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To a simple polarized hyperplane arrangement (not necessarily cyclic) V , one can associate a stopped
Liouville manifold (equivalently, a Liouville sector) .M.V /; �/, where M.V / is the complement of
finitely many hyperplanes in Cd , obtained as the complexifications of the real hyperplanes in V . The
Liouville structure on M.V / comes from a very affine embedding, and the stop � is determined by the
polarization. In this article, we study the symplectic topology of .M.V /; �/. In particular, we prove that
their partially wrapped Fukaya categories are generated by Lagrangian submanifolds associated to the
bounded and feasible chambers of V . A computation of the Fukaya A1-algebra of these Lagrangians
then enables us to identify the partially wrapped Fukaya categories W.M.V /; �/ with the Gd

m-equivariant
hypertoric convolution algebras zB.V / associated to V . This confirms a conjecture of Lauda, Licata
and Manion (2024) and provides evidence for the general conjecture of Lekili and Segal (2023) on the
equivariant Fukaya categories of symplectic manifolds with Hamiltonian torus actions.
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1 Introduction

1a Main results Very affine varieties are local models of divisor complements in proper Calabi–Yau
varieties, so they provide important examples for the study of mirror symmetry and symplectic topology,
and are studied extensively in the literature; see for example Abouzaid and Auroux [2], Abouzaid, Auroux,
Efimov, Katzarkov and Orlov [3], Auroux [8], Gammage and Jeffs [21], Gammage and Shende [22] an
Lekili and Polishchuk [34]. In this paper, we consider a particular class of very affine varieties, defined
via the combinatorial data of a polarized hyperplane arrangement.
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A polarized hyperplane arrangement in Rd consists of a triple V D .V; �; �/, where the d -dimensional
subspace V � Rn and the vector � 2 Rn=V determine n hyperplanes HR;i � Rd , where 1 � i � n,
and � 2 .Rn/�=V ? is the polarization; see Definition 3.1. Assume that V is simple, meaning that the
nonempty intersection of any k hyperplanes is codimension k, we can define a Weinstein sector .M.V /; �/
as follows. Let M.V / be the complement

M.V / WDCd
n

n[
iD1

Hi ;

where Hi �Cd is the complexification of the hyperplane HR;i �Rd in the arrangement V . It follows
from the definition that we have an affine algebraic embedding M.V / ,! .C�/n, equipping M.V / with
the structure of a very affine variety. Symplectically, M.V / is a Weinstein manifold whose Weinstein
structure is inherited from the standard Stein structure on .C�/n. Since the polarization � can be
interpreted as a superpotential � WM.V /!C, it defines a stop (ie a Weinstein hypersurface) in the ideal
boundary @1M.V /, which we will still denote by � by abuse of notation. Our goal in this paper is to
identify the partially wrapped Fukaya category W.M.V /; �/ with a convolution algebra associated to the
combinatorial data V . In particular, we will find a generating set of objects in W.M.V /; �/ and show
that their endomorphism A1-algebra in W.M.V /; �/ is formal.

To describe the generating Lagrangians in W.M.V /; �/, note that the hyperplanes in the arrangement V

divide Rd into a finite number of chambers. Since these hyperplanes come with their co-orientations, each
of these chambers in Rd corresponds to a sign sequence ˛ 2 fC;�gn, which we call feasible. Among
the set of feasible sign sequences F .V /, those for which the linear functional � W�˛! R is bounded
above are called bounded, where �˛ �Rd is the (closed) chamber corresponding to the sign sequence
˛ 2 F .V /. Denote by P.V / � F .V / the set of bounded-feasible sign sequences (or equivalently,
chambers). See Figure 1 for a polarized hyperplane arrangement consisting of three lines in R2. To each
˛ 2P.V /, we can associate a Lagrangian submanifold L˛ �M.V /, which is the connected component
(open chamber) �ı˛ ��˛ in the real locus

M.V /\Rd �Cd :

This is a noncompact, exact Lagrangian submanifold which gives an object of the Fukaya category
W.M.V /; �/.

Conventions In this paper, we will be working over the ring of integers Z, which is where the Gm-
equivariant hypertoric convolution algebras are defined (see Lee, Li and Mak [32]), although these algebras
are originally introduced over C in the work of Braden, Licata, Phan, Proudfoot and Webster [13]. On
the other hand, the work of Ganatra, Pardon and Shende [25], which our work heavily relies on, is also
done over Z.

We will now state the main results of this paper.

Geometry & Topology, Volume 29 (2025)
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Figure 1: A polarized hyperplane arrangement in R2, with the bounded-feasible chambers shaded.

1.1 Theorem (generation, Theorem 4.13) The partially wrapped Fukaya category W.M.V /; �/ is
generated by the Lagrangian submanifolds fL˛g˛2P.V /.

The key ingredient of the proof is the sectoral descent established by Ganatra, Pardon and Shende [25]
(cf Theorem 2.18). We will present the main idea of the proof using the explicit example given in Figure 1.

Theorem 1.1 enables us to identify the partially wrapped Fukaya category W.M.V /; �/ with the endo-
morphism A1-algebra of its objects fL˛g˛2P.V /. Consider the Fukaya A1-algebra

zBV WD
M

˛;ˇ2P.V /

CW�.L˛; Lˇ /;

where CW�.�;�/ denotes the partially wrapped Floer cochain complex with respect to the stop �. We
will show that zBV is quasi-isomorphic to a convolution algebra zB.V / introduced by Braden, Licata, Phan,
Proudfoot and Webster [13], which is the universal flat graded deformation of the hypertoric convolution
algebra B.V /; see Braden, Licata, Proudfoot and Webster [14]. More backgrounds and motivations about
why this should be the case will be given in Section 1b.

1.2 Theorem (formality, Theorem 5.5) There is a quasi-isomorphism between A1-algebras over Z:

zBV Š zB.V /:

In particular , the Fukaya A1-algebra zBV is formal.

This proves Lauda, Licata and Manion’s [31, Conjecture 1.2] in the general case when the hyperplane
arrangement V is not necessarily cyclic. Refer to [31] for the precise definition of a cyclic hyperplane
arrangement. In particular, such a hyperplane arrangement cannot contain two parallel hyperplanes. When
V is cyclic, the Weinstein manifold M.V / has a convenient interpretation as a symmetric product of
punctured spheres C n fz1; : : : ; zng, and Theorem 1.2 follows essentially from the computation of the
(fully) wrapped Fukaya category W.M.V // by Lekili and Polishchuk [34].

Geometry & Topology, Volume 29 (2025)
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In [14] and [31], some functorial properties of the category of perfect zB.V /-modules with respect to the
deletion and restriction of hyperplane arrangements are discussed. In Section 6, we discuss these functors
and describe some other natural geometric functors between Fukaya categories.

1b Motivation To a polarized hyperplane arrangement V , one can associate another geometric object,
namely a noncompact hyperkähler variety MV , called a hypertoric variety; see Bielawski and Dancer [9].
Under certain assumptions on V , the variety MV is smooth. After a suitable hyperkähler twist, one
can equip MV with the structure of a smooth affine variety. The induced Liouville structure on MV ,
together with a Weinstein hypersurface fV in the ideal boundary @1MV determined by the polarization � ,
provides a stopped Liouville manifold .M.V /; fV /. Moreover, there is the complex moment map

x�C WMV !Cd ;

which defines an algebraic .C�/d -fibration whose discriminant loci are precisely the union of the complex
hyperplanes

Sn
iD1Hi . In this situation, each feasible chamber �˛ gives rise to a Lagrangian V˛ that is

diffeomorphic to the toric variety associated to the moment polytope �˛.

In [14], the authors introduced the hypertoric convolution algebra B.V /, which can be interpreted as
the topological convolution algebra formed by the cohomologies of the complex Lagrangians in MV

associated to the bounded feasible chambers in V . They also predicted that B.V / can be realized as
an appropriate version of the Fukaya category of MV . In the ongoing project [32], we investigate this
question by examining the infinitesimal Fukaya category F.MV ; fV / (ie the forward stopped subcategory
of the partially wrapped Fukaya category in the sense of Ganatra, Pardon and Shende [24, Definition 6.4])
and show that F.MV ; fV / is quasiequivalent to the category of perfect modules over B.V /.

It is a general philosophy due to Aganagic [5] and Teleman [44] that the symplectic topology of MV is
closely related to a half-dimensional space, which is exactly the Weinstein manifold M.V / that we study
in this paper. The precise connections between the Fukaya categories of MV and M.V / are explained in
Lekili and Segal [35, Conjecture A]. They conjectured that there should be a quasiequivalence

(1) WGdm
.MV /�1 ŠW.M.V //;

where WGdm
.MV /�1 �WGdm

.MV / is the spectral component of the Gd
m-equivariant wrapped Fukaya

category at �1. We refer the reader to [35, Section 1.2] for more details; see also McBreen, Shende and
Zhou [38] for a related recent work on multiplicative hypertoric varieties.

Here, what is relevant for us is a partially wrapped version of the conjectural equivalence (1). The
corresponding conjecture relating partially wrapped Fukaya categories then takes the form

(2) FGdm
.MV ; fV /ŠW.M.V /; �/;

where FGdm
.MV ; fV / consists of objects in F.MV ; fV / which are invariant under the fiberwise Gd

m-action
with respect to the complex moment map x�C . Note that performing localizations (stop removals) on both
sides of (2) would imply the equivalence (1) conjectured by Lekili and Segal.

Geometry & Topology, Volume 29 (2025)
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1.3 Remark There are two versions of equivariant Fukaya categories that can be associated to the
hypertoric variety MV , defined by using the geometric Hamiltonian T d -action of the real torus T d �Gd

m

on the Weinstein manifold MV , and the algebraic Gd
m-action on theA1-category F.MV ; fV /, respectively.

For the former version, see Cazassus [15], Daemi and Fukaya [19], Hendricks, Lipshitz and Sarkar [27],
Xiao [46], Kim, Lau and Zheng [29] and Lau, Leung and Li [30], and for the latter one, see Lekili and
Pascaleff [33], Seidel [40] and Seidel and Solomon [41]. In our case, these two versions are expected
to be the same, because under hyperkähler twist, the fiberwise Hamiltonian T d -action associated to the
complex moment map x�C WMV !Cd corresponds to the fiberwise Gd

m-action on the mirror, and the
latter is expected to induce a Gd

m-action on the Fukaya category F.MV ; fV /.

Consider the Fukaya A1-algebra

BV WD
M

˛;ˇ2P.V /

CF�.V˛; Vˇ /;

where CF� denotes the infinitesimally wrapped Floer cochain complexes with respect to the stop
fV � @1MV mentioned above. In [32], we plan to give a Floer-theoretic proof that there is a quasi-
isomorphism between BV and the hypertoric convolution algebra B.V /, and that the Lagrangians
fV˛g˛2P.V / split-generate the Fukaya category F.MV ; fV /. However, shortly after we put the current
paper on the arXiv, we learned that Côté, Gammage and Hilburn [18] have proved this using microlocal
perverse sheaves. Together with conjectural quasiequivalences (2), it follows that there should be a quasi-
isomorphism between the partially wrapped FukayaA1-algebra zBV of .M.V /; �/ and the Gd

m-equivariant
convolution algebra zB.V /. Theorem 1.2 confirms that this is indeed the case.

1c Idea of the proof In this subsection, we give an outline of the proof of our generation result
(Theorem 1.1). Let us start with a 1-dimensional hyperplane arrangement, whose complexified complement
M.V / is C n fr1; r2; : : : ; rng, where �1 < r1 < � � � < rn <1, a complex plane with n points on the
real line removed. Note that Lagrangian chambers are the real line segments connecting the consecutive
punctures in R (colored in blue in Figure 2), together with a ray to positive or negative infinity depending
on the choice of polarization � .

In this case, the generation is a priori clear: we can prove generation via its Weinstein handle structure,
by arguing that the real line segments connecting punctures are cocores for a given Weinstein structure on
M.V /, and applying the generation result of Ganatra, Pardon and Shende [25], which says that cocores
of a Weinstein manifold generate the fully wrapped Fukaya category. To see that the line segments
combined with the ray .�1; r1/ generate the partially wrapped Fukaya category W.M.V /; �/, we appeal
to the computation of wrapped Floer cohomology shown by Abouzaid, Auroux, Efimov, Katzarkov and
Orlov [3], where an exact triangle relating the blue arcs in Figure 2, left, to the Lagrangians L˙1 in
Figure 7 was established via an explicit A1-algebra computation.

Geometry & Topology, Volume 29 (2025)
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1

� �

Figure 2: Left: 1-dimensional hyperplane arrangement. Right: cutting 1-dimensional hyperplane
arrangements into sectors.

To motivate, we prove the generation via a “local-to-global” approach: consider vertical real lines cutting
M.V / into union of “sectors”, as shown in Figure 2, right. Each piece can be identified with part of C�,
together with a stop1 or two stops ˙1, so the wrapped Fukaya category of each sector is generated by
the blue rays depicted in the figure, where the upper and lower ones are both Lagrangian cocores of C�,
which together generate the linking disks to all the stops. Sectorial descent (cf Theorem 2.18) then allows
us to obtain a collection of generators for W.M.V /; �/, as the union of all the blue arcs. Observe that
after gluing the sectors together to get the ambient punctured disk .M.V /; �/, the left most upper and
lower blue Lagrangians are isomorphic via counterclockwise rotation, and the lower blue Lagrangians in
the other sectors can be obtained from the upper ones by performing iterated surgeries. Therefore the
upper collection of the blue arcs would suffice to generate W.M.V /; �/.

The final step to the proof is to show that the real lines depicted in Figure 2, left, generate the upper blue
arcs in Figure 2, right. The left most Lagrangians are canonically identified by rotation, and we observe
that the upper Lagrangians in Figure 2, right, can be obtained from inductively concatenating the real lines
in Figure 2, left, through the stop, or equivalently via “wrapped Lagrangian surgery” around the puncture;
see Figure 3. We therefore conclude that the blue Lagrangians in Figure 2, left, generate W.M.V /; �/.

�

Figure 3: Wrapped surgery around a puncture.

Geometry & Topology, Volume 29 (2025)
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�
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s4

X12

X23

X34

X45

)

Figure 4: Top: decomposing 2-dimensional pair-of-pants into sectors. Bottom: second cut of the
Pj into the standard pieces.

Things get more complicated as the dimension increases, but the key phenomenon can already be seen
in complex dimension 2. To illustrate, we will explain our proof when M.V / is the 2-dimensional
pair-of-pants associated with the hyperplane arrangement shown in Figure 1. As a symmetric product of
two 1-dimensional pair-of-pants, the generation of its wrapped Fukaya category can be computed from
dimension 1 cases as explained by Auroux [6], but our alternative proof sketched here will also apply to
general two-dimensional hyperplane arrangements. Using the polarization �, we can cut the Weinstein
sector .M.V /; �/ into four subsectors as shown in the top diagram of Figure 4 (cf Propositions 3.14
and 3.22). For i D 1; : : : ; 4, we denote by si the i th sectorial hypersurface and by Xi;iC1 the subsectors
after cutting. Each of these subsectors looks pretty similar in the figure, containing of a single crossing
point and several nonintersecting line segments. After curving the picture, we get four sectors on the
right-hand side of the top diagram of Figure 4, and the generation problem in this case reduces to that of
the wrapped Fukaya category for each subsector.

For each of these subsectors, we perform a further cut by hyperplanes which are transverse to the
hyperplane defined by the polarization �, cutting each sector into “squares” as shown in the bottom
diagram of Figure 4. Squares that surround an intersection point of the hyperplanes can be identified
with .C�/2 with four stops given by the two linear functions, and the other squares are products of the

Geometry & Topology, Volume 29 (2025)
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2

3

1

4

Figure 5: Generating Lagrangians for two-dimensional pairs of pants. Top: linking disks, left, and
standard Lagrangian LC1 , right. Bottom: standard Lagrangian LC2 , left, and standard Lagrangian
LC3 , right.

red boundary with T �Œ0; 1�, whose Fukaya category is equivalent to the Fukaya category of one of the
two red boundaries; see Ganatra, Pardon and Shende [25]. It is well-known (see Abouzaid [1]) that the
wrapped Fukaya category of .C�/2 is generated by one of the four real quadrants (a cotangent fiber), and
adding stops adds linking disks associated to these stops as new generators. Moreover, the linking disks
correspond to generating Lagrangians of the stops, which are M.V / for some 1-dimensional hyperplane
arrangement, and from the previous paragraph on dimension 1 hyperplane arrangements we know that
they are generated by real lines connecting punctures.

By sectorial descent (Theorem 2.18), we get a collection of generating Lagrangians, which are depicted
in Figure 5. The green line segments in Figure 5, top left, represent the linking disks associated to the
corresponding generating Lagrangians of the stop, and the remaining three pictures describe the three
generating Lagrangians obtained from each crossing point (after gluing together all the sectors). We label
the three standard Lagrangians by LC1 ; L

C
2 ; L

C
3 , respectively, where the C indicates that the Lagrangian

is the one shifted upwards (under the Hamiltonian flow) in direction of Im.�/ in C2. We denote the
linking disks by Dij , where 1� i � 4 is the index of the stop and 1� j � 3 is the order of cocores, from
left to right. It remains to show that the Lagrangians associated to the bounded-feasible chambers LCC�,
LC�� and LC�C, as depicted in Figure 6, generate all the standard Lagrangians LC1 ; L

C
2 ; L

C
3 and the

Geometry & Topology, Volume 29 (2025)
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Figure 6: The bounded feasible chambers. The red one is LCC�, the green one is LC�� and the
blue one is LC�C.

linking disks Dij in the partially wrapped Fukaya category W.M.V /; �/. Applying the surgery exact
triangle (cf Proposition 4.8) we have:

1.4 Lemma (cf Section 4c) There are quasi-isomorphisms

LC1 ' Cone.LCC�! LC��/; LC2 ' Cone.LC��! LC�C/; LC3 ' LC�C

between objects in the triangulated A1-category W.M.V /; �/perf (cf Section 2b), where Cone.�! �/
stands for the mapping cone.

Thus it remains to show that the linking disks Dij are generated by the “chamber Lagrangians” LCC�,
LC�� and LC�C. To prove this, let us first focus on the top sector X12, shown at left of Figure 7.

Consider the Lagrangian LC1 in this sector. We have the wrapping exact triangle for the linking disk D11

L�1 !D11! LC1 ! L�1 Œ1�;

whereL�1 is the triangular Lagrangian obtained by shiftingL1 down in the direction of Im.�/; see Figure 7,
right. This implies that D11 is generated by L�1 and LC1 . Consider the second sectorial hypersurface s2,
regarded as a stop in X12, there is a similar wrapping exact triangle

zL�1 !D21! zL
C
1 !

zL�1 Œ1�:

s1

s2

D11 D12 D13

D21 D22 D23

LC1

zLC1

L�1

LC1

D11

Figure 7: Left: description of X12. zLC1 is a flipping of LC1 . Right: The wrapping exact triangle.

Geometry & Topology, Volume 29 (2025)
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Here, zL˙1 is a flipping of L˙1 ; cf 4e-2. Since there is a quasi-isomorphism zL˙1 Š L
˙
1 in W.X12/, we

can abuse notation and write both as L˙1 . This shows that we could get L�1 from D21, therefore D11 is
generated by LC1 and D21, hence it can be removed from the collection of generating objects for W.X12/.
For the remaining linking disks in the first stop s1, we can show via Lagrangian surgery that:

1.5 Lemma (cf Section 4e) We have quasi-isomorphisms

D22 ' Cone.D11!D12/ and D13 'D23

in the Fukaya category W.X12/
perf.

1.6 Corollary The partially wrapped Fukaya category W.X12/ is generated by the Lagrangian LC1 and
the linking disks D21, D22 and D23.

Note that the quasi-isomorphisms in Lemma 1.5 also hold in the wrapped Fukaya category of the
ambient Liouville sector .M.V /; �/, by the existence of an inclusion functor associated to the embedding
X12 ,! .M.V /; �/. Under this inclusion, LC1 in W.X12/ is sent to the standard Lagrangian at the top
right of Figure 5.

Similar arguments can be carried out for the Liouville sectors X23 and X34. We can identify linking
disks at the top and the bottom via surgery exact sequences, therefore inductively replacing linking disks
from the top with those at the bottom in the collection of generating objects. Finally, it remains to deal
with the linking disks D41;D42 and D43. To do this, note that the subsector X45 at the bottom has a
geometric decomposition:

1.7 Lemma We have an isomorphism of Liouville sectors X45 Š s4 �CRe�0.

This implies that all the linking disks D41;D42 and D43 become zero objects after pushing forward to
the ambient sector .M.V /; �/. They can thus be removed from the collection of generating objects. We
conclude from Lemma 1.4 and Corollary 1.6 that:

1.8 Proposition (cf Theorem 4.13) The partially wrapped Fukaya category W.M.V /; �/ is generated
by the Lagrangians LCC�; LC�� and LC�C corresponding to the bounded and feasible chambers in the
polarized hyperplane arrangement V .

