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We introduce a unified framework for counting representations of knot groups into SU2 and SL2R. For
a knot K in the 3-sphere, Lin and others showed that a Casson-style count of SU2 representations with
fixed meridional holonomy recovers the signature function of K. For knots whose complement contains
no closed essential surface, we show there is an analogous count for SL2R representations. We then
prove the SL2R count is determined by the SU2 count and a single integer h.K/, allowing us to show the
existence of various SL2R representations using only elementary topological hypotheses.

Combined with the translation extension locus of Culler and Dunfield, we use this to prove left-orderability
of many 3-manifold groups obtained by cyclic branched covers and Dehn fillings on broad classes of knots.
We give further applications to the existence of real parabolic representations, including a generalization
of the Riley conjecture (proved by Gordon) to alternating knots. These invariants exhibit some intriguing
patterns that deserve explanation, and we include many open questions.

The close connection between SU2 and SL2R comes from viewing their representations as the real
points of the appropriate SL2C character variety. While such real loci are typically highly singular at
the reducible characters that are common to both SU2 and SL2R, in the relevant situations we show
how to resolve these real algebraic sets into smooth manifolds. We construct these resolutions using the
geometric transition S2!E2!H2, studied from the perspective of projective geometry, and they allow
us to pass between Casson–Lin counts of SU2 and SL2R representations unimpeded.
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1 Introduction

In analogy with Casson’s invariant for homology 3-spheres, Lin [1992] introduced an invariant of knots
in S3. In essence, Lin’s invariant is a signed count of (conjugacy classes of) irreducible representations
� W �1.S

3 �K/ ! SU2 where tr �.�/ D 0 for a meridian � of K. This was generalized in [Herald
1997b; Heusener and Kroll 1998] to the Casson–Lin invariant hcSU2.K/ 2 Z, which counts irreducible
representations � W�1.S3�K/! SU2 with tr �.�/D c for a fixed value of c 2 Œ�2; 2�. Here, one needs to
exclude those c corresponding to roots of the Alexander polynomial �K.t/ on the unit circle, specifically
avoiding DK WD faC 1=a j a 2C and �K.a2/D 0g:

Here, we introduce a similar invariant hcSL2R.K/, which counts representations � W �1.S3�K/! SL2R
with tr �.�/D c. The fact that SL2R is noncompact introduces difficulties that we sidestep, at least for
this introduction, by requiring that K be small, that is, S3�K contains no closed essential surface; in
particular, this implies K is prime. Following the standard approach, we show that:

1.1 Theorem If K is a small knot in S3, there is an integer-valued invariant hcSL2R.K/ for each
c 2 Œ�2; 2� nDK . If hcSL2R.K/¤ 0, then there is an irreducible representation � W �1.S3�K/! SL2R
with tr �.�/D c.
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Fixing the knot K, we can view hcSL2R.K/ and hcSU2.K/ as functions of c which are constant on the
components of Œ�2; 2�nDK . The central goal of this paper is to show that these two functions are related:

1.2 Theorem If K is a small knot in S3, there is an integer h.K/ such that h.K/DhcSU2.K/Ch
c
SL2R.K/

for all c 2 Œ�2; 2� nDK .

The SU2 Casson–Lin invariant is determined by the Levine–Tristram signature function �K W S1! Z

[Herald 1997b; Heusener and Kroll 1998], specifically

.1.3/ hcSU2.K/D�
1
2
�K.!

2/; where c D !C x! is in Œ�2; 2� nDK :

Hence, by Theorem 1.2, our new SL2R Casson–Lin invariant is determined by the signature function
and the single integer h.K/. As we outline in Section 1.4, the connection of hcSL2R.K/ to the classical
signature function is actually key to its usefulness. Specifically, it will allow us to prove the existence of
SL2R representations from elementary topological hypotheses.

For many knots, the invariant h.K/ is determined by the Trotter–Murasugi signature �.K/ WD �K.�1/;
specifically, for alternating knots and Montesinos knots we show h.K/D�1

2
�.K/ in Corollary 16.12

and Proposition 17.2. In contrast, for the positive torus knot K D T .p; q/, we have h.k/ D g.K/ D
1
2
.p�1/.q�1/ by Corollary 17.9, which is greater than �1

2
�K unless .p; q/D .2; 2nC1/; .3; 4/ or .3; 5/.

Many similar examples can be found by considering knots which have lens space surgeries.

1.4 Applications

Our principal motivation for studying h.K/ and hcSL2R.K/ is to prove the existence of irreducible
representations to SL2R from �1.MK/, where MK D S

3 n �.K/ is the knot exterior, as well as the
fundamental groups of manifolds constructed from K via branched coverings or Dehn surgery. Similar
questions for representations to SU2 have been extensively studied in the context of instanton Floer
homology, for example in [Akbulut and McCarthy 1990; Collin and Steer 1999; Kronheimer and Mrowka
2004; Baldwin and Sivek 2023].

In recent years, interest in representations to SL2R has been raised by the L-space conjecture of Boyer,
Gordon and Watson [Boyer et al. 2013], which predicts that a prime 3-manifold Y is a Heegaard Floer
L-space if and only if �1.Y / is not left-orderable. By Boyer, Rolfsen and Wiest [Boyer et al. 2005],
the existence of certain representations �1.Y /! SL2R provides one of our most effective criteria for
proving that �1.Y / is left-orderable; see the overview in [Culler and Dunfield 2018, Section 1.5].

A representation � W �1.MK/! SL2R is called elliptic, parabolic or hyperbolic according to whether
�.�/ is an elliptic, parabolic or hyperbolic element of SL2R. Our first application is a criterion for the
existence of elliptic representations analogous to results of Herald and Heusener–Kroll for SU2:

1.5 Corollary If K is a small knot with �K.!/ nonconstant , then �1.MK/ admits an irreducible elliptic
representation to SL2R.

Geometry & Topology, Volume 29 (2025)
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The point here is that if �K.!/ is nonconstant, so is hcSU2.K/ by (1.3), and then also hcSL2R.K/ by
Theorem 1.2; hence, hcSL2R.K/ ¤ 0 for some open set of c, giving the needed representation by
Theorem 1.1. The complement of the figure-eight knot has no such representations, so the condition that
�K.!/ is nonconstant in Corollary 1.5 is necessary. For context, recall for nontrivial K there is always an
irreducible SU2 representation, by the deep results of [Kronheimer and Mrowka 2004]. Reid has asked if
the same is true for SL2R, and Corollary 1.5 is perhaps the strongest general result in that direction.

Parabolic representations of �1.MK/ are of particular interest. Since h˙2SU2.K/D 0 by Theorem 12.22,
the invariant h.K/ can be interpreted as a signed count of parabolic SL2R representations of �1.MK/;
see Corollary 14.3. Combined with Corollary 16.12 and Proposition 17.2, we have:

1.6 Theorem If K is a small knot with �.K/¤ 0 that is either alternating or Montesinos , then �1.MK/

admits an irreducible parabolic representation to SL2R. There are at least j�.K/j conjugacy classes of
such representations when counted with Casson–Lin multiplicities.

When K is a 2-bridge knot, the fact that K should have at least �.K/ conjugacy classes of parabolic
representations, without any hypothesis on multiplicities, was conjectured by Riley [1972] and recently
proved by Gordon [2017]. Thus Theorem 1.6 can be naturally viewed as an extension of Riley’s conjecture
to alternating and Montesinos knots. In Section 17.14 we give a new proof of Gordon’s result and suggest
a refinement in the form of Conjecture 17.16.

Our most satisfactory results for left-orderability apply to cyclic branched covers. If †n.K/ is the n-fold
cyclic branched cover of K, we prove:

1.7 Theorem If K is a small knot with �K.!/ nonconstant , then �1.†n.K// is left-orderable for all
sufficiently large n.

Here, an explicit lower bound on n can be computed easily from the roots of �K.t/; see Theorem 16.7
and also Remark 16.9. For small knots, this answers a question raised by Boileau, Boyer and Gordon
[Boileau et al. 2019], who proved a similar theorem, to the effect that large cyclic branched covers of
quasipositive knots are not L-spaces.

For Dehn surgery, our results are more complicated to state, but can be described succinctly when K is a
2-bridge knot. If ˛ D p

q
2Q, we write MK.˛/ for the result of Dehn surgery with slope p�C q� on K.

Then Theorem 16.22 gives:

1.8 Theorem If K is a 2-bridge knot with �.K/¤ 0, then �1.MK.˛// is left-orderable either for all
˛ 2 .�1; 1/ or for all ˛ 2 .�1;1/.

In the special case of double-twist knots, see the prior work of [Khoi et al. 2021; Gao 2022b]; for a family
of 2-bridge knots not covered by Theorem 16.22, see [Le 2021].

If K is a 2-bridge knot other than the unknot or the trefoil, every nontrivial surgery on K results in
a non-L-space, and thus should give a manifold whose fundamental group is left-orderable. Hence,
Theorem 1.8 has a less satisfactory conclusion with respect to the L-space conjecture than Theorem 1.7,
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which can be used to settle it for all but finitely many manifolds in its family. This discrepancy primarily
represents a failure of the technique of using elliptic SL2R representations to prove left-orderability, rather
than a gap in our understanding of SL2R representations for these knots. If K is a 2-bridge knot with
�.K/ > 0, we expect that the interval of left-orderable filling slopes can be improved to .�1; �.K/� 1/
using elliptic SL2R representations, but no further.

A similar phenomenon is evident for knots with lens space surgeries. By [Ozsváth and Szabó 2005a], if
K has a positive lens space surgery, the set of L-space filling slopes of K is the interval Œ2g.K/� 1;1�.
In Section 16.24, and specifically Theorem 16.27, we use elliptic SL2R representations to prove that for
many such knots, the set of left-orderable filling slopes contains an interval of the form .�1; k/, where
k is a positive integer strictly less than 2g.K/� 1. The L-space conjecture predicts that the fillings in
the interval Œk; 2g.K/� 1/ should be left-orderable as well, but it seems unlikely that we will be able to
construct left-orderings there using representations to SL2R.

Our applications to left-orderability are detailed in Section 16. We make heavy use of the translation
extension locus of [Culler and Dunfield 2018], which organizes representations of �1.S3 nK/ to the
universal covering group ASL2R of SL2R. Indeed, that paper motivated much of our study here. Our
key advance over [loc. cit.] is that hcSL2R.K/ allows us to give concrete lower bounds on the sizes of the
intervals of left-orderable branched covers/Dehn fillings, whereas in [loc. cit.] only the existence of a
nonempty open interval is proved. In complete generality, for Dehn surgery such intervals can be quite
small — see Figure 24 — meaning one cannot hope to improve on eg [ibid., Theorem 1.2] using only
SL2R techniques without additional hypotheses.

Using this perspective, in Section 14.15 we refine the count h.K/ D h2SL2R.K/ of parabolic SL2R
representations into the extended Lin invariant Qh.K/ in ZŒt˙1� by taking into account the “longitudinal
heights” of lifted representations �1.S3�K/!ASL2R. This invariant exhibits some interesting formal
similarities to the Seiberg–Witten invariant of the knot complement. We suspect these should be explained
by [Haydys 2022], relating solutions to the 2-spinor Seiberg–Witten equations to representations into SL2R.
We show in Theorem 16.21 that if Qh.K/ has positive degree, then one gets left-orderability for large
ranges of Dehn fillings.

1.9 The character variety and the translation extension locus

We now outline the geometrical interpretations of hcSU2.K/ and hcSL2R.K/, which are best understood
in terms of character varieties of representations to SU2 and SL2R; throughout, refer to Section 3 for
precise definitions and technical background.

Recall that the SU2 character variety of MK is

XSU2.MK/ WD Hom.�1.MK/;SU2/=�;

where two representations � and �0 are equivalent if they define the same character, ie tr �.x/D tr �0.x/
for all x 2 �1.MK/; for SU2, this is the same as saying � and �0 are conjugate. Restriction gives a natural
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i�.XSU2.K// i�.Xell
SL2R.K//

0
holonomy of �

1

�1

0
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m
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�

1

Vc

0
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1

�1
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no
m

y
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�

1

Figure 1: Left: the pillowcase orbifold XSU2.@MK/ containing the image of XSU2.MK/ under
the restriction map, where K is the positive trefoil knot. Details are given in Section 14.4, but
the horizontal and vertical coordinates on the pillowcase are the holonomies of � and �, where �
is the Seifert longitude. The light blue dots correspond to the roots of �K.t/ on the unit circle.
Right: the corresponding picture for X ell

SL2R.MK/.

map
i� WXSU2.MK/!XSU2.@MK/ŠXSU2.T

2/:

The character variety XSU2.@MK/ is the pillowcase orbifold shown in Figure 1, left. The character
variety XSU2.MK/ can be divided into the part X red

SU2.MK/ coming from reducible representations, whose
image is always the arc at the bottom of the pillowcase, and the part X irr

SU2.MK/ coming from irreducible
representations, which has expected dimension 1. If X irr

SU2.MK/ is transversally cut out, it carries a
natural orientation, and hcSU2.K/ can be interpreted [Heusener and Kroll 1998] as the intersection number
between i�.X irr

SU2.MK// and the vertical curve

Vc D fŒ�� j � W �1.@MK/! SU2 and tr �.�/D cgI

see Figure 1, left, where hcSU2.K/D 1 for the Vc shown. This orientation can also be understood in terms
of Reidemeister torsion of cohomology with certain local coefficients [Dubois 2006].

The situation for SL2R is similar in many respects, but there are a few key differences. The part of
XSL2R.T

2/ where �1.T 2/ acts by elliptic elements is again a pillowcase, but now XSL2R.T
2/ also

contains four noncompact hyperbolic components which intersect the elliptic component at the orbifold
points of the pillowcase (see Section 14.4 and especially Figure 6). In this paper, we focus on the part
X ell

SL2R.MK/ of XSL2R.MK/ coming from representations whose restriction to �1.@MK/ is elliptic. This
gives a very similar picture to the SU2 case; see Figure 1, right. Provided X irr

SL2R.MK/ is transversally
cut out, we will again be able to view hcSL2R.K/ as the intersection number of i�.X irr

SL2R.MK// with Vc .

Geometry & Topology, Volume 29 (2025)
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0
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1
6

5
6

Vc

�K 0 �2 0

hcSU2 0 1 0

hcSL2R 1 0 1

Figure 2: For the positive trefoil knotK, this figure shows i�.XSU2.MK// in green (dotted lines) and
i�.X ell

SL2R.MK// in purple (thick solid lines) on a single pillowcase; compare Figure 1. Excluding
the locus of reducible characters, which is common to both, they come together only at the points
corresponding to roots of �K on the unit circle. With respect to the orientations indicated, one has
hcSU2

.K/D hi�.X irr
SU2
.MK//; Vci and similarly for hcSL2R.K/. Hence, h.K/D 1 for this knot.

1.10 Sketch of the definition

As reinterpreted in [Heusener 2003], Lin’s construction begins by taking a bridge diagram of K with n
maxima. Splitting along the middle S2, we can decompose MK DH1[S2n H2, where S2n denotes the
sphere with 2n punctures, and H1 and H2 are handlebodies (see Figure 5). If �i is a meridional loop
about the i th puncture, we define XcSU2.S2n/ to be the variety of characters where all �i have trace c.
WhileXcSU2.S2n/ is singular at the reducible characters (a finite set), the irreducible charactersXc;irrSU2 .S2n/

form a smooth open stratum of dimension 4n� 6. Each Li DX
c;irr
SU2 .Hi / is a half-dimensional subvariety

of Xc;irrSU2 .S2n/. For c … DK , the intersection of L1 and L2 is compact; the invariant hcSU2.K/ is then
defined to be the intersection number of L1 and L2 in Xc;irrSU2 .S2n/. (One must of course also show that
hcSU2.K/ does not depend on the particular bridge diagram.)

Turning to SL2R, the difficulty of repeating this construction is that SL2R is not compact. However,
by requiring that MK be small (or more generally real representation small; see Section 3.13), the only
possible noncompactness ofL1\L2 in the smooth stratumX

c;irr
SL2R.S2n/ is the kind already present for SU2,

namely intersections running out to some reducible character of �1.MK/. This is prevented by requiring
c …DK , just as in the SU2 case, allowing us to define hcSL2R.K/ for such c and so prove Theorem 1.1.
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1.11 Motivation for Theorem 1.2

To motivate Theorem 1.2, recall from [Frohman and Klassen 1991] that if c 2DK corresponds to a simple
root of�K.t/ on the unit circle, then one gets a 1-parameter family of representations �t W .�1; 1/!SL2C
where �t is an irreducible SU2 representation for t > 0 and an irreducible SL2R representation for t < 0,
and �0 is a reducible representation with image in SU2\SL2RD S1 with tr.�0.�//D c. For simplicity,
assume the parameter t actually corresponds to the trace of �, say tr.�t .�// D c C t . Then �t will
contribute to hcCtSU2 .K/ for t > 0 and to hcCtSL2R.K/ for t < 0; part of Theorem 1.2 is that these contributions
are the same and hence hcCtSU2 .K/Ch

cCt
SL2R.K/ is unchanged as t crosses 0. Figure 2 visualizes this for

the trefoil by putting the SU2 and SL2R pictures from Figure 6 together on the same pillowcase.

More generally, Theorem 1.2 can be viewed as a statement about representations of �1.MK/ transitioning
from SU2 to SL2R and vice versa as the trace of � varies; any such transition must happen at a reducible
representation corresponding to c 2 DK (see eg Section 3.15). In particular, the starting point for
Theorem 1.2 is the observation that

Xc.S2n/ WDX
c
SU2.S2n/[X

c
SL2R.S2n/

is precisely the real points of the SL2C character variety XcSL2C.S2n/. Moreover, the intersection of
XcSU2.S2n/ and XcSL2R.S2n/ is the set of reducible characters, which is finite. The key difficulty is that
the reducible characters are highly singular points of Xc.S2n/, as shown in Figure 3, left, for the case
nD 2. Thus it is very unclear how to “track” the relevant intersection numbers used to define hcSU2.K/

and hcSL2R.K/ as one moves through the reducible locus.

To prove Theorem 1.2, we will resolve Xc.S2n/ to produce a smooth manifold Xc.S2n/ containing
half-dimensional smooth submanifolds L1 and L2 which are resolutions of the XcSU2.Hi /[X

c
SL2R.Hi /.

(See Figure 3, right, for a picture of Xc.S2n/ when n D 2.) For any c 2 Œ�2; 2�, we then define an
invariant hc.K/ as the intersection number between L1 and L2. When c …DK , the intersection L1\L2

will naturally subdivide into SU2 and SL2R parts, showing hc.K/ D hcSU2.K/C h
c
SL2R.K/. We then

show there is a manifold X.S2n/ with a submersion tr W X.S2n/! Œ�2; 2� such that tr�1.c/D Xc.S2n/.
Moreover, X.S2n/will have submanifolds Li such that Li\Xc.S2n/DLci . Then continuity of intersection
numbers, in the form of Theorem 2.10, ensures that hc.K/ is independent of c. This will prove the
existence of h.K/, at least for a fixed bridge diagram.

1.12 Resolutions of real points of character varieties

Next, we discuss the general setting for building Xc.S2n/, which we call a resolution ofXc.S2n/. For ease
of exposition, we first discuss the corresponding resolution in the case of the free group FnD hs1; : : : ; sni
and restrict to c 2 .�2; 2/. LetXcSL2C.Fn/ be the character variety of SL2C representations � of Fn where
all �.si / have trace c. Its real points Xc.Fn/ are again the union of XcSU2.Fn/ and XcSL2R.Fn/, which
meet in exactly Xc;red.Fn/. (Here, Xc.Fn/ is a real algebraic set with XcSU2.Fn/ and XcSL2R.Fn/ real
semialgebraic subsets.) It turns out both Xc;irrSU2 .Fn/ and Xc;irrSL2R.Fn/ are smooth manifolds of dimension
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Xc.S4/DX
c;irr
SU2

.S4/[X
c;red.S4/[X

c;irr
SL2R.S4/

SU2
SL2R SL2R

SL2R

SL2R

Xc.S4/DX
c;irr
SU2

.S4/[Xc;red.S4/[X
c;irr
SL2R.S4/

SU2
SL2R SL2R

SL2R

SL2R

Figure 3: Left: Xc.S4/ for c D 2 cos 2�
5

, drawn using the equations from [Benedetto and Goldman
1999]. Topologically, XSU2.S4/ is a 2-sphere, whereas XSL2R.S4/ has four distinct components,
each of which is a plane. The intersection XcSU2

.S4/\X
c
SL2R.S4/DX

red.S4/ is just three points,
indicated by small dots. The bottom component of XSL2R.S4/ corresponds to the Teichmüller space
of hyperbolic structures on the orbifold with underlying space S2 and four points labeled Z=5. Right:
the resolution Xc.Sn/ where each of the three points in X red.S4/ has been replaced by a circle.

2n� 3, whereas Xc;red.Fn/ is just 2n�1 points. Our resolution of Xc.Fn/ from Theorem 8.1 has the
following properties, many of which can be visualized by comparing the left and right parts of Figure 3:

(1) The resolution is a smooth manifold Xc.Fn/ equipped with a smooth surjection � WXc.Fn/!X.Fn/.
We take Xc;red.Fn/ and Xc;irr.Fn/ to be the preimages under � of Xc;red.Fn/ and Xc;irr.Fn/,
respectively.

(2) The subset Xc;red.Fn/ is a smooth submanifold of Xc.Fn/ of (real) codimension 1 and Xc;irr.Fn/

is an open submanifold.

(3) The map � restricts to a diffeomorphism between the open sets Xc;irr.Fn/ and Xc;irr.Fn/. Each
connected component of Xc;irr.Fn/ maps diffeomorphically under � to a connected component of
either Xc;irrSU2 .Fn/ or Xc;irrSL2R.Fn/.

(4) The subset Xc;red.Fn/ can be naturally identified with the “character variety” of representations to
U0D

˚�
a b
0 Na

�
ja; b 2C with jaj D 1

	
that are not conjugate to a representation with diagonal image.

(5) For an automorphism � of Fn coming from the braid group, consider the induced automorphism
�� of Xc.Fn/. There is a unique diffeomorphism z�� of Xc.Fn/ which is compatible with �� in
that sense that �� ı� D � ı z��.

In (4), we are replacing each character �0 2 X red.Fn/ with something made out of reducible SL2C
representations with that character. However, we should point out that U0 is not conjugate into either
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SU2 or SL2R. Indeed, any representation � from Fn into SU2 or SL2R with character �0 is will in fact
be diagonalizable in SL2C. Still, the appearance of U0 here is very natural from another vantage point:
back in the setting of a knot K, de Rham showed the roots of �K on the unit circle characterize the c
where there are representations � W �1.MK/! U0 with tr �.�/D c that are not diagonalizable.

1.13 Geometric transition via projective geometry

The work of Frohman and Klassen [1991] mentioned in Section 1.11 starts from the fact that, after
modding out by ˙I, the groups SU2, U0 and SL2R are the orientation-preserving isometry groups of
the round sphere S2, the Euclidean plane E2 and the hyperbolic plane H2. Their construction of the
arc of characters, half in XSU2.K/ and half in XSL2R.K/, uses a 1-parameter family of metrics on the
plane that go from positive curvature to zero curvature to negative curvature. When the root of �K is
simple, they show how a nondiagonalizable representation � W �1.MK/! IsomC.E2/ can be deformed
into isometries of these nearby metrics.

To build the resolution Xc.Fn/, we follow the lead of [loc. cit.] and consider the geometric transition
S2! E2!H2, which we study via projective geometry using the perspective of [Cooper et al. 2018,
Section 2.1]. Because we are restricting to representations of Fn where the generators go to elliptic
elements of a fixed trace, a relevant representation into SU2, U0, or SL2R is largely determined by the
fixed points of the generators in their action on S2, E2 or H2. This leads us to study configuration spaces
of n points in each of these three geometries in Section 5, where the points are taken modulo isometry
(for S2 and H2) or similarity (for E2). Here, we require that not all n points are the same, and denote the
resulting configuration spaces by Cn.S

2/, Cn.E2/ and Cn.H2/, which have dimensions 2n� 3, 2n� 4
and 2n� 3, respectively.

We now sketch a natural way of combining these configuration spaces together into a single smooth
manifold. To begin, we consider Cn.H2/, which has two ends: one where all the points coalesce and
the other where their diameter goes to infinity. We focus on the former end and leave the other alone.
Given an element in Cn.H2/, we can rescale the metric on H2 so that the diameter of the set of points
is exactly 1 in the new metric. The closer the original points are in H2, the flatter the rescaled metric
is. When the original points are very close, the new space is nearly isometric to E2 on the scale of the
points in the final configuration. This makes it plausible that we should compactify this end of Cn.H2/

by adding a copy of Cn.E2/ at infinity to produce a manifold with boundary. Looking now at the end
of Cn.S

2/ where all the points come together, the exact same story applies to suggest that we should also
compactify this end by adding a copy of Cn.E2/. We could then glue our two compactifications together
to get a nice manifold structure on Cn.H2/[Cn.E2/[Cn.S

2/.

To resolve Xc.Fn/, the correct object to look at involves “signed points” to account for the rotation
directions of the generators at their fixed points. We assemble the relevant configuration spaces into a
smooth manifold Y in Theorem 5.9, and then use it to build Xc.Fn/ in Theorem 8.1. The generalizations to
X.Sn/ and to allowing c to vary are too involved for this introduction but are tackled in Sections 9 and 10.
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1.14 Open problems

Our work here raises many questions, both general and specific. General problems include:

(1) Can the definition of hcSL2R.K/ be extended to all knots, not just those which are real representation
small? Naively, could one simply ignore any noncompact components of the intersection? Alternatively,
could the sheaf-theoretic perspective of [Abouzaid and Manolescu 2020] in the case of SL2C be adapted
to our real-algebraic setting? Given its connection to the signature, one expects that h.K1 #K2/ D
h.K1/Ch.K2/. However, the connected sum of nontrivial knots is typically not real representation small,
meaning that we cannot make sense of h.K1 #K2/. More generally, it would be nice to be able to define
and compute h for satellite knots.

(2) Can we count hyperbolic representations with fixed trace and so extend the definition of hcSL2R.K/

to all c 2 R nDK? Assuming this can be done, can hcSL2R.K/ jump as we move through c 2DK for
jcj> 2? If it does not, we would get interesting consequences about ideal points of XSL2R.K/ in terms
of h.K/. A weak version of such an argument is provided by Corollary 15.13, which counts the number
of such points modulo 2.

(3) Can our theory be extended to knots in other closed 3-manifolds? One approach would be to use
bridge diagrams in Heegaard splittings and .g; n/ knots. Here, the bridge presentations we use are .0; n/
knots and the doubly pointed Heegaard diagrams from [Ozsváth and Szabó 2004] are the .g; 1/ case.
The first step would be to understand how to resolve the real points of the relevant character variety of
a surface of genus g with 2n punctures. Our approach here uses that representations of �1.S2n/ have
image generated by elliptic elements, which is no longer the case in higher genus. This more general
perspective might also help us understand the behavior of h for Berge knots and other .1; 1/ knots.

(4) Is it possible to give a more intrinsic definition of hcSL2R by working in the space of all SL2R
connections, as in Herald’s treatment [1997b] of the SU2 Casson–Lin invariant? If this could be done, it
might provide a way to extend h to knots in general 3-manifolds. What would a proof of Theorem 1.2
look like in this context?

(5) The translation extension locus of [Culler and Dunfield 2018] shares some interesting similarities
with the moduli space of solutions to the Seiberg–Witten equations on the knot complement equipped
with a cylindrical end. In this setting, the extended Lin invariant Qh.K/ is analogous to the Seiberg–Witten
invariant. Haydys [2022] relates solutions to the 2-spinor Seiberg–Witten equations on a manifold Y
to the space of SL2R connections on Y. Can these similarities be explained by this? Conjectures 17.11
and 17.16, which concern Qh.K/ for Berge knots and 2-bridge knots, were originally formulated with this
analogy in mind.

(6) The proof of Theorem 1.8 relies on the fact that if K is 2-bridge, then every parabolic � W �1.MK/!

SL2R lifts to z� W�1.MK/!ASL2R where �.�/ has nonzero translation number. Are there other interesting
classes of knots for which this statement holds? This would enable one to prove results similar to
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Theorem 16.22 for such knots. It is conceivable that alternating or Montesinos knots have this property;
see Remark 16.23.

Among the specific problems, we point out Conjectures 17.11 and 17.16 which describe the expected
structure of the enhanced Lin invariant for Berge knots and 2-bridge knots. Other specific problems include
those of Section 9.26, Remark 15.9, Question 15.14, Remark 16.23, Remark 16.28 and Question 17.12.

Plan of the paper

The first half of the paper is devoted to the definition of h and the proof of Theorem 1.2. Sections 2–4
contain background material. Section 2 gives our conventions for smooth manifolds and orientations, and
collects some basic results about intersection numbers that are needed for the main theorems. Section 3
gives background on representations into SL2C and its subgroups SU2 and SL2R, their associated
character varieties, and various standard or easy lemmas. Section 4 discusses representations into ASL2R
and shows there is a “character variety” in this context (Theorem 4.3).

Sections 5–7 discuss configurations of points in S2, E2 and H2, and how they fit together to form a space
Y in Theorem 5.9. Section 8 then uses the space Y to build the resolution of Xc.Fn; S/ for c 2 .�2; 2/ in
Theorem 8.1. Section 9 builds the corresponding resolution for the punctured sphere S2n in Theorem 9.2.
Section 10 contains Theorems 10.1 and 10.2, which build the “parametrized” resolutions where c is
allowed to vary. Section 11 studies orientations on what has been constructed so far. Section 12 shows the
functoriality of Xc with respect to automorphisms coming from the braid group, and uses this to define
hcSU2 , hcSL2R, and hc for the plat closure of a braid. For a fixed braid, Theorem 12.21 shows that hc is
independent of c and Theorem 12.22 proves that hD hcSU2 Ch

c
SL2R. Section 13 shows that hcSU2 , hcSL2R

and hc do not depend on choice of plat diagram, completing the proofs of Theorems 1.1 and 1.2.

The second half of the paper is focused on the applications outlined in Section 1.4. Section 14 refines
what h says about parabolic representations and begins to study how it relates to ASL2R representations
and the translation extension locus of [Culler and Dunfield 2018]; this leads to Definition 14.17 for the
extended Lin invariant Qh.K/. Section 15 establishes further properties of h.K/ and Qh.K/, including
their behavior under mirroring. Therein, Section 15.3 pins down the connection between our version of
hcSU2.K/ and that in [Heusener 2003], formally proving (1.3) as Corollary 15.5. Section 16 computes
h.K/ for alternating knots and gives the applications to left-orderability. Finally, Section 17 computes h
for Montesinos knots and torus knots, and gives some conjectures about the extended Lin invariant for
Berge knots and 2-bridge knots.
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2 Background on orientations and smooth topology

2.1 Manifolds

Our terminology for smooth manifolds is as follows. A smooth embedding S !M of smooth manifolds
S and M is a smooth immersion that is a homeomorphism onto its image. The image of a smooth
embedding is called a smooth submanifold. When S has boundary, we insist @S is contained in @M with
S transverse to @M ; we refer to the situation when @S is contained in the interior of M as an embedded
submanifold with boundary. A smooth submanifold S is closed when it is a closed subset of M ; this is
equivalent to the inclusion S !M being a proper map.

We will need the following basic fact starting in Section 9:

2.2 Lemma Suppose � WM !N is a surjective submersion of smooth manifolds without boundary. If
S �M is a closed submanifold that is a union of fibers of � , then �.S/ is a closed submanifold of N of
the same codimension as S.

Proof By [Lee 2013, Proposition 4.28], the map � is a topological quotient map, and hence �.S/
is closed, and so it will be a closed submanifold if it is a submanifold at all. Set m D dimM and
n D dimN, and let k be the codimension of S. To see that �.S/ is an embedded submanifold of the
claimed codimension, we apply the local slice criterion of [ibid., Theorem 5.8]: it is enough to show that
given s0 2 S, we can find a chart U on N containing �.s0/ such that �.S/\U is a local slice of the
form Rn�k � .0; : : : ; 0/ in U ŠRn.

Choose local charts V Š Rm on M and U Š Rn on N so that s0 D 0 in V, the image �.V / is U, and
the map � W V ! U is projection onto the first n coordinates. Let S 0 D S \ V. Since �.V / D U and
S is a union of fibers of � , we have �.S/\U D �.S 0/. As S has codimension k, we can shrink our
charts so that additionally there is a submersion f W Rm! Rk with S 0 D f �1.0/. Since S 0 contains
0�Rm�n, the last m�n columns of D0f are 0, and hence the initial n columns of D0f have rank k.
Thus, after zooming in if necessary, the restriction of f to Rn � .0; : : : ; 0/ is also a submersion. In
particular, H D S 0\ .Rn � .0; : : : ; 0// is a smooth embedded submanifold of Rn � .0; : : : ; 0/, and, as �
is coordinate projection, S 0 DH �Rm�n. As � is a local diffeomorphism onto U when restricted to
Rn � .0; : : : ; 0/, we have that �.S 0/ is contained in a local slice near �.s0/, as needed.
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2.3 Orientations

A short exact sequence of oriented vector spaces

0! A i
�! B �

�! C ! 0

is compatible when, given a positively oriented basis ha1; : : : ; ani of A and a positively oriented basis
h�.b1/; : : : ; �.bm/i of C, the basis hb1; : : : ; bm; i.a1/; : : : ; i.an/i for B is also positively oriented. For
such a sequence, orientations on any two of A, B and C determine a unique orientation on the third that
makes the sequence compatible. With this convention, the standard orientation on the direct sum A˚B

is the one compatible with the sequence 0! B! A˚B! A! 0.

When E �
�! B is a smooth submersion of oriented manifolds, the fibers ��1.b/ can be compatibly

oriented by the requirement that for all e 2E the sequence

0! TeFe
di
�! TeE

d�
�! TbB! 0

be compatibly oriented, where b D �.e/ and Fe D ��1.b/. In the special case of a smooth fiber bundle
of oriented manifolds F ! E �

�! B with structure group DiffC.F /, orientations on any two of F, E
and B determine a unique orientation on the third that makes the orientations compatible with respect
to � . Finally, if M �M 0 is an embedding of smooth oriented manifolds, the normal bundle �M 0=M is
oriented by the requirement that the short exact sequence

0! TM ! TM 0! �M 0=M ! 0

be compatibly oriented.

We orient the boundary of a manifold via the “outwards normal first” convention of [Lee 2013, Chapter 15].
Thus, if M Dfx 2Rn j x1� 0g and he1; e2; : : : ; eni gives the preferred orientation of M, then an oriented
basis for @M is he2; : : : ; eni.

2.4 Remark Our orientation conventions for both short exact sequences and @M differ from [Heusener
2003]: we use .base/˚ .fiber/ and “outwards normal first” and whereas he uses .fiber/˚ .base/ and
“inwards normal last”.

The rest of this section is not used until Section 12 or later, so you will want to skip ahead to Section 3
at first reading. If V is an oriented vector space, we write �V for the vector space with the opposite
orientation.

2.5 Lemma Suppose the following diagram of oriented finite-dimensional vector spaces commutes:

V11 V12 V13

V21 V22 V23

V31 V32 V33
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If all of the rows and the leftmost two columns are short exact , then the rightmost column is short exact as
well. If additionally they are compatibly oriented , the rightmost column is also compatibly oriented if and
only if .dimV13/.dimV31/ is even.

Proof The rightmost column is short exact by the .3�3/-lemma, so it remains to puzzle over the
orientations. With our conventions, the middle term can be written as an oriented direct sum in two ways:

V22 D V23˚V21 D V23˚ .V31˚V11/

D V32˚V12 D .V33˚V31/˚ .V13˚V11/

D .�1/.dimV13/.dimV31/V33˚V13˚V31˚V11:

Canceling the V31˚V11 from the ends of the first and last lines gives

V23 D .�1/
.dimV13/.dimV31/V33˚V13;

proving the lemma.

2.6 Corollary Suppose M �M 0 and X � X 0 are inclusions of smooth oriented manifolds and that
f WM 0! X 0 is a smooth submersion that restricts to a smooth submersion on M. Let N 0 D f �1.X/
and N DN 0\M. The submersions f WM 0!X 0 and f WM !X 0 determine orientations on N 0 and N,
respectively, and we have .�M 0=M /jN Š .�1/e�N 0=N , where e D .codimN 0 N/.codimX 0 X/.

Proof We have a commuting diagram of vector bundles on N

TN TN 0 �N 0=N

TM TM 0 �M 0=M

�X 0=X �X 0=X 0

to which Lemma 2.5 applies, proving our claim.

A very similar argument can be used to prove:

2.7 Corollary Suppose that Y � Y 0 is an embedding of smooth oriented manifolds. Suppose G is an
oriented connected Lie group acting freely and properly on Y 0, where this action leaves Y invariant. Then
X D Y=G and X 0 D Y 0=G inherit orientations from the orientations on G, Y, and Y 0. The action of G on
Y extends to an action on �Y 0=Y , giving �X 0=X Š .�Y 0=Y /=G as oriented vector bundles.

2.8 Intersection numbers

The invariants of Theorems 1.1 and 1.2 are defined as intersection numbers of certain pairs of submanifolds.
In this final subsection, we record the basic facts we will use starting in Section 12; they are well known,
but we could not find a good reference.
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2.9 Theorem Let M be a smooth oriented 2n-manifold without boundary, possibly noncompact.
Suppose A and B are oriented closed submanifolds of M of dimension n. If A\B is compact , then
there exists a compactly supported ambient isotopy of A to A0 such that A0 and B intersect transversely.
The algebraic intersection number of A0 and B is independent of the choice of such isotopy , and will be
denoted by hA;BiM .

Proof First, we construct the claimed ambient isotopy. Let f W A ! M be the inclusion map. As
f is proper, we can choose a compact n-dimensional submanifold V � A with boundary containing
f �1.B/ in its interior. Then f is trivially transverse to B on the closed set A n int.V /. By [Wall 2016,
Proposition 4.5.7], there is an arbitrarily small perturbation of f to a smooth f 0 transverse to B where
f D f 0 outside int.V /. By [ibid., Proposition 4.4.4], we can arrange that f 0jV is also an embedding
that is isotopic to f jV via an isotopy that is constant on @V. (Here, you have to go back to the proof
of [ibid., Corollary 2.2.5] to see that the isotopy is constant where f and f 0 agree.) Applying [ibid.,
Theorem 2.4.2] to the isotopy from f to f 0, we get a compactly supported ambient isotopy of f to f 0, as
required.

Because our isotopies are compactly supported, the proof that hA;BiM is well defined is essentially the
same as when M is compact. Specifically, consider an isotopy of embeddings F W A� I !M where F0
and F1 are transverse to B that is constant outside a compact set K � A containing F�1.B/. We can
use [ibid., Proposition 4.5.7] to perturb F to a map F 0 that agrees with F on both A� f0; 1g and A nK
and is transverse to B. Then .F 0/�1.B/ is a closed 1-dimensional submanifold of A� I contained in
the compact set K � I. Therefore .F 0/�1.B/ is a finite union of oriented circles and arcs with endpoints
in A � f0; 1g, and the usual argument from eg [Guillemin and Pollack 1974, Chapter 3] shows that
hF0.A/; BiM D hF1.A/; BiM , as needed.

2.10 Theorem Let M be a smooth oriented .2nC1/-manifold with boundary , possibly noncompact ,
with � WM ! I a submersion where @M D��1.@I /. For t 2 I, letMt be the closed submanifold ��1.t/.
Suppose that A and B are closed oriented submanifolds of M of dimension nC 1, that both �jA and �jB
are submersions , and that A\B is compact. Consider the n-dimensional submanifolds At DA\Mt and
Bt D B \Mt . Then the intersection number hAt ; Bt iMt

is independent of t 2 I.

Proof It suffices to show that hA0; B0iM0 DhA1; B1iM1 where I D Œ0; 1�, since any case can be reduced
to this one by replacing M with ��1.Œa; b�/ and reparametrizing Œa; b� by Œ0; 1�.

Applying Theorem 2.9 to A0 and B0 in M0, we get a compactly supported isotopy of M0 that takes A0
to an A00 �M0 that is transverse to B0. We also have an analogous isotopy of M1 taking A1 to some
A01 transverse to B1. Since @M DM0 [M1, we can use the collar structure near @M to extend these
isotopies to a compactly supported isotopy of M that takes A to some A0 such that A00 and A01 are as
previously constructed. As embedded submanifolds, both A0 and B are transverse to @M and hence the
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inclusion map f 0 W A0!M is transverse to B near @A0 D A00 [A
0
1. Now f 0 is proper and A0 \B is

compact, so we can choose an open set U � A0 with compact closure containing .f 0/�1.B/. As f 0 is
transverse to B on @A0[ .A0 nU/, by [Wall 2016, Proposition 4.5.7] we can perturb f 0 to f 00 which is
transverse to B without changing the values on @A0[ .A0 nU/. Thus .f 00/�1.B/ is a closed submanifold
of A0 of codimension n which is contained inside the compact set U, that is, a finite union of circles and
arcs with endpoints in @A0. This 1-manifold comes with an orientation which we can use in the standard
way to conclude that hA00; B0iM0 D hA

0
1; B1iM1 , as needed.

In the setting of Theorem 2.9, suppose that, in addition to being compact, the intersection A\B has
only finitely many connected components. Now, connected components are always closed, and since
A\B has only finitely many such, each connected component Z of A\B is also open in A\B. Thus
we can find an open U �M with U \A\B DZ. In this situation, there is a local intersection number
hA;BijZ WD hA\U;B \U iU that is independent of the choice of U. Note that

.2.11/ hA;Bi D
X
Z

hA;BijZ ;

where the sum runs over the connected components Z of A\B.

Now suppose that we are in the situation of Theorem 2.10, where moreover A\B has finitely many
connected components. If W is a connected component of A\B, pick an open neighborhood U of it
with U \A\B DW. We then have a local intersection number for each t 2 I given by hAt ; Bt ijW WD
hAt \U;Bt \U iUt , which is independent of U. Applying Theorem 2.10 to .U;A\U;B\U/ and using
(2.11) gives:

2.12 Corollary The intersection number hAt ; Bt ijW is independent of t . If each At \Bt has finitely
many connected components , then , for all t ,

hAt ; Bt ijW D
X
Z�W

hAt ; Bt ijZ ;

where the sum is over the connected components of At \Bt contained in W.

Finally, recall that smooth submanifolds X and Y of M intersect cleanly when X \ Y is a smooth
submanifold with Tx.X \Y /D TxX \TxY for all x 2X \Y. This is a weaker notion than intersecting
transversely; for example, all pairs of affine subspaces in Rn intersect cleanly.

2.13 Lemma Let M be a smooth oriented submanifold of M 0 with A0; B 0 � M 0 smooth oriented
submanifolds , each of which intersects cleanly with M. Suppose A0 \B 0 � M and let A D A0 \M,
B D B 0 \M. Assume further that there are oriented bundles VA, VB on M such that �A0=A Š VAjA,
�B 0=B Š VB jB and �M 0=M D VA ˚ VB as oriented vector bundles. If Z is a compact component of
A\B D A0\B 0 which is an open subset of A\B, then

.hA0; B 0iM 0/jZ D .�1/
.dimA/.dimVB/.hA;BiM /jZ :
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Proof If A and B are transverse at x as submanifolds of M, then A0 and B 0 are transverse at x as
submanifolds of M 0, and we are just comparing the oriented vector space

TxA
0
˚TxB

0
D .VAjx˚TxA/˚ .VB jx˚TxB/

with �M 0=M ˚TxM D .VAjx˚VB jx/˚ .TxA˚TxB/.

In general, the assumption that A0 and B 0 intersect cleanly with M means that, after restricting to a
tubular neighborhood of M, we can assume that M 0 D �M 0=M , A0 D VAjA and B 0 D VB jB . Suppose ft
is an isotopy of A such that f1.A/ is transverse to B. By choosing a connection on VA, we can extend ft
to an isotopy Ft of A0 with the property that Ft .VAjx/D VAjft .x/. Then F1.A0/ is transverse to B 0 and
F1.A

0/\B 0 D f1.A/\B, so the statement follows from the transverse case.

3 Background on character varieties

In this section, we establish notation for the character varieties we will consider and recall some of their
basic properties; for further background, see [Culler and Shalen 1983, Section 1.4]. Beyond their mention
in the introduction, the contents of this section are not used until Section 8. Let � be a finitely generated
group. The representation variety RC.�/ is Hom.�;SL2C/ viewed as an affine algebraic set over C. The
group SL2C acts on RC.�/ by conjugation, and the character variety XC.�/ is the geometric invariant
theory quotient of RC.�/ by this action. For each g 2 � , there is a regular function trg W XC.�/! C

defined by Œ�� 7! tr.�.g//. The character variety XC.�/ is also an affine algebraic set over C; concretely,
there is a finite set of gi 2 � such that the trgi give global coordinates for XC.�/.

We will be interested in representations where a distinguished finite subset S D fs1; : : : ; sng of elements
of � share a common conjugacy class in SL2C. Here, a typical pair .�; S/ to keep in mind is when
� D hs1; : : : ; sni is the free group generated by S.

