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We define new algebras, local bimodules and bimodule maps in the spirit of Ozsvath—Szabé’s bordered
knot Floer homology. We equip them with the structure of 2-representations of the categorified negative
half &4~ of Uy (gl(1]1)), I-morphisms of such and 2-morphisms, respectively, and show that they categorify
representations of U, (gl(1|1)™) and maps between them. Unlike with Ozsvith—Szabd’s algebras, the
algebras considered here can be built from a higher tensor product operation recently introduced by
Rouquier and the author.

Our bimodules are all motivated by holomorphic disk counts in Heegaard diagrams; for positive and
negative crossings, the bimodules can also be expressed as mapping cones involving a singular-crossing
bimodule and the identity bimodule. In fact, they arise from an action of the monoidal category of Soergel
bimodules via Rouquier complexes in the usual way; the first time (to the author’s knowledge) such an
expression has been obtained for braiding bimodules in Heegaard Floer homology.

Furthermore, the singular crossing bimodule naturally factors into two bimodules for trivalent vertices;
such bimodules have not appeared in previous bordered-Floer approaches to knot Floer homology. The
action of the Soergel category comes from an action of categorified quantum gl(2) on the 2-representation
2-category of U/~ in line with the ideas of skew Howe duality, where the trivalent vertex bimodules are
associated to 1-morphisms &, F in categorified quantum gl((2).
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530 Andrew Manion
1 Introduction

Heegaard Floer homology, due to Ozsvath and Szabé [2004b], is a powerful set of invariants for low-
dimensional manifolds; it is of modern interest in topology, representation theory and physics. Heegaard
Floer homology encodes a symplectic approach to Seiberg—Witten theory, which is closely related to
categorified Witten—Reshetikhin—Turaev invariants associated to the Lie superalgebra gl(1]1). Indeed,
Heegaard Floer homology contains a homological knot invariant (knot Floer homology or HFK; see
[Ozsvath and Szabd 2004a; Rasmussen 2003]) that categorifies the quantum gl(1|1) knot invariant (the
Alexander polynomial), analogously to how Khovanov homology categorifies the Jones polynomial,
although the definitions of HFK and Khovanov homology are quite different.

Ozsvith—Szabd’s theory of bordered HFK [2018; 2019b; 2019a; 2020], based on the ideas of bordered
Floer homology [Lipshitz et al. 2018], is a major advance in the efficient computation of HFK (see
[Ozsvath and Szab6 2017]) as well as its algebraic structure and relationship to gl(1|1) categorification
[Manion 2019, 2017; Lauda and Manion 2021; Lauda et al. 2024]. If V is the vector representation of
Uy, (gl(1]1)), Ozsvath—Szabd define algebras categorifying arbitrary mixed tensor products of V' and its
dual V*. They also define bimodules categorifying the intertwining maps associated to arbitrary tangles,
recovering HFK for closed knots. Basic idempotents of Ozsvath—-Szabé’s algebras naturally correspond to
canonical or crystal basis elements of the underlying representations; in particular, they do not correspond
to elements of the standard tensor-product basis. Ellis, Petkova and Vértesi [Petkova and Vértesi 2016;
Ellis et al. 2019] have a related theory with similar properties, called tangle Floer homology; Tian [2014]
and Sartori [2016] have categorifications of the Uy, (gl(1|1)) representation V@ but do not recover HFK
from their constructions. !

In general, Heegaard Floer homology associates chain complexes to Heegaard diagrams. Bordered
Floer homology decomposes such diagrams along a set of non-intersecting cuts; to each cut one assigns
an algebra, and to the pieces one assigns bimodules, recovering the chain complex of the original diagram
after tensoring together the bimodules for local pieces over the boundary algebras. When applied to
Heegaard diagrams arising from knot projections, the Heegaard diagram cuts often arise from cuts in the
knot projection as in Figure 1.

Extending one level down, cornered Floer homology [Douglas and Manolescu 2014; Douglas et al.
2019] decomposes a Heegaard diagram along two transverse cuts. In [Manion and Rouquier 2020],
Raphaél Rouquier and the author reformulated and extended the cornered-Floer algebra gluing operation
in terms of a tensor product construction (®) for 2-representations of a monoidal dg category I/ introduced
by Khovanov [2014]. When applied to Heegaard diagrams arising from knot projections, one would like
cornered Floer homology to recover the algebra for n tangle endpoints (say positively oriented) as a tensor
power n of the algebra for a single positive endpoint, and one would like to recover the bordered-Floer

IFor bordered HFK, Tian’s theory and Sartori’s theory, the quantum group that acts on ¥®” is not Uq (gl(1]1)) itself but
rather a modified version. In Ellis, Petkova and Vertési’s theory, Uy (gl(1|1)) itself acts, but on a representation that is slightly
different from V ",
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Figure 1: Knot diagram cuts typically analyzed using bordered Floer homology.

bimodule for, e.g., a crossing between strands 7,7 + 1 out of n strands from a simpler bimodule for a
truly local crossing with only two strands; see Figure 2.

The algebras appearing in Ozsvath—-Szabd’s bordered HFK cannot arise as tensor powers n; indeed,
the basic idempotents of a tensor power n would correspond to standard tensor-product basis elements
of tensor-product representations, not canonical or crystal basis elements. For similar reasons, Petkova
and Vértesi’s tangle Floer algebras [2016] (see also [Ellis et al. 2019]) cannot arise as tensor powers n;
the algebras appearing in Tian [2014] are closely related to tensor power algebras.

The above three categorifications of V®” are closely related to the bordered-Floer “strands algebras”
A(Z) for (generalized) arc (i.e., chord) diagrams Z (Sartori’s categorification is more algebraic but is
closely related [Lauda and Manion 2021] to Ozsv4th—Szabd’s bordered HFK). Specifically, the diagrams Z
in question appear as three of the four vertices of a square of diagrams; see Figure 3. The horizontal
edges of the square are diagrammatic equivalences (sequences of arcslides) giving derived equivalences
for the corresponding algebras A(Z). The vertical edges of the square are the operation Z <> Z, from
[Lipshitz et al. 2011], which should, by analogy with the results of [Lipshitz et al. 2011], give Koszul
dualities for the corresponding algebras A(Z).

The diagram Z in the top left corner of Figure 3 is the one remaining diagram in this square that has not
yet been used to categorify ¥ ®” or define bordered-Floer bimodules. Like the diagram related to Tian’s
theory (bottom left corner), the algebra A(Z) for the top-left diagram Z arises as a tensor power ".

In this paper we initiate the study of categorifications of gl(1|1) representations and bordered theories
for HFK based on the diagram Z in the top-left corner of Figure 3. In order to work with bigraded
algebras and bimodules, we define a differential bigraded 2-category I/~ (based on If) that categorifies
the idempotented form Uq (gl(1]1)7) of the negative half of U, (gl(1]1)), as well as a bigraded version of
the tensor product from [Manion and Rouquier 2020].

A - LA

Figure 2: Type of knot-diagram gluing where cornered Floer homology should be relevant.
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Figure 3: Square of four chord diagrams (for n = 4).

Theorem 1.1 (cf. Sections 3.2 and 3.3) The bigraded tensor product operation for 2-representations
of U~ is well-defined and categorifies® the usual tensor product of representations of Uq (gl(1]D)7).

We then define bigraded algebras Ag for K > 1, equipped with 2-actions of ¢/, that categorify the
representations /\5 V of Uq (gl(1]1)7). The algebra .A; agrees with the strands algebra of the n = 1
diagram in the top left corner of Figure 3; the other algebras Ag are new but closely related to .A;. Taking
bigraded tensor products, we get the following corollary.

Corollary 1.2 (cf. Corollary 4.6) The algebra

Aky .. Ky = Ak, ®) - ® Ak,
with its 2-action of U™, categorifies the representation Ny Ky ®.. ‘®Ng Kny with its action of Uq (gl(1]D)7).

While analogous categorification results often require detailed computations to show that the action of
the quantum group on the decategorification is correct, here we get the result immediately from properties

of the bigraded tensor product. The results of [Manion and Rouquier 2020] imply that 4, | agrees

with the strands algebra of the general diagram in the top-left corner of Figure 3; the bigraded tensor
product gives this algebra a bigrading.

We then proceed to define the basic “truly local” pieces appearing in gluings like the one shown in
Figure 2, beginning with bimodules for trivalent vertices. In Sections 5 and 6 we describe bimodules YA
and vY associated to trivalent vertices; VA is an (A, A; 1)-bimodule and VY is an (A; 1, A;)-bimodule.

Both YA and VY are AD bimodules, a type of 4o-bimodule appearing in bordered Floer homology.

2See Section 2.8 for the notion of categorification we use here.
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Figure 4: Heegaard diagrams for trivalent vertices being glued to form Heegaard diagram for
singular crossing (after a § handleslide and a destabilization).

Theorem 1.3 (cf. Sections 5-6) The trivalent vertex bimodules VA and VY are well-defined AD bimodules
and categorify Uy (gl(1|1))-intertwining maps V ®? — /\621 V and /\31 V — V®2 respectively arising from
skew Howe duality; see the appendix.

Corollary 1.4 The singular crossing AD bimodule VX :="Y &K VA of Section 7.2, over the algebra A, 1,
is well-defined and categorifies the U, (gl(1|1))-intertwining map V ®2 — V®2 for a singular crossing.

Both trivalent vertex bimodules are directly motivated by domains for holomorphic curve counts in the
two Heegaard diagrams on the left of Figure 4; see Figures 18 and 21. As the rest of Figure 4 illustrates,
these diagrams glue to a diagram that agrees (after Heegaard moves) with a reasonable adaptation of the
Ozsvath—Stipsicz—Szab6 diagram [Ozsvath et al. 2009] for a singular crossing; see also Figure 25. The
presence of O and O, basepoints in one of the trivalent-vertex diagrams leads to an infinitely generated
bimodule; we simplify to a homotopy equivalent but finitely generated version and work primarily with
this simplification.

Remark 1.5 The compatibility requirements of the structures considered here are relatively restrictive on
possible choices of convention; these requirements led us to formulate the above results in terms of AD
bimodules rather than the more familiar DA bimodules. However, since we still prefer DA bimodules, we
will do most computations in terms of DA bimodules, then take duals to get AD bimodule versions.

Remark 1.6 The new algebra A, categorifying /\2 V, with its extra polynomial generator as compared
to Aj, is exactly what is needed to permit the recovery of the singular-crossing bimodule from the
trivalent-vertex pieces. The algebras Ag are defined by analogy to A,.

Remark 1.7 By the rules for assigning 3d cobordisms to Heegaard diagrams in bordered sutured Floer
homology [Zarev 2011], the trivalent-vertex Heegaard diagrams in Figure 4 should represent bordered

Geometry & Topology, Volume 30 (2026)
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Figure 5: Bordered sutured cobordisms represented by the Heegaard diagrams from Figure 4.

sutured cobordisms like the ones shown in Figure 5; see [Zarev 2011, Figure 2(b)] for a figure drawn with
similar visual conventions. Each 3d cobordism is the complement of (an open tubular neighborhood of)
the corresponding trivalent vertex, viewed as a web in D? x [0, 1], with a bordered sutured structure on
the boundary.

While the literature does not seem to give a sutured interpretation for the doubled X basepoint in the top-
left Heegaard diagram of Figure 4, it is reasonable to suppose that an X or O basepoint appearing m times
in some region of a Heegaard diagram should give rise to a “suture with weight m”, and that sutured and
bordered sutured Floer homology can be generalized to accommodate such weighted sutures. In Figure 5,
we indicate weight-two sutures with green circles that are thicker than the ones for weight-one sutures.

Remark 1.8 In contrast with the top-left Heegaard diagram of Figure 4, the bottom-left Heegaard diagram
of this figure does not by itself seem to give any indication that the algebra on the one-circle side should
be A, rather than A;. It is plausible that, if a generalized bordered sutured theory including higher-weight
sutures and algebras Ag does exist, one would need to specify, along with the bottom-left Heegaard
diagram of Figure 4, the additional data that the top circle has weight 2 in order to get a bimodule
involving A, from the diagram.

Geometry & Topology, Volume 30 (2026)
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We equip the trivalent vertex bimodules (and thus their compositions, like singular crossing bimodules)
with the structure of 1-morphisms between 2-representations of U/, for a definition of 1-morphism
adapted to the setting of AD and DA bimodules as discussed in Section 3.4.

Passing to 2-morphisms, we further upgrade these trivalent vertex bimodules to form the 1-morphism
part of a functor from Z;Iq (gl(2)), the 2-category categorifying the idempotented form Uq (gl(2)) (see
[Khovanov and Lauda 2010; Rouquier 2008]), to the 2-representation bicategory 2 Rep(U/™) of U™ as
defined in Section 3.4.3

Theorem 1.9 (cf. Theorem 8.18) The 2-morphisms in 2 Rep(U4/™) associated to the generating dot,
crossing, cap, and cup 2-morphisms in Z;{q (gl(2)) are well-defined and satisfy the defining relations for
2-morphisms in Uq (gl(2)), so they give a functor from Uq (gl(2)) to 2Rep(U™), descending to the “Schur
quotient” S(2, 2) of Z/'lq (gl(2)) from Mackaay, Stosi¢ and Vaz [Mackaay et al. 2013].

Remark 1.10 In particular, our trivalent vertex bimodules are biadjoint to each other; this property
follows from the relations in Z;{q (g1(2)).

We get the following corollary from [Mackaay et al. 2013].

Corollary 1.11 (cf. Corollary 9.4) We have a functor from the Soergel category SC' (viewed as a
2-category with one object; see Section 9.1 for notation) to 2 Rep(U ™).

Further, by Elias and Krasner [2010] we also get a functor from the 2-strand braid cobordism category.
Let VP’ and YN’ be the resulting AD bimodules for positive and negative crossings, obtained as mapping
cones involving VX and the identity AD bimodule over .4, 1, as in Section 10.

Corollary 1.12 (cf. Corollary 9.7) The positive and negative crossing bimodules ¥P' and VN’ extend to
a functor from the 2-strand braid cobordism category BrCob(2) (viewed as a 2-category with 1 object)
to a bicategory ADBimod of dg categories, certain AD bimodules, and homotopy classes of closed AD
bimodule morphisms.

Due to algebraic subtleties in taking mapping cones on 2-morphisms, we do not automatically get
a functor from BrCob(2) to 2Rep(i{~). However, at least at the level of 1-morphisms, we can lift
from BrCob(2) — ADBimod to BrCob(2) — 2Rep(i/™) as discussed in Remark 9.8. In particular,
for truly local positive and negative crossings, we have 1-morphisms between 2-representations of U/,
and for 2-strand braid cobordisms we have bimodule maps (presumably 2-morphisms) satisfying the
movie moves. Functoriality for 4d cobordisms, like braid cobordisms, is an important a priori part of
Heegaard Floer theory, but to our knowledge, braid cobordism maps have not yet been defined in any
local, bordered-Floer-based approach to HFK.

Although they are defined over different algebras, it is natural to ask how our positive and negative
crossing bimodules relate to Ozsvath—Szabé’s bordered HFK-bimodules for positive and negative crossings.

3This appearance of gl(2) acting on representations of gl(1|1) is an instance of skew Howe duality; see Remark 1.20 for
further discussion.

Geometry & Topology, Volume 30 (2026)



536 Andrew Manion

SO0

Figure 6: Diagram Z needed for Ozsvath—Szabd’s minimal local crossing bimodules.

To address this question, we define explicit bimodules for the derived equivalence from the top edge of
Figure 3 in the n = 2 case, based on certain “change-of-basis” Heegaard diagrams.

Theorem 1.13 (cf. Section 11) Our change-of-basis bimodules are well-defined, homotopy inverses to
each other, and categority the change-of-basis matrices between the tensor-product basis and the canonical
basis (see Section A.2) for V 2.

Tensoring our nonsingular crossing bimodules on either side with change-of-basis bimodules, we can
compare with Ozsvath—Szabd’s nonsingular crossing bimodules.

Theorem 1.14 (cf. Section 12) After categorified change of basis, our nonsingular crossing bimodules
are homotopy equivalent to Ozsvdth—Szabd’s.

Remark 1.15 The Ozsvéith—Szab6 bimodules appearing in Theorem 1.14 are simpler than the minimal
bimodules Ozsvath—Szabé need to encode all the relevant local holomorphic-curve data in their theory.
We work with Ozsvath-Szab6é bimodules defined over an algebra A" (quasi-isomorphic to the strands
algebra of the n = 2 top-right corner of Figure 3 by [Lekili and Polishchuk 2020; Manion et al. 2021,
2020]; our notation indicates the relationship between this algebra and the canonical basis for V ®2).
However, the minimal local bimodules in Ozsvath—Szab6’s theory are defined over a larger algebra 5(2)
quasi-isomorphic to A(Z) for Z the diagram shown in Figure 6. While Aﬁa‘} has four basic idempotents
(corresponding to four basis elements of ¥ ®?), the algebra B(2) has eight basic idempotents.

Even though simpler Ozsvdth-Szab6 bimodules over the smaller algebra A"} appear in Theorem 1.14,
we expect that the corresponding bimodules over A ; (with their l-morphisr;l structure) contain all the
local data needed to build n-strand crossing bimodules as in Figure 2. This is one advantage of the algebras
Aj....,1 and the tensor product construction; just as standard tensor-product basis elements are easier to
glue together than canonical basis elements are, the extension process that builds n-strand bimodules out
of our 2-strand bimodules should be simpler (in terms of numbers of idempotents, although perhaps not
in terms of holomorphic geometry) and more algebraically structured than in Ozsvath—Szabd’s theory.

Remark 1.16 The Heegaard diagrams appearing in this paper can be readily drawn and composed in
the plane (although as in Figure 4, the compositions often produce tubes which can be removed after
destabilization). Thus, one can think of the theory developed here as an instance of “bordered knot Floer
homology done using planar diagrams” in a broad sense. However, “the planar diagram™ also has a more
specific meaning in knot Floer homology, referring to a specific diagram introduced in [Ozsvath and
Szabd 2009; Manolescu 2014]. The diagrams considered here do not look exactly like this specific planar
diagram, although they are related; for a proposed approach to defining a bordered HFK theory based on
the planar diagram of [Ozsvath and Szabd 2009; Manolescu 2014] using the n-strand Ozsvath—Szab6

.....
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Remark 1.17 Various bimodules below will be equipped with the structure of 1-morphisms of 2-
representations. For bimodules arising from Heegaard diagrams, the 1-morphism structure should also
arise from counts of holomorphic disks whose domains have multiplicity at corners of the Heegaard
diagram as in [Douglas and Manolescu 2014; Douglas et al. 2019]. We hope to return to this point in
a future paper. It would also be desirable to have Heegaard diagram interpretations for the bimodule
maps we define in Section 8 below; perhaps these maps arise from Heegaard diagram representations of
4d cobordisms between web complements given by foam complements with certain sutured structure.

Remark 1.18 The change-of-basis bimodules in Section 11 can be upgraded to 1-morphisms of 2-
representations, and one can deduce 1-morphism structure for the Ozsvath—Szabd positive and negative
crossing bimodules considered in Section 12. Diagrammatically, though, one can see that the 1-morphism
structure on our change-of-basis bimodules will not be enough to define change-of-basis bimodules be-
tween Ay, 1 and Aclaf‘“ , for an arbitrary number 7 of strands; a more global definition will be required. For
Ozsvath—Szab6’s bim’ociules, the 1-morphism structure is most interesting for their full local bimodules over
the algebra B(2), where it encodes a compatibility between the summands of their bimodules that morally
underlies their extensions as in Figure 2; this is another point to which we hope to return in a future paper.

Remark 1.19 One would like to extend (®) to a monoidal structure on 2 Rep(/™) (or a related 2-category)
and then upgrade to a braided monoidal structure. Unlike with Ozsvath—Szabd’s bimodules, the bimodules
for positive and negative crossings defined here should be instances of this higher braiding.

Remark 1.20 Our constructions give a categorification of the “skew Howe” representation /\é (C ; 11 ®C ;)
with its commuting actions of U, (gl(1]1)™) and Uy, (gl(2)); see [Queffelec and Sartori 2019; Tubbenhauer
et al. 2017; Lauda et al. 2015]. Both actions are categorified here, and the 1-morphism structure on our
trivalent vertex bimodules encodes the commutativity. It would be desirable to extend to a categorification
of /\f ((C;|1 ® Cg) for arbitrary n and K.

Remark 1.21 To recover HFK from the constructions of this paper, one would first want to extend (&) from
objects to at least (DA or AD bimodule) 1-morphisms in 2 Rep(i/™), allowing one to perform gluings as
in Figure 2. One would then want to extend to mixed orientations (both V" and V *) and define bimodules
for local maximum and minimum points. Invariance of tangle invariants under Reidemeister moves, and
recovery of HFK, would follow if one could also define change-of-basis bimodules between A; _ ; and
A | as mentioned in Remark 1.18 and establish a general relationship with Ozsvéth-Szabd’s theory.
It V’VO’uld also be desirable to derive the Reidemeister invariance as a consequence of an action of the
n-strand braid cobordism category coming from an action of Uq (gl(n)), as part of a categorification of

/\5(@;“ ® Cy) forall n, K.

Organization

In Section 2, we review what we need of the algebra of bordered Floer homology. We also introduce a
matrix-based notation to facilitate computations with the A-bimodules and morphisms that will appear
frequently below.

Geometry & Topology, Volume 30 (2026)
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In Section 3, we define a bigraded tensor product operation and discuss its decategorification, proving
Theorem 1.1. We also define 1-morphisms and 2-morphisms of 2-representations of the dg category U/~
introduced in this section.

In Section 4, we define the algebras A and study their tensor products, including their 2-representation

structure. For A; . ;, we discuss how the 2-representation structure relates to strand pictures and to

Heegaard diagrams.

In Section 5, we define a 1-morphism of 2-representations for one type of trivalent vertex, and in
Section 6 we do the same for the other type. Compositions of these bimodules are analyzed in Section 7.

In Section 8, we extend to an action of 2-morphisms in Uq (gl(2)), proving Theorem 1.9. In Section 9
we deduce Corollaries 1.11 and 1.12, while also extending our functor to the Soergel category SC/,.

In Section 10, we simplify the resulting bimodules for positive and negative crossings and relate them
to bimodules motivated by holomorphic curve counts in Heegaard diagrams.

In Section 11, we define change-of-basis bimodules between our algebras and the analogous algebras
in Ozsvath—Szabd’s bordered HFK, proving Theorem 1.13. In Section 12 we use the change-of-basis
bimodules to prove Theorem 1.14.

Finally, in the appendix, we review what we need of the representation theory of Uy (gl(1]1)).

2 Bordered algebra and matrix notation

In this section we review relevant aspects of the algebra of bordered Floer homology and introduce
a convenient matrix-based notation for DA bimodules. Let k be a field of characteristic 2; we will
occasionally work over more general k, e.g., polynomial rings over fields of characteristic 2, but what we
say here generalizes to this setting without issue.

All categories, algebras, modules, etc. discussed below are assumed to be k-linear. We will also
assume that these algebras and modules come equipped with a bigrading by Z2, consisting of a Z-grading
deg? (the quantum grading) with respect to which algebra multiplication maps, module action maps, and
differentials are degree 0, as well as a Z-grading degh (the homological grading) with respect to which
differentials are degree 1. For a bigraded vector space W, we write ¢’ W[ /] for W in which all quantum
degrees have been shifted up by i and all homological degrees have been shifted down by ;.

Remark 2.1 The below definitions also make sense in the ungraded setting, where the degree shifts in
the below formulas should be ignored, as well as in the more general setting of gradings by nonabelian
groups G as is common in bordered Floer homology; see [Lipshitz et al. 2015] for the definitions in the
G-graded case.

2.1 DA bimodules

If A is a dg category, we write I for the non-full-subcategory of A having the same objects as A but
having only identity morphisms. We think of A as being a (possibly nonunital) dg algebra equipped with
a collection of orthogonal idempotents given by identity morphisms on the objects of A. Correspondingly,

Geometry & Topology, Volume 30 (2026)
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we will call I the idempotent ring or ring of idempotents of A, even though [ is a category. In all examples
considered in this paper, 4 (and thus I) will have finitely many objects.

By convention, we assume all dg categories A come equipped with an augmentation functor € : 4 — [
restricting to the identity on I C A; we write A for the kernel of e.

Definition 2.2 Let A, A’ be dg categories with rings of idempotents I, I’. A DA bimodule over (4’, A)
is a pair (M, {51'1 i >1}), where M is a bigraded (I’, I')-bimodule (i.e., a k-linear functor from I’ ® I°PP
to bigraded k-vector spaces) and, fori > 1,

81 M p (AP S AN @p M

is an (', I')-bilinear map of bidegree zero satisfying the DA bimodule relations

i i—1 i—2
D (W ®id)o(id®8!_; )0} ®id)+ D 8 o(id®d;)+ Y 8 0(d@u; j+1)+ (0 ®id)os! =0,
Jj=1 Jj=1 j=1

where 1, 0" denote the multiplication and differential on A’, d; denotes the differential on the j-th factor
of A®C=D and tj,j+1 denotes the multiplication on the j-th and (j+1)-st factors of A®GED),

Example 2.3 The identity DA bimodule T4 over A4 has 14(S’,S) =k if S = 8" and 14(S’,S) =0
otherwise, so I 4 is the identity bimodule over the idempotent ring /. We set 8; to be the identity map
(endofunctor) on A[1]; we set 81.1 =0 for i # 2. One can check that the DA bimodule relations are satisfied.

Remark 2.4 A DA bimodule M has an underlying Ao-bimodule A’ ®;» M. As a left Aoo-module,
A’ ®» M has no higher actions; it is a left dg module (even projective as a nondifferential module).
However, the right action of 4 on A’ ® ;> M may have higher Ao, terms. We have a natural identification
of A ® 14 with the ordinary identity bimodule over A.

Let§' := ", 8}, amap from M ®; T*(A[l]) to A’[1]®; M of bidegree zero. Define
J. ®@i—1 ®j
8 : M ®r (AN > (A1) @ M
by
5;'].(_7611""’611'—1): Z (id®8ilj(_9"'9ai—1))o"'08ill(_’al9'~'9ai1—1)’

i—1=(i; —1)+-+(j—1)

where there are j factors in the composition.
Definition 2.5 We say that a DA bimodule M is:

e left bounded if for each x € M and each i > 1, there exists n such that 8ij (x,—,...,—) vanishes on
(A[1D®E=D for all j > n;

« finitely generated if M is finite-dimensional over k;
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* strictly unital if, for all x € M (S’, S), we have

- §)(x.,idg) =idsg' ® x,
1 . _ .
- 8;(x,...,idg»,...) =0fori > 2 and any S”.

2.2 Matrix notation

We specify a DA bimodule M (finitely generated at first) by giving a “primary matrix” and a “secondary
matrix”. Let 4 and A’ be dg categories with finitely many objects; we start with a primary matrix whose
columns are indexed by objects S of 4, whose rows are indexed by objects S’ of A’, and whose entries
are sets (finite sets at first). If the primary matrix has block form, we will often give each block separately.
From the primary matrix, we can define M as an (I’, I)-bimodule; we take the set in row S’, column S
as a basis for M (S’, S).

We also assume we are given a secondary matrix with both rows and columns indexed by entries of the
primary matrix. The entries of the secondary matrix should be sums (potentially infinite) of expressions
like d’ ® (ay,...,a;—1), where a’ € A’ and (ay,...,a;_1) are distinct sequences of elements of some
chosen homogeneous basis for (the morphism spaces in) A such that

¢ identity morphisms are basis elements,
e all other basis elements are in A .

We require that no ¢; is an identity morphism in any such sequence (a1, ...,a;—1). By convention, we
write 0 for the empty sum, and when i = 1 we write @’ as shorthand for @’ ® (). As with the primary
matrix, we will often give secondary matrices block-by-block. There are many examples below; see, for
instance, Section 7.2.

Definition 2.6 Given this data, if (aq,...,a;—1) is a sequence of elements in the chosen basis for 4
(possibly empty but none an identity morphism) and x is a basis element of M (S’, S), we take

Sl(x®a; ®---®aj_y)

to be the sum, over all rows y in column x of the secondary matrix, of ¢’ ® y if &’ ® (ay,...,a;—1)
is a term of the secondary matrix entry in row y and column x and zero otherwise. For any identity
morphism idg in 4 and any basis element x of M (S’, S), we set 8; (x,idg) = idgr ® x. We extend 81.1
linearly over k.