1d Outline The paper is organized as follows. In Section 2, we recall the basics of Liouville sectors and
Fukaya categories based on the works [25; 23] of Ganatra, Pardon and Shende. Section 3 contains the main
technical input of this paper. We first recall the notion of a polarized hyperplane arrangement in Section 3a,
and then establish some basic facts about the symplectic geometry of the Weinstein manifold M.V / in
Section 3b. The sectorial cut of .M.V /; �/ is carried out rigorously in Sections 3d and 3e. This is followed

Geometry & Topology, Volume 29 (2025)
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by a discussion about the generation for each subsector in the sectorial decomposition in Section 3f. In
Section 4, we prove Theorem 1.1 using the surgery exact triangle for Lagrangian submanifolds with
clean intersections. Using a computational technique similar to that of [8], Theorem 1.2 is proved in
Section 5. As an application, we study the functoriality of Fukaya categories with respect to the deletion
and restriction of hyperplane arrangements in Section 6.

Acknowledgements We thank Sheel Ganatra for numerous discussions on his works [23] and [25].
We also thank Aaron Lauda and Nick Sheridan for helpful communications. We thank the referees for
carefully reading our paper and providing useful suggestions.

We thank Heilbronn focused research grants for the support on this project. Lee was supported by the
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University Research Fellowship, both awarded to Nick Sheridan. Li is partially supported by Simons
grant 385571. Liu was partly supported by NSF Career Award DMS-2048055, awarded to Sheel Ganatra.
Mak was partly supported by the Royal Society University Research Fellowship while working on this
project.

2 Review of sector theory

In this section, we recall the definitions and some important structural results for Fukaya categories of
Weinstein manifolds.

2a Liouville sectors Recall that a symplectic manifold is a pair .X; !/, where X is an even-dimensional
real manifold and ! 2 �2.X/ is a closed nondegenerate 2-form on X . In this paper, we will study a
particular class of noncompact symplectic manifolds.

2.1 Definition A symplectic manifold .X; !/ is a Liouville manifold if ! is exact and there exists a
vector field Z on X such that

(i) Z is complete,

(ii) LZ! D !, or equivalently, Z is dual to a primitive � of !,

(iii) there exists a (codimension 0) compact symplectic submanifold with boundary .X0; !/� .X; !/
such that Z is outward pointing along @X0 and Z has no critical points outside X0.

We call this vector field Z a Liouville vector field and the pair .!;Z/ a Liouville structure on X . The
primitive � of ! is called a Liouville 1-form.

In this paper, all Liouville manifolds are assumed to have vanishing first Chern class, ie c1.X/D 0.

Geometry & Topology, Volume 29 (2025)
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The compact symplectic submanifold .X0; !/ in the item (iii) is called a Liouville domain. We can also
construct a Liouville manifold X out of the given Liouville domain .X0; !/ by taking its completion:

X DX0[@X0 @X0 � Œ1;C1/;

where the Liouville structure on @X0 � Œ1;C1/r is .! D d.r�j@X0/; Z D r@r/.

2.2 Definition Let .X; !;Z/ be a Liouville manifold. We call X Weinstein if there exists an exhausting
Morse function � WX !R that is Lyapunov for Z. The triple .!;Z; �/ is called a Weinstein structure
on X .

2.3 Definition A Stein manifold is a complex manifold .X; J / which admits a proper holomorphic
embedding i WX !CN for some N .

Given a Stein manifold .X; J / equipped with an embedding i WX ,!CN , one can consider the squared
distance function �CN .z/D

PN
iD1 jzi j

2. The pullback function � WD �CN ı i defines a plurisubharmonic
function on X , hence also a symplectic form !� D �dd

C� and a Liouville vector field r� dual to
�dC�. This assignment defines a map from the category of Stein manifolds with a fixed potential � to
the category of Weinstein manifolds with the same potential �. It is shown in [17, Theorem 1.1] that this
map is a weak homotopy equivalence.

A submanifold S � X is coisotropic if dimS � 1
2

dimX and for every s 2 S , ker!jTsS has constant
positive rank. It follows directly that every real hypersurface of X is coisotropic. If S �X is coisotropic,
write DS WD ker!jS � TS for the characteristic foliation of S .

2.4 Definition Let .X; !;Z/ be a Liouville manifold. A real oriented hypersurface S � X is called
sectorial if the following conditions are satisfied:

(i) Z is tangent to S near infinity.

(ii) There exists a Z-invariant neighborhood NbdZ.S/ of S �X and functions

R; I W NbdZ.S/!R

such that R�1.0/D S and

.R; I / W NbdZ.S/!C�"<Re<"

is a trivial symplectic fibration onto the open strip in C consisting of complex numbers with
real part constrained in .�"; "/, where C�"<Re<" is equipped with the standard symplectic form
restricted from C;

Geometry & Topology, Volume 29 (2025)



Fukaya categories of hyperplane arrangements 4853

(iii) Under the above decomposition NbdZ.S/ '�! .R; I /�1.0/�C�"<Re<", the Liouville 1-form �X

on X is sent to �X j.R;I/�1.0/C�
˛
CC df for some 0 < ˛ < 1, where

(3) �˛C D�˛y dxC .1�˛/x dy;

and f is some real-valued function with compact support.

A Liouville sector Y is the closure of one connected component of Xn
Fk
iD1 Si , where the Si are all

disjoint sectorial hypersurfaces.

Alternatively, we can describe Liouville sectors in terms of pairs of Liouville manifolds [20]. A Liouville
pair is a pair .X; F / consisting of a Liouville domain .X; !;Z/ and a Liouville hypersurface .F; !jF ; ZF /
in @X . We say the pair is Weinstein if in addition X is a Weinstein domain and F � @X is Weinstein
with respect to the induced Weinstein structure of X . Ganatra, Pardon and Shende [23] showed that we
have a canonical way to construct a Liouville sector out of a Liouville pair, so that F arises as one of the
fibers .R; I /�1.0/ for some chosen R- and I -functions. Such a hypersurface F � @X , or more generally
a boundary component of a Liouville sector, is usually referred to as a stop of the sector.

2.5 Remark This definition is different from the one in [23], but by Proposition 2.25 in loc. cit., they
are equivalent as definitions for Liouville sectors. In other words, it is not hard to show that our definition
gives a Liouville sector, and conversely, for any given Liouville sector X as in [23], there is a convex
completion of X into a Liouville manifold zX , so that @X ,! zX is a sectorial hypersurface in zX .

2.6 Definition [25, Definition 1.32] Let S1; : : : ; Sk be a collection of transversely intersecting sectorial
hypersurfaces in X . The collection fS1; : : : ; Skg is sectorial if there is a collection of pairs of real-valued
functions f.Ri ; Ii /g1�i�k together with positive real numbers ."i /1�i�k such that R�1i .0/D Si and:

(i) The intersections
T
i2J Si DW SJ for all J � f1; : : : ; kg are either empty or coisotropic.

(ii) When SJ is nonempty, there exists a Z-invariant neighborhood NbdZ.SJ / of SJ so that the
functions Ri and Ii for i 2 J define a trivial symplectic fibration

(4) ..Ri ; Ii /i2J / W NbdZ.SJ /!CjJ j
�"i<Re<"i :

(iii) Under the decomposition (4), the Liouville 1-form �X of X projects to

�X j..Ri ;Ii /i2J /�1.0/C
X
i2J

�
˛i
C C df

for some finite collection of positive numbers 0<˛i <1 and a real-valued function f with compact
support.

Similar to Definition 2.4, we define a cornered Liouville sector to be the closure of one connected
component of the complement Xn

Sk
iD1 Si , where fSig1�i�k is a transversely intersecting sectorial

collection of real hypersurfaces in X .
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Given a Liouville sector .X; !;Z/ and a submanifold S �X which is cylindrical near infinity, we define
the boundary at infinity of S to be the manifold

@1S WD fŒx� j x 2 S nX0; x � y()9 t 2R; 'tZ.x/D yg;

where X0 ,!X is some subdomain such that Z has no zeroes outside X0 (cf Definition 2.1) and 'tZ is
the time-t flow of the Liouville vector field Z. In particular, @1X is a contact manifold with boundary.

2b Wrapped Fukaya categories In this subsection, we briefly recall the definition of wrapped Fukaya
categories associated to a cornered Liouville sector, following [23] and [25]. Given a Liouville sector
.X; !;Z/, recall that a Lagrangian submanifold of X is a submanifold L�X of half dimension such
that !jL D 0.

2.7 Definition A Lagrangian submanifold L�X is exact if the restriction of the primitive �jL is exact
on L. It is cylindrical near infinity if Z is tangent to L near infinity.

To any two transversely intersecting exact cylindrical Lagrangian submanifolds L;K �X equipped with
Spin structures, we can associate a Z-graded free Z-module called the Floer cochain complex

CF�.L;K/ WD
M

p2L\K

op;

where op is the orientation line associated to p 2 L\K. CF�.L;K/ admits a differential defined by an
oriented count of holomorphic strips with boundary on L\K, whose cohomology gives the Lagrangian
Floer cohomology group HF�.L;K/.

2.8 Definition An isotopy fLtg of exact cylindrical Lagrangian submanifolds Lt �X is called positive
if for some, equivalently any, contact form ˛ on @1X , we have ˛.@t@1Lt / > 0.

A positive isotopy .L0 Ý L1/ WD fLtg0�t�1 of Lagrangian submanifolds Lt such that L0; L1 are
transversal to K induces a chain map

CF�.L0; K/! CF�.L1; K/

between Floer cochain complexes. We define the wrapped Floer cohomology associated to L;K by the
homotopy colimit over positive isotopies

HW�.L;K/ WD lim
��!
LÝL0

HF�.L0; K/:

Suppose we have a sequence of positive isotopies L0ÝL1Ý � � � and let .Lt /t2R�0 be the concatenation
of them. Ganatra, Pardon and Shende [23, Lemma 3.29] show that the sequence is cofinal if

(5)
Z 1
0

min
@1Lt

˛.@t@1Lt /D1:
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In other words, when (5) is satisfied, we can compute the wrapped Floer cohomology as

HW�.L0; K/D lim
��!
n

HF�.Ln; K/:

For a smooth function H W Œ0; 1� �X ! R, we denote H.t; � / by Ht . The Hamiltonian vector field
XH D .XHt /t2Œ0;1� is the unique t -dependent vector field on X so that !.�; XHt /D dHt .�/. We denote
the time 1map of the flow by �H . As positive isotopies are in particular exact, for each n2N, we can write
Ln as �Hn.L0/ for some Hamiltonian functions Hn 2 C1.Œ0; 1��X/. The generators of CF�.Ln; K/
can then be identified with time-1 Hamiltonian chords of XHn from L0 to K. Moreover, it is well-
known that for suitably defined !-tamed almost complex structures, there is a bijective correspondence
between finite-energy pseudoholomorphic strips with boundary on Ln; K and finite-energy solutions of
the XHn-perturbed Cauchy–Riemann equation, so one can define a chain complex CF�.L0; KIHn/ using
Hamiltonian chords as generators and there is a canonical isomorphism CF�.Ln; K/Š CF�.L0; KIHn/.
We will use these identifications interchangeably when we compute the wrapped Fukaya cohomology;
see Section 5.

The wrapped Fukaya category W.X/ of a Liouville sector X is an A1-category first introduced by
Auroux [6], and later rigorously defined in [25, Definition 2.20, 2.32] and [42]. The objects of W.X/
are exact cylindrical Lagrangian submanifolds L�X equipped with Spin structures and the morphism
space between L and K is the localization of CF�.L;K/ along continuation elements. In particular, the
cohomology of the morphism space is HW�.L;K/.

The A1-category W.X/ becomes easier to study from an algebraic perspective if we pass to its enlarge-
ment W.X/perf, the A1-category of perfect modules over W.X/. W.X/perf is a triangulated A1-category
and there is a fully faithful embedding W.X/ ,!W.X/perf. We write DperfW.X/DH 0.W.X/perf/ for
the derived category of W.X/. This is a genuine triangulated category.

2c Generation of wrapped Fukaya categories In this section we recall the generation results for
wrapped Fukaya categories of Weinstein sectors proved in [16; 25]. A Liouville sector .X; !;Z/ is said
to be Weinstein if the convex completion of X is Weinstein and there exists a symplectic decomposition
NbdZX .@X/ ' F � T �.�"; 0� such that F is a Weinstein hypersurface in @X . Similarly, a cornered
Liouville sector .X; !;Z/ is Weinstein if each sectorial corner @IX , which is the intersection of jI j D k
sectorial boundaries, decomposes into a product of T �.�"; 0�k and a Weinstein submanifold FI � @IX .

The wrapped Fukaya categories of Weinstein manifolds behave nicely since the Lagrangian cocores
provide a natural collection of generating objects.

2.9 Proposition [17, Proposition 11.9] If .X; !;Z; �/ is a Weinstein manifold , then all the unstable
manifolds of the pair .�;Z/ are coisotropic. In particular , if the index of a critical point of � is
nD 1

2
dimX , then a corresponding unstable manifold is Lagrangian.
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2.10 Definition We call an unstable manifold of a Weinstein manifold .X2n; !;Z; �/ with index n a
cocore of X .

2.11 Theorem [16; 25] The wrapped Fukaya category of a Weinstein manifold .X; !;Z; �/ is gener-
ated by its cocores.

In particular, wrapped Fukaya categories of Weinstein manifolds are finitely generated.

We then consider the more general case of a cornered Weinstein sector. In this case, each corner stratum
is a product NbdZX .@IX/ ' FI � T

�Œ�"; 0�jI j for some I � f1; : : : ; ng, hence for L � FI a cocore of
FI and 
 � T �Œ�"; 0�jI j a product of cotangent fibers, we get an object L� 
 in the wrapped Fukaya
category of X , which we call a linking disk associated to the corner @IX .

2.12 Theorem [16; 25] The wrapped Fukaya category of a cornered Weinstein sector .X; !;Z; �/ is
generated by its cocores and linking disks associated to all its corner strata.

We review some examples that will become the building blocks in the proof of our generation result
(cf Proposition 3.24).

2.13 Example In [1], the author proves that for the cotangent bundle T �Q over a compact manifold Q
which is Spin, the wrapped Fukaya category W.T �Q/ is generated by a single cotangent fiber. This can
be generalized to the case when the manifold Q is compact with corners, in which case the cotangent
bundle of Q is a cornered Weinstein sector. In particular, consider the cotangent bundle of an interval, as
drawn in Figure 8.

The red boundary components are sectorial boundaries, and the wrapped Fukaya category W.T �Œ0; 1�/

is generated by the cotangent fiber L WD T �0 Œ0; 1�, which is colored in green in the picture. From this
figure, it is not hard to see that CW�.L;L/Š Z.0/, therefore W.T �Œ0; 1�/'ModZ is quasiequivalent
to the category of modules over Z. By the Künneth theorem, it follows that for any cornered Weinstein
sector X , we have W.X �T �Œ0; 1�/'W.X/.

2.14 Example Let X D .C�/d be an algebraic torus, which we can regard symplectically as the
cotangent bundle T �T d of the real torus T d . By Example 2.13, we know that W.T �T d / is generated
by one cotangent fiber, which corresponds to one of the 2d quadrants of the real locus of .C�/d . Cutting
.C�/d by sectorial hypersurfaces simply adds linking disks associated to these sectorial hypersurfaces
(and their intersections) to the generating set.

0

1

Figure 8: The cotangent bundle of Œ0; 1�.
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0

1

Figure 9: An example of generalized cocore.

It is a convenient viewpoint to regard linking disks as generalizations of cocores. To make it precise, we
introduce the notion of a relative core.

2.15 Definition Let .X; !;Z; �/ be a Weinstein manifold, then the union of the stable manifolds of all
critical points of � is called the core of X . For a Weinstein pair .X; F /, the relative core of .X; F / is
the union cX [ .cF �R/, where cF is the core of F and cF �R�X consists of points whose positive
Liouville flow converge to cF .

2.16 Definition [25] Let cX;F be the relative core of a Weinstein sector .X; F /, a generalized cocore
of .X; F / associated to a component of cX;F is a cylindrical exact Lagrangian submanifold intersecting
cX;F transversely at a single point in this component.

Theorem 2.12 remains valid for generalized cocores: the wrapped Fukaya category of a cornered Weinstein
sector .X; !;Z; �/ is generated by a collection of generalized cocores, one for each component of the
relative core.

In particular, instead of picking the standard generator of T �Œ0; 1�, we can pick any curve 
 in T �Œ0; 1�
with a single transverse intersection with the zero section, and the product 
 �L for any generating
Lagrangian L in W.F / will give us a linking disk in W.X/ to associated to F . Figure 9 shows one
possible choice of a generalized cocore in T �Œ0; 1�.

2d Stopped inclusion and the Viterbo restriction Let .X; �/ and .X 0; �0/ be two Liouville sectors.
A (stopped) inclusion i W X 0 ,! X is a proper map that is a diffeomorphism onto its image, such that
i��D �0C df for some compactly supported function f WX 0!R. Ganatra, Pardon and Shende [23]
showed that an inclusion of Liouville sectors induces an A1-functor between the wrapped Fukaya
categories

W.X 0/!W.X/;

which we call a stopped inclusion functor. On the other hand, given an embedding of Liouville domains
X0 ,!X1, one would expect that there is a Viterbo restriction functor

W.X1/!W.X0/

between wrapped Fukaya categories, which is contravariant with respect to Liouville embedding. The
geometric construction, under additional assumptions on cylindrical exact Lagrangians, has been carried
out by Abouzaid and Seidel [4]. Algebraically, the existence of such a restriction functor for X0 a
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Weinstein domain is proved by Ganatra, Pardon and Shende [25]. The proof in [25, Section 11.1] suggests
that such an A1-functor also exists for embeddings of Weinstein sectors W0 ,!W1, provided that the
Weinstein embedding is a diffeomorphism on connected components of sectorial boundaries. We record
this fact in the following lemma.

2.17 Lemma Let X0 ,!X1 be a Weinstein embedding of Weinstein sectors that is a diffeomorphism on
the boundary, then there exists a Viterbo restriction functor W.X1/!W.X0/.

2e The Orlov functor Recall from Definition 2.4 that given a Liouville sector .X; !;Z/, the bound-
ary @X admits a Z-invariant neighborhood NbdZ.@X/Š F �T �Œ�"; 0� for some " > 0, where F � @X
is a Liouville hypersurface. When F happens to be Weinstein, Theorem 2.12 tells us that the wrapped
Fukaya category W.F / is generated by its cocores. Example 2.13 implies that the wrapped Fukaya
category of NbdZ.@X/, regarded as a Weinstein sector, is quasiequivalent to W.F /. Together with the
stopped inclusion NbdZ.F / ,!X , we obtain an A1-functor

Or WW.F /!W.X/;

which is usually known as the Orlov functor. Note that the images of the Orlov functor is exactly the
linking disks associated to the stop F .

2f Sectorial descent Suppose a Liouville sector X is covered by the other two Liouville sectors X1
and X2 such that the intersection X12 WDX1\X2 becomes a sectorial hypersurface of both X1 and X2;
see Definition 2.6. Then the stopped inclusion functor gives us a diagram of wrapped Fukaya categories

(6)

W.X1/

W.X12/ W.X/

W.X2/

In general, this diagram is an almost homotopy pushout, and if all the sectors are Weinstein, then it
is a genuine homotopy pushout [25, Theorem 1.28]. More generally, suppose that X can be covered
by a collection of cornered Liouville sectors, ie X D

Sk
iD1Xi , the intersection poset of the cornered

Liouville sectors fXigkiD1 gives a diagram of wrapped Fukaya categories, leading to the following is a
generalization of (6).

2.18 Theorem (sectorial descent [25], Theorem 1.35) For any Weinstein sectorial coveringX1; : : : ; Xk
of a Liouville sector X , the induced functor

hocolim
¿¤I�f1;:::;kg

W

�\
i2I

Xi

�
'
�!W.X/

is a pre-triangulated equivalence.
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3 Symplectic geometry of hyperplane complements and generating
Lagrangians

In this section, we first introduce our main object of study, a polarized hyperplane arrangement V D

.V; �; �/ (see Definition 3.5) and establish some basic geometric properties for the complement M.V / of
the complexified hyperplanes in V . Then we apply Theorem 2.18 together with the generation results
reviewed in Examples 2.13 and 2.14 to get a generating set of Lagrangians for the partially wrapped
Fukaya category W.M.V /; �/.

3a Hyperplane arrangements Let .V; �/ be a pair of d -dimensional subspace V �Rn and an element
� 2Rn=V . This determines a hyperplane arrangement of n hyperplanes in V ŠRd . If we present V as
the image of a linear map Rd !Rn induced by an n�d matrix AD .aij / and w D .w1; : : : ; wn/ 2Rn

represents �, then the hyperplanes in the arrangement are given by

(7) HR;i D

�
s D .s1; : : : ; sd / 2Rd

ˇ̌̌ dX
jD1

aij sj Cwi D 0

�
for i D 1; : : : ; n:

We assume that .V; �/ is chosen such that HR;i ¤¿ for all i so none of the hyperplane is redundant.

The positive half-spaces of Rd induce co-orientations on the hyperplanes so that we can assign a region
(possibly empty) of the arrangement a sequence ˛ of signs fC;�g of length n. More precisely, given
˛ D .˛.1/; : : : ; ˛.n// 2 fC;�gn, the corresponding region (also called chamber) �˛ � V C � is the set
of points s with

˛.i/

�
wi C

dX
jD1

aij sj

�
� 0 for 1� i � n:

Such a sign sequence ˛ is called feasible, if �˛ ¤¿. We denote the set of feasible sign sequences for V

by F .V /. Given two sign sequences ˛ and ˇ, define

(8) d˛ˇ WD #f1� i � n j ˛.i/¤ ˇ.i/g

to be the number of sign changes required to turn ˛ into ˇ. Due to the bijective correspondence, sign
sequences and chambers will often be mentioned interchangeably.

