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We investigate the Gopakumar—Vafa (GV) theory of local curves, namely, the total spaces of rank two
vector bundles with canonical determinant on smooth projective curves. Under a certain genericity
condition on the rank two bundles, we propose a general mechanism to compute the degree two GV
invariants of local curves. In particular, we determine all the degree two GV invariants when the base
curve has genus two. Combined with previous work by Bryan and Pandharipande, we obtain the GV/GW
correspondence in this case. When the base curve has genus greater than two, we calculate GV invariants
for some extremal genera, providing evidence for the GV/GW conjecture for curves of higher genus.
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1 Introduction
1.1 Motivation and results

Throughout the paper, we work over the complex number field C. We investigate local enumerative
invariants of a Calabi—Yau (CY) 3-fold around a smooth curve. A model for this enumerative geometry is
provided by local curves. Here, a local curve is a CY 3-fold of the form Totc (N ), where C is a smooth
projective curve and N is a rank two vector bundle on C with det(N) = wc¢ . Local curves are a fundamental
object of study in enumerative geometry [Bryan and Pandharipande 2001; 2006; 2008; Monavari 2022;
Okounkov and Pandharipande 2010]. In particular, they have played a key role in the recent proof of the
Gromov—Witten (GW)/Donaldson—Thomas (DT) correspondence for any smooth projective CY 3-fold
[Pardon 2023]. Pardon reduced the problem to the case of (equivariant) local curves, and the GW/DT
correspondence for the latter has been proved by directly computing the GW and DT invariants of local
curves [Bryan and Pandharipande 2008; Okounkov and Pandharipande 2010]. Moreover, if we impose
a certain rigidity condition on the bundle N, the local GW invariants agree with those on a projective CY
3-fold with curve class r[C], where C C X has normal bundle N [Bryan and Pandharipande 2001; 2005].

We study another curve counting theory on a CY 3-fold, that is, Gopakumar—Vafa (GV) theory. GV
theory was originally introduced in physics [Gopakumar and Vafa 1998] as a way to count curves in
CY 3-folds. Recently, Maulik and Toda [2018] proposed a mathematically rigorous definition of GV
MSC2020: primary 14J32, 14N35; secondary 14F06, 14M12.
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invariants, building on the previous works by Hosono, Saito, and Takahashi [Hosono et al. 2001] and
Kiem and Li [2012]. See the next subsection for the review of Maulik and Toda’s work. GV theory is
also expected to be equivalent to GW theory (the GV/GW correspondence conjecture):

Conjecture 1.1 Let X be a smooth projective CY 3-fold. For a curve class 8 € H,(X,Z) and a
nonnegative integer g € Z>o, let GW,4 g € Q (resp. ng g € Z) denote the GW (resp. GV) invariant of X.
Then we have the equation

(1-1) GW, 4 A28-2/F — "B (2in(Lk))2E2kB,
g 8.8 g,ﬂ,zkzo k ( (2 ))

If X is a generic local curve, and we set § = r[C], then in [Maulik and Toda 2018] the GV/PT
correspondence (and thus the GV/DT correspondence, via [Bridgeland 2011; Toda 2010]) is proved for
r =1or g(C) <1 [Hosono et al. 2001; Maulik and Toda 2018]. The number r is called the degree of
the invariant. As a first step toward a proof of the GV/GW correspondence conjecture, we investigate the
degree two GV invariants of a local curve. The following are our main results:

Theorem 1.2 Let C be a smooth projective curve of genus two, and let L € Pic®(C) be a generic line
bundle. Let [N] € P Ext! (L, L' ®wc) be a generic rank two vector bundle on C, and let X = Totc (N).

Then we have
8 ifg=3,

ngarc](X)=13-2 ifg=2,
0 otherwise.
In particular, Conjecture 1.1 holds in this case.
Theorem 1.3 Let C be a smooth projective curve of arbitrary genus, and let L € Pic®8 (€)—1 (C) be a
generic line bundle. Let [N] € P Ext! (L, L~! ® wc) be a generic rank two vector bundle on C, and let
X =Totc (N). Then we have

0 if g >4g(C)—2,
ngarc)(X) = 42263 jf ¢ = ¢(C),
0 ifg<g(C)—1.

In particular, the GV/GW correspondence holds for the above range of g.

1.2 GV invariants of a local curve and strategy of the proofs

First, we review the proposed definition of Maulik and Toda. Let X be a smooth quasiprojective CY
3-fold. We fix a curve class B € H»(X,Z). Let Mx (B, 1) be the moduli space of slope stable (with
respect to a fixed ample divisor) one-dimensional sheaves E on X with [E] = f and y(E) = 1. We have
the Hilbert—-Chow morphism:

w: Mx (B, x) — Chowg(X).

Then Maulik and Toda [2018] defined the invariants ng g via the identity

(1-2) D xCH Rradp))g' =) ngplq'? +q71%)%,
i€Z £=>0
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where ¢ps on the left-hand side denotes Joyce’s perverse sheaf on Mx (8, 1). Here, and throughout, if
P is a constructible complex of sheaves on a space T, we define x(P) := Y ;<7 (—1) dim(H' (T, P)).
One of the main difficulties in this approach to GV theory is the complicated gluing procedure of the
construction of ¢y it is defined as a gluing of locally defined perverse sheaves of vanishing cycles.

Let us focus on the case of a local curve X = Totc (N). In this case, the curve class 8 can be
written as f = r[C] for some integer r > 0, where [C] is the class of the zero section. We define
Mpy(r,1) := Mx(r[C],1). In this case, Kinjo and Masuda’s result [2024] simplifies the situation
substantially. They proved that My (r, 1) can be globally written as a critical locus (see also [Kinjo and
Koseki 2021])

My(r, 1) ={dj =0} c My (r, 1) & C,

where L is a line bundle of deg(L) > 0, M (r, 1) denotes the moduli space of slope stable sheaves on
Totc (L), and the function j is constructed as follows: The Hilbert—-Chow morphism is identified with
the Hitchin fibration
,
h: ML (r.1) > B, = @H(C, L®).

i=1
Then j is the composition of /2 and a linear function f : By — C. Moreover om = ¢;(ICy, (1)), and
since / is projective, the left-hand side of (1-2) is equal to

Y x(PH ($ (R« TCh, (r1))d

i€Z
Here and throughout the paper, if Y is a smooth equidimensional variety we denote by ICy := Qy [dim(Y)]
the constant perverse sheaf on Y. Using the equality above, and the distinguished triangle relating
vanishing and nearby cycles, we will divide the computations of n, ,[c](X) into the following two parts
(see Proposition 2.15):

(1) GV type invariants of h: My (r,1) — B,
(2) GV type invariants of h|y,: h~1(U) — Ug, where Uy := {f~ =&} C B (for0<e < 1).

When r = 2, we will give a general strategy to compute both (1) and (2). For (1), we will use the explicit
description of H*(Mp (2, 1), Q) by generators and relations [de Cataldo et al. 2012; Hausel and Thaddeus
2003; 2004].

For (2), we will calculate the fibrewise contributions and then integrate. Namely, we have a stratification
of U, given by the types of singularities of the spectral curves. Since the nearby hyperplane U, avoids
the origin and we assume r = 2, the spectral curves C over points in U, are all reduced (more precisely,
we first need to remove the trace part H(L)). Hence, by [Migliorini and Shende 2013; Maulik and Yun
2014], the fibrewise contribution can be computed by the Euler characteristics of the Hilbert schemes
Hilb” (C). The latter is then computed by certain HOMFLY polynomials [Maulik 2016; Oblomkov and
Shende 2012]. It remains to compute the Euler characteristic of each stratum S C U,. Our main idea is
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to realise (a resolution of) the closure of S as a degeneracy locus inside a product of copies of C. These
varieties are closely related to generalised de Jonquieres divisors [Farkas 2023; Ungureanu 2021].

In principal, the above strategy enables us to compute the GV invariants ng >cj(Totc (N)) for an
arbitrary curve C. However, the difficulty of the calculations in each step grows rapidly when we increase
the genus g(C). The authors currently do not know how to resolve this issue.

Remark 1.4 To generalise our strategy to the case r > 2, there are at least two difficulties:

(1) For the first part, we do not have an explicit description of H* (M (r, 1)) for r > 3. Instead, we
may first need to prove the GV/PT correspondence for Totc (L @ L™ ! ® wc), and then use the result of
[Monavari 2022].

(2) For the second part, a recursion formula determining the HOMFLY polynomials becomes complicated
for r > 3. However, the serious difficulty is that we cannot assume the spectral curves over U, to be
reduced.

1.3 Relation to previous work

The GV/PT (and hence GV/GW) correspondence was previously proved in the following cases:

X =Totc (N) with g(C) <1, N is superrigid, and 8 is arbitrary [Hosono et al. 2001],
X =Totc (wc ®Oc¢) and B is arbitrary [Chuang et al. 2014; Hausel et al. 2022; Maulik and Shen 2024],
X = Tots(ws) and B is arbitrary, where S is a K3 surface [Shen and Yin 2022],

X = Totg(ws) and B is an irreducible curve class, where S is any smooth projective surface [Maulik
and Toda 2018].

For superrigid rational and elliptic curves in the first case, the key fact proved in [Hosono et al. 2001]
is that the moduli space Mx (8, 1) is smooth and projective.

For X = Totc (wc ® Oc¢), as observed in [Chuang et al. 2014], the GV/PT correspondence follows
from the P = W conjecture, which has recently been proved [Hausel et al. 2022; Maulik and Shen 2024].

Shen and Yin [2022] investigated a compact analogue of the P = W phenomenon for Lagrangian
fibrations. As an application, they established the GV/PT correspondence for a local K3 surface.

For an arbitrary local surface Totg (ws), Maulik and Toda [2018] used a similar idea as in this paper,
namely, they described the moduli space My (B, 1) as an explicit critical locus, locally over Chowg (X),
so that they can use the results of [Migliorini and Shende 2013; Maulik and Yun 2014].

1.4 Plan of the paper

The paper is organised as follows. In Section 2, we collect some preliminary results. In particular, we
define the GV invariants for local curves and prove that they are computed by the contributions from
twisted Higgs bundles and the nearby hyperplane (Proposition 2.15). In Section 3, we prove Theorems 1.2
and 1.3. In Section 4, we prove Theorem 1.3. In the Appendix, we recall some known results in GW
theory that we use in the main text for verifying cases of the GV/GW correspondence.
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2 Preliminaries
2.1 Twisted Higgs bundles

Let C be a smooth projective curve.
Definition 2.1 Let V be a vector bundle on C.

