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The level structure in quantum K -theory and mock theta functions

YONGBIN RUAN, MING ZHANG AND YAOXIONG WEN

This is the first in a sequence of papers to develop the theory of levels in quantum K-theory and study its
applications. Here, we give an adelic characterization of the range of the J -function in quantum K-theory
with level structure. As an application, we prove a mirror theorem for permutation-equivariant quantum
K-theory with level structures of toric varieties. In the study of the mirrors of some simple examples, we
see the surprising appearance of Ramanujan’s mock theta functions.

1 Introduction
1.1 Overview

More than a decade ago, quantum K-theory was introduced in [Givental 2000; Lee 2004] as the K-
theoretic analog of quantum cohomology. Its recent revival stems partially from a physical interpretation
of quantum K-theory as a 3D-quantum field theory in a 3-manifold of the form S1 �† (see [Kapustin
and Willett 2013; Jockers and Mayr 2020]). Because of this mysterious physical connection, the B-
model counterpart of quantum K-theory is q-hypergeometric series, itself a classical subject. This
connection was recently confirmed by Givental [2015e] as the mirror of the so-called J -function of the
permutation-equivariant quantum K-theory.

Classically, K-theory is more closely related to representation theory, comparing to cohomology theory.
It is natural to revisit quantum K-theory from the representation-theoretic point of view. In fact, a variant
of quantum K-theory was already studied in [Okounkov 2017; Aganagic et al. 2018; Aganagic and
Okounkov 2017; Pushkar et al. 2020; Koroteev et al. 2021; Okounkov and Smirnov 2022; Su et al. 2020]
in relation to quantum groups. One of the predominant features of representation theory is the existence
of an additional parameter, called the level. A natural question is whether it is possible to extend the
current version of quantum K-theory to include this notion of level. In this paper, we answer the question
affirmatively in the context of quasimap theory. This is the first in a sequence of papers to develop the
theory of levels in quantum K-theory and study its applications.

Our motivating example is an old physical result [Witten 1995], which relates the quantum cohomology
ring of the Grassmannian to the Verlinde algebra. Early explicit physical computations [Gepner 1991;
Vafa 1992; Intriligator 1991] indicate that they are isomorphic as algebras, but have different pairings.
Witten [1995] gave a conceptual explanation of the isomorphism, by proposing an equivalence between
the quantum field theories which govern the Verlinde algebra and the quantum cohomology of the
Grassmannian. His physical derivation of the equivalence naturally leads to a mathematical problem that
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836 Yongbin Ruan, Ming Zhang and Yaoxiong Wen

these two objects are conceptually isomorphic (without referring to the detailed computations). A great
deal of work has been done in [Agnihotri 1995; Marian and Oprea 2007a; 2007b; 2010; Belkale 2008].
However, to the best of our knowledge, a complete conceptual proof of the equivalence is missing.

Assuming a basic knowledge of quantum K-theory, a key and yet more or less trivial observation is
that the Verlinde algebra is a K-theoretic invariant. To be more precise, let X be a smooth projective
variety. Suppose that Mg;k.X; ˇ/ is the moduli space of stable maps to X. Quantum cohomology studies
integrals of the form Z

ŒMg;k.X;ˇ/�vir
˛;

where ŒMg;k.X; ˇ/�
vir is the so-called virtual fundamental cycle and ˛ is a “tautological” cohomology

class. In quantum K-theory, we replace the virtual fundamental cycle by the virtual structure sheaf
Ovir

Mg;k.X;ˇ/
. We also replace the integral by the holomorphic Euler characteristic

�.Mg;k.X; ˇ/; E˝Ovir
Mg;k.X;ˇ/

/;

where E is some natural K-theory class on Mg;k.X; ˇ/. For the Verlinde algebra, the relevant moduli
space is the moduli space of semistable parabolic U.n/-bundles MU.n/.˛1; : : : ; ˛k/ on a fixed genus-g
marked curve .C; p1; : : : ; pk/ with parabolic structure at pi indexed by ˛i 2 Vl.U.n//. Here, l is a
nonnegative integer and Vl.U.n// denotes the level-l Verlinde algebra. A new ingredient is a certain
determinant line bundle, denoted by det, over the moduli space MU.n/.˛1; : : : ; ˛k/. The level-l Verlinde
algebra calculates the holomorphic Euler characteristic

h˛1; : : : ; ˛ki
l
g;Verlinde D �.MU.n/.˛1; : : : ; ˛k/; detl/:

Based on the above description, the Verlinde algebra is clearly a K-theoretic object, and we should
compare it with the quantum K-theory of the Grassmannian (with an appropriate notion of levels). Let
BunG be the moduli stack of principal bundles over curves. Let � W CBung;k !BunG be the universal
curve and let P! CBung;k be the universal principal bundle. Given a finite-dimensional representation R
of G, we consider the inverse determinant of cohomology

detR WD .detR��.P�G R//�1:

This is a line bundle over BunG . Suppose X D Z==G is a GIT quotient. Let Q� be the moduli stack
of �-stable quasimaps to X D Z==G (see Section 2.2). Then there is a natural forgetful morphism
� WQ�!BunG . We define the level-l determinant line bundle as

DR;l D ��.detR/l :

We will often refer to DR;l as the level structure. In general, when X is a smooth complex projective
variety but not a GIT quotient, one can still define determinant line bundles over the moduli space of
stable maps Mg;k.X; ˇ/ as follows. Let R be a vector bundle over X. Let � W C!Mg;k.X; ˇ/ be the
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universal curve and let ev W C!X be the universal evaluation map. We define the level-l determinant
line bundle as

Dl WD .detR��.ev�R//�l :

This definition agrees with the previous one when X is a GIT quotient (see Definition 2.4 and Remark 2.5).
With the above definition of the level-l determinant line bundle DR;l , we can define the level-l quantum

K-invariants and quasimap invariants by twisting with DR;l (see Section 3). The ordinary quantum
K-theory corresponds to the case l D 0. One of the main purposes of this article is to verify that the
level-l quantum K-theory satisfies all the axioms of the ordinary quantum K-theory (see Section 2.3).

One can use irreducible GLn.C/-representations to define two sets of invariants: Verlinde invariants
from the theory of (semi)stable parabolic vector bundles, and level-l quantum K-theory invariants of
the Grassmannian Gr.n; nC l/. The K-theoretic Verlinde/Grassmannian correspondence describes a
conjectural formula between these two sets of invariants (see [Ruan and Zhang 2023] for the precise
formula).

1.2 Mirror theorem and mock theta functions

The proof of the Verlinde/Grassmannian correspondence will be discussed in different papers. The other
main results of this paper are various mirror theorems, in the same style as the recent work of Givental
[2017a; 2015a; 2015b; 2015c; 2015d; 2015e; 2015f; 2015g; 2017b; 2020; 2017c]. In the study of quantum
K-theory with level structures, we see the surprising appearance of Ramanujan’s mock theta functions in
some of the simplest examples.

Let X be a smooth complex projective variety and let R be a vector bundle over X. When X DZ==G
is a GIT quotient, we assume R is of the form .Z �R/==G, with R a finite-dimensional representation
of G. By abuse of terminology, we refer to the vector bundle R as the “representation” R. Let Q be the
Novikov variables. We fix a �-algebra ƒ which is equipped with Adams operations ‰i for i D 1; 2; : : : .
Let f�ag be a basis of K0.X/˝Q and let f�ag be the dual basis with respect to the twisted pairing (5).
Let q be a formal variable and let t.q/ be a Laurent polynomial in q with coefficients in K0.X/˝Q.
The permutation-equivariant K-theoretic J -function J lS1.t.q/;Q/ of level l and representation R is
defined by

JR;lS1
.t.q/;Q/ WD 1� qC t.q/C

X
a

X
ˇ¤0

Qˇ�a
�
�a

1� qL
; t.L/; : : : ; t.L/

�R;l;Sk
0;kC1;ˇ

:

Here h � iR;l;Sk
0;kC1;ˇ

denotes the permutation-equivariant quantum K-invariants of level l and L denote the
cotangent line bundles. The J -function JR;lS1

can be viewed as elements in the loop space K defined by

K WD ŒK0.X/˝C.q/�˝CŒŒQ��;

where C.q/ denotes the field of complex rational functions in q. There is a natural Lagrangian polarization
KDKC˚K�, where KC consists of Laurent polynomials and K� consists of reduced rational functions
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838 Yongbin Ruan, Ming Zhang and Yaoxiong Wen

that are regular at q D 0 and vanishing at q D1. We denote by LR;lS1
the range of JR;lS1

, i.e.,

LR;lS1
D

[
t.q/2KC

JR;lS1
.t.q/;Q/� K:

Due to the stacky structure of the moduli space of stable maps, the J -function JR;lS1
.t.q/;Q/, as a

function in q, has poles at roots of unity. The main technical tool is a generalization of Givental and
Tonita’s adelic characterization of points on the cone LR;lS1

with the presence of level structure, i.e., we
describe the Laurent expansion of JR;lS1

at each primitive root of unity in terms of a certain twisted fake
quantum K-theory. The precise statement is rather technical, and we present it in Theorem 4.5. When
l D 0, the determinant line bundle DR;l is trivial, and we recover the ordinary quantum K-theory. The
adelic characterization of the cone in the ordinary quantum K-theory was introduced in [Givental and
Tonita 2014], and its generalization to the permutation-equivariant theory is given in [Givental 2015b].
The proofs of all these results are based on application of the virtual Kawasaki Riemann–Roch formula to
moduli spaces of stable maps (see Section 4).

Let LS1 denote the range of the permutation-equivariant big J -function in ordinary quantum K-theory
(i.e., with trivial level structure). As an application of Theorem 4.5, we prove that certain “determinantal”
modifications of points on LS1 lie on the cone LR;lS1

of quantum K-theory of level l .

Theorem 1.1 If
I D

X
ˇ2Eff.X/

IˇQ
ˇ

lies on LS1 , then the point

IR;l WD
X

ˇ2Eff.X/

IˇQ
ˇ
Y
i

.L
�ˇi
i q.ˇiC1/ˇi=2/l

lies on the cone LR;lS1
of permutation-equivariant quantum K-theory of level l . Here Eff.X/ denotes the

semigroup of effective curve classes on X, Li are the K-theoretic Chern roots of R, and ˇi WD
R
ˇ c1.Li /.

In Proposition 5.1, we give explicit formulas for level-l (torus-equivariant) I -functions of toric varieties.
Moreover, we prove the following toric mirror theorem:

Theorem 1.2 Assume that X is a smooth quasiprojective toric variety. The level-l torus-equivariant
I -function .1� q/IR;lX of X lies on the cone LR;lS1

in the permutation- and torus-equivariant quantum
K-theory of level l of X.

In the study of toric mirror theorems for quantum K-theory with level structure, a remarkable phenom-
enon is the appearance of Ramanujan’s mock theta functions. We first establish some notation. Denote the
standard representation of G by St and its dual by St_. When G DC�, any n-dimensional representation
of G is determined by a charge vector .a1; : : : ; an/ with ai 2 Z: a C�-action on Cn can be explicitly
described by

� � .x1; : : : ; xn/! .�a1x1; : : : ; �
anxn/; where � 2C�:
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In the following propositions, we consider GIT quotients Cn==C�, and we refer to the C�-actions by
their associated charge vectors.

Proposition 1.3 Consider X D C==C� D Œ.C n 0/=C��, where the C�-action is the standard action by
multiplication. The C�-equivariant K-ring KC�.X/ is isomorphic to the representation ring Repr.C�/.
Let � 2 KC�.X/ be the equivariant parameter corresponding to the standard representation. For the
C�-representations St and St_, we have the explicit formulas of the equivariant small I -functions

I
St;l
X .q;Q/D 1C

X
n�1

qn.n�1/l=2

.1���1q/.1���1q2/ � � � .1���1qn/
Qn;

I
St_;l
X .q;Q/D 1C

X
n�1

qn.nC1/l=2

.1���1q/.1���1q2/ � � � .1���1qn/
Qn:

By choosing certain specializations of the parameters , we obtain Ramanujan’s mock theta functions of
order 3,

I
St;lD1
X .q2;Q/j�D�1;QDq D 1C

X
n�1

qn
2

.1C q2/.1C q4/ � � � .1C q2n/
;

I
St;lD1
X .q2;Q/j�Dq;QDq D 1C

X
n�1

qn
2

.1� q/.1� q3/ � � � .1� q2n�1/
;

I
St;lD1
X .q2;Q/j�D�q;QD1 D 1C

X
n�1

qn.n�1/

.1C q/.1C q3/ � � � .1C q2n�1/
;

and Ramanujan’s mock theta functions of order 5,

I
St;lD2
X .q;Q/j�D�1;QDq D 1C

X
n�1

qn
2

.1C q/.1C q2/ � � � .1C qn/
;

I
St;lD2
X .q2;Q/j�Dq;QDq2 D 1C

X
n�1

q2n
2

.1� q/.1� q3/ � � � .1� q2n�1/
;

I
St_;lD2
X .q;Q/j�D�1;QD1 D 1C

X
n�1

qn.nC1/

.1C q/.1C q2/ � � � .1C qn/
;

I
St_;lD2
X .q2;Q/j�Dq;QD1 D 1C

X
n�1

q2n
2C2n

.1� q/.1� q3/ � � � .1� q2n�1/
:

Proposition 1.4 Let a1 and a2 be two positive integers which are coprime. We consider the target
Xa1;a2 D Œ.C

2 n 0/=C�� with charge vector .a1; a2/ and a line bundle p D Œf.C2 n 0/�Cg=C�� with
charge vector .a1; a2; 1/. Let �1 and �2 be the equivariant parameters. For the C�-representations St
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and St_, we have the explicit formulas of the equivariant small I -functions

I
St;l
Xa1;a2

.q;Q/D 1C
X
n�1

pnlqn.n�1/l=2

.1�pa1��11 q/ � � � .1�pa1��11 qa1n/.1�pa2��12 q/ � � � .1�pa2��12 qa2n/
Qn;

I
St_;l
Xa1;a2

.q;Q/D 1C
X
n�1

pnlqn.nC1/l=2

.1�pa1��11 q/ � � � .1�pa1��11 qa1n/.1�pa2��12 q/ � � � .1�pa2��12 qa2n/
Qn:

By choosing .a1; a2/D .1; 1/ and certain specializations of the parameters , we obtain the following four
Ramanujan’s mock theta functions of order 3:

I
St;lD2
X1;1

.q;Q/jpD1;�1D�2D�1;QDqD1C
X
n�1

qn
2

..1Cq/.1Cq2/ � � � .1Cqn//2
;

I
St;lD2
X1;1

.q;Q/jpD1;�1D.1C
p
3i/=2;�2D.1�

p
3i/=2;QDqD1C

X
n�1

qn
2

.1�qCq2/.1�q2Cq4/ � � � .1�qnCq2n/
;

1

.1�q/2
I

St_;lD2
X1;1

.q2;Q/jpD1;�1D�2Dq�1;QD1D
X
n�0

q2n
2C2n

..1�q/.1�q3/ � � � .1�q2nC1//2
;

1

1CqCq2
I

St_;lD2
X1;1

.q2;Q/jpD1;�1D.�1C
p
3i/=2q�1;�2D.�1�

p
3i/=2q�1;QD1

D

X
n�0

q2n
2C2n

.1CqCq2/.1Cq3Cq6/ � � � .1Cq2nC1Cq4nC2/
:

Proposition 1.5 Let a and b be two positive integers which are coprime. We consider the target
Xa;�b D Œf.C n 0/�Cg=C�� with charge vector .a;�b/ and a line bundle p D Œf.C n 0/�C �Cg=C��

with charge vector .a;�b; 1/. Let � and � be the equivariant parameters of the standard .C�/2-action on
Xa;�b . For the C�-representation St, we have the explicit formula for the equivariant small I -function

I
St;l
Xa;�b

.q/D

1C
X
n�1

.�1/bn
pnl�b

2nqn.n�1/l�bn.bn�1/=2��bn.1�pb�/.1�pb�q/ � � � .1�pb�qbn�1/

.1�pa��1q/.1�pa��1q2/ � � � .1�pa��1qan/
Qn:

In particular , we have order 7 mock theta functions

I
St;lD3
X2;�1

.q;Q/jpD1;�D1;�Dq;QD�q2 D 1C
X
n�1

qn
2

.1� qnC1/ � � � .1� q2n/
;

q

1�q
I

St;lD3
X2;�1

.q;Q/jpD1;�Dq�1;�Dq;QD�q4 D
X
n�1

qn
2

.1� qn/ � � � .1� q2n�1/
;

1

1�q
I

St;lD3
X2;�1

.q;Q/jpD1;�Dq�1;�Dq;QD�q3 D
X
n�1

qn
2�n

.1� qn/ � � � .1� q2n�1/
:
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Remark 1.6 The targets that we consider in Propositions 1.4 and 1.5 are, in general, orbifolds. The full
I -functions have components corresponding to the twisted sectors of the (rigidified) inertia stacks of
the orbifold targets. However, to match with mock theta functions, we only consider the components of
I -functions corresponding to the untwisted sectors. See the discussion on the orbifold case in Remarks
4.14 and 4.15.

