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We compute the canonical integrals associated to wheel graphs, and prove that they are proportional to odd
zeta values. From this we deduce that wheel classes define explicit nonzero classes in: the locally finite
homology of the general linear group GL,(Z) in both odd and even ranks, the homology of the moduli
space of tropical curves, and the moduli space of tropical abelian varieties. We deduce the canonical
integrals of a doubly infinite family of auxiliary classes in the even commutative graph complex. The
proof also leads to a formula for the complete antisymmetrisation of a product of 2n — 1 matrices of
rank #, in the spirit of the Amitsur—Levitzki theorem.
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1 Introduction

Let G be a finite connected graph. Assign a variable x, to each of the edges e € E(G) of G, and let
oG C PEG)(R) denote the unit coordinate simplex in the projective space of dimension |E(G)|— 1 with
coordinates x, for e € E(G). It is defined by the region where all x, > 0. We consider integrals over oG
of certain differential forms which are indexed by a positive integer k and defined as follows.
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4390 Francis Brown and Oliver Schnetz

For any family of invertible matrices X consider the differential k& form
(1) ok = (X 71dX)¥).

It defines a closed projective differential form in the entries of X which is invariant under left and right
multiplication by constant invertible matrices. If the matrices X are symmetric, then a))’? vanishes unless
k =1 (mod4). The forms a);k *1 when X ranges over positive definite n X n symmetric matrices,
represent the Borel classes in the stable cohomology [Borel 1974] of the general linear group GL, (Z) as

n — oQ.

Now let Ag denote a graph Laplacian matrix associated to G. It is a symmetric Ag X hg matrix whose
entries are linear forms in the x., where /g is the number of independent cycles of G; see Section 1.1.
Let n > 1 be odd, and suppose that G has 2n edges. In this paper we study the projective integrals

2n—1 2n—1
() Ig (0" )=/ wp
oG

It was shown in [Brown 2021] that these integrals are well-defined and always finite. They are generalised
Feynman integrals of the kind studied in quantum field theory.

For any n > 3 let W}, be the wheel graph with n spokes and 2n edges. It will be oriented in such a way
that, with our conventions, the integral (2) is positive or zero.

Theorem 1 For all odd n > 3,

G) Iy @ =n()e).

A much weaker version of this theorem, namely Iy, (w?"~1) #£ 0, already has a considerable number
of consequences for the homology of graph complexes, the general linear group, the moduli spaces of
tropical curves and abelian varieties, and also for the cohomology of the moduli stacks of curves and
abelian varieties. The integrals (2) are closely related to regulator integrals in algebraic K-theory and are
periods of the graph motives introduced in [Bloch et al. 2006]. A selection of these consequences will be
summarised here, and others discussed in greater detail in Section 2.

1.1 Discussion and examples of wheel canonical integrals

The version of the graph Laplacian which we consider is defined as follows. Consider the inner product
on ZE(@ which satisfies (e,€’) = 8¢,erxe, for any pair of edges e, e/, where x, is the variable associated
to edge e as defined above. The graph Laplacian is its restriction to the first homology H;(G;Z) C ZE¢,
and in any choice of basis of the free Z-module H1(G;Z) defines an hg x hg matrix whose entries are
linear forms in the x,. Concretely, if one chooses an orientation on each edge of e, and correspondingly a
cycle basis c1, ..., cp; € 7Z.E@) of H(G;Z), then the (i, j)th entry of Ag is (ci,c;).
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Figure 1: The wheel W3 and the general wheel WV,.
Let W3 denote the wheel with three spokes graph, with its cycle basis
ci1=e1+es—es, Crp=ex+tes—eq, C3=e3+ec—e5

as shown in Figure 1. Then the graph Laplacian, with respect to this basis, is

X1+ X4+ X6 —X4 —X6
Aw, = —X4 X2 + X4 + X5 —X5
—X6 —X3 X3+ x5+ x¢

For general W}, we number the edges in the rim from 1 to n, oriented in the anticlockwise direction, and
the spokes n 4+ 1,..., 2n, oriented inwards, such that the spoke n 4+ i meets edges i and i + 1 (where
i is taken modulo n). Take the cycle basis ¢; consisting of the positively oriented triangles with edges
I,n+1,2n (for ¢1), and i,n +i,n +i — 1 (for ¢;, where i <2 <n): thus ¢; = ej + e5+1 — €25, and
ci =ej +epyi —epti—1 fori > 2. With this choice of basis the Laplacian Ay, is

X1+Xn41+X2n —Xn+1 0 e 0 —Xon )
—Xn+1 X2+Xn+1+Xn42 —Xn+2 0 0
0 —Xn+2 X3+Xp42+Xp43 - 0 0
0 0 Xnt3 0 0
4
0 0 0 s —X2n—2 0
0 0 0 ©rr Xp—1+X2n—2+X2n—1 —X2n—1
—X2n 0 0 e —X2n—1 Xn+X2n—1+X2n

It defines a family of symmetric, positive-definite matrices for all x, > 0. Changing the choice of homology
basis for Hy(Wy; Z) results in a different, but equivalent matrix PTAWn P for some P € GL,(Z).

With the help of a computer! one may check that

Qw
5 3

wyy. = —10—3—,
3 det(AW3)2

1 Using ad hoc code written in Maple by the first author. See Section 1.6 for a discussion on the use of computer algebra.
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where we write Qg = Zl-zil(—l)ixidxl Ao Adx; A--- Adxa,. Two more examples of canonical

wheel integrands were previously known [Brown 2021, Section 10] (with a different sign convention; see
Corollary 58 and Lemma 59 below):

1 X6X7X8X9X
ol = 18(_“2%)9%

det(AW5)2 det(AW5)3
1 XgXg -+ X (xgxg -+ x14)>
13 8X9 14 8X9 14
=— 360 Qw.,
P (det(AW7)2 detAw)® det(Ap,)* ) w7

from which one notices that the integral is nonvanishing since the integrand is strictly positive or strictly
negative on the region of integration. The canonical integral of the graph W3 is 10 times the Feynman
residue of W3 (see (13) below) which implies that 7y, (w>) = 60¢(3). The two computations above, via
[Borinsky and Schnetz 2022] yielded

Iws(@°) = 1260¢(5) and Iy, (w'?) = 24024(7),

which led to the conjectured form of the previous theorem. Note that these are not equal to the correspond-
ing Feynman residues, since they have lower weight (for instance, for W5 and W7 the usual Feynman
residues are proportional to £(7) and ¢(11), respectively).

1.2 Applications to graph homology

Let 96, be the commutative, even graph complex. By [Brown 2021, Corollary 8.8], the nonvanishing of
Iw, (0?"~1) immediately implies:

Corollary 2 Letn > 1 be odd. The wheel classes are nonzero in homology:

0 7# [Wh] € Ho(962).

Remark 3 This corollary was previously proved by Rossi and Willwacher [2014] by computing a certain
“Kontsevich weight” associated to the wheel graphs; see also [Ward 2023]. The value of the weight they
obtain is proportional to the canonical integral above. This suggests that the canonical integrals may be
related to the Rossi—Willwacher weights via a version of the Schwinger trick for Feynman integrals.

Using the techniques of [Brown 2021] we may also deduce the existence of infinitely many nonzero
classes
Em,n € Hkm,n ((5(62)

for all odd integers 1 < m < n, for some odd number 1 <k, , <2m — 3, whose associated “canonical

2n—1

integrals” with integrand w?”~! Aw are a product of two odd zeta values ¢ (m)¢(n); see Theorem 11

below. This result supports a conjecture made in [Brown 2021] which in particular implies the existence
of an embedding of the graded exterior algebra on the canonical forms w**+1

of §6,.

into the cohomology
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Recent results of Chan, Galatius and Payne [Chan et al. 2022] imply that the top weight cohomology of
the moduli stack Jlg of curves of genus g is computed by the homology of the graph complex %%, for
hg = g. Thus the existence of the classes above give rise to top-weight classes in the cohomology of Jl .

1.3 Homology of GL,(Z)

Let %, denote the space of positive-definite real symmetric n x n matrices. It has a right action
Pp xGLp(Z) > P,, X.P— PTXP.
Now let n > 1 be odd and consider the region tw, C %, defined by
w, = {Aw, (x¢) : xe > 0}.

It consists of the subspace of symmetric positive-definite matrices of banded form as depicted in (4). Its
diagonal elements are positive, off-diagonals are negative, and all row and column sums are positive.

Theorem 4 Let H'' denote locally finite, or Borel-Moore, homology (which is dual to compactly
supported cohomology). Letn > 1 be odd.

(i) The region Ty, defines a closed, locally finite chain which is nonzero in homology:
5) [tw, ] € H3y (Pn/GLn(2)).

(ii) Its inflation ifl(tw,, ) defined in [Brandt et al. 20241, is a closed locally finite chain which is nonzero
in homology:

(6) [ifl(tw,)] € Hyy 1 (Pny1/GLny1(2)).

A conjecture of Church, Farb and Putman [Church et al. 2014] implies that if # is even, H ,lcf(QPn /GL,(Z))
should vanish? for k < 2n —2. The theorem above provides an explicit nonvanishing class (6) in degree
k =2n—1. Some of these classes have recently been constructed by Ash [2024] via a completely different
method.

By a theorem of Alexeev and Brunyate [2012] and Melo and Viviani [2012], the cell Ty, is the Voronoi
cell associated to a positive-definite quadratic form. Indeed, it is an interesting exercise to check that the
quadratic form

(7 On(z1.....zn) = (z1+ - +2)> + Z (27 + (zi +zi+1)?)

i€Z/nZ

2 To make the connection precise, note that by Poincaré duality
HOED* (@, /GLA(Z):R)  ifnis odd,
HOED* (@, /GLy(Z): det) if n is even.
By [Elbaz-Vincent et al. 2013, Section 7.2], H¥(SL,(Z):R) = HK(GL,(Z);R) if n is odd, and H*(SL,(Z);R) =

H* (GL,(Z);R)&® Hk (GL; (Z); det) if n is even. It follows that Hlf(@n/GLn (Z) R) is a summand of H ("TH—k (SLn(Z); R)
in both cases n odd and even. Church, Farb and Putman conjecture that H(3D=i (SL,(Z);R) =0foralli <n—2.

H{(#,/GLp(Z): R) =

Geometry & Topology, Volume 29 (2025)
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o

If If If
Hll H12 H16
1If If If If
H13 H19 H23 H28

Table 1: Locally finite homology of %, /GL,(Z) in the known ranges [Soulé 1978; Lee and
Szczarba 1978; Elbaz-Vincent et al. 2013]. See also [Sikiri¢ et al. 2019] for some partial results for
n=8. Anentry H" in the table indicates that H(?,/GL,(Z): R) is nonzero and of dimension 1.
The circled classes are spanned by tw;, Tws, Tws, . . . ; the underlined classes are their images
under inflation.

~N N N R W
G

has 4n nonzero minimal vectors -¢; and +=(e¢; —¢; 1), wherei € Z/nZ and ¢; = (0,...,0,1,0,...,0)
has a single 1 in the i™ slot. These minimal vectors have length 4 with respect to the norm Q,, and
hence the associated Voronoi cell, which is the convex hull of the set of symmetric matrices ££7, where &
ranges over the set of such minimal vectors of Q,, is precisely Ty, .

Corollary 5 The infinite families (5) and (6) of classes in the locally finite homology of the general
linear group constructed above may be represented by a single cographical cone.

We are not aware of any other classes with this property.

Remark 6 It is reasonable to expect that the class in H {fs (?5/GL5(Z)), which is known by [Brown
2025] to pair nontrivially with the class of the form w> A @® (denoted by [w> A wc9] in [loc. cit.]) can
be related to the class E3 5 in the graph complex by application of Stokes theorem; see [Brown 2021,
Theorem 8.5]. We expect that E3 7 and the class in H ifg (P7/GL~(Z)) depicted in Table 1 are related in
a similar way.

When r is odd, the orbifold P, /GL,,(Z) is orientable, and Poincaré duality implies that
H{ (P /GLy(Z);R) = Hg,_(Pn/GLA(Z);R)Y = Hy, _(GLn(Z): R)"

where d,, = n(n + 1)/2 is the dimension of %,,.

1.4 Homology of the moduli spaces of tropical curves and abelian varieties

Let Mgop denote the moduli space of tropical curves of genus g. Denote its link by LJI/LEOP, which is

obtained by gluing together quotients of simplices oG /Aut(G) along common faces, where G ranges
over all stable vertex-weighted graphs of genus g. In particular, there is a natural continuous map

i:ow, — LMy forallodd n > 1.

Geometry & Topology, Volume 29 (2025)
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Let 9L C LA, denote the subspace generated by graphs with at least one vertex of weight > 0.
An equivalent formulation of Corollary 2 is that

liow,] € Han—1 (LM, OLA)

is nonzero for all n > 1 odd, since the relative homology group is computed by the graph complex.
However, it is easy to show, since the wheel is built out of triangles, that the image of oy, has no
boundary. Thus we have:

Corollary 7 The image iow, in LA is a closed chain whose homology class is nonzero:

0 # [iow,] € Han—1 (LM,™).

Now consider &ﬂg()p , the moduli space of tropical abelian varieties in genus g, and let Lsﬂ?p denote
its link. As a set, the former is in bijection with @rg‘ /GLg(Z) where ?Pg is the rational closure of P,
which consists of positive semidefinite matrices with rational kernel. The boundary agag"f’ is the image of
97)2 \ P, consisting of matrices with vanishing determinant, modulo GLg (Z). Thus one has

g P\ dsly® 2= Py /GLg(Z).
The link L&ﬂgOp of &d °? is canonically identified, as a set, with RX Zo\ (9]’rt \ {0}) /GL¢(Z).

The tropical Torelli map [Nagnibeda 1997; Baker 2011; Caporaso and Viviani 2010; Mikhalkin and
Zharkov 2008; Brannetti et al. 2011] is a continuous map

(8) A Mg — P

which associates to a stable weighted metric graph the class of any graph Laplacian matrix. It restricts
to a map J(/tred P &dtmp on the locus .A/Lred AP = Jl/ttmp spanned by 3-connected graphs and passes to a
map between their links, denoted by the same symbol A : LJl/Lred Lo L&d?}p. The wheel graphs (and all

their quotients) are 3-connected, and hence i oW, C LAY tmp

Theorem 8 For all odd n > 1, the image of the wheel cycle Aiow, defines a closed chain in LA™

whose homology class is nonzero:
0 # [Aiow,] € Han—1(Lsty™).

It pairs nontrivially with the class [0?" "€ H dzl{’ L(Lst;;°P) defined in [Brown 2025] to give the canonical
integral Iy, (0*"~1) in (3).

It was shown in [Brandt et al. 2024; Odaka and Oshima 2021] that the top-weight cohomology of <4 is
computed by the homology of L&ﬁg()p. Thus the previous theorem gives rise to a family of top-weight
classes in L&ig(’p . A very interesting question is whether the periods Iy, (w?"~1) are the periods of
extension classes in the cohomology of #¢, as seems to be the case for g = 3. Indeed, Hain [2002]

proved, using results of [Looijenga 1993], that the class in ngH 6

Q(=3) by Q(0).

Geometry & Topology, Volume 29 (2025)
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1.5 Wheel motives and periods

The wheel motives were defined in [Bloch et al. 2006]. For any finite connected graph, let us denote the
graph polynomial by
9) Wg(xe) =detAg € Z[xe, e € Eg].

It is also known as the first Symanzik or Kirchhoff polynomial. The graph hypersurface Xg C P£G is
defined to be its zero locus in projective space. There exists a canonical “wonderful” compactification

nG: PS¢ _ pEc

obtained by blowing up certain linear subspaces of P£6 which are contained in X, in increasing order
of dimension. Let Yg C P Y denote the strict transform of X, and let B C P denote the total transform
of the coordinate hyperplanes x, = 0 in P£G_ Then B is a simple normal crossings divisor and the graph
“motive” is defined to be the object

motg = H'EGI=1(PG\ v5, B\ (BN Yg))
in a suitable abelian category of (realisations of) motives. It was shown in [Bloch et al. 2006] that if g
denotes the topological closure of nal (36) inside Pg(R) then G does not meet Y. Thus in particular
it defines a relative homology class
[G6] € (mot§)" = Higg|-1(P\Y6(C). B\ (BN Y5)(C)).
Theorem 1 is deduced by first proving formula (10) in the following theorem.

