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Unipotent morphisms

DANIEL BRAGG, JACK HALL AND SIDDHARTH MATHUR

We introduce the theory of unipotent morphisms of algebraic stacks and prove a surprising local to
global principle for a class of vector bundles. Two sample applications of our methods are a unipotent
analogue of Gabber’s theorem for torsion Gm-gerbes, and that smooth Deligne–Mumford stacks with
quasiprojective coarse spaces satisfy the resolution property in positive characteristic. Our main tool is a
descent result for flags, which we prove using results of Schäppi.

1 Introduction
In the early 1990s, Gabber answered a question of Grothendieck for quasicompact schemes admitting an
ample line bundle: every cohomological Brauer class on such a scheme is represented by an Azumaya
algebra; see Gabber [14] and de Jong [22]. This result has since been reinterpreted in terms of the
resolution property for algebraic stacks (i.e., every quasicoherent sheaf is a quotient of a direct sum
of vector bundles) and gerbes; see Edidin, Hassett, Kresch and Vistoli [12], Gross [17], Kresch and
Vistoli [24], Mathur [27] and Totaro [45]. In this language, Gabber’s result can be restated as follows:

Theorem (Gabber) Let X be a quasicompact scheme that admits an ample line bundle. Let X !X be a
Gm-gerbe. If the cohomology class ŒX � 2 H2.X;Gm/ of X is torsion , then X is a global quotient stack
(see Definition 2.1) and has the resolution property.

Using quasiprojective methods and Gabber’s theorem, Kresch and Vistoli show that smooth, separated
and generically tame Deligne–Mumford stacks with quasiprojective coarse moduli spaces have the
resolution property [24]. It has long been a challenge to produce nontrivial vector bundles without such
hypotheses.

Here we introduce new methods to construct nontrivial vector bundles on schemes, algebraic spaces and
algebraic stacks. Our key idea is to leverage the abundance of cohomology in unipotent settings. A sample
application of our results is the following additive analogue of Gabber’s result (also see Theorem 6.3):

Theorem A Let X be a quasicompact algebraic stack with affine diagonal and the resolution property. If
G !X is a Ga-gerbe , then G has the resolution property.

In particular, this implies that Ga-gerbes over smooth separated schemes have the resolution property.
Note that the analogous multiplicative statement is still unknown, even in dimension 3. We can also
extend Kresch and Vistoli’s result to the generically wild setting:

Theorem B Let X be a smooth and separated Deligne–Mumford stack of finite type over a field k. Let
� WX !X be the associated coarse moduli space. If X is quasiprojective over Spec k, then X has the
resolution property.
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930 Daniel Bragg, Jack Hall and Siddharth Mathur

We expect the key new technical input for the above results to be of general interest: it states that
one may descend certain vector bundles along flat morphisms after locally taking a direct sum (see
Theorem 4.8 for a more general statement):

Theorem C Let X !X be a morphism of quasicompact and quasiseparated algebraic stacks. Suppose
that X has affine diagonal and satisfies the resolution property. If there is a faithfully flat morphism
X 0!X , where X 0 is affine , and a vector bundle V 0 on X 0 DX �X X 0 that admits a filtration

0D V 00 � V 01 � � � � � V 0n D V 0

with V 0i =V 0
i�1
' OX 0 for all i (i.e., V 0 is trivially graded ), then there is a vector bundle V on X and a

split surjection VX 0 ! V 0.

In fact, our results apply in the broader setting of unipotent morphisms, a notion that we develop and
characterize in Section 5. Roughly speaking, the theory is modeled on gerbes with unipotent stabilizers
and algebraic stacks of the form ŒZ=Un�, where Z is an algebraic space and Un is the unipotent subgroup
of GLn consisting of unitriangular matrices. Compare with [12; 17; 45], where quotients of the form
ŒZ=GLn� and the resolution property are considered. In fact, we present a unipotent enrichment of their
results (see Theorem 5.4) and, better still, we prove a striking descent statement. Indeed, Theorem C
reveals the following local to global principle: a locally unipotent morphism over a base with enough
flags is globally unipotent (see Theorem 5.5).

These notions are closely related to many foundational questions of independent interest. For example,
over a field k a unipotent group scheme is a closed subgroup of Un;k (see Demazure and Grothendieck
[10, Theorem XVII.3.5] and Remark 5.14 for several other characterizations). It is natural to ask: to what
extent is this true over a general base?

Question 1.1 Let G! S be a group scheme with unipotent geometric fibers. Is there an embedding
G! Un;S for some n� 1? Is this true locally on S?