It is interesting that we can recover Ramanujan’s mock theta functions using only very simple targets.
One of the attractive features of quantum K-theory is the appearance of q-hypergeometric series as

mirrors of K-theoretic J -functions. Recall the definition of the q-Pochhammer symbol

.aI q/n WD .1� a/.1� aq/ � � � .1� aq
n�1/ for n > 0;

and .aI q/0 WD 1. A general q-hypergeometric series can be written as

r�s D
X
n�0

.˛1I q/n � � � .˛r I q/n

.ˇ1I q/n � � � .ˇsI q/n

zn

.qI q/n
Œ.�1/nqn.n�1/=2�1Cs�r :

For the quantum K-theory of level 0, i.e., Givental and Lee’s quantum K-theory, we only see special
q-hypergeometric series of the formX

n�0

.˛1I q/n � � � .˛r I q/n

.ˇ1I q/n � � � .ˇsI q/n

zn

.qI q/n
:

The level structure naturally introduces the term

Œ.�1/nqn.n�1/=2�1Cs�r :

Proposition 1.7 Consider the target X1;�1 WD O.�1/˚rPs D Œf.C
sC1 n 0/ �Crg=C�� with the charge

vector .1; 1; : : : ; 1;�1;�1; : : : ;�1/. Let p D Œf.CsC1 n 0/�Cr �Cg=C�� be a line bundle with charge
vector .1; : : : ; 1;�1; ; : : : ;�1; 1/. Let �1; : : : ; �sC1; �1; : : : ; �r be the equivariant parameters of the
standard .C�/sCrC1-action on X1;�1. Then the equivariant small I -function has the explicit form

I
St;lD1Cs
X1;�1

.q/D

1C
X
n�1

.�1/nr
rY
iD1

.p�i /
�np.1Cs/n

.p�1; q/n � � � .p�r I q/n

.p��11 qI q/n � � � .p��1s qI q/n

Qn

.p��1sC1qI q/n
.qn.n�1/=2/1Cs�r :

Hence we can recover the general q-hypergeometric series by setting p D 1, ��1i q D ˇi for i D 1; : : : ; s,
��1sC1 D 1 and �j D j̨ for j D 1; : : : ; r , QD .�1/1Csz

Qr
iD1 �i .

Recall that Gromov–Witten theory (of Calabi–Yau varieties) is related to quasimodular forms. Mock
modular forms are another class of modular objects, which are different from the quasimodular forms.
Yet, they share some common properties. The above mirror theorems suggest an exciting possibility: that
the natural geometric home of mock modular forms is quantum K-theory with nontrivial level structures.
We certainly would like to investigate this surprising connection further.
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Plan of the paper

In Section 2, we introduce the notion of level in the K-theoretic quasimap theory and establish its main
properties. In Section 3, we define the K-theoretic quasimap invariants with level structure and their
permutation-equivariant version. In Section 4, we characterize the cone LR;lS1

of level l in terms of the
cone LS1 of level 0. In Section 5, we compute the K-theoretic toric I -functions of level l , and prove a
toric mirror theorem for quantum K-theory with level structure.

2 Level structure

In this section, we assume, unless otherwise indicated, that X is given by a geometric invariant theory
(GIT) quotient. As mentioned in the introduction, the level structure is defined by determinant line
bundles. We first recall the definition of determinant line bundles and then define the notion of level in
quasimap theory.

2.1 Determinant line bundles

In this subsection, we briefly review the construction of determinant line bundles.
Let X be a Deligne–Mumford stack. Let E be a locally free, finitely generated OX module. We define

the determinant line bundle of E as
det.E/ WD

Vrank.E/ E ;

where
Vi denotes the i-th wedge product. In general, let F� be a complex of coherent sheaves on X

which has a bounded locally free resolution, i.e., there exists a bounded complex of locally free, finitely
generated OX modules G� and a quasi-isomorphism

G�! F�:

We define the determinant line bundle associated to F� by

det.F�/ WD
O
n

det.Gn/.�1/n :

We summarize some basic properties of this construction in the following proposition:

Proposition 2.1 Let F be a complex of coherent sheaves which has a bounded locally free resolution.
Then:

(1) The construction of det.F�/ does not depend on the locally free resolution.

(2) For every short exact sequence of complexes of sheaves which have bounded locally free resolutions

0! F� ˛
�! G� ˇ

�!H�! 0;

we have a functorial isomorphism

i.˛; ˇ/ W det.F�/˝ det.H�/ ��! det.G�/:
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(3) The operator det commutes with base change. To be more precise , for every (representable) morphism
of Deligne–Mumford stacks

g W X ! Y;
we have an isomorphism

det.Lg�/ ��! g� det:

In the case when X is a scheme, the above proposition is proved in [Knudsen and Mumford 1976].
Note that these properties are preserved under flat base change. Therefore they hold for stacks as well.

2.2 Level structure in quasimap theory

In this subsection, we first recall the quasimap theory for nonsingular GIT quotients introduced in [Ciocan-
Fontanine et al. 2014]. Then we define the level structure in this setting and discuss its generalizations in
orbifold quasimap theory.

Let Z D Spec.A/ be a complex affine algebraic variety in Cn and let G be a reductive group acting
on it. Let � W G ! C� be a character determining a G-equivariant line bundle L� WD Z � C. Let
Zs.�/ and Zss.�/ be the stable and semistable loci, respectively. Throughout the paper, we assume
Zs.�/DZss.�/ is nonsingular. Furthermore, we assume that G acts freely on Zs.�/. It follows that the
GIT quotient Z==�G is nonsingular and quasiprojective. For simplicity, we drop � from the notation of
the GIT quotient. The unstable locus is defined as Zus WD Z �Z

s.�/. Recall that we can identify the
G-equivariant Picard group PicG.Z/ with the Picard group Pic.ŒZ=G�/ of the quotient stack ŒZ=G� by
sending an G-equivariant line bundle L to ŒL=G�. Let ˇ 2 HomZ.PicG.Z/;Z/.

Definition 2.2 [Ciocan-Fontanine et al. 2014] A quasimap is a tuple .C; p1; : : : ; pk; P; s/ where

� .C; p1; : : : ; pk/ is a connected, at most nodal, k-pointed projective curve of genus g,

� P is a principal G-bundle on C,

� s is a section of the induced fiber bundle P �G Z on C such that .P; s/ is of class ˇ, i.e., the
homomorphism

PicG.Z/! Z; L 7! degC .s
�.P �G L//;

is equal to ˇ.

We require that there be only finitely many basepoints, i.e., points p 2 C such that s.p/ 2 Zus. An
element ˇ 2 HomZ.PicG.Z/;Z/ is called L� -effective if it can be represented as a finite sum of classes
of quasimaps. We also refer to ˇ as a curve class. Denote by E the semigroup of L� -effective (curve)
classes.

A quasimap .C; p1; : : : ; pk; P; s/ is called prestable if the basepoints are disjoint from the nodes and
marked points on C. Given a rational number � > 0, a prestable quasimap is called �-stable if it satisfies
the following conditions:
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(1) !C;log˝L�
�

is ample, where !C;log WD !C
�Pk

iD1 pi
�

is the twisted dualizing sheaf of C and

L� WD u�.P �G L� /Š P �G C� :

(2) �l.x/� 1 for every point x in C, where

l.x/ WD lengthx.coker.u�J /!OC /:

Here J is the ideal sheaf of the closed subscheme P �G Zus of P �G Z.

Let Q�
g;k
.Z==G; ˇ/ D f.C; p1; : : : ; pk; P; s/g be the moduli stack of �-stable quasimaps. Ciocan-

Fontanine et al. [2014] show that this stack is a separated Deligne–Mumford stack of finite type and it
is proper over the affine quotient Z=affG WD Spec.AG/. When Z has only local complete intersection
singularities, the �-stable quasimap space Q�

g;k
.Z==G; ˇ/ admits a canonical perfect obstruction theory.

Remark 2.3 There are two extreme chambers for the stability parameter �.

(1) .� D1/-stable quasimaps: One can check that when .g; k/ ¤ .0; 0/ and � > 1, the quasimap
space Q�

g;k
.Z==G; ˇ/ is isomorphic to the moduli space of stable maps Mg;k.Z==G; ˇ/. When

.g; k/D .0; 0/, the same holds with � > 2. Therefore, when � is sufficiently large, we denote the
�-stable quasimap space by

Q1g;k.Z==G; ˇ/DMg;k.Z==G; ˇ/

and refer to it as the .� D1/-theory.

(2) .� D 0C/-stable quasimaps: Fix ˇ 2 E. For each � 2 .0; 1=ˇ.L� /�, the �-stability is equivalent to
the condition that the underlying curve C of a quasimap does not have rational tails and, on each
rational bridge, the line bundle L� has strictly positive degree. Since we need to consider different ˇ
at the same time, we reformulate the stability condition as

!C;log˝L�� is ample for all � 2Q>0:

Quasimaps which satisfy the above stability condition are referred to as .� D 0C/-stable quasimaps.

To define the level structure, we introduce some notation first. Let Mg;k be the algebraic stack of
prestable nodal curves and BunG be the relative moduli stack

BunG
�
�!Mg;k

of principal G-bundles on the fibers of the universal curve Cg;k!Mg;k . The morphism � is smooth.
There is a forgetful morphism, which forgets the section s,

Q�g;k.Z==G; ˇ/
�
�!BunG :

Let z� WCBung;k!Bung;k be the universal curve which is the pullback of Cg;k along �. Let �P!CBung;k

be the universal principal G-bundle. We denote by � W Cg;k!Q�
g;k
.Z==G; ˇ/ the universal curve on the

quasimap space. Let P! Cg;k be the universal principal bundle given by the pullback of �P! CBung;k .
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Definition 2.4 Given a finite-dimensional representation R of G, we define the level-l determinant line
bundle over Q�

g;k
.Z==G; ˇ/ as

(1) DR;l WD .detR��.P �G R//�l :

Alternatively, one can define DR;l to be the pullback of the determinant line bundle .detR��.�P�GR//�l
on Bung;k via �.

Remark 2.5 The definition mentioned in the introduction is the second one. It is conceptually better in
the sense that it does not depend on the different moduli spaces over Bung;k . In our case, these moduli
spaces are the �-stable quasimap spaces Q�

g;k
.Z==G; ˇ/ for different �. However, Bung;k is an Artin

stack, and it is technically more difficult to work with it. Formally, we will use the first definition as the
working definition.

Remark 2.6 Note that in Definition 2.4, the bundle P �G R is the pullback of the vector bundle
ŒZ �R=G�! ŒZ=G� along the evaluation map to the quotient stack ŒZ=G�. Therefore, given a vector
bundle R on X, we can use (1) to define a determinant line bundle over the moduli space of stable maps
Mg;k.X; ˇ/, even when X is not a GIT quotient. To be more precise, let � W C!Mg;k.X; ˇ/ be the
universal curve and let ev W C!X be the universal evaluation map. We define the level-l determinant
line bundle as

DR;l WD .detR��.ev�R//�l :

We will often abuse notation by referring to the vector bundle R as the “representation” R.

The above construction can be easily generalized to orbifold quasimap theory. To be more precise,
suppose the target can be written as ŒZs=G�. Now, we do not assume G acts freely on the stable
locus Zs.�/. Therefore ŒZs=G� is in general a Deligne–Mumford stack. The quasimap theory for such
orbifold GIT targets is established in [Cheong et al. 2015]. According to [ibid., Section 2.4.5], we
still have universal curves and universal principal G-bundles over moduli spaces of �-stable orbifold
quasimaps. Therefore the level-l determinant line bundle can still be defined using (1).

2.3 Properties of the level structure in quasimap theory

In this subsection, we study the level-l determinant line bundle in the case ˇ D 0 and its pullbacks
along some natural morphisms between moduli spaces of quasimaps. An important property of the level
structure DR;l is that it splits “correctly” among nodal strata (see Proposition 2.9). In the following
discussion, we assume X D Z==G is a GIT quotient, so that moduli spaces of quasimaps are defined.
When X is a smooth projective variety but not a GIT quotient, the same results hold for the determinant
line bundles defined in Remark 2.6. In fact, the arguments used in the proofs are identical for both cases.

2.3.1 Mapping to a point Assume that ˇD 0. Then any quasimap is a constant map and the morphism

Q�g;k.X; 0/
stab�ev
����!Mg;k �X
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is an isomorphism. Here stab WQ�
g;k
.X; 0/!Mg;k denotes the stabilization morphism of source curves

of quasimaps, and ev WQ�
g;k
.X; 0/!X denotes the constant evaluation morphism. Let P be the principal

G-bundle Zs!X DZ==G.

Lemma 2.7 The universal bundle P over the universal curve C D Cg;k �X is equal to ��2 .P /, where
Cg;k is the universal curve over Mg;k and �2 W Cg;k �X !X is the second projection.

Proof In general, there is an evaluation map from the universal curve C to the quotient stack ŒZ=G� and
P is the pullback of P along this map. The lemma follows from the observation that the evaluation map
is given by the second projection �2 in this case.