2n—1
Aw,

[~ € motyy = HF ' (P Wn\ Yw,, B\ (BN Yw,)).

Theorem 9 Let n > 1 be odd. The canonical form w defines a nonvanishing cohomology class

which pairs nontrivially with [ow,,] to give the integral (3). We may write the form explicitly as

2w 2
10) o= Y () o
k=0 lIJW” \IJWn
where X, +1, ..., X2y, are the edge variables associated to the n spokes of Wy, Q23,, is the differential form

Z?ﬁl(—l)ixidxl Ao A d/x\i/\ -+~ Adxay, and the coefficients ¢ = (—1)~D/2(2p — 1)2k+lcn_1,k+1

are given explicitly in (50).
1.6 Computations of canonical integrals for other graphs

Using the formulae derived in this paper, we were able to calculate the canonical forms (1)

a)lGEGl_l — tr((AaldAG)‘EGl_l)

for all graphs G with hg < 7 independent cycles. It was shown in [Brown 2021] that co'GE Gl-1 vanishes

unless | Eg| = 2hg and hg is odd. The graphs were generated using nauty [McKay and Piperno 2014].

Geometry & Topology, Volume 29 (2025)
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N(G)
# of graphs

o0 N|=
A\ NW
o N
— Nl

Table 2: Invariant integrals of graphs with seven independent cycles. Some integrals are obtained
by an exact numerical method.

All calculations were performed using the computer algebra system Maple. The actual integration
is based on algorithms which are contained in the Maple package HyperlogProcedures [Schnetz
2024]. The extra procedures specific to the calculation of canonical forms and integrals are in the file
Canonicallntegrals, available as an online supplement. After downloading HyperlogProcedures
and CanonicalIntegrals one can reproduce all canonical integrals up to five loops with Maple using
the commands read (CanonicalIntegrals) and dograph(<loop number>,<graph number>). So,
for example, dograph(3,1) calculates the canonical integral of W3. For most graphs at seven loops
dograph is too slow, so that it is necessary to parallelise the computations or even resort to exact numerical
methods; see below. Of course, the algorithms can equally well be implemented in any other computer
algebra system.

For hg <5 only three nonzero canonical integrals exist, and were computed in [Brown 2021]:
Iwy (@) =602(3),  Iws(@”) =1260¢(5), Iz5(0”)=6304(5),
where Z, denotes the (closed) zigzag graph with n independent cycles.

For graphs G with seven independent cycles, we used formula (43) below to compute the associated
invariant forms wéf. The nonzero cases involve a number of monomials, ranging between 3 (for W5) and
61942. We were able to calculate the invariant integrals analytically for the subset of all constructible
graphs, of which there are 37. This class of graphs was defined in [Schnetz 2014; Borinsky and Schnetz
2022] and has period integrals (or graphical functions) which are easier to compute than the general case.
The results for the 37 constructible canonical integrals with g = 7 independent cycles are

(11) I = N(G)30032(7) with N(G) €{0,1,2,3,4,6,8}.

In particular, Iz, (w!3) = 9009¢(7). Assuming that a similar pattern continues for nonconstructible
graphs, we ran numerical evaluations of the remaining canonical integrals using M Borinsky’s tropical
Monte Carlo method [Borinsky 2023], and obtained numerical confirmations of the ansatz (11) with
half-integer values of N(G) for all graphs G with hg = 7. In total we found 56 nonzero canonical
integrals with frequencies listed in Table 2. Note that W5 is the only graph with N(G) = 8. The only
graph with N(G) = 6 is the closed graph in Figure 2. It too forms part of an infinite family.

A list of all graphs up to seven loops with their canonical integrals is included in HyperlogProcedures.

For hg > 9 one would need optimisations to calculate all the invariant forms. We do not expect that
the general picture is significantly different for hg = 9, although the existence of multiple zeta values
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Figure 2: The closed graph with I (w'3) = 18018¢(7).

in weight 11 and depth 3 suggests that more interesting canonical integrals might arise for hg = 11. A
conjecture due to Panzer and Portner [Portner 2023, Conjecture 1.2] states that the canonical integrals

of primitive forms w**+1

are equal to suitably normalised Rossi—Willwacher integrals. The latter are
single-valued multiple zeta values, which follows from their definition and [Brown and Dupont 2021;

Schlotterer and Schnetz 2019; Vanhove and Zerbini 2022; Banks et al. 2020].

Remark 10 The canonical primitive forms a)ék +1

vanish unless |Eg| = 2hg = 4k + 2, which cor-
responds to homological degree O in the graph complex 96,. By Willwacher [2015], Hy(4%€>) is
isomorphic to the dual of the Grothendieck—Teichmiiller Lie algebra grt, which admits a map from the
motivic Lie algebra g™ — grt. It is injective [Brown 2012], as conjectured by Deligne [1989]. The
motivic Lie algebra g™ is isomorphic to the free Lie algebra with one generator in every odd degree > 3.
A question of Drinfel’d [1990] asks whether g™ — grt is surjective. If so, then this would imply that
every closed and primitive element in Ho(%46>) is proportional to a wheel class. This would suggest the
following consequence for canonical integrals: if X € 946, is closed with 4k + 2 edges and 2k + 1 loops
where k > 1, and the homology class [X] is primitive, then Ix (w**t1) € Q¢ (2k + 1).

For completely general canonical integrals of exterior products of forms w*k+1

over domains og, an
optimistic scenario, along the lines of [Brown 2021, Section 9.5], is that they are periods of mixed Tate
motives over Z. This is certainly consistent with all the current evidence. However, [Belkale and Brosnan
2003] and the modular counterexamples of [Brown and Schnetz 2012] provide evidence of Feynman
residues which are nor multiple zeta values, and so it is also possible that canonical integrals are just as
complicated. The number-theoretic nature of canonical integrals, therefore, is an open question and an

interesting topic for further investigation.

1.7 Strategy of proof of Theorem 1 and contents

Section 2 discusses further applications of Theorem 1 and questions for future research. It contains the
proofs of Theorems 4 and 8, as well as a discussion on graph homology, wheel motives, and the subtle
relationship between the canonical wheel integrals and the Borel regulator.

Geometry & Topology, Volume 29 (2025)
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The rest of the paper, starting in Section 3.1, is concerned with computing the invariant differential forms
4k+1 -1 4k+1
wp. =u((Ag dAg) ).

where G is a graph with 4k + 2 edges and 2k + 1 loops, and hence Ag is a (2k + 1) x (2k 4 1) symmetric
matrix whose entries are linear forms in the variables x, for e € Eg. It turns out that this problem
is surprisingly complicated, but very highly structured. Part of the difficulty is the total absence of
theorems for working with matrices whose entries anticommute, and so we are obliged to use linear
algebra concepts (determinants, permanents, etc) which have historically been developed for studying
matrices with commuting entries, but whose noncommuting analogues do not yet seem to have been
studied (we hope that the results in this paper are a useful first step in this direction).

The strategy of this paper, starting from Section 3, is to solve a more general problem concerning matrices
whose entries are 1-forms, and proceed by successive specialisation. Every specialisation produces
additional structure, which can be exploited at each stage.

(1) Firstof all, we let B = (b;j)1<i,j<n be an n xn matrix with generic entries, and Q = (w;;)1<i,j<n an
n x n matrix whose entries are generic one-forms. One can prove that since (B$2)2” vanishes identically,
the matrix (B€2)¥ in the maximal nonvanishing degree k = 2n — 1 has additional structure; for example
one sees immediately that all its entries must be divisible by det(B). The first goal in Section 3 is to
explain the terms which go into the formula

(BR)*" ! = det(B) ) | ®y(B)wy,

and illustrate them with examples. The formula itself is proven in Section 9 since its proof is somewhat
technical, but may be of independent interest. The terms w,, are 2n — 1 forms obtained as exterior products
of entries of 2; the terms ®,,(B) are matrices whose entries are certain polynomials in the entries of B
which are the permanents of certain additional auxiliary matrices constructed out of B. Our formula
for (BR2)?"~1 implies a general formula for the antisymmetrisation of a product of 2n — 1 matrices of
rank 7, which is proven in the appendix, and extends the classical Amitsur—Levitzki theorem. It too may
be of independent interest.

(2) The second reduction is to assume that B and €2 are generic symmetric. This induces cancellations
between the permanents in our formula for the trace of (B$2)2"~!. The passage to the symmetric case is
discussed in Section 5, and the main result is Theorem 44. This is the first point at which our formulae
cease to be fully general: Theorem 44 only concerns components of a particular (diagonal) type, but
we expect that the general case can be derived similarly. The main simplification at this step occurs by
applying a crucial identity which expresses a signed linear combination of permanents as a combination of
determinants. This enables us to replace all permanents in our formula with determinants in the symmetric
case. The key identity is explained in Section 4, Theorem 40, and may be of independent interest. Its
proof is given in Section 10. Our first proof was representation-theoretic, but we settled for a recursive
proof since it is ultimately shorter.
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(3) The next step, which is the most straightforward, is to specialise further to the case when B = A~!
and Q2 = dA, for A a generic invertible n x n symmetric matrix. This is done in Section 6. A key point
is that since our formula at the previous step only involves determinants of minors of B, they can be
efficiently related to determinants of minors of A by an identity due to Jacobi (Lemma 48). This leads
to a formula for the “leading terms” of wﬁ”_l which only involves the matrix A, and not its inverse
(Theorem 49). Section 7 specialises to the case when A = A g is a Laplacian matrix. Theorem 50 provides
a fully general and efficient formula for the canonical integrand associated to a graph, which only involves
determinants of minors of its graph Laplacian matrix.

(4) The final step, in Section 8, is to consider the specific case when G = W, is the wheel with n spokes,
which reduces the canonical integral to an explicit linear combination of Feynman periods. The formula
for the integrand of the canonical wheel integrals is given in Corollary 58 and involves certain coefficients
given in (50). This formula already proves that the canonical integral is positive, which suffices for most
of the applications in the introduction. The actual wheel integrals are finally computed in the remainder
of this section using results on graphical functions from [Borinsky and Schnetz 2022].
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2 Further geometric applications and their proofs
We now describe in further detail some of the consequences of Theorem 1.

2.1 Graph homology

In [Brown 2021], the nonvanishing of the wheel integrals for W3, W5 was used to deduce the existence of
a nontrivial class Z3 5 in the homology of the graph complex 4%, (or equivalently, 4€¢). In view of
Theorem 1, this argument may now be generalised to all orders.

Theorem 11 For all odd integers 3 < m < n, there exists a linear combination of oriented graphs in the
commutative even graph complex with edge degree 2(m + n) — 1, denoted by

Em,n € 96,
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which is closed, ie dE,; , = 0, and whose canonical integral satisfies

IEm,n (a)2m—1 /\w2n—l) =/ a)2m—1 /\wZn—l — é-(m)é-(n)

OEm.n

It defines a nontrivial element in graph homology

0 7é [Em,n] € H2(m+n)—1((gC€0)-

Equivalently, it defines a nonzero class in [E,, ] € Hy (9%62) in some (unknown) odd degree k > 0.

Proof By [Willwacher 2015], the zeroth cohomology of the graph complex 4%, is isomorphic to the
Grothendieck—Teichmiiller Lie algebra, which, by [Brown 2012] contains the free graded Lie algebra
generated by one element 0,41 in degree —(2k + 1) for every k > 1. By Rossi and Willwacher [2014],
the element 054 41 pairs nontrivially with the wheel homology class W, 1. We deduce the existence
of a closed element &, ,, € %€, in degree zero, which is dual to [0, 0] and whose reduced coproduct
satisfies A'[Em 0] = [Win] ® [Wa] — [Wa] ® [Wi] in graph homology. The argument now proceeds as
in [Brown 2021, Section 10.3]. First, by applying the Stokes formula of [Brown 2021, Section 8], we
deduce from Theorem 1 that

/ 0> AT = 2/ a)zm_lf 0*" 1 e Q*¢(m)¢(n),
8m.n & W

where § denotes the “second differential” in the graph complex [Khoroshkin et al. 2017] (and arises as
a component of A’). Repeated application of Stokes’ formula using Corollary 8.10 of [Brown 2021]
produces a sequence of elements in the graph complex which terminates with a nontrivial homology
class E,,,, whose canonical integral is in Q*¢{(m)¢(n). The element E,, , may be normalised so that
its canonical integral is as stated. Since it has edge degree 2(n + m) — 1 it may be viewed as a nonzero
homology class in 4% in that degree. The degree of [E,, ,] in 9%, is given by k =2(m +n) — 1 —2g,
where g is its loop number (genus). It follows that k is odd. |

Remark 12 This argument is closely related to the “waterfall” spectral sequence of [Khoroshkin et al.
2017] but contains the additional information about the value of the canonical period integral. There is
some limited control on the genus (loop number) in which the class &, , lies. Indeed, the vanishing of

2m=1_42n=1 provide a lower bound: the class Em,» must occur in genus g where g satisfies

the forms w
max{m,n}+1<g <m+n—1by [Brown 2021, Lemma 8.4], ie strictly to the right of both W}, and

Wy, in Table 3. Equivalently, [E,, ] € Hy (962), where 1 <k <2min{m,n}—3 is odd.

The theorem provides infinitely many classes of odd degree in the homology of %€,, which can also be
deduced from [Khoroshkin et al. 2017]. By [Chan et al. 2022], each one provides an odd-degree class in
the cohomology of a moduli stack of curves Jlg.
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Table 3: A number indicates the dimension of Hy (%%,) at low loop order obtained by computer
[Bar-Natan and McKay 2001]. All blank entries necessarily vanish. All named entries (such
as W,) indicate a one-dimensional vector space, generated by the named element. In this range,
the location of some of the new classes &, , can be pinned down exactly. If we furthermore
assume that H;(%%,) vanishes at hg = 11 (or more weakly, that the images 6§57, 6§39 of
homology classes denoted by &57 and &3 9 in hg = 12 under the edge deletion differential §
vanish), then we can also deduce that the two-dimensional space H3(%%%5) at hg = 10 in the
right-most column is spanned by &5 7 and &3 9.

2.2 Homology of GL,(Z): Theorems 4 and 8

2.2.1 Proof of Theorem 4(i) There is a canonical isomorphism which identifies the reduced homology

of the genus g component of the graph complex ‘g%f)g ) with the relative homology of the link LJ(/LEOP :

Ho(9€%)) > Hy_ (LAG®, DLAG™).

It associates to an oriented stable graph G with hg = g the image of the oriented projective simplex og.
The link A: LJ(/Lrged’tmp — L&ﬂgf’p of the restriction of the tropical Torelli map (8) induces a map on
homology

At Hy(LMES™P OLMGE™) — Ho(LAS®, LA™Y = HE(LAZ"™).

The open L&ﬂz’tmp = L&ﬁgOp \ 8L&dfgmp may be canonically identified with the space R \ P /GLg (Z).
Since for all odd n > 1 the wheel W}, is closed in the homology of the graph complex and is 3-connected,
we deduce that the link of the image Ty, of the corresponding chain in ?% /GLj,(Z), which equals Ai oy, ,
is closed and hence defines a homology class

[Ltw,] € H(RZo \ Pn/GLn(Z)).
By [Brown 2025], the canonical form w?"~! defines a relative cohomology class
[(@>"71,0)] € H3 " (Lstp™, dLsty,™),

which has a compactly supported representative »2"~1 of w?"~1 on RZy\?n/GL,(Z). By Theorem 1
it pairs nontrivially with oW, , which proves, via the de Rham theorem of [Brown 2025] for relative
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(co)homology, that both [Ltyw;,] € Hap—1(Lsdy™, Ls,") and [02" 1] € H2" 1 (RX )\ Pn/GLy(Z))
are nonzero. The latter fact was already established in [loc. cit.] by different means. Since %, /GL, (Z)
is an RX,, fibration over RX\ #,/GL,(Z) and H}(RX ) = R and vanishes in all other degrees, we

>

deduce that [ty,] is nonvanishing in H2" (%, /GLn(Z)) = HZ" Y (RX,\ Pu/GLn(Z)).

2.2.2 Proof of Theorem 8 Theorem 8 may be proved by a similar method. The cellular homology of
LJ%fged’tIOP is computed by a variant of the graph complex, which we shall denote by 46, in which one
considers only 3-connected graphs, and tadpole graphs are not quotiented out. Since the wheel graphs
have the property that every edge lies in a triangle, they are already closed in the complex 4€;,. It follows
that the cell iow, associated to the wheel graph defines a closed cycle of degree 2n —1 in LM;fdmp . Its
image under the tropical Torelli map therefore defines a closed cycle Aiow,,, which is the image of Ty,
in Lsiy P, whose class is

Niow,] € Hap—1(LAn™).