As a consequence of our methods, if S is a regular separated scheme or admits an ample line bundle,
then the existence of a flat-local embedding in Un implies the existence of a Zariski-local embedding
of G in Un (see Corollary 5.13 for a more general statement). In Section 5.4, we refine Question 1.1
and explain some cases where the answer is positive (see Examples 5.22 and 5.23) and one case, in
positive characteristic, where it is negative (Example 5.21(1)). One may also compare Question 1.1 with
a question of Conrad on when smooth affine group schemes can be embedded into GLn; see Conrad [7].

Unipotent morphisms are closely related to the notion of a faithful moduli space, due to Alper (personal
communication, 2017). This is a morphism of algebraic stacks f WX !X such that

(1) the natural map OX ! f�OX is an isomorphism (i.e., f is Stein), and

(2) if F is quasicoherent on X and f�F D 0, then F D 0.

Faithful moduli spaces should help with the analysis of moduli stacks with only unipotent stabilizers
(compare with good or adequate moduli spaces of Alper [2; 3]) that appear in the unstable locus of GIT
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quotients. In contrast to good moduli spaces, however, faithful moduli spaces are rarely compatible with
base change. This makes them difficult to reduce to simple cases where we can apply deformation theory.
Faithful moduli spaces are also stable under composition.

We show that faithful moduli spaces and locally unipotent morphisms have unipotent stabilizers
(Propositions 5.15 and 7.10) and that faithful moduli spaces are generically gerbes for a unipotent group
(Proposition 7.12). We also show that certain Stein unipotent morphisms are faithful moduli spaces
(Proposition 7.1).

2 Vector bundles, global quotients, and the resolution property

We briefly recall a circle of ideas from [12; 17; 45]. We also make some minor refinements, which will
be useful. To agree with the conventions of [17, Section 5], a vector bundle on X will mean a locally free
OX -module of finite constant rank.

Let X be an algebraic stack and let n be a nonnegative integer. If V is a vector bundle on X of rank n,
there is an associated frame bundle Fr.V /D IsomX .O

˚n
X
;V /. Then Fr.V /!X is a GLn-torsor and sits

in the following 2-cartesian diagram:

Fr.V / //

��

Spec Z

��

X // BGLn

It is well known that this association induces an equivalence of categories between vector bundles on X

of rank n and GLn-torsors.

Definition 2.1 Let X be an algebraic stack. We say that X is a global quotient if X Š ŒZ=GLn�, where Z

is a quasicompact and quasiseparated algebraic space with an action of GLn for some nonnegative
integer n. If V denotes the vector bundle of rank n associated to the GLn-torsor Z!X , we say that V

is faithful. A morphism of algebraic stacks f WX ! S is a global quotient if there is a vector bundle V

of rank n on X with frame bundle that is quasicompact, quasiseparated and representable over S . In this
case, we say that V is f -faithful.

Remark 2.2 A vector bundle V on X is easily seen to be f -faithful for f WX ! S if and only if the
relative stabilizer groups of f act faithfully on V at every geometric point of X . In particular, the relative
stabilizer groups are affine [8, Corollary VIB.1.4.2]. Moreover, if X

f
�! S

g
�! T are quasicompact and

quasiseparated morphisms of algebraic stacks and V is .gıf /-faithful, then V is f -faithful. Also, X is a
global quotient if and only if the morphism X ! Spec Z is a global quotient.

Remark 2.3 It is natural to ask if algebraic stacks such as X1 D
`

n�1 BGLn;Z or X2 D BZ, where
Z denotes the constant group scheme associated to the integers, should be considered global quotients.
There is certainly a locally free sheaf on X1 with a faithful action, but it has nonconstant and unbounded
rank; also, X2 admits a vector bundle of rank 2 with a faithful action whose frame is quasicompact but
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932 Daniel Bragg, Jack Hall and Siddharth Mathur

not quasiseparated. We exclude these as we are unable to shed much light on them and also to adhere to
the conventions of [17, Section 5].

Let A be an abelian category. Let ƒ be a set of objects of A . Recall that ƒ generates A (or ƒ is
generating) if the functor

HƒWA ! AbWx 7!
Y
a2ƒ

HomA .a;x/

is faithful. If A is closed under small coproducts, then ƒ is generating if and only if every x 2A admits
a presentation of the form

L
a2ƒ.a

˚Ia/� x.