A main advantage of this matrix-based notation is that it allows computations involving DA bimodules
to be formulated using familiar linear-algebraic operations. For example, we describe a procedure for
checking that a DA bimodule defined by primary and secondary matrices is well-defined.

Procedure 2.7 To check that the DA bimodule relations hold for M defined by primary and secondary
matrices, the first step is to multiply the secondary matrix by itself. When multiplying (a term of) an
entry @’ ® (ay,...,a;—1) in the right matrix factor with another (term of an) entry b’ ® (by,...,b;j—;) in
the left matrix factor, the result is @’b’ ® (a1, ...,ai—1,b1,....bj_1).
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Next, one considers a “multiplication matrix” derived from the secondary matrix as follows: whenever
an algebra input @; in a term a’ ® (a;, . .., a;—1) of the secondary matrix (row y, column x) is a nonzero
term of the basis expansion of b; - b, for two basis elements by, b, of A (with coefficient ¢ € k), add a
term ca’ ® (ay,...,aj—1,b1,by,aj41....,a;—1) to the multiplication matrix in row y and column x.

Finally, one considers two “differential matrices”; the first is obtained from the secondary matrix
by replacing each term ¢’ ® (ay,...,a;—1) with 9(¢’) ® (ay,...,a;—1) in each entry. The second is
obtained as follows: whenever an algebra input ¢; in a term @’ ® (ay, ..., a;—1) of the secondary matrix
(row y, column x) is a nonzero term of the basis expansion of d(b) for some basis element b of A (with
coefficient ¢ € k), add a term ca’ ® (ay, ... Jaj—1, b, @jy1,...,a;—1) to the second differential matrix in
row y and column Xx.

The DA bimodule relations amount to checking that the sum of the squared secondary matrix, the
multiplication matrix, and the two differential matrices, is zero.

Remark 2.8 A priori, one would want to add terms idg ® idg to the diagonal entries of the secondary
matrix before performing the above operations; one can check that the above procedure (without ids’ ®idg
terms) suffices to check the DA bimodule relations, and that DA bimodules arising from primary and
secondary matrices are strictly unital.

Remark 2.9 With appropriate care, one can apply the same ideas to infinitely generated DA bimodules
whose generators come in regular families. We will see several examples below; in the secondary matrix,
even if there are infinitely many rows, one requires that only finitely many entries of each column for any
given input sequence are nonzero.

Remark 2.10 Suppose that M is a DA bimodule over (4’, A) with (Sl.l =0 for i > 2. It follows that
A’ ® M is an ordinary dg bimodule, with differential given by 8} and right action of A given by 8%
(the left action of A’ comes from multiplication in A”). For such bimodules, it will often be convenient to
omit the full secondary matrix in favor of matrices for the differential and for the right action of each
multiplicative generator of A; this type of description can be considerably simpler.

Assume for simplicity that 4 and A’ have no differential (this will be true for nearly all the examples
in this paper). To check that such a bimodule M is well-defined, it suffices to check that:

¢ the matrix for the differential on M squares to zero;

¢ the matrices for the right action commute with the matrix for the differential;

¢ whatever relations are satisfied by the multiplicative generators in the algebra are satisfied for the
corresponding right-action matrices.

2.3 Morphisms

Definition 2.11 Let A, A’ be dg categories with rings of idempotents 7, I’, and let M, N be DA bimodules
over (A’, A). A DA bimodule morphism f : M — N is a collection { f; : i > 1}, where

fi: M@ (A4[1D®D - A'@p N
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are (I’, I')-bilinear maps (if all have the same bidegree, then 1 is said to be homogeneous of this bidegree).
Such morphisms form a chain complex whose differential is defined by

i i i—1
d(f)i=Y (W eid)o(d®s_; Do fi+ > (W eid)o(d® fi_jr1)08! + ) fio(d®d;)

j=1 j=1 s j=1
+ Y fim1o(d®pj j41) + (@ ®id)o fi.
j=1

We say that f is strict if f; =0 fori > 1.

Remark 2.12 A morphism of DA bimodules /' : M — N gives a morphism A’ ®; M — A’ ®/ N of
Aso-bimodules, compatibly with the differential on morphisms.

If M and M’ are defined by specifying primary and secondary matrices, then we can also specify a
morphism f by giving a matrix. The columns of the matrix for f are indexed by entries x of the primary
matrix for M, and the rows are indexed by entries y of the primary matrix for M. The entry of the matrix
for f in row y and column x should be a sum of expressions like ¢’ ® (ay,....,a;_1), where a’ € A’ and
(ai,...,a;—) are distinct sequences of elements of a chosen basis for 4 as above. We require that no a;
is an identity morphism in any such sequence (so all a; are in A4), we write 0 for the empty sum, and
when i = 1 we write @’ as shorthand for ' ® ().

Definition 2.13 Given this data, if (a1,...,a;—1) is a sequence of elements in the chosen basis for 4
and x is a basis element of M (S’, S), we take fi(x ® a; ® --- ® a;_1) to be the sum, over all rows y
in column x of the matrix for f, of '’ ® y if a’ ® (ay,...,a;—1) is a term of the matrix entry for f in
row y and column x and zero otherwise. We extend 8,.1 linearly over k.

To compose DA bimodule morphisms f and g given by matrices, one multiplies the matrices the same
way one does when computing the squared secondary matrix in Procedure 2.7.

Procedure 2.14 If f': M — N is a morphism of DA bimodules and M, N, f are given in matrix notation,
a matrix for d( f) can be obtained as the sum of the following matrices:

¢ Two matrices from multiplying the matrix with f* and the secondary matrices for M, N (in the order
that makes sense).

¢ One “multiplication matrix” and two “differential matrices” obtained from the matrix for f as in
Procedure 2.7.

For a given (A’, A), the DA bimodules over (A’, A) and chain complexes of DA bimodule morphisms
form a dg category; isomorphism and homotopy equivalence of DA bimodules are defined in terms of this
category. A closed morphism of DA bimodules f : M — N is called a quasi-isomorphism if its strict part
/1 induces an isomorphism on the homology of the underlying left dg modules A’ ® ;s M and A’ ®/ N.

Remark 2.15 In fact, every quasi-isomorphism of DA bimodules is a homotopy equivalence [Lipshitz
et al. 2015, Corollary 2.4.4]; this is a general feature of 4o, morphisms.
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2.4 Box tensor products

If M and N are two DA bimodules over (A", A”) and (A’, A) respectively, one can define a DA bimodule
M X N as in [Lipshitz et al. 2015, Section 2.3.2] (given suitable finiteness conditions). If both M and
N are left bounded, then M X N is well-defined and left bounded by [Lipshitz et al. 2015, Proposition
2.3.10(1), Remark 2.3.12].

If M and N are given by primary and secondary matrices, then we can describe M X N similarly.

Procedure 2.16 The primary matrix for M X N is obtained by multiplying the primary matrices for M
and N. Each entry of the primary matrices is a set; to multiply two entries, take the Cartesian product. To
sum over all products of entries for each entry in the resulting matrix, take the disjoint union.

The secondary matrix for M X N is obtained as follows: let (x, y) and (x’, y’) be entries of the
primary matrix for M X N. For every choice of

o i >1,

e basis elements y = yq, y2,...,yi = ¥’ of N,

e term a” ® (a},...,a;_,) in row x” and column x of the secondary matrix of M,

e forl <j<i-—1,terms b} ® (aj1,-.-,4aj,i;—1) of the secondary matrix of N in row y;i; and
column y;, where ¢; a} is a nonzero term in the basis expansion of b]’. (for some ¢; € k),

add the entry

1
€1 Cim1@ @ (A1, 15w ALip—1s -+ i1, 15+ Ai—1,ij_—1)
to row (x’, y’) and column (x, y) of the secondary matrix for M X N.

By [Lipshitz et al. 2015, Lemma 2.3.14(2)], box tensor products of DA bimodules are associative up to
canonical isomorphism. Also, there are canonical isomorphisms between M and the box tensor product
of M with an identity DA bimodule on either side.

2.5 Box tensor products of morphisms

Let My, M, be DA bimodules over (4”7, A"), and let Ny, N, be DA bimodules over (A4’, 4). Let
f My — M, and g : Ny — N, be morphisms. As discussed in [Lipshitz et al. 2015, Section 2.3.2], the
box tensor product f X g is only defined up to homotopy. However, expressions like f Xid and id X g
are unambiguously defined and we can compute them in matrix notation.

Procedure 2.17 Suppose that N; = N, = N and we have a morphism f : M; — M,. The matrix
for f Xidy has columns indexed by primary matrix entries for M; X N and rows indexed by primary
matrix entries for M, & N. For each entry a” ® (a},....a;_,) of the matrix for f (in column x; and
row X, ), consider the (i —1)-st power of the secondary matrix for N, defined by concatenating both input
sequences and output terms when multiplying individual entries. If (x1, y1) and (x,, y,) are entries of
the primary matrices of M; X N and M, X N, respectively, then for each entry of the (i—1)-st power
matrix of N in column y; and row y, (say with output sequence (b, ..., blf_l) and input sequence S ),
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let ¢; € k be the coefficient of a} in the basis expansion of bj/. forl<j<i—1.Letc=cy- -cx—y and
add ca” ® S to the matrix for £ ®idy in column (x1, y;) and row (X2, y2).

Now suppose that M| = M, = M and we have a morphism g : Ny — N;. The matrix foridy,s X g
is defined as above, except the matrix for f above is replaced by the secondary matrix for M with the
terms idg ® idgs included. The (i —1)-st power matrix above is replaced, for i > 2, by the sum of all
ways of multiplying one instance of the matrix for g with i — 2 instances of the secondary matrices for
Np or N, as appropriate, again concatenating both input sequences and output terms when multiplying.

Note that i = 1 terms in the secondary matrix for M do not contribute to the matrix for idys X g.

2.6 Simplifying DA bimodules

Suppose that a DA bimodule M is given by primary and secondary matrices, and that some entry of the
secondary matrix (say in column x and row y) is an identity morphism of A’ (i.e., idgs =idg' ® ()). We
can simplify M to obtain a homotopy equivalent DA bimodule M having two fewer basis elements than
M. We describe M in matrix notation as follows.

Procedure 2.18 The primary matrix of M is the primary matrix of M with the elements x and y removed
from their corresponding entries. The secondary matrix of M is obtained as follows:

¢ Start by deleting the row and column corresponding to x, as well as the row and column corresponding
to y, from the secondary matrix of M.

» Now, for each term ¢’ ® (aq,...,a;—1) of an entry of the original secondary matrix of M in row y
(and some column x') other than the idss we are canceling, and each such term b’ ® (by,...,b;_1)
in column x (and some row )’) other than the idgs we are canceling, add the term

a/b/@(al,...,ai_l,bl,...,bj_l)

to the secondary matrix of M in column x’ and row v

If we can cancel x and y from M as above, we will call (x, y) a canceling pair in M. If there are
multiple disjoint canceling pairs in M, we can cancel them all at once, potentially picking up more general
terms than the ones above; we can even do this when M has an infinite set of disjoint canceling pairs,
assuming all resulting matrix entries and sums are finite.

2.7 Duals and AD bimodules

One can modify Definition 2.2 by interchanging left and right everywhere; one obtains the definition
of an AD bimodule. We can specify AD bimodules N over (A4’, A) using matrix notation, just as for
DA bimodules; the difference is that the entries of a secondary matrix specifying an AD bimodule are
sums of terms of the form (a7, ... ,a;._l) ® a. Right boundedness, finite generation and strict unitality for
AD bimodules are defined like left boundedness, finite generation and strict unitality for DA bimodules.
Morphisms, including isomorphisms, homotopy equivalences and quasi-isomorphisms are also defined
similarly, and every quasi-isomorphism of AD bimodules is a homotopy equivalence.
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The box tensor product of AD bimodules is also defined analogously to the DA bimodule case, and is
associative up to canonical isomorphism. There are identity AD bimodules as in the DA case, and the
box tensor product of an AD bimodule N with an identity AD bimodule on either side is canonically
isomorphic to N.

If M is a finitely generated DA bimodule over (A4’, A), the opposite AD bimodule to M (over (A, A”))
is defined in [Lipshitz et al. 2015, Definition 2.2.53]. Similarly, a finitely generated AD bimodule N over
(A’, A) has an opposite DA bimodule over (A, A’). The opposite of M corresponds to the bimodule
Homy (A’ ®y M, A’) with an induced left Ao action of A, so we will write the opposite AD bimodule to
M as VM and call it the left dual of M. Similarly, the opposite of N corresponds to Homy (N ®; A, A);
we will write the opposite of N as N and call it the right dual of N.

Duality preserves finite generation and strict unitality; it sends left bounded DA bimodules to right
bounded AD bimodules and vice versa. It reverses both g-degree and homological degree; we have
V(¢*M[j]) = ¢~ (YM)[—j]. The opposite of an identity DA bimodule is an identity AD bimodule and
vice versa.

Duality is compatible with box tensor products after reversing the order: we have natural identifications
V(MR M;) = VM, KM and (Ny K N,)Y = N KN/

A morphism of finitely generated DA bimodules f : M — M’ gives a dual morphism v/ : YM' — VM,
such that V(g o f) =Y/ o Vg and V(d(f)) = d(Vf). Similarly, we can dualize morphisms of finitely
generated AD bimodules to get morphisms of DA bimodules.

Remark 2.19 Since duality reverses bidegrees on DA and AD bimodules while simultaneously reversing
the direction of morphisms, the dual ¥/ of a DA bimodule morphism f has the same bidegree as f', and
similarly for duals of AD bimodule morphisms.

Concretely, duality acts on bimodules presented in matrix notation as follows.

Procedure 2.20 For a finitely generated DA bimodule M given by a primary matrix and secondary
matrix, form a primary matrix for VM by taking the transpose of the primary matrix for M. Form a
secondary matrix for VM by

o taking the transpose of the secondary matrix for M, and

e changing all entries ¢’ ® (ay,...,a;—1) in this secondary matrix to (aq,...,ai—1) ®d’ .

2.8 Split Grothendieck groups

In this section we will require our dg categories A4 to have finitely many objects for simplicity. While the
Grothendieck groups we consider below can be defined over Z[q, ¢ ~!], we will pass to C4 := C(q) since
we will be relating these Grothendieck groups to representations of Uy (gl(1]1)).

Definition 2.21 Let 4 be a dg category with finitely many objects; recall that we assume A is equipped
with a functor € : A — [ restricting to the identity on I C A. Let Go(A) be the split Grothendieck group
of the closure of A under direct sums and degree shifts (both quantum and homological), tensored over
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Z[q,q~'] with Cy4. In other words, G (A) is the C4-vector space generated by isomorphism classes of
objects [S] of this closure of A under the relations

[S1 @S2l =[S1]+1S2). [¢S1=4qlS]. [S[1]]=~IS].

It follows from the existence of € that Gy(A4) has a basis given by the objects of 4 (¢ ensures that no two
distinct objects of A can be isomorphic).

Our convention will be to use AD bimodules to induce maps on split Grothendieck groups as follows.
Suppose that A and A’ each have finitely many objects.

Definition 2.22 Let N be a finitely generated AD bimodule over (A4’, A4). Define a Cg4-linear map
[N]:Go(A) — Go(A") by declaring that, for basis vectors [S] of Go(A) and [S’] of Go(A") coming from
objects S of A and S’ of A’, the matrix entry of [N] in row [S’] and column [S] is the ¢g-graded Euler
characteristic of the finite-dimensional bigraded k-module N(S’, S).

Heuristically, with this convention one thinks of applying the functor N X — to simple A-modules
and expanding the result in terms of simple A’-modules, but we will stick with the above elementary
definition in this paper.

We can also decategorify DA bimodules; let Ko(A) be the Cy-vector space defined in the same way
as Go(A), except that we call the generators [ P] instead of [S].

Definition 2.23 Let M be a finitely generated DA bimodule over (4’, A). Define a Cy-linear map
[M]: Ko(A) — K¢(A’) by declaring that, for basis vectors [P] of Ky(A4) and [P’] of Kq(A") coming
from objects P of A and P’ of A’, the matrix entry of [M] in row [P’] and column [P] is the g-graded
Euler characteristic of the finite-dimensional bigraded k-module M (P’, P).

With K one thinks of applying the functor M X — to indecomposable projective 4-modules and
expanding the result in terms of indecomposable projective A’-modules.
In terms of matrix notation, we have the following decategorification procedure.

Procedure 2.24 To decategorify a finitely generated AD or DA bimodule given in matrix notation, one
discards the secondary matrix and replaces sets in the entries of the primary matrix with sums of (—1)/ ¢’
for each element with deg? =i and degh =].

If M is a finitely generated DA bimodule given in matrix notation, then to decategorify YM, one
discards the secondary matrix, replaces sets in the entries of the primary matrix of M with sums of
(=1)7¢7" for each element with deg? = i and degh = j, and takes the transpose.

3 2-representations and morphisms
3.1 Preliminaries

Let U denote the differential monoidal category of [Manion and Rouquier 2020, Section 4.1.1]. We first
define a variant /= of 2. Write &; = (1,0) and &, = (0, 1) for the standard basis vectors of Z?2 and let
a=¢g—¢& =(1,—-1)eZ>?
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Definition 3.1 Let I/~ be the strict dg 2-category defined as follows:
¢ The objects are lattice points w = w1€&1 + W&y € 72.
e The 1-morphisms are generated under composition by f, : @ — w —« for all w € Z2.

¢ The 2-morphisms are generated under horizontal and vertical composition by endomorphisms 7, of
fio—a fo for o € Z2, subject to

1_02) =0, fa)—ZaTw © Tw—afa) © fw—ZaTw: To—a fw © fw—ZaTw © Tw—afw, d(te) = idfw_afw-
We set deg?(7,,) = 0 and deg” (1) = —1.

We let H, denote the dg 2-endomorphism algebra of the 1-morphism fy,_(;,—1)q 0+ 0 fo of U™ for
any w € 7?2 (the dg algebra H, does not depend on the choice of ).

A bimodule 2-representation of ¢/~ is a functor from I/~ into (dg categories, dg bimodules, bimod-
ule maps); it amounts to dg categories A,,, dg bimodules ,—q Fy, and bimodule endomorphisms z,, of
w—2a Fo—a Fo satisfying the above relations. By forgetting the bigrading and weight decomposition, a
bimodule 2-representation of Z/~ gives a bimodule 2-representation of /.

Definition 3.2 We say a bimodule 2-representation of &/~ is right finite if each bimodule ,,— Fy, is given
by Ny ®j,, A for some AD bimodule Ny, over (Ap—q, Aw) With vanishing higher action terms 5; for
i > 2; in this case, we write o F,y_, for the right dual of ,,—o F,, (equal to A, ®r, N, where N/ is
defined as in Section 2.7).

When working with right finite 2-representations, we will often take the AD bimodules representing
the dg bimodules ,—q F,, to be part of the data.

3.2 Bigraded tensor product

In this section we make use of the tensor product (®) from [Manion and Rouquier 2020, Section 5.3.4],
which is an instance of the A;\ construction of [loc. cit., Sections 5.3.1-5.3.3]. Specifically, it is an
instance of the A, construction from [loc. cit., Sections 5.3.2-5.3.3], and we will refer to the maps » and
w from [loc. cit., Section 5.3.3].

If (A1, F1,11) and (A4,, F», 1) are right finite bimodule 2-representations of /~, we can take the tensor
product (®) of the underlying bimodule 2-representations of I/ to get another bimodule 2-representation
of U. We will call this tensor product 2-representation (41 @) 45, X, 7). We now define a bimodule
2-representation ((A1 ®) A2)w, w—a Fw. Tw) of U lifting (4; ®) 42, X, 7).

Definition 3.3 We first define a dg category (4 (®) 42), for each @ € Z2. Recall that the objects of
A1 (@) A, are the same as the objects of 4; ® A,, namely pairs S = (S, S») where S; is an object of A;.

e Forw € Z?, we let (4 (®) A2)w be the full differential subcategory of 41 (®) A4, on objects (S, S2)
such that, for some w’, w” € Z2, S; is an object of (A1), S, is an object of (43), and we have
w =’ +o". Note that 41 ®) A2 = P ez2(41 @) A2)w as differential categories.
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e For objects S = (S1,S,) and T = (T, T3) of (A1 ® A3)y, where S is an object of (A1), S is
an object of (4,)e” and w = o’ + 0", we lift HomAlA2 (S, T) to a bigraded chain complex by
setting

Hom( 4, @45, (S: T) = @ (wr+ia(FY )iy (T1, S1)) ®; (w—ia(F2)lyr (T2, S2)),

i=0
a)’+a(ﬁ1v)w/ = qwl+w2w’+a(F1V)w’[w; — 1]

By construction, composition in (4} ®) A1), has degree zero, so (4 ®) A2)e is a dg category.

where

Recall from [loc. cit.] that X = X(T, S) is the mapping cone of the (ungraded) map

(3'1) M(T, S) : ((Al (24 FZ) ®A1®A2 (Al AZ))(T’ S) - ((Fl ®A2) ®A1®A2 (Al AZ))(T’ S)’

where u is adjoint to the multiplication map as in [loc. cit., Section 5.3.3]; see also [loc. cit., Section 5.3.4].
Note that for an object S of (41 @) A2)w, the left differential 4;(®)A4,-module X(—, S) vanishes on T
unless 7 is an object of (41 ®) A2)w—«- Thus, X = P cz2(w—a Fo) as differential bimodules over
A1 ®) Ay, where for o € Z2, ,—o F,, is the differential bimodule over ((41 ®) 42)w—a. (A1 @ A2)w)
defined by ,—o Fo (T, S) = X(T, S) for objects S of (A4 Az)w and T of (A, Az)a)—(x-

Definition 3.4 For w € Z?2, we give the differential bimodule ,,_ F,, a bigrading as follows. For objects
S =(S1,52) of (41 ® A2)w and T = (T, T) of (A1 ®) A2)w—q such that T} is an object of (A1),
T is an object of (A3)w”—q, and w = »’ + ", the map u(T, S) of equation (3-1) has degree zero when
viewed as a map

u(T.$) g 2 ((ADwr & (0r—a(F2)o) ®(ay), (42, (41 @ A2)0 ) (T, S — 1]
- ((w/(Fl)a)’+a ® (AZ)C()//—(X) ®(A1)CL)/+(X®(A2)(UH70( (Al AZ)C())(T’ S)

Indeed, the multiplication map

((a)/-‘rot (F))or) ® (0/—a(F2)or) ®(41)y ®(42), (A1 Az)w) (T,S) > (A1 @ A2)0 (T, S)

has degree zero by the definition of A (®) A, and to get u(T, S) we have expanded out the grading
shifts in the definition of F 1V and dualized.

We let ,— Fio (T, S) be the mapping cone of the above degree-zero map u (7, S); we get a dg bimodule
w—aFo over (A1 ® A2)w—a. (A1 ®) A2)w) such that, as a nondifferential bimodule, o F» (T, S) is a
direct sum

¢ (A1) r ® (07—a(F2)0)) @4, @ (42,0 (41 @ A2)0 ) (T, S)[e}]
® (o (F)or+a ® (42)07—a) @ (A1), @21, 1o (A1 @ A2)0 ) (T, S).

Proposition 3.5 The map defining the left action of (41 (®) A2)p—a ON w—o Fy (i.e., the map w from
[Manion and Rouquier 2020, Section 5.3.3]; see also the 2 x 2 matrices in [loc. cit., Remark 5.3.5]) has
degree zero.
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Proof By expanding out grading shifts in the definition of F IV , and taking the grading shift q“’i"""é [a);]
of the first summand of o—4 F, (7, S) into account, one sees that the maps
612‘”1“”5 ((a)’+a(F1V)w’ ® (Az)a)”—Za) ®(A1)w/®(A2)w//_2a ((Al)a)’ Q w’'—2a (Fz)w”—a)
R (A1) ®(A2) o (ADw ® wr—a(F2)w)
(A1) @A), (1@ A2)0 ) (T, S)20) — 1]
d® 1, ®id / /
—2> q2w1+2w2 ((a)/+ot(F1V)w/ ® (AZ)a)”—Za) ®(Al)w’®(A2)w”—2a ((Al)w/ ® a)”—2a(F2)w”—oc)

® (A1), &(A2)yr—o (A1o' ® w'—a(F2)w)
® A1)y ®(A2), (A1 Az)w)(T, SH2w) —2]
A®id ’ ’
= q2w1+2a)2 (((Al)w’—l—oe & w”—2a(F2)w”—oe) ®(Al)w/+a®(A2)w’/_a (w’—i—a(FlV)a)/ & (AZ)w”—oz)
®(Al)w’®(A2)w”fa ((Al)(l)/ QD w’—a (FZ)(I)”)
®(4)), ®(A2), (A1 A2)w> (T. S)2w) —2]
d®mult
S 4O (A1) e ® w20 (F2)or—a) @41, 8(A2)r—y (A1 @ 42)0 ) (T, S)[h — 1]

each have degree zero, where

A (w/+ot(F1v)w/ ® (Az)w”—2(x) ®(A1)w/®(A2)w//_2a ((Al)w/ ®a)”—2a(F2)a)”—ot)

- ((Al)w’-i-oz b2 w”—za(Fz)w”—a) ®(A1)w/+a®(A2)w//_a (a)’—i—a(Flv)a)’ by (AZ)(O”—O()
is defined in [loc. cit., equation (5.3.1)] and is equal to the usual swap isomorphism by the definitions in
[loc. cit., Section 5.3.4]. Thus, the composite of these maps (the top-left entry of the 2 x 2 matrix defining

the left action of (A1 (®) A2)e On o—o Fyp) has degree zero.
Similarly, the maps

qa)l+w2 ((a), (F1v)w/—oc ® (A2)a)”—0£) ®(Al)a)/_a®(A2)a)//_a ((Al)w/—a ® a)”—Ot(FZ)a)/’)
®(Al)w’—o¢®(A2)w” (w’—a(Fl)w’ ® (AZ)w”)
® (A1), ®(A2), (A1 Az)w)(T, S)[w}]
d®o®id .
2T 4O (o (F) o ® (A2)orr—a) B (A1) @ (An)yr (07—a(F1)er ® (A2)ur—a)
(A1), ®(42)yr—o (AD o ® w/—a(F2)wr)
®(41),,®(A2), (A1 Az)w)(T, S)[w3]
e®id 4
—— g@1te2 (((Al)a)’ ® w'—a(F2)w") ®41),, ®(4s),, (A1 Az)w>(T, S)[w5]

each have degree zero where o is the swap isomorphism as in [loc. cit., Section 5.3.4] and ¢ is the counit
of the adjunction F)" 4 F.
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Finally, the maps
qa)i +a>§ ((w’(Flv)a)/—a ® (Az)a)”—tx) ®(A1)w/,a®(A2)wu,a ((Al)a)’—(x ® a)”—a(F2)a)”)
® (A1) —a®(A2)r (07— (F1)or ® (A2)0r)
(4 @A), (A1 @ A2)0 ) (T, S)[}]
1id®o ®id ’ ’
1_—1> qw1+a)2 ((w’(Flv)a)’—oe & (Az)w”—ot) ®(A1)w’—a®(A2)w”—a (w’—a(Fl)a)’ & (AZ)a)”—a)
®(A1)w/®(A2)w//,a ((Al)a)/ ® w”—(x(Fz)w”)
®(41),, ®(A2), (A1 Az)w)(T, S)[w3]
p®id ’ ’
— qw1+w2 ((a)’(Fl)a)/+a ® (Az)a)”—oc) ®(A1)w/+a®(A2)w//,a (a)/+ot(F1V)a)/ ® (Az)a)”—tx)
® (A1) &(A2) o (AD e ® w7 —a(F2)w)
® A1)y ®(A2),r (A1 Az)w)(T, S)lwy — 1]
id®@mult
— ((w’(Fl)w’—Hx & (Az)w”—a) ®(A1)w/+a®(A2)w’/—a (4, A2)w)(T’ S)
each have degree zero, where p is defined in [loc. cit., equation (4.4.2)] (p has the same degree as 7). O

It follows that oo Fy, is a dg bimodule over (A1 ®) 42)w—a. (A1 Az)w) lifting ,—o F» as a
differential bimodule over ((41 ®) 42)w—a. (A1 ®) 42)w).