Corollary 2.8 Let R WD P �G R be the associated vector bundle on X and let � W Cg;k!Mg;k be the
canonical morphism. We have

DR;l D
�Vrk.R/g

.R1��OCg;k �R/
�l
˝
�Vrk.R/R

��l
:

Proof By Lemma 2.7, we have P �G RD ��2 .R/. Therefore the pushforward R��.��2 .R// is equal to
OMg;k �R�R1��OCg;k �R via the projection formula. Note that rk.R1��OCg;k /D g.

2.3.2 Cutting edges For i D 1; 2, we denote by evki WQ�gi ;ki .X; ˇi /!X the evaluation morphism at
the last marking. Consider the cartesian diagram

Q�
g1;k1

.X; ˇ1/�X Q�
g2;k2

.X; ˇ2/ Q�
g1;k1

.X; ˇ1/�Q�
g2;k2

.X; ˇ2/

X X �X

ˆ

evk1�evk2

�

where � is the diagonal embedding of X. Let C and C0 denote the universal curves over

Q�g1;k1.X; ˇ1/�X Q�g2;k2.X; ˇ2/ and Q�g1;k1.X; ˇ1/�Q�g2;k2.X; ˇ2/;

respectively. Let P and P 0 be the universal principal G-bundles over C and C0, respectively. We can define
level structures

DR;lQ�
g1;k1

.X;ˇ1/�Q�g2;k2 .X;ˇ2/
D DR;lQ�

g1;k1
.X;ˇ1/

�DR;lQ�
g2;k2

.X;ˇ2/
and DR;lQ�

g1;k1
.X;ˇ1/�XQ�

g2;k2
.X;ˇ2/

using (1). The following proposition shows that the level structure splits “correctly” among nodal strata:

Proposition 2.9 Let x WQ�
g1;k1

.X; ˇ1/�X Q�
g2;k2

.X; ˇ2/! C be the section corresponding to the node.
Then

(2) ˆ�.DR;lQ�
g1;k1

.X;ˇ1/
�DR;lQ�

g2;k2
.X;ˇ2/

/D DR;lQ�
g1;k1

.X;ˇ1/�XQ�
g2;k2

.X;ˇ2/
˝ det.x�.P �G R//�l :

Proof Consider the commutative diagram

ˆ�C0 C

Q�
g1;k1

.X; ˇ1/�X Q�
g2;k2

.X; ˇ2/

p

� 0
�
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Notice that C is obtained by gluing along two sections of marked points of ˆ�C0. For any locally free
sheaf F on C, we have a short exact sequence (the normalization exact sequence)

0! F ! p�p
�F ! x�x

�F ! 0:

which induces the natural isomorphism

(3) det.R��.p�p�F//�1 Š det.R��.F//�1˝ det.R��.x�x�F//�1:

Note that

det.R��.p�p�F//�1 D det.R� 0�.p
�F//�1 and det.R��.x�x�F//�1 D det.x�F/�1:

Now take FDP�GR and F 0DP 0�GR. Finally, the lemma follows from the isomorphism p�FŠˆ�F 0,
equation (3), and cohomology and base change.

2.3.3 Contractions Fix g1, g2 and k1, k2 such that gD g1Cg2 and kD k1Ck2. We denote the basic
gluing maps by

r WMg1;k1C1 �Mg2;k2C1!Mg;k; q WMg�1;kC2!Mg;k :

Let k0 be a nonnegative integer. Let k0 D .k01; : : : ; k
0
mC1/ and ˇ D .ˇ1; : : : ; ˇmC1/ be partitions of k0

and ˇ, respectively. For simplicity, we denote by Q�
m;k0;ˇ

the fiber product

Q�
g1;k1Ck

0
1C1

.X; ˇ1/�X Q�
0;2Ck03

.X; ˇ3/�X � � � �X Q�
0;2Ck0

mC1
.X; ˇmC1/„ ƒ‚ …

m�1 factors

�XQ�
g2;k2Ck

0
2C1

.X; ˇ2/:

Let st W Q�
g;kCk0

.X; ˇ/!Mg;k be the morphism defined by forgetting the (quasi)map and the last k0

markings, then stabilizing the source curve. Consider the commutative diagram

F
Q�
m;k0;ˇ

Q�
g;kCk0

.X; ˇ/

Mg1;k1C1 �Mg2;k2C1 Mg;k

trm;k0;ˇ

st

r

Here the disjoint union is over partitions k0 of k0 and partitions ˇ of ˇ. The above commutative diagram
induces a morphism

‰m W
G

Q�m;k0;ˇ ! .Mg1;k1C1 �Mg2;k2C1/�Mg;k Q
�
g;kCk0.X; ˇ/:

Using the same argument as in the proof of [Lee 2004, Proposition 11], one can show that the virtual
structure sheaves satisfy X

m

.�1/mC1‰m�
X
k0;ˇ

Ovir
Q�
m;k0;ˇ

D r ŠOvir
Q�
g;kCk0

.X;ˇ/
:
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Let Cg;kCk0 and Cm;k0;ˇ be the universal curves on Q�
g;kCk0

.X; ˇ/ and Q�
m;k0;ˇ

, respectively. Let Pg;kCk0
and Pm;k0;ˇ be the corresponding universal principal G-bundles. The level structures

DR;lQ�
g;kCk0

.X;ˇ/
and DR;lQ�

m;k0;ˇ

can be defined using (1). To prove that quantum K-theory with level structure satisfies the same axioms
as Givental and Lee’s quantum K-theory, we need the following proposition:

Proposition 2.10 DR;lQ�
m;k0;ˇ

D .rm;k0;ˇ /
�DR;lQ�

g;kCk0
.X;ˇ/

.

Proof The proposition follows from the following cartesian diagram and cohomology and base change:

Cm;k0;ˇ Cg;kCk0

Q�
m;k0;ˇ

Q�
g;kCk0

.X; ˇ/
rm;k0;ˇ

3 The K -theoretic quasimap theory with level structure

In this section, we first define theK-theoretic quasimap invariants with level structure and their permutation-
equivariant version. For most of the discussion, we assume that the GIT quotient Z==G is nonsingular
and projective. The cases when the target ŒZs=G� is noncompact or an orbifold are discussed at the end
of this section.

3.1 K -theoretic quasimap invariants with level structure

In this subsection, we first briefly recall Givental and Lee’s quantumK-theory. Then we defineK-theoretic
quasimap invariants with level structure.

The quantum K-theory or K-theoretic Gromov–Witten theory was introduced in [Givental 2000; Lee
2004]. Let X be a smooth projective variety and let Mg;k.X; ˇ/ be the moduli space of stable maps
to X. The moduli space is known to be a proper Deligne–Mumford stack (see for example [Behrend and
Manin 1996]). In particular, for any coherent sheaf E on Mg;k.X; ˇ/, we can consider its K-theoretic
pushforward to the point Spec C, i.e., we can take its Euler characteristic

�.E/D
X
i

.�1/ihi .E/;

where hi .E/ WD dimC H
i .Mg;k.X; ˇ/; E/.

From perfect obstruction theory, Lee [2004] constructs a virtual structure sheaf Ovir 2K0.Mg;k.X; ˇ//,
whereK0.Mg;k.X; ˇ// denotes the Grothendieck group of coherent sheaves on Mg;k.X; ˇ/. The virtual
structure sheaf Ovir has the following properties:

(1) If the obstruction sheaf is trivial and hence Mg;k.X; ˇ/ is smooth, then Ovir is the structure sheaf
of Mg;k.X; ˇ/.
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(2) If the obstruction sheaf Obs is locally free, then Ovir D
P
i .�1/

i
Vi Obs_. Here

Vi Obs_ denotes
the i -th wedge product of the dual of the obstruction bundle.

Since we assumeX to be smooth, the Grothendieck group of locally free sheaves onX, denoted byK0.X/,
is isomorphic to the Grothendieck group of coherent sheaves K0.X/. We denote both of them by K.X/.
Suppose that Ei are K-theory elements in K.X/ and let Li denote the i -th cotangent line bundles. The
K-theoretic Gromov–Witten invariants are defined by

hE1L
l1
1 ; : : : ; EkL

lk
k
ig;k;ˇ D �

�
Mg;k.X; ˇ/;

Y
i

ev�i Ei ˝L
li
i ˝Ovir

�
;

where evi WMg;k.X; ˇ/!X are the evaluation morphisms at the i-th marking. Let E �H2.X;Z/ be
the semigroup generated by effective curve classes on X. We define the quantum K-potential of genus 0
by

F.t;Q/ WD 1
2
.t; t/C

1X
kD0

X
ˇ2E

Qˇ

kŠ
ht; : : : ; ti0;k;ˇ ;

where t 2K.X/Q WDK.X/˝Q and .t; t/ WD �.t ˝ t / is the Mukai pairing. Let �0 D OX ; �1; �2; : : :
be a basis of K.X/Q. One can define the “quantized” pairing on K.X/Q by

..�i ; �j // WD Fij D @ti@tjF.t;Q/:

Lee [2004] shows that quantum K-theory satisfies all the usual axioms of cohomological Gromov–Witten
theory except the flat identity axiom.

In the following discussion, we assume X can be represented as a GIT quotient Z==G. As mentioned
before, the moduli space of stable maps Mg;k.Z==G; ˇ/ can be identified with Q�

g;k
.Z==G; ˇ/ for large �.

According to [Ciocan-Fontanine et al. 2014], for general �, the �-stable quasimap space Q�
g;k
.Z==G; ˇ/ is

proper and it admits a two-term perfect obstruction theory, assuming Z has only lci singularities. Hence,
by [Lee 2004], one can construct a virtual structure sheaf Ovir on Q�

g;k
.Z==G; ˇ/.

Definition 3.1 The K-theoretic quasimap invariants of level l are defined by

hE1L
l1
1 ; : : : ; EkL

lk
k
i
Z==G;R;l;�

g;k;ˇ
D �

�
Q�g;k.Z==G; ˇ/;

Y
i

ev�i Ei ˝L
li
i ˝Ovir

˝DR;l
�
2 Z;

where Ei 2K.Z==G/˝Q.

We shall usually suppress Z==G from the notation if there is no confusion. Note that these invariants
are all integers.

3.2 Quasimap graph space and JR;l;�-function

In this subsection, we first recall the definition and properties of the �-stable quasimap graph space. Then
we define an important generating series JR;l;� of K-theoretic quasimap invariants of level l .
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Given a rational number � > 0, the quasimap graph space, denoted by QG�
g;k
.Z==G; ˇ/, is introduced

in [Ciocan-Fontanine et al. 2014]. It is the moduli space of the tuples

..C; x1; : : : xk/; P; u; '/;

where ..C; x1; : : : xk/; P; u/ is a prestable quasimap satisfying �l.x/ < 1 for every point x on C, and the
new data ' is a degree-1 morphism from C to P1. The curve C has a unique rational component C0 such
that 'jC0 W C0! P1 is an isomorphism and the complement C=C0 is contracted by '. The ampleness
condition imposed on the tuples is modified to

!
CnC0

�X
xi C

X
yj

�
˝L�� is ample;

where xi are marked points on C nC0 and yi are the nodes C nC0\C0. Ciocan-Fontanine et al. [2014]
show that the quasimap graph space is also a separated Deligne–Mumford stack which is proper over the
affine quotient. Moreover, when Z has only lci singularities, the canonical obstruction theory on the graph
space is perfect. Similarly, we can define the level-l determinant line bundle DR;lQG on QG�

g;k
.Z==G; ˇ/

using the universal principal G-bundles over its universal curve.
There is a natural C�-action on the graph spaces. Let Œx0; x1� be homogeneous coordinates on P1,

and set 0 WD Œ1; 0� and1 WD Œ0; 1�. We consider the standard C�-action on P1,

(4) t � Œx0; x1�D Œtx0; x1� for all t 2C�:

This induces an action on the �-stable quasimap graph space QG�
g;k
.Z==G; ˇ/ by rescaling the parametrized

rational component. According to [Ciocan-Fontanine and Kim 2014, Section 4.1], the C�-fixed locus can
be described as

.QG�g;k.Z==G; ˇ//
C�
D

a
F
g1;k1;ˇ1
g2;k2;ˇ2

;

where the disjoint union is over all possible splittings

g D g1Cg2; k D k1C k2; ˇ D ˇ1Cˇ2

with gi ; ki � 0 and ˇi effective. In the stable cases, an �-stable parametrized quasimap

..C; x1; : : : ; xk/; P; u; '/ 2 F
g1;k1;ˇ1
g2;k2;ˇ2

is obtained by gluing two �-stable quasimaps of types .g1; k1; ˇ1/ and .g2; k2; ˇ2/ to a constant map
P1! p 2Z==G at 0 and1, respectively. Therefore, the component F g1;k1;ˇ1

g2;k2;ˇ2
is isomorphic to the fiber

product

Q�g1;k1C�.Z==G; ˇ1/�Z==G Q�g2;k2C�.Z==G; ˇ2/

over the evaluation maps at the special marked points �. When one of the components at 0 or 1 is
unstable, we use the following conventions:
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(1) For the unstable cases .g1; k1; ˇ1/D .0; 0; 0/ or .0; 1; 0/ (and likewise for .g2; k2; ˇ2/), we define

Q�0;0C�.Z==G; 0/ WDZ==G; Q�0;1C�.Z==G; 0/ WDZ==G; ev� D IdZ==G :

(2) For the unstable cases .g1; k1; ˇ1/D .0; 0; ˇ1/ with ˇ1 ¤ 0 and � � 1=ˇ1.L� /, we denote by

Q0;0C�.Z==G; ˇ1/0

the moduli space of quasimaps .C DP1; P; u/ such that u.x/2P �GZs for x¤ 02P1 and 02P1

is a basepoint of length ˇ1.L� /. Similarly, we define Q0;0C�.Z==G; ˇ2/1 to be the moduli space
of quasimaps whose only basepoint is of length ˇ2.L� / and located at1. Using these definitions,
we have

F
g;k;ˇ1
0;0;ˇ2

ŠQ�g;kC�.Z==G; ˇ1/�Z==G Q0;0C�.Z==G; ˇ2/1

for k � 1 and � � 1=ˇ2.L� /. Similarly,

F
0;0;ˇ1
g;k;ˇ2

ŠQ0;0C�.Z==G; ˇ1/0 �Z==G Q�g;kC�.Z==G; ˇ2/

for k � 1 and � � 1=ˇ1.L� /. When g D k D 0 and � �minf1=ˇ1.L� /; 1=ˇ2.L� /g, we have

F
0;0;ˇ1
0;0;ˇ2

ŠQ0;0C�.Z==G; ˇ1/0 �Z==G Q0;0C�.Z==G; ˇ2/1:

We denote by R the vector bundle Z �G R! ŒZ=G� and its restriction to Z==G. We define the twisted
pairing on K.Z==G/Q by

(5) .u; v/R;l WD �.u˝ v˝ .detR/�l/; where u; v 2K.Z==G/Q:

Let f�ag be a basis of K.Z==G/Q and let f�ag be the dual basis with respect to the above twisted pairing
. � ; � /R;l . Let t D

P
i t
i�i 2K.Z==G/Q. We define the JR;l;�-function of level l to be1

(6) JR;l;�.t;Q/D 1� qC t C
X
a

X
.k;ˇ/¤.0;0/;.1;0/

Qˇ

kŠ
�a
�
�a

1� qL
; t; : : : ; t

�R;l;�
0;kC1;ˇ

:

In the above summation, the quasimap moduli spaces are empty when kD 0; ˇ¤ 0; ˇ.L� /� 1=�, and the
unstable terms are defined by C�-localization on the graph space QG�0;0.Z==G; ˇ/. To be more precise,
we consider the fixed-point locus F0;ˇ WDQ0;0C�.Z==G; ˇ/0 of the C�-action. The unstable terms in (6)
are defined to be

.1� q/
X
a

X
ˇ¤0

ˇ.L� /�1=�

Qˇ .ev�/�

�
Ovir
F0;ˇ
˝

�
trC� DR;l

trC�
V�

N_F0;ˇ

��
;

where ev� is the evaluation map at12 P1, NF0;ˇ is the virtual normal bundle of the fixed locus F0;ˇ
in QG�0;0.Z==G; ˇ/ and

V�
N_F0;ˇ

WD
P
i .�1/

i
Vi
N_F0 is the K-theoretic Euler class of NF0;ˇ . Here,

1In Ciocan-Fontanine and Kim’s convention, the J -function starts at 1. The definition given here agrees with Givental’s
convention in which the J -function starts at the dilaton shift 1� q.

