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To a simple polarized hyperplane arrangement (not necessarily cyclic) V, one can associate a stopped
Liouville manifold (equivalently, a Liouville sector) (M(V), £), where M (V) is the complement of
finitely many hyperplanes in C¢, obtained as the complexifications of the real hyperplanes in V. The
Liouville structure on M (V) comes from a very affine embedding, and the stop £ is determined by the
polarization. In this article, we study the symplectic topology of (M(V), £). In particular, we prove that
their partially wrapped Fukaya categories are generated by Lagrangian submanifolds associated to the
bounded and feasible chambers of V. A computation of the Fukaya A,-algebra of these Lagrangians
then enables us to identify the partially wrapped Fukaya categories W(M (V), §) with the (fol -equivariant
hypertoric convolution algebras B (V) associated to V. This confirms a conjecture of Lauda, Licata
and Manion (2024) and provides evidence for the general conjecture of Lekili and Segal (2023) on the
equivariant Fukaya categories of symplectic manifolds with Hamiltonian torus actions.
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1 Introduction

la Main results Very affine varieties are local models of divisor complements in proper Calabi—Yau
varieties, so they provide important examples for the study of mirror symmetry and symplectic topology,
and are studied extensively in the literature; see for example Abouzaid and Auroux [2], Abouzaid, Auroux,
Efimov, Katzarkov and Orlov [3], Auroux [8], Gammage and Jeffs [21], Gammage and Shende [22] an
Lekili and Polishchuk [34]. In this paper, we consider a particular class of very affine varieties, defined
via the combinatorial data of a polarized hyperplane arrangement.
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A polarized hyperplane arrangement in R? consists of a triple V = (V, 1, £), where the d-dimensional
subspace V' C R" and the vector n € R"”/V determine n hyperplanes Hg ; C R?, where 1 <i <un,
and & € (R")*/ V< is the polarization; see Definition 3.1. Assume that V is simple, meaning that the
nonempty intersection of any k hyperplanes is codimension k, we can define a Weinstein sector (M (V), &)
as follows. Let M (V) be the complement

n
MV):=C\ | J H.
i=1

where H; C C¢ is the complexification of the hyperplane Hr,; C R in the arrangement V. It follows
from the definition that we have an affine algebraic embedding M (V) < (C*)", equipping M (V) with
the structure of a very affine variety. Symplectically, M (V) is a Weinstein manifold whose Weinstein
structure is inherited from the standard Stein structure on (C*)". Since the polarization £ can be
interpreted as a superpotential £: M (V) — C, it defines a stop (ie a Weinstein hypersurface) in the ideal
boundary deo M (V), which we will still denote by & by abuse of notation. Our goal in this paper is to
identify the partially wrapped Fukaya category W(M (V), &) with a convolution algebra associated to the
combinatorial data V. In particular, we will find a generating set of objects in W(M(V), £) and show
that their endomorphism A-algebra in W(M (V), £) is formal.

To describe the generating Lagrangians in W(M(V), £), note that the hyperplanes in the arrangement V
divide R¥ into a finite number of chambers. Since these hyperplanes come with their co-orientations, each
of these chambers in R? corresponds to a sign sequence « € {+, —}", which we call feasible. Among
the set of feasible sign sequences .# (V), those for which the linear functional £: Ay — R is bounded
above are called bounded, where A, C R? is the (closed) chamber corresponding to the sign sequence
a € Z#(V). Denote by Z(V) C #(V) the set of bounded-feasible sign sequences (or equivalently,
chambers). See Figure 1 for a polarized hyperplane arrangement consisting of three lines in R?. To each
o € Z(V), we can associate a Lagrangian submanifold Ly C M(V), which is the connected component
(open chamber) Ay, C Ay in the real locus

MV)NR? c C9.
This is a noncompact, exact Lagrangian submanifold which gives an object of the Fukaya category

WM (V). ).

Conventions In this paper, we will be working over the ring of integers Z, which is where the G-
equivariant hypertoric convolution algebras are defined (see Lee, Li and Mak [32]), although these algebras
are originally introduced over C in the work of Braden, Licata, Phan, Proudfoot and Webster [13]. On
the other hand, the work of Ganatra, Pardon and Shende [25], which our work heavily relies on, is also
done over Z.

We will now state the main results of this paper.
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Figure 1: A polarized hyperplane arrangement in R2, with the bounded-feasible chambers shaded.

1.1 Theorem (generation, Theorem 4.13) The partially wrapped Fukaya category W(M(V), ) is
generated by the Lagrangian submanifolds { Lo }qe o (v)-

The key ingredient of the proof is the sectoral descent established by Ganatra, Pardon and Shende [25]
(cf Theorem 2.18). We will present the main idea of the proof using the explicit example given in Figure 1.

Theorem 1.1 enables us to identify the partially wrapped Fukaya category W(M(V), £) with the endo-
morphism Ax-algebra of its objects { Ly e (v). Consider the Fukaya Aoo-algebra

By:i= @ CW*(La.Lp).
a,pez(V)
where CW*(—, —) denotes the partially wrapped Floer cochain complex with respect to the stop &. We
will show that %V is quasi-isomorphic to a convolution algebra B (V) introduced by Braden, Licata, Phan,
Proudfoot and Webster [13], which is the universal flat graded deformation of the hypertoric convolution
algebra B(V); see Braden, Licata, Proudfoot and Webster [14]. More backgrounds and motivations about
why this should be the case will be given in Section 1b.

1.2 Theorem (formality, Theorem 5.5) There is a quasi-isomorphism between Ao-algebras over Z.:
By = B(V).

In particular, the Fukaya Ac-algebra By is formal.

This proves Lauda, Licata and Manion’s [31, Conjecture 1.2] in the general case when the hyperplane

arrangement V is not necessarily cyclic. Refer to [31] for the precise definition of a cyclic hyperplane

arrangement. In particular, such a hyperplane arrangement cannot contain two parallel hyperplanes. When

V is cyclic, the Weinstein manifold M (V) has a convenient interpretation as a symmetric product of

punctured spheres C \ {z1,...,z,}, and Theorem 1.2 follows essentially from the computation of the
(fully) wrapped Fukaya category W(M (V)) by Lekili and Polishchuk [34].

Geometry & Topology, Volume 29 (2025)
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In [14] and [31], some functorial properties of the category of perfect B (V)-modules with respect to the
deletion and restriction of hyperplane arrangements are discussed. In Section 6, we discuss these functors
and describe some other natural geometric functors between Fukaya categories.

1b Motivation To a polarized hyperplane arrangement V, one can associate another geometric object,
namely a noncompact hyperkéhler variety 9y, called a hypertoric variety; see Bielawski and Dancer [9].
Under certain assumptions on V, the variety 9y is smooth. After a suitable hyperkéhler twist, one
can equip My with the structure of a smooth affine variety. The induced Liouville structure on My,
together with a Weinstein hypersurface fy in the ideal boundary doc9ty determined by the polarization £,
provides a stopped Liouville manifold (9%(V), fy). Moreover, there is the complex moment map

fic: My — C9,
which defines an algebraic (C *)4 fibration whose discriminant loci are precisely the union of the complex

hyperplanes | J7_; H;. In this situation, each feasible chamber A gives rise to a Lagrangian Vj, that is
diffeomorphic to the toric variety associated to the moment polytope A,,.

In [14], the authors introduced the hypertoric convolution algebra B(V), which can be interpreted as
the topological convolution algebra formed by the cohomologies of the complex Lagrangians in 9y
associated to the bounded feasible chambers in V. They also predicted that B(V) can be realized as
an appropriate version of the Fukaya category of 91y . In the ongoing project [32], we investigate this
question by examining the infinitesimal Fukaya category F (9, fv) (ie the forward stopped subcategory
of the partially wrapped Fukaya category in the sense of Ganatra, Pardon and Shende [24, Definition 6.4])
and show that F(My, fy) is quasiequivalent to the category of perfect modules over B(V).

It is a general philosophy due to Aganagic [5] and Teleman [44] that the symplectic topology of My is
closely related to a half-dimensional space, which is exactly the Weinstein manifold M (V) that we study
in this paper. The precise connections between the Fukaya categories of 2y and M (V) are explained in
Lekili and Segal [35, Conjecture A]. They conjectured that there should be a quasiequivalence

(1) Weg (My)—1 = WM(V)),

where WG% My)-1 C WG% (Mty) is the spectral component of the G,‘,ﬂ -equivariant wrapped Fukaya
category at —1. We refer the reader to [35, Section 1.2] for more details; see also McBreen, Shende and
Zhou [38] for a related recent work on multiplicative hypertoric varieties.

Here, what is relevant for us is a partially wrapped version of the conjectural equivalence (1). The
corresponding conjecture relating partially wrapped Fukaya categories then takes the form

(2 H:ng (mV’fV) = W(M(V)vé)a

where H’G% (Mty, fv) consists of objects in F(My, fy) which are invariant under the fiberwise G;‘fl—action
with respect to the complex moment map . Note that performing localizations (stop removals) on both
sides of (2) would imply the equivalence (1) conjectured by Lekili and Segal.

Geometry & Topology, Volume 29 (2025)
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1.3 Remark There are two versions of equivariant Fukaya categories that can be associated to the
hypertoric variety My, defined by using the geometric Hamiltonian 7% -action of the real torus 7¢ C G,‘fl
on the Weinstein manifold My, and the algebraic Gf,l,—action on the Axo-category F (M, fv), respectively.
For the former version, see Cazassus [15], Daemi and Fukaya [19], Hendricks, Lipshitz and Sarkar [27],
Xiao [46], Kim, Lau and Zheng [29] and Lau, Leung and Li [30], and for the latter one, see Lekili and
Pascaleff [33], Seidel [40] and Seidel and Solomon [41]. In our case, these two versions are expected
to be the same, because under hyperkihler twist, the fiberwise Hamiltonian 7% -action associated to the
complex moment map jic: My — C¢ corresponds to the fiberwise Gf,l,—action on the mirror, and the
latter is expected to induce a fol-action on the Fukaya category F (v, fv).

Consider the Fukaya A;-algebra

By:= @ CF*(Va.Vp).
a,Bez (V)

where CF* denotes the infinitesimally wrapped Floer cochain complexes with respect to the stop
fv C 0oy mentioned above. In [32], we plan to give a Floer-theoretic proof that there is a quasi-
isomorphism between By and the hypertoric convolution algebra B(V), and that the Lagrangians
{Vataew(v) split-generate the Fukaya category F(IMy, fv). However, shortly after we put the current
paper on the arXiv, we learned that C6té, Gammage and Hilburn [18] have proved this using microlocal
perverse sheaves. Together with conjectural quasiequivalences (2), it follows that there should be a quasi-
isomorphism between the partially wrapped Fukaya A -algebra @V of (M(V), ) and the G,‘fl -equivariant
convolution algebra B (V). Theorem 1.2 confirms that this is indeed the case.

1c Idea of the proof In this subsection, we give an outline of the proof of our generation result
(Theorem 1.1). Let us start with a 1-dimensional hyperplane arrangement, whose complexified complement
M(V)is C\{ry1,r2,...,ry}, where —co <r; <--- < r, < 00, a complex plane with n points on the
real line removed. Note that Lagrangian chambers are the real line segments connecting the consecutive
punctures in R (colored in blue in Figure 2), together with a ray to positive or negative infinity depending
on the choice of polarization £.

In this case, the generation is a priori clear: we can prove generation via its Weinstein handle structure,
by arguing that the real line segments connecting punctures are cocores for a given Weinstein structure on
M (V), and applying the generation result of Ganatra, Pardon and Shende [25], which says that cocores
of a Weinstein manifold generate the fully wrapped Fukaya category. To see that the line segments
combined with the ray (—oo, 1) generate the partially wrapped Fukaya category W(M (V), £), we appeal
to the computation of wrapped Floer cohomology shown by Abouzaid, Auroux, Efimov, Katzarkov and
Orlov [3], where an exact triangle relating the blue arcs in Figure 2, left, to the Lagrangians Lli in
Figure 7 was established via an explicit Aso-algebra computation.
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Figure 2: Left: 1-dimensional hyperplane arrangement. Right: cutting 1-dimensional hyperplane
arrangements into sectors.

To motivate, we prove the generation via a “local-to-global” approach: consider vertical real lines cutting
M (V) into union of “sectors”, as shown in Figure 2, right. Each piece can be identified with part of C*,
together with a stop oo or two stops =00, so the wrapped Fukaya category of each sector is generated by
the blue rays depicted in the figure, where the upper and lower ones are both Lagrangian cocores of C*,
which together generate the linking disks to all the stops. Sectorial descent (cf Theorem 2.18) then allows
us to obtain a collection of generators for W(M(V), £), as the union of all the blue arcs. Observe that
after gluing the sectors together to get the ambient punctured disk (M (V), £), the left most upper and
lower blue Lagrangians are isomorphic via counterclockwise rotation, and the lower blue Lagrangians in
the other sectors can be obtained from the upper ones by performing iterated surgeries. Therefore the
upper collection of the blue arcs would suffice to generate W(M(V), §).

The final step to the proof is to show that the real lines depicted in Figure 2, left, generate the upper blue
arcs in Figure 2, right. The left most Lagrangians are canonically identified by rotation, and we observe
that the upper Lagrangians in Figure 2, right, can be obtained from inductively concatenating the real lines
in Figure 2, left, through the stop, or equivalently via “wrapped Lagrangian surgery” around the puncture;
see Figure 3. We therefore conclude that the blue Lagrangians in Figure 2, left, generate W(M(V), §).

—§

Figure 3: Wrapped surgery around a puncture.
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Figure 4: Top: decomposing 2-dimensional pair-of-pants into sectors. Bottom: second cut of the
P; into the standard pieces.

Things get more complicated as the dimension increases, but the key phenomenon can already be seen
in complex dimension 2. To illustrate, we will explain our proof when M (V) is the 2-dimensional
pair-of-pants associated with the hyperplane arrangement shown in Figure 1. As a symmetric product of
two 1-dimensional pair-of-pants, the generation of its wrapped Fukaya category can be computed from
dimension 1 cases as explained by Auroux [6], but our alternative proof sketched here will also apply to
general two-dimensional hyperplane arrangements. Using the polarization &, we can cut the Weinstein
sector (M(V), &) into four subsectors as shown in the top diagram of Figure 4 (cf Propositions 3.14
and 3.22). Fori = 1,...,4, we denote by s; the i'" sectorial hypersurface and by X; ;+1 the subsectors
after cutting. Each of these subsectors looks pretty similar in the figure, containing of a single crossing
point and several nonintersecting line segments. After curving the picture, we get four sectors on the
right-hand side of the top diagram of Figure 4, and the generation problem in this case reduces to that of
the wrapped Fukaya category for each subsector.

For each of these subsectors, we perform a further cut by hyperplanes which are transverse to the
hyperplane defined by the polarization £, cutting each sector into “squares” as shown in the bottom
diagram of Figure 4. Squares that surround an intersection point of the hyperplanes can be identified
with (C*)? with four stops given by the two linear functions, and the other squares are products of the

Geometry & Topology, Volume 29 (2025)
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Figure 5: Generating Lagrangians for two-dimensional pairs of pants. Top: linking disks, left, and
standard Lagrangian L7, right. Bottom: standard Lagrangian L;r, left, and standard Lagrangian
L;‘, right.

red boundary with 7*[0, 1], whose Fukaya category is equivalent to the Fukaya category of one of the
two red boundaries; see Ganatra, Pardon and Shende [25]. It is well-known (see Abouzaid [1]) that the
wrapped Fukaya category of (C*)? is generated by one of the four real quadrants (a cotangent fiber), and
adding stops adds linking disks associated to these stops as new generators. Moreover, the linking disks
correspond to generating Lagrangians of the stops, which are M (V) for some 1-dimensional hyperplane
arrangement, and from the previous paragraph on dimension 1 hyperplane arrangements we know that
they are generated by real lines connecting punctures.

By sectorial descent (Theorem 2.18), we get a collection of generating Lagrangians, which are depicted
in Figure 5. The green line segments in Figure 5, top left, represent the linking disks associated to the
corresponding generating Lagrangians of the stop, and the remaining three pictures describe the three
generating Lagrangians obtained from each crossing point (after gluing together all the sectors). We label
the three standard Lagrangians by L7, L;r , L;L, respectively, where the 4 indicates that the Lagrangian
is the one shifted upwards (under the Hamiltonian flow) in direction of Im(£) in C2. We denote the
linking disks by D;;, where 1 <i <4 is the index of the stop and 1 < j < 3 is the order of cocores, from
left to right. It remains to show that the Lagrangians associated to the bounded-feasible chambers L,
Ly__ and L4, as depicted in Figure 6, generate all the standard Lagrangians L], L;r , L;r and the

Geometry & Topology, Volume 29 (2025)
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Figure 6: The bounded feasible chambers. The red one is L 44—, the green one is L4+__ and the
blue oneis L.

linking disks D;; in the partially wrapped Fukaya category W(M(V), §). Applying the surgery exact
triangle (cf Proposition 4.8) we have:
1.4 Lemma (cf Section 4c) There are quasi-isomorphisms

L} ~Cone(Lyy——Ly—-), Ly ~Cone(Ly———Liy_y), Lf~Li 4
between objects in the triangulated Aoo-category W(M(V), £)P°™ (cf Section 2b), where Cone(s — o)
stands for the mapping cone.
Thus it remains to show that the linking disks D;; are generated by the “chamber Lagrangians™ Ly,
Ly__and L_. To prove this, let us first focus on the top sector X;,, shown at left of Figure 7.
Consider the Lagrangian Lf in this sector. We have the wrapping exact triangle for the linking disk D11

Ly — Dy — L} — L[],

where L7 is the triangular Lagrangian obtained by shifting L down in the direction of Im(£); see Figure 7,
right. This implies that Dy is generated by L] and L;r. Consider the second sectorial hypersurface s»,

regarded as a stop in X5, there is a similar wrapping exact triangle

Zl_ — Dy — ZT — Zl_[l].

. Dy Dy Dis LT
LY
L{ D1y
52 _
D3, D3> Dj3 Ly

Figure 7: Left: description of X15. Zf is a flipping of L1+. Right: The wrapping exact triangle.
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Here, th is a flipping of LT; cf 4e-2. Since there is a quasi-isomorphism LF ~ Lft in W(X12), we
can abuse notation and write both as Lf:. This shows that we could get L] from Dj, therefore Dy is
generated by L;r and D,1, hence it can be removed from the collection of generating objects for W(X1,).
For the remaining linking disks in the first stop s1, we can show via Lagrangian surgery that:

1.5 Lemma (cf Section 4¢) We have quasi-isomorphisms
D22 >~ COHC(DM — D12) and D13 ~ D23

in the Fukaya category W(X12)P°™.

1.6 Corollary The partially wrapped Fukaya category W(X12) is generated by the Lagrangian L;L and
the linking disks D1, D3, and D»3.

Note that the quasi-isomorphisms in Lemma 1.5 also hold in the wrapped Fukaya category of the
ambient Liouville sector (M(V), £), by the existence of an inclusion functor associated to the embedding
X12 = (M(V), &). Under this inclusion, L;r in W(X12) is sent to the standard Lagrangian at the top
right of Figure 5.

Similar arguments can be carried out for the Liouville sectors X»3 and X34. We can identify linking
disks at the top and the bottom via surgery exact sequences, therefore inductively replacing linking disks
from the top with those at the bottom in the collection of generating objects. Finally, it remains to deal
with the linking disks D41, D4 and Dy43. To do this, note that the subsector X45 at the bottom has a
geometric decomposition:

1.7 Lemma We have an isomorphism of Liouville sectors X45 2= 54 X Cre>0.

This implies that all the linking disks D41, D4 and D43 become zero objects after pushing forward to
the ambient sector (M(V), £). They can thus be removed from the collection of generating objects. We
conclude from Lemma 1.4 and Corollary 1.6 that:

1.8 Proposition (cf Theorem 4.13) The partially wrapped Fukaya category W(M(V), §) is generated
by the Lagrangians Ly, L4__ and L corresponding to the bounded and feasible chambers in the
polarized hyperplane arrangement V.

