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Operations on spectral partition Lie algebras and TAQ cohomology

ADELA YIYU ZHANG

We determine all natural operations and their relations on the homotopy groups of spectral partition Lie
algebras, which coincide with I, -linear topological André—Quillen cohomology operations at any prime.
We construct unary operations and a shifted restricted Lie algebra structure on the homotopy groups of
spectral partition Lie algebras. Then we prove a composition law for the unary operations, as well as
a compatibility condition between unary operations and the shifted Lie bracket with restriction up to
a unit for the restriction. Comparing with Brantner and Mathew’s result on the ranks of the homotopy
groups of free spectral partition Lie algebras, we deduce that these generate all natural operations, thereby
also recovering unpublished results of Kriz and of Basterra and Mandell on IF,-linear TAQ cohomology
operations. As a corollary, we determine the structure of natural operations on mod p S-linear TAQ
cohomology.
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1 Introduction

Spectral partition Lie algebras are the key objects in the emerging field of spectral formal moduli
problems in characteristic p. Work of Brantner and Mathew [2019] showed that there is an equivalence
of oo-categories between spectral formal moduli problems over [F;, and spectral partition Lie algebras,
generalizing the characteristic 0 phenomenon studied by Drinfeld [2014], Pridham [2010], Lurie [2011],
and many others. In particular, this equivalence establishes spectral partition Lie algebras over I, as
divided power algebras Koszul dual to nonunital E - ,-algebras.
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4478 Adela YiYu Zhang

Since spectral partition Lie algebras are algebras over a certain monad Lie]’F’p’Eoo, the homotopy groups
of free spectral partition Lie algebras Lie%p’Eoo(E”IF p @+ @ X'k[F,) parametrize all natural k-ary
operations on the homotopy groups of spectral partition Lie algebras as (iy, ..., i) varies. Brantner
and Mathew [2019, Theorem 1.20] obtained bases for homotopy groups of free spectral partition Lie
algebras on single generators via an isotropy spectral sequence studied by Arone, Dwyer and Lesh [Arone
et al. 2016]. Then they propagated the result to multiple generators by means of an EHP sequence and
a decomposition of the partition complex developed by Arone and Brantner [2021]. Nonetheless, this
method did not provide explicit descriptions of the nature of the operations, nor were the relations among
the operations clarified.

On the other hand, IF-linear TAQ cohomology TAQI’ED (R;Fp) of Exo-IFp-algebras R (Definition 2.5),
first constructed by Kriz as well as Basterra [1999], has representing objects trivial square-zero extensions
[Lawson 2020, 1.8.2]. Hence reduced IF ,-linear TAQ cohomology groups of trivial algebras I , & iR p®
@ X p parametrize all natural k-ary operations. By [Brantner and Mathew 2019, Proposition 5.35],
there is an isomorphism

me(Lief 5 (ZF, @ @ T%F))@F), = TAQ (Fy @ "'F, @--- @ S F; F)p).

Hence natural operations on the homotopy groups of spectral partition Lie algebras agree with cohomology
operations on the (reduced) IF-linear TAQ cohomology of E-IF,-algebras. In unpublished work,
Kriz [1993, Theorem 1.10] computed the IF,-linear TAQ cohomology on a connective generator. Around
the same time, Basterra and Mandell announced a computation of unary operations and their relations
as the Koszul dual to Dyer-Lashof operations on I ,-linear TAQ cohomology of connective objects for
p > 2 and observed a shifted restricted Lie algebra structure, but a proof never appeared.

In this paper, we use a dual bar spectral sequence and the machinery of classical Koszul duality developed
by Priddy [1970] to identify the structure of weight powers of p operations on the homotopy groups of
spectral partition Lie algebras and IF ,-linear TAQ cohomology. Roughly speaking, this structure is given
by a collection of unstable Ext groups over the Dyer—Lashof algebra, with composition product given
by a sheared Yoneda product. The verification of the law of composition makes use of a general result
of Brantner [2017] that demonstrates the compatibility of the algebraic Koszul duality on the E2-page
of the (dual) bar spectral sequence with the co-categorical monadic Koszul duality that the E°°-page
assembles to. These operations are stable under suspension, and in the colimit we obtain the universal
algebra of unary operations, which is the Koszul dual of the Dyer-Lashof algebra.

Then we construct a shifted Lie bracket on the homotopy groups of spectral partition Lie algebras and
use a homotopy fixed points spectral sequence to detect a restriction map on this shifted Lie bracket. The
restriction on an odd degree homotopy class when p > 2 and any homotopy class when p = 2 coincides
with the bottom unary operation up to a unit. Furthermore, brackets of unary operations that are not
iterations of the restriction always vanish. Comparing with Brantner and Mathew’s [2019, Theorem 1.20]
additive computation of the homotopy groups of the free spectral partition Lie algebras on finitely many
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generators, we conclude that these are all the natural operations and obtain the target category in the sense
that it records all algebraic structure on the homotopy groups of spectral partition Lie algebras.

As an immediate corollary, we determine the structure of operations on the mod p TAQ cohomology
TAQS (—:Fp) of Eoo-S-algebras. The S-linear mod p TAQ cohomology operations consist of F ,-linear
TAQ cohomology operations, as well as mod p Steenrod operations. The relations among the unary
operations are given by the Adem relations and the Nishida relations [1968] on mod p cohomology.

1.1 Statement of results

In Section 2, we summarize recent results of Brantner and Mathew [2019] on spectral partition Lie

algebras over IF,. These are algebras over a certain monad Lieg  on the category of [F ,-modules.
psLoco

Then we describe the relation between spectral partition Lie algebras and the reduced [ ,-linear TAQ

spectrum
TAQ(R) ~ |Bar,(id, E™ ® F,. R)|

of nonunital E-IF p-algebras R, which is a variant of the TAQ spectrum constructed by Basterra [1999,
Section 5]. Here EY} ® IF, stands for the monad associated with the free nonunital E.-IF,-algebra
functor. The n™ reduced F p-linear TAQ cohomology group of R is given by

TAQ"(R) = [E7"TAQ(R), F plmod, = 7—n(TAQ(R)").
It follows from [Brantner and Mathew 2019, Proposition 5.35] that there is an isomorphism
m(Lieg g (S"Fp@--- @ Z*F,)) = TAQ " (Z7"'F, &--- & £ 7F))
for any m and tuple (iy, ..., i) of integers. The left-hand side is the group of natural transformations
k
[T 7 () = 7m(-)
=1

of functors from the category of spectral partition Lie algebras to Sets, whereas the right-hand side is the
group of cohomology operations (or natural transformations)

k
[]TAQ ™ () - TAQ " (-).
=1
Hence the structure of natural operations on the homotopy groups of spectral partition Lie algebras
over IF, coincide with that on TAQ*(A) for A a nonunital E-IF -algebra.

In Section 3, we examine the bar spectral sequence

(1) E}, = ms(Bar,(id. Pr. 74(4)); = 7yt (|Bar,(id, XS @ F . A)|) = TAQy4+(A)

and the dual bar spectral sequence

@) E2, = my(Bar,(id. Pr. w4 (4))¥); = 754 (|Bara (id. EX @ Fp. A[Y) = g1 (Lief 5 (4Y)
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for trivial EL - ,-algebras A that are bounded above and finite type, ie each homotopy group is a finite
[F p-module. Here Py is the monad associated to the free functor that first takes the graded polynomial
algebra on the free unstable module over the Dyer—Lashof algebra, then identifies x®2 with the bottom
operation QX!'if p =2, and x®? with the bottom operation Q¥1/2(x) if p > 2 and |x| is even, and finally
imposes the Cartan formula. (See Definition 3.2.) When A4 is a direct sum of shifts of [, considered as a
trivial [EQ-IF ,-algebra, the E 2_page of the dual bar spectral sequence (2) parametrizes natural operations
and their relations on the André—Quillen cohomology

AQp, (M) := n_x(Bar,(id, P, M)")

of algebras M over the monad P, whereas the E°°-page is isomorphic to the homotopy groups of the
free spectral partition Lie algebra on 4V

In Section 4, we study the (dual) bar spectral sequence when A is a finite sum of shifts of IF,,. The strategy
is the following: first we find a suitable factorization of the indecomposables functor Q{,}gdw, which
allows us to replace the E!-page with a much smaller bisimplicial object. This strategy is a modification
of the method in [Brantner et al. 2024, Proposition 4.19] and was employed in [Zhang 2025] to compute
the mod p Quillen homology of spectral Lie algebras. Then we compute the E2-page via the (dual)
Grothendieck spectral sequence as in [Behrens and Rezk 2020], whose E2-page is the bigraded homotopy
of a double bar complex. We deduce by sparseness in Propositions 4.4 and 4.10 that the dual bar spectral
sequence for 4 = S/ F p and the associated Grothendieck spectral sequence both collapse on the £ 2_page
by sparseness when p = 2 or when p > 2 and j is odd. If p > 2 and j is even, we show in Lemma 4.11
that both spectral sequences collapse at weight pk for all k£ > 0 by a degree comparison with the [ ,-basis
of 7y (Lie]]T:‘r,,,]Eoo (A)) given by Brantner and Mathew [2019]. In particular, the weight pk unary operations
on the André—Quillen cohomology AQi'i72 (M) are parametrized by a ringoid (Definitions 4.1 and 4.6) that
encodes certain unstable Ext groups over the Dyer-Lashof algebra R, which follows from the algebraic
Koszul duality machinery developed by Priddy [1970]. This allows us to construct all unary operations of
weights powers of p on the homotopy groups of spectral partition Lie algebras in Construction 4.14.

In Section 5, we produce a shifted Lie bracket
[— =]t wm (A4) @ mn(A4) = Tmtn—1(A4)

with restriction x — x{?} for any spectral partition Lie algebra 4 that comes from a construction in
Modg, (Sp). Equivalently, for any EL3-IF ,-algebra A, there is a shifted Lie bracket with restriction

[-. —]: TAQ™ (4) ® TAQ" (4) — TAQ" " "1 (4).

We also determine the interaction of this bracket with the unary operations of Construction 4.14 in
Theorem 5.10. The main tool is the associated homotopy fixed points spectral sequence

® E. =D HS(E”’ 71 (Liege(n) ® A®”)) =P m_s((Liefig(n) ® A®")”E"),
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which consists of a copy of the free shifted restricted Lie algebra on 4« (A4) along the line s = 0, and
degenerates in all cases and weights of interest.

Section 6 is devoted to determining the entire algebraic structure on the homotopy groups of spectral
partition Lie algebras and mod p TAQ cohomology groups. First we determine the composition law
and the Adem relations among the weight p unary operations. Inspired by the work of Brantner [2017,
Section 4] regarding the structure of operations on the Lubin—Tate theory of spectral Lie algebras, we
encode unary operations on the homotopy groups of free spectral partition Lie algebras with a power
ring P (Definition 6.3). Roughly speaking, this power ring arises from equipping the ringoid parametrizing
weight pk unary operations on the E2-page of the dual bar spectral sequence with a twisted composition
product. Note that our notion of power ring differs from that of Brantner in that we do not require
bilinearity. This is to accommodate the identification of the bottom operation with the restriction map
(Theorem 5.8), which is nonadditive. However, on the associated graded of the bar filtration (and the
filtration associated with the Grothendieck spectral sequence when p = 2), this power ring does act
additively; see Remark 6.2.

Now we can state the main result of this paper, which records all natural operations and their relations on
the homotopy groups of a spectral partition Lie algebra over [F,, and the reduced TAQ cohomology of
[E oo-IF p-algebras.

Theorem 1.1 (Theorem 6.4, Theorem 5.10 and Theorem 6.11) (i) On aclass x of degree j in the
homotopy groups of a spectral partition Lie algebra over F», or equivalently the reduced TAQ
cohomology of an E o, -F,-algebra, there are weight 2 operations R’ of degree —i satisfying i >—j.
The Adem relations are given by

b—c—1
RIR’(x) = 3 ( ‘ )R”+b_cRc(x)
a—2c
a+b—c>2c, c=a—b
for all a,b € 7 satisfying b — j < a < 2b and b > —j. These operations are additive unless
i=—j+1
(i1) There is also a shifted Lie algebra structure with restriction map x{2 = R=I¥I*1 op the homotopy

groups of a spectral partition Lie algebra over IF,. The restriction on a sum of classes x and y in
different degrees is given by

(x+ )P =x 4y L [x, ).

The bracket is compatible with the unary operations in the sense that [y, a(x)] = 0 for any homotopy
classes x, y and unary operation « of weight greater than one that is not an iteration of the restriction.

(ili) The operations R’ and the shifted Lie bracket with restriction generate all natural operations under
the above relations. A basis for unary operations on a degree j class x is given by the collection of
all monomials R11 R2 ... Ri x2" guch that ij>=2"j+2" and iy, > 2ipy4q for 1 <m <.
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Theorem 1.2 (Theorem 6.5, Theorem 5.10, Lemma 6.8 and Theorem 6.11) Suppose that p is an odd

prime.

(1)

On a class x of a degree j in the homotopy groups of a spectral partition Lie algebra over IFp,
or equivalently the reduced TAQ cohomology of an E - ,-algebra, there are weight p unary
operations are given € R’ of degree —2(p—1)i —e fore =0, 1 andi > — j /2. These operations are
additive unless R=7+1D/2 jg acting on an odd class in degree j. The Adem relations are given by

ﬂRaﬂRb(x) — Z (_l)a—c—l-l ((p - 1_)(b __C) - l)ﬂRa-i-b—CﬂRC(x)
a+b—c>pc,2c>—j a—pec—1

forall a, b € Z satisfyinga < pb,2b > —j and2a > 2(p—1)b— j;

RalBRb(X) — Z (_l)a—c ((p - 1)(b _C)

a C
a+b—c=pc,2¢>—j p

_ b—c)—
_ Z (_l)a—c ((p al_)(pc _Ci I)Ra-‘rb—C'BRC(x)

)IBPa-i-b—CRC(x)

a+b—c>pc,2c>—j
for all a,b € 7Z satisfyinga < pb,2b > —j and2a > 2(p—1)b+1— j; and
—Db—-c)—1
IBERaRb (x) = Z (_1)61—6 ((p )( C) )ﬂeRa+b—CRC(x)
a+b—c=pc,2c>—j a—pc

for all a, b € Z satistying a < pb,2b > —j and2a > 2(p—1)b— j, and all € € {0, 1}.

(i) For all odd j and x a homotopy class in degree j, the restriction x{P} is the bottom operation

(iii)

REI+D/2(x) up to a unit Aj, ie [y, ij(_j+1)/2(x)] = [[~~-[[y,x],x] . -],x] for any class y,
where bracketing with x is iterated p times on the right-hand side. The restriction map on a sum of
classes x and y in odd degrees j # k is given by

p—1

(4 ) = 1 RETED200) 12 ROV () 4 37 2 (),

i=1
where s; is the coefficient of t'~1 in the formal expression ad(tx 4+ y)?~!(x). Furthermore,
[y,2(x)] = 0 for any homotopy class x, y and « a unary operation of weight greater than one,
unless x is in odd degree and « an iteration of the restriction.

The operations € R’ and the shifted Lie bracket generate all natural operations under the above
relations. A basis for unary operations on a degree j class with j odd is given by all monomials
B€1 R B2 R2 ... B€1 Ril such that 2i; > —j and iy > Pims1+€ms1 for 1 <m <[.1If j iseven, a
basis is given by € R'1 €2 R2 ... B¢ RU B€ such that 2i; > —(14€) j—€ and iy > Pimi1+Emtt
forl <m<|.

In order to verify the composition product and relations among the unary operations on s (Lieﬁp B (4)

that comes from the power ring P (Definition 6.3), we make use of a general result of Brantner [2017,
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Theorems 3.5.1 and 4.3.2], which explains the compatibility of the structure of additive operations on
the E2-page of the (dual) bar spectral sequence with that on the homotopy groups of the monadic bar
construction the E®-page assembles to when the spectral sequence degenerates on the E2-page at
weights which are powers of p.

Taking the colimit along the suspension map on the power ring P, which is induced by the canonical
map ELieﬁmIEOO (SkF p) — Lieﬁp’]EOO (SkHR p), we observe in Corollary 6.9 that the universal unary
operations form an algebra Koszul dual to the Dyer—Lashof algebra, which is isomorphic to the extended
Steenrod algebra but with Sq° = 0. Indeed, the Dyer—Lashof algebra is isomorphic to the extended
Steenrod algebra for restricted Lie algebras; see [Kraines and Lada 1983]. For filtration reasons, the
restriction on the shifted Lie bracket is not visible on the E2-page of the dual bar spectral sequence.
Instead, we use a homotopy fixed points spectral sequence to detect the restriction map in Theorem 5.8.
Thus we recover and clarify the unpublished computations of Kriz as well as Basterra and Mandell on
connective objects via a different method.

