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We construct a graph TQFT for the minus flavor of Heegaard Floer homology. Our graph TQFT extends
Ozsváth and Szabó’s TQFT for closed and connected 3-manifolds, and assigns maps to cobordisms with
disconnected ends. As an application, we give an explicit formula for the chain homotopy type of the
�1-action on Heegaard Floer homology. We show that on homology the �1-action is trivial on the plus,
minus and infinity flavors, but give examples where it is nontrivial on the hat flavor.
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1 Introduction

Heegaard Floer homology, introduced by Ozsváth and Szabó [2004b], associates functorial invariants
to 3- and 4-manifolds. To an oriented, closed and connected 3-manifold Y, with a Spinc structure
s 2 Spinc.Y /, they construct groups

HF�.Y; s/; HF1.Y; s/; HFC.Y; s/ and cHF.Y; s/;

which are modules over the ring F2ŒU �. These modules fit into the framework of a .3C1/-dimensional
TQFT:
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390 Ian Zemke

Theorem 1.1 [Ozsváth and Szabó 2006] Suppose W is an oriented , compact 4-manifold with boundary
@W D�Y0tY1, and W , Y0 and Y1 are all nonempty and connected. If s2Spinc.W / and ı2fC;�;1;^g,
then there is a functorial map

FW;sWHFı.Y0; sjY0/! HFı.Y1; sjY1/;

which depends on a choice of path in W, connecting basepoints in Y0 and Y1.

The dependence on a choice of path was not explicitly stated in Ozsváth and Szabó’s original work,
though their construction implicitly depends on a choice of path. Indeed, we will show that the maps
appearing in Theorem 1.1 are not invariants without a choice of path; see Corollary E, below.

The goal of this paper is two-fold. Firstly, we determine precisely the dependence of the maps in
Theorem 1.1 on a choice of path. Secondly, and more broadly, we provide a TQFT framework for
Heegaard Floer homology which incorporates the basepoints in a natural way and extends Ozsváth and
Szabó’s framework to disconnected 3- and 4-manifolds.

Throughout the paper we work over the field F2 WD Z=2Z.

1.1 The graph TQFT

Ozsváth and Szabó [2008], extending their [2004b] original construction for 3-manifolds, described
Heegaard Floer complexes CF�.Y;w; s/ for 3-manifolds with collections of basepoints w� Y. For the
purposes of the introduction, the complex CF�.Y;w; s/ is a free, finitely generated chain complex over
the polynomial ring F2ŒU �. Later, we will consider an algebraic generalization over a more general
polynomial ring.

In this paper, we define a notion of cobordism between manifolds with collections of basepoints.
A ribbon graph cobordism .W; �/ from .Y0;w0/ to .Y1;w1/ is a cobordism W from Y0 to Y1 which
contains an embedded graph � , whose intersection with Yi is wi . Furthermore, � is decorated with a
formal ribbon structure, i.e., a choice of cyclic ordering of the edges adjacent to each vertex of � .

Our present paper centers on proving the following:

Theorem A Suppose .W; �/W .Y0;w0/! .Y1;w1/ is a ribbon graph cobordism and s 2 Spinc.W /. The
construction in this paper yields two chain maps ,

FAW;�;s; F
B
W;�;sWCF�.Y0;w0; sjY0/! CF�.Y1;w1; sjY1/;

which are diffeomorphism invariants of .W; �/, up to F2ŒU �-equivariant chain homotopy.

Theorem A also applies to CF1, CFC and cCF, since they can be recovered via tensor products
with CF�; see Section 3.2.

The type-A and type-B cobordism maps satisfy the symmetry

(1-1) FAW;�;s ' F
B

W;�;s
;

where � denotes � with cyclic orders reversed [Hendricks et al. 2018, Lemma 5.9]. Despite this symmetry,
it is natural to describe the A and B versions separately.
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Graph cobordisms and Heegaard Floer homology 391

Unlike Ozsváth and Szabó’s original construction, Theorem A applies to cobordisms which are
disconnected, or which have disconnected 3-manifolds appearing in their ends, as long as each component
contains a basepoint.

Diffeomorphism-invariance in Theorem A amounts to the following. Suppose that .W; �/W .Y0;w0/!
.Y1;w1/ and .W 0; � 0/W .Y 00;w

0
0/! .Y 01;w

0
1/ are two graph cobordisms, and DW .W; �/! .W 0; � 0/ is

an orientation-preserving diffeomorphism. The map D restricts to give diffeomorphisms d0WY0! Y 00
and d1WY1 ! Y 01. Let s 2 Spinc.W / and s0 WD D�.s/. The following diagram commutes up to chain
homotopy:

(1-2)

CF�.Y0;w0; sjY0/ CF�.Y 00;w
0
0; s
0jY 00

/

CF�.Y1;w1; sjY1/ CF�.Y 01;w
0
1; s
0jY 01

/

.d0/�

FAW;�;s FA
W 0;�0;s0

.d1/�

Concerning graph cobordisms where the graph consists of a collection of paths from Y0 to Y1, we
prove the following:

Theorem B Suppose that .W; �/W .Y0;w0/ ! .Y1;w1/ is a graph cobordism , and � consists of a
collection of paths , each connecting w0 to w1.

(1) The A and B versions of the maps coincide:

FAW;�;s ' F
B
W;�;s:

(2) If �W .Y;w/! .Y;w/ is an orientation-preserving diffeomorphism , let W.�/ denote the mapping
cylinder (i.e., Œ0; 1��Y, with f0g�Y identified with Y via idY and f1g�Y identified with Y via �).
Then

FAW.�/;Œ0;1��w;s ' F
B
W.�/;Œ0;1��w;s ' .��WCF�.Y;w; s/! CF�.Y;w; ��s//:

(3) Suppose .W; 
/W .Y0; w0/! .Y1; w1/ is a cobordism such that W, Y0 and Y1 are nonempty and
connected , and 
 is a path from w0 to w1. Then FAW;
;s ' F

B
W;
;s, and both maps coincide with the

map defined by Ozsváth and Szabó.

Analogous to the cobordism maps defined by Ozsváth and Szabó, the graph cobordism maps satisfy a
Spinc composition law:

Theorem C Suppose that .W; �/ is ribbon graph cobordism which decomposes as a composition
.W; �/D .W2; �2/[ .W1; �1/. If s1 and s2 are Spinc structures on W1 and W2, then

FAW2;�2;s2 ıF
A
W1;�1;s1

'

X
s2Spinc.W /
sjW2Ds2
sjW1Ds1

FAW;�;s:

The same relation holds for the type-B graph cobordism maps.

Geometry & Topology, Volume 30 (2026)
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ˆw

w

w

Figure 1: The broken path graph cobordism for the endomorphism ˆw . The underlying 4-
manifold is Œ0; 1��Y. When w is not the only basepoint, there are additional, unbroken strands
from the bottom to the top.

1.2 Moving basepoints and the �1-action

If w 2 Y, there is a fibration

(1-3) Diff.Y; w/! Diff.Y / evw
��! Y:

The long exact sequence of homotopy groups for the fibration in (1-3) gives a homomorphism

�1.Y; w/!MCG.Y; w/;

where MCG.Y; w/ denotes the based mapping class group of orientation-preserving diffeomorphisms
modulo smooth isotopies which fix the point w.

If 
 2 �1.Y; w/, we write


�WCF�.Y; w; s/! CF�.Y; w; s/

for the induced diffeomorphism map.
If w 2w is a chosen of basepoint, there is a C1-graded endomorphism

ˆw WCF�.Y;w; s/! CF�.Y;w; s/:

One interpretation of the map ˆw is as the map for the broken path cobordism, shown in Figure 1.
Alternatively, ˆw can be interpreted as the map for a count of holomorphic disks on a Heegaard diagram;
see (13-30).

An analog of the map ˆw for link Floer homology was discovered by Sarkar [2015] in the context of
basepoint-moving diffeomorphisms on link Floer homology.

Theorem D Suppose .Y;w/ is a multipointed 3-manifold , w 2w and 
 2 �1.Y; w/. Then the diffeomor-
phism map 
� on CF�.Y;w; s/ satisfies


� ' idCˆw ıA
 ;

where ˆw is the broken path cobordism map and A
 denotes the action of the class Œ
� 2H1.Y;Z/=Tors.

Geometry & Topology, Volume 30 (2026)



Graph cobordisms and Heegaard Floer homology 393

Using Theorem D, we exhibit 3-manifolds Y where the induced map


�WcHF.Y; w; s/! cHF.Y; w; s/

is not the identity:

Corollary E Let Y be a 3-manifold and s 2 Spinc.Y /.

(1) If s is torsion and there is an x 2 HFC.Y; w; s/ such that

U � x D 0 and x … U �HFC.Y; w; s/;

then �1.Y #S1 �S2; w/ acts nontrivially on

cHF.Y #S1 �S2; w/:

(2) Suppose Œ
� 2H1.Y IZ/ is a class whose action on HFC.Y; w; s/ does not vanish. If jwj � 2, then
the diffeomorphism map 
� acts nontrivially on the F2ŒU �-module

HF�.Y;w; s/:

Note that Y D†.2; 3; 7/ satisfies the conditions of part (1) of Corollary E. The manifold Y D S1�S2

satisfies part (2).
When we restrict Theorem D to 3-manifolds with a single basepoint w, the formula defining ˆw has

the following algebraic interpretation. View CF�.Y; w; s/ as a free module over F2ŒU � with basis equal
to the set of intersection points. The differential can be written as a matrix over this basis, with entries
in F2ŒU �. The endomorphism ˆw is obtained by differentiating each entry of this matrix with respect
to U. Using this basis, we can also define a derivative map d=dU as an endomorphism of CF�.Y; w; s/,
which is not U -equivariant. The Leibniz rule implies

(1-4) ˆw D @ ı
d

dU
C

d

dU
ı @:

As a consequence, we prove the following folklore result known to experts:

Corollary F If .Y; w/ is a singly based 3-manifold and 
 2�1.Y; w/, then the induced map 
� is equal to
the identity on the homology groups HF�.Y; w; s/, HF1.Y; w; s/ and HFC.Y; w; s/, but not necessarilycHF.Y; w; s/. Consequently, if .W; 
/ is path cobordism between two singly based 3-manifolds .Y0; w0/
and .Y1; w1/, then the cobordism map

FW;
;sWHFı.Y0; w0; sjY0/! HFı.Y1; w1; sjY1/

is independent of 
 if ı 2 f�;1;Cg.

The chain homotopy H D d=dU appearing in (1-4) is not F2ŒU �-equivariant, and hence does not
induce a chain homotopy on cCF.

In another direction, if � is a path between two basepoints w1; w2 2w� Y, there is a diffeomorphism
Sw�W .Y;w/! .Y;w/ which swaps the two basepoints w1 and w2 along the path � (this is well defined,

Geometry & Topology, Volume 30 (2026)
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SCw

w

S�w

w

Figure 2: Graph cobordisms for the free-stabilization maps. The underlying 4-manifold is Œ0; 1��Y.

up to isotopy, since Y is 3-dimensional). Using the graph TQFT, we prove in Proposition 13.24 that

Sw� 'ˆw1A�CA�ˆw2 ' A�ˆw1 Cˆw2A�:

1.3 Outline of the construction of the graph TQFT

We now describe the main ingredients of our graph TQFT. The first ingredients are the 4-dimensional
handle attachment maps, similar to the maps defined by Ozsváth and Szabó [2006], with the exception
that we define maps for 0-handles and 4-handles, and our construction of 1-handle maps and 3-handle
maps is more flexible than their construction. There are two additional, novel ingredients of the graph
TQFT: the free-stabilization maps and the relative homology maps.

If w …w, we define two free-stabilization maps

SCw WCF�.Y;w; s/! CF�.Y;w[fwg; s/ and S�w WCF�.Y;w[fwg; s/! CF�.Y;w; s/:

The maps SCw and S�w are induced by the graph cobordisms shown in Figure 2.
Another new ingredient of our graph TQFT is the relative homology action. To a path � between two

basepoints w1; w2 2w we construct an endomorphism

A�WCF�.Y;w; s/! CF�.Y;w; s/:

The definition of the map A� is asymmetrical with respect to the ˛ and ˇ curves. By switching the
roles of ˛ and ˇ in the construction, we obtain another map B�, with the same domain and codomain,
which is also a chain map.

The maps A� and B� turn out to be the graph cobordism maps for H -shaped graphs in Œ0; 1�� Y
for different ribbon structures, though we will not make use of this fact in this paper; see [Zemke 2019,
Lemma 14.11].

As an intermediate step towards defining the graph cobordism maps, we construct maps for graphs
embedded in a fixed 3-manifold Y. We say G D .�;w0;w1/ is an embedded flow-graph in Y if � � Y is
an embedded ribbon graph, each point of w0 and w1 has valence 1 in � , and � has no valence 0 vertices.

As a key step towards the full construction of the graph TQFT, we construct F2ŒU �-equivariant chain
maps

AG ;BG WCF�.Y;w0; s/! CF�.Y;w1; s/;

Geometry & Topology, Volume 30 (2026)
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which we call the type-A and type-B graph action maps. The two maps AG and BG are related by the
same symmetry as the cobordism maps in (1-1).

If G D .�;w0;w1/ is a ribbon flow-graph in Y, then, by definition,

(1-5) AG ' F
A
Œ0;1��Y;� 0;s and BG ' F

B
Œ0;1��Y;� 0;s;

where � 0 � Œ0; 1�� Y is a ribbon graph which projects to � and is such that � 0 \ .f0g � Y /D w0 and
� 0\ .f1g �Y /Dw1.

1.4 Further developments

This paper focuses on defining the graph cobordism maps, FAW;�;s and FBW;�;s, and proving invariance. In
subsequent papers, further properties and applications have been explored, which we briefly summarize.

Hendricks, Manolescu and the author [Hendricks et al. 2018, Proposition 5.2] showed that pair-of-pants
graph cobordisms containing a trivalent graph induce chain homotopy equivalences between CF�.Y1#Y2/
and CF�.Y1/˝CF�.Y2/, giving a cobordism perspective on Ozsváth and Szabó’s connected sum formula
[2004a, Theorem 1.5]. We used this fact to prove a connected sum formula for involutive Heegaard Floer
homology [Hendricks et al. 2018, Theorem 1.1].

In another subsequent paper, we prove that the graph cobordism maps for the trace cobordism

.Œ0; 1��Y; Œ0; 1�� fwg/W .�Y;w/t .Y; w/!¿

are chain homotopic to the canonical trace pairing between CF�.Y / and CF�.�Y / [Zemke 2021a,
Theorem 1.6]. A similar result holds for the cotrace cobordism, obtained by turning around the trace
cobordism. As an application, the author [ibid., Theorem 1.1] computed the Heegaard Floer mixed
invariants of mapping tori in terms of Lefschetz numbers on HFCred.Y /.

In another direction, the author described a TQFT for link Floer homology [Zemke 2019]. It turns
out that the link Floer TQFT recovers the graph TQFT in a natural way; see [ibid., Theorem C] for a
precise statement. One interpretation of the dependence on cyclic orders from this paper can be seen as
an artifact of the relation with graphs embedded on surfaces.

The graph cobordism maps are invariant under a more general equivalence than ambient diffeomorphism
of the 4-manifold, as stated in (1-2). The cobordism maps are also invariant under homotopies of the
graph inside W which are only required to be smooth on each edge, and hence may not extend to a
smooth isotopy of W ; see Definition 2.4. Using the aforementioned connection with link cobordisms, it
turns out that the graph cobordisms are invariant under modifications of the graph which preserve the
ribbon equivalence class of the ribbon graph; see [ibid., Corollary D] for a precise statement.

1.5 Further commentary

It is worthwhile to compare the cobordism maps in Heegaard Floer homology to the cobordism maps
in Kronheimer and Mrowka’s construction [2007] of monopole Floer homology. It follows from work
of Kutluhan, Lee and Taubes [Kutluhan et al. 2020a; 2020b; 2020c; 2020d; 2020e], and, independently,
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396 Ian Zemke

Colin, Ghiggini and Honda [Colin et al. 2025; 2024b; 2024c; 2024a], that certain versions of Heegaard
Floer homology, monopole Floer homology, and embedded contact homology are isomorphic. A proof
that these isomorphisms extend to the level of 4-manifold invariants has not yet appeared in the literature.

In monopole Floer homology, as well as embedded contact homology, the chain complexes are defined
independently of a basepoint, but the action of U requires a choice of basepoint, and a path can be used
to construct a chain homotopy between the two U maps; see [Hutchings and Taubes 2009, Section 2.5].

In a different direction, we note that an early version of Theorem D appeared in [Zemke 2021b], for cHF.
The proof in [loc. cit.] used Juhász’s sutured TQFT [2006; 2016] as well as the contact gluing map of
Honda, Kazez and Matić [Honda et al. 2008], and hence had a different flavor than the one we explore in
this paper. It is an interesting question whether the graph cobordism maps described in this paper have
an interpretation in terms of the contact gluing map, perhaps using a limiting construction as in [Etnyre
et al. 2017; Golla 2015] or using a minus version of sutured Floer homology described by Alishahi and
Eftekhary [2015].

Outline of the paper

In Section 2, we define the category of ribbon graph cobordisms, and some related cobordism categories
which appear in our paper. In Section 3, we describe some background material on Heegaard Floer
homology, and prove several results about admissibility for multipointed Heegaard Floer diagrams. In
Section 4, we construct the relative homology action. In Section 5, we construct the free-stabilization
maps, for adding or removing a basepoint. In Section 6, we combine the free-stabilization maps with
the relative homology action to construct a restricted version of our TQFT, which we call the graph
action map. In Sections 7 and 8, we describe maps for 4-dimensional handles. In Sections 9 and 10,
we define the graph cobordism maps and prove invariance (Theorem A). In Section 11, we prove the
composition law (Theorem C). In Section 12, we give a summary of the proof of the normalization axiom
(Theorem B). In Section 13, we perform several technical, holomorphic curve arguments to finish the
proof of the normalization axiom, and also give several formulas for basepoint-moving diffeomorphism
maps (in particular, Theorem D and Corollaries E and F).

2 Categorical preliminaries

In this section, we define a category of graph cobordisms GrCob, and a related category FlGr.Y / of
immersed flow-graphs in a fixed 3-manifold Y.

2.1 The graph cobordism category

The objects of GrCob are the following:

Definition 2.1 A multipointed 3-manifold is a pair .Y;w/ consisting of a closed, oriented 3-manifold Y
(not necessarily connected), together with a finite collection of basepointsw�Y, such that each component
of Y contains at least one basepoint.
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Morphisms in GrCob are the following:

Definition 2.2 A ribbon graph cobordism from .Y0;w0/ to .Y1;w1/ is a pair .W; �/ satisfying the
following:

(1) W is a cobordism from Y0 to Y1.

(2) � is an embedded graph in W such that � \Yi Dwi . Furthermore, each point of wi has valence 1
in � .

(3) � has finitely many edges and vertices, and no vertices of valence 0.

(4) The embedding of � is smooth on each edge.

(5) � is decorated with a formal ribbon structure, i.e., a formal choice of cyclic ordering of the edges
adjacent to each vertex.

Remark 2.3 In GrCob, the embedding of a graph need not respect the formal ribbon structure (e.g., the
embedding of � near a vertex need not map the adjacent edges into a 2-plane centered at the vertex in a
way which respects the cyclic ordering).

The identity graph cobordism from .Y;w/ to itself is .Œ0; 1��Y; Œ0; 1��w/.
As always in cobordism categories, for GrCob to form an honest category, we must also include

parametrizing diffeomorphisms of the boundary as data of a morphism, and we must also quotient by
diffeomorphisms which respect these parametrizations. (Otherwise, there is no identity morphism.) To
simplify exposition, we suppress this fact.

Some care is required when defining equivalences of graph cobordisms, since vertices of valence
greater than 1 are inherently nonsmooth. In the morphism sets of GrCob, we quotient by diffeomorphisms
of the ambient 4-manifold, as well as the following notion of graph isotopy:

Definition 2.4 Suppose that W is a 4-manifold and � is an abstract graph. We say that a continuous map

i W Œ0; 1���!W

is a smooth isotopy of embedded graphs if there is a finite subset v � � , consisting of valence 1 vertices,
such that the following are satisfied:

(1) For each t , the map i jftg�� is a topological embedding.

(2) i�1.@W /D Œ0; 1�� v, and i is constant on v.

(3) If e � � is an edge, then the restriction i jŒ0;1��e is smooth.

2.2 The flow-graph category

There is a related category of interest to us, which we call the flow-graph category of Y. The objects
of FlGr.Y / are collections of basepoints w � Y such that each component of Y contains at least one
basepoint. The morphisms in FlGr are the following:

Geometry & Topology, Volume 30 (2026)
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Definition 2.5 Suppose Y is a closed, oriented 3-manifold andw0 andw1 are two collections of basepoints
in Y. We say a tuple G D .�; i; v0; v1/ is an immersed ribbon flow-graph from w0 to w1 if the following
are satisfied:

(1) � is an abstract ribbon graph. Furthermore, i W�! Y is an immersion.

(2) Each vertex of � has valence at least 1.

(3) v0 and v1 disjoint collections of valence 1 vertices in � . Furthermore, i maps v0 bijectively to w0
and i maps v1 bijectively to w1.

We identify two ribbon flow-graphs .�; i; v0; v1/ and .� 0; i 0; v00; v
0
1/ if there is a homeomorphism

hW�! � 0 such that i 0 D h ı i .
If G D .�; i; v0; v1/ is a ribbon flow-graph, we say that v0 and v1 are the boundary vertices of � .

We say all other vertices are interior vertices. We will usually omit the immersion i from the notation,
and write simply G D .�;w0;w1/ for a flow-graph. For convenience, we will usually assume that our
flow-graphs are embedded.

We use the following notion of equivalence of immersed flow-graphs:

Definition 2.6 Suppose that � is an abstract graph with pairwise disjoint sets of valence 1 vertices v0
and v1. If w0, w1 are two collections of basepoints in Y, we say a continuous map

hW Œ0; 1���! Y

is a smooth homotopy of immersed flow-graphs from w0 to w1 if the following are satisfied:

(1) For each t , the map hjftg�� is locally an embedding.

(2) h.ftg � v0/Dw0 and h.ftg � v1/Dw1 for all t .

(3) If e � � is an edge, then hjŒ0;1��e is smooth.

The identity flow-graph from w to itself consists of the pair .�; i/ where � is the disjoint union of jwj
copies of the interval Œ0; 1� and i is a small perturbation of the map which sends a copy of Œ0; 1� to the
corresponding basepoint in w.

There is a functor from FlGr.Y / to GrCob which sends an immersed flow-graph .�; i; v0; v1/ to a graph
cobordism .Œ0; 1��Y; � 0/W .Y; i.v0//! .Y; i.v1//, where � 0 is an embedded graph in Œ0; 1��Y which
projects to � (up to ambient isotopy).

3 Heegaard Floer homology

In this section, we recall Ozsváth and Szabó’s construction of the Heegaard Floer complexes for multi-
pointed 3-manifolds.
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3.1 Multipointed Heegaard diagrams and the Heegaard Floer complexes

Definition 3.1 Suppose .Y;w/ is a multipointed 3-manifold. A multipointed Heegaard diagram H D
.†;˛;ˇ;w/ for .Y;w/ is a tuple satisfying the following:

(1) † is a closed, oriented surface, embedded in Y, such that w�† n .˛[ˇ/. Furthermore, † splits Y
into two handlebodies, U˛ and Uˇ , oriented so that †D @U˛ D�@Uˇ .

(2) ˛ D f˛1; : : : ; ˛ng is a collection of n D g.†/C jwj � 1 pairwise disjoint, simple, closed curves
on †, bounding pairwise disjoint compressing disks in U˛ . Each component of † n˛ is planar and
contains a single basepoint.

(3) ˇ D fˇ1; : : : ; ˇng is a collection of pairwise disjoint, simple, closed curves on † bounding pairwise
disjoint compressing disks in Uˇ . Each component of †nˇ is planar and contains a single basepoint.

We will also require Heegaard diagrams to satisfy an admissibility requirement; see Section 3.7.

3.2 The Heegaard Floer chain complexes

In this section, we describe Ozsváth and Szabó’s Heegaard Floer chain complexes.
If wD fw1; : : : ; wng is a set of basepoints in Y, we define the free polynomial ring

F2ŒUw� WD F2ŒUw1 ; : : : ; Uwn �:

Write F2ŒUw; U�1w � for the ring obtained by formally inverting each of the variables Uwi .
If kD .k1; : : : ; kn/ is an n-tuple, write

U kw WD U
k1
w1
� � �U knwn :

Suppose .Y;w/ is a connected, multipointed 3-manifold and s 2 Spinc.Y /. Pick a diagram H D
.†;˛;ˇ;w/ of .Y;w/, and consider the two tori

T˛ WD ˛1 � � � � �˛n and Tˇ WD ˇ1 � � � � �ˇn;

inside the symmetric product Symn.†/, where nD g.†/Cjwj � 1.
Ozsváth and Szabó [2004b, Section 2.6] construct a map

swWT˛ \Tˇ ! Spinc.Y /:

As an F2ŒUw�-module, CF�.H; s/ is defined to be the free F2ŒUw�-module generated by intersection
points x 2 T˛ \Tˇ with

sw.x/D s:

We define

(3-1) CF1.H; s/ WD CF�.H; s/˝F2ŒUw� F2ŒUw; U
�1
w � and CFC.H; s/ WD CF1.H; s/=CF�.H; s/:

To equip CF�.H; s/ with a differential, we pick an auxiliary path .Js/s2Œ0;1� of almost complex structures
on SymgCjwj�1.†/. We write MJs .�/ for the moduli space of Js-holomorphic maps uW Œ0; 1��R!

SymgCjwj�1.†/ which represent the class �. The moduli space MJs .�/ has a natural action of R,
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corresponding to reparametrization of the source. We write�MJs .�/ WDMJs .�/=R:

For a sufficiently generic Js , we define the differential

@Js WCF�.H; s/! CF�.H; s/
via the formula

(3-2) @Js .x/D
X

�2�2.x;y/
�.�/D1

# �MJs .�/U
nw.�/
w �y;

extended linearly over F2ŒUw�.
The endomorphism @Js satisfies

@Js ı @Js D 0:

We refer the reader to [Ozsváth and Szabó 2008, Lemma 4.3] for a proof.
We write CF�Js .H; s/ for the F2ŒUw�-module CF�.H; s/ equipped with differential @Js . When there is

no ambiguity, we will usually drop the Js subscripts from both the chain complexes and the differential.
If .Y;w/ is a disconnected, multipointed 3-manifold, then a Heegaard diagram for .Y;w/ is a disjoint

union of Heegaard diagrams for each component. The Heegaard Floer complex for such a diagram is the
tensor product over F2 of the complexes for each component.

3.3 Coloring the Heegaard Floer complexes

In this section, we describe a way of algebraically modifying the Heegaard Floer complexes to achieve
functoriality of the Heegaard Floer complexes under graph cobordisms.

Definition 3.2 If X is a topological space, a coloring of X is a function

� W�0.X/!P ;

where �0.X/ denotes the set of connected components of X, and P is a finite set.

When X is a finite set (such as a set of basepoints), we view a coloring as a map from X to P.
If P D fp1; : : : ; png is a finite set, write RP for the n-variable polynomial ring

RP WD F2ŒUp1 ; : : : ; Upn �:

If � Ww!P is a coloring, then � induces an action of F2ŒUw� on RP , defined via the formula

Uw � x WD U�.w/ � x

for x 2R�
P

. Hence, if M is an F2ŒUw�-module, we can form an RP -module M � as the tensor product

(3-3) M �
WDM ˝F2ŒUw�RP ;

which we think of as being obtained by formally identifying Uwi with U�.wi /.
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If .Y;w/ is a multipointed 3-manifold and � Ww!P is a coloring, then we write CF�.H; s; �/ for the
complex

(3-4) CF�.H; �; s/ WD CF�.H; s/� D CF�.H; s/˝F2ŒUw�RP :

We briefly highlight the behavior of the complexes under disjoint unions:

Remark 3.3 Suppose .Y; fw1; w2g/ is the disjoint union of .Y1; w1/ and .Y2; w2/. If Hi is a diagram
for .Yi ; wi /, then H1 tH2 is a diagram for .Y; fw1; w2g/. By definition,

CF�.H1 tH2; s1 t s2/ WD CF�.H1; s1/˝F2 CF�.H2; s2/;

which is a module over F2ŒUw1 ; Uw2 �.
Let P be the singleton fpg, and let � W fw1; w2g !P denote the unique map. Let �1 and �2 denote

the restrictions of � to fw1g and fw2g. Then

CF�.H1 tH2; �; s1 t s2/Š CF�.H1; �1; s1/˝F2ŒUp� CF�.H2; �2; s2/;

which is a module over the single variable polynomial ring RP D F2ŒUp�.

3.4 Lipshitz’s cylindrical reformulation

For many technical arguments in this paper, it will be convenient to work with Lipshitz’s cylindrical
reformulation [2006] of Heegaard Floer homology. If .†;˛;ˇ; w/ is a Heegaard diagram for the singly
pointed 3-manifold .Y; w/, Lipshitz shows that instead of counting holomorphic disks in Symg.†/, one
can instead count holomorphic curves which map into the 4-manifold †� Œ0; 1��R. The equivalence
is (morally) due to a tautological correspondence between holomorphic disks mapping into Symg.†/
and holomorphic curves (of higher genus) mapping into †� Œ0; 1��R whose projection to Œ0; 1��R are
g-fold branched covers. Lipshitz’s cylindrical setting has a similar extension for multipointed Heegaard
diagrams; see [Ozsváth and Szabó 2008, Section 5.2].

We now describe the almost complex structures and moduli spaces which we consider in this paper
(mostly taken directly from or slightly modified from [Lipshitz 2006]).

If .†;˛;ˇ;w/ is a multipointed Heegaard diagram, we focus on almost complex structures J on
†� Œ0; 1��R which satisfy the following axioms (from [loc. cit.]):

(J1) J is tamed by the product symplectic form.

(J2) There is a finite collection of points P �†n .˛[ˇ/ such that J is split (i.e., equal to j†� jD) on
a cylindrical neighborhood of P � Œ0; 1��R.

(J3) J is translation-invariant in the R factor.

(J4) J.@=@s/D @=@t .

(J5) J preserves the 2-planes T .†� f.s; t/g/ for all .s; t/ 2 Œ0; 1��R.
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Sometimes we will need to consider slightly more harshly perturbed almost complex structures,
satisfying the following alternative to axiom (J5):

(J50) There is a 2-plane distribution � on †� Œ0; 1� such that the restriction of ! to � is nondegenerate,
J preserves �, and the restriction of J to � is compatible with !. We further assume that � is
tangent to †� fptg near .˛[ˇ/� Œ0; 1��R and near †� f0; 1g �R.

Following [loc. cit.], we will consider holomorphic curves uWS ! † � Œ0; 1� � R such that S is
a Riemann surface with boundary, as well as positive punctures p1; : : : ; pn and negative punctures
q1; : : : ; qn (where nD g.†/Cjwj � 1), satisfying the following:

(M1) S is a smooth (not nodal) Riemann surface.

(M2) u.@S/� .˛� f1g �R/[ .ˇ� f0g �R/.

(M3) limz!pi .�R ıu/.z/D�1 and limz!qi .�R ıu/.z/D1.

(M4) u has finite energy.

(M5) �Œ0;1��R ıu is locally nonconstant.

(M6) u is an embedding.

When considering almost complex structures which satisfy (J50) instead of (J5), we will need to
consider the following weaker version of the (M5) axiom:

(M50) There is no nonempty open subset U � S such that �Œ0;1��R ıujU is constant and takes value near
f0; 1g �R (in the sense of (J50)).

There is a similar description of holomorphic triangle maps in Lipshitz’s cylindrical setting. Let �
denote an unbounded, triangular region in the complex plane with three cylindrical ends, each identified
with Œ0; 1�� Œ0;1/. Following [ibid., Section 10.2], we consider almost complex structures on †��
satisfying the following:

(J01) J is tamed by the split symplectic form on †��.

(J02) There is a finite collection of points P �†n .˛[ˇ[
/ with at least one point in each component
of † n .˛[ˇ[
/ such that J is split on a product neighborhood of P ��.

(J03) In the cylindrical ends of �, J is equal to a cylindrical almost complex structure satisfying
(J1)–(J5).

(J04) The projection map ��W†��!� is holomorphic and the tangent space of each fiber of �† is a
complex line.

At times, we will need to deal with more harshly perturbed almost complex structures on †��, which
satisfy the following alternatives to axioms (J03) and (J04):

(J030) In the cylindrical ends of �, J agrees with cylindrical almost complex structures satisfying
(J1)–(J4) and (J50), above.

(J040) The 2-planes of T .fpg ��/ are complex lines of J for all p 2†.
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(J050) The 2-planes T .†�fdg/, for d 2�, are complex lines for J near .˛[ˇ[
/�� and on †�U
for an open subset U �� containing the three components of @�.

3.5 Expected dimensions and transversality

For some technical arguments, we will need compute the expected dimension of certain moduli spaces,
and also know when the expected dimension is generically correct. To give precise results, our expected
dimensions must take into account the source curve S of a holomorphic map uWS !†� Œ0; 1��R, and
not just the homology class. If S is a topological source and � is a homology class, we define

M.S; �/

to be the set of holomorphic curves uWS � Œ0; 1��R which satisfy (M1)–(M5) (but possibly not (M6)).
Near any curve whereDx@ achieves transversality, the set M.S; �/ will be a smooth manifold of dimension
equal to the Fredholm index of Dx@ at u.

Lipshitz [2014, Proposition 4.20] proved that if uWS !†� Œ0; 1��R is a holomorphic curve which
satisfies (M1)–(M6) (in particular, u is embedded), then the Fredholm index is equal to the Maslov index.
More generally, at curves which only satisfy (M1)–(M5), the Fredholm index satisfies

ind.u/D �.�/� 2Sing.u/;

where Sing.u/ denotes the number of double points of u in an equivalent singularity.
If X � Symn.Œ0; 1��R/ is a smooth submanifold, p 2 † n .˛[ˇ/ is a point, and � is a homology

class with np.�/D n, there is a matched moduli space

M.S; �;X/ WD fu 2M.S; �/ W �p.u/ 2Xg;

where and �pWM.S; �/! Symn.Œ0; 1��R/ is the map

(3-5) �p.u/ WD .u ı�Œ0;1��R/..u ı�†/
�1.p//:

The analysis becomes simpler if we restrict to submanifolds X � Symn.Œ0; 1��R/ which avoid the fat
diagonal, i.e., the codimension 2 subset of points with at least one repeated entry.

We state the following transversality result:

Proposition 3.4 Suppose J is a generic almost complex structure on †� Œ0; 1��R satisfying (J1)–(J5).
Near any holomorphic curve uWS !†� Œ0; 1��R satisfying (M1)–(M5), the moduli space M.S; �/ is
transversely cut out and of dimension

ind.u/D �.�/� 2Sing.u/:

If X � Symn.Œ0; 1� � R/ is a submanifold which avoids the fat diagonal , then , near any curve u 2
M.S; �;X/ satisfying (M1)–(M5), the space M.S; �;X/ is transversely cut out and of dimension

�.�/� 2Sing.u/� codim.X/:
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If J is a generic almost complex structure satisfying (J1)–(J4) and (J50), then the statements hold at
holomorphic curves which satisfy (M1)–(M4) and (M50) with no multiply covered closed components ,
and with no components S0 such that �Œ0;1��R ıujS0 is constant and takes on a value near f0; 1g �R (in
the sense of (J50)).

See [Lipshitz 2006, Sections 3 and 4] for proofs of the statements about the unmatched moduli spaces
near embedded curves, and see [Lipshitz 2014] for the statements about the unmatched moduli spaces
near nonembedded curves. See [Juhász et al. 2021, Section 9.3] for an account of the proof involving the
matched moduli spaces.

An analog of Proposition 3.4 holds for the moduli spaces of holomorphic triangles satisfying the natural
analogs of (M1)–(M5) for almost complex structures satisfying (J01)–(J04). Furthermore, there is also a
version for more harshly perturbed almost complex structures satisfying (J01)–(J02) and (J030)–(J050) using
the moduli space axioms obtained by modifying (M1)–(M4) and (M50) in the obvious ways; see [Juhász
et al. 2021, Section 9.3].

3.6 Naturality of Heegaard Floer homology

For functoriality, we need to understand the relation between the chain complexes obtained from different
Heegaard diagrams of the same 3-manifold.

The following is standard:

Lemma 3.5 Any two Heegaard diagrams for a multipointed 3-manifold can be connected by a sequence
of the following moves:

(1) isotopies of the ˛ or ˇ curves not passing over the w basepoints;

(2) handleslides of the ˛ curves across each other or handleslides of the ˇ curves across each other;

(3) simple stabilizations or destabilizations;

(4) pushing forward the diagram .†;˛;ˇ;w/ under an automorphism � of .Y;w/ which is isotopic
to idY , relative to w.

We explain move (3), appearing in Lemma 3.5. Suppose B3 � Y is a closed, embedded 3-ball which
intersects† in a disk and is disjoint from ˛[ˇ[w. We say a diagram .†0;˛0;ˇ0;w/ is a simple stabiliza-
tion of .†;˛;ˇ;w/ if † agrees with †0 outside of B3, ˛0D˛[f˛0g, ˇ0Dˇ[fˇ0g, and †0\B3 consists
of a once-punctured torus. Furthermore, ˛0 and ˇ0 intersect in a single, transverse intersection point, and
are contained in the region †0\B3. A simple destabilization is the inverse of a simple stabilization.

To each of the moves appearing in Lemma 3.5, Ozsváth and Szabó [2004b] associated a chain map
between the corresponding Heegaard Floer complexes.

We now state the following naturality result:

Proposition 3.6 Suppose that .Y;w/ is a multipointed 3-manifold. To each pair .H; J / and .H0; J 0/,
there is a map

‰.H;J /!.H0;J 0/WCF�J .H; s/! CF�J 0.H0; s/;
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which is well defined up to F2ŒU �-equivariant chain homotopy. Furthermore , the following are satisfied :

(1) If .H; J /, .H0; J 0/ and .H00; J 00/ are three diagrams with almost complex structures , then

‰.H;J /!.H00;J 00/ '‰.H0;J 0/!.H00;J 00/ ı‰.H;J /!.H0;J 0/:

(2) ‰.H;J /!.H;J / ' idCF�J .H;s/.

Proof The details of the proof are due to many authors. Ozsváth and Szabó [2004b] constructed the
transition maps ‰.H;J /!.H0;J 0/ and proved they were quasi-isomorphisms (establishing invariance of the
isomorphism type of the homology groups). They also proved [2006, Theorem 2.1] most of the Floer-
theoretic results necessary to show well-definedness of ‰.H;J /!.H0;J 0/. Lipshitz [2006, Proposition 11.4]
showed that the transition maps are chain homotopy equivalences, as opposed to quasi-isomorphisms.
Juhász and Thurston pointed out that [Ozsváth and Szabó 2006, Theorem 2.1] contains a gap, since the
space of isotopies taking one embedded Heegaard surface to another is not connected. The proof of
invariance of the transition maps is completed in [Juhász et al. 2021], by a careful topological analysis
of the space of Heegaard splittings, followed by verification that the Heegaard Floer transition maps
have no monodromy around a special loop of Heegaard diagrams (the simple handleswap loop [ibid.,
Definition 2.31]).

We now describe the maps associated to the moves in Lemma 3.5, as well as changes of the almost
complex structure.

If H D .†;˛;ˇ;w/ is a diagram for .Y;w/, and J and J 0 are two almost complex structures on
† � Œ0; 1� �R, then the transition map ‰.H;J /!.H;J 0/ is defined by picking a noncylindrical almost
complex structure zJ on † � Œ0; 1� � R which agrees with J on † � Œ0; 1� � .�1;�1� and J 0 on
†� Œ0; 1�� Œ1;1/, and counting Maslov index 0 zJ -holomorphic curves in †� Œ0; 1��R.

Next, we consider the maps associated to handleslides and isotopies of ˛ and ˇ. In this case, the
transition map ‰.H;J /!.H0;J 0/ can be computed by a sequence of holomorphic triangle maps. If ˛0 is
obtained from ˛ by a handleslide or isotopy, and the triple .†;˛0;˛;ˇ;w/ satisfies an admissibility
condition (see Definition 3.12), the map ‰.H;J /!.H0;J 0/ can be computed by counting holomorphic
triangles via the formula

(3-6) ‰.H;J /!.H0;J /.�/D F˛0;˛;ˇ .‚
C
˛0;˛˝�/:

In (3-6), ‚C˛0;˛ denotes a cycle in CF�.†;˛0;˛;w; s0/ which represents the top-graded homogeneous
element of HF�.†;˛0;˛;w; s0/, and s0 denotes the torsion Spinc structure on .S1 �S2/#g.†/.

If the triple .†;˛0;˛;ˇ;w/ is not admissible, the transition map ‰.H;J /!.H0;J 0/ is obtained by a
composition of triangle maps as in (3-6). We will often write‰ˇ˛!˛0 for the transition map‰.H;J /!.H0;J 0/,
in this situation.

Moves of the ˇ curves can be computed using the holomorphic triangle maps, in an analogous fashion.
If ˇ0 is obtained from ˇ via a sequence of handleslides or isotopies, we write‰ˇ!ˇ

0

˛ for the corresponding
transition map.
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If HD .†;˛;ˇ;w/ is a Heegaard diagram for .Y;w/, and H0D .†0;˛[f˛0g;ˇ[fˇ0g;w/ is a simple
stabilization, then we consider the map � WCF�.†;˛;ˇ;w; s/! CF�.†0;˛0;ˇ0;w; s/ defined by the
formula

�.x/ WD x� c;

extended F2ŒUw�-equivariantly, where fcg D ˛0\ˇ0.
If J is an almost complex structure on †� Œ0; 1��R which is split in a neighborhood of the connected

sum point, and T > 0, then one can construct an almost complex structure J.T / on †0� Œ0; 1��R which
has a connected sum neck of length T inserted. According to the proof of [Lipshitz 2006, Proposition 12.5],
if T is sufficiently large, the map � will satisfy

� ı @J D @J.T / ı �:

For appropriately large T, the transition map from .H; J / to .H0; J.T // is defined to be � . The meaning of
“appropriately large” can be made precise: we say a neck length T >0 satisfies stabilization condition (SC1)
(and can be used to compute the simple stabilization map) if, for all T 0 � T, there is an almost complex
structure zJ on †� Œ0; 1��R interpolating J.T / and J.T 0/ such that

(SC1) ‰ zJ .x� c/D x� c

for all x 2T˛\Tˇ . We will consider a similar stabilizing condition when we define the free-stabilization,
1-handle and 3-handle maps; see conditions (SC2) and (SC3).

If J 0 is a general almost complex structure on †0� Œ0; 1��R (possibly not satisfying condition (SC1))
then the transition map ‰.H;J /!.H0;J 0/ is defined as the composition

‰.H;J /!.H0;J 0/ WD‰.H0;J.T //!.H0;J 0/ ı‰.H;J /!.H0;J.T // D‰.H0;J.T //!.H0;J 0/ ı �

for a T which satisfies condition (SC1).
Finally, if .H0; J 0/ is obtained by pushing forward H under a diffeomorphism � of .Y;w/ which

is isotopic to the identity, relative to w, then the transition map ‰.H;J /!.H0;J 0/ is defined to be the
tautological map �� induced by �.

If .Y;w/ is a multipointed 3-manifold and � Ww!P is a coloring, then the RP -modules CF�.H; �; s/
from (3-4) form a transitive system of chain complexes, for which we write CF�.Y;w� ; s/.