(1) A V-twisted Higgs bundle is a pair (E, ¢) consisting of a vector bundle £ on C and a homomorphism
¢:E — E®V suchthatp A¢p =0.
(2) A V-twisted Higgs bundle (E, ¢) is u-stable if the following condition holds: for any subsheaf
F C E withtk(F) <rk(E) and ¢(F) C F ® V, we have
deg(F) - deg(FE)
tk(F) tk(E)
We denote by My (r,d) (resp. M (r,d)) the moduli stack of V-twisted Higgs bundles (resp. the
moduli space of p-stable V-twisted Higgs bundles) of rank r and degree d.

Theorem 2.2 [Kinjo and Masuda 2024, Theorem 5.6 and Proposition 5.7] Let N be a rank two vector
bundle on C with det(N) = wc. Choose an exact sequence

()—>L_1®wc—>N—>L—>O

for some line bundle L with deg(L)>2g(C)—1. Let f:H°(L®?)— C be a linear function corresponding
to the class [N] € Ext' (L, L™! ® wc) via Serre duality: Ext'(L, L™! ® wc) = H°(L®?)V. Then we
have an isomorphism

My (r,d) = Crit(j) C Mp(r,d),
where j: My (r,d) — C is the function defined by j((E, ¢)) = f(tr(¢?)).

Corollary 2.3 In the setting of Theorem 2.2, assume further that r = 2. Then we have
(2-1) My (2,d) = Crit(j) C M;'(2,d).

Proof We need to prove that the inclusion i: My (2,d) C M (2,d) preserves ji-stability. Suppose
for a contradiction that there exists (E,¢) € M ]Svt (2,d) such that i (£, ¢) is not u-stable. Then by the
proof of [Kinjo and Koseki 2021, Lemma 3.4], the maximal destabilising subsheaf F' C E satisfies
Hom(F,E/F ® L™' ® wc) # 0. Under the current assumption of tk(E) = 2, F and E/F are line
bundles with deg(F) > deg(E/F). Moreover deg(L™' @ wc) < 2g(C)—2— (2g(C)—1) < 0. This
leads to a contradiction. O

Remark 2.4 The isomorphism (2-1) also preserves d -critical structures; see [loc. cit., Proposition 3.6].

2.2 Rigidity of vector bundles

Definition 2.5 Let N be a rank two vector bundle on C with det(N) = wc. Then N is 2-rigid if
H(C,I*N) = 0 for any stable map [: C — C of degree two.
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Lemma 2.6 Fix a line bundle L on C with degree d > 2g(C)— 1. Assume that L is a generic element in
Pic? (C). Then a general [N] € PExt! (L, L™! ® wc) is 2-rigid.

Proof By the arguments in [Bryan and Pandharipande 2006, Section 3], stable bundles in the complement
of A(d) C PExt!(L, L™ ' @ wc) for d > 0, where

A(d) := {[N] : there exists a saturated subbundle S C N with deg(S) = d and H°(S®?) £ 0},
are 2-rigid. The proof of [loc. cit., Lemma 3.1] shows that
dim A(d) <3g(C)—3 <3g(C)—2 <dimPExt' (L, L' ® wc)

for0<d <g(C)—1.
It remains to show that a generic [N] € P Ext! (L, L™! ® wc¢) is slope semistable, which follows from
Lemma 2.7 below. |

An earlier version of this paper omitted the check that a generic [N] € P Ext'(L, L™! ® wc) is slope
semistable; we thank the referee for pointing this out, as well as suggesting the proof of the following
lemma:

Lemma 2.7 Let L be a line bundle of degree d > g(C) — 1. Assume that L is a generic element in
Pic? (C). Then a general [N] € PExt! (L, L™! ® wc) is ju-semistable.

Proof Since p-semistability is an open condition, it is enough to find a line bundle L € Pic? (C) and a
point [N] € PExt! (L, L~! ® wc) such that N is j-semistable.

We may find a line bundle L € Pic? (C) and line bundles My and M, of degree g(C) — 1 such
that there is a surjection My @& M; — L. We may then take a line bundle L’ € PicO(C ) such that
My® M ® (L')®? = wc. Now, set N 1= (Mo @® M;) Q@ L’ and L := Loy ® L’. Since My and M; have
the same degree, N is p-semistable. Furthermore L € Pic? (C) and there exists a short exact sequence

0—>L_1®a)c—>N—>L—>O,

as required. a

2.3 Hitchin fibrations and Gopakumar-Vafa invariants

In this subsection, we fix a line bundle L on C with deg(L) > 2g(C) — 1 and an extension class
[N] e PExt!(L,L7! ® wc). By the Serre duality Ext! (L, L™! ® wc) = H°(L®?)V, the class [N]
defines a linear function f:H%(L®2) — C. To simplify the notation, we put My (r, 1) := M3'(r, 1). We
will also consider the moduli space of traceless Higgs bundles:

MY (r, 1) :={(E,$) € Mp(r,1) : tr(¢) = 0}.
As before, we have the Hitchin fibration

h: Mp(r.1) > By := @ H'(L®).
i=1,2
Geometry & Topology, Volume 30 (2026)
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We denote the restriction of % to the traceless part M ](3 (r,1) by
h%: MP(r,1) — Br := H*(L®?).
We denote by f : By, — C the composition
B, - H1L®) L C,
where the first map is the projection to the direct summand.

Definition 2.8 (1) Let X = Totc(N) be a local curve. We define the Gopakumar—Vafa invariants
ng ric1(X) € Z of X for the curve class r[C] by the following identity:

(22) Y xCH (PRI ICh, (- 1))’ = D g ric1(X)g™ > +¢2)%%.
i€Z £=0

e define the integers n, ,rc7(Totc the same equation (2-2) but removing the vanishin
(2) We define the integ ¢,r[c](Totc (L)) by th quation (2-2) b ing th ishing
cycle functor ¢ Fon the left-hand side.

Remark 2.9 (1) If one takes deg(L) >> 0, the above definition agrees with the one in [Maulik and Toda
2018]; see [Kinjo and Koseki 2021, Proposition 3.10, (3.13)]. When r = 2, we can take an arbitrary
L with deg(L) > 2g(C) — 1 due to Corollary 2.3.

(2) One can replace the moduli space M (r, 1) with M(r, d) for an arbitrary d € Z to define similar
invariants 7 ,[c],4 (X), called the generalised GV invariants [Toda 2023]. By the y-independence
proved in [Kinjo and Koseki 2021], we have ng ,[c],4(X) = ng r[c],1(X) for all d.

Lemma 2.10 We have

1CH (@ 7RI ICh, (1)) = (=1 *E =T 0 (PH (@ (RRSIC10,1)))).-

Proof We have an isomorphism

Mp(r,1) S HU L) x MP(r, 1), (E,¢)— (r(9). (E. ¢ — (5 () id)).

Under the above isomorphism, the Hitchin map is written as 47 = idyo(z, xh®. Then

¢ 7(Rhs ICh, (r,1)) = ¢ 7(ICH0 () KRR (ICpr0 (1)) = ICho(r) Wr (R, (ICpr0 (1))

where the second isomorphism is a special case of the Thom—Sebastiani isomorphism [Massey 2001].
Noting that dim H®(L) = deg(L) — g + 1, we obtain the desired result. |

Lemma 2.11 Let P € Perv(Br) be an R~ ¢-equivariant perverse sheaf, and denote by Py = i* P the
stalk at the origin, where i: 0 < By, is the inclusion. Then y(P) = y(Po).

Proof By [Kashiwara and Schapira 1994, Proposition 3.7.5], the adjunction morphism H(Br,, P) —
H(BL, Po) is an isomorphism, and the result follows. a
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Lemma 2.12 Let P € Perv(By) be a R-¢-equivariant perverse sheaf. Then we have

x(@7(P)) = x(Po) + x(Plu,[-1]),
where Py denotes the stalk at the origin, and U, := f~1(g) (for 0 < ¢ < 1) is the nearby hyperplane.

Proof By Lemma 2.11, and from the long exact sequence in cohomology relating the vanishing cycles
functor with the nearby cycles functor ¢

H(BL. ¢y (P)) = H(BL, P|r-1(9)) = H(BL, Y (P)) —,
itis sufficient to prove that y(¥'r(P)) = x(P|y,). By Lemma 2.11 again, this is equivalent to showing that
x((r(P))o) = x(Plu,).

Lets: f~1(Rsg) < By and z: f~1(0) — By, be the inclusions. Recall also that i: 0 < B denotes the
inclusion. Then by the definition of the nearby cycles functor, and one more application of Lemma 2.11,

H(Bp,ixi*Ys(P)) = H(BL,ixi *z42*5x5* P) = H(BL, sx5* P) = H(f~'(R>0), s* P).
Finally, since s* P is R~ ¢-equivariant, the restriction map
H(/ ™ (R>0). 5™ P) — H(Ue. P|u,)
is an isomorphism. O
Remark 2.13 Since we assume that P is C*-equivariant in the above lemma, P |y, [—1] is perverse.
Motivated by the above lemma, we define the following invariants:
Definition 2.14 Let U, = f~!(¢) C By be a nearby hyperplane, and let /|y, : (h1°)™1(U;) — Uy be the

restriction of the Hitchin fibration. We define the integers ng (U, ) by the following identity:

DA (PH(RE|u)«1Cho-1w)))d’ = D ng(Ue)g™ "% +4"/%)%.

Proposition 2.15 For [N] € PExt! (L, L™ ® wc), we have

ng ric1(Totc (N)) = ng ric1(Totc (L)) +ng (Ue).

Proof By the decomposition theorem,
RI(ICy0(,1)) = EB P;[i]
1

for some perverse sheaves P; € Perv(Br). By Lemma 2.12,

(2-3) (@7 (Pi)) = x((Pi)o) + x((P)lu,[-1])

for each i. By the C*-equivariance of the Hitchin fibration, y((P;)o) = x(P;) for each i by Lemma 2.11.
Furthermore, (P;)|y,[—1] is again a perverse sheaf on U, and we have

R(h°|y,)«(ICx0)-1(v,)) = (P v [-1].
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In summary, the first term (resp. the second term) of the right-hand side of (2-3) computes the invariants
ng,r[C](TOtC (L)) (resp. ng(Ug)). o
Remark 2.16 Assume that r = 2. By Proposition 2.15, the computation of n¢ »[c](Totc (N)) is divided

into two parts:

(1) Computation of ng >1cj(Totc (L)): This can be done by using the explicit description of the global
cohomology H* (M (2,1), Q) by generators and relations [Hausel and Thaddeus 2003; 2004]. The
cohomological and the perverse degree of each generator is determined in [de Cataldo et al. 2012].

