam, S) be the image of j .
Then X ¢(K) can be identified with the intersection L{ N L§ as in the original construction of Casson’s
invariant [Akbulut and McCarthy 1990].
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Figure 4: Our conventions for braids, including o; versus o~ 1. that left-to-right in the braid word
corresponds to top-to-bottom in the picture, and that the generators s; of 71(S,) correspond
to clockwise loops. Moreover, the induced mapping class g € MCG(D,) of B is the map
that pushes curves from the bottom to top; hence, o = ¢o © ¢g, so B, — MCG(D,,) is a
homomorphism rather than an antihomomorphism (here functions act on the left as usual); in
particular, ¢, (s1) = 52 and @g, (s2) = sz_lslsz.

More precisely, we index the standard generators s, ..., S2,, of 71(S2m,), as shown in Figures 4 and 5,
so that s5; 1 and s,; are meridians of the i™" arc in the lower plat. The generators shown in Figure 5
determine isomorphisms

br:mi(Hy) = Fpy=(t1,...,tm).

If we define ji = €4 © jr«, then J1(s2;—1) =1t and J1(sz;) = tl._l, so i induces amap ;' : X (Fp, T) —
X¢(S2m,S) and im j; =im j;* = L{. We have j, = jj o B4, so L§ = im j5 = B*(L{). To simplify
the notation, we let L¢ = L{, so L{ N L§ = LN B*(LC), and write i = j;'. To summarize, we have
established:

12.2 Proposition For a knot K = 3 and each ¢ € R, the inclusion S»,;, — Mg gives an injection
X¢(K)— X¢(Sam, S) whose image is L€ N B*L°.

We would like to define the total Lin invariant 4¢(K) to be the algebraic intersection number (L€, B*L€),
but there are two problems with doing so. The first is that L N f*(L¢) may not be compact, and the
second is that X¢(S2,, S) is not a manifold. We more or less punt on the first issue: we will impose
hypotheses on K which prevent it from happening. For the second problem, we restrict to ¢ € (=2, 2)
and replace X€(S2;,,S) with the resolution ¥€(S2,,,S) constructed in Section 9. This requires us
to construct smooth maps i’: ¥¢(Fp, T) — ¢, (S2m. S) and B*: X (S2m, S) — *°(S2m. S) that are
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H>

<pﬂ:8H1 — 0H»

Figure 5: Our conventlons for the fundamental group of the exterior Mx = H; U, y H> of the
plat closure K = ﬂ Here the canonical copy of S5, is the one on the boundary of H;. For clarity,
only half of the generators of 771 (S4) are drawn on each copy of Sy.

“resolutions” of the corresponding maps on character varieties. Letting £¢ = i’ (¥¢ (Fy,, T')), we will then
define h¢(K) = (£¢, B*<C). As described in Theorem 12.5 below, the invariant £€(K) can be interpreted
as a signed count of representations of 1 (M) with tr, = ¢ into certain double covers of Isom™(S?),
Isom™ (E?) and Isom™ (H?).

12.3 Induced maps of resolutions

For any of our resolutions ¥ > X in Theorems 8.1, 9.2, 10.1, and 10.2, define a decomposition of ¥
into ¥4+ U %o UX_ by ¥y = n_l(X ), Xo =7 “I(xrdy and ¥— = 771X ). In particular,

SLoR
¥ =9, H%_ and ¥ = %. In each case 7 gives diffeomorphisms ¥4 — X ér{jz and ¥— — Xér]f R

For ¢ € (—2,2), each ¥¢ is contained in some ¥°(F,) = % and this decomposition corresponds to
Y =Y, Yo IY_ from Theorem 7.1. In turn, viewing % as a quotient of &, this corresponds to the
regions R0, R!=0 and R! <0, respectively.

For the case of F,, with its standard generators S = {s1,...,s,}, Theorem 8.4 gives for each ¢ € (-2, 2)
a preferred diffeomorphism 7*¢ from Xo(Fn,S) to X lc]O(Fn, S). Combined with the identifications
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provided by 7, for ¢ € (—2,2) we have a fixed decomposition of sets (not spaces) given by
A (Fn. S) = X§37 (Fu. S) L X (Fp. S) LLX G (Fr. S).

For ¢ ¢ (-2, 2), we define ¢ (F},, S) = Xsc]:i;R(Fn, S), which matches Theorem 10.1.

Now suppose T'={t1, ..., l;n } is the standard generating set for F, and ¢: F;, — F};,; an epimorphism with
each ¢(s;) for s; € S conjugate to some element of T or its inverse. Because ¢ is onto, ¢*: Rc (Fp,, T) —
Rc (Fy, S) takes each irreducible SU, or SL;R representation to another such representation and the
same for those Uy representations that are not fully reducible. Thus, we can take the induced maps on
the character variety pieces of the above decompositions of ¥¢(Fy,, T) and X¢(Fy,, S) to construct a
set-theoretic map ¢*: X (Fy,, T) — %¢(F,, S) for each ¢ € R. These combine to give a set-theoretic
map ¢*: X(Fp, T) — X(F,, S). By our construction and Theorem 8.4, we have a commutative diagram

H(Fp. T) —2— %(Fy. S)

(12.4) ln ln

X(Fn.T) = X(Fy.S)
For the ¢ relevant here, we show in Lemma 12.8 that the top ¢™ is in fact smooth.

We will also consider epimorphisms where F;, is replaced by 71 (S,) and/or F, is replaced by 71 (Sy).
Because ¥ (S5, S) is a proper subset of X ICJO (Sy, S) for ¢ € (—2,2), there is something to check to see
that there is a map ¢™: X(Sy,, T) — X¢(Sy, S), but this will hold in our cases of interest. For the map
X(Sm, T) — %(Sy,, S), one must also verify the correct behavior with regards to unbalanced reducibles.

Note that our induced maps on resolutions inherit functoriality from their component maps on character
varieties: for example if a: F,, — Fy, and B: F,;, — F; are suitable epimorphisms then (Boa)* =a™*of*.

We can now state the analogue of Proposition 12.2 for our resolved picture:

12.5 Theorem Suppose K = ﬂA for B € By, and fix ¢ € (—2,2). The induced map of the epimorphism
J1: m1(S2m) — Fy is a well-defined smooth proper embedding i’: % (Fy,, T) — %¢(S2m, S) whose
image $¢ is thus a smooth closed submanifold. Moreover, the map induced by the action of 8 on
% (Sam. S) is a well-defined diffeomorphism B*: ¥¢(S2m) — X€(Sam). At the level of character
varieties, the inclusion S»,, — Mg induces an injection of

2 (K) := X (K) T X§, (K) L X" (K)

into %€ (S2m, S), whose image is exactly % (B) := £ N *LC. Finally, $¢ is contained in Xf, (S2pm, S).

The proof of Theorem 12.5 will be given in Section 12.17, after establishing the smoothness of the induced
maps on various resolutions.
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12.6 The braid group action

The braid group B, acts on the n-punctured disk D,. With the conventions of Figure 4, the induced
action on 71 (D) = F is given by

Si+1 if j =i,
(12.7) 0i-8j = {Sihysisiv1 ifj=i41,
S if j #£i,i+1

The action of B € B, preserves our preferred generators S up to conjugacy, and thus induces a regular real
algebraic map 8*: X(Fy, S) — X(F,, S) as discussed above. This is an isomorphism of real algebraic sets
since (,3_1)* is the inverse to f*. Turning to Sy, as 0; - (5152 - Sp) = 5152 - - - 5, from (12.7), the action
of B, on F; descends to an action on 71(Sy,). Thus, for 8 € B,, we have an induced automorphism
B*: X(Sy,S) — X(S,,S), which can be viewed as the restriction of 8* on X(F,, S) to its subset
X(Sn, S). We next show the induced maps on resolutions are as expected:

12.8 Lemma For each 8 € By, the induced map 8* on ¥(Fy, S) is a diffeomorphism that preserves the
submanifolds X€(Fy, S), Xpa(Fu, S), X°(Sy,, S) and %X(S,, S), where for the last two we are assuming
that n is even. Hence, B* is well defined on each of these five resolutions, and in each case it is a
diffeomorphism.

Proof As the induced maps in Section 12.3 are functorial, it suffices to prove the lemma for each
generator g; of B,. On the open submanifold X érizR(Fn, S) of X(Fy, S), the map o is a real algebraic
automorphism, which you can easily check preserves the claimed submanifolds. So it suffices to understand
o/ on the subset B = (=2,2) x ¥ of %(Fy, S), which we accomplish by lifting to (=2, 2) x R

Motivated by (12.7), define ®; : (—2,2) X R, — (—2,2) X Ry, by
(12.9) Di(C,t, 0153 Vn) = (C, V1, Vim 1, Vig1, P(—Vig1) - Uiy Vigs -+ Vp),s
where p(—v;+1) = V¥ (A (cos_1 5.t (v), —vi+1)). This is a smooth map as A(«, ¢, v) is a smooth function
of («,t,v) and G; acts smoothly on Q. Its inverse is given by
CT)i_l(C,t, Vi,...,0p) =(c,t,01,...,0i=1, P(V;) - Vi+1, Vi, Vigt2, ..., Un),
which is also smooth. Hence, ®; is a diffeomorphism on (—2,2) X R,.

Let 7': (—2,2) X R, — R (Fp, S) be as in Section 10.3. Using (8.10) and (8.11), you can check that
®; is equivariant with respect to the actions of Rs¢ and G,. Hence, it descends to a diffeomorphism
®;: (=2,2) xY — (=2,2) x Y, which we next show is 0. Again using (8.10) and (8.11), we see that
the following commutes:

(=2,2) X Fon —2y (=2,2) X i

(12.10) l”’ * lﬂ,

9;
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To check ®; = 0%, we fix ¢ € (—2,2) and study the restriction of ®; to each of ¥, Yo and Y_ in turn.
In the case of ¥Y_, which maps to X Sc]’dlzra{(Fn, S) under 7., by restricting ®; to 97{51 for some ¢ < 0, we
can combine (8.12) and (12.10) to see that ®; = 6;* on Y_. The argument for % . is the same using ¢ > 0
and X Sc{};r(Fn, S). Similarly, ¥y is handled by considering t = 0 and X (CJO(Fn, S); see also the proof of

Theorem 8.4. Thus we have shown ®; = 0;* and hence 0" is a self-diffeomorphism of ¥ (F;, S).

It remains to show o/ preserves the listed submanifolds. For %¢(Fy, S), this is immediate from the
definition of ol.*. The case of Xpa(Fy, S) follows from its definition at the start of Section 10 and (12.7).
For %¢(Sy. S), the only issue is whether o, preserves &(Sy, S) inside ¥§(Fy, S), as the former is a
proper subset of X (‘}0 (Sn,S). By Theorem 9.2, ¥§(Sy, S) is the intersection of the closure of &¢ TSy, S)
with &g (Fy, S); since o; is a diffeomorphism preserving &€ (S,, S), it preserves ¥((Sy, S). The final
case of X(Sy,S) is the union of various intersections of the previous submanifolds as described in
Theorem 10.2, and hence also preserved. O

12.11 Lemma Both 8*: ¥°(F,,S) — %°(F,,S) and B*: X°(S,,S) — %°(S,, S) are orientation-
preserving.

Proof It is enough to check this for the actions of the elementary braids o;. To do this, we go back and
look at the short exact sequences used to define the orientations in Section 11. The restriction of ®; in (12.9)
to {c} x Ry, satisfies 1(®; (v)) = t(v), so D; acts trivially on the TR factor in (11.8). The action of ®; on
the fiber 7 Q" is the composition of a coordinate permutation (v1, ..., V) = (V1,..., Vi41,Vi,...,Vp)
and a rotation on one factor: (vy,...,v,) — (v1,...,0;, p(—V;) * Vi41,..., V). The permutation is
orientation-preserving since Q; is 2-dimensional, and the rotation is orientation-preserving since it is
homotopic to the identity. It follows that the action of ®; on R, is orientation-preserving. Finally, ®; is
equivariant with respect to the actions of R~ ¢, and Gy, as observed in the proof of Lemma 12.8. Hence,
the action of 6 on ¥°(Fy,, §) is orientation-preserving.

To see that the same statement holds for %¥¢(S,, S), we must also consider the exact sequence (11.9).
From the definition of ®;, a direct computation shows that F o ®; = F. Referring to (11.9), we thus see
that the action of ®; on RE'#0(S,, S) is orientation-preserving. As above, the actions of R~ and G,
are equivariant with respect to ®;, so the action of o on X (S,, S) is orientation-preserving as well.
Finally, (S, S) is a dense open subset of X¢(S,, S), so the action on X¢(S,, S) is orientation-
preserving. |

12.12 The character variety of the handlebody

Recall the epimorphism i = j{ from 71(S2) to Fy, coming from the inclusion of S,,, into 0Hy. Let
1: Fry — Fy, be the lift of i defined by 7(s2;—1) = ¢; and by 7(s2;) = tl-_l. By Section 12.3, 7 has an
induced map 7*: X¢(Fy,, T) — &€ (F2p, S) for each ¢ € R.
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12.13 Proposition For each ¢ € (—2,2), the induced map i* is a smooth proper embedding with image
contained in ¥{,(S2m, S). Thus i induces a well-defined smooth proper embedding i’: %€ (Fy,, T) —

% (Sam., S).

Proof We first construct a map j’: R, — Rom and show it induces 7* after we take quotients by the
R~ and G; actions. Specifically, define j’ by

(12.14) v, ) = (5,01, =V, . s U, —Um).

The map j’ is the restriction of a smooth embedding R x (R3)” — R x (R3)?™ to R,, and Ry, and
so is also a smooth embedding. Since A(a,t,—v) = A(a,t,v)~ !, we see that the following diagram
commutes: y
g_im J—) Q_izm
(12.15) lﬂé l,,é
RG(Fm, T) Ty Re c(Fam, )

It is easy to see that j’ is equivariant with respect to the actions of R~ and G;, and so it descends to a
smooth embedding ¥¢ (Fy,, T) — X¢(Fa,, S) by Lemma 2.2. By restricting j’ to various 97%5,, as in the
proof of Lemma 12.8, you can see that this map X¢(F,, T) — ¥¢(F2m,, S) must be 7*. Hence, 7* is a
smooth embedding.

To understand the image of 7*, first note that, for the map F': 97{2,,1 — SL,C from Section 9.1, we have
m
F(j'w) =[] Ale.t.v) A 1. —vi) = 1.
i=1
Thus j (%t#o) c F~Y(I)n 9{ 7é0 . Since the closure of F~1(1)N %t#o is RE(Sam, S) by Lemma 9.17,
we have j'(Rp) C RE(Sam. S). Also, in the notation of Section 9.4, if v € Z then j'(v) € Z¢, where

= (€1,—€1,€2,...,€n, —€y) is balanced. Combining, we see that the image of 7* is contained in
Xp(Sn, S), as claimed.

It remains to show that 7* is proper. Now

K (Fpn, T) ——3 % (Fapm, S)
I I
X¢(Fp, T) ——— X€(Fam, S)

commutes as (12.15) does, the left-hand projection is proper by Theorem 8.1, and the bottom 7* is proper
by Lemma 3.1. It follows that the top 7* is proper, completing the proof. a

12.16 Proposition The induced map 1*: X(Fp,, T) — X(Fam, S) is smooth, and its image is contained
in X(S2m, S). Thus i induces a well-defined map i’ : X(Fy,, T) — %(S2m, S). Moreover, i’ is a smooth
proper embedding.
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Proof Recall from Section 10.3 that ¥(F,, T) = B U C, where B = (—2,2) x% and C = X™(F,,, T)
are open in X(Fy,, T), as well as the analogous decomposition of X(S,,, S) as B’UC’ from Section 10.7.
The map 7* restricted to C has image contained in C’ = X™(S5,,, S) by construction, and is smooth as
it is a regular real algebraic map. Smoothness of 7* on B follows as in the proof of Proposition 12.13 by
using the map (—2,2) X Rp, — (—2,2) X Raym sending (¢, v) to (¢, j'(v)), and this also shows that 7* is
an embedding. The claim about the image of 7* is an immediate consequence of Proposition 12.13.

To show that i” is proper, recall from just before Proposition 10.5 the definitions of X(F,,T) and
o: X(Fpm, T) = Xo(Fy, T) and the analogous notions for S»,,. Then

L(Fp, T) —— %(Sam. S)

lno lno

Xo(Fp,T) ——% Xo(Sam. S)

commutes by (12.4). To see i’ is proper, note that the left-hand copy of 7, is proper by Proposition 10.5 and
i * is proper by applying Lemma 3.1 to i *: X(F,,, T) — X(S2m, S) and then analyzing its restriction. O

12.17 Understanding the intersection

We can now give:

Proof of Theorem 12.5 Proposition 12.13 gives the claims about i": ¢ (Fy,, T) — %€ (S2m, S) and &€,
including the final claim that £¢ C ¥, (S2/n, S). The claim about * is immediate from Lemma 12.8. By
definition all the induced maps on our resolutions respect the various decompositions ¥ = X LI ¥ LI¥_,
which in turn correspond to SU;, Uy and SL;R representations. Applying the proof of Proposition 12.2
to each piece of the induced decomposition £¢ = £ LI £ L1 £, we see that the inclusion Sz, — Mg
induces the promised bijection of ¥¢(K) with %€ (8). |

By Proposition 12.16, & := i’ (¥(F,,, T)) is a closed (2m—2)-dimensional submanifold of the (4m—5)-
dimensional manifold %(S2,,, S). Recall from Theorem 10.2 the map Tr: X(S2,,, S) — R, where Tr™ ! (a)
is &g, (S2m, S) fora € (=2,2) and X gL’izrrR (S2m, S) otherwise. For uniformity of notation, we now define
%¢ (Sam, S) :=Tr !(a) for |a| > 2. If [a, ] C R is an interval, we let #[%01(S,,,, §) = Tr~1([a, b]) C
*(S2m, S). It is a (noncompact) manifold with boundary & ,(S2m., S) LI %ga](SZm, S). We also set
gla-bl — ¢ N gla-bl(s,,. S). The composition Tro i’ is the usual trace map on ¥(F,, T), hence a

submersion. Thus £[%-4] is a closed proper submanifold of %[a’b](SZm, S).