3.7 Admissibility of Heegaard diagrams

In order to achieve finite counts of holomorphic disks and triangles for CF�, Ozsváth and Szabó [2004b,
Sections 4 and 8] define several admissibility conditions (weak admissibility and strong s-admissibility)
for singly pointed Heegaard diagrams, triples and quadruples. For multipointed diagrams of integer
homology spheres, they also described [2008, Section 3.4] a weaker version of admissibility (weak
admissibility), though this is not sufficient for our purposes. In this section, we extend their work on
strong s-admissibility to multipointed diagrams of arbitrary 3-manifolds (see Definition 3.9).
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Definition 3.7 If .†;˛;ˇ;w/ is a multipointed Heegaard diagram, a periodic domain is an integral
2-chain P on † with boundary equal to a linear combination of the ˛ and ˇ curves, with nw.P /D 0 for
all w 2w. A periodic class is a homology class � 2 �2.x;x/ for some x 2T˛\Tˇ such that nw.�/D 0
for all w 2w.

The domain of a periodic class is a periodic domain, though we usually will not make a distinction
between the two. If R is a ring, we can also consider the set of R-valued periodic domains, for which we
write …R.

There is a natural map
H W…Z!H2.Y nwIZ/;

obtained by capping @P with an integral combination of compressing disks for the ˛ and ˇ curves. The
construction of H works for other rings R, as well.

If � 2 �2.x;y/ is a homology class of disks, we write D.�/ for the domain of �, viewed as a 2-chain
on †. If � 2 �2.x;x/ is a periodic class, define

H.�/ WDH.D.�//:

If P 2…Z is a periodic domain and � is an integral 1-chain on †, with boundary equal to an integer
sum ofw basepoints, then we will write a.�; P / for the integer obtained by summing each local difference
of the class � across each ˛ curve as one traverses �. We define an integer b.�; P / analogously, by
summing differences of the domain P across the ˇ curves as one traverses �. See Section 4.1 for more
details on a.�; P / and b.�; P /.

If � is an integral 1-chain on †, with boundary equal to a linear combination of the w basepoints, then,
by pushing the interior of 
 into the ˛-handlebody, we obtain the formula

(3-7) a.�; P /D #.�\H.P //:

Similarly, if 
 is an integral 1-cycle on †, then

(3-8) a.
; P /D #.
 \H.P //D hPDŒ
�;H.P /i:

A helpful topological fact is the following:

Lemma 3.8 The map H W…R!H2.Y nwIR/ is an isomorphism for any ring R.

Proof Since …Z and H2.Y nwIZ/ are free Z-modules, it is sufficient to show the claim for RD Z.
To see thatH is a surjection, note that Y nN.w/ is obtained by attaching 2-handles to Œ0; 1��.†nN.w//

along f0g�˛ and f1g�ˇ. By putting a closed 2-cycle into general position, we can ensure that it intersects
the cocores of the 2-handles transversely. After a homotopy, it becomes homologous to a 2-chain in
† nN.w/ with boundary equal to a linear combination of the ˛ and ˇ curves, together with some linear
combination of the cores of the 2-handles. Hence H is surjective.

For injectivity, suppose H.P /D 0 2H2.Y nwIZ/. By (3-7), a.�; P /D 0 for any � which is a closed
curve or a path connecting two basepoints in w. Similarly, b.�; P /D 0 for any such �. By considering �
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arcs or curves which are dual to ˛ and ˇ curves, it follows that H.P / has no changes across any of the ˛
and ˇ curves. Since P also has zero multiplicity at the basepoints, P must be zero everywhere.

By abuse of notation, we will also write H.P / or H.�/ for the induced class in H2.Y IZ/. The
capping map H satisfies

(3-9) �.�/D hc1.s/;H.�/iC 2
X
w2w

nw.�/:

This can be proven by a simple modification of Ozsváth and Szabó’s proof [2004a, Proposition 7.5] for
singly pointed diagrams.

We make the following definition, extending Ozsváth and Szabó’s strong s-admissibility condition
[2004b, Section 4] to multipointed diagrams:

Definition 3.9 If s 2 Spinc.Y /, we say a Heegaard diagram HD .†;˛;ˇ;w/ is strongly s-admissible if
for each N > 0 and each nontrivial periodic domain P 2…Z, the inequality

hc1.s/;H.P /i D 2N � 0

implies that P has some multiplicity strictly greater than N.

Strong s-admissibility ensures finiteness of the differential on CF�:

Lemma 3.10 If H is strongly s-admissible and j is fixed , then there are only finitely many homology
classes � 2 �2.x;y/ with �.�/D j and D.�/� 0.

Proof The proof is a modification of Ozsváth and Szabó’s proof [2004b, Lemma 4.14] for singly pointed
diagrams.

Fix any  2 �2.x;y/ with �. /D j. If � 2 �2.x;y/ is another class, then we can uniquely write

D.�/DD. /CP CA;

where P 2…Z and A is a Z-linear combination of the components of † n˛. If D.�/� 0, then

(3-10) �D. /� P CA:

Suppose, to the contrary of the main statement, that there is an infinite sequence �n of distinct classes
in �2.x;y/, with �.�n/D j and D.�n/� 0. We obtain an infinite sequence of pairwise distinct pairs
.Pn; An/ which satisfy (3-10).

Since there are only finitely many components of † n .˛[ˇ/,

kPnCAnk1!1;

where kDk1 denotes the maximum absolute value of the components of a domain D.
The coefficients of PnCAn are bounded below by the coefficients of �D. /. Similarly, since Pn

satisfies nw.Pn/ D 0 for all n, it follows that nw.An/ D nw.�n/ � nw. /. Since D.�n/ � 0, the
coefficients of An are also bounded from below.
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Since Pn is zero on w, and An is determined by its values on w, we have

(3-11) kAnk1 � kPnCAnk1:

By the triangle inequality,

(3-12) kPnk1 � kAnk1CkPnCAnk1:

Inequalities (3-11) and (3-12) imply An=kPnCAnk1 and Pn=kAnCPnk1 are both bounded, and
hence admit subsequences which converge to real domains A1 and P1, respectively.

Since �.�n/D �. /D j, we have

(3-13) �.P xn CA
x
n /D 0;

where P xn ; A
x
n 2 �2.x;x/ denote the periodic classes corresponding to Pn and An. Combining (3-9)

and (3-13), as well as the fact that H.An/D 0 2H2.Y IZ/ and nw.Pn/D 0, we obtain

(3-14) 0D �.P xn CA
x
n /D hc1.s/;H.Pn/iC

X
w2w

2nw.An/:

Taking limits in (3-14), we obtain

(3-15) hc1.s/;H.P1/iC
X
w2w

2nw.A1/D 0:

Since the multiplicities of An and AnCPn are bounded below, and kAnCPnk1!1, we conclude

(3-16) A1 � 0 and P1CA1 � 0:

If there is a real pair .P1; A1/ satisfying (3-15) and (3-16), then it is not hard to see that there is also a
nearby rational domain which also satisfies (3-15) and (3-16). By clearing denominators, we can find a
pair .P 0; A0/ of integral domains satisfying the same relations.

By (3-15) and (3-16),
hc1.s/;H.�P

0/i D 2N � 0;

whereN D
P
w2w nw.A

0/. Hence, �P 0 has a multiplicity which is greater thanN by strong admissibility.
Since A0 � 0, this contradicts the fact that A0CP 0 � 0.

We now prove that all multipointed Heegaard diagrams can be made admissible by performing an
isotopy:

Proposition 3.11 If HD .†;˛;ˇ;w/ is a multipointed Heegaard diagram for .Y;w/, and s is a fixed
Spinc structure on Y, then H is isotopic to a strongly s-admissible diagram.

Proof Our proof is a modification of Ozsváth and Szabó’s procedure [2004b, Lemma 5.4] for achieving
strong s-admissibility for singly pointed diagrams, and their procedure [2008, Proposition 3.6] for
achieving weak admissibility for multipointed diagrams of integer homology spheres.

Pick a collection of closed curves 
1; : : : ; 
k and arcs �1 : : : ; �n on † satisfying the following:
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(1) 
1; : : : ; 
k are pairwise disjoint, simple, closed curves which span H1.Y IZ/.

(2) Each �i is an embedded arc with boundary equal to two basepoints of w.

(3) The interiors of �i and �j are disjoint if i ¤ j, and �i is disjoint from 
j for all i and j.

(4) Each basepoint of w is in the boundary of at least one �i , and �1[ � � � [�n is connected.

The above conditions imply that 
1; : : : ; 
k; �1; : : : ; �n span H1.Y;wIZ/.
Such a collection 
1; : : : ; 
k , �1; : : : ; �n can be constructed as follows. Let ˛0 be any tuple of

g.†/ attaching curves on †, which are disjoint from w and which bound compressing disks in the
handlebody U˛, such that † n˛0 is a connected, planar surface. The curves 
1; : : : ; 
k can be chosen
to be duals of the curves of ˛0. The complement of ˛0 is planar, connected, and contains all of the w
basepoints. The �i can be chosen to form an embedded tree such that each �i connects one w basepoint
to a chosen central basepoint of w.

Write …0Q for the set of rational 2-chains on † of the form

P � 1
2
hc1.s/;H.P /i � Œ†� for P 2…Q:

Following Ozsváth and Szabó’s terminology, we call such domains s-renormalized periodic domains.
The groups …Q and …0Q are canonically isomorphic, so there is a well-defined capping map

H W…0Q!H2.Y nwIQ/;

which is an isomorphism by Lemma 3.8.
Let R1; : : : ; Rn be a collection of pairwise disjoint, embedded rectangles in † such that the following

hold:

(1) �i \Ri is a connected arc.

(2) �i \Rj D¿ if i ¤ j, and 
i \Rj D¿ for all i and j.

(3) If � is an attaching curve in ˛ or ˇ, then � \�i �Ri .

FixN >0. We perform the following two winding moves to ˛ to construct a diagram HN D .†;˛N ;ˇ/:

(W1) Let 
Ci and 
�i denote two small, parallel pushoffs of 
i , which are disjoint from each other and 
i .
Wind the ˛ curves positively N times around 
Ci , and negatively N times around 
�i , as shown in
Figure 3

(W2) Along each �i , we perform a zigzag move to the ˛ curves, as shown in Figure 4. The zigzag move
is supported in the rectangle Ri .

We write …0Q;N for the set of s-renormalized periodic domains on HN .
The groups…0Q;N and…0Q are canonically isomorphic: indeed, Lemma 3.8 implies both are canonically

isomorphic to H2.Y nwIQ/. Write
WN W…

0
Q!…0Q;N

for this isomorphism.
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Subclaim 3.11.1 For sufficiently large N, any nonzero s-renormalized periodic domain on HN has both
positive and negative multiplicities.

It is straightforward to see that Subclaim 3.11.1 implies that, for sufficiently large N, HN is strongly
s-admissible.

We now prove Subclaim 3.11.1. Define an L1-norm on H2.Y nwIQ/ via the formula

k�kY nw1 Dmaxfj#.�1\ �/j; : : : ; j#.�n\ �/j; j#.
1\ �/j; : : : ; j#.
k \ �/jg;

where #.�i \ �/ denotes the algebraic intersection number. Similarly, define an L1-norm on H2.Y IQ/
via the formula

k�kY1 WDmaxfj#.
1\ �/j; : : : ; j#.
k \ �/jg:

Let S0Q denote the unit sphere in …0Q with respect to the k � kY nw1 -norm, i.e.,

S0Q WD fP 2…
0
Q W kH.P /k

Y nw
1 D 1g:

It is sufficient to show Subclaim 3.11.1 for s-renormalized periodic domains P such that H.P / 2 S0Q,
since scaling by Q preserves the property of having positive and negative coefficients.

Since 
1; : : : ; 
k span H1.Y IZ/, we can write

(3-17) PDŒc1.s/�D a1Œ
1�C � � �C akŒ
k�

for some ai 2 Z. Let M denote the quantity

M WD

kX
iD1

jai j:

Pick a real number � so that

(3-18) 0 < � < 1
2

and M� < 1
2
:

Let C be the maximum absolute value of any multiplicity of any domain in S0Q, and let N > 0 be an
integer which satisfies

(3-19) N � � > C:

We will show that, if N satisfies (3-19), then any nonzero s-renormalized domain on HN has both positive
and negative multiplicities.

Suppose that P 2 S0Q. Note that by definition WN does not change the induced class in H2.Y nwIZ/,
and hence WN does not change either k � kY nw1 or k � kY1. We break the argument into two cases:

(1) kH.P /kY1 > �.

(2) kH.P /kY1 � �.

In case (1), let 
i be a curve such that j#.
i\H.P //j>�. By (3-7), ja.
i ; P /j>�. Pick x 2
i n.˛[ˇ/
and let xC and x� be nearby points on 
Ci n .˛[ˇ/ and 
�i n .˛[ˇ/.
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˛ ˇ ˇ ˛ ˇ


i

(W1)

lC

H

H1

x
xC

Figure 3: Winding move (W1) near a closed curve 
i on †. The arc lC is shown. The left and
right sides of each rectangle are identified to form an annulus on †.

Let lC be an arc from x to xC which is contained in a neighborhood of 
i and does not intersect ˛
or ˇ. On HN , lC intersects a curve in ˛N with N times the geometric multiplicity that 
i intersects the
corresponding curve of ˛. Furthermore, the arc lC can be concatenated with an arc which connects x
and xC and is disjoint from ˛N such that the concatenation is homologous to N � 
 on † (see Figure 3,
bottom). Writing l� for a similar path from x to x�, we have

(3-20) a.lC;WN .P //DN � a.
i ; P / and a.l�;WN .P //D�N � a.
i ; P /:

Observing that lC and l� intersect no ˇ curves, it follows from (3-20) that

(3-21) nxC.WN .P //D nx.P /CN � a.
i ; P / and nx�.WN .P //D nx.P /�N � a.
i ; P /:

Together, equations (3-19) and (3-21) imply that WN .P / has both positive and negative multiplicities,
proving Subclaim 3.11.1 in case (1).

w1 w2

˛ ˇ ˛ ˇ ˛ ˇ

�i

li

l 0i

Ri

(W2)

Figure 4: The zigzag move (W2) near an arc �i with @�i D fw1; w2g: The arcs li and l 0i near w1
and w2 are shown. The move is supported in the rectangle Ri , whose boundary is the dashed box.
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Next, we consider case (2). Combining (3-17) and (3-18) and the triangle inequality, we obtain

(3-22) jhc1.s/;H.P /ij D

ˇ̌̌̌ kX
iD1

ai hPDŒ
i �;H.P /i
ˇ̌̌̌
�

kX
iD1

jai j � j#.
i \H.P //j �M � � < 1
2
:

Define m WD�hc1.s/;H.P /i, which is the multiplicity of WN .P / at each basepoint w 2w. By (3-22),
m 2

�
�
1
2
; 1
2

�
. Furthermore, since kH.P /kY nw1 D 1, there is a �i such that a.�i ; P /D 1. We consider

the two arcs li and l 0i on †, shown in Figure 4, which intersect no curves on †, and intersect only the ˛
curves on HN . Note that

a.�i ;WN .P //D a.li ;WN .P //D a.l
0
i ;WN .P //;

since li and l 0i can both be completed to curves on† which are isotopic to �i , and whose only intersections
with ˛ occur along li or l 0i (see the dashed lines on the bottom of Figure 4). Since li and l 0i do not intersect
the ˇ curves, the difference in multiplicity of WN .P / between the two points of @li is a.�i ;WN .P //D 1,
and similarly for the two points of @l 0i . Hence, WN .P / has multiplicities of mC 1 and m� 1. Since
jmj< 1

2
, it follows that m� 1 < 0 and mC 1 > 0. Subclaim 3.11.1 follows in case (2).

3.8 Admissibility for Heegaard triples and quadruples

We also need to consider admissibility of Heegaard triples and multidiagrams.
If .†;˛;ˇ;
;w/ is a Heegaard triple, Ozsváth and Szabó [2004b, Section 8.1] construct the 4-manifold

(3-23) X˛;ˇ;
 WD .��†/[ .e˛ �U˛/[ .eˇ �Uˇ /[ .e
 �U
 /;

where � is a triangle with boundary edges e˛ , eˇ and e
 , and U˛ , Uˇ and U
 are standard handlebodies
with boundary identified with †. The manifold X˛;ˇ;
 satisfies

@X˛;ˇ;
 D�Y˛;ˇ t�Yˇ;
 tY˛;
 :

Ozsváth and Szabó [ibid., Section 8.1.4] construct a map

(3-24) swW�2.x;y; z/! Spinc.X˛;ˇ;
 /:

Definition 3.12 If .†;˛;ˇ;
;w/ is a multipointed Heegaard triple, we say that an integral 2-chain P
on † is a triply periodic domain if @P is a linear combination of the ˛, ˇ and 
 curves, and nw.P /D 0
for all w 2w.

If QD .†;˛;ˇ;
; ı;w/ is a multipointed Heegaard quadruple, a quadruply periodic domain on Q is
defined analogously.

Ozsváth and Szabó [ibid., Definition 8.8] define a notion of strong admissibility for Heegaard triples,
which extends to the multipointed setting:

Definition 3.13 Suppose T D .†;˛;ˇ;
;w/ is a multipointed Heegaard triple. If s 2 Spinc.X˛;ˇ;
 /,
we say T is strongly s-admissible if each nonzero triply periodic domain P which can be written as a
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sum of doubly periodic domains

P D P˛;ˇ CPˇ;
 CP˛;
 with hc1.s/;H.P˛;ˇ /iC hc1.s/;H.Pˇ;
 /iC hc1.s/;H.P˛;
 /i D 2N � 0

has a multiplicity which is strictly greater than N.

A straightforward extension of Lemma 3.10 and Proposition 3.11 gives the following (compare [ibid.,
Lemmas 8.10 and 8.11]):

Lemma 3.14 Suppose that T D .†;˛;ˇ;
;w/ is a Heegaard triple.

(1) If T is strongly s-admissible , x, y and z are fixed intersection points on T, and j is a fixed integer ,
then there are only finitely many  2 �2.x;y; z/ with sw. /D s, �. /D j and D. /� 0.

(2) If s 2 Spinc.X˛;ˇ;
 /, then T is isotopic to a strongly s-admissible Heegaard triple.

Given a Heegaard quadruple .†;˛;ˇ;
; ı;w/, there is a four-ended cobordism X˛;ˇ;
;ı , and a map

swW�2.w;x;y; z/! Spinc.X˛;ˇ;
;ı/:

There are two natural decompositions of the 4-manifold X˛;ˇ;
;ı :

X˛;ˇ;
;ı DX˛;ˇ;ı [Yˇ;ı Xˇ;
;ı DX˛;
;ı [Y˛;
 X˛;ˇ;
 :

For the purposes of ensuring finiteness of holomorphic rectangle counts, we need finiteness of homotopy
classes in an entire ıH 1.Yˇ;ı/CıH

1.Y˛;
 /-orbit S in Spinc.X˛;ˇ;
;ı/.

Definition 3.15 Suppose Q D .†;˛;ˇ;
; ı;w/ is a multipointed Heegaard quadruple and S is a
ıH 1.Yˇ;ı/CıH

1.Y˛;
 /-orbit of Spinc structures on X˛;ˇ;
;ı . We say that Q is strongly S-admissible if,
whenever s2S andP is a nonzero periodic class which can be written as a sum of doubly periodic domains

P D
X

f�;�g�f˛;ˇ;
;ıg

P�;�

such that X
f�;�g�f˛;ˇ;
;ıg

hc1.sjY�;�/;H.P�;�/i D 2N � 0;

then P has a multiplicity strictly greater than N.

If Q is strongly S-admissible Heegaard quadruple, then a finiteness result for positive rectangle classes
of a fixed Maslov index, similar to Lemma 3.14 can be proven by adapting Lemma 3.10.

If Q is an arbitrary Heegaard quadruple and S is an ıH 1.Yˇ;ı/CıH
1.Y˛;
 /-orbit, then strong S-

admissibility can be achieved by modifying the winding and zigzag procedure from Proposition 3.11 as
long as the quantity X

f�;�g�f˛;ˇ;
;ıg

hc1.sjY�;�/;H.P�;�/i

is independent of the choice of s 2S. In particular, strong admissibility can be achieved by winding the
curves ˛, ˇ, 
 and ı as long as

ıH 1.Yˇ;ı/jY˛;
 D 0 and ıH 1.Y˛;
 /jYˇ;ı D 0:
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4 Relative homology action

Ozsváth and Szabó [2004b, Section 4.2.5] constructed an action of ƒ�.H1.Y IZ/=Tors/ on the singly
pointed Heegaard Floer groups HFı.Y; w; s/. In this section, we describe similar maps on the multipointed
Floer complexes for closed loops in Y, as well as paths between pairs of basepoints. We call these maps
the relative homology action. Our construction is similar to an action of relative homology on sutured
Floer homology constructed by Ni [2014].

If .Y;w/ is a multipointed 3-manifold and � is a path between two basepoints w1; w2 2w, we construct
two maps

A�; B�WCF�.Y;w; s/! CF�.Y;w; s/;

which we call the type-A and type-B relative homology maps, respectively.
We will show that A� and B� satisfy

@A�CA�@D @B�CB�@D Uw1 CUw2 :

See Lemma 4.1.
If 
 is a closed loop in Y, there are similar chain maps A
 and B
 . For a closed curve 
 , the maps A


and B
 coincide, and both agree with the familiar action of H1.Y IZ/=Tors. See Lemma 4.7.

4.1 Construction of the relative homology action

Suppose H D .†;˛;ˇ;w/ is a multipointed Heegaard diagram for .Y;w/. If � is a path in Y from
w1 to w2, we can homotope � so that it has image in † and is an immersion. Furthermore, we can
assume that � intersects the ˛ and ˇ curves transversely, and is disjoint from all intersections ˛i \ ǰ .
Let a1; : : : ; am denote the points of intersection between � and the ˛ curves. Let b1; : : : ; bk denote the
points of intersection between � and the ˇ curves. Given a homology class of disks � 2 �2.x;y/, we let
d
˛;�
i .�/ denote the difference between the multiplicities of � on the two sides of the point ai . Similarly,

we let dˇ;�i .�/ denote the difference between the multiplicities of � on the two sides of bi . We define

(4-1) a.�; �/D

mX
iD1

d
˛;�
i .�/ and b.�; �/D

kX
iD1

d
ˇ;�
i .�/;

which we view as elements of F2. An orientation of � allows us to lift the quantities a.�; �/ and b.�; �/
to Z, which will occasionally be useful.

We define the endomorphism A� via the formula

(4-2) A�.x/D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

a.�; �/ � # �M.�/U
nw.�/
w �y:

The map B� similarly to (4-2), by replacing the factor of a.�; �/ with b.�; �/.
If 
 is a closed curve in Y, we can similarly modify (4-2) to define homology actions A
 and B
 on

CF�.Y;w; s/.
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4.2 Properties of the relative homology action

In this section, we prove some basic properties of the relative homology action.

Lemma 4.1 Suppose HD .†;˛;ˇ;w/ is a diagram for .Y;w/, and � is an immersed path in † which
connects two basepoints w1 and w2. Then

A�@C @A� D B�@C @B� D Uw1 CUw2 :

If 
 is a closed , immersed curve on †, then

A
@C @A
 D B
@C @B
 D 0:

Proof We focus on the claim about the map A�, when � connects two basepoints w1 and w2. The other
claims are straightforward modifications.

Our argument proceeds by counting the ends of index 2 moduli spaces. Suppose that � 2 �2.x; z/
is a homology class of disks with �.�/ D 2. The 1-dimensional space �M.�/ WD M.�/=R admits
a compactification �M.�/, whose ends correspond to strip breaking and Maslov index 2 boundary
degenerations. Since compact 1-manifolds have an even number of ends, we have #.@ �M.�//D 0, and
hence

(4-3) a.�; �/ � #.@ �M.�//D 0:

If �1 2 �2.x;y/ and �2 2 �2.y; z/ are two homology classes, then

(4-4) a.�; �2 ��1/D a.�; �2/C a.�; �1/:

We consider separately the cases that x ¤ z or x D z. Consider first the case that x ¤ z. We write
�˛2 .x/ and �ˇ2 .x/ for the groups of homology classes of ˛ and ˇ degenerations on .†;˛;ˇ;w/. We can
view �˛2 .x/ (resp. �ˇ2 .x/) as the set of integral 2-chains on† with boundary equal to a linear combination
of the ˛ curves (resp. ˇ curves).

If w 2w and x 2 T˛ \Tˇ , then there is a unique class Axw 2 �
˛
2 .x/ whose domain has multiplicity 1

at w and 0 on the other components of † n˛. A class Bxw 2 �
ˇ
2 .x/ is similarly specified. Furthermore,

any homology class Ax 2 �˛2 .x/ decomposes as

Ax D
X
w2w

nw.A/ �A
x
w :

Using Lipshitz’s formula [2006, equation 8] for the Maslov index, we compute

�.Axw/D �.B
x
w/D 2:

Consequently, if Ax 2 �˛2 .x/ and Bx 2 �ˇ2 .x/, then

(4-5) �.Ax/D 2
X
w2w

nw.A
x/ and �.Bx/D 2

X
w2w

nw.B
x/:
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It follows that if � is a Maslov index 2 class and a broken holomorphic curve appears in @ �M.�/ which
contains a nontrivial boundary degeneration, then the remaining curves must have Maslov index 0, and
hence must represent the constant class, by transversality. Hence, if x ¤ z, then boundary degenerations
cannot occur in the ends of �M.�/, so (4-3) implies that, for each index 2 class � 2 �2.x; z/,

0D a.�; �/
X

y2T˛\Tˇ
�12�2.x;y/
�22�2.y;z/

�.�1/D�.�2/D1
�1��2D�

# �M.�1/ � # �M.�2/U
nw.�1/Cnw.�2/
w � z

D

X
y2T˛\Tˇ
�12�2.x;y/
�22�2.y;z/

�.�1/D�.�2/D1
�1��2D�

.a.�; �1/C a.�; �2// � # �M.�1/ � # �M.�2/U
nw.�1/Cnw.�2/
w � z:

Summing over all � 2 �2.x; z/ with �.�/D 2, we get that the z-component of .A�@C @A�/.x/ is
zero.

If x D z, there may be ends of �M.�/ corresponding to boundary degenerations. If � is one of the
classes Axw , we write yN ˛.�/ for the moduli space of cylindrical ˛ boundary degenerations

uWS !†� Œ0;1/�R

representing �, modulo conformal automorphisms of Œ0;1/�R.
Hence, the x-component of .@A�CA�@/.x/ is equal toX

w2w

a.�;Axw/ � # yN ˛.Axw/Uw �xC
X
w2w

a.�;Bxw/ � # yN ˇ .Bxw/Uw �x:

We note that a.�;Axw/D 0 unless w 2 fw1; w2g, in which case

a.�;Axw1/D a.�;A
x
w2
/D 1:

Furthermore, a.�;Bxw/D 0 for all w 2w. The counts of the moduli spaces of boundary degenerations
were proven by Ozsváth and Szabó [2008, Theorem 5.5]: for generic almost complex structure,

(4-6) # yN .Axw/�
�
1 .mod 2/ if jwj> 1;
0 if jwj D 1:

Hence, the x-component of
.A�@C @A�CUw1 CUw2/.x/

is zero. Combining this with the computation in the case that x ¤ z, the proof is complete.

We now consider the interaction between the holomorphic triangle maps and the relative homology maps.
If .†;˛;ˇ;
;w/ is a multipointed Heegaard triple and � is an immersed path between two basepoints
w1; w2 2 w, as an extension of (4-1), let a.�; �/, b.�; �/ and c.�; �/ denote the sums of differences
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of the multiplicities of � across the ˛, ˇ or 
 curves, respectively. Let A�, B� and C� denote the
endomorphisms of CF�.†;˛;ˇ;w/, CF�.†;ˇ;
;w/ and CF�.†;˛;
;w/, defined by modifying (4-2).
Note that all three endomorphisms A�, B� and C� are defined on all three complexes.

Lemma 4.2 Suppose that .†;˛;ˇ;
;w/ is a multipointed Heegaard triple and s 2 Spinc.X˛;ˇ;
 /. Then

F˛;ˇ;
;s.A�˝ id/' A� ıF˛;ˇ;
;s.id˝ id/;

F˛;ˇ;
;s.B�˝ id/' F˛;ˇ;
;s.id˝B�/;

F˛;ˇ;
;s.id˝C�/' C� ıF˛;ˇ;
;s.id˝ id/;

as maps from CF�.†;˛;ˇ;w; sjY˛;ˇ /˝F2ŒUw� CF�.†;ˇ;
;w; sjYˇ;
 / to CF�.†;˛;
;w; sjY˛;
 /.

Proof Consider the first relation, involving A�. The subsequent two relations involving B� and C� can
be proven mutatis mutandis. We prove the relation by counting the ends of index 1 moduli spaces of
triangles. Suppose that  2 �2.x;y; z/ is a homology class with sw. /D s, with �. /D 1. The moduli
space M. / can be compactified into a compact 1-manifold M. / whose ends consist of pairs consisting
of an index 1 holomorphic strip and an index 0 holomorphic triangle. Since compact 1-manifolds have an
even number of ends, we have X

 2�2.x;y;z/
�. /D1
sw.s/Ds

a.�;  / � #.@M. // �U
nw. /
w D 0:

If � is a homology class of disks and  is a homology class of triangles, then, similar to (4-4),

a.�;  ��/D a.�;  /C a.�; �/:

It follows that

(4-7) A� ıF˛;ˇ;
;s.id˝ id/CF˛;ˇ;
;s.A�˝ id/CF˛;ˇ;
;s.id˝A�/

DH
A;�
˛;ˇ;
;s

ı .@˛;ˇ ˝ idC id˝ @ˇ;
 /C @˛;
 ıH
A;�
˛;ˇ;
;s

;

where HA;�
˛;ˇ;
;s

is the map defined on intersection points by the formula

H
A;�
˛;ˇ;
;s

.x˝y/D
X

z2T˛\T

 2�2.x;y;z/
�. /D0

a.�;  / � #M. /U
nw. /
w � z;

and extended F2ŒUw�-equivariantly.
Finally, we note that if � is a homology class of disks on the diagram .†;ˇ;
;w/, then the quantities

a.�; �/ vanish, since � has no changes across the ˛ curves. Hence the map

A�WCF�.†;ˇ;
;w; sjˇ
 /! CF�.†;ˇ;
;w; sjˇ
 /

vanishes. Combining this fact with (4-7), the main statement follows.
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Lemma 4.3 (1) Suppose that � is a path on† connecting a pair of basepoints on H which can be written
as a concatenation �2 ��1 of two paths which connect pairs of basepoints. Then

A�2��1 D A�2 CA�1 :

(2) Suppose that � is a path on † connecting a pair of basepoints , and 
 is a closed loop on †, which
has nontrivial intersection with 
 . If �� 
 denotes the path obtained by splicing 
 into �, then

A
�� D A
 CA�:

(3) If 
 and 
 0 are two closed curves on †, then

A
 0�
 D A
 0 CA
 :

The same relations hold for the type-B relative homology maps.

Proof The first claim follows immediately from (4-2) since

a.�2 ��1; �/D a.�2; �/C a.�1; �/

for any homology class of disks �. The second and third claims are proven similarly.

We now compute the commutator of the relative homology maps:

Lemma 4.4 Suppose �1 and �2 are two paths connecting pairs of basepoints in w. Then

A�1A�2 CA�2A�1 D
X

w2@�1\@�2

Uw :

Proof Our proof proceeds by counting the ends of �M.�/ for classes � 2 �2.x; z/ with Maslov index 2.
As in Lemma 4.1, there are two cases to consider: x ¤ z and x D z.

If x¤ z and � 2 �2.x; z/ has Maslov index 2, then the ends of �M.�/ all correspond to strip breaking.
Summing over �, we have

(4-8) 0D
X

�2�2.x;z/
�.�/D2

a.�1; �/a.�2; �/
X

y2T˛\Tˇ
�12�2.x;y/
�22�2.y;z/

�.�1/D�.�2/D1
�1C�2D�

# �M.�1/ � # �M.�2/U
nw.�/
w � z:

Noting that

a.�1; �1C�2/a.�2; �1C�2/

D .a.�1; �1/a.�2; �2/C a.�1; �2/a.�2; �1//C .a.�1; �1/a.�2; �1/C a.�1; �2/a.�2; �2//;
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we can rewrite (4-8) to obtain

(4-9) 0D
X

y2T˛\Tˇ
�12�2.x;y/
�22�2.y;z/

�.�1/D�.�2/D1

.a.�1; �1/a.�2; �2/C a.�1; �2/a.�2; �1// � # �M.�1/ � # �M.�2/U
nw.�1/Cnw.�2/
w � z

C

X
y2T˛\Tˇ
�12�2.x;y/
�22�2.y;z/

�.�1/D�.�2/D1

.a.�1; �1/a.�2; �1/Ca.�1; �2/a.�2; �2// �# �M.�1/ �# �M.�2/U
nw.�1/Cnw.�2/
w �z:

The right side of (4-9) is the z-component of

.A�1A�2 CA�2A�1 C @H�1�2 CH�1�2@/.x/;

where H�1�2 is the map

H�1�2.x/D
X

y2T˛\Tˇ
�2�2.x;y/
�.�/D1

a.�1; �/a.�2; �/ � # �M.�/U
nw.�/
w �y:

If x D z, then boundary degenerations may appear in the ends of �M.�/. These make an additional
contribution to (4-8) of

(4-10)
X
w2w

a.�1; A
x
w/a.�2; A

x
w/ � # yN ˛.Axw/Uw �xC

X
w2w

a.�1; B
x
w/a.�2; B

x
w/ � # yN ˇ .Bxw/Uw �x:

We note that a.�;Bxw/D 0 for all w, and

(4-11) a.�;Axw/D

�
1 if w 2 @�;
0 if w … @�:

The stated formula now follows from (4-10), (4-11) and the count of boundary degenerations from (4-6).

In the context of a single basepoint in Heegaard Floer homology, the homology action squares to zero
(see [Ozsváth and Szabó 2004b, Proposition 4.17; Lipshitz 2006, Proposition 8.6]). We prove a similar
result:

Lemma 4.5 Suppose � is an immersed path in † from w1 to w2. Then

A� ıA� ' Uw1 ' Uw2 :

If 
 is an immersed closed curve in †, then

A
 ıA
 ' 0:

Proof Note that Uw1 ' Uw2 by Lemma 4.1. We focus on the claim that A� ıA� ' Uw1 . The proof of
the relation A
 ıA
 ' 0 follows with only minor modification. Pick an orientation of �, which gives a
lift of a.�; �/ from F2 to Z.
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Note that both a.�;Axw1/ and a.�;Axw2/ are ˙1, and, in fact, the two quantities have opposite signs.
Orient � so that

(4-12) a.�;Axw1/D 1 and a.�;Axw2/D�1:

Define the map

H�.x/D
X

y2T˛\Tˇ
�2�2.x;y/
�.�/D1

1
2
a.�; �/.a.�; �/C 1/ � # �M.�/U

nw.�/
w �y:

We will show that

(4-13) A2�.x/D .@H�CH�@CUw1/.x/:

If z 2 T˛ \Tˇ , the z-component of .@H�CH�@CA2�/.x/ is

(4-14)
X

y2T˛\Tˇ
�12�2.x;y/
�22�2.y;z/

�.�1/D�.�2/D1

�
1
2
a.�;�1/.a.�;�1/C1/C

1
2
a.�;�2/.a.�;�2/C1/

�
�# �M.�1/�# �M.�2/U

nw.�1C�2/
w :

Rearranging, (4-14) becomes

(4-15)
X

y2T˛\Tˇ
�12�2.x;y/
�22�2.y;z/

�.�1/D�.�2/D1

1
2
a.�; �1C�2/.a.�; �1C�2/C 1/ � # �M.�1/ � # �M.�2/U

nw.�1C�2/
w

C

X
y2T˛\Tˇ
�12�2.x;y/
�22�2.y;z/

�.�1/D�.�2/D1

a.�; �1/a.�; �2/ � # �M.�1/ � # �M.�2/U
nw.�1C�2/
w :

The second summand of (4-15) is the z coefficient of .A� ıA�/.x/. If x ¤ z, then the first summand
of (4-15) is equal to

(4-16)
X

�2�2.x;z/
�.�/D2

1
2
a.�; �/.a.�; �/C 1/ � #@ �M.�/U

nw.�/
w D 0:

Hence, the z-component of .H�@C dH�CA2�/.x/ is zero, when x ¤ z.
We now consider the case that zD x. The expression in (4-16) is equal to .@H�CH�@CA2�/.x/ plus

the following contribution, due to boundary degenerations:X
w2w

1
2
a.�;Axw/.a.�;A

x
w/C 1/ � # yN ˛.Axw/Uw �xC

X
w2w

1
2
a.�;Bxw/.a.�; B

x
w/C 1/ � # yN ˇ .Bxw/Uw �x:
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Finally, we note that a.�;Bxw/D 0 for all w 2w, while a.�;Axw/D 0 unless w 2 fw1; w2g. Furthermore,
from (4-12),

1
2
a.�;Axw1/.a.�;A

x
w1
/C 1/D 1 and 1

2
a.�;Axw2/.a.�;A

x
w2
/C 1/D 0:

It follows that the x-component of .A2
�
C @H�CH�@/.x/ is Uw1 �x, completing the proof.

Since the Heegaard surface † is embedded in Y, there is a natural map i�WH1.†IZ/! H1.Y IZ/.
Since Y can be built by attaching 2-handles and 3-handles to Œ0; 1��†, the map i� is surjective, and
ker.i�/D SpanfŒ˛1�; : : : ; Œ˛n�; Œˇ1�; : : : ; Œˇn�g. Hence,

(4-17) H1.Y IZ/Š
H1.†IZ/

SpanfŒ˛1�; : : : ; Œ˛n�; Œˇ1�; : : : ; Œˇn�g
:

Lemma 4.6 If 
 is a closed loop on † such that

i�.Œ
�/D 0 2H1.Y IZ/=Tors;

then
A
 ' 0:

Proof Our proof is a modification of Ni’s proof [2014, Lemma 2.4] of a closely related result. Suppose
that 
 is an integral 1-cycle on † such that i�.k � 
/D 0, for some integer k ¤ 0.

By orienting 
 , we obtain a lift of the quantities a.
; �/ to Z. We can assume that 
 is immersed,
intersects ˛ and ˇ transversely, and is disjoint from any intersections of the ˛ and ˇ curves. From the
isomorphism in (4-17), it follows that the class k �Œ
�2H1.†IZ/ can be written as an integral combination
of the ˛ and ˇ curves.

Consequently, there is an integral 2-chain S on † such that

@S D k � 
 CC;

where C is an integral 1-cycle on † which consists of an integral combination of small pushoffs of the ˛
and ˇ curves on †.

Let nS WT˛ \Tˇ ! Z denote the function

nS .x/D

�X
x2x

nx.S/

�
:

We claim that if � 2 �2.x;y/, then

(4-18) �a.k � 
 CC; �/D nS .y/�nS .x/:

To establish (4-18), we note that the homology class � determines a collection of paths of gCjwj � 1
arcs a.�/, which are contained in the ˛ curves and run from the points of x to the points of y . The
quantity a.k � 
 CC; �/ can be reinterpreted as the oriented intersection number

#.a.�/\ .k � 
 CC//:
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On the other hand, a.�/\S is a compact 1-manifold, and hence the algebraic count of its ends is zero.
By the Leibniz rule,

0D #@.a.�/\S/D #.@a.�/\S/C #.a.�/\ @S/;

from which (4-18) follows. Using additivity of .
; �/ with respect to 
 , from (4-18) we obtain

(4-19) �k � a.
; �/� a.C; �/D nS .y/�nS .x/:

If ˛0 is a small pushoff of an ˛ curve, then a.˛0; �/D 0, since there are no changes of � across any ˛
curves as one traverses ˛0. Similarly, if ˇ0 is a small pushoff of a ˇ curve, then a.ˇ0; �/D 0, since ˇ0

intersects no ˇ curves, so the sum of differences of � across the ˛ curves as one traverses ˇ0 telescopes,
and is zero. With this observation, equation (4-19) now reads

(4-20) �k � a.
; �/D nS .y/�nS .x/:

The right-hand side of (4-20) does not depend on �. It follows that, modulo k, the expression nS .x/ is
independent of x for x representing a fixed Spinc structure. By adding copies of Œ†� to S, we can ensure
that nS .x/ is divisible by k for each x 2 T˛ \Tˇ representing s. Hence,

(4-21) �a.
; �/D
nS .y/

k
�
nS .x/

k
:

We define the map
HS WCF�.†;˛;ˇ;w; s/! CF�.†;˛;ˇ;w; s/

via the formula
HS .x/D

nS .x/

k
�x;

extended equivariantly over F2ŒUw�.
After projecting to F2, equation (4-21) implies that

A
 .x/D .@HS CHS@/.x/:

We now describe a simple relation between the maps A� and B�. To describe their relation, we must
introduce a new map. If w 2w is a basepoint, we define ˆw WCF�.†;˛;ˇ;w; s/! CF�.†;˛;ˇ;w; s/
via the formula

(4-22) ˆw.x/ WD U
�1
w �

X
y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

nw.�/ � # �M.�/U
nw.�/
w �y;

extended F2ŒUw�-equivariantly. Despite the initial factor of U�1w , the map ˆw maps CF� into CF�.
Furthermore, ˆw is a chain map; see Lemma 13.13 below.

Lemma 4.7 Suppose that .†;˛;ˇ;w/ is a diagram for .Y;w/, � is an immersed curve on † with
endpoints w1 and w2, and 
 is an immersed closed curve on †. Then

(1) A
 D B
 , and

(2) A�CB� D Uw1ˆw1 CUw2ˆw2 .
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Proof The map A
 counts holomorphic strips weighted by the factor a.
; �/, while B
 counts holomor-
phic disks weighted by b.
; �/. The sum a.
; �/C b.
; �/ is the total change in multiplicity of � across
all curves (either ˛ or ˇ); however, this is zero since 
 is a closed curve. Part (1) follows.

For an arc � connecting basepoints w1 and w2, we instead have

a.�; �/C b.�; �/D nw1.�/�nw2.�/;

from which part (2) follows.

4.3 Naturality of the relative homology action

In this section, we prove the following:

Proposition 4.8 Suppose that HD .†;˛;ˇ;w/ is a diagram for .Y;w/, and � and �0 are two immersed
paths in † from w1 to w2 which represent the same element in H1.Y; fw1; w2gIZ/=Tors. Then

A� ' A�0 :

Furthermore , if H and H0 are two diagrams for .Y;w/, then

A� ı‰H!H0 '‰H!H0 ıA�:

The same holds for the map B�, as well as the homology action associated to closed loops in Y.

As a first step towards Proposition 4.8, we prove that the maps A� commute with the change of almost
complex structure maps:

Lemma 4.9 Suppose J and J 0 are two cylindrical almost complex structures on †� Œ0; 1��R which
satisfy axioms (J1)–(J5). Then

A� ı‰J!J 0 '‰J!J 0 ıA�;

where ‰J!J 0 is the change of almost complex structures map. The same relation holds for the type-B
maps.

Proof To compute ‰J!J 0 , one first picks a noncylindrical almost complex structure zJ on †� Œ0; 1��R

which agrees with J on †� Œ0; 1��.�1;�1� and agrees with J 0 on †� Œ0; 1�� Œ1;1/. The map ‰J!J 0
is defined via the formula

‰J!J 0.x/D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D0

#M zJ
.�/U

nw.�/
w �y;

extended linearly over F2ŒUw�.
We define the map HA

zJ ;�
WCF�.†;˛;ˇ;w; s/! CF�.†;˛;ˇ;w; s/ via the formula

HA
zJ ;�
.x/ WD

X
y2T˛\Tˇ

X
�2�2.x;y/
�.�/D0

a.�; �/ � #M zJ
.�/U

nw.�/
w �y;

extended linearly over F2ŒUw�.
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If � 2 �2.x;y/ is a Maslov index 1 homology class, then the 1-dimensional moduli space M zJ
.�/ can

be compactified into a compact 1-manifold, whose ends correspond to pairs of index 0 zJ -holomorphic
curves, and index 1 J - or J 0-holomorphic curves.

Using (4-4) (additivity of the quantity a.�; �/ with respect to �), it follows that

A� ı‰J!J 0 C‰J!J 0 ıA�C @J 0 ıH
A
zJ ;�
CHA

zJ ;�
ı @J D 0:

The relation for the type-B homology actions is proved analogously.