Geometry & Topology, Volume 30 (2026)



852 Yongbin Ruan, Ming Zhang and Yaoxiong Wen

the trace of a C�-equivariant bundle V, when restricted to the fixed-point locus, is a virtual bundle defined
by the eigenspace decomposition with respect to the C�-action, i.e., we have

trC�.V / WD
X
i

qiV.i/;

where t 2C� acts on V.i/ as multiplication by t i .
For 1 < � � 1, i.e., the .� D1/-theory, (6) defines JR;l;1-function (or JR;l -function for short)

in the quantum K-theory of level l . In this case, we use h � iR;l;1 or simply h � iR;l to denote quantum
K-invariants of level l . Following [Givental and Tonita 2014], we introduce the symplectic loop space
formalism. Recall that E denotes the semigroup of L� -effective curve classes on Z==�G. The Novikov
ring CŒŒQ�� is defined as

CŒŒQ�� WD

�X
ˇ2E

cˇQ
ˇ
ˇ̌̌
cˇ 2C

�
:

Here the completion is taken with respect to the m-adic topology, where m denotes the maximal ideal
generated by nonzero elements of E. We define the loop space as

K WD ŒK.Z==G/˝C.q/�˝CŒŒQ��;

where C.q/ is the field of complex rational functions in q. By viewing the elements in C.q/˝CŒŒQ�� as
the coefficients, we extend the twisted pairing . � ; � /R;l to K via linearity. There is a natural symplectic
form � on K defined by

(7) �.f; g/ WD ŒResqD0CResqD1�.f .q/; g.q�1//R;l
dq

q
; where f; q 2 K:

With respect to �, there is a Lagrangian polarization KD KC˚K�, where

KC D ŒK.Z==G/˝CŒq; q�1��˝CŒŒQ�� and K� D ff 2 K j f .0/¤1; f .1/D 0g:

As before, let f�ag be a basis of K.Z==G/Q and let f�ag be the dual basis with respect to the twisted
pairing . � ; � /R;l . Let t.q/D

P
i;j t

i
j �iq

j 2 KC be an arbitrary Laurent polynomial. We define the big
JR;l -function of level l to be the function JR;l.t.q/;Q/ W KC! K given by

JR;l.t.q/;Q/D 1� qC t.q/C
X
a

X
.k;ˇ/¤.0;0/;.1;0/

Qˇ

kŠ
�a
�
�a

1� qL
; t.L/; : : : ; t.L/

�R;l;1
0;kC1;ˇ

:

Define the genus-0 K-theoretic descendant potential of level l by

(8) FR;l.t;Q/ WD
X
k;ˇ

Qˇ

kŠ
ht.L/; : : : ; t.L/i

R;l;1
0;k;ˇ

:

We can identify the cotangent bundle T �KC with the symplectic loop space K via the Lagrangian
polarization and the dilaton shift f ! f C .1� q/. Then JR;l coincides with the differential of the
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descendant potential up to the dilaton shift, i.e., we have

JR;l D 1� qC t.q/C dtFR;l.t;Q/:

In the case l D 0, the above fact is proved in [Givental and Tonita 2014, Section 2]. The same argument
works for arbitrary l .

For .� D 0C/-stable quasimap theory, the definition (6) gives the IR;l -function of level l of Z==G,

IR;l.t;Q/ WD JR;l;0C.t;Q/
1� q

D 1C
t

1�q
C

X
a

X
ˇ¤0

Qˇ .ev�/�

�
Ovir
F0;ˇ
˝

�
trC� DR;l

trC�
V�

N_F0;ˇ

��

C

X
a

X
k�1;.k;ˇ/¤.1;0/

Qˇ

kŠ
�a
�

�a

.1� q/.1� qL/
; t; : : : ; t

�R;l;�D0C
0;kC1;ˇ

;

where t 2K.Z==G/Q.

3.3 The permutation-equivariant quasimap K -theory with level structure

Givental [2017a; 2015a; 2015b; 2015c; 2015d; 2015e; 2015f; 2015g; 2017b; 2020; 2017c] introduced the
permutation-equivariant quantum K-theory, which takes into account the Sn-action on the moduli spaces
of stable maps by permuting the marked points. The definition can be easily generalized to incorporate
the level structure.

Let ƒ be a �-algebra, i.e., an algebra over Q equipped with abstract Adams operations ‰k for
k D 1; 2; : : : . Here ‰k Wƒ!ƒ are ring homomorphisms which satisfy ‰r‰s D‰rs and ‰1 D id. We
often assume that ƒ includes the Novikov variables, the algebra of symmetric polynomials in a given
number of variables, and the torus-equivariant K-ring of a point. We also assume that ƒ has a maximal
ideal ƒC and is equipped with the ƒC-adic topology. For example, we can choose

ƒDQŒŒN1; N2; : : :��ŒŒQ��Œƒ
˙
0 ; : : : ; ƒ

˙
N �;

where Ni are the Newton polynomials (in infinitely or finitely many variables) andQ denotes the Novikov
variable(s). The parameters ƒi denote the torus-equivariant parameters. The Adams operations ‰r act
on Nm and Q by ‰r.Nm/D Nrm and ‰r.Qˇ /DQrˇ , respectively. We assume their actions on the
torus-equivariant parameters are trivial.

Similar to the “ordinary” quasimap K-theory with level structure, we define the loop space by

K WD ŒK.Z==G/˝ƒ�˝C.q/:

As before, this is equipped with a symplectic form defined by (7), and it has a Lagrangian polarization

KD KC˚K�;

where KC is the subspace of Laurent polynomials in q and K� is the subspace of reduced rational
functions which are regular at q D 0 and vanish at q D1.
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Consider the natural Sk-action on the quasimap moduli space Q�
g;k
.Z==G; ˇ/ by permuting the k

marked points. Notice that the virtual structure sheaf OQ�
g;k
.Z==G;ˇ/ and the determinant line bundle DR;l

are invariant under this action. Therefore, we have the Sk-module

Œt.L/; : : : ; t.L/�g;k;ˇ WD
X
m

.�1/mHm

�
Q�g;k.Z==G; ˇ/;O

vir
Q�
g;k
.Z==G;ˇ/

˝DR;l ˝
kO
iD1

t.Li /

�
for t.q/ 2 KC.

Definition 3.2 The correlators of the permutation-equivariant quasimap K-theory of level l are defined
by

ht.L/; : : : ; t.L/i
R;l;�;Sk
g;k;ˇ

WD ��

�
Ovir

Q�
g;k
.Z==G;ˇ/

˝DR;l ˝
kO
iD1

t.Li /

�
;

where �� is the K-theoretic pushforward along the projection

� W ŒQ�g;k.Z==G; ˇ/=Sk�! Œpt�:

Remark 3.3 When the �-algebra ƒ is chosen to be QŒŒQ��, we refer to the invariants as the symmetrized
invariants. The pushforward map in Definition 3.2 carries information only about the dimensions of the
Sk-invariant parts of sheaf cohomology Œt.L/; : : : ; t.L/�g;k;ˇ . We refer to [Givental 2017a, Example 4]
for more details.

For the permutation-equivariant quasimap K-theory, we also consider the JR;l;�-function, and define
the cone LS1 to be the range of the JR;l;1-function.

Definition 3.4 The permutation-equivariant K-theoretic JR;l;�-function of Z==G of level l is defined by

(9) JR;l;�S1
.t.q/;Q/ WD 1� qC t.q/C

X
a

X
.k;ˇ/¤.0;0/;.1;0/

Qˇ
�
�a

1� qL
; t.L/; : : : ; t.L/

�R;l;�;Sk
0;kC1;ˇ

�a;

where the unstable terms in the summation are the same as those in (6).

Note that, in the above definition of permutation-equivariant JR;l;�-function, we do not need to divide
each term by kŠ.

Definition 3.5 We define the Givental cone LR;lS1
as the range of JR;l;1S1

, i.e.,

LR;lS1
WD

[
t.q/2KC

JR;l;1S1
.t.q/;Q/� K:

Remark 3.6 In the ordinary — i.e., permutation-nonequivariant — quantum K-theory, the range of the
J -function is a cone which coincides with the differential of the descendant potential (up to the dilaton
shift). Therefore the range of the ordinary K-theoretic J -function is a Lagrangian cone in the loop
space K. However, in the permutation-equivariant theory, it is explained in [Givental 2015f] that the
cone LR;lS1

is not Lagrangian.
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3.4 The level structure in equivariant quasimap theory and orbifold quasimap theory

When Z==G is not proper, one can still define the equivariant quasimap invariants if Z==G has an
additional torus action such that the fixed-point loci in the quasimap moduli spaces are proper. Ciocan-
Fontanine et al. [2014, Section 6.3] explain how to define cohomological quasimap invariants via virtual
localization. Similarly, one can define equivariant K-theoretic quasimap invariants (with level structure)
for noncompact GIT targets using theK-theoretic virtual localization formula (see [Qu 2018, Section 3.2]).
With this understood, we define the JR;l;�-function of equivariant K-theoretic quasimap invariants of
level l using (6). Its permutation-equivariant generalization is straightforward.

If we do not assume G acts freely on the stable locus Zs, then the target X WD ŒZs=G� is naturally an
orbifold. For such orbifold GIT targets, a quasimap is a tuple ..C; x1; : : : ; xk/; Œu�/, where .C; x1; : : : ; xk/
is a k-pointed, genus-g twisted curve (see [Abramovich et al. 2008, Section 4]) and Œu� is a representable
morphism from .C; x1; : : : ; xk/ to X. We refer the reader to [Cheong et al. 2015, Section 2.3] for
the details of the �-stability imposed on those tuples. We denote by Q�

g;k
.X; ˇ/ the moduli stack of

�-stable quasimaps to the orbifold X. Cheong et al. [2015, Theorem 2.7] show that this moduli stack is
Deligne–Mumford and proper over the affine quotient. Furthermore, if Z only has lci singularities, then
Q�
g;k
.X; ˇ/ has a canonical perfect obstruction theory. Let C!Q�

g;k
.X; ˇ/ be the universal curve. The

universal principal G-bundle P! C is defined as the pullback of the principal G-bundle Z! ŒZ=G� via
the universal morphism Œu� W C! ŒZ=G�. In the orbifold setting, we can still define the level-l determinant
line bundle DR;l using (1).

According to [Cheong et al. 2015, Section 2.5.1], there are natural evaluation morphisms

evi WQ�g;k.X; ˇ/! xI�X; ..C; x1; : : : ; xk/; Œu�/ 7! Œu�jxi
for i D 1; : : : ; k:

Here xI�X denotes the rigidified cyclotomic inertia stack of X which parametrizes representable maps
from gerbes banded by finite cyclic groups to X. Let Li be the universal cotangent line bundle whose fiber
at ..C; x1 : : : ; xk/; Œu�/ is the cotangent space of the coarse curve C of C at the i -th marked point xi . For
nonnegative integers li and classes Ei 2K0.xI�X/˝Q, we define the K-theoretic quasimap invariants
of level l as

hE1L
l1
1 ; : : : ; EkL

lk
k
i
X;R;l;�
g;k;ˇ

D �

�
Q�g;k.X; ˇ/;

Y
i

ev�i Ei ˝L
li
i ˝Ovir

˝DR;l
�
:

When � D1 and l D 0, this definition recovers the K-theoretic Gromov–Witten invariants of X defined
in [Tonita and Tseng 2013].

In the orbifold setting, one can still define the quasimap graph space QG�
g;k
.X; ˇ/ (see [Cheong

et al. 2015, Section 2.5.3]). The definition of the determinant line bundle DR;l over the graph space is
straightforward. We choose a basis f�ag of K0.xI�X/˝Q. Let f�ag be the dual basis with respect to the
twisted pairing . � ; � /R;l on K0.xI�X/˝Q given by

.u; v/R;l WD �.xI�X; u˝N�
�v˝ det�l.xI�R//:
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Here N� is the involution induced by .x; g/ 7! .x; g�1/ and xI�R is a vector bundle over xI�X such that the
fiber over .x;H/, with H �Aut x, is the H -fixed subspace of Rx . With all the notation understood, it is
straightforward to adapt the definition of cohomological orbifold quasimap J �-function [Cheong et al.
2015, Definition 3.1] to the (permutation-equivariant) K-theoretic setting.

4 Adelic characterization in quantum K -theory with level structure

In this section, we focus on quantum K-theory, i.e., .� D 1/-quasimap theory. We first recall the
(virtual) Lefschetz–Kawasaki Riemann–Roch formula. This is the main tool in analyzing the poles of
the JR;l -function. We give an adelic characterization of points on the cone LR;lS1

in Theorem 4.5. As an
application of the adelic characterization, we prove that certain “determinantal” modifications of points
on the cone LS1 of level 0 lie on the cone LR;lS1

of level l . This result will be used in the proof of the
toric mirror theorem in Section 5. We assume in this section that X is a smooth projective variety which
is not necessarily a GIT quotient. The determinant line bundle DR;l is defined as in Remark 2.6.

4.1 Virtual Lefschetz–Kawasaki Riemann–Roch formula

To understand the poles of the generating series of the permutation-equivariant quantum K-invariants, we
recall the Lefschetz–Kawasaki Riemann–Roch formula in [Givental 2017b].

