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We compute the twisted cohomology of the mapping class group with level structures, with coefficients in
the r -tensor powers of the Prym representations for any positive integer r . When r � 2, we show that
the cohomology exhibits instability for large genus, whereas it remains stable for r D 0 or r D 1. As a
corollary, we prove that the symplectic Prym representation associated with any finite abelian regular
cover of a nonclosed finite-type surface is infinitesimally rigid.
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1 Introduction

The (pure) mapping class group Mod.S/ of an oriented surface S is the group of isotopy classes of
orientation-preserving homeomorphisms that fix the boundary pointwise, including punctures and boundary
components. For each integer `� 2, the level-` mapping class group of S is the finite-index subgroup of
Mod.S/ consisting of elements that act trivially on H1.S IZ=`/. An important family of representations
defined on these level subgroups are the Prym representations, first studied by Looijenga [1997].

The main result of this paper is the computation of the cohomology of the level-` mapping class group
with twisted coefficients given by the r -tensor powers of the Prym representation, for arbitrary r � 1, in a
range where the genus of S is sufficiently large. Our calculations uncover a new phenomenon: when
r � 2, this twisted cohomology exhibits instability with respect to the genus of S , in contrast to the known
cohomological stability of mapping class groups and the stable behavior in the case r D 1.

As another consequence of our work, we prove that the Prym representation is infinitesimally rigid
when the genus of S is at least 41.

The central technical innovation of this paper is the construction of a refined bordification of the
moduli space of Riemann surfaces with level structures in Section 4. The boundary strata of this space
are described using the theory of orbit configuration spaces, which allows us to compute its cohomology.
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By analyzing a specific Leray spectral sequence associated with this bordified moduli space and applying
the theory of mixed Hodge structures, we derive our main results.

Since the statement of infinitesimal rigidity for the Prym representations is more straightforward, we
begin by presenting this result.

1.1 Rigidity theorem

Let zS!S be a regular cover whose deck transformation group is a finite abelian group A. Let Mod.S;A/
denote the subgroup of Mod.S/ consisting of mapping classes that lift to homeomorphisms of zS . The
induced action

Mod.S;A/! Aut.H 1. zS IQ//

defines the associated Prym representation. When S is closed, Looijenga [1997, Theorem 2.5] determined
the image of the Prym representation up to finite index.

When S is not closed, let yS denote the closed surface obtained by gluing disks to all boundary
components and filling in all punctures of zS . Any lift of a homeomorphism of S to zS preserves homology
classes of loops around boundary components of zS , and commutes with the deck group A. It is therefore
natural to consider a refined version of the Prym representation:

ˆ WMod.S;A/! Aut.H 1. yS IR//A:

We refer to this as the symplectic Prym representation. We work over R rather than Q because, when the
image of ˆ is a Lie group, this allows us to study its rigidity in the following sense.

Let � be a finitely generated group and G a Lie group. A homomorphism ˆ W � ! G is called
infinitesimally rigid if

H 1.�I g/D 0;

where g is the Lie algebra of G, and � acts on g via the composition of ˆ and the adjoint representa-
tion Ad W G ! Aut.g/. Intuitively, infinitesimal rigidity means that ˆ admits no nontrivial first-order
deformations. We establish this kind of rigidity for the symplectic Prym representation:

Theorem A Let S be a nonclosed surface of genus g � 41. For any finite abelian cover zS! S with deck
transformation group A, the associated symplectic Prym representation

ˆ WMod.S;A/! Aut.H 1. yS IR//A

is infinitesimally rigid.

Remark 1.1 Infinitesimal rigidity implies other kinds of rigidity as follows:

(1) Weil [1964, page 152] proved that an infinitesimally rigid representation is locally rigid. A repre-
sentation ˆ is locally rigid if Œˆ� is an isolated point in Hom.�;G/=G, i.e., any ˆ0 2 Hom.�;G/
sufficiently close to ˆ is conjugate to ˆ. The converse is false: locally rigidity does not imply
infinitesimal rigidity; see for instance [Lubotzky and Magid 1985, (2.10.4)].
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(2) For local systems on quasiprojective varieties, infinitesimal rigidity also implies cohomological
rigidity when the Lie group G is semisimple. See the definition of cohomological rigidity in [Esnault
and Groechenig 2018] and [Klevdal and Patrikis 2020].

1.2 Computations of twisted cohomology

To state our results on the twisted cohomology of mapping class groups with level structures, we introduce
the following setup. Let †b

g;p denote a genus-g surface with p (ordered) punctures and b boundary
components. We omit p or b when it is 0. Let Modb

g;p denote the mapping class group of †b
g;p, and

define the level-` mapping class group of †b
g;p by

Modb
g;p.`/D Ker.Modb

g;p! Aut.H1.†
b
g;pIZ=`//:

We remark that when pC b � 2, the kernel of the action of Modb
g;p on H1.†gIZ=`/ strictly contains

Modb
g;p.`/.

Let DDH1.†gIZ=`/. Consider the composition of group homomorphisms

�1.†
b
g;p/!H1.†

b
g;pIZ=`/!H1.†gIZ=`/;

where the second map is induced by the embedding †b
g;p!†g obtained by gluing disks to all boundary

components and filling in all punctures of †b
g;p. This group homomorphism induces a regular cover of

†b
g;p with deck transformation group D, which we denote by SD! †b

g;p. By covering-space theory,
elements of Modb

g;p.`/ lift to homeomorphisms of SD that fix all punctures and boundary components
pointwise. Define

Hb
g;p.`IQ/ WDH 1.SDIQ/;

which is a Modb
g;p.`/-module. We refer to Hb

g;p.`IQ/ as the Prym representation of Modb
g;p.`/. Our

central result is the computation of the cohomology

H k.Modb
g;p.`/IH

b
g;p.`IQ/

˝r /

in a range where the genus g is sufficiently large relative to k, for arbitrary r � 1:

Theorem B Let A0r .`/
� be the graded Q-vector space defined in (5-1) of Section 5. The symmetric

group Sr acts naturally on A0r .`/
� by definition , and also on Hb

g;p.`IQ/
˝r by permuting tensor factors.

There is a graded Sr -equivariant map of H �.Modb
g;p.`/IQ/-modules

H �.Modb
g;p.`/IQ/˝A0r .`/

�
!H ��r .Modb

g;p.`/IH
b
g;p.`IQ/

˝r /;

which is an isomorphism in degrees k such that g � 2k2C 7kC 2.

Here A0r .`/
� is a subspace of the rational cohomology ring of a moduli space denoted by Cg;r .`/.

This moduli space contains the moduli space Mg;r .`/ of Riemann surfaces homeomorphic to †g;r

with a level-` structure as an open subvariety. In Section 4, we construct Cg;r .`/ explicitly, which is
a bordification of Mg;r .`/ with boundary strata indexed by orbit configuration spaces. We compute in
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Theorem 4.8 the rational cohomology of Cg;r .`/ for sufficiently large g. As defining A0r .`/
� requires

additional notation from Section 4, we postpone its formal definition to Section 5.
Theorem B enables us to compute the rational dimension of

H k�r .Modb
g;p.`/IH

b
g;p.`IQ/

˝r /

explicitly, thanks to Putman’s theorem [2022, Theorem A], which states that

H k.Modb
g;p.`/IQ/ŠH k.Modb

g;pIQ/ for g � 2k2
C 7kC 2:

By the Madsen–Weiss theorem [2007, Theorem 1.1.1] and Looijenga’s extension to punctured surfaces
[1996, Proposition 2.2], this implies that

H �.Modb
g;p.`/IQ/ŠQŒe1; : : : ; ep �˝QŒ�1; �2; : : : �;

where �i 2H 2i.Modb
g;pIQ/ (i � 1) are the Miller–Morita–Mumford classes [Miller 1986; Morita 1987],

and ej 2H 2.Modb
g;pIQ/ is the Euler class associated with the central extension

1! Z!ModbC1
g;p�1

!Modb
g;p! 1

obtained by blowing up the j -th puncture of †b
g;p to a boundary component. The central Z is generated

by the Dehn twist around this boundary component. See also [Morita 1987, Section 7] for an alternative
definition of ej .

Remark 1.2 From the definition of .A0
r;`
/� (see (5-1)), it follows that all its elements are of even degree.

Therefore, Theorem B implies that for odd k,

H k�r .Modb
g;p.`/IH

b
g;p.`IQ/

˝r
D 0 for g � 2k2

C 7kC 2:

In particular, Theorem A follows as a corollary of the special case k D 3, r D 2.

1.3 Instability and historical remarks

Computations via Theorem B show that for r � 2 and an even number k,

H k�r .Modb
g;p.`/IH

b
g;p.`IQ/

˝r /

is independent of b, but depends on g, p, and ` for r � 2. This instability arises from the fact that
our calculations involve orbit configuration spaces, which depend on the deck transformation group
DDH1.†gIZ=`/.

This instability also helps us identify relationship with some other twisted cohomology groups related
to mapping class groups, which we now recall.

The mapping class group Modb
g;p acts nontrivially on H 1.†b

g;pIQ/. For any positive integer r , the
twisted cohomology

(1-1) H k�r .Modb
g;pIH

1.†b
g;pIQ/

˝r /

has been studied by Looijenga [1996], Kawazumi [2008], Randal-Williams [2018] and Putman [2022].
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In the case pD bD 0, this twisted cohomology (1-1) was computed by Looijenga [1996, Corollary 3.3]
for g� 3

2
kC1. He constructed an Sr -equivariant map analogous to the one in Theorem B, which allowed

him to further compute the cohomology of Modg with coefficients in any irreducible representation
of Sp2g.C/.

Kawazumi [2008, Theorem 1.A] computed the twisted cohomology (1-1) for †b
g with b � 1, also

in the same stable range, but over Z, using a different inductive approach. Kawazumi’s results exhibit
stability with respect to both g and b.

Randal-Williams [2018, Appendix B] identified (1-1) as a specific Sr -module in the cases of †g

and †1
g. Later, Kupers and Randal-Williams [2020, Theorem 3.15] incorporated additional structure into

the coefficients, allowing them to compute the cohomology of Mod1
g with coefficients in any algebraic

representation of Sp2g.

Remark 1.3 Randal-Williams suggested that it might be possible to generalize the results of Theorem B
from coefficients in tensor powers to coefficients in Schur functors. We plan to explore this direction in
future work.

For completeness, we derive from the work of Looijenga and Kawazumi the remaining case of (1-1)
where b D 0 and p � 1, and state the general result for any nonclosed surface †b

g;p in Theorem 3.9.
The twisted cohomology (1-1) is related to the cohomology

H k�r .Modb
g;p.`/IH

b
g;p.`IQ/

˝r /

in the following way. Recall that Hb
g;p.`IQ/DH 1.SDIQ/, where SD!†b

g;p is the regular cover with
deck group DDH1.†gIZ=`/. The covering map induces a natural map between tensor powers

H 1.†b
g;pIQ/

˝r
! Hb

g;p.`IQ/
˝r ;

which in turn induces a map on twisted cohomology:

(1-2) H k�r .Modb
g;pIH

1.†b
g;pIQ/

˝r /!H k�r .Modb
g;p.`/IH

b
g;p.`IQ/

˝r /:

Putman [2022, Theorem C] studied the case r D 1 and showed that the map (1-2) is an isomorphism
when g � 2k2C 7kC 1. This result implies that for r D 1, the right-hand side of (1-2) is independent of
g, b, and `, since the left-hand side is.

For general r � 2, Putman [2022, Remark 1.8] conjectured the following:

Conjecture 1.4 For r � 2, the map (1-2) is not an isomorphism.

Since Theorem B shows that the right-hand side of (1-2) is not stable with respect to the genus g, in
contrast with the known stability of the left-hand side in (1-1), we show that Putman’s conjecture is true:

Corollary 1.5 For r � 2 and k even , the map (1-2) is not an isomorphism when

g �max
�

3
2
kC 1; 2k2

C 7kC 2
�
D 2k2

C 7kC 2:

Remark 1.6 For k odd, both sides of the map (1-2) vanish when g � 2k2C 7kC 2.
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1.4 An example

To gain more insight into how these twisted cohomology groups in the map (1-2) differ when r � 2, we
present an example for the case r D 2. By taking r D 2 in Theorem 3.9, we obtain

H ��2.Modb
g;pIH

1.†b
g;pIQ/

˝2/ŠH �.Modb
g;pIQ/˝ .u1u2 QŒu1;u2�˚QŒuf1;2g� af1;2g/;

in degrees k such that g � 3
2
k C 1, with deg.u1/ D deg.u2/ D deg.af1;2g/ D 2. Notably, this twisted

cohomology is independent of the genus g.
In contrast, taking r D 2 in Theorem B yields

H ��2.Modb
g;p.`/IH

b
g;p.`IQ/

˝2/

ŠH �.Modb
g;p.`/IQ/˝

�
v1v2QŒv1; v2�˚

M
d2D

QŒv.f1<2g;d/� a.f1<2g;d/

�
in degrees k such that g � 2k2 C 7k C 2, with deg.v1/ D deg.v2/ D deg.a.f1<2g;d// D 2. Since
there is a nontrivial summand corresponding to each d 2DD .Z=`/2g; the twisted cohomology group
H ��2.Modb

g;p.`/IH
b
g;p.`IQ/

˝2/ exhibits a dependence on the genus g.
The key distinction between these two twisted cohomology groups lies in the nature of the cohomology

classes af1;2g and a.f1<2g;d/. The class af1;2g is associated with the moduli space Cg;2 of closed genus-g
Riemann surfaces with two (not necessarily distinct) marked points. More precisely, af1;2g represents the
Poincaré dual of the subvariety of Cg;2 where the two marked points coincide (i.e., x2 D x1).

In contrast, for each d 2 DD .Z=`/2g, the class a.f1<2g;d/ relates to the moduli space Cg;2.`/ that
we construct in Section 4. This moduli space is a bordification of Mg;2.`/, the moduli space of Riemann
surfaces homeomorphic to †g;2 with level-` structures. One can roughly view Cg;2.`/ as the moduli
space of two (not necessarily distinct) marked points on the regular D-cover of a closed genus-g Riemann
surface. The class af1<2g;d is defined as the Poincaré dual of the subvariety of Cg;2.`/ where the marked
points y1;y2 on the D-cover satisfy the relation y2 D d �y1.

This distinction illustrates that the additional classes in H ��2.Modb
g;p.`/IH

b
g;p.`IQ/

˝2/ arise from
the richer geometric structure of the moduli space Cg;2.`/ compared to Cg;2.

1.5 Proof ideas

To conclude the introduction, we outline our approach to proving Theorem B.
Our strategy is inspired by Looijenga’s computation [1996, Corollary 3.3] of H �.ModgIH

1.†gIQ/˝r /.
Looijenga studied the Leray spectral sequence associated with the r -fold fiber product of the universal
curve Mg;1!Mg. Since we work with the level-` mapping class group, we shift our focus from Mg to
Mg;r .`/, the moduli space of Riemann surfaces homeomorphic to †g;r equipped with a level-` structure.
Our approach proceeds as follows:

(1) We reinterpret Mg;r .`/ as the moduli space of one marked point on †g;r and .r � 1/ marked points
on the regular H1.†gIZ=`/-cover of †g;r , subject to certain conditions.

