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We show that the Schwarzschild 3-manifold is stable for the 3-dimensional Riemannian Penrose inequality
in the pointed measured Gromov—Hausdorff topology, modulo negligible domains and boundary area

perturbations.
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1 Introduction

Let (M3, g) be a complete, smooth, asymptotically flat 3-manifold with nonnegative scalar curvature and
ADM mass m(g) whose outermost minimal boundary has total surface area A. Then the (Riemannian)
Penrose inequality states that m(g) > \/W with equality if and only if (M3, g) is isometric to
the Schwarzschild 3-manifold of mass m(g). This theorem was proved by Huisken and Ilmanen [2001]
in the case that the boundary is connected, and by Bray [2001] in the general case. See also [Bray and
Lee 2009; Khuri et al. 2017; Agostiniani et al. 2022] for additional extensions and generalizations. As a
corollary, the Penrose inequality implies the positive mass theorem that m(g) > 0, which was first proved
by Schoen and Yau [1979]. See also other generalizations [Witten 1981; Schoen and Yau 1981].

A natural question to ask regarding the Penrose inequality is whether almost equality would imply that the
manifold is close to the Schwarzschild manifold in some topology. This is called the stability problem for
the Penrose inequality. Recently, there has been growing interest in studying similar stability problems.
Notably, the author and Antoine Song [Dong and Song 2025] proved a stability result for the positive mass
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4912 Conghan Dong

theorem. In this paper, we prove that, up to boundary area perturbations, the Schwarzschild manifold is
stable for the Penrose inequality in the pointed measured Gromov—Hausdorff topology, modulo negligible
domains; see Definition 2.3. More precisely, we have the following:

Theorem 1.1 Let Ay > 0 be a fixed constant and (Mi3, gi) be a sequence of complete one-ended
asymptotically flat 3-manifolds, each of which has nonnegative scalar curvature, a compact outermost
minimal boundary (possibly with multiple components) with total area A; — Ag. Suppose that the ADM
mass m(g;) — \/W . Then for all i, there is a connected closed subset N; C M; containing the
end, such that its boundary dN; = X7 U X3, where the major part %% is connected and satisfies

Areag, (X7) — Ao,
and the minor part ¥} satisfies

Areag,; (X7) — 0.

Moreover, for any p; € 3, we have

(Nl'v gl\g,’,Ni P pl) - (MS3Ch’ &gSch, xo)
in the pointed measured Gromov—Hausdorff topology, and

(Z?’ dgisz?) - (aMS3ch7 ngCh,aMsih)
in the measured Gromov—Hausdorff topology. Here, (Ms3ch, gsch» Xo) denotes the standard Schwarzschild
3-manifold with boundary area Area(aMsch) = Ao and mass m(gscn) = / Ao/ (167), X, € 8Ms3ch is a

base point, and Jgi,. are the length metrics on the corresponding spaces induced by g; (see Figure 1 for a
simplified geometric picture).

We also have a similar stability result for the mass—capacity inequality. Recall that for an asymptotically
flat 3-manifold (M3, g) with outermost minimal boundary ¥ and an end oo;, the capacity of ¥ in
(M3, g) is defined by

€z, g):= inf{l/ |Vp|?dvolg 1 € C®°(M), 9 = % on ¥, lim ¢(x)= 1}.
T M X—>00]

Then, as a corollary of the positive mass theorem, it was shown by Bray [2001, Theorem 9] that
m(g) > 6(%, g), and equality holds if and only if (M3, g) is the Schwarzschild 3-manifold. For more
details, please refer to Section 3.

Theorem 1.2 Let my > 0 be a fixed constant and (Mi3, gi) be a sequence of complete one-ended
asymptotically flat 3-manifolds, each of which has nonnegative scalar curvature and a compact connected
outermost minimal boundary. Suppose that both m(g;) — mqy and 6(0M;, gi) — mg. Then for all i, there
is a connected closed subset E; C M; containing the end, whose boundary is 0E; = EE.’ U X%, where the
major part Z? is connected and satisfies

sup dg; (x,9M;) — 0,

) xEE}’
and the minor part X} satisfies

Areag, (X7) — 0.

Geometry & Topology, Volume 29 (2025)



Stability for the 3D Riemannian Penrose inequality 4913

Figure 1: This simplified picture visually illustrates the conclusions of Theorem 1.1. The original
manifold M is represented in black and blue. N refers to the region below the red part, excluding
the blue part. X? corresponds to the red part, resembling an almost standard sphere with some
minor handles attached and a few small disks or annuli removed, while X* is the boundary of the
blue part, which has negligible area. In Theorem 1.2, the long neck between the boundary of the
manifold and the red part in this picture will not occur.

Moreover, for any p; € ZE’, we have

(Ei, gl\gi,Ei ’ pl) g (MS3Ch’ gSCh, -XO)
in the pointed measured Gromov—Hausdorff topology, and

b 7 3 .d
(Ei > dgi,Z?) - (aMSCh’ dgsm:aMssch)

in the measured Gromov—Hausdorff topology. Here, (M, s3€h, gsch, Xo) denotes the standard Schwarzschild
3—mam'foldAWith boundary area Area(aMS?’Ch) = 16nm(2) and mass m(gsch) = Mg, X € 8Ms3ch is a base
point, and dy; . are the length metrics on the corresponding spaces induced by g;.

Our stability results can be viewed as generalizations of the main theorem in [Dong and Song 2025].
In particular, the case when 4y = 0 in Theorem 1.1 was proved in [loc. cit.]. Our proof of the main
theorems will build upon the tools developed in [loc. cit.], as well as some new techniques.

We give a remark on the boundary area perturbations in Theorem 1.1. Notice that in Theorem 1.2, we
can ensure that Z?, the major part of the boundary of Ej, lies in a small neighborhood of the original
boundary dM;, but in Theorem 1.1, this is not necessarily true in general. Lee and Sormani [2012,
Example 5.2] constructed manifolds with almost equality in the Penrose inequality that are close to
Schwarzschild spaces with a cylinder of arbitrary length appended to the boundary. See also [Mantoulidis
and Schoen 2015]. In other words, we need to cut out the long necks in these examples so that the
remaining part has almost the same boundary area and is stable for the Penrose inequality. Such phenomena
are consistent with our stability results.

Geometry & Topology, Volume 29 (2025)
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It would also be an interesting question to prove similar results for other topologies. See, for example,
the work of Lee and Sormani [2012; 2014], Lee, Naber and Neumayer [Lee et al. 2023], Kazaras, Khuri
and Lee [Kazaras et al. 2024] and Dong [2024] for related results.

Outline of the proof We will mainly focus on the proof of Theorem 1.2. Up to a boundary area
perturbation, Theorem 1.1 will follow as a corollary of Theorem 1.2 by using an argument from [Bray
2001].

Assume the conditions stated in Theorem 1.2, ie (M3, g) is a complete asymptotically flat 3-manifold
with nonnegative scalar curvature and a connected outermost minimal boundary ¥ such that m(g) > 0
and m(g) —€(X, g) < 1. By employing a doubling technique and allowing for a perturbation as in [Bray
2001], we can assume that M = M Usx, M is a smooth asymptotically flat 3-manifold with nonnegative
scalar curvature and two ends ooy, 00,. Then, the infimum in the definition of capacity is achieved by the
Green’s function f defined on M, which satisfies

Agf =0, lim f(x)=1, lim f(x)=0.
X—>001 X—>002

From symmetry of M, f equals % on ¥. We now consider the conformal metric # = f*g on M.

Then, 0o, can be compactified such that M* := M U {oo,} is a smooth manifold, and (M *, h) is an
asymptotically flat 3-manifold with nonnegative scalar curvature. It can also be shown that the ADM
mass m(h) =m(g) —€(X, g), as in [Bray 2001].

Based on our assumptions, m (/) < 1, the case discussed in [Dong and Song 2025]. So, modulo negligible
domains, (M *, h) is close to the Euclidean 3-space R? in the pointed measured Gromov—Hausdorff
topology. For the original metric g = f~*h, we will show that f is uniformly close to the conformal
factor in the Schwarzschild metric in the following two steps.

We first prove a new integral inequality involving the scalar curvature and the Hessian of the Green’s
function (Proposition 4.3). Let

21— f
U= C—
g S
Then 3/2 2
@z, Gz, Viu+|Vu h—3v®v
|6 (S.g) | [Vuly i + R;|Vul, dvoly,
m(g) 96 (M.h) |Vulp

where v = Vu/|Vu|, and the integration is taken over regular set of u. This formula is very similar to
the mass inequality proved by Bray, Kazaras, Khuri and Stern [Bray et al. 2022, Theorem 1.2]. One can
follow the proof of [Bray et al. 2022, Theorem 1.2] and employ the technique of integration over level sets
of u to control the integral in the inequality above. This method was initially explored by Stern [2022],
and there have been many other applications and generalizations in recent studies, including by Bray,
Hirsch, Kazaras, Khuri and Zhang [Bray et al. 2023], Agostiniani, Mazzieri and Oronzio [Agostiniani
et al. 2024] and Agostiniani, Mantegazza, Mazzieri and Oronzio [Agostiniani et al. 2022]. In the proof,
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Stability for the 3D Riemannian Penrose inequality 4915

we will first use this method to obtain a preliminary integral inequality in Proposition 4.1. Then, using a
corollary of that inequality, we can finally derive the desired integral inequality as stated above. As a
corollary, we also provide another proof of the mass—area—capacity inequality (Theorem 4.2), which was
first proved by Bray and Miao [2008].

