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We prove the existence of mean curvature flow with surgery for mean-convex surfaces with free boundary.
To do so, we implement our recent new approach for constructing flows with surgery in the free boundary
setting. The flow either becomes extinct in finite time, or for # — oo converges smoothly in the one- or
two-sheeted sense to a finite collection of stable connected minimal surfaces with empty or free boundary
(in particular, there are no surgeries for 7 sufficiently large). Our free boundary flow with surgery will
be applied in forthcoming work with Ketover, where we will address the existence problem for 3 free
boundary minimal disks in convex balls.
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1 Introduction

Geometric flows with surgery provide a controlled way of flowing through singularities by cutting along
a suitable collection of necks and gluing in standard caps. Mean curvature flow with surgery was first
constructed in the setting of two-convex hypersurfaces in RY for N > 4 in pioneering work by Huisken
and Sinestrari [2009], which in particular yielded a topological classification of two-convex hypersurfaces.
The case N = 3 has then been solved independently by Brendle and Huisken [2016] and Kleiner and
the author [Haslhofer and Kleiner 2017]. The construction has been later generalized to other ambient
manifolds [Brendle and Huisken 2018; Haslhofer and Ketover 2019], low-entropy flows [Mramor and
Wang 2021], flows with generic singularities [Daniels-Holgate 2022], and higher codimensions [Lynch
and Nguyen 2020; Langford and Nguyen 2021]. Applications include the work on moduli-spaces in
[Buzano et al. 2021; 2019], the construction of foliations in [Haslhofer and Ketover 2019; Liokumovich
and Maximo 2023], and the proof of the low-entropy Schonflies conjecture in [Daniels-Holgate 2022].

However, a problem that until recently seemed inaccessible is the construction of a flow with surgery
in the setting of mean-convex free boundary surfaces. The reason for this is that both the approach by
MSC2020: 53EI0.
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2 Robert Haslhofer

Brendle and Huisken [2016] and the approach by Kleiner and the author [Haslhofer and Kleiner 2017]
crucially rely on the noncollapsing result of Andrews [2012], which is only available in the setting without
boundary. In this paper, we solve this problem for mean-convex surfaces with free boundary in any strictly
convex domain D. More precisely, throughout this paper, D denotes a smooth connected compact domain
in a Riemannian three-manifold (N, g), such that dD is nonempty and has positive second fundamental
form. Our main result gives existence, as well as long-time behavior, of a flow with surgery with free
boundary starting at any strictly mean-convex free boundary initial surface My = 0Ky C D:

Theorem 1.1 Given any smooth compact strictly mean-convex free boundary domain Ko C D, there
exists a free boundary flow with surgery starting at Ky. Moreover, the flow either becomes extinct in
finite time or for t — oo converges smoothly in the one or two-sheeted sense to a finite collection of
stable connected minimal surfaces with empty or free boundary (in particular, there are no surgeries for t
sufficiently large).

For the purpose of the present paper a free boundary flow with surgery is a free boundary (8§, #)-flow
in the domain D as introduced in Definition 2.4. In particular, § > 0 is a small parameter that captures
the quality of the surgery necks and half-necks, and H is a triple of curvature scales Hijgger > Hpeck >
Hipick >> 1, which is used to specify more precisely when and how surgeries are performed. Moreover,
there is a finite set of surgery times #;, where (i) some necks or half-necks in the presurgery domain K7
are replaced by caps or half-caps yielding a domain K tﬂ, C K;;, and/or (ii) some connected components
covered entirely by high curvature regions are discarded yielding the postsurgery domain K ,‘:’ cK f‘l_.

As a byproduct of our existence proof we also obtain a canonical neighborhood result:

Theorem 1.2 Given any ¢ > 0, regions of sufficiently large curvature are e-close (after rescaling to unit
curvature) for any sufficiently good surgery parameters to either

(i) the evolution of a standard cap preceded by a round shrinking cylinder, or a round shrinking cylinder,
round shrinking sphere, translating bowl or ancient oval, or

(ii) the evolution of a standard half-cap preceded by a round shrinking half-cylinder, or a round shrinking
half-cylinder, round shrinking half-sphere, translating half-bowl! or ancient half-oval.

Remark 1.3 The existence and canonical neighborhood theorem will be applied in forthcoming work
with Ketover [Haslhofer and Ketover 2025], based on the methodology from our earlier paper [Haslhofer
and Ketover 2019], to address the existence problem for 3 free boundary minimal disks in convex balls.

To prove our results we implement our recent new approach from [Haslhofer 2025], which is based
on the theory of weak solutions rather than a priori estimates for smooth solutions, in the free boundary
setting. Specifically, to begin with, after introducing the necessary definitions, we first prove a quantitative
estimates for the space-time Hausdorff distance between the free boundary flow with surgery and the
free boundary level set flow. We then study sequences K/ of free boundary (8, H/)-flows, with the same
mean-convex initial condition Ko C D, where § < § and where the curvature scales 7/ improve along
the sequence. Given any sequence of rescaling factors A; — oo, we consider the blowup sequence K7,
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Free boundary flow with surgery 3

which is obtained from K/ by translating X to the origin and parabolically rescaling by A;. To keep
track of multiplicities we also consider the associated family of Radon measures M.

We then establish a hybrid compactness theorem, which allows us to pass to a limits of such generalized
blowup sequences, which are smooth near the surgery regions but potentially singular in all other regions.
Moreover, using Edelen’s monotonicity formula [2020] for free boundary flows we rule out microscopic
surgeries, namely the potential scenario that one has convergence to a plane or half-plane with surgeries
satisfying A ; /Hrf

ek — 0.

Next, we generalize the theory of mean-convex Brakke flows with free boundary by Edelen, Ivaki, Zhu
and the author [Edelen et al. 2022] to our setting of hybrid limits of free boundary flows with surgery, and
in particular establish multiplicity-one, regularity and convexity. As a consequence of these results, taking
also into account the recent classification of ancient solutions from [Brendle and Choi 2019; Angenent
et al. 2020], we then establish the canonical neighborhood theorem.

Using the canonical neighborhood theorem, via a continuity argument as in [Haslhofer and Kleiner
2017], we can establish the existence of free boundary flow with surgery on arbitrarily large time intervals.
Finally, borrowing an argument of Brendle and Huisken [2018], in combination with the long-time limit
results from [Edelen et al. 2022] and our distance estimate to the free boundary level set flow, we can
upgrade this to existence for all times and convergence.

To conclude this introduction, let us compare our approach with the recent very interesting approach
from [Daniels-Holgate 2022]. The approach by Daniels-Holgate uses a closely related notion of surgically
modified Brakke flows, and in some regards goes much further as it allows to localize the surgery
construction. On the other hand, [Daniels-Holgate 2022] still relies on the existence of noncollapsed
canonical neighborhoods from [Choi et al. 2022]. In contrast, in our present paper the blowup analysis
takes place entirely in the setting of Brakke flows with surgeries. As explained above, this is crucial to
establish noncollapsing in the free boundary setting.