Geometry & Topology, Volume 30 (2026)



Prym representations and twisted cohomology 161

(2) We construct a partial bordification of Mg;r .`/, denoted by Cg;r .`/, whose boundary strata are
described in terms of orbit configuration spaces. We remark that, unlike Looijenga’s bordification,
this space Cg;r .`/ is not the total space of the r -fold fiber product of Mg;1.`/!Mg.`/.

(3) We compute the rational cohomology of Cg;r .`/ for g sufficiently large, stated in Theorem 4.8.

(4) We construct a map Cg;rC1.`/!Mg;1.`/, where the cohomology of the fiber contains a summand
isomorphic to Hg;1.`IQ/

˝r , the r -fold tensor power of the Prym representation.

(5) By a theorem of Deligne [1974, Section 8.1] (see Theorem 2.17), the Leray spectral sequence
associated with the map Cg;rC1.`/!Mg;1.`/ degenerates at the E2-page.

(6) We compute the E2-page of the Leray spectral sequence, and using mixed Hodge theory, we identify
H �.Modg;1.`/IHg;1.`IQ/

˝r / as a subspace of H �.Cg;rC1.`/IQ/.

(7) Finally, to extend our results from Modg;1.`/ to Modb
g;p.`/ with pC b � 1, we apply Putman’s

theory [2022] of partial level-` representations.

Outline In Section 2, we introduce key preliminaries, including background on mapping class groups,
group cohomology, and mixed Hodge theory. In Section 3, we synthesize the results of Looijenga and
Kawazumi to give a complete account of the cohomology groups (1-1). In Section 4, we construct the
space Cg;r .`/ and compute its rational cohomology for g sufficiently large. In Section 5, we present the
proof of Theorem B. In Section 6, we prove Theorem A.

2 Preliminaries
2.1 Stable cohomology of the mapping class group

We summarize key stability results for the cohomology of the mapping class group.

Theorem 2.1 (Harer stability [1985]) H k.Modb
g;pIZ/ is independent of g and b in degrees �N.g/.

Remark 2.2 Here the number N.g/ is the maximal degree N such that the two homomorphisms

H N .Modb
gC1;pIZ/!H N .ModbC1

g;p IZ/ and H N .Modb
g;pIZ/!H N .ModbC1

g;p IZ/

are isomorphisms. The original bound given by Harer [1985] was N.gIZ/ � 1
3
g, which was later

improved by Ivanov [1989], Boldsen [2012] and Randal-Williams [2016] to N.g/� 2
3
.g� 1/.

Unlike the genus g and boundary components b, the stable cohomology of Modb
g;p does depend on

the number of punctures p. For 1� i � p, we have an Euler class ei 2H 2.†b
g;pIZ/, as we mentioned

in the introduction. Below, we provide an alternate definition following Looijenga [1996, Section 2] for
future purposes:

� Let Mg;p denote the moduli space of closed Riemann surfaces of genus g with p distinct marked
points. Since Mg;p is a rational classifying space for the mapping class group, we have

H �.Mg;pIQ/ŠH �.Modg;pIQ/:
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� Consider the universal curve � WMg;1!Mg. Let � be its relative tangent sheaf.

� For each i , define fi WMg;p!Mg;1 as the map that forgets all but the i -th marked point. Then, we
define the Euler class ei as the first Chern class:

ei D c1.f
�

i .�// 2H 2.Modg;pIQ/:

Theorem 2.3 [Looijenga 1996, Proposition 2.2] The ring homomorphism

H �.ModgIZ/Œe1; : : : ; ep �!H �.Modb
g;pIZ/

is an isomorphism in degrees �N.g/.

The stable integral cohomology of the mapping class group is complicated, but the stable rational
cohomology has a beautiful form. Conjectured by Mumford [1983], proved by Madsen and Weiss [2007,
Theorem 1.1.1], the stable rational cohomology of Modg is isomorphic to polynomial ring generated by
these Miller–Morita–Mumford classes [Miller 1986; Morita 1987] �i 2H 2i.ModgIQ/ for i � 1. See
also [Hatcher 2011], [Galatius 2013] and [Wahl 2013] for alternate proofs and expositions.

Theorem 2.4 [Madsen and Weiss 2007, Theorem 1.1.1] In degrees �N.g/, we have

H �.ModgIQ/ŠQŒ�1; �2; �3; : : : �:

Combining these two theorems above, in degrees �N.g/, we have

H �.Modb
g;pIQ/ŠQŒe1; : : : ; ep �˝QŒ�1; �2; �3; : : : �:

2.2 Level-l mapping class groups

Recall that the level-` mapping class group Modb
g;p.`/ is the subgroup of Modb

g;p which acts trivially on
H1.†

b
g;pIZ=`/. It has many similar properties to Modb

g;p. For example:

Proposition 2.5 [Putman 2022, Proposition 2.10] Fix some g;p; b� 0 such that �1.†
bC1
g;p / is nonabelian ,

and let @ be a boundary component of †bC1
g;p . Let `� 2. Then there is a central extension

1! Z!ModbC1
g;p .`/!Modb

g;pC1.`/! 1;

where the central Z is generated by the Dehn twist T@.

We also have the mod-` version of the Birman exact sequence:

Theorem 2.6 (mod-l Birman exact sequence [Putman 2022, Theorem 2.8]) Fix g;p; b � 0; `� 2 such
that �1.†

b
g;p/ is nonabelian. Let x0 be a puncture of †b

g;pC1
. There is a short exact sequence obtained

by forgetting x0:
1! PPx0

.†b
g;pI `/!Modb

g;pC1.`/!Modb
g;p.`/! 1;

where the level-` point pushing group PPx0
.†b

g;pI `/ is as follows:

� If p D b D 0, then PPx0
.†b

g;pI `/D �1.†
b
g;p;x0/.

� If pC b � 1, then PPx0
.†b

g;pI `/D Ker.�1.†
b
g;p;x0/!H1.†

b
g;pIZ=`/!H1.†gIZ=`//.
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A natural question is whether the finite-index subgroup Modb
g;p.`/ of Modb

g;p has the same stable
cohomology as Modb

g;p. The answer is negative for integral cohomology, as exotic torsion elements
in H 1.Modb

g;p.`/IZ/ have been discovered by Perron [2008], Sato [2010], and Putman [2012]. These
elements do not arise from H 1.Modb

g;pIZ/, and they are not stable.
However, Putman established that the result does hold for rational cohomology:

Theorem 2.7 [Putman 2022, Theorem A] We have

H k.Modb
g;p.`/IQ/ŠH k.Modb

g;pIQ/

if g � 2k2C 7kC 2.

Putman also studied the twisted cohomology of Modb
g;p.`/ with coefficients in tensor powers of

H 1.†b
g;pIQ/ and showed this cohomology is stable by the following theorem:

Theorem 2.8 [Putman 2022, Theorem B] The map

H k.Modb
g;pIH

1.†b
g;pIQ/

˝r /!H k.Modb
g;p.`/IH

1.†b
g;pIQ/

˝r /

is an isomorphism when g � 2.kC r/2C 7kC 6r C 2.

2.3 Group cohomology

Here we review some useful theorems about group cohomology. We will apply these theorems in later
sections.

Consider a group G and a finite-index subgroup H , along with a ZŒG�-module M . There is a natural
map

ResG
H WH

k.GIM /!H k.H IM /

in group cohomology obtained from the inclusion ZŒH � ,! ZŒG�. We call it the restriction map. There is
a “wrong-way” map, called the transfer map,

corG
H WH

k.H IM /!H k.GIM /;

which satisfies:

Proposition 2.9 [Brown 1982, Proposition 9.5] If H is a finite-index subgroup of G with index ŒG WH �,
then the composition of transfer maps and restriction maps is the multiplication map by ŒG WH �, in other
words , corG

H
�ResG

H D ŒG WH � id.

Remark 2.10 In particular, supposing H is a finite-index subgroup of G, if M is a Q(or R)-vector space,
we see that corG

H
is surjective and ResG

H is injective.

Proposition 2.11 [Putman 2014, Proposition 1.1] Let X be a simplicial complex and G be a finite group
acting simplicially on X. Then for all k � 0, we have

H k.X=GIQ/Š .H k.X IQ//G :
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The next technique we will use a lot is the Gysin sequence, which is a long exact sequence obtained
from the second page of the Hochschild–Serre spectral sequence [1953, Proposition 7] associated to a
central extension of groups:

Proposition 2.12 (Gysin sequence [Hochschild and Serre 1953, Proposition 7]) Consider a central
extension

1! Z!G!K! 1

and a ZŒK� module M (thus M is also a ZŒG� module through the map G!K). We have the long exact
sequence

� � � !H k�2.KIM /!H k.KIM /!H k.GIM /!H k�1.KIM /!H kC1.KIM /! � � � ;

where H k�2.KIM /!H k.KIM / is the differential on the E2-page of the Hochschild–Serre spectral
sequence.

Remark 2.13 The geometric version of the Gysin sequence is that, for an oriented sphere bundle
Sd ,!E!M , we have the long exact sequence

� � � !H k�d�1.M /!H k.M /!H k.E/!H k�d .M /!H kC1.M /! � � � ;

where the map H k�d�1.M / ! H k.M / is the wedge product with the Euler class, and the map
H k.E/!H k�d .M / is fiberwise integration.

There is a generalization of the Gysin sequence, called the Thom–Gysin sequence. This sequence is
widely known, appearing in [Atiyah and Bott 1983, equation 1.16] and [Mumford et al. 1994, page 167]
for example.

Proposition 2.14 (Thom–Gysin sequence [Atiyah and Bott 1983, equation 1.16]) Let X be a smooth
complex variety , and let Y be an open smooth subvariety of X whose complement X nY has constant
(real ) codimension d . We then have the following long exact sequence:

� � � !H k�d .X nY IQ/!H k.X IQ/!H k.Y IQ/!H k�dC1.X nY IQ/!H kC1.X IQ/! � � � :

Remark 2.15 When X is the total space of a sphere bundle and X nY is the zero section, the associated
Thom–Gysin sequence is exactly the Gysin sequence. In general, one can derive the Thom–Gysin sequence
by applying the Thom isomorphism theorem and the excision theorem to the tubular neighborhood of
X nY in X .

Remark 2.16 In most of our cases in Section 4, we apply the Thom–Gysin sequence to quasiprojective
varieties, such as Mg;r .`/ for `� 3. The case of Mg;r .2/ is the only instance where we use the Thom–
Gysin sequence on a quasiprojective orbifold, which is a quotient of a quasiprojective variety by a finite
group. In this case, by Proposition 2.11, the Thom–Gysin sequence retains the same form, so we proceed
without additional markings.
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2.4 Deligne’s degeneration theorem

Our computations will be based on an important theorem due to Deligne [1974, Section 8.1], which was
proved using mixed Hodge theory. Here we quote the version in Griffiths and Schmid’s survey [1975,
page 42]:

Theorem 2.17 (Deligne’s degeneration theorem) Let E be a Kähler manifold , X a complex manifold ,
and f WE!X a smooth , proper holomorphic mapping , which implies f is a differential fiber bundle
whose fibers Xb , for b 2 B, are compact Kähler manifolds. The corresponding Leray spectral sequence

E
p;q
2
DH p.B;Rqf�.Q//)H pCq.EIQ/

degenerates at the second page , i.e., E2 DEg. Here

Rqf�.Q/ comes from the presheaf U 7!H q.f �1.U /IQ/:

Remark 2.18 Smooth quasiprojective varieties are Kähler manifolds, so we can apply Deligne’s degener-
ation theorem to Cg;r .`/!Mg;1.`/ for `� 3. This covers nearly all cases in Section 5, though there are
two cases where we apply Deligne’s degeneration theorem to quasiprojective orbifolds: for Cg;r !Mg;1

in Section 3 and for Cg;r .2/! Mg;1.2/ in Section 5. Deligne’s degeneration theorem still applies in
these cases, as demonstrated by the following argument:

Let E be a quasiprojective orbifold and X a complex orbifold. Suppose f W E ! X is a map of
orbifolds that lifts to a map zf WE0!X 0 with the following properties:

� E0 and B0 are quasiprojective varieties.

� E0!E and B0! B are finite branched G-covers for a finite group G.

� zf WE0!X 0 is a smooth, proper holomorphic mapping.

By applying Deligne’s degeneration Theorem 2.17 to zf WE0!X 0, we obtain the Leray spectral sequence

(2-1) E
p;q
2
DH p.B0;Rq zf�.Q//)H pCq.E0IQ/;

which degenerates at the second page.
By Proposition 2.11, we have

H pCq.EIQ/ŠH pCq.E0IQ/G ;

and by a similar argument, we obtain

H p.B;Rqf�.Q// WDH p.B0;Rq zf�.Q//
G :

Restricting the spectral sequence (2-1) to G-invariants, we conclude that the Leray spectral sequence

E
p;q
2
DH p.B;Rqf�.Q//)H pCq.EIQ/

also degenerates at the second page.
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2.5 Mixed Hodge theory

Mixed Hodge theory is used in the proof of Deligne’s degeneration Theorem 2.17, and is also a powerful
tool for determining terms in spectral sequences. We will introduce some basic properties according to
the survey by Griffiths and Schmid [1975]. First, we start with definitions of pure Hodge structures.

Definition 2.19 [Griffiths and Schmid 1975, Definition 1.1, 1.2] Let HR be a finite-dimensional real
vector space, and HZ be a lattice in HR. Let H DHR˝R C be its complexification.

(1) A Hodge structure of weight m on H consists of a direct sum decomposition

H D
M

pCqDm

H p;q; with H q;p
D xH p;q;

where xH p;q denotes the complex conjugate of H p;q .

(2) A morphism of Hodge structures of type .r; r/ is a linear map (defined over Q relative to the
lattices HZ and H 0Z)

' WH !H 0; with '.H p;q/� .H 0/pCr;qCr :

(3) A Hodge structure H of weight m is polarized by a nondegenerate integer bilinear form Q on HZ if
the extended bilinear form Q on H satisfies the following conditions

Q.v; w/D .�1/mQ.w; v/ for all v;w 2H;

Q.H p;q;H p0;q0/D 0 unless p D q0; q D p0;
p
�1

p�q
Q.v; xv/ > 0 for v 2H p;q; v ¤ 0:

Remark 2.20 Let H be a Hodge structure of weight m and H 0 be a Hodge structure of weight m0. The
tensor product H ˝H 0 inherits a Hodge structure of weight mCm0:

H ˝H 0 D
X

pCqDmCm0

H p;m�p
˝ .H 0/q;m

0�q:

Moreover, if H is polarized by Q and H 0 is polarized by Q0, then H ˝H 0 is polarized by the induced
bilinear form Q˝Q0.

A Hodge structure can also be given as follows:

Proposition 2.21 [Griffiths and Schmid 1975, page 35] Let H;HR;HZ be the same as above.

(1) There is a Hodge structure of weight m on H if and only if H has a Hodge filtration

H � � � � � Fp�1
� Fp

� FpC1
� � � � � 0; with Fp

˚ xFm�pC1 Š
�!H for all p:

(2) A map ' WH !H 0 is a morphism of Hodge structures of type .r; r/ if and only if ' preserves the
Hodge filtration with a shift by r , i.e.,

'.Fp/� .F 0/pCr for all p:
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In particular , a morphism of Hodge structures of type .r; r/ preserves the Hodge filtration strictly:

'.Fp/D .F 0/pCr
\ Im.'/ for all p:

A mixed Hodge structure is a generalization of a Hodge structure.

Definition 2.22 [Griffiths and Schmid 1975, Definition 1.11] Let HZ be a finitely generated free abelian
group.