Let h be a finite-order automorphism of a holomorphic orbibundleE over a compact smooth orbifold M.
The (super)trace of h on the sheaf cohomology H�.M; E/ can be computed as an integral over the
h-fixed-point locus IMh in the inertia orbifold IM:

(10) trhH
�.M; E/D �fake

�
IMh;

tr QhE

tr Qh
V�

N_
IMh

�
WD

Z
ŒIMh�

td.TIMh/ ch
� tr QhE

tr Qh
V�

N_
IMh

�
:

We explain the ingredients of this formula as follows. By definition, we can choose an atlas of local
charts U ! U=G.x/ of M. The local description of the inertia orbifold IM near x 2M is given by�`

g2G.x/ U
g=G.x/

�
, where U g � U denotes the fixed-point locus of g. The automorphism h can be

lifted to an automorphism Qh of the chart U g . More precisely, the orbibundle lifts to an G.x/-equivariant
bundle over U g . Then the transformation h can be lifted to an automorphism Qh of the chart U g and that
of the G.x/-equivariant bundle in jG.x/j many ways. We denote by .U g/ Qh the fixed-point locus of Qh
in U g . Then the local description of the orbifold IMh is given by

�`
g.U

g/
Qh=G.x/

�
. We refer to the

connected components of IMh as Kawasaki strata. Near a point .x; Œg�/ 2 IMh, the tangent and normal
orbifold bundles TIMh and NIMh are identified with the tangent bundle and normal bundle to .U g/ Qh

in U, respectively. In the denominator of the right side of (10),
V�

N_
IMh WD

P
i�0.�1/

i
Vi
N_
IMh is the

K-theoretic Euler class of the normal bundle NIMh . The trace bundle tr Qh F is the virtual orbifold bundle

tr Qh F WD
X
�

�F�;
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where F� are the eigenbundles of Qh corresponding to the eigenvalues �. Finally, td and ch denote the
Todd class and Chern character.

By choosing h to be the identity map, we obtain Kawasaki’s Riemann–Roch formula [1979] from (10):

(11) �.M; E/D �fake
�
IM;

trg E
trg

V�
N_IM

�
:

When M is no longer smooth, Tonita [2014b] proved a virtual Kawasaki formula: under the assumption
that M has a perfect obstruction theory and admits an embedding into a smooth orbifold which has
the resolution property, Kawasaki’s formula still holds true if we replace the structure sheaves and the
tangent and normal bundles in the formula by their virtual counterparts. According to [Abramovich
et al. 2007], the moduli stacks of stable maps to smooth projective varieties satisfy the assumptions of
Tonita’s theorem. In the next subsection, we apply the virtual Kawasaki Riemann–Roch (KRR) formula
to Mg;k.X; ˇ/=Sk to study the poles of the J -function.

4.2 Adelic characterization

In this subsection, we first recall the adelic characterization [Givental 2015b] of the cone LS1 in the
level-0 permutation-equivariant quantum K-theory. Then we generalize it to describe points on the
cone LR;lS1

of level l .

4.2.1 The level-0 case In the level-0 case, i.e., Givental and Lee’s quantum K-theory, the permutation-
equivariant invariants are defined as

ht.L/; : : : ; t.L/i
Sk
g;k;ˇ

WD �

�
Mg;k.X; ˇ/=Sk;Ovir

Mg;k.X;ˇ/
˝

kO
iD1

t.Li /

�
;

where t.q/ is a Laurent polynomial in q with coefficients in K0.X/˝Q. This is a special case of
Definition 3.2 with � sufficiently large and l D 0. The J -function is defined as

JS1.t.q/;Q/ WD 1� qC t.q/C
X
a

X
.k;ˇ/¤.0;0/;.1;0/

Qˇ
�
�a

1� qL
; t.L/; : : : ; t.L/

�Sk
0;kC1;ˇ

�a:

Here f�ag and f�ag are bases of K0.X/˝Q dual with respect to the Mukai pairing

.�a; �b/ WD �.�a˝�b/:

Recall the definition of the loop space K from Section 3.2,

K WD ŒK0.X/˝C.q/�˝CŒŒQ��:

With respect to the symplectic form (7) with l D 0, there is a Lagrangian polarization K D KC˚K�,
where KC consists of Laurent polynomials in q and K� consists of reduced rational functions in q. The
Givental cone LS1 � K is defined as the image of JS1 W KC! K.
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To study the poles of the series JS1.q/, we apply the virtual KRR formula to M0;kC1.X; ˇ/=Sk ,
where the symmetric group acts on the last k markings. By the virtual KRR formula, each term in
the J -function can be written as a summation of fake Euler characteristics over the Kawasaki strata.
Note that the Kawasaki strata parametrize stable maps with prescribed automorphisms, i.e., equivalence
classes of pairs .C; f; h/, where .C; f / is a stable map to X and h is an automorphism of the map. Here,
h is allowed to permute the last k markings, but it has to preserve the first marking (with the insertion
1=.1� qL/). Denote by � the eigenvalue of h on the cotangent line to the curve at the first marking.

There are two types of Kawasaki strata. Over the Kawasaki strata with �D 1, the input trh.1=.1�qL//
in the fake Euler characteristics becomes 1=.1�q xL/, where 1� xL is nilpotent. From the finite expansion

1

1� q xL
D

X
i�0

qi .xL� 1/i

.1� q/iC1
;

we see that the contributions to the J -function from the Kawasaki strata with �D 1 have poles at q D 1.
Over the Kawasaki strata where �¤ 1 is a primitive m-th root of unity, the insertion trh.1=.1� qL//

in the fake Euler characteristics becomes 1=.1�q�xL/, where 1� xL is nilpotent. By considering the finite
expansion

1

1� q�xL
D

X
i�0

.q�/i .xL� 1/i

.1� q�/iC1
;

we see that they contribute terms with possible poles at the root of unity ��1 to the J -function. We refer
the reader to [Givental 2015b] for a nice diagram cataloging all the strata.

For each primitive m-th root of unity �, we denote by JS1.t/.�/ the Laurent expansion of the J -
function in 1� q� and regard it as an element in the loop space of power Q-series with vector Laurent
series in 1� q� as coefficients:

K� WDK0.X/
h

1

1�q�
; 1� q�

ii
˝CŒŒQ��:

The contributions from the untwisted sector of M0;k.X; ˇ/=Sk in the virtual KRR formula are called the
fake K-theoretic Gromov–Witten (GW) invariants. More precisely, they are defined by

ht.L/; : : : ; t.L/ifake
0;k;ˇ WD

Z
ŒM0;k.X;ˇ/�vir

kY
iD1

ch.t.Li //Td.T vir/;

where ŒM0;k.X; ˇ/�
vir is the virtual fundamental class of the moduli space and T vir is the virtual tangent

bundle of M0;k.X; ˇ/. We define the J -function in the fake quantum K-theory, Jfake W K1C! K1, by

Jfake.t.q/;Q/ WD 1� qC t.q/C
X
a

X
.k;ˇ/¤.0;0/;.1;0/

Qˇ

kŠ
�a
�
�a

1� qL
; t.L/; : : : ; t.L/

�fake

0;kC1;ˇ

:

Here the input t.q/ belongs to
K1C WDK0.X/ŒŒ1� q��˝CŒŒQ��:

Geometry & Topology, Volume 30 (2026)



The level structure in quantum K-theory and mock theta functions 859

Denote by Lfake � K1 the range of the series Jfake. The negative space K1� of the polarization is spanned
by f�aqk=.1� q/kC1 j aD 1; : : : ; dimK0.X/Q; k D 0; 1; : : : g. The input t.q/ of Jfake can be obtained
from the projection of Jfake to K1

C
along K1�.

Givental [2015b] gives the following adelic characterization of the values of JS1.t/:

Theorem 4.1 [Givental 2015b] The values of JS1.t/ are characterized by the following requirements:

(1) JS1.t/ has possible poles only at 0,1 and roots of unity.

(2) JS1.t/.1/ lies on Lfake.

(3) For every primitive root of unity � of order m¤ 1,

JS1.t/.�/
�
q1=m

�

�
2

s
��1.TX /

��1.‰mTX /
exp

X
i�1

�
‰iT _X

i.1� ��iqi=m/
�

‰imT _X
i.1� qim/

�
Tm.JS1.t/.1//;

where ‰m is the m-th Adams operation on K0.X/Q, which acts on line bundles as L 7! Lm;
��1.E/ WD

P
i .�1/

i
Vi
E_ is the K-theoretic Euler class of a vector bundle E; and Tm.f / is the

space described in Definition 4.2 below.

We recall the following definition from [Tonita 2018]:

Definition 4.2 Let f be a point on Lfake and let T .f / be the tangent space to Lfake at f, considered
as the image of a map S.q;Q/ W K1

C
! K. We extend the Adams operations from K0.X/Q to K1 by

‰m.q/D qm and ‰m.Q/DQm. Let ‰1=m be the inverse of ‰m, acting as q 7! q1=m and Q 7!Q1=m.
We define the space Tm.f / to be the image of the conjugate of S.q;Q/,

‰m ıS.q;Q/ ı‰1=m W K1C! K1:

Remark 4.3 As explained in [Tonita 2018, Remark 5.6], the explicit operator in condition (3) of
Theorem 4.1 can be written as a composition �� ��1m . The definitions of the operators �� and �m are
given in Proposition 4.10.

4.2.2 The general case of level l Let R be a vector bundle over X. According to Remark 2.6, the level
structure DR;l is defined as

DR;l D .detRk;ˇ /�l ;

where Rk;ˇ WDR��.ev�R/ is the index bundle, � WC!Mg;k.X; ˇ/ is the universal curve, and ev WC!X

is the universal evaluation morphism. To state the adelic characterization theorem of the cone LR;lS1
in

the permutation-equivariant quantum K-theory with level structure, we introduce the fake invariants of
level l ,

ht.L/; : : : ; t.L/i
fake;R;l
0;k;ˇ

WD

Z
ŒM0;k.X;ˇ/�vir

kY
iD1

ch.t.Li //Td.T vir/ ch.DR;l/;
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and the fake J -function of level l ,

JR;lfake .t.q/;Q/ WD 1� qC t.q/C
X
a

X
.k;ˇ/¤.0;0/;.1;0/

Qˇ

kŠ
�a
�
�a

1� qL
; t.L/; : : : ; t.L/

�fake;R;l

0;kC1;ˇ

:

Here f�ag is the dual basis of f�ag with respect to the twisted pairing

.u; v/R;l D �.u˝ v˝ .detR/�l/:

Denote by LR;lfake � K1 the range of the series JR;lfake . Based on the relationship between gravitational
descendants and ancestors of fake quantum K-theory [Givental 2004], one can show that LR;lfake is an
overruled Lagrangian cone. We refer the reader to [Givental and Tonita 2014, Section 3] for more details.

Convention 4.4 We will consider various twisted theories, in which the pairings are usually different.
In particular, the dual bases f�ag which appear in the definitions of various J -functions may not be the
same. To relate J -functions in different theories, we need to regard them as elements of the same loop
space. This is achieved by rescaling the elements in loop spaces. For example, there is a rescaling map

.K1; . ; /R;l/! .K1; . ; //; E 7!E˝ .detR/�l=2;

which identifies the loop space in fake quantum K-theory of level l with that in fake quantum K-theory
of level 0.

One of our main results is the following adelic characterization of values of the big J -function in
quantum K-theory of level l , generalizing Theorem 4.1:

Theorem 4.5 The values of JR;lS1
.t/ are characterized by the following requirements:

(1) JR;lS1
.t/ has possible poles only at 0,1 and roots of unity.

(2) JR;lS1
.t/.1/ lies on LR;lfake.

(3) For every primitive root of unity � of order m¤ 1,

JR;lS1
.t/.�/

�
q1=m

�

�
2

s
��1.TX /

��1.‰mTX /
exp

X
i�1

�
‰iT _X

i.1� ��iqi=m/
�

‰imT _X
i.1� qim/

�
T R;lm .JR;lS1

.t/.1//;

where the space T R;lm .f / is defined as in Definition 4.2 but starting with a point f 2 LR;lfake.

4.2.3 The proof of Theorem 4.5 We follow the proofs of [Givental and Tonita 2014; Tonita 2018]. The
first requirement in Theorem 4.5 is obviously satisfied. For the second condition, we apply the virtual
KRR formula to the J -function. Let zT .q/ be the sum of t.q/ and all contributions in JR;lS1

.t/ which
are regular at q D 1. According to Proposition 2.9, the level structure DR;l splits “correctly” over nodal
strata. With this understood, the following proposition follows from an argument identical to the one
given in [Tonita 2018, Proposition 5.2]:
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Proposition 4.6 We have
JR;lS1

.t.q//.1/ D JR;lfake .
zT .q//

as elements in K1. In particular , this shows that JR;lS1
.t/.1/ lies on the cone LR;lfake.

Before we move on to prove the third condition in Theorem 4.5, we characterize the cone LR;lfake of fake
quantum K-theory of level l in terms of the cone Lfake of level 0. This characterization will be needed
later in the proof of Theorem 4.5.

Note that the fake quantumK-theory is a version of twisted cohomological Gromov–Witten theory. The
machinery of twisted cohomological Gromov–Witten invariants was introduced in [Coates and Givental
2007], and generalized in various directions in [Tseng 2010; Tonita 2014a]. Let H be the loop space of
the cohomological GW theory of X,

H WDH even.X;C/Œz�1; z��ŒŒQ��:

This is equipped with a natural symplectic form �H on H given by

�H .f ;g/D ReszD0.f .�z/;g.z// dz;

where the pairing . ; / is the Poincaré pairing. With respect to �H , there is a Lagrangian polarization
HDHC˚H�, where

HC WDH even.X;C/ŒŒz��ŒŒQ��; H� WD 1

z
H even.X;C/Œz�1�ŒŒQ��:

Inside H, one can define an overruled Lagrangian cone LH by the image of the cohomological big
J -function. Since we will not use the explicit description of LH in this paper, we refer the reader to
[Coates and Givental 2007] for the basic definitions in the cohomological GW theory.

Convention 4.7 Throughout this subsection, we identify K1 with H via the Chern character

qch W K1!H; E 7! ch.E/; q 7! ez :

Hence, K-theoretic insertions (e.g., �a and L) in the correlators of twisted cohomological theories should
be understood as their Chern characters (e.g., ch�a and chL).

By definition, the fake quantum K-invariants are obtained from the cohomological invariants by
inserting the Todd class Td.T vir/ of the virtual tangent bundle T vir. According to [Coates 2003], the
virtual tangent bundle can be written as

(12) T vir
D ��.ev� TX � 1/���.L_kC1� 1/� .��i�OZ/

_

in K0.M0;k.X; ˇ//. Here, i W Z! C is the embedding of the nodal locus. The three parts correspond
respectively to

(i) deformations of maps to X of a fixed source curve,

(ii) deformations of complex structure and configuration of markings, and

(iii) smoothing the nodes.
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Coates and Givental [2006] prove that the cone Lfake (of level 0) is given explicitly in terms of LH as

qch.Lfake/D�LH ;

where the loop group transformation � is the Euler–Maclaurin asymptotics of the infinite product

��
Y

Chern rootsx ofTX

1Y
rD1

x� rz

1� e�xCrz
:

Here, � acts on H by pointwise multiplication, and it is determined only by the Todd class of the first
summand in the expression of T vir. The second and third summands in (12) are respectively responsible
for the changes of the dilaton shifts and the polarizations between H and K1. We refer to [Coates 2003]
for the details.

