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We show that for a large class of connective spectra, including the connective covers of L
f
n -local spectra

for every integer n, the mapping space into the units of the p-complete sphere spectrum is insensitive to
L1-localization followed by taking connective cover.
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1 Introduction

1.1 Background and motivation

Let S be the sphere spectrum and O be the space of infinite orthogonal matrices, that is, the colimit of the
Lie groups On for n!1. The classical J -homomorphism, introduced by Whitehead [1942], is a map
��O!��S constructed from the linear actions of orthogonal matrices on spheres. The J -homomorphism
is almost a map of graded groups, except for �0, where it is the map Z=2! Z sending 1 to �1. This
deficient behavior on �0 may be explained by the fact that the J -homomorphism comes from a map
of spectra O! S�, where S� is the connective spectrum of units1 in the sphere spectrum, and where
O is regarded as a connective spectrum via the operation of orthogonal sum of matrices. While the
higher homotopy groups of S� are the same as that of S, the lowest one is Z=2, generated by �1 under
multiplication, which is now compatible with the multiplication of �0O 'Z=2 via the J -homomorphism.

1The spectrum of units of a commutative ring spectrum R is usually denoted by gl1.R/ in the literature.
© 2025 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Starting with the work of Adams [1963; 1965a; 1965b], the image of the J -homomorphism has been
extensively studied [Mahowald 1970; Bruner and Rognes 2022]. It constitutes the piece of the stable
homotopy groups of spheres detected by the homotopy of the L1-local sphere; see eg [Lurie 2010,
Lecture 35, Theorem 7]. The fact that the image of J constitute classes of height 1 is dictated by the
chromatic nature of the spectrum O: it is the connective cover of the L1-local spectrum †�1KO. As
in the discussion in [Clausen 2011, Section 6.5], one could hope to similarly hit elements of higher
chromatic height via higher-height analogs of the J -homomorphism. Focusing on the p-complete version
of the sphere spectrum, one could try to map into S�p the connective cover of Lubin–Tate theory En, or
the K-theory spectrum of a ring spectrum of chromatic height n � 1, which by the chromatic redshift
principle of Ausoni and Rognes detects height nC 1 information; see [Rognes 2014; Land et al. 2024;
Clausen et al. 2024; Burklund et al. 2022] for more precise formulations.

In this paper we show that there is no higher-height analog of the J -homomorphism. More precisely,
under suitable assumptions on the chromatic behavior of the spectrum X , a map J 0 W X ! S�p factors
canonically through the connective cover of the L1-localization ��0L1X (and in fact, up to �0, through
the connective cover of its K.1/-localization). Hence, informally all the information obtained from
“higher J -homomorphisms” on the stable homotopy groups of spheres is already seen at height 1.

1.2 Main result

For n� 0, let T .n/ be the telescope of a vn-self map of a finite spectrum of type n, and set T .1/ WD Fp .
Let T Œ0;1�� Sp be the full subcategory generated under colimits and desuspensions from the T .n/ for
nD 0; 1 : : : ;1.

Theorem A Let X 2 T Œ0;1� be a connective spectrum. Then ,

Map.X;S�p /' HomAb.�0X;F�p /�Map.��0LK.1/X; .S
�
p /
^
p /:

Remark 1.1 This result can be interpreted as a statement about the colocalization of S�p . Namely, let
Spcn be the1-category of connective (or .�1/-connected) spectra. The inclusion T Œ0;1�\Spcn ,! Spcn

admits a right adjoint
R W Spcn

! T Œ0;1�\Spcn;

by the adjoint functor theorem. Comparing mapping spectra from a test connective spectrum, it follows
from Theorem A that

R.S�p /' ��0 hom.��0L
f
1

S;S�p / 2 T Œ0;1�\Spcn:

Remark 1.2 The result in Theorem A could be improved. Conditionally on work in progress with
Burklund and Ramzi, one can lift the (p-complete version of) the result from the units S�p to the Picard
spectrum pic.Sp/, which is arguably a more natural recipient for the J -homomorphism. We shall elaborate
on this fact and its generalizations in the mentioned work in progress.

Geometry & Topology, Volume 29 (2025)
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Remark 1.3 Miller and Priddy [1978] provide a conjectural description of the spectrum S�, which in
turn gives a description of the p-complete version S�p . In a private communication, Rezk explained to the
author a reformulation of the p-complete version in terms of a pullback square

.S�p/
^
p

//

��

Sp

��

LK.1/S // LK.1/S

where the bottom map is multiplication by the element � � � 2 �0LK.1/S (which vanishes at odd primes)
and the upper map is a hypothetical spherical logarithm map.

Using the fact that Map.X;Sp/D 0 for every X 2 T Œ0;1�, one can easily show that the Miller–Priddy
conjecture implies Theorem A. Thus, the main result of this paper can be seen as an evidence for their
conjecture.

We conclude the discussion of our main result by pointing out that the class of spectra T Œ0;1� include
several families of spectra of interest. First, it contains all the connective covers of L

f
n -local spectra,

such as Lubin–Tate theories and the K.n/-local spheres. By the validity of the Quillen–Lichtenbaum
conjectures for the integers [Kahn 1997; Rognes and Weibel 2000; Voevodsky 2011; Waldhausen 1984],
T Œ0;1� contains also all the K-theory spectra of Z-algebras; see Proposition 7.2. More generally, a higher-
height generalization of the Quillen–Lichtenbaum conjecture, established by Hahn and Wilson [2022] for
truncated Brown–Peterson spectra, shows that T Œ0;1� contains the K-theory of arbitrary BPhni-algebras,
where BPhni stands for an E3-form of the truncated Brown–Peterson spectra as in [Hahn and Wilson
2022]; see Proposition 7.3. One could optimistically hope that these examples are instances of a general
phenomenon, closely related to chromatic redshift.

Conjecture 1.4 Let R be an E1-ring spectrum. If R 2 T Œ0;1� then K.R/ 2 T Œ0;1�.

Thus, if the conjecture holds, then our main theorem applies to the K-theory spectra of arbitrary E1-rings
in T Œ0;1�.

1.3 Outline of the proof

First, using the decomposition S�p ' F�p ˚ .S
�
p /
^
p , the statement is equivalent to the isomorphism

(?) Map.X; .S�p /
^
p /'Map.��0LK.1/X; .S

�
p /
^
p /:

The key features of .S�p /
^
p that come into the proof of this isomorphism are the following two:

(1) There are no maps from Z to its suspension:

Map.Z; †.S�p /
^
p /' pt:

Geometry & Topology, Volume 29 (2025)
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(2) There are no maps from the reduced suspension spectrum of B2Cp to it. Equivalently, the pullback
map

�� W .S�p /
^
p ! ..S�p /

^
p /

B2Cp

along the terminal map � W B2Cp! pt is an isomorphism.

The first property is an immediate consequence of the main result of [Carmeli 2023]. The second follows
from a result of Lee [1992], giving the vanishing of the stable cohomotopy of the spaces BmCp for m� 2.
Interestingly, these two properties both follow, in one way or another, from the Segal conjecture; see
[Carlsson 1984; Lin 1980; Adams et al. 1985].