(1) A mixed Hodge structure is a triple .HZ;W�;F
�/ such that:

(a) The weight filtration W� is

0� � � � �Wm�1 �Wm �WmC1 � � � � �HZ˝Z QDHQ:

(b) The Hodge filtration F � is

H DHZ˝Z C � � � � � Fp�1
� Fp

� FpC1
� � � � � 0:

(c) For each m 2 Z, on the graded piece Grm.W�/ D Wm=Wm�1, the induced filtration by F �

defines a Hodge structure of weight m.

(2) A morphism of mixed Hodge structures of type .r; r/ consists of a linear map

' WHQ! .H 0/Q with '.Wm/� .W
0/mC2r and '.Fp/� .F 0/pCr :

The morphisms of mixed Hodge structures are also strict in the following sense.

Lemma 2.23 [Griffiths and Schmid 1975, Lemma 1.13] A morphism of type .r; r/ between mixed Hodge
structures is strict with respect to both the weight and Hodge filtrations. More precisely,

'.Wm/D .W
0/mC2r \ Im.'/; '.Fp/D .F 0/pCr

\ Im.'/:

Remark 2.24 Let .HZ;W�;F
�/ and . zHZ; zW�; zF

�/ be two mixed Hodge structures. Their tensor product
H ˝ zH inherits a mixed Hodge structure with the weight filtration

0� � � � �
X

aCb�m�1

Wa˝
zWb �

X
aCb�m

Wa˝
zWb �

X
aCb�mC1

Wa˝
zWb � � � � �HQ˝

zHQ;

and the Hodge filtration

H ˝ zH � � � � �
X

aCb�p�1

Fa
˝ zFb

�

X
aCb�p

Fa
˝ zFb

�

X
aCb�pC1

Fa
˝ zFb

� � � � � 0:

We are interested in the cohomology of quasiprojective complex varieties, which has a canonical
polarizable mixed Hodge structure by the following theorem of Deligne:

Theorem 2.25 [Deligne 1971, Theorem 3.2.5] Let X be a quasiprojective complex variety. Then
H �.X IQ/ carries a canonical polarizable mixed Hodge structure.
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Here a polarizable mixed Hodge structure means all graded pieces Grm.W�/ are polarizable Hodge
structures. We can decompose a polarized Hodge structure into a direct sum of simple objects by the
following theorem:

Theorem 2.26 [Peters and Steenbrink 2008, Corollary 2.12] The category of polarizable Hodge structures
of weight m is semisimple.

3 Stable cohomology of Mod.†b
g;p/ with coefficients in H 1.†b

g;pIQ/˝r

In this section, we will review results of Looijenga [1996] and Kawazumi [2008] and give an explicit
expression of H �.Modb

g;pIH
1.†b

g;pIQ/
˝r / for pC b � 1.

3.1 Looijenga’s results

Let Cg;r be the moduli space of closed genus-g Riemann surfaces with r (not necessarily distinct) ordered
marked points. The map Cg;r !Mg obtained by forgetting all the marked points can also be viewed as
the r -fold fiber product of the universal curve � WMg;1!Mg.

Looijenga computed the rational stable cohomology of Cg;r in a stable range, in terms of the following
cohomology classes:

(1) For 1� i � r , let
ui 2H 2.Cg;r IQ/

be the first Chern class of �i D f
�

i .�/, where fi W Cg;r !Mg;1 is the map forgetting all but the i -th
marked point, and � is the relative tangent sheaf of � WMg;1!Mg.

(2) For a subset I of Œr �D f1; 2; : : : ; rg with jI j � 2, let

aI 2H 2jI j�2.Cg;r IQ/

be the Poincaré dual of the subvariety of Cg;r where the marked points fxigi2I coincide:

xi D xj for all i; j 2 I:

Looijenga [1996, Lemma 2.4] showed that these cohomology classes satisfy the relations

uiaI D uj aI if i; j 2 I;(3-1)

aI aJ D u
jI\J j�1
i aI[J if si 2 I \J ¤¿:(3-2)

We now state Looijenga’s theorem on the rational cohomology of Cg;r .

Theorem 3.1 [Looijenga 1996, Theorem 2.3] Let A�r denote the graded commutative Q-algebra generated
by all ui and aI subject to the relations (3-1) and (3-2). There is an algebra homomorphism

H �.ModgIQ/˝A�r !H �.Cg;r IQ/;

which is an isomorphism in degrees k such that g � 3
2
kC 1.
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Remark 3.2 Looijenga provided an explicit description of A�r as a vector space:

A�r D
M
P jŒr �

QŒuI W I 2 P � aP ; where aP D

Y
I2P;jI j�2

aI :

Here, the notation is as follows:

� P jŒr � denotes a partition of the set Œr �, i.e., P D fI1; I2; : : : ; Img, where Ii are disjoint nonempty
subsets of Œr � and I1[I2[� � �[ImD Œr �. The class aP D

Q
I2P;jI j�2 aI represents the Poincaré dual

of the subvariety of Cg;r where the marked points indexed by Ia 2 P coincide for each 1� a�m.

� For a given partition P of Œr �, we define an equivalence relation on fu1; : : : ;ur g:

ui � uj if and only if i; j 2 I for some I 2 P:

The equivalence class of ui for i 2 I is denoted by uI , with the convention that if I is a singleton fig,
then uI D ui .

By observing the two relations (3-1) and (3-2) that ui ; aI satisfy, it is not hard to derive the expression of
A�r above. There is a simple mixed Hodge structure on A�r where the degree-2m part has Hodge type
.m;m/. Since H �.ModgIQ/ carries a canonical mixed Hodge structure (see for instance [Looijenga
1996]), this induces a mixed Hodge structure on H �.Cg;r IQ/.

To study the twisted cohomology of Modg, Looijenga [1996, Corollary 2.7] introduced a key subspace
of A�r :

(3-3) A0�r D
M
P jŒr �

� Y
fig2P

u2
i

�
QŒuI W I 2 P � aP :

By analyzing the Leray spectral sequence associated with the forgetful map Cg;r ! Mg, Looijenga
embedded the twisted cohomology groups of Modg with coefficients H 1.†gIQ/˝r into H �.Cg;r IQ/,
leading to the following theorem:

Theorem 3.3 [Looijenga 1996, Corollary 3.3] Let A0�r be as defined in (3-3). There is a graded Sr -
equivariant map of H �.ModgIQ/-modules which is also a morphism of mixed Hodge structures

H �.ModgIQ/˝A0�r !H ��r .ModgIH
1.†gIQ/

˝r /;

which is an isomorphism in degrees k such that g � 3
2
kC 1.

Here, the symmetric group Sr acts on the left-hand side by permuting the indices in Œr �, and on the
right-hand side by permuting the tensor factors of H 1.†gIQ/˝r . This equivariance allows Looijenga to
compute the cohomology of Modg with coefficients in any Schur functors of Sp2g.C/.

3.2 Kawazumi’s results

Instead of studying Leray spectral sequences, Kawazumi [2008] computed the twisted cohomology of
Modb

g;p with b � 1 in a different way. He first introduced a notation called weighted partitions:
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Definition 3.4 [Kawazumi 2008, Definition 1.1] A set yP Df.S1; i1/; .S2; i2/; : : : ; .S� ; i�/g is a weighted
partition of the index set f1; 2; : : : ; rg if

(1) the set fS1;S2; : : : ;S�g is a partition of the set f1; 2; : : : ; rg,

(2) i1; i2; : : : ; i� � 0 are nonnegative integers,

(3) each .Sa; ia/ for 1� a� � satisfies iaCjSaj � 2.

We denote by Pr the set of all weighted partitions of f1; 2; : : : ; rg.

Given a weighted partition yP , Kawazumi [2008, equation 1.10] defined the twisted Morita–Mumford
class

m yP 2H 2.
P�

aD1 ia/Cr�2�.Mod1
gIH

1.†1
gIZ/

˝r /;

and then computed the twisted cohomology of Modg;1 with coefficients in H 1.†1
gIZ/

˝r :

Theorem 3.5 [Kawazumi 2008, Theorem 1.B] For degrees �N.g/� r ,

H �.Mod1
gIH

1.†1
gIZ/

˝r /Š
M
yP2Pr

H �.Mod1
gIZ/m yP :

Kawazumi also computed the twisted cohomology of Modb
g;p with coefficients H 1.†b

g;pIZ/
˝r for

general b � 1. His proof is based on the Gysin sequence (Proposition 2.12) and induction.

Theorem 3.6 [Kawazumi 2008, Theoerm 1.A] For b � 1, p � 0, we have

H �.Modb
g;pIH

1.†b
g;pIZ/

˝r /ŠH �.Modb
g;pIZ/˝H �.Mod1

gIZ/
H �.Mod1

gIH
1.†1

gIZ/
˝r /

in degrees �N.g/� r .

3.3 Reproving the case of †1
g

While Kawazumi’s theorem, Theorem 3.5, allows us to obtain the cohomology of Mod1
g with coefficients

in H 1.†1
gIQ/

˝r , we provide an alternative derivation using Looijenga’s framework.
We define a subspace of A�r from Theorem 3.1 with mixed Hodge substructures:

(3-4) A00�r D
M
P jŒr �

� Y
fig2P

ui

�
QŒuI W I 2 P � aP :

A reinterpretation of Theorem 3.5 using Looijenga’s setup is:

Proposition 3.7 Let A00�r be as defined in (3-4). There is a graded map of H �.Mod1
gIQ/-modules , which

is also a morphism of mixed Hodge structures

H �.Mod1
gIQ/˝A00�r !H ��r .Mod1

gIH
1.†1

gIQ/
˝r /;

which is an isomorphism in degrees k such that g � 3
2
kC 1.
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A nonrigid proof is identifying the twisted Morita–Mumford class m yP with
Q

Sa2P u
ia

Sa
� aP , where

yP D f.S1; i1/; .S2; i2/; : : : ; .S� ; i�/g and P D fS1;S2; : : : ;S�g. It can be observed that their degrees
differ by r , which is because Proposition 3.7 is stated with a degree shift by r . To rigorously prove
Proposition 3.7, we first need the following lemma:

Lemma 3.8 H 0.Modg;1IH
2.†gIQ// is isomorphic to Q generated by af1;2g.

Proof Recall that Cg;2.`/ is the moduli space of closed genus-g Riemann surfaces with two ordered
marked points that are not necessarily distinct. By forgetting the first marked point in Cg;2.`/, we obtain
a map Cg;2!Mg;1. The associated Leray spectral sequence is

E
p;q
2
DH p.Mg;1IH

q.†gIQ//)H pCq.Cg;2IQ/:

We then identify H 0.Modg;1IH
2.†gIQ// with E

0;2
2

. This Leray spectral sequence degenerates at E2

by Deligne’s theorem, Theorem 2.17, so Eg DE2. Therefore, the map

H k.Cg;2IQ/!Ek�2;2
g !E

k�2;2
2

DH k�2.Mg;1IH
2.†gIQ//

is integration along fibers. Recall that af1;2g denotes the Poincaré dual of Mg;1 in Cg;2, where Mg;1

embeds into Cg;2 via the trivial section,

Mg;1! Cg;2; .C;x1/ 7! .C;x1;x2 D x1/:

Then for any ! 2H k�2.Mg;1IH
2.†gIQ//, letting z! be its preimage in H k.Cg;2IQ/, we haveZ

Cg;2

z! ^ af1;2g D

Z
Mg;1

!:

Thus E
0;2
2
DH 0.Modg;1IH

2.†gIQ// is isomorphic to Q generated by af1;2g.

Proof of Proposition 3.7 We first prove by induction on r that there is an isomorphism

H �.Modg;1IQ/˝A00�r !H ��r .Modg;1IH
1.†g;1IQ/

˝r /

in degrees � 2
3
.g� 1/. When r D 0, the statement is vacuously true.

For r � 1, we suppose it is true for any s � r � 1 there is an isomorphism in degrees � 2
3
.g� 1/:

H �.Modg;1IQ/˝A00�s !H ��s.Modg;1IH
1.†g;1IQ/

˝s/:

Recall that Cg;rC1 is the moduli space of closed genus-g Riemann surfaces with .r C 1/ ordered
marked points. Looijenga’s theorem, Theorem 3.1, gives us the isomorphism of mixed Hodge structures

H �.Cg;rC1IQ/ŠH �.ModgIQ/˝A�rC1

in degrees � 2
3
.g� 1/.
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By forgetting all but the last marked point in Cg;rC1, we obtain a map f W Cg;rC1!Mg;1, where
Cg;rC1 is a complex orbifold. The associated Leray spectral sequence with Q-coefficients is

E
p;q
2
DH p.Mg;1IR

qf�.Q//)H pCq.Cg;rC1IQ/:

Since we are working over Q, we have Rqf�.Q/ D H q..†g/
�r IQ/. Notice that each fiber of f is

projective. Thus we can apply the orbifold version of Deligne’s theorem, Theorem 2.17, which means the
above spectral sequence degenerates at page 2. This implies

H k.Cg;rC1IQ/Š
M

pCqDk

H p.Mg;1IH
q..†g/

�r
IQ//:

The moduli space Mg;1 of closed genus-g Riemann surfaces with one marked point has the same rational
cohomology as Modg;1. Thus we can rewrite the above as

H k.Cg;rC1IQ/Š
M

pCqDk

H p.Modg;1IH
q..†g/

�r
IQ//:

The Leray filtration preserves the mixed Hodge structure of H �.Cg;rC1IQ/, therefore the E2-page terms
E

p;q
2
DH p.Modg;1IH

q..†g/
�r IQ// inherit mixed Hodge structures.

We can expand the coefficients H q..†g/
�r IQ/ by the Künneth formula:

H q..†g/
�r
IQ/Š

M
i1Ci2C���CirDq

H i1.†gIQ/˝H i2.†gIQ/˝ � � �˝H ir .†gIQ/:

Identifying H �.†gIQ/ with H �.†g;1IQ/ as Modg;1 modules, we have

H p
�
Modg;1IH

q..†g/
�r
IQ/

�
Š

M
i1Ci2C���CirDq

H p
�
Modg;1IH

i1.†g;1IQ/˝H i2.†g;1IQ/˝ � � �˝H ir .†g;1IQ/
�
:

Observe that H k�r .Modg;1IH
1.†g;1IQ/

˝r / is the component of H k�r .Modg;1IH
r ..†g/

�r IQ//

with i1 D i2 D � � � D ir D 1. Let’s consider the other components of H k�r .Modg;1IH
r ..†g/

�r IQ//:

(1) When some ij D 0, the cohomology

H p.Modg;1IH
i1.†g;1IQ/˝ � � �˝H ij .†g;1IQ/˝ � � �˝H ir .†g;1IQ//

is a component of H p.Modg;1IH
q..†g/

�r IQ// where q � 2r � 2. For each 2 � i � r C 1,
define  i W Cg;rC1 ! Cg;r to be the map that forgets the i-th marked point. Notice the map
f W Cg;rC1!Mg;1 factors through  i , so we have the diagram

.†g/
�r

��

// Cg;rC1

f
//

 i

��

Mg;1

id
��

.†g/
�.r�1/ // Cg;r

// Mg;1
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The map  �i WH
�.Cg;r IQ/!H �.Cg;rC1IQ/ induces maps between items in the two Leray spectral

sequences. That is,

H p.Modg;1IH
q..†g/

�.r�1/
IQ//!H p.Modg;1IH

q..†g/
�r
IQ//:

When q � 2r � 2, the image of the above map is clear by the Künneth formula and induction on r .