Proposition 3.6 The map defining the endomorphism t of X [Manion and Rouquier 2020, equation
(5.3.4)] restricts to an endomorphism t,, of the dg bimodule ,,_»4 F, az) with

deg? (1) =0 and deg(t,) = —1.

Proof For the top-left and bottom-right entries of the 4 x 4 matrix defining t, this is clear. For the entry
in row 2, column 3, the map

47 ((0—a(F1)or ® (42)ar—a) ®(41), 0421y ((ADor @ wr—a(F2)or)
®(41),, ®(A4s), (A1 Az)w)(T, S)[w}]

o ’ ’
— qw1+a)2 (((Al)w’—a 02 w”—a(FZ)w”) ®(A1)w/_a®(A2)w// (w’—a(Fl)w’ ® (Az)w”)

®(4y), ®(42), (A1 Az)w)(T, S)Hlw)]

has bidegree zero, so
gt ((a)/—oz(F Do ® (A2)w"—a) ® (A1) ®(42) o (A1) ® wr—a(F2)w)
B(A1)0 ®(A2),r (A1 Az)w)(T, S)lws]
o~ ! / ’
> qw1+a)2 (((Al)a)’—oe ®w”—a(F2)w”) ®(A1)w/_a®(A2)w// (w’—a(Fl)w’ ® (Az)w//)

®(A1)y ®(A2),r (A1 Az)w)(T, SHws + 1]
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has deg? = 0 and degh = —1. This degree is what we want because, when viewing o !

as a matrix entry
of the new map t and taking grading shifts of the first summand of F in the domain and codomain of
T into account, the domain shift is determined by w’ € Z? while the codomain shift is determined by

o —ael? m]

3.3 Decategorification

In the following we will consider right finite bimodule 2-representations (A, F, ) of U~ where the dg
category A has only finitely many objects and where each bimodule ,—q F, comes with the data of an
AD bimodule N, (without higher terms 5} for i > 2) satisfying o—o Foy = No 1, Aw.

From Section 2.8 we have a map [p—q Fo] : Go(Ap) = Go(Aw—«); summing over all w, we get
an endomorphism [F] of Go(A4). If (A, F, t) is a right finite bimodule 2-representation of Z/~, then
(Go(A),[F]) is a representation of Uy, (gl(1]1)7) (see the appendix) equipped with a decomposition into
gl(1]1) weight spaces for w € Z?2. The weight space decomposition determines the structure of a super
or Z,-graded Cg-vector space on Go(A); for an object S of A4, for € Z?, we declare [S] to be even if
w> is even, and odd if w, is odd. The weight space decomposition also determines an action on Gy(4) of
the Hopf subalgebra of Uy, (gl(1|1)) generated by F, gt and P2, with ¢ 7i[S]:= ¢q®[S]if S is an object
of A} as in the appendix, we can equivalently view this data as an action of Uq (gl(1]1)7) on Gy (A).

Proposition 3.7 If (A, F, t1) and (A, F», 1) are right finite bimodule 2-representations of U™, we
have a natural identification

Go(A41® A2) = Go(41) ® Go(A2)
as modules over Uq (gl(1|D)7).

Proof It is clear that Go(A4; ®) A2) and Go(A1) ® Go(Ay) agree as super C4-vector spaces and that the
actions of ¢ and g2 agree; we will show that [F] = [F;]® 1 + g1 H2 ® [F,] as endomorphisms of
this super vector space, where [ F] is the map on G induced by the dg bimodule over 4; () A, defined
by the tensor product construction.

First, write F; = F| ®, Ay and F, = F, ®j, A;. We have

(F1 ® A2) ®4,04, (A1 ® A2) = (F] ® 1) Qr,01, (A1 ® A2) 4,84, (A1 @) A2)
=(F{® L) ®rner1, (41 ® A4>),

(A1 ®@ F2) 4,04, (A1 @ A2) = (11 @ F2) Qr,01, (A1 ® A2) 4,04, (A1 @) 42)
=1 ® F2) ®r,01, (41 ®) 42):

note that /1 ® I, is the non-full-subcategory of 4;(®)A, containing all objects but only identity morphisms.
Recall that F = P, cz2(w—a Fo); for o € 72 we have

wo—al'w = w—a(F/)w ®11®12 (Al AZ)
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as (11®1,, I; ®1,)-bimodules, where

oa(Flo= B @2(I)w ® w—a(F3)or)@h]) ® (w-a(F)w ® (12)o)

o' +o"=w
(ignoring the differential). For objects S = (S1,52) and T = (T, T3) of (I; ® I5), with S1 € (I1)w’,
S, € (I3)e and w = @’ + w”, we have
o—a(F)o(T,S)
= g2 (1)) (Ty, S F}) (T, S2))[w) F)o (T1, S1) ® (1) (T, S
=49 (( Do (T1,51) ® o/—al 2)w”( 25 2))[0)2]@ (w’—a( 1)w’( 1,51) ® (12) 0 (T2, 2))
Taking x4, the entry of [F] in row [T'] and column [S] equals

(—1)22¢°1928 1, _5, X (w0 (F3)w (T2, $2)) + 875=5, Xq (/- (F})ar (Ti, S1)).

This expression is also the coefficient of [T] in ([F;] ® 1 4+ ¢+ H2 @ [F,])([S]); indeed, g1+ H2 acts
on [S1] to give q“’/l +“’§[Sl], while commuting [ F5] past [S1] picks up a factor of (—1)“’/2 since [F,] is odd
and [S] has parity given by the sign of ). ad

3.4 Morphisms

3.4.1 Dg bimodule 1-morphisms of 2-representations Following [Manion and Rouquier 2020] and
adding bigradings, dg bimodule 1-morphisms between bimodule 2-representations of &/~ can be defined
as follows:

Definition 3.8 [Manion and Rouquier 2020, Section 5.1.1] Given bimodule 2-representations (4, F, 7)
and (A’, F’, ") of U™, a dg bimodule 1-morphism from (A4, F, t) to (4, F',7’) is, for each w € Z2, a
dg (A),, Aw)-bimodule P, equipped with a closed degree-zero isomorphism of (A4,,_,,, A,)-bimodules
Yo Po—a RAy_q w—aFo = a)—oth/o ®A;U P,

such that
(Tt/u ®idp,)o (idw_za Fl_o® Pw) © (Po—a ®id,_,F,)

= (idw_ZQFc’o,a ® Yw) © (Pw—a @ idw_a Fw) © (ide,ZD, ® Tw)
as maps from _24 (PF?) e 10 o—26 (F')? P)e.

If (A, F,7) and (A’, F’, ©’) are right finite, we can equivalently define a 1-morphism from (4, F, t)
to (A’, F', t’) using a closed isomorphism from o 44 (F")y ®4/ Pu 10 Pyta ®4, 4 wt+aFy: We can
also reverse the direction and define 1-morphisms in terms of

Yo Pota ®d, o otaFy = ota(F)y @4, Po
satisfying
(to ®idp,, ) 0 (id,, 5, (F)Y 1o ® P0) © (Pot+a ®1d,,,  Fy)
=(d, o (F)Y ®Y0) 0 (Pota ®1d, | Fy) o (idp, 5 ® Tw).
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3.4.2 AD and DA bimodule 1-morphisms of 2-representations We relax some equalities and isomor-
phisms to homotopies and homotopy equivalences here, as required to accommodate the examples we will
consider below. If (A4, F, t) is a bimodule 2-representation of /™, we say that (4, F, t) is right bounded
if F = N ®j A for some right bounded AD bimodule N (not to be confused with right finiteness for F,
which asks for finite generation of N).

Remark 3.9 Below we will identify right finite dg bimodules F with their underlying finitely generated
AD bimodules, rather than maintain a notational distinction as above.

Definition 3.10 Let (A4, F,t) and (A’, F’, t’) be right finite, right bounded bimodule 2-representations
of /~. An AD bimodule 1-morphism of 2-representations (P, ¢) from (A4, F, 1) to (A’, F’, ") consists,
for w € Z?2, of finitely generated right bounded AD bimodules P, over (A/,, A,) together with homotopy
equivalences of AD bimodules

Yo Po—a R4, , o—aFo =>w-aF, Xy Po
satisfying
(t Bidp,) o (d, ,,F;, , ®¢0)° (Po—a Wid, ,F,)
=(@d,_, r _, Row)o(pw—aXid,_,F,)o (idp,_,, X1p).
We have a similar definition using DA bimodules.

Definition 3.11 Let (A4, F, ) and (A’, F’, t’) be right finite, right bounded bimodule 2-representations
of U~. A DA bimodule 1-morphism of 2-representations (P, ¢) from (A4, F, ) to (A’, F', ') consists,
for w € Z?, of finitely generated left bounded DA bimodules P, over (A4, A,) together with A
homotopy equivalences

Y0 Pota B, g otaFy == otra(F)y Ry Py
satisfying
(1, Ridp,)o(d, . (F)Y 1o M ¥0) 0 (Po+a Wid, | Fy)
=(d, o (F)Y o B¢0) 0 (ot Wid, | py) o (idp,, ,, B Tw).

Remark 3.12 We require finite generation of P in Definition 3.10 for duality P <> PV to be well-
behaved, and similarly in Definition 3.11, but the above definitions make sense without these finiteness
assumptions. Some DA and AD bimodules arising from Heegaard diagrams with basepoints in this paper
are not finitely generated; however, when discussing 1-morphism structure, we will work primarily with

homotopy-equivalent versions that are finitely generated.

If (P, ¢) is a DA bimodule 1-morphism of 2-representations from (4, F, t) to (4’, F’, t’), then for
each @ € Z? we have a finitely generated right bounded AD bimodule VP,,. Dualizing the map ¢, we get

’ Y ’ ~ \
Pota - Py |Z|A;)wa+a_>wa+tx &Aw_:,_a Pota,
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giving us an AD bimodule 1-morphism (YP, ¢’) from (A’, F',t’) to (A, F, 7). Similarly, we can dualize
AD bimodule 1-morphisms to get DA bimodule 1-morphisms.
Example 3.13 Given (4, F, t), we upgrade the identity AD and DA bimodules over A to identity
1-morphisms of 2-representations by taking ¢, = id for all w.

Suppose that (4, F, 1) HCEON (A", F', 1)) (Lo, (A”, F”,t") are AD bimodule 1-morphisms. Define
their composition to be P’ X P equipped with the maps

(9o Ridp,) o (idp;,_, Be;,)
for @ € Z2; one can check that the square for compatibility with T commutes. Similarly, the composition
of DA bimodule 1-morphisms (4, F, 7) L2 (4, F', v'y L2924 (47 F” ") is defined to be P’ & P
equipped with the maps

(¢ Ridp,) o (idp,  Hg],)
for @ € Z?. The dual of a composition of DA bimodule 1-morphisms can be naturally identified with the
composition of duals (as AD bimodule 1-morphisms) after reversing the order, and vice versa.

3.4.3 2-morphisms

Definition 3.14 Let (A4, F,7) and (A, F’, t’) be right finite, right bounded bimodule 2-representations
of U™; let (P, ) and (P’,¢’) be AD bimodule 1-morphisms of 2-representations from (A4, F, 1) to
(A’, F', 7). A 2-morphism from P to P’ consists of, for w € Z?, AD bimodule morphisms f, : P, — P.,
such that

(idw—aFé) X fw) O QYo ~ (P(/I) © (fw—a X idw_aFw)a
where ~ denotes homotopy of AD bimodule morphisms.

Given (4, F,t) and (A, F’,7’), the AD bimodule 1-morphisms from (A4, F, 1) to (4’, F’,t’) and
the 2-morphisms between them form a dg category; homotopy of 2-morphisms is defined in terms of
this dg category, as are homotopy equivalence and isomorphism of 1-morphisms. Compositions X
of AD bimodule 1-morphisms are associative up to canonical isomorphism of 1-morphisms, and the
composition of an AD bimodule 1-morphism (P, ¢) with the identity 1-morphism on either side is
canonically isomorphic (as 1-morphisms) to (P, ¢).

Definition 3.15 The k-linear Z2-graded bicategory 2 Rep(/~)** is defined as follows:
 Objects of 2 Rep(Ud~)*>* are right finite, right bounded bimodule 2-representations (A4, F, t) of U~.

* For two objects (4, F, ) and (A’, F', ') of 2Rep(U4™)**, the k-linear Z2-graded category
Hom, pep@—y++ (4, F, 1), (4", F', ')

is the bigraded homotopy category H™*>* of the dg category with

— objects finitely generated right bounded AD bimodule 1-morphisms, and
— morphism complexes of 2-morphisms between AD bimodule 1-morphisms.
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¢ Identity 1-morphisms are identity AD bimodules.

e Composition functors are defined as above on objects and send ( f, g) to the homotopy class [ f X g];
by [Lipshitz et al. 2015, Lemma 2.3.3], this homotopy class is well-defined, and one can check that
[f X g] is the homotopy class of a 2-morphism.

¢ Unitors and associators are the canonical isomorphisms from the paragraph above this definition.
The superscript *, * is just a reminder that there is a bigrading. Well-definedness of 2 Rep(U/™)**
follows from the results of [Lipshitz et al. 2015, Section 2.3.2], especially [loc. cit., Corollary 2.3.5].

All of the above has an analogue for DA bimodule 1-morphisms. In particular, we can define 2-
morphisms of DA bimodules as follows.

Definition 3.16 Let (A4, F,t) and (A, F’, t’) be right finite, right bounded bimodule 2-representations
of U™ ; et (P, @), (P’, ¢’) be DA bimodule 1-morphisms of 2-representations from (A4, F, 7) to (4’, F', t’).
A 2-morphism from P to P consists, for w € Z?2, of DA bimodule morphisms f, : Py, — P, such that

(idw+a(F’);{) X fw) 0 ¢e ~ ‘P(,u o (fo+a X idw_mFaV))-

Duality gives an equivalence (reversing the direction of both 1-morphisms and 2-morphisms while
preserving bidegrees of 2-morphisms) between 2 Rep(Z/~)** and the analogous bicategory defined using
DA I-morphisms rather than AD 1-morphisms.

Remark 3.17 A limitation of the above definitions is that one cannot naturally define the structure of a

1-morphism on the mapping cone of a 2-morphism. To enable the definition of mapping cones, we could

(say in the DA bimodule setting) define a strong 2-morphism from (P, ¢) to (P’, ¢’) to be the data of:
e For @ € Z?, DA bimodule morphisms f,, : Py, — P

* For w € Z?, DA bimodule morphisms 4y : Pyt R otaFyy — wt+a(F)) B P. satisfying

d(h) = (id,, , (F1y ¥ f) 00w =@ 0 (fot+eRid, Fy),
(z;, Ridpy)
o((id,, ;2 (P, , Bh0) o (P +a ®id,, ) +(d,, Y, Bey)o(hora®id,, FY))
= ((id, 1 (7)Y, Bho)o(Pot+a®id,, |, ry) +(d,, o, 71y, B0,) 0 (ho+oBid,, FY))
o(idp, , », B7s).

One can check that if (f, /) is a strong 2-morphism from (P, ¢) to (P’, ¢’), then the matrix

v

defines a valid 1-morphism structure for the mapping cone of f.
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4 A family of 2-representations
4.1 Definitions
4.1.1 Fundamental examples

Definition 4.1 For K > 1 we define an [F,-linear right finite, right bounded bimodule 2-representation
(Ag, F,t) of U™ by:

* (AK)e,+(K—1)e, =F2ler, ..., ex—1], where deg?(e;) = —2i and degh (e;) = 2i, with no differential.

e (Ax)ke, = Faler, . ... ex], where deg?(e;) = —2i and degh (e;) = 2i, with no differential.

* KesFe 4 (kK—1)s, = F2leq. ..., ex—1] as a bimodule over FF,[ey, ..., ex 1], where the left action of
ek is zero.

¢ all other summands of F are zero, and v = 0.

We choose monomials in the variables e; as our preferred homogeneous basis for morphism spaces
in Ag; we define an augmentation functor € from Ag to its idempotent ring by sending all e; variables
to zero.

We will refer to the unique object of (Ag )g, +(k—1)e, (resp. (Ax ) ke,) as u for “unoccupied” (resp. o for
“occupied”). This language of occupancy is motivated by how the algebras relate to the strands alge-
bra construction (Section 4.2) and, correspondingly, holomorphic disk counts in Heegaard diagrams
(Section 4.3).

Remark 4.2 For the 2-representation (Ag, F, t), the right dual F¥ of F is given by

\2
81+(K—1)62FK32 =Faley, ... ex—1],

with all other summands zero; the right action of eg is zero and the degrees of ¢; are the same as above.
Let &, and &, , respectively denote the generators of F and F" over Feq,...,ex_1]. The unit n of
the adjunction (FY ® 4, —) 1 (F ® a5 —) of functors between left dg module categories is induced from
the dg bimodule map 1:id 4, — F ® 4, F" sending id, € id g, t0 &0y ® Eno € F @ 4, FY and acting
as the identity on Fy[eq, ..., eg—1]; the map 7 sends id, € id 4, to zero.

Example 4.3 If K = 1, then Ag = A is the right finite bimodule 2-representation of &/~ with
e (A1) =T,
e (A))e, = F5[U], where deg? (U) = —2 and deg” (U) = 2, with no differential,
* ¢, I, =I,, where the left action of U is zero,
e all other summands of F are zero, and 7 = 0.

Example 4.4 If K = 2, then Ax = A, is the right finite bimodule 2-representation of /~ with
o (A2)e,+e, = Faleq], where deg?(eq) = —2 and deg” (e1) = 2,

e (A2)2:, = Faleq, ez], where deg?(e;) = —2i and degh (e;) = 2i, with no differential,
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* 26, Fe, 16, =F2[e;], where the left action of e; is zero,
¢ all other summands of F are zero, and T = 0.
We describe the DA bimodule F¥ =, 4 (k—1)s, F§ s, Over Ak in matrix notation.

Example 4.5 The primary matrix for the bimodule F" over Ag is
u o

i

the one generator &, , has g-degree and homological degree both equal to zero. The matrix for the right
action of ¢; is

&u,o0
Eu,o [ (&) ]

for 1 <i < K — 1; the matrix for the right action of eg is zero.

By construction, (Go(Ag),[F]) can be identified with /\lg V where V is the vector representation of
Uy (gl(1]1)) (restricted to a representation of the subalgebra generated by F, gHv and g2, or alternatively
a representation of Uq (gl(1]1)7)); see the appendix. The basis elements [Sy] and [S,] of Go(Ag) get
identified with the basis elements [0) A (|1))A*~1 and (]1))*¥ of /\lq‘ V, respectively.

4.1.2 Tensor products Write Ag, g, ‘= Ak, ®---®)Ag,as 2-representations of U/~
Corollary 4.6 We have an identification

Go(AK,,..K,) Z NGV @ @AV
as representations of Uq (gl(1|)7).

In particular, G (A K,, as sequences

..........

of letters u (“unoccupied”) and o (“occupied”).
Example 4.7 As a dg category, the 2-representation Ag, g, of U~ can be described as follows:
° (AKI,K2)231+(K1+K2_2)82 =1Isler1,... VOLLK —15€2, 15+ -» €2,K2—1] with one object uu; we have
deg(ej ;) = —2i, deg’(ej;) = 2i.
* (AK,,K»)e,+(K,+K,—1)e, has two objects ou and uo with morphisms generated by endomorphisms
€i,1,---,€1,K,,€2,1,---,€2 K,—1 Of ou,

€1,1,---,€1,K,—-1-€2,1,---,€2 K, of uo,

and a morphism A from ou to uo, subject to the relations

- ejig=gejifor j=1,2,1<i=<Kj;—1,and all morphisms g,
- 62’](2)\ =0 and }\61’](1 =0.

We have deg?(e;j ;) = —2i, degh(ej,,-) =2i, deg?(A) = Ky, and deg" (1) = 1 — K;.
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* (AK,,K>) (K, +K2)sx = Faler,1,....e1,k,,€2,1.- ... €2 k,] With one object 00; we have
deg?(ej ;) = —2i, degh(ej,,-) =2i.
Indeed, the morphism A is &, ® &, in the summand

(81+(K1—1)82 (Flv)Klsz) ®H; (Kzsz(F2)€1+(K2—1)82) - €1+(K1+K2—1)€2("4K1 AK2)81+(K1+K2—1)62;

note that 81+(K1_1)82(flv)1(182 = qu81+(K1_1)82(F1V)K182[K1 — 1], explaining the ¢- and A-degrees
of A.

Next, to compute the bimodule F over Ag, g, (and thereby compute F), we need to compute the
map u on the generator &o,0u := ido ® &o,u of Ak, ® F> C F (u is zero on idy ® &,,,). This map u applies
the unit 7 from Remark 4.2 to the left of id, ® &, , to get an element of ((F1 ® Ak,) ® (F/ ® AKZ)) ®
(Ag, ® F»), then reparenthesizes and reinterprets the result as an element of (F; ® Ag,) ® (Ag, ®)Ak,).
In the first step we get (§o,u ® idy) ® (§4,0 ® 1dy) ® (idy ® &,,4). The second and third tensor factors then
combine to become &, , ® &,y = A in FIV Q®H, F» C Ak, ®) Ak,, and we can write £y 40 := Eo,u ® id
for the first tensor factor. Let £y, 00 and &yo,00 be the generators of FV dual to the generators £y o and
Eoo,u0 Of F respectively. It follows that in the differential on FY, d(€yo,00) is given by A - gy 00- One can
also compute the rest of the structure of F, resulting in the matrices of the following example.

Example 4.8 The DA bimodule FV over Ak, k, can be described in matrix notation as follows. The
primary matrix for 2e1+(K1+K>—2)es (FV)81+(K1+K2—1)82 is

ou uo

uu [guu,ou éuu,uo ];

we have deg? (&yu,0u) = degh (Equ,ou) = 0 as well as deg? (&yu,u0) = — K and degh (Euuwo) = K1 — 1.
The matrix for the right action of A is

SUU,OU SUU,UO
Suu,ou 0 1
5uu,u0 O 0 '
For j =1,2and 1 <i < K; — 1, the right action by e; ; has matrix
éuu,ou Euu,uo
é§-uu,0u |: €j.i 0 ]
Suu,uo 0 ej,i )

The differential and the right action of ¢y g, and e; g, are zero.
The primary matrix for ,, + (x, + k,—1)(F ") (K, +K»)e, 18

00
ou |:§0u,00 :| X
uo Suo,oo ’
we have deg? (&ou,00) = — K1, degh (&ou,00) = K1, deg? (uo,00) = 0, and degh (&0,00) = 0.
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F
U, ® U
Oou A qu AUy, UsA)
D
F[U, Us]

Figure 7: The dg category A; 1.

The differential has matrix

Sou,oo Suo,oo
Sou,oo 0 A
guo,oo 0 0 '

Sou,oo ‘i:uo,on

%-ou,oo €1,k 0
0 0 |

the right action by e g, has matrix

suo,oo

the right action by e, g, has matrix

Eou,oo Euo,oo
Eou,oo |: 0 0 :|
Euo,oo 0 €2.K, ,
and the right action by e; ; for j = 1,2, 1 <i < K; — 1 has matrix
Eou,oo Suo,oo
%‘ou,oo |: €j,i 0 ]
éj-uo,oo 0 €ji

Example 4.9 The endomorphism 7 of the bimodule 5., 4 (k| +k,—2)e, (F V)%Kl K has matrix

éuu,uu Eou,oo Suu,uoguo,oo

EUH,OU éOU,OO 0 O
1 0 '

Suu,uoéun,oo

For convenience, we specialize to the case K; = K, = 1 which will be especially important below. In

this case we write Uy rather than e ; and U, rather than e; .

Example 4.10 The dg category A ; is shown in Figure 7; arrows point from source to target. The

differential on A; ; is zero; the gradings are given by
e deg?(Uy) = —2, deg” (Uy) = 2,
e deg?(A) =1, deg (1) = 0,
e deg?(U,) = —2, deg” (Uy) = 2.
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The primary matrix for 5., (F")g, 4, 18

ou uo

uu [guu,ou Suu,uo ];
the generators &yy,ou and &yy,u0 have g-degree 0 and —1 respectively, and both generators have homological
degree 0. The matrix for the right action of A is

é,,:uu,ou Euu,uo

éuu,ou O 1 .

‘i:uu,uo 0 0 ’
the differential and the right action of U; and U, are zero (so that the above matrix is equivalently the
secondary matrix for 24, (F")g,+¢,)-

The primary matrix for ¢, 44, (F")2¢, i8

00
ou [ gou,oo i| .
uo guo,oo ’
the generator &,,,00 has g-degree —1 and homological degree 1, while &, o, has g-degree 0 and homological
degree 0. The differential has matrix

Sou,oo Euo,oo
‘i:ou,oo 0 )\
Suo,oo 0 0 ’

Sou,oo Euo,oo
gou,oo Ul 0
Suo,oo 0 0 '

gou,oo Euo,oo
Sou,oo 0 0
é§-u0,00 0 U2 '

Equivalently, the secondary matrix for ¢, 4, (F")2e, is

the right action by U; has matrix

and the right action by U, has matrix

EOU,OU Suo,oo
sou,oo[U{‘“ R UKk A }
k41 k+1
guo,oo 0 U2 ® U2

(where k runs over all nonnegative integers in each entry with a k& index).
The endomorphism 7 of 5, (F V)% e has matrix

Euu,ouSOu,oo éuu,uoguo,oo

‘i:uu,ougou,oo 0 0
1 0 '

éuu,uo EU0,00
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t

.....

Figure 8: The chord diagram 21, left, and the chord diagram 2§, right.

4.2 Strands interpretation

4.2.1 Strands algebras and chord diagrams

Definition 4.11 (cf. [Manion and Rouquier 2020, Section 7.2.4; Zarev 2011, Definition 2.1.1]) A chord
diagram* Z = (2, a, i) is a finite collection Z of oriented circles and intervals, equipped with a two-to-one
matching p on a finite subset a of points in the interior of Z.

Zarev allows only intervals in Z, not circles. We will draw the intervals and circles in black while
indicating the matching p with red arcs between points of a (endpoints of the red arcs). Figure 8 shows
two examples of chord diagrams.

Differential (ungraded) strands categories for general chord diagrams Z are defined in [Manion and
Rouquier 2020].

e Let N =|al|/2.

e Let a/~ be the set of two-element equivalence classes of points of @ determined by the matching.
e Let Z be the singular curve associated to Z in [loc. cit., Section 7.2.4] (view a/~ as a subset of Z).
e Let S(Z) be the strands category of Z defined in [loc. cit., Definition 7.4.22].

Definition 4.12 Let A(Z) = S,/~.(Z), the full differential subcategory of S(Z) on objects contained in
the finite set a/~. We can write

N
A2) =P AE. k),

k=0
where A(Z, k) is the full subcategory of A(Z) on objects S with |S| = k.

Moreover, [Manion and Rouquier 2020] defines (ungraded) bimodule 2-representations (A(Z), Lg, , T)
and (A(Z), Rg_, t) of U for each chord diagram Z equipped with a chosen interval component as follows.
By [loc. cit., Section 8.1.6], the chosen interval component of Z gives injective morphisms of curves
£+ 1 Rog— Z and & : R — Z which are, respectively, outgoing and incoming for Z (as defined in
[loc. cit., Section 8.1.1]).

By [loc. cit., Proposition 8.1.3], taking M = a/~, we get a left finite 2-representation (A(Z), Lg, , 7)
of Y. Tts left dual (A(Z), " Le +»T) is thus a right finite 2-representation of ¢/ which agrees with
(A(Z2), Re_, ) by [loc. cit., Proposition 8.1.15]. By [loc. cit., Proposition 8.1.10] (resp. [loc. cit., Section
8.1.5]) it follows that L is left bounded (resp. Rg_ is right bounded).

4Terminology following, e.g., [Andersen et al. 2013].
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Figure 9: Left to right: elements 1, U and U? of A(Z;, 1) = F,[U].

4.2.2 Fundamental examples

Example 4.13 The differential category A(Z) agrees with A; (ignoring gradings), where Z is shown
at the left of Figure 8; we have A(Z;,0) = (Ay)e, and A(Z1, 1) = (A})e,.-

Basis elements of A(Z1) over [, can be represented by strand pictures in the disjoint union of a
rectangle and a cylinder; the element U’ of A(Z;, 1) = IF,[U] wraps around the cylinder i times, while
1 € A(Z4,1) = F, is a pair of dotted lines corresponding to the two matched points in the chord
diagram Z; see Figure 9.