Therefore the target category for the homotopy groups of a spectral partition Lie algebra or the IF ,-linear
TAQ cohomology is the category of P-Lie’**-algebras (Definition 6.10), ie F ,-modules L over the power
ring P together with a shifted Lie bracket and a restriction map satisfying the conditions in part (3) of
Theorems 1.1 and 1.2.

Remark 1.3 The shifted Lie brackets on the mod p homology of spectral Lie algebras always vanish on
unary operations of weight at least p, as was shown by Antolin-Camerena [2020] and Kjaer [2018]. The
difference lies in that all unary operations on the mod p homology of spectral Lie algebras are additive,
whereas on the homotopy groups of spectral partition Lie algebras, there is a nonadditive unary operation,
ie the restriction on the shifted Lie bracket. See Remark 5.11.

Remark 1.4 To identify the unit A; by which the bottom operation and the restriction on an odd class x
in degree j differ when p > 2, we expect that a chain-level understanding of the operations involved is
necessary. A natural guess is that A ; is the sign by which the bottom Dyer—Lashof operation BOUTD/2(x)
on a degree j class x and its p-fold Massey-product differ. We hope to construct these operations on
the explicit chain model of spectral partition Lie algebra obtained by Brantner, Campos and Nuiten in
[Brantner et al. 2021, Definition 4.43].

Remark 1.5 Recently, Konovalov [2023] computed the relations among unary operations on the odd
primary homology groups of spectral Lie algebras by studying differentials in an algebraic Goodwillie
spectral sequence and thus determined the entire structure of operations in the odd primary case. The
method in this paper suggests an alternative approach to settling the question. Namely, one could construct
a monad C that parametrizes divided power E22-IF ,-algebras, determine the structure of natural operations
on the homotopy groups of algebras over C, and feed it into the dual bar spectral sequence converging to
7«(|Bar,(id, C, A)|¥) with A any trivial algebra over C of finite type.
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As an immediate application, we obtain a computation of natural operations and relations up to the unit
in Remark 1.4 on the mod p TAQ cohomology

TAQE (R: F ) = Mapg, (|Bar, (id, Eoo, R)|. Z*F )
of Eoo-S-algebras R, which is based on conversations with Tyler Lawson.

Since the functor TAQ"S (—;Fp) has representing object the trivial square-zero extension S @ T p for
all 7, operations and relations are again parametrized by the mod p TAQ cohomology on the trivial square-
zero extensions S @ X1 F p @D ik p- Using a base change formula to the reduced I -linear TAQ
cohomology, we deduce immediately from Theorems 1.1 and 1.2 the structure of natural operations on the
mod p TAQ cohomology E ,-S-algebras. Note that the mod p TAQ cohomology is in particular the mod p
cohomology of a spectrum, and hence is acted on by the mod p Steenrod operations in the usual sense.

Theorem 1.6 (Corollary 7.1, Proposition 7.2) For any tuple (i1, ... i) of integers, the k-ary cohomol-
ogy operations

k
[ | TAQY (—:Fp) — TAQE (—: F )
i=1
are parametrized by the homological degree —m part of Freelicr” (ETMAD--- @ X7 A), where A is
the Steenrod algebra graded homologically. All operations evaluate to zero on the unit except for scalar

multiplication. The Steenrod operations commute with the bracket via the Cartan formula and the I¥ ,, -linear
TAQ cohomology operations via the Nishida relations on cohomology of the second extended power:

(i) For p =2 we have
Sq“[x, y] = Y [Sq' (). 84"~ (»)]
Sqa R—|x|+l (X) — Z (lxl - C) Ra+|X|+1—c SqC(x) + Z [Sql(X), qu(X)],

a—2c
I<k,l+k=a

b—1-—
Sq“ Rb(x)=Z( 5 C)Ra+b_CSqC(x) for b > —|x|+ 1.
a—2c

(i) For p > 2 we have

P?lx,y] =Y [P'(x), P* ()], BPx,y] =Y (BP'(x), P* (0] +[P'(x), BP* ().
For any class x and all 2j > —|x| + 1, the Nishida relations are

P"BRI = (—1)"" Z ((j ;l'i(ﬁi— 1))ﬁRn+j—iPi

! Y ((j —i)(p—-1D— 1)Rn+j—iIBPi’

n—pi—1
n— pi

i

i
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as well as
, . i—iWp—=1)=1 S
- n— pi
1 . . . .
e Y [P0 ). P ) PO )] Pl (1)
x| loeX,,o(1)=1
when the degree of x is odd and 2 j = —|x|+ 1, where the bracket term sums over all nondecreasing

sequences I = (0 <iy <ip <---<ip) withiy +iy+---+1ip =n, and Ay is a fixed unit given
in Theorem 1.2(3).

Remark 1.7 In parallel to the theory of spectral partition Lie algebras, Brantner and Mathew developed
a derived version called partition Lie algebras, which are algebras over a certain monad Lieﬁn, A on the
derived category of chain complexes over IF,,. They showed [Brantner and Mathew 2019, Theorems 1.11
and 1.13] that coconnective, finite type partition Lie algebras over [F, serve as the Koszul dual to complete
local Noetherian simplicial commutative IF ,-algebras. They then computed the ranks of homotopy groups
of free partition Lie algebras in [loc. cit., Theorem 1.16]. While partition Lie algebras are more delicate
than their spectral counterparts studied in this paper, we are hopeful that a similar strategy can be employed
to obtain relations among the operations on the homotopy groups of partition Lie algebras. This will
require as input the structure of natural operations on the homotopy groups of simplicial and cosimplicial
commutative [ ,-algebras.

Note that for p =2, Goerss [1990, Theorem H] identified all operations and their relations on the homotopy
groups of coconnective partition Lie algebras via a Quillen spectral sequence and a Hilton—Milnor type
argument, with input the structure of unary operations on the homotopy groups simplicial commutative
F,-algebras by the works of Cartan [Cartan and Serre 1955], Bousfield [1967] and Dwyer [1980]. For
p > 2, a basis of unary operations on the homotopy groups simplicial commutative I ,-algebras was
computed by Nakaoka [1957; 1958] in the simplicial case, and the quadratic relations among the operations
were determined by Bousfield [1967, Theorem 8.9]. In the cosimplicial case, Priddy [1973] determined
the unary operations and their relations at all primes.

1.2 Conventions

We denote by Sp the co-category of spectra. We use IF, for both the field IF, and the Eilenberg-Mac Lane
spectrum representing IF,. The grading convention is homological unless for TAQ cohomology groups or
otherwise stated.

A weighted graded I ,-module (resp. IF ,-module spectrum) M is an N-indexed collection of Z-graded
[F p-modules (resp. IF ,-module spectra) { M (w)}yen. The weight grading of an element x € M (w) is w.
Morphisms are weight-preserving morphisms of graded IF ,-modules. We assume that every object is
graded and weighted whenever it makes sense. For instance, Modp, stands for the ordinary category
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of weighted graded I ,-modules, and Modp,, (Sp) the co-category of weighted graded module-spectra
over [F;, (which is equivalent to the derived category of chain complexes over IF, equipped with a
weight grading). If the context is clear, we will call objects in either category I ,-modules. The Day
convolution ® makes Modp, (resp. Modr, (Sp)) a symmetric monoidal category. The Koszul sign rule
XQy= (—1)|x 11| y ® x for the symmetric monoidal product ® depends only on the internal grading
and not the weight grading.

Similarly, a shifted Lie algebra L over I is a weighted graded F ,-module L € Mody, equipped with
a shifted Lie bracket [—,—]: L;; ® L, — Ly4p,—1 that adds weights, as well as satisfying graded
commutativity [x, y] = (—1)*¥I[y, x] and the graded Jacobi identity

—DXEx [y, 2]+ ORI 2, 0]+ D EPIz [x, p]] = 0.

If p = 2, then we further require that [x,x] = 0 for all x. If p = 3, then we further require that
[x, [x, x]] = 0 for all x. Note that in general an unweighted Lie algebra over ¥, does not admit a weight
decomposition. We use 7, (—) to denote the functor taking the ™ homotopy group of a spectrum or a
simplicial IF ,-module, as well as the functor taking the n™ homology group of a chain complex over IF P

We use Eo and EZ to denote respectively the unital and nonunital commutative operad in Sp, and
ESs ® Fj, the nonunital commutative operad in Modp, (Sp). Often we abuse notations and denote by O
the monad associated to the free O-algebra functor when O = Eoo, EZ.EX @ IF ).
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2 Preliminaries

2.1 Spectral Lie operad

We begin with a brief review of the spectral Lie operad d4(Id). Ching [2005] and Salvatore [1998] showed
that the Goodwillie derivatives {d,(Id)} of the identity functor Id: Top, — Top, form an operad 9+ (Id)
in spectra. This operad is Koszul dual to the nonunital commutative operad EY} via the operadic bar
construction

0% (Id) ~ DBar(1, E3], 1).
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For a description of the operadic bar construction, see [Ching 2005] for a topological model using trees
and [Brantner 2017, Appendix D] for an co-categorical construction along with a comparison with the
topological model.

The n™-derivative 9, (Id) admits an explicit description due to Arone and Mahowald [1999], following
the work of Johnson [1995]. Let P, be the poset of partitions of the set n = {1,2,...,n} ordered by
refinements, equipped with a 3,-action induced from that on n. Denote by 0 the discrete partition and
by 1 the partition {n}. Set I1,, = P, — {6, T}. Regarding a poset P as a category, we obtain via the nerve
|<>

construction a simplicial set Ny(P). The partition complex X|I1,|°, the reduced—unreduced suspension

of the geometric realization of N,(I1,), is modeled by the simplicial set
No(Pn)/(No(Py = 0) U No(Py = 1))
for n > 2, and the simplicial O-circle S for n = 1. Then there is an equivalence
In(1d) 2= D(Z[IT,[%)

of spectra with X,-action, where D denotes the Spanier—Whitehead dual of a spectrum.

2.2 Spectral partition Lie algebras

Motivated by the theory of classical operadic Koszul duality [Ginzburg and Kapranov 1994], the natural
next step is to formulate a Koszul duality theorem between suitable categories of algebras over the Koszul
dual pair EYY and 04 (Id). Partial progress was achieved by Ching and Harper [2019], following a general
conjecture by Francis and Gaitsgory [2012]. Recent work of Brantner and Mathew [2019] on spectral
partition Lie algebras completely resolved the question over IF,, and we will give a very brief summary
of their results.

Let Mod%p C Modg, (Sp) be the subcategory spanned by IF p—quules of ﬁnitg type, ie [F ,-modules with
degreewise finite-dimensional homotopy groups. Denote by Mod]%p < C Mod%p the subcategory spanned
by coconnective objects. Let E ® I, be the nonunital commutative operad in Modp, (Sp). There is an
adjunction

cot
Alggn g, (Modr, (Sp)) —— Modr,, (Sp),

sqz

where the functor sqz sends an object M to the trivial EgS ® IF-algebra M . The restriction of this ad-
junction to the subcategory Mod%péo defines a sifted-colimit-preserving monad (M > cot(sqz(M)¥)")
on Mod%p <o

Definition 2.1 [Brantner and Mathew 2019, Definition 5.32] The spectral partition Lie monad Lie%,,,IEoo
is the unique sifted-colimit-preserving monad

LiefF’p E..: Modp, (Sp) — Modp, (Sp)
extending the monad (M > cot(sqz(M)V)") on Mod}t ,<0°
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Algebras over the monad Lie{F’p E,, are called spectral partition Lie algebras. The free spectral partition
Lie algebras on bounded above objects admit an explicit description.

Proposition 2.2 [Brantner and Mathew 2019, Proposition 5.35] For V' € Modp, (Sp) bounded above,
we have

Lief 5 (V) = [Bar,(id. EX @ F,. VY)Y = @ ((0n(id) ® F ) ® (V)®")" ™"

n=>1

The above formula makes it clear that spectral partition Lie algebras are not algebras over the spectral
Lie operad, as the structural map of an algebra L over the spectral Lie operad in Modp, (Sp) is given by

Freeds (D®Fp (1) ~ @((3,1(1(1) QF,) ® (L)®”)h2n — L.

n=1
Heuristically, spectral partition Lie algebras are the dual of divided power coalgebras over the cooperad
Bar(1,EY ® Fp, 1), and hence candidates for the Koszul dual of EZ-F ,-algebras. To formulate the
precise Koszul duality statement, we need to introduce one more condition.

Definition 2.3 An E.-IF-algebra A4 is complete local Noetherian if

(i) mo(A) is a complete local Noetherian ring;

(i) A is connective and 7, (A) is a finitely generated module over m(A) for all n > 0.
Now we can state a special case of the main results by Brantner and Mathew.

Theorem 2.4 [Brantner and Mathew 2019, Theorem 1.19] There is an equivalence of co-categories
between complete local Noetherian IE -, -algebras and the oo-category of coconnective spectral partition
Lie algebras of finite type.

2.3 Relation to TAQ cohomology

Spectral partition Lie algebras are closely related to the [Fy-linear TAQ spectrum. Inspired by the
unpublished work of Kriz [1993], Basterra [1999] constructed the fopological André—Quillen homology
object TAQ 4(R; B) for a fixed map of E-algebras 4 — B and any object R in the category of [ -
algebras between A and B. For any object R in the category of E.-S-algebras with a map to I, we
obtain the mod p TAQ spectrum

TAQs(R;Fp) >~ |Bar,(id, Freeg __, R)|  Fp,

where Freeg_, denotes the monad associated with the free [E.-S-algebra; see [Basterra 1999, Section 5]
and [Lawson 2020, Proposition 1.8.9]. The n™ mod p TAQ cohomology is defined to be

TAQE(R: Fp) = [S7"TAQS (R: F ). F plmods, (5)
for R any E-S-algebra.
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We can also consider the [F,-linear TAQ version.

Definition 2.5 For R an E-IF-algebra, its IF ,-linear TAQ spectrum is given by
TAQr, (R; Fp) = |Bar.(id, Freeg . gF,, R)|-
The n' F p-linear TAQ cohomology is defined to be

TAQ} (R:Fp) = [S™"TAQ, (R: Fp). Fplutods, (sp)-

Since we will be concerned solely with mod p coefficients, we will suppress the coefficient IF, in the
notations of TAQ spectra and their cohomology. There is a base-change formula

TAQs(R) ~ TAQ, (R ®s F )
for R any [E-S-algebra.

In this paper we work with the nonunital I ,-linear version
TAQ(A) := |Bar,(id, ER, ® F ), 4)|,

where Efg ® I, is the nonunital Ec-operad in Modp, and 4 a E§} ® IFp-algebra. We call this the
reduced mod p TAQ spectrum of A, since

TAQ(A) & F, ~ TAQy, (F, & A).

Thus the reduced mod p TAQ cohomology group TAQ" (A4) :=[X7"TAQ(A), F p]Mode (s) differ from the
[F »-linear TAQ cohomology group TAQ%p (A@F,) only when n = 0 by a copy of IF,. By Proposition 2.2,
when 4 is a bounded above IF ,-module of finite type considered as a trivial E3} ® IF,-algebra, there is

an equivalence
TAQ"(AY) =~ n_y(|Bar, (id, EX ® Fpp, AV)|Y) = 71—y (Lie%pyEoo (A)).
From here on, we will often omit the terms I -linear and mod p when there is no ambiguity regarding

which version of TAQ cohomology is concerned.

2.4 Operations

The goal of this paper is to understand natural operations and their relations on the homotopy groups of
spectral partition Lie algebras and mod p TAQ cohomology. First we record a few general remarks about
operations on algebras over a monad, adapted from Lawson’s excellent survey [2020, Section 1.4] and
the work of Rezk [2012, Section 3] on the theory of operations for algebras over operads.

Given a monad T on the oo-category Modp, (Sp), we define an operation on T-algebras to be a natural
transformation 7, (—) — 7, (—) of functors Algy — Sets for some m2, n. Here Algy = Algyp(Modr, (Sp))
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is the oco-category of T-algebras over Modr, (Sp). Let Op(m; n) be the set of operations for fixed m, n.
It follows from the universal property of free algebras that for any T-algebra 4,

7tm(A4) = Mapy,, (Free" (Z'F ), A).
Hence Free™ (Z"'F p) is the representing object for the functor 7, (—) on Algy.