We say € Bayy, is real representation small if its plat closure K = //3\ is real representation small in the
sense of Section 3.13.

12.18 Lemma If 8 is real representation small, the intersections $¢ N B**¢ for ¢ € [-2,2] and
$1=2.21 0 g* ¢1=2:2] gre compact.
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Proof As ¥¢N B*%C is a closed subset of £[72:21 N *£[=2:2] it suffices to prove that the latter is
compact. Setting () := £ N B*<%, our goal is to prove that ¥[~2-21(B) is compact. Throughout, we
will view () as a subset of X(F2,, S) rather than X(S2;,, S).

Recall from Section 10.4 the surjection 7o: X(Fy, T) = Xo(Fyn, T). Then (12.4) gives that 7,(¥) =
LN Xo(Fam,S) and 7o(B*F) = (B*L) N Xo(Fom, S). Let Z = 7,(¥(B)). By Proposition 12.2,
Z C X(K), where we have identified X(K) with a subset of X(S2m,S) C X(Fam,S) via the map
induced by S»,, — Mk.

Now Z is not all of X(K), as X(K) contains the line of reducible representations y for all ¢ € R by
Section 3.15, while Z is contained in Xo(F2,, S), which omits all reducibles with trace not in (=2, 2).
However, Z does contain X irr(K )= L™ N ,B*Li". Moreover, by Theorem 12.5,

Z = X"(K)U{s°|c€(=2,2) and X{ (K) # 2}.

The space X l‘}o (K) is nonempty exactly when there is a representation p: w1 (Mg) — Up with tr;, (p) = ¢
which is not fully reducible; this is equivalent to having a reducible representation 71 (Mg) — SL,C with
nonabelian image and character y¢. Thus, by Section 3.15, we have Z = X™(K)U{x¢ |c € DgN(=2,2)},
where recall D is finite. Equivalently, since +2 ¢ Dg as Ag(+£1) is an odd integer, we have Z =
X™(K)U{x¢|ce DgN[-2,2]}. Now Lemma 3.16 implies that any limit point of X'™(K) in X(K) is x°
for some ¢ € Dg and hence Z[2:21is closed in X [=2:21(K). As K is real representation small, X [=2:2(K)
is compact by definition. Hence, so is its closed subset Z[=2:21, which is equal to 7. (2172-21(g)).

From the form of J;: 71 (S2m) — Fp, any reducible representation in L is balanced. Thus, Z[72:2] ¢
X(K) C L in fact lies in Xpa1,0(Fom, S). As o : & (Fom, S) = Xo(F2m, S) is proper by Proposition 10.5,
we see that 7751 (Z[72-2]) is both compact and a subset of ¥ (Farm. S). Now £ and f*& are closed in
X(S2m, S) by Theorem 12.5, so their intersection & () is closed in X(S2;,, .S). As the latter is closed in
Xbal(F2m, S) by Theorem 10.2, X(B) is closed in Xy (Fom, S). So gpl—2.2] (B) is a closed subset of the
compact set 775 1 (Z[2:2]), and is hence compact. |

So that we can break up the intersection number defining 4¢(8) into “local” pieces to prove invariance in
Section 13, we note the following:

12.19 Lemma If f is real representation small, the intersections £¢ N B**¢ for ¢ € [—2, 2] have finitely
many connected components.

Proof Forc=+2, this follows because X gii;R (K) =%NB*<FE is areal semialgebraic subset of the real
semialgebraic set X SCLI;R (S2m. S) =%¢,,(S2m. S) and real semialgebraiq sets have finitely many gonnected
components. For ¢ € (—2,2), consider the decomposition #¢(K) = X7 (K) LI X &, (K)LLX SCLZER (K) of
£ N PB*ELE from Theorem 12.5. Each part of the decomposition is real semialgebraic, and the inclusion
of it into &, (S2m. S) is continuous; therefore £¢ N B* L€ has finitely many connected components, as

needed. O
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12.20 The total Lin invariant

We orient X(Fy,, T) and Z(S25,, S) as in Section 11 and give & the orientation inherited from & (Fy,, T).
The slices X (Fy, T'), Xy, (S2m. S) and £€ are then oriented using the submersions Tr, where the range R
has the reversed orientation; see Theorem 11.4 and Corollary 11.12. When § is real representation small,
Lemma 12.18 and Theorem 2.9 show that, for each ¢ € [—2, 2], there is a well-defined intersection number
(L9, B*L )¢ (Say) and SO we set

he(B) := (=D)L B*E g (5)-

where | 8] is the number of crossings in 8. Our setup now allows us to easily show /¢ () does not depend
onc:

12.21 Theorem If f is real representation small, h¢(B) = h¢ (B) forall ¢, ¢’ € [-2,2].
Proof We apply Theorem 2.10 with M = ¥7221(S,,,,), A = $17221 B = p*(£[722)y and 7 = Tr. O

Given the theorem, if 8 € By, is real representation small, we define the foral Lin invariant h(B) as
h¢(B) for any ¢ € [-2, 2]. Next, we define the SU, and SL,R Lin invariants. As in Section 12.17, we
write

=9 WEH LS.
From Theorem 12.5, we know that £§ N B*(£9) = X§y, (K) and similarly for SLoR. Moreover, if
PENP*(£LC) is compact and ¢ ¢ D (so X(CJO (K) is empty), then both £5 N B*(£S) and L€ N B*(£L)
will be compact. Hence, if 8 is real representation small and ¢ € [-2,2] \ D2, we define

hr (B) = (“DIPHLE, B* () ae (55, and Ky, (B) = (=DPHLL, B*(E))as (55,0)-

12.22 Theorem If B is real representation small, then h(B) = hg; g (B)+hgy, (B) forall ¢ €[-2, 2]\D/§'
Moreover, thzR (B) and hgy, (B) are constant on each connected component of [—2,2]\ D B Finally,

+2 ¢ Dg and hig, (B) = 0 and h’x (B) = h(p).

Proof To compute h¢(f) as per Theorem 2.9, we perturb £€ to be transverse to f*%¢ by an isotopy
supported in an arbitrarily small neighborhood of their intersection. As ¢ ¢ D 5o we have X (C]O (B) =,
and by Theorem 12.5 the initial intersection of £¢ with B* %€ is disjoint from & (S2,, S). Thus we can
perturb £€ to a transverse &£’ without changing the intersection with &§(S2m; S). We then use &/, £’
and &/, to compute 1°(f), thzR (B) and hgy, (B), respectively. Each point of &' N B*EFE contributes
+1 to h°(B) and the same to exactly one of thzR (B) and hgy, (B). This proves the first claim.

For the second statement, suppose [a, b] is disjoint from D 5 Then £[#-8] is disjoint from %[Oa’b](SZm, S)

a5}

so we can study & and if[f’b] separately using the proof of Theorem 12.21 to see that thz (B) and

thzR (B) are constant on [a, b].

Finally, we observed in Section 3.15 that +£2 ¢ Dg. By Theorem 10.2, we have ¥%2(S5,,, ) =
42, .

XSLi]fQH(SZm, S), so hécUzz (B) =0 and hSiLzzR(,B) = h(p) by definition. |
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13 Proof of invariance
The goal of this section is to prove:

13.1 Theorem Suppose B € Byy and B’ € By with ,g and B’ isotopic to the same knot K. If
K is real representation small, then h(8) = h(B’). Moreover, for all ¢ in [-2,2] \ Dg, we have

hgy v (B) = hgy g (B") and hgy, (B) = hgy, (B').

Thus, when K is real representation small, we define the fotal Lin invariant of K by h(K) := h(f), where
B is any braid with 8 = K, and similarly thzR(K) = thzR (B) and hgy, (K) := hgy, (B). Combined
with Theorem 12.22, Theorem 13.1 gives Theorems 1.1 and 1.2 from the introduction.

To set up the proof, recall that h€(B) := (—])'ﬂl (<€, 5*80)%gal(52m). This set has finitely many connected
components by Lemma 12.19. Thus we can write h¢(f), in terms of local intersection numbers as
in (2.11):

13.2) (LB L Ve (Som) = DAL B*EE) | 2,
VA

where Z runs over the set of connected components of £¢ N f*¥¢. If Z is a connected component
of ¥¢(B), we define

nzp=(—DBl&e g*5°) 7.

We will prove that the nz g are invariants of the underlying knot K’; to make this precise, we use the setup
from Section 12.1 and Proposition 12.2. Given a knot K = ,g for some € By, let Mg be the exterior
of K. The inclusion S»,, - Mg, where S»,, = 0H1, induces an epimorphism 71 (S2z,) — 71 (Mk).
Concretely, using the standard generators of 71 (S2,,,) = (51, ..., 82m | Wam = 1), where wam, =51 - -+ S2m,
we get a group presentation for 71 (M), namely

Mg = Fom/(wam, H, B;1(H)), where H is the kernel of Fy,, — 71 (H}).

By construction, TTg comes equipped with a preferred map ig: F2,, — Ilg, as well as an isomorphism
Mg — m1(Mg) induced by D2y — Som — Mk.

Motivated by Theorem 12.5, for ¢ € [—2,2] we define

x(Tp) := Xy (Mg, $) L X§ (Mg, §) I X" (T g, S).

When ¢ = £2, since I1g is generated by S, by Lemma 3.10 and its analogue for Uy, the sets X, §{Ji;r(l'[ g:S)

and Xg, (Tg, S) are empty; thus ¥¢(Tlg) = Xscii;rR(Hﬂ, S) when ¢ = £2.

As in Section 12.3, we have an induced map i;: x°(Mg) — % (Fam, S) at the level of sets only, not
topological spaces. For ¢ € (—2,2), Theorem 12.5 implies i ; is injective and its image is X¢(f) :=
£€ N B*ELC; the same holds for ¢ = 2, where & (S2m. S) = XscLle(SZm’ S) by Proposition 12.2.
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If ¢ : T1g — Il g is an isomorphism which takes the conjugacy class of a meridian in I to the conjugacy
class of a meridian (or its inverse) in ITg, we get a bijection ¢*: ¢ (I1g) — &°(I1g/) by considering the
induced maps on character varieties. (In fact, any isomorphism ¢ must have this property by [Gordon
and Luecke 1989]; here, this will be obvious without appealing to such deep results.) We will prove:

13.3 Theorem Suppose B € Bay and B’ € By with B = B’ = K and ¢ € (—2.2). Then there is an
isomorphism ¢ : T1g, — I1g and a homeomorphism v : €€ (B) — %¢(B’) such that there is a commuting
square

7(Tg) —s 205(B)
o b
e (M) — 2 ()
If in addition K is real representation small and Z is a connected component of X°(B), thennz g =
ny(z2).p-

Assuming Theorem 13.3, we can show:

Proof of Theorem 13.1 For all ¢ in the open interval (—2,2), we combine the formula (13.2) with
Theorem 13.3 to get h¢(B) = h¢(B’), and then Theorem 12.21 gives h(B) = h(B’). Provided c is, further,

not in Dg, we also get the corresponding statements for /g, and thzR' The case of ¢ = %2 then

follows from the last claim of Theorem 12.22. O
Theorem 13.3 extends to ¢ = +2 as well:

13.4 Theorem Suppose B € By and B’ € Bayy with p = B = K and ¢ = +2. Then the conclusions
of Theorem 13.3 hold.

13.5 Plat moves

Our proof of Theorem 13.3 follows that of Heusener [2003]. (Lin’s original proof [1992] is similar but
uses braid closures.) The basic idea is this: first show that if B = ,g’ , then $ and B’ are related by a
sequence of moves, and then check invariance under these moves. The first step was accomplished by
Birman and Hilden:

13.6 Theorem [Birman 1976; Hilden 1975] If ,3\ and 3/ are isotopic, then 8 and B’ are related by a
sequence of the following moves and their inverses:

e Typel Replace € Bay, by off or Bo, where o € By, is one of the type I braids o1, 0201202, or
02j02j-102j+102; for1 < j <m—1.

e Type Il Replace B € By, by Boom € Bom—2.
These moves are illustrated in [Heusener 2003, Figure 3].
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13.7 Invariance under type I moves

Suppose B’ = aff, where « is a type I braid. Then ax(H) = H, and so
Mg = Fom/(Wom, H, By ey ' H) = Fom/(wom, H, By "H) = Tl

and the isomorphism ¢: TTg, — Ilg is induced by 1f,,,. On the other hand, if 8’ = Ba, then IT); =
Fom/{Wam, H a7 !B 1 H), and the isomorphism ¢ is induced by the map a«: Fa;,; — Fam since
s (Wam) = Wam.

Next, we construct the homeomorphism ¥ for a given ¢ € (=2, 2). Our isomorphism ¢: I1g, — Ilg is
induced by an isomorphism @: F,s — F»,,, where each ¢(s;) is conjugate to some s; or its inverse.
Thus, by Section 12.3, there is a well-defined set map ¢*: X¢(Fap,) — X€(Fa,) with a commutative
square .

2 (Tl g) —"— A (Fam)

(13.8) l(p* ) l@*

A (M) —2 % (Fa)

so @™ maps X°(B) = imigF bijectively to ¥¢(f’) = imig,. Thus, if we define v = ¢*, we get a
commutative square as in Theorem 13.3. When 8’ = af3, the map @* is the identity, and hence v is a
homeomorphism; when 8’ = Ba, this follows from:

13.9 Proposition If o € By, is a braid of type I and ¢ € (—2, 2), the map o™ : X¢ (S2m, S) = X (S2m, S)
is a diffeomorphism which fixes ¢ setwise. The map o™ reverses the orientation on £¢ when a = o071;
otherwise, it preserves it.

Proof Recall from (12.14) that i’: X¢(Fp,, T) — %°(S2m, S) is induced by j': R, — Rom, where
J'(w1, ..., vm) = (V1,—V1, ..., Um, —Vp). Similarly, the map o* on ¥¢(S2,,, S) is induced by the map
o*: Rom — Rom given explicitly by the formulae in the proof of Lemma 12.8. In each case, we check
that * o j’ = j’ o @y for some diffeomorphism Py : Ry — Ry

To start, from (12.9) we have
3
01 (Ul, _v17 ceey vm, _vm) == (_v17 vl? v23 _UZa ceey Ums _Um),

so we can take ®g, (v1,...,Vm) = (—V1,V2,V3,...,Vm). The map Q; — Q; given by v > —v is
orientation-reversing, so ®g, is orientation-reversing. The map ®,, commutes with the actions of R
and the G, so it descends to an orientation-reversing diffeomorphism ¢4, : £ — £¢, which satisfies

* s+
oy 01" =i"0qg,.
Similarly, we compute
2 * _ / /
(0201 o~2) (Ul, —V1,V2,—V2,...,Um, _vm) - (v17 —Ul, U2, —V2,...,Um, _Um)s
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where v} = p(—v2) - vy, and

(13.10) (0202j-102j+102;)* (V1. —V1,..., U;m, —VUp)
== (Ula_vl,---,Uj+1,_vj+1,vj,_vj,---,vm,_vm),
_ /
so we take 430201202(1)1, oo Up) = (V],v2,..., V) and
®0‘2j0'2j_10-2j+102j(v1, . .,vm) = (1)1, . .,Uj+1, UJ, ey Um).

To see these P preserve orientation, note that the first map is effectively a rotation in the first Q ;-coordinate
(so homotopic to the identity) and the second interchanges two such 2-dimensional coordinates; see the
proof of Lemma 12.11 for complete details. |

13.11 Corollary Theorem 13.3 holds when B and B’ are related by a type I move.

Proof We have already constructed ¢ and ¥ giving the commutative square, so it remains to check the
last statement. If Z is a component of ¥¢(f), we write Z’ = ¥ (Z). Suppose o = o7, and let B’ = of3.
Then we have

(L, (@B) (L)) |z = (L5, B a™ ()2 = —(£°, B (L)) 2
by Proposition 13.9. Since |af| = |B| + 1, we see that nz/ gr = nz g. Similarly, if 8’ = Ba,
(L, (BO*(E)) |z = (£°, ™ B* ()| 22 = (@) L, B* (%)) |z = — (£, B*(£)) |z,

where in the second step we have used the fact that a®: X¢(S2m, S) — X°(S2m, S) is an orientation-
preserving diffeomorphism. Hence, nz: gr =nz g.

The proof for other « of type I is exactly the same, except that |¢f| = |f| mod 2 and a*: ¢ — £ is

orientation-preserving, so, rather than a pair of canceling signs, we get no signs at all. a

13.12 Invariance under the type II move

Given B € Bom, let B’ = Boom € Bamy2. If TIg = (s1,...,52m | R), where R is the set of relators, then

Mg = (S1.- ... 52m, S2m+1,52m+2 | R, S2m+152m+2+52mS2m+2)-

We define ¢: Fapm+2 — Fam by ¢(si) = s; fori <2m, by ¢(S2m+1) = Sam, and by @(s2m+2) = S2_nl1’ o)
¢ induces an isomorphism ¢: I1g, — I1g. As in the previous subsection, we define ¥ = @™, where ¢* is
as in (13.8); the restriction of ¥ to &€ (B) will give the commutative square required by Theorem 13.3.

We now establish the properties of i needed to complete the proof of Theorem 13.3. For ease of notation,
we write £1 = ¥¢ and £, = B* (L) in ¥°(S2m), and similarly £ = £¢ and £, = (B')*(£°) in
X (S2m+2)-
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13.13 Proposition For each ¢ € (=2, 2), the map V¥ : X (Fam) — X¢(Fam+2) is a smooth embedding.
The image X of ¥¢(S2m,) under v is contained in X€(S2,+2) and satisfies the following properties:
(1) £,NX =y (L) forl=1,2.
2 N, CX
(3) The normal bundle v of X in € (S2m+2) contains oriented 2-dimensional subbundles Uy, U, such
that v = —Uy @ U and Uyly(s,) = V!, 4 () as oriented bundles forl =1,2.