We proceed by showing that every p-complete connective spectrum satisfying (1) and (2) supports an
isomorphism analogous to (?). This is done in two steps. First, we show that condition (1) allows us to
extrapolate uniquely .S�p /

^
p to negative homotopy degrees, obtaining a spectrum G which receives no

nonzero maps from any desuspension of Z; see Proposition 3.3. Using condition (2), we then show that
G does not receive nonzero maps from any desuspension of †1B2Cp as well.

The second step is to show that G, and in fact every p-complete spectrum which receives no maps from
any desuspension of †1B2Cp, satisfies a stable version of the main result: for X 2 T Œ0;1� we have

Map.X;G/'Map.L1X;G/:

This is essentially a generation problem: we have to show that the localizing ideal h†1B2Cpi generated
by †1B2Cp contains the kernel of the functor L1 W T Œ0;1�!L

f
1

Sp.

More generally, we show in Proposition 5.3 that for all n� 1, the ideal h†1BnCpi contains the kernel of
the localization L

f
n�1
W T Œ0;1�!L

f
n�1

Sp. As this kernel is generated by the spectra T .m/ for m� n

(Proposition 4.5), this reduces to the fact that T .m/ 2 h†1BnCpi for m � n. We then reduce further
to the case m D n, which we prove using the theory of chromatic cyclotomic extensions of Schlank,
Yanovski and the author in [Carmeli et al. 2024]. Namely, the height-n cyclotomic extension of the
T .n/-local sphere is a commutative ST .n/-algebra whose underlying spectrum is the T .n/-localization of
ST .n/˝†

1BnCp . The fact that this extension is a finite T .n/-local Galois extension of ST .n/ allows us
to write T .n/ as a retract of T .n/˝†1BnCp, and hence show that T .n/ 2 h†1BnCpi.

Remark 1.5 Lee’s theorem on the vanishing of the cohomotopy of B2Cp can be interpreted as a
statement about the semiadditive height of the p-complete sphere. Indeed, Yuan [2024] constructed a
commutative ring spectrum A in the stable, 1-semiadditive1-category 1צ of semiadditive height 1 from
[Carmeli et al. 2021], whose underlying commutative ring spectrum is the p-complete sphere spectrum.
The existence of A formally implies Lee’s theorem. The fact that the vanishing of the reduced mapping
spectrum from B2Cp can be suitably interpreted as being “of height 1” is the main idea behind our proof
of the main theorem.

Geometry & Topology, Volume 29 (2025)
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2 Ideals in symmetric monoidal stable categories

We recall the definition and basic properties of localizing ideals in symmetric monoidal stable1-categories.
We warn the reader that we work in the presentable settings, which are different from various contexts for
studying localizing ideals in the literature.

Definition 2.1 Let C 2 CAlg.Prst/. A localizing ideal in C is a full presentable subcategory I � C

closed under colimits and tensoring with arbitrary objects of C . We shall indicate that I is a localizing
ideal by the notation I E C . The quotient C =I is the cofiber of the map I ,! C in Prst.

A simple, yet useful consequence of being a localizing ideal is the following:

Proposition 2.2 Let I E C be a localizing ideal , and let R 2 I be an E1-ring in C . Then , every
R-module belongs to I .

Proof The1-category ModR.C / of R-modules is generated under colimits, desuspensions, and tensor-
ing with objects of C by the single object R. Since R 2 I , and I is closed under these three operations,
we deduce that ModR.C /� I .

For a set of objects S � C , we denote by hSi the localizing ideal generated by S , ie the full subcategory
of C generated from S under colimits and tensoring with objects of C .

Example 2.3 Let C 2 CAlg.Prst/. For E 2 C , the collection

Ann.E/ WD fX 2 C WX ˝E D 0g

is a localizing ideal, also known as the Bousfield class of E. The quotient C =Ann.E/ is equivalent to
the Bousfield localization of C with respect to E and denoted by CE .

Geometry & Topology, Volume 29 (2025)
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Warning 2.4 In various sources the notation hEi is reserved for the Bousfield class of E. Since Bousfield
classes will play no role in this work, we hope that this notational conflict will not lead to a confusion.

For I E C , the quotient functor C ! C =I is a symmetric monoidal localization. The right adjoint of this
localization is a fully faithful embedding C =I ,! C , whose essential image consists of those Y 2 C for
which Map.X;Y /D pt for all X 2 I . We denote the composition of the quotient functor C ! C =I and
its right adjoint C =I ,! C by

LI W C ! C ;

and its image by LI C � C . Thus, the composition

LI C ,! C ! C =I

is an equivalence.

Warning 2.5 The Bousfield localization LE and our localization LhEi are different: the kernel of the
first is the annihilator Ann.E/, and the other is the localizing ideal hEi generated by it.

Ideals in symmetric monoidal stable1-categories behave much like ordinary ideals of commutative rings.
For example, if I;J E C , their intersection I \J is again a localizing ideal of C . Similarly, we define
the sum ICJ to be the localizing ideal generated from I and J under colimits and tensoring with objects
of C . The product I �J is the localizing ideal generated by the objects X ˝Y for X 2 I and Y 2 J .

Proposition 2.6 Let C 2 CAlg.Prst/, let M 2 C and let x W†kM !M be a self-map of some degree k.
Then

hM=xiC hx�1M i D hM i:

Proof On the one hand, M=x and x�1M are colimits of copies of M and therefore belong to hM i. On
the other hand, the cofiber of the map M ! x�1M can be written as a colimit of the form

Cofib.M ! x�1M /' lim
��!

`!1

.†�`kM=x`/:

Since each of the objects †�`kM=x` belong to the thick subcategory generated by M=x, we deduce
that M 2 hx�1M iC hM=xi, and the result follows.

3 Ideals of discrete spectra

We now consider ideals of spectra concentrated in degree 0. The two cases of interest are hZi and hFpi.
Note that by Proposition 2.6 we have

(1) hZi D
D
Z
h

1

p

iE
ChFpi:

Proposition 3.1 The ideal hZi�Sp contains all the bounded above spectra , while the ideal hFpi contains
all bounded above spectra with homotopy groups which are p-power torsion.

Geometry & Topology, Volume 29 (2025)
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Proof Using the Whitehead tower, we can present a bounded above spectrum as a filtered colimit of
bounded spectra. Then, every bounded spectrum is a finite extension of Eilenberg–Mac Lane spectra,
which admit Z-module structures and therefore belong to hZi; see Proposition 2.2. If all the homotopy
groups are p-power torsion, then the Eilenberg–Mac Lane spectra that appear in this process are all built
from extensions out of Fp-modules so we further get X 2 hFpi.

Proposition 3.1 above shows that LhZi depends only on arbitrary connected covers.

Proposition 3.2 Let X be a spectrum. The mth connective cover map ��mX !X induces an isomor-
phism

LhZi.��mX / ��!LhZi.X /:

If ��m�1X has p-power torsion homotopy groups , then we also have

LhFpi.��mX / ��!LhFpi.X /:

Proof The fiber of the map ��mX !X is bounded above and hence belongs to the kernel of LhZi by
the first part of Proposition 3.1. If ��m�1X has only p-power torsion homotopy groups, then this fiber is
in the kernel of LhFpi as well by the second part of Proposition 3.1.

