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We establish a pseudoisotopy result for embedding spaces in the line of that of Weiss and Williams
for diffeomorphism groups. In other words, for P C M an embedding of codimension at least 3, we
describe the difference in a range of homotopical degrees between the spaces of block and ordinary
embeddings of P into M as a certain infinite loop space involving the relative algebraic K-theory of the
pair (M, M — P). This range of degrees is the so-called concordance embedding stable range, which,
by recent developments of Goodwillie, Krannich, and Kupers, is far beyond that of the aforementioned
theorem of Weiss and Williams.

We use this result to obtain split fibre sequences in the concordance embedding stable range, with
explicit analysable base and fibre, which determine the homotopy type of spaces of long knots of
codimension at least 3. This leads to explicit computations of homotopy groups, including torsion
information, in that range. In doing so, we carry out an extensive analysis of certain geometric involutions
in algebraic K-theory that may be of independent interest.
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1 Introduction

The classical approach to study the homotopy type of the diffeomorphism group Diffy(M) of a compact,
possibly with boundary, high-dimensional manifold M 4 (i.e., d > 5) is based on the so-called surgery-

pseudoisotopy program, which focuses on the homotopy fibre sequence

(1-1) (Diff/Diff)y(M) — BDiffy(M) 1> BDiffy(M).

The right-hand term is the classifying space of the simplicial group I,)\iffa (M), of block diffeomorphisms
of M (see Definition 2.8), an approximation to the ordinary diffeomorphism group of M that closely
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resembles the behaviour of the topological monoid #Auty(M ) of homotopy automorphisms of M ; for
instance, one of the defining properties of Iiffa (—) is that it satisfies a natural equivalence lf)\i/ffa (M x1I)~
Q]iffa (M), which also holds for ZAuty(—) — but is very much not true for Diffy(—). Surgery theory, as
developed by Browder, Novikov, Ranicki, Sullivan, Wall, et al., roughly studies the difference between
13??1’3 (M) and hAuty(M) in terms of the relative mapping space (G/ O)iM’aM) and the quadratic L-theory
of the integral group ring Z[w; (M )] of the fundamental group(oid) of M, making the homotopy type of
If)\i/ffa (M) theoretically accessible via homotopy theory and L-theory.

It is in understanding the homotopy type of (]’)\if/f/ Diff)y (M), the homotopy fibre of the map i, where
pseudoisotopy theory [Igusa 1988; Hatcher and Wagoner 1973] comes into play. Originally, this theory
was concerned with the study of the topological group C(M) of concordances or pseudoisotopies of M
consisting of diffeomorphisms of M x I that restrict to the identity on a neighbourhood of M x{0}UdM xI;
in other words, pseudoisotopies of M are precisely the automorphisms of the trivial s-cobordism starting
at M. The spaces C(M) and ]/)Tf/f/ Diff(M) are intimately related, as was first made precise by Hatcher
[1978, Proposition 2.1] through a spectral sequence. Hatcher’s realisation eventually evolved into the
following celebrated theorem of Weiss and Williams [1988, Theorem A], which will be of central
importance all throughout this paper.

Theorem 1.1 (Weiss and Williams) Let M ¢ be a compact smooth d-manifold. There exists a map
®P: (Diff/Diff)y (M) — Q% (H* (M)sc,)

which is (¢ (d)+1)-connected,' where ¢(d) denotes the concordance stable range of dimension d (Which
by Igusa’s theorem [1988] is at least min(3(d —4), 3(d —7))).

The C,-spectrum H*(M) is the 1-connective cover of a spectrum H (M) which is roughly built out
of deloopings of spaces of smooth /-cobordisms (see Notation 2.6 and Section 5.2), and whose involution
corresponds (up to a minus sign) to “reversing the direction of an /-cobordism”. This latter spectrum
has a close connection to algebraic K-theory: its infinite loop space Q2°°H (M) is equivalent to the
(smooth) stable h-cobordism space H(M ) — see Remark 3.10 — which fits in a fibre sequence of spaces
[Waldhausen et al. 2013]

(1-2) H(M) — Q4+ M := QPSPM ¥ A(M),

where A(M ) denotes Waldhausen’s [1985] A-theory space of M. This sequence is natural in codimension-
zero embeddings, and the map v is (naturally) a split injection. Even though the homotopy type of A(M)
and its involutions are difficult to understand in general, much can be said when M is homotopy equivalent
to a point [Rognes 2002; 2003; Blumberg and Mandell 2019] or the circle [Hesselholt 2009], or when
working rationally [Burghelea and Fiedorowicz 1986].

1Recall that a map of spaces is said to be n-connected if, for every choice of basepoint in the domain, it induces isomorphisms
on homotopy groups in degrees * < n and a surjection in degree * = n.
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1.1 The surgery-pseudoisotopy program for spaces of embeddings

The homotopy type of embedding spaces is intrinsically tied to that of diffeomorphism groups, as seen
via the isotopy extension theorem. More precisely, let M 4 be as before and let 1: P <> M be a compact
submanifold that meets M transversely. Write Embj, (P, M) for the space of smooth embeddings of P
into M which agree with ¢ in a neighbourhood of dg P := P N dM and send 0P — dy P to the interior
of M. Then there is a homotopy fibre sequence

(1-3) Emby,, (i (P, M) — BDiffy(M —vP) — BDiffy(M),

where vP is a small tubular neighbourhood of the standard embedding ¢: P — M, and the subscript (t)
stands for the collection of components of Emby (P, M) that are hit by the restriction map ¢*: Diffy(M ) —
Embj, (P, M) that sends a diffeomorphism ¢ to ¢oc. In this sense, embedding spaces are the corresponding
“relative analogues” of diffeomorphism groups, and often their homotopy types become easier to study.

We would like to advertise a direct approach for studying the homotopy type of embedding spaces (in
a range of degrees) which is analogous to the one for diffeomorphism groups previously surveyed. As
before, one first analyses the space of block embeddings EHl/bao(P, M) via relative surgery methods; the
main result in this direction is due to Browder, Casson, Sullivan, and Wall (see [Goodwillie et al. 2001,
Theorem 2.2.1]), and asserts that, as long as the codimension of P C M is at least 3, then the space of
block embeddings is the homotopy pullback of a diagram involving so-called Poincaré block embeddings
and immersions, and ordinary block immersions. Due to the Smale—Hirsch immersion theorem, all the
ingredients that come into the mix are accessible through homotopy theory and thus, up to extensions, so
are block embeddings.

Following the same strategy as for the classical surgery-pseudoisotopy program, it remains to understand
the difference between ordinary and block embeddings, i.e., the homotopy fibre

(1-4) Emb§” (P, M) := hofib, (Emby, (P, M) — Emby, (P, M),
by means of pseudoisotopy theory. This space also fits in another homotopy fibre sequence,
(1-5) Emb{>” (P, M) — (Diff/Diff)y (M —vP) £ (Diff/Diff)5 (M),

obtained as the fibre of the map from (1-3) to its block analogue; see (3-4). What was previously fulfilled
by Theorem 1.1 for the pseudoisotopy part of diffeomorphism groups seems to be missing in the case of
embedding spaces; the best result known in this direction is Morlet’s lemma of disjunction [Burghelea
et al. 1975, Theorem 3.1] which, in that reformulation, determines the connectivity of the map .

Our first main result fills in this gap in the surgery-pseudoisotopy program for embedding spaces, and
describes the homotopy type of Embg(:)(P, M) in a range outside of the connectivity of u.

Theorem A There exists a map
O™ Emb{ (P, M) — Q% (CE(P, M)jc,)
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which is ¢cemp(d, p)-connected if d > 4 and the handle dimension p of P relative to do P satisfies
p <d —3. Here ¢cEmp is the concordance embedding stable range (see (1-6)) and

CE(P, M) := hofib(H (M —vP) — H(M)).

That is, under the assumptions of the statement, the homotopy type (e.g., homotopy/homology
groups) of Embg:)(P, M) in degrees * < ¢cemp(d, p) agrees with that of the infinite loop space
QP(CE(P, M)pc,)-

Remark 1.2 The involutions in the /-cobordism spectra involved in the statement of Theorem A are
exactly those of Theorem 1.1, which naturally arise from Weiss’ orthogonal calculus (see Sections 2.1
and A.2). When M is stably parallelisable (and localising away from 2), we relate these involutions to
well-known algebraic ones in Theorem 5.13 and Corollary 5.17 (see Notation 5.1 for conventions). See
also Corollary 5.9 for the effect of these involutions on 75 (H (M)) = Wh(r1(M)) in terms of Milnor’s
involution [1966].

Remark 1.3 (splitting results and the Gromoll filtration) As a consequence of Theorem A, we establish
a splitting result (see Theorem 4.3) for embedding spaces of manifolds containing interval factors,
reminiscent of work of Burghelea and Lashof [1982, Corollary E]. This has remarkable consequences for
the Gromoll filtration of embedding spaces (see Definition 4.5 and Corollary 4.6).

Remark 1.4 (topological version of Theorem A) Theorem 1.1 and the results of [Weiss and Williams
1988] admit topological analogues. Likewise, a topological version of Theorem A holds after some
adjustments. First, smooth embedding spaces must be replaced by spaces of locally flat topological
embeddings, and the s-cobordism spectra by their topological versions. Second, the result is only valid
when P has geometric codimension zero in M, since a topological analogue of Proposition 3.3 cannot
hold (see Remark 3.4). Third, when d = 4 and CAT = Top, we additionally require M to be 1-connected
(see Remark 3.2). One should also bear in mind, however, that the bound (1-7) is, a priori, only valid
for smoothable topological manifolds. See Remarks 3.2, 3.6, and B.4 for modified arguments in the
topological setting. A PL analogue of Theorem A should also exist after similar adjustments, though we
leave the details to the reader (see also Warning 2.9).

We highlight two remarkable features of Theorem A that make it especially well-suited for computations:

1.1.1 The concordance embedding stable range Fix (: P < M as before. A concordance embedding
of P into M is an embedding ¢: P x I < M x I such that

@ ¢ V(M x{i})=P x{i}fori =0,1, and
(b) ¢ agrees with the inclusion ¢ x Id; on a neighbourhood of P x {0} UdoP x I.

Denote by C Emb( P, M) the space of all such embeddings, topologised as a subspace of Emb(P x 1, M x1).
There are stabilisation maps

¥: CEmb(P, M) — CEmb(P x I, M x I)
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given by taking the product of an embedding with / and unbending corners appropriately (see [Goodwillie
et al. 2024, Figure 1]), and the concordance embedding stable range of the pair (M, P), denoted by
dcemb(M, P), is the largest integer k such that all the stabilisations in

CEmb(P, M) Z CEmb(P x I, M x I) Z CEmb(P x [, M x [?) &> ...
are k-connected. Then the concordance stable range for a tuple (d, p) is
(1-6) @CEmb(d, p) = min{¢pcemp(M, P) :dim M = d and h-dim(P, dop P) = p}.

Here h-dim(P, do P) denotes the handle dimension of the pair (P, dg P), which is, by definition, the
smallest number p such that P can be built from a closed collar on dg P by attaching handles of index
at most p. Goodwillie, Krannich, and Kupers [Goodwillie et al. 2024] have recently shown that if
p <d —3, then

(1-7) $cemv(d, p) =2d —p—5,

which is far beyond Igusa’s lower bound for the concordance stable range ¢(d). In the concordance
stable range ¢ (d ), Theorem A is a consequence of Theorem 1.1 and the isotopy extension sequence (1-5),
so our main contribution is improving the connectivity of the map ®F™ to the concordance embedding
stable range ¢cemp(d, p). We will also see in Remark 6.6 that the bound (1-7) is sharp; this was apparent
in [Goodwillie et al. 2024].

Remark 1.5 In fact, our proof will show that the map ®F™ of Theorem A is ¢¢cgmp (M, P)-connected

under the codimension assumption p < d — 3.

1.1.2 Relative algebraic K -theory via trace methods Given a map of spaces ¥ — X, let A(Y — X)
denote the homotopy fibre of the induced map A(Y) — A(X). By (1-2), there is an equivalence of spaces

QAM —P - M)~ Q¥ CE(P,M)x Q2Q(M/M — P).

The codimension assumption on the embedding ¢: P C M in the statement of Theorem A guarantees that
the inclusion M — P — M is 2-connected. This can be used to our advantage, as firstly it ensures that
the spectrum CE(P, M) is connective (see Lemma 3.12), but more importantly that, via trace methods,
the homotopy type of A(M — P — M) is far more accessible than those of A(M — P) and A(M) on
their own.

Trace methods are concerned with the study of topological cyclic homology [Bokstedt et al. 1993],
denoted by T'C(—), and related invariants as an approximation to algebraic K-theory. This is something
sensible to do by the seminal work of Dundas, Goodwillie, and McCarthy [Dundas and McCarthy 1994;
Dundas 1997; Dundas et al. 2013], who showed that the cyclotomic trace map provides an equivalence
of relative theories A(Y — X) ~ TC(Y — X), so long as Y — X is 2-connected. The treatment of
TC by Nikolaus and Scholze [2018] provides even further computational control of this invariant. In
the cases we are concerned with (spherical group rings), the homotopy type of TC was fully described
by Bokstedt, Hsiang, and Madsen [Bokstedt et al. 1993] in terms of the stable homotopy of the free
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loop space L(—) := Map(S!, —) together with its natural S'-action and cyclotomic structure. When
working over the field of rational numbers, this whole story simplifies even further by Goodwillie’s
isomorphism [1986]

(1-8) T (A(Y > X)) ® Q = HC.(QX, QY;Q) = HS (LX, LY;Q),

where HC, denotes Connes’ cyclic homology, and HS " stands for the S !_equivariant homology.

So as we have just seen, the homotopy type of (the infinite loop space of) the connective spectrum
CE(P, M) of Theorem A is pretty accessible in general. However, one still needs to deal with the
involution appearing in the statement in order to apply the result, which is a rather technical task that, so
far, had only been carried out rationally by Bustamante, Farrell, and Jiang [Bustamante et al. 2020] — they
relate this involution to one on the right-hand side of (1-8). Integrally, one has to proceed with more care;
our analysis in Section 5 deals with this issue localised away from 2 and when M is stably parallelisable.

1.2 The homotopy type of spaces of long knots

The homology and homotopy of spaces of long knots Emby(D?, D?) has been subject to extensive
research in recent years, especially through the lens of embedding calculus and its relation to the little
disks operad and graph complexes. See for instance Voli¢ [2006], Watanabe [2007], Scannel and Sinha
[2002; Sinha 2009], and Budney and Cohen [Budney 2008; Budney and Cohen 2009] for when p = 1
and d = 3, 4 mainly, or more modern treatments as in Arone and Turchin [2014; 2015], Dwyer and Hess
[2012], and Boavida de Brito and Weiss [2018], at last culminating in the work of Fresse, Turchin, and
Willwacher [Fresse et al. 2017], where a complete description of 7« (Emby(D?, D)) ®Qis given in
terms of the homology of the hairy graph complex. See also Boavida de Brito and Horel [2021] for some
torsion computations in the homotopy groups of spaces of long knots when p = 1.

Our second main result is a full description of the homotopy type of Emby(D?, D) ford — p > 3,
roughly in the concordance embedding stable range (1-6) and localised away from 2. This is done by
analysing the homotopy fibre sequence

(1-9) Emb{™ (D?, D?) — Emby(D?, D¥) — Emby(D?, DY)

following the surgery-pseudoisotopy program for embedding spaces surveyed in Section 1.1, a crucial step
of which is Theorem A. Given a finite-dimensional virtual G-representation p over R, denote by S® the
representation sphere spectrum associated to it; we will consider its homotopy orbit spectrum SZ G» Which
is equivalent to the Thom spectrum of the associated virtual vector bundle £ G xg p — BG. Let ¥, denote
the real m-dimensional representation of the dihedral group D;, (seen as a subgroup of the symmetric
group X,,) given by permuting the factors of R”, and let 6: C, = {£1} <> R* be the sign representation
(also regarded as a D,,-representation by restriction along the determinant D, — O(2) det (41} = Cy).

Theorem B For p <d —3 and d > 5, consider the virtual D,,-representations
pm:=d+DO0-1)+Ym®(d—-—p—3+0).
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Then the homotopy fibre sequence (1-9), upon localising away from 2 and taking (¢cemp(d, p)—1)-th
Postnikov sections, takes the form

(1-10) [T o>y, ) — Emby(D?, DY) — Q7 hofib(G(d — p)/O(d — p) - G/ 0).

m>2

The resulting sequence is split if p > 2, and splits after being looped once if p = 1.

Remark 1.6 (i) The spaces G(n)/O(n) and G/ O appearing in (1-10) denote the homotopy fibres of the
natural maps BO(n) — BG(n) and BO — BG, respectively, where G(n) is the topological grouplike
monoid of self-homotopy equivalences of S”~1, and G is the homotopy colimit of the suspension maps
G(n) — G(n+1). Understanding the homotopy groups of these spaces roughly amounts to understanding
unstable and stable homotopy groups of spheres.

(ii) The space Emby(D?, D?) is an [E,-algebra, and so it can indeed be localised. When d — p > 3, it is
exactly (2d —3p—4)-connected by work of Budney [2008, Proposition 3.9]. So when 2d —3p —4 <0,
by localising Emby(D?, Dd) we really mean localising each of its connected components one at a time
(and not localising the abelian group 2 7¢(Emby(D?, D)) directly). The same applies to the outer terms
in (1-9).

(iii) When p = 1 and d = 4 (i.e., the lowest dimensional case of interest if d — p > 3), Theorem B
holds after looping both (1-9) and (1-10); see Remark 6.1. Using this to study the homotopy groups of
Emby(D!, D*), however, yields weaker results than the ones of Budney [2008, Proposition 3.9]. See
Remark 6.4 for further comparison of our work with Budney’s, and for consequences of Theorem B for
the Gromoll filtration of spaces of long knots.

For A an abelian group and ¢ a prime, write Ag) := A ® Z), i.e., the localisation of A at the prime £.
We will compute some of the homotopy groups of the fibre in (1-10) in Section 6.2, and hence deduce
new torsion information about the homotopy groups of Emby(D?, D% in high dimensions (i.e., d > 5).

Corollary C (Propositions 6.5 and 6.7) Ford — p > 3 and { an odd prime, there are isomorphisms
7 (Emby(D?, DY) () = a4 p (hfib(G(d — p)/ O(d — p) = G/ O)) ey & €D 7i(S}p oy
m>2

in degrees * < ¢cgmp(d, p) —1. Whenm > 2 and £12m:

e If d iseven and p is even, then

T3 md—pz) ® Ly Fm=357...,

n,S Spm o~
«(Shp,,)© 0 otherwise.

21f d — p > 3, the monoid 7o (Emby(D?, D%)) is indeed an abelian group: that it is a group follows from Hudson’s theorem
(Theorem 3.1), which says that it is isomorphic to 7o (Emby(D?, Dd)) = mp (Emby (%, Dd_p)). That it is abelian when p =1
is well-known, and can be proved by the “pulling one knot through another” trick, as illustrated in [Budney 2007, Figure 2].
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e If d is odd and p is odd, then

2 (S, @) = ;

e If d is even and p is odd, then

0 otherwise.

TS Yy = {ﬂi_m(d—p—z)‘g’z(ﬂ) ifm=509.13,....
hDm 0 otherwise.
e If d is odd and p is even, then
s ®ZLy ifm=3,711,...,
5 (SPm ~ ) " x—m(d—p-2) (
! hD ’”)(Z) { 0 otherwise.

If ¢ divides m, the computation of w3 (SPD’Z)(@) must be treated case by case. Whenm = { = 3 and
d — p = 3, the first few such homotopy groups are given in Table 1 (see Proposition 6.7 for notation).

Rationally, this computation roughly recovers the homology of the 0- and 1-loop order part of the hairy
graph complex appearing in [Fresse et al. 2017, (2)]; see Remark 6.6 for more details.

Structure of the paper

Sections 2 and 3 will be devoted to the proof of Theorem A. We start by briefly reviewing Weiss’ theory
of orthogonal calculus and then, in Section 2.2, we present the orthogonal functors that will play a role
in the proof of Theorem A. In doing this, we will have to carefully describe the topology on spaces of
bounded diffeomorphisms in such a way that we can employ the machinery of orthogonal calculus in this
setting. After reducing to the codimension-zero case in Section 3.1, we use the results in the preceding
section to define the map ®F™ in Section 3.3 and analyse its connectivity in Section 3.4.

Section 4 concerns the splitting result (Theorem 4.3) for embedding spaces mentioned in Remark 1.3,
and its consequences for the Gromoll filtration (see Corollary 4.6).

Section 5 deals with the analysis of the C,-spectra involved in the statements of Theorems 1.1 and A.
The main results in this direction are Theorem 5.13 and Corollary 5.17, where the involutions on these
spectra are expressed (up to homotopy) in terms of the standard involution in algebraic K-theory.

Section 6 is devoted to Theorem B, whose proof is a formal consequence of the results in the preceding
sections. We then draw some conclusions on the homotopy groups of spaces of long knots in Section 6.2.

Appendix A deals with some subtleties regarding the definition of the first derivative of an orthogonal
functor as an O(1)-spectrum, and with a technical argument in the proof of Proposition 2.2.

In Appendix B we explore certain aspects related to spaces of bounded diffeomorphisms and embeddings.
Namely in Section B.1 we show that the topological models for these spaces introduced in Section 2.2
coincide (up to weak equivalence) with the simplicial ones of Definition 2.8. In Section B.2 we give a
“moduli space of manifolds” description for the classifying space of the bounded diffeomorphism group.

In Appendix C we show that the /-cobordism stabilisation map anticommutes with the involutions in
these spaces. This is analogous to a result of Hatcher [1978, Appendix I, Lemma] and Burghelea and
Lashof [1982, Corollary A7] for spaces of concordance diffeomorphisms.
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2 Orthogonal calculus and spaces of bounded diffeomorphisms

Much of the proof of Theorem 1.1 in [Weiss and Williams 1988] is an application of Weiss’ orthogonal
calculus but in disguise, as this theory was not yet formalised at the time. In this section we briefly review
the main aspects of this theory and develop some necessary tools required for the proof of Theorem A.

2.1 A quick tour through orthogonal calculus

Weiss’ orthogonal calculus [1995] is a calculus of functors useful to understand objects of geometric
flavour. It studies continuous functors from the category J of real finite-dimensional inner product vector
spaces and linear isometries to the category of (compactly generated weakly Hausdorff) spaces Top. Such
a functor F': 7 — Top is said to be continuous if the evaluation map

mor7(U,V)x F(U)— F(V)

is continuous for all U, V € 7. Here mor 7 (U, V') denotes the Stiefel manifold of linear isometries from
U to V, so that J is enriched over Top. We will work in a slightly different setup, where Top is replaced
by the category Top, of pointed spaces and J is replaced by the pointed topological category Jo with
the same objects and with

mor g, (U, V) :=mory (U, V) +
as morphism spaces. Similarly, a functor F: Jy — Top,, is continuous if the evaluation map
mor 7, (U, V)AF(U) — F(V)

is continuous for all U, V' € Jy. Such a functor F(—) is also sometimes called an orthogonal functor.
The machinery of orthogonal calculus associates to each such orthogonal functor F'(—) a sequence of
(naive) O(k)-spectra> @F &) for k > 1 —the derivatives of F — which fit in a tower

1
T F(—) +— Q®(S*OAOFPD)002))
(2-1) i

T1F(=) +— Q®°(SYO A0FD),00))
1

F(=) ——— ToF(-) = F(R*)
of orthogonal functors —the Taylor tower. Here:

o SkV is the one-point compactification of k - V := R¥ ® V', which is acted upon by O(k) in the R¥
component, and diagonally on the smash § kV ANeF®.

3By spectrum, we will always mean prespectrum. For us, a G-spectrum X will be a sequence of based G-spaces X, together
with G-equivariant maps S! A X, — Xp+1, where G acts trivially on S1.
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e The right-hand horizontal maps — the layers — indicate the inclusions of the homotopy fibres of the
subsequent vertical maps between the stages Ty F'(—) of the tower.

e The 0-th stage ToF(—) is given by Ty F(V) := hocolimy F(V @& R¥), and thus admits a canonical
equivalence from the constant orthogonal functor with value at infinity F(R®) := hocolimy F(RK). The
map no: F(V) — ToF(V) is simply the inclusion map.

In the proof of Theorem A we will analyse the Taylor tower (2-1) only up to the first layer, so we shall
now describe the spectrum @ F () in detail. For V € Jp, consider

FO) :=hofib(F(V) - F(V &R)),

the homotopy fibre of the map induced by the standard inclusion V' — V @ R. These spaces inherit
an O(1)-action by declaring —1 € O(1) to act on V and V @& R by —1 on all coordinates. There are
O(1)-equivariant maps

(2-2) sy STAFO W) > FOW @ R),

given, roughly, by performing a 180° rotation of ¥ @ R? about the 2-plane 0 @ R?; we give an explicit
model of this map in Section A.1. As notation suggests in (2-2), O(1) acts trivially on the suspension
coordinate. (In general, we adopt the convention that S” denotes the n-sphere with the trivial O(1)-action.)
Then the O(1)-spectrum ®F (M has FM(R™) as its n-th space, and sgn as the structure map.

Remark 2.1 This is not quite the O(1)-action described in [Weiss 1995, Proposition 3.1]; rather, it more
closely follows the convention adopted in [Weiss and Williams 1988, p. 601]. We justify our convention
choice in Section A.2.

For V € Jy, let S(V') denote the unit sphere of V, seen as an unbased O(1)-space by the antipodal
action. The following proposition will be the main ingredient for the construction of the map ®F™ of
Theorem A:

Proposition 2.2 Let F: Jy — Top, be an orthogonal functor. For each n > 0, there are maps
(2-3)  ®F:hofib(F(0) — F(R™)) ' hofib(Ty F(0) — T1 F(R™)) ~ Q®(S(R")+ Aoy OF V)

giving rise to a map of homotopy fibre sequences

hofib(F(0) — F(R™)) — hofib(F(0) — F(R™*1)) = hofib(F(R") — F(R"*1)) =: @F

F
l‘ib F lq? 1 lstab.

Q®(S(R") 1 Ao)OF V) » QX(SR"™ )4 Ag)OF V) ——— Q2(z"eFDM)
where the vertical map “stab.” is @Fn(l) < hocolimy Qk(®Fn(2k). Letting n — oo in (2-3), we get
2-4) ®F,hofib(F(0) — F(R®)) = Q®(EO(1) 4 Aoy OF V) =: Q¥ (OFp ).
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Proof Given F: Jy — Top,, write L1 F := hofib(T} F — Ty F) for the first homogeneous layer of F.
Consider also the orthogonal functor

E(-):= Q%SO A0FD),00).

By the classification of homogeneous functors of [Weiss 1995, Theorem 9.1], there is a natural equivalence*
of functors L1 F ~ E, and hence a zigzag of orthogonal functors

FX TWF « LF ~E.

This zigzag gives rise to the following commutative diagram, in which the vertical arrows induce maps of
homotopy fibre sequences:

hofib(F(0) — F(R™)) —— hofib(F(0) — F(R"T1)) — @FV

N1 A n

~
~ g

hofib(T1 F(0) — T1 F(R™)) — hofib(T; F(0) — T; F(R"+1)) —— (T3 F)PY
2/\ 2/\ 2/\
hofib(L1 F(0) — L1 F(R")) — hofib(L1 F(0) — F(R"*1)) — (L F)

j 8 ¢

hofib(E(0) — E(R")) —— hofib(E(0) — E(R"*+1)) — @EV

We claim that the bottom fibre sequence in this diagram is naturally equivalent to the bottom fibre
sequence in the map of fibre sequences of the statement; indeed, for n > 0, write IndeO M $n for the wedge
S v §" with the flip action. Then, for V' € Jp with dim V = v, there is a diagram of O(1)-spaces

S(V)y — S(V@R); — Ind2Dsv

| | [

S(V)4 s S0 y SV

| | |

K — % S(VGBR)'U S(V@R)'o

(2-5)

where every row and column is an O(1)-equivariant (homotopy) cofibre sequence. Here the map

a:ndWsv = sy v s/ — sV

4Theorem 9.1 in [Weiss 1995] states that L1 F is naturally equivalent to the functor E/ = Q2 ((S(7)0 A ®#F(l))h0(1)),

where ©* F(1) is defined in (A-2). Since this O(1)-spectrum is naturally equivalent to @ F ® by (A-3), it follows that E is
naturally equivalent to E.
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sends x € V C Sl.V to (—1)!x fori =0, 1. Applying S2°°((—/\®F(1))h0(1)) to (2-5), we obtain a diagram
for V =R"

Q®(SR") 4 Aoy OF V) —— Q®(SR"™ )1 Aoy OF D) —— Q®(2"0F W)

| | |

hofib(E(0) — E(R")) > E(0) s E(R")
% )E(Rn+1) E(Rn—i-l)

where every row and column is a homotopy fibre sequence. Observe that the top horizontal cofibre
sequence of (2-5) consists of free O(1)-spaces, which explains the underived balanced smash product
Ao(1); note also that Indeo(l)S” Aoy X = S" A X = X" X for any O(1)-spectrum X.