The bimodule Rg_ over A(Z;) can be viewed as a bimodule over (A(Zy, 1), A(Z1,0)) with a single
basis element over [, shown on the left of Figure 10. The left action of U € A(Z, 1) = [F,[U] on this
basis element is zero. We can thus identify Rg_ with the bimodule F' = ¢, F, over A; (ignoring the
gradings on the latter bimodule).

In a similar way, the only nonzero summand of the bimodule Lg, over A(Z) is a bimodule over
(A(Z1,0), A(Z1, 1)) with a single basis element over [F,, shown on the right of Figure 10. The right
action of U € A(Z1, 1) =F,[U] on this basis element is zero. We can thus identify Lg, with the bimodule
FY = ¢ F, over Ay (ignoring gradings again).

Corollary 4.14 The 2-representation of U underlying the 2-representation (A1, F,0) of U™ agrees with
(A(Z1), Re_,0), and its dual agrees with (A(Z1), Lg, ,0).

4.2.3 Tensor products The next proposition follows from [Manion and Rouquier 2020, Theorem 8.3.1].

Proposition 4.15 We have a canonical isomorphism

1= A(Zit,...,l)

.....

as 2-representations of U, where Zi‘” is the chord diagram shown in Figure 8, right.

51

(§u0)* Eu,o

Figure 10: The unique basis elements of the bimodules F = Rg_ and F¥ = L g+ over Ay.
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Figure 11: Top row, left to right: generators Uy, A and U, of A(Z7',, 1). Middle row: generators

&uu,uo- left, and &y ou, Tight, of the bimodule 5, F, 8"1 +e, A84 left module. Bottom row: generators
Eou,00 left, and &, 00, right, of the bimodule €1 +82F2V82 as a left module.

The dg category A(Zﬁ‘n_ ;) comes from a pointed strands category as in [Manion and Rouquier 2020,
Definition 7.4.22], so it éo}rles with a preferred choice of basis (basis elements correspond to strand
pictures as in Figure 9). We define an augmentation functor € from A(Zit,...,l) to its idempotent ring by
sending all nonidentity basis elements to zero; on A(Zit) = A, this basis and augmentation agree with
the ones defined in Section 4.1.1.

The top row of Figure 11 shows the generators Uj, A and Uj of (Aj,1)e, 46, = A(Zit’l, 1). Similarly,

the middle row of Figure 11 shows the two generators &uy,uo and &y ou Of 26, F, v and the bottom row

e1+e&2°
of Figure 11 shows the two generators £qy,00 and Euo,00 Of ¢, 46, F.

\2
2er°
4.3 Heegaard diagram interpretation

By ideas resembling those found in [Ellis et al. 2019; Lauda et al. 2024], the strands (or tensor-product)
bimodule FY over A, should also have a Heegaard diagram interpretation (the same should be true
for F, but for simplicity we will work with DA bimodules when possible). Heegaard Floer bimodules
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Figure 12: Left: Heegaard diagram for the bimodule FV over A; ;. Center: Heegaard diagram
for bimodule FV over A;. Right: Basis element &, , of " in terms of the Heegaard diagram.

based on holomorphic curve counts have not yet been defined for any general family of Heegaard diagrams
that includes the diagrams in question, so we will just use these diagrams as heuristic motivation for the
above definitions; despite this, we will speak as if the holomorphic-curve bimodules are well-defined and
the below computations are accurate. We require sets of intersection points in the Heegaard diagram at
the left of Figure 12 to contain exactly one point on the blue curve, and we do not count holomorphic
curves with nonzero multiplicity on the left and right vertical portions of the boundary of the diagram.
In particular, the DA bimodule F over A; comes from the Heegaard diagram at the center of Figure 12.
The right-hand diagram of Figure 12 shows the one generator &, , of the bimodule as a set of intersection
points in the Heegaard diagram in the center. Figure 13, top row, shows generators for the top summand
26, (FY)e, ¢, of FY as sets of intersection points, together with the domain giving rise to the right action
of A. Figure 13, bottom row, shows the generators for the bottom summand ¢, 4, (F"),,, of FY, and
Figure 14 shows the domains for the secondary matrix of ¢, ¢, (F )2, (the entries Uik e Ul.k""1
correspond to domains of multiplicity & + 1, which are shown with darker shading in Figure 14).

Convention 4.16 We will always draw domains in the presence of a starting set of intersection points,
drawn with solid dots, and an ending set of intersection points, drawn with open dots. Orientation
conventions are fixed by requiring that in a simple bigon with positive multiplicity, a positively oriented

Figure 13: Top row: generators &uy,uo, left, and &y, o4, center, for ¢, F, 8\’1 4oy At right, domain for

the right action of A. Bottom row: generators £uy,o0, left, and £,,00, Tight, for ¢, 1¢, F 2\’82.
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Eou,oo Suo,oo

Eou,oo

Euo,oo

Figure 14: Domains for 81+82F2V82.
path around the boundary starting and ending at the solid dot should traverse an o curve (red) before
reaching the open dot and a 8 curve afterward; this is the usual convention in Heegaard Floer homology.

Remark 4.17 The Heegaard diagram at the left of Figure 12 should encode the right holomorphic curve
counts for the bimodule FV, but it does not seem to represent a 3-dimensional cobordism under the usual
ways of building cobordisms from Heegaard diagrams in bordered Heegaard Floer homology. However,
as shown in Figure 15, there are at least two alternate Heegaard diagrams whose holomorphic curve
counts (disallowing multiplicity on the left and right boundary) should give the same bimodule FV. The
diagram on the left does not differ from Figure 12 in any domain that stays away from the left and right

Figure 15: Bordered sutured cobordisms represented by variants of the Heegaard diagram from Figure 12.
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boundary. The diagram on the right is such that the bordered sutured cobordism on the left is obtained
by a product decomposition [Juhdsz 2006, Definition 9.11] from the bordered sutured cobordism on
the right. Diagrammatically, one can cut the diagram on the right along an interval stretching from the
left boundary to the right boundary, disjoint from « and B curves, to get the diagram on the left; the
holomorphic geometry of curves away from the left and right boundary is unaffected.

5 Bimodule for the A -shaped trivalent vertex
5.1 Definition of the bimodule

In this section we will define a bimodule for one of the two types of trivalent vertex, based on the Heegaard
diagram in Figure 16.

At the decategorified level, one can view maps for trivalent vertices as arising from skew Howe duality.
The morphism 15 o Ey(2)11,1 of the idempotented quantum group Uq (gl(2)) induces a Uy (gl(1|1))-linear
map V®?2 — /\ZV; see Section A.3. The morphism 1¢ > Fy2) 11,1 of U (gl(2)) induces the same map
Vo2 /\2 V. This map respects the gl(1]|1) weight spaces of its domain and codomain; we will refer to
it simply as 13 0 Egi2)11,1 (or o2 Fgi2)11,1)-

The nonzero gl(1|1) weight spaces of /\éV are €1 + & and 2¢;, while the nonzero weight spaces of
V®2 are 2¢1, £ + &2, and 2&,. We will refer to these weight spaces as the “upper”, “middle” and “lower”
weight spaces, respectively. The codomain /\[21 V of the map 15 o Eg(2)11,1 is zero in the upper weight
space, so 12,9 Egi2)11,1 is the direct sum of maps on the middle and lower weight spaces.

We will define DA bimodules A g and Ajower Whose left duals categorify 13 o Egi2)11,1 acting on
these middle and lower weight spaces. The bimodules are obtained by heuristically counting holomorphic
disks using the Heegaard diagram shown in Figure 16; conjecturally, these disk counts are accurate once
the analytic theory has been defined.

Neither of these bimodules is Ao; the bimodule in the middle weight space has a differential, while in
the lower weight space it is an ordinary bimodule. We will set A := Ajq @ Ajower- We define Aypper to
be zero; more generally, we set A g, +pe, = 0 unless (a, b) equals (1, 1) or (0, 2).

Definition 5.1 The dg bimodule A pig over ((A1,1)e; 4> (A2)e, +¢,) has primary matrix
u

ou| X
w| Y |

Figure 16: Heegaard diagram for the “A-shaped” trivalent vertex.
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Figure 17: Generators of A in terms of intersection points: from left to right, X', Y and Z.

We set deg? (X) = —1, deg”(X) = 1, deg?(Y) = 0 and deg” (Y) = 0. The differential is given by the
matrix Xy

X [ 0 A }

Y| |0 0[
and the right action of e is given by the matrix .

XU O
Y| 0 Uy |
Since the above matrices commute and are compatible with the gradings, this dg bimodule is well-defined.

Definition 5.2 The (ordinary) bimodule Ajower 0ver ((Aj,1)2¢,, (A2)2¢,) has primary matrix
(0]

00 [Z ]
We set deg?(Z) = deg”(Z) = 0.
The matrix for the right action of ey is
Z
Z U+ U],
and the matrix for the right action of e; is S
Z [UUy].

The matrices for the actions of e; and e; commute and are compatible with the gradings, so the bimodule

is well-defined.

Figure 17 shows the correspondence between generators of A and sets of intersection points in the
Heegaard diagram of Figure 16. Figure 18 shows the domains in the Heegaard diagram corresponding to
the differential on A g and the right action of e; on Ajgwer. The given formula for the right action of e
is necessary for the theory to work, but it does not appear to come from the Heegaard diagram, at least in

currently known versions of Heegaard Floer homology.

Figure 18: Domains giving rise to the differential and right action of 612‘ on A.
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5.2 Decategorification of A

Proposition 5.3 The DA bimodule A categorifies the map from K(A;) to Ko(.Ay,1) with matrix

[Pu] [Po]
[Pu][ O 0
[Pou] —-q ! 0
[Polf 1 0
[Poll O 1

Equivalently, the AD bimodule VA categorifies the map from Go(A; 1) to Go(A;) with matrix

[Suu] [SOU] [SUO] [SOO]
S 0 —¢ 1 0
o 0 o 1|

This latter map can be identified with 15 o Eg2)11,1 (or equivalently 1¢ » Fyy2)11,1) mapping from y®2
to /\é V as in Section A.3.
5.3 2-representation morphism structure

We equip A = Anid D Alower With the structure of a DA bimodule 1-morphism of 2-representations of 24~
We need a homotopy equivalence

(p:Amidng_)FnglOWCrv

as well as a homotopy equivalence
¢IO—>FV®Amid,

i.e., we need FY X A g to be contractible.
The following three propositions follow from Procedure 2.16.

Proposition 5.4 The dg bimodule F¥ X A ;4 has EnonX EwnuoY
u ,ou uu,uo
. . . . uu,ouX 0 1
primary matrix wu [Ew,ouX  EuuuoY | and  differential ;u,qu [ 0 0 ]
The right action of ey on F¥ X A g is zero.
Proposition 5.5 The dg bimodule F¥ X Ajowe has
0 EOU,OOZ EUO,OOZ
primary matrix ZZ [gzzzzg] and  differential gz::z; |: 8 g }

The matrix for the right action of ey is
Sou,ooZ guo,ooZ

Eou,ooZ Ul 0 .
Euo,ooZ 0 UZ ’

the matrix for the right action of e, is zero.
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Proposition 5.6 The dg bimodule A g X FV has
(0]

XEU,O YEU,O
primary matrix Zz [;‘:22] and differential ;‘:g:: [ 8 é ]
The matrix for the right action of e is
Xéu,o Yé/.:u,o
X é;'u,(, U, 0 .
Y%-u,o 0 U2 ’

the matrix for the right action of e, is zero.

Definition 5.7 We will write A for the 1-morphism between 2-representations of &/~ given by (A, @),

where
0:ARFY - F'XA

is zero as a map from 0 to F¥ X A ;g and is given by the matrix
Xgu,o YSu,o

SOU,OOZ 1 0

SUO,OOZ 0 1
as a map from Apg X FY to FY X Ajower. By Propositions 5.5 and 5.6, ¢ is a closed morphism of
dg bimodules. Note that ¢ is not an isomorphism, but it is a homotopy equivalence by Proposition 5.4.

Because the square

(ﬂlzidp\/ idF\/ @(p

0= Aupper D (FV)EZ F'YKX Amig X FY (FV)EZ X Alower

idAuPpef X rl J, T IZidAlower
eXid gv idpv Ko

0 = Aypper B (FY)22 d FYRApg®FY —F (FV)22 R A jower

automatically commutes (Aypper = 0), (A, @) is a valid 1-morphism.

6 Bimodule for the Y-shaped trivalent vertex

Now we define a bimodule for the other type of trivalent vertex, based on the Heegaard diagram in
Figure 19 and categorifying the map 11,1 Fy2)12,0 = 11,1 Egi2)lo,2 from /\éV to V'®2 arising from
skew Howe duality; see Section A.3. As in Section 5, the bimodule is defined to be zero in the upper
weight space 2¢; (see the beginning of Section 5); we describe the middle (¢ + €;) and bottom (2¢;)
weight spaces below.

6.1 Middle weight space, fully unsimplified version

We first define a subsidiary DA bimodule Y, ., after introducing a useful convention for secondary
matrices.
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Figure 19: Heegaard diagram for the “Y-shaped” trivalent vertex.

Convention 6.1 Any unspecified indices appearing in exponents of secondary matrix entries, for example
the indices k and / below, are assumed to range over all nonnegative values. For example, the top-left
entry of the secondary matrix in Definition 6.2 is the infinite sum w; ® Uy + w% ®U 12 +---. We start the
indexing at k + 1 rather than k because we do not include id ® id terms in secondary matrices. Sometimes,
to simplify notation, we will index a secondary matrix entry in such a way that id ® id is a term, but such
id ® id terms should be implicitly omitted.

Definition 6.2 The DA bimodule Y. ., over

((A2)e; 46, @ Fa[wy, wa], (A1,1)e; +e, @ Falwy, w3])

has primary matrix
ou uo

u[d 4 B B

and secondary matrix

4 A B B

A wktt @ Ukt 0 wk ® (UK, 2 w{wf@(Uzk“,kA,U{“)
A wy w1+1®U1+1 I®A w{‘@(A,UIH)

B 0 0 wh Tl @ Ukt 0

B 0 0 wy wh Tl @ UFt!

All generators are also w1 - and wj-equivariant in the sense that all entries of the above matrix representing
Sil terms for i > 1 should be multiplied by wf wg on both sides (in each entry, for higher terms, with the
output exponents given by the sum of the input exponents on both w; and w,). Equivalently, we could
treat IF;[w1, w,] rather than [F, as the ground ring, in which case we do not require these entries.

We define gradings as follows:

o deg?(A) = —2, deg"(4) =2,
deg?(A') =0, deg"(4') = 1,
deg?(B) = —1, deg"(B) = 1,
deg?(B’) = 1, deg"(B') = 0,
o deg?(wy) = —2, deg" (w;) =2,
o deg?(w,) = —2, deg’ (w,) = 2.
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ou uo

A A/ B B/

Figure 20: Generators of Y., in terms of intersection points.

The correspondence between sets of intersection points in the Heegaard diagram of Figure 19 and
generators of Y., (primary matrix entries) is shown in Figure 20. Not all sets of intersection points in the

diagram appear in Figure 20; the rest contribute to the summand Y, _ of Y’ in the lower weight space

lower
and appear in Figure 22. The domains giving rise to secondary matrix entries are shown in Figure 21.
A A B B’

A/

B/

Figure 21: Domains giving rise to the secondary matrix for Y. ,.
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Proposition 6.3 The DA bimodule Y, is well-defined.

Proof Treating IF>[wq, w;] as the ground ring, the squared secondary matrix is

A A B B :
A[bHeult o ube Uit wluk e @0
A e e M e
B 0 0 wit @ U 0
B 0 0 wi wy T @ Uy
which equals
A A B B
A whtrt? 0 whtrt! wi P it a Ut Ut
®(Uk+1 Up+1) ®(Uk+1 UP+IA) .+u)ué+p+1@mL§+l,Uf+d, ,Uf+5
k+p+2
A 0 u“@(Uf+1,Uf+1) 0 w P @G, UL U
B 0 0 wy 0
®UST U
. _ . 0 0 wl;+p+2®(U2k+l, U2p+1) |

This matrix is also the matrix of multiplication terms for Y’

, . .
mid» S0 Y4 satisfies the DA bimodule structure

relations. O

From Y., we can get an infinitely generated DA bimodule over ((A2)g, ¢, (A1,1)e,+s,) by restrict-
ing both the left and right actions on Y., via the inclusions of A, and A; ; into A, ® Fa[wy, w;] and

Aj1 ® Fa[wy, wy]. The primary matrix of the result is
ou uo
u [w’fwéA wll‘wéA’ w’fwéB wll‘wéB/]

(letting k£ and / range over all nonnegative integers). The secondary matrix is

wkwéA w{‘wéA/ wkwl B wkwl B’
A wllc—i-p-i-l é@UIH_l 0 w w2+p®(Up+1 A) w k+q +p®(Up+1 Uq+1)
/ 1+1 k+p+1 | p+1 k+p p+l1
A w1w2 w) wy, QU w w2®A w) w2®()\,U1 ) :
B 0 0 w’l‘wé+p+1®U2p+l 0
B’ 0 0 wlfﬂwé wkwéJ”UH(X)UZthl

multiplication by w; or w; on the “output side” of a secondary matrix entry should not be viewed as
multiplication by an algebra element, but rather as specifying which row of the (infinite) secondary matrix
the entry belongs in.

Motivated by the two-term complexes appearing in [Ozsvéth and Szab6 2009, proof of Theorem 4.1]
(see also, e.g., [Manolescu 2014, Theorem 2.3]), the DA bimodule Y5, miq is defined to be

_2 Yn,nd[ 1] ® Yr:ud ’
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where Z is the DA bimodule endomorphism of Y, ., given by

A A B B’
Al w1 +wy+ey 0 0 0
A 0 w1+ w;y + e 0 0
B 0 0 wi + wy + ey 0
B’ 0 0 0 wi + wy + e

Proposition 6.4 The DA bimodule endomorphism & is closed.

Proof The product of the matrix for the endomorphism with the secondary matrix for Y, ., in either
order, equals the secondary matrix for Y., with the output of each entry multiplied by wy + w; +e1. O

As with Y/

hid» We can view Yy mig as an infinitely generated DA bimodule over

((A2)e; 462+ (A1,1)e1+62)-
We will write the generators of the two summands of Y3, mig as
{Al, All, Bl, B;} and {Az, Alz, Bz, Bé},
respectively, where & maps the “2” summand to the “1” summand.

Proposition 6.5 As a left dg module over (A3)¢, +¢, = Fa[ey], the homology of Yy miq is a free module
of rank two generated by A = w?w‘z)A’1 and BY.

Proof As a nondifferential left module over F5[e1], Yiu,mia is free with one generator for each pair of
a monomial wlfwé (for some k,/ > 0) and an element of {A4;, A;., B;, Blf :i = 1,2}. The kernel of
the differential on Y, mig consists of the summands corresponding to wll‘ wéA’1 and w’l‘wéBi. In the
homology of Yty mid, we have wy, = wy 4 e (equivalently, w; = w; + ej), so the homology is generated
by elements w’l‘A’1 and wéB/. Furthermore, wlerlA’1 =e wll‘A’1 and wé“ B = elwéB; modulo the
image of the differential, so the homology is generated by the two elements A’1 and B;. The image of
the differential intersected with the IF[e;]-submodule generated by A and BY is trivial, proving the

proposition. a

6.2 Middle weight space, half-simplified version

We now simplify Yy, mig, getting a half-simplified version Yys mid. The equivariance over Fo[wq, w,] will
go away, and we will treat Yy mig as an infinitely generated DA bimodule over ((«42),91 +ey, (A1,1)e +52)-
We also streamline notation by relabeling A', B} as A", B'.

Definition 6.6 The DA bimodule Yy mig has primary matrix

ou uo
k k 47 1 [ n/
u [wlA wlA sz sz ],
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where k ranges over nonnegative integers, and secondary matrix

wll‘A wll‘A’ wéB wéB’
A wllc+p+1®U1p+1 0 (w1+€1)l+P®(U2p+l,k) w‘ll(w1+€1)l+p®(U2p+1,)\,Ulq+l)
A wkwite) vt guPt! (w1+er) @A w? (wi+e)! @, U
B 0 0 wi TPt Ut 0
B’ 0 0 wh (watey) wé"'p'H®U2p+1

The g- and /-degrees of the generators are the same as they were in Y5y mid-

One can check that Y}, mig can be obtained from Y, mig by the simplification procedure from Section 2.6,
SO Yhs,mia 1s well-defined and homotopy equivalent to Yp, mig. We get the following corollary from
Proposition 6.5.

Corollary 6.7 As a left dg module over F;[e;], the homology of Yis mid Is a free module of rank two
generated by A’ = w) A’ and B’ = w) B’

6.3 Middle weight space, fully simplified version

We now simplify the bimodule Yy miq in the middle weight space even further, giving a finitely generated
DA bimodule Y¢s mig over ((A2)e,+e5s (A1,1)s;+¢,). The primary and secondary matrices of the result
Yts,mia are described below. One can check that these matrices arise from the simplification procedure of
Section 2.6; note that we are canceling infinitely many disjoint pairs (w’l‘A, w]f *t14’) and (wéB, wé“ B).

Definition 6.8 The DA bimodule Y miq has

A B’
k k+1
ou uo A |k H1g UK+t € ®G U
primary matrix u[A’ B’]  and  secondary matrix ! U ek Uitt v,
k+1 o rrk+1
B’ 0 e;m eu,

As before, we have deg?(4’) = 0, deg”(A4’) = 1, deg?(B’) = 1 and deg"(B’) = 0.

6.4 Lower weight space

Next we define the bimodule Y/

lower
will be an ordinary dg bimodule with no higher A, actions.

in the lower weight space. Unlike with Y., in the middle weight

’
Sp ace ’ )IIOWCI'

Definition 6.9 The DA bimodule Y/

lower

((A2)2¢, @ Fa[wy, wa], (A1,1)26, ® Falwy, wy))

over

has primary matrix
00

0 [C C/].
We set
e deg?(C) = -3, deg"(C) = 3,
e deg?(C’) = 1, deg(C") = 0.
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00

Figure 22: Generators of Y,/

lower 11 terms of intersection points.

The secondary matrix is

C c’
C w’fwé@UlkUzl 0
c’ wiwy +e; w{‘wé@UlkUzl

(recall that we implicitly exclude id ® id if it appears in a secondary matrix entry). Equivalently, the
differential has matrix C C’

C 0 0
C'| wiwy+e 0|

and right multiplication by U; has matrix c oo

Clw; O

C’'| 0 w;
for i € {1,2}. The matrix entries maps are assumed to be w; and w,-equivariant as in Definition 6.2;
equivalently, right multiplication by w; has the same matrix as right multiplication by Uj;.

Proposition 6.10 The DA bimodule Y, .. is well-defined.

ower
Proof The above matrices for the differential and the action of algebra generators commute with each other.
One can check that these matrices together amount to the same structure as the given secondary matrix. O

Figure 22 shows the generators C and C’ as intersection points in the Heegaard diagram of Figure 19;
Figure 23 shows the domains giving rise to the secondary matrix.
The bimodule Yt jower 1s defined to be

=
=

-2
q li)wer[_ 1] ® Ylé)wer’
where E is the endomorphism of ¥/ = with matrix
C c’
C|wy+wy+e; 0
C’ 0 wy + wy + e ’
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Figure 23: Domains for the secondary matrix of ¥,

Thus, the secondary matrix of Y, jower can be written as

Cs C} i
G [ whw! @ UFU! 0 0
C; wiwy +e; w’fwé@UlkUzl 0
Ci| wy+wy+e 0 w{‘wé@UlkUzl
Cy 0 wi + wy + ey wiwy +e;
Equivalently, the differential has matrix
C C,; G
C, 0 0 0
Cz/ wiwsy + €3 0 0
Ci| wi +wy+ e 0 0
Cl/ 0 w1+ Wy +e; wiwy +e;
and right multiplication by U; or w; has matrix
G C C Cf
Clw 0 0 0
Cl 0w 0 0
Ci| 0 0 w; O
c’LOoO 0 0 wy

: /
we can view Y

for i € {1,2}. As with Y., and Y, mid,

/
ower "

0

k.l krrl
w1u)2®U1 U2

0

Andrew Manion

and Yp jower as infinitely generated DA

bimodules over ((A2)2¢,, (A1,1)2¢,). We will take this perspective and write the generators of Yy jower as

{C1.C{,C2, Cy}

times monomials in w{ and w,.
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Proposition 6.11 As a left dg module over (Az)2¢, = Faleq, e2], Hyx(Yiu,lower) Is free of rank two. One
can take {w C|, C{} to generate the homology.

Proof The kernel of the differential is spanned by the elements w’f wéCl’ and the image of d. In homology,
we have the relation w,C| = (w; + e1)Cy, so the homology is generated by elements w’l‘C 1- We also
have the relation (wf +ejw;)C 1’ =w;w,C 1’ =e,C 1’ , so the homology is generated by the two elements
C/{ and wCy. The submodule generated by these two elements has zero intersection with the image of
the differential, so we can identify the homology with this submodule. |

The left submodule of Y jower generated by {w;C 1’, C 1’} is not closed under right multiplication.
However, the left submodule generated by the remaining generators is closed under right multiplication,
and we can view Hy (Y5 lower) as the quotient of Yy jower Dy this subbimodule. It follows that Y, jower 15
a formal dg bimodule, since the quotient map is a quasi-isomorphism to its homology.

Proposition 6.12 The right action of Uy on Hy (Y1 jower) 1S given by

w,C{ C|
wlCl’ [ el 1 i
Cl/ L €2 0 _’
and the right action of U, is given by
wICI’ Cl/
wlCl/ [ 0 1 i
Cll L () 61_

We can use the above matrices to define the fully simplified bimodule Yi jower; We will not need a

half-simplified version. As above, we streamline notation by relabeling C{ as C".

Definition 6.13 The (ordinary) bimodule Y jower OVer ((Az) 2655 (A1,1) 282) has primary matrix

00

(o] [ w1 c’ C’ ],
and right actions of U; and U, given by the matrices in Proposition 6.12. We have
deg?(w1C') = —1, deg"(w C) =2, deg?(C')=1, deg"(C’)=0.

6.5 Decategorification of Y
Proposition 6.14 The AD bimodule V'Y categorifies the map from Go(A;) to Go(A;,1) with matrix

[Su]l  [Sol
[Swl[ O 0
[Sou] -1 0
[Swl| ¢7' 0
[SelL 0 g+4¢7!

This map can be identified with 11 1 Fyy2)12,0 (or equivalently with 11 1 Egy2)10,2) mapping from /\g |4
to V2,
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6.6 2-representation morphism structure

We will give
Yt := Yts,mid D Yis,lower

the structure of a 1-morphism of 2-representations of /~ by defining an isomorphism
¢ : Y X FY — FY X Y.

The two bimodules in question are only nonzero as bimodules over ((Az)g 1 4eas (Al,l)zgz), so we need
to give an isomorphism
(1 st,mid X FV - FV X st,lower-

Using the matrix-based formulas for the box tensor product of DA bimodules in Section 2.4, we can
describe both Y mia ¥ FY and FY X Y jower-

Proposition 6.15 The (a priori DA) bimodule Y, mia ¥ FV has primary matrix
00
u[AEuco  B'Euoo]
and secondary matrix
A'Eou,00 B'&u0,00

k k+1
A k1l g Ukt € ®IE]1 * .
0u,00

B'Euo.00 0 At g Ukt
This bimodule is no longer Ao, and it has no differential. The right action of U is given by the matrix
A/%-ou,oo B/‘i:uo,oo
A/sou,oo €1 1
B/Suo,oo 0 0 ’
and the right action of U, is given by the matrix
A,gou,oo B/Euo,oo
Aléou,oo 0 1
B/guo,oo 0 €1 .
Proposition 6.16 The DA (or ordinary) bimodule F [ Y jower has primary matrix

00

u [Eu,o(wl C,) Su,oc/ ]

The differential is zero; the matrix for the right action of U is
Eu,owlc/ Su,oc/

éu,owlc/ €1 1
£u,0C’ 0 0o
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and the matrix for the right action of U, is

Eu,owlcl Eu,OC’
‘i:u,owl c’ 0 1
Su,oc/ 0 e :
Definition 6.17 We will write Y;, for the 1-morphism between 2-representations of /™ given by (Y%, ¢),
where Afonco B'Ewonco
/
¢ : Yy ®FY — FYR Y is given by the matrix Elg’wlc/c [ (1) (1) ]

as a map from Y mig X FY to FY X Y jower (¢ is zero as a map between the other summands).

