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We compute the twisted cohomology of the mapping class group with level structures, with coefficients in
the r-tensor powers of the Prym representations for any positive integer ». When r > 2, we show that
the cohomology exhibits instability for large genus, whereas it remains stable forr =0orr = 1. Asa
corollary, we prove that the symplectic Prym representation associated with any finite abelian regular
cover of a nonclosed finite-type surface is infinitesimally rigid.
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1 Introduction

The (pure) mapping class group Mod(S) of an oriented surface S is the group of isotopy classes of
orientation-preserving homeomorphisms that fix the boundary pointwise, including punctures and boundary
components. For each integer £ > 2, the level-£ mapping class group of S is the finite-index subgroup of
Mod(S) consisting of elements that act trivially on H;(S; Z/£). An important family of representations
defined on these level subgroups are the Prym representations, first studied by Looijenga [1997].

The main result of this paper is the computation of the cohomology of the level-£ mapping class group
with twisted coefficients given by the r-tensor powers of the Prym representation, for arbitrary r > 1, in a
range where the genus of S is sufficiently large. Our calculations uncover a new phenomenon: when
r > 2, this twisted cohomology exhibits instability with respect to the genus of S, in contrast to the known
cohomological stability of mapping class groups and the stable behavior in the case r = 1.

As another consequence of our work, we prove that the Prym representation is infinitesimally rigid
when the genus of S is at least 41.

The central technical innovation of this paper is the construction of a refined bordification of the
moduli space of Riemann surfaces with level structures in Section 4. The boundary strata of this space
are described using the theory of orbit configuration spaces, which allows us to compute its cohomology.
MSC2020: 20F05, 20J06, 57K20, 57S05.
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156 Xiyan Zhong

By analyzing a specific Leray spectral sequence associated with this bordified moduli space and applying
the theory of mixed Hodge structures, we derive our main results.

Since the statement of infinitesimal rigidity for the Prym representations is more straightforward, we
begin by presenting this result.

1.1 Rigidity theorem

LetS — Sbea regular cover whose deck transformation group is a finite abelian group A. Let Mod(S, A)
denote the subgroup of Mod(S) consisting of mapping classes that lift to homeomorphisms of S. The
induced action

Mod(S, 4) — Aut(H'(S;Q))

defines the associated Prym representation. When S is closed, Looijenga [1997, Theorem 2.5] determined
the image of the Prym representation up to finite index.

When S is not closed, let S denote the closed surface obtained by gluing disks to all boundary
components and filling in all punctures of S. Any lift of a homeomorphism of S to S preserves homology
classes of loops around boundary components of S, and commutes with the deck group A. It is therefore
natural to consider a refined version of the Prym representation:

@ : Mod(S, A) — Aut(H'(S; R))4.

We refer to this as the symplectic Prym representation. We work over R rather than Q because, when the
image of @ is a Lie group, this allows us to study its rigidity in the following sense.
Let I" be a finitely generated group and G a Lie group. A homomorphism ® : I' — G is called
infinitesimally rigid if
H'(T:g) =0,

where g is the Lie algebra of G, and I" acts on g via the composition of ® and the adjoint representa-
tion Ad : G — Aut(g). Intuitively, infinitesimal rigidity means that ® admits no nontrivial first-order
deformations. We establish this kind of rigidity for the symplectic Prym representation:

Theorem A Let S be a nonclosed surface of genus g > 41. For any finite abelian cover S — S with deck
transformation group A, the associated symplectic Prym representation

@ : Mod(S, A) — Aut(H'(S: R))"
is infinitesimally rigid.
Remark 1.1 Infinitesimal rigidity implies other kinds of rigidity as follows:

(1) Weil [1964, page 152] proved that an infinitesimally rigid representation is locally rigid. A repre-
sentation ® is locally rigid if [®] is an isolated point in Hom(T', G)/G, i.e., any ®' € Hom(T', G)
sufficiently close to ® is conjugate to ®. The converse is false: locally rigidity does not imply
infinitesimal rigidity; see for instance [Lubotzky and Magid 1985, (2.10.4)].
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(2) For local systems on quasiprojective varieties, infinitesimal rigidity also implies cohomological
rigidity when the Lie group G is semisimple. See the definition of cohomological rigidity in [Esnault
and Groechenig 2018] and [Klevdal and Patrikis 2020].

1.2 Computations of twisted cohomology

To state our results on the twisted cohomology of mapping class groups with level structures, we introduce
the following setup. Let Ei’,’ p denote a genus-g surface with p (ordered) punctures and b boundary
components. We omit p or b when it is 0. Let Modg, p denote the mapping class group of Eg’ p» and
define the level-£ mapping class group of Eg, p by

Mod® ,(¢) = Ker(Mod? , — Aut(H, (=2 ,:Z/0)).

We remark that when p + b > 2, the kernel of the action of Modg, pon Hi(Xg:Z/?) strictly contains
Mod) ,(0).
Let 9 = H(Xg; Z/{). Consider the composition of group homomorphisms

(22 ) = H(Z8 ,:2/0) - Hi(S4:2/0),

b .
g:p
where the second map is induced by the embedding Eg’ p —> g obtained by gluing disks to all boundary
components and filling in all punctures of Eg’ p- This group homomorphism induces a regular cover of
Eg’ p With deck transformation group %, which we denote by Sg — Eg’ p- By covering-space theory,
elements of Modgﬁ »(0) lift to homeomorphisms of Sy that fix all punctures and boundary components
pointwise. Define

9% ,(6:Q) = H'(S3: Q),

which is a Modé’, p(£)-module. We refer to 55[2,, »(; Q) as the Prym representation of Modg’ p(). Our
central result is the computation of the cohomology

k b . &b . ®
H"(Mody ,(0): 9y ,(£:Q)®")
in a range where the genus g is sufficiently large relative to k, for arbitrary » > 1:

Theorem B Let A ({)* be the graded Q-vector space defined in (5-1) of Section 5. The symmetric
group S, acts naturally on A',({)* by definition, and also on ﬁg,p (¢; Q)®" by permuting tensor factors.
There is a graded S, -equivariant map of H*® (Modg’ p(0): Q)-modules

. b . ’ . o-— b . &b . ®
H*Mod®_,(0): Q) ® 4,(0)* — H* (Mod?_,(0): 8% ,(€; ©)®"),
which is an isomorphism in degrees k such that g > 2k? + Tk + 2.

Here A/ ({)® is a subspace of the rational cohomology ring of a moduli space denoted by 6, ,({).
This moduli space contains the moduli space .lg ,({) of Riemann surfaces homeomorphic to X ,
with a level-£ structure as an open subvariety. In Section 4, we construct € ,(£) explicitly, which is
a bordification of Jlg ,(£) with boundary strata indexed by orbit configuration spaces. We compute in
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Theorem 4.8 the rational cohomology of 6, ,(¢) for sufficiently large g. As defining A/, ({)® requires
additional notation from Section 4, we postpone its formal definition to Section 5.
Theorem B enables us to compute the rational dimension of

k— b ) . ®
H*"(Mody_,(£); 9, ,(£;Q)®")
explicitly, thanks to Putman’s theorem [2022, Theorem A], which states that

H*(Mod? ,(0); Q) = H*Mod? ,:Q) for g =2k* + Tk +2.

b .
g.p’
By the Madsen—Weiss theorem [2007, Theorem 1.1.1] and Looijenga’s extension to punctured surfaces
[1996, Proposition 2.2], this implies that

H*(Mod ,(0):Q) = Qley. ....ep] ® Qlky. k2. ... ],

i’,, P’ Q) (@ = 1) are the Miller—Morita—Mumford classes [Miller 1986; Morita 1987],
Q) is the Euler class associated with the central extension

where k; € H* (Mod
and ¢; € Hz(Modg,p;
1—>7— Mod[;,j;l_l — Modg,p — 1

obtained by blowing up the j-th puncture of Ei’,’ p to a boundary component. The central Z is generated
by the Dehn twist around this boundary component. See also [Morita 1987, Section 7] for an alternative
definition of e;.

Remark 1.2 From the definition of (A’r E). (see (5-1)), it follows that all its elements are of even degree.
Therefore, Theorem B implies that for odd k,

H*"(Mod5 ,(0): 95 ,(:Q)®" =0 for g >2k*+ 7k +2.

In particular, Theorem A follows as a corollary of the special case k = 3, r = 2.

1.3 Instability and historical remarks

Computations via Theorem B show that for » > 2 and an even number £k,
k—r b . &b . ®r
H*™" (Modg ,(£); 9,6 Q)%")

is independent of b, but depends on g, p, and £ for » > 2. This instability arises from the fact that
our calculations involve orbit configuration spaces, which depend on the deck transformation group
D=H(Xg:Z]0).

This instability also helps us identify relationship with some other twisted cohomology groups related
to mapping class groups, which we now recall.

Q). For any positive integer r, the

The mapping class group Modf,’ p acts nontrivially on H ! (Eg’ I

twisted cohomology
(1-1) H*"(Mod? : H' (3% ,:@)®")

has been studied by Looijenga [1996], Kawazumi [2008], Randal-Williams [2018] and Putman [2022].
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In the case p = b =0, this twisted cohomology (1-1) was computed by Looijenga [1996, Corollary 3.3]
for g > %k + 1. He constructed an S -equivariant map analogous to the one in Theorem B, which allowed
him to further compute the cohomology of Modg with coefficients in any irreducible representation
of Spyg (C).

Kawazumi [2008, Theorem 1.A] computed the twisted cohomology (1-1) for Eg with b > 1, also
in the same stable range, but over Z, using a different inductive approach. Kawazumi’s results exhibit
stability with respect to both g and b.

Randal-Williams [2018, Appendix B] identified (1-1) as a specific S,-module in the cases of X¢
and X é. Later, Kupers and Randal-Williams [2020, Theorem 3.15] incorporated additional structure into
the coefficients, allowing them to compute the cohomology of Modél, with coefficients in any algebraic
representation of Sp, .

Remark 1.3 Randal-Williams suggested that it might be possible to generalize the results of Theorem B
from coefficients in tensor powers to coefficients in Schur functors. We plan to explore this direction in
future work.

For completeness, we derive from the work of Looijenga and Kawazumi the remaining case of (1-1)
where b = 0 and p > 1, and state the general result for any nonclosed surface Eg’ p in Theorem 3.9.
The twisted cohomology (1-1) is related to the cohomology

H*"(Mod5_,(0): 9% ,(6:Q)®")

in the following way. Recall that ﬁg, 2EQ=H 1(S5:;Q), where Sg — Eg, p 18 the regular cover with
deck group % = H,(X4; Z/{). The covering map induces a natural map between tensor powers

lLiyb . ))\® b - O\®
H (Eg,pv(@) r_)ﬁg,p(gv(@) r’
which in turn induces a map on twisted cohomology:

(1-2) H*"(Modb ,: H' (2% ,:@)®") — H* " (Mod5 ,(0): 9% ,(&: Q)®").

Putman [2022, Theorem C] studied the case r = 1 and showed that the map (1-2) is an isomorphism
when g > 2k? + 7k + 1. This result implies that for r = 1, the right-hand side of (1-2) is independent of
g, b, and £, since the left-hand side is.

For general » > 2, Putman [2022, Remark 1.8] conjectured the following:

Conjecture 1.4 For r > 2, the map (1-2) is not an isomorphism.

Since Theorem B shows that the right-hand side of (1-2) is not stable with respect to the genus g, in
contrast with the known stability of the left-hand side in (1-1), we show that Putman’s conjecture is true:

Corollary 1.5 For r > 2 and k even, the map (1-2) is not an isomorphism when
g = max(3k + 1,2k 4+ 7k +2) = 2k* + Tk + 2.
Remark 1.6 For k odd, both sides of the map (1-2) vanish when g > 2k? + 7k + 2.
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1.4 An example

To gain more insight into how these twisted cohomology groups in the map (1-2) differ when r > 2, we
present an example for the case r = 2. By taking r = 2 in Theorem 3.9, we obtain

H*2(Mod? : H (28 ,:Q)®%) = H*(Mod’ ,: Q) ® (u1uz Quy, uz] ® Qlugi pylagi o).

in degrees k such that g > %k + 1, with deg(u1) = deg(uz) = deg(ay;,»;) = 2. Notably, this twisted
cohomology is independent of the genus g.
In contrast, taking » = 2 in Theorem B yields

H*">(Mod), ,(0); 53 ,(6;Q@)®?)

~ H*(Mod5 ,(0):Q) ® (v1 2Q[vy. v2] ® P Qv <2y.0)] a({1<2},d))
de%y
in degrees k such that g > 2k? + 7k + 2, with deg(v;) = deg(v,) = deg(a(i<2},4)) = 2. Since
there is a nontrivial summand corresponding to each d € & = (Z/£)?¢, the twisted cohomology group
H '_2(M0d§, »D); ﬁg’ »& Q)®?) exhibits a dependence on the genus g.

The key distinction between these two twisted cohomology groups lies in the nature of the cohomology
classes ay; 2y and a(q1 <2},4)- The class agy »y is associated with the moduli space 6 > of closed genus-g
Riemann surfaces with two (not necessarily distinct) marked points. More precisely, agq ») represents the
Poincaré dual of the subvariety of ‘6, , where the two marked points coincide (i.e., X = x1).

In contrast, for each d € 9 = (Z/{)?¢, the class a((1<2),q) relates to the moduli space 6, >(£) that
we construct in Section 4. This moduli space is a bordification of /g »(£), the moduli space of Riemann
surfaces homeomorphic to X4, with level-£ structures. One can roughly view € >({) as the moduli
space of two (not necessarily distinct) marked points on the regular 2%-cover of a closed genus-g Riemann
surface. The class @ <,y 4 is defined as the Poincaré dual of the subvariety of €4 >(¢) where the marked
points y1, y, on the %-cover satisfy the relation y, = d - yy.

This distinction illustrates that the additional classes in H*~2 (Modg’ »0); ﬁg, »& Q)®?) arise from
the richer geometric structure of the moduli space €4 »(£) compared to €g 5.