Then, by using the integral inequality, together with the techniques used in [Dong and Song 2025], we
are able to find a region € C M* with a small-area boundary. In this region €, the behavior of |V f|
closely resembles the conformal factor in the Schwarzschild metric, and particularly, |V f| is uniformly
bounded. By the Arzela—Ascoli theorem, along the convergence of (€, /), we can take the limit of such
f and obtain a limit function fi, defined on R3. However, it is not immediately clear whether fi is
precisely the conformal factor in the Schwarzschild metric. To address this, we note that a favorable
property of the pointed measured Gromov—Hausdorff convergence modulo negligible domains is that f
also converges to feo in the W !-2-sense (Lemma 6.1). Therefore, the elliptic equations satisfied by 1" are
preserved in this convergence, and fi, also satisfies an elliptic equation on R3. The fact that the area of
the boundary d€ converges to 0 has been essential here. The elliptic equation satisfied by f~o, together
with the control on the gradient, would imply the rigidity of fo, (Section 6).

Finally, using metric geometry tools and similar arguments from [Dong and Song 2025, Section 4], we

can apply these properties of the functions f* and metrics / to prove the main theorems.

Acknowledgements I would like to thank Marcus Khuri, Christos Mantoulidis, Daniel Stern and Antoine
Song for helpful discussions and comments. I thank Hubert Bray and Andre Neves for their interest. |
also thank the referee for helpful comments and suggestions that improved this paper.

This paper was partially supported by Simons Foundation International, Ltd.

2 Preliminaries

2.1 Notation

We will use C, C’ to denote a universal positive constant (which may be different from line to line);
W(t),W(t|a,b,...) denote small constants depending on «, b, . .. and satisfying

lim ¥(¢) =0 and lim ¥(¢|a,b,...)=0

t—0 t—0

for each fixed a, b, . . ..

We denote the Euclidean metric by ggye or 6, and the induced geometric quantities with subscript Eucl
or §.

For a general Riemannian manifold (M, g) and any & € M, the geodesic ball with center p and radius r
is denoted by Bg(p,r), or B(p, r) if the underlying metric is clear. Given a Riemannian metric, for a
surface X and a domain €2, Area(X) is the area of X, and Vol(£2) is the volume of Q with respect to the
metric.

Geometry & Topology, Volume 29 (2025)
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Finally we introduce some notation about length metric that will be used later. Given a subset U in a
Riemannian manifold (M, g), let (U, dg ) be the induced length metric on U of the metric g, that is,
for any x1,x, € U,

c’i\g,U(xl,xz) :=inf{Lg(y): y is a rectifiable curve connecting x;,x, and y C U},

where Lg(y) = fol |y’|¢ is the length of y with respect t(z metric g. By convention, two points in two
different path-connected components of U are at infinite d gy-distance.

Forany D >0 and p € U, we use §g,U(p, D) to denote the geodesic ball inside (U, Zig’U), that is,
gg,U(P, D):={xeU:dsu(p,x) =< Dj.

2.2 Geometry of the Schwarzschild metric

For a positive number m > 0, the Schwarzschild 3-manifold (MSB’Ch, gsch) (With mass m) is given by the
following warped product metric on S? x [0, 00):

€)) gseh = ds® + um(s)2g§2 for s €0, 00),
where gg> is the spherical metric with Area(S?, gg2) = 47, and u,, is a positive increasing function
satisfying
1
2m \2 m
2 um(0)=2m, u,(0)=0, u,(s)=(1- ,oun(s) = ——.
@ n(0) n(©) () ( um(s)) ) =

Then the scalar curvature of gsc, is identically zero, and the boundary Xgch := M, S30h is the only minimal
surface inside MS3€h.

Under Cartesian coordinates, Mg, is diffeomorphic to R®\ B(m/2), where B(m/2) is the Euclidean

C
ball with radius m2/2 around the center, and we have

4
m
(3) gsch,ij(x) = (1 + m) 8;j forall x| > %Wl

This metric can also be extended to give a Schwarzschild metric gs., defined on R3 \ {0}.

Define py, (x) := dist(x, Zsch). Then

x| m\? m?> 2|x
pm(x)=/ (1+—) dt=|x|——+mlogﬁ,
m/2 2t 4| x| m

which implies that

= |x| = pm(x).

2m
@) pm(x) —m log pT(x)

Using these two representations (1) and (3) of gsc to compute the area of geodesic spheres, we have

4
m

Um(pm (X)) -4 = 1+ =— | -4x|x|?,
2|x|

Geometry & Topology, Volume 29 (2025)
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ie

2
) Um(pm(x)) = (1 + ﬁ) < |x].

In particular, together with (4),

(6) fim (")

r—>00 r

=1.

Now we introduce another harmonic function f;, and rewrite above identities using f;, instead of |x|.

Define »
= (145

Standard computations imply that

Agsmfm =0, Jm = % on Xsch, | 1|1rn Jm(x) = 1.
Then
x| = m- fm(x)

B 2 l_fm( )

and
1 1 Sm(x)
) pm(¥) = P fm (X)) = (1 = ) fm(x)) tmlee T Sy
Moreover,
m 1

®) Um(pm(x)) = E ()1 — fm(x))

2.3 Asymptotically flat 3-manifolds

A smooth orientable connected complete Riemannian 3-manifold (M 3, g) is called asymptotically flat if
there exists a compact subset K C M such that M \ K = [_]k M Mk ang consists of finite pairwise disjoint
ends, and for each 1 <k < N, there exist C > 0,0 > 1 5, and a C*°-diffeomorphism ®y : Me];d —R3\ B(1)
such that under this identification,

19" (g1 — 8i7) (x)] < Clx| 70!

for all multi-indices |/| = 0,1,2 and any x € R3\ B(1). Furthermore, we always assume the scalar
curvature Ry is integrable over (M 3,g). The ADM mass from general relativity of each end Mk for

end’
1 <k < N, is then well-defined (see [Arnowitt et al. 1961; Bartnik 1986]) and given by

mi(g) := lim _/ Z(gl]l gzzj)‘) dA,

r—>oo 167

where v is the unit outer normal to the coordinate sphere S, of radius |x| = r in the given end, and dA is
its area element.

Geometry & Topology, Volume 29 (2025)
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Definition 2.1 A surface ¥ C (M3, g) is called a horizon if it is a minimal surface. It is called an
outermost horizon if it is a horizon and it is not enclosed by another minimal surface in (M3, g).

Let (M3, g) be an asymptotically flat 3-manifold. By Lemma 4.1 in [Huisken and Ilmanen 2001], we
know that inside M 3 there is a trapped compact region 7 whose topological boundary consists of smooth
embedded minimal 2-spheres. An “exterior region” Me3Xt is defined as the metric completion of any
connected component of M \ T' containing one end. Then M2, is connected, asymptotically flat, has
a compact minimal boundary M2, (dMJ2, may be empty), and contains no other compact minimal
surfaces, that is, M2, is an asymptotically flat 3-manifold with outermost horizon boundary.

We will be able to perturb an asymptotically flat metric to a metric with nicer behavior at infinity in each
end because of the following definition and proposition.

Definition 2.2 We say that (M 3, g) is harmonically flat at infinity if (M3 \ K, g) is isometric to a finite
disjoint union of regions with zero scalar curvature which are conformal to (R3 \ B, §) for some compact
set K in M3 and some ball B in R3 centered around the origin.

By definition, if (M3, g) is harmonically flat, then on each end, g;j(x) = V(x);; for some bounded
positive §-harmonic function V' (x), which satisfies that AgV (x) = 0 and (see [Bray 2001, equation (10)])

) V(x):a+£+0(L).

|x| |x|?

In this case, its ADM mass on this end is given by 2ab.

Proposition 2.1 [Schoen and Yau 1981] Let (M3, g) be a complete, asymptotically flat 3-manifold
with Rg > 0 and ADM mass my(g) in the k™ end. For any € > 0, there exists a metric g such that
e ‘g <gc=e‘g Rz >0, (M3, 2) is harmonically flat at infinity, and |my (g) — my(g)| < €, where
my () is the ADM mass of g in the k™" end.

2.4 pm-GH convergence modulo negligible domains

In this subsection, we recall some definitions for the pointed measured Gromov—Hausdorff topology.

Assume (X, dy, x), (Y, dy, y) are two pointed metric spaces. The pointed Gromov—Hausdorff (or pGH-)
distance is defined in the following way. A pointed map f : (X, dy, x) — (Y, dy, p) is called an e-pointed
Gromov—Hausdorff approximation (or e-pGH approximation) if it satisfies the following conditions:

@ fx)=y.
(i) B(y,1/e) C Be(f(B(x,1/e))).
(i) |dx (x1,x2) —dy (f(x1), f(x2))| <e forall x1,x; € B(x,1/e).

Geometry & Topology, Volume 29 (2025)
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The pGH-distance is defined by
dpGH((X, dy,x), (Y, dy, y)) ;= inf{e > 0 : 3 e-pGH approximation f: (X, dyx,x) — (Y, dy, y)}.

We say that a sequence of pointed metric spaces (Xj, d;, p;) converges to a pointed metric space (X, d, p)
in the pointed Gromov—Hausdorff topology if

dpou((Xi, di, pi), (X, d, p)) = 0.

If (X;, d;) are length metric spaces, ie for any two points x, y € Xj,
di(x,y) =inf{Ly4 (y) : y is a rectifiable curve connecting x, y},

where L4, () is the length of y induced by the metric d;, then equivalently,

docu((Xi. d;, pi). (X.d, p)) >0
if and only if for all D > 0,

dpu((B(pi, D), d;), (B(p, D), d)) — 0,

where B(p;, D) are the geodesic balls of metric d;.