Let Spcn
� Sp be the full subcategory spanned by the connective spectra. From the above, we deduce that

LhZiSp exhibits “connective behavior” in the following sense.

Proposition 3.3 The connective cover functor ��0 WLhZiSp! Spcn is a fully faithful right adjoint , with
left adjoint given by the restriction of LhZi to connective spectra.

Proof The fact that it is a right adjoint with the claimed left adjoint follows by composing the adjunctions

LhZiSp' Sp=hZi� Sp� Spcn:

To show that ��0 is fully faithful on LhZiSp, note that for X;Y 2LhZiSp, by Proposition 3.2,

Map.X;Y /'Map.LhZi��0X;Y /'Map.��0X;Y /'Map.��0X; ��0Y /:

As a consequence of the proposition above, the essential image of the functor ��0LhZi W Sp ,! Spcn

may be described as those connective spectra X for which X ��! ��0LhZiX . There is a more explicit
description of these connective spectra:

Proposition 3.4 The following conditions for a connective spectrum X are equivalent.

(1) X ��! ��0LhZiX .

(2) ���1 hom.Z;X /D 0.

(3) There is a connective spectrum Y such that Map.Z;Y /D pt and ��0†
�1Y 'X .
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Proof (2)() (3) If ���1 hom.Z;X /D 0, we can choose Y D†X . Conversely, if there is such a Y

then we have a fiber sequence
†�2�0Y !X !†�1Y:

Applying hom.Z;�/ we obtain a fiber sequence

†�2 hom.Z; �0Y /! hom.Z;X /!†�1 hom.Z;Y /:

Now, ���1†
�1 hom.Z;Y /' 0 by our assumption on Y , and ���1†

�2 hom.Z; �0Y /D 0 since �0Y is
discrete. Together, these imply that ���1 hom.Z;X /D 0 as well.

(1)D) (3) If X ' ��0LhZiX then we can choose Y D ��0†LhZiX . Indeed, this spectrum has a
contractible space of maps from Z since its the connective cover of an object of LhZiSp.

(2)D) (1) Define a sequence of spectra iteratively as follows: Set X0 DX and XkC1 to be the cofiber

hom.Z;Xk/
ev
�!Xk !XkC1:

We shall show inductively that ���k�1 hom.Z;Xk/ D 0. Indeed, let C be the cofiber of the left unit
map Z! Z˝Z. Since �1Z˝Z D 0 and �0Z! �0Z˝Z is injective, the Z-module spectrum C

is 2-connective. Applying hom.Z;�/ to the cofiber sequence defining XkC1, and using the canonical
identification hom.Z; hom.Z;�//' hom.Z˝Z;�/ we get a fiber sequence

hom.Z˝Z;Xk/! hom.Z;Xk/! hom.Z;XkC1/;

from which we deduce that

hom.Z;XkC1/'† hom.C;Xk/'† homZ.C; hom.Z;Xk//' homZ.C; † hom.Z;Xk//

Since, by the inductive hypothesis, ���k† hom.Z;Xk/D 0 and ��1C D 0, we deduce that

���k�2 hom.Z;XkC1/' ���k�2 homZ.C; † hom.Z;Xk//D 0;

hence verifying the inductive step.

Let X1 WD lim
��!k

Xk . We now use the above estimate to show that ��0X1 DX and that X1 2LhZiSp.
These imply that X1 D LhZiX by Proposition 3.3. For the first claim, we have ��0Xk

��! ��0XkC1

for all k 2 N. Indeed, this follows from the fact that the fiber of the map Xk ! XkC1 has vanishing
homotopy groups in degrees �1 and above. Finally, we show that X1 2 LhZiSp, or equivalently that
hom.Z;X1/D 0. By the fact that ���k�1 hom.Z;Xk/D 0, it would suffice to show that the assembly
map

lim
��!

hom.Z;Xk/! hom.Z; lim
��!

Xk/

is an isomorphism. This assembly map participates in a cofiber sequence of assembly maps

lim
��!

hom.Z; ��0Xk/ //

��

lim
��!

hom.Z;Xk/ //

��

lim
��!

hom.Z; ���1Xk/

��

hom.Z; lim
��!

��0Xk/ // hom.Z; lim
��!

Xk/ // hom.Z; lim
��!

���1Xk/
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The left vertical map is an isomorphism since the sequence ��0X0! ��0X1! � � � is constant, by our
proof of the first claim. The right vertical map is an isomorphism since Z is a spectrum of finite type, and
hence hom.Z;�/ preserves filtered colimits of coconnective spectra. This shows that the middle vertical
map is an isomorphism, concluding the proof.

4 Chromatic ideals

For n� 1 let2 F.n/ be a finite spectrum of type n at an (implicit) prime p. We also set F.0/ WD S. Then,
the quotient

Sp=hF.n/i 'L
f
n�1

Sp

is the .n� 1/st finite localization, and the corresponding localization functor is denoted by L
f
n�1

. By the
thick subcategory theorem of Hopkins and Smith [1998], after localizing at the prime p, the chains of
ideals

SpD hF.0/i � hF.1/i � hF.2/i � � � � � f0g

contain all the compactly generated localizing ideals in Sp.p/.

Let vn W †
kF.n/! F.n/ be a vn-self map, and let T .n/ WD v�1

n F.n/ be the associated telescope. We
define also T .1/ WD Fp. Using Proposition 2.6 iteratively we get, for n�m,

(2) hF.m/i D hT .m/; : : : ;T .n/;F.nC 1/i:

Taking mD 0 and applying L
f
n -localization, which precisely annihilates F.nC 1/, we get an equality

(3) hT .0/; : : : ;T .n/i DLf
n Sp

of ideals in L
f
n Sp. Motivated by this example, we consider the following localizing ideal.

Definition 4.1 We define the localizing ideal

T Œ0;1� WD hT .0/;T .1/; : : : ;T .1/iE Sp:

Informally, T Œ0;1� consists of those spectra which can be built from the “chromatic cells” T .i/ for
i D 0; : : : :1. Note that since the ideal hT .n/i is independent of the specific choice of finite complex F.n/

and vn-self map vn W†
kF.n/!F.n/, the ideal T Œ0;1� is also independent of these choices. Furthermore,

since T .1/D Fp 2 T Œ0;1�, this ideal contains all bounded above spectra with p-torsion homotopy by
Proposition 3.1. Thus, we may informally think of T Œ0;1� as those spectra whose p-torsion part is a
mixture of bounded above and periodic pieces of various chromatic heights.

We have the following source of examples of objects in T Œ0;1�.

Definition 4.2 [Barthel et al. 2024, Definition 7.13] A spectrum X is called almost L
f
n -local if

X ˝F.nC 1/ is bounded above.

2The notation F.n/ for a finite spectrum of type n is nonstandard. Note, for example, that if a Smith–Toda complex V .n/ exists
then we can choose F.nC 1/ WD V .n/.
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Proposition 4.3 If X is almost L
f
n -local then X 2 T Œ0;1�.

