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Modular sheaves with many moduli

KIERAN G O’ GRADY

We exhibit moduli spaces of slope stable vector bundles on general polarized HK varieties (X, /) of
type K3[2! which have an irreducible component of dimension 2a? + 2, with @ an arbitrary integer
greater than 1. This is done by studying the case X = S[?] where S is an elliptic K3 surface. We show
that in this case there is an irreducible component of the moduli space of stable vector bundles on S
which is birational to a moduli space of sheaves on .S. We expect that if the moduli space of sheaves
on S is a smooth HK variety (necessarily of type K 3[”2+1]) then the following more precise version
holds: the closure of the moduli space of slope stable vector bundles on (X, /) in the moduli space of
Gieseker—Maruyama semistable sheaves with its GIT polarization is a general polarized HK variety of
type K3l@*+11,

1 Introduction
1.1 Background and motivation

Starting with Mukai’s groundbreaking work of the 80s, moduli of (semistable) sheaves on a (polarized)
K3 surface have played a prominent role in mathematics. These moduli spaces are varieties interesting in
themselves (some of them are HK varieties of type K 3171 3 few of them admit resolutions which are HK
varieties of type OG10), and their geometry is intertwined with that of the K3 surface. One wonders
whether moduli of sheaves on higher-dimensional HK varieties may also be the source of interesting
geometry. In [O’Grady 2022] we introduced the notion of a modular (torsion-free) sheaf. The sheaf .# on
an HK variety X is modular if A(F) := —21k(.%) chy(F) + ch; (F)? (the discriminant of F) satisfies
a topological condition (see Section 2.6 for details), for example it is modular if A(.%) is a multiple
of ¢;(X). We proved that variation of slope stability for modular sheaves behaves as variation of slope
stability for sheaves on surfaces, and that slope (semi)stability of modular sheaves on a HK with a
Lagrangian fibration can be tackled with methods similar to those employed when dealing with sheaves on
elliptically fibered K3 surfaces. Building on these results, in [O’Grady 2022; 2024] we proved existence
and uniqueness results analogous to existence and uniqueness results for stable spherical vector bundles
on K3 surfaces. In this regard we mention that Mukai’s beautiful one-line proof of uniqueness fails, and
our unicity argument is substantially more involved — one may view this as a foreboding of difficulties to
come.

The main result of the present paper is the following. Let (X, /) be a general polarized HK variety
of type K 3121, with the exclusion of the case in which the divisibility of 4 is 1 and gx (4) = 2 (mod 8).
Then for all choices of a positive integer a (greater than 1) in an ideal of Z which depends on (X, /),
MSC2020: 14J42, 14]60.
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204 Kieran G O’Grady

there exists a choice of a triple (r,m, s) € N1 & Z & Q for which the moduli space of / slope stable
vector bundles .# on X with k(%) = r, ¢1(¥) = mh and A(Z) = sc,(X) contains an irreducible
component of dimension 2a? + 2.

In fact the proof suggests that the following holds: the moduli spaces that we consider (or, to be safe,
their closure in the moduli of Gieseker—Maruyama semistable sheaves) are deformations of moduli spaces
of sheaves on K3 surfaces. Moreover, we expect that in many cases the pair (mod. space, GIT pol.) is
a general polarized HK variety of type K 3la?+1] (or that this holds for a connected component of the
moduli space). At first glance this appears to be a letdown, but the key word is general: we expect to
realize a general polarized HK variety of type K 3171 (for certain values of 1) as a moduli space of sheaves
on a general polarized HK variety of type K3[2]. Note that if # > 1 then a general polarized HK variety
of type K 3171 cannot be a moduli space of sheaves on a general polarized K3 surface because the former
has 20 moduli while the latter has 19 moduli. In [O’Grady > 2026] we prove that our expectation is
correct (it holds for a connected component of the moduli space; we do not know whether the moduli
space is irreducible) when the moduli space has dimension 4 (the “missing case” a = 1).

1.2 Main result

Let (X, i) be a polarized HK variety (polarizations are always primitive). A mock Mukai vector is given by
(1.2.1) w=(r,l,s) e Ny ®NS(X) ® Hy*(X).

We let My, (X, h) be the moduli space of / slope stable vector bundles .%# such that

(1.2.2) w(F) = (k(F), c1(F), A(F)) = w.

By Maruyama’s classical results, My, (X, &) is a scheme of finite type over C.

Remark 1.1 Let (X, /1) be a polarized K3 surface and let v = (r,/,5) € N @ NS(X) & Hé’2(X) be a
Mukai vector. We denote by ., (X, &) the moduli space of & Gieseker—-Maruyama semistable sheaves
on X with Mukai vector v. If w is the mock Mukai vector (r,[,2r? + v?), where v2 = (v, v) is the
Mukai square of v, then My, (X, &) is the open subset of .#, (X, h) parametrizing slope stable locally
free sheaves. In order to avoid confusion we use the notation My, (X, /) only if dim X > 2.

Now suppose that X is of type K32, Then ¢y (%), the value of the Beauville-Bogomolov—Fujiki
quadratic form on /4, is a positive even integer. The divisibility of /4, i.e., the positive generator of
gx (h, H*(X;Z)), that we denote by div(%), is either 1 or 2; if the latter holds, then gy (h) = —2 (mod 8).
In both cases (i.e., divisibility 1 and 2) the corresponding moduli space of polarized varieties is irreducible
of dimension 20. For a,r; € Nt we let

2 3ea (X
(1.2.3) w::ar1(2r1, p, riea ))

div(h) 3
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Theorem 1.2 Let r; be a positive integer. Let (X, ) be a polarized HK variety of type K312 such that

1 ifr; =0 (mod 2),
2 ifry =1 (mod?2),
—2 (mod 2ry) if r1 =0 (mod 4),
—2r; —8 (mod 8ry) if ry =1 (mod4),
r1 —2 (mod 2ry) if r1 =2 (mod 4),
2r; —8 (mod 8ry)  if r{ =3 (mod 4).

(1.2.4) div(h) = {

(1.2.5) qx (h) =

Let a be a positive integer greater than 1 such that 2a is a multiple of r1, and let w be the mock Mukai
vector given by (1.2.3). Then the moduli space My, (X, h) is nonempty, and for (X, h) general it has an
irreducible component of dimension 2a? + 2.

Following is an outline of the main steps that go into the proof of Theorem 1.2. Given sheaves &
and & on a K3 surface S, there is a natural involution of the sheaf & X & @ & X & on S? which
lifts the involution of S? exchanging the factors. We denote by ¥ (&, &) the sheaf on S[?! which
corresponds via the BKR correspondence to the .-sheaf & X & @ & X &7. In Section 2 we study
basic properties of the sheaf ¥(&7, &). (We assume that & is locally free and & is torsion free; this
guarantees that 4(&£}, &) is torsion free. If also & is locally free then ¥(&7, &) is locally free.) We show
that 4(&7, &) is modular if (rk(&7), ¢1(&1)) is proportional to (rk(&3), ¢1(&£3)) and the Mukai vectors
v(&1), v(&) are orthogonal. These conditions imply in particular that (&) + 0(&)? = 0, where v(&})
is the normalized Mukai vector of &;, i.e., the multiple of the Mukai vector with first entry equal to 1,
and v(&)? is the square of (&) in the (rational) Mukai lattice of S. It follows that there are two types
of choices of &}, & that might produce a sheaf (&}, &) which is modular and stable, corresponding
to (&) = 0(&)? = 0 and 0(&1)? < 0 < v(&»)?, respectively. The first choice gives v(&)) = v(&>)
isotropic. This has been considered by Markman [2024b] and has led to the proof of the analogue of
the Shafarevich conjecture for pairs of HK varieties of type K 3[”]; see [Markman 2024a]. We consider
the second choice, i.e., v(&])> = —2 and & is a spherical vector bundle. Thus v(&>)? > 0, and in fact
v(&>)? may be arbitrarily large. A key fact that holds with some mild assumptions is that all (nearby)
deformations of ¥ (&}, &>) are given by 4(&7, 6”‘2/) where éaz’ is a (nearby) deformation of &,. Now suppose
that & is stable and ¢(&7, &3) is slope stable. Then we get that as &, varies among stable deformations
of & the sheaves ¥ (&, &) fill out an irreducible component of a moduli space of sheaves on S (2] (and
4(&1, &) is locally free for a general such &7). Actually one checks easily that we get a component
birational to the relevant moduli space of (semistable) sheaves on S. But we are getting ahead of ourselves:
the proof that this idea works is in Section 6. Section 3 lists examples of pairs &7, & such that 4(&;, &>)
is modular. In that section we also show that with a suitable choice of &, &, the pair (S, @(&;, &))
deforms to the pair (F(Y), N 2), where F(Y) is the variety of lines on a general cubic fourfold Y C P>
and 2 is the restriction to F(Y) of the tautological rank 4 quotient vector bundle on Gr(1, P?). These
examples of modular vector bundles were discovered by Fatighenti [2024]. The present work has been
motivated by the desire to understand Fatighenti’s example. In Section 4 we perform more computations
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in order to determine whether 4(&), &) is atomic or not (of course we assume that it is modular). The
answer is that it is atomic if and only if the Mukai vectors v(&7), v(&>) are both isotropic. Section 5
extends the results on variation of slope (semi)stability of modular sheaves on a HK variety with respect
to ample classes proved in [O’Grady 2022] to variation with respect to Kéhler classes. In the same section
we give results on slope (semi)stability of modular sheaves on a HK variety with a Lagrangian fibration
which go beyond those proved in [loc. cit.]. They are needed in order to deal with stability of a sheaf
on a Lagrangian fibration which restricts to a strictly semistable sheaf on a general Lagrangian fiber.
As mentioned above, in Section 6 we prove that under certain hypotheses the sheaf ¥ (&7, &3) is slope
stable by applying some of the results in Section 5 together with results on certain sheaves on elliptic K3
surfaces which are proved in the Appendix. Theorem 1.2 is proved in Section 7. We show that a general
sheaf ¢ (&1, &) in the irreducible component of the moduli space of sheaves on S [2] described above
extends to a nearby deformation of (S, ¢1(%(&,., &)) by applying Verbitsky’s fundamental results on
projectively hyperholomorphic vector bundles together with the results of Section 5.

2 Simple modular sheaves with many moduli
2.1 A construction of sheaves on S 2!
Let S be a (complex) smooth projective surface, and let X,(S) be the blowup of S? along the diagonal.
We have a commutative diagram
Xo(S) ——— 82

@2.1.1) pl l”

g1 ¥ L q®

where v is the quotient map and y is the cycle (or Hilbert-to-Chow) map. The map p in (2.1.1) is finite,
flat, of degree 2. Let pr;: S? — S be the i-th projection, and let 7;: X»(S) — S be the composition
Tj .= pr; OT.

Given sheaves &1, & on S, let # = .% (&1, &) be the sheaf on X, (S) defined by

(2.1.2) F(61,5) = ‘L’;kgj@‘[;éaz@f;kgz(@f;éa].

Let o be the involution of X,(S) which lifts the involution of S2 that exchanges the factors. Thus
73_; 00 = t; for i € {1,2}. The obvious isomorphism 0*.7 (&, &) =~ .Z (&, &) defines an action of
the symmetric group %5 on .% (&1, &), which is compatible with its action on X, (S). Since the action
of % on X,(S) maps any fiber of p to itself, we get an action of . on p« (%) (i.e., an action lifting the
trivial action on S [2]).

Definition 2.1 Let ¥ =9(&), &) = p«(.F)”2 be the sheaf of . -invariants for the action of .5 on py (.%).

By definition of the .#;-action we have
(2.1.3) g(gl,gz) 2,0*(77751 ®‘E;é32).
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The remark below explains why we define 4(&7, &) as a sheaf of .%-invariants.

Remark 2.2 Suppose that S is a K3 surface. The Bridgeland—King—Reid (BKR) McKay correspon-
dence [Bridgeland et al. 2001] applied to the category D s, (S?) of ., -equivariant (coherent) sheaves on
S?2 gives an equivalence between D, (S?) and the category of (coherent) sheaves on S 2] Let Z(&, &)
be the .%>-equivariant sheaf on S? defined by

(2.1.4) F =F(61,6) :=pr| & ®pry & B pr; & Qpry &.

If we adopt the definition in [Krug 2018, Section 2.4], then (&, &) corresponds to .7 (&), &) via the
BKR McKay correspondence.

We discuss a few properties of the above construction. First note that
(2.1.5) G(&E,EDE)=YG(61.86) DY(61.8)).

Secondly we discuss the case &1 = & = &/ where &/ is locally free. Following [O’Grady 2022] we
associate to <7 locally free sheaves «/[2] on S (2] as follows. Let

(2.1.6) ¢:0* (1] () @ 1) (o)) —> 1] () ® T, ()

be the isomorphism switching the factors of the tensor products. Then ¢ defines an action of ./,
on t{(«/) ® 1, (<), which is compatible with its action on X3(S). Hence we get an .%;-action on
Dx (ri" (7)® 15 (f;z%))y}z. The sheaf of .#, invariants of px (‘L';k (7))@ (ffz%))y2 for this action is .«7[2]7.
One may define another action of .%, multiplying ¢ by —1. For this second action, The sheaf of .,
invariants of p« (7] (@) ® 7 (o ))y2 (i.e., anti-invariants of the first action) is .<7[2] ™.

Proposition 2.3 Let o7 be a locally free sheaf on S. Then

(2.1.7) G(, ) = A2 & A2,

Proof We have injections
(@) ® 15 () > 1 () @1, () BT (o) @1y (o) = F(, ), > (§.8),
()@ () = 1] (F) @, () 1] ()R 15 () = F (o, ), &> (§,—E).

Moreover, .% (<7, <) splits as the direct sum of the images of the two injections. The first of the above
maps is .#3-equivariant if the action on 7 (<) ® 75 (/) is the first one defined above, and the second one
is .75-equivariant if the action on 7} (&) ® 75 (/) is the second one defined above. Taking .# invariants
of the direct images for ps one gets the isomorphism in (2.1.7). a

Proposition 2.4 With notation as above, the following hold:
(1) If &, &, are locally free, then 4(&y, &) is locally tree.