A pointed metric measure space is a structure (X, dy, i, x) where (X, dy) is a complete separable metric
space, i a Radon measure on X and x € supp(u).

We say that a sequence of pointed metric measure length spaces (X;, d;, ti, pi) converges to a pointed
metric measure length space (X, d, i, p) in the pointed measured Gromov—Hausdorff (or pm-GH)
topology, if for any ¢ > 0, D > 0, there exists N (e, D) € Z 4+ such that for all i > N (e, D), there exists a
Borel e-pGH approximation

D’ .
Ji % (B(pi, D). d;, pi) = (B(p, D +¢).d, p)
such that
(j;-D’g)ﬂ(/Li |B(p;, D)) Weakly converges to ji|g(p,p) as i — oo for a.e. D > 0.

In the case when X; is an n-dimensional manifold, without extra explanations, we will always consider
(Xi,di, pi) as a pointed metric measure space equipped with the n-dimensional Hausdorff measure 37

1
induced by d;.

Finally, we introduce a notation about the topology used in this paper. For simplicity, we only consider
manifolds, but one can easily generalize it to general metric measured spaces.

Definition 2.3 For a sequence of pointed Riemannian n-manifolds (M}, g;, p;) and (M", g, p), we say
that (M;, gi, p;) converges to (M, g, p) in the pointed measured Gromov—Hausdorff topology modulo
negligible domains if there exist open subsets Z; C M; such that #"~1(0Z;) — 0, p; € M; \ Z; and

(Ml \Zl'aggiapl.) - (M’ dg1 p)
in the pointed measured Gromov—Hausdorff topology for the induced length metric.
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We have the following theorem, which states that C°-convergence of metric tensors modulo negligible
domains implies Gromov—Hausdorff convergence of length metrics modulo negligible domains after
perturbation.

Theorem 2.2 Assume thatn > 2, and (E7, g;) is a sequence of n-dimensional complete Riemannian
manifolds with compact boundaries. If (E;, g;) converges to R" in the C°-sense modulo negligible
domains, that is, there exist embeddings u;: E; — R" such that

e u;(E;) contains the end of R",
o ||(”,~_1)*gi — gEuclllco — 0, and
o " 1(IE;) — 0,

then there exist closed subsets E}' C E; with compact boundaries such that for any base points p; € E,
(E!, gi. pi) converges to (R", ggycl, 0) in the pointed measured Gromov—Hausdorff topology modulo
negligible domains in the sense of Definition 2.3.

Notice that this theorem was proved for dimension 3 in [Dong and Song 2025]. Using the same techniques
as in [loc. cit.], along with inductive arguments, we can extend this result to a general dimensional version.
For the reader’s convenience, we provide a detailed proof in the appendix.

3 Capacity of horizon and Green’s function

In this section, we introduce some properties of capacity and Green’s function, which are known in the
literature and will be used later in this paper. Most of this section follows from [Bray 2001].

Let’s firstly introduce the capacity of a surface in the special case when it is the horizon of an asymptotically

flat 3-manifold which is harmonically flat at infinity.

Definition 3.1 Given a complete, asymptotically flat 3-manifold (M 3, g) with a connected outermost
horizon boundary 3, nonnegative scalar curvature and one asymptotically flat end ooy, the capacity of X
in (M3, g) is defined by

6(XZ,2) :=inf{l/ |Vl dvolg : 9 € C®°(M), (pz%on ¥, lim (p(x)zl}.
T M3 X—>001
From standard theory (see [Bartnik 1986]), the infimum in the definition of 6(X, g) is achieved by the

Green'’s function ¢ € C*°(M ?), which satisfies

(10) Agp =0, =1 on X, lim ¢(x)=1.

X—>01
By the maximum principle, ¢(x) € [%, 1) for any x € M 3. Define the level sets of ¢ to be
»i={xeM?: p(x)=t}.

Geometry & Topology, Volume 29 (2025)
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Then by Sard’s theorem, £¥ is a smooth surface for almost all ¢ € (% 1). By the coarea formula,

1
1
=1 [ vl
)y Je

For any regular value ¢ € (. 1), integrating A = 0 over {1 < ¢ <t}, and using Stokes’ theorem, we get

(1 / Vol =/ Vol.
b ¢

So
(12) «.0 =5 [ 1Vl

When (M3, g) is harmonically flat at infinity, we have the following expansion of the Green’s function
(see [Bartnik 1986] and [Bray 2001, equation (80)]):

6(Z, g) 1

+ 0| —

2| x| |x[?

Now we introduce another definition, which is closely related to the capacity of a horizon surface.

13) px)=1- ) as X — 00q.

Definition 3.2 Given a complete, asymptotically flat 3-manifold (M 3, g) with multiple asymptotically
flat ends and one chosen end o001, define

c@(g)::inf{l/ |V¢|? dvolg : ¢ € Lip(M), lim ¢(x)=1,  lim ¢(x)=o}.
2 Jar3 X—>00]

x—>{00) bi=2
Similarly, the infimum in the definition of €(g) is achieved by the Green’s function ¢, which satisfies

(14) Agp =0, lim ¢(x)=1, lim ¢(x)=0 forall k> 2.
X—001 X—>00)¢

For a complete asymptotically flat 3-manifold (A3, g) with a compact outermost horizon boundary X,
nonnegative scalar curvature and one end co;, we can take another copy of (M3, g) and glue them
together along the boundary X to get a new metric space (M, g). In general, (M, g) is only a Lipschitz
manifold with two asymptotically flat ends {o0;, 003}. From the proof of [Bray 2001, Theorem 9],
for any § > 0 small enough we can smooth out (M, g) and construct a smooth complete 3-manifold
(]\25, gs) with nonnegative scalar curvature and two asymptotically flat ends which, in the limit as § — 0,
approaches (M , g) uniformly. For the reader’s convenience, we recall the details of [Bray 2001] in the
following.

Let (M3, g), (M. 23, g) be the two copies of (M3, g). A first step is to construct a smooth manifold (see
[Bray 2001, equation (92)])

(Ms,g5) = (M}, g)U(Zx(0,28),G)U(M;, g),

where ¥ x {0} and X x {28} are identified with ¥ C (M3, g), G is a warped product metric and symmetric
about t =6, and X x {6} C (2 x (0,28), G) is totally geodesic. In general, the scalar curvature of G only
satisfies Rg > R for some constant Ry < 0 independent of §, and may not be nonnegative.
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Then a second step is to take a conformal deformation of g5 to get a new metric with nonnegative
scalar curvature. Define a smooth function R which equals R in X x [0, 28], equals 0 for x more than
a distance § from X x [0, 26], takes values in [Rg, 0] everywhere and is symmetric about X x {§}. In
particular, Rg,(x) > Rs(x) for any x € ]VI,;. Define ug(x) such that (see [Bray 2001, equation (101)])

(15) (—8A§8 4+ Rs(x))usg(x) =0 and lim ug(x)=1.

x—{001,002}

Then ug is a smooth function and satisfies (see [Bray 2001, equation (102)])
1 <ug(x) <1+€(d),

where € goes to 0 as § — 0. Define

gs:=uj-gs.

The scalar curvature of g5 satisfies
Rz, = uy” (Rg,us —8Ag,us) = uz *(Rg; — Rg) > 0.
By definition, limg_,q m(gs) = m(g) and limg_, 6(2s) = 6(2).
To see the relation between €(g) and €(X, g), we define the reflection map
®: M} Us M; — M} Us M;

such that for any x € M}, ®(x) € M; is the same point under the identification M} = M} = M?3,
®2 =1d and ®|x = Id. If ¢ satisfies (14), then 1 — ¢ o ® also satisfies (14) and by the uniqueness we
have ¢(x) = 1 — ¢ o ®(x), which implies that ¢ |y = % So ¢|M13 also satisfies (10), which implies that

(16) €(g) =€(%. 2).

Similarly, we can define the reflection map ®g: Mg — AZ; and from the equation (15) and the fact that
g5 =g50®Ps, Rs = Rgs0Pg, we know ug is also symmetric about X x {§} and particularly, (Vug, )z, =0
on X x {8}, where 7 is the normal vector of X x {§} C (Mg, gs). Thus, g5 is symmetric about X x {§}
and the mean curvature of ¥ x {§} C (1\25, gs) is

Hsxisy.g5) = Uy - Hesxisy.gs) — 2(Vug > i)z = 0.

Let (Mg, g5) be one half of (M'g, gs) with minimal boundary X5 := ¥ x {§} and one asymptotically flat
end. Then (Mj, g5, Z5) converges to (M3, g, ¥) uniformly as § — 0.

Without loss of generality, by applying Proposition 2.1 we can assume that (]\25, gs) is also harmonically
flat at infinity.

In summary, we have the following proposition. For more details see [Bray 1997].
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Proposition 3.1 Given a complete one-ended asymptotically flat 3-manifold (M3, g) with a connected
outermost horizon boundary ¥ and nonnegative scalar curvature, there is a sequence of smooth complete
3-manifolds (1\7 83, gs) which have nonnegative scalar curvature and two harmonically flat ends, and are
symmetric about a minimal surface X5 C (MSS’ gs), such that (]\25, gs)— (M ,g) and (Ms,35)— (M, g)
uniformly as § — 0, where (M , g) is the doubling of (M, g) along the boundary X, and (Mj, gs) is one
half of (M,;, gs) with minimal boundary X.