(2) Computation of ng(Ug): This part can be done by determining the fibrewise contributions. Since

U, avoids the origin, the spectral curve C, is reduced at every point of a € U;. Hence, the fibrewise
contributions are computed by certain HOMFLY polynomials [Migliorini and Shende 2013; Maulik 2016;
Maulik and Yun 2014; Oblomkov and Shende 2012]. We further need to calculate the stratification of Uy
induced by the types of singularities of the spectral curves. This last step requires a careful analysis of
the geometry of certain degeneracy loci. This analysis becomes increasingly complicated as we allow the
genus to increase, and for this reason in this paper we only give the full result in the case g(C) = 2.

3 Genus two

Let C be a smooth projective curve of genus two. Let L be a line bundle on C of degree 3 = 2g(C) — 1.
Let f:H%(L®?) — C be a linear function. The goal of this section is to compute the GV invariants
associated to L and f. We apply the strategy explained in Remark 2.16.

3.1 Stratification of the Hitchin base

We have the following diagram, in which the square is Cartesian:

Ue = f~'(e) — Bp :=H’(L®?)\ {0}

|

PHY(L®?) —— {L®%}

[ [

symS(C) — A picS(C)

We define Hoo := P H°(L®?)\ U,. By a partition A - n of a number n € Z>; we mean a weakly
descending sequence (A1, ...,A,(y)) of integers A; € Z>1 such that er(:kl) Ai =n. We write u A to
mean that the partition u is a refinement of the partition A, i.e., there is a partition of the set {1,...,r(u)}
such that A is the partition of n = || induced by p along with this partition of sets. We have a natural

stratification {S; },¢ of Sym®(C), indexed by partitions of 6:
Syi={Ax1+F+Amxm 1 x; €C,x; #xj fori # j}.

Geometry & Topology, Volume 30 (2026)
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The closures of the strata are given by
Si={axi++Anxmxi €Cy= ] Su.
A

Overview Here we explain a general strategy for computing the Euler characteristic of the stratum
U N S, which also works for g(C) > 2.

(1) We first construct a map W: Z — P H®(L®?) N §, from a smooth variety Z, as follows: Consider

the diagram
Ccxcxm

SN
C cxm
On C*™, we have a natural morphism of vector bundles
(3-1) a:HY(L®?) @ Ocxm — s (0 LB @ O3 Ayt A )
where
Aii={(x,(¥))1<j<m) €EC X CM:x = y;}.

The restriction of « to a point (y;)1<j<m € C*™ is the natural map

HO(L®?) = LE2|3, ) et Ay

We define Z to be the (dim H?(L®2)—1)-th degeneracy locus of « (This variety Z is called a generalised
de Jonquieres divisor in the literature [Farkas 2023; Ungureanu 2021].) By construction, we have a
natural map ¥: Z — PH%(L®?)N S.

(2) Next, we remove the pullback D of Hy from Z. D can be similarly described as a degeneracy locus,
by replacing H®(L®?) with its hyperplane { f = 0} in (3-1).

(3) We then remove the deeper strata S;,, A = . We have that

v (s, NU) - S, NU,
is unramified of degree d,, 5, where d,, j is the number of ways to refine 1 to A. Finally, we obtain

dax(SyNUe) = x(Z) = x(D) = Y dy s x(Su N V),
A

where d is the size of the automorphism group of 4, i.e.,

dy =]l =1: 2 =n}.

n>1

We have used the fact that if S” — S is an unramified z:1 cover of a variety S, then y(S’) =ny(S). In what
follows we will denote such S’ by S [n:1]. although there may be many such covers of §, the ambiguity
in the notation will be irrelevant as long as we are only interested in the Euler characteristic of S’.
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Example 3.1 (1) Suppose that P H*(L®2)N S, is O-dimensional. Since P H(L®2) c Sym?&(©)~1(C)
has codimension g = dim J(C) and the dimension of S} is equal to the number of rows in A, this happens
precisely when

#{rows in A} = g(C).
In this case,

x(UeNSy) = x(2)/d,

is given by the classical de Jonquieres formula [1866].

(2) Suppose that
k:=#{i: A =1}>g(C).

In this case, slightly modifying the above construction, we define Z’ via the Cartesian diagram

7' ——— Sym*(C)

| |

cxm=k) _T_, pick(C)
where 5: C*=%) _ Pick(C) is defined by

n((xi)) = LB (=A1x1 =+ — Ak Xm—k)-

Since k > g(C), the Abel-Jacobi map Symk (C)—> Pick (C) is a projective space bundle; hence so is
Z' — C*m=K) Tt is easier to compute y(Z’) than to compute y(Z) for a degeneracy locus Z.

As in the strategy explained above, we then remove D’ C Z’, the pullback of Hso. It will turn out
that D’ is also a projective space bundle over C x(m=k) ' of one dimension less than Z’. Finally, we will
remove the deeper strata from Z’ by the same formula as above.

Proposition 3.2 Let L and f be general. Then we have

0 ifA=(6),
50 ifA=(5,1),

128 if X = (4,2),
—216 ifA=(4,1,1),
81 if A= (3,3),
—668 ifA=(3,2,1),
542 ifA=(3,1,1,1),
—128 ifA=(2,2,2),
968 if A =(2,2,1,1),
1012 ifA=(2,1,1,1,1).

(3-2) x(UsNSy) =
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3.1.1 A =(6) We wantto find x € C such that O(6x) = L®2. The locus {O(6x) : x € C} C Pic®(C)
is the image of the composition

C ~ 0 cPic' (C) 22 pics(0),

i.e., a divisor in Pic®(C). Hence, by choosing L € Pic?(C) general, we have L®2 ¢ {O(6x):x € C} C
Pic®(C), that is, S5y NP H*(L®?) = &.

3.1.2 A =(5,1) Consider the following composition:

_)®5 R2x ()1
n:Pict (C) 22 pics () L2289, picl ().

We have
S, NP H%(L®?) = {(x,y) € ® x O : n(x) = y} = {50 points},

where 50 = 17,0.0 = 5202, Note also that we have chosen a general L so that 7(®) and © intersect
properly. By taking the linear function f to be generic, the divisor Heo does not intersect with the finite
set of points S5 1) NP HO(L®2).

3.1.3 A =(4,2) Similarly to A = (5,1), we get S(2.4) N Us = {128 points}, where 128 = 4222 . ©.

314 A=(4,1,1) Let Z C C x Sym?(C) be the subvariety defined by O¢c (4x + y + z) =~ L®2. We
claim that there is an isomorphism ¥r: C — Z sending x to the inverse under W of the unique section of
L®2 vanishing to order (at least) 4 at x. This follows from the fact that for all x € C there is an equality
h®(L®2(—4x)) = 1. This in turn follows from genericity of L and the Riemann—Roch theorem.
We calculate
ZNHx =36

as follows. The divisor Hy is linearly equivalent to the divisor D, defined by the vanishing of the
section s at p, for some fixed p € C. If a section s = {(¢) in Z vanishes at p, either p = x, in which
case the intersection multiplicity is 4, since the regular function defining D, vanishes to order 4, or
p is one of the other two zeros of W(g). Counting these points corresponds to counting solutions to
L®2(—p) = Oc¢ (4x + y). But now this is the same theta divisor calculation as we have seen before, and
we find that there are 42 - 12 -2 such points. So Z N Hy, = 32 + 4 = 36.

We also need to remove deeper strata from Z. We find that it contains one copy each of S5, 1) and
S(4,2)- So finally we calculate

1(S@,1,1)NU) =—-2-36—50—128 = -216.
3.1.5 A =(3,3) Asin the case of A = (5, 1), the number of solutions to O¢ (3x + 3y) = L®? is
32.32.0% = 162.

Here we are double counting: two solutions (x, y) and (x’, y") with x = y” and y = x’ should only count
for one point. So we find
)((S(3’3) N Ug) = 81.

Geometry & Topology, Volume 30 (2026)



Degree two Gopakumar—Vafa invariants of local curves 319

31.6 A =(3,2,1) Let Z C C xC x C be the subvariety defined by O¢c (3x + 2y + z) == L®?. We
claim that y(Z) = —196. We postpone the proof until the next subsection; see Proposition 3.6.

Fixing some p € C, the preimage D of the divisor H is equivalent to the divisor 3{p} x C x C +
2C x{p} xC + C x C x{p}. So D consists of 132 = 3-8+ 2-18 4+ 72 points. These numbers
come from the same calculation of intersections of theta divisors as before, so for example 72 appears
via 72 = 2-22 .32, Z also contains some copies of the deeper strata: it contains one copy of S4,2)
(corresponding to z = x), one copy of S5, 1) given by setting x = y, and a variety S([gg (corresponding
to y = z). So putting everything together we find

X(SG.2.1) N Ue) = —196 — 132 — 128 — 50 — 162 = —668.

3.1.7 A =(3,13) Consider Z, the subvariety of pairs (x, (y, z, w)) € C x Sym>(C) giving solutions to
Oc(3x +y 4z +w) = L®2. Projecting along the morphism that forgets y, z, and w, this is a P!-bundle
m: Z — C, and so has Euler characteristic —4 = 2(—2).

We claim that the pullback D of Hyo to Z is isomorphic to C. To show this, it is enough to prove that
D.F =1, where F is the fibre class. The fibre of 7 over a point xo € C is 7~ (xg) = P H*(L®2?(—3x¢)).
The map 7~ (xg) — P H°(L®?) is induced by a natural embedding u: H(L®?(—3x¢)) — H°(L®?)
and hence is linear, and meets the hyperplane H, at a single point. Since f is generic, and C is
one-dimensional, the image of u intersects H, transversally for all xg.

Next we remove deeper strata: one copy of S(3 5, 1), one copy of S 1,1), a variety S ([ig one copy of
S(4,2), and one copy of S(s 1). Putting everything together we find

x(8@3,1,1,1) NUg) = —4—(=2) — (—668) — (=216) —2-81 — 128 — 50 = 542.
3.1.8 A =(2%) Consider the commutative diagram

Sym3 (C) ‘ﬂ Sym6 (C)

\LAJ3 lAJ6
_\®2
pPic3(C) 27 pics(C)

The closure §(23) NP HO(L®?) is the fibre n~1(L®?), where n = AJ®02(—) = (=)®2 0 AJ3. The
morphism AJ? is a P!-fibration. Hence

SeyNPHY(L®?) =] [P
16

The embeddings P! < P H%(L®?) are quadric, induced by
HO(M) — H*(L®?), s> s5%2,
where M is a choice of a square root of L®2, Hence P! N Hy, = {2 points}.
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‘We conclude that
5(23) NU; = ]_[(IP’l \ {2 points}).
16

By removing the deeper stratum S4 »), we obtain
X(Us N S(p3)) = 16(x(P') —2) — 128 = —128.

319 A=(2,2,1,1) Let ZC CxC xSym?(C) be the subvariety defined by Oc (2x +2y 4z +w) =
L®2. The projection 7: Z — C x C is given by forgetting z and w, and is the blowup of C*? at 32
points corresponding to solutions to L®2(—2x —2y) = wc. So

1(Z)=4+32=136.
Let D be the pullback of Heo via Z — P H(L9®2).
Lemma 3.3 We have y(D) = —176.