3.1 Definition Let V D .V; �/ be an arrangement of n hyperplanes as above. A polarization is an
element � 2 V � Š .Rn/�=V ? such that each element of .Rn/� representing � has at least d nonzero
entries. We call the triple V D .V; �; �/ a polarized hyperplane arrangement of n hyperplanes in V .

3.2 Remark The condition that � has at least d nonzero entries is added here to ensure that � is generic
enough for our later purposes. This is usually not required in the literature.
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Choose a lift z� 2 .Rn/� of �. We say a sign sequence ˛ 2 fC;�gn is bounded if the affine linear
functional z� on V C � is bounded above on �˛. Note that this is independent of the choice of the lift z�.
Denote the set of bounded sign sequences for V by B.V /. Let P.V / WDB.V /\F .V / be the set of
bounded and feasible sign sequences.

3.3 Definition A hyperplane arrangement .V; �/ is called simple if for every subset of k hyperplanes
HR;i1 ; : : : ;HR;ik , the intersection

Tk
lD1HR;il is either empty or has codimension k.

In fact, this is equivalent to saying that the intersection of hyperplanes is either transverse or empty (when
they are parallel). The following combinatorial lemma will play a crucial role in the proof of our main
result.

3.4 Lemma Suppose V is a simple hyperplane arrangement equipped with a generic polarization �.
Let H D fHR;1; : : : ;HR;ng be the corresponding collection of hyperplanes in Rd . Then the number
of bounded and feasible chambers is equal to the number of 0-dimensional strata in the union of all
hyperplanes

Sn
iD1HR;i .

Proof The proof is based on double induction on the pair .d; n/ 2N2. Denote by NV the number of
bounded-feasible chambers of V . Due to the genericity of � , it is straightforward that NV D 0 if and only
if there is no 0-dimensional stratum in

Sn
iD1HR;i . Also, when d D 1, it is clear that NV D n.

We first perform induction on d . Suppose that the claim holds when d D r . Consider a polarized
arrangement V of n � r hyperplanes in RrC1 and apply the induction on n. The initial step n D r is
obvious. Suppose that the claim holds for nD k > rC1. We add a new hyperplane HR to H which is in
general position, so that the restrictions of the hyperplanes in H to HR is still a hyperplane arrangement
in HR ŠRr . By induction hypothesis, we know that the number of bounded and feasible chambers on
the induced hyperplane arrangement in HR is the same as the number of 0-dimensional strata. Moreover,
the simplicity assumption implies that each such chamber in HR either divides one of the bounded
and feasible chambers in V or adds a new bounded and feasible chamber to V . This implies that after
adding HR, the number of bounded and feasible chambers in the hyperplane arrangement is increased by
the number of 0-dimensional strata in HR created by the intersection HR\

�Sk
iD1HR;i

�
.

3.5 Definition Let V D .V; �; �/ be a polarized hyperplane arrangement. The complexified polarized
hyperplane arrangement associated to V is a linear extension of V over C, denoted by VCD .VC; �C; �C/.
If it is clear from the context, we simply write it as V .

For example, if we write one of the hyperplanes HR;i �Rd as in (7), then its complexification Hi �Cd

is given by

(9) Hi D

�
z 2Cd

ˇ̌̌ dX
jD1

aij zj Cwi D 0

�
;

where aij ; wj 2R.
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3b Essential geometry In this subsection, we describe the Weinstein structure of M.V / and show that
M.V / is of finite type (Corollary 3.10).

Let `i .z/ be the defining equation of the (complex) hyperplane Hi in the arrangement V and �.z/D � � z.
We assume that the polarization � satisfies the following properties:

(i) � does not belong to the span of the normal vectors of any k hyperplanes in V if k � d � 1.

(ii) No two 0-dimensional strata in the intersections of the complex hyperplanes fHigniD1 lie in the
same level set Re.�/�1.c/ for some c 2R.

The set of polarizations satisfying these two properties are generic in the space of all linear forms
on V �. Consider the affine canonical embedding � WCd !Cn given by �.z/D .`1.z/; : : : ; `n.z//. This
induces an embedding of the complement M.V / WDCd n

Sn
iD1Hi into .C�/n, which we will denote by

� WM.V /! .C�/n.

Next, we equipM.V / with a symplectic form ! as follows: First, let !� be the symplectic form on .C�/n

defined by the pullback of the standard symplectic form on C2n via the embedding i W .C�/n ,! C2n

given by i.z1; : : : ; zn/D .z1; 1=z1; : : : ; zn; 1=zn/. We have

!� D 2
p
�1

nX
iD1

�
dzi ^ dxzi C d

�
1

zi

�
^ d

�
1

xzi

��
D 2
p
�1

nX
iD1

�
1C

1

jzi j4

�
dzi ^ dxzi

D 4

nX
iD1

�
1C

1

.x2i Cy
2
i /
2

�
dxi ^ dyi :

Equivalently, we equip .C�/n with the Kähler potential � D
Pn
iD1.jzi j

2C 1=jzi j
2/ so that

�dC� D 2

nX
iD1

�
1�

1

.x2i Cy
2
i /
2

�
xi dyi � 2

nX
iD1

�
1�

1

.x2i Cy
2
i /
2

�
yi dxi

and !� D�ddC�. Take ! to be the pullback of the form !� under the embedding � WM.V / ,! .C�/n,
which gives

! WD ��!� D 4

nX
iD1

�
1C

1

j`i j4

�
dRe.`i /^ d Im.`i /:

Notice that ! depends on M.V / as well as the choice of the embedding � WCd !Cn. However, different
choices yield deformation-equivalent Weinstein structures.

3.6 Lemma For any Ec D .c1; : : : ; cn/ 2Rn>0, the rescaled embedding

�Ec WD Ec�D .c1`1; : : : ; cn`n/ WM.V /! .C�/n

gives us a new Weinstein structure .M.V /; ��
Ec
�/ that is Weinstein deformation equivalent to .M.V /; ���/.
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Proof Consider an isotopy of Stein embeddings �t WM.V /!Cn via

�t .z/D t Ec�.z/C .1� t /�.z/

for t 2 Œ0; 1�. Then we have

��t �.z/D �.t Ec�.z/C .1� t /�.z//:

It is straightforward to compute the differential, and easy to see that the critical points of d�t .z/, for all
0� t � 1, lie in a compact subset (by rescaling the previous critical points). Therefore .M.V /; ���/ and
.M.V /; ��

Ec
�/ are Weinstein deformation equivalent.

From now on, if the context is clear, we will abuse notation by denoting the restriction of � to M.V /
simply as �.

Let J �f1; : : : ; ng be an index set such that
T
i2J Hi ¤¿. Since all the `i are linear, near the intersectionT

i2J Hi , the symplectic form ! can be written as the sum of the dominant terms and bounded terms:

! D 4
X
i2J

�
1C

1

j`i j4

�
dRe.`i /^ d Im.`i /C 4

X
i…J

�
1C

1

j`i j4

�
dRe.`i /^ d Im.`i /:

Geometrically, the symplectic form ! asymptotically behaves like the standard symplectic form nearT
i2J Hi ¤¿. The following lemma gives precise formulae for this fact.

3.7 Lemma Let J � f1; : : : ; ng with jJ j D d . Enumerate the elements in J by 1; : : : ; d . Consider the
linear change of coordinates ˆ WCd !Cd which pulls `i back to zi for i 2 J . Write

j̀ D

X
i2J

aij zi ;

where the coefficients aij 2R are as in (9).

Then M.ˆ�1.V //Dˆ�1.M.V // and we have the following formulae:

ˆ�! D 4
X
i2J

�
1C

1

jzi j4
C

X
j…J

a2ij

�
1C

1

j j̀ j
4

��
dxi ^ dyi(10)

C 4
X
i¤j
i;j2J

X
k…J

aikajk

�
1C

1

j`kj
4

�
dxi ^ dyj :

ˆ�d� D

dX
iD1

2

��
1�

1

jzi j4

�
xi C

X
j…J

�
1�

1

j j̀ j
4

�
Re. j̀ /aij

�
dxi

C

dX
iD1

2

��
1�

1

jzi j4

�
yi C

X
j…J

�
1�

1

j j̀ j
4

�
Im. j̀ /aij

�
dyi ;
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ˆ�dC� D�

dX
iD1

2

��
1�

1

jzi j4

�
xi C

X
j…J

�
1�

1

j j̀ j
4

�
Re. j̀ / aij

�
dyi(11)

C

dX
iD1

2

��
1�

1

jzi j4

�
yi C

X
j…J

�
1�

1

j j̀ j
4

�
Im. j̀ / aij

�
dxi :

The proof of Lemma 3.7 follows from a straightforward computation, so we omit the details. For
simplicity, we will drop ˆ� from the notation if it is clear from the context. We will find it convenient to
use Lemma 3.7 when doing computations.

To write the formulae in the lemma above in more compact forms, let A be the .n�d/�d -matrix whose
.i; j /th entry is .aj i

p
1C .1=j`i j4// and let D D ..1C 1=jzi j4/ıij / be the diagonal matrix. Under the

standard basis f@=@Ex; @=@ Eyg, we can write the symplectic form ! in the matrix form

! D

�
0 4.DCATA/

�4.DCATA/ 0

�
;(12)

where DCATA is invertible.

Similarly, consider the matrices

zAD

�
aj i

s
1�

1

j`i j4

�
; zD D

��
1�

1

jzi j4

�
ıij

�
;

ŒdC��x D 2Ex
T . zDC zAT zA/; ŒdC��y D 2 Ey

T . zDC zAT zA/:

Then we have dC� D �ŒdC��xd EyC Œd
C��yd Ex. We can also compute the Hamiltonian vector fields

XRe.�/ and XIm.�/ associated to the real and imaginary parts of � as follows.

3.8 Lemma Write � D
Pd
iD1 bizi , where bi 2R. Then XRe.�/ is a purely imaginary vector field given

by the matrix formula

(13) XRe.�/ D
1

4

�
@

@ Ey

�T
.DCATA/�1 Eb;

where Eb refers to the vector .b1; : : : ; bd /T . Similarly, XIm.�/ is given by

(14) XIm.�/ D�
1

4

�
@

@Ex

�T
.DCATA/�1 Eb:

As a consequence , the square of the length of the vector field XRe.�/ is

kXRe.�/k
2
D !.XRe.�/; XIm.�//D

1
4
.Eb/T .DCATA/�1 Eb:
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Proof Since d Re.�/D
Pd
iD1 bi dxi and d Im.�/D

Pd
iD1 bi dyi , we get

bi D d Re.�/
�
@

@xi

�
D !

�
@

@xi
; XRe.�/

�
D 4

dX
jD1

�
1C

1

jzj j4
C

X
k…I

�
1C

1

j`kj
4

�
aikajk

�
dyj .XRe.�//;

0D d Re.�/
�
@

@yi

�
D !

�
@

@yi
; XRe.�/

�
D�4

dX
jD1

�
1C

1

jzj j4
C

X
k…I

�
1C

1

j`kj
4

�
aikajk

�
dxj .XRe.�//;

Using the matrices A and D, the equations above can be rewritten as

Eb D 4.DCATA/ d Ey.XRe.�//; E0D 4.DCA
TA/ d Ex.XRe.�//:

The case of XIm.�/ can be dealt with similarly. Using (12) and the nondegeneracy of the matrix DCATA,
we conclude the result.

3.9 Lemma Suppose that

(15)
\

j2K; jKjDdC1

fj j̀ j � 1g D¿:

Then there are functions CI .z/; CR.z/ > 0 and two constants 0 < c1 < c2 such that for jIm �j sufficiently
large , we have c1 < CI .z/ < c2 and

�dC�.XIm.�//D CI .z/ Im.�/:

Similarly, for jRe.�/j sufficiently large , we have c1 < CR.z/ < c2 and

�dC�.XRe.�//D CR.z/Re.�/:

Proof For any J � f1; : : : ; ng such that jJ j D d and � > 0, we define

(16) M.V /J;� D fz 2M.V / j j j̀ .z/j> � for all j 2 J g:

By assumption (15), the open sets fM.V /J;1 j jJ j D dg form a finite cover of M.V /. Consider a single
open set M.V /J;1 and let f j̀ j j 2 J g be the coordinate functions fzi j i D 1; : : : ; dg.

By (11), (13) and (14), we can write dC�.XRe.�// and dC�.XIm.�// as

dC�.XRe.�//D�
1
2
ExT . zDC zAT zA/.DCATA/�1 Eb;

dC�.XIm.�//D�
1
2
EyT . zDC zAT zA/.DCATA/�1 Eb:
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When jIm.�/j ! 1, the inequality jIm.�/j D
ˇ̌Pd

iD1 biyi
ˇ̌
�
�P

b2i
�1=2�P

y2i
�1=2 implies that there

must be at least one coordinate yi with yj !1. Using the decomposition

zDC zAT zAD .DCATA/� .D� zDCATA� zAT zA/;

we can write �dC�.XIm.�// as

�dC�.XIm �/D Ey
T Eb� EyT .D� zDCATA� zAT zA/.DCATA/�1 Eb„ ƒ‚ …

remainder termR

D Im.�/�R:

Note that the term

EyT .D� zDCATA� zAT zA/D

�
2yi

jzi j4
C

X
j…J

2

j j̀ j
4

Im. j̀ /aij

�
in the remainder matrix R is bounded when all the jzi j are bounded away from 0 since j j̀ j � 1 for all
j … J . Since the vector .DCATA/�1 Eb is also bounded, it follows that the remainder term is bounded
as jzi j are bounded away from 0. Let K � f1; : : : ; dg be a subset such that jzi j ! 0 for i 2K and jzj j is
bounded away from 0 for j …K, we can write DCATA as a 2� 2 block matrix

DCATAD

�
E F

G H

�
;

where the first block E records all the entries coming from K. By [36, Theorem 2.1], the inverse
.DCATA/�1 is given by

(17)
�
E�1CE�1F.H �GE�1F /�1GE�1 �E�1F.H �GE�1F /�1

�.H �GE�1F /�1GE�1 .H �GE�1F /�1

�
:

When the coordinates .zi /i2K are sufficiently small, E�1 is close to a zero matrix and the determinants
jF j, jGj and jH j are bounded so .DCATA/�1 is close to a 2� 2 block matrix where only the bottom
right block is nonzero (except when K D f1; : : : ; dg, in which case the whole matrix .DCATA/�1 is
close to the zero matrix). On the other hand, when .zi /i2K are sufficiently small, the blow-up entries
in .D� zDCATA� zAT zA/ are the diagonal entries 1=jzi j4 for i 2K, which go to infinity at the same
rate that E�1 is going to 0. As a result, the terms in EyT .D� zDCATA� zAT zA/.DCATA/�1 are still
bounded even when some zi are approaching 0. Therefore R is bounded for all possible jzi j, which
implies that as jIm.�/j !1, �dC�.XIm.�//� Im.�/. This proves the claim for �dC�.XIm.�//. The
case of �dC�.XRe.�// can be dealt with in a similar way.

3.10 Corollary The critical points of the function � WM.V /!R lie in a compact subset of M.V /. As
a consequence , .M.V /; !;r�; �/ is a Weinstein manifold of finite type.

Proof By Lemma 3.6, at the cost of replacing `i by ci`i , we can assume that (15) is satisfied without
changing the Weinstein deformation type. Then by Lemma 3.9, d� is nonzero when jRe.�/j or jIm.�/j is
large. This is true for any polarization �. Since the zeros of d� do not depend on �, we conclude that
they lie in a compact set.
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3c Some useful lemmas Before discussing the symplectic geometry of M.V /, we collect here some
lemmas that will be used later. We start with a simple fact in linear algebra.

3.11 Lemma The (pointwise) inverse matrix !�1 of !, as a section of Hom.T �M.V /; TM.V //
over M.V /, extends smoothly over Cd . Moreover , for a point p 2

T
i2J Hi , the image of !�1jp lies inT

i2J TpHi .

Proof Since the complex structure JV on M.V / is !-compatible, we have

�g ıJV D ! W TM.V /! T �M.V /;

where g is the Riemannian metric. It follows that !�1 D JV ı g
�1 W T �M.V /! TM.V /. Since JV

extends smoothly over Cd , it suffices to check that g�1 extends smoothly over Cd .

Let p 2
T
i2J Hi and p …Hi if i … J . In a neighborhood of p, we write gD .gij / as a 2�2 block matrix

RD

�
E F

G H

�
such that E D .gij /i;j2J . Note that R is only well-defined on the complement M.V / of the hyperplanes.
By [36, Theorem 2.1], R�1 is given by (17).

On the other hand, we know that as we approach the point p from the complement M.V /, E�1 converges
to the zero matrix and the determinants jF j; jGj and jH j are bounded. Thus the inverse matrix R�1

converges to �
0 0

0 H�1

�
;

which clearly extends smoothly over p.

Moreover, the image of R�1 at p is spanned by f@xi ; @yi gi…J , which gives precisely the subspaceT
i2J TpHi . Since

T
i2J TpHi is JV -invariant, the image of !�1 is contained in

T
i2J TpHi .

3.12 Corollary For any smooth function H W Œ0; 1��Cd !R, the Hamiltonian vector field of H jM.V /
on M.V / extends to a smooth vector field over Cd that is tangent to the strata in the union

Sn
iD1Hi .

Proof The 1-form dHt is smooth over Cd , so the result follows from Lemma 3.11.

The following lemma deals with the completeness of vector fields away from lower-dimensional strata.

3.13 Lemma Let X � xX be an open submanifold of a smooth manifold xX (possibly with boundary)
such that xX nX is a stratified space of lower dimension and V a vector field on X . If V can be extended
to a complete C 1 (eg smooth ) vector field xV on xX such that xV j xXnX is tangent to the strata of xX nX , then
the flow of V on X will not escape to xX nX .

Proof Since xV is complete in xX , for every t > 0 the flow  t W xX ! xX is a well-defined diffeomorphism
sending the stratified space xX nX to itself. Therefore  t restricts to a diffeomorphism on X , which is
also the flow of V on X . This shows that the flow of V on X will not escape to xX nX .
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3d Homotopy sectoriality In Section 3b, we equipped M.V / with a natural Weinstein structure. In
order to apply the sectorial descent (Theorem 2.18) to study the partially wrapped Fukaya category
W.M.V /; �/, we need to find a sectorial collection of real hypersurfaces in M.V /. In this subsection,
we will prove a slightly more general result, which is stated as follows.

Given any collection of transversely intersecting k.� d/ complex hyperplanes fSi D ��1i .ci /g
k
iD1 in Cd

for some ci 2 R, which are also transverse to the hyperplanes at infinity (ie the complex hyperplanes
H1; : : : ;Hn � Cd ), there exists a Liouville deformation of M.V / such that the real hypersurfaces
Re.�i /�1.ci / form a sectorial collection after deformation.

The proof is based on a lengthy calculation, so it is helpful to start with a sketch of the argument. Pick
a subcollection fSi1 ; : : : ; Sisg of the hyperplanes fSig1�i�k such that the intersection

Ts
jD1 Sij ¤ ¿,

we explain how to deform the Liouville structure near
Ts
jD1 Sij in a way that is compatible with all

other subcollections with nonempty intersections. We first construct a collection of commuting vector
fields fXRe.�j /; Vj g

s
jD1 near

Ts
jD1 Sij such that !.Vj ; XRe.�j 0 // D ıj;j 0 and !.XRe.�j /; XRe.�j 0 // D

!.Vj ; Vj 0/ D 0 (cf Lemmas 3.15 and 3.21). By integrating along (the normalization of) these vector
fields, it gives the corresponding s pairs of R and I functions (in the sense of Definition 2.6), denoted by
.Rj ; Ij /1�j�s , which in turn produce a symplectic trivial fibration from a neighborhood of

Ts
jD1 Sij to

Cs
" WD ..�2"; 2"/�R/s (cf Corollary 3.17). We will also show that Ij is close to Im.�j / when " is small

(cf Corollary 3.18 and Lemma 3.19). We can then apply Lemma 3.9 to get control of dC� in terms of Ij
outside of a compact subset. We write down an explicit deformation of the Liouville structure using the
product coordinates obtained from the trivial fibration to Cs

" (cf (20) and (21)), after an explicit calculation
together with the estimates of dC�, we show that the deformation is a Liouville deformation such that
the skeleton lies in a compact set for all time (cf Propositions 3.14 and 3.22). The construction of the
commuting vector fields and the explicit deformation of the Liouville structure are canonical enough in
the sense that they are compatible when we consider different subcollections of the complex hyperplanes
fSig1�i�k .

We start with the case of a single hyperplane.

3.14 Proposition Let c2R be a real number such that Re.�/�1.c/ intersects all hyperplanesH1; : : : ;Hn
transversely. Then there is a Liouville deformation .M.V /; !;Zt / with Z0 Dr� and Z1 is tangent to
the sectorial hypersurface fRe.�/D cg outside of a compact subset. Moreover , the skeleton[

0�t�1

Skel.M.V /; Zt /

is compact.