Towards proving that A� commutes with changes of the ˛ curves, we prove the following:

Lemma 4.10 Suppose that .†;˛0;˛;ˇ;w/ is a Heegaard triple such that .†;˛0;˛;w/ is a diagram for
.S1 �S2/#k for some k. Suppose that � is an immersed curve in †, with endpoints w1 and w2, or � is
an immersed closed curve. Let A0

�
, A� and B� denote the relative homology maps defined by counting

changes over the ˛0, ˛ or ˇ curves , respectively. Suppose that ‚C˛0;˛ 2 CF�.†;˛0;˛;w; s0/ is a cycle
which represents the top-degree generator of homology , and s 2 Spinc.X˛0;˛;ˇ / restricts to s0 on Y˛0;˛.
Then:

(1) F˛0;˛;ˇ;s.‚
C
˛0;˛˝A�.�//' A

0
�
ıF˛0;˛;ˇ;s.‚

C
˛0;˛˝�/.

(2) F˛0;˛;ˇ;s.‚
C
˛0;˛˝B�.�//' B� ıF˛0;˛;ˇ;s.‚

C
˛0;˛˝�/.

An analogous statement holds for triples .†;˛;ˇ;ˇ0;w/ where .†;ˇ;ˇ0;w/ is a diagram for .S1�S2/#k .

Proof We focus on the claim when � is an immersed path connecting w1 and w2. The claim when � is
an immersed closed curve is a simple modification.

Part (2) follows immediately from Lemma 4.2, though part (1) does not follow from a symmetric
argument.

By using Lemmas 4.2 and 4.7, we see

(4-23) F˛0;˛;ˇ;s.‚
C
˛0;˛˝A�.�//CA

0
� ıF˛0;˛;ˇ;s.‚

C
˛0;˛˝�/

' F˛0;˛;ˇ;s..A
0
�CA�/.‚

C
˛0;˛/˝�/

' F˛0;˛;ˇ;s..Uw1ˆw1 CUw2ˆw2/.‚
C
˛0;˛/˝�/:

However, from (4-22) we see that the maps ˆwi are C1-graded chain maps. Since Œ‚C˛0;˛� is the
highest-graded nonzero element of HF�.†;˛0;˛;w; s0/, we must have

Œˆw1.‚
C
˛0;˛/�D Œˆw2.‚

C
˛0;˛/�D 0 2 HF�.†;˛0;˛;w; s0/:

The associativity relations for holomorphic triangles imply that the map F˛0;˛;ˇ;s.@�;�/ is chain homo-
topic to the zero map for any � 2 CF�.†;˛;˛0;w; s0/. Hence,

(4-24) F˛0;˛;ˇ;s..Uw1ˆw1 CUw2ˆw2/.‚
C
˛0;˛/˝�/' 0:

Equations (4-23) and (4-24) imply part (1).
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Corollary 4.11 Suppose † is a Heegaard surface for .Y;w/, and ��† is either an immersed , closed
curve , or an immersed path connecting two basepoints. If ˛ and ˛0 are attaching curves for the ˛-
handlebody, and ˇ and ˇ0 are attaching curves for the ˇ-handlebody , then

(1) ‰ˇ˛!˛0 ıA� ' A� ı‰
ˇ
˛!˛0 , and

(2) ‰ˇ!ˇ
0

˛ ıA� ' A� ı‰
ˇ!ˇ0

˛ .

The same holds for the type-B maps.

Proof The transition maps ‰ˇ˛!˛0 and ‰ˇ!ˇ
0

˛ can both be computed via a sequence of holomorphic
triangle maps, so the result follows from Lemma 4.10.

Next we consider the transition maps associated to simple stabilizations of the Heegaard surface.

Lemma 4.12 Suppose that H0 is a simple stabilization of H, and let � denote the transition map from
CF�J .H; s/ to CF�J.T /.H0; s/. If ��† is an immersed , closed loop or path connecting two basepoints ,
then

A� ı � D � ıA�:

Proof The proof follows from the same count of holomorphic curves used to prove stabilization-invariance
[Lipshitz 2006, Proposition 12.5]. If k is an integer, let �k 2�2.c; c/ denote the class which has multiplicity
k on the single domain of .T2; ˛0; ˇ0/. The class �k has Maslov index 2k. If � 2�2.x;y/ is a homology
class of disks on H, with multiplicity k at the connected sum point, then using Lipshitz’s formula [ibid.,
equation 8] for the Maslov index together with the fact that a disk has Euler measure 1, we obtain

�.� #�k/D �.�/:

Furthermore, any homology class of disks on H0 can be written as such a connected sum.
According to the proof of [ibid., Proposition 12.5], for sufficiently large T, one has

(4-25) # �MJ .�/D # �MJ.T /.� #�k/:

A straightforward computation shows that

(4-26) a.�; �/D a.�; � #�k/:

The claim follows immediately from (4-25) and (4-26).

We now prove well-definedness of the relative homology actions:

Proof of Proposition 4.8 Suppose that � and �0 are paths from w1 to w2 in Y. The claim that A�'A�0
if � and �0 represent homologous elements of H1.Y; fw1; w2gIZ/=Tors is proven in Lemma 4.6.

To show that the map A� commutes with the transition maps up to chain homotopy, it is sufficient to
show that A� commutes with the transition maps associated to changes of the almost complex structure,
as well as each elementary Heegaard move from Lemma 3.5. Commutation of the relative homology maps
with the transition maps associated to changing the almost complex structure is proven in Lemma 4.9.
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Commutation with the maps associated to isotopies and handleslides of the ˛ and ˇ curves is proven in
Corollary 4.11. Commutation with the simple stabilization maps is proven in Lemma 4.12. Commutation
with the maps induced by isotopies of the Heegaard surface inside of Y is tautological.

5 Free-stabilization maps

In this section we describe maps for adding or removing a basepoint, which we call the free-stabilization
maps. Suppose .Y;w/ is a multipointed 3-manifold, w …w, and

� Ww!P and � 0Ww[fwg !P

are colorings satisfying � 0jw D � . In this section, we describe homomorphisms of RP -modules

SCw WCF�.Y;w� ; s/! CF�.Y; .w[fwg/�
0

; s/ and S�w WCF�.Y; .w[fwg/�
0

; s/! CF�.Y;w� ; s/:

Since the maps SCw and S�w are RP -equivariant, they induce maps on the C,1 and ^ flavors as well, by
tensoring with the identity map (see (3-1)).

We now state the formula defining the free-stabilization maps. Suppose that H D .†;˛;ˇ;w/ is a
diagram for .Y;w/ such that w 2† n .˛[ˇ/. Pick a small disk D �† n .˛[ˇ/ containing the point w.
Pick two curves ˛0 and ˇ0, inside of D, such that

j˛0\ˇ0j D 2

and both ˛0 and ˇ0 bound a disk containing w. The two intersection points of ˛0\ˇ0 are distinguished
by their relative Maslov index. Let �C and �� denote the higher-and lower-graded intersection points,
respectively. See Figure 5.

For appropriately chosen almost complex structures on†�Œ0; 1��R (described precisely in Section 5.1),
the maps SCw and S�w are defined via the formulas

(5-1) SCw .x/D x� �
C; S�w .x� �

�/D x and S�w .x� �
C/D 0;

extended RP -equivariantly.

��

�C

w

˛0 ˇ0 p0

Figure 5: A free stabilization. We can think of the dashed circle as the connected sum tube.
Alternatively, if we collapse the dashed circle to a point p0, we get a doubly pointed diagram on S2.
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5.1 Gluing data for stretching the neck

In this section, we describe precisely which almost complex structures we use to define the free-stabilization
maps.

It is convenient to view the free-stabilization operation as taking the connected sum of H with the
diagram .S2; ˛0; ˇ0; w0; p0/, at the points w and p0.

Fix an embedded disk D0 � S2 n .˛0 [ ˇ0/, centered at p0. We make the following definition to
parametrize the construction of a stretched almost complex structure:

Definition 5.1 Suppose HD .†;˛;ˇ;w/ is a diagram for .Y;w/ and w 2† n .w[˛[ˇ/. We call a
tuple dD .J d; J d

0 ;D; �/ a gluing datum for free-stabilizing at w if the following hold:

(1) D �† n .˛[ˇ/ is a closed disk containing w.

(2) J d is an almost complex structure on †� Œ0; 1��R which is split on D.

(3) J d
0 is an almost complex structure on S2 � Œ0; 1��R which is split on D0.

(4) �WS2 n
�
1
2
�D0

�
! D is an embedding which maps w0 to w. Furthermore, � maps the annulus

D0 n
�
1
2
�D0

�
conformally onto D n

�
1
2
�D
�
. Here 1

2
�D0 denotes the subdisk of radius 1

2
centered

at p0, obtained from the unique (up to rotation) conformal identification of the pair .D0; p0/ with
.fz 2C W jzj � 1g; 0/.

Given a gluing datum d for free-stabilizing at w, we can form a diagram

HC WD .†;˛[ �.˛0/;ˇ[ �.ˇ0/;w[fwg/;

which depends on the choice of d through the embedding � (though we suppress this from the notation).
We define the stretched almost complex structure J d.T / on †� Œ0; 1��R, whenever T > 0. We begin

by defining J d.T / when T D 2, by letting J d.2/ coincide with J d and J d
0 on

�
†n

�
1
2
�D
��
� Œ0; 1��R and�

S2 n
�
1
2
�D0

��
� Œ0; 1��R, respectively. For T � 2, we construct an almost complex structure J d.T / by

replacing the almost complex structure in the annulus region D n
�
1
2
�D
�

with one conformally equivalent
to the annulus D n 1

T
�D. We set J d.T /D J d.2/ if 2� T > 0.

Recall that if J and J 0 are two cylindrical almost complex structures on†�Œ0; 1��R, the transition map
‰.H;J /!.H;J 0/ can be computed by picking a noncylindrical almost complex structure zJ on †� Œ0; 1��R

which agrees with J on †� Œ0; 1�� .�1;�1� and with J 0 on †� Œ0; 1�� Œ1;1/. The transition map is
defined by counting index 0 zJ -holomorphic curves via the formula

(5-2) ‰.H;J /!.H;J 0/.x/ WD
X

�2�2.x;y/
�.�/D0

#M zJ
.�/U

nw.�/
w �y:

Write ‰ zJ for the map ‰.H;J /!.H;J 0/ appearing in (5-2), computed using zJ.

Definition 5.2 Suppose H is a Heegaard diagram and d is a gluing datum for free-stabilizing at w. We
say that a real number T > 0 satisfies stabilizing condition (SC2) if for any two T1; T2 � T, there is a
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noncylindrical almost complex structure zJ on †� Œ0; 1��R interpolating J d.T1/ and J d.T2/, such that
for all x 2 T˛ \Tˇ , we have

(SC2) ‰ zJ .x� �
C/D x� �C and ‰ zJ .x� �

�/D x� ��C
X

y2T˛\Tˇ

Cx;y �y � �
C

for some Cx;y 2 F2ŒUw� (which may depend on d, T1 and T2).

We define
SCw WCF�J d.H; �; s/! CF�J d.T /.H

C; � 0; s/;

using (5-1) whenever T satisfies condition (SC2). The map S�w is also defined using (5-1), under the
same assumption.

If J 0 is an arbitrary almost complex structure on †� Œ0; 1��R, then the map SCw from CF�J d.H; �; s/
to CF�J 0.HC; � 0; s/ is defined as the composition of the map in (5-1) together with the transition map
‰J d.T /!J 0 .

Proposition 5.3 If d is a gluing datum for free-stabilizing at w, then there is a T > 0 which satisfies
stabilizing condition (SC2).

Before proving Proposition 5.3, we prove a Maslov index formula:

Lemma 5.4 Let .S2; ˛0; ˇ0; w; p0/ denote the diagram in Figure 5. If x; y 2 ˛0\ˇ0 and �0 2 �2.x; y/
is a homology class of disks , then

�.�0/D 2nw.�0/C 2np0.�0/C gr.x; y/;

where gr.x; y/ denotes the relative Maslov grading between x and y.
Furthermore , if m1.�0/, m2.�0/, m3.�0/ and m4.�0/ denote the multiplicities of �0 in the compo-

nents of S2 n .˛0[ˇ0/, then

�.�0/Dm1.�0/Cm2.�0/Cm3.�0/Cm4.�0/:

Proof The first formula is equivalent to

gr.x; y/D �.�/� 2nw.�/� 2np0.�/;

which is the definition of the relative Maslov grading gr.x; y/.
To prove the second formula, we verify it for a constant homology class ex 2 �2.x; x/ (for which the

claim is trivial), and then note that it respects slicing in bigons. Since any two classes on this diagram can
be related by splicing in bigons, the formula follows in general.

Proof of Proposition 5.3 We focus on the claim that if T1 and T2 satisfy (SC2), then zJ can be chosen
so that

‰ zJ .x� �
C/D x� �C:

The claim about x� �� (which is the dual statement) follows by a simple modification.
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We will write p for the point w, viewed as a point on H, and write w for the new basepoint on HC.
Suppose �#�0 2�2.x��C;y�y/ is a homology class of disks with Maslov index 0 for y 2 f�C; ��g.

We will show that for T1 and T2 sufficiently large, zJ can be chosen so that if � #�0 has a zJ -holomorphic
representative, then � #�0 is the constant class, ex � e�C 2 �2.x� �

C;x� �C/. Furthermore, we will
show that ex � e�C always has a unique representative, which will imply the statement.

Suppose that T1;i and T2;i are sequences of neck lengths which both approach C1. We can pick a
sequence of interpolating almost complex structures zJi such that .†� Œ0; 1��R; zJi / contains the almost
complex manifold ..† nNi /� Œ0; 1��R; J /, where Ni is a nested sequence of open balls on † whose
intersection is fpg.

Suppose ui is a sequence of zJi -holomorphic curves representing � #�0. By adapting [Lipshitz 2006,
Proposition 12.4], we can extract a broken limiting curve on the punctured manifold .†nfpg/� Œ0; 1��R.
Such a holomorphic curve can be completed over fpg � Œ0; 1� � R to obtain a (potentially broken)
representative U of the homology class � on .†;˛;ˇ;w/.

We have

(5-3) �.� #�0/D �.�/C�.�0/� 2np0.�0/D �.�/C gr.�C; y/C 2nw.�0/:

The first equality of (5-3) is justified by Lipshitz’s formula for the Maslov index [ibid., equation 8],
together with the fact that a disk has Euler measure 1. The second equality follows from Lemma 5.4.

Since � admits a broken representative for J, we conclude that �.�/� 0 by transversality. Since the
last line of (5-3) involves only nonnegative terms, and the sum is zero, we conclude that

�.�/D gr.�C; y/D nw.�0/D 0:

Since �.�/D 0 and � admits a broken J -holomorphic representative, and J is cylindrical, it follows
that xD y and � is the constant class, ex , by transversality. Since gr.�C; y/D 0, it follows that y D �C.
Since np0.�0/D nw.�0/D 0, as well, �0 is the constant class e�C .

Conversely, ex � e�C admits a unique zJi -holomorphic representative for any i , since each zJi is
cylindrical in a neighborhood of .x� f�Cg/� Œ0; 1��R.

5.2 Free stabilization and the differential

In this section, we prove that the free-stabilization maps are chain maps. The argument is essentially the
same as [Ozsváth and Szabó 2008, Proposition 6.5]. We repeat the argument since we will later prove
several refinements and analogous holomorphic curve counts.

Proposition 5.5 Suppose H is a Heegaard diagram for .Y;w/, HC is its free stabilization at w, and d is a
gluing datum for the free stabilization. Then , for all T which satisfy (SC2),

(5-4)

@HC;J d.T /.x� �
C/D @H;J d.x/˝ �C;

@HC;J d.T /.x� �
�/D @H;J d.x/˝ ��C

X
y2T˛\Tˇ

Cx;y �y˝ �
C

for Cx;y 2 F2ŒUw; Uw � (which depend on T and d).

Geometry & Topology, Volume 30 (2026)



Graph cobordisms and Heegaard Floer homology 431

Proof Since the transition maps ‰J d.T1/!J d.T2/ are chain maps, it is easy to check that condition (SC2)
algebraically implies that if (5-4) holds for some T which satisfies condition (SC2), then it also holds for
all T which satisfy (SC2). Hence, it is sufficient to establish (5-4) for any sufficiently large T.

Equation (5-4) is implied by the following two subclaims:

(d1) The y � �� coefficient of @HC;J d.T /.x� �
C/ vanishes whenever T is sufficiently large.

(d2) If � 2 f�C; ��g and T is sufficiently large, then the y � � coefficient of @HC;J d.T /.x � �/ (an
element of F2ŒUw; Uw �) is equal to the y coefficient of @H;J d.x/ (an element of F2ŒUw�).

We will write p for the point w on †, viewed as a point on H, and write w for the basepoint on the
free-stabilized diagram HC.

Let � # �0 2 �2.x � x;y � y/ be a Maslov index 1 class. Pick a sequence of neck lengths Ti
approaching C1, and consider a sequence ui of J d.Ti /-holomorphic curves representing � #�0. For
such a sequence, we can extract a broken limit consisting of collections U , Um and U0, where U is a
collection on † n fpg � Œ0; 1��R whose total class is �, and U0 is a collection on S2 n fp0g � Œ0; 1��R

whose total class is �0. The collection Um consists of curves in the tube region S1 �R � Œ0; 1� �R

(ultimately, we will rule out any nontrivial curves in Um, due to codimension considerations). The curves
in U and U0 may be completed over p and p0 to obtain curves on the diagrams .†;˛;ˇ/ and .S2; ˛0; ˇ0/.
The process of obtaining limiting curves is described in [Lipshitz 2006, Proposition 12.4].

Since � has the broken holomorphic representative U , it follows from Proposition 3.4 that

(5-5) �.�/� 0:

On the other hand, equation (5-3) implies

(5-6) �.� #�0/D �.�/C gr.x; y/C 2nw.�0/:

We first consider subclaim (d1), when x D �C and y D ��. In this case, we conclude from (5-6) that

�.�/D 0 and nw.�0/D 0:

By transversality, � is the constant class ex, and �0 is one of the two bigons in the free-stabilization
region which have zero multiplicity over w. Both classes have unique representatives for any almost
complex structure, and hence have canceling contribution to the differential. Subclaim (d1) is established.

We now consider subclaim (d2). In this case, equation (5-6) implies

�.�/D 1 and nw.�0/D 0:

For the moment, we trim off all ghost curves from U , Um, and U0, i.e., components of the limit which
have constant image in †� Œ0; 1��R or S2� Œ0; 1��R. (We will shortly prove that, generically, no ghost
curves appear.)

Having trimmed off ghost curves, we claim that transversality is achieved at the remaining curves in U .
By Proposition 3.4, this amounts to showing that the limiting curves satisfy (M1)–(M5). The only axiom
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which is nontrivial is (M5), i.e., that the limiting curves have no components v with �Œ0;1��R ıv constant.
Having trimmed off ghost curves, we can assume that any curve v with �Œ0;1��R ı v constant has �† ı v
nonconstant. Such a curve v has Maslov index at least 2, since its domain must be a sum of connected
components of † n˛ and † nˇ, each weighted with a nonnegative integer. If we delete from U all such
curves v, then we obtain a curve at which transversality is achieved, by Proposition 3.4. However, the
Maslov index of the remaining components is at most �1 (since �.�/D 1 and we have removed curves
whose total Maslov index is at least 2). There are no holomorphic curves with Maslov index �1 at which
transversality is obtained, so such curves v are prohibited from appearing in U .

It follows that U (after trimming ghost curves) consists of a single curve uWS!†�Œ0; 1��R satisfying
(M1)–(M5). Since � has Maslov index 1, from Proposition 3.4 it also follows that u is embedded, and
hence satisfies (M6).

Let

�pWM.�/! Symnp.�/.Œ0; 1��R/

denote the map

�p.u/ WD .u ı�Œ0;1��R/..u ı�†/
�1.p//:

Consider the 1-dimensional set

X.�/ WD f�p.u/ W u 2M.�/g � Symnp.�/.Œ0; 1��R/:

By perturbing the almost complex structure slightly near p, we can assume that X.�/ is disjoint from
the fat diagonal in Symnp.�/.Œ0; 1��R/, a codimension 2 subset.

We claim that Um consists of a union of np.�/ once-covered cylinders

uWS1 �R! S1 �R� Œ0; 1��R;

which each have constant projection to Œ0; 1��R, together with some ghost curves. This follows since
the maximum modulus principle implies that the projection to Œ0; 1��R of any holomorphic curve in
S1 �R� Œ0; 1��R must be constant. The asymptotics of Um must match those of u, and hence there
must be exactly np.�/ once-covered cylinders which each project to a different point in Œ0; 1��R. Any
additional curves must have constant image in S1 �R� Œ0; 1��R. Write C for these cylinders.

There must be a component u0 of U0 which has the same asymptotics (as a curve on S2nfp0g�Œ0; 1��R)
at p0 as the cylinders in Um (which we have already reasoned are the same as the asymptotics of u at p), i.e.,

�p.u/D �p0.u0/:

Write �00 for the homology class of u0. It is not hard to see that after trimming ghost curves, u0 must
satisfy (M1)–(M5) (embeddedness, (M6), is not yet clear). Write S0 for the source curve of u0.

We now show that U0 contains no curves other than u0 and possibly ghost curves, and that u0 is
embedded (we subsequently will rule out ghost curves).
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By Proposition 3.4, for a generically chosen almost complex structure, near u0 the set M.S0; �
0
0; X.�//

is a manifold of dimension

(5-7) dimM.S0; �
0
0; X.�//D �.�

0
0/� codim.X.�//� 2Sing.u0/:

Since D.�00/�D.�0/, Lemma 5.4 implies that

(5-8) �.�00/� �.�0/ and �.�0/D 2np.�/:

(The first inequality of (5-8) can also be proven using a transversality argument.)
Since codim.X.�//D 2np.�/� 1, (5-8) implies

�.�00/� codim.X.�//C 1:

Hence, (5-7) reduces to
dimM.S0; �

0
0; X.�//� 1� 2Sing.u0/;

with equality if and only if �.�00/D �.�0/. In particular, M.S0; �
0
0; X.�// is generically empty unless

u0 is embedded and �00 D �0. It follows that U0 consists only of the unbroken curve u0, which satisfies
(M1)–(M6), as well as possibly some ghost curves.

We now show that, generically, no ghost curves appear in U , Um or U0. Our argument is essentially
standard; see [Lipshitz et al. 2018, Lemma 5.57]. Let us write Si for the source of ui (a curve in our original
sequence of J d.Ti /-holomorphic curves). As one stretches the neck, the sources Si degenerate along a
collection of boundary-to-boundary arcs and closed loops, as in the Deligne–Mumford compactification
of stable curves. We can assume that all of the sources Si are topologically identified with a fixed surface,
which we denote by yS. The limiting curve is a nodal curve, with nodes on the boundary or interior,
corresponding to where arcs and closed curves in yS collapse. Furthermore, we can assume that all of the
curves which appear in the limit are stable, which implies that each ghost curve which is a disk or sphere
has at least three nodes. Let G1; : : : ; Gn denote the ghost components.

Let us glue any nodes connecting two ghost components, and smooth any identified pair of nodes on a
single ghost component. Abusing notation slightly, we write G1; : : : ; Gn for the resulting surfaces, which
we call the smoothed ghosts. Note that gluing and smoothing ghost curves preserves stability.

We make the following claims about the smoothed ghosts:

(g1) There are no ghosts which have image in fpg � Œ0; 1��R or fp0g � Œ0; 1��R.

(g2) Each Gi has exactly one node to S, S0, or to a cylinder in C in the tube region.

(g3) Each Gi has no boundary components with no nodes.

(g4) Each Gi has genus at least 1.

Claim (g1) follows since the limiting collections U and U0 are obtained by taking collections of curves
in † n fpg � Œ0; 1��R and S2 n fp0g � Œ0; 1��R, and completing over the points p and p0.

Claim (g2) is established as follows. That there is at least one node is easy to see: if there are no
nodes on some Gi , then ui must contain a closed, null-homologous component, which is prohibited by
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axiom (M5). To see that there cannot be more than one node connecting a ghost Gi to S or Si , we note
that such a configuration would imply that u or u0 had a double point, which are prohibited since u
and u0 are embedded.

We now prove claim (g3). IfGi had a boundary component with no nodes, then for large j the unbroken
curve uj would have a boundary component with no punctures, which must be mapped to †�f0; 1g�R.
However, such a configuration violates the maximum modulus principle applied to �Œ0;1��R ıuj .

Finally, claim (g4) is proven by noting that each Gi is stable, and has at most one node and boundary
component by claims (g2) and (g3), so must have genus at least 1.

Having established claims (g1)–(g4), we now prove that, generically, ghosts do not appear. Lipshitz’s
formula [2006, equation 6] for the Fredholm index implies

(5-9) ind.S; �/D d ��.S/C 2e.D.�// and ind.S0; �0/D 1��.S0/C 2e.D.�0//;

where d D j˛j D jˇj and e.D.�// is the Euler measure of the domain of �. We have already reasoned
that the Fredholm indices in (5-9) are 1 and 2np.�/, respectively, since � and �0 have Maslov indices 1
and 2np.�/, respectively, and u and u0 are embeddings. Similarly,

(5-10) ind. yS; � #�0/D .d C 1/��. yS/C 2e.D.� #�0//;

which also must be 1, since the ui are embedded and have Maslov index 1, by assumption. Noting that
e.D.� #�0//D e.D.�//C e.D.�0//� 2np0.�0/, equations (5-9) and (5-10) combine to imply that

(5-11) �. yS/D �.S/C�.S0/� 2np0.�0/:

Finally, equation (5-11) prohibits any ghost components in U , Um or U0: yS may be topologically
constructed by gluing S and S0 along the np0.�0/ punctures, as well as gluing any ghost components in.
However, claims (g2), (g3) and (g4) imply that gluing in each Gi drops �. yS/ by at least 2, contradicting
(5-11). We conclude that, generically, no ghost curves appear in U , Um or U0.

Summarizing, any sequence ui of J d.Ti /-holomorphic curves representing � #�0 has a subsequence
which converges to a pair .u; u0/ which satisfies (M1)–(M6) and �p.u/D �p0.u0/.

We can view such a pair .u; u0/ as being a point in the compactification of the 1-dimensional moduli
space

(5-12)
[
T>0

�MJ d.T /.� #�0/:

Standard gluing results for holomorphic curves (see [Lipshitz 2006, Proposition A.2; Bourgeois 2002,
Section 5.3]) imply that for sufficiently large T, near .u; u0/ the compactification of the moduli space
in (5-12) is modeled on a half-open interval times a fibered product,

(5-13) Œ0; 1/�
�
.MJ d.�/��MJ d

0
.�0//=R

�
:
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Since �.�/D 1, the set �MJ d.�/ is 0-dimensional. Hence, the characterization (5-13) implies that for
sufficiently large T,

(5-14) # �MJ d.T /.� #�0/�
X

u2 �M.�/

# �MJ d
0
.�0; �

p.u// .mod 2/:

According to [Ozsváth and Szabó 2008, Lemma 6.4], if k > 0 and d 2 Symk.Œ0; 1��R/ is in the
complement of the fat diagonal, then

(5-15)
X

�02�2.�;�/
np0 .�0/Dk

nw.�0/D0

#MJ d
0
.�0;d/� 1 .mod 2/:

Subclaim (d2) now follows by combining equations (5-14) and (5-15), together with our argument which
showed that the only index 1 classes � #�0 2 �2.x� �;y � �/ which have holomorphic representatives
for large T have �.�/D 1 and nw.�0/D 0.

Corollary 5.6 Suppose .Y;w/ is a multipointed 3-manifold , w 2 Y nw, and � Ww! P is a coloring
which is extended by � 0Ww[fwg !P. For sufficiently large T, the maps

SCw WCF�J d.H; �; s/! CF�J d.T /.H
C; � 0; s/ and S�w WCF�J d.T /.H

C; � 0; s/! CF�J d.H; �; s/

are chain maps.

Proof The claim is a restatement of Proposition 5.5, using the definition of the free-stabilization maps
in (5-1).

5.3 Free stabilization and holomorphic triangles

In this section, we prove an analog of Proposition 5.5 for holomorphic triangles. If T D .†;˛;ˇ;
;w/
is a multipointed Heegaard triple and w 2† n .˛[ˇ[
 [w/, consider the triple

T C WD .†;˛[f˛0g;ˇ[fˇ0g;
 [f
0g;w[fwg/;

where ˛0, ˇ0 and 
0 are new attaching curves contained in a small neighborhood of w on †. Furthermore,
assume that the free-stabilization region has the configuration shown in Figure 6. In particular,

j˛0\ˇ0j D jˇ0\ 
0j D j˛0\ 
0j D 2:

If .†;˛;ˇ;
;w/ is a Heegaard triple and .†;˛ [ f˛0g;ˇ [ fˇ0g;
 [ f
0g;w [ fwg/ is its free
stabilization, then there is a canonical diffeomorphism

(5-16) X˛[f˛0g;ˇ[fˇ0g;
[f
0g ŠX˛;ˇ;
 ;

where X˛;ˇ;
 is the 4-manifold defined in (3-23). Equation (5-16) follows from the fact that neither the
Heegaard surface † nor the handlebodies U˛, Uˇ or U
 are changed by a free stabilization.
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p0˛0

w

ˇ0
0

yC

y�

xC

x� zC

z�

Figure 6: A free-stabilized Heegaard triple. If we collapse the dashed circle to the point p0, we
get the doubly based Heegaard triple .S2; ˛0; ˇ0; 
0; p0; w/.

It is straightforward to verify that the Spinc structure map sw from (3-24) is also unchanged, in the
sense that if  # 0 2 �2.x � x;y � y; z � z/ is a homology class of triangles on the free-stabilized
diagram, then

sw. # 0/D sw. /;

with respect to the diffeomorphism from (5-16).

Theorem 5.7 Suppose T is a Heegaard triple , T C is its free stabilization at the point w, and d is a gluing
datum for free stabilization. Then , for sufficiently large T, we have

FT C;J d.T /;s.S
C
w .�/; S

C
w .�//D S

C
w FT ;J d;s.�;�/;

S�wFT C;J d.T /;s.S
C
w .�/;�/D FT ;J d;s.�; S

�
w .�//;

S�wFT C;J d.T /;s.�; S
C
w .�//D FT ;J d;s.S

�
w .�/;�/:

Before we prove Theorem 5.7, we prove a useful Maslov index formula:

Lemma 5.8 Suppose that  0 2 �2.x; y; z/ is a homology class of triangles on the Heegaard triple
.S2; ˛0; ˇ0; 
0; w; p0/ in Figure 6. Then

�. 0/D�gr.xC; x/� gr.yC; y/C gr.zC; z/C 2nw. 0/C 2np0. 0/:

If m1. 0/; : : : ; m8. 0/ denote the multiplicities of  0 in each of the eight regions of S2n.˛0[ˇ0[
0/,
then

�. 0/D
1
2
.m1. 0/C � � �Cm8. 0/� 1/:

Proof Both formulas can be verified using the same strategy. First, both are easily checked for the
triangle class in �2.xC; yC; zC/ whose domain consists of a single component of S2 n .˛0[ˇ0[ 
0/
with multiplicity 1. Both formulas respect splicing in any of the 12 bigons on the diagram. Since any two
triangle classes can be related by splicing in such bigons, both formulas follow in general.
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Proof of Theorem 5.7 The proof is similar to the proof of Proposition 5.5.
Rephrasing the statement in terms of intersection points, it suffices to show that if T is sufficiently large,

then

(5-17)

FT C;J d.T /;s.x� x
C;y �yC/D FT ;J d;s.x;y/˝ z

C;

FT C;J d.T /;s.x� x
C;y �y�/D FT ;J d;s.x;y/˝ z

�
C

X
z2T˛\T


C 1x;y;z � z� z
C;

FT C;J d.T /;s.x� x
�;y �yC/D FT ;J d;s.x;y/˝ z

�
C

X
z2T˛\T


C 2x;y;z � z� z
C

for C 1x;y;z; C
2
x;y;z 2 F2ŒUw; Uw � (which depend on T and d).

Suppose that  # 0 2 �2.x � x;y �y; z� z/ is a homology class of triangles with Maslov index 0.
Define the quantity

ı.x; y; z/ WD �gr.xC; x/� gr.yC; y/C gr.zC; z/:

It is easy check that (5-17) is implied by the following two subclaims:

(f1) If ı.x; y; z/D 1, then any Maslov index 0 class in �2.x�x;y�y; z�z/ has no J d.T /-holomorphic
representatives if T is sufficiently large.

(f2) If ı.x; y; z/D 0, then the z� z coefficient of FT ;J d.T /;s.x� x;y �y/ is equal to the z coefficient
of FT ;J d;s.x;y/.

The classes with ı.x; y; z/ 2 f�2;�1g do not contribute to the present theorem statement.
In our proof, we will write p 2 † for the point w, viewed as a point on the unstabilized Heegaard

triple, and write w for the new basepoint on the free-stabilized Heegaard triple.
We compute

(5-18) �. # 0/D �. /C�. 0/� 2np0. 0/D �. /C ı.x; y; z/C 2nw. 0/:

The first equality of (5-18) follows from Sarkar’s formula [2011] for the Maslov index, as well as the fact
that a disk has Euler measure 1. The second equality follows from Lemma 5.8.

Suppose that  # 0 admits holomorphic representatives for arbitrarily large neck length parameter T.
As in the proof of Proposition 5.5, we may find a subsequence which converges to broken collections
of curves U , Um and U0, on †��, S1 �R�� and S2 ��, and their cylindrical ends, †� Œ0; 1��R,
S1 �R� Œ0; 1��R and S2 � Œ0; 1��R.

Consider claim (f1). In particular,  and  0 both admit broken representatives. Using (5-18) and
the equalities �. # 0/D 0 and ı.x; y; z/D 1, we conclude that �. /D�1. However, the triangular
analog of Proposition 3.4 implies that, generically, M. / is empty, contradicting the existence of the
broken triangle U . Claim (f1) follows.

We now consider claim (f2). Let  # 0 denote a class with ı.x; y; z/ D 0, and let U , Um and U0
denote broken holomorphic triangles arising in the limit. We conclude from (5-18) and transversality that
�. /D 0.
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As a first step, trim off any ghost components of U , Um and U0 (i.e., curves which have constant image
in †�� or one of its cylindrical ends). We will later see that ghost curves do not appear generically.

Next, we claim that U cannot contain any curves v mapping into †�� or one of its cylindrical ends,
such that �� ıv (or �Œ0;1��R ıv) is constant, but �† ıv is nonconstant. Such a curve v must have Maslov
index at least 2, since it has domain equal to a nonnegative integral combination of components of † n˛,
†nˇ and †n
 . The presence of such a curve would force the remaining curves, on which transversality
is obtained, to have Maslov index at most �2, which is impossible, generically.

Consequently, all curves in U (except the ghost components) satisfy the analogs of (M1)–(M5), so, by
the analog of Proposition 3.4 for triangles, transversality is obtained at u. Since �. /D 0, it follows from
transversality that U consists only of a single holomorphic triangle u satisfying the analogs of (M1)–(M6)
for holomorphic triangles (as well as possibly ghost curves). In particular, u is embedded.

Arguing identically to the proof of Proposition 5.5, the curves of Um, generically, consist of np.�/
once-covered cylinders, which each map to a distinct point in �. (There may also be ghost components
in Um, though we will shortly rule those out.)

There must be a curve u0 in U0 whose asymptotics (before completing over fpg��) match those of u,
i.e.,

(5-19) �p.u/D �p0.u0/;

where �pWM. /! Symnp. /.�/ is the map defined analogously to (3-5).
Let  00 denote the homology class of u0. Since D. 00/�D. 0/, we conclude from Lemma 5.8 that

(5-20) �. 00/� �. 0/D 2np0. 0/:

Define

X. / WD f�p.u/ W u 2M. /g;

a 0-dimensional subset of Symnp. /.�/.
Write S0 for the topological source of u0. Using Proposition 3.4 and (5-20), for a generically chosen

almost complex structure,

(5-21) dimM.S0;  
0
0; X. 0//D �. 

0
0/�Sing.u0/� codimX. 0/

D �. 00/�Sing.u0/� 2np0.u0/

� �Sing.u0/:

Furthermore, equality holds if and only if �. 00/D �. 0/D 2np0.u0/ and Sing.u0/D 0. Consequently,
if M.S0;  

0
0; X. 0// is nonempty, we must generically have �. 00/ D �. 0/ and Sing.u0/ D 0. In

particular, U0 cannot have any other components (other than ghost components) and u0 must be embedded.
The appearance of ghost components in U and U0, which we trimmed off earlier, can be prohibited

from appearing generically by using the same index argument as in the proof of Proposition 5.5.
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Summarizing, if Ti is a sequence of neck lengths approaching C1, then any sequence of J d.Ti /-
holomorphic triangles ui representing  # 0 has limit equal to a pair .u; u0/ of holomorphic triangles
satisfying (M1)–(M6) and �p.u/D �p0.u0/.

As in the proof of Proposition 5.5, for large T, gluing gives a bijection

(5-22) MJ d.T /. # 0/ŠMJ d. /��MJ d
0
. 0/:

Since MJ d. / is 0-dimensional, counting MJ d.T /. # 0/ is reduced to the problem of counting the
elements in the matched moduli space MJ d

0
. 0;d/ for generic d 2 Symn.�/. We will show that, for

generic J d
0 ,

(5-23)
X

 02�2.x;y;z/
nw0 . 0/D0

np0 . 0/Dn

#MJ d
0
. 0;d/� 1 .mod 2/

whenever ı.x; y; z/D 0 and d 2 Symn.�/ is not in the fat diagonal.
To establish (5-23), we use the following cobordism argument. Consider a path .dt /t2Œ1;1/ such that:

(1) d1 D d .

(2) Each dt is not contained in the fat diagonal.

(3) As t !1, the points in dt all travel to1 in the ˛-ˇ cylindrical end of �.

(4) If we identify the ˛-ˇ cylindrical end of � with Œ0; 1�� .�1; 0�, then the points of dt are spaced at
least t distance apart for large t .

(5) The Œ0; 1�-component of each point of dt approaches some fixed s0 2 .0; 1/.

Write

D WD fdt W t 2 Œ1;1/g:

Consider the ends of the 1-dimensional moduli space

M.x;y;z/.D/ WD
a

 02�2.x;y;z/
nw0 . 0/D0

np0 . 0/Dn

MJ d
0
. 0;D/:

There are three types of ends to consider:

(e1) curves at t D 1;

(e2) degenerations occurring at finite t 2 .1;1/;

(e3) limiting curves as t !1.

Ends of M.x;y;z/.D/ of type (e1) correspond to the disjoint union of MJ d
0
. 0;d/ over all  0 2

�2.x; y; z/ with nw. 0/D 0.
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Ends of M.x;y;z/.D/ of type (e2) correspond to sequences of holomorphic triangles in M.x;y;z/.D/
degenerating into a broken holomorphic triangle at some finite t 2 .0;1/. We wish to show that such a
degeneration can consist only of a holomorphic strip and triangle, both satisfying (M1)–(M6) or their
triangular analogs. Furthermore, the holomorphic strip must have Maslov index 1, and zero multiplicity
on p0, and the triangle must have Maslov index 2np0. 0/� 1, and must match some dt .

Let V denote a broken holomorphic triangle appearing as the limit of a sequence of curves in
M.x;y;z/.D/ at some t 2 .1;1/. There must be a holomorphic triangle v0 of V which matches dt .

Delete curves v in V which do not map into †��, or such that �� ıv is constant. Since nw. 0/D 0,
there are no nonghost components v of V such that ��ıv is constant and equals a point of dt . Consequently,
after removing any components whose projection to� is constant, the remaining curve v0 still matches dt
and satisfies the triangular analogs of (M1)–(M5) (embeddedness, (M6), is not clear yet). Write  00 for
the homology class of v0 and S0 for the source curve of v0. By the triangular analog of Proposition 3.4,
the space M.S0;  

0
0;D/ is transversely cut out and of dimension

(5-24) �. 00/� 2Sing.u0/� codim.D/D �. 00/� 2Sing.v0/� .2jd j � 1/:

The quantity Sing.v0/ takes values in 1
2
�Z�0; a singularity along the interior contributes 1, while a

singularity along the boundary contributes 1
2

. Note that �. 0/D 2jd j, and �. 00/��. 0/ by Lemma 5.8.
Hence, equation (5-24) implies that there are two possibilities which are not prohibited by dimension
counts: �. 00/D 2jd j�1 and Sing.v0/D 0 (v0 is embedded); or �. 00/D 2jd j and Sing.v0/D 1

2
(v0 has

a singular point along its boundary).
We now rule out a boundary double point. A boundary double point arises when a boundary-to-boundary

arc c in the source curve collapses. Suppose vi WS ! S2�� is a sequence of curves in M.x;y;z/.D/, all
sharing the same topological source, which realizes such a degeneration. Write @˛S, @ˇS and @
S for
the subsets of @S which map to ˛0, ˇ0 and 
0, respectively. If q1 and q2 are the two ends of c, then both
q1 and q2 must be contained in a single one of @˛S, @ˇS or @
S. Condition (J04) implies that vi j@�S is
monotonic for � 2 f˛; ˇ; 
g. Consequently, if a boundary double point forms, the subarc region between
q1 and q2 along the boundary of S must map constantly to �, in the limit. Consequently, the limiting
curve must have a component which is a boundary degeneration. Since D is bounded away from @�, and
all curves in M.x;y;z/.D/ have zero multiplicity on w, boundary degenerations cannot form in the ends
of M.x;y;z/.D/, since any boundary degeneration on .S2; ˛0; ˇ0; 
0/, covers one of p0 or w. It follows
that Sing.v0/D 0 and

�. 00/ 2 f2jd j; 2jd j � 1g:

If �. 00/ D 2jd j D �. 0/, then the remaining curves in the broken triangle have Maslov index 0.
Using transversality, it is not hard to see that any such curves must be constant holomorphic strips in the
cylindrical ends. By definition, constant strips are not stable, so cannot appear in a broken triangle in the
boundary of M.x;y;z/.D/. Hence, no curves with �. 00/D 2jd j appear in the boundary of M.x;y;z/.D/
for t 2 .1;1/.
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Next, we consider the case that �. 00/D 2jd j � 1. In this case, the remaining curves (call them V1)
have total Maslov index 1. It is straightforward to see that this implies that V1 consists of a single
holomorphic flowline v1 on S2 � Œ0; 1��R on one of the three subdiagrams .S2; ˛0; ˇ0/, .S2; ˇ0; 
0/
or .S2; ˛0; 
0/. The curve v1 must have multiplicity zero on p0 and w. Since the differential vanishes
on all three complexes cCF.S2; ˛0; ˇ0; p0; w/, cCF.S2; ˛0; 
0; p0; w/ and cCF.S2; ˇ0; 
0; p0; w/, ends of
type (e2) come in canceling pairs.

Finally we consider the ends of type (e3). Using the Maslov index formulas from Lemmas 5.4 and 5.8,
together with the transversality result from Proposition 3.4 (as well as its triangular analog for curves in
S2 ��), we can show that the limit of a sequence of curves with t !1 must consist of jd j flowlines
v1; : : : ; vjd j on .S2; ˛0; ˇ0/, representing Maslov index 2 classes in �2.x; x/ with np0 D 0, each of
which matches some fixed point d 2 Œ0; 1��R, as well as a single index 0 holomorphic triangle v with
Maslov index 0 and nw.v/D np0.v/D 0. Using [Lipshitz 2006, Proposition A.1] to glue, such ends of
M.x;y;z/.D/ at t D1 correspond to the 0-dimensional space

(5-25)
� a

 002�2.x;y;z/

nw. 
0
0 /Dnp0 . 

0
0 /D0

M. 00 /

�
�

� a
�2�2.x;x/
np0 .�/D1

nw.�/D0

M.�; d/

�jd j
:

It is easy to verify that there is only one nonnegative class  00 2 �2.x; y; z/ with Maslov index 0 and
nw. 