Proof Let V: %Ry, — 97{2m+2 be given by

\l‘(t’ Ul,---,UZm) = (t’ Uly---yv2m’02m’_v2m)-

Now W is equivariant with respect to the actions of R~ ¢ and the G, so it descends to a smooth embedding
X (Fom) —> X (Fam+2). Itis easy to see that this map agrees with the map 1 constructed at the beginning
of the subsection. From Section 9.4, recall that ¢ (Sam) C Ropm is defined using Foy, : Rom — SL,C and
similarly R€ (Sam12) C Ramt2 via the analogous Fap,1o. We next show ¥ = W(RE(S2,,)) is contained
in 97%“(52m+2), and moreover Y = \11(97{2,,,) N 97%"(S2m+2). Since Fom4p 0V = Fyyy, for v € Rom,
if Fom(v) = I then Famio(¥(v)) = I as well. By Lemma 9.5, this shows W takes R€(Sam) \@’232"
into RE(Sam2) \97%’27;12. The locus where ¢t = 0 is then covered by continuity of ¥ and Lemma 9.17,
s0 Y C RE(Sama2) and hence X C X¢(Sam42). The stronger claim that Y = W(Ra,) N RE(Sama2)
follows from Fy,,45 0 W = F5,, by examining the local functions f¢ in Section 9.4.

Now we verify each of the three properties:
(1) Define Ny = 0~ 1(£y) and N, = 6~ 1(¥}), and then let i{,i}: Rms1 — Rom4o be the inclu-
sions whose images are N, N%. If u = (u1,...,up) and u’ = (uy,...,Um41), we have ij(u') =

(U1, —U1, ..., Umg1, —Um+1). Itis easy to see that 7] (u) is in Y if and only if w1 = —up,. It follows
that Ny NY = W(Ny), and hence that £ N X = ¢ (£y).

Next, suppose that i>(u) = *(i1 (1)) = (v1,...,v2m). Then

lé(u/) = (ﬁ/)*(ul’ —Ui,... ,_um,um+1,—um+1)
= O—Z*m(vla e V2 U1 —Um 1)
= (vla e s U2m—1>Um+1, p(—um+1) “Vom, _um+1)

Hence, i5(u’) € Y if and only if p(—um+1) - Vam = Um+1. This occurs if and only if vo, = U1, SO
NoNY ={(v1....,V2m. V2m, —V2m) | v =iz (u) with u € Rom} = W(N3). It follows that LoNX =
v (£2).
(2) We use the descriptions of N'| and N7 from property (1). If

V1, V2m—1, Um+1, P(—Um41) - V2m, —Um+1) € N,
then p(—um+1) - Vam = Um+1. This can only happen if va,; = up41. Hence, N} NN, C Y, which
implies £ N ¥, C X.
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(3) Consider the projection p: ®; — R that sends (¢,v) to ¢, and let V = ker dp. Our standard
orientation on Q ; makes V into an oriented 2-dimensional vector bundle over Ry If0: Ry — Ry is given
by t(z,v) = (¢,—v), then d¢: V> Visan orientation-reversing isomorphism. Note that the actions of
G, and R~¢ on R extend to actions on V.

Define ¥ = U(Ram) and let p; : Romio — Ry be given by p; (v) = (¢(v), v;). Thus Y is the locus where
P2m (V) = p2m+1(v) = t(p2m+2(v)).
Note that each p; is equivariant with respect to the actions of the G; and R~ .
Now let V = p’z"m(l7)|}9, and consider the bundle maps
a: T97t2m+2|? VeV and a: T97{2m+2|§ VeV

given by & = (dpam+1 — dpam. d(tp2m+2) —dp2m) and a = p3, &. Since the p; are equivariant with
respect to the actions of the G; and R+, so are & and «.

Let 7 be the normal bundle of ¥ in 97i2m+2. You can check that « is surjective and kero = T}”\, SO,
ignoring orientations, v = V @ V. We now show this isomorphism is orientation-reversing. To see this,
note that if v/ = W(v) € Y, then

Tv’@2m+2 = Tv’? &b Tvzm Qt > T—vzm Qt

as an oriented vector space, where Y is oriented as the image of R,y Since the dimension of TQ; ®T Q;
is even, V|y = Ty,,, Q t BT y,, Q ¢ as oriented vector spaces. The map

o Tv2m Qt @ T_UZm Qt - Vv’ @ Vv’

is given by (w1, wy) — (w1, dt(w>3)), which is orientation-reversing. Finally, « is equivariant with
respect to the actions of the G; and R+, so our identification V = —V @ V respects the actions of these
groups.

We define V; C V @ V to be the image of the morphism V — V @ V given by v — (v, v), and let
Vo=V &0CV &V. Then V; and V, are equivariant 2-dimensional subbundles of V & V' with the
orientation induced by the orientation on V, and V; @ V>, = V @ V as oriented bundles.

We claim that v N INe = Veln, C V], as oriented equivariant vector bundles, where we have identified Ny
with W(N) to reduce clutter. To see this except for the orientation, first note that, on N ’1, P2m+1=1P2m+2,
so a(TN) = Vi. Similarly, tp2m 42 = pam on N/z,_so a(TN,) =V, as unoriented vector spaces. For
the orientations, observe that, for u € R, and u’ € Ry, 41 as in the proof of property (1), we have

TuwRm+1 = TuPim @ Ty, yy O
as oriented vector spaces, so, for v = ig(u) and v' = i;(u’), we have
Ty Ny = ToN¢ @ dig(Tu,y, o).
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A computation shows that a(dij(w)) = (w, w) for w € Ty, , 0, which is an orientation-preserving
map to (V7),. Similarly, you can check that a(di)(w)) = (—R(w), 0), where R is rotation clockwise
by 2a, ie R = ( _S052% sin2&) 'which is again orientation-preserving.

Having studied Y C Ram+2, We now turn our attention to ¥ C RE(Sam2). The orientation on R (S,)
was determined using the map Fy: Ry, — U from (11.9), which is a submersion for 7 # 0. Observe that
ﬁ2m+2 oW = Fy,,, so we are in the situation of Corollary 2.6, with M/ = Ropmin, M = Y. X' =0,
X =1, f = Fomta, N' = R(Sam2) and N =Y. Define V/ = Vy|y. Applying Corollary 2.6 and
noting that the dimension of V| @ V, is even, we see that

Viie (Same)/¥ = Ol = Vi@V

as oriented bundles. Since Ny C Y, we have v NN = Velwe = Vilx,-

Finally, let v be the normal bundle of X in &°(S2,,+2). The actions of R~¢ and the G; on Y and
RE(Sam4-) are free and extend to actions on Ve (Sam12)/ Y which preserve the subbundles V{ and V.
Passing to the quotient and using Corollary 2.7, we obtain subbundles Uy, U, C v with U; @ U = —v and
Urle, = V! Jr (o) This completes the proof of property (3) and hence the proof of the proposition. O

13.14 Corollary Theorem 13.3 holds when 8 and B’ are related by a move of type II.

Proof Let £, &) be as above. By Proposition 13.13, the hypotheses of Lemma 2.13 are satisfied with
the opposite of the usual orientation on %€ (S2,,42). As dim U; = 2 is even, we get

(L1, %2) 1z = (W (L) ¥ (ED)y(z) = (L1, L) |y (2)-
Since |B'| = |B| + 1,

nzp=DBUEL Do)z = COPULL L) w2y = ny2).p0

proving the corollary. |
We end this section with the proofs of its two main technical theorems.

Proof of Theorem 13.3 If the conclusion of Theorem 13.3 holds for the pairs (8, 8’) and (8, B”), it
then holds for (8, B”) as well. Thus the general case of Theorem 13.3 follows from Theorem 13.6 and

Corollaries 13.11 and 13.14. a
Proof of Theorem 13.4 For concreteness, we do the case ¢ = 2. Since X2 (I1 g) =X :IirrR(H g) and
*2(B) C %%al(Szm, S)=X SZL’lzr]rR (S2m, S), the needed homeomorphism 1 and commutative square exist

just from the maps on SL>R character varieties. So it remains to show nz g = ny(z) g when K is real
representation small. Rather than tackle this directly, it is more expedient to prove it “by continuity” from
Theorem 13.3 and Corollary 2.12.
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13.15 Claim For any knot K, there is an a < 2 such that ng};r(l() is empty for all ¢ € [a, 2].

To see this, first note that Xsy, (K) is compact as it is the image of a closed subset of (SU2)?™, which
implies that the closure C of X é‘{h (K) in Xsu, (K) is compact. Let y be the character in C where tr has
its maximum, say a’ = tr(). If y is reducible, then by Lemma 3.16 we have a € Dk and so a’ < 2 as
2 ¢ Dg. If instead y is irreducible, then @’ < 2 by Lemma 3.10. So any a with a’ < a < 2 satisfies the

claim.
Let a satisfy the claim and further assume a > max Dg. Then #[%:21(I15) = X SE‘i’;ﬂ]g’m(l'l p) and hence
ole-21(B) is contained in %[%21(S,,,, S) = Xgi;%lH(SZm, S). Hence, £14:21 0 g*¢la:2] i5 a real semi-

algebraic set with finitely many connected components, which are also its path components. Since
we are working with character varieties only, we also immediately have a “parametrized” version v,
of ¥ in Theorem 13.3 which is still a homeomorphism. Next, increase a so that the components of
the closed set £14:21 0 ,B*SB[“’Z] correspond bijectively with $2 N B*<%2. For a connected component Z
of %2(B), let W be the component of £[¢2] N g*%l4:2] that contains it. By Corollary 2.12, we have
nz.pg = (L B <L) |w for all ¢ € [a,2] and similarly for n,,(z) g-. Applying Theorem 13.3 for any ¢
in [a, 2) proves the theorem. O

14 Parabolics and the extended Lin invariant

In this section, we define the extended Lin invariant ﬁ(K), which counts the heights of parabolic
representations 71 (S3 — K) — SL\ZTR. We begin by discussing parabolic representations, and then review
some facts about the SL;R character varieties of knot complements and their boundaries. Finally, we
discuss the translation extension locus introduced in [Culler and Dunfield 2018] and use it to define h (K).

14.1 Parabolic representations

Let p: m1(T?) — SL,R be a representation, where T2 is the 2-torus. Since m1(T?) 2= Z? == (u, A) is
abelian, p(u) and p(A) must belong to the same maximal abelian subgroup of SL,R. Up to conjugation
by an element of SLyR, there are three such:

T, = {( cos 6 Sin@) (9 e o, 271)} (elliptic),

—sinf cos6

+1 ¢ .
T, = { ( 0 :tl) ‘ te ]R} (parabolic),
r,=1(¢ ° ‘ 4 € R (hyperbolic)

We call the representation elliptic, parabolic or hyperbolic accordingly. Note that the center {£/}
of SL,R is contained in all three subgroups; a representation whose image in contained in {7} is called

central.
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Now suppose K C S3 is a knot with Mg = $3\ v(K) its exterior. We say that p: 71 (Mg) — SLR
is elliptic, parabolic, hyperbolic or central according to its restriction to 71 (dMg). We will always use
generators [, A for w1 (dMg), where u is a meridian for K and A a homological longitude. We begin
with a simple observation:

14.2 Lemma If a nontrivial representation p: w1 (Mg) — SLoR has tr;, p = %2, then p is parabolic.

Proof Suppose p: 71 (Mg)— SLoR with tr,, p = £2. Since p(u) and p(1) belong to the same maximal
abelian subgroup of SLR, either p() is central or the representation p is parabolic. If p(u) is central
and p(A) is not, then p descends to a nontrivial representation p: w1 (Mg (it)) — PSL,R, a contradiction
as Mg (u) = S3. |

14.3 Corollary If K is real representation small and h(K) # 0, then w1 (M) has an irreducible
parabolic representation into SL;R. Moreover, 2h(K) is a signed count of conjugacy classes of such
representations, where the signs and multiplicities come from the Casson—Lin picture.

Proof By Theorem 12.22, we have 2 ¢ Dg and h§L2R(K) = h(K). So thzR(K) is nonzero, and

;LZER (K) is nonempty by Theorem 12.5. By Lemma 14.2, each element of X Slezr]rR (K)

comes from an irreducible parabolic representation, completing the proof of the first claim. As K is

in particular X

real representation small, the sets X SziizrrR (K) and X S_Lzzﬁg (K) are finite, so the second claim is immediate

from the definitions and the fact that hS_LZZR(K ) is also equal to h(K). |

14.4 The SL;R character variety of T2

We are principally interested in Xgp,r(K) = Xs,r (Mk, {it}), where K is a knot in § 3 and its image
under the map i *: Xg ,g(K) = Xs1,R (0Mk) coming from the inclusion i : Mg — dMk. To this end,
we first describe Xsp,r (7).

We define the elliptic locus X SeEzR(Tz) to be the subset of X SLZR(TZ) in the image of the elliptic

representations, and similarly for the parabolic and hyperbolic loci.

14.5 Lemma The locus X seEZR(TZ) is the pillowcase orbifold T?/{x ~ x~1}, which is the flat orbifold

with underlying space S? and four orbifold points of order 2. It is shown in Figure 6.

Proof By conjugation, every point in X gﬁzR(Tz) is the image of a representation p: 71(72) — T,.
Such representations are parametrized by T, x T, = T2. Now if A, A’ € T,, one has tr A = tr A’ if and
only if A’ = AT, It follows that p, p’: w1 (T?) — T, have the same character if and only if p’ = p*1,
where p~1(x) = p(x)~!, proving the lemma. m|
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Figure 6: The SL,R character variety X SLZR(TZ) of the 2-torus. The central pillowcase is the

elliptic locus X Se}_l2]R (T?), with the rest the hyperbolic locus X ;{‘;R(Tz); they meet at the four

corners of the pillowcase, which is the parabolic locus.

We will use the following explicit system of coordinates on X, gﬂzR(Tz): Let u*, A* e Hom(r{ (T?),R) =
H'(T?;R) be the basis that is algebraically dual to {;,A}, and let * and A* be their images in
Hom(m1(T?), R/2Z). 1dentifying T, with R /27 via 6 — 0/7, we get coordinates on Hom(rr1 (T'?), T,),
and hence on the pillowcase. We usually normalize so that the (i *, A*)-coordinates on the pillowcase
are in [0, 1] x [—1, 1]. (The reason we identify 7, with R/2Z rather than the seemingly more natural
R/Z is to match the conventions of [Culler and Dunfield 2018], where the focus is on PSL,R rather
than SL,R; note also that the matrix ( _zfrfg 2;‘;%) gives an anticlockwise rotation about the point i in the

upper-halfspace model of H? through angle 26.)

A similar argument shows that the hyperbolic locus X;EER(TZ) consists of four distinct copies of

R2/{x ~ —x} (see also [Gao 2022a]); we view the latter space as R? with a single orbifold point of
order 2. The elliptic and hyperbolic loci intersect at the parabolic locus, which consists of the four corners
of the pillowcase, as illustrated in Figure 6.

For the hyperbolic and elliptic loci of Xgp,r(7?), the preimage of a character consists of either one or
two conjugacy classes of representations into SLyR. In contrast, the preimage of each parabolic character
contains a whole circle’s worth of different conjugacy classes, in addition to the conjugacy class of a
central representation.

14.6 The character variety of a knot complement

We return to the setting of the exterior Mg of K C S3, where 1 and A are its meridian and longitude.

Now Xg1,r(K) decomposes as X geLdz]R(K )IUD.¢ érerR (K), and we discuss the two parts separately.
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As in the case of SLyC detailed in Section 3.12, the characters in X red R(K ) are precisely those coming
from p: w1 (Mg) — H, where H is a maximal abelian subgroup of SLQR. Thus, to understand X red R(K ),
it suffices to study abelian representations. Any such representation factors through H{ (M K) ~ 7, s0
Xred (K)y= X éid r(U), where U is the unknot. Arguing as in Lemma 14.5 shows that the set of elliptic

SLoR
ell,red

reducible representations X’ p (K) is homeomorphic to S!/{x ~ x~1} 2 [0, 1]. Also, for the inclusion

i:0Mg — Mg, we have

i*(Xg R (K)) = {x € X§| ,g OMK) | 1*(x) = 0}

Next, we consider the irreducible part of the character variety. For the unknot U, we have 71 (My) =~ Z
so every representation is abelian and hence X SLo r(U) = @. For a more interesting example, we consider
the trefoil.

14.7 The positive trefoil

Let K = T(2, 3) be the positive (right-handed) trefoil knot, which is the plat closure of 013 € B,. Then
Mk is Seifert fibered, and we have a presentation

mi(Mg) = (x,y, f 1 [x. f1=[y, f1=1x* = f =)?),

where f is the class of the Seifert fiber. Suppose p: w1 (Mg) — SLR is irreducible. Since f is central
and p is irreducible, p( f) must be central. If p( f) = I, then p(x)? = I, which implies p(x) = £1. This
implies that p is reducible, contradicting our assumption. Hence, p(f) = —1.

Since p(x)? = p(y)® = —1, both p(x) and p(y) are elliptic. The set of elliptic 1-parameter subgroups can
be identified with H? by taking a subgroup to its unique common fixed point. Under this identification,
the action of SL,R on such subgroups by conjugation becomes its action on H? by isometries. Hence,
after conjugation, we can assume that p(x) and p(y) respectively fix i and ¢i in H? for some ¢ > 1;

equivalently, 0 - )
cosf) —sin cosg —tsing
= d
p(x) (sin@ cos 9) and - p(y) = ( Lsing cosw)
for some 0,¢ € (—m, 7] and t € [1,00). As p(x)?> = p(y)> = —I, we must have 6 = +7Z and

@ = +%. Moreover, if § = £7, ¢ =+ % and ¢ € [I, 00), the above formula determines a representation
06,p,t - T1(Mg) — SLaR. The representations pg o, ; and p_g, —p, are not conjugate in SLyR, but they are
conjugate in SL,C, so they have the same character. Hence, X R(K ) consists of two arcs parametrized
by ¢ € (1, 00). Each arc limits on the reducible locus as t — 1.

