Geometry &
Topology

Volume 30 (2026)

Graph cobordisms and Heegaard Floer homology

IAN ZEMKE

:'msp



:. Geometry & Topology 30:2 (2026) 389-528
msp DoI: 10.2140/gt.2026.30.389
Published: March 16, 2026

Graph cobordisms and Heegaard Floer homology

IAN ZEMKE

We construct a graph TQFT for the minus flavor of Heegaard Floer homology. Our graph TQFT extends
Ozsvith and Szab6’s TQFT for closed and connected 3-manifolds, and assigns maps to cobordisms with
disconnected ends. As an application, we give an explicit formula for the chain homotopy type of the
mrp-action on Heegaard Floer homology. We show that on homology the 71-action is trivial on the plus,
minus and infinity flavors, but give examples where it is nontrivial on the hat flavor.
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1 Introduction

Heegaard Floer homology, introduced by Ozsvéth and Szab6 [2004b], associates functorial invariants
to 3- and 4-manifolds. To an oriented, closed and connected 3-manifold Y, with a Spin® structure
s € Spin(Y'), they construct groups

HF (Y,s), HF®(Y,s), HFY(Y.s) and HE(Y,s),

which are modules over the ring F,[U]. These modules fit into the framework of a (34 1)-dimensional
TQFT:
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390 Ian Zemke

Theorem 1.1 [Ozsvith and Szabd 2006] Suppose W is an oriented, compact 4-manifold with boundary
oW =—YoUYy, and W, Y and Y; are all nonempty and connected. If s € Spin®(W) and o € {+,—, 00, A},
then there is a functorial map

FW,EHFO(YO’5|Y()) - HFO(Y175|Y])’

which depends on a choice of path in W, connecting basepoints in Yy and Y.

The dependence on a choice of path was not explicitly stated in Ozsvath and Szabd’s original work,
though their construction implicitly depends on a choice of path. Indeed, we will show that the maps
appearing in Theorem 1.1 are not invariants without a choice of path; see Corollary E, below.

The goal of this paper is two-fold. Firstly, we determine precisely the dependence of the maps in
Theorem 1.1 on a choice of path. Secondly, and more broadly, we provide a TQFT framework for
Heegaard Floer homology which incorporates the basepoints in a natural way and extends Ozsvath and
Szabd’s framework to disconnected 3- and 4-manifolds.

Throughout the paper we work over the field F, := Z/27.

1.1 The graph TQFT

Ozsvéth and Szabé [2008], extending their [2004b] original construction for 3-manifolds, described
Heegaard Floer complexes CF (Y, w, s) for 3-manifolds with collections of basepoints w Y. For the
purposes of the introduction, the complex CF™ (Y, w, s) is a free, finitely generated chain complex over
the polynomial ring F,[U]. Later, we will consider an algebraic generalization over a more general
polynomial ring.

In this paper, we define a notion of cobordism between manifolds with collections of basepoints.
A ribbon graph cobordism (W, T") from (Yo, wg) to (Y1, wq) is a cobordism W from Yy to Y7 which
contains an embedded graph I', whose intersection with Y; is w;. Furthermore, I' is decorated with a
formal ribbon structure, i.e., a choice of cyclic ordering of the edges adjacent to each vertex of I.

Our present paper centers on proving the following:

Theorem A Suppose (W, T'): (Yo, wo) — (Y1, wy) is a ribbon graph cobordism and s € Spin®(W). The
construction in this paper yields two chain maps,

Fiy 1o Fipy 1.t CF~ (Yo, wo. 8ly,) — CF (Y1, wy.5]y,).
which are diffeomorphism invariants of (W, T"), up to F[U]-equivariant chain homotopy.

Theorem A also applies to CF®, CFT and CF, since they can be recovered via tensor products
with CF™; see Section 3.2.
The type-A and type-B cobordism maps satisfy the symmetry

(1-1) Fiypre va;f,s’

where I" denotes I" with cyclic orders reversed [Hendricks et al. 2018, Lemma 5.9]. Despite this symmetry,
it is natural to describe the A and B versions separately.
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Graph cobordisms and Heegaard Floer homology 391

Unlike Ozsvéith and Szabd’s original construction, Theorem A applies to cobordisms which are
disconnected, or which have disconnected 3-manifolds appearing in their ends, as long as each component
contains a basepoint.

Diffeomorphism-invariance in Theorem A amounts to the following. Suppose that (W, T"): (Yp, wo) —
(Y1, wq) and (W', T7): (Y, wy) — (Y{, w') are two graph cobordisms, and D: (W,T') — (W', T”) is
an orientation-preserving diffeomorphism. The map D restricts to give diffeomorphisms do: Yo — Y
and d;: Yy — Y|. Let s € Spin®(W) and s’ := D4 (s). The following diagram commutes up to chain
homotopy:

— (do)x —
CF™ (Yo, wo, 8ly,) ——> CF~(Yg, wp. 5'|y))

(1-2) |Fitx. it

- d1)x —
CF™ (Y1, w1,8]y,) —— CF~ (Y], w},s|y;)

Concerning graph cobordisms where the graph consists of a collection of paths from Yy to Y, we
prove the following:

Theorem B Suppose that (W, T"): (Yo, wo) — (Y1, wq) is a graph cobordism, and I" consists of a
collection of paths, each connecting wg to w1.

(1) The A and B versions of the maps coincide:
A ~ B
Fyrs = Fwre

(2) If ¢: (Y, w) — (Y, w) is an orientation-preserving diffeomorphism, let W(¢) denote the mapping
cylinder (i.e., [0, 1] x Y, with {0} x Y identified with Y viaidy and {1} x Y identified with Y via ¢).
Then

A ~ B ~ . — —
Fiy@y.10.11xw.s = Fwg).[0,11xw,s = (@5 CF (Y, w,5) — CF (Y, w, ¢+5)).

(3) Suppose (W, y): (Yo, wo) — (Y1, wy) is a cobordism such that W, Yy and Y, are nonempty and
connected, and y is a path from wg to wi. Then Fﬁ‘}’y’ - FV[B;’% > and both maps coincide with the
map defined by Ozsvith and Szabo.

Analogous to the cobordism maps defined by Ozsvath and Szabd, the graph cobordism maps satisfy a
Spin¢ composition law:

Theorem C Suppose that (W, T") is ribbon graph cobordism which decomposes as a composition
(W, T) = (W, 1)U (Wq, ). If s1 and s, are Spin® structures on Wy and W, then

FV/Iilz,Fz,sz ° FI?/] 1,51 = Z F;,F,s'
5€Spin“ (W)
5|W2 =52
5|W1 =51

The same relation holds for the type-B graph cobordism maps.
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392 Ian Zemke

Figure 1: The broken path graph cobordism for the endomorphism ®,,. The underlying 4-
manifold is [0, 1] x Y. When w is not the only basepoint, there are additional, unbroken strands
from the bottom to the top.

1.2 Moving basepoints and the r;-action

If w €Y, there is a fibration

(1-3) Diff(Y, w) — Diff(Y) £ Y.

The long exact sequence of homotopy groups for the fibration in (1-3) gives a homomorphism

m1(Y, w) > MCG(Y, w),

where MCG(Y, w) denotes the based mapping class group of orientation-preserving diffeomorphisms
modulo smooth isotopies which fix the point w.
If y e m (Y, w), we write
V+:CF (Y, w,s) - CF (Y, w,s)

for the induced diffeomorphism map.
If w € w is a chosen of basepoint, there is a +1-graded endomorphism

®,:CF (Y, w,s) > CF (Y, w,s).

One interpretation of the map ®,, is as the map for the broken path cobordism, shown in Figure 1.
Alternatively, ®,, can be interpreted as the map for a count of holomorphic disks on a Heegaard diagram;
see (13-30).

An analog of the map &, for link Floer homology was discovered by Sarkar [2015] in the context of
basepoint-moving diffeomorphisms on link Floer homology.

Theorem D Suppose (Y, w) is a multipointed 3-manifold, w € w and y € w1 (Y, w). Then the diffeomor-
phism map v, on CF~ (Y, w, 5) satisfies

Vx 2id+ Py 04y,
where @, is the broken path cobordism map and A, denotes the action of the class [y] € H1(Y, Z)/Tors.
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Graph cobordisms and Heegaard Floer homology 393

Using Theorem D, we exhibit 3-manifolds ¥ where the induced map

)/*:ﬁ?(Y, w,s) —> ﬁ?(Y, w, s)
is not the identity:
Corollary E Let Y be a 3-manifold and s € Spin°(Y).

(1) If s is torsion and there is an x € HFT (Y, w, s) such that
U-x=0 and x¢U-HF"(Y,w,s),
then 1 (Y #S! x S2, w) acts nontrivially on
}/IF(Y#S1 x 82, w).

(2) Suppose [y] € H1(Y;Z) is a class whose action on HFT (Y, w, ) does not vanish. If |w| > 2, then
the diffeomorphism map yx acts nontrivially on the F,[U |-module

HF (Y, w, 5).

Note that Y = X(2, 3, 7) satisfies the conditions of part (1) of Corollary E. The manifold ¥ = S! x §?
satisfies part (2).

When we restrict Theorem D to 3-manifolds with a single basepoint w, the formula defining ®,, has
the following algebraic interpretation. View CF~ (Y, w, s) as a free module over [, [U] with basis equal
to the set of intersection points. The differential can be written as a matrix over this basis, with entries
in F;[U]. The endomorphism &, is obtained by differentiating each entry of this matrix with respect
to U. Using this basis, we can also define a derivative map d/d U as an endomorphism of CF™~ (Y, w, 5),
which is not U -equivariant. The Leibniz rule implies

. d d
(1-4) @w—aoﬁ—kﬁoa

As a consequence, we prove the following folklore result known to experts:
Corollary F If (Y, w) is a singly based 3-manifold and y € 1 (Y, w), then the induced map yx is equal to
the identity on the homology groups HF~ (Y, w, s5), HF**(Y, w, s) and HF " (Y, w, 5), but not necessarily

IfITJ(Y, w, 5). Consequently, if (W, y) is path cobordism between two singly based 3-manifolds (Yy, wo)
and (Y1, wy), then the cobordism map

FW,)/,S: HFO(YO9 w075|Y0) - HFO(Yl’ w115|Y1)
is independent of y if o € {—, 00, +}.

The chain homotopy H = d/dU appearing in (1-4) is not F[U]-equivariant, and hence does not
induce a chain homotopy on CF.

In another direction, if A is a path between two basepoints wy, wy € w C Y, there is a diffeomorphism
Swy: (Y, w) — (Y, w) which swaps the two basepoints w; and w, along the path A (this is well defined,
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394 Ian Zemke

Figure 2: Graph cobordisms for the free-stabilization maps. The underlying 4-manifold is [0, 1] x Y.

up to isotopy, since Y is 3-dimensional). Using the graph TQFT, we prove in Proposition 13.24 that
Swy >~ Oy Ap + Ay Dy, = A) Py + P, 4.

1.3 Outline of the construction of the graph TQFT

We now describe the main ingredients of our graph TQFT. The first ingredients are the 4-dimensional
handle attachment maps, similar to the maps defined by Ozsvath and Szab6 [2006], with the exception
that we define maps for O-handles and 4-handles, and our construction of 1-handle maps and 3-handle
maps is more flexible than their construction. There are two additional, novel ingredients of the graph
TQFT: the free-stabilization maps and the relative homology maps.

If w ¢ w, we define two free-stabilization maps

S;F:CF_(Y,w,s)—>CF_(Y,wU{w},5) and S,:CF (Y, wU{w},s) - CF (Y, w,s).

The maps S;} and S, are induced by the graph cobordisms shown in Figure 2.
Another new ingredient of our graph TQFT is the relative homology action. To a path A between two
basepoints w;, wy € w we construct an endomorphism

Ay:CF (Y, w,s) > CF (Y, w,s).

The definition of the map A} is asymmetrical with respect to the & and B curves. By switching the
roles of @ and B in the construction, we obtain another map B, with the same domain and codomain,
which is also a chain map.

The maps A, and B turn out to be the graph cobordism maps for H-shaped graphs in [0, 1] X Y
for different ribbon structures, though we will not make use of this fact in this paper; see [Zemke 2019,
Lemma 14.11].

As an intermediate step towards defining the graph cobordism maps, we construct maps for graphs
embedded in a fixed 3-manifold Y. We say G = (I', wo, w1) is an embedded flow-graphin Y if [ C Y is
an embedded ribbon graph, each point of wo and w; has valence 1 in I', and I" has no valence 0 vertices.

As a key step towards the full construction of the graph TQFT, we construct F»[U]-equivariant chain
maps

Ag,Bg:CF (Y, wp,s) > CF (Y, wy,s),
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which we call the type-A and type-B graph action maps. The two maps 2lg and B¢ are related by the
same symmetry as the cobordism maps in (1-1).
If G = (I', wp, wy) is a ribbon flow-graph in Y, then, by definition,

~ A ~ B
(1-5) Qg ~ Fio 11xy,r,s and Bg > Fig 1.y

»§°

where IV C [0, 1] x Y is a ribbon graph which projects to " and is such that I'" N ({0} x Y) = wq and
I'n({i1}xY)=w;.

1.4 Further developments

This paper focuses on defining the graph cobordism maps, Fﬁ‘l,’r’ . and F, I/II,;,F, .» and proving invariance. In
subsequent papers, further properties and applications have been explored, which we briefly summarize.

Hendricks, Manolescu and the author [Hendricks et al. 2018, Proposition 5.2] showed that pair-of-pants
graph cobordisms containing a trivalent graph induce chain homotopy equivalences between CF~ (Y1 #Y>)
and CF~ (Y1) @ CF~ (Y>), giving a cobordism perspective on Ozsvéth and Szab6’s connected sum formula
[2004a, Theorem 1.5]. We used this fact to prove a connected sum formula for involutive Heegaard Floer
homology [Hendricks et al. 2018, Theorem 1.1].

In another subsequent paper, we prove that the graph cobordism maps for the trace cobordism

(0, 1]x Y, [0, 1] x{w}): (=Y, w)u (Y, w) > @

are chain homotopic to the canonical trace pairing between CF (Y) and CF (—Y) [Zemke 2021a,
Theorem 1.6]. A similar result holds for the cotrace cobordism, obtained by turning around the trace
cobordism. As an application, the author [ibid., Theorem 1.1] computed the Heegaard Floer mixed
invariants of mapping tori in terms of Lefschetz numbers on HFrtd(Y ).

In another direction, the author described a TQFT for link Floer homology [Zemke 2019]. It turns
out that the link Floer TQFT recovers the graph TQFT in a natural way; see [ibid., Theorem C] for a
precise statement. One interpretation of the dependence on cyclic orders from this paper can be seen as
an artifact of the relation with graphs embedded on surfaces.

The graph cobordism maps are invariant under a more general equivalence than ambient diffeomorphism
of the 4-manifold, as stated in (1-2). The cobordism maps are also invariant under homotopies of the
graph inside W which are only required to be smooth on each edge, and hence may not extend to a
smooth isotopy of W; see Definition 2.4. Using the aforementioned connection with link cobordisms, it
turns out that the graph cobordisms are invariant under modifications of the graph which preserve the
ribbon equivalence class of the ribbon graph; see [ibid., Corollary D] for a precise statement.

1.5 Further commentary

It is worthwhile to compare the cobordism maps in Heegaard Floer homology to the cobordism maps
in Kronheimer and Mrowka’s construction [2007] of monopole Floer homology. It follows from work
of Kutluhan, Lee and Taubes [Kutluhan et al. 2020a; 2020b; 2020c; 2020d; 2020e], and, independently,
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Colin, Ghiggini and Honda [Colin et al. 2025; 2024b; 2024c; 2024a], that certain versions of Heegaard
Floer homology, monopole Floer homology, and embedded contact homology are isomorphic. A proof
that these isomorphisms extend to the level of 4-manifold invariants has not yet appeared in the literature.

In monopole Floer homology, as well as embedded contact homology, the chain complexes are defined
independently of a basepoint, but the action of U requires a choice of basepoint, and a path can be used
to construct a chain homotopy between the two U maps; see [Hutchings and Taubes 2009, Section 2.5].

In a different direction, we note that an early version of Theorem D appeared in [Zemke 2021b], for Ar.
The proof in [loc. cit.] used Juhdsz’s sutured TQFT [2006; 2016] as well as the contact gluing map of
Honda, Kazez and Mati¢ [Honda et al. 2008], and hence had a different flavor than the one we explore in
this paper. It is an interesting question whether the graph cobordism maps described in this paper have
an interpretation in terms of the contact gluing map, perhaps using a limiting construction as in [Etnyre
et al. 2017; Golla 2015] or using a minus version of sutured Floer homology described by Alishahi and
Eftekhary [2015].

Outline of the paper

In Section 2, we define the category of ribbon graph cobordisms, and some related cobordism categories
which appear in our paper. In Section 3, we describe some background material on Heegaard Floer
homology, and prove several results about admissibility for multipointed Heegaard Floer diagrams. In
Section 4, we construct the relative homology action. In Section 5, we construct the free-stabilization
maps, for adding or removing a basepoint. In Section 6, we combine the free-stabilization maps with
the relative homology action to construct a restricted version of our TQFT, which we call the graph
action map. In Sections 7 and 8, we describe maps for 4-dimensional handles. In Sections 9 and 10,
we define the graph cobordism maps and prove invariance (Theorem A). In Section 11, we prove the
composition law (Theorem C). In Section 12, we give a summary of the proof of the normalization axiom
(Theorem B). In Section 13, we perform several technical, holomorphic curve arguments to finish the
proof of the normalization axiom, and also give several formulas for basepoint-moving diffeomorphism
maps (in particular, Theorem D and Corollaries E and F).

2 Categorical preliminaries

In this section, we define a category of graph cobordisms GrCob, and a related category FIGr(Y) of
immersed flow-graphs in a fixed 3-manifold Y.
2.1 The graph cobordism category

The objects of GrCob are the following:

Definition 2.1 A multipointed 3-manifold is a pair (Y, w) consisting of a closed, oriented 3-manifold Y
(not necessarily connected), together with a finite collection of basepoints w C Y, such that each component
of Y contains at least one basepoint.
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Morphisms in GrCob are the following:
Definition 2.2 A ribbon graph cobordism tfrom (Yo, wo) to (Y1, wq) is a pair (W, I') satisfying the

following:
(1) W is a cobordism from Yy to Y.
(2) T is an embedded graph in W such that I' N Y; = w;. Furthermore, each point of w; has valence 1
in .
(3) T has finitely many edges and vertices, and no vertices of valence 0.
(4) The embedding of I' is smooth on each edge.

(5) T is decorated with a formal ribbon structure, i.e., a formal choice of cyclic ordering of the edges
adjacent to each vertex.

Remark 2.3 In GrCob, the embedding of a graph need not respect the formal ribbon structure (e.g., the
embedding of I" near a vertex need not map the adjacent edges into a 2-plane centered at the vertex in a
way which respects the cyclic ordering).

The identity graph cobordism from (Y, w) to itself is ([0, 1] x Y, [0, 1] x w).

As always in cobordism categories, for GrCob to form an honest category, we must also include
parametrizing diffeomorphisms of the boundary as data of a morphism, and we must also quotient by
diffeomorphisms which respect these parametrizations. (Otherwise, there is no identity morphism.) To
simplify exposition, we suppress this fact.

Some care is required when defining equivalences of graph cobordisms, since vertices of valence
greater than 1 are inherently nonsmooth. In the morphism sets of GrCob, we quotient by diffeomorphisms
of the ambient 4-manifold, as well as the following notion of graph isotopy:

Definition 2.4 Suppose that W is a 4-manifold and I" is an abstract graph. We say that a continuous map
i:[0,1]xT > W

is a smooth isotopy of embedded graphs if there is a finite subset v C I', consisting of valence 1 vertices,
such that the following are satisfied:

(1) For each ¢, the map i|(;;xT is a topological embedding.

(2) i~1(0W) =[0,1] x v, and i is constant on v.

(3) If e C T is an edge, then the restriction 7 |[g,1]x, is smooth.

2.2 The flow-graph category

There is a related category of interest to us, which we call the flow-graph category of Y. The objects
of FIGr(Y) are collections of basepoints w € Y such that each component of Y contains at least one
basepoint. The morphisms in FIGr are the following:

Geometry & Topology, Volume 30 (2026)



398 Ian Zemke

Definition 2.5 Suppose Y is a closed, oriented 3-manifold and wo and w1 are two collections of basepoints
in Y. We say a tuple G = (I', 7, vo, v1) is an immersed ribbon flow-graph from wg to w1 if the following
are satisfied:

(1) T is an abstract ribbon graph. Furthermore, i: " — Y is an immersion.
(2) Each vertex of I" has valence at least 1.
(3) vo and v disjoint collections of valence 1 vertices in I". Furthermore, i maps vg bijectively to wg

and i maps v bijectively to wj.

We identify two ribbon flow-graphs (I, i, vo, v1) and (I'',i’, vy, v)) if there is a homeomorphism
h:T — T’ such thati’ = hoi.

If G = (I',i,vp,v1) is a ribbon flow-graph, we say that vg and v are the boundary vertices of T.
We say all other vertices are interior vertices. We will usually omit the immersion i from the notation,
and write simply G = (I', wo, w1 ) for a flow-graph. For convenience, we will usually assume that our
flow-graphs are embedded.

We use the following notion of equivalence of immersed flow-graphs:

Definition 2.6 Suppose that I is an abstract graph with pairwise disjoint sets of valence 1 vertices vg
and v;. If wo, w are two collections of basepoints in Y, we say a continuous map

h:[0,1]xT —>Y
is a smooth homotopy of immersed flow-graphs from wg to w; if the following are satisfied:
(1) For each ¢, the map /|« is locally an embedding.

(2) h({t} x vg) = wo and h({t} x v1) = wy for all 7.

(3) If e C T is an edge, then Z|[g 1]x, is smooth.

The identity flow-graph from w to itself consists of the pair (I",i) where I is the disjoint union of |w|
copies of the interval [0, 1] and i is a small perturbation of the map which sends a copy of [0, 1] to the
corresponding basepoint in w.

There is a functor from FIGr(Y') to GrCob which sends an immersed flow-graph (T, i, vg, v1) to a graph
cobordism ([0, 1] x Y, T): (Y,i(vo)) — (Y,i(vy)), where I'’ is an embedded graph in [0, 1] x ¥ which
projects to I' (up to ambient isotopy).

3 Heegaard Floer homology

In this section, we recall Ozsvath and Szabd’s construction of the Heegaard Floer complexes for multi-
pointed 3-manifolds.
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3.1 Multipointed Heegaard diagrams and the Heegaard Floer complexes

Definition 3.1 Suppose (Y, w) is a multipointed 3-manifold. A multipointed Heegaard diagram H =
(2, a, B, w) for (Y, w) is a tuple satisfying the following:

(1) X is a closed, oriented surface, embedded in Y, such that w € X \ (e U B). Furthermore, X splits Y
into two handlebodies, Uy and Ug, oriented so that ¥ = 0Uy = —dUg.

(2) @« ={a1,...,a,} is a collection of n = g(X) + |w| — 1 pairwise disjoint, simple, closed curves
on X, bounding pairwise disjoint compressing disks in Uy. Each component of X \ « is planar and
contains a single basepoint.

(3) B={PB1,...,Bn}is acollection of pairwise disjoint, simple, closed curves on X bounding pairwise
disjoint compressing disks in Ug. Each component of X\ B is planar and contains a single basepoint.

We will also require Heegaard diagrams to satisfy an admissibility requirement; see Section 3.7.
3.2 The Heegaard Floer chain complexes

In this section, we describe Ozsvath and Szab6’s Heegaard Floer chain complexes.
If w={w,...,wy,} is a set of basepoints in Y, we define the free polynomial ring

]Fz[Uw] = ]Fz[le, ey an].

Write F2[Uy, Uy, 1] for the ring obtained by formally inverting each of the variables Uy, .
If k = (ky,...,ky) is an n-tuple, write

vk.=ukr...ukn.

Suppose (Y, w) is a connected, multipointed 3-manifold and s € Spin®(Y). Pick a diagram H =
(X, a,B,w) of (Y, w), and consider the two tori

Te: =01 x---xa, and Tg:=pf1x---X By,
inside the symmetric product Sym”(X), where n = g(X) + |w| — 1.
Ozsvith and Szab6 [2004b, Section 2.6] construct a map
sw: To NTg — Spin®(Y).

As an F[Uy]-module, CF™ (H, 5) is defined to be the free [F;[Uy]-module generated by intersection
points x € Ty N Ty with
sw(x) =s.
We define

(3-1) CF®(H,5) := CF (H,5) ®F,[v,] F2[Uw, Up']l and CF*(#,s):= CF®(#,s)/CF (1,s).

To equip CF™ (H, 5) with a differential, we pick an auxiliary path (Js)se[o,1] of almost complex structures
on Sym# +|w‘_1(2). We write M (¢) for the moduli space of Jg-holomorphic maps u: [0, 1] xR —
Symé# H""_I(E) which represent the class ¢. The moduli space M (¢) has a natural action of R,
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corresponding to reparametrization of the source. We write
My, (@) = My, (@)/R.
For a sufficiently generic Jg, we define the differential

d7,:CF~(H,s) — CF (%, 5)

via the formula

(3-2) 0,(x0)= Y. #M UL D

¢en2(x,y)
nig)=1

extended linearly over F5[Uy].
The endomorphism 9, satisfies
dj, 00y, =0.

We refer the reader to [Ozsvath and Szabd 2008, Lemma 4.3] for a proof.
We write CF (#, 5) for the F>[Uy]-module CF~(#, 5) equipped with differential 9 7,. When there is
no ambiguity, we will usually drop the Jg subscripts from both the chain complexes and the differential.
If (Y, w) is a disconnected, multipointed 3-manifold, then a Heegaard diagram for (Y, w) is a disjoint
union of Heegaard diagrams for each component. The Heegaard Floer complex for such a diagram is the
tensor product over [F5 of the complexes for each component.

3.3 Coloring the Heegaard Floer complexes

In this section, we describe a way of algebraically modifying the Heegaard Floer complexes to achieve
functoriality of the Heegaard Floer complexes under graph cobordisms.

Definition 3.2 If X is a topological space, a coloring of X is a function
o:mo(X)— P,
where 7o(X) denotes the set of connected components of X, and P is a finite set.

When X is a finite set (such as a set of basepoints), we view a coloring as a map from X to P.
If P={pi1,..., pn}is afinite set, write R p for the n-variable polynomial ring

Rp :=F2[Up,,....Up,].
If o: w — P is a coloring, then o induces an action of F;[Uy] on R p, defined via the formula
Uy x:=Usw)-x
for x € Rp. Hence, if M is an F5[Uy]-module, we can form an R p-module M as the tensor product
(3-3) M? := M Qp,u,] RP.
which we think of as being obtained by formally identifying Uy, with Uy (y;)-
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If (Y, w) is a multipointed 3-manifold and o: w — P is a coloring, then we write CF~ (#, 5, o) for the
complex

(3-4) CF (H,0,5) :=CF (H,5)° = CF (H,s) ®F,[v,] RP-
We briefly highlight the behavior of the complexes under disjoint unions:

Remark 3.3 Suppose (Y, {w1, ws}) is the disjoint union of (Y1, w1) and (Y2, wp). If H; is a diagram
for (Y;, w;), then H1 U H, is a diagram for (Y, {wy, wz}). By definition,

CF™ (H1 UHz2,51 Us2) :=CF (H1,51) ®F, CF (H2,52),

which is a module over F[Uy, , Uy,]-
Let P be the singleton {p}, and let o: {w1, w2} — P denote the unique map. Let o1 and o5 denote
the restrictions of o to {wy} and {w,}. Then

CF (H1U™Hz2,0,51 Usz) = CF (H1,01,51) ®F,[v,] CF (H2,02,52),

which is a module over the single variable polynomial ring R p = F»[U,].

3.4 Lipshitz’s cylindrical reformulation

For many technical arguments in this paper, it will be convenient to work with Lipshitz’s cylindrical
reformulation [2006] of Heegaard Floer homology. If (X, &, 8, w) is a Heegaard diagram for the singly
pointed 3-manifold (Y, w), Lipshitz shows that instead of counting holomorphic disks in Sym? (X), one
can instead count holomorphic curves which map into the 4-manifold X x [0, 1] x R. The equivalence
is (morally) due to a tautological correspondence between holomorphic disks mapping into Sym? (%)
and holomorphic curves (of higher genus) mapping into X x [0, 1] x R whose projection to [0, 1] x R are
g-fold branched covers. Lipshitz’s cylindrical setting has a similar extension for multipointed Heegaard
diagrams; see [Ozsvath and Szabé 2008, Section 5.2].

We now describe the almost complex structures and moduli spaces which we consider in this paper
(mostly taken directly from or slightly modified from [Lipshitz 2006]).

If (¥,«, B, w) is a multipointed Heegaard diagram, we focus on almost complex structures J on
3 x [0, 1] x R which satisfy the following axioms (from [loc. cit.]):

(J1) J is tamed by the product symplectic form.

(J2) There is a finite collection of points P C X\ (e U B) such that J is split (i.e., equal to jx X jp) on
a cylindrical neighborhood of P x [0, 1] x R.

(J3) J is translation-invariant in the R factor.
J4) J(9/0s) = d/at.
(J5) J preserves the 2-planes T (X x {(s, ¢)}) for all (s,7) € [0, 1] x R.
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Sometimes we will need to consider slightly more harshly perturbed almost complex structures,
satisfying the following alternative to axiom (J5):

(J5') There is a 2-plane distribution § on X x [0, 1] such that the restriction of w to £ is nondegenerate,
J preserves &, and the restriction of J to £ is compatible with w. We further assume that £ is
tangent to X x {pt} near (¢ U B) x [0, 1] xR and near X x {0, 1} x R.

Following [loc. cit.], we will consider holomorphic curves u: S — X x [0, 1] x R such that S is
a Riemann surface with boundary, as well as positive punctures pi,..., p, and negative punctures
q1,---,q9n (Where n = g(X) + |w| — 1), satisfying the following:

(M1) S is a smooth (not nodal) Riemann surface.

M2) u(0S) C(xx{1} xR)U (B x {0} xR).

(M3) lim; s p, (g cu)(z) = —oo and lim; 4, (7R o u)(z) = oo.
(M4) u has finite energy.

(M5) 7o,1)xR © u is locally nonconstant.

(M6) u is an embedding.

When considering almost complex structures which satisfy (J5) instead of (J5), we will need to
consider the following weaker version of the (M5) axiom:

(M5') There is no nonempty open subset U € S such that 79 1]xr o u|y is constant and takes value near
{0,1} x R (in the sense of (J5')).

There is a similar description of holomorphic triangle maps in Lipshitz’s cylindrical setting. Let A
denote an unbounded, triangular region in the complex plane with three cylindrical ends, each identified
with [0, 1] x [0, c0). Following [ibid., Section 10.2], we consider almost complex structures on X x A
satisfying the following:

(I'1) J is tamed by the split symplectic form on X x A.

(J’2) There is a finite collection of points P C X\ (e U B U p) with at least one point in each component
of ¥\ (e U B Uyp) such that J is split on a product neighborhood of P x A.

(J’3) In the cylindrical ends of A, J is equal to a cylindrical almost complex structure satisfying
J1)-{J5).

(J’4) The projection map a: X X A — A is holomorphic and the tangent space of each fiber of 7y is a
complex line.

At times, we will need to deal with more harshly perturbed almost complex structures on X x A, which
satisfy the following alternatives to axioms (J'3) and (J'4):

(J’3) In the cylindrical ends of A, J agrees with cylindrical almost complex structures satisfying
(J1)-(J4) and (J5"), above.

(J’4") The 2-planes of T({p} x A) are complex lines of J for all p € X.
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(J'5") The 2-planes T(Z x {d}), for d € A, are complex lines for J near (¢ UBUy)x A and on X x U
for an open subset U C A containing the three components of JA.

3.5 Expected dimensions and transversality

For some technical arguments, we will need compute the expected dimension of certain moduli spaces,
and also know when the expected dimension is generically correct. To give precise results, our expected
dimensions must take into account the source curve S of a holomorphic map u: S — X x [0, 1] x R, and
not just the homology class. If S is a topological source and ¢ is a homology class, we define

M(S. ¢)

to be the set of holomorphic curves u: S x [0, 1] x R which satisfy (M1)-(M5) (but possibly not (M6)).
Near any curve where D3 achieves transversality, the set M (S, ¢) will be a smooth manifold of dimension
equal to the Fredholm index of Dd at u.

Lipshitz [2014, Proposition 4.2'] proved that if u: S — ¥ x [0, 1] X R is a holomorphic curve which
satisfies (M1)—(M6) (in particular, u is embedded), then the Fredholm index is equal to the Maslov index.
More generally, at curves which only satisfy (M1)—(M35), the Fredholm index satisfies

ind(u) = u($) —2Sing(u),

where Sing(u) denotes the number of double points of u in an equivalent singularity.
If X € Sym” ([0, 1] x R) is a smooth submanifold, p € ¥ \ (e U B) is a point, and ¢ is a homology
class with n,(¢) = n, there is a matched moduli space

M(S. 9. X) :={u e M(S.¢): p”(u) € X},
where and p?: M(S, ¢) — Sym” ([0, 1] x R) is the map

(3-5) pP () 1= (u 0 70, 11xr) (U 0 w2) "' ().

The analysis becomes simpler if we restrict to submanifolds X € Sym” ([0, 1] x R) which avoid the fat
diagonal, i.e., the codimension 2 subset of points with at least one repeated entry.
We state the following transversality result:

Proposition 3.4 Suppose J is a generic almost complex structure on ¥ x [0, 1] x R satisfying (J1)—(J5).
Near any holomorphic curve u: S — X x [0, 1] x R satisfying (M1)—(M5), the moduli space M(S, ¢) is
transversely cut out and of dimension

ind(u) = u(¢p) —2 Sing(u).

If X € Sym" (][0, 1] x R) is a submanifold which avoids the fat diagonal, then, near any curve u €
M(S, ¢, X) satistying (M1)—(MS5), the space M(S, ¢, X) is transversely cut out and of dimension

u(¢) — 2 Sing(u) — codim(X).
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If J is a generic almost complex structure satisfying (J1)—(J4) and (J5'), then the statements hold at
holomorphic curves which satisfy (M1)—(M4) and (M5') with no multiply covered closed components,
and with no components So such that m 1)xRr © U|s, is constant and takes on a value near {0, 1} x R (in
the sense of (J5')).

See [Lipshitz 2006, Sections 3 and 4] for proofs of the statements about the unmatched moduli spaces
near embedded curves, and see [Lipshitz 2014] for the statements about the unmatched moduli spaces
near nonembedded curves. See [Juhdsz et al. 2021, Section 9.3] for an account of the proof involving the
matched moduli spaces.

An analog of Proposition 3.4 holds for the moduli spaces of holomorphic triangles satisfying the natural
analogs of (M1)—(M5) for almost complex structures satisfying (J'1)—(J'4). Furthermore, there is also a
version for more harshly perturbed almost complex structures satisfying (J'1)-(J'2) and (J'3")—(J’5’) using
the moduli space axioms obtained by modifying (M1)-(M4) and (M5’) in the obvious ways; see [Juhdsz
et al. 2021, Section 9.3].

3.6 Naturality of Heegaard Floer homology

For functoriality, we need to understand the relation between the chain complexes obtained from different
Heegaard diagrams of the same 3-manifold.
The following is standard:

Lemma 3.5 Any two Heegaard diagrams for a multipointed 3-manifold can be connected by a sequence
of the following moves:

(1) isotopies of the & or B curves not passing over the w basepoints;
(2) handleslides of the a curves across each other or handleslides of the B curves across each other;
(3) simple stabilizations or destabilizations;

(4) pushing forward the diagram (X, «, B, w) under an automorphism ¢ of (Y, w) which is isotopic
to idy, relative to w.

We explain move (3), appearing in Lemma 3.5. Suppose B> C Y is a closed, embedded 3-ball which
intersects X in a disk and is disjoint from e U B U w. We say a diagram (X', ', B/, w) is a simple stabiliza-
tion of (T, a, B, w) if ¥ agrees with X’ outside of B3, &’ =aU{a’}, B/ = BU{B’}, and X' N B3 consists
of a once-punctured torus. Furthermore, &’ and B’ intersect in a single, transverse intersection point, and
are contained in the region X’ N B3. A simple destabilization is the inverse of a simple stabilization.

To each of the moves appearing in Lemma 3.5, Ozsvath and Szab6 [2004b] associated a chain map
between the corresponding Heegaard Floer complexes.

We now state the following naturality result:

Proposition 3.6 Suppose that (Y, w) is a multipointed 3-manifold. To each pair (H, J) and (H', J'),
there is a map
\II(H,J)_)(H/,‘]/): CF; (7‘[, 5) — CF;/ (7‘[,, 5),
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which is well defined up to [F,[U|-equivariant chain homotopy. Furthermore, the following are satisfied:

(1) If (H,J), (H',J') and (H",J") are three diagrams with almost complex structures, then
Yau,n-eram = Yar,on-ee 07 0 Yoe,n—-er,0)-

(2) Y, —@4,0) = 1dcF; (34,9)-
Proof The details of the proof are due to many authors. Ozsvath and Szab6 [2004b] constructed the
transition maps Wy, 7y (3,J7) and proved they were quasi-isomorphisms (establishing invariance of the
isomorphism type of the homology groups). They also proved [2006, Theorem 2.1] most of the Floer-
theoretic results necessary to show well-definedness of Wy, j)— 3,77y Lipshitz [2006, Proposition 11.4]
showed that the transition maps are chain homotopy equivalences, as opposed to quasi-isomorphisms.
Juhész and Thurston pointed out that [Ozsvath and Szab6 2006, Theorem 2.1] contains a gap, since the
space of isotopies taking one embedded Heegaard surface to another is not connected. The proof of
invariance of the transition maps is completed in [Juhdsz et al. 2021], by a careful topological analysis
of the space of Heegaard splittings, followed by verification that the Heegaard Floer transition maps
have no monodromy around a special loop of Heegaard diagrams (the simple handleswap loop [ibid.,
Definition 2.31]). O

We now describe the maps associated to the moves in Lemma 3.5, as well as changes of the almost
complex structure.

If H = (2, B, w) is a diagram for (Y, w), and J and J’ are two almost complex structures on
% x [0, 1] x R, then the transition map Wy, y)—(%,s) is defined by picking a noncylindrical almost
complex structure J on T x [0,1] x R which agrees with J on X x [0,1] x (—oo,—1] and J’ on
¥ x [0, 1] x [1, 00), and counting Maslov index 0 J-holomorphic curves in ¥ x [0, 1] x R.

Next, we consider the maps associated to handleslides and isotopies of & and $. In this case, the
transition map W3, r)—(3,77) can be computed by a sequence of holomorphic triangle maps. If o’ is
obtained from & by a handleslide or isotopy, and the triple (X, a’, &, B, w) satisfies an admissibility
condition (see Definition 3.12), the map Wy, j)— (3¢,77) can be computed by counting holomorphic
triangles via the formula

(3-6) Yo, —-a,0) (=) = Foap (®Z?,a ® -).

In (3-6), @;; o, denotes a cycle in CF™ (X, o', &, w, s9) which represents the top-graded homogeneous
element of HF (X, &', &, w, 5¢), and so denotes the torsion Spin® structure on (S x §2)#&(X)
If the triple (X, &', o, B, w) is not admissible, the transition map W3 ) (3, is obtained by a

composition of triangle maps as in (3-6). We will often write wh

oo for the transition map Wiy, j)— 2,77

in this situation.

Moves of the 8 curves can be computed using the holomorphic triangle maps, in an analogous fashion.
If B’ is obtained from B via a sequence of handleslides or isotopies, we write 1115 ~# for the corresponding
transition map.
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If H=(2,a, B, w) is a Heegaard diagram for (Y, w), and H' = (X', e U{a’}, BU{B’}, w) is a simple
stabilization, then we consider the map 0:CF™ (X, «, B, w,s) - CF (X', &/, B/, w, 5) defined by the
formula

o(x):=xXxc,

extended F»[Uy,]-equivariantly, where {c} = o’ N .

If J is an almost complex structure on X x [0, 1] x R which is split in a neighborhood of the connected
sum point, and 7 > 0, then one can construct an almost complex structure J(7') on X’ x [0, 1] x R which
has a connected sum neck of length 7" inserted. According to the proof of [Lipshitz 2006, Proposition 12.5],
if T is sufficiently large, the map o will satisfy

OOaJ=aJ(T)OU.