1.5 Proof ideas

To conclude the introduction, we outline our approach to proving Theorem B.

Our strategy is inspired by Looijenga’s computation [1996, Corollary 3.3] of H*(Modg; H'(Z¢;Q)®").
Looijenga studied the Leray spectral sequence associated with the r-fold fiber product of the universal
curve g 1 — JMg. Since we work with the level-£ mapping class group, we shift our focus from .l to
Mg, (€), the moduli space of Riemann surfaces homeomorphic to ¥ , equipped with a level-{ structure.
Our approach proceeds as follows:

(1) We reinterpret .lg - (£) as the moduli space of one marked point on X , and (r — 1) marked points
on the regular H;(X4;Z/{)-cover of X4 ,, subject to certain conditions.
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(2) We construct a partial bordification of Jlg ,(£), denoted by €, (), whose boundary strata are
described in terms of orbit configuration spaces. We remark that, unlike Looijenga’s bordification,
this space €g , () is not the total space of the r-fold fiber product of g 1 (£) — JMg(£).

(3) We compute the rational cohomology of €4 ,(£) for g sufficiently large, stated in Theorem 4.8.

(4) We construct a map 64 4 1(£) — Mg 1 (£), where the cohomology of the fiber contains a summand
isomorphic to 4.1 (¢; Q)®”, the r-fold tensor power of the Prym representation.

(5) By a theorem of Deligne [1974, Section 8.1] (see Theorem 2.17), the Leray spectral sequence
associated with the map €4 , 1 ({) — g ;({) degenerates at the E,-page.

(6) We compute the E,-page of the Leray spectral sequence, and using mixed Hodge theory, we identify
H*(Modg,1(£); Hg,1(L: Q)®’) as a subspace of H*(64 ,+1(£): Q).

(7) Finally, to extend our results from Mody ; ({) to Modz, p(0) with p +b > 1, we apply Putman’s
theory [2022] of partial level-£ representations.

Outline In Section 2, we introduce key preliminaries, including background on mapping class groups,
group cohomology, and mixed Hodge theory. In Section 3, we synthesize the results of Looijenga and
Kawazumi to give a complete account of the cohomology groups (1-1). In Section 4, we construct the
space €g ,({) and compute its rational cohomology for g sufficiently large. In Section 5, we present the
proof of Theorem B. In Section 6, we prove Theorem A.

2 Preliminaries
2.1 Stable cohomology of the mapping class group

We summarize key stability results for the cohomology of the mapping class group.

Theorem 2.1 (Harer stability [1985]) H¥ (Modg’ ps L) is independent of g and b in degrees < N(g).

Remark 2.2 Here the number N (g) is the maximal degree N such that the two homomorphisms

Z) — HYModb*!:Z) and HN Mod? :Z) — HN (Mod2*!: 7)

N
H™ (Mod g.p° g.p’ g.p

b .
g+L,p°

are isomorphisms. The original bound given by Harer [1985] was N(g;Z) > % g, which was later
improved by Ivanov [1989], Boldsen [2012] and Randal-Williams [2016] to N(g) > %(g —1).

Unlike the genus g and boundary components b, the stable cohomology of Modg’ p does depend on

the number of punctures p. For 1 <i < p, we have an Euler class ¢; € H*(Z Z), as we mentioned

b .
gp’
in the introduction. Below, we provide an alternate definition following Looijenga [1996, Section 2] for
future purposes:

e Let g, , denote the moduli space of closed Riemann surfaces of genus g with p distinct marked
points. Since Jlg, , is a rational classifying space for the mapping class group, we have

H* (Mg p: Q) = H*(Modg. ,: Q).
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* Consider the universal curve 7 : .y 1 — Alg. Let 6 be its relative tangent sheaf.

e For each i, define f; : Mg, , — JMg 1 as the map that forgets all but the i-th marked point. Then, we
define the Euler class e; as the first Chern class:

e = c1(f{*(8)) € H(Modg, p; Q).
Theorem 2.3 [Looijenga 1996, Proposition 2.2] The ring homomorphism

H*(Modg;Z)[eq,....e ]—>H'(M0d A

g.p’
is an isomorphism in degrees < N(g).

The stable integral cohomology of the mapping class group is complicated, but the stable rational
cohomology has a beautiful form. Conjectured by Mumford [1983], proved by Madsen and Weiss [2007,
Theorem 1.1.1], the stable rational cohomology of Modg is isomorphic to polynomial ring generated by
these Miller—Morita—Mumford classes [Miller 1986; Morita 1987] x; € H 2"(Modg; Q) fori > 1. See
also [Hatcher 2011], [Galatius 2013] and [Wahl 2013] for alternate proofs and expositions.

Theorem 2.4 [Madsen and Weiss 2007, Theorem 1.1.1] In degrees < N(g), we have
H*(Modg; Q) = Q[ky, k2, K3, ...].
Combining these two theorems above, in degrees < N(g), we have
H'(Modg » Q) =Qley,....ep]®Qliy, k2, k3,... ]
2.2 Level-/ mapping class groups

Recall that the level-£ mapping class group Mod? 2.p(0) is the subgroup of Mod[;,’ p Which acts trivially on

H; (2% . 7/¢). It has many similar properties to Mod . For example:

g.p
Proposition 2.5 [Putman 2022, Proposition 2.10] Fix some g, p, b > 0 such that 7, (Eb +1) is nonabelian,
and let d be a boundary component of Eb+1 Let £ > 2. Then there is a central extension

1—>7Z —>M0db+1(€) —>M0dg p_H(E) — 1,

where the central 7. is generated by the Dehn twist T}.
We also have the mod-£ version of the Birman exact sequence:

Theorem 2.6 (mod-/ Birman exact sequence [Putman 2022, Theorem 2.8]) Fix g, p,b > 0,£ > 2 such

that ¢ (E ,p) is nonabelian. Let x¢ be a puncture of xb 2.p There is a short exact sequence obtained

p+1°
by forgetting x:

1> PPy (5 ,:0) > Mod) (&) > Mod5 ,(6) —> 1,

g.p
where the level-{ point pushing group PPy, (=b - 0) is as follows:
o If p=>b=0, then PPXO(E

o If p+b >1, then PPXO(E

g.p’
10) = mi (52, x0).
;4) = Ker(m (2

g,p’

o gp,xo)—>Hl(Egp,Z/K)eHl(Eg,Z/K))
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A natural question is whether the finite-index subgroup Modg’ ) of Modg’ p has the same stable
cohomology as Modg’ p- The answer is negative for integral cohomology, as exotic torsion elements
in H! (Modz, p(Z); Z) have been discovered by Perron [2008], Sato [2010], and Putman [2012]. These

elements do not arise from H'(Mod Z.), and they are not stable.

b .
g.p’
However, Putman established that the result does hold for rational cohomology:

Theorem 2.7 [Putman 2022, Theorem A] We have

H*Mod’, ,(0): Q) = H*(Mod? ,: Q)

if g > 2k* + Tk + 2.

Putman also studied the twisted cohomology of Modg’,’ p(€) with coefficients in tensor powers of

H! (Eg, »> Q) and showed this cohomology is stable by the following theorem:

Theorem 2.8 [Putman 2022, Theorem B] The map

H*Mod? ,: H' (28 ;@)®") - H*(Mod? ,(¢); H' (22 ,; @)®")

b .
g.p’ g.p’ g:pr’

is an isomorphism when g > 2(k +r)? 4+ 7k + 6r + 2.

2.3 Group cohomology

Here we review some useful theorems about group cohomology. We will apply these theorems in later
sections.
Consider a group G and a finite-index subgroup H, along with a Z[G]-module M . There is a natural
map
Res? - k(. k(rr.
esgc H(G:M)— H"(H; M)

in group cohomology obtained from the inclusion Z[H] — Z[G]. We call it the restriction map. There is
a “wrong-way”’ map, called the transfer map,

cor$ . H*(H; M) — H*(G; M),
which satisfies:

Proposition 2.9 [Brown 1982, Proposition 9.5] If H is a finite-index subgroup of G with index [G : H],
then the composition of transfer maps and restriction maps is the multiplication map by [G : H], in other
words, corg -Resg =[G : H]id.

Remark 2.10 In particular, supposing H is a finite-index subgroup of G, if M is a Q(or R)-vector space,

we see that corg is surjective and Resg is injective.

Proposition 2.11 [Putman 2014, Proposition 1.1] Let X be a simplicial complex and G be a finite group
acting simplicially on X. Then for all k > 0, we have

H*(X/G;Q) = (H*(x;Q))°.
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The next technique we will use a lot is the Gysin sequence, which is a long exact sequence obtained
from the second page of the Hochschild—Serre spectral sequence [1953, Proposition 7] associated to a
central extension of groups:

Proposition 2.12 (Gysin sequence [Hochschild and Serre 1953, Proposition 7]) Consider a central
extension
1-7Z—-G—K—1

and a Z[K] module M (thus M is also a Z[G| module through the map G — K). We have the long exact
sequence

coo> HF2(K; M) - HY(K: M) - H*(G; M) - H "Y(K; M) > HFYY K M) —> -,

where H*=2(K; M) — H*(K: M) is the differential on the E, -page of the Hochschild—Serre spectral
sequence.

Remark 2.13 The geometric version of the Gysin sequence is that, for an oriented sphere bundle
S4 < E — M, we have the long exact sequence

o> H =Yy > HE (M) > HY(E) > HF 4 (M) > H* "' (M) — -+,

where the map HK=4=1(M) — H*(M) is the wedge product with the Euler class, and the map
H*(E )—> H k=d (pr) is fiberwise integration.

There is a generalization of the Gysin sequence, called the Thom—Gysin sequence. This sequence is
widely known, appearing in [Atiyah and Bott 1983, equation 1.16] and [Mumford et al. 1994, page 167]
for example.

Proposition 2.14 (Thom—Gysin sequence [Atiyah and Bott 1983, equation 1.16]) Let X be a smooth
complex variety, and let Y be an open smooth subvariety of X whose complement X \ Y has constant
(real) codimension d. We then have the following long exact sequence:

o> HUXO\Y:Q) - B (X Q) - HA (Y Q) —» B (7 Q) - H () — -

Remark 2.15 When X is the total space of a sphere bundle and X \ Y is the zero section, the associated
Thom—Gysin sequence is exactly the Gysin sequence. In general, one can derive the Thom—Gysin sequence
by applying the Thom isomorphism theorem and the excision theorem to the tubular neighborhood of
X\Yin X.

Remark 2.16 In most of our cases in Section 4, we apply the Thom—Gysin sequence to quasiprojective
varieties, such as lg ,(£) for £ > 3. The case of .lg - (2) is the only instance where we use the Thom-—
Gysin sequence on a quasiprojective orbifold, which is a quotient of a quasiprojective variety by a finite
group. In this case, by Proposition 2.11, the Thom—Gysin sequence retains the same form, so we proceed
without additional markings.
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2.4 Deligne’s degeneration theorem

Our computations will be based on an important theorem due to Deligne [1974, Section 8.1], which was
proved using mixed Hodge theory. Here we quote the version in Griffiths and Schmid’s survey [1975,
page 42]:

Theorem 2.17 (Deligne’s degeneration theorem) Let E be a Kidhler manifold, X a complex manifold,
and f : E — X a smooth, proper holomorphic mapping, which implies f is a differential fiber bundle
whose fibers Xy, for b € B, are compact Kéahler manifolds. The corresponding Leray spectral sequence

EDY = HP(B, R /(Q) = HPH(E; Q)
degenerates at the second page, i.e., E; = E4. Here
R £,(Q) comes from the presheaf U +— HI(f~1(U);Q).

Remark 2.18 Smooth quasiprojective varieties are Kéhler manifolds, so we can apply Deligne’s degener-
ation theorem to 6g , (£) — Mg 1 (£) for £ > 3. This covers nearly all cases in Section 5, though there are
two cases where we apply Deligne’s degeneration theorem to quasiprojective orbifolds: for €4 , — Mg
in Section 3 and for 6¢ ,(2) — Jlg 1(2) in Section 5. Deligne’s degeneration theorem still applies in
these cases, as demonstrated by the following argument:

Let E be a quasiprojective orbifold and X a complex orbifold. Suppose f : E — X is a map of
orbifolds that lifts to a map f : E’ — X’ with the following properties:

e E’ and B’ are quasiprojective varieties.
e £/ - E and B’ — B are finite branched G-covers for a finite group G.
e f:E'— X'is a smooth, proper holomorphic mapping.
By applying Deligne’s degeneration Theorem 2.17 to ]7 : E’ — X', we obtain the Leray spectral sequence

@-1) EDY = HP(B'. R fu(Q)) = HPTI(E";Q),

which degenerates at the second page.
By Proposition 2.11, we have

HPH(E:Q) = HP(E:Q)°,
and by a similar argument, we obtain
HP(B.R? f(Q)) := H?(B'. R .(Q))°.
Restricting the spectral sequence (2-1) to G-invariants, we conclude that the Leray spectral sequence
EJ? = H?(B, R /+(Q)) = HPT(E; Q)
also degenerates at the second page.

Geometry & Topology, Volume 30 (2026)



166 Xiyan Zhong

2.5 Mixed Hodge theory

Mixed Hodge theory is used in the proof of Deligne’s degeneration Theorem 2.17, and is also a powerful
tool for determining terms in spectral sequences. We will introduce some basic properties according to
the survey by Griffiths and Schmid [1975]. First, we start with definitions of pure Hodge structures.

Definition 2.19 [Griffiths and Schmid 1975, Definition 1.1, 1.2] Let Hg be a finite-dimensional real
vector space, and Hy, be a lattice in Hr. Let H = Hr ®p C be its complexification.

(1) A Hodge structure of weight m on H consists of a direct sum decomposition

H = @ HP4,  with H?P? = HPA,
ptg=m

where HP-9 denotes the complex conjugate of H?+4.