Remark 2.4 Let A be an abelian category and ƒ a set of objects of A . Then Hƒ is conservative (i.e., if
f Wx! x0 in A and Hƒ.f / is bijective, then f is an isomorphism) if and only if ƒ generates A . Note
that while Hƒ conservative implies that it is zero-reflecting (i.e., Hƒ.x/ D 0 implies that x D 0), the
converse does not hold in general — it does when the a 2ƒ are all A -projective. For a counterexample,
consider the affine line with the doubled origin; then HfOg is zero-reflecting but not conservative.

Example 2.5 If X is an algebraic stack, then the abelian category QCoh.X / always admits a set of
generators [43, Tag 0781]. If X is quasicompact and quasiseparated, then a set of generators can always
be found amongst the OX -modules of finite presentation [39]. Note this result is much simpler if X is
noetherian [25, Proposition 15.4] or has quasifinite and separated diagonal [37].

The resolution property, which we refine and recall below, is about algebraic stacks that have a
generating set of vector bundles.

Definition 2.6 Let X be an algebraic stack. Let V be a set of vector bundles on X . We say that X has
the V-resolution property if it is quasicompact, quasiseparated and V generates QCoh.X /. Following
[17, Definition 5.1], we say X has the resolution property if it has the V-resolution property for some set V.

Remark 2.7 Fix a noetherian algebraic stack X and let V denote the set of isomorphism classes of vector
bundles on X . Then X has the V-resolution property if and only if every coherent sheaf on X is the
quotient of a locally free sheaf of finite rank; see [17, Remark 5.2].

Just as in [17], we will be interested in a relative version of the resolution property, so we recall the
following definition:

Definition 2.8 [17, Definition 2.7] Let f WX ! S be a morphism of algebraic stacks. Let V be a set of
finitely presented quasicoherent sheaves on X . We say that V is f -generating if f is quasicompact and
quasiseparated and there is a set of (not necessarily finitely presented) quasicoherent OS -modules W such
that V˝OX

f �WD fV ˝OX
f �W W V 2 V; W 2Wg generates QCoh.X /. We say that V is universally

f -generating if for every morphism of algebraic stacks sWS 0! S , the set s0�VD fs0�V W V 2 Vg, where
s0WX 0 DX �S S 0!X and f 0WX 0! S 0 denote the projections, is f 0-generating.

Remark 2.9 Note that V is universally f -generating if and only if it is so on an fpqc covering of the target;
see [17, Proposition 2.8 (iii)]. Also, if V is f -generating, then it remains so after quasiaffine base change
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(combine [17, Proposition 2.8 (ii), (v) and (vi)]). In particular, if S has quasiaffine diagonal, then V is
f -generating if and only if it is universally f -generating; see [17, Corollary 2.10]. Ignoring set-theoretic
issues, Example 2.5 implies that we can take WDQCoh.S/ in the definition of f -generating.

Definition 2.10 Let f WX ! S be a morphism of algebraic stacks. If V is a set of vector bundles on X ,
we say f has the V-resolution property if V is universally f -generating. Following [17, Definition 5.1],
we say that f has the resolution property if f has the V-resolution property for some V. If such a V
arises as a set of submodules of the polynomials in a fixed vector bundle V and its dual that are split by
restriction to the frame bundle of V , then we say that V is an f -tensor generator [17, Definition 6.1].
Such a V is f -R-faithful if it is also f -faithful (note that f -tensor-generators are automatically f -faithful
if f has relatively affine stabilizers by [17, Theorem 6.4]).

Remark 2.11 An algebraic stack X has the V-resolution property if and only if the morphism X!Spec Z
has the V-resolution property. In general, if Y has the V0-resolution property and f WX!Y is a morphism
of algebraic stacks with the V-resolution property, then X has the .V˝OX

f �V0/-resolution property
[17, Proposition 2.8(v)].

Example 2.12 Let A be an abelian scheme of positive dimension over a field k. If gWSpec k ! BA

denotes the standard covering, then OSpec k is g-generating but not universally g-generating. Also, g�

induces an equivalence QCoh.BA/'QCoh.Spec k/, so f WBA! Spec k has the resolution property
with OBA as a f -tensor-generator. However, BA admits no f -faithful vector bundles.

Example 2.13 If X admits an ample family L1, . . . , Lr of line bundles [43, Tag 0FXR] (e.g., X

is quasiprojective over a field or is noetherian, normal and Q-factorial with affine diagonal), then it
satisfies the V-resolution property [17, Example 5.9(i)], where VD fLm

i Wm � 0 for i D 1; : : : ; rg. In
dimensions 2 and above, there are proper schemes with no nontrivial line bundles. However, 2-dimensional
separated algebraic spaces always have enough vector bundles; see [42, Theorem 2.1; 16, Theorem 5.2;
27, Theorem 41]. Nothing is known for smooth separated algebraic spaces or normal separated schemes
over a field in dimension � 3, except that they enjoy the resolution property after removing a closed
subset of codimension � 3 [29].