(2) If &, is locally free, and &, is torsion free, then 4 (&1, &) is torsion free.
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Proof (1) Since % = F (&1, &) is a tensor product of locally free sheaves, it is locally free. Since the
map p in (2.1.1) is finite and flat, it follows that p4(.%) is locally free. Thus & = p«(.%)”2 is locally free.

(2) Since &> is a torsion-free sheaf on a (smooth) surface it has a two-step locally free resolution which is
an injection of vector bundles away from a subset of codimension 2. Pulling back via 7, to X»(S) and
tensoring by 741 we get that .7 (&7, &2) has a two-step locally free resolution which is an injection of
vector bundles away from a subset of codimension 2. It follows that % (&7, &>) is torsion free. Hence
pxF (&1, &) is torsion free, and a fortiori the subsheaf 4(&7, &) is torsion free. |

Next we do the construction in families. Let B be a scheme, and let E;, E, be sheaves on S x B. We
define a sheaf .#(E;, E;) on X,(S) x B by letting

F(Ey,E) i= (11 xIdp)*E; ® (12 x Idp)*E> @ (11 X Idp)*E, ® (v2 x Idp)*E;.
The symmetric group ., acts on (p X B)«.%#(Eq, E»): we let 9(E;, E;) be the subsheaf of .#;-invariants.

Proposition 2.5 With notation as above, suppose that E is a B-flat family of locally free sheaves on S,
and that E; is a B-flat family of torsion-free sheaves on S. Then 4(E, E,) is a B-flat family of torsion
free sheaves on S[21,

Proof Since E; is a B-flat family of torsion-free sheaves on §, it has a two-step locally free resolution
(2.1.8) 0—E}—E)—E,—0,

which restricts to a locally free resolution of E|gxp} for every (schematic) point of B. The pullback to
X3(S) x B of the exact sequence in (2.1.8) remains exact. It follows that .# (E, E;) is the direct sum of
two sheaves, each of which has a two-step locally free resolution which remains exact when restricted to
each fiber of the projection X,(S) x B — B. This implies that .#(E{, E,) is B-flat; see Theorem 22.5
in [Matsumura 1986]. Since p is flat we get that (p x Id)«.% (E1, E,) is B-flat, and hence also its sheaf of
Y, -invariants. O

2.2 Main results

Notation is as in Section 2.1. Below are the main results of the present section.

Proposition 2.6 Suppose that S is a K3 surface, that &, &, are simple sheaves on S, that &, is locally
free, and that &, is torsion free. Then the following hold:

(1) The sheat 4 = 4(&, &) is simple if and only if
(2.2.1) ext} (&1, &) -exty (6, &) = 0.
(2) If ¢ is simple, then
exty (9. 9) = extg(£1. 61) + extg (62, 6) + (extg (61, &) + exty (62, £1)) -ext' (61, &).
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3) If
(2.2.2) exty (&1, &) = exty (&2, 61) =0
(in particular, 4 is simple), then
(2.2.3) eXty (9. 9) = 2+ extg (61, ) + extg (61, &) - exty (6. £2).

(4) Ifthe equality (2.2.2) holds, then deformations of ¢ are unobstructed, and Def(¥) is identified with
Def(&7) x Def(&3) via the map

(2.2.4) Def(&) x Def(&) ~=» Def(%)

that associates to deformations & (s) and &, (t) of & and &, respectively, the sheaf 4 (& (s), & (1))
(this makes sense by Proposition 2.5).

In order to state the other main result of the present section, we recall the description of the second
cohomology of S21. Let E C X,(S) be the exceptional divisor of the blowup map 7: X5(S) — S2, and let

(2.2.5) e:=cl(E) € H*(X,(S),Z).

There exist a homomorphism

(2.2.6) w: H*(S;Z) — H*(SP: 7)

and a class § € H2(S2: Z) such that

(2.2.7) prpu(e) =tfa+ 50, p*S=e,

where « is an arbitrary class in H2(S; Z). We have a direct-sum decomposition
(2.2.8) H*(SP:7) = Im(n) @ Z8,

whose addends are orthogonal for the Beauville-Bogomolov-Fujiki (BBF) symmetric bilinear form g gp.
Moreover ¢gr1(u(@)) = o2 for @ € H?(S;Z), and ggri(e) = —2. As a matter of notation we denote
by the same symbol 1 the extension of y to a linear map H2(S;C) — H2(SP: C).

Proposition 2.7 Let S be a K3 surface. Let & and &, be torsion-free sheaves on S of ranks ry and r,
respectively, with & locally free. Let ¢ = 4(&1, &»).

(1) We have
(2.2.9) tk(9) = 2r1ra,  ¢1(9) = rap(c1(61)) +ripu(c1(62)) —riraé.
(2) Suppose in addition that
(2.2.10) ry-c1(61) =r1-c1(&),
and that, letting v(&;) be the Mukai vector of &;, we have
(2.2.11) r-v(&)? +riv(&)* =0,
where v(&;)? := (v(&), v(&;)) is the square of the Mukai pairing (- ,-). Then
(2.2.12) A@) = Lririe,(sP).
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Remark 2.8 The most important result in Proposition 2.7 is the assertion that, under suitable hypotheses,
the discriminant of % (&}, &) is a multiple of ¢, (S), i.e., that 4(&;., &) is a modular sheaf. In Section 2.6
we recall the definition of modular sheaf. The key features of modular sheaves are the following. First,
variation of stability behaves as if the hyperkéhler variety were a surface. Secondly, one may relate stability
of a modular sheaf on a hyperkihler with a Lagrangian fibration and (semi)stability of its restriction to a
general Lagrangian fiber, provided the polarization is sufficiently close to the boundary of the ample cone
which corresponds to the Lagrangian fibration. These results, which are presented in Section 5, provide
the theoretical basis of our proof of the main result, i.e., Theorem 1.2.

Remark 2.9 Assume that the equality in (2.2.10) holds. Then the equality in (2.2.11) holds if and only if
(2.2.13) (v(&1),v(&)) =0.
Note that this is equivalent to the condition x (&7, &) = 0.

Remark 2.10 Let S be a K3 surface. The construction in Section 2.1 extends to S and it does give
modular sheaves under suitable hypotheses. Let &1, . . ., &, be sheaves on S, locally free, with the possible
exception of one which is torsion-free. Let X, (.S) be the n-th isospectral scheme of .S (see Definition 3.2.4
in [Haiman 2001]), with maps t: X, (S) — S (the blowup of the big diagonal) and p: X,,(S) — Sl
Fori e {1,...,n}let 7;: X;,;(S) — S be t followed by the i-th projection. Let

F = @ o) @ ® T Eat) @ ® Ty Ep(m)-

0EYy

The pushforward p4 (%) is torsion-free because .7 is torsion-free. If all the &; are locally free then p4 (%)
is locally free because p is finite and flat (the latter is a highly nontrivial result of Haiman; see [loc. cit.]).
The symmetric group .}, acts on X, (.S) compatibly with its permutation action on S”, and hence we get
an .%y-action on .%. Thus we also get an .#-action on p«(%): welet ¥ = 4 (&1,...,6,) C px(F) be
the sheaf of .%-invariants. Let r; :=rk(&;) and 7 := rq - - - r,. Then we have

k(%) = n!F  and cl(%):(n—l)!F[Z/L(cl(gi))—I%Sni|,

ri

i=1
where f1,: H*(S) — H?(S) is the analogue of the homomorphism p: H2(S) — H?(S[?), and
8n € H2(S™:; 7) is the unique class such that p*§, is the class of the exceptional divisor of . Next
assume that each sheaf &; is simple, that

(2.2.14) ricy(6;) = ricy1(&5)
for all 7, j, and that

n

v(&)?

2.2.15 = 0.
(2.2.15) ; 2
Then
(2.2.16) A@) = &5 (n)*F ey (™).
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2.3 Proof of Proposition 2.6

Since S is a K3 surface, the Bridgeland—King—Reid (BKR) McKay correspondence gives an equivalence
between the derived categories of .5 equivariant coherent sheaves on S? and of coherent sheaves
on S[2. In particular, since ¥ = ¥(&7, &>) is the sheaf on S [2] corresponding to the .7, equivariant sheaf
F = F(&1, &), we have an isomorphism

(2.3.1) Ext?

2. 9) = Extgz(g, F)72,

By the Kiinneth decomposition we have

(2.3.2) Extg,(#,7) =
2 2
P P Exti.a) (&G NP P Exté(é. &) QExt} (&4, 6).
i=1a+b=p i=1a+b=p
Since extg (&,68) = 1fori € {l,2}, we get that extg,2 (#, %) = 2 and that the invariant subspace of
Extgz(ﬂ‘ , %) has dimension 1 if and only if (2.2.1) holds. This shows that item (1) holds.

A similar argument proves items (2) and (3).

Lastly we prove that item (4) holds. For i € {1, 2} let U; be a ball with center 0 and let <% be a
sheaf on S x U;, flat over Uj, such that o7 (0) := %% gx{0} is isomorphic to &;, and the associated map
(U;, 0) — Def(&;) is an isomorphism. Let (<, %) be the sheaf on S121 x U; x U, that one gets by
working in families; see Section 2.1. Then ¥ (<7, «%) is flat over U; x U, by Proposition 2.5. Thus we
have a morphism of schemes

(2.3.3) Uy x Uy 25 Def(#)

which maps the point s = (51, s2) to the unique ®(s) € Def(¥) such that the corresponding sheaf on S[2!
is isomorphic to ¢ () (s1), @, (s2)) (here Def(¥) is a representative of the deformation space of ¢, which
is a universal deformation space because ¢ is simple). Let i € {1, 2}. Since &; is a simple sheaf on a K3
surface, its deformation space is unobstructed, i.e., dim U; = extfg (&1, 6;). By item (2) it follows that

(2.3.4) dim(Uy x Uz) = extgp, (4. 9).

Thus it suffices to prove that @ is injective. By shrinking the U; around 0 we may assume the following:
if 5,1 € Uy x U, and a, B € ., are such that

(2.3.5) Hom(szf’a(l-) (sa(i))’ ﬂ'g(l‘)(l‘ﬂ(i))) #0 forall i €{l,2},

where .7 ;) (5) equals o7, ;)| s x{s} and similarly for Zg;)(¢)), then s = (and & = B). In fact this follows
from the hypothesis that each &; is simple and from the vanishing extg (&1, &)= extg (&,8)=0.Byan
argument similar to those described above, this implies that if Hom(¥ (] (s1), 9 (52)), 9 (1 (t1), (1))
is nonzero, then s = ¢. This shows that ® is injective, and concludes the proof of item (4). O
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2.4 Pullback of 4 to X,(S)

The sheaf p*¢ is obtained from .# via an elementary modification along E, where E is the exceptional
divisor of the blowup map 7: X»(S) — S2. In order to explain this we introduce some notation. Let
D C S? be the diagonal of S2. Let

(2.4.1) D= S

be the isomorphism given by restriction of either one of the projections. Let tg: £ — D be the restriction
of 7 to E, and let

24.2) €:=cotg: E—S.
Let % be the locally free sheaf on E defined by

(2.4.3) X =€ (& R &).
One can choose an isomorphism

(2.4.4) FIE=ZADR

such that the eigensheaves of the action of the involution o on .7 g (this makes sense because o is the
identity on E) are given by

(2.4.5) FlEU)E ={(s, £5) | s € Z2(U)}.
(Here U C FE is an open subset.) Let
(2.4.6) Fig 2> %, (a,b)r>a—b,

where the notation makes sense because of the isomorphism in (2.4.4) — we assume that it has been
chosen so that the equalities in (2.4.5) hold. Let t: E < X5(.S) be the inclusion map, and let ¢: F — 1%
be the morphism defined by the morphism ¢ in (2.4.6). Arguing as in the proof of [O’Grady 2022,
Proposition 5.6] one gets that p*¥ fits into the exact sequence

(2.4.7) 0= p*d — F 25 1,2 — 0.

2.5 Proof of Proposition 2.7

The rank of ¢ can be computed away from the branch locus of p, and it is equal to the rank of .%,
i.e., 2r1ry. By the exact sequence in (2.4.7) we can express ch(p*%) via ch(.%#) and the Chern character
of the sheaf 1+%. Applying the GRR theorem we get that modulo H°(X»(S), Q) we have

(2.5.1) ch(t4#) = rirpe + %cl (F)-e— %rlrzez.

Hence we get that

2
(252) q(p*%)zcl(ﬁ)—cl(c*(%)):( > ”rzr,;“cl((fa))—rlrze.
1<ab<2 ¢
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By the equalities in (2.2.7) we get that

(2.5.3) prci(@) = p*(rap(c1(61)) + rip(ci(&2)) —rir2).

The pullback homomorphism p*: H2(S") - H2(X,(S)) is injective because p is a finite map. Hence
the second equality in (2.2.9) follows from the equality in (2.5.3). This finishes the proof of item (1) of
Proposition 2.7.

Next we prove item (2). It suffices to show that

(2.5.4) PFAY) = —r1 r2 o cz(S[z]).
By the equality in (2.5.1) we have

(2.5.5)  p*chy(9) = chy(F) — chy (1(%))

172 rir
= 3 (e bt + e} s eha (@)

a

1<a,b<2
1 "2 rra
_Ee'( Z Py Cl(ga)) — e
1<a,b<2
We recall that
Let
& &

(2.5.7) Lo ald) _al®)

ry ry
(Recall the equality (2.2.10).) The equalities in (2.5.5) and (2.5.6), together with a few computations,
give that

2

(2.5.8) P A(%)——41’1 r2 Z rl;“(chzr(éaa) (Zf*)\Z) 1’11’ o2,

1<a,b=<2

Let n € H*(S) be the orientation class. By definition of Mukai pairing we have

chy (&) v(ga)z 22
259 =— — —.
( ) g 2r2 n—n 2

Replacing in the right hand side of (2.5.8) the above expression for ch,(&,)/ 7, and recalling the equality
in (2.2.11), we get that

(2.5.10) P*A(@) = 8riry (tyn+tin) — srirye’.