0
0 /D np0. 

0
0 /D 0. Furthermore,  00 has a unique representative by the Riemann mapping theorem.

Using Ozsváth and Szabó’s count from (5-23), the number of elements in the set in (5-25) is 1, modulo 2.
In particular, counting up all ends of M.x;y;z/.D/, equation (5-23) follows.

Combining (5-22) and (5-23) yields claim (f2), completing the proof.

5.4 Independence from the gluing datum

In this section, we prove that the free-stabilization maps are independent of the choice of gluing datum:

Proposition 5.9 Suppose H is diagram for .Y;w/, d1 and d2 are two gluing data for free-stabilizing at w,
and T1 and T2 satisfy the stabilizing condition (SC2) for d1 and d2, respectively. Write HC1 and HC2 for
the two free-stabilized diagrams constructed from H, d1 and d2 (note that HC1 and HC2 differ only in the
embedding of ˛0 and ˇ0 in the free-stabilization region). The following diagram commutes up to chain
homotopy:

(5-26)

CF�
J d1
.H; s/ CF�

J d2
.H; s/

CF�
J d1 .T1/

.HC1 ; s/ CF�
J d2 .T2/

.HC2 ; s/

‰
Jd1!Jd2

S
C
w S

C
w

‰
.HC
1
;Jd1.T1//!.H

C
2
;Jd2.T2//

An analogous relation holds for the maps S�w .

Proof Note that if the claim holds for any particular T1 and T2 which satisfy (SC2), then it holds for all
T1 and T2 which satisfy (SC2).
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Let us call two gluing data d1 and d2 equivalent, and write d1 � d2, if, for all sufficiently large
T1 and T2, the diagram in (5-26), as well as its analog for S�w , commutes up to chain homotopy. The
relation of two gluing data being equivalent is transitive and reflexive. It is sufficient to show that all
generic gluing data are equivalent.

The proof is an elaboration of the proofs of Propositions 5.3 and 5.5. We prove the main statement in
three steps. Write

d1 D .J1; J0;1;D1; �1/ and d2 D .J2; J0;2;D2; �2/:

Step 1 If D1 DD2, J1jDi�Œ0;1��R D J2jDi�Œ0;1��R, J0;1 D J0;2 and �1 D �2, then d1 � d2.

We can pick an almost complex structure zJ on †� Œ0; 1��R which interpolates J1 and J2 and is
cylindrical on Di � Œ0; 1��R. Since J0;1 D J0;2 and �1 D �2, using zJ we can construct almost complex
structures zJ .T / which interpolate J d1.T / and J d2.T / and agree with zJ on

�
† n 1

T
�D
�
� Œ0; 1��R.

We claim that if T is sufficiently large, then

(5-27) ‰ zJ.T /.x��
C/D‰ zJ .x/��

C and ‰ zJ.T /.x��
�/D‰ zJ .x/��

�
C

X
y2T˛\Tˇ

Cx;y �y��
C

for Cx;y 2F2ŒUw� (depending on T, d1 and d2). Note that (5-27) is equivalent to the statement that d1�d2.
Equation (5-27) follows from a modification of the proof of Proposition 5.5. We briefly sketch the

argument.
Suppose that � # �0 2 �2.x � x;y � y/ is a homology class of disks with Maslov index 0. If Ti is

a sequence of neck lengths approaching C1, then, from a sequence ui of zJ .Ti / holomorphic curves
representing � #�0, we may extract two broken limiting curves, U and U0, representing � and �0. From
Lemma 5.4, we know

0D �.� #�0/D �.�/C gr.x; y/Cnw.�0/:

Equation (5-27) involves only classes with gr.x; y/� 0. Since � and �0 both have broken representatives,
we conclude that �.�/ � 0. Furthermore, if gr.x; y/ D 1, then there are no representatives of � # �0.
Hence, if � #�0 has a representative for large T and gr.x; y/� 0, then

0D �.�/D gr.x; y/D nw.�0/:

Exactly one story of U will be zJ -holomorphic, while the others will be J d1- or J d2-holomorphic. Since
�.�/D 0, U can consist only of a single, embedded curve u, which is zJ -holomorphic. The collection U0
will have a matching component u0 which satisfies �w.u/D �p.u0/. Using a transversality argument,
analogous to the one described in Proposition 5.5, for generically chosen J0, u0 will be the only curve
in U0, and u0 will be embedded. From here, the argument proceeds via a gluing argument, analogous to
the proof of Proposition 5.5.

Step 2 If J1 D J2 and D1 DD2, then d1 � d2.

The transition map‰
.HC1 ;J

d1 .T1//!.HC2 ;J
d2 .T2//

can be written as a composition of the map induced by
a diffeomorphism �W†!† which is supported in a small neighborhood of 1

2
�D, which moves the image
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of the ˛0 and ˇ0 curves under �1 to their images under �2, followed by a map ‰ zJ which counts index 0
zJ -holomorphic disks for an almost complex structure zJ which interpolates ��J d1.T1/ and J d2.T2/.

The diagram
CF�J .H; s/ CF�J .H; s/

CF�
J d1 .T1/

.HC1 ; s/ CF�
��J

d1 .T1/
.HC2 ; s/

id

S
C
w S

C
w

��

clearly commutes, so it is sufficient to show that the analogous diagram involving ‰��J d1 .T1/!J
d2 .T2/

also commutes. It is sufficient to show that the diagram commutes whenever T1 and T2 are sufficiently
large. Furthermore, using condition (SC2), we can assume T1 D T2.

Since �� is the identity outside of a neighborhood of 1
2
� D, we can choose zJ so that it agrees

with J di .T / (for both i D 1; 2) on†n 1
2
�D. However, equipped with the almost complex structure J di .T /,�

† n 1
2

�
� Œ0; 1��R is holomorphically equivalent to

��
† n 1

T
�D
�
� Œ0; 1��R; J

�
.

For a sequence Ti approaching C1, we pick a sequence zJi of interpolating almost complex structures
between ��J d1.Ti / and J d2.Ti /. Given zJi -holomorphic representatives ui of an index 0 class � # �0,
we extract a limit to broken curves U and U0. As in Step 1, this implies that there are no representatives
of classes with gr.x; y/D 1, and the only remaining classes of interest have

�.�/D gr.x; y/D nw.�0/D 0:

However, U is a broken J -holomorphic curve, which is a cylindrical almost complex structure. Since
�.�/ D 0, it follows from transversality that U can consist only of a single story, consisting of a
representative of the constant class ex. Since � #�0 has Maslov index 0 and � D ex, we clearly must
have �0 D fe�C ; e��g. On the other hand, it is straightforward to see that the classes ex � ex will always
have zJi -holomorphic representatives. The stated formula follows.

Step 3 If d1 and d2 are generic , then d1 � d2.

Write Ji as ji � jŒ0;1��R on Di . By the uniformization theorem, there is a conformal diffeomorphism
between .D1; j1/ and .D2; j2/ which fixes w, which we can assume extends to a diffeomorphism from
† to itself and which fixes ˛[ˇ[w[fwg.

Writing � also for the induced diffeomorphism of †� Œ0; 1��R, we tautologically have a commutative
diagram

(5-28)

CF�J1.H; s/ CF���J1.H; s/

CF�
J d1 .T /

.HC1 ; s/ CF�
J��d1 .T /

.HC2 ; s/

��

S
C
w S

C
w

��

Since both horizontal arrows in (5-28) agree with the maps from naturality,

d1 � ��.d1/:
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Define the gluing datum d0 WD .��.J1/; J0;2;D2; �2/. Step 2 shows that

��.d1/� d0:

Step 1 implies that
d0 � d2:

By transitivity of �, the proof is complete.

5.5 Commuting simple stabilizations and free stabilizations

Lemma 5.10 The transition maps for a simple stabilization commute with the free-stabilization maps.

Proof We will focus on the positive free-stabilization map SCw since S�w is the dual map. Write � for
the simple stabilization map. Suppose that the following hold:

(1) HD .†;˛;ˇ;w/ is a diagram for .Y;w/.

(2) HC D .†;˛[f˛0g;ˇ[fˇ0g;w[fwg/ is a free stabilization of H.

(3) H� D .†0;˛[f˛0g;ˇ[fˇ0g;w/ is a simple stabilization of H.

(4) HC� D .†0;˛[f˛0; ˛0g;ˇ[fˇ0; ˇ0g;w[fwg/ is obtained from H by performing both stabilizations.

The formulas for � and SCw appear to commute; however, it is not clear that a single almost complex
structure can be chosen to compute both maps, since � requires stabilizing condition (SC1) to be satisfied,
while SCw requires condition (SC2) to be satisfied.

The main claim amounts to showing the following subclaim:

Subclaim 5.10.1 If T D .T; T 0/ is a pair of neck lengths , write J.T / for the almost complex structure on
†0�Œ0; 1��R which has had a neck of length T added in the free-stabilization region , and a neck of length
T 0 inserted in the simple-stabilization region. If T1 and T2 are two pairs all of whose components are
sufficiently large , then there is a noncylindrical almost complex structure zJ on†0�Œ0; 1��R, interpolating
J.T1/ and J.T2/, such that

‰ zJ .x� c � �
C/D x� c � �C; ‰ zJ .x� c � �

�/D x� c � ��C
X

y2T˛\Tˇ

Cx;y �y � c � �
C

for Cx;y 2 F2ŒUw�.

The proof of Subclaim 5.10.1 is a double neck-stretching argument similar to the proof of Proposition 5.3.
We can write any homology class on HC� as �#�0#�0, where � 2�2.x;y/ is a class on H, �02�2.x; y/

is a class on .S2; ˛0; ˇ0/, and �0 2 �2.c; c/ is a homology class on .T2; ˛0; ˇ0/. Adapting the proof of
Lemma 5.4, we have

(5-29) �.� #�0 #�0/D �.�/C gr.x; y/C 2nw.�0/:

Suppose T1;i and T2;i are sequences of pairs of neck lengths all of whose components approach C1.
We can pick a sequence of noncylindrical almost complex structures zJi interpolating J.T1;i / and J.T2;i /
such that .†0�Œ0; 1��R; zJi / contains an almost complex submanifold equivalent to ..†nNi /�Œ0; 1��R; J /
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for a nested sequence of open subsets Ni � Ni�1 � † such that
T
i Ni consists of exactly two points

(the two connected sum points), and a cylindrical almost complex structure J on †� Œ0; 1��R.
If � #�0 #�0 admits a sequence ui of zJi -holomorphic representatives, then we can extract a broken

J -holomorphic representative of � on†�Œ0; 1��R. By examining (5-29), we conclude that if gr.x; y/�0
(which are the only cases relevant to Subclaim 5.10.1), then

�.�/D nw.�0/D 0:

Since � has a broken representative and �.�/D 0, we conclude that � must be the constant class ex , by
transversality. Since nw.�0/D 0, this also implies that �0 is one of the constant classes e�C or e�� , and
�0 is the constant class ec . Conversely, the constant class ex � e�˙ � ec always has a zJi -holomorphic
representative. The subclaim follows, and so does the main claim.

5.6 Invariance of the free-stabilization maps

In this section, we put our previous results together and prove invariance of the free-stabilization maps:

Theorem 5.11 The free-stabilization maps SCw and S�w defined in Section 5.1 determine well-defined
chain maps on the level of transitive systems of chain complexes.

Before we prove Theorem 5.11, we need the following topological result about embeddings of Heegaard
diagrams:

Lemma 5.12 Suppose .Y;w/ is a multipointed 3-manifold , and p�Y nw is a finite collection of points. If
H1D .†1;˛1;ˇ1;w/ and H2D .†2;˛2;ˇ2;w/ are two Heegaard diagrams such that p�†i n.˛i[ˇi /
for i D 1; 2, then H1 and H2 can be connected by a sequence of the following moves:

(1) handleslides and isotopies of the ˛ and ˇ curves (possibly passing over the points in p);

(2) simple stabilizations , away from w[p;

(3) isotopies �t W†! Y of the Heegaard surface which are fixed on w[p for all t .

Proof Consider Morse functions with gradient-like vector fields .f1; v1/ and .f2; v2/ on Y which induce
H1 and H2 (i.e., †i is a middle level set of fi , and ˛i is the intersection of the ascending manifolds of
the index 1 critical points of fi with †, and ˇi is the intersection of the descending manifolds of the
index 2 critical points of fi ). We may pick a path .ft ; vt /t2Œ1;2� of functions with gradient-like vector
fields, connecting .f1; v1/ and .f2; v2/, such that the following hold:

(1) The pair .ft ; vt / is Morse–Smale at all but finitely many t .

(2) At the finitely many t where ft fails to be Morse, an index 1
2

birth or death singularity occurs
(corresponding to a simple stabilization of the Heegaard surface).

(3) At the finitely many t where the pair .ft ; vt / fails to be Smale, a handleslide between two ˛ curves
or ˇ curves occurs.
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This implies that the three stated moves suffice to connect H1 and H2, except that we have not yet ensured
that an isotopy appearing in an instance of move (3) can be taken to respect the points p.

Generically, we can assume the following:

(1) p is disjoint from the flowlines of any vt passing through w.

(2) p is disjoint from the descending manifolds of any index 1 critical point of any ft .

(3) p is disjoint from the ascending manifolds of any index 2 critical point of any ft .

Let us write †t for a middle level set of each ft . We can thus assume that for each p 2 p and t 2 Œ1; 2�,
there is a flowline ft;p which connects p with a point on †t nw. By performing an isotopy of each †t in
a neighborhood of ft;p , we can ensure that p �†t for all t . Consequently, if �t is an isotopy appearing
in an instance of move (3), we can assume that p � �t .†/.

Finally, if �t W†! Y is an isotopy which fixes w and is such that p � �t .†/ for all t , there will,
generically, be finitely many t where the image of a point in p intersects an ˛ or ˇ curve. Such an
isotopy �t may thus be decomposed as a sequence of isotopies where p is fixed, as well as isotopies of
the type appearing in move (1), where the ˛ and ˇ curves are moved but the Heegaard surface is fixed.

Proof of Theorem 5.11 As S�w is dual to SCw , we focus on the claim for SCw . The proof amounts
to showing that if H1 D .†1;˛1;ˇ1;w/ and H2 D .†2;˛2;ˇ2;w/ are two diagrams such that w 2
†i n .˛i [ ˇi /, and d1 and d2 are two gluing data, then the following diagram commutes up to chain
homotopy:

(5-30)

CF�
J d1
.H1; s/ CF�

J d2
.H2; s/

CF�
J d1 .T1/

.HC1 ; s/ CF�
J d2 .T2/

.HC2 ; s/

‰
Jd1!Jd2

S
C
w S

C
w

‰
.HC
1
;Jd1.T1//!.H

C
2
;Jd2.T2//

It suffices to show that the diagram in (5-30) commutes when H1 and H2 differ by one of the moves listed
in Lemma 5.12 (for p D fwg). First, we consider move (1), isotopies and handleslides of the ˛ and ˇ
curves on a fixed Heegaard surface. The transition maps for handleslides and isotopies of the ˛ and ˇ
curves can be computed using a triangle map. The triangle counts from Theorem 5.7 imply that the free-
stabilization maps commute with such transition maps. Move (2), commutation of the free-stabilization
maps with the simple stabilization maps, follows from Lemma 5.10. Finally, commutation with respect to
move (3), isotopies of the Heegaard surface which fix w[fwg, is a tautology.

5.7 Commuting free-stabilization and relative homology maps

Lemma 5.13 Let .Y;w/ be a multipointed 3-manifold , and let w 2 Y nw. Suppose that � is either a
closed path in Y or a path which connects two basepoints in w. Then

SCw ıA�CA� ıS
C
w ' 0 and S�w ıA�CA� ıS

�
w ' 0:

Proof For simplicity, let us consider the claim involving SCw , since S�w is the dual map.
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Let HD .†;˛;ˇ;w/ be a diagram for .Y;w/, and let HCw be its free stabilization at w. We will show
that, for a sufficiently stretched almost complex structure,

SCw ıA�CA� ıS
C
w D 0:

Suppose that x 2 T˛ \Tˇ is an intersection point on H. By definition,

(5-31) .SCw ıA�/.x/D
X

�2�2.x;y/
�.�/D1

a.�; �/ � # �MJ d.�/ �U
nw.�/
w � .y � �C/;

while

(5-32) .A� ıS
C
w /.x/D

X
�#�02�2.x��C;y�y/

�.�#�0/D1

a.�; � #�0/ � # �MJ d.T /.� #�0/ �U
nw.�/
w U nw.�0/w � .y �y/:

We can assume that � is disjoint from the free-stabilization region on †. Consequently,

(5-33) a.�; � #�0/D a.�; �/:

By following the proof of Proposition 5.5, we see that there are two types of index 1 classes in any
�2.x� �

C;y �y/ which can have holomorphic representatives for sufficiently large T.
The first type of class which could have holomorphic representatives has y D ��, � D ex, and has

�0 equal to a bigon supported in the free-stabilization region. For such a class, we have a.�; � #�0/D
a.�; ex/D 0, by (5-33), so such classes make no contribution to (5-32).

The second type of class which could have holomorphic representatives has �.�/D1, �0 2�2.�C; �C/
and nw.�0/ D 0. Using the counts of holomorphic disks representing classes in �2.x � �C;y � �C/
established in (5-14) and (5-15), together with (5-33), we conclude that (5-31) and (5-32) coincide.

5.8 Compositions of free stabilizations

We now prove that free-stabilization maps for different basepoints may be commuted.

Proposition 5.14 For any ı1; ı2 2 fC;�g, the free-stabilization maps satisfy

Sı1w1S
ı2
w2
' Sı2w2S

ı1
w1
;

as morphisms of transitive systems of chain complexes.

Proof The proof follows from a double neck-stretching argument similar to Lemma 5.10. We consider a
diagram on which both free stabilizations have been performed, with underlying Heegaard surface †.
Let J be a cylindrical almost complex structure on †� Œ0; 1��R, viewed as a complex structure for
the unstabilized diagram. If T D .T1; T2/ is a pair of neck lengths, let J.T / denote an almost complex
structure obtained by inserting two necks of length T1 and T2.

We recall that the free-stabilization maps require stabilizing condition (SC2) to be satisfied; however,
it is not immediately clear that condition (SC2) can be achieved on two necks simultaneously.

We prove the following:
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Subclaim 5.14.1 Suppose that T and T 0 are two pairs of neck lengths for free-stabilizing at w1 and w2.
If all the components of T and T 0 are sufficiently large , then a noncylindrical almost complex structure zJ
may be chosen which interpolates J.T / and J.T 0/ and satisfies

(5-34)

‰ zJ .x��
C
1 ��

C
2 /D x��

C
1 ��

C
2 ;

‰ zJ .x��
C
1 ��

�
2 /D x��

C
1 ��

�
2 C

X
y2T˛\Tˇ

.C 1x;y �y��
C
1 ��

C
2 CC

2
x;y �y��

�
1 ��

C
2 /;

‰ zJ .x��
�
1 ��

C
2 /D x��

�
1 ��

C
2 C

X
y2T˛\Tˇ

.C 3x;y �y��
C
1 ��

C
2 CC

4
x;y �y��

C
1 ��

�
2 /;

‰ zJ .x��
�
1 ��

�
2 /D x��

�
1 ��

�
2

C

X
y2T˛\Tˇ

.C 5x;y �y��
C
1 ��

�
2 CC

6
x;y �y��

�
1 ��

C
2 CC

7
x;y �y��

C
1 ��

C
2 /

for various C ix;y 2 F2ŒUw�, which depend on zJ.

Before proving Subclaim 5.14.1, we briefly explain why it implies the main claim. Pick T D .T1; T2/ so
that T2 is large enough to compute the free-stabilization maps at w2, and then pick T1�T2 which is large
enough to compute the free-stabilization maps at w1 (after having already performed the stabilization
at w2). Next, pick T 0 D .T 01; T

0
2/ so that T 02 � T 01, so that T 01 is large enough to compute the free-

stabilization maps at w1 first, and then subsequently compute the free-stabilization maps at w02. Hence,
to compute SCw2S

C
w1

we may use J.T 0/, while to compute SCw1S
C
w2

we may use J.T /. To compare
the two compositions on the level of morphisms of transitive systems of chain complexes, we must
compose with the transition map ‰J.T /!J.T 0/. With this in mind, the first line of (5-34) implies that
SCw2S

C
w1
' SCw1S

C
w2

.
Similarly, the first and the second lines of (5-34) together imply that SCw1S

�
w2
' S�w2S

C
w1

. The
first and third lines together imply that S�w1S

C
w2
' SCw2S

�
w1

. Finally, all four lines together imply that
S�w1S

�
w2
' S�w2S

�
w1

.
We now proceed to prove Subclaim 5.14.1. The transition map ‰ zJ counts zJ -holomorphic representa-

tives of Maslov index 0 homology classes of disks. If � # �10 # �20 2 �2.x � x1 � x2;y � y1 � y2/ is a
homology class on the doubly free-stabilized diagram, then adapting the proof of (5-3) gives

(5-35) �.� #�10 #�20/D �.�/C gr.x1; y1/C gr.x2; y2/C 2nw1.�/C 2nw2.�2/:

To prove (5-34), it suffices to make the following three observations:

(1) Assuming T and T 0 are sufficiently large, if �.�/D 0 and gr.x1; y1/Cgr.x2; y2/ > 0, then M zJ
.�/

is empty.

(2) Assuming T and T 0 are sufficiently large, if �.�/D 0, gr.x1; y1/D gr.x2; y2/D 0 and M zJ
.�/ is

nonempty, then � D ex � ex1 � ex2 .

(3) If � is a class with gr.x1; y1/C gr.x2; y2/� 0 but gr.x1; y1/ and gr.x2; y2/ are not both zero, then
the count of M zJ

.�/ is irrelevant to (5-34).
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Observations (1) and (2) are proven similarly to the proof of Proposition 5.3. For sufficiently large T
and T 0, by picking zJ appropriately, we can ensure that � has a broken representative for a cylindrical
almost complex structure. In particular �.�/ � 0. Consequently, if gr.x1; y1/C gr.x2; y2/ > 0, then
(5-35) can never be zero, so there are no such classes with representatives. If (5-35) is zero and
gr.x1; y1/D gr.x2; y2/D 0, then also �.�/D 0, so � is a constant homology class, by transversality.
Using additionally the vertex multiplicities near x1 and x2, we conclude that �10 and �20 must also be
constant homology classes, so the second observation follows. The third observation is straightforward.
This establishes Subclaim 5.14.1, and hence the main claim.

We now prove a simple relation involving the free-stabilization maps:

Lemma 5.15 Suppose .Y;w/ is a multipointed 3-manifold and w 2 Y nw. Then

S�wS
C
w ' 0:

Proof The relation follows immediately from the formulas for the free-stabilization maps in (5-1).

6 Graph action map

If G D .�;w0;w1/ is a flow-graph in Y, and � is a coloring of � (see Section 2.2 and Definition 3.2 for
the definitions of a flow-graph and coloring, respectively), in this section we construct two graph action
maps

AG ;BG WCF�.Y;w�00 ; s/! CF�.Y;w�11 ; s/;

where �i WD � jwi .
Unlike in Section 2.2, where flow-graphs are allowed to be immersed, we focus on embedded flow-

graphs in this section. Upgrading the results to immersed flow-graphs is straightforward (the only
complication is that when w0 \w1 ¤ ¿, one must define AG and BG as compositions of two graph
action maps).

We think of the graph action map as a restricted version of the full graph TQFT. Indeed, we will later
prove that the graph cobordism map for .Œ0; 1�� Y; �/ is equal to the graph action map for the graph
obtained by projecting � into Y ; see Theorem 9.5(3), below.

To define the graph action map, we fix a decomposition of � into edges and vertices. We write V.�/
and E.�/ for the vertices and edges of � , respectively. Although we require such a decomposition for our
construction, the resulting graph action maps turn out to be unchanged by subdivision; see Lemma 6.14.
Our construction of AG and BG also requires picking a further decomposition of G into elementary
flow-graphs (see Definition 6.3), as well as a choice of absolute lift of the ribbon structure.

In this section, we prove the following:

Theorem 6.1 Suppose G D .�;w0;w1/ is a ribbon flow-graph in Y. The maps AG and BG described in
this section satisfy the following:

(a) The maps AG and BG are independent from the choice of decomposition into elementary flow-graphs.
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w0

w1

(ER1)

(ER2)

(ER3i) (ER3ii)

ws ws
ws

Figure 7: Examples of elementary ribbon flow-graphs. The top and bottom dashed lines indicate
the incoming and outgoing vertices.

(b) The maps AG and BG are functorial : if G is a flow-graph from w0 to w1 and G0 is a flow-graph from
w1 to w2, then

AG0 ıAG D AG0[G and BG0 ıBG DBG0[G :

(c) The maps AG and BG are independent from the choice of absolute lift of the ribbon structure used in
their construction.

6.1 Constructing the graph action maps

Before defining the graph action maps, we establish some terminology.

Definition 6.2 A strong ribbon flow-graph is a ribbon flow-graph equipped with an absolute lift of the
cyclic ordering at each vertex.

Definition 6.3 A ribbon flow-graph G D .�;w0;w1/ is elementary if it is one of the following three
subtypes (see Figure 7):

(ER1) Translation: jw0j D jw1j and each edge of � connects a vertex of w0 to a vertex of w1.

(ER2) Interior vertex: There is a single vertex ws of � which is not contained in w0[w1, and all edges
of � connect either w0 to w1, or a point of w0[w1 to ws . We call ws the special vertex.

(ER3) Local extrema: jw0j D jw1j˙2, and all but one edge connect w0 to w1. There is a single edge e0
which connects two vertices of w0 to each other, or connects two distinct vertices of w1 together.
We call e0 the special edge. There are two subtypes:

(i) Local max: The special edge connects two vertices of w0.
(ii) Local min: The special edge connects two vertices of w1.

Definition 6.4 Suppose that G D .�;w0;w1/ is an elementary ribbon flow-graph of type (ER2), with
special vertex ws . If e is an edge which is adjacent to ws , we say that e has positive initial slope if e
connects ws to w1, and we say that e has negative initial slope if e connects ws to w0.
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(CM1)

(CM2)

(CM3)

(CM4)

(CM5)

(CM6)

Figure 8: Examples of the Cerf moves from Definition 6.7.

Definition 6.5 (1) We say that a (strong) ribbon flow-graph G0 D .� 0;w0;w1/ is a subdivision of
G D .�;w0;w1/ if � 0 is obtained by adding extra vertices to the interior of edges of � . If G0 is a
strong ribbon flow-graph, we allow the new vertices to be added with either absolute ordering.

(2) We say that two flow-graphs G D .�;w0;w1/ and G0 D .� 0;w00;w01/ are subdivision-equivalent if G
and G0 have a common subdivision (in particular, � D � 0 as subsets of Y ).

We now define a notion of decomposition into elementary pieces for ribbon flow-graphs:

Definition 6.6 If G D .�;w0;w1/ is a ribbon flow-graph in Y, a Cerf decomposition of G is a sequence
of ribbon flow-graphs G1; : : : ;Gn, where Gi D .�i ;wi;0;wi;1/, such that the following hold:

(1) Each Gi is an elementary ribbon flow-graph.

(2) w1;0 Dw0 and wn;1 Dw1.

(3) w0;iC1 Dw1;i for i 2 f1; : : : ; n� 1g.

(4) The concatenation Gn ı � � � ıG1 is a subdivision of G.

(5) Each vertex of V.�/ n .w0 [w1/ is a special vertex of some Gi . Furthermore, if ws is a special
vertex of any Gi , then ws is a vertex in V.�/.

We now define the following moves between Cerf decompositions of flow-graphs:

Definition 6.7 We say two Cerf decompositions of a flow-graph GD .�;w0;w1/ in Y are Cerf-equivalent
if they can be connected by a sequence of the following moves, or their inverses:
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(CM1) Level splitting: Replacing an elementary flow-graph G with a subdivision-equivalent composition
G2 ıG1 such that one of G1 and G2 is of the same type as G, and the other is of type (ER1).

(CM2) Critical point birth/death: Replacing an elementary flow-graph G of type (ER1) with a subdivision-
equivalent composition G2 ıG1 such that G2 and G1 are of type (ER3i) and (ER3ii), respectively.

(CM3) Changing an initial slope: Replacing an elementary flow-graph G of type (ER2) with a subdivision-
equivalent composition G2 ıG1 such that exactly one of G1 and G2 is of type (ER3), and the other
is of type (ER2) (with the same special vertex as G).

(CM4) Critical value swap: Replacing the composition of two consecutive elementary flow-graphs G2ıG1
of type (ER3) with a subdivision-equivalent composition G02 ı G01 such that both G02 and G01 are
also of type (ER3). Furthermore, the special edges of G2 and G1 are disjoint, and the special
edges of G02 and G01 are disjoint.

(CM5) Vertex/critical value swap: Replacing a composition G2 ıG1, where G2 is of type (ER2) and G1 of
type (ER3), with a subdivision-equivalent composition G02 ıG01 where G02 is of type (ER3) and G01
is of type (ER2). Furthermore, we assume that there is no path in G2 ıG1 connecting the special
vertex of G2 to the special edge of G1.

(CM6) Vertex value swap: Replacing a composition G2ıG1 of two elementary ribbon graphs of type (ER2)
with a subdivision-equivalent composition G02 ıG01, where G02 and G01 are also both of type (ER2).
Furthermore, we assume that there is no path in G2 ıG1 connecting the two special edges of G2
and G1.

Examples of the moves from Definition 6.7 are shown in Figure 8.
We encourage the reader to compare the following to [Wehrheim and Woodward 2015, Theorem 5.9]:

Proposition 6.8 Any two Cerf decompositions of a flow-graph G are Cerf-equivalent (i.e., can be
connected by the moves in Definition 6.7).

Proof Suppose G D .�;w0;w1/ is a flow-graph in Y. We assume that each edge of � is smoothly
immersed in Y (and that unless an edge has both endpoints on the same vertex, each edge is smoothly
embedded). We say a function f W�! Œ0; 1� is Morse if the following hold:

(1) f �1.0/Dw0 and f �1.1/Dw1.

(2) If we write an edge e as the image of an immersion OeW Œ0; 1�! Y, then f ı Oe is Morse on Œ0; 1� and 0
and 1 are not critical points of f ı Oe.

A Cerf decomposition can be obtained by picking a generic Morse function f W�! Œ0; 1�, and picking a
collection of values 0D t0 < t1 < � � �< tn�1 < tnD 1 such that each f �1.ti / contains no critical points or
vertices, and each f �1.Œti ; tiC1�/ contains at most one critical point of f or vertex of V.�/ n .w0[w1/.
Furthermore, we assume that each f �1.t/ is nonempty for all t 2 Œ0; 1�. We can construct a Cerf
decomposition Gn ı � � � ıG1 of G by setting

Gi D
�
f �1.Œti�1; ti �/; f

�1.ti�1/; f
�1.ti /

�
:
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Conversely, it is not hard to see that any Cerf decomposition is induced by a Morse function, in the above
sense.

Given two Cerf decompositions of G, we let f1 and f2 be Morse functions on � which induce the two
Cerf decompositions. We connect f1 and f2 as follows. First, we modify f1 in a small neighborhood
of each vertex so that it coincides with f2 near V.�/. Write Qf1 for the resulting Morse function. In
particular, Qf1 and f2 have the same initial slopes along each edge (in the sense of Definition 6.4). The
Cerf decompositions induced by f1 to Qf1 are related by repeated applications of move (CM3).

We take a generic perturbation of a linear homotopy between Qf1 and f2, which is fixed in a neighborhood
of the vertices V.�/. Write .ft /t2Œ1;2� for this path. Note that the critical set of ft is bounded away from
V.�/ since Qf1 and f2 coincide in a neighborhood of V.�/. By perturbing ft slightly, the interval Œ1; 2�
can be subdivided by picking

1D b1 < b2 < � � �< bn D 2

so that, on each interval Œbi ; biC1�, exactly one of the following holds:

(1) ft is Morse for all t 2 Œbi ; biC1�, and all vertices and critical points have distinct values.

(2) ft is Morse for all t 2 Œbi ; biC1�, and all vertices and critical points have distinct values, except at a
single point t0 2 .bi ; biC1/, where two critical points or vertices exchange relative ordering.

(3) ft is Morse for all t 2 Œbi ; biC1�, except for at a single t02 .bi ; biC1/, where a critical point birth–death
singularity occurs along the interior of an edge. All vertices and critical points have distinct values.

The above follows from standard Morse theory, as we now describe. If we view each edge e as a copy
of Œ0; 1�, then the family ft is fixed near 0 and 1 and hence extends to a Morse function on all of R, which
is fixed in the parameter t outside of the interior of e. The above moves are the generic codimension 1
singularities of smooth functions.

From these considerations, it is straightforward to see that Qf1 and f2 can be connected by a sequence
of moves (CM1), (CM2), (CM4), (CM5) and (CM6).

Finally, we note one can ensure that all level sets of each function in the path ft have nonempty level
sets by first modifying f1 and f2 near w0, raising the value of a point near w0 so that it is close to 1.
This modification induces a sequence of moves (CM2), (CM4) and (CM5).

We now define the graph action map. Suppose that G D .�;w0;w1/ is a ribbon flow-graph in Y and
s 2 Spinc.Y /. To define the map, we pick a strong ribbon structure on � which lifts the ribbon structure,
as well as a Cerf decomposition of G. We now define the graph action map for elementary strong ribbon
flow-graphs.

If G D .�;w0;w1/ is an elementary ribbon flow-graph of type (ER1) or (ER3), we define the graph
action map by the formula

(6-1) AG WD

� Y
w2w0

S�w

�
ı

� Y
e2E.�/

Ae

�
ı

� Y
w2w1

SCw

�
:

The map BG is defined using a similar formula, with the relative homology maps Be in place of Ae.
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In an elementary flow-graph of type (ER1) or (ER3), no edges share a common vertex. Consequently,
the product of the relative homology maps appearing in (6-1) does not affect chain homotopy type of the
composition, by Lemma 4.4. By Proposition 5.14, the ordering of the free-stabilization maps within the
left and right factors of (6-1) also does not affect the composition.

Next, suppose that G is an elementary strong ribbon flow-graph of type (ER2). Let ws denote the
special vertex, and let e1; : : : ; en denote the edges incident to ws , ordered according to the strong ribbon
structure. We define

(6-2) AG WD

� Y
w2w0[fwsg

S�w

�
ı

� Y
e2E.�/nfe1;:::;eng

Ae

�
ı .Aen ı � � � ıAe1/ ı

� Y
w2w1[fwsg

SCw

�
:

The map BG is defined using the maps Be in place of Ae.
If G D .�;w0;w1/ is an arbitrary, strong ribbon flow-graph in Y, the graph action map is defined by

picking a Cerf decomposition

G D Gn ı � � � ıG1
and setting

AG WD AGn ı � � � ıAG1 :

The type-B map BG is defined similarly.

Remark 6.9 Since the graph action map AG is defined using a relative homology map for each edge, the
map AG is unchanged by replacing an edge e of G with another edge e0 such that @e D @e0 and e[ e0 is a
null-homologous loop in Y.

6.2 Algebraic relations in the graph TQFT

In this section, we prove some algebraic relations involving the free-stabilization maps and the relative
homology maps which will be useful in proving Theorem 6.1.

We call the following relation the trivial strand relation (the terminology is justified by Lemma 6.15,
below):

Lemma 6.10 Suppose that .Y;w/ is a multipointed 3-manifold , w 2 Y nw is a new basepoint , and
� � Y is a path which connects w to a point w0 2 w. Suppose that � Ww! P and � 0Ww[ fwg ! P

are colorings such that � 0jw D � and � 0.w/D � 0.w0/. Then , with respect to the complexes which are
algebraically colored using � and � 0, we have

S�wA�S
C
w ' S

�
wB�S

C
w ' idCF�.Y;w� ;s/:

Proof We focus on the relation S�wA�S
C
w ' idCF�.Y;w� ;s/. The relation involving S�wB�S

C
w is proven

similarly.
A single free-stabilized diagram and stretched almost complex structure can be chosen to compute SCw ,

A� and S�w . Such a diagram is shown in Figure 9.
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��

�C

w

˛0 ˇ0

�

˛

ˇ

Figure 9: One of the two bigons contributing to (6-4).

Using the definition of the free-stabilization maps in (5-1), it suffices to show that for a sufficiently
stretched almost complex structure, the map A� satisfies

(6-3) A�.x� �
C/D x� ��C

X
y2T˛\Tˇ

Cx;y �y � �
C

for some Cx;y 2RP . In (6-3), �C and �� denote the two intersection points in the free-stabilized region.
Equation (6-3) follows from the proof of Proposition 5.5. More explicitly, for a sufficiently stretched

almost complex structure, any Maslov index 1 class in �2.x� �C;y � ��/ which supports holomorphic
representatives has domain equal to one of the two bigons in the free-stabilization region. Writing �1x
and �2x for these two classes, we note that both �1x and �2x have a unique holomorphic representative. An
easy model computation (see Figure 9) shows that

(6-4) a.�; �1x/C a.�; �
2
x/� 1 .mod 2/:

Equation (6-3) now follows from the definition of the map A� in (4-2).

The following relation is related to subdivision-invariance of the graph TQFT:

Lemma 6.11 Suppose that w0, w1 and w2 are basepoints in Y, w1 … fw0; w2g, and w is a collection
of basepoints containing w0 and w2, but not w1. Suppose that �1 and �2 are paths in Y satisfying
@�i D fwi�1; wig, and write �2 ��1 for the concatenation. Then

A�2��1 ' S
�
w1
A�2A�1S

C
w1
;

as endomorphisms of CF�.Y;w� ; s/, for a coloring � which identifies Uw0 , Uw1 and Uw2 with a common
variable , U.

Proof We compute

A�2��1 ' A�2��1.S
�
w1
A�1S

C
w1
/ .Lemma 6.10/

' S�w1A�2��1A�1S
C
w1

.Lemma 5.13/

' S�w1.A�2 CA�1/A�1S
C
w1

.Lemma 4.3/

' S�w1A�2A�1S
C
w1
CS�w1US

C
w1

.Lemma 4.5/

' S�w1A�2A�1S
C
w1

.Lemma 5.15/:
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w0 w1 w2 w3

e1 e2 e3

Figure 10: The configuration of vertices and edges in Lemma 6.12.

In the following lemma, and also henceforth, we write SCwnwn�1���w1 for the composition

SCwnwn�1���w1 WD S
C
wn
ıSCwn�1 ı � � � ıS

C
w1
;

and use similar notation for negative free stabilizations. By Proposition 5.14, the map SCwnwn�1���w1 is
independent of the ordering of the basepoints w1; : : : ; wn.

Lemma 6.12 Suppose that w0, w1, w2 and w3 are distinct points in Y, and �1, �2 and �3 are paths in Y
such that @�i D fwi�1; wig. See Figure 10. Furthermore , suppose that w is collection of basepoints on Y,
containing w0 and w3, but not w1 and w2. If � W f1; 2; 3g ! f1; 2; 3g is a permutation , then

S�w1w2A��.3/A��.2/A��.1/S
C
w1w2

' S�w1w2A�3A�2A�1S
C
w1w2

;

as endomorphisms of CF�.Y;w� ; s/, where � is a coloring which identifies Uw0 , Uw1 , Uw2 and Uw3
with a common variable , U.

Proof It is sufficient to show that if fi; j; kg D f1; 2; 3g as sets, then the map S�w1w2A�iA�jA�kS
C
w1w2

is invariant (up to chain homotopy) under switching the order of �j and �k or switching the order of �i
and �j . We will focus on the proof that the map is invariant under switching the order of �j and �k; the
proof for switching �i and �j is analogous.

There are two cases:

(1) �j and �k are disjoint.

(2) �j and �k share a vertex.

If �j and �k are disjoint, thenA�jA�k 'A�kA�j by Lemma 4.4. Hence, it remains to consider the case
that �j and �k share a vertex wn 2 fw1; w2g. Let wm denote the other vertex in fw1; w2g. We compute

S�w1w2A�iA�jA�kS
C
w1w2

' S�w1w2A�iA�kA�jS
C
w1w2

CUS�w1w2A�iS
C
w1w2

' S�w1w2A�iA�kA�jS
C
w1w2

CUS�wmS
�
wn
SCwnA�iS

C
wm

' S�w1w2A�iA�kA�jS
C
w1w2

:

The first chain homotopy is justified by Lemma 4.4. The second chain homotopy is justified by Lemma 5.13,
noting that �i is disjoint from wn. The final chain homotopy is justified by Lemma 5.15.

6.3 Independence from the Cerf decomposition

We now prove that the graph action map is independent of the choice of decomposition into elementary
flow-graphs:
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w0

w1

w0

w1

G G1

G2
e

e1

e2
w0

Figure 11: Subdividing an elementary flow-graph of type (ER1).

Proof of Theorem 6.1(a) We focus on AG , since the argument for BG is no different. By Proposition 6.8,
it is sufficient to show invariance under moves (CM1)–(CM6). Suppose that an absolute lift of the ribbon
structure has been fixed.

We first consider move (CM1), splitting levels. Consider first when G is of type (ER1) (translation
flow-graph). Further restrict first to the case when G consists of a single edge e, which goes from w0

to w1. The map AG is defined to be

(6-5) AG WD S
�
w0
AeS

C
w1
:

Write e as the concatenation of two edges, e1 and e2, such that e1 goes from w0 to w0, and e2 goes from
w0 to w1. Let G1 denote the flow-graph .e1; w0; w0/, and G2 denote the flow-graph .e2; w0; w1/. See
Figure 11.

By definition,

(6-6) AG2 ıAG1 WD .S
�
w 0Ae2S

C
w1
/.S�w0Ae1S

C
w 0/:

Using Lemma 5.13 and Proposition 5.14, we see (6-6) is chain homotopic to

(6-7) S�w0S
�
w 0Ae2Ae1S

C
w 0S
C
w1
:

Using Lemma 6.11, we conclude that (6-7) is chain homotopic to S�w0Ae2�e1S
C
w1

, which coincides with
the expression for AG in (6-5).

The general case of splitting an elementary flow-graph G of type (ER1) with more than one strand is
no different: one applies the above manipulation to each strand, noting that the terms associated with
different strands of G commute by Lemma 5.13 and Proposition 5.14.

The above subdivision technique also works when G is of type (ER2) (interior vertex flow-graphs).
We now consider the case that G is of type (ER3) (local extrema flow-graph). Let e be the special edge

of G, and suppose further that G is of type (ER3i), i.e., e connects two incoming vertices, w1 and w2.

w1 w2

e

w1 w2

e1

e2

e3

w00w0

G G1

G2

Figure 12: Subdividing an elementary flow-graph of type (ER3i).
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w1

e1

e2

e3

e4

w5

w2 w3 w4

w1

e

w5

G
G1

G2

Figure 13: Applying move (CM2) to a flow-graph of type (ER1).

Let w0 and w00 be two new vertices on the interior of e, and let e1, e2 and e3 be the components of
e n fw0; w

0
0g, as shown in Figure 12.

We focus on the terms of AG and AG2 ı AG1 corresponding to e and its subdivision. The terms
corresponding to the other strands can be subdivided using the procedure described above for flow-graphs
of type (ER1).

The terms corresponding to e in AG are

(6-8) S�w1w2Ae:

The corresponding terms of AG2 ıAG1 are

(6-9) S�
w0w

0
0
Ae2S

�
w1w2

Ae1Ae3S
C

w0w
0
0

:

We compute
S�w1w2Ae ' S

�

w1w2w
0
0
Ae1�e2Ae3S

C

w 00
(Lemma 6.11)

' S�
w1w2w0w

0
0
Ae2Ae1S

C
w0
Ae3S

C

w 00
(Lemma 6.11)

' S�
w1w2w0w

0
0
Ae2Ae1Ae3S

C

w 00w0
(Lemma 5.13)

' S�
w0w

0
0
Ae2S

�
w1w2

Ae1Ae3S
C

w 00w0
(Lemma 5.13);

which coincides with (6-9). We conclude that level splitting does not change the homotopy type of
the graph action map for elementary ribbon flow-graphs of type (ER3i). The argument for graphs of
type (ER3ii) is a simple modification.