To conclude this section, we give a remark about the relations between the mass, capacity, and boundary
area of the outermost horizon by briefly recalling Bray’s proof [2001] of the Penrose inequality. Given a
complete smooth 3-manifold (M 3, go) with a harmonically flat end, nonnegative scalar curvature, an
outermost minimizing horizon X of total area Ay and total mass m, then for all # > 0, we can construct
a continuous family of conformal metrics g; on M3 which are asymptotically flat with nonnegative
scalar curvature and total mass m(z). Let X(¢) be the outermost minimal enclosure of X in (M3, g;),
and M (¢) the asymptotically flat manifold with boundary 3 (z). Then X(¢) is a smooth outermost
horizon in (M (¢), g;) with area A(¢) being a constant function about ¢. It was shown that m(¢) is
decreasing, and as t — oo, (M (t), g;) approaches a Schwarzschild manifold (R?\ {0}, gsc) with total

mass lim; oo m(t) = v/ Ao/ (167). In particular, mg > / Ag/(167), which proves the Penrose inequality.

4 Integral estimate of the Hessian of the Green’s function

In this and the following section, we assume that (2\2 3, g) is a complete, asymptotically flat 3-manifold
with two harmonically flat ends {co;, 00, } and nonnegative scalar curvature obtained as in Proposition 3.1.
In particular, the topology of M3 is R3 \ {0}, and there is a minimal surface ¥ C (M 3, g) such that
g is symmetric about X. Let (M3, g) be the half of (]\2 3. g) which contains the end co; and has
minimal boundary . So X is diffeomorphic to a 2-sphere, M3 is diffeomorphic to R?\ B(1), and
(M3, g)=(M3,g)Us (M3, g), where M’ denotes a copy of M containing the other end co,.

Let f(x) be the solution to (14) on (M 3 g), that is,
a7 Agf =0, xgrélo]f(x)=1, xgr})lozf(x)=0.

Then f is a smooth function satisfying 0 < f < 1 and at infinity has the expansion (see [Bartnik 1986;
Bray 2001])

1—|C—1|+0<#) as x — 00y,
X X
(18) fo={ V¥
24 0<L> as x — 00s,
|x| |x|2

where ¢y, are positive constants for k = 1, 2.
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Moreover, for some 7 € (0, 1),

cp x/ 1
0 /() = . o ——).
0= Wt (|x|2+f)
c1éjk 3¢y xJ xk ( 1 )
3:0 - S 0 :
10k S )= T8 T e PO\

By the symmetry of g about X, we know that on (M3, g), f satisfies (10), that is,

19)

(20) Agf =0, f=1 onx, lim f(x)=1.

X—>001

So by (12) and (13),

1) c1=%<€(2,g)=$/2wf|.
Similarly, on (M’, g), 1 — f also satisfies (10), so
(22) 2 =3%(3.8) =c1.
We now introduce an auxiliary function
U=t ')
/

for some ¢y > 0, and the conformal metric # = f*g. We always assume 72(g) > 0 in the following. Then
Ry = f~*Rg > 0. Notice that u € (0, o] on M, u =ty on ¥ and u(x) — 0 as x — 0o;. Moreover,

Ahu =0.

Since u is a proper smooth map on M, by Sard’s theorem, the regular values of u is an open dense subset
of (0, zp]. For any regular value ¢ € (0, ty), we define

M;:={t<u=<ty} and X;:={u=t}.

Since X is connected by assumptions, using the maximum principle, we know that a regular level set X;
is also connected and separates X from ocoy. In particular, 3, is a connected 2-sphere.

Proposition 4.1 We have the following integration inequality for u on (M3, h):

2 -1 2 2
1_‘6(2,g)2 . 1 /‘ (‘V u+u |Vu|h(h—3v®v)’h
(M.h)

= + Rh|Vu|h) dvoly,
m(g)* ~ 8mio [Vulp

where v = Vu/|Vu|y, and the integral is taken over the regular set of u.

Proof We first smooth |Vu|j by defining for any € > 0,

pe 1=/ |Vuls +e.
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If ¥, is a regular level set of u, then the Gauss—Codazzi equation implies that
Rj, —2Ricy(v,v) = Ry, +|II|* — H?,

where v = Vu/|Vu|y, and where Il = V%tu /|Vul|p and H = try,II are the second fundamental form

and mean curvature of X, in (M3, h), respectively. So
(23)  (Rp— Rx,)|Vul; = 2Ricy(Vu, Vu) + |V2ul; —2\V|vu|,,},2l — (Apu)* +20pu-Viu(,v)
= 2Ricy (Vu, Vue) + |V2ul3 2| V| Va4,
where we used the equation Aju = 0. Together with the Bochner formula
Ap|Vulz = 2|V2ul; +2(VApu, Vu), + 2 Ricy (Vu, Vu),
we have
2
Ap|Vul® = |V2ulj +2|V|Vuly|, + (Ry — Rx,)|Vul}.
At any point on a regular level set X,
- - 2
Ange = 3¢ AlVulf— 36> [VIVulz],
_ € 2
= 302 (IV2ulj + (Ry— Rs,)|Vul}) + F‘VW”M‘;,
€
> 3¢¢ (IV?ul; + (Ry — Rs,)|Vulj).
Taking integration on M; and using integration by parts and the coarea formula, we have

[Vulp
be

ds.

@ [ocm= [ ezt [ o avur mivip -1 [ [ s,
t t t s
Define the tensor
Ty:= V2u+u_1|Vu|}2l(h—3v®v).
Then
1T 112 = |V2ul? + 6u~2|Vul} — 6u™" |Vul 2 Vu(v, v).

Notice that
u |\VulpV2u,v) = u™ Vul (VIVulp, )y

= div(|Vu|pu™ ' Vu) — |Vu| div(u™ Vi)
= div(|Vulpu~'Vu) + u_2|Vu|,3l.

So
(25) 1T 117 = |V2ul; — 6]Vul, div(|Vulu~ ' Vu).
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Substituting (25) into (24), and using the Gauss—Bonnet theorem, we have

26) /E (Voe. v — /E (Ve v}

Vu
z%/ ¢;1(|91|,3+Rh|vu|;>+3/ [Vu |hd1v(|Vu|hu_1Vu)__// | |hds
M; M, e

1 - _ _
=3 [ e+ Ruval) +3 [ Va3 vl
Mt z Et

div(|Vulu=!'Vv fo R
”g' ulu ”)—4n(z0—z)+5-f By,
M[ ¢E +¢€|vu|h t Es ¢e +¢Elvu|h

Using the asymptotical estimates (19), we know

— 3¢

27) <C(hye-t2,

div(|Vulu='Vu) - / u= \Vul|pViu(v,v)
€- €-
M, ®%+ Pl Vuly M, 9+ BelVuly

st -3
28 C(h)e- .
%) //mewewm ds = Clhe 1

For any regular value ¢ € (0, 1) of u, as in the proof of [Bray et al. 2022, Theorem 1.2], we can divide the
integrals into two disjoint parts so that one is the integral over preimage of an open set containing the
critical values of u. First letting € — 0, and then choosing a sequence of regular values #; — 0, together

with the asymptotical estimates, we have

— 1
/(V|Vu|h,v)h +47‘[l0—3101/ |Vu|;2122/ — (|7 1|h+Rhlvu|;2,)dV01h-
> z [Vulp

Since the mean curvature of X in (M, g) is zero, V; f(v,v) =0, which implies that

2
[evvalpovh =2 [ 19u
pX 0Jx

So we have
_ 1 1 2 2
(29) drty —t 1[ |Vu|22—/ ——— - (|F1|? + Rp|Vu|?) dvoly, .
O Jg T 2 Ja IVuly g h
In particular, since Ry > 0,
(30) / |Vul? < 4ntd.
z
On the other hand,

2
(/ |Vu|h) f/ |Vu|i-Areah(E)=L/ |Vu|i-Areag(2)
> > 16 Js

and
[ 196l drs =10 [ 1915 dAg = 270(. ),
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SO

2,2 2
/ |Vu|,21 - 64 °156(X, g)
~ Areag(X)

Together with (29), we have

1676(%.2)% _ 1 2
31 drtp\l —————— | = = — RV dvoly, .
a1 wio(1 =) 2 5 [, w071+ Ral V) v,

By the Penrose inequality Areag(X) < 167m(g)?, we have

€(X.g) ) 1
47rl0(1—— > f “(|F 112 + Ry|Vu|?) dvoly, .
m(g)? M [Vuly !

This concludes the proof. O

Notice that (31) gives another proof of the following mass—area—capacity inequality; cf [Bray and Miao
2008, Theorem 1].

Theorem 4.2 Let (M3, g) be a complete, one-ended asymptotically flat 3-manifold with nonnegative
scalar curvature and a compact connected outermost minimal boundary 3. Then

(32) (=, g)? < ﬁAreag(z) <m(g)?.
By the symmetry of (M.g), applying Proposition 4.1 to i := 12/u and /1 := (1= f)*g = (u/ty)*h, we get

(33) 1—

¢=.g)?*_ 1 / (|v2u_u WVaRh—v®v)|s
m(g)* ~ 8o Jm h |Vid|,

Proposition 4.1 is not sufficient for our control of f around infinity. For this purpose, using a similar

+ Rh|Vﬂ|h) dvoly, .

argument together with (30), we prove the following integration inequality.