Proof Consider the rational map ¢: C x C --> P HY(L®2) which sends generic (x, y) € C x C to the
one-dimensional subspace H®(L®2(—2x — 2y)) C H°(L®?). As discussed above, the indeterminacy
locus of this rational map is 32 points in C x C. In the following, we calculate the line bundle inducing
the rational map ¢. Consider the diagram

C xC*?
/ X‘
C CX2

where o is the first projection and p is the projection forgetting the first factor. Then the line bundle
inducing the rational map ¢ is the double dual of F := p4(0*L®?(—2A1 —2A3)), where

Aii={(x,(y1,12)) €CxC*%:x=y;} fori=1,2.

We calculate the first Chern character of F by the Grothendieck—Riemann—Roch formula. Let n €
H?(C x C*2,Q) denote the dual class of pt xC>2. From now on we freely refer to cohomology classes
by using their dual homology classes. We have

ch(c*L®?(—2A1 —2A5)).td, = (1, —2A1 —2A2, 34(A1 + Az)?, %).(1,61,0,0).(1,—1,0,0)

= (1, 57’] — 2A1 — 2A2, *9, *3),
where

g = 2(A1 + A2)2 —107.(A1 + Az) = 2(=2C3 + 28 —2C5) — 10(C3 + C2) = —14C3 — 14C; + 48,

and § denotes the class of the small diagonal, C, denotes the class of pt xC X pt, and Cs is the class of
pt x pt xC. The intersection A% = —2C3 can be calculated as

A? = p},(A%) = —2p}, (p),
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where p1o: C x (C*?) — C x C is given by forgetting the third factor, and A C C x C is the diagonal.
The other parts of the calculations for *; are similar.
Hence, we obtain chy (F) = —14(f1 + f2) +4A, and

¢*O(1) = Ocxc (14(f1 + f2) —4A),
where f7 is the class of C x pt and f5 is the class of pt xC. Now, the map Z — P H(L®?) is induced
by the strict transform of 7*(14( f1 + f2) —4A), and hence
D =" (14(f1 + f2) —44A) —e,
where e denotes the exceptional divisor of ;7. We obtain:
—x(D)=degKp =(Kz + D).D
=((r"Q2f1 +2/2) +e) + (7" (14(f1 + f2) —4A) —e)).(x"(14(f1 + f2) —4A) —e)
= (16(f1 + f2) —4A).(14(f1 + f2) —4A) =2-16-14—2(16 + 14)4 + 42(=2) = 176. O
Z contains points corresponding to deeper strata; for example it contains three copies of S(4 2) given

by either setting z =w =x,orz=w =y,orx =y and z = w.

In all, we must remove three copies of S(4 2), a double cover § [2:1]

) (3,3)
S([g ';]2), one copy of S(s 1), and one copy of S(4, 1,1). The number six deserves some explanation. Let

(a,b, c) be a point of Sym®(C), lying in the image of S (2,2,2)- Then we can lift it to a point of Z in six

two copies of Sz 2 1), a cover

different ways, the first by setting x = a, y = b, and z = w = ¢, and the other five by permuting a, b,
and c in these three equalities. Finally, note that after removing 7, the union of all of these contributions
from deeper strata, the cover Z \ T — S(32,1,1) is 2 : 1. Putting this all together, we find

X(S@21.1) = (36— (=176) —3-128 —2-81 — 2(—668) — 6(—128) — 50 — (—216))/2 = 968.

3.1.10 A = (2,1% We consider solutions Z C C x Sym*(C) to Oc(2x +y +z +w +1) = L®2.
This is a P2-bundle r: Z — C, where r forgets y, z, w, and t. So

x(P) =3(=2) = —6.

Let D be the pullback of Hy to Z, and F a fibre of . As in the case A = (3,1, 1, 1), we can see that
D N F is isomorphic to P!, linearly embedded into F. In other words, D is a P!-bundle over C and so
x(D)=—4=(-2)*2.

We need to remove the deeper strata:

2:1 3:1 2:1
S([z,z],l,l) +SG11,n + S([z,z],z) +283.2,1) + S@,1,1) + S([3,3% + 28,2 + S,1)-
The degree of a cover mS,[,n:” — Sy is mn. The above degrees are given as follows: a point in, say
S(3,2,1)» 1s represented by a tuple (xo, ..., x5) € Sym®(C) with xo = x; = x and x3 = x4. In order to
lift to Z we need to pick one out of xg or x3 to be the value of x. In general the degree of the cover over
S is given by counting the number of rows in 7 of length at least 2.
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Putting this all together we calculate
X(S2,14NUg) = —6—(—4)—2-968 —542—3(—128) —2(—668) — (—216) —2-81—-2-128 —50 = —1012.

3.2 A degeneracy locus calculation

Let Z C C x C x C be the subvariety defined by Oc (3x 4 2y + z) = L®2. The goal of this subsection
is to compute the Euler characteristic of Z. To do so, we first describe Z as a degeneracy locus. Consider
the diagram

CxC*3

where o denotes the first projection and u denotes the projection forgetting the first factor. On C x C*3,
we have a natural map of vector bundles

O_*L®2 — O,*L®2 ® 03A1+2A2+A39
where
Aj i ={(x,(y1,72,3) €Cx C™* 1 x = y;}
for i = 1,2, 3. Pushing this down via u, we obtain

a:HY(C, L®?) @ O¢cx3 — F 1= s (0* LB @ O3p,120,+A5)-

The fibre of the vector bundle F at a point (x, y, z) € C *3 is the six-dimensional vector space L®? |3, 12 Ytz
Hence, our variety Z C C*3 is the 4-th degeneracy locus of «, or equivalently, of V.

Lemma 3.4 We have y(Z) = c2(F)c1(C*3) —c1(F)ea(F) — c3(F).

Proof For simplicity, we put V = H°(C, L®?). We will apply [Pragacz 1988, Example 5.8(i)] to the
map

aV:FY SV RO.

Note that m = 6, n = 5, and r = 4 in the notations of [loc. cit.]. We first fix some more notation. For
a vector bundle E, we denote by s5;(E) = (—1)'¢;(—E) the i-th Segre class of E, and for two vector
bundles E and E’, we put

i
si(E—E'):= Z(—1)Z—PSP(E)C,~_p(E’).
p=0
Finally, we put

s@)(E —E') :=52(E — E')s1(E — E') —53(E — E")so(E — E').
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Now, by [Pragacz 1988, Example 5.8(i)], we have

1(Z2) =52V RO —=F)e1(C*3) —sen(V®O—-F")=253(V®O—F)
= 2(FV)e1(C*?) = (o (FV)er (FY) + e3(FY)) + 2¢3(FY)
= 2(F)e1(C™3) = c1(F)ea(F) — e3(F)

as desired.
We will use the following cohomology classes to express the Chern classes of F:

e n:=0"*pt,

Ai={(x,(y1,y2.y3) € C xC*3 :x = y;} fori =1,2,3,

Ajj i ={(x.(y1.y3.73)) ECxC*3:x=y; = y;}for 1 <i < j <3,

323

e Cij = ﬁfj pt, where p;j: C x C*3 — C x C denotes the projection forgetting the (i+1)-th and

(j +1)-th factors for 1 <i < j <3,

* C;:= p]pt, where p;:C xC %3 _ C*3 denotes the projection forgetting the (i +1)-th factor
i=1,2,3,

e § is the small diagonal in C x C*3,

for

By abuse of notation, we denote the pushforward via u of the above classes by the same symbols. We

first compute the Chern character of 7 by using the Grothendieck—Riemann—Roch formula:
Lemma 3.5 We have

(1) cho(F) =6,

(2) ch1(F) =24C23+ 14C13 4+ 6C12 —6A12 —3A13 —2A23,

(3) chy(F) =—-60C3 —27C, —16Cy + 66,

(4) ch3(F) = 66pt.

Proof We denote by *; the i-th component of ch(c*L®? ® O3A,42A,4A5)-tdy. It is obvious that
¥0=0, %1 =3A1+2A5+ As.
Noting that ch(c*L®?).td,, = (1, 57,0, 0, 0), we obtain

%2 = —2(3A1 + 285 4+ A3)* +517.(3A1 + 245 + A3z)
= —2(—18C23 —8C13 —2C12 + 12A12 + 6A13 + 4A53) + 15C23 + 10C13 + 5C13
=24C23 + 14C13 +6C12 —6A12 —3A13 —2A23,
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*3 = £ (3A1+ 202+ A3)> — 3n.(3A1 + 245 + A3)?
= 1(—18C23 —8C13 —2C12 + 12A12 + 6A13 + 4A23).3A1 +2A5 + A3z)
—30.(—18C23 —8C13—2C12 4 12A15 + 6A13 4 4A23)
= 1(=24C5 — 6C5 +36(=2)C3 + 18(=2)Ca + 126 — 36C3 — 4Cy + 24(—2)C3 + 126 + 8(~=2)C
—18C, —8C + 128+ 6(—2)C2 + 4(=2)Cy)
4 5(=6C5 —3C5 —2C))
=—-30C3 —12C, —6C; + 66 —30C3 — 15C, — 10C,
= —60C3 —27C, —16C; + 66.
%4 = —5 £(BA1 + 202+ A3)* + 20.3A1 +2A5 + A3)?
= —1(=30C3 — 12C, — 6C + 68).(3A1 + 24 + A3) + 57.(=30C3 — 12C; — 6Cy + 65)
=—1(-18—-36-24—-24-30—12) +5-6
= 66.

Most of the above calculations are straightforward. Slightly nontrivial ones are, for example:
A} =-2Cp;, A}=0, 8.A;=-2pt.

The first two equalities follow by observing that A; = pg; A, where po; is the projection to the first two
factors, and A C C x C denotes the diagonal. Then the third one follows, as § = A1.A»3.
By pushing forward *; via u, we obtain the result. a

Proposition 3.6 We have y(Z) = —196.

Proof We need to calculate the Chern classes of F from its Chern character:
c2(F) = 3 chy(F)* = cha(F),  ¢3(F) = £ chy(F)? —chy(F) cha(F) + 2chz(F).
Firstly,

chy (F)? = (24Ca3 + 14C13 + 6C12 — 6A12 — 3A13 —2A23)?