We now show independence from move (CM2), a critical point birth along the interior of an edge. By
using move (CM1) we may assume that the new critical points occur inside a flow-graph of type (ER1).
By using Lemma 5.13 and Proposition 5.14, it is sufficient to consider the case when G consists of a
single edge e, and we divide G into a composition G2 ıG1. Let e1, e2, e3 and e4 be the edges of G2 ıG1,
and let w1, w2, w3, w4 and w5 be the vertices, as in Figure 13.

By definition,

(6-10) AG WD S
�
w1
AeS

C
w5
;

while

(6-11) AG2 ıAG1 WD S
�
w2w3w4

Ae4Ae2S
C
w5
S�w1Ae3Ae1S

C
w2w3w4

:
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ws

ei

eiC1 eiC2

ei�1

ws

e

e0

e00G G1

G2
w0w00

Figure 14: Applying move (CM3) to a flow-graph of type (ER2).

Using Lemma 5.13 and Proposition 5.14, equation (6-11) can be rearranged to

(6-12) S�w1w2w4Ae4.S
�
w3
Ae2Ae3S

C
w3
/Ae1S

C
w2w4w5

:

Using Lemma 6.11, (6-12) becomes

S�w1w2w4Ae4Ae2�e3Ae1S
C
w2w4w5

:

Proceeding similarly, using the aforementioned relations, we compute

S�w1w2w4Ae4Ae2�e3Ae1S
C
w2w4w5

' S�w1w2.S
�
w4
Ae4Ae2�e3S

C
w4
/Ae1S

C
w2w5

' S�w1w2Ae2�e3�e4Ae1S
C
w2w5

' S�w1.S
�
w3
Ae2�e3�e4Ae1S

C
w2
/SCw5

' S�w1AeS
C
w5
:

Hence, (6-10) and (6-11) are chain homotopic, and invariance under move (CM2) is established.
We now consider invariance under move (CM3) (changing an initial slope). Suppose G is an elementary

flow-graph of type (ER2) (an interior vertex flow-graph), with a special vertex ws , and e1; : : : ; en are the
edges incident to ws , ordered according to the chosen absolute lift of the cyclic ordering. Suppose we
wish to change the initial slope of ei , and that ei has downward initial slope in G. We decompose G as a
composition G2 ıG1, where G1 is of type (ER2), with special vertex ws , and G2 is of type (ER3i) (a local
max). We decompose ei as the concatenation of e, e0 and e00, and let w0 and w00 denote the new vertices,
as in Figure 14.

Write w0 for the incoming vertices of G, and w1 for the outgoing vertices. By the same argument as
for invariance under move (CM1), we can reduce to the case that there are no components of G which are
disjoint from ws . By definition,

(6-13) AG WD S
�
w0[fwsg

Aen � � �Aei � � �Ae1S
C

w1[fwsg
:

Using Lemmas 6.11 and 5.13, we have

(6-14) Aei ' S
�
w 00Ae0�eAe00S

C
w 00 ' S

�
w 00w 0Ae0AeS

C
w 0Ae00S

C
w 00 ' S

�
w 00w 0Ae0AeAe00S

C
w 00w 0 :

Combining (6-13) and (6-14), we see that

AG ' S
�
w0[fwsg

Aen � � �AeiC1.S
�
w 00w 0Ae0AeAe00S

C
w 00w 0/Aei�1 � � �Ae1S

C

w1[fwsg
:
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Since e0, e00, w00 and w0 are disjoint from ej when j ¤ i , using Lemmas 4.4 and 5.13, we compute that

S�w0[fwsgAen � � �AeiC1.S
�
w 00w 0Ae0AeAe00S

C
w 00w 0/Aei�1 � � �Ae1S

C

w1[fwsg

' .S�w 00w 0Ae0/S
�
w0[fwsg

.Aen � � �AeiC1AeAei�1 � � �Ae1/Ae00S
C

w1[fw 00;w 0;wsg
:

The above expression is almost the expression for AG2 ıAG1 , the only difference being that the remain-
ing edges e1; : : : ; ei�1; eiC1; : : : en with upward initial slope have not yet been subdivided. By using
Lemma 6.11 to subdivide the remaining edges with upward initial slope, and then commuting terms
exactly as in move (CM1), we arrive at the definition of AG2 ıAG1 , completing the proof of invariance
under move (CM3).

Invariance under moves (CM4), (CM5) and (CM6) can be proven by adapting the above arguments. For
example, invariance under move (CM4) (critical value swaps) can be proven by using the manipulation
from the proof of invariance of the maps for elementary flow-graphs of type (ER3) (local minima and
maxima) under move (CM1) (level splitting) to subdivide one of the edges with a local extrema. Since
the two components of the graph with local extrema are disjoint, all terms associated to one component
can be commuted past the terms associated to the other component, using Lemmas 4.4 and 5.13 and
Proposition 5.14. A similar strategy can be used for moves (CM5) and (CM6).

Since the graph action is defined by taking a decomposition of G into elementary flow-graphs and
composing the maps for each piece, functoriality (Theorem 6.1(b)) is automatic.

6.4 Cyclic ordering

In our construction of the graph action map, we chose an absolute lift of the cyclic orderings. In this
section, we show that the graph action map is independent of the choice of absolute lift. The following
lemma implies Theorem 6.1(c):

Lemma 6.13 Suppose that e1; : : : ; en are edges in Y such that ws has valence 1 in each ei , and
ei \ ej D fwsg for all i and j. For a coloring which identifies all of the variables Uw1 ; : : : ; Uwn
with a common variable U, we have

S�wsAenAen�1 � � �Ae1S
C
ws
' S�wsAen�1 � � �Ae1AenS

C
ws
:

Proof The proof is by induction. The nD 1 case is vacuous. The nD 2 case is easy: using Lemma 4.4,
we compute

S�wsAe2Ae1S
C
ws
' S�wsUS

C
ws
CS�wsAe1Ae2S

C
ws
' S�wsAe1Ae2S

C
ws
:

The nD 3 case is also relatively easy. We compute

S�wsAe3Ae2Ae1S
C
ws
' S�wsAe2Ae3Ae1S

C
ws
CUS�wsAe1S

C
ws

.Lemma 4.4/

' S�wsAe2Ae1Ae3S
C
ws
CUS�ws .Ae2 CAe1/S

C
ws

.Lemma 4.4/

' S�wsAe2Ae1Ae3S
C
ws
CUS�wsAe2�e1S

C
ws

.Lemma 4.3/
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' S�wsAe2Ae1Ae3S
C
ws
CUAe2�e1S

�
ws
SCws .Lemma 5.13/

' S�wsAe2Ae1Ae3S
C
ws

.Lemma 5.15/:

We now prove the statement when n>3 by induction. Assume the lemma statement holds whenever ws
has valence n� 1. The idea is to replace e1[ e2 with a Y -shaped graph which has valence 1 at ws . See
Figure 15.

Let w0 2 Y be a point which is disjoint from all of the edges ei . Pick a path e from ws to w0, which
is also disjoint from all ei . We first prove the following:

(6-15) Ae2Ae1 ' S
�
w0
Ae2�eAe1�eAeS

C
w0
:

To establish (6-15), we compute

(6-16) S�w0Ae2�eAe1�eAeS
C
w0
' S�w0.Ae2 CAe/.Ae1 CAe/AeS

C
w0

' S�w0Ae2Ae1AeS
C
w0
CS�w0.Ae2A

2
e CAeAe1AeCA

3
e/S
C
w0

' S�w0Ae2Ae1AeS
C
w0
CS�w0.Ae2U CAe1U CUAeCUAe/S

C
w0

' Ae2Ae1S
�
w0
AeS

C
w0
CS�w0.Ae2U CAe1U CUAeCUAe/S

C
w0

' Ae2Ae1 CS
�
w0
.Ae2U CAe1U CUAeCUAe/S

C
w0

' Ae2Ae1 CUS
�
w0
Ae2�e1S

C
w0

' Ae2Ae1 CUAe2�e1S
�
w0
SCw0

' Ae2Ae1 :

Equation (6-16) is justified as follows. Line 1 is justified by additivity of the relative homology maps.
Line 2 is obtained by algebra. Line 3 is justified by Lemmas 4.4 and 4.5. Line 4 is justified by Lemma 5.13.
Line 5 is justified by Lemma 6.10. Line 6 follows by canceling the repeatedUAe terms, and using additivity
of the relative homology maps. Line 7 follows from Lemma 5.13. The final line is justified by Lemma 6.10.
Equation (6-15) is established.

Define new edges e01 and e02 as the concatenations

e01 WD e1 � e and e02 WD e2 � e:

See Figure 15.

e1

e2

e01

e02

e

ws ws

w0

Figure 15: The edges e1 and e2, the vertices ws and w0, and the new edges e, e01 and e02.
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Using (6-15), we see that

(6-17) S�wsAen � � �Ae2Ae1S
C
ws
' S�wsAen � � �Ae3.S

�
w0
Ae02

Ae01
AeS

C
w0
/SCws :

Note that w0, e01 and e02 are disjoint from e2; : : : ; en. Hence, Lemmas 4.4 and 5.13 and Proposition 5.14
imply that (6-17) is chain homotopic to

(6-18) S�w0Ae02
Ae01

.S�wsAen � � �Ae3AeS
C
ws
/SCw0 :

By induction, we know that (6-18) is chain homotopic to

(6-19) S�w0Ae02
Ae01

.S�wsAen�1 � � �Ae3AeAenS
C
ws
/SCw0 :

Commuting terms, using the same justification as above, we see that (6-19) is chain homotopic to

(6-20) S�wsAen�1 � � �Ae3.S
�
w0
Ae02

Ae01
AeS

C
w0
/AenS

C
ws
:

Applying (6-15), we can conclude that (6-20) is chain homotopic to

S�wsAen�1 � � �Ae3Ae2Ae1AenS
C
ws
:

6.5 Subdivision-invariance and the trivial strand relation

In this section we prove two basic relations about the graph action map: subdivision-invariance and the
trivial strand relation.

Lemma 6.14 Suppose G D .�;w0;w1/ and G0 D .� 0;w0;w1/ are two ribbon flow-graphs in Y such that
� 0 is obtained from � by adding a vertex to the interior of an edge of � . Then

AG ' AG0 and BG 'BG0 :

Proof We focus on the maps AG and AG0 . The proof is essentially the same as the argument to show
invariance under level splitting (move (CM1)). Using independence of the graph action map from the
choice of Cerf decomposition (Theorem 6.1(a)), it is sufficient to show the claim when G is an elementary
flow-graph of type (ER1) (a translation flow-graph).

Suppose e is the edge of G which we wish to subdivide, and let w0 and w1 be the incoming and
outgoing vertices of e. Let w denote the vertex in the interior of e which is added to form G0. Note that G
is of type (ER1), while G0 is of type (ER2), with valence 2 special vertex w. Let e1 and e2 denote the two
components of e n fwg.

Using Lemmas 4.4 and 5.13 and Proposition 5.14, it is sufficient to show the claim when GD .e; w0; w1/,
since the maps corresponding to other edges and vertices can be commuted past the maps for e.

By definition,

(6-21) AG WD S
�
w0
AeS

C
w1
;
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w

e

w0

G

e1

e2
e3

e4 e5

w1

w2 w3

w4

G1

G2

w

w0

Figure 16: Adding a trivial strand. Left: an elementary flow-graph G of type (ER1), with a single
edge e. Right: a Cerf decomposition of a graph G0 obtained by adding a trivial strand to G.

while

(6-22) AG0 WD S
�
w0
S�wAe2Ae1S

C
w S
C
w1
:

Using Lemma 6.11, we conclude that (6-21) and (6-22) are chain homotopic.

Next, we prove the trivial strand relation for the graph action maps:

Lemma 6.15 Suppose that G D .�;w0;w1/ is a ribbon flow-graph in Y, and G0 is obtained by adjoining
a new edge e0 such that e0\� consists of a single point which has valence 3 in � [ e0. (We allow the
new valence 3 vertex to be given either cyclic order.) Then

AG ' AG0 ;

and similarly BG 'BG0 .

Proof Using independence from the choice of Cerf decomposition (Theorem 6.1(a)), it is sufficient to
show the claim when G is an elementary flow-graph of type (ER1). As in the proof of Lemma 6.14, it is
also sufficient to consider the case when G has one connected component. Let us write e for the single
edge of � , w for the incoming vertex of G, and w0 for the outgoing vertex. By definition,

(6-23) AG D S
�
wAeS

C
w 0 :

The graph G0 can be given a Cerf decomposition into two flow-graphs, G2 ıG1, where G2 is an elementary
flow-graph of type (ER2) with a valence 1 special vertex, and G1 is an elementary flow-graph of type (ER2)
with a valence 3 special vertex. Let e1, e2, e3, e4, e5, w1, w2, w3 and w4 denote the new vertices of G0,
as shown in Figure 16.

We assume that the edges incident to the new valence 3 vertex, w1, are ordered e1, e2 then e3. The
argument for the opposite cyclic ordering is a simple modification, which we leave to the reader.

By definition,
AG0 D S

�
w2w3w4

Ae4Ae5S
C
w 0w4

S�ww1Ae3Ae2Ae1S
C
w1w2w3

:

We manipulate the above expression for AG0 , as follows:

S�w2w3w4Ae4Ae5S
C
w 0w4

S�ww1Ae3Ae2Ae1S
C
w1w2w3

' S�w2w3Ae4.S
�
w4
Ae5S

C
w4
/SCw 0S

�
ww1

Ae3Ae2Ae1S
C
w1w2w3

(Lemma 5.13)
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' S�w2w3Ae4S
C
w 0S
�
ww1

Ae3Ae2Ae1S
C
w1w2w3

(Lemma 6.10)

' S�ww1w3.S
�
w2
Ae4Ae3S

C
w2
/Ae2Ae1S

C
w 0w1w3

(Lemma 5.13)

' S�ww1w3Ae3�e4Ae2Ae1S
C
w 0w1w3

(Lemma 6.11)

' S�ww1w3Ae1Ae3�e4Ae2S
C
w 0w1w3

(Lemma 6.13)

' S�ww1Ae1Ae3�e4.S
�
w3
Ae2S

C
w3
/SCw 0w1 (Lemma 5.13)

' S�ww1Ae1Ae3�e4S
C
w 0w1

(Lemma 6.10)

' S�wAe1�e3�e4S
C
w 0 (Lemma 6.11),

which agrees with the expression for AG in (6-23).

7 1- and 3-handles

In this section, we define maps for 4-dimensional 1-handles and 3-handles, and prove invariance. Our
construction is similar to the constructions of [Ozsváth and Szabó 2006; Juhász 2016], though there are
some differences. Unlike the construction from [Ozsváth and Szabó 2006], our construction allows us to
consider 1-handles which join two components of a 3-manifold, or 3-handles which separate a 3-manifold
into two components. Unlike Juhász’s construction [2016], which works only for cCF, our construction
applies to CF�, CFC and CF1.

In Section 7.8, we show that our construction coincides with Ozsváth and Szabó’s for 1-handles with
feet in the same component of the 3-manifold.

7.1 Definition of the 1-handle and 3-handle maps

Suppose that .Y;w/ is a multipointed 3-manifold and S0 D fp1; p2g is a 0-sphere in Y nw. Pick a
Heegaard diagram HD .†;˛;ˇ;w/ such that

S0 �† n .˛[ˇ/:

We construct a Heegaard surface y† for the surgered 3-manifold Y.S0/ by removing neighborhoods of
p1 and p2 in † and gluing in an annulus contained in the 1-handle region of Y.S0/. In the annulus
region, we add two new curves ˛0 and ˇ0 which are homologically essential in the annulus and intersect
transversely in a pair of points. The two points can be distinguished by the Maslov grading. Write �C

and �� for the two points of ˛0\ˇ0, and yH for the diagram .y†;˛[f˛0g;ˇ[fˇ0g;w/.
There is a unique Spinc structure Os 2 Spinc.Y.S0// which restricts to s on Y nN.S0/ and evaluates

trivially on the new 2-sphere in Y.S0/. There is a unique 4-dimensional Spinc structure t on the 1-handle
cobordism W.Y;S0/ which extends s. The Spinc structure t restricts to Os on Y.S0/.

It is an easy exercise to see that if H is strongly s-admissible then yH is strongly Os-admissible.
We define the 1-handle map

FY;S0;tWCF�.H; �; s/! CF�. yH; �; Os/
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using the formula

(7-1) FY;S0;t.x/D x� �
C;

extended equivariantly over F2ŒUw�. Like the free-stabilization maps, the 1-handle and 3-handle maps
require the almost complex structure to be stretched. See Definition 7.2 for a precise definition of which
almost complex structures can be chosen.

We now describe the 3-handle maps. Suppose that S2 � Y n w is an embedded 2-sphere, and
yHD .y†;˛[f˛0g;ˇ[fˇ0g;w/ is a Heegaard diagram for .Y;w/ such that S2\ y† consists of a circle c
which is disjoint from ˛[ˇ. Furthermore, assume that an annular neighborhood of c contains both ˛0
and ˇ0 (which are homologically essential in this annulus) and ˛0\ˇ0Df�C; ��g. A diagram for Y.S2/
may be obtained by cutting out a neighborhood of c, removing ˛0 and ˇ0, and filling in the two boundary
components with disks. Write H for the resulting diagram.

For a sufficiently stretched almost complex structure, the 3-handle map

FY;S2;tWCF�. yH; �; Os/! CF�.H; �; s/
is defined via the formulas

(7-2) FY;S2;t.x� �
C/D 0 and FY;S2;t.x� �

�/D x;

extended F2ŒUw�-equivariantly.
We note that the 1-handle maps and the 3-handle maps are algebraically dual, and hence any statement

about the 1-handle maps has a corresponding statement about the 3-handle maps. To streamline the
exposition, we focus mostly on the 1-handle maps.

7.2 Gluing data for 1- and 3-handles

We now describe precisely which almost complex structures can be used to compute the 1-handle maps.
The technical details are similar to the free-stabilization maps, so we will be terse.

It is convenient to view the diagram yH for Y.S0/, constructed in Section 7.1, as being obtained
by connecting a diagram .S2; ˛0; ˇ0/ to the diagram H using two tubes attached to antipodal regions
of S2 n .˛0 [ ˇ0/. Let p01 and p02 denote these two connected sum points on S2, and fix two disks
D01 ;D

0
2 � S

2 n .˛0 [ˇ0/, containing p01 and p02 , respectively. Also fix regular neighborhoods N.p1/
and N.p2/ in Y, to construct the surgered manifold Y.S0/.

Similar to Definition 5.1, we make the following definition:

Definition 7.1 Suppose that HD .†;˛;ˇ;w/ is a Heegaard diagram for .Y;w/ and p1;p22†n.w[˛[ˇ/.
We call a tuple dD .J d;J d

0 ;D1;D2; �/ a gluing datum for a 1-handle attached at p1 and p2 if the following
hold:

(1) J d
0 is an almost complex structure on S2 � Œ0; 1��R which is split on D01 and D02 .

(2) Di �† n .˛[ˇ[w/ is a closed disk such that 1
2
�Di contains N.pi /\† for i 2 f1; 2g.
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(3) J d is an almost complex structure on †� Œ0; 1��R which is split on D1 and D2.

(4) �WS2 n
�
1
2
�D01 [

1
2
�D02

�
! Y.S0/ is a smooth embedding such that the following hold:

(a) im.�/\
�
Y n .N.p1/[N.p2//

�
�†.

(b) � maps each annulus D0i n
1
2
�D0i conformally onto Di n 12 �Di .

If T D .T1; T2/ is a pair of positive real numbers, by adapting the construction for free-stabilized
almost complex structures from Section 5.1, we can construct an almost complex structure J d.T / on
y†� Œ0; 1��R with necks of length T1 and T2.

Analogously to Definition 5.2, we make the following definition:

Definition 7.2 Suppose H is a Heegaard diagram for .Y;w/ and d is a gluing datum for attaching a 1-
handle with feet p1; p2 2Y nw. We say a pair of neck lengths T satisfies stabilizing condition (SC3) if for
any two pairs of neck lengths T1 and T2 such that T1;T2 � T, componentwise, there is a noncylindrical
almost complex structure zJ on † � Œ0; 1� � R, interpolating J d.T1/ and J d.T2/, such that, for all
x 2 T˛ \Tˇ , we have

(SC3) ‰ zJ .x� �
C/D x� �C and ‰ zJ .x� �

�/D x� ��C
X

y2T˛\Tˇ

Cx;y �y � �
C

for Cx;y 2 F2ŒUw� (which depend on d, T1 and T2).

Analogous to Proposition 5.3, we have the following:

Proposition 7.3 If d is a gluing datum for attaching a 1-handle at fp1; p2g, then there is a pair of neck
lengths T D .T1; T2/ which satisfies stabilizing condition (SC3).

We begin with the following Maslov index formula:

Lemma 7.4 Suppose HD .†;˛;ˇ;w/ is a diagram for .Y;w/ and yHD .y†;˛[ f˛0g;ˇ[ fˇ0g;w/ is
a diagram for the surgered manifold Y.S0/. If � # �0 2 �2.x � x;y � y/ is a homology class of disks
on yH, where x; y 2 f�C; ��g, then

�.� #�0/D �.�/C gr.x; y/:

Proof By Proposition 5.3, the index of �0 is

(7-3) �.�0/D 2np01
.�0/C 2np02

.�0/C gr.x; y/:

Noting that the Euler measure of a disk is 1, Lipshitz’s formula [2006, equation 8] for the Maslov index
implies that

(7-4) �.� #�0/D �.�/C�.�0/� 2np01 .�0/� 2np02 .�0/:

Combining (7-3) and (7-4) implies the main statement.

With the Maslov index formula from Lemma 7.4, Proposition 7.3 is proven by adapting the proof
of Proposition 5.3 to handle stretching two necks instead of one. The main details of the argument are
unchanged, so we leave them to the reader.
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7.3 1-handles, 3-handles and the differential

Ozsváth and Szabó [2004a, Proposition 6.4] proved that their 1-handle and 3-handle maps are chain maps.
We now prove that our version of the 1-handle and 3-handle maps are also chain maps.

Proposition 7.5 Suppose HD .†;˛;ˇ;w/ is a diagram for .Y;w/, and yHD .y†;˛[f˛0g;ˇ[fˇ0g;w/
is the diagram constructed by attaching a 1-handle at fp1; p2g �† n .˛[ˇ[w/. If d is a gluing datum
for this 1-handle , and T is a pair of neck lengths satisfying stabilizing condition (SC3), then

(7-5) @ yH;J d.T /.x��
C/D@H;J d.x/˝�C; @ yH;J d.T /.x˝�

�/D@H;J d.x/˝��C
X

y2T˛\Tˇ

Cx;y �y��
C

for Cx;y 2 F2ŒUw�.

Proof The proof is essentially the same as the proof of Proposition 5.5.
Suppose that � #�0 2 �2.x� x;y �y/ is a class with Maslov index 1. By Lemma 7.4,

(7-6) �.� #�0/D �.�/C gr.x; y/:

Note that (7-5) makes no claim about the counts of classes with gr.x; y/D�1 (i.e., where x D ��

and y D �C). These counts correspond to the Cx;y in the statement.
As in the proof of Proposition 5.5, if MJ d.T /.� #�0/ is nonempty for arbitrarily large T, then both �

and �0 must have broken representatives.
If gr.x; y/D 1, then (7-6) implies that �.�/D 0. Since � has a broken representative, � is the constant

class ex 2 �2.x;x/. In this case, � #�0 must have domain equal to one of the two bigons in the 1-handle
region. These curves cancel, modulo 2, and hence make no contribution to the differential.

It remains to consider classes with gr.x; y/D 0, i.e., x D y D �C or x D y D ��. For such classes,
equation (7-6) implies that

�.� #�0/D �.�/D 1:

Write n1 and n2 for np1.�/ and np2.�/, respectively. Consider the map

�p1;p2 WMJ d.�/! Symn1.Œ0; 1��R/�Symn2.Œ0; 1��R/:

Write X.�/ for the image �p1;p2.M.�//.
As in the proof of Proposition 5.5, for large T, there is a fibered product description

(7-7) # �MJ d.T /.� #�0/�
X

u2 �M.�/

#MJ d
0
.�0; �

p1;p2.u//:

Consequently, it is sufficient to show that, if � 2 f�C; ��g is fixed and

d1 �d2 2 Symn1.Œ0; 1��R/�Symn2.Œ0; 1��R/
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is a point with no repeated entries, then, for a generic almost complex structure J0 on S2 � Œ0; 1��R,

(7-8)
X

�02�2.�;�/
n
p0
1
.�0/Dn1

n
p0
2
.�0/Dn2

#MJ0.�0;d1 �d2/� 1 .mod 2/:

If d1 � d2 2 Symn1.Œ0; 1��R/� Symn2.Œ0; 1��R/ has no entries with the same Œ0; 1�-component,
consider the path DT WD dT1 �d2 obtained by translating d1 upwards by T units in the R-direction. If
d1 �d2 is not in the fat diagonal, but two elements share the same Œ0; 1�-component, a perturbation of
this path may be chosen which avoids the fat diagonal. The compactification of the 1-dimensional space[

T2Œ0;1/

a
�02�2.�;�/

MJ0.�0;DT /

has ends in bijection with the Cartesian product

(7-9)
� a
�02�2.�;�/
n
p0
1
.�0/Dn1

n
p0
2
.�0/D0

M.�0;d1/

�
�

� a
�02�2.�;�/
n
p0
1
.�0/D0

n
p0
2
.�0/Dn2

M.�0;d2/

�
:

Equation (5-15) implies that the count of the elements in (7-9) is 1, modulo 2. Equation (7-8) follows.
Combining (7-7) and (7-8), it follows thatX

�02�2.�;�/
n
p0
1
.�0/Dn1

n
p0
2
.�0/Dn2

# �M.� #�0/� # �M.�/ .mod 2/:

The main claim now follows.

Corollary 7.6 The 1-handle maps FY;S0;t and the 3-handle maps FY;S2;t are chain maps.

Proof The result is an immediate consequence of Proposition 7.5, together with the formulas for the
1-handle and 3-handle maps in (7-1) and (7-2).

7.4 1-handles, 3-handles and triangle maps

Similar to Theorem 5.7, the 1-handle and 3-handle maps satisfy a useful relationship with the triangle
maps.

Suppose T D .†;˛;ˇ;
;w/ is a multipointed Heegaard triple, and p1; p2 2† n .˛[ˇ[
 [w/ are
two points. We can form a new Heegaard triple �T D .y†;˛[f˛0g;ˇ[fˇ0g;
 [f
0g;w/ by cutting out
a neighborhood of the points p1 and p2, gluing in an annulus to connect the new boundary components.
We add three new attaching curves, ˛0, ˇ0 and 
0, in the new annular region. We assume that ˛0, ˇ0
and 
0 satisfy the configuration shown in Figure 17.
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˛0

ˇ0
0

yC

y�

xC

x� zC

z�

Figure 17: Adding a 1-handle to a Heegaard triple. The dashed circles are the boundaries of the
new annular region.

Lemma 7.7 If T D .†;˛;ˇ;
;w/ is a Heegaard triple , and �T D .y†;˛[f˛0g;ˇ[fˇ0g;
 [f
0g;w/
is obtained by attaching a 1-handle , as above , then there is a canonical isomorphism

(7-10) Spinc.X˛;ˇ;
 /Š Spinc.X˛[f˛0g;ˇ[fˇ0g;
[f
0g/:

Proof Write †0 for the surface † n .N.p1/[N.p2//, and write X0
˛;ˇ;


for the 4-manifold obtained as
the union

.��†0/[ .e˛ �U
0
˛ /[ .eˇ �U

0
ˇ /[ .e
 �U

0

 /;

where U 0˛ is the 3-manifold with boundary and corners obtained by gluing 2-handles to Œ0; 1��†0 along
˛� f1g, and U 0

ˇ
and U 0
 are defined similarly. There are two restriction maps

(7-11) Spinc.X˛;ˇ;
 /! Spinc.X0˛;ˇ;
 / and Spinc.X˛[f˛0g;ˇ[fˇ0g;
[f
0g/! Spinc.X0˛;ˇ;
 /:

We leave it as a straightforward exercise for the reader to use the Mayer–Vietoris long exact sequences on
cohomology to verify that both maps in (7-11) are isomorphisms, leading to the isomorphism in (7-10).

Theorem 7.8 Suppose that T is a Heegaard triple , and �T is obtained by attaching a 1-handle , as in
Figure 17. Let d be a gluing datum for the 1-handle attachment. If T is a pair of neck lengths which are
sufficiently large , then , with respect to the isomorphism of Spinc structures in (7-10), we have

F�T ;J d.T /;s.x� x
C;y �yC/D FT ;J d;s.x;y/˝ z

C;

F�T ;J d.T /;s.x� x
C;y �y�/D FT ;J d;s.x;y/˝ z

�
C

X
z2T˛\T


C 1x;y;z � z� z
C;

F�T ;J d.T /;s.x� x
�;y �yC/D FT ;J d;s.x;y/˝ z

�
C

X
z2T˛\T


C 2x;y;z � z� z
C

for C 1x;y;z; C
2
x;y;z 2 F2ŒUw� (which depend on T, d and T ).

Proof The proof follows the same line of reasoning as the proof of Theorem 5.7.
Suppose that  #  0 2 �2.x � x;y � y; z � z/ is a homology class with Maslov index 0. Using

Lemma 5.8, Sarkar’s formula [2011] for the Maslov index, as well as the fact that the Euler measure of a
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disk is 1, we compute that

(7-12) �. # 0/D �. /� gr.xC; x/� gr.yC; y/C gr.zC; z/:

Define
ı.x; y; z/ WD �gr.xC; x/� gr.yC; y/C gr.zC; z/:

It is straightforward to check that the theorem statement follows from the following two subclaims:

(h1) If ı.x; y; z/D 1, then any Maslov index 0 class in �2.x�x;y�y; z�z/ has no J d.T /-holomorphic
representatives when T is sufficiently large.

(h2) If ı.x; y; z/D 0, then the z�z coefficient of FT ;J d.T /;s.x�x;y�y/ coincides with the z coefficient
of F�T ;J d;s.x;y/.

The counts of the moduli spaces with ı.x; y; z/ 2 f�1;�2g are not relevant to the theorem statement.
Claim (h1) is the easier of the two subclaims to verify, since it relies only on compactness and

transversality, but does not require gluing. By (7-12), if ı.x; y; z/ D 1, then �. / D �1. If  #  0
has representatives for arbitrarily large T, then  must admit a broken representative. However, since
�. /D�1, there can be no broken representatives, by transversality. Hence, no index 0 classes with
ı.x; y; z/D 1 have nonempty moduli spaces for sufficiently large T.

We now consider claim (h2). Assume ı.x; y; z/D 0. In this case, we have �. /D 0 by (7-12). As in
the proof of Theorem 5.7, if Ti is an increasing, unbounded sequence of pairs of neck lengths, then any
sequence of J d.Ti /-holomorphic representatives of  # 0 has a subsequence which converges to a pair
.u; u0/ where u 2MJ d. / and u0 2MJ d

0
. 0/, and

(7-13) �p1;p2.u/D �p
0
1 ;p

0
2 .u0/:

In (7-13), �p1;p2.u/ 2 Symnp1 . /.�/�Symnp2 . /.�/ is the set

�p1;p2.u/D
�
.�� ıu/..�† ıu/

�1.p1//; .�� ıu/..�† ıu/
�1.p2//

�
;

and �p
0
1 ;p

0
2 .u0/ is defined similarly.

Hence, using a gluing argument, for sufficiently large T there is an identification

MJ d.T /. # 0/ŠMJ d. /��MJ d
0
. 0/:

Since MJ d. / is 0-dimensional, it is sufficient to show that if d1 �d2 2 Symn1.�/�Symn2.�/ is not
in the fat diagonal, then

(7-14)
X

 02�2.x;y;z/
n
p0
1
. 0/Dn1

n
p0
2
. 0/Dn2

#M. 0;d1 �d2/� 1

for a generic almost complex structure on S2 � Œ0; 1��R.
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Equation (7-14) is verified similarly to (5-23). Consider a path .Dt /t2Œ1;1/ in Symn1.�/�Symn2.�/,
satisfying the following:

(1) D1 D d1 �d2.

(2) The image of Dt is disjoint from the fat diagonal.

(3) All points of Dt travel into the ˛-ˇ cylindrical end of �.

(4) For large t , the points of Dt are spaced at least distance t apart (with respect to the identification of
the ˛-ˇ cylindrical end of � as Œ0; 1�� .�1; 0�.

(5) The Œ0; 1�-components of all points in Dt approach a fixed s0 2 .0; 1/.

Write D WD fDt W t 2 Œ1;1/g and consider the matched moduli space

M.x;y;z/.D/ WD
a

 02�2.x;y;z/
n
p0
1
. 0/Dn1

n
p0
2
. 0/Dn2

[
t2Œ1;1/

M. 0;Dt /:

As in the proof of (5-23), the space M.x;y;z/.D/ has ends at t D 1, at t 2 .1;1/ and at t D1. The ends
at t D 1 correspond to the left-hand side of (7-14). The ends at t 2 .1;1/ correspond to index 1 strips
breaking off at finite t , which do not pass over p01 or p02 . The ends at t D1 correspond to the Cartesian
product

(7-15)
� a

 002�2.x;y;z/

n
p0
1
. 00 /Dnp0

2
. 00 /D0

M. 00 /

�
�

� a
�2�2.x;x/
n
p0
1
.�/Dn1

n
p0
2
.�/D0

M.�; d/

�n1
�

� a
�2�2.x;x/
n
p0
1
.�/D0

n
p0
2
.�/Dn2

M.�; d/

�n2
;

where d 2 fs0g �R� Œ0; 1��R is a chosen point.
As in the proof of Theorem 5.7, the ends of M.x;y;z/.D/ corresponding to strip breaking at finite t

cancel modulo 2, since x is a cycle in the complex cCF.S2; ˛0; ˇ0; p01 ; p
0
2/, and similarly y and z are

cycles in their appropriate complexes.
The first factor of (7-15) has total count 1, modulo 2, since it is easy to check that when ı.x; y; z/D 0,

the only nonnegative triangle class which has zero multiplicity over p01 and p02 is a small triangle, which
clearly has a unique representative. The latter two factors of (7-15) have total count 1, modulo 2, by
[Ozsváth and Szabó 2008, Lemma 6.4].

Hence, by counting the ends of M.x;y;z/.D/, equation (7-14) follows.

7.5 1-handles, 3-handles and gluing data

Analogous to Proposition 5.9, we have the following:

Proposition 7.9 Suppose HD .†;˛;ˇ;w/ is diagram for .Y;w/, S0 D fp1; p2g �† n .˛[ˇ[w/ is
a 0-sphere , and d1 and d2 are two gluing data for attaching a 1-handle at S0. Suppose further that T1
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and T2 are pairs of neck lengths which satisfy stabilizing condition (SC3) for d1 and d2, respectively.
Write yH1 and yH2 for the diagrams constructed by attaching a 1-handle to H using d1 and d2 (note that
yH1 and yH2 differ only by an isotopy in the 1-handle region). The following diagram commutes up to
chain homotopy:

(7-16)

CF�
J d1
.H; s/ CF�

J d2
.H; s/

CF�
J d1 .T1/

. yH1; Os/ CF�
J d2 .T2/

. yH2; Os/

‰
Jd1!Jd2

F
Y;S0;t F

Y;S0;t

‰
. yH1;J

d1.T1//!. yH2;J
d2.T2//

An analogous relation holds for the 3-handle maps.

Proposition 7.9 is proven by adapting our proof of the analogous result for the free-stabilization maps
in Proposition 5.9.

7.6 Invariance of the 1- and 3-handle maps

In this section, we prove that the 1-handle and 3-handle maps are independent of the choices used in the
construction.

Theorem 7.10 The 1-handle and 3-handle maps determine well-defined chain maps of transitive systems
of chain complexes.

Proof We focus on the 1-handle maps, since the 3-handle maps are dual.
Suppose S0Dfp1; p2g is an embedded 0-sphere in Y, t2Spinc.W.Y;S0//, and H1D .†1;˛1;ˇ1;w/

and H2D .†2;˛2;ˇ2;w/ are two Heegaard diagrams for .Y;w/ such that fp1; p2g �†i n .˛i [ˇi [w/
for i 2 f1; 2g. Let d1 and d2 be two gluing data. It is sufficient to show that if T1 and T2 are two pairs of
neck lengths satisfying condition (SC3), then the following diagram commutes up to chain homotopy:

(7-17)

CF�
J d1
.H1; s/ CF�

J d2
.H2; s/

CF�
J d1 .T1/

. yH1; Os/ CF�
J d2 .T2/

. yH2; Os/

‰
.H1;J

d1/!.H2;J
d2/

FY;S;t FY;S;t

‰
. yH2;J

d1.T1//!. yH1;J
d2.T2//

By Proposition 7.9, the 1-handle maps are independent of the choice of gluing data (i.e., diagram
(7-17) commutes when H1 DH2).

By Lemma 5.12, we can connect H1 and H2 by a sequence of the following moves:

(1) handleslides and isotopies of the ˛ and ˇ curve (possibly passing over p1 and p2);

(2) simple stabilizations, away from w[fp1; p2g;

(3) changing the embedding of the Heegaard surface by an isotopy �t W† ! Y which is fixed on
w[fp1; p2g for all t .
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Since the transition maps for handleslides and isotopies can be computed using a composition of
triangle maps, Theorem 7.8 implies invariance under move (1). Invariance under simple stabilizations
away from w[fp1; p2g follows from a triple neck-stretching argument, similar to Lemma 5.10. Finally,
invariance under move (3) is tautological.

7.7 Further properties of the 1- and 3-handle maps

In this section we prove several additional results about the 1-handle and 3-handle maps.

Lemma 7.11 Suppose that � is a path in Y, S is an embedded 0-sphere or 2-sphere in Y n w and
t 2 Spinc.W.Y;S//. Suppose that �� Y nS is a closed loop , or a path connecting two basepoints. Write
� also for the induced path in Y.S/. Then

A� ıFY;S;t ' FY;S;t ıA�:

Proof The proof is similar to the proof of Lemma 5.13, and follows by examining the curves counted by
the differential in Proposition 7.5, using the fact that the path � does not enter the 1-handle region. We
leave it to the reader to make the necessary notational modifications to the proof of Lemma 5.13.

Next, we consider commuting 1-handle and 3-handle maps amongst each other. If S � Y is a union
of framed k-spheres, we write W.Y;S/ for the cobordism from Y to Y.S/ obtained by attaching kC 1
handles to Œ0; 1��Y along f1g �S. Note that if S and S0 are two disjoint, framed spheres in Y, then the
4-manifolds W.Y;S[S0/ and W.Y.S/;S0/[W.Y;S/ and W.Y.S0/;S/[W.Y;S0/ are diffeomorphic,
via diffeomorphisms which are well defined up to isotopy.

Lemma 7.12 Suppose that S and S0 are two disjoint embedded spheres of dimension 0 or 2 in Y. Write t
for a Spinc structure on

W.Y;S[S0/ŠW.Y.S/;S0/[W.Y;S/ŠW.Y.S0/;S/[W.Y;S0/:

Then

FY.S/;S0;tjW.Y.S/;S0/ ıFY;S;tjW.Y;S/ ' FY.S0/;S;tjW.Y.S0/;S/ ıFY;S0;tjW.Y;S0/ :

Proof The proof follows from a quadruple neck-stretching argument, similar to the double neck-stretching
argument from Proposition 5.14 used to show that free-stabilization maps commute with each other. The
present statement follows from the following subclaim:

Subclaim 7.12.1 Suppose that T and T 0 are two 4-tuples of neck lengths for attaching two 1-handles. If
all of the components of T and T 0 are sufficiently large , then a noncylindrical almost complex structure zJ
interpolating J.T / and J.T 0/ may be chosen so that

‰ zJ .x� �
C
1 � �

C
2 /D x� �

C
1 � �

C
2 ;

‰ zJ .x� �
C
1 � �

�
2 /D x� �

C
1 � �

�
2 C

X
y2T˛\Tˇ

.C 1x;y �y � �
C
1 � �

C
2 CC

2
x;y �y � �

�
1 � �

C
2 /;
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‰ zJ .x� �
�
1 � �

C
2 /D x� �

�
1 � �

C
2 C

X
y2T˛\Tˇ

.C 3x;y �y � �
C
1 � �

C
2 CC

4
x;y �y � �

C
1 � �

�
2 /;

‰ zJ .x� �
�
1 � �

�
2 /D x� �

�
1 � �

�
2

C

X
y2T˛\Tˇ

.C 5x;y �y � �
C
1 � �

�
2 CC

6
x;y �y � �

�
1 � �

C
2 CC

7
x;y �y � �

C
1 � �

C
2 /

for various C ix;y 2 F2ŒUw�, which depend on zJ.

The proof of Subclaim 7.12.1 follows the same reasoning as the proof of Subclaim 5.14.1, the analogous
subclaim of Proposition 5.14. The main difference is that we must use the index formula from Lemma 7.4
to compute the index of a homology class after adding two 1-handles. We leave it to the reader to verify
that the argument carries over to our present context without major change.

Lemma 7.13 Suppose that S is an embedded 0- or 2-sphere in a multipointed 3-manifold .Y;w/. If
w 2 Y n .w[S/ is a new basepoint , then

SCw ıFY;S;t ' FY;S;t ıS
C
w and S�w ıFY;S;t ' FY;S;t ıS

�
w :

Proof The proof follows from a triple neck-stretching argument, similar to the ones we encountered in
Proposition 5.14 and Lemma 7.12. We leave the necessary modifications to the reader.

7.8 Ozsváth and Szabó’s 1-handle and 3-handle maps

Ozsváth and Szabó originally defined the 1-handle and 3-handle maps by taking the connected sum of
the Heegaard surface with a genus 1 Heegaard diagram for S1 �S2 using the same formula as in (7-1)
and (7-2). Morally, this amounts to picking a path between the two components of the attaching 0-sphere
of a 1-handle. For showing invariance of the graph cobordism maps, it is convenient to show that our
definition coincides with Ozsváth and Szabó’s original definition [2006, Section 4.3] when the feet of the
1-handle are in the same component of the 3-manifold. This amounts to the following change of almost
complex structure computation:

Lemma 7.14 Let H D .†;˛;ˇ;w/ denote a Heegaard diagram and let H0 D .† # T2;˛[ f˛0g;ˇ [

fˇ0g;w/ denote the diagram obtained by connect summing the diagram .T2; ˛0; ˇ0/ for S1 � S2, as
shown in Figure 18. Let c, c1 and c2 denote the three circles labeled therein. If T D .T; T1; T2/ is a
triple of positive real numbers , let J.T / denote an almost complex structure which has been stretched
along c, c1 and c2, with neck lengths T, T1 and T2. If all components of T and T 0 are sufficiently large ,
then there exists a noncylindrical almost complex structure zJ on † # T2 � Œ0; 1��R, interpolating J.T /
and J.T 0/, such that

(7-18) ‰ zJ .x� �
C/D x� �C and ‰ zJ .x� �

�/D x� ��C
X

y2T˛\Tˇ

Cx;y �y � �
C

for some Cx;y 2 F2ŒUw� (which depend on zJ ).
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c

c1 c2

ˇ0 ˛0

Figure 18: The diagram H0 D .† # T2;˛[f˛0g;ˇ[fˇ0g;w/ and the circles c, c1 and c2 in Lemma 7.14.

Proof First, a modification of Lemma 5.4 implies that if � 2 �2.x;y/ is a class of disks on .†;˛;ˇ;w/
and �0 2 �2.x; y/ is a class of disks on .T2; ˛0; ˇ0/, then

(7-19) �.� #�0/D �.�/C gr.x; y/:

Note that the present lemma statement concerns only classes with gr.x; y/� 0.
Suppose that Ti and T 0i are two sequences of neck lengths, all of whose components approach C1.