By the Yoneda lemma, the set of operations Op(m; n), or equivalently natural transformations 7, (—) —
7, (=) in Algy, is isomorphic to 7, (Free (X F p))- Explicitly, given an operation « € 7y (Free' (Z™F »)
and a class x € m,;,(A) with 4 a T-algebra, we obtain a class a(x) in 7, (A4) via the pullback

Ttm(A) = Mapy,, (Free" (Z™F ), A) 2 Mapy,, (Free" (2"F ), A) = 7, (A).

Therefore, to understand the unary operations on T-algebras and their relations, we need to first compute
74 (FreeT (2™ p)) as an algebra for all m. Then we need to understand the composition product on unary
operations

Ty (FreeT(ZmIFp)) X Tm (FreeT(El]Fp)) — Ty (FreeT(ZlIFp))

for all /, m, n, which corresponds to composing two natural transformations 777 (—) — 7, (—) and 7, (—) —
7n(—) of functors on #Algy. In general, natural k-ary operations ]_[;Cz1 i, (—) = m,(—) are parametrized
by the homotopy groups

7n(Free " (S1F, @ --- @ ' F )

for all k-tuples (iq,...,ix).

Remark 2.6 Since taking homotopy groups yields an equivalence between the homotopy category
associated with Modp, (Sp) and Modp,, the monad T on Modr, (Sp) descends to a monad 7" on Modg,,,
called its algebraic approximation. Therefore the canonical map T (74(X)) — 7« (T (X)) is a natural
isomorphism for any X" € Modp, (Sp), so 7 parametrizes natural operations on the homotopy groups of
T-algebras.

Here we specialize to T = Lieﬁp E.- The decomposition of the free algebra over LieI’F’p E,, i0to
homogeneous pieces in Proposition 2.2 allows us to impose a weight grading on the operations on the
homotopy groups of LieI’F’p £, -algebras in the usual sense.

On the other hand, the mod p TAQ cohomology functor TAQp, (—) on Algg__ (Modr,(Sp)) has as
representing objects the square-zero extensions sqz(M) ~F, & M for M € Modr, (Sp); see [Lawson
2020, Section 1.8]. Therefore, for any m and tuple (iy, ..., i), the group of cohomology operations

k
[ 1 TAQE, (=) — TAQR ()

i=1

is given by TAQF (F, ® Z''F, @ --- @ T F ).
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Note that all operations vanish on the unit except for scalar multiplication. Since
TAQ"(AY) =~ m_n(|Bar, id, EXY @ Fpp, AV)|Y) = 71—y (Lie%p,Eoo (4))

for all n when A is a bounded above I ,-module of finite type considered as a trivial EY} ® I ,-algebra,
natural operations and their relations on the reduced mod p TAQ cohomology, or equivalently, the mod p
TAQ cohomology away from the unit, agree with those on the homotopy group of spectral partition Lie
algebras up to a change of grading conventions.

Brantner and Mathew obtained bases of the homotopy groups of free spectral partition Lie algebras on
>/F p Via an isotropy spectral sequence as in [Arone et al. 2016, Example 1.3]. Then they propagated
the result to any direct sum of shifts of ¥, using the Takayasu cofibration sequence [1999] (see also
[Kuhn 2001; Arone 2006]) and a Hilton—Milnor-type decomposition of the partition complex and an EHP
sequence developed in [Arone and Brantner 2021].

Definition 2.7 We say a word w in letters {x, ..., Xy} is a Lyndon word if it is smaller than any of its
cyclic rotations in the lexicographic order with x| < --- < xj. Write B(ny,...,ny) for the set of Lyndon
words in which the letter x; appears precisely »; times, and define the degree of w € B(ny,...,ny) to be

deg(w) := > ;(li —Dn; + 1.

Note that the collection of all Lyndon words in letters xp, ..., x; produces a basis for the free rotally
isotropic Lie algebra over [F,, on k generators, where totally isotropic means that self-brackets are also

Z€10.

Notation 2.8 Denote by £, the monad on Modp, that serves as the algebraic approximation of the
monad Liegp,IEoo in the sense of Remark 2.6, which has both an internal grading and a weight grading
[—] induced by the weight decomposition of Lieﬁp,Ew‘
Theorem 2.9 [Brantner and Mathew 2019, Theorem 1.22] The I -vector space

i (Lief g (ZFp @ - @ TF))) = L,(Z"F, @--- @ T4F )

has a basis indexed by sequences (i1, ...,i;,e,w). Here w € B(ny,...,ny) is a Lyndon word. We have
e €{0,t}, wheret = 1 if p is odd and deg(w) is even. Otherwise, t = 0. The integers iy, ..., I satisty:

(i) Eachij is congruent to 0 or 1 modulo 2(p —1).
(i) Forall 1 <j <k, wehave ij < piji;.
(iii) We have iy, < (p —1)(1 + e) deg(w) — .
The homological degree of (iy,...,ik,e,w) is ((1 + e) deg(w) —e) i+ +ip—k.
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In other words, Brantner and Mathew identified the underlying functor of £,, but not the monadic
structure. In the rest of the paper, we use a dual bar spectral sequence to compute the relations among the
unary operations. By comparing with the bases in the above theorem, we show that the spectral sequences
of interest degenerate and deduce the composition product among unary operations. Then we use the
homotopy fixed points spectral sequence to deduce a shifted Lie algebra structure with restrictions on
the homotopy group of spectral partition Lie algebras. Finally we show that these are all the natural
operations and construct the target category that captures all algebraic structures on the homotopy group
of spectral partition Lie algebras.

2.5 Shifted restricted Lie algebras

We end this section by recalling the definition of shifted Lie algebras with a restriction map.

Definition 2.10 (see [Jacobson 1941] and [Fresse 2000] for the unshifted version) A shifted restricted
Lie algebra over [F,, denoted as a LieISF’f -algebra, is a graded [F,-module L = L, with a shifted Lie bracket
L, ® Ly, — Ly4+,—1 and a restriction map x +— x {2 with x{2 e Lj|x)—1 forall x € L satisfying the
following identities:
(i) ad(x'?}) = ad(x) for all x € L, so in particular [y, x{#] = [y, [x, x]] for all x, y € L.
(i) Forallx,yelL, (x+ y){Z} = x4 y{2} +[x, y], where s; is the coefficient of #/~! in the formal
expression ad(rx + y)?~1(x).

Suppose that p > 2. A shifted restricted Lie algebra over I, denoted as a Lieiif -algebra, is a graded
Fp-module L = L, with a shifted Lie bracket L, ® Ly, — Ly, 4,—1 and a restriction map x > xip}
with x{P} e L plx|—-p+1 Whenever |x| is odd, satisfying the following identities:
(1) (ex)iPr = ¢PxiP} for all odd degree x € L and ¢ € Fp.
(i) ad(x*P}) = ad(x) for all odd degree x € L.
(iii) For all odd degree x, y € L, (x + y){P} = x{P} 4 yird 4 Zf:ll sl—."(x, y), where s; is the coefficient
of /=1 in the formal expression ad(zx 4+ y)?~!(x).

Here ad(x) stands for the self-map y + [y, x] on L.
Let FreeLiefF’g be the associated free functor.

: 8.0
Proposition 2.11 [Bryant et al. 2005, page 149] A basis for Free °F2 (M) is given by
{u, u{Z}, u{2}2 — (u{Z}){Z}, )

where u ranges over Lyndon words in letters an F-basis of M. When p > 2, a basis for FreeliF, (M) is
0} U {u, nizs uiry — (H{P}){P}’ .

where u ranges over Lyndon words of odd degrees in letters an I ,-basis of M and v ranges over Lyndon
words of even degree.
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3 A bar spectral sequence

This section serves as a preliminary examination of the bar spectral sequence for a EY] ® IF ,-algebra 4,
where ES ® Fj, is the EgS-operad in Modp, (Sp), obtained by the skeletal filtration of the geometric
realization of the bar construction

E}, = ms(n;(Bar,(id. EX ® Fp, A)) = 754 (|Bar,(id, X ® F, 4)|) 2 TAQy4(A).
Similarly, there is a dual bar spectral sequence
E}, = ms(m(Bar, (id, EfY @ F, A)Y)) = 7s4(|Bar, (id, ES @ Fp, 4)]Y).

When A = Z7/F p is a trivial EYY ® I ,-algebra, the E°°-page records unary operations on a degree j
class in the homotopy group of any spectral partition Lie algebra and those on a degree —j cohomology
class in the reduced mod p TAQ cohomology. Both spectral sequences converge strongly when 7 (A4) is
of finite type by Boardman’s criteria (Theorems 6.1 and 7.1, respectively, in [Boardman 1999]), since they
are concentrated in the upper half-plane, and on the E2-page each bidegree supports finitely many copies
of IF,. We will see that both spectral sequences degenerate on the second page in all cases of interest.

3.1 The Dyer-Lashof algebra

Dyer—Lashof operations are natural unary operations on the mod p homology of infinite loop spaces and
Eo-algebras in Spectra. These operations and their relations were computed by Kudo and Araki [1956],
Dyer and Lashof [1962], Cohen, Lada and May [Cohen et al. 1976], and Bruner, May, McClure and
Steinberger [Bruner et al. 1986]. Denote by R the nonunital mod p Dyer—Lashof algebra.

Proposition 3.1 [Cohen et al. 1976, I.1; Bruner et al. 1986, I11.1] At p =2, the Dyer-Lashof algebra R
is generated by operations Q' in degree i and weight 2, subject to the Adem relations

r S _ i—s—1 r4+s—i ni
00" = ), .(zl._r)Q 0
r+s—i=<2i
for r > 2s. An [F,-basis for R is given by monomials Q1 --- Q' with i; < 2ij4q for 1 <[ <n.

For p an odd prime, the mod p Dyer—Lashof algebra, also denoted by R, is generated by operations
B€ Q' in degree 2(p — 1)i — € and weight p for € € {0, 1} and all i, subject to the Adem relations

peO"0° = Z (—1)r+i((p_ I)Fi —9)- l)ﬂeQrﬂ_iQi for r > ps,

r+s—i=<pi pr=r
IBGQr’BQs =(1—¢) Z (_l)r-i-i((p_l.)(i_S))ﬁQr-l-s—iQi
rs—i<pi pr=r
- ) = ((p —pl)_(i;_si - 1)56Qr+s_iﬂQi for r > ps.
r+s—i<pi

An T ,-basis for R is given by monomials B! Q1 - .- Bén Qin with ij < pij, 1 —e;yq for 1 <1 <n.
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We say that a module M over the Dyer—Lashof algebra R is unstable (or allowable) if the following
conditions hold:

(i) When p = 2, for any nonempty sequence of operations Q1 = Q1 ... Qk and x € M of degree ;,

ifij—ijy;—...—ix < j forsome 1 </ <k, then Qf(x) = 0.

(ii) When p > 2, for any x € M of degree j and any nonempty sequence o = B¢ Q1 ... Bk Qik of
operations, if 2iy; — €, < j +2(p— Dipgg1 + - +2(p— )i —€; —--- ¢ forsome 1 <m <k,
then a(x) = 0.

Denote by Mody the category of unstable R-modules, and A the monad associated with the free
unstable R-module functor. We will often omit the term unstable before 7R-modules when the context is
clear.

Definition 3.2 Let Py, : Modr, — Mody, be the monad associated with the free (graded weighted)
commutative [ ,-algebra functor that sends the IF,-module on a single generator x to the polynomial
algebra IF 5[ x]. Define a monad P on Modp, by setting

PRr(M) =Pg,(Ar(M))/J

for any F,-module M, where J is the two-sided ideal generated under the commutative product ®
by the relations Q¥!/2(x) = x®? for any x € Ag (M) of even degree when p > 2, and generated by
0™l(x) = x®2 for any x € Ax(M) when p = 2. The monad composition map is given by the Adem
relations and the Cartan formula

Q' x®y) =) 00 ().
J

Let Pr be the category of Pr-algebras, ie (graded weighted) commutative algebras over [F;, with an
unstable R-module structure that is compatible with the commutative product ® in the sense that the
Cartan formula is satisfied and Q'x / 2(x) = x®? for all even degree x € M when p > 2, whereas
0*l(x) = x®2 when p = 2.

A classical result by May and McClure tells us that this is the target category for the mod p homology of
nonunital [E-IF ,-algebras.

Theorem 3.3 [Cohen et al. 1976, 1.4.1; Bruner et al. 1986, IX.2.1] For any Eg; ® IF,-algebra X, there
is an isomorphism
74 (Free®=®Fr (X)) = Pr (74 (X))

of free Pp, -algebras.

By repeatedly applying Theorem 3.3, the bar spectral sequence for a Eg} ® IF ,-algebra A with M = w4 (A)
can be rewritten as

ESZJ = 75 (7 (Bar, (id, EY, ® Fp, A)) = s (Bar,(id, Pr, M )) = w54 (|Bar.(id, Eg ® F ), 4)]).
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Similarly, the dual bar spectral sequence takes the form
E2, = 75,/ (Bar,(id, PR, M)") = 71 (|Bars(id, E @ F , A)[Y).

The E*-page is the reduced mod p TAQ cohomology TAQ*(A), or the homotopy group of the spectral
partition Lie algebra |Bar, (id, EXf ®F ,, 4)|¥ ~ Lie%oo,m-p (AY) when 4 is a bounded-below IF ,-module of
finite type considered as a trivial EJ ® IF ,-algebra. Since we will only be concerned with objects of finite
type over [F,, we can switch freely between the two versions by taking linear duals when computing the
second page. It is easier to work with the bar construction, so we will focus on the bar spectral sequence.

Observe that the E2-page of the bar spectral sequence
E}, = s(Bar,(id. Pr. M) = 1, (LONSg, (M)

is the André—Quillen homology of M with respect to the monad Px. Our plan is to find a suitable
factorization of the indecomposable functor Q&%dm to separate the unary and binary structures of the
monad Pz. This will allow us to replace the bar construction computing its total left derived functor by a
smaller double complex that is amenable to Koszul-duality-type computations. We will follow a similar
strategy used in [Zhang 2025, Section 3.3], which is inspired by [Brantner et al. 2024, Section 4.4]. The
subtlety lies in the identification of bottom nonvanishing Dyer—Lashof operations with self products,
which precludes the factorization of P as a composite monad.

3.2 The derived indecomposable functor

Before diving into the computation, we briefly recall without proof the homotopy theory of monads on
the category of weighted graded IF ,-modules and especially the two-sided bar construction for simplicial
objects, following closely Sections 3.1, 4.2 and 4.3 in [Brantner et al. 2024]. For the general theory, see
for instance Sections 3.1 and 3.2 of [Johnson and Noel 2014].

Let T be an augmented monad on the category Mody, of weighted graded k-modules, where k is a field.
Suppose that T preserves reflexive coequalizers or filtered colimits. By augmented monad we mean that
there is a map of monads T — id in Mody, with id the identity functor considered as the trivial monad.
Denote by Algyp(Mody) the category of T-algebras. The forgetful functor U : Algy(Modg) — Mody
admits a left adjoint, the free functor Free™ : Mod;, — Algyp(Mody).

Denote by sMod, the category of simplicial weighted graded k-modules. Levelwise application of the
adjunction FreeT 4 U gives rise to an adjunction between the corresponding categories of simplicial objects

Free' U : Algy(sModg ) — sMody,

as well as a monad T on sMody. We equip sMody, with the standard cofibrantly generated model structure.
Suppose that the path objects of sMody lift to sAlgy, the category of simplicial T-algebras. Then this
adjunction induces a right transferred model structure on the category of simplicial T-algebras, with weak
equivalences and fibrations defined on the underlying simplicial weighted graded k-modules by [Johnson
and Noel 2014, Theorem 3.2, Remark 3.3].
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Denote by TT: Mody, = Alg,y(Mody) — Algy(Mody) the trivial T-algebra functor, which is induced
by the augmentation. It has a left adjoint QT : Algr(Mody) — Mody, the indecomposable functor with
respect to the T-algebra structure, which satisfies QT o Free™ ~ id. Applying this adjunction levelwise to
the corresponding categories of simplicial objects, we obtain a Quillen adjunction

T4 TT: sAlgy — sMody.

The left derived functor LOT of QT can be computed by the following standard recipe.

Construction 3.4 Given a right module R: Mody — 2 over T, and a simplicial object 4 in Algy(Mody),
one can apply the two-sided bar construction Bar, (R, T, —) levelwise to A. The diagonal of the resulting
bisimplicial complex is a simplicial object in 2, denoted by Bar,(R, T, A).

In particular, if we regard a T-algebra 4 as the constant simplicial object on U(A4) equipped with a
simplicial T-algebra structure, denoted also as A by abuse of notation, then Bar,(R, T, A) agrees with
the usual two-sided bar construction.

Since the free resolution Bar, (Free™, T, 4) is a cofibrant replacement of A in the category of simplicial
T-algebras, the left derived functor of a functor F' can be computed by applying F levelwise to a cofibrant

replacement, so
LOY(4) ~ O"Bar,(Free', T, A) = Bar,(id, T, 4).

