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We prove that the (27, 1)-cable of the figure-eight knot is not smoothly slice when 7 is odd, by using the
real Seiberg—Witten Frgyshov invariant of Konno, Miyazawa and Taniguchi. For the computation, we
develop an O(2)-equivariant version of the lattice homotopy type, originally introduced by Dai, Sasahira
and Stoffregen. This enables us to compute the real Seiberg—Witten Floer homotopy type for a certain
class of knots. Additionally, we present some computations of Miyazawa’s real framed Seiberg—Witten
invariant for 2-knots.
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1 Introduction

Casson and Gordon [1983, Theorem 5.1] proved that a fibered knot in a homology sphere is homotopically
ribbon if and only if its closed monodromy extends over a handlebody. Utilizing this characterization,
Miyazaki [1994] constructed a large family of fibered knots and proved that each knot in this family
is not ribbon. Within this family, there are two important sets of knots: the first one [Miyazaki 1994,
Example 1] is the set of nontrivial connected sums of iterated torus knots. The first set is related to
Rudolph’s conjecture [1976], which asserts that the set of algebraic knots is linearly independent in the
smooth knot concordance group; see [Litherland 1984; Hedden et al. 2012; Abe and Tagami 2016; Baker
2016; Conway et al. 2023] for related results.

The other set [Miyazaki 1994, Example 2] consists of the (2n, 1)-cables of fibered negative-amphichiral
knots with irreducible Alexander polynomial. (For the rest of the cables, it can be verified that they are not
algebraically slice using Tristram—Levine signatures [Tristram 1969; Levine 1969; Kawauchi 1980b]; see
also [Cha et al. 2008, Theorem 6].) These knots are known to be algebraically slice and strongly rationally
slice [Kawauchi 1980a; Cha 2007; Kim and Wu 2018]. (See [Kim and Wu 2018, Definition 2] for the
precise definition of strongly rationally slice knots.) While these knots attracted considerable attention
due to their relation to the slice-ribbon conjecture [Fox 1961, Problem 25], no proof of nonsliceness
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had been established for them until recently. Dai, Kang, Mallick, Park and Stoffregen [Dai et al. 2024,
Theorem 1.1] proved that the simplest case —the (2, 1)-cable of the figure-eight knot — is not smoothly
slice; see also [Aceto et al. 2023, Theorem 2.1] and [Konno et al. 2023, Corollary 1.20]. In fact, they
show that a (2, 1)-cable of a Floer-thin knot with nonvanishing Arf invariant has infinite order in the
smooth concordance group. In this article, we consider (27, 1)-cables in general and obtain the following:

Theorem 1.1 Let E be the figure-eight knot, and let E,, | denote the (2n, 1)-cable of E. For each
positive odd integer n, the knot E;, ; does not bound a normally immersed disk in B* with only negative
double points. In particular, for each odd integer n, the knot E», 1 is not smoothly slice.

Here, we say a surface is normally immersed if it is smoothly immersed in a manifold such that the
only singularities are transverse double points in the interior of the surface. Recall that the 4-dimensional
clasp number c4(K) of a knot K [Shibuya 1974] is the minimal number of double points in a normally
immersed disk in B* bounded by K. A refinement cj (K), considered for example in [Daemi and Scaduto
2024a; Juhdsz and Zemke 2020; Feller and Park 2022; Miller 2022; Livingston 2022], is the minimal
number of positive double points in such a normally immersed disk. With this terminology, the main
theorem can be compactly stated as 0 < C:_ (E2p,1) for each positive odd integer n. Since a smoothly slice
knot has vanishing cj, the theorem is a strict improvement over previous results, even for the case n = 1.

Note that the figure-eight knot £ can be transformed into the unknot by changing a negative crossing
to a positive one. This implies that £ bounds a normally immersed disk with only one negative double
point, and E,, ; bounds a normally immersed disk with 2n positive double points and 4n? negative
double points in B*. For the special case E 2,1, with some extra consideration, one can find two crossing
changes, one from positive to negative and one from negative to positive, that turn £, ; into a smoothly
slice knot, which in particular implies that c: (E2,1) = 1; see Remark 3.5. Determining c4(E>2,,1) and
cj (E2p,1) in general seems to be an interesting yet challenging problem.

Our proof shows that for each odd integer 7, the double-branched cover of E;, ; does not bound a
4-manifold W with the following properties:

e W is a smooth spin 4-manifold with a spin structure s.
e 7: W — W is a smooth involution such that 7|y is the deck transformation and t*s = 5.

« by(W)=0,b5(W)—bJ(W/7r)=0and o (W) <0.

In particular, the double-branched cover does not bound an equivariant Z,-homology ball; that is, a Z,-
homology ball over which the branching involution extends as a smooth involution. From the nonexistence
of such a spin 4-manifold filling of the branched cover, we can further conclude that the knot E5, ; does
not bound a normally immersed disk with only negative double points in any Z,-homology ball.

The topological input to the theorem is the existence of a smooth concordance from the figure-eight knot
to the unknot in a twice-punctured 2CP2, denoted by X, that represents (1, 3) in Hy(X,0X;Z) = Z ®Z,
as proved by Aceto, Castro, Miller, Park and Stipsicz [Aceto et al. 2023]. Our obstruction applies to all
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knots that permit such a concordance to a smoothly slice knot, which is the case for [Aceto et al. 2023,

Theorem 2.3] as well.

Theorem 1.2 Let K be a knot, and let K, ; denote the (2n, 1)-cable of K. Suppose that K can be
transformed into a slice knot by applying full negative twists along two disjoint disks, where one intersects
K algebraically once and the other intersects it algebraically three times. Then, for each positive odd
integer n, the knot K,, 1 does not bound a normally immersed disk in B* with only negative double

points.

There are infinitely many knots that satisfy the assumptions of Theorem 1.2. In fact, [Aceto et al. 2023,
Remark 2.6] provides an infinite family of strongly negative-amphichiral knots meeting the assumptions.
Recall that a knot K is called strongly negative-amphichiral if there is an orientation-reversing involution
7 : 8% — §3 such that 7(K) = K. Since each knot in the family is strongly negative-amphichiral,
the (2n, 1)-cables of these knots are algebraically slice and strongly rationally slice [Kawauchi 2009].
In particular, the usual concordance invariants from knot Floer homology [Ozsvéth and Szab6 2004;
Rasmussen 2003] (see also [Hom 2017; Hom et al. 2022]) and the concordance invariants s¥, f,, ¥,
v¥, 17 15 T, ry from instanton knot Floer theory [Kronheimer and Mrowka 2013; 2021; Daemi and
Scaduto 2024b; Ghosh et al. 2024; Baldwin and Sivek 2021; Daemi et al. 2025], and the concordance
invariants 67, gps from equivariant Seiberg—Witten theory [Baraglia and Hekmati 2024a; Baraglia 2024;
Iida and Taniguchi 2024] vanish. Moreover, it can also be proved that the s-invariant [Rasmussen 2010]
from Khovanov homology [2000] vanishes; see also [Manolescu et al. 2023]. Additionally, we note that
the (2, 1)-cable (i.e., when n = 1) is the only case where the results of [Dai et al. 2024; Aceto et al. 2023;
Konno et al. 2023] can be directly applied.

Our main tools are the real Frgyshov inequalities involving the three concordance invariants

SR(K). 8R(K). $r(K) € 15 Z.

which are called real Frgyshov invariants, introduced by Konno, Miyazawa and the third author in [Konno
et al. 2024]. The invariants are defined as certain Frgyshov type invariants for the fixed point spectrum of
an order 2 subgroup (/) in O(2), acting on the Manolescu’s Seiberg—Witten Floer homotopy type [2003]
of the double-branched cover of a knot K:

SWFR(K) := (SWF(Z,(K), 50))",

where s¢ is the unique spin structure on the double-branched cover X,(K). Note that SWFg(K) has
a Z4-symmetry, which comes from the j-action in Pin(2). The invariant § g(K) is a Z,-equivariant
Frgyshov invariant, which can be seen as an analog of the Heegaard Floer d-invariant [Ozsvéth and Szab6
2003a]. The latter two invariants, § g(K) and § g(K), are Z 4-equivariant Frgyshov invariants similar to d
and d in involutive Heegaard Floer theory [Hendricks and Manolescu 2017]. There are several variants of

TAsitis pointed out in [Baldwin and Sivek 2022, Remark 1.6], the invariants 7# and v¥ vanish for rationally slice knots. In
particular, from [Ghosh et al. 2024, Theorem 1.2], 77 also vanishes.
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real Seiberg—Witten theory; for examples, see [Tian and Wang 2009; Nakamura 2013, 2015; Kato 2022;
Konno et al. 2025; 2024; Li 2022; Miyazawa 2023; Li 2023; Baraglia and Hekmati 2024b].

To prove Theorem 1.2, we shall show that if a knot K satisfies the assumptions of the theorem, then
8r(K2p,1) <0 for each odd n. To accomplish this, we make use of a smooth concordance from K3, ;
to the torus knot 7%, 1-205, in a twice-punctured 2CP2. This approach simplifies the calculation of
S r(K2p,1) to calculating gR(TZn,I—ZOn)- For the computation of gR(T2n,1—20n), we develop a theory of
the O(2)-homotopy type of the Seiberg—Witten Floer spectrum, which we describe below.

We introduce a method to compute both the real and the O(2)-equivariant Seiberg—Witten Floer
homotopy type for an almost-rational plumbed homology sphere. Our main tool is based on the
Pin(2)-equivariant lattice homotopy type, developed by Dai, Stoffregen and Sasahira [Dai et al. 2023].
Additionally, we develop an O(2)-equivariant version of the lattice homotopy type. For a given negative-
definite plumbing graph I', the associated plumbed 4-manifold is denoted by Wr, and its boundary is
denoted by Yr. If the plumbing graph I" is almost-rational (abbreviated as AR; see [Némethi 2005,
Definition 8.1]), then we say that YT is an almost-rational plumbed homology sphere. The following
theorem enables us to compute the invariants g, § g and gR for all torus knots.

Theorem 1.3 Let K be a knot in S* and $,(K) be its double-branched cover. Suppose there is an
almost-rational plumbing graph I" with a diffeomorphism 0Wr = ¥, (K), where Wr denotes the plumbed
4-manifold given by T, such that the deck transformation on ¥,(K) extends smoothly to a smooth
involution T on Wr. Moreover, assume that there exists an almost I -invariant path? y that carries the
lattice homology of (I', s¢), where so denotes the unique spin structure on X, (K). Then there is an
O(2)-equivariant map

T9 - %(y,50) — SWF(Z2(K). 50)

which is an S -equivariant homotopy equivalence with respect to a certain O(2)-action on #(y, s¢). Here,
50 denotes the unique self-conjugate spin® structure on X, (K).

This can be applied to compute a 2-knot invariant from real Seiberg—Witten theory. Miyazawa [2023]
defined the numerical invariant
|deg(S)| € Zzo

for a smoothly embedded 2-knot S in S* as the absolute value of the mapping degree of the {#1}-
framed real Bauer—Furuta invariant. Furthermore, Miyazawa [2023, Proposition 4.25, Lemma 4.27 and
Proposition 4.30] provided the formula

(1) |deg(T(k,a) (K))| = |deg(K)|

for a determinant-one knot K in S3, where T(k,«)(K) is the a-roll k-twisted spun 2-knot of K, and
|deg(K)| is the absolute value of signed counting of {+1}-framed real Seiberg—Witten solutions on the
double-branched cover of K with respect to its unique spin structure. Since Theorem 1.3 enables us to

2For the definition of almost I -invariant path, see Section 4.3.
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give the nonequivariant homotopy type of SWF g (K), combined with (1), we can give a general formula
of deg(tx o (K)) as follows:

Corollary 1.4 If K is a determinant one knot in S3 satisfying the same assumptions as in Theorem 1.3,
then

|deg(tk o (K))| = |deg(K)| = |x(3(y.50)")| = 1
for integers k and « such that %k + « is an odd integer.

We also consider the case when K is an arborescent knot, and in particular a Montesinos knot. We
refer the reader to standard textbooks in knot theory, such as [Lickorish 1997], for precise definitions.

Theorem 1.5 Let I" be a negative-definite almost-rational plumbing graph, and K be the corresponding
arborescent knot. If y is a path that carries the lattice homology of (I, s), for the unique spin structure s
on the double-branched covering space X, (K), then there is an O(2)-equivariant map

TO@ - 9¢(y,5) > SWF(Z,(K), 5)
which is an S -equivariantly homotopy equivalence, with the I -action on #(y, s) defined in Section 4.4.

Corollary 1.6 Let k and o be integers such that %k + « is odd. Under the same assumptions as in
Theorem 1.5, suppose that the lattice homology of (I', s) is expressed as a graded root R. Denote the sets
of leaves and angles’ of R by L(R) and A(R), respectively, and shift the grading (if necessary) so that
all vertices of R lie on even degrees. Additionally, we assume the determinant of K is one. Then we have

Y (@ Y (gyiew)

veL(R) veA(R)

|deg(tk,o (K))| = |deg(K)| =

Originally, Miyazawa used the computation of Seiberg—Witten moduli spaces using the analytical
result given in [Mrowka et al. 1997]. Alternatively, Corollary 1.6 gives a combinatorial computation
using the lattice homotopy type [Dai et al. 2023] for a certain class of twisted roll spun 2-knots.

We also consider an invariant of a 2-knot or a RP?-knot S in S*. For simplicity, we assume the
double-branched cover of S is homology CP? in this paper, in order to consider a canonical spin®
structure up to sign, whose first Chern class is a generator of H,(CP?;Z). For the strongest invariant
in the real setting for a 2-knot or a RP?-knot S in S*, we have the O(2)-equivariant Bauer—Furuta
invariants*

BFsg: VT VT,

which were introduced in [Baraglia and Hekmati 2024b], where V' denotes an O(2)-representation space
and + denotes the one-point compactification. If we consider the (/) C O(2) fixed-point part of BFg, we
can recover the Miyazawa’s degree invariant. We give a structural theorem for the O(2)-Bauer—Furuta
invariant.

3See [Alfieri et al. 2020, Section 4.4] for the definition of angles in a graded root.
4For the construction of O(2)-equivariant Bauer—Furuta invariants, see Section 3.4.
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Theorem 1.7 For any 2-knot or RP2-knot in S*, its O(2)-equivariant Bauer—Furuta invariant is O(2)-
stably homotopic to £ identity up to the coordinate changes of the domain if Miyazawa’s degree invariant

iS one.

A similar structural theorem for S'! x Z,-equivariant Bauer-Furuta invariants for 2-knots introduced
in [Baraglia and Hekmati 2024a] is also proved in [lida and Taniguchi 2024, Theorem 1.18], based on a
similar technique. For the definition of the coordinate changes, see Remark 4.11.