For appropriately large 7, the transition map from (#, J) to (H', J(T)) is defined to be o. The meaning of
“appropriately large” can be made precise: we say a neck length T > 0 satisfies stabilization condition (SC1)
(and can be used to compute the simple stabilization map) if, for all 7" > T, there is an almost complex
structure J on ¥ X [0, 1] x R interpolating J(T') and J(T") such that

(SC1) Vs(x xc)=xxc

for all x € Tq NTg. We will consider a similar stabilizing condition when we define the free-stabilization,
1-handle and 3-handle maps; see conditions (SC2) and (SC3).

If J’ is a general almost complex structure on X’ x [0, 1] x R (possibly not satisfying condition (SC1))
then the transition map Wy, j)— (3, 7) 1s defined as the composition

Yo, n—@,97) = Yo, 1 am)—or .07 © Yo, n—oe, 0Ty = Yo, J(r)—@,J7) ° 0

for a T which satisfies condition (SC1).

Finally, if (H’, J') is obtained by pushing forward H under a diffeomorphism ¢ of (¥, w) which
is isotopic to the identity, relative to w, then the transition map Wy, j)—(3,J) is defined to be the
tautological map ¢, induced by ¢.

If (Y, w) is a multipointed 3-manifold and : w — P is a coloring, then the R p-modules CF~ (H, g, 5)
from (3-4) form a transitive system of chain complexes, for which we write CF~ (Y, w?, s).

3.7 Admissibility of Heegaard diagrams

In order to achieve finite counts of holomorphic disks and triangles for CF~, Ozsvéth and Szab6 [2004b,
Sections 4 and 8] define several admissibility conditions (weak admissibility and strong s-admissibility)
for singly pointed Heegaard diagrams, triples and quadruples. For multipointed diagrams of integer
homology spheres, they also described [2008, Section 3.4] a weaker version of admissibility (weak
admissibility), though this is not sufficient for our purposes. In this section, we extend their work on
strong s-admissibility to multipointed diagrams of arbitrary 3-manifolds (see Definition 3.9).
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Definition 3.7 If (¥, «, B, w) is a multipointed Heegaard diagram, a periodic domain is an integral
2-chain P on X with boundary equal to a linear combination of the & and B curves, with 14, (P) = 0 for
all w € w. A periodic class is a homology class ¢ € m2(x, x) for some x € Tq N Ty such that ry,(¢) =0
for all w € w.

The domain of a periodic class is a periodic domain, though we usually will not make a distinction
between the two. If R is a ring, we can also consider the set of R-valued periodic domains, for which we
write I1g.

There is a natural map

H:Tlz —» Hy(Y \w; Z),

obtained by capping dP with an integral combination of compressing disks for the & and B curves. The
construction of H works for other rings R, as well.

If ¢ € ma(x, y) is a homology class of disks, we write D(¢) for the domain of ¢, viewed as a 2-chain
on X. If ¢ € mp(x, x) is a periodic class, define

H(¢) := H(D(¢)).

If P € Tlg is a periodic domain and A is an integral 1-chain on ¥, with boundary equal to an integer
sum of w basepoints, then we will write a(A, P) for the integer obtained by summing each local difference
of the class A across each & curve as one traverses A. We define an integer (A, P) analogously, by
summing differences of the domain P across the § curves as one traverses A. See Section 4.1 for more
details on a(A, P) and b(A, P).

If A is an integral 1-chain on X, with boundary equal to a linear combination of the w basepoints, then,
by pushing the interior of y into the a-handlebody, we obtain the formula

3-7) a(A, P)=#(ANH(P)).

Similarly, if y is an integral 1-cycle on X, then

(3-8) a(y. P) =#(y N H(P)) = (PD[y]. H(P)).
A helpful topological fact is the following:

Lemma 3.8 The map H:I1g — H»(Y \ w; R) is an isomorphism for any ring R.

Proof Since I17 and H,(Y \ w; Z) are free Z-modules, it is sufficient to show the claim for R = Z.

To see that H is a surjection, note that Y \ N (w) is obtained by attaching 2-handles to [0, 1]x (X \ N (w))
along {0} x and {1} x B. By putting a closed 2-cycle into general position, we can ensure that it intersects
the cocores of the 2-handles transversely. After a homotopy, it becomes homologous to a 2-chain in
3\ N(w) with boundary equal to a linear combination of the e and f curves, together with some linear
combination of the cores of the 2-handles. Hence H is surjective.

For injectivity, suppose H(P) =0¢€ Hy(Y \w;Z). By (3-7), a(A, P) = 0 for any A which is a closed
curve or a path connecting two basepoints in w. Similarly, (A, P) = O for any such A. By considering A
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arcs or curves which are dual to & and B curves, it follows that H(P) has no changes across any of the «
and B curves. Since P also has zero multiplicity at the basepoints, P must be zero everywhere. a

By abuse of notation, we will also write H(P) or H(¢) for the induced class in H»(Y;Z). The
capping map H satisfies

(3-9) (@) =(c1(s). H@$)) +2 Y nuw(9).

wew

This can be proven by a simple modification of Ozsvéth and Szabd’s proof [2004a, Proposition 7.5] for
singly pointed diagrams.

We make the following definition, extending Ozsvéth and Szabd’s strong s-admissibility condition
[2004b, Section 4] to multipointed diagrams:

Definition 3.9 If s € Spin©(Y'), we say a Heegaard diagram H = (2, ., B, w) is strongly s-admissible if
for each N > 0 and each nontrivial periodic domain P € 1y, the inequality

(c1(s), H(P)) =2N =0
implies that P has some multiplicity strictly greater than N.
Strong s-admissibility ensures finiteness of the differential on CF:

Lemma 3.10 If H is strongly s-admissible and j is fixed, then there are only finitely many homology
classes ¢ € ma(x, y) with u(¢) = j and D(¢p) > 0.

Proof The proof is a modification of Ozsvath and Szabd’s proof [2004b, Lemma 4.14] for singly pointed
diagrams.
Fix any ¢ € ma(x, y) with u(y) = j. If ¢ € ma(x, y) is another class, then we can uniquely write

D(¢) = D)+ P + A,
where P € [1z and A is a Z-linear combination of the components of ¥ \ . If D(¢) > 0, then
(3-10) —D(y) < P + A.

Suppose, to the contrary of the main statement, that there is an infinite sequence ¢, of distinct classes
in p(x, y), with u(¢,) = j and D(¢,) = 0. We obtain an infinite sequence of pairwise distinct pairs
(Pn, Ap) which satisfy (3-10).

Since there are only finitely many components of ¥ \ (¢ U ),

”Pn +An||oo_)00,

where || D ||co denotes the maximum absolute value of the components of a domain D.

The coefficients of P, + A, are bounded below by the coefficients of —D (). Similarly, since P,
satisfies 1y, (Py) = 0 for all n, it follows that ny (A,) = ny(Pn) — nyw(¥). Since D(¢,) > 0, the
coefficients of A, are also bounded from below.
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Since Py is zero on w, and A, is determined by its values on w, we have
(3-11) [Anlloo < I Pn + Anlloo-
By the triangle inequality,
(3-12) [ Pnlloo < | Anlloo + | Pn + Anlco-

Inequalities (3-11) and (3-12) imply A, /|| Pn + Anlloo and Py /|| An + Pnllco are both bounded, and
hence admit subsequences which converge to real domains As, and P, respectively.
Since u(¢n) = u(¥) = j, we have

(3-13) WPy + A7) =0,

where P, A} € ma(x, x) denote the periodic classes corresponding to P, and A,. Combining (3-9)
and (3-13), as well as the fact that H(A,) =0¢€ H»(Y;7Z) and ny (P,) = 0, we obtain

(3-14) 0= (P +43) = (c1(s), H(Pp)) + Y 21y (Ap).

wew

Taking limits in (3-14), we obtain

(3-15) (c1(8). H(Poo)) + Y 21y (Aco) =0.

wew

Since the multiplicities of A, and A, 4+ P, are bounded below, and || A, + Py |lco — 00, we conclude
(3-16) Aoo >0 and Ps + Ao > 0.

If there is a real pair (Pso, Aoo) satistying (3-15) and (3-16), then it is not hard to see that there is also a
nearby rational domain which also satisfies (3-15) and (3-16). By clearing denominators, we can find a
pair (P’, A") of integral domains satisfying the same relations.
By (3-15) and (3-16),
{c1(s), H(=P")) =2N >0,

where N =) <., "w(A"). Hence, — P’ has a multiplicity which is greater than N by strong admissibility.
Since A’ > 0, this contradicts the fact that A’ + P’ > 0. m]

We now prove that all multipointed Heegaard diagrams can be made admissible by performing an
isotopy:
Proposition 3.11 If H = (2, «, B, w) is a multipointed Heegaard diagram for (Y, w), and s is a fixed

Spin® structure on Y, then H is isotopic to a strongly s-admissible diagram.

Proof Our proof is a modification of Ozsvath and Szabd’s procedure [2004b, Lemma 5.4] for achieving
strong s-admissibility for singly pointed diagrams, and their procedure [2008, Proposition 3.6] for
achieving weak admissibility for multipointed diagrams of integer homology spheres.

Pick a collection of closed curves yq, ...,y and arcs A; ..., A, on X satisfying the following:
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(1) y1,...,yx are pairwise disjoint, simple, closed curves which span H1(Y; Z).

(2) Each A; is an embedded arc with boundary equal to two basepoints of w.

(3) The interiors of A; and A; are disjoint if i # j, and A; is disjoint from y; for all i and j.

(4) Each basepoint of w is in the boundary of at least one A;, and A1 U---U A, is connected.

The above conditions imply that y1,..., Yk, A1, ..., An span H{ (Y, w; Z).

Such a collection y1,...,Vk, A1,...,An can be constructed as follows. Let a¢ be any tuple of
g(X) attaching curves on X, which are disjoint from w and which bound compressing disks in the
handlebody Uy, such that X \ a¢ is a connected, planar surface. The curves 1, ..., y; can be chosen
to be duals of the curves of ag. The complement of &g is planar, connected, and contains all of the w
basepoints. The A; can be chosen to form an embedded tree such that each A; connects one w basepoint

to a chosen central basepoint of w.
Write H(’@ for the set of rational 2-chains on ¥ of the form

P —3{ci(s), H(P))-[Z] for P e Ig.

Following Ozsvéth and Szabd’s terminology, we call such domains s-renormalized periodic domains.
The groups Ilg and H(Q are canonically isomorphic, so there is a well-defined capping map

H:Tg — Hy(Y \w; Q),

which is an isomorphism by Lemma 3.8.
Let Ry,..., Ry be a collection of pairwise disjoint, embedded rectangles in X such that the following
hold:

(1) A; N R; is a connected arc.

) AiNR; =@ifi# j,and y; NR; = & forall i and j.

(3) If  is an attaching curve in & or 8, then T NA; C R;.

Fix N > 0. We perform the following two winding moves to e to construct a diagram Hy = (X, ay, B):

(W1) Let yl.+ and y;~ denote two small, parallel pushoffs of y;, which are disjoint from each other and y;.
Wind the & curves positively N times around yl.+, and negatively N times around y;, as shown in
Figure 3

(W2) Along each A;, we perform a zigzag move to the & curves, as shown in Figure 4. The zigzag move
is supported in the rectangle R;.

We write H{@  for the set of s-renormalized periodic domains on H .
The groups Hf@ y and Hf@ are canonically isomorphic: indeed, Lemma 3.8 implies both are canonically
isomorphic to Ha(Y \ w; Q). Write
Wh: H{@ — Hg@, N

for this isomorphism.
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Subclaim 3.11.1 For sufficiently large N, any nonzero s-renormalized periodic domain on H y has both
positive and negative multiplicities.

It is straightforward to see that Subclaim 3.11.1 implies that, for sufficiently large N, Hpy is strongly
s-admissible.
We now prove Subclaim 3.11.1. Define an L°°-norm on H,(Y \ w; Q) via the formula

lo |2 = max{[#(11 N o), ..., [#(*An NO)|, [#(y1 NO),..., [#(yx N o)},

where #(A; N o) denotes the algebraic intersection number. Similarly, define an L°°-norm on H,(Y; Q)
via the formula
015 = max{[#(y1 N0)l..... [#(yk No)]}.

Let S, denote the unit sphere in I, with respect to the || - 1X\® norm, i.e.,
Y
o ={Pelly: [HP)L™® =1

It is sufficient to show Subclaim 3.11.1 for s-renormalized periodic domains P such that H(P) € S,
since scaling by QQ preserves the property of having positive and negative coefficients.
Since y1,..., ¥, span H{(Y;Z), we can write

(3-17) PD[c1(s)] = ai[y1] +- -+ ak[yil

for some a; € Z. Let M denote the quantity

k
M= "al.

i=1
Pick a real number € so that

(3-18) 0<e<gy and Me< 3.

Let C be the maximum absolute value of any multiplicity of any domain in S}, and let N > 0 be an
integer which satisfies

(3-19) N-e>C.

We will show that, if N satisfies (3-19), then any nonzero s-renormalized domain on  y has both positive
and negative multiplicities.

Suppose that P € S(’@. Note that by definition Wy does not change the induced class in H>(Y \ w; Z),
and hence Wy does not change either | - ”Zo\w or || - ||¥,. We break the argument into two cases:

(1) |H(P)||L > .
2) [HP)|L <e.

In case (1), let y; be a curve such that [#(y; NH(P))| > €. By (3-7), la(yi, P)| > €. Pick x € y; \ (¢ UB)
and let x* and x~ be nearby points on yl.+ \(¢Up)and y; \ (U B).
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Figure 3: Winding move (W1) near a closed curve y; on X. The arc /™ is shown. The left and
right sides of each rectangle are identified to form an annulus on X.

Let [T be an arc from x to x T which is contained in a neighborhood of y; and does not intersect o
or B. On Hy, [T intersects a curve in ey with N times the geometric multiplicity that y; intersects the
corresponding curve of &. Furthermore, the arc /™ can be concatenated with an arc which connects x
and x* and is disjoint from e« such that the concatenation is homologous to N -y on X (see Figure 3,
bottom). Writing /™ for a similar path from x to x™—, we have

(3-20) a(I",Wn(P))=N-a(y;,P) and a(l~,Wn(P))=—N-a(y;,P).
Observing that [t and [~ intersect no B curves, it follows from (3-20) that
(3-21)  ny+Wn(P)) =nx(P)+ N-a(yi. P) and ny-(Wn(P)) =nx(P)—N -a(y;. P).

Together, equations (3-19) and (3-21) imply that Wy (P) has both positive and negative multiplicities,

proving Subclaim 3.11.1 in case (1).

w2

[ 2

Figure 4: The zigzag move (W2) near an arc A; with 0A; = {wy, w2}. The arcs /; and /] near w;
and w, are shown. The move is supported in the rectangle R;, whose boundary is the dashed box.

Geometry & Topology, Volume 30 (2026)



Graph cobordisms and Heegaard Floer homology 413

Next, we consider case (2). Combining (3-17) and (3-18) and the triangle inequality, we obtain

k
" a: (PDIyil. H(P))
i=1
Define m := —(c1(s), H(P)), which is the multiplicity of Wy (P) at each basepoint w € w. By (3-22),
m e (—%, %) Furthermore, since ||H(P)||go\w = 1, there is a A; such that a(A;, P) = 1. We consider
the two arcs /; and /] on X, shown in Figure 4, which intersect no curves on X, and intersect only the o

k
<> lail- [y NH(P)| <M -€ < 3.

i=1

(3-22) [{c1(s), H(P))| =

curves on Hp . Note that
a(Ai, Wy (P)) = a(l;, Wn (P)) = a(lj, WN (P)),

since /; and /] can both be completed to curves on X which are isotopic to A;, and whose only intersections
with & occur along /; or I/ (see the dashed lines on the bottom of Figure 4). Since /; and /] do not intersect
the B curves, the difference in multiplicity of Wy (P) between the two points of d/; is a(A;, W (P)) =1,
and similarly for the two points of d//. Hence, Wy (P) has multiplicities of m + 1 and m — 1. Since
|m| < %, it follows that m — 1 <0 and m + 1 > 0. Subclaim 3.11.1 follows in case (2). m|

3.8 Admissibility for Heegaard triples and quadruples

We also need to consider admissibility of Heegaard triples and multidiagrams.
If (2, a, B,y,w) is a Heegaard triple, Ozsvath and Szabé [2004b, Section 8.1] construct the 4-manifold

(3-23) Xapy = (AXZ)U(eq x Uy) U (eg x Ug) U (ey x Uy),

where A is a triangle with boundary edges ey, eg and ey, and Uy, Ug and U, are standard handlebodies
with boundary identified with . The manifold X, g , satisfies

0Xa,B,y = —Ya,pU—Ypg,, UYay.
Ozsvith and Szabé [ibid., Section 8.1.4] construct a map
(3-24) Sw:m2(x,y,z) = Spin(Xgg,y).

Definition 3.12 If (X, «, 8, ¥, w) is a multipointed Heegaard triple, we say that an integral 2-chain P
on X is a triply periodic domain if 0P is a linear combination of the &, § and y curves, and ny, (P) =0
for all w € w.

IfQ=(%,ua, B, y,8, w) is a multipointed Heegaard quadruple, a quadruply periodic domain on Q is
defined analogously.

Ozsvith and Szabé [ibid., Definition 8.8] define a notion of strong admissibility for Heegaard triples,
which extends to the multipointed setting:

Definition 3.13 Suppose 7 = (X, a, B, y, w) is a multipointed Heegaard triple. If s € Spin® (X, g.,),
we say T is strongly s-admissible if each nonzero triply periodic domain P which can be written as a
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sum of doubly periodic domains
P =Pyp+Ppy+Pay with (c1(s). H(Pyp)) + (c1(5). H(Pgp)) + (c1(5). H(Puy)) =2N >0
has a multiplicity which is strictly greater than N.

A straightforward extension of Lemma 3.10 and Proposition 3.11 gives the following (compare [ibid.,
Lemmas 8.10 and 8.11]):

Lemma 3.14 Suppose that T = (2, a, 8, y, w) is a Heegaard triple.

(1) If T is strongly s-admissible, x, y and z are fixed intersection points on T, and j is a fixed integer,
then there are only finitely many W € ma(x, y,z) withsy (V) =5, u(¥) = j and D(y) > 0.

(2) If s € Spin® (X, g,y ), then T is isotopic to a strongly s-admissible Heegaard triple.

Given a Heegaard quadruple (X, o, B, y, 8, w), there is a four-ended cobordism X, g, 5, and a map
Sy m2(w, x,y,z) — Spin°(Xy 8,y.5)-

There are two natural decompositions of the 4-manifold Xy g 55

Xop.ys = Xa.p.6 Urps Xp.y.8 = Xay.s Ura, Xap.y-
For the purposes of ensuring finiteness of holomorphic rectangle counts, we need finiteness of homotopy
classes in an entire 8H1(Y5,5)+8H1 (Yq,y)-orbit & in Spin(Xy g 5.5)-
Definition 3.15 Suppose Q = (¥, «, B, p.8, w) is a multipointed Heegaard quadruple and & is a
SH1 (Yp,5)+0H !(Ya,y)-orbit of Spin® structures on X .8y, We say that Q is strongly G-admissible if,
whenever s € G and P is a nonzero periodic class which can be written as a sum of doubly periodic domains

P = Z P:,,

R HSCHBAY

Y (aly,,) H(Ps,y) = 2N 20,
{&.n}Ha.B,7.6}
then P has a multiplicity strictly greater than N.

such that

If Q is strongly G-admissible Heegaard quadruple, then a finiteness result for positive rectangle classes
of a fixed Maslov index, similar to Lemma 3.14 can be proven by adapting Lemma 3.10.

If Q is an arbitrary Heegaard quadruple and & is an 6H I(Yﬂ,(g)—i—(SH !(Y4,y)-orbit, then strong &-
admissibility can be achieved by modifying the winding and zigzag procedure from Proposition 3.11 as
long as the quantity

Yo (alsly,). H(Pe )
{&.n1c{a.B,.8}
is independent of the choice of s € G. In particular, strong admissibility can be achieved by winding the
curves o, B, y and § as long as

SHl(Yﬂ,5)|Ya,y =0 and 8H1(Ya,y)|yﬁ’8 =0.
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4 Relative homology action

Ozsvith and Szabé [2004b, Section 4.2.5] constructed an action of A*(H1(Y'; Z)/Tors) on the singly
pointed Heegaard Floer groups HF° (Y, w, s). In this section, we describe similar maps on the multipointed
Floer complexes for closed loops in Y, as well as paths between pairs of basepoints. We call these maps
the relative homology action. Our construction is similar to an action of relative homology on sutured
Floer homology constructed by Ni [2014].

If (Y, w) is a multipointed 3-manifold and A is a path between two basepoints w1, wy € w, we construct
two maps

Ay, B;:CF (Y,w,s) > CF (Y, w,s),

which we call the type-A and type- B relative homology maps, respectively.
We will show that A, and B satisfy

04, + A0 =0B) + B30 = Uy, + Uy,.
See Lemma 4.1.
If y is a closed loop in Y, there are similar chain maps A, and B,,. For a closed curve y, the maps A,
and B, coincide, and both agree with the familiar action of H{(Y; Z)/Tors. See Lemma 4.7.

4.1 Construction of the relative homology action

Suppose H = (X, «, 8, w) is a multipointed Heegaard diagram for (Y, w). If A is a path in Y from
wi to wy, we can homotope A so that it has image in ¥ and is an immersion. Furthermore, we can
assume that A intersects the & and B curves transversely, and is disjoint from all intersections «; N ;.
Letay,...,an denote the points of intersection between A and the & curves. Let by, . .., by denote the
points of intersection between A and the B curves. Given a homology class of disks ¢ € 7 (x, y), we let
diO‘”1 (¢) denote the difference between the multiplicities of ¢ on the two sides of the point ;. Similarly,
we let diﬂ A (¢) denote the difference between the multiplicities of ¢ on the two sides of b;. We define

m k
(@-1) a(l.p) =Y d** () and b(.g) =D dlH).
i=1 i=1
which we view as elements of F». An orientation of A allows us to lift the quantities a(A, ¢) and b(A, ¢)
to Z, which will occasionally be useful.
We define the endomorphism A, via the formula

4-2) =30 Y aQ.g)#M@ U -y,
yeToNTg pema(x,y)
n($)=1

The map B, similarly to (4-2), by replacing the factor of a(A, ¢) with b(4, ¢).
If y is a closed curve in Y, we can similarly modify (4-2) to define homology actions A4, and B, on
CF (Y, w,s).
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4.2 Properties of the relative homology action
In this section, we prove some basic properties of the relative homology action.

Lemma 4.1 Suppose H = (2, «, B, w) is a diagram for (Y, w), and A is an immersed path in ¥ which
connects two basepoints wy and w,. Then

A)0+ 04, = B0+ 0By = Uy, + Uy,.
If y is a closed, immersed curve on X, then
Ay0+ 04, = By,d+ 0B, =0.

Proof We focus on the claim about the map A, when A connects two basepoints w; and w;. The other
claims are straightforward modifications.

Our argument proceeds by counting the ends of index 2 moduli spaces. Suppose that ¢ € w2 (x, z)
is a homology class of disks with ©(¢) = 2. The 1-dimensional space ./\/;l(¢>) = M(¢)/R admits
a compactification /\/;l(d)), whose ends correspond to strip breaking and Maslov index 2 boundary
degenerations. Since compact 1-manifolds have an even number of ends, we have #(dM(¢)) = 0, and
hence

(4-3) a(r.¢)-#(0M()) = 0.
If 1 € ma(x, y) and ¢ € w2 (y, z) are two homology classes, then

(4-4) aA,drxd1) =a(A,¢2) +a(A,dr).

We consider separately the cases that x # z or x = z. Consider first the case that x # z. We write
% (x) and nf (x) for the groups of homology classes of & and 8 degenerations on (X, e, 8, w). We can
view % (x) (resp. Hf (x)) as the set of integral 2-chains on X with boundary equal to a linear combination
of the a curves (resp. B curves).

If we wand x € Ty NTg, then there is a unique class Ay, € 75 (x) whose domain has multiplicity 1
at w and O on the other components of X \ a. A class By, € nzﬂ (x) is similarly specified. Furthermore,
any homology class A* € 7§ (x) decomposes as

A% =" ny(A4)- A%

wew

Using Lipshitz’s formula [2006, equation 8] for the Maslov index, we compute
p(Ay) = p(By) =2.
Consequently, if A* € 7§ (x) and B* € 715 (x), then

(4-5) pAT) =2 nu(4%) and p(B¥) =2 nu(BY).

wew wew
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It follows that if ¢ is a Maslov index 2 class and a broken holomorphic curve appears in M (¢) which
contains a nontrivial boundary degeneration, then the remaining curves must have Maslov index 0, and
hence must represent the constant class, by transversality. Hence, if x # z, then boundary degenerations
cannot occur in the ends of /\/;l(gb), so (4-3) implies that, for each index 2 class ¢ € m,(x, z),

0=a(A,¢) Z #XU(p1) - # M (pp) ULw @D F10(@2)

yeTaNTg
¢1€m2(x,y)
$2€m2(y,2)
u(P1)=pn(p2)=1
d1*%P2=¢
= Y @) +alh, d2) -#XU() - #M (o) U @@ o
yeTNTg
¢1€m2(x,y)
d2€m2(y,2)
w(P1)=pu(p2)=1
d1xp2=¢

Summing over all ¢ € w5 (x, z) with u(¢) = 2, we get that the z-component of (40 + dA4,)(x) is
zero. L

If x = z, there may be ends of ./\/;l((b) corresponding to boundary degenerations. If ¢ is one of the
classes A}, we write N (¢) for the moduli space of cylindrical & boundary degenerations

u: S — X x[0,00) xR

representing ¢, modulo conformal automorphisms of [0, co) x R.
Hence, the x-component of (04, + A, 0d)(x) is equal to

> a(d A%) #N*(AS)Uy - x + Y a(A. BE) - #NP (BE)Uy - x.
wew wew

We note that a(A, A})) = 0 unless w € {wy, w>}, in which case
a(A, Ay, =a(d, 4y,) = 1.
Furthermore, a(A, B}) = 0 for all w € w. The counts of the moduli spaces of boundary degenerations

were proven by Ozsvéth and Szab6 [2008, Theorem 5.5]: for generic almost complex structure,

1 (mod?2) if|w|>1,

4- #N (A% ) =
(4-6) N(Ay) 0 if |lw| = 1.

Hence, the x-component of
is zero. Combining this with the computation in the case that x # z, the proof is complete. O

We now consider the interaction between the holomorphic triangle maps and the relative homology maps.
If (X, a,B,y,w)is a multipointed Heegaard triple and A is an immersed path between two basepoints
w1, Wy € w, as an extension of (4-1), let a(A, ¢), b(A, ¢) and c(A, ¢) denote the sums of differences
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of the multiplicities of ¢ across the ¢, 8 or y curves, respectively. Let A, B, and C, denote the
endomorphisms of CF™ (X, &, 8, w), CF (2, 8, y, w) and CF (X, &, y, w), defined by modifying (4-2).
Note that all three endomorphisms A4, B and Cj are defined on all three complexes.

Lemma 4.2 Suppose that (2, «, B, y, w) is a multipointed Heegaard triple and s € Spin®(Xy g.,). Then
Fyp,y,s(A3 ®id) = A3 0 Fy g 5 (id @ id),
Fupys(Ba®id) >~ Fyp,.(id® By),
Fyp.ys(1d®Cy) =~ CyoFy g, .(id®id),

as maps from CF™ (2, a, B, w. 5|y, ;) ®F,[v,] CF (Z,B.y.w.sly, ) oCF (T, e,y w,sly, ).

Proof Consider the first relation, involving A . The subsequent two relations involving By and Cj can
be proven mutatis mutandis. We prove the relation by counting the ends of index 1 moduli spaces of
triangles. Suppose that ¥ € 2 (x, y, z) is a homology class with s (¥) = 5, with w (i) = 1. The moduli

space M () can be compactified into a compact 1-manifold M () whose ends consist of pairs consisting
of an index 1 holomorphic strip and an index 0 holomorphic triangle. Since compact 1-manifolds have an
even number of ends, we have

S a@uy) - #OM®)) - Ug P =o.

Yema(x,y,2)

n()=1

sw(s)=s
If ¢ is a homology class of disks and ¥ is a homology class of triangles, then, similar to (4-4),

aA, ¥ *x¢)=aA.y)+a(d.¢).
It follows that
4-7) ApoFyp,s(ild®id) + Fy g ,(A) ®id) + Fy g, (1d® A4y)
= HY' 00y ®id+id®dg,) + da,y 0 HYL

b a,B.y.s’
where H;ﬁm is the map defined on intersection points by the formula
AL .
HM (xey)= > a(.y) #My)Uz»P 2,
zeToNT)
Yem(x,y,2)
w(y)=0

and extended IF,[Uy]-equivariantly.
Finally, we note that if ¢ is a homology class of disks on the diagram (X, 8, ¥, w), then the quantities
a(A, @) vanish, since ¢ has no changes across the & curves. Hence the map

AA.: CF_(E’ ﬂ’ y’ w’5|,3y) - CF_(Z7 ﬁ’ }’» w’ﬁlﬂ)/)
vanishes. Combining this fact with (4-7), the main statement follows. O
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Lemma 4.3 (1) Suppose that A is a path on ¥ connecting a pair of basepoints on H which can be written
as a concatenation A, x A1 of two paths which connect pairs of basepoints. Then

A/lz*/ll = A)Lz + AA] .

(2) Suppose that A is a path on X connecting a pair of basepoints, and y is a closed loop on X, which
has nontrivial intersection with y. If A % y denotes the path obtained by splicing y into A, then

Aysp = Ay + Ay
(3) If y and y’ are two closed curves on X, then
Ayrxy = Ay + Ay
The same relations hold for the type-B relative homology maps.
Proof The first claim follows immediately from (4-2) since
a(A2xA1.¢) =a(A2,¢) +a(ri,9)
for any homology class of disks ¢. The second and third claims are proven similarly. |
We now compute the commutator of the relative homology maps:

Lemma 4.4 Suppose A1 and A, are two paths connecting pairs of basepoints in w. Then

Aj Aj, +Ax, Ax, = Z Uy.
weEIALNIAL

Proof Our proof proceeds by counting the ends of f\/\l(q)) for classes ¢ € ma(x, z) with Maslov index 2.
As in Lemma 4.1, there are two cases to consider: x # z and x = z.

If x # z and ¢ € m,(x, z) has Maslov index 2, then the ends of ./\/;l(qﬁ) all correspond to strip breaking.
Summing over ¢, we have

(4-8) 0= Y a(.¢la@a.d) Y. #M@)-#M()UR P .
pem2(x,2) ye’]faﬂ’]I‘B
w(gp)=2 ¢1€m2(x,y)
$2€m2(y,2)
n(d1)=u(p2)=1
P1+d2=0¢

Noting that

a(Ar, 91+ ¢2)a(rz, 1 + ¢2)
= (a(A1,91)a(A2, ¢2) +a(A1, p2)a(Az, ¢1)) + (a(A1, d1)a(Az, ¢1) +a(A1, $2)a(Az, ¢2)),
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we can rewrite (4-8) to obtain

4-9) 0= Z @1, d1)a(ha, ¢2) +a(rr, d2)a(ha, ¢r)) - £M (1) - #M (o) ULw @V FT10@2)
yGTaﬂTﬂ
$1em2(x,y)
$r€m(y,2)
u(@)=n(¢2)=1

+ Y (@G g0)a(a. g Fa(a. $2)a(ha. d2) #M (1) #M () Uy @V T o
yGTaﬂTB
¢1€m2(x,y)
$r€m2(y,2)
w(p1)=pn(g2)=1

The right side of (4-9) is the z-component of
(ApApy + Apy Apy + 0H) 3y + Hpy2,0) (),

where H} |, is the map

Hygn ()= Y. a(r.¢)a(hz.¢)-#8M(p) U - y.
yETaﬂTB

pem(x,y)
w(@)=1

If x = z, then boundary degenerations may appear in the ends of ./\/;l(¢). These make an additional
contribution to (4-8) of

4-10) > a(hy. Af)a(ha. AL) #N* (AL Uy -x + Y a(ry. BR)a(hy. By) - #NP (BE)Uy - x.

wew wew
We note that a(A, B;) = 0 for all w, and
1 ifweadl,
0 ifw¢oadA.

The stated formula now follows from (4-10), (4-11) and the count of boundary degenerations from (4-6). O

@-11) a(h, AZ) = {

In the context of a single basepoint in Heegaard Floer homology, the homology action squares to zero
(see [Ozsvath and Szabé 2004b, Proposition 4.17; Lipshitz 2006, Proposition 8.6]). We prove a similar
result:

Lemma 4.5 Suppose A is an immersed path in ¥ from w1 to w,. Then
Ay oAy = Uy, = Uy,.
If y is an immersed closed curve in X, then
AyoAy, ~0.

Proof Note that Uy,, >~ U,,, by Lemma 4.1. We focus on the claim that A, o A) ~ U,,,. The proof of

the relation A, o A, ~ 0 follows with only minor modification. Pick an orientation of A, which gives a
lift of a(X, ¢) from 5 to Z.
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Note that both a(A, A;l) and a (A, Aﬁz) are +1, and, in fact, the two quantities have opposite signs.
Orient A so that

(4-12) a(A,Ay)=1 and a(A, A4})=—1.
Define the map

Hix)= Y 1aQ.§)@@.¢)+1) - #M@)UzP -y,

yeToNTg
pema(x,y)
w(p)=1
‘We will show that
(4-13) A3 (x) = (0H) + H30 + Uy, ) (x).

If z € T4 N Tg, the z-component of (0H, + H)d + Ai)(x) is

1) 3T (A @R )T D5 $2) @ g2)+ D) EM(G)#M () Uy * P .
yGTaﬂTﬁ
$1€m2(x,y)

dr2€m2(y,2)
n(d1)=u(p2)=1

Rearranging, (4-14) becomes

(4-15) Yo La(h g1+ ¢2) @A b1+ d2) + 1) #M(P1) - #M (o) Uy D1
yeToNTg
p1€m2(x,y)

$2€m2(y,2)
w(p)=u(p2)=1

+ ) a(h, dr)a(h, o) - #M(py) - #M (o) UL @1 792),
yGTaﬂTB
p1€m2(x,y)

$2€m2(y,2)
w(p1)=u(p2)=1

The second summand of (4-15) is the z coefficient of (A o Ay)(x). If x # z, then the first summand
of (4-15) is equal to

(4-16) 3 La(i$)a(r,¢) + 1) -#MM(p UL =o0.

pemr(x,2)

w(p)=2

Hence, the z-component of (H) 0+ dH) + Ai)(x) is zero, when x # z.
We now consider the case that z = x. The expression in (4-16) is equal to (dH) + Hd + Ai)(x) plus
the following contribution, due to boundary degenerations:

> ta( ALY @A AD) + 1) #N® (AL Uy - x + Y 2a(h. BE)a(h. BE) + 1) - #NP (BE)Uy - x.

wew wew
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Finally, we note that a(A, Byy,) = 0 for all w € w, while a(A, A})) = 0 unless w € {wy, w,}. Furthermore,
from (4-12),

sa(A AL )a(A AL )+ 1) =1 and La(d, A} )(a(A, A},)+1)=0.
It follows that the x-component of (A/Z1 + 0H) + H;0)(x) is Uy, - x, completing the proof. a

Since the Heegaard surface X is embedded in Y, there is a natural map ix: Hy(2;Z) — H(Y; Z).
Since Y can be built by attaching 2-handles and 3-handles to [0, 1] x X, the map i, is surjective, and
ker(ix) = Span{[a1], ..., [ax], [B1], ..., [Bn]}. Hence,

Hy(3:Z)
Span{[1], ..., [an], [B1], ..., [Bal}

Lemma 4.6 If y is a closed loop on X such that

(4-17) H{(Y:;Z) =~

i«([y]) =0€ H1(Y;Z)/Tors,
then
Ay ~0.

Proof Our proof is a modification of Ni’s proof [2014, Lemma 2.4] of a closely related result. Suppose
that y is an integral 1-cycle on X such that i« (k - y) = 0, for some integer k # 0.

By orienting y, we obtain a lift of the quantities a(y, ¢) to Z. We can assume that y is immersed,
intersects & and B transversely, and is disjoint from any intersections of the & and § curves. From the
isomorphism in (4-17), it follows that the class k-[y] € H{(2; Z) can be written as an integral combination
of the a and B curves.

Consequently, there is an integral 2-chain S on X such that

aS=k-y+0C,

where C is an integral 1-cycle on X which consists of an integral combination of small pushoffs of the «
and B curves on X.
Let ng: Ty N Tg — Z denote the function

ns(x) = (an(S))-

XEX
We claim that if ¢ € m,(x, y), then

(4-18) —alk-y +C.¢)=ns(y)—ns(x).

To establish (4-18), we note that the homology class ¢ determines a collection of paths of g + |w|—1
arcs a(¢), which are contained in the & curves and run from the points of x to the points of y. The
quantity a(k -y + C, ¢) can be reinterpreted as the oriented intersection number

#a(@) N (k-y +C)).
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On the other hand, a(¢) N S is a compact 1-manifold, and hence the algebraic count of its ends is zero.
By the Leibniz rule,
0=#d(a(p)NS) =#(a(p)NS)+#(a(p)NIS),

from which (4-18) follows. Using additivity of (y, ¢) with respect to y, from (4-18) we obtain
(4-19) —k-a(y.¢)—a(C.¢) =ns(y)—ns(x).

If o’ is a small pushoff of an & curve, then a(a’, ¢) = 0, since there are no changes of ¢ across any o
curves as one traverses «’. Similarly, if 8’ is a small pushoff of a B curve, then a(B’, ¢) = 0, since B’
intersects no B curves, so the sum of differences of ¢ across the e curves as one traverses 3’ telescopes,
and is zero. With this observation, equation (4-19) now reads

(4-20) —k-a(y.¢) =ns(y) —ns(x).

The right-hand side of (4-20) does not depend on ¢. It follows that, modulo k, the expression ng(x) is
independent of x for x representing a fixed Spin® structure. By adding copies of [X] to S, we can ensure
that ng(x) is divisible by k for each x € Ty N Tg representing 5. Hence,

ns(y) ns(x)
k k-

(4-21) —a(y.¢) =

We define the map
Hg:CF (X,a,8,w,5) > CF (2, a, 8, w, 5)

via the formula

extended equivariantly over [F2[Uy].
After projecting to [F», equation (4-21) implies that

A, (x) = (0Hg + Hsd)(x). O

We now describe a simple relation between the maps A, and Bj. To describe their relation, we must
introduce a new map. If w € w is a basepoint, we define ®,,: CF (X, &, 8, w,s5) > CF (X, o, 8, w, 5)
via the formula

(4-22) Oy(x):=Upt Y Y nw(@) #M@ULP -y,
yGTaﬂTﬁ pemr(x,y)
u(g)=1

extended IFo[Uy]-equivariantly. Despite the initial factor of U, !, the map ®,, maps CF~ into CF.
Furthermore, ®,, is a chain map; see Lemma 13.13 below.

Lemma 4.7 Suppose that (X, «, 8, w) is a diagram for (Y, w), A is an immersed curve on ¥ with
endpoints wy and w», and y is an immersed closed curve on X. Then

(1) Ay, = By, and
(2) A/l + Bl = le cbwl + Uwzq)wz-
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Proof The map A, counts holomorphic strips weighted by the factor a(y, ¢), while B, counts holomor-
phic disks weighted by b(y, ¢). The sum a(y, ¢) + b(y, ¢) is the total change in multiplicity of ¢ across
all curves (either o or §8); however, this is zero since y is a closed curve. Part (1) follows.

For an arc A connecting basepoints w and w,, we instead have

a(A. @) +b(A. ) =nw, (¢) —nw, ().

from which part (2) follows. O

4.3 Naturality of the relative homology action

In this section, we prove the following:

Proposition 4.8 Suppose that H = (X, &, B, w) is a diagram for (Y, w), and A and A’ are two immersed
paths in X from w1 to wy which represent the same element in Hy (Y, {w1, w,}; Z)/Tors. Then

A A= A A
Furthermore, if H and H' are two diagrams for (Y, w), then
AA o \IJH—H-[’ ~ "IJH—YH’ o A,{.

The same holds for the map B, as well as the homology action associated to closed loops in Y.