3.3 A smaller complex for the E !-page

Now we would like to replace the bar complex on the E '-page of the bar spectral sequence with the total
complex of iterated bar constructions that deals with the unary and binary operations separately.

It follows from Definition 3.2 that killing the commutative product has the effect of killing the bottom
Dyer—Lashof operation on a class. Hence for p > 2 we shall consider the intermediate category Modg- of
modules over the Dyer—Lashof algebra R with instability conditions Q?(x) = 0 for 2i < |x|. Then the

: P Mod P . . .
indecomposables functor QM%dF factors as Oy, dﬁ' ) M%dR/’ and we have a composite of adjunctions
p p

QModR/ Pr

Modp P QModR/
—
Modp, ——— Modg/ s Pr.
l\l/\[/lod]R/ TI\I/JIR
od]F p Ode

Whereas for p = 2, the indecomposables functor Qll:,fgdJF factors as Qﬁggg o K’l%dr by first killing the
2 2 v

exterior algebra structure and then the unary operations, and we have a composite of adjunctions

Modgr Pr
QModJFz OModr
%
Modp, &———— Modr ———— Pg.
Modr Pr
TMOd]F2 TMOdR

We would like to use the above factorizations of Qg}ng to obtain a double complex that is more
p
computable than the bar complex Bar, (id, Pz, M) in the special case where M is a square-zero extension.
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Lemma 3.5 There is a weak equivalence of simplicial R"-modules
L QModR/ (M) ~ Bar,(id, PIFP , M)

for any T ,-module M considered as a trivial P -algebra when p > 2. The simplicial R’-module structure
on the right-hand side is levelwise trivial. Similarly, for p = 2 there is a weak equivalence of simplicial
‘R -modules

L QModR (M) ~ Bar,(id, Af,, M)

for any IFy-module M considered as a trivial Pr-algebra, where Ay, is the monad associated with the
free exterior algebra over IF,. The simplicial R-module structure on the right-hand side is levelwise
trivial.

Proof When p > 2, there is a map of augmented monads Pz — Pg, — id, the first of which kills all
Dyer—Lashof operations that are not the bottom operations Q'*1/2(x) = x®? on even classes. This is
compatible with the Cartan formula because under this map, Q¥ (x ® y) = it =k 0/ (x) ® Q7 (y) has
nonzero summands if and only if i = |x|/2 and j = |y|/2, in which case QUXI*1¥D/2 js nonzero and is
identified with the p-fold product on x ® y. Whereas all terms in any Adem relation are zero under this
map. When M is an [F,-module considered as a trivial P-algebra, the map Pgr(M) — Py, (M) — M
is a map of Pr-algebras if we regard Py, (M) as a Pr-algebra where all Dyer—Lashof operations vanish
except for the bottom operations on even classes. Therefore we obtain a map of free bar resolutions

P P
U Bar, (FreeM%de ,Pr, M) — Bar, (FreeMi’(’j]Fp ,Pr,, M).

This is a weak equivalence of simplicial Pr-algebras, since weak equivalences are detected by the
underlying simplicial I ,-modules.

Next we want to show that applying Q{,}gdw preserves this weak equivalence, ie

P P P P
L QModR/ (M) ~ QM%dR,Bar. (FreeM%de PR, M) — QM%dR,Bar. (FreeMO’(’th Pp,. M)

is a weak equivalence of simplicial R’-modules. This is equivalent to showing that the underlying map of

simplicial I ,-modules UI\IZIS); R’ (W) is a weak equivalence.

It follows from the definition of Pz (Definition 3.2) that there is an isomorphism

MOdR/ ~ P]Fp P'R
MOdIFp Q Modg’ = MOdIFp P]Fp

of functors landing in the 1-category of IF,-modules. Therefore we can rewrite UM:(;1 R' (W) as

PIFp

MOdR/ Pr Pr ~
U © O\Modg, Bate (Freeyiy, PR, M) = Oy

Pr Pr
Modre, UPF” Bar, (Freey;, d, Pr. M)

MOdR/ PR ~ PR P[Fp
— UModF Mod /Bar.(FlreeModlF ,Pr,, M)~ QMod]F UPFpBar.(FreeMod]Fp,PFp,M).

This is indeed a weak equivalence since in both the source and the target, we are applying the left Quillen
functor Qﬂiﬁw to a free resolution of M in the category of simplicial commutative IF,-modules. Here
D
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we are use the fact that the underlying IF ,-algebra of a free P -algebra is free; see for instance [Lawson
2020, Section 1.5.7]. In particular, the target is equivalent to Bar,(id, Pr,, M). Therefore we obtain a
weak equivalence of simplicial R’-modules

Mod/ .
LQModF (M) =~ Bar.(FreeMgdﬁp ,Pr, M) ~ Bar,(id, Pg,, M),

as desired.

The case p = 2 is analogous, noting that there is a map of augmented monads Pz — A, — id, the first
of which kills all Dyer-Lashof operations, which is trivially compatible with the Adem relations and the
Cartan formula. |

Let Ag/ be the additive monad associated to the free R’-module functor for p > 2. Therefore the
André—Quillen homology of a trivial Pr algebra A = sqz(M), ie the E2-page of the bar spectral
sequence

Modp-
* « = (L QMod]F (M)) = 7T>*=(Q1vlgdfpR f/l%dR/Bar- (Freefﬁdlpp P, M))

MOdR/ MOdR/
o 7T, ( Mods, Bar, (FreeMod]Fp PR, M))

7 (L Qo (Bar (id, P, . M))),

2

[

can be computed as the homotopy group of the double complex Bar, (id, Ag’, Bar,(id, Pg,, M)). Simi-
larly, for p = 2 the E2-page of the bar spectral sequence against a trivial P-algebra can be computed as
the homotopy group of the double complex Bar, (id, Ag, Bar,(id, Ar,, M)). In particular, we can employ
a spectral sequence that computes these homotopy groups, as in [Behrens and Rezk 2020, Proposition 3.5].

Lemma 3.6 Let M be a trivial Pg -algebra. For p > 2 there is a Grothendieck spectral sequence
EZ, , = myBar,(id, Ap/. 7y 4Bar,(id, Py, M)) = msys (L Qfggdmp (M)).
If the underlying I ,-module of M is of finite type, then we have a dual Grothendieck spectral sequence
E}y = neiBar,(id. Aps. wor4Bar(id, P, M)Y)" = mssr  (LOWRG, (M)Y).
whereas for p = 2, we have a dual Grothendieck spectral sequence
EZ, , = mgBar.(id, Ag, myoBara(id, Ap,, M)¥)" = mepy (L Qfﬁdmz (M)Y).
Note that the dual Grothendieck spectral sequence is strongly convergent under the assumption on M by

Theorem 7.1 and the remark afterwards in [Boardman 1999], using again the fact that each bidegree of
the E2-page is a finite IF p-module.
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4 Unary operations

In this section, we compute the E2-page of the dual Grothendieck spectral sequence when p = 2 and
A=3'Fyor p>2and 4= XF, with i odd is a trivial E™ ® [F ,-algebra. Both the dual Grothendieck
spectral sequence and the dual bar spectral sequence collapse on the E2 page for degree reasons in these
cases. This is also the case for the weight pk parts of both spectral sequences when p > 2, k > 1, and
A=XF p with i even, which we prove using the fact that the associated homotopy fixed points spectral
sequence collapses on the E2-page.

4.1 The unstable Ext groups over R

To compute the E2-page of the dual Grothendieck spectral sequence, we first compute the bigraded homo-
topy groups 7« «Bar,(id, A, M) for a trivial Ag-algebra M when p = 2, and 7« «Bar,(id, Ag’, M)
for a trivial Ag/-algebra M when p > 2. The main tool is Priddy’s machinery in [1970, Theorem 2.5] of
algebraic Koszul duality. Since the [F-basis of R in Proposition 3.1 is a Poincaré—Birkhoff—Witt basis
in the sense of Priddy [1970, Theorem 5.3], the quadratic algebra R is a homogeneous Koszul algebra.
Furthermore, it is finite in each degree. Hence the Koszul dual algebra of R is given by the Ext group

Extys*(Fp.Fp) = ma((Bars(Fp. R.Fp)Y).

4.1.1 The case p =2 The Koszul generators of
EXt;kz’*(]Fz, ]Fz) = TTx ((Bar. (Fz, R, ]Fz)v)
are given by the collection
(00" :=[(Q")"] € Extz"" (F2.F2)

with bidegree (s,7) = (—1,—i) and weight 2. Here (Q%)" denotes the linear dual of the class Q' =
1|0%|1 € Bar,(F,, R, TF,). The composition product is given by juxtaposition, which corresponds to the
Yoneda product on Ext groups; see [Priddy 1970, page 42] and [McCleary 2001, Theorem 9.8]. The
quadratic relations among the generators are the Koszul dual of the Adem relations (Proposition 3.1), ie

b—c—1 _
4) @@= (a_ 2C_J(Q““’ Q)"
a+b—c>2c,c=a—b
for a < 2b, obtained by plugging the Adem relations into Priddy’s machinery [1970, Theorem 2.5] and
discarding the summands whose binomial coefficient vanish.

We are interested in the unstable Ext group
UnExty " (F2, £/F,) = 4 (Bar. (id, Ag, T/ F»)Y),
which is a variant of the Ext group
Ext” (F2. F2) = 7x((Bar, (F2. R. F2))")
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obtained by regarding ¥~/ IF, as an unstable trivial module over R and imposing the instability conditions
[0/ |a] = 0 for j < || in the bar complex; see [Bousfield and Curtis 1970, Section 3]. Note that the
Koszul dual of the instability condition Q%|x = 0 is that (Q?)* is undefined on [x"V]. It is thus convenient
to record the operations (Q%)* by a ringoid, which takes into account the degree of the element an
operation is acting on. Explicitly, we would like the ringoid to take into account of two gradings, one
corresponding to the homological degree in Ext, or equivalently the filtration degree in the dual bar
spectral sequence, and the other corresponding to the internal degree.

Definition 4.1 Let F be the ringoid with objects the Z <o x Z and morphisms freely generated over IF,
under juxtaposition by the following elements: for any s < 0 and all 7, j satisfying i > — j, there is an
element (Q%)* € F ((s, J)(s—1,j— i)) of weight 2. Let RL be the quotient of F by the ideal generated
by the relations

b—c—1
®) @@= X () )errereey
a+b—c>2c,c=a—b

for all a, b satisfyinga <2b,b > —j anda>b— j in F((s,j),(s—2,j —a—b)).

The functor Free™# takes the free RL -module on a [F>-module M with a further homological grading,
ie the class (Q™1)*(Q2)* .- (Q'k)*(x) € Free™u (M) has homological degree —k for x € M.

Remark 4.2 There is an evident isomorphism ’R,L((S, i0),(s, ) = RL((S —r1),(s"—r, J)) for any
i,j,s,s" and r such that s —r < 0. For any ¢ > 0, there is an injection

susp': RY((s.0), (s =1, j)) = RL,((s.i +1), (s — 1, j +1)).

This is because if (Q'~/)* is defined on an element of degree i, theni — j > —i > —i —¢ for any ¢ > 0,
s0 (Q~7)* is defined on any element of degree i + ¢.

Corollary 4.3 The unstable Ext group UnExt;kz’* (F,, X/ F,) is the free RL -module RL ((0, j),—). Here
we grade the Ext groups homologically.

Proof This follows from the argument given in [Bousfield and Curtis 1970, Theorem 3.3]. Since
differentials in the bar complex respect internal degrees and hence the instability condition, the bar
complex Bar,(id, Ar, X/F,) is a quotient of Bar,(FF,, R, £/[F,) and thus the unstable Tor group
UnTory, " (F,, /F,) = m4(Bar.(id, Az, £/F,)) is the quotient of Tory; " (F, £/ F,) obtained by im-
posing the instability condition. Taking the linear dual makes UnExt;i’*(IFz, %/F,) a subgroup of
Ext; " (F2, £/F,) with cokernel generated by the undefined operations. The composition is given by
juxtaposition from the left, and hence preserves the undefinedness condition. a

Proposition 4.4 Let A = X/F,. Then 71,.<Lie§2’IEoo (A4Y) = FreeRu (/) with respect to the total
degree s +1.
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Proof If A = EjIFp with j odd, then w4 Bar,(id, A]Fp, EjIFp) consists of a single EjIFp. Thus the
dual Grothendieck spectral sequence (Lemma 3.6) collapses on the E2-page, and the EZ-page of the
dual bar spectral sequence is concentrated in a single line s = —k at each weight 2K for k € N. Hence
the dual bar spectral sequence also collapses on the second page and there are no extension problems. O

Remark 4.5 The unary operations on a degree j class x is given by £,(X/F,) = FreeRi (X/F,). The
canonical map XL, (X/F,) — L,(X/T1F,) induces a map of E!-pages of the s = 1 line of the dual

bar spectral sequences
7« EBar; (id, P, S/ F,)Y — m4Bar; (id, Pr, S/ 7'F,)V

sending o(Q ¥V |x to (Q71*)V|ox since the Dyer—Lashof operations are stable. Passing to the E2-
pages, the suspension map sends ox2 to (0~¥)*(ox). Note that the image is well-defined since
—|x| > —|ox|. On the other hand, for i > —; the induced suspension map sends o(Q~*1)*(x) to
(0~X1y*(ox), which is precisely the map susp' in Remark 4.2. We shall see in Theorem 5.8 that the
linear dual of the cycle x ® x = Q~1*I|xV on the line s = 1 of the E!-page 74Bar; (id, P, 3~/ F,) of
the bar spectral sequence is fact the restriction x[2! associated with a shifted Lie bracket.

4.1.2 The case where p > 2 Now we apply the same analysis to the odd primary case. As in the case
p =2, the Extg (F,,F,) = n4((Bar,(F,, R,Fp))") is isomorphic as an algebra to the Koszul dual of R.
The Koszul generators are given by the collection

(BEOH)* :=[(B€Q")V] € Exth (F,,F,) for e €{0,1}, i €N,

where (8€Q%)* has homological bidegree (—1, —2(p — 1)i + €) and weight p. Composition is given by
juxtaposition corresponding to the Yoneda product. The quadratic relations are the Koszul dual of the
Adem relations (Proposition 3.1), ie

(09)*(0%)*+ bZ (—1)“‘6((” :11_)(;)0__?_1)(Q“+b‘c)*(Qc)*=0 for a < pb.
a+b—c>pc
(,BQa)*(Qb)*— bz (_1)a—c ((p _al_)(ﬁc_ C))(Qa+b—c)*(/3QC)*
a+b—c=pc
+ pr (—1)“‘“((p :ll_)(jc__?_1)(ﬁQ“+b_")*(Qc)*=0 for a < pb,
a+b—c>pc
Fronpen- 3 (—1)“‘0((’) _la)g);cc)_1)(ﬁEQ“+b‘c)*(ﬂQc)*=0 for € €{0.1}
a+b—c=pc

and a < pb.
See [Kraines and Lada 1983].

Analogous to the case p = 2, we dualize the instability condition and record the Ext degree in homological

grading using a ringoid.
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Definition 4.6 Let F be the ringoid with objects Z<¢ x Z and morphisms freely generated over I,
under juxtaposition by the following elements: for 2i > —j and any s < 0 there are elements

Q)" e F((s. /). (s=1.j=2(p=Di)) and (BO)* € F((s. /). (s —1.j —2(p—Di + D).
We suppress the first grading for ease of notation when there is no ambiguity.

Let RL be the quotient of F by the ideal generated by the following quadratic relations for all s < 0:

“ b —c)—
(Qa)*(Qb)* - _ Z (_1)a—c ((P 1)( c) 1)(Qa+b_c)*(QC)*
a+b—c>pe, 20>—j a—pc—1

inf(j,j—Z(p—l)a—2(p—1)b) for all a, b € Z satisfying a < pb, 2b > —j,2a >2(p—1)b—j,

porrty = % e (Y00 Ty
a+b—c>pc,2¢c>—j
“IV(bh—c)—
_ Z (_l)a—c((p al_)(pc _Ci 1)(ﬂQd+b—C)*(QC)*

a+b—c>pc,2c>—j
in ]-"(j,j —2(p—Da—-2(p—1b+ 1) for all a, b € Z satisfying a < pb,2b > —j,2a>2(p—1)b—],
and
Db—c)—1

a— pc

poree = ¥ (YT
a+b—c=pc,2c>—j
in f(j,j —2(p—Da—2(p—1)b+e+1) fore €{0,1} and a,b € Z satistying a < pb, 2b > —j,
2a>2(p—1)b—j—1.