Remark 1.8 As a refinement of Theorem 1.7, one can also observe the following: For a given pair of 2-
knots or RP2-knots, suppose that their Miyazawa’s degree invariants are the same. Then the corresponding
O(2)-Bauer—Furuta invariants are O(2)-equivariantly stably homotopic up to sign and coordinate change.
Note that we can also define the O(2)-stable homotopy class of real Bauer—Furuta invariants even for
orientable surfaces in S* by considering their double-branched covers with invariant spin structures with
respect to the covering involutions. However, a similar technique proves that if the genus is positive, then
the O(2)-stable homotopy class of the Bauer—Furuta invariant does not depend on the embeddings.

2 Some topological facts
2.1 Concordance to torus knots

In [Aceto et al. 2023] (see also [Ballinger 2022]), it was observed that the 0-framed figure-eight knot can
be transformed into a —10-framed unknot by performing two full negative twists, as described in Figure 1.
This observation provided a new proof that the (2, 1)-cable of the figure-eight knot is not smoothly slice
in B*. Furthermore, it will be crucially used in this article.

The 1-framed circles in Figure 1 link the O-framed figure-eight knot, one linking algebraically once
and the other algebraically three times. This implies that there is a concordance S in

X :=2CP2\ (B*U B*) = 2CP2#(S3 x I)

from the figure-eight knot to the unknot such that S represents the homology class (1, 3) in H, (X, 0X; Z) =
H,(2CP?;Z) = Z &Z. Due to the framing change, applying a cabling operation along the annulus results
in a new concordance S;, in X from the (2, 1)-cable of the figure-eight knot to the (2n, 1—20n)-cable
of the unknot, namely the 75, 120, torus knot. Moreover, S5, represents the homology class (27, 6n)
in Hy(X, dX;Z). For this, we only needed the fact that the figure-eight knot can be converted into a slice
knot by introducing full negative twists along two disjoint disks, one intersecting K algebraically once
and the other intersecting it algebraically three times. We record this as a proposition:

Proposition 2.1 Let K be a knot, such as the figure-eight knot, which can be transformed into a slice
knot by applying full negative twists along two disjoint disks — one that intersects K algebraically once
and another that intersects it algebraically three times. Then, for each positive integer n, there is a smooth
concordance S, in the twice-punctured 2CP?, denoted by X, from Ky, 1 to Typ,1—20,. Moreover, Sz,
represents the homology class (2n, 6n) in Hy(X,0X; 7). |
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Figure 1: The 0-framed figure-eight knot becomes the —10-framed unknot after two full negative twists.

2.2 Topological invariants for torus knots

The signature of a positive torus knot 7}, 4 is computed via the following recursive formulae [Gordon
et al. 1981, Theorem 5.2]; note that we are using the convention where positive torus knots have negative
signature. When 2¢g < n, we have

0(Ty—2q4)—q*+1 ifqisodd,
0(Th—24,4) — q> if ¢ is even.

U(Tn,q) = {

When g <n < 2q, we have

—0(Tag—nq)—q*+1 ifqisodd,
0(Tngq) = ) e
—0(T2g—n,q)—q°+2 if qiseven.
Using this formula, we compute the signature of 75, 120, as
0 (Tan,1-20n) = —0 (Taon—1,20)= —0(Tan—1,2n) + 160> = =24 201> + 6(Ty 24) = =2+ 20n°.

Now we compute the Neumann—Siebenmann invariant & [Neumann 1980; Siebenmann 1980] of the
double-branched cover of S3 along T%,,1—20,, Which is the rational Brieskorn sphere 3 (2, 2n, 1 —20n)
with respect to its unique spin structure. Since p satisfies @(—Y) = —u(Y), we will instead compute
w(X(2,2n,20n —1)).

To compute it, we follow [Neumann and Raymond 1978]. We first represent X (2, 2n,20n — 1) as the
boundary of a plumbed 4-manifold. One can do this by first representing it as a Seifert manifold and then
translating each singular fiber as a leg in a star-shaped plumbing graph. To do so, we first write down the
circle action on X (2, 2n, 20n — 1), which is given as

n(20n—1)Z1 Z20n—lz 2n

t-(z1,22,23) = (t 2.17"z3).

It is then clear that, when 7 > 1, the above action has three singular orbits, with Seifert coefficients given
by (20n —1,—20n 4+ 11), (20n — 1,—20n + 11) and (n, —1), respectively. Note that the (n, —1) orbit
becomes nonsingular when n = 1, resulting in only two singular orbits.

Now, we can draw a plumbing graph I" such that the boundary of the 4-manifold obtained by plumbing
disk bundles corresponding to I" is 3 (2, 2n,20n — 1). Recall that a singular orbit of Seifert coefficient
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(p, q) contributes to a leg of the form [aq, ..., a,] in the resulting star-shaped plumbing graph, where
ai,...,ay satisfy a; < —2 and are uniquely determined by the continued fraction expansion
p 1
q 1
a —
? I
7

of p/q. When n > 1, we obtain a graph with three legs, given by
-2,...,—2,-3,-2,...,-2], [-2,...,—-2,-3,-2,...,-2] and [-n].

2n—2 8 2n—2 8

Moreover, the central vertex has a coefficient of —2. Hence the plumbing graph is given as follows:

-2 -3 ) -2
[ ]

-2
[ ]
—n 5 / 2n-2 8
[ ]
\—2 -2 -3 -2 -2
[ ] [ ]

N N

2n—2 8

On the other hand, when n = 1, we only have two identical legs, given by

[—3,-2,...,-2],
———
8
and the central vertex has coefficient —1. Hence, in this case, the plumbing graph is given as follows:
-2 -2 -3 —1 -3 -2 -2
[ ] [ ] [ ] [ ] [ ] [ [ ]

8 8

Given these plumbing graphs, it is now easy to compute i using the formula

A(Y) =) —w?),
where I" is a plumbing graph for Y, o (I") is the signature of I', and w is the spherical Wu class. When n

is odd and n > 1, using the plumbing graph from above, we find that o (I") = —4n — 16, and w satisfies
w? = —4n +2. Forn = 1, we have o(I") = —18 and w = 0. Therefore, we find

- _ 18
r(2(2,2n,20n—1)) = —¢
for each positive odd integer 7.

Remark 2.2 We do a brief sanity check here in the case n = 1. Since 75 ;9 is a 2-bridge knot, £(2, 2, 19)
is a lens space, we should have

A(2(2.2.19)) = $o(T2,19).

Since 77 19 has signature —18, we see that our computation is correct for n = 1.
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3 Review of the § g invariant and the casen =1
3.1 Category of spectra for SWFg (K)

In this section, we introduce a category €¢ that contains the real stable equivariant Floer homotopy
type SWFg(K) for a knot K in S3. For a finite-dimensional vector space V, let VT be the one-point
compactification of V. We define the group G to be the cyclic group of order 4 generated by j € Pin(2),
ie.,

G=Z4={1,j,—1,—j} withasubgroup H=7Z7Z,={1,-1}CQG.

We will use the following representations of G:

e R: the one-dimensional real representation space of G defined by the surjection G — Z, = {1, —1}
with j — —1.

e C: the complex 1-dimensional representation defined by assigning j € G to i in C.

As representations for the suspensions, we shall only use subspaces of V" = @Nf& and W = dNC. A
pointed finite G-CW complex X is called a space of type (G, H)-SWF if X His G -homotopy equivalent
to V', where V is a finite-dimensional subspace of ¥, and H acts freely on X \ X H_ The dimension
dim V is called the level of X.

Now we introduce the category € whose object is the equivalence classes of (X, 7, n) up to G-stable
equivalence, where X is a space of type (G, H)-SWF, m € Z and n € Q. We say that (X, m, n) and
(X', m’,n’) are G-stably equivalent if n —n’ € 7. and there exist finite-dimensional subspaces V, V' C V'
and W, W’ C W and a pointed G-homotopy equivalence

sy 52V sy,

where dimg V —dimg V' = m’ —m and dim¢ W —dim¢ W/ =n’ —n.
Informally, we may think of the triple (X, m, n) as the formal desuspension of X by V' and W, where
VCcVand W C W with dim V = m and dim W = n. So, symbolically one may write

(X,m,n) = =~mRg=7nCy

Let (X, m,n) and (X', m’,n’) be triples as above. A G-stable map (X, m,n) — (X', m’,n’) is called
a G-local map if dimg V —dimg V' = m’ —m and it induces a G-homotopy equivalence on the H-fixed-
point sets. We say that (X, m, n) and (X', m’,n’) are G-locally equivalent if there exist G-local maps
(X,m,n) — (X',m',n') and (X', m’,n’) — (X, m, n). The invariants § g g and § g are invariant under
G = Z4 local equivalence. By considering the action coming from the inclusion Z, — Z4, we have the
corresponding representations:

e the trivial representation R,

e the nontrivial real representation R.

With these representations, we also define Cz,.
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3.2 The real Froyshov invariants

In this subsection, we review the construction of the real Frgyshov invariants. In [Konno et al. 2024], the
three invariants

SR(K). Sr(K). SR(K) € Z

are introduced for a knot K in S3. In fact, it is defined for any oriented link in S3 with nonzero
determinant. In the case of the knot, the invariants are independent of the choice of orientations. These
invariants are derived from Z4-equivariant stable homotopy type

SWFR(K).

Let s be the unique spin structure on the double-branched cover ¥,(K), let 7 : 3,(K) — ¥,(K) be
the deck transformation, and let P be the principal Spin(3) bundle for s¢y. Since the fixed-point set is
codimension 2, we can take an order 4 lift T : P — P of the induced map

T+ : SO(T 25 (K)) — SO(T 2, (K)),

where SO(T X, (K)) is the orthonormal framed bundle of X, (K) with respect to a fixed invariant metric g
on X,(K). Then, we have the infinite-dimensional functional

CSD: % := (i Kerd* CiQg, ) ®T(S) >R

called the Chern—Simons Dirac functional, where S is the spinor bundle with respect to so and I'(S)
denotes the set of sections of S. The Seiberg—Witten Floer homotopy type is defined as the Conley
index of the finite-dimensional approximation of the formal gradient flow of CSD. For that purpose, we
describe the formal gradient of CSD as the sum / + ¢, where / is a self-adjoint elliptic part and c is a
compact map. Then, we decompose 6 into eigenspaces of /. Define VE‘A(K) &) W}A (K) to be the
direct sums of the eigenspaces of / whose eigenvalues are in (—A, A], and restrict the formal gradient flow
[+cto V_)‘k (K) & W_)“k (K), where V_)“x (K) is the eigenspace corresponding to the space of 1-forms
and W_kA(K ) is the eigenspace corresponding to spinors. Then by considering the Conley index (N, L)
for (V_A)L(K ) & W_}‘)L(K ), [+ pﬁ ,.¢) with a certain cutting off, we get Manolescu’s Seiberg—-Witten Floer
homotopy type

2 SWE(Z,(K), 50) 1= X~ V2 ®W2,—n(Z2(K).50.8)C /1

where n(Y, 59, g) is the quantity given in [Manolescu 2003] and g is a Riemannian metric on X, (K). For
the meaning of desuspensions and how to formulate a well-defined homotopy type in a certain category,
see [Manolescu 2003]. For the latter purpose, we take g to be a Z,-invariant metric. Since we are working
with the spin structure s, we have an additional Pin(2)-action on the configuration space €, which
preserves the values of CSD. Now, we define an involution on € g

I:=joT,
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where j is the quaternionic element in Pin(2) = S' U j - S!. (The map —I also induces another real
involution on the configuration space. One can easily check that the invariants §g, § g and 5_R which we
will focus on in this paper do not depend on such choices.)
Since [ also acts on S anti-complex-linearly, the lift I is called a real structure on sy. Combined with
the S !-action, we can take the Conley index so that we have an O(2)-action on SWF(Z,(K), s¢).
Now, we define

SWFR(K) := z—(VEAGBWB;L)I—%'I(Ez(K)JO,g)C NI/LI
=[(V!/L! dimg (V). dimc(WS)! + n(Y.t. g))] € &
which we call the real Seiberg—Witten Floer homotopy type for K. Here, we take an O(2)-invariant index
pair (N, L) for the flow (V_)‘)\ (K)® W_)‘A(K), [+ pf)\c) with a certain cutting off. Since the action of j

commutes with /, we have a Z4-action on the stable homotopy types SWF g (K). Therefore, we have the
two equivariant cohomologies

~ : 0 I . 0 \I
H2+d1m(V7A) +2d1m<C(W7)L) +n(22(K),509g)(NI/LI; ZZ)

HE(SWFR(K): Z5) =

for G = 7, or Z4, where Z, denotes the group of the {=1}-constant gauge transformations on N /L.
If we write H*(BZ,) = Z,[W], we define

Sg(K):=L(min{m € Z | x € H (NT /L' Z), W¥x % 0 for all k}
—dim(V%)! - 2dimc(W%)T —n(Z2(K), 50, g))-
Similarly, if we put
3 (S°) = Z,[U. 01/(0* = 0),
we can write the definitions of § g and S_R as
SR(K):=(min{m € Z | x € Hy (N'/L";Z5), U¥x # 0 for all k,m = dim(N '/ L")%2 mod 2}
—dim(V%) = 2dimc (W) —n(22(K). 0. 2)).
Sr(K):=L(min{m € Z | x € HY (N'/L*:Z,), U*x # 0 for all k,m = dim(N !/ LT)%2+1 mod 2}
—dim(V°)! —2dimc (W) —n(22(K), 50, 2)) — L.

3.3 0O(2)-equivariant Floer homotopy type

In this section, we define the O(2)-equivariant Floer homotopy type for knots.

We have actions of 7 and S'! on the Floer homotopy type SWF(Z,(K), s0). This gives a well-defined
O(2)-action on SWF(XZ;,(K), s9) which lies in certain O(2)-equivariant stable homotopy category. From
Lemma A.1, and up to base change, the O(2)-representations that appear in this setting are the following:

e the trivial 1-dimensional real representation R,

e the nontrivial 1-dimensional real representation R obtained via the surjection
0Q2)— 0(1) =Z,,
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e the irreducible 2-dimensional representation C, equipped with the natural action of O(2) = S! xZ,,
where S acts by complex multiplication and Z, acts by complex conjugation.

Accordingly, the universe in this setting is given by
U=R® SR> §C™.
The category €p(2) containing the O(2)-Floer homotopy type is described as follows:
e The objects are tuples (W, [, m, n), where W is a pointed O(2)-space, [,m € Z, and n € Q.
¢ Given two objects (Wy, Iy, mg, ng) and (Wy, 11, m,ny), the set of morphisms is given by

lim [EP()RGBM@GBC]C W, s (Po+lo—11)RS(p1 +mo—m)R&(g+no—n1)C W1]0
P0,P1,4—>00 ' 0@

provided that ng —ny € Z, where [ X, Y]OO(2) denotes the set of based O(2)-equivariant maps up to

O(2)-equivariant based homotopy.