To describe their image in X S"E r(0Mk) under i*, note there are curves on d M that are Seifert fibers,
and that [ f] = 6 + A. Since an irreducible p satisfies p( f) = —1, the i 1mage z*(XSL g (K)) lies on the
image of the line given by the equation 6u* +1* = 1. We have u = xyf 1, so if p; = Pr/2,7/3,05 WE
compute tr p; (1) = “/Tg(t +¢71). At = 1, the representation p; is reducible and tr,, p; = V3 =2cos z.
The trace increases monotonically as ¢ increases, until, at 1 = /3, we have tr p ﬁ(ﬂ) =2 and p; is
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Figure 7: The image Xsi,r(Mk) inside Xgi,r(0Mk) for the trefoil knot K. Right: the full

picture, where i * (X gﬂR) is the approximately horizontal curve. Left: i * (X, SBEZR (Mk)) in our

(*, A*)-coordinates on the pillowcase.

parabolic. For larger values of ¢, the representation p; is hyperbolic, and, as ¢ — oo, the character of p;

limits to an ideal point of Xg,r(K) corresponding to the vertical essential annulus in Mg. The arc

given by p; = pp/2,—r/3, is very similar, except now tr pj (i) = —‘/7§(t +¢71), soatt = 1 we have
tr, p1 = —/3=2cos 57” and the trace decreases monotonically with ¢. The character variety Xgp,r (K)

is shown in Figure 7.

14.8 General picture

In general, X é{zR (K) has expected dimension 1 although the actual dimension may be larger. If K is
small, Lemma 3.14 implies that X érIiQ]R (K) has dimension 1, and that K is real representation small. As
in the case of the trefoil, X Se}i;']ré(l( ) is typically noncompact and limits to both parabolic and reducible
characters. If y is a limit point of the latter type with tr;, y = ¢, then ¢ € Dg by Lemma 3.16. For the
trefoil K = T'(2,3), the roots of Ag are e*"/3 and so Dg = {+/3}, corresponding to the reducible

representations p1, p| identified above.

We can interpret thzR in terms of Xg;,r(K). For a € [0, 7], let V, be the vertical line/circle in the
pillowcase where the *-coordinate is /7. For ¢ = 2cosa not in D, the invariant thzR (K)isa

count (with signs and multiplicities) of the intersection of Vg with i * (X é"{zR (K)). When Xg1,r(K) is

transversely cut out, one can show (as Heusener [2003] did for SU,) that the multiplicities can be used to

1T

orient the arcs of X éLzR(K ) and make this a precise relationship.

For example, if K is the positive trefoil, Figure 7 shows that ngjzri{(l() is empty for a € (Z,2Z),

SO thzR(K) = 0 in this range. For o € [0, %) U (57”, ], Xscii;R(K) contains a single point, which
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suggests (but does not prove) that thzR(K ) =1 for such . We will show that this is indeed the case in
Example 15.6.

14.9 Symmetry

The character variety in Figure 7 is symmetric under w-rotation around the vertical line through the
middle of the pillowcase. This symmetry is present for any K as we now explain, following [Culler and
Dunfield 2018, Lemma 6.1], and extends to the resolved setting, as we show in Lemma 14.10.

For a space Y, a representation 7 of 771 (Y) to the center {1} of SL,C is determined by its character, and
the resulting central characters are classified by H'(Y;Z/2) by viewing Z /2 as {£1}. The group of
central characters acts on Rc(Y) by (-p)(g) = n(g)p(g), and this descends to an action of H'(Y;Z/2)
on Xc(Y) and X(Y).

When Y = Mk, the group H'!(Mk: 7Z/2) has a unique nonzero element i*. There is thus an involution
b: X(K)— X(K) givenby b(y) = i* - x. If i*(y) = (m, £), then

i*bG)) =" (@T ) =i"@") it =m+1.0)=1-m,—0).
This symmetry is clearly visible in Figure 7.

If x € X°(K), then b(x) € X~(K), and b restricts to maps X (K) — Xs—;z’;g (K) and X" (K) —
X S_[?z’m(K ). The same i* action also gives b: X [C]O (K)—> X Eg (K). Putting this together, we get a map
@ X°(K) — X ¢(K), which we use to investigate the effect of this symmetry on the local intersection

numbers n z. Specifically, we next show the following, which is needed for Proposition 15.11:

14.10 Lemma For ¢ € [-2, 2], the map ¢ : ¢ (K) — X~ ¢(K) is a diffeomorphism. If Z is a component
of X°(K), thennyzy =nz.

Note that if we use the local intersection multiplicities to orient the arcs of X érizR (K), as suggested in
Section 14.8, then the action of b on X érerR (K) is orientation-reversing because b preserves the orientation
of Xsi,r (T2) but reverses the orientations of the vertical circles V.

Proof First, assume that ¢ € (—2, 2). Given a plat diagram of K corresponding to a braid 8 € By, let
J : Sam — Mk be the inclusion of the splitting 2-sphere. Then j*(2*)([s;]) = —1 fori =1,...,2m.
Consider the map ®: Ry, — Rom given by ®(v) = —v. From Section 8.5, we have

(14.11) 7l (D)) (si) = A —a, 1 (v), —v;) = —A(a, 1 (v), v;),

) JT/_CEd)(v)) = j*gi*) -7l (v). This identity also shows that F_.(®(v)) = (=1)?"F.(v) = F(v),
s0 ®: RE(Som) — R7¢(S2m). Finally, it is easy to check that & commutes with the actions of Gy
and R~ ¢, so it descends to a smooth map X¢(S2/,) — X ~¢(S2m), which you can check is ¢. Note ¢ is a

diffeomorphism since interchanging the roles of ¢ and —c builds ¢~ .
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Let £5 = &€ and £ = B*(£). It is immediate from the definition that ¢(£§) = £ as sets. Referring
to (12.9) and using (14.11) again, we see that ¢ is equivariant with respect to the actions of B, on
*€(S2m) and £~ (S2,); the key point is that y;(—A) = ¥, (A). Hence, p(£]) = ¥ as sets.

The local multiplicity nz = (—1)I#| (£6.£5)1z, so to prove the lemma we must show (£§, £9)|z =
(L5 L7V e(z)- To do this, we examine the effect of ¢ on the orientations of ¥ (S2,), £§ and £9.
The antipodal map on Q; is orientation-reversing, so ®: Ry, — Ra,, multiplies the orientation by a
factor of (—1)%™ = 1. As we observed above, F_.(®(v)) = F.(v). Referring to (11.9), we see that
®: RE(Sam) — RC(S2m) also has degree 1. Finally, ® commutes with the actions of G; and R, so
©: X (S2m) = X7¢(S2m) has degree 1 as well.

A similar calculation shows that ¢ : £{ — £7¢ has degree (—1)™. So

(£5. 2Dz = (D)™ (=)™ (L. L1V0z) = ($5°. £1)0(2)-

as desired. The remaining case of ¢ = &2 now follows “by continuity” as in the proof of Theorem 13.4. O

14.12 The translation extension locus

We next turn to studying representations to SER in the spirit of [Culler and Dunfield 2018]. Recall
from our Section 4 the basic propertles of SLZR and the space X T (F) that encodes representations
I'— SL2R modulo conjugation by SLZR We also use from Sectlon 4 the character variety X, SL2R (N =
Rs1,r(I')//SL2R, which is a branched double cover of our usual Xg,r (I') = Rsi,R (l")//SL2 (R). We
start with some simple examples.

14.13 Example Suppose I' = 7{(T?) = Z?. Then Xell R(Tz) is a double cover of XSeEzR(TZ)
branched over the set of central characters, which is the same as the set of parabolic points. In contrast,
the map X sior(T?) — X 2{‘; r(T?) is one-to-one. We conclude that X1 ,g (T'2) consists of a torus (the
branched double cover of the pillowcase) with four cones (the hyperbolic components) attached at the
four parabolic points. Coordinates on X¢ Yol R(TZ) are given by pairs 1*, A* with —1 < 1*, 1* < 1. The
generator a: X gﬂ R(Tz) - X §E R(Tz) of the branched covering group corresponds to flipping over the
copy of H? that SL,R acts on, in particular reversing the rotation direction of each elliptic element;
thus, in our coordinates we have a(i*,A*) = (—i*, —A*). There is also a map b: fSL2R(T2) —
X, SLZR(TZ) given by multiplication by the central character where y — —1I and A — [; in coordinates,
we have b(1*, A*) = (&* + 1, A*). (Caution: unlike a, the map b is not a covering transformation for

Xell R(Tz) — Xell R(Tz) but rather permutes the fibers of the map XSEIL1 R(TZ) — XSISIL R(Tz).)

Next, we consider ysi?]k(Tz)' As T?isa K(T, 1), we have H'(I") = H'(T?) = Z2. The Euler class of
the trivial representation is 0 and Rgp,r (I") is connected, so e(p) =0 for all p € Rgp,r(I"). It follows that

X sl\ix(Tz) is a Z2 cover of X, sL,R(T?), ie its universal cover. We will focus on the elliptic component
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of this space, which we view as R?, with coordinates j1*, A*. Another viewpoint on these coordinates is
described in [Culler and Dunfield 2018, Section 3.5]; namely, one defines

X (T2 1072,
trans.XSLzR(T )—> H'(T“;R) by [p]+> transo p.

Concretely, in our (u*, A*)-coordinates, this sends [p] to (trans(p(u)), trans(,o()t))). In particular, we
have a homeomorphism Xell (T2) wans, H1(T?;R).

The preimages of the parabohc points form a lattice Z? C R?, and the covering group of the previous
paragraph corresponds to the subgroup (27)? C Z?2. There is a short exact sequence

1 - Z — Z(SLoR) — Z(SL,R) — 1.
The extension is nontrivial with Z (SER) = Z. As before, the set of central characters
H' (2% Z(SLaR)) = 27

acts on X, IR (Z?); this is the action of the full lattice Z? C R? by translation.

14.14 Example Now suppose I' = 71 (Mg). Any nonparabolic point of X el R(K) has two distinct
preimages in X sL,R(K), as does any irreducible parabolic by Lemma 4.2. However, the parabolic
reducible characters have only a single preimage. We denote the covering action of Z/2 on X sLoR (K)
by a as well; it satisfies i * oa = a oi*, so the image ofi*(XSLzR (K)) in XSLZR(aMK) is determined
by the image of i * (Xsr,r (K)) in Xs,r(IMk).

Now we consider lifts to Si;]R We have H?(I") = H?(K) = 0, so every representation I' — SL,R
lifts to SL,R, and X — (F) is a covering space of XSLzR(F) with deck group H'(K) = Z by
Theorem 4.3. We are prlmarlly interested in the elliptic part of X TR (K ). The closure of i *(X5— Yl (K))

SLoR
in Xg/liLiR (0Mg) = HY(0Mk;R) is the translation extension locus ELG (Mg)C HY (0Mg: Z) studied in
[Culler and Dunfield 2018]. (Whenever M is real representation small, one simply has i * (X vl LR (K))=
ELz(Mk).) Figure 8 shows the translation extension locus of 7'(2, 3); it is entirely determmed by

X§ g (), since the latter space is connected.

Lemma 6.1 of [Culler and Dunfield 2018] shows that the maps a and b, which are automorphisms of
X, sL,R (K), lift to automorphisms a, b of X T (K ). The maps a, b generate an action of the infinite
dihedral group Do, on X (K) Their actlon on X (T2) is given by a(u*, A*) = (—u*, —A*) and
b(u A*)=(u*+1,A* ) Th1s D action is ev1dent 1n Flgure 8. For any knot, the translation extension
locus is a finite union of analytic arcs and isolated points, whose quotient under D, is a finite graph
[ibid., Theorem 4.3].

14.15 The extended Lin invariant

We now use the translation extension locus to define a refinement of the invariant /(K) that also encodes
the values of A* for lifts of y € X R(K ) to SLz]R For this, we need:
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*
A)‘

Figure 8: The translation extens1on locus l*(X (K )) for the positive trefoil. The related set
i*(X §EZR (K)) in the torus X sL,R(0Mk) can be Vlsuallzed by taking the four squares touching
the origin and identifying the sides of the larger square they form by the action of (27)2.

14.16 Lemma A nonparabolic y € X g}j’zi]ré(l( ) has a unique preimage ¥ € X Sm(l( ) satisfying u*(¥) =
*(x), where the latter is normalized to be in [0, 1]. In contrast, if y is parabolic, there are two such
preimages ¥+, which satisfy A*(¥-) = —A*(¥+).

Proof Throughout, you may find the illustration for the trefoil in Figure 8 helpful. By Lemma 4.2,
there are two preimages y+ of y in X, sL,R(K). Using —1 < ™, A* <1 as our fundamental domain for

Xs1,Rr(T2), we have y— = a(x+) and 1*(—) = —&*(x+)-

If x is elliptic, take x4 to be the one with i* in (0, 1). Then @*(y—) is in (=1, 0). Now the lifts of y+
to Xsm(K) have u*(¥+) in @*(x+) + 2Z. So there is a unique lift of y with u* = *(x), namely a
lift of y4, proving the lemma in this case.

Suppose next that y is parabolic with y(u) = 2. Then there is one lift ¥4+ of y4 to X (K) where
w*(X+) = 2k for each k € Z. As the same is true for y—, we see there are exactly two hfts X+ and y_
of y to )?Sm(l() with u* = 0. We have a - ¥+ = y—, so A*(Jy=) = —A*(¥+). The final case of a
parabolic with y(u) = —2 is the same, except now we have u*(y+) = 1. m|
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Suppose X is a component of XSZLIHR(K) By Lemma 14.2, X is composed entirely of parabolic

representations. It follows that ©* and A* are integral (and hence constant) on X; the same is true for
w* and A* on each component of the preimage of X in X — (K ). Applying Lemma 14.16, we see that
X has two preimages X+ in X~ (K) which satisfy p |X = *|x, and that )L*|X =1z .

14.17 Definition If K is real representation small, the extended Lin invariant of K is

h(K) = an (M ED P EDy e Y,

where the sum runs over components of X slerik(K ), and ny is well defined by Theorem 13.4.

We will see in Example 15.6 that h(T(2,3)) =t +¢~!, which is plausible from Figure 8. Informally, the
coefficient of #/ in /1 (K) is a signed count of arcs exiting the translation extension locus at the parabolic
of height i. The sign is determined both by the orientation of the arc and which side of the line u* =0 it
exits from.

14.18 Lemma For a real representation small knot K, the invariant I has the following properties:
(1) h(K)|i=1 = 2h(K).
(2) E(K) is invariant under the involution of Z[t*] sending t tot~!.
(3) Define deg h~(K) to be the maximum of |e| where t¢ appears in h~(K). Then deg h~(K) <2g(K)—1,
where g(K) is the Seifert genus of K.
(4) If K is fibered and hyperbolic, the inequality in part (3) is strict.

Proof Item (1) is immediate from the definition, and (2) follows from the fact that A*(¥-) = —A*(¥+)
by Lemma 14.16. Next, (3) follows from the Milnor—Wood inequality in the form of [Culler and Dunfield
2018, Proposition 6.5]. Finally, for (4), we use the argument of [Calegari 2006, Section 3.5] as follows:
If p: 1y Mg — PSL,R corresponds to the putative 128! term of h (K), then its restriction to the fiber F
must lie in the component of Xpgy,r (F') corresponding to the Teichmiiller space of F. Hence, the bundle
monodromy ¢ leaves invariant that hyperbolic structure on F. This forces ¢ to have finite order in the
mapping class group of F, which contradicts that Mg is hyperbolic. O

15 Properties of the invariant

In this section, we collect some basic properties of 2(K). These include its behavior under mirroring,
its relationships with the original Lin invariant and the Levine—Tristram signature, and its parity. The
relationship with the signature allows us to compute 4 (K) for the first time in Example 15.6.

15.1 Mirrors
The invariant /(K) behaves nicely under taking the mirror image:
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T \ (/ <— use for i(K)
o w
K=§8 K=p"

D

use for h(K) —>

Figure 9: The homeomorphism &: Mg — M is reflection in the plane of the page followed by
sr-rotation about the horizontal axis. This takes the copy of S5, used to compute /;(K) (left) to
the one used to compute /2(K) (right).

15.2 Proposition If K is real representation small, then so is its mirror K and h(K) = —h(K).
Moreover, h~(1?) = —E(K).

Proof First, the knot K is real representation small as there is an isomorphism from 71 (M ) tom (Mg)
sending meridians to meridians. Second, note that if K = B, then K = =1, and so for ¢ € [-2,2]\ D
we have

h(K) = (=D L BT L) ge (53

= (—DPIB*EC, L) ac (55) (by functoriality and Lemma 12.11)
= —(—=DPULe B*E s (53 (since dim £€ = 2m — 3 is odd)
= —h(K).

The calculation above is underlaid by a particular isomorphism from 71 (Mg) to w1 (Mg). While we
have always identified S5, with dH as in Figure 5, we could have instead viewed it as dH», and defined

LB =((BH)*E)NE and hy(K) = (—DPHBTH* L, LV (55

This is illustrated in Figure 9, left. As subsets of &} (S2m), note that B* (7 (B)) = % (B). Moreover, the
previous calculation shows /1(K) = h(K). Now consider the homeomorphism £ from Mg to Mz shown
in Figure 9. This induces an isomorphism &4 : 1 (Mg ) — m1(Mg), which takes s; in 0H> for Mg to
s; in 0H; for M g- Note here that the orientations of the s; are preserved, not reversed, so if we take
s1 as the meridian in both cases, we get £4(1) = A~L. This shows that &y (B) =%° (B~1) as subsets of
%t (S2m), as in Proposition 12.2. We then have /) (K) = —h (K) since both are computing the intersection
numbers of £¢ and (8~1)*%¢, just in the opposite order. To extend this to ﬁg(K) = —ﬁ(l? ), given a

connected component X of X SZL’izr]rR(K ), we have to show X = £*(X) contributes the same to —h (K) as
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X does to h~g(K ). Now X = X as subsets of %I:Z)al(Szm)’ so the contributions of the local intersection
numbers match. Now consider the two preimages X4 of X in X, SR (K). We want to compare )L*()'(~ +)
and A*(X4). Since A*(X4) = —A*(X_) and A*(X4) = —A*(X_) by Lemma 14.16, as £, (1) = A ™1
we see that the corresponding terms of —h (K) and h 1(K) match, completing the proof. |

15.3 Relation with the signature

For « € (0, ) with Ag(e?'%) # 0, we let h,,(K) be the Lin invariant as defined in [Heusener 2003],
where it is denoted by 4@ (K). We will show:

15.4 Proposition When K is real representation small and ¢ ¢ D, then thz (K) = hj(K), where
c=2cosa.

This has the following important consequence:

15.5 Corollary For ¢ €[—2, 2]\ Dk, one has thz (K)= —%UK (e?'%), where ok is the Levine—Tristram
signature function.

This follows from the corresponding statement for /;,, which was proved by Herald [1997b] using gauge
theory, and by Heusener and Kroll [1998] following Lin’s original proof [1992] for & = 7 see also
[Heusener 2003, Section 5]. Here, our convention for the signature is that positive knots have negative
signature. Note that [Lin 1992; Heusener and Kroll 1998] use the opposite convention, so their statements
have no minus sign.