2 Definitions and basic properties

In this section, we define free boundary flows with surgery and establish some basic properties. Let us
begin with the following flexible notion of free boundary §-flows:

Definition 2.1 (free boundary 6-flow) A free boundary §-flow K in D is a collection of finitely many
smooth free boundary strictly mean-convex mean curvature flows { K ; C D}ey_y s Withi =1,... k
and 79 < --- < tg, such that:

(a) Foreachi = 1,...,k — 1, the final time slices of some collection of disjoint strong §-necks or
strong half-6-necks (Definition 2.2) are replaced by pairs of standard caps or standard half-caps
(Definition 2.3), giving a domain Kfl_ cK ;'l_ =: K.

(b) The initial time slice of the next flow, K;'I.Jrl =: Kt’l.L, is obtained from Kﬁ. by discarding some
connected components.
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4 Robert Haslhofer

(c) There exists some ry = ry(K) > 0, such that all necks and half-necks in item (a) have radius
re [%r#, 2rﬁ].
The above definition relies on the following two further definitions:

Definition 2.2 (strong §-neck and strong half-§-neck) We say a free boundary §-flow K = {K; C D},eg
has a

e strong 6-neck with center p € Int(D) and radius r at time 7 € I, if the rescaled flow

{r71(expy 1B1/50) ™ (Kigtr20)bre(-1.0]
is 8-close in C /8] in B, /8(0) x (=1, 0] to the evolution of a solid round cylinder B? xR with
radius 1 at ¢ = 0.

e strong half-6-neck with center p € dD and radius r at time 7o € I, if the rescaled flow
{r_l (CD;I |BI'_/8(0))_1 (Kt0+r2t)}t€(—l,0]

is §-close in CL1/8] in Bl+/ 5(0) x (=1, 0] to the evolution of a solid round half-cylinder Ei x R with
radius 1 at# = 0.
Here, we recall that for any p € 0D the normal exponential map defines a diffeomorphism ®, from an
open neighborhood of p in D to an open half-ball B;f (0) C Ri =Rso xR2.
Definition 2.3 (replacement by standard caps or standard half-caps) Given a cap separation parameter
I' <ocoand any 6 < 1/(100T"), we say that the final time slice of a strong §-neck with center p € Int(D)
and radius r is replaced by a pair of standard caps, or the final time slice of a strong half-§-neck with
center p € dD and radius r is replaced by a pair of standard half-caps, respectively, if the presurgery
domain K~ is replaced by a postsurgery domain K* C K~ with free boundary in D, such that:
(a) The modification takes places inside B = B(p, 5T'r).

(b) There are bounds for the second fundamental form and its derivatives:

sup |[VPA|<Cpr 't for £=0,1,2,....
0KtNB

(c) For every point py € dK* N B with A4 (py) <0, there is a point p_ € K~ N B with
Ay Ay
——(p) < — .

7 P =5 ()

(d) The domain r_l(expp |B1or,~(0))_1(Kﬂ) is 8’(8)-close in B(0, 10T") to a pair of standard caps, or
the domain r~! (®p1Bor, (0))_1 (K*) is §'(8)-close in Bt (0, 10T) to a pair of standard half-caps,
respectively, that are at distance I from the origin. Here, §'(§) — 0 as § — 0.

Here, a standard cap K* C R is a smooth convex domain that coincides with a solid round half-cylinder
of radius 1 outside a ball of radius 2. Similarly, we call KN Ri a standard half-cap.
A free boundary flow with surgery is a free boundary (8§, H)-flow defined as follows.
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Free boundary flow with surgery 5

Definition 2.4 (free boundary flow with surgery) A free boundary (8, H)-flow in D, where H =
(Hinicks Hneck, Hyigger) s a free boundary §-flow {K; C D};>¢ with smooth free boundary strictly
mean-convex initial condition Ky C D such that:

(a) H < Hyigger everywhere, and surgery and/or discarding occurs precisely at times  when H = Hyjgoer
somewhere.

(b) The collection of necks and half-necks in Definition 2.1(a) is a minimal collection of solid §-necks
and solid half-§-necks of curvature Hpeck which separate the set { H = Hyigger} from {H < Hipjck}
in K, .

(©) K ;L is obtained from K 5 by discarding precisely those connected components with H > l—loHneck
everywhere. For each pair of facing surgery caps or surgery half-caps, precisely one is discarded.

(d) If a strong §-neck or strong half-§-neck from item (b) also is a strong §-neck or strong half-8-neck
for some § < § , then property (d) of Definition 2.3 also holds with § instead of §.

As a consequence of the definitions we have the following basic properties:

Proposition 2.5 (basic properties) There exist § >0 and Ty < oo such that any free boundary §-flow K
in D with surgery quality § < § and cap separation parameter I' > I'y satisfies the following:

(a) If p is the center of a surgery neck or surgery half-neck of radius r, then there are no other surgeries
in B(p, {567 'r).
(b) For every ball B we have |0K;, N B| < |0K' N B| for every K’ that agrees with K;, outside B and

satisfies K, € K' C K, for some ty < 1.

Moreover, any free boundary (8, H)-flow in D fort < T satisfies H > C~! and |A| < CH, where
C=C(D,KyT) < oc.

Proof The spatial separation of surgeries follows directly from the definitions. Next, the one-sided
minimization follows using the geometric measure theory argument in [White 2000, Section 3]. Finally,
the claimed bounds for H and |A|/H follow from [Edelen 2016] (whose argument simplifies quite a bit
thanks to the convexity of D), and the definition of surgeries. |

Convention 2.6 We now fix a suitable standard cap K* and cap separation parameter I" < oo. Moreover,
throughout this paper § > 0 and & > 0 denote sufficiently small constants (by convention, these constants
can be decreased finitely many times as needed or convenient).

3 Distance to free boundary level set flow

In this section, we prove a quantitative estimate for the distance to the free boundary level set flow from
[Giga and Sato 1993]. We will identify free boundary é-flows with their space-time track

(3-1) K=|JK:x{t}cDxR,
t

where we set Ky; := K~ at surgery times to ensure that K is a closed subset of space-time.
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6 Robert Haslhofer

Proposition 3.1 (distance to free boundary level set flow) Given any T < oo, there exist constants
§=8(D,T)>0and C = C(D, Ky, T) < oo such that if K is a free boundary (8, H)-flow for some
6 < 8_, with initial condition Ko, where Hpecx > C, and L is the free boundary level set flow with the same
initial condition K, then

(3-2) da(KN{t <TyLLN{ <T}) <CHZL,
where dy denotes the Hausdortf distance of the space-time tracks.

Proof Recall from [Edelen et al. 2022] that the free boundary level set flow is the maximal family of
closed sets starting at K that does not bump into any smooth free boundary subsolution of the mean
curvature flow. Observing that free boundary (8, H)-flows do not bump into any smooth free boundary
subsolution of the mean curvature flow, we thus get I C L.