As in the case of S, we define the (de)suspension by
3) VW, lm,n) = (EYW, I +2a, m+2b, n+2c)

when V = V; @ V, @ V3 has a trivialization of the form R¢ & R® @ C¢. The reason why we consider the
suspension of the form (3) is the set homotopy classes of identifications V; =~ R4, V, =~ R? and V3 = C°
as real representations are identified with o (GL,(R)), 79(GLp(R)) and 79(GL.(R)) from Lemma A.2.
Under the setting of Section 3.2, we consider Manolescu’s Floer homotopy type SWF(X2;(K), s¢)
with an O(2)-action:
[(ZVHOWEN/L, 0,0, 1n(22(K), 50, 2))].

We need to confirm the dependence of SWF(X,(K), 5¢) on the Z,-invariant Riemannian metrics. Since
we are considering rational homology 3-spheres, we only need to take into account the spectral flows
coming from Dirac operators. One can check the O(2)-equivariant version of the spectral flow coincides
with the usual S!'-equivariant spectral flow. Thus, by employing the same formulation as Manolescu [2003,
Section 6], we can use n(X,(K), 59, g) to determine the data for desuspensions and obtain a well-defined
O(2)-equivariant Seiberg—Witten Floer homotopy type. That is, we simply replace the standard S!-
representation C with the standard O(2)-representation C.
There is a functor

60(2) — Q:Zz
defined by taking the ([)-fixed-point part of the spectrum
(W, 1,m,m)] :=[(WT,m,2n),

together with the natural restriction maps of equivariant maps. With respect to this functor, the constructions
yield the following.
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Proposition 3.1 For any knot K in S3, we have
SWFR(K) = SWF(Z,(K), s0)". O

3.4 O(2)-equivariant cobordism map

In order to calculate the real Seiberg—Witten Floer homotopy type SWFg(K), we will construct an
O(2)-equivariant map. This map is obtained as the O(2)-equivariant Bauer—Furuta invariant for the
branched covers and the homotopies between them. We review the construction of the O(2)-equivariant
Bauer—Furuta invariant in this section.

Let (Yo, to) and (Y7, t;) be spin® rational homology 3-spheres with odd involutions t; : Y; — Y;, i.e.,
an involution 7; such that

foreachi =0, 1. A typical situation involves Yy and Y7 as the double-branched covers of knots K and K’,
each with unique spin structures t; and t;, respectively. Let (W, s) be a smooth spin 4-dimensional
oriented cobordism from (Yy, tg) to (Y7, t1) with b1 (W) = 0. We assume that there is an odd involution T
on W such that r|yl. = t; for each i, i.e., an involution t such that

¥s>5

and the fixed-point set of t is of codimension 2. Again, a typical situation is when W is obtained as
the double-branched cover along a smoothly embedded surface in a 4-manifold. Let ST be positive and
negative spinor bundles on W, and let S; be the spinor bundles on Y; for each i. An antilinear lift / on
the spinor bundles S*, S;, and the configuration spaces are constructed in [Konno et al. 2024, Section 2].
Note that such a choice (of I) corresponds to a choice of splittings of

1—>S1—>G5—>Zz—>l,

as pointed out in [Baraglia and Hekmati 2024b, Subsection 2.1], where G denotes a group of certain bundle
maps of the spinor bundle S on W which covers . We fix a splitting when we consider O(2)-equivariant
Bauer—Furuta invariant.’

In this setting, Konno, Miyazawa and the third author [Konno et al. 2024, Section 3.7] (see also
[Baraglia and Hekmati 2024b, Section 2.1]) constructed an /-equivariant Bauer—Furuta map, which is
formally written as

(4) BEyy, : (C3@1E7 =00+ SWE(Yy, tg) — (RP2 )+ A SWE(Y,, 1)

for the 4-manifold W up to stable homotopy, with a certain /-action on C §@©*=00M) gnd Rb3 W),
In this paper, we mainly focus on the case of b; (W) = 0 in the construction of a map between O(2)-
lattice homotopy type and the Seiberg—Witten Floer homotopy type. Note that if we forget the I-action,

31t should be possible to write down this dependence on the choices of splittings explicitly. However, we do not need to do it
in this paper, so we omit it.
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BFw s recovers the usual S 1 -equivariant Bauer—Furuta invariant. Combined it with the S 1_action, one
can see the map BFyy, is O(2)-equivariant since / and i € S! anticommute. Consequently, we can
define O(2)-equivariant Bauer—Furuta invariants of 2-knots or RIP2-knots as introduced earlier.

Suppose Yy and Y; are the double-branched covers along knots K and K’, each with unique spin
structures ty and {1, respectively. Assume W is obtained as the double-branched cover along a surface
cobordism S from K to K’ properly and smoothly embedded in a 4-dimensional cobordism from S3
to S3. If we consider the 7-invariant part of BFw s, we obtain a cobordism map in real Seiberg—Witten
theory, still denoted by BFyy , if there is no confusion. This cobordism map is used to prove Frgyshov
type inequalities in [Konno et al. 2024].

3.5 The case n = 1: a toy model

We now offer an alternative proof of the main theorem for the case of n = 1, previously established using
Heegaard Floer theory in [Dai et al. 2024] and minimal genus functions in [Aceto et al. 2023]. This proof
serves as a useful toy model for the case of general odd n > 1.

Let K be a knot in S3, and let ¥, (K) denote its double-branched cover. Recall from [Konno et al.
2024, Proposition 1.10] that when ¥, (K) is a lens space, we have

SR(K) = 8Rr(K) = 8g(K) = —0(K),

where o (K) is the signature of K. Given that the torus knot 75 _19 is a two-bridge knot, and thus its
double-branched cover is the lens space X (2,2, —19) = L(19, 1), we deduce

(5) SR(T2—19) = —150(Ta—19) = —3.
Now, we invoke the following theorem.

Theorem 3.2 [Konno et al. 2024, Theorem 1.6] Let K and K’ be knots in S3, let X be an oriented,
smooth, compact, connected 4-manifold cobordism from S 3 to S3 with H{(X;Z,) =0, and let S be
a connected surface cobordism that is smoothly embedded in X from K to K’, such that the homology
class [S]/2 in Hy(X, 0X; Z) reduces to wo(X). Let ¥,(S) be the double-branched cover of X branched
along S and 6 (X,(S)) be its signature.

If b (£2(S)) — b (X) = 1, then we have

SR(K) — 150(22(S)) < 8r(K").
If b;’(Ez(S)) — b;’ (X) =0, then a stronger inequality holds:
SR(K) — £0(22(8)) < §r(K). O
The latter part is a stronger conclusion since we have § g(K) < §g(K) < Sr(K) for each knot K.
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Remark 3.3 The following can be computed using the Mayer—Vietoris sequence and the G-signature
theorem (see [Konno et al. 2024, Lemma 4.5]). Suppose that .S is an annulus; then, we have
b (22(8)) = b (X) = b (X) = 4[SP = 30(K) + 30(K),
0(22(S)) = 20(X) — 3[ST* —o(K) + a(K).
We will use these to compute the quantities b;(EZ(S)) and (2, (S)).
We have the following immediate corollary of Theorem 3.2.

Corollary 3.4 Let K be a knot with vanishing signature. Suppose K bounds a normally immersed disk
in B* with only negative double points. Then, we have 0 < § g(K).

Proof If K bounds a normally immersed disk in B* with m negative double points, then there is a smooth
concordance S in twice-punctured mCP2, denoted by X, from the unknot to K. Moreover, S represents
[S]=(2,2,...,2)in Hy(X,dX;Z). Moreover, by Remark 3.3, we have that b;(Zz(S)) — b;(X) =0
and 0(X2,(S)) = 0. Then the conclusion follows from Theorem 3.2. m|

Let E be the figure-eight knot. Consider the smooth concordance S, as described in Proposition 2.1,
from E, 1 to T, _19 in a twice-punctured 2CP2, which is denoted by X. This concordance has the
homology class (2n, 6n). To check that the assumptions of Theorem 3.2 are satisfied for .S, we calculate

b (22(8) — b5 (X) =b (X)— LSP + 10(Ta—19) =2— 52 +6%) + 3(18) =2—10+9 = 1.
Hence the assumptions are satisfied, and thus we get
SR(E21) — 1c(20(X) — 3[ST* + 0(T2,-19)) < 8r(T2,—19).
Since we have
— 1 (20(X) = ASP +0(Ta—19)) = £ (22— 222 +6%) + 18) = —1,

use (5) to conclude that
SRr(E2,1) =—1.

Thus, by applying Corollary 3.4, we conclude that £, ; does not bound a normally immersed disk in B*
with only negative double points. In particular, it is not smoothly slice.

Remark 3.5 Consider the unique minimal-genus Seifert surface S for the figure-eight knot E. It consists
of two bands, one with a full positive twist and the other with a full negative twist. Take two parallel
copies of S and denote them by ST and S~. Connecting them with a half-twisted band yields a Seifert
surface S’ for E, ;. Perform a crossing change on E ; that corresponds to undoing the full positive twist
on ST, and a crossing change that corresponds to undoing the full negative twist on S . These crossing
changes produce a new knot R and a Seifert surface S” derived from S’ for R. Moreover, on S”, we
have a two-component unlink U; U U, such that the Seifert form restricted to the homology classes of the
unlink vanishes (i.e., it forms a derivative link for R), which in particular implies that R is a ribbon knot.
In fact, one can check that R is the ribbon knot 12n268. Therefore, we conclude that cj (Ez1)=1.
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3.6 Two technical lemmas

Before ending this section, we shall show the following lemmas, which will be used later. We say that a
spectrum X is a Z,-homology sphere if H *(X:;Z,) = m«(X N HZ,) is one-dimensional over Z,.

Lemma 3.6 If SWFg(K) is a Z,-homology sphere, then we have
SR(K) = 8Rr(K) = 8R(K).

Proof Since Seiberg—Witten spectra are finite, we may assume for simplicity that it is actually a finite
CW-complex by stabilizing it many times. Then, since SWF/! (K) is a Z,-homology sphere, then it is
also a Z,-cohomology sphere. Consider the Serre spectral sequence

Ey = H* (SWFR(K): L) ®z, H*(BL4: L5) = Hj, (SWFR(K): Z3) = Eco.

We already know that the £ page is free of rank 1 over H*(BZ4:7Z5) = Z»[U, Q]/(Q?). On the other
hand, it follows from discussions in [Konno et al. 2024, Section 3] that the E, page, after localizing by
formally inverting U, is free of rank 1 over Z,[U, U™!, Q]. Therefore we see that the spectral sequence
collapses at the E, page, and hence we get, as desired,

SR(K) = §R(K) = §r(K). o

Lemma 3.7 Let G be a finite 2-group and X, Y be finite G-CW-complexes. Suppose that there exists
a homotopy equivalence f : X — Y which is G -equivariant; note that f might not be a G -equivariant
homotopy equivalence. Then the restriction of f to G-fixed point loci, i.e.,

6. x% Y6,
induces an isomorphism between Z.,-coefficient singular homology.
Proof Consider the commutative diagram

X0 —— (X)) —— (X6

fe l(fG)zA l(sz)”G

YO —— (Y9)) —— (¥HH

where ()9 denotes the homotopy fixed point, i.c.,
zhe = EG, Z)°,

and (—)) denotes the Bousfield—Kan 2-adic completion. Note that for any G-space Z, we have a
canonically defined 2-adic completion map

Z—>Z}
and the (2-completed) comparison map
(295 =z
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But 2-adic completion maps are mod 2 homotopy equivalences. Furthermore, for finite G-complexes,
the 2-completed comparison map is a weak homotopy equivalence, due to the Sullivan conjecture [Dwyer
et al. 1989; Carlsson 1991; Lannes 1992]. By the mod p Whitehead theorem [Schiffman 1981], this is
equivalent to saying that all horizontal maps in the diagram above, as well as ( fz/‘)hG, induce isomorphisms
between Z,-coefficient homology. Therefore £ also induces an isomorphism between Z,-coefficient

homology. O

Remark 3.8 Since completion is a stable operation, by replacing fixed points with geometric fixed points,
we can easily see that Lemma 3.7 also applies to the case when X and Y are finite G-spectra.

4 Lattice homotopy type and the proof of Theorem 1.2

Our strategy utilizes the work of Dai, Sasahira and Stoffregen [Dai et al. 2023] on the lattice homotopy
computation of the Floer homotopy type. For background materials on lattice homology, we refer the
reader to [Ozsvéth and Szab6 2003b; Némethi 2005, 2008] for the general theory, and to [Dai et al.
2023] for the modernized constructions. We will mainly follow the notation used in [Dai et al. 2023] for
lattice homology. In this section, we construct O(2)-equivariant maps between the O(2)-lattice homotopy
type and the O(2)-equivariant Seiberg—Witten Floer homotopy type in two different situations, which
can be regarded as morphisms in €p(;). Note that these stable equivariant morphisms are assumed
to be based maps. However, by [tom Dieck 1987, Chapter II, Lemma (4.15)], there is no distinction
between based O(2)-equivariant maps and unbased ones between O(2)-CW complexes X and Y when
7 (X9®) = 7,(Y°®) = 0. In our setting, both the O(2)-lattice homotopy type and the O(2)-Seiberg—
Witten Floer homotopy type satisfy this condition, so we will ignore basepoints in the construction.

4.1 Computation sequences in lattice homology

In this subsection, we will review the construction of computation sequences in lattice homology, following
[Némethi 2008], as a detailed understanding of it is crucial in understanding the construction of j-action
on the Dai—Sasahira—Stoffregen lattice homotopy type. We will then modify it a little bit to construct
O(2)-lattice homotopy type in the later subsection.

Given an almost rational, negative-definite plumbing graph I', let Wt denote the corresponding
4-manifold. Since H?(Wr;Z) has no 2-torsion, the first Chern class map

¢1 : Spin(Wr) — H*(Wr: Z)

is injective. Furthermore, its image is the set of characteristic elements, i.e., cohomology classes
o € H*(Wr:7Z) satisfying o U B = B2 (mod 2) for all B € H*(Wr;Z). We will henceforth identify
Spin€ structures on Wi with characteristic elements of H?(Wr; Z). More precisely, given a characteristic
element «, we will denote the unique Spin® structure on Wr whose ¢ is « as [«].
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Recall that Wr is defined via gluing various disk bundles. For each node v of weight w, in I', we have
a disk bundle p, : E, — S 2 of Euler number w,, whose total space is embedded in Wr. We denote the
zero-section of py, by Sy; clearly, H,(Wr; Z) is freely generated by the classes [Sy], where v runs over
all nodes of I'. Then the weights of nodes in I give rise to the canonical class K, which is the unique
element of H*(Wr;Z) satisfying

KN[Sy]=—wy—2 forall nodes v of T.

Clearly K is a characteristic element, and any characteristic element can be written uniquely as K + 2«
for some o € H2(Wr; Z).

Note that H?(Wr; Z) can be embedded as a subgroup of H,(Wr; Q) via the intersection form of Wr.
Consider the cone

So ={x € Hi(Wr;Q) | (x,[Sy]) <0 for all nodes v of I'} .