1d Outline The paper is organized as follows. In Section 2, we recall the basics of Liouville sectors and
Fukaya categories based on the works [25; 23] of Ganatra, Pardon and Shende. Section 3 contains the main
technical input of this paper. We first recall the notion of a polarized hyperplane arrangement in Section 3a,
and then establish some basic facts about the symplectic geometry of the Weinstein manifold M (V) in
Section 3b. The sectorial cut of (M (V), §) is carried out rigorously in Sections 3d and 3e. This is followed
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by a discussion about the generation for each subsector in the sectorial decomposition in Section 3f. In
Section 4, we prove Theorem 1.1 using the surgery exact triangle for Lagrangian submanifolds with
clean intersections. Using a computational technique similar to that of [8], Theorem 1.2 is proved in
Section 5. As an application, we study the functoriality of Fukaya categories with respect to the deletion
and restriction of hyperplane arrangements in Section 6.
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2 Review of sector theory

In this section, we recall the definitions and some important structural results for Fukaya categories of
Weinstein manifolds.

2a Liouville sectors Recall that a symplectic manifold is a pair (X, @), where X is an even-dimensional
real manifold and w € Q2(X) is a closed nondegenerate 2-form on X. In this paper, we will study a
particular class of noncompact symplectic manifolds.

2.1 Definition A symplectic manifold (X, w) is a Liouville manifold if w is exact and there exists a
vector field Z on X such that

(i) Z is complete,
(i) Lzw = w, or equivalently, Z is dual to a primitive A of w,

(iii) there exists a (codimension 0) compact symplectic submanifold with boundary (Xg, ) C (X, w)
such that Z is outward pointing along 0X¢ and Z has no critical points outside Xg.

We call this vector field Z a Liouville vector field and the pair (w, Z) a Liouville structure on X. The
primitive A of w is called a Liouville 1-form.
In this paper, all Liouville manifolds are assumed to have vanishing first Chern class, ie ¢;(X) = 0.

Geometry & Topology, Volume 29 (2025)
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The compact symplectic submanifold (Xo, @) in the item (iii) is called a Liouville domain. We can also
construct a Liouville manifold X out of the given Liouville domain (X¢, w) by taking its completion:

X = Xo Upy, 0Xo x [1, +00),

where the Liouville structure on dX¢ X [1, +00), is (v = d(rA|px,), Z = r0;).

2.2 Definition Let (X, w, Z) be a Liouville manifold. We call X Weinstein if there exists an exhausting
Morse function ¢: X — R that is Lyapunov for Z. The triple (w, Z, ¢) is called a Weinstein structure
on X.

2.3 Definition A Stein manifold is a complex manifold (X, J) which admits a proper holomorphic
embedding i : X — CV for some N.

Given a Stein manifold (X, J) equipped with an embedding i : X < C*, one can consider the squared
distance function ¢¢n (2) = ZIN=1 |z;|2. The pullback function ¢ := ¢~ oi defines a plurisubharmonic
function on X, hence also a symplectic form wgy = —dd C¢ and a Liouville vector field V¢ dual to
—dC¢. This assignment defines a map from the category of Stein manifolds with a fixed potential ¢ to
the category of Weinstein manifolds with the same potential ¢. It is shown in [17, Theorem 1.1] that this
map is a weak homotopy equivalence.

A submanifold S C X is coisotropic if dim S > %dim X and for every s € S, kerw|r, s has constant
positive rank. It follows directly that every real hypersurface of X is coisotropic. If § € X is coisotropic,
write Dg :=kerw|s C TS for the characteristic foliation of S.

2.4 Definition Let (X, w, Z) be a Liouville manifold. A real oriented hypersurface S C X is called
sectorial if the following conditions are satisfied:

(i) Z istangent to S near infinity.

(i) There exists a Z-invariant neighborhood Nbd? (S) of § C X and functions
R, 1:Nbd?(S) — R
such that R~1(0) = S and
(R, 1):NbdZ(S) — C_cre<e

is a trivial symplectic fibration onto the open strip in C consisting of complex numbers with
real part constrained in (—e, €), where C_,<Rre< is equipped with the standard symplectic form
restricted from C;

Geometry & Topology, Volume 29 (2025)
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(iii) Under the above decomposition Nbd% (S) —> (R, I)~1(0) x C_g<Re<e, the Liouville 1-form Ay
on X is sent to Ax|(g 1)~1¢0) +A¢ +df for some 0 <« <1, where

3) ¢ =—aydx+(—a)xdy,
and f is some real-valued function with compact support.

A Liouville sector Y is the closure of one connected component of X'\ |_|f-‘=1 Si, where the S; are all
disjoint sectorial hypersurfaces.

Alternatively, we can describe Liouville sectors in terms of pairs of Liouville manifolds [20]. A Liouville
pairis apair (X, F) consisting of a Liouville domain (X, @, Z) and a Liouville hypersurface (F, w|r, ZF)
in 0X. We say the pair is Weinstein if in addition X is a Weinstein domain and F C 90X is Weinstein
with respect to the induced Weinstein structure of X. Ganatra, Pardon and Shende [23] showed that we
have a canonical way to construct a Liouville sector out of a Liouville pair, so that F arises as one of the
fibers (R, I)~1(0) for some chosen R- and /-functions. Such a hypersurface F € 9X, or more generally
a boundary component of a Liouville sector, is usually referred to as a stop of the sector.

2.5 Remark This definition is different from the one in [23], but by Proposition 2.25 in loc. cit., they
are equivalent as definitions for Liouville sectors. In other words, it is not hard to show that our definition
gives a Liouville sector, and conversely, for any given Liouville sector X as in [23], there is a convex
completion of X into a Liouville manifold X, so that X < X is a sectorial hypersurface in X.

2.6 Definition [25, Definition 1.32] Let Sy, ..., S; be a collection of transversely intersecting sectorial
hypersurfaces in X . The collection {S1, ..., Sk} is sectorial if there is a collection of pairs of real-valued
functions {(R;, I;)}1<i<k together with positive real numbers (¢;)<; <k such that Rl._l(O) = S; and:

(i) The intersections ();c; S; =: Sy forall J € {1,...,k} are either empty or coisotropic.
(ii)) When Sy is nonempty, there exists a Z-invariant neighborhood Nbd? (Sy) of Sy so that the

functions R; and I; fori € J define a trivial symplectic fibration

) ((Ri, I;)ies): NbdZ (S ) — CV!

—g;<Re<g;*
(iii) Under the decomposition (4), the Liouville 1-form Ay of X projects to
xR 1yien-1© T )_AE +df
ieJ
for some finite collection of positive numbers 0 < ¢«; < 1 and a real-valued function f with compact
support.

Similar to Definition 2.4, we define a cornered Liouville sector to be the closure of one connected
component of the complement X\ Uf’c=1 S;, where {S;}1<;<k is a transversely intersecting sectorial
collection of real hypersurfaces in X.
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Given a Liouville sector (X, w, Z) and a submanifold S € X which is cylindrical near infinity, we define
the boundary at infinity of S to be the manifold

dooS :={[x] | x € S\ Xo, x ~y <= At € R, ¢, (x) =y},

where X < X is some subdomain such that Z has no zeroes outside X (cf Definition 2.1) and (p’z 18
the time-7 flow of the Liouville vector field Z. In particular, dso X is a contact manifold with boundary.

2b Wrapped Fukaya categories In this subsection, we briefly recall the definition of wrapped Fukaya
categories associated to a cornered Liouville sector, following [23] and [25]. Given a Liouville sector
(X,w, Z), recall that a Lagrangian submanifold of X is a submanifold L. C X of half dimension such
that w|p = 0.

2.7 Definition A Lagrangian submanifold L € X is exact if the restriction of the primitive A|f, is exact
on L. It is cylindrical near infinity if Z is tangent to L near infinity.

To any two transversely intersecting exact cylindrical Lagrangian submanifolds L, K € X equipped with
Spin structures, we can associate a Z-graded free Z-module called the Floer cochain complex

CF*(L.K):= € op.
pELNK
where o), is the orientation line associated to p € L N K. CF*(L, K) admits a differential defined by an
oriented count of holomorphic strips with boundary on L N K, whose cohomology gives the Lagrangian
Floer cohomology group HF*(L, K).

2.8 Definition An isotopy {L;} of exact cylindrical Lagrangian submanifolds L; C X is called positive
if for some, equivalently any, contact form « on deo X, we have «(0;000L¢) > 0.

A positive isotopy (Lo ~> L1) := {L;}o<s<1 of Lagrangian submanifolds L; such that Lo, L are
transversal to K induces a chain map

CF*(Lo, K) — CF*(L1, K)

between Floer cochain complexes. We define the wrapped Floer cohomology associated to L, K by the
homotopy colimit over positive isotopies
HW*(L,K) := lim HF*(L', K).
L~L’
Suppose we have a sequence of positive isotopies Lo ~> L1 ~>--- and let (L¢);er., be the concatenation
of them. Ganatra, Pardon and Shende [23, Lemma 3.29] show that the sequence is cofinal if

o
5) min «(0;0e0L;) = 00.

0 aoot
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In other words, when (5) is satisfied, we can compute the wrapped Floer cohomology as

HW* (Lo, K) = limHF* (L. K).
n

For a smooth function H: [0, 1] x X — R, we denote H(t,-) by H;. The Hamiltonian vector field
Xu = (XH,)te[o,1] 1s the unique 7-dependent vector field on X so that w(—, Xg,) = dH;(—). We denote
the time 1 map of the flow by ¢ 7. As positive isotopies are in particular exact, for each n € N, we can write
Ly as ¢, (Lo) for some Hamiltonian functions H, € C*(([0, 1] x X). The generators of CF*(L,, K)
can then be identified with time-1 Hamiltonian chords of Xg, from Lg to K. Moreover, it is well-
known that for suitably defined w-tamed almost complex structures, there is a bijective correspondence
between finite-energy pseudoholomorphic strips with boundary on L,, K and finite-energy solutions of
the X g7, -perturbed Cauchy—Riemann equation, so one can define a chain complex CF* (L, K; Hy) using
Hamiltonian chords as generators and there is a canonical isomorphism CF*(L,, K) =~ CF*(Lo, K; Hy).
We will use these identifications interchangeably when we compute the wrapped Fukaya cohomology;
see Section 5.

The wrapped Fukaya category W(X) of a Liouville sector X is an Aso-category first introduced by
Auroux [6], and later rigorously defined in [25, Definition 2.20, 2.32] and [42]. The objects of W(X)
are exact cylindrical Lagrangian submanifolds L € X equipped with Spin structures and the morphism
space between L and K is the localization of CF*(L, K) along continuation elements. In particular, the
cohomology of the morphism space is HW* (L, K).

The Axo-category W(X) becomes easier to study from an algebraic perspective if we pass to its enlarge-
ment W(X )P the Aoo-category of perfect modules over W(X). W(X )P is a triangulated Ao-category
and there is a fully faithful embedding W(X) < W(X )P, We write DP"W(X) = HO(W(X)PeT) for
the derived category of W(X). This is a genuine triangulated category.

2¢ Generation of wrapped Fukaya categories In this section we recall the generation results for
wrapped Fukaya categories of Weinstein sectors proved in [16; 25]. A Liouville sector (X, w, Z) is said
to be Weinstein if the convex completion of X is Weinstein and there exists a symplectic decomposition
Nbd)%(aX ) >~ F x T*(—¢,0] such that F is a Weinstein hypersurface in dX. Similarly, a cornered
Liouville sector (X, w, Z) is Weinstein if each sectorial corner d7 X, which is the intersection of |/ | =k
sectorial boundaries, decomposes into a product of 7*(—e, O]k and a Weinstein submanifold F; C d7 X.

The wrapped Fukaya categories of Weinstein manifolds behave nicely since the Lagrangian cocores

provide a natural collection of generating objects.

2.9 Proposition [17, Proposition 11.9] If (X, w, Z, ¢) is a Weinstein manifold, then all the unstable
manifolds of the pair (¢, Z) are coisotropic. In particular, if the index of a critical point of ¢ is
n= % dim X, then a corresponding unstable manifold is Lagrangian.
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2.10 Definition We call an unstable manifold of a Weinstein manifold (X 2n w, 7, ¢) with index n a

cocore of X.

2.11 Theorem [16;25] The wrapped Fukaya category of a Weinstein manifold (X, w, Z, ¢) is gener-
ated by its cocores.

In particular, wrapped Fukaya categories of Weinstein manifolds are finitely generated.

We then consider the more general case of a cornered Weinstein sector. In this case, each corner stratum
is a product Nbd§(81X) ~ Fr x T*[—e, O]|I| for some I C {1,...,n}, hence for L C Fj a cocore of
Fyandy C T*[—¢,0]/l a product of cotangent fibers, we get an object L x y in the wrapped Fukaya
category of X, which we call a linking disk associated to the corner d; X .

2.12 Theorem [16;25] The wrapped Fukaya category of a cornered Weinstein sector (X, w, Z, ¢) is
generated by its cocores and linking disks associated to all its corner strata.

We review some examples that will become the building blocks in the proof of our generation result
(cf Proposition 3.24).

2.13 Example In [1], the author proves that for the cotangent bundle 7* Q over a compact manifold Q
which is Spin, the wrapped Fukaya category W(T* Q) is generated by a single cotangent fiber. This can
be generalized to the case when the manifold Q is compact with corners, in which case the cotangent
bundle of Q is a cornered Weinstein sector. In particular, consider the cotangent bundle of an interval, as
drawn in Figure 8.

The red boundary components are sectorial boundaries, and the wrapped Fukaya category W(T *[0, 1])
is generated by the cotangent fiber L := T;'[0, 1], which is colored in green in the picture. From this
figure, it is not hard to see that CW*(L, L) = Z(0), therefore W(T*[0, 1]) ~ Modz, is quasiequivalent
to the category of modules over Z. By the Kiinneth theorem, it follows that for any cornered Weinstein
sector X, we have W(X x T*[0, 1]) ~ W(X).

2.14 Example Let X = (C*)? be an algebraic torus, which we can regard symplectically as the
cotangent bundle T*T? of the real torus 7¢. By Example 2.13, we know that W(T*T?) is generated
by one cotangent fiber, which corresponds to one of the 24 quadrants of the real locus of (C*)4. Cutting
(C*)4 by sectorial hypersurfaces simply adds linking disks associated to these sectorial hypersurfaces
(and their intersections) to the generating set.

1
Figure 8: The cotangent bundle of [0, 1].
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1
Figure 9: An example of generalized cocore.

It is a convenient viewpoint to regard linking disks as generalizations of cocores. To make it precise, we
introduce the notion of a relative core.

2.15 Definition Let (X, w, Z, ¢) be a Weinstein manifold, then the union of the stable manifolds of all
critical points of ¢ is called the core of X. For a Weinstein pair (X, F'), the relative core of (X, F) is
the union ¢y U (cg x R), where cF is the core of F and ¢cr x R C X consists of points whose positive
Liouville flow converge to ¢f.

2.16 Definition [25] Let cx r be the relative core of a Weinstein sector (X, F'), a generalized cocore
of (X, F) associated to a component of cx g is a cylindrical exact Lagrangian submanifold intersecting
cx,F transversely at a single point in this component.

Theorem 2.12 remains valid for generalized cocores: the wrapped Fukaya category of a cornered Weinstein
sector (X, w, Z, ¢) is generated by a collection of generalized cocores, one for each component of the
relative core.

In particular, instead of picking the standard generator of 7*[0, 1], we can pick any curve y in T*[0, 1]
with a single transverse intersection with the zero section, and the product y x L for any generating
Lagrangian L in W(F') will give us a linking disk in W(X) to associated to F. Figure 9 shows one
possible choice of a generalized cocore in 7*[0, 1].

2d Stopped inclusion and the Viterbo restriction Let (X, 1) and (X’, 1) be two Liouville sectors.
A (stopped) inclusion i: X' < X is a proper map that is a diffeomorphism onto its image, such that
i*A = A +df for some compactly supported function f: X’ — R. Ganatra, Pardon and Shende [23]
showed that an inclusion of Liouville sectors induces an Aso-functor between the wrapped Fukaya

categories
WX') - W(X),

which we call a stopped inclusion functor. On the other hand, given an embedding of Liouville domains
Xo — X1, one would expect that there is a Viterbo restriction functor

W(X1) = W(Xo)

between wrapped Fukaya categories, which is contravariant with respect to Liouville embedding. The
geometric construction, under additional assumptions on cylindrical exact Lagrangians, has been carried
out by Abouzaid and Seidel [4]. Algebraically, the existence of such a restriction functor for Xy a
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Weinstein domain is proved by Ganatra, Pardon and Shende [25]. The proof in [25, Section 11.1] suggests
that such an A-functor also exists for embeddings of Weinstein sectors Wy < Wi, provided that the
Weinstein embedding is a diffeomorphism on connected components of sectorial boundaries. We record
this fact in the following lemma.

2.17 Lemma Let Xg — X; be a Weinstein embedding of Weinstein sectors that is a diffeomorphism on
the boundary, then there exists a Viterbo restriction functor W(X1) — W(Xj).

2e¢ The Orlov functor Recall from Definition 2.4 that given a Liouville sector (X, w, Z), the bound-
ary dX admits a Z-invariant neighborhood Nbd? (3X) = F x T*[—¢, 0] for some ¢ > 0, where F C 90X
is a Liouville hypersurface. When F happens to be Weinstein, Theorem 2.12 tells us that the wrapped
Fukaya category W(F') is generated by its cocores. Example 2.13 implies that the wrapped Fukaya
category of Nbd? (3 ), regarded as a Weinstein sector, is quasiequivalent to W(F). Together with the
stopped inclusion Nbd? (F) <> X, we obtain an Aso-functor

Or: W(F) = W(X),

which is usually known as the Orlov functor. Note that the images of the Orlov functor is exactly the
linking disks associated to the stop F.

2f Sectorial descent Suppose a Liouville sector X is covered by the other two Liouville sectors X
and X» such that the intersection X1, := X7 N X, becomes a sectorial hypersurface of both X; and X;
see Definition 2.6. Then the stopped inclusion functor gives us a diagram of wrapped Fukaya categories

W(X1)

/ \
(6) W(X12) W(X)
/

.

W(X2)

In general, this diagram is an almost homotopy pushout, and if all the sectors are Weinstein, then it
is a genuine homotopy pushout [25, Theorem 1.28]. More generally, suppose that X can be covered
by a collection of cornered Liouville sectors, ie X = Uf’=1 X;, the intersection poset of the cornered
Liouville sectors {X i}g‘:l gives a diagram of wrapped Fukaya categories, leading to the following is a
generalization of (6).

2.18 Theorem (sectorial descent [25], Theorem 1.35) For any Weinstein sectorial covering X1, ..., Xj
of a Liouville sector X, the induced functor
hocolim W X | = wx
GAIC], ...k} (Q l) )

is a pre-triangulated equivalence.
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3 Symplectic geometry of hyperplane complements and generating
Lagrangians

In this section, we first introduce our main object of study, a polarized hyperplane arrangement V =
(V,n, &) (see Definition 3.5) and establish some basic geometric properties for the complement M (V) of
the complexified hyperplanes in V. Then we apply Theorem 2.18 together with the generation results
reviewed in Examples 2.13 and 2.14 to get a generating set of Lagrangians for the partially wrapped
Fukaya category W(M(V), §).