(2) A morphism of Hodge structures of type (r,r) is a linear map (defined over QQ relative to the
lattices Hz, and Hy)

¢:H— H', with o(H??) C (H)PTratr,
(3) A Hodge structure H of weight m is polarized by a nondegenerate integer bilinear form Q on Hy if
the extended bilinear form Q on H satisfies the following conditions
O, w)=(-D"Q(w,v) forall v,we H,
Q(HP, HP )= unless p=¢’,q=p’,
-1 v, V) > or v e ) .
VAL 0 f HP4 p #£0

Remark 2.20 Let H be a Hodge structure of weight m and H' be a Hodge structure of weight m2’. The
tensor product H ® H’ inherits a Hodge structure of weight m + m’:

H® H/ — Z HPm—p ® (H/)q,m/_q.
ptq=m+m’

Moreover, if H is polarized by Q and H’ is polarized by Q’, then H ® H’ is polarized by the induced
bilinear form Q ® Q.

A Hodge structure can also be given as follows:
Proposition 2.21 [Griffiths and Schmid 1975, page 35] Let H, Hr, Hz be the same as above.
(1) There is a Hodge structure of weight m on H if and only if H has a Hodge filtration
H>---DFP VS FP S FPHI 5050, with FP @ F" P =5 H forall p.

(2) Amap ¢ : H— H' is a morphism of Hodge structures of type (r, r) if and only if ¢ preserves the
Hodge filtration with a shift by r, i.e.,

@(FP) C (F)P*"  forall p.
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In particular, a morphism of Hodge structures of type (r, r) preserves the Hodge filtration strictly:
o(FP)y = (F)?*" NIm(p) forall p.
A mixed Hodge structure is a generalization of a Hodge structure.

Definition 2.22 [Griffiths and Schmid 1975, Definition 1.11] Let Hz be a finitely generated free abelian
group.
(1) A mixed Hodge structure is a triple (Hg, W,, F*) such that:

(a) The weight filtration W, is
0C--CWyu1 CWiu CWypy1 C---C Hz ®7 Q = Hg.
(b) The Hodge filtration F* is
H=H;®;C>---D>FP 1 FP 5 FPtl5... 5.

(¢) For each m € Z, on the graded piece Gry,,(W,) = W,/ W;,,—1, the induced filtration by F*
defines a Hodge structure of weight m.

(2) A morphism of mixed Hodge structures of type (r, r) consists of a linear map
¢:Ho— (H)g with 9(Win) C(W)pmia, and o(FP) C (F))P",
The morphisms of mixed Hodge structures are also strict in the following sense.

Lemma 2.23 [Griffiths and Schmid 1975, Lemma 1.13] A morphism of type (r, r) between mixed Hodge
structures is strict with respect to both the weight and Hodge filtrations. More precisely,

9(Win) = W) my2r NIm(p),  @(FP) = (F)P*" Nim(g).
Remark 2.24 Let (Hz, W,, F*) and (ﬁZ, W., F *) be two mixed Hodge structures. Their tensor product

H ® H inherits a mixed Hodge structure with the weight filtration

0C--C Y Wa®WpC Y We@WoC > We®W;C---CHg® Hy.
a+b<m—1 a+b<m a+b<m+1
and the Hodge filtration
H®H>--> Y F'®F'> ) F@F> Y Fe®F>.>0
a+b>p—1 a+b>p a+b>p+1
We are interested in the cohomology of quasiprojective complex varieties, which has a canonical

polarizable mixed Hodge structure by the following theorem of Deligne:

Theorem 2.25 [Deligne 1971, Theorem 3.2.5] Let X be a quasiprojective complex variety. Then
H*(X; Q) carries a canonical polarizable mixed Hodge structure.
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Here a polarizable mixed Hodge structure means all graded pieces Gr,, (W,) are polarizable Hodge
structures. We can decompose a polarized Hodge structure into a direct sum of simple objects by the
following theorem:

Theorem 2.26 [Peters and Steenbrink 2008, Corollary 2.12] The category of polarizable Hodge structures
of weight m is semisimple.

3 Stable cohomology of Mod(X? ) with coefficients in H'(Z? ;Q)®"

In this section, we will review results of Looijenga [1996] and Kawazumi [2008] and give an explicit
expression of H'(Modé’,,p; Hl(Eg,p; Q)®") for p+b>1.
3.1 Looijenga’s results

Let 6, be the moduli space of closed genus-g Riemann surfaces with r (not necessarily distinct) ordered
marked points. The map 64, — .Ilg obtained by forgetting all the marked points can also be viewed as
the r-fold fiber product of the universal curve 7 : Mg 1 — Mg.

Looijenga computed the rational stable cohomology of € , in a stable range, in terms of the following
cohomology classes:

(1) For1 <i <vr,let
ui € H*(6g,r; Q)

be the first Chern class of 6; = f;*(60), where f; : €4, — Jg ;1 is the map forgetting all but the i-th
marked point, and 6 is the relative tangent sheaf of 7 : Mg 1 — JMg.

(2) For asubset I of [r] ={1,2,...,r} with |I| > 2, let
aj € H'172 (64 Q)
be the Poincaré dual of the subvariety of €, , where the marked points {x;};cs coincide:
x;j=x; foralli,jel.
Looijenga [1996, Lemma 2.4] showed that these cohomology classes satisfy the relations
(3-1) uiay =ujay ifi,jel,
(3-2) aray =ul'""lapyy it sieIng #£2.
We now state Looijenga’s theorem on the rational cohomology of € ;.

Theorem 3.1 [Looijenga 1996, Theorem 2.3] Let A} denote the graded commutative (Q-algebra generated
by all u; and ay subject to the relations (3-1) and (3-2). There is an algebra homomorphism

H*(Modg; Q) ® 4; — H*(64,r:Q),
which is an isomorphism in degrees k such that g > %k + 1.
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Remark 3.2 Looijenga provided an explicit description of 4} as a vector space:
A; = @ Qluy : I € Plap, where ap = 1_[ arg.
P|[r] IeP,|I|>2
Here, the notation is as follows:

e P|[r] denotes a partition of the set [r], i.e., P = {11, I>, ..., Iy}, where I; are disjoint nonempty
subsets of [r] and /1 U1, U---Ulp =[r]. The class ap =[[c p 1)>, @1 represents the Poincaré dual
of the subvariety of 64 , where the marked points indexed by 7, € P coincide for each 1 <a <m.

e For a given partition P of [r], we define an equivalence relation on {u1, ..., u,}:
uj ~u; ifandonlyif i,j €[l forsomel € P.
The equivalence class of u; for i € I is denoted by uj, with the convention that if 7 is a singleton {7 },
then uy = u;.

By observing the two relations (3-1) and (3-2) that u;, aj satisfy, it is not hard to derive the expression of
Ay above. There is a simple mixed Hodge structure on A; where the degree-2m part has Hodge type
(m,m). Since H*(Modg; Q) carries a canonical mixed Hodge structure (see for instance [Looijenga
1996]), this induces a mixed Hodge structure on H*(64,,; Q).

To study the twisted cohomology of Modg, Looijenga [1996, Corollary 2.7] introduced a key subspace
of A:
(3-3) Al = EB( I1 uf)Q[u,:IeP]aP.
P|[r] “{i}eP

By analyzing the Leray spectral sequence associated with the forgetful map €5, — .Ilg, Looijenga
embedded the twisted cohomology groups of Modg with coefficients H!(Zg; Q)®" into H* (€4 ,; Q),
leading to the following theorem:

Theorem 3.3 [Looijenga 1996, Corollary 3.3] Let A} be as defined in (3-3). There is a graded S, -
equivariant map of H*(Modg; Q)-modules which is also a morphism of mixed Hodge structures

H*(Modg; Q) ® A — H* " (Modg; H' (Z4;Q)®"),
which is an isomorphism in degrees k such that g > %k + 1.
Here, the symmetric group S, acts on the left-hand side by permuting the indices in [r], and on the
right-hand side by permuting the tensor factors of H'!(Zg; Q)®”. This equivariance allows Looijenga to
compute the cohomology of Modg with coefficients in any Schur functors of Sp,4(C).

3.2 Kawazumi’s results

Instead of studying Leray spectral sequences, Kawazumi [2008] computed the twisted cohomology of
Modg, p With b > 1 in a different way. He first introduced a notation called weighted partitions:
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Definition 3.4 [Kawazumi 2008, Definition 1.1] A set P = {(S1,i1),(S2,12),...,(Sy, i)} is a weighted
partition of the index set {1,2,...,r} if

(1) the set {Sy,S,,...,Sy,} is a partition of the set {1,2,...,r},

(2) i1,ia,...,0y = 0 are nonnegative integers,

(3) each (Sg,i4) for 1 <a < v satisfies iy + |Sq| > 2.
We denote by %, the set of all weighted partitions of {1,2,...,r}.

Given a weighted partition P, Kawazumi [2008, equation 1.10] defined the twisted Morita—Mumford
class
mﬁ c H2(2a=1 ia)+r—2U(MOd1 ’ Hl (El ’ Z)@r)’

and then computed the twisted cohomology of Modg,; with coefficients in H'(S}:Z)®":
Theorem 3.5 [Kawazumi 2008, Theorem 1.B] For degrees < N(g)—r,
H*(Mody: H'(£3:2)®") = @ H*(Mody: Z)m .
Pew,

Kawazumi also computed the twisted cohomology of Mod]é’,’ p with coefficients H ! (Zg’ Pt 7)®" for

general b > 1. His proof is based on the Gysin sequence (Proposition 2.12) and induction.

Theorem 3.6 [Kawazumi 2008, Theoerm 1.A] Forb > 1, p > 0, we have

H*Mod?2 : H' (28 :7)®") ~ H*(Mod

. 1. g1 1. ®
g,D° g,p° Z) ®H.(M0dé,Z)H (MOd ,H (E ,Z) r)

b .
2.0’
in degrees < N(g)—r.

3.3 Reproving the case of X}

While Kawazumi’s theorem, Theorem 3.5, allows us to obtain the cohomology of Mod; with coefficients
in H'(X1;Q)®", we provide an alternative derivation using Looijenga’s framework.
We define a subspace of 4; from Theorem 3.1 with mixed Hodge substructures:

(3-4) A;/'= @( 1_[ u,-)Q[uI:IEP]ap.
P|[r] “{i}eP
A reinterpretation of Theorem 3.5 using Looijenga’s setup is:

Proposition 3.7 Let A)* be as defined in (3-4). There is a graded map of H* (Mod!; Q)-modules, which
is also a morphism of mixed Hodge structures

H*(Mod}; Q) ® A)* — H*"(Mod}; H'(ZL; Q)®"),
which is an isomorphism in degrees k such that g > %k + 1.
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A nonrigid proof is identifying the twisted Morita-Mumford class m 5 with I1 S,eP ”fS[‘la -ap, where
P ={(S1,i1),(S2,i2),...,(Sy,iy)} and P = {S}, S>,...,Sy}. It can be observed that their degrees
differ by r, which is because Proposition 3.7 is stated with a degree shift by r. To rigorously prove
Proposition 3.7, we first need the following lemma:

Lemma 3.8 H° (Modg,1; Hz(Zg; Q)) is isomorphic to Q generated by ay; ;.

Proof Recall that 64 > ({) is the moduli space of closed genus-g Riemann surfaces with two ordered
marked points that are not necessarily distinct. By forgetting the first marked point in €¢ »({), we obtain
amap 65> —> Jg 1. The associated Leray spectral sequence is

Eé)’q = H?(Mg,1; H1(Zg:Q)) = Hp+q(C6g,2;Q)'

We then identify H° (Modg,1; H 2(24:Q)) with E g 2 This Leray spectral sequence degenerates at £,
by Deligne’s theorem, Theorem 2.17, so Eg = E;. Therefore, the map

_ k— _
H*(64,2:Q) > EE22 - E572% = HF 2 (Mg, 1 H* (34:Q))

is integration along fibers. Recall that ay; 5y denotes the Poincaré dual of Jlg 1 in 6g >, where JMg
embeds into 64 , via the trivial section,

Mg,l _>(6g,2» (C,XI)H(C,XI,XZZXI)-

Then for any @ € H* =2y ; H?(S¢; Q)), letting & be its preimage in H* (€4 5; Q), we have

/ (,T)/\Ll{lyz} = / w.
6g.2 Mg 1

Thus E;),z = HO(Modg,l ; HZ(Eg; Q)) is isomorphic to Q generated by ay; »y. a
Proof of Proposition 3.7 We first prove by induction on 7 that there is an isomorphism
H*(Modg 1;Q) ® A)* — H*"(Modg 1; H' (Z4.1:Q)®")

in degrees < %(g —1). When r = 0, the statement is vacuously true.
For r > 1, we suppose it is true for any s < r — 1 there is an isomorphism in degrees < 5(g — 1):

H*(Modg 1;Q) ® AY* — H**(Mod, 1; H' (Z,.1: Q)®).

Recall that €4 , 11 is the moduli space of closed genus-g Riemann surfaces with (r + 1) ordered
marked points. Looijenga’s theorem, Theorem 3.1, gives us the isomorphism of mixed Hodge structures

H*(6gr+1:Q) = H*(Modg; Q) ® 4
in degrees < %(g —-1).
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By forgetting all but the last marked point in €4 , 41, we obtain a map f : €, , 41 — .lg 1, where
“%g,r+1 1s a complex orbifold. The associated Leray spectral sequence with Q-coefficients is

EPT = HP (Mg,15 R? f1(Q)) = HPT9 (g 11 Q).