It is nonzero since its image in Hy,—1 (L&dg()p , QL sy P ) is nonzero by Theorem 4(i).

2.2.3 Proof of Theorem 4(ii) A certain subcomplex of the perfect cone complex, called the inflation
complex, was defined in [Brandt et al. 2024] and was shown to be acyclic. This result implies that the
long exact relative homology sequence

o= Hip(Lsly™) — Hp (Lol ™) — Hy (Lol ™, Lol ™) — Hy_1(dLslg) — ---

splits into short exact sequences, since the inclusion of the boundary BLﬂEOP, which is isomorphic to

L&dgo_pl, into L&dg()p is trivial in homology. Thus we obtain short exact sequences

d
0 — Hy(Lsdg™) — Hi(Lslg™ 0Lsdg™) = Hp_y(Lslyt)) — 0.

Apply this to g =n + 1 and k = 2n + 1. The inflation ifl(Aiow, ) defines a chain in LsA"P whose

n+1
boundary is the image of Aiow, in LAy o~ BL&QEZE’I. Thus one has

(12) 3: Hant1 (L, OLSANT ) — Hon(Loty™),  [ifl(Aiow,)] > [Aiow,].

Since, by Theorem 8, the class [Aiow,] is nonvanishing, the same is true of [ifl(Aiow,)]. We finally
identify Han1(Loly by OLsyFy) with HY, o (RX0\Pnt1/GLn1(2)) 2 HY, 5 (Pnt1/CLnt1(Z)),
noting that ifl(Aiow, ) is the link of ifl(tw, ).

2.3 Questions meriting further investigation

2.3.1 Other graph complexes It would be very interesting to apply the techniques of this paper to try
to prove the nonvanishing of homology classes in other graph complexes; see [Kontsevich 1993; Conant
and Vogtmann 2003].
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2.3.2 Alternative approaches to Theorem 1 A theorem of Bismut and Lott [1997] implies that the

canonical form @?"~1

is zero in the cohomology of RZ, \ %, /GL,(Z). It would be very interesting to
write down an explicit primitive a?” such that @?”~! = da?”. In this case, Stokes’ formula would imply
that the canonical integral Iy, (w?"~1) may be computed by the integral of @?” over the boundary of the
blow-up oy, of the simplex oy, associated to W}, which admits a combinatorial description in terms of
subgraphs and quotient graphs of W,,, which are particularly simple. This, together with [Grobner 2013],
suggests that there may be an automorphic (and simpler) proof of Theorem 1 via residues of generalised

Eisenstein series.

2.3.3 Wheel motives and relation between canonical integrals and Feynman residues The wheel
motives have not to our knowledge been completely worked out at the time of writing but some partial
information is known [Bloch et al. 2006]. One expects that motyy, is a mixed Tate motive over Z whose
weight-graded pieces are Q(0), and Q(—2k — 1) for 1 <k < 2n. It is known that the Feynman residue
for any n > 3 satisfies

(13) L = [GWH ;2—%” - (2n”_12)§(2n ~3)

and that [Q2,,/ \IJ%VH] spans a copy of Q(—2n + 3) in the highest-weight quotient of motqgr. It would be
interesting to show that for all n > 1 odd:

(1) The class [w%ﬁ;—l] lies in W5, N F" motgg (where W, F denote the weight and Hodge filtrations),
and spans a copy of Q(—n). This should follow from the fact that it is the pullback of the Borel
class.

(2) For weight reasons, it vanishes in the ordinary cohomology group H dzé’_l (P Wn \ Yw,) (as opposed
to the relative cohomology which defines the graph motive).

(3) Therefore by repeated application of Stokes’ formula [Brown 2021] the canonical wheel integral
for Wy, can be reduced to a multiple of the Feynman residue for a different wheel graph W, 13 /5.

These ideas are discussed from a slightly different perspective in [Brown 2021, Section 9.5.1].

2.4 Regulators

The relationship between regulators and the integrals (2) is subtle, since the Borel regulator involves the
pairing between stable homology and cohomology classes, whereas (3) involves unstable, locally finite
classes. To compare the two, let n > 1 be odd.

On the one hand, the wheel integral for { () is the integration pairing between

(14) low,] € HY _ (L#,/GL,(Z)) and o*"7!,

where the latter differential form represents a relative cohomology class. The regulator
(15) ran—1: Kon—1(2) ®7 Q — C,
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on the other hand, is obtained as the pairing between a rational homology class
(16) [va] € H 1 (LPg/GLg(Z)) and  [0*"7'] € H?" " (LPg/GLg (Z))

for any g in the stable range. Since the 2"~ ! form a compatible projective system on the L% ¢/GLg(Z)
with respect to the stabilisation maps LPg /GLg(Z) = LPg41/GLg+1(Z), the strongest possible result
is obtained when g is as small as possible, provided that one can define y,, as in (16). Note that, in order to
compute the regulator, Borel takes g very large. The smallest possible value of g satisfiesn < g <n + 2,
since by [Bismut and Lott 1997], we know that w?"~! is trivial in the cohomology of L%, /GLg¢(Z) for
g = n, but nonzero in its cohomology for all g > n + 2 (by [Brown 2025]). It is expected that g =n + 2 is
optimal. The upshot of this discussion is that the regulator and the wheel integrals (or even their inflations)
necessarily take place in different locally symmetric spaces LPg /GL4 (Z) for different values of g.

For instance, when n = 3 the wheel integral for {(3) may be computed on GL3(Z) (or, at a push, after
inflation on GL4(Z)), but the regulator may only be computed on GLg(Z) for g > 5.

Nevertheless, it is in fact possible to relate the wheel and regulator integrals, in the following way. Let
g > 3 be odd and let F; € H(llfg (RZ, \ Pg/GLg(Z)) denote the fundamental class in locally finite
homology. We shall use the coaction on homology which is dual to the cup-product between compactly
supported and noncompactly supported cohomology. Denote it by

A:Hy — @ Hy®H,
m+n=dg

Letag € H dg—28+3 (Lo ¢/GLg(Z); Q) denote a nonzero rational (singular) cohomology class which is
proportional (over R*) to the class of the form @> Aw? A--- Aw?872. The latter is nonzero by [Brown
2025].

We deduce the existence of a rational homology class
(17) pg = (d®ag)AFg € Hy, |(LPg/GLg(Z); Q)
which has the property that

Vol(od‘@g)=/ a)s/\wg/\---/\wzg_1=/ wzg_lx/ W AW N ADET
Fg Pg g

for some rational homology class ¢¢. The class ¢g may in turn be decomposed via the coproduct on
ordinary homology (dual to the cup-product on cohomology) into classes

[V2n—1] € Han—1(LP¢/GLg(Z); Q)

/ a)SAa)QA--~/\w2g_5=/ a)sx---x/ w87,
oS Y5 Y2g—5
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which, by the above discussion, is proportional over Q* to a product of regulators rsrg - - - rog_s (where
we denote by rp,—1 the value of (15) on a generator). Putting the pieces together, we deduce that

/ 21— vol(Fg) _ vol(Fg)
pe f¢ga)5/\a)9/\---/\a)2g_5 rsrg--+ryg—s

By Minkowski, vol(%yg) is proportional to {(3)(5) --- £ (2g —1). By Borel, the regulator rp,—1 forn > 1
odd is proportional to {(n). Thus we conclude that, up to a nonzero rational multiple

[ o= (3)E()-+- £ g~ 1)
Pg

=t G)teg—3 @D

We expect that the class pg constructed in this manner out of the locally finite fundamental class is
proportional to the wheel class [ow,]. It is true for g = 3,5,7 since in this case H g (GLg(Z);Q) is
one-dimensional; see Table 3. Then the previous calculation provides a conceptual explanation for why
the wheel integrals are single zeta values, and a connection between them and regulators: in brief, from
this point of view, the wheel integrals are dual to a product of regulators.

The argument may of course be reversed and gives a computation of Borel regulators in terms of wheel
integrals. The first interesting case (where ~qgx denotes equality up to an element in Q) is

vol@r)  (3)6)
Iwy ¥ CG5)

Remark 13 Curiously, the interpretation of wheel integrals as periods of the wheel motives gives a

rs ~Qx ~qx ¢(3).

different way to relate them to algebraic K-theory. Indeed, one expects that the wheel period integrals
correspond to a simple extension of Q(—n) by Q(0), which corresponds to a class in K»,—1(Z) ®z Q.

This completes our discussion of cohomological implications of Theorem 1.

3 Formula for generic (B)%"~!

)Zn—l

In this section we state a formula for (B2 where B is an n x n matrix with generic entries b;; and

2 is an n x n matrix whose entries are generic differential one-forms w;;. The formula breaks up into
isotypical pieces indexed by types v, involving differential forms w, of degree 2n — 1 in the entries of €2,
and matrices @, (B) whose entries are permanent polynomials in the b;;. More precisely,

(BQ)*"' = (det B) Y ®y(B) .
v
The following example may give a sense of the content of this formula.
Example 14 For n = 2, let
2= ) e 2= ()
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Then the formula above reduces to the following expression for (BQ)> = BQBQBQ:

2b 0 b b
(BQ)? = (det B) (( bzlll bn) W11 A W12 A W21 + ( (2)1 2191211) w11 A®12 A W22
2b 0 b b
+ ( b2122 blz) (—w11 ANw21 Awr2) + ( (2)2 2])1222) (—w12 AWy /\wzz))-

Although it will not be required for the time being, we record the following statement, which follows
from the same method of proof of [Brown 2021, Proposition 4.5].

Proposition 15 For B and S as above, (BQ)?" = 0.
This section is therefore devoted to computing the highest nonvanishing power of (B<2).

3.1 Basic set-up and notations

3.1.1 Matrices Let / and J be ordered sets, with possible repeats, of equal length n > 1. We denote by
Br.g = (bij)ier,jes
the n x n matrix whose entries are indexed by the elements of I, J in order. For example, we have
b12 b13) (bzz b23)
B = and B = .
12,23 (b22 bos 22,23 byy bos

When the integer n > 1 is clear from the context, we shall simply write

B =Bg, . .m0, = bij)1<i,j<n

to be the n x n matrix with (generic) entries b;; in row 7 and column ;.

3.1.2 Forms Let Q = (w;;)1<i,j<n denote the n x n matrix whose entries are generic one-forms. To
make sense of the product BS2, and its powers, we work in the graded-commutative graded algebra
(or DGA with zero differential) R = @, R™, where R° = QIb; 7] is the polynomial ring generated
by the entries of B, and R! = @i, j Roa)i; is the free R%-module generated by the entries of Q. The
degree-m component R™ is generated by exterior products of degree m in the elements of 2. The entries
of (BQ)?"~! lie in the component of degree 2n — 1:

RZ"_I:GB(RO/\ A wij),

v (@,j)ev

where v is a type of rank n, which is defined to be a subset
(18) vC{. ) l=ij=n}
of cardinality 2n — 1.
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Remark 16 A type may be interpreted as a bipartite graph with 2n vertices (indexed by two sets of
integers numbered from 1 to n), with 2n — 1 edges between them. (Note that in Section 9.2, we shall
interpret a type differently, namely as an oriented graph with n vertices (and self-loops), where a pair
(i, j) is an edge from vertex i to vertex j.)

3.1.3 Isotypical components There is a natural projection of graded algebras R — R,,, where R,, C R
is the graded subalgebra generated over R by the w;; for only those (i, j) € v. It is defined by sending
wy; to zero for all (k, 1) ¢ v. Tt extends to a map on matrices whose elements are in R

Myxn(R) = Myxn(Ry),
which we denote by X +— X,,. Since this map is an algebra homomorphism we immediately deduce:

Proposition 17 The following identity holds in the ring My x,(R):
(19) (BQ)* ' =) "(BQ,)*"",
v
where 2, is the n x n matrix whose entries are all zero except for w;; in position (i, j) whenever
@i, j)ev.
In particular, it suffices to find a formula for (B2,)?" L.

Example 18 Consider the following three types of rank 3:
vy ={11,12,22,23,33}, v, ={11,12,13,22,33}, v3={13,23,33,31,32}.

The corresponding matrices of one-forms are

w11 W12 w11 W12 W13 w13
Qy, = w2 w3 |, 2y, = w22 . Q= w23 |,
w33 w33 w31 W32 W33

where here, and elsewhere, blank entries in a matrix denote an entry which is zero.
3.2 Weights and differential forms associated to a type

To any type v of rank n we will associate a pair of weight vectors, which will play a prominent role in
the theory.

Definition 19 To any type v = {(i¢, jx) : k = 1,...,2n — 1} of rank n, we define its weight vectors
w®) = (p(v),g(v)).
where p(v) = (p(V)1,..., p(V)n), and g(v) = (¢(V)1,...,q(v)n) are row vectors of length n defined by

p)i={i: (@ j)€vforsome j}| and g(v); =[{j: (i, j)€v forsomei}|.

Remark 20 As in Remark 16, the entries in the weight vectors of a type are simply the degrees of each
vertex in the corresponding bipartite graph.
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For the three types considered in Example 18 we have
U)(Ul):((2,2,1),(1,2,2)), UJ(V2):((3,1,1),(1,2,2)), U)(U3):((1,1,3),(1,1,3))

We next associate a differential form w,, to a type v as follows.

Definition 21 Choose any ordering on the elements in v (for instance, the lexicographic ordering).

(i) Define a (2n—1) x 2n matrix M,, whose rows are indexed by the elements in v. In the k" row
indexed by (ix, jx) € v, place a —1 in column iz, a 1 in column n + ji, and a zero in every other
column.

(ii) Define a differential (2n—1)-form 7, € R>"~! to be
Nv = Wiy, ji N Wiy, jp N2 ANWiry_y,jop_1>

where v = ((i1, j1), (i2, j2), ..., (ian—1, j2an—1)), in that order.
(iii) Choose any 1 < k <2n, and let M2 * be the (2n—1) x (2n—1) matrix obtained by deleting the
k™ column from M,,. Finally, define

(20) oy = (=)D de(MPF) .

Remark 22 As in Remark 16, the matrix M, is simply the (signed) edge-vertex incidence matrix of
the bipartite graph I'), associated to v, after choosing some ordering on the edges. It follows from the
exact sequence 0 — H;(I'y;Z) — ZEm M—“T> ZVv — Hy(T,;Z) — 0 that the incidence matrix has
rank 2n — 1 — by = 2n — by, where b; = rank H; (I'y; Z) for i = 0, 1 are the Betti numbers of I';,. In
particular, w, is nonzero if and only if I'; is connected and cycle-free, in which case it is a tree. This
implies Lemma 24(ii), (iv) and (v) stated below.

Example 23 For the three types considered in Example 18 we have

1 1 —1 1 1 1
~1 1 ~1 1 ~1 1
M, =| -1 1|, M, =]-1 1], M, = ~1 1
~1 1 ~1 1 —1[1
~1 1 ~1 1 —1] 1

The vertical lines are merely visual aids. The reader may check that the sums of the entries in each column
give back the weight vectors w(v) (with —p(v) to the left of the vertical line, and ¢ (v) to the right).

The corresponding differential forms are

Wy, = W11 ANW12 AN W22 A W23 N\ W33,
Wy, = —W11 AN W12 N W13 A W22 N\ W33,
Wy; = —W13 A W23 AN W33 A W31 A\ W32.
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Lemma 24 The differential form w, has the following fundamental properties.

(i) It does not depend on any choices.
(i) If p(v)i =0orq(v); =0 forsomei €{l,...,n}, thenw, = 0.
(iii) For any v, we have det(M,,@’k) e {-1,0,1}.

(iv) Ifthere existiy, iz, j1, j2 such that {(i1, j1), (i1, J2), (i2, J1), (i2, j2)} € v, or equivalently, if Q,,
contains a two-by-two submatrix consisting of nonzero entries, then w, = 0.

(v) If 2, is block-diagonal with > 2 blocks, then w, = 0.

(vi) ForanysetVv of 2n pairsin{l,...,n}and any i € {1,...,n}, we have
(21 Z Wik AN oy\(i,k) =0 = Z Wi N O\ (ki)
k:(i k)ev k:(k,i)ev

(vii) Suppose that v contains (i,1), (j, j) and (i, j) but not (j,i) for some indices i # j. Let v’ denote
the type obtained from v by replacing (i, j) with (j,i). Then there exists a (2n—2)-form « such
that

(22) wy =wjj Ao and @y = —wj; AA.