(2) When some ij D 2, the cup product

H p
�
Modg;1IH

i1.†g;1IQ/˝� � �˝H
yij.†g;1IQ/˝� � �˝H ir.†g;1IQ/

�
˝H 0.Modg;1IH

2.†g;1IQ//

!H p
�
Modg;1IH

i1.†g;1IQ/˝� � �˝H ij .†g;1IQ/˝� � �˝H ir .†g;1IQ/
�

turns out to be an isomorphism by direct computations. The term

H p.Modg;1IH
i1.†g;1IQ/˝ � � �˝H

bij .†g;1IQ/˝ � � �˝H ir .†g;1IQ//

is a component of H p.Modg;1IH
�..†g/

�.r�1/IQ//, so it is known by induction. By Lemma 3.8,
we know H 0.Modg;1IH

2.†g;1IQ// is Q generated by af1;jC1g. We also make use of the relations
(3-1) and (3-2) satisfied by ui ; aI to simplify the notation (e.g., write af1;2gaf1;3g D af1;2;3g).

The maps in (1) and (2) are morphisms of mixed Hodge structures. All the Hodge structures involved
are polarizable, hence semisimple by Theorem 2.26. Therefore, after carefully writing terms of the
above two types in terms of partitions P , we can exclude them to get H k�r .Modg;1IH

1.†g;1IQ/
˝r /

in Table 1 as follows. (For the polynomials in the table, we mean the degree k parts of them. For the
j1; j2; : : : indices in the table, they should be distinct and between 2 and r C 1. The order listed is by
increasing q. As a shorthand, we write K DH �.ModgIQ/. We always have degree k � 2

3
.g� 1/.)

From Table 1, we conclude that the map

H �.ModgIQ/˝QŒurC1�˝

�M
P jŒr �

� Y
fig2P

ui

�
QŒuI W I 2 P � aP

�
!H ��r .Modg;1IH

1.†g;1IQ/
˝r /

is an isomorphism of mixed Hodge structures in degrees � 2
3
.g� 1/.

Notice that via the map f W Cg;rC1! Cg;1, the image of H �.Cg;1IQ/ in H �.Cg;rC1/ is exactly

H �.ModgIQ/˝QŒurC1�:

Thus we can rewrite the result as

(3-5) H ��r .Modg;1IH
1.†g;1IQ/

˝r /ŠH �.Modg;1IQ/˝

�M
P jŒr �

� Y
fig2P

ui

�
QŒuI W I 2 P � aP

�

in degrees � 2
3
.g� 1/. We finish the induction.

The last step is getting the twisted cohomology of Mod1
g. By gluing a punctured disk to †1

g, we obtain
a map

1! Z!Mod1
g!Modg;1! 1:
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P jŒrC1� H k.Cg;rC1IQ/
L

pCqDk H p.Modg;1IH
q..†g/

�r IQ//

f1g; : : : ; frC1g K˝QŒu1;u2; : : : ;urC1� K˝QŒurC1�

K˝uj1
QŒurC1;uj1

�

K˝uj1
�uj2

QŒurC1;uj1
;uj2

�
:::

K˝uj1
� � �ujr�1

QŒurC1;uj1
; : : : ;ujr�1

�

? �H k�r .Modg;1IH
1.†g;1IQ/˝r /

frC1g; I2Df1; : : : ; rg K˝QŒurC1;uI2
� aI2

? �H k�r .Modg;1IH
1.†g;1IQ/˝r /

frC1g, K˝QŒuI WI 2P � aP K˝QŒurC1;uI WI 2P; jI j�2� aP

PnfrC1g not as above K˝uj1
QŒurC1;uj1

;uI W fj1g2P; I 2P; jI j�2� aP

if
P
jI j�2 jI j<r�1

:::

K˝uj1
� � �ujmQ

�
urC1;uj1

; : : : ;ujm ;uI W

fj1g; : : : fjmg; I 2P; jI j�2
�

aP

if mC
P

I2P;jI j�2 jI jDr�1

? �H k�r .Modg;1IH
1.†g;1IQ/˝r /

(*Take the degree k�2.jI1j�1/ part of polynomials)

rC12I1; jI1j�2 K˝QŒuI WI 2P � aP K˝QŒuI WI 2P; jI j�2�
Q

I2P;I¤I1
aI /

K˝uj1
QŒuj1

;uI W fj1g2P; I 2P; jI j�2�Q
I2P;I¤I1

aI

K˝uj1
� � �ujnQ

�
uj1
; : : : ;ujn ;uI W fj1g; : : : ; fjng,

I 2P; jI j�2
�Q

I2P;I¤I1
aI

if nC
P

I2P;jI j�2 jI jDrC1

(*The above is equivalent to the degree k part of
the polynomial multiplied by u

jI1j�1
I1

, thus
equivalent to polynomials whose last term is aP .)

Table 1: Rational cohomology of Cg;rC1 written in two ways.

The associated Gysin sequence (Proposition 2.12) with coefficients H 1.†g;1IQ/
˝r is

� � � !H ��r�2.Modg;1IH
1.†g;1IQ/

˝r /!H ��r .Modg;1IH
1.†g;1IQ/

˝r /

!H ��r .Mod1
gIH

1.†g;1IQ/
˝r /!H ��r�1.Modg;1IH

1.†g;1IQ/
˝r / � � � :

Here the map

H ��r�2.Modg;1IH
1.†g;1IQ/

˝r /!H ��r .Modg;1IH
1.†g;1IQ/

˝r /

is the multiplication by the Euler class e1 2H 2.Modg;1IQ/, so it is injective. Thus the above long exact
sequence splits into short exact sequences:
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0!H ��r�2.Modg;1IH
1.†g;1IQ/

˝r /
� e1
�!H ��r .Modg;1IH

1.†g;1IQ/
˝r /

!H ��r .Mod1
gIH

1.†g;1IQ/
˝r /! 0:

The first two nonzero terms can be obtained from (3-5). Taking cokernel in the short exact sequence gives

H ��r .Mod1
gIH

1.†1
gIQ/

˝r /ŠH �.ModgIQ/˝

�M
P jŒr �

� Y
fig2P

ui

�
QŒuI W I 2 P � aP

�
in degrees � 2

3
.g� 1/.

3.4 Extending the results to general †b
g;p

By combining the results of Looijenga and Kawazumi, we establish the following theorem on the twisted
cohomology of Modb

g;p for pC b � 1:

Theorem 3.9 Let g;p; b be positive integers such that pC b � 1. The Q-vector space A00�r is defined in
(3-4). There is a graded Sr -equivariant map of H �.Modb

g;pIQ/-modules , which is also a morphism of
mixed Hodge structures

H �.Modb
g;pIQ/˝A00�r !H ��r .Modb

g;pIH
1.†b

g;pIQ/
˝r /;

which is an isomorphism in degrees � 2
3
.g� 1/.

Remark 3.10 One could derive this result by repeating the method used to prove Proposition 3.7.
However, that approach requires lots of repetitive computations. Instead, we present a simplified proof
using Kawazumi’s results.

Proof Applying Kawazumi’s theorem, Theorem 3.6, over Q, we obtain for b � 1:

H �.Modb
g;pIH

1.†b
g;pIQ/

˝r /ŠH �.Modb
g;pIZ/˝H �.Mod1

gIZ/H �.Mod1
gIH

1.†1
gIZ/

˝r /:

Using the expression of H �.Mod1
gIH

1.†1
gIQ/

˝r / in Proposition 3.7, we have

(3-6) H ��r .Modb
g;pIH

1.†b
g;pIQ/

˝r /ŠH �.Modb
g;pIQ/˝H �.Mod1

gIQ/

�
H �.Mod1

gIQ/˝A00�r
�

ŠH �.Modb
g;pIQ/˝A00�r

in degrees � 2
3
.g� 1/.

The remaining case to consider is when b D 0 and p � 1. We proceed by gluing a punctured disk to
the boundary component of †1

g;p�1
, which gives rise to the exact sequence

1! Z!Mod1
g;p�1!Modg;p! 1:

Taking the Gysin sequence (Proposition 2.12) with coefficients H 1.†1
g;p�1

IQ/˝r ŠH 1.†g;pIQ/˝r ,
we obtain

� � � !H ��r�2.Modg;pIH
1.†g;pIQ/

˝r /!H ��r .Modg;pIH
1.†g;pIQ/

˝r /

!H ��r .Mod1
g;p�1IH

1.†1
g;p�1IQ/

˝r /!H ��r�1.Modg;pIH
1.†g;pIQ/

˝r /! � � � :
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Here, the map

H ��r�2.Modg;pIH
1.†g;pIQ/

˝r /!H ��r .Modg;pIH
1.†g;pIQ/

˝r /

is left multiplication by the Euler class ep 2H 2.Modg;pIQ/, which is injective in degrees � 2
3
.g� 1/.

This allows us to split the above sequence into short exact sequences:

0!H ��r�2.Modg;pIH
1.†g;pIQ/

˝r /
� ep
�!H ��r .Modg;pIH

1.†g;pIQ/
˝r /

!H ��r .Mod1
g;p�1IH

1.†1
g;p�1IQ/

˝r /! 0:

From this, we conclude

H ��r .Modg;pIH
1.†g;pIQ/

˝r /ŠQŒep �˝H ��r .Mod1
g;p�1IH

1.†1
g;p�1IQ/

˝r /:

Using equation (3-6), we obtain

H ��r .Modg;pIH
1.†g;pIQ/

˝r /ŠQŒep �˝H �.Mod1
g;p�1IQ/˝A00�r ŠH �.Modb

g;pIQ/˝A00�r

in degrees � 2
3
.g � 1/, where the last isomorphism follows from Theorem 2.3. This completes the

proof.

4 Moduli spaces of Riemann surfaces with level structures

In this section, we study a moduli space denoted by Cg;r .`/ and compute its rational cohomology for
sufficiently large genus g.

4.1 The moduli space Mg;r.`/

Recall that the moduli space Mg;r .`/ of Riemann surfaces homeomorphic to †g;r with a level-` structure
is defined as

Mg;r .`/ WD Teich.†g;r /=Modg;r .`/;

where
Teich.†g;p/D fcomplex structures on †g;pg=homotopy

is the Teichmüller space of †g;p. When ` � 3, the action of Modg;r .`/ on Teich.†g;r / is free; see
for example [Putman 2012, Section 7.1]. Consequently Mg;r .`/ is a quasiprojective variety whose
cohomology coincides with the group cohomology of Modg;r .`/.

For `D 2, the moduli space Mg;r .2/ is an orbifold, but it admits a finite branched cover (e.g., Mg;r .4/)
that is a quasiprojective variety.

A more explicit description of Mg;r .`/ is given by8<:.C;x1;x2; : : : ;xr ; h/

ˇ̌̌̌
ˇ

C is a closed Riemann surface of genus g;

xi are distinct points on C;

h WH1.Cnfx1; : : : ;xr gIZ=`/!H1.†g;r IZ=`/ is an isomorphism

9=;
,
�;

Geometry & Topology, Volume 30 (2026)



Prym representations and twisted cohomology 177

where

.C;x1;x2; : : : ;xr ; h/� .C
0;x01;x

0
2; : : : ;x

0
r ; h
0/

if there exists a biholomorphism f W C ! C 0 such that f .xi/D x0i for 1� i � r and the induced map f�
on H1.�IZ=`/ satisfies h0 ıf� D h.

To define Cg;r .`/ as a moduli space containing Mg;r .`/, we introduce an alternative perspective on
Mg;r .`/. Consider the map �.rC1/ WMg;rC1.`/!Mg;1.`/ defined by

�.rC1/
W .C;x1; : : : ;xrC1; h/ 7! .C;x1; yh/;

where yh WH1.Cnfx1gIZ=`/!H1.†g;1IZ=`/ is the map p2 ı h ı s as shown in the diagram

H1.Cnfx1; : : : ;xrC1gIZ=`/
h
//

p1

��

H1.†g;rC1IZ=`/

p2

��

H1.Cnfx1gIZ=`/

s

DD

H1.†g;1IZ=`/

where the vertical maps p1;p2 are obtained by forgetting all but the first marked points, while s is
an arbitrary section of p1. The definition of yh is independent of the choice of the section s, since the
homology class of a loop around the i -th puncture (2� i � r C1) maps to 0 in H1.†g;1IZ=`/. It can be
verified directly that �.rC1/ WMg;rC1.`/!Mg;1.`/ is well-defined.

Let DDH1.†g;1IZ=`/. Denote by z†g;1 .D/ the regular D-cover of †g;1 associated with the homo-
morphism

�1.†g;1/!H1.†g;1IZ=`/:

The fiber of the map �.rC1/ can be interpreted as follows:

Proposition 4.1 The fiber of the map �.rC1/ WMg;rC1.`/!Mg;1.`/ is isomorphic to the orbit configu-
ration space

ConfD
r .
z†g;1 .D//D f.y2;y3; : : : ;yrC1/ j yi 2

z†g;1 .D/Iyi ¤ d �yj for all d 2 D; i ¤ j g;

which is the space of r ordered points in z†g;1 .D/ in different D-orbits.

Proof We prove this by induction on r .
For r D 1, the orbit configuration space ConfD

1 .
z†g;1 .D// is z†g;1 .D/. For a given element in Mg;1.`/,�

C;x1; h WH1.Cnfx1gIZ=`/!H1.†g;1IZ=`/
�
;

its preimage under �.2/ WMg;2.`/!Mg;1.`/ consists of elements�
C;x1;x2; zh WH1.Cnfx1;x2gIZ=`/!H1.†g;2IZ=`/

�
2Mg;2.`/;

where x2 2 Cnfx1g and p2 ı
zh ı s D h. For two such elements .C;x1;x2; zh/ and .C;x1;x2; zh

0/, they
differ by

zh�1
ı zh0 WH1.Cnfx1;x2gIZ=`/!H1.Cnfx1;x2gIZ=`/:
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Fix a symplectic basis ˛1; ˇ1; : : : ; ˛g; ˇg of H1.Cnfx1gIZ=`/, and let ı 2H1.Cnfx1;x2gIZ=`/ denotes
the homology class of the loop around the x2. Then the matrix corresponding to zh�1 ı zh0 under the basis
˛1; ˇ1; : : : ; ˛g; ˇg; ı is �

I2g�2g 02g�1

Ev 01�1

�
;

where Ev 2 H1.Cnfx1gIZ=`/ Š D. A point x2 2 Cnfx1g and a deck transformation Ev 2 D together
determine a point y2 in the regular D-cover of Cnfx1g. Thus the fiber of �.2/ is homeomorphic
to z†g;1 .D/. We remark that the long exact sequence of homotopy groups associated to the fibration
z†g;1 .D/ ,!Mg;2.`/!Mg;1.`/ when `� 3 is

0! �1.z†g;1 .D//!Modg;2.`/!Modg;1.`/! 0;

which is exactly the mod-` Birman exact sequence.
For r � 2, assume that the fiber of �.r/ WMg;r .`/!Mg;1.`/ is

ConfD
r�1.
z†g;1 .D//D f.y2;y3; : : : ;yr / j yi 2

z†g;1 .D/I if i ¤ j ; then yi ¤ d �yj for all d 2 Dg:

Our goal is to find the fiber of �.rC1/ WMg;rC1.`/!Mg;1.`/. Notice that by definition �.rC1/ is the
composition map �.r/ ı z� , where z� W Mg;rC1.`/! Mg;r .`/ is defined in a similar way to �.rC1/ by
forgetting the marked point xrC1 and projecting h WH1.Cnfx1; : : : ;xrC1gIZ=`/!H1.†g;rC1IZ=`/

to yh WH1.Cnfx1; : : : ;xr gIZ=`/!H1.†g;r IZ=`/. By the same argument as r D 1, the fiber of z� is the
regular D-cover of †g;r , which we denote by z†g;r .D/. Therefore the fiber of the composition �.r/ ı z� is

f.y1;y2; : : : ;yr�1/ 2 ConfD
r�1.
z†g;1 .D//;yr 2

z†g;r .D/g;

which is exactly ConfD
r .
z†g;1 .D//. This completes the induction.