On the other hand we have (see [O’Grady 2024, Proposition 2.1])

(2.5.11) p*ca (Sl = 24(c3 () + ¥ () — 3¢2.

The validity of the equality in (2.5.4) follows from the equalities in (2.5.10) and in (2.5.11). O
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2.6 Modular sheaves

Let X be a HK manifold of dimension 2n. The discriminant of a torsion-free sheaf .% on X is
(2.6.1) A(F) :=21k(F)c2(F) — (k(F) — 1)¢; (F)? = =21k(F) chy(F) + chy (F)2.

The sheaf .% is modular (see [O’Grady 2022]) if there exists d (%) € QQ such that
(2.6.2) / A(F)a?" 2 = d(F)2n -3 gy ()"}
X

for all @ € H?(X), where gy is the Beauville-Bogomolov—Fujiki quadratic form of X

Example 2.11 If X is a K3 surface, then every torsion-free sheaf .# on X is modular and d (%) =
[y A(F) = v(F)* +21k(F)%

Example 2.12 Let & = %(&), ..., &,) be the sheaf on S appearing in Proposition 2.7 for n = 2 and in
Remark 2.10 for general n. Then ¢ is modular. In fact this follows from the equality in (2.2.12) and the
formula [gp 2 (S22 = 6(n + 3)(2n — 3)! g ()"~ 1. Thus d(¥) = (n + 3)(n!)?72/2.

We recall that the Fujiki constant of X (sometimes called the small Fujiki constant) is characterized by
the validity of the equality

(2.6.3) / o = 2n— D exqx (@)"
X

for all @« € H?(X).
Definition 2.13 Let X be a HK manifold, and let .# be a modular torsion-free sheaf on X. Then

_1k(#)?-d(F)

(2.6.4) a(%): o

’

where d (%) is as in equation (2.6.2) and cy is the Fujiki constant of X .

Example 2.14 Let 4(&}, ..., &) be as in Example 2.12. Then
(2.6.5) aG(&,.... &) = m+3)(n)*r*/s.

In fact this equality follows from the formula for d(%¢) given in Example 2.12 and the equality cgpi = 1.

Definition 2.15 Let S be a K3 surface, and let v = (r, [, s) be a Mukai vector on S. We set a(v) :=
(r?(v? +2r?)/4.

Definition 2.16 Let X be a HK manifold of dimension 2n > 2. Let w = (r,/, s) € Ny xNS(X) x Hé’z(X),
and assume that there exists d € Q such that

(2.6.6) / s-a?"2 =dQ2n—3)gx(a)"!
X
for all o € H?(X). We set a(w) :=r2d/4cx.
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Remark 2.17 Let v = (r,/,5) be a Mukai vector on a K3 surface S. If .% is a sheaf on S such that
v(F) = v, then a(.F) = a(v); see Example 2.11. Let X be a HK manifold of dimension 2z > 2, and let
w = (r,1,s) be as in Definition 2.16. If .# is a sheaf on X such that w(#) = w, then a(F#) = a(w).

3 Examples
3.1 Preliminaries

Let S be a K3 surface, and let &, & be sheaves on S. Fori € {1, 2} let

(3.1.1) v(é1) = (ri, li, si)

be the Mukai vector of &;.

Lemma 3.1 If the hypotheses of Proposition 2.7 (including (2.2.10) and (2.2.11)) hold, then

(1) v(&)*> =0 fori € {1,2} and v(&}), v(&) are proportional, or

(2) up to reindexing we have v(&;)* = —2 and v(&,)? > 0, and there exists a € N such that r, = ar;
and [, = al;.

Proof Suppose that v(&)% = v(&>)? = 0. Then by the equality r2/; = r1/, (see equation (2.2.10)) we
may write v(&]) = tv(&) + (0,0, s) for some ¢, s € Q. Note that ¢ # 0. Since v(&})? = v(&)%? =0 it
follows that s = 0, and hence v(&}), v(&>) are proportional.

Suppose that v(&1)?2, v(&>)? are not both zero. Since rzzv(éz'l)2 + ;’121)(52)2 = 0 there exists i € {1, 2}
such that v(&;)? < 0. Reindexing we may assume that i = 1. By simplicity of & we get that v(&;)? = —2,
i.e., that

(3.1.2) risi— 312 =1.

Hence div(/{) and r; are coprime. The relation r,/; = ril, gives that there exists « € N4 such that
r, = arq and [, = aly (because div(/{) and ry are coprime). ]

Remark 3.2 Let &1, ..., &, be sheaves on a K3 surface S as in Remark 2.10, and suppose that the
equalities in (2.2.14) and (2.2.15) hold. For j € {1,...,n} letv(&;) = (rj,lj, s;). Then either v(&;)* =0
forall j € {1,...,n} and the Mukai vectors v(&1), ..., v(&y,) are proportional or else, up to reindexing,
v(&£1)?> = —2 and for all j > 1 we have U(Cg}‘)z >0aswellasrj =ajr; and l; = ajly, where aj € Ny,

Remark 3.3 The modular sheaves given by 4(&1, ..., &,), where the Mukai vectors v(&}), ..., v(&,)
are isotropic (primitive) and all equal are studied by Markman [2024b, Section 11].

3.2 A series of examples

We discuss examples of &7, & such that item (2) of Lemma 3.1 holds.
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Lemma 3.4 Let (S, /) be a polarized K3 surface. Let &, & be Gieseker—Maruyama stable torsion-free
sheaves on S, with & spherical (and hence locally free). Assume also that there exists a € N such that

2

3.2.1) v(&) = av(&) — =2(0,0, 1).
r

Then ¥ = 9 (&, &) is a torsion-free simple sheaf on S'21, and

(322) U)(g) =danr (27’1 s 2,&(11) — }"18, %ar?cz(S[z])),

If in addition

(3.2.3) Hom(&, &) =0,
then
(3.2.4) Xty (9.9) =2a% +2, extyy(9.9) =2,

% has unobstructed deformations, and Def(¥) is identified with Def(&;) x Def(&3) via the map in (2.2.4).

Proof We claim that Hom(&7, &) = 0. In fact by the equality in (3.2.1) one gets that x (S, & (n))/r(&1) >
X(S, & (n))/r(&) (here > means that the left-hand side is greater than the right-hand side for n > 0,
in fact for all # in this specific case), and hence Hom(&;, &>) = 0 by stability. By Proposition 2.6 it
follows that ¢ is simple. The equalities in (2.2.10) and (2.2.11) hold because of the equality in (3.2.1),
and thus the equalities in (3.2.2) hold by Proposition 2.7.

The validity of the remaining statements assuming the vanishing in (3.2.3) follows from Proposition 2.6,
because Hom(&, &) = 0. |

Remark 3.5 Let &7, & be as in Lemma 3.1, and let 4 := ¥(&;, & ). If item (1) of Lemma 3.1 holds, with
v(&1) = v(&) and &1, &, stable nonisomorphic vector bundles, then (2.2.3) gives that extém (¢9,9)=6.
If item (2) of Lemma 3.1 holds, with &7, &, slope stable, then (2.2.3) gives that exté[z] (9,%) = 2. There
are examples with & Gieseker—Maruyama stable but not slope stable with ext}sm (&1, &) arbitrarily large,
and hence exté[z] (¢9,%) arbitrarily large by (2.2.3). However, in these cases ¢ is unstable. This motivates
our expectation that ¢ belongs to a connected smooth component of the corresponding moduli space
of (semi)stable sheaves on S (2] The main result in [Bottini 2024a] gives further evidence towards the
expectation that moduli spaces of modular sheaves (or at least of projectivelt hyperholomorphic sheaves)
are often smooth.

Remark 3.6 Set r; = 2a or r{ = a with @ odd in Lemma 3.4. In other words, suppose that
(1) v(&) = (a,ly,s1) and V(&) = (242, aly,as; — 1), or
() v(&) = (a,ly,s1) and V(&) = (a2, aly,as; —2) and a is odd.

Then the vector v(&3) is primitive. Conversely, if in Lemma 3.4 the vector v(&3) is primitive, then either
item (1) or item (2) holds.
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3.3 Fatighenti’s example

Let Y C P3 be a smooth cubic hypersurface. Let X C Gr(1,P3) be the variety parametrizing lines in Y,
and let / be the Pliicker polarization of X. Then (X, /) is a general HK of type K 321 with polarization of
square 6 and divisibility 2. Let 2 be the restriction to X of the tautological quotient rank 4 vector bundle
on Gr(1,P3). Then 2 is a rigid modular vector bundle which is stable if Y is general, and belongs to the
class of vector bundles studied in [O’Grady 2022; 2024]. In [Fatighenti 2024] it is shown that /\232 is
stable, and that

(3.3.1) h'(X,End(A\’2)) =20, h*(X,End(N\°2)) =2.

Let
w = 3(2,h, c2(X)) = (k(A’2), 1 (N> 2), AN 2)).
A computation gives that [/\2 Q] € My(X, h). Here we show that A’ 2 is a deformation of ¢ (&1, &)

for suitable &, &. More precisely, let (S, D) be a polarized K3 surface with D- D =2 (mod 4), and let
Z be the stable spherical vector bundle on S with Mukai vector

(3.3.2) v(Z) = (2.D.3(D- D +2)).

(Abusing notation we denote by the same symbol D and its Poincaré dual.) A straightforward computation
gives that

(33.3) v(Sym? #) = (3,3D,3D- D —3) = 3v(\*F) — (0,0, 6).

Hence the equality in (3.2.1) is satisfied (with r; = 1 and a@ = 3) by
(3.3.4) & = NZ, & :=Sym®Z.
Here we prove that the remaining hypotheses of Lemma 3.4 (i.e., stability of Sym?.% and the validity

of (3.2.3)) hold under additional hypotheses on (S, D). The result below follows from surjectivity of the
period map for K3 surfaces.

Claim 3.7 Let myg, dy be positive natural numbers. There exist K3 surfaces S with an elliptic fibration
e: S — P! and elliptic fiber C C S such that

(3.3.5) NS(S) =Z[D|® Z[C], D-D=2my, D-C=d,.

Lemma 3.8 Let S be an elliptic K3 surface as in Claim 3.7, and suppose d is odd and doy > 3(2mg + 1).
Then
(D) Sym2 Z is a slope stable vector bundle, and

(2) there is no nonzero map Sym®.# —s N\>.7.

Proof By Proposition 6.2 in [O’Grady 2022], the vector bundle .# is slope stable for any polarization,
in particular for D.
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(1) Letz € P! and let C; := £~ !(¢) be the corresponding elliptic fiber. The restriction .%; := Z\c, 18
(slope) stable by [loc. cit., Proposition 6.2]. If C; is smooth it follows that

(3.3.6) sym*#r= @ O¢,(D+a).
0#£aeC,[2]

where C;[2] < Pic®(C;) is the 2-torsion subgroup. In fact this can be proved as follows. By general results,
F1QF ;= Lo®L1PLrP L3, whereeach L; is aline bundle. We may assume that Ly = /\Zﬁt =0c,(D).
Let o € C¢[2] and let 7 : C; — C be translation by . Then 1 (%, ® %) = .%; ® %;. Hence the translation
action of C¢[2] on Pic(C;) permutes the isomorphism classes [Lg], [L1],[L2],[L3]. This forces

{LL1].[L2) [L3]} = {[oc, (D + @)l [0c, (D + ). [0c, (D +a + P}

where «, B € C¢[2] are nonzero and distinct. We have proved the validity of (3.3.6).
Suppose that Sym?.Z is not slope stable. Since it is slope polystable by general results (see for
example [Huybrechts and Lehn 2010, Theorem 3.2.11]) and it has rank 3, it follows that

(3.3.7) Sym?.Z =~ 65(D)® ¥,

where ¥ is a rank 2 vector bundle. The above decomposition is incompatible with the direct sum
decomposition in (3.3.6) because there is no nonzero map

(3.3.8) 0s(D)ic, =0c,(D) > P 0c,(D+a).
0+£aeCy[2]
It follows that Sym? . is slope stable.

(2) Restricting a map ¢: Sym? .7 — A7 to a smooth fiber C; and recalling the decomposition in (3.3.6),
we get that the restriction of ¢ to C; is zero. Since Sym? .Z is locally free it follows that ¢ = 0. |

Let hypotheses be as in Lemma 3.8. By Lemma 3.4 the vector bundle
(3.3.9) % =9 (N, Sym?> F)
is modular, one has
(tk(%0). 1(%0). A%0)) = 3(2, 2u(D) = §). 3e2(SP)),

and ¢, has unobstructed deformations given by ¥ (/\zf , 427), where 7 is a (nearby) deformation of
Sym? .Z. Now notice that if D- D = 2, then 24(D) — 6 has square 6 and divisibility 2. It follows that if
(X, h) is a general deformation of (S121,2,1(D) —§), then (X, &) is isomorphic to the variety of lines on
a general cubic hypersurface in P> polarized by the Pliicker line bundle (note: 24(D) — §) is not ample).

Proposition 3.9 Let hypotheses be as in Lemma 3.8. Assume in addition that D - D = 2, and let (X, h) be
a general deformation of (S'21,2.(D) — §). Then the pair (S 2] (/\29* ,Sym? F )) deforms to the pair
(X , /\2 e@), where 2 is the restriction to X of the tautological quotient rank 4 vector bundle on Gr(1, P> ).
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Proof Let .Z[2]" be the (modular) vector bundle on S21 associated to .7 according to Definition 5.1
in [O’Grady 2022]; see Section 2.1. Then

(3.3.10) (k(Z[2]), e1 (Z[2]F), ACZ[2]T)) = (4, 2(D) — 8, e (SP)).