Proof Tensoring equation (2) for mD 0 with X , we get

hX i �

nX
kD0

hX ˝T .k/iC hX ˝F.nC 1/i �

nX
kD0

hT .k/iC hX ˝F.nC 1/i:

Since hT .k/i � T Œ0;1�, it remains to show that the same holds for hX ˝F.nC 1/i. But X ˝F.nC 1/

is bounded above by assumption, and all its homotopy groups are p-power torsion since p is nilpotent on
F.nC 1/. By Proposition 3.1, these imply that

X ˝F.nC 1/ 2 hFpi � T Œ0;1� :

On the other hand, there are many spectra of interest which are not in T Œ0;1�.

Example 4.4 The p-complete sphere spectrum Sp does not belong to T Œ0;1�, and in fact, it belongs to
the localization LTŒ0;1�Sp. Indeed, it suffices to check that hom.T .m/;Sp/D 0 for all mD 0; : : : ;1.

� For mD 0 this follows from the fact that Sp is p-complete.

� For mD1 this follows from the chromatic convergence theorem. Namely,

hom.Fp;Sp/' lim
 ��

hom.Fp;L
f
n S^p /;

and hom.Fp;X /D 0 for every L
f
n -local spectrum X .

� For 1 � m <1, this follows from the periodicity of T .m/. Namely, choosing T .m/ to be an
E1-ring, and considering T .m/˝F.m/_, which generates the same thick subcategory, it suffices
to show that

hom.T .m/˝F.m/_;Sp/' hom.T .m/;F.m//D 0:

Now, a vm-self map of F.m/ acts invertibly on this spectrum because it is a T .m/-module. But
F.m/ is bounded below, so

hom.T .m/;F.m//' lim
 ��

�
� � �

vm
�! hom.T .m/; †dF.m//

vm
�! hom.T .m/;F.m//

�
' hom

�
T .m/; lim

 ��

�
� � �

vm
�!†dF.m/

vm
�! F.m/

��
' hom.T .m/; 0/D 0:

By construction, the inclusion L
f
n Sp ,! Sp lands in T Œ0;1�, and we can restrict L

f
n to a localization

L
f
n W T Œ0;1�!L

f
n Sp. Moreover, the kernel of the localization L

f
n simplifies after this restriction of its

source.

Proposition 4.5 The kernel of L
f
n W T Œ0;1�! L

f
n Sp is the localizing ideal hT .nC 1/; : : : ;T .1/i

of Sp. Namely,
T Œ0;1�\ hF.nC 1/i D hT .nC 1/; : : : ;T .1/i:

Proof Clearly, the right-hand side is contained in the left-hand side. On the other hand, note that

T Œ0;1�ChF.nC 1/i D Sp;
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and hence

hF.nC 1/i \T Œ0;1�D .hF.nC 1/i \T Œ0;1�/ � .T Œ0;1�ChF.nC 1/i/

� hF.nC 1/i �T Œ0;1�D
1X

mD0

hF.nC 1/i � hT .m/i D

1X
mD0

hF.nC 1/˝T .m/i:

Finally, if m< nC 1 then F.nC 1/˝T .m/D 0, while if m� nC 1 then T .m/ and T .m/˝F.nC 1/

are both telescopes on vm-self maps of spectra of type m, and hence generate the same thick subcategory,
by the thick subcategory theorem. Hence,

hF.nC 1/˝T .m/i D

�
hT .m/i if m� nC 1;

0 if m� n;

and thus

hF.nC 1/i \T Œ0;1��
1X

mD0

hF.nC 1/˝T .m/i D

1X
mDnC1

hT .m/i:

5 Ideals of Eilenberg–Mac Lane spaces

For a pointed space A, let xSŒA� WD†1A be the reduced suspension spectrum of A. Write hAi WD hxSŒA�i.
Let BnCp be the Eilenberg–Mac Lane space with

�iB
nCp D

�
Cp if i D n;

0 else:

For n� 1 the spectrum xSŒBnCp � is p-local.

Our goal from now on is to compare the ideals hBnCpi with the compactly generated ideals hF.n/i. First,
we show that like the latter, the former family form a descending chain.

Proposition 5.1 The ideals hBnCpi satisfy

(4) SpD hB0Cpi � hB
1Cpi � hB

2Cpi � � � � hB
nCpi � � � � :

Proof First, recall that the reduced suspension spectrum functor xSŒ�� W S�! Sp is colimit-preserving.
Now, the bar construction gives a colimit presentation

BnCp ' lim
��!

Œk�2�

.Bn�1Cp/
k
2 S�;

and hence
xSŒBnCp �' lim

��!
Œk�2�

xSŒ.Bn�1Cp/
k �:

It will therefore suffice to show that xSŒ.Bn�1Cp/
k � 2 hBn�1Cpi for all k 2N. For k D 1 this is obvious,

and for k > 1 we can argue inductively as follows. For pointed spaces A and B we have a cofiber sequence

A_B!A�B!A^B:
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Using this for A D BnCp and B D .BnCp/
k�1 and applying the functor xSŒ��, we obtain a cofiber

sequence
xSŒBnCp �˚ xSŒ.B

nCp/
k�1�! xSŒ.BnCp/

k �! xSŒBnCp �˝ xSŒ.B
nCp/

k�1�:

By the inductive hypothesis, the left and right most objects in the sequence belong to hBnCpi, and hence
so does xSŒ.BnCp/

k �.

Next, we show that the chain of Eilenberg–Mac Lane ideals is majorized by the chain of ideals of finite
spectra.

Proposition 5.2 For all n 2N there is an inclusion of ideals hBnCpi � hF.n/i.

Proof Since hF.n/i is the kernel of the localization L
f
n�1

, the statement of the proposition is equivalent
to the vanishing of L

f
n�1
xSŒBnCp �: This, in turn, follows from [Carmeli et al. 2022, Corollary 5.3.7].

However, the gap between hBnCpi and hF.n/i is unseen by chromatic homotopy theory. Concretely, the
following result holds.

Proposition 5.3 For all n 2N,

hBnCpi \T Œ0;1�D hF.n/i \T Œ0;1� :

Proof First, by Proposition 5.2, hBnCpi � hF.n/i. Thus, it remains to show that

hF.n/i \T Œ0;1�� hBnCpi \T Œ0;1� :

Second, by Proposition 4.5,

hF.n/i \T Œ0;1�D hT .n/; : : : ;T .1/i;

so the above inclusion is equivalent to the fact that T .m/ 2 hBnCpi for m� n, including mD1. We
begin with the case of finite m. Since by Proposition 5.1 there is a containment hBnCpi � hB

mCpi,
it would suffice to check this for nDm, that is, we only have to show that T .n/ 2 hBnCpi for all n 2N.
The tensor product T .n/˝ xSŒBnCp � belongs to hBnCpi, so it would suffice to exhibit T .n/ as a retract
of this tensor product. By definition, LT .n/

xSŒBnCp �D ST .n/Œ!
.n/
p � is the pth cyclotomic extension of the

T .n/-local sphere from [Carmeli et al. 2024]. By [Carmeli et al. 2024, Proposition 5.2], this cyclotomic
extensions is an F�p -Galois extension of ST .n/ and in particular

ST .n/Œ!
.n/
p �hF�

p ' ST .n/:

Tensoring this isomorphism with T .n/ we get

.T .n/˝ xSŒBnCp �/
hF�

p ' T .n/˝ xSŒBnCp �/
hF�

p ' T .n/˝LT .n/
xSŒBnCp �/

hF�
p ' T .n/;

where we used the facts that tensoring with T .n/ preserves F�p -fixed points and that it is invariant under
T .n/-localization. Finally, since T .n/˝ xSŒBnCp � is p-complete and F�p is of order prime to p, the fixed
points for the action are a retract of the underlying spectrum, that is, T .n/ is a retract of T .n/˝xSŒBnCp �.
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It remains to show that T .1/ WD Fp 2 hB
nCpi. Similarly to the finite case, it would suffice to show that

Fp is, up to suspension, a retract of xSŒBnCp �˝ Fp. But xSŒBnCp �˝ Fp splits into a nonempty sum of
suspensions of copies of Fp, because it is a nonzero Fp-module spectrum.