)(’Be Qa+b_c)*(/3Qc)*

A basis for RL((S, Jj). (s — k,—)) is given by sequences (B¢ Q'1)*(B€2Q"2)* .. (B Q'¥)* where
2ip > —j and iy > pijpq —e€ for 1 <1 < k. The functor FreeRi takes the free (R’)'-module with a
homological grading that counts the number of generators, ie the element

(B Q)" (B2 Q)" - (B 0")" (x) € Free™ (M)
with x € M has homological degree —k.

Remark 4.7 Similar to the case p = 2 (Remark 4.2), there is an isomorphism
Ro((s.D). (" ) = Ry (s = i) (" =1, /)
for any 7, j, s,s” and r such that s —r < 0. For any ¢ > 0, there is an injection
susp’: Ry, ((s, 1), (s, 1)) = Ry ((s,i +1), (s, j +1)),

since more operations are defined on classes with higher homological degree.

Remark 4.8 For a class x in odd internal degree 2d + 1, the right-hand side of the relations never involve
the bottom operations on x, ie the terms of the form (8¢ Q910+4)*(80~9)*(x), unless a = (p—1)b—d so
(BO%)* is the bottom operation on the odd-degree class (Qb )*(x). This is because the coefficient of such
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a term is nonzero only if (p—1)(b+d)—e>a+ pd,ie (p—1)b—d—€e>a. But2a>2(p—1)b—2d
by assumption. On the other hand, if x is in even internal degree 2, then the bottom operation
(BO~4+=Db+1yx o the odd class (QP)*(x) is zero.

The proof for Corollary 4.3 works verbatim for the case p > 2.

Corollary 4.9 The unstable Ext group
UnExty (Fp. X7/ F,) = m«(Bar, (id, Ag/, 57/Fp)Y)
is the free RL -module RL((O, j),—)-

On the other hand, the Tor group Tor?f{’,* (Fp,Fp) = (RL)V is a coalgebra generated by classes in
Tory, (Fp, Fp) = Fp{[fQ']1, i €N, e =0, 1}.

Now we can compute the unary operations on an odd generator using the dual bar spectral sequence for a
trivial E™ ® IF ,-algebra X/ TF .

Proposition 4.10 Let A = EjIFp. If j is odd, then n*LiefF’p ,]EOO(AV) ~ FreeRu (E‘jIFp) with respect
to the total degree s +t.

Proof If A = EjIFp with j odd, then 4 sBar,(id, Pg,, Ej]Fp) consists of a single ZjIFp, since the
tensor square of an odd class always vanishes due to graded commutativity. Thus the dual Grothendieck
spectral sequence (Lemma 3.6) collapses on the E2-page, and the E2-page of the dual bar spectral
sequence is concentrated in a single line s = —k at each weight pk for k € N. Hence the dual bar spectral
sequence also collapses on the second page and there are no extension problems. O

When the input trivial Egd ® [F,-algebra 4 = >/F p has j even, the dual bar spectral sequence and the
associated Grothendieck spectral sequence collapse on the E2-page at weights all powers of p. We show
this by an inductive degree comparison with the I ,-basis of the £>°-page given by Brantner and Mathew
in Theorem 2.9.

Lemma 4.11 Suppose that p > 2 and k > 1. In weight pk , both he dual bar spectral sequence for
A=3IF p with j even and its associated dual Grothendieck spectral sequence collapse on the E 2_page.
Hence the weight p* part of 74 (LieﬁngC>O (Z/F p)) is isomorphic to the weight p¥ part of the free
R.,-module on a class x; in degree j.

Proof When j is even, it follows from Theorem 2.9 that the weight p unary operations on a degree j
class consists of one in each total degree —2(p —1)i —e with € =0, 1 and i > 0. On the weight p part of
the E2-page of the dual Grothendieck spectral sequence, the entries with these total degrees are exactly
1-dimensional, which is in one-to-one correspondence to the collection of generators (8¢ Q%)* (x ) with
€ =0,1andi > — /2 of the weight p part of the free RL—module on a class x; in degree j.
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Note that any other class of weight p on the E2-page of the dual Grothendieck spectral sequence has to
come from Bar, (id, Pp,. F,{x;})" and consists of the p-fold product of x; with product possibly coming
from different iterations of Py ,. But such elements, if they exist, have the same internal degree pj and
the smallest possible total degree pj — p > pj —2(p — 1), so they cannot support differentials among
themselves and cannot survive to the E°°-page of the dual bar spectral sequence for degree reasons.
Hence they do not exist.

Now we induct on k. Suppose that the weight p’ part of both spectral sequences collapse, so that
the weight p’ part of the E®-page are in bijection with weight p’ part of the free RL—module on
a class x; in degree j and thus consists of iterations of weight p operations. In weight pkt1 the
[F -basis of 7y (Lieﬁm]Eoo (A)) given in Theorem 2.9 is in one-to-one correspondence with the collection
(BELQ'M)* (B2 QP2)* .- (B Q'k+1) where 2ix 1 > —j and i; > pij4 1 —€ for /. The bijection with a
basis for the weight pK+! part of the free RL-module on a class x; in degree j is as follows: given a

monomial (8¢ Q1)*(B€2 Q2)* ... (B Q'k)*(x;), we send it to the sequence
(=2(p—Diy+e€1.....=2(p— Dig + €. 0, x;).

By the inductive hypothesis, on the E2-page of the dual Grothendieck spectral sequence there are no

weight p’ classes coming from 4 Bar, (id, Pp,.Fp{x;})" fori < k. Furthermore, any potential weight
k+1
p

is greater than any nonzero classes in the final answer. Hence they cannot support differentials among

therein would have the same internal degree and the smallest possible total degree pk (j—1), which

themselves and cannot survive to the E°°-page of the dual bar spectral sequence for degree reasons. This
concludes the proof. |

Remark 4.12 With some more bookkeeping, one can show with the same reasoning that the dual bar
spectral sequence for 4 = X/FF p and the associated dual Grothendieck spectral sequence collapse at all
weights when j is even. For our purpose, we only need the degeneration at weights powers of p.

Since for p > 2, the weight p part of the dual bar spectral sequence on a single generator and the associated
Grothendieck spectral sequence collapse at the E2-page, we can deduce a suspension isomorphism as in
Remark 4.5.

Corollary 4.13 The weight p part of the canonical map Eﬁp(EjIFp) — Cp(2j+IIFP) induces a map
of the E*-pages of the dual bar spectral sequence, sending o (€ Q%)*(x) to (8¢ Q')*(ox), where x is in
internal degree j and i > —j /2, which agrees with the suspension map susp' in Remark 4.7.

4.2 Unary operations on the homotopy groups of spectral partition Lie algebras

Recall that the homotopy groups of the free spectral partition Lie algebra on X/ F p parametrizes unary
operations on a degree j homotopy class of a spectral partition Lie algebra and a degree —j cohomology
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class in mod p TAQ cohomology. Now we give a concrete construction of unary operations on the
homotopy groups of any spectral partition Lie algebra A using the collapse of the weight p¥ dual bar
spectral sequence on a single generator as well as the associated Grothendieck spectral sequence for all p
and k > 1 (Propositions 4.4 and 4.10 and Lemma 4.11).

Construction 4.14 Suppose that £: X/ F p — A represents a homotopy class x € 7 (A4).
(i) Suppose that p = 2. For any r € N and sequence
@ =(Q")"(Q)+(Q")" € R (0.2 2" +1). (k. 2"j = 2" +1—m))
with iy 4 -+ + iy = m, there is a unique class RO TL2+ ikt D (2 i 7y i or g 4 (A)
given by
322 H1mk Ry & FreeRl (SIFy) > my(Lief, 5 (S7F2)) 2> ma(Liel, 5 (4)) = 7a(A).
(i) Suppose that p > 2. For any sequence
a = (BTQN*(B2QP)* - (B%Q")* € R (0, ). (—k. j —m))
with m =2(p—1)iy+---+2(p—1)ix—€;— - -—€, there is a unique class Rtk 1=€1m17€1) ()
in 7;_,,_(A) given by
I KE, & FreeRi (S7F,) > mLick, 5 (S/F,) S5 mLicf, 5 (4) > m(A).

Translating to cohomological grading, these operations become cohomology operations on TAQ(A)
for A an Exo-IF -algebra.

We note that they are compatible with the suspension map.

Proposition 4.15 The operations R! and RU-©) above are stable in the sense that any such operation
o 7t (L) —> 7| (L) agrees with o : 7y, 41 (L) = 74 1—|| (L) for any spectral partition Lie algebra L.

Proof The canonical map ZLie%p,Eoo (Z/F p) — Lieﬁp’]EOO (X/+F p) induces a map of the weight p
part of the E2-pages of the corresponding dual bar spectral sequences and the associated Grothendieck
spectral sequences. Since both spectral sequences collapse by Propositions 4.4 and 4.10 and Lemma 4.11,
it suffices to show that the canonical map XFree®u (X7 Fp) — Free i (Z/F1F ) sends o (Q7)*(x;)) to
(Q)*(ox;) for p =2, where x; has internal degree j and i > —j, and o (8¢ Q)*(x;) to (B€Q")*(0'x;)
for p > 2, where i > —j /2. This follows from Remarks 4.2 and 4.7 and Corollary 4.13. O

Instead of proceeding to examine the relations among the unary operations of weight p¥, we take a detour
to construct the structure of a shifted restricted Lie algebra on the homotopy groups of spectral partition
Lie algebras.
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5 A shifted Lie algebra structure with restriction

In this section, we construct a shifted Lie bracket on the homotopy groups of spectral partition Lie
algebras, or equivalently the IF ,-linear TAQ cohomology groups. We start by examining a homotopy
fixed points spectral sequence, which reveals much of the shifted restricted Lie structure in question.

5.1 A homotopy fixed points spectral sequence

Since the category of I ,-module spectra is equivalent to the derived category of chain complexes over [,
(see [Lurie 2017, 7.1.1.16]), for A a bounded above I ,-module spectrum, we can think of the homotopy
groups of |Bar,(id, EX2 ® F,, AY)|" as the homology of the chain complex

C = C«(D|Bar,(id. E2 ® 5, 4")]) = @) (Lief,(n) ® 4%")" >
n

by [Brantner et al. 2021, Remark 4.49]. Here Lieflg is the shifted Lie operad in the derived category
of chain complexes over I, with Liefig (r) concentrated in homological degree 1 —r. Then there is an
associated homotopy fixed points spectral sequence
) . hs,

(6) El, =@ H*(Zn. 7 (Liel,(n) ® A%")) = @ 7, ((Lied, (n) ® 4%7)"*"),

n n
which has a weight decomposition into the above summands induced by considering 4 as a weighted
spectrum concentrated in weight 1.

Lemma 5.1 In the homotopy fixed points spectral sequence (6) above, the line s = 0 of the E2-page is
given by the free shifted restricted Lie algebra Freeli°F, (m«(A)) on w4 (A).

Proof Note that the homology operad associated to Lieg, is the shifted Lie operad m«(Lieg,) = Lie®
over [F,. The line s = 0 of the £ 2_page is given by

n .5,
P HO (2. 7 (Lie,(n) ® A®™)) = P Lie® (n) ® 74 (4)®" = Free™ 7 (14(A)),
n n
where the last equivalence follows from the shifted version of [Fresse 2000, Theorem 1.2.5]. O

Lemma 5.2 Let p be any prime. If A = X/ p» then the homotopy fixed spectral sequence (6) collapses
on the E?-page in weight p. If p > 2 and j is even, then it collapses in all weights.

Proof Since 7;(Lie*(p) ® (ZjIFP)®P) =0 unless t = pj + 1 — p, the weight p part of the E2-page of
the homotopy fixed points spectral is concentrated on a single line t = pj + 1 — p. Hence the weight p
part of the spectral sequence collapses and there are no extension problems.

If p > 2 and j is even, then Free']l;i;s'p (ZjIFp) = F,{x;j,[xj, x;j]} by Proposition 2.11. It follows from
Lemma 5.1 that the only nonzero elements are concentrated in weight w = p¥or2pk as group cohomology
classes of H* (T, oy (j—1)(Liely (w) ® (E/F»)®™)). Hence at each weight the nonzero elements again
lie on a single line and the claim follows. O
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Corollary 5.3 Let p be any prime. Suppose that A = EjIIFp @ EjZIFp. The weight p part of the
homotopy fixed points spectral sequence (6) collapses on the E?-page.

Proof The weight p part of Lie%p’Eoo (A) has summands Liejg(p) Q"Zp (TJi IFP)®1’ fori =1,2. The
inclusions 7« (Lieﬁp ,EOO(EJI' Fp)) — ms« (Lie%,,,]Eoo (A)) detect all the higher cohomology classes on the
E?-page of the homotopy fixed points spectral sequence (6) for 4, hence they are all permanent cycles.
The remaining classes on the E2-page are concentrated in s = 0 and thus no further differential can
happen. a

5.2 A shifted Lie bracket with restriction

Now we would like to lift the shifted restricted Lie algebra structure on the E2-page of the homotopy
fixed points spectral sequence (6).

Recall that the second Goodwillie derivative of the identity functor d,(Id) ~ S™! is a naive X,-spectrum
with trivial ¥,-action. By Proposition 2.2, the weight 2 part of the free spectral partition Lie algebra on a
bounded [F ,-module 4 is

((92(1d) ® F p) ’@2 A®%) 2 Lie g (4) ~ D@ (1d) ®F ) hé” (4)®",

n

Here ¢, denotes the inclusion of the weight #» homogeneous piece.

The binary operation [—, —] representing the shifted Lie bracket is encoded by the weight two part of the
structure map

hX
£2:571 @ (A% x (0,(1d) ®F,) ® A% 25 Lief 5 (A) — 4,
explicitly given as follows.
Construction 54 For x: X = X/F p—~>Aand y:Y = YkF p — A representing two homotopy classes
of a spectral partition Lie algebra 4, we have a map of Lieﬁ,’p’Eoo—algebras
. AT L4
0. Lieg g XaY)—> Lieg g (4) — A,

where the second map is the Lieﬁp E,-algebra structure map of A. There is a binary operation [—,—] on
7« (A) represented by the map

hx
N STTRXRY ~ST' XY eY®X)™2 o s e (X e¥)®2)"™ ~0,0d) ® (X & Y)®>

followed by the composite
hZ; ®2 .
Boiy:0,(Id) ® (X BY)®” — Lleﬁp’Em(X dY)— A,
which sends the pair of homotopy classes x and y to a class [x, y] € m«(A).
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Translating to cohomological grading, we constructed a binary operation
[— —]: TAQ" (4) ® TAQ"(4) — TAQ"*"*!(4)

for any E3S-IF -algebra A.

Note that the homotopy fixed points spectral sequence

(3) E2, = @D H* (S mi(Lick, (1) ® A%")) = @D s ((Lich,(n) ® A®")"=n)

collapses in any weight ¢ that is prime to p, since higher cohomology groups of ¥, vanish, and in
weight 2 at p = 2 because of Corollary 5.3. Since the s = 0-line is the free restricted Lie algebra on
7«(A) by Lemma 5.1, the binary operation [x, y] € m«(A) is represented uniquely up to a nonzero scalar
by the weight 2 part of the composite
S~U(SIF, ® SFF,) — Free™ 7 (S7F, @ SFF ) < me(Liel 5 (S7F, ® SKF,)) 25 7, (4).
pEoo

Here we are using the fact that a shifted Lie algebra is an algebra over the quadratic shifted Lie operad
generated by one element in Lie®(2), so we can fix a choice of this generator for the shifted Lie bracket
on the E2-page of the homotopy fixed points spectral sequence so that ¢ = 1. By abuse of notation we
use [—, —] to denote both the binary operation on 4 (A) and the shifted Lie bracket on the E2-page.

Now we show that this binary operation is indeed a shifted Lie bracket in a general sense.

Proposition 5.5 The binary operation [—, —] in Construction 5.4 satisfies graded commutativity [x, y] =
(=1)!*I¥I[y, x] and the graded Jacobi identity

—DXEx [y, 2]+ DX 2, 0] + D PIEz [x, p]] = 0.

We shall see in the next proposition that [x, x] = 0 for all x at p =2 and [x, [x, x]] =0 forall x at p = 3.
Hence [—, —] equips the homotopy groups of any spectral partition Lie algebra with a shifted Lie algebra
structure as is the convention of this paper.