We choose noncylindrical almost complex structures zJi , interpolating J.Ti / and J.T 0i /, such that
.†#T2� Œ0; 1��R; zJi / contains the almost complex submanifold ..†nNi /� Œ0; 1��R; J /, where Ni is
some nested sequence of open neighborhoods of the connected sum point p2†, such that

T
i2N Ni Dfpg,

and J is a fixed cylindrical almost complex structure on †� Œ0; 1��R. Fix a Maslov index 0 class � #�0.
As in the proof of Proposition 5.3, from a sequence ui of zJi -holomorphic representatives of � #�0, we
may extract a broken representative of �.

If gr.x; y/D 1 and � #�0 is a Maslov index 0 class with zJi -holomorphic representatives for large i ,
then (7-19) implies that �.�/D�1. However, since � admits a broken J -holomorphic representative
and J is cylindrical, we must have �.�/� 0, so we obtain a contradiction. Hence, such classes � #�0
have no representatives for large i .

If gr.x; y/D 0 and � #�0 is a Maslov index 0 class with zJi -holomorphic representatives for large i ,
then (7-19) implies �.�/D 0. Since � admits broken holomorphic representatives for a generic cylindrical
almost complex structure, we conclude that � is the constant class. There are no nonnegative Maslov
index 0 classes on .T2; ˛0; ˇ0/ with zero multiplicity over the connected sum point. Hence, �0 must also
be a constant class, e� for � 2 f�C; ��g. On the other hand, the class ex�� always has zJi -holomorphic
representatives. Equation (7-18) follows.

8 2-handles

In this section, we describe the cobordism maps for 2-handles. The maps we describe are essentially the
same as those defined by Ozsváth and Szabó [2006]. They are also similar to the versions defined by
Juhász [2016] in the setting of cobordisms of sutured manifolds.
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8.1 Definition of the 2-handle maps

Definition 8.1 A framed link S1 in a 3-manifold Y is a collection of pairwise disjoint, embedded knots
K1; : : : ; Km � Y together with a choice framing, i.e., a choice of homology classes `i 2H1.@N.Ki /IZ/
satisfying �i � `i D 1 for a meridian �i of Ki .

Adapting Ozsváth and Szabó’s definition [2006, Definition 4.1] in the singly pointed setting, we make
the following definition:

Definition 8.2 Suppose .Y;w/ is a multipointed 3-manifold and S1 is a framed link in Y, with components
K1; : : : ; Km. A bouquet B of S1 is an embedded forest in Y (i.e., a collection of embedded, contractible
graphs) such that each leaf of B is a point on Ki , or a point in w. Furthermore, we assume the following:

(1) For each i 2 f1; : : : ; mg, the set B \Ki contains a single point.

(2) Each connected component of B intersects exactly one point in w, and furthermore that point is a
leaf of B.

If B is a bouquet of the link S1 in .Y;w/, then we form a manifold with boundary YB[S1;w, by
removing a regular neighborhood of B [S1. We decorate the boundary of YB[S1;w with a collection of
sutures (i.e., a collection of oriented, simple closed curves which divide the boundary into two subsurfaces)
by adding one contractible suture for each basepoint in w.

Definition 8.3 Suppose that S1 is a framed link in Y, with components K1; : : : ; Km. We say that a
Heegaard triple

.†;˛;ˇ;ˇ0;w/D .†; f˛1; : : : ; ˛ng; fˇ1; : : : ; ˇng; fˇ
0
1; : : : ; ˇ

0
ng;w/

is subordinate to a bouquet B for the framed link S1 in Y if the following hold:

(1) .†;˛;ˇ;w/ is a Heegaard diagram for .Y;w/.

(2) If †0 denotes the surface obtained by removing small neighborhoods of the basepoints w, then

.†0; f˛1; : : : ; ˛ng; fˇmC1; : : : ; ˇng/

is a sutured Heegaard diagram for the sutured manifold YB[S1;w.

(3) The curves ˇ0mC1; : : : ; ˇ
0
n are small isotopies of the curves ˇmC1; : : : ; ˇn. Furthermore,

jˇi \ˇ
0
j j D 2ıij

whenever mC 1� i; j � n.

(4) If 1� i �m, then ˇi is a meridian of Ki .

(5) If 1� i �m, then ˇ0i is a longitude of Ki , corresponding to the framing.

(6) If 1� i �m, then ˇ0i is disjoint from the curves ˇmC1; : : : ; ˇn. Furthermore,

jˇ0i \ ǰ j D ıij

whenever 1� i; j �m.
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Since Yˇ;ˇ 0 is a connected sum of g.†/�m copies of S1�S2, a theorem of Laudenbach and Poénaru
[1972] implies that the diffeomorphism type of the 4-manifold obtained by attaching 3- and 4-handles to
Yˇ;ˇ 0 � @X˛;ˇ;ˇ 0 is unique. Similar to [Ozsváth and Szabó 2006, Proposition 4.3], we have the following
simple description of the resulting 4-manifold:

Lemma 8.4 Suppose .†;˛;ˇ;ˇ0;w/ is subordinate to a bouquet for a framed link S1 in Y. After
filling in the boundary component Yˇ;ˇ 0 � @X˛;ˇ;ˇ 0 with 3- and 4-handles , we obtain the handle
cobordism W.Y;S1/.

Proof Add an extra product layer and view W.Y;S1/ as the union

(8-1) W.Y;S1/D .Œ1; 2��Y.S1//[H2[ .Œ0; 1��Y /;

where H2 is a union of copies of D2 �D2 (the 2-handles). Write

Y D U˛ [ .Œ0; 1��†/[Uˇ and Y.S/D U˛ [ .Œ0; 1��†/[Uˇ 0 ;

and delete
W0 WD .Œ1; 1C ���Uˇ 0/[H

from W.Y;S1/. We note that W0 is a 4-dimensional handlebody. Using the description of W.Y;S1/
from (8-1), we can write

(8-2) W n int.W0/D .U˛ � Œ0; 2�/[ .Uˇ � Œ0; 1�/[ .Uˇ 0 � Œ1C �; 2�/[ .Œ0; 2�� Œ0; 1��†/:

Upon rounding corners and identifying Œ0; 2� � Œ0; 1� topologically with a triangle, this is identical
to X˛;ˇ;ˇ 0 , as defined in (3-23).

We now define the cobordism maps for 2-handle cobordisms. Suppose S1 � Y is a framed link
in Y, and B is a bouquet. Let .†;˛;ˇ;ˇ0;w/ be a Heegaard triple subordinate to B. There is a unique
top-graded intersection point ‚C

ˇ;ˇ 0
2 Tˇ \Tˇ 0 . Furthermore, it is straightforward to see that ‚C

ˇ;ˇ 0
is a

cycle in the complex CF�.†;ˇ;ˇ0;w; s0/, where s0 2 Spinc.Yˇ;ˇ 0/ is the unique torsion Spinc structure.
By Lemma 8.4, there is a canonical isomorphism

Spinc.X˛;ˇ;ˇ 0/Š Spinc.W.Y;S1//:

Therefore, we will not distinguish between Spinc structures on X˛;ˇ;ˇ 0 and W.Y;S1/.
If s 2 Spinc.W.Y;S1//, the 2-handle map

FY;S1;sWCF�.†;˛;ˇ;w; sjY /! CF�.†;ˇ;ˇ0;w; sjY.S1//

is defined as the holomorphic triangle map

(8-3) FY;S1;s.x/ WD F˛;ˇ;ˇ 0;s.x˝‚
C

ˇ;ˇ 0
/D

X
z2T˛\Tˇ0

X
 2�2.x;‚

C

ˇ;ˇ0
;z/

�. /D0
sw. /Ds

#M. /U
nw. /
w � z;

extended F2ŒUw�-equivariantly.
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B B
ı0

�0 �00

b a

�C

��

Figure 19: The triple .T2; ı0; �0; �
0
0; p0/ used in a simple stabilization of a Heegaard triple. We

view p0 as being the outer dashed circle, collapsed to a point.

8.2 Simple stabilizations and triangle maps

In this section, we prove that the holomorphic triangle maps are invariant under simple stabilizations. For
the original argument in the context of the symmetric product, we refer the reader to [Ozsváth and Szabó
2004b, Theorem 10.4; 2006, Theorem 2.14].

Definition 8.5 Let .T2; ı0; �0; �
0
0; p0/ denote the genus 1 Heegaard triple shown in Figure 19. If

.†;˛;ˇ;
;w/ is a Heegaard triple, we say the Heegaard triple

.†0;˛[f˛0g;ˇ[fˇ0g;
 [f
0g;w/

is a simple stabilization of .†;˛;ˇ;
;w/ if †0 D† # T2 and f˛0; ˇ0; 
0g D fı0; �0; �00g setwise.

Lemma 8.6 If .†;˛;ˇ;
;w/ is a Heegaard triple and .† # T0;˛[ f˛0g;ˇ [ fˇ0g;
 [ f
0g;w/ is a
simple stabilization , then there is a canonical isomorphism

(8-4) Spinc.X˛;ˇ;
 /Š Spinc.X˛[f˛0g;ˇ[fˇ0g;
[f
0g/:

The proof of Lemma 8.6 is a Mayer–Vietoris argument similar to Lemma 7.7, which we leave to the
reader.

Theorem 8.7 Suppose T D .†;˛;ˇ;
;w/ is a Heegaard triple , .T2; ı0; �0; �
0
0; p0/ is the Heegaard

triple shown in Figure 19, and d is a gluing datum for stretching the neck. Let a, b, �C and �� denote
the intersection points shown in Figure 19. For sufficiently large T, we have

(8-5)

F˛[f�0g;ˇ[f�00g;
[fı0g;J d.T /;s.x��
C;y�a/DF˛;ˇ;
;J d;s.x;y/˝b;

F˛[fı0g;ˇ[f�0g;
[f�00g;J d.T /;s.x�b;y��
C/DF˛;ˇ;
;J d;s.x;y/˝a;

F˛[f�0g;ˇ[fı0g;
[f�00g;J d.T /;s.x�b;y�a/DF˛;ˇ;
;J d;s.x;y/˝�
�
C

X
z2T˛\T


Cx;y;z �z��
C

for some Cx;y;z 2 F2ŒUw�, which depend on d and T.

Remark 8.8 Theorem 8.7 can be restated as follows. Let �b denote the simple stabilization map defined
on intersection points as �b.x/D x � b, and extended equivariantly over F2ŒUw�. Define �a similarly.
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Let F
�0;�
0
0

1 denote the 1-handle map, defined as x 7! x��C, extended equivariantly over F2ŒUw�. Define
the 3-handle map F

�0;�
0
0

3 via the formulas x��C 7! 0 and x��� 7! x. Equation (8-5) can be restated as

F˛[f�0g;ˇ[f�00g;
[fı0g;J d.T /;s.F
�0;�
0
0

1 .x/; �a.y//D �bF˛;ˇ;
;J d;s.x;y/;

F˛[fı0g;ˇ[f�0g;
[f�00g;J d.T /;s.�b.x/; F
�0;�
0
0

1 .y//D �aF˛;ˇ;
;J d;s.x;y/;

F˛[f�0g;ˇ[fı0g;
[f�00g;J d.T /;s.�b.x/; �a.y//D F
�0;�
0
0

1 F˛;ˇ;
;J d;s.x;y/˝ �
�:

Proof of Theorem 8.7 The proof we present is similar to the proofs of Theorems 5.7 and 7.8. We focus
on the first formula in (8-5), since the second and third are proven similarly.

A Maslov index computation similar to Lemma 5.4 shows that if  0 2 �2.�C; a; b/, then

�. 0/D 2np0. 0/C gr.�C; �/:

Consequently, if  # 0 2 �2.x� �;y � a; z� b/, then

(8-6) �. # 0/D �. /C gr.�C; �/:

Next, to obtain transversality at curves which appear in our proof, we consider almost complex
structures on � � † satisfying (J01), (J02), (J030), (J040) and (J050); see Proposition 3.4 for a precise
statement of transversality. These are the same almost complex structures considered in the proof of
handleswap-invariance [Juhász et al. 2021, Section 9.3]; we refer the reader there for a detailed account
of a similar argument.

As in the proofs of Theorems 5.7 and 7.8, a sequence of J d.Ti /-holomorphic representatives of
 # 0 will degenerate into a pair of broken holomorphic triangles U and U0, representing  and  0,
respectively. Using (8-6), as well as a transversality, we conclude that �. /D 0. Consequently, arguing
as in Theorems 5.7 and 7.8, the broken triangles U and U0 each consist of a single curve, u and u0,
respectively, which satisfy the matching condition

�p.u/D �p0.u0/;

where p and p0 are the connected sum points. Via a gluing argument, as in the proofs of Theorems 5.7
and 7.8, it is sufficient to show that for a generic d 2 Symn.�/, the following count holds for the matched
moduli spaces on .T2; �0; �

0
0; ı0; p0/:

(8-7)
X

 02�2.�
C;a;b/

np0 . 0/Dn

#M. 0;d/� 1 .mod 2/:

The argument to establish (8-7) is formally similar to the argument for establishing (5-15), (5-23), (7-8)
and (7-14).

Pick a path .dt /t2Œ0;1/ in Symn.�/ satisfying the following:

(1) d0 D d .

(2) dt is disjoint from the fat diagonal.
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(3) The points in dt all enter into the �0-ı0 cylindrical end of ��†.

(4) For large t , the points in dt are spaced at least distance t apart with respect to the Euclidean metric
under the identification of the cylindrical ends as Œ0; 1�� Œ0;1/.

(5) The points of dt all approach a line fs0g � Œ0;1/ as t !1.

Write D WD fdt W t 2 Œ0;1/g, and consider the 1-dimensional moduli space

M.�C;a;b/.D/ WD
a

 02�2.�
C;a;b/

np0 . /Dn

[
t2Œ0;1/

MJ d.T /. 0;dt /:

We count the ends of M.D/. As in the proof of (5-23), generically, the ends correspond to the following:

(e01) t D 0;

(e02) index 1 holomorphic strips breaking off at t 2 .0;1/, with zero multiplicity at p0;

(e03) t !1.

The count of the ends of the form (e01) is equal to the left-hand side of (8-7).
The ends of the form (e02) cancel modulo 2, since �C is a cycle in cCF.T2; �0; �

0
0; p0/, and a and b

are cycles in their appropriate complexes.
The ends of the form (e03) correspond to the Cartesian product

(8-8)
� a
 002�2.�

C;a;b/

np0 . 
0
0 /D0

M. 00 /

�
�

� a
�2�2.b;b/
np0 .�/Dn

M.�; d/

�
;

where d is a point on the line fs0g �R.
We wish to show that the total count in (8-8) is 1. The total count of the left factor is 1, since there is

only one class which contributes, and that class is a small triangle. It remains to show that if � denotes
the index 2 class in �2.b; b/ with np0.�/D 1, then

(8-9) #M.�; d/� 1 .mod 2/:

Note that by axiom (J030), M.�; d/ consists of holomorphic curves for an almost complex structure
on T2 � Œ0; 1��R which satisfies (J1)–(J4) and (J50). These are precisely the almost complex structures
Lipshitz used to prove stabilization-invariance of the Heegaard Floer complexes. With respect to these
almost complex structures, Lipshitz [2006, Sublemma A.12] proves (8-9) while proving stabilization-
invariance. We repeat Lipshitz’s argument here, for the convenience of the reader.

Consider the genus 2 diagram for S1�S2 in Figure 20. Let �1#�0 denote the index 1 class shown. The
class �1 is a bigon, and �0 denotes the index 2 class on T2. By a neck-stretching argument (analogous to
the one above), for large neck length,

# �M.�1 #�0/D # �M.�1/ � # �M.�0; d /:
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Figure 20: A once-stabilized diagram of S1 �S2 used in the proof of Theorem 8.7. The shaded
class is �1 #�0. We stretch along the dashed line.

On the other hand, by invariance of Heegaard Floer homology, since the diagram represents S1 �S2 and
there is only one other nonnegative index 1 class (a bigon), we must have # �M.�1#�0/D 1. Equation (8-9)
follows.

The other two stated formulas from (8-5) follow mutatis mutandis.

8.3 Invariance of the 2-handle maps

We now prove invariance of the 2-handle maps. Since the 2-handle maps which feature in the graph
TQFT are essentially identical to those defined by Ozsváth and Szabó, our exposition will be terse.

Extending [Ozsváth and Szabó 2006, Lemma 4.5] to multipointed 3-manifolds, we have the following:

Lemma 8.9 Suppose S1 is an m-component framed link in .Y;w/, and B � Y is a fixed bouquet of S1.
Then there exists a Heegaard triple .†;˛;ˇ;ˇ0;w/ subordinate to B. Furthermore , two Heegaard triples
subordinate to S1 can be connected by a sequence of the following moves:

(1) an isotopy or handleslide amongst the ˛ curves;

(2) an isotopy or handleslide amongst the curves ˇmC1; : : : ; ˇn, followed by the corresponding move
applied to ˇ0mC1; : : : ; ˇ

0
n;

(3) a simple stabilization or destabilization (of the first or second types in Theorem 8.7), in the comple-
ment of B [S1;

(4) for i 2 f1; : : : ; mg, an isotopy of ˇi , or a handleslide of ˇi across one of the ˇmC1; : : : ; ˇn;

(5) for i 2 f1; : : : ; mg, an isotopy of ˇ0i , or a handleslide of ˇ0i across one of the ˇ0mC1; : : : ; ˇ
0
n;

(6) an isotopy †t of the Heegaard surface †, inside of Y, fixing w, such that †t intersects B [S1 only
along w for all t .

Proof To construct a Heegaard triple subordinate to B, pick a Heegaard diagram for the sutured manifold
YB[S1;w (formed by removing a neighborhood of B [ S1 and adding a contractible suture for each
basepoint in w). Let .†; ˛1; : : : ; ˛n; ˇmC1; : : : ; ˇn/ denote this diagram. We then define ˇ0mC1; : : : ; ˇ

0
n

to be small isotopies of ˇmC1; : : : ; ˇn.

Geometry & Topology, Volume 30 (2026)



482 Ian Zemke

A simple closed curve in @.YB[S1;w/ which avoids the contractible regions bounded by the sutures
can be projected onto † to yield a curve which is in the complement of the curves ˇmC1; : : : ; ˇn. Note
that the curve on † obtained by projecting is only well defined up to isotopies and handleslides across
the ˇmC1; : : : ; ˇn curves. Let ˇ1; : : : ; ˇn �† be obtained by projecting meridians of the components
of S1 onto †. Let ˇ01; : : : ; ˇ

0
n denote projections of the longitudes. These curves are well defined up to

moves (4) and (5).
Hence, given a sutured Heegaard diagram for YB[S1;w we can obtain a Heegaard triple subordinate

to B [ S1 by the above procedure. Furthermore, any two triples constructed from a given Heegaard
diagram via the above procedure can be connected by the listed moves. It remains to connect two sutured
Heegaard diagrams for YB[S1;w. Any two sutured Heegaard diagrams for YB[S1;w can be connected
by a sequence of Heegaard moves by [Juhász 2006, Proposition 2.15], which induce moves (1), (2), (3)
and (6) on the resulting Heegaard triple.

We now show that the maps defined in (8-3) are independent of the choice of bouquet or subordinate
triple:

Lemma 8.10 Suppose S1 is a framed link in .Y;w/, B1 and B2 are two bouquets for S1, and T1 and
T2 are Heegaard triples subordinate to B1 and B2, respectively. Write FY;S1;s;T1 and FY;S1;s;T2 for the
2-handle maps computed with T1 and T2. Write H1 and H2 for the diagrams of Y induced by T1 and T2,
respectively , and write H01 and H02 for the induced diagrams of Y.S1/. The following diagram commutes
up to homotopy:

CF�.H1;w; sjY / CF�.H2;w; sjY /

CF�.H01;w; sjY 0/ CF�.H02;w; sjY 0/

‰H1!H2

F
Y;S1;s;T1

F
Y;S1;s;T2

‰H0
1
!H0

2

Proof Our proof is no different that the original proof given by Ozsváth and Szabó [2006, Theorem 4.4],
so we will be terse. See also [Juhász 2016, Theorem 6.9].

First, we fix a bouquet B for S1 and show that FY;S1;s;T is independent of the triple subordinate to B.
This amounts to proving independence from the moves in Lemma 8.9. Invariance under moves (1), (2),
(4) and (5) all follow from a relatively straightforward argument using associativity of the triangle maps.
Invariance under move (3) (simple stabilizations and destabilizations) follows from Theorem 8.7. Finally,
invariance under move (6) (isotopies of the Heegaard surface) is tautological.

Next, one needs to prove independence from the bouquet. The idea is that if mC 1 � i � n and
1� j �m, then we can handleslide ˇi twice across ǰ , and handleslide ˇ0i twice across ˇ0j to change the
bouquet, one 1-cell at a time. However, the 3-manifold represented by .†;ˇ;ˇ0;w/ is unchanged by a
sequence of such handleslides, and hence the corresponding transition map will preserve the top-degree
generator. Consequently, a simple associativity argument shows that the cobordism map FY;S1;s;T is
unchanged.
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8.4 The composition law for 2-handle maps

We now state the Spinc composition law for the 2-handle maps. We omit the proof, as it is identical to
the proof given by Ozsváth and Szabó [2006, Proposition 4.9] for 2-handle cobordisms between singly
pointed 3-manifolds using associativity of the holomorphic triangle maps [Ozsváth and Szabó 2004b,
Theorem 8.16]:

Lemma 8.11 Suppose that S1 and S2 are two disjoint , framed , 1-dimensional links in .Y;w/, and
s1 2 Spinc.W.Y;S1// and s2 2 Spinc

�
W.Y.S1/;S2/

�
. Then

FY.S1/;S2;s2 ıFY;S1;s1 D
X

s2Spinc .W.Y.S1/;S2//
sjW.Y;S1/Ds1

sjW.Y.S1/;S2/Ds2

FY;S2[S1;s:

9 Constructing the graph TQFT, I

In this section, we describe our maps for graph cobordisms which satisfy the following condition:

Definition 9.1 A cobordism W WY0! Y1 has enough ends if each connected component of W intersects
both Y0 and Y1 nontrivially.

In the subsequent Section 10, we define the maps cobordisms which may not have enough ends.

9.1 Cerf-theoretic preliminaries

We need the following notion of a parametrized decomposition of a cobordism from [Juhász 2016,
Section 8.1]:

Definition 9.2 Suppose that W WY0 ! Y1 is a cobordism with enough ends. A parametrized Kirby
decomposition K of W consists of the following data:

(1) a decomposition
W DWn ı � � � ıW0;

where Wi is a cobordism from Yi to YiC1, and Y0 D Y0 and Y1 D YnC1;

(2) for each i 2 f0; : : : ; ng, a framed link Si � Yi , all of whose components have the same dimension;
the possibility Si D¿ is not excluded;

(3) for each i 2 f0; : : : ; ng, a diffeomorphism ˆi WW.Yi ;Si /! Wi , defined up to isotopy, such that
ˆi .0; y/D y for all y 2 Yi .

Furthermore, the following are satisfied:

(1) There is a c 2 f0; : : : ; ng such that Sc has dimension 1.

(2) If c > i , then Si has dimension 0. If i > c, then Si has dimension 2. (Note we allow ¿ to have any
dimension.)
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(3) If dim.Si /D 0, then Si is empty or has two components. If dim.Si /D 2, Si is empty or has one
component.

Proposition 9.3 Any two parametrized Kirby decompositions can be connected by a sequence of the
following moves and their inverses:

(KM1) adding or removing levels with SD¿;

(KM2) pushing K forward under a diffeomorphism of W, which is the identity on @W and is isotopic to
the identity relative to @W ;

(KM3) exchanging the relative ordering of two framed 0-spheres which are in adjacent levels;

(KM4) exchanging the relative ordering of two framed 2-spheres which are in adjacent levels;

(KM5) handlesliding the components of Sc (a framed 1-dimensional link ) across each other;

(KM6) canceling a framed 0-sphere S0 with a framed 1-sphere K1 in the subsequent level if the belt
sphere of S0 intersects K1 transversely in a single point ;

(KM7) canceling a framed 2-sphere S2 with a framed 1-sphere K1 in the previous level if the belt sphere
of K1 intersects S2 transversely in a single point.

We omit the proof of Proposition 9.3, and instead refer the reader to [Juhász 2018, Section 2; 2016,
Theorem 8.9] for a careful Morse-theoretic argument. We content ourselves with a more detailed
topological description of the moves in Proposition 9.3.

Note that in moves (KM3)–(KM7), we have not explained how the parametrizing diffeomorphisms are
related. To this end, we note that if S and S0 are pairwise disjoint framed spheres in Y, then there are
canonical diffeomorphisms

W.Y.S/;S0/ ıW.Y;S/ŠW.Y;S[S0/ŠW.Y.S0/;S/ ıW.Y;S0/:

For example, the diffeomorphism W.Y.S/;S0/ ıW.Y;S/ Š W.Y;S [ S0/ is obtained by noting that
W.Y.S/;S0/ ıW.Y;S/ can be constructed by inserting a product layer Œ0; 1��Y.S/ into W.Y;S[S0/.
Hence, a diffeomorphism is obtained by picking a collar neighborhood of Y.S/ in W.Y;S/, which is
unique up to isotopy. This describes the change in parametrizing diffeomorphisms in moves (KM3)
and (KM4).

The change in parametrizing diffeomorphisms from move (KM5), a handleslide, is specified similarly.
Suppose K and K0 are two framed knots in Y, and K00 is obtained by handlesliding K0 across K. By our
previous argument, there is a diffeomorphism between W.Y;K[K0/ and W.Y.K/;K0/ıW.Y;K/, which
is well defined, up to isotopy. Next, W.Y.K/;K0/ and W.Y.K/;K00/ are canonically diffeomorphic (up to
isotopy), since K0 and K00 are isotopic in Y.K/. Finally, W.Y.K/;K00/ ıW.Y;K/ and W.Y;K[K00/ are
canonically diffeomorphic, up to isotopy, by our previous argument on reordering handles. Composing
these diffeomorphisms gives a diffeomorphism between W.Y;K[K0/ and W.Y;K[K00/ which is well
defined up to isotopy.
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For the change in parametrizing diffeomorphism after handle cancellations, moves (KM6) and (KM7),
we refer the reader to [Juhász 2018, Definition 2.17].

9.2 Graphs in 4-space

We need the following transversality result concerning the intersection of graphs and the ascending and
descending manifolds of a Morse function:

Lemma 9.4 Suppose that .W; �/W .Y0;w0/! .Y1;w1/ is a graph cobordism and f is a Morse function
on W, with gradient-like vector field v.

(1) If � is disjoint from Crit.f /, then , for generic v, � is disjoint from the descending manifolds of the
index 1 critical points , and the ascending manifolds of the index 3 critical points. Generically , � is
disjoint from both the ascending and descending manifolds of the index 2 critical points.

(2) Suppose � is a fixed , abstract graph , and it W�!W is a family of embeddings , whose intersection
with @W is fixed for all t . For generic it , the image of � is disjoint from Crit.f /, and is disjoint
from the descending manifolds of the index 1 critical points and the ascending manifolds of the
index 3 critical points. Generically, there are finitely many t where it .�/ transversely intersects the
ascending or descending manifold of an index 2 critical point of f. Generically , such intersections
occur along the interior of an edge of � .

Proof We begin with the first claim, concerning a fixed graph. The descending manifolds of index 1
critical points of f are 1-dimensional, so, generically, a graph will be disjoint, since W is 4-dimensional.
The same argument works for the ascending manifolds of index 3 critical points, which are also 1-
dimensional. The ascending and descending manifolds of index 2 critical points are 2-dimensional, so a
graph will be disjoint, generically.

The second claim, concerning 1-parameter families of graphs, follows from the same reasoning.

9.3 Definition of the graph cobordism maps

Let .W; �/W .Y0;w0/! .Y1;w1/ be a graph cobordism with enough ends. Let K be a parametrized Kirby
decomposition of W, which decomposes W as

W DWn ı � � � ıW0:

Let c 2 f0; : : : ; ng denote the index of the 2-handle cobordism, and write Yc and YcC1 for the incoming
and outgoing ends of Wc .

Suppose � is an embedded graph in W. The parametrizing diffeomorphisms of K naturally equip
each Wi with a Morse function and gradient-like vector field .fi ; vi /, well defined up to isotopy in the
handle attachment regions (see [Juhász 2018, Lemma 2.15]). We can assume that the .fi ; vi / glue together
to form a Morse function with gradient-like vector field .f; v/ on all of W.

We can assume, after a small perturbation of the Morse functions, that � is disjoint from Crit.f /. By
Lemma 9.4, for generically chosen v, the graph � is disjoint from the descending manifolds of the index 1
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critical points, the ascending manifolds of the index 3 critical points, as well as both the ascending and
descending manifolds of the index 2 critical points. Flow each point of � along v until it hits Yc . Note
that we flow � \ .Wn ı � � � ıWc/ backwards along v, and we flow � \ .Wc�1 ı � � � ıW0/ forward along v.
Write

�c � Yc

for the resulting graph. By perturbing v slightly, we may assume that �c is embedded in Yc .
Upgrade �c to a flow-graph Gc by letting the initial and terminal vertices of Gc be the images of the

basepoints w0 � Y0 and w1 � Y1, under the flow of v.
Let S0; : : : ;Sn denote the framed links in Y0; : : : ;Yn, associated to K, and let ˆi WW.Yi ;Si /!Wi

denote the parametrizing diffeomorphisms. Let �i WYi .Si /! YiC1 denote the restriction of ˆi to the
outgoing boundary of W.Yi ;Si /.

The type-A graph cobordism map is defined as

(9-1) FAW;�;s WD

� nY
iDcC1

.�i /� ıFYi ;Si ;si

�
ı ..�i /� ıFYc ;Sc ;sc / ıAGc ı

� c�1Y
iD0

.�i /� ıFYi ;Si ;si

�
;

where si WDˆ
�
i .sjWi /.

We define the type-B maps by replacing AG with BG , in (9-1).

Theorem 9.5 Suppose that .W; �/W .Y0;w0/! .Y1;w1/ is a graph cobordism with enough ends.

(1) For a fixed parametrized Kirby decomposition K, the maps FAW;�;s and FBW;�;s are unchanged by
smooth isotopies of the graph � (in the sense of Definition 2.4).

(2) The maps FAW;�;s and FBW;�;s are independent from the choice of parametrized Kirby decomposition
of W.

(3) If W D Œ0; 1��Y, then FAW;�;s'AG , where G is an immersed ribbon flow-graph which is homotopic
to the projection of � into Y. Similarly, FBW;�;s 'BG .

Proof We first verify claim (1), independence from isotopies of � , for fixed K. Lemma 9.4 describes the
codimension 1 configurations which occur for a generic smooth isotopy �t . At all but finitely many t ,
the graph �t will be disjoint from the descending manifolds of the index 2 critical points. At all but
these finitely many t , we may flow �t along a gradient-like vector field (either upwards or downwards,
depending on which portion of K the graph �t lies in) until it intersects Yc , and obtain an immersed
flow-graph Gt in Yc . Homotopies of immersed flow-graphs, which fix boundary vertices, do not affect the
graph action map; see Remark 6.9. There are finitely many points of time t where �t crosses a descending
manifold of an index 2 critical point. If t0 is such a value of t , and � is sufficiently small, the induced
flow-graphs Gt0�� and Gt0C� are related by sliding an edge of Gt0�� across one of the link components
of the framed link Sc .

Let G� denote Gt0�� and let GC denote Gt0C�. We wish to show that

(9-2) FYc ;Sc ;sc ıAG� ' FYc ;Sc ;sc ıAGC :
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c

ˇ0 ˛0

ˇ00

Figure 21: A region of a Heegaard triple subordinate to a framed knot which cancels a 1-handle.
The almost complex structure is stretched along the curve c.

By Theorem 5.7 and Lemma 4.10, the graph action map commutes with 2-handle maps. However,
in Y.S/, the flow-graphs G� and GC are isotopic. Consequently,

FYc ;Sc ;sc ıAG� ' AG� ıFYc ;Sc ;sc ' AGC ıFYc ;Sc ;sc ' FYc ;Sc ;sc ıAGC ;

establishing (9-2). It follows that, for fixed K, the maps FAW;�;s and FBW;�;s are invariant under smooth
isotopies of the graph � .

We now show that FAW;�;s is independent of the choice of parametrized Kirby decomposition. It is
sufficient to show invariance under the moves (KM1)–(KM7) from Proposition 9.3.

Invariance under move (KM1) (adding identity layers) is a tautology.
Invariance under move (KM2) (pushing K forward under an isotopy) is established as follows. Let

.ˆt /t2Œ0;1� be an isotopy of W which is fixed on @W and satisfies ˆ0 D idW . Let K be a parametrized
Kirby decomposition, and let K0 denote the pushforward of K under ˆ1. Note that, tautologically, the
map FAW;�;s, computed with K, agrees with FA

W;ˆ1.�/;s
, computed with K0. By our previous argument,

the graph cobordism maps (for fixed K) are invariant under smooth isotopies of the graph, so the map
FA
W;ˆ1.�/;s

, computed with K0, coincides with the map FAW;�;s, computed with K0.
Invariance under moves (KM3) and (KM4) (reordering disjoint 1-handles or 3-handles) follows from

Lemma 7.12.
Invariance under move (KM5) (handleslides) follows from [Ozsváth and Szabó 2006, Lemma 4.14],

and is a consequence of invariance under the Heegaard Floer groups under handleslides of the ˛ and ˇ,
together with an associativity argument.

Our proof of invariance under move (KM6) (canceling 1- and 2-handles) is formally the same as
Ozsváth and Szabó’s original proof [2006, Lemma 4.16]. For notational simplicity, we focus on the case
when we are computing the 2-handle map of a single framed knot K1 in Y which cancels a 1-handle,
attached along S0 � Y. The general case when K1 is replaced by a framed link with multiple components
follows from essentially the same argument. We can view S0 and K1 as being contained in a 3-ball
in the original manifold Y. Hence, we can find a Heegaard triple subordinate to K1 in Y.S0/ which
locally looks like Figure 21. Fix a Spinc structure s 2 Spinc.Y /. Let Os denote the unique Spinc structure
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on W.Y;S0/ extending s, and let t0 2 Spinc
�
W.Y.S0/;K1/

�
denote the unique Spinc structure which

evaluates trivially on the framed 2-sphere introduced by S0, and restricts to s on Y Š Y.S0/.K1/.
By Lemma 7.14, we can find almost complex structures on T2 � Œ0; 1��R and †� Œ0; 1��R such

that, if J.T / denotes the almost complex structure on .† # T2/� Œ0; 1��R obtained by gluing the two
together, with neck length T along the circle c in Figure 21, then the 1-handle map FY;S0;Os satisfies

(9-3) FY;S0;Os.x/D x� �
C

˛0;ˇ0
:

If .†;˛;ˇ;w/ denotes the original Heegaard diagram of Y, let ˇ0 denote small isotopies of ˇ. The
Heegaard triple .† # T2;˛ [ f˛0g;ˇ [ fˇ0g;ˇ

0 [ fˇ00g;w/ is subordinate to a bouquet for K1. By
Theorem 8.7 and (9-3),

(9-4) FY.S0/;K1;t0.FY;S0;Os.x//D FY.S0/;K1;t0.x� �
C

˛0;ˇ0
/D �.‰

ˇ!ˇ0

˛ .x//;

where � and ‰ˇ!ˇ
0

˛ denote the maps from naturality associated to a simple stabilization and to the small
isotopy moving ˇ to ˇ0, respectively. Invariance under move (KM6) follows.

Invariance under move (KM7) follows by turning around the above argument for move (KM6).
We now verify claim (3). Assume W D Œ0; 1��Y. In this case, we can pick K to have a single level,

which has the empty framed sphere. The map FAW;�;s is, by definition, obtained by projecting � into Y
and computing the map AG . The same argument works for the type-B map.

10 Constructing the graph TQFT, II: adding punctures
In this section, we define the cobordism maps when a cobordism does not have enough ends (in the sense
of Definition 9.1). The idea is to remove small 4-balls from W, and connect the new copies of S3 to � by
adding a new edge.

Combined with our proof of invariance for graph cobordisms with enough ends (Theorem 9.5),
this section concludes the construction of the graph cobordism maps and the proof of their invariance
(Theorem A).

For a fixed P, the chain complex CF�.¿/ is defined to be the ring RP WD F2ŒUp1 ; : : : ; Upn �, where
P D fp1; : : : ; png, with vanishing differential.

10.1 0- and 4-handle maps

Suppose that .Y;w/ is a multipointed 3-manifold, equipped with a coloring � Ww! P. Let .S3; w0/
denote a new copy of S3, and let � 0Ww[fw0g !P be an extension of � .

If .†;˛;ˇ;w/ is a diagram for .Y;w/, and .S2; w0/ is a genus 0 diagram for S3 with no ˛ or ˇ curves
(alternatively, if one wants to avoid Heegaard diagrams with no curves, one can use a genus 1 diagram
for S3, with a single ˛ and ˇ curve).

There is a canonical chain isomorphism

(10-1) CF�.†;˛;ˇ;w� ; s/Š CF�.†[S2;˛;ˇ; .w[fw0g/�
0

; s[ s0/;
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obtained by sending U i1p1 � � �U
in
pn � x to U i1p1 � � �U

in
pn � x, where x 2 T˛ \ Tˇ and Up1 ; : : : ; Upn are the

variables in the ring RP .
The 4-manifold corresponding to a 0-handle attachment is the disjoint union of Œ0; 1��Y with B4.
Writing s0 for the unique element of Spinc.S3/, we define the 0-handle map

FY;0WCF�.Y;w� ; s/! CF�.Y [S3; .w[fw0g/�
0

; s[ s0/

using the canonical isomorphism in (10-1).
There is also a 4-handle map

FY[S3;4WCF�.Y [S3; .w[fw0g/�
0

; s[ s0/! CF�.Y;w� ; s/;

also defined using the canonical isomorphism in (10-1).

10.2 Puncturing graph cobordisms

Suppose that .W; �/W .Y0;w0/! .Y1;w1/ is a graph cobordism without enough ends. Construct a new
4-manifold W 0 by removing a collection of 4-balls from W, which are disjoint from � . For each new
copy of S3 in @W 0, we add a new edge to � which connects the new S3 to a point along the interior of
an edge of � . The new vertices may be labeled with any cyclic order. We designate the new copies of S3

in the boundary as incoming or outgoing, in such a way that .W 0; � 0/ has enough ends, in the sense of
Definition 9.2. Let F0 denote the 0-handle maps corresponding to the new incoming boundary components,
and let F4 denote the 4-handle maps corresponding to the new outgoing boundary components.

We now define

(10-2) FAW;�;s WD F4 ıF
A
W 0;� 0;sjW 0

ıF0;

and define FBW;�;s similarly.
It remains to show that (10-2) is well defined. Since any two puncturings of .W; �/ can be related by a

common puncturing (up to diffeomorphism), it is sufficient to show that the puncturing operation does
not change the maps for cobordisms which already have enough boundary components:

Proposition 10.1 Suppose that .W; �/W .Y0;w0/! .Y1;w1/ is a graph cobordism with enough ends ,
and .W 0; � 0/ is obtained by removing a 4-ball from W and connecting the new boundary component to a
point on the interior of an edge of � . If the new S3 is designated as incoming , then

FAW;�;s ' F
A
W 0;� 0;sjW 0

ıFY0;0:

If the new S3 is designated as outgoing , then

FAW;�;s ' FY1[S3;4 ıF
A
W 0;� 0;sjW 0

:

Proof We focus on the case when the new S3 is designated as incoming. The argument for the other case
is similar. A handle decomposition of W 0 is obtained from a handle decomposition of W by adding in a
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1-handle which connects the new copy of S3 to Y0. Let S0 denote the corresponding 0-sphere in Y [S3,
and let FY0[S3;S0 denote the map for this 1-handle. Immediately from the definitions, we have

(10-3) FY0[S3;S0 ıFY0;0 D S
C
w0
;

where w0 is the basepoint which was added by the 0-handle map.
Let Yc denote the level set in W corresponding to the incoming boundary of the 2-handle portion of W,

and let Gc � Yc denote the flow-graph obtained by isotoping � along the flowlines of a gradient-like
vector field on W. Let G0c denote the flow-graph obtained by isotoping � 0 into Yc using the flow of a
gradient-like vector field on W 0. Let w00 denote the image of w0 in Yc . We can assume that G0c is obtained
from Gc by connecting w00 to the interior of an edge of Gc with an arc.

Using (10-3) and the fact SCw0 can be commuted with the 1-handle maps of W using Lemma 7.13, the
main statement reduces to showing that

AGc D AG0c ıS
C

w 00
:

We note that, by definition, the function AG0c ıS
C

w 00
is equal to the graph action map of G0c , with w00 viewed

as an interior vertex. By the trivial strand relation in Lemma 6.15, the induced map is chain homotopic
to AGc .

11 The composition law

We now prove the composition law for graph cobordisms:

Theorem C Suppose that a graph cobordism .W; �/ can be decomposed as the composition

.W; �/D .W2; �2/ ı .W1; �1/:

If s1 2 Spinc.W1/ and s2 2 Spinc.W2/, then

FAW2;�2;s2 ıF
A
W1;�1;s1

'

X
s2Spinc.W /
sjW1Ds1
sjW2Ds2

FAW;�;s:

The same relation holds for the type-B maps.

Proof First, note that the 0-handle maps of FAW2;�2;s2 can be commuted to the right of all of the factors
of FAW1;�1;s1 . Similarly, the 4-handle maps of FAW1;�1;s1 can be commuted to the left of all of the factors
of FAW2;�2;s2 . Consequently, it is sufficient to prove the composition law for cobordisms with enough ends
(in the sense of Definition 9.1).

Pick parametrized Kirby decompositions K1 and K2, for W1 and W2, respectively. We can stack K1
and K2 to get a decomposition of K of W into elementary cobordisms, though K will not in general be a
parametrized Kirby decomposition, as the handles do not appear in the correct order, and there are two
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levels with 2-handles. We will refer to a decomposition of W into parametrized cobordisms, with at most
two levels with 2-handles, as a semi-Kirby decomposition of W.

Let G1 denote the flow-graph in W1 obtained by isotoping �1 along the flowlines of a gradient-like
vector field until it lies in the incoming boundary of the level of W1 containing the 2-handles. Let G2
denote the analogous flow-graph in a level of W2.

The ascending manifolds of the index 3 critical points of W1 are (after generic perturbation) disjoint
from the descending manifolds of the index 1 and 2 critical points of W2, as well as the flow-graph G2.
Consequently, we may topologically move all of the 3-handles of K1 to the left of the 1-handles, 2-handles
and flow-graph of W2, to obtain a new semi-Kirby decomposition of W. Moving the 3-handles past
the 1-handles and 2-handles of W2 does not affect the composition by Theorem 7.8 and Lemma 7.12.
Commuting 3-handle maps past a graph action map for a flow-graph which is disjoint from the attaching
sphere amounts to commuting the free-stabilization and relative homology maps (which are used to build
the graph action map) past the 3-handle map. The free-stabilization and relative homology maps commute
with the 3-handle maps by Lemmas 7.11 and 7.13.

In an entirely analogous manner, the 1-handle maps of W2 may be commuted to the right of the
3-handles, 2-handles and flow-graph of W1.

Generically, the ascending manifolds of the 2-handles in W2 will be disjoint from G2, and consequently
we may topologically move G2 past the 2-handles of W2 and obtain a flow-graph G02 in the same level
as G1. Commuting the graph action map of G2 with the 2-handle map of W1 amounts to commuting
the free-stabilization and relative homology maps past the 2-handle map, which can be done using
Lemma 4.10 and Theorem 5.7.

By Theorem 6.1(b), we have AG02
ıAG1 D AG02[G1

.
In summary, we have shown that the composition FAW2;�2;s2 ıF

A
W1;�1;s1

is equal to the composition of
handle maps and graph action map of a semi-Kirby decomposition, which fails to be a parametrized Kirby
decomposition only in that it has two levels with 2-handles. Since these two levels are consecutive, by using
the composition law for 2-handle maps in Lemma 8.11, the general Spinc composition law is obtained.