To estimate the distance from the other direction, observe that similarly to [Haslhofer 2025, Claim 3.2],
there exists an 1 < oo, such that if ¢ is a surgery time of K and B, € K; NInt(D) is a geodesic ball of
radius r > nHr;CIk, then B, C Kf. Also, note that there is a Cy = Cy(Kg) < 00, such that for all y > 0
small enough there is some 7 € [C” 1y, Coy], such that

(3-3) d(Ke, D\ Ko) =y.

Denoting by —« a lower bound for the Ricci curvature, we choose y = r]e"T / Hpecx, which is allowed
provided Hpeck is large enough. With the corresponding t, we let L be the level set flow with initial
condition L§ = K.

Claim 3.2 (evolution of distance) We have L} C K, for all # < T with the estimate
(3-4) d(Lj, D\ K;)=ye™.

Proof Consider the function f'(¢) := e*'d(L%, D\ K;), and note that f(0) = y. Denoting by d/dt the
lim inf of difference quotients and by H the mean curvature in the viscosity sense, away from the surgery
times we can estimate

(3-5) S 2 ke d(LE, D\ Ko) +¢ (H(p) ~ H@) 20,

where we observed that thanks to the strict convexity of D the distance at time ¢ is realized by points
p €0L;NInt(D) and g € 9K, NInt(D), and these points satisfy H(p) — H(q) > —kd(p, q) by mean
curvature comparison. Finally, if #; is a surgery time, then d(L},, D\ K})) = ye ¥ together with the
above implies d (L}, D\ K;iL) > ye ¥, O

Summarizing, we have shown that £* C K C £, where 7 is comparable to Hr;clk‘ Since LT and L just
differ by a shift by t in time direction, this implies the assertion. |
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Free boundary flow with surgery 7

4 Hybrid compactness theorem for free boundary flows

Let K/ be a sequence of free boundary (8, #/)-flows, where § < §, with the same strictly mean-convex
initial condition K, and suppose that 7/ — oo, where we use the abbreviation

j J
H’ =~ Hy
neck rlfgger - 0.

HI .~ H

thick neck

(@1 H - 00 min(Ht{;iCk»
Let Aj — oo be a sequence of rescaling factors, and let Xj = (pj, ;) € 9K/ be a sequence of space-time
points satisfying ¢; < T for some 7" < oo. Consider the blowup sequence

(4-2) K/ .=y, (K) — X))

which is obtained from K/ by translating X' j to the origin and parabolically rescaling by A;, and where
for ease of notation we pretend that D is a subset of three-dimensional Euclidean space. Moreover, we
also consider the associated family of Radon measures

(4-3) S = (i) = H2 9K,

where we set K; := K, at surgery times. Furthermore, we can assume that

(4-4) A= lim —/— €0, o0]
I Hnjeck

exists. We then say that (K7, M7 is a A-blowup sequence. For A = 0 we have:

Proposition 4.1 (small blowups) If A = 0, then a subsequence of K/ Hausdorff converges to a limit IC,
which is a blowup limit of the free boundary level set flow of K.

Proof Let £ be the free boundary level set flow of K. By Proposition 3.1 (distance from free boundary
level set flow) we have dy(K/ N{t <2T},£LN{¢t <2T}) < C/H’ . hence

cJ 2 2 Chj
4-5) dH(IC]ﬂ{lSKjT},DAj(ﬁ—Xj)ﬂ{tS)»jT})S T

neck

Since limj 00 Aj/ Hn];:ck = 0 by assumption, it follows that K7 and D,,; (L— Xj) converge subsequentially
in the Hausdorff sense to the same limit K. This proves the proposition. a

Next, for 0 < A < oo the limiting objects will be either ancient Brakke §-flows in R? as in [Haslhofer
2025, Definition 4.2] or ancient free boundary Brakke §-flows in Ri defined as follows:

Definition 4.2 (ancient free boundary Brakke 5-flow) An ancient free boundary Brakke §-flow in Ri_
is a pair (K, M) consisting of a nested family of closed sets X = {K; C Ri} te(~o0,T) and a family of
Radon measures M = {/it};e(—c0,T) N Ri, for which there exists a constant ry = ry(KC, M) € (0, 00)
and a disjoint collection of two-sided parabolic balls P; = B(p;, 50I'ry) x (t,- — %rﬁz ti + srﬁz) such that:
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8 Robert Haslhofer

(a) Fort € (ti — %rﬁz,ti + erﬁz), we have ;| B(pi, 50T ry) = H?| 3K, N B(p;, 50T ry), and for ¢ # ¢;
the sets K; N B(p;, 50I'ry) are smooth and evolve by free boundary mean curvature flow. At time
t; a strong §-neck or strong half-§-neck (see Definition 2.2) of radius r; € [ry/2, 2ry] centered at
(pi, t;) is replaced by a pair of standard caps or standard half-caps (see Definition 2.3), and possibly
some connected components of Ky, are discarded.

(b) Considering the somewhat smaller P; = B(p;,25T'ry) x ( j — l ﬁz L+ lz?rﬁz) we have that M is a
free boundary integral Brakke flow away from ( J; P/, and dKC \ U; P/ =spt M\ ; P;.

Here, we use the notion of free boundary integral Brakke flows from Edelen [2020], and in particular
recall that the support consists of all space-time points where the (reflected) Gaussian density is at least
one.

Remark 4.3 (reflection) In light of [Edelen 2020, Proposition 4.6] any ancient free boundary Brakke
s-flow in Ri can be reflected to a flow without boundary in R3, which satisfies all the axioms of an
ancient Brakke §-flow in R3 with the caveat that at surgery times the closeness to a standard cap from
item (d) of Definition 2.3 now only holds in the C 1 sense.

Next, convergence of A-blowup sequences to Brakke §-flows is defined similarly to [Haslhofer 2025,
Definition 4.2], and convergence to free boundary Brakke §-flows is defined as follows:

Definition 4.4 (convergence to free boundary Brakke §-flow) Given 0 < A < 0o, a A-blowup sequence
(K7, M7) converges to a free boundary Brakke §-flow (KC, M) if:

(a) The space-time tracks K7 Hausdorff converge to the space-time track K.

(b) If P; = B(pi, 50T ry)x (zi — %rﬁz titerg ) isa surgery reglon of (K, M) as in Definition 4.2 (ancient
free boundary Brakke §-flow), then for some (p/ D; 1l ) e K/ convergmg to (pi, 1), the forwards
and backwards portions {K{ i pl }t €(0.r2) and {K t+i] ~ P /1 re(-r2/2,0] respectively converge
smoothly to { K4y _pi}te(O,srﬁ) and {Kt+,l p,}te( r2/2,0] in B(0, 50I"ry).

(c) M/ converges to M in the sense of free boundary Brakke flows away from | J; P;.

Theorem 4.5 (hybrid compactness) Any A-blowup sequence (K7, M7) with A € (0, o0) has a subse-
quence that converges to a limit (K, M) that is either an ancient Brakke §-flow in R3 or an ancient free
boundary Brakke §-flow in Ri.

Proof If A;d(pj,dD) — oo, then the proof of [Haslhofer 2025, Theorem 4.4] applies, yielding conver-
gence to an ancient Brakke §-flow in R3. Hence, after shifting the base-points by controlled rescaled
distance we can assume from now on that p; € dD. We can also assume that K7 Hausdorff converges to
alimit £ ={K; C Ri},e(_m]), which is a nested family of closed sets.