In other words, replacing (i, j) with (j, i) in v replaces w;; with —wj;.

Proof (i) Consider the matrix obtained from M,, by adding an additional row (1,0,...,0,—1,0,...,0),
where the entry —1 is in the k™ position. This yields a 2 x 2n matrix M ,, which annihilates the column
vector (1,...,1)T. It follows that det(M,) = 0. Expansion along the final row shows that w, does
not depend on the choice of k. Furthermore, w,, does not depend on the choice of ordering of v, since
changing the ordering by a permutation ¢ corresponds to performing a row permutation on M,,, which
multiplies det(Ml,Q ’k) by sign(o). Likewise, permuting the factors in 7, by ¢ has the exact same effect.
These two effects cancel since sign(c)? = 1.

(i) If p(v); =0, then Mv@’k has zero column i for k #i. If g(v); = 0 then Mvg’k has zero column
n +i for k # n +i. In either case, det(MvQ’k) =0.

(iii) Either one column of M2 * for k > n is empty or there exists a column i # k, i <n with a single

nonzero entry in some row corresponding to a pair (i, j) € v. In the first case, det(M,,g ’k) =0. In
k-1
i)

the second case, we expand the determinant along this column yielding det(Mvg ’k) = t+det(M NG

Proceed by induction to obtain the result.

(iv) The alternating sum of the four rows of M,?’k labelled by (i1, j1), (i1, j2), (i2, j2), (i2, j1) is zero.
Therefore det(M,,g ’k) =0.

(v) Assume €2, has two blocks corresponding to a disjoint union v = vy U vy, where vy (resp. vp) are
the row labels of the first (resp. second) block. Then M, = M,,, & M,,, where M,, is the submatrix
of M, with rows in v;. Since both M,,, and M), have corank > 1, it follows that M, has corank > 2.
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(vi) Consider the 2n x 2n matrix M3, defined in a similar manner to M,,, whose rows correspond to
v={(, j1), (i, j2), ...} ordered such that all indices of the form (i, k) € v with initial term i occur before
all indices of the form (j, k) with j #i. We have det(M5) = 0 because M5 annihilates the column vector
(1,....1DT. Expanding det(M5) = 0 along column i yields Zk:(i,jk)ev(_l)i+k det(Mvg\’(ii,jk)) = 0.
Multiplying this equation with 1y implies the identity on the left, because moving w;;, in 1y to the first
slot produces a sign (=1)*=1, which compensates the k-dependence of the sign in the sum. To prove the

second identity we reorder v to start with pairs whose second entry is i, and expand along column 7 + 7.

(vii) Consider v =v U (j,i) = v' U (i, j). Because of (iv) the sums in (21) only have the two nonzero
terms k =1, j. We define the (2n—2)-form a by w;; A wji A = w;; A wy\( ;) and obtain

Wij NWy = —Wij NWjj N0 = Wjj \Wy.
Equation (22) follows. |

Although (vi) is not directly used in this paper, it may be of use in subsequent applications since it
expresses the compatibility of our formula for Q2”1 with the equation Q%n =0.

Proposition 25 Let v be a type of rank n. Assume the matrix 2, has a column ¢ containing a single
nonzero entry w;.. Further assume that after deletion of column ¢ the matrix Q? *“ has a row r with a

single nonzero entry w;;. Then
(23) ®y = (=) wie Awrj AOWNG.0).r )}

where v \ {(i, ¢), (r, j)} is considered of rank n — 1 with no row r and no column c. If either assumption
does not hold then w, = 0.

Proof We write v = {(i,¢), (r, j)} UV’ in this order, where the union is disjoint (v’ consists of all pairs
(k,2) € v where k # r, £ # ¢). In the definition (20) of w,, we choose k =2n —§, where 6 =0if c <n
and § = 1 if ¢ = n. (The column labelled by n 4 ¢ in M), is therefore retained in lea ’k.) We expand the
determinant of M,,g ok along column 7 + ¢ — § which has the single entry 1 in row 1. After passing to
the corresponding minor (delete the first row and (n + ¢ — 8)" column) the resulting matrix has a single
nonzero entry —1 in column r and row 1. Deleting this row and column gives the minor Mg 212 We
therefore obtain

oy = (—1) GO IF+e=S (1) det(M 22" 72) i A A,
n n—1
(3)=("3)+n-1.

If 2, has a zero row or column, then w,, = 0 by Lemma 24(ii). It remains to consider the case when

where k = 2n — §. Because

the result follows from (20).

the row r and column ¢ share a common element w,. and all other rows and columns have two nonzero
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entries (adding up to 2n — 1 entries in total). In this case we choose k # r, n + ¢ in Definition 21 and
find that the column in M]? K which refers to r is the negative of the column that refers to ¢ (namely
0,...,0,—1,0,...,0)T). Therefore the corank of Mvg’k is > 1, and w, = 0. |

Proposition 25 describes an inductive way to compute w,,.

Example 26 (i) For n = 2 there are four possible types:

W{11,12,21} = @11 AW12 AN W21, W{11,12,22} = W11 AW12 A W22,
W{11,21,22} = —W11 AN W21 A W22, W{12,21,22} = —W12 A W21 A W22.

(i) Letv=1{11,22,...,nn,12,23,...,(n—1)n} so that 2, has nonzero entries along the diagonal
and the line immediately above the diagonal. Proposition 25 gives

n
24) wy =w11AWI2AWRAWIZA AWy = (—1)(2) W11 AW A ANWpp AW12ANW23 N AND(p—1)n-
(iii) It can happen that w, is nonzero, even though the matrix 22”1 is identically zero. An example is

given by the type v = v, considered in Example 18.

3.3 Permanents associated to B

Recall that the permanent of an n x n matrix A = (a;;) equals

perm(A) = Z a1,6(1)42,6(2) ** " An,o(n)»

ogeX,

where X, denotes the symmetric group of order 7.

Definition 27 Let p = (p1,..., pr) and ¢ = (q1, ..., qx) be vectors of integers p;,g; > 0 satisfying
> i pi=;4qi Let Sp={171,...,kPk} denote the multiset with py ones, p2 twos, ..., and pi copies
of k. Define the permanent polynomial of weights (p, g) to be:

(25) Pg,g(B) = perm(nggsg).
It is a homogeneous polynomial in R® of degree p; + --- + pj in the indeterminates b; 7. In the case
where p (or ¢) has a negative component p; <0 (or ¢; < 0), we shall set P, 4)(B) = 0.
Example 28 Referring to the examples given in Section 3.1.1, the definition gives
P(1,1,0),0,1,1)(B) = perm(B12 23) = b12b23 + b13b22,
P0,2,0),00,1,1)(B) = perm(B22,23) = 2b22b33.
We shall define a matrix of permanents associated to a type as follows.
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Definition 29 Let v be a type of rank n. Define ®,,(B) in Myx,(Rg) to be the matrix whose entries for

1 <i,j <n are

(26) (P (B))ij = (@) +6i,j = 1) Pg)y+e;—e;—1,p()-1(B),
where §;; is the Kronecker delta, e; = (0,...,1,...0) is the row vector of length n with a single 1 in the
i®slot,and 1 = (1,...,1) is the vector of length n with all entries 1.

Example 30 Let v = (11, 12, 22) with weight vectors p(v) = (2, 1) and ¢(v) = (1, 2). Then

1 x Po,1),(1,00(B) 1x P(l,o),(l,o)(B)) _ (Pefm((bzl)) perm((b11)) )
0x P—1,2),(1,00(B) 2% P,1),01,0)(B) 0 2 perm((b21))

This matrix occurs in the second term of Example 14.

®,(B) = (

3.4 Statement of the identity

Theorem 31 Let B and 2 be as above. We have

(27) (B2,)?" ! = (det B) ®,(B) wy.

The proof of this theorem is postponed to Section 9. Using Proposition 17, the theorem gives a closed
formula for (BQ)?"~! =Y (BQ,)?"" L.

Example 32 Let vy, v3, v3 be as in Example 18. Then

b21b32 + baobszy  bi11b3z +b12bs1 bi11baz + b12b2
(BS2y,)° = det(B) 0 2(b21b32 + b22b31) 2b21b22 Wy, ,
0 2b31b32 2(b21b32 + ba2b31)

2bz1b31 2b11b31 2b11b21

(BQ,,)° = det(B) 0  4baibs1 202, |wu,,
0 203, 4byib3

203, 0 4b13bsz

(BQ,)° =det(B) | 0 2b2, 4bys3bss | 0y,

0 0 6b3

Corollary 33 By taking the trace of (27) we obtain

(28) tr((BRy)>" ™) = 2n— 1) det(B) Py(v)—1,p(v)—1(B) 0y.

Proof Since > /_; q(v)i =2n—1, one has tr &, (B) = 2n — 1) Pyv)—1,p(v)-1(B). a
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4 Antisymmetrised permanents

The next step in the reduction from generic to symmetric matrices will require a formula for antisym-
metrised permanents, which we state here. Its proof is in Section 10.

4.1 Notation

Let m > 0, and let Sy, = {s1,...,5m} and Ty, = {1, ..., } be two sets with m elements. We work
in the polynomial ring over Z generated by symbols b, for u,v € Sy, U Ty, subject to the relation
buvy = byy. We fix an order in Sy, and T,, and consider the generic symmetric m X m matrix

BSm,Tm = (bs,jtj )i,j ,

which is indexed by the (generic) sets Sy, and Ty,.
4.1.1 Antisymmetrisation Consider the involutions

gl? e ’gm € ESmUTm
acting on the set S,, U T,;,, where g; interchanges s; and #; and leaves all other elements fixed. These
automorphisms generate a group G, = (Z/27)™ which acts on Z[byy,u, v € Sy U Ty,] by permuting
indices. Consider the character y: G,, — Z* = {£1}, which is defined by y(g;) = —1 for each i. For
any subgroup G < G, we define

6 =) 18

geG
to be the projector onto the y-isotypical part of a G-representation, ie which is antiinvariant with respect
to every g; € G. If G is generated by g; fori € I C {1,...,m}, we shall simply write 77 for 7g. Note
that m; = 1 —g; forany i € {1,...,m}.

Definition 34 We denote the fully antisymmetrised generic permanent by
(29) perm Bis,. 1,,] = 7{1,....m} perm Bs, T, .
It is the image of perm Bg,, T, under the full antisymmetrisation operator ng,, .

Our goal is to give a formula for perm B[g,, 7,,] in terms of determinants of matrices obtained from
Bs,, T,,- Consider the following examples for m < 2.

Example 35 Let m = 1. Then
BS],T] = (bs1t1)

and therefore perm(Bs,,1,) = bs, ¢, ,» Wwhich is symmetric with respect to the operator g1 which interchanges
s1 and 1. Therefore its antisymmetrisation B[g, 7,1 = w1 perm(Bg, 1,) = 0 vanishes.

Now let m = 2, for which

b b .
Bs, 1, = ( e with  perm Bs, 1, = bsit1bsyty + bsy 12 D551, -
bsztl bS2t2
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We find that the antisymmetrised permanent can be rewritten as a determinant of a different matrix:
71,2 perm(Bs,,1,) = 2 (bsy1,Ds551) — bss:0111,) = —2.det By, 1) 1, -

Thus we obtain

(30) perm Big, 1,1 = —2det B 4y 551, -

We generalise this formula to matrices of all ranks below. It will turn out that all antisymmetrised
permanents of odd rank vanish, leaving only those of even rank m.

4.1.2 Indexing sets To state our formula, we need to define some indexing sets.

Definition 36 Let m > 2 even. For all k£ > 1, define Qbfn to be the set of (unordered) k-tuples

W Jid o Uk Jie by
such that:

(1) {1,...,m} is the disjoint union of Iy,..., Iy, J1,... Jg.
(2) I; and J; are nonempty, and have the same cardinality |/;| = |J;|, forall 1 <i <k.

Since /; and J; are subsets of {1, ..., m}, they inherit an ordering on their elements. The formulae below
do not ultimately depend upon this ordering.

One may construct the set QD,]; in two stages. First, partition {1,...,m} = Ay U---U A into a disjoint
union of k sets, each of which has an even number of elements and is nonempty. Second, choose a
decomposition of A; = I; U J; as a disjoint union of two sets of equal size |I;| = |J;|, for every 1 <i <k.

Example 37 Note that Qbﬁl is empty unless k <m/2.
 Letm = 2. Then @} has a unique element, given by {I1, J1} = {{1}, {2}}.
e Letm = 4. Then Qbi has three elements, given by

(LD (L2034, {13 2.4)). {{(L4).(2.3)),

corresponding to the three partitions of {1, ..., 4} into two sets with two elements, and Qbﬁ also
has three elements, where {{I1, J1},{I2, J2}} equals

{t e e} o dee) (e eey)

If I is the ordered set {i1, ..., i} one may equip the set Sy U 77 with the ordering s;,, %, ..., Sy, tix»
or alternatively, as s;,,..., 8, %,,...,t,. We shall do the former, but either convention, when applied
consistently, leads to the same formula for ¥ as a polynomial of determinants in the following definition.
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Definition 38 Let Bg,, 1, be as above. Define the polynomial

(31) X(B,SmUTy) =
m/2
> 2k k! > det(Bs, uty,.5,,0Ts,) -+ det(Bs, uT, 5, 0T, )-
k=1 I e { I T Tk,

The right-hand side is well-defined because B is symmetric, so det(Bs, ur,,s,ut,;) =det(Bs,ur,,s,UT;)-

Example 39 For m = 2 we obtain

X(B,{s1,11,52,t2}) = —2det (bsls2 bs”z) )

bl]Sz btltz

This is exactly the right-hand side of (30). For m = 4 we obtain

X(B,{s1.11.52,12,53,13, 54, 14}) =
bS1S3 bS1t3 bS1S4 bs1t4 bslsz bs1t2 bS1S4 bs1t4 bslsz bs1t2 bS1S3 bS1t3
_ btls3 bt1t3 bt154 bt1t4 _ btlsz btltz bt1S4 bt|t4 _ bt]sz btltz bt1S3 bl‘1t3
2 det 2 det 2 det
bS253 b52t3 bS234 b52t4 bS3sz bS3t2 bS3S4 bS3t4 bS4S2 bS4t2 bS4S3 bS4t3
bt2S3 bt2t3 bt254 bt2t4 bt352 bt3t2 bt3S4 bt3t4 bt4S2 bt4t2 bt4S3 bt4t3

+8 det (bslsz bsltz) det (bS3S4 bS3t4)+8 det (bS1S3 bS1t3) det (bszs4 bS2t4)
btlsz bt1t2 bt3S4 bt3t4 bt1S3 bt1t3 bt2S4 bt2t4
(B ) (B ),
bt1S4 bt1t4 bt2S3 bt2t3
4.2 Statement of the theorem for antisymmetrised permanents
Theorem 40 Let Bg,, 1,, be as above. If m is odd, then perm B(s,, T,,] vanishes. If m is even, then
(32) perm Bs,, 1,,] = 2 (B, Sm U Tpy).
The proof of this theorem is postponed to Section 10.

4.2.1 Restriction to a specific type Theorem 40 may be specialised to the cases when the matrices are
not generic, by applying a ring homomorphism from Z[b,,,] to another ring. Typically we shall allow the
indexing sets Sy, Ty, to have repeat indices. When this happens, many determinants in the formula for X
vanish. To express this efficiently, we need some more notation.

Definition 41 Let€ C {(i,j):1 <i < j < n} be an ordered set of m pairs, and let I C {1,...,m}.
Define an ordered tuple with 2|/ | elements,

€r = (€iier,
where the elements in each pair €; = (s;,¢;) fori € I, s;,t; € {1,...,n}, are taken in that order: thus, if
I ={iy,...,ix} is in increasing order, then €7 = (s, tiy,. ... Si; . ti;)-
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If I is a singleton, the notation €; is consistent with the usual notation for elements in a set €.
Example 42 Letn =3, m =2 and let € = ((1, 2), (2, 3)). Then Qbé corresponds to
€y €y =(1,2), (2,3).
Letn =5 m=4andlet¢ = ((1,2),(2,3), (3,4), (4,5)). The three eclements of Qb}t correspond to
%{1,2}, %{3’4} = (1, 2, 2, 3), (3, 4, 4, 5)’
€13y, 62,4y = (1,2,3,4),(2,3,4,5),
%{1’4}, %{2’3} == (1, 2, 4, 5), (2, 3, 3, 4),
and the three elements of QD% correspond to

€1y, Gpay | €3y Epay = (1,2), (2,3) | (3,4), (4,5),
€1y €3y | €2y €pay = (1,2), (3.4) | (2.3), (4.5),
€1y Gy | €2y €3y =(1,2), (4,5) | (2,3), 3,4,

where the vertical bars are merely visual aids and have no mathematical significance.