15.6 Example Let K be the positive trefoil, so ok (e?'%) = —2 for « € (% 5?) and is O for o €
[O, %) U (57”, 1]. We saw in Section 14.7 that thzR(K) =0foroa € (%, 5?”), soh(K)y=0+1=1.

~~— A~

Applying the relation with the signature again, we see that thle(K )=1foru e [O, F)U (57” 1], as we

expected from looking at Figure 7. We summarize the full picture in Figure 10.

Proof of Proposition 15.4 For 8 € By, recall that
$u,(B) = (DL, Ly)x.

where X = %< (Sam) = Xsc{};r(Sz,n), Ly =% and Ly = B*(L1). Heusener’s g, (,3) is defined as the
intersection number of the same objects but with possibly different orientations and global sign. If X', L)
and L/, denote these manifolds with Heusener’s orientation, one has

hL(B) = (—1)"™ (L}, Ly)x .

Thus to complete the proof, we must compare our orientations with Heusener’s. We have already observed
in Remark 11.6 that [X] = —[X"]. The relation between [Lj] and [L;{] is more complicated, and depends
on 3, as we now detail.
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i*(E(K))
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oK 0 -2
thz 0 1
hg,r 1 0 1

Figure 10: For the positive trefoil K, this figure shows a portion of i *(E (K)) with its irreducible

characters oriented according to Section 14.8; in particular (i*(E(K)), V,) = thzR(K) for

¢ = 2cos «. The orientation is derived from Theorem 12.22 and Corollary 15.5, which allow us
to compute h§L2R (K) and thz (K) from o (e2'*). Note that this orientation is preserved by the
translations in the D4, action but reversed for rotations, as is consistent with Lemma 14.10.

The orientations on [L] and [} ] are defined by choosing a set of generators Ty for 771 (Hy ) and using Ty

to identify X gfji;r(Hk, Ty) with X Sc{};r(Fm, T). (Our orientation on X Sc{]i;r(Fm, T) agrees with Heusener’s,
but this is a bit of a moot point. The orientation on X SC{JIZ(Fm, T') appears twice (once for L and once

for L), so we would get the same answer even if the two orientations on X gfji;r(Fm, T) were different.)

While our choice of generators for 71 (H7) is independent of B, Heusener orients the knot ,3 and uses
generators of 1 (H1) that are compatible with that orientation. For related reasons, while we always
have [L2] = (B*)«([L1], it turns out that [L}] is (8*)«[L] or —(8*)«[L’], depending on B.

To make the comparison easy, we will work with particularly nice 8. Specifically, given K, we claim
there is a B with an orientation on 8 such that:

(1) Every overbridge is oriented right to left, and every underbridge is oriented left to right.

(2) The corresponding permutation S fixes all odd numbers and acts on the evens as the inverse of the
cycle (2 4 6 2m).
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Starting from any 8 and any orientation on 3 , part (1) is easy to ensure by adding a twist to reverse each
bridge with the wrong orientation. To arrange (2), begin by walking along B in the prescribed orientation.
As you go, number the overbridges 1,2,...,m and do the same for the underbridges. Now slide the
overbridges in front or behind each other to get a new braid 8’ such that the overbridge numbers appear
in order from left to right; repeat this process for the underbridges. You can now check that (2) must hold,
so from now on we assume S has both these properties.

Condition (1) means that in [Heusener 2003, Section 4] we have all eg) = 41, and in this situation the
construction of [Heusener 2003] matches ours on the nose. In particular, [L1] = [L] and [L2] = [L}].
Since, as noted, [X'] = —[X], to complete the proof we simply need to show that (—1)"™+1 = (—1)IAl.
Since each braid generator corresponds to a transposition in the symmetric group, the latter is the sign of
the permutation ,8_ . As ,g is an m-cycle, it has sign (—1)”*1, as needed. |

15.7 Geometry at simple roots

At a simple root of Ag(¢) on the unit circle, the equivariant signature og must jump by £2. The sign
of this jump is related to the local geometry of the character variety by part (3) of the following lemma,
which we thank Chris Herald for explaining to us:

15.8 Lemma Suppose a knot K has a simple root ¢!2?0 of Ag(t) for 0 < wg < 7. Then there is a
smooth arc y: [0,1] — E (K) such that

(1) i*(y(1)) = (wo/7,0) with y(1) alift of x¢ € X;eLdzR(K), where ¢ = 2 cos wy.
(2) i*oy:[0,1] > V(K) is a smooth embedding.
If in addition the derivative (try, o y)’(0) is nonzero, then we have:

(3) If ok (e'??) jumps by —2 as w increases past wo, then y ([0, 1)) lies entirely above the horizontal
axis. If instead o (¢'%>®) jumps by +2, then y([O, 1)) lies entirely below the horizontal axis.

15.9 Remark We do not know of an example of a simple root of Ag(¢) on the unit circle where
(try oy) (0) = 0. Indeed, it seems likely this never happens, and so (3) always holds. (For multiple roots,
it does arise; see the upper-right example in [Culler and Dunfield 2018, Figure 10].) The question is
subtle in that for other o € 1 (0Mg) the derivative (try o y)’(0) can vanish: for the trefoil, trg 0oy = 2 for
« = 6 + A, as noted in Section 14.7.

Proof of Lemma 15.8 The idea follows [Herald and Zhang 2019], which adds [Herald 1997b; 1997a]
to the results of [Heusener et al. 2001] (see also [Heusener and Porti 2005]) to strengthen [Culler and
Dunfield 2018, Lemma 7.3]. To start, from [Heusener et al. 2001, Corollary 1.3], one has a smooth arc
y:[—1,1] = X(K) where y(0) = y¢ with y(¢) in XérizR(K) for t <0 and in Xérlrjz(K) fort > 0. As
argued in [Herald and Zhang 2019, page 2818], their Corollary 6 allows us to assume that try () = 2 only

for t = 0. Additionally, [Culler and Dunfield 2018, Lemma 7.3(4)] — or, more accurately, the fact that
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*: HY (Mg s(C) p+) - H'(0Mg; s15(C) ,+) is injective, which follows from [ibid., equation 7.4] —
implies there is some « € w1 (dMg) such that, after possibly restricting the domain of y, try 0 ¥ is a
smooth embedding.

Lifting to E (K) now gives all the claims except for the part of (3) about which side of the horizontal axis
y([O, 1)) lies on. This follows from the corresponding behavior on the SU, side, which is understood by
[Herald 1997b, Proposition 4.2; 1997a, Corollary 3]; see the remark immediately after the former. The
hypothesis on (try o y)’(0) ensures that if ¥ lies above the reducible line on the SU; side, it lies below
on the SL,R side, and vice versa. Rather than trace through the various conventions, we can justify our
claimed “sign rule” that a negative jump in og (¢/2?) means y is above the axis by looking at the positive
trefoil in Figure 10. |

15.10 Parity of &

The map b: X¢(K) — X ~°(K) introduced in Section 14.9 preserves X °(K) setwise. The fixed points
of b on X %I (K) were classified in [Nagasato and Yamaguchi 2012, Corollary 1]: they are all in X g{g(K )
and consist of characters of binary—dihedral representations. We now use this to show:

15.11 Proposition If K is a small knot, then h(K) = 10(K) = 1(det K — 1) mod 2.

0,irr

Proof By Lemma 3.14, as K is small, the set X SLR

X ;)I’ER (K), so that set can be partitioned into pairs {y, b(y)} with y # b(x). Lemma 14.10 tells us that

the local intersection numbers 7y and np () are equal. It follows that h(S)LzR (K) is even, and hence that
h(K) = h°(K) is congruent to h(S)U2 (K) = —%O‘(K) modulo 2, establishing /(K) = %G(K) mod 2.

(K) is finite. As noted, b has no fixed points on

Continuing this idea, only the binary—dihedral characters can contribute to h(S)U2 (K), and there exactly
are %(det K — 1) such [Klassen 1991]. If each binary—dihedral character contributes +1 to h(S’U2 (K), we
would get that h(S)U2 (K) = %(det K —1) mod 2, implying our second claim. We do not know if this holds,
but for any knot one has %O’(K ) = %(det K — 1) mod 2 by [Murasugi 1965, Theorem 5.6], completing
the proof. |

Next, we relate the parity of 4(K) to the SL,C character variety, leading to Corollary 15.13, which shows
there are ideal points that are limits of SL,R characters when %U(K ) is odd. Fix a braid 8 with ,3 =K
As in Section 12, this determines a splitting Mg = Hy Ug,,, H>. We define X (ic"(,B) to be the intersection
of the two smooth varieties L; c = i]’." (Xgr(Hj, T)) for j = 1,2 inside the smooth variety X(icrr(Szm, S).
Note that this intersection may be nonreduced, ie the components of X&'(8) may have multiplicities;
if it is, we view it as a nonreduced scheme rather than passing to the reduction. (As reduced schemes,
X (ig B)=X (ic“(K ), but it is not clear that the multiplicity of each component is an invariant of K.)

When K is small, every component C of X (iér(K ) is a complex curve and tr;,: C — P 1(C) is nonconstant
(see Lemma 3.14). We define d(K, B) to be the (total) degree of the map try,: X(iér(,@) — P1(C); this is
a weighted sum of all the Culler—Shalen seminorms of x [Boyer and Zhang 1998], which is related in
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turn to the A-polynomial [Boyer and Zhang 2001, Section 8]. We conjecture that d(K, #) depends only
on K but do not prove this here. We next show:

15.12 Proposition If K is a small knot, then d(K, ) = h(K) mod 2.

Proof Forc € C, let LJC.’:Crr = L}”(C N tr;1 (c). (This should also be the scheme-theoretic intersection, but

try, L}”C — C is a submersion by Lemma 3.6, so it is the same as the setwise intersection.) Then
C, G, .
d(K, ﬂ) = (Ll,g’ Lz,%r)X(cC‘,lrr(SZH).
Now, if Ac, A C Bc are the C points of algebraic sets defined over R, by [Fulton 1984, Chapter 13]
their real points Ar, A and B satisfy
(Ac. Ag)Be = (AR, AR) B mod 2.
In our case, the real parts of LJC.’(iér and X, é’irr(Szn) are the spaces we have been referring to as L
X¢(S5,). Hence,

c,irr

] and

d(K,B) = (LS, L™ ) xein(sy,) = h(K) mod 2. O

Recall that the affine algebraic set X ]Er(K ) and the map tr, can be extended to a projective variety X, ]ilg (K)
and a map try: X ﬁg (K) — P'(R). The points in tr;1 (0c0) are called real ideal points. We just showed
that the mod 2 degree of this map is given by 4 (K). If the mod 2 degree is nonzero, tr;1 (co) must be
nonempty. Hence, we deduce:

15.13 Corollary If K is a small knot with o(K) = 2 mod 4, or equivalently det K = 3 mod 4, then
Xim(K) contains a real ideal point.

Unsurprisingly, there are also knots with real ideal points where o(K) # 2 mod 4, for example the
figure-eight knot, which has o (K) = 0. Moreover, real ideal points are extremely common, even outside
the context of exteriors of knots in S3, raising:

15.14 Question Does every small knot in S3 have a real ideal point?

An initial search using [Culler 2006] suggests that the answer might well be yes.

16 Applications to left orderings

16.1 Left orderings

Let G be a nontrivial group. We say that G is left-orderable (or, for short, that G is LO), when there
is a total order on G which satisfies gx > gy whenever x > y. (By convention, the trivial group is not
left-orderable.) The study of left-orderable 3-manifold groups dates back to [Boyer et al. 2005] and was
given fresh impetus by the L-space conjecture.
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16.2 L-space conjecture [Boyer et al. 2013; Juhdsz 2015] If'Y is a closed prime orientable 3-manifold,

then the following are equivalent:

(1) Y is not a Heegaard Floer L-space, ie HFea(Y) #0.
(2) m1(Y) is left-orderable.

(3) Y admits a coorientable taut foliation.

For brevity, when 71 (Y) is LO we will call Y itself LO.

In this section, we use the techniques of this paper to prove many Y are LO, using the following theorem:

16.3 Theorem [Boyer et al. 2005] If Y is a prime 3-manifold with a nontrivial homomorphism
71 (Y) —> SL,R, then (Y) acts faithfully on R, and hence Y is LO.

In particular, if p: 71(Y) — SL,R is a nontrivial homomorphism whose Euler class e(p) € H?(Y; Z) is
zero, then p lifts to p: 71 (Y) — SER, where Theorem 16.3 applies. We will also consider the target
group PSL,R, where again any p: 1 (Y) — PSL,R has an Euler class e(p) € H?(Y; Z) that obstructs
lifting p to SL,R.

We begin with results showing cyclic branched covers are LO (Theorem 16.7). We then compute /(K) for
alternating knots (Section 16.10), which in turn strengthens the results on branched covers (Remark 16.9).
The rest of the section is devoted to showing certain Dehn surgeries on K are LO; key results there
include Theorems 16.21, 16.22 and 16.27.

16.4 Branched covers

Let X, (K) be the n-fold cyclic branched cover of a prime knot K. The manifold X, (K) is obtained by
Dehn filling the n-fold cyclic cover M k.n of Mg along the curve [i, which is the n-fold cyclic cover
of u. Moreover, %, (K) is the n-fold cyclic orbifold cover of the orbifold (S3, K,,), where the knot K
is labeled by Z/n. The orbifold fundamental group 1(S?3, K,) is isomorphic to 71 (Mg)/{u"), and
71(Z,(K)) is the kernel of the homomorphism 71 (S3, K,;) — Z/n where y > 1.

16.5 Remark It follows from the orbifold sphere theorem (see eg [Maillot 2003, Theorem 10.2]) that
if ¥, (K) is reducible, then the orbifold (S3, K},) is reducible. Consequently, when K is prime, so are
all £, (K).

Now suppose p: 71(Mg) — SL,R is a representation with tr(p()) = 2 cos(kx/n) for some integer
k with 0 < k < n. Then p is elliptic and satisfies p(u") = %1, so p descends to a representation
p: m1(S3, K,) — PSLyR. We let p,, be the restriction of p to 71(X,(K)). The next result has been
much used to show branched covers are LO:

16.6 Lemma [Hu 2015, Theorem 3.3] If p is irreducible, then p, is nontrivial and e(py) = 0.
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Let Ax ={a €[0, ]| 2cosa € Dk} and consider the corresponding partition
O<ay<ap<---<ap<m of [0,rx].

The signature function og (e%/%) is constant on the interiors of the intervals of this partition. Define wg
to be the minimum length of any of these intervals, including [0, @] and [, 7r]. Our main result on
branched covers is:

16.7 Theorem If a prime knot K is real representation small and ok (w) is not identically 0, then ¥, (K)
is LO for all n > /wg.

Proof Taking ¢ = 2cosw, we can view thzR (K) as a function of « in [0, ] \ Ak rather than of ¢ in

[—2, 2]\ Dg; in the new setting, we will write 7%

SLyR (K) and use other similar notation. By Theorem 12.22

and Corollary 15.5, we then have
(16.8) LR (K) = h(K) = hgy, (K) = h(K) + %GK(eZi“).

As ok is nonconstant, no matter what 4 (K) is there will be an interval / in our partition where thZ]R{ (K)
is nonzero on the interior of /.

As n > m/wg, the interval I has length greater than & /n. Thus the interior of / contains a point
co,irr
SLoR
for cg = 2 cos . In particular, there is an irreducible p: w1 (Mg) — SL,R which induces an irreducible

ao = k/n where k is an integer. Thus hgﬁzR (K) is nonzero, which means that X (K) is nonempty
0.1 (S3, K,) —PSL,R. By Lemma 16.6, we have a nontrivial representation p,, : 1 (X, (K)) — PSL,R
with e(p,) = 0. As X, (K) is prime by Remark 16.5, it is LO by Theorem 16.3. |

16.9 Remark For any concrete signature function ok, one can often refine the result of Theorem 16.7,
especially if one knows /(K). For example, the alternating knot K15a78855 has

Ag =81°—211° +27t* =271 + 271> — 211 + 8,
which is an irreducible polynomial all of whose roots are on the unit circle. The resulting partition is
roughly [0, 0.139,0.398,0.963,2.178,2.743,3.002, 3.141] and %O’K has values 0, -1, -2, -3,-2,—-1,0
on the corresponding open intervals. We checked K is small using the method of [Dunfield et al. 2022],

so Theorem 16.7 applies for n > 23. However, by Corollary 16.12 below, h(K) = —%O’(K ) = 3. Hence,

from (16.8), we see that thzR (K) is nonzero on every interval except the middle one, [0.963,2.178]. As

Ak has no cyclotomic factors, no point of the form kx/n is in our partition. Thus, thzR (K) is valid
and nonzero for @ = 7/n whenever @ < 0.963, that is, for n > 4. As ¥,(K) is not LO, Theorem 16.7
settles the question of which X, (K) are LO except for n = 3.