3a Hyperplane arrangements Let (V, ) be a pair of d-dimensional subspace V' C R” and an element
n € R"/ V. This determines a hyperplane arrangement of n hyperplanes in V 2 R?. If we present V as
the image of a linear map R¢ — R” induced by an n x d matrix A = (aij) and w = (wq,...,wy) € R”
represents 7, then the hyperplanes in the arrangement are given by

d
@) Hr,; = s=(s1,...,sd)eRd ) Za[ij+W[:0} fori=1,...,n.
Jj=1

We assume that (V, n) is chosen such that Hgr ; # @ for all i so none of the hyperplane is redundant.

The positive half-spaces of R induce co-orientations on the hyperplanes so that we can assign a region
(possibly empty) of the arrangement a sequence « of signs {+, —} of length n. More precisely, given
a=(x(l),...,a(n)) € {+,—}", the corresponding region (also called chamber) Ay, C V + 7 is the set
of points s with

d
O‘(i)(wi + Zaiij) >0 forl<i<n.

Jj=1

Such a sign sequence « is called feasible, if Ay # @. We denote the set of feasible sign sequences for V
by .7 (V). Given two sign sequences « and 3, define

®) dop =#{1=<i <nla@)# p@)}

to be the number of sign changes required to turn « into 8. Due to the bijective correspondence, sign
sequences and chambers will often be mentioned interchangeably.

3.1 Definition Let V = (V,7n) be an arrangement of n hyperplanes as above. A polarization is an
element £ € V* 2 (R")*/ V1 such that each element of (R”)* representing & has at least d nonzero

entries. We call the triple V = (V, , §) a polarized hyperplane arrangement of n hyperplanes in V.

3.2 Remark The condition that £ has at least d nonzero entries is added here to ensure that & is generic
enough for our later purposes. This is usually not required in the literature.
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Choose a lift § € (R™)* of £&. We say a sign sequence « € {+, —}" is bounded if the affine linear
functional § on V 4 n is bounded above on A. Note that this is independent of the choice of the lift E
Denote the set of bounded sign sequences for V by Z(V). Let Z2(V) := Z(V) N Z#(V) be the set of
bounded and feasible sign sequences.

3.3 Definition A hyperplane arrangement (V, n) is called simple if for every subset of k hyperplanes
Hg,...., HR i, the intersection ﬂ;;l Hpy ;, is either empty or has codimension k.

In fact, this is equivalent to saying that the intersection of hyperplanes is either transverse or empty (when
they are parallel). The following combinatorial lemma will play a crucial role in the proof of our main
result.

3.4 Lemma Suppose V is a simple hyperplane arrangement equipped with a generic polarization &.
Let H ={HR,1,..., Hr n} be the corresponding collection of hyperplanes in R?. Then the number
of bounded and feasible chambers is equal to the number of 0-dimensional strata in the union of all

hyperplanes | J7_; HRr ;-

Proof The proof is based on double induction on the pair (d,n) € N2. Denote by Ny the number of
bounded-feasible chambers of V. Due to the genericity of &, it is straightforward that Ny = 0 if and only
if there is no 0-dimensional stratum in U?=1 HR,;. Also, when d = 1, it is clear that Ny = n.

We first perform induction on d. Suppose that the claim holds when d = r. Consider a polarized
arrangement V of n > r hyperplanes in R”T1 and apply the induction on n. The initial step n = r is
obvious. Suppose that the claim holds for n = k > r + 1. We add a new hyperplane Hg to J{ which is in
general position, so that the restrictions of the hyperplanes in J{ to Hp is still a hyperplane arrangement
in Hr = R”. By induction hypothesis, we know that the number of bounded and feasible chambers on
the induced hyperplane arrangement in Hp is the same as the number of 0-dimensional strata. Moreover,
the simplicity assumption implies that each such chamber in Hg either divides one of the bounded
and feasible chambers in V or adds a new bounded and feasible chamber to V. This implies that after
adding Hp, the number of bounded and feasible chambers in the hyperplane arrangement is increased by
the number of O-dimensional strata in Hg created by the intersection Hg N (Uf-‘:1 HR,Z-). O

3.5 Definition Let V = (V, 7, £) be a polarized hyperplane arrangement. The complexified polarized
hyperplane arrangement associated to V is a linear extension of V over C, denoted by V¢ = (V, nc, éc).
If it is clear from the context, we simply write it as V.

For example, if we write one of the hyperplanes Hg ; C R as in (7), then its complexification H; C C¢
is given by

d
9 H,-={ze(Cd ‘ Zaiij—i-wi:O},
=1

where a;;, w; € R.
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3b Essential geometry In this subsection, we describe the Weinstein structure of M (V) and show that
M (V) is of finite type (Corollary 3.10).

Let £; (z) be the defining equation of the (complex) hyperplane H; in the arrangement V and £(z) =& - z.
We assume that the polarization £ satisfies the following properties:

(1) £ does not belong to the span of the normal vectors of any k hyperplanes in V if k <d — 1.

(i) No two 0-dimensional strata in the intersections of the complex hyperplanes { H; }7_, lie in the
same level set Re(£)~!(c) for some ¢ € R.

The set of polarizations satisfying these two properties are generic in the space of all linear forms
on V*. Consider the affine canonical embedding ¢: C¢ — C” given by ((z) = (£1(2). ..., {n(z)). This
induces an embedding of the complement M (V) := C% \ \U7—, H; into (C*)", which we will denote by
t: M(V) — (C*)".

Next, we equip M (V) with a symplectic form w as follows: First, let wg be the symplectic form on (C*)”
defined by the pullback of the standard symplectic form on C2” via the embedding i : (C*)" — C?"
given by i(z1,...,2n) = (21, 1/21,...,2n,1/2z,). We have

a)¢=2«/_2(dzl/\dzl+d( )/\d(%))—Z\/_Z( |Zl|4)dzl~/\d§,~

i=1 i=1
=4 1 dx; Ndy;.
;( [REETER +y,2)2) A

Equivalently, we equip (C*)" with the Khler potential ¢ = > 7, (|z;|* + 1/|zi|?) so that

1 _22( (x? +y,2)2)xldy’ ZZ( (x? +y,2>2) o

=1 i=1

and wyp = —d d€¢. Take w to be the pullback of the form wg under the embedding ¢: M(V) — (C*)",
which gives

w:i=1 a)¢—4Z( |£1|4)dRe(E)/\dIm(£)
i=1

Notice that @ depends on M (V) as well as the choice of the embedding :: C¢ — C". However, different
choices yield deformation-equivalent Weinstein structures.

3.6 Lemma Forany ¢ = (cy,...,cn) € R, the rescaled embedding

>0
iz:=ct="(c181,...,cnln): M(V) - (C*)"
gives us a new Weinstein structure (M (V), Lé"d)) that is Weinstein deformation equivalent to (M (V), (*¢).
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Proof Consider an isotopy of Stein embeddings ¢;: M (V) — C”" via

1(z) =téu(z) + (1 —1t)(z)
for ¢ € [0, 1]. Then we have
p(2) = ptcu(z) + (1= 1)u(2)).
It is straightforward to compute the differential, and easy to see that the critical points of d¢;(z), for all

0 <t <1, lie in a compact subset (by rescaling the previous critical points). Therefore (M (V), *¢) and
(M(V), L’E"d)) are Weinstein deformation equivalent. a

From now on, if the context is clear, we will abuse notation by denoting the restriction of ¢ to M (V)
simply as ¢.

Let J C{l,...,n} be anindex set such that (), ; H; # @. Since all the {; are linear, near the intersection
(ies Hi, the symplectic form @ can be written as the sum of the dominant terms and bounded terms:

1
42(1 + 7, |4)dRe(£ Y AdIm(4;) + 42(1 + 7, |4)dRe(£,~) A dIm(£;).

ieJ i¢J

Geometrically, the symplectic form @ asymptotically behaves like the standard symplectic form near
(\ies Hi # @. The following lemma gives precise formulae for this fact.

3.7 Lemma LetJ C{l,...,n} with|J| = d. Enumerate the elements in J by 1, ...,d. Consider the
linear change of coordinates ®: C? — C? which pulls £; back to z; fori € J. Write

4=y aijzi,
ieJ

where the coefficients a;; € R are as in (9).

Then M(®~1(V)) = &1 (M(V)) and we have the following formulae:

(10) a)—42(1+ |Zl|4+2al](l+w))dxi/\dyi
+4 Z Zalka/k(1+|g |4)dx,/\dyj

i#] k¢J
i,jeJ

d
q>*d¢222(( | l|4)xl +Z( o |4)Re(z )alj)dx,

i=1
d

+Zz(( )yl +Z( o |4)1m(e )al,)dyl,

i=1
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d

(11) ‘D*dc¢ = —;2((1 I2; |4)x, +Z( ¢ |4)Re(£ )az/)d%
*Z (= e 21 g e

The proof of Lemma 3.7 follows from a straightforward computation, so we omit the details. For
simplicity, we will drop ®* from the notation if it is clear from the context. We will find it convenient to
use Lemma 3.7 when doing computations.

To write the formulae in the lemma above in more compact forms, let A be the (n — d) X d-matrix whose

(i, j)™ entry is (aj;i /14 (1/]€;|*)) and let D = ((1+ 1/|z;|*)8;;) be the diagonal matrix. Under the
standard basis {0/0X, d/dy}, we can write the symplectic form @ in the matrix form

B 0 4(D + AT A)
12) @= (—4(0 + AT 4) 0 ) ’

where D + AT A is invertible.

Similarly, consider the matrices

N N (e )

[dC¢ly =237 (D + AT A).  [d®gly =257 (D + AT A).
Then we have d€¢ = —[dC¢p]d 7 + [dC ¢] ydX. We can also compute the Hamiltonian vector fields

XRre(g) and Xim(g) associated to the real and imaginary parts of £ as follows.

3.8 Lemma Write £ = Zf’:l biz;, where b; € R. Then Xge() is a purely imaginary vector field given
by the matrix formula

TEAY T 17
(13) XRe(s) = Z(a—;) (D+A"A)"'b,
where b refers to the vector (b1, ....bg)T. Similarly, Xim(g) 1s given by
VEAY T 17
(14) Xim(e) = —1(£) (D+A"4)7 1.

As a consequence, the square of the length of the vector field Xgeg) is

[ Xree) 1? = @(Xre(e) Ximee)) = 3(0)T (D + AT 4)7'b.
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Proof Since d Re(§) = Zle b;i dx; and d Im(§) = 1_1 bi dy;, we get

d d
bi=d RG(S)(T) = w(g’ XRe(E))

1
= 42(1 +— Z( 4)a,~kajk)dyj(XRe(g)),
|| €k

k¢l

d d
0= Re@(?) =05, 1o )

1
—42(1 +— Z( 4)aikajk)dxj(XRe(E))’
EA 123

k¢l
Using the matrices A and D, the equations above can be rewritten as
b= 4(D + AT 4) d Y (Xge(&)) 0= 4(D + AT 4) dX(Xge(t))-
The case of Xy (g) can be dealt with similarly. Using (12) and the nondegeneracy of the matrix D + AT 4,

we conclude the result. O

3.9 Lemma Suppose that
(15) (| i=ii=2

jeK, |K|=d+1

Then there are functions Cy(z), Cr(z) > 0 and two constants 0 < ¢y < ¢ such that for |Im &| sufficiently
large, we have c; < Cy(z) < ¢ and

~dC¢(Xim(ey) = Cr(2) Im(£).

Similarly, for |Re(§)| sufficiently large, we have ¢; < Cg(z) < ¢ and

~d ¢ (Xge(e)) = Cr(z) Re(£).

Proof For any J C{l,...,n} suchthat |J| =d and € > 0, we define
(16) M(V)je=4zeMV)||{;j(z)]>eforall j €J}.

By assumption (15), the open sets {M(V) .1 | |J| = d} form a finite cover of M (V). Consider a single
open set M(V)y 1 and let {{; | j € J} be the coordinate functions {z; |i =1,...,d}.

By (11), (13) and (14), we can write d € ¢(Xge(s)) and d € ¢ (Xim(e)) as
d€p(Xpe)) = =337 (D + AT (D + AT A)~'b,
dC¢ (X)) = —257(D + AT A)(D + AT 4)7'b.
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When |Im(§)| — oo, the inequality |Im(§)| = ‘sz:l b; yi} <X biz)l/z(z y-2)1/2 implies that there

1
must be at least one coordinate y; with y; — oo. Using the decomposition

D+ATA=D+ATA) —(D—-D + AT A— AT 4),
we can write —dcqb(XIm(g)) as

—d®p(Xime) =7 b—3T (D =D + AT A= AT A)(D + AT A)~'b = Im(§) — R.

remainder term R

Note that the term

) ~ ~ 2 2
FJT(D-D+ATA— AT 4) = (|z,-y|l4 +y Wlm(ej)a,-j)
il

in the remainder matrix R is bounded when all the |z; | are bounded away from 0 since |£;| > 1 for all
j ¢ J. Since the vector (D + ATA)_II; is also bounded, it follows that the remainder term is bounded
as |z; | are bounded away from 0. Let K C {1,...,d} be a subset such that |z;| — 0 for i € K and |z;| is
bounded away from O for j ¢ K, we can write D + AT A as a 2 x 2 block matrix

E F
T 4_

where the first block E records all the entries coming from K. By [36, Theorem 2.1], the inverse
(D + AT A)~1 is given by
(E—l +E'F(H-GE'F)"'GE™! —E"'F(H - GE™! F)—l)

(17 —(H-GE7'F)"1GE™! (H—-GE™'F)~!

When the coordinates (z;); ek are sufficiently small, E~! is close to a zero matrix and the determinants
|F|, |G| and |H | are bounded so (D 4+ AT A)~1 is close to a 2 x 2 block matrix where only the bottom
right block is nonzero (except when K = {1, ..., d}, in which case the whole matrix (D + AT A)~! is
close to the zero matrix). On the other hand, when (z;);cx are sufficiently small, the blow-up entries
in(D—D + AT A— AT A) are the diagonal entries 1/|z;|* for i € K, which go to infinity at the same
rate that E~! is going to 0. As a result, the terms in 37 (D — D + AT A— AT A)(D + AT A)~! are still
bounded even when some z; are approaching 0. Therefore R is bounded for all possible |z;|, which
implies that as [Im(§)| — oo, —dcd)(XIm(g)) ~ Im(£). This proves the claim for —ngb(XIm(g)). The
case of —d C¢(XR6(5)) can be dealt with in a similar way. O

3.10 Corollary The critical points of the function ¢: M(V) — R lie in a compact subset of M(V). As
a consequence, (M(V),w, V¢, ¢) is a Weinstein manitold of finite type.

Proof By Lemma 3.6, at the cost of replacing £; by ¢;{;, we can assume that (15) is satisfied without
changing the Weinstein deformation type. Then by Lemma 3.9, d¢ is nonzero when |Re(§)| or |Im(§)] is
large. This is true for any polarization . Since the zeros of d¢ do not depend on &, we conclude that
they lie in a compact set. O
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3c Some useful lemmas Before discussing the symplectic geometry of M(V), we collect here some
lemmas that will be used later. We start with a simple fact in linear algebra.

3.11 Lemma The (pointwise) inverse matrix w~! of w, as a section of Hom(T*M(V), TM(V))
over M(V), extends smoothly over C%. Moreover, for a point p € ;s Hi, the image of w™!|, lies in

Nies TpHi.
Proof Since the complex structure Jy on M (V) is w-compatible, we have
—golJy=w:TM(V)—>T*M(V),

where g is the Riemannian metric. It follows that ™! = Jy o g7 ': T*M(V) — TM(V). Since Jy

1

extends smoothly over C¥, it suffices to check that g~ ! extends smoothly over ce.

Let pe()jey Hi and p ¢ H; if i ¢ J. In a neighborhood of p, we write g = (g;;) as a 2 x 2 block matrix
E F
©=(c )
such that £ = (g;;)i,jes. Note that R is only well-defined on the complement M (V) of the hyperplanes.
By [36, Theorem 2.1], R~! is given by (17).

On the other hand, we know that as we approach the point p from the complement M (V), E~! converges
to the zero matrix and the determinants |F|, |G| and |H | are bounded. Thus the inverse matrix R~

0 0
0o H ')’

Moreover, the image of R™! at p is spanned by {0x;, 0y; }i¢s, Which gives precisely the subspace

converges to

which clearly extends smoothly over p.

Nies TpHi. Since ;e Tp H; is Jy-invariant, the image of ™! is contained in (;c; Tp H; ]
3.12 Corollary For any smooth function H : [0, 1] x C¢ — R, the Hamiltonian vector field of H | M(V)
on M (V) extends to a smooth vector field over C? that is tangent to the strata in the union | JI'_, H;.

Proof The 1-form dH,; is smooth over C4, 5o the result follows from Lemma 3.11. O

The following lemma deals with the completeness of vector fields away from lower-dimensional strata.

3.13 Lemma Let X C X be an open submanifold of a smooth manifold X (possibly with boundary)
such that X \ X is a stratified space of lower dimension and V a vector field on X. If V can be extended
to a complete C! (eg smooth) vector field V on X such that V| T\X is tangent to the strata of X \ X, then
the flow of V on X will not escape to X \ X.

Proof Since V is complete in X, for every ¢ > 0 the flow ¥*: X — X is a well-defined diffeomorphism
sending the stratified space X \ X to itself. Therefore ¥ restricts to a diffeomorphism on X, which is
also the flow of ¥ on X. This shows that the flow of V' on X will not escape to X \ X. O
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3d Homotopy sectoriality In Section 3b, we equipped M (V) with a natural Weinstein structure. In
order to apply the sectorial descent (Theorem 2.18) to study the partially wrapped Fukaya category
W(M(V), &), we need to find a sectorial collection of real hypersurfaces in M (V). In this subsection,
we will prove a slightly more general result, which is stated as follows.

Given any collection of transversely intersecting k(< d) complex hyperplanes {S; = £, ! (ci)}f?=1 in C4
for some c¢; € R, which are also transverse to the hyperplanes at infinity (ie the complex hyperplanes
Hy,...,H, CcC d), there exists a Liouville deformation of M (V) such that the real hypersurfaces
Re(&;) "1 (c;) form a sectorial collection after deformation.

The proof is based on a lengthy calculation, so it is helpful to start with a sketch of the argument. Pick
a subcollection {S;,, ..., S;;} of the hyperplanes {S;};<;<x such that the intersection ﬂ;=1 Si, # 2,
we explain how to deform the Liouville structure near ﬂ5=1 Si; in a way that is compatible with all
other subcollections with nonempty intersections. We first construct a collection of commuting vector
fields {XRe(Ej)v Vj}j‘:l near mj=1 Sij such that a)(Vj, XRe(Ej/)) = 5]"]‘/ and w(XRe(‘;‘j)’ XRG(SI.,)) =
w(Vj, Vi) =0 (cf Lemmas 3.15 and 3.21). By integrating along (the normalization of) these vector
fields, it gives the corresponding s pairs of R and I functions (in the sense of Definition 2.6), denoted by
(Rj,Ij)1<j<s, which in turn produce a symplectic trivial fibration from a neighborhood of ﬂj=1 Si; to
CJ :=((—2¢,2¢) x R)* (cf Corollary 3.17). We will also show that /; is close to Im(§;) when ¢ is small
(cf Corollary 3.18 and Lemma 3.19). We can then apply Lemma 3.9 to get control of d C4 in terms of I fi
outside of a compact subset. We write down an explicit deformation of the Liouville structure using the
product coordinates obtained from the trivial fibration to C; (cf (20) and (21)), after an explicit calculation
together with the estimates of d ¢, we show that the deformation is a Liouville deformation such that
the skeleton lies in a compact set for all time (cf Propositions 3.14 and 3.22). The construction of the
commuting vector fields and the explicit deformation of the Liouville structure are canonical enough in
the sense that they are compatible when we consider different subcollections of the complex hyperplanes

{Sit1<i<k-
We start with the case of a single hyperplane.
3.14 Proposition Let ¢ €R be a real number such that Re(£) ™! (c) intersects all hyperplanes H1, . .., Hy

transversely. Then there is a Liouville deformation (M(V),w, Z;) with Zo = V¢ and Z is tangent to
the sectorial hypersurface {Re(§) = ¢} outside of a compact subset. Moreover, the skeleton

| Skel(M(V).Z))

0<r<1

is compact.