Define the SL2C representation variety of the pair .�; S/ to be

RC.�; S/ WD f� 2RC.�/ j all �.si / and �.sj / are conjugate in SL2Cg:

Despite the name, RC.�; S/ is rarely an affine algebraic set, but rather is constructible, a term which we
now recall. If W and V are affine algebraic sets (ie are Zariski closed in Cm), their difference W �V is a
quasiaffine algebraic set. A constructible set is then a finite union of quasiaffine sets. For context, recall
that the image of an affine algebraic set under a polynomial map is generally only constructible, but the
image of a constructible set under such a map is still constructible. We define XC.�; S/ to be the image
of RC.�; S/�RC.�;¿/DRC.�/ under the natural map � WRC.�/!XC.�/. Hence, XC.�; S/ is a
constructible subset of the locus ftrsi D trsj g of XC.�/.

A representation �2RC.�/ is reducible when �.�/ leaves invariant a line in C2; otherwise � is irreducible.
The corresponding subsets of RC.�; S/ are denoted by Rred

C .�; S/ and Rirr
C .�; S/, respectively. These two
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sets have disjoint images under � and are denoted by X red
C .�; S/ and X irr

C .�; S/. The subsets Rred
C .�; S/

and X red
C .�; S/ are Zariski closed in RC.�; S/ and XC.�; S/, respectively, and hence Rirr

C .�; S/ and
X irr

C .�; S/ are Zariski open. For � in X irr
C .�; S/, all representations in ��1.�/ are conjugate, whereas this

need not be the case for � in X red
C .�; S/.

We will need the following general fact about character varieties:

3.1 Lemma If ' W �1! �2 is an epimorphism , then the induced map '� WXC.�2/!XC.�1/ given by
Œ�� 7! Œ� ı'� is proper in the classical topology.

Proof First note that, for any � , a closed subset C �XC.�/ is compact if and only if trg.C / is bounded
for all g 2 �; this is because the functions trg give coordinates on XC.�/. So suppose K �XC.�1/ is
compact and set L D .'�/�1.K/ in XC.�2/. Given g2 2 �2, choose g1 2 �1 with g2 D '.g1/. Then
trg2.L/D trg1.K/ and hence the former is bounded as the latter is. Thus L is compact and '� is proper.

3.2 Real characters

Our focus throughout this paper is on the real characters of � , that is, the subset X.�; S/ of XC.�; S/

where trg.�/ 2R for all g 2 � . The algebraic set XC.�;¿/ is defined over Q [Morgan and Shalen 1984,
Section III.1], and the same is true for XC.�; S/; hence, complex conjugation preserves XC.�; S/ with
fixed-point set the real locus X.�; S/. In particular, the subset X.�; S/ is a real semialgebraic set, ie it is
defined by a system of real polynomial equations and inequalities. Note that ��1.X.�; S// is usually
considerably larger than the real locus of RC.�; S/. However, we will show that the points in X.�; S/ all
come from representations into the subgroups SU2 and SL2R of SL2C. For any subgroup H of SL2C,
let RH .�; S/ be the subset of RC.�; S/ consisting of � where �.�/�H, and let XH .�; S/ be the image
of RH .�; S/ under � .

3.3 Proposition The set X.�; S/ is XSU2.�; S/[XSL2R.�; S/. Moreover , for

D D SU2\SL2RD
��

cos t �sin t
sin t cos t

��
Š S1;

we have XSU2.�; S/\XSL2R.�; S/DX
red.�; S/DXD.�; S/. Consequently, X irr.�; S/ is the disjoint

union of X irr
SU2.�; S/ and X irr

SL2R.�; S/.

Proof By [ibid., Proposition III.1.1], X.�;¿/DXSU2.�;¿/[XSL2R.�;¿/. Moreover, by [Culler and
Dunfield 2018, Lemma 2.10], XSU2.�;¿/\XSL2R.�;¿/DX red.�;¿/DXD.�;¿/. To transfer these
facts to X.�; S/, it suffices to show

XH .�; S/DXH .�;¿/\X.�; S/ for H each of D, SU2 and SL2R.

As the definitions immediately give XH .�; S/ � XH .�;¿/\X.�; S/, we need only show the other
containment.
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Given �2XD.�;¿/\X.�; S/, choose �2RD.�;¿/with �.�/D�. Now, onX.�; S/we have trsi D trsj
for all si ; sj 2 S. Moreover, elements of D are conjugate in SL2C if and only if they have the same trace.
Hence, � must be in RD.�; S/ and hence � is also in XD.�; S/, as needed.

The identical argument works for SU2, but not SL2R as here there are two conjugacy classes of
elements with trace 2 and �2. However, since X red

SL2R.�;¿/ D XD.�;¿/, we need only consider
� 2X irr

SL2R.�;¿/, where every fiber of � in RC.�;¿/ consists of conjugate representations. In particular,
if � 2X irr

SL2R.�;¿/\X.�; S/ comes from � 2Rirr
SL2R.�;¿/, it follows that � 2Rirr

SL2R.�; S/ since some
�0 with the same character is in RC.�; S/.

Both XSU2.�; S/ and XSL2R.�; S/ are real semialgebraic sets since they are images of the real semi-
algebraic subsets RSU2.�; S/ and RSL2R.�; S/ of RC.�; S/ under the polynomial map � that is defined
over Q. Note that while XSU2.�;¿/ can be identified with the topological quotient RSU2.�;¿/=SU2,
the analogous statement for SL2R is false. This is for two reasons: first, because there are nonconjugate
elements of SL2R with the same trace; and second, because the normalizer of SL2R in SL2C is larger
than just SL2R. To be precise, the normalizer is the full stabilizer of the copy of H2 � H3 that is
preserved by SL2R, and hence is a double cover of the disconnected group Isom.H2/. We use SL˙2 .R/
to denote the normalizer of SL2R in SL2C.

Note also that

RSU2.�; S/D f� 2RSU2.�/ j all �.si / and �.sj / are conjugate in SU2g

and
RSL2R.�; S/D f� 2RSL2R.�/ j all �.si / and �.sj / are conjugate in SL˙2 .R/g:

Recalling that, for � in X irr
C .�; S/, all representations in ��1.�/�RC.�; S/ are conjugate, it is easy to

show:

3.4 Lemma As topological spaces , X irr
SL2R.�; S/ is the quotient of Rirr

SL2R.�; S/ by the conjugation
action of SL˙2 .R/.

3.5 The free group

We now establish some basic facts about the character variety of the free group. We start by consid-
ering XC.Fn;¿/ for the free group Fn on generators S D fs1; : : : ; sng. By [Heusener and Porti 2004,
Proposition 5.8], for n > 2, the smooth locus of XC.Fn;¿/ is precisely X irr

C .Fn;¿/; for n � 2, the
entirety of XC.Fn;¿/ is smooth. We define

X�C.Fn/D fŒ�� 2X
irr
SL2C.Fn;¿/ j �.si /¤˙I for all ig;

which is a Zariski-open subset of X irr
C .Fn;¿/ as one has

X�C.Fn/D f� 2X
irr
C .Fn;¿/ j for all i there exists j with �.Œsi ; sj �/¤ 2g:
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Since � 2X red
C .Fn;¿/ satisfies �.Œsi ; sj �/D 2 for all i , j, we have

X�C.Fn/DXC.Fn;¿/ n
n[
iD1

f� 2XC.Fn;¿/ j �.Œsi ; sj �/D 2 for all j g:

In particular, X�C.Fn/ is a quasiaffine algebraic set.

Consider the map trS W X�C.Fn/ ! Cn given by trS .�/ D .�.s1/; : : : ; �.sn//. For c 2 C, we take
c D .c; : : : ; c/ 2Cn and define

X
c;irr
C .Fn; S/ WD tr�1S .c/�X�C.Fn/:

Observe that X irr
C .Fn; S/D

S
c2C X

c;irr
C .Fn; S/.

3.6 Lemma The sets Xc;irrC .Fn; S/ and X irr
C .Fn; S/ are quasiaffine and smooth. The map

tr WX irr
C .Fn; S/!C; � 7! �.s1/;

is a submersion , with tr�1.c/DXc;irrC .Fn; S/.

Proof For clarity, we denote the map X irr
C .Fn; S/! C in the statement as trs1 to distinguish it from

trS WX�C.Fn/!Cn and also tr W SL2C!C. Set

R�C.Fn/D f� W Fn! SL2C j �.si /¤˙I for all ig Š .SL2C n f˙I g/n;

so �.R�C.Fn//DX
�
C.Fn/. The only critical points of the map tr WSL2C!C are˙I, so trS ı� WR�C.Fn/!

Cn is a surjective submersion. It follows that trS is a surjective submersion. Now X irr
C .Fn; S/D tr�1S .�/,

where � D fc j c 2 Cg � Cn, so X irr
C .Fn; S/ is a smooth quasiaffine algebraic set. The restriction

trS WX irr
C .Fn; S/!� is also a surjective submersion whose composition with any coordinate projection

�! C is trs1 W X
irr
C .Fn; S/! C; hence, the latter map is a surjective submersion and Xc;irrC .Fn; S/D

tr�1s1 .c/ is also smooth and quasiaffine.

For c 2R, we define Xc;irr.Fn; S/ and X irr.Fn; S/ to be the real loci of Xc;irrC .Fn; S/ and X irr
C .Fn; S/,

respectively. Since they are the real loci of smooth algebraic sets, we see that:

3.7 Corollary The sets Xc;irr.Fn; S/ and X irr.Fn; S/ are smooth.

Using Proposition 3.3, we have

Xc;irr.Fn; S/DX
c;irr
SU2 .Fn; S/qX

c;irr
SL2R.Fn; S/ and X irr.Fn; S/D

[
c2R

Xc;irr.Fn; S/;

as well as the following consequence of Lemma 3.6:

3.8 Corollary The map tr WX irr.Fn; S/!R is a submersion.
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We define Rc;irrC .Fn; S/ inside Rirr
C .Fn; S/ to be the preimage of Xc;irrC .Fn; S/ under � and use analogous

notation for the other target groups.

3.9 Lemma The maps � W Rc;irr.Fn; S/ ! Xc;irr.Fn; S/ and � W Rirr.Fn; S/ ! X irr.Fn; S/ are sub-
mersions.

Proof As X irr.Fn; S/ is the disjoint union of X irr
SU2.Fn; S/ and X irr

SL2R.Fn; S/ by Proposition 3.3, this
breaks up into two cases, corresponding to SU2 and SL2R. We do SL2R; the other case is identical.

By [Culler and Dunfield 2018, Lemma 2.11], for any group � the map � WRSL2R.�;¿/!XSL2R.�;¿/
has the weak-path lifting property: given f W I !XSL2R.�;¿/ there exists Qf W I !XSL2R.�;¿/ with
f D � ı Qf . By [loc. cit.], if f .0/ is in X irr

SL2R.�;¿/, then Qf .0/ can be required to be any representation in
��1.f .0//. To show � WR

c;irr
SL2R.Fn; S/!X

c;irr
SL2R.Fn; S/ is a submersion, consider � 2Rc;irrSL2R.Fn; S/ and

v any tangent vector to Xc;irrSL2R.Fn; S/ at �.�/. Choose a smooth path f W I ! X
c;irr
SL2R.Fn; S/ with

f .0/D �.�/ and f 0.0/D v. Let Qf W I ! RSL2R.Fn;¿/ be a lift with Qf .0/D �. As Rc;irrSL2R.Fn; S/ is
the preimage under � of Xc;irrSL2R.Fn; S/, it follows that Qf .I / is contained in Rc;irrSL2R.Fn; S/ and so Qf 0.0/
is a tangent vector to Rc;irrSL2R.Fn; S/ that maps to v under D� , proving � is a submersion. The proof that
� WRirr

SL2R.Fn; S/!X irr
SL2R.Fn; S/ is a submersion is identical.

3.10 Lemma When c is not in .�2; 2/, the set Xc;irrSU2 .Fn; S/ is empty. For c D ˙2, every Œ�� 2
X
c;irr
SL2R.Fn; S/ has �.si / ¤ ˙I for all i . The same holds for any pair .�; S/ where � is generated by

conjugates of elements of S.

Proof The first claim is immediate for jcj> 2 since SU2 has no elements with that trace. For jcj D 2, if
Œ�� 2XcSU2.Fn; S/, the only possibilities for �.si / are I or �I depending on the sign of c, which means
the image of � is contained in f˙I g and so Œ�� is reducible; hence, X˙2;irrSU2 .Fn; S/ is empty. Finally,
suppose cD˙2 and Œ��2Xc;irrSL2R.Fn; S/ with � 2Rirr

SL2R.Fn; S/. As all �.si / are conjugate by definition,
if any �.si /D˙I then all are, which is impossible as � is irreducible.

We will also need the following standard lemma:

3.11 Lemma If an irreducible � W �! PSL2R is centralized by A 2 PSL2R, then AD I.

Proof We provide the proof to caution that the conclusion does not hold when we allow A to be in the
larger group PSL2C. Following [Heusener and Porti 2004, Section 3], a representation y� W �! PSL2C
is Ad-reducible if it leaves invariant either a point in P 1.C/ or a geodesic in H3. Moreover, � is
Ad-irreducible exactly when its stabilizer under the conjugation action of PSL2C is trivial by [ibid.,
Proposition 3.16(ii)]. So if � W �! PSL2R is Ad-irreducible, then the lemma holds. If instead � W �!
PSL2R is irreducible but Ad-reducible, then it is a metabelian representation into the stabilizer of some
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geodesic L in H3, which is a copy of C�Ì.Z=2/. Since any finite representation into PSL2R is reducible,
�.�/ contains elements that translate along L. This forces L to be in H2. As � is irreducible, �.�/ also
contains elliptic elements of order two that interchange the two endpoints of L. Thus there is a unique
nontrivial centralizer of �.�/, namely the elliptic of order two with fixed-point set L. As that element is
not in PSL2R, we are done.

3.12 Reducibles

Suppose � 2Rred
C .Fn; S/, so �.Fn/ preserves a line in C2. Conjugating by an element of SL2C, we may

assume this line is spanned by e1. Hence, the elements of �.�/ are upper triangular matrices, say

�.sj /D

�
�j �

0 ��1j

�
:

Since � has the same character as an abelian representation, namely the one which sends sj to
� �j 0

0 ��1
j

�
,

we see X red
C .Fn; S/ is the image of the subset Rab

C .Fn; S/ of abelian representations.

Now suppose that Œ�� is a real character, and moreover one in Xc.Fn; S/, so for each generator we have
tr �.sj /D �j C��1j D c 2R. If we further assume that c 2 .�2; 2/, then �j 2 S1. Letting ˛ D cos�1 c

2
,

we can write �j D ei�j˛ , where �j D˙1. Hence, Œ�� is determined by the vector �D .�1; : : : ; �n/2 f˙1gn.
It is easy to see that the representations determined by � and �0 have the same character if and only if
� D˙�0. Hence, the set Xc;red.Fn; S/ is in bijection with f˙1gn=˙1, where 1D .1; : : : ; 1/. We denote
the reducible character associated to Œ�� 2 f˙1gn=˙1 by �c

Œ��
, or just �Œ�� when c is clear from context.

3.13 Knot complements

Suppose M is the exterior of a knot K in S3, and � 2 �1.@M/ is a meridian. We will use X.K/ to
denote X.M; f�g/; as S D f�g has only one element, X.M; f�g/D X.M/, and so the X.K/ notation
is just encoding that tr WX.K/!R is tr�. Similarly, we define Xc.K/ WDXc.M; f�g/. The knot K is
small when M does not contain a closed essential surface. Our main results will apply to small knots
as well as to the following much larger class. Specifically, we say K is real representation small if the
preimage of Œ�2; 2� under tr WX.K/!R is compact. As the nomenclature suggests:

3.14 Lemma If K is small then it is real representation small. Moreover , for each c 2 R, the set
Xc.K/D tr�1.c/ is finite.

We prove this using the Culler–Shalen machinery.

Proof We need to prove E WD tr�1� .Œ�2; 2�/ in X.M/ is compact. Consider the complex affine algebraic
set XC.M/. By [Cooper et al. 1994, Section 2.4], as M is small, every irreducible component of XC.M/

has complex dimension 1. As there are finitely many such components C, it suffices to prove each E \C
is compact. Following [Culler and Shalen 1983, Section 1.3], let zC be a smooth projective curve with a
birational isomorphism � W zC ! C. In particular, zC is a compact Riemann surface. The points where � is
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regular (ie defined) will be denoted by zCreg; the finitely many points in zC n zCreg are called ideal points.
The trace map tr� W C !C induces a regular map tr� W zC ! P 1.C/.

We next claim zE WD ��1.E \ C/ is closed in zC ; throughout this proof, open and closed refer to the
classical rather than Zariski topology. We know E is closed in X.M/ which is closed in XC.M/; thus,
E\C is closed in C. Hence, zE is closed in zCreg, so it suffices to show that no ideal point x is a limit point
of zE. If x were such an ideal point, then tr�.x/ 2 Œ�2; 2� by continuity of tr� W zC ! P 1.C/. By [Culler
et al. 1987, Chapter 1], there is an essential surface S associated to x, and, as tr�.x/¤1, it follows
that S is either closed or has boundary some number of parallel copies of �. In the latter case, [ibid.,
Theorem 2.0.3] implies that M also contains a closed essential surface. In either case, this contradicts
that M is small, so zE is closed in zC . As zC is compact, zE is compact and, by definition, it is contained
in zCreg. As �. zCreg/ is all of C, E\C D �. zE/ is the continuous image of a compact set and hence compact,
as desired. So K is real representation small.

The final claim that each Xc.K/ is finite follows provided each tr� W zC ! P 1.C/ is nonconstant. This is
the case since otherwise we would again have an ideal point where tr�.x/¤1, violating smallness.

3.15 Reducible representations and the Alexander polynomial

As noted in Section 3.12, the subset X red
C .K/ of reducible characters is the same as the characters of

diagonal representations. As the latter factor through H1.M IZ/Š Z, we can parametrize X red
C .K/ by

tr�.�/ 2C; we will use �c to denote the reducible character with tr� D c.

For the Alexander polynomial �K.t/ of K, define

DK WD faC 1=a j a 2C with �K.a2/D 0g:

Note that �K.˙1/ is always an odd integer, so DK is finite with 0 and ˙2 not in DK . By de Rahm,
the set DK is exactly the c 2 C where there is a reducible representation � to SL2C with nonabelian
image and character �c ; see [Cooper et al. 1994, Section 6] or [Burde et al. 2014, Proposition 14.6]. Any
reducible character that is the limit of irreducible ones must come from DK :

3.16 Lemma [Cooper et al. 1994, Proposition 6.2] If a reducible character �c is in the Zariski closure
of X irr

C .K/, then c 2DK .

4 Representations to the universal covering group

Next, we discuss the basics of representations into the Lie group ASL2R, the universal cover of SL2R;
throughout, see [Culler and Dunfield 2018, Section 3] for background and the basic facts that we use,
noting that ASL2RDBPSL2R. This material will not be used until Section 14.12.

The Lie group ASL2R is the universal central extension of SL2R by �1.SL2R/Š Z,

.4.1/ 1! Z!ASL2R! SL2R! 1:
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Note the Z in (4.1) is actually index two in the center hci Š Z in ASL2R, with c 7! �I under the map
ASL2R! SL2R and ASL2R=hci D PSL2R.

For a finitely generated group � , the obstruction to lifting � W�! SL2R to a representation z� W�!ASL2R
is the Euler class e.�/2H 2.�IZ/. When e.�/D0, the cohomology groupH 1.�IZ/ acts freely on the set
of lifts: viewing ˛ 2H 1.�IZ/ as a homomorphism from � to the Z in (4.1), we set .˛ � z�/.g/D˛.g/z�.g/
for g 2 � , which is another representation as ˛.�/ is central in ASL2R. Consider the set of liftable SL2R
representations

RSL2R.�/0 D f� 2RSL2R.�/ j e.�/D 0g;

which is a union of connected components of RSL2R.�/ by [ibid., Section 3.3]. The group ASL2R is not
linear and so has a real analytic rather than real algebraic structure. Still, ReSL2R

.�/ makes sense as a real
analytic variety. The cohomology group H 1.�IZ/ acts freely and properly discontinuously on ReSL2R

.�/

with quotient RSL2R.�/0; in particular, ReSL2R
.�/!RSL2R.�/0 is a covering map.

Before introducing the analogue of the character variety for ASL2R, we take a brief detour to study
zXSL2R.�/ D RSL2R.�/==�, where == denotes the geometric invariant theory quotient and � is the

equivalence relation generated by conjugation by elements of SL2R. Equivalently, zXSL2R.�/ is the
polystable quotient of RSL2R.�/ under the action of SL2R by conjugation, as discussed in Section 4.4
below. This differs from XSL2R.�/, which is RSL2R.�/==SL˙2 .R/, as discussed in Section 3.2. In
particular, the conjugation action of

�
i 0
0 �i

�
on RSL2R.�/ descends to a Z=2 action that quotients

zXSL2R.�/ down to XSL2R.�/; thus the natural map zXSL2R.�/! XSL2R.�/ is a (possibly branched)
2-fold cover. As withXSL2R.�/, the space zXSL2R.�/ is a real semialgebraic set [Richardson and Slodowy
1990, Theorem 7.6], and thus Hausdorff and locally contractible by [Basu et al. 2006, Theorem 5.43].
The following will be needed in Section 14:

4.2 Lemma The map zXSL2R.�/!XSL2R.�/ can be branched only at reducible characters. In particular ,
each � 2X irr

SL2R.�/ has two distinct preimages in zX irr
SL2R.�/.

Proof Lest you think the claim obvious, we point out that it fails for PSL2R (consider an infinite dihedral
group in PSL2R generated by two distinct elements of order 2). Suppose � 2 RSL2R.�/ represents �.
The claim is equivalent to showing that the SL˙2 .R/-orbit of � has two connected components (each of
which is then a distinct SL2R-orbit, giving two distinct points in zX irr

SL2R.�/). Since the stabilizer of an
irreducible representation in SL2C is just f˙I g (eg use the setup of the proof of [Culler and Shalen 1983,
Lemma 1.5.1]), we see SL˙2 .R/ � � is disconnected by the orbit–stabilizer theorem.

We will define zXeSL2R
.�/ to be the polystable quotient of ReSL2R

.�/ under the action of ASL2R by
conjugation; see Section 4.4 and especially Corollary 4.7 for details. The main result of this section tells
us that while ASL2R is not an algebraic group, it still has a very reasonable “character variety” in the form
of zXeSL2R

.�/:
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4.3 Theorem The image zXSL2R.�/0 of RSL2R.�/0 in zXSL2R.�/ is a union of connected components.
The map ReSL2R

.�/!RSL2R.�/0 induces a regular covering map zXeSL2R
.�/! zXSL2R.�/0, where the

covering group is H 1.�IZ/.

We point out that the final conclusion of this theorem does not hold for the central extension Z=2!

SL2C! PSL2C; the map XSL2C.�/!XPSL2C.�/ can have branching, at irreducible representations
no less [Heusener and Porti 2004, Section 4]. The proof of Theorem 4.3 is unconnected with the rest of
this paper, and so the trusting reader can skip ahead to Section 5.

4.4 Polystable quotients

Following [Richardson and Slodowy 1990, Section 7.2], consider the following construction. Let H be
a locally compact group acting on a locally compact space V. This action is polystable when for all v
in V there is a unique closed H -orbit in the closure of H � v. For a polystable action, let V � be those
points in V whose H -orbits are closed, which is called the set of polystable points. Now define the set
V==H to be V �=H. Let � W V ! V==H send v to Œx�, where H �x is the unique closed orbit in the closure
of H � v. Finally, give V==H the quotient topology induced by �; this space is called the polystable
quotient. As the notation suggests, the space V==H is also the geometric invariant theory quotient in
many situations, including when H is a reductive real or complex linear algebraic group acting on an
affine variety [Richardson and Slodowy 1990]. In particular, this gives an alternative perspective on the
construction of RC.�/!XC.�/. Since the polystable quotient is purely a topological construction, we
can try to apply it to the conjugation action of ASL2R on ReSL2R

.�/ where there is no geometric invariant
theory quotient to be had; we succeed in doing so in Corollary 4.7.

For ease of notation, set G D SL2R, zG D ASL2R and G D PSL2R D G=Z.G/ D zG=Z. zG/. We are
interested in the conjugation action of G on RG.�/ and R zG.�/. There are five types of orbits G � � for
� 2RG.�/:

(1) When the image of � is in Z.G/, we have G � �D f�g, which is closed.

(2) When � is irreducible, the orbitG �� is closed and homeomorphic toG itself (compare Lemma 3.11).

(3) When � is a reducible and has a unique fixed point in H2, the orbitG �� is closed and homeomorphic
to H2.

(4) When � is reducible and has exactly two fixed points in P 1.R/, it is conjugate to a representation
into

˚�
a 0
0 1=a

�
j a 2R�

	
. The orbit G � � is again closed and homeomorphic to S1 �R.

(5) When � is reducible and has a unique fixed point in P 1.R/, the orbit G � � is not closed. There is
a unique orbit of type (4) in the closure of G � �: if � is upper triangular, that orbit is that of its
“diagonal part”. Indeed, if � is upper triangular, define �t for t 2 Œ0; 1� by

�t .g/D

�
a bt2

0 a�1

�
when �.g/D

�
a b

0 a�1

�
:

This is a smooth path in RG.�/ where �0 is diagonal and �t is conjugate to � for t > 0 by
�
t�1 0
0 t

�
.
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For an action of a group H on a space V, for v 2 V define

Œv�H D fw 2 V j the closures of H � v and H �w intersectg:

When H acts polystably on V with induced map � W V ! V==H, we have Œv�H D ��1.�.v// for each v
in V. The basic facts about the action of G on RG.�/ and its quotient are then:

4.5 Lemma The action of G on RG.�/ is polystable. The fibers of � WRG.�/! zXG.�/DRG.�/==G

are closed and path connected. Finally, ��1.�.�//D Œ��G for each � 2RG.�/.

Proof The first claim can be deduced with some effort from the concrete description of the orbits, but
it is also a general fact about actions of real reductive groups [ibid., Theorem 7.3.1]. As noted above,
zXG.�/ is Hausdorff, so points are closed and hence so are their preimages under the continuous map � .

That the fibers are path connected follows from the discussion in (5). Finally, as previously mentioned,
the last statement holds for any polystable action.

We turn now to studying � W R zG.�/! RG.�/0, which we recall is a regular cover with deck group
H 1.�IZ/.

4.6 Lemma For each �2RG.�/0, there is an open set U containing Œ��G where the following holds: For
every lift z� 2R zG.�/ of �, there is an open zU ���1.U / containing Œz��G where �j zU is a homeomorphism
onto U. Moreover , Œz��G is closed in R zG.�/ and � restricts to a homeomorphism Œz��G! Œ��G .

Proof Consider the continuous translation number function trans W zG!R discussed in [Culler and Dun-
field 2018, Section 3.1], which is a conjugacy invariant. Let s1; : : : ; sd in � generate H1.�IZ/=.torsion/.
Define T W R zG.�/! Rd by T .�/i D trans.�.si //, which is continuous and constant on G-orbits. Let
˛ 2H 1.�IZ/ act on x 2Rd by .˛ � x/i D xi C 2˛.si /. If c is the preferred generator of Z. zG/, one has
trans. Qgck/D trans. Qg/C k; from this it follows that T is H 1.�IZ/-equivariant (recall here that the Z

in (4.1) is hc2i, not hci).

For now, fix any z� in ��1.�/. Let zV be the open box in Rd about T .z�/ that is the product of intervals�
ti�

1
3
; tiC

1
3

�
, where ti DT .z�/i . Let zC be the closed box which is the product of intervals

�
ti�

1
6
; tiC

1
6

�
.

Consider zU D T �1. zV / and zD D T �1. zC/, which are open and closed, respectively, with z� 2 zD � zU ;
moreover, both zD and zU are invariant under the G action. As T .z�/D T .G � z�/D T .Œz��G/, both Œz��G
and its closure are contained in zD.

For all nonzero ˛ 2H 1.�IZ/, zV \˛ � zV is empty since ˛ moves some coordinate of Rd by at least two.
As T is equivariant, zU \˛ � zU is empty. This implies �j zU is injective. As zU is open and � is an open map,
�j zU is a homeomorphism onto the open set U D �. zU/. To show �. zD/ is closed in RG.�/, we note that
its complement is the image under the open map � of the open set T �1

�
Rd n

`
f˛ � zC j ˛ 2H 1.�IZ/g

�
.
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As � is G-equivariant, the subsets �. zD/ and U are also invariant under the G action. So G �� and indeed
its closure is contained in �. zD/. If �1 is any representation where the closure of G � �1 meets the closure
of G ��, then G ��1 must meet U and hence be contained in it. Thus Œ��G is contained in U, and of course
�.Œz��G/ is contained in Œ��G ; in fact, since �j zU is a G-equivariant homeomorphism, they are equal. So
Œz��G is closed in zU since Œ��G is closed in RG.�/0 by Lemma 4.5. Since it is also a subset of zD which
is closed in R zG.�/, it follows that Œz��G is closed in R zG.�/, as needed.

This establishes that U has the properties claimed in the statement of the lemma for the particular lift z�
that we fixed near the start. The H 1.�IZ/ action on R zG.�/ shows that the same U also works for any
other lift z�0, completing the proof.

It follows from Lemma 4.6 that � maps the closure of G � z� to the closure of G �� homeomorphically and
G-equivariantly. Since the action of G on RG.�/ is polystable, the action of G on R zG.�/ is polystable
as well. Hence, we can define zX zG.�/DR zG.�/==G.

4.7 Corollary The fibers of R zG.�/! zX zG.�/ are closed and the map � W R zG.�/! RG.�/ induces
a continuous map x� W zX zG.�/! zXG.�/ that makes the obvious diagram commute. Similarly, for each

 2 � , the function trans
 WR zG.�/!R given by trans
 .�/ WD trans.�.
// descends to a continuous map
trans
 W zX zG.�/!R.

Proof The first claim is immediate from Lemma 4.6, since each Œz��G is closed. For the second claim, we
need to check that each fiber of R zG.�/! zX zG.�/ has constant image under the composition R zG.�/!
RG.�/! zXG.�/. This also follows from Lemma 4.6, since �.Œz��G/D Œ��G and zXG.�/DRG.�/==G.
Finally, the last claim follows since trans
 is constant on each fiber Œz��G .

Consider the maximal compact subgroup K D PSO2 in G. From [Richardson and Slodowy 1990], there
is a closed subset M of RG.�/ such that:

(1) The closed G-orbits in RG.�/ are exactly those that meet M.

(2) For � 2M, the intersection of G � � with M is K � �.

(3) There is a continuous K-equivariant deformation retraction ' WRG.�/� Œ0; 1�!RG.�/ of RG.�/
onto M that is along the orbits of G; that is, for all � 2RG.�/, we have f'.�; t/ j t 2 Œ0; 1/g �G ��
and '.�; 1/ is in the closure of G � �.

(4) The map M=K!RG.�/==G induced by the inclusion M!RG.�/ is a homeomorphism. (That
this map is a continuous bijection follows from (1) and (2).)

We call a closed M satisfying (1)–(4) a Kempf–Ness subset [1979]. Their usefulness lies in that (4) allows
us to understand the topology of RG.�/==G in terms of an ordinary topological quotient by a compact
group. To prove Theorem 4.3, we will need:

4.8 Theorem Let M0 DM\RG.�/0 and set zMD ��1.M0/ inside R zG.�/. Then zM is a Kempf–Ness
subset for the action of G on R zG.�/.
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Proof We check the properties in turn, with � denoting a representation in RG.�/0 and z� one of its
preimages in R zG.�/. Throughout, we use Lemma 4.6 without further comment.

For (1), to start we know that Œ��G and Œz��G are closed in RG.�/ and R zG.�/, respectively, and that the
restriction � W Œz��G! Œ��G is a homeomorphism. Thus G � z� is closed if and only if G � � is closed, and
of course G � z� meets zM if and only if G � � meets M0. Hence, property (1) for RG.�/ gives the same
for R zG.�/. Property (2) follows since � restricts to a G-equivariant bijection from G � z� to G � �.

For (3), recall RG.�/ is a real semialgebraic set and hence locally contractible; in particular, every
connected component is path connected. Also, RG.�/0 is a union of connected components of RG.�/.
If ' is the deformation retraction for RG.�/, consider

R zG.�/� Œ0; 1� R zG.�/

RG.�/0 � Œ0; 1� RG.�/0

z'

��id �

'

Here the vertical maps are covering maps and ' is a homotopy equivalence. Now R zG.�/� Œ0; 1� is locally
path connected since RG.�/� Œ0; 1� is, so basic covering space theory gives us a lift z' of ' ı .� � id/
whose restriction z'0 is the identity map on R zG.�/. Since � is bijective on each G-orbit, the claims that
z' is K-equivariant and is along the orbits of G follow from the corresponding properties of '.

To see that ' is a deformation retract onto zM, suppose z� 2 zM. Note the path z'.z�; t/ for t 2 Œ0; 1� is a lift
of '.�; t/ which is the constant path at �. Since ��1.�/ is discrete, z'.z�; t/ must be the constant path at z�.
In particular, each 't restricts to the identity on zM. As z'1.R zG.�// is contained in ��1.im.'1//D zM,
we have shown z' satisfies (3).

For (4), we use the argument from [Richardson and Slodowy 1990, Section 9.6]. By (1) and (2), the
inclusion zM! R zG.�/ induces a continuous bijection zM=K! R zG.�/==G. If �K is the quotient map
zM ! zM=K, we claim the composite �K ı z'1 W R zG.�/ ! zM=K is constant on each fiber of � , ie

on each Œz��G . To see this, note that since z' is along G-orbits, z'1.z�/ 2 Œz��G , so, if z� 2 zM, we have
'�11 .K � z�/D Œz��G . In particular, �K ı z'1 descends to the right-hand map in

zM=K!R zG.�/==G!
zM=K:

The definitions give that the composition above is the identity on zM=K. Both maps are continuous, and
the leftmost one is a bijection, so both are homeomorphisms.

Proof of Theorem 4.3 First, we show that zXG.�/0 is a union of connected components. By Lemma 4.5,
the fibers of � WRG.�/! zXG.�/ are connected. Since RG.�/0 is a union of components, this implies
that ��1. zXG.�/0/DRG.�/0, so, like RG.�/0, the subset zXG.�/0 is both open and closed, ie a union
of components.
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To show zX zG.�/! zXG.�/0 is a covering map, consider Kempf–Ness subsets M and zM as in Theorem 4.8
and set M0 DM\RG.�/0. We have the commutative diagram

zM=K zX zG.�/

M0=K zXG.�/0

where the horizontal maps are homeomorphisms and vertical ones are induced by � WR zG.�/!RG.�/0.
Moreover, the top homeomorphism is equivariant with respect to the H 1.�IZ/ action. Now � W zM! zM0

is a K-equivariant covering map with covering group H 1.�IZ/. As K is compact, this implies that
zM=K!M0=K is also a H 1.�IZ/ cover, which proves the theorem since the diagram commutes.

5 Geometric point configurations

Having dispensed with the background, we move to the main body of the paper. Our first task is to
construct a resolution of the character variety Xc.Fn; S/, in the sense of Section 1.12. We do this in
Sections 5–8. The goal of this section is to state Theorem 5.9, which describes a smooth manifold Y built
out of configurations of n > 1 points in all three 2-dimensional geometries: E2, S2 and H2. We prove
this theorem in Section 7. In Section 8, we show that Y is the desired resolution of Xc.Fn; S/.

5.1 Conventions and models

Throughout this section, the integer n > 1. We fix for the whole paper the following preferred models
for the three 2-dimensional geometries E2, S2 and H2: First, we define the Euclidean plane E2 as R2

with the Riemannian metric associated to the standard quadratic form x2Cy2 oriented so that e1; e2 is a
positive basis. Second, the sphere S2 is the points in R3 where x2Cy2C z2 D 1 with the Riemannian
metric determined by restricting the quadratic form x2Cy2C z2 to the tangent bundle TS2; we orient
S2 so that e1; e2 is a positive basis for Te3S

2. Finally, the hyperbolic plane H2 is the upper sheet of the
hyperboloid x2Cy2� z2 D�1 with the Riemannian metric coming from x2Cy2� z2, where e1; e2 is
a positive basis for Te3H

2.

5.2 The Euclidean case

Consider the action of the orientation-preserving isometry group IsomC.E2/ on ordered n-tuples of
points in E2, that is, the diagonal action of IsomC.E2/ on .E2/n. This action is free except when
all the points are the same, in which case the stabilizer is S1. Restricting to En D .E2/n n�, where
� D f.p; p; : : : ; p/ j p 2 E2g, we have a free action of IsomC.E2/. As this action is also proper, the
quotient En=IsomC.E2/ is a smooth manifold. The manifold En=IsomC.E2/ is noncompact with two
ends: one corresponding to all the points coalescing and the other to the diameter of the set of points
going to infinity.
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Let SimC.E2/ denote the group of orientation-preserving similarities of E2, which is generated by
IsomC.E2/ and dilations about any given point. While the action of SimC.E2/ on E2 is not proper (point
stabilizers are noncompact), its action on En is proper, roughly because the amount of dilation is detected
in the change in the distance between any pair of distinct points. So we get a manifold

Cn.E
2/D En=SimC.E2/;

whose topology is as follows:

5.3 Lemma The manifold Cn.E2/ is diffeomorphic to P n�2.C/.

Proof We will typically denote a point in En by v D .v1; v2; : : : ; vn/, where each vi 2 E2 is regarded
as a vector in R2. Using translations and dilations, we see that the subset

AD

�
v 2 En

ˇ̌̌
v1 D 0 and

nX
iD2

jvi j
2
D 1

�
meets every SimC.E2/-orbit, and indeed that Cn.E2/ is the quotient of A under the S1 action of rotations
about 0. Now A is just S2n�3 � .R2/n�1 DCn�1, and so the quotient under the circle action is exactly
P n�2.C/, as claimed.

5.4 Signed points

We will also need to work with n ordered points where each one has an associated sign in f˙1g. The set of
such configurations is E˙n DEn�f˙1g

n, where, if .v; �/2E˙n , then �i is the sign associated to the point vi .
We define an action of the full group of similarities Sim.E2/ on E˙n so that an orientation-preserving
element leaves the signs unchanged, but an orientation-reversing element multiplies them all by �1. The
action of Sim.E2/ on E˙n is again free and proper, and we set

C˙n .E
2/D E˙n =Sim.E2/

Note that the signs are important to make this action free: any v in E where all vi lie on a common line L
is fixed by reflection in L.

There is an action of f˙1gn on C˙n .E
2/ by changing the signs of the points; more formally, the action

of f˙1gn on E˙n by multiplication on the second factor commutes with the action of Sim.E2/, and so
descends to an action on C˙n .E

2/. Using this action, you can show that C˙n .E
2/ is the disjoint union

of 2n�1 copies of Cn.E2/; a subtlety here is that while .�1; : : : ;�1/ does not permute the connected
components of C˙n .E

2/, it does act nontrivially on each of them when n� 3.

5.5 The hyperbolic case

For the hyperbolic plane H2, our focus will be on

Cn.H
2/DHn=IsomC.H2/; where Hn D .H

2/n n�;
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which, as in the Euclidean case, is a smooth manifold with two ends. We will show below that Cn.H2/ is
diffeomorphic to Cn.E2/�RŠ P n�2.C/�R, but for now just note that dim Cn.H2/D 2n� 3. There
is also a signed variant

C˙n .H
2/DHn � f˙1g

n=Isom.H2/

defined as above, which again has an action of f˙1gn and consists of 2n�1 copies of Cn.H2/.

5.6 The spherical case

Turning now to the round sphere S2, we must remove a little more to get a free action since a pair of
antipodal points has nontrivial stabilizer. Specifically, we have a free action of IsomC.S2/ on

Sn D fv 2 .S
2/n j vi … f�vj ; vj g for at least one i; j g;

which is automatically a proper action since IsomC.S2/Š SO3 is compact. Hence,

Cn.S
2/D Sn=IsomC.S2/

is a smooth manifold of dimension 2n� 3. This time, it has 2n�1 ends, corresponding to the different
ways the points can coalesce to a pair of antipodal points; concretely, each vi for i > 1 can approach
either v1 or �v1. We will show in Theorem 7.4 that each end is diffeomorphic to Cn.E2/�R.

The action of f˙1gn on Sn by coordinatewise multiplication descends to an action on Cn.S
2/. This

action is faithful but not free; for example, when nD 2 the entire group fixes Œ.e1; e2/�. We will not use
this directly, but the quotient orbifold Cn.S

2/=f˙1gn is Cn.P
2.R//, that is, configurations of n points

in P 2.R/, not all the same, modulo Isom.P 2.R//Š PO3 Š SO3.

5.7 Orientations

We will eventually use these configuration spaces to construct an invariant via an algebraic intersection
number, so we next give them preferred orientations. These will be derived from the orientations of
E2, H2 and S2 specified in Section 5.1, and we use freely the orientation conventions of Section 2.3.
To start, we need to orient Sim.E2/, Isom.H2/ and Isom.S2/. We orient the tangent bundle of an
oriented surface X so that, if .x1; x2/ are oriented coordinates on X, then hx1; x2; @=@x1; @=@x2i are
oriented coordinates on TX. We orient the unit tangent bundle UTX by viewing it as the boundary of the
submanifold fv 2 TX j jvj � 1g; equivalently, if hv1; v2i is an oriented orthonormal basis of TpX, then
we orient T.p;v1/.UTX/D TpX ˚Tv1S

1 by hv1; v2; v3i where v3 D d
dt

ˇ̌
tD0

cos.t/v1C sin.t/v2.

If we fix a tangent vector v0 2 TE2, then the map SimC.E2/ ! TE2 given by g 7! g � v0 is a
diffeomorphism, and we orient SimC.E2/ so that this map is orientation-preserving. We then orient all
of Sim.E2/ by insisting that the orientation be left-invariant. We orient Isom.H2/ by the corresponding
identification of IsomC.H2/ with UTH2 and orient Isom.S2/ analogously.
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For the unsigned configuration spaces, we first give En the product orientation, and then orient Cn.E2/

by requiring that the fiber bundle SimC.E2/! En ! Cn.E2/ be compatibly oriented. Analogously,
we orient Cn.H2/ and Cn.S

2/ via IsomC.H2/! Hn ! Cn.H2/ and IsomC.S2/! Sn ! Cn.S
2/,

respectively.

The signed case is handled as follows, focusing on E2 for ease of notation. Orient E2 � f˙1g so that
E2�fC1g has the preferred orientation of E2 and E2�f�1g has its reverse. Consider the homomorphism
sign W Sim.E2/! f˙1g that is 1 on orientation-preserving similarities and �1 on orientation-reversing
ones. We make g 2 Sim.E2/ act on E2�f˙1g by g � .v; s/D .g.v/; sign.g/s/ and note that this action is
always orientation-preserving. Now orient E˙n DEn�f˙1g

n via the product orientation on .E2�f˙1g/n.
The action of Sim.E2/ on E˙n preserves this orientation, and the orientation induced on C˙n .E

2/ from
Sim.E2/! E˙n ! C˙n .E

2/ will be our preferred one there.

Each of C˙n .H
2/, C˙n .E

2/ and Cn.S
2/ is acted on by f˙1gn, and it will be important to understand how

these actions interact with our preferred orientations. In all cases, an � 2 f˙1gn preserves orientation if
the product of the �i is C1 and reverses it otherwise.

5.8 Putting the geometries together

We now sketch a natural way of combining these configuration spaces for H2, E2 and S2 together into a
single smooth manifold. To begin, we consider the end of Cn.H2/ where all the points coalesce. Given an
element in Cn.H2/, we can rescale the metric on H2 so that the diameter of the set of points is exactly 1
in the new metric. The closer the original points are in H2, the flatter the rescaled metric is. When the
original points are very close, the new space is nearly isometric to E2 on the scale of the points in the
final configuration. This makes it plausible that we should compactify this end of Cn.H2/ by adding
a copy of Cn.E2/ at infinity to produce a manifold with boundary. Looking now at the particular end
of Cn.S

2/ where all the points come together, the exact same story applies to suggest that we should also
compactify this end by adding a copy of Cn.E2/. We could then glue our two compactifications together
to get a nice manifold structure on Cn.H2/[Cn.E2/[Cn.S

2/.

As discussed, the manifold Cn.S
2/ has 2n�1 ends, and we can bring the others into our picture as follows.

Regard an element of Cn.S
2/ as n pairs of antipodal points where one point in each pair is labeled C1

and the other �1; the action of f˙1gn on Cn.S
2/ now simply swaps the labels as appropriate. An end

of Cn.S
2/ can now be labeled by an � in f˙1gn corresponding to the pattern of signs on the points that

are coalescing; in fact, each end has two such labels, � and ��, as there are two clusters of points we can
focus on. The points in these two clusters have opposite signs and their positions differ by the antipodal
map, which is orientation-reversing. Thus, to compactify all the ends of Cn.S

2/, we should consider
signed points in E2, up to the equivalence used to define C˙n .E

2/. Hence, we should be able to make
C˙n .E

2/[Cn.S
2/ into a compact manifold with boundary to which we can attach a copy of C˙n .H

2/.