Proposition 4.3 For

2 1—f
U= _
€Z,g) f
we have
€2, 2) _6(X. 9 2
(34) 1— > Vu—|—|Vu| (h—3v®Vv)|; + Ry|Vu|;) dvoly, .
m(g) 967 J(m,h) IVth(} h ‘h »

Proof The proof is almost the same as the proof of Proposition 4.1. The difference is that instead of
considering the tensor 7, we define

= V2u+ |Vul} 2 (h=3v @ ).
Then
(35) 1212 = |V2ul2 + 6|Vul} — 6| Vul} > V2u(v,v).
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Notice that
IVl V2u(v,v) = |Vul (V|Valj, o) —d1v(|w|,,w>—|W|h<ku|f Vi,
=diV(|Vu|ZVu)+§|Vu|2(V|Vu|h,v);,,
which implies that
(36) |Vu|;%V2u(v, V) = 2div(|Vu|}%Vu).

Substituting (35) and (36) into (24), and using the Gauss—Bonnet theorem and asymptotical estimates, gives

37 / (Voe, V) — f Vo)
X poP)
1 _ 3 3
ZE/M o 1(I%|§,+Rh|w|i)—4n(zo—z)—3/ |Vu|i+6/z |Vu|}f—6/2 Vuli—Clg.1)-e.
! t

t

First taking € — 0, and then taking ¢ — 0, we have

1 1
/(V|Vu|h, V)p +4nl0+3/ |Vu|h / |Vu|h _2/ W(|ﬁ2|i+Rh|Vu|i)dvolh.

Notice that

to
[ vl = [ va=2m0ez.0 so [ vu = | / Vuly = 20126(S, g).
2y > M 0
Using (30), we have

3
127tt0+67r10‘€(2 g)— 6[ |Vul; 22/ Vil (|J2|h+Rh|Vu| ) dvoly, .

2
3\3
/|Vu|h§(/ |Vu|;) -Areah(E)%,
z z

By the Holder inequality,

we know
3 4Q2ntye(x, 2
Vul} > @Qri6(X.8))>
= Areag(E)2
Thus,
1%e(Z, 87106 (2, g)3\2 1 1
4 06( g)_2 06(X, ) > / (|92|i+Rh|VU|/2,)dV01h-
2 Areagq(X) 247ty Jpr |Vulp

If we take ty = 2/6(X, g), then

1676(2.2)>\? _ €(E.g)
Areag (%) 91w  Jar |Vulp

(1727 + Rp|Vul;) dvoly .
Together with the Penrose inequality, this concludes the proof. |
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Since at any regular point,

|V|Vu|h 2|V”|hv‘h |V2u+|Vu|h(h 3v®v)}h

1
[V(Vuly —w], =
2|Vu|h 2|Vu|h

we have the estimate

% 2 1 1
(38) /(M,h)}quwh —u)|; dvol, < C- (%(E,g) - m(g)).

Similarly, for 7 = 4/(€(X, g)%u) on (M, h), we have

V|V V2u—u ' \Vil|? (h—v®v)
vk, = YV _ | i b

2|Vu| i 2|Vu| i
which together with (33) implies that

1 2 2 C €z, g)>
(39) / v(wm,f - ) dvol;, < : (1 - (—gz))
(M’.h) C(Z.8)/n €(X,g) m(g)
1 1
Notice that |Vu|; —u and [Vii]; —2/%(X, g) agree on the middle sphere X. Define
‘|Vu|1/2(x)—u(x)| when x € M,
(40) P(x): ‘ 1/2 2 p
Vi — when x € M.
VO g

Then P is a continuous function, smooth around the end oo; in M, and we have proved the following
L?-estimate for its gradient.

Proposition 4.4 Let (1\2 , &) be a two-ended asymptotically flat 3-manifolds obtained as in Proposition 3.1,
and assume m(g) > mqy > 0. Let f be a solution of (14), and h := f*g a conformal metric on M. For
the function P defined in (40), there exists a uniform constant C > 0 such that

(=, g)?
41) /~ |V P|2 dvol, < ( _¥ gz) )
(M ) (%, g) m(g)
Moreover,
42) lim P(x)= hm P(x)=0.
X—>001 —>002

5 Harmonic coordinate for conformal metric

Let (M , ) be a two-ended asymptotically flat 3-manifolds obtained as in Proposition 3.1, f the harmonic
function defined by (17) on (M 3. g),and h:= f*g the conformal metric. Then on the end co,, since g
is harmonically flat, we have %;; (x) = f Y(x)V4(x)8; j» where V(x) is a positive bounded §-harmonic
function. So on the end 0o, / is conformal to a punctured ball with the conformal factor (f'V)*(x),
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where (fV)(x) is a bounded §-harmonic function in the punctured ball. Hence, by the removable
singularity theorem, f'V can be extended to the whole ball, which together with the expansion (18) and
(9) implies that /& can be extended smoothly over the one-point compactification M*:=MU {o0,}. Also
the function P defined in (40) can be extended continuously to M*

By standard computations, (2\2 *, h) also has nonnegative scalar curvature and has a single harmonically
flat end ooy with ADM mass m(h) = m(g) —6(X, g) > 0; see [Bray 2001, equation (84)].

In the following, we assume that |m(g) —mg| < 1 and |€(X, g) —my| < 1 for a fixed mo > 0. By the
mass-area-capacity inequality, |Areag (X) — 16nm%| < 1.

Let {x/ };’=1 denote the asymptotically flat coordinate system of the end co. We firstly solve the harmonic
coordinate functions u/, for each j €{1,2, 3}, so that

(43) Apu/ =0 and lu (x) —x7| = o(|x|'™%) as x — ooy,
where o > % is the order of the asymptotic flatness. Denote by # the resulting harmonic map
wi= ', u® ud): (M* h) > R>.

For any fixed small 0 < € < 1, by [Dong and Song 2025], we know that there exists a connected region
€1 C (1\2 *, h) containing oo, with smooth boundary, such that

Area (3€;) < m(h)>¢,
and u:€; — Y, :=u(%;) C R3 is a diffeomorphism with the Jacobian satisfying

[Jacu —1d| < W (m(h)),
and under the identification by u, the metric tensor satisfies

3

> (hjk—8jx)* < m(h)*.
jk=1

Moreover, dor((€1. ds,). (R?, dpuer)) < m(h)e.

Applying [Dong and Song 2025, Lemmas 3.2 and 3.3] to the function P defined in (40), and using a uniform
approximation by smooth functions (see [Evans and Gariepy 2015, Theorem 4.3]) and Proposition 4.4,
we can find a connected closed region €, C €; N {P < m(h)€}, which contains a neighborhood of the
infinity, and 0¢€, is a compact smooth surface satisfying

(44) Areay (0€,) < C(mg) -m(h)' <.

We claim that ¢, N X # &. Otherwise, since a neighborhood of the infinity is included in €5, a
connected component of d€, will enclose X in M. By the outermost minimal property of ¥, we know
Areag(X) < Areag(3€,) < 16Area;(9€,) < C(mo) - m(h)'~¢, which contradicts with the fact that
|Areag (X) —mo| < 1 and m(h) < 1.
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Notice that for any x such that P(x) < m(h)¢, from (40), if f(x) <1, we have

|a—frHVH2—( )ﬂECMmymMﬁ

6(Z, )
if f(x)> %, we have
1

)156W@qmm<

f*a—fﬂu—frHVﬂé—(

In summary, we have the following proposition.

€(X,2)

Proposition 5.1 There exists a connected region € C (M * h) containing ooy, with smooth boundary,
such that
Areay (0€) < W(m(h)),

andu:€ — Y := u(€) C R3 is a diffeomorphism with the Jacobian satisfying
[Jacu —Id| < W (m(h)),
and under the identification by u, the metric tensor satisfies
3
> (hjk—8i5)* < W(m(h)).
jk=1
For any base point p € € N X, any x¢ € R3 and any fixed D > 0,
dpGH((éh,% (p. D), dpsz. p). (Beua (X0, D), diucl, X0)) < W(m(h)| D),

and ®,(p) ou gives a W(m(h)|D)-pGH approximation, where ®,, () is the translation diffeomorphism
of R3 mapping u(p) to x,.

Moreover, inside ‘€, we have

21— /)?

(45) IVfln— T 9)

< W(m(h)).

6 W 12.convergence of elliptic equations

Assume that (1\21.3 , gi) is a sequence of complete two-ended asymptotically flat 3-manifolds obtained as
in Proposition 3.1 with m(g;) — mq and €(%;, gi) — my for some positive constant mg > 0, where
¥ C (M'f, gi) is the minimal surface such that (]\Zf, gi) is symmetric about X;. Let

gi:=m(gi)—6(X;, gi) > 0.

Notice that from (32), |Areag, (3;) — 16nm(2)| — 0, and particularly Areag,(X;) > Ao > 0 for some
uniform Ay > 0.
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Let f; be the harmonic functions defined by (17) on (1\2;, gi), (M;, g;) be the half of (Z\?f, gi) such
that f; satisfies (20), and h; := fi4 gi the conformal metrics. Using the same notation as in previous
section, let Mi* be the one-point compactification M; U {o0,}, then (]\Nll.*, h;) is a sequence of one-ended
asymptotically flat 3-manifolds with nonnegative scalar curvature and ADM mass m(h;) = &; — 0.