The fake quantum K-invariants of level l are obtained from those of level 0 by inserting one more
class ch.DR;l/. Its effect on the Lagrangian cone is described in the following proposition:

Proposition 4.8 Under the identification z D log q, we have the identity

LR;lfake D exp
�
�l

�
ch2R
z

��
Lfake

in the loop space .K1; . ; //.

Proof Recall that the level structure DR;l is defined as a certain power of the determinant of the index
bundle Rk;ˇ DR��.ev�R/. Note that

(13) ch.DR;l/D exp.�l � ch1.Rk;ˇ //:

According to [Coates and Givental 2007], the cone of a theory twisted by a general multiplicative
characteristic class of the form

exp
�X
i�0

si chi .Rk;ˇ /
�

is obtained from the cone of the untwisted theory by applying the operator

exp
� X
m;i�0

s2m�1Ci
B2m

.2m/Š
chi .R/ � z2m�1

�
:

Here we set s�1 D 0 and the Bernoulli numbers B2m are defined by

t

1� e�t
D
t

2
C

X
m�0

B2m

.2m/Š
t2m;

and the operator acts on H by pointwise multiplication. For the twisting class (13), we have s1 D�l and
si D 0 if i ¤ 1. By applying the above result, we obtain the corresponding loop group transformation,

exp
�
�l

�
ch2.R/
z
C

ch0.R/ � z
12

��
:
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Note that the cone Lfake, being overruled, is invariant under multiplication by functions of z. Therefore,
we can ignore the second summand in the exponent of the above operator.

Now let us prove the third condition in Theorem 4.5. Let �¤ 1 be a primitive root of unity of order m.
The Kawasaki strata in M0;kC1.X; ˇ/=Sk which contribute terms with poles at qD ��1 to the J -function
are called the stem spaces in [Givental and Tonita 2014]. We give a brief description of stem spaces here,
and we refer the reader to [ibid., Section 8] for more details. Let .C 0; f; h/ be a point in these strata. A
node is balanced if the eigenvalues of h on the two branches are inverse. Let CC � C 0 denote the unique
maximal subcurve, containing the first marked point, that consists of a chain of balanced P1 such that the
m-th power hm acts as the identity. There are only two smooth points on CC which are fixed by h: the
first marking on the first component, and one more on the last component. The second point is called the
butt in [loc. cit.]. The butt can be a regular point, a marking or a node in C 0. The automorphism h acts
on the cotangent space at the butt by ��1. The other marked points and unbalanced nodes on CC are
cyclically permuted by h. We denote by C the quotient of CC by the Zm-symmetry generated by h. The
quotient curve C together with the induced quotient stable map is called a stem in [loc. cit.]. Note that a
stem curve can carry: unramified marked points, coming from symmetric configurations of m-tuples of
markings on the cover; or nodes, coming from m-tuples of symmetric nodes on the cover, where further
components of C 0, cyclically permuted by h, are attached.

One of the key observations in [loc. cit.] is that the data .CC; C; f / also represents a stable map
to the orbifold X=Zm D X � BZm in the sense of [Chen and Ruan 2002; Abramovich et al. 2002].
Therefore, the contributions with poles at qD ��1 in the KRR formula for the J -function can be expressed
as cohomological integrals over the moduli space of stable maps to X � BZm, twisted by the Todd
classes of the traces of the virtual tangent and normal bundles of the Kawasaki strata, and the Chern
class of the trace of the level structure DR;l . To be more precise, we introduce some notation first.
Let MX;ˇ

0;kC2
.�/ denote the stem space. It parametrizes stems of degree ˇ, which are quotient maps

by the Zm-symmetry generated by g. Here g acts by � and ��1 on the cotangent lines at the first and
last markings of the covering curve, respectively. The only markings on the covering curve fixed by h
are the first and last markings. Note that the stem space is a Kawasaki stratum in M0;mkC2.X;mˇ/.
According to [Givental and Tonita 2014, Proposition 5], the stem space MX;ˇ

0;kC2
.�/ is isomorphic to

the moduli space MX=Zm;ˇ
0;kC2

.g; 1; : : : ; 1; g�1/ of stable maps to the orbifold X=Zm. Here the sequence
.g; 1; : : : ; 1; g�1/ indicates the sectors where the evaluation maps land. We also consider the stem space
MX;ˇ

0;kC1
.�/ parametrizing stems whose butts are regular points. Similarly, we have an isomorphism

between MX;ˇ

0;kC1
.�/ and MX=Zm;ˇ

0;kC1
.g; 1; : : : ; 1/.

For simplicity, we denote the stem space MX;ˇ

0;kC1
.�/ by M. Modeling on the contributions in the

virtual KRR formula applied to the stack Mg;kC1.X; ˇ/=Sk , we define the correlators in the stem theory
of level l by�

�

1� qL1=m
; t.L/; : : : ; t.L/

�stem;R;l

0;kC1;ˇ

WD

Z
ŒM�vir

td.TM/ ch
�

ev�1 � �
Qk
iD2 ev�i t.Li / � trg DR;l

.1� qL
1=m
1 / � trg

�V�
N_M

� �
:
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Here ŒM�vir is the virtual fundamental class of the moduli space MX=Zm;ˇ
0;kC1

.g; 1; : : : ; 1/ of stable maps
to X=Zm, and TM and NM are, respectively, the virtual tangent and normal bundles to M, considered as
a Kawasaki stratum in M0;mkC1.X;mˇ/. The line bundle L1 is formed by the cotangent spaces of stem
curves at the first markings, while L1=m1 corresponds to the cotangent line bundle of the covering curves
(see [ibid., Section 7] for the explanation). From the definition, we see that the stem theory of level l is a
type of twisted cohomological GW theory of X �BZm.

Before we investigate the stem theory further, let us recall some basic facts about the GW theory of
the orbifold X �BZm. In this case, the Lagrangian cone of the cohomological GW theory of X �BZm
is the product of m copies of the Lagrangian cone of the GW theory of X. It lies inside the product of m
copies of the Fock space H. We refer to each copy of the Lagrangian cone as a sector. These sectors are
labeled by elements of Zm D f1; g; : : : ; gm�1g.

The following proposition relates the Laurent expansion of JR;lS1
.t/ at q D ��1 to generating series in

stem theory:

Proposition 4.9 Let ıt.q/ be the contributions in JR;lS1
.t/ which are regular at q D ��1, i.e.,

ıt.q/D 1� qC t.q/C Qt.q/;

where Qt.q/ is the sum of all the contributions from Kawasaki strata MX;ˇ

0;kC1
.�/ with � ¤ �. Then

JR;lS1
.t/.�/ D ıt.q/C

X
a

X
.k;ˇ/¤.0;0/

Qmˇ

kŠ
�a
�

�a

1� q�L1=m
;T .L/; : : : ;T .L/; ıt

�
L1=m

�

��stem;R;l

0;kC2;ˇ

;

where:

(1) The evaluation morphisms at the marked points land in the twisted sector of BZm labeled by the
sequence .g; 1; : : : ; 1; g�1/.

(2) T .L/D‰m zT .L/, where ‰m acts on cotangent line bundles L 7! Lm, elements of K0.X/Q, and
Novikov variables Qˇ 7!Qmˇ .

(3) zT .q/ is the input point of JR;lS1
.t/.1/, i.e., it is determined by

1� qC zT .q/D .JR;lS1
.t/.1//C;

where . � /C denotes the projection along K1� to K1
C

.

Proof Proposition 2.9 shows that the determinant line bundle DR;l factorizes “nicely” over nodal strata.
With this in mind, the argument of [ibid., Proposition 2] applies here with one slight change: when
determining zT .q/, we do not impose the same condition t.q/D 0 as in [loc. cit.]. This is because in the
permutation-equivariant theory, we are allowed to permute marked points.
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Proposition 4.9 shows that the Laurent expansion JR;lS1
.t/.�/.�

�1q1=m/ of the J -function around
q D ��1 can be identified with a tangent vector to the cone of stem theory of level l ,

ıJ st;R;l.ıt;T 0/ WD

ıt.q1=m/C
X
a

X
.k;ˇ/¤.0;0/

Qˇ

kŠ
�a
�

�a

1� q1=mL1=m
;T 0.L/; : : : ;T 0.L/; ıt.L1=m/

�stem;R;l

0;kC2;ˇ

;

after replacing Qˇ with Qmˇ (but not in ıt). Note that T 0 belongs to the sector labeled by 1 and the
tangent vector ıJ st;R;l.ıt;T / belongs to the sector labeled by g�1.

Now let us study the stem theory of level l using the formalism of twisted cohomological GW theory
of X �BZm. It follows from the definition that the stem theory of level l is obtained from the untwisted
cohomological Gromov–Witten theory of X �BZm by twisting the classes

(14) td.TM/=ch
�
trg
�V�

N_M

��
and

(15) ch.trg DR;l/:

The trace in the first twisting class (14) is computed in [ibid., Section 8], and the effects of this twisting
class on the Lagrangian cone and the genus zero potential of the untwisted theory are also studied in
[loc. cit.]. We summarize them in the following proposition:

Proposition 4.10 [Givental and Tonita 2014] The effects of the twisting class (14) on the Lagrangian
cone and the genus zero potential of the untwisted theory are described as follows:

(i) The sectors labeled by 1 and g�1 are rotated by the operators �m and ��, respectively. These two
operators are the Euler–Maclaurin asymptotics of the infinite products

�m �

Y
i

�r
xi

1� e�mxi

1Y
rD1

xi � rz

1� e�mxiCrmz

�
;

�� �

Y
i

�r
xi

1� e�xi

1Y
rD1

xi � rz

1� ��re�xiCrz=m

�
;

where xi are the Chern roots of the tangent bundle TX .

(ii) The dilaton shift changes from �z to 1� qm.

(iii) There are changes of polarizations of symplectic loop spaces. More precisely , in the sector labeled
by 1, the negative space of the polarization is spanned by

�a‰m
qk

.1� q/kC1
;
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whereas in the sector labeled by g�1, it is spanned by

�a
qk=m

.1� q1=m/kC1
:

We compute the second twisting class (15), and describe its effect on the Lagrangian cone. Let p
be the universal family of stem curves. By abuse of notation, we still use ev to denote the universal
evaluation morphism from the universal family of quotient curves to X=Zm. Let C�i be the topologically
trivial line bundle on X=Zm on which g acts as multiplication by �i . According to a simple argument in
[Tonita 2018], the trace of the index bundle R��.ev�R/ can be expressed as

trg.R��.ev�R//D
m�1X
iD0

�iRp�.ev�R˝C�i /:

For simplicity, we denote Rp�.ev�R˝C�i / by Ri . Then

(16) ch trg DR;l D ch
�

det
m�1X
iD0

�iRi
��l

D ch
�m�1Y
iD0

.�i /ch0Ri
m�1Y
iD0

detRi
��l

D

m�1Y
iD0

exp
�
�l.i log.�/ ch0Ri C ch1Ri /

�
:

Here, to take the logarithm of �, we may assume that � is taken in the principal branch of the logarithm.

Proposition 4.11 Twisting by the class (15) rotates the sector labeled by the identity of the Lagrangian
cone of X �BZm by

Dm WD exp
�
�ml

�
ch2R
z

��
:

The sector labeled by g�1 is rotated by the same operator Dm.

Proof The proof is based on the orbifold quantum Riemann–Roch theorem developed in [Tseng 2010].
Let E be an orbifold vector bundle over X �BZm. Consider a general twisting class

exp
�X
j�0

sj chj p�.ev�E/
�
:

According to [Tseng 2010, Theorem 1], this corresponds to rotation by the operator

exp
�X
j�0

sj

�X
n�0

.An/jC1�nz
n�1

nŠ
C

chj E.0/

2

��
:
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Here An is an operator which acts on all sectors. The restriction .An/jX;gi of An to the sector labeled
by gi is defined by

.An/j.X;gi / D

m�1X
rD0

Bn

�
r

m

�
chE.r/i ;

where E.r/i (respectively E.0/) is the subbundle of the restriction of E to .X; gi / on which gi acts with
eigenvalue e2�

p
�1r=m (respectively 1). The notation .An/j denotes the degree-j component of the

operator An. The Bernoulli polynomials are defined byX
n�0

Bn.x/
tn

nŠ
D

tetx

et � 1
:

In our case, the twisting class is given by (16). Let zD�;i denote the symplectic transformations corre-
sponding to the i -th factor of the twisting class (16), restricted to .X; g�1/. For each i 2 f0; : : : ; m� 1g,
the operator An in the definition of zD�;i is given by

.An/j.X;g�1/ D Bn

�
i

k

�
chR:

By the orbifold quantum Riemann–Roch theorem, the operator zD�;i equals

exp
�
�l log.�/

�
ch1R
z
CB1

�
i

m

�
ch0R

�
�l

�
ch2R
z
CB1

�
i

m

�
ch1RC

B2.i=m/ ch0R
2

z

�
�l

ch1R
2

�
:

Let zD� D
Qm�1
iD0

zD�;i . To simplify the expression of zD�, we use the fact that n log.�/ D 0 if n is an
integer divisible by m. Keeping this in mind, we obtain

zD� D exp
�
�l

�
m ch2R

z
C

ch0R
12m

zC
ch0R
6

log.�/
��
:

Note that the factor exp
�
�l.z ch0R=.12m/C log.�/ ch0R=6/

�
in zD� is a scalar z-series and thus it

preserves the overruled Lagrangian cone. We can drop it and obtain the operator Dm.
For the sector labeled by the identity, we denote by zDi the restriction of the operator corresponding to

the i -th factor of the twisting class (16). It is easy to check that

.An/j.X;1/ D Bn.0/ chR;
and the operator zDi equals

exp
�
�i l log.�/

�
ch1R
z

�
�ml

�
ch2R
z
C

ch0R
12

z

��
:

Let zD D
Qm�1
iD0

zDi . Again by using the fact that n log.�/D 0 if mjn, we can simplify the operator zD to

exp
�
�ml

�
ch2R
z
C

ch0R
12

z

��
:

We can drop the second term in the exponent because it is a constant z-series.
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Recall the Lagrangian cone of X �BZm is m copies of the Lagrangian cone of X. The tangent vector
ıJ st;R;l.ıt;T / has application point in the sector labeled by 1 but is tangent in the direction labeled
by g�1. Using the above discussion, we locate qch ıJ st;R;l.ıt;T / as follows:

Proposition 4.12 qch ıJ st;R;l.ıt;T / lies in the tangent space �� ��1m .TItw �mDm LH / to the cone of
the stem theory of level l at a certain point Itw . The input T satisfies

qch.1� qmCT .q//D ŒItw �C;

where Œ � �C denotes the projection along the negative space of the polarization of the sector labeled by 1.

Proof The argument of [Tonita 2018, Proposition 5.8] applies here. We briefly explain the relation
between the application point Itw and the input T. Note that the application point Itw lies on the
Lagrangian of the stem theory of level l in the sector labeled by 1. According to Proposition 4.10(ii), the
new dilaton shift is 1� qm. This explains the equality in the proposition.