As explained earlier, the first step is to construct the commuting vector fields Xg and V.
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3.15 Lemma Letc € R be such that Re(§)~!(c) intersects all the hyperplanes H, ..., H, trans-
versely. Then there is a small neighborhood Nbd({Re(§) = c}) of {Re(§) = ¢} and a vector field V
in Nbd({Re(§) = c}) such that w(V, Xgee)) = 1 and the flow of V' is well-defined in the punctured
neighborhood Nbd({Re(§) = c}) \ (U?=1 Hi) for some positive and negative time.

Proof Take V = _JXRe(S)/”XRe(’;')HZ- Then

Xr
a)(V, XRe(S)) = g( “XR e(g)_”z , XRe(g)) =1.

Thus it suffices to show that

(i) || Xgre(g)ll is nonvanishing, and

(i) the flow of V is well-defined for some small time ¢ 5 0,

in Nbd({Re(£) = c}) \ Ui, Hi-

To see this, we consider the open cover {M (V) ¢} of M(V) defined by (16) and identify the linear
forms in £; for j € J with the coordinate functions z1,...,z4. Then the 1-form d Ce on M(V) J.e
takes the form (11). Looking at the entries, we see that there is a constant ¢ > 0 such that the matrix
(D + AT A)—c 1d is positive definite. Recall that we are working over the subset M (V) J,e» Where || > ¢
for j ¢ J, therefore the matrix D + AT A blows up only when some z; approaches 0. We apply the same
trick used in the proof of Lemma 3.9.

Let K C{l,...,d} and consider a region Dg C M(V) where (z;);cx can be arbitrarily close to 0 but
(zi)i¢k are bounded away from 0. Write D + AT A as a 2 x 2 block matrix, where the first block records
all the coordinates with indices in K. As in the proof of Lemma 3.11, we can apply [36, Theorem 2.1] to
compute the inverse of D + AT A. When the coordinates (z;);cx are sufficiently small, (D + AT 4)~!
converges to a 2 x 2 block matrix where only the bottom right block, denoted by P, is nonzero (except
when K = {1,...,d}, in which case (D + AT A)~! converges to the 0 matrix). In fact, we also know
that there are constants C’ > ¢’ > 0 (depending on D) such that P —¢’Id and C’Id — P are positive
definite. The genericity of our choice of the polarization § = Z?:l b; z; (see Definition 3.1) implies that
all the b; are nonzero. It follows that we have

(18) 0 < (min |5;]) V¢’ < || Xe()|l < (max |b;[)/C’
1 1

in Dk aslongas K #{1,...,d}. The transversality assumption on {Re(£) = ¢} implies that {Re(§) =c} C
Cc? is away from O-dimensional strata (ie ();c; H; for some |J'| = d) formed by the hyperplanes
{H;}?_,. As a consequence, we can cover a small neighborhood of {Re(§) = ¢} using the regions Dg
with K # {1, ..., d}. Altogether, they give us a uniform upper bound and a uniform lower bound on the
norm || Xge(g)ll. This proves the existence of an open neighborhood of {Re(§) = c} satisfying (i).

By Corollary 3.12, we know that JXg.(e) extends to a vector field on ce. By abuse of notation,
we denote its extension by J Xge(g). Moreover, by (18) and the 2 x 2 block matrix argument above,
we see that || Xpeg)| also extends to C9 and it is 0 only at the O-dimensional strata. As a result,
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V =—J Xge(#)/ | Xre(g) |2 extends to a well-defined vector field in C? except possibly at the 0-dimensional
strata, and it is tangent to the strata in | J_; H;. By Lemma 3.13, to show the completeness of V on M(V),
it suffices to exclude the possibility that its flowlines escape from the open subset M(V) € C¢ in a finite
time. Since in a neighborhood of {Re(§) = ¢}, the norm || V|| = 1/|| Xge(g) || is uniformly bounded above
by a constant, the flow of IV on M (V) is complete by Gronwall’s inequality [45, Theorem 2.8]. |

3.16 Remark The proof of Lemma 3.15 shows that there are positive constants cg and Cg such that
CR < [ Xre(g)ll < Cr in Nbd({Re(§) = c}); see (18). Moreover, if we choose Nbd({Re(§) = c}) such
that it is a union of Xge(g)-integral curves, then the flow of Xg.(g) in Nbd({Re(§) = c}) exists for all
positive and negative time.

3.17 Corollary Under the assumption of Lemma 3.15, there is a constant ¢ > 0 and a pair of functions
(19) (R,I):Nbd({Re(§) =c¢}) > C,:=(—2¢,26) xR

such that (R, )71 (0) = {§ = ¢}, VI = Xgegy and VR =V.

In particular, the vector fields X g and Xj commute and hence (19) defines a trivial symplectic fibration.
Proof Since w(V, Xgeg)) = 1 is a constant, the vector fields V' and Xge) commute and define an
integrable 2-plane bundle transverse to {§ = ¢}. By Lemma 3.15, the flow of V' is defined for some
nonzero (positive or negative) time. On the other hand, the flow of Xg.(g) is defined for all time; see

Remark 3.16. Therefore, by integrating the vector fields V' and Xge(g), we get the functions R and
respectively. Since

o(XR, X1) =o(JXR, JX]) = 0(=VR,=VI) =0V, Xgee) = 1,
(19) defines a trivial symplectic fibration. O
3.18 Corollary The function I in Corollary 3.17 agrees with Im(§).
Proof The gradient vector field of Im(§) is given by VIm(§) = —J Xyjg) = XRre(g), Which is the same
as the gradient vector field of 7.

Recall from Lemma 3.15 that V = —J Xge(g)/ | Xre(e) ||2 = _XIm(E)/HXRe(E)”Z, which is tangent to
{Im(¢§) = 0}. As aresult, I |{mE)=o0y = 0. The uniqueness of integral curve with the same initial condition
implies that / = Im(§). m|

3.19 Lemma Let R and I be functions as in Lemma 3.15 and Corollary 3.17. Suppose also that
N  Wi=<y=a
jeK, |K|=d+1
Then inside the open neighborhood Nbd({Re(§) = c}) = F x C,, we have a tunction C(z) > 0 and two
positive constants c1, ¢ such that c; < C(z) < ¢, and, for |I| sufficiently large,

—dC¢(X1)=C(2)1.
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Proof This is a consequence of Lemma 3.9 and Corollary 3.18. O
We will now start to prove Proposition 3.14, the main result of this subsection, using Lemma 3.19.

Proof of Proposition 3.14 The proof is divided into six steps.

Step 0: preparation Pick ¢’ > 0 large enough so that (M(V), ¢’¢) is covered by the open subsets
M(V) ;.1 (ie the assumption (15) holds). By Lemma 3.6, working with (M (V), ¢’¢) does not change the
Weinstein deformation type, so it suffices to prove the proposition for (M(V), ¢’¢) instead.

Using the cover {M (V) 1}, and under the convention of Lemma 3.15, we write § = Zflzl bil; =
Zid=1 biz;. Recall R and I from Lemma 3.15 and Corollary 3.17. Let F = (R, 1)~'(0), we have a
symplectic product decomposition

Nbd({Re(§) =c}) = F x (—¢,¢) X R,

which is given by symplectic parallel transports along the second and the third factors. Denote the
Liouville 1-form on M(V) by Ay. Let Ap = Ay|px{oy and recall the definition of the 1-form Ag.
from (3). For any 0 < «a < 1, the difference between our Liouville 1-form Ay and A f + Ag. is exact in
Nbd({Re(§) = c}), so we can write

Av = AfF +AG +df,

where f: Nbd({Re(§) = ¢}) — R is a smooth function in Nbd({Re(§) = c}), not necessarily compactly
supported, which depends on «.

Step 1: an explicit deformation Let p: R — R be a smooth function depicted on the right-hand side
of Figure 10, which is zero near the origin, particularly p’(0) = p”(0) = 0, and p(x) = x —¢” for some
¢” > 0near x = ¢, p(x) = x + ¢” near x = —¢ and p(x) = x when |x| > 2¢. We assume that 0 < p’ < 1
when |x| <eand 1 <p’ <1+ 8.7 when |x| > ¢, where §.~ > 0 is a small number depending on ¢”. By
possibly replacing ¢ with a smaller one, we can make 8.~ as close to 0 as we want. Set

(20) f G, p)i= f(x,p(R(p)), p'(R(p))I(p)) for |R(p)| <e,
21) fx.p):= f(x.p(R(p)). I(p)) for e < |R(p)| = 2e.
This is well-defined because p’ = 1 near |R| = &. Moreover, f = f when |R| > 2.

Let Ay :=Afp +AG +d ]7 . Since f =0 near R =0, the symplectic dual of A; is tangent to the hypersurface
F x {0} x R near infinity, such that F x {0} x R is sectorial with defining function /. For0 <t <1,
consider the family of 1-forms

Ae=th+ (1 —0OAy =Ap + A& +d@f +(1-0)f),

which induces a Liouville homotopy from (X, w, Ay) to (X,w,A1). Our goal is to show that for an
appropriate choice of @ € (0, 1), the skeleton of this family of Liouville 1-forms is compact.
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—2e—¢ € 2¢g X —2e7¢ € 2 X

Figure 10: The bump function p, right, and its derivative, left.

Recall the notation C, = (—2¢, 2¢) x R. To show that the skeleton is compact, our strategy is first to
compute

df lizyxc, and  df |¢zyxc,

which shows that for every z, the zeros of A¢|(;1xc, lie in a compact set. Then we will argue that the
zeros of A¢| Fx(py lie in a compact subset for every p to conclude that the zeros of A, lie in a compact
subset.

Step 2: analyzing the critical points using Lemma 3.19 We implement the strategy described above,
and consider first the region where |R(p)| < e.

On {z} x C,, by definition dp is the unique vector field in Span{V, Xge(£)} = Span{Xg, X7 } such that
dR(0Rr)=1and d1(dg)=0. In other words, w(Xg,dg) =—1 and w(Xy, dg) =0. Therefore, dg = — X
and similarly, d; = Xg. Since dg f = p'0g f + p"10g f and 37 f = p'd; f, we have

(22) df lizyxc. = p'(=df (X1) dR +df (Xg) d1)—p"I df (X1) dR.
Recall that

(23) A =—al dR+(1—a)RdI,
so df is given by df(XR) df (X7)
@4 dflge, =—d%| At =(-d“¢(Xp)— (1 —@)R)I — (=d“$(X;) —al)dR.

Consider the zeros of the restriction of the 1-form A; to {z} x C, for 0 <¢ < 1. By (23), (24) and (22),

(25)  Adlgzxc, = AE +1df lzxe, + (=0 df Igzxc,
=((1-a)R+(1+1(p'=1))df(XRr)) dI
—(al +tp"Tdf(XR)+ (A +1(p"=1))df(Xy))dR.
It suffices to look at the zeroes of the coefficients of dR and d 1. For dI, the coefficient being zero

implies that
(1—-a)R

df (Xg) = TT=i=p)
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When |/] is sufficiently large, it follows from Lemma 3.19 that the coefficient of dR in (25) being 0

means
0= (af +tp"1df(Xg) + (1 +1(p' = 1))df (X))

l—a)R
=Qu—mWT§R%%E+mLH@h4»w@ﬂ—an)
_ ! 17 (l—Ol)R /
= (t(l—p)a—lp Tl_p/)-i-(l—t(l—p))C(z))l.
The only possible solution is
26) = t(p"R—CU—t(—p)> ,_ca-td —p)? +1(1=p)(1=1(1=p))
1"R+1(1—p)(A—1(1—p")) 1'R+1(1—p)(A—1(1—p"))

Step 3: analyzing the critical points by a direct calculation Let A = ¢(1 — p’). Then the right-hand
side of (26) reads

_C-A)?*+A(1-4)

@7) t0'R + A(1— A)

Since we are considering the region where |R| < ¢ and |p”| is bounded (cf Figure 10, left, we have
0<p' <1,s0
CU—AV+A0—A)>
tp"R+A(1—-A) —

When A — 0, we have p’ — 1 or t — 0, hence

C(1—A)>+A(1—A)
— 00,
10" R+ A(1 — A)

while if A — 1, we must have p’ — 0 (thus also p”” — 0) and ¢ — 1, and a variation of the formula for «

gives
l—a  C(A-4)+4
1—A  tp"R+ A(1—A)’

which approaches oo as A — 1. Looking back into the coefficient of d 1, we have
(I-A)df(Xr) =—-(1—-a)R,

which is equivalent to the equation

Since |dC¢(Xg)| < C < oo is bounded, R/(1 — A) must also be bounded. Traveling back to the
coefficient for dR, we have

__ Cu-A)+4

T (l-« '
——R o+ A(1 —

t(l—A )p +A(l—-oa)
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If A — 1, the numerator converges to 1, while

1—
zﬁRp” 50 and A(l—a)<1,

so we derive that 1 < 1 as A — 1, a contradiction. Thus A cannot converge to 1, so there is some

0<M <1with0 <A <M < 1, such that (27) is away from 1. Therefore if « is sufficiently close to 1,

the equation (26) has no solution.

We conclude that there is an « € (0, 1) such that the Liouville 1-form A;[(;}xc, has no critical points in
the region |R| < & when |/| is large. Note that Lemma 3.19 and the estimates above are uniform in z so
there is an o € (0, 1) such that when |7 is large, A¢|(;yxc, has no critical points in the region |R| < & for
allz e F.

Step 4: the easier region Next we consider the region where |R(p)| > . When |R(p)| > ¢, we have
df Iz, = =0/ (R)df (X1) dR +df (XR) d1.
In this case,
Mlizxe, = A& +1df e, + (1= df [izxc,
= ((l —o)R+df(XR))dI — (el + (1 +1(p'—1))df(X1))dR.
Applying Lemma 3.19 again, the coefficient of dR being zero means, for |/ | sufficiently large,
0=—d“¢(Xp)~1(p' =) d (X)) ~1(p' = el
= (141" = 1)C —1(p = 1))l
=(C+1(p'=1)(C—1))al.
Since C is uniformly bounded from above, we can choose p’ to be very close to 1 such that the equation

above has no solution for all ¢ € [0, 1]. Therefore, A¢|(;yxc, has no critical points in the region |R(p)| > &
as well.

Step 5: concluding the proof We conclude that there is an « € (0, 1) such that the critical points of the
Liouville 1-form A; lie in a compact subset of {z} x C, for any z € F, since the previous discussion does
not depend on the choice of z. Compactness of the critical points of A; along the fiber follows from the
fact that we are deforming the Liouville structure so that it remains complete in the complement M (V),
which we know from Corollary 3.10 to have compact set of critical points. a

We now generalize the argument above to the case where there are transversely intersecting hyperplanes
Ei_l(cl.i) ccd with ¢;” <cl-Jr fori =1,....,d.

3.20 Lemma For any subcollection of hypersurfaces in {Re(&;)™! (cl-i) |i=1,...,d}, their intersection
is either coisotropic or empty.

Proof This is a direct consequence of the fact that the vector fields Xge(g,) are purely imaginary and the
characteristic foliation of Re(&;)™! (cl.i) is generated by Xge(g;)- m|
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Lemma 3.20 verifies the first item of Definition 2.6. To proceed, we need to show the orthogonality (4) in
the definition of sectorial collections (cf Definition 2.6). In fact, we can prove the following generalization
of Lemma 3.15.

3.21 Lemma There exists a d -tuple of vector fields { V=, .. ., Vdi}, defined in the product neighborhood
of ﬂ?zl{Re(&-) = cl.i}, satisfying the following properties:

() o(VE VE) =0foralli,j.
(i) @(V;®, Xre(e;)) = bij-

(iii) The flow of Vl.jE exists for some positive time.

Proof With the same conventions as in Lemma 3.7, we write §; = Zjl=1 bjjz;. Then the Hamiltonian
vector field of Re(&;) is given by

Xret)) = 207 (D + ATA)—IB%,
and similarly
Xim(e) = —5b7 (D + ATA)_I%,
so that the symplectic pairing between them is given by
wij = 0(Xre(e): Xim(e)) = 4X e,y (D + AT A) Xiee,) = 167 (D + AT 4)7 b,

which is bounded for all z € M (V). Given a nonempty subset J C {1,...,d} with |J| =r < d, without
loss of generality we may assume that J = {1,...,r}. The restriction of the symplectic form w to the
subbundle of 7*M (V) generated by { Xge(; ). Xim(&;) }1<i,j<r iS given by the matrix

_ 0 (a),-j))
¢ ((—w,-j) 0 )

Let {V;}/_, be a family of vector fields defined as linear combinations of {Xin,)} which satisfy
o(Vi, Xre(g;)) = 1 and o(V;, Xge(g;)) = 0 for i # j. Such V; can be obtained by taking the inverse
matrix of Q2. Also, since the coefficients of €2 are polynomials in w;;, which are bounded for z € M(V),
the coefficients of the vector field V; are Laurent polynomials in w;; . These coefficients are bounded unless
the determinant of Q goes to 0. However, Lemma 3.11 shows that this cannot happen near ) jes Hj.
This allows us to apply the completeness criterion (Lemma 3.13) to conclude that all such V; admit
flows in the complement of U;l=1 H; such that they do not escape to H;. Now we have obtained V;’s
for each open neighborhood of the intersection () jes Re(§ ) e ji), removing a neighborhood of some
deeper strata, and we can patch them together using a partition of unity to get vector fields V; defined in a
neighborhood of Re(£;)™! (cl?':), which still have well-defined flows in the complement of Ujlzl Hj such
that they do not escape to H;. There is a uniform upper bound for the norms ||V; || so they are complete
by Gronwall’s inequality. It follows from the definition that a)(Vii, XRe(;)) = dij, which completes the
proof. O
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As a consequence, by the same reasoning in Corollary 3.17, we can integrate the vector fields Vl.jE and
XRe(g;) to obtain functions {R;, I;}, and a symplectic product decomposition of a neighborhood of the
intersection SY := ﬂld:l Re(&) 71 (c]),

((Ri, I})i=1....q): Nbd(§%) — C¢

for each 0 = (01,...,0y3) € {j:}d. This verifies that Definition 2.6(ii) holds for the collection of
hypersurfaces {Re(&;) ™! (Cl-i)}i=1,...,d- Note that both /; and Im(£;) are obtained by integrating X g, . This
time, /; |[im(g;)=o0 is not necessarily 0 because Xy (¢;) is not necessarily tangent to {Im(&;) = 0}. However,
I; and Im(§;) are arbitrarily C*° close to each other when ¢ is small because /;|so = 0 = Im(§;)|so
and they are obtained by integrating the same vector field. The direct generalization of Lemma 3.19 is
therefore also true by replacing & with &; and 7 with 1;.

We can adapt the proof of Proposition 3.14 to the collection of hypersurfaces {Re(&;) ! (cl.jt)}ld=1 because
we can use an explicit product type deformation in Step 1 (with respect to the product decomposition
of C ff), apply the generalization of Lemma 3.19 in Step 2, and the rest follows by the same computations.
Thus we have:

3.22 Proposition There exists a Liouville deformation (M (V), w, Z) with compact skeleton such that
Zo = V¢ and the real hypersurfaces Re(&;) ™! (cii) C M(V) are all sectorial with respect to the deformed
Liouville structure (M(V), w, Z1).

We can actually decompose this Liouville deformation into a finite number of steps, each of which makes
one of the hypersurfaces Re(&;) ™! (cl?':) sectorial. By [17, Proposition 11.8], we know that there exists an
exact symplectomorphism

fiMV),0,4¢) = (M(V), @, A1)

such that f*A; = Ay + dg, where g: X — R is a compactly supported function. This implies that the
wrapped Fukaya category is unchanged up to quasiequivalence under this deformation [28, Lemma 2].