Let €; be regions given by Proposition 5.1. Taking any base point p; € €; N ¥; =€; N {ﬁ = %} then

(%l9 dh[,%,‘ ’ pl) - (R31 dEucl» XO)

in the pointed measured Gromov—Hausdorff topology, where x, € R3 the harmonic maps u; with

ui(pi) = x, are W(g;)-pGH approximation, and for any D > 0, (u;)y(dvoly, | B, )) weakly

K] (pl ,D
converges to dvolgycl | B(x,,p) as i —> 00.
By (45) and the Arzela—Ascoli theorem, up to a subsequence, f; — foo locally uniformly for some
nonnegative bounded Lipschitz function fx, on R3.

Lemma 6.1 Up to a subsequence, f; converges to fo in the weakly W1-2-sense. That is, for any
uniformly converging sequence of compactly supported Lipschitz functions ¥; — { and Vi{r; — Vi
in L%, we have

lim / Jividvoly, = /R \ Joo ¥ dvolgyl,
i

i—>00

im [ (Vi Vi), dvoly, = f (V foos Vi)t dvolgaar

i—o00 Jg,; R3

Proof Under the diffeomorphism u;, we can identify €; as a subset in R3. Suppose that v; and v have
support in U C B(x,, D) for some D > 0. Then since f; — foo uniformly, by Proposition 5.1 we know

lim / fivi dvoly, — / JooWr dvolgy
=0 JUN%; U
< tim [ Vi feowldvoly + tim | [ fooydvol, — [ fooy dvoliag
=00 JUNE; I=>01JUNg; U
= C hm |ﬁwl - fool”| dVOlEucl =0.
1—>00 Uﬂ%i

Similarly, since |V fi|p, and |V;|p, are uniformly bounded and /4; converges uniformly to ggucl,

lim / (V Ji. Vi), dvoly, — / (V foor V¥ et dvolzye
=00 JUNE; U
=C lim VY fi, Vi) n, — (VY foo, VY )Eucl| dVOlguc
1—>00 Une;
=C lim 1% 0; fidkwi — 87%9; foodr | dvolpua
I—>00 Uﬂ%i

Ung;

3
<C lim Z/ (1007 s — 3 foo) |- 1,/ + 13,9 — 3;9/]) dvoler = O,
l—)OOJ=1
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where in the first inequality we used Vol(U \ €;) — 0, and in the last step, we used the assumption that
djyi — 0y in L? and the fact that uniformly Lipschitz sequence f; has a locally W !>2-weak convergent
subsequence. a

Proposition 6.2 The limit f,, satisfies the following equation weakly on R3:

24
(46) Arwi foo = —5 - (1= foo)*.
m
0

Proof 1It’s enough to show that for any smooth function ¥ on R3 with compact supportin U C B(x,, D),
2 24 4
- <Vfoo, V) Buct dVOlgyel = — (1= foo)™ v dvolgy .
U mgy Ju

Define v; := ¥ ou; on €;. Then y; are uniformly Lipschitz and ¥; — ¥ uniformly.

Notice that
Ap 72 =61V fil} -

Using integration by parts, for U; := ui_1 U C €;, we have

~ [ 712 Vv dvols, = [ 6wV AR, dvols, = [ w9 fian,.

14

Since [¥;l, |V filp; = C on U,

‘ [ Vi (V fi. i) dA,
aU;

< C - Areay, (0€;) — 0.

Using (45), we have
. . 24 24
lim [ 6yi|V filg, dvoly, = lim | ————(1—f)*yi=— / (1= foo) "y dvolgya -
i—o0 Jy; : i»oo Jy, €(%i. gi) mg Ju

From Lemma 6.1, we know

im [ (V2 Vg, dvoly, = f (V12 V) g dvolsuar
U

i—00 U;

which concludes the proof. |

From standard elliptic theory, we know f.2 € Chl)’ca (R3). Also from (45), we have

_ ool = o)

|Vfozo|Eucl = o

that is, [V(1 — f2)7!gua < C(my) at any point x € R? such that foo(x) # 1. Since foo(x,) = 3, for

any D > 0 and any x € Bgy(x,, D), we have

(1— f2)7'(x) < %+ C(mo)D.

1
2’

Geometry & Topology, Volume 29 (2025)



4934 Conghan Dong

Together with the uniform convergence of f;, it holds that

-~ r* .1 _ £ ;
47) By, ; (pi. D) C {x €M 1—filx) = C(mo)(1 + D)}'

Consider another function &;(x) := fiz/(l — /;)? defined on (Mi*, hi), which satisfies & (p;) = 1 and

(48) Api = 61— i)"YV fil} -
For any fixed D > 0 and any x € B\hi’%i (pi, D), by (45) and (47), we have
2/ilV filn; (x)
(49) |VEi|n, (x) = W < C(my. D).
- Ji

Similarly, by the Arzela—Ascoli theorem, up to a subsequence, & — £o locally uniformly and weakly W 1-2
for some Lipschitz function £ on R3, and €0 = f2/(1 — foo)?. We also have

24
(50) AEucl%-oo = U
m

0
50 £ 18 a smooth function. Using those properties, we prove the following rigidity:

Lemma 6.3 €oo(x) = iz|x|2
my
and
—1
(51) Joolx) = (1 + %) .

Proof Using the relation oo = /2 /(1 — foo)?, (46) and (50), at any point x such that fxo(x) # 0, we have
Aguctboo = (1 = foo) > Apuet fo, + 6 fo0(1 = foo) "4V fool?

24 , . o . 24
:_2'(1_foo)+6foo(l_foo) 4|Vfoo|2:—2,
mg m?
which implies that |V foo|* = (4/m3) - (1 — foo)*. So
2 —6 o2 2 16, s 16
Vésol? = 4(1= foo) IV fool® = — [ (1= foo) 7 = —3écx.
mo mO

which also holds at any x € R? since £ is smooth.

From the Bochner formula, we have

2
=0.

8
Voo — —6
my

Consider the smooth function

4
n(x) = Eoo(x) — —2|X|2-
my

Geometry & Topology, Volume 29 (2025)



Stability for the 3D Riemannian Penrose inequality 4935

Then V25 = 0, ie 7 is a linear function, and 7(x,) = 0. Assuming that n(x) = (x — x,) - b for some
b e R3. Using |Véxo|? = (16/m(2))§oo, we have |h|? + (16/m(2))x0-b =0. So

m2 P2
oolx) = —|x+—=b| .
mg 8
Up to a translation of the coordinates, we can take x, = (m¢/2,0,0) and &(x) = (4/ m%) |x|2. m|

7 Proof of main theorems

We first prove the stability of the mass—capacity inequality.

Proof of Theorem 1.2 Assume that (M l.3 , gi) is a sequence of complete one-ended asymptotically flat
3-manifolds with nonnegative scalar curvature and compact connected outermost horizon boundaries ;.
Suppose that for some constant n1g > 0, both m(g;) — mq and €(%;, g;) — my.

By Proposition 3.1, without loss of generality, we can assume that there exists a doubling (]\2,-, gi) of
each (M;, g;) such that (]\2,-, gi) is symmetric about minimal surface X;, and has nonnegative scalar
curvature and two harmonically flat ends. Let f; be harmonic functions defined by (14), h; = fi4 g; and
Mi* the compactification. Set &; := m(h;) — 0. Using the same notation in last section, we have proved
that there exist smooth regions €; C M i* such that Areay, (0€;) — 0, and for base point p; € €; N X;,

~ pm-GH
(%l" dhi,%[ s pl) - (R?)’ dEucl, xo)v

where x, = (mgy/2,0,0) and |
: , mo '\
Ji = foo(x) =1+ 2
2|x|
locally uniformly.

In the following, we will only consider the manifold A;, which is equivalent to {3 < f; < 1}. Since
hi = fi4 gi, we know g; and /; are two uniformly equivalent metrics on M;. When discussing uniform
upper or lower bounds on volume, area, or distance, etc, there is no difference between using either metric,
so we will omit the subscript for simplicity. Additionally, we always identify €; as a subset of R3 using
the diffeomorphism u;.

Notice that on { Joo = %}, the standard Schwarzschild metric is given by

—4
gsch = Joo &Eucl-

Since g; = fi_4h,~, forany D > 0 and any x € Ehl.;gi (pi, D)N {f, > %}, we have
Igi — gsenll(x) = W(ei] D).

Fix 0 < € <« 1. By the coarea formula,

1+4e
/2 Length(d€; N{ foo = }) dt < / |V foo| < C - Area(0%;).
142¢ 3% N{i<foo<3}
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So there exists a regular value g € (% + 2e, % + 46) such that 3€; N { foo = o} consists of smooth curves,
and the total length satisfies

C - Area(0¢;
Length(0%; 1 {foo = t0}) = o O00) _ (g,
€
We can assume 7y = % + 3e for simplicity. By the uniform convergence f; — foo, for all large enough 7,

we have
GnN{3+3€=< foo<1—1}C M.

Define €;(¢) as the noncompact component of

€N {foo = 3 +3e} N M.

We make some modifications on €; (¢) for later usage, as in the proof of [Dong and Song 2025, Lemma 4.3].
Let {Dk},](V=0 C ¢é; be the components of { foo = % + 36} N¢;, and assume Dy has the largest area. Then
Y k>1 diamDy < W(g;|e). Choose xj € Dy for each k > 1. Notice that the Euclidean Hausdorff distance
between Dy and Dy, is bounded by W(e;|€). Then there exists y; € Dg such that é/l’\hi’%i (X, Vi) < W(eile).
For each k > 1, let . be a geodesic between xj and yj for the metric ghi,gi. By thickening each yy, we
can get thin solid tubes T} inside W(g;|€)-neighborhood of y4 with arbitrarily small boundary area. Let
€i(€) :=€i(e) U (U Ty). We then get a smooth connected subset by smoothing corners of €;(¢)’.