= 24(14C3 + 6C, — 6C3 —3C; —2Ca3.A23)
+ 14(24C3 + 6C, —6C3 —3C13.A13 —2C1)
+6(24C, + 14C1 —6C12.A 12 —3C5 —2C1)
—6(24C3 + 14C3 + 6C12.A 12 — 6(—2)C3 — 38 — 26)
—3(24C5 + 14C13.A13 4 6C — 66 — 3(—2)Cy — 26)
—2(24C23.A23 + 14C1 + 6Cy — 68 — 36 —2(=2)C))

= 144C3 + 90C5 + 80C; — 96C23.A23 — 84C13.A13 — 72C12.A 12 + 726,
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We then have
chy (F)? = (144C3 4+ 90C5 +80C; —96C23.A23 —84C13.A13 —72C12.A 12 + 726)
.(24C23+14C13+6C12—6A12—3A13—2A33)
=24(80—84—72+72)+14(90—96—72+472) 4+ 6(144—96—84+72)
—6(904+80—96—84—72(—2)+72(—2)) —3(144+80—96—84(—2) -T2+ 72(-2))
—2(144490—96(—2)—84—72+72(-2))
=-396
and
chy(F) cha(F) = —60(6—3—2)—27(14—6—2)—16(24—6—3)+6(24+144+-6—6(—2)—3(—2)—2(-2))
= —606.

We also have

c2(F)e1(C7?) = (5 chy (F)*—cha(F))(=2)(C23+C13+Cr2)
= (132C3+72C+56C1—48C33.A23—42C13.A13—36C12.A12+300)
(=2)(C23+C13+C12)
= —2{(56—42—36+30)4(72—48—36+30)+(132—48—42+30)}
= —196.

Finally, by Lemma 3.4, we get

X(Z) = c2(F)e1(C73) — c1(F)ea(F) — e3(F)
= ¢2(F)c1(C™?) = % chy (F)? + 2 chy (F) chy (F) — 2 ch3(F) = —196 + 264 — 132 — 132
= —196. o

3.3 Fibrewise GV invariants

In this subsection, we determine the fibrewise GV invariants associated to the spectral curves over points
in U,. Given a partition A = 6 and an integer g > 0 we define ng(A) to be the local contribution of a
spectral curve corresponding to a point in Sy N U, to the genus g Gopakumar—Vafa invariant; by the
formulas recalled in the proof of Proposition 3.7, these contributions only depend on A, so that these
numbers are well-defined. In order to do so, we calculate certain HOMFLY polynomials: We define the
Laurent polynomials P (7> ) for n > 0 as follows:

1

a—a
P(T20) = —
(3-3) -4
P(Ty1) =1,

P(Tap)=—a(@g—q HYP(Tapn—1)+a*P(Tan—3) for n>2.
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A g=3 4 5 6| x(U.NSy)
(5.1) 0 3 -4 1 50
(4,2) ~1 4 -4 1 128
4.,1,1) 0 1 -3 1 —216
3.3) 0 4 —4 1 81
(3.2, 1) 0 2 -3 1 —668
3. 13) 0 0 -2 1 542
(23) -1 3 -3 1 —128
2.2,1,1) 0 1 -2 1 968
(2,14 0 0 -1 1 —1012
(1) 0 0 0 1 256

Table 1

This last equation is the standard recursion relation for HOMFLY polynomials of torus knots, and so
P(T, ) is the HOMFLY polynomial of the torus knot 73 ,; see [Oblomkov and Shende 2012, Section 2].

We will use the specialisation (¢/a)" ™! P(T2.n)|q=0 for 2 <n < 5:
_ 1
(q/a)P(T2,2)la=0 = C]{ G ' =)+ e % ,
(q/a)* P(T2,3)la=0 = ¢*{(q™" —q)* +2},
(a/@)* P(T,4)| o = q3{ 6 =036 =0+ _q} ,

(q/a)*P(T2,5)la=0 = ¢* (g™ —)* + 47" —q¢)* + 3}

Proposition 3.7 The local contributions to the GV invariants satisfy ng (1) =0 for g > 6 or g < 3, and the

remaining values are as in Table 1. We have also included the Euler characteristics of the corresponding
strata of Uy, given by Proposition 3.2, for reference.

Proof Let C, — C be the spectral cover corresponding to a point a € S; NP H°(L®?). For any
partition A, the spectral curve C, is reduced. Hence, by [Migliorini and Shende 2013; Maulik and Yun
2014], the fibrewise contribution ng4 (1) is computed by the Euler characteristics of the Hilbert schemes
of points on C,. The latter is then computed by using certain HOMFLY polynomials. More precisely,
[Migliorini and Shende 2013; Maulik and Yun 2014] gives the first, and [Oblomkov and Shende 2012;
Maulik 2016], gives the second equality in the sequence of equalities

3-4) D ¢ CO()En )G —g)*

0
&= r)

= / » q21 dX — (1 _q2)—X(Ca) H[(q/a)ki_IP(TZ,)Li)]a=0
Ca i=1
r(A)
=g g = [T 1/ P(To )a=o.
i=1
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where we denote by (1) the number of rows of A. We give a little more detail, firstly in order to explain
the sign (—1)& appearing in the left side of (3-4). Note that 2g(C,;) —2 = 10 for all a. By [Migliorini
and Shende 2013; Maulik and Yun 2014], we have the following (cf. [Maulik and Toda 2018, (4.4)]):

1
+¢1/2)2

Y x(Cm)g' = g8 C! = 3 1(Gry IC(T))g'
l i

After the variable change g — ¢2, the left side is equal to

/C[*] (=1'q* dy,

and the right side is equal to

q2g(Ca)—2 an ()k)(q_l + q)2g—2‘
g

By a further variable change g% — —g?, we obtain the first equation in (3-4).
Let us also explain the second equality. Let {p; } be the set of singular points of C,. By [Oblomkov
and Shende 2012, Conjecture 1] (which is proved in [Maulik 2016]), we have

[ 1= =27 TTia/" PLodlamo,

where p; denotes the Milnor number of the singularity p; and L; denotes the link of C, at p;. In our
case, the singular points of C, are parametrised by the rows of the partition A = (4;), and the type of
the singular point corresponding to A; is {y2 = x*i}. As a result, we have u; = A; —l and L; = IEW
these equalities imply the second equality in (3-4).

(1) A = (5,1): In this case, the spectral curve C, is a 2: 1 cover branched at two points, so y(C,) =
2x(C)—2 = —6. It has a unique singular point of type {y? = x°}. Hence

[C[*] 7' dx=q%7" - 9)°l@/a)* P(T25)la=0 = ¢°(q ™" —@)®¢ (@™ —q)* +4(¢~" —q)* + 3}
=q" %G = +4@ P +36¢7 - 9%

(2) A = (4,2): We have y(C,) = —6. C, has two singular points, of types {y? = x?} and {y? = x*}.
We obtain

[ @ dr =™ =010/ P(T2 ol /) P(Ta2)amo

_q}q{(q‘l —q)+
=¢"q "' -9 +4q" - +4@7 -9+ (T -
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(3) A =(4,1,1): We have x(Cy) = 2x(C)—3 = —7. C, has a unique singular point of type {y2 = x*}.
We obtain

/C[*] ¢* dr=q"q""=) (/@) P(T2)la=0 = ¢" (@~ =) 4>} (47" =)*+3(¢ ™' —9)+

=¢"q"-9)"°+3(¢ " -9) ¥ +(¢ " —9)%}.

(4) A =(3,3): We have y(C,) = —6. C, has two singular points of type {y? = x3}. So we obtain

g 1—q

fc[*] ¢ dx=4°@"" = 9° (/@) P(T23)la=0)> = ¢°@ " @)% (@™ —9)* +2}°

=¢"%q """ +4¢ T 9P+ 4@ - 9%}

(5) A =(3.2,1): We have y(C,) = —7. C, has two singular points, of types {y? = x2} and {y? = x3}.
Hence we obtain

[ dx =47 =)L/ P(Ta)lamoll0/0) P(Ta2)amo

=q" ("' -9 @ —*+2q) (¢ —g) + q_ll

=¢"¢ "9 +3(¢ " -9 +2(¢7 - 9%}

(6) A =(3,1,1,1): We have y(C,) = —8. C, has a unique singular point of type {y? = x3}. We obtain
X q g p Ype 1y

—q

[ dx =¥ =0 a/aP P(Taa)lamo =0~ 0P Ha™ 0+ 2

=¢"{q " -9 +2(¢7" —9)®}.

(7) A =(2,2,2): We have y(C,) = —7. C, has three singular points of type {y? = x2?}. We obtain

1 3
/C[*] ' dr=9"q""—9) ((@/a)P(T2,2))a=0)* = ¢" (¢ —9)q° { @' =)+ = _q}

=¢"q " )" +3(¢7 - +3@ " -9+ @ -9t}

(8) A =(2,2.1,1): We have y(C,) = —8. C, has two singular points of type {y? = x2?}. We obtain

1 2
/c[*] 7' dx=q*q7" = 9)*(q/a) P(T2,2)la=0)* = ¢°(¢ " —q)ng{ @' =)+ = _q}

=¢"{q " " +2(¢7 -+ (¢ =)}

(9) A=(2,1,1,1,1): We have y(C,) = —9. C, has a unique singular point of type {y? = x2}. We
obtain

/[*] 7' dx=4¢°(¢"" = 9)°[(q/a) P(T2,2)la=0 = 4° (" —61)961{(61_1 —q)+ _11_ }
cl g1 —q

=¢"%q " -9+ @ —9)*} O
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3.4 Contributions from the nearby hyperplane

Putting the discussions in the previous subsections together, we obtain:

Proposition 3.8 We have

1 ifg=6,
-8 ifg=>5,

ng(Ue) = . g_
18 if g =4,

0 otherwise.

Proof We have

ng(Ue) =Y ng(M)x(Ue N Sy).
A6

Since ng(A) =1 and ng<3(A) = 0 = ng>7(A) for all partitions A - 6, we have ne(Us) = 1 and
ng<2(Us) =0=ng>7(Up).
For g = 3, we have

n3(Ug) = =1 x(Us N Sa,2)) =1+ x(Ug N S2,2,2)) = —(128 —128) = 0.
For g = 4, we have
na(Us) =3-50+4-128 + 1(—216) + 481 + 2(—668) + 3(—128) + 1-968 = 18.
For g =5, we have
ns(Ug) = —4-50—4-128 —3(—216) —4-81 —3(—668) —2-542 —3(—128) —2-968 — 1(—1012) = —8. O
3.5 GV invariants for twisted Higgs bundles

Proposition 3.9 We have

-1 ifg=6,
8 ifg=>5,
—18 if g =4,
Totc (L)) =
ng aic1(Tote (L)) § ifg=3
-2 ifg=2,
0 otherwise.

Proof Let M denote the moduli space of semistable L-twisted PGL,,-Higgs bundles.
We first describe a basis of H (1\71 ) for each i. By [Mozgovoy 2012, Subsection 6.3], adopting the
notation of [loc. cit.], the Poincaré polynomial of M is

(3-5) Py(M) =P/ (1+ 9" =20% +4y7 +8y° + 495 +2y* +4y3 432 + 1.