(See Proposition 5.2 in [loc. cit.].) Moreover, the pair (S[2!, #[2]1) deforms to (X, 2), where (X, h) is
a general deformation of (S8, 24(D) — §). Thus it suffices to prove that there is an isomorphism

(3.3.11) N 72T =9(N 7, Sym? 7).
Let notation be as in Section 2.4. We have the exact sequence
(3.3.12) 0— p*Z2" = t}(F) @ 1} (F) = tu(* N2.F) = 0;

see equation (5.2.2) in [loc. cit.]. Taking the second exterior product we get an exact sequence described
as follows. If V, W are (complex) vector spaces we may define an isomorphism

f1Sym2 V@ AW @ A’V @ Sym> W = AX(V @ W)
by letting
F(iv, @wi Awy,0) =11 QWi Avy @ Wy — V] @ Wy AUy ® Wy,

and similarly for (0, v]v), ® wj Aw)).
It follows that by taking the second exterior product of the terms in the exact sequence (3.3.12) we get
the exact sequence

(3.3.13) 0— p* (/\254‘[2]+) — ¥ (Sym? #) ® 75 (/\23“) @1 (/\23“) ® 75 (Sym* %)
v, Lo (e* Sym? F @ N.F) — 0.

Now compare the above exact sequence with the one in (2.4.7) for ¥ =¥ (/\2? ,Sym? .7 ) The middle
terms are equal, and the quotient map v in (3.3.13) is identified with the quotient map ¢ in (2.4.7). Hence
we get an isomorphism between p*(A\*.7 [2]7) and p*¥ (/\23“ , Sym* .#). The isomorphism descends to
an isomorphism (3.3.11). O

4 Atomicity/nonatomicity
4.1 The main result

Let &1, & be sheaves on a K3 surface S satisfying the hypotheses of Proposition 2.7. Hence the sheaf
¢ = 4(&), &) is modular. The main result of the present section is the following.

Proposition 4.1 The sheaf ¥ = ¥ (&1, &>) is atomic (see Section 4.2) if and only if
(4.1.1) v(&)? = v(&)* =0.
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Remark 4.2 Markman [2024b] showed that ¢ (&}, &>) is numerically 1-obstructed (i.e., atomic) if the
equalities in (4.1.1) hold (or, more generally, that 4(&,., ..., &) is atomic if v(&)? = -+ = v(&)? = 0).
The point of our computation is to show the reverse implication: if 4(&7, &) is atomic then the equalities
in (4.1.1) hold.

4.2 Recap of work by Taelman, Markman and Beckmann

In the present subsection we recall the notion, introduced by Beckmann [2023; 2025], of “extended Mukai
vector” of a sheaf on a HK manifold X of dimension 2n. Additional references are [Taelman 2023] and
[Markman 2024b].

Let H*(X) := H?(X; Q). The extended rational Mukai lattice of X is given by the rational vector
space

4.2.1) H(X):=Qa®d H*(X)® QB

with the bilinear symmetric form b defined as follows. The direct sum decomposition in (4.2.1) is
orthogonal for b, the restriction to H?(X) equals the BBF bilinear symmetric form, and

(4.2.2) b(a,a) =b(B,B) =0, b(a,p)=—1.

Forve H (X) we let g(v) = l;(v, v). Let go(X) be the rational Looijenga—Lunts—Verbitsky algebra
of X, and let SH(X) C H(X) be the Verbitsky subalgebra, generated over Q by H?(X). One has an
isomorphism of Lie algebras gg(X) = 50(171 (X)) such that there is an embedding of 50(?[ (X))-modules

4.2.3) SH(X) %> Sym” f (X)
described as follows. Associate to A € H?(X) the element ¢) € 50(?[ (X)) defined by
4.2.4) ey(@)=x, exn(pn) = g(k, w)p  forall pe H*(X), e)(p)=0.

Note that e, and e, commute for any A, u € H 2(X). One defines W by letting

an
(4.2.5) W0 - = e, e, (W)

The map W is an isometric embedding with respect to the nondegenerate bilinear forms on SH(X') and
Sym” H (X) defined as follows. The Mukai pairing ( , )p on SH(X) is defined by requiring that

(42.6) Emwi=7 [ £
if £ € SH2P(X), n € SH¥22(X) (we let SH2 (X) := SH(X) N H24 (X)), and that

4.2.7) SH*P(X)LSH*?(X) if p+q #2n.
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Note: if X is a K3 surface, then ( , )M is the opposite of the classical Mukai pairing. The bilinear
form g[,,] on Sym” H (X) is defined (following Beckmann [2023, p. 119]) by

n
(4.2.8) b (X1 -+ Xns y1 -+ yu) 1= cx (=1)" Z l_[b(xi’ Yo (i))-

O'Eyn i=1
As stated above, one has

(4.2.9) by (W(E), W(n) = (€, forall & 1€ SH(X).

Since (¢, n)m and 5[,,] are nondegenerate, the orthogonal projection
(4.2.10) Sym" H(X) L5 SH(X)

is well defined.
There is also a well-defined orthogonal projection

(4.2.11) H(X) - SH(X), n7,

because the intersection form on H (X)) and its restriction to SH(X') are nondegenerate. Let .% be a sheaf
on X (or an object of DP(X)). The associated Mukai vector is given by

(4.2.12) v(&F) :=ch(%)y/Td(X).
Note that v(%#) € H(X), i.e., it’s a rational cohomology class. Note that v(.%#) € SH(X).

Definition 4.3 [Beckmann 2023, Definition 4.15] Letv € X . Then v is an extended Mukai vector of .Z if
(4.2.13) span(v(.%)) = span{T (v"")}.
Abusing notation, if an extended Mukai vector of .# exists we denote it by V(.%).

Remark 4.4 If .% is atomic [Beckmann 2025], i.e., numerically 1-obstructed [Markman 2024b], then it
has an extended Mukai vector. For HK manifolds of type K 312] the two notions are equivalent, but in
general there is no reason why having an extended Mukai vector should imply atomic.

4.3 An “extended Mukai vector” of .7 is determined by r (%), ¢1(.%) and A(%)

Let .# be a sheaf with positive rank r. Suppose that an extended Mukai vector of .#. Markman and
Beckmann showed that one may assume V(%) = ra + ¢1 (%) + sB. They also showed .# is modular.
Bottini [2024b, Corollary 3.10] showed how to determine s from r, ¢ (%) and A(%) if dim X = 4.

In this subsection we extend Bottini’s computation to arbitrary X . First we recall a few definitions.
Following Beckmann we let q»; € SH* (X) be the element characterized by the requirement that

(4.3.1) / Qi - E2H = ex 2n—2i — Dgx ()" forall £ € H*(X).
X
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In [Bottini 2024b] classes g,; are defined: one has the relation q,; = cxg2;. We let C(cy(X)) be the
rational number such that

(4.3.2) fX e2(X)-E7"7% = C(ea (X)) gx (€)" !

for all £ € H?(X). A simple argument shows that

C(c2(X))

Proposition 4.5 (Beckmann, Markman, Bottini + €¢) Suppose that .% is a sheaf with positive rank r
which has an extended Mukai vector. Then .% is modular, i.e., A(%) is a multiple of q,, and we may
assume that V(%) = ra + ¢ (%) + sp where s is determined by the equality

INZSY ( Clea(X))r?

(4.3.4) A(F) = m—qux(cl(ﬁ)))qz-

Proof By hypothesis there exist x,s, p € Q and A € H?(X) such that

4.3.5) v(F) = pT ((xa + A + sB)").
We define a grading

(4.3.6) Sym" H(X) = PISym" H(X)»q
d

by letting &’ w; - - - wi B7 € [Sym” FI(X)]zk+4j. The inclusion ¥ maps SHZd(X) into [Sym” H(X)]»g
and the orthogonal projection maps [Sym” H (X)]24 onto SHZd(X ). Hence the equality matches homo-
geneous elements of the same degrees. Developing up to degree 4 we get that

rC(c2(X))

Z)+ oy (7) + )
Al t (At S a3 ®

=p- (x"T(a”) +nx" 1T (@) +nx"" s T ("1 B) + (;)x”_zT(a”_zkz)).
(Recall the equality in (4.3.3).) We have
(4.3.7) T@") =n! and T@"'A)=m—-1)A

because W(n!) = o’ and W((n — 1)!A) = o' A. On the other hand by [Beckmann 2023, Lemma 3.5]
and [Bottini 2024b, Lemma 3.8] (note that cxy g, = q,) we have

(4.3.8) T@ 'f)=m—1'qy and T(@" 213 =mn—-2)!A*—gx(N)a2).
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Hence we get the equality
—— rCX))
r+ci(%)+chy(F)+ ———
T (At o ®
=p- (X" + 0! x" A+ nlx""sqp + 1nl X" T2 (A% — gx (M) a2)).

Since r > 0 we may choose x = r and

1

The proposition follows. |
Example 4.6 Let X be of type K3[2], and hence SH(X) = H(X). Then cx = 1 and C(c,(X)) = 30,
i.e., c2(X) = 30q,. Hence V(%) = ra + ¢1(F) + sB, where s is the solution of the equation

r? s qx(e(F))

(4.3.10) A(F) = (E T %

)Cz(X)-

4.4 The four-dimensional case

In the present subsection we assume that dim X = 4. If A € H*(X) we let AV € H®(X) = H?*(X)V be
the linear form associated to A by gy, i.e., such that for all ux € H*(X) we have

@40 / Y o= qx (ho ).
X

Let .# be a sheaf of positive rank r with an extended Mukai vector v(.%#). Thus by Proposition 4.5 we
may assume that V(%) = ra + ¢1(F) + sB, where s is the solution of the linear equation in (4.3.4). The
proposition below is essentially contained in [Bottini 2024b, Corollary 3.10]. More precisely, the addend
sAY /r on the right-hand side of the equation in the statement of Bottini’s corollary should be multiplied
by cx.

Proposition 4.7 Keep assumptions and notation as above. Then

sex  Clea(X))
r 24

(4.4.2) ch;(Z) = ( )cl(y)v.

Proof Let A € H?(X). A straightforward computation gives that
(4.4.3) T(AB)=cxAY and c3(X)A = C(ca(X))AY.

Since ra + ¢1(F) + sB is an extended Mukai vector of .# with proportionality factor 1/2r (see (4.3.9))
we have
c2(X)e1(F)

(4.4.4) ch3(Z)+ C(CZ—(X))cl (#)Y =ch3(F) + (F)Y
24 24
1
= 03(%) = 5T ((ra+c1(P) +38)%s) = “e1 ().
The proposition follows. O
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Example 4.8 Let X be of type K3[2; in particular, SH(X) = H(X). Then the equation in Proposition 4.7
reads

(4.4.5) chy(F) = (; - 2)61 (7).

4.5 Computation of ch3(¥%)

Let &, & be sheaves on a K3 surface S satisfying the hypotheses of Proposition 2.7. Let A € H?(S; Q)
be given by

_ c1(1) _ c1(&2)
ry Y]

4.5.1) A € H*(S;Q), and set d:z/kz.
S

Proposition 4.9 Let 9 = 4(&,, &). Then
d—3

(4.5.2) ch3(¥) = c1(@)Y.

Proof We adopt the notation introduced in Section 2. In particular, r; is the rank of &, n € H*(S) is
the fundamental class of S, and e € H?(X,(S); Z) is the Poincaré dual of the exceptional divisor of the
blowup map 7: X»(S) — S2. We let 7 = r;r, (as in Remark 2.10).

The exact sequence in (2.4.7) and the GRR theorem applied to ¢ > «(#,2) give that

453) p*chy(@) =7[tfA-3 (2 —2n) + 172 —2n) - TS A +e- (ryn+137)
—le-(tfA+ A+ 1t (rf A+ i) — 7.

(Note: one must use the equality in (2.5.9).) Next we note that we have the following relations in the
cohomology of X,(S):

4.5.4) %ez (AT ==t TA =TTy, e =—12e(tfn+1in).

(To prove them, intersect both sides of the equalities with generators of H2(X,(S)).) Feeding the
equalities in (4.5.4) into the equality in (4.5.3) one gets that

(4.5.5) p*ch3(@) = (d =3)F[rfA-TSn+1in-tsh—e- (rfn+15n)].

On the other hand, using the equalities in (4.5.4) one gets that

4.5.6) ) / chs (@) - (u(e) + 15) = / p* cha (@) - p*(u() + 1)
Si2] X>(S)
— (d = 3)qge(c1 (@), 1(@) +15).
Proposition 4.9 follows. |

Remark 4.10 Let us assume that the sheaf ¥ = ¢(&;, &) has an extended Mukai vector v(¥4). By
Example 4.6 we may set V(¥¢) := Q2ra +7(2u(A) —8) + s¢f), where s = s¢ is the solution of the
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equation in (4.3.10) with .7 = ¢. We claim that the equality in (4.4.5) holds for .# = ¢. In fact by
Proposition 2.7 we get that

(4.5.7) sy = 17 (2d — 1),
and hence
(4.5.8) T(9) = 2Fa + 2F(h) — 78 + 37(2d — 1) B.

A straightforward computation shows that the equality in (4.4.5) holds.

4.6 Proof of Proposition 4.1

In order to prove Proposition 4.1 we compute ch4(¥). We adopt the notation of Section 4.5, and for
i €{l1,2} welet v(&;) = (ri, l;, si) be the Mukai vector of &;.