For simplicity, we still denote the modified €; (¢)’ by €; (¢). For all large enough i, we have €; (¢) C M;Né;.
Write

Yi(e) = 0€;(e) \ 0%;.
Then X;(€) is a connected closed surface with boundary, whose total length is bounded by W(g;|¢), and

d€;i(e) = Zj(e) U (8%,- N {foo > % + 36}). Notice that X;(¢) lies inside the W(g;|€)-neighborhood of

{foo = % + 3¢} Né;, which is contained in the (¥(g;|€)+C - €)-neighborhood of { f; = %} N<¢€; with
respect to both distances dgyc and dg;. See also Figure 2.

Denote by Mgen(€) 1= {j;,o > % + 36}, and x,(¢) € {foo = % + 36} a base point closest to x,.

Proposition 7.1 It holds that

(52) (%l (6)’ C/l\gi ,(éf,' (6)’ (]1) g (MSCh(E)v dgsch5 xo(e))
in the pointed measured Gromov—Hausdorff topology for some base points ¢; € X;(¢), and
(53) (Zi(€)., dg;,5:(e)) = (IMseh(€), dggy,0Msan(e))

in the measured Gromov—Hausdortf topology for the induced length metrics.

Proof We firstly show (53). By the construction of €;(€), we know X; (¢€) is inside W (e;|€)-neighborhood
of 0€;(€) N 0Msch(€), so

(Zi(€), dgg,zi () = (OMsen(€), dgg., aMgan(c))
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Figure 2: The constructed region €;(¢) near X;(¢). The sphere is { foo = % + 36}, and the

blue shaded region is included in the complement of ;. The boundary d€;(¢) consists of two
parts: one is d€; N { foo = % + 36}, the boundary of the blue region; the other is X; (¢€), which is

connected and consists of the connected sum of Dy and Dy using the boundary of the tubes 7.

in the Gromov—Hausdorff topology. It remains to show that for any x, y € X;(¢),
MM dg, 50 (0. 3) = dgg 0Msa(e) (X, )-

Let y C 0Mscn(€) be a geodesic between x and p for distance c?g dMse(e)- BY our construction of

Schs

€i(€), we can always perturb y to get y C 0€;(¢) \ d€; such that |Lengthg, () — Lengthg, (¥)| — 0.
Then

~

1 1
gy 510 (x.9) < /O 7les < (14 (en) /0 17 Lo

Taking i — oo, we have

ll_l)rgo dgi,Ei(E) (x,y) = dgsm,aMsch(E) (x. ).
Similarly, it’s easy to check that

ngch:aMSch(e) (x,y) = ll_l)n;o dgi,zi(f) (x,¥).
This completes the Gromov—Hausdorff convergence in (53).

Notice that for any x, y € dMscp(€), there is a uniform constant C > 0 such that

~

dEucl(xv y) = ngchyaMSch(e) (X, y) = CdEllCl(xa y)7
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which implies that, for any x, y € ;(¢), for all large enough i,

(54) 3y 5, (. 9) = dgy 20 (¥, 9) = Clj i, (x, ) + Weile).

Now we prove (52). It is enough to show that for any fixed D > 0 and any x, y € €;(¢) N B(g;, D),
gyt (5. 1) = gy, (x. )| = 0 s i — 00,

It’s easy to check that dgg, (X, y) <lim; e dAgl. ;(e)(x, y). In the following, we will show the other
inequality.

For any fixed 8¢ > 0. We firstly assume that
ngch (x,y) = o, ngch (x, 0Msch(€)) > 8o and dgsm(y’ 0Mscn(€)) = So.

If y is a gsch-geodesic between x and p, then dg, (v, 9Msch(€)) > o by the geometry of Schwarzschild
metric. For any 0 < § < §p, we can use piecewise line segments {y; }]N:(‘i’D) to approximate y so that
E]].VZILengtthch()/j) < Lengthg (¥) + W(8), and Lengthg,(y;) = é. For each y; with y;(0) = x; and
y;j (1) = yj, from the proof of [Dong and Song 2025, Lemma 4.5], we can find perturbed points x and y;
such that the straight line segment ; between xj/., yJ’. lies in €; (¢) and dgyc1 (x; . x]’.)—i—dEuCl( Vi yJ/.) <W(g).
Then R R
g, 6:0)(x. 1) <D dyg, 5,0 (%} ) + C D (drucr (X, X}) + draar(yj. 1))
j j

< Z Length, (¥j) + W(&i|8, D)
J

< (14 V(5| D)) Lengthy (v)) + V(8. D).
J

Taking i — oo, we have

lim dg, ¢,(e)(X, y) = dgg, (x, y) + ¥(5).
1—>00
Taking § — 0 gives
(55) lim dg; ¢, (e) (X, ) = dgsy (X, ).
1—>00

If dgg., (X, ) <80 and dgg, (x, IMscn(€)) < 8o, then duci(x, 0Mscn(€)) < 8o and dgyc(x, y) < §o. We
can take an almost dj, ,-geodesic y C é; between x, y, so Lengthy, (y) < 28o. If y C €é;(€), we have
dg; 4:(e) (X, y) < Cdy; otherwise, let x’ be the first intersection point of y and X;(¢) and y’ be the last
intersection point. By (54), we have

dg, :(0)(X', V) Sdg, 5,60 (X', V') S Cdp, 6, (x", y') + W(eile) < Cp + W(eile).

So
dg,',%,'(é)(xv J’) = dgi,%i(e)(x’ x/) + dgi,%i(e)(x,9 J’/) + dgi,%i(e)(y/’ J’) = C50 + \I’I(Si|€)'
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This shows that the pointed Gromov—Hausdorff distance
dpcu((&i(e), c’l'\g,-,cg,.(e), qi), (€i(€) N{x : dgg, (x, IMscn(€)) = do}, ggi,‘éi(e)v i) < Céo + W(eile).
Together with (55), we have

doon ((8i(€), g, ,e)> 4i)» (Msen(€), dgy,. Xo(€))) < C8o + W(eile).

Choosing a sequence §o — 0 and by a diagonal argument, for a subsequence i — 0o, we get the conclusion

on the pointed Gromov—Hausdorff convergence in (52).

Since the Hausdorff measure induced by c?gl. i (e) and c?gl.’gi(e) are the same as the volume element
dvolg, and the area element dAg; respectively, together with the isoperimetric inequality, it’s standard
to check that these measures also converge weakly; see [Dong and Song 2025, page 22]. In particular,
Areag,; (Xi(€)) — Areagg, (0Msch(€)). |

Choosing a sequence €; — 0, and using a diagonal argument, we can take a subsequence such that

(%i(ei)’ C/l\g'l' ,Cé,' (6,‘)1 (]1) g (MSCh’ dgsch’ xo)

in the pointed measured Gromov—Hausdorff topology, and

(Zi(e), dgi,zi(éi)) — (0Msch, ngchsaMSch)
in the measured Gromov—Hausdorff topology.

We take E; = €;(¢;), El.l = Xi(¢;) and Elg =0J¢; N {foo > % + 3€,~}. This completes the proof. O

Finally, we prove the stability of the Penrose inequality as a corollary of the stability of the mass—capacity
inequality.

Proof of Theorem 1.1 The case when Ay = 0 was proved in [Dong and Song 2025]. Let A9 >0 be a
fixed constant and (M l.3, gi) be a sequence of one-ended asymptotically flat 3-manifolds with nonnegative
scalar curvature, whose boundaries are compact outermost minimal surfaces with area 4; — A¢. Suppose

that the ADM mass m(g;) converges to v/ Ao/ (167).

As proved in [Bray 2001] (see also the remark at the end of Section 3), for each i, we can find a
sequence of conformal metrics g;(z) and smooth subset M;(t) C M; such that (M;(¢), gi(¢)) is an
one-ended asymptotically flat 3-manifold with nonnegative scalar curvature and an outermost minimal
boundary ¥;(¢). From [Bray 2001, Theorem 4], for some large enough 7; > 0, for all ¢ > T;, M;(¢) is
diffeomorphic to R3 \ {0}. In particular, X;(¢) is connected. Moreover,

A.
Areag, (1) (2 (1)) = A;, m(gi) = m(gi(t)) = 4/ 16;[ as t — oo.
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From [Bray 2001, Section 7], we know that for a.c. 7,
' (25(0)) = 2(€(Si(1), g1(6)) —m(gi (1)) < 0.
So we can find ; € (T;, T; + 1) such that
2(m (81 9) 654 (5. £0(6))) = m(si(T) ~m(gi(Ti + 1)) = m(gi) | -

Then we can apply Theorem 1.2 to (M;(;), gi(¢;)). The conclusion follows if we take N; to be the good
region E; associated with (M;(#;), gi()). O

Appendix GH convergence modulo negligible domains in general
dimensions

In this appendix, we provide a detailed proof of Theorem 2.2 for reader’s convenience. In fact, we will
prove a stronger quantitative version of the theorem. The proof involves a slight modification of the
arguments presented in [Dong and Song 2025], supplemented by an induction argument.

To make the proof clearer, we will prove the theorem for subsets of R” in the following. Note that the

same proof also applies to the general case (see also the remark at the end of this section).

Theorem A.1 Assume thatn > 2, Y; C R" is a sequence of domains with smooth compact boundaries ¥;,
Y; contains the end of R”, and #"~'(X;) — 0. Then there exists a sequence of smooth closed subsets
Y/" C Y; such that 9¢"~'(3Y/") — 0 and for any base point g; € Y/,

~ pmGH 7
(V' g, gt yy) = (R".0.dguc).