As in Section 5.3, the square

0= Yupper,fs X (FV)EZ

ldYupper,fsg":l lrxldY]ower,fs

oXid v dpv X
0= Yupper,fs X (FV)EZ d (FV)|ZZ X Ylower,fs

FVY Ymid,fs X FY (FV)IZZ X Ylower,fs

FV&Ymid,fS&FVIF—>

automatically commutes (Yypper,ts = 0), s0 (¥fs, @) is a valid 1-morphism.

7 Bimodules for compositions of two trivalent vertices
7.1 The relevant Heegaard diagrams

Figure 24 shows two webs, a “singular crossing” composed of two trivalent vertices and the other possible
composition of these vertices, together with two Heegaard diagrams. These diagrams are obtained from
the two possible ways of gluing the diagram of Figure 19 to the diagram of Figure 16 vertically, after
some handleslides and destabilizations. In this section, we take tensor products of the bimodules for the
hard and easy trivalent vertices in both directions to get bimodules for the singular crossing and other

composite web.

:

Figure 24: Heegaard diagrams for compositions of two trivalent vertices.
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Figure 25: Ozsvath-Stipsicz—Szab6 diagram for a singular crossing (the leftmost two figures are
related by handleslides of 8 circles).

Remark 7.1 Like the diagram of Figure 19, the diagrams in Figure 24 have regions with multiple X or
O basepoints, which are typically not allowed for the multipointed diagrams used in knot and link Floer
homology; see, e.g., [Ozsvith and Szab6 2008]. The diagram for a singular crossing, however, is more-or-
less standard; Figure 25 shows a local version of the Heegaard diagram for a singular crossing defined in
[Ozsvith et al. 2009]; see also [Manion 2021a; 2021b]. It is reasonable to suppose that the two diagrams of
Figure 24 represent the complements of their corresponding webs in D? x I with certain sutured structures
on the boundary (see Figure 5 and Remark 1.7 in the introduction), although it would be good to have
a general theory of such generalized diagrams and the sutured 3-manifolds or cobordisms they represent.

Remark 7.2 Bimodules constructed literally from the Heegaard diagrams in Figure 24 would be more
like the fully unsimplified bimodules considered in Section 6, due to the presence of O basepoints in the
diagram. We will focus on the fully simplified bimodules instead.

7.2 Singular crossing

Definition 7.3 Let X, mid := Amid X st,mid and Xjower := Alower X st,lower-

Proposition 7.4 The DA bimodule X,jq has primary matrix

ou uo
ou[ XA XB'
w | YA" YB’

and secondary matrix
xA' YA XB’ YB'

r k k+1 n
A
x4'| UK g Uk A Y ®,£ Ui k+)1 0
+UF® UF 1)
k k+1
YA’ 0 Ukt @yt 0 b2 ®,£U2 ’)‘Ll
+UF® (A UFHY
XB’ 0 0 Ukt @ k! y
YB'| 0 0 0 Ut g Uit
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We have
o deg?(XA') = —1, deg (XA') = 2,
e deg?(YA') =0, deg"(YA) =1,
e deg?(XB’) =0, deg"(XB') = 1,
o deg?(YB') =1, deg" (YB') = 0.

Proposition 7.5 The (ordinary) bimodule Xiower has primary matrix
00

00 [Z(wIC') ZC’].

The right action of U, is given by the matrix

Z(w1C’) zZC’
Z(w,CH| U +Uy 1
zc’ [ utu, 0 ]
and the right action of U, is given by the matrix
Z(w, C ZzC’
Z(wC") 0 1
zc’ [ U,U, U1—|—U2}'

We have
* deg?(Z(wiC")) =~ 1. deg" (Z(w1 C")) =2,
e deg?(ZC') =1, deg"(ZC") = 0.
Both propositions can be proven by applying the definitions of Section 2.4.

Corollary 7.6 The DA bimodule X categorifies the map Ko(A1,1) = Ko(Ay,1) with matrix
[Puu] [Pou] [Puo] [Poo]
[Pu][ O 0 O 0
[Pou] 0 q_l -1 0
[Po]| O -1 ¢ 0
[Poll 0 0 0 g+q7!

Equivalently, the left dual VX of X categorifies the map Go(A;,1) — Go(A;,1) with matrix

[Sua] [Soul [Suel  [Sool
[Swl[ O 0 0 0
[Sou] 0 q —1 0
[Suo] 0 —1 q_l 0
[SelL 0 0 0 g+q7"
The decategorification of a box tensor product is the product of decategorifications, and box tensor products
are compatible with opposite bimodules, so this endomorphism agrees with 11 1 Fy2)12,0 Egi2) 11,1
(or equivalently, 11,1 Eg2)lo,2 Fgi2)11,1) acting on V®2, a relation that can also be checked directly;

see Section A.4.
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We now consider the 1-morphism structure on X.

Definition 7.7 We write X = (X, ¢) for the 1-morphism of 2-representations from A ; to itself given
by the composition of the 1-morphisms

YfS:Al,l_)AZ and AZ.A2—>.,41,1.

The map ¢ is the composition of idp X ¢y and A Kidy, from Definitions 6.17 and 5.7 under the
natural identification of (A X FV) X Yi with A X (FY X Yf). The map idy X ¢y has matrix

XA,gou,oo YA/Sou,oo XB,Suo,oo YB,Euo,oo

X&uo(wiC') 1 0 0 0

Yoo C') 0 1 0 0
X&,,C’ 0 0 1 0 ’
YEu,C' 0 0 0 1

and the map ¢ Xidy, has matrix
Xgu,o(wl C/) Yéu,o(wl C/) Xsu,ocl Ygu,oc/

Sou,ooZ(wIC/) 1 0 0 0
£u0,00Z (w1 C) 0 1 0 0
EoncnZC' 0 0 1 0
fr000ZC" 0 0 0 1

Thus, the map ¢ for X is given explicitly by the matrix
XA/EOH,OO YA/SOU,OO XB/Euo,oo YB/Euo,oo

éou,ooz(wlc/) 1 0 0 0
‘i:uo,ooz(wl C/) 0 1 0 0
Eou,00ZC’ 0 0 1 0
&10,00ZC’ 0 0 0 1

It follows from well-definedness of composition of 1-morphisms between 2-representations that the

square
Xid v idpv®
Xupper X (FV)®2 e FYI Xmid X FY o 4 (FV)®2 X Aflower
iquPperETl J{t&idxlower
Xid v idpv®
Xupper X (FV)®2 e FYI Xmid X FY o 4 (FV)®2 X leower

commutes; alternatively, commutativity is also immediate because Xypper = 0.

7.3 The other composition
Definition 7.8 Let
Ppig := st,mid MAmia and Pioywer := st,lower X Ajower-
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Proposition 7.9 The (ordinary) bimodule ®,iq has primary matrix

u

u[A’X BY]

and right action of ey given by
A'X B'Y

A'X (5] 0
B'Y 0 5] '
We have deg? (A’ X) = —1, deg"(4’X) =2, deg?(B'Y) = 1 and deg"(B'Y) = 0.

Proposition 7.10 The (ordinary) bimodule @y has primary matrix

o

o[wiChZ C'Z],

right action of e, given by

(w1 ChZ C'Z
wiCHYZ [ e 0
Cc'z | 0 €1 _’
and right action of e, given by
(w,ChZ C'Z
wiCHYZ[ e 0
Cc'z | 0 € |

We have deg? (w;C")Z) = —1, deg" (w1 C")Z) = 2, deg?(C’'Z) = 1 and deg"(C'Z) = 0.

Proof These propositions follow from Section 2.4. For example, for the right action of e; on ®jgyer,

(wlC’)Z Cc'z (wlC’)Z c'z (wlC’)Z Cc'z
(w,CNZ el 1 TwCHz 0 1T )z es 0 5
Cc'z () 0 Cc'z () (5] - Cc'z 0 (5] ’

Remark 7.11 Proposition 7.9 implies that ®iq = (¢ + g~ /4?) id( A2)e) ey where 42 indicates a shift
upward by two in the homological grading. Similarly, ®iower = (¢ + ¢~ 1h?) id( A2)2e, follows from
Proposition 7.10.

Corollary 7.12 The DA bimodule ® categorifies the map from Ko(A») to Ko(A») with matrix

[Pu] [Po]
[Pl[q+q~" 0 .
[PIL 0 g+q7 ']
equivalently, ¥V ® categorifies the map from Go(Ay) to Go(A,) with matrix
[Su] [So]
[Sd[qg+q7" 0
(Sl 0 g+q7' [
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Since the decategorification of a box tensor product is the product of decategorifications, this endomor-
phism is equal to 13 0 Egi2)11,1 Fyi2) 12,0 (or to 1o 2 Fi2)11,1 Eqi2) 1o,2) acting on /\2 V, a relation that
can also be checked directly.

Definition 7.13 We write ® = (P, ¢) for the 1-morphism of 2-representations from A, to itself given by
the composition of the 1-morphisms

AZ.A2—>.AI,1 and stiA1’1—>A2.

The map ¢ is the composition of idy, M ¢ and ¢y Kida from Definitions 5.7 and 6.17 under the
natural identification of (Y X FY) K A with Yg X (FY K A). The map idy, X ¢ has matrix
A'X&o B'YEuo
Abon00Z [ 1 0 }
B'éuo,00Z 0 1 ’
and the map ¢y Xidp has matrix
A'bou00Z B'EuoooZ
buo(w1C)Z [ ! 0 }
£, 0C'Z 0 1
Thus, the map ¢ for ® is given explicitly by the matrix
A'X&o B'Yéuo

&o(w1CHZ 1 0
£00C'Z 0 1 '

Remark 7.14 The above computation implies that ® == (¢ + ¢~ 'h?)id4, as 2-representations of ¢/ ~.

8 A skew Howe 2-action
8.1 A categorified quantum group

We recall a graded 2-category S(2,2)* defined by Mackaay, Sto§i¢ and Vaz [Mackaay et al. 2013] as a
quotient of the categorified quantum group Hq (gl(2))* (the details of which are reviewed in [loc. cit.]).
While Q coefficients are assumed in [loc. cit.], the definitions of Uq (gl(2))* and S(2,2)* make sense
over Z; we will work with their reductions over IF,.

Remark 8.1 The * notation indicates that the morphism spaces consist of arbitrary-degree morphisms,
not necessarily degree zero. In contrast with [loc. cit.], we will not take the objects of Hq (gl(2))* or
S8(2,2)* to be closed under grading shifts, although if one preferred, one could include them without

issue.

Definition 8.2 Let the graded [F,-linear 2-category S(2,2)* be the quotient of Uq (gl(2))* (with no
grading shifts on objects as remarked above) by the ideal generated by the identity 2-morphism on 1 for
all A € Z? except for A € {(2,0),(1,1),(0,2)}.
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Remark 8.3 The gl(2) weights A appearing here should not be confused with gl(1]|1) weights .

We will write S(2, 2)""¢" for §(2, 2) with its grading ignored; we will be most interested in a bigraded
lift S(2,2)** of S(2,2)""¢". Concretely, we can take S(2,2)** to have objects 15 o, 11,1, and 1 5. A
generating set of 1-morphisms is given by

11,1€1p,2 12,0€11,1 11,1 F12,0 10,2711 1
1 «— 1. 1o <—1; 1, 1) «<— 15, Lo, «<—1; ;.
We will draw 1-morphisms as sequences of vertical strings with the regions between them labeled by
gl(2) weights A € Z?2; & morphisms will point upwards and F morphisms will point downwards.
The 2-morphisms in S(2,2)** are generated by the following string diagrams, read from bottom to
top:

(1,1) + (0,2) with deg? = —2 and deg" =2,

(2 0)%(1 1)
v

(2,0) with deg? = —2 and degh =2,

with deg? = —2 and deg" = 2,

» (0,2) $ (1,1) with deg? = —2 and deg" =2,

(2,0) with deg? = 2 and deg” =

(2,0) >< (0,2) with deg? = 2 and deg" = —2,
(1,1

) with deg? = —1 and deg” = 0,

with deg? = 1 and deg” = —2,

[ ]
—
o
[\
~

with deg? = 1 and deg” = —2,

[ ]
—~
N
o

with deg? = —1 and deg” = 0,

[ ) [ ]
— —
—_ —_
—_ —_
~— ~—

with deg? = —1 and degh =2,

[ ]
—
<o
N}
~

with deg? = 1 and deg” = 0,

N (2,0) with deg? = 1 and deg” =0,

7\ (1,1) with deg? = —1 and deg" = 2.
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The relations imposed on the 2-morphisms are:

() m«w) - ’(o,m - mm,z)

|

&) mu,l) _ ‘(Ll) _ mu,n
GDN(Q’O) _ l(z,m _ m”’“
(S)M(lal) = + :

(6)m(z70> _ %

(7) (2,0) = ><(2,0) =

© (w2 =0
(10) Q(z,m -
an ( yw2 =

—1
(12) (L,1) = zz (1,1)

NN
(13) (2,0) = + - Q (2,0)
N N O
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(14) (1,1) = é(l,l)

\_J
15 | |02 = +
O

(16) 52(0,2) =0
] oo =3 a3

(We include signs in various places but they are unnecessary over IF,.) In items (12) and (14), the sideways

><(1’ - W(L . W(L "’

which has deg? = 0 and deg” = 0, and

which has deg? = 0 and deg” = 0.
We will define a functor from S(2,2)** into 2 Rep(Z4~)***. On objects, it sends

(0,2)

DOC

N
m

crossings are defined by

Lo—A, LA, 1o A,
where we view A, and A ; as 2-representations (4, F,t) of U™
8.2 Bimodules for 1-morphisms
We send
1118192 =Y, 150111 "A, 1;1Flyo=>"Y, 19F1y1 YA,
where we view Y and YA as AD bimodule 1-morphisms of 2-representations of /™.
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8.3 Bimodule maps for 2-morphisms

8.3.1 Dots
¢ For the 2-morphism
(1,1) % (0,2)
in 8(2,2)**, we define an endomorphism of Y as the dual of the endomorphism 53 , of Y with matrices
A B wC' C’
Ale 1QA wiC’ eq
B |: 0 0 :| on the summand Y4, o ey 0 on the summand Yjower-
¢ For the 2-morphism
(2,0) % (1,1)
in §(2,2)**, we define an endomorphism of VA as the dual of the endomorphism § IT , of A with matrices
X Y
X[0 0 z
- |: 0 U, ] on the summand A g, Z [ U, ] on the summand A jgwer-
¢ For the 2-morphism
(1,1) + (2,0)
in §(2,2)**, we define an endomorphism of Y as the dual of the endomorphism 52¢ o of Y with matrices
A B wC" C’
A, 0 1&i on the summand Y4, wiC 0 ! on the summand Yjower-
B'| 0 e c’ ey e
¢ For the 2-morphism
(0,2) + (1,1)
in §(2,2)**, we define an endomorphism of YA as the dual of the endomorphism § li , of A with matrices
X Y z
;\; |: %1 8 ] on the summand A g4, V4 [ U, ] on the summand Ajgwer.

Proposition 8.4 The four maps defined above are 2-morphisms.

Proof e To see that Sg , 1s a 2-morphism, we want the square

YFV — % pvy

Sg’ZIZidpvl lidwmg,z
Py
YFV ——— FYY
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to commute up to homotopy. In the only nonzero case, the top and bottom edges of the square are
A/Sou,oo B/Suo,oo

Eu,owlc/ [ 1 0 .
£, C | O 1 ’
Algou,oo Blsuo,oo %-u,owl C/ Eu,oc/
. A/ ou,00 1 i . . u,0 C/ 1
the left edge is B/guoioo [ 601 0o | the right edge is S éu,l(l))é/ |: 6’01 0 }
Thus, the square commutes.
e To see that § 1T | 18 @ 2-morphism, we want the square
v A v
AFV ———— FYA
8§!1|XidFvl lidF\AZleT!l
AFY — % FVA
to commute up to homotopy. Recall that the top and bottom edges of the square are
XSO,U YSO,U
Eou,ouZ 1 0 .
Euo,ooZ O 1 ’
X‘i:o,u Yéo,u SOU,OOZ guO,OOZ
. X&u| O 0 . . ou,00Z 0 0
the left edge is Y;’u |: 0 U, ] the right edge is ;OZOOZ [ 0 U, ]
Thus, the square commutes.
¢ For Sio, one can check similarly that the square
v Y v
YFV —— F'Y
szfolzidFvl lidFvlzsjo
YF¥ — % FVy
commutes, SO 52¢ o 1s @ 2-morphism.
e For§ 1¢ |» one can check similarly that the square
v oA v
AFV ——— FYA
Sf_lxidFvJ Jidpv M5},
AFY — % L FVA
commutes, SO 51¢ | 18 @ 2-morphism. O
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Remark 8.5 The map Sg , can be thought of as “right multiplication by U;” on Y; more precisely, to get
the above matrices, one sums all ways of inserting U; as an algebra input in some slot for the right A
action on Y. The other maps defined above have similar interpretations:

J SIT , comes from left multiplication by U,.

J 8%,0 comes from right multiplication by U,.

L) li , comes from left multiplication by Uj.

(2,0) ><(0,2)

in §(2,2)**, we define an endomorphism of V® as the dual of the endomorphism y of ® with matrices

8.3.2 Crossings For the 2-morphism

AX BY wC'Z C'Z
A'X 17
B/Y[ (1) 8 ] in the middle summand, w(lj (/72 |: (1) 8 ] in the lower summand;

it is clear that x is a 2-morphism.
To the 2-morphism

(0,2) ><(2, 0)

in S(2,2)**, we assign the same endomorphism of ¥® as for

(2,0) ><(0,2)

(namely the dual of ).
8.3.3 Cups and caps

¢ For the 2-morphism U (1,1) in 8(2,2)**, we define a morphism from id to VX as the dual of the
morphism ¢’ : X — id with matrices
XA" YA" XB" YB'
I..| Uy 0 1®A 0
I.|] 0 0 0 1

VA (w1 C/) zZC’
] in the upper summand, I, [ U, 1 ] in the lower summand.

¢ For the 2-morphism U (0,2)in §(2,2)**, we define a morphism from id to ¥® as the dual of the
morphism ¢ : & — id with matrices

A'X B'Y w1 C'Z C'Z
Iu[ 1 0 ] in the upper summand, Io[ 1 0 ] in the lower summand.
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¢ The 2-morphism U (2,0) gets assigned the dual of ¢ : & — id.
* The 2-morphism A ] (1,1) gets assigned the dual of g X —id

e For the 2-morphism Y\ (L) inS (2,2)**, we define a morphism from X to id as the dual of the
morphism

n:id— X
with matrices
Iou IUO
XA 1 0 Iy,
;2, 8 ! %’ A in the upper summand, Z(;)é? ) |: (}2 ] in the lower summand.
YB'| 0 U,

e For the 2-morphism Y )02 ins (2,2)**, we define a morphism from V® to id as the dual of the
morphism

n :id— ®
with matrices
I, I,
AX]|0 . chz | 0 .
in the upper summand, (w1 ¢ in the lower summand.
BY |1 c'z 1

e The 2-morphism /~  (2,0) gets assigned the dual of 7’ : id — ®.
e The 2-morphism m (1,1) gets assigned the dual of :id — X.
We first check that 7 is a closed morphism of DA bimodules.
Proposition 8.6 The map 1 is a closed morphism of DA bimodules in the upper summand.

Proof Since the only A input to 7 is A which cannot be factored, we need to check that the matrix for
1 intertwines the secondary matrices for the DA bimodules Xig and (I4; | )mia. The product

XA’ YA’ XB’ YB'

Uk®()\. Uk+1) 7 7
XA Uk+1 ®Uk+1 )\. 1 » Yy 0 ou w0
! ! +UF® UK ) xXAT1 0
Uk @ (UK 1) YAl 0 1®x
YA k+1 k+1 2 > )
0 U2 ®U1 0 —|—U2k ®()\.,U1k+1) XB 0 0
XB’ 0 0 Ukt @ k! y YB'L 0 U
YB'| 0 0 0 Ukt @ k!
is equal to I, L.
x4 [ Ut g UFt! A® A
o 0 Ukt o Ukt )
XB' 0 0
/ k+2 k+1
YB 0 Ust*eU,
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The product
Iou Iuo
XAl 1 0 Lo, Ly,
YA| 0 1®A | Lu| U @Uft  ael
XB'l 0 0 I 0 Ukt g uktt
YB'| 0 U,
gives the same result. O

Proposition 8.7 The map ) is a valid homomorphism of (ordinary) bimodules, and thus a closed morphism
of DA bimodules, in the lower summand.

Proof To see that n respects the right action of Uy, note that

Z(wC) zC’ I, Lo Lo 1
ZwnC)[U +U, 1 Z(wCH|[ 1 _ Z(wiC") Ui _ Zw,C) [ 1 I [UOO]
70! U1U2 0 Aol U2 - ZC'! U1U2 - ZC’ U2 00 1]

Thus, 1 respects the right action of Uj.
To see that n respects the right action of U,, note that

Z(wlcl) ZC/ Ioo Ioo IOO I
Z(w;,C’) 0 1 ZwiCh[ 1] ZwC)[Uy| _ ZwC)[ 1 / [(}“’]
zc! UU, Ui+Uy| zc' |Uy|~ zc |U2| - zc |0y @t 2+
Thus, 1 is a bimodule homomorphism. |

The analogous result for ¢ is clear.
Remark 8.8 The matrices for ' and &’ are obtained from the matrices for ¢ and 7 respectively by

(1) transposing the matrices “along their antidiagonals”, while preserving (not reversing) the ordering of
basis elements,

(2) exchanging Uy and U, (as well as w; and w,) everywhere they appear,
(3) reversing the order of all higher sequences of A, inputs.

(The last item does not arise for the maps under consideration, and neither do w; elements.) Closedness
of these morphisms follows from closedness of ¢ and 7 because the secondary matrices for each summand
of A and Yy, are symmetric under the simultaneous application of the above items.

Indeed, A and Y are based on Heegaard diagrams that are symmetric under the composition of the
following operations: reflect the diagram left-to-right in the plane, reverse the orientation on the Heegaard
surface, and interchange w{ and wj if the diagram has them. The algebraic symmetry in the secondary
matrices corresponds to this diagrammatic symmetry. More specifically, the diagrammatic symmetry is
preserved in the secondary matrices since we chose an ordered basis for the row and column indices such
that left-to-right reflection in the plane on the row and column indices (viewed as sets of intersection
points in the Heegaard diagram) corresponds to order-reversal of the ordered basis.
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We now check that the maps for cups and caps are 2-morphisms.
Proposition 8.9 The map ¢ is a 2-morphism.

Proof For ¢ to be a 2-morphism, the square

Sgidpv

Opig X FY FY

(/’l lid
idF\/ Xe

FY R ®jgyer ———— FY
should commute, at least up to homotopy.
The top edge of the square for & has matrix
A/Xgu,o B/Ygu,o
Eo [ 1 0o
and the bottom edge of this square has matrix
gu,o(wlc/)z Eu,oC/Z
fo [ 1 o
As computed in Section 7.3, the left edge of the square has matrix

A/Xgu,o B/Yéu,o

Eu,o(wlc/)z 1 0
£.,C'Z 0 1|

Thus, the square for & commutes. O

For n to be a 2-morphism, the squares

Xid v Xid v
FY " X B FY PV X B FY =0
idl lw and idl lw
idpv ®n idpv Xn
FY z FV&Xlower FY 4 FVlZernid

should commute, at least up to homotopy.
Proposition 8.10 The first square for n commutes.

Proof The matrix for the top edge of the nontrivial square for 7 is

Sou,oo Euo,oo

XA Eou,00 1 0

YA'Eou,00 0 1
XB't000| O 0 ’
YB/suo,oo 0 U2
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and the matrix for the bottom edge of the square is
Sou,oo Euo,oo
Eou,ooZ(wIC/) 1 0
Euo,ooz(wlcl) 0 1
Eou00ZC’ 0 0
£u0,00ZC" 0 U

As computed in Section 7.2, the matrix for the right edge of the square is
XA/EOU,OO YA/SOU,OO XB/EUO,OO YB/EUO,OO

Sou,ooZ(wl C/) 1 0 0 0

Suo,ooz(wlc/) 0 1 0 0
Eouo0ZC" 0 0 1 0 ’
£ro.00ZC' 0 0 0 1

so the first square for n commutes.
Proposition 8.11 The second square for n commutes up to homotopy.

Proof The map idrv X 1 on the bottom edge has matrix

Suu,ou Euu,uo
Eau,ou XA’ 1 0

Eauuo YA 0 1®A
EmouXB'| 0 0
Emuo Y B’ 0 0
The secondary matrix for the bimodule F¥ X X4 is
Euu,ouXA/ éuu,quA/ guu,ouXB, Suu,quB/
[ 1® (A, Up) ]
uu ouXA/ 0 0
o, +1® (Uz, L)
k
Eunao YA 0 0 Uy @ Uy |
uu,uo —|—U2k ® ()&, U1k+1) s
guu,ouXB/ 0 O O 1
Ewuo Y B' | 0 0 0 0 ]

recall that the secondary matrix for the relevant summand of FV is

Suu,ou Suu,uo

Suu,ou 0 1 ® A
0 0o |

Suu,uo

If we let 4 have matrix

Euuou uu,uo
EwouXA'[ 00
Ewwo¥YA"| 10
EwoXB'| 0 0 |
EwuwYB'L 0 0
then / is a null-homotopy of idpv X 7.
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Corollary 8.12 The map n is a 2-morphism.

Remark 8.13 One can check that the homotopy / in the proof of Proposition 8.11 makes 1 into a strong
2-morphism as in Remark 3.17.

Proposition 8.14 The map n’ is a 2-morphism.

Proof For 7’ to be a 2-morphism, the square

n/gidF\/
FV——————— O,y X FY

. l

idF\/ |Zr]’
FY FYK qDlower

should commute, at least up to homotopy. Commutativity follows from the proof of Proposition 8.9 by
applying the modifications of items (1)—(3) in Remark 8.8 to all matrices in the proof. a

Proposition 8.15 The map ¢’ is a 2-morphism.
Proof For &’ to be a 2-morphism, the square
Xinia & FY FY

(PJ/ Jid
idF\/ X’

FY R Xiower ———— F

E/xidF\/

should commute, at least up to homotopy; the square
8/gidF\/

0 = Xypper @ FY ——— FY

i |

idF\/ Xe’
FY X Xmig FY

automatically commutes. Commutativity of the first square follows from the proof of Proposition 8.10 by
applying the modifications of items (1)—(3) in Remark 8.8 to all matrices in the proof. |

8.4 Checking the relations

We begin by gathering some preliminary computations which can be obtained using Procedure 2.17.

Proposition 8.16 The following string diagram 2-morphisms get assigned algebraic 2-morphisms as

follows:
(1) The 2-morphism m T (0,2) gets assigned the dual of the morphism from Y to YAY with
matrices 1 B w, C'
AxXAT 1 0 (w1 CNZ(w1C") 1 0
BYA| 0 1®A and C'ZwCH| 0 1
AXB'l 0 1 w,CHzC'| 0 1
B'YB'[ 0 €1 c'zc’ €y €1

in the middle and lower summands, respectively.
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(2) The 2-morphism T U (0,2) gets assigned the dual of the morphism from YAY to Y with

matrices
A’XA'" B'YA A'XB' B'YB'
A’ 1 0 0 o 1 . _
B [ 0 0 1 0 in the middle summand,
(wCNZ(wC") C'Z(wC') (w1 C")ZC" C'ZC’
wC’ 1 0 0 o 1 |
C’ [ 0 0 | 0 in the lower summand.

(3) The 2-morphism T m (0,2) gets assigned the dual of the morphism from Y to YAY with
matrices A B

w1 C'C’
AXATO 0 (W C)Z(w, C)T0 0
BYA| 1 0 C'ZwiCH| 1 0
AXB'| 0 0 and o enzerl o o
BYB| 0 1 czc'l o1

in the middle and lower summand, respectively.
(4) The 2-morphism U T (0,2) gets assigned the dual of the morphism from YAY toY with matrix

A'XA" B'YA A'XB' B'YB’

I
4 [ €1 ! 1®A 0 in the middle summand,

B’ 0 0 0 1
(wi1CZ(wiC') C'Z(wiC') (w,C)ZC' C'ZC’
w;C’ el 1 1 o 1 .
c’ [ es 0 0 ) in the lower summand.