Since A > 0, for any R < oo the number N J of surgery centers of K7 in the two-sided parabolic
ball P(0, R) = B(0, R) x (—R?, R?) is uniformly bounded. After passmg to a subsequence, we can

assume that N 1](, = Np is independent of j. Moreover, denoting by {( pl N )} the surgery centers

i=1
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Free boundary flow with surgery 9

of K7 in P (0, R), and denoting by rl.j € [%Aj, ZAj] the neck radii, where Aj := A; /an

eck> after passing

to a further subsequence we can assume that

(4-6) (p!.t))— (pi,ti) and 1/ —r;€[1A,2A].
Set ry ;== A, and recall that ¢ > 0 is a small fixed constant by Convention 2.6. Arguing similarly to the
proof of [Haslhofer 2025, Claim 4.5], where we now use the local regularity theorem for free boundary

flows from [Edelen 2020], for each P; = B(p;, 50I'ry) x (t,- — %rﬁz, ti + 8Vﬁ2) we get

4-7) limsup sup |VeA|<oo for £=0,1,2,....

J—00 JKINP;
Hence, the convergence in the two-sided parabolic balls P; is smooth in the sense of Definition 4.4(b).
Moreover, away from | J; P/ we can pass to a subsequential weak limit using the compactness theorem
for free boundary integral Brakke flows from [Edelen 2020]. In the surgery regions we define our measure
by declaring that i, (A4) := H? (0K, N A) for A C B(p;, 50Iry) and ¢ € (zi — %rﬂz, ti+ erﬂz), and observe
that this is consistent in the overlap regions.

We now consider a sequence Rj — oo, and pass to a diagonal subsequence of the above to obtain a
global limit (/C, M). Observe that our limit satisfies all the properties listed in Definition 4.2(a), and that
M is a free boundary integral Brakke flow away from | J; P/. Finally, arguing as in the last paragraph
of the proof [Haslhofer 2025, Theorem 4.4], where we now use the (reflected) Gaussian density from
[Edelen 2020], we see that the support of M agrees with 0K away from  J; P/. This finishes the proof of
the theorem. |

Finally, let us deal with the case A = oo:
Proposition 4.6 (large blowups) If A = oo, then (K7, M7) subsequentially converges either

(a) in the Hausdorff and Brakke sense to a mean-convex flow in R? or a mean-convex free boundary
™3
flow in R 3. or
(b) smoothly to a static or backwards/forwards quasistatic multiplicity-one plane in R3 or multiplicity-

T3
one free boundary half-plane in R .

Proof If for every R < oo the two-sided parabolic ball P(0, R) does not contain points modified by
surgeries for infinitely many j, then the conclusion (a) holds. Assume now that there is some R < oo,
such that P(0, R) contains points modified by surgeries for all j. Since A = oo, arguing as in the proof
of (4-7) we see that for each p < co we have

(4-8) limsup sup |V A|=0 for £=0,1,2,....
j—=o0 akinP(0,p)

It follows that conclusion (b) holds. This finishes the proof of the proposition. a
A large portion of this paper will deal with analyzing the limits constructed above:

Definition 4.7 (generalized limit flow) A A-generalized limit flow is any limit (K, M) provided by

Theorem 4.5 (hybrid compactness) or Proposition 4.6 (large blowups).

Geometry & Topology, Volume 30 (2026)



10 Robert Haslhofer

To conclude this section, let us observe that generalized limit flows inherit the one-sided minimization

property in the following sense:

Corollary 4.8 (one-sided minimization for generalized limit flows) Let (K, M) be a A -generalized limit
flow (see Definition 4.7). Suppose y is a 1-cycle that, at some time t, bounds a 2-chain in dK;, and
suppose H?(sing dK;) = 0. Then there exists a 2-chain ¥ supported in K,, with 3% = y, such that
H?(X) < H?(X') for any 2-chain %' bounded by y .

Proof This follows from the one-sided minimization for smooth flows (see Proposition 2.5), via the
same argument as in the proof of [White 2000, Theorem 6.1]. O

5 Excluding microscopic surgeries

The goal of this section is to prove the following theorem.

Theorem 5.1 (no microscopic surgeries) Suppose K/ is a 0-blowup sequence (with § < § small enough)
that Hausdorff converges in space-time to a (quasi)static multiplicity-one plane or half-plane. Then, for
any R < oo, there exists a jo = jo(R) < 0o, such that for all j > j,, the two-sided parabolic ball P(0, R)
contains no points modified by surgeries.

Proof Observing that the argument from the proof of [Haslhofer 2025, Theorem 4.4] already rules
out microscopic surgeries in the interior, it suffices to rule out microscopic surgeries at the boundary.
Specifically, pretending for ease of notation that D C Ri_ with 0 € dD, suppose towards a contradiction
that there is a 0-blowup sequence X/ that Hausdorff converges to {x; > 0} N {x3 > 0} x (—o0, 0], but such
that there are surgeries at half-necks of radius r; — 0 centered at (0, 0). Set t({ = rj2 /2, and instead of
Huisken’s quantity ® from [1990] consider Edelen’s quantity ® g from [2020, Definition 5.1.1], centered
at X({ = (0, t({), namely

(5-1) Or(M, X7 1) =/ (6(x.7) + 6(Rjx, 7)) dA(x).

o

J_
t() T

where 6 denotes the truncated Gaussian kernel defined by

2 2N\3/4 1,2 _ 4
(5-2) O(x,17) = ! exp —lxl 1— L |X|—M
drt 4t T p? "

for suitable choice of p > 0 and « > 0, and R;x denotes the reflection of x across d(A; D). For small

backwards time, say 7; = rj2, we are 4-close to a half-neck, and thus get

(5-3) liminf @ g (M7, X, r?) > 3.

J—>0

Now, by [Edelen 2020, Theorem 5.5], the function t > ® R(./\;lj , X J , T) is almost monotone if there
are no surgeries. Note also that discarding connected components has the good sign. Finally, arguing as
in the proof of [Haslhofer and Kleiner 2017, Claim 2.17] we see that the cumulative error in Edelen’s

Geometry & Topology, Volume 30 (2026)



Free boundary flow with surgery 11

monotonicity inequality due to surgeries between v = rj2 and = gp? is less than ﬁ provided j is

sufficiently large. Here, we recall that € > 0, according to Convention 2.6, denotes a sufficiently small
constant. In conclusion, closeness to a multiplicity-one half-plane at scale T = gp? for j large enough
gives the desired contradiction with (5-3). O

6 Multiplicity one for free boundary flows

In this section, we prove that every generalized limit flow has multiplicity one. To this end, we will adapt
the arguments from [Edelen et al. 2022] to our setting of flows with surgeries.