On the other hand, the cohomology ring H* (1\2 ) has the following multiplicative generators [de Cataldo
et al. 2012; Hausel and Thaddeus 2003; 2004]:

a e HX(M), BeH*M), y;eH> (M), fori=1,..., 4.
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Using the relations in [de Cataldo et al. 2012, Theorem 1.2.10, Proposition 4.2.1] and (3-5), we have that

HO(M) = (1), H' (M) =0, H2(M) = (a),
H(M) = (Y)1<i<a. H*(M) = (2, B). H> (M) = (@Vi)1<i<s.
HO(M) = (Yiyj, 0 aB)i<i<j<a.  H' (M) =(a*V¥i)1<i<a,  HE(M) = (a* ay),

where we put y := —2(¥1 V3 + ¥214). In the following, we only explain the above equalities for H’ (1\71 )
and H® (]\2 ). The arguments are similar and simpler for lower cohomological degrees. For H’ (1\71 ), we
have

H (M) = (Bvri. Vi) 1<i<a = (@*Vi)1<i<ar
where the second equality follows from [de Cataldo et al. 2012, Proposition 4.2.1]. On the other hand,
by (3-5), we also know that dim H’ (1\2) = 4. Hence we can conclude that {azwi}15i§4 is a basis of
H7(M). For H® (M) we have
(3-6) HY(M) = (a*, &®B.ayi¥;, B)1si<j<a
= (o ?B a1V, a1 Vs, eV ays Vs o (V1s — vava).ay. p2) = (e ay).
To see the third equality, we claim that
o€ 13(,), ,82 € 112, %azﬁ +2ay € 112,
where I} C Q[a, B, y] is an ideal defined in [de Cataldo et al. 2012, Definition 1.2.8] for a, b > 0. Indeed

_ 0 2_ 3 1.2 _ 2
& = P1,0,0° B =00,2,00 2% ,B+20‘V—P2,1,Ov

where pf ¢ , € I} are elements defined in [loc. cit.]. Hence B? =0 and o?B € (a*, ay). Furthermore,

since we have

(3-7) V12, Y1Va. Yoy, Y3V, (Y13 — Yas) € AJ,

with A% as defined in [loc. cit.], we conclude that the elements in (3-7), multiplied by o € 0 are all zero
in H* (A7I ). By the above arguments, the third equality in (3-6) holds.

Now, we rearrange the above basis of H* (1\2 ) using the perverse degree instead of the cohomological
degree. Note that the generators «, 8, and ¥; all have perverse degree 2 by [de Cataldo et al. 2012,
Theorem 4.2.2]. Hence we obtain

HZo(M) = HL, (M) = (1),

HZ,(M) = HL3(M) = (HLo(M). . B. Yi)1<i<a.

HL,(M) = His(M) = (HL,(M). o? o, a Vi YiV)1<i<j <4
HL6(M) = HE;(M) = (HL, (M), o®, &Y. ap)1<i<a.
Hig(M) = (Hig(M). ).
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Here we have followed the notation and normalisation conventions of [de Cataldo et al. 2012], regarding
the perverse filtration on H* (1\2 ). Precisely,
HE (M) := H* (B, Pr<ih+Qla]).
where a = dim(Br) = 4g(C) — 1.
Combined with the isomorphism H*(M) =~ H* (M) ® H*(Pic®(C)), we obtain

D APH (RhICy)) g = —(g* —2¢7 2 +4-2¢* +q*) (g > +4"/>)*,

1

from which we can read off the integers n, >cj(Totc (L)). The minus sign in the right-hand side comes
from the fact that dim M = 8g(C) — 3 is odd. |

3.6 GV invariants for Tot(V)

Theorem 3.10 Let C be a genus two curve, and let L be a generic line bundle on C of degree 3. Let
fe(H%L®?%)Y ~Ext! (L, L~ ® wc) be a generic linear function, and N the corresponding rank two
vector bundle. Then we have
8 ifg=3,
ngoic)(Totc(N)) = { -2 if g =2,
0 otherwise.

In particular, the GV/GW correspondence holds for Totc (N') and the curve class 2[C].
Proof By Proposition 2.15,

ng 21c1(Tote (N)) = ng (Ug) + ng oicy(Tote (L)).

Now the result follows from Propositions 3.8 and 3.9. a

4 Higher genus

In this section, we fix a smooth projective curve C of genus g(C) > 3 and a line bundle L of degree
2¢g(C)—1.

Proposition 4.1 We have

0 if g>4g(C)—1,
-1 if g =4g(C)-2,
ng o[c)(Tote (L)) = —228(0)=3  jf ¢ = g(C)
0 if g <g(C)—1.

Proof For simplicity, we write M = My (2, 1) and M =M (2, 1). By [Chaudouard and Laumon 2016]
(see also [Maulik and Shen 2023, Theorem 0.4]), we have

PH! (Rhy IChy) = IC(N R' 7, ICc) for i € Z,
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where U C By is the dense open subset parametrising smooth spectral curves and 7:C — U is the
universal curve. Since a smooth spectral curve has genus 4g(C) — 2, the degree of the Laurent polynomial
Y iez x(PH! (RhyICpr))q" is less than or equal to 4g(C) — 2. The coefficient of q*8(O)—2 i

1(0Cz,) = (1)L 3@z ) = 1,

where dim By, = 4g(C) — 1. This proves that

0 ifg>4g(C)—1,
-1 ifg=4g(C)-2.

To determine the GV invariants for small g, recall that we have an isomorphism

ng orcy(Tote (L)) =

H*(M) =~ H*(Pic®(C)) ® H*(M).

Moreover, the generators &; of H*(Pic®(C)) have cohomological degree one and perverse degree one.
Hence we have

Y x(PH (RhICa))g' = (g7 "2 + /%)% (©) ( > 2P (Rhx Icm)q").
i€Z i€Z
From this, we see that ng »[c](Totc (L)) =0 for g < g(C)—1. Furthermore ng >cj(Totc (L)) = —)((1\2).

This can be computed as follows: Let P; (M) denote the Poincaré polynomial of M. We can compute
P_;(M) by substituting ¥ = v = —¢ in [Chuang et al. 2011, (A.7)]:

P_¢ (M)
_ (1_1)2(© (1—-1)28O=2(1 41 412)28C)  (141)28(C)  442(C)=2(1_)28(C)-2 26(C) 1
- 1+0)2(1+22 4(1+12 2(1+1 S
(
t4g(c)_2(1—[)2g(c)_1 1
Substituting 7 = 1 in P_,(M)/(1 —1)28(©) we obtain X(IV[) =228(C)—3, |

Proposition 4.2 The following assertions hold:
0 ifg=4g(C)—1,
(1) ng(Ue) =11 if g =4g(C) -2,
0 ifg=<2g(C)-2.
(2) nag(cy—1(Ue) = =), x(S) NUg), where A = (A;) runs over all partitions of 4g(C) — 2 such that
A; is even for every i.

Proof Given a partition A of 4g(C) —2 and an element a € S N U,, let C; — C be the corresponding
spectral curve. In view of the recursion formula (3-3) computing P (73 ;) and the formula (3-4) for
x(Hilb" (Cy)), we see that the polynomial |, clH q?! dy has degree

—2x(C) —deg(L®*) =8g(C)—6
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and the leading coefficient is 1. Hence we get

1o (Us) = 0 ifg=>4g(C)—1,
71 ifg=4g(C)-2.

-1

On the other hand, if we write |, cl q21 dy as a polynomial in (g~ — ¢q), the lowest term has degree

4-1) —2x(C) +#{i : A; is odd}

and coefficient 1. Among all the partitions A = (1;), (4-1) achieves its minimum if and only if every A;
is even. Hence the remaining assertions also hold. a

Theorem 4.3 Let L € Pic?(©)~1(C) and [N] € P H(L®2) be arbitrary. Then we have

0 if g>4g(C) -2,
ngarc)(Totc (N)) = § 22873 jf g = ¢(C),
0 ifg<g(C)-—1.

In particular, the GV/GW correspondence holds for the above range of g.

Proof The proof is the same as that of Theorem 3.10, this time combining Propositions 4.1 and 4.2 with
Proposition 2.15. The final assertion, regarding the GV/GW correspondence, follows by comparison with
Corollary A.3. O

Appendix Some results from Gromov—Witten theory

Let X = Totc (V) be a local curve, with N a 2-rigid bundle. Consider the generating series
ZY(X) = GWe 1 (X)A*E 21 4+ ) " GWga(X)AE 7212,
g=>0 g>0
where GW, 4(X) denotes the GW invariants of X = Totc (N) for the curve class d[C]. We define
ngz (X) by (1-1). The goal of this appendix is to determine ng}g(X ) for some g, using the following:

Theorem A.1 [Bryan and Pandharipande 2008, Section 8] We have

exp(ZEY (X)) = 1 + (2sin(12)) 7%

+(2sin(31) ¥ O (4= 4sin(21)* O £ 4+ 4sin(22)F O 4
Corollary A.2 Assume that g(C) = 2. Then we have

8 ifg=3,
ng(X)=1-2 ifg=2,
0 otherwise.

1 ifg=2,

GW
n X)=
g1(X) 0 otherwise,

Proof It is immediate to read off ng 1(X) from the formula in Theorem A.1 To compute ng > (X), it is
convenient to work with the variable Q = ¢’ *_Then

(02— 07122 = _(25in(11))*.
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Firstly, the coefficient of ¢2 in the series exp(Z gv(X )) is

—3(Q =072+ 3(0"2 - 07+ 3 (- 1)FIngR (X)(Q2 - 0722

g=0

— _2(Q1/2 _ Q—1/2)2 + Z(_l)g—lng}g(X)(Ql/Z _ Q—1/2)2g—2'

£=0

Secondly, the coefficient of #2 in the right-hand side of the formula in Theorem A.1 is

8(Q1/2 _ Q_1/2)4-
We obtain the conclusion by comparing the above two expressions. O

Corollary A.3 Let g(C) be arbitrary. We have

I ifg=g(C) 0 if g >4g(C) -2,
ng’vi/(X) 10 otherwise ’ ng,\g(X) =227 if g =4(C),
’ 0 ifg<g(C)—1.