Consequently, we obtain a natural map of homotopy fibre sequences

hofib(F(0) — F(R")) — hofib(F(0) — F(R"*+1)) — @F

(2-6) |t Jer Jst

QSR+ Aoy OF V) — Q®(SR"™ )1 Apay OF D) — Q*(2"eF W)

It remains to argue that s,I,? is naturally homotopic to the map stab,f : ®F,fl) <> hocolimy Q¥ (®Fn(it)k)'
Indeed, there is a commutative diagram

sF Qe(z"OFW)

|

orV — s oY = oY — = er

\[stab,lf Z\Iistabzl F 3\[stab,f e 2\[stab,§

QeO(Z"OFM) =5 Q(ze(T, F)V) < Q®(="0(L, F)V) = Q*(x"QEW)

27

where the leftmost horizontal is an equivalence since 1;: OF () — (T, F)( is an equivalence by
[Weiss 1995, Theorem 6.3(bis)], whilst all but the leftmost vertical stabilisation maps are equivalences
because the spectra involved are Q2-spectra; indeed this is the case for O(T; F YD and O(L, F)M by
[Weiss 1995, Corollary 5.12], whilst ®E () is the spectrification of the prespectrum @ F ) (This is the
case for any functor of the form Hy (—) = Q¥ (S A X)ro()), for X an O(1)-(pre)spectrum; the
first derivative of Hy is, nonequivariantly, the spectrification of X by [Weiss 1995, Section 7].) From
this last observation, it also follows that the right vertical composite Q°(S"OF (V) = Qo (s*@EWD)
is induced by the spectrification map ® F (1) = @EM_ Thus the sequence of equivalences in the lower
row and rightmost column are all induced by equivalences of spectra

(2-8) OFY =~ o F)V < oL F)V W & eF®,
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To argue that stab,f and s,f are homotopic, we need to show that (2-8) lies in the homotopy class of the
identity map of @ F (1. For this, we need to be slightly more explicit about the equivalence L F ~ E,
which factors as

O] ). - _).
LiF = Hp, 5 := QSO AO(L1 F)M)0)) <= Q2SO AOF D)0y = E.

The right map in this zigzag is induced by the natural map @ F () % (T, F)M ~ @(L; F)(, whereas
the equivalence (!) is provided in [Weiss 1995, Theorem 7.3]; this equivalence satisfies that the induced
one on first derivatives (1): O(L, F)® ~ O(H L, ) becomes the identity when composed with the
natural equivalence ®(H,, ) <= O(L, F)WD. It now easily follows that the zigzag (2-8) represents
the homotopy class of Idg g1, and hence stabZ and sf are indeed homotopic, as desired. |

Remark 2.3 In the proof of Theorem A, we will only need that the map s,f in (2-6) is as connected
as the stabilisation map stabf . This already follows from the commutative diagram (2-7), which
shows that s’ and ¢f o stab,f are naturally homotopic, for some natural automorphism ¢! of the
codomain QX (X"OF (1)). Thus the last part of the proof above is not strictly necessary for our purposes.
Nevertheless, we believe it is useful to have this technical point clarified.

2.2 The orthogonal functors of bounded diffeomorphisms

All throughout, let t: P < M be as in the statement of Theorem A. In this section we present the
orthogonal functors that will play a role in the proof of Theorem A. These are built out of spaces of
bounded diffeomorphisms, for which we will present point—set topological models that agree up to weak
equivalence with the more classical simplicial ones.

Let V € J be an inner product finite-dimensional real vector space with associated norm ||—||y-, and
let Q and Q' be smooth (possibly noncompact) manifolds equipped with proper maps 7: Q — V and
7' Q" — V. Fort >0, asmooth map f: Q — Q' is said to be t-bounded if the set

{lr"(f@)—7(@lv:q9€ 0} CR

is bounded by ¢. More generally, f is bounded if it is t-bounded for some ¢t > 0. If 0 = N x V for some
compact manifold N, 7w will be assumed to be the projection to V.

Definition 2.4 Let V € J. The space of bounded diffeomorphisms of M x V relative to dM x V is
Diffg (M x V) :={(t,¢) €0, 00) xDiffy(M x V) : ¢ is t-bounded},

endowed with the subspace topology inherited from the product [0, 00) xDiffy(M x V). Here Diffy(M x V')
is endowed with the weak Whitney C°°-topology. It is a group-like topological monoid under the rule

(t.¢)-(t"¢"):=(+1 . pod).

Similarly, we define the space Homeog (M xV) of bounded homeomorphisms of M xV as a subspace of the
product Homeoy (M x V') x [0, 400), where Homeoy(M x V) is endowed with the compact—open topology.
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Example 2.5 Orthogonal calculus was largely inspired by the work of Weiss and Williams [1988], as
can be seen in [loc. cit., Diagram 3.8]. For U € Jy, let BDiffg (M x U) be the classifying space of
the group-like topological monoid just introduced. Denote by B(—) the orthogonal functor given by
BWU):= BDiffg(MxU) and, fori: U — V amorphism in Jp, write V = U @ U~ and let B(i) be induced
by the monoid homomorphism sending (¢, ¢) € Diffla7 (MxU)to(t,¢pPldy 1) e Diffg (MxU@®U+). Then

@B : Diff5 (M x R*)/Diffy(M) — Q> (©BWY)

should be” the map from [loc. cit., Theorem C], and Proposition 2.2 recovers [loc. cit., Proposition 3.1]
in this case.

Notation 2.6 In the remainder of Section 2, we will denote by E(—) and B(—) the orthogonal functors
given on objects by

(2-9) E(V):= BDiff5(M —vP)x V), B(V):= BDiff5(M x V),

where vP is an open tubular neighbourhood of the embedding (: P C M, and on morphisms as in
Example 2.5. There is a natural transformation E(—) — B(—) given by extending a diffeomorphism
by the identity on vP X (—), and the orthogonal functor F(—) := hofib(E(—) — B(—)) will play an
especially important role in the proof of Theorem A. We will often use the following notation for the
derivatives of these functors:

(2-10) CE(P,M):=0F", HM—vP):=0EY, HM):=0BW.
Thus CE(P, M) is, by definition, the homotopy fibre of the map H(M —vP) — H(M).

Remark 2.7 Let us comment on the notation in (2-10). Write H (M) for the space of smooth i-cobordisms
starting at M (see Section 5.2). We will see in Remark 3.10 that there is an equivalence (of spaces)

@2-11) Q% H (M) = H(M) := hocolim H (M x D¥),

where the colimit on the right-hand side — the stable h-cobordism space — is induced by the h-cobordism
stabilisation maps of Appendix C. The equivalence (2-11) is natural in codimension-zero embeddings,
provided that we restrict to basepoint components. It should also be natural when considering all
components, but proving this seems more tedious; see Remark 3.10 for further discussion of this naturality.

By the stable parametrised s-cobordism theorem of Waldhausen, Jahren, and Rognes [Waldhausen et al.
2013], the infinite loop space of the desuspension of the smooth Whitehead spectrum £~ WhP (M)
is also equivalent to (M) (as ordinary spaces). Moreover, Weiss and Williams [1988, Corollary 5.6]
showed that the spectra ®B1) = H (M) and S~'Wh (A1) also share the same negative homotopy
groups, which led them to rename the former as the latter. This, though conjecturally true, was not fully
justified since no equivalence between these two spectra was given.

5Though CI>C};;o is not visibly the same map as the one appearing in [Weiss and Williams 1988], they share the same formal
properties by Proposition 2.2.
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‘We hope that the homotopy fibre sequence CEmb(P, M) — H(M —vP) — H (M) and Proposition 3.11
together explain why we denote ® F () by CE(P, M).

Spaces of bounded diffeomorphisms are usually defined as the geometric realisation of certain simplicial
groups/sets. Before we recall these simplicial models in Definition 2.8 below, let us fix some notation.
For a subset S C R?T! and € > 0, let B¢(S) C R?T! denote the open e-ball around S. For 0 < € < %
and for any face o C AP, we fix radial identifications pg: 90 (€) := Be(do) No = do X [0, €); let us first
do it for 0 = A?. Given x = (to,...,tp) € IAP(¢), let j € [p] be such that #; <¢; for every i € [p]. Note
that since x cannot be the barycenter b, = (1/(p +1),...,1/(p 4 1)) of AP (since this lies at distance
greater than % > € from dA?), we must have that #; is strictly smaller than 1/(p + 1). Then set

pp: AP (€) = AP x [0,€), x = (tg,...,Ip) —> (x i . (bp—x),d(x,E)Ap)),
J

J
1/(p+1)—
where j = j(x) is as above, and d(x, dA?) stands for the (Euclidean) distance between x and dAP.
For a general face 0 C A?, fix the standard order-preserving identification ny: 0 =~ Al then the radial

identification pg: do (€) = do x [0, €) is

—1
o2 00 (€) 125 dAlol(€) ol gAlol 5 [0, €) 2o X100, 55 5 [0, €).

We will say that a continuous map f: X x A? — Y x A? over AP (i.e., such that projx», = projar o f)
satisfies the e-collaring condition if for every face 0 C A?,

lexacr(e) = flxxao X Id[0,6)
under the identifications py: do(€) = do x [0, €) fixed above.

Definition 2.8 Let V € J. The semisimplicial group Diffg (M x V), of bounded diffeomorphisms of
M x V relative to dM x V has as p-simplices the set of diffeomorphisms of A? x M x V over AP which
are bounded (with respect to '), that are the identity in a neighbourhood of A? x dM x V, and that
satisfy the e-collaring condition for some 0 < € < % Face maps are determined by the coface maps of the
cosimplicial space A®. If we relax the condition on diffeomorphisms to be over A? to only face-preserving
(i.e., diffeomorphisms that send 0 x M x V to itself for every face ¢ C AP), we obtain the semisimplicial
group ﬁ??fg (M x V), of bounded block diffeomorphisms of M x V.

Warning 2.9 One could have defined the orthogonal functor B(—) of Notation 2.6, for instance, to be
Jo — Top,, U+ B|Diffg(M xU),]|.

This latter rule, however, does not give rise to a continuous functor in the sense of orthogonal calculus, i.e.,
it is not enriched over Top,.. A way to fix this is to replace Top, by sSets, Jo by a category jOA enriched
now over sSety, and doing orthogonal calculus for sSet,-enriched functors jOA — sSety. This is morally
the point of view taken by Weiss and Williams [1988], but orthogonal calculus for simplicially enriched
functors has not yet been carried out rigorously, so we prefer to not pursue this approach. This also
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appears to be the main technicality in the PL case: we do not know how to define an actual topological
(as opposed to simplicial) orthogonal functor out of spaces of bounded PL-homeomorphisms.

The simplicial models of Definition 2.8 are more convenient to work with than the point—set topological
ones of Definition 2.4. Moreover, we will need some results from [Weiss and Williams 1988] that are stated
in the simplicial setting, so we will have to argue that both models share the same weak homotopy type.

Proposition B.1 There is a zigzag of weak equivalences of semisimplicial group-like monoids
Diffy (M x V). <= - = Sing, (Diff5 (M x V).

In particular, there is a zigzag of weak equivalences of group-like topological monoids connecting
IDiff2 (M x V)| and Diff§(M x V).

We defer the proof of this proposition to Section B.1 in the appendix.

3 Proof of Theorem A

We now prove Theorem A. Section 3.1 will first reduce it to the case when P is a codimension-zero
submanifold of M. Some necessary preliminaries will be presented in Section 3.2. Finally the map ®Fm°
of Theorem A and its connectivity will be analysed in Sections 3.3 and 3.4.

Before we move on to the next section, let us record a disjunction result for concordance embeddings
known as Hudson’s concordance-implies-isotopy theorem [1970, Theorem 2.1 and Addendum 2.1.2].

Theorem 3.1 (Hudson) The space CEmb(P, M) is connected if p < d — 3. Equivalently, the natural
map mo(Emby, (P, M)) — mo (Efr\n_lloa0 (P, M)) is an isomorphism.

Remark 3.2 Hudson’s theorem also holds in the PL setting [1970, Theorem 1.5]. As long as M is
1-connected if d = dim M = 4, it also holds in the topological setting [Pedersen 1976].

3.1 Reduction to geometric codimension-zero embeddings

Let i: P < M be as in the statement of Theorem A. It will be convenient to be able to assume that
P C M is a codimension-zero submanifold (though of handle codimension at least 3). The following
result deals with this technicality, and shows that the difference between block and ordinary smooth
embeddings is insensitive to the geometric codimension.

Proposition 3.3 Let M? be a compact smooth Riemannian manifold and 1: PP < M? be a neat
submanifold that is closed as a subspace. Let v P be the closed disk bundle of the normal bundle v, of the
embedding t, and let I: v P < M be the induced embedding. Then the square

resp

Emby, ;(7 P, M) X% Emby, (P, M)

I l

resp

Emby, ;(v P, M) =2 Emby, (P, M)
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is homotopy cartesian. Here the subscripts ¢ or [ in the embedding spaces stand for the path component
consisting of embeddings isotopic to ¢ or i (relative to dg P).

Equivalently, by taking vertical homotopy fibres in (3-1) and noting Hudson’s theorem (Theorem 3.1)
and that resp and tésp are surjective, there is a weak equivalence

hofib, (Emby, (P, M) < Emby, (P, M)) ~ hofib;(Emby, (s P, M) < Emby, (v P, M)).

Proof We will show that the horizontal homotopy fibre of the vertical inclusions in (3-1) can be identified,

up to equivalence, with the identity map of the topological group Auty, (v,) of bundle automorphisms of v,

which are standard near dg P. In particular, the total homotopy fibre of (3-1) will be weakly contractible.
We first deal with the top horizontal homotopy fibre. Consider the fibration

b <Gy 1 | ¢ €Embag (P, M),
E:=4q | 1 G € Bunlnjy, (v, Tpr), - Emby, (P, M), (G,¢)+— ¢.
P M Dop®G:tp ®v, = 1y

Taking derivatives at the zero section of v P defines a map D: Emby, ;(v P, M) — E over Emby, (P, M).
A homotopy inverse £ — Embj  ;(v P, M) to D can be defined using the exponential map. Therefore
the homotopy fibre of resp is equivalent to the fibre of r (observe that r is a fibration). Now t* 17 is
already identified with tp @ v,, so the fibre F := r~!(1) can be described as the subspace of bundle
automorphisms of tp @ v, over P which are the identity on the tangent summand tp (and near dg P). As
the space of bundle maps v, — tp over P is contractible, it follows that the inclusion Auty,(v,) < F is
a homotopy equivalence.

The argument for the bottom map of (3-1) is similar but trickier; we work with the simplicial model of
block embeddings of Definition 2.8. First let & and 7 be vector bundles over spaces B and B’, respectively,
and fix some bundle map /:& — . For any closed subset dg C B, let mao (&, m)s denote the
semisimplicial set whose n-simplices consist of bundle maps G: A" X§ — tan B := (tan X B ) ® (A" x 71)
such that

e G agrees with 0a» B I near A" x dp, where 0An2€2n >~ A" — tan is the inclusion as the zero
section, and

e for every face 0 C A", we have G(o x§) Cto Hrw Ctan B,

Given a map i: B — B’ which agrees with the underlying map of I on dg C B, let MBO &, m;i)
be the semisimplicial subset consisting of those bundle maps G whose underlying map on the base spaces
AN'x B — A"x B"isIdan xi. Let mao (&, ), and mao (&, m;1), be the semisimplicial subsets of
those bundle maps that are fibrewise injective. Then again, taking derivatives at the zero section of A*xv P
yields a simplicial map D, from E-I;l/bao’;(lj P. M), to a semisimplicial set £, whose n-simplices are

_ A" x v, G, A By ¢ € Emby, (P, M)n.
En = 1 1 G e BunInjao(vt, ™™ )ns ,
AN'x P <Ly AMx M Do®G:tan B (tp ® 1) = 0™ (tan B1pg)
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and whose face maps are given by restriction to face strata. The map 7,: E.— ]ﬁfbao(P, M), given by
7(G, ) := ¢ is now a Kan fibration, and 7, o D, =fesp. By a similar argument as in the previous case,
the homotopy fibre of resp is equivalent to the fibre of 7,. Using the canonical identification

(Idan x )*(tan Bpg) = tan Bi¥1py = tan B (p D 1)),

the fibre 771(1) is isomorphic to the semisimplicial subset of BunlInj 9o (i, " Tar: 1dp ), of bundle
maps

CG=Gpn®G, DG, N"xv, > 1A B(tp ®Vv,) = (tAn X P)® (A" x 1p) & (A" x v,)
for which G, is an isomorphism. Thus
F, = BunMapy (v,, Tp;1dp)e x Auty, (v,).,

where the boundary condition on mao (v, Tp;1dp), forces bundle maps to be zero near A® x dg P.
Clearly BunMapj (v,, tp; Idp). is weakly contractible; indeed given an n-cycle G in this semisimplicial
set, a nullhomotopy of G is roughly given by regarding A1 as (A" x [0, 1], A" x {0}) and applying ¢ -G
on A" x {t}, for 0 <t < 1. Therefore |f.| ~ | Auty, (v).| = Auty, (v,), as required. |
Remark 3.4 Proposition 3.3 is false in the topological (and PL) setting. First, a locally flat embedding
12 PP < M4 does not always admit a normal microbundle (see [Rourke and Sanderson 1967]; they do
admit one stably though [Hirsch 1966, Theorem B]). But even if it did, the statement would still not
hold in general: the homotopy fibre of Embggp(f) P M)— Embggp(P, M) is a section space of a bundle
over P whose fibre is the topological group Top(d, p) gﬂlgg)leomorphisms,gf 11%: that fix pointwise
the subspace R? x {0}, whereas the homotopy fibre of Emby, (v P, M) — Emby = (P, M) is a similar
section space, but of a bundle whose fibre is the colimit

Top(d — p) := colim(Top(d. p) =& Top(d + 1. p + 1) = Top(d +2. p +2) =X ...),

The map Top(d, p) — ’fgf)(a’ — p) is not an equivalence. (Crucially, though, the smooth analogues
Od-p)=0(d—-p,0)—---— O(d +n, p+n) are indeed equivalences.)

To see this, consider the case (M, P) = (D%, DP) for p < d — 3. Both EmbTOp(Dp D% and
Emb (DP D) are contractible by the Alexander trick. However, using the topological version of
Theorem A (see Remark 1.4), we will see in Remark 6.3 that the homotopy fibre of the map

T - ~— Top _
Emb, " (D? x D77, D¥) — Emby " (D¢ x D?~7, DY)

is not contractible. In particular, the topological analogue of the square (3-1) cannot possibly be homotopy
cartesian in this case.

3.2 Last ingredients

From now on, let i: P4 < M be a codimension-zero closed embedding that meets 9M transversely
in do P, and denote by p the handle dimension of P relative to do P; we will write M — P instead of
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the isotopy equivalent manifold M — vP to emphasise that P has codimension zero in M. It suffices to
prove Theorem A in this case by Proposition 3.3. We now present the last necessary preliminary results.

3.2.1 Parametrised isotopy extension theorem The parametrised isotopy extension theorem states that
for ¢;: P <> M any continuous family of embeddings parametrised by ¢ € AX (with P compact), there
exists a continuous family of diffeomorphisms {¢; } ,c o« of M (which are the identity away from a compact
set of M) such that ¢9 = Idas and ¢y (o (x)) = ¢, (x) for all (x,7) € P x A¥. Moreover, if K C A¥ is
some contractible subcomplex containing the 0-th vertex and {¢; };ck is another continuous family of
diffeomorphisms of M parametrised by K such that ¢ =Idas and ¢; (¢o(x)) = ¢, (x) forall (x, ) € PxK,
then we can arrange {¢;},cax as above to agree with {¢}};cx on K. A consequence of this fact due to
Palais [1960] (see [Lima 1964] for a simple proof) is that the restriction map Diffy (M) — Emby, (P, M)
is a locally trivial fibre bundle with Diffy(M — P) as fibre. Such a fibration can be delooped to the
homotopy fibre sequence

(3-2) Emby,, (P, M) — BDiffy(M — P) — BDiffy(M),

where the subscript (¢) stands for the union of all the components in Emby, (P, M) that contain embeddings
of the form ¢ o for ¢ € Diffy(M). By replacing P and M in (3-2) by P x I and M x I, and modifying
the boundary conditions, we get a similar homotopy fibre sequence

(3-3) CEmb(P, M) — BC(M — P) — BC(M).

Note that CEmb(M, P) is connected by Hudson’s theorem (Theorem 3.1). Finally, there is a block
analogue of (3-2).

Proposition 3.5 There is a homotopy fibre sequence
(3-4) Emby, () (P, M) — BDiffy(M — P) — BDiffy(M).

Proof There is a right action of the simplicial group lf)\i/ffa(m). on ﬁTffa(M )e; we will write
Diffy(M)./Diffy(M — P). for the simplicial set of (levelwise) cosets of this right action. The geometric
realisation |If)\1ff3 M),/ ]f)\iffa (M — P),| of this simplicial set is homotopy equivalent to the homotopy
fibre of the right map of (3-4), so it suffices to show that the action map

a: Diffy (M), /Diffy(M — P), — Emby, iy (P, M)., []+— o,

is an isomorphism. It is visibly injective, for if ¢ ot = ¥ ot for ¢, ¥ € lﬁa(M)., then Yy lo¢ e
Diffy (M — P). and hence [y/] = [ 0y ~* 0 ] = [¢] in Diffy (M), /Diffy (M — P)..

For surjectivity, let ¢ be some k-simplex in Embao (P, M),. Then there exists some ¢ € D1ff3 (M)
for which ¢ and ¢ ot lie in the same component in Emba0 (P,M),. Then¢' :=¢ logpe Embao (P, M)
and, in fact, we can arrange that its restriction to the O-th vertex ¢;, is ¢ by rechoosing ¢ (if necessary) using
the isotopy extension theorem. Applying the isotopy extension theorem to ¢’ restricted to each of the faces
that contains the 0-th vertex, inductively on the dimension of the face, we obtain some @’ € lSTﬁ“a (M)
such that ®'|ppx = ¢’. Then ®:=¢o P’ € Diffy(M )y, is such that ®|p Ak = @, as desired. O
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Remark 3.6 There also exist topological and PL versions of the isotopy extension theorem (see [Edwards
and Kirby 1971, Corollary 1.4] and [Hudson 1966], respectively). The same proof as above also works in
the topological or PL setting.

Remark 3.7 (speculative) Weiss and Williams [1988, Section 1] point out that an analogue of the
(parametrised) isotopy extension theorem in the bounded setting does not hold (see [Hirsch 1976, Chapter 8,
Exercise 9] for a counterexample in codimension 2). However, we believe that a weaker version of the
theorem should still hold: namely, for V' € J, define the bounded embedding space Embgo (PxV,MxYV)
as in Definition 2.4. Then there should be a homotopy fibre sequence

Embj (P x V.M x V) — E(V) = BDiffy(M = P x V) - B(V) = BDiffy(M x V),

where E(—) and B(—) are as in Notation 2.6. We will not give a proof of this claim, as it seems rather
technical and we will not need it for the argument of Theorem A. The reader may however find it useful
to think of the orthogonal functor F(—) := hofib(E(—) — B(—)) as Embla’0 (L)(P X (=), M x (-)).

3.2.2 Alexander trick-like equivalences For V € 7y, let D(V) C V denote the corresponding closed
unit disk (so that D¥ = D(Rk)). The following is proved in Propositions 1.8, 1.10, and 1.12 of [Weiss
and Williams 1988]. Even though we state it for the orthogonal functor B(—) of Notation 2.6, it of course
holds for E£(—) too.

Proposition 3.8 For V € Jy, the Alexander trick-like map
alex: C(M x D(V)) = QVERpM (1) = QVER (Diffd (M x V @ R)/Ditf5 (M x V))
is a weak equivalence. Moreover, there is a homotopy commutative diagram

C(M x D(V)) —2— C(M x D(V)x D) === C(M x D(V & R))

(3'5) Zlalex Zlalex

Vv

QV@RB(I)(V) Sy N QVGBRZB(l)(V ®R)

where X denotes the usual concordance stabilisation map and sy, is the adjoint of the structure map (2-2)
for the orthogonal spectrum @B = H (M).

We will describe the map “alex” below, but we first discuss this statement and its consequences:

Remark 3.9 Both the domain and codomain of the map “alex” of Proposition 3.8 are group-like [E-spaces;
the former by composition of concordance diffeomorphisms, and the latter by the loop space structure
induced by Q®(—). In Section 5.2, we construct a (nonconnected) delooping of this map; see (5-3).

It seems likely that the homotopy commutative square (3-5) can also be delooped in a similar manner.
Proving this, however, is quite technical and we will not need it in any case. What we will need instead is
the observation that if M is replaced by M x I in Proposition 3.8, the whole statement can be delooped
once with respect to the IE-structures induced by stacking in the I -direction. This is straightforward to
check from the proofs in [Weiss and Williams 1988].
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Remark 3.10 By Proposition 3.8 there is a natural (for codimension-zero embeddings) equivalence
QXM H(M) ~Cc(M) = hocolim C(M x D¥).

As pointed out in Remark 3.9, this equivalence can be delooped once if we replace M by M x I. Moreover,
the (nonequivariant) homotopy types of both H (—) and C(—) are invariant under crossing with /, namely,
there are natural equivalences H(M x I) ~ H (M) (by Lemma 5.15 below) and C(M x [) >~ C(M) (by
definition). By this line of reasoning, we obtain natural equivalences

QFHM)~QH(M xI1)~BC(M x1I)>~ BC(M).

By [Vogell 1985, Proposition 2.1], BC(M) is also naturally equivalent to the basepoint component of the
space of stable /#-cobordisms H (M) of Remark 2.7, and by [Weiss and Williams 1988, Corollary 5.6] and
the s-cobordism theorem, the groups 75 (H (M)) and mo(#H(M)) are both isomorphic to the Whitehead
group Wh(zry M). Since there is a (nonnatural) equivalence of spaces Q> X ~ Qg° X x ;(X), we obtain
the promised equivalence (2-11)

QPH(M) ~H(M).

This, of course, ought to be an equivalence of infinite loop spaces, but that seems to be more difficult
to see. Making the above equivalence natural for codimension-zero embeddings requires establishing
the (nonconnected) delooped analogues of (3-5), using the delooped Alexander trick-like maps (5-3)
constructed in Section 5.2 (which satisfy this naturality by construction). However, this is a rather tedious
task that we do not undertake.