Since we are working over Q, we have R? f4(Q) = H?((X¢)*"; Q). Notice that each fiber of f is
projective. Thus we can apply the orbifold version of Deligne’s theorem, Theorem 2.17, which means the

above spectral sequence degenerates at page 2. This implies
H (g 1:Q) = P HP(Mg1: H((Zg)": Q).
pt+q=k

The moduli space g, of closed genus-g Riemann surfaces with one marked point has the same rational
cohomology as Mod, ;. Thus we can rewrite the above as

H (6gr11:Q) = P HP(Modg1; HY((Z4)"": Q).
p+q=k

The Leray filtration preserves the mixed Hodge structure of H*(€g ,11:Q), therefore the E,-page terms
Eé”q = H?(Modg ;; H1((X¢)*";Q)) inherit mixed Hodge structures.
We can expand the coefficients H7((X4)*"; Q) by the Kiinneth formula:

HI (2" Q= P H'CaQH2(Z:Q) @ @ H" (34 Q).
i1+iz++ir=q

Identifying H*(Zg: Q) with H*(X4 1; Q) as Modg ; modules, we have
H?(Modg,1; H1((2¢)*";Q))

= @ H?(Modg 1; H'(24,1:Q) ® H2(Z41:Q) ® - ® H'" (24,1:Q)).
i +iz+-+ir=q

Observe that H*~" (Modyg 1; H! (Z‘g,l;(@)@’) is the component of HK=" (Modg,1;: H ((2¢)*":Q))
with i; =i, =---=1i, = 1. Let’s consider the other components of HX~" (Modg 1; H" ((2g)*"; Q)):

(1) When some i; = 0, the cohomology
HP”(Modg 1: H'(241:Q) ® - @ HY (24,1:Q) ® - ® H'" (34,1 Q))

is a component of H”(Modg 1; H1((X¢)*";Q)) where ¢ < 2r —2. Foreach 2 <i <r +1,
define ¥; : 64,41 — €g,, to be the map that forgets the i-th marked point. Notice the map
S :%g 41— Mg factors through v/;, so we have the diagram

f
(Zg) ——— Cg 1 — Mg

R

(B0 gy, —— Mg 1
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The map ;" : H*(6g,,: Q) — H* (%4 r+1: Q) induces maps between items in the two Leray spectral
sequences. That is,

H? (Modg 1; HY((S4)~V;Q)) — H? (Modg,1; HY((S¢)*": Q).

When g < 2r — 2, the image of the above map is clear by the Kiinneth formula and induction on r.

(2) When some i; = 2, the cup product

HP(Modg,1; H'(Z4.1;Q)®---®H(Zg1; Q)@@ H" (Z4.1: Q)@ H'Modg 1; HA(Z4.1: Q))
%HP(MOdgsl;Hil(Eg,l;Q)®"'®Hij (Eg’l’Q)®®Hl'(2g,lsQ))

turns out to be an isomorphism by direct computations. The term

HP?(Modg, 1: H' (£41:Q) @+ @ HI (£51:Q) ® -+ ® H'" (Z4.1:Q))

is a component of H”(Modg, 1; H‘((Eg)x(’_l); Q)), so it is known by induction. By Lemma 3.8,
we know H° (Modyg 1; Hz(Zg,l ; Q)) is Q generated by ag; j1;. We also make use of the relations
(3-1) and (3-2) satisfied by u;, ay to simplify the notation (e.g., write agq s1ay1 3y = ag1,2,3})-

The maps in (1) and (2) are morphisms of mixed Hodge structures. All the Hodge structures involved
are polarizable, hence semisimple by Theorem 2.26. Therefore, after carefully writing terms of the
above two types in terms of partitions P, we can exclude them to get H k=r (Modg,1; H Iz PRE Q)®")
in Table 1 as follows. (For the polynomials in the table, we mean the degree k parts of them. For the
J1, j2, ... indices in the table, they should be distinct and between 2 and r + 1. The order listed is by
increasing ¢. As a shorthand, we write K = H*(Modg; Q). We always have degree k < %(g —-1).)

From Table 1, we conclude that the map

H*(Modg: Q) ® Qi 1] ® ( @( I ui)@[uz e P]ap) — H*™"(Modg,1: H'(S4,1:Q)%")
P|[r] “{i}eP

is an isomorphism of mixed Hodge structures in degrees < %(g —1).
Notice that via the map f :€g , 41 — 6, 1, the image of H*(64 1;Q) in H*(€g ,41) is exactly

H*(Modg; Q) ® Q[uy41].
Thus we can rewrite the result as
(3-5)  H*"(Modg,1; H'(Z,1:Q)®") = H*(Modg 1 Q) ® ( @( I1 u,-)@[uz e P]ap)
P|[r] ~{iteP

in degrees < %(g — 1). We finish the induction.
The last step is getting the twisted cohomology of Modi,. By gluing a punctured disk to X1, we obtain
a map
I > Z — Modg — Modg,; — 1.
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Pllr+1] H*(€g,11:Q) Dprg=k H’ Mod, 1: HI((Z4)": Q))

{... r+13 K®Quy,uz, ..., ur+1] | K&Q[uy41]
K®uj1 Q[ur—l—la uj]]
K®”J'1 -usz[ur+1,ujl ’ uiz]

K@ujy--uj_ Qluryr, ujy, - uj,_y]
? CH* " (Modg,1; H' (2¢,1:Q)®")
r+15 L={1,....r} | K®Q[uyy1,un)ar, |?CH"(Modg1; H (34,1 Q)®")
{r+1}, KQQuy: 1€ Plap KQQup41,ur:1€P,|I|>2]ap
P\{r+1} not as above K®uj, Qlur+1,uj ,ur:{j1ye P, 1€P,|I|>2]ap
ifZ|I|22|1|<r—1

K®uj -+ uj, Qlursr,ujy, ... . up:
{ide .o AJmb I € P |I1=2]ap
iEm+3 rep =2 11=r-1
? C H"(Modg,1; H' (Zg,1;Q)®")

(*Take the degree k—2(|I;]|—1) part of polynomials)
r+lely, |1]>2 K®Qur:1€Plap | K&Qur: 1€ P [I|=2][;ep 21, a1)
KQuj Quj, ,ur:{j1ye P,1€P,|I|=2]
nleP,I;éIl ar
K®uj -+ uj,Qujy, ... uj, ur:{ji}, ... {jn}:
1€ P |I|z22][Tyep rt1, @1
ifn+ rep =2 1{1=r+1

(*The above is equivalent to the degree k part of
the polynomial multiplied by u‘IIl1 =1 thus

equivalent to polynomials whose last term is ap.)

Table 1: Rational cohomology of 6, 11 written in two ways.

The associated Gysin sequence (Proposition 2.12) with coefficients H!(Z PRE Q)®" is
s H 2 (Modg 1 H' (84,11 Q)®7) > H*™" (Modg 13 H' (Z¢,1: Q)®")
— H*"(Mod}; H'(Z4.1:Q)®") — H* " !(Modg 1; H' (Z4.1:Q)®")--- .
Here the map
H*""2(Modg,1: H' (Sg,1:Q)®") — H*™" (Modg 11 H' (S¢,1:Q)®")

is the multiplication by the Euler class e; € H? (Modyg 1;Q), so it is injective. Thus the above long exact
sequence splits into short exact sequences:
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0 — H.—r—2 (MOdg,l; Hl (Eg,l ; Q)®r) ﬂ) H (MOdg,l; I'I1 (Eg,l ; Q)®r)
—~ H*T (MOd1 X Hl(zg,l; Q)®r) — 0.

The first two nonzero terms can be obtained from (3-5). Taking cokernel in the short exact sequence gives

H*"(Mod; H'(2!; Q)®") = H*(Modg; Q) ® ( EB( ]_[ ui)(@[ul I e P]ap)
P|[r] “{i}eP
in degrees < %(g —1). |

3.4 Extending the results to general X |

By combining the results of Looijenga and Kawazumi, we establish the following theorem on the twisted
cohomology of Modg,p forp+b=>1:

Theorem 3.9 Let g, p, b be positive integers such that p + b > 1. The Q-vector space A}® is defined in

(3-4). There is a graded S, -equivariant map of H*(Mod,,. ,; Q)-modules, which is also a morphism of

b .
g.p’
mixed Hodge structures

H*(Mod H'(25 :Q)%"),

/e o—
Q) ® A"* — H* (Mod b

b . b .
g.p’ g.p’
which is an isomorphism in degrees < %(g —1).

Remark 3.10 One could derive this result by repeating the method used to prove Proposition 3.7.
However, that approach requires lots of repetitive computations. Instead, we present a simplified proof

using Kawazumi’s results.

Proof Applying Kawazumi’s theorem, Theorem 3.6, over Q, we obtain for b > 1:

H*(Mod? ,: H' (25 ,:Q)®") = H*(Mod

Using the expression of H*(Mod!; H'(Z!;Q)®") in Proposition 3.7, we have

g,zﬁ Z) ® H*(Modl;Z) H*ModL: H'(=L:72)®").

G-6)  H* (Mod} i H'(S5,:Q)%") = H*(Mod} 5 Q) ®re a0 (H*(Mod}: Q) @ A7)
~ H*(Mod? ,:Q)® A}*
in degrees < %(g —1).
The remaining case to consider is when b = 0 and p > 1. We proceed by gluing a punctured disk to
the boundary component of E}g =1 which gives rise to the exact sequence

1—=7Z —>Mod;,,p_1 — Modg , — 1.

Taking the Gysin sequence (Proposition 2.12) with coefficients H!(Z i, p—1° Q¥ = H'(Zg,p: Q%"
we obtain
RN H’_’_Z(Modg,p; Hl (Eg,p; Q)®r) — H* T (MOdg,p; Hl (Eg,p; Q)®r)

— H*"(Mody ,  H'(Z, , i Q%) > H* "7 (Modg, pi H' (S, p: Q%) — -+ .
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Here, the map
H* "2 (Modg, »; H' (Zg,p; Q)®") — H* ™" (Modyg, p; H' (Zg,: Q)®")

is left multiplication by the Euler class e, € H*(Modg, p; Q), which is injective in degrees < %(g —1).
This allows us to split the above sequence into short exact sequences:

0— H._r_z(MOdg,ﬁ H' (Zg.ps Q)®r) e, H*™"(Modg, p: H' (Zg.p: Q)®r)

— H*"(Mod, , s H'(Z, , 1:Q)®") —0.

From this, we conclude

H*™"(Modg, p: H' (S¢,5:Q)®") = Qlep] ® H*"(Mody ,_1: H' (S, ,_:Q)®").

Using equation (3-6), we obtain
H*™" (Modg,p: H' (S¢,5: Q)®") = Qlep] ® H*(Modl, ,_:Q) ® A}* = H*(Mod, ,: Q) ® 4}*

in degrees < %(g — 1), where the last isomorphism follows from Theorem 2.3. This completes the
proof. a

4 Moduli spaces of Riemann surfaces with level structures

In this section, we study a moduli space denoted by €, , (£) and compute its rational cohomology for
sufficiently large genus g.

4.1 The moduli space Jlg , (€)

Recall that the moduli space Jg . (£) of Riemann surfaces homeomorphic to X4 , with a level-£ structure
is defined as
Mg r(€) := Teich(Xg )/ Modg » (£),

where
Teich(Xg, ) = {complex structures on X ,}/homotopy

is the Teichmiiller space of Xg ,. When £ > 3, the action of Modg ,({) on Teich(Xg ) is free; see
for example [Putman 2012, Section 7.1]. Consequently Jlg ,(£) is a quasiprojective variety whose
cohomology coincides with the group cohomology of Modg ,(£).

For £ = 2, the moduli space .Jilg ,(2) is an orbifold, but it admits a finite branched cover (e.g., Mg ,(4))
that is a quasiprojective variety.

A more explicit description of Jlg ,(£) is given by

(C,x1,x2,...,Xr,h) | x; are distinct points on C,

C is a closed Riemann surface of genus g, /
h:Hi(C\{x1,....,x,}; Z/{) — H{(Zg ,; Z/{) is an isomorphism
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where
(C,xl,xz,...,xr,h)fv(C’,x/l,x;,...,x;,h’)

if there exists a biholomorphism f": C — C’ such that f(x;) = x; for I <i <r and the induced map fi
on Hy(—;7Z/?) satisfies h’ o fx = h.

To define €4, (£) as a moduli space containing Jlg -(£), we introduce an alternative perspective on
Mg r(£). Consider the map g+ Mg, r11(£) — Mg 1 (£) defined by

D (Coxya o Xpg1 h) > (CoxyL ),
where 7 : H, (C\{x1}:Z /) — H{(Zg,1;Z/ L) is the map pj o hos as shown in the diagram
H{(C\{X1. o X1 0~ H (S 13 2/0)
s (7\ lm lpz
H, (C\\{xl};Z/ﬁ) Hi(Zg,1:2/6)

where the vertical maps p;, p, are obtained by forgetting all but the first marked points, while s is
an arbitrary section of p;. The definition of his independent of the choice of the section s, since the
homology class of a loop around the i -th puncture (2 <i <r 4 1) maps to 0 in H;(X¢ 1;Z/{). It can be
verified directly that 7+ Mg y41(£) — Mg 1 (€) is well-defined.

Let % = H{(Zg,1:Z/{). Denote by by ¢,1 (%) the regular %-cover of X ; associated with the homo-
morphism

71(Zg,1) > Hi(Zg,13Z/0).
The fiber of the map 7+ can be interpreted as follows:
Proposition 4.1 The fiber of the map 7 +1 : Mg y41(€) — Mg 1 (€) is isomorphic to the orbit configu-
ration space
Cont?(ig,l @) =412, Y3, .. Yrs1) | i € EJg,1 @): Vi #d-yjforalld € 9,i # j},

which is the space of r ordered points in s ¢.1 (@) in different %-orbits.