Example 2.14 For algebraic stacks the situation is more complicated. Kresch and Vistoli showed that
a Deligne–Mumford stack which is smooth, generically tame and separated over a field satisfies the
resolution property if its coarse moduli space is quasiprojective [24, Theorem 1.3]. The case of 2-
dimensional normal tame algebraic stacks with finite diagonal over a field was settled in [27, Theorem 1].
There are also nontorsion (and hence, nonregular) Gm-gerbes which do not have the resolution property
[18, Remark 1.11b]. As far as the authors are aware, there is no known example of a separated or smooth
algebraic stack with affine diagonal which does not have the resolution property.

Surprisingly, Totaro and Gross (see [45, Theorem 1.1; 17, Theorems 1.1, and 6.10]) were able to relate
quotient stacks and the resolution property. We have the following refinement, whose proof is the same
as Gross’, but we just keep track of the generating set:
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934 Daniel Bragg, Jack Hall and Siddharth Mathur

Theorem 2.15 Let f WX ! S be a morphism of quasicompact and quasiseparated algebraic stacks.
Assume that f has affine stabilizers.

(1) Let V be a set of vector bundles on X that is closed under direct sums. If V is universally f -
generating , then there is a vector bundle V 2 V of rank n on X whose frame bundle is quasiaffine
over S .

(2) Let V be a vector bundle on X . Then V has frame bundle quasiaffine over S if and only if V is an
f -tensor generator.

In particular , a quasicompact and quasiseparated algebraic stack with affine stabilizers at closed points
has the resolution property if and only if it can be written as ŒU=GLn�, where U is a quasiaffine scheme.

Proof Claim (2) is [17, Theorem 6.4]. For (1), consider the natural inverse system of X -stacks formed by

FJ W

Y
W 2J

Fr.W /!X;

where J � V is a finite subset. Since each frame bundle is affine over X , the transition maps in the
inverse system are affine. Hence the inverse limit is an algebraic stack pWF !X , which is affine over X

[37, Theorem C(i)]. Since V is generating for f and every vector bundle in V becomes trivial when
restricted to F , it follows that OF is a tensor generator for the morphism f ıpWF !X ! S . Thus the
morphism f ı p is quasiaffine [17, Proposition 4.1]. By absolute approximation [37, Theorem C(i)],
there is a finite subset J � V such that FJ ! S is quasiaffine. By [35, Lemma 1.1], the frame bundle of
V D

L
W 2J W 2V is quasiaffine. For the final claim, it suffices to show that an algebraic stack with the

resolution property and affine stabilizers at closed points, has affine stabilizers everywhere. This is just
[17, Lemma 5.15].

If a quasicompact and quasiseparated scheme has an ample line bundle, then it can be written in the
form ŒU=GL1�, where U is a quasiaffine scheme. From this perspective, it is natural to view the resolution
property as a higher-dimensional analogue of quasiprojectivity. Note that the converse does not hold (e.g.,
take U D A2 � f0g with GL1 acting with weights .1;�1/; then ŒU=GL1� is the line with the doubled
origin, which is not separated, so does not admit an ample line bundle — but it does admit an ample
family of line bundles).

Definition 2.16 Let S be an algebraic stack. We say that a morphism G! S is a group if it is a group
object in representable morphisms over S . If G! S is a group that is flat and of finite presentation, then
we say that it is

(1) embeddable if it admits a group monomorphism to GL.E/ for some vector bundle E of rank n on S ,

(2) R-embeddable if it admits a group monomorphism to GL.E/ for some vector bundle E of rank n on
S such that the quotient GL.E/=G is quasiaffine over S (note that this implies that G! GL.E/ is
a closed immersion).
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Example 2.17 An embedded group is not necessarily R-embedded, even over a field. Indeed, if B2;C �

GL2;C is a Borel subgroup, then GL2;C=B2;C ' P1
C.