Proof of Proposition 3.8 This is proved in Propositions 1.8 and 1.10 and Lemma 1.12 of [Weiss and
Williams 1988]. Let us just explain how the Alexander trick-like map
alex: C(M x D(V)) — QY ®R(Diff5 (M x V @ R)/Diff5 (M x V))

is defined: given a concordance diffeomorphism ¢: M x D(V) x I = M x D(V) x I, extend it by
Al xpyx{1y X1d[1,+00) o0 M x D(V') X [1, +00) and by the identity elsewhere to obtain a bounded
self-diffeomorphism <;3 of M x V & R; then shift it along V @& R to obtain a (V@R)-fold loop in
Diffg MxVeeR)/ Diffé7 (M x V). We refer to [loc. cit.] for the rest of the proofs. |

Taking fibres of Proposition 3.8 for £(—) and B(—) yields the first part of the analogous result for F(—).
Proposition 3.11 For V € [y, there are weak equivalences
alex: Q CEmb(P x D(V), M x D(V)) = QY FD (),

making the diagram

Q CEmb(P x D(V), M x D(V)) —= Q CEmb(P x D(V ®@R), M x D(V & R))

(3-6) Zl/alex Zl/alex

Vv

QU F(v) v > QUEVER F()(V g R)
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commute up to homotopy, where X is the concordance embedding stabilisation map of Section 1.1.1.
Moreover, if p < d — 3, there is a natural equivalence

(B-7)  Q®(CE(P,M)) = Q®OF V) ~ceémb(P, M) := hocolim CEmb(P x D¥, M x D).

To establish (3-7), we will need the following result, which was suggested to us by Manuel Krannich:

Lemma 3.12 For p <d —3 and d + n > 5, the space ®Fn(1) = F(D(R") is n-connected.
Proof It suffices to show that the map @E,gl) — @B,(,l), call it A, is such that 7, (1) is

(a) surjective if x =n 41,

(b) injective if * = 0, and

(c) an isomorphism if 1 < % <n.
For (a), observe that by Proposition 3.8 Q"1 is, up to equivalence, the natural map of concordance
spaces C(M — P x D") — C(M x D"). By exactness of

70(C(M =P x D)) Zntl B o (C(M x D)) = 7o(CEmb(P x D", M x D)) = x,

where the equality on the right is the statement of Hudson’s theorem (Theorem 3.1), it follows that
n+1(A) is surjective.
For (b) and (c), consider the commutative diagram

Y —* 5 oB"

lstab. lstab.

Qe(zrOEW) 1 Q©(x"eBD)

We claim that the map of (nonconnective) spectra H (M — P) — H (M) underlying 7 is an isomorphism
in 7§ for * < 0; indeed, the inclusion M — P < M is 2-connected and 75 (H (—)) for * < 0 (see (3-9))
only depends on 1 (—) by [Weiss and Williams 1988, Corollary 5.6]. So 7 itself satisfies (b) and (c). By
[loc. cit., Corollary 5.8], both vertical maps are injective in 7 and isomorphisms in 71 <x<, ifd +n>5. O

Proof of Proposition 3.11 It remains to deloop the natural equivalence
QTL(CE(P, M)) ~ QCEMb(P, M)

obtained from the squares (3-6), so as to yield (3-7). We do this as in Remark 3.10.

Both Q% CE(P, M) and CEmb(P, M) are connected under the codimension assumption — the former
by Lemma 3.12 and the latter by Hudson’s theorem (Theorem 3.1). Just like in Remark 3.9, the homotopy
commutative square (3-6) can be delooped if we replace (: P < M by (xIdj: P xI — M xI. Finally, there
are natural equivalences CE(P x I, M x I) ~ CE(P, M) (by Lemma 5.15) and CEmb(P x I, M x I) >~
CEmb(P, M) (by definition). We thus obtain the desired chain of natural equivalences

QPCE(P,M)~Q®CE(PxI,MxI)~CEmb(P xI,M xI)~CEmb(P,M). O
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3.3 The map ®*™ of Theorem A

Recall the map @go of Proposition 2.2 for F'(—). Noting that F(0) >~ Emby, (P, M) by the isotopy
extension sequence (3-2), this map, up to equivalence, takes the form

®L :hofib(Emby, (y (P, M) — F(R™®)) — Q¥ (CE(P, M);c,).

To obtain ®F™, we need to replace F(R*®) by 15,1\11/1)30,<L>(P, M) above (and deal with some path-
component considerations). This turns out to be possible by a principle similar to that of [Weiss and
Williams 1988, Remark 3.5].

Proposition 3.13 There is a map
hofib, (Emby, (P, M) — Emby, (P, M)) — hofib(F(0) — F(R*))

which is an equivalence if d > 5 and d —p > 3. If d = 4 and d — p < 3, the map becomes an equivalence
upon looping once.

Proof First observe that the map
hofib, (Emby, ¢, (P, M) — Emby, (y(P, M)) = hofib,(Emby, (P, M) — Emby, (P, M))

is an inclusion of path components, and it is an equivalence if d — p <3 by Hudson’s theorem (Theorem 3.1).
We obtain a map in the opposite direction by sending every component that is not hit to the basepoint.
Therefore it suffices to construct a homotopy commutative diagram

F(0) —— F(R®) —L— F(R®)

(3-8) zT(3-2) Tj

Embg,, () (P, M) < > Bmby,, (P, M)

where the map j will be an inclusion of path components if d — p <3 and d > 5. (This will be the case
when d = 4 after looping.)

To that end, let Jg denote the underlying ordinary category of the topological category Jo, and write
E (—) and B (—) for the functors jos — Top, given by

E(V):= B|Difts(M — P x V).|, B(V):= B[Diff5(M x V).|.
Set F (-):= hofib(E (-)— B (—)). Then the map i of (3-8) arises as the map on homotopy fibres in

F(R*®) —— E(R®) = BDiff5(M — P x R®) —— B(R®) = BDiff5(M x R*®)

U K K

F(R®) —— E(R®) = BDIff}(M — P x R®) —— B(R*) = BDiffs(M xR®)

The middle and right vertical maps are equivalences by [Weiss and Williams 1988, Theorem B], so i is
too by the five lemma.
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The map j of (3-8) arises as the map on homotopy fibres in

F(R*®) » E(R%) > B(R™®)

i T () i

F(0) ~ Emby, (P, M) —— E(0) = BDiffy(M — P) —— B(0) = BDiffy(M)

Then the square (3-8) is the homotopy fibre of the map between the similar (strictly commutative) squares
associated to £(—) and B(—), and so it is homotopy commutative by construction.
It remains to show that j is an equivalence or, equivalently, that the square (1) is homotopy cartesian.
Write FM (V) := hofib(F (V) — F(V & R)), and similarly for £® (V) and BV (V). In other words,
EDWw):= ﬁ,fgv(@V R Fow) . ﬁfgv(M VOR)
Diff2(M —P x V) Diff2 (M x V)

For a group 7 and an integer j <1, set k; () := 71; (WhP™(B1)). More explicitly,

Whi(r) ifj =1,
(3-9) Kkj () =4 Ko(Zm) if j =0,

Kij(Zm) if j <—1.
It was shown in [Weiss and Williams 1988, Corollary 5.5]— see also [Anderson and Pedersen 1983] —
that, for a certain C,-action on «; (), there are maps for n > 0

Btk (ED(R™)) — Hy(Cosk1—n(m1(M — P))), B (BDR™)) — Hi(Caik1-n (1 (M))),

which, as long as d +n > 5, are injective if * = 0 and isomorphisms if * > 1. Moreover, it is not difficult
to see from its proof that these are compatible, in the sense that the square

7 (ED(RMY) > (B (RM))

| e

H(Ca;k1—n(m1(M — P))) —=— Hi(C2;k1—n(m1(M)))

is commutative. The lower horizontal map is an isomorphism because the fundamental groups of M — P
and M can be identified under the obvious inclusion by the assumption that p < d — 3. Hence, as
FOw) > EOw) > B (V) is a homotopy fibre sequence for all V, it follows that F 1 (R") is
weakly contractible for all n > 0 with d +n > 5. If d > 5, using the homotopy fibre sequences

hofib(F (0) — F (R™)) — hofib(F (0) — F(R"*T1)) - FD(R") ~ x

for n > 0, we must have by induction that hofib(;: F 0) —» F (R°®)) is contractible, i.e., that j is an
inclusion of path components, as desired.
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If d = 4, the argument above shows that FM(R") ~ x for n > 1. We claim further that Q F 1 (0) is
also contractible — if so, looping (3-8) once, we obtain a commutative diagram

QF(0) — 5 QFR®) — L s QF(R®)

2T<3-2> TQJ‘

QEmby, (P, M) < > Q]:E-I\n_l/DaO’(L)(P, M)

where the rightmost vertical map €2 is an inclusion of path components, and hence the conclusion of the
statement would hold after looping once if d — p < 3.

To show that Q F (M (0) ~ x, it suffices to prove that both QE M (0) and QB (M (0) are contractible.
This follows from the block analogue of Proposition 3.8 (whose proof in [Weiss and Williams 1988,
Section 1] applies verbatim in the block setting), which makes the identifications QEMWO)~C(M=P)
and QBM(0) ~ C(M). As the space of block concordances of a manifold C (X) is well-known to be
contractible, the claim follows. O

Definition 3.14 The map ®*™ of Theorem A is the zigzag
hofib, (Emby, (P, M) < Emby, (P, M)) — hofib(F (0) — F(R™)) by Proposition 3.13,

F
Poo, Q®(OF, 1) = 2°(CE(P, M)yc,) by (2-4) and (2-10).

By Proposition 3.13, the first map is an equivalence if d — p > 3 and d > 5 (or d = 4 after looping once).

3.4 Connectivity of the map ®mP

Let d — p > 3. In this section we show that the map ®F™ just defined is ¢pcEmp (M, P)-connected, at
last establishing Theorem A (modulo the proof of Proposition B.1). First assume that d > 5, so that
by Proposition 3.13, the connectivity of ®F™ is that of <I>£o; we show by induction on n > 0 that the
maps CIJ,f of Proposition 2.2 are at least ¢pcgmp(M, P)-connected. Note that this is clear for n = 0, as
both the domain and codomain are contractible.

Suppose now that @5 iS ¢CEmb(M, P)-connected for some n > 0. To show that @5 41 has this
connectivity, it suffices to show that the map stab.: @Fn(l) — Q®°("OF W) of Proposition 2.2 is
(pcEmp(M, P)+n)-connected. But @F,fl) is n-connected by Lemma 3.12 and S"OF M is (n+1)-
connective. So it suffices to show that Q"1 (stab.) is (pcEmb(M, P)—1)-connected. This follows from
the homotopy commutative diagram

Q CEmb(P x D", M x D") —— Q CEmb(P, M)
(3-10) Zlalex zl(3-7)

Qn—H@Fn(l) Q71 (stab.)

Qoo+1 (@F(l))
By definition, the connectivity of the top horizontal map is
¢cEm(M x D", P x D") —1 > ¢cgmp(M, P) —1.
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One obtains the above homotopy commutative diagram from stacking together squares of the form (3-6)
with V = R¥ for k > n. This establishes Theorem A when d > 5.

Now if d = 4, we shall show that Q ®F™ is (¢cgmp (M, P)—1)-connected — this would show that GF™P
is indeed ¢cEmp (M, P)-connected, as both the domain and codomain of the map are connected (the former
by Hudson’s theorem (Theorem 3.1), and the latter as CE(P, M) is 1-connective by Lemma 3.12, and
(—)nc, preserves connectivity). By (3-8), the connectivity of Q@EMP i that of chfo so, just like before,
we need only show that the maps €2 stab.: Q@F,fl) — QtL(="@F W)Y are (¢pcpmp(M, P)+n—1)-
connected for n > 0. When n = 0, this follows from the homotopy commutative diagram (3-10) (for
n = 0), and for n > 1, the same argument as before applies since @Fn(l) 18 indeed n-connected for n > 1
when d > 4. This concludes the proof of Theorem A. |

4 A splitting result for embedding spaces and the Gromoll filtration

In this section we derive, as a consequence of Theorem A, a general splitting result® for embedding
spaces of manifolds with interval factors. This will be used for the splitting part of Theorem B. Later we
discuss consequences for the Gromoll filtration of embedding spaces (see Definition 4.5). Throughout, let
1: PP C M? be as in the statement of Theorem A.

For D(—) any of Diffla’ (—xV)with V € J, liffa(—) or C(—), there are graphing maps

r-QDM)— D(M x 1)

given (roughly) by regarding a 1-parameter family of automorphisms of M as an automorphism of M x [
itself. These are natural with respect to codimension-zero embeddings. Moreover, these maps can be
delooped as, up to homotopy, they intertwine the (group-like) [E;-structures of concatenating loops for
the domain, and stacking automorphisms in the /-direction for the codomain. There are similar maps

4-1) I'QE(P,M)— E(PxI,MxI)

for E(—,—) denoting any of Emby, (—, —), Embg, (—, —), Emb§>) (—, —) (see (1-4)), or CEmb(—, —).
In what follows, we will write I" for any map of this same nature.

Remark 4.1 Most of the functors D(—) and E(—, —) above either admit a point—set topological model
or a simplicial model. In the first case, the graphing maps just introduced are really zigzags of maps

QE(P,M) <> Q<mE(p MYL E(Px1,Mx1),

where, for X a pointed (Fréchet) manifold, here Q°™ X stands for the space of smooth loops y: S — X
which are collared in the sense that there exists some neighbourhood of 1 € S! which is sent by y to the
basepoint in X . The inclusion Q™ E (P, M) < QE(P, M) is an equivalence by smooth approximation
of continuous functions.

SThis should be compared with the analogous result of Burghelea and Lashof [1982, Corollary E].
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In the simplicial case, the graphing maps I' are the geometric realisations of the simplicial maps
Il (QE(P, M)y~ E(P xI,MxI),

that send a g-simplex in (QE (P, M)), (seen as a (g+1)-simplex g € E(P, M), whose 0-th face and vertex
are the basepoint x € E(P, M),) to the g-simplex in E(P x I, M x I'), obtained from g by expanding
out the O-th vertex of A7"! to a g-dimensional simplex (i.e., regarding AT as (A9 x I, A7 x {0})).

In the cases when D(—) or E(—, —) admit both models, one verifies that these two graphing maps
agree up to homotopy. We ignore both of these technicalities in most of what follows.

4.1 Splitting results

Observe that there is a graphing map

4-2) r): QEmb{> (P, M) — Emb{> (P x 1. M x I)
obtained as the homotopy fibre of the ordinary and block graphing maps.

Proposition 4.2 If d — p > 3, then the pseudoisotopy graphing map T'™ of (4-2) is nullhomotopic after
localising away from 2 and taking (pcgmb(d +1, p+1)—1)-th Postnikov sections.

Proof By Proposition 3.3, we may assume that dim P = dim M = d. Then, resembling Notation 2.6,
let QF(—) and FI(—) denote the orthogonal functors given by

QF(V) := Q hofib(BDiff5(M — P x V) — BDiff5(M x V)),
FI(V) := hofib(BDiff5(M — P x I x V) — BDiff5(M x I x V)).

By taking fibres of the (delooped) graphing maps introduced at the beginning of the section, we obtain a
natural transformation I': Q F(—) — FI(—) of orthogonal functors, giving rise to a map of O(1)-spectra
[:0QF)M - OFIM and a commutative diagram

- q)FI f
Emb{) (P x [ M x 1) —= Q®@OFI\ ) —2"% @@eF [V

(4-3) rT r| rT

@QF

~ sy Trf
QEmb (P, M) —=— Q®(O(QF)}0 ;) —3 Q®0(QF)®

where Trfg(1) is the O(1)-transfer map. This map is injective in the homotopy category of infinite
loop spaces at odd primes (it splits the quotient map X — Xjc,). So since <I>£OI iS pcEmp(d+1, p+1)-
connected by Section 3.4 (and thus becomes an equivalence after taking (¢cgmp(d+1, p+1)—1)-th
Postnikov sections), it will suffice to show that the rightmost vertical map in (4-3) is nullhomotopic. By
(3-7), we have that QO (QF)D ~ QcEmb(P, M) and Q®OF I ~ cEmb(P x I, M x I); under
these equivalences, the right vertical map in (4-3) then becomes the graphing map

(4-4) I:QCEMb(P, M) — CEMb(P x I, M x I).
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condordance
g1 c colusm direction
y: St = —-C(M) e C(M)
M 1

UT(y) C(y)

Figure 1: Images of y € QC (M) under the graphing maps I" and UT", and the homotopy between
them. The concordances are equal to the identity on grey shaded regions.

This is because both the concordance stabilisation map and the Alexander trick-like map of Proposition 3.11
that give rise to the previous equivalences commute on the nose with the graphing maps, i.e., the following

diagrams commute:

Q CEmb(P x D", M x D" 1) — Ly CEmb(P x I x D", M x I x D"*1)

dl |

Q CEmb(P x D", M x D") —L 5 CEmb(P x I x D", M x [ x D™)

Q"eQF)VY r s Q"OF IV

alexTZ alexT?

Q CEmb(P x D", M x D) —L— CEmb(P x I x D", M x I x D"

So in order to show that (4-4) is nullhomotopic, it suffices to argue that it is so unstably, i.e., that the

graphing maps
I':QCEmb(P x D", M x D") — CEmb(P x I x D", M x I x D")

are nullhomotopic for all # > 0. Replacing M x D" by M, we may assume n = 0. This claim is a

B

consequence of the following trick, due to Oscar Randal-Williams: there is a “U -shaped graphing map’
UT:Q CEmb(P,M)— CEmb(P xI,M x I),

which is homotopic to the standard I" by pulling down the U -shape to the base of the concordance. This
homotopy is illustrated in Figure 1, where we replace C Emb(—, —) by standard concordances C(—)
because it is easier to depict, but the idea is the same. Observe that, throughout the homotopy, there are no
issues about smoothness in the upper corners because the concordances are equal to the identity near these.
Here we are explicitly using the collared condition imposed by the functor Q°™(—); see Remark 4.1.
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But clearly UT factors through the path space Map(/, CEmb(P, M)), and hence there is a homotopy
commutative diagram

CEmb(P xI,M xI) — CEmb(P xI,M x1I)

%
€V
r ur Map(/, CEmb(P, M)) = CEmb(P, M)
(/
QCEmb(P,M) ——— Q CEmb(P, M) evo=+
which exhibits the leftmost vertical map as nullhomotopic, as desired. a

As a consequence of this proposition, we obtain the following splitting result for embedding spaces:

Theorem 4.3 Let I and J both denote closed intervals. For p <d —3, N := ¢cgmp(d + 1, p+1)—2
and N' := ¢cgmp(d + 2, p + 2) — 1, there are equivalences away from 2

T (QEmby, (PxI, Mx1)) =y TN (QEmby, (Px1. Mx1)xQEmb{(Px1. Mx1)),
T<n'Emby, (P xIxJ,MxIxJ) ~[1] rsN/(ETr\anao(lexJ,MxIxJ)XEmbg(:)(PXIXJ,MxIxJ)).

These splittings are compatible with graphing maps, in the sense that

TN (Q Emb, (Px I, M xI)) ~[1] t<n (Q Emby, (P xI, Mx)xQ Emb{> (Px1, MxI))
< 1 7=

lr lf‘xl"(”)fvfx*

t< Embg, (PxIxJ, MxIxJ)=[] tn (Bmby, (PxI x.J, MxIxJ)xEmbS) (PxIxJ. MxIxJ))

is homotopy commutative. (The homotopy in the rightmost vertical map follows from Proposition 4.2.)

Proof Suppose given a map of fibration sequences

~

F' s E' Py B
S e b2
F s E—L2 4B

such that f is nullhomotopic and b is an equivalence. If §: 2 B — F (and similarly for §") denotes the
connecting map, then it follows that §’ o Qb ~ f 0§ =~ %, and thus Qb lifts, up to homotopy, to a map
5:QB — QE’. Then for (2b)~! any homotopy inverse to Qb, the map o :=50(Qb)"1: QB — QE’ is
a homotopy section of the fibration QF" — QE’ — Q B’ and so provides a splitting QFE’ ~ QB’ x QF’.
This observation, applied to the map of fibre sequences obtained from

Embg’;)(P x I, M x I) —— Emby (P x I, M x ) —— Emby, (P x I, M x I)
F(”)T I‘T sz
QEmb{ (P, M) ———— QEmby, (P, M) ———— Q Emby, (P. M)
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by localising away from 2 and taking Postnikov (N +1)-th sections, yields the first equivalence in the
statement by Proposition 4.2. (Note that, for any space X, we have 1<y (QX) >~ Qr<ny4+1X.)

To obtain the second equivalence, observe that for E(—, —) any of the mapping spaces involved in the
proof of Proposition 4.2, the space E(P x J, M x J) is a group-like topological monoid with respect
to stacking in the J-direction. Then replacing (M, P) by (M x J, P x J), one checks that each of the
steps in the argument of Proposition 4.2 can be delooped with respect to this E-structure. This results in
getting rid of the loopings in the first equivalence of the statement, thus yielding the second one.

For the compatibility part of the statement, note that given a diagram of fibre sequences

F" s E/ £ B
f’T e’T bR
F’ NNy
f:*T e sz
F s E—2 5 B

the splitting of the top fibre sequence (upon looping) provided by the nullhomotopy f’o f >~ f’o* =
is compatible with that of the middle fibre sequence. If, moreover, f’ is nullhomotopic and we have a
homotopy of nullhomotopies of f’o f from f'o f >~ f'ox =xto f'o f ~ %o f = %, then the splitting
of the top fibre sequence induced by f’ ~ x is compatible with that induced by f’o f >~ f/o* = x.
The compatibility part in the statement of the theorem follows from this observation, since it is clear from
construction that the two nullhomotopies of the composition

Q2 CEmb(P, M) — Q CEmb(P x J,M x J) — CEmb(P x I x J,M x I x J)

are themselves homotopic (both come from different deformation retractions of the space I x J). m|
The following result will be used to establish the splitting part of Theorem B:
Corollary 4.4 For2 < p <d —3 and N := ¢cemp(d, p) — 1, there is an equivalence away from 2
1<y Emby(D?, DY) ~11] <y (Emby(D?, DY) x Emby™ (D7, D?)).
For p = 1, this equivalence exists only after looping, i.e.,

Qrey Emby(D', DY) =) Qo (Emby(D', DY) x Emb (D!, D?)).
Proof When p > 2, set (M, P) = (D%~2, DP~2) in the second equivalence of Theorem 4.3. For p = 1,
set (M, P) = (D=1, DY) in the first equivalence of the same theorem. a

4.2 The Gromoll filtration

For n > 5, Gromoll [1966] introduced a descending filtration on the group of exotic (n+1)-spheres
Opt1 = ﬂo(Diffa(Dn)) given by

0=T""10,1; CT"Op41 C---CT'Ops1 CT0n41 = Opiy,
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where T/ @41 is, by definition, the image of the j-th graphing homomorphism
7o(T7): 7 (Diffy (D" 7)) — mo(Diffs(D™)) == Opp1.

When n —m > 3, Budney [2008, Definition 3.7] considered an analogous filtration on the abelian
group mo(Emby (D™, D™)) of isotopy classes of long knots. We will consider an even more general case.

Definition 4.5 Fix 1: P? C M4 as in Theorem A. A homotopy class x € 7y (Emby, (P x D", M x D"))
is said to have Gromoll degree j, for 0 < j <n, if it is in the image of the j-th graphing homomorphism

75 (T7): 704 j (Emby (P x D"/ M x D"~/)) — 71 (Emby, (P x D", M x D"))

but, if j < n, not in the image of the (j +1)-st graphing homomorphism 7 (I'/ *1). We will say the same
for homotopy classes localised away from 2, that is, in the group 7 (Emby, (P x D", M x D"))[5].

As a consequence of Theorem 4.3, we can determine the Gromoll degree of many homotopy classes
away from 2 of the embedding spaces Emby (P x D", M x D").

Corollary 4.6 Let d — p > 3, let k be an integer such that k <2d — p — 6+ n, and set
ji=min(n—1,|32d - p-6+n-k)]).

Then any k -th homotopy class x € my (Emby (P x D™, M x D)) [%] has Gromoll degree either 0 or > j.
Moreover, letting x = (a, b) under the splitting’

i (Emby, (P x D", M x Dn))[%]

== . (Emby, (P x D", M x D"))[ 5] @ m¢(Embg (P x D" M x D"))[3]
of Theorem 4.3:

(1) If a =0, i.e., x is in the image of
nk(Embg:)(P x D", M x D"))[3] = 7k (Emby, (P x D", M x D"))[3].
then the Gromoll degree of x is 0.
@ii) If b = 0, then the Gromoll degree of x is > j.

Proof First note that, by the bound (1-7) of [Goodwillie et al. 2024], we have ¢cgmp(d +71, p+n)—1>
2d — p— 6+ n and that j is the biggest integer < n — 1 such that

k+j=2d—p—6+n—j<¢cem(d+n—jp+n—j)—1
Thus, if 0 < £ < j, it follows by the last part of Theorem 4.3 that the £-th graphing homomorphism

7 (TY): g 40 (Emby, (P x D" 4, M x D" %)) [1] — 7 (Emby, (P x D", M x D™))[1]

7The splitting of homotopy groups also holds when n = 1 and k = 0 since Embgg)(P x D™ M x D") is connected by
Hudson’s theorem (Theorem 3.1).
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is of the form
1d 0 : me1¢ (Emby, (P x D"~ M x D"))[1] @ mp ¢ Bmb$) (P x D"~ M x D"~4))[1]
— i (Emby, (P x D", M x D"))[ 1] @ m (Emb) (P x D", M x D"))[ 1],

;) (@)

It follows that x = (a, b) is in the image of 7% (I'¢) for some 0 < £ < j if and only if this is the case for
£ = j and x = (a, 0). This proves the first assertion of the statement and part (ii).
Part (i) follows from the elementary claim that, given a commutative diagram of groups

0 s A~ B
of 4]

A’ > B’ s C

» > 0

where the top is a short exact sequence and the bottom is only exact at B’, we have that Imi N\Im 8 =0. O

Remark 4.7 We will compare this result to those of Budney [2008] on the Gromoll filtration of
7o(Emby(D?, D?)) in Remark 6.4.

5 Involutions in algebraic K -theory

The aim of this section is to explore the involutions of the C-spectra involved in the statements of
Theorems 1.1 and A, and to express them in terms of simpler and more computable involutions coming
from algebraic K-theory — the main result in this direction is Theorem 5.13, which is further simplified
by Proposition 5.22 in the case of a suspension. This will then be used in Section 6 to study the case
(M, P) = (D%, DP). As we will shortly see in Section 5.1, it will be significantly helpful to invert the
prime 2 in the analysis of these involutions. Let us now introduce the notation that will be relevant in
this section.

Notation 5.1 (i) For M a compact (smooth) manifold and ¢: P C M a compact submanifold, recall from
Notation 2.6 the definitions of the C-spectra H (M), the h-cobordism spectrum of M, and CE(P, M),
the concordance embedding spectrum of 1: P < M. We refer to their involutions by tww, for Weiss
and Williams.

(ii) Given a space X and a spherical fibration & over X equipped with a section, Vogell [1985, p. 300]
defined an involution ¢ on® A (X) by means of Spanier—Whitehead duality with respect to the Thom
spectrum of &; we will write A (X ; £) for the corresponding C,-spectrum. When £ = € := X x S? is the

8Vogell defined ¢ on the A-theory space A(X), but this involution can be upgraded to 4 (X) by specifying it on the
Waldhausen category of retractive spaces over X “with £-duality” and appealing to the definition of algebraic K-theory via the
Se-construction.
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trivial O-dimensional sphere bundle, . fits in a commutative square

X —— A(X) —» WhPT(X)

]
H I= i

X —— A(X) —» WhPT(X)

and hence, on cofibres, induces the dashed vertical arrow — this is an involution on WhP(X), which
we shall also denote by t.. We will refer to 7. as the canonical involution of K-theory, and sometimes
write A (X) and WhP(X) for A (X;€) and WhP (X ; €). We will recall a construction of 7, in terms
of Spanier—Whitehead duality in Section 5.4.

5.1 Homotopy involutions

A homotopy involution t on a space or infinite loop space or spectrum X is a self-map 7: X — X whose
square 72 is homotopic to the identity Idy. In this section we explain why, in the stable setting and once
the prime 2 is inverted, an involution carries the same amount of information as its underlying homotopy
involution. This will be very useful when comparing the C,-spectra H (M) and =~ 'WhP (M ; €); see
Corollary 5.17. Let us fix some notation first.