Proof Similarly to the above corollary, we work with the variable Q = e’ A The coefficient of 72 in the
series exp(Zg‘ZV(X)) is

_%(Q _ Q—I)Zg(C)—Z + %(QI/Z _ Q—1/2)4g(C)—4 + Z(_l)g—lng?g(X)(Ql/Z _ Q—1/2)2g—2’
g=0

and

_%(Q _ Q—I)Zg(C)—Z + %(QI/Z _ Q—1/2)4g(C)—4
— _%{(QI/Z_ Q—l/2)4 +4(Q1/2 _ Q—1/2)2}g(C)—1 + %(QI/Z _ Q—1/2)4g(C)—4
— _22g(C)—3(Q1/2 _ Q—1/2)2g(C)—2 4,

Comparing with the right-hand side of the formula in Theorem A.1, we obtain the results. |

Remark A.4 Similarly, one can check that the GV type invariants for Totc (L) that are computed in
Propositions 3.9 and 4.1 agree with the GW invariants of Totc (L @ (L ™! ® wc)) computed in [Bryan
and Pandharipande 2008, Corollary 7.2].

Acknowledgements

We would like to thank Jim Bryan for introducing this problem to us. We would also like to thank Tasuki
Kinjo, Davesh Maulik and Yukinobu Toda for related discussions. We also thank the referee for many
helpful suggestions and corrections.

Davison is supported by a Royal Society university research fellowship [URF/R/221040].

Koseki is supported by the Engineering and Physical Sciences Research Council [EP/Y009959/1].

Geometry & Topology, Volume 30 (2026)



Degree two Gopakumar—Vafa invariants of local curves 335

References

[Bridgeland 2011] T Bridgeland, Hall algebras and curve-counting invariants, J. Amer. Math. Soc. 24:4 (2011) 969-998 MR

[Bryan and Pandharipande 2001] J Bryan, R Pandharipande, BPS states of curves in Calabi-Yau 3-folds, Geom. Topol. 5
(2001) 287-318 MR

[Bryan and Pandharipande 2005] J Bryan, R Pandharipande, Curves in Calabi-Yau threefolds and topological quantum field
theory, Duke Math. J. 126:2 (2005) 369-396 MR

[Bryan and Pandharipande 2006] J Bryan, R Pandharipande, On the rigidity of stable maps to Calabi-Yau threefolds, from
“The interaction of finite-type and Gromov—Witten invariants” (BIRS, 2003) (D Auckly, J Bryan, editors), Geom. Topol. Monogr.
8, Geom. Topol., Coventry (2006) 97-104 MR

[Bryan and Pandharipande 2008] J Bryan, R Pandharipande, The local Gromov-Witten theory of curves, J. Amer. Math. Soc.
21:1(2008) 101-136 MR

[de Cataldo et al. 2012] M A A de Cataldo, T Hausel, L. Migliorini, Topology of Hitchin systems and Hodge theory of character
varieties: the case A1, Ann. of Math. 175:3 (2012) 1329-1407 MR

[Chaudouard and Laumon 2016] P-H Chaudouard, G Laumon, Un théoreme du support pour la fibration de Hitchin, Ann.
Inst. Fourier (Grenoble) 66:2 (2016) 711-727 MR

[Chuang et al. 2011] W-y Chuang, D-E Diaconescu, G Pan, Wallcrossing and cohomology of the moduli space of Hitchin
pairs, Commun. Number Theory Phys. 5:1 (2011) 1-56 MR

[Chuang et al. 2014] W-Y Chuang, D-E Diaconescu, G Pan, BPS states and the P = W conjecture, from “Moduli spaces” (L
Brambila-Paz, O Garcia-Prada, P Newstead, R P Thomas, editors), London Math. Soc. Lecture Note Ser. 411, Cambridge Univ.
Press (2014) 132-150 MR

[Farkas 2023] G Farkas, Generalized de Jonquiéres divisors on generic curves, Stud. Univ. Babes-Bolyai Math. 68:1 (2023)
13-27 MR

[Gopakumar and Vafa 1998] R Gopakumar, C Vafa, M-theory and topological strings, 11, preprint (1998) arXiv hep-th/9812127

[Hausel and Thaddeus 2003] T Hausel, M Thaddeus, Relations in the cohomology ring of the moduli space of rank 2 Higgs
bundles, J. Amer. Math. Soc. 16:2 (2003) 303-329 MR

[Hausel and Thaddeus 2004] T Hausel, M Thaddeus, Generators for the cohomology ring of the moduli space of rank 2 Higgs
bundles, Proc. London Math. Soc. 88:3 (2004) 632-658 MR

[Hausel et al. 2022] T Hausel, A Mellit, A Minets, O Schiffmann, P = W via H;, preprint (2022) arXiv 2209.05429

[Hosono et al. 2001] S Hosono, M-H Saito, A Takahashi, Relative Lefschetz action and BPS state counting, Internat. Math.
Res. Notices :15 (2001) 783-816 MR

[de Jonquieres 1866] E de Jonquieres, Mémoire sur les contacts multiples d’ordre quelconque des courbes de degré r, qui
satisfont a des conditions données, avec une courbe fixe du degré m; suivi de quelques réflexions sur la solution d’un grand
nombre des questions concernant les propriétés projectives des courbes et des surfaces algébriques, J. Reine Angew. Math. 66
(1866) 289-321 MR

[Kashiwara and Schapira 1994] M Kashiwara, P Schapira, Sheaves on manifolds, Grundl. Math. Wissen. 292, Springer (1994)
MR

[Kiem and Li 2012] Y-H Kiem, J Li, Categorification of Donaldson—Thomas invariants via perverse sheaves, preprint (2012)
arXiv 1212.6444

[Kinjo and Koseki 2021] T Kinjo, N Koseki, Cohomological y-independence for Higgs bundles and Gopakumar—Vafa
invariants, preprint (2021) arXiv 2112.10053

[Kinjo and Masuda 2024] T Kinjo, N Masuda, Global critical chart for local Calabi—Yau threefolds, Int. Math. Res. Not.
2024:5 (2024) 4062-4093 MR

[Massey 2001] DB Massey, The Sebastiani—Thom isomorphism in the derived category, Compositio Math. 125:3 (2001)
353-362 MR

[Maulik 2016] D Maulik, Stable pairs and the HOMFLY polynomial, Invent. Math. 204:3 (2016) 787-831 MR

[Maulik and Shen 2023] D Maulik, J Shen, Cohomological x-independence for moduli of one-dimensional sheaves and moduli
of Higgs bundles, Geom. Topol. 27:4 (2023) 1539-1586 MR

Geometry & Topology, Volume 30 (2026)


https://doi.org/10.1090/S0894-0347-2011-00701-7
http://msp.org/idx/mr/2813335
https://doi.org/10.2140/gt.2001.5.287
http://msp.org/idx/mr/1825668
https://doi.org/10.1215/S0012-7094-04-12626-0
https://doi.org/10.1215/S0012-7094-04-12626-0
http://msp.org/idx/mr/2115262
https://doi.org/10.2140/gtm.2006.8.97
http://msp.org/idx/mr/2402821
https://doi.org/10.1090/S0894-0347-06-00545-5
http://msp.org/idx/mr/2350052
https://doi.org/10.4007/annals.2012.175.3.7
https://doi.org/10.4007/annals.2012.175.3.7
http://msp.org/idx/mr/2912707
https://doi.org/10.5802/aif.3023
http://msp.org/idx/mr/3477888
https://doi.org/10.4310/CNTP.2011.v5.n1.a1
https://doi.org/10.4310/CNTP.2011.v5.n1.a1
http://msp.org/idx/mr/2833316
http://msp.org/idx/mr/3221294
https://doi.org/10.24193/subbmath.2023.1.01
http://msp.org/idx/mr/4568275
http://msp.org/idx/arx/hep-th/9812127
https://doi.org/10.1090/S0894-0347-02-00417-4
https://doi.org/10.1090/S0894-0347-02-00417-4
http://msp.org/idx/mr/1949162
https://doi.org/10.1112/S0024611503014618
https://doi.org/10.1112/S0024611503014618
http://msp.org/idx/mr/2044052
http://msp.org/idx/arx/2209.05429
https://doi.org/10.1155/S107379280100040X
http://msp.org/idx/mr/1849482
https://doi.org/10.1515/crll.1866.66.289
https://doi.org/10.1515/crll.1866.66.289
https://doi.org/10.1515/crll.1866.66.289
http://msp.org/idx/mr/1579347
https://doi.org/10.1007/978-3-662-02661-8
http://msp.org/idx/mr/1299726
http://msp.org/idx/arx/1212.6444
http://msp.org/idx/arx/2112.10053
https://doi.org/10.1093/imrn/rnad135
http://msp.org/idx/mr/4714336
https://doi.org/10.1023/A:1002608716514
http://msp.org/idx/mr/1818986
https://doi.org/10.1007/s00222-015-0624-6
http://msp.org/idx/mr/3502065
https://doi.org/10.2140/gt.2023.27.1539
https://doi.org/10.2140/gt.2023.27.1539
http://msp.org/idx/mr/4602420

336 Ben Davison and Naoki Koseki

[Maulik and Shen 2024] D Maulik, J Shen, The P = W conjecture for GL;, Ann. of Math. 200:2 (2024) 529-556 MR

[Maulik and Toda 2018] D Maulik, Y Toda, Gopakumar—Vafa invariants via vanishing cycles, Invent. Math. 213:3 (2018)
1017-1097 MR

[Maulik and Yun 2014] D Maulik, Z Yun, Macdonald formula for curves with planar singularities, J. Reine Angew. Math. 694
(2014) 27-48 MR

[Migliorini and Shende 2013] L Migliorini, V Shende, A support theorem for Hilbert schemes of planar curves, J. Eur. Math.
Soc. 15:6 (2013) 2353-2367 MR

[Monavari 2022] S Monavari, Double nested Hilbert schemes and the local stable pairs theory of curves, Compos. Math. 158:9
(2022) 1799-1849 MR

[Mozgovoy 2012] S Mozgovoy, Solutions of the motivic ADHM recursion formula, Int. Math. Res. Not. 2012:18 (2012)
4218-4244 MR

[Oblomkov and Shende 2012] A Oblomkov, V Shende, The Hilbert scheme of a plane curve singularity and the HOMFLY
polynomial of its link, Duke Math. J. 161:7 (2012) 1277-1303 MR

[Okounkov and Pandharipande 2010] A Okounkov, R Pandharipande, The local Donaldson—Thomas theory of curves, Geom.
Topol. 14:3 (2010) 1503-1567 MR

[Pardon 2023] J Pardon, Universally counting curves in Calabi-Yau threefolds, preprint (2023) arXiv 2308.02948
[Pragacz 1988] P Pragacz, Enumerative geometry of degeneracy loci, Ann. Sci. Ecole Norm. Sup. 21:3 (1988) 413-454 MR

[Shen and Yin 2022] J Shen, Q Yin, Topology of Lagrangian fibrations and Hodge theory of hyper-Kdhler manifolds, Duke
Math. J. 171:1 (2022) 209-241 MR

[Toda 2010] Y Toda, Curve counting theories via stable objects, I: DT/PT correspondence, J. Amer. Math. Soc. 23:4 (2010)
1119-1157 MR