It follows from the negative definiteness of I' that every element x € Sq satisfy x > 0, where > denotes
the partial ordering on H,(Wr; Q) defined by inequalities on weights of vertices of I".
We can find a minimal representative of [k] € Spin°(¥T) as follows: Consider the intersection

(I"+ Hy(Wr; Z)) N Sg.
With respect to the partial ordering on H,(Wr; Z), given by
x =<y if (x,[Sy]) =< (»,[Sy]) forall nodes v of T,

this subset admits a unique minimal element l[/k] [Némethi 2005, Lemma 5.4]. Thus we take the
corresponding distinguished representative k, of [k] as follows:

Now fix a vertex b, among the vertices of I". Then, for each integer i > 0, we construct a sequence of
cycles x(i) € Hy(Wr;Z) as the minimal element satisfying the following conditions:

* the coefficient of x (i) for the vertex b, is i;
« (x()+ Iy bj) < 0 for any vertex b; # b,.

It follows from [Némethi 2005, Lemma 7.6] that x (i ) is uniquely defined and satisfies x (i) > 0. Moreover,
every leaf of the graded root Rr induced by I contains at least one x (i) [Némethi 2005, Lemma 9.2].

We then construct a computation sequence between x (i) and x (i + 1) as follows. Set xo = x(i) and
x1 =x(i)+ b,. Assuming that xy, ..., x; are already constructed, we inductively define x; 1 as follows.
If (x; + I[/k]’ bj) =< 0 for all vertices b; # b,, then we stop, as x; = x(i + 1) is satisfied by [Némethi
2005, Lemma 7.7]. Otherwise, we take x;11 = x; + bj(;), where bj ;) is a vertex of I which is not b,
and satisfies (x; + Z[/k]’ bjy) > 0.
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Now we amalgamate computation sequence between x (i) and x(i + 1) for each i > 0 to obtain an
infinite sequence of cycles. We can truncate this sequence after sufficiently many terms to get a finite
sequence. This sequence is the computation sequence for the lattice homology of Yr = dWr; more
precisely, this sequence carries the lattice homology of YT in the sense of [Dai et al. 2023, Theorem 4.9].

Remark 4.1 It is possible to make sense of computation sequences between x (i) and x (i 4 ) for positive
integers s, by going from x (i) to x(i) + sb, by adding one b, at a time and then applying the same
algorithm to go from x (i) 4+ sb, to x (i 4+ s). If there exists an increasing sequence 0 <i; <ipy <--- <ip
such that each leaf of the graded root Rr contains at least one of the cycles x(iy), ..., X (i), one can
generate computation sequences between x (i5) and x (i541) and then merge them to obtain a sequence
which also carries the lattice homology of Yr. This observation will be used to construct “almost
I-equivariant paths” in Section 4.6.

4.2 Review of S! and Pin(2)-lattice homotopy type

In this subsection, we review the construction of the Pin(2)-lattice homotopy type. We will closely follow
the arguments of [Dai et al. 2023].

We start by defining the weight function w as follows. Given a spin®-structure [k] € Spin®(dWr) and
its element k € [k], we define its weight as

w(k) = 1(ci1(k)* +n).

Also, given a pair of elements k, k" € [k] which differ by b; for some j, we consider the pair as an
“edge” ey and define its weight as

wer ) = min(w(k), w(k')).

Then, given a sequence y = (X1,...,Xm) € (H?(Wr:Z))™ such that for each i, x; and x; differ by
bj for some j, we consider a CW-complex F(y, h) for very big positive even integers / as

(6) @(y’ h) — (( |_| ((C(w(xi)+h)/2)+) U ( |_| (C(w(exi~xi+l)+h)/2)+ A [0’ 1]))/N’

i=1,....m i=1,....m—1

where we identify all basepoints, and furthermore, the points x ~ (x, 0) for x € (C (e x; )/ 2)"', con-

sidered as a point in (C®@&)+M/2)+ We also similarly identify y ~ (», 1) for y € (C(w(e"i'xi+l )+h)/2)+,
considered as a point in (C®@&i+1)+1/2)+ Then we define the path homotopy type of y as the formal
de-suspension
_1
H(y. k) = 72" CF(y. ).

. . _lp. . . L
where this formal desuspension X 2" is taken in a certain S’ -equivariant stable homotopy category. In

our situation, we take it in €p(2). As convenient notation, we abbreviate
S(x) = (COCEDIT T and  E(ex; ) = (CP 2T A [0, 1) € 22y, [K).
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This spectrum is naturally endowed with an S !-action as follows: S! acts by complex multiplication
on C and trivially on [0, 1]. If y is a sequence which carries the lattice homology of YT, the homotopy
type of (y, [k]) depends only on the plumbing graph I' and the boundary spin® structure [k], and is
defined as the S!-lattice homotopy type of (I, [k]).

To upgrade the symmetry group from S! to Pin(2), under the assumption that [k] is self-conjugate,
we have to choose the computation sequence carefully. We say that a computation sequence y is almost
J-invariant if it can be written as an amalgamation of three interior-disjoint paths

Yy =voUye UJyo,

where J acts by the negation map, i.e., k — —k; see [Dai et al. 2023, Section 6.1] for more details. (We
make a remark that y; is a subpath of y such that J-acts on yy U Jy, freely.) This negation map has a
unique invariant lattice cube [ j; the condition here is that yg should be entirely contained in [J.

To construct an almost J-invariant computation sequence which carries the lattice homology of YT,
we proceed as follows. We know from [Dai and Manolescu 2019, Theorem 1.1] that J acts on the leaves
of the graded root Rt by reflection; it has at most one invariant leaf. If an invariant leaf exists, it is the
component containing the J-invariant cube (Jy. This cube has the following property: for any spin®
structure s which is a vertex of (17, we have

c1(s) = s —s = (spherical Wu class of T).

Choose a set S of leaves of R sothat SN JS = @ and S U JS is the set of all noninvariant leaves
of Rr. Since the spherical Wu class of Wr is a linear combination (with coefficients 0 or 1) of a subset of
nodes of I" which do not contain any pairs of adjacent nodes, we can choose a base node b, so that every
vertex of the cube (I 5 has zero coefficient for b,, which implies that x (0), and no other x (i), is contained
in (. For each leaf C € S, choose an integer ic > 0 such that x(i¢) € Rr, following [Némethi 2005,

Lemma 9.2]. Consider the set
I ={0}U{ic | C € S},

and write it as I = {iy,...,is}, where 0 = i; < --- < iz. Then one can take computation sequences
between x (i;) and x(i;4+1) foreacht = 1,...,s — 1 and amalgamate them to form a path y,. Then, by
construction, y N Jy = &. Then we can choose a path yg inside Oy which connects x(0) and Jx(0)
and take the amalgamation

Yy =voUyve UJyp.

Here, yg is not really a “path”. It consists of two points, which are a pair of opposite vertices in the
invariant lattice cube [1y. Then yq is a path which starts from s. Its orbit under the J action, which is
conjugation, is J Yy, and this path ends at s = 5. Such paths are called almost J-invariant paths, and
they are central in the construction of Pin(2)-lattice homotopy type.

We will slightly modify the construction of Pin(2)-lattice homotopy type so that we can represent the
action of I on the O(2)-equivariant stable homotopy type SWF(X,(K), 5¢).
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4.3 Involutions on plumbed 4-manifolds and almost 7 -invariant paths

Given an almost rational negative-definite plumbing graph T', the associated plumbed 4-manifold Wr, an
orientation-preserving involution 7 on Wr with codimension two fixed point set, and a spin structure s
on dWT satisfying t*s =8 = s, an almost I -invariant path is a sequence of spin® structures on W

Yy ={5_n,....5-1,51....,5n}

such that the following conditions are satisfied:

* silowp. =sforalli=1,...,n,—1,...,—n;

e 5_;=1%s; foreachi € {1,...,n};

e 5,11 —5; =PD[S]foreachi €{l,...,n} and a sphere S which represents a vertex of [’;

e s_;—5_;_1 =PD[S] foreachi € {l,...,n} and a sphere S which represents a vertex of I';

* 51 —5_1 =) gy PD[S] for a finite collection ¥ of pairwise disjoint smoothly embedded spheres
S C Wr with [S]?> < 0, where 7 fixes S setwise and acts on S by either an orientation-preserving
involution (which fixes two points) or identity.

Recall that, given a spin®-structure s on Wr, a path of spin-structures on Wr is said to carry the
lattice homology of (I, s) if the obvious inclusion map

H(y,s) — H(T,s)
is a chain homotopy equivalence on S !-equivariant Borel chain complexes. We will mainly consider
almost /-invariant paths which carry the lattice homology of (I, s) in the proof of Theorem 1.3.
4.4 Construction of O(2)-action

Under the above data and assumptions, and the existence of an almost /-invariant path y, we will construct
an O(2)-equivariant map
790 . %(y, 5) — SWF(YT, 5)

which is an S!-equivariantly homotopy equivalence for a given almost /-invariant path that carries the
lattice homology.
Due to Lemma A.1, we are allowed to choose the following universe for O(2)-equivariant Seiberg—

Witten theory: _
U=RXPGR>® @ C>.

Note that this universe induces the following universe when we restrict to S !-equivariance:
OIL Sl == ROO @ (C o0 .

We suppose our AR-graph 4-manifold Wt has an orientation-preserving involution t with codimension
two fixed point set. Let us have an almost /-equivariant path. In this setting, we define a class of
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O(2)-actions on the path homotopy type:
S21C%(y, 5) = (S(5-n) U+ UE(€s_z,e-)) U (S(5-1) UE (€5 6,) US(51)) U (E(es; ) Us+-US(5)-
For the subgroup S' C O(2), we define the S!-actions as the usual complex multiplication on

S(si) = (CWEDHN/ 2T and E(ey,q_,) = (CPCaie )T/ 2)+ 10 1),

Next, we define the action of I C O(2) on #(y, s). For the vertices, when i > 1, we define anticomplex
linear maps:

I:S(s;) >S(s—;) and [ :S(s—;) — S(s;)
given by complex conjugation. For the edges E(es; s;,,) with i > 0, we define similar actions:
I:E(es;51,) > Eles_ys;y), T iE(es; 5, ,) > Eles; 5,41,

where the actions on [0, 1] are trivial, except for the central edge E(es_, s, ). These actions anticommute
with the action of i € S'!. For the central edge E(es_, s, ), we define

I: ((C(w(ﬁ_l)+h)/2)+ A [0’ 1] N ((C(w(s_1)+h)/2)+ A [0’ 1]

such that I acts on [0, 1] by reflection, and on (C®¢~1)/2)*F by complex conjugation. Since all [-actions
are compatible, we obtain a well-defined O(2)-action on #(y,s). With this action, we may regard
Z%hc%(y, s), and therefore #(y, s), as objects in €g(y).

4.5 Proof of Theorem 1.3

Now, we provide the construction of F 9@ here, which gives the proof of Theorem 1.3. Note that we
have a decomposition of the lattice homotopy type

%(y.s) = [yUTy, where $2"CTp =S(s_1) UE(es_, ;) US(s1).

and I'g is the other part which has a free I-action. For each vertex s; of an almost 7-equivariant path y,
we associate the corresponding U(1)-equivariant Bauer—Furuta invariant

BFy;.s; : S(s:) — LZ"CSWE(Y, 5)

with stabilizations by R and C for i > 0. Let 5; and s;4; be two successive vertices in y, so that
S;i+1 = 5; + 2v™ for some vertex v of I'; there v* denotes the homology class of the 2-handle core of v.
For the edges with i > 1, we use the following adjunction relation described in Proposition 4.2 and obtain
a U(1)-equivariant homotopy

BFWr,er

Sj.5j

iE(ess,,) — SCSWE(Y).

Geometry & Topology, Volume 30 (2026)



Cables of the figure-eight knot via real Frgyshov invariants 803

Here we state the U(1)-adjunction relation proven in [Dai et al. 2023, Proposition 3.15]:

Proposition 4.2 Let (X, s) be a smooth 4-dimensional spin cobordism from (Y, s¢) to (Y1, s1) with
b1(X) = b1 (Y;) = 0. Suppose that X contains an embedded sphere S with S - S < 0, and let L be the
complex line bundle on X with ¢{ (L) = PD(S). Define

(e1(5).[S]) +ISP>

§=s5®L and n:= 7

We write the S -equivariant Bauer—Furuta invariants of s and s’ as maps
BFy, : (C©16°=0(XD/8)+ \ SWE(Y,) — SWF(Y}),
BFy o : (C16)?=0N/8)+ | GWE(Y,) — SWE(Y}).

Then BFx , and U"BFy s are S -stably homotopic if n > 0, and U ™"BFx , and BFy o are St -stably
homotopic if n < 0. Here, U denotes the stable homotopy class of the map

X ->3%X, x—(0,x).

For i < 0, we obtain maps
Iy oBFyy . o1 :S(s)) —> S2"CSWE(Y,s),

Iy oBFppe, . . ol :E(es.s_,) = SCSWE(Y.5).

i+
where Iy denotes the real involution on SWF(Y, s). This yields a well-defined O(2)-equivariant map
To:Tog— SWE(Y, s).
For the edge E(es_, s, ), we construct U(1)-equivariant homotopies between the maps
Iy oBFyy , oI :S(s_1) — S"CSWE(Y,s) and BFpq., : S(s51) — S2"CSWE(Y, s).
In order to connect these maps, we use the following:
Lemma 4.3 After identifying S(s;) = S(s—1), the two maps
Iy oBFyy 4, oI :S(s_1) — S2"CSWE(Y,s) and BFpq., : S(s;) — S2"CSWE(Y, s)
are S'-equivariantly homotopic.
Proof Note that we have t*s; =~ 5_; and t*s_; =~ 5, and
51 —s—1 =PD([S])

for some t-invariant, negatively embedded surface S in Wr which is described as the disjoint union
of setwise 7-fixed embedded spheres S = Sy U---US, C Wr for @ > 1. Let us denote by v(S) a
closed, r-invariant tubular neighborhood of .S, which can be identified with the union of the total space
of the disk bundle over S? with Euler number p; < 0. Then the boundary of v(S) is identified with
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the lens space ;< j<a L(pj,1). Here, we use the orientation convention that L(p, ¢) is obtained by
p/gq-surgery on the unknot. We claim the following:

i) —a(u(S s)?—a((S
cr(s—1] (S)l a(v(S)) :C1(51| (S))4 a(v(S)) _ Z d(L(pj.1).51lL(p.1))-

1<j=<a

(N

For proving (7), it is enough to see

2 _ . . 2 _ .
ereotls) =00 _ ot 200D _ g1, 0,

for each j € {1,...,a}, where v(S;) is a r-invariant closed neighborhood of S;.