Lemma 43 Let B be ann x n symmetric matrix, and let € C {(i, j): 1 <i < j <n} denote a set of an
even number m of pairs. It follows that with these conventions, for any ordering on ‘€, one has
m/2
(33) S(B.€) =) (-2)*k! > det B¢, ¢, --detBe, i, .
k=1 Wl i et
Note that the right-hand side does not depend on the choice of ordering of €.

Proof This follows from specialisation of the definition of X (B, Sy, U Ty,). a

5 Reduction to the symmetric case

We use (27) to derive a formula for tr(BY)?"~!, where both B and Y are symmetric n x n matrices with
entries B = (b;;), bijj = bj;, and Y;; = Yj; = w;; for 1 <i < j < n. Applying Corollary 33 leads to a
formula for the leading terms of tr(BY)?"~! in the form of an antisymmetrised permanent.

5.1 Symmetric case
The analogue of Proposition 17 gives

(34) (BT)Z"_I — Z(BTV)Zn—l’

where the sum is over all types v of rank n. Note that in this formula Y, contains many more nonzero
entries than Q,, since it is symmetric. The terms (BY),)?"~! are typically complicated, but there are
many cancellations in the case when v contains the diagonal elements

(35) diag, ={(1,1),(2,2),...,(n,n)}.
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We shall say that a type v of rank n is upper-triangular if diag, C v and furthermore,

(36) vC{(i,j):1<i=<j<nj

Theorem 44 Let v be a type of rank n which is upper-triangular. If n is odd then
tr((BYy)*" ™) = 2n — 1) det(B) (B, v \ diag,) o,.

If n is even then tr((BY,)*"~!) vanishes.

Example 45 Let n = 3. Consider the type v = {(1, 1), (1, 2), (2, 2), (2, 3), (3, 3)}. Then with

bi1 b12 b13 w11 w12 0
B =|b12 bax b3 and Y, =|wi2 wy w23 |,
b13 bz b33 0 w3 w33

equation (34) provides the formula (see Example 42)

tr(BTv)S =—10 det(B) det(B12,23) w11 AW A W33 AwWiz A wr3,
where det(B12,23) = b1aba3 — b13bas.
Theorem 44 only gives a partial description of (BY)?"~!. It would be interesting, but is not needed for
our purposes, to extend Theorem 44 to cover all cases, including when v does not contain diag,,.
Example 46 Let n be odd and let v = diag, U {12,23,...,(n — 1)n}. By (ii),

(37) tr((BYy)* 1)
= (DG @n—1)det(B) £(B,{12,23, ..., (1= DA} @11 A+ A Opn A12 A+ A @1y

5.2 Proof of Theorem 44

Consider the set of types v of rank n with the property
(38) (i, j) € v implies that (j,i) ¢ v whenever i # j.
We say that two such types vy, v, are equivalent, denoted by v ~ v,, if they are equal as sets of unordered
pairs {7, j}, or in other words, for all 1 <i, j <n,
(i,j)or(j.i)evy < (j,i)or(i,j) €2
In particular, every type v satisfying (38) is equivalent to a unique type satisfying (36).

We shall work in the differential graded algebra R*Y™, which is defined to be the quotient of R modulo
the ideal generated by the relations w;; = wj;. If v satisfies (38), then the identity

Y, = Z Q,

v/ ~v
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holds in R*™, and consequently, for every v satisfying (36), we have
(BY)> =) (B>
v/~v
We deduce from Corollary 33 that
tr((BYv)*" ") = @n—1)det(B) Y Pyv)-1,p(v)-1(B) 0.
v/ ~p
Suppose that v contains diag,. In this case we may write v = diag, U € as a disjoint union, where
€={(1.J1)--. (in—1, ja—1)} With i < ji. Then

Pyw)—Lpw)-1 = Perm Bs, .7, i[5 1)=¢,
is a specialisation of the generic permanent of indexing sets S,—1 ={s1,...,Sn—1}, Tn—1 ={f1, ..., th—1},
on setting s; = ix, tx = Jji for 1 <k <n —1. It does not depend on the ordering of elements in €.
Lemma 24(vii) implies the following identity in RY™:
(39) Wy = —wy

whenever v’ ~ v is obtained from v by replacing a single off-diagonal element (i, j) in v with (J,1).
Let G be the group of order 2"~ ! generated by the elements g;, for 1 <i < n — 1, which act upon
Sn—1 U T, by interchanging s; and #; and leaving all other elements fixed. Let v = diag,, U € be of the
form (36). Fixing an order on € we deduce that

Wy,
(sk >tk )="¢x

(B> 1) =(@2n—1) det(B)( Z x(g) g(perm Bsn_l,Tn_l))

geG

where the term y(g) accounts for the sign in (39), since the types v’ equivalent to v are in one-to-one
correspondence with elements of G. The statement follows from Theorem 40 and Lemma 43.

6 A formula for the invariant form

In this section, we further specialise to the case when B = A~! and Q = dA, where 4 is a symmetric
invertible n x n matrix, and give a closed formula for the leading terms of wﬁ”‘l =tr(A~1dA4)?" L.

6.1 Notation

Let M be an n x n matrix. Let I = (i1,i2,...,ix) and J = (J1, j2,..., ji) be k-tuples of distinct
elements in {1, ...,n}. Let us denote by

My, j : the submatrix spanned by rows / and columns J,
MY : the matrix obtained from M by deleting rows / and columns J.

We will need a sign convention for ordered subsets of {1,...,n}.
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Definition 47 Let I = (i1,...,ix), where 1 <iy,...,ir <n are distinct. Define
o(l) = (=)' sgnmy,

where 77 is the unique permutation of / such that 7(i;) <--- < w (i} ) are in increasing order. In the case
when [ has repeat indices, we define (/) = 0.

The following lemma is a reformulation of an identity due to Jacobi (see for instance Lemma 28 in [Brown
2009]) and, crucially, enables one to remove all occurrences of the inverse matrix in our formulae.

Lemma 48 Let A be an invertible n x n matrix, and let I and J be as above. Then

o(l)o(J)
det A

(40) det (A" Y7 = det A7

Theorem 49 Let A = (a;;) be a symmetric, invertible n X n matrix. If n = m + 1 is odd, then

m/2

@y e i=ei-n Y Y ZAD e

det( A\k+1
€C{(i,j):1<i<j<n} k=1 det (A)
€

c|l=m
+ (terms of degree < n in day1,dass, ...,day,),
where w, (A) is defined to be wy |Q—=q4 for any type v, and Q(A,€) € Z[a;;] are the polynomials
k

(42) Or(A.€) = > [1o@r)o(8s,) det A%%%7
{{11 »J1 }s"'s{Ikr-]k}}egbfn i=1

2n—1

If n is even, then all terms in wy are of degree <n indayy,...,dayy.

Proof After using (34) we specialise Theorem 44 to the case B = A~ and = dA. The result follows
from substituting (40) in (33) and the fact that det A% = det A%7i°%7i since A is symmetric. O

2n—1 ;

The point of Theorem 49 is that wy is expressed in terms of determinants of cofactors of A without

use of its inverse. The polynomials QO (A, €) may be computed quite efficiently.

7 The invariant form of a graph Laplacian

Let G be a finite connected graph. The invariant forms a)lz\”G_l = tr(A(_;ldAg)z"_1 do not, of course,
depend on the choice of graph Laplacian A g, but the formulae we have derived above do. For this reason
there is much to gain by choosing a particularly simple form for Ag.

To this end, suppose that 1 = n and choose a spanning tree 7 in G. It is well known that there exist
closed cycles cy,...,c, € ZEG whose images in H;(G;Z) are independent, with the property that

Geometry & Topology, Volume 29 (2025)



The wheel classes in the locally finite homology of GL,(Z), canonical integrals and zeta values 4421

c¢; meets the complement of T in a single edge, which we denote by e;, fori = 1,...,n. The graph
Laplacian with respect to this basis of H;(G; Z) has the property that the variables x; corresponding to
edge e; fori = 1,...,n occur exactly once in the matrix, with x; in the i row and column.

We may assume that G has 2n edges (otherwise the corresponding invariant form vanishes). Let T C G
be a spanning tree, and choose any edge in 7" which we may assume is numbered 2n. Let Ag(T') denote
a choice of graph Laplacian, as above, in which we set x5, = 1. Since the invariant form a)é” L

projective, it is uniquely determined by restriction to the affine chart x5, = 1. Since it is proportlonal to

dx; A---Adxau—1, the “lower-order terms” in Theorem 49 vanish.

Theorem 50 Let G be a finite connected graph with n = hg independent cycles and 2n edges. Let T be
a spanning tree in G and Ag(T) a choice of graph Laplacian as above. It n = m — 1 is odd, then

m/2
=i Y S (apn &AL  e@AG(T)),

k+1
¢c{(,j):1<i<j<n} k=1
|€]|=m

where i
43) Ok (AG(T),€) = > [[o(€r)0(6s,) det Ag(T)* %
(1,1 (I Tic ek, =1

If n is even then wé”_l =0.
Proof Substitute A = Ag(T) into Theorem 49. Note that det Ag(T) = Wg is the graph polynomial. O
Remark 51 In practice it seems beneficial to choose a tree 7' with many leaves.

Example 52 For the wheel with n spokes W,,, choose T to be the spokes numbered fromn +1,...,2n
in cyclic order. The spoke n + i meets edges i and i 4+ 1 (mod ) from the rim. Every consecutive pair of
spokes, together with a unique edge in the rim, forms a triangle, which we orient counterclockwise and
take as our cycle basis. We obtain the matrix (4) for Ay, (T) and set x2, = 1.

We shall assume that n is odd. By inspection of this matrix, one verifies that there is a unique subset
€ C{(i,j):1=<i<j =<njsuch that ®giag, ue(dAw,(T)) is nonzero, namely

¢€=1{(1,2),(2,3),....(n—1,n)}.

Because € consists of consecutive pairs, one checks that either 0(€y,) = 0(€,) = (=Dl or o (€ ;)
vanishes (in the case when €, has repeated elements) for all the terms occurring in (43). By (24),

wdiague (dAw, (T)) = (=)D dxy A+ Adxp A(=dxpp1) AreA(=dxan—1) = (=) dxy A+ Adxon—1,

where we reduced (by antisymmetry) the terms dx; + dx,+;—1 + dx,4; on the diagonal of dAw, to dx;.
The sum over /;, J; in (43) can be restricted to sets éy,, €, with distinct elements, which considerably
reduces the number of terms in the formula. Examples for /; and J; are in Example 42.
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7.1 Example: the wheel with 5 spokes

Let n = 5. As is the case for all wheel graphs, the first sum of (43) reduces to a single term € =
{(1,2),(2,3),(3,4),(4,5)}. There are a priori 6 terms occurring in the formula, corresponding to the
3 terms in QD}‘ and Qbﬁ (Example 37). With the above ordering on the elements of €, we obtain the six
products of determinants corresponding to the terms in Example 42. The first and third involve repeated
indices, and therefore vanish, leaving only one term from %1,

det(A 2% = (Awy)s = —1.

The three terms coming from Qbﬁ are all equal:

0 —Xg 0 X1 +x¢+1 —X6 0
det(A %,55’23) det(A%‘};‘S) =0 xg44+x3+x9 —X9 —Xg X2 + X6+ x7 —Xx7
-1 —X9 X5+ x9+1 —1 0 0
= XeX7X8X9,

det(A%ﬁs’M) det(A%;SAS) = XgX7X8X9,
det(A%ﬁsAs) det(A%‘Z’M) = XgX7X8X9.

Taking all contributions together gives

1 X6X7X8X9X10
a)%/5|x10:1: (18 2 +216+ Xm/\"'/\d)Cg,
LIJWS lIJWS x10=1

in agreement with [Brown 2021].

7.2 Remarks on convergence and MZVs

Each monomial M(x) in Q(Ag(T),%) provides the parametric representation M (x)/W**1 of a graph-
ical function fG(]EZ)VI) in 2k + 2 dimensions [Schnetz 2014; Golz et al. 2017; Borinsky and Schnetz 2022]
whose underlying graph is G but with differing edge weights. An exponentk —1,k—2,...,0 of x; in the
homogenisation of M (x) corresponds to an edge-weight 1/k,2/k, ..., 1 of the edge associated to x;.

Remark 53 It was shown in [Brown 2021] that a)é”_l is convergent. In fact, very extensive numerical
evidence suggests a much stronger statement: for every monomial M (x) in Q(Ag(T),€) the graphical
function fG(]zl)\l) is convergent. In particular, we expect that Q1(7T) = 0 if the graph G has a subdivergence
in four spacetime dimensions (ie G is not primitive).

Theorem 54 Let G be a constructible graph with n independent cycles and 2n edges. Suppose that
fG(]ZI)W) is indeed convergent for every monomial M(x). Then Ig(w?"~') is a multiple zeta value (MZV).

Proof In Theorem 45 of [Borinsky and Schnetz 2022] it is proved (using Theorem 93 of [Schnetz 2021])
that any period of a constructible graph in even dimensions > 4 is an MZV. O
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Remark 55 It is expected that Theorem 54 holds unconditionally after regularising graphical functions to
deal with divergent terms, for instance in dimensional regularisation [Schnetz 2018; 2023]. Experiments
confirm that all Laurent coefficients in the regulator € for constructible graphs with subdivergences are
MZVs, and the poles in € cancel after taking the sum of all terms, leaving a finite part equal to the
canonical integral.

8 Restriction to wheel cycles and proof of main theorem

Henceforth let G = W,, be the wheel with n spokes. We use the set of spokes, labelled n + 1, ...,2n, as
a spanning tree 7', and label the edges of the rim 1, ..., n as in the previous section. The graph Laplacian
will be the matrix (4). Denote the product of all spokes by

(44) Se) =[] xntr-
r=1

8.1 Calculation of the wheel integrands

Lemma 56 Letl,J C{(1,2),(2,3),...,(n—1,n)} be two disjoint nonempty sets with |I| = |J| = p
elements. The sets I, J may be ordered as follows:

I={Gii+1D,....0p.0p+ D} I ={(1.j1+D.....0p. Jp + D}
where iy < --- <ip and j1 <--- < j,. By interchanging I and J if necessary, we may assume that
i1 < Ji1.
In the notation of Example 52 we have
S(x)

(45) det Aw, (T)! =3 TIP_, XnsixXntj
0 otherwise.

ifiy < j1<iz<jo<---<ip < Jp,

In other words, the determinant is nonzero if and only if the sets I, J are interlaced.