Notation 5.2 (i) Let C denote any of Top,,, 2°°-Top or Sp, and let X, X’ € C be equipped with homotopy
involutions 7 and 7/, respectively. A map f: X — X’ will be said to be homotopy C,-equivariant, or
Cy-equivariant up to homotopy, if ft~ ' f.If X and X’ can be connected by a zigzag of homotopy
C»-equivariant weak equivalences, we will say that X and X’ are homotopy Cy-equivariantly equivalent
and write

X~ X'

A Cy-equivariant equivalence will always mean a zigzag of weak equivalences which are C,-equivariant.

(i) An H-group (X, u) is a group-like A 3-space (i.e., a homotopy associative H -space such that 7o (X)
is a group with respect to w). Given H -spaces (X, ) and (X', '), a based map f: X — X’ will be said
to be monoidal up to homotopy, or simply an H -map, if the following diagram is homotopy commutative:

Xxx 2 xrxx

lu lu’
x —1 5 x'

An equivalence of H-groups will mean a zigzag of H-maps that are additionally weak equivalences.
In practice, all H-groups we will consider are actually E{-groups (i.e., group-like [E;-spaces), and all
H -maps can be upgraded to [E-maps even though we will not need this.

(iii) Given a C>-object X in an appropriate category, the symbol X ¢, will stand for hocolimpc, X.
In the cases of interest to us and once the prime 2 is inverted, taking homotopy C5-orbits with respect

to a homotopy involution turns out to make sense.
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Proposition 5.3 Let X denote a spectrum or infinite loop space (a.k.a. connective spectrum), and let t be
a homotopy involution on X . Suppose that multiplication by 2 is invertible on X, i.e.,2: X = X is an
equivalence, and define

L1+1) L(1+71) )

X2

E(X, 1) :=hocolim(X 2 -4,

where %(1 + 1) really stands for the zigzag X A+, X <2 X. Then if t is an actual involution on X , there
is a natural equivalence away from 2,

XhCZ 2[ ] E(X, ‘L’).

1
2
Proof Let us assume that X is a Cp-spectrum (the other case is completely analogous). We also assume
that 2 is inverted. Observe now that as ¢ - —((l +1) =3 L(1+1) in Z[C5], the diagram

(1+r) (1+r)

Sl

Xne,

commutes up to homotopy, where ¢: X — Xj,c, = hocolimgc, X is the map on colimits induced
by the inclusion of categories {*} < BC,. We thus obtain a map 7y ): E(X,7) — Xpc,. The
homotopy orbits spectral sequence for X, together with the assumption that 2 is inverted, gives a
natural isomorphism 74 (Xpc,) = Ho(C2; (X)) = m4(X)c,. Also by definition, 7« (E(X, 1)) =
m(% (14+1): 7w (X) > e (X )). Under these identifications, 7« (1(x,)) is the natural isomorphism (away
from 2) sending an element § = %(1 + 1) € T (E(X, 7)) to [B] = [a] € m«(X)c,. So n(x,7) is the
desired equivalence Xjc, (1] E(X, 7). |
Corollary 5.4 Let X and X' be C,-spectra and let the prime 2 be inverted.

(i) If there is a homotopy C,-equivariant equivalence X =~ X', then there is an equivalence of spectra
~ I
XhCZ _[%] thz.

(ii) If there is only a homotopy C5-equivariant equivalence Q2®°X ~ QX' of H -spaces, then we still
have an equivalence of spaces

Qoo(thz) 2[%] QOO(X};CZ).
Proof Let us only deal with (ii) (as (i) is analogous and easier). Assume without loss of generality that

the equivalence Q®X ~ Q> X’ of H-spaces is induced by a single homotopy C;-equivariant H -map
g: QX = Q% X’. Then the diagram of spaces

la+o Qo x La+o

QXX
Zl/g Zlg
Qoo yr 20H7 2(1—}-1”) Qoo yr 20T 2(1—{-'1:’)
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commutes up to homotopy, where t and 7’ are the involutions of X and X', respectively. Since the
forgetful map from infinite loop spaces to spaces preserves directed colimits, the diagram above (upon
taking horizontal colimits) induces an equivalence of spaces

E(Q®X, 1)~ E(Q®X', 7).
The claim now follows from Proposition 5.3 and because the natural map (2*°X),c, — Q% (Xpc,)
is an equivalence away from 2 (this is a consequence of the homotopy orbits spectral sequence). a

Remark 5.5 The upshot of part (ii) of the previous corollary is that, given a Cy-spectrum X that
is local away from 2, the homotopy type of Q2°°(X}c,) as a space is completely determined by the
homotopy type of the space 2°°X and the homotopy classes of the maps 7: 2*°X — QX and
+:QPX x QXX - Q®X.

The following result, though unrelated to what has been discussed so far in this section, will be useful
later on. Given an E-space X, we will write X°P for X equipped with the opposite E;-structure. An
anti-involution t on an E-space X is an E1-map t: X — X°P whose square equals the identity of X
(noting that (X °P)°P =~ X'). Up to equivalence, there is a standard way of delooping such an anti-involution.

Lemma 5.6 Let X be an £ -space. There is a natural equivalence
t: B(X?) ~ BX
such that, for any anti-involution t on X, the composition
Bt: BX B% B(X°P) ~ BX
is an involution on BX .

Proof For each k > 0, the map E;(k) — mo(E1(k)) is an equivalence, and hence there is a natural
zigzag of equivalences of [E;-algebras

B(T[()(El),El,X) <~ B(El,El,X) :>X

But the [E-structure on the left-hand side factors through the associative operad Ass := mo(Eq), so
for simplicity, we may assume that X is strictly associative. The equivalence ¢ is then induced on the
realisation of the nerve N, X by the maps

XIx AN — XTx AN, (x1,....xg,7) > (Xq,...,x1,DPy(r)),

where ®,: A7 = A? is the linear homeomorphism induced by reversing the order of the vertices. It is
easy to check that the map Bt indeed defines an involution on BX. O

5.2 From the h-cobordism spectrum to spaces of /i-cobordisms

All throughout this section, assume that d = dim M > 5; this condition will not be a problem later,
as all of the results in this section will be used only once our original manifold M has been stabilised
sufficiently many times.
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We now recall Vogell’s model [1985, p. 296] for spaces of h-cobordisms. A partition of a manifold M ¢
is a triple (W, F, V'), where W is a codimension-zero submanifold of M x [—1, 1], V is the closure of
the complement of W, and F 4 .= W N V. For technical reasons, we require F to be standard near
dM x[—1, 1], and that it intersects it in dM x {0}. Let H(M), denote the simplicial set whose p-simplices
are (locally trivial smooth) families of partitions of M parametrised by A? such that W is an /i-cobordism
from M x {—1} x A to F. Set H(M) := |H(M),| and write H*(M) C H(M) for the connected
component containing the trivial partition * = (M x [—1,0], M x {0}, M x [0, 1]). There is a canonical

involution tg given by turning partitions upside down. Namely
g HM) - HM), p=W,F,V)—p*:=WV* F* W"),

where W*, F*, and V* are respectively the images of W, F, and V under the reflection r = Idps x —1.
For the smooth case, we will also need a small variant of this s-cobordism space, denoted by Hco (M),
a point of which consists of a partition p = (W, F, V) € H(M) together with a bicollar of F for W
and V which is standard near dM x [—1, 1]. The forgetful map Ho (M) — H(M) is a weak equivalence
by the contractibility of the space of collars. In this section we construct a homotopy C»-equivariant
(¢(d)+1)-connected map

(5-1) alex: HM) — Q°H (M)
which generalises the map B(alex) of Proposition 3.8. We first recall an important construction.

5.2.1 The geometric Eilenberg swindle An A-cobordism W: M & M’ induces a unique (up to
contractible choice) bounded diffeomorphism

(5-2) ESyw:M xR~ M'xR

as follows: choose embeddings i,: W <> M x I rel M x {0} and ig: W < M’ x I rel M’ x {1}. Both of
these embeddings are unique up to isotopy, for given another such embedding i/.: W < M x I rel M x{0},
the embeddings Id_w Uy i, and Id_y Upy i), where —W: M’ & M is an inverse of W, are isotopic
by the contractibility of the space of collars. But then, so are Idwu,,,—w Upy ir and Idwy,,,—w Upr i I,
and these in turn are isotopic to i, and i/ (rel M) by choosing an identification W Upsr —W = M x I.
Similarly for 7.

Now write V, := M x I —i,(W)and V;:= M’ x I —i;(W); both of these manifolds are /-cobordisms
MM , and in fact they are diffeomorphic relative to both ends since

Ve ViU M xT =V,Uy WUpp Ve =M x T Uppr Vo=V, tel M'UM.
Then the Eilenberg swindle diffeomorphism ESy is given by the composition
ESw:M xR =---Up V, Upyy WUppr Ve Upgeoo -+ Uppr Ve Upg W Upp Ve Upg --- = M xR,
Clearly, by construction, ESy is bounded by 1 and unique up to contractible choice.
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5.2.2 The map (5-1) Fix an embedding M4 C RV € R™ and recall that BDiffy(M) admits a model
as the moduli space of manifolds embedded in R® which are abstractly diffeomorphic to M relative to
the boundary dM . Similarly B Diff’g (M x R) is the moduli space of manifolds embedded in R*® x R
which are abstractly diffeomorphic to M x R C R* x R boundedly with respect to the R-direction and
relative to the boundary dM x R (this is proved in Section B.2). For the remainder of this section, we will
denote by R the bounded direction, i.e., the last coordinate in R® x R =: R®® x R. There is a natural
map — x R: BDiffy(M) — BDiffé7 (M xR) given by sending a manifold N CR* to N xR C R® x R.
In fact, in light of (5-2), this map extends to
—xR: ]_[ BDiffy(M') — BDiffla’(M xR), N+ N xR,
(M']
where the coproduct in the domain runs over all diffeomorphism classes of manifolds M’ with boundary

dM that are h-cobordant to M rel dM . The map — x R is the value of the morphism 0 — R in Jo under

1121y BDiffa(M") if V=0,

E: T ’ § V)=
Jo — Top, V) {B(V) = BDiffg(M x V) otherwise.

Clearly B is an orthogonal functor, and we will write H (M) for its first derivative, which is canonically
equivalent to H (M). The Alexander trick-like map (5-1) will factor through H (M)o — Q®°H (M) ~
Q®H(M).

Suppose we are given some partition p = (W, F, V) € H(M) of M x [—1,1] C RY xR. Then W is

an h-cobordism from M to F rel boundary, and so the manifold F € RV x R c R gives rise to a point
in BDiffy(F) C B (0); more precisely, the image of the embedding

ips FCMxICRN xR=RNTI cR®

is a point in BDiffy(F), where the isomorphism RY x R =~ RV *1 identifies R with the last coordinate
in R¥*+1. We now construct a point in BDiffé,7 (M x R) by extending W towards infinity. Consider the
embedding of F x [0, 1] into RY x R x R given by

R: F x[0,1] — RY xR xR, (x,1) e+ (Idgy X Q_zs/2)(x —e),
where Qg: R xR =~ R x R is the rotation matrix
(cos 6 —sin 0)
sinf cosf)’
and e denotes the unit-length vector in R. Write r := R|px1}: F — RN+1 % {L} and consider

r(x)+(I—=t)-eyy1+@—1)-e iftell,2],

S:Fx[1,+oo)<—>]RN+1xR, (x,t) > ]
r(x)—ey+1+(—1)-¢e ift > 2.

Finally consider the region D C R x R given by tuples (1, v) with
u>0, u<2—v, andif0<u <1, thenu <(1—(v—1)3)"2
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)
E Il
=
b4
|7

R(F x[0,1]) S(F x[1,00))

Figure 2: The topological manifold a(p) for p € HS(M).

Then we define a topological manifold d(p) € RV *1 x R, depicted in Figure 2, by
a(p) ;=M x {0} x (—oox —1JUW U R(F x[0,1]) US(F x[1,+00)) UdM x D.

Now if p is a collared partition, i.e., a point in H*

o1(M), one can use the collar of F to smooth out

the corners of the topological manifold @(p), and thus obtain a smooth manifold d(p) C R¥+1 xR
with the same boundary as M x R and which is boundedly diffeomorphic to M x R relative to the
boundary by a one-sided Eilenberg swindle argument. This construction can be done simplexwise in
Heo (M), ~ H(M),, and so up to weak equivalence gives rise to an Alexander trick-like map

alex: HM) = H(M)o := hoﬁb( [ | BDifty(M’) — BDifth (M x R)),
[M]
(5-3) M xR ift = —o0,
p=W,F, V) |i,(F),yw:[—00,00] 3t qa(p)—t-e if —oco<t <400, ]|,
ip(F)xR ift=+o0,

where we can regard the path yy as a 1-simplex in BDiffg(M xR), from M xR to F xR. Then (5-1) is
alex: H(M) 25 H(M)o — Q®H (M) ~ Q®°H (M)
Proposition 5.7 The map (5-3) is indeed an equivalence. Therefore (5-1) is (¢(d)+1)-connected.

Proof Noting the equivalence H*(M) >~ BC(M)—see [Vogell 1985, Proposition 2.1]— the map
(5-3) is, up to homotopy, a (nonconnected) delooping of the Alexander trick-like equivalence C (M) ~
SZ(Diffé7 (M x R)/Diff(M)) of [Weiss and Williams 1988, Proposition 1.10], and therefore it is an
equivalence on basepoint components.

Given a diffeomorphism class [M '] of manifolds /-cobordant to M (rel boundary), denote by H(M, M)
the collection of path components in H (M) consisting of (collared) partitions p = (W, F, V) with F € [M].
A choice of basepoint pg = (Wy, Fy, Vo) € H(M, M’), a bicollar ¢g: Fy x [—€,€] < M x [—1, 1], and
a diffeomorphism ¢o: M’ = F gives rise to an equivalence H(M’, M) = H(M, M’) which sends a
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partition p’ = (W', F’, V') of M’ x [—1, 1] to the partition of M x [—1, 1] whose F-part is the image
of F" under

M x [—1, 1] 222¢ By x [—e, €] <% M x [—1, 1].

By the s-cobordism theorem, a homotopy inverse H(M, M') => H(M', M’) is given by the same kind
of map for a choice of basepoint py, = (Wy, Fy, V) € H(M', M) such that (¢o x Id—,17) (W) is an
h-cobordism starting at Fyy with the same torsion as Vy (the inverse of Wj).

Observe also that the choices (pg, co) and ¢o above give a preferred path in BDiffg (M xR) =
BDiffé7 (M’ xR) from M x R to M’ x R; namely, it is the composition of yw,, as defined in (5-3),
with the mapping cylinder of ¢o x Idg. These preferred paths give rise to the “change of basepoint™
equivalences in the right column of the homotopy commutative diagram

(5-3)

H(M) > hofibyy g (][5 BDiffy(M') — BDiff5(M x R))
I 2
Laey HM. M) [{pr) hofibas/ g (BDiffy(M’) — BDiff§ (M’ x R))

12 I
Liaz77 alex
Ugpeg HM' M) L] > Ly H(M)o

where alex: H(M', M') — H(M')o C H (M) is the restriction to H(M', M’) C H(M’) of the map
(5-3) for M = M’. Moreover if d > 5, this map is an isomorphism in 7¢ (in fact it is an equivalence by
the argument above); indeed, the inverse

o (Diff5 (M’ x R)/Diffy(M")) — wo(H(M', M")) C Wh(M)

sends the coset [¢] of some bounded diffeomorphism ¢ € Diffg7 (M’ x R) —say bounded by % for
simplicity —to a partition of M’ x [—1, 1] whose W -part is the h-cobordism obtained as the region in
M’ x R between M’ x {0} and ¢p(M’ x {1}); see [Weiss and Williams 1988, Corollary 5.4]. It follows
that the lower horizontal map, and hence (5-3), is an isomorphism in . This proves the first claim.
The second claim is a consequence of the fact that H (M)o — Q*H (M) is (¢(d)+1)-connected;
indeed this map is ¢ (d)-connected upon looping once by [loc. cit., Lemma 1.12], and is an isomorphism
in g by the analysis above and [loc. cit., Proposition 1.8 and Corollary 5.3]. a

Proposition 5.8 The map (5-3) is C;-equivariant up to homotopy. Therefore so is (5-1).

Proof We will give an argument only in the topological setting; in the smooth setting one works with
H, (M) instead to smooth out corners, and uses smooth approximations of the continuous functions
that will appear in the proof below. We will however state the argument in the smooth setting to simplify
notation. We will also assume at any point in the argument where it is necessary that a partition (W, F, V')
is equipped with some collar of F in W and V. We adopt the convention that 0o + r = o0 for any
real number 7 € R.
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p=_ W F Vv =Ly FDwy

Yw

Figure 3: Paths yjj, and yy« in B Diffg (M x R). The arrow indicates the direction of the path as
time increases.

The Weiss—Williams involution on H (M) is induced by the identity on ]_[[ m BDiffy(M ") and the
involution U = U* = (Idre % (—=1)r)(U) on BDiffg(M x R). Then for p = (W, F,V) e H*(M),

mww oalex(W, F, V) = (ip(F), yffV), alexotg (W, F, V) = (ip (F*), yy=),

where yy, (¢) := (yw(¢))*. We have depicted the paths yy, and yy+ in Figure 3. We need to find a
path n: [~1, 1] — BDiffz(M) from i (F*) to i,(F) and a homotopy { Hs(—)}-1<s<1 from yy«(-) to
Y (=) such that Hg(—o00) = M xR and Hg(+00) = n(s) xR for all s € [-1, 1].

For 7, we use the last two coordinates in RY *2 to do a half rotation of that plane. More explicitly,
n(s) ;= (Idgny X Qr.(s+1)/2)((p(F)), where Q: R? 2~ R? is as before.

View R as R x {0} C R*° x R and write N := Use[—l,l] n(s) +s-e. For X C R*® xR, write
X|[q,p) for X N (R® X [a, D]). Then consider the compact manifold

Up:=(a(p™)|=1,21—=3-€) UN U ((d(p)|[=1,2D™ +3-¢)

depicted in Figure 4. Using the contractibility of Emby(F* x [-3, 3], R®® x [—3, 3]), we obtain a path
from Up\(V—*UW*) (the green part in Figure 4) to a scaled (im_%—directiMSion of the bicollar
of F* in W* and V*. Rescaling this bicollar back to normal whilst dragging V* and W* in the process,
we obtain a path ¥ from U, to M x [—4,4] =M x [—4,—-1]UV*UW* UM x[1, 4] in the moduli space
of manifolds inside RV +2 x [—4, 4mh are diffeomorphic to M x [—4, 4]Etive to its boundary
M x {—4}U M x [—4,4]U M x {4}. -

We now describeMmotopyH{s (—)}—1<s<1. Fix some homeomorphism /: [—-1, 1] = [—o0, +00],
and assume that the path ¢ from M x [—4,4] to U, just described is parametrised by [—oc0, +-00].
Then Hg(—) is the concatenation of two paths H. S(l)(—) and H s(2) (=) in BDiffg (M x R): The path
Hs(l)(—) performs ¥ (—) on M x [—4,4]+1(s)-e C M xR (if s = +1, Hs(l)(—) is constant on M x R).

The path Hs(z)(—) starts at Hs(l)(—i—oo), and sends Hs(l)(+oo)|(_oo’l(s)+s] and Hs(l)(+oo)|[l(s)+s’+oo)
RN+2

x £00, respectively, extending by H s(l)(+oo)| I(s)+s times an interval of diverging

length. The resulting paths Hi1(—) = Hill) (-)- Hfl) (—) are reparametrisations of yy= and yp=*

towards
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4 1 1 4
y
AP 121 -3¢ N (@)l-12)* +3-¢

Figure 4: The manifold U,. Proceed with caution: the part of the picture corresponding to N
takes place in an extra dimension that we are unable to depict accurately.

(the reparametrisations only depend on our choice of homeomorphism /: [—1, 1] = [—o0, +00] and the
parametrisation of the path ¥/). Thus n and H give rise to the required homotopy tww oalex >~ alexotg. O
Corollary 5.9 The Weiss—Williams involution on wy(H (M) = mo(H(M)) = Wh(m1 M) corresponds
to the rule k — (—1)?~ 1%, where (—) is Milnor’s involution [1966] on Wh(zr; (M) (see Warning 5.21).
Proof The isomorphism o(H(M)) = Wh(zr; M) sends the class [p] of a partition p = (W, F, V) to
the Whitehead torsion (W, M) of W with respect to M. The claim follows from Proposition 5.8, the
duality formula of [Milnor 1966, Section 10], and the fact that, upon identifying 11 M = m{W = m F,
we have t(V, F) = —t(W, M); see [Milnor 1966, Lemma 7.8]. |

Recall that HS(M) ~ BC(M). Now if P C M is a codimension-zero embedding and p < d — 3
(in the notation of Theorem A), then CEmb(P, M) >~ hofib(H*(M — P) — H*(M)) by the isotopy
extension sequence (3-3), and therefore CEmb(P, M) inherits an involution tg up to weak equivalence.
The map (5-3) is functorial with respect to codimension-zero embeddings, so the following diagram is

commutative:
HS(M —P) = H(M—P)y — Q®(H (M — P))

| x x

H* (M) —%— H(M)o —— Q(H(M))
Corollary 5.10 The vertical homotopy fibre of the horizontal compositions in (5-4) gives a map
alex: CEmb(P, M) — Q*°(CE(P, M))

which is ¢cgmb(d, p)-connected and C;-equivariant up to homotopy.

Proof The connectivity of this map is the content of Proposition 3.11. It is homotopy C;-equivariant since
both alex: H(M) — Q°°(H (M)) and alex: H(M — P) — Q®(H (M — P)) are by Proposition 5.8. O
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Warning 5.11 There is a canonical involution (¢ in the concordance space C(M) given by turning a
concordance upside down and precomposing by the inverse of the top diffeomorphism; see, e.g., [Vogell
1985, p. 296]. The restriction map C(M) — CEmb(P, M) is not C,-equivariant with respect to (¢
and (g —rather, it is antiequivariant. This may seem to contradict [Vogell 1985, Proposition 2.2], but what
Vogell really proves there is that there is a homotopy C-equivariant equivalence C(M) ~ QCH(M) :=
Map, (89, H(M)), where we recall S stands for the representation sphere of the 1-dimensional sign
representation o. This is due to an extra flip in the loop component that he introduces at the end of the
proof of the proposition.

5.3 From h-cobordism spaces back to A -theory

Given a spherical fibration & over M equipped with a section, fibrewise smashing a retractive space
over M with & gives rise to a functor —-&: A (M) — A (M) which, by [Vogell 1985, Proposition 2.5],
makes the diagram

AM) — A(M)

(5-5) I

A(M)

homotopy commutative, where € := €® = M x S is the trivial 0-dimensional sphere bundle over M. When
£ =€ =M x S is the trivial d-spherical fibration, — - £ corresponds to Zfl (—):AM)—> A(M), the
d-fold fibrewise suspension over M ; see [Vogell 1985, p. 281]. By the additivity theorem of [Waldhausen
1985, Proposition 1.6.2] applied to the Waldhausen category of retractive spaces over M, it follows
that E%,I acts (up to homotopy) as (—1)¢ on A (M), and thus by (5-5),

(5-6) E=MxS? = AM;£)~ STV AAM;e).
Vogell [1985, p. 299] also introduced a model for the homotopy fibre sequence
-7 HM)— O+ M — AM) := QP A(M)

of the parametrised /s-cobordism theorem of Waldhausen, Jahren, and Rognes [Waldhausen et al. 2013]
(see Remark 5.12), and equipped each of the terms in the sequence with compatible homotopy involutions.
The one on H (M) is compatible with 1z on H(M) C H(M).

Remark 5.12 Vogell’s work precedes (by more than 25 years) that of Waldhausen, Jahren, and Rognes,
so let us explain how both fit together. Vogell [1985, p. 299] presents a commutative square with
compatible homotopy involutions in each of the terms, and this square is equivalent to the one considered
by Waldhausen [1982, p. 8] in his “manifold approach” paper. This latter square is, up to equivalence, of

the form
HM) — Q

l l

s A
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for some spaces Q and A, and the goal of that paper was to argue that (i) the square becomes homotopy
cartesian upon plus-constructing the vertical right map, and (ii) that AT ~ A(M); these are, respectively,
Propositions 5.5 and 5.4 in [Waldhausen 1982]. While (ii) was fully proved there, only an outline of the
argument for (i) was provided, with forward references to a preliminary version of [Waldhausen et al. 2013].

As stated at the very end of page 22 in [loc. cit.], the square considered by Waldhausen (after
plus-constructing the vertical right arrow) is equivalent to the homotopy cartesian square of [loc. cit.,
Proposition 1.4.8], which in turn is equivalent to one giving rise to the fibre sequence (5-7).

All of the above takes place in the PL-setting, but as explained in [loc. cit., pages 15-16], these
arguments also deal with the remaining categories Top and Diff.

Going back to Vogell’s work, his homotopy involution® T on A(M) is further showed in [Vogell 1985,
Corollary 2.10] to agree up to equivalence with the involution ¢ when § is the d-spherical fibration
associated to the once-stabilised tangent bundle TM @ €' of M 4.

The upshot of this discussion then is that when M ¥ is stably parallelisable, the Weiss—Williams
involution is compatible with (=%, in the following sense:

Theorem 5.13 If M is stably parallelisable, then there is an equivalence away from two
Q2 (H (M)hc,) =17 Q% ((SO™D™T AWRPT(M: €))c,).
Remark 5.14 Though it probably is, we do not claim the equivalence above is one of infinite loop spaces.
We will need the a few preliminary results for the proof of Theorem 5.13.
Lemma 5.15 For each k > 0, there is a natural C,-equivariant equivalence of spectra
(5-8) e: H(M x I¥) ~ s*©@=D A\ H(M)
such that the following square is homotopy commutative:
H(M xI*) ——— S ' AHM x I¥71)
ek U SO neg—y

——— SFO"DAH (M)

Sk@=D A H(M)

Proof Set eg = Idg (pr). By inductively defining e to fit in the commutative square above, we may
assume that k = 1. Recall R%? := R? @ b - ¢, and for any orthogonal functor F(—) let C, = O(1) act on
F(R*?) by the induced action. Finally let B(—) := BDiff5 (M x(—)) and BI(—) := BDiff5(M x I x(-)).
The Alexander trick-like map of [Weiss and Williams 1988, Proposition 1.5] is a C»-equivariant map

alex: Diff5 (M x I x R%?) = QDiff§ (M x R*T1:0),

9Vogell refers to T as a weak involution in the sense that it is a homotopy involution when restricted to “any compactum” (see
[Vogell 1985, Lemma 2.4]) or, in better words, to each stage of the colimit in [loc. cit., p. 299] modelling A(M).
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Upon delooping, this gives a C»-equivariant equivalence on basepoint components B(alex): BI(R%?) ~
QB(R*T1-0). Writing & for the C»-spectrum whose 7-th space is B! (R"*1) and with stabilisation
maps so,1: S A BW Ry » BRI+ we obtain a Co-equivariant equivalence of spectra

(5-9) B(alex): H(M x I) := ©(BI)V = & := (BORYT1)},-,.

But now the stabilisation map s1,9: S ABMW (R%") — B (R ") = &,,_; induces another C»-equivariant
equivalence of spectra
SUAH(M) = E.

Composing these two equivalences gives the one in the statement. |

Vogell [1985, p. 298] introduced the lower and upper stabilisation maps %y, Xy: HM) — H(M x I).
Roughly, the former sends a partition p = (W, F, V) to (UW),W Ur W, M x I x I \ U(W)), where
U(W) is obtained from W by bending W x I into a U -shape, whilst ¥,, does the same to V' instead of W
(see Figure 7 for a pictorial representation of ;). We will only be interested in the lower stabilisation 3,

which we will denote by ¥ for simplicity. Here’s how it interacts with the /#-cobordism involution ¢ :

Lemma 5.16 Let +; stand for the “stacking in the I -direction” E-algebra structure'® in H(M x I).
Then if J denotes another copy of I,

@ igX+r g >« HM)—> HM x 1),
0) 1(gX? ~X%g: HM)— HM x I x J).
Proof We defer the proof of (a) to Lemma C.1 in Appendix C as it is a bit technical. Note that +; and
:HM x1)— H(M x I x J) are compatible in the sense that
S(p+10)=2Zp+1Zp', p.p' € HM xI).
Then (b) follows from

LHZ2 ad LHEZ +120gl+rZig) > (g X+ Zig)X 4+ EZLH >~ EZLH. O

Proof of Theorem 5.13 We may assume without loss of generality that dim M > 5, for if not replace
itby M xJ 2k for k > 3. The effect this has on both sides of the equivalence in the statement is rather
mild: as there is a homotopy C,-equivariant equivalence S? ~ §2°, it follows by Lemma 5.15 and
Corollary 5.4(i) that there are equivalences of spectra

H(M x J*),c, >~ H(M)ic,.