6.1 Large blowups with entropy at most two

In this subsection, fixing the initial domain Ky C D, we consider the class C of all blowup limits (X, M)
given by case (a) of Proposition 4.6 (large blowups), such that

(1) limz—eo O(M, 0, 7) < 2 and lim;— oo O(M, 0,7) < 2,
(2) neither (K, M) nor (K, M) is a static or quasistatic multiplicity-two plane.
Here, if (K, M) is defined in R3 , we denote by (K, M) the reflected flow in R3.

Proposition 6.1 (partial regularity) For (KC, M) € C, tangent flows at singular points cannot be static or
quasistatic. In particular, the dimension of the singular set is at most 1.

Here, the singular set is defined as the collection of all space-time points that do not have a backwards
parabolic neighborhood in which the flow is smooth with multiplicity-one.

Proof In the case that (K, M) is defined in Ri we consider the reflected flow (K, M). By the equality
case of Huisken’s monotonicity formula [1990] and the definition of the class C, no tangent flow can be
a static or quasistatic plane of higher multiplicity. Together with standard stratification [White 1997],
remembering that we are working in R3, the assertion follows. |

Corollary 6.2 (static or quasistatic limits) If (K, M) € C is static or quasistatic, then one of the following
five cases occurs:

(1) K is a (quasi)static half-space in R3, and M is the (quasi)static plane K.
(2) M is a pair of two (quasi )static parallel multiplicity-one planes in R, and K is the region in between.

(3) K is a (quasi)static quarter space in R3_, and M is the (quasi)static half-plane K with multiplicity
one.

(4) M is a pair of (quasi)static multiplicity-one half-planes in Ri with free boundary, and K is the
region in between.

(5) M is a (quasi)static multiplicity one plane in R3 | parallel to dR3 , and K is the region in between.
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12 Robert Haslhofer

Proof Since it is (quasi)static, d/C must be smooth and flat by Proposition 6.1 (partial regularity), and
hence a union of one or two disjoint (quasi)static multiplicity-one planes or half-planes. The result then
follows from one-sided minimization (Corollary 4.8). O

Theorem 6.3 (separation theorem) Let (K, M) € C. If the flow is defined in R , suppose that there is
a half-plane H, perpendicular to dR3_, such that H C ; K:, and suppose the complement of (), K;
contains points on each side of H. Then (K, M) is static, and K; is the region between two parallel
half-planes perpendicular to BRi. Moreover, a similar statement holds in the case that the flow is defined
in the entire space and contains a plane.

Proof Using Proposition 6.1 (partial regularity) and Corollary 4.8 (one-sided minimization for generalized
limit flows) we can follow the proof of [Edelen et al. 2022, Theorem 6.4] to show that the reflected
flow M splits into two components M, each contained in the respective half-space defined by H,
which is obtained from H by reflection. Since each Brakke flow /\7li has density at least 1, but the sum
of densities is at most 2, each M must have density exactly 1 and hence be a multiplicity-one plane.
Finally, since K;DHisin particular nonempty for all ¢, we conclude that each plane M is static. This
implies the assertion. O

Now, as in [White 2000, Section 4], for a set S € D, a point x € D and a radius r > 0, the relative
thickness of S in B(x,r) is defined by

(6-1) Th(S,x,r) = 1 inf sup [{v, y — x)}|.
I vl=1yes5nB(x.r)

Theorem 6.4 (Bernstein-type theorem) There exists an € > 0 with the following significance. If (K, M) €
C is defined in Ri and there is a point x such that

. .. dist(K,2, x)
(6-2) limsupTh(K_,2,x,r)<e and liminf ———— <1

rF—>00 ¥F—>00 r

’

then M is either a pair of static parallel multiplicity-one half-planes with free boundary, or a static
multiplicity-one plane parallel to BRi. In either case, K is the region in between the planes of M
and aRi. Similarly, if (K, M) is defined in R3, then under the same assumptions, M is a pair of static
parallel multiplicity-one planes, with IC the region in between.

Proof The statement for flows in R? follows from the proof of [Haslhofer 2025, Theorem 6.4], so we
focus on the case of free boundary flows in ]Ri.

Since K is nested and does not bump into any smooth subsolution of the free boundary mean curvature
flow, choosing ¢ small enough we can apply the expanding hole result from Corollary 6.7 of [Edelen et al.
2022] to infer that ¥ := ("), K, is nonempty. Now, consider the flows obtained by translating (K, M)
by (0,—T7), and let (K’, M’) be a limit as 7' — oco. Then (K', M’) is a static flow, with K, = ¥ at any
time 7. Note that either (K’, M’) is a multiplicity-two half-plane, or it belongs to the class C and hence, by
Corollary 6.2 (static or quasistatic limits) and assumption (6-2), is either the region in between a pair of
multiplicity-one free boundary half-planes, or the region bounded by BRi and a parallel multiplicity-one
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Free boundary flow with surgery 13

plane. Hence, Theorem 6.3 (separation theorem), applied directly in the former cases and applied to the
reflected flow in the final case, respectively, implies the result. |

6.2 Sheeting theorem for A-blowup sequences
In this subsection, we establish a sheeting theorem for A-blowup sequences with A > 0. We start with
the following lemma:

Lemma 6.5 (slab rescaling) Let (K7, M7 ) be a A-blowup sequence with A > 0, and suppose that
(6-3) du (K7 N P(0,2), (V xR)N P(0,2)) — 0,

~ .

where V is either a plane or a half-plane. Then there exists a sequence j1j — oo such that Dy,; M/
converges smoothly to either

(a) a pair of parallel planes in R, or
(b) a pair of parallel half-planes with free boundary in R3_, or
. . . 3
(c) a multiplicity-one plane parallel to IR .
Moreover, in all cases D, K7 converges to the enclosed region.

Proof Fixing ¢ > 0 small enough, let j1; < oo be the largest number such that, for all r € [/,Lj_l, 1],
(6-4) Th(K? ,.0.r)<e and d(K’,.0)<r.

Assumption (6-3) implies t; — oo, so remembering also that A > 0 we in particular get j;A; / an

eck_)oo’

and thus by Proposition 4.6 (large blowups) we can take a subsequential limit of Dy, (K7, M), By
construction, any such limit (K, M) satisfies

(6-5) Th(K_,2,0,r) <& and d(K,2,0)<r forall r >1,

with at least one inequality being nonstrict for » = 1. In particular, we must be in case (a) of Proposition 4.6.
Taking also into account Corollary 4.8 (one-sided minimization for generalized limit flows) we thus infer
that (IC, M) € C. Hence, Theorem 6.4 (Bernstein-type theorem) and the local regularity theorem [White
2005; Edelen 2020] imply the assertion. a

Denote by D/ = A j D the domain of the rescaled flow (K7, M7). To construct a separating surface
in cases (a) and (b) of the above lemma, we let S,J be the set of centers of open balls B such that
BN D/ C K] and BN D/ touches K at two or more points. Set

(6-6) si=Js/np/.
t
Theorem 6.6 (sheeting theorem) Let (K7, M7) be a A-blowup sequence with A > 0, and suppose that

(6-7) du(K/ N P(0,4), (V xR)N P(0,4)) — 0,

where either D/ — R3 and V is a plane, or D/ — Ri and V is a free boundary half-plane. Then, for all
j large, S/ N P(0, 1) is a C'-hypersurface that divides 3K/ into two nonempty components.
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14 Robert Haslhofer

Proof Observe that thanks to (6-7) and A > 0, for j large enough there are no points modified by
surgery in P(0, 3). Hence, following the proof of [Edelen et al. 2022, Theorem 6.10], where we now use
Lemma 6.5 (slab rescaling) in lieu of [Edelen et al. 2022, Lemma 6.9], yields the assertion. O

6.3 Ruling out generalized limit flows with density two

As above, fixing the initial condition Ky C D, we consider all generalized limit flows (K, M) as in
Definition 4.7. We recall that they arise as limits of A-blowup sequences, where A € (0, o<].