Proof Consider the matrix L = Ay, (T') as given in (4) (a worked example is in Section 7.1). If one
deletes the two consecutive rows i1, i1 + 1, then column i; 4 1 contains a unique nonzero entry —Xxp 4,41
in row i; + 2 (henceforth, the numbering of rows and columns refers to the numbering in the matrix L,
even when we consider minors of L obtained by deleting rows and columns). If j; > i1 + 1, then this
column occurs in L?+/ and we may perform an expansion of det(L’>/) with respect to column i; + 1. We
obtain a factor x4, +1 multiplied by the determinant of L7Y(1+2),JUG1+1) Now, in column i1 4 2 the
only nonzero entry is —x,;, +2 in row i1 + 3. We continue expanding the determinant along columns in
this manner until the first entry (i; +k + 1, i1 +k) is not in the matrix L/, There are two ways this may
happen. The first is if i1 + k + 1 € I, which implies that i = i1 + k + 1. In this case, column i1 + k + 1
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is zero in LY+ and det LY/ = 0. Let us assume that this does not occur. The second is if i1+keld,
which, having ruled out the first situation, therefore implies that j; = i; + k and hence j; < i5. The
expansion of the determinant det(L?>/) has so far produced a factor Xntiy+1 .- Xn+j;—1 (whichis 1 if
j1 =11 +1) obtained by multiplying elements immediately under the diagonal. We continue to expand the
determinant, this time by removing the pair of consecutive columns j1, j; + 1 and expanding along row
J1 + 1. This either gives zero (if iy > j2) or gives a factor X, j, +1 ... Xp+i,—1 Obtained by multiplying
elements of L which lie above the diagonal. Continue in this manner (in both directions as there may be
entries above the rows we have eliminated first if i; > 2), alternately multiplying consecutive sequences
along the lines immediately above and below the diagonal. We find that the determinant vanishes if the
sets 1, J do not interlace, and in the case that they do, we are left eventually with the 1 x 1 matrix (—x25).
Altogether we obtain the product of all x,,4, forr = 1,...,n except for r =iy, ji, where k = 1,..., p.
A careful analysis of the signs yields an overall minus sign in (45) which comes from det((—x35)). O

The interlacing sets I, J corresponding to nonvanishing determinants in the previous lemma are in one-to-
one correspondence with subsets K of {1,2,...,n—1} with 2p elements {i1, j1,...,ip, jp}. Conversely,
to any such set K = {ky,...,kzp} with k1 <k <--- <ky, we can associate

Ik = {(kl,kl +1),..., (kzp_l,kzp_l + 1)} and Jg = {(kz,kz + 1), e, (kzp,kzp + 1)}
The corresponding determinant is simply
S
(46) det A, (T) ik = S
[Tkek Xn+k

Lemma 57 LetG = W,, and T as above, where n = m + 1 is odd. In the notation of Theorem 50,

k
(47) Ok (Aw, (T).€) = (— 1)k S0 .
where
m m!
(48) k= Y. ( -y
’ 2 2 o2 k ,
ply"'ypkzl pl’ pz’ pk) Plsm,PkZl Hl:l(zpl)!
> 2pi=m S 2pi=m

Proof Recall that€={(1,2),(2,3),...,(n—1,n)}. By Lemma 56 and the discussion which follows, the
%7€, ,

sets {{I1,J1}, ..., {g, Ji}} in Qbfn which give rise to nonzero determinants det AVI;,; 7i" are in one-to-one

correspondence with disjoint unions

(49) (1,2,....n—1} =K UK, U---U Ky,

where each K; has an even number of elements. The set K; is given by the initial entries of all elements
of €, and €,. By (46) we have

Hd (A ]_[1_[( S(X)) —(_1)kS(X)k_1X2n

i=1 i=1 Llkiek; X
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By Example 52, o(I;) = o(J;) = (=1)//il. Therefore the calculation of 0, (Aw, (T),é) reduces to

counting the number of ways of writing {1,...,m} as an unordered disjoint union of k sets of size

2p1,...,2pg. This is simply given by 1/k! times a multinomial coefficient:
1 m 1 m!
E(2p1,...,2pk) TR Cp) -

Corollary 58 We deduce that forn =m + 1 odd,

m/2 f S(x)k_l
a)%‘;l_ll)CZn:l: (—=D)™2@2n—1) Z 2 Cm,kw dxi A-eeAdxzp—t.

n
k=1 Wi,

In particular, (—1)m/ 20)%21—1 is positive and the canonical integral Iy, is nonzero.
Proof Substitute (24) and (47) into equation (43). O

8.2 The coefficients c,, i

The coefficients ¢, x count the number of ordered partitions of a set of size m into k subsets, each of
which has a positive even number of elements.

Lemma 59 Let m > 2 be even. Then
k
2 k—r 2k m
(50) Cmk = 3¢ 2;(_1) (oo, )r
r=

Proof Consider the exponential generating series

Cm,k
Ck()() = Z me.
m>0 even ’

By definition of ¢,, ; and multiplicative properties of exponential generating series, one has
Cr(x) = C1(0)*.
Since cp,;1 = 0 and ¢;,,1 = 1 for m > 2, we have
Ci(x)=2("+e ™) —1=1L( 1)
The following identity follows from rearranging the terms in the binomial theorem:
k
2k ., —k _ k 2k k—r 2k r —r
0= 0% =05 (F) + X (52, o+,
r=
Applying it with y = e* gives
k
k X 2k —kx __ k 2k k—r 2k rx —rx
2K Ci(x) = (¥ — 1 e = (D) (1) + Zl(—l) (4o, e+,
r=
Reading off the coefficient of the term x™ gives the stated formula. O
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Example 60 For all even m > 2 we have ¢;;,1 = 1 and

2m 3m 2m 15
Cm’2:7—2, Cm,3 —— 3— I

8.3 Edge-weighted Feynman integrals for wheel graphs

The calculations above imply that the canonical wheel integrals are linear combinations of Feynman
integrals for graphs with weighted edges.

Definition 61 Let G be a finite connected graph with a choice of weighting v, > 0, for every edge
e € Eg. Define an associated Feynman integral for A € R, whenever it converges, by

T(A+1) , x2a=ve)

(51) PG = ———+— ,
CTTLT o) Jog ¢ Wit

where W¢ is the graph polynomial of G, og is the positive coordinate simplex, and
|EG| . -
Qg = Z(—l)’xidxl Ao Adx; /\--'/\dX|EG|.
i=1

This definition is equivalent to that of the weighted period of a graph in 24 4 2 dimensions in [Borinsky

and Schnetz 2022] by applying the change of variables x, xe_l.

Let W, 2,42 denote the edge-weighted wheel graph with n spokes W,,, where the edges along the rim
have weight 1, and the spokes have weight A~!. A formula for Pw,, 2k 42 1s derived in [Borinsky and
Schnetz 2022], using the fact that the dimension of the corresponding Feynman integrals are 2k + 2,
which is even.

Theorem 62 If 1 < k <n —2, the Feynman period Py, >k of the weighted wheel with n spokes is

2n—2
(52) ( ) ZH (rz_ez)'

PWoaier = o D1 — e r2n=3
Proof This is in Example 87 of [Borinsky and Schnetz 2022]. o

Corollary 63 Letn = m + 1 be odd. Then the canonical wheel integral is a linear combination of
edge-weighted Feynman integrals,

m/2 Sk n
2%¢c k—1)!
(53) = (2n —I)Z ’""( " by i

Proof This follows from Corollary 58 and the definition of Py, >4 42, upon restricting the integrand to
the affine chart x2, = 1. Note that the prefactor in front of the integral (51) for Py, k42 is k!/(k—1)!".
By definition we orient the domain of integration such that Iy, > 0. O
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8.4 Completing the proof

Lemma 64 Let us set po(x) =1, pa(x) = x2 — 1, pa(x) = (x> = 1)(x? — 4) and

k
pa(x) = [[ (> =%).
(=1

Let m > 2 be even. Then

m/2 2k
(54) Y Gryicmk Pak—2(x) =272,
k=1 )

Proof Let m = 2u, where u > 1. The set of polynomials p,; for £ > 0 form a basis for the free
Z-module Z[x?]. Therefore there exist unique integers ¢, x such that

"W

2u—2
E Lk P2k—2 = X w2
k=1

2k )T

The matrix T = (¢, x) satisfies T (po, p2,....p o) =, %2 x4, xR )T iz
1,1 1
/[2,1 12 \ (1 1
13,1 13,2 13,3 1 5 1
T =111 a2 14,3 14,4 =11 21 14 1
I51 t52 I53 154 t55 1 8 147 30 1
Is,1 16,2 16,3 l6,4 16,5 l6,6 1 341 1408 627 55 1

The numbers #,, ;. are known as the central factorial numbers with closed formula 2k /(2k)! times (50);
see [Sloane 2000]. O

Theorem 65 Letn > 3 be an odd integer. Then
2n
(55) 1w, =n(7")e 0.

Proof Letn =m + 1 be odd. Since n > 3, m/2 <n —2, and Theorem 62 applies. Corollary 63 yields

2n—2
2 nk _
w2 i () S i)
r=1

Iy, =@n=1) ) 2k — Dk y2n=3
k=1
/2 k41 0 m—2
M—2\ e 1 Rk, . 2n r 2n
=(2n—1)(n_1 )Zan—3 Z (2k)! p2k_2(r):n<n )Zrzn—3 Zn(n )é‘(n),
r=1 k=1 r=1
where we have used (54). O

Geometry & Topology, Volume 29 (2025)



4428 Francis Brown and Oliver Schnetz
9 An identity for (B)?"!

Let B,  be n x n matrices of 0- and 1-forms respectively, and set

(56) X(B,Q) = (BQ)*" L.
Employing the same notations as in Section 3.1, we write
(57) Y(B,Q) = > ®,(B) wy,
vE{(i,/):1<i,j<n}
[v|=2n—1

where w, was defined in Definition 21 in the case of the generic matrix €2;; = (w;;). In general it is
defined to be the corresponding exterior product of 1-forms in the entries €2;; of 2. In this section we
prove that X (B, 2) = det(B) Y(B, ). The strategy is first to establish equality in the case when B = [,
is the identity matrix, and then use covariance properties of both X (B, 2) and Y (B, 2) with respect to B
and €2 to deduce the identity for all B.

9.1 Properties of X(B, 22)

9.1.1 Weights and types In this subsection we derive a structural result for X(B, €2) from first principles,
which will not be required for our later results, but may be of conceptual value to the reader.

From the definition (56) it is evident that for any invertible matrices A1, A> € GL, (R®) we have

(58) X(A1BA», A'QATY = A1 X(B, Q) AT
Let us specialise (58) to the case when A1 = D; is diagonal with entries Aq,...,A,, and A = D, is
diagonal with entries 1, ..., un. The action B — D1 BD; (resp. Q + D5 1QDl_l) defines an action

of G, x Gy, on Z[b;;] given by b;j — A;b;ju; (resp. on the differential graded algebra R defined in
Section 3.1.2 via wj; > u; ' wi; A7 ). Decompose X (B, Q) by type (see Definition 21)

(59) X(B,Q) =) Fy(B)n,

where F, (B) € Myux»(Z[bi;]), and v ranges over all types of rank 7. As in Section 3.2, denote its weights
by w(v) = (p(v),g(v)). If we assign to b;; the multidegree (¢;, ¢;), it follows from (58) that the (k, o)t
entry (Fy,(B))k,¢ € Z[b;j] necessarily has multidegrees (q(v) + e —ey, p(v)); see Example 32, where
det B has multidegree (1, 1). - -

9.1.2 Factorisation of the determinant

Lemma 66 All entries of the matrix X (B, 2) have a factor of det B. Thus, we may write
(60) X(B,Q) = (det B)X'(B, Q)

for some matrix X' (B, Q) of (2n—1)-forms whose coefficients are homogeneous polynomials in Z[b;;]
of total degree n — 1.
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Proof Write X(B,2) =), F\(B)n, as above. It suffices to show that X (B, 2) vanishes if det(B) =0,
since in that case each F,,(B) € Z[b;;] is a polynomial which vanishes whenever det(B) vanishes. It is
therefore divisible by det(B), using the well-known fact that det(B) is irreducible (this follows easily
from the fact that the determinant is of degree at most one in each entry of B). Now observe that if
det(B) vanishes, then the matrix B, and hence BS2, has rank m < n. It follows from Proposition 15 that
a fortiori (BQ)?™ = 0, and hence X(B, Q) = 0. |

Corollary 67 If we write the coefficients in (59) in the form F,(B) = det(B) f,,(B), then it follows
that f,(B) € Z[b;;] has multidegree (q(v) — 1+ ex — ey, p(v) — 1). Naturally, if one of these degrees is
negative, then f,,(B) must vanish.

9.1.3 Elementary transformations We consider the behaviour of Y (B, 2) with respect to the action
of elementary transformations 7;; = I, + E;;, where (E;j)ap = 84,i6p,; are elementary matrices.

Lemma 68 Letp=(p1,...,pn)and q=(q1,...,qn), where p;,q; > 0 such that S i pi=Yr14i
Leti, j € {1,...n}. With notations as in Section 3.1, we have
qj

(61) PE,Q(BTU) = Z(q]g)Pg,g—i-k(gi—gj)(B)-

Proof Right multiplication B + BT;; adds column i to column j in B. It follows that (BTj;)s,,s,
has a copy of the column of B indexed by i added to all ¢; columns indexed by ;. Since the permanent
is invariant under permutations of columns, it suffices to consider the permanent of a matrix with column

vectors (a,...,a,c1,...,Cr), where @ occurs with multiplicity ¢. By multilinearity of the permanent,
q q k a—k
——— —— ——
perm(a+b,...,a+b,c1,...,¢cr) = Z(Z)perm(g,...,Q,Q,...,Q,gl,...,gr),
k=0

where the right-hand side follows from invariance under column permutations. Equation (61) follows
by applying this identity to the matrix (BTj;)s,,s,, Where ¢ = gq;, a is the i t column of B, b is the j™
column of B, and ¢y, ..., ¢, are the n — g; remaining columns of B. O

Lemma 69 Letp,vC{(i,j):1<i,j <n}where|u|=|v|=2n—1.Leti,je{l,...,n} bedistinct
and w;, (T;;2) be the differential form obtained from w;, by replacing every form wg,yp, for (a,b) €
in its definition as an exterior product with the corresponding entry (T;;2),p of the matrix T;; Q2. Let
(wu(TijS2))v be the v-isotypical component of w; (T;;€2).

(i) Then (w,(T;;2))y = 0 unless, for somer > 1,
(62) p=vU{(,k1),.... k)N k1), (o Kr)

where (j,ky) € v and (i,kg) ¢ v for | < { < r. In other words, y is obtained from v by
replacing a number of elements of the form (j, k) with (i, k). In particular, q(1) = q(v) and

p(w)=p)+rie —e;).
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(i) Let S, (v) denote the set of types u satistying (62). Then
p(v);—1
(63) > @umey= (")

HESy(v)

Wy .

Proof The matrix 7;; 2 is obtained from 2 by adding row j to row i. Therefore T;; 2 = 7*<2, where

Ty = Wap ifa#1i,
“ wip +wjp ifa=i.
Thus w, (T;; Q) = 7w*w,, and in particular there exists an ¢ € {—1, 1} such that by antisymmetry of the

exterior product,

(64) ou(Ti;jQ)=¢ N o~ N (0pp+ojp)
(a,b)en,a#i (i,b)eun
= N oA N wipA A\ (wip + @jp).

b
@bemari  GB.GbLen  GhenGbEm,
By expanding out this expression, one sees that a v with a nontrivial v-isotypical component differs
from p by replacing (i, b) with (j, b) for some b. This proves (i).

For (ii), we may choose the order in Definition 21 consistently for all i € Sy (v) by replacing elements
(j, k) with (i, k) and respecting their order. Consequently, the coefficient of 7, in 1,,(7;;$2) does not
depend on . The identity to be proven then reduces to a statement about determinants of matrices M ,? €
for any ¢. The matrix M, for u € S;(v), is related to that of M, by removing a —1 in row (J, k¢)
and column j, and replacing it with a —1 in the same row (now indexed by (i, k¢)) in column i for
£ =1,...,r. Thus, in effect, r matrix entries move from column j to column i. If we choose ¢ =i and
delete column 7 from all these matrices M, then we obtain |S, (v)| matrices which differ only in a single
column j. Since the determinant is multilinear with respect to columns, we deduce that

Y detMZ = det( > Mf’i).
HESy(v) HESy(v)
We may extend the sum to the larger set S} (v) consisting of u of the form (62), without the condition

that (7, k¢) ¢ v. Such a p has repeated pairs (7, k;) and defines, as in Definition 21, a matrix M, with at
least two repeated rows, and hence det M f ' = 0. We deduce that

. N\ PO =1 p(v); _(p(v);—1 -
Z deth’l:det( Z M/?’l):_pT(_r ])detM‘?’l=<_ rj )detM\)g’l7
HESF(v) WES} (v) L

since S/ (v) has (E(f)f ) elements, and because the sum over all 4 uniformly distributes (p(v); — r)(i’(:)f' )
entries —1 over the p(v); slots in row (/, k¢) and column j. We deduce that by Definition 21,

. v)i—1 . v)i—1
w, (T;;2))y = € det Ty =" € det Ty =" Wy,
(T2 det M2 p(zf det M2 p(zf
WES,(v) HESy(v)
with € = (=1)®)+i-1, O
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Example 70 Consider the case r = 1 in Lemma 69,

pm=vi=vU(@.k)\ (k).
The types v and vy are identical except for the pair (j, k) in v which is replaced by (i, k). From (64) we
see that w,, (T7;€2) is obtained from w,, by replacing w;; with w;j, + w;p for all pairs (i, b) € vi with
(j,b) ¢ vi. If we project this onto its v-isotypical component, then for b # k we have (j, b) ¢ v, so
that we can in effect set w;, = 0 in w;p + wjp. In other words (a)vk (T3 Q))v is obtained from w,, by
replacing the single entry w;; with w;; + w;;. We obtain

(Cl)vk (le Q))v = Vi |0)ik’_>wjk :
By summing over all k& we obtain, from equation (63),

Do @uT= Y (@ (T2 = (p(); — Doy,

HeS1(v) k:(j,k)ev,(i,k)¢v
9.2 Casewhen B =1,

Let us write F,, = F,,(I). Then (59) takes the form

(65) X([n,Q‘)):FV nv.