Remark 5.4 Robert Burklund explained to the author that a variant of an unpublished argument of
Hopkins and Smith for the equality of the Bousfield classes of xSŒBCp � and F.1/ gives the equality
of ideals hBCpi D hF.1/i. Consequently, for n D 1 the localizing subcategory LhBCpiSp � Sp is the
1-category of SŒ1=p�-module spectra. Such a simple description is impossible for higher values of m,
though, as the following example shows.

Example 5.5 The ideals hB2Cpi and hF.2/i are different. In fact, the p-complete sphere spectrum Sp

belongs to LhB2CpiSp. Indeed, this statement is equivalent to the claim that the pullback morphism
�� W Sp! SB2Cp

p along the terminal map � W B2Cp! pt is an isomorphism, which is a special case of
[Lee 1992, Theorem 2.5].

It will be convenient to reformulate Proposition 5.3 in terms of localization functors and mapping spectra.

Corollary 5.6 For all n � 1, the localization L
f
n�1

is a further localization of LhBnCpi. On the other
hand , they agree when restricted to T Œ0;1�. Namely, for X 2 T Œ0;1� we have

LhBnCpiX 'L
f
n�1

X:

Proof Recall that a localization L is a further localization of L0 if and only if the kernel of L contains
that of L0. Thus, the first part follows from Proposition 5.2 applied to the localizations LhBnCpi and
L

f
n�1

of Sp.

For the second part, we have to show that for X 2T Œ0;1�, the spectrum LhBnCpiX is L
f
n�1

-local. In other
words, we have to show that the (colimit preserving) functor LhBnCpijTŒ0;1� W T Œ0;1�! LhBnCpiSp
factors through L

f
n�1

Sp. Since L
f
n�1

Sp' T Œ0;1� =T Œ0;1�\hF.n/i, this follows from the fact that the
kernel of LhBnCpijTŒ0;1� is T Œ0;1�\ hBnCpi, which equals T Œ0;1�\ hF.n/i by Proposition 5.3.

Corollary 5.7 Let X be an almost L
f
n -local spectrum for some n 2N. Then

LhBnCpiX 'L
f
n�1

X:

Proof By Proposition 4.3, X 2 T Œ0;1�, so the result follows from Corollary 5.6.

Corollary 5.8 Let Y 2 LhBnCpiSp and let X 2 T Œ0;1� (eg an almost L
f
m-local spectrum for some

m 2N). Then ,
hom.X;Y /' hom.Lf

n�1
X;Y /:

Proof Since Y 2LhBnCpiSp, we have

hom.X;Y /' hom.LhBnCpiX;Y /:

But LhBnCpiX 'L
f
n�1

X by Corollary 5.6 and the result follows.
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6 Maps into the units of the sphere spectrum

We shall now consider the implications of the theory developed in the previous section to the spectrum S�p .
Note that

(5) S�p ' .S
�
p /
^
p ˚F�p ;

so studying maps of connective spectra into S�p and its p-completion are essentially the same. We first
show that it is safe to replace the p-completion with a suitable delooping, so that we can work stably.

Proposition 6.1 The canonical map .S�p /
^
p ! ��0LhZi.S

�
p /
^
p is an isomorphism.

Proof By Proposition 3.4, it would suffice to show that Map.Z; †.S�p /
^
p /D pt. By (5), this is the case

if and only if the map S�p ! F�p induces an isomorphism

��0 hom.Z; †S�p /
��! ��0 hom.Z; †F�p /:

By [Carmeli 2023, Proposition 3.8], the target of this map identifies with †F�p . The claim now follows
from the combination of [Carmeli 2023, Corollary 1.2] and [Carmeli 2023, Lemma 4.17], which together
show that our map is the composition of isomorphisms

��0 hom.Z; †S�p /
��! ��0 hom.Z; pic.Sp//'†F�p :

From now on, we shall work with this nonconnective spectrum, which we abbreviate as follows:

Definition 6.2 We define the spectrum G WDLhZi.S
�
p /
^
p :

Hence,
��0G' .S

�
p /
^
p ;

and by definition, G 2LhZiSp. We shall need two other such locality properties of G.

Proposition 6.3 The spectrum G is p-complete.

Proof We have to show that Map.X;G/ ' pt for every spectrum X on which p is invertible. Since
G 2LhZiSp, by Proposition 3.3 we have the isomorphisms

Map.X;G/'Map.��0X; ��0G/'Map.��0X; .S�p /
^
p /:

Since p is invertible also on ��0X and .S�p /
^
p is p-complete, the latter mapping space is contractible and

the result follows.

By Lee’s theorem, no nonzero maps of connective spectra xSŒB2Cp �! S�p exist. This formally implies
an analogous property for our spectrum G.
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Proposition 6.4 The spectrum G satisfies G 2LhB2Cpi
Sp.

Proof We have to show that hom.xSŒB2Cp �;G/D 0. Now,

�1 hom.xSŒB2Cp �;G/'Map.xSŒB2Cp �;G/'Map.xSŒB2Cp �; ��0G/

'Map.xSŒB2Cp �; .S
�
p /
^
p /'Map.xSŒB2Cp �;S

�
p /

' Fib..S�p /
B2Cp ! S�p /' Fib..SB2Cp

p /�! S�p /;

where the second isomorphism is since xSŒB2Cp � is connective, the third by Proposition 3.1, and the fourth
since xSŒB2Cp � 2 hF.1/i, so maps from it to a spectrum and to its p-completion are the same.

We have that Sp
��! SB2Cp

p by Lee’s theorem (see Example 5.5), so the fiber of the induced map
on units .SB2Cp

p /� ! S�p is contractible. We deduce that �1 hom.xSŒB2Cp �;G/ D pt, so that in
particular hom.xSŒB2Cp �;G/ is bounded above. However, by definition, G 2 LhZiSp. Since hZi is
closed under tensoring with xSŒB2Cp �, the localizing subcategory LhZiSp is closed under applying
hom.xSŒB2Cp �;�/ and we deduce that hom.xSŒB2Cp �;G/ 2LhZiSp: Together, by Proposition 3.1 these
imply that hom.xSŒB2Cp �;G/D 0.

From the relationship between the ideal of B2Cp and the chromatic localizations of the previous section,
we deduce the following:

Corollary 6.5 With the notation as above , for X 2 T Œ0;1� we have

Map.X;G/'Map.LK.1/X;G/:

Proof Since G 2LhB2Cpi
Sp, we deduce from Corollary 5.8 that

Map.X;G/'Map.Lf
1

X;G/:

Since by Proposition 6.3, G is also p-complete and LK.1/X is the p-completion of L
f
1

X , we obtain

Map.Lf
1

X;G/'Map..Lf
1

X /^p ;G/'Map.LK.1/X;G/:

For connective X , this immediately translates to our main result regarding S�p .