Proof We prove this by induction on r.
For r = 1, the orbit configuration space Conf?(i 2,1 (@)) 18 )y ¢.1(@)- For a given element in Jlg 1 ({),

(C.x1,h: HI(C\{x1}: Z/0) — Hi(Zg,13Z/0)),
its preimage under 7 : Mg > (€£) — Mg, 1(£) consists of elements
(C.x1,x2, 7 Hy(C\{x1, X2} Z/0) — H(Sg.2:Z/0)) € g 2 (L),

where x, € C\{x;} and p, ohos = h. For two such elements (C, x1,x7, }7) and (C, x1, x5, E/), they
differ by
W' ol Hy(C\{x1, %2} Z/0) — Hi(C\{x1, %2} Z/0).
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Fix a symplectic basis a1, By, ..., g, Bg of H{(C\{x1};Z/{), andlet § € H,(C\{x1, x2}; Z/{) denotes
the homology class of the loop around the x,. Then the matrix corresponding to 2~ ! o 4’ under the basis

a1, Bi.....0g, Bg, 8 is
|:12g><2g 02g><1:|
9

-

v O1x1

where v € H{(C\{x1};Z/l) = %. A point x5 € C\{x;} and a deck transformation v € & together
determine a point y, in the regular %-cover of C\{x;}. Thus the fiber of 7@ is homeomorphic

to X ¢.1(@)- We remark that the long exact sequence of homotopy groups associated to the fibration

g1 (@) = Mg 2(€) = Mg 1 (£) when £ > 3 is
0 — 711(Z4.1 (@) — Modg 2(£) — Mody 1 (£) — 0,
which is exactly the mod-£ Birman exact sequence.
For r > 2, assume that the fiber of () : Mg,r(£) = Mg, (£) is
Conf, | (Zg1@) ={(2.3.....3) | yi € Zg1(@):if i # j.then y; #d - yj forall d € B}.
Our goal is to find the fiber of 71 : Mg r41(€) — Mg, 1(£). Notice that by definition 7+ is the
composition map 7 ") o 7, where 7 : Mg r41(£) = Mg, (£) is defined in a similar way to 7T+ py
forgetting the marked point x, ;1 and projecting /1 : Hi (C\{xy, ..., X, 41} Z/0) = H{(Zg ,41:Z/1)
toh: Hi(C\{x1.....x,}Z/t) > H\(Xg r; Z/l). By the same argument as r = 1, the fiber of 7 is the
regular %-cover of X4 ,, which we denote by ) ¢.r (@)- Therefore the fiber of the composition 7o is
{1, Y2, yr—1) €Conf?_ (Z1 @) Vr € Sg.r @)}

which is exactly ConfiJ (f) ¢,1(@))- This completes the induction. O

Since the fiber of Mg ,+1(£) — Mg 1(£) can be described as an orbit configuration space of  points
on the regular %-cover of X 1, we can express g ,+1(£) as follows:

Corollary 4.2 The moduli space Mg ,41(£) can be described as

C closed genus-g Riemann surface, x; € C, ya,..., V41 € 6(@),

(C.x1,Y2, -« Yr4+1. 1) | ¥2,..., Yr41 project to distinct points in C \ {x1}, /N,
h: Hi(C\{x1};Z/{) — H (Zg,1;Z/{) is an isomorphism

where 5(@) is the regular @-cover of C associated with the homomorphism
h
1 (C,x1) = Hi(C\{x1}; Z/8) — H\(Zg,1;Z/L) = D.

Two tuples (C, x1, y2...., Yry1.h) and (C', x], 5, ... h'") are equivalent if there exists a biholo-

Vgt
morphism f : C — C’ satisfying

o f(x1)=x],
e the induced map fx on Hy(—;Z/{) satisfies fxoh =N,
e the unique lifting of f with f(y;) = | satisfies Fi) = yifor2<i=<r+1.
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4.2 The moduli space €, , ({)

In Corollary 4.2, if we relax the condition on the marked points y», ..., 41 and allow these points to be
located anywhere in the regular %-cover of X4, we obtain a larger moduli space that contains Mg 11 (£)
as an open subvariety provided £ > 3. Let 6,4 , 11 (£) denote this moduli space, defined as

C closed genus-g Riemann surface, x1 € C, y3,..., Vr4+1 € 5(@),}/

C h
{( XL V2 Ve ) h:Hi(C\{x1};Z/t) — H,(Zg,1;Z/?) is an isomorphism

where the equivalence relation is the same as that in Jlg , 4 (£).

Remark 4.3 The moduli space € , 41 ({) is strictly larger than the r-fold fiber product of 7@ Mg 2 (£) —
Mg, 1(€). This is because the definition of €4 , 1 1(£) permits the marked points y,,..., y,41 on 6(@) to
project to the same point as x, which is not allowed in the fiber product.

To describe subvarieties of €4, (£) with different conditions on the marked points y5, ..., y, on the
regular @-cover of X, we introduce the following notion:

Definition 4.4 Fix a group %. A set P = {(SI,JI), (Sz,gz), e, (SV,JV)} is called a @-weighted
partition of the index set [r] = {1,2,...,r}, if:

(1) The set {S;,S>,..., Sy} is a partition of the set {1,2,...,r}.

(2) Foreach 1 <a < v, there is an order in S; = {i] <iy <--- <i|g,|}-

(3) Foreach 1 <a <v, the element c?a is a tuple (dé”, dg"'), cee, da(ls"'_l)), with df) €9%. By convention,

dg is empty if |Sq| = 1.
We denote by % the set of all %-weighted partitions of the index set {1,2,...,7}. For I= (S, d )e P,
define |1~| to be |S|.
We then apply this notion to denote subvarieties of 6 ,({) in the following way:

Notation 4.5 For a 9%-weighted partition P = {(Sl,c?l), (S, Jz), o (S, c?v)} of the index set [r] =
{1,2,...,r}, we denote by M(P) the subvariety of €4 ,(£) where the marked points y; (lifting of x1),

¥V2,..., yr satisfy:

 Points indexed by elements in the same S, lie in the same %-orbit, while points indexed by different
Sg’s do not.

e Foreach 1 <a <v, writing S, = {il(a) <. < "|(§13\} and d, = (dél), e dé'sl_l)), the points satisfy
Vi@ = da(j_l) Vi@ for 2 <j <|S,|.
J

A 9-weighted partition encodes two pieces of information about the positions of the marked points on
the regular %-cover of Xg. First, it specifies whether any of the points project to the same point on C.
Second, if they do, it indicates how these points differ under the %-action.
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By definition, each A/L(ﬁ) can be identified with J(/Lg Bl (£), where |15 | =v. Considering all possible con-
figurations of the marked points, we get a natural stratification of €4 , () as a disjoint union of subvarieties

4-1) Cor() =[] M, 50
Pegp?

where 9% denotes the set of all %-weighted partitions of [r].

4.3 Rational cohomology of €, , (£)

The stratification (4-1) of €, (£) allows us to compute the rational cohomology of € ,(£).
First, let us introduce the following cohomology classes in H*(6g,,(£); Q):

(1) For 1 <i <r,let
vi € H*(%g,,(£); Q)

be the first Chern class of 6; = g (6), where 6 is the relative tangent sheaf of the universal curve

Mg — Mg, and
gi 3(€g,r(£) - J‘/Lg,l(g) — Mg,

is the composition map, where the first map is

(Gg,l’(e)_)./‘/l,g’l(e)’ (C’xl»yZ,-..,yr,h)f—){(C’xl’h) lfl::l,

(C, i, h) ifi=>2.

Here y; is the image of y; under the covering map C’(@) — C. One can also view v; as the pullback of
the Euler class ¢; € H? (Mg,1;Q) via g;. The first Chern class of 0; restricted to the open subvariety
Mg r41(£) is exactly the Euler class

€ € HZ(MOdg,r—H 0);Q) = HZ(MOdg,r—i—l ; Q).
(2) For a @-weighted partition P of the index set [r], and =S, c?) € P with |S| = 2, write
S=tiy<ip<---<ijgh, d=dD,d?,. . 405

Let 2|T1-2
age HH72 (g, (0):Q)
be the Poincaré dual of the subvariety of € , (£) whose points y1, ya, ..., y, satisfy
(4-2) Vijoy =dP -y for 1<j <|S|—1.

~

Denote this subvariety by €, (£)[/].

Lemma 4.6 The cohomology classes v; and ay satisty the relations

(4-3) viay = vjaz ifi,jeS withl =(S,d),
(4-4) azaz=v/"az 7 ifi e So withINJ = (So,do) # @.
4-5) agay =0 if conditions (4-2) for T and J contradict.
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Proof First, for any I~f (S, c?) eP,ifi, J €8, then since 6; = g (0) and 0; = gj’.k (0) have isomorphic
restrictions to 64, (£)[/], we obtain the relation (4-3).

Next, consider two elements = (S, c?) and J = (T, p), the intersection of their corresponding
subvarieties, €g ;41 (E)[f 1NCg 11 (E)[f ], falls into one of the following cases:

o If SNT = @, the intersection 64 ;11 (E)[f] NCg ri1 (E)[f] is a nonempty closed subvariety of
€g,r+1(£) that combines the conditions (4-2) imposed by 7 and J. In this case, no additional
relations hold between a7 and a .

e If SN T # @ and the conditions (4-2) imposed by T and J are compatible, we define the union of
I and J as
TUT:=(SUT,dU}p).
In this case, we have
Ge.r+1(OUNNGg 1 (O1T] =G 41 (DT VT
Applying [Looijenga 1996, Lemma 2.4], we obtain the relation (4-4).
e If SN T # @ but the conditions (4-2) imposed by T and J are inconsistent, then
Ge.r 41O N g1 (O] = &.
Consequently, we obtain the vanishing relation (4-5).
This completes the proof. a

Example 4.7 Let us look at some examples of these relations.
() IfT = ({1 <2},d),then 1,2 € T and the first relation in the above lemma applies:
V1d({1<2},d) = V24 ({1<2},d)-
) IT=({1<2}d)and J =({1<3},d"),then TUJ = ({1 <2< 3},(d,d")), because
Gg.r+1(OTN g r 11 (O] = g r 11 (O[T U J].
The intersection is I N J = ({1}). The second relation above applies:
a(1<2y.d) " A({1<3}.d) = 1 d(1<a<3}.d.d")-
(3) If I = ({1 <2},d)and J = ({1 <2},d’) with d # d’, then we can see
Ge.r+1(OUINGg 11 (O] = B,

since you cannot simultaneously require that the second marked point is d - x; and d’ - x;. In this
case we should have 7 NJ = & and we do not have the second relation above for a 7 and a 7. Instead,

since €g ,41(£)[I] and €4 , 1 (£)[J] are disjoint, we have
agi<2ydydi<apdy =0 if d #d'.
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Now we state the result of the rational cohomology of €g ({).

Theorem 4.8 Let v;,ay be as defined above. Define A,({)* as the graded commutative Q-module
generated by all v; and ay, subject to the relations (4-3), (4-4) and (4-5). Then, there exists an algebra
homomorphism

H*(Modg(£); Q) ® 4, (€)" — H*(6g,,(£): Q),
which is an isomorphism in degrees k such that g > 2k?* + Tk + 2.

Remark 4.9 To express A, (£)* explicitly as a vector space, following Looijenga’s approach in Remark 3.2,

we introduce the following notation:
o Given a %-weighted partition P of the index set [r], define
ap= i ~l_[~ ag.
TeP,|I|>2
By relations (4-4) and (4-5), the module A4, (£)® can be viewed as a Q[v; : 1 <i <r]-module generated
by all a 3, subject to the relation (4-3).
e Given a @-weighted partition P of [r], define an equivalence relation on the set {v{,...,v,} by
vi ~v; ifandonlyif i, ;€S for some T = (S,c?) e P.
Let vy denote the equivalence class of v; for any i € S with I= (S, c?) €eP.In particular, when
I =({i}, D), we have v; = v;.
Using this notation, the vector space 4, (£)* admits the decomposition
(4-6) 4.0 = P Qlvy: T € Plap.
PP
Remark 4.10 Fix the grading of the generators so that
e v; has degree 2,
* aj has degree 2|7| -2.
Then A, (£)* decomposes as ¢
4.0 = 40>,

m=0

where A, (£)>™ denotes the degree 2m part. This grading induces a mixed Hodge structure on 4, (£)°®, in
which A4, (£)?>™ has Hodge type (m, m).
By Putman’s theorem, Theorem 2.7, we have an isomorphism

H*(Modg (£); Q) = H*(Mod,; Q)

in degrees k such that g > 2k? + 7k + 2. Consequently, H* (Modg (£); Q) inherits a canonical mixed
Hodge structure as described in [Looijenga 1996, Section 2.5].
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Moreover, by Theorem 2.25, the rational cohomology of € , (£) carries a canonical polarizable mixed
Hodge structure. In Theorem 4.8, the map

H*(Modg (£): Q) ® A, (£)* — H*(€4,r(0); Q)
is a morphism of mixed Hodge structures.

Proof of Theorem 4.8 We compute H*(¢g ,(£); Q) based on the stratification (4-1).
For integers k > 0, let Uy be the union of the strata .Iilg,|p| of codimension < 2k, and let Sy be the
union of the strata Jl/tg || of codimension 2k. We prove by induction on k that

H*Modg (0):Q)® @  Qy:TePlag— H (Up:Q)
Peo?, r—|Pl<k

is an isomorphism in degrees k such that g > 2k? + 7k + 2.

The final case k = r is what the theorem statement is since U, = €6g ,({).

In the base case k = 0, the space Uy is exactly Jlg ,(£) with the weighted partition being P =
{{1},{2},....{r}}. In degrees k such that g > 2k? + 7k + 2, by Theorem 2.7 we have

H*(Modg (£): Q) @ Q[uy, ..., v,] => H*(Up: Q) = H*(Mody: Q) ® Qley. .. .. er].

For general k, suppose the map

4-7) H"*(Mod, (£); Q) ® D Qluj: T e Plag— H*(Ur_1: Q)
Pe??, r—|P|l<k—1

is an isomorphism in degrees k such that g > 2k? 4+ 7k + 2. Notice that Uy_; is an open subvariety of U,
whose complement Sy has codimension 2k. The corresponding Thom—Gysin sequence (Proposition 2.14)
is

oo (S Q) > H' (U Q) = H (Up—1:Q) = H* T (U Q) — -+

Here the map H*(Uy; Q) — H* (Ui _1; Q) is surjective since the map (4-7) factorizes over H*(Uy; Q).
Thus we have a splitting short exact sequence
0— H*?K(53:Q) » H*(Up; Q) » H*(Ug—13Q) — 0.