That this whole sketch can be made precise is the content of:
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5.9 Theorem There is a smooth structure on C˙n .H
2/[C˙n .E

2/[Cn.S
2/ making it into an oriented

manifold Y of dimension 2n� 3 that is compatible with the previously defined smooth structures on
C˙n .H

2/, C˙n .E
2/ and Cn.S

2/; the orientation of Y agrees with that of Cn.S
2/ but is opposite of that

on C˙n .H
2/. The action of f˙1gn on the set Y is in fact an action by diffeomorphisms. The subset

C˙n .H
2/[C˙n .E

2/ is a closed submanifold with boundary equal to C˙n .E
2/, and it is diffeomorphic to

2n�1 copies of P n�2.C/� Œ0;1/.

One consequence of Theorem 5.9 is that Y is diffeomorphic to Cn.S
2/ itself. We will prove Theorem 5.9

over the next two sections.

6 Groups and quadratic forms

Our framework for building the smooth structure on Y will be the geometric transition H2! E2! S2,
studied via projective geometry from the perspective of [Cooper et al. 2018, Section 2.1]. To describe
this transition, we use a family of quadratic forms and their automorphism groups.

6.1 The quadratic forms Bt

On R3 with coordinates .x; y; z/, consider the family of quadratic forms

Bt D t .x
2
Cy2/C z2; where t 2R:

We will use Bt . � ; � / for the associated bilinear forms. Let Qt be the quadric surface where Bt D 1,
which is an ellipsoid when t > 0, two planes when t D 0, and a hyperboloid of two sheets when t < 0.
We define Qt to be the subset of Qt where z > 0.

The group R>0 acts on R3 by dilating the x- and y-coordinates:

.6.2/ s � .x; y; z/D .sx; sy; z/:

Note this action satisfies Bt .s �v/DBs2t .v/ for v 2R3 and hence v 7! s �v gives an isometry .R3; Bt /!
.R3; Bt=s2/. Thus s �Qt DQt=s2 . Consequently, each .Qt ; Bt / with t > 0 is isometric to S2D .B1;Q1/
and each .Qt ; Bt / with t < 0 is isometric to .Q�1; B�1/, which is two copies of H2 with the negative
of its metric from Section 5.1. We give the two planes making up Q0 the Euclidean metric associated
to the quadratic form x2C y2. We will always orient Qt by the convention that u1; u2 is a positive
basis for TvQt if and only if v; u1; u2 is a positive basis for R3; in particular, e1; e2 is a positive basis
for Te3Qt and e1;�e2 is a positive basis for T�e3Qt .

6.3 The groups Gt

For t ¤ 0, let Gt D SO.Bt / be the subgroup of SL3R that preserves Bt . For t D 0, we define G0 to be
the subgroup of SL3R that preserves B0 and acts on Q0 by an isometry; concretely,

.6.4/ G0 D

��
A b

0 detA

�
2 SL3R

ˇ̌̌
A 2O.2/

�
:
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From our definition of the orientation on Qt , since Gt � SL3R, we see that Gt acts on Qt preserving
orientation. For t > 0, the group Gt ŠG1 Š IsomC.S2/ is connected. However, for t � 0, the group Gt
has two connected components, corresponding to whether an element preserves or interchanges the two
components of Qt .

If t < 0, the identity component of Gt is

IsomC.Qt /Š IsomC.Q�1/D IsomC.H2/:

We can regard the full isometry group Isom.Qt / as the subgroup of the full orthogonal group O.Bt / that
preservesQt . There is an isomorphism Isom.Qt /!Gt given by g 7! .detg/g, soGtŠG�1Š Isom.H2/.
Note that the action ofG�1 onQ�1 corresponds to the action of Isom.H2/ on H2�f˙1g from Section 5.5,
with Qt playing the role of H2 � f1g. A similar argument shows that G0 Š Isom.E2/.

When t D 0, the groups R>0 and G0 both act on Q0; their actions can be combined to give the action of
a larger group yG0 Š Sim.E2/. More precisely, define yG0 to be the subgroup of SL3R generated by G0
and matrices of the form

�
sI 0
0 1

�
for s > 0. The action of yG0 preserves Q0. Restriction to Q0 defines a

homomorphism from yG0 to Sim.E2/, which you can check is an isomorphism.

6.5 The groups Ut

The groups Gt are closely related to certain subgroups of SL2C which we now describe. For t 2R, let

Ut D

��
a b

�t Nb Na

� ˇ̌̌
a; b 2C with jaj2C t jbj2 D 1

�
:

For t ¤ 0, the group Ut is the subgroup of SL2C that preserves the Hermitian form given by Jt D
�
t 0
0 1

�
,

as can be seen by solving A�JtA D Jt in the form A�Jt D JtA
�1. In particular, U1 D SU2 and

U�1 D SU1;1 Š SL2R. More generally, if Ts D
�
s 0
0 1

�
, you can easily check that TsUtT �1s D Ut=s2 , so

Ut Š U1 D SU2 for t > 0 and Ut Š U�1 D SU1;1 for t < 0.

Let U 0t be the normalizer of Ut in SL2C. When t ¤ 0, we define


t D

�
0 t�1=2

�t1=2 0

�
;

which is in U 0t , with conjugation by 
t inducing the automorphism of Ut that is complex conjugation of
the matrix entries. For t > 0, we have U 0t D Ut , and, for t D 0, the group U 00 consists of upper triangular
matrices with determinant 1. For t < 0, the subgroup U 0t is conjugate to the subgroup SL˙2 .R/ from
Section 3.2; it is generated by Ut and 
t .

The Lie algebra ut of Ut is easy to compute: when t ¤ 0, the relation A�Jt D JtA
�1 turns into

X�Jt D�JtX ; combining this with the trace 0 condition defining sl2C gives

.6.6/ ut D

�
i

�
z �x� iy

�t .x� iy/ �z

� ˇ̌̌
x; y; z 2R

�
:
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It is easy to check that this formula for ut is also valid when t D 0. Let 't WR3! ut be given by

't .x; y; z/D i

�
z �x� iy

�t .x� iy/ �z

�
:

From now on, we identify ut with R3 via 't , for example getting a linear action of Gt on ut by requiring
g �'t .v/D 't .g � v/. With this identification, a routine calculation shows that the Killing form on ut is a
multiple of Bt , specifically �8Bt . As any Lie algebra automorphism in Aut.ut / preserves the Killing
form, we see Aut.ut /�O.Bt /.

As U 0t normalizes Ut , we get a homomorphism  t W U
0
t ! Aut.ut / by the adjoint action  t .A/D AdA.

A key relationship between the groups Gt and Ut is:

6.7 Lemma For t ¤ 0, the action of Gt on ut gives Gt D Aut.ut / as subgroups of GL.ut /. Moreover ,
Aut.ut /D Aut.Ut /D  t .U 0t /Š U

0
t=˙I .

Proof First, note ut carries a natural orientation determined by the ordered basis v;w; Œv; w�, where
v and w are any linearly independent elements of ut . Now Aut.ut / preserves this orientation and the
Killing form, giving Aut.ut /� SO.Bt /DGt .

Now U 0t acts on Ut by conjugation, giving z t W U 0t ! Aut.Ut / whose kernel is ˙I. The group Ut is
connected, so the derivative at I gives an injective homomorphism Aut.Ut /! Aut.ut /. Note that the  t
defined previously is the composition of z t and Aut.Ut /! Aut.ut /, so the kernel of  t is also ˙I.

So  t .Ut /Š Ut=f˙I g is a connected Lie subgroup of dimension 3 inside Gt , which forces  t .Ut / to
be the identity subgroup of Gt . If t > 0, then U 0t D Ut and Gt are all connected, so  t .U 0t /D Gt . If
t < 0, recall that, for u 2 ut , we have Ad
t .u/D Nu, implying

 t .
t /D

0@�1 0 0

0 1 0

0 0 �1

1A is in Gt ;

and again  t .U 0t /DGt . All the claims of the lemma now follow since  t .U 0t /�Aut.Ut /�Aut.ut /�Gt
must all actually be equalities.

The analogue of Lemma 6.7 when t D 0 is:

6.8 Lemma As subgroups of GL.u0/, we have Aut.u0/D yG0. Moreover , Aut.u0/DAut.U0/. Finally ,
 0.U

0
0/Š U

0
0=˙I and  0.U0/Š U0=˙I are the identity components of yG0 and G0, respectively.

Proof Write u0 D L˚hhi, where LD
˚�
0 ˛
0 0

�
j ˛ 2 C

	
, which we view as a 1-dimensional complex

vector space, and hD
�
i 0
0 �i

�
. We have Œv; w�D 0 if v;w 2 L, and Œh; v�D 2iv for v 2 L. Observe that

g 2 Aut.u0/ must preserve L, and so is represented by a matrix of the form
�
A �
0 a

�
. In order for g to
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respect the bracket, we must have Œah; A.v/�D A.2iv/, or equivalently iaA.v/D A.iv/. As a self-map
of L, we know A is R-linear, so applying this relation twice we see that a2 D 1. When aD 1, the map A
is C-linear; when aD�1, it is conjugate linear. In either case, AD s � xA, where s 2R>0 and xA 2O.2/.
Hence, Aut.u0/� yG0.

For the converse, observe the adjoint action gives a homomorphism z 0 W U 00! Aut.U0/ whose kernel
is ˙I. As before, Aut.U0/! Aut.u0/ is injective as U0 is connected, and so  0 also has kernel ˙I.
Hence,  0.U 00/D U

0
0=f˙I g is a connected Lie group of dimension 4 inside yG0. As dim yG0 D 4, this

means  0.U 00/ D U
0
0=f˙I g is the identify component of yG0. The elements of Aut.U0/ and Aut.u0/

induced by entrywise complex conjugation correspond to

C D

0@�1 0 0

0 1 0

0 0 �1

1A in yG0:

As yG0 is generated by its identity component and C, we have Aut.U0/D Aut.u0/D yG0, as desired.

6.9 Further properties of Gt and Ut

Combining Lemmas 6.7 and 6.8, we will view Gt as a subgroup of Aut.Ut /, and hence Gt acts on Ut .
Indeed, for t ¤ 0, the homomorphism  t W U

0
t !Gt is surjective, so concretely the action of Gt on Ut is

given by  t .A/ �B D ABA�1. For all t , the element

C D

0@�1 0 0

0 1 0

0 0 �1

1A
acts on ut as complex conjugation, and C D  t .
t / for t ¤ 0. The action also satisfies

exp.g �u/D g � expu and tr.g �B/D trB;

which may be easily checked for g 2 im t .U
0
t / or g D C, and so hold for all g 2Gt .

Recall that TsUtT �1s DUt=s2 , where Ts D
�
s 0
0 1

�
. The adjoint action of Ts on sl2C thus takes ut to ut=s2 ;

under our identification of the latter two with R3, this is precisely the dilation action defined in (6.2). In
particular, it carries Qt � ut to Qt=s2 � ut=s2 and Bt to Bt=s2 . Moreover, the diagram

Qt Qt=s2

Qt Qt=s2

AdTs

 t .g/  
t=s2

.TsgT
�1
s /

AdTs

commutes for each g 2 Ut , since both compositions send v 2 ut to Tsgvg�1T �1s .
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6.10 Remark We will always orient ut by taking .x; y; z/ from (6.6) to be oriented coordinates. This is
consistent with our earlier conventions in the following sense: if we orient Gt as isometries of Qt using
the convention of Section 5.7, then the homomorphism Ut !Gt is orientation-preserving. We leave the
detailed check of this to you, but note that as the orientations of Qt , Gt and Ut all vary continuously in t ,
it suffices to check this for t D 0.

6.11 A C� action

The action of R>0 on R3 extends to an action of C� as follows. Writing R3 DC�R, where .x; y; z/ is
identified with .xC iy; z/, we define u � .w; z/D .uw; z/ for u 2C�. An easy calculation shows that

.6.12/ 't=juj2.u � v/D Tu't .v/T
�1
u ; where Tu D

�
u 0

0 1

�
:

The C� action combines the actions of R>0 and the adjoint action of the subgroup of Ut consisting of
diagonal matrices, in the sense that if � W S1! Ut is given by

�.u/D

 p
u 0

0
p
u
�1

!
;

then 't .u � v/D �.u/ �'t .v/:

6.13 The exponential map

Suppose A 2 Ut , and let c D trA. A quick look at the definitions of Ut and ut shows that we can write
AD 1

2
cI C u, where u 2 ut . Moreover, if g 2 Gt , we have g �AD 1

2
cI C g � u, where Gt acts on Ut

in the right-hand side of the equality and acts on ut in the left-hand side; this is easily checked when
g 2 im t and when g D C, and so holds for all elements of Gt .

6.14 Lemma If u2Qt � ut , then exp.˛u/D .cos˛/IC.sin˛/u. Geometrically , the element exp.˛u/
acts on Qt as the isometry in Gt that fixes u and rotates about it anticlockwise by angle 2˛ with respect
to the orientation of Qt fixed in Section 6.1.

Proof We first prove the claims for hD .0; 0; 1/2Qt , which corresponds to
�
i 0
0 �i

�
2 ut under 't . First,

we have
exp.˛h/D

�
ei˛ 0

0 e�i˛

�
D .cos˛/I C .sin˛/h;

as claimed. A straightforward calculation shows

 t .exp.˛h//D

0@cos.2˛/ �sin.2˛/ 0
sin.2˛/ cos.2˛/ 0
0 0 1

1A ;
which verifies the geometric claim.

For a general u 2Qt , choose g 2Gt with g � hD u. Then

exp.˛u/D exp.g �˛h/D g � exp.˛h/D .cos˛/I C .sin˛/g � hD .cos˛/I C .sin˛/u:
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We also have  t .exp.˛u// D  t .g � exp.˛h// D g t .exp.˛h//g�1 and, as noted in Section 6.3, the
action of Gt on Qt preserves orientation. Therefore, exp.˛u/ acts as a 2˛-anticlockwise rotation about u,
as desired.

6.15 Corollary If c 2 .�2; 2/ and cD 2 cos˛, the map r WQt! tr�1.c/\Ut given by r.u/D exp.˛u/
is a diffeomorphism.

Proof It is evident from Lemma 6.14 that tr.exp.˛u// D 2 cos˛, so im r � tr�1.c/. The hypothesis
c 2 .�2; 2/ implies that sin˛¤ 0, so the same lemma also shows that r and its derivative are injective. If
trAD c, we can write AD .cos˛/I C .sin˛/u for some u 2 ut ; the condition that detAD 1 implies
that u 2Qt , so r is surjective.

7 Joining configuration spaces

In this section, we construct the smooth structure on Cn.S
2/[C˙n .E

2/[C˙n .H
2/ promised in Section 5.8.

Consider the set

Rn D
˚
.t; v1; : : : ; vn/ 2R� .R3/n j vi 2Qt for all i ; vi … fvj ;�vj g for some i; j if n > 1

	
By calculating the Jacobian matrix of its n defining equations, you can check Rn is a smooth .2nC1/-
dimensional submanifold of R� .R3/n Š R3nC1. A typical element of Rn will be denoted by v with
constituent vectors vi and t value denoted by t .v/. Given w 2R3 which does not lie on the z-axis, there
is a unique t such that w 2 Qt . It follows that for n > 1, any v 2 Rn is uniquely determined by the
vectors .v1; : : : ; vn/.

Recall that R>0 acts on R3 by dilating the x- and y-coordinates: s � .x; y; z/ D .sx; sy; z/. Since
s �Qt DQt=s2 , the group R>0 acts on Rn by

s � .t; v1; : : : ; vn/D .t=s
2; s � v1; : : : ; s � vn/:

For t 2R, we set Rt
n D fv 2Rn j t .v/D tg. The group Gt acts on the slice Rt

n via g � .t; v1; : : : ; vn/D
.t; g � v1; : : : ; g � vn/. The action of R>0 intertwines these actions, in the sense that, if g 2 Gt and we
define .s �g/.v/D s � .g � .s�1 � v// for v 2Qt=s2 , then s �g 2Gt=s2 .

We define the space Y to be the quotient of Rn by the simultaneous actions of R>0 and all the Gt , where
Y has the quotient topology. We let Y�, Y0 and YC be the images of R<0

n , R0
nand R>0

n in Y. The main
result of this section is:

7.1 Theorem The space Y can be given the structure of a smooth .2n�3/-dimensional manifold such
that the quotient map � WRn!Y is a smooth submersion. The subsets Y� and YC are open submanifolds
of Y, while Y0 is a closed codimension-1 submanifold. They are diffeomorphic to C˙n .H

2/, Cn.S
2/

and C˙n .E
2/, respectively. Finally, the action of f˙1gn on Y is by diffeomorphisms.
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We will need the following technical tool in our eventual proof of Theorem 7.1:

7.2 Lemma Suppose .t; v/ 2R1 with v D .x; y; z/ and z > 0. Let L be the unique shortest geodesic
segment in Qt joining v to e3 D .0; 0; 1/. Then0@1�tx2=.1Cz/ �txy=.1Cz/ x

�txy=.1Cz/ 1�ty2=.1Cz/ y

�tx �ty z

1A
is an element of Gt taking e3 to v. When t � 0, it is a translation whose axis contains L; when t > 0,
it is a rotation with angle � < � whose invariant equator contains L. Finally , the inverse of W.t; v/ is
W.t; .�x;�y; z//.

Proof When t D 0, we have z D 1 and the formula for W.t; v/ greatly simplifies, making it clear that
W.t; v/ is the element of G0 that translates e3 to v. So we henceforth assume t ¤ 0. A tedious but
straightforward calculation using that Qt .v/D 1 shows that the columns of W.t; v/ have the same Bt
inner products as the standard basis fe1; e2; e3g for R3. Hence, W.t; v/ preserves Bt , and moreover
it is in Gt as we can connect W.t; v/ to the identity matrix by moving v to e3 along L. Now W.t; v/

takes e3 to v, and we can see the claimed geometric description by noting that W.t; v/ fixes .�y; x; 0/,
which is a basis for the Bt -orthogonal complement to the plane spanned by fe3; vg. Noting that e3, v and
.�x;�y; z/ all lie on the geodesic containing L, the fact that W.t; v/ and W.t; .�x;�y; z// are inverses
follows from their geometric characterizations.

7.3 A local model

Rather than tackle Theorem 7.1 all at once, we start with a more specialized statement that exhibits all
the key issues. Given 0 < ı < �

2
, let Vn D fv 2Rn j all vi 2Qtg, and consider

Rn D fv 2 Vn j Bt .v1; vi / > cos ı for all ig:

Note that Rn is an open subset of Rn. When t � 0, the condition Bt .v1; vi / > cos ı is automatically
satisfied: applying an element of Gt , we can assume that v1 D e3 and then Bt .v1; vi / is just the z-
coordinate of vi 2Qt , which is at least 1. When t > 0, the condition on Bt .v1; vi / is equivalent to the
geometric distance in Qt between v1 and vi being less than ı. Since the dilation action of R>0 on Rn

preserves the Bt , the set Rn is invariant under this action.

Let Yı D �.Rn/, where � WRn! Y is the quotient map, and take Yı�, Yı0 and Yı
C

to be its intersection
with the subsets Y�, Y0 and YC of Y. We will show:

7.4 Theorem For any n > 1 and 0 < ı < �
2

, there is a smooth structure on Yı making it diffeomorphic
to P n�2.C/�R. With respect to this smooth structure , the projection � WRn! Yı is a submersion. The
subsets Yı�, Yı0 and Yı

C
are identified with P n�2.C/� .�1; 0/, P n�2.C/�f0g and P n�2.C/� .0;1/,

respectively.

Geometry & Topology, Volume 29 (2025)



A unified Casson–Lin invariant for the real forms of SL.2/ 4097

The smooth structure on Yı is uniquely characterized by the requirement that � be a submersion; this
is a consequence of the following basic fact that we will use repeatedly: if � WM !M is a surjective
submersion and f WM !N is any smooth map that is constant on each fiber of � , then the induced map
Nf WM !N is smooth [Lee 2013, Theorem 4.30].

To prove Theorem 7.4, we focus on a subset R00n of Rn which still surjects Yı but where the fibers
R00n

�
�! Yı are simple enough that we can push the smooth structure forward. To this end, consider the

(degenerate) quadratic form H on R3 given by x2Cy2 and define

R0n D fv 2Rn j v1 D e3g and R00n D

�
v 2R0n

ˇ̌̌ nX
iD2

H.vi /D 1

�
:

Unrolling all the definitions, if we set vi D .xi ; yi ; zi /, then equivalently

.7.5/ R00nD

�
.t;v1; : : : ;vn/2R3nC1

ˇ̌̌
t .x2i Cy

2
i /Cz

2
i D1, zi >cosı for all i ; v1De3;

nX
iD2

x2i Cy
2
i D1

�
:

It is straightforward to check that R0n and R00n are smooth submanifolds of Rn.

7.6 Lemma There are submersions Rn
p1
�!R0n and R0n

p2
�!R00n that commute with Rn

�
�! Yı .

Proof Let us start with p2 WR0n!R00n, which we define via the R>0 action by

v 7!
1pP
H.vi /

� v:

The sets s �R00n as s varies are a family of local sections to p2 which pass through every point of R0n,
showing that p2 is a submersion.

Our map p1 WRn!R0n is defined using Lemma 7.2 to move v1 to e3 in a consistent way: given v 2Rn

with vi D .xi ; yi ; zi /, define

p1.v/DW.t.v/; v1/
�1
� v DW.t.v/; .�x1;�y1; z1// � v;

which is a smooth function by the formula for W in Lemma 7.2. To see this is a submersion at w 2Rn,
pick a path 
 W .t.w/� �; t.w/C �/! V1 for some � > 0 with t .
.s//D s for all s and 
.t.w//D w1.
Then the map ˇw WR0n!Rn given by

ˇw.v/DW
�
t .v/; 
.t.v//

�
� v

gives a local section to p1 whose image contains w.

Note that both R0n and R00n are invariant under the S1 action of rotations about the z-axis. This S1 is a
subgroup of Gt for all t , giving a continuous map

j WR00n=S
1
! Yı via the composition R00n

p3
�!R00n=S

1
! �.R00n/ ,! Yı ;

where p3 is the topological quotient map R00n!R00n=S
1.
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7.7 Lemma The map j is a homeomorphism.

Proof This S1 can be viewed as the subgroup of Gt that stabilizes e3, so any g 2 Gt n S1 moves
fv 2R0n j t .v/D tg to something disjoint from R0n. Additionally, any s ¤ 1 in R>0 takes R00n completely
off itself since H.s � v/D s2H.v/. It follows that j is injective. Lemma 7.6 implies that j is surjective,
so it remains to check that j�1 is continuous.

Given U � R00n=S
1 open, we must check that j.U / is open in Yı , ie that ��1.j.U // is open in Rn.

This too follows from Lemma 7.6, since ��1.j.U //D p�11
�
p�12 .p�13 .U //

�
, and p1, p2 and p3 are all

continuous.

Proof of Theorem 7.4 The S1 action on R00n is free and proper, so R00n=S
1 D Yı inherits a smooth

structure from R00n, where we have identified R00n=S
1 with Yı via j from Lemma 7.7. In addition,

� WRn! Yı is a submersion, since � D p3 ıp2 ıp1 and each of the individual factors is a submersion.

It remains to identify the topology of Yı and its various pieces. Consider the smooth map � W R00n !
R � S2n�3 defined by �.v/ D .t.v/; x2; y2; : : : ; xn; yn/, where as usual vi D .xi ; yi ; zi /. From the
description of R00n in (7.5), we see � is injective with image the open set

.7.8/ Tn D

�
.t; x2; y2; : : : ; xn; yn/ 2R�S2n�3

ˇ̌̌
t <

sin2.ı/
maxi .x2i Cy

2
i /

�
and moreover that � has a smooth inverse on Tn. Therefore, the map � is a diffeomorphism onto Tn.
There is a natural action of S1 on R�S2n�3 by viewing the latter as a subset of R�Cn�1 and acting
diagonally on the C factors. As this action is compatible with the S1 action on R00n, we have an embedding
of Yı DR00n=S

1 into R�P n�2.C/. Since Tn is simply the region lying below the graph of a piecewise
smooth function S2n�3!R, we see that Yı is indeed diffeomorphic to R�P n�2.C/. The remaining
conclusions of the theorem are now easily checked.

Proof of Theorem 7.1 For 0 < ı < �
2

, let R�n D fv 2Rn j Bt .v1; vi / > cos ı for all ig, which contains
Rn as an open subset. A v 2Rn with t .v/ > 0 is in R�n if and only if the geometric distance in Qt.v/

from v1 to vi is less than ı for all i . When t .v/� 0, a v 2Rn is in R�n exactly when the vi all belong to
the same component of Qt.v/. As R�n is an open subset of Rn which is invariant under the actions of
R>0 and the Gt , �.R�n/ is an open subset of Y. Note that �.Rn/� �.R

�
n/; we claim that these two sets

are equal. Indeed, given v 2R�n, we can find g 2Gt.v/ with g �v1 D e3. Since ı < �
2

, the element g �v is
in Rn, and so �.R�n/� �.Rn/. Hence, �.R�n/D �.Rn/D Yı is open in Y.

The group f˙1gn acts on Rn, where the action is given by .� �v/i D �ivi . This action commutes with the
actions of Gt and R>0. Let 1 be the identity element of f˙1gn. The subgroup ˙1 preserves R�n, and
if � ¤˙1, then � �R�n \R�n D¿. For � 2 f˙1gn=˙1, let R

�
n D � �R

�
n. The sets R

�
n are disjoint open

subsets of Rn which are invariant under the actions of R>0 and the Gt . Together with R>0
n , they form an

open cover of Rn.
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Let Y� D �.R
�
n/, which is an open subset of Y. By Theorem 7.4, Y� can be given the structure of a

smooth manifold diffeomorphic to P n�2.C/�R for which the map � WR�
n! Y� is a submersion.

The set R>0
n is invariant under the actions of R>0 and Gt , so YC D �.R

>0
n / is an open subset of Y. The

set R1
n is a global slice for the action of R>0 on R>0

n , so

YC ŠR1
n=G1 Š Sn=IsomC.S2/D Cn.S

2/

can be given the structure of a smooth manifold. The map � WR>0
n ! Cn.S

2/ is the composition of the
map p4 WR>0

n !R1
n given by p4.v/D

p
t .v/ �v with the projection p5 WR1

n!Cn.S
2/. Both p4 and p5

are submersions, so � WR>0
n ! Cn.S

2/ is a submersion as well.

In summary, we have shown that the Y�, together with YC, form an open cover of Y, each of whose
elements is a smooth manifold. To show that Y is a smooth manifold, we must show that the transition
functions relating different sets in our cover are smooth and that Y is Hausdorff. For the first, consider
the overlap Y

�
C
D Y�\YC. Viewing Y

�
C

as a subset of Y� and identifying YC with Cn.S
2/, we get a

transition function g� W Y
�
C
! Cn.S

2/. As g� is induced by the smooth map � WR>0
n ! Cn.S

2/, which
is constant on the fibers of the submersion � WR>0

n \R�n! Y
�
C

, we know g� is smooth by [Lee 2013,
Theorem 4.30]. A similar argument shows g�1� is smooth, making all transition functions smooth, as
needed.

To show Y is Hausdorff, suppose x and y are distinct points of Y. The open sets Y� and YC forming the
cover are themselves Hausdorff, so, if x and y both belong to the same open set U of the cover, they can
be separated by sets Ux , Uy which are open in U and hence open in Y. On the other hand, if x 2Y�1 and
y 2 Y�2 with �1 ¤ �2, then x and y are separated by Y�1 and Y�2 . The only remaining case is when
x 2 Y� nYC and y 2 YC nY�. Since x … YC, we have x 2 � �Yı0 for all 0 < ı0 < �

2
. Write y D �.v/

for v 2 R1
n, and let ı0 D 1

2
max.d.vi ; vj //. Then x and y are separated by the open sets Ux D � �Y

ı0
n

and Uy D f�.v/ j t .v/ > 0 and max.d.vi ; vj // > ı0g.

With this smooth structure on Y, the group f˙1gn acts by diffeomorphisms since our open cover was
constructed using that very action and we already knew f˙1gn acts smoothly on YCŠCn.S

2/. Moreover,
the map � WRn!Y is a smooth submersion, since its restriction to each set in our open cover of Rn is
a smooth submersion. It remains to check the descriptions of Y�, Y0 and YC given in the statement.
We have already shown that YC is a smooth submanifold of Y diffeomorphic to Cn.S

2/. The same
argument shows that Y� is diffeomorphic to C˙n .H

2/. Finally, Theorem 7.4 implies that Y0 is a closed
submanifold of Y. The subspace Y0 is the quotient of R0 by the simultaneous actions of G0 and R>0.
This is the quotient of

fv 2Qn0 j vi ¤˙vj for some i; j g

by the action of the group yG0, which is the space E˙n =Sim.E2/ D C˙n .E
2/. So Y0 Š C˙n .E

2/, as
needed.
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Applying Theorem 7.4 to the open cover YC[fY
�g�2f˙1gn=˙1 of Y in the preceding proof of Theorem 7.1,

we see that Y is diffeomorphic to its subset YC and hence:

7.9 Corollary The manifold Y is diffeomorphic to Cn.S
2/.

As we oriented Cn.S
2/ in Section 5.7, the corollary shows that Y is orientable. Moreover, with the

orientation on Cn.H2/ from Section 5.7:

7.10 Proposition If we orient Y so that the induced orientation on YC matches that of Cn.S
2/, then

the induced orientation on Y� is the reverse of that on Cn.H2/.

Proof We begin with the case nD 2. The maps C2.H2/! R>0 and C2.S
2/! .0; �/ that compute

the distance between the two points are diffeomorphisms which, given our conventions in Section 5.7,
are either both orientation-preserving or both orientation-reversing (it is the former, but we do not need
this). Recall the set T2 from (7.8). Then we can identify Yı with the slice f.t; 1; 0/ j t < sin2.ı/g of the
S1 action on T2. For t > 0, increasing t increases the distance between the two points in C2.S

2/\Yı .
However, for t < 0, increasing t decreases the distance on C2.H2/. Thus, in this case C2.S

2/ and C2.H2/

give opposite orientations to Yı .

For general n, the moral is that, for t > 0, we act by
p
t to normalize a point of R00n into V1n D Sn,

whereas, for t < 0, we act by
p
�t to normalize a point of R00n into V�1n D Hn; as the orientations on

V1n and V�1n match in a suitable sense, the orientation flip between
p
t and

p
�t means that Cın.S

2/ and
Cn.H2/ give opposite orientations to Yı .

This proves the proposition for the subset of C˙n .H
2/ where all points have the same sign. As discussed

at the end of Section 5.7, the action of an element on f˙1gn on Cn.S
2/ and C˙n .H

2/ either preserves
the orientation of both or reverses it for both. As the action of f˙1gn is transitive on the components
of C˙n .H

2/, this completes the proof.

Finally, we can assemble all the pieces to give the result promised in Section 5:

Proof of Theorem 5.9 All but the last claim are covered by Theorem 7.1 and Proposition 7.10; the last
claim follows from Theorem 7.4 and the f˙1gn action.

8 The character variety of the free group

Fix c 2 .�2; 2/ and consider the free group Fn generated by S D fs1; : : : ; sng. Recall from Sections 3.5
and 3.12 that the character variety Xc.Fn; S/DXcSL2R.Fn; S/[X

c
SU2.Fn; S/ is a smooth manifold away

from the reducible locus, which consists of 2n�1 reducible characters �c
Œ��

labeled by Œ�� 2 f˙1gn=˙1.
The main result of this section is that the space Y from Theorem 7.1 is a resolution of Xc.Fn; S/:
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8.1 Theorem For each c 2 .�2; 2/, there is a proper smooth surjective map �c W Y ! Xc.Fn; S/.
The function �c maps Y� Š C˙n .H

2/ diffeomorphically onto Xc;irrSL2R.Fn; S/ and maps YC Š Cn.S
2/

diffeomorphically onto Xc;irrSU2 .Fn; S/. It maps the component of Y0 Š C˙n .E
2/ corresponding to Œ�� 2

f˙1gn=˙1 to the reducible character �c
Œ��

.

To understand the statement that �c is smooth, note that while only the dense open set Xc;irr.Fn; S/ is
a smooth manifold for n > 2, the semialgebraic set Xc.Fn; S/ can be viewed as a subset of some Rm

using suitable trace functions as coordinates. While the same space Y appears as the resolution for all
c 2 .�2; 2/, when we want to emphasize the value of c, we write Xc.Fn; S/ for Y. Furthermore, we set

.8.2/ Xc;irr.Fn; S/ WD �
�1
c .Xc;irr.Fn; S//Š Cn.S

2/[C˙n .H
2/

and note that Xc;irr.Fn; S/ is dense in X.Fn; S/ by the last sentence in Theorem 5.9. Similarly, we define
Xc;red.Fn; S/D �

�1
c .Xc;red.Fn; S//Š C˙n .E

2/.

We will define �c using a map � 0c from the space Rn of Section 7, whose quotient is Y, to the representation
variety RC.Fn; S/. In doing so, we will make heavy use of the subgroups Ut of SL2C from Section 6.5.
Recall the conjugacy class of Ut in SL2C depends only on whether t is positive, negative or zero. Thus,
much of the distinction between the Ut is meaningless at the level of character varieties. However, this
nicely varying family Ut will be crucial in writing down a smooth � 0c WRn! RC.Fn; S/ even though
U1 D SU2 and U�1 Š SL2R are radically different subgroups of SL2C.

Turning now to the reducible locus, the points of Xc;red.Fn; S/ can be understood in terms of repre-
sentations to U0 as follows. Recall from Sections 6.3 and 6.5 that G0 Š Isom.E2/ and U0! G0 is a
double cover onto the identity component of G0, which is IsomC.E2/. Recall also that G0 is contained
in yG0 Š Sim.E2/, which is Aut.U0/ by Lemma 6.8. A representation � to U0 is fully reducible when it
is conjugate to one with diagonal image. Now set

.8.3/ RcU0.Fn; S/D f� W Fn! U0 j all tr �.si /D c and � not fully reducibleg:

We define XcU0.Fn; S/ to be the quotient RcU0.Fn; S/=
yG0. Despite the notation, the set XcU0.Fn; S/ is

not a true character variety: it turns out to be a manifold of dimension 2n�4, whereas the representations
in RcU0.Fn; S/ have only the finitely many distinct characters �c

Œ��
. We will show:

8.4 Theorem The group yG0 Š Aut.U0/ acts freely and properly on RcU0.Fn; S/, so XcU0.Fn; S/ has a
natural smooth structure , and there is a diffeomorphism z� red

c W X
c;red.Fn; S/!XcU0.Fn; S/. Under this

identification , the restriction �c W Xc;red.Fn; S/!Xc;red.Fn; S/ corresponds to the map XcU0.Fn; S/!
Xc;red.Fn; S/ taking Œ�� to its character.

Thus we can think of Theorem 8.1 as saying we can resolve Xc.Fn; S/ by “blowing up” the finitely many
reducible representations into the space of “characters” of U0 representations that are not fully reducible.
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8.5 Constructing �c

Given v2Qt and ˛2 .0; �/, we regard v as the element 't .v/ of the Lie algebra ut and defineA.˛; t; v/D
exp.˛'t .v// 2 Ut ; as per Lemma 6.14, the element A.˛; t; v/ acts on Qt as a 2˛–anticlockwise rotation
about v with

.8.6/ A.˛; t; v/D .cos˛/I C .sin˛/'t .v/:

Note that tr.A.˛; t; v//D 2 cos˛ and A.˛; t;�v/D A.˛; t; v/�1. For c 2 .�2; 2/, let ˛ D cos�1 c
2

. We
define � 0c WRn!RcC.Fn; S/ by sending v 2Rn to the representation where

si 7! A.˛; t.v/; vi /:

If t .v/¤ 0, the condition that vi ¤˙vj for some i; j implies that � 0c.v/ is irreducible. When t .v/D 0,
that condition instead implies that � 0c.v/ is not fully reducible.

First, we study the image of � 0c.Rn/ under the projection � WRcC.Fn; S/!XcC.Fn; S/:

8.7 Lemma For each t ¤ 0, the restriction of � 0c to Rt
n gives a diffeomorphism to Rc;irrUt

.Fn; S/. Also ,
the restriction of � 0c to R0

n gives a diffeomorphism to RcU0.Fn; S/ as defined in (8.3). Finally, the subset
�.� 0c.Rn// is equal to Xc.Fn; S/.

Proof To start in on the initial claim where t ¤ 0 is fixed, note that for v 2Rt
n each A.˛; t; vi / is in Ut

and so � 0c.v/ 2R
c;irr
Ut
.Fn; S/. Next, we show � 0c WR

t
n!R

c;irr
Ut
.Fn; S/ is onto. By Corollary 6.15, given

�2R
c;irr
Ut
.Fn; S/, there are unique vi 2Qt with �.si /DA.˛; t; vi /. At least one vi is not˙v1 as otherwise

all �.si / would be �.s1/˙1, violating the condition that � is irreducible. Hence, the associated v is in Rt
n,

establishing that � 0c.R
t
n/DR

c;irr
Ut
.Fn; S/. By uniqueness of the vi , in fact � 0c WR

t
n!R

c;irr
Ut
.Fn; S/ is a

bijection; Corollary 6.15 implies it is also a diffeomorphism since locally � 0c on Rt
n is the restriction of

the product of n copies of the map r in the corollary. This completes the proof of the first claim, and the
second claim covering the case t D 0 follows by the identical argument with “irreducible” replaced with
“not fully reducible”.

Turning now to the final claim of the lemma, first recall that

Xc.Fn; S/DX
c;irr
SL2R.Fn; S/[X

c;irr
SU2 .Fn; S/[X

c;red.Fn; S/:

When t < 0, the subgroup Ut � SL2C is conjugate to SL2R, so

�.� 0c.R
t
n//D �.R

c;irr
Ut
.Fn; S//D �.R

c;irr
SL2R.Fn; S//DX

c;irr
SL2R.Fn; S/:

For t > 0, the subgroup Ut is conjugate to SU2 and so �.� 0c.R
t
n//D X

c;irr
SU2 .Fn; S/. It thus remains to

show that �.� 0c.R
0
n//DX

c;red.FnS/.

In one direction, given v 2R0
n, let �i 2 f˙1g be the z-coordinate of vi , and so

A.˛; 0; vi /D

�
ei�i˛ �

0 e�i�i˛

�
:
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Hence, the character of �c.v/ is the reducible character �c
Œ��

from Section 3.12. Conversely, given
�c
Œ��
2 Xc;red.Fn; S/, take v1 D .1; 0; �1/ and all other vi D .0; 0; �i / to get v 2 R0

n with � 0c.v/D �Œ��.
Combined, we have �.� 0c.R

0
n//DX

c;red.FnS/, completing the proof of the lemma.

8.8 Lemma There is a smooth map �c W Y!Xc.Fn; S/ making the following diagram commute:

.8.9/
Rn im.� 0c/

Y Xc.Fn; S/

� 0c

� �

�c

Proof To show that �c exists as a function, we must check that � ı� 0c is invariant under the actions of
Gt and R>0. First, recall from Section 6.5 that Gt � Aut.Ut / and that the action of Gt on Ut satisfies
exp.g � v/D g � exp v and so

.8.10/ A.˛; t; g � v/D g �A.˛; t; v/:

Using this, we define an action of Gt on RcUt .Fn; S/ by .g � �/.s/ D g � �.s/, where g � � is also a
representation of Fn as g acts as an element of Aut.Ut /; with this action, � 0c is Gt -equivariant. Since
tr.g �B/ D trB for all B 2 Ut , we have �.g � �/ D �.�/. Equation (8.10) implies that �.� 0c.g � v// D
�.g �� 0c.v//D �.�

0
c.v//, and thus � ı� 0c is invariant under each Gt action, as desired.

Turning to the R>0 action, for the more general action of u 2C�, equation (6.12) gives that

.8.11/ A.˛; t=juj2; u � v/D TuA.˛; t; v/T
�1
u ; where Tu D

�
u 0

0 1

�
:

So, for s 2R>0, it follows that � 0c.s � v/D Ts ��
0
c.v/, where Ts acts by conjugation, giving the claimed

invariance �.� 0c.s � v//D �.�
0
c.v//.

To see �c is smooth, first note � 0c is smooth by (8.6) and (6.6). Moreover, � WRC.Fn; S/!XC.Fn; S/

is smooth since it corresponds to taking traces of matrices. Hence, � ı� 0c in the diagram is smooth. The
map � is a submersion by Theorem 7.1, and so �c is smooth, as claimed.

We can now prove the theorems stated at the beginning of this section.

Proof of Theorem 8.4 To connect Xc;red.Fn; S/ and XcU0.Fn; S/, note that Lemma 8.7 gives a diffeo-
morphism R0

n!RcU0.Fn; S/ by restricting � 0c . Recall that yG0 Š Aut.U0/Š Sim.E2/ acts on both R0
n

and RcU0.Fn; S/. We now show � 0c is yG0-equivariant, using that the action of yG0 on R0
n is generated by

those of G0 and R>0. In the proof of Lemma 8.8, we showed R0
n!RcU0.Fn; S/ is G0-equivariant. The

element of yG0 corresponding to s 2R>0 is

 0

��p
s 0

0 1=
p
s

��
in U 00;
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and these act equivariantly since conjugating by Tu in (8.11) is the same as conjugating by
�pu 0

0 1=
p
u

�
.

Thus � 0c WR
0
n!RcU0.Fn; S/ is yG0-equivariant.

As � 0c WR
0
n!RcU0.Fn; S/ is a diffeomorphism, the yG0 action on RcU0.Fn; S/ is free and proper. Hence,

XcU0.Fn; S/ is a smooth manifold diffeomorphic to R0
n=
yG0 D Xc;red.Fn; S/ by the map z� red

c induced
by � 0c . The final claim of the theorem now follows from commutativity of (8.9).

Proof of Theorem 8.1 By Lemma 8.8, we have a smooth �c W Y!Xc.Fn; S/, which is surjective by
Lemma 8.7. Momentarily deferring the proof that�c is proper, we next show that�c gives diffeomorphisms
Y� ŠX

c;irr
SL2R.Fn; S/ and YC ŠX

c;irr
SU2 .Fn; S/. For t < 0 there is a commutative square

.8.12/

Rt
n R

c;irr
Ut
.Fn; S/

Y� X
c;irr
SL2R.Fn; S/

� 0c

� �

�c

which sits inside the commutative square (8.9). The map � 0c is a diffeomorphism by Lemma 8.7 and it is
equivariant with respect to the action of Gt . The maps � and � are projections to their quotients by the
actions of Gt (the latter by Lemma 3.4 and the fact that U 0t is the conjugate of SL˙2 .R/ corresponding
to Ut ), and both are smooth submersions. It follows that �c is a diffeomorphism. The argument for t > 0
is the same, and the case t D 0 follows from Theorem 8.4 and the identification Xc;red.Fn; S/Š C˙n .E

2/.

Finally, we must check that �c is proper. By Theorem 7.4 and the discussion in the proof of Lemma 8.7,
near Y0 D �

�1
c .X red.Fn; S// the map �c is modeled on the projection

P n�2.C/� Œ�1; 1�! .P n�2.C/� Œ�1; 1�/=.P n�2.C/� f0g/;

which is proper as the domain is compact. Away from Y0, the map �c is a diffeomorphism. Combining
these two pictures, we see �c is proper, as needed.

9 The punctured sphere

9.1 Introduction

Let Sn be the sphere with n punctures. We use the presentation

�1.Sn/D hs1; : : : ; sn j s1s2 � � � sn D 1i;

where the si are a fixed set of loops representing the conjugacy classes of the boundary circles of Sn. As
before, we take S Dfs1; : : : ; sng, and consider the character variety Xc.Sn; S/ WDX.Sn; S/\Xc.Fn; S/;
as S will be fixed throughout this section, we omit it and simply use Xc.Sn/ and analogous notation.
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The aim of this section is to construct a resolution of Xc.Sn/. As in the free group case, it turns out
that Xc;irr.Sn/ is a smooth manifold (see Section 9.21 below), and Xc.Sn/ is usually singular along
Xc;red.Sn/. To resolve Xc.Sn/, we make use of our resolution Xc.Fn/DY from Theorem 8.1; to reduce
clutter, we will use � rather than �c for the map Xc.Fn/!Xc.Fn/. The main result of this section is:

9.2 Theorem For c 2 .�2; 2/ and an even n� 4, there is a smooth closed codimension 3 submanifold
Xc.Sn/� Xc.Fn/ such that �.Xc.Sn//DXc.Sn/ and � W Xc.Sn/!Xc.Sn/ is a diffeomorphism away
from Xc;red.Sn/. Moreover , the closure of Xc;irr.Sn/ in Xc.Fn/ is all of Xc.Sn/.