As explained earlier, the first step is to construct the commuting vector fields XR and V .
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3.15 Lemma Let c 2 R be such that Re.�/�1.c/ intersects all the hyperplanes H1; : : : ;Hn trans-
versely. Then there is a small neighborhood Nbd.fRe.�/ D cg/ of fRe.�/ D cg and a vector field V
in Nbd.fRe.�/ D cg/ such that !.V;XRe.�// D 1 and the flow of V is well-defined in the punctured
neighborhood Nbd.fRe.�/D cg/ n

�Sn
iD1Hi

�
for some positive and negative time.

Proof Take V D�JXRe.�/=kXRe.�/k
2. Then

!.V;XRe.�//D g

�
XRe.�/

kXRe.�/k
2
; XRe.�/

�
D 1:

Thus it suffices to show that

(i) kXRe.�/k is nonvanishing, and

(ii) the flow of V is well-defined for some small time t ¤ 0,

in Nbd.fRe.�/D cg/ n
Sn
iD1Hi .

To see this, we consider the open cover fM.V /J;�g of M.V / defined by (16) and identify the linear
forms in j̀ for j 2 J with the coordinate functions z1; : : : ; zd . Then the 1-form dC� on M.V /J;�
takes the form (11). Looking at the entries, we see that there is a constant c > 0 such that the matrix
.DCATA/�c Id is positive definite. Recall that we are working over the subsetM.V /J;� , where j j̀ j>"
for j … J , therefore the matrix DCATA blows up only when some zi approaches 0. We apply the same
trick used in the proof of Lemma 3.9.

Let K � f1; : : : ; dg and consider a region DK �M.V / where .zi /i2K can be arbitrarily close to 0 but
.zi /i…K are bounded away from 0. Write DCATA as a 2�2 block matrix, where the first block records
all the coordinates with indices in K. As in the proof of Lemma 3.11, we can apply [36, Theorem 2.1] to
compute the inverse of DCATA. When the coordinates .zi /i2K are sufficiently small, .DCATA/�1

converges to a 2� 2 block matrix where only the bottom right block, denoted by P , is nonzero (except
when K D f1; : : : ; dg, in which case .DCATA/�1 converges to the 0 matrix). In fact, we also know
that there are constants C 0 > c0 > 0 (depending on DK) such that P � c0 Id and C 0 Id�P are positive
definite. The genericity of our choice of the polarization � D

Pd
iD1 bizi (see Definition 3.1) implies that

all the bi are nonzero. It follows that we have

(18) 0 < .min
i
jbi j/
p
c0 � kXRe.�/k � .max

i
jbi j/
p
C 0

in DK as long asK¤f1; : : : ; dg. The transversality assumption on fRe.�/Dcg implies that fRe.�/Dcg�
Cd is away from 0-dimensional strata (ie

T
i2J 0 Hi for some jJ 0j D d ) formed by the hyperplanes

fHig
n
iD1. As a consequence, we can cover a small neighborhood of fRe.�/D cg using the regions DK

with K ¤ f1; : : : ; dg. Altogether, they give us a uniform upper bound and a uniform lower bound on the
norm kXRe.�/k. This proves the existence of an open neighborhood of fRe.�/D cg satisfying (i).

By Corollary 3.12, we know that JXRe.�/ extends to a vector field on Cd . By abuse of notation,
we denote its extension by JXRe.�/. Moreover, by (18) and the 2 � 2 block matrix argument above,
we see that kXRe.�/k also extends to Cd and it is 0 only at the 0-dimensional strata. As a result,
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V D�JXRe.�/=kXRe.�/k
2 extends to a well-defined vector field in Cd except possibly at the 0-dimensional

strata, and it is tangent to the strata in
Sn
iD1Hi . By Lemma 3.13, to show the completeness of V onM.V /,

it suffices to exclude the possibility that its flowlines escape from the open subset M.V /�Cd in a finite
time. Since in a neighborhood of fRe.�/D cg, the norm kV k D 1=kXRe.�/k is uniformly bounded above
by a constant, the flow of V on M.V / is complete by Grönwall’s inequality [45, Theorem 2.8].

3.16 Remark The proof of Lemma 3.15 shows that there are positive constants cR and CR such that
cR < kXRe.�/k < CR in Nbd.fRe.�/D cg/; see (18). Moreover, if we choose Nbd.fRe.�/D cg/ such
that it is a union of XRe.�/-integral curves, then the flow of XRe.�/ in Nbd.fRe.�/ D cg/ exists for all
positive and negative time.

3.17 Corollary Under the assumption of Lemma 3.15, there is a constant " > 0 and a pair of functions

(19) .R; I / W Nbd.fRe.�/D cg/!C" WD .�2"; 2"/�R

such that .R; I /�1.0/D f� D cg, rI DXRe.�/ and rRD V .

In particular , the vector fields XR and XI commute and hence (19) defines a trivial symplectic fibration.

Proof Since !.V;XRe.�// D 1 is a constant, the vector fields V and XRe.�/ commute and define an
integrable 2-plane bundle transverse to f� D cg. By Lemma 3.15, the flow of V is defined for some
nonzero (positive or negative) time. On the other hand, the flow of XRe.�/ is defined for all time; see
Remark 3.16. Therefore, by integrating the vector fields V and XRe.�/, we get the functions R and I
respectively. Since

!.XR; XI /D !.JXR; JXI /D !.�rR;�rI /D !.V;XRe.�//D 1;

(19) defines a trivial symplectic fibration.

3.18 Corollary The function I in Corollary 3.17 agrees with Im.�/.

Proof The gradient vector field of Im.�/ is given by r Im.�/D�JXIm.�/ DXRe.�/, which is the same
as the gradient vector field of I .

Recall from Lemma 3.15 that V D �JXRe.�/=kXRe.�/k
2 D �XIm.�/=kXRe.�/k

2, which is tangent to
fIm.�/D 0g. As a result, I jfIm.�/D0gD 0. The uniqueness of integral curve with the same initial condition
implies that I D Im.�/.

3.19 Lemma Let R and I be functions as in Lemma 3.15 and Corollary 3.17. Suppose also that\
j2K; jKjDdC1

fj j̀ j � 1g D¿:

Then inside the open neighborhood Nbd.fRe.�/D cg/Š F �C", we have a function C.z/ > 0 and two
positive constants c1; c2 such that c1 < C.z/ < c2 and , for jI j sufficiently large ,

�dC�.XI /D C.z/I:
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Proof This is a consequence of Lemma 3.9 and Corollary 3.18.

We will now start to prove Proposition 3.14, the main result of this subsection, using Lemma 3.19.

Proof of Proposition 3.14 The proof is divided into six steps.

Step 0: preparation Pick c0 � 0 large enough so that .M.V /; c0�/ is covered by the open subsets
M.V /J;1 (ie the assumption (15) holds). By Lemma 3.6, working with .M.V /; c0�/ does not change the
Weinstein deformation type, so it suffices to prove the proposition for .M.V /; c0�/ instead.

Using the cover fM.V /J;1g, and under the convention of Lemma 3.15, we write � D
Pd
iD1 bi`i DPd

iD1 bizi . Recall R and I from Lemma 3.15 and Corollary 3.17. Let F D .R; I /�1.0/, we have a
symplectic product decomposition

Nbd.fRe.�/D cg/Š F � .�"; "/�R;

which is given by symplectic parallel transports along the second and the third factors. Denote the
Liouville 1-form on M.V / by �V . Let �F D �V jF�f0g and recall the definition of the 1-form �˛C
from (3). For any 0 < ˛ < 1, the difference between our Liouville 1-form �V and �F C�˛C is exact in
Nbd.fRe.�/D cg/, so we can write

�V D �F C�
˛
CC df;

where f W Nbd.fRe.�/D cg/!R is a smooth function in Nbd.fRe.�/D cg/, not necessarily compactly
supported, which depends on ˛.

Step 1: an explicit deformation Let � WR!R be a smooth function depicted on the right-hand side
of Figure 10, which is zero near the origin, particularly �0.0/D �00.0/D 0, and �.x/D x� c00 for some
c00 > 0 near x D ", �.x/D xC c00 near x D�" and �.x/D x when jxj � 2". We assume that 0� �0 � 1
when jxj � " and 1� �0 � 1C ıc00 when jxj � ", where ıc00 > 0 is a small number depending on c00. By
possibly replacing c00 with a smaller one, we can make ıc00 as close to 0 as we want. Set

zf .x; p/ WD f .x; �.R.p//; �0.R.p//I.p// for jR.p/j � ";(20)

zf .x; p/ WD f .x; �.R.p//; I.p// for "� jR.p/j � 2":(21)

This is well-defined because �0 D 1 near jRj D ". Moreover, zf D f when jRj � 2".

Let �1 WD�F C�˛CCd
zf . Since zf D 0 nearRD 0, the symplectic dual of �1 is tangent to the hypersurface

F � f0g �R near infinity, such that F � f0g �R is sectorial with defining function I . For 0 � t � 1,
consider the family of 1-forms

�t D t�1C .1� t /�V D �F C�
˛
CC d.t

zf C .1� t /f /;

which induces a Liouville homotopy from .X; !; �V / to .X; !; �1/. Our goal is to show that for an
appropriate choice of ˛ 2 .0; 1/, the skeleton of this family of Liouville 1-forms is compact.
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x

y

1

�"�2" " 2" x

y

�"�2" " 2"

Figure 10: The bump function �, right, and its derivative, left.

Recall the notation C" D .�2"; 2"/�R. To show that the skeleton is compact, our strategy is first to
compute

d zf jfzg�C" and df jfzg�C"

which shows that for every z, the zeros of �t jfzg�C" lie in a compact set. Then we will argue that the
zeros of �t jF�fpg lie in a compact subset for every p to conclude that the zeros of �t lie in a compact
subset.

Step 2: analyzing the critical points using Lemma 3.19 We implement the strategy described above,
and consider first the region where jR.p/j � ".

On fzg �C", by definition @R is the unique vector field in SpanfV;XRe.�/g D SpanfXR; XI g such that
dR.@R/D1 and dI.@R/D0. In other words, !.XR; @R/D�1 and !.XI ; @R/D0. Therefore, @RD�XI
and similarly, @I DXR. Since @R zf D �0@Rf C �00I@Rf and @I zf D �0@If , we have

(22) d zf jfzg�C" D �
0.�df .XI / dRC df .XR/ dI /� �

00I df .XI / dR:

Recall that

(23) �˛C D�˛I dRC .1�˛/R dI;

so df is given by

(24) df jfzg�C" D�d
C�
ˇ̌̌
fzg�C"

��˛C D

df .XR/‚ …„ ƒ
.�dC�.XR/� .1�˛/R/dI �

df .XI /‚ …„ ƒ
.�dC�.XI /�˛I /dR:

Consider the zeros of the restriction of the 1-form �t to fzg �C" for 0� t � 1. By (23), (24) and (22),

(25) �t jfzg�C" D �
˛
CC t d

zf jfzg�C" C .1� t / df jfzg�C"

D ..1�˛/RC .1C t .�0� 1// df .XR// dI

� .˛I C t�00I df .XR/C .1C t .�
0
� 1// df .XI // dR:

It suffices to look at the zeroes of the coefficients of dR and dI . For dI , the coefficient being zero
implies that

df .XR/D�
.1�˛/R

1� t .1� �0/
:
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When jI j is sufficiently large, it follows from Lemma 3.19 that the coefficient of dR in (25) being 0
means

0D .˛I C t�00Idf .XR/C .1C t .�
0
� 1//df .XI //

D

�
˛I � t�00I

.1�˛/R

1� t .1� �0/
C .1C t .�0� 1//.C.z/I �˛I /

�
D

�
t .1� �0/˛� t�00

.1�˛/R

1� t .1� �0/
C .1� t .1� �0//C.z/

�
I:

The only possible solution is

(26) ˛ D
t�00R�C.1� t .1� �0//2

t�00RC t .1� �0/.1� t .1� �0//
D 1�

C.1� t .1� �0//2C t .1� �0/.1� t .1� �0//

t�00RC t .1� �0/.1� t .1� �0//
:

Step 3: analyzing the critical points by a direct calculation Let AD t .1� �0/. Then the right-hand
side of (26) reads

(27) 1�
C.1�A/2CA.1�A/

t�00RCA.1�A/
:

Since we are considering the region where jRj � " and j�00j is bounded (cf Figure 10, left, we have
0� �0 � 1, so

C.1�A/2CA.1�A/

t�00RCA.1�A/
� 0:

When A! 0, we have �0! 1 or t ! 0, hence

C.1�A/2CA.1�A/

t�00RCA.1�A/
!1;

while if A! 1, we must have �0! 0 (thus also �00! 0) and t ! 1, and a variation of the formula for ˛
gives

1�˛

1�A
D

C.1�A/CA

t�00RCA.1�A/
;

which approaches1 as A! 1. Looking back into the coefficient of dI , we have

.1�A/df .XR/D�.1�˛/R;

which is equivalent to the equation

A.1�˛/

1�A
RD dC�.XR/:

Since jdC�.XR/j � C < 1 is bounded, R=.1 � A/ must also be bounded. Traveling back to the
coefficient for dR, we have

1D
C.1�A/CA

t

�
1�˛

1�A
R

�
�00CA.1�˛/

:
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If A! 1, the numerator converges to 1, while

t
1�˛

1�A
R�00! 0 and A.1�˛/ < 1;

so we derive that 1 < 1 as A ! 1, a contradiction. Thus A cannot converge to 1, so there is some
0 <M < 1 with 0� A�M < 1, such that (27) is away from 1. Therefore if ˛ is sufficiently close to 1,
the equation (26) has no solution.

We conclude that there is an ˛ 2 .0; 1/ such that the Liouville 1-form �t jfzg�C" has no critical points in
the region jRj � " when jI j is large. Note that Lemma 3.19 and the estimates above are uniform in z so
there is an ˛ 2 .0; 1/ such that when jI j is large, �t jfzg�C" has no critical points in the region jRj � " for
all z 2 F .

Step 4: the easier region Next we consider the region where jR.p/j � ". When jR.p/j � ", we have

d zf jfzg�C" D��
0.R/ df .XI / dRC df .XR/ dI:

In this case,

�t jfzg�C" D �
˛
CC t d

zf jfzg�C" C .1� t / df jfzg�C"

D
�
.1�˛/RC df .XR/

�
dI �

�
˛I C .1C t .�0� 1// df .XI /

�
dR:

Applying Lemma 3.19 again, the coefficient of dR being zero means, for jI j sufficiently large,

0D�dC�.XI /� t .�
0
� 1/ dC�.XI /� t .�

0
� 1/ ˛I

D
�
.1C t .�0� 1//C � t .�0� 1/

�
˛I

D
�
C C t .�0� 1/.C � 1/

�
˛I:

Since C is uniformly bounded from above, we can choose �0 to be very close to 1 such that the equation
above has no solution for all t 2 Œ0; 1�. Therefore, �t jfzg�C" has no critical points in the region jR.p/j � "
as well.

Step 5: concluding the proof We conclude that there is an ˛ 2 .0; 1/ such that the critical points of the
Liouville 1-form �t lie in a compact subset of fzg�C" for any z 2 F , since the previous discussion does
not depend on the choice of z. Compactness of the critical points of �t along the fiber follows from the
fact that we are deforming the Liouville structure so that it remains complete in the complement M.V /,
which we know from Corollary 3.10 to have compact set of critical points.

We now generalize the argument above to the case where there are transversely intersecting hyperplanes
��1i .c˙i /�Cd with c�i < c

C
i for i D 1; : : : ; d .

3.20 Lemma For any subcollection of hypersurfaces in fRe.�i /�1.c˙i / j i D 1; : : : ; dg, their intersection
is either coisotropic or empty.

Proof This is a direct consequence of the fact that the vector fields XRe.�i / are purely imaginary and the
characteristic foliation of Re.�i /�1.c˙i / is generated by XRe.�i /.
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Lemma 3.20 verifies the first item of Definition 2.6. To proceed, we need to show the orthogonality (4) in
the definition of sectorial collections (cf Definition 2.6). In fact, we can prove the following generalization
of Lemma 3.15.

3.21 Lemma There exists a d -tuple of vector fields fV ˙1 ; : : : ; V
˙
d
g, defined in the product neighborhood

of
Td
iD1fRe.�i /D c˙i g, satisfying the following properties:

(i) !.V ˙i ; V
˙
j /D 0 for all i; j .

(ii) !.V ˙i ; XRe.�j //D ıij .

(iii) The flow of V ˙i exists for some positive time.

Proof With the same conventions as in Lemma 3.7, we write �i D
Pd
jD1 bij zj . Then the Hamiltonian

vector field of Re.�i / is given by

XRe.�i / D
1
4
EbTi .DCA

TA/�1
@

@ Ey
;

and similarly

XIm.�i / D�
1
4
EbTi .DCA

TA/�1
@

@Ex
;

so that the symplectic pairing between them is given by

!ij WD !.XRe.�i /; XIm.�j //D 4X
T
Re.�i /

.DCATA/XIm.�j / D
1
4
EbTi .DCA

TA/�1 Ebj ;

which is bounded for all z 2M.V /. Given a nonempty subset J � f1; : : : ; dg with jJ j D r < d , without
loss of generality we may assume that J D f1; : : : ; rg. The restriction of the symplectic form ! to the
subbundle of T �M.V / generated by fXRe.�i /; XIm.�i /g1�i;j�r is given by the matrix

�D

�
0 .!ij /

.�!ij / 0

�
:

Let fVigriD1 be a family of vector fields defined as linear combinations of fXIm.�j /g which satisfy
!.Vi ; XRe.�i // D 1 and !.Vi ; XRe.�j // D 0 for i ¤ j . Such Vi can be obtained by taking the inverse
matrix of �. Also, since the coefficients of � are polynomials in !ij , which are bounded for z 2M.V /,
the coefficients of the vector field Vi are Laurent polynomials in !ij . These coefficients are bounded unless
the determinant of � goes to 0. However, Lemma 3.11 shows that this cannot happen near

T
j2J Hj .

This allows us to apply the completeness criterion (Lemma 3.13) to conclude that all such Vi admit
flows in the complement of

Sd
jD1Hj such that they do not escape to Hj . Now we have obtained Vi ’s

for each open neighborhood of the intersection
T
j2J Re.�j /�1.c˙j /, removing a neighborhood of some

deeper strata, and we can patch them together using a partition of unity to get vector fields Vi defined in a
neighborhood of Re.�i /�1.c˙i /, which still have well-defined flows in the complement of

Sd
jD1Hj such

that they do not escape to Hj . There is a uniform upper bound for the norms kVik so they are complete
by Grönwall’s inequality. It follows from the definition that !.V ˙i ; XRe.�j //D ıij , which completes the
proof.
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As a consequence, by the same reasoning in Corollary 3.17, we can integrate the vector fields V ˙i and
XRe.�i / to obtain functions fRi ; Iig, and a symplectic product decomposition of a neighborhood of the
intersection S� WD

Td
iD1 Re.�i /�1.c

�i
i /,

..Ri ; Ii /iD1;:::;d / W Nbd.S� /!Cd
"

for each � D .�1; : : : ; �d / 2 f˙g
d . This verifies that Definition 2.6(ii) holds for the collection of

hypersurfaces fRe.�i /�1.c˙i /giD1;:::;d . Note that both Ii and Im.�i / are obtained by integratingXRi . This
time, Ii jIm.�i /D0 is not necessarily 0 because XIm.�j / is not necessarily tangent to fIm.�i /D 0g. However,
Ii and Im.�i / are arbitrarily C1 close to each other when " is small because Ii jS� D 0 D Im.�i /jS�
and they are obtained by integrating the same vector field. The direct generalization of Lemma 3.19 is
therefore also true by replacing � with �i and I with Ii .

We can adapt the proof of Proposition 3.14 to the collection of hypersurfaces fRe.�i /�1.c˙i /g
d
iD1 because

we can use an explicit product type deformation in Step 1 (with respect to the product decomposition
of Cd

" ), apply the generalization of Lemma 3.19 in Step 2, and the rest follows by the same computations.
Thus we have:

3.22 Proposition There exists a Liouville deformation .M.V /; !;Zt / with compact skeleton such that
Z0Dr� and the real hypersurfaces Re.�i /�1.c˙i /�M.V / are all sectorial with respect to the deformed
Liouville structure .M.V /; !;Z1/.

We can actually decompose this Liouville deformation into a finite number of steps, each of which makes
one of the hypersurfaces Re.�i /�1.c˙i / sectorial. By [17, Proposition 11.8], we know that there exists an
exact symplectomorphism

f W .M.V /; !; ��/! .M.V /; !; �1/

such that f ��1 D �� C dg, where g WX !R is a compactly supported function. This implies that the
wrapped Fukaya category is unchanged up to quasiequivalence under this deformation [28, Lemma 2].

3e Sectorial decomposition Given a polarized hyperplane arrangement V D .V; �; �/, in this subsection
we introduce sectorial cuts of the Weinstein manifold M.V /, so that it is divided into standard pieces
with known generating Lagrangians. Note that the existence of sectorial cuts relies on the simplicity
assumption of V . The construction is divided into two steps.