Given any closed subset K’ C R3 x R, as in [White 2000, Section 9] we denote by ¢ (K’) the infimum
of s > 0 such that

(6-8) dy (/c/ NP (o, %) (V xR) N P_ (o, %)) <s

for some plane V C R? through the origin, and similarly as in [Edelen et al. 2022, Section 6] we denote
by ¢+ (K') the infimum of s > 0 such that

1

(6-9) dyy (/c/ npP (o, E)’ (HxR)N P_ (0, %)) <s

for some half-plane H C Ri_ that meets BRi_ orthogonally at the origin.

Lemma 6.7 (isolation) There exists an & > 0 such that, if (K', M) is a tangent flow to a generalized limit
flow at X = (0, t), then:

(1) If 0 is a boundary point and ¢+ (K') < ¢, then ¢ (K') = 0.

(2) If 0 is a boundary point and ¢ (K') < &, then ¢(K') = 0.

(3) If 0 is an interior point and ¢(K') < ¢, then ¢(K') = 0.
Proof Observing that the argument from the proof of [Haslhofer 2025, Lemma 6.8] already shows (3), it
suffices to show (1) and (2). Specifically, given any sequence of tangent flows (K/, M7/) at X, 7 =1(0,1)
to Aj-generalized limit flows in R3, where A j >0, with ¢4 (K7) = 0 or ¢(K’/) — 0, we must show
that for large j we have ¢4 (K/) = 0 or ¢(K/) = 0, respectively.

Note that in particular each (K/, M/) is an oo-generalized limit flow. Hence, in case (1) as a

consequence of Theorem 6.6 (sheeting theorem), similarly to [Edelen et al. 2022, Lemma 6.16], for large
J there are functions f; and g;, defined on an exhaustion of Ri X (—00, 0), such that

(1) either f; < gj everywhere, or f; = gj;

(2) forany U € Ri and [a, b] C (—00,0), for j large enough the region Ktj coincides in U with the
region between graph( f;) and graph(g;) for all z € [a, b];

(3) fj and g; converge smoothly on compact subsets to 0;
(4) fj and g; solve the graphical (free boundary) mean curvature flow equation;

(5) fj and gj are respectively nondecreasing and nonincreasing in time.
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Free boundary flow with surgery 15

A similar statement holds in case (2), where the functions f; and g; are now defined on an exhaustion of
H]Ri_ x (=00, 0) and we can simply take f; = 0.
Moreover, since Aj > 0, by monotonicity each tangent flow is backwardly self-similar, so

(6-10) fj(rx,rzt) =rfj(x,t) and gj(rx,rzt) =rgj(x,1).

Now, if f; < g; for infinitely many j, then using the Harnack inequality as done in [White 2000,
Case 1, Proof of Theorem 9.1], where in case (1) we consider the reflected functions on R? x (—00,0),
we can find ¢; > 0 such that a subsequence of ¢;(g;j — fj) converges smoothly on compact subsets to the
constant function «# = 1. However, using (6-10) we infer that u(rx, r2t) = ru(x, t), which is absurd.

Thus, f; = g; for large j. But then the functions are constant in 7, and together with the self-similarity
we infer that f; = g; is 1-homogenous. Remembering smoothness this implies linearity. Taking also into
account the free boundary condition in case (1), we conclude that ¢ (K/) =0 or ¢(K/) = 0, respectively,
for j large. |

Lemma 6.8 (minimal surface) Let (K, M) be a generalized limit flow. Suppose (K', M’) is a tangent
flow of (K, M) taken at a density-two point X = (x,t). Then:

(1) If x is a boundary point, and K’ is a static or quasistatic half-plane, then there exist an open
neighborhood U of x inR3_, an open interval (a, b), and a properly embedded smooth free boundary
minimal surface ¥ in U, such that K, NU = X forall t € (a, b).

(2) If x is a boundary point, and K' is a static or quasistatic plane, then there exists a neighborhood U
of 0 in Ri_, and an open interval (a, b), such that K; N U = BRi_ NU forall T € (a,b).

(3) If x is an interior point, and K' is a static or quasistatic plane, then there is an open neighborhood U
of x in R3, an open interval (a, b), and a properly embedded smooth minimal surface ¥ in U, such
that K; "U = X forall T € (a, b).

Furthermore, in the cases (1) and (2) we have ©(M, -) > 2 on all of & x (—o0, b] or (E)IREr NU) x (—o0, b],
respectively, and in case (3) we have ®(M, ) > 2 on all of ¥ x (—o0, b].

Proof Note that there are no surgeries in a space-time neighborhood of X. Hence, the assertions (1), (2)
and (3) follow from Lemma 6.7 (isolation) and Theorem 6.6 (sheeting theorem) exactly as in the proof of
[Edelen et al. 2022, Lemma 6.22].

For the density, in case (1) let Z be the set of points of M at which none of the tangent flows are
planar (which is necessarily in the complement of the surgery region). By general stratification results
[White 1997], the parabolic Hausdorff dimension of Z is at most 1. In particular, the spatial projection
7(Z) has Hausdorff dimension at most 1. So by upper semicontinuity of the density, it is enough to
show that ©(M, (y,7)) = 2 for all y € ) \7(Z2) and ¢t < b. To this end, fix y € )y \ 7(2), and let
T* =sup{t <b | O(M, (y,1)) # 2}. Clearly T* < a. Suppose towards a contradiction that 7* > —oo.
Note that a neighborhood of (y, T*) is unmodified by surgeries, since otherwise the density near (y, T*)
would be less than 2. Now, consider a tangent flow (K, M’) at (y, T*). If it is a static multiplicity-2
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plane, then applying the first part of the theorem shows that the density is 2 for times close to 7, which
contradicts the definition of 7*. If (K, M) was a quasistatic plane or a static plane of multiplicity 1, then
we would obtain a contradiction with the fact that (M, (y, 7)) = 2 for T € [T*, b). Thus, (y, T*) € 2,
contradicting the choice of y. Observing that a similar argument applies in case (2) and (3) as well, this
concludes the proof of the lemma. a

Theorem 6.9 (multiplicity-one for generalized limit flows) Given any mean-convex initial data Ko C D,
static or quasistatic density-two planes cannot occur as generalized limit flows.