16.10 Alternating knots
The results of the previous section can be used to compute /#(K) for many knots.

16.11 Proposition Suppose a prime knot K is real representation small. If ¥,(K) is not LO, then
h(K) = —30(K).
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Proof Suppose [p] € XSL ]R(K) By Lemma 16.6, p2 € Rpsi,r(Z2(K)) is nontrivial and has e(p2) = 0.
Since X,(K) is prime and not LO, this contradicts Theorem 16.3. Hence, X ng]R (K) = @, and so
thzR(K) = 0. Since 0 ¢ Dg, as noted in Section 3.15, by Theorem 12.22 and Corollary 15.5 we have
h(K) = thz(K) = —%O’K(—l) = —%O’(K), as claimed. |

If the L-space conjecture holds, the hypothesis that X, (K) is not LO is equivalent to it being an L-space, a
condition which has been intensively studied. In particular, the Ozsvath—Szab6 spectral sequence [2005b]
implies that if K has thin Khovanov homology, then ¥, (K) is an L-space. The equivalence of conditions
(1) and (2) of the L-space conjecture have been checked for many such knots, including alternating knots
[Boyer et al. 2013]. Hence, we have:

16.12 Corollary If a prime knot K is real representation small and alternating, then h(K) = —%U(K ).

16.13 Dehn surgeries

Let Mg («) be the Dehn filling of Mg along slope « = pu + gA. In this subsection, we give criteria
for showing Mg () is LO. The basic strategy follows [Culler and Dunfield 2018], using the translation
extension locus which is built from representations 7y (Mg) — Sm as discussed in Section 14.12.
Throughout, we freely use the notation from Section 14, and for brevity we set E (K) = X Y L (K ) and
V(K):= X Y el (BM k). Recall the translation extension locus of K is the image i*(E(K)) 1n51de V(K),
where i * is 1nduced by the inclusion i : IM g — M. (Provided K is real representation small, i * (E (K))
is precisely the locus EL & (Mg) C HY(0Mk:;R) from [loc. cit.], as discussed earlier in Section 14.12.)
The new ingredient compared to [loc. cit.] is using the tools in this paper to show that i *(E (K)) contains
“long arcs” which give rise to explicit ranges of LO fillings; in contrast, the main theorems of [loc. cit.]
only give orders on arbitrarily small intervals of fillings. (For context, note Figure 24 shows a case where
a small interval is the best one can do.)

Define Ly in V(K) to be those ¥ where §(a) = 1 for some 5 with [3] = 7; in our (1*, A*)-coordinates
from Section 14.12, this is the line of slope —« passing though the origin. Let Z; C Ly, be the subset of
nonparabolic points. In this language, [ibid., Lemma 4.4] becomes:
16.14 Lemma If Zg intersects i * (E (K)), then M g (o) admits a nontrivial representation

p: m1(Mg (a)) — SLoR.
Consequently, if Mg («) is prime, then it is LO.
Proof A nonparabolic ¥ € V(K ) is in Ly if and only if p(x) =1 forall p € R (BM K) representlng X

In particular, if L; intersects z*(E (K)), we get a nontrivial representation 7T1 (M k(@) — SL2R, the
last conclusion now comes from Theorem 16.3. O
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Figure 11: For the knot exterior s841, the set i*(E (K)) consists entirely of images of good arcs.
There are 10 of type A, labeled near the endpoint of their reducible representation, and two of
type B, specifically P of type By, p, for p; = (0,—7) and p, = (0, —6) and Q of type By, 4,
for g; = (1,7) and ¢» = (1, 6). Picture adapted from [Culler and Dunfield 2018, Figure 7].

16.15 Good arcs

We say that y: [0, 1] — E(K) is a good arc if the endpoint y(0) is parabolic, the other endpoint y (1) is
either parabolic or reducible, the interior contains only elliptic irreducibles, and finally i *(y(0)) #Z i *(y(1)).
A good arc y is of type Ay for k € Z if it starts at a parabolic y with A*(y) = k and ends at a reducible. It
is of type By, p, if its endpoints are parabolics y1, y2 with i*(x;) = p; € 72, where we have identified
the lattice of parabolic representations in I7(K ) with Z2. See Figures 11 and 12 for the images of some
good arcs in the translation extension locus in I7(K ). We show in Lemmas 16.19 and 16.20 that many
such good arcs lead to large intervals where we can apply Lemma 16.14. Before continuing, we note:

16.16 Lemma Suppose y is a good arc. Then the vertical lines where u* = k for k € 7 can meet i *(y)
only at its endpoints.

Proof Since 771(S3) = 1, Lemma 16.14 gives the claim for the line Loo = {u* = 0}. The claim for the
other vertical lines follows from the D, action discussed in Example 14.14. |

16.17 Lemma Suppose that K is real representation small. If h(K) # 0, then E (K) contains either an
arc of type Ak, or an arc of type By, ,, where p1 = (0, y1) and p = (1, y2). If deg E(K) > 0, then E(K)
contains either an arc of type Ay with k # 0, or an arc of type By, p, with p1 = (0, y1) with y; # 0.
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Figure 12: For the knot exterior 0994139, the set i * (E (K)) again consists entirely of good arcs. The
specific types are all labeled, with the caveat that there are actually four arcs of type A, only two of
which are large enough to see clearly. Picture adapted from [Culler and Dunfield 2018, Figure §].

Proof If W is a path component of 96[_2’2](1( ), let n§, = > 7 nz, where Z runs over the set of
components of W N&(K). By Corollary 2.12, ny := nj;, is independent of ¢ € [-2, 2]. Since h(K) # 0,
we can choose some component W with ny # 0. Since ”%V = nﬁ,z = 0, the component W contains a
parabolic y1 with tr;, y1 =2 and a parabolic y» with tr;, y» = —2. Let y be a path in W between them. By
restricting to a subarc if necessary, we may assume that the interior of y consists entirely of nonparabolic
points, retaining the property that tr, y1 =2 and tr, x2 = —2. If y is contained in Xg;,r(K), then y
lifts to an arc ¥ of type By, p,. Using the D, action, specifically the index-two subgroup that preserves
traces in SLo R, we can assume p; = (0, y1). Then p, = (k, y2), where k must be odd. Lemma 16.16
forces k = +1; if k = —1, act by @ € D to rotate i *(y) about (0,0) so that k = 1, as desired. If
instead y is not contained in Xgp,r (K), consider the first intersection point of y with &o(K). This initial
segment of y then lifts to an arc of type Ag. This proves the first claim.

For the second claim, letiigy =), n Z(IA*(Z +) 4 ZA*(Z*)), where the sum runs over components of
{gi‘;rR(K) contained in W, as in Definition 14.17. For y € XSZL’IZHR(K), consider the two lifts ¥+ to

XSfL;«R(K) where ©*(y¥+) = 0. These have |A*(¥+)| = |A*(¥-)|, and we denote this common value
by [A*())| without reference to a particular lift. As ) i = h (K), we can choose some W with

degriwy > degﬁ(K) > 0. Let y; € W satisfy try, y1 =2 and |A*()1)| = degiiw.

If nw # 0, we choose y in W joining y; to y» with try (y2) = —2. Restricting to a subarc, we may assume
the interior of y consists entirely of nonparabolic points, retaining tr;, (1) =2 and |[A*(}1)| = degriw
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and py # p», but perhaps not tr, y2 = —2. As before, either y is entirely contained in XérizR(K ), or

there is a path from y; to a reducible. Lifting to E (K) now proves the second claim in the case ny # 0.

Finally, if ny = 0, note that 7iyy|;=1 = 2nw = 0, so W must contain some other parabolic y, with
try, (x2) =2 and |A*(¥2)| # |A*(¥1)|. After possibly changing the x;, we can find an arc y in W joining
some y1 and y, which satisfies the following:

(1) try x1 =2andtry yo» = £2;

(2) [A*(X1)| = degriw;

(3) p1# p2; and

(4) the interior of y consists of nonparabolic points.

The second claim now follows just as in the previous cases. O

The set of Dehn filling slopes S(K) of M is the projective space of H1(dMg,Z). It is identified with
Q U {oo} by our choice of basis {u,A) for H1 (Mg, 7). We define

Sir(K) ={a € S(K) | Mg (o) is irreducible},

Sto(K) ={a € S(K) | 11 (Mg (@)) is left-orderable},

SsiZTR(K) ={a e S(K)| Zg intersects i *(E (K))}.

By Lemma 16.14, we know that Ssm (K) N Sir(K) C SLo(K). As i*(E(K)) contains the horizontal
axis (as the image of the reducible representations) and the O-surgery is irreducible by [Gabai 1987], the
slope O is in all three of these sets.

Suppose y is a good arc joining y1 to y2. Let p; =i*(y;) € I7(K). Suppose p1, p2 # (0,0) and at most
one p; is on the line u* = 0. In this case set

I°(y) = {a € S(K) | L;, meets the interior of the line segment from p; to pa}.

When p; = (0, y;) with y; and y, nonzero, we define 7°(y) = S(K) \ {oo} when the y; have opposite
signs and 1°(y) to be empty otherwise. Finally, when either p; or p; is (0, 0), we take I °(y) to be empty.
We next show:

16.18 Lemma For a good arc y, one has I°(y) C Ssm(K).

Proof Whenever « is in /°(y), the definitions give that p; and p, are strictly separated from each other
by the line L. It follows that L, meets i *(y) at some point in the latter’s interior, which is not parabolic
by the definition of a good arc, and hence Lemma 16.14 applies. |

16.19 Lemma If E (K) contains a good arc of type Ay, for k # 0, then either (—oo, |k|) or (—|k|, 00) is
contained in Ssm (K).
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Figure 13: The situation of the proof of Lemma 16.20(1), showing translates of i *(y) for a good
arc y of type By, ,p, With y1 = yo = 2. The Ly drawn are among the few that are not guaranteed
to meet i *(E (K)).

Before proving this, we note [Culler and Dunfield 2018, Figure 5] shows that the condition k& # 0 is

crucial, as that example has an Ao arc which only yields [—0.36, 3.6) in S SR (K).

Proof Since i*(E(K)) is invariant under translation by (1, 0), we can assume that the good arc y of
type Ay starts at the point (0, k) and ends at (x,0) for some x # 0 (since £2 ¢ D). Further, since
i*(E (K)) is invariant under the rotation a@ € D, about the origin, we can assume k > 0. Suppose x > 0,
so I°(y) = (—o00,0). Next, consider the translate of y by (—1, 0), which we denote by y_;. Its endpoints
are (—1,k) and (x —1,0), so 7°(y—1) = (0, k). The union of these two sets gives the promised range

since 0 € S SR (K) for all K. The argument when x < 0 is symmetric. a

16.20 Lemma Suppose E (K) has a good arc of type By, p, with p; = (x;, y;). Assume further that at
least one y; is nonzero. Then:

(1) If y1=y2 #0, thenQ\{y1/n|n € Z} CSg= (K).
(2) If x1 = x3, then (—1,1) C SS/IZ]T{(K)'
1

(3) Otherwise, either (—oo, 5) or (—%, oo) is contained in Ssm (K).

Proof By Lemma 16.16, after translation we can assume i *(y) is contained in the strip 0 < u* < 1. In
case (1), we have p; = (0,k) and p» = (1, k) for some k # 0, and we can arrange that k > 0 using the
D action, resulting in the situation shown in Figure 13. The translate of y by (#, 0) then has /° equal
to (X, nkﬁ) or (nk?’ k) depending on the sign of n. The union of these /° covers all of Q except 0 and
those points of the form % with n € Z, completing the proof of case (1).
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Figure 14: The situation of the proof of Lemma 16.20(2), showing translates of i *(y) for a good
arc y of type By, p, with x; = x5.

In case (2), if y; and y, have opposite signs, we are done as I°(y) is all of S SI;]IRK except co. Otherwise,
use the D, action and possibly interchange p; and p; to assume x; = x, = 0 and 0 < y; < y», giving
the situation in Figure 14. If 0 < |@| < y2 — y1, consider the point where L intersects the line A* = V1.
For concreteness, suppose this point is (x3, y1) with x3 > 0 (equivalently, assume « < 0). If m is the
smallest integer with x3 < m, then Zg will have to meet the translate of y joining (m, y1) to (m, y2). As
y2 —y1 > 1, we have shown (—1,1) C Ssm(K).

A A* L_n/2
(L+1,y2)
p V2
/ (m+1,y2)
*( ) Zoz<0
~ 1y
Lu>0
(€. y1)
® V1
(x4,y1) (x3,y1) ' (m, y1)
w*

Figure 15: The situation of the proof of Lemma 16.20(3) when y; > 0, showing that Z; meets a

translate of i *(y) for any o € (—%,00), where n = y, — y1.
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/\’* L_y2 Lyl

p V2

i*(y)

¢ )1

Figure 16: The situation of the proof of Lemma 16.20(3) when y; < 0, showing that Z; meets a
translate of i *(y) for any @ € (—m, 00), where m = max(—yy, y2).

Next, in case (3), we can assume that p; = (0, y1) and p, = (1, y2). Now y; # y», and let us assume
y2 > y1 as the other case can be reduced to this one by reflection across the vertical axis. Moreover, we
can also assume y, > 0, since, if not, we apply the element of D, that rotates around (%, O).

First suppose y; > 0 and set n = y, — y1, giving the situation of Figure 15. If -5 < o < 0, then Le
has positive slope and consider the point (x3, y;) where Lo meets the line A* = y1. If m is the smallest
integer where x3 < m, then Z; will meet the translate of i *(y) joining (m, y1) to (m + 1, y»). Hence,
( ) C Ssm(K) If @ > 0, let (x4, ¥1) again be the point where Lo meets the line A* = yy. If £ is
the largest integer where £ < x4, then L° will meet the translate of i *(y) joining (£, y1) to (£ + 1, y2).

In particular, we have ( ) C S— (K), as needed.

SLoR
The final subcase is when y; < 0, which is shown in Figure 16. There, you can see that Z; meets a
translate of i *(y) for any o € (—m, 00), where m = max(—y1, y2) > 1. This completes the proof of
case (3), and hence the lemma. O

16.21 Theorem If deg/i(K) > 0, then A N Si(K) C Sio(K), where A is one of the sets (0o, 1),
(—— oo) (-1, 1) or(@\{1 |n€Z}

Proof Just combine Lemmas 16.14, 16.17, 16.19 and 16.20. O
These techniques apply to many 2-bridge knots:

16.22 Theorem If K is a 2-bridge knot with o (K) # 0, then E (K) contains an arc of type Ay for some
k # 0. Moreover, either (—oo, 1) or (—1, 00) is in S o(K).
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The positive trefoil knot K from Section 14.7 is a 2-bridge knot and has o (K) = —2. There, the locus
i*(E (K)) consists of the orbit of a single A; arc under the Do action. This shows that the final conclusion
of Theorem 16.22 cannot be strengthened to (—o0, 00) C S o(K) using the present methods. Of course,
the —1 Dehn surgery on K is the Poincaré homology sphere, which is not LO, but the same pattern holds
for the knot 5,, where every Dehn surgery is expected to be LO.

Proof of Theorem 16.22 As 2-bridge knots are small [Hatcher and Thurston 1985], K is real representa-
tion small. As K is alternating, we have h(K) = —%O‘(K) # 0 by Corollary 16.12. By Lemma 16.17,
there is a good arc y of either type Ay or of type By, p, wWith p1 = (0, y1) and p = (1, y2). In the

0,irr
SLoR
LO (compare with the proof of Proposition 16.11). So we have a good arc of type A. By [Riley 1972,

latter case, we would have X (K) # @, but this is impossible since ¥, (K) is a lens space and so not
Theorem 2], if p: w1 (M) — SL,R is a parabolic representation then tr p(4) = —2. This says that any
arc in the translation extension locus i*(E (K)) ending on a parabolic must do so at an odd height. Thus
k # 0 and Lemma 16.19 applies. Finally, every Dehn surgery on K is prime by [Delman 1995; Naimi
1997], allowing us to pass from S SOk (K) to SLo(K) unimpeded. |

16.23 Remark It is natural to ask whether Theorem 16.22 can be extended to other small Montesinos
knots or to other small alternating knots. In both cases one has h(K) = —%U(K ) by Proposition 17.2
and Corollary 16.12. Unlike for 2-bridge knots, in these broader settings, parabolics with try = 2 and
hence even height can occur. For Montesinos knots, the (—2, 3,7) pretzel has several parabolics at
even heights (see Figure 17). For small alternating knots, Goerner’s data [2014] includes nine such
examples: 934 = K9a28, 101990 = K10a104, 10198 = K10al19, 10193 = K10a105, 10194 = K10al18,
10106 = K10a95, 10192 = K10a97, 10191 = K10a45 and 11337 = K11a330. However, we have not
seen any parabolics of height O for alternating or Montesinos knots, so it is possible that the same
conclusion as in Theorem 16.22 holds in these cases.

16.24 Knots with lens space surgeries

In this last subsection, we give strong constraints on i *(E (K)) when K has a lens space surgery or, more
generally, a Dehn surgery Mg (o) with few PSL,R representations. We begin with an easy lemma that
nonetheless explains a great deal of the striking structure of i *(E (K)) for the knots shown in [Culler and
Dunfield 2018, Figures 3 and 4]. (The first of those figures is incorporated here as Figure 17.) To state it,
for a slope « = pu + gA and an n € Z, we define Za,n to be the line in I7(K) of slope —a that meets
the horizontal axis at (% 0). We also take Zg,n to be its subset of nonparabolic points where A* # 0, ie
remove Z2 and (%, O) from Za,n.

16.25 Lemma Let K be any knot where Xfi’rSrLzR (Mg (@)) is empty. Then i*(E(K)) is disjoint from
LG, | n € Z}.

Figure 17 shows just how constraining Lemma 16.25 is when there are multiple lens space surgeries.