Theorem 6.6 Let X be a connective spectrum in T Œ0;1�. Then ,

Map.X;S�p /' HomAb.�0X;F�p /�Map.��0LK.1/X; .S
�
p /
^
p /:

Proof Using the decomposition
S�p ' .S

�
p /
^
p ˚F�p

we immediately reduce the statement to

Map.X; .S�p /
^
p /'Map.��0LK.1/X; .S

�
p /
^
p /:
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This, in turn, follows from the chain of isomorphisms

Map.X; .S�p /
^
p /'Map.X;G/'Map.LK.1/X;G/'Map.��0LK.1/X; ��0G/

'Map.��0LK.1/X; .S
�
p /
^
p /;

where the first isomorphism is since X is connective and ��0G' .S
�
p /
^
p , the second is Corollary 6.5, the

third follows from Proposition 3.3 and the fourth is again by ��0G' .S
�
p /
^
p .

Remark 6.7 Expanding Remark 1.2, it is natural to ask if one can obtain a similar result for pic.Sp/.
Note that our result for S�p depends on a vanishing result for pic.Sp/

^
p , namely, that it receives no maps

from Z. Similarly, we could lift the result from S�p to pic.Sp/ if we knew that there were no maps from Z

to the p-completion of the Brauer spectrum of Sp. This is a result of a work in progress with Burklund
and Ramzi.

7 Applications

To demonstrate the utility of Theorem 6.6, we list some examples of familiar spectra belonging to
T Œ0;1�, for which Theorem A applies. First, observe that the connective cover of every L

f
n -local

spectrum is in T Œ0;1�. For example, this applies to Lubin–Tate theories. Let En be a Lubin–Tate
theory associated with a formal group law of height n over a perfect ring � of characteristic p, so that
�0En 'W .�/ŒŒu1; : : : ;un��

^
p .

Proposition 7.1 Every map ��0En! S�p factors uniquely through the map ��0En! ��0EnŒu
�1
1
�^p W

��0En
//

��

S�p

��0EnŒu
�1
1
�^p

66

Proof This follows from Theorem 6.6 by observing that �0En=.p� 1/D 0 and hence it has no nonzero
maps to F�p , and that LK.1/En 'EnŒu

�1
1
�^p .

Next, we discuss maps from K-theory spectra (and their suspensions) into S�p . The following result is an
immediate consequence of Waldhausen’s interpretation of the Quillen–Lichtenbaum conjecture.

Proposition 7.2 Let R be a Z-algebra in Sp (eg an ordinary associative ring). Then K.R/ 2 T Œ0;1�.
Consequently, for all t 2N,

Map.��0†
�tK.R/;S�p /' Hom.�tK.R/;F

�
p /�Map.��0†

�tLK.1/K.R/;S
�
p /:

Proof First, observe that since bounded above spectra are in T Œ0;1�, if K.R/ 2 T Œ0;1� so does
��0†

�tK.R/. Hence, the “consequently” part indeed follows from the first claim. Next, since K.R/ is a
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module over K.Z/, by Proposition 2.2 it suffices to show that K.Z/2T Œ0;1�. As shown in [Waldhausen
1984, Appendix 4], the validity of the Quillen–Lichtenbaum conjecture for the ring Z (see [Rognes and
Weibel 2000; Kahn 1997; Voevodsky 2011]) implies that the map K.Z/! LK.1/K.Z/ has bounded
above fiber, which in turn implies that K.Z/ 2 T Œ0;1� by Proposition 3.1 (note that hZi � T Œ0;1�).

Finally, Hahn and Wilson [2022] constructed E3-MU-algebra structures on the truncated Brown–Peterson
spectra BPhni. For these E3-algebras, they established a higher-height analog of the Quillen–Lichtenbaum
conjecture, and hence we have an analog of Proposition 7.2.

Proposition 7.3 Let BPhni be the E3-algebra as in [Hahn and Wilson 2022]. For every BPhni-algebra R,
the spectrum K.R/ belongs to T Œ0;1�. Consequently, for all t 2N,

Map.��0†
�tK.R/;S�p /' Hom.�tK.R/;F

�
p /�Map.��0†

�tLK.1/K.R/;S
�
p /:

Proof As in the proof of Proposition 7.2, we can reduce to showing that K.BPhni/ belongs to T Œ0;1�.
By [Hahn and Wilson 2022, Corollary 3.4.4] the fiber of the map K.R/.p/!L

f
nC1

K.R/.p/ is bounded
above. Since the target is in T Œ0;1�, so is the source. Thus, K.R/˝F.1/'K.R/.p/˝F.1/ 2 T Œ0;1�,
which implies that K.R/ belongs to T Œ0;1� as well, since hK.Z/i � hK.Z/Œ 1

p
�iC hK.Z/˝F.1/i; see

Proposition 2.6.

By the purity result of [Land et al. 2024, Theorem A], LK.1/K.R/ ' LK.1/K.L
f
1

R/, and similarly
�tK.R/=.p� 1/' �tK.L

f
1

R/=.p� 1/. Combining with Proposition 7.3, we deduce the following:

Corollary 7.4 With the settings of Proposition 7.3, the map R!L
f
1

R induces isomorphisms

Map.��0†
�tK.R/;S�p /'Map.��0†

�tK.L
f
1

R/;S�p /

for all t 2N.

References
[Adams 1963] J F Adams, On the groups J.X /, I, Topology 2 (1963) 181–195 MR

[Adams 1965a] J F Adams, On the groups J.X /, II, Topology 3 (1965) 137–171 MR

[Adams 1965b] J F Adams, On the groups J.X /. III, Topology 3 (1965) 193–222 MR

[Adams et al. 1985] J F Adams, J H Gunawardena, H Miller, The Segal conjecture for elementary abelian
p-groups, Topology 24 (1985) 435–460 MR

[Barthel et al. 2024] T Barthel, S Carmeli, T M Schlank, L Yanovski, The chromatic Fourier transform, Forum
Math. Pi 12 (2024) art. id. e8 MR

[Bruner and Rognes 2022] R R Bruner, J Rognes, The Adams spectral sequence for the image-of-J spectrum,
Trans. Amer. Math. Soc. 375 (2022) 5803–5827 MR

Geometry & Topology, Volume 29 (2025)

https://doi.org/10.1016/0040-9383(63)90001-6
http://msp.org/idx/mr/159336
https://doi.org/10.1016/0040-9383(65)90040-6
http://msp.org/idx/mr/198468
https://doi.org/10.1016/0040-9383(65)90054-6
http://msp.org/idx/mr/198469
https://doi.org/10.1016/0040-9383(85)90014-X
https://doi.org/10.1016/0040-9383(85)90014-X
http://msp.org/idx/mr/816524
https://doi.org/10.1017/fmp.2024.5
http://msp.org/idx/mr/4728491
https://doi.org/10.1090/tran/8680
http://msp.org/idx/mr/4469237