For odd n, the picture is slightly more complicated, and we do not pin it down completely as it is not
needed in the rest of the paper; see Section 9.26 for details. For n < 4, there is no need to resolve Xc.Sn/
as you can check that it is empty when nD 1 and a single point when n is 2 or 3.

As with Theorem 8.4 for free groups, we can understand Xc;red.Sn/ WD Xc.Sn/\Xc;red.Fn/ in terms of
certain U0 representations. Specifically, taking XcU0.Sn/ to be the subset of XcU0.Fn/ corresponding to
representations of �1.Sn/, we will see below that Xc.Sn/ is a closed codimension 1 subset of XcU0.Sn/.

For the rest of this section, we fix c D 2 cos˛ 2 .�2; 2/ and some n � 4; unless explicitly specified,
n can be either even or odd. Although Xc.Fn/Š Y for all c 2 .�2; 2/, the subset Xc.Sn/, and indeed its
topology, will depend on c. To begin, we consider the map F WRn! SL2C given by

F.v/D

nY
iD1

A.˛; t.v/; vi /D

�
F11 F12
F21 F22

�
:

In other words, the map F is the composition of � 0c WRn!RcC.Fn/ from Section 8 with the evaluation
map � 7! �.s1s2 � � � sn/. Although the definition of F depends on the trace c and the entries Fij are
functions of v, this is not reflected in the notation. Note that F�1.I / is the set of v 2 Rn whose
representation � 0c.v/ is in RcC.Sn/. Also, as all A.˛; t.v/; vi / are in Ut.v/, the matrix F.v/ is in Ut.v/ as
well. For g 2Gt.v/, equation (8.10) gives that F.g �v/D g �F.v/. Similarly, for u 2C�, equation (8.11)
implies F.u � v/D TuF.v/T �1u . Thus the subset F�1.I / is invariant under the actions of Gt and C�.
Naively, we might expect that the resolution Xc.Sn/ should be the quotient of F�1.I / by these actions,
but this is incorrect: the part of F�1.I / where t D 0 is too big, as we now explain.

9.3 Reducible characters

The reducible character �c
Œ��
2Xc.Fn/ corresponding to Œ�� 2 f˙1gn=˙1 is in Xc.Sn/ precisely whenQ

ei�j˛ D 1. We distinguish two kinds of reducible characters: the balanced ones are those whereP
�j D 0 and the rest are unbalanced. This distinction is relevant as every balanced �c

Œ��
2Xc.Fn/ is in

Xc.Sn/ for all values of c, but an unbalanced �c
Œ��

is in Xc.Sn/ for at most finitely many c. As c is fixed
in this section, we will write �Œ�� in place of �c

Œ��
.
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Let … D � ı � W Rn! Xc.Fn/ be the composition of maps from (8.9). The preimage …�1.�Œ��/ for
�Œ�� 2X

c.Fn/ consists of points of the form .0; v1; : : : ; vn/2Rn, where vj D .xj ; yj ; zj / with all zj D �j
or all zj D��j . Setting !j D yj � ixj , equation (8.6) gives

A.˛; 0; vj /D

�
eizj˛ !j sin˛
0 e�izj˛

�
:

For �Œ�� not in Xc.Sn/, it follows that …�1.�Œ��/ is disjoint from F�1.I /. For �Œ�� that are in Xc.Sn/,
on …�1.�Œ��/ we have F.0; v1; : : : ; vn/D

�
1 F12
0 1

�
, so the equation F.v/D I is a (real) codimension 2

condition on R0
n, specifically F12 D 0. (While it is not clear a priori, we show F�1.I /\…�1.�Œ��/ is

nonempty for �Œ�� in Xc.Sn/ whenever n is even in Proposition 9.18.) In contrast, for t ¤ 0, the equation
F.v/D I turns out to be a codimension 3 condition on Rt

n, since dimUt D 3 (see Proposition 9.24 for
details). We now turn to resolving this discrepancy by imposing an additional condition when t D 0.

9.4 Defining the resolution

Given � 2 f˙1gn, let

Z� D fv 2R0
n j vj D .xj ; yj ; �j / for all j g;

so …�1.�Œ��/DZ� [Z��. For �Œ�� 2Xc.Sn/, we define

V� D fv 2Rn j sign.zj /D �j for all j and Re.F11.v// > 0g;

so V� is an open neighborhood of Z� in Rn. Observe that the set V� is preserved by the C� action on Rn.

We have local coordinates .t; !1; : : : ; !n/ on V� where

!j D yj � ixj and zj D �j .1� t j!j j
2/1=2:

When t D 0, note that an ! 2Cn gives a point in Z� — that is, some vi ¤˙vj — if and only if ! is not
in the complex subspace generated by �; hence, we can view Z� as Cn n h�i.

It is easy to see that F11 is a real analytic function of .t; !1; : : : ; !n/, and, as we observed above,
F11.0; !1; : : : ; !n/� 1. It follows that the function .F11� 1/=t is well defined and analytic on V� . The
function f� W V�!C �R defined by

f� D .F12; Im.F11� 1/=t/

will play a key role in what follows.

We define Rc.Sn/ � Rn to be the union of F�1.I /\R
t¤0
n with f �1� .0; 0/ � V� for all � with �Œ�� 2

Xc.Sn/, and begin by showing:

9.5 Lemma The set Rc.Sn/ is contained in F�1.I / and is equal to it inside R
t¤0
n .
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Proof Fix � with �Œ�� 2Xc.Sn/. For v 2 V� , we have f�.v/D .0; 0/ implies F.v/D I, so f �1.0; 0/ is
indeed contained in F�1.I /. It remains to show f �1� .0; 0/\V

t¤0
� DF�1.I /\V

t¤0
� . For v 2 V t¤0� , we

have f�.v/D .0; 0/ if and only if F11.v/ 2R>0 and F12.v/D 0. Since F.v/ 2 Ut.v/, these conditions
hold if and only if F.v/D I.

The key to proving Theorem 9.2 will be:

9.6 Proposition The subset Rc.Sn/ is a closed codimension 3 submanifold of Rn. It is invariant under
the C� action on Rn and each Gt action on Rt

n.

The proof divides into two cases depending on whether t is zero and takes the bulk of the rest of this
section. If v 2 Rc.Sn/ has t .v/ ¤ 0, then ….v/ is in Xc;irr.Sn/. Following the work of [Lin 1992;
Heusener 2003] in the case of SU2 representations, we will show in Proposition 9.24 that F�1.I / is a
submanifold near v. Otherwise, if v 2 Rc.Sn/ has t .v/D 0, then v 2 Z� for some �. In this case, we
will show in Proposition 9.16 that f� is a submersion at v.

9.7 f� is a submersion

Building towards the proof of Proposition 9.16, we begin by describing the behavior of f� under the C�

action.

9.8 Lemma If f�.v/D .a; b/, then f�.u � v/D .ua; juj2b/ for all u 2C�.

Proof Recall that u � .t; v1; : : : ; vn/D .t=juj2; u � v1; : : : ; u � vn/. Using (8.11), we compute

F.u � .t; v1; : : : ; vn//D

nY
iD1

A.˛; t=juj2; u � vi /D

nY
iD1

TuA.˛; t; vi /T
�1
u

D

�
u 0

0 1

��
F11.v/ F12.v/

F21.v/ F22.v/

��
u�1 0

0 1

�
D

�
F11.v/ uF12.v/

u�1F21.v/ F22.v/

�
:

So f�.u � v/D
�
uF12.v/; Im.F11.v/� 1/=.juj�2t /

�
, as needed.

When t D 0, we can explicitly describe the function f�. Recall that we have local coordinates .t; !/ WD
.t; !1; : : : ; !n/ on V�.

9.9 Lemma There is a linear functionL WCn!C and a nondegenerate sesquilinear formB WCn�Cn!C

such that f�.0; !/D .L.!/; ImB.!; !//.

We could guess that L is linear and B is sesquilinear from Lemma 9.8, but we need the computation
below to check that B is nonsingular.
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Proof We expand A.˛; t; vj / as a power series in t :

A.˛; t; vj /D

�
cos˛C izj sin˛ !j sin˛
�t x!j sin˛ cos˛� izj sin˛

�
D

�
�j !j sin˛
0 ��1j

�
C t sin˛

�
�
1
2
i�j j!j j

2 0

�x!j
1
2
i�j j!j j

2

�
C � � � ;

where �j D ei�j˛. Expanding F to first order in t , we find that

F.t; !1; : : : ; !n/D

nY
jD1

A.˛; t; !j /D A0C .t sin˛/A1C � � � ;

where

A0 D

�
� sin˛

P
cj!j

0 ��1

�
; � D

nY
lD1

�l and cj D
Y

1�l<j

�l
Y

j<l�n

��1l :

The hypothesis that �Œ�� 2 Xc.Sn/ implies that � D 1 and so cj D �j
Q
1�l<j �

2
l

. Taking L.!/ D
.sin˛/

Pn
jD1 cj!j , we see that the first component of f has the desired form.

We further compute that the upper-left entry of the matrix .sin˛/A1, which is .F11� 1/=t at .0; !/, is
given by

B.!; !/D sin˛
nX

jD1

�
i
2
�j �
�1
j j!j j

2
� sin2 ˛

X
k<j

bjk x!j!k;

where bjk D
Q
1�l<k �l

Q
k<l<j �

�1
l

Q
j<l�n �l D �j �k

Q
k�l�j �

�2
l

. The form B is nonsingular, since
its corresponding matrix is lower-triangular with nonzero diagonal entries.

9.10 Lemma There is a Hermitian form H on kerL such that B.!; !/D iH.!; !/ for ! 2 kerL.

Proof From the proof of the last lemma, we have

.9.11/ B.!; !/D lim
t!0

F11.t; !/� 1

t
D
@F11

@t

ˇ̌̌̌
.0;!/

:

For a fixed value of !, consider the path 
.t/D .t; F .t; !// in R�SL2C. The image of 
 is contained in
the submanifold zU D f.t; g/ j g 2 Utg �R�SL2C. It is easy to see that T zU j.0;I / D .0; u0/˚h.1; 0/i.

If ! 2 kerL, then F.0; !/D I, so 
 0.0/D
�
1; @F

@t

ˇ̌
.0;!/

�
2T zU j.0;I /. Hence, @F

@t

ˇ̌
.0;!/
2 u0, which implies

that B.!; !/ D @F11
@t

ˇ̌
.0;!/

is purely imaginary for all ! 2 kerL. In other words, H WD �iBjkerL is a
sesquilinear form with the property that H.!; !/ is real for all ! 2 kerL. Such a form must be Hermitian,
proving the lemma.

For a 2 C, the matrix �a D
�
1 ia=2
0 1

�
2 U0 acts on Q0 D E2 by translation, with an easy computation

showing that  0.�a/ � .0; !/ D .0; ! C a�/ in our local coordinates. We next show that L and H are
translation-invariant.
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9.12 Lemma For all a 2 C and ! 2 Cn, one has L.! C a�/ D L.!/. If ! 2 kerL, then also
H.!C a�; !C a�/DH.!; !/.

Proof Recall from Section 9.1 that F.g �v/Dg �F.v/ for g2Ut.v/. Taking tD 0 and gD 0.�a/, we see
that F.0; !C a�/D �aF.0; !/��1a . As F.0; !/D

�
1 F12
0 1

�
, it commutes with �a. Thus F.0; !C a�/D

F.0; !/, giving the first relation, since L.!/D F12.0; !/.

For the second relation, suppose that ! 2 kerL, so F.0; !/D I. By (9.11), we must show that @F11
@t

takes
the same value at .0; !/ and .0; !C a�/. Since F11.0; �/� 1, the tangent space TR0

n is contained in
ker.dF11/. Hence, if 
 WR!R˚Cn is given by 
.t/D .t; !.t//, where !.0/D !, then

.9.13/
@F11

@t

ˇ̌̌̌
.0;!/

D
d

dt
F11.
.t//

ˇ̌̌
tD0

:

Choose a smooth family �a.t/ 2Ut satisfying �a.0/D �a and consider the path 
a.t/D t .�a.t// � .t; !/.
Then

.9.14/ d

dt
F.
a.t//

ˇ̌̌
tD0

D
d

dt
F
�
 t .�a.t//�.t; !/

�ˇ̌̌
tD0

D
d

dt
�a.t/F.t; !/�a.t/

�1
ˇ̌̌
tD0

D � 0a.0/F.0; !/�a.0/
�1
��a.0/F.0; !/�a.0/

�1� 0a.0/�a.0/
�1
C�a.0/

�
d

dt
F.t; !/

ˇ̌̌
tD0

�
�a.0/

�1

D �a

�
@F

@t

ˇ̌̌
.0;!/

�
��1a ;

where the last equality uses the fact that F.0; !/ D I. In the proof of Lemma 9.10, we saw that
@F
@t

ˇ̌
.0;!/

2 u0 for ! 2 kerL; in particular, it is upper triangular. Hence, the top-left entry of the matrix in
the final line of (9.14) is given by @F11

@t

ˇ̌
.0;!/

. By (9.13), the top-left entry in the initial line of (9.14) is
@F11
@t

ˇ̌
.0;!Ca�/

. Thus (9.14) gives the desired equality H.!; !/DH.!C a�; !C a�/.

9.15 Lemma The nullspace N D f� 2 kerL jH.�; !/D 0 for all ! 2 kerLg of H is h�i.

Proof Lemma 9.12 gives L.�/D L.0/D 0 and so � 2 kerL. Moreover, that lemma implies H.�; �/D
H.0; 0/D 0 and also that

H.!; !/DH.!C a�; !C a�/DH.!; !/C 2Re.aH.�; !//

for all ! 2 kerL and a 2C. Cancelling the H.!; !/ terms, we get that Re.aH.�; !//D 0. As this holds
for all a 2 C, we must have H.�; !/D 0 for each ! 2 kerL and so � 2 N. For the converse, note that
H is the restriction of �iB to kerL. Since B is nonsingular and kerL has codimension 1 in Cn, the
nullspace N is at most 1-dimensional, proving N D h�i.

9.16 Proposition If v 2Z� satisfies f�.v/D .0; 0/, then f�jZ� is a submersion at v.
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Proof Suppose v D .0; !0/ in local coordinates. We will identify TvZ� with Cn. As f�.v/D .0; 0/, we
have L.!0/D 0. For all ! 2 kerL, Lemma 9.10 gives f�.0; !/D .0;H.!; !//. Thus, for � 2 kerL,

df �
ˇ̌
v
.�/D .0;H.!0; �/CH.�; !0//D .0; 2ReH.!0; �//:

So long as !0 is not inN, there will be some �2 kerL for which df �
ˇ̌
v
.�/D .0; 1/. Lemma 9.15 gives that

!0 2N if and only if !0D a�, which happens if and only if vi D˙vj for all i and j. Since v 2Z� �Rn,
the latter is not the case, so .0; 1/ 2 im df �

ˇ̌
v
. By considering tangent vectors � … kerL, we see that

im df �
ˇ̌
v

contains vectors of the form .a; b/ with a¤ 0. We conclude that f�jZ� is a submersion.

We set M� D f
�1
� .0; 0/\Z�, which is a smooth submanifold by Proposition 9.16.

9.17 Lemma The submanifoldM� is in the closure of Rc.Sn/nR0
n. The C� action leavesM� invariant.

For g 2G0, we have g �M�DM� when g is in the identity component of G0 and g �M�DM�� otherwise.

Proof Take K� to be the full f �1� .0; 0/ in V� , so M� DK� \Z� . By Proposition 9.16, K� is a smooth
submanifold of V� near M� , and moreover the codimension of K� in V� is the same as that of M� in Z� ,
which is three. It follows that M� is a codimension one submanifold of K�, and hence the closure of
K� nM� includes M�. This proves the first claim.

The statement for the C� action follows immediately from Lemma 9.8. For the rest, first recall that the
identity component of G0 is isomorphic to IsomC.E2/, and so is generated by rotations about the origin,
which are part of the C� action, and translations, corresponding to  0.�a/ for a 2C. As Lemma 9.12
implies that  0.�a/ �M� DM� , it follows that g �M� DM� for all g in the identity component of G0, as
claimed.

Knowing this, it suffices to check g �M� DM�� for a single g in the other component of G0. We use
the element C from Section 6.9. From the relation F.C � v/ D C � F.v/, we see that if v 2 Z� and
f�.v/D .a; b/, then C � v 2Z�� and f��.C � v/D . Na;�b/. So C �M� DM��, as desired.

Let �MŒ�� be the quotient of M� [M�� by the simultaneous actions of R>0 and G0, so �MŒ�� � Y.
Equivalently, it is the quotient of M� DRc.Sn/\Z� by the simultaneous actions of R>0 and the identity
component of G0. Note that �MŒ�� is contained in ��1.�Œ��/, which is diffeomorphic to P n�2.C/ by
Lemma 5.3. We will later define Xc.Sn/ so that Xc.Sn/\�

�1.�Œ��/D �MŒ��. We conclude this subsection
by giving an explicit description of �MŒ��:

9.18 Proposition Suppose �Œ�� 2Xc.Sn/. There are linear subspaces V1 � V2 �Cn�1, where V2 has
dimension n� 2, such that �MŒ�� can be identified with the boundary of a tubular neighborhood of the
projective space P.V1/ in the larger projective space P.V2/, which itself sits in P n�2.C/. In particular ,�MŒ�� is compact. Moreover , the manifold �MŒ�� is nonempty, except possibly when n is odd and � D˙1.
If �Œ�� is balanced (so nD 2m), then dimV1 Dm� 1.
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Proof Recall from Section 9.4 that, in our local coordinates, Z� D Cn n h�i. The submanifold M� D

f! 2 Cn n h�i j L.!/D 0 and H.!; !/D 0g is invariant under translation by any element of h�i. We
identify Cn�1 with Cn=h�i. Taking this quotient has the same effect as normalizing so that the first point
!1 is 0, which absorbs all the G0 action except the part contained in C�. Setting V2 D kerL=h�i, the
form H descends to a Hermitian form H 0 on V2 which is nondegenerate by Lemma 9.15. Then �MŒ�� is
the quotient of M�=h�i D f! 2 V2 n f0g jH

0.!; !/D 0g by the action of C�.

With respect to an appropriate basis of V2, the form H 0 is

H 0.�; �/D�j�1j
2
� � � � � j�kj

2
Cj�kC1j

2
C � � �C j�n�2j

2;

where k is the index of H 0. Take V1 D f.�1; �2; : : : ; �k; 0; : : : ; 0/g; we leave it as an exercise to see that�MŒ�� is the boundary of a tubular neighborhood of P.V1/ in P.V2/.

Next, the manifold �MŒ�� is nonempty provided V1 is neither the trivial subspace nor all of V2; equivalently,
we need to show H 0 is not definite, ie there exists a nonzero � 2 V2 with H 0.�; �/ D 0. (Recall from
the Section 9.1 that n � 4 so dimV2 � 2.) First, suppose Œ�� is not Œ1�. By cyclically permuting the
generators si , we can assume �1 D 1 and �2 D�1. In the formulae used to prove Lemma 9.9, we have
c1 D c2 D e

i˛ and b21 D 1, and hence z� D .1;�1; 0; : : : ; 0/ is in kerL with H.z�; z�/ D 0. As z� … h�i,
this gives the desired element � 2 V2 showing that H 0 is indefinite.

Second, suppose � D 1 and set � D ei˛. Then each �l D �, and so �n D 1 with � ¤ ˙1 since the
trace c ¤˙2. We then calculate cj D �2j�1 and bjk D �2.k�j /. So the vectors z�j D �2ej � ejC1 for
1� j � n�2 together with � form a basis for kerL. Setting H 00D .�2=sin˛/H 0, consider the associated
Hermitian matrix W with respect to the induced basis �1; : : : ; �n�2 of V2, that is, H 00.v; w/Dw�Wv. A
calculation finds the only nonzero entries of W are �C��1D 2 cos˛ along the diagonal, �� immediately
above the diagonal, and ���1 immediately below. Using Lemma 9.20 below with q D � and mD n� 2,
we have

detW D
�n�1� ��.n�1/

� � ��1
D
��1� �

� � ��1
D�1 as �n D 1 and � ¤˙1:

As detW < 0, the form H 00 must be indefinite when n is even. Thus we have proved �MŒ�� is nonempty
for all �Œ�� 2Xc.Sn/, except possibly when n is odd and � D˙1.

For the last claim, when �Œ�� is balanced, it is part of a continuous family of reducible characters obtained
by varying ˛. The corresponding Hermitian forms are all nondegenerate and form a continuous family, and
so they have the same index. We compute this index in the limit as ˛! 0. From the formulae in the proof
of Lemma 9.9, we have lim˛!0.L=sin˛/D L0, where L0.w/D

P
j !j , and lim˛!0.B=sin˛/D B0,

where B0.w/ D
P
j �

i
2
�j j!j j

2. Then H0 WD �iB0 is a Hermitian form of index m D n
2

. Since h�i
is contained in the nullspace of H0jkerL0 , the form on kerL0=h�i induced by H0 has index m� 1, as
needed.

Geometry & Topology, Volume 29 (2025)



4112 Nathan M Dunfield and Jacob Rasmussen

9.19 Remark When n is odd, the formH 00 with matrixW can be (negative) definite. Setting �nDe2�i=n,
then for nD 5 the form is definite when � is either �25 or �35 . More generally, experiment strongly suggests
that W is definite for n odd if and only if cD �.n�1/=2n C�

.nC1/=2
n D cos �.n�1/

n
. Indeed, regardless of the

parity of n, it seems that the number of negative eigenvalues of H 00 for �kn with k < n
2

is exactly 2k� 1.

Finally, here is the lemma needed for the proof of the previous proposition:

9.20 Lemma Let Jm be the m�m matrix with entries in ZŒq˙1� whose nonzero entries are qC q�1

along the diagonal , �q immediately above the diagonal , and �q�1 immediately below. Then detJm D
qmC qm�2C � � �C q�.m�2/C q�m D .qmC1� q�.mC1//=.q� q�1/.

Proof We induct on m, with the base cases of mD 1 and mD 2 being easy checks. In the illustrative
case of mD 4, setting Nq D q�1, we have

J4 D

0BB@
qC Nq �q 0 0

�Nq qC Nq �q 0

0 �Nq qC Nq �q

0 0 �Nq qC Nq

1CCA :
Thus, expanding on the first row and using the known values of detJl , we get

detJm D .qC Nq/ detJm�1� detJm�2 D
qmC1� NqmC1

q� Nq
;

as needed to complete the induction and hence the proof.

9.21 Irreducible characters

Our goal in this subsection is to show that F�1.I / meets R
t¤0
n as a smooth codimension 3 submanifold.

The argument follows the one given in [Heusener 2003], but with the group Ut in place of SU2.2/. We
start by briefly recalling some properties of Ut from Section 6.5. Its Lie algebra ut consists of matrices
of the form �

ix w

�t xw �ix

�
; where x 2R and w 2C:

Both Ut and ut are contained in

Vt D

��
z w

�t xw Nz

� ˇ̌̌
z; w 2C

�
;

which we regard as a vector space over R rather than C. There is a symmetric bilinear form on Vt given
by hu1; u2i D tr.u1u2/; it is nondegenerate for t ¤ 0. Note ut D I

? with respect to this form, and the
orthogonal projection p W Vt ! ut takes the tracefree part, with p.C /D C � 1

2
.trC/I. The restriction of

h � ; � i to ut is a scalar multiple of our standard bilinear form from Section 6.1, and hence a scalar multiple
of the Killing form.
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Fix t ¤ 0. We will show that the restriction of F to Rt
n is a submersion. This map can be factored as a

composition

Rt
n
A
�! .Ut /

n m
�! Ut ; where A.t; v1; : : : ; vn/D .A.˛; t; v1/; : : : ; A.˛; t; vn//

and m is the multiplication map. Recall that Rt
n is defined by the open condition that vi ¤˙vj for some

i ¤ j, and therefore each vector vk in a given v 2 Rt
n can be moved independently in Qt on a small

scale. Hence, imA will be an open subset of .U ct /
n, where U ct D fg 2 Ut j trg D cg. For g 2 Ut , we

identify TgUt with ut via right multiplication, ie the map which sends u 2 ut to ug 2 TgUt .

9.22 Lemma For t ¤ 0 and any c 2 .�2; 2/, the subset U ct is a smooth submanifold of Ut , with
TgU

c
t D p.g/

? for each g 2 U ct .

Proof Identifying TgUt with ut as above, for u 2 ut we compute

d trg.u/D
d

ds

ˇ̌̌
sD0

tr.esug/D tr
�
d

ds

ˇ̌̌
sD0

esug
�
D tr.ug/D hu; gi D hu; p.g/i:

Since g ¤˙I, we have p.g/¤ 0. As t ¤ 0, the bilinear form on ut is nondegenerate, so there is u 2 ut
with hu; p.g/i¤ 0. Thus tr WUt!R is a submersion at g and TgU ct D ker.d trg/Dp.g/?, as needed.

9.23 Lemma Suppose g D .g1; : : : ; gn/ 2 .U ct /
n. If p.gi / and p.gj / are linearly independent for

some i , j, the map dmg W Tg.U ct /
n! ut is surjective.

The proof is essentially the same as that of [Heusener 2003, Lemma 3.1], but we give it here for
completeness.

Proof If we identify TgU nt with unt via the map which sends .u1; : : : ; un/ 2 unt to .u1g1; : : : ; ungn/ 2
TgU

n
t , the derivative dm W unt ! ut at g is given by

dm.u1; : : : ; un/D

nX
jD1

g1 � � �gj�1uj .g1 � � �gj�1/
�1
D

nX
jD1

Ad.g1 � � �gj�1/ �uj :

By Lemma 9.22, dm.Tg.U ct /
n/ is spanned by the sum of the subspaces Ad.g1 � � �gj�1/.p.gj /?/. Fix

an index j where p.gj / and p.gjC1/ are linearly independent, and set hD g1 � � �gj�1. To see dm is
onto, as dim ut D 3, it suffices to show that the 2-dimensional subspaces

Ad.h/.p.gj /?/ and Ad.hgj /.p.gjC1/?/

of ut are distinct. Applying Ad.g�1j h�1/, we equivalently examine Ad.g�1j /.p.gj /
?/ and p.gjC1/?.

As Ad preserves the bilinear form, we have

Ad.g�1j /.p.gj /
?/D

�
Ad.g�1j /.p.gj //

�?
D p.gj /

?:

As the form is nondegenerate with p.gj / and p.gjC1 linearly independent, it follows that p.gj /? ¤
p.gjC1/

?, as needed to show m is a submersion at g.
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We can now prove the main result of this subsection:

9.24 Proposition The intersection F�1.I / \R
t¤0
n is a smooth closed codimension 3 submanifold

of R
t¤0
n .

Proof Consider the submanifold zU D f.t; g/ j g 2Utg �R�SL2C, and define a map zF WRt¤0
n ! zU by

zF .v/D .t.v/; F.v//. We claim that zF is a submersion. For v 2Rn, set gi DA.˛; t; vi /. By Lemma 6.14,
we have p.gi /D .cos˛/vi . By definition, a point v 2 Rn has vi ¤˙vj for some j, and hence p.gi /
and p.gj / are linearly independent. Lemma 9.23 thus shows that d zF .TvRt

n/ D f0g � TgUt , where
g D F.v/. By considering a path of the form 
.t/ D .t; 
1.t/; : : : ; 
n.t// in Rn, we see that im.d zF /
contains a vector of the form .1;�/. Hence, im.d zF / has dimension 4 and zF is a submersion.

To conclude the proof, let zI D f.t; I / j t 2Rg. Now zI is a smooth closed codimension 3 submanifold
of zU , so F�1.I /\R

t¤0
n D zF�1. zI / is a smooth codimension 3 submanifold of R

t¤0
n .

9.25 Putting it all together

We can now prove the results stated at the beginning of this section.

Proof of Proposition 9.6 Recall from Section 9.4 that Rc.Sn/ is the union of F�1.I /\R
t¤0
n with

all f �1� .0; 0/, where the union is taken over those � with �Œ�� 2 Xc.Sn/. By Lemma 9.5, we know
Rc.Sn/ � F

�1.I / and Rc.Sn/\R
t¤0
n D F�1.I /\R

t¤0
n . To show that Rc.Sn/ is a codimension 3

submanifold of Rn, we must check that, for each v2Rc.Sn/, there is an open subsetOv�Rn containing v
such that Rc.Sn/\Ov is a codimension 3 submanifold of Ov . This follows from Proposition 9.24 when
t .v/¤ 0 using Ov DR

t¤0
n and from Proposition 9.16 when t .v/D 0 by taking Ov to be some V�.

Turning now to showing that Rc.Sn/ is closed, the main worry is that it could have a limit point in a
component of R0

n corresponding to � where �Œ�� is not in Xc.Sn/. As Xc.Sn/ is a closed subset of
Xc.Fn/, for each � with �Œ�� …Xc.Sn/ we choose an open set W� �Xc.Fn/ disjoint from Xc.Sn/. Let
V� D…

�1.W�/, so Z� � V� and V� \Rc.Sn/D¿. For the other � with �Œ�� in Xc.Sn/, we continue to
define V� as in Section 9.4. Then Rn has an open cover consisting of R

t¤0
n together with the V�’s. If V is

one of the open sets in this cover, then Rc.Sn/\V is closed in V. It follows that Rc.Sn/ is closed in Rn.

Finally, regarding the group actions, as noted in Section 9.1, the subset F�1.I / is preserved by the actions
of C� and the Gt . Those actions also preserve R

t¤0
n , and hence also F�1.I /\R

t¤0
n DRc.Sn/\R

t¤0
n .

The rest, namely Rc.Sn/\R0
n, is the union of the submanifolds M� from Lemma 9.17, and that lemma

gives the needed invariance.

Proof of Theorem 9.2 We define Xc.Sn/ D �.R
c.Sn//. Combining Lemma 2.2, Theorem 7.1, and

Proposition 9.6, we see that Xc.Sn/ is a closed codimension 3 smooth submanifold of Xc.Fn/. To compute
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�.Xc.Sn//, first observe that it is �
�
�.Rc.Sn//

�
which is equal to �

�
� 0c.R

c.Sn//
�

by Lemma 8.8. By
Lemma 9.5, the subset Rc.Sn/ is contained in F�1.I /, and, as discussed in Section 9.1, the subset
� 0c.F

�1.I // is contained in RcC.Sn/. Hence, �.Xc.Sn// � �.RcC.Sn// D X
c
C.Sn/. As �.Xc.Fn// D

Xc.Fn/, taking intersections yields �.Xc.Sn//� Xc.Sn/. To show equality, we consider the cases of
Xc;irr.Sn/ and Xc;red.Sn/ separately.

Given � 2Xc;irr.Sn/, pick a corresponding representation � W �1.Sn/! Ut where t D˙1. Viewing the
domain of � as Fn, Lemma 8.7 gives a unique v 2 Rt

n with � 0c.v/ D �. As � is in RcC.Sn/, we have
v 2 F�1.I / and so v 2 Rt .Sn/. Then �.�.v// D �, as needed. If instead �Œ�� 2 Xc;red.Sn/, consider�MŒ�� from Proposition 9.18. By this proposition and the discussion immediately before it, we have�MŒ�� D Xc.Sn/\�

�1.�Œ��/, and �MŒ�� is nonempty since we are requiring that n is even. In particular,
we have �Œ�� 2 �.Xc.Sn//. So �.Xc.Sn//DXc.Sn/, as claimed.

Next, the claim that the map � W Xc.Sn/ ! Xc.Sn/ is a diffeomorphism away from Xc;red.Sn/ is
immediate from the analogue for Fn in Theorem 8.1. Finally, to see that the closure of Xc;irr.Sn/ in
Xc.Fn/ is Xc.Sn/, start by noting that Xc;red.Sn/D

S �MŒ��, where the union is over �Œ�� 2Xc.Sn/. The
result now follows from the first statement in Lemma 9.17.

9.26 Odd number of punctures

In proving Theorem 9.2, the only place the parity of n was used was Proposition 9.18, in the special case
that �Œ�� 2Xc.Sn/ for � D 1. Thus Theorem 9.2 still holds for odd n provided we exclude the finitely
many c of the form 2 cos 2�k

n
for 1 � k < n

2
. For context, note that for a fixed odd n, any reducible

�Œ�� 2X
c.Sn/ is necessarily unbalanced, and hence there are only finitely many c 2 .�2; 2/ for which

Xc;red.Sn/ is nonempty. Thus, for most c, no resolution is necessary as Xc.Sn/DXc;irr.Sn/.

Moreover, given Remark 9.19, we conjecture that Theorem 9.2 holds if we exclude the single value
cD2 cos �.n�1/

n
. For that specific c, it turns out thatXc;irrSU2 .Sn/ is empty (apply [Biswas 1998, Theorem A]

with j D 0), and experimental evidence suggests Xc;red.Sn/ D f�Œ1�g. It seems plausible that the
correspondingXc;irrSL2R.Sn/ does not limit onXc;red.Sn/ and might even be empty; either way, Theorem 9.2
would hold modulo the isolated point Xc;red.Sn/ not being in the image of Xc.Sn/.

10 Varying the trace

Up to now, we have focused on character varieties where each of our preferred generators have the same
fixed trace c 2 .�2; 2/. We now consider the effect of varying c, starting with the free group. Recall from
Section 3.5 that tr WX.Fn; S/!R is the map sending � to �.s1/, or equivalently to any �.si /. We will
show:
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10.1 Theorem For each n� 2, there is a smooth .2n�2/-dimensional manifold X.Fn; S/ and a smooth
map � WX.Fn; S/!X.Fn; S/with the following properties: First , the map TrD trı� WX.Fn; S/!R is a
submersion , with Tr�1.c/ŠXc.Fn; S/ for c 2 .�2; 2/ and Tr�1.c/ŠXc;irrSL2R.Fn; S/ otherwise. Second ,
the subset Xirr.Fn; S/ WD �

�1.X irr.Fn; S// is dense in X.Fn; S/ and � restricts to a diffeomorphism
Xirr.Fn; S/!X irr.Fn; S/.

For the punctured sphere, the situation is more complicated. Recall from Section 9.3 that for balanced �,
the reducible character �c

Œ��
is in Xc.Sn/ for all c, but for unbalanced �, the character �c

Œ��
is in Xc.Sn/

only at isolated c. It turns out that we can fit the resolutions of the balanced reducibles into a family, but
not the resolutions of the unbalanced reducibles. Our solution to this problem is to excise the unbalanced
reducibles from our moduli space. More formally, we define

Xbal.Fn; S/DX.Fn; S/ n
˚
�cŒ�� j

P
�i ¤ 0

	
and Xbal.Fn; S/ D �

�1.Xbal.Fn; S//, so Xbal.Fn; S/ is an open submanifold of X.Fn; S/. Likewise,
we take Xbal.Sn; S/ D Xbal.Fn; S/\X.Sn; S/ and Xbal.Sn; S/ D X.Sn; S/\ Xbal.Fn; S/, as well as
Xcbal.Sn; S/D Xc.Sn; S/\Xbal.Sn; S/, etc. We will show:

10.2 Theorem For each even n� 4, there is a smooth closed codimension 3 submanifold X.Sn; S/ of
Xbal.Fn; S/ satisfying X irr.Sn; S/� �.X.Sn; S//�Xbal.Sn; S/ with the following properties: The map
Tr W X.Sn; S/! R is a submersion , and Tr�1.c/ D Xcbal.Sn; S/ for c 2 .�2; 2/; otherwise Tr�1.c/ D
X
c;irr
SL2R.Sn; S/. Also , the subset Xirr.Sn; S/ WD �

�1.X irr.Sn; S// is dense in X.Sn; S/ and � restricts to
a diffeomorphism Xirr.Sn; S/!X irr.Sn; S/.

The generating set S will remain fixed throughout this section, so we drop it from the notation, writing
X.Fn/ for X.Fn; S/, etc.

10.3 The free group

The space X.Fn/ will be constructed as the union of two sets B and C. Let B D .�2; 2/ � Y, and
define �B W B!X.Fn/ by �B.c; y/D �c.y/, where �c is the map constructed in Theorem 8.1. As in
Lemma 8.8, we have a commutative square

.�2; 2/�Rn RC.Fn/

.�2; 2/�Y X.Fn/

� 0

id�� �

�B

where the topmost map is defined by � 0.c; v/D � 0c.v/, that is,

� 0.c; v/.si /D A
�
cos�1

�
1
2
c
�
; t .v/; vi

�
;

and so � 0 is smooth by (8.6). As � is also smooth, so is � ı� 0. As the left-hand arrow is a submersion,
�B is smooth.
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Next, we define C DX irr.Fn/, which is a smooth manifold by Corollary 3.7. Let �C W C !X.Fn/ be
the inclusion. We now define X.Fn/ D .B qC/=�, where b � c if �B.b/ D �C .c/. We give X.Fn/

the quotient topology, so the maps �B and �C combine to give a continuous map � W X.Fn/!X.Fn/.
Finally, we let iB W B ! X.Fn/ and iC W C ! X.Fn/ be the maps induced by inclusion. We define
B irr D ��1B .X irr.Fn//, which Theorem 8.1 shows is

.�2; 2/� .Y nC˙n .E
2//D .�2; 2/� .Cn.S

2/qC˙n .H
2//:

Next, notice that im�B \ im�C �X
irr.Fn/ is

S
fXc;irr.Fn/ j �2 < c < 2g. Since �C is injective and �B

is injective on ��1B .im�C /D B
irr, the maps iB and iC are also injective. Since iB and iC are injective,

we view B and C as subsets of X.Fn/.

Proof of Theorem 10.1 We first describe the smooth structure on X.Fn/. The pieces B and C are both
smooth manifolds, so we define f W X.Fn/!R to be smooth if and only if f jB and f jC are smooth. In
order for this to make sense, we must check that the transition function i�1C ı iB D �

�1
C ı�B is a diffeo-

morphism from B irr onto its image. As �C is the inclusion of the open subset C DX irr.Fn/ into X.Fn/,
this amounts to analyzing �B restricted to B irr. As noted, we have �B.B irr/D

S
fXc;irr.Fn/ j �2<c <2g,

and the latter is open in X.Fn/. Theorem 8.1 then gives that �B jB irr is injective. As tr.�B.c; y//D c,
d�B

�
@
@c

�
is not in the image of each T .fcg �Y/ under d�B , so Theorem 8.1 also gives that d�B is

an isomorphism at each point in B irr, making �B jB irr a diffeomorphism onto its image. We conclude
that X.Fn/ admits a smooth structure with respect to which iB and iC are open embeddings. The maps
�jB D �B and �jC D �C are smooth, so � is smooth.

Next, we check that X.Fn/ is Hausdorff. The pieces B and C are Hausdorff open subsets which cover
X.Fn/, so it suffices to show that if x 2 B nC and y 2 C nB, then x and y can be separated by open
sets in X.Fn/. Considering the map � W X.Fn/! X.Fn/, we see �.x/¤ �.y/ since �.x/ is reducible
but �.y/ is irreducible. As X.Fn/ is Hausdorff and � is continuous, we can separate x from y by the
preimages of open sets in X.Fn/ separating �.x/ from �.y/. Thus X.Fn/ is Hausdorff.

Turning now to the map TrD tr ı� W X.Fn/! R, note that it satisfies Tr.c; x/D c for .c; x/ 2 B and
is given by the function tr on C. As TrjB is thus a submersion and TrjC is also by Corollary 3.8, Tr is
a submersion. We leave the statements about Tr�1.c/ to you, but point out that for c outside .�2; 2/
one has Xc;irr.Fn; S/ D X

c;irr
SL2R.Fn; S/ since Xc;irrSU2 .Fn; S/ is empty by Lemma 3.10. Finally, � maps

Xirr.Fn/ WD C diffeomorphically onto X irr.Fn/ by construction, and the density of Xirr.Fn/ in X.Fn/

follows from the density of Xc;irr.Fn/ in Xc.Fn/ for c 2 .�2; 2/, which was noted after (8.2).

10.4 Properness of projections

We now consider the smooth map � W X.Fn/!X.Fn/. Its image is

Xı.Fn/ WD f� 2X.Fn/ j � 2X
irr.Fn/ or tr.�/ 2 .�2; 2/g:

We let �ı W X.Fn/!Xı.Fn/ be the map obtained by restricting the range of � .
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10.5 Proposition The map �ı W X.Fn/!Xı.Fn/ is proper.

The proof makes use of the following:

10.6 Lemma Suppose f WW!W is continuous , where W D U0[U1 is a metric space and the Ui are
open. If both restrictions Ofi W f �1.Ui /! Ui are proper , then so is f.

Proof Let Ci D W �Ui , so Ci is closed and C0 \C1 D ¿. We consider the maps di W W ! Œ0;1/

given by di .x/D d.x; Ci /D inffd.x; y/ j y 2 Cig, which are continuous. As Ci is closed in W, one has
di .x/D 0 if and only if x 2 Ci . Since the Ci are disjoint, d0.x/Cd1.x/ > 0 for all x 2W. Hence, if we
define

g.x/D
d0.x/

d0.x/C d1.x/
;

we have 0� g.x/� 1. For each i , it follows that x 2 Ci if and only if g.x/D i .

Now let K � W be compact, and let K0 D g�1
��
1
2
; 1
��
\K, K1 D g�1

��
0; 1
2

��
\K. Then Ki � Ui

is a closed subset of a compact set, hence compact, and K D K0 [ K1. Since each Ofi is proper,
f �1.K/D Of �11 .K1/[ Of

�1
2 .K2/ is a union of compact sets, hence compact. Thus f is proper.

Proof of Proposition 10.5 The sets U1 WD tr�1.�2; 2/ and U2 WD X irr.Fn/ form an open cover of
Xı.Fn/ with ��1ı .U1/DB and ��1ı .U2/DC. So, by Lemma 10.6, it is enough to check that �i WD y�ı;i
is proper for i D 1; 2. Now y�ı;2 W C ! U2 is proper as it is a homeomorphism, and so it remains to
consider y�ı;1, which we abbreviate to � .

To show that � WB!U1 is proper, supposeK�U1 is compact. By continuity of tr WXı.Fn/!R, there is
a closed interval Œa; b�� .�2; 2/ such that tr.K/� Œa; b�. Inside B, considerZDTr�1.Œa; b�/D Œa; b��Y,
and consider the smooth submanifoldM WD��1.X red.Fn//\Z, which is Œa; b��C˙n .E

2/ by Theorem 7.1,
and so compact by Lemma 5.3.

Let D1 � Z be a closed tubular neighborhood of M, which we identify with the product M � Œ�1; 1�
(using Theorem 7.4), and let D2 be Z with M �

�
�
1
2
; 1
2

�
removed. Then D1 and D2 are closed subsets

of B, with �.D1/ and �.D2/ being closed subsets of U1 which cover K. Now let Ki D K \ �.Di /.
Then K1 and K2 are closed subsets of K, hence compact, and K DK1[K2. The preimage ��1.K1/ is
a closed subset of the compact set D1, hence compact. The restriction of � to D2 is a homeomorphism
onto its image, so ��1.K2/ is compact. Hence, ��1.K/D ��1.K1/[��1.K2/ is compact. It follows
that � D y�ı;1 is proper and hence so is �ı.

10.7 The punctured sphere

From now on, we assume n is even and construct the submanifold X.Sn/� Xbal.Fn/ from submanifolds
B 0 � B and C 0 � C, where B and C were used to define X.Fn/. First, we define B 0, which is inside the
open subset Bbal D B \Xbal.Fn/ of B:
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10.8 Lemma The set B 0 D f.c; y/ 2 B j y 2 Xcbal.Sn/g is a closed smooth codimension 3 submanifold
of Bbal. The map Tr W B 0!R is a submersion.

Proof Recall from Section 9.4 the subsets Z� and Rc.Sn/ of Rn. We define

Rn;bal DRn n

[˚
Z� j � 2 f˙1g

n and
P
� ¤ 0

	
;

so that Rn;bal D…
�1
c .Xcbal.Fn// for all c 2 .�2; 2/. Let R.Fn/D .�2; 2/�Rn;bal, and define R.Sn/D

f.c; v/ 2 R.Fn/ j v 2 Rc.Sn/g. We will first show that R.Sn/ is a closed smooth codimension 3
submanifold of R.Fn/, and that the restriction of Tr to R.Sn/ is a submersion.

Consider the function G WR.Fn/! SL2C given by

G.c; v/D

nY
iD1

A
�
cos�1

�
1
2
c
�
; t .v/; vi

�
;

so that the restriction to the slice c �Rn;bal is the function F from Section 9.

Let �W D .�2; 2/�R
t¤0
n , and, for each balanced �, let

yV� D f.c; v/ 2R.Fn/ j sign zj D �j for all j and Re.G11.c; v// > 0g:

Then �W together with the yV�’s form an open cover of R.Fn/. Recall that zU Df.t; g/ jg2Utg�R�SL2C,
and define zG W �W ! zU by zG.c; v/ D .t.v/; G.c; v//. Then R.Sn/\ �W D G�1.I / D zG�1. zI /, where
zI D f.t; I / j t 2 Rg. We showed in the proof of Proposition 9.24 that the restriction of zG to each
slice c � Rn;bal is a submersion, so R.Sn/ \ �W is a closed codimension 3 submanifold of �W , and
Tr WR.Sn/\ �W !R is a submersion.