(S(d+2k)-(o—1)—1 /\WhDiff(M « 12k§€))hcz :[ ] (Sd~(o—1)—1 /\WhDiff(M;e))hCT

(Sl

In the second equivalence we also use that WhP'™(—) and . are homotopy invariants of (—).

10The technical assumption we imposed on a partition p = (W, F, V) € H(M x I) so that the intersection of F with
d(M x I) x[—1,1] is standard and happens exactly at d(M x I') x {0} makes +; well-defined.
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Let k£ > 0 and let £ denote the (d +k)-spherical fibration corresponding to the stable tangent bundle
T(MxI k Y@el. If M (and hence M x I kyis stably parallelisable, the involution (—l)d thris homotopic
to t¢ by (5-6), and by [Vogell 1985, Corollary 2.10] it agrees with T (and hence extends tg). All in all,
we obtain a zigzag of homotopy C,-equivariant maps

Q®°H(M XIk) ((5~51+X) H(M Xlk) Q) Qw(s(d+k)~(a—1)—1 /\WhDiff(M Xlk))
(5-10) 58 12 _ 1R

QOO(Sk'(O—l)AH(M)) QOO(S(d+k)'(O’—l)—1 /\WhDiff(M))

Every space involved in (5-10) is an E-group if k > 1: both H(M x I¥) and Q®°(H (M x I¥)) by
stacking in the first of the / k_coordinates, and the others by their own infinite loop structures.

Claim 1 All of the maps in (5-10) are H -maps if k > 1.

Proof The [E;-algebra structure +; on Q% H (M x I*) is equivalent to any of the other ones coming
from its infinite loop structure. As (5-8) and the right vertical equivalence are infinite loop maps, they
are in particular H-maps. As for (5-1), it is an E-map since (5-3): H(M x I¥) — ﬁ(M x I%)g is (by
construction).

Nonequivariantly, (1) is the composition (1): H(M x [ ky s 1M x I1%) ~ QT IWhP (M x 1F),
where the last equivalence is the stable parametrised /-cobordism theorem of Waldhausen, Jahren, and
Rognes [Waldhausen et al. 2013, Theorem 0.1]. As communicated to us in private by Bjgrn Jahren and
John Rognes, such equivalence is only stated to hold in the category of spaces (and not of infinite loop
spaces, though it should definitely also hold there). We now explain why this equivalence is one of
H -groups (which is the general consensus, but we couldn’t find it written down anywhere): again assume
k = 1. One reduces to the PL-case as in [loc. cit., pages 15-16]. Then if X is a simplicial set such that
| X| >~ M, the equivalence in the PL-setting is induced by a zigzag of equivalences of simplicial sets (see
the left vertical column of [loc. cit., (0.4)])

H(M x I, < - = sCH(X x I),

where sC" (X x 1) is the category (seen as a simplicial set by taking its nerve) of finite!! acyclic cofibrations
X x I — Y together with simple maps over X x /. One can verify that it makes sense to stack in the
I -direction in each of the simplicial sets involved in the zigzag, and that the maps between them respect
this monoidal structure. Let puo: sC*(X x 1) xs@"(X x 1) — s@"(X x I') stand for this monoidal structure,
given explicitly by wuo(Y, Z) := Y xx1 Uxxo Z. There is another monoidal structure w; induced by
the pushout along X x [, i.e., u1(Y,Z) :=Y Uxxs Z. Sliding gives a homotopy between (g and pq:
intuitively, the maps

e sCM(X x 1) x sCH(X x I) — sCM(X x I), (Y.Z)+ Yxxp—r.)YUxxjo.1Z, t€[0,1],

This means that Y is generated by the image of X x I <> ¥ and finitely many simplices.
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constitute the homotopy. More precisely, consider the simplicial category séf’ (X) [Waldhausen et al.
2013, Definition 3.1.1] whose objects in simplicial degree g consist of commutative diagrams

X x M d > Y

where i is an acyclic cofibration and 7 is a Serre fibration. The inclusion sC*(X) — séfl (X) as the
0-simplices is a homotopy equivalence by [loc. cit., Corollary 3.5.2], where a simplicial category is seen
as a bisimplicial set by taking its nerve, and a bisimplicial set as an ordinary simplicial set by taking its
totalisation. The monoidal structures yt; make perfectly good sense in séf’ (X x 1), and one can indeed
define a simplicial homotopy between (g and w1 in this setting resembling the idea above.

But by Proposition 3.1.1 and Theorems 3.1.7 and 3.3.1 of [Waldhausen 1985] (see also [Waldhausen
et al. 2013, p. 5]), for any simplicial set T, there is a zigzag of equivalences connecting |s€h(T)| and
QWhPH(T) := Q>+ (WhP(T)) which is monoidal up to homotopy with respect to 1 in the domain
and the loop structure on the looped Whitehead space. It hence follows that () is indeed a zigzag of
H -maps. O

Claim 2 For each k > 1, the diagram
QOO(SZk-(U—l)/\H(M)) / H(MXIZk) s QOO(S(d+2k)-(O—1)—1/\WhDiff(M))

(5-11) R lzz R
QOO(S(2k+2)'(U—1)/\H(M)) — H(MX12k+2) - Qoo(S(d+2k+2)~(0—1)—1/\WhDiff(M))

is homotopy commutative, where the rows are the zigzags (5-10) and the vertical external maps are
induced by the homotopy C,-equivariant equivalence S® ~ SZ©@—1).

Proof The right-hand square is clearly commutative, for both right horizontal maps factor through H(M).
For the commutativity of the left one, by Lemma 5.15 it suffices to argue that the square

H(M x 1%%) —2% 5 Q©H (M x 1%)
(5-12) lz el ]2
H(M x 12k+1) ﬂ) Q®°H (M x [2k+1)
homotopy commutes (nonequivariantly).!? Recall that the map ey, nonequivariantly, is induced by the

zigzags
H(M x %), 55 QH(M x 1?%),11 & H(M x 12K+,

12Homotopy C;-equivariant maps that are homotopic (as ordinary maps) induce the same morphism in the homotopy category
of Cy-spaces.
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where sV is the (adjoint to the) structure map of H (M x I2K). Since (5-12) is a diagram of E;-groups

IZk

by stacking in the first of the -coordinates, it suffices to provide a homotopy for the diagram

(5-3)

HS(M x I2%K) » H(M x 12k),

= I
HS(M x 12k+1y 530 g 5 12k+1) ) A o gy x 12,

As in Remark 3.9, such homotopy is obtained by delooping (with respect to stacking in the second of the

12k _coordinates) the diagram (3-5) of Proposition 3.8. a

Clearly X2 is an H-map and also homotopy C,-equivariant (with respect to (z7) by Lemma 5.16(b).
Therefore by Claim 1, all of the maps involved in (5-11) are H-maps and homotopy C»-equivariant.
Taking the homotopy colimit as k — 0o, we obtain a homotopy C»-equivariant zigzag

(5-13) QX H (M) & hocolim H(M x 1%%) = Qo4 @=D=1 x whP(pr))

of H-maps. The connectivity of, say, the upper horizontal maps in (5-11) is ¢ (d + 2k) = %(d + 2k)
by Igusa’s theorem and, as this lower bound increases linearly with k, the horizontal maps in (5-13) are
indeed equivalences. The equivalence in the statement now follows by Corollary 5.4(ii) applied to (5-13),
and because taking homotopy C»-orbits commutes up to equivalence with 2°°(—) if 2 is inverted (as in
Corollary 5.4). O

Corollary 5.17 If M is stably parallelisable and P C M is a codimension-zero submanifold with
p <d —3 (in the notation of Theorem A), then there is an equivalence away from 2,

Q®(CE(P, M)hc,) =[] @F((ST™V2 AWRPT(M, M — P o)),

where WhPT(M, M — P €) stands for the homotopy cofibre of WhP (M — P:¢) — WhPT(M ; ¢).

Proof Note that M — P is stably parallelisable because M is. The zigzag (5-13) is functorial with
respect to codimension-zero embeddings of stably parallelisable manifolds, and hence taking homotopy
fibres in the map from (5-13) with M replaced by M — P to (5-13) itself, we obtain another homotopy
C»-equivariant zigzag of equivalences

QP CE(P, M) & hocolim CEmb(P x 1%k, M x 1%¢) = Q°($4 002 A\ WhP' (M, M — P)).
The same line of reasoning as before yields the desired result. |

5.4 The canonical involution in algebraic K -theory

We now define the canonical involution ¢ on A(X), for X based, and relate it to an involution in the
model of A-theory via “spaces of matrices with values in the ring up to homotopy” Q4+ Q2 X [Waldhausen
1985, Section 2.2]. Throughout, let G := GX denote the topological monoid of Moore loops on X, and
write S[G] for the E-ring spectrum S A G 4.
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We work over the oo-category Modgjg) of right S[G]-module spectra; we also write s;gjMod for the
oo-category of left S[G]-modules. Then for m > 1, if Autg (@m S[G]) denotes the homotopy invertible
components of the mapping space Mods|g] (EB'" S[G], ™ S[G]), Waldhausen [1985, Theorem 2.2.1]
showed that for X connected, there is a natural equivalence

m +
(5-14) A(X) = Z x hocolim B Autg (@ S[G]) .

In order to define t., we will introduce compatible anti-involutions on Autg (@m S[G]) defined in terms
of Spanier—Whitehead duality. As S[G] is not commutative, this duality really arises as an instance of a
duality in the symmetric closed bicategory Bimodg of bimodule spectra, in the sense of May and Sigurdsson
[2006, Section 16.4]. This duality coincides with the one considered by Vogell [1985, Section 1].

Remark 5.18 We can safely import the duality theory of May and Sigurdsson [2006]: even though it is
developed only 2-categorically, and Bimodg (aka the Morita category of the sphere spectrum [Haugseng
2017]) is an (oo, 2)-category, the arguments that rely on duality only involve the homotopy 2-category
Ho, (Bimods), which is symmetric closed in the sense of [May and Sigurdsson 2006, Definitions 16.2.1
and 16.3.1].

First observe that a right S[G]-module M can always be regarded as a left S[G]-module by
S[G]® M 22 M ® S[G] 8™, i & S[G®] = M & S[G] X5 M,

where “inv” stands for inversion in the monoid G — write M, for this left S[G]-module. Here ® = ®g
stands for the usual smash product of spectra. Note also that

s(giMod(My, My) ~ Mods[g](M, M)
as [E-algebras. If v:S — S[G]; denotes the unit, consider the map of spectra
ni:S ~ S[G] ®s[g] S 2> S[G] ®s(61 S[Ge
and the map of (S[G], S[G])-bimodules
I:S[G]; ® S[G] ™8L, S[G] ® S[G] 2 S[G].

Then (11, 1) exhibits (S[G], S[G]¢) as a dual pair in the sense of Definition 16.4.1 of [May and Sigurdsson
2006] by Example 16.4.313 of [loc. cit.]. More generally, the map of spectra

MY U NLILIN P sG] ®sia) SIGe = €P SIG] ®s(a (@ S[G])e

i,j=1 j=1 i=1
13This example is really concerned with ordinary rings and modules, but the same argument applies to bimodule spectra.
Moreover, it really shows that S[G], as a right S[G]-module, is left dual to S[G] as a left S[G]-module. We have identified the
latter with S[G], via the isomorphism of left S[G]-modules inv: S[G], = S[G].
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together with the map of (S[G], S[G])-bimodules

Ini (D 5161),® B 5161= B S(Gl @161 ZLL 5[G],

i=1 j=1 i,j=1
exhibit (EBm S[G])K as a right dual to @™ S[G]. (This pretty much follows from (S[G], S[G];) being a
dual pair.) Therefore, by [loc. cit., Proposition 16.4.9], I, induces an equivalence of left S[G]-modules

It (D5161), ~ Dy (©S[61) := Homg(q) (B S[G1. S[G1).

where Homg|g denotes the right S[G]-linear mapping spectrum.
With (5-14) and Lemma 5.6 in mind, the involution 7 on A(X;¢) is then induced by the map of
[E;-algebras

6-15) Aug(@5(61) 25 ¢ au(D, (B5161))" £ 6 au((Bs(01), )" = Aug (Bsi6)"

where [ stands for conjugation with the equivalence I . It will be convenient to think of (5-15) in the
following way: Let GL,,(Q+G) denote the union of path components in (Q +G)™ ™ in the image of
Autg (™ S[G]) under the natural equivalence

u:Modsig) (@ S[G1. BS[61) = Modsi) (D SIG1.TSIG]) = Sp(S. SG)™™ = (04.G)™".

where Sp >~ Modg stands for the oco-category of spectra. So u: Autg (EBm S[G]) ~ GL,,(Q+G) and,
just as in standard linear algebra, under this equivalence the anti-involution (5-15) corresponds to the rule
that sends a matrix A to its conjugate transpose AT (conjugate with respect to inversion of G in S[G]).
More precisely:

Proposition 5.19 Write Endg (@™ S[G]) := Modsg1(D™ SIG]. @™ S[G]) with the action of the
cyclic group Cy,, by conjugation with the permutation automorphisms of @™ S[G]. Let Cy, act similarly
on (Q4+G)™ ™ by conjugation. Then the following square is commutative in the homotopy category of
Cyn,-spaces:

Endg (™ S[G]) = Endg (™ S[G))

5-16) Ju Ju
l/n'lX}’n T l/n‘l)(f’n
(0+G) —— (0+G)

Remark 5.20 Passing to the homotopy invertible components in (5-16), we obtain a commutative square
in the homotopy category of C,-spaces:

Autg (P S[G]) "= Autg (D™ S[G)

! o

GLn(04+G) ——— GLn(04G)
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We have suppressed the (—)°P in the codomain of the map (5-15) in the previous squares to emphasise
that such squares take place in the homotopy category of Cy,-spaces, and not that of [E;-spaces.

Proof of Proposition 5.19 First note that all the maps involved in (5-16) are indeed C,,-maps: the only
one that is not obviously so is (5-15), but this follows from the observation that I, is Cy,-equivariant for
the diagonal action on the domain and the trivial action on the target. Note also that the C,,-action on
(Q4+G)™* ™ restricts to a cofree Cy,-action on each of the right C,,-cosets of the diagonal subspace, and
hence (Q+G)™™ =TT" coIndSm 0+G as a Cy;-space. Thus, in order to show that (5-16) commutes
in the homotopy category of C,,-spaces, it suffices to prove that it commutes in the homotopy category of
spaces after postcomposing it with the map

(046" =TcolndS" 0,G 1 0+G

that records the first column of a matrix.
Given an endomorphism 4 of @™ S[G], the m xm matrix u(h) = (h;;) € GL; (Q+G) has components

hij:S 5 S[G] 2 @ S[G] % B S[G] 2 S[G].
k=1 k=1
Slightly abusing the notation, we will write 7 to mean (5-15). Then we must only check that 7 (h);; is
homotopic to ]’_lj i, coherently in /& (and for j = 1, though it is still true for all j of course). Observe now
that (—)¢: Mods[g] — s[g]Mod is a functor over Sp, and hence the last equivalence in (5-15) happens
over the automorphism space of @™ S[G] as a regular spectrum. Consequently, ¢ (h);; is by definition
the top horizontal composition in the diagram of spectra

s — S[Glq " @y, SIG —— < @y, SIG > SIG
4 ¢|inv inv |
S#/G] (*1) ¢ im (*2) ¢ im (*3) SL]

MS[G](g[G]v S[G) 2 Homg;6y(@" S[G]. SIG) > Homs;6y(@" SIG]. SG1) —> MS[G](g[G]v SIG])
On the other hand, one recognises the composite that goes through the bottom row to be h ji. Note that
the left triangle is commutative, and that the square (%) is too by definition of t.(%). Moreover, (*1)
and (*3) do not depend on /; we must then argue that (x1) and (*3) are commutative up to homotopy.

For the commutativity of (1), first observe that the left vertical composite equivalence of (1) coincides
up to homotopy with the equivalence of left S[G]-modules 71: S[G]; ~ Homg[1(S[G], S[G]). This is
because, under the usual tensor—hom adjunction, both maps represent the same element in

70 (s161Mod(S[G]¢. Homg61(S[G]. S[G]))) = mo(s[61Mods|61(S[Ge ® S[G]. S[G]))

by definition of /7. But now (*1), with I; in place of the left vertical composite, commutes up to
homotopy, as both composites represent the same element in

70 (s161Mod (S[G ¢ Homsig) (B SI61. SIG1))) = mo((s16)Modsia) (SIG1: @ (B S[61). 5[61))
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simply because the following diagram commutes by definition of /1 and I,;:

S[G], ® @™ S[6] —215 @™ S[G, ® @™ S[G]

ll@prj l/ m

S[G, ® S[G] d s S[G]

Finally the commutativity of (x3) follows by similar reasoning, using that

@™ s[G], @ S[G] —22Ls S[G], @ S[G]

l/l ®inc; l] 1

@" S[G1e ® B SIG] —"— S[C]
is also commutative by definition. |

Warning 5.21 The canonical involution . induces an involution on the Whitehead group
Wh(X) 1= 7{ (WhP(X)) = GL(Z[r1 (X)) / (£71(X)).

In his foundational paper, Milnor [1966] also defined an involution Wh(X) > « — k induced by sending a
matrix in GL(Z[r1(X)])® to its conjugate transpose (conjugate with respect to inversion in 771 (X)). This
is an actual homomorphism because of the abelianisation present in the general linear group of Z[m1(X)].
It is worth being aware that these two involutions on Wh(X) are only the same after introducing a minus
sign, i.e.,

(5-17) e (k) = —K.

This does not contradict the commutativity of (5-16). On the contrary, this extra minus sign is the result
of having to deloop the anti-involution (5-15) in the sense of Lemma 5.6 in order to obtain t.

5.5 A-theory of a suspension

In this section we focus our attention on the homotopy type of A(X;€) when X is the suspension XY of
a connected based space Y. By a theorem of Carlsson, Cohen, Goodwillie, and Hsiang!# [Carlsson et al.
1987, Theorem 3], in such cases there is an equivalence of infinite loop spaces

(5-18) 0: [T o) = QA(ZY).

m>1

14 A5 pointed out in [Bokstedt et al. 1996, p. 543], the proof in [Carlsson et al. 1987] has a serious flaw around page 71.
This issue was fixed in [Bokstedt et al. 1996, Corollary 4.15], and in particular the map 6 of (5-18) constructed in [Carlsson
et al. 1987, Section 1] is still an equivalence. We are indebted to Tom Goodwillie for his help in clearing up this matter and for
carefully explaining to us another more general principle for which (5-18) holds — namely, that if F' is a functor (from based
spaces to based spaces, say) whose m-th derivative spectrum is of the form X — X ;l\é"m for every m > 1, then its Taylor tower
must split globally. This is indeed the case for the functor F(—) := Qo Ao X(-).
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where A(—) := hofib(4(—) — A(*)) and Cp, acts on Y " by cyclic permutation of the factors. In this
section, we argue that (5-18) can be upgraded to be C,-equivariant up to homotopy.

Proposition 5.22 Let Y be a connected based C,-space. There is an equivalence of spectra
0:\/ S°T(EDm)+ Ac,, Y™ > A(Z7Y :€)
m>1

that is C-equivariant up to homotopy, and whose underlying (nonequivariant) equivalence induces (5-18).
Here 3°Y := S° AY and Dy, C X, acts on Y "™ by

g- 1A Aym) =g Yg)N A& Vgm) for g€ Dy and y; €Y,

where Y is now seen as a based D, -space (on which C,, acts trivially). Finally C; = D,/ Cy, acts on
(EDm)+ Ac,, Y™ by its residual diagonal action.

Remark 5.23 The C,-space X?Y induces an involution on A (X°Y') which commutes with the canonical
involution . described in the previous section, by naturality of its construction. Therefore its composite
gives the involution on A (X97Y; €) appearing in the statement of Proposition 5.22. Alternatively, we can
allow X in the previous section to mean a C-space (e.g., X°Y), and agree that inv: G = GX — G
there stands for inversion in the monoid G followed by the C-action on X.

In practice, we will apply Proposition 5.22 to the case when Y = S A Z for some trivial C»-space Z, as
then 29Y ~ §29 A Z ~ S? A Z because of the homotopy C,-equivariant equivalence S2° ~ S2. In such
a case, as A (—; €) is a homotopy functor, Proposition 5.22 provides a simple description of the homotopy
C»-equivariant homotopy type of A (X2Z;e) ~ A (229 Z:€). This, together with Corollary 5.4, can then
be used to analyse the homotopy type of A (Z%Z:¢) hC, away from 2.

We will need the following observation for the proof of Proposition 5.22:

Lemma 5.24 Let X be a based connected C,,-space. The equivalence
t: B((Cry x 2X)P) >~ B(Cp, x QX)
of Lemma 5.6 coincides up to equivalence with the delooping of the inversion map
inv: (Cp x QX)® —> Cpx QX, (s, 9) > (575" - 9),
where y stands for the loop y with the reversed orientation.

Proof Given a topological monoid M equipped with a C,;-action, it is well-known (see, e.g., [Adem and
Milgram 2004, Section II, Theorem 1.12]) that the classifying space of the semidirect product Cy,, x M is
equivalent to EC,, X¢,, BM . On the simplicial level, this equivalence is given by

B:Be(Cu x M) = E,Cpy Xc,, BeM,

(5", my), ..., (s, mg)) > [(e, s, ... s%), (s -my,s"TH2omy, . sV Ha o)),
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Now, for simplicity, we may assume that €2(—) stands for the Moore loop space, so that Cp, x QX is
strictly associative (a Moore loop is a pair (y, t) where t >0 and y: [0, t] — Y is amap with y(0) =y (¢) = *;
multiplication of Moore loops is given by concatenation of loops and addition of its lengths). Also recall
that there is an identification A? = {v = (v1,...,v4) : 0 < vy <--- < vy < 1}; under this identification,
the self-isomorphism ®4: A? = A? in the proof of Lemma 5.6 becomes the rule that sends a partition
v=0=<v <<y <Dtol—=v:=(0=<1-vy <---<1—vy <1). There is a Cpy-equivariant map

q
£:BQX — X, [(yl,tl),...,(yq,zq),v]qu-yq_l-...-yl(Ztiv,-),

i=1

that is an equivalence if X is connected. This map satisfies the property that

§(r.1)s - (7g. 1g) . v]) = E([(vg- 1g). - - (y1. 1), 1 = 0]).
With all of this in mind, one verifies that the following diagram commutes up to homotopy:

B((Cyu X QX)®) —- 5 B(Cx QX) —2 5 ECxc, BQX

lB (inv) ?\LE Cm*xcmé

ECmxcy,
B(Cnx QX) —2 5 ECpxc, BRX LSmE, ECxc, X 0

Proof of Proposition 5.22 In the notation of the previous section, we let X = X°Y now, so that
G =GX =Q9X%Y as a monoid with anti-involution (i.e., “inv”’ now means inversion in the monoid G
followed by the Cy-action on X = X°Y). For each m > 1, let us write 0: GL;,(Q + G) >~ Autg (@m S [G])
for u~! (meaning u as a wrong-way equivalence); it should be thought of as given by the rule that sends
a matrix & = (h;;) € Map(S, S[G])™*™ = Mapg (S[G]. S[G])™*™ to

m m
oh): @ s16] L@, Nysia).
ji=1 i=1
The map 6 of (5-18) is constructed in several steps in [Carlsson et al. 1987, Section 1], each of which
we now upgrade to the homotopy C-equivariant setting. As these homotopy C-actions will get mixed
up with strict Cy,-actions, it will be more convenient and clear, at least throughout the first few steps, to
avoid speaking about “homotopy equivariance” and rather regard a homotopy involution as what it is, i.e.,

a map whose square happens to be homotopic to the identity.

Step 1 For each m > 2, consider the D,,-equivariant map of spaces
(1 nl \
1 Y2 — 1
~ 1 e

ijlinm%GLm(Q_f_G), (y1,...,ym)|—> ) s

I ym—1—1
\ym — 1 1
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2

where, if Dy, := (5,7 | s =r* =rsrs = e), the notation is as follows:

e A point y € Y is identified in G with the path n(y) := (¢ — ¢t A y) € G, which is itself identified with a
pointin {1} x 0G C OS° x QG ~ Q1 G. Then y — 1 is the corresponding point in {0} x 0G C Q+G.
Here the n-th component of QS° has been fixed a basepoint n € 0 S°.

e The action of D,, on (y1,..., ym) € Y™™ is given by

S'(Yl,---,)}m) = (ym’yls-"sym—l)’ r'(yl’---,ym) = (y;—lvyr:—z”y;(’yr:)a
where y > y* denotes the Ca-action on Y.
e Let S, R € GL,,(Z) be the permutation matrices that send the i-th unit vector ¢; to e;+1 and ey +1—;
(with subindexes taken modulo m), respectively. Then D,, acts on A € GL,,(Q+G) by
s-A:=SAS7!, r-A:=RATR.
In other words, r acts by transposition along the “x=y”-axis together with conjugation on G.

We also define 51,1: Y ->GL1(Q+G)=(Q+G)*bysendingyeY toy e{l}x QG C Q+G. We note
that ém,l (¥1,- .-, Ym) is homotopy invertible by choosing a path from each of the y; to the basepoint
* € Y. Then for m > 1, define 6,,,1 as the composite

~ m
Om.1: Y M 2L GLL(04G) & Autg (@ S[G]).

By construction, 8,1 is a Cp,-map as ém,l and u are. Recall that s € C,,, C D,, acts on Autg (@m S[G])
by conjugation with § € Autg (@m S[G]), which we denote by Sg.

Step 2 Recall that the free [E-algebra on a based connected space X is naturally equivalent to QX X .
Therefore we can extend 6,1 to a Cy,-equivariant E -map

Om2: QT(Y ™) - Autg (@ S[G]).

For any based space X, let us write 0: 2X — (2X)°P for inversion in QX (i.e., reversing the loop
direction). Given a Cy,-space X, we will write X°PCm for X with the opposite Cy,-action (i.e., that in
which s acts by s~1, which is a valid left action as C,, is abelian). If X additionally has an [E;-structure,
we will write X °P°PCm for X with both the opposite [E;-structure and the opposite Cy,-action. Then the
square of [E-maps

QE (Y >xm) L= TN Autg (D™ S[G])
(5-19) lgor lR
9 P PCm

QI (Y XM)oPPcm 2 Autg (@™ S[G])PPem
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commutes in the homotopy category of [E1-spaces with a Cy,-action. Here r: QX (Y ™) — QX (Y *™)PCm
is induced by the action of r € D,, on Y™ together with the flip of the suspension coordinate, and t,
really stands for (5-15). To see this, consider the diagram

em.l

Yxm

> GLm(Q+G) ——=—— Autg (D" S[G))

r
l"ZR#OT
\ é“’PCm

(5—20) ooron (YXm)OPCm L) GLm(Q+G)0PCm Ryote

0®Cm
n°PCm goPCrm ~
m.,2

QX (Y X™M)°PCm s Autg (D™ S[G]) e

of Cy,-spaces. By definition, 6,, > is the [E1-map induced from the top horizontal composite in (5-20).
Thus, in order to show that (5-19) homotopy commutes as Cy,-equivariant [E;-maps, it suffices to show
that the outer square of (5-20) commutes in the homotopy category of C,,-spaces. But each of its
subsquares/triangles commute in this category; indeed the lower subsquare does so by definition of 6,, »
(after applying (—)°P¢m), the left subtriangle and the upper subsquare too by an easy check, and the right
subsquare by Proposition 5.19 and the observation that Ry o u = u°"Cm o Ry.