Proof Graded commutativity [x, y] = (=1)*!I?[y, x] follows by construction, with the sign coming
from the induced action of the transposition (12) € X,. To check the graded Jacobi identity of the shifted
bracket, we use an argument adapted from [Antolin Camarena 2020]. Let 4 = %/F, ® ¥*F, @ 2'F,.
The iteration [[—, -], —] of the binary operation [—, —] is given by the weight 3 summand

200 8 F,) © (011 ®F,) 'S 4) @ (0200 0 F,) ' 4°%))
@) hZ2 hZ hSs s \®2
s (0200 @F,) ® (0114 @F,) & 4) @ (9:(0) 8 F,) @ 4°2))" 1]

hXZ
— (31 ®F,) @ A®?

Geometry & Topology, Volume 29 (2025)



Operations on spectral partition Lie algebras and TAQ cohomology 4509

of the monad composition Lie%p E., © Lieﬁp E., — LiefFrp E., applied to 4. Since d5(Id) ~ S™! and
d1(Id) ~ S both have trivial actions by the symmetric groups, we deduce that the source of the above

structure map is equivalent to
02(1d) ® (31 (Id) ® 9 (1d)) ® F ® (4®?)"3.
Denote by v the structure map 9, (Id) ® (91 (Id) ® 9, (Id)) — 93 (Id). The graded Jacobi identity

(DM x [y, 2]+ DPII 2, x]] + DYz X )] = 0

is then equivalent to showing that v + (o)« + (0)2v is null-homotopic, where (0)4 is the induced
action of the cyclic permutation (123). It was proved in [Antolin Camarena 2020, Proposition 5.2] that
Vv + (0)xV + (0)2v is null-homotopic. a

Next we investigate the interaction between the shifted Lie bracket [—, —] and the unary operation in
Construction 4.14.

Proposition 5.6 Given any x, y € w«(A) and unary operation o of weight greater than one, we have
[x,(y)] = 0 unless p = 2 and « is an iteration of the bottom operations on y or p > 2, y is in odd
degree, and « is an iteration of bottom unary operations on y. In particular, [x, x] = 0 for all x when
p=2,and [x, [x,x]] =0 for all x when p = 3.

Proof We use an argument adapted from [Brantner 2017, Proposition 4.3.15]. For ease of notation we
will not be using the logarithmic grading convention, and will denote the weight & part by appending (k)
on the right. Suppose that « is a nonempty sequence of operations with weight w divisible by p, and
x:X/F p—~>Aand y: Tk p — A represent two homotopy classes of a spectral partition Lie algebra A4.
The operation [x, «(y)] is encoded by the weight w + 1 part of the structure map

Lieﬁp’Eoo o Liegp’IEOO — Lieﬁp’Ew,
ie
_ - hSy hZw
) SIHHEIR, —d @ ((di ® TF,) @ (dw ® (ZFF,)®Y))

hE s . hZy
Dy ldy & ((di & TIF) @ (d & (SKF,)®)®* (w +1)

hEIXZw) . kw
—dyy1 ® (X/Fp,QX"F,)

. T j k E 4
s Lle]Fps]Eoo(E Fp®XtF,) — Ller,]Eoo(A) — A,
where we write d,, for 0,(Id) ® IF, for ease of notation. Note that the action obtained by restriction to
31 XXy C X1 on dy41(Id) is freely induced from the action of the trivial subgroup on S™%; see

[Brantner 2017, Proof of 4.3.15]. For any finite group G, we have (Indg}(X) QY)C ~ X QY for all
G-spectra Y by the Wirthmiiller isomorphism. Hence

ElXZw)

( . ,
Op+1() ®F,)  ®  xITkwp, ~ sitk-Dug
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In particular, the I ,-module of weight w + 1 operations on spectral partition Lie algebras coming from
the bracket of one weight-one operation and one weight-w operation is one-dimensional with a generator
given by [[- - x, v v]--] y], where we take the bracket with y exactly w times. In the free case this
class is nonzero, since the associated homotopy fixed points spectral sequence collapses at weight w + 1
and this bracket is a nonzero element on the line s = 0.

If « represents an iteration of the self-bracket, then [x, «(y)] = 0 by the Jacobi identity when p # 3.
When p = 3 and |x| = k is even, [x, [x, x]] is in degree 3k — 2. The weight 3 part of the homotopy fixed
points spectral sequence on a single generator, which collapses on the E2-page by Lemma 5.2, is 0 in
total degree 3k — 2, and in particular the element representing [x, [x, x]] is 0.

Suppose that « is not an iteration of the self-bracket, and not an iteration of the bottom operations
on x when p = 2, or an iteration of the bottom operation REIXI+D/2 o5 0dd x when p > 2. Then
a comparison of total degrees shows that [x, a(y)] has strictly smaller total degree than the generator
y = [[ x vyl y] of weight w + 1 operations coming from the bracket of one weight-one
operation and one weight-w operation. Therefore it has to be zero.

Finally, when p = 2, there is only one unary operation of degree —|x| 4 1 on any class x up to a scalar,
and in the homotopy fixed points spectral sequence this class is given by the restriction. Hence we deduce
that [x, x] = 0 since taking self-bracket is an additive operation while the restriction is not. |

On the other hand. we expect to see a shifted restricted Lie algebra structure with the restriction xiph
given by the bottom operation REIXI+D/ 2(x) on any odd degree class x when p > 2 and the bottom
operation R7¥*1(x) on any class x, as is hinted by the s = 0 line of the E2-page of the homotopy fixed
points spectral sequence in Lemma 5.1. This was also noted by Basterra and Mandell; see [Lawson 2020,
Example 1.8.8]. Now we lift the structure of a restriction to the homotopy groups of spectral partition Lie
algebras.

Lemma 5.7 If p>2and A = ZjIFp with j odd, then the restriction x{P} on the degree j class x
representing X/ p onthe E 2_page of the homotopy fixed points spectral sequence (6) survives to the
E°-page and is detected by A RETHD/2(y) € erj+1_pLieﬁp g, (4) for anonzero constant A; € Fp.

If A = SJTF, for any j, then the restriction x{2} on the degree j class x representing X/, on the
E?-page of the homotopy fixed points spectral sequence (6) survives to the E*-page and is detected by
R—/+1 (X) S ﬂzj_lLiC%p’Eoo (A)

Proof If p > 2 and j is odd, then the s = 0 line of the weight p part of the E2-page
_ . . % .
H°(Zp;Lie*(p) ® (B/F,)®?)) = Lie*(p) ® (Z/F,)®?

. 5.0 .
contains an element that serves as the restriction x#} in Free™"F» (X/F,). Note that x{P} is in topological
degree pj +1— p and the only element in the weight p part of 7, 11— (LieI’F’p 7]Eoo(2j Fp)) comes from
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the bottom operation (BQ7/T1/2)*(x) up to a unit A on the E2-page of the dual bar spectral sequence;
see Proposition 4.10. The image of x{?} in Tpj+1—p (LieI’F’p ’Em(;j [Fp)) under the degeneration of the
weight p part of the spectral sequence is therefore given by AR(/+1/2(x). This unit A is fixed for any
class of a given odd degree j by naturality of the restriction map on a class in degree j and the bottom
Dyer—Lashof operation on an odd class in degree j as the p-fold Massey product on x.

If j is even, then 7y 11— (LiefF'p EOO(Ej Fp)) = 0 (see Proposition 4.10) so the class x representing
>/F p does not admit a restriction, which is as expected for a shifted restricted Lie algebra.

The proof for p = 2 follows from the exact same dimension counting and degree comparison, and there
is no ambiguity for the unit A over [F,. |

Theorem 5.8 The homotopy groups of a spectral partition Lie algebra over IF, admit a restriction map
x > x{P} that coincides with the bottom operation Ay RET+D/2 o any class x in odd degree j when
p > 2, and the bottom operation R~X111(x) on any class x when p = 2.

Proof We spell out the details for the case p > 2, noting that the case p = 2 is the same but simpler.

First we show that this assignment is indeed a restriction, in the sense that [y, A| x|R(_|x|+1)/ 2(x)] is the
p-fold bracket [[ -y, x], x]-- -], x] for an odd class x in the homotopy groups of a Lie%p’Eoo—algebra.
Take A = X/F p® SkF p with j odd, and consider the homotopy fixed points spectral sequence (6).
The (p + 1)™ summand of the spectral sequence collapses on the E2-page, since the group cohomology
of ¥, with coefficients in Modp,, is concentrated in degree O when 7 is coprime to p. It follows from
Lemma 5.7 that the restriction x{?} on the generator x of X/ F p on the weight p part of the £ 2_page of (6)
survives to the element A ; RGEJ7+D/2(x). Furthermore, the identity [y, x{P}] = [[ -y, x], x]---1. x] on
the E2-page survives to an identity in Tpj+k—p (Lieﬁp ,]EOO(EjFP @ Ek]Fp)).

On the other hand, suppose that j; and j, are both odd and let x; and x, represent the generators of X/!F P
and X/2F p onthe £ 2_page of the homotopy fixed points spectral sequence (6) for A = X/1F p @ /2 [F p-
The weight p part of E2-page has an F p-basis given by one generator of each nonzero cohomology
group of X, with coeffecients in Lie’(p) ® (Z/iF »)®? fori = 1,2, and elements of a basis B for the
weight p part of the free shifted Lie algebra on generators x; and x;. On the other hand, the weight p
part of E°°-page has an [F ,-basis given by the weight p unary operations on x; and x», respectively,
and elements of B by Corollary 5.3. By Lemma 5.7, x;{p} = AjiR(_ji+1)/2(xi) fori =1, 2. Then the
identity (x| 4 x,)?} = xip} + xép} + Zf:ll (si/i)(x,y) on the line s = 0 of the E2-page survives
to an identity (x; + x2)8 = A; RCIHD/2(x 1) 4+ A RET2HD/2 () + Zf:ll (si/i)(x1,x2) on the
E®°-page via the degeneration of the weight p part of the spectral sequence, where s; is the coefficient
of =1 in the formal expression ad(zx + y)?~!(x).

Finally, we want to show that the collection x{?} := Aj REIXHD/2(x) for |x| = j odd and Aj a unit
depending only on j, defines a restriction map (—) {P} for the shifted Lie bracket on the homotopy groups

Geometry & Topology, Volume 29 (2025)



4512 Adela YiYu Zhang

of spectral partition Lie algebras by extending to linear sums of classes x, y with |x| = j # |y| = k odd
via (x + )P =) RETHED/2(x) 4 A, REKHD/2(3) 4 Zp_l (si/i)(x, y). The p™ iteration of [—, x]

i=1
on a class y is encoded by a summand in the weight p + 1 part of the iterated monad composition

(Lief g )°7 = (Lief g )P > > Lief p_
applied to =/ F p® TkF - Explicitly, this summand is the (p — 1) iteration of 9, (Id) ® (9 (Id) ® (-))

on d,(Id). Note that the last step Lie%p Eo. oLie%p E. — Lieﬁp g, Of the above chain of compositions is

(02,(1) RF,) ® (((a1 (Id) ® F ) %l EJ']FP) ® ((0,(1d) ® F ) hé” (zkIFp)w))

HEXD) kp
= (0p+1) ®F,) ® (T/F, @ ZPF))

as in (9), which we showed to be one-dimensional in Proposition 5.6 with [[- -y, x], x]---1, x], where x
appears p times as a generator. The monad composition induces a map of homotopy fixed points spectral
sequences, both of which collapse on the E2-page at weight p + 1 with no extension problems. Hence
we get a map that is the weight p 4 1 part of

hXZm . ®n\X;,
P (Lie* ) @ (w: (PLie*om " &" (7F, & =€F,)®")) )
n m .
- P (Lie* (n) ® (S F, @ =K ,)®") ™
n
along the line s = 0 on the EZ-pages. This map has as summand
b . . ®2
Lie*(2) & ((Lies(l) ® (ZF, ® SFF,)®") ™' @ (Lie* (p) ® (B/F, @ zkﬂ?p)@l’)zl’)
N (Lles(p + 1) ® (EJIFP D Eka)®p+l)Zp+l’
with further summand
¢:Lic’(2) ® (Z/F, ® (Lie* (p) ® (SKF,)®7) ™) — (Lie* (p + 1) ® (S/F, @ TKF,) @7 +1) =1,

The map ¢ agrees with Construction 5.4 on the E°°-page, ie it is the evaluation of the free Lie bracket.
The image of [y, R©¥I+1/2(x)] under ¢ is [y, x{P}] = [[- --[[y,x],x]---],x] up to a unit A|,|. Hence
on the E°°-page we have [y, k|x|R(_|x|+1)/2(x)] = [[ -y, x], x]--1, x], as desired.

To identify the iteration x{PY of the restriction map on a class x in odd degree j, we represent the class
y = REI+D/2(x) = x{P} by a map y: EPJ_PHIFP — Liegp,IEoo (EjIFp). Since pj — p + 1 is odd, the
class R—PU=1D/2(y) is the restriction (l/kpj_p_,_l)y{p} ony in n*LieI’F’p’Eoo (2P/=P+1) by Lemma 5.7.
Its image under the induced composition of homotopy groups of

Li
ST j—p+1 ’ AT P AT j ST j
Lle]pp,]Eoo (PP ———— Lle]pp,]Eoo oLler’EOO(EJIFp) - Lle]pp,]Eoo (Z/F)p),

where the last map is the monadic composition, is given by R™7 G=1/2 RE=J+1/2(x) by Lemma 6.7.
Hence kpj_PHAfR_P(j_l)/zR(_j“)/z(x) = x'P}*_ Now induction along the k implies that x P g

the k™ iteration of the bottom operation on an odd class up to a unit. O
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Remark 5.9 The restriction map cannot detected on the E2-page of the dual bar spectral sequence
when p > 2, since the p-fold bracket [y, x{?}] with x lives in filtration p of the bar filtration, whereas
[y, REIXI+1D/2(x)] lives in filtration 2; nor can it be detected on the E2-page of the associated dual
Grothendieck spectral sequence when p = 2, since the associated filtration linearizes the unary operations.

In particular, we see that for p = 2, the bottom operation R~/ +1(x) = x2} on a class x of the homotopy
groups of a spectral partition Lie algebra L is not additive. Similarly, for p > 2 the bottom operation
REJT+D/2(x) = xtP} on a class x in odd degree j of the homotopy groups of a spectral partition Lie
algebra L is not additive.

Combining Proposition 5.6 and Theorem 5.8, we have the following theorem.

Theorem 5.10 The binary operation [—, —] constructed above makes the homotopy groups of any spectral
partition Lie algebra A a shifted restricted Lie algebra, with Lie bracket

[, —]: 7 (4) @ mp (A) = 7wj 1,1 (A4)

over F,. If p =2, for all j and x € mj(A) the restriction x {2 s represented by the bottom operation
R~/ 1(x). The restriction map on a sum of classes x, y in degrees j # k is given by

(x+ ) = R + R () + v ).
If p> 2, forall odd j and x € mj(A) the restriction x{P} s the bottom operation RC7+1/2(x) up to a
unit A;. The restriction map on a sum of odd classes x, y in degrees j # k are given by

p—1
(x + )P = a RETHD2(0) 4 3 REFFD2 () 4 57 T (x, ),
l

i=1
where s; is the coefficient of t'~! in the formal expression ad(tx + y)?~1(x).

The bracket is compatible with the unary operations in Theorems 6.4 and 6.5 in the sense that [x,«(y)]=0
for x, y € m«(A) and any unary operation « of weight greater than one that is not an iteration of the
restriction map. Equivalently, for any E3S-IF ,-algebra A, there is a shifted Lie bracket with restriction

[, —]: TAQ (4) ® TAQ (4) — TAQ/ T+ +1(4)

satisfying the above conditions.

Remark 5.11 The interaction between the unary operations and the shifted Lie bracket on the homotopy
groups of spectral partition Lie algebras differs from that on the homology of spectral Lie algebras. It
was shown in [Antolin Camarena 2020; Kjaer 2018] that on the mod p homology groups of spectral Lie
algebras, the bracket [x, o(y)] always vanishes if « is a unary operation of weight greater than one. By
comparison, on the homotopy groups of spectral partition Lie algebras the bracket [x, a(y)] does not
necessarily vanish when « is an iteration of the restriction map, which is a nonadditive unary operation.
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This phenomenon also shows up in the Lubin—Tate theory of spectral Lie algebras; as was observed in
[Brantner 2017, Proposition 4.3.16], the nonadditive unary operation 6 interacts nontrivially with the
bracket. For instance, when p = 2, the bottom nonvanishing operation QM on a mod 2 homology class x
of a free spectral Lie algebra is identified with the nonzero self-bracket [x, x] by [Antolin Camarena
2020, Lemma 6.4]. Hence [y, 0'*!(x)] = 0 by the Jacobi identity for all x, y. In comparison, the bottom
operation R71*I*1 on a class in the homotopy group of a free spectral partition Lie algebra over Fp
represents the restriction on x, so [y, R-XIt1(x)] = [[y, x], x] is nonzero, whereas self-brackets always
vanish in shifted restricted Lie algebras over [F,; see [Fresse 2000, Remark 1.2.9].