Remark 2.18 If G!S is a group that is flat and of finite presentation, then G!S is embeddable if and
only if the structure morphism of the classifying stack BG! S is a global quotient. Indeed, if BG! S

is a global quotient, then there is a vector bundle E on BG whose total space is representable over S .
This gives a representable S-morphism BG! BGLrank E; the induced map on inertia groups gives a
monomorphism G ,! GL.E0/ for some vector bundle E0 on S . The converse is similar. In particular,
G! S is embeddable if and only if there is a vector bundle E on S with a faithful action of G. We
call these faithful G-representations. If, in addition, G! S has affine fibers, then it is R-embeddable
if and only if BG ! S has the resolution property (Theorem 2.15). In particular, such a G ! S is
R-embeddable if and only if there is a vector bundle E on S with a faithful action such that the quotient
GL.E/=G! S is a quasiaffine morphism. We will call these G-representations R-faithful.

We expect the following result to be well known to experts. Over a field, it is due to Rosenlicht
[34, Theorem 3].

Proposition 2.19 Let S be an algebraic stack.

(1) The quotient morphism GLn;S=Un;S ! S is quasiaffine.

Let G � Un;S be a closed subgroup that is flat and of finite presentation over S .

(2) If S is a normal scheme and the quotient Un;S=G is representable by a scheme (e.g., if S is Dedekind
or the spectrum of a field, see [8, Remark VIB.9.3(b)]), then the quotient Un;S=G!S is quasiaffine.

(3) If G! S is finite , then the quotient Un;S=G! S is affine.

Proof Since the inclusion Un;S �GLn;S is defined over Spec Z, in (1) it suffices to assume S D Spec Z.
In particular, we may assume that S is Dedekind. We will now prove that both of the homogenous spaces
Un;S=G and GLn;S=Un;S are quasiaffine over S using [33, Theorem VII.2.1], thereby establishing both
(1) and (2). Since GLn;S and Un;S are both smooth with connected fibers, it suffices to show that the
abelian groups Pic.Un;k.s/=Gk.s// and Pic.GLn;k.s/=Un;k.s// are torsion. To this end, first note that the
cohomology of the complex

Hom.K;Gm/! Pic.H=K/! Pic.H /

is torsion for any inclusion of finite-type group schemes K �H over a field by [33, Theorem VII.1.5].
Moreover, by [9, Proposition XVII.2.4(ii)] we always have Hom.K;Gm/D 0 for every unipotent group
scheme K over a field. Further, the Picard groups of Un;k.s/ and GLn;�.s/ both vanish. Indeed, in the
former case the underlying scheme is isomorphic to affine space, and in the latter case it is a principal
open of affine space. Thus the two outer terms in the complex are zero in both of our cases and it follows
that Pic.Un;k.s/=Gk.s// and Pic.GLn;k.s/=Un;k.s// are torsion, as desired.

For (3), the morphism Un;S ! Un;S=G is finite flat. Since Un;S ! S is affine, the same is true for
Un;S=G; e.g., [37, Theorem 8.1].
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Proposition 2.20 Let f WX ! S be a quasicompact and quasiseparated morphism of algebraic stacks.

(1) Let W and V be vector bundles on X . If the frame bundle FW is representable (resp. quasiaffine)
over S , then the frame bundle of V ˚W is also representable (resp. quasiaffine) over S .

(2) If f is adequately affine (e.g., a gerbe banded by a reductive group scheme, a good/adequate moduli
space morphism or a coarse moduli space morphism [3, Definition 4.1.1]), then every f -faithful
vector bundle V on X has a frame bundle which is affine over S .

Proof For the representability part of (1), the hypothesis implies that the relative stabilizers act faithfully
on the fibers of W and therefore they must act faithfully on the fibers of V ˚W , as desired. For the latter
claim, see [35, Lemma 1.1]. For (2), FV ! S is representable and adequately affine, and so is affine
[3, Theorem 4.3.1].

3 Schäppi’s theorem

Let A be a ring and let M be a flat A-module. Lazard’s theorem [26] tells us that M is a filtered colimit
of free A-modules of finite rank. Extending this result to the nonaffine situation is surprisingly subtle [13].
Nonetheless, Schäppi recently proved a remarkable Lazard-type theorem for a restricted but very useful
class of flat modules that arise in algebraic geometry [40, Theorem 1.3.1].

Schäppi approaches his result through comodules over flat Hopf algebroids. Since Schäppi’s result is
crucial for our article and ought to be better known amongst algebraic geometers, we have translated
his category-theoretic proof into a direct proof for algebraic stacks. We have made some simple but
algebro-geometrically natural generalizations to his hypotheses. Note that while nonaffine schemes tend
to not have interesting projective objects, there are interesting algebraic stacks (e.g., those with affine
tame [1] or good [2] moduli spaces) that do.