Geometry & Topology, Volume 29 (2025)



A unified Casson—Lin invariant for the real forms of SL(2) 4169

0.4 0.6 0.8 1.0

*

n

Figure 17: i*(E(K)) for the (=2, 3,7) pretzel knot, whose exterior is small. Surgery along the
slopes —18 and —19 both yield lens spaces, forcing i * (E (K)) to avoid two families of lines per
Lemma 16.25: those of slope 18 (solid lines) and slope 19 (dashed lines). The roots of Ax on S 1
are simple and are indicated by the blue dots on the line A* = 0. Because of the locations of
the roots, these lines rule out any arcs joining two distinct reducibles. From Proposition 17.2,
we know i*(ﬁ (K)) is disjoint from the vertical line u* = % Consequently, an arc starting at a
particular reducible has only one or two possible parabolic ending points, basically dictating the
picture shown (see the proof of Theorem 16.27 for details). In particular, there must be an arc
from the reducible at ~ (0.6744, 0) to the parabolic at (1, 6), and so (—6,00) C § R (K). Here,

h(K) = —%O(K ) = —4, and the signature function jumps by +2 at the first four roots of Ax and
then by —2 at the remaining four. Picture adapted from [Culler and Dunfield 2018, Figure 3].

Proof The line Za,n is exactly the locus where transy (¥) = n, where trans,, is the translation number
function of Corollary 4.7. Hence, if ¥ is in both Z , and z*(E (K )), then we get an irreducible elliptic
representation p: w1 (Mg) — SL2R where p() is in the center of SLzR Quotienting SLZR by its center
gives an irreducible representation p: w1 (Mg («)) — PSL>R, which is a contradiction. a
16.26 Lemma Let W be a component of XS[;LZRZ] "(K), and suppose that ¢,c’ € [-2,2]\ Dg. If
ny # nf,{,, then there is a path in X1 ,r (K) which starts in either W¢ or W< and is contained in W€:¢']
except for its final endpoint, which is a reducible character x withtr,(y) € Dg N[c,c'].

Proof Since we can compute nf, and n%/, by summing over the connected components of Z of
wlec'lim(g) let Z be such a component with n, # n¢ Z Let Z be the component of gle-c'1(K) that
contains Z. As nZ = nf it follows that Z # Z and so Z meets 96[6 ¢ ](K) Asn$ # nZ, at least one of
them must be nonzero, say n¢, # 0; in particular, Z¢ is nonempty. Thus there is a path in Z starting in Z°¢
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and ending in Z N %E)C’C/](K ). Taking an initial segment of this path and using the map ¥(K) — X(K)
gives the desired path by Lemma 3.16. a

16.27 Theorem Suppose a prime knot K is real representation small and that Mg (pu + A) is a lens

space for some p > 0. Suppose that for some n = 1,2,..., p there is a unique x¢ € ["le, %] with
A (e?™X0) = 0, that the corresponding root of Ak is simple, and that xo # ”le, %. Then E(K)

contains an arc y of type Ay, where k is one of n—1,n,n—1— p, orn — p, and where the other endpoint
of i*(y) is (x9,0). If n ¢ {1, p}, then (—o0, 1) C SSL = (K).

A similar statement holds when Mg (—pu + A) is a lens space by taking the mirror. Also, the hypothesis
of a lens space filling in Theorem 16.27 can be replaced with the requirement that X ll,rSrL r (Mg (pp+21))

be empty.

16.28 Remark We conjecture that the hypothesis on the Alexander polynomial in Theorem 16.27
always holds when Mg (pu + A) is a lens space. By Greene’s lens space realization theorem [2013],
the set of possible Ag’s coincides with the set of Alexander polynomials of Berge knots. For fixed p,
there are only finitely many possibilities, and the hypothesis on their roots holds for p < 1000 (which
is some 5265 distinct Ag). In fact, with the exception of p = 5, there is always a root leading to the

conclusion that (—oo, 1) C S~ (K), indeed usually tens or even hundreds of such roots. Here, it is

SLoR
unknown whether having a lens space surgery means K is real representation small, and there are such K

that are not small [Baker 2005].

Proof of Theorem 16.27 Letw = @ and 0’ = %, as well as ¢ = 2cosw and ¢’ = 2cos w’. By
hypothesis, ¢, ¢’ ¢ D, and there is a unique root e2:¢ of Ag with 6 € [w, ®']. Let ¥ be the point in
Xred (K) with i *(y9) = (8/7,0). Now, if ¥ is a path in E(K) starting at ¥y whose interior consists of
nonparabohc characters, then i *(¥) is contained in the shaded region R shown in Figure 18 and meets dR
only if the other endpoint of ¥ is a parabolic. In the latter case, the parabolic must have heightn—1,n,n—p

orn— p—1, and we can apply Lemma 16.19 to the arc to conclude (—oo, min(n—1,n— p)) C S~ (K)

SLoR
provided n ¢ {1, p}. Thus, to prove the theorem it suffices to find such a y.

Since ¢2/? is a simple root of Ag, we have ok (e2'?) — UK(ezi“’/) = +2. Using Corollary 15.5 and

Theorem 12.22, we compute

(16.29) 1=l (K) = h§y, (K) = 7§ g (K) =K g (K) = Y (1, —n%y),
where the sum is over the path components W of X S[Lsz ]’m(K ). Let W be any such component with

ngy, # nf,{,, and consider the path given by Lemma 16.26, which must end at the reducible character yg
where tr;, = 2cos 6.

If the closure W of W in X 5[£22R2 ]

X0 to xgr. Taking the lift ¥ as before, note that i *(¥) must exit R to get to i *()g/). As it can only do

(K) contains a reducible yg- other than yg, let y be a path in W joining
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Figure 18: A good arc ending at g must have image lying in the shaded region.

so at one of the parabolic corners of R, an initial segment of ¥ is the path we seek. So now assume
W=Wwu {)(/9}, which means 7, can only change at @ =2 cos ¢. In particular, n%V =n$, and nﬁ,z = n%/,.
A_s ny, # nyy,, at least one of ”%/V and nﬁ,z is nonzero. In particular, W contains a parabolic character, so
W = W U{yg} contains a path y from yg to a parabolic character whose interior consists of irreducible
nonparabolic characters. The lift of y starting at g is thus the path y we seek, proving the theorem. O

17 Computations and conjectures

In this final section, we compute / for some additional classes of small knots, including Montesinos
knots, torus knots and 98.7% of those with at most 11 crossings. We use / to give a new proof of Riley’s
conjecture on parabolic representations of 2-bridge knots. Finally, we make some conjectures about the
behavior of the extended Lin invariant ﬁ(K ) for 2-bridge knots and knots with lens space surgeries.

17.1 Montesinos knots

In Proposition 16.11, we showed that 4(K) = —%O’(K ) whenever K is real representation small and
3»(K) is not LO. In fact, there are many knots which satisfy #(K) = —%O’(K) even though X, (K) is
LO. The Montesinos knots provide a good class of such examples. Oertel [1984] showed a Montesinos
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knot is small if and only if it has at most three rational tangles. (A Montesinos knot with one or two
rational tangles is 2-bridge, and hence alternating.) We will show:

17.2 Proposition For any Montesinos knot K = K(p1/q1. p2/q2, p3/q3), we have Xgl’jzrﬁ%(K) =90
and h(K) = —10(K).

The branched double covers of these knots are Seifert fibered spaces over the disk with three exceptional
fibers, many of which are LO and admit nontrivial representations to SL,R. As in Section 16.4, we write
(S3, K,) to denote the orbifold, where the knot K is labeled by the cyclic group Z/n.

17.3 Lemma If p: 71(S3, K,,) — PSLyR is irreducible, then so is its restriction to 71 (Z,(K)).

Proof SetT' =1(S3, K,)and A =1 (Z,(K)). We will prove the contrapositive: for any representation
p: ' — PSL,R, if p(A) is reducible then so is p(I"). We consider the various possible restrictions of p
to A from most to least degenerate. To begin, if p(A) is trivial, then p factors through I'/A = Z/n. As
every finite subgroup of PSL,R is reducible, p(I") is reducible.

Suppose next that p(A) is reducible but nontrivial. The fixed-point set F of p(A) on P!(C) must be
either one or two points, since, if there were more, then p(A) would be trivial. Since A is normal in I,
the full group p(I") leaves F invariant. Thus, if F is a single point, then p(I") too is reducible. So assume
F is two points, and let L be an oriented geodesic joining them, which may not lie in H?. The stabilizer
of L in PSL,C is the abelian group C*, so the restriction p|a factors through A% = H{(Z2(K); Z). As
K is a knot, the latter is finite of odd order. In particular, p(A) is finite and moreover so is p(I") since
[[": A] = n. Thus, again, p(I") must be reducible. |

Proof of Proposition 17.2 Set I' = 71(S3, K») and A = 71(Z2(K)) and suppose that some p: I' —
PSL,R is irreducible. As discussed in [Oertel 1984], the orbifold (S 3, K>») is Seifert fibered with quotient
orbifold Q being a triangle with mirrored sides and vertices labeled by dihedral groups of order 2g;.
Hence, if f represents a regular fiber, we have

1> {(f)>T—->m(Q0)—1.

While () is not central in T, it is in A since ¥, (K) is Seifert fibered over the orbifold S%(g1, q2.g3)
with orientable fibers. Thus p( f) centralizes p(A), which is irreducible by Lemma 17.3; by Lemma 3.11,
p(f) = 1. Thus, on all of T, the representation p factors through

1(Q) = (x,y,z | x> =y? =22 = (xp)!' = (x2)22 = (yz)® = 1).

However, any two elements of PSL,R of order two are either equal or have product a nontrivial hyperbolic
element. This forces any representation of 71(Q) to PSL,R to be reducible, a contradiction. So
XgE;R(K) =@ and h(K) = —10(K), as claimed. O
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17.4 Knots with small crossing number

There are 801 nontrivial prime knots with at most 11 crossings, of which 601 are small [Burton et al. 2013].
All but possibly 8 of these 601 satisfy 7 = —%0. Indeed, some 85.9% of these knots are either Montesinos
or alternating [Livingston and Moore 2021; Castellano-Macias and Owad 2022]. For the 85 knots that are
not in those classes, the question of whether X, (K) is LO is usually known from [Dunfield 2020b] or can
be determined using those methods. If 3, (K) is not LO, then h(K) = —%O‘(K) by Proposition 16.11. In
this way, we can show that for small knots with < 11 crossings, h(K) = —%(I(K ) for all but possibly
the knots 10161 = 10131, 11196, 11n111, 11n116, 111135, 111143, 111145 and 111183. For these
eight knots, X, (K) is LO for all but possibly ¥,(111143) and X5 (11n145) by [loc. cit.]; we expect
35(11n143) and X,(11n145) to be LO as they are not L-spaces. (All eight X5 (K) have coorientable
taut foliations by the techniques of [loc. cit.].)

17.5 Torus knots

The knots for which we computed /% in earlier sections all satisfy £(K) = —%O(K ). We now turn to torus
knots and show they exhibit more interesting behavior. Let K = T'(p, ¢) be the positive (p, g) torus knot.
We can compute Xsp,r(Mg) using the same method as for the trefoil in Section 14.7. The exterior of
K =T(p,q) is Seifert fibered and

nl(MK) = (xvy’f |xp = f =yq>’
where f is the class of the Seifert fiber. If p: 71(Mg) — SL2R is irreducible, p(f) is central, so
p(x)? = p(y)? = £1. As in Section 14.7, we may assume that

cosf —sin6 cos —t sin
p(x) = ( ) and p(y) = ( 4 (p)

sinf  cos6 t~lsing cosg

For a fixed ¢, there are 2(p — 1)(¢ — 1) choices of 8 and ¢ which result in irreducible representations. The
representations for (6, ¢) and (—6, —¢) have the same character, so Xsi,r (Mg ) consists of (p—1)(g—1)
arcs, which are obtained by varying ¢. Each arc tends to a reducible character as ¢ — 1, and its image in
XsiL,R(0Mk) lies on a line of slope — pq, since p(f) = £ forall p ona given arc and [ /] = (pq)pu+ A
in H1(0Mk).

The Alexander polynomial of K is
@P1-1)(t—-1)
P =D@1-1)

which has (p —1)(g — 1) roots; specifically, for {,; = e27i/P4_the roots are = §pq for 1 <n < pq

(17.6) Ag(t) =

with p and g not dividing n. Each root is simple, and the number of arcs and roots is the same. Hence,
arguing as in Theorem 16.27, we see that the character variety has a single arc ending at each point on
the reducible line with g* = ﬁ, for n as before. Lifting to E (K ),Nwe see that the translation extension
locus has the form shown in Figure 19. In order to describe i *(E (K)) precisely, we must determine
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A*

Figure 19: The basic structure of i*(ﬁ (T(p, q))): it consists of arcs of slope —pg joining a

n

parabolic point to one of the (p — 1)(g — 1) points of the form (ﬁ, 0) with neither p nor ¢
dividing n. In particular, exactly one segment of the line of slope —pg through (ﬁ, 0) in the
region 0 < pu* < 1 is part of i*(E(T(p,q))). The complete picture is thus determined by
which parabolics of the form (0, k) for k > 0 are ends of such arcs; these are characterized by
Proposition 17.7. Here, the plot is that for 7'(4, 5).

whether the arc ending at a given root of the Alexander polynomial lies below the reducible line or above
it. Equivalently, it suffices to determine the set

I'(K) = {n € N | an arc of E(K) ends at a parabolic of height n}.
The arc ending at ©* = ﬁ will thus lie above the reducible line if and only if n € I'(K).

17.7 Proposition For the torus knot K = T'(p, q), one has I'(K) = N\ I, 4, where I'j, 4 is the additive
semigroup generated by p and q.

Proof All the roots of Ag are simple, so we can apply Lemma 15.8. The arc y considered in part (1) of
the lemma can be taken to have image a line segment of slope —pg¢ in the translation extension locus, so
it satisfies (try o y)’(0) # 0. We conclude that the segment which limits to the reducible at (%, O) lies
above the reducible line if the jump in ok (@) at {j, is —2 and below it if the jump is +2.

Litherland [1979] gave a simple formula for the sign of the jump in ok at {5,. Itis
(17.8) (=1)le/al+1b/pl+In/pal - where n = ap + bg for a,b € Z.
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If 0 <n < pgq, there is a unique 71 € Z with 7 =n mod pq and 7 =&p+l§q with0<d <gq and 0 <h < p.
Moreover, the sign in (17.8) is unchanged if we replace (a, b, n) by (@, b, n). Hence, the jump at {7,
is positive if 71 < pq and negative if 7 > pg. But 0 <n < pq is in I, 4 if and only if n = 7, which is
equivalent to 1 < pq. It follows that I'(K) ={n e N |n ¢ [ 4}. m|

17.9 Corollary For K = T(p,q), we have h(K) = g(K) = %(p —1)(¢—1) and

h(K)y= > (' +17).

i¢Tp.q

In particular, deg ﬁ(K) = 2g(K) — 1 and we have equality in Lemma 14.18(3).

Proof The formula for / follows from Proposition 17.7 and the fact that all arcs of E (K) have the
same left-to-right orientation by Lemma 15.8; compare Figures 10 and 19. It is straightforward to show
N\ I},4 has %( p —1)(g — 1) elements, the largest of which is pg — p — ¢, so the other two statements
follow from the formula for & (K). |

This picture gives us a nice geometric interpretation of the signature defect g(T(p, q)) + %U(T( p.q)): it
is the number of arcs in i *(E (K)) which cross the line u* = % Since deg h= pq — p —q and the slope of
each arc is — pg, the signature defect is O precisely when 1 — % — é < % ie when X5 (K) =X (2, p,q) is
Seifert fibered over a positively curved orbifold. Recalling that h(K) = —%O‘(K ) when K is Montesinos,
we get an alternative proof of the fact that T'(p, ¢) is Montesinos exactly when (p,q) = (2,2n+1), (3, 4)

or (3,5).

17.10 Berge knots

Many more examples of knots with i (K) # —%O(K ) are provided by Berge knots, and, more generally,
by L-space knots. A knot K C S3 is an L-space knot when some positive Dehn surgery on K is an
L-space. Positive torus knots, and, more generally, any knot with a positive lens space surgery, such as
the Berge knots, are L-space knots. For an L-space knot K, the surgery K(pu + gA) is an L-space if
and only if g > 2g(K)—1 by [Ozsvath and Szabd 2005a]. The L-space conjecture tells us to expect the
same relation to hold for left-orderings.

When K has a lens space surgery of slope p > 0, the form of i *(E (K)) is constrained by Lemma 16.25
and Theorem 16.27. In particular, the lines of slope —p through the parabolics intersect i *(E(K)) only
at points that are reducible or parabolic. Moreover, whenever we have a unique root of the Alexander
polynomial in the interval [% k :1 ] we get an arc of type Ay in E (K). For such knots, the pictures of
[Culler and Dunfield 2018] suggest that i * (E (K)) is similar to that of a torus knot, in that it is composed

entirely of arcs of type Aj. Numerical computations of h (K) for about 150 small Berge knots exhibit

some striking behavior, which we now describe.
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The Milnor torsion of a knot K is the Laurent series tp7(K) := Ag(t)/(1 —t) normalized so that
M (K) =) ,50ant” with a, # 0. We say a Laurent series ), .o ant” is good if a, € {0, 1} for all n.
If K is an L-space knot, then the Milnor torsion is good [Ozsvéth and Szab6 2005a]. We write ﬁ+(K )
for the “nonnegative exponent” part of 7(K); ie if h(K) = Yo ci(th +177), then hi(K)= Yisocitt.
Based on the computations discussed below, we posit: - -

17.11 Conjecture If K is a small Berge knot, then

(1) h(K)= %r(K), where r(K) is the number of roots of Ak (t) on the unit circle;
(2) ﬁ_,.(K) is good; and, moreover,
(3) hy(K)+ mr(K) is good.

In other words, the coefficients of fz_,.(K) must all be 1 and fall into the “gaps” of the Milnor torsion
i (K) =) ,-0ant™ given by those n where a, = 0. The symmetry of the Alexander polynomial
implies that an_= 1 —azg—1-n, where g = g(K) is the Seifert genus of K. (Recall that Berge knots are
fibered [Ni 2007], so deg Ak (¢) = 2g.) Hence, a,, = 1 for n > 2g, and, if 737 (K) is good, precisely g of
the 2g coefficients between ag and a>g—1 will be 0. Conjecture 17.11 predicts that %r(K ) of these g(K)
gaps should be filled by the nonzero coefficients of /4 (K).