Recall

Sk = L 50
Ped} |, |P|l=r—k

We know H'(Mg’|§|(€); Q) from Theorem 2.7, and the Gysin map H* 2K(S;: Q) — H*(Ux; Q) re-
stricted to the component H* (Jl/Lg B (£); Q) is the multiplication by a 5 € H 2k (Ug; Q). Thus we conclude
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that in degrees k such that g > 2k? 4 7k + 2 we have
H*(Up; Q) = H*(Ur—1; Q) & H* 2 (S; Q)

~ H*(Modg (£): Q) ® &y Qlvy: I € Plag ® H*(Modg(£); Q)

Ped?, r—|P|<k—1 -~ ~
® P Q:TePlap
Pep? r—|P|l=k

~ H*Modg(0):Q)® €  Qlvj:Te Plap.

Pe9?, r—|P|<k

This finishes the induction. O

5 Twisted cohomology of the level-/ mapping class groups

In this section, we prove Theorem B by embedding the twisted cohomology of the level-£ mapping class
group, with coefficients in the r-tensor power of Prym representation, into H* (6 ,(£); Q).

From Theorem 4.8, we recall that the rational cohomology of 6, , (£) is described using an algebra
Ay (£)*, explicitly given by (4-6). To proceed, we define a Q-subspace of 4, (£)* as

(5-1) 4,0 = P ( I1 v,—)Q[v;:fe Plag,
Per? " {iteP
where P is the set of all %-weighted partition of the index set [r]; see Definition 4.4.

The symmetric group S, naturally acts on A, (£)* by permuting the indices of [r]. Furthermore, A/, (£)*
inherits a mixed Hodge substructure from the mixed Hodge structure of A, (£)*® in Remark 4.10.

5.1 Case of Mod, 1(£)

We first analyze the case of Modyg 1 (£).

Theorem 5.1 There is a graded S, -equivariant map of H*(Modg,(£); Q)-modules which is also a
morphism of mixed Hodge structures

H*(Modg 1 (£); Q) ® A, (£)* — H* " (Modg 1 (£); $g.1(¢; Q)®n),

which is an isomorphism in degrees k such that g > 2k? + Tk + 2.

Recall that 9 = H{(Xg;7Z/{) and H¢1(£; Q) = Hl(ig’l @): Q), where ig’l () denotes the regular
%-cover of X, 1. Let ) ¢ (@) denote the regular %-cover of 2.

To compute H*(Modg 1(£); Hg,1(¢; Q)®"), we also need to consider twisted cohomology with coeffi-
cients in

H' (Sg@); Q% and H'(Z;@): Q%' ®@9,1(4:Q),

and similar mixed tensor products. To handle these cases systematically, we introduce the following
indexing notation:
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Definition 5.2 Set /(1) =$9,,1(£; Q) and f(0) = Hl(flg(@); Q). Foranyr > 1,let J =(J1, J2, ..., Jy)
be a sequence where J; € {0, 1} for all i. Then, we define the corresponding r-tensor product

H'(N) =D f()®--® [(Jr).

This notation allows us to track different tensor products involving H'! (f] ¢(@): Q) and H¢ 1(£; Q) in
a structured manner.

To describe the cohomology of Modg 1 (£) with coefficients in $" (J), we define when a %-weighted
partition is compatible with J:

Definition 5.3 Given @, r, J, " (J) as above, a 9-weighted partition
P ={(S1.d1).(S2.d2).....(Sy.dy)}
indexed by [r + 1] is said to be compatible with J if:

(1) By convention, we assume 1 € S;.
@) Fordy = (dV,d®, ..., a¥1™D) each d® (1 <i < S| —1) is not the unit 1 in S.

(3) S1 does not contain any 2 < a <r + 1 such that J,_; = 1.

Let P2

»+1(J) denote the set of all %-weighted partitions indexed by [r + 1] which are compatible with J.

Using this notation, the twisted cohomology H*(Mod, 1(£); " (J)) is described as follows:

Theorem 5.4 There is a graded map of H*(Modg (£); Q)-modules

H'(Modg(z);Q)®( & ( I1 v,-)Q[v;:Te P’]aﬁ) — H*™"(Modg, 1 (€); " (J)),
Pe®?  ((J) {i}eP.i#1

which is an isomorphism in degrees k such that g > 2k? + Tk + 2.

Remark 5.5 Theorem 5.1 follows as a special case of Theorem 5.4 when J = (1,1,...,1). By
Definition 5.3, a ¥-weighted partition indexed by [r + 1] that is compatible with (1,1,...,1) takes
the form

P={(S1.dy) = ({1}.).(S2.dy). ....(Sy.dy)}.
This is in one-to-one correspondence with a @-weighted partition indexed by [r]:

P ={(Sy,dy),....(Sy,dy)}.
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Thus, when J = (1,1, ..., 1), we obtain

H°(Modg(£);<@)®( ) ( I1 )[vl T e Pla

Ped? ((J) {i}eP.i#1

;H-(Modg(z);Q)oa( (]‘[ ) [vi,v;:T € P'la )
P

Preg?

~ H*(Mod, (£): Q) ® Q v1]®( @ ( I vi)Q[u;je ﬁ/]aﬁ,)

€?? " {iye P’

o~ H°(Modg,1(z);Q)®( ay) ( I1 vi)Q[v;: Ie ﬁ’]aﬁ,).

Prep? " {ite P’

Now it suffices to prove Theorem 5.4. We begin with proving the case J = (0,0, ..., 0), where the
coefficients £ (J) = Hl(ig(@); Q)®":

Proof of Theorem 5.4 when J = (0,0, ...,0) We proceed by induction on r. For r = 0, the statement is

H*(Modg,; (£); Q) = H*(Mod, (£);: Q) ® Q[v1],

which follows from Putman’s theorem (Theorem 2.7) and Looijenga’s theorem (Theorem 2.3).
Let r > 1. In the previous section, we studied the moduli space € ,11(£) and computed its stable
rational cohomology. Define the map

v :(gg,r-i-l(g) _>‘/‘/‘“g,1(£)7 (Cvxl’yzv o vJ/r—H’h) = (C,XI,h),

which is a holomorphic map of quasiprojective varieties when £ > 3 and a map of orbifolds when £ = 2.

The fiber of & consists of » ordered (not necessarily distinct) points in the regular %-cover of the closed
genus-g Riemann surface C, so the fiber is homeomorphic to (i ¢ (@) Since the fiber is projective,
we can apply Deligne’s degeneration theorem (Theorem 2.17) to the map f, implying that the associated
Leray spectral sequence degenerates at the second page:

EPT = HP (Mg (0): HI(Eg @) "1 Q) = HP (6,41 (0: Q).

Thus,
H (Ggr1(0:Q) = P HP (Mg (0): HI(Eg @) Q)).

ptq=k

Since the Leray filtration respects the mixed Hodge structure of H* (€, ,41(£); Q), terms on the second
page inherit mixed Hodge structures.
On the one hand, by Theorem 4.8, the rational cohomology of € , 11 (£) is given by

H*(6g,r41(0:Q) = P H*Modg(0):Q)®Qvj: I € Plaj

Pe?? |
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in degrees k such that g > 2k? 4 7k + 2. This is also an isomorphism of mixed Hodge structures, as
discussed in Remark 4.10.

On the other hand, we can expand the terms on the second page of the Leray spectral sequence using
the Kiinneth formula:

HP(Modg 1 (£); H1 (4 @))": Q)

~ P HPModg () H' (Z4@): Q) ® H?(Z4(): Q) @+ ® H" (¢ (@): Q).
i1 +ix+-+ir=q

Our target Hk_’(Modg,l(E); Hl(flg(@);(@)‘g’) is the component where iy = --- = i, = 1. Other
components can be determined as follows:

(1) If some i; = 0, the component
HP (Modyg ; (¢); H" (ig(@); Q®--- @ H (ig(@); V®--® Hir(ig(@); Q)

appears in HP(Modgﬁl;Hq((ig(@))xr;(@)), where ¢ < 2r —2. For 2 <i <r 4 1, let the map
70 Gy, 11 (L) — g, (£) be defined by

~

(C.x1, 92, s Yr+1, D) = (Cox1, Y2, Vi e V1, ).
By definition, the map 7 : €g ;1 (£) — JMg 1 ({) factors through 7@ . We then have the commuting

diagram ~
g Sg @) — Cgra1(£) — g1 (£)

| [
(ig (@))X(r_l) —— bgr(f) — Mg, 1(£)
which induces maps between the E, terms of the two Leray spectral sequences:
HP (g, (0): H(Zg. @)™ Q) = HP (g1 (0): H(Eg @) "3 Q) for ¢ =2r —2.
After we expand the left-hand side by the Kiinneth formula, these terms can be identified by induction.

(2) If some i; = 2, such a component appears as the image of the cup product

HP (Modg 1 (): H' (g 2)) Q) ® -+ ® H' (4@ Q) @+ ® H" (£ (a): Q)
® H"(Modg,1(0): H?(Z¢ @): Q))

— H?(Modg 1 (0); H' (24 @): Q) ® @ HT(Z4 @) Q) ® -+ @ H" (4 @): Q).

Here the term R
HP(Modg  (€); H" (ig(%); Q®---® HY (ig(@); Q®-® Hi"(ig(@); Q))

is known by induction. Additionally, by following essentially the same argument as in Lemma 3.8, but
applied to the Leray spectral sequence associated with the map 64 >(£) — Jlg ;(£), we deduce that
HO(Modg,l ©); Hz(ig @)> Q)) is isomorphic to Q generated by a((1<;+1},1e5). Using this, we can
compute the image and simplify the result by employing the relations (4-3)—(4-5) satisfied by v; and ay.

Geometry & Topology, Volume 30 (2026)



188 Xiyan Zhong

Pe®? | H*(g,,11(0): Q) DBy geic HP (g1 (0); HI(Eg @)% Zg @): Q)

{1}7{2}7---7{74‘1} K®Q[U1,U2,...,U,+1] K®Q[I/l1]
K®v,Qvy, vg] forall a>2
K®vvaQ[vlv vbs Uc]s Zfb <c

Ualvaz"'var_l[vl, Vay>Vays---> Uar_l]’
2<a1<ax<---<dap—q

? CHF (Mg, 1 (0); H' (Eg @): Q%)

(1}, [, =(S2.d>), K®Qvy, vy, :j=2ap |72 CHN (g1 (0); H' (Zg @) Q%)
oL, =(Sy,dy),
|S;|=2forall j>2
{1}, S, = {55}, K®Q[v1,vs,. ..., Vg, K@Q[vy, vy, :j=mlag
ey S ={Sm—1}, vt jzmlap | KQuaQlvy, vs,, vy, 1 j =mlap, 2<a<m—1,m>3
ImZ(SmsC_jm), R
oL =(Sy,dy), vsal'~'vsam_3(@[v1, Usays -+ Usa,, 3 VI cj=zmlag,
m>2,|Sj|=2forall j >m 2<a;<---<am—3=<m-—1
? CHF (Mg (0): H (Eg @): Q%)
(S1.d1), ..., (Sy,dy), K®Quz;:1<j<v]ap | Fordy =", d®,....d{%1™V), if there exists an
1€81,|S11=2 i such that d l(l) =1, then all can be realized outside

H*" (g1 (8); H' (S @): Q2"

if dl(') £ 1 for all i, then all except

(H{i}eﬁ’i#l vi)Q[UI :1e€Plag can bf

realized outside H*~" (Mg,1(€); H' (Zg (@); Q)®").

Table 2: Rational cohomology of €, (£) written in two ways.

We carefully list components of these two types in Table 2, where polynomials in the table refer to the
degree k terms and K denotes H*(Modg (£); Q). Since all isomorphisms in the table are isomorphisms
of (polarized) mixed Hodge structures, by semisimplicity, we have, when g > 2k? + 7k + 2,

H'—’(mg,lwxHl(ig@)x@)@’)zH'(Modg<f);@>®( D ( I v,-)@[v;:’feﬁ]aﬁ)

Pe®y ((J) {i}eP,i#1
in degrees k such that g > 2k? + 7k + 2. Here J = (0,0,...,0). |

Proof of Theorem 5.4 for general J Let J = (J1, J,,...,J,). We have just proved the case where
J =(0,0,...,0). We now prove the theorem for a general J by induction on r and on Y ;_; J;.
When r = 0, the theorem holds by the same reasoning as in the beginning of the previous proof.
For r > 1, assume by induction that the theorem holds for cases < (r —1). When ZLI Ji =0, the
proof has already been provided. Now, let >;_; J; = m > 0, and assume by induction that the theorem
holds for > ;_, Ji=m— 1.
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For J = (J1, J2,...,J;), since 21—1 Ji > 0, there exists at least one J; that is 1. Replacing the z-th
entry in J by 0, we obtain a new array J with Yy J;i = m — 1. We can then write

HNNDN=,UN)® - f(Jr=1)® - ® f(Jr),
S N=fUN® @ f(Jr=0)®---® f(J).

Here f(0) = H! (Eg @) Q) and f(1) = $Hg,1(¢; Q). Recall that the Prym representation g 1 (£; Q) is
H! (Eg 1@): Q), where Eg 1 (@) 18 the regular %-cover of X ;. By filling in all punctures of Eg 1(@)>
we obtain the following short exact sequence of Modg, 1 (£)-modules:

0— H' (4 @): Q) = H,.1(L:Q) — Q=1 0.