3e Sectorial decomposition Given a polarized hyperplane arrangement V = (V, 5, £), in this subsection
we introduce sectorial cuts of the Weinstein manifold M(V), so that it is divided into standard pieces
with known generating Lagrangians. Note that the existence of sectorial cuts relies on the simplicity
assumption of V. The construction is divided into two steps.

Step 1 Let {;}1<;<4 be a basis of V* with §; = £. Note that each ; can be identified with a linear
hyperplane in V', and we require that none of the linear hyperplanes associated to the &; are parallel to any
of the hyperplanes Hg,; in the arrangement, where 1 < j < n. Let Ny be the number of 0-dimensional
strata in the hyperplane arrangement V. Pick real numbers (c1;)1<j<ny and (¢ix)2<i<d,1<k<2Ny With
the following properties:
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(i) Foreach 1< j < Ny, there exists a unique g1, so that Re(£1) ™1 (¢1;) intersects with the hyperplanes
in V at a unique 0-dimensional stratum. In this case, choose real numbers (c1;) so that ¢y j—1 <
q1j <c1; holds (when j =1, we set ¢1,0 = —00).

(ii) Foreach 1 < j < Ny andi > 1, there exists a ¢;; so that Re(&)™!(g;;) intersects with some
hyperplanes in V at a 0-dimensional stratum. Pick real numbers (c;x) with ¢; 21 < ¢gij <¢i2;
so that

(Re(&) ™ (ci,zj—1) URe(&) ' (ci2j)) NRe(E1) " ([e1j, c1,j+1])
intersects transversely with at most d — 2 hyperplanes in V.

By Proposition 3.22, after a Liouville deformation with compact skeleta, we can arrange that all the real
hypersurfaces {Re(§;) = ¢;}; k. including i = 1, form a sectorial collection. Thus we can use them to
cut the Weinstein manifold M (V) into subsectors.

Step 2 We first cut M (V) using the hypersurfaces defined by &;, which leads to the decomposition

Nvy Ny
M) = JRe@E) " (erj-1.cD) =: | Py

j=1 j=1
so that we get a total number of Ny sectors with similar behaviors as depicted in Figure 11. See also the

related discussions in the introduction (Section 1c¢).

Next, we perform further cuts on each subsector P; using the real hypersurfaces Re(&;) ™! (¢ 2j—1) and
Re(£) i ;) for i > 1, which gives the decomposition

d
= (ﬂRe(si)(a»)mRe(sl)—l([cl,j_l,cuD=: U P

ae{_’o’_l’_}d—l i=2 ae{_’oa—"_}d_l

WA
ART

Figure 11: Decomposing 2-dimensional pair-of-pants into sectors.
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Figure 12: Second cut of the P; into standard pieces.

where o = (a3, ...,a4) and
Re(£)(—) = Re(&) ™" ((—00, ¢i,27-1]),
Re(£)(0) =Re(&) " ([ci -1 ¢i2)]),
Re(§)(+) = Re(&) ™ ([c1,27, +00)).
An intuitive picture in dimension two is shown in Figure 12, where the green lines represent the second

family of sectorial hypersurfaces that we introduced above, and the dashed parts indicate that we do not
use these hypersurfaces to cut other irrelevant pieces.

Now we can apply sectorial descent (Theorem 2.18) with respect to the covering { Pjq}, which gives the
following.

3.23 Proposition The partially wrapped Fukaya category W(M(V), £) is generated by that of its
covering sectors W(Pjy), where 1 < j < Ny and «a € {—,0, 43d-1

This reduces the generation problem of W(M(V), £) to that of the Fukaya categories W(Pjq).

3f Generation for each piece In this subsection, we study the generation for the wrapped Fukaya
categories of the Weinstein subsectors Pj, C M(V) defined in the last subsection. Notice that there are
two types of such subsectors: those containing a crossing (ie a O-dimensional intersection point formed
by d complex hyperplanes in V), denoted simply by Px, and those do not contain a crossing, which we
denote by P,.

3.24 Proposition (i) The Liouville sector Py is symplectomorphic to
d
((C*>d, U(ﬁ)*(c,-i)),
i=1
where cl.jE €{cix | 1 <k <2Nvy} and f; is the pullback of & under the symplectic embedding
Py <> (C*)4.
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(if) The other Liouville sectors P| are symplectomorphic to the stabilizations
(PN (Sl)_l(c;r)) X T*[cl_,cfr],

where cf € {c1;: 1 <j < Ny}.

3.25 Remark It follows from (i) of the proposition above that the wrapped Fukaya category W(Px)
is generated by a cotangent fiber of (C*)4 2 T*T9  together with the linking disks associated to the
stops (£;)7! (cl.i). The cotangent fiber L C Px will be called a standard Lagrangian associated to Px.
Order the crossing points from the bottom to the top according to the values of Re(§), the sector Py
corresponds to a unique crossing point, say the j crossing, and we will write the corresponding standard
Lagrangian as L;.

Note that here we use the term “standard Lagrangian” so that it is consistent with the term used in
geometric representation theory, where the standard objects in the hypertoric category O (see [14])
correspond exactly (by our main theorem) to these Lagrangians.

On the other hand, statement (ii) of the proposition above implies that the wrapped Fukaya category
W(Py) = W((E1) " (c;") N Py) is generated by the linking disks associated to the stop Py N (1)1 (c7).

Proof of Proposition 3.24(i) Let J C {1,...,n} be the set of hyperplanes going through the dimension 0
crossing point contained in Px. We apply Lemma 3.7 to get a corresponding symplectic structure on Py,
regarded as a (codimension 0) symplectic submanifold of M(V[J]), where V[J] is the hyperplane
arrangement whose first d members are coordinate hyperplanes. Recall also the symplectomorphism
®: M(V[J]) > M(V) from Lemma 3.7. Consider the symplectic isotopy

. 0 D+(1-1)ATA
Y=\ Cp—(1-1)AT 4 0 ’

whose derivative (with respect to ¢) is
, 0 —ATA 1
w; =4 (ATA 0 ) = —4d(Z(1 — W) (Re(¢j)d Im(¢;) —Im(¢;)d Re(ﬁj))) = db;.
JEJ :
Let V be the symplectic dual to the 1-form 6;; we need to prove that V' is complete.
Consider a partial compactification M(Vy) of M(V), where V; is hyperplane arrangement obtained by
removing those with indices in J. The stratification of the complement M (V) \ M (V) is determined by

equations {{; = 0|Vi € J'}j/cs. With respect to the symplectic structure w;, the vector field V' is given
by the formula

(28) V =—[dp;](D + (1 —1)AT 4)~!

S~
\<L|Q" ><L|Q'°
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where |
¢y = Z(|£J’|2 + —2)
oy 141

is the squared sum and [d¢ ] is the matrix corresponding to its differential, which is given by

d
doj = Z Z(l - ﬁ) Re({))a;; dx;.
jeJi=1 J
In the sector Px, we have |{;| bounded away from zero, and Re({;) is bounded for all j ¢ J. If |z;| — O
for some 1 <i < d, the denominator of the coefficients of d,, and dy, in the expression (28) go to oo, so
the vector field V' extends to a vector field over the open strata {z; = 0} and is tangent to it. To show
the completeness of V, it suffices to look at the case when some Im(¢;) — oo. Under this limit, the
coefficient of dy, is always bounded. Since all the |{;| are bounded away from 0, for any sequence of
points in ®(Px) converging to any strata at infinity,

[dps)(D + (1 =) AT )
converges. It follows that near infinity, we have
Ildps 1D+ (1 =AT A~ < M

for some constant M > 0, which then implies that the coefficient of dy, is controlled by CM |z|, where
C > 0 is another constant. It is a consequence of Gronwall’s inequality [45, Theorem 2.8] that the vector
field V' is complete. Thus the time-1 flow of V' induces a symplectic embedding ¢11,: D(Px) — (C*)4,
which can be extended to an exact symplectomorphism. It implies that

d
W(PL) =~ W(B(P)) ~ W(«C*)d, U(ﬁ)—l(c?))

i=1

is generated by a cotangent fiber of T*T and linking disks associated to the stops (£;)™! (cl-i). |

Proof of Proposition 3.24(ii) Recall that in the proof of Lemma 3.21, we only use the fact that the
hypersurfaces {Re(él)_l(cf:)} intersect with the removed hyperplanes transversely, and we cut the
Liouville sector so that the sets Re(§1) ™! (r), for cf <r=< cl+ , intersect the removed hyperplanes in
the closure of Py transversely, so we conclude that for every ¢ < r < c;r , there exists a product

decomposition of the Z-invariant neighborhood
(29) Nbd? ({Re(§1) = ) N P —=> (&1 = r} x T*[~er, &N P,

for some small ¢, > 0. The product decomposition (29) for each r gives us a locally defined vector
field Xy, for some function /7 : Nbd? ({Re(£1) = r}) N P, — R from Lemma 3.21. The open intervals
(r —é&¢, 1 + &) form a covering of [¢™, ¢ ], so we can find a finite subcollection of the (¢ —&¢, ¢ + &¢)’s
covering the same interval. Let {1/, } be a partition of unity defined on Py, =, Nbd? ({Re(£1) =r})N P,
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that is subordinate to the finite cover, then the vector field V =) . ¥ X I satisfies d Re(&§1)(V) =1
everywhere and is locally complete by Lemma 3.13. Therefore the vector fields (Xge(g,). V') induce the
required product decomposition in the second part of the Proposition 3.24. |

Proposition 3.24 together with sectorial descent (Theorem 2.18) imply that the wrapped Fukaya category
of (M(V), § = &) is generated by the union of all standard Lagrangians {L; }JNQ’I and the image under the
cup functors U: W(éi_1 (cix) N Pjg) = W(Pjg) = W(M(V), &) for all possible i and j (ie the linking
disks corresponding to the cornered stops Pjq). Here we want to rule out the generators coming from the
stops & (i) for i > 2; see Theorem 3.26. In the next section, contributions to the generating collection
of W(M(V), &) from the stops §;° Ly ;j) will also be ruled out based on several formulae provided by
Lagrangian surgery, so that the wrapped Fukaya category W(M(V), £) will be shown to be generated by
the standard Lagrangian submanifolds. In particular, since the standard Lagrangians are quasi-isomorphic
to iterated mapping cones of bounded-feasible chamber Lagrangians (4e-4), this concludes the proof
Theorem 1.1.

We end this subsection with the following theorem.

3.26 Theorem The partially wrapped Fukaya category W(M(V), §) is generated by the standard
Lagrangians {L; }1< <N constructed in Proposition 3.24 and the linking disks associated to the stops

£ (cr)).

Proof For simplicity, we call a sector Pjy of type X if it contains a crossing point (ie Px), and of type
| if it is a stabilization (ie Pj). The wrapped Fukaya categories of sectors of type | are generated by
the image of the cup functor U: W(Pj, N El_l(clj)) — W(Pjq). On the other hand, for each j, the
wrapped Fukaya categories of the type x sector W(P;¢) is generated by the distinguished Lagrangian L ;
associated to the crossing point together with the images of the cup functors from W(Pj, N&;” Y(einj-1)),
W(Pjo NE  (ci2j)) and W(Pje NET (c1)).

To see that the contributions from the functors U: W(Pjo N E,-_I(Ci,zj—l)) — W(Pjo) — W(P;) and
U: W(Pjo N Si_l(c,',zj)) — W(Pjo) — W(Pj) for i > 2 are redundant, we consider the gluing diagram

W(PjoNE cipj—1)) ——— W(Pj(0.....0,—,0....,0))

x l

W(Pjo) —————— W(PjoU Pj0,...,0,-,0,..0)

where the top arrow and the left arrows are cup functors. Since the sector Pj (o,... 0,—,0,...,0) is of type |,
the cup functor W(P; (., N &7 L(eyj)) — W(Pj .,) is a quasiequivalence, and hence images of the top
arrow of (30) for i > 2, are generated by images of Lagrangians in P; .y N§ Ly ) in W(P; (..).

By taking homotopy colimit, the wrapped Fukaya category W(M(V), &) is generated by the union of all
images of the cup functor U: W(Pjq N 51_1 (c1j)) > W(Pjg) > W(M(V), &) together with {L; }1<; <Ny -
The remaining task is to compare these cup functors with linking disks associated to &, Yy i)
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Fix j, note that the union Uae{—,0,+} Pje N El_l (c1) = 51_1 (c1;) provides a sectorial cover of 51_1 (c1),
so by sectorial descent (Theorem 2.18) the wrapped Fukaya category W(§; Ly ;7)) is the homotopy colimit
of the Fukaya categories W(Pjq ﬂél_l (c1,)) via the inclusion functor W(Pjq ﬂél_l (c1j))— W(él_1 (c15))-
Since the maps of Liouville sectors form a commutative diagram

Pja NET N (c1j) — &7 (1))

[ [

the corresponding functors of wrapped Fukaya categories also fit into a homotopy commutative diagram

W(Pj NE7 (c1))) —— W(ET (1))

| |

W(Pjq) ———— W(P))
Taking the homotopy colimit for «, we get a diagram

hocolimg W(Pjq N &7 (e17)) —— W(E (c1)))

! |

hocolimg W(Pjq) ——— > W(P))

where the top and bottom functors are quasiequivalences of Ao-categories, and the diagram is still com-
mutative up to homotopy. The bottom left composition contributes linking disks associated to the sectorial
corners to the generating collection, and we can invert the top arrow to see that these generating collections
actually lie in the full A..-subcategory of W(P;) spanned by generating collections of W(§ 1_1 (c1;)). O

4 Exact triangle, surgery and isomorphic objects

In Theorem 3.26, we showed that the partially wrapped Fukaya category W(M(V), £) is generated by
the standard Lagrangians together with the all the linking disks associated to the stop & = &. In this
section, we will use surgery exact sequences to rule out the contributions of all the linking disks and show
that the standard Lagrangians are generated by Lagrangians associated to bounded feasible chambers
of V. We start with a discussion about McLean-type neighborhoods in the special case corresponding to
a (complex) hyperplane arrangement, which is a slight modification of [39].

4a A McLean-type neighborhood. Consider a projective completion of M(V) C C¢, denoted by
M(V)C CP?. Let Do, denote the complement CPp¢ \C¥ ~ CPé1. By abuse of notation, we will
still use {H;}7_, to denote the collection of the completions of the complexified hyperplanes in the
arrangement V. The intersection loci | J7_; H; N Do can be seen as a generic hyperplane arrangement Vo
in CP¢~!. In general, this contains a singular locus of M (V), denoted by Vsing. For example, singular
locus will arise when there are parallel hyperplanes in V.
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One can desingularize M (V) by iterated blow-ups along Viing» starting from the deepest strata, which
we describe as follows. First, blow up M (V) along all O-dimensional strata of the intersections of the
hyperplanes H; in D. The proper transforms of the hyperplanes can only intersect along dimension
1 or higher. We then blow up along 1-dimensional strata of the intersections of proper transforms of the
hyperplanes H; and D, and so on. Since the blow-up loci do not intersect with each other, this iterated
blow-up is independent of the choice of order among the strata of the same dimension in V.. Performing
)th

this procedure inductively until the (d — 2)™ step, we obtain a nonsingular projective variety Xy with a

simple normal crossing divisor Dy such that M(V) = Xy \ Dy. The divisor Dy is linearly equivalent to
Hitoot Hy— Y aiE

for some positive integers a; € Z~¢, where the E; are exceptional divisors. This is because at each
step, there are at least two proper transforms of the hyperplanes H; intersecting with the blow-up locus,
hence the coefficient of the corresponding exceptional divisor of the proper transform of H; is always
negative. It follows that Dy supports an ample divisor, after a rescaling of the coefficients if necessary.
The corresponding ample line bundle £ — Xy has a section s with s~1(0) = Dy. We equip Xy with a
symplectic form wy := —dd € log |s||, where || - || is a metric on £ whose associated curvature form F
has the property that i F is a positive (1, 1)-form.

Let wyog be the restriction of wy to M(V), and write M (V )0, for M(V) equipped with the 2-form wjo,.
We remove a small regular neighborhood Np of Dy from Xy so that its complement is a Liouville
domain with respect to the 1-form Ay := —d C log ||s||. Denote its completion by M (V)10g, which is a
Liouville manifold.

Recall that the hyperplanes H; are complexification of real hyperplanes Hg ;; see Definition 3.5. Therefore,
the blow-ups considered above can be defined over R and Xy has an induced real structure. In other
words, there is a real algebraic variety Xv (R) such that Xy = Xy (R) Xgpecr) Spec(C), so Xy comes
with an antiholomorphic involution (lifting the complex conjugation on CP?), which we denote by 7. By
construction, we have 7(Dy) = Dvy. By possibly replacing || - || with a t-equivariant metric on £ (after
lifting 7 to £), we may assume that 7*Ajo = —Aj0g and t*wy = —wx. By choosing the neighborhood Np
to be t-invariant and using the cone coordinates, we can extend t to an antisymplectic involution over
M (V)10g, Which we continue to denote by 7 by abuse of notation.

4.1 Lemma For any two sufficiently small choices of the neighborhood Np, the resulting Liouville
manifolds M (V)iog are t-equivariantly symplectomorphic.

Proof Suppose that Np ; and Np , are two different choices. There is an even smaller t-invariant
neighborhood N l’) C Np,1 N Np >, so by transitivity of an equivalence relation, it suffices to assume that
Nppr=N 1’) C Np.1. In this case, there is a canonical isomorphism between the respective completions,
given by the identity outside of Np 1, and matches with the Liouville flow starting from the boundary
of Np,1. Itis clearly T-equivariant. O
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4.2 Lemma [39, Lemma 5.18] M (V)10g is T-equivariantly convex deformation equivalent to M(V),
where the latter is equipped with the Liouville structure specified in Section 3b.

Proof The fact that M (V)10g is convex deformation equivalent to M (V) is proved in [39, Lemma 5.18].
The proof directly generalizes to the T-equivariant setting. |

We recall the McLean-type neighborhood theorem.

4.3 Proposition [39, Lemma 5.14] Let M (V)1og be defined as above. For eachi € {1, ...,n}, there is
an open neighborhood U; C C? of H;, together with a projection r; : U; — H;, such that the following
statements are true:

(i) Foralli,j,wehavern;on; =m;om inU; NUj.

(i) Forany I C{l,...,n}, the composition of (77;);er, which we denote by iy : Uy :=(\;c; Ui —
Hy := ;e Hi, has fibers symplectomorphic to

(31) (l_[ID),r,-dr,-/\in),

iel
where DD is the unit disk centered at the origin, and the intersection of a fiber with Uy N H; is
mapped to {0}; x [];¢ 1\¢;} D under the symplectomorphism.

(iii) Forany j € I, the restriction of the map r; to any fiber [ [;c; D of ny is the natural projection
[[De—t0}; < [] D.
iel iel\{j}
where D¢ is the disk of radius € centered at the origin.
(iv) The symplectic parallel transport map of wy : Uy — Hy has holonomy in [ [;c; U(1).

(v) Let7: C4 - C% and tp: D — D be complex conjugations, and let t;: Hy — Hj be the
restriction of t. For any I C {l,...,n}, there is an open ty-invariant neighborhood By of
LS :=Fix(t7) \ (Uzcs Uys) in Hy, together with a (t; x [ [;¢; ™. T)-equivariant fiber-preserving
symplectomorphism

(32) (B[ X HD,Q)H, |B1 + Z ridri /\d@l') ~ (U1|Bl’wM(V)|UI°)’
i€l iel
where Uy |, 1= nI_I(BI). In particular, it implies that for any sign sequence o € .7 (V) with
Ur N Ly # @, after possibly rotating the disk factors by eV=17 the (rI x [1;es ™. T)-equivariant
symplectomorphism sends
Ly x [ (i, 6:) € D* |a(i)e¥ ™10 =13,
iel

which is an open subset of Fix(t; x [[;c; ™), to Ur|p, N L.
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Proof The proposition can be proved by generalizing [39, Lemma 5.14] to incorporate the antisymplectic
involutions. For the sake of completeness, we present here the details of the proof.