Proposition 4.11 Let ¥ = 9(&;, &). Then
(4.6.1) / chs(9) = 5155 — 57 (3d — 4).
Si21]

Proof The exact sequence in (2.4.7) gives that p* chy(4) = cha(F) —cha(t1,2,+%1,2) A straightforward
computation gives that

(4.6.2) / chy(F) =2(s1 —r1)(sp —rp) = 2515, —2rd + 2F.
X2(8)
The last equality holds because (2.2.11) reads
(4.6.3) Sto% g
. n

The GRR theorem applied to ¢1 3 (%1 ,2) gives that

X2(8) X2(S)

It follows that

(4.6.4) / p¥ chy(94) = 2515, —7(3d — 4).
X2(S)

ret  ra(si—r)  ri(sa—ry) Fd
_re ") — 7 -2).
( w T T +2) rd=2)

This proves the proposition because p has degree 2. |
Proof of Proposition 4.1 Since the Verbitsky subalgebra of S!2| is equal to the whole cohomology
algebra, ¢ is atomic if and only if v(¥) = (47) ! T'(v?), where 7 is given by (4.5.8); see (4.3.9) for the
factor (47)~!. By Remark 4.10 the equality holds except possibly for the degree 8 components. Hence

¢ is atomic if and only if

— _1\2 — _1\2
(4.6.5) / v4(9) = M/ T(B%) = M
S12] 16 sl2] 16
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where v4(%) is the component of degree 8 of the Mukai vector of ¢. We compute v4(¥), the component
of degree 8 of the Mukai vector of ¢4. We have

(4.6.6) VTASE) =1+ 2q; + 2qa.

The equalities in (2.2.9) and (2.2.12) give that
(4.6.7) chy (%) = 17 (2u(h) —8)” — &5 Fea(SP).

Thus we have computed ch(¥¢), and we get that
7(3d —4) 25F 5F 5
G) = —_——t — 4+ — C(B2ur() = 8)2 — e (S12).
[ v =515 = TR B o (0 -8 - cas)

The last integral is computed by invoking the defining property of q,, the equalities ¢ (X) = 30q, (see
Example 4.6) and fS[Z] ¢>(X)? = 828. Summing up, one gets that

(4.6.8) / V4(9) = 5152 — 17 (4d — 1).

Sl2]
Thus ¢ is atomic if and only if both the equalities in (4.6.5) and (4.6.8) hold, i.e., if and only if
(4.6.9) s182 = 37d>.

Since the equality in (4.6.3) holds, it follows that ¢ is atomic if and only if s1/ry = 55/72. The latter
equation holds if and only if v(&})% = v(&>)? = 0. |

5 Modular sheaves and stability
5.1 Main results

In the present section we note that the results in [O’Grady 2022] on variation of slope semistability of
modular sheaves with respect to polarizations hold also when considering slope semistability with respect
to Kéhler classes. We also extend the results in [loc. cit.] on suitable polarizations of Lagrangian fibrations
in order to deal with sheaves whose restriction to a general Lagrangian fiber is slope semistable but not
stable.

5.2 Variation of stability with respect to Kihler classes

Let X be a compact Kihler manifold of dimension m. Let ¢ (X) C H]llg’1 (X) be the Kéhler cone (whose
elements are the cohomology classes of Kihler metrics). Let w € 2 (X). If o7 is a (nonzero) torsion-free
sheaf on X the w slope of <7 is given by

ci () 0™ !

(5.2.1) Hoo () = = 5
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A torsion-free sheaf % on X is called w slope semistable if for all nonzero subsheaves 5 C % with
0 < k(o) < 1k(F) we have

(5.2.2) Ko (H) = [l (F),

and it is w slope stable if strict inequality holds for all such J#. If 2, .# are sheaves on an irreducible
smooth variety X we let

(5.2.3) Ao,z =1 (F)er(H) —r(H)er (F).

The proof of Lemma 3.7 in [O’Grady 2022] extends with no changes in the more general framework.
Lemma 5.1 Let X be a HK manifold, and let w be a Kéhler class on X . Let 57, .% be nonzero torsion-free
sheaves on X. Then iy, () > e (F) if and only if

(5.2.4) qx A,z ®) = 0.

Moreover equality in (5.2.4) holds if and only if (L () = e (F).

Let .7 be a torsion-free modular sheaf on a HK manifold X. We define a decomposition of .7 (X)
into walls and chambers related to slope stability of .7.

Definition 5.2 Let a be a positive real number. An a-wall of ¢ (X) is the intersection A+ N .# (X)), where
A€ H%’l (X) is a class such that —a < gx(A) < 0 (orthogonality is with respect to the BBF quadratic
form gy).

As is well-known, the set of a-walls is locally finite; in particular, the union of all the a-walls is closed
in #(X).
Definition 5.3 An open a-chamber of 2# (X) is a connected component of the complement of the union

of all the a-walls of 2#'(X). A Kihler class is a-generic if it belongs to an open a-chamber.

Proposition 5.4 Let X be a HK manifold, and let wg, w; € # (X). Suppose that % is a torsion-free
modular sheaf on X which is wqg slope stable and not w, slope stable. Then there exists a real t with
0 <t <1 such that twy + (1 —t)w; belongs to an a(%)-wall.

Proof One needs to prove the versions of Propositions 3.8 and 3.10 in [O’Grady 2022] that one gets
upon replacing the ample cone by the Kéhler cone. We show how to adapt the proofs in the present
context. By Lemma 6.2 in [Greb and Toma 2017] (the proof is in [Greb and Toma 2013]) there exists a
real 1 with 0 < ¢ <1 such that, letting w; := two + (1 —t)wy, the sheaf .# is strictly w; slope semistable,
i.e., wy slope semistable but not w; slope stable. Hence there exists an exact sequence of torsion-free
nonzero sheaves

(5.2.5) O >F >%B—>0
with 0 < k(&) < k(%) and py, (&) = (e, (F), i.e., (by Lemma 5.1)
(5.2.6) gx Ao 7. 0¢) = 0.
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We may assume that 4 is torsion free (note that 7 is torsion free because .# is torsion free). Moreover,
both &7 and £ are w; slope semistable. By Theorem 1.1 in [Li et al. 2017] it follows that Bogomolov’s
inequality holds for 7 and %, i.e., that A(«) - w?"~2 > 0 and A(Z) - w?"~2 > 0, where 2n is the
dimension of X. To be precise, Theorem 1.1 in [loc. cit.] states that Bogomolov’s inequality holds for
slope semistable reflexive sheaves. From this one gets Bogomolov’s inequality for a torsion-free slope
semistable sheaf s arguing as follows. We have a canonical exact sequence

0> # - #5920,

where 2 is supported on an analytic subspace of codimension at least 2. Since .77 is slope semistable,
so is the double dual VY. Since the double dual is reflexive we have A(#VV) - w?"~2 > 0 by
Theorem 1.1 in [Li et al. 2017]. Since ¢ () = ¢1 (YY) and ¢, () = (YY) + Z, where Z is
an effective codimension-2 cycle supported on the codimension-2 components of supp(2), we get that
A(A) - 0?2 > 0. Since Bogomolov’s inequality holds for < and 2, the proof of Proposition 3.10
in [O’Grady 2022] extends to our case and hence we get that

(52.7) ~a(#) < qx (h,5) 0.

Suppose that gx(A,#) = 0. Then A,z = 0 and it follows that pe (%) = e (F) for all Kéhler
classes w. By the exact sequence in (5.2.5) this contradicts the assumption that .# is wq slope stable.
Thus gx (A.,7) <0, and hence )\j;j N (X) is an a(.%)-wall. We are done by (5.2.6). |

Corollary 5.5 Let X be a HK manifold, and let ¥ be a torsion-free modular sheaf on X. Then the
following hold:

(1) Suppose that w is a Kahler class on X which is a(.%)-generic. If .7 is strictly o slope semistable,
there exists an exact sequence of torsion-free nonzero sheaves

(5.2.8) 0> >F >B—0

such that r (F)ci () —r()c1(F) = 0.

(2) Suppose that wq, w; are Kihler classes on X belonging to the same open a(.%)-chamber. Then .7 is
wo slope-stable if and only if it is w; slope-stable.

Proof Item (1) follows from the proof of Proposition 5.4. In fact, let (5.2.8) be an exact sequence with
0 <rk(«) <1k(Z) and e (&) = o (F), i.e., gx (Ao, 7, ®) = 0. Then the inequalities in (5.2.7) hold,
and hence A, # = 0 because wy, w; belong to the same open a(.%)-chamber. Item (2) follows from the
statement of Proposition 5.4 because wg, w; belong to the same open a(.%)-chamber. a

5.3 Modular sheaves on Lagrangian fibrations
Let w: X — P" be a Lagrangian fibration of a HK manifold of dimension 2n. We let
(5.3.1) fi=a*ci(Opn(1)).
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Let .# be asheafon X. If € P" we let X, = 77! (¢) and .%, := Z|x,- Whenever we consider a “general”
t € P" we may (and will) assume that X; is smooth.

Remark 5.6 Suppose that X; is smooth. Then the image of the restriction map H?(X;R) — H?(X;:R)
is of dimension 1 and is generated by the class of an ample class 6; € HZI’1 (Xy) [Wieneck 2016]; by
slope (semi)stability of a sheaf on X; we mean stability with respect to 6;.

Definition 5.7 Let 7: X — P be a Lagrangian fibration of a HK manifold of dimension 2, and let
a> 0. A polarization /1 of X is a-suitable with respect to  (or simply a-suitable whenever there is no
ambiguity regarding the fibration) if the following holds. If A € H,’' (X) is such that —a < gx (%) <0,
then

(1) gx (A, h) > 0 implies that gx (A, f) >0,
(2) gx (A, h) = 0 implies that gx (A, /) = 0, and
(3) gx (A, h) <0 implies that gx (A, /) <0.

Remark 5.8 In [O’Grady 2022, Definition 3.5], a polarization / is a-suitable if it is a-suitable according
to Definition 5.7 and in addition gx (A, f) = 0 implies that gx (A, #) = 0 (where A is as in Definition 5.7).
To avoid confusion let us say that / is strongly a-suitable if it is a-suitable according to [O’Grady 2022,
Definition 3.5]. This definition is useful only if the Picard rank p(X) is 2. In fact if p(X) >2anda > 0
then there is no strongly a-suitable polarization because the quadratic form gy defines a negative definite
quadratic form on the nonzero quotient /7 f, and hence a general A € /- has negative square and
nonzero intersection with /.

Proposition 5.9 Let 7w: X — P” be a Lagrangian fibration of a HK variety. Let a> 0, and let h € Amp(X)
be an a-suitable polarization. Let % be a torsion-free modular sheaf on X such that a(#) < a.

(a) Suppose that .7 is not h-slope stable, and that .%; is slope semistable for general t € P"; see
Remark 5.6. Then there exists a subsheaf 7 C % with 0 <r () <r(Z) such that () > pup(F)
and u(74) = u(%) for general t € P".

(b) If.Z is h-slope stable, then .7; is slope semistable for general t € P"; see Remark 5.6.

Corollary 5.10 Let w: X — P" be a Lagrangian fibration of a HK variety. Let a > 0, and let h € Amp(X)
be an a-suitable polarization. Let .7 be a torsion-free modular sheaf on X such that a(%) < a. It %, is
slope stable for general t, then .% is h slope stable.

Remark 5.11 Corollary 5.10 is the same as item (i) of [O’Grady 2022, Proposition 3.6], but with the
“correct” definition of a-suitability.

Before proving Proposition 5.9 we go through a few preliminaries. The result below is somewhat
technical.
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Lemma 5.12 (K. Yoshioka) Let X be a hyperkahler manifold. Leth, f € HZI’1 (X) be such that gy (h) >0
and gx (f) = 0. Suppose that A € HZI;’1 (X) and that

Then

qx (h)
533 A) S ———,
(5.3.3) qx (A) = o h )2

Proof The proof is analogous to the proof of [Yoshioka 1999, Lemma 1.1]. Write A = ah + bf + &,
where £ € {h, f}1 N H%’l (X). Since gy is negative definite on A1 N HZI’1 (X),

(5.34) qx (\) < gx(ah+bf) = a*qx (h) + 2abqx (h, ) = —a*qx (h),

where the last equality follows from 0 = gy (A, h) = aqx (h) + bgx (h, f). By hypothesis gx (A, f) =
aqx (h, f) is nonzero, and since it is an integer we get that a?qy (h, f)* > 1, i.e., a®> > gx(h, f)72.
Plugging this inequality in (5.3.4) we get the inequality in (5.3.3). O

The next results guarantee the existence of a-suitable polarizations.

Proposition 5.13 Leta > 0. Let w: X — P" be a Lagrangian fibration of a HK manifold of dimension 2n.
Let h be a polarization of X . If gy (h) > a-qx (h, f)? then h is a-suitable.

Proof Let A € HZI’1 (X) be as in Definition 5.7. Suppose that gy (A, /) = 0. Then gx (%, /) = 0 by
Lemma 5.12. To finish the proof we assume that gx (A, %), gx (A, f) are nonzero of opposite signs
and we get a contradiction. Let mg := gx (A, h) and ng := —qgx (A, f). Let hy := mg f + noh. Then
qx (A, ho) = 0. Since mg, ng are both nonzero of the same sign we have gx (/1¢) > 0 and gx (hg, f) # 0.
By Lemma 5.12 (with & = hg) we get that

ax(ho) _ ax(h)  2mo
ax(ho. /)*  ax(h. /)* nogx(h. f)

This is a contradiction. O

(5.3.5) gx(A) = —

a.

Corollary 5.14 (R. Friedman) Let: X — P” be a Lagrangian fibration of a HK manifold of dimension 2n.
Let hg be a polarization of X and leta > 0. Let N € N be such that 2N > a-qx (ho, f). Then hg + Nf
is an a-suitable polarization.

Proof Clearly 1y + N/ is a polarization, and since

qx (ho + Nf) = qx (ho) + 2N -qx (ho, [) > a-qx (ho, /) = a-qx (ho + Nf. [)?,

it is a-suitable by Proposition 5.13. |

Proof of Proposition 5.9 (a) Let 5# C . be a subsheaf. We recall that
(5.3.6) wn () — up(F) and gx (A ¢, 7, h) have the same sign or are both 0.
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(See [O’Grady 2022, Lemma 3.7].) Moreover, if ¢ € P” is general we have
(5.3.7) wn () — wp(F) and gx (A, z, f) have the same sign or are both 0.