Step 3 The Cy,-equivariant E{-map 6,, > gives rise to an [E;-map

m m
Om.3: Com X QE(Y ™) S22, 0o Autg (@ S[G]) £, Autg (@ S[G]),
where f1(s', h) := S'h. Observe that y is indeed an [E{-map, as
p((s' By - (s7 1)) = (™ STIRS 1) = SThSTH = pu(s" (s K.
Now from the homotopy commutativity of (5-19), it immediately follows that the left subsquare in

9m,3

CinX0m 2

Cux QX (Y XM) > CmxAutg (@™ S[G]) —E— Autg (D™ S[G])
(5'21) lcmx(aor) lCmX(R#OTe) lR#or€
0p.OPCyy, o
Cnx QB (Y Xmyopopc, m2 s 0o Autg (D™ S[G]) PP 25 Autg (@ S[G]) P
commutes in the homotopy category of E-spaces. Here u°P(s’, k) := hS?, and since () = ST = §~!
and RS = S™!R, it easily follows that the right subsquare also commutes as [E{-maps. So the outer
square of (5-21) commutes in the homotopy category of [E-spaces.
But given an E;-space X equipped with a C,,-action, there is an isomorphism of [E-spaces

a: Cpy X XOPOPCn =5 (Crx X)P, (s, x) > (s, 577 - x).
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Under this identification, the lower horizontal composite of (5-21) becomes 6°P ., and hence

m,3°

C x QEX*™) —2"2 5 Autg (D™ S[G))
(5-22) lmcmx(m)) lR
(Co X QT (Y X™M))oP L Autg (@™ S[G])*
is commutative in the homotopy category of [E;-spaces.

Step 4 We wish to deloop (5-22), viewing the vertical maps as anti-involutions of their respective
domains, and appealing to Lemma 5.6 to do so. But by Lemma 5.24, the delooping of the anti-involution
ao(Cyy X (0 or)) is homotopic to the delooping of the involution invoa o (Cy, X (0 or)), where inv stands for
inversion in the E 1-space Cy,, x QX (Y *™). It is given explicitly by inv(s’, y) := (s~/, s’ -o(y)), and hence

invooa o (Cy X (oor)):(si,)/) — (S_i,r')/)-

We denote this map simply by inv x . From now on we treat r as the action map on the D,,-space
Xo(Y ™), where o is seen as a D, -representation on which Cy, acts trivially. Putting this together, the
delooped version of (5-22) yields a homotopy commutative square of spaces

B(Cp w250 (Y *m)) 293y b aue (@™ S[G))

lB(inler) lB(R#OTe)

B(Cp w250 (Y *m)) 2Om3)s b aue (™ S[G))

where the notation B(—) stands for delooping in the sense of Lemma 5.6.
To simplify the terms in this last diagram, first observe that as Y *™ is connected, we have

B(Cp x QS (YX™)) ~ ED,, x¢,, BRE? (Y*™) ~ ED,, x¢,, £° (Y *™).

The inversion on Cy, coincides with the residual C; = D,/ Cy,-action on Cy,, by conjugation, which
explains why we chose to write £D,, instead of EC,,. As for the right-hand side, note that Ry is an
inner automorphism of Autg (@m S [G]), and hence it induces a map homotopic to the identity on the
classifying space level [Adem and Milgram 2004, Section II, Theorem 1.9]. But delooping is functorial,
so B(Ryo1¢) and B(te) =: 7 are homotopic involutions on B Autg (D™ S[G]). All together, we obtain
a homotopy C,-equivariant map

+ - + " +
Om.a: EDmxc,, 5° (¥ M) B3 g Ay (@ S[G]) C Z x B Autg (@ S[G]) — A(Z°Y;e€),

where the last map is the passage to the colimit as m — oco; see (5-14).
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Step 5 The diagram

Om.a: ED/Com ~ BCrp — 21— B Autg (™ S) —— A(x:¢)

| | |

Om,a: EDm xc,, 7 (Y*™) —— B Autg (™ S[G]) —— A(Z7Y;¢)

commutes up to homotopy, where j: C,, — Autg (@m S) is the inclusion of the permutation automor-
phisms. As A(—;€) = Q®A(—;¢€), we can adjoin the 2°°(—) to get a similar homotopy commutative
diagram of spectra. Then passing to vertical cofibres and noting that Cy, acts trivially on the suspension
coordinate of X7 (Y *™), we get a homotopy C,-equivariant map of spectra

Om.5: S O ((EDpm)+ Ac,, Y™) — A(S°Y :€).

Step 6 Now by [Carlsson et al. 1987, Lemma 1.4] (see also [Carlsson and Cohen 1987, Lemma 2.4]), the
obvious projection (EDp)+ Ac,, Y™ — (EDm)+ Ac,, Y™ has a stable section

E°((EDm)+ A, Y) = Z¥((EDm)+ Ac, Y™™)
that is D,/ Cy,-equivariant. This observation gives rise to a homotopy Cs-equivariant map of spectra

Om.6: S ((EDp)+ Ac, YN — A(S7Y €).
Finally set 6 to be
> om e e
0: \/ SO (EDm)+ A, ¥) Loz Om0 N\ [ Z(59Y 1) > A(2°Y ;0.

m>1 m>1

This map is homotopy Cs-equivariant by construction, and nonequivariantly yields (5-18) after applying
Q%19 (), This latter map is an equivalence of infinite loop spaces by [Carlsson et al. 1987, Theorem 1.6],
and as both the domain and codomain of @ are 1-connective, it follows that @ is itself an equivalence

of spectra. O

Corollary 5.25 Let Y be a connected based C,-space. Denote by WTlDiff(—) the homotopy fibre
hofib(WhPiff(—) — WhP(x)). Then there is an equivalence of spectra

0:\/ Z°T7((EDm)+ Ac,, Y™) = WhPT(27Y ;)

m>2
that is C»-equivariant up to homotopy.
Proof It is clear from the construction that the map

SO(SOY) ~ BT (EDy) 4 Ac, Y1) 28 A(29Y 1 6)

is the (reduced version of the) usual inclusion of the stable homotopy into A-theory. Thus its cofibre is
WTlDiff(E“ Y; €), and the claim follows immediately. O

Geometry & Topology, Volume 30 (2026)



758 Samuel Murioz-Echdniz

Remark 5.26 As the reader may have noticed, the last two sections are a tiny bit technical, and one may
wonder if there are alternative approaches to deal with them. One that may come to mind is to use trace
methods to analyse A(X°Y ;€), since it coincides (nonequivariantly) with the reduced TC of S[QY]
(as Y is connected). In fact, recent developments have been made towards a (genuine) C,-equivariant
version of topological cyclic homology for ring spectra with anti-involutions, commonly known as real
topological cyclic homology; see [Hggenhaven 2016; Hesselholt and Madsen 2015; Dotto et al. 2024].
This approach has two caveats:

* A real cyclotomic trace map does not yet exist (at the time of writing). The construction of such a map
was supposed to appear in [Hesselholt and Madsen 2015], but it never saw the light of day, in the end.
This is, nevertheless, current work in progress by Harpaz, Nikolaus, and Shah [Harpaz et al. 2021, p. 24].

e Even though much is known about the p-complete homotopy type of the 7'C of spherical group rings
(see [Bokstedt et al. 1996] or [Nikolaus and Scholze 2018, Section 4.3]), the analysis of its integral
homotopy type does not seem to be present in the literature.

For these two reasons, we preferred to proceed as we have.

6 The homotopy type of spaces of long knots

This section is devoted to Theorem B, which describes the homotopy type of Emby(D?, D%) for p <d —3
and d > 5, localised at odd primes and up to the concordance embedding stable range ¢cemb(d, p). After
its proof, which will not take too much effort given the results in the preceding sections, we will draw
some conclusions on the homotopy groups of spaces of long knots. For convenience let us recall the
statement of Theorem B. Recall that v, stands for the real m-dimensional permutation representation of
the dihedral group D,, and o for the sign representation, regarded as a D, -representation by restricting
along the determinant

Dy 0(2) %5 {+1} = C,.
Theorem B For p <d —3 and d > 5, consider the virtual D,,-representations
om=d+D)o—-1D)+¥,R(d—-p—-3+0).

Then the homotopy fibre sequence (6-1), upon localising away trom 2 and taking (¢cemp(d, p)—1)-th
Postnikov sections, takes the form

[T 25y ) — Emby(D?. D) — QP hofib(G(d — p)/O(d — p) — G/ 0).

m=>2

The resulting sequence is split if p > 2, and splits after being looped once if p = 1.
Recall from Remark 1.6(ii) what we mean by localising the spaces Emby(D?, D?) and ]ﬁba (DP, D).
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6.1 Proof of Theorem B

Recall from (1-4) that Emb(gw) (P, M) denotes hofib,(Emby(P, M) — E-El/ba(P, M)) when ¢ is clear from
the context. We saw in Corollary 4.4 that the fibration sequence

6-1) Emb{™(D?, D4) — Emby(D?, D4) — Emby(D?, DY),

upon localising at odd primes and taking (¢cemp(d, p)—1)-th Postnikov sections, is split for2 < p <d —3,
and splits for p = 1 after looping once. So we need to describe the exterior terms of (6-1) after inverting 2.
For the block embeddings, the graphing map

(6-2) I': Q2 Emb(*, D¢ ~P) = Emby(D?, D?~P x D?) =~ Emby(D?, D?)

of (4-1) is an equivalence by inspection. Then by [Goodwillie et al. 2001, Theorem 2.2.1] and the example
right after it, when d — p > 3 and d > 5 (see Remark 6.1 below), it follows that

(6-3) Emby(D?, D?) ~ QP hofib(0/O(d — p) = G/G(d — p))
~ Q? hofib(G(d — p)/O(d — p) — G/0),
yielding the base of (6-1).

Remark 6.1 The equivalence (6-3) is only valid if d — p > 3 and d > 5. As pointed out right after
[Goodwillie et al. 2001, Theorem 2.2.1], the second condition is not that important. For instance in the
case p = 1 and d = 4, it follows directly from (6-2) and (6-3) that

QEmby(D', D*) ~ Emby (D2, D%) ~ Q2 hofib(G(3)/0(3) — G/O).
The codimension condition d — p > 3, however, is essential.
For the fibre of (6-1), we know by Theorem A that for N = ¢cgmp(d, p) — 1, there is an equivalence
t<ny Emb?(D?, D?) ~ vy Q% (CE(D?, D?)jc,).
We now use Corollaries 5.17 and 5.25 to describe the right-hand side of the equivalence above.

Proposition 6.2 For p,, as in Theorem B, there is an equivalence

d ~ Om
Q¥ (CE(D?. DY)cy) =1y [ ] @%S75,).
m>2
Proof First observe that there is a homotopy C»-equivariant equivalence S2 ~ S2°. So by Corollary 5.25,
for each n > 2 there is a homotopy C»-equivariant equivalence of spectra

WTlDiff(Sn;e) ~ WTlDiff(EoSn—2+U;€) ~ \/ ZOO+U(S;l//gm®(n_2+U))-
m=>2
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Using this forn = d — p — 1 > 2, we obtain a chain of equivalences

Q®(CE(D?, D%)c,) ~(

1] QOO(( \/ s+ /\S;{fgtf("—z""’)) ) =[] e>sr, ).

m>2 hC> m>2

] Qoo((Sd~(O'—1)—1 A WTlDiff(Sd_p_l))hcz)

=

The first equivalence follows from Corollary 5.17, together with the observation that ﬁlDiff(S d=p=1y ~
Y~ IWhPH(pP §4-P~1.¢) as both 7. and WhP(—) are homotopy invariants of (—). The second
equivalence is a consequence of the previous argument and Corollary 5.4. O

All together, this concludes the proof of Theorem B. a

Remark 6.3 (topological version of Theorem B) The space ErnbEOp(Dp, D%y of topological long knots
is contractible (for all p < d) by the Alexander trick. We could still be interested in the homotopy type
of the space Embggp (DP x D2=P_ D?) of thickened topological long knots with p < d — 3, and one can
get a description of it localised away from 2 and up to the concordance embedding stable range, similar
to the one in Theorem B — let us explain how. As before, we have a homotopy fibre sequence

~ —~— T
Emby > (D? x D?~7 D7) — Emby*(D? x D?~7, D) — Emb,, (D? x D=7, D?)

which, upon localising at odd primes and taking (¢cgmb(d, p)—1)-th Postnikov sections, is split for
2 < p <d —3, and splits for p = 1 after looping once. So we should describe the side terms.

For the block embeddings, consider the space!”
. BTop
BTop(g) := holim e

BG(q) > BG

which is responsible for the classification of topological block normalTbundles if ¢ > 3; see [Rourke and
Sanderson 1968a, Section 2; 1968b; Wall 1999, Section 11]. As EElT)BOP(DP, D?) is contractible by the
Alexander trick, it then follows that

~— T — —
Embazp(Dp x D47P, Dd) ~ Mapy(D?, Top(d — p)) = QPTop(d — p).

As for the pseudoisotopy embeddings, the topological version of Theorem A (see Remark 1.4) tells us
that for N = ¢cEmb(a,p) — 1, there is an equivalence

(6-4) TN Emb"ggp’(“‘)(z)l’ x D477 D)) ~ 1N Q®(CE™(D? x D=7, D),c,).

where CE™P (P, M) stands for the first orthogonal derivative of the topological analogue of F(—); as in
Corollary 5.17, this is a C,-spectrum whose infinite loop space is equivalent to that of

Y T2Wh™P(M, M — P;e).
I51f ¢ > 3, this definition of Tﬂ‘(;f)(q) coincides with the one given in Remark 3.4.
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Noting that there is fibre sequence of C»-spectra WhP (M ; €) — Wh™P (M ;¢) — SWhPif(x; ) A M,
one verifies that the infinite loop space in the right-hand side of (6-4) fits in a fibre sequence away from 2,

[]e>sym ) — Q®(CE™(D? x D DY) ye,) = QX((S4OTPT2 AWKPT (x; €))4c,).
m=>2
In particular, it is easy to check (e.g., rationally) that the left-hand side of (6-4) is not contractible (at
least if d is sufficiently large). This was claimed in Remark 3.4.

6.2 On the homotopy groups of spaces of long knots

We can get plenty of information about the homotopy groups of Emby(D?, D?) from Theorem B. First
observe that by Morlet’s lemma of disjunction [Burghelea et al. 1975, Theorem 3.1] (and Proposition 3.3
to reduce to the codimension-zero case), the pseudoisotopy embedding space Embgw) (D?, D) is at
least (2(d —p—2)—1)-connected. So by (6-3), it follows that

(6-5) m«(Emby(D?, Dd)) = 74y p(hofib(G(d — p)/O(d — p) — G/0O)) for x <2(d —p—2).

Remark 6.4 This should be compared to work of Budney [2008, Proposition 3.9]. The main result there
is the computation of the first nontrivial homotopy group of Emby(D?, D?) for d — p > 3, which lies in
degree 2d — 3p — 3, together with a geometric interpretation of the generators. This is
7 if p=1ord— pisodd,
Z/2 if p>2andd — p iseven.
From our point of view, he shows that hofib(G(d — p)/O(d — p) — G/0O) is exactly (2d—2p—4)-
connected, which follows by work of Haefliger [1966, Section 3, (4.11) and Corollary 6.6], and computes
the group 7545 ,—3(hofib(G(d — p)/O(d — p) — G/ 0)).

Regarding the Gromoll filtration on 7¢(Emby(D?, D?)) for d — p > 3, two things are stated:

(6-6) T2d—3p—3(Bmby(D?, D)) =

(1) The Gromoll degree of the elements of o(Emby(D?, Dd)) is at least 2d —2p — 4.
(2) When 2d —3p —3 = 0, the Gromoll degree of the elements of o (Emby(D?, D?)) is p — 1.

Part (1) follows from the fact that Embgv)(DP —J, D7) is (2d —2 p—5)-connected and that the block
graphing map (6-2) is an equivalence. Given (6-6), we can deduce (2) from our work only when
7o(Emby(D?, D4)) = 7 (using the simple observation that a homomorphism A — Z from a finitely
generated abelian group A is surjective if and only if A[%] — Z[%] is s0).

If we allow ourselves to localise away from 2, though, much more can be said about the Gromoll
filtration on 7o(Emby(D?, Dd))[%]. For example, by Corollary 4.6(i), it follows that:

(3) For d, p > 0 with d — p > 3, the elements of 7o(Emby(D?, D¢ ))[%] have Gromoll degree at least
j= min(p -1, I_%(Zd —p —6)J).
See Corollary 4.6 for further consequences for the Gromoll filtration of 7y (Emby(D?, D4 ))[%] for k > 0.
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We now return to the explicit computation of the homotopy groups of Emby(D?, D). Recall that
¢ceEmp(d, p) > 2d — p — 5 by work of Goodwillie, Krannich, and Kupers [Goodwillie et al. 2024],
and so the space Embgv)(Dp , D?) has interesting homotopy in degrees from 2d —2p — 4 up to that
range that we can understand by Theorem B. For any odd prime £ there are isomorphisms in degrees

* < ¢pcemv(d, p) —1,

4« (Emby(D?, D)) (g = 74y p(hofib(G(d — p)/ O(d — p) - G/ 0)) iy & EP 7 (Syh )@

m>2

and if ¢ = pcemb(d, p), there is also an exact sequence of abelian groups

P 73Sy, ey = 7 (Emby(D?, DY)y = 744 p(hofib(G(d — p)/O(d — p) — G/ 0))),
m>2
where A () denotes A ® Z ), for A an abelian group. It remains to understand the groups 73 (SZ’l”)m)(e),
which are easier to study when £ is coprime to m.

Proposition 6.5 Letm > 2 and d — p > 3. For £{12m a prime:
e Ifd is even and p is even, then

Te(SyD, )@ = %ni—mw—p—z) ®Zy ifm=3,57...,
" 0 otherwise.
e Ifd is odd and p is odd, then

73 Spm ~ ;
o th)(Z) 0 otherwise.

e Ifd is even and p is odd, then
2 (S, ) = {”i—m(d—po—z) ® Z ey ;ft I’Z;jjfs 13....,

e Ifd is odd and p is even, then

T3 mdep2) ® Ly ifm=3711,...,

T[s S,Om ~
A ( th)(f) { 0 otherwise.

Remark 6.6 (rational homotopy of spaces of long knots) The rational homology and homotopy of
Emby(D?, D4 ) for d — p > 3 has been extensively studied in recent years (see, e.g., [Turchin 2010;
Arone and Turchin 2014; 2015]) through the lens of embedding calculus and its relation to the little disks
operads and their formality, finally culminating in the work of Fresse, Turchin, and Willwacher [Fresse et al.
2017]. There they compute the rational homotopy groups of Emby(D?, D?):=hofib,(Emby(D?, D) —
Immy(D?, D)) as the homology of the hairy graph complex (shifted appropriately). Observationally,
our results correspond to the 0- and 1-loop order parts of this graph complex up to degree ¢cgmp(d, p) >
2d — p —5, where higher loop orders are still not seen. More precisely, the 0-loop part corresponds to the
rational homotopy of G/G(d — p), the lowest summand (i.e., m = 1 when d — p is even) of the 1-loop
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part appears as that of O/O(d — p), and the higher summands of the 1-loop part come from the rational
homotopy of the spectra SZ’l”)m for m > 2, which we just computed. It is worth noting that:

e The first nontrivial rational homotopy group of Emby(D?, Dd) coming from the 2-loop part of the
hairy graph complex lies in degree 2d — p — 4 when both d and p are odd; see [Fresse et al. 2017, (3)].
Therefore the lower bound ¢cgmp(d, p) > 2d — p — 5 on the concordance stable range of Goodwillie,
Krannich, and Kupers is quite sharp.

Pm
hD,,

m > 2 in all degrees outside of the concordance embedding stable range. In other words, the computations

e The 1-loop part of the hairy graph complex seems to be completely generated by the spectra S for

in [Fresse et al. 2017] give evidence for the existence of a rational left splitting of the Weiss—Williams
map
o Emb{ (D?, DY) — [ @S5y ).

m>2

To investigate this, one should first understand the attachment of the second orthogonal derivative © F (2)
of the orthogonal functor F(U) := Emb]a’ (D? x U, D¢ x U) to its Taylor tower (2-1). It would also be
interesting to understand the integral picture.

Proof of Proposition 6.5 When £ is coprime to 2m,
7 (Spp, V) = Ho(Dm: 5(SP™) o)

by the homotopy fixed point spectral sequence, because the higher group homology of D, is 2m-torsion.
Let t and r denote the generators of D, with ™ = e and r¢tr = ¢~! such that

YUm():R™ > (ay,...,am) > (am,ai,....am—1), YUm(@r):R™>(ay,...,am) (am,am—1,...,a1).
Then ¢ and r act on 73 (S@+DE—D+¥m®(@—p=3+0)) by (—1)¢ and (—1)¢", respectively, where

€r = (m—1)(d—p-2),

€ = i—i;_l/—l— %m(m—l)(d—p—?») —i—m—i—%m(m—l) = d+1+m+%m(m—1)(d—p—2) mod 2.

) @) 3)
The terms (1), (2), and (3) are the contributions coming, respectively, from the summands (d + 1)(c — 1),

Ym @ (d — p—3), and ¥, ® 0 of py,. One then readily verifies that the groups Ho(Dy,; w5 (SPm)) are
given by the formulae in the statement. |

A bit more interesting are the homotopy groups 73 (SZ’gm)(g) when £ is odd but divides m. We treat
the case when £ = m = 3, which hopefully serves as a sample computation for other cases.

Proposition 6.7 The first few homotopy groups m; (SZ3D3) ® Z3) of the spectrum SZ3D3, localised at 3
and when d — p = 3, are given in Table 1. Similarly coloured groups in this table correspond to the
same case, depending on whether certain ditferentials in Figure 5 vanish or not. Entries containing “?”
correspond to potentially more complicated answers that do not conveniently fit in the table.
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. 3 4 s 6 7 8 9 10 11 12 13
peven | Zgy 0 0 79 O 0 0 Z/9 0 o0 /3
podd | 0 Z/3 0 0 0 zZ/3 0 0 7379 0
¥ 415 16 17 18 19 20 21 2 23 24
4
peven | /27 0 0 /3 L300 0 9 79 zp3 0
podd | Z/3 73 73 0 0 0 Z/3Z/3 0 0 Z/997/3

Table 1: 78 (SZ3D3) ® Z ) for d — p = 3 and low values of * > 3.

Remark 6.8 Since this article was written, more extended computations of the groups 7 (SZ;%) ® Z3)
for d — p = 3 have become available in the Master’s thesis of Andrés Mordan Lamas [2024]. For instance,
he computes that in the “p even” case, the groups in degrees * = 20 and 21 are both Z/3. He also
provides an extended version of Table 1 in [Lamas 2024, Tables 3.3 and 3.4], computing most of the
groups up to degree x < 39. We are grateful to him for his enthusiasm in this particular computation.

To prove Proposition 6.7, we need to understand the cohomology of Sza as a module over the Steenrod
algebra A3, which we recall is generated by the Steenrod powers P k and the Bockstein operation j.

Lemma 6.9 The spectrum cohomology of SZSQ is given by
H*(SZ3C3;]F3) = F3(u) ®r, Fi[o, s]/(a?) for |a| =1, |s| =2, and |u| =3(d — p —2),

with

. . .
ki iy — d_p_z) J ) i j+2k iy — 0 if i =0,
P*ua's )—(Z( - (k_, ualstT PluetsD =0 e i

Moreover C, = D3/ C3 acts on H*(SZ3C3; F3) by ua's/ + (—=1)P i+t yals/.

Proof The key observation to carry out this calculation is that the C3-representation ¥3|c, decomposes
as 1 + 6, where 0 is the 2-dimensional representation pulled back from the standard complex U(1) =~
SO(2)-representation on C = R?. In particular, the associated vector bundle of the representation
Ym ®(d — p—340)|c, is orientable; write u € H *(S;’;*’C3 ; IF3) for the corresponding Thom class. The
[F3-cohomology of BC3 is F3[a, s]/(a?) with |a| =1, |s| = 2 and

B@)=s, PKls/)= (é)a"sj'”k.
So it remains to understand the action of .43 on u. Clearly B(u) =0, as if B(u) =nuc« for some n € F3, then
0=pB%(u) =n?ua®—nus and hence n = 0. For ug the Thom class of 8, P (ug) = ug =ugc1(0)? =ugs?.
It then easily follows that

Pk(u) = (d_lf_z)us%.

The residual D3/ Cs-action on the F3-cohomology of BC3 sends s to —s, and hence « to —a«. This
action also switches the orientation of the vector bundle associated to 8, and hence that of {3 = 14 6.
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Figure 5: The E,-page of the Adams spectral sequence at the prime 3 for SZ3D3 whend — p =3.
Here s denotes the degree in the Adams filtration and ¢ — s is the total degree.

So that of ¥3 ® o does not change, as ¥3 is odd dimensional. All in all, this means that u is sent by the

Cs-action to (—1)€u with € = (d + 1) + (d — p — 3) = p mod 2, where the first term is the contribution
of S(d-{-l)(o—l)' O

Proof of Proposition 6.7 Consider the Az-submodules of H* (SZZ.3 ; IF3) given by
Jo:=(uals’ i+ j=0mod2), Jy:=(ua's’:i+j=1mod2).

Then H*(SZ3C3; F3) = Jo ® J1 as Asz-modules, and J,,, where p is taken mod 2, is the (+1)-eigenspace
of the residual C, = D3/ Cz-action. Therefore H *(SZ3D3;IF3) = Jp as an Az-module, and the Adams
spectral sequence of J, then converges to the stable homotopy of SZ3D3 = (SZ3C3) nc,- The software
[Chua et al. 2022] computes the E,-page of this spectral sequence, from which we determine some of
the first homotopy groups of SZ3D3. We illustrate the case d — p = 3 in Figure 5.

Apart from standard arguments exploiting the Leibniz rule and multiplicative structures of the
differentials in Figure 5, we can appeal to some more refined tricks that allow us to solve the first
few possible nonzero differentials in the case when p is even. Denote by 6 the D;s-representation pulled
back from the standard O(2)-representation on R?. Observe that 6 |c; = 0 in the notation of Lemma 6.9.
Write S (é ® o|c,) for the unit sphere bundle of the associated vector bundle £D3 X, (é ®o0). Asitis
an S!-bundle over BC3, S (é ®0o|c;) mustitself be a K(r, 1), and in fact it must be homotopy equivalent
to S! because ¢: §(é ® 0|cy) — BC3 does not admit a section (its Euler class is s € H?(BC3;F3) =
Fle, s]/(e?)). Moreover the homology class represented by ¢ is the dual of , and hence the residual
C, = D3/Cs-action on S (é ®0ol|c;) =S ! must have degree —1. So there is an equivalence of unbased
spaces S (é ® 0|c;) =~ S which is C-equivariant up to homotopy. We thus get a cofibration

S =S ®0lc)+ L (BC3)1 — Th(f ®0lcy) = S~ ATh(y3 ®0lcy)
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10 12 16 20 24 28 32

Figure 6: The E,-page of Adams spectral sequence at the prime 3 for 82%3 when d — p = 3 and
p is odd. Some of the d, (dashed blue) and d3 (dotted green) differentials that will be analysed
are depicted.

which is Cy-equivariant up to homotopy; see Notation 5.2(i). By equipping both S¢ and BC3 with
distinguished basepoints which are fixed under the respective involutions and which match under ¢, we
can get rid of the added basepoints and obtain a homotopy cofibre sequence of C»-spectra

gd+D(e—D+20 4, gd+D(o—D+o Y®BCs —» S;’l)?&’;’

Then, upon inverting 2 and taking homotopy C,-orbits in the sequence above, we obtain equivalences
of spectra
67 52 0 (=T BC3)c, ~[1] T+l BD, if d is even (so p odd),

3 120 {hocofib(gnc,: S2 — (ST A Z®BC3)pc,) if d isodd (so p even).

Note that the second equivalence in the “d even” case really only holds after inverting 2: by definition,
there is an equivalence (X5° BC3),c, ~ X BD3 —we need to get rid of the “+’s. Now X BC3 ~
S @ X*° BC(j3 is a C2-equivariant equivalence, and Sy,c, = E‘fBCz ~ S @ X*° B(C,; the first summand S
cancels with that of ¥°BD3 ~ 'S @ X°°BD3, 50 a copy of X°° BC, remains, which is contractible only
upon inverting 2.