Theorem 3.1 (Schäppi) Let f WY !X be a flat morphism of quasicompact and quasiseparated algebraic
stacks. Let V be a set of isomorphism classes of vector bundles on X . Let M be a vector bundle on
Y that is a projective object of QCoh.Y /. If X has the V-resolution property , then f�M is a filtered
colimit of finite direct sums of objects of V and their duals. In particular , if Y is cohomologically affine
(e.g., an affine scheme), then f�OY is a filtered colimit of vector bundles.

Proof We may replace V by the set of all finite direct sums of objects of V and their duals. Let G be a
quasicoherent OX -module. Consider the category VG whose objects are pairs .H; �/, where H 2 V and
�WH !G is an OX -module homomorphism. A morphism hW .H; �/! .H 0; �0/ in VG is an OX -module
homomorphism hWH !H 0 such that �D �0 ı h. Consider the functor �G WVG !QCoh.X / that sends
.H; �/ to H . It remains to establish the following two claims:

Claim 3.1.1 Every pair of objects in VG has an upper bound and colim.�G/'G.

Proof If .H1; �1/ and .H2; �2/ 2 VG , then .H1˚H2; �1˚ �2/ 2 VG . This proves the existence of
upper bounds for every pair. We now prove that colim.�G/'G. To do this, consider a quasicoherent
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OX -module N together with OX -module homomorphisms �.H ;�/WH !N for every .H; �/ 2 VG , such
that if hW .H; �/! .H 0; �0/ is a morphism in VG , then �.H ;�/D �.H 0;�0/ ıh. It suffices to show that there
is a uniquely induced morphism �WG!N such that �.H ;�/ D � ı � for every .H; �/ 2 VG . Since X has
the V-resolution property, G admits a presentationM

j2J

Pj

L
pj

���!

M
.H ;�/2VG

H

L
.H;�/2VG

�
���������!G! 0;

where Pj belongs to V for all j 2 J . Let j 2 J and note that the morphism pj WPj !
L
.H ;�/2VG

H

factors as

Pj
Qpj
�!

M
.H ;�/2Ij

H �
M

.H ;�/2VG

H;

where Ij � VG is finite. Let zQj D
L
.H ;�/2Ij

H and let Qqj D
L
.H ;�/2Ij

�W zQj ! G be the resulting
morphism. Then Qqj ı Qpj D 0 and so Qpj W .Pj ; 0/! . zQj ; Qqj / is a morphism in VG . Hence �

. zQj ;Qqj /
ı Qpj D

�.Pj ;0/ D �.Pj ;0/ ı 0D 0. But this means
�L

.H ;�/2VG
�.H ;�/

�
ı
�L

j pj

�
D 0. By the universal property

of cokernels, there is a unique morphism �WG!N such that � ı �D �.H ;�/ for all .H; �/ 2 VG .

Claim 3.1.2 If M is a vector bundle on Y that is a projective object in QCoh.Y /, then Vf�M is filtered.

Proof Consider a pair of morphisms h1, h2W .H; �/ ! .H 0; �0/; we must show that these can be
coequalized in Vf�M . Take the duals of h1 and h2, which results in morphisms h_

1
, h_

2
WH 0_! H_.

Let E be their equalizer in QCoh.X /. If .F; �/ 2 VE , then taking duals of everything results in a
commutative diagram:

H 0

))

�0

""

H

h1 55

h2
))

F_ f�M

H 0
55

�0

<<

Thus we just need to produce .F; �/ 2 VE that admits a compatible morphism F_! f�M . By taking
adjoints in the above diagram, we see that it is sufficient to produce a compatible morphism f �F_!M .
But M is a vector bundle, so it is sufficient to produce a compatible morphism M_! f �F . Dualizing
their defining diagrams we obtain

f �H 0_
f �h_

1

''

M_

..

00

f �F
f ��

// f �E

77

''

f �H_

f �H 0_
f �h_

2

77

But f is flat, so f �E is also the equalizer of f �h_
1

and f �h_
2

; hence there is a compatibly induced
morphism M_ ! f �E. By Claim 3.1.1, E ' colim.�E/; therefore f �E ' f � colim.�E/. Now
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M_ is a vector bundle and Y is quasicompact and quasiseparated, so the functor HomOY
.M_;�/ D

�.Y;M ˝OY
�/ preserves filtered colimits of quasicoherent sheaves [20, Lemma 1.2(iii)]. Since M is

projective in QCoh.Y /, M_ is projective1 in QCoh.Y /. Hence HomOY
.M_;�/ is also exact and so

commutes with all colimits of quasicoherent sheaves. Thus we obtain

HomOY
.M_; f � colim.�E//' HomOY

.M_; colim.f ��E//' colim.F;�/2VE
HomOY

.M_; f �F /:

In particular, M_ ! f �E factors through some morphism f ��Wf �F ! f �E, where .F; �/ 2 VE

[43, Tag 09WR]. The claim follows.