Step 1 Let f�ig1�i�d be a basis of V � with �1 D �. Note that each �i can be identified with a linear
hyperplane in V , and we require that none of the linear hyperplanes associated to the �i are parallel to any
of the hyperplanes HR;j in the arrangement, where 1� j � n. Let NV be the number of 0-dimensional
strata in the hyperplane arrangement V . Pick real numbers .c1j /1�j�NV and .cik/2�i�d;1�k�2NV

with
the following properties:
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(i) For each 1�j �NV , there exists a unique q1j so that Re.�1/�1.q1j / intersects with the hyperplanes
in V at a unique 0-dimensional stratum. In this case, choose real numbers .c1j / so that c1;j�1 <
q1j < c1j holds (when j D 1, we set c1;0 D�1).

(ii) For each 1 � j � NV and i > 1, there exists a qij so that Re.�i /�1.qij / intersects with some
hyperplanes in V at a 0-dimensional stratum. Pick real numbers .cik/ with ci;2j�1 < qij < ci;2j
so that �

Re.�i /�1.ci;2j�1/[Re.�i /�1.ci;2j /
�
\Re.�1/�1.Œc1j ; c1;jC1�/

intersects transversely with at most d � 2 hyperplanes in V .

By Proposition 3.22, after a Liouville deformation with compact skeleta, we can arrange that all the real
hypersurfaces fRe.�i /D cikgi;k , including i D 1, form a sectorial collection. Thus we can use them to
cut the Weinstein manifold M.V / into subsectors.

Step 2 We first cut M.V / using the hypersurfaces defined by �1, which leads to the decomposition

M.V /D
NV[
jD1

Re.�1/�1.Œc1;j�1; c1j �/DW
NV[
jD1

Pj ;

so that we get a total number of NV sectors with similar behaviors as depicted in Figure 11. See also the
related discussions in the introduction (Section 1c).

Next, we perform further cuts on each subsector Pj using the real hypersurfaces Re.�i /�1.ci;2j�1/ and
Re.�i /�1.ci;2j / for i > 1, which gives the decomposition

Pj D
[

˛2f�;0;Cgd�1

� d\
iD2

Re.�i /.˛i /
�
\Re.�1/�1.Œc1;j�1; c1j �/DW

[
˛2f�;0;Cgd�1

Pj˛;

�

)

Figure 11: Decomposing 2-dimensional pair-of-pants into sectors.
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)

Figure 12: Second cut of the Pj into standard pieces.

where ˛ D .˛2; : : : ; ˛d / and

Re.�i /.�/D Re.�i /�1..�1; ci;2j�1�/;

Re.�i /.0/D Re.�i /�1.Œci;2j�1; ci;2j �/;

Re.�i /.C/D Re.�i /�1.Œci;2j ;C1//:

An intuitive picture in dimension two is shown in Figure 12, where the green lines represent the second
family of sectorial hypersurfaces that we introduced above, and the dashed parts indicate that we do not
use these hypersurfaces to cut other irrelevant pieces.

Now we can apply sectorial descent (Theorem 2.18) with respect to the covering fPj˛g, which gives the
following.

3.23 Proposition The partially wrapped Fukaya category W.M.V /; �/ is generated by that of its
covering sectors W.Pj˛/, where 1� j �NV and ˛ 2 f�; 0;Cgd�1.

This reduces the generation problem of W.M.V /; �/ to that of the Fukaya categories W.Pj˛/.

3f Generation for each piece In this subsection, we study the generation for the wrapped Fukaya
categories of the Weinstein subsectors Pj˛ �M.V / defined in the last subsection. Notice that there are
two types of such subsectors: those containing a crossing (ie a 0-dimensional intersection point formed
by d complex hyperplanes in V ), denoted simply by P�, and those do not contain a crossing, which we
denote by Pj.

3.24 Proposition (i) The Liouville sector P� is symplectomorphic to�
.C�/d ;

d[
iD1

.fi /
�1.c˙i /

�
;

where c˙i 2 fcik j 1 � k � 2NV g and fi is the pullback of �i under the symplectic embedding
P� ,! .C�/d .
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(ii) The other Liouville sectors Pj are symplectomorphic to the stabilizations

.Pj\ .�1/
�1.cC1 //�T

�Œc�1 ; c
C
1 �;

where c˙1 2 fc1j W 1� j �NV g.

3.25 Remark It follows from (i) of the proposition above that the wrapped Fukaya category W.P�/

is generated by a cotangent fiber of .C�/d Š T �T d , together with the linking disks associated to the
stops .�i /�1.c˙i /. The cotangent fiber L� P� will be called a standard Lagrangian associated to P�.
Order the crossing points from the bottom to the top according to the values of Re.�/, the sector P�
corresponds to a unique crossing point, say the j th crossing, and we will write the corresponding standard
Lagrangian as Lj .

Note that here we use the term “standard Lagrangian” so that it is consistent with the term used in
geometric representation theory, where the standard objects in the hypertoric category O (see [14])
correspond exactly (by our main theorem) to these Lagrangians.

On the other hand, statement (ii) of the proposition above implies that the wrapped Fukaya category
W.P˛/ŠW

�
.�1/
�1.cC1 /\P˛

�
is generated by the linking disks associated to the stop P˛\ .�1/�1.cC1 /.

Proof of Proposition 3.24(i) Let J �f1; : : : ; ng be the set of hyperplanes going through the dimension 0
crossing point contained in P�. We apply Lemma 3.7 to get a corresponding symplectic structure on P�,
regarded as a (codimension 0) symplectic submanifold of M.V ŒJ �/, where V ŒJ � is the hyperplane
arrangement whose first d members are coordinate hyperplanes. Recall also the symplectomorphism
ˆ WM.V ŒJ �/!M.V / from Lemma 3.7. Consider the symplectic isotopy

!t WD 4

�
0 DC .1� t /ATA

�D� .1� t /ATA 0

�
;

whose derivative (with respect to t ) is

P!t D 4

�
0 �ATA

ATA 0

�
D�4d

�X
j…J

�
1�

1

j j̀ j
4

��
Re. j̀ /d Im. j̀ /� Im. j̀ /d Re. j̀ /

��
D d�t :

Let V be the symplectic dual to the 1-form �t ; we need to prove that V is complete.

Consider a partial compactification M.VJ / of M.V /, where VJ is hyperplane arrangement obtained by
removing those with indices in J . The stratification of the complement M.VJ / nM.V / is determined by
equations f`i D 0j8i 2 J 0gJ 0�J . With respect to the symplectic structure !t , the vector field V is given
by the formula

(28) V D�Œd�J �.DC .1� t /A
TA/�1

0B@ @

@Ex
@

@ Ey

1CA ;
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where

�J D
X
j…J

�
j j̀ j

2
C

1

j j̀ j
2

�
is the squared sum and Œd�J � is the matrix corresponding to its differential, which is given by

d�J D
X
j…J

dX
iD1

�
1�

1

j j̀ j
4

�
Re. j̀ /aij dxi :

In the sector P�, we have j j̀ j bounded away from zero, and Re. j̀ / is bounded for all j … J . If jzi j ! 0

for some 1� i � d , the denominator of the coefficients of @xi and @yi in the expression (28) go to1, so
the vector field V extends to a vector field over the open strata fzi D 0g and is tangent to it. To show
the completeness of V , it suffices to look at the case when some Im.`i /!1. Under this limit, the
coefficient of @xi is always bounded. Since all the j j̀ j are bounded away from 0, for any sequence of
points in ˆ.P�/ converging to any strata at infinity,

Œd�J �.DC .1� t /A
TA/�1

converges. It follows that near infinity, we have

kŒd�J �.DC .1� t /A
TA/�1k �M

for some constant M > 0, which then implies that the coefficient of @yi is controlled by CM jzj, where
C > 0 is another constant. It is a consequence of Grönwall’s inequality [45, Theorem 2.8] that the vector
field V is complete. Thus the time-1 flow of V induces a symplectic embedding �1V Wˆ.P�/ ,! .C�/d ,
which can be extended to an exact symplectomorphism. It implies that

W.P�/'W.ˆ.P�//'W

�
.C�/d ;

d[
iD1

.fi /
�1.c˙i /

�
is generated by a cotangent fiber of T �T d and linking disks associated to the stops .�i /�1.c˙i /.

Proof of Proposition 3.24(ii) Recall that in the proof of Lemma 3.21, we only use the fact that the
hypersurfaces fRe.�1/�1.c˙1 /g intersect with the removed hyperplanes transversely, and we cut the
Liouville sector so that the sets Re.�1/�1.r/, for c�1 � r � c

C
1 , intersect the removed hyperplanes in

the closure of P˛ transversely, so we conclude that for every c�1 � r � c
C
1 , there exists a product

decomposition of the Z-invariant neighborhood

(29) NbdZ.fRe.�1/D rg/\Pj
'
�! f�1 D rg �T

�Œ�"r ; "r �\Pj

for some small "r > 0. The product decomposition (29) for each r gives us a locally defined vector
field XI r

i
, for some function I r1 W NbdZ.fRe.�1/D rg/\Pj!R from Lemma 3.21. The open intervals

.r � "c ; rC "c/ form a covering of Œc�; cC�, so we can find a finite subcollection of the .c� "c ; cC "c/’s
covering the same interval. Let f rg be a partition of unity defined on P˛D

S
r NbdZ.fRe.�1/D rg/\Pj
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that is subordinate to the finite cover, then the vector field V D
P
r  rXI r1 satisfies d Re.�1/.V / D 1

everywhere and is locally complete by Lemma 3.13. Therefore the vector fields .XRe.�1/; V / induce the
required product decomposition in the second part of the Proposition 3.24.

Proposition 3.24 together with sectorial descent (Theorem 2.18) imply that the wrapped Fukaya category
of .M.V /; �D �1/ is generated by the union of all standard Lagrangians fLj g

NV
jD1 and the image under the

cup functors [WW.��1i .cik/\Pj˛/!W.Pj˛/!W.M.V /; �1/ for all possible i and j (ie the linking
disks corresponding to the cornered stops Pj˛). Here we want to rule out the generators coming from the
stops ��1i .cik/ for i � 2; see Theorem 3.26. In the next section, contributions to the generating collection
of W.M.V /; �/ from the stops ��11 .c1j / will also be ruled out based on several formulae provided by
Lagrangian surgery, so that the wrapped Fukaya category W.M.V /; �/ will be shown to be generated by
the standard Lagrangian submanifolds. In particular, since the standard Lagrangians are quasi-isomorphic
to iterated mapping cones of bounded-feasible chamber Lagrangians (4e-4), this concludes the proof
Theorem 1.1.

We end this subsection with the following theorem.

3.26 Theorem The partially wrapped Fukaya category W.M.V /; �/ is generated by the standard
Lagrangians fLj g1�j�NV constructed in Proposition 3.24 and the linking disks associated to the stops
��11 .c1j /.

Proof For simplicity, we call a sector Pj˛ of type � if it contains a crossing point (ie P�), and of type
j if it is a stabilization (ie Pj). The wrapped Fukaya categories of sectors of type j are generated by
the image of the cup functor [WW.Pj˛ \ ��11 .c1j //!W.Pj˛/. On the other hand, for each j , the
wrapped Fukaya categories of the type � sector W.Pj0/ is generated by the distinguished Lagrangian Lj
associated to the crossing point together with the images of the cup functors from W.Pj˛\�

�1
i .ci;2j�1//,

W.Pj˛ \ �
�1
i .ci;2j // and W.Pj˛ \ �

�1
1 .c1j //.

To see that the contributions from the functors [WW.Pj0 \ ��1i .ci;2j�1//!W.Pj0/!W.Pj / and
[WW.Pj0\ �

�1
i .ci;2j //!W.Pj0/!W.Pj / for i � 2 are redundant, we consider the gluing diagram

(30)

W.Pj0\ �
�1
i .ci;2j�1// W.Pj;.0;:::;0;�;0;:::;0//

W.Pj0/ W.Pj0[Pj;.0;0;:::;0;�;0;:::;0//;

where the top arrow and the left arrows are cup functors. Since the sector Pj;.0;:::;0;�;0;:::;0/ is of type j,
the cup functor W.Pj;.���/\ ��11 .c1j //!W.Pj;.���// is a quasiequivalence, and hence images of the top
arrow of (30) for i � 2, are generated by images of Lagrangians in Pj;.���/\ ��11 .c1j / in W.Pj;.���//.

By taking homotopy colimit, the wrapped Fukaya category W.M.V /; �/ is generated by the union of all
images of the cup functor [WW.Pj˛\��11 .c1j //!W.Pj˛/!W.M.V /; �/ together with fLj g1�j�NV .
The remaining task is to compare these cup functors with linking disks associated to ��11 .c1j /.
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Fix j , note that the union
S
˛2f�;0;Cg Pj˛\ �

�1
1 .c1j /D �

�1
1 .c1j / provides a sectorial cover of ��11 .c1j /,

so by sectorial descent (Theorem 2.18) the wrapped Fukaya category W.��11 .c1j // is the homotopy colimit
of the Fukaya categories W.Pj˛\��11 .c1j // via the inclusion functor W.Pj˛\��11 .c1j //!W.��11 .c1j //.
Since the maps of Liouville sectors form a commutative diagram

Pj˛ \ �
�1
1 .c1j / ��11 .c1j /

Pj˛ Pj

the corresponding functors of wrapped Fukaya categories also fit into a homotopy commutative diagram

W.Pj˛ \ �
�1
1 .c1j // W.��11 .c1j //

W.Pj˛/ W.Pj /

Taking the homotopy colimit for ˛, we get a diagram

hocolim˛W.Pj˛ \ ��11 .c1j // W.��11 .c1j //

hocolim˛W.Pj˛/ W.Pj /

where the top and bottom functors are quasiequivalences of A1-categories, and the diagram is still com-
mutative up to homotopy. The bottom left composition contributes linking disks associated to the sectorial
corners to the generating collection, and we can invert the top arrow to see that these generating collections
actually lie in the full A1-subcategory of W.Pj / spanned by generating collections of W.��11 .c1j //.

4 Exact triangle, surgery and isomorphic objects

In Theorem 3.26, we showed that the partially wrapped Fukaya category W.M.V /; �/ is generated by
the standard Lagrangians together with the all the linking disks associated to the stop �1 D �. In this
section, we will use surgery exact sequences to rule out the contributions of all the linking disks and show
that the standard Lagrangians are generated by Lagrangians associated to bounded feasible chambers
of V . We start with a discussion about McLean-type neighborhoods in the special case corresponding to
a (complex) hyperplane arrangement, which is a slight modification of [39].

4a A McLean-type neighborhood. Consider a projective completion of M.V / � Cd , denoted by
M.V /� CPd . Let D1 denote the complement CPd nCd Š CPd�1. By abuse of notation, we will
still use fHigniD1 to denote the collection of the completions of the complexified hyperplanes in the
arrangement V . The intersection loci

Sn
iD1Hi\D1 can be seen as a generic hyperplane arrangement V1

in CPd�1. In general, this contains a singular locus of M.V /, denoted by Vsing. For example, singular
locus will arise when there are parallel hyperplanes in V .
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One can desingularize M.V / by iterated blow-ups along Vsing, starting from the deepest strata, which
we describe as follows. First, blow up M.V / along all 0-dimensional strata of the intersections of the
hyperplanes Hi in D1. The proper transforms of the hyperplanes can only intersect along dimension
1 or higher. We then blow up along 1-dimensional strata of the intersections of proper transforms of the
hyperplanes Hi and D1, and so on. Since the blow-up loci do not intersect with each other, this iterated
blow-up is independent of the choice of order among the strata of the same dimension in V1. Performing
this procedure inductively until the .d � 2/th step, we obtain a nonsingular projective variety XV with a
simple normal crossing divisor DV such that M.V /DXV nDV . The divisor DV is linearly equivalent to

H1C � � �CHn�
X

aiEi

for some positive integers ai 2 Z>0, where the Ei are exceptional divisors. This is because at each
step, there are at least two proper transforms of the hyperplanes Hi intersecting with the blow-up locus,
hence the coefficient of the corresponding exceptional divisor of the proper transform of Hi is always
negative. It follows that DV supports an ample divisor, after a rescaling of the coefficients if necessary.
The corresponding ample line bundle L!XV has a section s with s�1.0/DDV . We equip XV with a
symplectic form !X WD �dd

C log ksk, where k � k is a metric on L whose associated curvature form F

has the property that iF is a positive .1; 1/-form.

Let !log be the restriction of !X to M.V /, and write M.V /log for M.V / equipped with the 2-form !log.
We remove a small regular neighborhood ND of DV from XV so that its complement is a Liouville
domain with respect to the 1-form �log WD �d

C log ksk. Denote its completion by yM.V /log, which is a
Liouville manifold.

Recall that the hyperplanesHi are complexification of real hyperplanesHR;i ; see Definition 3.5. Therefore,
the blow-ups considered above can be defined over R and XV has an induced real structure. In other
words, there is a real algebraic variety XV .R/ such that XV DXV .R/�Spec.R/ Spec.C/, so XV comes
with an antiholomorphic involution (lifting the complex conjugation on CPd ), which we denote by � . By
construction, we have �.DV /DDV . By possibly replacing k � k with a � -equivariant metric on L (after
lifting � to L), we may assume that ���logD��log and ��!X D�!X . By choosing the neighborhoodND
to be �-invariant and using the cone coordinates, we can extend � to an antisymplectic involution over
yM.V /log, which we continue to denote by � by abuse of notation.

4.1 Lemma For any two sufficiently small choices of the neighborhood ND , the resulting Liouville
manifolds yM.V /log are � -equivariantly symplectomorphic.

Proof Suppose that ND;1 and ND;2 are two different choices. There is an even smaller �-invariant
neighborhood N 0D �ND;1\ND;2, so by transitivity of an equivalence relation, it suffices to assume that
ND;2 DN

0
D �ND;1. In this case, there is a canonical isomorphism between the respective completions,

given by the identity outside of ND;1, and matches with the Liouville flow starting from the boundary
of ND;1. It is clearly � -equivariant.
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4.2 Lemma [39, Lemma 5.18] yM.V /log is �-equivariantly convex deformation equivalent to M.V /,
where the latter is equipped with the Liouville structure specified in Section 3b.

Proof The fact that yM.V /log is convex deformation equivalent to M.V / is proved in [39, Lemma 5.18].
The proof directly generalizes to the � -equivariant setting.

We recall the McLean-type neighborhood theorem.

4.3 Proposition [39, Lemma 5.14] Let yM.V /log be defined as above. For each i 2 f1; : : : ; ng, there is
an open neighborhood Ui �Cd of Hi , together with a projection �i W Ui !Hi , such that the following
statements are true:

(i) For all i; j , we have �i ı�j D �j ı�i in Ui \Uj .

(ii) For any I � f1; : : : ; ng, the composition of .�i /i2I , which we denote by �I W UI WD
T
i2I Ui !

HI WD
T
i2I Hi , has fibers symplectomorphic to

(31)
�Y
i2I

D; ridri ^ d�i

�
;

where D is the unit disk centered at the origin , and the intersection of a fiber with UI \Hj is
mapped to f0gj �

Q
i2Infj gD under the symplectomorphism.

(iii) For any j 2 I , the restriction of the map �j to any fiber
Q
i2I D of �I is the natural projectionY

i2I

D�! f0gj �
Y

i2Infj g

D;

where D� is the disk of radius � centered at the origin.

(iv) The symplectic parallel transport map of �I W UI !HI has holonomy in
Q
i2I U.1/.

(v) Let � W Cd ! Cd and �D W D ! D be complex conjugations , and let �I W HI ! HI be the
restriction of � . For any I � f1; : : : ; ng, there is an open �I -invariant neighborhood BI of
LıI WD Fix.�I /n

�S
I�J UJ

�
in HI , together with a

�
�I �

Q
i2I �D; �

�
-equivariant fiber-preserving

symplectomorphism

(32)
�
BI �

Y
i2I

D; !HI jBI C
X
i2I

ridri ^ d�i

�
' .UI jBI ; !M.V /jU ıI

/;

where UI jBI WD �
�1
I .BI /. In particular , it implies that for any sign sequence ˛ 2 F .V / with

UI \L˛ ¤¿, after possibly rotating the disk factors by e
p
�1� , the

�
�I �

Q
i2I �D; �

�
-equivariant

symplectomorphism sends

LıI �
Y
i2I

f.ri ; �i / 2D� j ˛.i/e
p
�1�i D 1g;

which is an open subset of Fix.�I �
Q
i2I �D/, to UI jBI \L˛.
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Proof The proposition can be proved by generalizing [39, Lemma 5.14] to incorporate the antisymplectic
involutions. For the sake of completeness, we present here the details of the proof.

Define a total order for subsets of f1; : : : ; ng as follows: if jI1j > jI2j, then I1 < I2, and if jI1j D jI2j
and min.I1 n I2/ < min.I2 n I1/, then I1 < I2. We are going to construct Ui , �i and BI inductively,
starting from its description near HI for small I and progressing to large I .

We will construct Ui so that UI D ¿ if HI D ¿, so the base case is when jI j D d and HI is a point.
Define BI DHI . Using a local

Q
i2I �D-invariant metric and the corresponding exponential map, we

can find a small neighborhood UI of the point HI and a
�Q

i2I �D; �
�
-equivariant diffeomorphism

�I W
Q
i2I D! UI such that �I .f0gj �

Q
i2Inj D/D UI \Hj for all j . Moreover, there are constants

ai > 0 such that ��I !log D
P
i2I airi dri ^ d�i . By rescaling �I factor by factor, we may assume

that ai D 1 for all i . Since � is an antisymplectic involution, by possibly shrinking
Q
i2I D, we

can isotope �I to another
�Q

i2I �D; �
�
-equivariant symplectomorphism �I W

Q
i2I D! UI such that

�I
�
f0gj �

Q
i2Inj D

�
DUI\Hj and ��I !log is of the form (31). We define �i WUI!HI by �I ıpi ı��1I ,

where pi W
Q
j2I D!