Now by the Kahn—Priddy theorem [1978] at the prime 3, the transfer-like map »°+tIpps — 748!
is split surjective on homotopy groups localised at 3, and hence by (6-7) the group 7} (82%3)(3) split
surjects onto 75 _; ® Zs) for x > 1 when p is odd. We will use this fact together with knowledge of 7
to determine the differentials of the red spectral sequence in Figure 5. For convenience, let us reillustrate
a different portion of it in Figure 6.

The first possible nonzero differential goes from (12, 0) to (11, 2). Depending on its (non)vanishing,

either

779 ifx=11
p - ; p -
@ 7(S)p,)e) = 227 itx=12. " (b) m(Spp)e) =

Z)3 ifx =11,
79 if x = 12.
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Since 71}, ® Z 3y == 7Z/3, we must rule out possibility (a) as Z /9 does not split surject onto Z /3. In other
words, the dy differential in Figure 5 from (12, 0) to (11, 2) is nonzero and (b) holds.

The d, differential from (22,2) to (21,4) must be nonzero, and hence so will that from (19, 1)
to (18, 3) by the multiplicative structure. Indeed if such differential was zero, it would follow that
734 (82%3)(3) = 7./9, which does not split surject onto 73, ® Z3) = Z /3.

The d, differential from (24, 2) to (23, 4) must also be nonzero (and hence that from (24, 3) to (23, 5))
by a similar reason; indeed if it were trivial, then 3, (SZ3C3)(3) would be isomorphic to Z /3 & Z /81 or
7Z./3 @ 7./27 (depending on whether the d3 differential from (24, 2) to (24, 5) vanishes or not), neither
of which split surject onto 75, ® Z(3y = Z/3® Z/9.

The arguments we just made above, together with standard ones exploiting the Leibniz rule and the
multiplicative structure of the differentials in the spectral sequence in Figure 5, establish the homotopy

groups appearing in Table 1. a

One can keep using the Kahn—Priddy theorem and go quite far up, determining all possible nonzero
differentials when p is odd; we leave it as a fun exercise to the eager reader. One would also hope
that (6-7) could be used in the case when p is even, but this approach has somehow been inconclusive for
us (at least for the first nonzero differentials that cannot be ruled out by elementary means).

Appendix A The first orthogonal derivative

Throughout, let F': Jo — Top,, be an orthogonal functor. In this section, we present an explicit model for
the structure maps (2-2) of the O(1)-spectrum O F M and compare our convention for its O(1)-action
with that of [Weiss 1995, Proposition 3.1].

A.1 An explicit model of the (pre)spectrum @ F (U

For V', we now describe an explicit model for the structure map (2-2)
sy SIAFD W) > FOW aR),

where F(D(V) := hofib(F(V) — F(V ®R)); here R simply stands for a copy of R that we underline to

distinguish it from the one appearing in the codomain of sy . Our model for the homotopy fibre of a map

X — Y of pointed spaces is the standard one, i.e., the subspace {(x,y) € X x Y [%11: y(0) = x, y(1) = *}.
The evident commutative diagram in Jp

v—>(v,0)

14 > VR
1) (U,t)
1 7
(v,0) (v,£,0)
VoeR > VAR®R

(0,0)(v,0,2)
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induces a commutative diagram of based spaces

F(l)(V) ______ > F(l)(V@R)
li hx l

F(V) — " F(V®R)
b b

F(V®R) "+ F(V@R@R)

Our task is to define a loop of dashed arrows (based at the constant map) — we will try to do so by
providing a loop of nullhomotopies '« ~ * (we will fail, but just slightly).

Note that, since §i is nullhomotopic via H® (x,y)=7y(t), we get anullhomotopy Ho:=h’ H: Bla~ x.
For each 6 € [—%n, +%n], let By denote the automorphism of F(V & R @ R) induced by the rotation of
the plane 0 ® R @ R with angle 6. Then note that by functoriality of F, we have that 6, 8’h = B’h. Thus
the maps Hyg := 0 Ho: FO (V) x I — F(V &R @ R) provide a path of nullhomotopies 8'c ~ *.

As foreshadowed, the nullhomotopies H_ /5 := (—%n) N H and Hy )= (%n) N H are distinct (as
one can check). The crucial point then is that both are of the form 8’G for some nullhomotopy G: o ~ *;
indeed, if ¢: F(V @ R) = F(V & R) denotes the map induced by identifying R with R, then

(~47).0 =B 1r)d. (57),0 =B’
where (—1R)« is the automorphism of F(V @ R) induced by (v, ¢) — (v, —t). By noting that ¢ = h
and that (—1R)«h = h, one easily verifies that G_, /5 := (—1r)¢ H and Grp = ¢ H indeed provide
the desired nullhomotopies o ~ .
Finally the nullhomotopies G 4 5/, give rise to canonical nullhomotopies of the maps 04 /5 F @ V)—
FM(V @ R) induced by H4 /5. All together, we obtain a loop of maps FOW)— FOV @ R) that
is adjoint to the structure map oy of (2-2).

A.2 The O(1)-action

We have defined the first derivative spectrum @F (1) of F to be the (naive) O(1)-spectrum with 7-th
O(1)-space @Fn(l) = FM(R") and with structure maps as defined just above. Now

FO(V) = hofib(F(V) — F(V & R))

is an O(1)-space by declaring —1 € O(1) toacton V' and V@R by —1 on all coordinates. A straightforward

verification shows that, under this convention, the map
sy SYAFO W) > FO @R)

is indeed O(1)-equivariant, where O(1) acts trivially on S'. The key point in this verification is that if
R is a 2 x 2 matrix (e.g., a rotation of the plane), then (_(1) _?)R and R(_(l) (1)) agree on the subspace

R &0 CR®R even though they may not be equal.
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In [Weiss 1995, Proposition 3.1], O(1) instead acts on F() (V) = hofib(F(V) — F(V & R)) by
declaring the action of —1 € O(1) on V to be trivial and by —1 on the R-summand of V @ R. If we write
FM (V) for this O(1)-space, then the maps

(A-1) sy SOAFOW) s> FOWV@R) and FOW)— F(V)

are O(1)-equivariant, where o stands for the (1-dimensional) sign O(1)-representation and S° for its
associated representation sphere. The corresponding (sequential) spectrum, call it ® F | is nor a naive
O(1)-spectrum in the usual sense anymore, as O(1) acts nontrivially on the suspension coordinates. To
solve this issue, Weiss [1995, p. 17] introduces the O(1)-spectrum ©* F) with n-th O(1)-space

(A-2) O*F .= Q®o (5" A@FW) = hocolim Qko (s A FORKY),

where Q%9 (=) := Map, (S¥"?, —) and O(1) acts by conjugation on this mapping space.

In order to relate the O(1)-spectra ® F () and ©* F(1) we observe that F can be naturally upgraded
to a functor F': joo(l) — Top*o 1) enriched over Top,., where j00(1) := Fun(0O(1), Jp) is regarded as
the pointed topological category of inner product finite-dimensional O(1)-representations. We likewise
define for V € joo(l) the O(1)-space F(D (V) := hofib(F (V) — F(V & 0)). Now tensoring such an
O(1)-representation with the sign representation o gives a self-isomorphism of joo(l) denoted by —- 0.
One could stabilise F 1) (—) with respect to R as in (A-1), or with the sign representation o, giving rise

to maps

5ap: ST AFDO W) 5> FOW @R*?) for a.b>0 and V e 700,

where $49+?0 .= §49 A §0 and R%? := R? @ b - 0. We then obtain a zigzag of maps of O(1)-spectra

©* FM := hocolimy>S™? AF (D(R?) hocolimysoSPAF D (b-0) =: OF V)

(A-3) ﬁ) %

hocolim, p=0S™ 47 ~b AF M (RTD)

where the maps in the colimit of the middle spectrum are induced by 51,0 and s¢,1. Nonequivariantly,
both of the maps in the zigzag are equivalences by Fubini’s theorem. This establishes the desired natural
O(1)-equivariant equivalence!® @F () ~ @*F (1)

Convention A.1 In the body of the paper, F (V) stands for
FD(V-0) = hofib(F(V -0) > F((V ®R)-0))
in the notation of this section, unless we explicitly say otherwise. This way (2-2) is O(1)-equivariant.

161p the sense of Borel; see Notation 5.2(1).
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Appendix B Bounded geometry

Throughout, M 4 denotes a smooth compact d-manifold (possibly with boundary).

B.1 Models for bounded diffeomorphisms and embeddings

Let N be a (possibly noncompact) smooth manifold and fix some smooth embedding (: M <— N. For
V e Jo, we will write Emby(M x V, N x V) for the space of smooth embeddings of M into N that
agree with ¢ x Idy on some neighbourhood of the boundary dM x V, endowed with the Whitney weak
C *°-topology. Following Definition 2.4, the space of bounded embeddings of M x V into N x V relative
to oM x V is the subspace of [0, +00) x Emby(M x V, N x V') given by

Embg(M xV,N xV):={(t,¢) €0, +00) xEmbyg(M x V, N x V) : ¢ is t-bounded}.
Define similarly its simplicial version Embg (M xV, N xV), as in Definition 2.8. In this section we prove:
Proposition B.1 There is a zigzag of weak equivalences of semisimplicial group-like monoids
Diff§ (M x V). <= - = Sing, (Diff5(M x V).
Similarly, there is a zigzag of weak equivalences of semisimplicial sets
Emb (M x V, N x V), <= - = Sing, (Emb(M x V, N x V).

We will only deal with the first part, as the proof for the embedding case is completely analogous. Let
us first introduce some notation. Given a topological space X, let Sing¢®(X) be the subsimplicial set of
Sing, (X)) consisting of those singular simplices that satisfy the e-collaring condition of Section 2.2 for
some 0 < € < % Denote by Singf"l’b (Diffy(M x V)) the subsimplicial group of Sing<® (Diffy(M x V))
consisting of those j-simplices which are adjoint to a bounded map A/ x M x V — M x V. Then there
is a zigzag of maps of simplicial group-like monoids

(B-1) Diff5(MxV)., Q@ SingS°"? (Diffy (M xV)) @2 Sing® (Diff (M xV)) 8, Sing, (Diff§ (M x V'),

where the map (2) forgets the explicit bounding constant of a simplex. We will show that all the maps in
(B-1) are weak equivalences. We start with (3).

Lemma The inclusion i: Sing® (X ) < Sing,(X) is a weak equivalence for every topological space X .

Proof We show that the relative homotopy groups 7; (Sing, (X), Sing®!(X)) vanish for all j > 0. Indeed,
a homotopy class x € m;(Sing,(X), Sing®®' (X)) corresponds, by the Yoneda lemma, to a singular ;-
simplex g: A/ — X which satisfies the e-collaring condition for all faces 0 C A/ and some € > 0. Now
fix some identification A/ 2 A/ Uy,, (A7 x [0, €]), and consider the singular j-simplex

g2=2gU(gly,,; oprojgn/): A = & Uyn; (3N x[0,€]) > X.
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By construction g now satisfies the §-collaring conditions for all faces 0 C A/ and some 0 < § < ¢, so
the corresponding relative homotopy class X is trivial. But clearly g and g are homotopic relative to the
boundary by shrinking the added collar, and hence x = X = 0 in 7, (Sing, (X), Sing¢®' (X)), as claimed. O

Remark B.2 The inclusion i: Sing¢® (X) < Sing, (X) is in fact a simplicial homotopy equivalence; a
homotopy inverse is constructed by induction on the skeleta of A/. We will not need this though.

Lemma B.3 The map (2): Sing® (Diff5(M x V)) — Singt® b (Diffy(M x V)) of (B-1) is a weak
equivalence.

Proof We again show that the relative homotopy groups 7 () vanish for all j > 0. Such a homotopy x
class can be represented, for some € > 0, by an e-collared singular j-simplex g: A/ — Diffy(M x V),
adjoint to a map gV: A/ x M x V — M x V bounded by some K > 0, together with a continuous
e-collared map r: dA/ — [0, co) such that g(s) is 7 (s)-bounded for all s € 9A’. To show that x is trivial,
we need to extend r to a continuous §-collared map R: A/ — [0, 00), for some 0 < § < ¢, such that
g(s) is R(s)-bounded for all s € A/. Fix some identification A/ = (JA/ x [0, €]) Uy, w{e} A/ then
R|3A_/X[0,€/2] = roprojya; whilst R|3A_;x[€/2’€] is a linear interpolation along [%e e] between r and the
constant map cg: dA/ x {e} — [0, o0) with value K > 0. Finally set R to be constant of value K in the
inner A/ C (AN x [0, €]) Uyp x (e} A/ . Then R is as required, and hence the relative homotopy class
x € j () is trivial. |

Remark B.4 For CAT = Top, the map (1) of (B-1) is an equality and thus, at this point, Proposition B.1
is established in the topological case.

Proof of Proposition B.1 It remains to show that (1) is a weak equivalence, i.e., that the relative homotopy
groups % ((1)) vanish for all kK > 0. This is clear for kK = 0 by definition. Such a homotopy class in
7, ((D) is represented by a bounded homeomorphism

g = (projac. g): AN x M xV —> A x M xV

which is collared in the simplex direction and such that g|jax x sy 1S smooth. Therefore g is smooth
on (a neighbourhood of) dAK x M x V. We need to smooth g outside of such a neighbourhood in the
AF¥_direction while preserving boundedness. For r € AF, we will write gr € Diffy(M x V') for gl yxmxv-
Standard smoothing techniques [Munkres 1966, Section 4] — see also [Kupers 2019, Proposition 6.4.2]
or [Lurie 2009, Proposition 1]—can be used to prove the following: given nested compact subsets
L C K C A xMxV with L C intK and any arbitrarily small € > 0, there exists a homotopy
H:IxNxMxV— MxV from g to some map g': AX x M x V — M x V satisfying that:

(i) H remains fixed on A¥ x M x V —int K. In particular g and g’ agree there.

(ii) g’ is smooth on L. Moreover if g was already smooth on some (open neighbourhood of a) closed
subset IAK x M x V C F C Ak x M x V, the homotopy H remains fixed on F.

(iii)) Foreacht € I and r € A¥, the map H! = H|iyxiryxmxv: M xV — M x V is smooth.
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(iv) H' remains arbitrarily close to g for all # € I. Consequently, if g is bounded by some C > 0, then
for every (r,t) € I x A¥ the map H!: M xV — M x V is bounded by C + ¢, and is a diffeomorphism
(as diffeomorphisms of compact manifolds are open in the space of smooth self-maps).

With this in mind, we construct a homotopy in Singf"l’b (Difty(M xV')) from the k-simplex g = (projax, &)
to some h € Diffg (M x V) (relative to A% x M x V) as follows: Without loss of generality assume
V =R". Also, for v € R” and § > 0, let C5(v) C R” denote the cube of side length 2§ and centred at v
(i.e., Cs(v) :=v+[-4,68]"). Fixan € > 0 (e.g., ¢ = 1). Then for each v € 3Z" C R”, choose a homotopy
as above starting from g with (K, L) = (C1(v), C5/3(v)), and perform all of these at the same time!” to
obtain some g’: AK x M x V — M x V. Now apply the same process to g’ on (K, L) = (C1(v), Cy/3(v))
for each v = (vq,...,vy) € Z" with vy =1 mod 3 and v; =0 mod 3 for 2 <i <n, keeping in mind that,
by (ii) above, the homotopies keep fixed the parts that have been smoothed in the previous step. Continue
this process in a similar fashion. After 3" steps, we will obtain a smooth (C +3"-¢)-bounded map
h: A€ x M x V — M x V such that h := (proj Ak, 1) represents the required k-simplex of Diffla7 (M xV),.
This means that the relative homotopy class [g] € 7 (D) is trivial, as was to be shown. a

B.2 A moduli space model for classifying spaces of bounded diffeomorphism groups

Fix an embedding ¢: M < R™ C R®°. Recall that the classifying space BDiffy(M ) of the diffeomorphism
group of M admits a model as the moduli space of all d-manifolds N4 c R® with 9N = dM which
are diffeomorphic to M relative to the boundary. In this section we give an analogous description of the
classifying space BDiffla’ (M x V) for any real finite-dimensional inner product vector space V € Jy.

Proposition B.5 Set Embg (M xV,R*® x V) := colim, Embé7 (M xV,R" x V), and let Diffg (M xV)
act on it by precomposition. Then there is an equivalence

BDiff5 (M x V) ~ Emb3 (M x V,R*® x V) /Diff5 (M x V).

In other words, B Diffla7 (M x V) is (equivalent to) the moduli space of all submanifolds in R*° x V
with boundary dM x V which are diffeomorphic to M x V' boundedly in V and relative to dM x V.

Proof By Proposition B.1, BDiff5(M x V) ~ B|Diff5(M x V).| ~ | BDiff5(M x V)| and

EmbS(M x V,R® x V)  [Emb3(M x V,R® x V),| |Emb3(M x V,R® x V),
Diff(M xV)  [Diffi(M x V). Difff (M x V). |

As the simplicial action of Diffla7 (M xV), on Embé7 (M x V,R® x V), is visibly free, we only need to
show that Embg (M x V,R*® x V), is weakly contractible by [Goerss and Jardine 1999, Corollary 2.6].
To that end, let

@ = (Projac . @n. oy ): AKX M x V > AF X R* x V for n>m
17This can be done as, by (i), the supports of such homotopies are disjoint by construction.
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represent some homotopy class in 7 (Embg (M x V,R®° x V),) for some k > 0. We will show that
[¢] = [Idpx x ¢ x Idy] by constructing a simplicial map H: Al — Embg (M x V,R*° x V), such that,
under the Yoneda isomorphism, doH = ¢ and 01 H = Idj«x x ¢ xIdy. The map H will be given by (a
modification of) the usual straight-line homotopy between ¢ and Idyx x ¢ x Idy.

Let us fix some notation. Pick some open collar c: [0, 1) x dM < M of the boundary of M. We can
arrange the embedding ¢: M < R™ to be such that

(i) ¢ = (Idjo,1)] X i) © ¢ |c([0.1)xanr) for some embedding i: IM — R™~! and

(i) t(M \ c((0,1]x dM)) C [1, +o0) x R™~1,
From now on we will suppress ¢ and ¢ from the notation, i.e., we canonically identify M (resp. [0, 1) xdM )
with its image under ¢ (resp. ¢). Choose some increasing smooth function «: [0, 1] — [0, 1] for which
there exists some 0 < § with afjg 5] =0, a|pj—s,;y =1, and 0 < a(r) < 1for§ <t <1 -4 (this § is
required for the collaring condition right before Definition 2.8). Now by the collaring condition,

(B-2) there exists some 0 < € < 1 such that ¢ = Idxx x ¢ xIdy on AF x [0,€) xOM x V.
Finally, fix some smooth function p: M — [0, 1] such that

Plio.e/21xom =0 and  plps\[o,e)xam = 1.
Then for ¢ € [0, 1], consider the map

Hy: N x M xV — AN xR" xR xRV x vV c AFxR® x V,

-
(B-3) at)-x+ 1 —a)) gu(r.x,v)
(r,x,v) = p(xX)a(t)(1—a(t))-x

p(x)a(@)(1—a())-v
a(t)- v+ (1—at)) et x,v)

Here x € M C R™ C R” and RVl is a Euclidean space of the same dimension as V/, treated as a copy of V.

Claim Let C > 0 be the bound of ¢ on the V-coordinate. Then the map H; is a C -bounded embedding
fort € [0, 1]. Moreover, H; agrees with Idx x ¢ x Idy on AF % [O, %e] X IM x V.

Proof of Claim Indeed H; is bounded by C > 0 (in the V-coordinate) as

[(e(®)-v+ A =a@) ey, x.v)) —v|y =1 —a@)- ey (. x.v) —v]y = (1-a))-C < C.

To see that H; is an embedding, suppose that H;(r, x,v) = H;(r’,x’,v’). Clearly then r = r’ by the
first coordinate in (B-3). Note that H; = ¢ if 1 <§ and H; = Idax x ¢ xIdy if # > 1 —4. As both are
embeddings, we may assume that § <t < 1 —§, so that «(¢)(1 —a(z)) # 0. To show that x = x" we
consider three cases:

e If x,x’ €0, €] x IM, then by (B-2) the equation on the second coordinate of (B-3) yields x = x.
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o If x,x' ¢ [0, €] x IM, then p(x) = p(x’) = 1 and thus the third coordinate equation yields x = x’.

e If x €[0,¢] x IM but x” ¢ [0, €] x IM, then the third coordinate equation becomes p(x)-x = x’ € R”.
On the first coordinate of [0, +00) x R™”~1 ¢ R”, this implies, by items (i) and (ii) above, that p(x) > 1,
which is a contradiction.

In all cases x = x’. Then the equation on the fourth coordinate of (B-3) implies that v = v’, as required.
Finally, the last part of the claim again follows from (B-2) and the nature of p. |

The family of C-bounded embeddings { H;};c[o,1] gives rise to the required simplicial map H. O

Appendix C The h-cobordism stabilisation map

The (lower) stabilisation map X: H(M ) — H(M x 1) of [Vogell 1985, p. 298] is depicted in Figure 7 below.

Recall that the #-cobordism space H(M x I) is an Ej-space under stacking in the /-direction, denoted
by +7. In this section we argue that ¥ anticommutes with the /-cobordism involution tz in the following
sense:

Lemma C.1 (Lemma 5.16(a)) The map 1 ¥+ St H(M) — H(M x I) is nullhomotopic, i.e., it is
homotopic to the constant map at the trivial partition x € H(M x I).

Proof We describe the nullhomotopy in the topological setting; the smooth case is very similar, but one has
to be slightly careful with issues regarding corners (which can be overcome by working with the collared
version H¢o (M x I) of the h-cobordism space). It will be convenient to work with yet another (upgraded)

[_1’1]
M x {+1} M¥ I

e HM x I)

VI

Figure 7: The h-cobordism (lower) stabilisation map X, = X: H(M) — H(M x I), sending
p=W,F,V)toXp:=(Ws,, Fxp, Vxp). A grey shaded region of shape S represents a manifold
of the form M x §.
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version of the s-cobordism space: let H .oj(M ), denote the simplicial set in which a ¢-simplex consists of
a pair (p, ¢) with p:= (W, F, V) € Heo1(M )4 and a diffeomorphism ¢: V Uprae W = F x [—1, 1] x A?
over A? which fixes pointwise (a neighbourhood of) d(F x [—1, 1]) x AZ. There is a Kan fibration

Diffy (M x [~1, 1)) £ Heo(M)s 2> Heet (M),
where p(p, ¢) := p. The inclusion j admits a (left) section up to homotopy
s: Hcot(M)o — Diffy(M x [—1,1]),

given roughly by applying ¢! on the collar of F in M x [—1,1] = W Ug V and then canonically
identifying W U V Ups W Up V with M x [—1, 1]. This yields an equivalence
(p,5): Heot(M)e => Heot(M)o x Diffy(M x [—1,1])..
But now the diagram
H col (M )o

lz S

Heol(M)y x Diffy(M x [—1,1]).

Prli ]\i f3

Hcol(M).

i

H(M),

2

H(M xI).

Ja=tg T+ S

commutes up to homotopy, where u is the map that forgets the collaring data, and all the horizontal maps
(strictly) factor through the bottom horizontal map f4 := 1y X +; Xtg. Therefore, in order to show that
f4 is nullhomotopic, it suffices to show that f; is so; indeed this would imply that f5 is nullhomotopic.
But f, = fzopr;,so f3 >~ f3opr;oi =~ x too. This in turn would imply that f4 is nullhomotopic, as we
aim to prove.

We therefore need to describe a nullhomotopy of f1. We will just describe a path (or rather, a 1-
simplex) between f4(p,¢) = (tg X 41 Ztg)(p), for a fixed 0-simplex (p = (W, F, V), ¢) € Hco1(M)o,
and the trivial partition * € H(M x I)o— an exactly analogous argument yields an actual simplicial
nullhomotopy. This path is depicted in Figures 8—11. The green shaded regions in each picture represent
the F-part of a partition, i.e., the intersection of the two /-cobordisms making up the partition, which is a
(d +1)-manifold embedded in M x I x [—1, 1]. The partition p = (W, F, V) € H(M )y is as depicted in
Figure 7.

Firstly, the path between the partition Py = tg X (p) +7 Ztg(p) and P; is obtained from rescaling
(and slightly shifting inwards). But as W U g V is canonically (in the sense that it does not depend on any
other choice than that of p) identified with M x [—1, 1] as part of the data of p, the outer bent regions of
the form (W U V) x I added to P in order to obtain P, are canonically identified with M x [—1,1] x I,
and therefore P; = P, in H(M x I); see Figure 8.
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tHX(p) +1 St (p) P, P,

Figure 8: The path in H(M x I') between tg X (p) + Xty (p) and P;.

P2 P3

Figure 9: The path in H(M x I) between P, and Ps.

P3 P4

<
X
~

Il
|

(VuyW)xI  Fx[—1,1]xI

Figure 10: The path in H(M x I') between P3 and P4. The green shaded region in the lower part
of the figure represents F' x [—1, 1] x I. The purple shaded region there represents the F-part of
the partition (which used to be green, but is purple momentarily).

Py Ps Pe Pr=xecHMxI)

VB AL

Figure 11: The path in H(M x I') between P4 and Ps.
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Unbending and straightening the region of the form (W U V Uy WUF V) x I =M x[—1,1]x 1
in P,, we get the path to the partition P3 of Figure 9 (this step is not strictly necessary, but convenient
for depiction).

We now use the diffeomorphism ¢: V Ups UW =~ F x [—1, 1] (rel d(F x [—1, 1])) to carry out the path
depicted in the lower part of Figure 10 locally in the circled subrectangle of P3. This yields the path of
Figure 10 between P3 and Py.

Retracting the region of the form (W Ur V Uy WUFER V)X in P4to (W UER V Uy WUFE V) x {%},
its midpoint, yields the path of Figure 11 between P4 and Pe (passing through Ps). But now as
WUrV Uy WUFV = M x [—1,3], the F-part of the partition Pg is of the form M x y, for
the 1-dimensional submanifold y C [—1, 1] x I depicted in Pg. By straightening y to the submanifold
{0} x I C[—1,1]x1, we get the path of Figure 11 between Pg and the trivial partition Py =x € H(M x1).

This process depends continuously on (p, ¢) € H (M) —i.e., can be set up as a homotopy of
simplicial maps H .o;(M), — H(M x I),—and therefore gives the required nullhomotopy. a

Remark C.2 This result should be compared with [Hatcher 1978, Appendix I, Lemma] (or [Burghelea and
Lashof 1982, Corollary A7]), which show that the concordance stabilisation map X: C(M) - C(M x I)
anticommutes (in the sense of Lemma 5.16) with the concordance involution ¢c of Warning 5.11.

Acknowledgements

The author is immensely grateful to his PhD supervisor Oscar Randal-Williams for suggesting the
application to spaces of long knots of Theorem A, and for his continuous support, discussions, and
motivation throughout the project. He also thanks Manuel Krannich for pointing out Lemma 3.12 and
how it could be used to greatly simplify our original proof of Theorem A, and Alexander Kupers for
providing various comments and corrections when carefully reviewing the author’s PhD thesis (which this
paper was part of). The referees are thanked for their helpful comments, including suggesting a simpler
proof of Proposition 2.2 and encouraging the author to investigate consequences of Theorem B for the
Gromoll filtration of long knots of Budney [2008, Definition 3.8]. The author is also grateful to Mauricio
Bustamante, Tom Goodwillie, Bjgrn Jahren, and John Rognes for general helpful conversations. This
work was supported by an EPSRC PhD Studentship, grant 2597647.