As in Section 9, we have local coordinates .c; t; !1; : : : ; !n/ on yV� . The functionG11 is real analytic on yV� ,
and the fact that � is balanced implies that G11.c; 0; v/� 1. It follows that g� D .G12; Im.G11� 1/=t/
is real analytic on yV� . Its restriction to the slice c �V� is the function f� from Section 9, so g�1.0; 0/D
R.Sn/\ yV� . We showed in Section 9.21 that f� is a submersion, and hence g� is as well, so R.Sn/\ yV�

is a smooth closed submanifold of yV�. Now Tr W yV�!R is a submersion, being projection onto the first
coordinate c. As g� is a submersion restricted to each fiber of Tr, as that is some f�, it follows that
Tr WR.Sn/\ yV�!R is also a submersion. This completes our proof that R.Sn/ is a smooth submanifold
of R.Fn/ of codimension 3 and that Tr WR.Sn/!R is a submersion.

Now Bbal is the quotient of R.Fn/ by the simultaneous actions of the Gt and R>0, and B 0 is the image
of R.Sn/ under this quotient, so the statement of the lemma follows from Lemma 2.2.

10.9 Lemma The subset C 0 WDX irr.Sn/ is a closed codimension 3 submanifold of C DX irr.Fn/, and
tr W C 0!R is a submersion.
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Proof Recall from Section 3.2 that

X irr.Fn/DX
irr
SU2.Fn/qX

irr
SL2R.Fn/DX

irr
U1
.Fn/qX

irr
U�1

.Fn/:

Similarly, X irr.Sn/ D X irr
U1
.Sn/q X

irr
U�1

.Sn/. We will show that the claims of the lemma hold for
X irr
U�1

.Sn/; the proofs for X irr
U1
.Sn/ are identical.

Consider the map � WRirr
U�1

.Fn/! U�1 given by �.�/D �.s1 � � � sn/. Applying Lemmas 9.22 and 9.23,
we see that the restriction of � to each Rirr;c.Fn/ is a submersion. It follows that � is a submersion, and
so Rirr

U�1
.Sn/D �

�1.I / is a closed codimension 3 submanifold of Rirr
U�1

.Fn/.

The projection � WRirr
U�1

.Fn/!X irr
U�1

.Fn/ is a submersion by Lemma 3.9, andRirr.Sn/ is a union of fibers
of � . Applying Lemma 2.2, we conclude that X irr

U�1
.Sn/D �.R

irr
U�1

.Sn// is a smooth closed submanifold
of X irr

U�1
.Fn/.

For the last claim, note that tr WRirr
U�1

.Fn/!R is a submersion by Corollary 3.8 and Lemma 3.9. The
restriction of � to the fibers of tr is a submersion, so tr WRirr

U�1
.Sn/!R is a submersion. This map factors

as the composition Rirr
U�1

.Sn/
�
�!X irr

U�1
.Sn/

tr
�!R, so tr WX irr

U�1
.Sn/!R is a submersion as well.

Proof of Theorem 10.2 Theorem 9.2 gives that B 0\C D C 0\B D tr�1.�2; 2/\X irr.Sn/. We define
X.Sn/DB

0[C 0, so X.Sn/\B DB
0 and X.Sn/\C DC

0. Since B and C form an open cover of X.Fn/,
Lemmas 10.8 and 10.9 give that X.Sn/ is a closed submanifold of Xbal.Sn; S/ of codimension 3, and also
�.X.Sn// is the union of

S
c2.�2;2/X

c
bal.Sn/ with X irr.Sn/ which is a subset of Xbal.Sn/ as claimed.

The claims about Tr also follow immediately from Lemmas 10.8 and 10.9. Finally, the density of Xirr.Sn/

in X.Sn/ follows from the last sentence of Theorem 9.2.

10.10 Remark As discussed in Section 9.26, we do not determine the complete analogue of Theorem 9.2
when the number of punctures n is odd. However, the claims of Theorem 10.2 are effectively trivial for
odd n: every reducible is unbalanced, and hence Xbal.Sn; S/D X

irr.Sn; S/, so one can simply define
X.Sn; S/ as X irr.Sn; S/.

11 Orientations

In this section, we orient the spaces constructed in the previous sections: Xc.Fn/, X.Fn/, Xc.Sn/

and X.Sn/. These spaces contain the SU2 character varieties used in [Heusener 2003] as open subsets.
We compare our orientations with his, as this will be needed in Section 15.3.

11.1 The free group

By Corollary 7.9 and Theorem 8.1, we know that Xc.Fn/ Š X
c;irr
SU2 .Fn/ Š Cn.S

2/. We defined an
orientation on the latter space in Section 5.7. To compare this orientation with Heusener’s, we explain
how to orient X irr

SU2.Fn/ from the perspective of character varieties, following [Heusener 2003].
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First, we orient SU2DU1 via Remark 6.10. For all c 2 .�2; 2/, we orient the conjugacy classRcSU2.F1/D

tr�1.c/ so that the submersion tr WSU2nf˙I g! .�2; 2/ is compatibly oriented in the sense of Section 2.3,
where .�2; 2/ has the opposite of the standard orientation (this seemingly odd choice will be explained in
the proof of Proposition 11.2). Give RcSU2.Fn/D .R

c
SU2.F1//

n the product orientation, which then orients
its open subset Rc;irr.Fn/. Now orient Xc;irrSU2 .Fn/ by the requirement that SO3!R

c;irr
SU2.Fn/!X

c;irr
SU2 .Fn/

be compatibly oriented, where SO3 is oriented as SU2=f˙I g.

Furthermore, we orient X irr
SU2.Fn/ using

X
c;irr
SU2 .Fn/!X irr

SU2.Fn/
tr
�! .�2; 2/;

where .�2; 2/ again has the reversed orientation, the map tr is a submersion by Corollary 3.8, and the
orientations on the fibers vary smoothly by construction.

11.2 Proposition The orientation on Xc;irrSU2 .Fn/ is opposite to that of [Heusener 2003]. Also , the
diffeomorphism �c W Cn.S

2/!X
c;irr
SU2 .Fn/ from Theorem 8.1 is orientation-preserving , where Cn.S

2/ is
oriented as in Section 5.7. Finally , the map .�2; 2/�Cn.S

2/!X irr
SU2.Fn/ that sends .c; p/ to �c.p/ is

an orientation-preserving diffeomorphism , where .�2; 2/ has the reversed orientation.

Proof For the first claim, our construction matches [Heusener 2003], except there conjugacy classes
in SU2 are parametrized by ˛ 2 .0; �/, where c D 2 cos˛ and .0; �/ has the usual orientation. However,
this corresponds to the reversed orientation we used on .�2; 2/. Second, we must account for the
differences in orientation conventions noted in Remark 2.4. The sequence used to orient RcSU2.F1/ gives
the same orientation as Heusener, since the fiber is even-dimensional. However the second sequence gives
the opposite of Heusener’s orientation, since both the fiber SO3 and base Xc;irrSU2 .Fn/ are odd-dimensional,
proving the first claim.

For the second claim, the key is to show that the diffeomorphism ofQ1DS2 to RcSU2.F1/ that sends v 7!
A.˛; 1; v/ with ˛D cos�1 c

2
is orientation-preserving; this will suffice as the constructions of orientations

on Cn.S
2/ and Xc;irrSU2 .Fn/ are then strictly analogous. Recall that A.˛; t; v/ D exp.˛'t .v//. Now the

exponential map restricts to an orientation-preserving diffeomorphism from fv 2 u1 j 0 < B1.v/ < �2g to
U1nf˙I g which sends ˛Q1Dfv 2 u1 jB1.v/D˛2g toRcSU2.F1/. Since the orientation of the sphereQ1
from Section 6.1 is the same as orienting it with the outward normals, this matches the orientation on
RcSU2.F1/ which comes from increasing ˛. So the map Q1! RcSU2.F1/ is orientation-preserving, as
needed to prove the second claim.

The final claim follows easily as X irr
SU2.Fn/ was oriented using the submersion tr WX irr

SU2.Fn/! .�2; 2/

where .�2; 2/ has the reversed orientation.

To orient X irr
SL2R.Fn/, we follow the same steps as for SU2. First, fix the orientation on SL2R coming

from its identification to U�1 D SU1;1. There is a submersion tr W .SL2R n f˙I g/! ER, where ER denotes
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R with the reversed orientation, and we orient RcSL2R.F1/ WD tr�1.c/ as its fiber. By definition, the
singular points ˙I are not in R˙2SL2R.F1/. Unlike for SU2, where each conjugacy class is a sphere, the
topology of RcSL2R.F1/ depends on c, but this makes no difference at this stage. Now orient Rc;irrSL2R.Fn/

as an open subset of the product .RcSL2R.F1//
n. (When c D˙2, recall that for � 2RcSL2R.Fn/, the �.si /

are all conjugate in SL2C. Hence, if � 2R˙2;irrSL2R .Fn/, �.si /¤˙I.) Orient Xc;irrSL2R.Fn/ by the fiber bundle

PSL˙2 .R/!R
c;irr
SL2R.Fn/!X

c;irr
SL2R.Fn/;

where the orientation on PSL˙2 .R/D SL˙2 .R/=f˙I g comes from the left-invariant extension to SL˙2 .R/
of the one on SL2R. Finally, orient X irr

SL2R.Fn/ by tr W X irr
SL2R.Fn/ !

ER, which is a submersion by
Corollary 3.8.

11.3 Proposition For c 2 .�2; 2/, the diffeomorphism �c W C
˙
n .H

2/! X
c;irr
SL2R from Theorem 8.1 is

orientation-preserving , where C˙n .H
2/ is oriented as in Section 5.7.

Proof As in the proof of Proposition 11.2, the key is to check that the diffeomorphism from Q�1 to
RcSL2R.F1/ that sends v 7! A.˛; 1; v/ D exp.˛'�1.v//, where ˛ D cos�1 c

2
, is orientation-preserving.

Recall from Section 6.1 that both sheets of Q�1 are oriented with respect to normals that point away
from the origin in u�1. For any ˇ 2 .0; �/, the exponential map gives a diffeomorphism from ˇQ�1

to R2 cosˇ
SL2R .F1/; here, ˇQ�1 denotes the dilation by ordinary scalar multiplication of vectors, not the

R>0 action from earlier. Orient each ˇQ�1 as we did Q�1; hence, the dilation Q�1 ! ˇQ�1 is
orientation-preserving. Since R2 cosˇ

SL2R .F1/ was oriented using tr W RSL2R.R1/! ER, ie with respect to
increasing ˇ, and the map exp W u�1! U�1 is orientation-preserving by definition, the diffeomorphism
from ˇQ�1 to R2 cosˇ

SL2R .F1/ is orientation-preserving. Therefore the map from Q�1 to RcSL2R.F1/ that
sends v 7! A.˛; 1; v/ D exp.˛v/ is the composition of two orientation-preserving maps and hence
orientation-preserving, as needed.

11.4 Theorem The manifold X.Fn/ is orientable , and we take its preferred orientation to be the one
compatible with its open subset X irr

SU2.Fn/. Then the open subset X irr
SL2R.Fn/ has the reverse of its

standard orientation. The submersion Tr WX.Fn/! ER gives a preferred orientation to each Xc.Fn/, which
is the standard orientation on Xc;irrSU2 .Fn/ but the reverse of it for Xc;irrSL2R.Fn/.

Proof Recall from Section 10.3 that X.Fn/ is the union of open submanifolds B D .�2; 2/�Y and
C DX irr.Fn/DX

irr
SU2.Fn/qX

irr
SL2R.Fn/. Both B and C are orientable, but the orientability of X.Fn/

is not immediate as B \C is disconnected. Orient B by giving .�2; 2/ the reversed orientation and Y

the orientation compatible with the one on Cn.S
2/. Now orient C by giving X irr

SU2.Fn/ and X irr
SL2R.Fn/

their standard and reversed orientations, respectively. By Proposition 7.10, the inclusions of Cn.S
2/ and

C˙n .H
2/ into Y are orientation-preserving and -reversing, respectively. Combining Propositions 11.2

and 11.3 with the fact that the submersion tr W X irr.Fn/ ! ER is compatible with the orientations on
Xc;irr.Fn/, we see that the restrictions of the two orientations to B \C agree. This gives the desired
global orientation on X.Fn/, and the claims about Xc;irr.Fn/ are immediate from the construction.
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11.5 The punctured sphere

To begin, we orient the manifold Xc;irrSU2 .Sn/ as follows. By Lemma 9.23, the map � WRc;irrSU2.Fn/! SU2
where �.�/D �.s1 � � � sn/ is a submersion, so we orient ��1.I /DRc;irrSU2.Sn/ using our usual conventions.
Now orient Xc;irrSU2 .Sn/ by SO3!R

c;irr
SU2.Sn/!X

c;irr
SU2 .Sn/. Finally orient X irr

SU2.Sn/ by tr WX irr
SU2.Sn/!

ER,
which is a submersion by Lemma 10.9, and the just constructed orientation on the fibers Xc;irrSU2 .Sn/, noting
that said orientation varies continuously in c. Our standard orientations on Xc;irrSL2R.Sn/ and X irr

SL2R.Sn/

are analogous.

11.6 Remark The orientations just constructed on Rc;irrSU2.Sn/ and Xc;irrSU2 .Sn/ are the opposites of those
used in [Heusener 2003]. For Rc;irrSU2.Sn/, this is because Rc;irrSU2.Sn/ and SU2 are both odd-dimensional,
so the convention difference discussed in Remark 2.4 matters. This difference persists to Xc;irrSU2 .Sn/

since in both cases Xc;irrSU2 .Sn/ is even-dimensional and hence the convention for orienting submersions is
irrelevant.

Unlike in the free group case, we can orient Xc.Sn/ so that both Xc;irrSU2 .Sn/ and Xc;irrSL2R.Sn/ inherit their
standard orientations:

11.7 Theorem The manifold Xc.Sn/ is orientable , and we take its preferred orientation to be the
one compatible with its open subset Xc;irrSU2 .Sn/. The open subset Xc;irrSL2R.Sn/ then also has its standard
orientation.

Proof We imitate the construction of the standard orientation on XcSU2.Sn/ in the setting of our con-
struction of Xc.Sn/ from Section 9. We proceed in three steps.

Step 1 (orient Rn) Recall from Section 6.1 that each Qt is oriented so that hu1; u2i is a positive basis
for Tv.Qt / exactly when hv; u1; u2i is a positive basis for R3. There is a submersion Rn!R whose
fibers are Qnt ; we give Qnt the product orientation and use the fibration

.11.8/ Qnt !Rn
t
�!R

to orient Rn.

Step 2 (orient Rc.Sn/) Recall from the proof of Proposition 9.24 that Rc;t¤0.Sn/ WD zF
�1. zI /, where

zF WR
t¤0
n ! zU is a submersion. The normal bundle �zI is the bundle over R whose fibers are ut � T zU ;

we orient each ut as described in Remark 6.10, which gives smoothly varying orientations on the fibers
of �zI .

Over Rc;t¤0.Sn/, the short exact sequence

.11.9/ 0! TRc;t¤0.Sn/! TRt¤0
n

d zF
��! �zI ! 0
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can be used to orient Rc;t¤0.Sn/. You might think that we should extend this orientation to all of
Rc.Sn/, but this is actually not possible. To see this, consider the function h W zU ! C �R given by
h.t; A/D .A12; ImA11/. We have h�1.0; 0/D zI [�zI, where �zI is everything of the form .t;�I /; thus
�zI is one connected component of h�.T0.R�C//. So the orientation on Rc;t¤0.Sn/ induced by (11.9)
is the same as that induced by the submersion Rc;t¤0.Sn/!R

t¤0
n

hı zF
��!R�C. But, on the open set V�

from Section 9.3, the subset Rc.Sn/\V� is cut out by a submersion f� W V�!C �R, which satisfies

f� D .F12; f11/; where h ı zF D .F12; tf11/:

Consequently the induced orientation on f �1� .0; 0/ will agree with the orientation induced by (11.9) for
t > 0, but will be its opposite for t < 0 since f� differs from h ı zF by scaling the second coordinate of
C �R by t .

To orient Rc.Sn/, we give V� the orientation induced by our orientation on Rn, and the orientation on
C �R that pulls back to our standard orientation on ut under h�. Then the submersion f� induces an
orientation on f �1� .0; 0/. We give zF�1. zI /\Rt>0

n the orientation coming from (11.9), and zF�1. zI /\Rt<0
n

the opposite orientation. The discussion in the previous paragraph shows that these orientations are all
compatible and together give a global orientation on Rc.Sn/.

Step 3 (orient Xc.Sn/) Now we can orient Xc.Sn/. We use the orientation on ut to orient Gt as in
Remark 6.10, give R>0 the positive orientation, and give R>0 �Gt the product orientation. We will
orient Xc.Sn/ using the exact sequence

.11.10/ 0! Te.R>0 �Gt /! TvRc.Sn/! TpXc.Sn/! 0;

where t D t .v/, e D .0; I / and �.v/ D p. As the orientations on TvRc.Sn/ and Te.R>0 �Gt / vary
continuously, even as t changes, the main issue is that, for t < 0, the fibers R>0 �Gt of the submersion
� W Rc.Sn/! Xc.Sn/ are disconnected. So, for t < 0, we must find v, v0 belonging to two different
components of ��1.p/ where the orientations on TpXc.Sn/ induced by the exact sequences

0! Te.R>0 �Gt /! TvRc.Sn/! TpXc.Sn/! 0;

0! Te.R>0 �Gt /! Tv0R
c.Sn/! TpXc.Sn/! 0

are the same.

To do this, consider

C D

0@�1 0 0

0 1 0

0 0 �1

1A ;
which is in every Gt . Its action on each ut is orientation-preserving, and corresponds to complex
conjugation, as noted in Section 6.9. We successively deduce that C WQt !Qt and C WRn!Rn are
orientation-preserving. Since F.C �v/DC �F.v/, as noted in Section 9.1, we see that C WR.Sn/!R.Sn/
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and is orientation-preserving. Taking v0 D C � v, we have a commutative diagram

0 Te.R>0 �Gt / TvRc.Sn/ TpXc.Sn/ 0

0 Te.R>0 �Gt / Tv0R
c.Sn/ TpXc.Sn/ 0

id�AdC dC id

The two leftmost vertical maps are orientation-preserving, so the right-hand vertical map is as well. In
other words, the two induced orientations on TpXc.Sn/ are the same. We conclude that (11.10) determines
an orientation on Xc.Sn/.

Having defined an orientation on Xc.Sn/, it remains to check that the orientations it induces on its open
subsets Xc;irrSU2 .Sn/ and Xc;irrSL2R.Sn/ agree with their standard orientations. First, we consider the case t > 0.
For the standard orientation of Xc;irrSU2 .Sn/, we have the decomposition as oriented vector spaces

.11.11/ TQn1 D T .R
c
SU2.F1/

n/D T U1˚T .R
c
SU2.Sn//D T U1˚ ŒT .X

c
SU2.Sn//˚T U1�:

For the orientation of Xc.Sn/, we have TRc
n D R ˚ TQnt , where the R-factor corresponds to the

t -coordinate. Again as oriented vector spaces, we have, from (11.10),

TRc
n D T Ut ˚TRc

n.Sn/D T Ut ˚ .TXc.Sn/˚T .R>0 �Gt //

D�T .R>0/˚T Ut ˚TXc.Sn/˚T Ut

since dim Xc.Sn/ D 2n� 6 and dimUt D 3. Now, as s �Qt DQt=s2 and t > 0, increasing s actually
decreases t . Hence,

TRc
n D�T .R>0/˚TQ

n
t :

Comparing, we conclude that TQnt D T Ut ˚TXc.Sn/˚T Ut , and, taking t D 1, we see from (11.11)
that Xc.Sn/ and Xc;irrSU2 .Sn/ have matching orientations, as desired.

The case of t < 0 is very similar, except that now TRc
n D T .R>0/˚TQ

n
t and

TRc
n D T .R>0/˚T Ut ˚TXc.Sn/˚T Ut

since the orientation on this part of Xc.Sn/ comes from that of zF�1. zI /\Rt<0
n which was given the

opposite orientation in Step 2. The net effect is to insert a � sign at one point and remove it from another,
so we again find that the induced orientation agrees with the standard one.

11.12 Corollary The manifold X.Sn/ is orientable , with preferred orientation that matches the standard
ones on both X irr

SU2.Sn/ and X irr
SL2R.Sn/. The submersion Tr WX.Sn/! ER is compatible with the preferred

orientations on Xcbal.Sn/� Xc.Sn/ from Theorem 11.7.

Proof Recall from Section 10.7 that X.Sn/D B
0[C 0. The map Tr W B 0! .�2; 2/ is a submersion by

Lemma 10.8, so there is a short exact sequence

0! TXcbal.Sn/! TB 0! T .�2; 2/! 0;
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which we use to orient B 0; as usual, we give .�2; 2/ the reversed orientation. (Note Xcbal.Sn/ is
an open subset of Xc.Sn/, and inherits an orientation from it.) We give both components of C 0 D
X irr

SU2.Sn/qX
irr
SL2R.Sn/ our standard orientations. The orientation on X irr

SU2.Sn/ is induced by the short
exact sequence

0!X
c;irr
SU2 .Sn/!X irr

SU2.Sn/! T .�2; 2/! 0

and similarly for X irr
SL2R.Sn/. By Theorem 11.7, the orientations on Xc.Sn/, X

c;irr
SU2 .Sn/ and X irr

SL2R.Sn/

are compatible. It follows that the orientations on B 0 and C 0 are compatible and determine a global
orientation on X.Sn/ which has the desired properties.

12 Definition of the invariant

12.1 Braids and plat closures

We are now ready to define the total Lin invariant of a knot K � S3. Following Heusener [2003], we
represent knots as plat closures of braids. Our conventions for braids are given in Figure 4, which
also describes the identification of the braid group Bn with MCG.Dn/, the mapping class group of the
n-punctured disk. In turn, there is a homomorphism from MCG.Dn/ to MCG.Sn/ induced by capping
off the boundary to Dn with a disk to form Sn. If ˇ 2 Bn, we abuse notation and write ˇ for its image
'ˇ in MCG.Sn/. Recall a homomorphism ' W �!ƒ of finitely generated groups has an induced regular
real algebraic map '� WX.ƒ/!X.�/ given by Œ�� 7! Œ� ı'�. If S and T are finite generating sets of �
and ƒ, respectively, where ' takes each si 2 S to a conjugate of some tj 2 T or its inverse, then we also
have induced maps '� WXc.ƒ; T /!Xc.�; S/ for each c 2R. Hence, ˇ� W �1.Sn/! �1.Sn/ induces a
map ˇ� WXc.Sn; S/!Xc.Sn; S/ for each c 2R.

Given a braid ˇ 2 B2m, we can form its plat closure y̌ as shown in Figure 4. Given a knot K � S3, we
choose ˇ with y̌ DK. As shown in Figure 5, this presents the exterior of K as the union of two genus m
handlebodies glued together along the 2m–punctured sphere S2m:

MK D S
3
n �.K/DH1[S2m H2:

Here, the surface S2m is identified with the boundary of H1 and x 2 @H1 is glued to ˇ.x/ 2 @H2. The
inclusion S2m!MK induces a surjection �1.S2m/! �1.MK/ and hence an injection of Xc.K/ D
Xc.MK ; f�g/ into Xc.S2m; S/.

Similarly, if Tk is the set of generators for �1.Hk/ shown in Figure 5, the inclusion jk W S2m ! Hk

induces an injection j �
k
W Xc.Hk; Tk/! Xc.S2m; S/. We let Lc

k
� Xc.S2m; S/ be the image of j �

k
.

Then Xc.K/ can be identified with the intersection Lc1\L
c
2 as in the original construction of Casson’s

invariant [Akbulut and McCarthy 1990].
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1 2 3 4

1 2 3 4

�2�
2
1�
�1
2 ��13

s1
s2 s3

'�1

y̌

Figure 4: Our conventions for braids, including �i versus ��1i , that left-to-right in the braid word
corresponds to top-to-bottom in the picture, and that the generators si of �1.Sn/ correspond
to clockwise loops. Moreover, the induced mapping class 'ˇ 2 MCG.Dn/ of ˇ is the map
that pushes curves from the bottom to top; hence, '˛ˇ D '˛ ı 'ˇ , so Bn ! MCG.Dn/ is a
homomorphism rather than an antihomomorphism (here functions act on the left as usual); in
particular, '�1.s1/D s2 and '�1.s2/D s

�1
2 s1s2.

More precisely, we index the standard generators s1; : : : ; s2m of �1.S2m/, as shown in Figures 4 and 5,
so that s2i�1 and s2i are meridians of the i th arc in the lower plat. The generators shown in Figure 5
determine isomorphisms

`k W �1.Hk/! Fm D ht1; : : : ; tmi:

If we define O|kD `k ıjk�, then O|1.s2i�1/D ti and O|1.s2i /D t�1i , so O|1 induces a map O|�1 WX
c.Fm; T /!

Xc.S2m; S/ and im O|�1 D im j �1 D L
c
1. We have O|2 D O|1 ı ˇ�, so Lc2 D im O|�2 D ˇ

�.Lc1/. To simplify
the notation, we let Lc D Lc1, so Lc1 \L

c
2 D L

c \ˇ�.Lc/, and write i D O|�1 . To summarize, we have
established:

12.2 Proposition For a knot K D y̌ and each c 2 R, the inclusion S2m ! MK gives an injection
Xc.K/!Xc.S2m; S/ whose image is Lc \ˇ�Lc .

We would like to define the total Lin invariant hc.K/ to be the algebraic intersection number hLc ; ˇ�Lci,
but there are two problems with doing so. The first is that Lc \ˇ�.Lc/ may not be compact, and the
second is that Xc.S2m; S/ is not a manifold. We more or less punt on the first issue: we will impose
hypotheses on K which prevent it from happening. For the second problem, we restrict to c 2 .�2; 2/
and replace Xc.S2m; S/ with the resolution Xc.S2m; S/ constructed in Section 9. This requires us
to construct smooth maps i 0 W Xc.Fm; T /! Xcbal.S2m; S/ and ˇ� W Xc.S2m; S/! Xc.S2m; S/ that are
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H2

H1

'ˇ W @H1! @H2

s1 s4

t1 t2

s2
s3

S4

t1
t2

Figure 5: Our conventions for the fundamental group of the exterior MK DH1 ['ˇ H2 of the
plat closureK D y̌. Here the canonical copy of S2m is the one on the boundary ofH1. For clarity,
only half of the generators of �1.S4/ are drawn on each copy of S4.

“resolutions” of the corresponding maps on character varieties. Letting Lc D i 0.Xc.Fm; T //, we will then
define hc.K/D hLc ; ˇ�Lci. As described in Theorem 12.5 below, the invariant hc.K/ can be interpreted
as a signed count of representations of �1.MK/ with tr� D c into certain double covers of IsomC.S2/,
IsomC.E2/ and IsomC.H2/.

12.3 Induced maps of resolutions

For any of our resolutions X �
�!X in Theorems 8.1, 9.2, 10.1, and 10.2, define a decomposition of X

into XC q X0 q X� by XC D ��1.X irr
SU2/, X0 D ��1.X red/ and X� D ��1.X irr

SL2R/. In particular,
Xirr D XCqX� and Xred D X0. In each case � gives diffeomorphisms XC!X irr

SU2 and X�!X irr
SL2R.

For c 2 .�2; 2/, each Xc is contained in some Xc.Fn/ Š Y and this decomposition corresponds to
YD YCqY0qY� from Theorem 7.1. In turn, viewing Y as a quotient of Rn, this corresponds to the
regions Rt>0

n , RtD0
n and Rt<0

n , respectively.

For the case of Fn with its standard generators S D fs1; : : : ; sng, Theorem 8.4 gives for each c 2 .�2; 2/
a preferred diffeomorphism z� red

c from Xc0.Fn; S/ to XcU0.Fn; S/. Combined with the identifications
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provided by � , for c 2 .�2; 2/ we have a fixed decomposition of sets (not spaces) given by

Xc.Fn; S/DX
c;irr
SU2 .Fn; S/qX

c
U0
.Fn; S/qX

c;irr
SL2R.Fn; S/:

For c … .�2; 2/, we define Xc.Fn; S/DX
c;irr
SL2R.Fn; S/, which matches Theorem 10.1.

Now suppose T Dft1; : : : ; tmg is the standard generating set for Fm and ' WFn!Fm an epimorphism with
each '.si / for si 2S conjugate to some element of T or its inverse. Because ' is onto, '� WRC.Fm; T /!

RC.Fn; S/ takes each irreducible SU2 or SL2R representation to another such representation and the
same for those U0 representations that are not fully reducible. Thus, we can take the induced maps on
the character variety pieces of the above decompositions of Xc.Fm; T / and Xc.Fn; S/ to construct a
set-theoretic map '� W Xc.Fm; T /! Xc.Fn; S/ for each c 2 R. These combine to give a set-theoretic
map '� WX.Fm; T /!X.Fn; S/. By our construction and Theorem 8.4, we have a commutative diagram

.12.4/
X.Fm; T / X.Fn; S/

X.Fm; T / X.Fn; S/

'�

� �

'�

For the ' relevant here, we show in Lemma 12.8 that the top '� is in fact smooth.

We will also consider epimorphisms where Fn is replaced by �1.Sn/ and/or Fm is replaced by �1.Sm/.
Because Xc0.Sn; S/ is a proper subset of XcU0.Sn; S/ for c 2 .�2; 2/, there is something to check to see
that there is a map '� W Xc.Sm; T /! Xc.Sn; S/, but this will hold in our cases of interest. For the map
X.Sm; T /! X.Sn; S/, one must also verify the correct behavior with regards to unbalanced reducibles.

Note that our induced maps on resolutions inherit functoriality from their component maps on character
varieties: for example if ˛ WFn!Fm and ˇ WFm!F` are suitable epimorphisms then .ˇı˛/�D ˛�ıˇ�.

We can now state the analogue of Proposition 12.2 for our resolved picture:

12.5 Theorem Suppose K D y̌ for ˇ 2 B2m and fix c 2 .�2; 2/. The induced map of the epimorphism
O|1 W �1.S2m/! Fm is a well-defined smooth proper embedding i 0 W Xc.Fm; T /! Xc.S2m; S/ whose
image Lc is thus a smooth closed submanifold. Moreover , the map induced by the action of ˇ on
Xc.S2m; S/ is a well-defined diffeomorphism ˇ� W Xc.S2m/ ! Xc.S2m/. At the level of character
varieties , the inclusion S2m!MK induces an injection of

Xc.K/ WDXc;irrSU2 .K/qX
c
U0
.K/qX

c;irr
SL2R.K/

into Xc.S2m; S/, whose image is exactly Xc.ˇ/ WDLc \ˇ�Lc . Finally, Lc is contained in Xcbal.S2m; S/.

The proof of Theorem 12.5 will be given in Section 12.17, after establishing the smoothness of the induced
maps on various resolutions.
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12.6 The braid group action

The braid group Bn acts on the n-punctured disk Dn. With the conventions of Figure 4, the induced
action on �1.Dn/D Fn is given by

.12.7/ �i � sj D

8<:
siC1 if j D i;
s�1iC1sisiC1 if j D i C 1;
sj if j ¤ i; i C 1

The action of ˇ 2Bn preserves our preferred generators S up to conjugacy, and thus induces a regular real
algebraic map ˇ� WX.Fn; S/!X.Fn; S/ as discussed above. This is an isomorphism of real algebraic sets
since .ˇ�1/� is the inverse to ˇ�. Turning to Sn, as �i � .s1s2 � � � sn/D s1s2 � � � sn from (12.7), the action
of Bn on Fn descends to an action on �1.Sn/. Thus, for ˇ 2 Bn, we have an induced automorphism
ˇ� W X.Sn; S/ ! X.Sn; S/, which can be viewed as the restriction of ˇ� on X.Fn; S/ to its subset
X.Sn; S/. We next show the induced maps on resolutions are as expected:

12.8 Lemma For each ˇ 2 Bn, the induced map ˇ� on X.Fn; S/ is a diffeomorphism that preserves the
submanifolds Xc.Fn; S/, Xbal.Fn; S/, Xc.Sn; S/ and X.Sn; S/, where for the last two we are assuming
that n is even. Hence , ˇ� is well defined on each of these five resolutions , and in each case it is a
diffeomorphism.

Proof As the induced maps in Section 12.3 are functorial, it suffices to prove the lemma for each
generator �i of Bn. On the open submanifold X irr

SL2R.Fn; S/ of X.Fn; S/, the map ��i is a real algebraic
automorphism, which you can easily check preserves the claimed submanifolds. So it suffices to understand
��i on the subset B D .�2; 2/�Y of X.Fn; S/, which we accomplish by lifting to .�2; 2/�Rn.

Motivated by (12.7), define x̂ i W .�2; 2/�Rn! .�2; 2/�Rn by

.12.9/ x̂
i .c; t; v1; : : : ; vn/D .c; t; v1; : : : ; vi�1; viC1; �.�viC1/ � vi ; viC2; : : : ; vn/;

where �.�viC1/D t
�
A
�
cos�1 c

2
; t .v/;�viC1

��
. This is a smooth map asA.˛; t; v/ is a smooth function

of .˛; t; v/ and Gt acts smoothly on Qt . Its inverse is given by

x̂�1
i .c; t; v1; : : : ; vn/D .c; t; v1; : : : ; vi�1; �.vi / � viC1; vi ; viC2; : : : ; vn/;

which is also smooth. Hence, x̂ i is a diffeomorphism on .�2; 2/�Rn.

Let � 0 W .�2; 2/�Rn!RC.Fn; S/ be as in Section 10.3. Using (8.10) and (8.11), you can check that
x̂
i is equivariant with respect to the actions of R>0 and Gt . Hence, it descends to a diffeomorphism

ˆi W .�2; 2/�Y! .�2; 2/�Y, which we next show is ��i . Again using (8.10) and (8.11), we see that
the following commutes:

.12.10/
.�2; 2/�Rn .�2; 2/�Rn

RC.Fn; S/ RC.Fn; S/

x̂
i

� 0 � 0

��
i
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To check ˆi D ��i , we fix c 2 .�2; 2/ and study the restriction of ˆi to each of YC, Y0 and Y� in turn.
In the case of Y�, which maps to Xc;irrSL2R.Fn; S/ under �c , by restricting x̂ i to Rt

n for some t < 0, we
can combine (8.12) and (12.10) to see that ˆi D ��i on Y�. The argument for YC is the same using t > 0
and Xc;irrSU2 .Fn; S/. Similarly, Y0 is handled by considering t D 0 and XcU0.Fn; S/; see also the proof of
Theorem 8.4. Thus we have shown ˆi D ��i and hence ��i is a self-diffeomorphism of X.Fn; S/.

It remains to show ��i preserves the listed submanifolds. For Xc.Fn; S/, this is immediate from the
definition of ��i . The case of Xbal.Fn; S/ follows from its definition at the start of Section 10 and (12.7).
For Xc.Sn; S/, the only issue is whether ��i preserves Xc0.Sn; S/ inside Xc0.Fn; S/, as the former is a
proper subset ofXcU0.Sn; S/. By Theorem 9.2, Xc0.Sn; S/ is the intersection of the closure of Xc;irr.Sn; S/

with Xc0.Fn; S/; since �i is a diffeomorphism preserving Xc;irr.Sn; S/, it preserves Xc0.Sn; S/. The final
case of X.Sn; S/ is the union of various intersections of the previous submanifolds as described in
Theorem 10.2, and hence also preserved.

12.11 Lemma Both ˇ� W Xc.Fn; S/! Xc.Fn; S/ and ˇ� W Xc.Sn; S/! Xc.Sn; S/ are orientation-
preserving.

Proof It is enough to check this for the actions of the elementary braids �i . To do this, we go back and
look at the short exact sequences used to define the orientations in Section 11. The restriction of x̂ i in (12.9)
to fcg�Rn satisfies t . x̂ i .v//D t .v/, so x̂ i acts trivially on the TR factor in (11.8). The action of x̂ i on
the fiber TQnt is the composition of a coordinate permutation .v1; : : : ; vn/ 7! .v1; : : : ; viC1; vi ; : : : ; vn/

and a rotation on one factor: .v1; : : : ; vn/ 7! .v1; : : : ; vi ; �.�vi / � viC1; : : : ; vn/. The permutation is
orientation-preserving since Qt is 2-dimensional, and the rotation is orientation-preserving since it is
homotopic to the identity. It follows that the action of x̂ i on Rn is orientation-preserving. Finally, x̂ i is
equivariant with respect to the actions of R>0, and Gt , as observed in the proof of Lemma 12.8. Hence,
the action of ��i on Xc.Fn; S/ is orientation-preserving.

To see that the same statement holds for Xc.Sn; S/, we must also consider the exact sequence (11.9).
From the definition of x̂ i , a direct computation shows that F ı x̂ i D F. Referring to (11.9), we thus see
that the action of x̂ i on Rc;t¤0.Sn; S/ is orientation-preserving. As above, the actions of R>0 and Gt
are equivariant with respect to x̂ i , so the action of ��i on Xc;irr.Sn; S/ is orientation-preserving as well.
Finally, Xc;irr.Sn; S/ is a dense open subset of Xc.Sn; S/, so the action on Xc.Sn; S/ is orientation-
preserving.

12.12 The character variety of the handlebody

Recall the epimorphism i D O|�1 from �1.S2m/ to Fm coming from the inclusion of S2m into @H1. Let
Q{ W F2m! Fm be the lift of i defined by Q{.s2i�1/D ti and by Q{.s2i /D t�1i . By Section 12.3, Q{ has an
induced map Q{� W Xc.Fm; T /! Xc.F2m; S/ for each c 2R.
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12.13 Proposition For each c 2 .�2; 2/, the induced map Q{� is a smooth proper embedding with image
contained in Xcbal.S2m; S/. Thus i induces a well-defined smooth proper embedding i 0 W Xc.Fm; T /!
Xcbal.S2m; S/.

Proof We first construct a map j 0 WRm!R2m and show it induces Q{� after we take quotients by the
R>0 and Gt actions. Specifically, define j 0 by

.12.14/ j 0.t; v1; : : : ; vm/D .t; v1;�v1; : : : ; vm;�vm/:

The map j 0 is the restriction of a smooth embedding R� .R3/m!R� .R3/2m to Rm and R2m, and
so is also a smooth embedding. Since A.˛; t;�v/ D A.˛; t; v/�1, we see that the following diagram
commutes:

.12.15/
Rm R2m

RcC.Fm; T / RcC.F2m; S/

j 0

� 0c � 0c

Q{�

It is easy to see that j 0 is equivariant with respect to the actions of R>0 and Gt , and so it descends to a
smooth embedding Xc.Fm; T /! Xc.F2m; S/ by Lemma 2.2. By restricting j 0 to various Rt

m as in the
proof of Lemma 12.8, you can see that this map Xc.Fm; T /! Xc.F2m; S/ must be Q{�. Hence, Q{� is a
smooth embedding.

To understand the image of Q{�, first note that, for the map F WR2m! SL2C from Section 9.1, we have

F.j 0.v//D

mY
iD1

A.˛; t; vi /A.˛; t;�vi /D I:

Thus j 0.Rt¤0
m /� F�1.I /\R

t¤0
2m . Since the closure of F�1.I /\R

t¤0
2m is Rc.S2m; S/ by Lemma 9.17,

we have j 0.Rm/�Rc.S2m; S/. Also, in the notation of Section 9.4, if v 2Z� then j 0.v/ 2Z�0 , where
�0 D .�1;��1; �2; : : : ; �n;��n/ is balanced. Combining, we see that the image of Q{� is contained in
Xcbal.Sn; S/, as claimed.

It remains to show that Q{� is proper. Now

Xc.Fm; T / Xc.F2m; S/

Xc.Fm; T / Xc.F2m; S/

Q{�

� �

Q{�

commutes as (12.15) does, the left-hand projection is proper by Theorem 8.1, and the bottom Q{� is proper
by Lemma 3.1. It follows that the top Q{� is proper, completing the proof.

12.16 Proposition The induced map Q{� W X.Fm; T /! X.F2m; S/ is smooth , and its image is contained
in X.S2m; S/. Thus i induces a well-defined map i 0 W X.Fm; T /! X.S2m; S/. Moreover , i 0 is a smooth
proper embedding.
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Proof Recall from Section 10.3 that X.Fm; T /D B [C, where B Š .�2; 2/�Y and C ŠX irr.Fm; T /

are open in X.Fm; T /, as well as the analogous decomposition of X.S2m; S/ as B 0[C 0 from Section 10.7.
The map Q{� restricted to C has image contained in C 0 ŠX irr.S2m; S/ by construction, and is smooth as
it is a regular real algebraic map. Smoothness of Q{� on B follows as in the proof of Proposition 12.13 by
using the map .�2; 2/�Rm! .�2; 2/�R2m sending .c; v/ to .c; j 0.v//, and this also shows that Q{� is
an embedding. The claim about the image of Q{� is an immediate consequence of Proposition 12.13.

To show that i 0 is proper, recall from just before Proposition 10.5 the definitions of Xı.Fm; T / and
�ı W X.Fm; T /!Xı.Fm; T / and the analogous notions for S2m. Then

X.Fm; T / X.S2m; S/

Xı.Fm; T / Xı.S2m; S/

i 0

�ı �ı

i�

commutes by (12.4). To see i 0 is proper, note that the left-hand copy of �ı is proper by Proposition 10.5 and
i� is proper by applying Lemma 3.1 to i� WX.Fm; T /!X.S2m; S/ and then analyzing its restriction.

12.17 Understanding the intersection

We can now give:

Proof of Theorem 12.5 Proposition 12.13 gives the claims about i 0 W Xc.Fm; T /! Xc.S2m; S/ and Lc ,
including the final claim that Lc �Xcbal.S2m; S/. The claim about ˇ� is immediate from Lemma 12.8. By
definition all the induced maps on our resolutions respect the various decompositions XDXCqX0qX�,
which in turn correspond to SU2, U0 and SL2R representations. Applying the proof of Proposition 12.2
to each piece of the induced decomposition Lc DLc

C
qLc0qLc�, we see that the inclusion S2m!MK

induces the promised bijection of Xc.K/ with Xc.ˇ/.

By Proposition 12.16, L WD i 0.X.Fm; T // is a closed .2m�2/-dimensional submanifold of the .4m�5/-
dimensional manifold X.S2m; S/. Recall from Theorem 10.2 the map Tr WX.S2m; S/!R, where Tr�1.a/
is Xabal.S2m; S/ for a 2 .�2; 2/ and Xa;irrSL2R.S2m; S/ otherwise. For uniformity of notation, we now define
Xabal.S2m; S/ WD Tr�1.a/ for jaj � 2. If Œa; b��R is an interval, we let XŒa;b�.S2m; S/D Tr�1.Œa; b�/�
X.S2m; S/. It is a (noncompact) manifold with boundary Xabal.S2m; S/q Xbbal.S2m; S/. We also set
LŒa;b� D L \ XŒa;b�.S2m; S/. The composition Tr ı i 0 is the usual trace map on X.Fm; T /, hence a
submersion. Thus LŒa;b� is a closed proper submanifold of XŒa;b�.S2m; S/.

We say ˇ 2 B2m is real representation small if its plat closure K D y̌ is real representation small in the
sense of Section 3.13.

12.18 Lemma If ˇ is real representation small , the intersections Lc \ ˇ�Lc for c 2 Œ�2; 2� and
LŒ�2;2�\ˇ�LŒ�2;2� are compact.
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Proof As Lc \ ˇ�Lc is a closed subset of LŒ�2;2� \ ˇ�LŒ�2;2�, it suffices to prove that the latter is
compact. Setting X.ˇ/ WD L\ ˇ�L, our goal is to prove that XŒ�2;2�.ˇ/ is compact. Throughout, we
will view X.ˇ/ as a subset of X.F2m; S/ rather than X.S2m; S/.

Recall from Section 10.4 the surjection �ı W X.Fn; T /! Xı.Fn; T /. Then (12.4) gives that �ı.L/ D
L \ Xı.F2m; S/ and �ı.ˇ�L/ D .ˇ�L/ \ Xı.F2m; S/. Let Z D �ı.X.ˇ//. By Proposition 12.2,
Z � X.K/, where we have identified X.K/ with a subset of X.S2m; S/ � X.F2m; S/ via the map
induced by S2m ,!MK.

Now Z is not all of X.K/, as X.K/ contains the line of reducible representations �c for all c 2 R by
Section 3.15, while Z is contained in Xı.F2m; S/, which omits all reducibles with trace not in .�2; 2/.
However, Z does contain X irr.K/D Lirr\ˇ�Lirr. Moreover, by Theorem 12.5,

Z DX irr.K/[f�c j c 2 .�2; 2/ and XcU0.K/¤¿g:

The space XcU0.K/ is nonempty exactly when there is a representation � W �1.MK/!U0 with tr�.�/D c
which is not fully reducible; this is equivalent to having a reducible representation �1.MK/! SL2C with
nonabelian image and character �c . Thus, by Section 3.15, we haveZDX irr.K/[f�c j c 2DK\.�2; 2/g,
where recall DK is finite. Equivalently, since ˙2 … DK as �K.˙1/ is an odd integer, we have Z D
X irr.K/[f�c j c 2DK\Œ�2; 2�g. Now Lemma 3.16 implies that any limit point ofX irr.K/ inX.K/ is �c

for some c2DK and henceZŒ�2;2� is closed inX Œ�2;2�.K/. AsK is real representation small,X Œ�2;2�.K/
is compact by definition. Hence, so is its closed subset ZŒ�2;2�, which is equal to �ı.XŒ�2;2�.ˇ//.