(5) The 2-morphism m T (1,1) gets assigned the dual of the morphism from A to AYA with
matrices

Xy
XA'X[0 0 z
YAX| 0 0 Zw cHZ T 0
XBY| 10 and ZC'z [ 1 ]
YBY [0 1

in the middle and lower summand, respectively.

(6) The 2-morphism T U (1,1) gets assigned the dual of the morphism from AYA to A with

matrices
XA'X YA'X XBY YBY 20, CVZ ZC'Z
w
X[ U 0 1 0 !

Y0001:|andZ[U1 1]

in the middle and lower summand, respectively.
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(7) The 2-morphism T m (1,1) gets assigned the dual of the morphism from A to AYA with

matrices
Xy
XAX[1 0 z
YAX| 0 1 Zw )z [ 1
XBY| 0 0 and ZC’Z|:Ui|
YBY| 0 U,

in the middle and lower summand, respectively.

(8) The 2-morphism U T (1,1) gets assigned the dual of the morphism from AYA to A with
matrices
XA'X YA'X XB'Y YB'Y ) )

X[ | 0 0 0 Z(wC"Z ZC'Z

Y0100:|and z[ 1 0 ]

in the middle and lower summand, respectively.

(9) The 2-morphism m i (1,1) gets assigned the same morphism as in item (5).
(10) The 2-morphism i U (1,1) gets assigned the same morphism as in item (6).
(11) The 2-morphism i m (1,1) gets assigned the same morphism as in item (7).
(12) The 2-morphism U i 1,1) gets assigned the same morphism as in item (8).
(13) The 2-morphism m i 2,0) gets assigned the same morphism as in item (1).
(14) The 2-morphism i U 2,0) gets assigned the same morphism as in item (2).
(15) The 2-morphism i m (2,0) gets assigned the same morphism as in item (3).

(16) The 2-morphism U i (2,0) gets assigned the same morphism as in item (4).

e

gets assigned the dual of the morphism from YA to YA with matrices

(17) The 2-morphism

A'X BY (w1 CYZ C'Z
AX|[ e 1 (w1 CHZ e 1
B’Y[ 0 0 } and c'z| e 0
in the middle and lower summand, respectively.
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[ Lo

gets assigned the dual of the morphism from AY A to AY A with matrices
XA'X YAX XB'Y YB'Y

(18) The 2-morphism

xXAx[ U 0 1 0 Z(wChZ ZC'Z
YA'X 0 U, 0 1 and Z(wChZ | U+ U, 1
XB'Y 0 0 0 0 zZC'Z U,U, 0
YB'Y 0 0 0 0
in the middle and lower summand, respectively.
(19) The 2-morphism
% (2,0)
gets assigned the dual of the morphism from YA to YA with matrices
A'X BY (w;CNZ C'Z
AX|0 1 (w1 CHhZ 0 1
and
B'Y |0 ¢ C'Z| e €

in the middle and lower summand, respectively.

e

gets assigned the dual of the morphism from YAY to YAY with matrix

(20) The 2-morphism

A'XA" B'YA" A’XB" B'YB’

AXAT 0 1 0 0
BYA| 0 e 0 0
AXB| 0 0 0 1
B'YB'| 0 0 0 e

in the middle summand, and

(W CNZ(w C') C'Z(wiC") (w,CZC' C'ZC'

(W CZ(w C") 0 1 0 0
C'Z(w,C") e el 0 0
(w,C)ZC’ 0 0 0 1

c'zc’ 0 0 €r €1

in the lower summand.
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(21) The 2-morphism i i m (2,0) gets assigned the dual of the morphism from YA — YAYA

with matrices

A'X BY (i CZ C'Z
AXAXT 00 W CYZw CHYZ[ 0 0
BYAX| 1 0 czwichz| 1 0
AXBY| 0 0 and —— enzez| o 0
BYBY| 0 1 czc'zl 0 1

in the middle and lower summand, respectively.

(22) The 2-morphism m i (2,0) gets assigned the same morphism as in item (1).

(23) The 2-morphism T m i (2,0) gets assigned the dual of the morphism from YA to YAYA

with matrices

A'X B'Y (wCNZ C'Z
AXAXT 10 (W, C)Z(w,C)Z 1 0
BYAX| 0 1 C'Z(wiC)Z 0 1
AXBY| 0 1 and w,chzc'z| 0 1
B'YB'Y 0 €1 Cc'zC'z €n €1

in the middle and lower summand, respectively.

(24) The 2-morphism i i T m i (2,0) gets assigned the dual of the morphism from YAYA

to YAYAYA with matrix

AXA'X B'YAX AXB'Y BYBY

A XA XA'X
B'YA'XA'X
A'XB'YA'X
B'YB'YA'X
A'XA'XB'Y
B'YA'XB'Y
A'XB'YB'Y
B'YB'YB'Y

0
1
1

Q
—_

S O oo oo o~

oS O O O

in the middle summand, and

(w CNZ(w,C)Z
[ 1
0
0

(w1 CHZ(wCYZ(w,CHZ
C'Z(w,C"hZ(w,CYZ

(w1 CHZC'Z(w,CYZ
C'ZC'Z(w,CZ
(wlC’)Z(wIC’)ZC’Z
C'Z(w,C)ZC'Z
(w,CZC'ZC'Z
Cc'zC'zC'z

Q
)

[=E e RN el )

in the lower summand.
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X

gets assigned the dual of the morphism from YAY A to YAY A with matrices

(25) The 2-morphism

(2,0)

N
Y NN
S0
SRR NEZXN
< T XA L2 O
SSss TN LN
SR 20 E0
AXAX[0 000 (wiCYZ(wiCHZ[ 0 0 0 0
BYAX| 0000 and C'ZwiCHZ| 0 0 0 0
AXB'Y|1 000 (wCHZC'Z] 1 0 0 0
B'YBY| 0100 c'zc'z{ o1 00
in the middle and lower summands, respectively.
(26) The 2-morphism
] e

gets assigned the dual of the morphism from YAYAYA to YAYAYA with matrices

N
2NNON
AN NS
NZENNNN
33800
O e}
CEEERERE SRYEERTY
= m ~ —~ —
SEEEEEED NENNNZAN
SEEERREE CSOROETY
SERNESRS ZNYNENER
TR TR TR TN BEVUE30VEUV 30U
AXAXAX[0 000000 0] (wiCHZ(w;CHZ(w;CHZ[ 0 0 0 0 0 0 0 0|
BYAXAX| 00000000 C'Z(wCYZwC)Z| 0 0 0 0 0 0 0 0
AXBYAX| 10000000 (W CNZC'ZwCYZ| 1 0 0 0 0 0 0 0
BYBYAX| 01000000 C'ZC'Zw,CNZ| 0 1 0 0 0 0 0 0
AXAXBY| 00000000/ (W CNZ(w,CYZC'Z| 0 0 0 0 0 0 0 0]
B'YAXBY| 00000000 C'Z(wCNZC'Z| 0 0 0 0 0 0 0 0
AXBYBY| 00001000 (w,CNZC'ZC'Z| 0 0 0 0 1 0 0 0
BYBYBY| 00000100 ]| C'ZC'ZC'Z| 0 0 0 0 0 1 0 0

in the middle and lower summands, respectively.
(27) The 2-morphism i U (1,1) gets assigned the same morphism as in item (6).
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(28) The 2-morphism i U T (0,2) gets assigned the dual of the morphism from YAYA to YA

ith matri
with matrix A'XA'X B'YA'X A'XB'Y B'YB'Y

2 /;‘: [ e()l (1) (1) (1) in the middle summand,
(w1C’)Z(w1C’)Z C’Z(wlC’)Z (w1C’)ZC’Z c'zC'z
(u)lcc)é |: i 1 (1) (1) (1) in the lower summand.
2 J

(29) The 2-morphism i N\ T i i (2,0) gets assigned the dual of the morphism from YAYAY A

to YAYA with matrices N

NN N

28U
NZEINNNN
S33efvun

O S
SEEERERE ST 5 30

\m ~— ~ =
SINININESESESES NYNNNTZNN
T L AT ki SEEoUuUg ESU
SSSSISRR INYNYNEYN
T R TRTARTR BUOEVEUVUEU
AXAXTe; 0101000 (wiCYZ(wiCYZ[e; 0 1 0 1 0 0 0
BYAX| 0 e, 010100 and C'ZwiCYZ| 00 e; 01 01 00
AXB'Y| 0 00000T1O0 (wiCHZC'Zle; 0 0 0 0 0 1 0
BYBY| 0O 00000O0°1 C'ZC'Z| 0 e 0 0 0 0 0 1

in the middle and lower summand, respectively.

(30) The 2-morphism U i i (2,0) gets assigned the dual of the morphism from YAYA to YA

with matrices A'XA'X BYAX AXBY BYBY

/
‘; /’;f [ (1) (1) 8 8 in the middle summand,
(w1 CNYZ(w1ChYZ C'Z(w,CNYZ (wCHZC'Z C'ZC'Z
/ _
(wlCC)é |: (1) (1) 8 8 in the lower summand.

(31) The 2-morphism m i i (2,0) gets assigned the dual of the morphism from YA to YAYA
with matrices

A'X B'Y (w,CZ C'Z
AXAXT 0 0 (W CNZ(w,CZ 0 0
BYAX| 0 0 and C'Z(w;C")Z 0 0
AXBY| 1 0 (w,C)ZC'Z 1 0
BYBY| 0 1 C'ZC'Z 0 1

in the middle and lower summand, respectively.
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(32) The 2-morphism i m (1,1) gets assigned the same morphism as in item (7).

(33) The 2-morphism i m T (0,2) gets assigned the same morphism as in item (23).

(34) The 2-morphism i m T i i (2,0) gets assigned the dual of the morphism from YAYA to
YAYAYA with matrix
A'XA'X B'YAX AXBY BYBY

A XA XA X 1 0 0 0
B'YA'XA'X 0 1 0 0
A'XB'YA'X 0 0 1 0
B'YB'YA'X 0 0 0 1
A'XA'XB'Y 0 0 1 0
B'YA'XB'Y 0 0 0 1
A'XB'YB'Y 0 0 e 0
BYB'YBY| 0 0 0 er |

in the middle summand, and
(w1 CNYZ(w,CNYZ C'Z(w,CNZ (wCNZC'Z C'ZC'Z

(w1 CHYZ(w,CHYZ(w,CYZ 1 0 0 0
C'Z(wiC)Z(wCZ 0 1 0 0
(wiCNYZC'Z(wCNZ 0 0 1 0

C'ZC'Z(w,C)Z 0 0 0 1
(w,C)Z(w,CZC'Z 0 0 1 0
C'Z(w,CNZC'Z 0 0 0 1
(wIC/)ZC/ZC'Z () 0 €1 0
C/ZC/ZC'Z_ 0 () 0 €1 i

in the lower summand.
(35) The 2-morphism U i (2,0) gets assigned the same morphism as in item (4).
(36) The 2-morphism T U i (2,0) gets assigned the same morphism as in item (28).

(37) The 2-morphism i i T U i (2,0) gets assigned the dual of the morphism from YAYAYA
to YAY A with matrix

sEoloRol B Rl

SEEEREEE

SEEEEEEE

TR TR T AR TR
AXA'X[e 1100 000
j:;;’,); 8 8 8 (1) e01 (1) (1) g in the middle summand,
BYBY|LO 00O0O0O0O1
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N

S

S

N

S

S

N

S

32

(w1 CNZ(wCNZ[ e
C'Z(w C)Z| e,
(w,C"NZC'Z| 0

C'7C'Z

oo o~ C'ZwCHYZ(w CHZ

NN
g )

INRNN

CENERESS!

NYIRNN

OS2 20U

NNNFTANN

SO E 2800

YN 2N YN

BLUEBU 33U

1 0 0 0 0O

01 0 0 0O .

0 0e 1 10 in the lower summand.
0 0e; 0 01

(38) The 2-morphism | | A __J (2,0) gets assigned the dual of the morphism from YAYA to YA with

matrix
A'XA'X B'YA'X AXB'Y B'YB'Y
A'X 1 0 0 0o 1 . .
Y [ 0 0 ) 0 in the middle summand,
(w1 CNZ(w,1CNZ C'Z(w CZ (w1CNZC'Z C'ZC'Z
NZ 1 |
(wICC)/ 7 |: 0 8 (1) 8 in the lower summand.

(39) The 2-morphism i T m (1,1) gets assigned the dual of the morphism from AY to AYAY

with matrices

XA XA
YA XA’
XB'YA'
YB'YA’'
XA'XB’
YA'XB’
XB'YB’
YB'YB’

XA" YA" XB' YB'

1

S O O O O o O

cocoooSfo~o

0

S O O = O O O

0

0 Z(w,C') ZC'
0 Z(wCYZ(w,C") 1 0
0 and ZC'Zw,C)| U, 0
0 Z(wCHZC' 0 1
1 zc'zc’ 0 U,
0

Uy |

in the middle and lower summand, respectively.

(40) The 2-morphism

X [

gets assigned the dual of the morphism from AYAY to AYAY with matrices
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xa'xa [
YA'XA'
XB'YA
YB'YA'
XA'XB'
YA'XB'
XB'YB'
YB'YB'

SO O OO~ O O XA'XA
SO OO~ O O O VYA'XA
SO OO O O S S XBYA
SO OO O O S O YRBYA
O —, OO0 O o O o XAXB
—_ 0 O O O O S O YA'XB
S oo oo o o S XBYR
S o oo o o o oS YRBYR

and

in the middle and lower summand, respectively.

2

S

N

@

S

N

Z(w1CHYZ(wC)[ 0
ZC'Zwi )| 1
Zw,CZC'| 0
ZC'zZzC'| 0

Andrew Manion

o o oo ZC'Z(wC)
— o o o Z(w CHhzC’

coc oo ZC'zZC!

(41) The 2-morphism U T i (1,1) gets assigned the dual of the morphism from AYAY to AY

with matrix

XA'XA" YA'XA" XB'YA' YB'YA" XA'XB' YA'XB" XB'YB' YB'YB’

XA’
YA
XB’
YB’

in the middle summand, and

Z(w1C’)
zc’

|

in the lower summand.

(42) The 2-morphism m i T (1,1) gets assigned the dual of the morphism from AY to AYAY

with matrices

XA XA
YA XA’
XB'YA'
YB'YA’'
XA'XB’
YA'XB’
XB'YB’
YB'YB’

0

1

S O O

0

1
0
0

1®A 0 0
0 1®A 0
0 0 1
0 0 0

0

0
0
1

Z(wlC/)Z(wlC/) ZC/Z(wlC/) Z(wlC/)ZC/ zZC'zcC’
Ui+ U,

U1U,

XA" YA XB

1

=l eleoNel el =)

0

S OO OO O -

0
0
1®A
0
1
0
Ui
0

YB’

0
0
0
1®A
0
1
0
U,

1
0

in the middle and lower summand, respectively.

(43) The 2-morphism

1 0
0 1

Z(wi1CNYZ(w,C")
ZC'Z(w,C’)
Z(w,CNZC'

zZC'zcC’

}

Zw,C) ZC'
1 0
0 1
0 1
UU, U +U,

>< T (1,1) gets assigned the same morphism as in item (40).
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(44) The 2-morphism T i U (1,1) gets assigned the dual of the morphism from AYAY to AY

with matrix
XA'XA" YA’ XA XB'YA" YB'YA" XA'XB' YA’ XB' XB'YB' YB'YB’

XA’ U, 0 1 0 0 0 0 0
YA’ 0 0 0 1 0 0 0 0
XB’ 0 0 0 0 U, 0 1 0
YB’ 0 0 0 0 0 0 0 1
in the middle summand, and
Z(w,CHZ(w,C") ZC'Z(wC") Z(w,CHZC' ZC'ZC’
Z(wC") Uy 1 0 0
zZC' 0 0 U, 1

in the lower summand.

(45) The 2-morphism % ‘ (0,2) gets assigned the same morphism as in item (19).

(46) The 2-morphism T % (0,2) gets assigned the same morphism as in item (17).

Lemma 8.17 The maps for both types of sideways crossings ><(1, 1) and ><(1, 1) are the identity
endomorphism of VX .

Proof The map for ><(1, 1) is (41)(40)(39), which in the middle summand equals

SEEERERE s
::g;: :g; XAXA'T0 00000007 xXaxa[1 00 0]
PO PN X N N YA XA [ 00000000 ]| YAXAL|0 1 0 0
XA'TU; 01 0I@A O O O] XB'YA'| 1 00 00O0O0O| XBYA|O0O O 0 O
YAl 0U,0 1 0 I®A0 0| YBYA| 01 000O0O0O0]| YBYA|O0OU, 0 O
XB'l0OOOO O O I O|XAXB|0O0OO0O0O0OO0O0O0O]| XA4XB|0 0 1 0 |’
YBP[OOOO O O O1]YAXB|[0O0O0OO0OO0OO0OOO]|YAXB|0 0 0 1
XB'YB'|0OOO0OOT1O0O0O]|XBYB|O OO0 O
YBYB'[0 0000100 YBYB[O O 00U, |
and in the lower summand equals
* x % % Z(wC") ZC’
N v xx ZWiCHZwiCHTO0 0 0 0] Z(w CHZ(w,C") 1 0 7
ZwiC)[U +U;, 110 ZC'Z(wiC)[ 100 0 ZC'Z(wiC)| U, 0
ZC’[ UiU, 00 1} Zw,CNZC'[ 0000 Z(w,CZC' 0 1
ZzC'zCc’'L 0010 zZCc'zcC’ 0 U, |

To save space we will use a placeholder symbol * in place of the corresponding label when the label is
clear; each omitted row of labels is just the transpose of the column of labels for the matrix to the right.
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The map for ><(1, 1) is (44)(43)(42) or equivalently (44)(40)(42), which equals

X ok ok ok Kk K ok * XA" YA XB' YB
XAXAT00000000] xa/x4’[ 1 0 0 0 ]
x x ok x o x o xxx YAXA]100000000 )| YAXA| O 1 0 0
XA'TU; 010 0000] XBYA|10000000| XBYA| 0 0 I®A O
YA1 0 001 0 000 | YBYA|01000000]| YBYA]| O O 0 1®A
XB'| 0 000U, 010[X4XB|0000000O0]| xX4'XB| 0 O 1 0
YB[ O OOO O 001 [ YAXB|0000000O0| YAXB| 0 O 0 1
XB'YB[0OOOO100O0]| XB'YB| O 0 U 0
YB'YB'[00000100]) YBYB| O O 0 U |
in the middle summand, and
* % x % Z(w.C) zC'
o ox o« ZwCHYZwCH[ 0000 Z(w,CHZ(w,C) 1 0
ZwCH|{U; 1 0 0 ZC'ZwiC)1 1000 ZC'Z(wC) 0 1
ZC’|: 0 0 U; 1:| Z(wi1CHZC'1 0000 Z(w,CHhZC’ 0 1
ZC'zc’'L 0010 zc'zc'l U U, Ui +U,
in the lower summand. O

Theorem 8.18 The relations in S(2,2)*™* hold for the maps defined above, so we have a functor of
bicategories from S(2,2)** to 2 Rep(U™)**.

Proof We need to check the relations (1)—(17) of Section 8.1.
¢ For relation (1), we want (2)(1) = id = (4)(3) in the labeling of Proposition 8.16. Indeed, the matrix
products

A B wiC" C’

e wox s AXAT1 0 x o x (wCHZwiCH[ 10
AT1000] BYA| 0 1®@A wC'T1000 c'Zw,cH| 0 1
B/[O 01 0] AXB| 0 1 and C’[O 01 0} w,CHzZC'| 0 1
B'YB'| 0 (] c'zc’ €y €1

are both the identity, so (2)(1) = id, and the products

A B eae
v o« o« AXATO 0 w o wx (WCHZWiCHT 00
ATey 1104 0 BYA'| 1 0 wiC'[ey 110 C'Zw )| 10
B’[O 0 0 1} AXB'| 0 0 and C’[ez 00 1] Wi CHZC'| 0 0
BYB[ 0 1 cze'l o1

are both the identity, so id = (4)(3).
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¢ For relation (2), we want (6)(5) = id = (8)(7). Indeed, the matrix products

XY
* * * * XA/X 0 0 Z
X[U; 010]Y4X| 0 0 L Zw )z [0
Y|:0 OOI]XB’Y R A SO B
YRY| 0 1
are both the identity, so (6)(5) = id, and the matrix products
X Y
XA'X YAX XB'Y YBY XA'X[1 O ZwCZ ZC'Z V4
x[ 1 0 o0 0 Jvax|o wd 7] ““1 0 ]Z(wlc’)z 1
Y 0 1 0 0 XBY[ 0 O ZC'Z | U,
YBY| 0 U,

are both the identity, so id = (8)(7).

e For relation (3), we want (10)(9) = id = (12)(11); this amounts to (6)(5) = id = (8)(7), which was
proved above.

¢ For relation (4), we want (14)(13) = id = (16)(15); this amounts to (2)(1) = id = (4)(3), which was
proved above.

¢ For relation (5), we want (10)(18)(9) = 51¢1 = (12)(18)(11); this amounts to (6)(18)(5) = 5%1 =
(8)(18)(7). Indeed, the matrix products ’ ’

o x Xy
« o« x s XAX[TUL 0 107 XAX[0 0
XU, 010]v4X| 0 Uy 01| Yax| 0 0
ylooot1|xBy| o oo0o0|xBY|1 0]
YBY| O 0 00 YBY[ O 1
N z
L ZwCHZ [U+U, 17 Zw ¢z T 0
z [ty 1] zC'z| U,U, 0 zc'z| 1|

are equal to the two summands of 81{1, while the matrix products
x ok x o X Y
««xx XAX[TU 0 10] X4X[1 O
X[1000]|YAX| 0 Uy 01| Y4d4X| 0 1
Y [0 10 O:| XBY| 0 0 00| XBY|[ O 0 |
YBYL_LO 0 00 YRY[O U,

* *

z
Z[I (*)]Z(wlc')z Ui+U, 1 Zw,cHZ [ 1
zc'z | WU, 0| zc'z |Uy |

are also equal to the two summands of § li 1
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¢ For relation (6), we want (14)(20)(13) = 52¢ o = (16)(20)(15), or equivalently (2)(20)(1) = Si' 0=
(4)(20)(3). Indeed, the matrix products

* * * * A, B/
*x xx AXAT0O 1 007 4XA4T1 0
A11000| BYA|0e 00 | BYA| 0 1®A
Bl0010|AXB|[0 001 | AXB| 0 1
B'YB’ L0 0O €1 B'YB'L 0 €1
and
* ok x x wlC’ C’
* Kk Kk % (wlC’)Z(wlC’)'O 1 00 (wlC’)Z(wlC’) 1 0
wiC'[1000 C'Z(wiC')| eg e 0 0 C’'ZwiCH| 0 1
c'loot1o0 w,C)ZC'| 0 0 0 1 w,chzc'| 0 1 |
C/ZC/_ 0 0 €y €1 c'zc’ €y €1

are equal to the two summands of 5y

2.0° while the matrix products

FEE S A" B’

*» x o« x» AXATO 10077 A/X4T0 O

A'le; 1 1QL 0| BYA'|0e; 0 0 | BYA| 1 O

B{0O O 1|4XB|0001/|A4XB| 0 0

B'YB'|0 0 0e; | BYB| 0 1
and * ok Kx x wlC' c’
* ok x x (wlC’)Z(wlC’) 01 00 (wlC’)Z(wlC’) 0 0
wIC’ €1 110 C/Z(wIC/) €y €1 0 0 C/Z(wIC’) 1 0

C'le; 001 W, CYZC'| 0 0 0 1 w,chzc'l 0 o0 |
C'ZC'| 0 0 ey ¢ czc'|l 0 1
J

are also equal to the two summands of §; .
¢ For relation (7), we want (30)(29)(26)(24)(21) = x = (38)(37)(26)(34)(31). Indeed, the matrix products

A XAXAX[
B'YA'XA'X
A'XB'YA'X
B'YB'YA'X
A'XA'XB'Y
B'YA'XB'Y
A'XB'YB'Y
B'YB'YB'Y |

« x x x A XA'X
AX|[1000| BYAX
BY|0100| AXBY

B'YB'Y

cool »
ool o
oo —
oo — o
oo —
co— o
o~ oo
— o o O
coocoococococo
coocococoo o
oO—~oocococoo
N e R =R =R RN
coocoococococo
coocococoo O

SO DO~ OO
SO OO~ OO O

SO DDODDDO O —

A XA XA'X
B'YA'XA'X
A'XB'YA'X
B'YB'YA'X
" A'XA'XB'Y
B'YA'XB'Y
A'XB'YB'Y
B'YB'YB'Y |

A'X B'Y
AXAX[ 0
ByAx| 1 0
AXBY| 0 O
B'’YB'Y[ O 1

SO O, OO O
—_—_—_—0 O O O O

Q
—_
L

coool —— o

and
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* x % % (W CNZ(w1CYZ[ey 0101000
(wCHZ|[1000 C'ZwiCHZ| 0 e, 010100
C’'Z{0100 (w1 CNYZC'Z)e; 0000010
C'ZC'ZL 0 e; 000001
(w1 CHYZ(w1CHYZ(w;CHZT000000007] (wCHZ(wCHZ(w1CHZ[1 0 0 07
C'ZwiCHZ(wCHZ1 00000000 C'ZwCHZ(wCHZ|l 0 1 0 0
(w1 CHZC'Z(wCHYZ| 10000000 (wCHYZC'Z(wCHZ| 01 0 0
C'ZC'Z(wCHYZ| 01000000 C'ZC'Z(w1CYZ | ez e 0 0
(W CHYZ(wCHZC'ZI 00000000 (wCHZ(wCHZC'Z1 0 0 1 0
C'Z(wCHYZC'Z1 00000000 C'Zw,ChYZC'Z] 0 0 0 1
(w1 CHZC'ZC'Z1 00001000 (w1 CHZC'ZC'Z] 0 0 0 1
C'ZzC’ZC'Z{ 00000100 | C'ZC'ZC'Z[ 0 0 e; e |
(wlC’)Z c'z
(wIC’)Z(wIC/)Z 0 0
C'Z(w ChZ 1 0
(wChZC'Z 0 0
equal the two summands of x, as do the matrix products c'zc'z 0 L.
* x ok ok A,XA/XellIOOOOO
AX[1000|BYAX| 00010000
BY[0010|AXBY| 0000e; 110
BYBY[0000O0OO01
AXAXAXT000000007] A/ XAXAX[100 07
BYAXAX[00000000 | BYAXAX|01 0 0 A'X B'Y
AXB'YAX[10000000| A/ XBYAX|[00 1 0| AXAX[ 0 0
BYBYAX|01000000| BYBYAX|[00 0 1 | BYAX 0 0
"TAXAXBY|[00000000]| A/XAXBY|00 1 0| AXB'Y 1 0
B'YAXBY| 00000000 | BYAXBY |00 0 1 B'YB'Y 0 1
AXB'YBY|00001000| AAXBYBY[00e; 0
and B'YBYB'Y[00000100]| BYBYBY|[00 0 ¢ |
(w1 CNYZ(w;CHZ(w1CHZ[00000000]
* ok ok ok Kk Kk Kk K C/Z(wlC/)Z(wIC/)Z 00000000
* « x « (W CNZ(wiCNYZ[e; 1100000 (w1 CHZC'Z(wCHYZ| 10000000
(wiCHZ|[1000 C'Zw1CNYZ|e; 001 0000 C'ZC'Z(wCHhZ|{ 01000000
cC’'Z|0010 (w1 CHZC'Z] 0 000e; 110 (w1 CHZ(w1CHZC'Z{ 00000000
C'ZC'Z| 0000e 001 C'Z(w,ChYZC'Z{ 00000000
(w1 CHZC'ZC'Z{ 00001000
C'zC'zC'Z 00000100 |
(wiCNYZ(w;CHZ(w1CHZ[1 0 0 0]
C'Z(wCNYZ(w CHZ| 0 1 0 0 (wChZ C'Z
(wCHZC'Z(w,CHZ| 0 0 1 0 [ (w1 CHZ(wCZ 0 0
C'ZC'ZwCHZ| 0 0 0 1 C'Z(w ChZ 0 0
(w1 CHYZ(w,CHZC'Z| 0 0 1 0 (w1 CHZC'Z 1 0
C'Z(w,CHZC'Z| 0 0 0 1 cC'zC'Z 0 1
(wlC’)ZC’ZC’Z () 0 4] 0
C/ZC/ZC/Z_O (5} 0 6‘1_
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 For relation (8), we want ¢’ = 0; indeed, the matrix products

1 1
A'X BY . w,C'Z C'Z . ’
L[ 1 0]2,);[(1)] and I, [ 1 o]wé,czz[?]

are both zero.