Since the fiber of Mg;rC1.`/!Mg;1.`/ can be described as an orbit configuration space of r points
on the regular D-cover of †g;1, we can express Mg;rC1.`/ as follows:

Corollary 4.2 The moduli space Mg;rC1.`/ can be described as8<:.C;x1;y2; : : : ;yrC1; h/

ˇ̌̌̌
ˇ

C closed genus-g Riemann surface, x1 2 C;y2; : : : ;yrC1 2
zC.D/;

y2; : : : ;yrC1 project to distinct points in C n fx1g;

h WH1.Cnfx1gIZ=`/!H1.†g;1IZ=`/ is an isomorphism

9=;
�
�;

where zC.D/ is the regular D-cover of C associated with the homomorphism

�1.C;x1/!H1.Cnfx1gIZ=`/
h
�!H1.†g;1IZ=`/D D:

Two tuples .C;x1;y2; : : : ;yrC1; h/ and .C 0;x0
1
;y0

2
; : : : ;y0

rC1
; h0/ are equivalent if there exists a biholo-

morphism f W C ! C 0 satisfying

� f .x1/D x0
1
,

� the induced map f� on H1.�IZ=`/ satisfies f� ı hD h0,

� the unique lifting of f with zf .y1/D y0
1

satisfies zf .yi/D y0i for 2� i � r C 1.
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4.2 The moduli space Cg;r.`/

In Corollary 4.2, if we relax the condition on the marked points y2; : : : ;yrC1 and allow these points to be
located anywhere in the regular D-cover of †g, we obtain a larger moduli space that contains Mg;rC1.`/

as an open subvariety provided `� 3. Let Cg;rC1.`/ denote this moduli space, defined as�
.C;x1;y2; : : : ;yrC1; h/

ˇ̌̌
C closed genus-g Riemann surface, x1 2 C; y2; : : : ;yrC1 2

zC.D/;

h WH1.Cnfx1gIZ=`/!H1.†g;1IZ=`/ is an isomorphism

�.
�;

where the equivalence relation is the same as that in Mg;rC1.`/.

Remark 4.3 The moduli space Cg;rC1.`/ is strictly larger than the r -fold fiber product of �.2/ WMg;2.`/!

Mg;1.`/. This is because the definition of Cg;rC1.`/ permits the marked points y2; : : : ;yrC1 on zC.D/ to
project to the same point as x1, which is not allowed in the fiber product.

To describe subvarieties of Cg;r .`/ with different conditions on the marked points y2; : : : ;yr on the
regular D-cover of †g, we introduce the following notion:

Definition 4.4 Fix a group D. A set zP D f.S1; Ed1/; .S2; Ed2/; : : : ; .S� ; Ed�/g is called a D-weighted
partition of the index set Œr �D f1; 2; : : : ; rg, if:

(1) The set fS1;S2; : : : ;S�g is a partition of the set f1; 2; : : : ; rg.

(2) For each 1� a� �, there is an order in Sa D fi1 < i2 < � � �< ijSajg.

(3) For each 1�a��, the element Eda is a tuple .d .1/a ; d
.2/
a ; : : : ; d

.jSaj�1/
a /, with d

.i/
a 2D. By convention,

Eda is empty if jSaj D 1.

We denote by PD
r the set of all D-weighted partitions of the index set f1; 2; : : : ; rg. For zI D .S; Ed/ 2 zP ,

define j zI j to be jS j.

We then apply this notion to denote subvarieties of Cg;r .`/ in the following way:

Notation 4.5 For a D-weighted partition zP D f.S1; Ed1/; .S2; Ed2/; : : : ; .S� ; Ed�/g of the index set Œr �D
f1; 2; : : : ; rg, we denote by M. zP / the subvariety of Cg;r .`/ where the marked points y1 (lifting of x1),
y2; : : : ;yr satisfy:

� Points indexed by elements in the same Sa lie in the same D-orbit, while points indexed by different
Sa’s do not.

� For each 1� a� �, writing SaDfi
.a/
1
< � � �< i

.a/

jSaj
g and EdaD .d

.1/
a ; : : : ; d

.jS j�1/
a /, the points satisfy

y
i
.a/

j

D d .j�1/
a �y

i
.a/

1

for 2� j � jSaj:

A D-weighted partition encodes two pieces of information about the positions of the marked points on
the regular D-cover of †g. First, it specifies whether any of the points project to the same point on C .
Second, if they do, it indicates how these points differ under the D-action.
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By definition, each M. zP / can be identified with M
g;j zP j

.`/, where j zP jD�. Considering all possible con-
figurations of the marked points, we get a natural stratification of Cg;r .`/ as a disjoint union of subvarieties

(4-1) Cg;r .`/D
a
zP2PD

r

M
g;j zP j

.`/;

where PD
r denotes the set of all D-weighted partitions of Œr �.

4.3 Rational cohomology of Cg;r.`/

The stratification (4-1) of Cg;r .`/ allows us to compute the rational cohomology of Cg;r .`/.
First, let us introduce the following cohomology classes in H �.Cg;r .`/IQ/:

(1) For 1� i � r , let
vi 2H 2.Cg;r .`/IQ/

be the first Chern class of �i D g�i .�/, where � is the relative tangent sheaf of the universal curve
� WMg;1!Mg, and

gi W Cg;r .`/!Mg;1.`/!Mg;1

is the composition map, where the first map is

Cg;r .`/!Mg;1.`/; .C;x1;y2; : : : ;yr ; h/ 7!

�
.C;x1; h/ if i D 1;

.C; xyi ; h/ if i � 2:

Here xyi is the image of yi under the covering map zC.D/!C . One can also view vi as the pullback of
the Euler class e1 2H 2.Mg;1IQ/ via gi . The first Chern class of �i restricted to the open subvariety
Mg;rC1.`/ is exactly the Euler class

ei 2H 2.Modg;rC1.`/IQ/ŠH 2.Modg;rC1IQ/:

(2) For a D-weighted partition zP of the index set Œr �, and zI D .S; Ed/ 2 zP with jS j � 2, write

S D fi1 < i2 < � � �< ijS jg; Ed D .d .1/; d .2/; : : : ; d .jS j�1//:

Let
azI 2H 2j zI j�2.Cg;r .`/IQ/

be the Poincaré dual of the subvariety of Cg;r .`/ whose points y1;y2; : : : ;yr satisfy

(4-2) yijC1
D d .j/ �yi1

for 1� j � jS j � 1:

Denote this subvariety by Cg;r .`/ŒzI �.

Lemma 4.6 The cohomology classes vi and azI satisfy the relations

viazI D vj azI if i; j 2 S with zI D .S; Ed/;(4-3)

azI a zJ D v
j zI\ zJ j�1
i azI[ zJ if i 2 S0 with zI \ zJ D .S0; Ed0/¤¿;(4-4)

azI a zJ D 0 if conditions (4-2) for zI and zJ contradict.(4-5)
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Proof First, for any zI D .S; Ed/ 2 zP , if i; j 2 S , then since �i D g�i .�/ and �j D g�j .�/ have isomorphic
restrictions to Cg;r .`/ŒzI �, we obtain the relation (4-3).

Next, consider two elements zI D .S; Ed/ and zJ D .T; Ep/, the intersection of their corresponding
subvarieties, Cg;rC1.`/ŒzI �\Cg;rC1.`/Œ zJ �, falls into one of the following cases:

� If S \ T D ¿, the intersection Cg;rC1.`/ŒzI �\ Cg;rC1.`/Œ zJ � is a nonempty closed subvariety of
Cg;rC1.`/ that combines the conditions (4-2) imposed by zI and zJ . In this case, no additional
relations hold between azI and a zJ .

� If S \T ¤¿ and the conditions (4-2) imposed by zI and zJ are compatible, we define the union of
zI and zJ as

zI [ zJ WD .S [T; Ed [ Ep/:

In this case, we have

Cg;rC1.`/ŒzI �\Cg;rC1.`/Œ zJ �D Cg;rC1.`/ŒzI [ zJ �:

Applying [Looijenga 1996, Lemma 2.4], we obtain the relation (4-4).

� If S \T ¤¿ but the conditions (4-2) imposed by zI and zJ are inconsistent, then

Cg;rC1.`/ŒzI �\Cg;rC1.`/Œ zJ �D¿:

Consequently, we obtain the vanishing relation (4-5).

This completes the proof.

Example 4.7 Let us look at some examples of these relations.

(1) If zI D .f1< 2g; d/, then 1; 2 2 zI and the first relation in the above lemma applies:

v1a.f1<2g;d/ D v2a.f1<2g;d/:

(2) If zI D .f1< 2g; d/ and zJ D .f1< 3g; d 0/, then zI [ zJ D .f1< 2< 3g; .d; d 0//, because

Cg;rC1.`/ŒzI �\Cg;rC1.`/Œ zJ �D Cg;rC1.`/ŒzI [ zJ �:

The intersection is zI \ zJ D .f1g/. The second relation above applies:

a.f1<2g;d/ � a.f1<3g;d 0/ D 1 � a.f1<2<3g;.d;d 0//:

(3) If zI D .f1< 2g; d/ and zJ D .f1< 2g; d 0/ with d ¤ d 0, then we can see

Cg;rC1.`/ŒzI �\Cg;rC1.`/Œ zJ �D¿;

since you cannot simultaneously require that the second marked point is d �x1 and d 0 �x1. In this
case we should have zI\ zJ D¿ and we do not have the second relation above for azI and a zJ . Instead,
since Cg;rC1.`/ŒzI � and Cg;rC1.`/Œ zJ � are disjoint, we have

a.f1<2g;d/a.f1<2g;d 0/ D 0 if d ¤ d 0:
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Now we state the result of the rational cohomology of Cg;r .`/.

Theorem 4.8 Let vi ; azI be as defined above. Define Ar .`/
� as the graded commutative Q-module

generated by all vi and azI , subject to the relations (4-3), (4-4) and (4-5). Then , there exists an algebra
homomorphism

H �.Modg.`/IQ/˝Ar .`/
�
!H �.Cg;r .`/IQ/;

which is an isomorphism in degrees k such that g � 2k2C 7kC 2.

Remark 4.9 To express Ar .`/
� explicitly as a vector space, following Looijenga’s approach in Remark 3.2,

we introduce the following notation:

� Given a D-weighted partition zP of the index set Œr �, define

a zP D
Y

zI2 zP ; j zI j�2

azI :

By relations (4-4) and (4-5), the module Ar .`/
� can be viewed as a QŒvi W 1� i � r �-module generated

by all a zP , subject to the relation (4-3).

� Given a D-weighted partition zP of Œr �, define an equivalence relation on the set fv1; : : : ; vr g by

vi � vj if and only if i; j 2 S for some zI D .S; Ed/ 2 zP :

Let vzI denote the equivalence class of vi for any i 2 S with zI D .S; Ed/ 2 zP . In particular, when
zI D .fig;¿/, we have vI D vi .

Using this notation, the vector space Ar .`/
� admits the decomposition

(4-6) Ar .`/
�
D

M
zP2PD

r

QŒvzI W
zI 2 zP � a zP :

Remark 4.10 Fix the grading of the generators so that

� vi has degree 2,

� azI has degree 2j zI j � 2.

Then Ar .`/
� decomposes as

Ar .`/
�
D

gM
mD0

Ar .`/
2m;

where Ar .`/
2m denotes the degree 2m part. This grading induces a mixed Hodge structure on Ar .`/

�, in
which Ar .`/

2m has Hodge type .m;m/.
By Putman’s theorem, Theorem 2.7, we have an isomorphism

H �.Modg.`/IQ/ŠH �.ModgIQ/

in degrees k such that g � 2k2C 7kC 2. Consequently, H �.Modg.`/IQ/ inherits a canonical mixed
Hodge structure as described in [Looijenga 1996, Section 2.5].
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Moreover, by Theorem 2.25, the rational cohomology of Cg;r .`/ carries a canonical polarizable mixed
Hodge structure. In Theorem 4.8, the map

H �.Modg.`/IQ/˝Ar .`/
�
!H �.Cg;r .`/IQ/

is a morphism of mixed Hodge structures.

Proof of Theorem 4.8 We compute H �.Cg;r .`/IQ/ based on the stratification (4-1).
For integers k � 0, let Uk be the union of the strata Mg;j zP j of codimension � 2k, and let Sk be the

union of the strata M
g;j zP j

of codimension 2k. We prove by induction on k that

H �.Modg.`/IQ/˝
M

zP2PD
r ; r�j zP j�k

QŒvzI W
zI 2 zP � a zP !H �.Uk IQ/

is an isomorphism in degrees k such that g � 2k2C 7kC 2.
The final case k D r is what the theorem statement is since Ur D Cg;r .`/.
In the base case k D 0, the space U0 is exactly Mg;r .`/ with the weighted partition being zP D

ff1g; f2g; : : : ; frgg. In degrees k such that g � 2k2C 7kC 2, by Theorem 2.7 we have

H �.Modg.`/IQ/˝QŒv1; : : : ; vr �
Š
�!H �.U0IQ/ŠH �.ModgIQ/˝QŒe1; : : : ; er �:

For general k, suppose the map

(4-7) H �.Modg.`/IQ/˝
M

zP2PD
r ; r�j zP j�k�1

QŒvzI W
zI 2 zP � a zP !H �.Uk�1IQ/

is an isomorphism in degrees k such that g� 2k2C7kC2. Notice that Uk�1 is an open subvariety of Uk ,
whose complement Sk has codimension 2k. The corresponding Thom–Gysin sequence (Proposition 2.14)
is

� � � !H ��2k.Sk IQ/!H �.Uk IQ/!H �.Uk�1IQ/!H �C1.Uk IQ/! � � � :

Here the map H �.Uk IQ/!H �.Uk�1IQ/ is surjective since the map (4-7) factorizes over H �.Uk IQ/.
Thus we have a splitting short exact sequence

0!H ��2k.Sk IQ/!H �.Uk IQ/!H �.Uk�1IQ/! 0:

Recall
Sk D

a
zP2PD

rC1
; j zP jDr�k

M
g;j zP j

.`/:

We know H �.M
g;j zP j

.`/IQ/ from Theorem 2.7, and the Gysin map H ��2k.Sk IQ/! H �.Uk IQ/ re-
stricted to the component H �.M

g;j zP j
.`/IQ/ is the multiplication by a zP 2H 2k.Uk IQ/. Thus we conclude
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that in degrees k such that g � 2k2C 7kC 2 we have

H �.Uk IQ/ŠH �.Uk�1IQ/˚H ��2k.Sk IQ/

ŠH �.Modg.`/IQ/˝
M

zP2PD
r ; r�j

zP j�k�1

QŒvzI W
zI 2 zP � a zP ˚H �.Modg.`/IQ/

˝

M
zP2PD

r ; r�j
zP jDk

QŒvzI W
zI 2 zP � a zP

ŠH �.Modg.`/IQ/˝
M

zP2PD
r ; r�j

zP j�k

QŒvzI W
zI 2 zP � a zP :

This finishes the induction.