12 Path cobordisms and the normalization axiom

Suppose .Y;w/ is a multipointed 3-manifold. Using the composition law, if .W; �/W .Y0;w0/! .Y;w/

is a graph cobordism and s 2 Spinc.W /, then

FAŒ0;1��Y;Œ0;1��w;sjY ıF
A
W;�;s ' F

A
W;�;s:

This of course does not imply that FA
Œ0;1��Y;Œ0;1��w;sjY

is the identity map. In the study of TQFTs, the
relation

FAŒ0;1��Y;Œ0;1��w;t ' idCF�.Y;w;t/

is often referred to as the normalization axiom (see [Turaev 1994, Section 1.4]). In this section, we prove
the following (modulo a technical result, which we prove in Section 13):
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Theorem B Suppose that .W; �/W .Y0;w0/! .Y1;w1/ is a graph cobordism , and � is a collection of
paths , each connecting w0 to w1.

(1) The A and B versions coincide:

FAW;�;s ' F
B
W;�;s:

(2) Suppose �W .Y;w/! .Y;w/ is an orientation-preserving diffeomorphism , and let W.�/ denote the
mapping cylinder (i.e., Œ0; 1�� Y, with f0g � Y identified with Y via idY and f1g � Y identified
with Y via �). Then

FAW.�/;Œ0;1��w;s ' F
B
W.�/;Œ0;1��w;s ' .��WCF�.Y;w� ; s/! CF�.Y;w��� ; ��s//:

(3) Suppose .W; 
/W .Y0; w0/! .Y1; w1/ is a cobordism such that W, Y0 and Y1 are nonempty and
connected , and 
 is a path from w0 to w1. Then FAW;
;s ' F

B
W;
;s, and both maps coincide with the

map defined by Ozsváth and Szabó.

Proof Using naturality of the Heegaard Floer groups, the first and second claims amount to showing that
if G D .�;w0;w1/ is a flow-graph in Y such that w0 and w1 are pairwise disjoint collections of points
in Y, and � consists of arcs, each connecting a point of w0 to a point of w1, then

(12-1) AG 'BG ' .��/�;

where �� W .Y;w0/! .Y;w1/ is the diffeomorphism obtained by moving w0 to w1 along � .
Similarly, to prove the third claim, we note that our maps FAW;
;s and FBW;
;s are defined in (9-1) by

writing W as a composition of 1-, 2- and 3-handles. The equivalence of our definition of the 1- and
3-handle maps with Ozsváth and Szabó’s construction is established in Lemma 7.14. Our definition of the
2-handle maps coincides exactly with their definition. The only remaining difference between our map
and theirs is that our map includes a graph action map between the 1- and 2-handle maps, for a flow-graph
that consists of a single arc. Equation (12-1) implies that this graph action map is chain homotopic to a
basepoint-moving diffeomorphism map, from which the main claim follows.

It remains to establish (12-1). We leave this for the final section; see Theorem 13.11.

13 Basepoint-moving maps and the normalization axiom

If � is a path in Y from w to w0, in this section we prove that the diffeomorphism map ��, obtained by
pushing w to w0 along �, satisfies

(13-1) �� ' S
�
wA�S

C
w 0 :

See Theorem 13.11. Using (13-1), we finish our proof of Theorem B (the normalization axiom) and prove
Corollary F (our formula for the �1-action).
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ww0
‰H1!H2

H1

˛1ˇ1 ˇ2 ˛2

.†;˛;ˇ;w0/ .†;˛0;ˇ0;w0/

H2

ww0

# #

Figure 22: The diagrams H1 and H2 considered in Theorem 13.1.

13.1 A transition map computation

A key ingredient in our proof of Theorem 13.11 is a computation of the transition map shown in Figure 22.
Suppose that H0 D .†;˛;ˇ;w0[fzg/ is a multipointed Heegaard diagram and z is a distinguished

basepoint. We consider the free-stabilized diagrams,

H1 D .†;˛[f˛1g;ˇ[fˇ1g;w0[fw;w0g/ and H2 D .†;˛0[f˛2g;ˇ0[fˇ2g;w0[fw;w0g/;

obtained by removing z from H0, and inserting the diagrams shown in Figure 22 into the region which
contained z. The curves ˛0 and ˇ0 are small Hamiltonian isotopies of ˛ and ˇ. The case that w0 D¿ is
not excluded. A key step in our proof of (13-1) is to compute the transition map between H1 and H2.

We introduce some notation. If C is a module over the ring F2ŒUz�, we write CUz!Uw for the tensor
product

CUz!Uw WD C ˝F2ŒUz� F2ŒUz; Uw �=.Uw �Uz/;

which we think of as the module obtained by formally setting Uz to the variable Uw . If F WC1! C2 is a
map of F2ŒUz�-modules, write FUz!Uw for the induced map

FUz!Uw WD F ˝ idF2ŒUz ;Uw�=.Uw�Uz/:

If R is a ring of characteristic 2 and F WC1! C2 is a map of R-modules, write .F /Uw for the map of
R˝F2F2ŒUw �-modules

(13-2) FUw WD F ˝ idF2ŒUw�WC1˝F2 F2ŒUw �! C2˝F2 F2ŒUw �:

Finally, we introduce a convenient matrix notation. Let V denote the 2-dimensional vector space
h�C; ��i. If F is a homomorphism

F WC1˝F2 V ! C2˝F2 V;

then we will write F as a 2� 2 block matrix. We always use the ordered basis .�C; ��/, so the first row
and column of such a matrix correspond to �C, and the second row and column to ��.

Theorem 13.1 Let H1 and H2 denote the free-stabilized diagrams in Figure 22. There are choices of
almost complex structures J1 and J2 on H1 and H2, respectively , such that J1 can be used to compute
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˛1 ˇ2

.†;˛;ˇ0;w0/

ww0

H1:5

#

Figure 23: The intermediate diagram H1:5.

SCw and S�w , and J2 can be used to compute SCw 0 and S�w 0 , such that (for some choice of intermediate
diagrams and almost complex structures)

‰.H1;J1/!.H2;J2/ D

 
.‰
ˇ0

˛!˛0/
Uz!Uw0
Uw

ı .‰
ˇ!ˇ0

˛ /
Uz!Uw
Uw0

0

� .‰
ˇ0

˛!˛0/
Uz!Uw0
Uw

ı .‰
ˇ!ˇ0

˛ /
Uz!Uw
Uw0

!
:

Here ‰ˇ!ˇ
0

˛ denotes the transition map from CF�.†;˛;ˇ;w0 [ fzg; s/ to CF�.†;˛;ˇ0;w0 [ fzg; s/,
and ‰ˇ

0

˛!˛0 is defined similarly.

We remark that the component marked � can be computed explicitly. It is equal to

(13-3) .ˆ
ˇ0

˛!˛0/
Uz!Uw0
Uw

ı

� X
i;j�0

U iwU
j
w 0.@iCjC1/Uw;Uw0

�
ı .ˆ

ˇ!ˇ0

˛ /
Uz!Uw
Uw0

;

though we do not need this fact to prove Theorem 13.11. That � equals (13-3) can be proven by a small
modification of Proposition 13.22, below. In (13-3), the expression @iCjC1 is obtained by writing the
differential on CF�.H0; s/ as

.@H0/D

1X
iD0

@iU
i
z :

The proof of Theorem 13.1 involves computing several holomorphic triangle maps and several non-
cylindrical holomorphic strip counts.

On H1, H1:5 (see Figure 23) and H2 we will write J˛ for an almost complex structure which is
stretched along the circles c and c˛ in Figure 24. We write Jˇ for an almost complex structure which is
stretched along the circles c and cˇ in Figure 24.

To help simplify the statements of some of the results in this section, we prove the following:

Lemma 13.2 Let H be one of H1, H1:5 or H2. If T D .T; T 0/, write J˛.T / for an almost complex
structure which has been stretched along c and c˛, with neck lengths T and T 0. There is a constant N
such that if T1 and T2 are two pairs of neck lengths all of whose components are greater than N, then
there is a noncylindrical almost complex structure zJ interpolating J˛.T1/ and J˛.T2/ satisfying

‰J˛.T1/!J˛.T2/ WD‰ zJ D

�
id 0

0 id

�
:
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.H1:5; J˛/

˛1 ˇ2

.†;˛;ˇ0;w0/

ww0

.†;˛;ˇ0;w0/

˛1 ˇ2

ww0

.H1:5; Jˇ /

‰J˛!Jˇ

c c

c˛ cˇ

# #

Figure 24: The almost complex structures J˛ and Jˇ for H1:5.

Proof We focus on the case that H D H1. The statement is proven similarly for H1:5 and H2. The
proof is a double neck-stretching argument. Suppose that T1;i and T2;i are two sequences of pairs of
neck lengths, all of whose components approach C1. Write T1;i D .T1;i ; T 01;i / and T2;i D .T2;i ; T 02;i /.
Define

Tmin;i Dmin.T1;i ; T2;i / and T 0min;i Dmin.T 01;i ; T
0
2;i /:

We decompose neighborhoods of c and c˛ as unions of three annuli, as shown in Figure 25:

N.c/DN1[N2[N3 and N.c˛/DN
0
1[N

0
2[N

0
3:

Construct interpolating almost complex structures zJi between J˛.T1;i / and J˛.T2;i /. We require that
the almost complex structures zJi be split on each of N1, N3, N 01 and N 03 (in particular, zJi is cylindrical
on these regions). Furthermore, we require that zJi be chosen so that N1 and N3 are both conformally
equivalent to S1 �

�
0; 1
3
Tmin;i

�
, and so that N 01 and N 03 are conformally equivalent to S1 �

�
0; 1
3
T 0min;i

�
.

Further, we assume that zJi is only noncylindrical in the regions N2 and N 02. We can pick zJi so that
projection from †� Œ0; 1��R to Œ0; 1��R is holomorphic.

˛1 ˇ1
m2

m1

n2n1

˛1 ˇl1
m2

m1

n2n1

N.c˛/ N.c/

N 02N
0
1N 03 N2N1N3D0
A0

ˇm1

†0

Figure 25: Decomposing the stretching regions in Lemma 13.2.
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Write

(13-4) ‰ zJi
D

�
Ai Bi
Ci Di

�
:

If � #�0 2 �2.x� x;y �y/ is a Maslov index 0 class of disks, then (5-6) implies

(13-5) �.� #�0/D �.�/C gr.x; y/C 2m2.�0/:

Classes with gr.x; y/D 1 contribute to Ci , classes with gr.x; y/D 0 contribute to Ai or Di , and classes
with gr.x; y/D�1 contribute to Bi .

Given a sequence ui of zJi -holomorphic curves representing � # �0, we may extract a subsequence
which converges to broken holomorphic curves on the diagrams .S2; ˛1; ˇl1/, .S

2; ˇm1 / and .†;˛;ˇ/,
whose total homology class is � # �0. The curves ˇl1 and ˇm1 are the result of cutting ˇ1 along its
intersection with c˛, and then collapsing the ends to a point; see Figure 25. Furthermore, the broken
limiting curves are pseudoholomorphic for cylindrical almost complex structures.

In somewhat more detail, to construct such a convergent subsequence, letD0 denote the disk component
of † nN.c˛/ containing ˛1, and let A0 denote the annulus between N.c/ and N.c˛/, as in Figure 25.
Let †0 denote the component of † nN.c/ which is disjoint from w and w0.

If ui is zJi -holomorphic, we take preimages of ui into subregions of † � Œ0; 1� � R to construct
holomorphic curves with additional boundary circles, uli , u

m
i and uri , which map into the 4-manifolds

.D0[N
0
3/� Œ0; 1��R, .N 01[A0[N3/� Œ0; 1��R and .N1[†0/� Œ0; 1��R, respectively. These are

holomorphic curves for cylindrical almost complex structures. We can view ..D0[N
0
3/� Œ0; 1��R; zJi /

as being contained in ..D0[N 03/� Œ0; 1��R; zJk/ whenever Tmin;i � Tmin;k . Consequently, given such a
sequence ui , we may find a subsequence such that uli , u

m
i and uri each converge to curves in the punctured

manifolds S2 n fp0g � Œ0; 1��R, S1 �R� Œ0; 1��R and † n fpg � Œ0; 1��R, where p0 and p denote
the connected sum points corresponding to the circles c˛ and c, respectively.

Consequently, � and �0 admit broken homomorphic representatives on .†;˛;ˇ/ and .S2; ˛1; ˇl1/. In
particular, �.�/� 0, so (13-5) implies

m2.�0/D 0 and gr.x; y/� 0:

Hence, Bi D 0 for large i , since Bi counts curves with gr.x; y/DC1.
Next, we consider classes with gr.x; y/D 0 (which contribute to Ai and Di ). Since � admits a broken

representative and has index 0 by (13-5), we conclude that � must represent the constant class ex. It
is straightforward to see that this also implies that �0 is the constant class ex . Conversely, since zJi is
cylindrical in a neighborhood of all the intersection points, the index 0 classes ex � ex have unique
zJi -holomorphic representatives for all i . Consequently, Ai DDi D id.

We now consider classes with gr.x; y/D�1, which contribute to Ci . For such classes, equation (13-5)
and the inequality �.�/� 0 imply

�.�/D 1 and m2.�0/D 0:
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Since �.�/D 1, transversality implies that the limiting curve on .†;˛;ˇ/ is a nonbroken index 1 flowline.
Since projection to Œ0; 1��R is zJi -holomorphic, the asymptotics of the curves on .S2; ˇm1 / must match
the curve on .†;˛;ˇ/ at the connected sum point. Since the limiting curve on .†;˛;ˇ/ is a genuine
flowline, its asymptotics at the connected sum point consist of m1.�0/ points in Œ0; 1��R (which we can
assume are distinct, for a generically chosen almost complex structure). The only curve on the partial
diagram .S2; ˇm1 / which could match m1.�0/ distinct points in Œ0; 1� �R consists of m1.�0/ copies
of S2 which each map constantly to the Œ0; 1��R factor, as well as some collection of ˇm1 boundary
degenerations, which have m1 D 0. The 2-spheres contribute equally to m1.�0/ and n2.�0/, while the
boundary degenerations only contribute to n2.�0/. Consequently,

(13-6) n2.�0/�m1.�0/:

Since �0 2 �2.��; �C/ and m2.�0/D 0, we must have

(13-7) m1.�0/C 1D n1.�0/Cn2.�0/;

which is satisfied for all classes �0 2 �2.��; �C/ with m2.�0/D 0. Equation (13-7) contradicts (13-6),
so Ci must be zero for large i .

We now describe a refinement of the differential computation of Proposition 5.5. The following
computation is similar to [Ozsváth and Szabó 2008, Proposition 6.5], though the placement of basepoints
and choices of almost complex structures are different than they consider. Recall that H1:5 is the
stabilization of H0 shown in Figure 23.

Lemma 13.3 Let J˛ denote an almost complex structure on H1:5 which is stretched along c and c˛ . For
sufficiently large neck lengths along c and c˛, we have

@H1:5;J˛ D

�
.@H0/

Uz!Uw Uw CUw 0

0 .@H0/
Uz!Uw

�
:

If Jˇ denotes an analogous almost complex structure stretched sufficiently along c and cˇ , then

@H1:5;Jˇ D

�
.@H0/

Uz!Uw0 Uw CUw 0

0 .@H0/
Uz!Uw0

�
:

Proof We focus on computing @H1:5;J˛ ; the computation for Jˇ is a straightforward modification. Write

@H1:5;J˛ D

�
A B

C D

�
:

By Lemma 13.2, if the claim holds any pair of arbitrarily large neck lengths, then it holds for all sufficiently
large pairs of neck lengths (regardless of their relative lengths).

Letm1,m2, n1 and n2 denote the multiplicities of the regions of .S2; ˛1; ˇ2; w;w0/ shown in Figure 26.
Suppose � #�0 2 �2.x� x;y �y/ is a homology class of disks on H1:5. Lemma 5.4 adapts to show

(13-8) �.� #�0/D �.�/� gr.x; y/C 2m2.�0/:
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�C

��

w0 w

˛1 ˇ2

m2
n1 n2

m1
w

˛1

ˇm2

n2m1

w0

cc

c˛

.H1:5; J˛/

ˇl2

Figure 26: Stretching along c˛ . On the left are multiplicities m1, m2, n1 and n2. On the right we
illustrate how the almost complex structure degenerates as we stretch J˛ along c˛ .

Classes with gr.x; y/D 1 contribute to C. Classes with gr.x; y/D 0 contribute to A or D. Classes
with gr.x; y/D�1 contribute to B.

We begin by computing B. Suppose � #�0 2�2.x���;y��C/ is a class counted by B. By stretching
sufficiently along c, we may assume that � has a broken representative, and consequently �.�/ � 0.
Equation (13-8) implies that �.�/Dm2.�0/D 0. Since � has a broken representative, � is a constant
class ex. Since m2.�0/Dm1.�0/D 0, we conclude that �0 must have domain equal to one of the two
bigons going over w or w0. These classes also have a unique holomorphic representative. Consequently,
the map B is multiplication by Uw CUw 0 , as claimed.

We now compute the maps A and D, which count classes with gr.x; y/D 0. Equation (13-8) implies
that �.�/D 1 and m2.�0/D 0. Let us fix a neck length along c˛. By the proof of Proposition 5.5, for
sufficiently large neck length along c, there is an identification

(13-9) M.� #�0/Š f.u; u0/ 2M.�/�M.�0/ W �
p.u/D �p0.u0/g;

where p and p0 denote the connected sum points on † and S2. Note that the required neck length along c
for (13-9) to hold may depend on the fixed neck length along c˛.

By the proof of Proposition 5.5, we know that if � 2 f�C; ��g and d 2 Symm.Œ0; 1��R/ is a fixed
generic element, then

(13-10)
X

�02�2.x;x/
m2.�0/D0
m1.�0/Dm

#M.�0;d/� 1 .mod 2/:

Equations (13-9) and (13-10) together imply that if �.�/D 1 and � 2 f�C; ��g, then

(13-11) # �M.�/�
X

�02�2.�;�/
m2.�0/D0

m1.�0/Dm1.�/

# �M.� #�0/ .mod 2/:

Note that (13-11) almost gives us the desired identification of A and D, except it does not inform us
about the multiplicity on the basepoints w0 and w. By considering the multiplicities in the four regions
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around �C, we know that if �0 2 �2.�; �/ has m2.�/D 0, then

(13-12) m1.�0/D n1.�0/Cn2.�0/:

The integer m1.�0/ is the power of Uz contributed by � to @H0 , while n1.�0/ and n2.�0/ are the powers
of Uw and Uw 0 , respectively, contributed by � #�0 to @H1:5 .

We finish our claim about the maps A and D, it is sufficient to show that if d 2 Symm.Œ0; 1��R/

is a fixed point, then, for almost complex structure sufficiently stretched along c˛, the only classes
�0 2 �2.�; �/ with nonempty M.�0;d/ have n2.�0/Dm1.�0/ and n1.�0/D 0. This implies that any
curve which makes nontrivial contribution to A or D is counted with a factor of Um1.�/w and no factor
of Uw 0 . We prove this in the following subclaim:

Subclaim 13.3.1 Suppose d 2 Symm.Œ0; 1��R/ is not contained in the fat diagonal , and also does not
contain any points of f0; 1g �R. Suppose �0 2 �2.�; �/ has m2.�0/D 0, m1.�0/Dm and n1.�0/ > 0.
If the almost complex structure on S2 � Œ0; 1��R is sufficiently stretched along c˛, then M.�0;d/ is
empty.

Proof The argument here is similar to our proof of Lemma 13.2. As we let the stretching parameter
approachC1, we can extract broken limiting curves on .S2; ˛1; ˇl2/ and the degenerate diagram .S2; ˇm2 /.
See Figure 26. The curves ˇl2 and ˇm2 are obtained by cutting ˇ2 along c˛ , and collapsing the endpoints.

Consider the limiting curves on .S2; ˇm2 /. Since these arose as the limit of curves which matched d ,
the limiting curves must also match d at the point p0 (recall that p0 corresponds to the circle c in
Figure 26). There are no ˛ curves on the degenerate diagram .S2; ˇm2 /. Consequently, any limiting curve
either has no boundary, or has boundary which maps to ˇm2 . Any curve which has boundary on ˇm2 must
map locally constantly to f0g �R � Œ0; 1��R, by the maximum principle. Consequently, the curves
which match d can only be spheres which map to S2 � fdg � S2 � Œ0; 1��R for d 2 d , together with
boundary degenerations which do not cover p0. Such a sphere contributes equally to m1 and n2, while a
boundary degeneration not covering p0 only contributes to n2. Consequently, if M.�0;d/ is nonempty
for a sufficiently stretched along complex structure, then

(13-13) m1.�0/� n2.�0/:

Combined with (13-12), since all multiplicities are nonnegative, inequality (13-13) implies that if
M.�0;d/ is nonempty, then m1.�0/D n2.�0/ and n1.�0/D 0.

We now prove that C is zero (recall C counts representatives of classes in �2.x� �C;y � ��/). For
such classes, equation (13-8) constrains m2.�0/ to be in f0; 1g.

If m2.�0/D 1, then (13-8) implies that �.�/D 0, forcing � to be a constant class, and �0 to be the
bigon m2.�0/ D 1. This class has a unique holomorphic representative. If m2.�0/ D 0, then (13-8)
implies that if the almost complex structure is sufficiently stretched along c, then �.�/D 2. It remains to
count such classes and show that their total counts cancel the bigons with m2.�0/D 1.
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We prove a helpful subclaim:

Subclaim 13.3.2 Suppose that di 2 Œ0; 1��R is a sequence of points approaching the line f0g �R, and
suppose � 2 �2.x;y/ is a Maslov index 2 class on .†;˛;ˇ0/. If the matched moduli space M.�; di / is
nonempty for arbitrarily large i , then � has domain equal to a connected component of † nˇ.

Proof Let ui be a sequence of curves in M.�; di /. Since p is contained in † n .˛[ˇ/, any curve u
in the limit with np.u/¤ 0 must have �Œ0;1��R ıu constant, by the maximum principle. Consequently,
u must have domain equal to Œ†�, or to a ˇ boundary degeneration. Since such curves have Maslov index
at least 2, and any other curves which appear will achieve transversality by Proposition 3.4, no additional
curves may appear in the limit.

The only nonnegative class �0 2 �2.�C; ��/ with m1.�0/ D 1 and m2.�0/ D 0 is the bigon with
m1.�0/D 1. Define the point

d.�0/ WD .u ı�Œ0;1��R/..u ı�S2/
�1.p0// 2 Œ0; 1��R;

where u is a representative of the bigon �0 (well defined up to R-translation). Note that d.�0/ depends
on the choice of almost complex structure on S2� Œ0; 1��R. By stretching along c˛ , we can make d.�0/
arbitrarily close to f0g�R. Let us fix a neck length along c˛ , so the conclusion of Subclaim 13.3.2 holds.

Having fixed a neck length along c˛, we now stretch along c. Suppose � # �0 admits a sequence
of holomorphic representatives for a sequence of neck lengths along c which approach C1. We can
extract broken limits. The curve appearing on S2� Œ0; 1��R will be a representative of the bigon �0. On
†� Œ0; 1��R, there will be a curve in M.�0; d.�0// for some class �0. We claim that �0 must actually
be equal to the class �. Using Proposition 3.4, it is straightforward to show that any curves appearing in
the limit either achieve transversality, or have the homology class of a boundary degeneration or have
domain Œ†�. Classes which have domain Œ†� or which have the domain of a boundary degeneration have
Maslov index at least 2 by (4-5). Hence, other curves are prohibited from appearing in the limit by a
dimension count, since �.�/D 2. Consequently, � D �0.

Subclaim 13.3.2 implies that since M.�; d.�0// is nonempty, � must have domain equal to a connected
component of † nˇ.

Having restricted the homology classes which can contribute to C, we now count their holomorphic
representatives. Let � # �0 2 �2.x � �C;x � ��/ denote an index 1 homology class with m1.�0/D 1
and m2.�0/D 0 such that the domain of � is a connected component of † nˇ.

Let �0 denote the Maslov index 1 bigon going overw0. Splicing �#�0 and �0 together, we get the Maslov
index 2 homology class B 0

x��C
D �0 � .� #�0/ 2 �2.x� �C;x� �C/. The moduli space �M.B 0

x��C
/ is

1-dimensional. We count its ends. One end corresponds to the boundary degenerations in yN ˇ .B 0
x��C

/,
which have total count equal to 1 by [Ozsváth and Szabó 2008, Theorem 5.5]. The other ends correspond
to representatives of B 0

x��C
breaking into two holomorphic strips. Our previous argument implies that the

only other end of �M.B/ consists of the broken holomorphic strip consisting of a representative of � #�0
and a representative of the bigon �0.
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Figure 27: Multiplicities on H1.

Summing over the ends of �M.B 0
x��C

/, we conclude

# yN ˇ .B 0
x��C

/C # �M.� #�0/ � # �M.�0/D 0:

Since # yN ˇ .B 0
x��C

/D # �M.�0/D 1, we conclude that # �M.� #�0/D 1.
It follows that C D 0, completing the proof of Lemma 13.3.

In a similar manner to Lemma 13.3, we may compute the differentials on H1 and H2:

Lemma 13.4 The differentials @H1;J˛ and @H1;Jˇ have the same form:

@H1;J˛ D @H1;Jˇ D

�
.@H0/

Uz!Uw Uw CUw 0

0 .@H0/
Uz!Uw

�
:

Furthermore , using the multiplicities from Figure 27, the index 1 J˛-holomorphic curves counted
by @H1;J˛ satisfy the following:

(1) Any Maslov index 1 class in �2.x��C;y ��C/ or �2.x���;y ���/ with holomorphic represen-
tatives has n1 Dm2 D 0 and n2 Dm1.

(2) The index 1 classes in �2.x� �C;y � ��/ with holomorphic representatives have domain equal to
one of the two bigons with n1 D 1 or n2 D 1 (and all other multiplicities zero).

(3) The index 1 classes in �2.x���;y��C/ with holomorphic representatives have one of two domains.
One domain is a bigon on .S2; ˛1; ˇ1/ with m2 D 1 (and all other multiplicities zero). The other
domain is the connected sum of the bigon on .S2; ˛1; ˇ1/ with m1 D 1, together with the domain on
.†;˛;ˇ/ consisting of the connected component of † nˇ which contains the connected sum point.
Any class with either domain has one representative , modulo 2.

Similar statements hold for @H1;Jˇ , @H2;J˛ and @H2;Jˇ .

Proof The differential @H1;J˛ counts the same holomorphic curves as @H1:5;J˛ , which is analyzed in
Lemma 13.3. The present claim is proven by repeating the argument therein, while keeping track of the
multiplicities over the basepoints, as they appear in H1.

We now compute the change of almost complex structure map ‰J˛!Jˇ on CF�.H1:5; s/.
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Lemma 13.5 Consider the almost complex structures J˛ and Jˇ on H1:5, obtained by stretching along c
and c˛, or c and cˇ , respectively. Whenever the necks along c are sufficiently large ,

(13-14) ‰J˛!Jˇ D

�
id 0

� id

�
:

If all necks are sufficiently long , then the �-component may be identified with

� D

X
i;j�0

U iwU
j
w 0.@iCjC1/Uw;Uw0 :

Proof Lemma 13.2 implies that the relative lengths along c and c˛ for J˛ do not affect the transition
map, and similarly the relative lengths along c and cˇ for Jˇ do not affect the transition map.

We fix a neck length along c˛ for J˛ , and a neck length along cˇ for Jˇ . The computation of the three
components not marked with a � follows from a small adaptation to Proposition 5.3.

To compute the entry marked with a �, we stretch along all necks so that the differentials @H1:5;J˛
and @H1:5;Jˇ take the form described in Lemma 13.3. Write C for the entry labeled � in (13-14). The
transition map ‰J˛!Jˇ is a chain map. We view the relation

‰J˛!Jˇ ı @H1:5;J˛ C @H1:5;Jˇ ı‰J˛!Jˇ D 0

as a matrix involving two-by-two matrices. The diagonal entries give

.@H0/
Uz!Uw C .@H0/

Uz!Uw0 D .Uw CUw 0/ �C;

which algebraically implies the stated form of the map C.

We now perform a triangle map computation for a triple which has been stabilized as in Figure 28.

Proposition 13.6 Suppose that T D .†;˛;ˇ;ˇ0;w0 [ fzg/ is a Heegaard triple with a distinguished
basepoint z, and ˇ0 are small isotopies of ˇ, satisfying jˇi \ˇ0j j D 2ıij . Let

�T D .†;˛[f˛1g;ˇ[fˇ1g;ˇ0[fˇ2g;w0[fw;w0g/
be the Heegaard triple obtained by replacing a neighborhood of z with the region shown in Figure 28. Let
J be an almost complex structure on T, and J.T / an almost complex structure on �T which is stretched
along c˛. Using matrix notation , we have

F�T ;J.T /.x��; ‚Cˇ;ˇ 0 � �C/D
 
FT ;J .x; ‚

C

ˇ;ˇ 0
/Uz!Uw 0

0 FT ;J .x; ‚
C

ˇ;ˇ 0
/Uz!Uw

!
for sufficiently large T.

The following lemma will be useful in the proof of Proposition 13.6:

Lemma 13.7 Suppose that .†;ˇ;ˇ0;w/ is a diagram for .S1�S2/#g.†/ such that ˇ0 are small isotopies
of ˇ, and jˇi \ ˇ0j j D 2ıij . Let ‚C

ˇ;ˇ 0
denote the top-graded intersection point of Tˇ \ Tˇ 0 . If
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Figure 28: The triple �T in Proposition 13.6, a stabilization of T. The shaded regions are two
examples of small triangles, which might be counted.

� 2 �2.‚
C

ˇ;ˇ 0
;y/ is a nonnegative homology class , then �.�/�nw0.�/� 0 for all w0 2w. Furthermore ,

�.�/�nw0.�/D 0 for some w0 2w if and only if � is the constant homology class e
‚
C

ˇ;ˇ0
.

Proof By the formula for the relative Maslov grading in [Ozsváth and Szabó 2004b], we have

(13-15) gr.‚C
ˇ;ˇ 0

;y/D �.�/� 2
X
w2w

nw.�/� 0:

Hence, if � is nonnegative,

(13-16) �.�/�nw0.�/Dgr.‚C
ˇ;ˇ 0

;y/Cnw0.�/C2
X

w2wnfw0g

nw.�/�nw0.�/C2
X

w2wnfw0g

nw.�/�0:

In particular, �.�/�nw0.�/� 0. Furthermore, equation (13-16) implies that if �.�/�nw0.�/D 0 for
some w0, then nw.�/D 0 for all w 2w, and �.�/D 0. From (13-15), we see that gr.‚C

ˇ;ˇ 0
;y/D 0, so

y D‚C
ˇ;ˇ 0

. By diagrammatic inspection, the only nonnegative class � 2�2.‚Cˇ;ˇ 0 ; ‚
C

ˇ;ˇ 0
/ with �.�/D 0

and nw.�/D 0 for all w is the constant class.

Proof of Proposition 13.6 We begin with a Maslov index computation:

Subclaim 13.7.1 Suppose x 2 fxC; x�g and y 2 fyC; y�g, and  0 2 �2.x; �C; y/ is a triangle class on
the triple .S2; ˛1; ˇ1; ˇ2/ shown in Figure 28. We claim

(13-17) �. 0/D .m1Cm2CN1CN2/. 0/:

Proof Equation (13-17) holds for both of the two small triangle classes shaded in Figure 28. Furthermore,
equation (13-17) respects splicing in doubly periodic domains on .S2; ˇ1; ˇ2/ as well as bigons on
.S2; ˛1; ˇ1/ and .S2; ˛1; ˇ2/, implying the formula in general.
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Figure 29: Decomposing �T along c˛ and the broken curves U0, Um and U .

Suppose  2 �2.x; ‚Cˇ;ˇ 0 ;y/ is a class on T, and  0 2 �2.x; �C; y/ is a class on .S2; ˛1; ˇ1; ˇ2/.
We form the class  # 0 on �T by taking the connected sum of  and  0, along c. We claim

(13-18) �. # 0/D �. /C�. 0/� 2m1. 0/D �. /C .m2�m1CN1CN2/. 0/:

The first equality of (13-18) follows from Sarkar’s formula [2011] for the Maslov index and the fact that
a disk has Euler measure 1. The second equality follows from (13-17).

Let p 2† and p0 2 S2 denote the points corresponding to c˛, which arise after we cut † along c˛,
and collapse each of the resulting boundary components. Write

†0 D† n fpg and S20 D S
2
n fp0g:

Let ˇr1 and ˇr2 denote the resulting arcs on †0.
We will also be interested in the tube region, for which we write .S1 �R; ˇm1 ; ˇ

m
2 /. We write plm

and prm for the two punctures of S1 �R. See Figure 29 for a schematic.
If Ti is a sequence of neck lengths approaching1, and J.Ti / denotes an almost complex structure

on †�� with neck length Ti along c˛ , then a sequence ui of J.Ti /-holomorphic triangles representing
 # 0 has a subsequence which converges to three collections, U , Um and U0, where U is a broken
representative of on .†0;˛;ˇ[fˇr1g;ˇ

0[fˇr2g/, U0 is a broken representative of 0 on .S20 ; ˛1; ˇ
l
1; ˇ

l
2/,

and Um is a collection of holomorphic curves in the tube region .S1 �R; ˇm1 ; ˇ
m
2 /. The collections U ,

U0 and Um may contain both holomorphic curves mapping into † ��, S2 �� or S1 �R ��, and
holomorphic curves mapping into †� Œ0; 1��R, S2 � Œ0; 1��R or S1 �R� Œ0; 1��R.
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Figure 30: Domains of troublesome curves which have asymptotics of type (a2) and (a3). We
rule out such curves from appearing.

We now describe the possible asymptotic behavior of the curves appearing in U , Um and U0. For
definiteness, let us focus on U . View a neighborhood of the puncture on †0 as S1� Œ0;1/. If u 2 U , then
the source of u may have punctures along the boundary, at which u is asymptotic to an intersection point
on the Heegaard diagram. Additionally, a curve u in U may have the following types of asymptotics:

(a1) The source of u may have an interior puncture which is asymptotic to an orbit S1 � fpg � S1 ��
for p 2� (multiple covers of such orbits are allowed). Similar asymptotics may occur for curves
of U mapping into †� Œ0; 1��R.

(a2) The source u may have a boundary puncture which is asymptotic to a chord a� fpg � S1 ��,
where p is a point in one of the three components of @�, and a is a subarc of S1 (thought of as the
boundary of † with a point removed). The arc a connects ˇr1 to ˇr1 or ˇr2 to ˇr2. The arc a may
wind multiple times around S1. Similar asymptotics could also appear in curves in U which map
into †� Œ0; 1��R. (These asymptotics are studied in [Lipshitz et al. 2018].)

(a3) The source of u may have a boundary puncture which is asymptotic to a chord which connects ˇr1
and ˇr2. At this boundary puncture, �� ıu approaches1 in one of the cylindrical ends of �. Also,
�† ıu is asymptotic to an arc which connects ˇr1 and ˇr2 (perhaps winding many times). Similar
asymptotics could also appear in curves in U which map into †� Œ0; 1��R.

Examples of asymptotics (a2) and (a3) are shown in Figure 30. We will rule out asymptotics of type (a2)
and (a3) from appearing generically in U , Um or U0.

We first consider U , the curves on †0:

Subclaim 13.7.2 If u 2 U , and S0 is a connected component of the source of u, then ujS0 cannot have
boundary on both ˛ and ˇr1 or ˇr2.

Proof The claim follows from the maximum modulus principle (compare the proof of [Manolescu and
Ozsváth 2025, Proposition 5.2]). Suppose uWS ! †0 �� is a holomorphic triangle with boundary
on ˛ and at least one of ˇr1 or ˇr2. Let S denote the surface obtained by compactifying S by adding its
boundary punctures. There must be a connected component of @S which is mapped by �† ıu to only
ˇr1 and ˇr2, since there are no intersection points between ˇr1 or ˇr2 and ˛, ˇ or ˇ0. By the maximum
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modulus principle, �� ıu must be constant, which is a contradiction. A similar argument applies if u is
a holomorphic strip on one of the subdiagrams .†0;˛;ˇ[fˇr1g/ or .†0;˛;ˇ0[fˇr2g/.

It follows from Subclaim 13.7.2 that U may be arranged into the following collections:

(1) a broken holomorphic triangle u† on .†;˛;ˇ;ˇ0/ representing a class  † 2 �2.x; ‚0;y/;

(2) a broken holomorphic strip uˇ;ˇ 0 on .†;ˇ [ fˇr1g;ˇ
0 [ fˇr2g/ representing a class �ˇ;ˇ 0 in

�2.‚
C

ˇ;ˇ 0
�p;‚0 �p/.

Subclaim 13.7.3 The class �ˇ;ˇ 0 must be the constant class , and U consists only of the curve u† (and
potentially some ghost curves). The class  † is equal to  , and has Maslov index 0. The asymptotics
of u† at p consist only of orbits of type (a1). After perturbing the almost complex structure , the orbit
asymptotics of u† project to m1. / distinct points in the interior of �. After completing over the
puncture p, the curve u† satisfies (M1)–(M6).

Proof The proof is essentially combinatorial, and is based on obtaining convenient index formulas.
Let �0

ˇ;ˇ 0
denote the homology class in �2.‚Cˇ;ˇ 0 ; ‚

0/ induced by �ˇ;ˇ 0 on .†;ˇ;ˇ0/, obtained by
removing a disk containing the ˇr1 and ˇr2 curves, and collapsing the resulting boundary component to a
point.

Note that  D  †C�0ˇ;ˇ 0 , since all multiplicities are represented. Hence,

(13-19) �. /D �. †/C�.�
0
ˇ;ˇ 0/:

We claim

(13-20) .m2�m1/. 0/D .m2�m1/. †/C .m2�m1/.�ˇ;ˇ 0/D .m2�m1/.�ˇ;ˇ 0/:

The first equality of (13-20) follows since  0 represents the entire homology class of the limiting curves
on .S20 ; ˛1; ˇ

l
1; ˇ

l
2/, while  † and �ˇ;ˇ 0 represent the entire homology class of the limiting curves on

.†0;˛;ˇ[fˇ
r
1g;ˇ

0[fˇr2g/. The second equality of (13-20) follows from the fact thatm2. †/Dm1. †/,
since u† has no boundary mapping to ˇ1 or ˇ2.

Combining (13-18), (13-19) and (13-20), we obtain

(13-21) �. # 0/D �. /C .m2�m1CN1CN2/. 0/

D �. †/C�.�
0
ˇ;ˇ 0/C .m2�m1CN1CN2/. 0/

D �. †/C .�.�
0
ˇ;ˇ 0/�m1.�ˇ;ˇ 0//Cm2.�ˇ;ˇ 0/C .N1CN2/. 0/:

By construction of the class �0
ˇ;ˇ 0

, we have

(13-22) m1.�ˇ;ˇ 0/Dm1.�
0
ˇ;ˇ 0/:

Equation (13-22) and Lemma 13.7 imply

�.�0ˇ;ˇ 0/�m1.�ˇ;ˇ 0/D �.�
0
ˇ;ˇ 0/�m1.�

0
ˇ;ˇ 0/� 0:
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Consequently, equation (13-21) implies

(13-23) 0D �. †/D �.�
0
ˇ;ˇ 0/�m1.�ˇ;ˇ 0/Dm2.�ˇ;ˇ 0/DN1. 0/DN2. 0/:

In particular, equation (13-23) implies that

�.�0ˇ;ˇ 0/�m1.�
0
ˇ;ˇ 0/D �.�

0
ˇ;ˇ 0/�m1.�ˇ;ˇ 0/D 0;

so Lemma 13.7 implies that �0
ˇ;ˇ 0

must be a constant class.
Next, if n 2 fn1; n2; m1; m2g, we note that

n.�ˇ;ˇ 0/Cm1. †/D n. 0/;

since �ˇ;ˇ 0 ,  0 and  †, when spliced together, represent the entire class  #  0. Since u† has no
boundary components on ˇr1 or ˇr2,

n1. †/D n2. †/Dm1. †/Dm2. †/:

Consequently, the class �ˇ;ˇ 0 satisfies the same vertex relation at �� that the class  0 satisfies:

(13-24) .n1Cn2/.�ˇ;ˇ 0/D .m1Cm2/.�ˇ;ˇ 0/:

Since �0
ˇ;ˇ 0

is the constant class, we know m1.�
0
ˇ;ˇ 0

/D 0. Equation (13-22) implies that m1.�ˇ;ˇ 0/D 0.
From (13-23), we know that m2.�ˇ;ˇ 0/D 0. Combined with (13-24), we conclude

n1.�ˇ;ˇ 0/D n2.�ˇ;ˇ 0/Dm1.�ˇ;ˇ 0/Dm2.�ˇ;ˇ 0/D 0;

so �ˇ;ˇ 0 is a constant class, as well.
Since �ˇ;ˇ 0 is the constant class,  D  †.
Since u† has no boundary mapping to ˇr1 or ˇr2, it can only be asymptotic at p to orbits of type (a1).

From (13-23) we know that �. /D 0. Hence, for generic almost complex structure, after completing
over p, u† will satisfy (M1)–(M6).

Finally, by perturbing the almost complex structure slightly, we can ensure that the asymptotics of u†
at p consist of m1. / once-covered orbits of type (a1), which each project to a different point of �. Such
a perturbation can be done concretely, by perturbing the placement of the connected sum point so that it
is disjoint from the image of the branch set of �† ı v, for any Maslov index 0 holomorphic triangle v (a
codimension 2 subset of †).

We now analyze the curves in U0 and Um:

Subclaim 13.7.4 The curves in U0 can only be asymptotic at the puncture p0 to an orbit of type (a1). The
curves in Um consist only of once-covered cylinders of the form S1 �R� fdg, where d is an interior
point of �, as well as possibly some ghost curves.

Proof A version of compactness in symplectic field theory is described in [Bourgeois et al. 2003], where
a linear ordering of levels appears. Our present situation is more similar to the compactification via
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holomorphic combs which appears in bordered Floer homology [Lipshitz et al. 2018, Section 5.4], since
holomorphic curves can degenerate into the three cylindrical ends of �, and also into the tube region
which results from cutting along c˛. Hence, the limiting curves may be arranged into a 2-component
level structure. We refer to one component as the �-level, and the other as the †-level (compare [Lipshitz
et al. 2018, Definition 5.20]). Furthermore, there is a single �-level in each †-level which consists of
curves mapping into S20 ��, S1 �R�� or †0 ��. We refer to this level as the central �-level. All
other curves map into one of the cylindrical 4-manifolds appearing in the ends.

We begin at the central �-level of U , which consists only of the curve u† by Subclaim 13.7.3 (and
possibly some ghost curves, which we will later rule out). We proved that the asymptotics of u† consisted
of m1. / orbits of type (a1), each of which projects to a distinct point in the interior of �.

There is a story V1 of Um which matches u†. Since V1 matchesm1. / once-covered orbits of type (a1),
which each project to an interior point of �, V1 must also be in the central �-level. Since there are no ˛
curves on .S1�R; ˇm1 ; ˇ

m
2 /, any holomorphic curve with connected source which has such an orbit at prm

must project constantly to �. Consequently, such a curve must also be asymptotic to a once-covered orbit
at plm. According to Subclaim 13.7.3, we have

n1. 0/D n2. 0/Dm1. 0/Dm2. 0/Dm1. /:

Since V1 must contain m1. / once-covered cylinders, which each project constantly to �, there can be
no other holomorphic curves with nonconstant image, since they would raise the multiplicity in some
region of † too high.

We now consider the level V2 of Um which matches the asymptotics of V1. The previous argument
implies that V2 consists only of m1. / once-covered cylinders, and some ghost curves. We continue
in this manner until we reach the central �-level of U0. Since adjacent levels must have matching
asymptotics, we conclude that the central �-level of U0 has asymptotics at p0 consisting only of m1. 0/
once-covered orbits. Furthermore, the asymptotics match those of u†.