6 The algebraic structure of the homotopy groups of spectral partition Lie
algebras

In this section, we deduce all natural operations on the homotopy groups of spectral partition Lie algebras
and mod p TAQ (co)homology. First we show that composition product of unary operations of weight pk
on the homotopy groups of spectral partition Lie algebras agrees, up to a shearing, with the Yoneda product
on the E2-page of the dual bar spectral sequence. This makes use of a general result of Brantner [2017,
Theorems 3.5.1 and 4.3.2]. Then we combine the weight pk unary operations with the shifted restricted
Lie structure and use a dimension comparison with Brantner and Mathew [2019] to show that we have
identified all the algebraic structure on the homotopy groups of spectral partition Lie algebras.

6.1 Relations among unary operations of weight p*

A convenient way to encode the structure of unary operations of weight pk coming from Ext groups
with composition given by a shearing of the Yoneda product is via a power ring, as was introduced in
[Brantner 2017] to encode additive unary operations on the Lubin-Tate theory of spectral Lie algebras. In
this sense our power ring is a twisted version of ringoids.

Definition 6.1 A power ring is a collection

P ={P/[wl}(; kw)ez2xZ=0)
of abelian groups with elements (; € Pl.i [0] for all i, equipped with associative and unital composition

maps P}[v] X P]g [w] — P]i[v + w].

For a given prime p, an element in Plf [w] represents a unary operation of weight p¥. A module
over the power ring P is a (weighted) Fp-module M = @D ; y)ezxz., Mj(w) with structure maps
P} [v] x Mj(w) — M;(p’w) that are compatible with the composition maps in P.

Remark 6.2 Our convention differs from [Brantner 2017, Definition 3.17] and [Brantner et al. 2024,
Definition 4.5] in that we switch to a logarithmic grading convention for the weight grading. Furthermore,
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we relax the condition of bilinearity of the composition map to accommodate the fact that the restriction
map (represented by the bottom operation by Theorem 5.8) is nonadditive, which we show in Lemma 6.8 is
the only nonadditive unary operation of weight p. The homotopy groups of spectral partition Lie algebras
are still modules over the power ring of unary operations despite the nonadditivity of the restriction
map, since in the Adem relations, the restriction map either doesn’t appear in the relation or appear on
both sides of the relation; see Remark 4.8. The underlying reason is that when p > 2, on the associated
graded of the bar filtration, ie the E-page of the dual bar spectral sequence, the unary operations R’
and B€ R are all additive and assemble into a power ring in the sense of Brantner. Similarly, when p = 2,
on the associated graded of the filtration associated with the Grothendieck spectral sequence, the unary
operations R’ are all additive. In other words, there is a nontrivial extension of algebraic structure on the
E°°-page of the dual bar spectral sequence.

Definition 6.3 The collection {Pz[w] = ’RL((O, k), (—w, j +w)), w > 0}, along with 77;[0] =Fp{u}
for all i and 731.1 [0] = @ for i # j, defines a power ring P, with composition product given by the sheared

Yoneda product
Piv] x P [w] ——=—— RL((0. /). (—v.i +v)) x RL((0.k). (—w. j + w))

i susp¥ xid

| RL(0. j +w). (—v.i +v+w)) x RE((0.k), (—w. j +w))
(10) | N

; RL,((—w, j +w), (~v—w,i +v+w))xR,((0,k), (~w, j +w))

i juxtaposition

Pilv+w] = > R0, k), (—v—w,i 4+ v+ w))

~

for v, w > 0, as well as isomorphisms Pij [w]® P!{0] = Pij [w] and ij [0] ®73ij [w] = PIJ[w] exhibiting
t; as a two-sided unit.

The first map is an injection on the left factor because operations are stable under suspension and
here w > 0; see Proposition 4.15. The last map is the composition in the ringoid RL ie juxtaposition
corresponding to the Yoneda product on Ext groups.

Explicitly, when p =2, the [F;-module 77}‘ [w] consists of operations R'1>++/w such that j —iq—---—iy =k
andij—1>ij4 1+ -+iy—j—(w—/) forall 1 </ <w, subject to the relations in RL((O, ), (—w, k+w)).
The composition product sends RU1>++7) o RU1>+/w) 1o the juxtaposition RU1+vs1>/w)  The weight 2
operations are given by the collection R’ € ij _i[l] forany i > —j.
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Theorem 6.4 The homotopy groups of a spectral partition Lie algebra over I, or the reduced TAQ
cohomology of an E,-IF,-algebra form a left module over the power ring ‘P of unary operations. The
relations among the weight 2 operations are given by the Adem relations

RaRb — Z (b _C2_ I)Ra+b—CRC
a—~42c¢

a+b—c>2c, c>—j

in ij_a_b[2] forall a,b € Z satistyingb — j > a <2b andb > — .

A basis for unary operations on a degree j class x is given by the collection of all monomials R'! R2 ... Rl
such that ij > —j and iy > 2iy4q forl <m <.

When p > 2, the weight p unary operations are given by the collection of elements € R? := R in
PjJ_Z(p_l)’_e fore = 0,1 and any 2i > —j.
Theorem 6.5 The homotopy groups of a spectral partition Lie algebra A over I, or the reduced TAQ
cohomology of any E-IF p-algebra, form a module over the power ring P of unary operations. The
relations among the weight p operations are given by the Adem relations
_ (p—Db—-c)—1 _
ﬂRaﬂRbZ Z (_l)a C+1( e ﬂRa-i-b CﬂRC
a+b—c>pc,2c>—j p

in ,ij—Z(p—l)a—Z(p—l)b—Z[z] forall a,b € 7 satistyinga < pb,2b > —j and2a > 2(p —1)b— j,

RaﬂRb — Z (_l)a—c ((p —-D(b- C))ﬁpa—f-b—cRc

a—pc

a—c((P=DG =) =1\ aib—cpne
N Z =1 ( a—pc—1 )R PR

a+b—c>pc,2c>—j

a+b—c>pc,2c>—j
in P]!_Z(p_l)a_z(p_l)b_lp] for all a,b € Z satistfyinga < pb,2b > —j and2a > 2(p—1)b+1—j,
and

,BERaRb — Z (_1)a—c ((P —D(b—c)— 1)'36Ra+b—cRc
a+b—c=pc,2c>—j 4= pc

in ,ij—Z(p—l)a—Z(p—l)b—e[z]

€ €{0,1}.

for all a,b € 7 satistying a < pb, 2b > —j, 2a > 2(p — 1)b — j and

A basis for unary operations on a degree j class with j odd is given by the collection of all monomials
B€1 R B2 R2 ... B€1 Ril such that 2i; > —j and iy > pimy1+€ms1 for 1 <m <. If j is even, a basis is
given by the collection f€' R B€2 R%2 ... B€I Ril B€ such that 2i; > —(14€) j —e€ and i,y > Pimi1+€mat
for 1 <m < [. Here B stands for the self-bracket on an even-degree class.

In other words, Theorems 6.4 and 6.5 identify the monadic structure map of the algebraic approximation £,
of Lieﬁp’]EOO (Notation 2.8) on elements that come from the power ring P. We start by showing that the
composition product in P agrees with that of the unary operations on the E2-page of the dual bar spectral
sequence.
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Lemma 6.6 The composition product U defined by the top arrow of the commutative diagram

Free R o FreeRu (EkIFp) s FreeRu (ZkIFp)

L L

~«(Bar, (id, Ar’, 7«(Bar, (id, Ag/, 7*F )V)V) —— m.(Bar.(id, Ag/, Z7¥F)V)

is given by the sheared Yoneda product along the bottom, which agrees with the composition product (10)
in P given in Definition 6.3. Namely, given b € R’((0, j), (—v,i +v)) = UnExtI?R})”Jrv(IFp, Zj]Fp) and
a e R'((0,k), (—w, j +w)) = UnExtHEf”’]’Lw(]Fp, EkIFp), their composition b U a is given by

boalxy > blalxg € RL((0,k), (—v—w,i + v+ w)) = UnExtgy TV (F,, =FF,).

Proof Recall from Corollaries 4.3 and 4.9 that Free®u (Ek ) is isomorphic to
UnExty" (F, ZFF ) = 74 (Bar, (id, Ag/, S7FF »)V).

We will use a general result of Brantner that follows from [Brantner 2017, Theorems 3.5.1 and 4.3.2]:
Suppose that T is an augmented additive monad on Modp,, associated to the free (unstable) module functor
over an algebra R. Then the composition map of the monad |Bar,(id, T, —)|V, obtained by dualizing the
comonad structure map

|Bar, (id, T, —)| <— [Bar. (id, T, |Bar.(T, T, —)|)| — |Bar. (id, T, [Bar, (id, T, -)|)

of the comonad |Bar,(id, T, —)|, is compatible with the Yoneda product on the (unstable) Ext groups
over R up to a shearing of the Ext groups; see [Brantner 2017, Proof of Lemma 4.3.3 and page 135].

Here we specialize to the situation where Ag/ is an additive monad associated with the free functor that
takes the unstable module over the Koszul algebra R. It follows that the top map is a sheared Yoneda
—v,i+v

product on (unstable) Ext groups. Explicitly, given » € R’((0, j), (—v,i +v)) = UnExtg, (Fp, >/F »)
and a € R'((0,k), (—w, j + w)) = UnExtH_{f”’]er(Fp, Ek]Fp), the image along the top map is

boalxy > blalx; € RL((0.k), (—v—w,i 4+ v+ w)) = UnExtH_&}’_w’HHw(Fp, skF,)

via the composite

R0, ), (—v.i +v)) x RL((0. k), (—w. j +w))

\[susp"’ xid

’RL((O, Jj+w), (—v,i+v+w))x RL((O, k), (—w, j +w))

B

RL,(—w, j +w), (~v—w,i +v+w)) xR0, k), (~w, j + w))

!

RL((0,k), (—v—w,i +v+w)).
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The first map is an injection on the left factor because operations are stable under suspension and
here w > 0; see Proposition 4.15. The last map is the composition in the ringoid RL, ie juxtaposition
corresponding to the Yoneda product on unstable Ext groups. This is exactly the composition product
in P defined in (10). O

Next we lift the composition product above to the image of the power ring P in the algebraic approximation
monad L.

Lemma 6.7 The monad structure map of the algebraic approximation L, of Lieﬁp E., (see Notation 2.8),
restricted to unary operations coming from the power ring ‘P, is given by the composition product U in
Lemma 6.6.

Proof By construction, the set P}[w] is isomorphic to the image of R!u((O,j), (—w,w +i)) in
Jr,'LieI’FTp E..(X/Fp)[w] via the collapse of the weight p™ part of the dual bar spectral sequences on
a single generator and the associated Grothendieck spectral sequences (Propositions 4.4 and 4.10 and
Lemma 4.11). We need to verify that compositions of unary operations on the homotopy groups of
spectral partition Lie algebras is reflected by the composition product of the power ring P.

For ease of notation, we will use L to denote the monad LieI’F’m]Eoo throughout this proof. The unary
operations on the homotopy groups of algebras over L, other than the restriction map when p =2 and
the self-brackets on even classes when p > 2, are concentrated in weights p” for n > 1 by construction.
When A is bounded above, they live in the homotopy groups of the summands

hZpn W
Ln)(A) := (0, (1) ®Fp) ® (A)®P" <% L(4)
by Proposition 2.2. The composition 8 o o of two unary operations
a € Pl[w] € mjLIwl(Z¥F ) = L,(S*Fp)[w] and e Pilv] € miL)(Z/F ) = Ly (S/Fp)v].

considered as maps o: X/F ), — Ep(EkIFp)[w] and B: X'F, — L,(Z/Fp)[v], is given by

i B i Lp(a)[v] k k
(11) YT, = Lp(X/Fp)lv] —— Lp[v]o Lp(ZFF p)[w] — L (E5Fp)[v + w].
The last map is induced by the weight p**® summand

hZ v+w

thv thw ®pW ®pv b ® vt+w
(I ®Fp) ® (Qpr(d)®F,) ® A®P))"" = (w+w(d)@F,) & A®P

of the structure map of the monad L o . — L. on any bounded above object A.

Let a € RY((0. k), (—w, j +w)) and b € R*((0, j), (—v.,i + v)) be the unique preimages under the
collapse of the weight p¥ and weight pV parts of the dual bar spectral sequences converging, respectively,
to n*L(EkIFp) ~ L’p(ZkIFp) and n*L(EjIFp) o~ Ep(Ej ), as well the collapses of the associated dual
Grothendieck spectral sequences in both weights.

Geometry & Topology, Volume 29 (2025)



Operations on spectral partition Lie algebras and TAQ cohomology 4519

Since ﬁp(Z‘j [F,) is bounded above and of finite type, we can run the dual bar spectral sequence and
the associated dual Grothendieck spectral sequence for the F,-module 4 = L(ZkF p) converging to
Lo L(Z¥F,) 2= L, 0 L,(2/F,), with summand 7« L(2/F ;) = £, (Fp{a(x;)}) picking out the
free spectral partition Lie algebra on the generator represented by o(xg) € L,(Fp{xx}) sitting in

VW part of both spectral sequences for this summand collapse on the E 2-page.

weight p". The weight p
Therefore, the monadic structure map £, o £ p(Ek Fp)— Cp(Ek ) induces a map of the E 2_pages of
the associated dual Grothendieck spectral sequences. In particular, the map (11) lives inside the summand
FreeRu o FreeRu (ZKFp) — FreeRu (2T ), which is given explicitly by b|x; > b o (a|xg) — bla|xk
by Lemma 6.6. Here we use | to denote juxtaposition in RL and xj the generator for K p- Passing to
the E°°-pages, we obtain a commutative diagram

Pil] x P} [w] * > Pilv+ w]

B l’é

(12) R0, ), (—v.i +v)) x RL((0, k), (—w, j +w)) —= RL(0.k), (—v—w.i 4+ v+ w))

[ [

Ly (ZIT p)[v] x Ly (ZFF ) [w] ° > Lp(ZFF )+ w)

as desired. The top square commutes by Lemma 6.6 and the bottom square by the degeneration of the

v+w

weight p part of the dual bar spectral sequences and the dual Grothendieck spectral sequences on the

E?-pages. O

Lemma 6.8 (i) If a unary operation in 73,{[1] is in the image of the suspension map susp! (see
Proposition 4.15), then it is an additive operation. Therefore R’ € P1[1] is additive if i —1 > —
when p =2 and B€R' € 77;‘[1] is additive if i — 1 > —(j +1)/2.

(ii) For p > 2 and j odd, the operation BR7+1/2 ¢ ij_(p_l)(j+1)_1[1] is additive.

Proof (i) The first statement follows from taking the Spanier—Whitehead dual of the I ,-version of
[Brantner 2017, Lemma 4.2.21]. Combining with Proposition 4.15, we see that if p > 2 and x is a class
in even degree or if p = 2, then any weight p operation defined on x is in the image of susp', whereas if
p > 2 and x has odd degree, then any weight p operation that is not the bottom operation €¢RCJ+D/2
is in the image of susp'.

(i) Let x, y, z be the degree j generators in 7y (Lieﬁp,Em (ZjIFP <) ZjIFp &) EjIFp)). Suppose that
BREITD/2(x 4 y) = BRETHD/2(x) + BRETTD/2(y) + B(x, y). Then B(x, y) has to be a linear
combination of Lie brackets of even degree p(j — 1) and not a unary operation acting on x or y for degree
reasons (in particular it does not live in the degree of the bottom operation on degree j). Now consider
the element [z, BRC/T1/2(x + )], which vanishes by Proposition 5.6. Hence [z, B(x, y)] = 0 in the
free shifted Lie algebra on letters x, y, z, which implies that B(x, y) has to consists of self-brackets. But
the degree of any self-bracket is odd, so B(x, y) = 0. m|
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Now we assemble the three lemmas above to finish the proof of Theorems 6.4 and 6.5.

Proof of Theorems 6.4 and 6.5 It remains to verify the Adem relations and the bases. By Lemma 6.6, the
composition product 73].1__;_1’[1] X P;—a[l] — p;—a—b[z] sends (R, R9) to RG-@) — (Qb=1)*(Qa—1)*
for p = 2, and sends (€1 RP'~¢€1, f€2 R¥'—€2) 1o

R(b’—el,a’—ez,el,ez) — (131—61 Qb’—l)*(ﬂl—ez Qa/—l)*

for p > 2, where 2(p — 1)a’ = a and 2(p — 1)b’ = b. The two classes in the composition are defined
whenevera > —j + 1 and b >a— j for p =2, and 24’ > —j and 2b’ > a + €, — j for p > 2. Hence all
the Adem relations hold.