To prove the third condition in Theorem 4.5, we need to identify TItw �mDmLH with Tm.JS1.t/.1//.
We first show that:

Proposition 4.13 We have

qch�1.�mDm LH /D z‰mLR;lfake:

Here , the Adams operation z‰m acts on K-theory classes of X and q by ‰m.q/ D qm, but not on the
Novikov variables Q.

Proof It is proved in [Givental and Tonita 2014, Proposition 9] that qch�1.�m LH /D‰mLfake. In that
proof, one needs to extend the action of the Adams operator ‰m on cohomology classes via the Chern
isomorphism:

ch.‰m.ch�1 a//Dmdeg.a/=2a:

By Proposition 4.8, we have LR;lfakeDD1Lfake. We conclude the proof by noticing that ‰m.D1/DDm.

Let zT .q/ be the input point of JR;lfake .
zT .q// determined by

1� qC zT .q/D .JR;lS1
.t/.1//C;

where . � /C denotes the projection along K1� to K1
C

. Let T 0.q/ be the input point of Itw such that

(17) z‰m
�
JR;lfake .

zT .q//
�
D Itw.T 0.q//:

We claim that z‰m. zT .q//D T 0.q/. This equality holds because, according to Propositions 4.10 and 4.13,
the operation z‰m W K1! K1 identifies the cone LR;lfake with the cone �mDm LH , the polarization of the
fake quantum K-theory with the polarization in the sector labeled by 1 of the stem theory, and the old
dilaton shift 1� q with the new one 1� qm. Therefore z‰m must also map the input point zT .q/ of the
fake J -function to the input point T 0.q/ of Itw . Recall from Proposition 4.9 that ‰m. zT .q//D T .q/.
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Then it follows from the definitions of ‰m and z‰m that T 0.q/ is obtained from T .q/ by replacing Qˇ

with Qˇ=m.
By differentiating the relation (17), we get

z‰m
�

f .q/C
X Qˇ

kŠ
�a
�
�a

1� qL
; zT .L/; : : : ; zT .L/;f .L/

�fake;R;l

0;kC2;ˇ

�
D z‰mf .q/C

X Qˇ

kŠ
z‰m�a

�
z‰m�a

1� qmLm
;T 0.L/; : : : ;T 0.L/; z‰mf .L/

�stem;R;l

0;kC2;ˇ

:

The right-hand side is a tangent vector in TItw �mDmLH along the direction of ıt 0 WD z‰mf .q/. The
left-hand side becomes ‰m ı S.q;Q/ ı‰1=m.ıt 0/ after we replace Qˇ with Qmˇ (including such a
change in zT but excluding it in f .q/). This concludes the proof of Theorem 4.5.

Remark 4.14 When the target X is an orbifold, the adelic characterization of points on the cone L
of the ordinary — i.e., permutation-nonequivariant — quantum K-theory is developed in [Tonita and
Tseng 2013]. In this case, the Lagrangian cone L has different sectors, and each sector corresponds to a
connected component of the rigidified inertia stack xI�X. Let f W C !X be an orbifold stable map. Here
C is an orbifold curve with possible orbifold structures at the marked points and nodes. Let f W C !X

be the map between coarse moduli spaces. There is a short exact sequence

1!K! Aut.f /! Aut.f /! 1:

The kernel K consists of automorphisms of C !X that fix C !X. These automorphisms are referred
to as “ghost automorphisms” in [Abramovich et al. 2003], and they arise from the stacky nodes of the
source curve.

To analyze poles of K-theoretic J -functions in the orbifold setting, we still apply the virtual KRR
formula to the moduli space of orbifold stable maps. In this case, there are extra contributions from
twisted sectors corresponding to ghost automorphisms. The key observation in [Tonita and Tseng 2013]
is that once we add the appropriate contributions from ghost automorphisms in the definition of fake
K-theoretic GW invariants, the formalism of adelic characterizations carries over to the orbifold setting.
We refer the reader to [ibid., Definition 3.1] for the precise definition of fake K-theoretic invariants and
[ibid., Theorem 4.1] for the adelic characterization in the orbifold and permutation-nonequivariant setting.
We only mention that if we restrict to the untwisted sector of the cone L, the main theorem in [loc. cit.]
specializes to Theorem 4.1 above.

The generalization of [ibid., Theorem 4.1] to the permutation-equivariant setting is straightforward:
we only need to change the application point of the tangent space in [ibid., Definition 4.3] from J1.0/ to
the Laurent expansion .JS1.t//1 of the J -function at q D 1. Since the determinant line bundle splits
“correctly” among nodal strata, we can also generalize [ibid., Theorem 4.1] to permutation-equivariant
quantum K-theory with level structure. In this paper, we focus on recovering examples of mock theta
functions. For this purpose, we only need to consider the untwisted sector of Lagrangian cones of orbifold
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targets. Once we make this restriction, the statement of the adelic characterization is the same as in
Theorem 4.5.

4.3 Determinantal modification

In this subsection, we use the adelic characterization to prove Theorem 1.1, which gives us a way to
obtain points on LR;lS1

by making certain “determinantal” modifications to points on the level-0 cone LS1 .
Let us restate Theorem 1.1:

Theorem 1.1 If

I D
X

ˇ2Eff.X/

IˇQ
ˇ

lies on LS1 , then the point

IR;l WD
X

ˇ2Eff.X/

IˇQ
ˇ
Y
i

.L
�ˇi
i q.ˇiC1/ˇi=2/l

lies on the cone LR;lS1
of permutation-equivariant quantum K-theory of level l . Here Eff.X/ denotes the

semigroup of effective curve classes on X, Li are the K-theoretic Chern roots of R, and ˇi WD
R
ˇ c1.Li /.

Proof Suppose I D
P
ˇ2Eff.X/ IˇQ

ˇ is a point on LS1 . Let IR;l be its “determinantal” modificationP
ˇ IˇQ

ˇ
Q
i .L
�ˇi
i qˇi .ˇi�1/=2/l . According to Convention 4.4, we compare different cones in the same

loop spare K1. In particular, LR;lfake and the tangent space in Theorem 4.5 are viewed as subspaces of K1.
Therefore, to show IR;l lies on LR;l1 , we need to work with the series after the rescaling

zIR;l WD .detR/�l=2IR;l :

Note that the square root of the determinant line bundle may not exist. Instead, we treat it as a formal
variable that rescales the elements in the loop space. This rescaling modifies the pairing in the loop space,
which, nonetheless, remains well defined.

We denote by I.�/ and zIR;l
.�/

the Laurent expansions of I and zIR;l in 1 � q�, respectively. Let
Q1; : : : ;Qn be the Novikov variables. Let pi be the degree-2 cohomology classes corresponding to Qi ,
and let Pi D e�pi 2 K0.X/. We denote by Li the K-theoretic Chern roots of R. In other words,
chLi D eli , where li are cohomological Chern roots of R. We write li as a linear function fi .p1; : : : ; pn/
in terms of the basis p1; : : : ; pn.

It is clear that zIR;l satisfies the first condition in Theorem 4.5. Now, we check the second condition. It
follows from the lemma in the proof of [Coates and Givental 2007, Theorem 2] that the operator

ˆ WD

nY
iD1

exp
�
l

�
.fi .pj � zQj @Qj //

2

2z
C
fi .pj � zQj @Qj /

2

��
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preserves Lfake. Define dj D�hc1.Pj /; ˇi to be the components of degree ˇ. By a simple computation,
one can show that

ˆ.Qˇ /D

nY
iD1

exp
�
l

�
.fi .pj � zdj //

2

2z
�
fi .pj � zdj /

2

��
Qˇ

D exp
�
l

�
ch2R
2z
�

ch1R
2

��
Qˇ

�

nY
iD1

exp
�
l

�
.fi .pj � zdj //

2

2z
�
fi .pj � zdj /

2

��
exp

�
�l

�
ch2R
2z
�

ch1R
2

��

D exp
�
l

�
ch2R
z
�

ch1R
2

��
Qˇ

Y
i

.L
�ˇi
i qˇi .ˇiC1/=2/l :

It follows that

(18) ˆ.I.1//D exp
�
l

�
ch2R
z

��
zI
R;l
.1/
:

Since the left-hand side lies on Lfake, we conclude that the Laurent expansion of zIR;l at q D 1 lies on the
cone LR;lfake D exp.�l.ch2R=z//Lfake.

Now we check the third condition. Suppose the tangent space to Lfake at I.1/ is given as the image of a
map

S.q;Q/ W K1C! K1:

Then, by (18), the tangent space to LR;lfake at zIR;l
.1/

is given as the image of a map

S 0.q;Q/D exp
�
�l

�
ch2R
z

��
ˆ ıS.q;Q/ W K1C! K1:

Here we use the fact that the Novikov variables are contained in the �-algebra and hence they preserve
tangent spaces.

Recall from Definition 4.2 that the space Tm.I.1// is defined as the image of a map

‰m ıS.q;Q/ ı‰1=m W K1C! K1:

Then T R;lm . zI
R;l
.1/
/ is given as the image of

‰m ıS 0.q;Q/ ı‰1=m D‰m ı exp
�
�l

�
ch2R
z

��
ˆ ıS.q;Q/ ı‰1=m

D exp
�
�ml

�
ch2R
z

��
‰m ıˆ ıS.q;Q/ ı‰1=m

DDmˆ
m.‰m ıS.q;Q/ ı‰1=m/;
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where ˆm WD‰m.ˆ/ is given by

‰m.ˆ/D

nY
iD1

exp
�
l

�
.fi .mpj � zQj @Qj //

2

2mz
C
fi .mpj � zQj @Qj /

2

��
:

Here we use the fact that the Adams operation ‰m acts on the degree-2 classes z and pj as multiplication
by m, and its action on the differential operator zQj @Qj is trivial.2 This shows that T R;lm . zI

R;l
.1/
/ D

Dmˆ
m.Tm.I.1///.

By assumption, we have

I.�/

�
q1=m

�

�
2�� ��1m Tm.I.1//:

Then

(19) zI
R;l
.�/

�
q1=m

�

�
D

X
ˇ

exp
�
�
1
2

ch1R
�
.Iˇ /.�/

�
q1=m

�

�
Qˇ

Y
i

.L
�ˇi
i q.ˇiC1/ˇi=.2m/��.ˇiC1/ˇi=2/l

D exp
�
�l ch2R �

�
z

m
� log �

��1�
.ˆ.I.�///

�
q1=m

�

�
D exp

�
�ml

�
ch2R
z

��
.ˆ.I.�///

�
q1=m

�

�
:

Here we use the fact that m � log.�/D 0.
By an elementary computation, one can show that, for any series f in q and Q, we have

(20) .ˆ.f //

�
q1=m

�

�
DˆmD�f

�
q1=m

�

�
;

where the operator D� is defined by

D� D
nY
iD1

exp
�
l

�
�log.�/fi .Qj @Qj /2C

fi .log.�/Qj @Qj /
2

�
m�1

m

fi .mpj � zQj @Qj /

2

��
:

Here the substitution q 7! q1=m=� corresponds to the change z 7! z=m� log.�/ in the expression of ˆ.
It follows from (20) that (19) equals

(21)
�
Dmˆ

mD�
�
I�

�
q1=m

�

���
2Dmˆ

mD� �� ��1m Tm.I.1//:

Since all the operators above have constant coefficients (i.e., independent of Q), they commute. We claim
that D� preserves Tm.I.1//. This is because, by definition, we have

D�Tm.I.1//D D�‰m ıS.q;Q/ ı‰1=mK1C:
Let

D�;1 D
nY
iD1

exp
�
l
�
�log.�/fi .Qj @Qj /2C 1

2
fi .log.�/Qj @Qj /

��
2This is because ‰m.zQj @Qj /DmzQmj @Q

m
j D zQj @Qj .
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and

D�;2 D
nY
iD1

exp
�
l

�
�
.m� 1/fi .mpj � zQj @Qj /

2m

��
be the factors of D� . Then it is easy to check that the first factor D�;1 commutes with‰mıS.q;Q/ı‰1=m,
and hence preserves Tm.I.1//. The second factor D�;2 satisfies the commutation relation

D�;2‰m D‰m
nY
iD1

exp
�
l

�
�
.m� 1/fi .pj � zQj @Qj /

2m

��
:

According to [Givental and Tonita 2014, Corollary 1], the second operator on the right-hand side preserves
the tangent space S.q;Q/ ı‰1=mK1

C
. Therefore, we have shown that the space Tm.I.1// is D�-invariant.

We can further simplify the space on the right-hand side of (21) as

Dmˆ
mD� �� ��1m Tm.I.1//DDmˆm�� ��1m D�Tm.I.1//

DDmˆ
m�� ��1m Tm.I.1//

DDmˆ
m�� ��1m .ˆm/�1D�1m .T R;lm . zI

R;l
.1/
//

D�� ��1m .T R;lm . zI
R;l
.1/
//:

Remark 4.15 Suppose the target is an orbifold. As explained in Remark 4.14, the adelic characterization
of points on the untwisted sector of the Lagrangian cone of X is the same as the one given in Theorem 4.5.
Using the same proof as above, we can show that, if I is a point on the untwisted sector of LS1 , then the
determinantal modification IR;l lies on the untwisted sector of LR;lS1

.

5 Toric mirror theorem and mock theta functions

In this section, we first recall a mirror theorem proved in [Givental 2015d] for ordinary quantum K-theory
of toric varieties. This corresponds to Theorem 1.2 in the level 0 case. By combining Givental’s result
with Theorem 1.1, proved in the previous section, we obtain a toric mirror theorem for level-l quantum
K-theory. In some simple cases, we recover Ramanujan’s mock theta functions from toric I -functions
with nontrivial level structure.

5.1 K -theoretic I-function and mock theta function

In this subsection, we first explicitly compute the (torus-equivariant) small I -functions with level structures
for toric varieties, using quasimap graph spaces. Then we use torus localization to prove a toric mirror
theorem (Theorem 1.2), following [Givental 2015d]. In the study of quantum K-theory with nontrivial
level structures, a remarkable phenomenon is the appearance of Ramanujan’s mock theta functions.

Let M Š Zn be a n-dimensional lattice and let N be its dual lattice. To every complete nonsingular
fan †�NR, we can associate a n-dimensional smooth projective variety X†. We denote by †.1/ the set
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of 1-dimensional cones in †. Let mD j†.1/j. Each � 2†.1/ determines a Weil divisor D� on X† and
the Picard group of X† is determined by the short exact sequence

(22) 0!M ! Z†.1/! Pic.X†/! 0:

Here the inclusion is defined by m 7!
P
�hm; �iD�. Now let us describe the quotient construction of X†.

Since Pic.X†/ is torsion free, we choose an integral basis fL1; : : : ; Lsg of it, where s Dm�n. Then the
surjective map in (22) is given by the transpose of an integral s�m matrix QD .Qa�b /aD1;:::;sIbD1;:::;m
which is called the charge matrix of X†. Applying Hom.�;C�/ to the exact sequence (22), we get an
exact sequence.