As a first step towards Proposition 4.8, we prove that the maps A) commute with the change of almost
complex structure maps:

Lemma 4.9 Suppose J and J' are two cylindrical almost complex structures on X x [0, 1] x R which
satisfy axioms (J1)—(J5). Then
ApoW =Wy 504,

where W y_, j is the change of almost complex structures map. The same relation holds for the type-B
maps.

Proof To compute Wj_, -, one first picks a noncylindrical almost complex structure Jon ¥ x [0,1]xR
which agrees with J on X x [0, 1] x (—oo, —1] and agrees with J" on X x [0, 1] x[1, 00). The map W ;_, ;-
is defined via the formula

VLp) =YY #MpUR Py,

YeToNTp pema(x,y)
w(p)=0

extended linearly over [F5[Uy].
We define the map H}ilk: CF (Z,a,8,w,5) > CF (X, a, B8, w,s) via the formula

H}""l,/x(x) = Z Z a(l,¢)'#M7(¢)U$W(¢)'y’
yeTyNTg pema(x,y)
w(p)=0

extended linearly over F[Uy].
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If ¢ € m2(x, y) is a Maslov index 1 homology class, then the 1-dimensional moduli space M 5(¢) can
be compactified into a compact 1-manifold, whose ends correspond to pairs of index 0 J -holomorphic
curves, and index 1 J- or J’-holomorphic curves.

Using (4-4) (additivity of the quantity a(A, ¢) with respect to ¢), it follows that

AAOWJ_>J/—i-\IJJ_)]/OAA—l-aJ/OH}éA—{-H}éxoa‘] =0.
The relation for the type-B homology actions is proved analogously. O

Towards proving that A) commutes with changes of the & curves, we prove the following:

Lemma 4.10 Suppose that (X,a’, o, B, w) is a Heegaard triple such that (X, a’, a, w) is a diagram for
(81 x $2)* for some k. Suppose that A is an immersed curve in 3, with endpoints wy and w, or A is
an immersed closed curve. Let Ai, Aj and Bj denote the relative homology maps defined by counting
changes over the o', o or B curves, respectively. Suppose that 82_’,05 e CF (2,a/, a0, w, 59) is a cycle
which represents the top-degree generator of homology, and s € Spin®(Xy 4 g) restricts to 5o on Yo/ 4.
Then:

(1) Foraps(05 4 ® A2(=)) = A) 0 For0.8.5(0, 4 ® ).
(2) Fa’,a,ﬂ,s((ao_lz—/,a ® By(-)) = Bjo F“/y“aﬂvﬁ((a;—’,a ®-).
An analogous statement holds for triples (X, o, B, B’, w) where (2, B, B’, w) is a diagram for (S x S2)¥*.

Proof We focus on the claim when A is an immersed path connecting w; and w,. The claim when A is
an immersed closed curve is a simple modification.

Part (2) follows immediately from Lemma 4.2, though part (1) does not follow from a symmetric
argument.

By using Lemmas 4.2 and 4.7, we see

(4‘23) Fa’,a,ﬂ,s(G;,a X A)L (_)) + A;L © a’,a,ﬂ,5(®;_/,a ® _)
~ Forap.s(Ay + A3)(0F, ) ® -)
x~ Fa’,a,ﬂ,s((le Dy, + Uny q)wg)((a:,_/,a) ® —).

However, from (4-22) we see that the maps ®,,, are +1-graded chain maps. Since [®;r, o) 18 the
highest-graded nonzero element of HF~ (X, &/, &, w, 5¢), we must have

[®u, (O )] = [Pu, (OF, )] =0 € HF (&, @, w, 50).

The associativity relations for holomorphic triangles imply that the map Fy/ o g s(97, —) is chain homo-
topic to the zero map for any n € CF (2, a, &', w, 5¢0). Hence,

(4-24) For 0..5(Uwy Pu; + Uy, @0,)(O, ) ® =) 0.
Equations (4-23) and (4-24) imply part (1). O
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Corollary 4.11 Suppose X is a Heegaard surface for (Y, w), and A C ¥ is either an immersed, closed
curve, or an immersed path connecting two basepoints. If e and o’ are attaching curves for the a-
handlebody, and B and B’ are attaching curves for the -handlebody, then

(1) WB ody~4;00f

a—a’’

Q) WP o 4, ~ A, 0 WBF

and

The same holds for the type-B maps.

Proof The transition maps ‘115 o and \115 ~#’ can both be computed via a sequence of holomorphic
triangle maps, so the result follows from Lemma 4.10. |

Next we consider the transition maps associated to simple stabilizations of the Heegaard surface.

Lemma 4.12 Suppose that H’ is a simple stabilization of H, and let o denote the transition map from
CF;(H,s) to CF;(T) (H',s). If A C X is an immersed, closed loop or path connecting two basepoints,
then

Ajoo =00Ay,.

Proof The proof follows from the same count of holomorphic curves used to prove stabilization-invariance
[Lipshitz 2006, Proposition 12.5]. If k is an integer, let ¢4 € 72 (c, ¢) denote the class which has multiplicity
k on the single domain of (T2, atg, Bo). The class ¢ has Maslov index 2k. If ¢ € 72 (x, y) is a homology
class of disks on #, with multiplicity k at the connected sum point, then using Lipshitz’s formula [ibid.,
equation 8] for the Maslov index together with the fact that a disk has Euler measure 1, we obtain

(@ #dr) = ().

Furthermore, any homology class of disks on ' can be written as such a connected sum.
According to the proof of [ibid., Proposition 12.5], for sufficiently large 7, one has

(4-25) #M g (9) = #M (1) (D # dr).

A straightforward computation shows that

(4-26) a(d,p) =a(A, ¢ #¢r).
The claim follows immediately from (4-25) and (4-26). O
We now prove well-definedness of the relative homology actions:

Proof of Proposition 4.8 Suppose that A and A’ are paths from w; to w in Y. The claim that Ay ~ Ay,
if A and A’ represent homologous elements of Hy (Y, {wy, w,}; Z)/Tors is proven in Lemma 4.6.

To show that the map A; commutes with the transition maps up to chain homotopy, it is sufficient to
show that 4, commutes with the transition maps associated to changes of the almost complex structure,
as well as each elementary Heegaard move from Lemma 3.5. Commutation of the relative homology maps
with the transition maps associated to changing the almost complex structure is proven in Lemma 4.9.
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Commutation with the maps associated to isotopies and handleslides of the & and B curves is proven in
Corollary 4.11. Commutation with the simple stabilization maps is proven in Lemma 4.12. Commutation
with the maps induced by isotopies of the Heegaard surface inside of Y is tautological. |

5 Free-stabilization maps

In this section we describe maps for adding or removing a basepoint, which we call the free-stabilization
maps. Suppose (Y, w) is a multipointed 3-manifold, w ¢ w, and

oow— P and o :wU{w}— P
are colorings satisfying 0’|y = o. In this section, we describe homomorphisms of R p-modules
SF:CF (Y, w’,s) > CF (Y, (wU{w})? .5) and Sy:CE (Y, (wU{w})®  s) — CF (Y,w’,s).

Since the maps S and S, are R p-equivariant, they induce maps on the +, oo and A flavors as well, by
tensoring with the identity map (see (3-1)).

We now state the formula defining the free-stabilization maps. Suppose that H = (¥, «, B, w) is a
diagram for (Y, w) such that w € ¥\ (¢ U 8). Pick a small disk D € X\ (¢ U ) containing the point w.
Pick two curves g and B¢, inside of D, such that

locg N Bo| =2

and both o and B¢ bound a disk containing w. The two intersection points of g N B¢ are distinguished
by their relative Maslov index. Let § and #~ denote the higher-and lower-graded intersection points,
respectively. See Figure 5.

For appropriately chosen almost complex structures on X x [0, 1]xR (described precisely in Section 5.1),
the maps S, and S, are defined via the formulas

(5-1) Suf(x) =x x0T, Sp,(xx07)=x and S§,(xx 6t) =0,

extended R p-equivariantly.

Figure 5: A free stabilization. We can think of the dashed circle as the connected sum tube.
Alternatively, if we collapse the dashed circle to a point pg, we get a doubly pointed diagram on S2.
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5.1 Gluing data for stretching the neck

In this section, we describe precisely which almost complex structures we use to define the free-stabilization
maps.

It is convenient to view the free-stabilization operation as taking the connected sum of A with the
diagram (S2, &g, Bo. wo, o), at the points w and py.

Fix an embedded disk Do € S? \ (o U Bo), centered at pg. We make the following definition to
parametrize the construction of a stretched almost complex structure:

Definition 5.1 Suppose H = (X, o, B, w) is a diagram for (Y, w) and w € ¥\ (w Ua U B). We call a
tuple @ = (J°, J{, D, 1) a gluing datum for free-stabilizing at w if the following hold:

(1) D C X\ (xUp) is aclosed disk containing w.
(2) J° is an almost complex structure on X x [0, 1] x R which is split on D.
(3) J? is an almost complex structure on S x [0, 1] x R which is split on Dy.

4) 1:8%\ (% . DO) — D is an embedding which maps wg to w. Furthermore, ¢ maps the annulus
Do\ (% . Do) conformally onto D \ (% . D). Here % - Do denotes the subdisk of radius % centered

at po, obtained from the unique (up to rotation) conformal identification of the pair (Dg, pg) with
({zeC:|z| <1},0).

Given a gluing datum 0 for free-stabilizing at w, we can form a diagram
HY = (Z,aUi(ao), BUL(Bo). w U {w}),

which depends on the choice of 0 through the embedding ¢ (though we suppress this from the notation).

We define the stretched almost complex structure J°(7') on ¥ x [0, 1] x R, whenever T > 0. We begin
by defining J°(T') when T = 2, by letting J°(2) coincide with J® and J{ on (£\ (3-D))x[0, 1] xR and
(82\ (3 - D)) x [0, 1] x R, respectively. For T > 2, we construct an almost complex structure J°(7’) by
replacing the almost complex structure in the annulus region D \ (% . D) with one conformally equivalent
to the annulus D \ - D. We set J*(T) = J®(2) if 2> T > 0.

Recall that if J and J' are two cylindrical almost complex structures on X x [0, 1] xR, the transition map
W3, 7)—>(#,J7) can be computed by picking a noncylindrical almost complex structure Jon T x [0,1]xR
which agrees with J on X x [0, 1] x (—oo, —1] and with J’ on X x [0, 1] x [1, 00). The transition map is
defined by counting index 0 J -holomorphic curves via the formula

(5-2) Youn—auan(®) = Y. #M7(p)Up* P -y
pems(x,y)
w($)=0
Write W 7 for the map Wy, j)— (3,77) appearing in (5-2), computed using J.

Definition 5.2 Suppose # is a Heegaard diagram and 0 is a gluing datum for free-stabilizing at w. We
say that a real number T > O satisfies stabilizing condition (SC2) if for any two 771, T, > T, there is a
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noncylindrical almost complex structure J on T x [0, 1] x R interpolating J°(T7) and J°(7T>), such that
for all x € Ty NTg, we have

(SC2) Wi x0t)=xx0% and Wixx6)=xx0"+ >  Cry-yx6F
yeTaNTg
for some Cy,y € F2[Uy] (wWhich may depend on 9, 77 and 77).

We define
Su:CF}3(H,0,8) > CF oy (HT, 07, 9),

using (5-1) whenever T satisfies condition (SC2). The map S, is also defined using (5-1), under the
same assumption.

If J' is an arbitrary almost complex structure on X x [0, 1] x R, then the map S} from CF;,(H,0,5)
to CFy, (#T,0’,s) is defined as the composition of the map in (5-1) together with the transition map

\IJJa(T)_)_]/.
Proposition 5.3 If 0 is a gluing datum for free-stabilizing at w, then there is a T > 0 which satisfies
stabilizing condition (SC2).

Before proving Proposition 5.3, we prove a Maslov index formula:

Lemma 5.4 Let (52, g, Bo, w, po) denote the diagram in Figure 5. If x, y € ag N Bo and ¢ € m2(x, y)
is a homology class of disks, then

p(Po) = 2ny (Po) + 2np, (do) + gr(x, y),

where gr(x, y) denotes the relative Maslov grading between x and y.
Furthermore, if m1(¢o), m2(do), m3(¢o) and m4(¢o) denote the multiplicities of ¢¢ in the compo-
nents of S%\ (g U Bo), then

(o) = my(do) + ma(o) + msz(po) + ma(po).

Proof The first formula is equivalent to

gr(x,y) = u(p) —2ny () —2npy($),

which is the definition of the relative Maslov grading gr(x, y).

To prove the second formula, we verify it for a constant homology class ey € w2 (x, x) (for which the
claim is trivial), and then note that it respects slicing in bigons. Since any two classes on this diagram can
be related by splicing in bigons, the formula follows in general. |

Proof of Proposition 5.3 We focus on the claim that if 77 and 75 satisfy (SC2), then J can be chosen
so that
Uy(x x Oty =xx6T.

The claim about x x 6~ (which is the dual statement) follows by a simple modification.
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We will write p for the point w, viewed as a point on A, and write w for the new basepoint on .

Suppose ¢p#¢o € w2 (x x0T, y x y) is a homology class of disks with Maslov index 0 for y € {61, 67}.
We will show that for 77 and T3 sufficiently large, J can be chosen so that if P#¢o has a J -holomorphic
representative, then ¢ # ¢ is the constant class, ey x eg+ € ma(x x 07, x x §). Furthermore, we will
show that ex X eg+ always has a unique representative, which will imply the statement.

Suppose that 77 ; and T3 ; are sequences of neck lengths which both approach 4-0o. We can pick a
sequence of interpolating almost complex structures J; such that (Zx[0,1] xR, fl-) contains the almost
complex manifold ((X\ N;) x [0, 1] xR, J), where N; is a nested sequence of open balls on ¥ whose
intersection is {p}.

Suppose u; is a sequence of ];—holomorphic curves representing ¢ # ¢o. By adapting [Lipshitz 2006,
Proposition 12.4], we can extract a broken limiting curve on the punctured manifold (X\ {p}) x [0, 1] x R.
Such a holomorphic curve can be completed over {p} x [0, 1] x R to obtain a (potentially broken)
representative U/ of the homology class ¢ on (X, o, B8, w).

We have

(5-3) (g #po) = () + w(Po) — 2np (o) = p(@) + gr(6™, y) + 2ny (¢o).

The first equality of (5-3) is justified by Lipshitz’s formula for the Maslov index [ibid., equation 8],
together with the fact that a disk has Euler measure 1. The second equality follows from Lemma 5.4.

Since ¢ admits a broken representative for J, we conclude that p(¢) > 0 by transversality. Since the
last line of (5-3) involves only nonnegative terms, and the sum is zero, we conclude that

p(g) =gr(0F, y) = ny(go) =0.

Since p(¢) = 0 and ¢ admits a broken J-holomorphic representative, and J is cylindrical, it follows
that x = y and ¢ is the constant class, ey, by transversality. Since gr(9™, y) = 0, it follows that y = 6T,
Since np, (¢o) = ny (Po) = 0, as well, ¢g is the constant class eg+.

Conversely, ex X eg+ admits a unique ];-holomorphic representative for any i, since each Ji is
cylindrical in a neighborhood of (x x {#7}) x [0, 1] x R. |

5.2 Free stabilization and the differential

In this section, we prove that the free-stabilization maps are chain maps. The argument is essentially the
same as [Ozsvath and Szabd 2008, Proposition 6.5]. We repeat the argument since we will later prove
several refinements and analogous holomorphic curve counts.

Proposition 5.5 Suppose H is a Heegaard diagram for (Y, w), H is its free stabilization at w, and 0 is a
gluing datum for the free stabilization. Then, for all T which satisfy (SC2),

Ipt oy (X X 0F) =03y jo(x) ® O,

(5_4) 3H+,J3(T)(xXQ_):a'H’Ja(X)®9_+ Z Cx’y'y®9+
yETaﬂTB
for Cy,y € IF2[Uy, Uy ] (Which depend on T and ?).
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Proof Since the transition maps W ;o(7,)—s yo(7») are chain maps, it is easy to check that condition (SC2)
algebraically implies that if (5-4) holds for some 7" which satisfies condition (SC2), then it also holds for
all 7" which satisfy (SC2). Hence, it is sufficient to establish (5-4) for any sufficiently large 7.

Equation (5-4) is implied by the following two subclaims:

(d1) The y x 6 coefficient of d3;+ jo(1)(x X 61) vanishes whenever T is sufficiently large.

(d2) If @ € {#T,07} and T is sufficiently large, then the y x 6 coefficient of A+ o) (x X 0) (an
element of [F»[Uy, Uy)) is equal to the y coefficient of 04 jo(x) (an element of F5[Uy)).

We will write p for the point w on X, viewed as a point on H, and write w for the basepoint on the
free-stabilized diagram H ™.

Let ¢ # ¢po € m2(x X x,y X y) be a Maslov index 1 class. Pick a sequence of neck lengths T;
approaching +oo, and consider a sequence u; of J°(7;)-holomorphic curves representing ¢ # ¢o. For
such a sequence, we can extract a broken limit consisting of collections U, Uy, and Uy, where U is a
collection on T\ {p} x [0, 1] x R whose total class is ¢, and Uy is a collection on S?\ {po} x [0, 1] x R
whose total class is ¢g. The collection U, consists of curves in the tube region S! x R x [0, 1] x R
(ultimately, we will rule out any nontrivial curves in U, due to codimension considerations). The curves
in ¢/ and Uy may be completed over p and py to obtain curves on the diagrams (X, e, 8) and (S2, o, Bo).
The process of obtaining limiting curves is described in [Lipshitz 2006, Proposition 12.4].

Since ¢ has the broken holomorphic representative I/, it follows from Proposition 3.4 that

(5-5) n(¢) = 0.
On the other hand, equation (5-3) implies
(5-6) (P # o) = p(¢) + gr(x. y) + 2nw (do).

We first consider subclaim (d1), when x = T and y = 6. In this case, we conclude from (5-6) that

p(@) =0 and ny(po) =0.

By transversality, ¢ is the constant class ey, and ¢o is one of the two bigons in the free-stabilization

region which have zero multiplicity over w. Both classes have unique representatives for any almost

complex structure, and hence have canceling contribution to the differential. Subclaim (d1) is established.
We now consider subclaim (d2). In this case, equation (5-6) implies

(@) =1 and ny(ho) = 0.

For the moment, we trim off all ghost curves from U/, Uy, and Uy, i.e., components of the limit which
have constant image in ¥ x [0, 1] xR or §2 x [0, 1] x R. (We will shortly prove that, generically, no ghost
curves appear.)

Having trimmed off ghost curves, we claim that transversality is achieved at the remaining curves in /.
By Proposition 3.4, this amounts to showing that the limiting curves satisfy (M1)—(M5). The only axiom
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which is nontrivial is (M5), i.e., that the limiting curves have no components v with 7[g 1]xg © v constant.
Having trimmed off ghost curves, we can assume that any curve v with 7o 1jxRr © v constant has 7y o v
nonconstant. Such a curve v has Maslov index at least 2, since its domain must be a sum of connected
components of ¥ \ @ and X \ B, each weighted with a nonnegative integer. If we delete from ¢/ all such
curves v, then we obtain a curve at which transversality is achieved, by Proposition 3.4. However, the
Maslov index of the remaining components is at most —1 (since p(¢) = 1 and we have removed curves
whose total Maslov index is at least 2). There are no holomorphic curves with Maslov index —1 at which
transversality is obtained, so such curves v are prohibited from appearing in .

It follows that ¢/ (after trimming ghost curves) consists of a single curve u: S — X x [0, 1] xR satisfying
(M1)—(M5). Since ¢ has Maslov index 1, from Proposition 3.4 it also follows that u is embedded, and
hence satisfies (M6).

Let

PP M(@®) — Sym™ @ ([0, 1] x R)
denote the map

P (u) := (u o 7o 1)xr) (U 0 ) ' ().
Consider the 1-dimensional set
X(¢) :={p” () :u € M(¢)} € Sym™ P ([0, 1] x R).

By perturbing the almost complex structure slightly near p, we can assume that X (¢) is disjoint from
the fat diagonal in Symnl’(¢)([0, 1] xR), a codimension 2 subset.
We claim that Uy, consists of a union of 1, (¢) once-covered cylinders

u:S'xR — S'xR %[0, 1] xR,

which each have constant projection to [0, 1] x R, together with some ghost curves. This follows since
the maximum modulus principle implies that the projection to [0, 1] x R of any holomorphic curve in
ST xR x[0,1] x R must be constant. The asymptotics of {f,, must match those of 1, and hence there
must be exactly 1, (¢) once-covered cylinders which each project to a different point in [0, 1] x R. Any
additional curves must have constant image in S x R x [0, 1] x R. Write C for these cylinders.

There must be a component 1 of Iy which has the same asymptotics (as a curve on S2\ { po}x[0, 1]xRR)
at po as the cylinders in Uy, (which we have already reasoned are the same as the asymptotics of u at p), i.e.,

pf (u) = pP°(uo).

Write ¢, for the homology class of ug. It is not hard to see that after trimming ghost curves, 1o must
satisfy (M1)-(M5) (embeddedness, (M6), is not yet clear). Write So for the source curve of ug.

We now show that Uy contains no curves other than u and possibly ghost curves, and that ug is
embedded (we subsequently will rule out ghost curves).
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By Proposition 3.4, for a generically chosen almost complex structure, near 1 the set M(So, ¢g. X(¢))
is a manifold of dimension

(5-7) dim M(So. ¢, X(#)) = 11(#) — codim(X($)) — 2 Sing(uo).
Since D(¢) < D(¢o), Lemma 5.4 implies that
(5-8) 1(¢o) < p(do) and ju(¢o) =2np ().

(The first inequality of (5-8) can also be proven using a transversality argument.)
Since codim(X(¢)) = 2n,(¢) — 1, (5-8) implies

(@) < codim(X(¢)) + 1.
Hence, (5-7) reduces to
dim M(So, ¢y, X(#)) < 1 —2Sing(uo),

with equality if and only if 11(¢g) = w(¢o). In particular, M(So, ¢;. X (¢)) is generically empty unless
uo is embedded and ¢, = ¢o. It follows that Uy consists only of the unbroken curve ug, which satisfies
(M1)—-(M6), as well as possibly some ghost curves.

We now show that, generically, no ghost curves appear in U, Uy, or Up. Our argument is essentially
standard; see [Lipshitz et al. 2018, Lemma 5.57]. Let us write S; for the source of u; (a curve in our original
sequence of J°(7;)-holomorphic curves). As one stretches the neck, the sources S; degenerate along a
collection of boundary-to-boundary arcs and closed loops, as in the Deligne-Mumford compactification
of stable curves. We can assume that all of the sources S; are topologically identified with a fixed surface,
which we denote by S. The limiting curve is a nodal curve, with nodes on the boundary or interior,
corresponding to where arcs and closed curves in S collapse. Furthermore, we can assume that all of the
curves which appear in the limit are stable, which implies that each ghost curve which is a disk or sphere
has at least three nodes. Let G, ..., G, denote the ghost components.

Let us glue any nodes connecting two ghost components, and smooth any identified pair of nodes on a
single ghost component. Abusing notation slightly, we write G1, ..., G, for the resulting surfaces, which
we call the smoothed ghosts. Note that gluing and smoothing ghost curves preserves stability.

We make the following claims about the smoothed ghosts:

(gl) There are no ghosts which have image in {p} x [0, 1] X R or {po} x [0, 1] x R.
(g2) Each G; has exactly one node to S, Sp, or to a cylinder in C in the tube region.
(g3) Each G; has no boundary components with no nodes.

(g4) Each G; has genus at least 1.

Claim (g1) follows since the limiting collections ¢/ and U are obtained by taking collections of curves
in Z\ {p}x[0,1] xR and 2\ {po} x [0, 1] x R, and completing over the points p and py.

Claim (g2) is established as follows. That there is at least one node is easy to see: if there are no
nodes on some G;, then u; must contain a closed, null-homologous component, which is prohibited by

Geometry & Topology, Volume 30 (2026)



434 lan Zemke

axiom (M5). To see that there cannot be more than one node connecting a ghost G; to S or S;, we note
that such a configuration would imply that u or u¢ had a double point, which are prohibited since u
and u are embedded.

We now prove claim (g3). If G; had a boundary component with no nodes, then for large j the unbroken
curve u; would have a boundary component with no punctures, which must be mapped to X x {0, 1} x R.
However, such a configuration violates the maximum modulus principle applied to 7[g 1]xR © ;.

Finally, claim (g4) is proven by noting that each G; is stable, and has at most one node and boundary
component by claims (g2) and (g3), so must have genus at least 1.

Having established claims (g1)—(g4), we now prove that, generically, ghosts do not appear. Lipshitz’s
formula [2006, equation 6] for the Fredholm index implies

(5-9) ind(S,¢) =d — x(S) +2e(D(¢)) and ind(So,po) = 1— x(So) + 2e(D(¢o)).

where d = || = |B| and e(D(¢)) is the Euler measure of the domain of ¢. We have already reasoned
that the Fredholm indices in (5-9) are 1 and 2n,(¢), respectively, since ¢ and ¢o have Maslov indices 1
and 2n,(¢), respectively, and u and uo are embeddings. Similarly,

(5-10) ind(S, ¢ # o) = (d + 1) — x(S) + 2e(D(¢ # o)),

which also must be 1, since the u; are embedded and have Maslov index 1, by assumption. Noting that
e(D(p#¢o0)) =e(D(¢)) +e(D(¢o)) —2np,(¢o), equations (5-9) and (5-10) combine to imply that

(5-11) X(S) = x(S) + x(So) — 214 (¢0).

Finally, equation (5-11) prohibits any ghost components in U, Uy, or Uy: S may be topologically
constructed by gluing S and S along the 1, (¢o) punctures, as well as gluing any ghost components in.
However, claims (g2), (g3) and (g4) imply that gluing in each G; drops X(§) by at least 2, contradicting
(5-11). We conclude that, generically, no ghost curves appear in U, Uy, or Up.

Summarizing, any sequence u; of J°(7;)-holomorphic curves representing ¢ # ¢o has a subsequence
which converges to a pair (u, ug) which satisfies (M1)—(M6) and p? (1) = pP°(ug).

We can view such a pair (1, 1g) as being a point in the compactification of the 1-dimensional moduli
space

(5-12) L Myocry (@ #0).
T>0

Standard gluing results for holomorphic curves (see [Lipshitz 2006, Proposition A.2; Bourgeois 2002,
Section 5.3]) imply that for sufficiently large 7, near (u,u¢) the compactification of the moduli space
in (5-12) is modeled on a half-open interval times a fibered product,

(5-13) [0, 1) X ((My2($) xp M3 ($0))/R).
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Since u(¢) = 1, the set M J2(¢) is O-dimensional. Hence, the characterization (5-13) implies that for
sufficiently large 7,

(5-14) #Mpory(@#do) = D #Mya(go, pP () (mod 2).
ueM(@)

According to [Ozsvath and Szabd 2008, Lemma 6.4], if k > 0 and d € Symk([O, 1] x R) is in the
complement of the fat diagonal, then

(5-15) Y. #Mya(do.d) =1 (mod2).

$o€m2(0,6)
np() (¢O)=k
1y (¢0)=0

Subclaim (d2) now follows by combining equations (5-14) and (5-15), together with our argument which
showed that the only index 1 classes ¢ # ¢g € m2(x x 8, y x 8) which have holomorphic representatives
for large T have p(¢) =1 and ny (¢o) = 0. |

Corollary 5.6 Suppose (Y, w) is a multipointed 3-manifold, w € Y \ w, and o:w — P is a coloring
which is extended by o’: w U {w} — P. For sufficiently large T, the maps

S :CFa(H,0,8) = CEropy(H',0",5) and Sy, CFJopy(H',0",5) > CF,(H, 0, 5)
are chain maps.
Proof The claim is a restatement of Proposition 5.5, using the definition of the free-stabilization maps
in (5-1). m|
5.3 Free stabilization and holomorphic triangles

In this section, we prove an analog of Proposition 5.5 for holomorphic triangles. If 7 = (2, a, 8, y, w)
is a multipointed Heegaard triple and w € ¥ \ (¢ U B U y U w), consider the triple

T+ = (Zv aU {Olo}’ ﬂ U {/30}, Yy U {VO}? wU {U)}),

where ag, Bo and Yo are new attaching curves contained in a small neighborhood of w on X. Furthermore,
assume that the free-stabilization region has the configuration shown in Figure 6. In particular,

lco N Bol = |Bo N yol = |ao N yo| = 2.

If (X,a,f,y,w) is a Heegaard triple and (2, & U {ao}, B U {Bo}, ¥ U {yo}, w U {w}) is its free
stabilization, then there is a canonical diffeomorphism

(5-16) XaUfaoh,BULB0}yUlvo} = Xa,B.y-

where Xy g, is the 4-manifold defined in (3-23). Equation (5-16) follows from the fact that neither the
Heegaard surface X nor the handlebodies Uy, Ug or U, are changed by a free stabilization.
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Figure 6: A free-stabilized Heegaard triple. If we collapse the dashed circle to the point pg, we
get the doubly based Heegaard triple (S2, ag. Bo. Yo. Po. W).

It is straightforward to verify that the Spin® structure map s,, from (3-24) is also unchanged, in the
sense that if ¥ #19 € mo(x X X, y X y,z X z) is a homology class of triangles on the free-stabilized
diagram, then

sw (Y #Y0) = 5w (V).
with respect to the diffeomorphism from (5-16).

Theorem 5.7 Suppose T is a Heegaard triple, T is its free stabilization at the point w, and 0 is a gluing
datum for free stabilization. Then, for sufficiently large T, we have

Fre 1oy s(Sa (), St (2) = S Fr o 5(—.—).
S Fre 530St (5). =) = Fr.o.4(=. S ().
S Fre 5o(r),6(= S (5)) = Fr.po o(Syp(=). -).
Before we prove Theorem 5.7, we prove a useful Maslov index formula:

Lemma 5.8 Suppose that ¥y € ma(x, y,z) is a homology class of triangles on the Heegaard triple
(S2, a0, Bo, Y0, w, po) in Figure 6. Then

1) = —gr(x ™. x) —gr(y ", y) + gz, 2) + 2w (Vo) + 21, (Y0).-

If my(Yo), . .., mg(Yo) denote the multiplicities of g in each of the eight regions of SZ\ (ctg U Bo U ¥o),
then

(o) = 2 (mi(WYo) + -+ + ms(Yo) — 1).
Proof Both formulas can be verified using the same strategy. First, both are easily checked for the
triangle class in 5 (x ™, yT, zT) whose domain consists of a single component of S2 \ (a9 U Bo U yo)

with multiplicity 1. Both formulas respect splicing in any of the 12 bigons on the diagram. Since any two
triangle classes can be related by splicing in such bigons, both formulas follow in general. O
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Proof of Theorem 5.7 The proof is similar to the proof of Proposition 5.5.
Rephrasing the statement in terms of intersection points, it suffices to show that if 7" is sufficiently large,
then
Fre jomys(x xxt yxyt)=Fr p (x.y)®z7",
Fr+ jor),s(x X xTyxy )= Frps(x,y)®z" + Z C;’y,z zxzT,
(5-17) 2€TyNT,
FT+,J°(T),5(xxx_’yXy+):FT,J“,s(x’y)®Z_+ Z C.%,y,z'zxz—'_
z€TyNT,,
for C;,y’z, Ciy,z € [F2[Uy, Uy] (which depend on 7" and 0).
Suppose that ¥ # ¢ € ma(x X x, ¥y X y,z X z) is a homology class of triangles with Maslov index 0.

Define the quantity
8(x,y.2) 1= —gr(x x) —gr(y . y) + (T 2).
It is easy check that (5-17) is implied by the following two subclaims:

(f1) If 8(x, y, z) = 1, then any Maslov index O class in 75 (x X x, y X y, z x z) has no J°(T')-holomorphic
representatives if T is sufficiently large.

(f2) If §(x, y, z) = 0, then the z x z coefficient of Fr jo(7).(x X x, y X y) is equal to the z coefficient
of Fr joq(x,y).

The classes with §(x, y, z) € {—2, —1} do not contribute to the present theorem statement.

In our proof, we will write p € X for the point w, viewed as a point on the unstabilized Heegaard
triple, and write w for the new basepoint on the free-stabilized Heegaard triple.

We compute

(5-18) (W #90) = n(¥) + n(Wo) = 2np (Yo) = () +8(x, v, 2) + 2nw (Yo).

The first equality of (5-18) follows from Sarkar’s formula [2011] for the Maslov index, as well as the fact
that a disk has Euler measure 1. The second equality follows from Lemma 5.8.

Suppose that ¥ # 19 admits holomorphic representatives for arbitrarily large neck length parameter 7.
As in the proof of Proposition 5.5, we may find a subsequence which converges to broken collections
of curves U, Uy, and Uy, on = x A, S! xR x A and S? x A, and their cylindrical ends, ¥ x [0, 1] x R,
STxRx[0,1] xR and $% x [0, 1] x R.

Consider claim (f1). In particular, ¥ and ¥ both admit broken representatives. Using (5-18) and
the equalities (¥ #v0) = 0 and §(x, y, z) = 1, we conclude that u () = —1. However, the triangular
analog of Proposition 3.4 implies that, generically, M () is empty, contradicting the existence of the
broken triangle /. Claim (f1) follows.

We now consider claim (f2). Let v # 1/ denote a class with §(x, y,z) = 0, and let U, Uy, and Uy
denote broken holomorphic triangles arising in the limit. We conclude from (5-18) and transversality that

p(y) =0.
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As a first step, trim off any ghost components of U/, U, and Uy (i.e., curves which have constant image
in ¥ x A or one of its cylindrical ends). We will later see that ghost curves do not appear generically.

Next, we claim that I/ cannot contain any curves v mapping into X x A or one of its cylindrical ends,
such that wA o v (or 7[g,1]xR © V) is constant, but 75 o v is nonconstant. Such a curve v must have Maslov
index at least 2, since it has domain equal to a nonnegative integral combination of components of X \ e,
3\ B and X\ py. The presence of such a curve would force the remaining curves, on which transversality
is obtained, to have Maslov index at most —2, which is impossible, generically.

Consequently, all curves in U (except the ghost components) satisfy the analogs of (M1)—(M5), so, by
the analog of Proposition 3.4 for triangles, transversality is obtained at u. Since () = 0, it follows from
transversality that I/ consists only of a single holomorphic triangle u satisfying the analogs of (M1)—-(M6)
for holomorphic triangles (as well as possibly ghost curves). In particular, v is embedded.

Arguing identically to the proof of Proposition 5.5, the curves of U, generically, consist of n? (¢)
once-covered cylinders, which each map to a distinct point in A. (There may also be ghost components
in Uy, though we will shortly rule those out.)

There must be a curve ug in Uy whose asymptotics (before completing over { p} x A) match those of u,

ie.,

(5-19) p? (u) = pP°(uo).
where p?: M(¥) — Sym"™”¥)(A) is the map defined analogously to (3-5).
Let v denote the homology class of ug. Since D(y§) < D (o), we conclude from Lemma 5.8 that
(5-20) 1(¥o) < 1(Yo) = 2np, (o).
Define
X)) :={p”(u) :u e M)},

a 0-dimensional subset of Sym””(W)(A).
Write So for the topological source of 1. Using Proposition 3.4 and (5-20), for a generically chosen
almost complex structure,

(5-21) dim M(So, Y. X (Vo)) = 11(¥) — Sing(uo) — codim X (o)
= u(Yg) — Sing(10) — 21, (o)
< —Sing(uop).

Furthermore, equality holds if and only if () = (o) = 2np,(uo) and Sing(ug) = 0. Consequently,
if M(So, ¥y, X(¥0)) is nonempty, we must generically have pu(y)) = (o) and Sing(ug) = 0. In
particular, Uy cannot have any other components (other than ghost components) and uo must be embedded.

The appearance of ghost components in &/ and Uy, which we trimmed off earlier, can be prohibited
from appearing generically by using the same index argument as in the proof of Proposition 5.5.
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Summarizing, if 7; is a sequence of neck lengths approaching +oo, then any sequence of J°(T})-
holomorphic triangles u; representing y # ¢ has limit equal to a pair (1, ug) of holomorphic triangles
satisfying (M 1)—(M6) and p? (1) = pPo(uy).

As in the proof of Proposition 5.5, for large 7, gluing gives a bijection

(5-22) Moy (Y #0) = My (V) Xp M g2 (Y0).

Since M jo(¥) is O-dimensional, counting M jo(r) (¥ #v/¢) is reduced to the problem of counting the
elements in the matched moduli space M A (Yo, d) for generic d € Sym”(A). We will show that, for

generic JJ,

(5-23) Y. #Myp(o.d) =1 (mod2)
Yoema(x,y,2)
nwo(l/fo)=0
npy (Yo)=n

whenever 8(x, y,z) =0 and d € Sym”(A) is not in the fat diagonal.
To establish (5-23), we use the following cobordism argument. Consider a path (d;)¢[1,00) such that:

(1) diy=d.
(2) Each d; is not contained in the fat diagonal.
(3) Ast — oo, the points in d; all travel to oo in the «-f cylindrical end of A.

(4) If we identify the @-f cylindrical end of A with [0, 1] x (—o0, 0], then the points of d; are spaced at

least ¢ distance apart for large 7.

(5) The [0, 1]-component of each point of d; approaches some fixed sg € (0, 1).

Write
D:={d;:t €[l,00)}.

Consider the ends of the 1-dimensional moduli space

Mayn@) =[] Mo, D).

Yoem2(x,y,2)
nwo (1//0):0
npo (llf()):n

There are three types of ends to consider:
(el) curves att = 1;
(e2) degenerations occurring at finite ¢ € (1, 00);
(e3) limiting curves as t — oo.

Ends of My, -)(D) of type (el) correspond to the disjoint union of M 73 (Yo, d) over all ¥ €
w3 (x, y, z) with ny, (Yo) = 0.
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Ends of My, (D) of type (e2) correspond to sequences of holomorphic triangles in My . -)(D)
degenerating into a broken holomorphic triangle at some finite ¢ € (0, 00). We wish to show that such a
degeneration can consist only of a holomorphic strip and triangle, both satisfying (M1)—(M6) or their
triangular analogs. Furthermore, the holomorphic strip must have Maslov index 1, and zero multiplicity
on po, and the triangle must have Maslov index 2n,,(¢) — 1, and must match some d;.

Let V denote a broken holomorphic triangle appearing as the limit of a sequence of curves in
M(x,y.z)(D) at some ¢ € (1, 00). There must be a holomorphic triangle vo of V which matches d;.

Delete curves v in V which do not map into X x A, or such that A o v is constant. Since 714, (/9) = 0,
there are no nonghost components v of V such that 7 ov is constant and equals a point of d;. Consequently,
after removing any components whose projection to A is constant, the remaining curve vy still matches d;
and satisfies the triangular analogs of (M1)-(M5) (embeddedness, (M6), is not clear yet). Write w(’) for
the homology class of vy and Sy for the source curve of vg. By the triangular analog of Proposition 3.4,
the space M(So, ¥, D) is transversely cut out and of dimension

(5-24) 1 (¥g) — 2 Sing(uo) — codim(D) = p(V) — 2 Sing(vo) — (2|d | - 1).

The quantity Sing(vg) takes values in % - Z.=9; a singularity along the interior contributes 1, while a
singularity along the boundary contributes % Note that (o) = 2|d |, and p(¥)) < n(¥o) by Lemma 5.8.
Hence, equation (5-24) implies that there are two possibilities which are not prohibited by dimension
counts: ((y) = 2|d|—1 and Sing(vo) = 0 (vo is embedded); or () = 2|d | and Sing(vo) = % (vo has
a singular point along its boundary).