In fact, (5.3.7) follows from the equalities
(5.3.8) F (O (F) (A7) — (Fr)) = /X Jp, W = /XA%/? et
t

=nlex -qx(h, )" ax oz, ).
and positivity of cxy and gx (%, f). By (5.3.6) and (5.3.7) it suffices to prove that there exists a subsheaf
A C .Z suchthat 0 <r () <r(Z)and gx (A, 7.h) >0, qx (A, 7, ) =0.

First assume .% is hi-slope semistable. Hence there exists a subsheaf 77 C % such that 0 <r (7)) <r (%)
and gx (As,z,h) = 0. By [O’Grady 2022, Proposition 3.10] we get that —a(.#) < gx (Ar,#) < 0. If
Aw,7 = 0 then gx (A, z, f) = 0 trivially; if A+ # # 0 then gx (A »,#) < 0 because the restriction
of gx to HZI’1 (X) has signature (1, p(X)), and hence gx (A, 7, /) = 0 because / is a-suitable.

Next assume that .% is not /i-slope semistable. Thus there exists ¢ C .% such that 0 < r(¥4) < r (%)
and gy (Ag,#,h) > 0. If gx(Ay,#, f) = 0 we are done, hence we may assume that gx (Ag,z, f) # 0.
Then gx (Ay, 7, f) <0 by (5.3.7). Let S be the set of rational numbers s € (0, 1) for which there exists a
subsheaf 7 C .%, with 0 < r () < r(%#), such that

(539) qX()\.ij(/Z, (1 —S)h + Sf) =0.

Then S is nonempty because there exists a rational number s € (0, 1) for which (5.3.9) holds with
A = 4. We claim that S is finite. In fact if (5.3.9) holds with s € (0, 1) then gy (A, #,h) > 0, because
qx (Ae,7, [) <0by (5.3.7). Since the set of subsheaves /¢ C .7 satisfying j;, () > pp(F) is bounded,
it follows that S is finite. Hence S has a maximum sx. Let /1y 1= (1 —sx)h + 5% f .

Suppose that .% is not /4 slope semistable. Then there exists a subsheaf 77 C . with 0 <r () <r(F)
such that gx (A e, 7. hx) > 0. If gx (Ar, 7. f) < 0 then there exists s € (s«, 1) such that (5.3.9) holds,
and this is a contradiction because s is the maximum of S. Thus gx (A »,#, /) = 0 by (5.3.7). Since
qx A, 7z, hs) >0and gx (Ar, 7, f) =0, we get gx (Aw,#, h) > 0, and we are done.

Suppose that .% is h4 slope semistable. Then there exists a subsheaf 57 C .% with 0 < r(5#) < r(F)
such that gx (A », 7. hx) = 0. We claim that gx (A, #, /) = 0. Granting this for the time being, we
get that gx (A, 7, h) = 0 because gy (A, 7, hs) = 0, and hence we are done. We finish by proving
that gx (A, 7, f) = 0. By [O’Grady 2022, Proposition 3.10] we get that —a(.#) < gx (A7) < 0.
If Aw,z =0, then gx(A,#, f) = 0 trivially. If A, 5 # 0 then gx(Ar,#) < 0. Suppose that
qx (Aw,z, [) #0. Then gx(A,z, f) <0 by (5.3.7), and hence gx (A»,z,h) <0 as h is a-suitable.
This contradicts the equality gy (A z, 7, hs) = 0.

(b) Item (ii) of [O’Grady 2022, Proposition 3.6] is the same exact statement. The proof there works as
well with our new definition of a-suitable polarization. |

If dim X = 2, then one can prove a stronger version of item (b) of Proposition 5.9.
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Proposition 5.15 Let 7: X — P! be an elliptic fibration of a K3 surface. Let .7 be a torsion-free sheaf
onX,andleth € HZI’1 (X) be an ample class which is a(.%)-suitable. If % is h-slope semistable, then
Z, is semistable for general t € P!.

Proof If .7 is h-slope stable, then .%; is slope semistable for general ¢ € P! by Proposition 5.9 (every
torsion-free sheaf on a K3 surface is modular). Now suppose that .7 is strictly 4-slope semistable, and let

(5.3.10) 0=%CHCHC - CGn=T

be a (slope) Jordan—-Holder filtration of .# with %;/%;_; torsion free for all i. This means that for
i €{l,...,m} the quotient &; /¥;_ is h slope stable and (%) = up(F). Leti €{l,...,m—1}. Then
gx (Ag, 7. h) = 0 and, by Proposition 3.10 in [O’Grady 2022], we have —a(%) < qx (Ag;, #) < 0 with
gx (Ag; .7z, h) =0 only if Ay, » = 0. Since h is a(F)-suitable, we get that gy (Ay,, 7, f) = 0.

Lett € Pl bea general point. From equation (3.3.2) in [O’Grady 2022] (in the notation of that
equation, we have )L(Zp7 < 0) one gets that a(¥;/¥;,—1) < a(%), and hence % is a(¥;/¥;—1)-suitable.
By Proposition 5.9 it follows that the restriction of ¥;/%;_1 to X; is slope semistable. Moreover
w(i x,) = n(F|x,) because qx (Ay;, 7, /) = 0. Hence we get a filtration

(5.3.1D) 0F%x, S %ix, G G Gmix, = Tt

where each term has the same slope, and each successive quotient is semistable. It follows that .%; is
slope-semistable. |

6 A component of M, (S?, hgp) birational to ./, (S, hs)
6.1 Main result

In the present section S is a K3 surface with an elliptic fibration £: S — P! as in Claim 3.7. Recall that
this means the following. Letting C C S be a elliptic fiber, we have

(6.1.1) NS(S) = Z[D]® Z[C], D-D=2my, D-C=d,,

where mq and dj are positive natural numbers. Moreover mq and dq can be assigned arbitrarily. The
associated Lagrangian fibration of S (2] js given by

(6.1.2) SEII @)@ = P2, [Z]- ) U0z, p)(p).
PES

Assumption-Definition 6.1 Keeping assumptions as above, suppose that r;, @ are positive integers such
that

(6.1.3) ri|2a, ri|(mo+1), ged(ry,do) =1.
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Let
1 2
(6.1.4) vy = (rl, D, Mo + ) Uy = avy — —a(O, 0,1),
r r
arfcz(S[z])
(6.1.5) wo = ary| 2ry, 2u(D) —ryé, — )

Let hg be a polarization of S which is a(v,)-suitable, and let /1 g12) be a polarization of .S (2] which
is a(wp)-suitable. In the present section we show that the moduli space .#,,(S, hs) is birational to
an irreducible component of My, (S [2], hg21) if a > 2. In order to formulate our result more precisely,
we note the following. Since v% = —2 there is a unique /&g stable sheaf & with v(&£;) = vy, and it is
locally free. Since v% = 2a? + 2 the moduli space My, (S, hg) is irreducible of dimension 2a% + 2. Let
[&] € Ay, (S, hg) be a general point. Then & is locally free and hence ¥ (&}, &) is locally free. By

Assumption-Definition 6.1 and Lemma 3.4, we have
(616) w(%(fl,é‘a)) = Wyp.

Theorem 6.2 Suppose that Assumption-Definition 6.1 holds, and that a > 2. Let hg be a polariza-
tion of S which is a(vy)-suitable, and let h g2y be a polarization of S (2] which is a(wg)-suitable. Let
[&] € #4,(S, hs) be a general point. Then the locally free sheaf 4 (&}, &) is hgi2) slope stable. The
rational map

6.1.7) Moy (S hs) 2> My(SP hem). 6] [9(&1. &),

is birational onto an irreducible component My, (S, hgra1)® of My, (S, hgy).

6.2 Stability of ¥(&1, &)

Proposition 6.3 Suppose that Assumption-Definition 6.1 holds. Let hg be a polarization of S which is
a(v,)-suitable. Then the following hold:

(a) The restriction of & to any fiber of the elliptic fibration with elliptic fiber C is slope stable.

(b) Suppose thata > 2. Let [&3] € My, (S, hs) be a general point and let C be a general elliptic fiber.
The restriction &|c is semistable, with pairwise nonisomorphic Jordan-Hélder (JH) addends, none
of which is isomorphic to &;|c.

Proof The polarization /g is a(vy)-suitable because a(v) < a(v,). Hence item (a) holds by [O’Grady
2022, Proposition 6.2]. Since @ > 2 and [&] € My, (S, hs) is a general point, the decomposition curve
A(&») is integral and smooth by Corollary A.7. It follows that if x € P! is a general point the intersection
Cx N A(&2) = A(&2)x consists of a distinct points, and hence the JH addends of &|c, are pairwise
nonisomorphic. Moreover, Cxy N A(&) # Cx N X (for all x € P! because A(&>) - X = 0), and hence
none of the JH addends is isomorphic to &7c. O
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Proposition 6.4 Let hypotheses be as in Theorem 6.2. If [&] € M,,(S. hs) is a general point, then
4 (&1, &) is an h gz slope stable locally free sheaf.

Proof Let¥% =9(&),&). Let x # y € P!, and let Cy, Cy be the corresponding fibers of the elliptic
fibration S — P!. Then we have an identification

(6.2.1) 7 (x4 p) = Cx x Cy.
Letting 7 := x + y, we have
(6.2.2) Gt =Y 1) = (S11c,) B (S21¢,) © (82)c,) B (811, )-

By Proposition 6.3 both &|c, and &j|c, are stable. Suppose in addition that x # y are general.
By Proposition 6.3 both &|c, and &|c, are semistable with pairwise nonisomorphic JH addends
Vi(x),...,Va(x) and Vi(p),..., Va(y). Moreover, no V;(x) is isomorphic to &|c,, and no V;j(y)
is isomorphic to &|c, . The restriction of the polarization /2 g1z to Cx X C), is of product type. It follows
that for i, j € {1,...,a}, the tensor products

(623) (G1c,) BV;(p) and  Vi(0) B (&yic,)

are slope stable [O’Grady 2022, Proposition 6.10], and they all have the same slope (with respect to the
restriction of /1 g121). The upshot is that the left-hand side of (6.2.2) is slope semistable, with pairwise
nonisomorphic JH addends given by the sheaves appearing in (6.2.3). It follows that any subsheaf o C %;
such that u (=) = (%) (the slope is with respect to the restriction of /1 g21) is a direct sum o« = o7’ @ 7",
where .7’ and .«” are slope semistable subsheaves of the first and second addends of the decomposition
in (6.2.2) respectively, and their JH addends are a subset of the JH addends appearing in (6.2.3).

We are ready to show that ¢ is s g2 slope stable. Recall that ¢ is modular; see Example 2.12. The
polarization / g(2) is a(¢/)-suitable because it is a(wg)-suitable; recall (6.1.6). By Proposition 5.9 it suffices
to show that there does not exists a subsheaf Z C ¢ such that 0 < r(#) < r(¥¢) and u(s%4) = (%)
for general t = x + y.

Suppose that such a subsheaf .7 exists. Since ¥; is slope semistable, .7; is slope semistable. As
shown above, we have % = ¢/ @ /", where J#, and ] are slope semistable subsheaves of the first
and second addends of the decomposition in (6.2.2) respectively, and their JH addends are a subset of the
JH addends appearing in (6.2.3). Of course the collection of JH addends is symmetric with respect to the
involution exchanging the addends of the decomposition in (6.2.2). The set of JH addends of the first
addend of the latter decomposition is in one-to-one correspondence with the points of A(&2)y, and the
set of JH addends of the second addend of the latter decomposition is in one-to-one correspondence with
the points of A(&»)x. These addends are invariant for the monodromy action. Since the decomposition
curve A(&) is integral (by Corollary A.7) we get that the set of JH addends of .77 is the same as the set
of JH addends of ¥;, and hence rk(s#) = rk(%¢). That is a contradiction. a
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6.3 Proof of Theorem 6.2

Let [&3] € #,,(S, hs) be a general point. Then ¥(&, &) is locally free because both &} and &, are
locally free, and it is A s(2] slope stable by Proposition 6.4. Hence the rational map ¢ in (6.1.7) is defined.
The image of ¢, i.e., the closure of the image of the open dense subset on which ¢ is regular, is irreducible
because .45, (S, hg) is irreducible; we denote it by My, (S (21 py sr21)°. By item (b) of Proposition 6.3
we have Hom(&3, &1) = 0. Since & is stable (because &3] is a general point of .#,, (S, hs)), the full
set of hypotheses of Lemma 3.4 is satisfied. It follows that ¢ (&7, &2) has unobstructed deformations,
and Def(¥4(&1, &>)) is identified with Def(&,) via the map in (2.2.4) (recall that &; is spherical, hence
rigid). This proves that My, (S p si21)* has the same dimension as .#,,, (S, hg) and is an irreducible
component of My, (S (21 sl21).
It remains to prove that the map

6.3.1) Moy (S, hs) -2 Mg (SP, hgen)®

defined by ¢ is birational. Since domain and codomain have the same dimension it suffices to show that ¢
is generically injective. Let [&3].[£5] € .#y,(S, hs) be general distinct points. Then &, &, are hg stable
and, by Proposition 6.4, both 4 (&7, &») and 4(&7, &) are /g2 stable. Since Hom(&3, &) = 0, we have

(6.3.2) Hom(z & @ 56 D17 6H Q15,611 &1 Ty E BT 6, ®158) =0.

By the BKR McKay correspondence it follows that Hom(¥ (&1, &3),%(&1, &,)) = 0. This proves that
@ is generically injective. a

7 The main result
7.1 Sideways nearby deformations

Let X be a HK manifold, and let .# be a torsion-free sheaf on X. Suppose that A(F) € Hé’Z(X ) remains
of type (2, 2) for all (nearby) deformations of X. Then .# is a modular sheaf. In fact by Remark 1.2
in [O’Grady 2022] it suffices to show that the orthogonal projection of A(.%) to the Verbitsky subalgebra
D(X) C H(X) generated by H?(X) is a multiple of the class gy dual to the BBF quadratic form gy .
This holds because ¢y generates the subspace of classes in D(X) C H 4(X) which remain of type (2, 2)
for all (nearby) deformations of X. The definition below is not standard.