* For relation (9), we also want en’ = 0; this was just shown.

 For relation (10), we want (19)n" = id; indeed, the matrix products
A'X BY 1,

AX BY -
I [ 1 0 ]A/X 0 1 AX]|0
! BY|[ 0 e [BY|[1
and (w,CHYZ C'Z 1
/ ’ w1 0
, [wlfz COZ](wlc')z T 0 1 Jw,c'zT 0
? 'z | e e c'z 1

are both the identity.
e For relation (11), we want &(17)n" = id; indeed, the matrix products

A'X BY I,
A'X BY ,
" BY| 0 0 |BY|1
and )
o (w,CZ C'Z I,
© c'z ey 0 c'z |1

are both the identity.
¢ Relation (12) holds because both sideways crossings give identity morphisms.
¢ For relation (13), the twice-dotted bubble Q (2,0) gets assigned £(19)(19)n’, which has matrix

Y BY A'X BY A'X BY I,
L1 0 ]A’X 0 1 J4Ax[ 0 1 ]4x[0
! BY| 0 e |BY| 0 e |BY]|1

in the middle summand, and

(wiChZ C'Z wiChZ C'Z I,
'Z C'Z
nC'z CZ L chz 0 1 T chz 0 1 Jwc'z[0
L[ 1 0] c'z e c'z c'z |1
2 €1 () €1

in the lower summand, amounting to multiplication by e; in both cases. Thus, we want to show that
id=n"e(19) + (19)’e + e1n’¢c. Indeed, n'e(19) has matrix

I, A'X BY
A'X BY

AX[O0 AX[ 0 1
B’Y[I]I“[l O]B’Y[O el]
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in the middle summand, and

I, (U)]C/)Z c'z
Cc'zZz C'z
wC'z[ 07, [““1 . ](wlC/)Z 0 1
Cc'z 1 ? c'z €r €1
in the lower summand, (19)n's has matrix
A'X B'Y I,
A'X B'Y

AX[ 0 1 ]4Xx[0
B’Y[O el:|B’Y|:1:|I"[1 0]

in the middle summand, and

(wiChZ C'Z I,
Cc'zZz C'Z
(w,C)Z 0 1 Jwez[o], [““1 0]
c'z er eq cz |1|°
in the lower summand, and e 7n’e has matrix
I,
A'X BY
a0 [ 1 0]
"By 1™
in the middle summand, and /
? 'Z C'Z
o CE 0 [wlf % ]
Yoz 1]

in the lower summand. The matrices in each summand add up to the identity.
¢ Relation (14) holds because both sideways crossings give identity morphisms.
¢ For relation (15), the twice-dotted bubble Q (0,2) gets assigned e(17)(17)n which has matrix

Y BY A'X BY A'X BY I,
L[ 1 o ]A’X e; 1 JAX[ e 1 Ja4X[O0
! BY| 0 0 [BY| 0 0 |BY|]1

in the middle summand, and

' ’ (w1C’)Z c'z (wIC’)Z c'z IO
, [wlfz COZ](wlC’)Z el 1 JwcHz[ e 1 Jw,c'z[ 0
° c'z er 0 | c'z er 0 c'z |1

in the lower summand, amounting to multiplication by e; in both cases. Thus, we want to show that
id=n"e(17) + (17)n’e + e1n’¢e. Indeed, n'e(17) has matrix

I, AX BY
- A'X BY
BY|1][™" BY| 0 0
in the middle summand, and
I, , w,C"NZ C'Z
; Z C'Z
wc'z[0], [““f CO ](wlC’)Z el 1
c'z |1]° 'z e 0
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in the lower summand, (17)n's has matrix

A'X BY I,
AX[ e 1 J4a4x[0
po I el e T R

in the middle summand, and

(w,CZ C'Z 1, o
w,CZ[ e L Jwcz[ o7, [wlfz COZ]
'z es o | cz |1]%

in the lower summand, and e 7’¢ has the same matrices as given above. The matrices in each summand
add up to the identity.
¢ For relation (16), the matrices

A'X B'Y A'X B'Y w,C'Z C'Z w,C'Z C'Z
AX| 0 0 |4A4'X|[ O 0 and w,C'Z 0 0 |wC'Z 0 0
B'Y 1 0 |BY 1 0 Cc'Z 1 0 c'Z 1 0

are both zero.

¢ For relation (17), we want to show that id = (45)x + x(46) = (46)x + x(45). Equivalently, we want to
show that id = (19)x + x(17) = (17)x + x(19). Indeed, (19)x has matrix

A'X B'Y A'X B'Y
A'X 0 1 A'X 0 0
BY| 0 e |BY| 1 0
in the middle summand, and
(wlC’)Z C/Z lU1C/Z C/Z
(U)1C/)Z 0 1 wlC’Z 0 0
Cc'z () el Cc'z 1 0
in the lower summand, while x(17) has matrix
A'X BY A'X B'Y
AX]| 0 0 |AX| e 1
B'Y 1 0 |BY| O 0
in the middle summand, and
wC'Z C'Z (w,CNZ C'Z
wlC/Z 0 0 (wIC’)Z €1 1
Cc'z 1 0 Cc'z e 0

in the lower summand. Similarly, (17)x has matrix

A'X B'Y A'X B'Y
AX| e 1 |4X| O 0
BY| O 0 |BY 1 0
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in the middle summand, and

(wlC/)Z Cc'z wIC’Z c'z
(wlC’)Z €1 1 wlC’Z 0 0
I e B
in the lower summand, while x(19) has matrix
A'X B'Y A’X B'Y
A'X 0 0 A'X 0 1
B/Y|:l O]B’Y[O e1i|
in the middle summand, and
wlC’Z Cc'z (wlC/)Z Cc'z
wiC'Z 0 0 |(wCHZ 0 1
c'z |: 1 0 ] c'z |: () €1 :|
in the lower summand. O

9 The Soergel category and braid cobordisms
9.1 The Soergel category

Following Elias and Khovanov [2010], let ‘S'Cl;ngr be the monoidal category denoted SC; ({1}) in [Elias and
Krasner 2010] (equivalently, SC1(2) in [Mackaay et al. 2013]) with its grading ignored. The morphisms

LAY

modulo certain relations that we will not need to consider explicitly. Composition comes from vertical

in SCllmgr are generated by pictures

stacking of pictures, and the monoidal structure comes from horizontal stacking.

Remark 9.1 As Elias and Krasner [2010, Section 5.2] remark, SC|™ and its graded versions make sense
over Z; we will work with their reductions over F5.

Similarly, let (SC/)""¢" be the monoidal category denoted SC/({1}) in [Elias and Krasner 2010]
(equivalently, SC/ (2) in [Mackaay et al. 2013]) with its grading ignored. Compared with SC‘lmgr, the
monoidal category (SC')""¢" has the same objects and additional generating morphisms U and U, from
the monoidal unit object to itself (represented graphically by boxes labeled 1 or 2). The additional

relations beyond those of SC‘;"gr are:

(I)I = -
o (5+3)| - |(a+0)

(3)

| va
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Remark 9.2 In characteristic two, the categorification relationship between Hecke algebras and these
Soergel categories does not necessarily hold; also, the relationship between SC/1 and SC; is more
complicated than in characteristic zero. See [Elias and Krasner 2010, Section 5.2] for a more detailed
discussion.

We define a bigraded version (SC})** of (SC/)""" by setting

e for I: deg? = —1,deg" =2; for J: deg? = —1, deg" =0,

e for /K: deg? =1, deg" =0; for \(: deg? = 1, deg" = -2,

o for [0 and [2]: deg? = —2 and deg” = 2.

We get a bigraded version SCT’* of SC?"gr. The single grading on SC; from [Elias and Khovanov 2010;
Elias and Krasner 2010; Mackaay et al. 2013] is the negative of our ¢g-grading.

By [Mackaay et al. 2013, Lemma 6.5] we have, in this case and ignoring gradings, a functor from
SC‘;ngr (viewed as a 2-category with one object) to the ungraded version S(2,2)""¢" of the 2-category
8(2,2)** from Section 8.1 above. Note that while Q coefficients are assumed in [Mackaay et al. 2013],
they are not used in the definition of this functor, which makes sense over Z and thus over F,.

Proposition 9.3 Mackaay—Stosi¢—Vaz’s functor respects the bigradings we define here on SC T* and
S(2,2)**.

Proof One can check that the bidegree of each generating 2-morphism of SCT’* agrees with the bidegree
of its image in S(2, 2)**. ad

From Theorem 8.18 we get the following corollary.
Corollary 9.4 The above constructions give a functor of bicategories
SCT — 2RepU ™)™ ",

We can extend this functor to the larger domain (SC’)**. For the 2-morphism [1] of (SC/)**, we
define an endomorphism of “id4, ; = id4, , to be the dual of multiplication by U; (which is itself
just multiplication by Uy), a 2-endomorphism of the identity 1-morphism on (A i, F, r). Similarly, to
the 2-morphism [2], we associate multiplication by Us, which is also a 2-endomorphism of the identity
1-morphism. These associations preserve bidegree.

Theorem 9.5 The relations in (SC)** hold for the maps defined above.
Proof We need to check the relations (1)—(3) in the definition of (SC/I)*’*.
e For relation (1), the 2-morphism I of (SC|)** gets sent to the 2-morphism O (1,1) of §(2,2)*.
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In turn, this 2-morphism gets sent to the dual of &'n, and the matrix of &'n is

Loy Iy
XA" YA XB' YB' XA'[ 1 0 I, I,
I, U 0 1®A 0 | YA 0 I1®A| I,|U; O
I,| 0 O 0 1 [xB| 0 O T I| 0 U,
YB| 0 U,
in the middle weight space, and
1
Z(w,C") ZC’ ”° Loo
Z(wlC’) 1 _
ILo[ U 1] e [UZ]_IOO[U1+U2]

in the lower weight space.

e For relation (2), the sum of L1l and [2] gets sent to multiplication by U; + U, which is central in A; ;
(note that UA = AU; = 0 in the middle summand of A; ;).

* For relation (3), the product of [1]and [2] gets sent to multiplication by U U,, which is central in Ay ;. O

9.2 Braid cobordisms

Let BrCob(2) denote the monoidal category of two-strand braid cobordisms; objects are diagrams for
two-strand braids, and morphisms are generated (over IF, for us) by movies modulo relations from movie
moves. See Elias and Krasner [2010] for details. We define a bigraded version of BrCob(2), denoted
by BrCob(2)**, by assigning the following bidegrees to two-strand movie generators, indexed as in
[loc. cit., Section 3]:

* Birth and death generator 1 (birth of a negative crossing): deg? = —1, degh =0.

« Birth and death generator 2 (death of a negative crossing): deg? =1, degh =0.

« Birth and death generator 3 (birth of a positive crossing): deg? =1, degh =0.

* Birth and death generator 4 (death of a positive crossing): deg? = —1, degh =0.

» Reidemeister 2 generator 1a: deg? = 0, degh =0.

» Reidemeister 2 generator 1b: deg? = 0, degh =0.

» Reidemeister 2 generator 2a: deg? = 0, degh =0.

» Reidemeister 2 generator 2b: deg? = 0, degh =0.

The constructions of [Elias and Krasner 2010] give, in this case and ignoring gradings, a monoidal
functor from BrCob(2) to the homotopy category of ungraded complexes in SCllmgr. Taking our bigradings

into account (and reversing the role of positive and negative crossings in [loc. cit.] to match our conventions),
we define a monoidal functor from BrCob™* to the homotopy category of bigraded complexes in SC T’*,
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where differentials preserve deg? and increase degh by one. On objects, we send

I |

\/< — ‘[—1]/69\(qo and X — g le ?‘[—1]

lifting the ungraded-complexes version of Elias—Krasner’s functor after interchanging positive and negative
crossings (we follow the notation of [Elias and Krasner 2010], where ‘ and e are the objects of SC;
corresponding to the nonnegative integers 1 and 0, respectively; we indicate shifts in deg? by powers of ¢
and use [1] for a downward shift by one in deg”).

On morphisms, the functor is defined by requiring that it lift the ungraded Elias—Krasner functor after
interchanging positive and negative crossings. Specifically:

¢ For the birth of a negative crossing, we associate to it Elias—Krasner’s chain map for the birth of a
positive crossing and vice versa.

¢ For the death of a negative crossing, we associate to it Elias—Krasner’s chain map for the death of a
positive crossing and vice versa.

¢ For the Reidemeister 2 generator 1a, we associate to it Elias—Krasner’s chain map for the Reidemeister
2 generator 2a, and vice versa.

¢ For the Reidemeister 2 generator 1b, we associate to it Elias—Krasner’s chain map for the Reidemeister
2 generator 2b, and vice versa.

Proposition 9.6 The above monoidal functor respects the bigradings on BrCob(2)*** and the homotopy
category of bigraded complexes in SC T*

Proof One can check that the bidegree of each generating morphism of BrCob(2)*>* is the same as the
bidegree of its image in the homotopy category of complexes in SC T* |

As discussed in Remark 3.17, we do not build enough data into 2-morphisms for the mapping cone on
a 2-morphism to carry 1-morphism structure, so we do not have a functor from the homotopy category of
bigraded complexes in SC T* (viewed as a bicategory with one object) into 2 Rep(U/~)**. However, if
we let ADBimod™* be the Z2-graded bicategory whose

¢ objects are dg categories,
¢ 1-morphisms are finitely generated right bounded AD bimodules,
¢ 2-morphisms are homotopy classes of closed AD bimodule morphisms (of arbitrary bidegree),

then the functor of bicategories SC T* — 2Rep(U™)** et ADBimod*:* extends naturally to a functor

from the homotopy category of complexes in SC T* (1-morphisms are complexes of 1-morphisms in
SCT", etc.) into ADBimod™*,

Corollary 9.7 The above constructions give a functor of bicategories
BrCob(2)** — ADBimod™**.
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Remark 9.8 The above functor sends a positive crossing to the mapping cone of n, and a negative crossing
to the mapping cone of ¢’; the map 1 was given the structure of a strong 2-morphism in Proposition 8.11
(see Remark 8.13) while ¢’ is a strong 2-morphism with 42 = 0. Thus, by Remark 3.17, we can in fact
define 1-morphism structure on the AD bimodules (and their dual DA bimodules) we associate to positive
and negative crossings. Using this 1-morphism structure, one could check that the AD bimodule maps we
assign to the generating braid cobordisms are 2-morphisms, giving us a functor

BrCob(2)** — 2Rep(U/™)™™.

10 Bimodules for positive and negative crossings

In this section, we will give a matrix description of (the duals of) the positive and negative crossing
bimodules arising from Sections 8 and 9 and relate them to bimodules coming from Heegaard diagrams.

10.1 Mapping cone bimodule for positive crossing

. /I _ p/ / /
We write P’ = Pupper S Pmid D Plower

positive crossing by Sections 8 and 9. Below we will discuss a simplified version P” of P’.

for the 1-morphism of 2-representations of ¢/~ associated to a

10.1.1 Upper weight space, positive crossing We have Pﬁpper = Pﬁ;per = ¢~ 'F, (in homological

degree zero) as a bimodule over the upper summand (A, 1)2¢, = F5 of A; 1.

10.1.2 Middle weight space, positive crossing The DA bimodule
n

’ -1 T
Pria = 4 T e 40, @ Xmia[l]

over the middle summand (Aj,1)s, +¢, of Aj,1, Where 7 is defined in Section 8.3, has primary matrix
ou uo

oul| XA I, XB’
YA YB' I,

uo

and secondary matrix

xA' YA’ XB' YB I I
I Ukg (. UF i
XA Uk+1 Uk+1 A 1 * 1 0 1 0
r®o +UF @ (UK 1)
YA 0 Uk-‘rl ®Uk+1 0 U2k®(U2k+l’)\') 0 1®A
2 ! +UF @ (L UFTY
XB' 0 0 Ukt @ ukt! A 0 0
YB' 0 0 0 Ukt g k! 0 U,
Lo 0 0 0 0 Ukt uktt L@
Lol 0 0 0 0 0 Ut @ Ut
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Simplifying P}, using Procedure 2.18, we get a DA bimodule P, with primary matrix

ou uo
ou XB’
uo |:YA/ YB’ Iu0:|
and secondary matrix
YA’ XB' YB' Lo
e k+1 Uk ® UET )
yA' | UK @ U (kga Ukt 18
XB’ 0 Ukt @ Ukt A 0
YB’ 0 0 Ukt @ st U,
Io | 0 0 0 UFtt @ Ust!

The generators have degrees
deg?(YA') =0, deg"(YA4") =0,
deg?(XB') =0, deg" (XB') =0,
deg?(YB') = 1, deg" (YB') = —1,
deg? (Luo) = —1, deg” (1) = 0.

10.1.3 Lower weight space, positive crossing The dg bimodule
n

/ -1 /\
Plower:: q ]I(Al,l)zg2 2 Mower[l]

over the lower summand (Aj,1)2¢, of Ay,1, where 7 is defined in Section 8.3, has primary matrix

00
oo[Z(wlC/) zZC' IOO].
The differential has matrix Zw,C) ZC' 1,
Z(wC") 0 0 1
zc’ 0 0 U, |,
I, 0 0 O
the right action of U; has matrix
Z(wiC") ZC' Iy
ZwCHY| Uy +U; 1 0
zc’ U,U, 0 0 |,
I 0 0 U
and the right action of U, has matrix

Zw,C)  ZC' I,

Z(wiC) 0 1 0
zZC' u,v, U;+U, O
I, 0 0 U,
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Proposition 10.1 The dg bimodule P;_ .. is quasi-isomorphic (or homotopy equivalent as DA bimodules)

ower
with primary matrix
00

oo [ZC']

to the ordinary bimodule P/

and secondary matrix
zc’

zc' [Uluk e UkUl .

Proof One can check that the map with matrix
Z(w1C") ZC' I,
zc’ [ U, 1 0 ]

is a homomorphism of dg bimodules. This map sends the generator ZC" of the homology of the mapping
cone (free on this one generator as a left module over F;[Uy, Us]) to the single generator of the bimodule
in the statement of the proposition (also free as a left module over IF,[U;, U,] on its one generator). Thus,

the map is a quasi-isomorphism. O

The generator ZC’ of P has degrees deg?(ZC') = 1 and deg"(ZC') = —1.

lower

10.2 Decategorification of the bimodule for a positive crossing

@ Pl/

lower?

Let P// — P// @ P//

upper mid

a DA bimodule over (A; 1, Aj,1).

Proposition 10.2 The DA bimodule P” categorifies the map from K (A 1) to Ko(A;,1) with matrix
[Puu] [Pou] [Puo] [POO]

[Pul[ ¢7' 0 0 0
[Pull| O 0 1 0
[Puo] 0 1 q_l —4q 0
[Poo] 0 0 0 —-q

Equivalently, the AD bimodule VP" categorifies the map from Go(A;,1) to Go(Ay,1) with matrix
[Suu] [SOU] [Suo] [SOO]

[Swl[ ¢ 0 0 0
[Sou] 0 0 1 0
[Suo] 0 1 q— q_l 0
[SellL 0 0 0 —q!

This latter map can be identified with the braiding acting on V ®2 as in Section A.4.

10.3 Mapping-cone bimodule for negative crossing

Similarly to the previous section, we write N’ = Ny ... & Ny ® Ny, for the 1-morphism of 2-

representations of I/~ associated to a negative crossing by Sections 8 and 9, and we will discuss a
simplified version N” of N'.
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10.3.1 Upper weight space, negative crossing We have Nu/pper = Nﬁfaper = ¢!'FF, (in homological

degree zero) as a bimodule over the upper summand (A, 1)2¢, = F5 of Aj 1.

10.3.2 Middle weight space, negative crossing The DA bimodule

8/

Npig = Xmidlll @& qLeay 1), 1o,

over the middle summand (A )¢, +5, Of Aj,1, where ¢’ is defined in Section 8.3, has primary matrix
ou uo
oul I,, XA’ XB’
[ YA’ I, YB ]

uo

and secondary matrix

1, I, XA’ YA’ XB’ YB’
I, [UF' @U@ Ui 0 1® A 0 T
Lo 0 Ukt @ uktt 0 0 0 1
Uk ® (A Uk+1)
XA’ 0 0 Uk+l Uk-‘rl A 1 | 0
ro®o +UF @ (UK )
Uk ® (Uk+l )\’)
YA/ 0 0 0 Uk+l ® Uk+1 0 2 2 ’
2 : +UF @ (b, U™
XB' 0 0 0 0 UFtt @ Uit y
YB'| 0 0 0 0 0 Ukt @ k!
Simplifying N, ., we get a DA bimodule N,., with primary matrix
ou uo
ou[I,, XA XB’
uo YA
and secondary matrix
I XA’ YA XB'
I, [ U g UF! of 0 1® A
Uk ® (A Uk+1)
XA 0 Uk+1 ® Uk+1 )\' 1 » Uy
1 1 +U1k®(U2k+1,)\.)
YA’ 0 0 Ukt g uktt 0
XB'| 0 0 0 Ukt g uktt

The generators have degrees

* deg?(Iou) = 1. deg” (o) = 0,

o deg?(XA') = —1,deg"(XA') = 1,
e deg?(YA') =0, deg (YA) =0,

e deg?(XB') =0, deg" (XB') = 0.
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10.3.3 Lower weight space, negative crossing The DA bimodule

8/

/_\

‘Nli)wer:= KXower[1] @ q]I(Al.l)z@z

over the lower summand (A, 1)2¢, of Ay 1, where ¢’ is defined in Section 8.3, has primary matrix

00
oo [l Z(wiC') ZC'].
The differential has matrix
I Z(w,C") ZC'
I, 0 Uy 1
ZwiCH| 0 0 0 |,
ZC' 0 0 0

the right action of U; has matrix

I,, Z(w,C") ZC’
Iy, Uy 0 0
Z(wCh| 0 Ui +U, 1 ,
ZC' 0 UiU, 0

and the right action of U, has matrix

Io ZwiC') ZC'
Io [Uy, 0 0
ZwiC| 0 0 1
zc |0 UU, U +U,

Proposition 10.3 The dg bimodule Ny, .. is quasi-isomorphic (or homotopy equivalent as DA bimodules)
to the ordinary bimodule N;’

lower With primary matrix

00
00 [ Z(wC) ]
and secondary matrix
Z(w1 C/)
Zw, ') [Uluk @ UkU! .

Proof As in Proposition 10.1, one can check that the map with matrix

Z(w C")
I, 0
Z(wC’) 1
zc’ U,
is a quasi-isomorphism of dg bimodules. |

The generator of N, has degrees deg? (Z(w;C’)) = —1 and deg” (Z(w;C")) = 1.

lower
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10.4 Decategorification of the bimodule for a negative crossing

Let N" =N .. ® N, &N,

upper lower?

a DA bimodule over (A; 1, Aj,1).

Proposition 10.4 The DA bimodule N” categorifies the map from K¢(A; 1) to K¢(A;,1) with matrix

[Puu] [Pou] [Puo] [POO]
[Pul| ¢ 0 0 0
[Pul| 0 g—¢~' 1 0
[Pol| O 1 0 0
[Pl 0 0 0 —g!

Equivalently, the DA bimodule VN categorifies the map from Go(A; 1) to Go(Ay,1) with matrix

[Suu] [SOU] [SUO] [SOO]
[Swl[ ¢ 0 0 0
[Sou] 0 q_l —4q 1 0
[Swl| 0 1 0 0
[Soo] 0 0 0 —-q

This latter map can be identified with the inverse of the braiding acting on ¥ ®2 as in Section A .4.

10.5 Bimodules from Heegaard diagrams

We now consider slightly different DA bimodules, motivated directly by holomorphic disk counts in the
Heegaard diagrams of Figure 26.

Definition 10.5 Let P be the DA bimodule over (A;,;,.A;,1) with primary matrix

uu ou uo 00

wu| 1

ou K

uo J LM

00 N

(treating all three of its summands together).

A X

Figure 26: Heegaard diagrams for positive and negative crossings.
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uu
| R

L N 1
Figure 27: Generators of the positive crossing bimodule P in terms of intersection points in the
Heegaard diagram of Figure 26.

We set

e deg?(I) = —1, deg"(I) =0,
deg?(J) = 0, deg”(J) = 0,
deg?(K) = 0, deg” (K) = 0,
deg?(L) = 1, deg" (L) = —1,
deg?(M) = —1, deg" (M) = 0,
deg?(N) = 1, deg"(N) = —1.

The secondary matrix of P is given as follows:

¢ The secondary matrix in the top summand (with generator I') is zero (which, by convention, corre-
sponds to the identity bimodule over FF5).

¢ The secondary matrix in the middle summand is

J K L M
7| ukteuktt 0 Uke (., U 101
K 0 Ut g Ukt A 0
L 0 0 0 Us
M 0 0 0 0

¢ The secondary matrix in the bottom summand is
N
N [UlukeUFU!].

Figure 27 shows the generators of P in terms of sets of intersection points in the Heegaard diagram of
Figure 26.
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Figure 28: Domains giving rise to secondary matrix entries for the positive crossing bimodule P
(middle summand).

Figure 28 shows the domains in this Heegaard diagram that give rise to nonzero entries in the middle
summand of the secondary matrix of P (the other two summands are simpler and are not shown).

Proposition 10.6 The DA bimodule P for a positive crossing is isomorphic to the simplified mapping

cone bimodule P" from Section 10.1.

Proof The top and bottom summands of the two bimodules in question are identical under the identifica-
tion of I with I, and N with ZC’ (note that in the mapping cone bimodule, the degree of I, is ¢~ 'h°
and the degree of ZC' is ¢'h™"). In the middle weight space, an isomorphism from P to the mapping
cone bimodule is given by the matrix

J K L M
YA'[1 0 0 0
XB'| 0 1 0 0
YB'| 0 0 1 0
Lo L0 0 UF@US*! 1

One can check that this matrix represents a closed grading-preserving morphism of DA bimodules that is

invertible with inverse YA XB YB' I,
J 1 0 0 0
K| 0 1 0 0 |
L{ 0 0 1 0 [
ML O 0 Ukeurkt i

recall that the degrees of YA’, XB’, YB’, and I, are ¢°h°, ¢°h°, ¢'h~" and ¢~ h°, respectively. O
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Definition 10.7 Let N be the DA bimodule over (A;, 1, .A;,1) with primary matrix

uu ou uo 0o

uu| I’

ou J ' K' M’

uo L'

00 N’

(treating all three of its summands together). We set
o deg?(I') =1, deg(I') =0,

deg?(J') =1, deg"(J’) =0,

deg?(K') = —1, deg"(K') = 1,

deg?(L') = 0, deg (L") = 0,

deg?(M') =0, deg"(M") = 0,

deg?(N’) = —1, deg" (N') = 1.

The secondary matrix of NV is given as follows:

 The secondary matrix in the top summand (with generator I”) is zero.

¢ The secondary matrix in the middle summand is

J K L M’
7o 0 1® A
K'|0 0 A Uk e Ukt )
Lo o Uuktteuit! 0
M0 0 0 Uftt g Ukt

¢ The secondary matrix in the bottom summand is
N/
N’ [UluFeUFU!].

Figure 29, left, shows the generators of NV in terms of sets of intersection points in the right Heegaard
diagram of Figure 26. Figure 29, right, shows the domains in this Heegaard diagram that give rise to
nonzero entries in the middle summand of the secondary matrix of N (the other two summands are

simpler and are not shown).

Proposition 10.8 The DA bimodule N for a negative crossing is isomorphic to the simplified mapping
cone bimodule N”' from Section 10.3.