Proof Given a mean-convex initial condition Ko C D, denote by ¢ > 0 the smaller one of the two
constants from Lemma 6.7 (isolation) and [Edelen et al. 2022, Theorem 6.20]. Consider any A-blowup
sequence (K7, M7y = (D, K7, D ; M), where for ease of notation we pretend that D C Ri and
0 € 0K/ . Thanks to Proposition 4.1 (small blowups) and the multiplicity-one theorem for blowup limits
of free boundary mean-convex level set flow from [Edelen et al. 2022], we may assume that A > 0. Now,
suppose towards a contradiction that (]Ej M ), converges to a limit (l€°°, /\7100), which is a static or
quasistatic density-two plane or half-plane.

We first analyze the case where (K, M>®)is a density-two half-plane. Let p; > 0 be the largest
number such that

(6-11) $+(Du K7) = ze.

Note that u; — 0. After passing to a subsequence, we can also assume that Dy, K7 Hausdorff converges
to a limit K. By construction, we have

(6-12) p+(K)=1e  but L (DK)<4e for A> 1.

If we had pjAj/ Hnjeck — 0, then by Proposition 4.1 (small blowups) we would see that K is a blowup
limit or homothetic copy of the level set flow. But then, using (6-12) and arguing as in the proof of [Edelen
et al. 2022, Theorem 6.23], we could construct a blowup limit of the free boundary level set flow that is a
— A >0.

In particular, pjA; — 0o and K is a generalized limit flow that comes with a family of Radon measures M,

nonplanar minimal cone. Thus, after passing to a subsequence we can assume that (;A;/ Hnj;:ck
which is provided by Theorem 4.5 (hybrid compactness) or Proposition 4.6 (large blowups), respectively.

Now, by Lemma 6.7 (isolation) and (6-12), any tangent flow to (X, M) at the space-time origin must
be a static or quasistatic multiplicity-two half-plane. So we can apply Lemma 6.8 (minimal surface) to
obtain a free boundary minimal surface ¥ C Ri containing the origin and a real number b, such that the
associated reflected quantities satisfy

(6-13) O(M,-)>2 on T x(—o0,b].

In particular, it follows that A’ < co. Now translate (K, M) by (x, ¢) + (x,+ j) and, using Theorem 4.5
(hybrid compactness) along j — oo, pass to a subsequential limit to get a static Brakke §-flow (K/, M”)
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Free boundary flow with surgery 17
satisfying

(6-14) Ki=|JK; forallz, and ©(M.-)=2 on I x(—00,00).
S

Observe that since the flow is static, it does not contain any surgeries. Moreover, by (6-12) it is not planar.
Hence, taking a tangent flow at —oo to (16’ M ) we obtain a nonplanar static minimal cone, which gives
the desired contradiction.

Finally, if (I€°°, /\7l°°) is a density-two plane, then we can obtain a similar contradiction as above,
provided we now work with the more general quantity ¢ = min(¢, @), similarly to the proof of [Edelen
et al. 2022, Theorem 6.23]. This concludes the proof of the theorem. O

7 Partial regularity and convexity

In this section, we show that generalized limit flows have small singular set and nonnegative second
fundamental form.

Theorem 7.1 (partial regularity) The singular set of any generalized limit flow has parabolic Hausdorff
dimension at most 1.

Proof Corollary 4.8 (one-sided minimization for generalized limit flows) and Theorem 6.9 (multiplicity-
one for generalized limit flows) imply that nontrivial cones and higher-multiplicity planes cannot occur
as tangent flows of generalized limit flows. Using this, the assertion follows from standard dimension
reduction and the local regularity theorem [White 1997, 2005; Edelen 2020]. a

Proposition 7.2 (rigidity) Let (K, M) be a generalized limit flow. If 0 € 0K is a regular point, and
H(0,0) =0, then (IC, M) N {t < 0} is a flat density-one plane or half-plane.

Proof Suppose that (0, 0) is a regular point and H(0,0) = 0. Then by the strict maximum principle,
possibly applied to the reflected flow, we have H = 0 in some backwards parabolic ball P_(0, p). By
Theorem 7.1 (partial regularity) we can choose a time ¢y € (—p?2, 0) at which the solution is completely
smooth. Then, again by the strict maximum principle, there is an entire connected component X C My,
that contains the origin and on which the mean curvature vanishes identically. Note that ¥ must be
noncompact, since there are no compact minimal surfaces in Euclidean space and no compact free
boundary minimal surfaces in Euclidean half-space. Next, again by the smallness of the singular set any
X € I x(—00, tp] \ singM can be connected to (0, #9) by a time-like space-time curve that entirely avoids
the singular set. Together with the strict maximum principle this yields

(7-1) T x (—00, fo] € K.

In particular, there are no surgeries near 3. Now, by Corollary 4.8 (one-sided minimization for generalized
limit flows) and Theorem 6.9 (multiplicity-one for generalized limit flows) in the case A > 0, and by
Proposition 4.1 (convergence to level-set flow) and the one-sided minimization and multiplicity-one
theorem for blowups of the level-set flow from [Edelen et al. 2022] in the case A = 0, the tangent cone
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at infinity of ¥ or s, respectively, must be a multiplicity-one plane. Hence, by monotonicity, 3 or T,
respectively, is flat. Finally, by White’s strong half-space result [2003, Theorem 7], there cannot be any
other connected components. O

Theorem 7.3 (nonnegative second fundamental form) Let (K, M) be a generalized limit flow. Then at
every regular point all principal curvatures are nonnegative.

Proof Fixing Ky C D, suppose towards a contradiction that there is a sequence of generalized limit
flows (K7, M7) and a sequence of regular points X’ j such that (A{/H)(X;) converges to an infimal
value y < 0. Note that y > —oo thanks to the bound |A| < CH from Proposition 2.5 (basic properties).
Moreover, by translating and scaling we may assume that X; = 0 and

(7-2) sup |Ayi| <1< sup |Ayg;l.
P(0,1) P(0,1)

If there is no r > 0 such that the flow is unmodified by surgeries in P (0, r), then after adjusting our
sequence, using in particular item (c) of Definition 2.3 (replacement by standard caps or standard half-caps),
we may assume that (0, 0) lies in the presurgery domain.

If (K7, M7) is a 0-blowup sequence, then using Proposition 4.1 (small blowups) and Theorem 5.1 (no
microscopic surgeries), we obtain a contradiction with the convexity theorem for blowup limits of the
free boundary level-set flow from [Edelen et al. 2022]. Hence, by Theorem 4.5 (hybrid compactness)
and Proposition 4.6 (large blowups), we may assume that (K7, M/) converges to a generalized limit
flow (K, M). By (7-2) and Proposition 7.2 (rigidity) the limit (XC, M) must have strictly positive mean
curvature. Hence A;/H attains a strictly negative minimum at the space-time origin, which, possibly
after considering the reflected flow, contradicts the strict maximum principle. This proves the theorem. O

8 Canonical neighborhoods and existence theorem

In this final section, we prove the canonical neighborhood theorem and the existence theorem for free
boundary flows with surgery.
Theorem 8.1 (canonical neighborhoods) Suppose K/ is a sequence of (8, H”)-flows, starting at a smooth
compact strictly mean-convex domain Ko C D, such that§ < § and H/ — co. Then, for any sequence
of space-time points X; = (xj,1j) € 0K/ with sup; #j < oo and H(Xj) — oo, the rescaled flows
Dy (x;)(K/ — Xj) subsequentially converge to either

» the evolution of a standard cap preceded by a round shrinking cylinder, or a round shrinking cylinder,

round shrinking sphere, translating bowl or ancient oval, or

e the evolution of a standard half-cap preceded by a round shrinking half-cylinder, or a round shrinking
half-cylinder, round shrinking half-sphere, translating half-bowl or ancient half-oval.