5 Twisted cohomology of the level-l mapping class groups
In this section, we prove Theorem B by embedding the twisted cohomology of the level-` mapping class
group, with coefficients in the r -tensor power of Prym representation, into H �.Cg;r .`/IQ/.

From Theorem 4.8, we recall that the rational cohomology of Cg;r .`/ is described using an algebra
Ar .`/

�, explicitly given by (4-6). To proceed, we define a Q-subspace of Ar .`/
� as

(5-1) A0r .`/
�
D

M
zP2PD

r

� Y
fig2 zP

vi

�
QŒvzI W

zI 2 zP � a zP ;

where PD
r is the set of all D-weighted partition of the index set Œr �; see Definition 4.4.

The symmetric group Sr naturally acts on A0r .`/
� by permuting the indices of Œr �. Furthermore, A0r .`/

�

inherits a mixed Hodge substructure from the mixed Hodge structure of Ar .`/
� in Remark 4.10.

5.1 Case of Modg;1.`/

We first analyze the case of Modg;1.`/.

Theorem 5.1 There is a graded Sr -equivariant map of H �.Modg;1.`/IQ/-modules which is also a
morphism of mixed Hodge structures

H �.Modg;1.`/IQ/˝A0r .`/
�
!H ��r .Modg;1.`/IHg;1.`IQ/

˝r /;

which is an isomorphism in degrees k such that g � 2k2C 7kC 2.

Recall that DDH1.†gIZ=`/ and Hg;1.`IQ/DH 1.z†g;1 .D/IQ/, where z†g;1 .D/ denotes the regular
D-cover of †g;1. Let z†g .D/ denote the regular D-cover of †g.

To compute H �.Modg;1.`/IHg;1.`IQ/
˝r /, we also need to consider twisted cohomology with coeffi-

cients in
H 1.z†g .D/IQ/

˝r and H 1.z†g .D/IQ/
˝r�1

˝Hg;1.`IQ/;

and similar mixed tensor products. To handle these cases systematically, we introduce the following
indexing notation:
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Definition 5.2 Set f .1/DHg;1.`IQ/ and f .0/DH 1.z†g .D/IQ/. For any r �1, let J D .J1;J2; : : : ;Jr /

be a sequence where Ji 2 f0; 1g for all i . Then, we define the corresponding r -tensor product

Hr .J / WD f .J1/˝f .J2/˝ � � �˝f .Jr /:

This notation allows us to track different tensor products involving H 1.z†g .D/IQ/ and Hg;1.`IQ/ in
a structured manner.

To describe the cohomology of Modg;1.`/ with coefficients in Hr .J /, we define when a D-weighted
partition is compatible with J :

Definition 5.3 Given D, r , J , Hr .J / as above, a D-weighted partition

zP D f.S1; Ed1/; .S2; Ed2/; : : : ; .S� ; Ed�/g

indexed by Œr C 1� is said to be compatible with J if:

(1) By convention, we assume 1 2 S1.

(2) For Ed1 D .d
.1/
1
; d
.2/
1
; : : : ; d

.jS1j�1/
1

/, each d
.i/
1

(1� i � jS1j � 1) is not the unit 1 in D.

(3) S1 does not contain any 2� a� r C 1 such that Ja�1 D 1.

Let PD
rC1

.J / denote the set of all D-weighted partitions indexed by Œr C 1� which are compatible with J .

Using this notation, the twisted cohomology H �.Modg;1.`/IH
r .J // is described as follows:

Theorem 5.4 There is a graded map of H �.Modg.`/IQ/-modules

H �.Modg.`/IQ/˝

� M
zP2PD

rC1
.J /

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � a zP

�
!H ��r .Modg;1.`/IH

r .J //;

which is an isomorphism in degrees k such that g � 2k2C 7kC 2.

Remark 5.5 Theorem 5.1 follows as a special case of Theorem 5.4 when J D .1; 1; : : : ; 1/. By
Definition 5.3, a D-weighted partition indexed by Œr C 1� that is compatible with .1; 1; : : : ; 1/ takes
the form

zP D f.S1; Ed1/D .f1g;¿/; .S2; Ed2/; : : : ; .S� ; Ed�/g:

This is in one-to-one correspondence with a D-weighted partition indexed by Œr �:

zP 0 D f.S2; Ed2/; : : : ; .S� ; Ed�/g:
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Thus, when J D .1; 1; : : : ; 1/, we obtain

H �.Modg.`/IQ/˝

� M
zP2PD

rC1
.J /

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � a zP

�

ŠH �.Modg.`/IQ/˝

� M
zP 02PD

r

� Y
fig2 zP 0

vi

�
QŒv1; vzI W

zI 2 zP 0� a zP 0

�

ŠH �.Modg.`/IQ/˝QŒv1�˝

� M
zP 02PD

r

� Y
fig2 zP 0

vi

�
QŒvzI W

zI 2 zP 0� a zP 0

�

ŠH �.Modg;1.`/IQ/˝

� M
zP 02PD

r

� Y
fig2 zP 0

vi

�
QŒvzI W

zI 2 zP 0� a zP 0

�
:

Now it suffices to prove Theorem 5.4. We begin with proving the case J D .0; 0; : : : ; 0/, where the
coefficients Hr .J /DH 1.z†g .D/IQ/

˝r :

Proof of Theorem 5.4 when J D .0; 0; : : : ; 0/ We proceed by induction on r . For rD0, the statement is

H �.Modg;1.`/IQ/ŠH �.Modg.`/IQ/˝QŒv1�;

which follows from Putman’s theorem (Theorem 2.7) and Looijenga’s theorem (Theorem 2.3).
Let r � 1. In the previous section, we studied the moduli space Cg;rC1.`/ and computed its stable

rational cohomology. Define the map

� W Cg;rC1.`/!Mg;1.`/; .C;x1;y2; : : : ;yrC1; h/ 7! .C;x1; h/;

which is a holomorphic map of quasiprojective varieties when `� 3 and a map of orbifolds when `D 2.
The fiber of � consists of r ordered (not necessarily distinct) points in the regular D-cover of the closed

genus-g Riemann surface C , so the fiber is homeomorphic to .z†g .D//
�r . Since the fiber is projective,

we can apply Deligne’s degeneration theorem (Theorem 2.17) to the map f , implying that the associated
Leray spectral sequence degenerates at the second page:

E
p;q
2
DH p.Mg;1.`/IH

q..z†g .D//
�r
IQ//)H pCq.Cg;rC1.`/IQ/:

Thus,
H k.Cg;rC1.`/IQ/Š

M
pCqDk

H p.Mg;1.`/IH
q..z†g .D//

�r
IQ//:

Since the Leray filtration respects the mixed Hodge structure of H�.Cg;rC1.`/IQ/, terms on the second
page inherit mixed Hodge structures.

On the one hand, by Theorem 4.8, the rational cohomology of Cg;rC1.`/ is given by

H �.Cg;rC1.`/IQ/Š
M
zP2PD

rC1

H �.Modg.`/IQ/˝QŒvzI W
zI 2 zP � a zP
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in degrees k such that g � 2k2C 7kC 2. This is also an isomorphism of mixed Hodge structures, as
discussed in Remark 4.10.

On the other hand, we can expand the terms on the second page of the Leray spectral sequence using
the Künneth formula:

H p.Modg;1.`/IH
q..z†g .D//

�r
IQ//

Š

M
i1Ci2C���CirDq

H p.Modg;1.`/IH
i1.z†g .D/IQ/˝H i2.z†g .D/IQ/˝ � � �˝H ir .z†g .D/IQ//:

Our target H k�r .Modg;1.`/IH
1.z†g .D/IQ/

˝r / is the component where i1 D � � � D ir D 1. Other
components can be determined as follows:

(1) If some ij D 0, the component

H p.Modg;1.`/IH
i1.z†g .D/IQ/˝ � � �˝H ij .z†g .D/IQ/˝ � � �˝H ir .z†g .D/IQ//

appears in H p.Modg;1IH
q..z†g .D//

�r IQ//, where q � 2r � 2. For 2 � i � r C 1, let the map
�.i/ W Cg;rC1.`/! Cg;r .`/ be defined by

.C;x1;y2; : : : ;yrC1; h/ 7! .C;x1;y2; : : : byi ; : : : ;yrC1; h/:

By definition, the map � W Cg;rC1.`/! Mg;1.`/ factors through �.i/. We then have the commuting
diagram

.z†g .D//
�r

��

// Cg;rC1.`/ //

�.i/

��

Mg;1.`/

id
��

.z†g .D//
�.r�1/ // Cg;r .`/ // Mg;1.`/

which induces maps between the E2 terms of the two Leray spectral sequences:

H p.Mg;1.`/IH
q..z†g .D//

�.r�1/
IQ//!H p.Mg;1.`/IH

q..z†g .D//
�r
IQ// for q � 2r � 2:

After we expand the left-hand side by the Künneth formula, these terms can be identified by induction.

(2) If some ij D 2, such a component appears as the image of the cup product

H p.Modg;1.`/IH
i1.z†g .D/IQ/˝ � � �˝H

bij .z†g .D/IQ/˝ � � �˝H ir .z†g .D/IQ//

˝H 0.Modg;1.`/IH
2.z†g .D/IQ//

!H p.Modg;1.`/IH
i1.z†g .D/IQ/˝ � � �˝H ij .z†g .D/IQ/˝ � � �˝H ir .z†g .D/IQ//:

Here the term

H p.Modg;1.`/IH
i1.z†g .D/IQ/˝ � � �˝H

bij .z†g .D/IQ/˝ � � �˝H ir .z†g .D/IQ//

is known by induction. Additionally, by following essentially the same argument as in Lemma 3.8, but
applied to the Leray spectral sequence associated with the map Cg;2.`/! Mg;1.`/, we deduce that
H 0.Modg;1.`/IH

2.z†g .D/IQ// is isomorphic to Q generated by a.f1<jC1g;12D/. Using this, we can
compute the image and simplify the result by employing the relations (4-3)–(4-5) satisfied by vi and azI .
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zP 2PD
rC1

H k.Cg;rC1.`/IQ/
L

pCqDk H p.Mg;1.`/IH
q.z†g .D/�

z†g .D/IQ//

f1g; f2g; : : : ; frC1g K˝QŒv1; v2; : : : ; vrC1� K˝QŒu1�

K˝vaQŒv1; va� for all a�2

K˝vbvcQŒv1; vb; vc �, 2�b<c
:::
va1
va2
� � � var�1

Œv1; va1
; va2

; : : : ; var�1
�,

2�a1<a2< � � �<ar�1

? �H k�r .Mg;1.`/IH
1.z†g .D/IQ/

˝r /

f1g; I2D.S2; Ed2/; K˝QŒv1; vIj Wj �2� a zP ? �H k�r .Mg;1.`/IH
1.z†g .D/IQ/

˝r /

: : : ; I�D.S� ; Ed�/,
jSj j�2 for all j �2

f1g;S2Dfs2g, K˝Q
�
v1; vs2

; : : : ; vsm , K˝QŒv1; vIj Wj �m� a zP
: : : ;Sm�1Dfsm�1g, vIj Wj �m

�
a zP K˝vaQŒv1; vsa ; vIj Wj �m� a zP , 2�a�m�1;m>3

ImD.Sm; Edm/;
:::

: : : ; I�D.S� ; Ed�/, vsa1
� � � vsam�3

QŒv1; vsa1
; : : : ; vsam�3

; vIj Wj �m� a zP ,
m>2, jSj j�2 for all j �m 2�a1< � � �<am�3�m�1

? �H k�r .Mg;1.`/IH
1.z†g .D/IQ/

˝r /

.S1; Ed1/; : : : ; .S� ; Ed�/, K˝QŒuIj W1�j ��� a zP For Ed1D.d
.1/
1 ; d

.2/
1 ; : : : ; d

.jS1j�1/
1 /, if there exists an

12S1; jS1j�2 i such that d
.i/
1 D1, then all can be realized outside

H k�r .Mg;1.`/IH
1.z†g .D/IQ/

˝r /;
if d

.i/
1 ¤1 for all i , then all except�Q
fig2 zP ;i¤1

vi

�
QŒvI WI 2 zP � a zP can be

realized outside H k�r .Mg;1.`/IH
1.z†g .D/IQ/

˝r /.

Table 2: Rational cohomology of Cg;rC1.`/ written in two ways.

We carefully list components of these two types in Table 2, where polynomials in the table refer to the
degree k terms and K denotes H �.Modg.`/IQ/. Since all isomorphisms in the table are isomorphisms
of (polarized) mixed Hodge structures, by semisimplicity, we have, when g � 2k2C 7kC 2,

H ��r .Mg;1.`/IH
1.z†g .D/IQ/

˝r /ŠH �.Modg.`/IQ/˝

� M
zP2PD

rC1
.J /

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � a zP

�

in degrees k such that g � 2k2C 7kC 2. Here J D .0; 0; : : : ; 0/.

Proof of Theorem 5.4 for general J Let J D .J1;J2; : : : ;Jr /. We have just proved the case where
J D .0; 0; : : : ; 0/. We now prove the theorem for a general J by induction on r and on

Pr
iD1 Ji .

When r D 0, the theorem holds by the same reasoning as in the beginning of the previous proof.
For r � 1, assume by induction that the theorem holds for cases � .r � 1/. When

Pr
iD1 Ji D 0, the

proof has already been provided. Now, let
Pr

iD1 Ji Dm> 0, and assume by induction that the theorem
holds for

Pr
iD1 Ji Dm� 1.
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For J D .J1;J2; : : : ;Jr /, since
Pr

iD1 Ji > 0, there exists at least one Jt that is 1. Replacing the t -th
entry in J by 0, we obtain a new array zJ with

Pr
iD1
zJi Dm� 1. We can then write

Hr .J /D f .J1/˝ � � �˝f .Jt D 1/˝ � � �˝f .Jr /;

Hr . zJ /D f .J1/˝ � � �˝f . zJt D 0/˝ � � �˝f .Jr /:

Here f .0/DH 1.z†g .D/IQ/ and f .1/D Hg;1.`IQ/. Recall that the Prym representation Hg;1.`IQ/ is
H 1.z†g;1 .D/IQ/, where z†g;1 .D/ is the regular D-cover of †g;1. By filling in all punctures of z†g;1 .D/,
we obtain the following short exact sequence of Modg;1.`/-modules:

0!H 1.z†g .D/IQ/! Hg;1.`IQ/!QjDj�1
! 0:

Tensoring this short exact sequence with f .J1/˝� � �˝f .Jt�1/ on the left and with f .JtC1/˝� � �˝f .Jr /

on the right, we obtain

0! Hr . zJ /! Hr .J /! f .J1/˝ � � �˝f .Jt�1/˝QjDj�1
˝f .JtC1/˝ � � �˝f .Jr /! 0:

This short exact sequence of Modg;1.`/-modules induces the following long exact sequence:

� � � !H ��r�1.Modg;1.`/If .J1/˝ � � �˝f .Jt�1/˝QjDj�1
˝f .JtC1/˝ � � �˝f .Jr //

!H ��r .Modg;1.`/IH
r . zJ //!H ��r .Modg;1.`/IH

r .J //

!H ��r .Modg;1.`/If .J1/˝ � � �˝f .Jt�1/˝QjDj�1
˝f .JtC1/˝ � � �˝f .Jr //! � � � :

Our goal is to compute H ��r .Modg;1.`/IH
r .J //. Let �� denote the map

(5-2) H ��r�1.Modg;1.`/If .J1/˝ � � �˝f .Jt�1/˝QjDj�1
˝f .JtC1/˝ � � �˝f .Jr //

!H ��r .Modg;1.`/IH
r . zJ //:

Then we have

(5-3) 0! Coker.��/!H ��r .Modg;1.`/IH
r .J //! Ker.��C1/:

On the one hand, the source term of the map (5-2) is

H ��r�1.Modg;1.`/If .J1/˝ � � �˝f .Jt�1/˝QjDj�1
˝f .JtC1/˝ � � �˝f .Jr //

Š

M
jDj�1

H ��r�1.Modg;1.`/If .J1/˝ � � �˝f .Jt�1/˝f .JtC1/˝ � � �˝f .Jr //:

Since the coefficients are .r�1/-tensor powers, this cohomology is known by the induction hypothesis
on r . For each 1¤ d 2 D, the component

(5-4) H ��r�1
�
Modg;1.`/If .J1/˝ � � �˝f .Jt�1/˝f .JtC1/˝ � � �˝f .Jr /

�
is isomorphic to the direct sum of�

H �.Modg.`/IQ/˝

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � a zP

���2

;
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where zP ranges over all D-weighted partitions of the index set f1; : : : ; t; bt C 1; t C 2; : : : ; r C 1g that are
compatible with .J1; : : : ;Jt�1;JtC1; : : : ;Jr /. Here Œ2� indicates a degree shift by 2. Inserting .t C 1/

into the index set, we can rewrite this as a direct sum of

(5-5)
�

H �.Modg.`/IQ/˝

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � aI1nftC1g

Y
m�2

aIm

���2

;

where zP D fI1 D .S1; Ed1/; : : : ; I� D .S� ; Ed�/g ranges over all D-weighted partitions of the index set
Œr C 1� such that:

� 1 2 S1 and t C 1 2 S1.