We now rule out a boundary double point. A boundary double point arises when a boundary-to-boundary
arc ¢ in the source curve collapses. Suppose v;: S — S2 x A is a sequence of curves in M(x,y,z)(D), all
sharing the same topological source, which realizes such a degeneration. Write 945, dg S and 9,,S for
the subsets of dS which map to g, Bo and vy, respectively. If g; and g, are the two ends of ¢, then both
¢1 and g, must be contained in a single one of 9,5, dg.S or 9, S. Condition (J'4) implies that v; |5, s is
monotonic for T € {«&, B, y}. Consequently, if a boundary double point forms, the subarc region between
g1 and g, along the boundary of S must map constantly to A, in the limit. Consequently, the limiting
curve must have a component which is a boundary degeneration. Since D is bounded away from dA, and
all curves in My, -)(D) have zero multiplicity on w, boundary degenerations cannot form in the ends
of M(y,,2)(D), since any boundary degeneration on (S 2. ag, Bo. o), covers one of pg or w. It follows
that Sing(vg) = 0 and

n(o) €{2|d|.2|d| -1}

If u(¥y) = 2|d| = (o), then the remaining curves in the broken triangle have Maslov index O.
Using transversality, it is not hard to see that any such curves must be constant holomorphic strips in the
cylindrical ends. By definition, constant strips are not stable, so cannot appear in a broken triangle in the
boundary of My . ) (D). Hence, no curves with 1(y() = 2|d| appear in the boundary of M, ;)(D)
fort € (1, 00).
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Next, we consider the case that () = 2|d | — 1. In this case, the remaining curves (call them V;)
have total Maslov index 1. It is straightforward to see that this implies that V; consists of a single
holomorphic flowline vy on S2 x [0, 1] x R on one of the three subdiagrams (S2, «o. Bo), (S2. Bo. Yo)
or (S2, g, yo). The curve v; must have multiplicity zero on pg and w. Since the differential vanishes
on all three complexes (/Z'I\J(Sz, a0, o, Po, W), (/IT:(SZ, Q0, Y0, Po, w) and (/IT:(SZ, Bo, Yo, po, w), ends of
type (e2) come in canceling pairs.

Finally we consider the ends of type (e3). Using the Maslov index formulas from Lemmas 5.4 and 5.8,
together with the transversality result from Proposition 3.4 (as well as its triangular analog for curves in
S2 x A), we can show that the limit of a sequence of curves with t — oo must consist of |d | flowlines
V1,...,V|q| ON (S2, a0, Bo), representing Maslov index 2 classes in m2(x, x) with n,, = 0, each of
which matches some fixed point d € [0, 1] x R, as well as a single index 0 holomorphic triangle v with
Maslov index 0 and n4, (v) = np,(v) = 0. Using [Lipshitz 2006, Proposition A.1] to glue, such ends of
M(x,y,2)(D) at t = oo correspond to the O-dimensional space

(5-25) ( I 1 M(wé’))x( [1 M(¢,d))ld|.

Vo Em(X,y,2) ¢€”(2q§;€’xl)
0y _— 0y _— n =
”w(‘/f())—”po(l/fo)—o npu(;)((ﬁ):O

It is easy to verify that there is only one nonnegative class 1//8 € ma(x, y, z) with Maslov index 0 and
Ry (wg ) =np, (wg ) = 0. Furthermore, W(()) has a unique representative by the Riemann mapping theorem.

Using Ozsvath and Szabd’s count from (5-23), the number of elements in the set in (5-25) is 1, modulo 2.
In particular, counting up all ends of My . (D), equation (5-23) follows.

Combining (5-22) and (5-23) yields claim (f2), completing the proof. O

5.4 Independence from the gluing datum

In this section, we prove that the free-stabilization maps are independent of the choice of gluing datum:

Proposition 5.9 Suppose H is diagram for (Y, w), 01 and 0, are two gluing data for free-stabilizing at w,
and Ty and T, satisfy the stabilizing condition (SC2) for 01 and 0,, respectively. Write HT and H;r for
the two free-stabilized diagrams constructed from H, 01 and 05 (note that ’Hi" and ’H; differ only in the
embedding of ag and By in the free-stabilization region). The following diagram commutes up to chain
homotopy:

— v C — 0 —
CF., (1, 5) AR > CF o, (H.5)

(5-26) ls;? . ls;t
+

+ ;0 + ;0
HT T V(T )= (H, JO2(T2))
:F_ ?,4_ 1 2
J“l(Tl)( ’5)

An analogous relation holds for the maps S, .

Proof Note that if the claim holds for any particular 77 and 7, which satisfy (SC2), then it holds for all
T1 and T, which satisfy (SC2).
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Let us call two gluing data 0; and 9, equivalent, and write 0; ~ 03, if, for all sufficiently large
T1 and T3, the diagram in (5-26), as well as its analog for S, commutes up to chain homotopy. The
relation of two gluing data being equivalent is transitive and reflexive. It is sufficient to show that all
generic gluing data are equivalent.

The proof is an elaboration of the proofs of Propositions 5.3 and 5.5. We prove the main statement in
three steps. Write

01 = (J1,Jo,1. D1,t1) and 02 = (J2, Jo,2, D2, 12).

Step 1 If D1 = D2, J1|p,x[0,1]xR = J2|D; x[0,1]xR> Jo,1 = Jo,2 and t; = 12, then 01 ~ 0>.

We can pick an almost complex structure J on T x [0, 1] x R which interpolates J; and J, and is
cylindrical on D; x [0, 1] x R. Since Jo,1 = Jo,2 and ¢; = (2, using J we can construct almost complex
structures J (7') which interpolate J1(T') and J°2(T)) and agree with J on (2 \ & - D) x [0, 1] x R.

We claim that if 7 is sufficiently large, then

(5-27) Wyipy(x xO) =Wi(x) x0T and Wi (xx07)=Vz(x)x07+ Y Cyy-yx67
yeToNTg
for Cx,y € F2[Uy] (depending on 7, 01 and 02). Note that (5-27) is equivalent to the statement that 91 ~ 5.
Equation (5-27) follows from a modification of the proof of Proposition 5.5. We briefly sketch the
argument.
Suppose that ¢ # ¢ € m2(x X x, y X y) is a homology class of disks with Maslov index 0. If 7; is
a sequence of neck lengths approaching + oo, then, from a sequence u; of J (T;) holomorphic curves
representing ¢ # ¢, we may extract two broken limiting curves, U and Uy, representing ¢ and ¢g. From

Lemma 5.4, we know
0= pu(P#¢o) = n(¢) + gr(x, y) + nw (¢o).

Equation (5-27) involves only classes with gr(x, y) > 0. Since ¢ and ¢ both have broken representatives,
we conclude that @(¢) > 0. Furthermore, if gr(x, y) = 1, then there are no representatives of ¢ # ¢.
Hence, if ¢ # ¢ has a representative for large T and gr(x, y) > 0, then

0= u(¢) = gr(x,y) = nyw(¢po).

Exactly one story of &/ will be J-holomorphic, while the others will be J°!- or J °2-holomorphic. Since
w(¢) = 0, U can consist only of a single, embedded curve u, which is J -holomorphic. The collection Uy
will have a matching component 1o which satisfies p% (1) = p? (ug). Using a transversality argument,
analogous to the one described in Proposition 5.5, for generically chosen Jg, ug will be the only curve
in Up, and uo will be embedded. From here, the argument proceeds via a gluing argument, analogous to
the proof of Proposition 5.5.

Step2 If J1 = J, and D1 = D,, then 01 ~ 05.

The transition map W can be written as a composition of the map induced by

M TP LT~ (13T °2(T2))
a diffeomorphism ¢: X — X which is supported in a small neighborhood of % - D, which moves the image
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of the ag and B¢ curves under ¢ to their images under ¢, followed by a map W 7 which counts index 0
J-holomorphic disks for an almost complex structure J which interpolates ¢ J! (T}) and J°2(T5).
The diagram
CF;(H,5) ——<—— CF;(H,5)

|z |z

_ + [ _ 4
CFJUI(TI)(H ,5) —— CF¢*J01 (Tl)(HZ ,5)

clearly commutes, so it is sufficient to show that the analogous diagram involving Wy yo1 (7,)— 722 (1)
also commutes. It is sufficient to show that the diagram commutes whenever 77 and 7, are sufficiently
large. Furthermore, using condition (SC2), we can assume 77 = T5.

Since ¢ is the identity outside of a neighborhood of % . D, we can choose J so that it agrees
with J% (T') (forbothi =1,2) on T\ % - D. However, equipped with the almost complex structure J % (T),
(£\ 2) x[0,1] x R is holomorphically equivalent to ((X\ 7 - D) x [0, 1] x R, J).

For a sequence 7; approaching 400, we pick a sequence J; of interpolating almost complex structures
between ¢4 J %1 (T;) and J°2(T;). Given .E-holomorphic representatives #; of an index O class ¢ # ¢,
we extract a limit to broken curves U/ and Up. As in Step 1, this implies that there are no representatives
of classes with gr(x, y) = 1, and the only remaining classes of interest have

(@) = gr(x, y) = ny(¢o) = 0.

However, U is a broken J-holomorphic curve, which is a cylindrical almost complex structure. Since
u(¢) = 0, it follows from transversality that ¢/ can consist only of a single story, consisting of a
representative of the constant class ey. Since ¢ # ¢¢ has Maslov index 0 and ¢ = ey, we clearly must
have ¢o = {eg+, ep—}. On the other hand, it is straightforward to see that the classes ey x e, will always
have ji—holomorphic representatives. The stated formula follows.

Step 3 If 01 and 0, are generic, then 01 ~ 0.

Write J; as ji X jjo,1]xr on D;. By the uniformization theorem, there is a conformal diffeomorphism
between (D1, j1) and (D2, j») which fixes w, which we can assume extends to a diffeomorphism from
¥ to itself and which fixes e U 8 U w U {w}.

Writing ¢ also for the induced diffeomorphism of X x [0, 1] x R, we tautologically have a commutative

diagram

CF (H.5) —2—— CF,_; (H.5)

(5-28) lSJ ls "
CFyon () (R +9) s CFjpun, (M35
Since both horizontal arrows in (5-28) agree with the maps from naturality,
01 ~ ¢« (01).
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Define the gluing datum 9" := (¢«(J1), Jo,2, D2, t2). Step 2 shows that

d(01) ~ 0.
Step 1 implies that
o ~0,.

By transitivity of ~, the proof is complete. O

5.5 Commuting simple stabilizations and free stabilizations

Lemma 5.10 The transition maps for a simple stabilization commute with the free-stabilization maps.

Proof We will focus on the positive free-stabilization map S;; since S, is the dual map. Write o for
the simple stabilization map. Suppose that the following hold:

(1) H=(2,a, B, w) is a diagram for (¥, w).

Q) HT = (Z,a U{ag}, BU{Bo}, w U {w}) is a free stabilization of .

3) Ho = (X, aU{a’}, BU{B’}, w) is a simple stabilization of H.

4) HE = (T, aU{ag, o'}, BU{Bo, B'}, wU{w}) is obtained from H by performing both stabilizations.

The formulas for o and S, appear to commute; however, it is not clear that a single almost complex
structure can be chosen to compute both maps, since o requires stabilizing condition (SC1) to be satisfied,
while Slj requires condition (SC2) to be satisfied.

The main claim amounts to showing the following subclaim:

Subclaim 5.10.1 If T = (T, T’) is a pair of neck lengths, write J(T) for the almost complex structure on
>/ x[0, 1] xR which has had a neck of length T added in the free-stabilization region, and a neck of length
T’ inserted in the simple-stabilization region. If Ty and T, are two pairs all of whose components are
sufficiently large, then there is a noncylindrical almost complex structure Jon¥' x [0, 1] xR, interpolating
J(Ty) and J(T»), such that

lIIJ~(x><c><0+)=x><cx9+, Usi(x xex07)=xxcx0 + Z Cx,yy xex0T
yeTyNTg
for Cy,y € F2[Uy].
The proof of Subclaim 5.10.1 is a double neck-stretching argument similar to the proof of Proposition 5.3.
We can write any homology class on H as ¢p#epo#e’, where ¢ € 2 (x, y) is aclass on H, ¢po € ma(x, y)
is a class on (52, ag, Bo), and ¢’ € m1(c, ¢) is a homology class on (T2, a’, ). Adapting the proof of

Lemma 5.4, we have

(5-29) (@ #po#d") = 11(¢) + gr(x, y) + 2nw (¢o).

Suppose T1,; and T ; are sequences of pairs of neck lengths all of whose components approach +oo.
We can pick a sequence of noncylindrical almost complex structures Ji interpolating J(71 ;) and J(T2 ;)
such that (3'x[0, 1]xR, J;) contains an almost complex submanifold equivalent to ((Z\N;)x[0, 1]xR, J)
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for a nested sequence of open subsets N; € N;_; € X such that (), N; consists of exactly two points
(the two connected sum points), and a cylindrical almost complex structure J on X x [0, 1] x R.

If ¢ # po # ¢’ admits a sequence u; of Ji -holomorphic representatives, then we can extract a broken
J -holomorphic representative of ¢ on X x [0, 1]xR. By examining (5-29), we conclude that if gr(x, y) >0
(which are the only cases relevant to Subclaim 5.10.1), then

(@) = nw(do) = 0.

Since ¢ has a broken representative and p(¢) = 0, we conclude that ¢ must be the constant class ey, by
transversality. Since n4, (¢o) = 0, this also implies that ¢ is one of the constant classes ey+ or eg—, and
¢’ is the constant class e.. Conversely, the constant class ex x e+ X e always has a fi—holomorphic
representative. The subclaim follows, and so does the main claim. a

5.6 Invariance of the free-stabilization maps
In this section, we put our previous results together and prove invariance of the free-stabilization maps:

Theorem 5.11 The free-stabilization maps S, and S, defined in Section 5.1 determine well-defined
chain maps on the level of transitive systems of chain complexes.

Before we prove Theorem 5.11, we need the following topological result about embeddings of Heegaard

diagrams:

Lemma 5.12 Suppose (Y, w) is a multipointed 3-manifold, and p C Y \w is a finite collection of points. If
Hi=(Z1,01,B1,w) and Hy = (X2, @2, B2, w) are two Heegaard diagrams such that p C ¥; \ (a; U B;)
fori = 1,2, then H; and H, can be connected by a sequence of the following moves:

(1) handleslides and isotopies of the « and f curves (possibly passing over the points in p);

(2) simple stabilizations, away from w U p;

(3) isotopies ¢s: 3 — Y of the Heegaard surface which are fixed on w U p for all ¢t.

Proof Consider Morse functions with gradient-like vector fields ( f1, v1) and ( f2, v2) on Y which induce
Hq and Hy (i.e., X; is a middle level set of f;, and «; is the intersection of the ascending manifolds of
the index 1 critical points of f; with X, and B; is the intersection of the descending manifolds of the
index 2 critical points of f;). We may pick a path ( f;, v¢);e[1,2) of functions with gradient-like vector
fields, connecting ( f1, v1) and (f2, v2), such that the following hold:

(1) The pair ( f;, vs) is Morse—Smale at all but finitely many .

(2) At the finitely many ¢ where f; fails to be Morse, an index % birth or death singularity occurs
(corresponding to a simple stabilization of the Heegaard surface).

(3) At the finitely many ¢ where the pair ( f;, v;) fails to be Smale, a handleslide between two o curves

or ﬂ curves occurs.
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This implies that the three stated moves suffice to connect #; and H5, except that we have not yet ensured
that an isotopy appearing in an instance of move (3) can be taken to respect the points p.
Generically, we can assume the following:

(1) p is disjoint from the flowlines of any v; passing through w.
(2) p is disjoint from the descending manifolds of any index 1 critical point of any f;.
(3) p is disjoint from the ascending manifolds of any index 2 critical point of any f;.

Let us write 3; for a middle level set of each f;. We can thus assume that for each p € p and ¢ € [1, 2],
there is a flowline f; , which connects p with a point on X; \ w. By performing an isotopy of each X; in
a neighborhood of f; ,, we can ensure that p C X, for all z. Consequently, if ¢; is an isotopy appearing
in an instance of move (3), we can assume that p C ¢;(X).

Finally, if ¢;: ¥ — Y is an isotopy which fixes w and is such that p C ¢;(X) for all ¢, there will,
generically, be finitely many ¢ where the image of a point in p intersects an & or  curve. Such an
isotopy ¢; may thus be decomposed as a sequence of isotopies where p is fixed, as well as isotopies of
the type appearing in move (1), where the o and B curves are moved but the Heegaard surface is fixed. O

Proof of Theorem 5.11 As S, is dual to S,, we focus on the claim for S;}'. The proof amounts
to showing that if H; = (X1, a1, B1,w) and Hy = (X5, a3, B2, w) are two diagrams such that w €
3\ (o; U B;), and 91 and 0, are two gluing data, then the following diagram commutes up to chain
homotopy:

Voo, 0 _
CFo, (H1.5) Ll > CF o, (H2.5)

(5-30) W W
— + . CE- +
CF oy gy (i +9) > CF oy (1) (M3 . 5)

]
LT )= T02(T2)

It suffices to show that the diagram in (5-30) commutes when 1 and #, differ by one of the moves listed
in Lemma 5.12 (for p = {w}). First, we consider move (1), isotopies and handleslides of the « and
curves on a fixed Heegaard surface. The transition maps for handleslides and isotopies of the & and
curves can be computed using a triangle map. The triangle counts from Theorem 5.7 imply that the free-
stabilization maps commute with such transition maps. Move (2), commutation of the free-stabilization
maps with the simple stabilization maps, follows from Lemma 5.10. Finally, commutation with respect to
move (3), isotopies of the Heegaard surface which fix w U {w}, is a tautology. a

5.7 Commuting free-stabilization and relative homology maps

Lemma 5.13 Let (Y, w) be a multipointed 3-manifold, and let w € Y \ w. Suppose that A is either a
closed path in Y or a path which connects two basepoints in w. Then

SHody+ A0S ~0 and S,o0A;+ Aj0S, ~0.
Proof For simplicity, let us consider the claim involving S,}, since S, is the dual map.
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Let H = (X, a, B, w) be a diagram for (Y, w), and let H$ be its free stabilization at w. We will show

that, for a sufficiently stretched almost complex structure,
Sk oA+ A0S =0.

Suppose that x € Ty N Tg is an intersection point on . By definition,

(5-31) SFod@ =Y. a(.¢) #Msp(¢) Uy P - (yx0),
pem(x,y)
u(p)=1
while
(5-32) (A; 0S5 (x) = 3 a(h. ¢ # o) - #M oy (@ # o) - Upr P unw@o) . (y x y).
pHpoemz(xx07F,yxy)
w(#po)=1

We can assume that A is disjoint from the free-stabilization region on X. Consequently,

(5-33) a(A,p#¢po) =a(r,¢).

By following the proof of Proposition 5.5, we see that there are two types of index 1 classes in any
ma(x x O, y x y) which can have holomorphic representatives for sufficiently large 7.

The first type of class which could have holomorphic representatives has y = 67, ¢ = ey, and has
¢o equal to a bigon supported in the free-stabilization region. For such a class, we have a(A, ¢ # ¢o) =
a(A,ex) =0, by (5-33), so such classes make no contribution to (5-32).

The second type of class which could have holomorphic representatives has j.(¢) =1, ¢o € m2(67,07)
and ny,(¢po) = 0. Using the counts of holomorphic disks representing classes in my(x x 87,y x 1)
established in (5-14) and (5-15), together with (5-33), we conclude that (5-31) and (5-32) coincide. O

5.8 Compositions of free stabilizations

We now prove that free-stabilization maps for different basepoints may be commuted.

Proposition 5.14 For any oy, o, € {4+, —}, the free-stabilization maps satisfy

o1 ¢o2 02 ¢O]
Swh Sus = Sy S s

as morphisms of transitive systems of chain complexes.

Proof The proof follows from a double neck-stretching argument similar to Lemma 5.10. We consider a
diagram on which both free stabilizations have been performed, with underlying Heegaard surface X.
Let J be a cylindrical almost complex structure on X x [0, 1] x R, viewed as a complex structure for
the unstabilized diagram. If T = (T, T») is a pair of neck lengths, let J(T) denote an almost complex
structure obtained by inserting two necks of length 77 and 75.

We recall that the free-stabilization maps require stabilizing condition (SC2) to be satisfied; however,
it is not immediately clear that condition (SC2) can be achieved on two necks simultaneously.

We prove the following:
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Subclaim 5.14.1 Suppose that T and T’ are two pairs of neck lengths for free-stabilizing at wy and w-.
If all the components of T and T are sufficiently large, then a noncylindrical almost complex structure J
may be chosen which interpolates J(T) and J(T') and satisfies
\Ifj(xx01+x92+) = xx91+x92+,
Vs(x x91+x92_) = x><91+x92_—|— Z (C;,y~y x91+x92++C3’y-yx91_><92+),

yeToNTg
s (x x@l_x02+) = xxGl_x02++ Z (C;’,y-y x91+><92++C;‘,y-y><91+x92_),

yeTyNTg

(5-34)

Ws(x 8 x0,) = xx0 x05

+ Z (Cf’y-y><91+><92_+Cf,y-y><91_><92++C;,y-y><91+><92+)
yeTaNTg

for various Cf,,y € F»[Uy], which depend on J.

Before proving Subclaim 5.14.1, we briefly explain why it implies the main claim. Pick T = (77, T2) so
that 75 is large enough to compute the free-stabilization maps at w,, and then pick 77 > 7> which is large
enough to compute the free-stabilization maps at w; (after having already performed the stabilization
at wy). Next, pick T' = (T, T;) so that T, > T, so that 7| is large enough to compute the free-

stabilization maps at w first, and then subsequently compute the free-stabilization maps at w’. Hence,

—+

o we may use J(T’), while to compute S5 S, we may use J(T). To compare

17 w2
the two compositions on the level of morphisms of transitive systems of chain complexes, we must

to compute S S

compose with the transition map W ;(r)_ y(r). With this in mind, the first line of (5-34) implies that
Sk SE ~ SE S

Similarly, the first and the second lines of (5-34) together imply that S, Sw, = Sy, St .- The
first and third lines together imply that S;; S ~ S So . Finally, all four lines together imply that
Sw1Sws, = Su,Sw,- _

We now proceed to prove Subclaim 5.14.1. The transition map W 5 counts J-holomorphic representa-
tives of Maslov index 0 homology classes of disks. If ¢ #¢é #¢§ Ema(X X X1 X X2,y XYL X yp)isa

homology class on the doubly free-stabilized diagram, then adapting the proof of (5-3) gives

(5-35) (D # g #d5) = 1u(¢) + gr(x1, y1) + gr(x2, y2) + 27w, (§) + 211w, (¢2).
To prove (5-34), it suffices to make the following three observations:

(1) Assuming T and T’ are sufficiently large, if (¢) = 0 and gr(x1, y1) +gr(x2, y2) > 0, then M5(9)
is empty.

(2) Assuming T and T’ are sufficiently large, if u(¢) =0, gr(x1, y1) = gr(xz, y2) = 0 and M) is
nonempty, then ¢ = ex X ex, X ex,.

(3) If ¢ is a class with gr(xq, y1) + gr(xa, y2) <0 but gr(x1, y1) and gr(xz, y») are not both zero, then
the count of M 5(¢) is irrelevant to (5-34).
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Observations (1) and (2) are proven similarly to the proof of Proposition 5.3. For sufficiently large T
and T, by picking J appropriately, we can ensure that ¢» has a broken representative for a cylindrical
almost complex structure. In particular @ (¢p) > 0. Consequently, if gr(xq, y1) + gr(xz, y2) > 0, then
(5-35) can never be zero, so there are no such classes with representatives. If (5-35) is zero and
gr(xy, y1) = gr(xa, y2) = 0, then also u(¢) = 0, so ¢ is a constant homology class, by transversality.
Using additionally the vertex multiplicities near x1 and x, we conclude that q% and qﬁg must also be
constant homology classes, so the second observation follows. The third observation is straightforward.
This establishes Subclaim 5.14.1, and hence the main claim. O

We now prove a simple relation involving the free-stabilization maps:

Lemma 5.15 Suppose (Y, w) is a multipointed 3-manifold and w € Y \ w. Then
S, St ~o0.

Proof The relation follows immediately from the formulas for the free-stabilization maps in (5-1). O

6 Graph action map

If G = (', wp, wy) is a flow-graph in Y, and o is a coloring of I" (see Section 2.2 and Definition 3.2 for
the definitions of a flow-graph and coloring, respectively), in this section we construct two graph action
maps

g, Bg: CF (Y, wy,s5) - CF (Y, w]',s),
where 0; 1= 0|y, .

Unlike in Section 2.2, where flow-graphs are allowed to be immersed, we focus on embedded flow-
graphs in this section. Upgrading the results to immersed flow-graphs is straightforward (the only
complication is that when wo N w; # &, one must define A and Bg as compositions of two graph
action maps).

We think of the graph action map as a restricted version of the full graph TQFT. Indeed, we will later
prove that the graph cobordism map for ([0, 1] x ¥, ') is equal to the graph action map for the graph
obtained by projecting I' into Y'; see Theorem 9.5(3), below.

To define the graph action map, we fix a decomposition of I" into edges and vertices. We write V(I")
and E(T") for the vertices and edges of I', respectively. Although we require such a decomposition for our
construction, the resulting graph action maps turn out to be unchanged by subdivision; see Lemma 6.14.
Our construction of g and ‘B¢ also requires picking a further decomposition of G into elementary
flow-graphs (see Definition 6.3), as well as a choice of absolute lift of the ribbon structure.

In this section, we prove the following:

Theorem 6.1 Suppose G = (I, wg, w) is a ribbon flow-graph in Y. The maps g and B¢ described in
this section satisfy the following:

(a) The maps2lg and B¢ are independent from the choice of decomposition into elementary flow-graphs.
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Figure 7: Examples of elementary ribbon flow-graphs. The top and bottom dashed lines indicate
the incoming and outgoing vertices.

(b) The maps g and Bg are functorial: if G is a low-graph from wq to wy and G’ is a flow-graph from

w1 to wa, then
mg/ OQ[g = ng/ug and %g/ o iBg = %g/ug.

(c) The maps g and ‘B¢ are independent from the choice of absolute lift of the ribbon structure used in

their construction.

6.1 Constructing the graph action maps
Before defining the graph action maps, we establish some terminology.

Definition 6.2 A strong ribbon flow-graph is a ribbon flow-graph equipped with an absolute lift of the
cyclic ordering at each vertex.

Definition 6.3 A ribbon flow-graph G = (I', wg, w1) is elementary if it is one of the following three
subtypes (see Figure 7):

(ER1) Translation: |{wg| = |w| and each edge of " connects a vertex of wg to a vertex of wj.

(ER2) Interior vertex: There is a single vertex ws of I' which is not contained in wo U w1, and all edges

of I' connect either wg to w1y, or a point of wo U w; to ws. We call wy the special vertex.

(ER3) Local extrema: |wgo| = |w1| =2, and all but one edge connect wq to w;. There is a single edge eg
which connects two vertices of wg to each other, or connects two distinct vertices of w1 together.
We call eg the special edge. There are two subtypes:

(i) Local max: The special edge connects two vertices of wo.
(i) Local min: The special edge connects two vertices of w1.

Definition 6.4 Suppose that G = (T", wp, w;) is an elementary ribbon flow-graph of type (ER2), with
special vertex wg. If e is an edge which is adjacent to wg, we say that e has positive initial slope if e
connects wg to wi, and we say that e has negative initial slope if e connects wg to wg.
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Figure 8: Examples of the Cerf moves from Definition 6.7.

Definition 6.5 (1) We say that a (strong) ribbon flow-graph ¢’ = (I'/, wo, w1) is a subdivision of
G = (T, wp, wq) if ' is obtained by adding extra vertices to the interior of edges of I'. If G’ is a
strong ribbon flow-graph, we allow the new vertices to be added with either absolute ordering.

(2) We say that two flow-graphs G = (T, wo, w1) and G’ = (I, wg,, w)) are subdivision-equivalent if G
and G’ have a common subdivision (in particular, I' = I'” as subsets of Y).

We now define a notion of decomposition into elementary pieces for ribbon flow-graphs:

Definition 6.6 If G = (T", wo, w) is a ribbon flow-graph in Y, a Cerf decomposition of G is a sequence
of ribbon flow-graphs Gy, ..., Gy, where G; = (I}, w; o, w; 1), such that the following hold:

(1) Each G; is an elementary ribbon flow-graph.

(2) w10 =wp and wy ;] = w;.

(3) wo,j+1 =wq,; fori ef{l,...,n—1}.

(4) The concatenation G, o---0 Gy is a subdivision of G.

(5) Each vertex of V(I') \ (wo U w1) is a special vertex of some G;. Furthermore, if wy is a special
vertex of any G;, then wy is a vertex in V(I").

We now define the following moves between Cerf decompositions of flow-graphs:
Definition 6.7 We say two Cerf decompositions of a flow-graph G = (I', wg, w1) in Y are Cerf-equivalent

if they can be connected by a sequence of the following moves, or their inverses:
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(CM1) Level splitting: Replacing an elementary flow-graph G with a subdivision-equivalent composition
G» o G1 such that one of G; and G, is of the same type as G, and the other is of type (ER1).

(CM2) Critical point birth/death: Replacing an elementary flow-graph G of type (ER1) with a subdivision-

equivalent composition G, o G; such that G, and G; are of type (ER3i) and (ER3ii), respectively.
(CM3) Changing an initial slope: Replacing an elementary flow-graph G of type (ER2) with a subdivision-

equivalent composition G, o G1 such that exactly one of G; and G is of type (ER3), and the other
is of type (ER2) (with the same special vertex as G).

(CM4) Critical value swap: Replacing the composition of two consecutive elementary flow-graphs G, oG

of type (ER3) with a subdivision-equivalent composition G5 o G} such that both G}, and G| are
also of type (ER3). Furthermore, the special edges of G, and G; are disjoint, and the special
edges of G, and G are disjoint.

(CM5) Vertex/critical value swap: Replacing a composition G, o Gy, where G, is of type (ER2) and G; of

type (ER3), with a subdivision-equivalent composition G5 o G| where G} is of type (ER3) and G}
is of type (ER2). Furthermore, we assume that there is no path in G, o G| connecting the special
vertex of G, to the special edge of G;.

(CM6) Vertex value swap: Replacing a composition G, oG of two elementary ribbon graphs of type (ER2)

with a subdivision-equivalent composition gg oG", where Qg and g; are also both of type (ER2).
Furthermore, we assume that there is no path in G, o G| connecting the two special edges of G,
and G;.

Examples of the moves from Definition 6.7 are shown in Figure 8.
We encourage the reader to compare the following to [Wehrheim and Woodward 2015, Theorem 5.9]:

Proposition 6.8 Any two Cerf decompositions of a flow-graph G are Cerf-equivalent (i.e., can be
connected by the moves in Definition 6.7).

Proof Suppose G = (I', wp, wy) is a flow-graph in Y. We assume that each edge of I" is smoothly
immersed in Y (and that unless an edge has both endpoints on the same vertex, each edge is smoothly
embedded). We say a function f:I" — [0, 1] is Morse if the following hold:

(1) f71(0) = wo and f~1(1) = w;.
(2) If we write an edge e as the image of an immersion é: [0, 1] — Y, then f oé is Morse on [0, 1] and 0
and 1 are not critical points of f oeé.

A Cerf decomposition can be obtained by picking a generic Morse function f:T" — [0, 1], and picking a
collection of values 0 =ty < t; <---<t,_1 <t, = 1 such that each f~!(¢;) contains no critical points or
vertices, and each f ~1([t;,#;4+1]) contains at most one critical point of f or vertex of V(I") \ (wo U w).
Furthermore, we assume that each f~!(¢) is nonempty for all € [0,1]. We can construct a Cerf
decomposition G, o---0 Gy of G by setting

Gi = (/" Uticr. 6D, f 7 o), ST W),
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Conversely, it is not hard to see that any Cerf decomposition is induced by a Morse function, in the above
sense.

Given two Cerf decompositions of G, we let f1 and f> be Morse functions on I' which induce the two
Cerf decompositions. We connect fj and f> as follows. First, we modify f; in a small neighborhood
of each vertex so that it coincides with f> near V(I"). Write fl for the resulting Morse function. In
particular, fl and f> have the same initial slopes along each edge (in the sense of Definition 6.4). The
Cerf decompositions induced by f; to ]71 are related by repeated applications of move (CM3).

We take a generic perturbation of a linear homotopy between ];1 and f>, which is fixed in a neighborhood
of the vertices V(I"). Write ( f¢);e[1,2) for this path. Note that the critical set of f; is bounded away from
V(I") since fl and f> coincide in a neighborhood of V(I"). By perturbing f; slightly, the interval [1, 2]
can be subdivided by picking

l=b1<by<---<b,=2

so that, on each interval [b;, b; 1], exactly one of the following holds:
(1) f is Morse for all ¢ € [b;, b; 1], and all vertices and critical points have distinct values.

(2) fis Morse for all ¢ € [b;, b; 1], and all vertices and critical points have distinct values, except at a
single point tg € (b;, b; +1), Where two critical points or vertices exchange relative ordering.

(3) frisMorse forallt € [b;, b;+1], except for at a single 7o € (b;, b; +1), where a critical point birth—death
singularity occurs along the interior of an edge. All vertices and critical points have distinct values.

The above follows from standard Morse theory, as we now describe. If we view each edge e as a copy
of [0, 1], then the family f; is fixed near O and 1 and hence extends to a Morse function on all of R, which
is fixed in the parameter ¢ outside of the interior of e. The above moves are the generic codimension 1
singularities of smooth functions.

From these considerations, it is straightforward to see that fl and f, can be connected by a sequence
of moves (CM1), (CM2), (CM4), (CM5) and (CM6).

Finally, we note one can ensure that all level sets of each function in the path f; have nonempty level
sets by first modifying f7 and f, near wy, raising the value of a point near wq so that it is close to 1.
This modification induces a sequence of moves (CM2), (CM4) and (CM5). O

We now define the graph action map. Suppose that G = (', wg, w1 ) is a ribbon flow-graph in Y and
s € Spin®(Y'). To define the map, we pick a strong ribbon structure on I" which lifts the ribbon structure,
as well as a Cerf decomposition of G. We now define the graph action map for elementary strong ribbon
flow-graphs.

If G = (I', wp, wy) is an elementary ribbon flow-graph of type (ER1) or (ER3), we define the graph
action map by the formula

(6-1) Ag = (wl;[vo Suj) o (eegr) Ae) o ( I S,;t).

WEW

The map B¢ is defined using a similar formula, with the relative homology maps B, in place of A4,.
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In an elementary flow-graph of type (ER1) or (ER3), no edges share a common vertex. Consequently,
the product of the relative homology maps appearing in (6-1) does not affect chain homotopy type of the
composition, by Lemma 4.4. By Proposition 5.14, the ordering of the free-stabilization maps within the
left and right factors of (6-1) also does not affect the composition.

Next, suppose that G is an elementary strong ribbon flow-graph of type (ER2). Let ws denote the
special vertex, and let eq, . .., e, denote the edges incident to wy, ordered according to the strong ribbon
structure. We define

(6-2) ng:z( I S,;)o( I1 Ae)o(Aeno---erl)o( I1 S;,t).
wewoU{wy} ecE(M)\{ey,..., ent wewU{wy}
The map Bg is defined using the maps B, in place of A4,.
If G = (T, wg, wy) is an arbitrary, strong ribbon flow-graph in Y, the graph action map is defined by
picking a Cerf decomposition

G=gno---0G;
and setting
/g :=2Ag, 0---0Ug,.

The type-B map B is defined similarly.

Remark 6.9 Since the graph action map 2(g is defined using a relative homology map for each edge, the
map 2lg is unchanged by replacing an edge e of G with another edge e’ such that de = de’ and e U ¢’ is a
null-homologous loop in Y.

6.2 Algebraic relations in the graph TQFT

In this section, we prove some algebraic relations involving the free-stabilization maps and the relative
homology maps which will be useful in proving Theorem 6.1.

We call the following relation the trivial strand relation (the terminology is justified by Lemma 6.15,
below):

Lemma 6.10 Suppose that (Y, w) is a multipointed 3-manifold, w € Y \ w is a new basepoint, and
A C 'Y is a path which connects w to a point wg € w. Suppose that o:w — P and o":w U {w} —> P
are colorings such that ¢’|y = o and o’(w) = ¢’(wg). Then, with respect to the complexes which are
algebraically colored using o and o’, we have

SwArSH ~ Sy By S ~ idcp—(v.wo.9)-

Proof We focus on the relation S, A4, S ~ idcp—(v,wo 5)- The relation involving S,/ B, S is proven
similarly.

A single free-stabilized diagram and stretched almost complex structure can be chosen to compute S,
Ay and §,,. Such a diagram is shown in Figure 9.
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Figure 9: One of the two bigons contributing to (6-4).

Using the definition of the free-stabilization maps in (5-1), it suffices to show that for a sufficiently
stretched almost complex structure, the map A, satisfies

(6-3) Aj(x x0Ty =xx0"+ Z Cx,y'yx@Jr
yeTaNTg

for some Cx,y € Rp. In (6-3), 6% and O~ denote the two intersection points in the free-stabilized region.

Equation (6-3) follows from the proof of Proposition 5.5. More explicitly, for a sufficiently stretched
almost complex structure, any Maslov index 1 class in 5 (x x T, y x #7) which supports holomorphic
representatives has domain equal to one of the two bigons in the free-stabilization region. Writing ¢1
and qbf for these two classes, we note that both q); and qﬁ% have a unique holomorphic representative. An
easy model computation (see Figure 9) shows that

(6-4) a(h, o) +a(r,¢2) =1 (mod?2).
Equation (6-3) now follows from the definition of the map A in (4-2). O
The following relation is related to subdivision-invariance of the graph TQFT:

Lemma 6.11 Suppose that wg, wy and w, are basepoints in Y, wi ¢ {wg, w2}, and w is a collection
of basepoints containing wo and wo, but not wy. Suppose that A1 and A, are paths in Y satisfying
0A; = {w;_1,w;}, and write A, * Ay for the concatenation. Then

Appury = 51;1 Apy Ax, SJ] ’

as endomorphisms of CF~ (Y, w?, s), for a coloring o which identifies Uy, Uy,, and Uy,, with a common
variable, U.

Proof We compute

Agppiiy = Apyur, (S Az S (Lemma 6.10)
~ Su, Akz*MAMSJ;Ll (Lemma 5.13)
>~ Sy, (Ax, +Ax)Ap, S,jl (Lemma 4.3)
~ Sy Ap, Ay SE + S, USy (Lemma 4.5)
~ S ArsAr, Sab (Lemma 5.15). o
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Figure 10: The configuration of vertices and edges in Lemma 6.12.

In the following lemma, and also henceforth, we write S for the composition

WpWn—1"W1
+ =S}t oSt +
Swnwn—r-wi = Sw, ©Sw,_y ©1 0 Sy
and use similar notation for negative free stabilizations. By Proposition 5.14, the map Swn Wy w18
independent of the ordering of the basepoints wy, ..., wy.

Lemma 6.12 Suppose that wg, w1, wy and w3 are distinct points in Y, and A1, A5 and A3 are paths in Y
such that dA; = {w;_1, w; }. See Figure 10. Furthermore, suppose that w is collection of basepoints on Y,
containing wo and w3, but not wy and wy. If t:{1,2,3} — {1, 2, 3} is a permutation, then

S Ay,

wlwz r(%)

Akt(l)Su—’]—]wz - Swlsz AAZAAIS

7(2) wiwy’

as endomorphisms of CF~ (Y, w?,s), where o is a coloring which identifies Uy, Uy, , Uy, and Uy,
with a common variable, U.

Proof It is sufficient to show that if {i, j, k} = {1,2, 3} as sets, then the map S, ,,, Ax; Ax; A2, Sw1w2
is invariant (up to chain homotopy) under switching the order of A; and A; or switching the order of A;
and A;. We will focus on the proof that the map is invariant under switching the order of A; and A ; the
proof for switching A; and A; is analogous.

There are two cases:

(1) A; and A, are disjoint.
(2) A; and Ay share a vertex.

If A; and Ay are disjoint, then A, A, >~ A;, A, ; by Lemma 4.4. Hence, it remains to consider the case
that A; and A; share a vertex w, € {w1, w2}. Let wy,, denote the other vertex in {wy, w2 }. We compute

Swws A0 A%, Any S oy = Sipvwy Ans Ari Az Sib vy + USip wy Asy S

wiw2 wiwy — Fwiwy wiwy wiws ww
+ + "
—Swlszk-AAkAA Sw1w2+US S S AA S

~ Suiwy Ari Ar Ax; Sw1w2

The first chain homotopy is justified by Lemma 4.4. The second chain homotopy is justified by Lemma 5.13,
noting that A; is disjoint from w,. The final chain homotopy is justified by Lemma 5.15. a

6.3 Independence from the Cerf decomposition

We now prove that the graph action map is independent of the choice of decomposition into elementary
flow-graphs:
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w1 w1
W ez ng
e ------------
g e Tgl
------ w ()------. ------U)()-------

Figure 11: Subdividing an elementary flow-graph of type (ER1).