1!G! .C�/†.1/!N ˝C�! 1;

where G WD Hom.Pic.X†/;C�/Š .C�/s . The first map in the above short exact sequence defines the
G-action on C†.1/

(23) t � .z�1 ; : : : ; z�m/D

� sY
aD1

t
Qa�1
a z�1 ; : : : ;

sY
aD1

t
Qa�m
a z�m

�
;

where t D .t1; : : : ; ts/ 2 .C�/s . By choosing an appropriate linearization of the trivial line bundle
on C†.1/ (see, e.g., [Dolgachev 2003, Chapter 12]), the semistable and stable loci are equal. We denote
this linearized trivial line bundle by L† and the stable loci by U.†/. Let z� be the coordinates in C†.1/.
We define a subvariety

Z.†/D

�
.z�/ 2C†.1/

ˇ̌̌ Y
�š�

z� D 0; � 2†

�
:

Then

U.†/DC†.1/
nZ.†/:

The toric variety X† is the geometric quotient U.†/=G. Let P be the principal G-bundle C†.1/ !

ŒC†.1/=G�. Let �i W G ! C� be the projection to the i-th component and let Rj be the characters
given by t D .t1; : : : ; ts/ 7!

Qs
aD1 t

Qa�j
a for 1� j �m. Then the line bundles Li and O.�D�j / are the

restrictions of the associated line bundles of P with the characters �i and Rj , respectively, to X†.
Note that X† admits a Tm WD .C�/†.1/-action, i.e., Tm acts by diagonal matrix on C†.1/. We denote

by Pi and U� the Tm-equivariant line bundles corresponding to Li and O.D�/, respectively. In the
Tm-equivariant K-group K0Tm.X†/˝Q, we have the multiplicative relation

U� D

sY
iD1

P
˝Qi�
i ƒ�1� ;

where ƒ� are the generators of Repr.Tm/ corresponding to the projection to the component labeled by �.
See [Givental 2015d] for more details.

Now let us compute the (Tm-equivariant) small I -function of X† with level structures, using the
quasimap graph space. Let ˇ 2 HomZ.PicT

m

.C†.1//;Z/ be an L†-effective class. According to
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[Ciocan-Fontanine and Kim 2010, Lemma 3.1.8], a point in the quasimap graph space QG�D0C
0;k

.X†; ˇ/

is specified by the data �
.C; p1; : : : ; pk/; fPi j i D 1; : : : ; sg; fu�g�2†.1/; '

�
;

where

� .C; p1; : : : ; ps/ is a connected, at most nodal, curve of genus 0 and pi are distinct nonsingular points
of C,

� Pi are line bundles on C of degree fi WD ˇ.Li /,

� u� 2 �.C;L�/, where L� is defined by

L� WD
sO
iD1

P˝Qi�i ;

� ' W C ! P1 is a regular map such that '�ŒC �D ŒP1�.

The stability conditions are discussed in Section 3.2. When .g; k/D .0; 0/, we have C Š P1 and Pi Š
OP1.fi /. The line bundles L� are isomorphic to OP1

�Ps
iD1 fiQi�

�
DOP1.ˇ�/, where ˇ� WDˇ.O.D�//.

Therefore, a point on QG�D0C0;0 .X†; ˇ/ is specified by sections fu� 2 �.P1;OP1.ˇ�// j � 2†.1/g. We
choose coordinates Œx0; x1� on P1 and consider the standard action C�-action defined by (4). Let F0 be
the distinguished fixed-point locus parametrizing quasimaps whose degrees are concentrated only at 0.
According to [Ciocan-Fontanine and Kim 2010, Section 7.2], we have the identification

(24) F0 Š
\

f�jˇ�<0g

D� �X†; .z�x
ˇ�
0 / 7! .z�/;

where .z�/ are the coordinates on X†.
Let R be a character of G D .C�/s defined by t � z D

Qs
iD1 t

ri
i z where ri 2 Z. Recall that the small

I -function of X† of level l and representation R is defined by

IR;l.q/D 1C
X
a

X
ˇ¤0

Qˇ�

�
F0; ev�.�a/˝

�
trC� DR;l

trC�
V�
.N vir
F0=QG

/_

��
�a:

It is not difficult to check that, under the identification (24), we can identify the virtual normal bundle
N vir
F0=QG

in K0.F0/ with

(25) N vir
F0=QG

D

X
f�jˇ�>0g

ˇ�X
iD1

O.D�/jF0 ˝C�i �
X

f�jˇ�<0g

�ˇ��1X
iD1

O.D�/jF0 ˝Ci ;

where Ca denotes the representation of C� on C with weight a 2 Z.3 Let P be the universal principal
G-bundle on F0 � P1 � X† � P1. Then the associated line bundle P �G R can be identified with

3Here, the C� is the torus acting on the graph space.
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iD1L

ri
i ˝ OP1.ˇR/, where ˇR WD

Ps
iD1 rifi . We denote the line bundle

Ns
iD1L

ri
i by R. Let

� W F0 �P1! F0 be the projection. When ˇR � 0, we have

(26) DR;l D det�l R��.R˝OP1.ˇR//D det�l
�
R˝R0��.OP1.ˇR//

�
DR�l.ˇRC1/˝ClˇR.ˇRC1/=2:

When ˇR < 0, a similar calculation derives the same formula DR;l DR�l.ˇRC1/˝ClˇR.ˇRC1/=2.
We give the explicit formulas of the (torus-equivariant) small I -functions of toric varieties in the

following proposition:

Proposition 5.1 The small I -function of a toric variety X† of level l and character R is given by

IR;l.q/D 1C
X

ˇ2Eff.X/

QˇR�lˇRqlˇR.ˇRC1/=2
Y

�2†.1/

Q0
jD�1.1�O.�D�/qj /Qˇ�
jD�1.1�O.�D�/qj /

;

and its equivariant version is given by

IR;l;eq.q/D 1C
X

ˇ2Eff.X/

Qˇ zR�lˇRqlˇR.ˇRC1/=2
Y

�2†.1/

Q0
jD�1.1�U�q

j /Qˇ�
jD�1.1�U�q

j /
:

Here R WD
Ns
iD1Li

ri is the line bundle associated to the character R, and zR˝
Ns
iD1 Pi

ri and U� are
the equivariant line bundles corresponding to R and O.�D�/, respectively.

Proof Note that the evaluation map ev� makes F0 as a closed subvariety of X†, whose normal bundle
is given by

L
�Wˇ�<0

O.D�/.Then, the proposition follows easily from (25) and (26). Note that one
factor R�l in (26) disappears due to the change of pairings (see Convention 4.4).

By extending Givental’s localization argument [2015d] to the setting with level structure, we prove a
toric mirror theorem. Now let us restate Theorem 1.2.

Theorem 1.2 Assume that X† is a smooth quasiprojective toric variety. Let IR;l;eq.q/ be the level-l
torus-equivariant small I -function given in Proposition 5.1. Then the series .1� q/IR;l;eq.q/ lies on the
cone LR;l;eq

S1
in the symmetrized torus-equivariant quantum v-theory of level l of X†.

Proof For simplicity, we denote by I the I -function IR;l;eq of X†. Let f�˛g˛2XTm†
be the fixed-point

basis of K0Tm.X†/ and let f�˛g be the dual basis with respect to the pairing (5). For each fixed point ˛,
we denote by J.˛/ � †.1/ the cardinality-s subset such that ˛ equals the intersection

T
�…J.˛/D�.

Write I D
P
˛ I

.˛/�˛ . We denote by U�.˛/ and R.˛/ the restrictions of U� and R to the fixed point ˛,
respectively. For � 2 J.˛/, we have U�.˛/D 1. Hence I .˛/ can be explicitly written as

I .˛/.q/D 1C
X

ˇ2Eff0.X†/

Qˇ
R.˛/�lˇRqlˇR.ˇRC1/=2Q
�2J.˛/

Qˇ�
jD1.1� q

j /

Y
�…J.˛/

Q0
jD�1.1�U�.˛/q

j /Qˇ�
jD�1.1�U�.˛/q

j /
:

Here Eff0.X†/ denotes the semigroup of effective curve classes ˇ such that ˇ� � 0. The terms with
ˇ� < 0 disappear because there is a factor .1� q0/ in the numerators.
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We first observe that, for the point target, the cone Lpt;R;l
S1

of level l coincides with the cone Lpt
1

of level 0. This is because, in the case of the point target, the determinant line bundle DR;l is always
topologically trivial (with possible equivariant weights). Combining this observation with the fact that the
level structure DR;l splits “nicely” among nodal strata, we can extend the argument in [Givental 2015a]
to prove that a point f D

P
˛ f

.˛/�˛ lies on LR;l;eq
S1

if and only if the following are satisfied:

(1) When expanded as meromorphic functions with poles only at roots of unity, f .˛/ lie on the cone
Lpt
S1

in the permutation-equivariant quantum K-theory of the point target space.

(2) Away from qD 0;1 and roots of unity, f .˛/ may have at most simple poles at qDU�.˛/�1=m with
� … J.˛/ and m D 1; 2; : : : for generic values of ƒ1; : : : ; ƒm. The residues satisfy the recursion
relations

ResqDU�.˛/�1=mf
.˛/.q/

dq

q
D�

�˛Qmd˛�

m �C˛�.m/
f .�/.U�.˛/

�1=m/:

Here C˛�.m/D ��1.TpM0;2.X†; md˛�// � .R.˛/�md
R
˛�qmd

R
˛�.md

R
˛�C1/=2/l , where:

(a) Tp denotes the virtual tangent space to the moduli space at the point p represented by the
m-multiple cover of the one-dimensional orbit connecting ˛ and �. The explicit formula of the
equivariant weights of the K-theoretic Euler class ��1.Tp/ is given in [Givental 2015d].

(b) d˛� denotes the degree of the one-dimensional orbit connecting ˛ and �.
(c) dR˛� WD hd˛�; c1.R/i.

We want to show that .1�q/I satisfies (1) and (2). It is proved in the main theorem4 of [Givental 2015d]
that the series

zI .˛/ D 1C
X

ˇ2Eff0.X†/

QˇQ
�2J.˛/

Qˇ�
jD1.1� q

j /

Y
�…J.˛/

Q0
jD�1.1�U�.˛/q

j /Qˇ�
jD�1.1�U�.˛/q

j /

represents a value of J pt
S1
.t.q/;Q/=.1� q/, i.e., .1� q/ zI .˛/ lies on the cone Lpt

S1
. Note that I .˛/ is

obtained from zI .˛/ by a “determinantal” modification. Therefore, it follows from Theorem 1.1 that
.1� q/I .˛/ lies on Lpt;R;l

S1
D Lpt

S1
.

To prove that .1� q/I .˛/ satisfies the second condition, we rewrite R.˛/�lˇRqlˇR.ˇRC1/=2 as

(27)

QˇR
jD�1.R.˛/�1qj /lQ0
jD�1.R.˛/�1qj /l

:

Note that, for all j, we have R.˛/DR.ˇ/��dR˛� , where �D U�.˛/. Hence, at q D ��1=m,

R.˛/�1qj DR.ˇ/�1qj�mdR˛� :

4Givental [2015d] defines the I -function to sum over all ˇ 2 Zm. However, the same argument works if we restrict the
summation to curve classes in the semigroup Eff.X†/.
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The formula (27) is equivalent to

R.˛/�mldR˛�qmldR˛�.mdR˛�C1/=2
QˇR�md

R
˛�

jD�1 .R.ˇ/�1qj /lQ0
jD�1.R.ˇ/�1qj /l

at q D ��1=m. Combining the above equivalence with the result in [Givental 2015d, page 10], we obtain

ResqDU�.˛/�1=m.1� q/I
.˛/.q/D�

�˛Qmd˛�

m �C˛�.m/
.1�U�.˛/

�1=m/I .�/.U�.˛/
�1=m/;

which is equivalent to the residue formula in condition (2).
Since I is defined over the �-algebra ZŒƒ˙1 ; : : : ; ƒ

˙
m�ŒŒQ��, it takes values in the symmetrized theory

(see Remark 3.3).

When X† is projective, we may pass to the nonequivariant limit in Theorem 1.2 to obtain:

Corollary 5.2 When X† is a smooth projective toric variety , the level-l small I -function IR;l given in
Proposition 5.1 lies on the cone LR;lS1

in the symmetrized quantum K-theory of level l .

We denote by St and St_ the standard representation and its dual representation of C�. As corollaries
of Proposition 5.1, we give proofs for Propositions 1.3–1.5 and 1.7.

Proof of Proposition 1.3 Let the target be X D .C n 0/=C�, where the action is the standard action.
Then the proposition follows directly from Proposition 5.1.

Proof of Proposition 1.4 Let the target be Xa1;a2 D .C
2 n f.0; 0/g/=C� with charge vector .a1; a2/. As

mentioned in Remarks 1.6, 4.14 and 4.15, we only consider the untwisted component of the orbifold
I -function, and its formula is given by Proposition 5.1.

Proof of Proposition 1.5 For positive integers a, b, we consider Xa;�b D f.C � 0/ �Cg=C� with
charge vector .a;�b/. Let �, � be the generators of Repr..C�/2/ corresponding to the first and second
projections of .C�/2 onto its factors. From Proposition 5.1, the untwisted component of the orbifold
I -function is given by

I
St;l
Xa;�b

.q/

D1C
X
n�1

pnlqn.n�1/l=2.1�p�b��1/.1�p�b��1q�1/ � � � .1�p�b��1q1�bn/

.1�pa��1q/.1�pa��1q2/ � � � .1�pa��1qan/
Qn

D1C
X
n�1

.�1/bn
pnl�b

2nq.n.n�1/l�bn.bn�1//=2��bn.1�pb�/.1�pb�q1/ � � � .1�pb�qbn�1/

.1�pa��1q/.1�pa��1q2/ � � � .1�pa��1qan/
Qn:
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Proof of Proposition 1.7 We consider the target O.�1/˚r
Ps�1

DX1;�1 D f.C
s � 0/�Crg=C� with the

charge vector .1; 1; : : : ; 1;�1;�1; : : : ;�1/. It follows from Proposition 5.1 that

I
St;lD1Cs
X1;�1

.q/

D 1C
X
n�1

Qnpnlqn.n�1/l=2
.p�1��11 ; q/n � � � .p

�1��1r I q/n

.p��11 qI q/n � � � .p��1s qI q/n

D 1C
X
n�1

.�1/nr
rY
iD1

.p�i /
�np.1Cs/n

.p�1; q/n � � � .p�r I q/n

.p��11 qI q/n � � � .p��1s qI q/n
Qn.qn.n�1/=2/1Cs�r :

Remark 5.3 Traditionally, there are two approaches to prove genus-zero mirror theorems: an older
approach of Givental and Tonita using adelic descriptions of cones, and a more recent wall-crossing
approach of Ciocan-Fontanine and Kim using quasimap theory. In the first version of our paper, we
used the wall-crossing approach. Recently, we discovered a gap in the proof. Roughly speaking, the
K-theoretic version of the polynomiality property [Ciocan-Fontanine and Kim 2014, Lemma 7.6.1] is not
strong enough to determine the coefficients of the K-theoretic S-operators and J -functions recursively.
In the current version, we switch back to Givental and Tonita’s older technique. It is still an interesting
question if we can improve the wall-crossing approach to prove the mirror theorem in the K-theory
setting.
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