� Each entry in Ed1 is not 1 2 D. In particular, the entry corresponding to t C 1 is d .

� S1 does not contain any 2� a� r C 1 such that Ja�1 D 1.

On the other hand, since
PrC1

iD1
zJi Dm�1<m, the target term H ��r .Modg;1.`/IH

r . zJ // of the map
(5-2) is known by the induction hypothesis on

PrC1
iD1
zJi . We have

H ��r .Modg;1.`/IH
r . zJ //ŠH �.Modg.`/IQ/˝

� M
zP2PD

rC1
. zJ /

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � a zP

�
in degrees k such that g � 2k2C 7kC 2.

The map (5-2) restricted to the component (5-4) indexed by 1¤ d 2D is multiplication by the Poincaré
dual a.f1<tC1g;d/. Hence, the image of the summand (5-5) is

(5-6) H �.Modg.`/IQ/˝

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � aI1nftC1g

Y
m�2

aIm
� a.f1<tC1g;d/:

The relation (4-4) for I1 D .S1; Ed1/D .f1< t C 1g; d/[ .I1 n ft C 1g/ tells us

a.f1<tC1g;d/ � aI1nftC1g D aI1
:

Thus (5-6) can be rewritten as

H �.Modg.`/IQ/˝

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � aI1nftC1g

Y
m�2

aIm
� a.f1<tC1g;d/

DH �.Modg.`/IQ/˝

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � aI1

Y
m�2

aIm

DH �.Modg.`/IQ/˝

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � a zP :

Thus the image of the map (5-2) is the direct sum of (5-6) as zP ranges over D-weighted partitions of the
index set Œr C 1� that satisfy the conditions specified above. By excluding these particular D-weighted
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partitions from PD
rC1

. zJ /, the cokernel of the map (5-2) is the direct sum of

H �.Modg.`/IQ/˝

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � a zP ;

as zP ranges over D-weighted partitions of the index set Œr C 1� that are compatible with zJ and S1 does
not contain t C 1. According to the definition of compatibility (Definition 5.3), these are precisely the
D-weighted partitions of the index set Œr C 1� that are compatible with J , since Jt D 1.

Since the map (5-2) is injective, the kernel is zero. Thus by (5-3) we have

H ��r .Modg;1.`/IH
r .J //ŠH �.Modg.`/IQ/˝

� M
zP2PD

rC1
.J /

� Y
fig2 zP ;i¤1

vi

�
QŒvzI W

zI 2 zP � a zP

�
:

This completes the induction.

Our next goal is to generalize the result from †g;1 to any nonclosed surface †b
g;p . In order to do that,

we first need the following result for †1
g:

Corollary 5.6 There is a graded map of H �.Mod1
g.`/IQ/-modules

H �.Mod1
g.`/IQ/˝

� M
zP2PD

r

� Y
fig2 zP

vi

�
QŒvzI W

zI 2 zP � a zP

�
!H ��r .Mod1

g.`/IH
1
g.`IQ/

˝r /;

which is an isomorphism in degrees k such that g � 2k2C 7kC 2.

Proof By Proposition 2.5, we have the short exact sequence

1! Z!Mod1
g.`/!Modg;1.`/! 1

obtained by gluing a punctured disk to the boundary of †1
g. This sequence induces a Gysin sequence

(Proposition 2.12) for cohomology with coefficients in Hg;1.`IQ/
˝r Š H1

g.`IQ/
˝r :

� � � !H ��r�2.Modg;1.`/IHg;1.`IQ/
˝r /!H ��r .Modg;1.`/IHg;1.`IQ/

˝r /

!H ��r .Mod1
g.`/IH

1
g.`IQ/

˝r /!H ��r�1.Modg;1.`/IHg;1.`IQ/
˝r /

!H ��rC1.Modg;1.`/IHg;1.`IQ/
˝r /! � � � :

Let �� denote the boundary map

�� WH
��r�2.Modg;1.`/IHg;1.`IQ/

˝r /!H ��r .Modg;1.`/IHg;1.`IQ/
˝r /:

We then have the short exact sequence

1! Coker.��/!H ��r .Mod1
g.`/IH

1
g.`IQ/

˝r /! Ker.��C1/! 1:
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Since �� is multiplication by the Euler class e1, it is injective. The target term of �� is known from
Theorem 5.1, so we can determine the cokernel of ��:

H �.Modg.`/IQ/˝

� M
zP2PD

r

� Y
fig2 zP

vi

�
QŒvzI W

zI 2 zP � a zP

�

in degrees k such that g � 2k2C 7kC 2. This is isomorphic to H ��r .Mod1
g.`/IH

1
g.`IQ/

˝r /.

To generalize our results to any nonclosed surface †b
g;p, we introduce Putman’s theory [2022] on

partial level-` representations as follows.

5.2 Putman’s theory on partial level-` representations

Let

Hb
g;p.`IC/D Hb

g;p.`IQ/˝Q C:

The finite group DŠ .Z=`/2g acts on Hb
g;p.`IC/ via deck transformations. Irreducible representations

of D are characterized by characters. A character � WD!C n f0g gives an irreducible representation C�,
where d � Ev D �.d/Ev for d 2 D and Ev 2C�.

We denote by yD the group of all characters of D, and let Hb
g;p.�/ present the C�-isotypic component

of Hb
g;p.`IC/. Thus we can decompose Hb

g;p.`IC/ as

Hb
g;p.`IC/D

M
�2yD

Hb
g;p.�/:

Since the action of Modb
g;p.`/ on Hb

g;p.`IC/ commutes with the action of D, each isotypic component
is preserved, giving a decomposition into Modb

g;p.`/-modules. Taking the r -tensor power of Hb
g;p.`IC/,

we get

(5-7) Hb
g;p.`IC/

˝r
D

M
�1;:::;�r2yD

Hb
g;p.�1/˝ � � �˝Hb

g;p.�r /:

A subgroup H<H1.†
b
g;pIZ=`/ is called symplectic if the algebraic intersection pairing on H1.†

b
g;pIZ=`/

restricts to a nondegenerate pairing on H . Here “nondegenerate” means that it identifies H with its dual
Hom.H;Z=`/. We can write H Š .Z=`/2h, where h is called the genus of H .

For a symplectic subgroup H , there is a surjective homomorphism

(5-8) �1.†
b
g;p/!H1.†

b
g;pIZ=`/DH ˚H?

proj
��!H:

This map factors through D D H1.†gIZ=`/ since the homology classes of loops around boundary
components and punctures lie in H?. Thus we have a surjective homomorphism D!H . A character
� 2 yD is said to be compatible with H if it factors through the map D!H . The following lemma is a
special case of Lemma 6.9 in [Putman 2022]:
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Lemma 5.7 For g > r , given r characters �1; : : : ; �r 2 yD, there exists a symplectic subgroup H of
genus r such that �1; : : : ; �r are all compatible with H .

Proof We define the group homomorphism

�r WH1.†gIZ/!H1.†gIZ=`/! .C n f0g/r ; x 7! xx 7! .�1.xx/; : : : ; �r .xx//:

Since elements in H1.†gIZ=`/Š .Z=`/2g have order dividing l , the image of each �i lies in the cyclic
group of l-th roots of unity. Thus we can rewrite �r as

�r WH1.†gIZ/! .Z=`/r :

By Lemma 3.5 in [Putman 2023], there exists a symplectic subspace V of H1.†gIZ/ of genus .g� r/

such that �r jV D 0. Letting H be the orthogonal complement of the image of V under the map
H1.†gIZ/!H1.†gIZ=`/, we have the required symplectic subgroup with genus r .

Let �1; : : : ; �r 2 yD be r characters that are compatible with H . Define

Hb
g;p.�/D Hb

g;p.�1/˝ � � �˝Hb
g;p.�r /:

The partial level-` subgroup of Modb
g;p is

Modb
g;p.H /D ff 2Modb

g;p j f� WH1.†
b
g;pIZ=`/!H1.†

b
g;pIZ=`/ fixes H pointwiseg:

Let SH denotes the regular H -cover of †b
g;p corresponding to the map (5-8). By definition, the partial

level-` subgroup Modb
g;p.H / acts on Hb

g;p.H IC/ WDH 1.SH IC/. In particular, this induces an action
of Modb

g;p.H / on Hb
g;p.�/ due to the decomposition of Hb

g;p.H IC/ by Putman [2022, Lemma 6.5]

(5-9) Hb
g;p.H IC/Š

M
�2 yH

Hb
g;p.�/;

where yH denotes the set of all characters of D that are compatible with H .
By definition, Modb

g;p.`/<Modb
g;p.H / since H <H 1.†b

g;pIZ=`/. The following theorem of Putman
allows us to identify the twisted cohomology of Modb

g;p.`/ with the twisted cohomology of Modb
g;p.H /:

Theorem 5.8 [Putman 2022, Theorem D] Let g;p; b � 0 and l � 2 be such that pC b � 1. Let H be a
symplectic subgroup of H 1.†b

gIZ=`/ and let �1; : : : ; �r 2D be r characters that are compatible with H .
Assume that g � 2.kC r/2C 7kC 6r C 2. Then the map

H k.Modb
g;p.H /IHb

g;p.�//!H k.Modb
g;p.`/IH

b
g;p.�//

induced by the inclusion Modb
g;p.`/ ,!Modb

g;p.H / is an isomorphism.

The following theorem of Putman implies a phenomenon where, when p D 0, the twisted cohomology
of Modb

g.H / is independent of b, the number of boundary components. This phenomenon is important
for our later proof.
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Theorem 5.9 [Putman 2022, Theorem 8.1] Let � W†b
g!†b0

g0 be an orientation-preserving embedding
between surfaces with nonempty boundary. For some l � 2, let H be a genus-h symplectic subgroup of
H1.†

b
gIZ=`/. Fix some k; r � 0, and assume that g� .2hC2/.kCr/C.4hC2/. Then the induced map

H k.Modb0

g0.H /IHb0

g0.H IC/
˝r /!H k.Modb

g.H /IHb
g.H IC/

˝r /

is an isomorphism.

Remark 5.10 If we take H to be a symplectic subgroup of genus g, the partial level-` subgroup
Modb

g;p.H / is exactly the level-` subgroup Modb
g;p.`/, since Modb

g;p acts trivially on the subgroup of
H1.†

b
g;pIZ=`/ generated by loops around the boundary components and punctures of †b

g;p. However,
one cannot apply Theorem 5.9 directly to Modb

g;p.`/, because the condition g� .2hC2/.kCr/C.4hC2/

cannot hold if we let hD g.

5.3 Proof of Theorem B

We now prove the case of †b
g;p with pC b � 1 by induction on p. Recall that we aim to show

H ��r .Modb
g;p.`/IH

b
g;p.`IQ/

˝r /ŠH �.Modg;p.`/IQ/˝

� M
zP2PD

r

� Y
fig2 zP

vi

�
QŒvzI W

zI 2 zP � a zP

�

in degrees k such that g � 2k2C 7kC 2. We will prove the statement over C.
For p D 0, the case of b D 1 follows from Corollary 5.6. It then suffices to show that this twisted

cohomology is independent of b for b � 1. Fix b � 1. Observe that there is an orientation-preserving
embedding †1

g ,! †b
g by gluing a surface homeomorphic to †bC1

0
to the boundary of †1

g. Then, by
Theorem 5.9, we have the following isomorphism for any symplectic subgroup H of genus h, when
g � .2hC 2/kC .4hC 2/:

(5-10) H k�r .Modb
g.H /IHb

g.H IC/
˝r /ŠH k�r .Mod1

g.H /IH1
g.H IC/

˝r /:

These coefficients can be decomposed into direct sums of H -isotypic components by (5-9):

H1
g.H IC/

˝r
Š

�M
�2 yH

H1
g.�/

�̋ r

D

M
�1;:::;�r2 yH

H1
g.�1/˝ � � �˝H1

g.�r /;

Hb
g.H IC/

˝r
Š

�M
�2 yH

Hb
g.�/

�̋ r

D

M
�1;:::;�r2 yH

Hb
g.�1/˝ � � �˝Hb

g.�r /:

We can expand both sides of (5-10) using the Künneth formula. Since the actions of Modb
g and Mod1

g

commute with the action of H , when g� .2hC2/kC.4hC2/ we have an isomorphism in each direct-sum
component:

(5-11) H k�r
�
Modb

g.H /IHb
g.�1/˝ � � �˝Hb

g.�r /
�
ŠH k�r

�
Mod1

g.H /IH1
g.�1/˝ � � �˝H1

g.�r /
�
:
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By Lemma 5.7, for each tuple �D .�1; : : : ; �r /, where �1; : : : ; �r 2 yD, there exists a genus-r symplectic
subgroup, which we denote by H�, such that �1; : : : ; �r are compatible with H�. By Theorem 5.8,
we can identify the twisted cohomology of Modb

g.H�/ with the twisted cohomology of Modb
g.`/, with

coefficients in Hb
g.�/D Hb

g.�1/˝ � � �˝Hb
g.�r /:

(5-12) H k�r .Modb
g.H�/IH

b
g.�//ŠH k�r .Modb

g.`/IH
b
g.�// if g � 2k2

C 7k � r C 2:

Combining these facts, we have

H k�r .Modb
g.`/IH

b
g.`IC/

˝r /ŠH k�r

�
Modb

g.`/I
M

�1;:::;�r2yD

Hb
g.�1/˝ � � �˝Hb

g.�r /

�
.by (5-7)/

Š

M
�2.yD/�r

H k�r
�
Modb

g.`/IH
b
g.�/

�
.Künneth/

Š

M
�2.yD/�r

H k�r
�
Modb

g.H�/IH
b
g.�/

�
.by (5-12)/

Š

M
�2.yD/�r

H k�r
�
Mod1

g.H�/IH
1
g.�/

�
.by (5-11)/

Š

M
�2.yD/�r

H k�r
�
Mod1

g.`/IH
1
g.�/

�
.by (5-12)/

ŠH k�r

�
Mod1

g.`/I
M

�1;:::;�r2yD

H1
g.�1/˝ � � �˝H1

g.�r /

�
.Künneth/

ŠH k�r
�
Mod1

g.`/IH
1
g.`IC/

˝r
�

.by (5-7)/;

where we need to be a little bit careful with the range. In the places where we apply (5-12), the range is
g � 2k2C 7k � r C 2. In the fourth isomorphism where we apply (5-11), we let hD r , so the range is
g � .2hC 2/kC .4hC 2/D .2r C 2/kC .4r C 2/. Since k � r , we have

2k2
C 7k � r C 2� .2r C 2/kC .4r C 2/:

Thus the above statement holds in the range g� 2k2C7k�rC2. Since the isomorphism in Corollary 5.6
for H k�r .Mod1

g.`/IH
1
g.`IC/

˝r / holds when g � 2k2C7kC2, and 2k2C7kC2� 2k2C7k� rC2,
the theorem for H k�r .Modb

g.`/IH
b
g.`IC/

˝r / holds when g � 2k2C 7kC 2 as well.
Now, let p � 1. By Proposition 2.5, we have the following short exact sequence obtained by gluing a

punctured disk to †bC1
g;p�1

:

1! Z!ModbC1
g;p�1

.`/!Modb
g;p.`/! 1:

This sequence induces a Gysin sequence (Proposition 2.12) with coefficients in HbC1
g;p�1

.`IQ/˝r Š

Hb
g;p.`IQ/

˝r :

� � � !H ��r .Modb
g;p.`/IH

b
g;p.`IQ/

˝r /!H ��r .ModbC1
g;p�1

.`/IHbC1
g;p�1

.`IQ/˝r /

!H ��r�1.Modb
g;p.`/IH

b
g;p.`IQ/

˝r /!H ��rC1.Modb
g;p.`/IH

b
g;p.`IQ/

˝r /! � � � :
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Here the map

���r�1 WH
��r�1.Modb

g;p.`/IH
b
g;p.`IQ/

˝r /!H ��rC1.Modb
g;p.`/IH

b
g;p.`IQ/

˝r /

is multiplication by the Euler class ep 2H 2.Modb
g;p.`/IQ/, so it is injective. Similar to what we did in

Corollary 5.6, by observing the short exact sequence

1! Coker.���r�2/!H ��r .ModbC1
g;p�1

.`/IHbC1
g;p�1

.`IQ/˝r /! Ker.���r�1/! 1;

we get

H �.Modb
g;p.`/IH

b
g;p.`IQ/

˝r /ŠH �.ModbC1
g;p�1

.`/IHbC1
g;p�1

.`IQ/˝r /˝Q QŒep �:

We know H �.ModbC1
g;p�1

.`/IHbC1
g;p�1

.`IQ/˝r / by the induction hypothesis. Thus we conclude

H ��r .Modb
g;p.`/IH

b
g;p.`IQ/

˝r /

ŠH �.Modg;p�1.`/IQ/˝QŒep �˝

� M
zP2PD

r

� Y
fig2 zP

vi

�
QŒvzI W

zI 2 zP � a zP

�

ŠH �.Modg;p.`/IQ/˝

� M
zP2PD

r

� Y
fig2 zP

vi

�
QŒvzI W

zI 2 zP � a zP

�

in degrees k such that g � 2k2C 7kC 2. Note that this twisted cohomology is independent of b (the
number of boundary components) but depends on p (the number of punctures) and g (the genus).

6 Infinitesimal rigidity of symplectic Prym representations

In this section, we aim to prove Theorem A about infinitesimal rigidity of symplectic Prym representations.
Recall that the symplectic Prym representation is defined in the following way. Let zS ! S be a

finite-abelian cover with deck group A. Let Mod.S;A/ be the subgroup of Mod.S/ fixing A pointwise.
Denote by yS the closed surface obtained by gluing disks to all boundary components and filling in all
punctures of zS . Then there is a symplectic action of Mod.S;A/ on H 1. yS IR/ which commutes with the
deck group A:

ˆ WMod.S;A/! Aut.H 1. yS IR//A:

Denote the target Lie group by GA. Let h be the genus of yS . Then we have

GA D Sp.2hIR/A D fP 2 Sp.2hIR/ j PaD aP for all a 2Ag:

First of all, we compute the Lie algebra gA of GA:

Lemma 6.1 The Lie algebra gA of GA D Sp.2hIR//A is

gA D sp.2hIR/A D fX 2 sp.2hIR/ jXaD aX for all a 2Ag:
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Proof The Lie group GA can be described as

GA D fP 2 GL.2hIR/ j PT JP D J;PaD aP for all a 2Ag; where J D

�
0 Ih

�Ih 0

�
:

The Lie algebra gA of the matrix Lie group GA is given by

gA D fX 2Mat.2hIR/ j etX
2GA for all t 2Rg:

The Lie algebra of Sp.2hIR/, denoted by sp.2hIR/, satisfies X T J CJX D 0. It remains to determine
how the condition PaD aP;8a 2A descends to gA.

For X 2 gA, we require that etX a D aetX for any a 2 A. Now expanding etX as a power series
etX D

Pg
jDo.tX /

j=j ! and disregarding terms of order t2 or higher, we obtain tXaD atX for all t 2R.
Thus we have XaD aX for any a 2A, so we conclude that gA D sp.2hIR/D.

Notice that by composing ˆ WMod.S;A/!GA with the adjoint representation Ad WGA! GL.gA/,
we can view the Lie algebra gA is a Mod.S;A/-module. We observe:

Lemma 6.2 The Lie algebra gA is a Mod.S;A/-submodule of H 1. yS IR/˝2 Š .R2h/˝2.

Proof We first embed gA into H 1. yS IR/˝2 Š .R2h/˝2 as

gA D sp.2hIR/A �Mat.2hIR/Š .R2h/�˝R2h
Š .R2h/˝2;

where the isomorphism .R2h/� Š R2h is induced by the nondegenerate algebraic intersection form
i WH1. yS IR/�H1. yS IR/!R.

It remains to show that the action of Mod.S;A/ on gA is compatible with its action on H 1. yS IR/˝2.
Take a symplectic basis f˛1; ˇ1; : : : ; ˛h; ˇhg of H 1. yS IR/. For X 2 gA, we can write

X D

hX
jD1

. j̨ /
�
˝X j̨ C

hX
jD1

. ǰ /
�
˝X ǰ 2 .R

2h/�˝R2h

D

hX
jD1

ǰ ˝X j̨ C

hX
jD1

.� j̨ /˝X ǰ 2 .R
2h/˝2:

The action of f 2Mod.S;A/ on X 2 gA is defined by f �X D FXF�1, where F Dˆ.f / 2 Sp.2hIR/.
Thus we can express f �X as

f �X D

hX
jD1

. j̨ /
�
˝FXF�1

j̨ C

hX
jD1

. ǰ /
�
˝FXF�1

ǰ 2 .R
2h/�˝R2h

D

hX
jD1

ǰ ˝FXF�1
j̨ C

hX
jD1

.� j̨ /˝FXF�1
ǰ 2 .R

2h/˝2

D

hX
jD1

F.F�1
ǰ /˝FX.F�1

j̨ /C

hX
jD1

F.�F�1
j̨ /˝FX.F�1

ǰ / 2 .R
2h/˝2:
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Since fF�1.˛1/;F
�1.ˇ1/; : : : ;F

�1.˛h/;F
�1.ˇh/g is also a symplectic basis of H 1. yS IR/, we can

rewrite f �X as
hX

jD1

F. ǰ /˝F.X j̨ /C

hX
jD1

F.� j̨ /˝F.X ǰ /:

This expression confirms that the action of Mod.S;A/ on gA coincides with its action on H 1. yS IR/˝2.

Next we prove that the degree-2 twisted cohomology group of Mod.S;A/ with coefficients in
H 1. yS IR/˝2 is 0 for sufficiently large g:

Lemma 6.3 Let g;p; b be integers such that pC b � 1. When g � 41, we have

H 1.Mod.S;A/IH 1. yS IR/˝2/D 0:

Proof Step 1 We first prove the result for ADH1.†gIZ=`/. Note that by definition Mod.S;A/ is
usually larger than the level-` mapping class group Modb

g;p.`/ which acts trivially on H1.†
b
g;pIZ=`/.

In this case, the Prym representation Hb
g;p.`IQ/ is H 1. zS IQ/. By filling in all punctures and gluing

disks to all boundary components of zS , we obtain the short exact sequence

(6-1) 0!H 1. yS IQ/! Hb
g;p.`IQ/!Q.pCb/�jAj�1

! 0:

We then compute the following twisted cohomology groups one by one:

(1) We computed H k�r .Modb
g;p.`/IH

b
g;p.`IQ/

˝r / in Theorem B in the range g � 2k2C 7kC 2, and
one feature of this twisted cohomology is that it is 0 when k is odd, since the left-hand side of the
isomorphism in Theorem B consists of even-degree terms. In particular, setting k D 3 and r D 2, we get

H 1.Modb
g;p.`/IH

b
g;p.`IQ/

˝2/D 0 if g � 41:

Similarly, for k D 3 and r D 1, we have

H 2.Modb
g;p.`/IH

b
g;p.`IQ//D 0 if g � 41:

(2) The short exact sequence (6-1) of Modb
g;p.`/-modules induces a long exact sequence of twisted

cohomology groups

!H 3.Modb
g;p.`/IQ

.pCb/�jAj�1/!H 2.Modb
g;p.`/IH

1. yS IQ//!H 2.Modb
g;p.`/IH

b
g;p.`IQ//! :

When g� 41, the term H 3.Modb
g;p.`/IQ

.pCb/�jAj�1/ is 0 by [Putman 2022, Theorem A] (Theorem 2.7),
and H 2.Modb

g;p.`/IH
b
g;p.`IQ// is also 0 as discussed in (1). Thus we have

H 2.Modb
g;p.`/IH

1. yS IQ//D 0 if g � 41:

(3) By tensoring the above short exact sequence (6-1) with Hb
g;p.`IQ/ on the left, we obtain another

short exact sequence:

0! Hb
g;p.`IQ/˝H 1. yS IQ/! Hb

g;p.`IQ/
˝2
! Hb

g;p.`IQ/˝Q.pCb/�jAj�1
! 0:
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This short exact sequence of Modb
g;p.`/-modules induces a long exact sequence of twisted cohomology

groups:

!H 2.Modb
g;p.`/IH

b
g;p.`IQ/˝Q.pCb/�jAj�1/!H 1.Modb

g;p.`/IH
b
g;p.`IQ/˝H 1. yS IQ//

!H 1.Modb
g;p.`/IH

b
g;p.`IQ/

˝2/! � � � :

Here H 2.Modb
g;p.`/IH

b
g;p.`IQ/ ˝ Q.pCb/�jAj�1/ Š

L
.pCb/�jAj�1 H 2.Modb

g;p.`/IH
b
g;p.`IQ// and

H 1.Modb
g;p.`/IH

b
g;p.`IQ/

˝2/ are both 0 when g � 41 as discussed in (1), so

H 1.Modb
g;p.`/IH

b
g;p.`IQ/˝H 1. yS IQ//D 0 if g � 41:

(4) By tensoring the above short exact sequence (6-1) with H 1. yS IQ/ on the right, we obtain the following
short exact sequence:

0!H 1. yS IQ/˝2
! Hb

g;p.`IQ/˝H 1. yS IQ/!Q.pCb/�jAj�1
˝H 1. yS IQ/! 0:

This short exact sequence of Modb
g;p.`/-modules induces a long exact sequence of twisted cohomology

groups:

!H 2.Modb
g;p.`/IQ

.pCb/�jAj�1
˝H 1. yS IQ//!H 1.Modb

g;p.`/IH
1. yS IQ/˝2/

!H 1.Modb
g;p.`/IH

b
g;p.`IQ/˝H 1. yS IQ//! � � � :

Here the first term is 0 when g � 41 as discussed in (2), and the third term is 0 when g � 41 as discussed
in (3). Thus we have

H 1.Modb
g;p.`/IH

1. yS IQ/˝2/D 0 if g � 41:

(5) Consider the finite-index subgroup Modb
g;p.`/ of Mod.S;A/. By Proposition 2.9, the associated

transfer map

H 1.Modb
g;p.`/IH

1. yS IR/˝2/!H 1.Mod.S;A/IH 1. yS IR/˝2/

is surjective. Thus from (4) we have

H 1.Mod.S;A/IH 1. yS IQ/˝2/D 0 if g � 41:

Tensoring the result with R, we finish the proof for ADH1.†gIZ=`/.

Step 2 We now extend the proof to a general finite abelian group A.
Recall that zS denotes the regular cover of S corresponding to the homomorphism

�1.S/!A:

Since A is abelian, this map factors through �1.S/!H1.S IZ/. Letting ! D jAj, this map furthermore
factors through �1.S/!H1.S IZ=!/. Therefore Modb

g;p.!/ is a finite-index subgroup of Mod.S;A/.
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Denote by zS! the regular cover of †g corresponding to the map �1.†g/!H1.†gIZ=!/. By part (4)
in Step 1, we have

H 1.Modb
g;p.!/IH

1. zS! IR/
˝2/D 0 if g � 41:

By filling in all punctures and gluing disks to all boundary components in the cover zS ! S , we obtain a
cover yS !†g, where the deck group is a quotient of H1.†gIZ=!/. Therefore zS! is a finite cover of yS .

Since the action of Modb
g;p.!/ on yS! commutes with the deck group of zS!! yzS , Maschke’s theorem

implies that H 1. yS IR/˝2 is a direct summand of H 1. zS! IR/˝2 as an Modb
g;p.!/-module. Consequently,

H 1.Modb
g;p.!/IH

1. yS IR/˝2/D 0 if g � 41:

Finally, the transfer map associated with the finite-index subgroup Modb
g;p.!/ <Mod.S;A/ with coeffi-

cients in H 1. yS IQ/˝2,

H 1.Modb
g;p.!/IH

1. yS IR/˝2/!H 1.Mod.S;A/IH 1. yS IR/˝2/;

is surjective by Proposition 2.9. Thus we conclude that

H 1.Mod.S;A/IH 1. yS IR/˝2/D 0 if g � 41:

Now we combine the above lemmas to prove Theorem A:

Proof of Theorem A To prove the infinitesimal rigidity of the symplectic Prym representation

ˆ WMod.S;A/!GA;

we need to show that

H 1.Mod.S;A/I gA/D 0 if g � 41;

where gA is the Lie algebra of the Lie group GA.
From Lemma 6.1, we have gAD sp.2hIR/A. By Lemma 6.2, we see that sp.2hIR/A is a Mod.S;A/-

submodule of H 1. yS IR/˝2. Therefore, it suffices to prove that

H 1.Mod.S;A/IH 1. yS IR/˝2/D 0 if g � 41;

which is precisely the result of Lemma 6.3. This completes the proof.
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