Example 3.2 In Theorem 3.1, it is necessary to include the duals of the generating set V. Indeed, let
X D P1

x;y over a field k with coordinates x and y. Let Y D DC.x/ and take f WY ! X to be the
inclusion. Then LD O.1/ is ample and X has the VD fLmgm�0-resolution property (Example 2.13).
But f�OY ' lim

��!n
Ln cannot be written as a filtered colimit of direct sums of objects from V.

The converse to Theorem 3.1 is an earlier result of Hovey [21, Proposition 1.4.4]:

Proposition 3.3 Let f WY !X be a faithfully flat affine morphism of quasicompact and quasiseparated
algebraic stacks , where Y is quasiaffine. Let V be a set of vector bundles on X . If f�OY is a filtered
colimit of duals of finite direct sums of objects of V, then X has the V-resolution property.

Proof It suffices to prove that V generates QCoh.X /. Write f�OY D colim�2ƒH_
�

, where H� DL
V 2J�

V ˚n�.V / for J� �V a finite subset and n�.V / finite. Let M 2QCoh.X /; then there are natural
isomorphisms

�.Y; f �M /D HomOX
.OX ; f�f

�M /' HomOX
.OX ; f�OY ˝OX

M / (f is affine)

' HomOX
.OX ; colim�H_� ˝OX

M /' colim� HomOX
.OX ;H

_
� ˝OX

M /

' colim� HomOX
.H�;M /

It follows that if �WM!N is a homomorphism of quasicoherent OX -modules, then there is a commutative
diagram

�.Y; f �M /
'
//

�.Y;f ��/

��

colim� HomOX
.H�;M /

colim� HomOX
.H�;�/

��

�.Y; f �N /
'
// colim� HomOX

.H�;N /

In particular, if HomOX
.V; �/WHomOX

.V;M /! HomOX
.V;M / is the zero map for all V 2 V, then

�.Y; f ��/ is the zero map. Since Y is quasiaffine, f �� D 0. But f is faithfully flat, so � D 0. That is,
V generates QCoh.X /.

Let S be an integral quasicompact quasiseparated algebraic stack with generic point � . We say that a
quasicoherent OS -module F is torsion free if ker.F ! .i�/�i

�
�

F /D 0, where i� WS� ,! S is the generic
residual gerbe [36, Theorem B.2]. We record here the following folklore result:

1This follows from three observations: a direct summand of a projective is projective, if M is projective then M ˝OY
Q is

projective for any vector bundle Q, and M_ is a direct summand of M_˝OY
M ˝OY

M_.
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Corollary 3.4 Let T be an integral quasicompact algebraic stack with affine diagonal. If every torsion
free quasicoherent OT -module of finite type is a vector bundle , then T has the resolution property.

Proof Since T is quasicompact with affine diagonal, there is a smooth covering � WSpec A! T and � is
affine. We may write ��OSpec A D lim

��!�
N�, where the N� are finite-type quasicoherent OT -submodules

of ��OSpec A [38]. Then the N� are torsion free, and so are all vector bundles. By Proposition 3.3, the
result follows.

Remark 3.5 Corollary 3.4 gives a simple generalization of [6, 1.4.5]. Indeed, if T is an integral
quasicompact quasiseparated algebraic stack that admits a faithfully flat cover by a finite disjoint union
of spectra of Dedekind or Prüfer domains (i.e., every finitely generated ideal is invertible), then every
torsion free quasicoherent OT -module of finite type is a vector bundle [23, Theorem 1].

4 Flags

Our goal is to construct interesting vector bundles on algebraic stacks. The main problem — even for
schemes — is that vector bundles are glued from local data. The key idea here is to add the additional
structure of a flag to a vector bundle. This ends up being surprisingly useful.

Let Y be an algebraic stack. Let V� be a quasicoherent OY -module V with a finite filtration

0D V0 � V1 � � � � � Vn�1 � Vn D V:

We call n the length of the filtration. Recall that V� is a flag if the graded pieces gri.V�/D Vi=Vi�1 are
vector bundles for all i D 1, . . . , n. Note that this condition implies that the Vi are also vector bundles.
A flag is complete if the graded pieces are line bundles. We say that V� is trivially graded if gri.V�/

is a trivial vector bundle for all i . Note that a vector bundle which admits the structure of a trivially
graded flag is sometimes referred to as a unipotent vector bundle in the literature; see [31, Section 1;
30, Definition 4.5]. We now have the following key definition:

Definition 4.1 Let f WX ! S be a morphism of algebraic stacks. Let V� be a flag on X . We say
that V� is f -graded (or S-graded) if for each i there is a vector bundle Ei on S and an isomorphism
�i W gri.V�/' f

�Ei . If the vector bundle V is f -(R-)faithful, then we say the same of the flag V�.