Definition 7.1 Let X be a HK manifold, and let w be a Kéhler class on X. A vector bundle .# on X is
strongly w-projectively hyperholomorphic if % is w slope stable, A(%#) € Hé’z(X ) remains of type (2, 2)
for all (nearby) deformations of X, and w belongs to an open a(.%)-chamber in ¢ (X) (a(%) is defined
because .# is modular).

This definition is motivated by Verbitsky’s fundamental results [1996, Theorem 2.5 and Section 11].
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Proposition 7.2 Let Xy be a HK manifold, and let wy be a Kihler class on Xy. Suppose that % is a
strongly wq-projectively hyperholomorphic vector bundle on X. Then the natural maps

(7.1.1) Def(Xg, P(#)) — Def(Xy) and Def(Xy, #) — Def(Xy, c1(F))
are surjective.

Proof Abusing notation we denote by the same symbols representatives of the deformation spaces
in (7.1.1). In particular, we identify Def(X() and Def( Xy, c1 (%)) with open neighborhoods of the origins
in HY1(Xp) and in H1(Xy) N ¢; (Z)L, respectively. Let % C ¢ (X,) be the open a(.%)-chamber
containing wg. Then .# is w slope stable for all w € % by Corollary 5.5. Let w € %, and let 2" — T (X, w)
be the twistor family of deformations of X associated to . By Theorem 11.1 in [Verbitsky 1996] the
projective bundle P (%) — X extends to a family of projective bundles over the fibers of 2" — T'(X, w).
This proves that the image of the first map in (7.1.1) contains a neighborhood of 0 in the open cone
U C H]IIQ’1 (Xo); since the image is a complex-analytic subset of H>!(X,) = Hﬂé’l (Xo) ®r C, it follows
that it contains a neighborhood of 0 in H!1(X,). This proves that the first map in (7.1.1) is surjective.

Next we prove that the second map in (7.1.1) is surjective. Let X be a (nearby) deformation of Xy, and
let gx: Py — X be a deformation of the projective bundle go: P (#) — Xy (it exists by surjectivity of
the first map in (7.1.1)). It suffices to show that if the deformation of X belongs to H"!(Xo) N¢; (#)L,
i.e., 1 (%) remains of type (1, 1), then Py is the projectivization of a vector bundle. Let r be the rank
of .7, and let {9 = ¢1(Op(#)(1)). Then

(7.1.2) c1(Op)/ x,) = (r + Déo + ggc1(F).

This shows that if the parallel transport to H?(X) of the class ¢ (%) is of type (1, 1), then also the
parallel transport to H?(Py) of the class & is of type (1, 1). If £ € H"!(Py) is the parallel transport
of &y, and L is the corresponding holomorphic line bundle on Py, then the dual of the vector bundle
gx,«(L) is an extension of .# to X (we adopt the pre-Grothendieck convention for the projectivization of
a vector bundle). This proves that the second map in (7.1.1) is surjective. |

Proposition 7.3 Let notation and hypotheses be as in Theorem 6.2. Let [&3] € .#,,(S, hg) be a general
point and set ¢ = 4(&}, &). Then the map

(7.1.3) Def(S!, @) — Def(SP, ¢ (%))
is surjective.

Proof Since [£,] is a general point of .#,,, (S, hs), the sheaf &; is locally free, and hence also ¢ is locally
free. Let /1 g12) be a polarization of S (2] a5 in Theorem 6.2, i.e., which is a(wg)-suitable with respect to the
Lagrangian fibration 7 appearing in (6.1.2). Then ¢ is /1 g12) slope stable by Proposition 6.4, and A(9)
remains of type (2,2) for all (nearby) deformations of S[2! because it is a multiple of ¢, (S!2). Now let
w € #(S2]) be a class belonging to an open a(%¢)-chamber whose closure contains /1 gr2;. Then ¢ is
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w slope stable by Proposition 5.4. Hence ¥ is strongly w-projectively hyperholomorphic, and therefore
the proposition follows from Proposition 7.2. a

7.2 Proof of the main result

We recall the main result, i.e., Theorem 1.2. The hypotheses are the following: let r; be a positive integer,
let (X, /) be a polarized HK variety of type K3[2] such that (1.2.4) and (1.2.5) hold, let a be a positive
integer greater than 1 such that 2a is a multiple of r;, and let w be the mock Mukai vector in (1.2.3).
The thesis is that the moduli space My, (X, &) is nonempty, and for (X, /) general it has an irreducible
component of dimension 2a® + 2. The proof proper is at the end of the subsection.

Throughout the subsection we suppose that Assumption-Definition 6.1 holds. In addition we assume
the following:

(7.2.1) all singular elliptic fibers of €: S — P! have simple node singularities.

Note that this holds generically, and that if it holds then each singular fiber has exactly one node because
S has Picard number 2. Let . be the line bundle on S!?) such that

(7.2.2) c1(&) =2u(D) —ré.

Proposition 7.4 Let 7w be the Lagrangian fibration in (6.1.2). If dy > 2rq, then £ is & ample (recall that
do = D-C, where C is a fiber of €).

Proof It suffices to show that for every (x; + x;) € (PH® = P2, the restriction of .% to every
irreducible component of the reduced fiber a1 (X1 4 X2)req is ample. For x € P! we let C)[Cz], Wy cCS (2]
be the subsets parametrizing subschemes of C, = ¢~ !(x) and nonreduced schemes Z supported on Cy,
respectively. Let (x; + x3) € (P1)® = P2, The irreducible decomposition of 7 (x1 + X2)req is

Cx1 Xsz ifxl ;éx29

(71.2.3) N x +x =
G e {C,[CZ]UWX if x; =x, =x.

It follows that if x; # x, then £ is ample on a1 (X1 + X2)red- Before continuing we introduce the
following notation. Let Z be a smooth curve. We let

(7.2.4) NS(Z) £Z5 NS(z@)

be the map associating to (the class of) a line bundle L the class of a line bundle whose pullback to Z2
via the quotient map is isomorphic to L X L. Let us prove that . is ample on C )[62]. Suppose first that
Cy is smooth. Then C)[cz] = C)Sz). By hypothesis we have 2dy = 3ry + r1 + b, where b > 0. Let A be
a divisor on Cy such that deg A = ry + b, and let L be a line bundle on Cx of degree 3. In NS(C)SZ)),
we have

(7.2.5) d(gc,ﬁ”) =ri(nc, (L) —08x)+ripnc,(A), where 8y := 8|C§2"
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We claim that juc, (L) — x is ample. Granting this for the moment being, it follows that . is ample
on C)gz) because pc, (A) is nef. To prove that pc, (L) — 8x is ample consider the map ¢: C)Ez) — |L|
which associates to p + ¢ the unique divisor E € |L| such that E — p — ¢ is effective. A straightforward
computation gives that ¢;(¢*0|(1)) = puc, (L) —8x. We are done because ¢ is finite, and hence
@*0|r|(1) is ample on Cy™.

Now we prove that . is ample on CJ[CZ] if Cx is singular. Let
(7.2.6) P! ~C, % Cy

be the normalization map. By hypothesis Cy is nodal, with exactly one node p. Let p’, p” € Cy be the
two points mapped to p by the normalization map. Let

(71.2.7) Fy & Bly 4y (CP) L5 CD o p2

be the blowup map. The normalization of C )[Cz] is naturally isomorphic to Bl 4 (5 ,52)). Letv:Fy —C )[Cz]
be the normalization map. It suffices to prove that v*(Z|c[?!) is ample. Let ¥ C [y be the negative section
of the P! -fibration F; — P!, and let  C IF; be the inverse image via the blowup map Fy — Bl,/4 (5,52))
of the conic parametrizing nonreduced divisors. Then, letting A C S (2] be the divisor parametrizing
nonreduced subschemes, we have

(7.2.8) V¥ (AIc?) =25 + Q.
Since 28 = cl(A), it follows that
(729) V*($|C)[CZ]) = ﬁ]pl((Zdo—rl),B*H—rlE),

where H C P2 is a line. It follows that V*(Z|c2) is ample.
It remains to show that . is ample on W,. Note that we have a P!-fibration Wy — Cy, in fact
Wy = P(®g|c,). One applies the Kleiman-Nakai—-Moishezon criterion. First, one computes

(7.2.10) c1(L)? - Wy = 8ridy > 0

by noting that the cycle Wy represents the cohomology class u(C) - 8. Now suppose that Cy is smooth,
and let ' C Wy be an integral curve. If T" is a fiber of the P!-fibration Wy — Cy, then Z-T =r; > 0.
If the restriction to I' of the P!-fibration Wy — Cj is dominant then § - ' < 0 because § is the class of
the tautological (sub)line bundle on Wy = P(®g)c,) and Og|c, is an extension of trivial line bundles
on Cy. From this it follows that .Z-T" > 2dy > 0. This shows that . is ample on Wy if Cyx is smooth.
Lastly, suppose Cy is singular. Let & be the normalization map in (7.2.6), and let Wy = P(a*Ogc,).
The natural map v: Wy — Wy is the normalization. It suffices to prove that if I' C Wy is an integral
curve then ¥*.Z-T > 0. Note that Wy = P(0p1(2) ® Op1(—2)). If T is a fiber of the P!-fibration
Wy — Cx = P! then v*¥-T =r; > 0. Next suppose that the restriction to T" of the P !-fibration
Wx — Cx is dominant, and let deg be its degree. Since ¥ * (8, ) is the class of the tautological
(sub)line bundle on W, = P(Op1(2) ® Op1(—2)) one gets that * (8|, ) - I' < 2deg. On the other hand
V*2u(D)yw,) - T' = 2do deg. Thus y* (L, ) - T > 2(do —r1) deg > 0. O
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Let 7 be the Lagrangian fibration in (6.1.2). We let
(7.2.11) fi=n"c1(0p2(1)) = pn(C),

where C is a fiber of the elliptic fibration €: S — P!. Letting i € {1,2} be the integer defined by the
condition i = r; (mod 2), we let

1
(7.2.12) g = ?(2M(D) —r16).

Claim 7.5 Let A C NS(S!2)) be the lattice generated by f and g.

(1) A is saturated of rank 2.
(2) A contains c{(¥) for any sheaf ¢ such that w(¥) = wy.
(3) The restriction of the BBF quadratic form to A has discriminant equal to 2dgy/i.

(4) If do = 2r; then A contains ample classes which are a(w)-suitable with respect to the Lagrangian
fibration 7, where wy is as in (6.1.5).

Proof Item (1) holds because NS(S) is freely generated by the classes [C] and [D]. Item (2) holds by
definition of wy; see (6.1.5). A straightforward computation gives (3). We prove (4). By Proposition 7.4
the class g is = ample, hence g + N /" is ample for N > 0. By Corollary 5.14 we get that foran M > N,
the class g + M f is ample and a(wg)-suitable. |

From now on we assume that dy > 2rq. Let 2 (A) — T(A) be a representative of the deformation
space Def(S121, A) of deformations of S[2! which keep the classes in A of type (1, 1). For t € T(A) we
let X; be the corresponding HK variety. We let Xy = S (2], We assume that monodromy acts trivially on
classesin A. Fort € T'(A) we let A; C NS(X}) be the rank 2 lattice obtained from A by parallel transport.
For t € T(A) we let w; be the mock Mukai vector for X; obtained from wq by parallel transport.

Choose an a(wg)-suitable polarization pg € Ag = A, and for t € T (A) let p; € A be the corresponding
a(wyg)-suitable polarization. Similarly, for ¢t € T (A) let g; € A, be the class obtained from g by parallel
transport. By Maruyama there exists a scheme of finite type M (2 (A)/T(A)) and a regular map
M(Z (N)/T(A)) — T(A) whose fiber over ¢ is isomorphic to the moduli space My,, (X;, pr). (Recall
item (2) of Claim 7.5.)

Claim 7.6 There exists an open dense subset % (A) C T (A) such that for t € %/ (A) the moduli space
My, (X;, ps) has an irreducible component My, (X;, p;)* of dimension 2a* + 2.

Proof Follows from Theorem 6.2 and Proposition 7.3. a

Claim 7.7 Assume that 4mg — r12 > 0. Then there exists b(mg) such that the following holds. Suppose
that D- D = 2mg, D-C = dy > b(mg), and t € T(A) is such that NS(X;) = A;. Then g; is ample,
w;-generic, and the open w;-chamber containing it contains also p;.
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Proof The lattice A is generated by f and g, and ggr21(g) = (8my —21’12)/1'2 > 0. Let ¥ € A be such
that ¢(y) < 0. Then
4d;

7.2.13 <
( ) qs1(y) P2+ Bmo—217)

by Lemma 4.3 in [O’Grady 2022]. In particular if dy > 0 we have gg21(y) < —10. Since ggr21(g;) > 0
it follows that one of g;, —g; is ample, and then it has to be g; (note: we are showing that if dy > 0 the
ample cone coincides with the positive cone). Similarly, if dp > 0 we have ggr21(y) < —10a*r;8, and it
follows that there is a single open w;-chamber; see Example 2.14. |

Now assume that 4my — rl2 > 0, and that dy > b(mg) (of course do > 2ry). Let tx € Z(A) be
such that NS(X;,) = A,. By Claim 7.7 the class g;, is ample, w;,-generic, and the moduli space
My,, (Xt,, gt,) is isomorphic to My, (X:,, ps,). By Claim 7.6 it follows that My, (X:,, g, ) has an
irreducible component My, (X;,g:,)* of dimension 2a% +2.

Let #(g:,) — T(g:,) be a complete family of polarized HK varieties of type K 3121 with irreducible
parameter space, containing a polarized pair isomorphic to (X;,, gs,.). Fort € T(g;,) we let (Y;, g;) be
the corresponding polarized HK of type K 3121 and we let w; be the mock Mukai vector for Y; obtained
from wq by parallel transport. By Maruyama there exist a scheme of finite type M (% (g:,.)/ T(g+.))
and a regular map M (%' (g:,)/ T (g:.)) — T(gs,) whose fiber over ¢ is isomorphic to the moduli space
My, (Y:, g¢). By Proposition 7.2 we get that for 1 € T(g;,) general the moduli space My, (Y, g¢)
contains an irreducible component of dimension 2a? + 2.