Proof of Theorem 6.1(a) We focus on 2{g, since the argument for ‘B is no different. By Proposition 6.8,
it is sufficient to show invariance under moves (CM1)—(CM®6). Suppose that an absolute lift of the ribbon
structure has been fixed.

We first consider move (CM1), splitting levels. Consider first when G is of type (ER1) (translation
flow-graph). Further restrict first to the case when G consists of a single edge e, which goes from wg
to wi. The map 2 is defined to be

(6-5) Ag = Sy, AeSH .

Write e as the concatenation of two edges, e and e5, such that e; goes from wq to w’, and e, goes from
w’ to wy. Let Gy denote the flow-graph (ey, wo, w’), and G, denote the flow-graph (ez, w’, wy). See
Figure 11.

By definition,

(6-6) Ag, 0Ag, = (Sp Aes Sb ) (S Ay Sib).
Using Lemma 5.13 and Proposition 5.14, we see (6-6) is chain homotopic to
(6-7) S SwrAes Aey SE ST

Using Lemma 6.11, we conclude that (6-7) is chain homotopic to S;()Aez*e1 S;j B which coincides with
the expression for (g in (6-5).

The general case of splitting an elementary flow-graph G of type (ER1) with more than one strand is
no different: one applies the above manipulation to each strand, noting that the terms associated with
different strands of G commute by Lemma 5.13 and Proposition 5.14.

The above subdivision technique also works when G is of type (ER2) (interior vertex flow-graphs).

We now consider the case that G is of type (ER3) (local extrema flow-graph). Let e be the special edge
of G, and suppose further that G is of type (ER3i), i.e., e connects two incoming vertices, w; and wy.

Figure 12: Subdividing an elementary flow-graph of type (ER31).
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Figure 13: Applying move (CM2) to a flow-graph of type (ER1).

Let wg and w(’) be two new vertices on the interior of e, and let e1, e2 and e3 be the components of
e \ {wo, wy}, as shown in Figure 12.

We focus on the terms of 2(g and g, o 2g, corresponding to e and its subdivision. The terms
corresponding to the other strands can be subdivided using the procedure described above for flow-graphs
of type (ER1).

The terms corresponding to e in 2lg are

(6-8) Spiw, A

wiwy e

The corresponding terms of g, o g, are

6-9) S wowy Aer Swyws Aer Aes Sy
We compute
Swiw, Ae =Sy, wzw(’)Ael*eer3 S;r(/) (Lemma 6.11)
= Sy wawow Ae2Aer Sat Aes S;:/) (Lemma 6.11)
= S wawow, AeaAer Aes S;(/)w() (Lemma 5.13)

wiw2

:Su_)ow(’)AeZS_ A61A6‘3Su-")-6w0 (Lemma 5.13),

which coincides with (6-9). We conclude that level splitting does not change the homotopy type of
the graph action map for elementary ribbon flow-graphs of type (ER3i). The argument for graphs of
type (ER3ii) is a simple modification.

We now show independence from move (CM2), a critical point birth along the interior of an edge. By
using move (CM1) we may assume that the new critical points occur inside a flow-graph of type (ER1).
By using Lemma 5.13 and Proposition 5.14, it is sufficient to consider the case when G consists of a
single edge e, and we divide G into a composition G, o G;. Let ey, e3, e3 and e4 be the edges of G, o Gy,
and let w;, wa, w3, we and ws be the vertices, as in Figure 13.

By definition,

(6-10) Ag := Sy Ae S
while
(6-11) Ag, 0Ag, = Su waws Aes Aer S Sy Aes Aey S s, -

Geometry & Topology, Volume 30 (2026)



Graph cobordisms and Heegaard Floer homology

Figure 14: Applying move (CM3) to a flow-graph of type (ER2).

Using Lemma 5.13 and Proposition 5.14, equation (6-11) can be rearranged to

(6-12) Soiwyws Aes (Syps Aes Aes ST ) Aey S s
Using Lemma 6.11, (6-12) becomes
51;1 wQU)4Ae4AeZ*e3 Ael S$2w4w5 .

Proceeding similarly, using the aforementioned relations, we compute

S— Aey Aeyres Aey S ~ Soiwy Sy Aes Aeswes S ) Aey S,

w1 wawg W W4 W5 wilwr wows
- +
= SwleAez*e3*e4Ae1 SLU2W5
- (¢~ + ¢+
= Swl (Sw3A€2*63*€4A61 Sw2)Sw5

~ Sy AeSS.

Hence, (6-10) and (6-11) are chain homotopic, and invariance under move (CM?2) is established.

459

We now consider invariance under move (CM3) (changing an initial slope). Suppose G is an elementary

flow-graph of type (ER2) (an interior vertex flow-graph), with a special vertex wg, and ey, ..

., ey are the

edges incident to wy, ordered according to the chosen absolute lift of the cyclic ordering. Suppose we

wish to change the initial slope of e;, and that ¢; has downward initial slope in G. We decompose G as a

composition G o G1, where G; is of type (ER2), with special vertex wg, and G, is of type (ER3i) (a local

max). We decompose e; as the concatenation of e, ¢’ and e”, and let w’ and w” denote the new vertices,

as in Figure 14.

Write wo for the incoming vertices of G, and w for the outgoing vertices. By the same argument as

for invariance under move (CM1), we can reduce to the case that there are no components of G which are

disjoint from wg. By definition,

(6-13) Ag = Sy ey Aen = Aei ++ Aer S Ly
Using Lemmas 6.11 and 5.13, we have
(6-14) Ae; = Sy AerxeAer Syt = SpmyrAer Ae S Aen STy~ Sy Aer AeAer S

Combining (6-13) and (6-14), we see that

w

ng >~ S_()U{U)S}Aen e Aei—‘rl (S,l;//w/Ag/AeAeNS:)_//w/)Ael-_l v Ael S+
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Since €, e, w” and w’ are disjoint from e; when j # i, using Lemmas 4.4 and 5.13, we compute that

S_ou{ws}Aen Aoy (S;”w/Ae’AeAE”SJ”w’)Aei—l e Aey So

w w1 U{ws}

= (Su_)”w’Ae’)S;()U{ws}(Aen e A€i+1 AeAe; -+ Ael)Ae”S+

wiU{w” w’,ws}*

The above expression is almost the expression for Ag, o Ag,, the only difference being that the remain-
ing edges ej,...,e;—1,€i+1,...e, With upward initial slope have not yet been subdivided. By using
Lemma 6.11 to subdivide the remaining edges with upward initial slope, and then commuting terms
exactly as in move (CM1), we arrive at the definition of %lg, o 2lg, , completing the proof of invariance
under move (CM3).

Invariance under moves (CM4), (CM5) and (CM6) can be proven by adapting the above arguments. For
example, invariance under move (CM4) (critical value swaps) can be proven by using the manipulation
from the proof of invariance of the maps for elementary flow-graphs of type (ER3) (local minima and
maxima) under move (CM1) (level splitting) to subdivide one of the edges with a local extrema. Since
the two components of the graph with local extrema are disjoint, all terms associated to one component
can be commuted past the terms associated to the other component, using Lemmas 4.4 and 5.13 and
Proposition 5.14. A similar strategy can be used for moves (CM5) and (CM6). O

Since the graph action is defined by taking a decomposition of G into elementary flow-graphs and
composing the maps for each piece, functoriality (Theorem 6.1(b)) is automatic.

6.4 Cyclic ordering

In our construction of the graph action map, we chose an absolute lift of the cyclic orderings. In this
section, we show that the graph action map is independent of the choice of absolute lift. The following
lemma implies Theorem 6.1(c):

Lemma 6.13 Suppose that eq,...,e, are edges in Y such that ws has valence 1 in each e;, and
ei Ne;j = {ws} for all i and j. For a coloring which identifies all of the variables Uy, ..., Uy

n

with a common variable U, we have
X + o~ g +
Sws Aen Aen—l Tt Ael Sws - Sws Aen—l Tt Ael Aen Sws .

Proof The proof is by induction. The n = 1 case is vacuous. The n = 2 case is easy: using Lemma 4.4,
we compute
SoAerAe) S 2 Sy USH + Sy Ay Aoy Sib xSy Aey Aey S

N

The n = 3 case is also relatively easy. We compute

Sw AesAesAe, S~ Sy Aoy Aes Ae, Syf. + USy A, ST (Lemma 4.4)
~ S AesAey Aey Sy + USy (Aey + Aey) Sy (Lemma 4.4)
> Sy Ay Aoy Aes Sy, + USy Acyrer S, (Lemma 4.3)
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~ Sy AeyAey Aey Syt + UAeye; Sy, Sar. (Lemma 5.13)
~ S Aey Aey Aes Sy, (Lemma 5.15).

We now prove the statement when n > 3 by induction. Assume the lemma statement holds whenever wy
has valence n — 1. The idea is to replace e; U e with a Y -shaped graph which has valence 1 at wy. See
Figure 15.

Let wg € Y be a point which is disjoint from all of the edges ¢;. Pick a path e from ws to wg, which
is also disjoint from all e;. We first prove the following:

(6-15) AeyAe; = Sy Aeyxe Aeixe AeSqy.
To establish (6-15), we compute

(6-16) Sy AerxeAeixeAeSey = Sp (Aey + Ae)(Ae; + Ae)Ae ST
~ SpoAerAey AeSet + S (Aey A2+ Ae Aoy Ae + A7) ST
~ SpoAesAey Ae Syt + Spp (AU + Ae U + UAe + UAe) Sy,
~ AeyAey Sy AeSaty + S (Aey U + Ae, U + UAe + UAe) Sy,
~ Aoy Ay + Sy (Aey U + A, U + UA, + UAe) St
~ Aoy Ay + USyy Aeyxer Sopy
~ Aoy A, + UAeyner Sy Saty
>~ AeyAe, .
Equation (6-16) is justified as follows. Line 1 is justified by additivity of the relative homology maps.
Line 2 is obtained by algebra. Line 3 is justified by Lemmas 4.4 and 4.5. Line 4 is justified by Lemma 5.13.
Line 5 is justified by Lemma 6.10. Line 6 follows by canceling the repeated UA, terms, and using additivity
of the relative homology maps. Line 7 follows from Lemma 5.13. The final line is justified by Lemma 6.10.
Equation (6-15) is established.
Define new edges ¢} and ¢/ as the concatenations

el:=e1*xe and e, :=epx*e.

See Figure 15.

€3
el

W

Figure 15: The edges e; and e,, the vertices w, and wy, and the new edges e, e} and €.
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Using (6-15), we see that
(6-17) SwsAey - AesAey Sy, = Sy Aey -+ Aes (Spy Aey Aol AeSip ) Suy

Note that wy, e’1 and e/2 are disjoint from e, . . ., e,. Hence, Lemmas 4.4 and 5.13 and Proposition 5.14
imply that (6-17) is chain homotopic to

(6-18) SwoAe, Ael (Spy Ae, -+ Aes Ae Sy ) St

By induction, we know that (6-18) is chain homotopic to

(6-19) SwoAe, Aet (Spy Aeyy -+ Aey AeAe, Sof ) S

Commuting terms, using the same justification as above, we see that (6-19) is chain homotopic to
(6-20) Sy Aen_y Aoy (S Ay At AeSib ) Ae, Sy

Applying (6-15), we can conclude that (6-20) is chain homotopic to

SwiAey_y - AesAes Aey Ae, SJS. O

6.5 Subdivision-invariance and the trivial strand relation

In this section we prove two basic relations about the graph action map: subdivision-invariance and the
trivial strand relation.

Lemma 6.14 Suppose G = (I, wg, w1) and G’ = (I'", wg, wy) are two ribbon flow-graphs in Y such that
I’ is obtained from " by adding a vertex to the interior of an edge of I". Then

ng >~ ng/ and %g ~ %g/.

Proof We focus on the maps 2g and 2g/. The proof is essentially the same as the argument to show
invariance under level splitting (move (CM1)). Using independence of the graph action map from the
choice of Cerf decomposition (Theorem 6.1(a)), it is sufficient to show the claim when G is an elementary
flow-graph of type (ER1) (a translation flow-graph).

Suppose e is the edge of G which we wish to subdivide, and let wo and w; be the incoming and
outgoing vertices of e. Let w denote the vertex in the interior of e which is added to form G’. Note that G
is of type (ER1), while G’ is of type (ER2), with valence 2 special vertex w. Let e; and e, denote the two
components of e \ {w}.

Using Lemmas 4.4 and 5.13 and Proposition 5.14, it is sufficient to show the claim when G = (e, wg, w1),
since the maps corresponding to other edges and vertices can be commuted past the maps for e.

By definition,

(6-21) Ag =Sy AeSSH

wi’
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Figure 16: Adding a trivial strand. Left: an elementary flow-graph G of type (ER1), with a single
edge e. Right: a Cerf decomposition of a graph G’ obtained by adding a trivial strand to G.

while
(6-22) Agr = Sy Sy Aes Aey Syt St
Using Lemma 6.11, we conclude that (6-21) and (6-22) are chain homotopic. O

Next, we prove the trivial strand relation for the graph action maps:

Lemma 6.15 Suppose that G = (T, wo, w1) is a ribbon flow-graph in Y, and G’ is obtained by adjoining
a new edge eq such that eg N I" consists of a single point which has valence 3 in I" U eg. (We allow the
new valence 3 vertex to be given either cyclic order.) Then

ng ~ Q[g/,
and similarly Bg ~ By .
Proof Using independence from the choice of Cerf decomposition (Theorem 6.1(a)), it is sufficient to
show the claim when G is an elementary flow-graph of type (ER1). As in the proof of Lemma 6.14, it is
also sufficient to consider the case when G has one connected component. Let us write e for the single
edge of I, w for the incoming vertex of G, and w’ for the outgoing vertex. By definition,

(6-23) Ag = Sy Ac S,

The graph G’ can be given a Cerf decomposition into two flow-graphs, G, o G1, where G, is an elementary
flow-graph of type (ER2) with a valence 1 special vertex, and G; is an elementary flow-graph of type (ER2)
with a valence 3 special vertex. Let ey, ez, €3, 4, €5, w1, Wz, w3 and wy4 denote the new vertices of G/,
as shown in Figure 16.

We assume that the edges incident to the new valence 3 vertex, w;, are ordered e;, e, then e3. The
argument for the opposite cyclic ordering is a simple modification, which we leave to the reader.

By definition,

A =S, Aoy Aes ST So AesAey ey i

WorW3W4 w/wgCwwq wiwaw3*

We manipulate the above expression for 2g/, as follows:

» AeyAes S Suw, Aes Aer Aey Sy

worw3wg“" €4 wwq wWiworws3

~ SerywsAes Sy, Aes S ) S S, Aes Aes Ay S (Lemma 5.13)

wows3 wwi wiw2w3
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~ Sz Aes S S, Aes Aey Aer Sy wyws (Lemma 6.10)
>~ Swwiws S, Aes Aes SJZ)AeerI S;r/wlm (Lemma 5.13)
~ Swrwiws Aesres Aes Aey Sy s (Lemma 6.11)
>~ Sww ws Aer A63*e4AeQS$/wlw3 (Lemma 6.13)
~ Sow; Aer Aeyres (Supy Aes S VS (Lemma 5.13)
>~ Spw, Ae Ae3*e4S$/wl (Lemma 6.10)
~ Sy Aeyesxes Sy (Lemma 6.11),
which agrees with the expression for 2(g in (6-23). |

7 1- and 3-handles

In this section, we define maps for 4-dimensional 1-handles and 3-handles, and prove invariance. Our
construction is similar to the constructions of [Ozsvath and Szabd 2006; Juhdsz 2016], though there are
some differences. Unlike the construction from [Ozsvath and Szab6 2006], our construction allows us to
consider 1-handles which join two components of a 3-manifold, or 3-handles which separate a 3-manifold
into two components. Unlike Juhdsz’s construction [2016], which works only for CF, our construction
applies to CF~, CF™ and CF*.

In Section 7.8, we show that our construction coincides with Ozsvéth and Szabd’s for 1-handles with
feet in the same component of the 3-manifold.

7.1 Definition of the 1-handle and 3-handle maps

Suppose that (Y, w) is a multipointed 3-manifold and S® = {p;, p,} is a O-sphere in ¥ \ w. Pick a
Heegaard diagram H = (X, &, 8, w) such that

S°C 2\ (¢ UB).

We construct a Heegaard surface S for the surgered 3-manifold Y (S?) by removing neighborhoods of
p1 and p, in ¥ and gluing in an annulus contained in the 1-handle region of Y(S?). In the annulus
region, we add two new curves ag and B¢ which are homologically essential in the annulus and intersect
transversely in a pair of points. The two points can be distinguished by the Maslov grading. Write 6
and 6~ for the two points of a9 N Bo, and H for the diagram (i, a U{ap}, BU{Bo}, w).

There is a unique Spin® structure & € Spin® (Y (S?)) which restricts to s on Y \ N(S?) and evaluates
trivially on the new 2-sphere in Y (S°). There is a unique 4-dimensional Spin® structure ¢ on the 1-handle
cobordism W(Y, S?) which extends s. The Spin° structure t restricts to 5 on Y (S°).

It is an easy exercise to see that if # is strongly s-admissible then H is strongly §-admissible.

We define the 1-handle map

Fygo: CF (H.0,5) — CF (#,0.5)
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using the formula
(7-1) Fygo(x) =x x0T,

extended equivariantly over F,[Uy]. Like the free-stabilization maps, the 1-handle and 3-handle maps
require the almost complex structure to be stretched. See Definition 7.2 for a precise definition of which
almost complex structures can be chosen.

We now describe the 3-handle maps. Suppose that S> € Y \ w is an embedded 2-sphere, and
H= (f], o U{apt, BU{Bo}. w) is a Heegaard diagram for (Y, w) such that SZ N S consists of a circle ¢
which is disjoint from & U 8. Furthermore, assume that an annular neighborhood of ¢ contains both «q
and Bo (which are homologically essential in this annulus) and g N Bo = {6, 6~ }. A diagram for Y(S?)
may be obtained by cutting out a neighborhood of ¢, removing o and B, and filling in the two boundary
components with disks. Write H for the resulting diagram.

For a sufficiently stretched almost complex structure, the 3-handle map

Fyg2 < CF ™ (H,0,5) — CF (H,0,5)

is defined via the formulas
(7-2) Fygse(xx0%)=0 and Fyg (xx607)=x,

extended [F»[Uy]-equivariantly.

We note that the 1-handle maps and the 3-handle maps are algebraically dual, and hence any statement
about the 1-handle maps has a corresponding statement about the 3-handle maps. To streamline the
exposition, we focus mostly on the 1-handle maps.

7.2 Gluing data for 1- and 3-handles

We now describe precisely which almost complex structures can be used to compute the 1-handle maps.
The technical details are similar to the free-stabilization maps, so we will be terse.

It is convenient to view the diagram H for Y (S%), constructed in Section 7.1, as being obtained
by connecting a diagram (S2, &g, Bo) to the diagram 7 using two tubes attached to antipodal regions
of §2\ (cg U Bo). Let p? and pg denote these two connected sum points on S2, and fix two disks
D?, Dg C S2\ (o U Bo), containing P(1) and pg , respectively. Also fix regular neighborhoods N(p1)
and N(p») in Y, to construct the surgered manifold Y (S?).

Similar to Definition 5.1, we make the following definition:

Definition 7.1 Suppose that H = (X, «, B, w) is a Heegaard diagram for (Y, w) and p;, p» € Z\(wUaUR).
We call atuple 0 = (J°, J§, D1, D2,1t) a gluing datum for a 1-handle attached at py and p, if the following
hold:

(1) JQ is an almost complex structure on S2 x [0, 1] x R which is split on D and DJ.

(2) D; C X\ (xUpBUw) is aclosed disk such that % - D; contains N(p;) N X fori € {1,2}.
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(3) J? is an almost complex structure on X x [0, 1] x R which is split on D and D.

4) 1: 82\ (% . D(l) U % . Dg ) — Y(S°) is a smooth embedding such that the following hold:
(@) im() N (Y \ (N(p1) UN(p2))) € =.
(b) ¢ maps each annulus D? \ % . D? conformally onto D; \ % -Dj.

It T = (T1,T3) is a pair of positive real numbers, by adapting the construction for free-stabilized
almost complex structures from Section 5.1, we can construct an almost complex structure J°(T') on
$ x [0, 1] x R with necks of length Ty and T.

Analogously to Definition 5.2, we make the following definition:

Definition 7.2 Suppose # is a Heegaard diagram for (Y, w) and 0 is a gluing datum for attaching a 1-
handle with feet p1, p2 € Y \ w. We say a pair of neck lengths T satisfies stabilizing condition (SC3) if for
any two pairs of neck lengths 77 and T, such that Ty, T, > T, componentwise, there is a noncylindrical
almost complex structure J on T x [0, 1] x R, interpolating J°(T7) and J°(T,), such that, for all
x € T NTg, we have

(SC3) Ui x P =xx0% and Wrxxf)=xx0"+ >  Cry yx0*
yeTyNTg
for Cyx,y € F2[Uy] (which depend on d, T and T>).

Analogous to Proposition 5.3, we have the following:

Proposition 7.3 If 0 is a gluing datum for attaching a 1-handle at {p1, p,}, then there is a pair of neck
lengths T = (T, T,) which satisfies stabilizing condition (SC3).

We begin with the following Maslov index formula:

Lemma 7.4 Suppose . = (=, &, B, w) is a diagram for (Y, w) and H = (f?, a U{ao}, BU{Bo}, w) is
a diagram for the surgered manifold Y (S°). If ¢ # ¢o € m2(x x x, y x y) is a homology class of disks
onH, where x,y € {0F, 07}, then

w(p#po) = () + gr(x, y).

Proof By Proposition 5.3, the index of ¢g is

(7-3) 1(do) = 2n,0(¢o) + 2n,0(¢0) + gr(x. y).

Noting that the Euler measure of a disk is 1, Lipshitz’s formula [2006, equation 8] for the Maslov index
implies that

(7-4) 11(@ # o) = 11($) + (o) — 21,0 (¢0) — 21,0 (¢0)-
Combining (7-3) and (7-4) implies the main statement. O

With the Maslov index formula from Lemma 7.4, Proposition 7.3 is proven by adapting the proof
of Proposition 5.3 to handle stretching two necks instead of one. The main details of the argument are
unchanged, so we leave them to the reader.
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7.3 1-handles, 3-handles and the differential

Ozsvith and Szabd [2004a, Proposition 6.4] proved that their 1-handle and 3-handle maps are chain maps.
We now prove that our version of the 1-handle and 3-handle maps are also chain maps.

Proposition 7.5 Suppose H = (X, &, 8, w) is a diagram for (Y, w), and H= (f], aU{ap}, BU{Po}, w)
is the diagram constructed by attaching a 1-handle at {p1, p2} € X\ (¢ U B U w). If 0 is a gluing datum
for this 1-handle, and T is a pair of neck lengths satisfying stabilizing condition (SC3), then

yeTaNTg

Proof The proof is essentially the same as the proof of Proposition 5.5.
Suppose that ¢ # ¢g € ma(x X x, y X y) is a class with Maslov index 1. By Lemma 7.4,

(7-6) u(p#go) = u(g) + gr(x, y).

Note that (7-5) makes no claim about the counts of classes with gr(x, y) = —1 (i.e., where x = 6~
and y = 67). These counts correspond to the Cy y in the statement.

As in the proof of Proposition 5.5, if M jo(1)(¢ # $o) is nonempty for arbitrarily large T, then both ¢
and ¢o must have broken representatives.

If gr(x, y) = 1, then (7-6) implies that p(¢) = 0. Since ¢ has a broken representative, ¢ is the constant
class ey € ma(x, x). In this case, ¢ # ¢o must have domain equal to one of the two bigons in the 1-handle
region. These curves cancel, modulo 2, and hence make no contribution to the differential.

It remains to consider classes with gr(x, y) =0, i.e.,x =y =07 or x = y = 6. For such classes,
equation (7-6) implies that

(@ #po) = pu(¢) = 1.
Write n1 and n» for npy, (¢) and np, (¢), respectively. Consider the map
pP1P2 M jo(¢) — Sym™ ([0, 1] x R) x Sym™2([0, 1] x R).

Write X(¢) for the image p?!"P2(M(¢)).
As in the proof of Proposition 5.5, for large 7, there is a fibered product description

(7-7) #Mpry(@#po) = Y #Ma(do, o772 (w)).
ueM(g)

Consequently, it is sufficient to show that, if § € {81,607} is fixed and
dy xdy € Sym™ ([0, 1] x R) x Sym™2([0, 1] x R)
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is a point with no repeated entries, then, for a generic almost complex structure Jo on S2 x [0, 1] x R,

(7-8) > #Myy(go.d xdr) =1 (mod 2).

Po€m2(6,0)
np(lJ(¢0)=n1

9 (¢o)=n2

If di x dy € Sym™! ([0, 1] x R) x Sym”2([0, 1] x R) has no entries with the same [0, 1]-component,
consider the path D7 :=d IT x d5 obtained by translating d, upwards by T units in the R-direction. If
dy x d; is not in the fat diagonal, but two elements share the same [0, 1]-component, a perturbation of
this path may be chosen which avoids the fat diagonal. The compactification of the 1-dimensional space

U [I Mi(go. D)

T €[0,00) poem2(6,0)

has ends in bijection with the Cartesian product

(7-9) ( I 1 M(«po,dl))x( I 1 M(qso,dz)).

do€m2(8,60) Po€m2(6,0)

0 (¢o)=n1 n,0 (¢0)=0

n,0($0)=0 n ,0(@o)=n>
2 2

Equation (5-15) implies that the count of the elements in (7-9) is 1, modulo 2. Equation (7-8) follows.
Combining (7-7) and (7-8), it follows that

Y #M(p# o) = #M($) (mod 2).

do€m2(6,0)
np(l)(¢o)=n1

9 (¢o)=n2
The main claim now follows. |
Corollary 7.6 The 1-handle maps Fy go ¢ and the 3-handle maps Fy g2  are chain maps.

Proof The result is an immediate consequence of Proposition 7.5, together with the formulas for the
1-handle and 3-handle maps in (7-1) and (7-2). O

7.4 1-handles, 3-handles and triangle maps

Similar to Theorem 5.7, the 1-handle and 3-handle maps satisfy a useful relationship with the triangle
maps.

Suppose T = (X, o, B, y, w) is a multipointed Heegaard triple, and py, pp € Z\ (¢ UB Uy Uw) are
two points. We can form a new Heegaard triple 7 = (f), aU{oo}, BU{Bo}, ¥ U{yo}, w) by cutting out
a neighborhood of the points p; and p», gluing in an annulus to connect the new boundary components.
We add three new attaching curves, ag, Bo and Yo, in the new annular region. We assume that ag, Bo
and yo satisfy the configuration shown in Figure 17.
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Figure 17: Adding a 1-handle to a Heegaard triple. The dashed circles are the boundaries of the
new annular region.

Lemma 7.7 If T = (X, «, B, y, w) is a Heegaard triple, and T = (f], aU{oo}, BU{Bot, Yy U{ye}, w)
is obtained by attaching a 1-handle, as above, then there is a canonical isomorphism
(7-10) Spin® (Xo.p,y) 2= Spin® (XaU(ao}.pUtBo} .y Utro})-

Proof Write X for the surface X\ (N(p1) U N(p2)), and write Xg By for the 4-manifold obtained as
the union

(A X T0) U(ea xUp)U(eg xUQ)U (ey x Uy),
where UO? is the 3-manifold with boundary and corners obtained by gluing 2-handles to [0, 1] x ¢ along
ax{l},and U /‘(3) and UJ9 are defined similarly. There are two restriction maps
(7-11)  Spin®(Xa,p,y) — Spin®(Xg 5,,) and  Spin® (Xautao}BUtBeyUtve}) = SPIN“ (X g ).

We leave it as a straightforward exercise for the reader to use the Mayer—Vietoris long exact sequences on
cohomology to verify that both maps in (7-11) are isomorphisms, leading to the isomorphism in (7-10). O

Theorem 7.8 Suppose that T is a Heegaard triple, and T is obtained by attaching a 1-handle, as in
Figure 17. Let 0 be a gluing datum for the 1-handle attachment. If T is a pair of neck lengths which are
sufficiently large, then, with respect to the isomorphism of Spin€ structures in (7-10), we have

F’?\"JB(T),g(x xx T yxyt)= Fr o s(x.y) ®z7,

Fz rory.s(x xxT yxyT)= Frpg(e,y)®@z" + Z Cxl’y’z zxzT,
zeTyNT,)

Fz jocr)s(X Xx7, y % Y =Frjos(x,y)®z" + Z Ciy,z zxzt
zeTyNT)

forCl  _,C2 . €F5[Uy] (which depend onT,d and T).

xX,y,2° 7Xx,y,Z
Proof The proof follows the same line of reasoning as the proof of Theorem 5.7.
Suppose that ¥ # 9 € ma(x X x,y X ¥,z X z) is a homology class with Maslov index 0. Using
Lemma 5.8, Sarkar’s formula [2011] for the Maslov index, as well as the fact that the Euler measure of a
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disk is 1, we compute that

(7-12) 1 #90) = () —gr(x ™, x) —gr(y ", y) + gr(z ™, 2).
Define
8(x,y,2) = —gr(x", x) —gr(y T, y) +er(z", 2).
It is straightforward to check that the theorem statement follows from the following two subclaims:
(h1) If §(x, y, z) = 1, then any Maslov index O class in w2 (x X x, y X y, zx z) has no J°(T )-holomorphic
representatives when T is sufficiently large.
(h2) If 6(x, y, z) =0, then the z x z coefficient of Fr jo(r) (% XX, y X y) coincides with the z coefficient
of Fz ;o (x, ).
The counts of the moduli spaces with §(x, y, z) € {—1, —2} are not relevant to the theorem statement.
Claim (h1) is the easier of the two subclaims to verify, since it relies only on compactness and
transversality, but does not require gluing. By (7-12), if §(x, y,z) = 1, then u(y¥) = —1. If ¥ #
has representatives for arbitrarily large T, then ¢ must admit a broken representative. However, since
w(¥) = —1, there can be no broken representatives, by transversality. Hence, no index O classes with
8(x, y,z) = 1 have nonempty moduli spaces for sufficiently large T.
We now consider claim (h2). Assume §(x, y,z) = 0. In this case, we have (i) = 0 by (7-12). As in
the proof of Theorem 5.7, if 7T; is an increasing, unbounded sequence of pairs of neck lengths, then any

sequence of J°(T;)-holomorphic representatives of ¥ # 1 has a subsequence which converges to a pair
(u,up) where u € M jo(y) and ug € MJS (o), and

(7-13) PP () = pPV P2 (ug).
In (7-13), pP1-P2(u) € Sym™1 W) (A) x Sym"72(¥) (A) is the set
pP1P2 (u) = ((ra ou) (s o u) "' (p1)). (ra o u)((r ou) ™' (p2))).

and pp?’pg (uo) is defined similarly.
Hence, using a gluing argument, for sufficiently large 7 there is an identification

Mya ey (Y #90) = My () Xp My2 (Vo).

Since M o () is O-dimensional, it is sufficient to show that if d; x d; € Sym”!(A) x Sym™2(A) is not
in the fat diagonal, then

(7-14) > #MWo.dyxdy) =1
Yo€ma(x,y,z)
np(l)(llfo)=n1
n,0(Wo)=n2
2

for a generic almost complex structure on S2 x [0, 1] x R.
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Equation (7-14) is verified similarly to (5-23). Consider a path (D¢);e[1,00) in Sym"! (A) x Sym"2(A),

satisfying the following:

(1) Dy =d; xd>.

(2) The image of Dy is disjoint from the fat diagonal.

(3) All points of D; travel into the «-8 cylindrical end of A.

(4) For large t, the points of D; are spaced at least distance ¢ apart (with respect to the identification of
the a-B cylindrical end of A as [0, 1] x (—0c0, 0].

(5) The [0, 1]-components of all points in D, approach a fixed s¢ € (0, 1).

Write D :={D; : t € [1,00)} and consider the matched moduli space

Mx,y.2) (D) = ]_[ U Mo, Dy).

Yo€m(x,y,z) te[1,00)
nptl)(llfo)=n1

7,9 (Wo)=n>

As in the proof of (5-23), the space My, ,)(D) hasends atz =1, at ¢ € (1,00) and at 1 = oo. The ends
at ¢ = 1 correspond to the left-hand side of (7-14). The ends at ¢ € (1, c0) correspond to index 1 strips
breaking off at finite 7, which do not pass over p(l) or pg. The ends at t = oo correspond to the Cartesian
product

ais (U med)x( LU mea) < 1 meo).

vyens(x,y,2) pem (x,x) pem (x.%)
n,0(Wg)=n 0 (¥)=0 n,0(@)=m n,0($)=0
n,0(¢)=0 no(@)=n2

2 2

where d € {so} x R € [0, 1] xR is a chosen point.

As in the proof of Theorem 5.7, the ends of My , ,)(D) corresponding to strip breaking at finite
cancel modulo 2, since x is a cycle in the complex é%(s 2 g, Bo, p¥, pY), and similarly y and z are
cycles in their appropriate complexes.

The first factor of (7-15) has total count 1, modulo 2, since it is easy to check that when §(x, y, z) =0,
the only nonnegative triangle class which has zero multiplicity over p‘l) and pg is a small triangle, which
clearly has a unique representative. The latter two factors of (7-15) have total count 1, modulo 2, by
[Ozsvath and Szab6 2008, Lemma 6.4].

Hence, by counting the ends of My, -)(D), equation (7-14) follows. O

7.5 1-handles, 3-handles and gluing data
Analogous to Proposition 5.9, we have the following:

Proposition 7.9 Suppose H = (X, &, B, w) is diagram for (Y, w), S® = {p1, p2} S T\ (¢ U B U w) is
a 0-sphere, and 01 and 0, are two gluing data for attaching a 1-handle at S°. Suppose further that T
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and T, are pairs of neck lengths which satisty stabilizing condition (SC3) for 0; and 0,, respectively.
Write H1 and H, for the diagrams constructed by attaching a 1-handle to H using 01 and 0, (note that
H, and T, differ only by an isotopy in the 1-handle region). The following diagram commutes up to
chain homotopy:

Voo 50 _
CF 5, (M, 5) LI > CFa, (H.5)
(7-16) oo [Freo
Vo 0 o~ 70
_ ~ . (R1.J°1(T1)—>(f2.T°2(T3)) _ ~ .
CFJDI(TI)(HI’g) > CFJDZ(TZ)(H2’5)

An analogous relation holds for the 3-handle maps.

Proposition 7.9 is proven by adapting our proof of the analogous result for the free-stabilization maps
in Proposition 5.9.

7.6 Invariance of the 1- and 3-handle maps

In this section, we prove that the 1-handle and 3-handle maps are independent of the choices used in the
construction.

Theorem 7.10 The 1-handle and 3-handle maps determine well-defined chain maps of transitive systems
of chain complexes.

Proof We focus on the 1-handle maps, since the 3-handle maps are dual.

Suppose S® = {p1, p»} is an embedded O-sphere in Y, t € Spin (W (Y, S?)), and H#; = (X1, &1, B1, w)
and Hp = (X3, ap, B2, w) are two Heegaard diagrams for (Y, w) such that {p1, p2} € %; \ (e¢; U B; Uw)
fori € {1,2}. Let 01 and 0, be two gluing data. It is sufficient to show that if 77 and T, are two pairs of
neck lengths satisfying condition (SC3), then the following diagram commutes up to chain homotopy:

\I’(Hl .Jal )*>('H2,Ja2)

CF;al (Hl N 5) ) CF;gz (Hz, 5)
(7-17) s [P
Yo 0 )
_ ~ A (Ho JOL(T)—(H1.J°2(T3)) _ ~ A
CFJD](TI)(Hl’g) > CFJU2(T2)(H2’5)

By Proposition 7.9, the 1-handle maps are independent of the choice of gluing data (i.e., diagram
(7-17) commutes when H1 = H»).
By Lemma 5.12, we can connect 7; and #, by a sequence of the following moves:

(1) handleslides and isotopies of the & and B curve (possibly passing over p; and p»);
(2) simple stabilizations, away from w U {p1, p2};

(3) changing the embedding of the Heegaard surface by an isotopy ¢;: ¥ — Y which is fixed on
wU{pq, pa} forall ¢.

Geometry & Topology, Volume 30 (2026)



Graph cobordisms and Heegaard Floer homology 473

Since the transition maps for handleslides and isotopies can be computed using a composition of
triangle maps, Theorem 7.8 implies invariance under move (1). Invariance under simple stabilizations
away from w U {p1, p»} follows from a triple neck-stretching argument, similar to Lemma 5.10. Finally,
invariance under move (3) is tautological. O

7.7 Further properties of the 1- and 3-handle maps
In this section we prove several additional results about the 1-handle and 3-handle maps.

Lemma 7.11 Suppose that A is a path in Y, S is an embedded 0-sphere or 2-sphere in Y \ w and
t € Spin(W(Y,S)). Suppose that A C Y \ S is a closed Ioop, or a path connecting two basepoints. Write
A also for the induced path in Y (S). Then

Ay o FY,S,t ~ FY,S,tO Ajy.

Proof The proof is similar to the proof of Lemma 5.13, and follows by examining the curves counted by
the differential in Proposition 7.5, using the fact that the path A does not enter the 1-handle region. We
leave it to the reader to make the necessary notational modifications to the proof of Lemma 5.13. a

Next, we consider commuting 1-handle and 3-handle maps amongst each other. If S C Y is a union
of framed k-spheres, we write W(Y, S) for the cobordism from Y to Y(S) obtained by attaching k + 1
handles to [0, 1] x Y along {1} x S. Note that if S and S’ are two disjoint, framed spheres in Y, then the
4-manifolds W(Y,SUS’) and W(Y(S),S’) UW(Y,S) and W(Y(S'),S) U W(Y,S’) are diffeomorphic,
via diffeomorphisms which are well defined up to isotopy.

Lemma 7.12 Suppose that S and S’ are two disjoint embedded spheres of dimension 0 or2 in Y. Write t
for a Spin® structure on

W(Y,SUS") = W(Y(S),SHUW(Y,S) =W (), S)uw(,S").
Then
FY(S),S/,HW(Y(S),S/) o Fystwys) = FY(S/),S,tlww(g’).S) °© FY,S/!HW(Y,S’)'

Proof The proof follows from a quadruple neck-stretching argument, similar to the double neck-stretching
argument from Proposition 5.14 used to show that free-stabilization maps commute with each other. The
present statement follows from the following subclaim:

Subclaim 7.12.1 Suppose that T and T’ are two 4-tuples of neck lengths for attaching two 1-handles. If
all of the components of T and T are sufficiently large, then a noncylindrical almost complex structure J
interpolating J(T) and J(T’) may be chosen so that

\Ilj(xxéfrxéj)zxxefrxéj,

\Ifj(xx01+><02_):xx01+x92_+ Z (C;,y-y><91+><92++C3,y-y><91_><02+),
yeTNTg
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Wﬂxx@fx@j)zxx@fx@j—k Z (C,f’y-yx@f'x92++C;"y-yx9f'x92_),
yeTaNTg
Wy(x x 0 x0,) =xx0 x0,
+ Z (C,f,y-yx9rx92_+Cf,y~yx91_x92++C;,y'yx91+x92+)
yeTNTg

for various C};,y € F»[Uy], which depend on J.

The proof of Subclaim 7.12.1 follows the same reasoning as the proof of Subclaim 5.14.1, the analogous
subclaim of Proposition 5.14. The main difference is that we must use the index formula from Lemma 7.4
to compute the index of a homology class after adding two 1-handles. We leave it to the reader to verify
that the argument carries over to our present context without major change. |

Lemma 7.13 Suppose that S is an embedded 0- or 2-sphere in a multipointed 3-manifold (Y, w). If
w e Y\ (wUS) is a new basepoint, then

SwoFys.=Fys oSy and S,oFysixFysoS,.