Moreover, we have a quantitative version: there exists 0 < e(n) < 1 such that if Y C R” is a domain
with smooth compact boundary X, Y contains the end of R”, and %"~ (X) < e(n), then we can find a
perturbation Y” C Y such that

(56) @Yy < e ()T

and for any base pointq € Y,

(57) (V" dyr,q), (R", diya, 0)) < (3"~ (2))> ",

Proof Notice that the case when n = 2 is obvious by definition, and the case when n = 3 has been proved

in [Dong and Song 2025]. So we assume that # > 4. In the following, we will prove the quantitative
version by induction and assume that the conclusion holds for all dimensions less than or equal to n — 1.

We will find e() by induction. Set  := #"~1(X) < e(n) < 1. Let W be the domain bounded by X. By
the isoperimetric inequality,

W) < CoamH (£ D < Co D <,
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Take 8o = 71977 and §; = n'°*""'. For any k = (k. ks, ..., kn) € Z", consider the closed cube
C (61) defined by

Ci (81) :=[k181. (ky + 1)81] x -+ x [kn81, (kn + 1)§1] C R™.
For ¢ € R, define the plane
Ay (0= (X1 Xn) €R™ = (ki +0)51 .
By definition, Cx (81) C U, e0,1] Ak, (0)-

By the coarea formula, there exists 5 € (%, % + 80) such that "72(t;) 1= Ak 5, () N XN Ck (1)
consists of (n—2)-submanifolds and

HH(Z N Cr(81)) < api—Q1on)~"

8001
If Ag s, (tx) N ZNICE(81) # @, then there exist components P of Ay s, (k) N ICk(81) \ ¥ and a
bounded open subset Z(tx) C A 5, (tx) N C (81) such that H2(P) <2(n—1) - H2(Z"2 (1)),
0Z(tx) C PUX"2(tx), and =" ~2(ty) C Z(tx). In particular,

(58) W (1) <

(59) H"2(DZ (1)) < 2n-H"2(E"2 (1)) < 8m 'O

Take e(n) small enough such that 8z - 8(1’[)1_(10")_1 < e(n—1). Applying the induction assumption to
Ak 5, () \ Z (1) and using (59), we can find a perturbation $n-2 (tk) C Ak 5, (tk) of 0Z (1) satisfying
the following properties:

e Denote by V4 (tk) C Ag s, (tx) the domain bounded by i”_z(tk). Then Z(t) C Z (tx), and
Ag s, () \ Z(Zk) contains the end of R"*~!.

e The area satisfies

(60) %”_z(i”_z(tk)) < %”_Z(SZ(tk))1_10_4(”_1)_1 <(Q@n- %n—z(zn—z(tk)))1—10—4(n—1)—1_
e For any two points x, y € Y(lk) = Ay s, () \ Z(lk), we have

61) 145 g0y (6> ) = a1 (x, )| < 8-y ~HOWTHZTTY < 1o~y

Define D) := Z(tx) N Cx(8y), and D}, = Ak s, (tx) N C (1) \D_;{’ By the relative isoperimetric
inequality and (58), we know that
(62) HHDY) = Cln) - 5 (E 2 (1)) D7)

<Cn)- %n—Z(En—Z(tk))1+(1—10_4)/(n—2)

< C(n)-n"/GE=D) s 1571 9e1=1 (5 0 Cp (81))

=H"H(ENCr (1))
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We can take a finite covering { B(xq, y) : ¥o < 1} of 17 such that for all x € B(xq,7q) N D}, there
is a line segment inside D’ connecting x and xy. For any pair x4, xg, let Y4, g C Y(lk) be an almost
dY(t ) -geodesic between x4 and xg. Define D by

Dk = Dk U {ya’ﬂ}.
In this way, using (61), for any x, y € D/, we have a curve y C 5}{ connecting x and y such that
(63) |Lengthg,(¥) — dua (x. »)| <0+ 10749* " <10739* ",
For simplicity, we still denote 5;{ by Dj . Let mj : R" — Ay 5, (%) be the orthogonal projection.

Define
Ci(81) := D} U (C(81) Ny (D) \ mk (2N Cr (61)))).

We then proceed by following the same arguments as presented in [Dong and Song 2025, Section 4]. The
main difference here is that we need to explicitly compute the quantitative upper bounds for the purpose
of induction. Therefore, we will omit most of the proofs, providing them only when modifications are
necessary.

Lemma A.2 [Dong and Song 2025, Lemma 4.3] %" (Cx (61) \ Cx (61)") < 261"~ 1(Z N Ck (61)) <
2171+10—4n—1 )

Lemma A.3 [Dong and Song 2025, Lemma 4.4] Cy (81)’ is path-connected and Cy (8;)' C Y.

Define
= |J GGy cy.

kezn
Notice that when |k| is big enough, one can certainly ensure that Cy (8;) = C (61), sothat Y \ Y’ is a
bounded set.

For any subset V' C Y, let V; be the z-neighborhood of V inside (Y, c?Eucl,y) in terms of the length metric

dEllCl,Y’ ie N
Vi :={y €Y :there exists a z € V such that dg,c,y (y,z) <t}.

So (Y’); is the ¢-neighborhood of Y’ inside (Y, c?EuCl,y).

Lemma A.4 [Dong and Song 2025, Lemma 4.5] There exists a closed subset Y with smooth boundary
such that Y’ C Y" C (Y')gs,,

%n—l(aY//) < Sal%n—l(aY) < nl—lO_Zn_l,

and Y is contained in the 68y-neighborhood of Y’ inside Y, with respect to its length metric ZZ\EUCI’Y//.

Let Y” be as in Lemma A.4. Recall that dEucl Y is defined as the length metric on Y induced by ggyc.
Since Y/ C Y” C Y, we have dgyq < dEucl y < dEuCl Y.
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Lemma A.5 [Dong and Song 2025, Lemma 4.6] diam . (Cr(8))) < (n+2)8; +1073p* ",

Eucl, "
Proof For any two points x1,x, € Cx(81)’, let Ly, Ly, be the line segments inside C (1) through

X1, X2 and orthogonal to Ay s, (¢ ) respectively. Let x = Ly, N D}, x5 = Ly, N D} . Then by (63) we
can find a curve y between x/, x} inside D}, such that

LengthEuc](y) = dEucl(xi ’ x/2) + 10_37’27”

Consider the curve y consisting of three parts: the line segment [xlxi] between x1, xg , ¥, and the line
segment [x5x;] between x7, x,. We have ¥ C Cx(6;)' CY’, so

dpuer v (xX1,%2) < Leaa(P) < (0 +2)8; + 1073927, ]

Lemma A.6 [Dong and Song 2025, Lemma 4.7] For any base point g € Y’ and any D > 0,

dor((Y' N Beya (¢, D), diacry > q)s (Y 0 Baar(q, D), diuet, q)) < 1072027

Proof The same proof of [Dong and Song 2025, Lemma 4.7] shows that

dpGH((Y/ N BEucl(q’ D), dEucl,Y”v Q)» (Y/ N BEucl(q’ D)» dEuclv Q)) <4 ((n + 2)81 + 10_3772_n)
<1072 ", O

So we have:

Proposition A.7 [Dong and Song 2025, Proposition 4.8] For any base point g € Y and any D > 0,

dpGH((Y” N BEucl(Qv D)a "Z\Eucl,Y”, Q), (Y// N BEucl(q’ D)’ dEucl, Q)) = %772_"

Forany p € Y” and D > 0, denote by By~(p, D) the geodesic ball in (Y”, c?EuCl,yu), that is,

Byn(p, D):={x € Y" : dgya,y~(p,x) < D}.

Lemma A.8 [Dong and Song 2025, Lemma 4.9] For any base point ¢ € Y and any D > 0,

dpGH((Y// N BEucl(‘]v D)’ dEucl,Y”a Q)’ (EEucl,Y” (C], D), dEucl,Y”v Q)) = %772_"

To compare those metric spaces to the Euclidean 3-space (R3, ggyuc), we need the following lemma,
which is a corollary of the fact that %"~ (3Y") < &7 'n.

Lemma A.9 [Dong and Song 2025, Lemma 4.12] Foranyq € Y” and D > 0,
dpiri (Y"1 Brue (¢, D). diuct: 4), (Beuci (0, D). diar, 0)) < gn* "
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Proof Under a translation diffeomorphism, we can assume ¢ = 0. It suffices to show that Bgyci(g, D)
lies in a %r]fh -neighborhood of Y”. If that were not the case, there would be a > %nzin and an
X € Bgua(q. D) with Bgyq(x, u) NY” = &. But from the isoperimetric inequality, we have

%H(Rii \YN) < C(n)%n—l(ay//)n/(n—l) < C(n)n(1—1074n71)-(n/(n—1))’

which would imply that

n/2"
O+ = = ot = 9 (Braai(x, ) < COny 071,
a contradiction when 1 < g(n) < 1. a
This concludes the proof of the theorem. O

Remark A.1 In the proof above, since the underlying metric is the Euclidean metric, we don’t need to
use [Dong and Song 2025, Lemma 4.10], where the estimate depends on a diameter upper bound. In the
general case when the underlying metric is C° close to the Euclidean metric, we need to apply [Dong and
Song 2025, Lemma 4.10] to each small cube whose diameter is much smaller than 1, so the conclusion
still holds except that we need to replace the explicit error term (57) by

du(Bg.y(q, D), Bruai(0, D)) < W(n|n, D) forall D > 0.
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