The inequality version of (7) is nothing but a Frgyshov-type inequality in Heegaard Floer theory. The
following formula for the Heegaard Floer d-invariant is known [Ozsvath and Szab6 2003a, Section 4]:

| — 2
d@@Jum=_%+Q%fi

fori =0,..., p—1, where [{] denotes the unique spin® structure on L(p, 1) that extends over the p-trace
O(p) of the unknot and satisfies ¢; = 2i — p. Notice that, when restricted to v(S;), we have

c1(s)lv(s;) = (81 —51)[u(s;) = (spherical Wu class of Wr, )|v(s;) = PDy(s;[S)],
where the Poincaré dual is taken in v(Sj). The boundary of v(Sj) is L(pj, 1), so PDy(s;)[S;] = pj,
and thus
c1(s1lvsy)) =pi and  c1(s—1lucsy) = —pj,
ie., 5 5
c1(51lves)))” =c1(s—1lus;)” =pj and  silaycs;) =[0].

Hence, we have

c1(5-1lus))? —o((S) _ cisilus;)? —ow(S))  p;—1

4 B 4 4

which proves the claim.

From (7), the U(1)-equivariant Bauer—Furuta invariants for v(S) with 51/, (s) or s_1|,(s) are regarded
as stable homotopy classes of U(1)-equivariant maps

BF,(s) :C™ —-C™ and BF,(s) C"M ™

51lv(s) S—1lv(s)

for some m. By the observation given in [Dai et al. 2023, Proof of Proposition 3.15], one can see that
BF,(85),s11ucs) @0d BFy(8)5_,],(s, are U(1)-equivariantly stably homotopic to the identity. Therefore, by
the gluing result for U(1)-equivariant Bauer—Furuta invariants, we see that BFyy. 5, and BFpp\5(s),6,
(resp. BFy. s, and BFp.\$(s),s_,) are U(1)-equivariantly stably homotopic, where p(S) denotes
the interior of v(S). It also follows that we can identify the domains of the maps BFp;.\3(s),s, and
BFp\8(8),s_, » since these spin® structures coincide over Wr \D(S). We fix such a geometric identification

S(s1) = S(s-1).
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It is then sufficient to show that

Iy oBFpa3(sy.e, © 1 - S(5_1) — S2"CSWF(Y,5) and BFpy\3(s)s, : S(s1) — S2"CSWF(Y, 5)

are U(1)-equivariantly stably homotopic. Since

— — * ~
El‘Wr\ﬁ(S) _5_1‘WF\S(S) =:s and 1§ =s5_q,

we have a real structure on s over Wr \ V(S). We take a norm-preserving, anticomplex linear involution
T :8s — S, lifting , which is compatible with the Clifford multiplication for s. This shows that we have
a representative of BFp1.\5(s),5, such that BFy,\$(s),s, i /-equivariant, i.e.,

Iy o BFpi\3(s5).s; © I = BEwi\3(5) 5,
for a certain anticomplex linear map
I':S(s1) — S(s_1) = S(s1)

induced from 7. By a certain complex base change that is isotopic to the identity (see Lemmas A.1
and A.2), the actions 7 and I’ can be identified. This completes the proof. a

For Lemma 4.3, we have an S !-equivariant map
J:Tg=E(es_,,5,) = SWFE(Y)
and it defines an S !-equivariant map
T #(y,s) > SWF(Y)
which is O(2)-equivariant except for the central edge E(e;_, s, ). In order to give an O(2)-equivariant map
79 : 9¢(y, 5) > SWE(Y),

we need to modify this construction. The main strategy is almost the same as the Pin(2) case in [Dai
et al. 2023]. Since the argument is almost the same as that given in [Dai et al. 2023], we just write a flow
of the proof and which part is different. First, we define

® :=Cone (T : I'g —> SWF(Y))

and regard it as an O(2)-space. Note that we have the following diagram of equivariant cofibration
sequences:

STy —— H(y5) — RSO — ..

(8) l l gl l l

gO(Z)l o
To SWEY) —s © —s ...
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Since T is S!-equivariantly homotopic, the O(2)-space © is S !-equivariantly homotopic to Z]RS:) up
to stabilization by C. Let us stabilize ® so that ® is S'-equivariantly homotopy equivalent to SR S°.
We will prove J admits an O(2)-equivariant lift. If there is an O(2)-equivariant homotopy equivalence

® — sRgo
which satisfies the commutativity
sRg0 ___, sRp,

® —— IRp,
up to O(2)-homotopy, then from the identifications
SRY(y, 5) = Cone(SRS° - $RTy) and SRSWE(Y) = Cone(® — £RTy),
we see J has an O(2)-equivariant lift. More precisely, we consider the following steps:

Step 1: First we prove there is Z, = (I} equivariant homotopy equivalence
) O =, sRsO.

This statement is corresponding to [Dai et al. 2023, Lemma 6.5]. Since several techniques [Dai et al.
2023, (Ho-3), (6.6) in the O(2)-setting] to see (9) in the Pin(2)-setting can also work for O(2), we have
the desired result.

Step 2: Next, we prove that, for sufficiently large p and ¢, there exists an O(2)-map
M : © — SIRSPCSWE(Y),
which induces homotopy equivalence in O(2)-fixed point spectra. This statement is an analog of [Dai
et al. 2023, Lemma 6.6]. Here we use the following facts:
e The vanishing result _
[ZrRFO, ZrRGBqRGBpC 50]0(2) — 0

for sufficiently large p, ¢ and r. It follows from [Adams 1984, Proposition 4.2]. Since we are
working in €g(2), we omit >R,

 For sufficiently large p and ¢, there is an O(2)-equivariant map
N : SWF(Y) — 5/R@aR@pC g0

for some r. This comes from the O(2) Bauer—Furuta invariant for the double-branched cover of an
oriented surface S (with high genus) in D* bounded by K with respect to its unique spin structure.
Note that r is zero in this situation since r = b;(Ez(S)/ZZ) = b;r (D*) = 0. Since it is spin
structure, the Bauer—Furuta invariant has a Pin(2) xz, Z4-symmetry (as the maximal symmetry;
see [Montague 2022]), but we just forget by the homomorphism S! xZ, = O(2) — Pin(2) x 7, L4,
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defined by
u,0)—~> (u,0) and (u,l)— (ju,j),

where j (resp. 1) denotes the generator of Z4 (resp. Z»).
Step 3: We reduce the numbers p and ¢ so that we have
M0 — sRsO
and M’ induces homotopy equivalence for S'- and O(2)-fixed-point parts. Take an O(2)-equivariant map
f:=Rg0 _, sR[,

which satisfies the commutativity

sRgo _/  yrp

! |

® —— IR,
up to O(2)-homotopy and f o M’ = g, where f and g are attaching maps of the cofibrations in (8). This

is again an analog of [Dai et al. 2023, Lemma 6.7]. Since O(2)-analogs of [Dai et al. 2023, (6.8), (ho-03),
Theorem 6.4] are still true, their argument still works in our setting.

4.6 Almost I -equivariant path for even torus knots

Given a torus knot K = T}, ; where p,q > 0 and p is even, applying Seifert’s algorithm to the Brieskorn
sphere X, (K) = X (2, p, q) shows that the canonical Seifert action on X (2, p, ¢) has three singular fibers,
two of which are identical. This data can be translated into an almost rational, negative-definite plumbing
graph I', ; with three legs, where two of the legs are identical. We may depict I', 4 as follows:

[ ] [ ]
—am —dq —C /
[ ] [ ] [ ]
\_bl _bn
[ ] [ )

For simplicity, we refer to the node of weight —a; as the a;-node, the node of weight —b; in the upper-right
leg as the upper b;-node, the node of weight —b; in the lower-right leg as the lower b;-node, and the node
of weight —c as the central node. The integers ¢, ay, ..., am, b1, ..., by satisfy the following relations:
there exist integers 8, and B3 such that 1 < f, < %p and 1 < 85 < ¢, and
P 1 q 1
P R
2B, 1 B3 1
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together with the Seifert condition
3epq+apa+pBa=1.

We now describe an involution 7 on the corresponding plumbed 4-manifold Wr, ,. We start with the
central vertex: choose a 2-sphere S, equipped with a rotation involution fixing two points, namely the
north pole P and the south pole P;. Choose a disk D¢ centered at P;" which is setwise fixed under
the rotation involution. Furthermore, choose disjoint disks Dy, Dl_’c C S¢\ D¢ that are swapped
under the rotation involution.

Similarly, for each a;-node, choose a 2-sphere Sy;, again equipped with a rotation involution fixing the
north pole P % and the south pole P~ . Choose disjoint disks D**% and D%  centered at P+-%
and P% respectively, so that they are setwise fixed under the rotation involution.

Next, foreach j =1,...,n, we choose a disjoint union of two 2-spheres, i.e., Sp;, = S21152, equipped
with an involution that swaps the two components. Let D;— b and Dl_’bf denote the (disjoint) disks
centered at the north and south poles of the first and second components of Sy, respectively.

Now we build a symmetric model of Wr, , as follows.

e Consider the disk bundle p. : E. — S, of Euler number —c. We choose a lift of the rotation involution
on S, to the bundle E. so that its restriction to the trivial bundle p_ 1(D*¢) = D? x D¢ is given
by (x,y) = (x,—).

e For each i = 1,...,n, consider the disk bundles p,;, : E;; — Sg; of Euler number —a;, and
Pb; + Ep; — Sp; of Euler number —bj (on both components of S b;)- Note that for each such node,
the given involution on the corresponding sphere (or pair of spheres) admits several possible lifts to
its associated disk bundle.

e Foreachi =1,...,n—1, glue the total space of Eg; to Eq;, by identifying p;il(D""”f) and

p;l1+ : (D1-@i+1) via the coordinate-swapping diffeomorphism
swap : D? x D? M) D?* x D?.
Similarly, glue the total space of Ep; to Ep,  for j =1,...,m—1.

* Next, glue the total spaces of E,, and E}, as follows. First, identify p, 11 (D™41) with p1(D1¢)
via the coordinate-swapping diffeomorphism. Then identify p;ll (DTb1) with p N (DU Dl_’c)
via the diffeomorphism

(D2UD?)x D? = (D*x D?)L(D*x D?) 22UV (p2y p2)L(D*x D?) = D*x (DU D?).

e The involution on E determines a unique choice of linear involution on £,,, which in turn inductively
determines linear involutions on each E,;. Similarly, we can also determine compatible linear
involutions on each Ejp, .
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P
a4 4
B3 k/180° B3
-2

Figure 2: A surgery diagram for dWr, ,. The action of 7 can be seen as the 180° rotation
about the vertical surgery curve. Here, 8, and B3 are negative integers satisfying the equation
pqg+aqP2+ pBs=1.

The resulting 4-manifold is clearly Wr, , and the involutions on each disk bundle induce a smooth
involution t on Wr, . Observe that

Fix(7) = pc_l(P_’C) LI disjoint embedded spheres.

Here, the sphere components of Fix(z) are contained in the interior and thus do not intersect dWT, .
Hence, the fixed point set of the action of T on IWT, , is given by the boundary of the disk pc_1 (P~°).
By the following lemma, we may identify dWr, , with ¥, (K), where the involution 7 (restricted from
its action on Wr, ) corresponds to the deck transformation on X5 (K). Thus, we will henceforth simply
denote the deck transformation on X, (K) by 7.

Lemma 4.4 The pair (0Wr, ,, 7) is equivariantly diffeomorphic to (X, (K), deck transformation).

Proof We start by drawing the action of T on dWr,  in terms of surgery diagrams, as shown in Figure 2.
Note that we have chosen the weight of the central node to be —2, i.e., ¢ = 2, at the expense of modifying
the rational surgery slope of the invariant component. The action of T can be seen on the given surgery
diagram as the 180° rotation about the vertical surgery curve of slope p/2f8,. Hence, the quotient manifold
dWr, /T can be drawn as in Figure 3; note that the branching set K is the meridian of the central surgery
curve of slope —1. To prove the lemma, it suffices to show that (dWT, ,, K) is diffeomorphic to (S 3, Tpq).

It can be readily checked that W, /7 = S3. To see this, one can reverse the slam-dunk moves to
transform the p/f,-framed unknotted curve into a chain of integral-framed unknotted curves, and then
perform slam-dunk moves starting from the leftmost ¢ /f3-framed unknotted curve. This process yields
an unknotted curve with framing r, where the numerator satisfies

Pqg+qPar+ pBs =1,

which implies that 0Wr, /7 = S3.
It remains to show that, under the identification dWr, /v = S 3, the branching set K corresponds to
the torus knot 7}, 4. While there is a direct way to see this by carefully following the slam-dunk moves
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KQ
B2 B3

—1
Figure 3: A surgery diagram of dWr, , /7. The branching set K, namely the image of Fix(z)
under the projection dWr, , — dWr, /7, is drawn at the top.

(or by invoking the classification of involutions on X (2, p, ¢) that commute with the Seifert S !-action),
we provide an indirect proof for simplicity. We begin by computing the difference between the blackboard
framing of K as shown in Figure 3 and the Seifert framing of K. Observe that performing surgery along K
with respect to its blackboard framing yields L(p, B2) # L(q, B3). By [Greene 2015, Theorem 1.5], we
know that the surgery slope must be pq (with respect to the Seifert framing). Hence, the surgery diagram

in Figure 4 describes S 13 (K) for any integer N.

Now, whenever N >q1—t1¥he manifold S 13\,(T »,q) 1s Seifert fibered, and its Seifert invariants can be
computed by following the proof of [Moser 1971, Proposition 3.1]. A straightforward computation shows
that the resulting Seifert invariants agree with those that can be read off from Figure 4. Hence, we have
shown that

SI3V(K) >~ S13V(Tp,q) for all integers N > 1.

Since any slope greater than 30(p? — 1)(¢% —1)/67 is a characterizing slope for T 4 by [Ni and Zhang
2014, Theorem 1.3], we conclude that K = T}, 4, as desired. O

Observe that the action of 7 fixes all spheres S¢, Sg;, and Sb]., embedded in pr. 4, as the zero-sections
of the corresponding disk bundles, setwise. Furthermore, the Poincaré dual of the spherical Wu class
of Wr, , is the sum of spheres corresponding to a collection of pairwise nonadjacent nodes of I'p 4.

A

—1
Figure 4: A surgery diagram for the (pg+ N )-surgery along K.
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Hence the action of t fixes the following disjoint union of spheres setwise:
b b b b
Stu---uSfuSyu---uSyurSy U---UrSy,

where S are the zero-sections of disk bundles corresponding to either the central node or nodes in
the invariant leg of I', 4 that support the spherical Wu class, S }’ are the zero-sections of disk bundles
corresponding to nodes in the upper-right leg of I', 4 that support the spherical Wu class, and 7§ Jb is the
image of S ;’ under 7. Note that, since the spherical Wu class is symmetric with respect to the action of t,
the spheres tS ;’ are also the zero-sections of disk bundles corresponding to nodes in the lower-right leg
of I'p 4 that support the spherical Wu class.

We may assume that, among the spheres S¢,..., S ,?, S f corresponds to the rightmost node, i.e., all
other nodes are located to its left. Similarly, among the spheres Sb...., Ssb , we may assume that Sf’
corresponds to the leftmost node. We divide into several cases.

Case 1: k >0 and S7 is supported on the central node of T'p 4.