Proof The proof follows from a triple neck-stretching argument, similar to the ones we encountered in
Proposition 5.14 and Lemma 7.12. We leave the necessary modifications to the reader. |

7.8 Ozsvath and Szabé’s 1-handle and 3-handle maps

Ozsvith and Szabé originally defined the 1-handle and 3-handle maps by taking the connected sum of
the Heegaard surface with a genus 1 Heegaard diagram for S! x S? using the same formula as in (7-1)
and (7-2). Morally, this amounts to picking a path between the two components of the attaching 0-sphere
of a 1-handle. For showing invariance of the graph cobordism maps, it is convenient to show that our
definition coincides with Ozsvath and Szabd’s original definition [2006, Section 4.3] when the feet of the
1-handle are in the same component of the 3-manifold. This amounts to the following change of almost
complex structure computation:

Lemma 7.14 Let H = (2, «, B, w) denote a Heegaard diagram and let H' = (X # T2, a U {ap}, B U
{Bo}, w) denote the diagram obtained by connect summing the diagram (T2, ag, Bo) for S! x §2, as
shown in Figure 18. Let ¢, ¢ and ¢, denote the three circles labeled therein. If T = (T, Ty, T>) is a
triple of positive real numbers, let J(T ) denote an almost complex structure which has been stretched
along c, ¢y and ¢, with neck lengths T, Ty and T,. If all components of T and T’ are sufficiently large,
then there exists a noncylindrical almost complex structure JonS#T2x [0, 1] x R, interpolating J(T)
and J(T'), such that

(7-18) Uy(x x 0T)y=xx0% and Uyr(x x07) =xx60" + Z Cy,y-yXx 6"
yeTaNTg

for some Cy,y € IF2[Uy] (which depend on D).
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Figure 18: The diagram H' = (X # T2, a U {ag}, B U{Bo}. w) and the circles c, c; and ¢, in Lemma 7.14.

Proof First, a modification of Lemma 5.4 implies that if ¢ € w5 (x, y) is a class of disks on (X, &, 8, w)
and ¢g € mo(x, y) is a class of disks on (T2, «g, Bo), then

(7-19) w(p#po) = u(¢p) + gr(x, y).

Note that the present lemma statement concerns only classes with gr(x, y) > 0.

Suppose that T; and T, are two sequences of neck lengths, all of whose components approach +oc.
We choose noncylindrical almost complex structures Ji, interpolating J(T;) and J(T/), such that
(T#T2x[0,1] xR, f,-) contains the almost complex submanifold ((X\ N;) x [0, 1] xR, J), where N; is
some nested sequence of open neighborhoods of the connected sum point p € X, such that (); oy Ni ={p}.
and J is a fixed cylindrical almost complex structure on X x [0, 1] x R. Fix a Maslov index O class ¢ # ¢g.
As in the proof of Proposition 5.3, from a sequence u; of fi—holomorphic representatives of ¢ # ¢, we
may extract a broken representative of ¢.

If gr(x, y) = 1 and ¢ # ¢¢ is a Maslov index 0 class with .E—holornorphic representatives for large i,
then (7-19) implies that 1 (¢) = —1. However, since ¢ admits a broken J-holomorphic representative
and J is cylindrical, we must have u(¢) > 0, so we obtain a contradiction. Hence, such classes ¢ # ¢g
have no representatives for large i.

If gr(x, y) = 0 and ¢ # ¢ is a Maslov index O class with ji-holomorphic representatives for large 7,
then (7-19) implies 1 (¢p) = 0. Since ¢ admits broken holomorphic representatives for a generic cylindrical
almost complex structure, we conclude that ¢ is the constant class. There are no nonnegative Maslov
index 0 classes on (T2, ag, Bo) with zero multiplicity over the connected sum point. Hence, ¢ must also
be a constant class, eg for 6 € {6+, 67 }. On the other hand, the class e, g always has J~,~—h010m0rphic
representatives. Equation (7-18) follows. a

8 2-handles

In this section, we describe the cobordism maps for 2-handles. The maps we describe are essentially the
same as those defined by Ozsvath and Szabd [2006]. They are also similar to the versions defined by
Juhdsz [2016] in the setting of cobordisms of sutured manifolds.
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8.1 Definition of the 2-handle maps

Definition 8.1 A framed link S! in a 3-manifold Y is a collection of pairwise disjoint, embedded knots
K1, ..., Ky CY together with a choice framing, i.e., a choice of homology classes ¢; € H1(IN(K;); Z)
satisfying u; - £; = 1 for a meridian u; of K;.

Adapting Ozsvéth and Szabd’s definition [2006, Definition 4.1] in the singly pointed setting, we make
the following definition:

Definition 8.2 Suppose (Y, w) is a multipointed 3-manifold and S! is a framed link in Y, with components
Ki,...,Kn. A bouguet B of S! is an embedded forest in Y (i.e., a collection of embedded, contractible
graphs) such that each leaf of B is a point on K;, or a point in w. Furthermore, we assume the following:

(1) Foreachi €{l,...,m}, the set BN K; contains a single point.

(2) Each connected component of B intersects exactly one point in w, and furthermore that point is a
leaf of B.

If B is a bouquet of the link S! in (¥, w), then we form a manifold with boundary Ypust w» bY
removing a regular neighborhood of B U S!. We decorate the boundary of Yp g1 .w With a collection of
sutures (i.e., a collection of oriented, simple closed curves which divide the boundary into two subsurfaces)
by adding one contractible suture for each basepoint in w.

Definition 8.3 Suppose that S! is a framed link in ¥, with components K1, ..., K,;,. We say that a
Heegaard triple

(.0, 8,8 w)=(Z,{ar,....an}, {B1.. ... Bu}, {B1: -, B} w)
is subordinate to a bouquet B for the framed link S! in Y if the following hold:
(1) (¥, a, B, w) is a Heegaard diagram for (Y, w).

(2) If X¢ denotes the surface obtained by removing small neighborhoods of the basepoints w, then

(Zo. {1, nf ABm+1.-- -2 Bn})

is a sutured Heegaard diagram for the sutured manifold Yg g1 4-
(3) The curves f8, . ;..... B, are small isotopies of the curves B +1.. ... Bn. Furthermore,
|Bi N ;| =28
whenever m+ 1 <1i,j <n.
(4) If 1 <i <m, then B; is a meridian of K;.
(5) If 1 <i <m, then B/ is a longitude of K;, corresponding to the framing.
(6) If 1 <i <m, then B/ is disjoint from the curves B +1, ..., Bu. Furthermore,

B N Bj| =i

whenever 1 <i, j <m.
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Since Y g/ is a connected sum of g(X) —m copies of § 1'% §2, a theorem of Laudenbach and Poénaru
[1972] implies that the diffeomorphism type of the 4-manifold obtained by attaching 3- and 4-handles to
Yg pr € 0X4 p,p is unique. Similar to [Ozsvéth and Szabé 2006, Proposition 4.3], we have the following
simple description of the resulting 4-manifold:

Lemma 8.4 Suppose (Z,a, B, ', w) is subordinate to a bouquet for a framed link S' in Y. After
filling in the boundary component Yg g C 0X, g g/ with 3- and 4-handles, we obtain the handle
cobordism W(Y,S1!).

Proof Add an extra product layer and view W(Y, S!) as the union
(8-1) W(Y.Sh = ([1.2] x Y(S) U H U ([0, 1] x ),
where H) is a union of copies of D? x D? (the 2-handles). Write
Y =UyU([0,1]xX)UUg and Y(S)=UyuU([0,1]x X)UUg,
and delete
Wo:=([1,1+€¢]xUp)UH
from W(Y,S!). We note that W, is a 4-dimensional handlebody. Using the description of W(Y,S!)
from (8-1), we can write
(8-2) W\ int(Wp) = (Uy x [0,2]) U (Ug x [0, 1]) U (Ug’ x [1 +€,2]) U ([0,2] x [0, 1] x X).
Upon rounding corners and identifying [0, 2] x [0, 1] topologically with a triangle, this is identical
to Xo,8,8’» as defined in (3-23). O

We now define the cobordism maps for 2-handle cobordisms. Suppose S! C Y is a framed link
in Y, and B is a bouquet. Let (X, e, B, B/, w) be a Heegaard triple subordinate to B. There is a unique
top-graded intersection point @;’ g € Tg NTg. Furthermore, it is straightforward to see that @;! B isa
cycle in the complex CF™ (X, B, B’, w, 59), where s¢ € Spin° (Y, g/) is the unique torsion Spin® structure.

By Lemma 8.4, there is a canonical isomorphism

Spin© (Xq,.p/) = Spin® (W(Y, S1)).

Therefore, we will not distinguish between Spin® structures on X, g g and W(Y, Sh.
If 5 € Spin® (W (Y, S1)), the 2-handle map

Fyst CF (S, a, B, w.s]y) - CF (.8, 8" w.s|yst))

is defined as the holomorphic triangle map

(8-3) FY,Sl,s(x) = Fa,ﬂj‘g/’s(x (= ®E,ﬂ’) = Z Z #M(w)Uﬁ"’(‘/’) .z,
2€TaNTy yems (2,07 4.2)
u(¥)=0
sw(¥)=s

extended [ [Uy]-equivariantly.
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Figure 19: The triple (T2, 8o, €o, €4- Po) used in a simple stabilization of a Heegaard triple. We
view pg as being the outer dashed circle, collapsed to a point.

8.2 Simple stabilizations and triangle maps

In this section, we prove that the holomorphic triangle maps are invariant under simple stabilizations. For
the original argument in the context of the symmetric product, we refer the reader to [Ozsvath and Szabé
2004b, Theorem 10.4; 2006, Theorem 2.14].

Definition 8.5 Let (T2, 8o, €o, €0- Po) denote the genus 1 Heegaard triple shown in Figure 19. If
(X, a,B,y,w) is a Heegaard triple, we say the Heegaard triple

(X", @ Ufiao}, BU{Bo}. ¥ Uiyo}, w)
is a simple stabilization of (X, e, B,y, w) if &' = T#T?2 and {ao, Bo. Yo} = {0, €0, €}} setwise.
Lemma 8.6 If (X, a, B, y,w) is a Heegaard triple and (X # To,a U {ao}, B U{Bo}, ¥ U{yo}, w) is a
simple stabilization, then there is a canonical isomorphism
(8-4) Spin® (Xq,p,y) 2= Spin® (XaUtao},8ULBo}.yUlr0})-

The proof of Lemma 8.6 is a Mayer—Vietoris argument similar to Lemma 7.7, which we leave to the
reader.

Theorem 8.7 Suppose T = (X, «, B, y, w) is a Heegaard triple, (T2, 8y, €0, €y, po) is the Heegaard
triple shown in Figure 19, and 0 is a gluing datum for stretching the neck. Let a, b, % and 0~ denote
the intersection points shown in Figure 19. For sufficiently large T, we have

FaUteo},BUlel)yUtsoh.s2(T),s(X X 01, y xa) = Fy gy o 5 (x, y) ®D,
(8-5) Fautso},BUleo).yUtey s 2(T),s (X X b, y X 0F) = Fy g, 7o o(x, y) ®a,

FaUteo}, BUS0} .y Utey 1,02 (T.s (X XD,y Xa) = Fo gy o o(x, ) @07+ > Cryz-zx6"
z€TeNT,,

for some Cyy ; € F2[Uy), which depend on 0 and T.
Remark 8.8 Theorem 8.7 can be restated as follows. Let o denote the simple stabilization map defined

on intersection points as 03 (x) = x x b, and extended equivariantly over [F,[Uy]. Define o, similarly.
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Let F, €00 denote the 1 handle map, defined as x — x x O, extended equivariantly over F5[Uy,]. Define
the 3-handle map F 0 via the formulas x x 7 - 0 and x x §~ > x. Equation (8-5) can be restated as

Fauteo) BUtel 0180120 Fr " (2). 0a (1)) = 0 Fa 10 (. ).

€0,€/
FaUs0},8Uteo}yUtey 1.0 (T),s (05 (X), F 7 0(9)) = 04 Fa 8.y, 70 (X, ),

eo,eo F

FaUteoh,BUS0Ly UL}, 0 (T),s (06 (X), 00 (¥)) = @,B,y,J0,s(X,y) ®07.
Proof of Theorem 8.7 The proof we present is similar to the proofs of Theorems 5.7 and 7.8. We focus
on the first formula in (8-5), since the second and third are proven similarly.

A Maslov index computation similar to Lemma 5.4 shows that if ¥o € 72(0 ™", a, b), then

(o) = 2np, (Vo) +gr (07, 6).

Consequently, if ¥ #vo € ma(x x 0,y Xa,z xb), then
(8-6) n(Y #0) = pn(¥) +gr (67, 6).

Next, to obtain transversality at curves which appear in our proof, we consider almost complex
structures on A x X satisfying (J'1), (J'2), (J'3’), (J’4') and (J'5); see Proposition 3.4 for a precise
statement of transversality. These are the same almost complex structures considered in the proof of
handleswap-invariance [Juhdsz et al. 2021, Section 9.3]; we refer the reader there for a detailed account
of a similar argument.

As in the proofs of Theorems 5.7 and 7.8, a sequence of J°(7})-holomorphic representatives of
v # 19 will degenerate into a pair of broken holomorphic triangles ¢ and Uy, representing v and Vo,
respectively. Using (8-6), as well as a transversality, we conclude that (1) = 0. Consequently, arguing
as in Theorems 5.7 and 7.8, the broken triangles ¢/ and Uy each consist of a single curve, u and uy,
respectively, which satisfy the matching condition

p? (u) = p?°(uo).

where p and pg are the connected sum points. Via a gluing argument, as in the proofs of Theorems 5.7
and 7.8, it is sufficient to show that for a generic d € Sym”(A), the following count holds for the matched
moduli spaces on (T2, €, €4- 80, Po):

(8-7) > #M(Yo.d)=1 (mod2).

YoEm2 (01 ,a,b)
Npg (Wo)=n

The argument to establish (8-7) is formally similar to the argument for establishing (5-15), (5-23), (7-8)
and (7-14).
Pick a path (d;);e[0,00) in Sym” (A) satisfying the following:
(1) do=d
(2) d; is disjoint from the fat diagonal.
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(3) The points in d; all enter into the €p-8¢ cylindrical end of A x 3.

(4) For large ¢, the points in d; are spaced at least distance ¢ apart with respect to the Euclidean metric
under the identification of the cylindrical ends as [0, 1] x [0, 00).

(5) The points of d; all approach a line {sg} x [0, 00) as t — .

Write D :={d; : t € [0, 00)}, and consider the 1-dimensional moduli space

M@o+,a,p) (D) = ]_[ U M yory(Yo.dy).
1,//()67[2(9"‘,(1,17) t€[0,00)
npo (¥)=n

We count the ends of M (D). As in the proof of (5-23), generically, the ends correspond to the following:
€'1) t=0;

(€’2) index 1 holomorphic strips breaking off at z € (0, o), with zero multiplicity at po;

(€'3) t = oco.

The count of the ends of the form (¢’1) is equal to the left-hand side of (8-7).

The ends of the form (e'2) cancel modulo 2, since #7 is a cycle in CF (T2, €, 66, po), and a and b
are cycles in their appropriate complexes.

The ends of the form (e’3) correspond to the Cartesian product

(8-8) ( I M(wg)) x ( [ M@ d)),
vden, (01 ,a,b) pemr(b,b)
g (W§)=0 oo (P)=n
where d is a point on the line {so} x R.
We wish to show that the total count in (8-8) is 1. The total count of the left factor is 1, since there is
only one class which contributes, and that class is a small triangle. It remains to show that if ¢ denotes
the index 2 class in w2 (b, b) with np,(¢p) = 1, then

(8-9) #M(¢p,d) =1 (mod 2).

Note that by axiom (J'3"), M(¢, d) consists of holomorphic curves for an almost complex structure
on T2 x [0, 1] x R which satisfies (J1)-(J4) and (J5"). These are precisely the almost complex structures
Lipshitz used to prove stabilization-invariance of the Heegaard Floer complexes. With respect to these
almost complex structures, Lipshitz [2006, Sublemma A.12] proves (8-9) while proving stabilization-
invariance. We repeat Lipshitz’s argument here, for the convenience of the reader.

Consider the genus 2 diagram for S x S2 in Figure 20. Let ¢; #¢¢ denote the index 1 class shown. The
class ¢ is a bigon, and ¢ denotes the index 2 class on T?2. By a neck-stretching argument (analogous to
the one above), for large neck length,

#M (1 # po) = #M(h1) - #M(¢o, d).
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Figure 20: A once-stabilized diagram of S! x S? used in the proof of Theorem 8.7. The shaded
class is ¢ # ¢po. We stretch along the dashed line.

On the other hand, by invariance of Heegaard Floer homology, since the diagram represents S x S? and
there is only one other nonnegative index 1 class (a bigon), we must have #M (p1#¢0) = 1. Equation (8-9)
follows.

The other two stated formulas from (8-5) follow mutatis mutandis. O

8.3 Invariance of the 2-handle maps

We now prove invariance of the 2-handle maps. Since the 2-handle maps which feature in the graph
TQFT are essentially identical to those defined by Ozsvath and Szabd, our exposition will be terse.
Extending [Ozsvéth and Szab6 2006, Lemma 4.5] to multipointed 3-manifolds, we have the following:

Lemma 8.9 Suppose S! is an m-component framed link in (Y, w), and B C Y is a fixed bouquet of S!.
Then there exists a Heegaard triple (X, o, B, B’, w) subordinate to B. Furthermore, two Heegaard triples
subordinate to S' can be connected by a sequence of the following moves:
(1) an isotopy or handleslide amongst the o curves;
(2) an isotopy or handleslide amongst the curves B,,+1, - - ., Bn, followed by the corresponding move
appliedto B, |.....B:
(3) a simple stabilization or destabilization (of the first or second types in Theorem 8.7), in the comple-
ment of BUS!;

(4) fori €{1,...,m}, an isotopy of B;, or a handleslide of B; across one of the B+1, ..., Bn;
(5) fori € {l,...,m}, an isotopy of B, or a handleslide of B; across one of the B, . ,.....Bp;

(6) an isotopy ¥; of the Heegaard surface ¥, inside of Y, fixing w, such that ¥, intersects B U S! only
along w for all t.

Proof To construct a Heegaard triple subordinate to B, pick a Heegaard diagram for the sutured manifold
Ypyust w (formed by removing a neighborhood of B U S! and adding a contractible suture for each
basepoint in w). Let (X, a1, . ..., Bm+1.. ... Pn) denote this diagram. We then define 8, ;..... B,
to be small isotopies of By+1, ..., Bn.
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A simple closed curve in d(Ygg1 4) Which avoids the contractible regions bounded by the sutures
can be projected onto X to yield a curve which is in the complement of the curves 41, ..., Bn. Note
that the curve on X obtained by projecting is only well defined up to isotopies and handleslides across
the Bm+1,...,Pn curves. Let B, ..., Bn € X be obtained by projecting meridians of the components
of S onto . Let 8/, ..., B,, denote projections of the longitudes. These curves are well defined up to
moves (4) and (5).

Hence, given a sutured Heegaard diagram for Yp g1 ,, We can obtain a Heegaard triple subordinate
to B US! by the above procedure. Furthermore, any two triples constructed from a given Heegaard
diagram via the above procedure can be connected by the listed moves. It remains to connect two sutured
Heegaard diagrams for Yp g1 4. Any two sutured Heegaard diagrams for Yp g1 4 can be connected
by a sequence of Heegaard moves by [Juhdsz 2006, Proposition 2.15], which induce moves (1), (2), (3)
and (6) on the resulting Heegaard triple. a

We now show that the maps defined in (8-3) are independent of the choice of bouquet or subordinate
triple:

Lemma 8.10 Suppose S! is a framed link in (Y, w), By and B; are two bouquets for S', and T, and
T2 are Heegaard triples subordinate to By and By, respectively. Write Fy g1 , 7, and Fy g1 , 1, for the
2-handle maps computed with 71 and T,. Write H1 and H, for the diagrams of Y induced by T and T,
respectively, and write H'| and H/, for the induced diagrams of Y(SY). The following diagram commutes
up to homotopy:

— \IIHI—YHz _
CF (H1,w,sly) — CF (Hz,w,s|y)

lFY,Sl,ﬁ,Tl lFY,Sl,s.Tz
v ’

CE~ () w.sly’) — "2 CF~(#}. w. s|y")
Proof Our proof is no different that the original proof given by Ozsvath and Szab6 [2006, Theorem 4.4],
so we will be terse. See also [Juhasz 2016, Theorem 6.9].

First, we fix a bouquet B for S! and show that Fy s1 ¢ 7 is independent of the triple subordinate to B.
This amounts to proving independence from the moves in Lemma 8.9. Invariance under moves (1), (2),
(4) and (5) all follow from a relatively straightforward argument using associativity of the triangle maps.
Invariance under move (3) (simple stabilizations and destabilizations) follows from Theorem 8.7. Finally,
invariance under move (6) (isotopies of the Heegaard surface) is tautological.

Next, one needs to prove independence from the bouquet. The idea is that if m + 1 <i < n and
1 < j <m, then we can handleslide §; twice across f8;, and handleslide 8 twice across ﬁ; to change the
bouquet, one 1-cell at a time. However, the 3-manifold represented by (X, B8, B/, w) is unchanged by a
sequence of such handleslides, and hence the corresponding transition map will preserve the top-degree
generator. Consequently, a simple associativity argument shows that the cobordism map Fy g1 ; 7 is
unchanged. O
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8.4 The composition law for 2-handle maps

We now state the Spin® composition law for the 2-handle maps. We omit the proof, as it is identical to
the proof given by Ozsvath and Szab6 [2006, Proposition 4.9] for 2-handle cobordisms between singly
pointed 3-manifolds using associativity of the holomorphic triangle maps [Ozsvéth and Szab6 2004b,
Theorem 8.16]:

Lemma 8.11 Suppose that Sy and S, are two disjoint, framed, 1-dimensional links in (Y, w), and

s1 € Spin®(W(Y, S1)) and s € Spin®(W(Y(S1). S2)). Then

Fy(s1),82.52 © FY.81.51 = Z Fys,us),s-

seSpin® (W(Y(S1).S2))
slw(y.s;)=s1
5‘ W(Y(S1).Sp) =52

9 Constructing the graph TQFT, I

In this section, we describe our maps for graph cobordisms which satisfy the following condition:

Definition 9.1 A cobordism W:Yy — Y1 has enough ends if each connected component of W intersects
both Yy and Y7 nontrivially.

In the subsequent Section 10, we define the maps cobordisms which may not have enough ends.

9.1 Cerf-theoretic preliminaries
We need the following notion of a parametrized decomposition of a cobordism from [Juhdsz 2016,
Section 8.1]:

Definition 9.2 Suppose that W: Yy — Y] is a cobordism with enough ends. A parametrized Kirby
decomposition K of W consists of the following data:

(1) a decomposition
W =W,o0---0W,
where W; is a cobordism from ); to V41, and Yo = Vp and Y1 = Vy+1;

(2) foreachi €{0,...,n}, a framed link S; C ), all of whose components have the same dimension;
the possibility S; = & is not excluded;

(3) for each i € {0,...,n}, a diffeomorphism ®;: W(Y;,S;) — W;, defined up to isotopy, such that
®;(0,y) =y forall y € ).

Furthermore, the following are satisfied:
(1) Thereisac € {0,...,n} such that S, has dimension 1.
(2) If ¢ > i, then S; has dimension 0. If i > ¢, then S; has dimension 2. (Note we allow & to have any

dimension.)
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(3) If dim(S;) = 0, then S; is empty or has two components. If dim(S;) = 2, S; is empty or has one
component.

Proposition 9.3 Any two parametrized Kirby decompositions can be connected by a sequence of the
following moves and their inverses:

(KM1) adding or removing levels with S = &;

(KM2) pushing K forward under a diffeomorphism of W, which is the identity on W and is isotopic to
the identity relative to oW ;

(KM3) exchanging the relative ordering of two framed O-spheres which are in adjacent levels;
(KM4) exchanging the relative ordering of two framed 2-spheres which are in adjacent levels;
(KMS) handlesliding the components of S. (a framed 1-dimensional link) across each other;

(KXM6) canceling a framed 0-sphere S® with a framed 1-sphere K! in the subsequent level if the belt
sphere of S° intersects K! transversely in a single point;

(KM7) canceling a framed 2-sphere S? with a framed 1-sphere K! in the previous level if the belt sphere
of K! intersects S? transversely in a single point.

We omit the proof of Proposition 9.3, and instead refer the reader to [Juhdsz 2018, Section 2; 2016,
Theorem 8.9] for a careful Morse-theoretic argument. We content ourselves with a more detailed
topological description of the moves in Proposition 9.3.

Note that in moves (XM3)—(XM7), we have not explained how the parametrizing diffeomorphisms are
related. To this end, we note that if S and S’ are pairwise disjoint framed spheres in Y, then there are
canonical diffeomorphisms

W(Y(S),S") o W(Y,S) = W(Y,SUS') = W(Y(S),S) o W(Y,S').

For example, the diffeomorphism W(Y(S),S’) o W(Y,S) =~ W(Y,S U S’) is obtained by noting that
W(Y(S),S’) o W(Y,S) can be constructed by inserting a product layer [0, 1] x Y(S) into W(Y,SUS’).
Hence, a diffeomorphism is obtained by picking a collar neighborhood of Y(S) in W(Y,S), which is
unique up to isotopy. This describes the change in parametrizing diffeomorphisms in moves (XM3)
and (KM4).

The change in parametrizing diffeomorphisms from move (XM5), a handleslide, is specified similarly.
Suppose K and K’ are two framed knots in Y, and K” is obtained by handlesliding K’ across K. By our
previous argument, there is a diffeomorphism between W (Y, K UK’) and W (Y (K), K’) o W(Y,K), which
is well defined, up to isotopy. Next, W (Y (K),K’) and W(Y (K), K") are canonically diffeomorphic (up to
isotopy), since K’ and K" are isotopic in Y (K). Finally, W(Y(K), K"”) o W(Y,K) and W (Y, K UK") are
canonically diffeomorphic, up to isotopy, by our previous argument on reordering handles. Composing
these diffeomorphisms gives a diffeomorphism between W(Y, K UK’) and W(Y, K UK") which is well
defined up to isotopy.
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For the change in parametrizing diffeomorphism after handle cancellations, moves (XM6) and (XM?7),
we refer the reader to [Juhasz 2018, Definition 2.17].

9.2 Graphs in 4-space

We need the following transversality result concerning the intersection of graphs and the ascending and
descending manifolds of a Morse function:

Lemma 9.4 Suppose that (W, T"): (Y, wo) — (Y1, w1) is a graph cobordism and f is a Morse function
on W, with gradient-like vector field v.

(1) If T is disjoint from Crit( f'), then, for generic v, I' is disjoint from the descending manifolds of the
index 1 critical points, and the ascending manifolds of the index 3 critical points. Generically, I' is
disjoint from both the ascending and descending manifolds of the index 2 critical points.

(2) Suppose T is a fixed, abstract graph, and i;: I' — W is a family of embeddings, whose intersection
with OW is fixed for all t. For generic i;, the image of I' is disjoint from Crit( f), and is disjoint
from the descending manifolds of the index 1 critical points and the ascending manifolds of the
index 3 critical points. Generically, there are finitely many t where i;(I") transversely intersects the
ascending or descending manifold of an index 2 critical point of f. Generically, such intersections
occur along the interior of an edge of T".

Proof We begin with the first claim, concerning a fixed graph. The descending manifolds of index 1
critical points of f are 1-dimensional, so, generically, a graph will be disjoint, since W is 4-dimensional.
The same argument works for the ascending manifolds of index 3 critical points, which are also 1-
dimensional. The ascending and descending manifolds of index 2 critical points are 2-dimensional, so a
graph will be disjoint, generically.

The second claim, concerning 1-parameter families of graphs, follows from the same reasoning. O

9.3 Definition of the graph cobordism maps

Let (W, T'): (Yo, wo) — (Y1, wq) be a graph cobordism with enough ends. Let K be a parametrized Kirby
decomposition of W, which decomposes W as

W =W,o---0oW,.

Let ¢ € {0, ...,n} denote the index of the 2-handle cobordism, and write ), and Y41 for the incoming
and outgoing ends of W,.

Suppose I' is an embedded graph in W. The parametrizing diffeomorphisms of K naturally equip
each W; with a Morse function and gradient-like vector field ( f;, v;), well defined up to isotopy in the
handle attachment regions (see [Juhdsz 2018, Lemma 2.15]). We can assume that the ( f;, v;) glue together
to form a Morse function with gradient-like vector field ( f, v) on all of W.

We can assume, after a small perturbation of the Morse functions, that I" is disjoint from Crit( f). By
Lemma 9.4, for generically chosen v, the graph I is disjoint from the descending manifolds of the index 1
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critical points, the ascending manifolds of the index 3 critical points, as well as both the ascending and
descending manifolds of the index 2 critical points. Flow each point of I" along v until it hits ). Note
that we flow I' N (W}, o--- o W,) backwards along v, and we flow I' N (W, —_1 o--- 0o W) forward along v.
Write

IS

for the resulting graph. By perturbing v slightly, we may assume that [}, is embedded in ).

Upgrade I, to a flow-graph G, by letting the initial and terminal vertices of G, be the images of the
basepoints wg € Yo and w; C Y7, under the flow of v.

Let So, ..., S, denote the framed links in )y, ..., Yy, associated to K, and let ®;: W();,S;) —> W;
denote the parametrizing diffeomorphisms. Let ¢;:);(S;) — V;+1 denote the restriction of ®; to the
outgoing boundary of W (), S;).

The type-A graph cobordism map is defined as

n
©-1)  Fjp, = ( [] @)so Fyl-,S,-,sl-) ((¢i)% 0 Fy, Se.50) 0 g, 0 ( 1‘[(¢1)* o Fy, s, )
i=c+1
where s; := ®F(s|w; ).
We define the type-B maps by replacing 2g with Bg, in (9-1).
Theorem 9.5 Suppose that (W, T"): (Yo, wo) — (Y1, w1) is a graph cobordism with enough ends.

(1) For a fixed parametrized Kirby decomposition K, the maps F; ﬁ‘} r and F, uli r., are unchanged by
smooth isotopies of the graph I' (in the sense of Definition 2.4).

(2) The maps Fﬁ‘l, I and FWB; r.s are independent from the choice of parametrized Kirby decomposition
of W.

3) If W =0, 1] x Y, then FV’?,,F,& =~ g, where G is an immersed ribbon flow-graph which is homotopic
to the projection of I' into Y. Similarly, Flg,r‘,s ~ Bg.
Proof We first verify claim (1), independence from isotopies of I', for fixed K. Lemma 9.4 describes the
codimension 1 configurations which occur for a generic smooth isotopy [;. At all but finitely many ¢,
the graph I} will be disjoint from the descending manifolds of the index 2 critical points. At all but
these finitely many 7, we may flow I} along a gradient-like vector field (either upwards or downwards,
depending on which portion of K the graph I} lies in) until it intersects )., and obtain an immersed
flow-graph G; in ). Homotopies of immersed flow-graphs, which fix boundary vertices, do not affect the
graph action map; see Remark 6.9. There are finitely many points of time ¢ where I crosses a descending
manifold of an index 2 critical point. If ¢y is such a value of 7, and ¢ is sufficiently small, the induced
flow-graphs G;,—. and Gy, are related by sliding an edge of G;,— across one of the link components
of the framed link S..
Let G~ denote Gy,—¢ and let GT denote Gto+e- We wish to show that

(9_2) ch ,Se¢,s¢ © Q’lgi = chsSc's5c ° ng—i-.

Geometry & Topology, Volume 30 (2026)



Graph cobordisms and Heegaard Floer homology 487

Figure 21: A region of a Heegaard triple subordinate to a framed knot which cancels a 1-handle.
The almost complex structure is stretched along the curve c.

By Theorem 5.7 and Lemma 4.10, the graph action map commutes with 2-handle maps. However,
in Y(S), the flow-graphs G~ and G are isotopic. Consequently,

chaSc:5c °© ng— = ng_ ° ch:SCa5c = ng+ °© chaSc:ﬁc = ch;Smﬁc °© ng""

establishing (9-2). It follows that, for fixed K, the maps F Ijli},l“, . and FVI';,F, . are invariant under smooth
isotopies of the graph I'.

We now show that Fv‘;l/,r, . i1s independent of the choice of parametrized Kirby decomposition. It is
sufficient to show invariance under the moves (XM1)—-(XM7) from Proposition 9.3.

Invariance under move (X M1) (adding identity layers) is a tautology.

Invariance under move (XM2) (pushing K forward under an isotopy) is established as follows. Let
(®¢)¢efo,1] be an isotopy of W which is fixed on W and satisfies @9 = idy . Let K be a parametrized
Kirby decomposition, and let K’ denote the pushforward of K under ®;. Note that, tautologically, the
map F/ I?/,I‘, .» computed with K, agrees with FV’?,, ®, ()5 computed with K. By our previous argument,
the graph cobordism maps (for fixed K) are invariant under smooth isotopies of the graph, so the map
va,’ ®,(T),o» computed with K, coincides with the map F I?/,I’, .» computed with '

Invariance under moves (XM3) and (XM4) (reordering disjoint 1-handles or 3-handles) follows from
Lemma 7.12.

Invariance under move (] M5) (handleslides) follows from [Ozsvath and Szabd 2006, Lemma 4.14],
and is a consequence of invariance under the Heegaard Floer groups under handleslides of the & and S,
together with an associativity argument.

Our proof of invariance under move (KM6) (canceling 1- and 2-handles) is formally the same as
Ozsvath and Szabd’s original proof [2006, Lemma 4.16]. For notational simplicity, we focus on the case
when we are computing the 2-handle map of a single framed knot K! in ¥ which cancels a 1-handle,
attached along S C Y. The general case when K! is replaced by a framed link with multiple components
follows from essentially the same argument. We can view S° and K! as being contained in a 3-ball
in the original manifold Y. Hence, we can find a Heegaard triple subordinate to K! in ¥(S°) which
locally looks like Figure 21. Fix a Spin structure s € Spin®(Y'). Let § denote the unique Spin® structure
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on W(Y,SP?) extending s, and let ¢y € SpinC(W(Y(SO), ]Kl)) denote the unique Spin¢ structure which
evaluates trivially on the framed 2-sphere introduced by S, and restricts to s on ¥ 2 Y(S?)(K1!).

By Lemma 7.14, we can find almost complex structures on T2 x [0, 1] x R and ¥ x [0, 1] x R such
that, if J(T') denotes the almost complex structure on (X #T?2) x [0, 1] x R obtained by gluing the two
together, with neck length 7" along the circle ¢ in Figure 21, then the 1-handle map Fy go ; satisfies

(9-3) Fygos(x)=xx0F

@0,Bo°
If (X, &, B, w) denotes the original Heegaard diagram of Y, let B’ denote small isotopies of 8. The
Heegaard triple (X # T2, & U {ao}, B U {Bo}, B’ U {By}. w) is subordinate to a bouquet for K'. By
Theorem 8.7 and (9-3),

(9-4) Fy(s0) k1,10 (Fr,s05(%)) = Fyso) k1 ,1o(* X0 5) = a (Vs 7P (x)),

where o and \1/5 ~#" denote the maps from naturality associated to a simple stabilization and to the small
isotopy moving B to B’, respectively. Invariance under move (XM6) follows.

Invariance under move (X M7) follows by turning around the above argument for move (XM6).

We now verify claim (3). Assume W = [0, 1] x Y. In this case, we can pick K to have a single level,
which has the empty framed sphere. The map Fﬁ4/,r, . 18, by definition, obtained by projecting I' into ¥’
and computing the map 2g. The same argument works for the type-B map. O

10 Constructing the graph TQFT, II: adding punctures

In this section, we define the cobordism maps when a cobordism does not have enough ends (in the sense
of Definition 9.1). The idea is to remove small 4-balls from W, and connect the new copies of S> to I" by
adding a new edge.

Combined with our proof of invariance for graph cobordisms with enough ends (Theorem 9.5),
this section concludes the construction of the graph cobordism maps and the proof of their invariance
(Theorem A).

For a fixed P, the chain complex CF™ (@) is defined to be the ring Rp :=F2[U,,, ..., Uy,], where
P ={p1,..., pn}, with vanishing differential.

10.1 0- and 4-handle maps

Suppose that (¥, w) is a multipointed 3-manifold, equipped with a coloring o:w — P. Let (S3, wg)
denote a new copy of S3, and let o’: w U {wo} — P be an extension of o

If (2, a, B, w) is a diagram for (¥, w), and (S2, wg) is a genus 0 diagram for 3 with no « or B curves
(alternatively, if one wants to avoid Heegaard diagrams with no curves, one can use a genus 1 diagram
for S3, with a single o and 8 curve).

There is a canonical chain isomorphism

(10-1) CF (Z,a, B, w’,5) = CF (S US2, &, B. (wU{wo})® .5 Usg),
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obtained by sending U;} -~-UI§’; -x to Uléi Ull,’; -x, where x € Tq N Tg and Uy, , ..., Uy, are the
variables in the ring R p.
The 4-manifold corresponding to a 0-handle attachment is the disjoint union of [0, 1] x ¥ with B%.

Writing sq for the unique element of Spin®(S?3), we define the 0-handle map
Fy,o:CF~ (Y, w’,5) - CF (Y US>, (wU{wo})® .5 Uso)

using the canonical isomorphism in (10-1).
There is also a 4-handle map

Fyuss,4:CF (Y US3, (w U {wp})® , s Usg) — CF (Y, w’,s),
also defined using the canonical isomorphism in (10-1).

10.2 Puncturing graph cobordisms

Suppose that (W, I'): (Yo, wg) — (Y1, wy) is a graph cobordism without enough ends. Construct a new
4-manifold W’ by removing a collection of 4-balls from W, which are disjoint from I". For each new
copy of §3 in W', we add a new edge to I" which connects the new S3 to a point along the interior of
an edge of I'. The new vertices may be labeled with any cyclic order. We designate the new copies of S3
in the boundary as incoming or outgoing, in such a way that (W’, I'’) has enough ends, in the sense of
Definition 9.2. Let Fy denote the O-handle maps corresponding to the new incoming boundary components,
and let F4 denote the 4-handle maps corresponding to the new outgoing boundary components.
We now define

(10-2) Fiyrg:=FsoFjy 1 o Fo,

sl

and define F; IE,I‘, . similarly.

It remains to show that (10-2) is well defined. Since any two puncturings of (W, I') can be related by a
common puncturing (up to diffeomorphism), it is sufficient to show that the puncturing operation does
not change the maps for cobordisms which already have enough boundary components:

Proposition 10.1 Suppose that (W,T'): (Yy, wg) — (Y1, w1) is a graph cobordism with enough ends,
and (W', T") is obtained by removing a 4-ball from W and connecting the new boundary component to a
point on the interior of an edge of T'. If the new S3 is designated as incoming, then

A A
Fyrs = Fyr 4, © Fro0-
If the new S3 is designated as outgoing, then
A A
Fyrs = Frius3a © By ooy

Proof We focus on the case when the new S3 is designated as incoming. The argument for the other case
is similar. A handle decomposition of W’ is obtained from a handle decomposition of W by adding in a
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1-handle which connects the new copy of S> to Yy. Let S denote the corresponding 0-sphere in Y U S3,
and let Fy, g3 so denote the map for this 1-handle. Immediately from the definitions, we have

(10-3) Fy,us3.50© Frgo0 = S5 .

where wy is the basepoint which was added by the 0-handle map.

Let ), denote the level set in W corresponding to the incoming boundary of the 2-handle portion of W,
and let G, € ). denote the flow-graph obtained by isotoping I' along the flowlines of a gradient-like
vector field on W. Let G, denote the flow-graph obtained by isotoping I'" into ), using the flow of a
gradient-like vector field on W’. Let wy, denote the image of wg in ). We can assume that G, is obtained
from G, by connecting wy, to the interior of an edge of G. with an arc.

Using (10-3) and the fact S} , can be commuted with the 1-handle maps of W using Lemma 7.13, the
main statement reduces to showing that

— +
g, =Ag, 0S5

We note that, by definition, the function g, o S ;r, is equal to the graph action map of G.., with wy, viewed
0

as an interior vertex. By the trivial strand relation in Lemma 6.15, the induced map is chain homotopic

to Q[gc . O

11 The composition law

We now prove the composition law for graph cobordisms:

Theorem C Suppose that a graph cobordism (W, I") can be decomposed as the composition
(W, T') = (W2, I2) o (W1, 17).

If 51 € Spin®(W}) and s, € Spin€ (W), then

Fﬁi}z,rz,sz ° FI?/I,F] ,51 = Z FI?’,F,E'
s€Spin“ (W)
slwy =s1
slw,=s2

The same relation holds for the type-B maps.

Proof First, note that the 0-handle maps of Fﬁ4/2,r2, s, can be commuted to the right of all of the factors
of F If,l Ty Similarly, the 4-handle maps of F’ Vl{l]l Ty Can be commuted to the left of all of the factors
of FI’IA}z,Fz, . Consequently, it is sufficient to prove the composition law for cobordisms with enough ends
(in the sense of Definition 9.1).