Tensoring this short exact sequence with f(J;)®---® f(J;—1) on the left and with f(J;41)®---® f(J})
on the right, we obtain

0= 5" ()= 9" ()) = [(U)®® [(J-)®Q & f(Jr11)®--® f(J;) 0.
This short exact sequence of Mod, 1 (£)-modules induces the following long exact sequence:
— H*" "' (Modg,1 (€): f(J) ®+® f(J-) ®Q"T'® f(Ji4 1) ®-+-® f(J,))
— H*~" (Modg 1 (0); 9 (J)) > H*~" (Modg 1 (£); 9" (J]))
— H*™"(Modg,1(0): f(J1)®+® f(J-) ®Q ™' ® f(Jry) ® @ f(Jr)) = -+~ .
Our goal is to compute H*~"(Mody 1(£); $" (J)). Let ¢, denote the map
(5-2) H*""'(Modg, 1 (€): f(J)®+® f(J-) ®Q"T'® f(Ji41) ®-+-® [ (J;))
— H*™"(Modg 1 (£); " (J))).
Then we have
(5-3) 0 — Coker(¢.) — H* " (Modg 1(£); 9" (J)) — Ker(¢e41).
On the one hand, the source term of the map (5-2) is
H* Modg 1 (0): f(J)®--® [(Ji—) ®Q! T ® f(Ji41)®---® [(Jr)
= P H 7 Modg 1 (6); f(J) @+ ® f(Jr=1) ® [(Jr41) ® -+ ® [(J})).

|2]—1

Since the coefficients are (r—1)-tensor powers, this cohomology is known by the induction hypothesis
on r. For each 1 # d € 9, the component

(5-4) H* 7 (Modg,1(0); f(J) @+ ® [(J1=) ® [(Jr41) ® - ® [(Jr))
is isomorphic to the direct sum of
—2
(H-(Modg(z);Q) ® ( I1 v,-)Q[v;: Ie ﬁ]aﬁ) ,

{i}eP,i#1
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where P ranges over all &-weighted partitions of the index set {1,...,¢, l/—i-\l, t+2,...,r+ 1} that are
compatible with (Jq, ..., J;—1, Jy+1,-..,Jr). Here [2] indicates a degree shift by 2. Inserting (¢ + 1)
into the index set, we can rewrite this as a direct sum of

.—2
(5-5) (H'(Modgwx@)@( I1 vi)@[v;:’feﬁ]am{mﬂaz,n) :
{iteP,i#1 m=2

where P = {1 = (S1, c?l), o Dy = (Sy, c?,,)} ranges over all ¥-weighted partitions of the index set
[r + 1] such that:

eleS;andr+1€S;.
e Each entry in d 1 is not 1 € 9. In particular, the entry corresponding to ¢ + 1 is d.

e S does not contain any 2 <a <r + 1 such that J,_; = 1.

On the other hand, since Z;:ll Ji=m—1<m, the target term H*~" (Modg 1 (£); " (f)) of the map
(5-2) is known by the induction hypothesis on er: 11 Ji. We have

H*™" (Mody, (£); 5" () = H*(Modg (£); Q) ® ( &y I1 v,-)Q[v;: Ie ﬁ]aﬁ)
Pe9? (J) {i}eP.i#1
in degrees k such that g > 2k2 + 7k + 2.
The map (5-2) restricted to the component (5-4) indexed by 1 # d € 9 is multiplication by the Poincaré

dual a({1<;+13,4)- Hence, the image of the summand (5-5) is
(5—6) H'(Modg(E); Q) ® ( 1_[ vi)(@[vf: TE ﬁ] ar\{t+1} 1—[ a1, A({1<t+1}%,d)-
{iyePi#1 m=2

The relation (4-4) for I; = (Sl,cil) =({l<t+1},d)U; \{t+1}) tells us
A({1<t+1},d) "An\{t+1} =4I, -
Thus (5-6) can be rewritten as

H'(Modgw);@)@( I w)@[v;:feﬁ]am{m}l'[azm-a<{1<t+1},d>
{iteP,i#1 mz2

= H.(MOdg(E);Q)®( l_[ vi)Q[v}v: I € Play, 1_[ ar,

{i}eP,i#1 m=2
= H*(Modg(£); Q) ® ( l_[ vi)Q[v;: Ie ﬁ]als.
{i}ePi#1
Thus the image of the map (5-2) is the direct sum of (5-6) as P ranges over @-weighted partitions of the
index set [r 4 1] that satisfy the conditions specified above. By excluding these particular %-weighted
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partitions from 9’? 1 (.7 ), the cokernel of the map (5-2) is the direct sum of
H*(Mod, (£);: Q) ® [[ vi)Qlvy:TePlap.
{i}ePiF#1

as P ranges over 9-weighted partitions of the index set [r + 1] that are compatible with J and S; does
not contain ¢t 4+ 1. According to the definition of compatibility (Definition 5.3), these are precisely the
%-weighted partitions of the index set [r + 1] that are compatible with J, since J; = 1.

Since the map (5-2) is injective, the kernel is zero. Thus by (5-3) we have

H*™" (Modg 1 (£); $"(J)) = H*(Modg (£); Q) ® ( P ( I1 vi)(@[vfz T e Pla ﬁ).
Pe??  (J) {i}eP.i#1
This completes the induction. a

Our next goal is to generalize the result from X, | to any nonclosed surface Eé’,’ p- Inorder to do that,
we first need the following result for X 51,:

Corollary 5.6 There is a graded map of H*® (Mod;, (£); Q)-modules
H*(Modg (0):Q) ® ( D ( [ w)@[v; TP aﬁ) — H*™" (Modg (): $1, (£: Q)®"),
Ped? " {i}eP
which is an isomorphism in degrees k such that g > 2k? + Tk + 2.
Proof By Proposition 2.5, we have the short exact sequence

1 — Z — Mody (£) — Modg,1 (£) — 1

obtained by gluing a punctured disk to the boundary of X ;. This sequence induces a Gysin sequence
(Proposition 2.12) for cohomology with coefficients in $¢,1(£: Q)®" = 3 (£: Q)®":

co = H*" 72 (Modg, 1 (0); 9,1 (6:Q)®") — H*™" (Modg 1 (£); 54,1 (6;@Q)®")
— H""(Mody (£); 4 (6;Q)®") — H*™"~1(Modg,1(£); H¢,1(£: Q)®")
— H* 7" (Modg 1 (£); 51,1 (¢: Q)®") —--- .

Let ¢, denote the boundary map
Got H' "2 (Modg,1(0): 5,1 (6:Q)®") — H*™ (Modg, 1 (0): 55,1(6:Q)%").
We then have the short exact sequence
I — Coker(¢) — H*™" (Modg (£): H(¢: Q)®") — Ker(¢at1) — 1.
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Since ¢, is multiplication by the Euler class ey, it is injective. The target term of ¢, is known from
Theorem 5.1, so we can determine the cokernel of ¢,:

H*(Mod, (£): Q) ® ( &b ( I1 v,-)Q[v;: Ie ﬁ]aﬁ)
Pe?? " (itep
in degrees k such that g > 2k2 + 7k + 2. This is isomorphic to H*~" (Modz, 0); ﬁé(ﬁ; Q)%®"). |

b

To generalize our results to any nonclosed surface Xy ,

we introduce Putman’s theory [2022] on
partial level-£ representations as follows.

5.2 Putman’s theory on partial level-{ representations

Let
b ) — @b .

The finite group @ == (7 /£)*¢€ acts on ﬁg, p(&; C) via deck transformations. Irreducible representations
of @ are characterized by characters. A character x : 9 — C \ {0} gives an irreducible representation C,,,
where d - v = x(d)v ford € @ and v € C,.

We denote by % the group of all characters of %, and let .62, »(X) present the Cy-isotypic component
of ﬁg’p(é; C). Thus we can decompose ﬁg’p(ﬁ; C) as

98 (L C) =P b ,x.
x€d

Since the action of Modg’ »(0) on Y)Z’ p(€; C) commutes with the action of %, each isotypic component
is preserved, giving a decomposition into Modg’ p(£)-modules. Taking the r-tensor power of ﬁg’ »&C),

we get
(5-7) 9,0 = P 9,00 ®95 ,(x)
X1sees Xr 6@
A subgroup H < H; (Zg, p> Z/%) is called symplectic if the algebraic intersection pairing on H; (Zg’ p 2/6)

restricts to a nondegenerate pairing on H. Here “nondegenerate” means that it identifies H with its dual
Hom(H, Z/{). We can write H = (Z/£)?", where h is called the genus of H.
For a symplectic subgroup H, there is a surjective homomorphism

(5-8) w1 (28 ) — H (28 ,:2/0) = He H 2% g,

b .
&p’

This map factors through % = H;(Xg;Z/{) since the homology classes of loops around boundary
components and punctures lie in H-. Thus we have a surjective homomorphism % — H. A character
X € % is said to be compatible with H if it factors through the map % — H. The following lemma is a
special case of Lemma 6.9 in [Putman 2022]:
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Lemma 5.7 For g > r, given r characters x1,..., Xr € G, there exists a symplectic subgroup H of
genus r such that x1, ..., x, are all compatible with H.

Proof We define the group homomorphism
pr Hi(3g:2) > Hi(Zg:Z/0) = (C\{0})", x> X (x1(%),.... xr(X)).

Since elements in H(Xg;Z/{) = (7 /£)*# have order dividing /, the image of each x; lies in the cyclic
group of /-th roots of unity. Thus we can rewrite ji, as

wr s Hy(Sg: 2) — (L]0

By Lemma 3.5 in [Putman 2023], there exists a symplectic subspace V of H(Zg;Z) of genus (g —r)
such that u,|y = 0. Letting H be the orthogonal complement of the image of V under the map
Hi(X4:7) — Hi(Xg;7Z/t), we have the required symplectic subgroup with genus r. m|

Let x1,...,xr € % be r characters that are compatible with H. Define

N0 =95 ,00) @@ N ,(xr)-
The partial level-£ subgroup of MOd{Z,’ p s

Modb ,(H)={f eMod’ , | fu: H\(Z5 ,:2/0) > H\ (S5 ,:Z/0) fixes H pointwise}.

Let Sy denotes the regular H-cover of Eg’ p corresponding to the map (5-8). By definition, the partial
level-£ subgroup Modg’ p(H) acts on 5’){;’ p(H;C):=H L(Sg: C). In particular, this induces an action
of Modi’,’ p(H) on 551&’,, p(X) due to the decomposition of ﬁlg,’ p(H:;C) by Putman [2022, Lemma 6.5]

(5-9) 9b L(H:C)= @5 9% ,00.
xeH

where H denotes the set of all characters of @ that are compatible with H.

By definition, Modlé’,, ») < Modlé’,, p(H)since H <H ! (Ei’,’ p> Z/0). The following theorem of Putman

allows us to identify the twisted cohomology of Modi’,, p(£) with the twisted cohomology of Mod[;,’ p(H):

Theorem 5.8 [Putman 2022, Theorem D] Let g, p,b > 0 and [ > 2 be such that p +b > 1. Let H be a
symplectic subgroup of H' (=b: Z/8) and let x1,..., xr €D be r characters that are compatible with H .
Assume that g > 2(k + r)? + 7k + 6r + 2. Then the map

k b .qb k b . &b
H*(Mod, ,(H): %, ,(x) = H* (Modg ,(£): $¢ ,(x))
. . . b b . . .
induced by the inclusion Mod, , ) — Mody ,(H) is an isomorphism.

The following theorem of Putman implies a phenomenon where, when p = 0, the twisted cohomology
of Modg(H ) is independent of b, the number of boundary components. This phenomenon is important
for our later proof.
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Theorem 5.9 [Putman 2022, Theorem 8.1] Let ¢ : Eg — Ei’,/, be an orientation-preserving embedding
between surfaces with nonempty boundary. For some [ > 2, let H be a genus-h symplectic subgroup of
H,(=2:7Z/¢). Fix some k,r > 0, and assume that g > (2h +2)(k + r) + (4h + 2). Then the induced map

H*(Mody, (H): 5y (H: ©)®") — H*(Modg (H): 5 (H: C)®")
is an isomorphism.

Remark 5.10 If we take H to be a symplectic subgroup of genus g, the partial level-£ subgroup
b . b . b ..

Mod, ,(H) is exactly the level-£ subgroup Mody, ,({), since Mod, , acts trivially on the subgroup of

H, (Eg’ p> Z/) generated by loops around the boundary components and punctures of Eg, p- However,

one cannot apply Theorem 5.9 directly to Modg’ p»(0), because the condition g > (22 +2)(k +r)+ (47 +2)

cannot hold if we let 7 = g.

5.3 Proof of Theorem B
We now prove the case of Eg’ p With p +b > 1 by induction on p. Recall that we aim to show
H*"(Mod? ,(0): %% ,(6:Q)®") = H*(Modg, ,(£): Q) ® ( P ( ] vi)c@[v;: TePla ﬁ)
Pep? " {ireP

in degrees k such that g > 2k2 + 7k + 2. We will prove the statement over C.

For p = 0, the case of b = 1 follows from Corollary 5.6. It then suffices to show that this twisted
cohomology is independent of b for b > 1. Fix b > 1. Observe that there is an orientation-preserving
embedding X ;, — Eg by gluing a surface homeomorphic to Zg“ to the boundary of X ;,. Then, by
Theorem 5.9, we have the following isomorphism for any symplectic subgroup H of genus /, when
g>2h+2)k + (4h +2):

(5-10) H*7 (Mod§ (H); 9 (H; ©)®7) = H*7 (Mody (H); 3 (H; C©)®").

These coefficients can be decomposed into direct sums of H-isotypic components by (5-9):

Qr
ﬁé(H;C)@%(EBﬁ;(X)) = D e ®5.

XEﬁ xl,...,X,eﬁ
Rr
0 = (@) = @ buno-eskn,
XEPAI xl,...,X,efI

We can expand both sides of (5-10) using the Kiinneth formula. Since the actions of Modg and Mod(lg
commute with the action of H, when g > (2h+2)k + (47 +2) we have an isomorphism in each direct-sum
component:

G-11)  H*"(Mods (H): 95 (x1) @ -+ ® 92 (xr)) = H¥ " (Mod} (H): 5} (x1) ® - ® H5(xr)).-
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By Lemma 5.7, for each tuple x = (X1, ..., Xxr), Where x1,..., xr € %, there exists a genus-r symplectic
subgroup, which we denote by Hy, such that x;,..., x, are compatible with H,. By Theorem 5.8,
we can identify the twisted cohomology of Modg(Hl) with the twisted cohomology of Modg (), with
coefficients in ﬁ’é(l) = 53[;,()(1) &:-- ®55§(Xr)3

(5-12) H*=" (Mod? (Hy): $5(x)) = H* " (Mod2 (0): $5(x))  if g = 2k* + Tk —r + 2.