Next note that
1 ifry =0 (mod2),ie.,i=2,

2 ifry=1(mod?2),ie.,i=1,

2mg—3r? ifr; =0 (mod2),ie., i =2,

8mo—2rf ifry =1 (mod2),ie.,i=1

Now recall that r; | (mg + 1); see (6.1.3). It follows that (1.2.4) and (1.2.5) hold and that, conversely,
if (1.2.4) and (1.2.5) hold then (X, /) is isomorphic to (Y7, g;) for a suitable ¢ € T'(g;,). This finishes
the proof of Theorem 1.2.

(7.2.14) div(g,) = {

(7.2.15) qy,(g1) = {

Appendix Sheaves on elliptic K3 surfaces
A.1 Outline of the section

Let S be a K3 surface with an elliptic fibration S — P!. Let .Z be a torsion-free sheaf on S, and let /g
be an ample divisor on S which is a(.%)-suitable. Suppose that .% is hg slope semistable. Let Cy be
the elliptic fiber over x € P'. If x is general then .Zyx = Z|c, 1s slope semistable by Proposition 5.15.
The graded vector bundle associated to the Jordan—Holder filtration of .%y is isomorphic to a direct sum
E{(x)®---® E,(x) of vector bundles with equal ranks and degrees. Taking the determinants of the
direct factors, and letting x vary in P!, one gets a curve A(.%) in a suitable Jacobian fibration J4 (S /P).
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By associating to [#] € .#,(S, Hg) (here v is a Mukai vector, and hg is v-suitable) the curve A(%),
one gets a regular map from .2, (S, Hg) to a linear system on J4(S/P!). We show that, under certain
hypotheses, this map is surjective.

A.2 The decomposition curve

Let S be an elliptic K3 surface with an elliptic fibration £: S — P! as in Claim 3.7. We recall that this
means that

(A.2.1) NS(S) =Z[D|®Z[C], D-D=2my, D-C =d,,

where my, dy are positive integers and C is an elliptic fiber. Let u := (0, C, dy), and let J9(S/P1) :=
My(S, Hg) be the relative degree-dy Jacobian of S — P'. By Mukai’s well-known results, J90 (S /P1)
is a K3 surface. Moreover there is the regular map J4(S/P!) — P! associating to [£] € J9(S/P1)
the point x € P! such that Cy := &~ (x) is the support of the sheaf £. This is an elliptic fibration with
the section which associates to x € P! the class of the restriction of &g (D) to Cy. Hence J%(S/P1)
is a K3 elliptic surface with a section. Let T be an elliptic fiber of J%(S/P!) — P!, and let X be the
image of the section defined above. We have

(A.2.2) ¥.¥=-2, ¥-I'=1, I''I'=0.

Now let r; be a positive integer as in Assumption-Definition 6.1, and let v be as in (6.1.4), i.e.,

1
(A2.3) vy = (rl, p, Mot )
r

Let a,b € N with a > 0, and let
(A24) vy :=avy —b(0,0,1).

Let .# be a torsion-free sheaf on S with v(.#) = v,. We define the associated decomposition curve in
J (S /P as follows. Let My, do(S/ P') — P! be the relative (Simpson) moduli space parametrizing
semistable sheaves on fibers Cy of rank r; and degree d; (they are all stable because gcd{r;, dy} = 1).
We have an isomorphism

(A.2.5) My, 4o(S/PY) 5 JP(S/PY), 4]+ [det9).

Remark A.1 Let g be an ample divisor on S which is v,-suitable (with respect to the elliptic fibration
e: S — P1). By Proposition 6.3 there exists a unique / g-stable sheaf &, on S such that v(&;) = vy, and
the restriction of &) to every elliptic fiber is stable. Thus & determines a section o: P! — ., Ldo (S/P ).
The image of ¢ is equal to X because det(&7) = 05 (D).

Let U C P! be a sufficiently small open subset in the classical topology, and let Siy :== f~!(U). Then
there exists a tautological sheaf Gy on Sy Xp1 4, 4, (S/P!). For x e P! and [¢] € My, dy(Cx) We
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have Yo (9, Zc,) = 0. It follows that there exists a determinant line bundle .2y on .#,, 4,(Sy) and
a section sy € I'(4;, 4,(Su). Z£u) whose zero-scheme Z(sy) is supported on the set

(9] € Ay, ,a,(Su) | 4 supported on Cyx and Hom(%y, Z|c, ) # 0}.

The line bundles -#7; and sections sgy for varying U glue to give a line bundle .#(.%) and section s(.%) on
My, dy (S /P D). Let A(%) C My, dy (S /P 1) be the zero-scheme of s(.%). Via the identification in (A.2.5)
we view A (%) as a subscheme of J%(S /P1). Restricting the elliptic fibration J do(s /P - P! to
A(F) we get a regular map A(F) — P!; we let A(%), be the fiber of this map over x € P!,

Remark A.2 Let 7" be irreducible and let % — S x T be a T-flat family of sheaves as above, i.e., for all
t € T we have v(.#|sx{s}) = v2. Then the isomorphism class of the line bundle .Z (.7 g x{,}) is independent
of t € T. Since the moduli space .#,, (S, hs) is irreducible it follows that the isomorphism class of .Z(.%)
is independent of the point [.#] € #,, (S, hg). We let £ (v,) := Z(F) for any [F]| € #4,,(S, hs).

Remark A.3 Suppose that the restriction of .% to a general elliptic fiber is semistable. Then A(.%) is a
curve. Let x € P! be such that Z|c, is semistable. Since r; and dy are coprime, the associated graded
vector bundle of .7|c,. is isomorphic to Vi (x) @ --- & V4 (x), where r(V;(x)) = ry and deg(V;(x)) = do
foralli e {l,...,a}. Then, identifying codimension 1 subschemes of C, with effective divisors, we have
(A.2.6) AN(F)x =[det Vi(x)]+ -+ [det V4 (x)].

If .7|c, is not semistable, then Cyx appears in A(.%) (we identify A(.%) with an effective divisor on
J (S /P1Y) with positive multiplicity.

A.3 Decomposition curves and Lagrangian fibrations

Below is the main result of the present section.

Proposition A.4 Keep notation and hypotheses as above; in particular, v, is given by (A.2.4). Then the
following hold:

(1) We have an isomorphism
(A31) g(vz)gﬁ]do(s/ﬁbl)(az‘i‘brlr)

(2) Suppose that bry > 2a, and that hg is an ample divisor on S which is v, -suitable. Then the map (see
item (1) and Remark A.3)

(A3.2) My, (S, Hg) — |ﬁJdO(S/P1)(aE +br D), [Z]l— A(F),
is a Lagrangian fibration.

Before proving Proposition A.4 we go through a preliminary result. Let X be a smooth (irreducible)
surface, and let 7: X — T a projective map to a smooth curve. Let & be a torsion-free sheaf on X with
the property that for all # € T we have x(X;, E;) =0, where X; := 7~ !(¢), and E; := & x,. Then there
exists a determinant line bundle .#(&£) on T" and a section s(&) of £ (&) whose zero-scheme Z(s(&)) is
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supported on the set of ¢ such that 1°(X,, E;) = h' (X;, E;) > 0. Note that the double dual &V satisfies
the same hypotheses as &, hence we have a determinant line bundle .#(£VY) on T and a section s(&VY)
of Z(&VY). Welet Q(&) := &V /&, where & — &YV by the canonical (injective) map.

Lemma A.5 Keep hypotheses as above, and assume in addition that h° (X, éovv) =h'(X;, égvv) =0
forallt € T, and hence Z(s(&VY)) = 0 (we identify codimension 1 subschemes of T with effecuve
divisors). Then

(A33) Zs@) = Y UOge).p)T(p).
pesupp Q(£)

Proof Let A be a relative effective divisor on X such that /! (X:, E; ® (Ay)) =0forallt € T, where
As := Ajx,. Assume also that the supports of A and Q(&) are disjoint. Consider the commutative
diagram of sheaves on 7:

714(E ® Ox (A)) ———— 714(6 ® Ox(A)].4)

(A34) aJ lﬂ

72 (6VY ® Ox (A)) ———— 7 (VY ® Ox(4)14)

All sheaves in the above diagram are locally free of the same rank, and Z(s(&)) is the zero-scheme of
the determinant of y. The map B is an isomorphism (the supports of A and Q(&) are disjoint), and § is
an isomorphism because /°(X;, @@VV) =h'(X;, @@VV) = 0 for all # € T by hypothesis. It follows that
Z(s(&)) equals the zero-scheme of detoz The lemma follows because we have an exact sequence

(A.3.5) 0 = 74(€ ® Ox(A)) > 1 (€YY @ Ox (A)) = 14(Q(&)) — 0. o

Proof of Proposition A.4 (1) Since v1 —2, the moduli space .#,, (S, Hg) is a singleton parametrizing
a vector bundle & on S whose restriction to every elliptic fiber Cy, is the unique stable vector bundle of
rank r; and determinant isomorphic to &¢, (D). It follows that

(A-3-6) ///(arl ,aD,asl)(Sv hS) = {[ngBa]}.

Clearly A(£®%) = a¥, and this proves the validity of (A.3.1) if 5 = 0. Now assume that » > 0. Let .Z be
a sheaf on § fitting into the exact sequence

(A.3.7) 0>7->6%2,C,0.--aC,, >0,

where y1,..., yp € S are general points, and ¢ is a general morphism. Let x; = f(y;). Then % is an
hg slope stable torsion-free sheaf, and v(.#) = v,. It is clear that there exists m1, ..., mp € N such that
(A.3.8) ANF)=aZ +m Ty, +---+mpTly,.

Leti € {l,...,b}. Since F|c, = Zi @ C,,, where .Z; is a subsheaf of (éjc),l_)@“, it follows that

dim Hom(¥¢, ﬂ]cyi) = ry for [9] € (M, q,(Cy;) \ {[éjcyi]}). Thus m; > r1. One proves that equality
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holds by applying Lemma A.5. In fact, let T C ., 4,(S/ P1) be a (nonprojective) smooth irreducible
curve with the following properties: T meets ., 4,(C),;) at asingle point [¢] # 4] Gy, ] and the intersection
is transverse, all sheaves parametrized by T are pushforwards of locally free sheaves on curves of the
elliptic fibration f:S — P! (i.e., T does not meet the critical set of /), and the surface X := S xp1 T
is smooth. Let p: X — S and 7: X — T be the projections. On X we have the sheaf p*.%, and a
tautological locally free sheaf </ with the property that /| p;l (¢) is isomorphic to the vector bundle on
X, = C; corresponding to ¢ (there exists such a tautological sheaf because H? (T, 07) = 0). The pullback
of the determinant line bundle .Z(F) to T is isomorphic to the determinant line bundle .2 (&7 ® p*.%).
The hypotheses of Lemma A.5 are satisfied by the sheaf & := /¥ ® p*.# on the smooth surface X. By
that lemma we get that the canonical section of .2 (/¥ ® p*.#) vanishes at y; with multiplicity r;, and
hence m; = r;. This proves that £ (%) =~ ﬁJdO(S/Pl)(aE +br ).

(2) Let J% := jd(S/P'). Then HP(J%, O yay(@X + br ') = 0 for p > 0 because of the hypothesis
bry = 2a (for example because aX + brq I is big and nef). By Hirzebruch-Riemann—Roch it follows that

dim |.£2(vy)| = dim [aZ + briT| = 1 + abry —a?.

The map in (A.3.2) is not constant because all the curves appearing in (A.3.8) belong to the image. By
Matsushita’s theorem the image of the map has dimension equal to

(A3.9) Ldim ., (S, hs) = L2 +v3) = 1 +abr, —a?.
This finishes the proof of (2). O

Proposition A.6 Let n >2m > 2 and let A € |[mX + nI'| be a general divisor. Let A = Apor + Aver be
the unique decomposition into effective divisors such that A is a sum of elliptic fibers and the support
of Ay contains no elliptic fiber. Then Ay, is an integral divisor. If m > 2, then A itself is an integral
smooth divisor.

Proof We proceed by induction on m. If m = 1 the statement is trivially true because Ap,y = X for any
A € |X 4+ nT|. Now assume that n > 2m > 4. We claim that

(A.3.10) H'(J% ¢rao((m—1)S +nT)) = 0.

In fact, let B € |(m — 1)X + nI'| be general. Since By, is an integral divisor, the divisor B is connected,
ie., h°(B, 0g) = 1. It follows that H'(J 9, 0 yay(—B)) = 0, and by Serre duality we get the vanishing
in (A.3.10). The restriction of &g(mX 4 nI") to X has nonnegative degree because n > 2m > 4, and
hence (the restriction) has nonzero sections because X is rational. By the vanishing in (A.3.10) it follows
that [mX 4+ nI'| is globally generated at every point of X. Since |mX + nI| is clearly globally generated
away from X, it follows that it is globally generated. Let A € |mX 4 nI"| be general. Then A is smooth
because |[mX + nl'| is globally generated. We claim that A4 is irreducible (and hence integral). Suppose
the contrary. Then A = A 4+ A, where A; € |m; ¥ + n; | are (nonzero) smooth divisors. Since 4 is
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smooth it follows that A - A, = 0. This leads to a contradiction. In fact, it implies right away that m1; > 0
and m, > 0, and since n; > 2m; > 0 we get that A; - A, > 2mm, > 0. O

The above proposition gives the following result.

Corollary A.7 Let hypotheses be as in item (2) of Proposition A.4; in particular, v, is given by (A.2.4)
and bry > 2a. If a > 2 and [#] € My, (S, hs) is a general point, then A(%) is an integral and smooth
divisor.
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