We choose a smooth path y; from a non-z-invariant point of S{ to the north pole of Sb: we may
then perturb y; to ensure that y; N ty; = &. For each j = 2,...,s, we choose a smooth path y;
from the south pole of S ;’_1 to the north pole of S }’ . Then ty; is a smooth path from the south pole
of tS ;’_1 to the north pole of S b and clearly y; N ty; = &. Hence, we may connect the spheres
Sf, Sf’, e, Sf, ‘CS{), el tSsb by tubiEg along the curves y1,..., Vs, TV1,..., TYs to obtain a smoothly
embedded, setwise t-invariant sphere .S whose homology class satisfies

[S]= S+ [SP1+ - +[SP] + [¢SP] + - + [z S?].

Observe that the action of T on S is a rotation involution with two fixed points, and that S is disjoint
from the spheres S7, ..., S/. Clearly, the t-action on these spheres is either a rotation involution or
trivial, and the spherical Wu class is given by the Poincaré dual of the sum of the homology classes of the
spheres S.89,..., Ay

Case 2: k >0 and S{ is not supported on the central node of I’ 4.

We choose a smooth path y; from the south pole of the zero-section S, of the central node of I'p 4 to the
north pole of S f’ . By perturbing y; if necessary, we may assume that y; N ty; = &. Then y; Uty is
a piecewise smooth, setwise t-invariant path between the north pole of .S f’ and the north pole of t§ f’ .
We can then smooth it to obtain a smooth, setwise 7-fixed path 3. For each j =2,...,s, we choose a
smooth path y; from the south pole of S ;’_1 to the north pole of S ;’ . Then ty; is a smooth path from
the south pole of 7.5 Jb_l to the north pole of IS;’, and clearly y; N ty; = &. We can then connect
the spheres Sb, R Ssb, rSf’, - fSSb along the paths ¥, v2,..., Vs, TV2, ..., TVs to obtain a smoothly
embedded, setwise t-fixed sphere S whose homology class satisfies

[S]=[S21+ -+ [SO)+ [t SP)+ - +[cSD).
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Observe that the action of 7 on S is a rotation involution with two fixed points, and that S is disjoint
from the spheres ST, ..., S}. Clearly, the t-action on these spheres is either a rotation involution or
trivial, and the spherical Wu class is given by the Poincaré dual of the sum of the homology classes of the
spheres §, A S,?.

Case 3: kK =0.

This case is essentially the same as Case 2, which was already discussed above.

Therefore, in any case, we can find a finite collection & of pairwise disjoint, smoothly embedded
spheres S in Wr, , such that [S]? <0, T acts on S by either the rotation involution or the identity, and

the spherical Wu class of Wr, , = Z[S ]
Se¥
Lemma 4.5 Let p, q be coprime positive integers with p even. Consider the plumbing graph I', ; and the
action of T on the associated 4-manifold Wr,, ,. Denote by s the unique self-conjugate spin® structure
on IWr, , = X(2, p,q). Then, with respect to these data, there exists an almost I -invariant path which
carries the lattice homology of (I'p 4. 5).

Proof We simply follow the procedure described in Section 4.2, with a minimal modification, to construct
an almost J-invariant computation sequence y; which carries the lattice homology of (I'p 4,5), where s
denotes the unique self-conjugate spin® structure on dWr, , = X (2, p,¢). Recall that such a sequence
is obtained by connecting the cycles x (i;), each defined as the minimal cycle whose coefficient at the
(arbitrarily chosen; the minimality condition, discussed in Section 4.1, depends on this choice) base
vertex b, is i;. Since the spherical Wu class consists of zero-sections of disk bundles corresponding to
nodes that are pairwise nonadjacent, we can choose b, to be either the central node or a node contained in
the invariant leg of I, in which case it is clear that the minimality condition is symmetric with respect to
the t-action, and thus each x(i;) is t-invariant. Therefore, the induced action of t on the graded root Ry
is trivial. Given a decomposition

vr =voUye U Jyo,
the modified path

yi=voUyeUJtyo

also carries the lattice homology of (I', 4. 5).

To ensure that y; is the desired almost /-equivariant path carrying the lattice homology of (I', 4, 5),
it remains to verify one final condition: if we denote by s; the first spin® structure that appears in the

ath o, then
P 7o 51 —§1 = ZPD[S]
Sey

for a finite collection ¥ of pairwise disjoint, smoothly embedded, setwise t-fixed spheres with negative
self-intersection numbers. By construction, 51 — s is the spherical Wu class of Wr, . It then follows
from the discussions above that the given condition is satisfied. The lemma follows. |
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Remark 4.6 It follows directly, at this stage, from the t-invariance of cycles x (i) for each i > 0 that
the action of T on the Heegaard Floer chain complex CF~ (dWr) is homotopic to the identity. This is
stronger than the observations made in [Alfieri et al. 2020] regarding the deck transformation action on
¥52(Tp,q) = X(2, p,q), and thus might be of independent interest.

4.7 The real Frgyshov invariants of 72, 1-20x

From the observations we made in the previous subsection, we can prove the following theorem regarding
real Frgyshov invariants of even torus knots.

Theorem 4.7 If K = T, 4 is a torus knot, where p,q > 0 and p is even, then we have
8R(K) = 8R(K) = 8r(K) = —3 A(22(K)).
where [1 is the Neumann—Siebenmann invariant for the unique spin structure.

Proof It follows from the construction in the previous section that the /-invariant locus of the O(2)-
equivariant lattice homotopy type of the double-branched cover X, (K) of K is the fixed locus of the
“central sphere” under the complex conjugation action, and thus given by [(S°,0, i(Z,(K)))] as a
Z,,-homotopy type. More precisely, we see

1.2 _ I
H(y.5)' = (ToUTe) =T =E(es_, ;) = ((C3ETEDT0WINTHTA {14

Note that the spin® structure corresponding to the definition of i invariant is s; in the previous section.
We also note that ¢ (s1)? = ¢ (s_;)?, which follows from the definition of an almost /-invariant path.
Thus,

#(y.5)! = ((CFEEN)HT = @AEED)T —[(5°,0, i(Sy(K)))] € €z,

Since both lattice homotopy types and Seiberg—Witten homotopy types are finite Z,-spectra— with Z,
acting by I on the former and by I = j o7 on the latter — it follows from Theorem 1.3 and Lemma 3.7
that SWF! (K) is a Z »-homology sphere of dimension —(%,(K)). We deduce from Lemma 3.6 that

SR(K) = §r(K) = 8r(K) = —3[i(Z2(K)). O
Using Theorem 4.7, we can compute the gR invariant for the torus knot 75, 1—205-

Corollary 4.8 Let n > 1 be an odd integer. Then we have
SR(T2n,1-20n) = —7-
Proof Using Theorem 4.7 and computations from Section 2.2, we see that
8R(Tanpon—1) = —3A(Z2(K)) = 3.
By [Konno et al. 2024, Lemma 3.28], we deduce that
SR(Tan,1-20n) = —8R(Tan,20n—1) = —3- 0
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4.8 Proof of Theorem 1.2

We can now prove the main theorem, using our computations of real Frgyshov invariants of 75, 1—20x.
In order to make use of Theorem 3.2, we have to check that its assumptions are satisfied. Consider the

smooth concordance, as described in Proposition 2.1, S, from E;, 1 to T3, 1—20, in a twice-punctured

2CP2, which is denoted by X. This concordance has the homology class (27, 61). We calculate

b (22(Sn)) — b (X) = b (X) = 3[Sul* + 20 (Ton,1-20n)

=2—1(@@n)* + (6n)?) + 1(20n* —2)
=2—10n* + (10n% - 1)
=1.

Hence the assumptions are satisfied, and as before we get

SR(Ean1) — 1 (20(X) — 2[Sul* + 0(Tan,1-20n)) < SR (T2n,1-20n)-
Using
—16 (20(X) = 3[Su)* + 0 (Tan1-200)) = =15 (2-2— 3((2n)* + (6n)%) + (200 —2)) = —¢

and Corollary 4.8, we conclude that
SR(E2p,1) = -1

The proof is complete by applying Corollary 3.4. |

Remark 4.9 As observed in [Konno et al. 2024, Proposition 4.9], the map sends a knot concordance class
to the (G =Z4, H = Z,) local equivalence class of the real Floer homotopy type giving a homomorphism:

[K]+ [SWFR(K)]ioc : € — Lé¢.

We have observed that for any torus knot 7), 4, we have [SWF (7} 4)]ioc is equal to some sphere spectrum.
It is also true for any two-bridge knot. In other words, all torus knots are sent to the subgroup in £€g
generated by sphere spectra. Note that the invariants 6 g, § g, 8 g factor through the group homomorphism
SWFpg : 6 — ¥¢€g. Moreover, one can use the fact that £ ; bounds nullhomologous disks in both CP?
and CP2, and apply [Konno et al. 2024, Theorem 3.23] to conclude that § g (E» n,1) = 0. Then we have
Sr(E2pn,1) > 8R(E2p,1), and SWngC (E2p,1) is not equal to some sphere spectrum in the group £€¢. It
is already observed in [Konno et al. 2024, Example 1.11] that certain Montesinos knots also satisfy this

property.
4.9 Arborescent knots

Let I' be a negative-definite almost rational plumbing graph. Recall that the associated plumbed 4-
manifold Wr is defined by gluing together the total spaces of disk bundles py : E, — S? whose Euler
number is equal to the weight of the node v, where v runs over all nodes in I". For each disk bundle p,,
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we consider the complex conjugation action t,,, which acts by reflection on the base S? and also on each
fiber of py. Clearly, t, is an orientation-preserving smooth involution on the total space of p, for each
node v, and these local involutions can be glued together to obtain an orientation-preserving smooth
involution 7 on Wr. It is straightforward to observe that W/t 2 S3, and the projection map W — S3
is a 2-fold branched covering, whose branching locus is a knot in 3. Knots arising in this way are called
arborescent knots. We note that, when I" is a plumbing graph obtained via the Seifert algorithm from the

Brieskorn sphere X (ay, ..., ay), defined by
ai
Y(ay,....an)=3(1.....z0) €C"|B| ¢ | =0, |z1P 4+ F|zm)>=1; c !

apn
Zn

for any (n—2)-by-n complex matrix B whose maximal minors are nonzero,® the action of  on dWp
coincides with the complex conjugation action, i.e.,

(zt,..hzn) = (Z1, ..., Zn).

Let I" be a negative-definite AR-graph whose corresponding boundary involution is given by complex
conjugation on the Brieskorn sphere X (ay, ..., a,), which can be realized as the double branched cover
of a Montesinos knot. In this case, all paths are strict /-invariant in the sense that every spin® structure
contained in any path is /-invariant. In fact, every spin® structure on Wr is I-invariant, as first observed
in [Alfieri et al. 2020]. Hence, unlike the case of almost /-invariant paths, we may simply take any path y
that carries the lattice homology. We will construct an O(2)-equivariant map

T #H(y,s0) > SWF(Z,(K)).
In the context of arborescent knots, we define a class of O(2)-actions on the path homotopy type:

#y.s)= | Seu | Eles.s ).

1<i<m 1<i<m—1
We define the involution / on the spheres and edges by complex conjugation:
I:S(si) = S(si), [1:E(es; ;)= E(es; 5;_1)-

This defines a well-defined O(2)-action on #(y, s).

Let I be an almost rational negative-definite plumbing graph, K be the associated arborescent knot,
and s be the unique spin structure on ¥, (K). As in the case of torus knots, for each vertex s; of a path y
which carries the lattice homology of (I, s), we associate the corresponding Bauer—Furuta invariant

BFyq., | S(si) — D2"CSWE(Y, 5)

6This definition is independent of B, up to diffeomorphism.
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with stabilizations by R, R and C, which is O(2)-equivariant. For the maps corresponding to edges, we
use the O(2)-adjunction relation stated below.

The following is the O(2)-adjunction relation, which can be regarded as an O(2)-equivariant version
of [Dai et al. 2023, Proposition 3.15]:

Proposition 4.10 Let (X, s) be a spin® cobordism from (Yy, sg) to (Y1,81) with b1(X) = b1 (Y;) = 0.
Suppose there is a smooth involution T on X such that

T¥s .

Suppose that we have an embedded sphere S in X with S-S <0 and with t(S) = S sothatt|g:S — S
is the complex conjugation on CIP'. Let L be the complex line bundle on X with ¢; (L) = PD(S). Set

{c1(s).[S]) +[S]?
> :

§ =s®L and n:=

We write the O(2)-equivariant Bauer-Furuta invariants of s and 5" as maps
BFy , : (C©1©*0(X)/8)+ \ SWE(Yy) — SWF(Y}),
BFy. : (C1&)?=0/8)+ \ QWE(Y,) — SWE(Y}).

Then, BFy ; and U"BFy o are O(2)-stably homotopic up to certain coordinate changes if n > 0, and the
same statement holds for U "BFy , and BFy . if n < 0. Here U denotes the stable homotopy class of
a map

X ->3%x, x—(0,x).

Remark 4.11 The meaning of “up to certain coordinate changes” in Proposition 4.10 is the following: if
necessary, after precomposing with an odd permutation

(217227233~-'azn) = (22,21,23,---,Zn) : C” _)Cn’
the maps BFy ; and U BFy o are O(2)-equivariantly stably homotopic.

The proof is similar to that given in the proof of [Dai et al. 2023, Proposition 3.15]. The only difference
is that we need to analyze the Bauer—Furuta invariants for /-fixed-point parts in our O(2)-setting.

Proof of Proposition 4.10 We first decompose X into
X =v(S)U (X \intv(S))

T-equivariantly, where v(.S) is the disk normal bundle of .S identified with a tubular neighborhood of S.

Then, the equivariant version of the gluing theorem implies
(10) BFx.s = BFx\intv(8).slx\iv(s) © BFv(S)slcs) -
This follows from the gluing theorem proven by Miyazawa [2023, Theorem 2.12].
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Since the involution t preserves the standard positive scalar curvature metric on the lens space dv(.S),
one can regard BF,, () 5|, 5, as an O(2)-equivariant map

BFV(S)s5|v(S) Vrswt

for some O(2)-representation spaces. Since " and s are the same on X \ int v(.S) and we have (10), it is
sufficient to give an O(2) homotopy between

BF,(8)slvs) 0V = W and U™ oBF,(5)¢), 5 VI > W7,

which are maps between spheres when m > 0. The case m < 0 follows from completely the same
argument.

We will prove that these maps BF,(s) 4|, (s, and U"BF,(s).¢|,(s, are O(2)-stably homotopic to
O(2)-equivariant maps obtained from the inclusions

1:C" < C" when I >0, and 4+Id:C" - C" when [ =0,

up to certain coordinate changes. Here we are using that v(SS) is negative-definite.
We shall use the equivariant version of Hopf’s classification result stated in Theorem A.3 to make an
O(2)-homotopy between BF,,(g) 4/, s, and BF,(s) ¢, 5,- We have two cases:

o dim V! < dim W7,
e dim V! =dimWw/.
In the first case, we only need to see

Sl _ Sl
deg BFU(S),Slv(S) = deg BFv(S),s’Iv(SY

This is obvious since the S !-invariant part of the Bauer—Furuta invariant does not depend on the choices

of spin structures. In the second case, we will prove that

1 _
degBFv(S),s‘v(S) = =+1,

which is a nontrivial computation. Note that, in the second case, the corresponding spin® structure s on
v(S) satisfies

c1(8) = (v(S)) = 4d (=3v(S) = —L(p, 1), s|-L(p.1))
for some integer p, where d denotes the Heegaard Floer d-invariant [Ozsvath and Szab6 2003a, Section 4].