[Toda 2023] Y Toda, Gopakumar—Vafa invariants and wall-crossing, J. Differential Geom. 123:1 (2023) 141-193 MR

[Ungureanu 2021] M Ungureanu, Dimension theory and degenerations of de Jonquiéres divisors, Int. Math. Res. Not. 2021:20
(2021) 15911-15958 MR

BEN DAVISON ben.davison@ed.ac.uk
School of Mathematics and Maxwell Institute for Mathematical Sciences, University of Edinburgh
Edinburgh, United Kingdom

NAOKI KOSEKI koseki@liverpool.ac.uk
The University of Liverpool, Liverpool, United Kingdom

Proposed: Jim Bryan Received: September 23, 2024
Seconded: Mark Gross, Richard P Thomas Revised: April 19, 2025

Geometry & Topology Publications, an imprint of mathematical sciences publishers :.msp


https://doi.org/10.4007/annals.2024.200.2.3
http://msp.org/idx/mr/4792069
https://doi.org/10.1007/s00222-018-0800-6
http://msp.org/idx/mr/3842061
https://doi.org/10.1515/crelle-2012-0093
http://msp.org/idx/mr/3259038
https://doi.org/10.4171/JEMS/423
http://msp.org/idx/mr/3120745
https://doi.org/10.1112/s0010437x22007606
http://msp.org/idx/mr/4495663
https://doi.org/10.1093/imrn/rnr187
http://msp.org/idx/mr/2975380
https://doi.org/10.1215/00127094-1593281
https://doi.org/10.1215/00127094-1593281
http://msp.org/idx/mr/2922375
https://doi.org/10.2140/gt.2010.14.1503
http://msp.org/idx/mr/2679579
http://msp.org/idx/arx/2308.02948
https://doi.org/10.24033/asens.1563
http://msp.org/idx/mr/974411
https://doi.org/10.1215/00127094-2021-0010
http://msp.org/idx/mr/4366204
https://doi.org/10.1090/S0894-0347-10-00670-3
http://msp.org/idx/mr/2669709
https://doi.org/10.4310/jdg/1679503806
http://msp.org/idx/mr/4564413
https://doi.org/10.1093/imrn/rnz267
http://msp.org/idx/mr/4329888
mailto:ben.davison@ed.ac.uk
mailto:koseki@liverpool.ac.uk
http://msp.org
http://msp.org

Mohammed Abouzaid

Dan Abramovich
Tan Agol

Arend Bayer
Agnes Beaudry
Mark Behrens
Mladen Bestvina
Martin R Bridson
Tobias H Colding
Simon Donaldson
Yasha Eliashberg
Benson Farb
David M Fisher
Mike Freedman
David Gabai
Stavros Garoufalidis
Cameron Gordon
Jesper Grodal
Misha Gromov

Mark Gross

GEOMETRY & TOPOLOGY

Robert Lipshitz

Andrés I Stipsicz

Stanford University
abouzaid @stanford.edu

Brown University
dan_abramovich@brown.edu
University of California, Berkeley
ianagol @math.berkeley.edu
University of Edinburgh
arend.bayer@ed.ac.uk

University of Colorado Boulder
agnes.beaudry @colorado.edu
University of Notre Dame
mbehren] @nd.edu

University of Utah
bestvina@math.utah.edu

University of Oxford
bridson @maths.ox.ac.uk

msp.org/gt

MANAGING EDITORS

University of Oregon
lipshitz@uoregon.edu

Alfréd Rényi Institute of Mathematics
stipsicz@renyi.hu

BOARD OF EDITORS

Rob Kirby

Massachusetts Institute of Technology

colding@math.mit.edu

Imperial College, London
s.donaldson@ic.ac.uk

Stanford University
eliash-gt@math.stanford.edu
University of Chicago
farb@math.uchicago.edu

Rice University
davidfisher@rice.edu

Microsoft Research

michaelf @microsoft.com
Princeton University
gabai@princeton.edu

Southern U. of Sci. and Tech., China
stavros @ mpim-bonn.mpg.de
University of Texas

gordon @math.utexas.edu
University of Copenhagen
jg@math.ku.dk

IHES and NYU, Courant Institute
gromov @ihes.fr

University of Cambridge
mgross @dpmms.cam.ac.uk

Bruce Kleiner
Séandor Kovics

Urs Lang

Marc Levine
Jianfeng Lin
Ciprian Manolescu
Haynes Miller
Aaron Naber

Peter Ozsvith
Leonid Polterovich
Colin Rourke
Roman Sauer
Stefan Schwede
Natasa Sesum
Gang Tian
Nathalie Wahl
Kirsten Wickelgren

Anna Wienhard

University of California, Berkeley
kirby @math.berkeley.edu

NYU, Courant Institute
bkleiner@cims.nyu.edu
University of Washington
skovacs@uw.edu

ETH Ziirich

urs.lang @math.ethz.ch
Universitit Duisburg-Essen
marc.levine @uni-due.de
Tsinghua University

linjian5477 @mail.tsinghua.edu.cn
University of California, Los Angeles
cm@math.ucla.edu

Massachusetts Institute of Technology
hrm @math.mit.edu

Institute for Advanced Studies
anaber@ias.edu

Princeton University
petero@math.princeton.edu

Tel Aviv University

polterov @post.tau.ac.il
University of Warwick
gt@maths.warwick.ac.uk
Karlsruhe Institute of Technology
roman.sauer @kit.edu

Universitit Bonn

schwede @math.uni-bonn.de
Rutgers University

natasas @math.rutgers.edu
Massachusetts Institute of Technology
tian@math.mit.edu

University of Copenhagen
wahl@math.ku.dk

Duke University
kirsten.wickelgren @duke.edu

Universitit Heidelberg
wienhard @mathi.uni-heidelberg.de

See inside back cover or msp.org/gt for submission instructions.

The subscription price for 2026 is US $905/year for the electronic version, and $1275/year (+$80, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Geometry & Topology is indexed
by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Geometry & Topology (ISSN 1465-3060 printed, 1364-0380 electronic) is published 9 times per year and continuously online, by Mathematical
Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA 94701-4004. Periodical rate postage paid at Oakland, CA 94615-9651, and
additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA

94701-4004.

GT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/

© 2026 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/gt
mailto:lipshitz@uoregon.edu
mailto:stipsicz@renyi.hu
mailto:abouzaid@stanford.edu
mailto:dan_abramovich@brown.edu
mailto:ianagol@math.berkeley.edu
mailto:arend.bayer@ed.ac.uk
mailto:agnes.beaudry@colorado.edu
mailto:mbehren1@nd.edu
mailto:bestvina@math.utah.edu
mailto:bridson@maths.ox.ac.uk
mailto:colding@math.mit.edu
mailto:s.donaldson@ic.ac.uk
mailto:eliash-gt@math.stanford.edu
mailto:farb@math.uchicago.edu
mailto:davidfisher@rice.edu
mailto:michaelf@microsoft.com
mailto:gabai@princeton.edu
mailto:stavros@mpim-bonn.mpg.de
mailto:gordon@math.utexas.edu
mailto:jg@math.ku.dk
mailto:gromov@ihes.fr
mailto:mgross@dpmms.cam.ac.uk
mailto:kirby@math.berkeley.edu
mailto:bkleiner@cims.nyu.edu
mailto:skovacs@uw.edu
mailto:urs.lang@math.ethz.ch
mailto:marc.levine@uni-due.de
mailto:linjian5477@mail.tsinghua.edu.cn
mailto:cm@math.ucla.edu
mailto:hrm@math.mit.edu
mailto:anaber@ias.edu
mailto:petero@math.princeton.edu
mailto:polterov@post.tau.ac.il
mailto:gt@maths.warwick.ac.uk
mailto:roman.sauer@kit.edu
mailto:schwede@math.uni-bonn.de
mailto:natasas@math.rutgers.edu
mailto:tian@math.mit.edu
mailto:wahl@math.ku.dk
mailto:kirsten.wickelgren@duke.edu
mailto:wienhard@mathi.uni-heidelberg.de
http://dx.doi.org/10.2140/gt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
http://msp.org/
https://msp.org/

GEOMETRY &
Volume 30 Issue 1 (pag

Free boundary flow with surgery
ROBERT HASLHOFER
Limits of asymptotically Fuchsian surfaces in
FERNANDO AL ASSAL
The 3-fold K-theoretic DT/PT vertex corresp
NIKOLAS KUHN, HENRY L1U and FEL
Prym representations and twisted cohomolog
with level structures
XIYAN ZHONG
Modular sheaves with many moduli
KIERAN G O’GRADY
Degenerating conic Kidhler—Einstein metrics
OLIVIER BIQUARD and HENRI GUENA
Degree two Gopakumar—Vafa invariants of lo
BEN DAVISON and NAOKI KOSEKI
On pro-cdh descent on derived schemes
SHANE KELLY, SHUJI SAITO and GEO
On the cohomological dimension of kernels
SAM P. FISHER


http://dx.doi.org/10.2140/gt.2026.30.1
http://dx.doi.org/10.2140/gt.2026.30.23
http://dx.doi.org/10.2140/gt.2026.30.71
http://dx.doi.org/10.2140/gt.2026.30.155
http://dx.doi.org/10.2140/gt.2026.30.155
http://dx.doi.org/10.2140/gt.2026.30.203
http://dx.doi.org/10.2140/gt.2026.30.247
http://dx.doi.org/10.2140/gt.2026.30.307
http://dx.doi.org/10.2140/gt.2026.30.337
http://dx.doi.org/10.2140/gt.2026.30.373

	1. Introduction
	1.1. Motivation and results
	1.2. GV invariants of a local curve and strategy of the proofs
	1.3. Relation to previous work
	1.4. Plan of the paper

	2. Preliminaries
	2.1. Twisted Higgs bundles
	2.2. Rigidity of vector bundles
	2.3. Hitchin fibrations and Gopakumar–Vafa invariants

	3. Genus two
	3.1. Stratification of the Hitchin base
	3.1.1. =(6)
	3.1.2. =(5, 1)
	3.1.3. =(4, 2)
	3.1.4. =(4, 1, 1)
	3.1.5. =(3, 3)
	3.1.6. =(3, 2, 1)
	3.1.7. =(3, 13)
	3.1.8. =(23)
	3.1.9. =(2, 2, 1, 1)
	3.1.10. =(2, 14)

	3.2. A degeneracy locus calculation
	3.3. Fibrewise GV invariants
	3.4. Contributions from the nearby hyperplane
	3.5. GV invariants for twisted Higgs bundles
	3.6. GV invariants for Tot(N)

	4. Higher genus
	Appendix. Some results from Gromov–Witten theory
	Acknowledgements
	References