Proof Consider the blowup sequence K/ := Dy, (K’ — X;), where A; is chosen such that

(8-1) sup |Ayil <1< sup [Ayg;l.
P(0,1) P(0,1)

Geometry & Topology, Volume 30 (2026)



Free boundary flow with surgery 19

In light of Proposition 4.1 (small blowups) and Proposition 4.6 (large blowups) we may assume that
A/ Hy

€C

«— A e (0, 00), since [Edelen et al. 2022, Corollary 1.3] or the argument from its proof,
respectively, already yields the conclusion in the other cases. Hence, by Theorem 4.5 (hybrid compactness),
considering the associated family of Radon measures M/ defined as in (4-3), we can pass to a subsequential
limit (K, M). Define K° = {K?},<¢ by for each 7 < 0 setting K? to be the connected component of K,
that contains the origin. In fact all these sets contain a closed ball B of positive radius thanks to (8-1). By
Theorem 7.1 (partial regularity) together with Theorem 7.3 (nonnegative second fundamental form) and
connectedness, the sets K ? are smooth and convex for almost every . Remembering in particular the way
surgeries are performed, we see that convexity in fact holds at all # < 0. Now given any p € dK? the convex
hull of p and B is contained in K?, and consequently, remembering Corollary 4.8 (one-sided minimization
for generalized limit flows) and Theorem 6.9 (multiplicity-one for generalized limit flows), any tangent
flow at (p, ) must be a density-one plane or half-plane. Hence, K ? is smooth and convex for all ¢ < 0.

If there are no surgeries, then by the classification from [Brendle and Choi 2019; Angenent et al. 2020],
the flow K° or its reflection 160, respectively, must be a round shrinking cylinder, round shrinking sphere,
translating bowl or ancient oval. Assume now K° does contain a surgery, let 7 < 0 be a surgery time
and let N C K % be a surgery neck or half-neck of quality § sitting in the backward time slice. Note
that N is the limit of some N/ in the approximators K/ . By part (b) of Definition 2.4 (free boundary
flow with surgery), we can find a curve y; in the approximator connecting { f = Ht{ig} and {H < Htfq}
which passes through N/ but avoids all other §-necks and half-§-necks of the disjoint collection. We
can assume that the curve y; enters and leaves NI exactly once. Let p; be the center of NJ. Since
K° is smooth with strictly positive mean curvature, and since H/ — oo, given any R < oo, for j large
enough the curve y; must start and end outside B(p;, R). Thus, K %_ \ NV has at least two unbounded
components. Since K?J_ is connected, K%_ \ N must have exactly two components. We have thus
shown that K %_ has two ends, and consequently it contains a line, and all prior time slices contain this
line as well. Hence, at each fixed time the convex set splits off an R-factor, and thus there cannot be any
other surgeries. It follows that K° or IC~°, respectively, is a round cylindrical flow for # < T followed by
the unique evolution of the standard cap for ¢ > T'.

Finally, since all the ancient solutions from the above sweep out the entire space for 1 — —o0, it follows
that there are in fact no other connected components, i.e., K° = K, and since H(X i) — H(0) € (0, 00),
remembering also Theorem 5.1 (no microscopic surgeries), we can rescale by H(X;) instead of A; to
conclude the proof of the theorem. |

We can now prove our main theorem, which we restate here for convenience of the reader.

Theorem 8.2 (free boundary flow with surgery) Given any smooth compact strictly mean-convex free
boundary domain Ky C D, for suitable choice of the surgery parameters § and H, there exists a free
boundary (8, H)-flow { K¢} s[0,00) Starting at K. Moreover, the flow either becomes extinct in finite time,
or for t — oo converges smoothly in the one or two-sheeted sense to a finite collection of stable connected
minimal surfaces with empty or free boundary (in particular, there are no surgeries for t sufficiently large).

Geometry & Topology, Volume 30 (2026)
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Proof Given any 7' < oo, we will first prove the existence of a free boundary (8, H)-flow {K;} starting
at K, and defined on the finite interval [0, 7'] via a continuity argument as in [Haslhofer and Kleiner
2017, Section 4.2]. To this end, fixing § > 0 small enough, suppose towards a contradiction that there is
a sequence K’/ of free boundary (8§, H i)-flows with § < § and H/ — oo, that can only be defined on a
maximal time interval [0, 7] for some 7 < T'. Then, it must be the case that we cannot find a minimal
collection of strong §-necks and strong half-6-necks in K ;", as required in Definition 2.4 (free boundary
flow with surgery), since otherwise we could perform surgeries along an “innermost” such collection of
centers p, i.e., one for which ) p dist(p, {H = Ht{i g}) is minimal, and run smooth free boundary mean
curvature flow for a short time, contradicting the maximality of 7}. So our goal is to produce a minimal
separating collection of strong §-necks and strong half-6-necks for large ;.

LetZ; be_ the set of points p € 0K %j with H(p) > Hnj;:ck, and let J; be the set of points p € 0K ;} with
H(p)= Hnjeck. Then, as in [Haslhofer and Kleiner 2017, Claim 4.6] there is a large constant C < oo such
that the union Vi = Upejj B(p, CH™!(p)), for j large enough, separates { H = Ht{ig} from {H < Ht{;}
in the domain K 5", LetJ i € J; be aminimal subset such that the union of balls | J ped; B(p,CH ' (p))
has the separation property. Then, using Theorem 8.1 (canonical neighborhoods) and arguing as in the
proof of [Haslhofer and Kleiner 2017, Claim 4.7] we see that for large j, every p € J j is a strong
§-neck point or strong half-§-neck point. This collection is disjoint for large j, since otherwise two
intersecting 6-necks or half-§-necks would lie in a single one with quality §<§ , which is impossible by
minimality of 7;. Thus, we have a minimal collection of disjoint strong §-necks and strong half-§-necks
with the separation property; this gives the desired contradiction and thus proves the existence on the
interval [0, T'].

Finally, it is known by [Edelen et al. 2022, Theorem 1.5] that the free boundary level set flow of Ky
either becomes extinct in finite time or for # — oo converges smoothly in the one or two-sheeted sense to
a finite collection of stable minimal surfaces or stable free boundary minimal surfaces. Hence, applying
the above result for 7' < oo sufficiently large and taking also into account Proposition 3.1 (distance to
free boundary level set flow), by mimicking the argument from Brendle and Huisken [2018], we can get
long-time existence and convergence. |
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