This condition is equivalent to having a sharp Frgyshov inequality. In this case, the O(2)-Bauer—Furuta
invariant can be written as

BF,(s) . ((C(Cf(S)—U(V(S)))/S)-i- N ((C(d(L(Psl)sﬁlL(p.l)))/z)'f'.

75‘11(5)

In order to compute the degrees, we use the following key lemma.
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Lemma 4.12 Let p be a negative integer, and let O(p) denote the total space of the disk bundle over S>
with Euler number p. Define an involution t : O(p) — O(p) as complex conjugation on both the base
and fiber directions. Let s be a spin® structure on O(p) satisfying t*s =~ s, and suppose that

c1(s) = a(0(p)) = —4d (90(p) = L(p, 1), s|L(p.1))-
Then, there exists an equivariant embedding
O(p) > #_,CP>

extending the spin® structure s, where the action on #_ p@Z is the connected sum of the complex
conjugations and
c1(s) =(x1,...,£1).

Here, the & signs need not be synchronized.

Proof Let U be the unknot, so that attaching a 2-handle along U to B* with framing p yields O(p).
Choose a strong inversion of U and denote its rotation axis by £. Let my, ..., m_,_1 be O-framed parallel
copies of the meridian of U, arranged so that the rotation along ¢ induces a strong inversion on each m;.

We then attach (—1)-framed 2-handles to O(p) along each m;, and cap off the resulting manifold
with a 4-handle. Let W), denote the resulting closed 4-manifold. Since we are attaching 2-handles along
each component of a strongly invertible link, the involution 7 extends smoothly to an involution on W,,.
Furthermore, by performing equivariant blowdowns, we obtain

W, = #_,CP?,

where the diffeomorphism is t-equivariant.

To prove the statement about extensions of spin® structures, we recall that O(p), considered as a
cobordism from L(—p, 1) to S3, is negative-definite. It then follows from [Ozsvéth and Szabé 2003a,
Section 9] that the Heegaard Floer cobordism map

Fo(pys HE(L(=p. D.8lL(p,1) = HF (8?) = Z5[U]

becomes a homotopy equivalence after localizing U ~!. Using the degree-shift formula in Heegaard Floer
homology [Ozsvéth and Szab6 2003a, Section 2], one sees that the degree shift is

deg F= . — ci(s)’+1 _ci(s)*>—a(0(p))
€ low)s = 4 - 4 ’

which, by assumption, is equal to —d (L (p, 1), 5|L(—p,1))- Since d(S*%) =0 and L(—p, 1) is an L-space,

we deduce that F 5( D) is an isomorphism. Consequently, the hat-flavored cobordism map
Fo(p)s : HR(L(=p.1).8|(p,1)) = HF(S?)

is also an isomorphism.
It is easy to see, via explicit holomorphic triangle counts on Heegaard triple diagrams, that for any n > 1
and any spin® structure so on L(n, 1), the canonical negative-definite cobordism X, _; from L(n—1,1)
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to L(n, 1) (given by attaching a (—1)-framed 2-handle to a meridian of an (n—1)-surgered unknot) admits
a spin® structure 5 extending s¢, such that the hat-flavored cobordism map

Fw, , 7 HE(L(n—1,1),50|L(s—1.17) — HF(L(n, 1), 50)
is an isomorphism. By induction on — p, this implies that there exists a spin® structure s, on the cobordism
W\ (O(p)Uu B =~ X_p 1 Urnp—1,) X—p—2Ur(—p-2,1) " UL, X1
such that the cobordism map
Fw\0(p).sp : HE(S®) = HE(L(=p, 1), 5|1 p.1))
is an isomorphism. Composing this with ﬁo( p),s» WE obtain
Fy, 5, - HE(S®) — HF(S?),

which is an isomorphism, where 5, = § U s, is the induced spin® structure on W, Since W), = #_ pC_IP’z,
the spin® structures on W), are classified by their first Chern classes. If we write

c1Gp) = (hiv-.o Ao p),

where we are choosing the generators of H?2(#_ p@z; 7) to be our choice of basis for H 2(Wp; 7), then

Fw, 5, = Fepz, © 0 Fepe

SA—p’

where s, denotes the unique spin structure on CP? whose ¢y is A;. It is straightforward to verify, again
via holomorphic triangle counts, that the map

ﬁﬁzyﬁxi : HT:(S:)’) — IfI'F(S3)

is an isomorphism if A; generates H?(CP?;Z), and is zero otherwise. Therefore, in order for F W5, tO

be an isomorphism, we must have
Cl(gp) = (:l:l, ey :|:1)

Since ), extends the given spin® structure s on O(p), the lemma follows. O

Using Lemma 4.12, we have an equivariant embedding f : v(S) — #,CP? for some n > 0. Again,
from O(2)-equivariant gluing formula of the Bauer—Furuta invariants, we have

BEy(8).51u0s) © BEy, €P2\int 080,50, 25200 roisyy — P #1CP250

up to O(2)-equivariant stable homotopy. Here sy denotes the spin® structure on #,CP? such that
c1(sg) = (£1,...,£1). By an equivariant version of the connected sum formula of O(2)-equivariant
Bauer—Furuta invariant [Miyazawa 2023, Theorem 2.12], we see that

deg BF, &p2 ,, = (deg BFgsp: ).

550 |@2
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Let t&p2 denote the complex conjugation. Then this preserves the standard positive scalar curvature
metric on CPP2. So, one can see that

deg BFL = 41,

CP2,50|@2

which is stated in the third item of [Miyazawa 2023, Theorem 1.9].
Thus, we have

1 I
deg(BF, (5)4/,.s,) " de8(BF,

— 1 —
nﬁz\intf(V(S))r50|#nﬁ2\inlf'(v(s))) B deg(BF O) - :I:l

#,CP2,s5

Thus, one can see that

deg(BF(5),q/,5,) = %1
Note that the base change
(z1,22,23, ..., zp) > (22,21, 23, ..., z2p) : C" = C"

changes the sign of the mapping degree BFi () s5luis)” Thus, if necessary, after composing with it, one
can confirm that

deg(BF‘{(S)&'v(S)) =1.
Therefore, up to sign, from Theorem A.3, we see BF,(g) 4|, 5, and U"BF, () ¢|, s, are O(2)-stably
homotopic. This completes the proof. a

Proof of Theorem 1.5 Let Y = X,(K). For a fixed, strictly /-invariant path in the arborescent knot
cases, and for each vertex s;, we associate the corresponding Bauer—Furuta invariant

BFyy.., : S(s1) — S2"CSWE(Y, )

with stabilizations by R, R and C, which is O(2)-equivariant.

Note that s; — 5;_; can be represented by PD(.S), where S is the connected sum of certain 2-handle
cores having negative self-intersections. Moreover, from the construction of involution on the graph
4-manifold, we see the 2-handle cores are preserved by the involution and it reverses an orientation of
each 2-handle core. Therefore, we can apply Proposition 4.10 to s; and 5;_ to obtain an O(2)-equivariant
homotopy H after composing a base change if necessary. This gives an O(2)-equivariant map

H :E(es; ;) — ST"CSWE(Y),
which gives a well-defined O(2)-equivariant map
go@ . #H(y,s50) > SWF(Y).

From the construction, if we forget the I action, it is nothing but the construction of the original S!-
equivariant map given in [Dai et al. 2023], which is S '-homotopy equivalence. a
We now prove Corollary 1.6. Note that its proof relies on Proposition 5.2, which will be proven in

Section 5.1.
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Proof of Corollary 1.6 We recall the process of drawing a graded root (up to overall grading shift, for
simplicity) R from a (finite) path y carrying the lattice homology of (I, s). Write y = {sy,...,s,}, where
every s; restricts to s on Y, and choose characteristic vectors k; that represent s;. Consider the sequence

2 2
ki,....k,.
Letiy,...,7,, be the indices where the sequence achieves a local maximum. Foreach s =1,...,m —1,
we consider the subsequence
2 72 2.
kl-s,kl-sﬂ, .. "kis+1’

this sequence admits a global minimum, at an index which we denote as jy, such that k? > kas for any
t =ig,...,ig+1. Then R is a graded root which consists of leaves vy, ..., vy, with gr(vs) = kiz,’ and
angles wq, ..., w,—1 between the leaves (where w; lies between v; and v;41), with gr(w;) = kat.

Now we calculate the Euler characteristic of the fixed point locus. Since the Euler characteristic can
be computed using Z,-coefficient homology, it follows from Lemma 3.7 that

X(SWF(Z2(K),5)7) = x(%(y.5)").

Recall that #(y, 5)1 can be constructed combinatorially as follows. For eacht =1, ..., m, we consider
the sphere &; of dimension %klzt ; we then form their bouquet

F=F1V- V.
172
Next, for eacht = 1,...,m — 1, we consider the cylinder €; = S LN [0, 1]. We attach its “boundary”
¢ = s2k5 5255

to ¥; we do not need to know exactly how it is attached. The resulting pointed space, considered as a
spectrum via £, is homotopy equivalent to #(y, s)’.

Clearly, we have
m—1

m—1 m m—1
X)) =FD + Y F€)— D> X@H=D"F(I)+ Y ((€)—x(€)).

=1 r=1 r=1 r=1

Here, X denotes the reduced Euler characteristic, i.e., x(X) = )_,5,dimz, H, (X; Z) for spaces X of
finite type. Since ¥(S") = (—1)", we deduce that

m m—1
X((y.9)") = Z(—l)fkit - Z(_l)fkjt'

=1 t=1

It then follows from the choice of indices iy, ..., i, and ji,..., j,—1 and Proposition 5.2 that
It = e = 12 1 1
[deg(K)| = [x(@(y.9)D) = | D (=D = 3 (=DM =] 37 (=D — 37 (-2,
=1 t=1 veL(R) veA(R)
as desired. O
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4.10 Examples of | x(SWFg (K))|

We give several concrete examples of the computation of |x(SWFg(K))| from Corollary 1.6. It is
observed in [Konno et al. 2024, Proof of Lemma 3.28] that SWFg(K) and SWFr(—K) are V-dual,
where —K denotes the mirror of K and V' is some vector space. Therefore, we have

|X(SWEFR(K))| = |[x(SWFR(—K))|.
Thus, we do not need to care about the convention of knots about the mirrors here.

Example 4.13 Consider the plumbing graph

T
\,_7

Then Yr is the double-branched cover of the pretzel knot K = P(2,—3,—7). We will present a path of
spin¢ structures on Wr, presented in terms of homology classes in H,(Wr; Z), which carries the lattice
homology of (YT, s), where s denotes the unique spin® structure on Yr.

We will use the following notation: classes in H, (Wr; Z) are represented as quadruples x = (a, b, ¢, d).
This would mean that x is the sum

x =a[S_1]+ b[S_a] + c[S—3]+ d[S_7],

where S_, denotes the node of I' whose self-intersection is —n. This setting is a bit different from the
one that we used in the proof of Corollary 1.6, and thus the weight functions are defined differently. In
fact, in this setting, the weight function is defined as

w(x)=x%+k-x,

where k = (0, 1, 1, 1) is the spherical Wu class.
Now we consider the path

y ={(-1,-1,-1,-1),(0,-1,—-1,-1),(0,0,—-1,—1), (0,0,0,—1), (0,0, 0,0), (1,0,0,0)}.
The sequence of weights are then given by
w(y) =1{2,0,0,0,0,2}.

It is then easy to see that y carries the lattice homology of (YT, s). In fact, a careful reader can observe
that y is actually an almost J-invariant path in the sense of [Dai et al. 2023, Definition 6.2]. From
this data, we see that the S'-equivariant lattice Floer homotopy type 9(y) (which is the same as the
S!-equivariant Seiberg—Witten homotopy type of (2,3, 7)) is given by S2 Ugo S2. Note that, since
3(2,3,7) is a homology sphere, it has only one spin® structure, and thus we are dropping spin structures
from our notation.
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To see the O(2)-action on this homotopy type, we observe that S? and S° are actually given in terms
of compactifications of S !-representations as follows:

S2=@H* and S°=(CHT.
The I-action on complex representations are given by the complex conjugation, so we see that
SWFR(P(—=2.3,7) = %#(y)! ~S'Ugo S' >~ StvStvst,

and thus [SWFg(P(—2,3,7))| =3-|x(S!)| = 3. Note here that we take x(S!) = 1, as we are considering
S as a graded spectrum YS! and thus we are computing the Euler characteristic of its reduced
homology.

For a sanity check, we will also use Theorem 1.5 and check that we get the same result. From the
sequence of weights of lattice points on the given path y, we see that the associated graded root is given
as follows:

This graded root has three vertices, among which two of them are leaves. The leaves lie in degree 2, while
the nonleaf vertex, which has only one angle, lies in degree 0. Hence we see that Theorem 1.5 also gives
the same result:

|x SWER(P(=2.3.7))| = [(=D+ (=) - 1] =3.

Example 4.14 Instead of the pretzel knot P(—2, 3, 7), we now consider the Montesinos knots K, given
by negative-definite AR plumbing graphs of X (2, 3, n), where n > 7 and n is relatively prime to 6. In
this case, one can use the computation of the S!-equivariant Seiberg—Witten Floer homology of their
double-branched covers X, (K,) = X(2, 3, n), which was already done in [Manolescu 2007, Section 7.2]
to determine the graded root, and then use it to compute the value of |x (SWF(K}y))|.

For simplicity, we will only present two cases: n = 12k — 5 and n = 12k + 1 for k > 0. In the case
n = 12k — 5, which also covers the case of P(2,—3,—7), the graded root is given as follows:

It has 2k leaves in some even degree, which we consider to be at degree 2 after a suitable degree shift,
and 2k — 1 angles in degree 0. Hence we have

| X SWFR(Kp))| =4k —1.
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On the other hand, if n = 12k + 1, then the graded root looks like the following:

It has 2k + 1 leaves in degree 2 (after a degree shift) and 2k angles in degree 0. Hence we get
|x SWFR(Kp))| =4k + 1.

The remaining cases can be dealt with similarly, and so we omit them.

Example 4.15 Let I' be a negative-definite AR plumbing graph, Wr be the associated smooth 4-manifold,

and K be the associated arborescent knot. Since we know from Theorem 1.5 that the computation of

the Euler characteristic ‘ X (SWF (E 2(K),s)! )’ depends only on the graded root of (T, ) for any spin®

structure s on YT = X, (K), their computations are now easy even in much more complicated cases.
We will give model computations for four additional cases, Y7, Y, Z1, Z,, defined as follows:

Yi=3%(3,57, Y,=3(,8,13), Z; =X3,4,11), Z,=3(5717).