Define a total order for subsets of {1,...,n} as follows: if |I;| > |I>|, then I1 < I, and if |I1| = |I2|
and min(/; \ I2) < min(/, \ I1), then /1 < I,. We are going to construct U;, 7r; and By inductively,
starting from its description near Hj for small / and progressing to large /.

We will construct U; so that Uy = @ if Hy = &, so the base case is when |/ | = d and Hj is a point.
Define By = Hj. Using a local [ [;¢; tp-invariant metric and the corresponding exponential map, we
can find a small neighborhood U of the point Hy and a (]_[ie 7D, f)—equivariant diffeomorphism
¢1:[1;e; D — Uy such that ¢7 ({0}, x ]_[iel\j D) = Uy N H; for all j. Moreover, there are constants
a; > 0 such that ¢;‘wlog =Y ieyairidri Adb;. By rescaling ¢; factor by factor, we may assume
that ¢; = 1 for all i. Since t is an antisymplectic involution, by possibly shrinking [[;c; D, we
can isotope ¢y to another (]_[l-E 7D, r)—equivariant symplectomorphism ¢7: [[;c; D — Ur such that
o1 ({O}j x]_[iel\j ]D)) = Ur N Hj and ¢] wiog is of the form (31). We define 7z; : Uy — Hj by ¢y o p; o¢1—1,
where p;:[];e; D — [[;e/\g; D is the natural projection. Since ¢y is ([Ties ™. 7)-equivariant, it sends
the fixed-point set of [ [;; tp to that of . By possibly rotating the disk factors by eV=ln , it implies
that ¢I_1(U1 N Lg) equals [ [, {(r;,0;) e D* | a(i)eﬁai = 1}. This completes the base case of the
induction.

Let I C{l,...,n}. Assume the induction hypothesis holds for all J < I. More precisely, it means that
we have constructed {r; }'_, and {U; }7_, near H; such that all the listed properties are satisfied. We
need to extend the definitions over a neighborhood of Hj so that all the listed properties continue to hold.
In fact, we only need to extend nr; and U; for i € I in a neighborhood of Hj.

First note that, as a complete intersection, the structure group of the normal bundle vy, of Hy C Xy
is [[;e7 U(1). Using a partition of unity, the exponential map and the induction hypothesis, we can
construct a diffeomorphism ¢; from a polydisk subbundle of Ny, to a neighborhood of H; such that
near ¢I_1(H 1 N Hy) for J < I, ¢;wig and ¢;m; already satisfy all the listed properties and ¢; my
coincides with the projection vy, — Hy. By an abuse of notation, we denote the polydisk subbundle
by vy, . Moreover, since every connected component of L} is contractible, we can choose a smooth
trivialization of vy, — Hj over a t7-invariant neighborhood B of L}, which is of the form By x ]_[l-e ;D
(where the structure group [[;c; U(1) respects the product decomposition), and assume that ¢y is
(rl X [lies ™. r)—equivariant over By x[[;¢; D.

On the other hand, we can construct a symplectic form @’ on vg, such that
o o' =¢Fwig near ¢y (Hr N Hy), for J less than I,

* over H; := Hy \ (UJ<I ¢I_1(H1 N HJ)), the bundle vy, |H; — H7 has fibers diffeomorphic
to (31), with the structure group respecting the product structure,

e the symplectic parallel transport map of vy, | e > H 7 has holonomy in [[;c; U(1),

e over the trivialization By X [[;¢; D, o' is of the form (32).
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The construction is called a “bundle compatible” symplectic form in [39, Lemma 5.14]. Note that, in our
setup, the action of t7 X [[;c; tp on By x [[;¢; D is antisymplectic with respect to ’.

Since a)/|HIo = WH? and @’ = ¢] wiog near qSI_I(H] N Hy) for J < I, we can apply Moser’s trick to the
linear interpolation of @’ and ¢} wiog. The upshot is that we are able to modify ¢; so that ¢ wjoy = @'.
Inside Np,, there is a natural projection map corresponding to the i™ factor of the structure group,
denoted by p;, which extends ¢; 7r; from an open neighborhood of ¢I_1 (Hy N Hy) to the entire bundle.
We can therefore extend U;, for i € I, to a neighborhood of Hj such that Uy = ¢;(Ng, ). The maps ;
for i € I can also be extended to a neighborhood of Hj by ¢j o p; o q)l_l. It is immediate to check that
they satisfy all the listed properties. |

4b Clean surgery formula and Lagrangian cobordisms In this subsection, we briefly review the
work on clean surgery formulae for closed Lagrangian submanifolds [37], and extend it to cylindrical
exact Lagrangian submanifolds. Combining this with the recent work of Bosshard [12], we show that
clean surgery of cylindrical exact Lagrangian submanifolds will induce exact triangles in the wrapped
Fukaya category. We begin with a review of Lagrangian cobordisms and Lagrangian surgeries.

A Lagrangian cobordism V C C x X is a cylindrical exact Lagrangian submanifold with respect to
A+ Ac, where A is the Liouville 1-form on (X, w, Z) dual to Z, and A is the standard Liouville 1-form
on C, with the following additional requirements: there exist (sectorial) Liouville subdomains C™™ € C
and X" C X such that

(a) V is cylindrical outside C int ¢ yint,
(b) V' N(C\C")x X consists only of finitely many submanifolds that are cylindrizations y; XL, of

product Lagrangian submanifolds of cylindrical rays y; in C and exact Lagrangian submanifolds
L; € X. These cylindrized products are called ends of the cobordism,

(c) V isdisjoint from C x X, where dX is the sectorial boundary of X.
In the above, the cylindrization y;XL; is a deformation of the product y; x L;, so that it becomes
cylindrical in C x X. We refer the reader to [25, Section 7.2] for its construction.
4.4 Theorem ([12]; see also [10; 11;43]) Let V be a Lagrangian cobordism with ends Lo, L1, ..., Ly
(oriented counterclockwise), there is an iterated cone decomposition

Lox~[Ln,—> Lp—1—>--— Ly — Lq]

in the derived wrapped Fukaya category DP*TW(X).
We recall how to construct Lagrangian cobordisms from surgeries. We follow the terminology in [37]. A
function v : [0, €] — [0, A] is called A-admissible if

(1) vx(0) =24 >0and v} (r) <0forre(0,s),

2) v;l (r) and v, (r) have vanishing derivatives of all orders at r = A and r = ¢, respectively.

The graph of a A-admissible function is depicted in Figure 13.
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Figure 13: A A-admissible function.
The next lemma is a generalization of Weinstein neighborhood for cylindrical Lagrangian submanifolds.

4.5 Lemma Let L be a properly embedded exact Lagrangian submanifold of (X, w, Z) that is cylindrical
near infinity. There exists an open neighborhood W of L that is invariant under the Z -action outside of a
compact subset and is symplectomorphic to an open neighborhood of L in T* L.

Proof Consider the Lagrangian submanifold with boundary L = L N X in the Liouville domain X.
Then 9L is a closed Legendrian submanifold in the contact manifold (0X,« := Alyx). By the Leg-
endrian neighborhood theorem [26, Corollary 2.5.9], there is a neighborhood U of dL such that U
is contactomorphic to a neighborhood V of 9L in J1(dL) = R x T*(dL) with the canonical contact
form ac,,. Denote the contactomorphism by f: U — V so we have f*ocan = go, where g: U — R+
is a positive function. The map F: R-g x U — R~¢ x V given by (r,u) — (g(u)r, f(u)) satisfies
F*d(raca) =d((r/g)ga) =d(ra) soitis a symplectomorphism between the respective symplectizations.
Note that there is a symplectomorphism from the symplectization of J1(dL) to T*(R=q x dL) which is
the identity on R~ ¢ X dL; see the Lemma 4.6 below. Therefore, the neighborhood R~ x U of R+ % oL
is symplectomorphic to a neighborhood of the zero section in T*(Rsg x dL). Set Waq := R~ x U,
which is a Z-invariant neighborhood of L \ L and is symplectomorphic to a neighborhood of the zero
section in 7*(Rx x dL). We can extend W~ 1 to a neighborhood W of L and apply the Moser trick to
get a Weinstein neighborhood of L. Since we have already built a symplectomorphism from Ws to a
neighborhood of the zero section in 7*(R{ x L), we can ensure that the Moser flow in the Moser trick
is compactly supported so the result follows. |

4.6 Lemma Let K be a closed manifold. Then there is a symplectomorphism from the symplectization
(Rso x J1(K), d(raca)) to the cotangent bundle T*(Rxq x K) sending R~ x K to the zero section.

Proof We can write J!(K) as R x T*K and otean a5 —dz + Acan Where Acan is the canonical Liouville
formon T*K. So
d(raca)) =dzAdr +dr AdAcan + rd Acan.

Use the obvious diffeomorphism to identify R~ x R x T*K with T*R-ox T*K = T*(R~¢ x K) so
the cotangent bundle symplectic form is given by dz A dr 4+ d Acay. For t € [0, 1], let
1—r

Wy = dZ/\dr—I-(l—t)(dr/\dkcan—f—rd)&)—l—l‘d/\can and thzm
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where Z is the Liouville vector field satisfying tzd Acan = Acan- It is clear that
d
dix,wr =d((1 =r)Acan) = -y

dt
and X; is integrable. The result follows from the Moser argument. O

Using Lemma 4.5, we can identify an open neighborhood of L in X as a codisk bundle over L of radius
¢ > 0, with respect to the Riemannian metric on 7* L induced by an appropriately chosen Riemannian
metric on L (one can use the symplectomorphism in Lemma 4.6 to show that there is a strictly positive ¢
even though L is noncompact). Let D C L be a submanifold that is also cylindrical near infinity, and
write N D to be the conormal bundle of D in T*L.

4.7 Definition [37, Definition 2.20] We define the flow handle H) (L, D) associated to the pair (L, D)
to be the space

Hy(L,D):= {‘Pﬂﬂ”;")@) |$e NL*,sD \ D},

where gol'i EII el is the time-1 Hamiltonian flow of a function v (/[¢]]), with V', (r) = v (r).

Let Ly, L, be two exact cylindrical Lagrangian submanifolds cleanly intersecting along a submanifold D.
In [37], they showed that there is a symplectic automorphism of 7*L; so that L, becomes N Z‘l D in
a given neighborhood of L. The flow surgery of L; and L, along D is then the submanifold given
by attaching the flow handle H; (L, D) defined in an open neighborhood U of D to (L; U L)\ U. It
follows from [37, Corollary 2.22 and Lemma 6.2] (see also [12, Lemma 3.10]) that we have:

4.8 Proposition Let L = L #p Ly be the flow surgery of L1 and L, along D. Then there is a
Lagrangian cobordism (the trace cobordism) from L1 and L, to L.

In particular, taking the flow surgery of two cylindrical Lagrangians L1, L, C X along their clean
intersection loci D induces an exact triangle

Li— Li#pLs — Ly =5 Li[1]

in DPTW(X).

4c Gluing adjacent chambers We keep the notation in the previous sections and consider the Weinstein
manifold (M (V), w) with the symplectic form o defined in Section 3b. The real locus M(V) N R4
consists of (the interiors of) feasible chambers {Ag}qe 7 (v) (cf Section 3a). It is straightforward that the
interior of each chamber A, as a connected component of the real locus, is a Lagrangian submanifold of
(M(V), w). We call such a Lagrangian submanifold a chamber Lagrangian, denoted by L. Also, such
Lagrangians are preserved under the (complete) convex deformation from (M(V), ) to (M(V), wioe)
in Lemma 4.2, since they are t-equivariant. We shall abuse notation and denote the corresponding
Lagrangians in (M (V), wjog) by the same notation L.
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Figure 14: Lagrangians Ly, Lo, . Loy, Lay,.-

For two sign sequences a1, oz € % (V), we say the chamber Lagrangian Ly, is adjacent to L, if o1
differs from o, only at one element. By Lemma 4.2 and Proposition 4.3, we can glue two adjacent
chamber Lagrangians via clean surgery. Suppose that Ly, and L, are two adjacent chamber Lagrangians
with o1 (k) # aa(k) for some 1 < k < n. Take a neighborhood Uy of Hy as in Proposition 4.3 and a
fiberwise Hamiltonian function p(r) supported in U with Hamiltonian vector field
/

Xor) = @ %’
where (r, 0) are polar coordinates on the disk fibers of Uy — Hj. Let Zal = q&,ﬂ(”(Lal) be the time-1
Hamiltonian flow of Lg,. If there is another hyperplane H; intersecting with Hjy and bounding both
Ly, and L, as depicted in Figure 14, we do not perform a modification along the H-coordinate in the
McLean-type neighborhood Uy ; of the corner Hy ;. By Proposition 4.3(v), up to rotations in the disk
fibers of the McLean neighborhood Uy, the Lagrangians Ly, and L, are given by Ry ND and R_ND,
respectively, and are identified as the fixed locus of the antisymplectic involution t; in the hyperplane Hy.
Thus by choosing the fiberwise function p: Uy — R so that X ,(,) rotates Lg, t0 L, in the subdisk fibers
of some shrink of Uy, we can achieve that Zal is cylindrical, Zal N L, is connected and the intersection
is clean. The clean surgery of Zal with Ly, along their intersection, as introduced in the previous
section, gives us a new Lagrangian Ly, # Ly,, which is disjoint from a small tubular neighborhood of the
hyperplane Hj, and the locus near the other hyperplanes is unchanged. We will consider the image of the
Lagrangian Ly, # Ly, under the (completed) convex deformation from (M (V), wjog) back to (M(V), w),
and (by the same rule of abusing notation as above) the corresponding Lagrangian in (M (V), w) is still
denoted by Ly, # Lg,.

Moreover, by Proposition 4.3, the Lagrangian surgery we considered above is consistent in the following
sense: consider four nearby feasible sign sequences {&1, @2, o3, g}, where oy (resp. ag) differs from
oy (resp. a3) at k, and differs from o3 (resp. «p) at j. See Figure 14. Over the intersection H ks WE
have a polydisk bundle Uy with fiber (D2, rjdrj Ad6; + rrdry AdB). With such a choice of fiberwise
coordinates, the clean surgery (Lo, #Lq, )#(Lo;#Lg,) is Hamiltonian isotopic to (Lg, #L o3 )#(La, #Lq,)-
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E) =1

Figure 15: Description of the real locus P (R) of the Liouville sector P.

4.9 Proposition There is an exact triangle
La, = Lo, # Lo, — Lo, 2

in DP"W(M(V), £), where Ly, and L, are adjacent chamber Lagrangians.

4.10 Remark By possibly replacing p(r) with —p(r) we can achieve that Ly, # Ly, = Zal # Ly, lie in
the region where Im(§) > 0.

4d Lagrangians in a Liouville sector In Section 3e, we constructed the Liouville sectors { P; }1<;j<nvy
each of which contains a unique O-dimensional strata in the hyperplane arrangement V. From now on,
we simply write P for such a sector P;, and denote the 0-dimensional intersection point by B. We write
£~ 1(r) UE1(#") for the stops coming from the polarization &, where —oo <1/ < r.

We regard the real locus P(R) := P NR? as the union of the (open) chambers AZ bounded by the
hyperplanes and the stops £ 1(r) U £~1(+"). For later purposes, we denote by A g+ (resp. Ag—) the
chamber with B as one of its vertices and the real projection of £~1(r) (resp. £~1(r’)) as its facet. We
also denote the facet Ag+ N E1(r) of Apg+ (resp. the facet Ag- N £71(r") of Ag-) by Alr3 (resp. Ag).
See Figure 15.

We describe the properly embedded Lagrangians in P (disjoint from the sectorial boundary) lying over
the interior of each chamber A,. First, consider the case A.—=A B+- ‘We further cut P into a union of
cornered Liouville sectors described in Section 3e and use the same notation. By Proposition 3.24, the
cornered Liouville sector P = Py is symplectomorphic to ((T*Td ), Uld=1 (fi)7t (cl.i)), where f; is the
pullback of the functions Re(§;) and &; = £. Since this symplectomorphism preserves the real locus,
the chamber A%Jr gets mapped to a cotangent fiber (or equivalently, standard Lagrangian) in T*174
under this symplectomorphism, denoted by T4+ T¢. However, the cotangent fiber T+ T¢ intersects
the sectorial hypersurface ( f1)~! (cl+ ) corresponding to £71(r), hence one needs to modify it near the
stop Fet C (s ! (clJr ) to get an object in the wrapped Fukaya category W(P). Note that T+ T4 is
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X
Figure 16: The function p.

disjoint from other added stops by our assumptions on Px. Choose a product decomposition of a small
neighborhood of the sectorial hypersurface

(R 11): Nbd((/1) 71 (¢)) 2 F o X Coecrez) <0-

and take the Hamiltonian vector field X ,(g,), where p(x) is a smooth function that is O near x = —¢ and
equals x for some —1 < o < 0 near x = 0; see Figure 16. We can slightly perturb Tf}" T4 by pushing it
off along X ,(g,). Note that the function R; is the pullback of Re(§1) under the symplectomorphism, and
we know that

> . 0
XRe(Sl) = %bT(D + ATA) 18—)_},,

which is bounded as |z;|, |[€x| — 0. Hence the vector field X ,(g,) is also complete. Define LjAEﬁ 4+ C Px
to be the corresponding Lagrangian submanifold under the perturbation of X,(g,), where the sign +
indicates that the cotangent fiber T/3*+ T4 is pushed off to a positive (resp. negative) direction of X y(g,).
When it is clear from the context, we will simply denote these Lagrangian submanifolds as Lfgc+. Note
that the Lagrangian L§+ (resp. Lg+) lies in the area where Im(§) > 0 (resp. Im(§) < 0).

More generally, for any other chamber A,, C P(IR) which is different from A B> it intersects nontrivially
with other sectorial hypersurfaces ( f;) ™! (cl.i). In this case, we choose a compatible product decomposition
of the sectorial hypersurfaces

(Ri. 11): Nbd((f) ™ (¢)) 2 F s X Cepez)<e

and take the Hamiltonian vector field of R =) R;. Then a small perturbation of the cotangent fiber T;‘ T4
along X () defines a Lagrangian Liy C Py as before. Similar constructions work for the other Liouville
subsectors P| by Proposition 3.24(ii), therefore we can glue these Lagrangians via surgery to obtain
a globally defined Lagrangian LjAEy C (M(V), £). We will simplify the notation and denote it by L)jf.
Again, the convention here is that L;f lies in the area where Im(§) > 0.

The following lemma will be used frequently in the next subsection.

4.11 Lemma Let L be an exact cylindrical Lagrangian submanifold in (M(V), £) whose closure L in
C% does not contain any O-dimensional intersections of the hyperplanes in V, and it lies entirely in the
half-space {Im(£) > 0}, then L is the zero object in the derived Fukaya category DP**"W(M (V), £).
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Proof Note that the vector field Xge) is purely imaginary and only converges to 0 when z goes to
the 0-dimensional strata in the hyperplane arrangement. Flowing along Xge), L is sent to a subspace
{Im(z) > ¢} for some constant ¢ > 0. It follows that we can use Hamiltonian isotopy to move L away
from any compact subset of (M (V), £), which implies that L is the zero object by [25]. m|

4e Chamber moves In this subsection, we prove several results about chamber moves that will be used
in the proof of Theorem 1.1.