Proof The top and bottom summands of the two bimodules in question are identical under the identifica-
tion of I’ with Iy, and N’ with Z(w;C’) (note that in the mapping cone bimodule, the degree of I, is
g'h° and the degree of Z(wC’) is ¢~ 'h'). In the middle weight space, an isomorphism from N to the
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uu ou uo 00 J’ K’ L M’

\

J K M’

: g - N

L N’ _

Figure 29: Left: generators of the negative crossing bimodule NV in terms of intersection points in
the right Heegaard diagram of Figure 26. Right: domains giving rise to secondary matrix entries
for the negative crossing bimodule N (middle summand).

mapping cone bimodule is given by the matrix

J’ K L' M
Io, 1 00 0
x4'| Uk@UFtT 1 0 0
YA 0 01 0
XB 0 00 1

One can check that this matrix represents a closed grading-preserving morphism of DA bimodules that is
invertible with inverse

In XA YA' XB
J 1 0 0 0
K|UkFeUM 1 0 o |
r 0 o 1 o |
M’ 0 0 0 1

recall that the degrees of Iy, XA’, YA" and XB’ are ¢'h°, g='h', ¢°h° and ¢°h°, respectively. O

11 Change-of-basis bimodules
11.1 Ozsvath-Szabé canonical basis algebras

Here we define the Ozsvath-Szabé algebra Af"].

Definition 11.1 The dg category A{"] is shown in Figure 30; arrows point from source to target. The
differential on A"} is zero; the gradings are given by

o deg?(Ry) = —1, deg"(Ry) = 1,
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F
Ul (&) Lh LQ

Q) L %Q (R1Uz, Uy L1, RiUy — Uy Ry,
R, LUy —Uy Ly, Ry Ly — Uy, Ly Ry — Uy)

(&)
F[Uy, Uy]

Figure 30: The dg category Af].

o deg?(Ly) =—1,deg"(Ly) =1,
e deg?(U;) = —2, deg"(Uy) = 2 for i € {1,2}.

11.2 Bimodules

627

We would like to relate the positive and negative crossing bimodules P and N of Section 10.5 to the
bimodules for positive and negative crossings defined by Ozsvath and Szabé [2018]. To do so, we will

first define categorified change-of-basis bimodules between the algebras A; ; and A

Definition 11.2 The change-of-basis DA bimodule over (A"}, Ay,1) has primary matrix

uu ou uo 00

g | K1

A Ky K3 .
B K4 ’
AB Ks

we set

deg? (k1) = 0. deg” (k1) = 0.
deg? (k) = 0, deg” (k2) = 0,

o deg?(k3) = —1, deg” (k3) = 0,
o deg?(k4) = 0, deg” (k) = 0,
e deg?(ks) = 0, deg” (ks5) = 0.

Figure 31: Heegaard diagram for changing canonical basis to standard basis, left, and Heegaard

diagram for changing standard basis to canonical basis, right.
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uu ou uo 00

(%) @_@ K K3 K4 B
K> K3
k1 A A O k2
A
O O
K3
B
K4
®
AB 4
oo

L Ks | — _

Figure 32: Left: generators of one change of basis bimodule in terms of intersection points. Right:
domains for one change of basis bimodule (middle summand).

This change of basis bimodule has secondary matrix

K2 K3 K4
| UM UM 19 LiUFe (L, UK
K3 0 0 0
s 0 Ry Ukl gukt!
in the middle summand, and secondary matrix
Ks

ks [UFUl @ UKUL
in the bottom summand.

Definition 11.3 The change-of-basis DA bimodule over (A1, .A{*]) has primary matrix

g A B AB
uu| Aq
ou )xz )\.3 i
uo )\.4 ’
00 As

we set
e deg?(A1) =0, deg"(A) =0,
e deg?(Ay) =0, deg"(A2) =0,
o deg?(A3) = —1,deg"(A3) =1,
o deg?(hs4) =0, deg" (h4) = 0,
e deg?(As) =0, deg” (rs) = 0.
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o] A B AB

o @_@ . s s
X s =
A g Z 8 Z
O

g gL < 80 18 100

e) O
)\‘4 O 4
00 ot S |
o

L As L
Figure 33: Left: generators of the other change of basis bimodule in terms of intersection points.
Right: domains for the other change of basis bimodule (middle summand).

This change of basis bimodule has secondary matrix

A A ha
o | U @ UKt Ukt @ LUK 0
w| UkeRUF UF'g Uk M in the middle summand,
ha 0 0 Ut @ Uft!

and secondary matrix As

As [ Ulk Uzl ® UlkUzl ] in the bottom summand.
One can check that these bimodules are well-defined and that their box tensor product either way is
homotopy equivalent to the appropriate identity bimodule.

Proposition 11.4 The change-of-basis bimodule from Definition 11.2 categorifies the map from Ko (A; 1)
t0 Ko(ATy) with matrix [Pu] [Pl [Puo] [Poo]

Pzl 1 0 0 0
P O 1 g' 0 |
Pgl{ o o 1 o |

[P4B]L O 0O O 1

equivalently, its left dual categorifies the map from Gy(Ay,1) to Go(AS*) with matrix

1,1
[Sz] [Sal [SB] [S4s]

Suo[ 1 0 0 0

Sl 0 1 0 0

Swl]| 0 ¢g 1 0

SelL 0 0 0 1

Under our identifications, this latter map agrees with the change of basis matrix from the canonical basis
(introduced in Section A.2) to the standard basis of V ®2.

[
[
[
[
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can

Proposition 11.5 The change-of-basis bimodule from Definition 11.3 categorifies the map from Ko (A"

to Ko(Ay,1) with matrix [Po] [Pa] [Ps] [Pis]

[PuJ[ 1T O 0 0

[Pou] 0 1 _q_l 0 .
Pl 0 0 1 o |’
[Po]L 0 0 0 1

can

equivalently, its left dual categorifies the map from Go(Ay,1) to Go(AT"}) with matrix

[Sua] [Sou] [Suol [Sool
[Sa] 1 0 0 0

s 0 1 0 o0
Sg]| 0 —¢ 1 0
Sas]lL 0 0 0 1

Under our identifications, this latter map agrees with the change of basis matrix from the standard basis to
the canonical basis of V ®2,

12 Relationship with Ozsvath—-Szab6’s Kauffman-states functor
12.1 Positive crossing

We now review Ozsvath—Szabd’s bimodule for a positive crossing between two strands, with both strands
oriented upwards, in our notation.

Proposition 12.1 Ozsvdth-Szabé’s DA bimodule Pos, over A" for a positive crossing has primary

matrix % A B AB
o[ Sz
A Sy
B W Np
AB Nip

In the top weight space, the secondary matrix is zero and the bimodule is F, as a bimodule over itself
(generated by Sg). The secondary matrix in the middle weight space is
S4 w Np
Sal 0 0 LUK @ Uft! Ly)
w| Ry UFt'gukt!  Ukg LUK
U2k+1 Q U1k+1
+Ulk+1 Q U2k+1

’

Np| 0 UFt'e®RUF

and the secondary matrix in the bottom weight space is

Nap
Nap [UlUF @ UFU! .

Geometry & Topology, Volume 30 (2026)



Trivalent vertices and bordered HFK in the standard basis 631

The degrees of the generators depend only on their type € {N, E, S, W} and are given by
e deg?(N) =1, deg"(N) = —1,
e deg?(E) =0, deg"(E) =0,
e deg?(S) = —1, deg”(S) = 0,
e deg?(W) = 0, deg" (W) = 0.
(for the bimodule under consideration, there are no generators of type E.)

Remark 12.2 Actually, Ozsvath—Szab6 [2018] assign this bimodule to a negative crossing; to match the
conventions used here, one should exchange positive and negative crossings there.

Remark 12.3 Ozsvith and Szabé [2018] use dg algebras with extra C; generators when strands are
oriented upwards. These generators help upward-oriented strands interact with downward-oriented strands,
so that bimodules for maximum and minimum points can be defined. In [Ozsvéth and Szabé 2019b;
2019a], these generators no longer appear except in descriptions of Koszul duals of Ozsvath—Szabd’s
algebras; the interaction between upward-pointing and downward-pointing strands is mediated differently.
In any case, the orientations of the strands impact the grading of the algebras, and we use the grading
that corresponds (in Ozsvédth—Szabd’s conventions) to upward-pointing strands. Since we do not consider
duals or downward-pointing strands in this paper, we do not need to consider the modifications (e.g.,
curvature in [Ozsvath and Szab6 2019a]) that Ozsvdth—Szabd use when dealing with mixed orientations.

Remark 12.4 Generators of Ozsvath—Szabd’s bimodule generators correspond to certain “partial Kauff-
man states”, a local version of the Kauffman states [1983]. At each crossing in a tangle diagram, a
partial Kauffman state has a type € {N, E, S, W} depending on which of the four corners adjacent to the
crossing is chosen for the state. One can compare Figure 34 to [Ozsvath and Szabd 2018, Figure 2]; our
quantum degrees are —2 times Ozsvith—Szabd’s Alexander degrees (the minus sign is due to the reversal
of positive and negative crossings while the 2 is due to the usual relation g2 = ¢ between the parameter ¢
of the Alexander polynomial Ak (¢) and the quantum parameter ¢), and our homological degrees agree

s\
quantum homological
N o\
AN
/1 /0

Figure 34: Quantum and homological degrees of generators of type N, E, S and W.
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A N

Figure 35: Heegaard diagram for Ozsvéth—Szabd’s bimodules over A$*] for positive and negative
crossings (in our conventions).

with Ozsvath—-Szabd’s. The agreement of homological degrees results from a product of two minus signs,
one due to the reversal of positive and negative crossings with respect to [Ozsvath and Szabd 2018], and
the other because we use +1 differentials while Ozsvéth and Szab6 use —1 differentials.

It follows from [Ozsvath and Szab6 2019a] that the bimodule Pps, can be obtained by counting
holomorphic disks in the Heegaard diagram on the left of Figure 35; see Figure 36.

To relate Pps, with our bimodule P, we first change basis on the left of Pgg, to get a DA bimodule
over (Aj 1, .Acl‘f‘}). In other words, we take the box tensor product of Pgs, with the DA bimodule over
(A1,1, ATY)) from Definition 11.3. The result has primary matrix

%] A B AB
w| A1 Sy
ou )\2SA )\3W )\3NB
uo AW A4 Np ’
00 AsNyp
%) A B AB

w N [
O

N4

Figure 36: Left: generators of the Ozsvath—Szabd positive crossing bimodule Ppg, in terms of
intersection points in the positive-crossing diagram of Figure 35. Right: domains giving rise to
secondary matrix entries for the Ozsvath—Szabé positive crossing bimodule Ppg, (middle sum-
mand).
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secondary matrix

AxS4q AW AW A3Np A4Np
MmSa[ 00 0 Ukt e Ukt L) 0 7
MW| 10 A 1® L, 0
MW | 0 0 UKTleuUkt! 0 Uke LUk
MNg| 00 0 Ut g Uft! y
MaNg| 0 0 UFl@RUF 0 Uftt @ Uft! |

in the middle summand, and secondary matrix
AsNap
wsNap [UIUK © UKUL ]

in the lower summand. Simplifying the above bimodule, we get primary matrix
] A B AB

w| A Sy

ou )\3NB

uo )\,4W )\,4NB

00 AsN4B

and secondary matrix

AW A3Np AsNp
W | UKl @ Uukt! 0 Uke LUK
3 Np 0 Ukt @ ukt! Y
haNp| UKt @ R UK 0 Ukt g ukt!

in the middle summand.
Now we change basis on the right as well, by taking a further box tensor product with the DA bimodule

over (A"}, Ay,1) from Definition 11.2. The result has primary matrix

uu ou uo 00
uu )\.ISQKI
ou )\3NBK4
uo )\.4WK2 )\.4NBK4 )\.4WK3 ’
00 )\.SNABKS
secondary matrix
)\4WK2 )L3NBK4 )\4NBK4 )\4WIC3
Wi | UFTT @ Ukt 0 Uke (., U 101
3 Npks 0 Ukt @ Ukt y 0
)»4NBI(4 0 0 O U2
AWk 0 0 0 0

in the middle summand, and secondary matrix
AsNapks
rsNapks [UlUK @ UFU!
in the lower summand. This bimodule agrees with the positive-crossing bimodule from Section 10.5
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under the grading-preserving identification

)\.ISQK'I <—>I, )\.4WK2<—>J, )\.3NBK4<—>K, )x4NBK4<—>L, )\4WK3<—>M, )\5NABK5<—>N.

12.2 Negative crossing

Proposition 12.5 Ozsvith-Szabé’s DA bimodule Nos, over A"} for a negative crossing (in Ozsvath—

Szabd’s papers, a positive crossing as remarked above) has primary matrix
g A B AB

o [ Sy

A S

B W' Ng /
AB Nip

In the top weight space, the secondary matrix is zero and the bimodule is ', as a bimodule over itself
(generated by Sg;). The secondary matrix in the middle weight space is

S/ W’ N
s 0 L 0
W’ 0 Ukt Ukt Ukt e LUk

U2k+1 ®U1k+l ’
+UF @ UFH!

o

RUF & (R, UKy UK R UK

and the secondary matrix in the bottom weight space is
Nip
Nip [U[Uf @ UfU; ]

The degrees of the generators depend only on their type € {N’, E’, S, W’} and are given by

o deg?(N') = —1,deg"(N') = 1,

e deg?(E") =0, deg"(E") = 0,

e deg?(S’) =1, deg"(S") = 0,

o deg?(W') =0, deg"(W") =0
as described in the bottom row of Figure 34 (again, there are no generators of type E’.) By [Ozsvith and
Szabd 2019a], the bimodule Ngg, can be obtained by counting holomorphic disks in the negative-crossing
Heegaard diagram of Figure 35.

To relate Nos, with our bimodule N, we first change basis on the right of Ngg; to get a DA bimodule

over (Aclml1 ,A1,1). In other words, we take the box tensor product of Nos, with the DA bimodule over

(AS"]. A1,1) from Definition 11.2. The result has primary matrix

uu ou uo 00
6] S/gKl
A S;llcz S;IK3
B W/I(z W/I(3 Nllgl(4 ’
AB N/IIBKS
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%} A B AB

W N
AB

; 3
L Nyp _| = "

Figure 37: Left: generators of the Ozsvath—Szab6 negative crossing bimodule Npg, in terms of
intersection points in the negative-crossing diagram of Figure 35. Right: domains giving rise to
secondary matrix entries for the Ozsvath—Szabd negative crossing bimodule Ngg, (middle summand).

secondary matrix

N2 Wiy Sik3 W'k Npky
S [0 L 1®A 0 0 i
Wi| 0 UMTeUit! 0 1@ UST' @ (L UFTY
Sz |0 0 0 Ly 0
Wies| 0 0 0 0 0
Npka| 0 0 RUF@UEY 1 Uklgukt!

in the middle summand, and secondary matrix
l ZZABKS krrl
N, pKs [U1 Uy ®U Uz]

in the lower summand. Simplifying the above bimodule, we get primary matrix

uu ou uo 00
6] S/QKI
A SQKZ S;lK3
B W/Kz ’
AB N/ gks
and secondary matrix
SIZIKZ W/Kz SA’Q
SAKZ 0 L1 1A
Wia| 0 UK'@UKT! RUKFg UET L)
Shes| 0 0 UFtt e ust!

in the middle summand.
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Now we change basis on the left as well, by taking a further box tensor product with the DA bimodule
over (Aj,1, AJ"]) from Definition 11.3. The result has primary matrix

uu ou uo 00
uu )ulS/@Kl
ou )“ZS;IKZ )\3 W,Kz KzSAK:;
uo )x4W,K2 ’
00 )L5N1;BK5
secondary matrix
AaSlkr A3W'ics AaW'icy A2 S'K3
)\QS;IKz 0 U1 0 1 ®)\.
MmWia| 0 0 A Uk Uk 1)
MaWia| 0 0 UMleguUlt! 0
aSiks| 0 0 0 Uittt @ ust!

in the middle summand, and secondary matrix
}»5 N/IIBK5

in the lower summand. This bimodule agrees with the negative-crossing bimodule from Section 10.5
under the grading-preserving identification

)\IS/@Iq(—)I/, AzSAKz(—)J/, )\3W/K2<—>K/, )\4W/K2<—>L/, )szQKg(—)M’, )x5N//1BK5<—>N/.

Appendix Representations of U, (gl(1]1))
A.1 Definition and fundamental representations

All Lie algebras and superalgebras are assumed to have ground field C (for the ordinary versions) or
Cq4 := C(q) (for the quantum versions).

Definition A.1 The Hopf superalgebra U, (gl(1]1)) is generated as a superalgebra over C, by two even
generators gt g2 (with inverses ¢~ H1, g~ H2) and two odd generators E, F with relations

« ¢"ME =qEq™,
« ¢ E=q""Eq™,
. quF — q_quHI,
« ¢ F =qFq™,

o quqHz _ qquHl’
« E2=F?=0,
qH1+H2_q—H1—H2
e FF+ FE = —
q—4q
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The comultiplication is given by

s AE)=E®q T~H 4 |QE,

e A(F)=F®1l4+¢glitHh2g F

« A(gH) = ¢ @™
The counit is given by e(E) = ¢(F) = 0 and e(¢*7) = 1. The antipode is given by S(E) = —Eqf1+H2
S(F)=—q H=H2F and S(qHi) = g 1.

Remark A.2 We follow the conventions of Queffelec and Sartori [2019], which agree (as far as we are
aware) with those in [Sartori 2015; 2016].

If we replace gl(1|1) by its negative half gl(1|1)™~, we get a simpler superalgebra

Ug(gl(1]1)7) = Cy[FI/(F?)

without a coproduct. The subalgebra of U, (gl(1|1)) generated by F, g™ and g2 is a Hopf subalgebra;
we can also work with a related C-linear super category that we will call Uq (gl(1|1)7) (the dot indicates
an idempotented form, and we take idempotents corresponding to the two-dimensional lattice of gl(1]1)
weights). Concretely, Uq (gl(1]1)7) has objects w = wi&; + wse5 € Z?*; morphisms are generated by
F,: o — o —o for o € Z? (all of which are odd) modulo the relations F_q F,, = 0. If W; and W, are
modules over Uq (gl(1]1)7), we set

Wi@Wo= P Mo ® (Wa)wr.
o' +o"=w
The action of F, on the summand (W;)y ® (W3)e of (W7 ® W3), is defined to be the action of
F, ®idy,” + q“’i""”é idy,’ ® F, with the usual super sign rules.
We can identify modules over Uq (gl(1|1)™) with modules over the subalgebra of U, (gl(1|1)) generated
by F,qH" and g2 admitting a decomposition such that g acts as an integral power of ¢ on each
summand. In particular, all modules over U, (gl(1]1)) considered below give modules over Uq (gl(1]1D)7).

Definition A.3 The defining representation V' of U, (gl(1]1)) has one even basis element |0) and one
odd basis element |1) as a super vector space over C,. The action of E has matrix

0) 1)

oy 0 17
Lo o f

the action of F has matrix ] 0y |1) ]
0y 0 O
mpLr of

the action of g1 has matrix

1 o) 1)

10)| ¢
Lo 1 _’
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and the action of g2 has matrix

10) 1)
|0) [ 1 0 ]
Lo g |
Definition A.4 The category Rep(U,(gl(1]1))) of finite-dimensional representations of Uy, (gl(1|1)) is
ribbon (see, e.g., [Sartori 2015]) and thus braided, so the constructions of [Berenstein and Zwicknagl

2008] give us braided symmetric and exterior algebras on objects of Rep(Uy (gl(1]1))). In particular, if W
is an object of Rep(Uy(gl(1|1))) and K > 0, then we have another object /\fW of Rep(Uy (gl(1]1))).

Example A.5 [Queffelec and Sartori 2019, (3.15)] For the vector representation V' of Uy, (gl(1]1)), the
super quantum exterior algebra /\;V is the quotient of the tensor (super)algebra 7*(V') by the ideal
generated by the elements |0) ® |0) and [0) @ |1) +¢ 1) ®@[0) of T2(V) =V Q V.

We can take |0) A [1)X~1 and |1)X as a basis for /\fV.

Proposition A.6 The action of E on /\f V' has matrix
0) AR 1)
0) A1) X! 0 [Klq
[1)K 0 0o I

where [K], is the quantum integer

e
q—q7!

The action of F on /\5 V' has matrix

0) AKX

|0) A|1)K-1 0 0
1)K 1 0 |

The action of ¢f1 on /\(fV has matrix

0) AL 1R

|0) A 1)< q 0
|1)* 0 1|
The action of ¢™2 on /\f V' has matrix
0) ALK 1)K
IO)/\Il)K‘l[ g%1 0 ]

K 0 qX

Remark A.7 We have an isomorphism between /\5 V and the irreducible representation L (A) where
A =¢1 4+ (K —1)ey; an explicit formula for this latter representation is given in [Sartori 2015, (3.4)]. The
isomorphism identifies |0) A |1)X~1 with v(})‘ and |1)X with (K]q vi‘ (this factor of [K], is responsible for
the slightly different appearance of Sartori’s formulas).
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A.2 Canonical bases

Note that as Cg-vector spaces, we can identify V®" with the exterior algebra on a space formally
generated by elements ey, ..., e,. Specifically, for 0 < k < n, we identify e;,_, A---Ae;; with the
standard basis vector of V®" having |0) in positions iy, ... ,i,_; and having |1) in the other positions.

Remark A.8 Due to changes of convention (apparently related to the difference between V and V'*),
this identification of ¥ ®” with an exterior algebra differs from the ones considered in [Manion 2019] and
[Lauda and Manion 2021].

For2 <i <m,welet{; =qe;_1 +e;;let {1 = ey.

Definition A.9 The canonical basis for V ®” is

Wi, o NNl 0=k =<n1=<ij<-<ip_p=nj.
Example A.10 The change-of-basis matrix from the canonical basis to the standard basis for V' ® V' has
matrix
banty €3 £y 1 |00) |10) |O1) |11)

|00) 1 000 LAty 1 0 0 0

[10) 0 1 ooy . . : 123 0 1 0 0

01) 0 g 10]| its inverse is 0 0 —¢ 1 0

[11) 0 0 01 1 0 0 0 1

A.3 Maps from skew Howe duality

Let Uq (gl(2)) denote the idempotented form of U, (gl(2)). Objects of Uq (gl(2)) are written as 1, for
A € Z?; morphisms are generated by IyyaEgqi2)la from 1) to 1) 14 and 1) o Fy2)15 from 1 to 14
for A € Z2, where o = (1, —1).

In this section, write C;'l instead of V to avoid confusion with representation C; of U(gl(2)). We
will analyze /\f ((C(}|1 ®C ;) for K > 1 as a representation of Uq (gl(2)). We start by reviewing the usual

names for basis elements of C;'l QC g. Following [Queffelec and Sartori 2019], define
211 = 0011 ®10)2,  z21 =[1)11 ®10)2, z12=10)1;1 ®[1)2, 222 =[1)11 ®[1)2.

The elements z1; and z;, are even, while 231 and 235 are odd. The quantum exterior algebra A (C (}l 'eC 3)
can be described by imposing the relations

Zli/\qzlizo fori=1,2, Z11 Ng Z22 = —Z222 Nq Z11,
-1 . -1

Z1iNg Z2i = —q " Z2i NgZ1i fori=1,2, 21 A\gZ12 = —Z12N\g 221 + (@ —q)Z11 A 222,
—1

Z11 Ng Z12 = —q " Z12 N\g Z11, Z21 NZ22 = (qZ22 NZ21,

on the tensor algebra of (qull ® C2; see [Queffelec and Sartori 2019, relations (4.2)].
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If K1 + K, = K, a basis for the summand A 1(CIH(X)/\KZCI|1 of/\K (C1|1®(C2 is given by those
q g y
basis elements of /\K(C1|1 ® Cg) with K instances of z;; and K, instances of z;,. For Kq, K, > 0

there are four such basis elements, namely

Ki—-1 K>—1 K Ko—1
{211 Aq (22 ETTD NG 215 Ag (222) 127D (251) KN N 215 Ag (200) 9 K27D),

Ki—1 K K K
211 Ag (221) M ETTD N (220) 80 K2 (21) KT Ay (299)7 2}

If K or K, equals zero, then there are only two such basis elements (those with nonnegative exponents
in the wedge products). When K, K» > 0, we will write these basis elements as w; for 1 <7 < 4; when

(K1, Ky) = (K,0) or (0, K), we write the basis elements as {w1, w;}.
Via its coproduct, Uq (gl(2)) acts on the tensor algebra of qull

®C 5 since it acts on C 5. The action
1)1

descends to an action on AKX € ® Cz) We describe this action explicitly below.

11 11

First, if K = 1, the morphism 1¢ 1 Fy2)11,0 of Uq(g[(2)) gives the morphism from A, (C ® /\OC

on~11 1~11 . .
to AgCq ® A, Cy' " with matrix 211z

Z12 1 0
Z22 0 1 )

The morphism 1y ¢ Eg(2) 10,1 of Uq (gl(2)) gives the morphism from /\2(C;|1®/\611(C;|1 to /\é@é“@/\g(c;“

with matrix Z12 Z2n

Z11 1 0
Z21 0 1 )
Now assume K > 2. The morphism 1 g 1,1 Fgi(2) L k0 of Uq (g1(2)) gives the morphism from A Kc 1|1®
/\2(qu|1 to /\f‘lC;“ ® /\}I(C;ll with matrix
w1 w7
w1 0 0
(0)) (—I)K_l 0
o3| ¢7'[K—1] 0
w4 0 [K]

For K{,K, > 0 and K| + K, = K, the morphism lg,—1,k,+1 Fguo) 1k, K, Of Uq(g[(Z)) gives the
morphism from Ay lCm ® /\KZ(C1|1 to Ag K= I(C‘}‘1 ® /\52“@;'1 with matrix

w1 w7 w3 [OF)
o[ —[Ki—=1 0 0 0
w3 0 —q[Ky] (=DFt 0
w3 0 0 ¢ '[Ki—=1] 0
w4 0 0 0 [K1]

The morphism 1o, g Fyy2)11,x—1 of Uq (gl(2)) gives the morphism from /\é@é“@/\f‘l C;'l to Ag(C;‘ '®
Kl o :
Ng (Cq| with matrix ©1 ® ®3 w4

o [0 —g 1 0
w0 0 0 1|
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1)1

The morphism 1g,0 Eg2) 1 k—1,1 of Uq (gl(2)) gives the morphism from /\Iq(_1 Cyq ®/\;(C;|1 to /\I;(C;‘ '®

11 . .
/\2(qu with matrix

w1 [0)) w3 W4
o [ 0 (=D)E-14K=1 1 0
wy | 0 0 0 1]

For K, K, > 0 and K| + K, = K, the morphism 1g, 1, k,—1Eq2)1 k,,k, Of Uq(g[(2)) gives the

morphism from /\51 (C(}l1 ® /\tg(z(qul1 to /\5‘“@5'1 ® /\fz_l(C;“ with matrix
w1 w2 w3 w4
o[ —[Kz—1] 0 0 0
w2 0 (K —1] 0 0
o3 0 (=DFg! TR K] 0
Wy 0 0 0 [Kz]

Finally, the morphism 11 g1 Eg2)lo,x of Uq (g1(2)) gives the morphism from Ag(C,}“ ® /\5@5'1 to
/\}I(qull ® /\5‘1@;“ with matrix

w1 w7
w1 0 0
wy| —[K—1] 0
w3 ql_K 0

A.4 Singular and nonsingular crossings

In this section we restrict to K = 2. The morphism 1y 1 Fyy2)12,0 Egi2)11,1 gives the morphism from

(qull ® C;'l with matrix

w1 w7 |00) |10) |01) |11)
o) 0 0 100) [10) [01) |11) oyf 0 0 0 0
oyl =1 0 |e[ 0 —¢ 1 0 . oyl o ¢ -1 0
hich equal
onl gt 0 el 0 0 o 1 | VMRS onl 0 —1 41 0
N 0 g+q¢7! L o 0 0 g+4+gq7!

11

The braiding on C, 1

®C,

braiding has matrix |00) |10}  |01)
[00)[ ¢ O 0
[10)| O O 1
ol 0 1 g—g!
(1)L 0 0 0
and its inverse has matrix 00)  [10)
00)[ ¢! 0 0
10| 0 ¢7'—q 1
[01)] 0 1 0
[11)]. 0 0 0

Geometry & Topology, Volume 30 (2026)

is defined to be ¢(id) — X, with inverse ¢~ (id) — X . Explicitly, the
[11)

0

0

0 b
-1

—-q

[01) |11)

0
0
0

—-q
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Remark A.11 We use the conventions of [Sartori 2016, Section 4.2]; our matrix for the inverse braiding
is the same as Sartori’s matrix for H, which Sartori identifies with the inverse braiding. In [Queffelec
and Sartori 2019, equation (5.13)], the braiding and its inverse are interchanged.
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