Q
j2InfigD is the natural projection. Since �I is

�Q
i2I �D; �

�
-equivariant, it sends

the fixed-point set of
Q
i2I �D to that of � . By possibly rotating the disk factors by e

p
�1� , it implies

that ��1I .UI \L˛/ equals
Q
i2I f.ri ; �i / 2 D� j ˛.i/e

p
�1�i D 1g. This completes the base case of the

induction.

Let I � f1; : : : ; ng. Assume the induction hypothesis holds for all J < I . More precisely, it means that
we have constructed f�igniD1 and fUigniD1 near HJ such that all the listed properties are satisfied. We
need to extend the definitions over a neighborhood of HI so that all the listed properties continue to hold.
In fact, we only need to extend �i and Ui for i 2 I in a neighborhood of HI .

First note that, as a complete intersection, the structure group of the normal bundle �HI of HI � XV

is
Q
i2I U.1/. Using a partition of unity, the exponential map and the induction hypothesis, we can

construct a diffeomorphism �I from a polydisk subbundle of NHI to a neighborhood of HI such that
near ��1I .HI \HJ / for J < I , ��I !log and ��I �i already satisfy all the listed properties and ��I �I
coincides with the projection �HI !HI . By an abuse of notation, we denote the polydisk subbundle
by �HI . Moreover, since every connected component of LıI is contractible, we can choose a smooth
trivialization of �HI !HI over a �I -invariant neighborhood BI of LıI , which is of the form BI �

Q
i2I D

(where the structure group
Q
i2I U.1/ respects the product decomposition), and assume that �I is�

�I �
Q
i2I �D; �

�
-equivariant over BI �

Q
i2I D.

On the other hand, we can construct a symplectic form !0 on �HI such that

� !0 D ��I !log near ��1I .HI \HJ /, for J less than I ,

� over H ıI WD HI n
�S

J<I �
�1
I .HI \HJ /

�
, the bundle �HI jHıI ! H ıI has fibers diffeomorphic

to (31), with the structure group respecting the product structure,

� the symplectic parallel transport map of �HI jHıI !H ıI has holonomy in
Q
i2I U.1/,

� over the trivialization BI �
Q
i2I D, !0 is of the form (32).

Geometry & Topology, Volume 29 (2025)



Fukaya categories of hyperplane arrangements 4885

The construction is called a “bundle compatible” symplectic form in [39, Lemma 5.14]. Note that, in our
setup, the action of �I �

Q
i2I �D on BI �

Q
i2I D is antisymplectic with respect to !0.

Since !0jHıI D !HıI and !0 D ��I !log near ��1I .HI \HJ / for J < I , we can apply Moser’s trick to the
linear interpolation of !0 and ��I !log. The upshot is that we are able to modify �I so that ��I !log D !

0.
Inside NHI , there is a natural projection map corresponding to the i th factor of the structure group,
denoted by pi , which extends ��I �i from an open neighborhood of ��1I .HI \HJ / to the entire bundle.
We can therefore extend Ui , for i 2 I , to a neighborhood of HI such that UI D �I .NHI /. The maps �i
for i 2 I can also be extended to a neighborhood of HI by �I ıpi ı��1I . It is immediate to check that
they satisfy all the listed properties.

4b Clean surgery formula and Lagrangian cobordisms In this subsection, we briefly review the
work on clean surgery formulae for closed Lagrangian submanifolds [37], and extend it to cylindrical
exact Lagrangian submanifolds. Combining this with the recent work of Bosshard [12], we show that
clean surgery of cylindrical exact Lagrangian submanifolds will induce exact triangles in the wrapped
Fukaya category. We begin with a review of Lagrangian cobordisms and Lagrangian surgeries.

A Lagrangian cobordism V � C �X is a cylindrical exact Lagrangian submanifold with respect to
�C�C , where � is the Liouville 1-form on .X; !;Z/ dual to Z, and �C is the standard Liouville 1-form
on C, with the following additional requirements: there exist (sectorial) Liouville subdomains Cint �C

and X int �X such that

(a) V is cylindrical outside Cint �X int,

(b) V \ .C nCint/�X consists only of finitely many submanifolds that are cylindrizations 
j z�Lj of
product Lagrangian submanifolds of cylindrical rays 
j in C and exact Lagrangian submanifolds
Lj �X . These cylindrized products are called ends of the cobordism,

(c) V is disjoint from C � @X , where @X is the sectorial boundary of X .

In the above, the cylindrization 
j z�Lj is a deformation of the product 
j � Lj , so that it becomes
cylindrical in C �X . We refer the reader to [25, Section 7.2] for its construction.

4.4 Theorem ([12]; see also [10; 11; 43]) Let V be a Lagrangian cobordism with ends L0; L1; : : : ; Ln
(oriented counterclockwise), there is an iterated cone decomposition

L0 Š ŒLn! Ln�1! � � � ! L2! L1�

in the derived wrapped Fukaya category DperfW.X/.

We recall how to construct Lagrangian cobordisms from surgeries. We follow the terminology in [37]. A
function �� W Œ0; "�! Œ0; �� is called �-admissible if

(1) ��.0/D � > 0 and �0
�
.r/ < 0 for r 2 .0; "/,

(2) ��1
�
.r/ and ��.r/ have vanishing derivatives of all orders at r D � and r D ", respectively.

The graph of a �-admissible function is depicted in Figure 13.
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"

�

Figure 13: A �-admissible function.

The next lemma is a generalization of Weinstein neighborhood for cylindrical Lagrangian submanifolds.

4.5 Lemma LetL be a properly embedded exact Lagrangian submanifold of .X; !;Z/ that is cylindrical
near infinity. There exists an open neighborhood W of L that is invariant under the Z-action outside of a
compact subset and is symplectomorphic to an open neighborhood of L in T �L.

Proof Consider the Lagrangian submanifold with boundary L D L\X in the Liouville domain X .
Then @L is a closed Legendrian submanifold in the contact manifold .@X; ˛ WD �j@X /. By the Leg-
endrian neighborhood theorem [26, Corollary 2.5.9], there is a neighborhood U of @L such that U
is contactomorphic to a neighborhood V of @L in J 1.@L/ D R� T �.@L/ with the canonical contact
form ˛can. Denote the contactomorphism by f W U ! V so we have f �˛can D g˛, where g W U !R>0
is a positive function. The map F W R>0 � U ! R>0 � V given by .r; u/ 7! .g.u/r; f .u// satisfies
F �d.r˛can/Dd..r=g/g˛/Dd.r˛/ so it is a symplectomorphism between the respective symplectizations.
Note that there is a symplectomorphism from the symplectization of J 1.@L/ to T �.R>0 � @L/ which is
the identity on R>0�@L; see the Lemma 4.6 below. Therefore, the neighborhood R>0�U of R>0�@L

is symplectomorphic to a neighborhood of the zero section in T �.R>0 � @L/. Set W>1 WD R>1 �U ,
which is a Z-invariant neighborhood of L nL and is symplectomorphic to a neighborhood of the zero
section in T �.R>1 � @L/. We can extend W>1 to a neighborhood W of L and apply the Moser trick to
get a Weinstein neighborhood of L. Since we have already built a symplectomorphism from W>1 to a
neighborhood of the zero section in T �.R>1�@L/, we can ensure that the Moser flow in the Moser trick
is compactly supported so the result follows.

4.6 Lemma Let K be a closed manifold. Then there is a symplectomorphism from the symplectization
.R>0 �J 1.K/; d.r˛can// to the cotangent bundle T �.R>0 �K/ sending R>0 �K to the zero section.

Proof We can write J 1.K/ as R�T �K and ˛can as �dzC�can where �can is the canonical Liouville
form on T �K. So

d.r˛can//D dz ^ dr C dr ^ d�canC rd�can:

Use the obvious diffeomorphism to identify R>0 �R�T �K with T �R>0 �T �K D T �.R>0 �K/ so
the cotangent bundle symplectic form is given by dz ^ dr C d�can. For t 2 Œ0; 1�, let

!t WD dz ^ dr C .1� t /.dr ^ d�canC rd�/C td�can and Xt WD
1� r

.1� t /r C t
Z;
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where Z is the Liouville vector field satisfying �Zd�can D �can. It is clear that

d�Xt!t D d..1� r/�can/D
d

dt
!t

and Xt is integrable. The result follows from the Moser argument.

Using Lemma 4.5, we can identify an open neighborhood of L in X as a codisk bundle over L of radius
" > 0, with respect to the Riemannian metric on T �L induced by an appropriately chosen Riemannian
metric on L (one can use the symplectomorphism in Lemma 4.6 to show that there is a strictly positive "
even though L is noncompact). Let D � L be a submanifold that is also cylindrical near infinity, and
write N �LD to be the conormal bundle of D in T �L.

4.7 Definition [37, Definition 2.20] We define the flow handle H�.L;D/ associated to the pair .L;D/
to be the space

H�.L;D/ WD f'
k�k

��.k�k/
.�/ j � 2N �L;"D nDg;

where 'k�k
��.k�k/

is the time-1 Hamiltonian flow of a function z��.k�k/, with z�0
�
.r/D ��.r/.

Let L1; L2 be two exact cylindrical Lagrangian submanifolds cleanly intersecting along a submanifold D.
In [37], they showed that there is a symplectic automorphism of T �L1 so that L2 becomes N �L1D in
a given neighborhood of L1. The flow surgery of L1 and L2 along D is then the submanifold given
by attaching the flow handle H�.L;D/ defined in an open neighborhood U of D to .L1[L2/ nU . It
follows from [37, Corollary 2.22 and Lemma 6.2] (see also [12, Lemma 3.10]) that we have:

4.8 Proposition Let L D L1 #D L2 be the flow surgery of L1 and L2 along D. Then there is a
Lagrangian cobordism (the trace cobordism) from L1 and L2 to L.

In particular, taking the flow surgery of two cylindrical Lagrangians L1; L2 � X along their clean
intersection loci D induces an exact triangle

L1! L1#DL2! L2
C1
�! L1Œ1�

in DperfW.X/.

4c Gluing adjacent chambers We keep the notation in the previous sections and consider the Weinstein
manifold .M.V /; !/ with the symplectic form ! defined in Section 3b. The real locus M.V /\Rd

consists of (the interiors of) feasible chambers f�˛g˛2F .V / (cf Section 3a). It is straightforward that the
interior of each chamber �ı˛ , as a connected component of the real locus, is a Lagrangian submanifold of
.M.V /; !/. We call such a Lagrangian submanifold a chamber Lagrangian, denoted by L˛ . Also, such
Lagrangians are preserved under the (complete) convex deformation from .M.V /; !/ to .M.V /; !log/

in Lemma 4.2, since they are �-equivariant. We shall abuse notation and denote the corresponding
Lagrangians in .M.V /; !log/ by the same notation L˛.
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Hk

Hj

L˛1

L˛2

L˛3

L˛4

Figure 14: Lagrangians L˛1 ; L˛2 ; L˛3 ; L˛4 .

For two sign sequences ˛1; ˛2 2F .V /, we say the chamber Lagrangian L˛1 is adjacent to L˛2 if ˛1
differs from ˛2 only at one element. By Lemma 4.2 and Proposition 4.3, we can glue two adjacent
chamber Lagrangians via clean surgery. Suppose that L˛1 and L˛2 are two adjacent chamber Lagrangians
with ˛1.k/ ¤ ˛2.k/ for some 1 � k � n. Take a neighborhood Uk of Hk as in Proposition 4.3 and a
fiberwise Hamiltonian function �.r/ supported in Uk with Hamiltonian vector field

X�.r/ D
�0.r/

r

@

@�
;

where .r; �/ are polar coordinates on the disk fibers of Uk!Hk . Let zL˛1 WD �
1
X�.r/

.L˛1/ be the time-1
Hamiltonian flow of L˛1 . If there is another hyperplane Hj intersecting with Hk and bounding both
L˛1 and L˛2 as depicted in Figure 14, we do not perform a modification along the Hj -coordinate in the
McLean-type neighborhood Uk;j of the corner Hk;j . By Proposition 4.3(v), up to rotations in the disk
fibers of the McLean neighborhood Uk , the Lagrangians L˛1 and L˛2 are given by RC\D and R�\D,
respectively, and are identified as the fixed locus of the antisymplectic involution �k in the hyperplane Hk .
Thus by choosing the fiberwise function � WUk!R so that X�.r/ rotates L˛1 to L˛2 in the subdisk fibers
of some shrink of Uk , we can achieve that zL˛1 is cylindrical, zL˛1 \L˛2 is connected and the intersection
is clean. The clean surgery of zL˛1 with L˛2 along their intersection, as introduced in the previous
section, gives us a new Lagrangian L˛1 #L˛2 , which is disjoint from a small tubular neighborhood of the
hyperplane Hk , and the locus near the other hyperplanes is unchanged. We will consider the image of the
Lagrangian L˛1 #L˛2 under the (completed) convex deformation from .M.V /; !log/ back to .M.V /; !/,
and (by the same rule of abusing notation as above) the corresponding Lagrangian in .M.V /; !/ is still
denoted by L˛1 #L˛2 .

Moreover, by Proposition 4.3, the Lagrangian surgery we considered above is consistent in the following
sense: consider four nearby feasible sign sequences f˛1; ˛2; ˛3; ˛4g, where ˛1 (resp. ˛4) differs from
˛2 (resp. ˛3) at k, and differs from ˛3 (resp. ˛2) at j . See Figure 14. Over the intersection Hjk , we
have a polydisk bundle Ujk with fiber .D2; rjdrj ^d�j C rkdrk ^d�k/. With such a choice of fiberwise
coordinates, the clean surgery .L˛1#L˛2/#.L˛3#L˛4/ is Hamiltonian isotopic to .L˛1#L˛3/#.L˛2#L˛4/.
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�.z/D r 0

�.z/D r

ˇ

�ˇC

�ˇ�

�


�r
ˇ

Figure 15: Description of the real locus P.R/ of the Liouville sector P .

4.9 Proposition There is an exact triangle

L˛1 ! L˛1 #L˛2 ! L˛2
Œ1�
�!

in DperfW.M.V /; �/, where L˛1 and L˛2 are adjacent chamber Lagrangians.

4.10 Remark By possibly replacing �.r/ with ��.r/ we can achieve that L˛1 #L˛2 D zL˛1 #L˛2 lie in
the region where Im.�/� 0.

4d Lagrangians in a Liouville sector In Section 3e, we constructed the Liouville sectors fPj g1�j�NV ,
each of which contains a unique 0-dimensional strata in the hyperplane arrangement V . From now on,
we simply write P for such a sector Pj , and denote the 0-dimensional intersection point by ˇ. We write
��1.r/[ ��1.r 0/ for the stops coming from the polarization �, where �1< r 0 < r .

We regard the real locus P.R/ WD P \Rd as the union of the (open) chambers �ı
�

bounded by the
hyperplanes and the stops ��1.r/[ ��1.r 0/. For later purposes, we denote by �ˇC (resp. �ˇ�) the
chamber with ˇ as one of its vertices and the real projection of ��1.r/ (resp. ��1.r 0/) as its facet. We
also denote the facet �ˇC \ �

�1.r/ of �ˇC (resp. the facet �ˇ� \ ��1.r 0/ of �ˇ�) by �r
ˇ

(resp. �r
0

ˇ
).

See Figure 15.

We describe the properly embedded Lagrangians in P (disjoint from the sectorial boundary) lying over
the interior of each chamber ��. First, consider the case ��D�ˇC . We further cut P into a union of
cornered Liouville sectors described in Section 3e and use the same notation. By Proposition 3.24, the
cornered Liouville sector P D P� is symplectomorphic to

�
.T �T d /;

Sd
iD1.fi /

�1.c˙i /
�
, where fi is the

pullback of the functions Re.�i / and �1 D �. Since this symplectomorphism preserves the real locus,
the chamber �ıˇC gets mapped to a cotangent fiber (or equivalently, standard Lagrangian) in T �T d

under this symplectomorphism, denoted by T �ˇCT
d . However, the cotangent fiber T �ˇCT

d intersects
the sectorial hypersurface .f1/�1.cC1 / corresponding to ��1.r/, hence one needs to modify it near the
stop FcC1 � .f1/

�1.cC1 / to get an object in the wrapped Fukaya category W.P /. Note that T �ˇCT
d is
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x

y

Figure 16: The function �.

disjoint from other added stops by our assumptions on P�. Choose a product decomposition of a small
neighborhood of the sectorial hypersurface

.R1; I1/ W Nbd
�
.f1/

�1.c˙i /
�
Š F

c˙1
�C��<Re.z/�0;

and take the Hamiltonian vector field X�.R1/, where �.x/ is a smooth function that is 0 near x D�" and
equals x˛ for some �1 < ˛ < 0 near x D 0; see Figure 16. We can slightly perturb T �ˇCT

d by pushing it
off along X�.R1/. Note that the function R1 is the pullback of Re.�1/ under the symplectomorphism, and
we know that

XRe.�1/ D
1
4
EbT .DCATA/�1

@

@ Ey
;

which is bounded as jzj j; j`kj ! 0. Hence the vector field X�.R1/ is also complete. Define L˙�ˇC � P�
to be the corresponding Lagrangian submanifold under the perturbation of X�.R1/, where the sign ˙
indicates that the cotangent fiber T �ˇCT

d is pushed off to a positive (resp. negative) direction of X�.R1/.
When it is clear from the context, we will simply denote these Lagrangian submanifolds as L˙ˇC . Note
that the Lagrangian LCˇC (resp. L�ˇC) lies in the area where Im.�/� 0 (resp. Im.�/� 0).

More generally, for any other chamber �
 �P.R/ which is different from �ˇ˙ , it intersects nontrivially
with other sectorial hypersurfaces .fi /�1.c˙i /. In this case, we choose a compatible product decomposition
of the sectorial hypersurfaces

.Ri ; Ii / W Nbd
�
.fi /
�1.c˙i /

�
Š F

c˙
i

�C��<Re.z/<�

and take the Hamiltonian vector field ofRD
P
Ri . Then a small perturbation of the cotangent fiber T �
 T

d

along X�.R/ defines a Lagrangian L˙�
 �P� as before. Similar constructions work for the other Liouville
subsectors Pj by Proposition 3.24(ii), therefore we can glue these Lagrangians via surgery to obtain
a globally defined Lagrangian L˙�
 � .M.V /; �/. We will simplify the notation and denote it by L˙
 .
Again, the convention here is that LC
 lies in the area where Im.�/� 0.

The following lemma will be used frequently in the next subsection.

4.11 Lemma Let L be an exact cylindrical Lagrangian submanifold in .M.V /; �/ whose closure xL in
Cd does not contain any 0-dimensional intersections of the hyperplanes in V , and it lies entirely in the
half-space fIm.�/� 0g, then L is the zero object in the derived Fukaya category DperfW.M.V /; �/.
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Proof Note that the vector field XRe.�/ is purely imaginary and only converges to 0 when z goes to
the 0-dimensional strata in the hyperplane arrangement. Flowing along XRe.�/, L is sent to a subspace
fIm.z/� cg for some constant c > 0. It follows that we can use Hamiltonian isotopy to move L away
from any compact subset of .M.V /; �/, which implies that L is the zero object by [25].

4e Chamber moves In this subsection, we prove several results about chamber moves that will be used
in the proof of Theorem 1.1.

4e-1 Wrapping exact triangles Let L˙
ˇ
D L˙

ˇC
be the Lagrangians constructed in Section 4d. We

want to describe an exact triangle of Lagrangians

(33) LC
ˇ
! L�ˇ !Dˇ

Œ1�
��!

in the wrapped Fukaya category Wperf.P /, where Dˇ is the linking disk corresponding to the facet �r
ˇ

;
see Figure 15. A similar exact triangle was proved in [25], which we will refer to as the “wrapping
exact triangle”. In our situation, we do not know a priori whether LC

ˇ
is obtained from L�

ˇ
via wrapping

through the stop, so we cannot directly apply the result in [25]. Instead, we will prove (33) using clean
surgery described in Section 4b. Consider two Lagrangians LC

ˇ
and L�

ˇ
intersecting along the interior

of a chamber in the real loci, except near the sectorial boundary, where they are shifted upwards and
downwards in the direction of Im.�/, respectively, and denote the clean surgery of them by LC

ˇ
#L�

ˇ
.

Near the sectorial boundary that is identified with ��1.r/�T �Œ��; 0�, the Lagrangian LC
ˇ

#L�
ˇ

cleanly
intersects with L�ˇ � P.R/ along L�r

ˇ
� f��=2g; see Figure 15. This follows from our choice of the

product structure near the sectorial boundary, where RD Re.�/. By definition, one can see that LC
ˇ

#L�
ˇ

can be identified with the linking disk associated to the stop ��1.r/.

4e-2 Flipping Lagrangians The Lagrangian submanifold LC
ˇC

is Hamiltonian isotopic to L�
ˇ�

, since
by construction, the corresponding Lagrangians in T �T d are Hamiltonian isotopic to each other. Similarly,
L�
ˇC

is Hamiltonian isotopic to LC
ˇ�

.