4e-1 Wrapping exact triangles Let LT = LT B+ be the Lagrangians constructed in Section 4d. We
want to describe an exact triangle of Lagrangians

(33) L'B—>LB—>D}3E>

in the wrapped Fukaya category WP(P), where D p is the linking disk corresponding to the facet A’;;
see Figure 15. A similar exact triangle was proved in [25], which we will refer to as the “wrapping
exact triangle”. In our situation, we do not know a priori whether L; is obtained from LE via wrapping
through the stop, so we cannot directly apply the result in [25]. Instead, we will prove (33) using clean
surgery described in Section 4b. Consider two Lagrangians L; and LE intersecting along the interior
of a chamber in the real loci, except near the sectorial boundary, where they are shifted upwards and
downwards in the direction of Im(£), respectively, and denote the clean surgery of them by L; # LE.
Near the sectorial boundary that is identified with £~1(r) x T*[—e, 0], the Lagrangian L; # LE cleanly
intersects with L, C P(R) along L Al % {—€/2}; see Figure 15. This follows from our choice of the
product structure near the sectorial boundary, where R = Re(§). By definition, one can see that L7 8 # LE
can be identified with the linking disk associated to the stop £71(r).

4e-2 Flipping Lagrangians The Lagrangian submanifold L; - 1s Hamiltonian isotopic to LE_, since
by construction, the corresponding Lagrangians in 7*T'¢ are Hamiltonian isotopic to each other. Similarly,

L, g+ is Hamiltonian isotopic to L} p—

4e-3 Identifying linking disks Let A, C P(R) be a chamber adjacent to both Ag+ and Ag-. To this
chamber, we have associated two Lagrangians Lf (cf Section 4d), and two linking disks D), and D,
(cf 4e-1). An illustration is given in Figure 17. We claim that D, is generated by D), and Dg in W(P).

We have proved in 4e-1 that the Lagrangian L+ # L, is Hamiltonian isotopic to D, & D’ Moreover, we
have L7 8 L # ,3 + ~ Dpg. By our discussions in Sectlon 4c, we can glue the Lagrangians L g+ and L;f via
surgery. It follows from Lemma 4.11 that the Lagrangian L; #L,‘f, which is disjoint from the crossing S,
can be pushed off to infinity, hence becoming the zero object in the derived Fukaya category DP™W(P).
A parallel argument holds for L7 g+ and L), which implies that DJ/, is generated by Dy and Dg.

On the other hand, if a chamber A, is disjoint from the crossing B, the linking disks D, and D;, can
be identified by the decomposition argument; see Proposition 3.24.
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b N
E(z)=r

E) =1

Figure 17: Linking disks in W(P).

4e-4 Decomposing chamber Lagrangians Let /g C{1,...,n} be the index set of the hyperplanes in V
passing through the crossing 8. Consider the corresponding polarized hyperplane arrangement Vg, which
consists of d hyperplanes { H; };ej, in R4 by the simplicity of V. In other words, Vg is the iterated deletion
of V by the hyperplanes {H;};¢1,; see Section 6a. There exists a unique sign sequence f: Ig — {+, —}
which singles out the bounded and feasible chamber of Vg with respect to the polarization . In the
Liouville sector P, this chamber is given by Ag—. Let Lg— C M (V) be the pushforward of LE, C P under
the sectorial gluing. Consider the restriction map on the set of sign sequences Resy,: {j:}” [N {j:}” 8l
there is a collection of chamber Lagrangians {Ly} with Resy, (o) = 8. We can glue these Lagrangians
together via clean surgery to obtain an object in the Fukaya category W(M (V), £), which has the form of an
iterated mapping cone built out of the L. We denote the object by @a:ReSIﬁ (@)=F L. The polarization &
induces a partial order on the set of sign sequences ResI_B1 (E): two sign sequences o1, € ResI_B1 (E)
satisfy a1 < o if do, g < dg, g, i€ a2 differs with B in more entries than 1. We iteratively apply the
surgery procedure described in Section 4c¢ such that all clean surgeries are carried from the smaller chamber
to the larger one. Note that the result of the surgery belongs to the subset {Im(£) > 0}; see Remark 4.10.

4.12 Proposition For each 0-dimensional crossing §, the Lagrangian
L=Lg-# () La
a:ResIﬁ (a)=g

obtained by surgery is a trivial object in DP*""W(M(V), £).

Proof We first perform a surgery between Lg— and Lg. Since they intersect cleanly, we can perform a
clean surgery as we did in Section 4c. Then we glue the result L g— # L g with other chamber Lagrangians
with labels in Resl_ﬁ1 (B'). As all the glued objects lie in the region {Im(§) > 0}, the resulting Lagrangian L
also lies in {Im(§) > 0}. As a surgery, L is also disjoint from the 0-dimensional intersections of the
complex hyperplanes and the stop, so it becomes the zero object by Lemma 4.11. O
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E(z)=r;

D!
2 £(z) =711

Figure 18: Description of objects in P;.

4f Proof of Theorem 1.1 We are ready to prove one of our main theorems (Theorem 1.1), restated
below for convenience.

4.13 Theorem The partially wrapped Fukaya category W(M(V), £) is generated by the collection of
chamber Lagrangians { Lo }qe 5 (V)-

Let P; C (M(V), &) be the Liouville subsector containing the O-dimensional intersection ; defined in
Section 3e, where 1 < j < Ny. Due to the genericity of the polarization £, the stop £~ (r;) consists of
preimages of the open chambers in R4-1 given by the restriction of the chambers of V. To the open
chambers in £71(r;), we associate the linking disks, which are denoted by D.’, where the subscript
indicates to which open chamber in the stop the linking disk is associated. For example, we write D B; for
the linking disk associated to the chamber corresponding to the 0-dimensional stratum f;. See Figure 18
for a description.

Recall that we have proved in Section 3f that the wrapped Fukaya category W(P;) is generated by all the
linking disks D.’ and the standard Lagrangian LZ{,+. When j = 1, we can further simplify the set of
J

generating Lagrangians.

J’_

4.14 Lemma The wrapped Fukaya category W(P1) is generated by a single chamber Lagrangian L By

Proof We add an auxiliary stop £~ (') for some —oo < r’ < ry, and denote by P{ the resulting Liouville
sector. This gives rise to additional linking disks Dgl and D! ', which become trivial objects under the
stop removal functor W(Pj) — W(Pp). It i 1s therefore enough to show that the old hnkmg disks D% 81

and D!! are generated by the Lagranglan L} B and the new linking disks D/r31 and D’ First, it follows
from our discussions in 4e-1 that D7 ﬂ+ ~ Cone(L B = L ﬂ+) Applying the flipping argument in 4e-2,
this is isomorphic to Cone(L g pr = L BT )= Dj ﬂ .- It follows that D;' ~ D/g1 in W(P;)P. Next, take
a linking disk D1 adjacent to D/3 By 4e-3, D' @ Dr1 ~ D’ For other linking disks DI!, we can

B1
directly identify them with the corresponding ones in £~ (") by Proposition 3.24(ii). O
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Proof of Theorem 4.13 We prove the theorem by induction. For i > 1, we write P<; for the union of
all subsectors P; with 1 < j <i. We claim that the wrapped Fukaya category W(P<;) is generated by
the chamber Lagrangians Ly N P<;, where € Z(V).

When i =1, the claim follows from Lemma 4.14. In other words, by the flipping argument in Sections 4e-2
and 4e-4 (cf Proposition 4.12), we have quasi-isomorphisms L7, =~ LpTl_ = Lpg,. Suppose that the
statement holds for i = k. Since the wrapped Fukaya category W(Pl§k+1) can be realized as the sectorial
gluing of W(P<x) and W(Pg), it is enough to show that W( Py ;) is generated by the chamber
Lagrangians {Ly N P<; }ge (V). First, take the generator L; + arguing in the same way as in the proof
of Lemma 4.14, we have

Ly o~lp o~ O Ll

Bi -
:Res =
aResrg | (@)=Br+1

which verifies the generation of L;/:FH by the Lagrangians in {Ly N P<;}qe»(v)- Appling the same
Tk41
Bic+1

argument to LE]L] and D
that each linking disk DJ*! can be identified with the corresponding linking disk D!* up to quasi-

gives the same conclusion. Moreover, in Lemma 4.14 we have proved
isomorphism in W(P<1). (For an adjacent one, we take the mapping cone with D;k“, as in 4e-3.)
Then the induction hypothesis implies that the linking disks D!* are generated by chamber Lagrangians. O

5 Computing Floer cohomologies

In this section, we compute Fukaya Axo-algebra of the Lagrangians { Ly }ye»(v) in W(M(V), §) and
prove Theorem 1.2.

5a The convolution algebra E(V) We first recall the definition of the convolution algebra B (V)
associated to a polarized hyperplane arrangement V = (V, n, ) introduced in [13]. For S ={iy,...,im} C
{1,...,n}, let ug be the monomial u;, ---u;,, € Zuy,...,u,), and let Hr s C V +n be the intersection
(Nies Hr,; of hyperplanes indexed by the elements of S. For o, € #(V), introduce the ring
B Zluy, ..., uyl
af = — .
(us, Ag N Aﬂ N H]R,S = )

Let fup € Eaﬁ be the element corresponding to 1 € Z[uy,...,u,]. Fora, B,y € 22(V), we introduce
the notation

S(aBy) :={i €{l,....n}|ai) =y() # @)}
Define _ B
BW)y:= @ Rup.

a,fez(V)

with multiplication

(34) faB'fo :“S(aﬁy)foew
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which is extended bilinearly over Z[uy, ..., u,]. The algebra B(V) admits a Z-grading given by
| fapl = dap and |u;| =2,

where the number dyg € N is defined by (8). This grading can be refined to a multigrading by

Z{e1,...,en), in which case

| fepl = eiy +---+ei, and  |ui| =2e;
if § is obtained from « by changing the signs in positions iy, ..., ix. Thus B (V) can be viewed as an
algebra over Z[uy, ..., uy]. Note that the single grading on B (V) is recovered by setting all e; to be 1.

5.1 Remark In [14, Section 4], the geometric description of this convolution algebra comes from the
relative core X in the associated hypertoric variety 9y associated to the polarized hyperplane arrange-
ment V. Note that X is a union of toric varieties { Xq }qe»(v) associated to each (closed) chamber A.
Take a normalization of X, denoted by x: X — X. Then the equivariant cohomology Hr . (3~C X 56)
becomes a Z-graded algebra equipped with the usual convolution product with respect to the orientation
on X x,; X, twisted by the combinatorial signs for V. It turns out that there is a Z-algebra isomorphism

B(V) = H} (X x5 X).

5b Proof of Theorem 1.2 We first compute the partially wrapped Floer cohomologies of the generating
chamber Lagrangians {Lg}qe»(v) in the Liouville sector (M(V),§). To do so, it would be more
convenient to view M (V) as the complement of n + 1 hyperplanes in CIP a4 By abuse of notation, we
denote these hyperplanes by Hy, Hy, ..., H, C CP¢, where H, is the hyperplane at infinity. After taking
the iterated blow-ups as in Section 4a, we obtain a nonsingular projective variety Xy with a simple normal
crossing divisor Dy such that M(V) = Xy \ Dy. We may write Dy = U:’;L(;n D;, where D; = H,- is

a strict transform of H; for 0 <i < n, and the divisors D, 1, ..., Dy, are exceptional divisors. For
1 C{0,...,n+m}, denote by Dy the intersection of the divisors D; fori € I, and introduce the notation
D9 :=Dy\ U D;.

J¢l

As in Section 4a, we can equip M (V) with the structure of a Liouville manifold so that for each
i €{0,...,n+mj} there is a tubular neighborhood U; of D;, and the |/ |-fold intersection of these tubular
neighborhoods, Uy := (1);¢; Ui, admits the structure of a symplectic disk bundle with structure group
U1 over Dy; see Proposition 4.3. Let ry : Uy — Dy be the projection map, and let S; — Dy be the
associated 7'!/-bundle. Denote by Uy the restriction of Uy, and by S} the restriction of Sy, to the open
stratum D;’ C Dy. As a convention, we set

Dy =Xy.Dy =Sz =Sy =MV).

In order to compute the wrapped Floer cohomology with respect to the stop defined by the polarization £,
we need to understand the hypersurface Re(£)~1(C) for C > 1 in the McLean neighborhood of the
divisor Dy. Let &: CP? — C be the homogenization of the polarization £: M(V) — C, and let
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loo: CP? — C be the linear function defining the hyperplane Hy C CP?. We have a rational map
¢: CP? --> CP!, given by ¢(z) := [g(z) :Koo(z)] with the base locus B = {€ = 0} N Hy. Composing
¢ with the blow-up map 7: Xy — CP?, we get a rational map ¢ := 1w o¢: Xy --> CP! with the base

locus * B. Notice that 7* B C ;0 n+1,... n+my Di» and
¢ ([1:0]) = U D;\7*B,
ie{0,n+1,....n+m}
¢-1(r:op= J D

i€e{0,n+1,....n+m}

In particular, a punctured McLean-type neighborhood Nbd®(Dvy) := Nbd(Dvy) \ Dy lies in Xy \ 7*B.
It follows that we have a well-defined morphism ¢ : Nbd®(Dy) — CP!. By possibly replacing & with
£ 4 ¢ for some ¢ € R, we may assume that £~1(0) N Ly = @, so that Ly, N7*B = @ for all « € 2(V).

For C sufficiently large and I C {0,n + 1,...,n + m}, the restriction of the bundle projection
m1le-1(cynw, 1§ (C)NUr — Dy

is submersive onto its image. In fact, the fibers of 7y [¢—1(c)ny, are diffeomorphic to T!I1=1, The closure
£-1(C) in Xy is given by £~ 1(C) = £ 1(C)Un*B. As aresult, £1(C) can be written as a union of
the image of sections s; : 7; (E‘l(C) nU;) —» Ui|n,~(s—1(C)mU,~) fori =0,n+1,...,n+ m such that

si(z) =0if and only if z € 7* B N D;. To compute the wrapped Floer cohomologies of the chamber
Lagrangians with respect to the sectorial hypersurface Re(£)~!(C), it suffices to compute the wrapped
Floer cohomologies with respect to the stop sy := £~ 1(C) = Ui=0,n+1,...,n+m im(s;) N M (V).

For € > 0, let pe: (0, 00) — [0, 00) be a smooth function such that
1
(35) pe(r)=0 forr>e and  pe(r) = -.
r

We choose a Hamiltonian /: M (V) — R so that it takes the form Ay = ) ;; pe(h;) in the tubular
neighborhood Uy’ for each I, where each /; generates the S L_action which rotates the fibers of S?— D;.
It follows that the Hamiltonian orbits of X, near D7 are given by orbits of the circle actions, therefore they
appear in families and the collection of them can then be identified with the torus fibers of S} — D7. To
make sure that the Hamiltonian chords between the chamber Lagrangians are nondegenerate, we further
perturb the Hamiltonian / with a C?-small Morse function on the chamber A, C R, which reaches its
maximum at the corners (ie 0-dimensional strata) and whose restriction to each stratum Ay N D}’ has a
single critical point which is a minimum for any / C {1,...,n}. Since A, is contractible, such a function
is easy to construct. We denote such a (perturbed) Hamiltonian by h: M (V) = R.

To determine the gradings of the generators of the wrapped Floer cochain complexes, we need to choose a
trivialization of the canonical bundle Kpy¢vy). The trivialization that we shall use here is the one induced
by the restriction of the trivialization of the canonical bundle Kc«. Note that this is different from
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the grading convention of [34], in the case of higher-dimensional of pair-of-pants, where one uses the
trivialization coming from the restriction of that of the canonical bundle of (C*)<.

5.2 Proposition Given a € 2(V), we have an isomorphism
(36) HW* (L, La) = Raq

as 7. -graded rings.

Proof The proof is divided into three steps.

Step 1: graded module structure We first show that (36) is an isomorphism of Z{eq, ..., e, )-graded
modules. For each I C {1,...,n}, denote the local coordinates on the fibers of the symplectic disk
bundle Uy — Dj by xj;, where i € I. Assume that Dy N Ay # @. By our choice of the wrapping
Hamiltonian /, for each | I'|-tuple of positive integers (k;); e, there is a single nondegenerate time-1 chord
of X} from Lg to itself which wraps k; times around the hyperplane D; C Xy, which is locally defined
by the equation x7 ; = 0. We label the corresponding generator of CW* (L, Lg) by [ ;<7 ufi , reflecting
the fact that it is a product of the generators uf.ci, which wrap k; times along a single hyperplane D;, a fact
which will be established shortly. By our grading conventions, each generator u#; of CW*(Ly, Ly) has
degree 2. On the other hand, if Dy N Ay, = &, then for i € I there is no time-1 chord of X A which wraps
around each of the hyperplane D; by a positive number of times. Note also that by our choice of the stop
sy C dooM(V), no wrapping can occur along the compactifying divisors Do, Dy+1,..., Dp+m C Xv.
Observe that Hy(Ly; Z) injects into Ho(M(V); Z) so we have the isomorphisms

(37) Hy(M(V), Ly) = Hi(M(V); Z) = 2" = Z{ex, ..., en),

whose generators correspond to meridialzl loops around the hyperplanes Hy, ..., H, C C¢. Under
1

(k1,...,kn) € Z", where k; = 01if i ¢ I. This enables to give a topological Z{eq, ..., e,)-grading on

this isomorphism, the generator [[;c; u;’ € CW*(Lg, Ly) represents the (relative) homology class
the generators of CW* (L, Lgy). As a Z-graded module, CW* (L, Ly) is supported in even degrees, so
the Floer differential vanishes and (36) holds as an isomorphism of Z{eq, ..., e, )-graded modules.

Step 2: locality of the Floer product Next we consider the triangle product on the Floer cochain
complexes CW* (L, Ly). Whenever there is a perturbed holomorphic curve contributing to the triangle
product

w?: CW*(Lg, Ly) @ CW*(Ly, Lo) = CW*(La, Lg),

the relative homology class of the output Hamiltonian chord must be equal to the sum of those of the
input chords. Any generator which appears in the expression of the product of the generators [ [, ¢; uf"
and [ [;¢; ull.i, where (/;); ey is another |7 |-tuple of positive integers, must have grading Y, o (2k; + 2/;)
and represents the (relative) homology class (k1 + /1, ..., kn + ;) € Z" under the isomorphism (31). IIBy
i+l

our grading convention, we conclude that such a generator must be an integer multiple of [ [; <7 u;
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To determine the integer coefficients of the Floer product, it is more convenient to modify the wrapping
(with the same stop sy) according to the generators. Indeed, by [23, Lemma 3.29], the Floer cochain
complex CW*(Lg, Lq) can be computed as the direct limit lim, CF*((Lq):, Le) for a cofinal Lagrangian
isotopy (Ly)¢>0 starting from (Ly)o = Ly. As explained in Step 1, no two generators in CW*(Lg, Lg)

have the same Z(eq, ..., e,)-grading, so if we choose a cofinal Lagrangian isotopy such that no two
generators in lim, CF*((Lg)¢, Ly) have the same Z(eq,...,e,)-grading, then we can guarantee that

under the quasi-isomorphism CW*(Lg, Ly) — lim, CF*((Lg)¢. Lg), a generator of the former cochain
complex is sent to the unique generator of the latter cochain complex with the same Z{e1, ..., e, )-grading.