Subclaim 13.7.5 The collection U0 consists of a single holomorphic triangle u0, satisfying (M1)–(M6),
as well as possibly some ghost curves. Furthermore ,

�p.u†/D �
p0.u0/:

Proof Subclaim 13.7.5 constrains the asymptotics at p0 of the curves in U0 to satisfy (a1). The Maslov
index of  0 is 2m1. 0/, since �. /D 0 by the proof of Subclaim 13.7.3. The setX. /�Symm1. 0/.�/
defined by

X. / WD f�p.u/ W u 2M. /g

is finite. Consequently, as in the proof of Proposition 5.5, dimension counting using Proposition 3.4
implies that U0 consists of a single holomorphic triangle u0 which satisfies (M1)–(M6).

Having constrained the curves of U , Um and U0 in Subclaims 13.7.3, 13.7.4 and 13.7.5, the index
argument in the proof of Proposition 5.5 applies to show that, generically, no ghost curves appear.
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The class  0 is completely determined: since N1. 0/ D N2. 0/ D 0 by (13-23),  0 has domain
consisting of one of the two shaded small triangles in Figure 28 together with k copies of the compo-
nent of S2 n ˛0 which has nonzero multiplicity on the region marked m1. In particular, this implies
that  0 2 �2.xC; �C; yC/ or  0 2 �2.x�; �C; y�/, and hence the off-diagonal entries of the map
F�T ;J.T /.x��; ‚Cˇ;ˇ 0 � �C/ are zero. Let us write

 
k;C
0 2 �2.x

C; �C; yC/ and  
k;�
0 2 �2.x

�; �C; yC/

for these two triangle classes.
It remains to count representatives of the class # 0, when �. /D0 and 02f 

m1. /;C
0 ;  

m1. /;�
0 g.

If u† denotes the holomorphic triangle in U , and u0 the triangle in U0, then we can view the pair .u†; u0/
as a point in the compactification of the space[

T>0

MJ.T /. # 0/:

Gluing gives an identification of a neighborhood of the set of such pairs .u†; u0/ with the Cartesian
product

(13-25) f.u†; u0/ 2M. /�Mp0. 0/ W �
p.u†/D �

p0.u0/g � Œ0; 1/;

where Mp0. 0/ denotes the set of holomorphic curves u0WS0!S20 �Œ0; 1��R, representing the class  0
on .S20 ; ˛1; ˇ

l
1; ˇ

l
2/, such that .�S2 ıu0/

�1.p0/\ @S D¿ (i.e., the curves which only have asymptotics
of type (a1) at p0, and none of type (a2) or (a3)).

Since �. /D 0, it suffices to count the number of elements in the matched moduli space Mp0. 0;d/,
where d 2Symm1. 0/.�/ is a generic point. The strategy used by Ozsváth and Szabó [2008, Lemma 6.4] to
prove (5-15) now readily adapts to our present situation. Pick a path of points dt W Œ0;1/!Symm1. 0/.�/,
disjoint from the fat diagonal, consisting of m1. 0/ points which all travel into the ˛1-ˇ1 cylindrical end
of �, such that the points of dt are spaced at least t distance apart (with respect to a metric obtained
by embedding � conformally in the complex plane, so that each cylindrical end is identified with
Œ0; 1�� Œ0;1/).

Subclaim 13.7.6 The only ends of the 1-dimensional moduli space
S
t2Œ0;1/Mp0. 0;dt / at finite t

correspond to Mp0. 0;d0/.

Proof The proof is similar to our proof of (5-23). Degenerations may be analyzed by considering
possible curves and arcs collapsing in the source curve. Such degenerations may be broadly classified
into one of the following phenomena: holomorphic strips breaking off into one of the three cylindrical
ends, boundary degenerations bubbling off, curves breaking off toward the puncture p0, or the source
curve becoming nodal.

One example of a curve breaking off to p0 would be a slit along ˇl1 or ˇl2 traveling out towards p0.
Strip breaking is prohibited as follows. Suppose vWS!S2� Œ0; 1��R is a hypothetical strip appearing

in degeneration in Mp0. 0;dt / at some finite t . Since N1.v/ D N2.v/ D 0, the domain of v must

Geometry & Topology, Volume 30 (2026)



510 Ian Zemke

have nonzero multiplicity in one of the four regions adjacent to p0. Consequently, any holomorphic
triangle also arising in the degeneration could not match any dt , since dt is bounded away from the three
components of @�.

Boundary degenerations are prohibited similarly, since the only possible class of the resulting boundary
degeneration would have nonzero multiplicity around p0, prohibiting the triangular component in the
limit from matching dt .

Curves breaking off in the direction of p0 are also prohibited, since the resulting curve mapping into
S1�R�� must match dt at the puncture prm. As argued in the proof of Subclaim 13.7.3, this constrains
any curves appearing in S1�R�� to consist only of cylinders, and possibly ghost curves. Ghost curves
are prohibited from dimension counts, as in the proof of Proposition 5.5.

Finally, the formation of nodal singularities is prohibited similarly to the proof of (5-23). Double points
appearing on the interior of the source are prohibited by dimension counts. Boundary double points
are prohibited since they result in the formation of a boundary degeneration, which we have already
prohibited.

Consequently, the limiting curves which appear in the ends of Mp0. 0;dt / as t ! 1 take the
following form:

(1) a single index 0 holomorphic triangle (with domain equal to one of the two shaded regions in
Figure 28), together with

(2) m1. 0/ Maslov index 2 holomorphic curves with domain A equal to the component of S2 n˛0 with
m1.A/D 1; each curve matches a single point d 2 Œ0; 1��R.

If x 2 fxC; x�g, write Ax for the Maslov index 2 homology class in �2.x; x/ corresponding to the curves
of type (2). It remains to count the matched moduli space Mp0.Ax; d / for a generic point d 2 Œ0; 1��R.
This is achieved by letting d approach f1g �R (the ˛1 boundary of Œ0; 1��R). The limiting curve then
consists of a single ˛1 boundary degeneration, as well as a representative of the constant class, ex . There
are no other ends.

By [Ozsváth and Szabó 2008, Theorem 5.5], the count of ˛1 boundary degenerations in the class Ax
is 1, modulo 2. By the Riemann mapping theorem, each of the shaded triangles in Figure 28 has a unique
representative. Consequently, gluing together these curves, we conclude that Mp0. 0;d/ has a single
element, modulo 2, for any generic d 2 Symm1. 0/.�/.

Using (13-25), we conclude that, for large T,

#MJ . /D #MJ.T /. # 0/:

The class  # 0 has multiplicitym1. / over w, and zero multiplicity on w0. Hence, any representative
of  # 0 is counted with a factor of U nz. /w 0 and no factor of Uw , completing the proof of Proposition 13.6.

Proposition 13.8 Suppose that T D .†;˛0;˛;ˇ0;w0 [ fzg/ is a Heegaard triple with a distinguished
basepoint z, and ˛0 are small Hamiltonian isotopies of ˛ satisfying j˛0i \ j̨ j D 2ıij . Let �T D
Geometry & Topology, Volume 30 (2026)
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w0˛1 ˛2

�C

w

ˇ2

cˇ c

y�

xC

x�

yC

Figure 31: The Heegaard triple �T in Proposition 13.8. The shaded regions are each examples of
small triangles which might be counted.

.†;˛0 [ f˛2g;˛ [ f˛1g;ˇ
0 [ fˇ2g;w0 [ fw;w

0g/ be the Heegaard triple shown in Figure 31. Write
J for an almost complex structure on †�� for T, and write J.T / for an almost complex structure for �T,
which has had a neck of length T inserted along cˇ . For sufficiently large T,

F�T ;J.T /.‚C˛0;˛ � �C;x��/D
 
FT ;J .‚

C
˛0;˛;x/

Uz!Uw0 0

0 FT .‚
C
˛0;˛;x/

Uz!Uw0

!
:

Proof The proof is identical to the proof of Proposition 13.6.

Lemma 13.9 Almost complex structures J˛ and Jˇ can be chosen on H1, H1:5 and H2 so that the
following hold :

(1) Lemma 13.3 applies to compute the differentials on H1:5. Lemma 13.4 applies to compute the
differential on H1 and H2.

(2) Proposition 13.6 applies to compute the transition map ‰.H1;J˛/!.H1:5;J˛/ and Proposition 13.8
applies to compute ‰.H1:5;Jˇ/!.H2;Jˇ/.

(3) Lemma 13.5 applies to compute ‰.H1:5;J˛/!.H1:5;Jˇ/.

(4) J˛ can be used to compute SCw 0 on H1, and Jˇ can be used to compute S�w on H2.

Proof All of the results follow from the aforementioned results, together with Lemma 13.2, which shows
that the transition map for changing between two choices of J˛ with different relative neck lengths is the
identity map, on the level of chain complexes.

We now prove Theorem 13.1:

Proof of Theorem 13.1 Let J1 and J2 be the almost complex structures J˛ and Jˇ on H1 and H2,
chosen so that the statements of Lemma 13.9 hold.

Decompose ‰.H1;J˛/!.H2;Jˇ/ as

(13-26) ‰.H1;J˛/!.H2;Jˇ/ D‰.H1:5;Jˇ/!.H2;Jˇ/ ı‰.H1:5;J˛/!.H1:5;Jˇ/ ı‰.H1;J˛/!.H1:5;J˛/:
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ww0

H1

˛1ˇ1

�

ˇ2 ˛2

H2

ww0

�

Figure 32: The path � in the diagrams H1 and H2.

Using Lemma 13.9, equation (13-26) implies that ‰.H1;J˛/!.H2;Jˇ/ is equal to, in matrix notation, 
.‰
ˇ0

˛!˛0/
Uz!Uw0 0

0 .‰
ˇ0

˛!˛0/
Uz!Uw0

!�
id 0

� id

� 
.‰
ˇ!ˇ0

˛ /Uz!Uw 0

0 .‰
ˇ!ˇ0

˛ /Uz!Uw

!

D

 
.‰
ˇ0

˛!˛0/
Uz!Uw0 ı .‰

ˇ!ˇ0

˛ /Uz!Uw 0

� .‰
ˇ0

˛!˛0/
Uz!Uw0 ı .‰

ˇ!ˇ0

˛ /Uz!Uw

!
;

as claimed. Furthermore, according to Lemma 13.9, the almost complex structure J˛ can be used to
compute SCw 0 on H1, and Jˇ can be used to compute S�w on H2.

13.2 Basepoint-moving maps and the �1-action

In this section, we prove our proposed formulas for the basepoint-moving diffeomorphism maps.
We first need a computation of the relative homology map for the diagrams H1 and H2 considered in

the previous section. In the diagrams H1 and H2, let � be the path shown in Figure 32.

Lemma 13.10 On .H1; J˛/, the relative homology map A� takes the form

.A�/H1;J˛ D

�
Uw � .ˆz/

Uz!Uw Uw
id Uw � .ˆz/

Uz!Uw

�
;

where ˆz is the endomorphism of CF�.†;˛;ˇ;w0[fzg/,

ˆz.x/D
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

nz.�/ � # �M.�/U
nw0 .�/
w0 U nz.�/�1z �y:

On .H2; Jˇ /, the map A� takes the form

.A�/H2;Jˇ D

�
0 Uw
id 0

�
:

Proof The statement follows from the holomorphic disk counts in Lemma 13.4, as we now explain.
We first consider the diagonal entries. The curves which contribute to the diagonal entries of .A/H1;J˛

represent classes of the form � #�0 in �2.x��;y ��/ for � 2 f�C; ��g. Lemma 13.4 implies that these
have no change across ˇ1, and have a change of nz.�/ across ˛1. The curves are counted by .A�/H1;J˛
with an additional factor of a.�; � # �0/, which is thus nz.�/. It follows that the diagonal entries are
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equal to Uw � .ˆz/Uz!Uw . We leave it to the reader to verify, using Lemma 13.4, that the off-diagonal
entries are as claimed.

An entirely analogous argument works to compute .A�/H1;Jˇ .

Theorem 13.11 Suppose � is a path from w to w0, and w0 � Y is a (possibly empty) collection of
basepoints which contains neither w nor w0. The diffeomorphism map

��WCF�.Y; .w0[fwg/� ; s/! CF�.Y; .w0[fw0g/�
0

; s/

satisfies

�� ' S
�
wA�S

C
w 0 ;

when � 0 is the coloring obtained by pushing forward � under �.

Proof Assume that a diagram .†;˛;ˇ;w0[fwg/ is chosen so that � is embedded in † and is disjoint
from ˛ and ˇ. Let �t W Œ0; 1��†!† be an isotopy of †, supported in a small neighborhood of �, such
that �0 D id† and �1.w/ D w0. Further, assume that �t is the identity outside a small neighborhood
of �. If J is an almost complex structure on †� Œ0; 1��R, then pushing forward under �1 � id yields a
tautological map

T WCF�J .†;˛;ˇ;w0[fwg/! CF�.�1/�J .†;˛;ˇ;w0[fw
0
g/:

By definition,

��WCF�J .†;˛;ˇ;w0[fwg/! CF�J .†;˛;ˇ;w0[fw
0
g/

is the composition

(13-27) �� D‰.�1/�J!J ıT:

As a first step, we show that the expression for �� in (13-27) is equal to the tautological map on
intersection points. The map ‰.�1/�J!J is obtained by counting Maslov index zero holomorphic disks
for a dynamic almost complex structure which interpolates .�1/�J and J. The isotopy �t induces an
automorphism ˆ of †� Œ0; 1��R,

ˆ.x; s; t/D .�t .x/; s; t/:

We push J forward along ˆ to get a dynamic almost complex structure, interpolating J and .�1/�J.
However, ˆ�.J /-holomorphic disks on †� Œ0; 1��R pull back under ˆ to J -holomorphic disks on
†� Œ0; 1��R. (The assumption that �t is fixed near ˛ and ˇ is necessary since it implies that the pullback
of a ˆ�.J /-holomorphic disk has boundary mapping to the cylinders ˛ � f0g �R and ˇ � f0g �R.)
By transversality for J, a Maslov index zero ˆ�.J /-holomorphic disk must be a constant disk. Hence,
‰.�1/�J!J is the tautological map on intersection points.

Hence, ��, being the composition of two tautological maps, is a tautological map.
We now consider the composition S�wA�S

C
w 0 . Let H1 and H2 be diagrams for .Y;w0 [ fw;w0g/

which are free stabilizations of .†;˛;ˇ;w0[fwg/ or .†;˛;ˇ;w0[fw0g/, respectively, as in Figure 32.
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Similarly to Figure 24, let J˛ and Jˇ be almost complex structures on H1 and H2, obtained by stretching
parallel to ˛1 and ˇ2, respectively.

The map S�wA�S
C
w 0 , viewed as a map from CF�J .†;˛;ˇ;w0[fwg/ to CF�J .†;˛;ˇ;w0[fw

0g/, can
be computed as the composition

(13-28) S�wA�S
C
w 0 D‰

ˇ0!ˇ
˛0!˛ ıS

�
w ı .A�/H2;Jˇ ı‰.H1;J˛/!.H2;Jˇ/ ıS

C
w 0 :

Using matrix notation, we can write

SCw 0 D

�
id
0

�
and S�w D

�
0 id

�
:

Using matrix notation, we rewrite (13-28) using Theorem 13.1 and Lemmas 13.5, and 13.10 as

(13-29) S�wA�S
C
w 0 '‰

ˇ0!ˇ
˛0!˛

�
0 id

� �0 Uw
id 0

� 
‰
ˇ0

˛!˛0 ı‰
ˇ!ˇ0

˛ 0

� ‰
ˇ0

˛!˛0 ı‰
ˇ!ˇ0

˛

!�
id
0

�
:

Matrix multiplication reduces (13-29) to ‰ˇ
0!ˇ
˛0!˛ ı‰

ˇ0

˛!˛0 ı‰
ˇ!ˇ0

˛ , which is chain homotopic to the
tautological map by naturality. Since we already showed that �� is the tautological map, the proof is
complete.

13.3 The ˆw map

If .†;˛;ˇ;w/ is a Heegaard diagram and w 2w, then we write ˆw for the endomorphism

(13-30) ˆw.x/D U
�1
w

X
�2�2.x;y/
�.�/D1

nw.�/ � # �M.�/U
nw.�/
w �y

of CF�.†;˛;ˇ;w; s/.

Remark 13.12 The map ˆw can be conveniently described algebraically as the formal derivative of the
differential. Viewing CF�.H; s/ as a free F2ŒUw�-module with basis T˛\Tˇ , we can write @ as a matrix
with entries in F2ŒUw�. The map ˆw is obtained by differentiating each entry with respect to Uw .

We now prove several properties about the endomorphism ˆw .

Lemma 13.13 The map ˆw is a chain map.

Proof View the differential @ as a square matrix with entries in F2ŒUw�. Differentiating @ ı @D 0 with
respect to d=dUw , using the Leibniz rule, yields

@ˆw Cˆw@D 0:

Lemma 13.14 The map ˆw commutes with transition maps up to chain homotopy.

Proof The transition maps satisfy

(13-31) @‰H1!H2 C‰H1!H2@D 0:
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We apply d=dUw to (13-31). The Leibniz rule implies

ˆw‰H1!H2 C‰H1!H2ˆw C @‰
0
H1!H2 C‰

0
H1!H2@D 0;

which says that ˆw commutes with ‰H1!H2 up to chain homotopy.

Lemma 13.15 If w 2w and jwj> 1 (so SCw S
�
w is defined ), then

ˆw ' S
C
w S
�
w :

Proof Pick a diagram H for .Y;w/ which is a free stabilization of a diagram H0 for .Y;w n fwg/ at w.
Furthermore, assume that the free stabilization is adjacent to another basepointw0 2w. Using Lemma 13.4,
we may pick an almost complex structure so that

(13-32) @H D

�
.@H0/Uw Uw CUw 0

0 .@H0/Uw

�
;

where .@H0/Uw is the map obtained by extending @H0 linearly over Uw , as in (13-2).
Differentiating (13-32) with respect to Uw yields

ˆw D

�
0 id
0 0

�
;

which is SCw S
�
w .

Lemma 13.16 Suppose � is a path between two distinct basepoints in w. If w 2 @�, then

A�ˆw CˆwA� ' id:

If w … @�, then

A�ˆw CˆwA� ' 0:

Proof Assume first that w 2 @�. We apply d=dUw to the equation

@A�CA�@D Uw CUw 0

from Lemma 4.1, obtaining the relation

A�ˆw CˆwA�CA
0
�@C @A

0
� D id:

This proves the claim when w 2 @�. The claim when w … @� is proven similarly.

Lemma 13.17 If w ¤ w0, then ˆwSıw 0 CS
ı
w 0ˆw ' 0 for ı 2 fC;�g.

Proof Similar to Lemma 13.16, the claim is proven by differentiating the expression @Sıw 0 CS
ı
w 0@D 0

with respect to Uw .

Lemma 13.18 The map ˆw satisfies .ˆw/2 ' 0 (F2ŒUw�-equivariantly).

Geometry & Topology, Volume 30 (2026)



516 Ian Zemke

Proof Write @D
P1
nD0 @nU

n
w , where @n does not involve any powers of Uw . Define

H WD

1X
nD2

1
2
n.n� 1/@nU

n�2
w I

the quantity 1
2
n.n� 1/ is computed over Z, then projected to F2. The equality @2 D 0 implies thatX

iCjDk

@i@j D 0

for each k � 0. We now compute

@H CH@D
X
i;j�0

�
1
2
i.i � 1/C 1

2
j.j � 1/

�
@i@jU

iCj�2
w

D

1X
kD2

�
1
2
k.k� 1/

X
iCjDk

@i@j

�
U k�2w C

X
i;j�0

ij @i@jU
iCj�2
w

D 0Cˆ2w :

13.4 The �1-action

We now prove our formula for the �1-action:

Theorem D The action of 
 2 �1.Y; w/ satisfies


� ' idCˆw ıA
 :

Proof Break 
 into the concatenation of two paths, and write 
 D �2 ��1, where �1 is a path from w

to w0 and �2 is a path from w0 to w. Using Theorem 13.11, we have

(13-33) .
/� ' .�2/� ı .�1/� ' .S
�
w 0A�2S

C
w /.S

�
wA�1S

C
w 0/:

We manipulate (13-33) as follows:

.
/� ' S
�
w 0A�2ˆwA�1S

C
w 0 (Lemma 13.15)

' S�w 0.ˆwA�2 C id/A�1S
C
w 0 (Lemma 13.16)

' S�w 0ˆwA�2A�1S
C
w 0 CS

�
w 0A�1S

C
w 0 (algebra)

'ˆwS
�
w 0A�2A�1S

C
w 0 CS

�
w 0A�1S

C
w 0 (Lemma 13.17)

'ˆwA
 CS
�
w 0A�1S

C
w 0 (Lemma 6.11)

'ˆwA
 C id (Lemma 6.10):

We now consider the triviality of the �1-action on homology. By Remark 13.12, the map ˆw can be
viewed as the derivative of the differential, with respect to Uw . Note that to apply the map d=dUw to an
element @.x/, we must use the Leibniz rule:

d

dUw
.@.x//D

�
d

dUw
@
�
.x/C @

�
d

dUw
x
�
:
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Rearranging, we obtain

(13-34) ˆw D
d

dUw
ı @C @ ı

d

dUw
:

The map ˆw is an F2ŒUw�-module homomorphism and hence induces an RP -module homomorphism
after tensoring CF� with the F2ŒUw�-module RP . The derivative d=dUw is not an F2ŒUw�-module
homomorphism and hence does not induce a chain null-homotopy on homology, unless the coloring is
simple. Similarly, the map d=dUw does not always persist to cCF.

We summarize with the following:

Corollary 13.19 The �1.Y; w/-action vanishes on HFı.Y;w� ; s/ for ı 2 fC;�;1g as long as w has
a coloring distinct from all the other basepoints. In particular , it vanishes on the uncolored modules
HFı.Y;w; s/ for ı 2 fC;�;1g.

Corollary F is also a consequence:

Corollary F If .W; 
/ is a path cobordism between two singly based 3-manifolds .Y0; w0/ and .Y1; w1/,
then the cobordism map

FW;
;sWHFı.Y0; w0; sjY0/! HFı.Y1; w1; sjY1/

is independent of 
 if ı 2 f�;1;Cg.

Proof Suppose that 
 and 
 0 are two paths inW, connecting w0 and w1. DecomposeW asW3ıW2ıW1,
where Wi is obtained by attaching i -handles. Let Y denote W2\W1. Let w00; w

0
1 2 Y denote the images

of w0 and w1, under the flow of gradient-like vector fields on W3 ıW2, and W1. By flowing 
 and 
 0

downwards in W3 ıW2, and upwards in W1, we obtain two paths, � and �0, from w00 to w01 in Y . We can
decompose the two cobordism maps as

FW;
;s D F3 ıF2 ı�� ıF1 and FW;
 0;s D F3 ıF2 ı�
0
� ıF1;

where Fi denotes the i-handle map for Wi , and �� and �0� denote the two basepoint-moving diffeo-
morphism maps. That �� D �0� as homomorphisms from HFı.Y; w00; sjY/ to HFı.Y; w01; sjY/ follows
from Corollary 13.19.

13.5 3-manifolds with nonvanishing �1-action

We are now equipped to prove Corollary E, and give examples where the �1-action is nonvanishing.

Corollary E Let Y be a 3-manifold and s 2 Spinc.Y /.

(1) If s is torsion and there is an x 2 HFC.Y; w; s/ such that

U � x D 0 and x … U �HFC.Y; w; s/;

then �1.Y #S1 �S2; w/ acts nontrivially oncHF.Y #S1 �S2; w/:
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(2) Suppose Œ
� 2H1.Y IZ/ is a class whose action on HFC.Y; w; s/ does not vanish. If jwj � 2, then
the diffeomorphism map 
� acts nontrivially on the F2ŒU �-module

HF�.Y;w� ; s/;

where � denotes the coloring which assigns all basepoints the variable U.

Proof We begin with claim (1). The classification theorem for finitely generated chain complexes over a
PID (see, e.g., [Hendricks et al. 2018, Lemma 6.1]) implies that CF�.Y; w; s/ can be written as a direct
sum of 1-step complexes (complexes with a single generator over F2ŒU �, and vanishing differential) and
2-step complexes a p.U/

���! b (i.e., complexes with two generators over F2ŒU �, a and b, with @.b/D 0 and
@.a/D p.U / � b).

If s 2 Spinc.Y / is torsion, then CF�.Y; w; s/ admits a relative Z grading [Ozsváth and Szabó 2004b,
Section 4.2]. Consequently, an algebraic argument (see [Hendricks et al. 2018, Lemma 6.2]) implies each
of the 2-step complexes appearing must have p.U /D U i for some i .

The existence of an x 2 HFC.Y; w; s/ such that U � x D 0 and x … U �HFC.Y; w; s/ implies that at
least one summand of CF�.Y; w; s/ must be a 2-step complex of the form a

U
�! b. The ˆw map for such

a complex satisfies ˆw.a/D b. In particular, on cHF.Y; w; s/ the map ˆw is nonzero.
We view cHF.S1�S2; s0/ as the 2-dimensional vector space V D h�C; ��i. If 
 � S1�S2 is a curve

which generates H1.S1 �S2/, then

A
 .�
C/D �� and A
 .�

�/D 0:

Using the connected sum formula, cHF.Y #S1�S2; w; s# s0/ is isomorphic to cHF.Y; w; s/˝V. From
Theorem D and the connected sum formula, the map 
� satisfies


�.a˝ �
C/D a˝ �CC b˝ �� and 
�.a˝ �

�/D a˝ ��;

which is not equal to the identity map.
We now consider claim (2). Since jwj � 2, pick a w 2w and write w0 WDw n fwg. By Lemma 13.4,

we obtain the decomposition

HF�.Y;w� ; s/Š HF�.Y;w�0 ; s/˝V:

Analyzing the curve counts appearing in Lemma 13.4, we conclude that the maps ˆw and A
 have the
matrix descriptions

(13-35) ˆw D

�
0 id
0 0

�
and A
 D

�
A
 0

0 A


�
:

In (13-35), we are abusing notation slightly and writing A
 for the induced map on both HF�.Y;w� ; s/
and HF�.Y;w�0 ; s/.

Consequently,

(13-36) 
� D idCˆwA
 D
�

id A

0 id

�
;
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which is not the identity if A
 acts nontrivially on HF�.Y;w�0 ; s/. Using the formula from (13-35), we
see that A
 acts nontrivially on HF�.Y;w�0 ; s/ if and only if it acts nontrivially on the singly based
complex. The main statement now follows.

13.6 Illustrating the �1-action on multipointed diagrams

In this section, we sketch an alternative proof of the formula for the �1-action, when there are at least
two basepoints. In contrast to our proof of the normalization axiom (in particular Theorem 13.11), the
proof we describe in this section is a direct holomorphic curve count, and does not use any functorial
aspects of the graph TQFT.

Suppose w0 is a nonempty collection of basepoints in Y, and suppose p 2 Y nw0 is a new basepoint.
If HD .†;˛;ˇ;w0/ is a Heegaard diagram for .Y;w0/, let

HCp D .†;˛[f˛0g;ˇ[fˇ0g;w0[fpg/

denote the free stabilization of H at p. As we observed in the proof of Corollary E (see (13-36)), the
�1-action takes a simple form for free-stabilized diagrams. We now show that (13-36) can be proven
using a direct holomorphic curve count:

Proposition 13.20 Suppose H is a diagram for .Y;w0/ and HCw is obtained by free-stabilizing at w. If 

is a closed loop based at w, then

(13-37) 
� '

�
id A

0 id

�
;

with respect to the matrix decomposition CF�.HCw ; s/ Š CF�.H; s/˝F2 V, where V D h�C; ��i is a
2-dimensional vector space.

If H D .†;˛;ˇ;w/ is a Heegaard diagram, and p 2 † n ˛[ ˇ, we can define an endomorphism
�pWCF�.H; s/! CF�.H; s/ via the formula

(13-38) �p.x/ WD
X

�2�2.x;y/
�.�/D1

np.�/ � # �M.�/U
nw0 .�/
w0 �y:

Remark 13.21 The map �p appearing in (13-38) may not be a chain map. Instead �p is a chain
homotopy between the actions Uw˛ and Uwˇ , where w˛ 2w0 is the basepoint in the component of †n˛
containing p, and wˇ is the basepoint in the component of † nˇ containing p.

We need the following change of almost complex structure map computation:

Proposition 13.22 Suppose H is a Heegaard diagram for .Y;w0/, and HCp is the free stabilization of H
at the point p. Let J˛ and Jˇ denote almost complex structures which have been stretched as in Figure 24.
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˛0 ˇ0
p

n1 n2

m1

��

�C

Figure 33: Multiplicities in the free-stabilization region.

For sufficiently long necks , the transition map ‰Jˇ!J˛ takes the form

‰Jˇ!J˛ D

�
id .�p/Up
0 id

�
;

where �pWCF�.H; s/! CF�.H; s/ is the map defined in (13-38).

Proof Similar to Lemma 13.5, we fix two neck lengths along c˛ and cˇ for J˛ and Jˇ , respectively,
and then stretch along c. Adapting the argument therein, for an appropriately chosen almost complex
structure zJ on †� Œ0; 1��R, interpolating J˛ and Jˇ with sufficiently large neck length along c, the
transition map satisfies

(13-39) ‰Jˇ!J˛ WD‰ zJ D

�
id �
0 id

�
:

The � appears in the upper right corner, whereas in Lemma 13.5 it appeared in the lower left corner,
since the basepoint configuration is now different, and the Maslov grading of the points of ˛0 \ˇ0 is
now reversed from Lemma 13.5.

We now show � D�p. This amounts to counting zJ -holomorphic representatives of index 0 classes
� #�0 2 �2.x� ��;y � �C/. Let n1.�0/, n2.�0/, m1.�0/ and np.�0/ denote the multiplicities shown
in Figure 33.

For classes � #�0 2 �2.x� ��;y � �C/, equation (5-3) implies

(13-40) �.� #�0/D �.�/C 2np.�0/� 1:

If � #�0 is a class with zJ -holomorphic representatives with arbitrarily large neck length along c, then
a limiting argument as in Lemma 13.2 shows that � has a broken representative for a cylindrical almost
complex structure. Hence, �.�/ � 0, by transversality. Consequently, equation (13-40) implies that if
� #�0 2 �2.x � ��;y � �C/ has Maslov index 0 and has representatives for arbitrarily long neck length
along c, then

�.�/D 1 and np.�0/D 0:

If k is a fixed nonnegative integer, there are k nonnegative homology classes in �2.��; �C/ with
np D 0 and m1 D k. If k1, k2 are nonnegative integers with k1C k2 D k � 1, we write �k1;k20 for the
class in �2.��; �C/ with

(13-41) np.�
k1;k2
0 /D 0; m1.�

k1;k2
0 /D k; n1.�

k1;k2
0 /D k1 and n2.�

k1;k2
0 /D k2:
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Hence, to compute the component marked � in (13-39), it is sufficient to compute

#M zJ
.� #�k1;k20 /

when � has Maslov index 1 and k1C k2 Dm1.�/� 1. To this end, we will show that

(13-42) #M zJ
.� #�k1;k20 /� # �M.�/ .mod 2/

for each nonnegative pair k1, k2 with k1C k2 D k � 1. Note that the main statement follows quickly
from (13-42).

Similar to the classes �k1;k20 , there are kC1 nonnegative homology classes in �2.�C; �C/ with npD 0
and m1 D k. If K1CK2 D k, write �K1;K20 for the homology class in �2.�C; �C/ defined similarly
to (13-41). To establish (13-42), we count the ends of the 1-dimensional spaces M zJ

.� # �K1;K20 /.
As in the proof that ‰ zJ is a chain map, the ends of M zJ

.� # �K1;K20 / all result from strip breaking, i.e.,
correspond to pairs . Qu1; u

ˇ
2 / or .u˛1 ; Qu2/ where Qui denotes an index 0 zJ -holomorphic curve, and uˇ2 and

u˛1 denote index 1 Jˇ - or J˛-holomorphic curves. Furthermore, each end consists of one the following
configurations:

(e1) a pair . Qu1; u˛2/, where Qu1 represents an index 0 class in �2.x� �C; z� �C/ and u˛2 represents an
index 1 class in �2.z� �C;y � �C/;

(e2) a pair . Qu1; u˛2/ where Qu1 represents an index 0 class in �2.x � �C; z� ��/ and u˛2 represents an
index 1 class in �2.z� ��;y � �C/;

(e3) a pair .uˇ1 ; Qu2/ where uˇ1 represents an index 1 class in �2.x � �C; z� �C/ and Qu2 represents an
index 0 class in �2.z� �C;y � �C/;

(e4) a pair .uˇ1 ; Qu2/ where uˇ1 represents an index 1 class in �2.x � �C; z� ��/ and Qu2 represents an
index 0 class in �2.z� ��;y � �C/.

In case (e1), the curve Qu1 contributes to the first diagonal entry of ‰ zJ . The argument used to establish
(13-39) implies that Qu1 must represent a constant class ex � e�C .

In case (e2), the curve Qu1 contributes to the lower left entry of ‰ zJ . Our argument to establish (13-39)
showed that no such curves Qu1 exist, prohibiting the existence of these ends.

In case (e3), the curve Qu2 contributes to the first diagonal entry of ‰ zJ . As with case (e1), the curve Qu2
must represent the constant class ey � e�C .

In case (e4) the curve uˇ1 contributes to the lower left entry of the differential @HCp ;J˛ , which vanishes.
Hence, uˇ1 represents one of two bigon classes in the free-stabilization region. See the proof of Lemma 13.3.
The class Qu2 contributes to the upper right component of the matrix for ‰ zJ (which we are trying to
compute). We write B0;1 and B1;0 for these bigons, chosen so that n1.B1;0/D 1 and n2.B0;1/D 1.

In summary, the ends of M zJ
.� # �K1;K20 / are constrained to the following:

(1) a zJ -holomorphic representative of ex � e�C and a J˛-holomorphic representative of � # �K1;K20 ;

(2) a zJ -holomorphic representative of ey � e�C and a Jˇ -holomorphic representative of � # �K1;K20 ;
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˛0

ˇ00 ˇ0
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x�zC

z�

cˇ;ˇ 0

Figure 34: A Heegaard triple which has been free-stabilized. We stretch the almost complex
structure along cˇ;ˇ 0 .

(3) a zJ -holomorphic representative of � #�K1�1;K20 and a Jˇ -holomorphic representative of B1;0;

(4) a zJ -holomorphic representative of � #�K1;K2�10 and a Jˇ -holomorphic representative of B0;1.

We can write out the ends as

(13-43) @M zJ
.�#�K1;K20 /D �MJ˛ .�#�K1;K20 /�M zJ

.ex�e�C/tM zJ
.ey�e�C/� �MJˇ .�#�K1;K20 /

t �MJˇ .B1;0/�M zJ
.�#�K1�1;K20 /t �MJˇ .B0;1/�M zJ

.�#�K1;K2�10 /:

The bigons and constant classes appearing in (13-43) have unique holomorphic representatives. Since
the total ends of a compact 1-manifold are 0, equation (13-43) implies

(13-44) # �MJ˛ .� # �K1;K20 /C# �MJˇ .� # �K1;K20 /C#M zJ
.� #�K1�1;K20 /C#M zJ

.� #�K1;K2�10 /D 0:

The proof of Lemma 13.4 adapts immediately to show that

(13-45) # �MJˇ .� # �K1;K20 /D

�
# �M.�/ if .K1; K2/D .k; 0/;
0 otherwise;

and

(13-46) # �MJ˛ .� # �K1;K20 /D

�
# �M.�/ if .K1; K2/D .0; k/;
0 otherwise:

By starting at .K1; K2/D .k; 0/ and using (13-44), (13-45) and (13-46) to go through all pairs .K1; K2/
with K1CK2 D k, we obtain (13-42).

We need the following triangle count:

Lemma 13.23 Suppose T D .†;˛;ˇ;ˇ0;w0/ is a Heegaard triple (we do not assume ˇ0 are small
isotopies of ˇ). Let T Cp be the Heegaard triple obtained by free-stabilizing at p, as in Figure 34. Let J be
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�1

�2

�3

w †

Figure 35: Breaking the closed curve 
 into a sequence of arcs �1; : : : ; �n.

an almost complex structure on †� Œ0; 1��R, and let J.T / denote an almost complex structure with a
neck of length T added along cˇ;ˇ 0 . For sufficiently large T,

FT Cp ;J.T /
.x��;y � �C/D

�
FT ;J .x;y/ 0

0 FT ;J .x;y/

�
:

Proof The statement is a special case of [Manolescu and Ozsváth 2025, Proposition 5.2].

We now sketch our proof of the formula for the �1-action when there is more than one basepoint:

Proof of Proposition 13.20 Immerse 
 in †, and break 
 into a sequence of embedded arcs, �1; : : : ; �n
such that each �i crosses a single ˛ or ˇ curve exactly once. See Figure 35.

Write @�i D fpi ; piC1g. Note that p1 D pnC1 D w. Let HCpi denote a free stabilization of H at pi .

�i

.�i /�

ˇ

piC1

ˇ

pi

piC1

�i

ˇ0
pi

triangle count isotopy

Figure 36: Decomposing .�i /� into a triangle map followed by a tautological diffeomorphism map.
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Let J˛;i denote an almost complex structure for HCpi stretched along a circle c˛ parallel to the ˛ circle
in the free-stabilization region, and let Jˇ;i denote one stretched along a circle cˇ parallel to the ˇ circle.

Each arc �i induces a diffeomorphism map

(13-47) .�i /�WCF�Jˇ;i .H
C
pi
; s/! CF�Jˇ;iC1.H

C
piC1

; s/:

First, we claim that if �i intersects a single ˇ curve (and no ˛ curves), then .�i /� is chain homotopic
to

(13-48) .�i /� '

�
id 0

0 id

�
:

To establish (13-48), we decompose �i into two maps, a holomorphic triangle count to handleslide a ˇ
curve over pi , followed by a tautological diffeomorphism map to move pi to piC1. See Figure 36.

Equation (13-48) follows from Lemma 13.23, since we are using the almost complex structure Jˇ;i .
Hence, the triangle counts on the free-stabilized Heegaard triple for the handleslide are obtained from the
triangle counts on the unstabilized diagram. Once we compose with the tautological map for an isotopy,
the diagonal entries are chain homotopic to the identity, by naturality.

Next, we claim that if �i intersects a single ˛ curve (and no ˇ curves), then .�i /� is chain homotopic
to

(13-49) .�i /� '

�
id �pi C�piC1
0 id

�
:

Equation (13-49) is established as follows. By simply switching the roles of the ˛ and ˇ curves, our
previous argument shows that the map

.�i /�WCF�J˛;i .H
C
pi
; s/! CF�J˛;i .HpiC1 ; s/

takes the same form as in (13-48). To obtain the induced map .�i /� when the domain and codomain have
almost complex structures as in (13-47), we must precompose with ‰Jˇ;i!J˛;i and postcompose with
‰J˛;iC1!Jˇ;iC1 . These two transition maps may be computed using Proposition 13.22. Upon multiplying
the three matrices together, we obtain (13-49).

Finally, to compute


�WCF�Jˇ;1.H
C
w ; s/! CF�Jˇ;1.H

C
w ; s/;

we write


� D .�n/� ı � � � ı .�1/�;

and use the expressions for �i from (13-48) and (13-49). Upon multiplying all the matrices out, we obtain
that

(13-50) 
� D

�
id
P
i2f1;:::;ng;�i\˛¤¿.�pi C�piC1/

0 id

�
:
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The map X
i2f1;:::;ng
�i\˛¤¿

.�pi C�piC1/

is exactly equal to the map which counts index 1 holomorphic disks, with a factor equal to their total
change across the ˛ curves. This is exactly the homology action A
 . Consequently, equation (13-50)
coincides with (13-37).

13.7 Basepoint-swapping diffeomorphism

We now compute an additional diffeomorphism map. Suppose w1; w2 2w are two distinct basepoints,
and � is a path connecting w1 and w2. Let

Sw�W .Y;w/! .Y;w/

denote the diffeomorphism corresponding to swapping w1 and w2, along �. The diffeomorphism Sw� is
well defined up to isotopy, since Y is 3-dimensional.

The diffeomorphism Sw� is the map induced by the graph cobordism .Œ0; 1��Y; �/, where � is the
union of the arcs Œ0; 1�� fwg for w 2 w n fw1; w2g, as well as two arcs, one connecting fw1g � f0g to
fw2g � f1g and the other connecting fw2g � f0g to fw1g � f1g, both of which project to �, up to isotopy.

Note that Sw� only induces an RP -equivariant map on CF�.Y;w� ; s/ for colorings � satisfying
�.w1/D �.w2/.

Proposition 13.24 Let Sw�W .Y;w/! .Y;w/ be the basepoint-swapping diffeomorphism. The induced
map .Sw�/� satisfies

(13-51) .Sw�/� 'ˆw1A�CA�ˆw2 ' A�ˆw1 Cˆw2A�:

Proof The second chain homotopy in (13-51) can be obtained from Lemma 13.16, so we focus on the
first.

Let w0 …w be a new basepoint, given the same color as w1 and w2. Pick paths �1 and �2 from w1

to w0 and from w0 to w2 (respectively) such that the concatenation �1 ��2 is isotopic to �. Break Sw�
into the composition of the following three diffeomorphisms:

(1) an isotopy of w1 to w0, along �1;

(2) an isotopy of w2 to w1, along �;

(3) an isotopy of w0 to w2, along �2.

Using Theorem 13.11, we obtain

(13-52) .Sw�/� ' .S
�
w 0A�2S

C
w2
/.S�w2A�S

C
w1
/.S�w1A�1S

C
w 0/:
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Using Lemmas 13.13–13.18, we manipulate (13-52) as follows:

(13-53) .Sw�/�

' S�w 0A�2ˆw2A�ˆw1A�1S
C
w 0

'ˆw2S
�
w 0A�2A�ˆw1A�1S

C
w 0 CS

�
w 0A�ˆw1A�1S

C
w 0

'ˆw2S
�
w 0A�2A�A�1S

C
w 0ˆw1 Cˆw2S

�
w 0A�2A�S

C
w 0 CS

�
w 0A�ˆw1A�1S

C
w 0

'ˆw2S
�
w 0A�2A�A�1S

C
w 0ˆw1 Cˆw2S

�
w 0A�2A�S

C
w 0 Cˆw1S

�
w 0A�A�1S

C
w 0 CS

�
w 0A�1S

C
w 0 :

We focus on the first term of the last line of (13-53). By Lemma 4.3, A� D A�2 CA�1 when all are
defined. Also A2

�i
' U (where U denotes any of Uw1 , Uw2 or Uw 0 , which are identified by the coloring)

by Lemma 4.5. Hence,

(13-54) A�2A�A�1 ' A�2.A�1 CA�2/A�1 ' A�2A
2
�1
CA2�2A�1 ' U.A�1 CA�2/' UA�:

Using (13-54), as well as Lemmas 5.13 and 5.15, we see

(13-55) ˆw2S
�
w 0A�2A�A�1S

C
w 0ˆw1 ' Uˆw2S

�
w 0A�S

C
w 0ˆw1 ' Uˆw2A�S

�
w 0S
C
w 0ˆw1 ' 0:

We now consider the second term of the last line of (13-53). Lemmas 5.13 and 6.10 imply

(13-56) ˆw2S
�
w 0A�2A�S

C
w 0 'ˆw2S

�
w 0A�2S

C
w 0A� 'ˆw2A�:

Similarly, the third term of the last line of (13-53) becomes

(13-57) ˆw1S
�
w 0A�A�1S

C
w 0 'ˆw1A�S

�
w 0A�1S

C
w 0 'ˆw1A�:

The last term of the last line of (13-53) satisfies

(13-58) SCw 0A�1S
C
w 0 ' id;

by Lemma 6.10.
Combining (13-53), (13-55), (13-56), (13-57) and (13-58), we obtain

(13-59) .Sw�/� 'ˆw2A�Cˆw1A�C id:

Equation (13-59) is chain homotopic to the expression in the statement since ˆw1A�CA�ˆw1 ' id by
Lemma 13.16.
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