From the form of O|1 W �1.S2m/! Fm, any reducible representation in L is balanced. Thus, ZŒ�2;2� �
X.K/�L in fact lies in Xbal;ı.F2m; S/. As �ı WX.F2m; S/!Xı.F2m; S/ is proper by Proposition 10.5,
we see that ��1ı .ZŒ�2;2�/ is both compact and a subset of Xbal.F2m; S/. Now L and ˇ�L are closed in
X.S2m; S/ by Theorem 12.5, so their intersection X.ˇ/ is closed in X.S2m; S/. As the latter is closed in
Xbal.F2m; S/ by Theorem 10.2, X.ˇ/ is closed in Xbal.F2m; S/. So XŒ�2;2�.ˇ/ is a closed subset of the
compact set ��1ı .ZŒ�2;2�/, and is hence compact.

So that we can break up the intersection number defining hc.ˇ/ into “local” pieces to prove invariance in
Section 13, we note the following:

12.19 Lemma If ˇ is real representation small , the intersections Lc\ˇ�Lc for c 2 Œ�2; 2� have finitely
many connected components.

Proof For cD˙2, this follows becauseXc;irrSL2R.K/DLc\ˇ�Lc is a real semialgebraic subset of the real
semialgebraic setXc;irrSL2R.S2m; S/DXcbal.S2m; S/ and real semialgebraic sets have finitely many connected
components. For c 2 .�2; 2/, consider the decomposition Xc.K/DXc;irrSU2 .K/qX

c
U0
.K/qX

c;irr
SL2R.K/ of

Lc \ˇ�Lc from Theorem 12.5. Each part of the decomposition is real semialgebraic, and the inclusion
of it into Xcbal.S2m; S/ is continuous; therefore Lc \ˇ�Lc has finitely many connected components, as
needed.
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12.20 The total Lin invariant

We orient X.Fm; T / and X.S2m; S/ as in Section 11 and give L the orientation inherited from X.Fm; T /.
The slices Xc.Fm; T /, Xcbal.S2m; S/ and Lc are then oriented using the submersions Tr, where the range R

has the reversed orientation; see Theorem 11.4 and Corollary 11.12. When ˇ is real representation small,
Lemma 12.18 and Theorem 2.9 show that, for each c 2 Œ�2; 2�, there is a well-defined intersection number
hLc ; ˇ�LciXcbal.S2m/

and so we set

hc.ˇ/ WD .�1/jˇ jhLc ; ˇ�LciXcbal.S2m/
;

where jˇj is the number of crossings in ˇ. Our setup now allows us to easily show hc.ˇ/ does not depend
on c:

12.21 Theorem If ˇ is real representation small , hc.ˇ/D hc
0

.ˇ/ for all c; c0 2 Œ�2; 2�.

Proof We apply Theorem 2.10 with M D XŒ�2;2�.S2m/, ADLŒ�2;2�, B D ˇ�.LŒ�2;2�/ and � D Tr.

Given the theorem, if ˇ 2 B2m is real representation small, we define the total Lin invariant h.ˇ/ as
hc.ˇ/ for any c 2 Œ�2; 2�. Next, we define the SU2 and SL2R Lin invariants. As in Section 12.17, we
write

Lc D Lc�qLc0qLcC:

From Theorem 12.5, we know that Lc
C
\ ˇ�.Lc

C
/ D XcSU2.K/ and similarly for SL2R. Moreover, if

Lc \ˇ�.Lc/ is compact and c …DK (so XcU0.K/ is empty), then both Lc
C
\ˇ�.Lc

C
/ and Lc�\ˇ

�.Lc�/

will be compact. Hence, if ˇ is real representation small and c 2 Œ�2; 2� nD y̌, we define

hcSL2R.ˇ/D .�1/
jˇ j
hLc�; ˇ

�.Lc�/iXc�.S2m/ and hcSU2.ˇ/D .�1/
jˇ j
hLcC; ˇ

�.LcC/iXcC.S2m/:

12.22 Theorem If ˇ is real representation small , then h.ˇ/DhcSL2R.ˇ/Ch
c
SU2.ˇ/ for all c2 Œ�2; 2�nD y̌.

Moreover , hcSL2R.ˇ/ and hcSU2.ˇ/ are constant on each connected component of Œ�2; 2� nD y̌. Finally ,
˙2 …D y̌ and h˙2SU2.ˇ/D 0 and h˙2SL2R.ˇ/D h.ˇ/.

Proof To compute hc.ˇ/ as per Theorem 2.9, we perturb Lc to be transverse to ˇ�Lc by an isotopy
supported in an arbitrarily small neighborhood of their intersection. As c …D y̌, we have XcU0.ˇ/D¿,
and by Theorem 12.5 the initial intersection of Lc with ˇ�Lc is disjoint from Xc0.S2m; S/. Thus we can
perturb Lc to a transverse L0 without changing the intersection with Xc0.S2mIS/. We then use L0, L0�
and L0

C
to compute hc.ˇ/; hcSL2R.ˇ/ and hcSU2.ˇ/, respectively. Each point of L0 \ ˇ�Lc contributes

˙1 to hc.ˇ/ and the same to exactly one of hcSL2R.ˇ/ and hcSU2.ˇ/. This proves the first claim.

For the second statement, suppose Œa; b� is disjoint from D y̌. Then LŒa;b� is disjoint from X
Œa;b�
0 .S2m; S/

so we can study LŒa;b�� and L
Œa;b�
C

separately using the proof of Theorem 12.21 to see that hcSU2.ˇ/ and
hcSL2R.ˇ/ are constant on Œa; b�.

Finally, we observed in Section 3.15 that ˙2 … DK . By Theorem 10.2, we have X˙2.S2m; S/ D

X
˙2;irr
SL2R .S2m; S/, so h˙2SU2.ˇ/D 0 and h˙2SL2R.ˇ/D h.ˇ/ by definition.
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13 Proof of invariance

The goal of this section is to prove:

13.1 Theorem Suppose ˇ 2 B2m and ˇ0 2 B2m0 with y̌ and y̌0 isotopic to the same knot K. If
K is real representation small , then h.ˇ/ D h.ˇ0/. Moreover , for all c in Œ�2; 2� n DK , we have
hcSL2R.ˇ/D h

c
SL2R.ˇ

0/ and hcSU2.ˇ/D h
c
SU2.ˇ

0/.

Thus, when K is real representation small, we define the total Lin invariant of K by h.K/ WD h.ˇ/, where
ˇ is any braid with y̌ DK, and similarly hcSL2R.K/ WD h

c
SL2R.ˇ/ and hcSU2.K/ WD h

c
SU2.ˇ/. Combined

with Theorem 12.22, Theorem 13.1 gives Theorems 1.1 and 1.2 from the introduction.

To set up the proof, recall that hc.ˇ/ WD .�1/jˇ jhLc ; ˇ�LciXcbal.S2m/
. This set has finitely many connected

components by Lemma 12.19. Thus we can write hc.ˇ/, in terms of local intersection numbers as
in (2.11):

.13.2/ hLc ; ˇ�LciXcbal.S2m/
D

X
Z

hLc ; ˇ�LcijZ ;

where Z runs over the set of connected components of Lc \ ˇ�Lc . If Z is a connected component
of Xc.ˇ/, we define

nZ;ˇ D .�1/
jˇ j
hLc ; ˇ�LcijZ :

We will prove that the nZ;ˇ are invariants of the underlying knot K; to make this precise, we use the setup
from Section 12.1 and Proposition 12.2. Given a knot K D y̌ for some ˇ 2 B2m, let MK be the exterior
of K. The inclusion S2m !MK, where S2m D @H1, induces an epimorphism �1.S2m/! �1.MK/.
Concretely, using the standard generators of �1.S2m/Dhs1; : : : ; s2m j w2m D 1i, wherew2mD s1 � � � s2m,
we get a group presentation for �1.MK/, namely

…ˇ D F2m=hw2m;H; ˇ
�1
� .H/i; where H is the kernel of F2m! �1.H1/:

By construction, …ˇ comes equipped with a preferred map iˇ W F2m!…ˇ , as well as an isomorphism
…ˇ ! �1.MK/ induced by D2m ,! S2m ,!MK.

Motivated by Theorem 12.5, for c 2 Œ�2; 2� we define

Xc.…ˇ / WDX
c;irr
SU2 .…ˇ ; S/qX

c
U0
.…ˇ ; S/qX

c;irr
SL2R.…ˇ ; S/:

When cD˙2, since…ˇ is generated by S , by Lemma 3.10 and its analogue for U0, the setsXc;irrSU2 .…ˇ ; S/

and XcU0.…ˇ ; S/ are empty; thus Xc.…ˇ /DX
c;irr
SL2R.…ˇ ; S/ when c D˙2.

As in Section 12.3, we have an induced map i�
ˇ
W Xc.…ˇ /! Xc.F2m; S/ at the level of sets only, not

topological spaces. For c 2 .�2; 2/, Theorem 12.5 implies i�
ˇ

is injective and its image is Xc.ˇ/ WD

Lc \ˇ�Lc ; the same holds for c D˙2, where Xcbal.S2m; S/DX
c
SL2R.S2m; S/ by Proposition 12.2.
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If ' W…ˇ 0!…ˇ is an isomorphism which takes the conjugacy class of a meridian in…ˇ 0 to the conjugacy
class of a meridian (or its inverse) in …ˇ , we get a bijection '� W Xc.…ˇ /! Xc.…ˇ 0/ by considering the
induced maps on character varieties. (In fact, any isomorphism ' must have this property by [Gordon
and Luecke 1989]; here, this will be obvious without appealing to such deep results.) We will prove:

13.3 Theorem Suppose ˇ 2 B2m and ˇ0 2 B2m0 with y̌ D y̌0 DK and c 2 .�2; 2/. Then there is an
isomorphism ' W…ˇ 0!…ˇ and a homeomorphism  W Xc.ˇ/! Xc.ˇ0/ such that there is a commuting
square

Xc.…ˇ / Xc.ˇ/

Xc.…ˇ 0/ Xc.ˇ0/

'�

i�
ˇ

 

i�
ˇ0

If in addition K is real representation small and Z is a connected component of Xc.ˇ/, then nZ;ˇ D
n .Z/;ˇ 0 .

Assuming Theorem 13.3, we can show:

Proof of Theorem 13.1 For all c in the open interval .�2; 2/, we combine the formula (13.2) with
Theorem 13.3 to get hc.ˇ/D hc.ˇ0/, and then Theorem 12.21 gives h.ˇ/D h.ˇ0/. Provided c is, further,
not in DK , we also get the corresponding statements for hcSU2 and hcSL2R. The case of c D ˙2 then
follows from the last claim of Theorem 12.22.

Theorem 13.3 extends to c D˙2 as well:

13.4 Theorem Suppose ˇ 2 B2m and ˇ0 2 B2m0 with y̌ D y̌0 DK and c D˙2. Then the conclusions
of Theorem 13.3 hold.

13.5 Plat moves

Our proof of Theorem 13.3 follows that of Heusener [2003]. (Lin’s original proof [1992] is similar but
uses braid closures.) The basic idea is this: first show that if y̌ D y̌0, then ˇ and ˇ0 are related by a
sequence of moves, and then check invariance under these moves. The first step was accomplished by
Birman and Hilden:

13.6 Theorem [Birman 1976; Hilden 1975] If y̌ and y̌0 are isotopic , then ˇ and ˇ0 are related by a
sequence of the following moves and their inverses:

� Type I Replace ˇ 2 B2m by ˛ˇ or ˇ˛, where ˛ 2 B2m is one of the type I braids �1; �2�21�2, or
�2j�2j�1�2jC1�2j for 1� j �m� 1.

� Type II Replace ˇ 2 B2m by ˇ�2m 2 B2mC2.

These moves are illustrated in [Heusener 2003, Figure 3].
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13.7 Invariance under type I moves

Suppose ˇ0 D ˛ˇ, where ˛ is a type I braid. Then ˛�.H/DH, and so

…ˇ 0 D F2m=hw2m;H; ˇ
�1
� ˛�1� H i D F2m=hw2m;H; ˇ

�1
� H i D…ˇ

and the isomorphism ' W…ˇ 0 !…ˇ is induced by 1F2m . On the other hand, if ˇ0 D ˇ˛, then …0
ˇ
D

F2m=hw2m;H; ˛
�1
� ˇ�1� H i, and the isomorphism ' is induced by the map ˛� W F2m ! F2m since

˛�.w2m/D w2m.

Next, we construct the homeomorphism  for a given c 2 .�2; 2/. Our isomorphism ' W…ˇ 0 !…ˇ is
induced by an isomorphism y' W F2m0 ! F2m, where each y'.si / is conjugate to some sj or its inverse.
Thus, by Section 12.3, there is a well-defined set map y'� W Xc.F2m/! Xc.F2m0/ with a commutative
square

.13.8/
Xc.…ˇ / Xc.F2m/

Xc.…ˇ 0/ Xc.F2m0/

'�

i�
ˇ

y'�

i�
ˇ0

so y'� maps Xc.ˇ/ D im i�
ˇ

bijectively to Xc.ˇ0/ D im i�
ˇ 0

. Thus, if we define  D y'�, we get a
commutative square as in Theorem 13.3. When ˇ0 D ˛ˇ, the map y'� is the identity, and hence  is a
homeomorphism; when ˇ0 D ˇ˛, this follows from:

13.9 Proposition If ˛2B2m is a braid of type I and c2 .�2; 2/, the map ˛� WXc.S2m; S/!Xc.S2m; S/

is a diffeomorphism which fixes Lc setwise. The map ˛� reverses the orientation on Lc when ˛ D �1;
otherwise , it preserves it.

Proof Recall from (12.14) that i 0 W Xc.Fm; T /! Xc.S2m; S/ is induced by j 0 W Rm ! R2m, where
j 0.v1; : : : ; vm/D .v1;�v1; : : : ; vm;�vm/. Similarly, the map ˛� on Xc.S2m; S/ is induced by the map
˛� WR2m!R2m given explicitly by the formulae in the proof of Lemma 12.8. In each case, we check
that ˛� ı j 0 D j 0 ıˆ˛ for some diffeomorphism ˆ˛ WRm!Rm.

To start, from (12.9) we have

��1 .v1;�v1; : : : ; vm;�vm/D .�v1; v1; v2;�v2; : : : ; vm;�vm/;

so we can take ˆ�1.v1; : : : ; vm/ D .�v1; v2; v3; : : : ; vm/. The map Qt ! Qt given by v 7! �v is
orientation-reversing, so ˆ�1 is orientation-reversing. The map ˆ�1 commutes with the actions of R>0
and the Gt , so it descends to an orientation-reversing diffeomorphism '�1 W L

c ! Lc , which satisfies
��1 ı i

0 D i 0 ı'�1 .

Similarly, we compute

.�2�
2
1�2/

�.v1;�v1; v2;�v2; : : : ; vm;�vm/D .v
0
1;�v

0
1; v2;�v2; : : : ; vm;�vm/;

Geometry & Topology, Volume 29 (2025)



A unified Casson–Lin invariant for the real forms of SL.2/ 4139

where v01 D �.�v2/ � v1, and

.13.10/ .�2j�2j�1�2jC1�2j /
�.v1;�v1; : : : ; vm;�vm/

D .v1;�v1; : : : ; vjC1;�vjC1; vj ;�vj ; : : : ; vm;�vm/;

so we take ˆ�2�21�2.v1; : : : ; vm/D .v
0
1; v2; : : : ; vm/ and

ˆ�2j�2j�1�2jC1�2j .v1; : : : ; vm/D .v1; : : : ; vjC1; vj ; : : : ; vm/:

To see theseˆ preserve orientation, note that the first map is effectively a rotation in the firstQt -coordinate
(so homotopic to the identity) and the second interchanges two such 2-dimensional coordinates; see the
proof of Lemma 12.11 for complete details.

13.11 Corollary Theorem 13.3 holds when ˇ and ˇ0 are related by a type I move.

Proof We have already constructed ' and  giving the commutative square, so it remains to check the
last statement. If Z is a component of Xc.ˇ/, we write Z0 D  .Z/. Suppose ˛ D �1, and let ˇ0 D ˛ˇ.
Then we have

hLc ; .˛ˇ/�.Lc/ijZ0 D hL
c ; ˇ�˛�.Lc/ijZ0 D�hL

c ; ˇ�.Lc/ijZ

by Proposition 13.9. Since j˛ˇj D jˇjC 1, we see that nZ0;ˇ 0 D nZ;ˇ . Similarly, if ˇ0 D ˇ˛,

hLc ; .ˇ˛/�.Lc/ijZ0 D hL
c ; ˛�ˇ�.Lc/ijZ0 D h.˛

�/�1Lc ; ˇ�.Lc/ijZ D�hL
c ; ˇ�.Lc/ijZ ;

where in the second step we have used the fact that ˛� W Xc.S2m; S/! Xc.S2m; S/ is an orientation-
preserving diffeomorphism. Hence, nZ0;ˇ 0 D nZ;ˇ .

The proof for other ˛ of type I is exactly the same, except that j˛ˇj � jˇj mod 2 and ˛� W Lc ! Lc is
orientation-preserving, so, rather than a pair of canceling signs, we get no signs at all.

13.12 Invariance under the type II move

Given ˇ 2B2m, let ˇ0 D ˇ�2m 2B2mC2. If …ˇ D hs1; : : : ; s2m jRi, where R is the set of relators, then

…ˇ 0 D hs1; : : : ; s2m; s2mC1; s2mC2 jR; s2mC1s2mC2; s2ms2mC2i:

We define y' WF2mC2!F2m by y'.si /D si for i � 2m, by y'.s2mC1/D s2m, and by y'.s2mC2/D s�12m, so
y' induces an isomorphism ' W…ˇ 0!…ˇ . As in the previous subsection, we define  D y'�, where y'� is
as in (13.8); the restriction of  to Xc.ˇ/ will give the commutative square required by Theorem 13.3.

We now establish the properties of  needed to complete the proof of Theorem 13.3. For ease of notation,
we write L1 D Lc and L2 D ˇ�.Lc/ in Xc.S2m/, and similarly L01 D Lc and L02 D .ˇ0/�.Lc/ in
Xc.S2mC2/.
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13.13 Proposition For each c 2 .�2; 2/, the map  W Xc.F2m/! Xc.F2mC2/ is a smooth embedding.
The image X of Xc.S2m/ under  is contained in Xc.S2mC2/ and satisfies the following properties:

(1) L0
`
\X D  .L`/ for `D 1; 2.

(2) L01\L02 �X.

(3) The normal bundle � of X in Xc.S2mC2/ contains oriented 2-dimensional subbundles U1, U2 such
that � D�U1˚U2 and U`j .L`/ D �L0

`
= .L`/ as oriented bundles for `D 1; 2.

Proof Let ‰ WR2m!R2mC2 be given by

‰.t; v1; : : : ; v2m/D .t; v1; : : : ; v2m; v2m;�v2m/:

Now ‰ is equivariant with respect to the actions of R>0 and the Gt , so it descends to a smooth embedding
Xc.F2m/!Xc.F2mC2/. It is easy to see that this map agrees with the map  constructed at the beginning
of the subsection. From Section 9.4, recall that Rc.S2m/�R2m is defined using F2m WR2m! SL2C and
similarly Rc.S2mC2/�R2mC2 via the analogous F2mC2. We next show Y D‰.Rc.S2m// is contained
in Rc.S2mC2/, and moreover Y D ‰.R2m/ \Rc.S2mC2/. Since F2mC2 ı‰ D F2m, for v 2 R2m,
if F2m.v/ D I then F2mC2.‰.v// D I as well. By Lemma 9.5, this shows ‰ takes Rc.S2m/ nR

t¤0
2m

into Rc.S2mC2/ nR
t¤0
2mC2. The locus where t D 0 is then covered by continuity of ‰ and Lemma 9.17,

so Y � Rc.S2mC2/ and hence X � Xc.S2mC2/. The stronger claim that Y D ‰.R2m/\Rc.S2mC2/

follows from F2mC2 ı‰ D F2m by examining the local functions f� in Section 9.4.

Now we verify each of the three properties:

(1) Define N` D ��1.L`/ and N0
`
D ��1.L0

`
/, and then let i 01; i

0
2 W RmC1 ! R2mC2 be the inclu-

sions whose images are N01, N02. If u D .u1; : : : ; um/ and u0 D .u1; : : : ; umC1/, we have i 01.u
0/ D

.u1;�u1; : : : ; umC1;�umC1/: It is easy to see that i 01.u
0/ is in Y if and only if umC1D�um. It follows

that N01\Y D‰.N1/, and hence that L01\X D  .L1/.

Next, suppose that i2.u/D ˇ�.i1.u//D .v1; : : : ; v2m/. Then

i 02.u
0/D .ˇ0/�.u1;�u1; : : : ;�um; umC1;�umC1/

D ��2m.v1; : : : ; v2m; umC1;�umC1/

D .v1; : : : ; v2m�1; umC1; �.�umC1/ � v2m;�umC1/:

Hence, i 02.u
0/ 2 Y if and only if �.�umC1/ � v2m D umC1. This occurs if and only if v2m D umC1, so

N02 \ Y D f.v1; : : : ; v2m; v2m;�v2m/ j v D i2.u/ with u 2R2mg D ‰.N2/. It follows that L02 \X D

 .L2/:

(2) We use the descriptions of N01 and N02 from property (1). If

.v1; : : : ; v2m�1; umC1; �.�umC1/ � v2m;�umC1/ 2 N01;

then �.�umC1/ � v2m D umC1. This can only happen if v2m D umC1. Hence, N01 \N02 � Y, which
implies L01\L02 �X.
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(3) Consider the projection p W R1 ! R that sends .t; v/ to t , and let zV D ker dp. Our standard
orientation on Qt makes zV into an oriented 2-dimensional vector bundle over R1. If � WR1!R1 is given
by �.t; v/D .t;�v/, then d� W zV ! zV is an orientation-reversing isomorphism. Note that the actions of
Gt and R>0 on R1 extend to actions on zV.

Define yY D‰.R2m/ and let �i WR2mC2!R1 be given by �i .v/D .t.v/; vi /. Thus yY is the locus where

�2m.v/D �2mC1.v/D �.�2mC2.v//:

Note that each �i is equivariant with respect to the actions of the Gt and R>0.

Now let V D ��2m. zV /j yY , and consider the bundle maps

z̨ W TR2mC2j yY
! zV ˚ zV and ˛ W TR2mC2j yY

! V ˚V

given by z̨ D .d�2mC1 � d�2m; d.��2mC2/� d�2m/ and ˛ D ��2m z̨. Since the �i are equivariant with
respect to the actions of the Gt and R>0, so are z̨ and ˛.

Let y� be the normal bundle of yY in R2mC2. You can check that ˛ is surjective and ker˛ D T yY , so,
ignoring orientations, y� Š V ˚V. We now show this isomorphism is orientation-reversing. To see this,
note that if v0 D‰.v/ 2 yY , then

Tv0R2mC2 D Tv0 yY ˚Tv2mQt ˚T�v2mQt

as an oriented vector space, where yY is oriented as the image of R2m. Since the dimension of TQt˚TQt

is even, y�jv0 Š Tv2mQt ˚T�v2mQt as oriented vector spaces. The map

˛ W Tv2mQt ˚T�v2mQt ! Vv0 ˚Vv0

is given by .w1;w2/ 7! .w1; d �.w2//, which is orientation-reversing. Finally, ˛ is equivariant with
respect to the actions of the Gt and R>0, so our identification y� Š�V ˚V respects the actions of these
groups.

We define V1 � V ˚ V to be the image of the morphism V ! V ˚ V given by v 7! .v; v/, and let
V2 D V ˚ 0 � V ˚ V. Then V1 and V2 are equivariant 2-dimensional subbundles of V ˚ V with the
orientation induced by the orientation on V, and V1˚V2 Š V ˚V as oriented bundles.

We claim that �N0
`
=N` D V`jN` � y�jN` as oriented equivariant vector bundles, where we have identified N`

with‰.N`/ to reduce clutter. To see this except for the orientation, first note that, on N01, �2mC1D ��2mC2,
so ˛.TN01/D V1. Similarly, ��2mC2 D �2m on N02, so ˛.TN02/D V2 as unoriented vector spaces. For
the orientations, observe that, for u 2Rm and u0 2RmC1 as in the proof of property (1), we have

Tu0RmC1 Š TuRm˚TumC1Qt

as oriented vector spaces, so, for v D i`.u/ and v0 D i 0
`
.u0/, we have

Tv0N
0
` D TvN`˚ di

0
`.TumC1Qt /:
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A computation shows that ˛.di 01.w//D .w;w/ for w 2 TumC1Qt , which is an orientation-preserving
map to .V1/v0 . Similarly, you can check that ˛.di 02.w//D .�R.w/; 0/, where R is rotation clockwise
by 2˛, ie RD

�
cos2˛ sin2˛
�sin2˛ cos2˛

�
, which is again orientation-preserving.

Having studied yY �R2mC2, we now turn our attention to Y �Rc.S2mC2/. The orientation on Rc.Sn/

was determined using the map zFn WRn! zU from (11.9), which is a submersion for t ¤ 0. Observe that
zF2mC2 ı‰ D zF2m, so we are in the situation of Corollary 2.6, with M 0 D R2mC2, M D yY , X 0 D zU ,
X D zI , f D zF2mC2, N 0 D Rc.S2mC2/ and N D Y. Define V 0

`
D V`jY . Applying Corollary 2.6 and

noting that the dimension of V 01˚V
0
2 is even, we see that

�Rc.S2mC2/=Y
D y�jY D�V

0
1˚V

0
2

as oriented bundles. Since N` � Y, we have �N0
`
=N` D V`jN` D V

0
`
jN` .

Finally, let � be the normal bundle of X in Xc.S2mC2/. The actions of R>0 and the Gt on Y and
Rc.S2mC2/ are free and extend to actions on �Rc.S2mC2/=Y

which preserve the subbundles V 01 and V 02.
Passing to the quotient and using Corollary 2.7, we obtain subbundles U1; U2� � with U1˚U2D�� and
U`jL` D �L0

`
= .L`/. This completes the proof of property (3) and hence the proof of the proposition.

13.14 Corollary Theorem 13.3 holds when ˇ and ˇ0 are related by a move of type II.

Proof Let L`, L0
`

be as above. By Proposition 13.13, the hypotheses of Lemma 2.13 are satisfied with
the opposite of the usual orientation on Xc.S2mC2/. As dimU1 D 2 is even, we get

hL1;L2ijZ D h .L1/;  .L2/ij .Z/ D�hL
0
1;L
0
2ij .Z/:

Since jˇ0j D jˇjC 1,

nZ;ˇ D .�1/
jˇ j
hL1;L2ijZ D .�1/

jˇ 0j
hL01;L

0
2ij .Z/ D n .Z/;ˇ 0 ;

proving the corollary.

We end this section with the proofs of its two main technical theorems.

Proof of Theorem 13.3 If the conclusion of Theorem 13.3 holds for the pairs .ˇ; ˇ0/ and .ˇ0; ˇ00/, it
then holds for .ˇ; ˇ00/ as well. Thus the general case of Theorem 13.3 follows from Theorem 13.6 and
Corollaries 13.11 and 13.14.

Proof of Theorem 13.4 For concreteness, we do the case c D 2. Since X2.…ˇ / D X
2;irr
SL2R.…ˇ / and

X2.ˇ/� X2bal.S2m; S/DX
2;irr
SL2R.S2m; S/, the needed homeomorphism  and commutative square exist

just from the maps on SL2R character varieties. So it remains to show nZ;ˇ D n'.Z/;ˇ 0 when K is real
representation small. Rather than tackle this directly, it is more expedient to prove it “by continuity” from
Theorem 13.3 and Corollary 2.12.
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13.15 Claim For any knot K, there is an a < 2 such that Xc;irrSU2 .K/ is empty for all c 2 Œa; 2�.

To see this, first note that XSU2.K/ is compact as it is the image of a closed subset of .SU2/2m, which
implies that the closure C of X irr

SU2.K/ in XSU2.K/ is compact. Let � be the character in C where tr has
its maximum, say a0 D tr.�/. If � is reducible, then by Lemma 3.16 we have a 2DK and so a0 < 2 as
2 …DK . If instead � is irreducible, then a0 < 2 by Lemma 3.10. So any a with a0 < a < 2 satisfies the
claim.

Let a satisfy the claim and further assume a >maxDK . Then XŒa;2�.…ˇ /DX
Œa;2�;irr
SL2R .…ˇ / and hence

XŒa;2�.ˇ/ is contained in XŒa;2�� .S2m; S/D X
Œa;2�;irr
SL2R .S2m; S/. Hence, LŒa;2� \ ˇ�LŒa;2� is a real semi-

algebraic set with finitely many connected components, which are also its path components. Since
we are working with character varieties only, we also immediately have a “parametrized” version  c
of  in Theorem 13.3 which is still a homeomorphism. Next, increase a so that the components of
the closed set LŒa;2�\ˇ�LŒa;2� correspond bijectively with L2\ˇ�L2. For a connected component Z
of X2.ˇ/, let W be the component of LŒa;2� \ ˇ�LŒa;2� that contains it. By Corollary 2.12, we have
nZ;ˇ D hL

c ; ˇ�LcijW for all c 2 Œa; 2� and similarly for n .Z/;ˇ 0 . Applying Theorem 13.3 for any c
in Œa; 2/ proves the theorem.

14 Parabolics and the extended Lin invariant

In this section, we define the extended Lin invariant Qh.K/, which counts the heights of parabolic
representations �1.S3�K/!ASL2R. We begin by discussing parabolic representations, and then review
some facts about the SL2R character varieties of knot complements and their boundaries. Finally, we
discuss the translation extension locus introduced in [Culler and Dunfield 2018] and use it to define Qh.K/.

14.1 Parabolic representations

Let � W �1.T 2/! SL2R be a representation, where T 2 is the 2-torus. Since �1.T 2/Š Z2 Š h�; �i is
abelian, �.�/ and �.�/ must belong to the same maximal abelian subgroup of SL2R. Up to conjugation
by an element of SL2R, there are three such:

Te D

��
cos � sin �
�sin � cos �

� ˇ̌̌
� 2 Œ0; 2�/

�
(elliptic),

Tp D

��
˙1 t

0 ˙1

� ˇ̌̌
t 2R

�
(parabolic),

Th D

��
a 0

0 1=a

� ˇ̌̌
a 2R�

�
(hyperbolic).

We call the representation elliptic, parabolic or hyperbolic accordingly. Note that the center f˙I g
of SL2R is contained in all three subgroups; a representation whose image in contained in f˙I g is called
central.
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Now suppose K � S3 is a knot with MK D S
3 n �.K/ its exterior. We say that � W �1.MK/! SL2R

is elliptic, parabolic, hyperbolic or central according to its restriction to �1.@MK/. We will always use
generators �, � for �1.@MK/, where � is a meridian for K and � a homological longitude. We begin
with a simple observation:

14.2 Lemma If a nontrivial representation � W �1.MK/! SL2R has tr� �D˙2, then � is parabolic.

Proof Suppose � W�1.MK/! SL2R with tr� �D˙2. Since �.�/ and �.�/ belong to the same maximal
abelian subgroup of SL2R, either �.�/ is central or the representation � is parabolic. If �.�/ is central
and �.�/ is not, then � descends to a nontrivial representation � W �1.MK.�//! PSL2R, a contradiction
as MK.�/D S

3.

14.3 Corollary If K is real representation small and h.K/ ¤ 0, then �1.MK/ has an irreducible
parabolic representation into SL2R. Moreover , 2h.K/ is a signed count of conjugacy classes of such
representations , where the signs and multiplicities come from the Casson–Lin picture.

Proof By Theorem 12.22, we have 2 … DK and h2SL2R.K/ D h.K/. So h2SL2R.K/ is nonzero, and
in particular X2;irrSL2R.K/ is nonempty by Theorem 12.5. By Lemma 14.2, each element of X2;irrSL2R.K/

comes from an irreducible parabolic representation, completing the proof of the first claim. As K is
real representation small, the sets X2;irrSL2R.K/ and X�2;irrSL2R .K/ are finite, so the second claim is immediate
from the definitions and the fact that h�2SL2R.K/ is also equal to h.K/.

14.4 The SL2R character variety of T 2

We are principally interested in XSL2R.K/DXSL2R.MK ; f�g/, where K is a knot in S3, and its image
under the map i� WXSL2R.K/!XSL2R.@MK/ coming from the inclusion i WMK ! @MK. To this end,
we first describe XSL2R.T

2/.

We define the elliptic locus X ell
SL2R.T

2/ to be the subset of XSL2R.T
2/ in the image of the elliptic

representations, and similarly for the parabolic and hyperbolic loci.

14.5 Lemma The locus X ell
SL2R.T

2/ is the pillowcase orbifold T 2=fx � x�1g, which is the flat orbifold
with underlying space S2 and four orbifold points of order 2. It is shown in Figure 6.

Proof By conjugation, every point in X ell
SL2R.T

2/ is the image of a representation � W �1.T 2/! Te.
Such representations are parametrized by Te �Te Š T 2. Now if A;A0 2 Te, one has trAD trA0 if and
only if A0 D A˙1. It follows that �; �0 W �1.T 2/! Te have the same character if and only if �0 D �˙1,
where ��1.x/D �.x/�1, proving the lemma.
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elliptic

hy
pe

rbo
lic

Figure 6: The SL2R character variety XSL2R.T
2/ of the 2-torus. The central pillowcase is the

elliptic locus X ell
SL2R.T

2/, with the rest the hyperbolic locus Xhyp
SL2R.T

2/; they meet at the four
corners of the pillowcase, which is the parabolic locus.

We will use the following explicit system of coordinates onX ell
SL2R.T

2/: Let ��; �� 2Hom.�1.T 2/;R/D
H 1.T 2IR/ be the basis that is algebraically dual to f�; �g, and let x�� and x�� be their images in
Hom.�1.T 2/;R=2Z/. Identifying Te with R=2Z via � 7! �=� , we get coordinates on Hom.�1.T 2/; Te/,
and hence on the pillowcase. We usually normalize so that the .x��; x��/-coordinates on the pillowcase
are in Œ0; 1�� Œ�1; 1�. (The reason we identify Te with R=2Z rather than the seemingly more natural
R=Z is to match the conventions of [Culler and Dunfield 2018], where the focus is on PSL2R rather
than SL2R; note also that the matrix

�
cos � sin �
�sin � cos �

�
gives an anticlockwise rotation about the point i in the

upper-halfspace model of H2 through angle 2� .)

A similar argument shows that the hyperbolic locus Xhyp
SL2R.T

2/ consists of four distinct copies of
R2=fx � �xg (see also [Gao 2022a]); we view the latter space as R2 with a single orbifold point of
order 2. The elliptic and hyperbolic loci intersect at the parabolic locus, which consists of the four corners
of the pillowcase, as illustrated in Figure 6.

For the hyperbolic and elliptic loci of XSL2R.T
2/, the preimage of a character consists of either one or

two conjugacy classes of representations into SL2R. In contrast, the preimage of each parabolic character
contains a whole circle’s worth of different conjugacy classes, in addition to the conjugacy class of a
central representation.

14.6 The character variety of a knot complement

We return to the setting of the exterior MK of K � S3, where � and � are its meridian and longitude.
Now XSL2R.K/ decomposes as X red

SL2R.K/[X
irr
SL2R.K/, and we discuss the two parts separately.
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As in the case of SL2C detailed in Section 3.12, the characters in X red
SL2R.K/ are precisely those coming

from � W�1.MK/!H, whereH is a maximal abelian subgroup of SL2R. Thus, to understandX red
SL2R.K/,

it suffices to study abelian representations. Any such representation factors through H1.MK/Š Z, so
X red

SL2R.K/ŠX
red
SL2R.U /, where U is the unknot. Arguing as in Lemma 14.5 shows that the set of elliptic

reducible representations X ell;red
SL2R .K/ is homeomorphic to S1=fx � x�1g Š Œ0; 1�. Also, for the inclusion

i W @MK !MK, we have

i�.X
ell;red
SL2R .K//D f� 2X

ell
SL2R.@MK/ j x�

�.�/D 0g:

Next, we consider the irreducible part of the character variety. For the unknot U, we have �1.MU /Š Z,
so every representation is abelian and hence X irr

SL2R.U /D¿. For a more interesting example, we consider
the trefoil.

14.7 The positive trefoil

Let K D T .2; 3/ be the positive (right-handed) trefoil knot, which is the plat closure of �31 2 B2. Then
MK is Seifert fibered, and we have a presentation

�1.MK/D hx; y; f j Œx; f �D Œy; f �D 1; x
2
D f D y3i;

where f is the class of the Seifert fiber. Suppose � W �1.MK/! SL2R is irreducible. Since f is central
and � is irreducible, �.f / must be central. If �.f /D I, then �.x/2 D I, which implies �.x/D˙I. This
implies that � is reducible, contradicting our assumption. Hence, �.f /D�I.

Since �.x/2D �.y/3D�I, both �.x/ and �.y/ are elliptic. The set of elliptic 1-parameter subgroups can
be identified with H2 by taking a subgroup to its unique common fixed point. Under this identification,
the action of SL2R on such subgroups by conjugation becomes its action on H2 by isometries. Hence,
after conjugation, we can assume that �.x/ and �.y/ respectively fix i and t i in H2 for some t > 1;
equivalently,

�.x/D

�
cos � �sin �
sin � cos �

�
and �.y/D

�
cos' �t sin'

t�1 sin' cos'

�
for some �; ' 2 .��; �� and t 2 Œ1;1/. As �.x/2 D �.y/3 D �I, we must have � D ˙�

2
and

' D˙�
3

. Moreover, if � D˙�
2

, ' D˙�
3

and t 2 Œ1;1/, the above formula determines a representation
��;';t W�1.MK/!SL2R. The representations ��;';t and ���;�';t are not conjugate in SL2R, but they are
conjugate in SL2C, so they have the same character. Hence, X irr

SL2R.K/ consists of two arcs parametrized
by t 2 .1;1/. Each arc limits on the reducible locus as t ! 1.

To describe their image in X ell
SL2R.@MK/ under i�, note there are curves on @MK that are Seifert fibers,

and that Œf �D 6�C�. Since an irreducible � satisfies �.f /D�I, the image i�.X irr
SL2R.K// lies on the

image of the line given by the equation 6��C�� D 1. We have �D xyf �1, so if �t D ��=2;�=3;t , we
compute tr �t .�/D

p
3
2
.tC t�1/. At t D 1, the representation �1 is reducible and tr� �1D

p
3D 2 cos �

6
.

The trace increases monotonically as t increases, until, at t D
p
3, we have tr �p3.�/ D 2 and �t is

Geometry & Topology, Volume 29 (2025)



A unified Casson–Lin invariant for the real forms of SL.2/ 4147

˛ D �
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˛ D 5�
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i�.XSL2R.MK//

0
x��

1

�1

0

x��

1

1
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5
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Figure 7: The image XSL2R.MK/ inside XSL2R.@MK/ for the trefoil knot K. Right: the full
picture, where i�.X red

SL2R/ is the approximately horizontal curve. Left: i�.X ell
SL2R.MK// in our

.x��; x��/-coordinates on the pillowcase.

parabolic. For larger values of t , the representation �t is hyperbolic, and, as t !1, the character of �t
limits to an ideal point of XSL2R.K/ corresponding to the vertical essential annulus in MK. The arc
given by �0t D ��=2;��=3;t is very similar, except now tr �0t .�/ D �

p
3
2
.t C t�1/, so at t D 1 we have

tr� �1D�
p
3D 2 cos 5�

6
and the trace decreases monotonically with t . The character variety XSL2R.K/

is shown in Figure 7.

14.8 General picture

In general, X irr
SL2R.K/ has expected dimension 1 although the actual dimension may be larger. If K is

small, Lemma 3.14 implies that X irr
SL2R.K/ has dimension 1, and that K is real representation small. As

in the case of the trefoil, X ell;irr
SL2R.K/ is typically noncompact and limits to both parabolic and reducible

characters. If � is a limit point of the latter type with tr� �D c, then c 2DK by Lemma 3.16. For the
trefoil K D T .2; 3/, the roots of �K are e˙i�=3, and so DK D f

p
3g, corresponding to the reducible

representations �1, �01 identified above.

We can interpret hcSL2R in terms of XSL2R.K/. For ˛ 2 Œ0; ��, let V˛ be the vertical line/circle in the
pillowcase where the x��-coordinate is ˛=� . For c D 2 cos˛ not in DK , the invariant hcSL2R.K/ is a
count (with signs and multiplicities) of the intersection of V˛ with i�.X irr

SL2R.K//. When XSL2R.K/ is
transversely cut out, one can show (as Heusener [2003] did for SU2) that the multiplicities can be used to
orient the arcs of X irr

SL2R.K/ and make this a precise relationship.

For example, if K is the positive trefoil, Figure 7 shows that Xc;irrSL2R.K/ is empty for ˛ 2
�
�
6
; 5�
6

�
,

so hcSL2R.K/ D 0 in this range. For ˛ 2
�
0; �
6

�
[
�
5�
6
; �
�
, Xc;irrSL2R.K/ contains a single point, which
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suggests (but does not prove) that hcSL2R.K/D 1 for such ˛. We will show that this is indeed the case in
Example 15.6.

14.9 Symmetry

The character variety in Figure 7 is symmetric under �-rotation around the vertical line through the
middle of the pillowcase. This symmetry is present for any K as we now explain, following [Culler and
Dunfield 2018, Lemma 6.1], and extends to the resolved setting, as we show in Lemma 14.10.

For a space Y, a representation � of �1.Y / to the center f˙I g of SL2C is determined by its character, and
the resulting central characters are classified by H 1.Y IZ=2/ by viewing Z=2 as f˙I g. The group of
central characters acts on RC.Y / by .� ��/.g/D �.g/�.g/, and this descends to an action of H 1.Y IZ=2/

on XC.Y / and X.Y /.

When Y DMK, the group H 1.MK IZ=2/ has a unique nonzero element y��. There is thus an involution
b WX.K/!X.K/ given by b.�/D y�� ��. If i�.�/D .m; `/, then

i�.b.�//D i�.y�� ��/D i�.y��/ � i�.�/D .mC 1; `/D .1�m;�`/:

This symmetry is clearly visible in Figure 7.

If � 2Xc.K/, then b.�/ 2X�c.K/, and b restricts to maps Xc;irrSL2R.K/!X
�c;irr
SL2R .K/ and Xc;irrSU2 .K/!

X
�c;irr
SU2 .K/. The same y�� action also gives b WXcU0.K/!X�cU0 .K/. Putting this together, we get a map

' W Xc.K/! X�c.K/, which we use to investigate the effect of this symmetry on the local intersection
numbers nZ . Specifically, we next show the following, which is needed for Proposition 15.11:

14.10 Lemma For c 2 Œ�2; 2�, the map ' WXc.K/!X�c.K/ is a diffeomorphism. If Z is a component
of Xc.K/, then n'.Z/ D nZ .

Note that if we use the local intersection multiplicities to orient the arcs of X irr
SL2R.K/, as suggested in

Section 14.8, then the action of b onX irr
SL2R.K/ is orientation-reversing because b preserves the orientation

of XSL2R.T
2/ but reverses the orientations of the vertical circles V˛.

Proof First, assume that c 2 .�2; 2/. Given a plat diagram of K corresponding to a braid ˇ 2 B2m, let
j W S2m!MK be the inclusion of the splitting 2-sphere. Then j �.y��/.Œsi �/D �I for i D 1; : : : ; 2m.
Consider the map ˆ WR2m!R2m given by ˆ.v/D�v. From Section 8.5, we have

.14.11/ � 0�c.ˆ.v//.si /D A.� �˛; t.v/;�vi /D�A.˛; t.v/; vi /;

so � 0�c.ˆ.v// D j
�.y��/ � � 0c.v/. This identity also shows that F�c.ˆ.v// D .�1/2mFc.v/ D Fc.v/,

so ˆ W Rc.S2m/ ! R�c.S2m/. Finally, it is easy to check that ˆ commutes with the actions of Gt
and R>0, so it descends to a smooth map Xc.S2m/! X�c.S2m/, which you can check is '. Note ' is a
diffeomorphism since interchanging the roles of c and �c builds '�1.
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Let Lc0 DLc and Lc1 D ˇ
�.Lc/. It is immediate from the definition that '.Lc0/DL�c0 as sets. Referring

to (12.9) and using (14.11) again, we see that ' is equivariant with respect to the actions of B2m on
Xc.S2m/ and X�c.S2m/; the key point is that  t .�A/D  t .A/. Hence, '.Lc1/D Lc1 as sets.