When K = T'(p, q) is a positive torus knot, all the roots of Ag (¢) lie on the unit circle, so r(K) = 2g(K).
In addition, from (17.6) we have

wm(T(p.q)) = Z t' andso hy(K)+tp(K)= Zti

i€l 4 i>0

by Corollary 17.9. Thus Conjecture 17.11 holds in this case, and moreover all of the gaps in 77 are filled.

In contrast, if K is a hyperbolic Berge knot, some gaps in 7jy must remain empty for the following reason:
We have asg 1 = 1 —ag = 0, so the highest gap is always at height 2g(K) — 1. As every Berge knot is
fibered [Ni 2007], by Lemma 14.18(4) we have deg h(K ) <2g(K)—1, and the highest gap must remain
unfilled.

As a consequence, if K is a hyperbolic L-space knot, the approach of constructing left-orderings for
Dehn surgeries K via SL,R representations should not be completely effective at proving the L-space
conjecture for these manifolds. Indeed, the best expected bound on the range of left-orderable surgery
slopes coming from Lemma 16.19 says that Dehn fillings of slope < deg h (K) should be LO. In contrast,
the L-space conjecture says that we should expect all fillings of slope < 2g(K)—1 to be LO. This happens
even for the (=2, 3, 7) pretzel knot of Figure 17, where S SOR (K) = (-6, 00) [Varvarezos 2021] but we
expect SLo(K) = (-9, 0).

The slopes in this gap provide an interesting test case for the L-space conjecture.
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17.12 Question For some hyperbolic Berge knot K, can we show that K(«) is LO for all rational
o€ (2g(K)—1—¢€,2g(K)—1), where € > 0?

The best results in this direction are due to [Krishna 2020; Hu 2023], whose combined work shows that
the (2, —3, —7) pretzel knot has a sequence of such slopes converging to 9.

We arrived at Conjecture 17.11 by considering the 158 small hyperbolic Berge knots whose exteriors
can be triangulated with at most nine ideal tetrahedra [Dunfield 2020a]. The knots in this sample have
small hyperbolic volumes (all less than 7.1), but their genus is generally quite large: the median genus is
50.5. For these knots, a collection of parabolic representations has been rigorously computed by Goerner
[2014] using a method based on ideal triangulations and Ptolemy coordinates; however, these lists may
not be complete due to limitations of this approach [Goerner and Zickert 2018]. We computed the heights
of these representations using [Culler and Dunfield 2015] to find their possible contributions to ﬁ+ (K);
eg in Figure 17 the heights would be {1, 2, 4, 6}. For all 158 knots, the parabolic heights are all distinct
and each one lies in a gap in tp7 (K), which is consistent with parts (2) and (3) of Conjecture 17.11.

The fact that the parabolic heights fall into the gaps in tps (K) for even one of the larger of these knots is
remarkable, since on average 73% of the gaps were filled by some parabolic height. For example, the
manifold 0993188, which is one of the most complicated in the sample, has an L (317, 121) filling, Seifert
genus 139 and 99 parabolics. If we imagine that the parabolic heights were randomly distributed in the
interval [0, 2g(K) — 1], the probability that they all landed on a gap would be 27°° ~ 1.6 x 1073°. Even
if we restrict to the interval between 1 and 219 (the largest parabolic height), where there are 122 gaps
and 97 nongaps, the probability of all the heights landing in the gaps is less than 10723,

Turning to the count r(K), the ratio 2;,((KK)) had mean 0.74 and was always in the interval [0.60, 0.78];

hence, a majority of the roots of Ag (¢) were on the unit circle for all these knots. For comparison, define
hg(K) to be the naive (unsigned) count of parabolic SL,R representations from [Goerner 2014]. As
mentioned above, this may be an undercount of the actual number. In all cases, we have hg(K) < %r(K )
with equality in 133 cases. The sum of all the hg(K) was 6479, whereas the sum of all %r(K ) was
6532. The largest difference %r(K ) —hg(K) observed was 4. The manifold 09¢318¢ mentioned is one
of two such examples, as there g (K) = 99 but %r(K ) = 103. The simplest example where the counts
differ is v1392 where hg(K) = 14 but %r(K) = 16. Computations of i*(E(K)) using [Culler and
Dunfield 2015] are consistent with a pair of parabolic representations being missed. Indeed, using the
alternative triangulation kLvLAPQkaedgijhijijnxsvepnxxti_abba for v0220, we found there are in
fact 16 distinct parabolic representations as predicted by r(K).

Finally, for 62 of the 158 manifolds, we have a plot generated by [Culler and Dunfield 2015] as part
of [Culler and Dunfield 2018]; these all consist of nonintersecting arcs of type A; for k # 0. For
a more complicated example than Figure 17, see [ibid., Figure 4] for the plot for v0220, which has
hg(K) = %r(K) = 36 with 47 gaps in 737 and i *(E(K)) consisting of 72 arcs, making it a median-
complexity example in the overall sample. Using Lemma 15.8, the pictures provide strong evidence
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Figure 20: The manifold 109882 is the exterior of the mirror of an L-space knot K, half of whose
i*(E (K)) is shown here. The lighter dots on the vertical axis correspond to parabolics that are
Galois conjugates of the holonomy representation of the hyperbolic structure on M ; the darker dots
on that axis are other parabolics. A dotted circle about a parabolic point indicates a gap in tpy; further
gaps at heights 12 and 17 are not shown. Here, Ag = (t* —t3 + 12—t + 1)(t!* —t'12 +17 -2 + 1)
has 16 roots on the unit circle. The knot K is not a Berge knot, having no lens space surgeries, and
appears to satisfy none of the conclusions of Conjecture 17.11, having h(K) =6 <8 = %r(K ) and
h +(K) not good since the coefficients 7 and 8 should have opposite signs.

that all parabolics from [Goerner 2014] contribute to h +(K) with positive signs, further confirming
Conjecture 17.11.

17.13 Remark The pattern described in Conjecture 17.11 holds for many, but not all, L-space knots;
see Figures 20 and 21 for two examples where it appears not to hold. Caveat: the qualification in the last
sentence is because pictures produced by [Culler and Dunfield 2015] are not completely rigorous; see
[Culler and Dunfield 2018, Section 5.1] for details.

17.14 2-bridge knots

If K is 2-bridge, it is alternating and small, so £(K) = —%G(K ) by Corollary 16.12. Using Corollary 14.3,
we give a new proof of the following result, which was conjectured by Riley [1972; 1984] and proved
recently by Gordon [2017]:
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Figure 21: The manifold 108114 is the exterior of the mirror of an L-space knot K, half
of whose i*(E (K)) is shown here using the same conventions as Figure 20. Here, Ax =
(=t + D=2+ 1) =t 4+ 11 — 1% +¢8 — 17 4+ 13> — % + 1) has sixteen roots on the
unit circle and tps has additional gaps at heights 15, 18, and 23. The knot K appears to satisfy
only part (1) of Conjecture 17.11, having h(K) =8 = %r(K) but /1 (K) is not good since the

coefficients #1° and ¢!! should have opposite signs.

17.15 Theorem (Riley conjecture) If K is a 2-bridge knot, then w1 (M) admits at least |o(K)|
nonconjugate irreducible parabolic representations into SL,R.

The Riley polynomial pg(y) plays a central role in [Riley 1972; Gordon 2017]. It is a 1-variable
polynomial whose roots determine the parabolic representations of a 2-bridge knot K. Riley proved that
pk has only simple roots, which is a key ingredient in the proof below.

Proof We will show that 771 (M) admits at least |2 (K)| = %|0(K )| conjugacy classes of representations
p with tr, (p) = 2; the statement then follows from the bijection b: X SZI:TR (K)y— X S_Lzz’ﬁg(K ) discussed
in Section 14.9.

Since K is 2-bridge, we can write K = B , where K is a 4-strand braid. We choose 8 so that we can
orient K with all the underbridges and overbridges coherently oriented from left to right. Our usual setup
leads us to consider the character varieties L; = X Szilzr]rR(H,-) cX Szﬁlzr]rR (S4), where X SzﬁlzrrR (S4) is a real 2-

dimensional surface (as in Figure 3, left), and each L; is a smooth curve in it. Then X SZL’TR(K )=Li1NL,
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and h(K) = £(L1, L3). To prove the theorem, it suffices to show that L is transverse to L», since, if
so, each point of L; N L, contributes 1 to #(K) and hence |7(K)| <#(Ly N L»).

Here is an outline of our strategy for proving that L; N L is transverse. Consider the representation
varieties N; = Rg’LTR(Hi) - R;E;TR(S4) C RéE;R(F4)' Riley [1972] defines a map y: R~9 — N such
that

(1) toy:Rso— stiiSR(SU is an embedding whose image is L} C L1, and

(2) if pe LiN Ly, then p e L.

Since L is 1-dimensional, it is enough to show that for all p = toy(u) in L1 N Ly, one has T, L1 ¢
Ty, L>. By the path lifting properties of [Culler and Dunfield 2018, Lemma 2.11], this is equivalent to
¥ (u) ¢ TyuyNa2. To show the latter, we will define a map f: R>™(F4) — R such that

(3) f(N2)={0}, and
4) foy(u) =upk(u?), where pg is the Riley polynomial.

Since all the roots of pg are simple [Riley 1972, Theorem 3], it will follow that y’(u) ¢ T, N, whenever
q =yu) € Na.

It remains to define the maps y and f and check claims (1)—-(4). To start, let C C SL>R be the set of
noncentral matrices of trace 2. It has two connected components corresponding to whether a parabolic
element rotates (really translates) its invariant horocircles in H? clockwise or anticlockwise. Conjugating
by SL,oR preserves each component of C, but the two components are exchanged by the action of
the nonidentity component of SL;E (R). We can identify Z = Rgl’j;rR(Fz) and ¥ = Rgl’j;rR(le) with
open subsets of C2 and C*, respectively, so that N; is the image of the map i: Z — Y given by

i(A,B)=(A4,A7',B,B71).

Following Riley, for u € R~ we define

y(u) = (A@w), AG) ™" Bw). B@)™).,  where A(u) = (é Lf)’ 86 = (—1 (1))

The image of y is contained in N1, so toy:R~9 — L. The map 7 oy is easily seen to be injective by
considering tr(A(u)B(u)) = 2 —u?, and the same calculation shows its derivative is injective as well.
This establishes claim (1).

Next, we consider the image L of t o y. Recall that C has two connected components that can be

interchanged by SL;E (R). S(_)nsequently, Z has four connected components and stﬁizrrR(FZ) has two,

Jrr
SLoR
are rotated in the same or opposite directions. The image L’ is contained in the former component since

where the components of X (F>) correspond to whether the invariant horoballs of the two generators

conjugating by (_(1) 6) € SL,R interchanges A(u) and B(u); moreover, it is all of that component by
[ibid., Lemma 2]. Turning to (2), recall 8 was chosen so that the underbridges are oriented left to right,
so the generators #1 and ¢, of 771 (H1) are both positively oriented meridians for K; in particular, they are
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Figure 22: The 2-bridge knot K41/9 = K10a107 = 1017 is an example where Conjecture 17.16

requires cancellation of distinct parabolics when computing fz(K ). Here og = 0, but X SZI:iZ”R(K )

consists of four points, all at height 1. Assuming everything is transversely cut out, either
orientation on the lobe of i *(E(K)) shown at right results in #(K) = 0, as predicted. Plot made
using [Culler and Dunfield 2015].

conjugate in 1 (Mg). Thus any p € Ny N N, gives rise to 71 (Mg) — SLoR, where p(¢1) and p(¢,) are
conjugate in SL,R, implying that the corresponding point in L1 N L is in L’. This proves claim (2).

A plat diagram representing K determines a Heegaard splitting of the complement, and hence a presentation
of 71 (M ) with one generator for each underbridge and one relation for each overbridge. The relations are
redundant: any one relation is a consequence of the others. If the plat diagram is chosen so that all of the
underbridges and overbridges are coherently oriented, this presentation is closely related to the presentation
obtained by starting with 71 (S2,) and adding the relations s2;—1 = 85, 1 and By 1 (s2i—1) = Bx 1(sz_l.l).
To be precise, if we use the first set of relations to eliminate the generators s5;, we get the presentation
described above up to the operation of cyclically permuting the elements in each relator. In the case of a
coherently oriented 2-bridge knot K/, with g odd, the resulting presentation is a 2-generator 1-relator
presentation 71 (Mg) = (a,b | r(a. b)), where r(a,b) = waw~'b~1 and w = w(a, b) is determined by
p/q. A precise formula for w(a, b) is given in [ibid., Proposition 1].

We now explain how this relates to N; N Na. Suppose ¢ = (4, A~!, B, B~') € Ni. Then (8*)"(q) =
(C1, Ca,C3,Cy), where each C; is a word in A and B determined by 8. The condition that g € N5 is
equivalent to the relations C; = C; Land C3 =C " 1 and, by the discussion above, each of these are
equivalent to the relation r (A4, B). It follows that there are words vy = v;(A4, B) and v, = v2(A, B) such
that v1C1v = wA and vlCz_lvz = Bw.
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Figure 23: The 2-bridge knot K121 = K14a2459 is an example where i*(E(K)) contains an
arc that starts and ends at reducibles but whose interior consists of irreducibles. While such arcs
are extremely common in Xgu, (K), this seems to be the first such observed in Xg,r (K). Here,
Ag = 5t* —15¢3 4+ 21¢% — 15¢ + 5, which has all roots on the unit circle. Moreover, 2(K) = 0
as X, Szﬁian (K) is empty, and og = 0 except in intervals between each pair of close roots where it
is 2. Lemma 15.8 forces the arc to cross the horizontal axis. In the closeup at right, the two regions
enclosed by i*(E (K)) must have equal area: the derivative of the Chern—Simons invariant/Seifert
volume/Godbillon—Vey invariant is essentially n = x dy— y dx (see [Khoi 2003]), so, as dn = 2 dx dy,
the loop created from the small segment of the axis between the two roots and the curved parts of
i*(E(K )) must have signed area 0. Plot made using [Culler and Dunfield 2015].

Suppose g = (A1, Az, A3, Ag) € Y. If (,3*)_1(q) = (c1, 2, c2,c4), Where the ¢; are words in A1, Aj,
Az, Ag, we define F: C* — M,x>(R) by

F(q) = v1(A1, A3)(c1 —¢5 )va(Ay, A3).

Then, if ¢ € N,, we have ¢; = cz_l, so F(q) = 0. We define f(q) to be the upper right entry of the
matrix F(q); claim (3) follows immediately. Finally, we compute

F(y(u)) = v1(u)(C1(u) = C3 ' () v2(u) = w(u) A(u) — Bu)w(w),

where we write v1(u) = v1(A(u), B(u)) etc. Riley [1972, Theorem 2] computes the quantity on the right

and shows it has the form
( 0  upk (uz))
upk (u?) 0 ’
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Figure 24: The 2-bridge knot K77/29 = K12a380 is another example where i *(E (K)) contains

an arc that starts and ends at reducibles, but whose interior consists of irreducibles (compare

Figures 20 and 23). It is remarkable how small S TR (K) is here, contained in [—0.022, 0.038].
2

Here, Ax = (2> — 3t + 2)(3t%> — 5t + 3) which has all roots on the unit circle. Moreover,
h(K)=0as X, SZLZ]R (K) is empty, and og = 0 except in intervals between each pair of close roots,
where it is 2. Plot made using [Culler and Dunfield 2015].

where pg(y) is the Riley polynomial. This proves claim (4) and hence completes the proof of the
theorem. o

The torus knot T'(p, g) is 2-bridge only if p = 2. If K = T(2,2n + 1), Corollary 17.9 tells us that
h(K)=¢72n+1 g g=2n43 4 L 4 42n=3 4 42n—1 1p general, we conjecture that if K is 2-bridge, then
h(K)=h(T(2,2n+ 1)), where —2n = o(K) = o(T(2,2n + 1)). In other words:

17.16 Enhanced Riley conjecture If K is a 2-bridge knot, we conjecture that
t0(K) _4—0(K)
t—t71
Note that this is compatible with Riley’s theorem [1972] that if K is 2-bridge, any parabolic representation

p: Mg — SL,R satisfies tr p(A) = —2; equivalently, any parabolic must have an odd height in the
translation extension locus. By using the Riley polynomial to find all the parabolic SL>R representations
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of a 2-bridge knot K, /,, we checked numerically that the conjecture holds “modulo 27 for all 2-bridge
knots K, /, with p < 500. That is, the number of parabolics at an odd height 7 is odd if |i| < |o(K)| and is
even otherwise. There are 12 929 knots in this range after accounting for (p,q) ~ (p. £¢*!). More than
20% have strictly more than o (K) parabolics, and so would require cancellation when computing E(K ) in
order for Conjecture 17.16 to hold. A simple example of this is shown in Figure 22. A complicated example
is the 32-crossing knot K = Kj479/29 Where o = 2 and so we expect h + =t. In fact, there are actually 55
parabolics that contribute to /14 the unsigned count of these parabolics is 217 + 16¢3 + 107 + 617 + 29,
which is indeed equal to # modulo 2.

Although alternating and Montesinos knots also satisfy A(K) = —%O‘(K ), Conjecture 17.16 does not
extend to either class of knots: Goerner’s tables [2014] of parabolic representations contain knots in each
of these classes that admit parabolic representations with tr p(1) = 2. Finally, we note that although for
small values of p the translation extension locus of K, /, contains only arcs of type Ay (joining reducibles
to parabolics), there are 2-bridge knots for which the translation extension locus provably contains arcs
joining two reducibles. Two such examples are shown in Figures 23 and 24; we found them by looking
for knots where the number of real roots of the Riley polynomial is smaller than the number of roots of
the Alexander polynomial on the unit circle.
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