Combining these facts, we have

H"—f(Mod{;w);sag(m)@’)zH"—’(Mod{;,w); P sa{;(xl>®---®sa{;(xr)) (by (5-7))

Xl,...,)(re@
= @ Hk_r(MOdz(f)§5g()_()) (Kiinneth)
le(@)xr
= @ H (Mod}(Hy):55(0) (by (5-12))
xe@)>r
= @ H (Mody(Hy):5(0) (by (5-11))
le(@)xr
= B H"(Modg(0);:$5,(0) (by (5-12))
xe@)>r
ng_r(MOdzlz(ﬁ); D ﬁ;(xl)®--~®ﬁ§,(xr)) (Kiinneth)
Xlseees x,e@
=~ H*" (Mod} (£); 1 (¢: ©)®") (by (5-7),

where we need to be a little bit careful with the range. In the places where we apply (5-12), the range is
g > 2k? 4+ Tk —r + 2. In the fourth isomorphism where we apply (5-11), we let 4 = r, so the range is
g=>Q2h+2)k+@h+2)=Qr+2)k+ (4r +2). Since k > r, we have

2k 4+ Tk —r +2> (2r +2)k + (4r +2).
Thus the above statement holds in the range g > 2k 2+ 7k —r + 2. Since the isomorphism in Corollary 5.6
for Hk_’(Modi,(K);ﬁ;,(Z; C)®7) holds when g > 2k? 4+ 7k +2, and 2k? 4+ 7Tk +2 > 2k> + Tk —r + 2,
the theorem for HX~" (Modg, ©):; Jﬁg (£; C)®7) holds when g > 2k? + 7k + 2 as well.

Now, let p > 1. By Proposition 2.5, we have the following short exact sequence obtained by gluing a
punctured disk to Ei’,;l_l:

1>7— Modl;j;l_l(ﬁ) — Modg’p(ﬁ) — 1.

This sequence induces a Gysin sequence (Proposition 2.12) with coefficients in Y)zj;l_l(ﬁ; Q)®" =~
95 Q)%
= Y (Modg (0995 ,(6:Q)®") — H™™ (ModghL, (0: 95550, (6: Q")

— H*""'(Mod_,(0): 85 ,(: Q%) — H* ™"+ (Mod) ,(€): 9 ,(:Q)®") — -
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Here the map
Goeyt t H" " Modb  (0): 92 ,(6:Q)®") — H* "1 (Mod? ,(0): 9% ,(£; Q)®")

is multiplication by the Euler class e, € H 2 (Modé’,, »();Q), so it is injective. Similar to what we did in
Corollary 5.6, by observing the short exact sequence

I — Coker(¢—r—2) — H*™"(Modg L | (0): 551 (:Q)®") — Ker(go—y—1) > 1.

we get

H*(Mod} ,(€): 95 ,(:Q)®") = H*Mod2* ! (0): 9211 (£:Q)®") ®¢ Qle,).

We know H* (Modggl_l 0); ﬁg;l_l (¢; Q)®") by the induction hypothesis. Thus we conclude

H*™"(Mod} ,(£): 55 ,(6:Q)®")
~ H*(Modg, ,—1(£); Q) ® Qle,] ® ( @ ( ]‘[ vi)Q[v; Te ﬁ]aﬁ)

Peo? “{i}eP
~ H-(Modg,,,(z);Q)@( ay ( I vi)Q[v;: I e ﬁ]aﬁ)
Pep? " {ireP

in degrees k such that g > 2k? + 7k + 2. Note that this twisted cohomology is independent of b (the
number of boundary components) but depends on p (the number of punctures) and g (the genus). O

6 Infinitesimal rigidity of symplectic Prym representations

In this section, we aim to prove Theorem A about infinitesimal rigidity of symplectic Prym representations.

Recall that the symplectic Prym representation is defined in the following way. Let S —> Sbea
finite-abelian cover with deck group 4. Let Mod(S, A) be the subgroup of Mod(S) fixing A pointwise.
Denote by S the closed surface obtained by gluing disks to all boundary components and filling in all
punctures of S. Then there is a symplectic action of Mod(S, 4) on H'! (§ ; R) which commutes with the
deck group A4:

@ : Mod(S, 4) — Aut(H'(S;R))“.
Denote the target Lie group by G4. Let / be the genus of S. Then we have
G4 =Sp2h;R)1 = {P e Sp(2h:R) | Pa=aP foralla € A}.
First of all, we compute the Lie algebra g4 of G 4:
Lemma 6.1 The Lie algebra g4 of G4 = Sp(2h; R))4 is
g4 =spQh;R) = {X esp(2h;R) | Xa = aX foralla € A}.
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Proof The Lie group G4 can be described as

G4={PeGLQhR)| PTJP=J, Pa=aP forallac A}, where J:( (} I(;’)
—1h

The Lie algebra g4 of the matrix Lie group G4 is given by
g4 = {X € Mat2h;R) | ¢'X € G4 for all 1 € R}.

The Lie algebra of Sp(24; R), denoted by sp(2/4; R), satisfies X T J 4+ JX = 0. It remains to determine
how the condition Pa = aP,Va € A descends to g4.
For X € gy, we require that ¢/Xa = ae'® for any a € A. Now expanding e’X as a power series
X _ g i . . . 2 . . _
et = Zj —,(tX)7/ j! and disregarding terms of order 7~ or higher, we obtain Xa = atX for all 7 € R.
Thus we have Xa = aX for any a € A, so we conclude that g4 = sp(2h; R)?. O

Notice that by composing @ : Mod(S, 4) — G4 with the adjoint representation Ad : G4 — GL(gy4),
we can view the Lie algebra g4 is a Mod(S, 4)-module. We observe:

Lemma 6.2 The Lie algebra g4 is a Mod(S, A)-submodule of H' (§; R)®2 ~ (R24)®2,
Proof We first embed g into H!(S;R)®2? o (R21)®2 g5
g4 = sp(2h; R)1 c Mat(2h; R) =~ (R*")* @ R?* =~ (R?")®2,

where the isomorphism (R?#)* =~ R2” is induced by the nondegenerate algebraic intersection form
it Hy(S:R)x H,(S:R) - R.
It remains to show that the action of Mod(.S, 4) on g4 is compatible with its action on H! (§ 1 R)®2,

Take a symplectic basis {1, B1,...,co, By} of H1(§;R). For X € g4, we can write
h h
X =) ()" ®Xe;+ Y (B)*®Xj e ®M)* @R
j=1 j=1

h h
=Y Bi®Xaj + ) (—a) 8 X € R?M®2.
=1 =1

The action of € Mod(S, A) on X € g4 is defined by f-X = FXF~!, where F = ®(f) € Sp(2h; R).
Thus we can express f - X as

h h
X =Y (@) ® FXFlaj + ) (B)* ® FXF~'§; e (R*)* @ R
ji=1 j=1

h h
=Y B ®FXFlaj+ ) (o)) ® FXF~'; € (R*")®?

j=1 j=1
h h
=Y F(F ') @ FX(F'aj)+ Y  F(—F 'aj) ® FX(F'B;) € (R*")®2,
Jj=1 j=1
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Since {F~1(aty), F~1(B1),.... F Y (ay), F~1(By)} is also a symplectic basis of H1(§;]R{), we can
rewrite - X as

h h
Y F(B)® F(Xaj)+ Y F(—aj) ® F(XB)).
j=1 j=1
This expression confirms that the action of Mod(S, 4) on g4 coincides with its action on H'! (§ R)®2. o

Next we prove that the degree-2 twisted cohomology group of Mod(S, 4) with coefficients in
H'(S:R)®?2 is 0 for sufficiently large g:

Lemma 6.3 Let g, p, b be integers such that p +b > 1. When g > 41, we have
H'(Mod(S, A); H'(S;R)®?) = 0.

Proof Step 1 We first prove the result for A = H;(Xg;Z/{). Note that by definition Mod(S, 4) is
usually larger than the level-£ mapping class group Mod[;’ » () which acts trivially on H; (Egg p Z/0).

In this case, the Prym representation ﬁg’ Q) is H 1 (§ ; Q). By filling in all punctures and gluing
disks to all boundary components of S, we obtain the short exact sequence

(6-1) 0— H'(S;Q) = 95 ,(t:Q) — QUHoI4I=1 o,
We then compute the following twisted cohomology groups one by one:

(1) We computed H*~" (Modg’p(ﬁ); Y)g,p(ﬁ; Q)®") in Theorem B in the range g > 2k? + 7k + 2, and
one feature of this twisted cohomology is that it is 0 when k is odd, since the left-hand side of the
isomorphism in Theorem B consists of even-degree terms. In particular, setting k = 3 and r = 2, we get

1 b ceb o M®2y 0
H" (Modg ,(£); $g,,(£;Q)77) =0 if g > 41.
Similarly, fOI' k =3andr = 1’ we haVe
2 bonvewb (0N =0 i

(2) The short exact sequence (6-1) of Modlé’,’ p(£)-modules induces a long exact sequence of twisted
cohomology groups

— H3(Mod}_,(0); QFO4I=1y 2 (Mod} ,(0): H'(S: Q) — H*(Mod) ,(£); 55 ,(¢: Q) — .

When g > 41, the term H3 (Modg’p(ﬂ); Q(l""b)"“"_l) is 0 by [Putman 2022, Theorem A] (Theorem 2.7),
and H? (Modé’,,p 0); Jﬁé’,’p(ﬁ; Q)) is also 0 as discussed in (1). Thus we have

H*(Mod? ,(0): H'(5:Q)) =0 if g >4l.

(3) By tensoring the above short exact sequence (6-1) with ﬁg’ » (€; Q) on the left, we obtain another
short exact sequence:

095 ,:Q®H'($:Q) > 9 ,E:Q® > 5} ,(:Q) 8 QU o,
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This short exact sequence of Modg, p(£)-modules induces a long exact sequence of twisted cohomology
groups:

— H*Mod} ,(0): 9 ,(:Q) @ QP MITY) o 1 (Mod}, ,(0):9 ,(6: Q) ® H'(5: Q)
— H'Modb ,(0): 92 ,(t:@)®%) — ...

Here H2(Mod’ ,(£): 92 ,(€:Q) @ QWHoMAI-Yy = @\ 1 | H*(Mod) ,(0): 95 ,(£:Q)) and
H! (Modg,p(ﬁ); 532,’1)(6; Q)®2) are both 0 when g > 41 as discussed in (1), so

H'(Modj ,(€);9) ,(6:Q)® H'(5;Q)) =0 if g=41.

(4) By tensoring the above short exact sequence (6-1) with H! (§ ; Q) on the right, we obtain the following
short exact sequence:

0> H (S - 02 (t:Q)® H'(S;Q) » Q-1 g g1(S;Q) 0.

This short exact sequence of Modg, p(£)-modules induces a long exact sequence of twisted cohomology
groups:

N HZ(MOdg’p(E);Q(P+b)-|A|—l ®H1 (§,Q)) N Hl(Modg’p(z);Hl (§;Q)®2)
— H'(Mod} ,(0): 9% ,(6:Q) @ H'(5:Q)) > --- .

Here the first term is 0 when g > 41 as discussed in (2), and the third term is 0 when g > 41 as discussed
in (3). Thus we have

H'Mod? ,(0): H'(S:Q)®%) =0 if g >41.

(5) Consider the finite-index subgroup Modg’ p(£) of Mod(S, 4). By Proposition 2.9, the associated
transfer map

H'(Mod?_,(0): H'(S:R)®?) — H'(Mod(S., A);: H' (S: R)®?)
is surjective. Thus from (4) we have
H'(Mod(S, A); H'(S;Q)®%) =0 if g > 4l.
Tensoring the result with R, we finish the proof for A = H(Xg¢;Z/{).

Step 2 We now extend the proof to a general finite abelian group 4.
Recall that S denotes the regular cover of S corresponding to the homomorphism

7T1(S) — A.

Since A is abelian, this map factors through 1 (S) — H;(S;Z). Letting w = | A|, this map furthermore
factors through 71 (S) — H;(S;Z/w). Therefore Modz, p(@) is a finite-index subgroup of Mod(S, 4).
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Denote by S the regular cover of X, corresponding to the map 1 (Xg) — H;(Xg;Z/w). By part (4)
in Step 1, we have

H'(Mod} (0); H'(S0: R)®*) =0 if g =41

By filling in all punctures and gluing disks to all boundary components in the cover S — S, we obtain a
cover S > % ¢» Where the deck group is a quotient of H;(Xg;Z/w). Therefore §wAis a finite cover of S.

Since the action of Modf,’ p(@) on §w commutes with the deck group of Sw — S, Maschke’s theorem
implies that H'! (§ :R)®2 is a direct summand of H'! (§w; R)®? as an Modg’ p(w)-module. Consequently,

H'Mod? ,(0): H'(S:R)®?) =0 if g >4l.
Finally, the transfer map associated with the finite-index subgroup Modg’ p(@) <Mod(S, A) with coeffi-
cients in H! (§; Q)®2,

H'Mod’ ,(w): H'(S;R)®?) — H'(Mod(S, A); H'(S:R)®?),

is surjective by Proposition 2.9. Thus we conclude that

H'(Mod(S, A): H'(S;:R)®?) =0 if g > 41. 0

Now we combine the above lemmas to prove Theorem A:
Proof of Theorem A To prove the infinitesimal rigidity of the symplectic Prym representation
®: Mod(S, A) — Gy,

we need to show that
H'(Mod(S, A):g4) =0 if g>41,

where g4 is the Lie algebra of the Lie group G 4.
From Lemma 6.1, we have g4 = sp(2h; R)“4. By Lemma 6.2, we see that sp(2/4; R)4 is a Mod(S, 4)-
submodule of H' (§ :R)®2. Therefore, it suffices to prove that

H'(Mod(S, A); H'(S:R)®%) =0 if g > 41,
which is precisely the result of Lemma 6.3. This completes the proof. |
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