When p = 2, a basis for additive unary operations on a degree j class is given by all monomials
. , . . '
(Q")*(Q)" - (Q")* € R, ((0, /). (s,m))
such that iy > —j and i; > 2i;4 for all 1 </ < s by Proposition 4.4. Any such monomial is the image of
the (well-defined) iterated composition Ri1T1Ri2+1... Ris+1 jy 77]-1 ~"75[s]. Hence every additive unary
operation RU1>is) can be written as a linear combination of compositions R/! ... R/s of operations in

PE[1]. The case p > 2 follows verbatim by using the degeneration in Proposition 4.10 and Lemmas 5.2
and 4.11. |

Corollary 6.9 When j gets arbitrarily large, the algebra of unary operations on a degree j homotopy
class of a spectral partition Lie algebra, or equivalently a degree —j class in mod p TAQ cohomology, is
the Koszul dual algebra of the mod p Dyer—Lashof algebra.

Proof By Proposition 4.15, the suspension map
susp’ : Pi[v] = Ry (0. /). (—v.i +v)) = Pitiu] = R ((0. ) +1). (—v.i + v +1))

is injective for all # > 0. Thus taking the colimit along susp' for fixed i — j and v, we obtain the universal
unary operations of weight v and degree i — j as elements in Ppi=i [v] of the power ring P. Furthermore,
the composition product of P (equation (12)) is compatible with taking the colimit along susp! in each
variable, where the suspension map on the along bottom is induced by Eﬁp(Ej Fp) — Lp(Ej tIF,).
To identify the algebra generated by Ppi=i [v] with the composition above with the Koszul dual of the
mod p Dyer—Lashof algebra, we use the identification of

UnExty" (Fp, ©/F ) = 4 (Bar, (id, Ag, S~/ F)Y)
as the free RL—module on a class in degree (0, j) (Corollaries 4.3 and 4.9). In the colimit, the instability

conditions on the class colim; >IF p as the trivial unstable module over R’ becomes vacuous, SO
the unstable Ext group is isomorphic to the usual Ext group over the Dyer—Lashof algebra R. a

For p > 2 one needs to be careful about the precise duality. The Dyer—Lashof operation Q’ is sent
to BR! = BP’ in cohomological degree 2(p — 1)i + 1, and BQ’ to R! = P in cohomological degree
2(p — 1)i, since the Bockstein homomorphism increases cohomological degree by one.
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6.2 Generation

Finally we put all the structures together to obtain the optimal target category for the homotopy group of
spectral partition Lie algebras, or equivalently the reduced mod p TAQ cohomology, which records the
entire algebraic structure.

Definition 6.10 A P-Lie**P-algebra L is a module over the power ring P (Definition 6.3), together with
a shifted Lie bracket and a restriction (—){1’ }, that satisfies the following conditions:
(i) If p=2,forall j and x € 7;(A) the restriction x12} is given by the bottom operation R~/ T1(x).
The restriction map on a sum of classes x and y is given by

(x4 =2 4y x ),
If p> 2, forall odd j and x € 7j(A) the restriction x{P} is, up to a unit A j» the bottom operation

RGJ7+D/2(x). The restriction map on the sum of classes x, y in degrees j # k is given by
p—1
(x + )P =0 RETTD2(x) 4 4 REFFD2 (1) 13 " 55(x. p),
i=1
where s; is the coefficient of /! in the formal expression ad(fx + y)? ™1 (x).
(i) The bracket [y, a(x)] vanishes for any x, y € L and « a unary operation of weight greater than
one, unless « is an iteration of the restriction map.

Denote by Lie;;p the category of P-Lie®*-algebras.

The free P-Lie®-algebra functor Free"?” on an F p-module M can be computed as follows: first we
take the free shifted restricted Lie algebra over IF, then take the free P-module on Freeli°F) (M). Then
we identify the restriction x — x{P} with the bottom operation R™X¥I+1(x) when p = 2, and the bottom
operation REIxI+D/ 2(x) up to a unit A|x| for any odd degree x when p > 2. Finally we extend the shifted

. - . N . . .
Lie bracket and the restriction map to the quotient of Free” Free"F, (M) by the above identification,
subject to the conditions in Theorem 6.11.

By Theorems 6.4, 6.5 and 5.10, the homotopy group of every spectral partition Lie algebra, or the reduced
TAQ cohomology of any E - ,-algebra, has the structure of an Lie;;p -algebra.

Theorem 6.11 The canonical map of P-Lie*?-algebras
«: Freeler” (mx(A)) — 7« (Liegp’]E(><D (A))

is an isomorphism when A is any direct sum of shifts of ¥, ’s.

Proof For A an infinite direct sum, write A4 as the filtered colimit of A[_, ], where A[_, ,] is the
truncation of 4 above degree —n and below degree n. Now we use the fact that free functors are left
adjoints and preserve colimits, while Lie%p E., Preserves filtered colimits by Definition 2.1. Hence it
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suffices to show that « is an isomorphism in the cases where 4 = X 7/1F p @@ Y IkF p 1s a finite sum
of shifts of IF,’s, and this will be achieved by finding a bijection between a basis for Freelics” (4 (A))
and the basis of 7, (LieI’F’p E., (4)) given by Brantner and Mathew in Theorem 2.9.

For p =2, a basis for the Fo-vector space Freel®?” (774 (A)) is given by the monomials Ri! Ri2 ... Rl 4{2}"
such that i; > —2" j + 2" and iy, > 2i;;41 for 1 <m < [, where and u ranges over Lyndon words on
letters x1, ..., xx with deg(x,) = jm. Recall from Theorem 2.9 that the [F,-vector space £,(A4) has a
basis indexed by sequences (/y, ..., I, u). The integers /[, ..., [ satisfy [; <2l forall1 < j <k
and /; < deg(u). The total degree of (/1,..., [, u) is deg(u) + (/{1 — 1) +---+ (/[x — 1). The bijection
between this basis and a basis of Freeli7” (% (A)) is given by sending a monomial Rt --- R (112" to
the sequence (—i1 +1,..., =i+ 1,27 Vdeg(u) —2" "1 +1,...,2deg(u) — 1, deg(u), u)

For p > 2, a basis for the F ,-module Freelicr” (4 (A)) is given by B€1 R €2 Ri2 ... Bk Rk (w) satisfy-
ing 2ip > —deg(w) and i; > pij4 1 —€ for 1 </ < k by Theorem 6.5. Here w is either a Lyndon word u
on letters x1q, ..., x; with deg(x;) = jj, or a self bracket on some Lyndon word u with deg(u) even, in
which case deg(w) = 2 deg(u) — 1. On the other hand, by Theorem 2.9, the [ ,-vector space L, (A4) has a
basis indexed by sequences (/1, ..., I, e, u). Here u is also a Lyndon word on letters x1, ... x;. We have
e €{0,}, where t = 1 if p is odd and deg(u) is even; otherwise, ¢ = 0. The integers /1, ..., [; satisfy:
(i) Each /; is congruent to 0 or 1 modulo 2(p —1).
(i) Foralll <j <k, wehavel; < pljy.
(iii) We have I < (p —1)(1 4+ e¢) deg(u) — t. Note that equality is never achieved for parity reasons
when deg(u) is odd, and divisibility reasons (by (p — 1)) when deg(u) is even.

The degree of (/,...,lk,e,u)is (1 +e)deg(u)—e)+ 11 +---+ 1 — k.

The bijection is given as follows: given a monomial €1 Rt f€2 R?2 ... B¢k Rik (i), if w = u is a Lyndon

word, then we send it to the sequence (—=2(p—1)i1 +1—€q,...,—2(p—1D)ip +1—¢€,0,u); if w =[u, u]
with deg(u) even, then we send it to the sequence (—2(p—1)i; +1—¢€y,...,—2(p—Dix +1—€x, 1,u)
in the same total degree. a

Hence we have identified the algebraic approximation £, of LieﬁmEoO (Notation 2.8) as the monad

. 5.0
associated to the free functor Free™®? | as well as the target category for the homotopy groups of spectral

partition Lie algebras and the reduced TAQ cohomology of any [E-IF ,-algebra.

7 Operations on mod p TAQ cohomology

In the last section, we record a computation of all natural operations on the mod p TAQ cohomology
TAQg (—; Fp) of Eo-S-algebras (Definition 2.5), as well as determining their relations. The results in
this section are largely inspired by conversations with Tyler Lawson.
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Recall from [Lawson 2020, 1.8] that the mod p TAQ homology of an E ,-S-algebra R can be computed by
TAQS (R: F ) ~ ms(|Bar.(F, ®id, Eco, R))).

For any E3!-S-algebra A, the reduced mod p TAQ cohomology of an [E,-S-algebra S @ A4 is the same
as the mod p TAQ cohomology groups

TAQY (4: ) := [S7"|Bar, (id, B2, 4)[, F Jsp.

When A4 is of finite type, ie the underlying IF ,-module of A has finite-dimensional homotopy groups
in each degree, ’mg (A;Fp) ~ n_s(|Bar,(F, ®id, EZ2, A)|Y). Since all operations vanish on the unit
of the mod p TAQ cohomology except for multiplication by units, we will again compute operations
on TAQg(—;Fp) by throwing away the base point and computing the dual bar spectral sequence on
representing objects.

Corollary 7.1 Unary operations on a degree j cohomology class in the reduced mod p S-linear
TAQ cohomology TAQE(A;Fp) of EfS-S-algebras A are parametrized by the free P-Lie®*P-algebra
Freelicr” (277 A), where A is the mod p Steenrod algebra with homological grading.

In general, for any tuple (iy, . ..i;), the k-ary cohomology operations
k
[ [ TAQS (= Fp) — TAQE (—:F)p)

i=1

away from the unit are parametrized by the homological degree —m part of

Freecr” CTMAD--- @ XTkA).
Proof The representing objects for the mod p TAQ cohomology functor TAQg(—; ) are the trivial
square-zero extensions S @ Eille &, ~--Ei”IFp [Lawson 2020, section 1.8]. To compute the k-ary

operations, we plug in the trivial algebras S @ Z/1F p DD YinF p- It follows from the definitions that
we have a base change formula

TAQs(R;Fp) ® F)p = TAQF, (R ®s Fp).
It then follows from Theorem 6.11 that k-ary operations on TAQ]?‘,, (—) are parametrized by
miLief g (S'Fp®F,®--- @ Z"F,®F,) = Free"*s’ (51 A@--- @ T A).

In particular, unary operations on a degree j cohomology class in the reduced mod p TAQ cohomology
are parametrized by

TAQ}, (S/F, ®Fp) = ma(Lief 5 (S/F, ®F)) = Free™r” (277 A), O

Finally, we deduce the relations between the Steenrod operations and the unary I -linear TAQ cohomology
operations.
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Proposition 7.2 The Steenrod operations commute with the bracket via the usual Cartan formula

Sq?x, y] = _[Sq' (x). Sq* " (»)]
for p =2, and J

Pllx.y] = Z[P (x). P7I(y)] and BP[x.y]= Z(ﬂP (x). P71 (0] + [P (x), BP* (1))

for p > 2. They commute with unary I ,-linear TAQ cohomology operations R! via the Nishida relations
on mod p cohomology, ie for p = 2,

Sqa R_|X‘+1(x) — Z (aj_ 2C)Ra+]+1 —c Sq (X) + Z [Sql(X), qu(X)],
I<k,l+k=a

—1-
Sq“Rb(x)=Z(ba ) )Ra+b €©Sq°(x) for b>—|x|+ 1.

For p > 2 we have
nARI (v — (_1\i—i (j=D(p=1) n+j—i pi
PUBRIG) = (=D)"" 3 (7 T BRI (x)

P
n—i G=DP=D=1\ ntj—igpi
+(=1) Z( ne pi—1 )R TTBP (),

i

. . i iWp—1)—1 o
P”Rf(x>=<—1)”"2((] = )R"+f—’P’(x)
- n— pi
forall2j > —|x| + 1, as well as

npj n—i G=D)(p—=D=1\ _vi i
P RJ(X):(—I) Z( n— pi )R ti-ip (x)

+ L [ IR (), P )], Pl (1)), Pl ()]

A
x| loeX,,c(1)=1

i

when the degree of x is odd and 2j = —|x| 4 1, where the bracket term sums over all nondecreasing
sequences I = (0 <i; <iy <---<ip) withiy +iy+---+ip =n for p > 2.

Recall that A || is the unit by which bottom operation on an odd degree class x differs from the restriction
x{?} on x; see Theorem 5.8.

Remark 7.3 The commuting relations between the Steenrod operations and the TAQ cohomology
operations R’ coincide with the Adem relations for Steenrod algebras, thereby reinforcing the heuristics
that the operations R’ are extended Steenrod operations.

Proof of Proposition 7.2 We will derive the commuting relations from the EZ-page of the dual bar
spectral sequence on a single cohomology class in degree j. Since free functors preserve colimits, it
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follows from the limiting case of Propositions 4.4 and 4.10 and Lemma 4.11 that the dual bar spectral
sequence converging to

TAQg (TAQF, (S/F) ® Fp) @ F) = mi(Lief g (Lief g (Z7/F, ®F,) ®F))
collapses on the E2-page at weights which are powers of p with
E®[p" =~ E*[p"] =~ Free™cr” (FreeLie%D ST ARF)[P]

Note that the Steenrod operations are the linear dual of the Dyer—Lashof operations [May 1972], which
satisfy the Cartan formula with respect to the polynomial product (Definition 3.2). Since the generator
of the shifted Lie bracket on the E2-page is represented by the linear dual of the polynomial product
on the E!-page, it commutes with the Steenrod operations via the Cartan formula. On the other hand,
the operations R’ = (Q'~1)* come from the linear dual of the Dyer—Lashof operations Q*~!, so the
Steenrod operations commute with R’ via the Nishida relations on cohomology. When p = 2 the relations
are worked out explicitly, for example, by Miller [2014]. The Nishida relations for applying a Steenrod
operation to the bottom operation on x involves an extra bracket term because the bottom operation is the
restriction on Xx.

For p > 2, the Nishida relations on cohomology can be read off from Theorem 3 and its corollary in the
original paper of Nishida [1968]:

P"R) = (-1)"! Z ((j_i]?l(—pp_il)_l)Rn—i_j_iPi'

1

Analogous to the case p = 2, when x is a class in odd degree, the Nishida relations for the Steenrod
action on the bottom class P” R(—IxI+1)/ 2(x) involve Lie bracket terms in addition to monomials of
unary operations, since A|x| REIXIH1/2(x) is the restriction on x.

In order to determine the extra bracket terms, we need an explicit expression for the restriction map
on an odd class. In the setting of unshifted graded IF ,-modules, this is worked out by Fresse [2000,
Remark 1.2.8]. Note that there is an embedding of the Lie operad into the associative operad Assoc.
Furthermore, there is an identity

(13) Z Xo)y " Xo(p) = Z (- X1y Xo@). Xo3) ***)s Xo(p))
oeX, ocex,,0(l)=1

in the associative operad, where (x, y) = xy — yx is the commutator. For x € V in even degree, the
p™ power on x is given by

Z Xo(1y** Xo(p) @ x®? € (Assoc(p) ® VOP)YEr ~ (Assoc(p) @ V®p)>3p.

oEY),
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Using the identity (13), we can pull back the p" power on x along the embedding
(Lie(p) ® VEP)Er < (Assoc(p) @ V&P)Zr,

The resulting element is the restriction on x in the free restricted Lie algebra on V, ie

(14) x{"}=( > [[~--[[Xa<1>,Xa<z>1,Xa<3>1~~-1,Xa<p>])®x®l’e(Lie<p>®v®P>Eﬂ.
oceX,,o(l)=1

Since we are working with shifted graded IF ,-modules, the commutator in the shifted graded associative
algebra is (x, y) = xy — (=1)II=DUxI=Dy,x "1 x_ y are both in odd degrees, then (x, y) = xy — yx.
Hence the identity (13) pulls back to the restriction map (14) on an odd class x in the free shifted graded
restricted Lie algebra over F,. Now we apply the Steenrod operation P”" to the p™ power on x and use
the Cartan formula. Note that the Steenrod operations P¢ raise degree by an even number, so none of the
signs are altered. Pulling back to the free shifted restricted Lie algebra, we deduce that the bracket terms
in the Nishida relation for P R©1¥I+1/2(x) consist of terms

1 : . . .
2 [P P ()] PO ()] ] Pl (x)]
x| o€eX,,o(l)=1
for all nondecreasing sequences 0 < iy <ip <---<ip withi; +iy +---+ip =n. |
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