9.2.1 Hamiltonian circuits Since

Q= Y wjEy.

1<i,j<n
it follows from the identity E;j Ex¢ = é; E;¢ that
2n—1
(66) X(In,Q)ijI(Q n )ij: Z wikl/\wklkz/\"'/\wkznfzj’
ki,..kon—2

whose v-isotypical component is
(67) X(In,)ij = D Oy Ak A+ Ahyy_y

(kr.kr41)€V

where r runs from 0 to 2n —2, and kg =i, kop—1 = J .

Lemma 71 (i) The matrix F,, vanishes unless one of the following two situations occurs:
(@) p(v) =q(v), in which case F, is diagonal.
(b) p(v)—q(v) =¢; —¢; fori # j. Then F, is a multiple of the elementary matrix E;; .
(ii) Ifthere existsak €{1,...,n} such that p(v)y =0 orq(v)x =0, then F, = 0.

Proof (i) Notice that the set of second indices for each form w,, occurring in (66) match the first
indices with the exception of i and j.
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(i) Let p(v)r = 0. The statement is invariant under permuting labels. We hence may assume without
restriction that £ = 1. This implies that 2 has zero first row. For any integer r > 1 we obtain

Qr — 0 0
(Qll)r—l/\g (Qll)r ’
where Q11 is © with first row and column deleted, and « is the column vector (w21,..., a)nl)T. We set

r =2n—1 and use (Q'1)2"=2 = 0, which follows from the last sentence in the proof of Lemma 66, to
deduce the result.

The result for g (v); = 0 follows by transposition. a

For any type v, consider the oriented graph G, which has vertices 1,...,n and an edge from vertex i
to vertex j for every pair (i, j) € v (the second construction of Remark 16). A term of the form
Wify N Ok ey N* " AWy, _, j 10 (66) corresponds to an oriented path from i to j through all 27 — 1 edges
of G,. The coefficients in the matrices F, therefore count the number of such paths between edges of G,,.
Using (66), we may write
(68) (Fij =Y sgn(yij).

Yij €y
where the sum is over all oriented (2n—1)-paths y;; from i to j, and sgn(y;;) € {1, —1} is the sign of the
ordering of the edges in this path relative to v.

Now we specialise to the case i = j, so that y;; becomes a closed path from i to i. Let y be any closed
oriented path in G, which passes through vertices y1, ..., Y2n—1, y1 in order. Since there are 2n — 1
terms in the wedge product we have

Wy ys N Oyryz N NQyy,_1yp = Dypyz A NWysy_ 1y NOypyss

which is therefore invariant under cyclic permutations of (y1, ¥z, ..., Y2n—1). It follows that the sign
sgn(y;;) =sgn([y]) in (68) only depends on the closed oriented loop [y] (defined to be the equivalence class
of oriented closed paths with different basepoints with respect to cyclic, but not dihedral, permutations).
We may thus define

1= /N e,
[v] ccE() e

where the wedge product is over the oriented edges in a representative y of [y], taken in the order in
which they appear in y, starting with any edge. The closed loop [y] may be broken open at any of the
vertices i = 1,...,2n — 1 to obtain a total of 2n — 1 paths, of which there are exactly p(v); starting and
ending at vertex i. This is because p(v); = [{j : y; = i}| is equal to the number of oriented edges in G,
whose source is vertex i. It follows that

(69) X(In, Qv)ii = p(v)i Z Ny and  (Fy)ii = p(v)i Z segn([y]),
[ylev [ylev

where the sums are over all oriented Hamiltonian loops [y] in G,.
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9.2.2 Formula for X(I,, 2) Let p= (p1,..., pn), where all py,..., p, > 0 are integers. Define
(70) cpi= [] (pr+8ir—DL.

ripr+68; =1

where the empty product is 1.

Proposition 72 Forall 1 <i,j <n, we have

(71) X(In’ Qu)ij = Sg(v)—gi,g(v)—gjc(g(v))j Wy .
9.3 Proof of Proposition 72

The proof is by induction over n. If p(v) —g(v) # e; — ¢;, then both sides of (71) are zero; see

Lemma 71(i). We hence may assume that p(v) —g(v) =¢; —e¢;.

The case n = 1 is trivial. The induction step from n — 1 to n has two stages. In the first, we establish the
case ]_)(U) = Q(v) (ie i = j) using the induction hypothesis for n — 1. In the second, we reduce the case
when i # j to the case p(v) = q(v).

9.3.1 The case p(v) = ¢(v) Throughout this subsection assume p(v) = ¢(v). From Lemma 71(i) we
obtain that X(/,, 22,);; =0 for i # j. We hence may restrict ourselves to the case i = j.

If 2, has a zero row, then equation (71) is trivial by Lemma 71(ii) and Lemma 24(ii). If not, then, since
2, contains 2n — 1 nonzero entries, there must exist a row r containing a single nonzero entry w4, and
hence p(v), = 1. Because g(v) = p(v), = 1, column r of 2, also has a single nonzero entry wp, lying

insomerow 1 <b <n.

The Hamiltonian path (i, k1, ..., k2n—2,1) corresponding to each summand of (67) has the same start
and end point, so that we can express X ([, 2y);; as a sum over Hamiltonian loops [y]; see (69). Since
p(v), =¢q(v), = 1, every such loop [y] runs through the vertex r exactly once. Since G, has a unique
gdge ente;ing and leaving r, we may open all such loops [y] at the vertex r to obtain

X(In, 2v)ii = p(v)i @ra A X(In—1, Qu\{(r,a),(b,r)})ab N Obr

on applying (67) in the situation i = a, j = b. The type v \ {(r,a), (b, r)} is a subset of 2n — 3 pairs of
the n — 1 element set {1,....,r —1,r +1,...,n}. Note that Q,\((r.a).(b.r)} = (23).

By induction hypothesis we may apply (71) to X(In—1, 2.\ {(r,a),(b,r)})ab to deduce that
(72) X(In, 2v)ii = p)i c(pW\{(r.a). (b.7)}))b Wra A Ou\{(r,a),(b,r)} N Obr

since p(v\{(r,a), (b,r)})—q(v\{(r,a), (b,r)}) = p(v)—q(v)+e,—e, = e, —ep and so the Kronecker
delta in the formula is 1. For k # r we have p(v\ {(r,a), (b,r)}r = p(v)r — Sk ». We obtain

pi c(p\{(r.a).b.r)Np=p)i  [[ @Ok—DI=c(p)).
k#r:p(v)ig=>1
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where we have used p(v), =1and p(v); > 1 for all i. We may reorder the exterior product of forms in

)2n—2

(72) to place wp, on the far left, which multiplies by a factor (—1 = 1. Proposition 25 implies that

@pr N Ora N Op\{(r.a),(b.r)} = Ov-

Equation (71) follows.

9.3.2 Thecase p(v)—q(v) =¢; —e j fori # j Equation (67) leads to the decomposition

(73) X(In.Q)ij = Y oA X,
k:(i,k)ev

where

(74) Xkj = Z Wkky N+ NOkyy 55

(kr kr41)€V\(G,K)
with 1 <r <2n—2and k; =k, kap,—1 = j. Fix a choice of k (which may be equal to ;) and consider X;.
We distinguish two cases: (j,k) € v\ (i,k) or (j, k) € v\ (i,k). If (j,k) € v\ (i,k), then for each
summand o in (74) there exists a unique r = rq such that (k,, kr11) = (J, k). One can only have ry =1,
or ro =2n—2,if j = k. For every term ¢ in (74) we may uniquely write

0 = Wy N+ AWk, j NDjk N Okkyy 4o N7+ A Oheyy s j = Qo AWjk AP,

Qo Bo
where ag = 1 for rg =1 and By = 1 for ry =2n—2. Since deg(ay) =ry —1 and deg(Bs) =2n—2—rg,
o= (=)o Aag Ao = (=10 (=)D By A A
Since rg —1+r;2n—2—rys) =rg(re + 1) + 1 = 1 mod 2, the sign is always —1. The (2n—2)-form
Bs A wjk A ag corresponds to a Hamiltonian path from k to j and hence to a unique summand o’
in (74). The map o — o’, which corresponds to interchanging B, = &y and ag’ = B, is involutive

and necessarily a bijection between summands of (74). The above identity implies that the contributions
from o and o’ have opposite signs in (74) and thus cancel. It follows that X} ; vanishes in the case when

(j,k)ev\(, k).

Now suppose that (j,k) ¢ v\ (i, k). In this case we can define a new set of pairs vy = v U (j, k) \ (i, k).
It satisfies p(vg) = p(v) +¢; —¢; and g(vk) = g(v). Since p(v) —¢q(v) = ¢; —¢;, we deduce that

P (i) = q(vx) and we may apply the results of Section 9.3.1 to obtain
(75) X(In, Quv;)jj = c(p(vi))j oy -
Since (j, k) € vy, there exists a unique (2n—2)-form oy not involving w;x such that
Wy = Wjk N0,
We may open all Hamiltonian loops (69) for X(/,, 2,,);; at the edge (j, k). This yields
(76) X(In, Qv )jj = pvi)j @jic A X
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where Xj; is defined in (74). Since (j, k) € v, we have p(vg); > 0. By equating (75) and (76), we
obtain

ij:Mak:( 1‘[ (B(vk)s—l)!)ak.

E(Uk)j s:p(i)s=1

This formula holds for all k. Therefore in formula (73) we may apply this for every k after discarding all
terms Xy ; for k such that (j, k) € v, which vanish by the previous argument. This leads to the formula

(77) X(In, Q)ij = ( [T pow)s— 1)!) > Wik N O
s:p(vr)s=>1 k:(i,k)ev,(j,k)¢v

For each k in this formula, the expression w;x A ay is obtained by replacing the one-form w; in w,,
by w;r. By Example 70 with i and j interchanged, the sum on the right-hand side of (77) equals
(E(U)i - 1) Wy .

If p(v); =1, then g(v); = 0 and both sides of (71) vanish by Lemma 71(ii) and Lemma 24(ii). Otherwise,
p(v); > 1 and we conclude that

(pi= [ @os—D!'=(p®)i-1) I (P(W)s+8j.s—8i.s— D= c(p(n));.

s:p(vr)s=>1 s:p(W)s+8;.5—8; s=1

Equation (71) follows and completes the induction step.

9.4 Properties of Y(B, 2)
It follows from (57) that
(78) Y(B,2y) = d,(B) w,y.

Proposition 73 We have the identity X (I, 2,) = Y (I, 2y).

Proof Let p = (p1....,pn) and g = (q1,...,qn) be the frequency vectors of the multisets S, and S,.
It follows from the definition that ﬁp,q (1) is the number of bijections between the multisets S; and S;
mapping i € Sptoi €S, foralli € {]: ..,n}. If there exists an r € {1, ...,n} such that p, # q;, then no
such bijection exists and P ».q(In) = 0. Otherwise every such bijection may be identified with a product
of n permutations on p, =7q; elements. We obtain

n n
Pg,g(ln) = 1_[ Spr.ar 4r! = 53,51 l_[ qr!.
r=1 r=1

By (26) we deduce that if p(v), > 1 for all r, then

n
Y(I, Qv)l'j = 5g(u)+gi—gj,g(v)(£](v)j + Si,j - 1)( H(E(U)r - 1)') Wy.
r=1
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Suppose that ¢(v) +¢; —e; = p(v). Then taking j™ components gives q(v); +38i,j—1=p(v);. The
previous expression simplifies with (70) to
Y(In: Qv)ij = Sg(u)—gi,g(v)—gjC(E(V))j Wy.

This is equal to X(I,,$2y)ij by Proposition 72. If g(v) +¢; —¢; # p(v), then X(I,,Q,) = 0 by
Lemma 71(i). If there exists an r such that E(V)r = 0, then X(/,,2,) = 0 by Lemma 71(ii), and
Y(I,,2,) = 0 by Lemma 24(ii). In both cases the identity holds trivially. |

9.4.1 Action of elementary transformations

Proposition 74 Letn >2 andi # j, wherei, j € {1,...,n}. Then
(79) Y(BTi;. Q) = Y(B.T;;Q).

Proof Let v be a type of rank n. By taking v-isotypical components, (79) is equivalent to

(80) ©y(BTyj) oy = ) Pu(B) (@u(Ti; )y,
w

where the sum is over all types . The (a, b)™ entry of the right-hand side is by definition

> @06 +8ab = D) Paguyte,—ey—1.pGo-1(B) @u (T ).
"

By Lemma 69(i) this reduces to

@O0)s+8ap =1 Y D Pyw)teq—ep—1.p0)+riei—e,)—1(B) (@u(TijQ))v.
r=0 ueSy(v)

We move the sum over p past the permanent and obtain from Lemma 69(ii)
p(v);—1
(fl(”)b + Sa,b -1) Z(_ rj )Pg(v)—l—ga—gb—l,g(v)—i-r(g,- —gj-)—l(B) Wy.
r>0

By Lemma 68 this equals

(Q(V)b + Sa,b - I)Pg(v)—i-ga—gb—l,g(v)—l(B le) Wy,
which is the (a, b)™ entry of the left-hand side of (80). |
9.4.2 Completion of the proof

Theorem 75 For B and 2 as above,

(81) X(B,2) =det(B) Y(B, Q).

Proof The case when B = I, was established in Proposition 73. For any elementary transformation 7;;
where 1 <i, j <n, one has X(BT;;,2) = X(B, T;;2) by definition. The substitution B B(Tij)k,

Q- (T; j)kQ for k € Z in this equation and in (79) ensures that (81) holds for all B in the subgroup
I'y <SL,(Z) generated by elementary column transformations (it is easy to see that I';, = SL,(Z)).
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Lemma 66 and equation (78) imply that (81) is equivalent to proving that
(82) X'(B, Q) = ®y(B) 0y
holds for all B and v. For each v, the (i, j )™ entry of (82) reduces to an identity of polynomials in the

entries of B with rational coefficients, which we have already established for all B € I',,. Since I’ is
Zariski-dense in the algebraic group SL,, we deduce that the identity of polynomials holds in the ring

O(SLn) = Q[bij]/(det(B) — 1),
ie that the entries of the matrices on both sides of (82) coincide up to powers of det(B). However, since
their entries have total degree n — 1, which is strictly less than the degree of det(B), this proves that (82)
must hold exactly (ie in the ring Q[b;;]), which proves (81). m|

10 A determinantal identity for antisymmetrised permanents

In this section we prove Theorem 40.
10.1 Preliminaries

Let notation be as in Section 4.

10.1.1 Preliminary lemmas For o € X, we write by = b1, ,,b b

S2t52) " YSmlom)

Lemma76 Letm>1,ke€{0,1,...,m}and o € ¥, be a permutation. Then
182" Gk Tk +1,m bo = (1" Fmigr m bot.
Proof The case k = m holds because

g1 - 8&mbs = bso(l)tl bso—(z)zz c bsg(m)tm = bsltU,1 (l)bszta,1 o bsmtafl o
For any element x in the polynomial ring generated by b, with u,v € S;,, UT},, and g € G < Gy, We
have g (gx) = x(g)mg(x). In particular, since y(g;) = —1, we have ng(x) = —ng(gix)if gi € G. It
follows that
Thtt,mbo = (D™ * i1 81+ Embo-.

m) then apply the case k = m. |

.....

Lemma 77 Let m > 1. Then
0 if m is odd,

erm Bjg 1.1 = : ;
PR S Tn) =20y . mperm Bs,, 1, if m is even.