4466 Shachar Carmeli

[Burklund et al. 2022] R Burklund, T M Schlank, A Yuan, The chromatic nullstellensatz, preprint (2022)
arXiv 2207.09929

[Carlsson 1984] G Carlsson, Equivariant stable homotopy and Segal’s Burnside ring conjecture, Ann. of Math.
120 (1984) 189–224 MR

[Carmeli 2023] S Carmeli, On the strict Picard spectrum of commutative ring spectra, Compos. Math. 159 (2023)
1872–1897 MR

[Carmeli et al. 2021] S Carmeli, T M Schlank, L Yanovski, Ambidexterity and height, Adv. Math. 385 (2021)
art. id. 107763 MR

[Carmeli et al. 2022] S Carmeli, T M Schlank, L Yanovski, Ambidexterity in chromatic homotopy theory, Invent.
Math. 228 (2022) 1145–1254 MR

[Carmeli et al. 2024] S Carmeli, T M Schlank, L Yanovski, Chromatic cyclotomic extensions, Geom. Topol. 28
(2024) 3511–3564 MR

[Clausen 2011] D Clausen, p-adic J -homomorphisms and a product formula, preprint (2011) arXiv 1110.5851

[Clausen et al. 2024] D Clausen, A Mathew, N Naumann, J Noel, Descent and vanishing in chromatic algebraic
K-theory via group actions, Ann. Sci. Éc. Norm. Supér. 57 (2024) 1135–1190 MR

[Hahn and Wilson 2022] J Hahn, D Wilson, Redshift and multiplication for truncated Brown–Peterson spectra,
Ann. of Math. 196 (2022) 1277–1351 MR

[Hopkins and Smith 1998] M J Hopkins, J H Smith, Nilpotence and stable homotopy theory, II, Ann. of Math.
148 (1998) 1–49 MR

[Kahn 1997] B Kahn, The Quillen–Lichtenbaum conjecture at the prime 2, preprint (1997) Available at https://
webusers.imj-prg.fr/~bruno.kahn/preprints/QL2.pdf

[Land et al. 2024] M Land, A Mathew, L Meier, G Tamme, Purity in chromatically localized algebraic K-theory,
J. Amer. Math. Soc. 37 (2024) 1011–1040 MR

[Lee 1992] C-N Lee, On stable maps from Eilenberg–Mac Lane spaces to classifying spaces, Amer. J. Math. 114
(1992) 405–412 MR

[Lin 1980] W H Lin, On conjectures of Mahowald, Segal and Sullivan, Math. Proc. Cambridge Philos. Soc. 87
(1980) 449–458 MR

[Lurie 2010] J Lurie, Chromatic homotopy theory, online lecture notes (2010) Available at https://
people.math.harvard.edu/~lurie/252x.html

[Mahowald 1970] M Mahowald, The order of the image of the J -homomorphism, Bull. Amer. Math. Soc. 76
(1970) 1310–1313

[Miller and Priddy 1978] H R Miller, S B Priddy, On G and the stable Adams conjecture, from “Geometric
applications of homotopy theory, II” (M G Barratt, M E Mahowald, editors), Lecture Notes in Math. 658, Springer
(1978) 331–348 MR

[Rognes 2014] J Rognes, Chromatic redshift, preprint (2014) arXiv 1403.4838

[Rognes and Weibel 2000] J Rognes, C Weibel, Two-primary algebraic K-theory of rings of integers in number
fields, J. Amer. Math. Soc. 13 (2000) 1–54 MR

[Voevodsky 2011] V Voevodsky, On motivic cohomology with Z= l-coefficients, Ann. of Math. 174 (2011) 401–438
MR

Geometry & Topology, Volume 29 (2025)

http://msp.org/idx/arx/2207.09929
https://doi.org/10.2307/2006940
http://msp.org/idx/mr/763905
https://doi.org/10.1112/s0010437x23007352
http://msp.org/idx/mr/4622391
https://doi.org/10.1016/j.aim.2021.107763
http://msp.org/idx/mr/4246977
https://doi.org/10.1007/s00222-022-01099-9
http://msp.org/idx/mr/4419631
https://doi.org/10.2140/gt.2024.28.3511
http://msp.org/idx/mr/4843744
http://msp.org/idx/arx/1110.5851
https://doi.org/10.24033/asens.2588
https://doi.org/10.24033/asens.2588
http://msp.org/idx/mr/4773302
https://doi.org/10.4007/annals.2022.196.3.6
http://msp.org/idx/mr/4503327
https://doi.org/10.2307/120991
http://msp.org/idx/mr/1652975
https://webusers.imj-prg.fr/~bruno.kahn/preprints/QL2.pdf
https://webusers.imj-prg.fr/~bruno.kahn/preprints/QL2.pdf
https://doi.org/10.1090/jams/1043
http://msp.org/idx/mr/4777639
https://doi.org/10.2307/2374709
http://msp.org/idx/mr/1156571
https://doi.org/10.1017/S0305004100056887
http://msp.org/idx/mr/556925
https://people.math.harvard.edu/~lurie/252x.html
https://people.math.harvard.edu/~lurie/252x.html
https://doi.org/10.1090/S0002-9904-1970-12656-8
https://doi.org/10.1007/BFb0068724
http://msp.org/idx/mr/513582
http://msp.org/idx/arx/1403.4838
https://doi.org/10.1090/S0894-0347-99-00317-3
https://doi.org/10.1090/S0894-0347-99-00317-3
http://msp.org/idx/mr/1697095
https://doi.org/10.4007/annals.2011.174.1.11
http://msp.org/idx/mr/2811603


The chromatic colocalization of the spherical units is of height 1 4467

[Waldhausen 1984] F Waldhausen, Algebraic K-theory of spaces, localization, and the chromatic filtration of
stable homotopy, from “Algebraic topology” (I Madsen, B Oliver, editors), Lecture Notes in Math. 1051, Springer
(1984) 173–195 MR

[Whitehead 1942] G W Whitehead, On the homotopy groups of spheres and rotation groups, Ann. of Math. 43
(1942) 634–640 MR

[Yuan 2024] A Yuan, The sphere of semiadditive height 1, Int. Math. Res. Not. 2024 (2024) 675–697 MR

Department of Mathematics, University of Copenhagen
Copenhagen, Denmark

Current address: Weizmann Institute of Science
Rehovot, Israel

shachar.carmeli@gmail.com

Proposed: Jesper Grodal Received: 19 March 2024
Seconded: Mark Behrens, Stefan Schwede Revised: 21 January 2025

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://doi.org/10.1007/BFb0075567
https://doi.org/10.1007/BFb0075567
http://msp.org/idx/mr/764579
https://doi.org/10.2307/1968956
http://msp.org/idx/mr/7107
https://doi.org/10.1093/imrn/rnad044
http://msp.org/idx/mr/4686664
mailto:shachar.carmeli@gmail.com
http://msp.org
http://msp.org