The local multiplicity nZ D .�1/jˇ jhLc0;L
c
1ijZ , so to prove the lemma we must show hLc0;L

c
1ijZ D

hL�c0 ;L�c1 ij'.Z/. To do this, we examine the effect of ' on the orientations of Xc.S2m/, Lc0 and Lc1.
The antipodal map on Qt is orientation-reversing, so ˆ W R2m! R2m multiplies the orientation by a
factor of .�1/2m D 1. As we observed above, F�c.ˆ.v// D Fc.v/. Referring to (11.9), we see that
ˆ WRc.S2m/!R�c.S2m/ also has degree 1. Finally, ˆ commutes with the actions of Gt and R>0, so
' W Xc.S2m/! X�c.S2m/ has degree 1 as well.

A similar calculation shows that ' W Lci ! L�ci has degree .�1/m. So

hLc0;L
c
1ijZ D .�1/

m.�1/mhL�c0 ;L�c1 i'.Z/ D hL
�c
0 ;L�c1 i'.Z/;

as desired. The remaining case of cD˙2 now follows “by continuity” as in the proof of Theorem 13.4.

14.12 The translation extension locus

We next turn to studying representations to ASL2R in the spirit of [Culler and Dunfield 2018]. Recall
from our Section 4 the basic properties of ASL2R and the space zXeSL2R

.�/ that encodes representations

�!ASL2R modulo conjugation by ASL2R. We also use from Section 4 the character variety zXSL2R.�/D

RSL2R.�/==SL2R, which is a branched double cover of our usual XSL2R.�/DRSL2R.�/==SL˙2 .R/. We
start with some simple examples.

14.13 Example Suppose � D �1.T
2/ D Z2. Then zX ell

SL2R.T
2/ is a double cover of X ell

SL2R.T
2/

branched over the set of central characters, which is the same as the set of parabolic points. In contrast,
the map zXhyp

SL2R.T
2/!X

hyp
SL2R.T

2/ is one-to-one. We conclude that zXSL2R.T
2/ consists of a torus (the

branched double cover of the pillowcase) with four cones (the hyperbolic components) attached at the
four parabolic points. Coordinates on zX ell

SL2R.T
2/ are given by pairs x��; x�� with �1� x��; x�� � 1. The

generator a W zX ell
SL2R.T

2/! zX ell
SL2R.T

2/ of the branched covering group corresponds to flipping over the
copy of H2 that SL2R acts on, in particular reversing the rotation direction of each elliptic element;
thus, in our coordinates we have a.x��; x��/ D .�x��;�x��/. There is also a map b W zXSL2R.T

2/ !

zXSL2R.T
2/ given by multiplication by the central character where � 7! �I and � 7! I ; in coordinates,

we have b.x��; x��/D .x��C 1; x��/. (Caution: unlike a, the map b is not a covering transformation for
zX ell

SL2R.T
2/!X ell

SL2R.T
2/, but rather permutes the fibers of the map zX ell

SL2R.T
2/! zX ell

PSL2R.T
2/.)

Next, we consider zXeSL2R
.T 2/. As T 2 is a K.�; 1/, we have H 1.�/DH 1.T 2/DZ2. The Euler class of

the trivial representation is 0 and RSL2R.�/ is connected, so e.�/D 0 for all �2RSL2R.�/. It follows that
zXeSL2R

.T 2/ is a Z2 cover of zXSL2R.T
2/, ie its universal cover. We will focus on the elliptic component
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of this space, which we view as R2, with coordinates ��; ��. Another viewpoint on these coordinates is
described in [Culler and Dunfield 2018, Section 3.5]; namely, one defines

trans W zXeSL2R
.T 2/!H 1.T 2IR/ by Œ�� 7! trans ı �:

Concretely, in our .��; ��/-coordinates, this sends Œ�� to
�
trans.�.�//; trans.�.�//

�
. In particular, we

have a homeomorphism zX ell
eSL2R

.T 2/ trans
��!H 1.T 2IR/.

The preimages of the parabolic points form a lattice Z2 �R2, and the covering group of the previous
paragraph corresponds to the subgroup .2Z/2 � Z2. There is a short exact sequence

1! Z!Z.ASL2R/!Z.SL2R/! 1:

The extension is nontrivial with Z.ASL2R/D Z. As before, the set of central characters

H 1.Z2IZ.ASL2R//Š Z2

acts on zXeSL2R
.Z2/; this is the action of the full lattice Z2 �R2 by translation.

14.14 Example Now suppose � D �1.MK/. Any nonparabolic point of X ell
SL2R.K/ has two distinct

preimages in zXSL2R.K/, as does any irreducible parabolic by Lemma 4.2. However, the parabolic
reducible characters have only a single preimage. We denote the covering action of Z=2 on zXSL2R.K/

by a as well; it satisfies i� ı aD a ı i�, so the image of i�. zXSL2R.K// in zXSL2R.@MK/ is determined
by the image of i�.XSL2R.K// in XSL2R.@MK/.

Now we consider lifts to ASL2R. We have H 2.�/ D H 2.K/ D 0, so every representation � ! SL2R
lifts to ASL2R, and zXeSL2R

.�/ is a covering space of zXSL2R.�/ with deck group H 1.K/ D Z by
Theorem 4.3. We are primarily interested in the elliptic part of zXeSL2R

.K/. The closure of i�. zX elleSL2R
.K//

in zX elleSL2R
.@MK/ŠH

1.@MK IR/ is the translation extension locus EL zG.MK/�H
1.@MK IZ/ studied in

[Culler and Dunfield 2018]. (WheneverMK is real representation small, one simply has i�. zX elleSL2R
.K//D

EL zG.MK/.) Figure 8 shows the translation extension locus of T .2; 3/; it is entirely determined by
X ell

SL2R.�/, since the latter space is connected.

Lemma 6.1 of [Culler and Dunfield 2018] shows that the maps a and b, which are automorphisms of
zXSL2R.K/, lift to automorphisms Qa, Qb of zXeSL2R

.K/. The maps Qa, Qb generate an action of the infinite
dihedral group D1 on zXeSL2R

.K/. Their action on zXeSL2R
.T 2/ is given by Qa.��; ��/D .���;���/ and

Qb.��; ��/D .��C1; ��/. This D1 action is evident in Figure 8. For any knot, the translation extension
locus is a finite union of analytic arcs and isolated points, whose quotient under D1 is a finite graph
[ibid., Theorem 4.3].

14.15 The extended Lin invariant

We now use the translation extension locus to define a refinement of the invariant h.K/ that also encodes
the values of �� for lifts of � 2X2SL2R.K/ to ASL2R. For this, we need:
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��

��

Figure 8: The translation extension locus i�. zX ell
eSL2R

.K// for the positive trefoil. The related set
i�. zX ell

SL2R.K// in the torus zX ell
SL2R.@MK/ can be visualized by taking the four squares touching

the origin and identifying the sides of the larger square they form by the action of .2Z/2.

14.16 Lemma A nonparabolic �2X ell;irr
SL2R.K/ has a unique preimage z�2 zXeSL2R

.K/ satisfying ��.z�/D
x��.�/, where the latter is normalized to be in Œ0; 1�. In contrast , if � is parabolic , there are two such
preimages z�˙, which satisfy ��.z��/D���.z�C/.

Proof Throughout, you may find the illustration for the trefoil in Figure 8 helpful. By Lemma 4.2,
there are two preimages �˙ of � in zXSL2R.K/. Using �1� x��; x�� � 1 as our fundamental domain for
zXSL2R.T

2/, we have �� D a.�C/ and x��.��/D�x��.�C/.

If � is elliptic, take �C to be the one with x�� in .0; 1/. Then x��.��/ is in .�1; 0/. Now the lifts of z�˙
to zXeSL2R

.K/ have ��.z�˙/ in x��.�˙/C 2Z. So there is a unique lift of � with �� D x��.�/, namely a
lift of �C, proving the lemma in this case.

Suppose next that � is parabolic with �.�/D 2. Then there is one lift z�C of �C to zXeSL2R
.K/ where

��.z�C/D 2k for each k 2 Z. As the same is true for ��, we see there are exactly two lifts z�C and z��
of � to zXeSL2R

.K/ with �� D 0. We have Qa � z�C D z��, so ��.z��/ D ���.z�C/. The final case of a
parabolic with �.�/D�2 is the same, except now we have ��.z�˙/D 1.
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Suppose X is a component of X2;irrSL2R.K/. By Lemma 14.2, X is composed entirely of parabolic
representations. It follows that x�� and x�� are integral (and hence constant) on X ; the same is true for
�� and �� on each component of the preimage of X in zXeSL2R

.K/. Applying Lemma 14.16, we see that
X has two preimages zX˙ in zXeSL2R

.K/ which satisfy ��j zX˙ D x�
�jX , and that ��j zXC D��

�j zX�
.

14.17 Definition If K is real representation small, the extended Lin invariant of K is

Qh.K/D
X
X

nX � .t
��. zXC/C t�

�. zX�// 2 ZŒt; t�1�;

where the sum runs over components of X2;irrSL2R.K/, and nX is well defined by Theorem 13.4.

We will see in Example 15.6 that Qh.T .2; 3//D t C t�1, which is plausible from Figure 8. Informally, the
coefficient of t i in Qh.K/ is a signed count of arcs exiting the translation extension locus at the parabolic
of height i . The sign is determined both by the orientation of the arc and which side of the line �� D 0 it
exits from.

14.18 Lemma For a real representation small knot K, the invariant Qh has the following properties:

(1) Qh.K/jtD1 D 2h.K/.

(2) Qh.K/ is invariant under the involution of ZŒt˙1� sending t to t�1.

(3) Define deg Qh.K/ to be the maximum of jej where te appears in Qh.K/. Then deg Qh.K/� 2g.K/�1,
where g.K/ is the Seifert genus of K.

(4) If K is fibered and hyperbolic , the inequality in part (3) is strict.

Proof Item (1) is immediate from the definition, and (2) follows from the fact that ��.z��/D���.z�C/
by Lemma 14.16. Next, (3) follows from the Milnor–Wood inequality in the form of [Culler and Dunfield
2018, Proposition 6.5]. Finally, for (4), we use the argument of [Calegari 2006, Section 3.5] as follows:
If � W �1MK! PSL2R corresponds to the putative t2g�1 term of Qh.K/, then its restriction to the fiber F
must lie in the component of XPSL2R.F / corresponding to the Teichmüller space of F. Hence, the bundle
monodromy ' leaves invariant that hyperbolic structure on F. This forces ' to have finite order in the
mapping class group of F, which contradicts that MK is hyperbolic.

15 Properties of the invariant

In this section, we collect some basic properties of h.K/. These include its behavior under mirroring,
its relationships with the original Lin invariant and the Levine–Tristram signature, and its parity. The
relationship with the signature allows us to compute h.K/ for the first time in Example 15.6.

15.1 Mirrors

The invariant h.K/ behaves nicely under taking the mirror image:
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�

use for hŠ.K/

use for h.K/

ˇ ˇ�1

H1

K D y̌

H2

H1

K D y̌�1

H2

use for h.K/

Figure 9: The homeomorphism � WMK !MK is reflection in the plane of the page followed by
�-rotation about the horizontal axis. This takes the copy of S2m used to compute hŠ.K/ (left) to
the one used to compute h.K/ (right).

15.2 Proposition If K is real representation small , then so is its mirror K and h.K/ D �h.K/.
Moreover , Qh.K/D� Qh.K/.

Proof First, the knotK is real representation small as there is an isomorphism from �1.MK/ to �1.MK/

sending meridians to meridians. Second, note that if K D y̌, then K D y̌�1, and so for c 2 Œ�2; 2� nDK
we have

h.K/D .�1/jˇ
�1j
hLc ; .ˇ�1/�LciXcbal.S2m/

D .�1/jˇ jhˇ�Lc ;LciXcbal.S2m/
(by functoriality and Lemma 12.11)

D�.�1/jˇ jhLc ; ˇ�LciXcbal.S2m/
(since dim Lc D 2m� 3 is odd)

D�h.K/:

The calculation above is underlaid by a particular isomorphism from �1.MK/ to �1.MK/. While we
have always identified S2m with @H1 as in Figure 5, we could have instead viewed it as @H2, and defined

XcŠ .ˇ/D ..ˇ
�1/�Lc/\Lc and hŠ.K/D .�1/

jˇ j
h.ˇ�1/�Lc ;LciXcbal.S2m/

:

This is illustrated in Figure 9, left. As subsets of Xcbal.S2m/, note that ˇ�.Xc
Š
.ˇ//DXc.ˇ/. Moreover, the

previous calculation shows hŠ.K/D h.K/. Now consider the homeomorphism � from MK to MK shown
in Figure 9. This induces an isomorphism �� W �1.MK/! �1.MK/, which takes si in @H2 for MK to
si in @H1 for MK . Note here that the orientations of the si are preserved, not reversed, so if we take
s1 as the meridian in both cases, we get ��.�/D x��1. This shows that Xc

Š
.ˇ/D Xc.ˇ�1/ as subsets of

Xcbal.S2m/, as in Proposition 12.2. We then have hŠ.K/D�h.K/ since both are computing the intersection
numbers of Lc and .ˇ�1/�Lc , just in the opposite order. To extend this to QhŠ.K/ D � Qh.K/, given a
connected component X of X2;irrSL2R.K/, we have to show X D ��.X/ contributes the same to � Qh.K/ as
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X does to QhŠ.K/. Now X D X as subsets of X2bal.S2m/, so the contributions of the local intersection
numbers match. Now consider the two preimages zX˙ of X in zXeSL2R.K/. We want to compare ��. zX˙/
and x��. zX˙/. Since ��. zXC/D ���. zX�/ and x��. zXC/D �x��. zX�/ by Lemma 14.16, as ��.�/D x��1

we see that the corresponding terms of � Qh.K/ and QhŠ.K/ match, completing the proof.

15.3 Relation with the signature

For ˛ 2 .0; �/ with �K.e2i˛/ ¤ 0, we let h0˛.K/ be the Lin invariant as defined in [Heusener 2003],
where it is denoted by h.˛/.K/. We will show:

15.4 Proposition When K is real representation small and c … DK , then hcSU2.K/ D h
0
˛.K/, where

c D 2 cos˛.

This has the following important consequence:

15.5 Corollary For c2 Œ�2; 2�nDK , one has hcSU2.K/D�
1
2
�K.e

2i˛/, where �K is the Levine–Tristram
signature function.

This follows from the corresponding statement for h0˛ , which was proved by Herald [1997b] using gauge
theory, and by Heusener and Kroll [1998] following Lin’s original proof [1992] for ˛ D �

2
; see also

[Heusener 2003, Section 5]. Here, our convention for the signature is that positive knots have negative
signature. Note that [Lin 1992; Heusener and Kroll 1998] use the opposite convention, so their statements
have no minus sign.

15.6 Example Let K be the positive trefoil, so �K.e2i˛/ D �2 for ˛ 2
�
�
6
; 5�
6

�
and is 0 for ˛ 2�

0; �
6

�
[
�
5�
6
; 1
�
. We saw in Section 14.7 that hcSL2R.K/ D 0 for ˛ 2

�
�
6
; 5�
6

�
, so h.K/ D 0C 1 D 1.

Applying the relation with the signature again, we see that hcSL2R.K/D 1 for ˛ 2
�
0; �
6

�
[
�
5�
6
; 1
�
, as we

expected from looking at Figure 7. We summarize the full picture in Figure 10.

Proof of Proposition 15.4 For ˇ 2 B2m, recall that

hcSU2.
y̌/D .�1/jˇ jhL1; L2iX ;

where X D Xc
C
.S2m/DX

c;irr
SU2 .S2m/, L1 D Lc

C
and L2 D ˇ�.L1/. Heusener’s h0˛. y̌/ is defined as the

intersection number of the same objects but with possibly different orientations and global sign. If X 0, L01
and L02 denote these manifolds with Heusener’s orientation, one has

h0˛.
y̌/D .�1/mhL01; L

0
2iX 0 :

Thus to complete the proof, we must compare our orientations with Heusener’s. We have already observed
in Remark 11.6 that ŒX�D�ŒX 0�. The relation between ŒLk� and ŒL0

k
� is more complicated, and depends

on ˇ, as we now detail.
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1
6

5
6

��

��

i�. zE.K//

V˛

�K 0 �2 0

hcSU2 0 1 0

hcSL2R 1 0 1

Figure 10: For the positive trefoil K, this figure shows a portion of i�. zE.K// with its irreducible
characters oriented according to Section 14.8; in particular hi�. zE.K//; V˛i D hcSL2R.K/ for
c D 2 cos˛. The orientation is derived from Theorem 12.22 and Corollary 15.5, which allow us
to compute hcSL2R.K/ and hcSU2

.K/ from �K.e
2i˛/. Note that this orientation is preserved by the

translations in the D1 action but reversed for rotations, as is consistent with Lemma 14.10.

The orientations on ŒLk� and ŒL0
k
� are defined by choosing a set of generators Tk for �1.Hk/ and using Tk

to identify Xc;irrSU2 .Hk; Tk/ with Xc;irrSU2 .Fm; T /. (Our orientation on Xc;irrSU2 .Fm; T / agrees with Heusener’s,
but this is a bit of a moot point. The orientation on Xc;irrSU2 .Fm; T / appears twice (once for L1 and once
for L2), so we would get the same answer even if the two orientations on Xc;irrSU2 .Fm; T / were different.)

While our choice of generators for �1.H1/ is independent of ˇ, Heusener orients the knot y̌ and uses
generators of �1.H1/ that are compatible with that orientation. For related reasons, while we always
have ŒL2�D .ˇ�/�ŒL1�, it turns out that ŒL02� is .ˇ�/�ŒL01� or �.ˇ�/�ŒL01�, depending on ˇ.

To make the comparison easy, we will work with particularly nice ˇ. Specifically, given K, we claim
there is a ˇ with an orientation on y̌ such that:

(1) Every overbridge is oriented right to left, and every underbridge is oriented left to right.

(2) The corresponding permutation x̌ fixes all odd numbers and acts on the evens as the inverse of the
cycle .2 4 6 2m/.
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Starting from any ˇ and any orientation on y̌, part (1) is easy to ensure by adding a twist to reverse each
bridge with the wrong orientation. To arrange (2), begin by walking along y̌ in the prescribed orientation.
As you go, number the overbridges 1; 2; : : : ; m and do the same for the underbridges. Now slide the
overbridges in front or behind each other to get a new braid ˇ0 such that the overbridge numbers appear
in order from left to right; repeat this process for the underbridges. You can now check that (2) must hold,
so from now on we assume ˇ has both these properties.

Condition (1) means that in [Heusener 2003, Section 4] we have all �.i/
`
DC1, and in this situation the

construction of [Heusener 2003] matches ours on the nose. In particular, ŒL1�D ŒL01� and ŒL2�D ŒL02�.
Since, as noted, ŒX 0�D�ŒX�, to complete the proof we simply need to show that .�1/mC1 D .�1/jˇ j.
Since each braid generator corresponds to a transposition in the symmetric group, the latter is the sign of
the permutation x̌. As x̌ is an m-cycle, it has sign .�1/mC1, as needed.

15.7 Geometry at simple roots

At a simple root of �K.t/ on the unit circle, the equivariant signature �K must jump by ˙2. The sign
of this jump is related to the local geometry of the character variety by part (3) of the following lemma,
which we thank Chris Herald for explaining to us:

15.8 Lemma Suppose a knot K has a simple root ei2!0 of �K.t/ for 0 < !0 < � . Then there is a
smooth arc 
 W Œ0; 1�! zE.K/ such that

(1) i�.
.1//D .!0=�; 0/ with 
.1/ a lift of �c 2X red
SL2R.K/, where c D 2 cos!0.

(2) i� ı 
 W Œ0; 1�! zV .K/ is a smooth embedding.

If in addition the derivative .tr� ı 
/0.0/ is nonzero , then we have:

(3) If �K.ei2!/ jumps by �2 as ! increases past !0, then 

�
Œ0; 1/

�
lies entirely above the horizontal

axis. If instead �K.ei2!/ jumps byC2, then 

�
Œ0; 1/

�
lies entirely below the horizontal axis.

15.9 Remark We do not know of an example of a simple root of �K.t/ on the unit circle where
.tr� ı 
/0.0/D 0. Indeed, it seems likely this never happens, and so (3) always holds. (For multiple roots,
it does arise; see the upper-right example in [Culler and Dunfield 2018, Figure 10].) The question is
subtle in that for other ˛ 2 �1.@MK/ the derivative .tr˛ ı
/0.0/ can vanish: for the trefoil, tr˛ ı
 � 2 for
˛ D 6�C�, as noted in Section 14.7.

Proof of Lemma 15.8 The idea follows [Herald and Zhang 2019], which adds [Herald 1997b; 1997a]
to the results of [Heusener et al. 2001] (see also [Heusener and Porti 2005]) to strengthen [Culler and
Dunfield 2018, Lemma 7.3]. To start, from [Heusener et al. 2001, Corollary 1.3], one has a smooth arc
x
 W Œ�1; 1�! X.K/ where x
.0/ D �c with x
.t/ in X irr

SL2R.K/ for t < 0 and in X irr
SU2.K/ for t > 0. As

argued in [Herald and Zhang 2019, page 2818], their Corollary 6 allows us to assume that tr� x
.t/D 2 only
for t D 0. Additionally, [Culler and Dunfield 2018, Lemma 7.3(4)] — or, more accurately, the fact that
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�� WH 1.MK I sl2.C/�C/!H 1.@MK I sl2.C/�C/ is injective, which follows from [ibid., equation 7.4] —
implies there is some ˛ 2 �1.@MK/ such that, after possibly restricting the domain of x
 , tr˛ ı x
 is a
smooth embedding.

Lifting to zE.K/ now gives all the claims except for the part of (3) about which side of the horizontal axis


�
Œ0; 1/

�
lies on. This follows from the corresponding behavior on the SU2 side, which is understood by

[Herald 1997b, Proposition 4.2; 1997a, Corollary 3]; see the remark immediately after the former. The
hypothesis on .tr� ı 
/0.0/ ensures that if x
 lies above the reducible line on the SU2 side, it lies below
on the SL2R side, and vice versa. Rather than trace through the various conventions, we can justify our
claimed “sign rule” that a negative jump in �K.ei2!/ means 
 is above the axis by looking at the positive
trefoil in Figure 10.

15.10 Parity of h

The map b WXc.K/!X�c.K/ introduced in Section 14.9 preserves X0.K/ setwise. The fixed points
of b onX0;irr.K/ were classified in [Nagasato and Yamaguchi 2012, Corollary 1]: they are all inX0;irrSU2 .K/

and consist of characters of binary–dihedral representations. We now use this to show:

15.11 Proposition If K is a small knot , then h.K/� 1
2
�.K/� 1

2
.detK � 1/ mod 2.

Proof By Lemma 3.14, as K is small, the set X0;irrSL2R.K/ is finite. As noted, b has no fixed points on
X
0;irr
SL2R.K/, so that set can be partitioned into pairs f�; b.�/g with �¤ b.�/. Lemma 14.10 tells us that

the local intersection numbers n� and nb.�/ are equal. It follows that h0SL2R.K/ is even, and hence that
h.K/D h0.K/ is congruent to h0SU2.K/D�

1
2
�.K/ modulo 2, establishing h.K/� 1

2
�.K/ mod 2.

Continuing this idea, only the binary–dihedral characters can contribute to h0SU2.K/, and there exactly
are 1

2
.detK � 1/ such [Klassen 1991]. If each binary–dihedral character contributes ˙1 to h0SU2.K/, we

would get that h0SU2.K/�
1
2
.detK�1/ mod 2, implying our second claim. We do not know if this holds,

but for any knot one has 1
2
�.K/� 1

2
.detK � 1/ mod 2 by [Murasugi 1965, Theorem 5.6], completing

the proof.

Next, we relate the parity of h.K/ to the SL2C character variety, leading to Corollary 15.13, which shows
there are ideal points that are limits of SL2R characters when 1

2
�.K/ is odd. Fix a braid ˇ with y̌ DK.

As in Section 12, this determines a splitting MK DH1[S2mH2. We define X irr
C .ˇ/ to be the intersection

of the two smooth varieties Lj;C D i�j .X
irr
C .Hj ; T // for j D 1; 2 inside the smooth variety X irr

C .S2m; S/.
Note that this intersection may be nonreduced, ie the components of X irr

C .ˇ/ may have multiplicities;
if it is, we view it as a nonreduced scheme rather than passing to the reduction. (As reduced schemes,
X irr

C .ˇ/DX
irr
C .K/, but it is not clear that the multiplicity of each component is an invariant of K.)

When K is small, every component C of X irr
C .K/ is a complex curve and tr� WC !P 1.C/ is nonconstant

(see Lemma 3.14). We define d.K; ˇ/ to be the (total) degree of the map tr� WX irr
C .ˇ/! P 1.C/; this is

a weighted sum of all the Culler–Shalen seminorms of � [Boyer and Zhang 1998], which is related in
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turn to the A-polynomial [Boyer and Zhang 2001, Section 8]. We conjecture that d.K; ˇ/ depends only
on K but do not prove this here. We next show:

15.12 Proposition If K is a small knot , then d.K; ˇ/� h.K/ mod 2.

Proof For c 2C, let Lc;irr
j;C DL

irr
j;C \ tr�1� .c/. (This should also be the scheme-theoretic intersection, but

tr� W Lirr
j;C!C is a submersion by Lemma 3.6, so it is the same as the setwise intersection.) Then

d.K; ˇ/D hL
c;irr
1;C ; L

c;irr
2;CiXc;irrC .S2n/

:

Now, if AC; A
0
C � BC are the C points of algebraic sets defined over R, by [Fulton 1984, Chapter 13]

their real points AR, A0R and BR satisfy

hAC; A
0
CiBC � hAR; A

0
RiBR mod 2:

In our case, the real parts of Lc;irr
j;C and Xc;irrC .S2n/ are the spaces we have been referring to as Lc;irrj and

Xc;irr.S2n/. Hence,
d.K; ˇ/� hL

c;irr
1 ; L

c;irr
2 iXc;irr.S2n/ � h.K/ mod 2:

Recall that the affine algebraic set X irr
R .K/ and the map tr� can be extended to a projective variety yX irr

R .K/

and a map tr� W yX irr
R .K/! P 1.R/. The points in tr�1� .1/ are called real ideal points. We just showed

that the mod 2 degree of this map is given by h.K/. If the mod 2 degree is nonzero, tr�1� .1/ must be
nonempty. Hence, we deduce:

15.13 Corollary If K is a small knot with �.K/ � 2 mod 4, or equivalently detK � 3 mod 4, then
yX irr

R .K/ contains a real ideal point.

Unsurprisingly, there are also knots with real ideal points where �.K/ 6� 2 mod 4, for example the
figure-eight knot, which has �.K/D 0. Moreover, real ideal points are extremely common, even outside
the context of exteriors of knots in S3, raising:

15.14 Question Does every small knot in S3 have a real ideal point?

An initial search using [Culler 2006] suggests that the answer might well be yes.

16 Applications to left orderings

16.1 Left orderings

Let G be a nontrivial group. We say that G is left-orderable (or, for short, that G is LO), when there
is a total order on G which satisfies gx > gy whenever x > y. (By convention, the trivial group is not
left-orderable.) The study of left-orderable 3-manifold groups dates back to [Boyer et al. 2005] and was
given fresh impetus by the L-space conjecture.
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16.2 L-space conjecture [Boyer et al. 2013; Juhász 2015] If Y is a closed prime orientable 3-manifold ,
then the following are equivalent :

(1) Y is not a Heegaard Floer L-space , ie �HFred.Y /¤ 0.

(2) �1.Y / is left-orderable.

(3) Y admits a coorientable taut foliation.

For brevity, when �1.Y / is LO we will call Y itself LO.

In this section, we use the techniques of this paper to prove many Y are LO, using the following theorem:

16.3 Theorem [Boyer et al. 2005] If Y is a prime 3-manifold with a nontrivial homomorphism
�1.Y /!ASL2R, then �1.Y / acts faithfully on R, and hence Y is LO.

In particular, if � W �1.Y /! SL2R is a nontrivial homomorphism whose Euler class e.�/ 2H 2.Y IZ/ is
zero, then � lifts to z� W �1.Y /! ASL2R, where Theorem 16.3 applies. We will also consider the target
group PSL2R, where again any y� W �1.Y /! PSL2R has an Euler class e.y�/ 2H 2.Y IZ/ that obstructs
lifting y� to ASL2R.

We begin with results showing cyclic branched covers are LO (Theorem 16.7). We then compute h.K/ for
alternating knots (Section 16.10), which in turn strengthens the results on branched covers (Remark 16.9).
The rest of the section is devoted to showing certain Dehn surgeries on K are LO; key results there
include Theorems 16.21, 16.22 and 16.27.

16.4 Branched covers

Let †n.K/ be the n-fold cyclic branched cover of a prime knot K. The manifold †n.K/ is obtained by
Dehn filling the n-fold cyclic cover �MK;n of MK along the curve z�n which is the n-fold cyclic cover
of �. Moreover, †n.K/ is the n-fold cyclic orbifold cover of the orbifold .S3; Kn/, where the knot K
is labeled by Z=n. The orbifold fundamental group �1.S3; Kn/ is isomorphic to �1.MK/=h�

ni, and
�1.†n.K// is the kernel of the homomorphism �1.S

3; Kn/! Z=n where � 7! 1.

16.5 Remark It follows from the orbifold sphere theorem (see eg [Maillot 2003, Theorem 10.2]) that
if †n.K/ is reducible, then the orbifold .S3; Kn/ is reducible. Consequently, when K is prime, so are
all †n.K/.

Now suppose � W �1.MK/! SL2R is a representation with tr.�.�// D 2 cos.k�=n/ for some integer
k with 0 < k < n. Then � is elliptic and satisfies �.�n/ D ˙I, so � descends to a representation
y� W �1.S

3; Kn/! PSL2R. We let y�n be the restriction of y� to �1.†n.K//. The next result has been
much used to show branched covers are LO:

16.6 Lemma [Hu 2015, Theorem 3.3] If y� is irreducible , then y�n is nontrivial and e.y�n/D 0.
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Let AK D f˛ 2 Œ0; �� j 2 cos˛ 2DKg and consider the corresponding partition

0 < ˛1 < ˛2 < � � �< ˛k < � of Œ0; ��:

The signature function �K.e2i˛/ is constant on the interiors of the intervals of this partition. Define wK
to be the minimum length of any of these intervals, including Œ0; ˛1� and Œ˛k; ��. Our main result on
branched covers is:

16.7 Theorem If a prime knotK is real representation small and �K.!/ is not identically 0, then†n.K/
is LO for all n > �=wK .

Proof Taking c D 2 cos˛, we can view hcSL2R.K/ as a function of ˛ in Œ0; �� nAK rather than of c in
Œ�2; 2�nDK ; in the new setting, we will write h˛SL2R.K/ and use other similar notation. By Theorem 12.22
and Corollary 15.5, we then have

.16.8/ h˛SL2R.K/D h.K/� h
˛
SU2.K/D h.K/C

1
2
�K.e

2i˛/:

As �K is nonconstant, no matter what h.K/ is there will be an interval I in our partition where h˛SL2R.K/

is nonzero on the interior of I.

As n > �=wK , the interval I has length greater than �=n. Thus the interior of I contains a point
˛0 D �k=n where k is an integer. Thus h˛0SL2R.K/ is nonzero, which means that Xc0;irrSL2R.K/ is nonempty
for c0 D 2 cos˛0. In particular, there is an irreducible � W �1.MK/! SL2R which induces an irreducible
y� W�1.S

3; Kn/!PSL2R. By Lemma 16.6, we have a nontrivial representation y�n W�1.†n.K//!PSL2R
with e.y�n/D 0. As †n.K/ is prime by Remark 16.5, it is LO by Theorem 16.3.

16.9 Remark For any concrete signature function �K , one can often refine the result of Theorem 16.7,
especially if one knows h.K/. For example, the alternating knot K15a78855 has

�K D 8t
6
� 21t5C 27t4� 27t3C 27t2� 21t C 8;

which is an irreducible polynomial all of whose roots are on the unit circle. The resulting partition is
roughly Œ0; 0:139; 0:398; 0:963; 2:178; 2:743; 3:002; 3:141� and 1

2
�K has values 0;�1;�2;�3;�2;�1; 0

on the corresponding open intervals. We checked K is small using the method of [Dunfield et al. 2022],
so Theorem 16.7 applies for n� 23. However, by Corollary 16.12 below, h.K/D�1

2
�.K/D 3. Hence,

from (16.8), we see that h˛SL2R.K/ is nonzero on every interval except the middle one, Œ0:963; 2:178�. As
�K has no cyclotomic factors, no point of the form k�=n is in our partition. Thus, h˛SL2R.K/ is valid
and nonzero for ˛ D �=n whenever ˛ < 0:963, that is, for n � 4. As †2.K/ is not LO, Theorem 16.7
settles the question of which †n.K/ are LO except for nD 3.

16.10 Alternating knots

The results of the previous section can be used to compute h.K/ for many knots.

16.11 Proposition Suppose a prime knot K is real representation small. If †2.K/ is not LO , then
h.K/D�1

2
�.K/.
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Proof Suppose Œ�� 2X0;irrSL2R.K/. By Lemma 16.6, y�2 2RPSL2R.†2.K// is nontrivial and has e.y�2/D 0.
Since †2.K/ is prime and not LO, this contradicts Theorem 16.3. Hence, X0;irrSL2R.K/ D ¿, and so
h0SL2R.K/D 0. Since 0 …DK , as noted in Section 3.15, by Theorem 12.22 and Corollary 15.5 we have
h.K/D h0SU2.K/D�

1
2
�K.�1/D�

1
2
�.K/, as claimed.

If the L-space conjecture holds, the hypothesis that†2.K/ is not LO is equivalent to it being an L-space, a
condition which has been intensively studied. In particular, the Ozsváth–Szabó spectral sequence [2005b]
implies that if K has thin Khovanov homology, then †2.K/ is an L-space. The equivalence of conditions
(1) and (2) of the L-space conjecture have been checked for many such knots, including alternating knots
[Boyer et al. 2013]. Hence, we have:

16.12 Corollary If a prime knot K is real representation small and alternating , then h.K/D�1
2
�.K/.

16.13 Dehn surgeries

Let MK.˛/ be the Dehn filling of MK along slope ˛ D p�C q�. In this subsection, we give criteria
for showing MK.˛/ is LO. The basic strategy follows [Culler and Dunfield 2018], using the translation
extension locus which is built from representations �1.MK/! ASL2R, as discussed in Section 14.12.
Throughout, we freely use the notation from Section 14, and for brevity we set zE.K/ WD zX ell

eSL2R
.K/ and

zV .K/ WD zX ell
eSL2R

.@MK/. Recall the translation extension locus of K is the image i�. zE.K// inside zV .K/,
where i� is induced by the inclusion i W @MK!MK. (Provided K is real representation small, i�. zE.K//
is precisely the locus EL zG.MK/�H

1.@MK IR/ from [loc. cit.], as discussed earlier in Section 14.12.)
The new ingredient compared to [loc. cit.] is using the tools in this paper to show that i�. zE.K// contains
“long arcs” which give rise to explicit ranges of LO fillings; in contrast, the main theorems of [loc. cit.]
only give orders on arbitrarily small intervals of fillings. (For context, note Figure 24 shows a case where
a small interval is the best one can do.)

Define zL˛ in zV .K/ to be those z� where z�.˛/D 1 for some z� with Œz��D z�; in our .��; ��/-coordinates
from Section 14.12, this is the line of slope �˛ passing though the origin. Let zLı˛ � zL˛ be the subset of
nonparabolic points. In this language, [ibid., Lemma 4.4] becomes:

16.14 Lemma If zLı˛ intersects i�. zE.K//, then MK.˛/ admits a nontrivial representation

� W �1.MK.˛//!ASL2R:

Consequently, if MK.˛/ is prime , then it is LO.

Proof A nonparabolic z�2 zV .K/ is in zL˛ if and only if z�.˛/D 1 for all z�2ReSL2R
.@MK/ representing z�.

In particular, if zLı˛ intersects i�. zE.K//, we get a nontrivial representation �1.MK.˛//! ASL2R; the
last conclusion now comes from Theorem 16.3.
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Figure 11: For the knot exterior s841, the set i�. zE.K// consists entirely of images of good arcs.
There are 10 of type A, labeled near the endpoint of their reducible representation, and two of
type B, specifically P of type Bp1;p2 for p1 D .0;�7/ and p2 D .0;�6/ and Q of type Bq1;q2
for q1 D .1; 7/ and q2 D .1; 6/. Picture adapted from [Culler and Dunfield 2018, Figure 7].

16.15 Good arcs

We say that 
 W Œ0; 1�! zE.K/ is a good arc if the endpoint 
.0/ is parabolic, the other endpoint 
.1/ is
either parabolic or reducible, the interior contains only elliptic irreducibles, and finally i�.
.0//¤ i�.
.1//.
A good arc 
 is of type Ak for k 2Z if it starts at a parabolic � with ��.�/D k and ends at a reducible. It
is of type Bp1;p2 if its endpoints are parabolics �1, �2 with i�.�i /D pi 2 Z2, where we have identified
the lattice of parabolic representations in zV .K/ with Z2. See Figures 11 and 12 for the images of some
good arcs in the translation extension locus in zV .K/. We show in Lemmas 16.19 and 16.20 that many
such good arcs lead to large intervals where we can apply Lemma 16.14. Before continuing, we note:

16.16 Lemma Suppose 
 is a good arc. Then the vertical lines where �� D k for k 2Z can meet i�.
/
only at its endpoints.

Proof Since �1.S3/D 1, Lemma 16.14 gives the claim for the line zL1 D f�� D 0g. The claim for the
other vertical lines follows from the D1 action discussed in Example 14.14.

16.17 Lemma Suppose that K is real representation small. If h.K/¤ 0, then zE.K/ contains either an
arc of typeAk , or an arc of type Bp1;p2 where p1D .0; y1/ and p2D .1; y2/. If deg Qh.K/>0, then zE.K/
contains either an arc of type Ak with k ¤ 0, or an arc of type Bp1;p2 with p1 D .0; y1/ with y1 ¤ 0.
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Figure 12: For the knot exterior o904139, the set i�. zE.K// again consists entirely of good arcs. The
specific types are all labeled, with the caveat that there are actually four arcs of type A0, only two of
which are large enough to see clearly. Picture adapted from [Culler and Dunfield 2018, Figure 8].

Proof If W is a path component of XŒ�2;2�.K/, let ncW D
P
Z nZ , where Z runs over the set of

components ofW \Xc.K/. By Corollary 2.12, nW WD ncW is independent of c 2 Œ�2; 2�. Since h.K/¤ 0,
we can choose some component W with nW ¤ 0. Since n2W D n

�2
W ¤ 0, the component W contains a

parabolic �1 with tr� �1D 2 and a parabolic �2 with tr� �2D�2. Let 
 be a path inW between them. By
restricting to a subarc if necessary, we may assume that the interior of 
 consists entirely of nonparabolic
points, retaining the property that tr� �1 D 2 and tr� �2 D �2. If 
 is contained in XSL2R.K/, then 

lifts to an arc z
 of type Bp1;p2 . Using the D1 action, specifically the index-two subgroup that preserves
traces in SL2R, we can assume p1 D .0; y1/. Then p2 D .k; y2/, where k must be odd. Lemma 16.16
forces k D ˙1; if k D �1, act by Qa 2 D1 to rotate i�.
/ about .0; 0/ so that k D 1, as desired. If
instead 
 is not contained in XSL2R.K/, consider the first intersection point of 
 with X0.K/. This initial
segment of 
 then lifts to an arc of type Ak . This proves the first claim.

For the second claim, let QnW D
P
Z nZ.t

��. zZC/C t�
�. zZ�//, where the sum runs over components of

X
2;irr
SL2R.K/ contained in W, as in Definition 14.17. For � 2 X2;irrSL2R.K/, consider the two lifts z�˙ to
zXeSL2R

.K/ where ��.z�˙/ D 0. These have j��.z�C/j D j��.z��/j, and we denote this common value
by j��.z�/j without reference to a particular lift. As

P
W QnW D

Qh.K/, we can choose some W with
deg QnW � deg Qh.K/ > 0. Let �1 2W satisfy tr� �1 D 2 and j��.z�1/j D deg QnW .

If nW ¤ 0, we choose 
 inW joining �1 to �2 with tr�.�2/D�2. Restricting to a subarc, we may assume
the interior of 
 consists entirely of nonparabolic points, retaining tr�.�1/D 2 and j��.z�1/j D deg QnW
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and p1 ¤ p2, but perhaps not tr� �2 D �2. As before, either 
 is entirely contained in X irr
SL2R.K/, or

there is a path from �1 to a reducible. Lifting to zE.K/ now proves the second claim in the case nW ¤ 0.

Finally, if nW D 0, note that QnW jtD1 D 2nW D 0, so W must contain some other parabolic �2 with
tr�.�2/D 2 and j��.z�2/j ¤ j��.z�1/j. After possibly changing the �i , we can find an arc 
 in W joining
some �1 and �2 which satisfies the following:

(1) tr� �1 D 2 and tr� �2 D˙2;

(2) j��.z�1/j D deg QnW ;

(3) p1 ¤ p2; and

(4) the interior of 
 consists of nonparabolic points.

The second claim now follows just as in the previous cases.

The set of Dehn filling slopes S.K/ of MK is the projective space of H1.@MK ;Z/. It is identified with
Q[f1g by our choice of basis h�; �i for H1.@MK ;Z/. We define

Sirr.K/D f˛ 2 S.K/ jMK.˛/ is irreducibleg;

SLO.K/D f˛ 2 S.K/ j �1.MK.˛// is left-orderableg;

SeSL2R
.K/D f˛ 2 S.K/ j zLı˛ intersects i�. zE.K//g:

By Lemma 16.14, we know that SeSL2R
.K/\Sirr.K/� SLO.K/. As i�. zE.K// contains the horizontal

axis (as the image of the reducible representations) and the 0-surgery is irreducible by [Gabai 1987], the
slope 0 is in all three of these sets.

Suppose 
 is a good arc joining �1 to �2. Let pi D i�.�i / 2 zV .K/. Suppose p1; p2¤ .0; 0/ and at most
one pi is on the line �� D 0. In this case set

I ı.
/D f˛ 2 S.K/ j Lı˛ meets the interior of the line segment from p1 to p2g:

When pi D .0; yi / with y1 and y2 nonzero, we define I ı.
/D S.K/ n f1g when the yi have opposite
signs and I ı.
/ to be empty otherwise. Finally, when either p1 or p2 is .0; 0/, we take I ı.
/ to be empty.
We next show:

16.18 Lemma For a good arc 
 , one has I ı.
/� SeSL2R
.K/.

Proof Whenever ˛ is in I ı.
/, the definitions give that p1 and p2 are strictly separated from each other
by the line L˛ . It follows that L˛ meets i�.
/ at some point in the latter’s interior, which is not parabolic
by the definition of a good arc, and hence Lemma 16.14 applies.

16.19 Lemma If zE.K/ contains a good arc of type Ak for k ¤ 0, then either .�1; jkj/ or .�jkj;1/ is
contained in SeSL2R

.K/.

Geometry & Topology, Volume 29 (2025)



A unified Casson–Lin invariant for the real forms of SL.2/ 4165

��

��

zL�y1
zLy1 zL�y1=2

zL�y1=3

p1 p2

i�.
/

Figure 13: The situation of the proof of Lemma 16.20(1), showing translates of i�.
/ for a good
arc 
 of type Bp1;p2 with y1 D y2 D 2. The zL˛ drawn are among the few that are not guaranteed
to meet i�. zE.K//.

Before proving this, we note [Culler and Dunfield 2018, Figure 5] shows that the condition k ¤ 0 is
crucial, as that example has an A0 arc which only yields Œ�0:36; 3:6/ in SeSL2R

.K/.

Proof Since i�. zE.K// is invariant under translation by .1; 0/, we can assume that the good arc 
 of
type Ak starts at the point .0; k/ and ends at .x; 0/ for some x ¤ 0 (since ˙2 … DK). Further, since
i�. zE.K// is invariant under the rotation Qa 2D1 about the origin, we can assume k > 0. Suppose x > 0,
so I ı.
/D .�1; 0/. Next, consider the translate of 
 by .�1; 0/, which we denote by 
�1. Its endpoints
are .�1; k/ and .x � 1; 0/, so I ı.
�1/D .0; k/. The union of these two sets gives the promised range
since 0 2 SeSL2R

.K/ for all K. The argument when x < 0 is symmetric.

16.20 Lemma Suppose zE.K/ has a good arc of type Bp1;p2 with pi D .xi ; yi /. Assume further that at
least one yi is nonzero. Then:

(1) If y1 D y2 ¤ 0, then Q n fy1=n j n 2 Zg � SeSL2R
.K/.

(2) If x1 D x2, then .�1; 1/� SeSL2R
.K/.

(3) Otherwise , either
�
�1; 1

2

�
or
�
�
1
2
;1

�
is contained in SeSL2R

.K/.