They are Seifert manifolds, so admit canonical plumbing graphs which we denote as I'y,, I'y,, I'z,, ' z,.
We will denote their associated Montesinos knots as Ky, , Ky,, Kz,, Kz,. Also, Y1,Y,, Z, Z; are all
homology spheres, so they only have one Spin®-structures; hence we will drop them from our notation.
The computation of their graded roots are given in [Karakurt and Savk 2022, Figures 8 and 9]. Applying
Theorem 1.5 then tells us the following:

|X(SWER(Ky,)| = |[X(SWFR(Ky,))| = [x(SWFRr(K z,))| = [x(SWFR(K z,))| = 1.

5 Concluding remarks
5.1 Calculations on Miyazawa’s invariant
Miyazawa considered the mapping degree of the {4 1}-framed real Bauer—Furuta invariants
deg(S)| € Z/{x1} =Z>o and |deg(P)| € Z/{+1} = Z>o
for a given 2-knot S in S* and a given RIP?-knot P in S*. We recall a result from [Miyazawa 2023]:

Theorem 5.1 Let K be a knot in S3 with determinant one, and k, [ be integers. We denote by T, (K)
the k -twisted a-roll twisted spun knot in S*. If %k + « is odd, then we have

(11) |deg(tx,o (K))| = |deg(K)|,

where deg(K) denotes the absolute value of the sign counting of the (£ 1)-framed real Seiberg—Witten
moduli space for ¥, (K) with the unique spin structure.
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For the definition of twisted roll spun 2-knots, see [Plotnick 1984, Section 1]. We shall rewrite the
left-hand side of (11) in terms of real Seiberg—Witten Floer homotopy type of knots SWF g (K).

Proposition 5.2 For a knot K in S3, we have |deg(K)| = |x(SWFg(K))|.

Proof The proof needs a comparison between the critical point set of an infinite-dimensional Morse
functional and that of a finite-dimensional approximation of the functional. Basically, the analysis we
need to do is similar to the arguments in [Lidman and Manolescu 2018, Section 7 and 9], although we
only need to focus on critical point sets, not trajectories. Also, we do not need to consider the blow up of
the configuration space since we focus on the counting of framed moduli spaces. Such a comparison
needs a careful analysis and the discussions rely on the compactness of the Seiberg—Witten equation. In
our situation, we are just taking a fixed-point part with respect to I € O(2), so such compactness is still
true. Thus, we will not repeat their argument here; instead, we sketch the proof.

We first see the precise definition of the degree invariant deg(K). With respect to the unique spin
structure on the double-branched cover X, (K) with a Z,-invariant Riemannian metric on X, (K), we
have the O(2)-invariant Chern—Simons Dirac functional on a global slice,

CSD: %k := (i Kerd* C iszgz(,{)) &I(S)—R.
Then, we consider the induced function on the fixed-point set:
csD! ¢k .= (i Kerd*)! @ T(S)! - R.

We have an action of constant gauge transformations {£1}. Now, we take a perturbation that comes from
cylinder functions
I %}( —-R

such that all critical points of csp! + f are nondegenerate, i.e., the Hessians on the critical point sets are
invertible. The existence of such a perturbation is proven in [Li 2023, 7.4. Proof of transversality]. After
the perturbation, we can assume that the unique reducible critical point [(a, 0)] has stabilizer 1, and the
set of the other finite irreducible critical points has a free Z, action coming from [(a, ¢)] — [(a, —¢)]. We
also fix an orientation of a fiber of the determinant line bundle det(Ker d (CSD? + S)l(ao,0))) corresponding
to the reducible [(ag, 0)]. Induced from this orientation, we can define the absolute value of the signed
counting of all critical points of CSD? + £, which is denoted by deg(K). Since deg(K) is a counting of
the {£1}-framed moduli space with respect to a fixed Z,-Riemannian metric and a perturbation, deg(K)
is independent of the choices of a Z,-invariant metric and a nondegenerate perturbation. Also, since
deg(K) denotes the absolute value, deg(K) does not depend on the choices of an orientation of the
determinant line bundle.

Now, we relate deg(K) with | x(SWF(Z5(K))?)|. The spectrum SWE(Z,(K))! was defined by taking
the (/)-fixed-point part of the Seiberg—Witten Floer homotopy type SWF(X,(K), 50); again 59 denotes
the unique spin structure on X, (K). Alternatively, we can describe SWF(Z,(K))! as the Conley index of
a finite-dimensional approximation of the flow with respect to the vector field grad CSD . Let us describe
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this construction briefly. Define V_)‘)\ (K)&® W_)‘k (K) C (’:}( to be the direct sums of the eigenspaces of
the linear part of grad(CSD! + 1) whose eigenvalues are in (—A, A], where V_)‘k (K) is the eigenspace
corresponding to the space of 1-forms and W_}‘A (K) is the eigenspace corresponding to spinors. Then we
restrict the perturbed Chern—Simons Dirac functional CSD? + f to V_)‘k (K)e® W_}‘k (K). If we take A
sufficiently large, the set of critical points of csD! + fin Qi;( is contained in Vi‘k (K)e® W_)”A (K), and
the Hessian of the restricted function

(csp’ + Dy yew?, () ° VA (K)e Wt (K) - R

on each critical point is invertible. Note that a comparison between the critical point sets of the infinite-

dimensional setting and a finite-dimensional Morse setting is given in [Lidman and Manolescu 2018,

Corollaries 7.1.5 and 7.2] in the S !-monopole Floer setting.” A similar analysis enables us to see there is
... . I . .

no other critical point of (CSD* + f )lVL\,\( K)ew?, (K) if we take A sufficiently large.

Now, we consider the gradient flow with respect to p grad(CSDI + f) on Vi‘k (K)® W_)‘K (K), where
p is a cut-off function appearing as in the case of the construction of the usual Seiberg—Witten Floer
homotopy type. Then, one can prove this flow has an isolated invariant neighborhood, which is a big
ball in V_)‘k(K) <) W_)‘k (K); again it is assumed to contain all critical points of CSD! + /. Then, the
Conley index of the vector field p grad(CSDI + f) is described by a CW complex which has a handle
decomposition coming from the Morse handle decomposition with respect to csp! + /. Therefore,
it is not hard to see that the Euler number of the Conley index is equal to the signed counting of the
critical point set of CcSD! + f restricted to V_)‘)L (K) & W_}‘A (K); see [Lidman and Manolescu 2018,
Theorem 2.4.3]. Thus, it is sufficient to see that the sign coming from an orientation of the determinant
line bundle and the sign comes from the Morse index with respect to csp! + f are the same. This sign is
equivalent to whether the relative grading is odd or even with respect to the relative Z-grading. Therefore,
it is a comparison between the Morse index in the infinite-dimensional setting and the Morse index in a
finite-dimensional approximation. In [Lidman and Manolescu 2018, Corollary 9.1.3], such comparisons
between the two degrees are given in the usual S!-monopole Floer setting. A similar argument without
essential change enables us to see that the relative gradings in the infinite-dimensional setting and a
finite-dimensional setting are the same. This completes the sketch of a proof. a

Now, from Proposition 5.2, our result gives combinatorial computations of |deg(zx o (K))|, described
in Corollaries 1.4 and 1.6.

On the other hand, for the standard Py = RP? whose double cover is CP2, we have
[deg(Po)| =1,
and the connected sum formulas
|deg(P#S)| = |deg(P)]-|deg(S)| and |deg(S#S')| = |deg(S)|- |deg(S")]

7Since they treat blow-up of a finite-dimensional approximation and comparison between Morse chain complexes. In our
situation, we are just counting {+1}-framed critical points; we do not need to consider the blow-up configuration space.
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for P a general RIP? knot whose double-branched cover has b;’ =0, and 2-knots S and S’, which are
again proven in [Miyazawa 2023].

Corollary 5.3 Let T" be a negative-definite AR-graph, let Wr be the associated plumbed 4-manifold
with boundary Y1, and consider the corresponding arborescent knot K. Let y be a path which carries the
lattice homology of (T, s) for any spin® structure s on Y. Suppose that the lattice homology of (T, s)
is expressed as a graded root R, and the determinant of K is one. Denote the sets of leaves and nonleaf
vertices of R by L(R) and NL(R), respectively, and shift the grading (if necessary) so that all vertices of
R lie on even degrees. Furthermore, we suppose

Z (_1)%gr(v)_ Z (_1)%gr(v) £ 1.

veL(R) VENL(R)

Then for integers k, « such that %k + « is odd, the k-twisted a-roll twisted spun knot . o (K) # Py and
Py are not smoothly isotopic.

Remark 5.4 As observed in [Miyazawa 2023, Theorem 4.47], 7y o, (K)# Po and Py have nondiffeomorphic
complements for k =0, « = 1 and K = P(—2, 3, 7). Note that the same proof works in more general
situations once we can ensure that

deg(tx o (K)) > 1.
Under the same assumptions as in Corollary 5.3, we see that the complements of 7 o (K) # Py and Py in
S* are not diffeomorphic.
5.2 Structural theorem of an O(2)-equivariant Bauer—Furuta invariant

Proof of Theorem 1.7 For a given 2-knot or RP2-knot S in S*, we consider its double-branched
covering space X, (S). We assume b;r (25(S)) = 0 for the RP?-knot case. Then, we take the unique
spin structure on X,(S) when S is 2-knot and the spin® structure s such that ¢;(s)?> = —1 when S is
RP2-knot. Associated to it, we have an O(2)-equivariant map

BFy,(5)s: WH— VT

with respect to the above spin or spin® structure s. One can easily check that W is isomorphic to V' as
O(2)-representation spaces, and the O(2)-equivariant stable homotopy class of BFyy ; is an invariant
of smooth isotopy classes of 2-knots or such RPP? knots. If we take the (/) C O(2)-invariant part of
BFs,(s),s» We recover the Miyazawa’s invariant deg(S) as the mapping degree of BFé2 (8).5° Such a
homotopy class is determined by two quantities,

I s!
deg(BFzz(S),E) and deg(BFzz(S),S)’

by Theorem A.3. The latter one is +1 if we take a standard homology orientation. The first one is nothing
but Miyazawa’s invariant. The sign ambiguity corresponds to composing with the permutation

(z1.22.23 ..., zn) = (22,21, 23, ..., zy) : C" > C". O
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Appendix O(2)-representations and O(2)-equivariant maps
A.1 O(2) representations in our setting
We first see which representations of O(2) appear in our situation.

Lemma A.1 Consider the Lie group O(2), and identity its identity component with U(1). Choose an
order-two element I € O(2) such that O(2) is generated by U(1) and I. Let p: O(2) — GLRr(V) be a
representation of O(2), where V.= C" and U(1) acts on V via p by complex multiplication. Then the
action of p(I') is complex conjugation up to base change.

Proof Since O(2) is compact, its finite-dimensional representations over R decompose into a direct sum
of irreducible representations up to base change. The list of all irreducible representations of O(2) is
described below (the proof is straightforward and thus omitted):

e one-dimensional trivial representation R;

¢ one-dimensional flip representation R, where O(2) acts through 7¢(0O(2)), which then acts on R
by £1;

* two-dimensional representations C,, indexed by positive integers g, where I acts on C = R? by
complex conjugation and U(1) acts by the g-fold rotation. (When ¢ = 1, we denote C; by C, as
acts on it by complex conjugation.)

Hence V' decomposes into direct sums of several copies of R, R and Cy4 for g > 0. Observe that, among
the irreducible representations of O(2), the only one which induces a free action (outside the origin)
of U(1) is C. Since U(1) acts freely on V \ {0} via p by assumption, we deduce that V = C”" as
O(2)-representations, and thus the action of p(/) is the complex conjugation. m|

Lemma A.2 Let p: O(2) — GLRr(V) be a representation of O(2), where V.= C" and U(1) actson V
via p by complex multiplication. Then, the set of automorphisms

{f €eGLr(V) | fo=p/}
is identified with GL(n, R).

Proof One can assume p is the standard O(2)-action by a base change. First of all, R-linearity and
U(1)-commutativity give C-linearity, and thus the given space is a subspace of GL,(C). An element A
of GL,(C) is O(2)-commutative if and only if it commutes with complex conjugation, i.e., Az = AZ for
all complex vectors z. This is equivalent to saying that A = A. Conversely, it is obvious that matrices in
GL,(R) give O(2)-commutative automorphisms of C”. a

A.2 Equivariant version of Hopf’s classification theorem

We review the equivariant version of Hopf’s classification theorem in [tom Dieck 1987, page 125], which
was used to prove the existence of O(2)-equivariant map between the lattice homotopy type and the
Seiberg—Witten Floer homotopy type.
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Let V and W be O(2)-representations. We denote by V' and W™ the one-point compactifications of
V and W. Suppose the possible isotropy groups of V+ and W are

{e}, S1, (I), 0(2) C 0(2).

For each isotopy group G C O(2), we have the fixed-point spheres (V 7)¢ and (W 7)€, whose dimensions
are written as ny (G) and ny (G). Let us define the set ®(V, W, O(2)) of conjugacy classes of isotropy
groups G satisfying

ny(G)=nw(G) and |WG| < oo,

where WG is the Weyl group given as NG/G. Here, NG denotes the normalizer of G in O(2). Thus, in
our situation (assuming that ¥V and W are in our universe R>® & R>® o C®°), we have

(V. W.0(2)) c{S'.(I). 0Q)},
where the notation S, (I) and O(2) denotes their conjugacy classes.
We suppose the following conditions hold:

(D For any isotropy group G C O(2), we get
ny(G) < nw(G).

(II) For any G € ©(V, W, O(2)), the groups FI"V(G)((VG)+) and fI”W(G)((WG)"') are isomorphic
as WG-modules.

(II) For any (K) € ®(V, W, O(2)), we have
1+ dim((V )™ %) <np(K),
where (V 7)>X denotes the set of K-fixed points in (V) whose isotropy groups are strictly larger
than K.

These assumptions (I) and (II) correspond to (ii) and (iv) in [tom Dieck 1987, page 125, (4.10)], respectively.
The other assumptions (i) and (iii) in [tom Dieck 1987, page 125, (4.10)] are obviously satisfied in our
situation. The condition (III) corresponds to [tom Dieck 1987, assumption in (iv) of Theorem 4.11,
page 126]. Also, for (II), the possibilities of Weyl groups are the trivial or O(2)/U(1) = Z,, and the
condition (II) is also obvious in our situation. The condition (III) is expressed as

1<np(0Q2), 1<np(SY) and 1<np({I)),

which can also be achieved in the O(2)-equivariant stable homotopy category. Under these assumptions,
the following is proven in [tom Dieck 1987, page 126, Theorem 4.11]:

Theorem A.3 Under the assumptions above, two O(2)-equivariant continuous maps
foo fi:VE->wT
are O(2)-equivariantly homotopic if deg(j;)G) = deg(flG) for any G € ®(V, W, O(2)).
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