GEOMETRY & TOPOLOGY
msp.org/gt

MANAGING EDITORS

Robert Lipshitz University of Oregon
lipshitz@uoregon.edu

András I Stipsicz Alfréd Rényi Institute of Mathematics
stipsicz@renyi.hu

BOARD OF EDITORS

Mohammed Abouzaid Stanford University
abouzaid@stanford.edu

Dan Abramovich Brown University
dan_abramovich@brown.edu

Ian Agol University of California, Berkeley
ianagol@math.berkeley.edu

Arend Bayer University of Edinburgh
arend.bayer@ed.ac.uk

Agnès Beaudry University of Colorado Boulder
agnes.beaudry@colorado.edu

Mark Behrens University of Notre Dame
mbehren1@nd.edu

Mladen Bestvina University of Utah
bestvina@math.utah.edu

Martin R Bridson University of Oxford
bridson@maths.ox.ac.uk

Tobias H Colding Massachusetts Institute of Technology
colding@math.mit.edu

Simon Donaldson Imperial College, London
s.donaldson@ic.ac.uk

Yasha Eliashberg Stanford University
eliash-gt@math.stanford.edu

Benson Farb University of Chicago
farb@math.uchicago.edu

David M Fisher Rice University
davidfisher@rice.edu

Mike Freedman Microsoft Research
michaelf@microsoft.com

David Gabai Princeton University
gabai@princeton.edu

Stavros Garoufalidis Southern U. of Sci. and Tech., China
stavros@mpim-bonn.mpg.de

Cameron Gordon University of Texas
gordon@math.utexas.edu

Jesper Grodal University of Copenhagen
jg@math.ku.dk

Misha Gromov IHES and NYU, Courant Institute
gromov@ihes.fr

Mark Gross University of Cambridge
mgross@dpmms.cam.ac.uk

Rob Kirby University of California, Berkeley
kirby@math.berkeley.edu

Bruce Kleiner NYU, Courant Institute
bkleiner@cims.nyu.edu

Sándor Kovács University of Washington
skovacs@uw.edu

Urs Lang ETH Zürich
urs.lang@math.ethz.ch

Marc Levine Universität Duisburg-Essen
marc.levine@uni-due.de

Jianfeng Lin Tsinghua University
linjian5477@mail.tsinghua.edu.cn

Ciprian Manolescu University of California, Los Angeles
cm@math.ucla.edu

Haynes Miller Massachusetts Institute of Technology
hrm@math.mit.edu

Aaron Naber Institute for Advanced Studies
anaber@ias.edu

Peter Ozsváth Princeton University
petero@math.princeton.edu

Leonid Polterovich Tel Aviv University
polterov@post.tau.ac.il

Colin Rourke University of Warwick
gt@maths.warwick.ac.uk

Roman Sauer Karlsruhe Institute of Technology
roman.sauer@kit.edu

Stefan Schwede Universität Bonn
schwede@math.uni-bonn.de

Natasa Sesum Rutgers University
natasas@math.rutgers.edu

Gang Tian Massachusetts Institute of Technology
tian@math.mit.edu

Nathalie Wahl University of Copenhagen
wahl@math.ku.dk

Kirsten Wickelgren Duke University
kirsten.wickelgren@duke.edu

Anna Wienhard Universität Heidelberg
wienhard@mathi.uni-heidelberg.de

See inside back cover or msp.org/gt for submission instructions.

The subscription price for 2025 is US $865/year for the electronic version, and $1210/year (C$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Geometry & Topology is indexed
by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Geometry & Topology (ISSN 1465-3060 printed, 1364-0380 electronic) is published 9 times per year and continuously online, by Mathematical
Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA 94701-4004. Periodical rate postage paid at Oakland, CA 94615-9651, and
additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA
94701-4004.

GT peer review and production are managed by EditFLOW® from MSP.
PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2025 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/gt
mailto:lipshitz@uoregon.edu
mailto:stipsicz@renyi.hu
mailto:abouzaid@stanford.edu
mailto:dan_abramovich@brown.edu
mailto:ianagol@math.berkeley.edu
mailto:arend.bayer@ed.ac.uk
mailto:agnes.beaudry@colorado.edu
mailto:mbehren1@nd.edu
mailto:bestvina@math.utah.edu
mailto:bridson@maths.ox.ac.uk
mailto:colding@math.mit.edu
mailto:s.donaldson@ic.ac.uk
mailto:eliash-gt@math.stanford.edu
mailto:farb@math.uchicago.edu
mailto:davidfisher@rice.edu
mailto:michaelf@microsoft.com
mailto:gabai@princeton.edu
mailto:stavros@mpim-bonn.mpg.de
mailto:gordon@math.utexas.edu
mailto:jg@math.ku.dk
mailto:gromov@ihes.fr
mailto:mgross@dpmms.cam.ac.uk
mailto:kirby@math.berkeley.edu
mailto:bkleiner@cims.nyu.edu
mailto:skovacs@uw.edu
mailto:urs.lang@math.ethz.ch
mailto:marc.levine@uni-due.de
mailto:linjian5477@mail.tsinghua.edu.cn
mailto:cm@math.ucla.edu
mailto:hrm@math.mit.edu
mailto:anaber@ias.edu
mailto:petero@math.princeton.edu
mailto:polterov@post.tau.ac.il
mailto:gt@maths.warwick.ac.uk
mailto:roman.sauer@kit.edu
mailto:schwede@math.uni-bonn.de
mailto:natasas@math.rutgers.edu
mailto:tian@math.mit.edu
mailto:wahl@math.ku.dk
mailto:kirsten.wickelgren@duke.edu
mailto:wienhard@mathi.uni-heidelberg.de
http://dx.doi.org/10.2140/gt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
http://msp.org/
https://msp.org/


GEOMETRY & TOPOLOGY
Volume 29 Issue 8 (pages 3921–4476) 2025

3921Homological mirror symmetry for hypertoric varieties, II

BENJAMIN GAMMAGE, MICHAEL MCBREEN and BEN WEBSTER

3995Quantitative marked length spectrum rigidity

KAREN BUTT

4055A unified Casson–Lin invariant for the real forms of SL.2/

NATHAN M DUNFIELD and JACOB RASMUSSEN

4189Instantons, special cycles and knot concordance

ALIAKBAR DAEMI, HAYATO IMORI, KOUKI SATO, CHRISTOPHER
SCADUTO and MASAKI TANIGUCHI

4299Genus-one singularities in mean curvature flow

ADRIAN CHUN-PONG CHU and AO SUN

4341Quantum Steenrod operations of symplectic resolutions

JAE HEE LEE

4389The wheel classes in the locally finite homology of GLn.Z/, canonical
integrals and zeta values

FRANCIS BROWN and OLIVER SCHNETZ

4449The chromatic colocalization of the spherical units is of height 1

SHACHAR CARMELI

4469Behrend’s function is not constant on Hilbn.A3/

JOACHIM JELISIEJEW, MARTIJN KOOL and REINIER F
SCHMIERMANN

G
E

O
M

E
T

R
Y

&
T

O
P

O
L

O
G

Y
2025

Vol.29,
Issue

8
(pages

3921–4476)


	1. Introduction
	1.1. Background and motivation
	1.2. Main result
	1.3. Outline of the proof

	2. Ideals in symmetric monoidal stable categories
	3. Ideals of discrete spectra
	4. Chromatic ideals
	5. Ideals of Eilenberg–MacLane spaces
	6. Maps into the units of the sphere spectrum
	7. Applications
	References
	
	