Proof By Lemma 16.16, after translation we can assume i�.
/ is contained in the strip 0� �� � 1. In
case (1), we have p1 D .0; k/ and p2 D .1; k/ for some k ¤ 0, and we can arrange that k > 0 using the
D1 action, resulting in the situation shown in Figure 13. The translate of 
 by .n; 0/ then has I ı equal
to
�
k
n
; k
nC1

�
or
�
k
nC1

; k
n

�
depending on the sign of n. The union of these I ı covers all of Q except 0 and

those points of the form k
n

with n 2 Z, completing the proof of case (1).

Geometry & Topology, Volume 29 (2025)



4166 Nathan M Dunfield and Jacob Rasmussen

��

��
zL�1

zL˛
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y2

i�.
/

.m; y1/

.m; y2/

.x3; y1/

Figure 14: The situation of the proof of Lemma 16.20(2), showing translates of i�.
/ for a good
arc 
 of type Bp1;p2 with x1 D x2.

In case (2), if y1 and y2 have opposite signs, we are done as I ı.
/ is all of SeSL2R
K except1. Otherwise,

use the D1 action and possibly interchange p1 and p2 to assume x1 D x2 D 0 and 0� y1 < y2, giving
the situation in Figure 14. If 0 < j˛j< y2�y1, consider the point where zL˛ intersects the line �� D y1.
For concreteness, suppose this point is .x3; y1/ with x3 > 0 (equivalently, assume ˛ < 0). If m is the
smallest integer with x3 <m, then zLı˛ will have to meet the translate of 
 joining .m; y1/ to .m; y2/. As
y2�y1 � 1, we have shown .�1; 1/� SeSL2R

.K/.

��

��
zL�n=2

zL˛<0

zL˛>0

y1

y2

i�.
/

.m; y1/

.mC 1; y2/

.x3; y1/

.`; y1/

.`C 1; y2/

.x4; y1/

Figure 15: The situation of the proof of Lemma 16.20(3) when y1 � 0, showing that zLı˛ meets a
translate of i�.
/ for any ˛ 2

�
�
n
2
;1

�
, where nD y2�y1.
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i�.
/

Figure 16: The situation of the proof of Lemma 16.20(3) when y1 < 0, showing that zLı˛ meets a
translate of i�.
/ for any ˛ 2 .�m;1/, where mDmax.�y1; y2/.

Next, in case (3), we can assume that p1 D .0; y1/ and p2 D .1; y2/. Now y1 ¤ y2, and let us assume
y2 > y1 as the other case can be reduced to this one by reflection across the vertical axis. Moreover, we
can also assume y2 � 0, since, if not, we apply the element of D1 that rotates around

�
1
2
; 0
�
.

First suppose y1 � 0 and set n D y2 � y1, giving the situation of Figure 15. If �n
2
< ˛ < 0, then zL˛

has positive slope and consider the point .x3; y1/ where zL˛ meets the line �� D y1. If m is the smallest
integer where x3 <m, then zLı˛ will meet the translate of i�.
/ joining .m; y1/ to .mC 1; y2/. Hence,�
�
n
2
; 0
�
� SeSL2R

.K/. If ˛ > 0, let .x4; y1/ again be the point where zL˛ meets the line �� D y1. If ` is
the largest integer where ` < x4, then zLı˛ will meet the translate of i�.
/ joining .`; y1/ to .`C 1; y2/.
In particular, we have

�
�
n
2
;1

�
� SeSL2R

.K/, as needed.

The final subcase is when y1 < 0, which is shown in Figure 16. There, you can see that zLı˛ meets a
translate of i�.
/ for any ˛ 2 .�m;1/, where m D max.�y1; y2/ � 1. This completes the proof of
case (3), and hence the lemma.

16.21 Theorem If deg Qh.K/ > 0, then A \ Sirr.K/ � SLO.K/, where A is one of the sets
�
1; 1

2

�
,�

�
1
2
;1

�
, .�1; 1/ or Q n

˚
1
n
j n 2 Z

	
.

Proof Just combine Lemmas 16.14, 16.17, 16.19 and 16.20.

These techniques apply to many 2-bridge knots:

16.22 Theorem If K is a 2-bridge knot with �.K/¤ 0, then zE.K/ contains an arc of type Ak for some
k ¤ 0. Moreover , either .�1; 1/ or .�1;1/ is in SLO.K/.

Geometry & Topology, Volume 29 (2025)



4168 Nathan M Dunfield and Jacob Rasmussen

The positive trefoil knot K from Section 14.7 is a 2-bridge knot and has �.K/D�2. There, the locus
i�. zE.K// consists of the orbit of a singleA1 arc under theD1 action. This shows that the final conclusion
of Theorem 16.22 cannot be strengthened to .�1;1/� SLO.K/ using the present methods. Of course,
the �1 Dehn surgery on K is the Poincaré homology sphere, which is not LO, but the same pattern holds
for the knot 52, where every Dehn surgery is expected to be LO.

Proof of Theorem 16.22 As 2-bridge knots are small [Hatcher and Thurston 1985], K is real representa-
tion small. As K is alternating, we have h.K/D�1

2
�.K/¤ 0 by Corollary 16.12. By Lemma 16.17,

there is a good arc 
 of either type Ak or of type Bp1;p2 with p1 D .0; y1/ and p2 D .1; y2/. In the
latter case, we would have X0;irrSL2R.K/¤¿, but this is impossible since †2.K/ is a lens space and so not
LO (compare with the proof of Proposition 16.11). So we have a good arc of type Ak . By [Riley 1972,
Theorem 2], if � W �1.MK/! SL2R is a parabolic representation then tr �.�/D�2. This says that any
arc in the translation extension locus i�. zE.K// ending on a parabolic must do so at an odd height. Thus
k ¤ 0 and Lemma 16.19 applies. Finally, every Dehn surgery on K is prime by [Delman 1995; Naimi
1997], allowing us to pass from SeSL2R

.K/ to SLO.K/ unimpeded.

16.23 Remark It is natural to ask whether Theorem 16.22 can be extended to other small Montesinos
knots or to other small alternating knots. In both cases one has h.K/D �1

2
�.K/ by Proposition 17.2

and Corollary 16.12. Unlike for 2-bridge knots, in these broader settings, parabolics with tr� D 2 and
hence even height can occur. For Montesinos knots, the .�2; 3; 7/ pretzel has several parabolics at
even heights (see Figure 17). For small alternating knots, Goerner’s data [2014] includes nine such
examples: 934 DK9a28, 10100 DK10a104, 10108 DK10a119, 10103 DK10a105, 10104 DK10a118,
10106 D K10a95, 10102 D K10a97, 10101 D K10a45 and 11337 D K11a330. However, we have not
seen any parabolics of height 0 for alternating or Montesinos knots, so it is possible that the same
conclusion as in Theorem 16.22 holds in these cases.

16.24 Knots with lens space surgeries

In this last subsection, we give strong constraints on i�. zE.K// when K has a lens space surgery or, more
generally, a Dehn surgery MK.˛/ with few PSL2R representations. We begin with an easy lemma that
nonetheless explains a great deal of the striking structure of i�. zE.K// for the knots shown in [Culler and
Dunfield 2018, Figures 3 and 4]. (The first of those figures is incorporated here as Figure 17.) To state it,
for a slope ˛ D p�C q� and an n 2 Z, we define zL˛;n to be the line in zV .K/ of slope �˛ that meets
the horizontal axis at

�
n
p
; 0
�
. We also take zLı˛;n to be its subset of nonparabolic points where �� ¤ 0, ie

remove Z2 and
�
n
p
; 0
�

from zL˛;n.

16.25 Lemma Let K be any knot where X irr
PSL2R.MK.˛// is empty. Then i�. zE.K// is disjoint fromS

f zLı˛;n j n 2 Zg.

Figure 17 shows just how constraining Lemma 16.25 is when there are multiple lens space surgeries.
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Figure 17: i�. zE.K// for the .�2; 3; 7/ pretzel knot, whose exterior is small. Surgery along the
slopes �18 and �19 both yield lens spaces, forcing i�. zE.K// to avoid two families of lines per
Lemma 16.25: those of slope 18 (solid lines) and slope 19 (dashed lines). The roots of �K on S1

are simple and are indicated by the blue dots on the line �� D 0. Because of the locations of
the roots, these lines rule out any arcs joining two distinct reducibles. From Proposition 17.2,
we know i�. zE.K// is disjoint from the vertical line �� D 1

2
. Consequently, an arc starting at a

particular reducible has only one or two possible parabolic ending points, basically dictating the
picture shown (see the proof of Theorem 16.27 for details). In particular, there must be an arc
from the reducible at� .0:6744; 0/ to the parabolic at .1; 6/, and so .�6;1/� SeSL2R

.K/. Here,

h.K/D�1
2
�.K/D�4, and the signature function jumps byC2 at the first four roots of �K and

then by �2 at the remaining four. Picture adapted from [Culler and Dunfield 2018, Figure 3].

Proof The line zL˛;n is exactly the locus where trans˛.z�/D n, where trans˛ is the translation number
function of Corollary 4.7. Hence, if z� is in both zLı˛;n and i�. zE.K//, then we get an irreducible elliptic
representation z� W �1.MK/!ASL2R where z�.˛/ is in the center of ASL2R. Quotienting ASL2R by its center
gives an irreducible representation � W �1.MK.˛//! PSL2R, which is a contradiction.

16.26 Lemma Let W be a component of X Œ�2;2�;irrSL2R .K/, and suppose that c; c0 2 Œ�2; 2� nDK . If
ncW ¤ n

c0

W , then there is a path in XSL2R.K/ which starts in either W c or W c0 and is contained in W Œc;c0�

except for its final endpoint , which is a reducible character � with tr�.�/ 2DK \ Œc; c0�.

Proof Since we can compute ncW and nc
0

W by summing over the connected components of Z of
W Œc;c0�;irr.K/, let Z be such a component with ncZ ¤ n

c0

Z . Let Z be the component of XŒc;c
0�.K/ that

contains Z. As nc
Z
D nc

0

Z
, it follows that Z ¤Z and so Z meets X

Œc;c0�
0 .K/. As ncZ ¤ n

c0

Z , at least one of
them must be nonzero, say ncZ ¤ 0; in particular, Zc is nonempty. Thus there is a path in Z starting in Zc
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and ending in Z \X
Œc;c0�
0 .K/. Taking an initial segment of this path and using the map X.K/!X.K/

gives the desired path by Lemma 3.16.

16.27 Theorem Suppose a prime knot K is real representation small and that MK.p�C�/ is a lens
space for some p > 0. Suppose that for some n D 1; 2; : : : ; p there is a unique x0 2

�
n�1
p
; n
p

�
with

�K.e
2�ix0/ D 0, that the corresponding root of �K is simple , and that x0 ¤ n�1

p
; n
p

. Then zE.K/
contains an arc 
 of type Ak , where k is one of n�1; n; n�1�p, or n�p, and where the other endpoint
of i�.
/ is .x0; 0/. If n … f1; pg, then .�1; 1/� SeSL2R

.K/.

A similar statement holds when MK.�p�C�/ is a lens space by taking the mirror. Also, the hypothesis
of a lens space filling in Theorem 16.27 can be replaced with the requirement that X irr

PSL2R.MK.p�C�//

be empty.

16.28 Remark We conjecture that the hypothesis on the Alexander polynomial in Theorem 16.27
always holds when MK.p�C �/ is a lens space. By Greene’s lens space realization theorem [2013],
the set of possible �K’s coincides with the set of Alexander polynomials of Berge knots. For fixed p,
there are only finitely many possibilities, and the hypothesis on their roots holds for p � 1000 (which
is some 5265 distinct �K). In fact, with the exception of p D 5, there is always a root leading to the
conclusion that .�1; 1/ � SeSL2R

.K/, indeed usually tens or even hundreds of such roots. Here, it is
unknown whether having a lens space surgery means K is real representation small, and there are such K
that are not small [Baker 2005].

Proof of Theorem 16.27 Let ! D .n�1/�
p

and !0 D n�
p

, as well as c D 2 cos! and c0 D 2 cos!0. By
hypothesis, c; c0 …DK , and there is a unique root e2i� of �K with � 2 Œ!; !0�. Let z�� be the point in
X red
eSL2R

.K/ with i�.z�� /D .�=�; 0/. Now, if z
 is a path in zE.K/ starting at z�� whose interior consists of
nonparabolic characters, then i�.z
/ is contained in the shaded region R shown in Figure 18 and meets @R
only if the other endpoint of z
 is a parabolic. In the latter case, the parabolic must have height n�1; n; n�p
or n�p�1, and we can apply Lemma 16.19 to the arc to conclude .�1;min.n�1; n�p//� SeSL2R

.K/

provided n … f1; pg. Thus, to prove the theorem it suffices to find such a z
 .

Since e2i� is a simple root of �K , we have �K.e2i!/� �K.e2i!
0

/ D ˙2. Using Corollary 15.5 and
Theorem 12.22, we compute

.16.29/ ˙1D hcSU2.K/� h
c0

SU2.K/D h
c0

SL2R.K/� h
c
SL2R.K/D

X
W

.nc
0

W �n
c
W /;

where the sum is over the path components W of X Œ�2;2�;irrSL2R .K/. Let W be any such component with
ncW ¤ n

c0

W , and consider the path given by Lemma 16.26, which must end at the reducible character ��
where tr� D 2 cos � .

If the closure W of W in X Œ�2;2�SL2R .K/ contains a reducible �� 0 other than �� , let 
 be a path in W joining
�� to �� 0 . Taking the lift z
 as before, note that i�.z
/ must exit R to get to i�.z�� 0/. As it can only do
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Figure 18: A good arc ending at z�� must have image lying in the shaded region.

so at one of the parabolic corners of R, an initial segment of z
 is the path we seek. So now assume
W DW [f��g, which means naW can only change at aD 2 cos � . In particular, n2W Dn

c
W and n�2W Dn

c0

W .
As ncW ¤ n

c0

W , at least one of n2W and n�2W is nonzero. In particular, W contains a parabolic character, so
W DW [f��g contains a path 
 from �� to a parabolic character whose interior consists of irreducible
nonparabolic characters. The lift of 
 starting at z�� is thus the path z
 we seek, proving the theorem.

17 Computations and conjectures

In this final section, we compute h for some additional classes of small knots, including Montesinos
knots, torus knots and 98.7% of those with at most 11 crossings. We use h to give a new proof of Riley’s
conjecture on parabolic representations of 2-bridge knots. Finally, we make some conjectures about the
behavior of the extended Lin invariant Qh.K/ for 2-bridge knots and knots with lens space surgeries.

17.1 Montesinos knots

In Proposition 16.11, we showed that h.K/ D �1
2
�.K/ whenever K is real representation small and

†2.K/ is not LO. In fact, there are many knots which satisfy h.K/D�1
2
�.K/ even though †2.K/ is

LO. The Montesinos knots provide a good class of such examples. Oertel [1984] showed a Montesinos
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knot is small if and only if it has at most three rational tangles. (A Montesinos knot with one or two
rational tangles is 2-bridge, and hence alternating.) We will show:

17.2 Proposition For any Montesinos knot K D K.p1=q1; p2=q2; p3=q3/, we have X0;irrSL2R.K/D ¿
and h.K/D�1

2
�.K/.

The branched double covers of these knots are Seifert fibered spaces over the disk with three exceptional
fibers, many of which are LO and admit nontrivial representations to SL2R. As in Section 16.4, we write
.S3; Kn/ to denote the orbifold, where the knot K is labeled by the cyclic group Z=n.

17.3 Lemma If � W �1.S3; Kn/! PSL2R is irreducible , then so is its restriction to �1.†n.K//.

Proof Set �D�1.S3; Kn/ andƒD�1.†n.K//. We will prove the contrapositive: for any representation
� W �! PSL2R, if �.ƒ/ is reducible then so is �.�/. We consider the various possible restrictions of �
to ƒ from most to least degenerate. To begin, if �.ƒ/ is trivial, then � factors through �=ƒD Z=n. As
every finite subgroup of PSL2R is reducible, �.�/ is reducible.

Suppose next that �.ƒ/ is reducible but nontrivial. The fixed-point set F of �.ƒ/ on P 1.C/ must be
either one or two points, since, if there were more, then �.ƒ/ would be trivial. Since ƒ is normal in � ,
the full group �.�/ leaves F invariant. Thus, if F is a single point, then �.�/ too is reducible. So assume
F is two points, and let L be an oriented geodesic joining them, which may not lie in H2. The stabilizer
of L in PSL2C is the abelian group C�, so the restriction �jƒ factors through ƒabDH1.†2.K/IZ/. As
K is a knot, the latter is finite of odd order. In particular, �.ƒ/ is finite and moreover so is �.�/ since
Œ� Wƒ�D n. Thus, again, �.�/ must be reducible.

Proof of Proposition 17.2 Set � D �1.S3; K2/ and ƒD �1.†2.K// and suppose that some � W �!
PSL2R is irreducible. As discussed in [Oertel 1984], the orbifold .S3; K2/ is Seifert fibered with quotient
orbifold Q being a triangle with mirrored sides and vertices labeled by dihedral groups of order 2qi .
Hence, if f represents a regular fiber, we have

1! hf i ! �! �1.Q/! 1:

While hf i is not central in � , it is in ƒ since †2.K/ is Seifert fibered over the orbifold S2.q1; q2; q3/
with orientable fibers. Thus �.f / centralizes �.ƒ/, which is irreducible by Lemma 17.3; by Lemma 3.11,
�.f /D 1. Thus, on all of � , the representation � factors through

�1.Q/D hx; y; z j x
2
D y2 D z2 D .xy/q1 D .xz/q2 D .yz/q3 D 1i:

However, any two elements of PSL2R of order two are either equal or have product a nontrivial hyperbolic
element. This forces any representation of �1.Q/ to PSL2R to be reducible, a contradiction. So
X
0;irr
SL2R.K/D¿ and h.K/D�1

2
�.K/, as claimed.
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17.4 Knots with small crossing number

There are 801 nontrivial prime knots with at most 11 crossings, of which 601 are small [Burton et al. 2013].
All but possibly 8 of these 601 satisfy hD�1

2
� . Indeed, some 85.9% of these knots are either Montesinos

or alternating [Livingston and Moore 2021; Castellano-Macías and Owad 2022]. For the 85 knots that are
not in those classes, the question of whether †2.K/ is LO is usually known from [Dunfield 2020b] or can
be determined using those methods. If †2.K/ is not LO, then h.K/D�1

2
�.K/ by Proposition 16.11. In

this way, we can show that for small knots with � 11 crossings, h.K/D �1
2
�.K/ for all but possibly

the knots 10161 D 10n31, 11n96, 11n111, 11n116, 11n135, 11n143, 11n145 and 11n183. For these
eight knots, †2.K/ is LO for all but possibly †2.11n143/ and †2.11n145/ by [loc. cit.]; we expect
†2.11n143/ and †2.11n145/ to be LO as they are not L-spaces. (All eight †2.K/ have coorientable
taut foliations by the techniques of [loc. cit.].)

17.5 Torus knots

The knots for which we computed h in earlier sections all satisfy h.K/D�1
2
�.K/. We now turn to torus

knots and show they exhibit more interesting behavior. Let K D T .p; q/ be the positive .p; q/ torus knot.
We can compute XSL2R.MK/ using the same method as for the trefoil in Section 14.7. The exterior of
K D T .p; q/ is Seifert fibered and

�1.MK/D hx; y; f j x
p
D f D yqi;

where f is the class of the Seifert fiber. If � W �1.MK/ ! SL2R is irreducible, �.f / is central, so
�.x/p D �.y/q D˙I. As in Section 14.7, we may assume that

�.x/D

�
cos � �sin �
sin � cos �

�
and �.y/D

�
cos' �t sin'

t�1 sin' cos'

�
For a fixed t , there are 2.p�1/.q�1/ choices of � and ' which result in irreducible representations. The
representations for .�; '/ and .��;�'/ have the same character, soXSL2R.MK/ consists of .p�1/.q�1/
arcs, which are obtained by varying t . Each arc tends to a reducible character as t ! 1, and its image in
XSL2R.@MK/ lies on a line of slope �pq, since �.f /D˙I for all � on a given arc and Œf �D .pq/�C�
in H1.@MK/.

The Alexander polynomial of K is

.17.6/ �K.t/D
.tpq � 1/.t � 1/

.tp � 1/.tq � 1/
;

which has .p � 1/.q � 1/ roots; specifically, for �pq D e2�i=pq , the roots are t D �npq for 1 � n < pq
with p and q not dividing n. Each root is simple, and the number of arcs and roots is the same. Hence,
arguing as in Theorem 16.27, we see that the character variety has a single arc ending at each point on
the reducible line with x�� D n

pq
, for n as before. Lifting to zE.K/, we see that the translation extension

locus has the form shown in Figure 19. In order to describe i�. zE.K// precisely, we must determine
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��

��

Figure 19: The basic structure of i�
�
zE.T .p; q//

�
: it consists of arcs of slope �pq joining a

parabolic point to one of the .p � 1/.q � 1/ points of the form
�
n
pq
; 0
�

with neither p nor q
dividing n. In particular, exactly one segment of the line of slope �pq through

�
n
pq
; 0
�

in the
region 0 � �� � 1 is part of i�

�
zE.T .p; q//

�
. The complete picture is thus determined by

which parabolics of the form .0; k/ for k > 0 are ends of such arcs; these are characterized by
Proposition 17.7. Here, the plot is that for T .4; 5/.

whether the arc ending at a given root of the Alexander polynomial lies below the reducible line or above
it. Equivalently, it suffices to determine the set

�.K/D fn 2N j an arc of zE.K/ ends at a parabolic of height ng:

The arc ending at x�� D n
pq

will thus lie above the reducible line if and only if n 2 �.K/.

17.7 Proposition For the torus knot K D T .p; q/, one has �.K/DN n�p;q , where �p;q is the additive
semigroup generated by p and q.

Proof All the roots of �K are simple, so we can apply Lemma 15.8. The arc 
 considered in part (1) of
the lemma can be taken to have image a line segment of slope �pq in the translation extension locus, so
it satisfies .tr� ı 
/0.0/¤ 0. We conclude that the segment which limits to the reducible at

�
n�
pq
; 0
�

lies
above the reducible line if the jump in �K.!/ at �npq is �2 and below it if the jump is C2.

Litherland [1979] gave a simple formula for the sign of the jump in �K at �npq . It is

.17.8/ .�1/ba=qcCbb=pcCbn=pqc; where nD apC bq for a; b 2 Z:
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If 0� n<pq, there is a unique On2Z with On� n mod pq and OnD OapC Obq with 0� Oa<q and 0� Ob <p.
Moreover, the sign in (17.8) is unchanged if we replace .a; b; n/ by . Oa; Ob; On/. Hence, the jump at �npq
is positive if On < pq and negative if On > pq. But 0 � n < pq is in �p;q if and only if nD On, which is
equivalent to On < pq. It follows that �.K/D fn 2N j n … �p;qg.

17.9 Corollary For K D T .p; q/, we have h.K/D g.K/D 1
2
.p� 1/.q� 1/ and

Qh.K/D
X
i…�p;q

.t i C t�i /:

In particular , deg Qh.K/D 2g.K/� 1 and we have equality in Lemma 14.18(3).

Proof The formula for Qh follows from Proposition 17.7 and the fact that all arcs of zE.K/ have the
same left-to-right orientation by Lemma 15.8; compare Figures 10 and 19. It is straightforward to show
N n�p;q has 1

2
.p� 1/.q� 1/ elements, the largest of which is pq�p� q, so the other two statements

follow from the formula for Qh.K/.

This picture gives us a nice geometric interpretation of the signature defect g.T .p; q//C 1
2
�.T .p; q//: it

is the number of arcs in i�. zE.K// which cross the line ��D 1
2

. Since deg QhDpq�p�q and the slope of
each arc is �pq, the signature defect is 0 precisely when 1� 1

p
�
1
q
< 1
2

, ie when †2.K/D†.2; p; q/ is
Seifert fibered over a positively curved orbifold. Recalling that h.K/D�1

2
�.K/ when K is Montesinos,

we get an alternative proof of the fact that T .p; q/ is Montesinos exactly when .p; q/D .2; 2nC1/; .3; 4/
or .3; 5/.

17.10 Berge knots

Many more examples of knots with h.K/¤�1
2
�.K/ are provided by Berge knots, and, more generally,

by L-space knots. A knot K � S3 is an L-space knot when some positive Dehn surgery on K is an
L-space. Positive torus knots, and, more generally, any knot with a positive lens space surgery, such as
the Berge knots, are L-space knots. For an L-space knot K, the surgery K.p�C q�/ is an L-space if
and only if p

q
� 2g.K/� 1 by [Ozsváth and Szabó 2005a]. The L-space conjecture tells us to expect the

same relation to hold for left-orderings.

When K has a lens space surgery of slope p > 0, the form of i�. zE.K// is constrained by Lemma 16.25
and Theorem 16.27. In particular, the lines of slope �p through the parabolics intersect i�. zE.K// only
at points that are reducible or parabolic. Moreover, whenever we have a unique root of the Alexander
polynomial in the interval

�
k
n
; kC1
n

�
, we get an arc of type Ak in zE.K/. For such knots, the pictures of

[Culler and Dunfield 2018] suggest that i�. zE.K// is similar to that of a torus knot, in that it is composed
entirely of arcs of type Ak . Numerical computations of Qh.K/ for about 150 small Berge knots exhibit
some striking behavior, which we now describe.
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The Milnor torsion of a knot K is the Laurent series �M .K/ WD �K.t/=.1 � t / normalized so that
�M .K/D

P
n�0 ant

n with an ¤ 0. We say a Laurent series
P
n�0 ant

n is good if an 2 f0; 1g for all n.
If K is an L-space knot, then the Milnor torsion is good [Ozsváth and Szabó 2005a]. We write QhC.K/
for the “nonnegative exponent” part of Qh.K/; ie if Qh.K/D

P
i�0 ci .t

i C t�i /, then QhC.K/D
P
i�0 ci t

i .
Based on the computations discussed below, we posit:

17.11 Conjecture If K is a small Berge knot , then

(1) h.K/D 1
2
r.K/, where r.K/ is the number of roots of �K.t/ on the unit circle;

(2) QhC.K/ is good ; and , moreover ,

(3) QhC.K/C �M .K/ is good.

In other words, the coefficients of QhC.K/ must all be 1 and fall into the “gaps” of the Milnor torsion
�M .K/ D

P
n�0 ant

n given by those n where an D 0. The symmetry of the Alexander polynomial
implies that an D 1� a2g�1�n, where g D g.K/ is the Seifert genus of K. (Recall that Berge knots are
fibered [Ni 2007], so deg�K.t/D 2g.) Hence, an D 1 for n� 2g, and, if �M .K/ is good, precisely g of
the 2g coefficients between a0 and a2g�1 will be 0. Conjecture 17.11 predicts that 1

2
r.K/ of these g.K/

gaps should be filled by the nonzero coefficients of QhC.K/.

When K D T .p; q/ is a positive torus knot, all the roots of �K.t/ lie on the unit circle, so r.K/D 2g.K/.
In addition, from (17.6) we have

�M .T .p; q//D
X
i2�p;q

t i and so QhC.K/C �M .K/D
X
i�0

t i

by Corollary 17.9. Thus Conjecture 17.11 holds in this case, and moreover all of the gaps in �M are filled.

In contrast, if K is a hyperbolic Berge knot, some gaps in �M must remain empty for the following reason:
We have a2g�1 D 1� a0 D 0, so the highest gap is always at height 2g.K/� 1. As every Berge knot is
fibered [Ni 2007], by Lemma 14.18(4) we have deg Qh.K/ < 2g.K/� 1, and the highest gap must remain
unfilled.

As a consequence, if K is a hyperbolic L-space knot, the approach of constructing left-orderings for
Dehn surgeries K via SL2R representations should not be completely effective at proving the L-space
conjecture for these manifolds. Indeed, the best expected bound on the range of left-orderable surgery
slopes coming from Lemma 16.19 says that Dehn fillings of slope < deg Qh.K/ should be LO. In contrast,
the L-space conjecture says that we should expect all fillings of slope <2g.K/�1 to be LO. This happens
even for the .�2; 3; 7/ pretzel knot of Figure 17, where SeSL2R

.K/D .�6;1/ [Varvarezos 2021] but we
expect SLO.K/D .�9;1/.

The slopes in this gap provide an interesting test case for the L-space conjecture.
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17.12 Question For some hyperbolic Berge knot K, can we show that K.˛/ is LO for all rational
˛ 2 .2g.K/� 1� �; 2g.K/� 1/, where � > 0?

The best results in this direction are due to [Krishna 2020; Hu 2023], whose combined work shows that
the .2;�3;�7/ pretzel knot has a sequence of such slopes converging to 9.

We arrived at Conjecture 17.11 by considering the 158 small hyperbolic Berge knots whose exteriors
can be triangulated with at most nine ideal tetrahedra [Dunfield 2020a]. The knots in this sample have
small hyperbolic volumes (all less than 7:1), but their genus is generally quite large: the median genus is
50:5. For these knots, a collection of parabolic representations has been rigorously computed by Goerner
[2014] using a method based on ideal triangulations and Ptolemy coordinates; however, these lists may
not be complete due to limitations of this approach [Goerner and Zickert 2018]. We computed the heights
of these representations using [Culler and Dunfield 2015] to find their possible contributions to QhC.K/;
eg in Figure 17 the heights would be f1; 2; 4; 6g. For all 158 knots, the parabolic heights are all distinct
and each one lies in a gap in �M .K/, which is consistent with parts (2) and (3) of Conjecture 17.11.

The fact that the parabolic heights fall into the gaps in �M .K/ for even one of the larger of these knots is
remarkable, since on average 73% of the gaps were filled by some parabolic height. For example, the
manifold o903188, which is one of the most complicated in the sample, has an L.317; 121/ filling, Seifert
genus 139 and 99 parabolics. If we imagine that the parabolic heights were randomly distributed in the
interval Œ0; 2g.K/� 1�, the probability that they all landed on a gap would be 2�99 � 1:6� 10�30. Even
if we restrict to the interval between 1 and 219 (the largest parabolic height), where there are 122 gaps
and 97 nongaps, the probability of all the heights landing in the gaps is less than 10�23.

Turning to the count r.K/, the ratio r.K/
2g.K/

had mean 0:74 and was always in the interval Œ0:60; 0:78�;
hence, a majority of the roots of �K.t/ were on the unit circle for all these knots. For comparison, define
hG.K/ to be the naive (unsigned) count of parabolic SL2R representations from [Goerner 2014]. As
mentioned above, this may be an undercount of the actual number. In all cases, we have hG.K/� 1

2
r.K/

with equality in 133 cases. The sum of all the hG.K/ was 6479, whereas the sum of all 1
2
r.K/ was

6532. The largest difference 1
2
r.K/�hG.K/ observed was 4. The manifold o903188 mentioned is one

of two such examples, as there hG.K/D 99 but 1
2
r.K/D 103. The simplest example where the counts

differ is v1392 where hG.K/ D 14 but 1
2
r.K/ D 16. Computations of i�. zE.K// using [Culler and

Dunfield 2015] are consistent with a pair of parabolic representations being missed. Indeed, using the
alternative triangulation kLvLAPQkaedgijhijijnxsvepnxxti_abba for v0220, we found there are in
fact 16 distinct parabolic representations as predicted by r.K/.

Finally, for 62 of the 158 manifolds, we have a plot generated by [Culler and Dunfield 2015] as part
of [Culler and Dunfield 2018]; these all consist of nonintersecting arcs of type Ak for k ¤ 0. For
a more complicated example than Figure 17, see [ibid., Figure 4] for the plot for v0220, which has
hG.K/ D

1
2
r.K/ D 36 with 47 gaps in �M and i�. zE.K// consisting of 72 arcs, making it a median-

complexity example in the overall sample. Using Lemma 15.8, the pictures provide strong evidence
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Figure 20: The manifold t09882 is the exterior of the mirror of an L-space knot K, half of whose
i�. zE.K// is shown here. The lighter dots on the vertical axis correspond to parabolics that are
Galois conjugates of the holonomy representation of the hyperbolic structure on M ; the darker dots
on that axis are other parabolics. A dotted circle about a parabolic point indicates a gap in �M ; further
gaps at heights 12 and 17 are not shown. Here, �K D .t4� t3C t2� tC1/.t14� t12C t7� t2C1/
has 16 roots on the unit circle. The knot K is not a Berge knot, having no lens space surgeries, and
appears to satisfy none of the conclusions of Conjecture 17.11, having h.K/D 6 < 8D 1

2
r.K/ and

QhC.K/ not good since the coefficients t7 and t8 should have opposite signs.

that all parabolics from [Goerner 2014] contribute to QhC.K/ with positive signs, further confirming
Conjecture 17.11.

17.13 Remark The pattern described in Conjecture 17.11 holds for many, but not all, L-space knots;
see Figures 20 and 21 for two examples where it appears not to hold. Caveat: the qualification in the last
sentence is because pictures produced by [Culler and Dunfield 2015] are not completely rigorous; see
[Culler and Dunfield 2018, Section 5.1] for details.

17.14 2-bridge knots

IfK is 2-bridge, it is alternating and small, so h.K/D�1
2
�.K/ by Corollary 16.12. Using Corollary 14.3,

we give a new proof of the following result, which was conjectured by Riley [1972; 1984] and proved
recently by Gordon [2017]:
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Figure 21: The manifold t08114 is the exterior of the mirror of an L-space knot K, half
of whose i�. zE.K// is shown here using the same conventions as Figure 20. Here, �K D
.t2� t C 1/.t6� t3C 1/.t16� t14C t11� t9C t8� t7C t5� t2C 1/ has sixteen roots on the
unit circle and �M has additional gaps at heights 15, 18, and 23. The knot K appears to satisfy
only part (1) of Conjecture 17.11, having h.K/D 8D 1

2
r.K/ but QhC.K/ is not good since the

coefficients t10 and t11 should have opposite signs.

17.15 Theorem (Riley conjecture) If K is a 2-bridge knot , then �1.MK/ admits at least j�.K/j
nonconjugate irreducible parabolic representations into SL2R.

The Riley polynomial pK.y/ plays a central role in [Riley 1972; Gordon 2017]. It is a 1-variable
polynomial whose roots determine the parabolic representations of a 2-bridge knot K. Riley proved that
pK has only simple roots, which is a key ingredient in the proof below.

Proof We will show that �1.MK/ admits at least jh.K/j D 1
2
j�.K/j conjugacy classes of representations

� with tr�.�/D 2; the statement then follows from the bijection b WX2;irrSL2R.K/!X
�2;irr
SL2R .K/ discussed

in Section 14.9.

Since K is 2-bridge, we can write K D y̌, where K is a 4-strand braid. We choose ˇ so that we can
orient K with all the underbridges and overbridges coherently oriented from left to right. Our usual setup
leads us to consider the character varieties Li DX

2;irr
SL2R.Hi /�X

2;irr
SL2R.S4/, where X2;irrSL2R.S4/ is a real 2-

dimensional surface (as in Figure 3, left), and each Li is a smooth curve in it. Then X2;irrSL2R.K/DL1\L2
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and h.K/D˙hL1; L2i. To prove the theorem, it suffices to show that L1 is transverse to L2, since, if
so, each point of L1\L2 contributes ˙1 to h.K/ and hence jh.K/j � #.L1\L2/.

Here is an outline of our strategy for proving that L1 \L2 is transverse. Consider the representation
varieties Ni DR

2;irr
SL2R.Hi /�R

2;irr
SL2R.S4/�R

2;irr
SL2R.F4/. Riley [1972] defines a map 
 WR>0!N1 such

that

(1) � ı 
 WR>0!X
2;irr
SL2R.S4/ is an embedding whose image is L01 � L1, and

(2) if p 2 L1\L2, then p 2 L01.

Since L1 is 1-dimensional, it is enough to show that for all p D � ı 
.u/ in L1\L2, one has TpL1 š
TpL2. By the path lifting properties of [Culler and Dunfield 2018, Lemma 2.11], this is equivalent to

 0.u/ … T
.u/N2. To show the latter, we will define a map f WR2;irr.F4/!R such that

(3) f .N2/D f0g, and

(4) f ı 
.u/D upK.u
2/, where pK is the Riley polynomial.

Since all the roots of pK are simple [Riley 1972, Theorem 3], it will follow that 
 0.u/ … TqN2 whenever
q D 
.u/ 2N2.

It remains to define the maps 
 and f and check claims (1)–(4). To start, let C � SL2R be the set of
noncentral matrices of trace 2. It has two connected components corresponding to whether a parabolic
element rotates (really translates) its invariant horocircles in H2 clockwise or anticlockwise. Conjugating
by SL2R preserves each component of C, but the two components are exchanged by the action of
the nonidentity component of SL˙2 .R/. We can identify Z D R2;irrSL2R.F2/ and Y D R2;irrSL2R.F4/ with
open subsets of C 2 and C 4, respectively, so that N1 is the image of the map i W Z ! Y given by
i.A;B/D .A;A�1; B; B�1/.

Following Riley, for u 2R>0 we define


.u/D .A.u/; A.u/�1; B.u/; B.u/�1/; where A.u/D
�
1 u

0 1

�
; B.u/D

�
1 0

�u 1

�
:

The image of 
 is contained in N1, so � ı 
 WR>0! L1. The map � ı 
 is easily seen to be injective by
considering tr.A.u/B.u//D 2� u2, and the same calculation shows its derivative is injective as well.
This establishes claim (1).

Next, we consider the image L01 of � ı 
 . Recall that C has two connected components that can be
interchanged by SL˙2 .R/. Consequently, Z has four connected components and X2;irrSL2R.F2/ has two,
where the components of X2;irrSL2R.F2/ correspond to whether the invariant horoballs of the two generators
are rotated in the same or opposite directions. The image L01 is contained in the former component since
conjugating by

�
0 1
�1 0

�
2 SL2R interchanges A.u/ and B.u/; moreover, it is all of that component by

[ibid., Lemma 2]. Turning to (2), recall ˇ was chosen so that the underbridges are oriented left to right,
so the generators t1 and t2 of �1.H1/ are both positively oriented meridians for K; in particular, they are
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Figure 22: The 2-bridge knot K41=9 DK10a107D 1017 is an example where Conjecture 17.16
requires cancellation of distinct parabolics when computing Qh.K/. Here �K D 0, but X2;irrSL2R.K/

consists of four points, all at height ˙1. Assuming everything is transversely cut out, either
orientation on the lobe of i�. zE.K// shown at right results in Qh.K/D 0, as predicted. Plot made
using [Culler and Dunfield 2015].

conjugate in �1.MK/. Thus any � 2N1\N2 gives rise to �1.MK/! SL2R, where �.t1/ and �.t2/ are
conjugate in SL2R, implying that the corresponding point in L1\L2 is in L01. This proves claim (2).

A plat diagram representingK determines a Heegaard splitting of the complement, and hence a presentation
of �1.MK/with one generator for each underbridge and one relation for each overbridge. The relations are
redundant: any one relation is a consequence of the others. If the plat diagram is chosen so that all of the
underbridges and overbridges are coherently oriented, this presentation is closely related to the presentation
obtained by starting with �1.S2n/ and adding the relations s2i�1 D s�12i and ˇ�1� .s2i�1/D ˇ

�1
� .s�12i /.

To be precise, if we use the first set of relations to eliminate the generators s2i , we get the presentation
described above up to the operation of cyclically permuting the elements in each relator. In the case of a
coherently oriented 2-bridge knot Kp=q with q odd, the resulting presentation is a 2-generator 1-relator
presentation �1.MK/D ha; b j r.a; b/i, where r.a; b/D waw�1b�1 and w D w.a; b/ is determined by
p=q. A precise formula for w.a; b/ is given in [ibid., Proposition 1].

We now explain how this relates to N1\N2. Suppose q D .A;A�1; B; B�1/ 2N1. Then .ˇ�/�1.q/D
.C1; C2; C3; C4/, where each Ci is a word in A and B determined by ˇ. The condition that q 2 N2 is
equivalent to the relations C1 D C�12 and C3 D C�14 , and, by the discussion above, each of these are
equivalent to the relation r.A;B/. It follows that there are words v1D v1.A;B/ and v2D v2.A;B/ such
that v1C1v2 D wA and v1C�12 v2 D Bw.
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Figure 23: The 2-bridge knot K61=21 D K14a2459 is an example where i�. zE.K// contains an
arc that starts and ends at reducibles but whose interior consists of irreducibles. While such arcs
are extremely common in XSU2.K/, this seems to be the first such observed in XSL2R.K/. Here,
�K D 5t

4 � 15t3C 21t2 � 15t C 5, which has all roots on the unit circle. Moreover, h.K/ D 0
as X2;irrSL2R.K/ is empty, and �K D 0 except in intervals between each pair of close roots where it
is 2. Lemma 15.8 forces the arc to cross the horizontal axis. In the closeup at right, the two regions
enclosed by i�. zE.K// must have equal area: the derivative of the Chern–Simons invariant/Seifert
volume/Godbillon–Vey invariant is essentially �D x dy�y dx (see [Khoi 2003]), so, as d�D 2 dx dy,
the loop created from the small segment of the axis between the two roots and the curved parts of
i�. zE.K// must have signed area 0. Plot made using [Culler and Dunfield 2015].

Suppose q D .A1; A2; A3; A4/ 2 Y. If .ˇ�/�1.q/D .c1; c2; c2; c4/, where the ci are words in A1, A2,
A3, A4, we define F W C 4!M2�2.R/ by

F.q/D v1.A1; A3/.c1� c
�1
2 /v2.A1; A3/:

Then, if q 2 N2, we have c1 D c�12 , so F.q/ D 0. We define f .q/ to be the upper right entry of the
matrix F.q/; claim (3) follows immediately. Finally, we compute

F.
.u//D v1.u/.C1.u/�C
�1
2 .u//v2.u/D w.u/A.u/�B.u/w.u/;

where we write v1.u/D v1.A.u/; B.u// etc. Riley [1972, Theorem 2] computes the quantity on the right
and shows it has the form �

0 upK.u
2/

upK.u
2/ 0

�
;
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Figure 24: The 2-bridge knot K77=20 DK12a380 is another example where i�. zE.K// contains
an arc that starts and ends at reducibles, but whose interior consists of irreducibles (compare
Figures 20 and 23). It is remarkable how small SeSL2R

.K/ is here, contained in Œ�0:022; 0:038�.

Here, �K D .2t2 � 3t C 2/.3t2 � 5t C 3/ which has all roots on the unit circle. Moreover,
h.K/D 0 as X2SL2R.K/ is empty, and �K D 0 except in intervals between each pair of close roots,
where it is 2. Plot made using [Culler and Dunfield 2015].

where pK.y/ is the Riley polynomial. This proves claim (4) and hence completes the proof of the
theorem.

The torus knot T .p; q/ is 2-bridge only if p D 2. If K D T .2; 2nC 1/, Corollary 17.9 tells us that
Qh.K/D t�2nC1C t�2nC3C � � �C t2n�3C t2n�1. In general, we conjecture that if K is 2-bridge, then
Qh.K/D Qh.T .2; 2nC 1//, where �2nD �.K/D �.T .2; 2nC 1//. In other words:

17.16 Enhanced Riley conjecture If K is a 2-bridge knot , we conjecture that

Qh.K/D�
t�.K/� t��.K/

t � t�1
:

Note that this is compatible with Riley’s theorem [1972] that ifK is 2-bridge, any parabolic representation
� W MK ! SL2R satisfies tr �.�/ D �2; equivalently, any parabolic must have an odd height in the
translation extension locus. By using the Riley polynomial to find all the parabolic SL2R representations

Geometry & Topology, Volume 29 (2025)



4184 Nathan M Dunfield and Jacob Rasmussen

of a 2-bridge knot Kp=q , we checked numerically that the conjecture holds “modulo 2” for all 2-bridge
knotsKp=q with p <500. That is, the number of parabolics at an odd height i is odd if ji j< j�.K/j and is
even otherwise. There are 12 929 knots in this range after accounting for .p; q/� .p;˙q˙1/. More than
20% have strictly more than �.K/ parabolics, and so would require cancellation when computing Qh.K/ in
order for Conjecture 17.16 to hold. A simple example of this is shown in Figure 22. A complicated example
is the 32-crossing knot K DK479=29 where � D 2 and so we expect QhCD t . In fact, there are actually 55
parabolics that contribute to QhC; the unsigned count of these parabolics is 21tC16t3C10t5C6t7C2t9,
which is indeed equal to t modulo 2.

Although alternating and Montesinos knots also satisfy h.K/ D �1
2
�.K/, Conjecture 17.16 does not

extend to either class of knots: Goerner’s tables [2014] of parabolic representations contain knots in each
of these classes that admit parabolic representations with tr �.�/D 2. Finally, we note that although for
small values of p the translation extension locus ofKp=q contains only arcs of type Ak (joining reducibles
to parabolics), there are 2-bridge knots for which the translation extension locus provably contains arcs
joining two reducibles. Two such examples are shown in Figures 23 and 24; we found them by looking
for knots where the number of real roots of the Riley polynomial is smaller than the number of roots of
the Alexander polynomial on the unit circle.
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