References
[Adem and Milgram 2004] A Adem, R J Milgram, Cohomology of finite groups, 2nd edition, Grundl. Math. Wissen. 309,
Springer (2004) MR

[Anderson and Pedersen 1983] D R Anderson, E K Pedersen, Semifree topological actions of finite groups on spheres, Math.
Ann. 265:1 (1983) 23-44 MR

[Arone and Turchin 2014] G Arone, V Turchin, On the rational homology of high-dimensional analogues of spaces of long
knots, Geom. Topol. 18:3 (2014) 1261-1322 MR

[Arone and Turchin 2015] G Arone, V Turchin, Graph-complexes computing the rational homotopy of high dimensional
analogues of spaces of long knots, Ann. Inst. Fourier (Grenoble) 65:1 (2015) 1-62 MR

[Blumberg and Mandell 2019] A J Blumberg, M A Mandell, The homotopy groups of the algebraic K-theory of the sphere
spectrum, Geom. Topol. 23:1 (2019) 101-134 MR

Geometry & Topology, Volume 30 (2026)


https://doi.org/10.1007/978-3-662-06280-7
http://msp.org/idx/mr/2035696
https://doi.org/10.1007/BF01456934
http://msp.org/idx/mr/719349
https://doi.org/10.2140/gt.2014.18.1261
https://doi.org/10.2140/gt.2014.18.1261
http://msp.org/idx/mr/3228453
https://doi.org/10.5802/aif.2924
https://doi.org/10.5802/aif.2924
http://msp.org/idx/mr/3449147
https://doi.org/10.2140/gt.2019.23.101
https://doi.org/10.2140/gt.2019.23.101
http://msp.org/idx/mr/3921317

778 Samuel Murioz-Echdniz

[Bokstedt et al. 1993] M Bokstedt, W C Hsiang, I Madsen, The cyclotomic trace and algebraic K -theory of spaces, Invent.
Math. 111:3 (1993) 465-539 MR

[Bokstedt et al. 1996] M Bokstedt, G Carlsson, R Cohen, T Goodwillie, W C Hsiang, I Madsen, On the algebraic K-theory
of simply connected spaces, Duke Math. J. 84:3 (1996) 541-563 MR

[Boavida de Brito and Horel 2021] P Boavida de Brito, G Horel, Galois symmetries of knot spaces, Compos. Math. 157:5
(2021) 997-1021 MR

[Boavida de Brito and Weiss 2018] P Boavida de Brito, M Weiss, Spaces of smooth embeddings and configuration categories,
J. Topol. 11:1 (2018) 65-143 MR

[Budney 2007] R Budney, Little cubes and long knots, Topology 46:1 (2007) 1-27 MR

[Budney 2008] R Budney, A family of embedding spaces, from “Groups, homotopy and configuration spaces” (N Iwase, T
Kohno, R Levi, D Tamaki, J Wu, editors), Geom. Topol. Monogr. 13, Geom. Topol. Publ., Coventry (2008) 41-83 MR

[Budney and Cohen 2009] R Budney, F Cohen, On the homology of the space of knots, Geom. Topol. 13:1 (2009) 99-139 MR

[Burghelea and Fiedorowicz 1986] D Burghelea, Z Fiedorowicz, Cyclic homology and algebraic K-theory of spaces, 11,
Topology 25:3 (1986) 303-317 MR

[Burghelea and Lashof 1982] D Burghelea, R Lashof, Geometric transfer and the homotopy type of the automorphism groups
of a manifold, Trans. Amer. Math. Soc. 269:1 (1982) 1-38 MR

[Burghelea et al. 1975] D Burghelea, R Lashof, M Rothenberg, Groups of automorphisms of manifolds, Lecture Notes in
Mathematics 473, Springer (1975) MR

[Bustamante et al. 2020] M Bustamante, F T Farrell, Y Jiang, Involution on pseudoisotopy spaces and the space of nonnega-
tively curved metrics, Trans. Amer. Math. Soc. 373:10 (2020) 7225-7252 MR

[Carlsson and Cohen 1987] G E Carlsson, RL Cohen, The cyclic groups and the free loop space, Comment. Math. Helv. 62:3
(1987) 423-449 MR

[Carlsson et al. 1987] GE Carlsson, RL Cohen, T Goodwillie, W C Hsiang, The free loop space and the algebraic K -theory
of spaces, K-Theory 1:1 (1987) 53-82 MR

[Chua et al. 2022] D Chua, H Chatham, J Beauvais-Feisthauer, M Young, The spectral sequences project (2022) Available at
https://spectralsequences.github.io/sseq/

[Dotto et al. 2024] E Dotto, K Moi, I Patchkoria, On the geometric fixed points of real topological cyclic homology, J. Lond.
Math. Soc. 109:2 (2024) art.id. e12862 MR

[Dundas 1997] BI Dundas, Relative K -theory and topological cyclic homology, Acta Math. 179:2 (1997) 223-242 MR

[Dundas and McCarthy 1994] B I Dundas, R McCarthy, Stable K -theory and topological Hochschild homology, Ann. of Math.
140:3 (1994) 685-701 MR

[Dundas et al. 2013] BI Dundas, T G Goodwillie, R McCarthy, The local structure of algebraic K-theory, Algebra and
Applications 18, Springer (2013) MR

[Dwyer and Hess 2012] W Dwyer, K Hess, Long knots and maps between operads, Geom. Topol. 16:2 (2012) 919-955 MR

[Edwards and Kirby 1971] RD Edwards, R C Kirby, Deformations of spaces of imbeddings, Ann. of Math. 93 (1971) 63-88
MR

[Fresse et al. 2017] B Fresse, V Turchin, T Willwacher, The rational homotopy of mapping spaces of Ey, operads, preprint
(2017) arXiv 1703.06123

[Goerss and Jardine 1999] P G Goerss, J F Jardine, Simplicial homotopy theory, Progress in Mathematics 174, Birkhiduser,
Basel (1999) MR

[Goodwillie 1986] T G Goodwillie, Relative algebraic K-theory and cyclic homology, Ann. of Math. 124:2 (1986) 347-402
MR

[Goodwillie et al. 2001] T G Goodwillie, J R Klein, M S Weiss, Spaces of smooth embeddings, disjunction and surgery, from
“Surveys on surgery theory, II” (S Cappell, A Ranicki, J Rosenberg, editors), Ann. of Math. Stud. 149, Princeton Univ. Press
(2001) 221-284 MR

Geometry & Topology, Volume 30 (2026)


https://doi.org/10.1007/BF01231296
http://msp.org/idx/mr/1202133
https://doi.org/10.1215/S0012-7094-96-08417-3
https://doi.org/10.1215/S0012-7094-96-08417-3
http://msp.org/idx/mr/1408537
https://doi.org/10.1112/S0010437X21007041
http://msp.org/idx/mr/4251607
https://doi.org/10.1112/topo.12048
http://msp.org/idx/mr/3784227
https://doi.org/10.1016/j.top.2006.09.001
http://msp.org/idx/mr/2288724
https://doi.org/10.2140/gtm.2008.13.41
http://msp.org/idx/mr/2508201
https://doi.org/10.2140/gt.2009.13.99
http://msp.org/idx/mr/2469515
https://doi.org/10.1016/0040-9383(86)90046-7
http://msp.org/idx/mr/842427
https://doi.org/10.2307/1998592
https://doi.org/10.2307/1998592
http://msp.org/idx/mr/637027
https://doi.org/10.1007/BFb0079981
http://msp.org/idx/mr/380841
https://doi.org/10.1090/tran/8135
https://doi.org/10.1090/tran/8135
http://msp.org/idx/mr/4155206
https://doi.org/10.1007/BF02564455
http://msp.org/idx/mr/910170
https://doi.org/10.1007/BF00533987
https://doi.org/10.1007/BF00533987
http://msp.org/idx/mr/899917
https://spectralsequences.github.io/sseq/
https://doi.org/10.1112/jlms.12862
http://msp.org/idx/mr/4704156
https://doi.org/10.1007/BF02392744
http://msp.org/idx/mr/1607556
https://doi.org/10.2307/2118621
http://msp.org/idx/mr/1307900
https://doi.org/10.1007/978-1-4471-4393-2
http://msp.org/idx/mr/3013261
https://doi.org/10.2140/gt.2012.16.919
http://msp.org/idx/mr/2928985
https://doi.org/10.2307/1970753
http://msp.org/idx/mr/283802
http://msp.org/idx/arx/1703.06123
https://doi.org/10.1007/978-3-0348-8707-6
http://msp.org/idx/mr/1711612
https://doi.org/10.2307/1971283
http://msp.org/idx/mr/855300
https://doi.org/10.1515/9781400865215-007
http://msp.org/idx/mr/1818775

A Weiss—Williams theorem for spaces of embeddings and the homotopy type of spaces of long knots 779

[Goodwillie et al. 2024] T Goodwillie, M Krannich, A Kupers, Stability of concordance embeddings, Proc. Roy. Soc.
Edinburgh Sect. A 154:6 (2024) 1713-1748 MR

[Gromoll 1966] D Gromoll, Differenzierbare Strukturen und Metriken positiver Kriimmung auf Sphdren, Math. Ann. 164 (1966)
353-371 MR

[Haefliger 1966] A Haefliger, Differential embeddings of S™ in S" T4 for ¢ > 2, Ann. of Math. 83 (1966) 402-436 MR

[Harpaz et al. 2021] Y Harpaz, T Nikolaus, J Shah, Normal L-theory and topological cyclic homology, talk slides, ICMS (2021)
Available at https://icms.ac.uk/wp-content/uploads/archive/documents/events/Manifolds-and-K-theory-Y-Harpaz-22.06.21.pdf

[Hatcher 1978] A E Hatcher, Concordance spaces, higher simple-homotopy theory, and applications, from “Algebraic and
geometric topology, I’ (Stanford, CA, 1976) (RJ Milgram, editor), Proc. Sympos. Pure Math. XXXII, Amer. Math. Soc.,
Providence, RI (1978) 3-21 MR

[Hatcher and Wagoner 1973] A Hatcher, J Wagoner, Pseudo-isotopies of compact manifolds, Astérisque 6, Soc. Math. France,
Paris (1973) MR

[Haugseng 2017] R Haugseng, The higher Morita category of Ey -algebras, Geom. Topol. 21:3 (2017) 1631-1730 MR

[Hesselholt 2009] L Hesselholt, On the Whitehead spectrum of the circle, from “Algebraic topology” (N A Baas, EM Friedlander,
B Jahren, P A @stver, editors), Abel Symp. 4, Springer (2009) 131-184 MR

[Hesselholt and Madsen 2015] L Hesselholt, I Madsen, Real algebraic K-theory, preprint (2015) Available at https:/
web.math.ku.dk/~larsh/papers/s05/book.pdf

[Hirsch 1966] M W Hirsch, On normal microbundles, Topology 5 (1966) 229-240 MR
[Hirsch 1976] M W Hirsch, Differential topology, Graduate Texts in Mathematics 33, Springer (1976) MR

[Hogenhaven 2016] A Hggenhaven, Real topological cyclic homology of spherical group rings, PhD thesis, University of
Copenhagen (2016)

[Hudson 1966] JF P Hudson, Extending piecewise-linear isotopies, Proc. London Math. Soc. 16 (1966) 651-668 MR
[Hudson 1970] JF P Hudson, Concordance, isotopy, and diffeotopy, Ann. of Math. 91 (1970) 425-448 MR
[Igusa 1988] K Igusa, The stability theorem for smooth pseudoisotopies, K-Theory 2:1-2 (1988) 1-355 MR

[Kahn and Priddy 1978] DS Kahn, S B Priddy, The transfer and stable homotopy theory, Math. Proc. Cambridge Philos. Soc.
83:1(1978) 103-111 MR

[Kupers 2019] A Kupers, Lectures on diffeomorphism groups of manifolds, lecture notes (2019)

[Lamas 2024] AM Lamas, A guide for the Adams spectral sequence: a computational approach and applications, Mas-
ter’s thesis, Pontificia Universidad Catélica de Chile (2024) Available at https://issyl-m.github.io/andresmoranl.github.io/pdf/
masters-thesis-andres-moran-lamas.pdf

[Lima 1964] E L Lima, On the local triviality of the restriction map for embeddings, Comment. Math. Helv. 38 (1964) 163—-164
MR

[Lurie 2009] J Lurie, Diffeomorphisms and P L-homeomorphisms, lecture notes (2009) Available at https://www.math.ias.edu/
~lurie/937notes/937Lecture6.pdf

[May and Sigurdsson 2006] JP May, J Sigurdsson, Parametrized homotopy theory, Mathematical Surveys and Monographs
132, Amer. Math. Soc., Providence, RI (2006) MR

[Milnor 1966] J Milnor, Whitehead torsion, Bull. Amer. Math. Soc. 72 (1966) 358-426 MR

[Munkres 1966] JR Munkres, Elementary differential topology, Annals of Mathematics Studies 54, Princeton Univ. Press
(1966) MR

[Nikolaus and Scholze 2018] T Nikolaus, P Scholze, On ropological cyclic homology, Acta Math. 221:2 (2018) 203409 MR
[Palais 1960] RS Palais, Local triviality of the restriction map for embeddings, Comment. Math. Helv. 34 (1960) 305-312 MR
[Pedersen 1976] E K Pedersen, Topological concordances, Invent. Math. 38:3 (1976) 255-267 MR

[Rognes 2002] J Rognes, Two-primary algebraic K -theory of pointed spaces, Topology 41:5 (2002) 873-926 MR

[Rognes 2003] J Rognes, The smooth Whitehead spectrum of a point at odd regular primes, Geom. Topol. 7 (2003) 155-184
MR

Geometry & Topology, Volume 30 (2026)


https://doi.org/10.1017/prm.2023.17
http://msp.org/idx/mr/4883987
https://doi.org/10.1007/BF01350046
http://msp.org/idx/mr/196754
https://doi.org/10.2307/1970475
http://msp.org/idx/mr/202151
https://icms.ac.uk/wp-content/uploads/archive/documents/events/Manifolds-and-K-theory-Y-Harpaz-22.06.21.pdf
https://pi.math.cornell.edu/~hatcher/Papers/ConcordanceSpaces.pdf
http://msp.org/idx/mr/520490
http://numdam.org/item/AST_1973__6__1_0/
http://msp.org/idx/mr/353337
https://doi.org/10.2140/gt.2017.21.1631
http://msp.org/idx/mr/3650080
https://doi.org/10.1007/978-3-642-01200-6_7
http://msp.org/idx/mr/2597738
https://web.math.ku.dk/~larsh/papers/s05/book.pdf
https://doi.org/10.1016/0040-9383(66)90007-3
http://msp.org/idx/mr/198490
https://doi.org/10.1007/978-1-4684-9449-5
http://msp.org/idx/mr/448362
https://doi.org/10.1112/plms/s3-16.1.651
http://msp.org/idx/mr/202147
https://doi.org/10.2307/1970632
http://msp.org/idx/mr/259920
https://doi.org/10.1007/BF00533643
http://msp.org/idx/mr/972368
https://doi.org/10.1017/S0305004100054335
http://msp.org/idx/mr/464230
https://issyl-m.github.io/andresmoranl.github.io/pdf/masters-thesis-andres-moran-lamas.pdf
https://doi.org/10.1007/BF02566913
http://msp.org/idx/mr/161343
https://www.math.ias.edu/~lurie/937notes/937Lecture6.pdf
https://doi.org/10.1090/surv/132
http://msp.org/idx/mr/2271789
https://doi.org/10.1090/S0002-9904-1966-11484-2
http://msp.org/idx/mr/196736
http://msp.org/idx/mr/198479
https://doi.org/10.4310/ACTA.2018.v221.n2.a1
http://msp.org/idx/mr/3904731
https://doi.org/10.1007/BF02565942
http://msp.org/idx/mr/123338
https://doi.org/10.1007/BF01403132
http://msp.org/idx/mr/436154
https://doi.org/10.1016/S0040-9383(01)00005-2
http://msp.org/idx/mr/1923990
https://doi.org/10.2140/gt.2003.7.155
http://msp.org/idx/mr/1988283

780 Samuel Muiioz-Echdniz

[Rourke and Sanderson 1967] CP Rourke, B J Sanderson, An embedding without a normal microbundle, Invent. Math. 3
(1967) 293-299 MR

[Rourke and Sanderson 1968a] CP Rourke, BJ Sanderson, Block bundles, I, Ann. of Math. 87 (1968) 1-28 MR

[Rourke and Sanderson 1968b] CP Rourke, B J Sanderson, Block bundles, I11: Homotopy theory, Ann. of Math. 87 (1968)
431-483 MR

[Scannell and Sinha 2002] KP Scannell, D P Sinha, A one-dimensional embedding complex, J. Pure Appl. Algebra 170:1
(2002) 93-107 MR

[Sinha 2009] D P Sinha, The topology of spaces of knots: cosimplicial models, Amer. J. Math. 131:4 (2009) 945-980 MR
[Turchin 2010] V Turchin, Hodge-type decomposition in the homology of long knots, J. Topol. 3:3 (2010) 487-534 MR

[Vogell 1985] W Vogell, The involution in the algebraic K-theory of spaces, from “Algebraic and geometric topology” (New
Brunswick, NJ, 1983) (A Ranicki, N Levitt, F Quinn, editors), Lecture Notes in Math. 1126, Springer (1985) 277-317 MR

[Voli¢ 2006] I Voli¢, Finite type knot invariants and the calculus of functors, Compos. Math. 142:1 (2006) 222-250 MR

[Waldhausen 1982] F Waldhausen, Algebraic K-theory of spaces, a manifold approach, from “Current trends in algebraic
topology, I’ (London, ON, 1981) (RM Kane, S O Kochman, P S Selick, V P Snaith, editors), CMS Conf. Proc. 2, Amer. Math.
Soc., Providence, RI (1982) 141-184 MR

[Waldhausen 1985] F Waldhausen, Algebraic K-theory of spaces, from “Algebraic and geometric topology” (New Brunswick,
NJ, 1983) (A Ranicki, N Levitt, F Quinn, editors), Lecture Notes in Math. 1126, Springer (1985) 318419 MR

[Waldhausen et al. 2013] F Waldhausen, B Jahren, J Rognes, Spaces of PL manifolds and categories of simple maps, Annals
of Mathematics Studies 186, Princeton Univ. Press (2013) MR

[Wall 1999] CT C Wall, Surgery on compact manifolds, 2nd edition, Mathematical Surveys and Monographs 69, Amer. Math.
Soc., Providence, RI (1999) MR

[Watanabe 2007] T Watanabe, Configuration space integral for long n-knots and the Alexander polynomial, Algebr. Geom.
Topol. 7 (2007) 47-92 MR

[Weiss 1995] M Weiss, Orthogonal calculus, Trans. Amer. Math. Soc. 347:10 (1995) 3743-3796 MR

[Weiss and Williams 1988] M Weiss, B Williams, Automorphisms of manifolds and algebraic K -theory, I, K-Theory 1:6 (1988)
575-626 MR

SAMUEL MUNOz-ECHANIZ smunoze@mit.edu
Centre for Mathematical Sciences, University of Cambridge, Cambridge, United Kingdom
Current address: Mathematics Department, Massachusetts Institute of Technology, Cambridge, MA, United States

Proposed: Nathalie Wahl Received: May 17, 2024
Seconded: Haynes R Miller, Roman Sauer Revised: August 20, 2025

:'msp

Geometry € Topology Publications, an imprint of mathematical sciences publishers


https://doi.org/10.1007/BF01402954
http://msp.org/idx/mr/222904
https://doi.org/10.2307/1970591
http://msp.org/idx/mr/226645
https://doi.org/10.2307/1970714
http://msp.org/idx/mr/232404
https://doi.org/10.1016/S0022-4049(01)00078-0
http://msp.org/idx/mr/1896343
https://doi.org/10.1353/ajm.0.0061
http://msp.org/idx/mr/2543919
https://doi.org/10.1112/jtopol/jtq015
http://msp.org/idx/mr/2684511
https://doi.org/10.1007/BFb0074448
http://msp.org/idx/mr/802795
https://doi.org/10.1112/S0010437X05001648
http://msp.org/idx/mr/2197410
http://msp.org/idx/mr/686115
https://doi.org/10.1007/BFb0074449
http://msp.org/idx/mr/802796
https://doi.org/10.1515/9781400846528
http://msp.org/idx/mr/3202834
https://doi.org/10.1090/surv/069
http://msp.org/idx/mr/1687388
https://doi.org/10.2140/agt.2007.7.47
http://msp.org/idx/mr/2289804
https://doi.org/10.2307/2155204
http://msp.org/idx/mr/1321590
https://doi.org/10.1007/BF00533787
http://msp.org/idx/mr/953917
mailto:smunoze@mit.edu
http://msp.org
http://msp.org

Mohammed Abouzaid

Dan Abramovich
Ian Agol

Arend Bayer
Agnes Beaudry
Mark Behrens
Mladen Bestvina
Martin R Bridson
Tobias H Colding
Simon Donaldson
Yasha Eliashberg
David M Fisher
Mike Freedman
David Gabai
Stavros Garoufalidis
Cameron Gordon
Jesper Grodal
Misha Gromov

Mark Gross

GEOMETRY & TOPOLOGY

Robert Lipshitz

Andras I Stipsicz

Stanford University
abouzaid @stanford.edu

Brown University
dan_abramovich@brown.edu
University of California, Berkeley
ianagol @math.berkeley.edu
University of Edinburgh
arend.bayer@ed.ac.uk

University of Colorado Boulder
agnes.beaudry @colorado.edu
University of Notre Dame
mbehrenl @nd.edu

University of Utah
bestvina@math.utah.edu

University of Oxford
bridson @maths.ox.ac.uk

msp.org/gt

MANAGING EDITORS

University of Oregon
lipshitz@uoregon.edu

Alfréd Rényi Institute of Mathematics
stipsicz@renyi.hu

BOARD OF EDITORS

Rob Kirby

Massachusetts Institute of Technology

colding @math.mit.edu

Imperial College, London
s.donaldson@ic.ac.uk

Stanford University
eliash-gt@math.stanford.edu

Rice University
davidfisher@rice.edu

Microsoft Research
michaelf @microsoft.com

Princeton University

gabai @princeton.edu

Southern U. of Sci. and Tech., China
stavros @mpim-bonn.mpg.de

University of Texas
gordon@math.utexas.edu
University of Copenhagen
jg@math.ku.dk

THES and NYU, Courant Institute
gromov @ihes.fr

University of Cambridge
mgross @dpmms.cam.ac.uk

Bruce Kleiner
Sdndor Kovics
Urs Lang

Marc Levine
Jianfeng Lin
Ciprian Manolescu
Haynes R Miller
Aaron Naber

Peter Ozsvith
Leonid Polterovich
Colin Rourke
Roman Sauer
Stefan Schwede
Natasa Sesum
Gang Tian
Nathalie Wahl
Kirsten Wickelgren

Anna Wienhard

University of California, Berkeley
kirby @math.berkeley.edu

NYU, Courant Institute

bkleiner @cims.nyu.edu
University of Washington

skovacs @uw.edu

ETH Ziirich
urs.lang@math.ethz.ch
Universitit Duisburg-Essen
marc.levine @uni-due.de

Tsinghua University

linjian5477 @mail.tsinghua.edu.cn

University of California, Los Angeles
cm@math.ucla.edu

Massachusetts Institute of Technology
hrm @math.mit.edu

Institute for Advanced Studies
anaber @ias.edu

Princeton University
petero@math.princeton.edu
Tel Aviv University

polterov @post.tau.ac.il

University of Warwick
gt@maths.warwick.ac.uk

Karlsruhe Institute of Technology
roman.sauer @kit.edu

Universitidt Bonn

schwede @math.uni-bonn.de

Rutgers University
natasas @math.rutgers.edu

Massachusetts Institute of Technology
tian@math.mit.edu

University of Copenhagen
wahl@math.ku.dk

Duke University
kirsten.wickelgren @duke.edu

Universitit Heidelberg
wienhard @mathi.uni-heidelberg.de

See inside back cover or msp.org/gt for submission instructions.

The subscription price for 2026 is US $905/year for the electronic version, and $1275/year (4-$80, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Geometry & Topology is indexed
by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Geometry & Topology (ISSN 1465-3060 printed, 1364-0380 electronic) is published 9 times per year and continuously online, by Mathematical
Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA 94701-4004. Periodical rate postage paid at Oakland, CA 94615-9651, and
additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA

94701-4004.

GT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/

© 2026 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/gt
mailto:lipshitz@uoregon.edu
mailto:stipsicz@renyi.hu
mailto:abouzaid@stanford.edu
mailto:dan_abramovich@brown.edu
mailto:ianagol@math.berkeley.edu
mailto:arend.bayer@ed.ac.uk
mailto:agnes.beaudry@colorado.edu
mailto:mbehren1@nd.edu
mailto:bestvina@math.utah.edu
mailto:bridson@maths.ox.ac.uk
mailto:colding@math.mit.edu
mailto:s.donaldson@ic.ac.uk
mailto:eliash-gt@math.stanford.edu
mailto:davidfisher@rice.edu
mailto:michaelf@microsoft.com
mailto:gabai@princeton.edu
mailto:stavros@mpim-bonn.mpg.de
mailto:gordon@math.utexas.edu
mailto:jg@math.ku.dk
mailto:gromov@ihes.fr
mailto:mgross@dpmms.cam.ac.uk
mailto:kirby@math.berkeley.edu
mailto:bkleiner@cims.nyu.edu
mailto:skovacs@uw.edu
mailto:urs.lang@math.ethz.ch
mailto:marc.levine@uni-due.de
mailto:linjian5477@mail.tsinghua.edu.cn
mailto:cm@math.ucla.edu
mailto:hrm@math.mit.edu
mailto:anaber@ias.edu
mailto:petero@math.princeton.edu
mailto:polterov@post.tau.ac.il
mailto:gt@maths.warwick.ac.uk
mailto:roman.sauer@kit.edu
mailto:schwede@math.uni-bonn.de
mailto:natasas@math.rutgers.edu
mailto:tian@math.mit.edu
mailto:wahl@math.ku.dk
mailto:kirsten.wickelgren@duke.edu
mailto:wienhard@mathi.uni-heidelberg.de
http://dx.doi.org/10.2140/gt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
http://msp.org/
https://msp.org/

GEOMETRY &
Volume 30 Issue 2 (pa

Graph cobordisms and Heegaard Floer ho
IAN ZEMKE
Trivalent vertices and bordered knot Floer
ANDREW MANION
Symplectomorphisms of some Weinstein 4
PAUL HACKING and AILSA KEATIN
A Weiss—Williams theorem for spaces of e
of spaces of long knots
SAMUEL MUNOZ-ECHANIZ
Cables of the figure-eight knot via real Frg
SUNGKYUNG KANG, JUNGHWAN P.




	1. Introduction
	1.1. The surgery-pseudoisotopy program for spaces of embeddings
	1.1.1. The concordance embedding stable range
	1.1.2. Relative algebraic K-theory via trace methods

	1.2. The homotopy type of spaces of long knots
	Structure of the paper

	2. Orthogonal calculus and spaces of bounded diffeomorphisms
	2.1. A quick tour through orthogonal calculus
	2.2. The orthogonal functors of bounded diffeomorphisms

	3. Proof of Theorem A
	3.1. Reduction to geometric codimension-zero embeddings
	3.2. Last ingredients
	3.2.1. Parametrised isotopy extension theorem
	3.2.2. Alexander trick-like equivalences

	3.3. The map Phi emb of Theorem A
	3.4. Connectivity of the map Phi emb

	4. A splitting result for embedding spaces and the Gromoll filtration
	4.1. Splitting results
	4.2. The Gromoll filtration

	5. Involutions in algebraic K-theory
	5.1. Homotopy involutions
	5.2. From the h-cobordism spectrum to spaces of h-cobordisms
	5.2.1. The geometric Eilenberg swindle
	5.2.2. The map (5-1)

	5.3. From h-cobordism spaces back to A-theory
	5.4. The canonical involution in algebraic K-theory
	5.5. A-theory of a suspension

	6. The homotopy type of spaces of long knots
	6.1. Proof of Theorem B
	6.2. On the homotopy groups of spaces of long knots

	Appendix A. The first orthogonal derivative
	A.1. An explicit model of the (pre)spectrum ThetaF1
	A.2. The O(1)-action

	Appendix B. Bounded geometry
	B.1. Models for bounded diffeomorphisms and embeddings
	B.2. A moduli space model for classifying spaces of bounded diffeomorphism groups

	Appendix C. The h-cobordism stabilisation map
	Acknowledgements
	References