4e-3 Identifying linking disks Let �
 � P.R/ be a chamber adjacent to both �ˇC and �ˇ� . To this
chamber, we have associated two Lagrangians L˙
 (cf Section 4d), and two linking disks D
 and D
 0
(cf 4e-1). An illustration is given in Figure 17. We claim that D
 0 is generated by D
 and Dˇ in W.P /.

We have proved in 4e-1 that the Lagrangian LC
 #L�
 is Hamiltonian isotopic to D
 ˚D0
 . Moreover, we
have LC

ˇC
#L�

ˇC
�Dˇ . By our discussions in Section 4c, we can glue the Lagrangians LC

ˇC
and LC
 via

surgery. It follows from Lemma 4.11 that the Lagrangian LC
ˇC

#LC
 , which is disjoint from the crossing ˇ,
can be pushed off to infinity, hence becoming the zero object in the derived Fukaya category DperfW.P /.
A parallel argument holds for L�

ˇC
and L�
 , which implies that D0
 is generated by D
 and Dˇ .

On the other hand, if a chamber �
 is disjoint from the crossing ˇ, the linking disks D
 and D0
 can
be identified by the decomposition argument; see Proposition 3.24.
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�.z/D r 0

�.z/D r

�ˇC

�ˇ�

ˇ �


Dˇ D


D
 0

Figure 17: Linking disks in W.P /.

4e-4 Decomposing chamber Lagrangians Let Iˇ �f1; : : : ; ng be the index set of the hyperplanes in V

passing through the crossing ˇ. Consider the corresponding polarized hyperplane arrangement Vˇ , which
consists of d hyperplanes fHigi2Iˇ in Rd by the simplicity of V . In other words, Vˇ is the iterated deletion
of V by the hyperplanes fHj gj…Iˇ ; see Section 6a. There exists a unique sign sequence žW Iˇ ! fC;�g
which singles out the bounded and feasible chamber of Vˇ with respect to the polarization �. In the
Liouville sectorP , this chamber is given by�ˇ� . LetLˇ��M.V / be the pushforward ofL�

ˇ�
�P under

the sectorial gluing. Consider the restriction map on the set of sign sequences ResIˇ W f˙g
jI j! f˙gjIˇ j,

there is a collection of chamber Lagrangians fL˛g with ResIˇ .˛/D ž. We can glue these Lagrangians
together via clean surgery to obtain an object in the Fukaya category W.M.V /; �/, which has the form of an
iterated mapping cone built out of the L˛ . We denote the object by

J
˛WResIˇ .˛/D

žL˛ . The polarization �

induces a partial order on the set of sign sequences Res�1Iˇ .
ž/: two sign sequences ˛1; ˛2 2 Res�1Iˇ .

ž/

satisfy ˛1 < ˛2 if d˛1ˇ < d˛2ˇ , ie ˛2 differs with ˇ in more entries than ˛1. We iteratively apply the
surgery procedure described in Section 4c such that all clean surgeries are carried from the smaller chamber
to the larger one. Note that the result of the surgery belongs to the subset fIm.�/� 0g; see Remark 4.10.

4.12 Proposition For each 0-dimensional crossing ˇ, the Lagrangian

L WD Lˇ� #
K

˛WResIˇ .˛/D
ž

L˛

obtained by surgery is a trivial object in DperfW.M.V /; �/.

Proof We first perform a surgery between Lˇ� and Lˇ . Since they intersect cleanly, we can perform a
clean surgery as we did in Section 4c. Then we glue the result Lˇ� #Lˇ with other chamber Lagrangians
with labels in Res�1Iˇ .

ž/. As all the glued objects lie in the region fIm.�/� 0g, the resulting Lagrangian L
also lies in fIm.�/ � 0g. As a surgery, L is also disjoint from the 0-dimensional intersections of the
complex hyperplanes and the stop, so it becomes the zero object by Lemma 4.11.
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�.z/D rj�1

�.z/D rj
LC
ˇ
C

j

ǰ

D
rj

ǰ
D
rj
1

D
rj
2

D
rj
3

D
rj�1

ǰ
D
rj�1
1 D

rj�1
2 D

rj�1
3

Figure 18: Description of objects in Pj .

4f Proof of Theorem 1.1 We are ready to prove one of our main theorems (Theorem 1.1), restated
below for convenience.

4.13 Theorem The partially wrapped Fukaya category W.M.V /; �/ is generated by the collection of
chamber Lagrangians fL˛g˛2P.V /.

Let Pj � .M.V /; �/ be the Liouville subsector containing the 0-dimensional intersection ǰ defined in
Section 3e, where 1� j �NV . Due to the genericity of the polarization �, the stop ��1.rj / consists of
preimages of the open chambers in Rd�1 given by the restriction of the chambers of V . To the open
chambers in ��1.rj /, we associate the linking disks, which are denoted by Drj� , where the subscript
indicates to which open chamber in the stop the linking disk is associated. For example, we write Drj

ǰ
for

the linking disk associated to the chamber corresponding to the 0-dimensional stratum ǰ . See Figure 18
for a description.

Recall that we have proved in Section 3f that the wrapped Fukaya category W.Pj / is generated by all the
linking disks Drj� and the standard Lagrangian LCˇC

j
. When j D 1, we can further simplify the set of

generating Lagrangians.

4.14 Lemma The wrapped Fukaya category W.P1/ is generated by a single chamber Lagrangian LC
ˇ1

.

Proof We add an auxiliary stop ��1.r 0/ for some �1<r 0<r1, and denote by P 00 the resulting Liouville
sector. This gives rise to additional linking disks Dr

0

ˇ1
and Dr

0

�
, which become trivial objects under the

stop removal functor W.P 00/!W.P0/. It is therefore enough to show that the old linking disks Dr1
ˇ1

and Dr1
�

are generated by the Lagrangian LCˇC1 and the new linking disks Dr
0

ˇ1
and Dr

0

�
. First, it follows

from our discussions in 4e-1 that Dr
0

ˇ
C

1
Š Cone.LCˇC1 ! L�ˇC1

/. Applying the flipping argument in 4e-2,
this is isomorphic to Cone.L�ˇ�1 ! L

C

ˇ�1
/ŠDr

0

ˇ1
. It follows that Dr1

ˇ1
'Dr

0

ˇ1
in W.P1/

perf. Next, take
a linking disk Dr11 adjacent to Dr1

ˇ1
. By 4e-3, Dr1

ˇ1
˚D

r1
1 'D

r 0

1 . For other linking disks Dr1
�

, we can
directly identify them with the corresponding ones in ��1.r 0/ by Proposition 3.24(ii).
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Proof of Theorem 4.13 We prove the theorem by induction. For i � 1, we write P�i for the union of
all subsectors Pj with 1� j � i . We claim that the wrapped Fukaya category W.P�i / is generated by
the chamber Lagrangians L˛ \P�i , where ˛ 2P.V /.

When iD1, the claim follows from Lemma 4.14. In other words, by the flipping argument in Sections 4e-2
and 4e-4 (cf Proposition 4.12), we have quasi-isomorphisms LC

ˇ
C

1

Š L�
ˇ�1
Š Lˇ1 . Suppose that the

statement holds for i D k. Since the wrapped Fukaya category W.P�kC1/ can be realized as the sectorial
gluing of W.P�k/ and W.PkC1/, it is enough to show that W.PkC1/ is generated by the chamber
Lagrangians fL˛ \P�ig˛2P.V /. First, take the generator LC

ˇ
C

k

, arguing in the same way as in the proof
of Lemma 4.14, we have

LC
ˇ
C

kC1

' L�ˇ�
kC1
'

K
˛WResIˇkC1

.˛/D žkC1

L˛Œ1�;

which verifies the generation of LCˇC
kC1

by the Lagrangians in fL˛ \P�ig˛2P.V /. Appling the same
argument to L�ˇC

kC1
and DrkC1ˇkC1

gives the same conclusion. Moreover, in Lemma 4.14 we have proved
that each linking disk DrkC1� can be identified with the corresponding linking disk Drk

�
up to quasi-

isomorphism in W.P�kC1/. (For an adjacent one, we take the mapping cone with DrkC1
ˇ

, as in 4e-3.)
Then the induction hypothesis implies that the linking disksDrk

�
are generated by chamber Lagrangians.

5 Computing Floer cohomologies

In this section, we compute Fukaya A1-algebra of the Lagrangians fL˛g˛2P.V / in W.M.V /; �/ and
prove Theorem 1.2.

5a The convolution algebra zB.V / We first recall the definition of the convolution algebra zB.V /
associated to a polarized hyperplane arrangement V D .V; �; �/ introduced in [13]. For S Dfi1; : : : ; img�
f1; : : : ; ng, let uS be the monomial ui1 � � �uim 2ZŒu1; : : : ; un�, and let HR;S � V C� be the intersectionT
i2S HR;i of hyperplanes indexed by the elements of S . For ˛; ˇ 2P.V /, introduce the ring

zR˛ˇ WD
ZŒu1; : : : ; un�

.uS ; �˛ \�ˇ \HR;S D¿/
:

Let f˛ˇ 2 zR˛ˇ be the element corresponding to 1 2 ZŒu1; : : : ; un�. For ˛; ˇ; 
 2P.V /, we introduce
the notation

S.˛ˇ
/ WD fi 2 f1; : : : ; ng j ˛.i/D 
.i/¤ ˇ.i/g:

Define
zB.V / WD

M
˛;ˇ2P.V /

zR˛ˇ ;

with multiplication

(34) f˛ˇ �fˇ
 D uS.˛ˇ
/f˛
 ;
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which is extended bilinearly over ZŒu1; : : : ; un�. The algebra zB.V / admits a Z-grading given by

jf˛ˇ j D d˛ˇ and jui j D 2;

where the number d˛ˇ 2 N is defined by (8). This grading can be refined to a multigrading by
Zhe1; : : : ; eni, in which case

jf˛ˇ j D ei1 C � � �C eik and jui j D 2ei

if ˇ is obtained from ˛ by changing the signs in positions i1; : : : ; ik . Thus zB.V / can be viewed as an
algebra over ZŒu1; : : : ; un�. Note that the single grading on zB.V / is recovered by setting all ei to be 1.

5.1 Remark In [14, Section 4], the geometric description of this convolution algebra comes from the
relative core X in the associated hypertoric variety MV associated to the polarized hyperplane arrange-
ment V . Note that X is a union of toric varieties fX˛g˛2P.V / associated to each (closed) chamber �˛.
Take a normalization of X, denoted by � W zX! X. Then the equivariant cohomology H�T .zX �� zX/
becomes a Z-graded algebra equipped with the usual convolution product with respect to the orientation
on zX�� zX, twisted by the combinatorial signs for V . It turns out that there is a Z-algebra isomorphism

zB.V /ŠH�T .
zX�� zX/:

5b Proof of Theorem 1.2 We first compute the partially wrapped Floer cohomologies of the generating
chamber Lagrangians fL˛g˛2P.V / in the Liouville sector .M.V /; �/. To do so, it would be more
convenient to view M.V / as the complement of nC 1 hyperplanes in CPd . By abuse of notation, we
denote these hyperplanes byH0;H1; : : : ;Hn�CPd , whereH0 is the hyperplane at infinity. After taking
the iterated blow-ups as in Section 4a, we obtain a nonsingular projective variety XV with a simple normal
crossing divisor DV such that M.V /DXV nDV . We may write DV D

SnCm
iD0 Di , where Di D zHi is

a strict transform of Hi for 0� i � n, and the divisors DnC1; : : : ;DnCm are exceptional divisors. For
I � f0; : : : ; nCmg, denote by DI the intersection of the divisors Di for i 2 I , and introduce the notation

DıI WDDI n
[
j…I

Dj :

As in Section 4a, we can equip M.V / with the structure of a Liouville manifold so that for each
i 2 f0; : : : ; nCmg there is a tubular neighborhood Ui of Di , and the jI j-fold intersection of these tubular
neighborhoods, UI WD

T
i2I Ui , admits the structure of a symplectic disk bundle with structure group

U.1/jI j over DI ; see Proposition 4.3. Let �I W UI !DI be the projection map, and let SI !DI be the
associated T jI j-bundle. Denote by U ıI the restriction of UI , and by SıI the restriction of SI , to the open
stratum DıI �DI . As a convention, we set

D¿ DXV ;D
ı
¿ D S¿ D S

ı
¿ DM.V /:

In order to compute the wrapped Floer cohomology with respect to the stop defined by the polarization � ,
we need to understand the hypersurface Re.�/�1.C / for C � 1 in the McLean neighborhood of the
divisor DV . Let x� W CPd ! C be the homogenization of the polarization � W M.V / ! C, and let
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`1 W CPd ! C be the linear function defining the hyperplane H0 � CPd . We have a rational map
� WCPd Ü CP1, given by �.z/ WD

�
x�.z/ W `1.z/

�
with the base locus B D fx� D 0g\H0. Composing

� with the blow-up map � WXV !CPd , we get a rational map �� WD � ı� WXV Ü CP1 with the base
locus ��B . Notice that ��B �

S
i2f0;nC1;:::;nCmgDi , and

��1� .Œ1 W 0�/D
[

i2f0;nC1;:::;nCmg

Di n�
�B;

��1� .Œ1 W 0�/D
[

i2f0;nC1;:::;nCmg

Di :

In particular, a punctured McLean-type neighborhood Nbdı.DV / WD Nbd.DV / nDV lies in XV n�
�B .

It follows that we have a well-defined morphism �� W Nbdı.DV /!CP1. By possibly replacing � with
�C c for some c 2R, we may assume that ��1.0/\L˛ D¿, so that L˛ \��B D¿ for all ˛ 2P.V /.

For C sufficiently large and I � f0; nC 1; : : : ; nCmg, the restriction of the bundle projection

�I j��1.C/\UI W �
�1.C /\UI !DI

is submersive onto its image. In fact, the fibers of �I j��1.C/\UI are diffeomorphic to T jI j�1. The closure
��1.C / in XV is given by ��1.C /D ��1.C /[��B . As a result, ��1.C / can be written as a union of
the image of sections si W �i .��1.C /\Ui /! Ui j�i .��1.C/\Ui / for i D 0; nC 1; : : : ; nCm such that
si .z/D 0 if and only if z 2 ��B \Di . To compute the wrapped Floer cohomologies of the chamber
Lagrangians with respect to the sectorial hypersurface Re.�/�1.C /, it suffices to compute the wrapped
Floer cohomologies with respect to the stop sV WD �

�1.C /D
S
iD0;nC1;:::;nCm im.si /\M.V /.

For � > 0, let �� W .0;1/! Œ0;1/ be a smooth function such that

(35) ��.r/D 0 for r > � and ��.r/D
1

r
:

We choose a Hamiltonian h W M.V /! R so that it takes the form hI D
P
i2I ��.hi / in the tubular

neighborhood U ıI for each I , where each hi generates the S1-action which rotates the fibers of Sıi !Dıi .
It follows that the Hamiltonian orbits ofXh nearDıI are given by orbits of the circle actions, therefore they
appear in families and the collection of them can then be identified with the torus fibers of SıI !DıI . To
make sure that the Hamiltonian chords between the chamber Lagrangians are nondegenerate, we further
perturb the Hamiltonian h with a C 2-small Morse function on the chamber �˛ �Rd , which reaches its
maximum at the corners (ie 0-dimensional strata) and whose restriction to each stratum �˛ \D

ı
I has a

single critical point which is a minimum for any I � f1; : : : ; ng. Since �˛ is contractible, such a function
is easy to construct. We denote such a (perturbed) Hamiltonian by zh WM.V /!R.

To determine the gradings of the generators of the wrapped Floer cochain complexes, we need to choose a
trivialization of the canonical bundle KM.V /. The trivialization that we shall use here is the one induced
by the restriction of the trivialization of the canonical bundle KCd . Note that this is different from
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the grading convention of [34], in the case of higher-dimensional of pair-of-pants, where one uses the
trivialization coming from the restriction of that of the canonical bundle of .C�/d .

5.2 Proposition Given ˛ 2P.V /, we have an isomorphism

(36) HW�.L˛; L˛/Š zR˛˛

as Z-graded rings.

Proof The proof is divided into three steps.

Step 1: graded module structure We first show that (36) is an isomorphism of Zhe1; : : : ; eni-graded
modules. For each I � f1; : : : ; ng, denote the local coordinates on the fibers of the symplectic disk
bundle U ıI ! DıI by xI;i , where i 2 I . Assume that DI \�˛ ¤ ¿. By our choice of the wrapping
Hamiltonian zh, for each jI j-tuple of positive integers .ki /i2I , there is a single nondegenerate time-1 chord
of Xzh from L˛ to itself which wraps ki times around the hyperplane Di �XV , which is locally defined
by the equation xI;i D 0. We label the corresponding generator of CW�.L˛; L˛/ by

Q
i2I u

ki
i , reflecting

the fact that it is a product of the generators ukii , which wrap ki times along a single hyperplane Di , a fact
which will be established shortly. By our grading conventions, each generator ui of CW�.L˛; L˛/ has
degree 2. On the other hand, if DI \�˛ D¿, then for i 2 I there is no time-1 chord of Xzh which wraps
around each of the hyperplane Di by a positive number of times. Note also that by our choice of the stop
sV � @1M.V /, no wrapping can occur along the compactifying divisors D0;DnC1; : : : ;DnCm �XV .

Observe that H0.L˛IZ/ injects into H0.M.V /IZ/ so we have the isomorphisms

(37) H1.M.V /; L˛/ŠH1.M.V /IZ/Š Zn D Zhe1; : : : ; eni;

whose generators correspond to meridian loops around the hyperplanes H1; : : : ;Hn � Cd . Under
this isomorphism, the generator

Q
i2I u

ki
i 2 CW�.L˛; L˛/ represents the (relative) homology class

.k1; : : : ; kn/ 2 Zn, where ki D 0 if i … I . This enables to give a topological Zhe1; : : : ; eni-grading on
the generators of CW�.L˛; L˛/. As a Z-graded module, CW�.L˛; L˛/ is supported in even degrees, so
the Floer differential vanishes and (36) holds as an isomorphism of Zhe1; : : : ; eni-graded modules.

Step 2: locality of the Floer product Next we consider the triangle product on the Floer cochain
complexes CW�.L˛; L˛/. Whenever there is a perturbed holomorphic curve contributing to the triangle
product

�2 W CW�.L˛; L˛/˝CW�.L˛; L˛/! CW�.L˛; L˛/;

the relative homology class of the output Hamiltonian chord must be equal to the sum of those of the
input chords. Any generator which appears in the expression of the product of the generators

Q
i2I u

ki
i

and
Q
i2I u

li
i , where .li /i2I is another jI j-tuple of positive integers, must have grading

P
i2I .2ki C2li /

and represents the (relative) homology class .k1C l1; : : : ; knC ln/ 2Zn under the isomorphism (37). By
our grading convention, we conclude that such a generator must be an integer multiple of

Q
i2I u

kiCli
i .
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To determine the integer coefficients of the Floer product, it is more convenient to modify the wrapping
(with the same stop sV ) according to the generators. Indeed, by [23, Lemma 3.29], the Floer cochain
complex CW�.L˛; L˛/ can be computed as the direct limit lim

��!t
CF�..L˛/t ; L˛/ for a cofinal Lagrangian

isotopy .L˛/t�0 starting from .L˛/0 D L˛ . As explained in Step 1, no two generators in CW�.L˛; L˛/
have the same Zhe1; : : : ; eni-grading, so if we choose a cofinal Lagrangian isotopy such that no two
generators in lim

��!t
CF�..L˛/t ; L˛/ have the same Zhe1; : : : ; eni-grading, then we can guarantee that

under the quasi-isomorphism CW�.L˛; L˛/! lim
��!t

CF�..L˛/t ; L˛/, a generator of the former cochain
complex is sent to the unique generator of the latter cochain complex with the same Zhe1; : : : ; eni-grading.

We can determine the product �2
�Q

i2I u
ki
i ;
Q
i2I u

li
i

�
by working with a local model near

S
i2J Di ,

where jJ j D d and I � J � f1; : : : ; ng. By relabeling, we may assume that J D f1; : : : ; dg. Consider
the map ˆ from Lemma 3.7, under the action of which the symplectic form and its primitive become (10)
and (11) respectively. Since the difference between (11) and the Liouville 1-form

�0 WD �

dX
iD1

2

��
1�

1

jzi j4

�
xi

�
dyi C

dX
iD1

2

��
1�

1

jzi j4

�
yi

�
dxi

is bounded near
S
i2J Di , by taking a linear interpolation between (11) and �0, based on Lemmas 3.11

and 3.13, we can use Moser’s trick to show that M.V / can be equipped with a symplectic form that is
symplectomorphic to !, and equals d�0 in a neighborhood NJ of

S
i2J Di .