Pick parametrized Kirby decompositions K1 and Ko, for Wi and W5, respectively. We can stack Kq
and /C; to get a decomposition of I of W into elementary cobordisms, though K will not in general be a
parametrized Kirby decomposition, as the handles do not appear in the correct order, and there are two
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levels with 2-handles. We will refer to a decomposition of W into parametrized cobordisms, with at most
two levels with 2-handles, as a semi-Kirby decomposition of W.

Let G; denote the flow-graph in Wj obtained by isotoping I} along the flowlines of a gradient-like
vector field until it lies in the incoming boundary of the level of Wi containing the 2-handles. Let G,
denote the analogous flow-graph in a level of W,.

The ascending manifolds of the index 3 critical points of W are (after generic perturbation) disjoint
from the descending manifolds of the index 1 and 2 critical points of W,, as well as the flow-graph G.
Consequently, we may topologically move all of the 3-handles of 1 to the left of the 1-handles, 2-handles
and flow-graph of W5, to obtain a new semi-Kirby decomposition of W. Moving the 3-handles past
the 1-handles and 2-handles of W, does not affect the composition by Theorem 7.8 and Lemma 7.12.
Commuting 3-handle maps past a graph action map for a flow-graph which is disjoint from the attaching
sphere amounts to commuting the free-stabilization and relative homology maps (which are used to build
the graph action map) past the 3-handle map. The free-stabilization and relative homology maps commute
with the 3-handle maps by Lemmas 7.11 and 7.13.

In an entirely analogous manner, the 1-handle maps of W, may be commuted to the right of the
3-handles, 2-handles and flow-graph of Wj.

Generically, the ascending manifolds of the 2-handles in W, will be disjoint from G5, and consequently
we may topologically move G past the 2-handles of W, and obtain a flow-graph G in the same level
as G;. Commuting the graph action map of G, with the 2-handle map of W; amounts to commuting
the free-stabilization and relative homology maps past the 2-handle map, which can be done using
Lemma 4.10 and Theorem 5.7.

By Theorem 6.1(b), we have ngé oAg, = mg;ugl-

In summary, we have shown that the composition Fv‘#,z FV‘?,I Ty is equal to the composition of

:FZ 552 ©
handle maps and graph action map of a semi-Kirby decomposition, which fails to be a parametrized Kirby
decomposition only in that it has two levels with 2-handles. Since these two levels are consecutive, by using

the composition law for 2-handle maps in Lemma 8.11, the general Spin® composition law is obtained. O

12 Path cobordisms and the normalization axiom

Suppose (Y, w) is a multipointed 3-manifold. Using the composition law, if (W, T"): (Yo, wg) — (¥, w)
is a graph cobordism and s € Spin® (W), then

4 A A
Fio.11xv.[0.1]xw.s]y © Fwrs = Fiyrs-

This of course does not imply that F[A

0.1]xY.[0.1]xw.s|y is the identity map. In the study of TQFTs, the

relation
A ~
F[O,l]xY,[O,l]xw,t >~ ider(v,w,0)
is often referred to as the normalization axiom (see [Turaev 1994, Section 1.4]). In this section, we prove

the following (modulo a technical result, which we prove in Section 13):
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Theorem B Suppose that (W, T"): (Yo, wo) — (Y1, w1) is a graph cobordism, and I" is a collection of
paths, each connecting wo to wy.

(1) The A and B versions coincide:

A ~ B
FW,F,s - FW,I",5'

(2) Suppose ¢: (Y, w) — (Y, w) is an orientation-preserving diffeomorphism, and let W(¢) denote the
mapping cylinder (i.e., [0, 1] x Y, with {0} x Y identified with Y via idy and {1} x Y identified
with Y via ¢). Then

A ~ B ~ . — — *
Fiy@y.10.0xws = Fivg),0.11xw,s = (921 CF (Y. 07, 5) > CF~ (Y, w®*7. §.5)).

(3) Suppose (W, y): (Yo, wo) — (Y1, w1) is a cobordism such that W, Yy and Y, are nonempty and
connected, and y is a path from wg to wy. Then F Ijl4/, ye = FV)I%, Vs and both maps coincide with the
map defined by Ozsvath and Szaboé.

Proof Using naturality of the Heegaard Floer groups, the first and second claims amount to showing that
if G = (I', wp, wy) is a flow-graph in Y such that wg and w are pairwise disjoint collections of points
in Y, and I" consists of arcs, each connecting a point of wg to a point of w1, then

(12—1) ng ~ ’Bg ~ (¢F)*,

where ¢r: (Y, wo) — (Y, wy) is the diffeomorphism obtained by moving wg to w; along I'.

Similarly, to prove the third claim, we note that our maps F; ‘f},y’ , and F I/]I%,y, , are defined in (9-1) by
writing W as a composition of 1-, 2- and 3-handles. The equivalence of our definition of the 1- and
3-handle maps with Ozsvath and Szabd’s construction is established in Lemma 7.14. Our definition of the
2-handle maps coincides exactly with their definition. The only remaining difference between our map
and theirs is that our map includes a graph action map between the 1- and 2-handle maps, for a flow-graph
that consists of a single arc. Equation (12-1) implies that this graph action map is chain homotopic to a
basepoint-moving diffeomorphism map, from which the main claim follows.

It remains to establish (12-1). We leave this for the final section; see Theorem 13.11. O

13 Basepoint-moving maps and the normalization axiom

If A is a path in Y from w to w’, in this section we prove that the diffeomorphism map A, obtained by
pushing w to w’ along A, satisfies

(13-1) Aw = Sy A3 S

See Theorem 13.11. Using (13-1), we finish our proof of Theorem B (the normalization axiom) and prove
Corollary F (our formula for the 7;-action).
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Figure 22: The diagrams #; and H; considered in Theorem 13.1.

13.1 A transition map computation

A key ingredient in our proof of Theorem 13.11 is a computation of the transition map shown in Figure 22.
Suppose that Ho = (£, a, f, wo U {z}) is a multipointed Heegaard diagram and z is a distinguished
basepoint. We consider the free-stabilized diagrams,

Hi=(Z,aU{o}, BU{B1},woU{w,w'}) and Hy=(Z,a Ufaz}, B U{B2}. woU{w, w'}),

obtained by removing z from #g, and inserting the diagrams shown in Figure 22 into the region which
contained z. The curves &’ and B’ are small Hamiltonian isotopies of e and B. The case that wo = & is
not excluded. A key step in our proof of (13-1) is to compute the transition map between #; and H;.

We introduce some notation. If C is a module over the ring F»[U], we write CY==Uw for the tensor
product

CYm = C @py(u.) FalUz. Un)/ (U — Uz).

which we think of as the module obtained by formally setting U, to the variable U,,. If F:C; — Cy is a
map of F»[U,]-modules, write FUz=Uw for the induced map

FU:2U = F @ idp, . v,)/ (U0-U.)-

If R is a ring of characteristic 2 and F': C; — C3 is a map of R-modules, write (F')y,, for the map of
R®F,F>[Uy]-modules

(13-2) Fy,, = F ®idy,[v,]: C1 ®F, F2[Uy] = C2 ®F, F2[Uy].

Finally, we introduce a convenient matrix notation. Let V' denote the 2-dimensional vector space
(0F,07). If F is a homomorphism

F:C1®]F2V_>C2®]F2V1

then we will write F as a 2 x 2 block matrix. We always use the ordered basis (8, 67), so the first row
and column of such a matrix correspond to #7, and the second row and column to 7.

Theorem 13.1 Let H, and H, denote the free-stabilized diagrams in Figure 22. There are choices of
almost complex structures J1 and J, on H1 and H, respectively, such that J; can be used to compute
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/
(2,0, B, wp)
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Figure 23: The intermediate diagram H; 5.

S and Sy, and J, can be used to compute S+ and S,
diagrams and almost comp]ex structures)

U:—Uyy '\U: w
LA (-t 0
* (\IJ a/)UZ_’Uw’ (\DB_)H )Uz—>Uw

w’» such that (for some choice of intermediate

Yy, 00)—> (o, J2) =

Here \Ifg%ﬂ/ denotes the transition map from CF~ (X, e, B, wo U {z},5) to CF (2, &, B/, wo U {z}, 5),
and \Ilg _q 18 defined similarly.

We remark that the component marked * can be computed explicitly. It is equal to

(13-3) (@ g ( > ULUL @it ,-H)Uw,Uw,) o (0 F)g U,
i,j=0
though we do not need this fact to prove Theorem 13.11. That *x equals (13-3) can be proven by a small
modification of Proposition 13.22, below. In (13-3), the expression 9; 4 j 41 is obtained by writing the
differential on CF~ (Hy, s) as -
(Opo) = Y _ 0: UL
i=0

The proof of Theorem 13.1 involves computing several holomorphic triangle maps and several non-
cylindrical holomorphic strip counts.

On Hi, Hi.5 (see Figure 23) and H, we will write Jy for an almost complex structure which is
stretched along the circles ¢ and ¢ in Figure 24. We write Jg for an almost complex structure which is
stretched along the circles ¢ and cg in Figure 24.

To help simplify the statements of some of the results in this section, we prove the following:

Lemma 13.2 Let H be one of Hy, Hi5 or Hy. If T = (T, T'), write Jo(T) for an almost complex
structure which has been stretched along ¢ and ¢, with neck lengths T and T'. There is a constant N
such that it Ty and T, are two pairs of neck lengths all of whose components are greater than N, then
there is a noncylindrical almost complex structure J interpolating Jo(Ty) and Jo(T>) satisfying

id 0
V() > Jo (1) = V5 = (0 id) '
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(E»a’ﬂlva) (E,oe,ﬂ’,wo)

(Hi.s. Ja) (H1.5.Jp)

Figure 24: The almost complex structures J, and Jg for H1 5.

Proof We focus on the case that # = H;. The statement is proven similarly for ;5 and H;. The
proof is a double neck-stretching argument. Suppose that T ; and T, ; are two sequences of pairs of
neck lengths, all of whose components approach +o0o. Write T1,; = (71, Tl/,i) and 1o ; = (T2, TQ/,,i)'
Define

Tnin,i = min(7T7,;,7>,;) and T

min,i — min(Tf,iv Tz/,i)-

We decompose neighborhoods of ¢ and ¢, as unions of three annuli, as shown in Figure 25:
N(c)=N1UN,UN;3 and N(cy)= N;UN;UN3.

Construct interpolating almost complex structures J; between Jg (T,;) and Jo(T2,;). We require that
the almost complex structures j; be split on each of Ny, N3, N 1’ and Né (in particular, .Z is cylindrical
on these regions). Furthermore, we require that .7; be chosen so that Ny and N3 are both conformally
equivalent to S 1y [O, %Tmin,i]a and so that N 1’ and Né are conformally equivalent to § Iy [0, %Tn/]in,l-].

Further, we assume that J; is only noncylindrical in the regions N, and Nj. We can pick J; so that
projection from X x [0, 1] x R to [0, 1] x R is holomorphic.

N} N)N| N3 NaN,

NV Y/ A NV Y

= 1])i=
@ C“ ’lrl “‘) 0“‘

Figure 25: Decomposing the stretching regions in Lemma 13.2.
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Write

(13-4) vy = (21’ g’:).
1 l

If p#¢po € mo(x x x, y X y) is a Maslov index O class of disks, then (5-6) implies

(13-5) (e #po) = u(g) + gr(x, y) + 2ma(do).

Classes with gr(x, y) = 1 contribute to C;, classes with gr(x, y) = 0 contribute to 4; or D;, and classes
with gr(x, y) = —1 contribute to B;.

Given a sequence u; of fi-holomorphic curves representing ¢ # ¢g, we may extract a subsequence
which converges to broken holomorphic curves on the diagrams (S2, a1, B {), (S2, ) and (X, a, B),
whose total homology class is ¢ # ¢g. The curves ,3{ and BT are the result of cutting B along its
intersection with ¢y, and then collapsing the ends to a point; see Figure 25. Furthermore, the broken
limiting curves are pseudoholomorphic for cylindrical almost complex structures.

In somewhat more detail, to construct such a convergent subsequence, let D¢ denote the disk component
of ¥\ N(cy) containing o1, and let Ay denote the annulus between N(c) and N(cy), as in Figure 25.
Let 3¢ denote the component of X \ N(c¢) which is disjoint from w and w’.

If u; is f,--holomorphic, we take preimages of u; into subregions of ¥ x [0, 1] x R to construct
holomorphic curves with additional boundary circles, uf , u!* and u}, which map into the 4-manifolds
(Do UN3)x[0,1] xR, (N{ UAgUN3)x[0,1] xR and (N1 U Zg) x [0, 1] X R, respectively. These are
holomorphic curves for cylindrical almost complex structures. We can view ((Do U N}) x [0, 1] x R, ];)
as being contained in ((Do U N3) x [0, 1] xR, Ji) whenever Thin,i < Thin,k- Consequently, given such a
sequence u;, we may find a subsequence such that ull- , u?" and u! each converge to curves in the punctured
manifolds S2\ {po} x [0, 1] xR, ST xR x[0,1]xR and ¥\ {p} x [0, 1] x R, where pg and p denote
the connected sum points corresponding to the circles ¢4 and ¢, respectively.

Consequently, ¢ and ¢ admit broken homomorphic representatives on (X, e, 8) and (S2, a1, ﬂ{) In
particular, w1 (¢) > 0, so (13-5) implies

ma(po) =0 and gr(x,y)<O0.

Hence, B; = 0 for large i, since B; counts curves with gr(x, y) = +1.

Next, we consider classes with gr(x, y) = 0 (which contribute to A; and D;). Since ¢ admits a broken
representative and has index O by (13-5), we conclude that ¢ must represent the constant class ey. It
is straightforward to see that this also implies that ¢g is the constant class e,. Conversely, since Ji is
cylindrical in a neighborhood of all the intersection points, the index O classes ey X ey have unique
f,-—holomorphic representatives for all i. Consequently, A; = D; = id.

We now consider classes with gr(x, y) = —1, which contribute to C;. For such classes, equation (13-5)
and the inequality w(¢) > 0 imply

pu(@) =1 and ma(po) =0.
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Since wu(¢) = 1, transversality implies that the limiting curve on (X, &, ) is a nonbroken index 1 flowline.
Since projection to [0, 1] x R is J;-holomorphic, the asymptotics of the curves on (S2, B") must match
the curve on (X, &, ) at the connected sum point. Since the limiting curve on (X, &, 8) is a genuine
flowline, its asymptotics at the connected sum point consist of m1(¢) points in [0, 1] x R (which we can
assume are distinct, for a generically chosen almost complex structure). The only curve on the partial
diagram (S?, B") which could match mj(¢o) distinct points in [0, 1] x R consists of m1(¢o) copies
of $2 which each map constantly to the [0, 1] x R factor, as well as some collection of B* boundary
degenerations, which have m; = 0. The 2-spheres contribute equally to m1(¢o) and n2(¢), while the
boundary degenerations only contribute to 75 (¢g). Consequently,

(13-6) n2(¢o) = mi(go).

Since ¢g € m2(9~, 07) and m,(¢g) = 0, we must have

(13-7) mi(¢o) + 1 =n1(po) +n2(go),

which is satisfied for all classes ¢ € w2 (67, 01) with m2(¢g) = 0. Equation (13-7) contradicts (13-6),
so C; must be zero for large i. |

We now describe a refinement of the differential computation of Proposition 5.5. The following
computation is similar to [Ozsvath and Szabé 2008, Proposition 6.5], though the placement of basepoints
and choices of almost complex structures are different than they consider. Recall that 7 5 is the
stabilization of Ho shown in Figure 23.

Lemma 13.3 Let J, denote an almost complex structure on H1 s which is stretched along ¢ and cy. For
sufficiently large neck lengths along ¢ and cy, we have

9 _ (8%0)U2—>Uw Uw + Uw’
His5:Ja — 0 (aHO)Uz—>Uw :

If Jg denotes an analogous almost complex structure stretched sufficiently along ¢ and cg, then

9 _ (8H0)UZ_)Uw/ Uw + Uw’
His,Jg — 0 (8H0)U2_)Uw/

Proof We focus on computing 04, s, 7, ; the computation for Jg is a straightforward modification. Write

A B
aHl.SJa[: c D)/

By Lemma 13.2, if the claim holds any pair of arbitrarily large neck lengths, then it holds for all sufficiently
large pairs of neck lengths (regardless of their relative lengths).
Letmy, my, n1 and n, denote the multiplicities of the regions of (Sz, a1, B2, w, w’) shown in Figure 26.
Suppose ¢ # ¢o € ma(x X x, y X y) is a homology class of disks on ;. 5. Lemma 5.4 adapts to show

(13-8) (@ #po) = iu(¢) —gr(x, y) +2ma(go).
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Figure 26: Stretching along c¢,. On the left are multiplicities 711, m», n1 and n,. On the right we
illustrate how the almost complex structure degenerates as we stretch J along cq.

Classes with gr(x, y) = 1 contribute to C. Classes with gr(x, y) = 0 contribute to A or D. Classes
with gr(x, y) = —1 contribute to B.

We begin by computing B. Suppose ¢ #¢o € ma(x x 07, y x O) is a class counted by B. By stretching
sufficiently along ¢, we may assume that ¢ has a broken representative, and consequently p(¢) > 0.
Equation (13-8) implies that p(¢) = ma(¢o) = 0. Since ¢ has a broken representative, ¢ is a constant
class ex. Since ma(¢o) = m1(¢o) = 0, we conclude that ¢p9 must have domain equal to one of the two
bigons going over w or w’. These classes also have a unique holomorphic representative. Consequently,
the map B is multiplication by Uy, + Uy, as claimed.

We now compute the maps A and D, which count classes with gr(x, y) = 0. Equation (13-8) implies
that u(¢) = 1 and m(¢pg) = 0. Let us fix a neck length along cy. By the proof of Proposition 5.5, for
sufficiently large neck length along ¢, there is an identification

(13-9) M(@#¢o) = {(u,uo) € M($) x M(do) : p” (u) = p**(uo)},

where p and pg denote the connected sum points on ¥ and S2. Note that the required neck length along ¢
for (13-9) to hold may depend on the fixed neck length along c,.

By the proof of Proposition 5.5, we know that if € {81,607} and d € Sym™ ([0, 1] x R) is a fixed
generic element, then

(13-10) Y #M(do.d) =1 (mod2).
doE€m2(x,x)

m2(¢o)=0
m1(¢o)=m

Equations (13-9) and (13-10) together imply that if 1(¢) =1 and § € {§T, 07}, then

(13-11) #M(P) = Y. #M(@#do) (mod?2).
Po€m2(6,0)
m2(¢0)=0
my(¢o)=m1 ()

Note that (13-11) almost gives us the desired identification of A and D, except it does not inform us
about the multiplicity on the basepoints w’ and w. By considering the multiplicities in the four regions
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around 6, we know that if ¢ € m2(6, 0) has m,(¢) = 0, then

(13-12) m1(¢o) = n1(¢o) +n2(go).

The integer m1(¢o) is the power of U, contributed by ¢ to d4,, while n1(¢o) and n,(¢o) are the powers
of Uy, and Uy, respectively, contributed by ¢ # ¢ to 9, s.

We finish our claim about the maps A and D, it is sufficient to show that if d € Sym™ ([0, 1] x R)
is a fixed point, then, for almost complex structure sufficiently stretched along cy, the only classes
¢Po € m2(0, 6) with nonempty M (¢hg, d) have n,(¢po) = m1(¢) and n1(¢po) = 0. This implies that any
curve which makes nontrivial contribution to A or D is counted with a factor of U ' @ and no factor

of Uy’. We prove this in the following subclaim:

Subclaim 13.3.1 Suppose d € Sym™ ([0, 1] x R) is not contained in the fat diagonal, and also does not
contain any points of {0, 1} x R. Suppose ¢g € m2(8, 0) has mz(¢pg) = 0, m1(¢po) = m and n1(¢) > 0.
If the almost complex structure on S? x [0, 1] x R is sufficiently stretched along cy, then M(¢g.d) is

empty.

Proof The argument here is similar to our proof of Lemma 13.2. As we let the stretching parameter
approach +o00, we can extract broken limiting curves on (S2, ay, ﬁé) and the degenerate diagram (S2, B3).
See Figure 26. The curves ﬂé and B are obtained by cutting 8> along ¢, and collapsing the endpoints.

Consider the limiting curves on (S?2, B5'). Since these arose as the limit of curves which matched d,
the limiting curves must also match d at the point pg (recall that py corresponds to the circle ¢ in
Figure 26). There are no & curves on the degenerate diagram (52, B5'). Consequently, any limiting curve
either has no boundary, or has boundary which maps to 85'. Any curve which has boundary on %' must
map locally constantly to {0} x R C [0, 1] x R, by the maximum principle. Consequently, the curves
which match d can only be spheres which map to S2 x {d} € S? x [0, 1] x R for d € d, together with
boundary degenerations which do not cover pg. Such a sphere contributes equally to m; and n,, while a
boundary degeneration not covering pg only contributes to 1. Consequently, if M(¢g, d) is nonempty
for a sufficiently stretched along complex structure, then

(13-13) mi(¢o) < na(¢o).

Combined with (13-12), since all multiplicities are nonnegative, inequality (13-13) implies that if
M(¢o, d) is nonempty, then m (o) = n2(¢o) and n1(¢o) = 0. O

We now prove that C is zero (recall C counts representatives of classes in mp(x x 87, y x 67)). For
such classes, equation (13-8) constrains m5(¢g) to be in {0, 1}.

If ma(¢o) = 1, then (13-8) implies that p(¢) = 0, forcing ¢ to be a constant class, and ¢g to be the
bigon my(¢po) = 1. This class has a unique holomorphic representative. If my(¢9) = 0, then (13-8)
implies that if the almost complex structure is sufficiently stretched along ¢, then w(¢) = 2. It remains to
count such classes and show that their total counts cancel the bigons with m(¢g) = 1.
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We prove a helpful subclaim:

Subclaim 13.3.2 Suppose that d; € [0, 1] x R is a sequence of points approaching the line {0} x R, and
suppose ¢ € ma(x, y) is a Maslov index 2 class on (2, e, B’). If the matched moduli space M (¢, d;) is
nonempty for arbitrarily large i, then ¢ has domain equal to a connected component of X\ 8.

Proof Let u; be a sequence of curves in M(¢, d;). Since p is contained in ¥\ (e U §8), any curve u
in the limit with n, (1) # 0 must have 7[g 1)xr © 4 constant, by the maximum principle. Consequently,
u must have domain equal to [X], or to a B boundary degeneration. Since such curves have Maslov index
at least 2, and any other curves which appear will achieve transversality by Proposition 3.4, no additional
curves may appear in the limit. |

The only nonnegative class ¢g € (0™, 07) with m1(¢g) = 1 and ma(¢9) = 0 is the bigon with
m1(¢o) = 1. Define the point

d(¢o) := (uomo,11xr) (u 0 w52) "' (po)) € [0, 1] x R,

where u is a representative of the bigon ¢ (well defined up to R-translation). Note that d(¢o) depends
on the choice of almost complex structure on S x [0, 1] x R. By stretching along c,, we can make d(¢)
arbitrarily close to {0} x R. Let us fix a neck length along cg, so the conclusion of Subclaim 13.3.2 holds.

Having fixed a neck length along ¢, we now stretch along c¢. Suppose ¢ # ¢¢ admits a sequence
of holomorphic representatives for a sequence of neck lengths along ¢ which approach +o00. We can
extract broken limits. The curve appearing on S2 x [0, 1] x R will be a representative of the bigon ¢g. On
¥ x [0, 1] x R, there will be a curve in M(¢’, d(¢o)) for some class ¢. We claim that ¢’ must actually
be equal to the class ¢. Using Proposition 3.4, it is straightforward to show that any curves appearing in
the limit either achieve transversality, or have the homology class of a boundary degeneration or have
domain [X]. Classes which have domain [X] or which have the domain of a boundary degeneration have
Maslov index at least 2 by (4-5). Hence, other curves are prohibited from appearing in the limit by a
dimension count, since (¢) = 2. Consequently, ¢ = ¢’

Subclaim 13.3.2 implies that since M (¢, d(¢o)) is nonempty, ¢ must have domain equal to a connected
component of ¥\ §.

Having restricted the homology classes which can contribute to C, we now count their holomorphic
representatives. Let ¢ # ¢o € m2(x x 07, x x 67) denote an index 1 homology class with m1(¢g) = 1
and m3(¢pg) = 0 such that the domain of ¢ is a connected component of X \ §.

Let ¢’ denote the Maslov index 1 bigon going over w’. Splicing ¢p#¢g and ¢’ together, we get the Maslov
index 2 homology class B, . = ¢’ * (¢ #¢o) € ma(x x 6%, x x 07). The moduli space ./\/;l(B;XGJr) is
1-dimensional. We count its ends. One end corresponds to the boundary degenerations in NB (B; <0 +)
which have total count equal to 1 by [Ozsvath and Szab6 2008, Theorem 5.5]. The other ends correspond
to representatives of B .:c o+ breaking into two holomorphic strips. Our previous argument implies that the
only other end of M(B) consists of the broken holomorphic strip consisting of a representative of ¢ # ¢g
and a representative of the bigon ¢’.
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Figure 27: Multiplicities on H,;.

Summing over the ends of //\/\l(B )’C <0 +), we conclude
#NP (B p4) +#M(d # o) - #M(¢)) = 0.
Since #A/8 (B g+) = #M(¢') = 1, we conclude that #M (¢ # ¢o) = 1.
It follows that C = 0, completing the proof of Lemma 13.3. |
In a similar manner to Lemma 13.3, we may compute the differentials on H; and H»:

Lemma 13.4 The differentials 04, j,, and 04, j, have the same form:

8 _ a _ (8H0)UZ_>UW U‘U) + Uw/
Hi,Jo — OH1,Jg — 0 (aH())UZ_)Uw
Furthermore, using the multiplicities from Figure 27, the index 1 J,-holomorphic curves counted
by 0y, s, satisfy the following:
(1) Any Maslov index 1 class in o (x x 0%,y x 0F) or ma(x x 6™, y x ) with holomorphic represen-
tatives hasny = m, =0 and ny, = mj.
(2) The index 1 classes in w5 (x x 8, y x 87) with holomorphic representatives have domain equal to
one of the two bigons withn; = 1 or n, = 1 (and all other multiplicities zero).

(3) The index 1 classes in w2 (x x 0™, y x 0F) with holomorphic representatives have one of two domains.
One domain is a bigon on (S?, ay, B1) with my = 1 (and all other multiplicities zero). The other
domain is the connected sum of the bigon on (S 2 ay, B1) withmy = 1, together with the domain on
(2, &, B) consisting of the connected component of ¥\ B which contains the connected sum point.
Any class with either domain has one representative, modulo 2.

Similar statements hold for 04, j,, 03,,J, and 03, .

Proof The differential d4, s, counts the same holomorphic curves as dy, - j,, Which is analyzed in
Lemma 13.3. The present claim is proven by repeating the argument therein, while keeping track of the
multiplicities over the basepoints, as they appear in H;. |

We now compute the change of almost complex structure map Wy, j, on CF~ (H1.5,5).
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Lemma 13.5 Consider the almost complex structures Jo, and Jg on H1 5, obtained by stretching along ¢
and cq, or ¢ and cg, respectively. Whenever the necks along ¢ are sufficiently large,

id 0

If all necks are sufficiently long, then the x-component may be identified with

* = Z U Ug (04 j 4 1)U, U, -
i,j>0

Proof Lemma 13.2 implies that the relative lengths along ¢ and ¢y for J, do not affect the transition
map, and similarly the relative lengths along ¢ and cg for Jg do not affect the transition map.

We fix a neck length along ¢ for Jy, and a neck length along cg for Jg. The computation of the three
components not marked with a * follows from a small adaptation to Proposition 5.3.

To compute the entry marked with a *, we stretch along all necks so that the differentials 04, .. s,
and 0y, 5,J, take the form described in Lemma 13.3. Write C for the entry labeled * in (13-14). The
transition map Wy, s, is a chain map. We view the relation

V-5 002, 5,00 + 04, 5,05 ° Viu—siy =0
as a matrix involving two-by-two matrices. The diagonal entries give
B10) =Y + (9300) 7Y = (U + Uw) - C.
which algebraically implies the stated form of the map C. |

We now perform a triangle map computation for a triple which has been stabilized as in Figure 28.

Proposition 13.6 Suppose that T = (X, «, B, B, wo U {z}) is a Heegaard triple with a distinguished
basepoint z, and B’ are small isotopies of B, satisfying |8; N ,BJ’.| =26;j. Let

T=(Z,aU{ar}, BULB1L B U{Ba}, woUiw, w'})

be the Heegaard triple obtained by replacing a neighborhood of z with the region shown in Figure 28. Let
J be an almost complex structure on T, and J(T') an almost complex structure on T which is stretched
along c. Using matrix notation, we have

Fr.y(x,0} 4 )U:>Uu 0
. _ et +) — g B.B
F yry(x X Opp x07) = ( 0 FT,J(x,®;J3rﬂ’)UZ_)Uw

for sufficiently large T.
The following lemma will be useful in the proof of Proposition 13.6:

Lemma 13.7 Suppose that (X, B, B’, w) is a diagram for (S x $2)*¢ (%) such that B’ are small isotopies
of B, and |B; N ,BJ/| = 28;j. Let ®;,ﬂ/ denote the top-graded intersection point of Tg N Tg:. If
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Figure 28: The triple T in Proposition 13.6, a stabilization of 7. The shaded regions are two
examples of small triangles, which might be counted.

¢ €my (@Z g y) is a nonnegative homology class, then p(¢) —ny,(¢) > 0 for all wo € w. Furthermore,
WU(P) — nw, (¢) = 0 for some wo € w if and only if ¢ is the constant homology class eg+ .
B.B/

Proof By the formula for the relative Maslov grading in [Ozsvéth and Szabd 2004b], we have
(13-15) gr(OF 5 ¥) = w(@) =2 ) nu(¢) 2 0.
wew

Hence, if ¢ is nonnegative,

(13-16)  i($)=nwe(@) =gr(OF 5 M) +nug@)+2 D nw@) Znw@+2 Y nuw($)=0.

wew\{wp} wew\{wo}

In particular, t(¢) —ny,(¢) > 0. Furthermore, equation (13-16) implies that if (1 (¢) — 1y, (¢) = 0 for
some wq, then ny, (¢) = 0 for all w € w, and w(¢) = 0. From (13-15), we see that gr(@E,ﬂ,, y)=0,s0
y= @;’ g By diagrammatic inspection, the only nonnegative class ¢ € (@Z’ B @Z’ ﬂ,) with u(¢) =0
and n4,(¢p) = 0 for all w is the constant class. a

Proof of Proposition 13.6 We begin with a Maslov index computation:

Subclaim 13.7.1 Suppose x € {x*,x"}and y € {y™, y™}, and g € m(x, 0T, y) is a triangle class on
the triple (S2, a1, B1. B2) shown in Figure 28. We claim

(13-17) w(o) = (my +ma + Ny + N2)(Yo).

Proof Equation (13-17) holds for both of the two small triangle classes shaded in Figure 28. Furthermore,
equation (13-17) respects splicing in doubly periodic domains on (S2, 81, B2) as well as bigons on
(S2,a1, B1) and (S2, a1, B2), implying the formula in general. a
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Figure 29: Decomposing T along ¢, and the broken curves Uy, Uy, and U.

Suppose ¥ € ma(x, @;B,, y)is aclass on 7, and ¥ € ma(x, 07T, y) is a class on (S2, a1, B1, B2).
We form the class ¥ # 1/ on T by taking the connected sum of v and v, along c¢. We claim

(13-18) w( #y0) = n(y) + u(o) —2my(Yo) = n(¥) + (ma —my + N1 + N2)(¥o).

The first equality of (13-18) follows from Sarkar’s formula [2011] for the Maslov index and the fact that
a disk has Euler measure 1. The second equality follows from (13-17).

Let p € ¥ and po € S? denote the points corresponding to ¢, which arise after we cut X along ¢,
and collapse each of the resulting boundary components. Write

To=3%\{p} and S5 =S>\{po}.

Let B] and B/ denote the resulting arcs on Xo.

We will also be interested in the tube region, for which we write (S! x R, g7, BY). We write pfn
and p’ for the two punctures of S x R. See Figure 29 for a schematic.

If T; is a sequence of neck lengths approaching oo, and J(7;) denotes an almost complex structure
on ¥ x A with neck length 7; along ¢, then a sequence u; of J(7;)-holomorphic triangles representing
¥ # Yo has a subsequence which converges to three collections, U, Uy, and Uy, where U is a broken
representative of ¥ on (o, e, BU{BT}, B'U{BS}), Up is a broken representative of 1/ on (S2, a1, ,B{ , ,Bé),
and Uy, is a collection of holomorphic curves in the tube region (S! x R, g, B5'). The collections U,
Up and U,, may contain both holomorphic curves mapping into ¥ x A, S2 x A or S! x R x A, and
holomorphic curves mapping into ¥ x [0, 1] xR, §2x [0, 1] xR or S! xR x [0, 1] x R.
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(a2) (a3)

Figure 30: Domains of troublesome curves which have asymptotics of type (a2) and (a3). We
rule out such curves from appearing.

We now describe the possible asymptotic behavior of the curves appearing in U, Uy, and Uy. For
definiteness, let us focus on /. View a neighborhood of the puncture on g as S x [0, 00). If u € I, then
the source of ¥ may have punctures along the boundary, at which u is asymptotic to an intersection point
on the Heegaard diagram. Additionally, a curve u in &/ may have the following types of asymptotics:

(al) The source of ¥ may have an interior puncture which is asymptotic to an orbit S! x {p} € S x A
for p € A (multiple covers of such orbits are allowed). Similar asymptotics may occur for curves
of U mapping into X x [0, 1] x R.

(a2) The source u may have a boundary puncture which is asymptotic to a chord a x {p} € S! x A,
where p is a point in one of the three components of A, and a is a subarc of S! (thought of as the
boundary of X with a point removed). The arc a connects 8] to B] or B3 to 5. The arc a may
wind multiple times around S!. Similar asymptotics could also appear in curves in &/ which map
into X x [0, 1] x R. (These asymptotics are studied in [Lipshitz et al. 2018].)

(a3) The source of u may have a boundary puncture which is asymptotic to a chord which connects 8]
and B5. At this boundary puncture, A ou approaches oo in one of the cylindrical ends of A. Also,
mx ou is asymptotic to an arc which connects 8] and BJ (perhaps winding many times). Similar
asymptotics could also appear in curves in ¢/ which map into X x [0, 1] x R.

Examples of asymptotics (a2) and (a3) are shown in Figure 30. We will rule out asymptotics of type (a2)
and (a3) from appearing generically in U, Uy, or Up.
We first consider U/, the curves on Xg:

Subclaim 13.7.2 If u € U, and Sy is a connected component of the source of u, then u|s, cannot have
boundary on both o and B} or B;.

Proof The claim follows from the maximum modulus principle (compare the proof of [Manolescu and
Ozsvath 2025, Proposition 5.2]). Suppose u: S — ¥ x A is a holomorphic triangle with boundary
on « and at least one of B} or BJ. Let S denote the surface obtained by compactifying S by adding its
boundary punctures. There must be a connected component of 3S which is mapped by 7 o u to only
B and B, since there are no intersection points between B7 or 85 and &, g or f”. By the maximum
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modulus principle, wa o u must be constant, which is a contradiction. A similar argument applies if u is
a holomorphic strip on one of the subdiagrams (2o, e, B U {B]}) or (Zo,a, B’ U {B}}). |

It follows from Subclaim 13.7.2 that &/ may be arranged into the following collections:
(1) a broken holomorphic triangle ux on (X, o, B, B’) representing a class ¥y € ma(x, 0, y);

(2) a broken holomorphic strip ug g- on (3,8 U {B]}, B’ U {B}}) representing a class ¢g g/ in
n2(®g’ﬂ/ X p,® x p).

Subclaim 13.7.3 The class ¢g g must be the constant class, and U consists only of the curve uy, (and
potentially some ghost curves). The class ¥y, is equal to {, and has Maslov index 0. The asymptotics
of uy, at p consist only of orbits of type (al). After perturbing the almost complex structure, the orbit
asymptotics of uyx project to m1 () distinct points in the interior of A. After completing over the
puncture p, the curve uy, satisties (M1)—(M6).

Proof The proof is essentially combinatorial, and is based on obtaining convenient index formulas.
Let ¢2,/3/ denote the homology class in 5 (@;,ﬂ,, ®') induced by ¢g g on (X, B, B’), obtained by
removing a disk containing the 8] and B curves, and collapsing the resulting boundary component to a
point.
Note that ¥ = ¢y + ¢g’ B since all multiplicities are represented. Hence,

(13-19) n() = n(¥z) + 1(dg g)-
We claim
(13-20) (ma —m1)(Yo) = (ma2—my)(Ys) + (ma —m1)(Pg p’) = (ma—m1)(dp,pg)-

The first equality of (13-20) follows since ¢ represents the entire homology class of the limiting curves
on (Sg, a1, ﬂ{ ﬂé), while ¥y and ¢g g/ represent the entire homology class of the limiting curves on
(Zo, o, BU{BT}, B'U{BL}). The second equality of (13-20) follows from the fact that m (Y's) =m1(¥x),
since u'y, has no boundary mapping to 8; or f5.

Combining (13-18), (13-19) and (13-20), we obtain

(13-21) (¥ #¥o) = w(¥) + (m2 —mi1 + N1+ N2)(Yo)
= pu(¥s) + wdg g) + (ma—my + N1 + Na2)(Yo)
= u(s) + ((dg g) —mi(dp p)) +ma2(¢p pr) + (N1 + Na) (o).

By construction of the class qbg g We have
(13-22) mi($p.pr) =mi($g p)-
Equation (13-22) and Lemma 13.7 imply

n(dg ) —mi(dp.p) = nidg g) —mi(dg 4) = 0.
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Consequently, equation (13-21) implies

(13-23) 0= pn(Ys) = pu(dp g) —mi(¢pp) = ma(dp.p) = N1(¥o) = Na(¥o).

In particular, equation (13-23) implies that

1(dg g) —mi(dg g) = pidg ) —mi(dp,p) =0,

so Lemma 13.7 implies that qﬁg p/ Must be a constant class.
Next, if n € {ny,n,, my, ms}, we note that

n(¢p,p’) +mi(¥s) =n(yo),

since ¢g g/, Yo and ¥y, when spliced together, represent the entire class ¢ # /9. Since uy has no
boundary components on 8] or 3,

ni(¥g) =n2(¥s) =m(¥g) = ma(¥s).

Consequently, the class ¢g g satisfies the same vertex relation at 6 that the class V¢ satisfies:

(13-24) (n1+n2)(pp,p) = (m1 +m2)(dp.p).

Since ¢2 Y is the constant class, we know (¢g ﬁ,) = 0. Equation (13-22) implies that m(¢g g/) = 0.
From (13-23), we know that m>(¢g, g/) = 0. Combined with (13-24), we conclude

ni(¢p,p) =n2(pg,p) =mi(dg,p) =ma(dg,p) =0,

SO ¢p g is a constant class, as well.

Since ¢g g’ is the constant class, ¥ = ¥x.

Since ux has no boundary mapping to 8] or 7, it can only be asymptotic at p to orbits of type (al).
From (13-23) we know that () = 0. Hence, for generic almost complex structure, after completing
over p, ux, will satisfy (M1)-(M6).

Finally, by perturbing the almost complex structure slightly, we can ensure that the asymptotics of ux,
at p consist of m1 (1) once-covered orbits of type (al), which each project to a different point of A. Such
a perturbation can be done concretely, by perturbing the placement of the connected sum point so that it
is disjoint from the image of the branch set of 7y, o v, for any Maslov index 0 holomorphic triangle v (a
codimension 2 subset of ). O

We now analyze the curves in Up and Uy, :

Subclaim 13.7.4 The curves in Uy can only be asymptotic at the puncture pg to an orbit of type (al). The
curves in Uy, consist only of once-covered cylinders of the form S' x R x {d}, where d is an interior
point of A, as well as possibly some ghost curves.

Proof A version of compactness in symplectic field theory is described in [Bourgeois et al. 2003], where
a linear ordering of levels appears. Our present situation is more similar to the compactification via
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holomorphic combs which appears in bordered Floer homology [Lipshitz et al. 2018, Section 5.4], since
holomorphic curves can degenerate into the three cylindrical ends of A, and also into the tube region
which results from cutting along c,. Hence, the limiting curves may be arranged into a 2-component
level structure. We refer to one component as the A-level, and the other as the X-/evel (compare [Lipshitz
et al. 2018, Definition 5.20]). Furthermore, there is a single A-level in each X-level which consists of
curves mapping into Sg x A, ST xR x A or £g x A. We refer to this level as the central A-level. All
other curves map into one of the cylindrical 4-manifolds appearing in the ends.