Proof For odd m we take the sum over o € X, of the case k = 0 in the previous lemma, yielding
perm Byg,, 1, = (—1)" perm Bg,, T,,]- For even m, the case k = 1 of the lemma implies that
8172, .mperm Bs,, 1, = —m2,. mperm Bs,, T,

Since 7y,..m = (1 — g1)m2,....m, the result follows. O
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10.2 A recursion for perm Bgs,, 7,,]

Proposition 78 Let m > 2 be even. We define perm Bg g = perm B[y o) = 1. Then

m
1
(83) perm Bls,, 7,1 = =5 ) i,j (det Byyry 5;t; Derm Bls, (s, s} T \e1.0:11 1y =)
i,j=2

Proof We expand perm Bg,, T,, with respect to row 1 followed by column 1, yielding

m m
— Lj 1,1 1i,1j
Bs,, .1, = E bs,t; perm BS’me = bg,1, perm BSm,Tm + E bs,t; bs;t, perm BSm,Tm’
j=1 i,j=2

where B>/ denotes the matrix B with rows indexed by / and columns indexed by J removed. The
antisymmetriser 771 annihilates the term by,;, perm B éml 1,,» Which is symmetric with respect to g1. The
sum on the right-hand side may in turn be written as a sum of two terms,

m
1i,1i 1,1
(84) Z bs,1;bs;r, perm BSZ,;"m + Z bsyt; bs;t, perm BS;,JTm'
=2 2<i#j<m
Applying the antisymmetrisation operators to the summands in the sum on the left gives
1i,1i
71,...mbsy1; bs;r, perm Bsf,;,;"m = (01,ibs11;b5;t )70y | 7y PEIM B, \(s1.5: 1. T\ 0101}
= —2det B 1y,s5;1; PErM Bs,, \ (s 5,3, T\ {11,0:}]
by Example 35, and by definition of the antisymmetrised permanent. Now consider the diagonal terms
i = j in the sum in the right-hand side of (83). They can be written in the form

_%”iz(det By ty,si1; PETM Bis, \ (51,53, T \{r1,4,31) = —2det By 1y s;1; Perm Bs, \(s,5; 3, T\ {11, }]

since g; acts trivially on det By, 5,1, and hence 7; ; = T[l-z multiplies it by 4. It follows that the terms
i = j in the right-hand side of (83) come from the left-hand sum in (84) in the expansion of perm Bg,, T,,,.

There remain the cases i # j. Antisymmetrising the terms in the right-hand sum of (84) gives

7i,j (1bsy1; bSitl)(nz,,,,j,f,,,,,m perm B, \gs1,5:3, T \it1.1})-

The second factor simplifies to ﬂlbslt_,- bs;¢, = —det By, ¢, 5; t;» as can be confirmed by direct calculation.
Using the invariance of the permanent with respect to column permutations, we may write

07 ,m PETM B, \{s1,5: 3T \{t1,1} = T 07 ,m PETM B, \{s1,5:3. T \{t1 9ti}|tj =t
—1p |
= 2 P0Sm \ {5183 L[ Tm \{t1,t: 1] 18, =1;

upon applying Lemma 77 with respect to the index set i, 2, ... . f ...,m. This recovers the remaining
terms i # j in the right-hand side of (83), and completes the proof. O
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10.3 A sum of determinants

Definition 79 Let B be a symmetric m x m matrix and € = {(s;, ), i = 1,...,m} be a set of pairs
with m even. For € = @ we define X (B, @) = 1. Otherwise X(B,€) = X (B, Sy U Ty,) in Definition 38.

Moreover we denote the second sum in (31) by

(85) T (B,€) = Z det By,,j, ---det By, g, ,
Q5=LJ£-(=1 I;UJ;
[1;|=1J;]

where the sum is over all decompositions of € into (unordered) pairs of sets (of pairs (s¢, tx)) i, Ji of
equal size. We consider Iy, Ji as ordered sets in which each s; is followed by #; as in Definition 41.

Remark 80 The expression on the right-hand side of (85) is well-defined. It does not depend on the
order of the pairs in /; or J;, as swapping two pairs amounts to swapping pairs of rows or columns in
By, ;. Any such permutation is even. It is also invariant on interchanging I; <> J;, since B is symmetric.

10.4 A recursion for X (B, €)

Let [ and J be such that |[/| = |J|and 1 € I. Let E = {(s;,%;),i € I} and F = {(s,t;),] € J}
and consider the matrix Bg g, where E stands for {s;,,t;,,...,Si..t, } where I = {iy,... i}, and
likewise F', along the lines of Definition 41. Note that det Bg r does not depend on the order of the pairs

of elements in £ and F'; see Remark 80.

Lemma 81 With the above notation we have

(86) detBg,r =) det Byss;1; det BE\(s).10),F\(s, 1))

jeJ

- Z 7, j(det By, 1) ,s;1; detBE\(Sl,tl),FU(Sj,ti)\{(Si,li),(Sij)})’
i<jedJ

where the second sum is over ordered pairs in J .

Proof Recall that for any # x n matrix A, with n > 2, an expansion along the first two rows leads to the

formula for its determinant

(87) detA= Y (=D det(Ay, qp) det(A'>4),

l<a<b<n

where Ay 45 denotes the 2 x 2 minor of A with rows 1,2 and columns a, b, and A12:2b denotes the
complementary (n —2) x (n — 2) minor obtained by removing rows 1, 2 and columns a, b from A.

Apply this formula to A = Bg . The columns are indexed by elements of F and are given by {s;,#;};es.
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The indices a, b in (87), which correspond to elements of F', may therefore be as follows:

(i) (a,b) = (sj,t;) for some index j € J. Since a is in odd position and j is in even position, the sign
(—=1)@+2+1 equals 1 and we obtain the first term in (86).

(i) All remaining terms may be collected in groups of four:

(a,b) = (si,s;), (si,tj), (ti,87), (ti. 1))

for every i < j € J. The signs (—1)2+b+1

are, respectively, —1, 1, 1, —1. These four terms are the orbit
of (s;, ;) under the group (g;, g;), and therefore the total contribution from these four terms comes from
the action of 7; ; on a single term. It suffices to consider, then, the term (s;, ;). We may order the pairs
in J so that (s;, ;) is followed by (s;, ;). Deletion of the columns corresponding to s; and ¢; leaves a
sequence of columns in the order ..., #,s;, ..., which, after interchanging #; and s, corresponds to the
term det Bg\(sy,¢1), FU(s; 1:)\{(si.t;).(s; t;)}- 1he minus sign in the second line of (86) comes from the fact

that interchanging #; and s; multiplies this determinant by —1. We thus obtain the second term in (86). O

Proposition 82 Let m > 2 be even, B be a symmetric m x m matrix and € = {(s;,t;), i =1,...,m} be
a set of ordered pairs. Then
m
1
(88) 3(B,¢) = 5 Z i, j (det letl,sitj 3 (B,€U (Sj, )\ {(s1,t1), (si, t;), (Sj, lj)})),
i,j=2
where, in the casei = j, €U (s;,1;) \ {(s1.71), (si, %), (sj, t;)} simplifies to € \ {(s1, 1), (sj,1;)}.

Proof We use formula (31) for X(B,€) = X (B, Sy UTy,), where the second sum is denoted by 7% (B, €)
as in Definition 79. The pair (s1, #1) in € lies in exactly one of the sets I;, J; for some i. By Remark 80,
we may assume that (s1,¢1) is contained in the set /; and split the decomposition of € into /; U J; and a
decomposition of €' =€\ (/1 U Jy) into k — 1 pairs of equal size. We expand out the factor det By, _j,
by applying Lemma 81 with £ = Iy, F = J;. Then we interchange the sums over j and i < j in
equation (86) with the sum over the possible choices for I; and J; in € to obtain

(89) Ti(B.€)=

m
Z det Bs,1,,5;1, Z det BIl\(Sl,tl),Jl\(Sj ,tj)X
j=2

LUJ C,¢=Uf_, 1;uJ;
(s1,t1)€l, (sj,t;)€Jy

- Z i, j (det By ty,si1) Z det Bll\(slJl),-]lU(Sjsti)\{(sisti)9(sjstj)}X)’
2<i<j=m 11UJ; g%,%’;’=Uf—‘:2 1;UJ;
(s1,11)€1, (5i,8i),(s5 )€1

where X = det By, j, - --det By, j, and all pairs of sets I;, J; satisfy |I;| = |J;].

We first consider the sums in the first line of (89), and distinguish the two cases when /1 = (s1,¢1) and
J1 = (sj,tj) consist of single pairs, or when 7, J; have > 2 pairs. In the first case €’ is a decomposition
of €V 1=\ {(s1.11), (sj, 1)} into k — 1 pairs of equal size and we have det By, \(s,11),J;\(s;.1;) = 1-
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Therefore this part of the inner sum on the first line of (89) reduces to Tj_;(B,%). These terms
contribute m

> "(det By, .5;1;) Ti—1 (B. €Y

Jj=2
to the first line. In the second case, the choice of 11 and J; may be combined with the partition of €’ to form
a partition of €% =¢'U (11 \ (s1,71))U(J1\(s;,;)) into k pairs 1], J, (with 1 <€ <k), where |1 | =|J;].
Amongst these k pairs there are 2k possibilities for Ji \ (s;, ), namely one of {1, J{,..., I}, J; }. This
choice uniquely determines /71 and J; (since if J1 = J é U(sj,tj) then Iy =1 é U (s1, f1), or similar with
1 é, J é interchanged). In this case, therefore, the contribution to the first line of (89) is

m
> (det Bsy1y.,5;1)2k Ti(B.€V).
j=2
Now consider the second line of (89). The terms in the inner sum are in bijection with a decomposition
of ¢l :=¢U (sj. i) \{(s1.11), (si. %), (sj, )} into k pairs of equal size. The term which comes from
the set Jj is uniquely determined since it is the set which contains the pair (s;, #;) (in particular, it cannot
be empty). The second sum is hence equivalent to an unordered partition of €' into k pairs of equal
size. The inner sum therefore reduces to Ti (B, %1"/) and the second line of (89) is
> (det Byyry50,) Tk (B.€').
2<i<j<m
Combining the above yields the expression below for X (B,€) =) (=2)%k\ T (B, €) (by (31)):

m/2 m
> (=2)Fk! ( Y det Bsyry sy, (Te—1 (B, €Y) + 2k Ty (B, €V))
k=1 j=2 1ij
— Y mij(det By, 51, Te(B.€'))).
2<i<j<m
where the term To(B, €') vanishes, as do Tm/z(B,%lj) and Tm/z(B,%”j), because €1/ and ¢!V only

have a total of m — 2 pairs.

The term in brackets consists of two sums. In the first sum we shift kX — k + 1 in the first summand and
use (=2)Kt1(k + 1)! + 2k (—=1) k! = —2(=2)%k! to obtain

m/2—1 m
=2 Y (=2Fkt) " det By, 50, Te(B.6Y).
k=1 j=2

We interchange the sums and use 7j, ; det By, 5,¢; = 4det Bg ¢, 5;¢; to see that the first term reproduces
the summands corresponding to the case i = j in (88).

In the second term the summands are invariant under the action of g; g; since x(g;g;) = 1. Because B
is symmetric, the action of g; g; is equivalent to swapping i <> j. We may hence extend the sum over
i <jtoalli # j if we introduce a factor % This provides the summands with i # j in (88), and the
result follows. O
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10.5 Proof of Theorem 40

If m is even, we prove the theorem by induction over m in steps of two. For m = 0 both sides of (32) are 1
(for m = 2 see Examples 35 and 39). For m > 2 we obtain from Propositions 78 and 82 that both sides
obey the same recursion because € U (s;, %) \ {(s1,71), (si, %), (57, 2;)}) = €\ {(s1,11), (Si, L)} e, =t; -
The case of odd m was proved in Lemma 77.

Appendix A matrix identity of Amitsur—Levitzki type

A.1 The Amitsur-Levitzki theorem

Let R be a commutative ring and let Ay, ..., A2y € M,x» (R) be a set of 2n square matrices with n rows
and columns. A famous theorem of Amitsur and Levitzki states that the complete antisymmetrisation of
the product of 2n matrices vanishes:
(90) Z Sgn(n)Aﬂ(l) o Aﬂ(z,,) =0.

TEX D,
It was observed by Rosset [1976] (see also Procesi [2015]) that this formula is equivalent to the identity
Q2" =0, where Q is a certain n x n matrix whose entries are one-forms; see below. A by-product of the
results of this paper is an explicit formula for the antisymmetrisation of 2n — 1 such matrices.

A.2 Antisymmetrisation of k matrices

More generally, given k matrices A; € My, (R) as above, it is interesting to ask for a formula for the
antisymmetrisation

AL Al = Y sen(0) Ar(r) -~ Argio-

TEXK

The case k = 2 is simply the commutator [A1, As] = A1Ay — Az A;.

Following Definition 21 we choose any ordering on ordered pairs of elements in {1, ...,n} and define
types v = ((i1. j1).. ... (ix, jk)) to be sets of k distinct such pairs in the chosen order. Let € My, (R!)
be an n x n matrix whose entries are 1-forms in a differential graded algebra R* = P, R", where
R® = R. Its k-fold product ¥ € My, x,(R¥) is a matrix of k-forms and may be expanded by type

O1) Qk =>"Fyn.
Y

as in (59), where F, € Muxn(R) and 0y, = Qi j; Ao A Qi if v = (1, j1), ..., (k. Jk)); see
Definition 21(ii) for the case k = 2n — 1.

Proposition 83 In the above notation we have

92) [A1,...,Ax] = Z Fy, det((Ar)ij)r,ijevs

where ((Ar)ij)r,ijev Is the k X k matrix with entries (A,);; inrowr =1, ...,k and column (i, j), where
(i, j) ranges over the k elements in v in order.
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Proof Following Rosset, consider the graded exterior algebra R® = /\EB{-‘Z1 Re;, where ey, ..., ey are
generators in degree 1. We have R® = R and R¥ = Rey A--- Aeg. Consider the matrix

k
Q=) Arer € Myxn(R).

r=1

Then by antisymmetry, we have

QF = [A1,...  Akler A+ Aeg.
Now the (i, j)™ entry of  may be written

Qij = (Ar)ijer + -+ (Ax)ijek-

Substituting into 1, for v = ((i1, j1), ..., (ig, ji)) yields
k
nv(el,..-,ek): Z (Ar1)i1j1er1/\"'/\(Ark)ikjkerk-

T1seeesk=1

By antisymmetry again, this expression reduces to a determinant and (91) yields
QF =3 " Fy det((Ar)ij)r=t....kijevel A Ak
v
Comparing the coefficients of e; A -+ A e gives the result. |

It is an interesting question to find formulae for the coefficients F, in (91), and hence for [A1, ..., Ag].
The theorem of Amitsur and Levitzki is equivalent to the statement that all F,, vanish when k = 2n. The
results obtained in this paper give an explicit formula in the case k = 2n — 1.

A.3 Antisymmetrisation of 2n — 1 matrices of rank n

Recall that the weight w(v) = (p(v),¢(v)) of v is defined (see Definition 19) by
p)=Ri: G j)evyl and q)=[j:@ j)evil

The pairs in v have entries from 1 to n, where 7 is the rank of v.

Theorem 84 The antisymmetrisation of the 2n — 1 generic matrices A1, ..., Aan—1 € Myxn(R) has
@, )"
93) [A1,....A2p—1]ij =

component given by

2n—1

(_1)(g)+s—1 Z det(M}?’s)( 1_[ (1_)(1)), +68r— l)!) det((Ar)ij)rijev,
vip(v)—q(v)=e;—¢; r=1
where s is any number in {1, ..., 2n} (the formula does not depend on which one), the sum is over types v

of rank n, and the factorial of a negative number is defined to be 1. The matrix M,, and the notation M,? s
are defined in Definition 21(1) and (iii).
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Proof Use Propositions 17 (with B = [,,) and 72, and substitute (20) into the formula for Q271 The
result follows from Proposition 8§3. a

Example 85 Let A, B, C be three 2 x 2 matrices. The antisymmetrisation
[A,B,C]=ABC — BAC + BCA—CBA+ CAB — ACB

is given by determinants of the 3 x 3 matrices

a1 arz dzi ail aiz az a1 azi ax aiz azi az
Xi=\|b11 b1z b21 |, Xo=|b11 bi2 baa |, Xz=|b11 ba1 b |, Xa=|b12 b21 b2
C11 C12 C21 C11 C12 C22 C11 C21 C22 C12 C21 C22

(see Example 14 with B = I5) as

[A,B,C]=(2detX1_detX4 det X» )

—det X3 det X1 —2det X4

It would be interesting to see to what extent our methods in Section 9 can be used to derive results for
QF in the case k < 2n — 1.
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