We can determine the product 2 (ITiex ufc’ Alier u; ) by working with a local model near | J;; D;,

where |J|=dand I C J C{l,...,n}. By relabehng, we may assume that J = {1,...,d}. Consider
the map ® from Lemma 3.7, under the action of which the symplectic form and its primitive become (10)
and (11) respectively. Since the difference between (11) and the Liouville 1-form
d
e (o (0 )
i=1

is bounded near ;. ; D;, by taking a linear interpolation between (11) and A, based on Lemmas 3.11
and 3.13, we can use Moser’s trick to show that M (V) can be equipped with a symplectic form that is
symplectomorphic to w, and equals d A9 in a neighborhood Ny of | J;¢; D;

Note that locally the symplectic structure d A¢ is of product type and for each i € J. We can choose
a Hamiltonian #; which is defined to be p¢(|z;|) (cf (35)) near D; and has its support in N;. The
Hamiltonian flow of # = Z:‘i:l h; wraps Ly around Ule D;. We use a product-type perturbation of
the form as before so that for each (n1,...,n4) € N, there is exactly one time-1 Hamiltonian chord with
multigrading (n1,...,1n4,0,...,0), where the zeros indicate that there are no wrappings around D; for
i¢J. These Hamiltonian chords correspond to the generators [ [,y u; . Since I C J, we can compute

w ([Tier ul " lier u; ) under this wrapping. Since d{;(Xp,) =0 Whenz jeJandi # j, for any
Floer triangle u: S — M(V) contributing to (HIEI uf{ Alier uf ), we can show that the image of u
is contained in Ny using the open mapping theorem. See for example [10, Remark 4.4.3]. More precisely,
choose strip-like ends

€0,4-81,4:[0,00) > S and e_:(—00,0] > S
and consider the map ¢; ou: S — C. Since

e {;ou is holomorphic at z € S as long as |{; ou(z)| > € (recall that %; = p¢(|z;|), so the £;-projection
of the support of the perturbation #; lies in {|z;| < €}),

e the limits limy— o0 £7 | (€ ou)(s,7) for j =0, 1 and limg— oo £Z(€; ou)(s, ?) exist, where s,  are
coordinates on the strip-like ends, and they lie inside the neighborhood {|z;| < €};

¢ the projections under ¢; of the Lagrangian boundaries are contained in {|z;| < €},

we conclude that im(¢; ou) N{|z;| > €} = . In other words, the image of £; ou is contained in {|z;| <€}.

Geometry & Topology, Volume 29 (2025)



Fukaya categories of hyperplane arrangements 4899

17 [ A T
7 T

Figure 19: Wrapping in the cylinder, the shaded region is a triangle contributing to the triangle
product between xo and x;. Under the identification CW* (Lo, ¢ (Ly)) = CW*(Lq. ¢7 (La)),
the generator x; maps to X1; see [7, Figure 12].

Step 3: coefficients of the product structure Near the tubular neighborhood Nj, the wrapping
Hamiltonian is modeled on a standard product Hamiltonian in a neighborhood of the origin in (C *)d,
and the Lagrangian L, maps locally to one of the orthants in the real locus; see Example 2.14. As argued
above, any perturbed holomorphic curve u contributing to the product 4 must remain entirely within the
local chart N;y. Moreover, the projection of u to each coordinate factor z; is a perturbed holomorphic
curve in a neighborhood of the origin in C* with boundary on the appropriate arcs. Conversely, every
tuple of index O perturbed holomorphic curves in the coordinate factors lifts to an index O perturbed
holomorphic curve in the local chart N;. Note that the generator [[;; u " projects to the generator x_ k;
of the wrapped Floer complex of R x {1} C R x S! on the z; factor; see Figure 19 and the reference
therein. On the cylinder, the generators x_g; and x_;; are the inputs of a unique triangle contributing to
the Floer product, whose output can be identified with x_z;_;,. We have proved that

(I T =TT
iel iel iel

hence the ring structure on HW* (L, Ly) is as expected. |

5.3 Proposition Given «, f € 22(V), we have an isomorphism

(38) HW* (Lo, Lg) = Rap - fap
as Z-graded (HW*(Ly, Ly), HW*(Lg, L)) and (Rya. Rgp)-bimodules.

Proof We argue as in the proof of Proposition 5.2. As before, if Ay N Ag N Hy = @, which means the
closures of Ly and Lg in Xy do not intersect with each other near U, then there is no generator of
CW*(Lg. Lpg) in Uy.

Now assume that Aq N Ag N Hy # @. In this case, the local coordinates z; = £; define a local projection
U; — CHI under which Lg and L g map to orthants in the real locus. These orthants correspond to real
points whose coordinates have the same signs for those i € I with «(i) = B(i), and have different signs
otherwise. Let K C I be the subset defined by the elements i € [ with «(i) = B(i). Given any tuple
(ki)ier, where k; e N fori € K, and k; € Z>o + % fori € I\ K, near D7 there is a family of time-1
trajectories of X}, from Ly to Lg that wraps k; times around the hyperplane D; for each i € I. After
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perturbing the Hamiltonian slightly from / to h, there is a single nondegenerate such trajectory, and we
label the corresponding generator of CW*(Lg, Lg) by [];¢; uf" . Note that a key difference between
the situation of Proposition 5.2 and the situation here is that some of the k; are half-integers, and we
introduce the notation f,g by requiring

[Tt =[]

iel iel
Note that by our grading conventions, the generator u; has degree 2, therefore ul1 /2 has degree 1. As a
consequence, f,g has degree dyg. Note that when / = {0}, Ly and Lg represent the same orthant in
the local projection to C, so by our choice of the stop sy, wrapping at infinity does not add any new
generators to CW* (L, Lg). We have proved that as a graded vector space, CW* (L, L) is isomorphic
to the right-hand side of (38).

We need to prove the vanishing of the Floer differential. Since Lo and Lg are contractible, by choosing
basepoints *y € Lo, xg € Lg and x € M(V), and a reference path from * to *4, and from * to *g, we
can complete any arc connecting Ly to Lg into a closed loop in M (V), which is unique up to homotopy.
We can use this to assign classes in Hy(M(V);Z) = Z" to the generators of CW*(L¢, Lg). In fact, in
our case it would be more convenient to consider Hy (M (V); %Z) o~ (%Z)n so that the class associated
to the generator [[;¢; uf" € CW*(Lq, Lg)is (k1,....kn) € (%Z)n, where k; = 0ifi ¢ I. Any two
generators of CW*(Lg, Lg) related by the Floer differential must represent the same class in (%Z)n, and
their gradings differ by 1, which is impossible unless the differential vanishes identically.

The claim about the module structures is a consequence of the following proposition. |

5.4 Proposition Indexing the generators of HW* (L, Lg) by monomials in uy, ..., u, and fopg as in
Proposition 5.3, the Floer product

coincides with the product in the algebra B (V).

Proof The argument is similar to the special case of « = § = y treated in Proposition 5.2, except for the
relation (34) involving half-integer powers of u;. We again work near | J;; D;, where |J| =d and I C
J C{1,...,n}. By aMoser argument as in the proof of Proposition 5.2, the neighborhood Ny of | J; <y Di
is modeled on the standard product (C*)% and the wrapping Hamiltonian ) ;. ; #; has been chosen
accordingly. Now suppose that a(j) = y(j) # B(j). On the j ™ coordinate factor z;, the Lagrangians Lg,
Lg and L, project to the arcs R, R_ and R in C*, respectively. The generators fo3 € CW*(Lg., Lp),
fpy € CW*(Lg,Ly) and foy, € CW*(Lg, Ly) project to X_1 € CW*(R4+,R_), X1 € CW*(R_,R4)
and x_; € CW*(R4,R), respectively, where the wrapped Floer cochain complexes CW* are taken
inside C*. Since there is a unique holomorphic triangle with inputs x_ 15 X1 and output x_1, we get an
additional u; factor before fy, in the expression of fog - fg,. In terms of half-integer powers of u;, this

/2 ,1/2

simply corresponds to the identity u; ;"7 =u;. Taking into account all such j € J proves (34). O
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We have proved that the partially wrapped Floer cohomology algebra is isomorphic to B (V), ie

B(V)~ € HW*(La.Lp).
a,Bez (V)

In order to obtain a statement on the level of A;-algebras, we need the following formality result.

5.5 Theorem The partially wrapped Fukaya Ao-algebra

By:= @ CW*(La.Lp)
a,Bex(V)
is formal. As a consequence, it is quasi-isomorphic to the Z-graded associative algebra B (V).

Proof As before, label the generators of @V by monomials in the variables u1, ..., u, with half-integral
powers. Suppose that there is an Aso-operation

“j(l_[ R | Ml_f.z) By
iel; iEI_/'

with nontrivial output in @V- Homological considerations as in the proof of Proposition 5.3 tells us that the
right-hand side of the above expression must have the same homology class in Hy (M (V); 3Z) =~ (32)"
as the sum of the inputs on the left-hand side. This, however, forces the grading of the right-hand side
of 14/ to be the sum of the gradings of the inputs. Since p’/ has degree 2 — j, we then conclude that p/
vanishes unless j = 2. a

5.6 Corollary There is a quasiequivalence between A -categories
WP (M(V), §) = Perf(B(V)),

where Perf(B(V)) is the dg category of perfect modules over the graded algebra B(V).

6 Functoriality

In this section, we study the geometric interpretation of the combinatorial operations, such as deletion
and restriction, on the polarized hyperplane arrangement V.

6a Deletion and restriction We recall the notions from [31].

6.1 Definition Let V = (R?, 7, £) be a polarized hyperplane arrangement and HR, be one of the
hyperplanes in V.
(i) The (i™) deletion of V = (R4, n, £) is the polarized hyperplane arrangement
Vii= (R, 7 (). § o).
where 7;: R — R4~ s the i projection. Equivalently, this is obtained by deleting Hg ; from

the set of hyperplanes in V.
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(ii) The (i"") restriction of V = (R4, 5, §) is the polarized hyperplane arrangement
Vii= (7 'RY, 7y, 8),

where ¢; : R~! — R¥ is the inclusion into the i™ coordinate hyperplane. Equivalently, this is
obtained by taking the intersection with Hp ;.

Fix i and choose a sign s € {+,—}. Given a sign sequence o € Z(V;), we define ocf; to be the sign
sequence with s inserted at i " position. Consider the map

of ifal e 2(V),

0 ifal ¢ 2(V).

Similarly, for ¢ € 2(V), we define a¥ to be the sign sequence with the i sign removed. Consider the
map

del}: 2(V;) > 2(V), o {

a® ifai)=s,
0 if (i) #s.

These maps on the sign sequences induce well-defined graded algebra morphisms between the corre-

rest!: 2(V) — 2(V)), ar {

sponding convolution algebras.

6.2 Proposition [14;31] LetV be a polarized hyperplane arrangement as above. For each i and sign
NS {+7 _}’

(i) the map del: 2(V;) — 2 (V) induces a graded algebra morphism
delf: B(V;) — B(V),
(ii) the maprest;: (V) — 2 (V) induces a graded algebra morphism
rest; : B(V)— B(VY).
Note that these graded algebra morphisms induce natural functors on the categories of perfect modules.

For instance, the restriction morphism rest} induces a functor rest; : Perf(§ V) —» Perf(E (V1)). By
Corollary 5.6, there is also an Ao-functor

rest} : W(M(V), §) — WMV, 3

given as follows. For any chamber Lagrangian Ly, if a(i) = —s, then rest}(Ly) = 0; if a(i) = s,
then rest} (Ly) = (Lo NHH\U i2; Hj is the chamber Lagrangian in H; which is the boundary strata
of Ly. Given two chamber Lagrangians Lo and Lg, we can define a chain map CW*(Ly, Lg) —
CW*(rest (Ly), rest!(Lg)) as the homomorphism rest? : iéaﬂ — Ea(i )p(@r- The formality of the Fukaya
Aoo-algebra @V, together with the generation of the Fukaya category W(M(V), £) by chamber La-
grangians ensures that this gives a well-defined Ao-functor. It follows directly from the construction that:

6.3 Corollary The functor rest;: W(M(V), §) — W(M (V), 17§) is strict.

If it is clear from the context, we simply write (¥ £ as £. The deletion functor del}: W(M(V;), §) —
W(M(V), &) can be defined in a similar way. We leave the precise construction for the reader.
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L+

Dt L™ D~

Figure 20: Cocore and linking disks, left, and core, right, of the sector T*[—¢, &]*.

6.4 Remark It is interesting to ask whether the restriction functor restf defined in [31] has an interpre-
tation in terms of symplectic geometry. However, it turned out that all functors we obtained from the
restriction of hyperplane arrangements in the following sections are neither rest; nor the adjoints to it. It
remains to see whether rest] has geometric interpretation or not.

6b Geometric functors from restriction and deletion In this subsection, we discuss several functors
arising from restriction and deletion of polarized hyperplane arrangements. Let H¢c = {H1, ..., Hy} be
the collection of the complexifications of the hyperplanes in V. Fix a hyperplane H; € Hc, and let £; be
the defining function of H;. Then for ¢ > 0, after a possible Liouville deformation, we have a stopped
inclusion

Re(4) ™! ([—&. &) N (M(V), §) = (M(V), £),

where Re(4;) 1 ([—¢, €]) N (M(V), §) splits into a product

Re(t) ™ (. &) N (M(V), &) =~ (Hi\ U Hin H,sm,.) X (T [, e])

HeHc
~ (M(V'),§) x (T*[-¢,€]"),
so the Kiinneth functor gives us a quasi-isomorphism

W(Re(:) ™" ([~ &) N (M(V), £)) = W(M(V'),§) @ W(T*[—e, &]).

Here we regard T*[—e¢, €] as a Liouville sector with two disjoint sectorial hypersurfaces corresponding to
the cotangent fibers at +e, and T*[—e¢, g]* := T*[—¢, €] \ {(0, 0)}. Therefore, there are two linking disks
in T*[—e¢, ], one for the left end and the other for the right end. We write D* to be the left or right
linking disks, depending on the chosen normal vectors of the hyperplane H;. Since the normal vector
defines the “positive” and “negative” part of the two half-spaces separated by Re(¢;)~1(0), we let s be
the corresponding sign.

T*[—¢, €]* has four natural Lagrangians: two generating Lagrangians L* and two linking disks D* as
depicted in Figure 20, so we get four functors by tensoring any chamber Lagrangians in W(M(V?), §)
with any one of them (on the level of morphisms, it is given by tensoring with the unit), denoted by
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AN
N

Figure 21: The restriction functor, left, and the shopping bag construction, right.

\Ills* W(M(V'), §) — W(Re(ﬁi)_l([—s, eDNMV), "g‘)) As \I’Z.S’L and ‘IIZ.S’D would determine \I’l._s’D
and ¥, SL via mapping cones, it suffices to compute two of them; without loss of generality, consider
\I!;F’L and \IJf’D. Composing them with the stopped inclusion W(Re(ﬁ,')_1 ([—e. ) N (M(V), E)) —
W(M(V), §£) we obtain the restriction functors

(39) Res!™ : W(M(V?), &) — W(M(V), £).

Given a standard Lagrangian L; in W(M (V1), £), there exists a unique standard Lagrangian L j in
W(M(V), £), whose closure in C? contains L ; as one of its faces and Im(L ) = 0 corresponding to the
choice \IJZJr . Figure 21, left, shows one such pair in two-dimensional pairs-of-pants.

Proposition 4.12 then implies that Res;"’L(L i) = L j (on the level of morphisms, this functor is faithful
but not full). Thus this functor sends standard Lagrangians to standard Lagrangians, although it does not
necessarily preserve chamber Lagrangians.

The deletion functor Let H; € H¢ be a hyperplane with the defining equation £;, and let V; be the
hyperplane arrangement obtained by deleting H; from V. Similar as before, we consider a product

decomposition
Re(4;) 1 ([—e,€]) = €1 (0) x T*[—s,¢].

We describe the operation of deleting the hyperplane H; from V as the following “shopping bag con-
struction”.

6.5 Lemma There exists a Weinstein cobordism ® from sector T*[—1, 1] to T*[—1, 1]*, depending on
the parity s € {+, —}.

Proof Attach a 1-handle to [—1, 1] x [—1, 1] on the top edge (s = —), the resulting space is isomorphic
to T*[—1, 1]* = (C*, £00). See Figure 21, right, where the red line segments are sectorial boundaries,
the black line segments are ideal boundaries for 7*[—1, 1], while the blue arcs denote the 1-handles.
Similarly, one can attach a 1-handle to [—1, 1] x [—1, 1] at the bottom edge (s = +). a

Geometry & Topology, Volume 29 (2025)



Fukaya categories of hyperplane arrangements 4905

By Lemma 6.5, for s € {+, —}, we define the deletion functor
Del?: WM (V), &) —> W(M(V;). §).
as the gluing of the Viterbo restriction functor
D5 W(E(0) x (C*, £00)) = W(E1(0) x T*[—e, €]) = W1 (0))

with the identity functors of the remaining parts. More precisely, we have the sectorial decompositions

(M(V;), ) = (67" (=00, =], ) U (671 (0) x T*[—e, ], §) U (4 [, +00), §),

(M(V),§) = (¢; (o0, —&], ) U (¢;1(0) x (C*, £00),§) U (&7 ' [¢, +00), £).
We then consider the diagram

W(L; ! (o0, —e], £) . W (. —e]. £)
WM((V),§) «—— W(Ki_l[_& e], £) L) W(El-_l(o),é) WMV, E)

W(E (e, +00], £) —4s W e, +00), £)

Since the left- and right-hand diagrams are homotopy colimit diagrams and the functors commute with the
colimit diagrams, this diagram induces a well-defined Aoo-functor Deli: W(M(V), £) — W(M(V;), ).
Let us compute this cobordism functor explicitly. Recall from the construction of Viterbo restriction
functor in [25] that if we consider the product (7*[—1, 1]*) x Cres0 of the larger sector, then the inclusion
T*[—1,1]* < T*[—1, 1] induces a backward stopped inclusion

((T*[=1,17) X Crez0, T*[~1, 17 X Cre=100) <> (T*[=1,1]* X Crez0, T*[—1. 1] X Cre=1-00)-

Note that the left-hand side is the stabilization of 7*[—1, 1]*, so the wrapped Fukaya category is
quasiequivalent to that of 7*[—1, 1], which is generated by the two purely imaginary rays as shown in
Figure 20.

It is easier to keep track of the Viterbo restriction functor using relative cores: depending on the parity, the
relative core of T*[—1, 1] includes into the upper or lower part of the relative core of 7*[—1, 1]*, and the
Viterbo restriction functor would send the imaginary ray that does not intersect with the relative core of
T*[—1, 1] to 0, while the other imaginary ray would get sent to the canonical generator of 7*[—1, 1]; see
Example 2.13. Together with the Kiinneth functor, we are able to compute the image of deletion functor
on objects. For each standard Lagrangian L in El-_l (0), we write L™ for the product of L with positive
imaginary ray, L~ for product with negative imaginary ray, and L° for product with the cotangent fiber
at 0 of T*[—1,1].

6.6 Lemma &  sends L® to L° and L™ to 0.
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AN

Figure 22: The deletion functor.

To determine Del, we need to keep track of the Lagrangians L° and L? after gluing. Recall from the
previous discussions that the inclusion (El._l (0) x T*[—1,1]*,&) < (M(V), §) sends the Lagrangian L*
to the standard Lagrangian L whose closure contains L as one of its faces, and the Lagrangian L is
away from all crossing points of M(V;). Therefore we know that L° gets sent to 0 after gluing back the
remaining pieces, and hence the deletion functor sends all the standard Lagrangians L t00. See Figure 22
for an example in the case of two-dimensional pairs-of-pants.

6.7 Remark The restriction and deletion functors discussed here do not arise directly from the algebraic
restriction and deletion operations outlined in Section 6a. This is because they send standard Lagrangians
to standard Lagrangians, whereas their algebraic counterparts do not do so in general. To describe the
corresponding algebraic framework, one needs to generalize the restriction and deletion operators by
imposing signs on each chamber separately, rather than uniformly for all chambers. This induces a
well-defined morphism of graded algebra on the relevant convolution algebras B. However, the natural
pullback functor on the module categories still does not send standard objects to standard objects. Instead,
one needs to construct a functor at the O-categorical level by ensuring that the standard object is sent to
the desired standard object. Then our generation and formality results will provide functors we want. We
refrain from elaborating on this approach in this paper because it may appear somewhat unnatural from
an algebraic viewpoint.
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