We begin at the central A-level of I/, which consists only of the curve ux by Subclaim 13.7.3 (and
possibly some ghost curves, which we will later rule out). We proved that the asymptotics of ux; consisted
of m1 () orbits of type (al), each of which projects to a distinct point in the interior of A.

There is a story V; of U, which matches ux. Since V| matches m1 () once-covered orbits of type (al),
which each project to an interior point of A, Vi must also be in the central A-level. Since there are no «
curves on (S xR, 7, B2, any holomorphic curve with connected source which has such an orbit at p?,
must project constantly to A. Consequently, such a curve must also be asymptotic to a once-covered orbit
at pfn. According to Subclaim 13.7.3, we have

n1(Yo) = na2(Yo) = mi1(Yo) = ma(Yo) = m1(Y).

Since V; must contain m1 () once-covered cylinders, which each project constantly to A, there can be
no other holomorphic curves with nonconstant image, since they would raise the multiplicity in some
region of X too high.

We now consider the level V, of Uy, which matches the asymptotics of V;. The previous argument
implies that V), consists only of m () once-covered cylinders, and some ghost curves. We continue
in this manner until we reach the central A-level of Uy. Since adjacent levels must have matching
asymptotics, we conclude that the central A-level of U has asymptotics at po consisting only of m1(Y¥¢)
once-covered orbits. Furthermore, the asymptotics match those of uy. a

Subclaim 13.7.5 The collection Uy consists of a single holomorphic triangle u, satisfying (M1)—(M6),
as well as possibly some ghost curves. Furthermore,

pP (us) = pP°(uo).

Proof Subclaim 13.7.5 constrains the asymptotics at pg of the curves in Uy to satisfy (al). The Maslov
index of ¥ is 2m1 (Y¢), since () = 0 by the proof of Subclaim 13.7.3. The set X () C Sym™! Wo)(A)
defined by

X(W) :={pP () :u e M(¥)}

is finite. Consequently, as in the proof of Proposition 5.5, dimension counting using Proposition 3.4
implies that Uy consists of a single holomorphic triangle o which satisfies (M1)—(M6). O

Having constrained the curves of U, Uy, and Uy in Subclaims 13.7.3, 13.7.4 and 13.7.5, the index
argument in the proof of Proposition 5.5 applies to show that, generically, no ghost curves appear.
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The class o is completely determined: since N1(¥o) = N2(¥o) = 0 by (13-23), ¢ has domain
consisting of one of the two shaded small triangles in Figure 28 together with k copies of the compo-
nent of S?\ g which has nonzero multiplicity on the region marked m;. In particular, this implies
that Yo € ma(xT,0F,yT) or Yo € ma(x~,07, y7), and hence the off-diagonal entries of the map
Fz oy (x x —, ®;,ﬂ’ x O71) are zero. Let us write

Yt emxt 0%, yT) and YN T em(xT, 0T,y )

for these two triangle classes.
It remains to count representatives of the class V¥ #19, when w() =0 and ¥ € {1/f6"1 (w)’+, w(')"l (‘/f)’_}.
If uy, denotes the holomorphic triangle in I/, and u¢ the triangle in Uy, then we can view the pair (ux, Ug)

as a point in the compactification of the space

L Moy #v0).

T>0
Gluing gives an identification of a neighborhood of the set of such pairs (ux, ug) with the Cartesian
product

(13-25) {(uz,uo) € M) x MPO(Yo) : p” (ux) = p?(uo)} x [0, 1),

where MP° (o) denotes the set of holomorphic curves ug: So — Sg x [0, 1] xR, representing the class g
on (S2, a1, ﬁ{ﬂé), such that (g2 ou9) ™ (po) N IS = @ (i.e., the curves which only have asymptotics
of type (al) at po, and none of type (a2) or (a3)).

Since p(y) = 0, it suffices to count the number of elements in the matched moduli space MP0 (o, d),
where d € Sym™! (o) (A) is a generic point. The strategy used by Ozsvath and Szab6 [2008, Lemma 6.4] to
prove (5-15) now readily adapts to our present situation. Pick a path of points d;: [0, 00) — Sym! o) (A),
disjoint from the fat diagonal, consisting of m (o) points which all travel into the «1-f; cylindrical end
of A, such that the points of d; are spaced at least ¢ distance apart (with respect to a metric obtained
by embedding A conformally in the complex plane, so that each cylindrical end is identified with
[0, 1] x [0, 00)).

Subclaim 13.7.6 The only ends of the 1-dimensional moduli space | J 1€[0,00) MPO (Y, dy) at finite t
correspond to MP0 (yrg, dy).

Proof The proof is similar to our proof of (5-23). Degenerations may be analyzed by considering
possible curves and arcs collapsing in the source curve. Such degenerations may be broadly classified
into one of the following phenomena: holomorphic strips breaking off into one of the three cylindrical
ends, boundary degenerations bubbling off, curves breaking off toward the puncture pg, or the source
curve becoming nodal.

One example of a curve breaking off to py would be a slit along 8 { or ﬂé traveling out towards po.

Strip breaking is prohibited as follows. Suppose v: S — S2 x [0, 1] x R is a hypothetical strip appearing
in degeneration in MP0 (v, d;) at some finite . Since Nj(v) = N (v) = 0, the domain of v must
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have nonzero multiplicity in one of the four regions adjacent to pg. Consequently, any holomorphic
triangle also arising in the degeneration could not match any d;, since d; is bounded away from the three
components of dA.

Boundary degenerations are prohibited similarly, since the only possible class of the resulting boundary
degeneration would have nonzero multiplicity around pg, prohibiting the triangular component in the
limit from matching d;.

Curves breaking off in the direction of pg are also prohibited, since the resulting curve mapping into
S1 xR x A must match d, at the puncture p’,. As argued in the proof of Subclaim 13.7.3, this constrains
any curves appearing in S! x R x A to consist only of cylinders, and possibly ghost curves. Ghost curves
are prohibited from dimension counts, as in the proof of Proposition 5.5.

Finally, the formation of nodal singularities is prohibited similarly to the proof of (5-23). Double points
appearing on the interior of the source are prohibited by dimension counts. Boundary double points
are prohibited since they result in the formation of a boundary degeneration, which we have already
prohibited. |

Consequently, the limiting curves which appear in the ends of MP0 (g, d;) as t — oo take the
following form:

(1) a single index 0 holomorphic triangle (with domain equal to one of the two shaded regions in
Figure 28), together with

(2) m1(¥o) Maslov index 2 holomorphic curves with domain A equal to the component of S2 \ ag with
m1(A) = 1; each curve matches a single point d € [0, 1] x R.

If x € {x*, x~}, write A, for the Maslov index 2 homology class in 72 (x, x) corresponding to the curves
of type (2). It remains to count the matched moduli space MP9(A,, d) for a generic point d € [0, 1] x R.
This is achieved by letting d approach {1} x R (the «; boundary of [0, 1] x R). The limiting curve then
consists of a single «; boundary degeneration, as well as a representative of the constant class, e,. There
are no other ends.

By [Ozsvath and Szab6 2008, Theorem 5.5], the count of «; boundary degenerations in the class A
is 1, modulo 2. By the Riemann mapping theorem, each of the shaded triangles in Figure 28 has a unique
representative. Consequently, gluing together these curves, we conclude that MP9 (g, d) has a single
element, modulo 2, for any generic d € Sym™! o) (A).

Using (13-25), we conclude that, for large 7,

#My () = #M j) (Y # o).

The class ¥ #1/o has multiplicity m1 () over w, and zero multiplicity on w’. Hence, any representative
of ¥ #1 is counted with a factor of U:j @) and no factor of Uy, completing the proof of Proposition 13.6.
O

Proposition 13.8 Suppose that T = (X, o', a, B’, wo U {z}) is a Heegaard triple with a distinguished
basepoint z, and &' are small Hamiltonian isotopies of e satisfying |o; N oj| = 28;;. Let T =
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Figure 31: The Heegaard triple 7 in Proposition 13.8. The shaded regions are each examples of
small triangles which might be counted.

(Z,0/ Ufaz}, e Ufar}, B/ U{B2}, wo U{w,w’}) be the Heegaard triple shown in Figure 31. Write
J for an almost complex structure on X x A for T, and write J(T') for an almost complex structure for 7.
which has had a neck of length T inserted along cg. For sufficiently large T,

Fr.y(©F, . x)V==Uw 0
Fz yy(©F,  x 0% xx—)y=|" """ e
701y Oy o X X X—) ( 0 FT(®0—2_’,01’ x)U-=Uw
Proof The proof is identical to the proof of Proposition 13.6. |

Lemma 13.9 Almost complex structures Jy and Jg can be chosen on Hi, Hi.5 and Hj so that the
following hold:

(1) Lemma 13.3 applies to compute the differentials on H1 5. Lemma 13.4 applies to compute the
differential on H1 and H».

(2) Proposition 13.6 applies to compute the transition map Wy, j.)—(#, 5,J,) and Proposition 13.8
applies to compute W (3, 5, 75)—>(#5,J5)-

(3) Lemma 13.5 applies to compute W3, 5, 1,)—>(#1.5.J5)-
(4) Jy can be used to compute Suf, on H1, and Jg can be used to compute S, on H>.

Proof All of the results follow from the aforementioned results, together with Lemma 13.2, which shows
that the transition map for changing between two choices of J, with different relative neck lengths is the
identity map, on the level of chain complexes. a

We now prove Theorem 13.1:

Proof of Theorem 13.1 Let J; and J> be the almost complex structures Jo and Jg on H; and Hs,
chosen so that the statements of Lemma 13.9 hold.
Decompose \I](’Hl"]a)_)(’ﬂz,_jﬂ) as

(13-26) lII(Hl,Joz)—>(7'lzJﬁ) = lIj(?-ll.S,Jﬁ)—>(7'lzsfﬁ) ° W(Hl.s,Ja)ﬁ(Hl.s,Jﬁ) © \II(’HlsJa)_’(’Hl.SaJoc)'
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Figure 32: The path A in the diagrams #; and H,.

Using Lemma 13.9, equation (13-26) implies that W(3;, j,)—(31,,7,) 1S equal to, in matrix notation,

(W5 )= U 0 id 0 ((Wg™H)V=U )
0 (lIJ )UZ_)Uw’ * 1id 0 (\.Ilg_)ﬂ )UZ_)Uw

oa—o’

(W) VU0 0 (g Ur O e
% (\IJ YUz=Uw o (\115_”3 YUz~

o—ao’
as claimed. Furthermore, according to Lemma 13.9, the almost complex structure J, can be used to
compute S on Hp, and Jg can be used to compute S,; on Hy. |

13.2 Basepoint-moving maps and the x{-action

In this section, we prove our proposed formulas for the basepoint-moving diffeomorphism maps.
We first need a computation of the relative homology map for the diagrams #; and H; considered in
the previous section. In the diagrams H; and Hj, let A be the path shown in Figure 32.

Lemma 13.10 On (#, Ju), the relative homology map A, takes the form

Uy - (@Z)Uz—>Uw Uy )

A =
( A)Hl,Ja ( id Uy - ((I)Z)UZ_)UW

where ©, is the endomorphism of CF~ (X, a, B, wo U {z}),

e:(x)= Y Y ) #U U U Oy

YeToNTg pema(x,y)
w(g)=1

On (H3, Jg), the map A, takes the form

0 U

Proof The statement follows from the holomorphic disk counts in Lemma 13.4, as we now explain.
We first consider the diagonal entries. The curves which contribute to the diagonal entries of (A4)y,,J,
represent classes of the form ¢ #¢g in 75 (x x 6, y x 0) for § € {#*,07}. Lemma 13.4 implies that these
have no change across f1, and have a change of n,(¢) across ;. The curves are counted by (A4,)x,,J,
with an additional factor of a(A, ¢ # ¢o), which is thus n,(¢). It follows that the diagonal entries are
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equal to Uy, - (®,)Y=7UVw_ We leave it to the reader to verify, using Lemma 13.4, that the off-diagonal
entries are as claimed.
An entirely analogous argument works to compute (A})3;,,7,4- |

Theorem 13.11 Suppose A is a path from w to w’, and wo C Y is a (possibly empty) collection of
basepoints which contains neither w nor w’. The diffeomorphism map

At CE(Y, (wo U {w})®, 5) — CF~ (Y, (wo U {w'})?", 5)
satisfies
« =Sy A,ST

w/ ’
when o’ is the coloring obtained by pushing forward o under A.

Proof Assume that a diagram (X, &, 8, wo U {w}) is chosen so that A is embedded in X and is disjoint
from & and B. Let ¢¢: [0, 1] x ¥ — X be an isotopy of X, supported in a small neighborhood of A, such
that ¢o = idy and ¢;(w) = w’. Further, assume that ¢, is the identity outside a small neighborhood
of A. If J is an almost complex structure on X x [0, 1] x R, then pushing forward under ¢; x id yields a
tautological map

T:CF;(Z, o, B, woU{w}) — CF(;l)*J(E,oc, B, woU{w'}).
By definition,
Ax:CF7(Z, 0, B, wo U{w}) — CF;(Z, e, B, wo U {w'})

is the composition
(13-27) A‘* == \Ij(¢1)*J—>J oT.

As a first step, we show that the expression for A4 in (13-27) is equal to the tautological map on
intersection points. The map Wy, 7 s is obtained by counting Maslov index zero holomorphic disks
for a dynamic almost complex structure which interpolates (¢1)«J and J. The isotopy ¢; induces an
automorphism @ of ¥ x [0, 1] x R,

D(x,s,t) = (¢ps(x),s,1).

We push J forward along ® to get a dynamic almost complex structure, interpolating J and (¢1)«J.
However, @, (J)-holomorphic disks on X x [0, 1] x R pull back under & to J-holomorphic disks on
3 x [0, 1] xR. (The assumption that ¢ is fixed near & and B is necessary since it implies that the pullback
of a ®4(J)-holomorphic disk has boundary mapping to the cylinders & x {0} x R and 8 x {0} x R.)
By transversality for J, a Maslov index zero ®«(J)-holomorphic disk must be a constant disk. Hence,
W(4,).J—J 1s the tautological map on intersection points.

Hence, A, being the composition of two tautological maps, is a tautological map.

We now consider the composition S;AASJ,. Let H1 and H, be diagrams for (Y, wo U {w, w’})
which are free stabilizations of (X, a, B, wo U{w}) or (X, e, B, wo U {w’}), respectively, as in Figure 32.
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Similarly to Figure 24, let Jo and Jg be almost complex structures on H; and H;, obtained by stretching
parallel to oy and f3,, respectively.

The map S,, A;LSw,, viewed as a map from CF; (X, e, B, wo U {w}) to CF; (X, e, B, wo U{w'}), can
be computed as the composition
(13-28) Sy ApSt =W B o 5 o (A3)110,0, 0 W1 o) (2T ) © S

o' —>a

Using matrix notation, we can write

St = (ig) and Sy = (0 id).

Using matrix notation, we rewrite (13-28) using Theorem 13.1 and Lemmas 13.5, and 13.10 as

B B—~p’ :
_ 0 Up)\ [Yyoe ©VYa 0 id
(13-29) Sy A4S+ ~wB =B (0 iq) ( ) ( —e s ﬂ) ( )
w o e id 0 * \Ila_)a, oWE ™ 0
Matrix multiplication reduces (13-29) to \Ifg :5 owh a—a’ © \115 —B /, which is chain homotopic to the

tautological map by naturality. Since we already showed that A is the tautological map, the proof is
complete. |

13.3 The &, map

If (¥, a,B,w) is a Heegaard diagram and w € w, then we write ®,, for the endomorphism

(13-30) Qu(x)=Up' Y nuw(@) #M@UZ* Py
pem2(x,y)
w(g)=1

of CF (2, &, B, w, s).

Remark 13.12 The map ®,, can be conveniently described algebraically as the formal derivative of the
differential. Viewing CF™ (#, s) as a free [F2[Uy]-module with basis Ty N'Tg, we can write d as a matrix
with entries in F»[Uy]. The map &, is obtained by differentiating each entry with respect to Uy,.

We now prove several properties about the endomorphism @, .
Lemma 13.13 The map ®,, is a chain map.

Proof View the differential d as a square matrix with entries in [F,[Uy,]. Differentiating d o d = 0 with
respect to d /d Uy, using the Leibniz rule, yields

d®y + P, 0 =0. |
Lemma 13.14 The map ®,, commutes with transition maps up to chain homotopy.
Proof The transition maps satisfy
(13-31) oWy, -1 + Wy 52,0 =0
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We apply d/d Uy, to (13-31). The Leibniz rule implies
Doy Wi, 51y + Wiy 1, Pw + 0V, gy, + Wiy 9,0 =0,
which says that ®,, commutes with W4, 4, up to chain homotopy. |
Lemma 13.15 If w € w and |w| > 1 (so S;5 S, is defined), then
w>=SHS,.

Proof Pick a diagram H for (¥, w) which is a free stabilization of a diagram ¢ for (Y, w \ {w}) at w.
Furthermore, assume that the free stabilization is adjacent to another basepoint w’ € w. Using Lemma 13.4,
we may pick an almost complex structure so that

9, ((a%)Uw U + Uw/)
0 Guu, )

where (d7,,)v,, is the map obtained by extending 0y, linearly over Uy, as in (13-2).

(13-32)

Differentiating (13-32) with respect to Uy, yields
0 id
=5 0)
which is S;5 S, i
Lemma 13.16 Suppose A is a path between two distinct basepoints in w. If w € dA, then
Ay Dy + Py Ay ~id.

If w ¢ 0A, then
Ay Dy + Py Ay ~0.

Proof Assume first that w € dA. We apply d/d Uy, to the equation
0A) + A0 = Uy + Uy
from Lemma 4.1, obtaining the relation
Ay Py + Py Ay + A0+ 045 =id.
This proves the claim when w € dA. The claim when w ¢ dA is proven similarly. a
Lemma 13.17 If w # w', then ®y, S, , + S, , @y >~ 0 for o € {4+, —}.

Proof Similar to Lemma 13.16, the claim is proven by differentiating the expression dS;, + S2,0 =0
with respect to Uy,. o

Lemma 13.18 The map ®,, satisfies (®y,)? ~ 0 (F2[Uy]-equivariantly).
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Proof Write 0 = Z,C;o:o 0, U}, where 0, does not involve any powers of U,,. Define

o0
H:=Y"in(n—1)0,U}"%

n=2
the quantity %n(n — 1) is computed over Z, then projected to F5. The equality 3> = 0 implies that
> 89, =0

i+j=k
for each k > 0. We now compute

OH + Hi= ) (3G —1)+1j(j —D)a;d; Uy 2

o
_Z(lk(k—l) Z aa)uk 24 Z ij0;0;ULTI~2

i+j=k i,j>0
=0+ 2. O

13.4 The m¢-action
We now prove our formula for the 7j-action:
Theorem D The action of y € w1 (Y, w) satisfies
Yx = id+ Dy 0 A4y,

Proof Break y into the concatenation of two paths, and write y = A, * A1, where A; is a path from w
to w’ and A, is a path from w’ to w. Using Theorem 13.11, we have

(13-33) () = (A2)x 0 (A)x == (S A, S ) (S Ay S
We manipulate (13-33) as follows:
(Vs = S Az, PwAs, ST (Lemma 13.15)
~ S (Puw Ay, +id) Ay, ST (Lemma 13.16)

~ S ®uwAs, Ay, St + Sy, A5, S, (algebra)
~ @y Sy Ar, Ar, S+ SpiAx, S, (Lemma 13.17)
~ Oy Ay + Sy An, S (Lemma 6.11)

~®y Ay +id (Lemma 6.10). O

We now consider the triviality of the mq-action on homology. By Remark 13.12, the map &, can be
viewed as the derivative of the differential, with respect to U,,. Note that to apply the map d/d Uy, to an
element d(x), we must use the Leibniz rule:

2t 0 = (g7,2) 0+ (577,%)
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Rearranging, we obtain

d d

(13-34) @w_moa—i-aodUw.
The map ®y, is an F»[Uy]-module homomorphism and hence induces an R p-module homomorphism
after tensoring CF~ with the F,[Uy]-module R p. The derivative d/d Uy, is not an F,[Uy]-module

homomorphism and hence does not induce a chain null-homotopy on homology, unless the coloring is

simple. Similarly, the map d/d U,, does not always persist to CF.
We summarize with the following:

Corollary 13.19 The 71 (Y, w)-action vanishes on HF° (Y, w?,s) for o € {+, —, oo} as long as w has
a coloring distinct from all the other basepoints. In particular, it vanishes on the uncolored modules
HF°(Y, w, s) for o € {4, —, 00}.

Corollary F is also a consequence:

Corollary F If (W, y) is a path cobordism between two singly based 3-manifolds (Yy, wo) and (Y1, wy),
then the cobordism map

FW,)/,E: HFO(YO» w075|Y0) - HFO(Ylv w1,5|Y1)

is independent of y if o € {—, 00, +}.

Proof Suppose that y and y’ are two paths in W, connecting wg and w;. Decompose W as W3 o W, o0 Wy,
where W; is obtained by attaching i-handles. Let ) denote W, N Wy. Let wg, w) € Y denote the images
of wo and wy, under the flow of gradient-like vector fields on W3 o W,, and W;. By flowing y and y’
downwards in W3 o W, and upwards in Wj, we obtain two paths, A and A/, from w6 to w’1 in ). We can
decompose the two cobordism maps as

Fwys=F30F0A0F and Fyys=F30F,0), 0F),

where F; denotes the i-handle map for W;, and A, and A}, denote the two basepoint-moving diffeo-
morphism maps. That A, = A}, as homomorphisms from HF® (Y, wy, s|y) to HF? (Y, w}, s|y) follows
from Corollary 13.19. o

13.5 3-manifolds with nonvanishing x;-action

We are now equipped to prove Corollary E, and give examples where the 1-action is nonvanishing.
Corollary E Let Y be a 3-manifold and s € Spin°(Y').

(1) If s is torsion and there is an x € HF ' (Y, w, s) such that
U-x=0 and x¢U-HF"(Y,w,s),
then w1 (Y #S! x §2, w) acts nontrivially on
}/ITJ(Y#S1 x S% w).
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(2) Suppose [y] € H1(Y;Z) is a class whose action on HF" (Y, w, 5) does not vanish. If |w| > 2, then
the diffeomorphism map y. acts nontrivially on the F,[U ]-module

HF (Y, w?,s),

where o denotes the coloring which assigns all basepoints the variable U.

Proof We begin with claim (1). The classification theorem for finitely generated chain complexes over a
PID (see, e.g., [Hendricks et al. 2018, Lemma 6.1]) implies that CF~ (Y, w, 5) can be written as a direct
sum of 1-step complexes (complexes with a single generator over F[U], and vanishing differential) and
2-step complexes a 2, (i.e., complexes with two generators over F»[U], a and b, with d(b) = 0 and
da) = pU)-b).

If s € Spin“(Y) is torsion, then CF™ (Y, w, 5) admits a relative Z grading [Ozsvéth and Szab6 2004b,
Section 4.2]. Consequently, an algebraic argument (see [Hendricks et al. 2018, Lemma 6.2]) implies each
of the 2-step complexes appearing must have p(U) = U’ for some i.

The existence of an x € HFT (Y, w, s) such that U - x = 0 and x ¢ U - HF" (Y, w, s) implies that at
least one summand of CF~ (Y, w, 5) must be a 2-step complex of the form a Y, b. The ®,, map for such
a complex satisfies Oy, (a) = b. In particular, on IfITj(Y, w, 5) the map ®,, is nonzero.

We view HF(S! x §2, 50) as the 2-dimensional vector space V = (§1,67). If y € S! x $2 is a curve
which generates H1(S! x S?), then

Ay(@t)=6" and A4,(67)=0.
Using the connected sum formula, }/ITS(Y #S1x S2 w, s#s¢) is isomorphic to ﬁT:(Y, w,s) ® V. From
Theorem D and the connected sum formula, the map ys satisfies

Vs(@®0T)=a®0T+bR607 and (a0 )=a®6,

which is not equal to the identity map.
We now consider claim (2). Since |w| > 2, pick a w € w and write wo := w \ {w}. By Lemma 13.4,
we obtain the decomposition

HF~ (Y, w’,s) = HF (Y, wJ.s) ® V.

Analyzing the curve counts appearing in Lemma 13.4, we conclude that the maps &, and 4, have the
matrix descriptions

_(0id (4, 0
(13-35) q’"’_(o 0) and Ay_(o Ay).

In (13-35), we are abusing notation slightly and writing A4, for the induced map on both HF~ (Y, w?, s)
and HF (Y, w], s).
Consequently,
. id A
(13-36) s =1d + Oy Ay, = (O 15’) ,
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which is not the identity if 4, acts nontrivially on HF~ (Y, w{, 5). Using the formula from (13-35), we
see that A4, acts nontrivially on HF~ (Y, wg, 5) if and only if it acts nontrivially on the singly based
complex. The main statement now follows. |

13.6 Illustrating the {-action on multipointed diagrams

In this section, we sketch an alternative proof of the formula for the mq-action, when there are at least
two basepoints. In contrast to our proof of the normalization axiom (in particular Theorem 13.11), the
proof we describe in this section is a direct holomorphic curve count, and does not use any functorial
aspects of the graph TQFT.

Suppose wy is a nonempty collection of basepoints in Y, and suppose p € Y \ wy is a new basepoint.
IfH=(Z,a,B,wy) is a Heegaard diagram for (¥, wy), let

M = (Z.a Ufao}. BU{Bo}. wo U{p})

denote the free stabilization of H at p. As we observed in the proof of Corollary E (see (13-36)), the
mi-action takes a simple form for free-stabilized diagrams. We now show that (13-36) can be proven
using a direct holomorphic curve count:

Proposition 13.20 Suppose H is a diagram for (Y, wo) and 1, is obtained by free-stabilizing at w. If y
is a closed loop based at w, then

id 4,
(13-37) Y = (0 id),

with respect to the matrix decomposition CF~(H}},s) = CF~(H,s) g, V, where V = (01,07 ) is a
2-dimensional vector space.

If H= (X, B, w)is a Heegaard diagram, and p € ¥ \ « U 8, we can define an endomorphism
Q,:CF (#H,s) - CF (X, s) via the formula

(13-38) Q)= Y np(@) # MU @y,
pem(x,y)
w(g)=1

Remark 13.21 The map 2, appearing in (13-38) may not be a chain map. Instead €2, is a chain
homotopy between the actions Uy, and Uy, Wwhere wy € wy is the basepoint in the component of X\ &
containing p, and wg is the basepoint in the component of X\ B containing p.

We need the following change of almost complex structure map computation:

Proposition 13.22 Suppose H is a Heegaard diagram for (Y, wy), and 7—[; is the free stabilization of H
at the point p. Let Jo and Jg denote almost complex structures which have been stretched as in Figure 24.
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5>

Figure 33: Multiplicities in the free-stabilization region.

For sufficiently long necks, the transition map W, j, takes the form

id (2p)y
\IIJB_)J‘X = (O fd p) ’

where Q,: CF (#H,s) — CF™ (H, s) is the map defined in (13-38).

Proof Similar to Lemma 13.5, we fix two neck lengths along cq and cg for J4 and Jg, respectively,
and then stretch along ¢. Adapting the argument therein, for an appropriately chosen almost complex
structure J on X X [0, 1] x R, interpolating Jo and Jg with sufficiently large neck length along c, the
transition map satisfies

(13-39) Wypgy =Wy = (1(;1 i’;) .

The * appears in the upper right corner, whereas in Lemma 13.5 it appeared in the lower left corner,
since the basepoint configuration is now different, and the Maslov grading of the points of ag N Bo is
now reversed from Lemma 13.5.

We now show * = £2,,. This amounts to counting J -holomorphic representatives of index O classes
dH#po € ma(x x 07, y xOT). Let n1(¢o), n2(¢o), m1(¢o) and n,(¢o) denote the multiplicities shown
in Figure 33.

For classes ¢ # ¢ € ma(x x 7, y x §1), equation (5-3) implies

(13-40) (@ #po) = 1(9) +2np(¢o) — 1.

If ¢ # o is a class with J -holomorphic representatives with arbitrarily large neck length along c, then
a limiting argument as in Lemma 13.2 shows that ¢ has a broken representative for a cylindrical almost
complex structure. Hence, t(¢p) > 0, by transversality. Consequently, equation (13-40) implies that if
d#po € ma(x x O, y x BT) has Maslov index 0 and has representatives for arbitrarily long neck length
along c, then

n(@)=1 and np(go)=0.

If k is a fixed nonnegative integer, there are k nonnegative homology classes in 72 (67, 61) with
np =0and my = k. If ky, k, are nonnegative integers with k1 4+ ko, = k — 1, we write ¢g 152 gor the
class in 2 (0™, 6F) with

(13-41) np@K %2y =0, mi@F Ry =k, ni@F*) =k and  na(@F*2) = ks
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Hence, to compute the component marked * in (13-39), it is sufficient to compute
#M (¢ # 95 "2)
when ¢ has Maslov index 1 and k; + kp = m1(¢) — 1. To this end, we will show that
(13-42) HM (¢ # o5 *2) = #M1(¢) (mod 2)

for each nonnegative pair k1, ko with k; + k» = k — 1. Note that the main statement follows quickly
from (13-42).

Similar to the classes ¢§ ! ’kz, there are k + 1 nonnegative homology classes in 72(0, 67) withn, =0
and my = k. If K1 + K, = k, write E({( K2 for the homology class in 72(8T, 67) defined similarly
to (13-41). To establish (13-42), we count the ends of the 1-dimensional spaces M (¢ #Eé( ! ’Kz).

As in the proof that W 7 is a chain map, the ends of M 5(¢ #g({( ! ’Kz) all result from strip breaking, i.e.,
correspond to pairs (i1, uzﬂ ) or (u$,1i2) where #; denotes an index 0 J -holomorphic curve, and ug and
u{ denote index 1 Jg- or Jy-holomorphic curves. Furthermore, each end consists of one the following

configurations:

(el) apair (&11,u¥), where i1 represents an index O class in 72 (x x 01,z x 67) and u¥ represents an
index 1 class in m2(z x 01, y x 871);

(€2) a pair (i1, u5) where i1 represents an index O class in 2 (x x 6%, zx67) and u§ represents an
index 1 class in ma(z x 07,y x 07);

(e3) a pair (u‘l8 , i) where u‘l3 represents an index 1 class in m2(x x 81,z x #7) and i, represents an

index 0 class in mp(z x 01, y x 07);

(e4) a pair (u’f , 1) where u’f represents an index 1 class in 75 (x x 7,z x ™) and i, represents an

index 0 class in mp(z x 07,y x 67T).

In case (el), the curve 7 contributes to the first diagonal entry of W 5. The argument used to establish
(13-39) implies that 7; must represent a constant class ey X eg+.

In case (e2), the curve #; contributes to the lower left entry of W 7~ Our argument to establish (13-39)
showed that no such curves i exist, prohibiting the existence of these ends.

In case (e3), the curve 1, contributes to the first diagonal entry of W 7 As with case (el), the curve 1>
must represent the constang class ey X eg+.

In case (e4) the curve u7 contributes to the lower left entry of the differential 8H+ 7
,B pJa

Hence, u7 represents one of two bigon classes in the free-stabilization region. See the proof of Lemma 13.3.

which vanishes.

The class u> contributes to the upper right component of the matrix for W5 (which we are trying to
compute). We write By 1 and By o for these bigons, chosen so that n1(Bj,0) = 1 and n2(By,1) = 1.
In summary, the ends of M 5(¢ #éé( 1:K2) are constrained to the following;

(1) al -holomorphic representative of ey x eg+ and a Jy-holomorphic representative of ¢ #i—'({( "Kz;

2) alJ. -holomorphic representative of ey X ep+ and a Jg-holomorphic representative of ¢ # gf ! ’Kz;
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Figure 34: A Heegaard triple which has been free-stabilized. We stretch the almost complex
structure along cg g’.

K1—1,K>

3)al -holomorphic representative of ¢ # ¢, and a Jg-holomorphic representative of By o;
4 al -holomorphic representative of ¢ #(,25({< K2~ and a J p-holomorphic representative of By j.

We can write out the ends as
(13-43)  OMz(d#E ") = My, (D#8g2) x Mz(ex xegr) UM Fley xeg) x My, (#8 )
UM, (B1,o)x My(dipg '~ 2) UM, (Bo,1) x My(dihg 5271,

The bigons and constant classes appearing in (13-43) have unique holomorphic representatives. Since
the total ends of a compact 1-manifold are 0, equation (13-43) implies

(13-44) #My, (p#ECVT2) +# My, (p#ESVF2) +#M (o # g 52) +#M 7@ # e 2T = 0.

The proof of Lemma 13.4 adapts immediately to show that

~ #M if (K1, K2) =
(13-45) #MJg(¢#§§1’K2):{ M(g) if (K1 K2) = (k.0).
0 otherwise,
and
A #M if (K{.K>) = (0. k).
(13-46) #Mja(qs#ggfsz):{OM@) if (K1, K2) = (0.k)
otherwise.

By starting at (K1, K») = (k, 0) and using (13-44), (13-45) and (13-46) to go through all pairs (K7, K»)
with K1 + K> = k, we obtain (13-42). O

We need the following triangle count:

Lemma 13.23 Suppose T = (X, a, B, B’, wp) is a Heegaard triple (we do not assume B’ are small
isotopies of 3). Let 7;+ be the Heegaard triple obtained by free-stabilizing at p, as in Figure 34. Let J be
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Figure 35: Breaking the closed curve y into a sequence of arcs A1, ..., A,.

an almost complex structure on ¥ X [0, 1] x R, and let J(T) denote an almost complex structure with a

neck of length T" added along cg g-. For sufficiently large T,

Frjx,y) 0
o + — T,J » Y
Frs gy x =y x07) ( 0 FT,J(x,y))'

)2
Proof The statement is a special case of [Manolescu and Ozsvath 2025, Proposition 5.2]. O
We now sketch our proof of the formula for the m-action when there is more than one basepoint:

Proof of Proposition 13.20 TImmerse y in X, and break y into a sequence of embedded arcs, A1, ..., A,
such that each A; crosses a single & or B curve exactly once. See Figure 35.
Write dA; = {p;, pi+1}. Note that p; = py+1 = w. Let 7—[;: denote a free stabilization of H at p;.

Pi+1 A @
A=

B B

triangle m A)(py

Figure 36: Decomposing (4; )« into a triangle map followed by a tautological diffeomorphism map.

ﬂ/
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Let Jy,; denote an almost complex structure for 7-[1‘,’; stretched along a circle ¢4, parallel to the « circle
in the free-stabilization region, and let Jg ; denote one stretched along a circle cg parallel to the f circle.
Each arc A; induces a diffeomorphism map

(13-47) (Ai)«:CFy, (M .5) > CFy . (Hp .5).
First, we claim that if A; intersects a single 8 curve (and no « curves), then (A;)4 is chain homotopic
to
id 0
(13-48) d-= (5 )

To establish (13-48), we decompose A; into two maps, a holomorphic triangle count to handleslide a
curve over p;, followed by a tautological diffeomorphism map to move p; to p;+1. See Figure 36.

Equation (13-48) follows from Lemma 13.23, since we are using the almost complex structure Jg ;.
Hence, the triangle counts on the free-stabilized Heegaard triple for the handleslide are obtained from the
triangle counts on the unstabilized diagram. Once we compose with the tautological map for an isotopy,
the diagonal entries are chain homotopic to the identity, by naturality.

Next, we claim that if A; intersects a single & curve (and no § curves), then (A;)+ is chain homotopic
to

(13-49) e = (0 2o,

Equation (13-49) is established as follows. By simply switching the roles of the & and B curves, our
previous argument shows that the map

(Ai)x: CFy,., (”H—t ,5) — CFy.. Mpis1-9)

takes the same form as in (13-48). To obtain the induced map (A; )« when the domain and codomain have
almost complex structures as in (13-47), we must precompose with Wy, ., s . and postcompose with
W, i41—Jgis1- These two transition maps may be computed using Proposition 13.22. Upon multiplying
the three matrices together, we obtain (13-49).

Finally, to compute

yx:CFy  (Hif.5) = CFy,  (H).5),
we write

Ve = (kn)* 0"'0(11)*,

and use the expressions for A; from (13-48) and (13-49). Upon multiplying all the matrices out, we obtain
that

_(1d Yicqr, nyainaze(Rp +2p,40)
(13-50) Yo = (0 # .
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The map
D (@ + Q)

ie{l,...,n}
AiNa#D

is exactly equal to the map which counts index 1 holomorphic disks, with a factor equal to their total
change across the a curves. This is exactly the homology action 4,,. Consequently, equation (13-50)
coincides with (13-37). O

13.7 Basepoint-swapping diffeomorphism

We now compute an additional diffeomorphism map. Suppose w1, wy € w are two distinct basepoints,
and A is a path connecting wy and w,. Let

Swy:(Y,w)— (Y, w)

denote the diffeomorphism corresponding to swapping wy and w,, along A. The diffeomorphism Sw; is
well defined up to isotopy, since Y is 3-dimensional.

The diffeomorphism Sw), is the map induced by the graph cobordism ([0, 1] x Y, I"), where T is the
union of the arcs [0, 1] x {w} for w € w \ {wy, ws}, as well as two arcs, one connecting {w;} x {0} to
{wy} x {1} and the other connecting {w»} x {0} to {w;} x {1}, both of which project to A, up to isotopy.

Note that Swj only induces an R p-equivariant map on CF™ (Y, w?,s) for colorings o satisfying

o(wy) = o (w2).

Proposition 13.24 Let Swy: (Y, w) — (Y, w) be the basepoint-swapping diffeomorphism. The induced

map (Sw) ) satisfies
(13-51) (Swp)s = Dy Ap + Ay Py, = A) Py + P, 4.

Proof The second chain homotopy in (13-51) can be obtained from Lemma 13.16, so we focus on the
first.

Let w’ ¢ w be a new basepoint, given the same color as wy and w. Pick paths A1 and A, from w;
to w’ and from w’ to wy (respectively) such that the concatenation A1 * A, is isotopic to A. Break Sw
into the composition of the following three diffeomorphisms:

(1) an isotopy of wy to w’, along Ay;
(2) an isotopy of w; to wy, along A;

(3) an isotopy of w’ to w,, along A,.
Using Theorem 13.11, we obtain
(13-52) (SWa ) 2 (Sg Ay S ) (S, Aa S )(Sw An, Sib).
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Using Lemmas 13.13-13.18, we manipulate (13-52) as follows:
(13-53)  (Swa)«
~ 8o A, Pu, Az Py Az, S,
~ @y, Sy Asy Aj Py As, S+ Sy Ay w42, S,
~ Doy, S Apy ArAn, St @y + Puy Sy Ap, Aa S + Sy Ag Py A, S
~ @y, o Apy Ar An, St @y + Puy Sp Aay Aa S + @y Sy An Ag, S+ So An, S

We focus on the first term of the last line of (13-53). By Lemma 4.3, Ay = A, + A, when all are
defined. Also Ai ~ U (where U denotes any of Uy,,, Uy, or U, which are identified by the coloring)
by Lemma 4.5. Hence,

(13-54) Apy ApAp, = Apy (Ap, + Any) Axy = Ap, A7 + A5 Ax, ~ U(Ay, + Aj,) > UAy.
Using (13-54), as well as Lemmas 5.13 and 5.15, we see
(13-55) Dy Sy Apy Aj Ag, S Py = Uy, Sy A3 S @uyy = Uy, 43Sy, S ®yyy 0.
We now consider the second term of the last line of (13-53). Lemmas 5.13 and 6.10 imply
(13-56) D, Sy Apy Ar St = @y Sy As, S Aj = Dy Ay
Similarly, the third term of the last line of (13-53) becomes
(13-57) D, Sy ApAn, S = oy Ax Sy A St = Dy, Ay
The last term of the last line of (13-53) satisfies
(13-58) SH A St ~id,

by Lemma 6.10.
Combining (13-53), (13-55), (13-56), (13-57) and (13-58), we obtain

(13-59) (SWp)s = Dy, A + Doy, A +id.

Equation (13-59) is chain homotopic to the expression in the statement since @, Ay + Ay Py, >~ id by
Lemma 13.16. d
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