Note that locally the symplectic structure d�0 is of product type and for each i 2 J . We can choose
a Hamiltonian „i which is defined to be ��.jzi j/ (cf (35)) near Di and has its support in Nj . The
Hamiltonian flow of „ D

Pd
iD1 „i wraps L˛ around

Sd
iD1Di . We use a product-type perturbation of

the form as before so that for each .n1; : : : ; nd / 2N, there is exactly one time-1 Hamiltonian chord with
multigrading .n1; : : : ; nd ; 0; : : : ; 0/, where the zeros indicate that there are no wrappings around Di for
i … J . These Hamiltonian chords correspond to the generators

Q
i2J u

ni
i . Since I � J , we can compute

�2
�Q

i2I u
ki
i ;
Q
i2I u

li
i

�
under this wrapping. Since d`i .X„j / D 0 when i; j 2 J and i ¤ j , for any

Floer triangle u W S !M.V / contributing to �2
�Q

i2I u
ki
i ;
Q
i2I u

li
i

�
, we can show that the image of u

is contained in NJ using the open mapping theorem. See for example [10, Remark 4.4.3]. More precisely,
choose strip-like ends

"0;C; "1;C W Œ0;1/! S and "� W .�1; 0�! S

and consider the map `i ıu W S !C. Since

� `i ıu is holomorphic at z 2S as long as j`i ıu.z/j>� (recall that „i D��.jzi j/, so the `i -projection
of the support of the perturbation „i lies in fjzi j � �g),

� the limits lims!1 "�j;C.`i ıu/.s; t/ for j D 0; 1 and lims!�1 "��.`i ıu/.s; t/ exist, where s; t are
coordinates on the strip-like ends, and they lie inside the neighborhood fjzi j � �g;

� the projections under `i of the Lagrangian boundaries are contained in fjzi j � �g,

we conclude that im.`i ıu/\fjzi j> �gD¿. In other words, the image of `i ıu is contained in fjzi j � �g.
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L˛x�1 x0 x1zx1

�1H .L˛/

�2H .L˛/

Figure 19: Wrapping in the cylinder, the shaded region is a triangle contributing to the triangle
product between x0 and x1. Under the identification CW�.L˛; �1H .L˛//Š CW�.L˛; �2H .L˛//,
the generator x1 maps to zx1; see [7, Figure 12].

Step 3: coefficients of the product structure Near the tubular neighborhood NJ , the wrapping
Hamiltonian is modeled on a standard product Hamiltonian in a neighborhood of the origin in .C�/d ,
and the Lagrangian L˛ maps locally to one of the orthants in the real locus; see Example 2.14. As argued
above, any perturbed holomorphic curve u contributing to the product �2 must remain entirely within the
local chart NJ . Moreover, the projection of u to each coordinate factor zi is a perturbed holomorphic
curve in a neighborhood of the origin in C� with boundary on the appropriate arcs. Conversely, every
tuple of index 0 perturbed holomorphic curves in the coordinate factors lifts to an index 0 perturbed
holomorphic curve in the local chart NJ . Note that the generator

Q
i2I u

ki
i projects to the generator x�kj

of the wrapped Floer complex of R� f1g � R� S1 on the zj factor; see Figure 19 and the reference
therein. On the cylinder, the generators x�kj and x�lj are the inputs of a unique triangle contributing to
the Floer product, whose output can be identified with x�kj�lj . We have proved that

�2
�Y
i2I

u
ki
i ;
Y
i2I

u
li
i

�
D

Y
i2I

u
kiCli
i ;

hence the ring structure on HW�.L˛; L˛/ is as expected.

5.3 Proposition Given ˛; ˇ 2P.V /, we have an isomorphism

(38) HW�.L˛; Lˇ /Š zR˛ˇ �f˛ˇ

as Z-graded .HW�.L˛; L˛/;HW�.Lˇ ; Lˇ // and . zR˛˛; zRˇˇ /-bimodules.

Proof We argue as in the proof of Proposition 5.2. As before, if �˛ \�ˇ \HI D¿, which means the
closures of L˛ and Lˇ in XV do not intersect with each other near U ıI , then there is no generator of
CW�.L˛; Lˇ / in U ıI .

Now assume that �˛\�ˇ \HI ¤¿. In this case, the local coordinates zi D `i define a local projection
UI !CjI j, under which L˛ and Lˇ map to orthants in the real locus. These orthants correspond to real
points whose coordinates have the same signs for those i 2 I with ˛.i/D ˇ.i/, and have different signs
otherwise. Let K � I be the subset defined by the elements i 2 I with ˛.i/D ˇ.i/. Given any tuple
.ki /i2I , where ki 2N for i 2K, and ki 2 Z�0C

1
2

for i 2 I nK, near DıI there is a family of time-1
trajectories of Xh from L˛ to Lˇ that wraps ki times around the hyperplane Di for each i 2 I . After
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perturbing the Hamiltonian slightly from h to zh, there is a single nondegenerate such trajectory, and we
label the corresponding generator of CW�.L˛; Lˇ / by

Q
i2I u

ki
i . Note that a key difference between

the situation of Proposition 5.2 and the situation here is that some of the ki are half-integers, and we
introduce the notation f˛ˇ by requiringY

i2I

u
ki
i D

Y
i2I

u
bkic
i �f˛ˇ :

Note that by our grading conventions, the generator ui has degree 2, therefore u1=2i has degree 1. As a
consequence, f˛ˇ has degree d˛ˇ . Note that when I D f0g, L˛ and Lˇ represent the same orthant in
the local projection to C, so by our choice of the stop sV , wrapping at infinity does not add any new
generators to CW�.L˛; Lˇ /. We have proved that as a graded vector space, CW�.L˛; Lˇ / is isomorphic
to the right-hand side of (38).

We need to prove the vanishing of the Floer differential. Since L˛ and Lˇ are contractible, by choosing
basepoints �˛ 2 L˛, �ˇ 2 Lˇ and � 2M.V /, and a reference path from � to �˛, and from � to �ˇ , we
can complete any arc connecting L˛ to Lˇ into a closed loop in M.V /, which is unique up to homotopy.
We can use this to assign classes in H1.M.V /IZ/Š Zn to the generators of CW�.L˛; Lˇ /. In fact, in
our case it would be more convenient to consider H1

�
M.V /I 1

2
Z
�
Š
�
1
2
Z
�n so that the class associated

to the generator
Q
i2I u

ki
i 2 CW�.L˛; Lˇ / is .k1; : : : ; kn/ 2

�
1
2
Z
�n, where ki D 0 if i … I . Any two

generators of CW�.L˛; Lˇ / related by the Floer differential must represent the same class in
�
1
2
Z
�n, and

their gradings differ by 1, which is impossible unless the differential vanishes identically.

The claim about the module structures is a consequence of the following proposition.

5.4 Proposition Indexing the generators of HW�.L˛; Lˇ / by monomials in u1; : : : ; un and f˛ˇ as in
Proposition 5.3, the Floer product

HW�.Lˇ ; L
 /˝HW�.L˛; Lˇ /! HW�.L˛; L
 /

coincides with the product in the algebra zB.V /.

Proof The argument is similar to the special case of ˛D ˇD 
 treated in Proposition 5.2, except for the
relation (34) involving half-integer powers of ui . We again work near

S
i2J Di , where jJ j D d and I �

J �f1; : : : ; ng. By a Moser argument as in the proof of Proposition 5.2, the neighborhoodNJ of
S
i2J Di

is modeled on the standard product .C�/d and the wrapping Hamiltonian
P
i2J „i has been chosen

accordingly. Now suppose that ˛.j /D 
.j /¤ˇ.j /. On the j th coordinate factor zj , the Lagrangians L˛ ,
Lˇ and L
 project to the arcs RC, R� and RC in C�, respectively. The generators f˛ˇ 2CW�.L˛; Lˇ /,
fˇ
 2 CW�.Lˇ ; L
 / and f˛
 2 CW�.L˛; L
 / project to x

� 1
2
2 CW�.RC;R�/, x 1

2
2 CW�.R�;RC/

and x�1 2 CW�.RC;RC/, respectively, where the wrapped Floer cochain complexes CW� are taken
inside C�. Since there is a unique holomorphic triangle with inputs x

� 1
2

, x 1
2

and output x�1, we get an
additional uj factor before f˛
 in the expression of f˛ˇ � fˇ
 . In terms of half-integer powers of ui , this
simply corresponds to the identity u1=2i �u

1=2
i D ui . Taking into account all such j 2 J proves (34).
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We have proved that the partially wrapped Floer cohomology algebra is isomorphic to zB.V /, ie

zB.V /Š
M

˛;ˇ2P.V /

HW�.L˛; Lˇ /:

In order to obtain a statement on the level of A1-algebras, we need the following formality result.

5.5 Theorem The partially wrapped Fukaya A1-algebra

zBV WD
M

˛;ˇ2P.V /

CW�.L˛; Lˇ /

is formal. As a consequence , it is quasi-isomorphic to the Z-graded associative algebra zB.V /.

Proof As before, label the generators of zBV by monomials in the variables u1; : : : ; un with half-integral
powers. Suppose that there is an A1-operation

�j
� Y
i2I1

u
k1;i
i ; : : : ;

Y
i2Ij

u
kj;i
i

�
2 zBV

with nontrivial output in zBV . Homological considerations as in the proof of Proposition 5.3 tells us that the
right-hand side of the above expression must have the same homology class in H1

�
M.V /I 1

2
Z
�
Š
�
1
2
Z
�n

as the sum of the inputs on the left-hand side. This, however, forces the grading of the right-hand side
of �j to be the sum of the gradings of the inputs. Since �j has degree 2� j , we then conclude that �j

vanishes unless j D 2.

5.6 Corollary There is a quasiequivalence between A1-categories

Wperf.M.V /; �/Š Perf. zB.V //;

where Perf. zB.V // is the dg category of perfect modules over the graded algebra zB.V /.

6 Functoriality

In this section, we study the geometric interpretation of the combinatorial operations, such as deletion
and restriction, on the polarized hyperplane arrangement V .

6a Deletion and restriction We recall the notions from [31].

6.1 Definition Let V D .Rd ; �; �/ be a polarized hyperplane arrangement and HR;i be one of the
hyperplanes in V .

(i) The (i th) deletion of V D .Rd ; �; �/ is the polarized hyperplane arrangement

Vi WD .�i .R
d /; �i .�/; � ı�

�1
i /;

where �i WRd !Rd�1 is the i th projection. Equivalently, this is obtained by deleting HR;i from
the set of hyperplanes in V .
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(ii) The (i th) restriction of V D .Rd ; �; �/ is the polarized hyperplane arrangement

V i
WD .��1i Rd ; ��1i �; ��i �/;

where �i W Rd�1 ! Rd is the inclusion into the i th coordinate hyperplane. Equivalently, this is
obtained by taking the intersection with HR;i .

Fix i and choose a sign s 2 fC;�g. Given a sign sequence ˛ 2 P.Vi /, we define ˛is to be the sign
sequence with s inserted at i th position. Consider the map

delsi WP.Vi /!P.V /; ˛ 7!

�
˛is if ˛is 2P.V /;

0 if ˛is …P.V /:

Similarly, for ˛ 2P.V /, we define ˛.i/ to be the sign sequence with the i th sign removed. Consider the
map

restsi WP.V /!P.V i /; ˛ 7!

�
˛.i/ if ˛.i/D s;
0 if ˛.i/¤ s:

These maps on the sign sequences induce well-defined graded algebra morphisms between the corre-
sponding convolution algebras.

6.2 Proposition [14; 31] Let V be a polarized hyperplane arrangement as above. For each i and sign
s 2 fC;�g,

(i) the map delsi WP.Vi /!P.V / induces a graded algebra morphism

delsi W zB.Vi /! zB.V /;

(ii) the map restsi WP.V /!P.V i / induces a graded algebra morphism

restsi W zB.V /! zB.V
i /:

Note that these graded algebra morphisms induce natural functors on the categories of perfect modules.
For instance, the restriction morphism restsi induces a functor restsi W Perf. zB.V //! Perf. zB.V i //. By
Corollary 5.6, there is also an A1-functor

restsi WW.M.V /; �/!W.M.V i /; ��i �/

given as follows. For any chamber Lagrangian L˛, if ˛.i/ D �s, then restsi .L˛/ D 0; if ˛.i/ D s,
then restsi .L˛/D .xL˛ \Hi / n

S
j¤i Hj is the chamber Lagrangian in Hi which is the boundary strata

of xL˛. Given two chamber Lagrangians L˛ and Lˇ , we can define a chain map CW�.L˛; Lˇ / !
CW�.restsi .L˛/; restsi .Lˇ // as the homomorphism restsi W zR˛ˇ ! zR˛.i/ˇ .i/ . The formality of the Fukaya
A1-algebra zBV , together with the generation of the Fukaya category W.M.V /; �/ by chamber La-
grangians ensures that this gives a well-defined A1-functor. It follows directly from the construction that:

6.3 Corollary The functor restsi WW.M.V /; �/!W.M.V i /; ��i �/ is strict.

If it is clear from the context, we simply write ��i � as �. The deletion functor delsi WW.M.Vi /; �/!
W.M.V /; �/ can be defined in a similar way. We leave the precise construction for the reader.
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LC

L�DC D�

Figure 20: Cocore and linking disks, left, and core, right, of the sector T �Œ�"; "��.

6.4 Remark It is interesting to ask whether the restriction functor restsi defined in [31] has an interpre-
tation in terms of symplectic geometry. However, it turned out that all functors we obtained from the
restriction of hyperplane arrangements in the following sections are neither restsi nor the adjoints to it. It
remains to see whether restsi has geometric interpretation or not.

6b Geometric functors from restriction and deletion In this subsection, we discuss several functors
arising from restriction and deletion of polarized hyperplane arrangements. Let HC D fH1; : : : ;Hng be
the collection of the complexifications of the hyperplanes in V . Fix a hyperplane Hi 2HC , and let `i be
the defining function of Hi . Then for " > 0, after a possible Liouville deformation, we have a stopped
inclusion

Re.`i /�1.Œ�"; "�/\ .M.V /; �/ ,! .M.V /; �/;

where Re.`i /�1.Œ�"; "�/\ .M.V /; �/ splits into a product

Re.`i /�1.Œ�"; "�/\ .M.V /; �/'
�
Hi n

[
H2HC

Hi \H; �jHi

�
� .T �Œ�"; "��/

' .M.V i /; �/� .T �Œ�"; "��/;

so the Künneth functor gives us a quasi-isomorphism

W
�
Re.`i /�1.Œ�"; "�/\ .M.V /; �/

� '
�!W.M.V i /; �/˝W.T �Œ�"; "��/:

Here we regard T �Œ�"; "� as a Liouville sector with two disjoint sectorial hypersurfaces corresponding to
the cotangent fibers at ˙", and T �Œ�"; "�� WD T �Œ�"; "� n f.0; 0/g. Therefore, there are two linking disks
in T �Œ�"; "��, one for the left end and the other for the right end. We write Ds to be the left or right
linking disks, depending on the chosen normal vectors of the hyperplane Hi . Since the normal vector
defines the “positive” and “negative” part of the two half-spaces separated by Re.`i /�1.0/, we let s be
the corresponding sign.

T �Œ�"; "�� has four natural Lagrangians: two generating Lagrangians Ls and two linking disks Ds as
depicted in Figure 20, so we get four functors by tensoring any chamber Lagrangians in W.M.V i /; �/

with any one of them (on the level of morphisms, it is given by tensoring with the unit), denoted by
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�

Figure 21: The restriction functor, left, and the shopping bag construction, right.

‰
s;�
i WW.M.V

i /; �/!W
�
Re.`i /�1.Œ�"; "�/\ .M.V /; �/

�
. As ‰s;Li and ‰s;Di would determine ‰�s;Di

and ‰�s;Li via mapping cones, it suffices to compute two of them; without loss of generality, consider
‰
C;L
i and ‰s;Di . Composing them with the stopped inclusion W

�
Re.`i /�1.Œ�"; "�/\ .M.V /; �/

�
!

W.M.V /; �/ we obtain the restriction functors

(39) Ress;�i WW.M.V
i /; �/!W.M.V /; �/:

Given a standard Lagrangian Lj in W.M.V i /; �/, there exists a unique standard Lagrangian xLj in
W.M.V /; �/, whose closure in Cd contains Lj as one of its faces and Im.xLj /� 0 corresponding to the
choice ‰Ci . Figure 21, left, shows one such pair in two-dimensional pairs-of-pants.

Proposition 4.12 then implies that ResC;Li .Lj /D xLj (on the level of morphisms, this functor is faithful
but not full). Thus this functor sends standard Lagrangians to standard Lagrangians, although it does not
necessarily preserve chamber Lagrangians.

The deletion functor Let Hi 2HC be a hyperplane with the defining equation `i , and let Vi be the
hyperplane arrangement obtained by deleting Hi from V . Similar as before, we consider a product
decomposition

Re.`i /�1.Œ�"; "�/Š `�1i .0/�T �Œ�"; "�:

We describe the operation of deleting the hyperplane Hi from V as the following “shopping bag con-
struction”.

6.5 Lemma There exists a Weinstein cobordism ˆs from sector T �Œ�1; 1� to T �Œ�1; 1��, depending on
the parity s 2 fC;�g.

Proof Attach a 1-handle to Œ�1; 1�� Œ�1; 1� on the top edge .s D�/, the resulting space is isomorphic
to T �Œ�1; 1�� Š .C�;˙1/. See Figure 21, right, where the red line segments are sectorial boundaries,
the black line segments are ideal boundaries for T �Œ�1; 1�, while the blue arcs denote the 1-handles.
Similarly, one can attach a 1-handle to Œ�1; 1�� Œ�1; 1� at the bottom edge .s DC/.
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By Lemma 6.5, for s 2 fC;�g, we define the deletion functor

Delsi WW.M.V /; �/!W.M.Vi /; �/;

as the gluing of the Viterbo restriction functor

ˆs WW
�
`�1.0/� .C�;˙1/

�
!W

�
`�1.0/�T �Œ�"; "�

�
ŠW.`�1.0//

with the identity functors of the remaining parts. More precisely, we have the sectorial decompositions

.M.Vi /; �/D .`
�1
i .�1;�"�; �/[ .`�1i .0/�T �Œ�"; "�; �/[ .`�1i Œ";C1/; �/;

.M.V /; �/D .`�1i .�1;�"�; �/[ .`�1i .0/� .C�;˙1/; �/[ .`�1i Œ";C1/; �/:

We then consider the diagram

W
�
`�1i .�1;�"�; �

�
W
�
`�1i .�";�"�; �

�
W.M.V /; �/ W.`�1i Œ�"; "�; �/ W.`�1i .0/; �/ W.M.Vi /; �/

W
�
`�1i .";C1�; �

�
W.`�1i Œ";C1/; �/

Id

ˆs

Id

Since the left- and right-hand diagrams are homotopy colimit diagrams and the functors commute with the
colimit diagrams, this diagram induces a well-defined A1-functor Delsi WW.M.V /; �/!W.M.Vi /; �/.
Let us compute this cobordism functor explicitly. Recall from the construction of Viterbo restriction
functor in [25] that if we consider the product .T �Œ�1; 1��/�CRe�0 of the larger sector, then the inclusion
T �Œ�1; 1�� ,! T �Œ�1; 1� induces a backward stopped inclusion�
.T �Œ�1; 1��/�CRe�0; T

�Œ�1; 1�� �CReDC1
�
,! .T �Œ�1; 1�� �CRe�0; T

�Œ�1; 1��CReDC1/:

Note that the left-hand side is the stabilization of T �Œ�1; 1��, so the wrapped Fukaya category is
quasiequivalent to that of T �Œ�1; 1��, which is generated by the two purely imaginary rays as shown in
Figure 20.

It is easier to keep track of the Viterbo restriction functor using relative cores: depending on the parity, the
relative core of T �Œ�1; 1� includes into the upper or lower part of the relative core of T �Œ�1; 1��, and the
Viterbo restriction functor would send the imaginary ray that does not intersect with the relative core of
T �Œ�1; 1� to 0, while the other imaginary ray would get sent to the canonical generator of T �Œ�1; 1�; see
Example 2.13. Together with the Künneth functor, we are able to compute the image of deletion functor
on objects. For each standard Lagrangian L in `�1i .0/, we write LC for the product of L with positive
imaginary ray, L� for product with negative imaginary ray, and L0 for product with the cotangent fiber
at 0 of T �Œ�1; 1�.

6.6 Lemma ˆs sends Ls to L0 and L�s to 0.
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�

Figure 22: The deletion functor.

To determine Delsi , we need to keep track of the Lagrangians L0 and Ls after gluing. Recall from the
previous discussions that the inclusion .`�1i .0/�T �Œ�1; 1��; �/ ,! .M.V /; �/ sends the Lagrangian Ls

to the standard Lagrangian zL whose closure contains L as one of its faces, and the Lagrangian L0 is
away from all crossing points of M.Vi /. Therefore we know that L0 gets sent to 0 after gluing back the
remaining pieces, and hence the deletion functor sends all the standard Lagrangians zL to 0. See Figure 22
for an example in the case of two-dimensional pairs-of-pants.

6.7 Remark The restriction and deletion functors discussed here do not arise directly from the algebraic
restriction and deletion operations outlined in Section 6a. This is because they send standard Lagrangians
to standard Lagrangians, whereas their algebraic counterparts do not do so in general. To describe the
corresponding algebraic framework, one needs to generalize the restriction and deletion operators by
imposing signs on each chamber separately, rather than uniformly for all chambers. This induces a
well-defined morphism of graded algebra on the relevant convolution algebras zB . However, the natural
pullback functor on the module categories still does not send standard objects to standard objects. Instead,
one needs to construct a functor at the 0-categorical level by ensuring that the standard object is sent to
the desired standard object. Then our generation and formality results will provide functors we want. We
refrain from elaborating on this approach in this paper because it may appear somewhat unnatural from
an algebraic viewpoint.
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