Note that trivially graded flags are graded by every morphism. Remarkably, we can establish that
graded flags often descend (Theorem 4.8). We are not aware of any related result in the literature. We
begin, however, with the universal example:

Example 4.2 Let S be an algebraic stack. Fix an ordered sequence of n line bundles L D .L1; : : : ;Ln/

on S . Define a category fibered in groupoids FlagL ! Sch=S as follows: Its objects over f WX ! S are
pairs .V�; f�ig

n
iD1

/, where

(1) V� is a flag of length n, and

(2) �i W gri.V�/' f
�Li are isomorphisms for i D 1, . . . , n.
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That is, an X -point of FlagL is an S -graded flag on X whose graded pieces are isomorphic to the f �Li .
A morphism in FlagL is an isomorphism of vector bundles that is compatible with the filtrations and
isomorphisms to the Li . Note that there is a distinguished object in FlagL defined over S :

`D

�
L1 � � � � �

n�1M
jD1

Lj �

nM
jD1

Lj ; fidLi
g
n
iD1

�
:

Every other object in FlagL becomes isomorphic to ` after passing to a smooth covering. In particular,
FlagL is a gerbe and the section defined by ` induces an equivalence FlagL ' BU.L /, where U.L /D

Aut.`/. Clearly U.L /� GL.
Ln

jD1 Lj /. Moreover, the following diagram 2-commutes:

X
Fr.V /

//

.V�;f�i g/

��

BGLn;S

BU.L / // BGL
�Ln

jD1 Lj

�� Fr .
L
j Lj /

OO

If L D .OS ; : : : ;OS /, then there is a natural identification

Aut.`/' Un;S :

Thus for any choice of L , Aut.`/ is locally isomorphic to Un;S . In particular, U.L /! S is a flat group
of finite presentation and it follows from Proposition 2.19 that GL

�Ln
jD1 Lj

�
=U.L /! S is quasiaffine,

and U.L /! S is R-embeddable. Hence BU.L / is an algebraic stack, the morphism BU.L /! S has
the resolution property and the universal flag F�.L / on BU.L / is a .BU.L /!S/-tensor generator. In
particular, if S has the resolution property, then so does BU.L /.

If Bn;Z denotes the Borel subgroup of upper triangular matrices in GLn;Z and Bn;Z ! Gn
m is the

induced quotient, then the following diagram is 2-cartesian:

(4.2.1)

BU.L / //

��

BBn;Z

��

S
L
// BGn

m

Let f WX ! S be a morphism of algebraic stacks and let Vect.X / denote the set of isomorphism
classes of vector bundles on X . We let

FlagO � Flagf � Flag� Vect.X /

denote the sets of isomorphism classes of vector bundles that admit trivially graded complete flags,
complete f -graded flags, and complete flags, respectively.

Example 4.3 Standard arguments show that Flag, Flagf and FlagO are stable under finite direct sums,
the taking of duals, finite tensor products and extensions.
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Example 4.4 Let X be an algebraic stack. If

(1) X is affine,

(2) X is quasiaffine,

(3) X is quasiprojective over affine,

(4) X admits an ample family of line bundles,

(5) QCoh.X / is generated by a set of line bundles (e.g., X D BGn
m;Z), or

(6) X D BUn;k , where k is a field,

then X has the Flag-resolution property. These assertions are trivial. If X has the Flag-resolution property,
then Schäppi’s theorem (Theorem 3.1) implies that if pWSpec A!X is flat, then p�OSpec A ' lim

��!�
F�,

where the F� are complete flags on X . Note that BGLn;Z does not have the Flag-resolution property
if n> 1.

The following result yields a useful sufficient condition for the existence of a flag structure on a vector
bundle:

Lemma 4.5 Let T be an integral quasicompact quasiseparated algebraic stack with generic point
�WSpec k!T , where k is a field. Let 
 WG!T be a flat group of finite presentation and let f WBG!T

be the induced morphism. Let V be a vector bundle on BG.

(1) If the adjunction zWf �f�V !V is an isomorphism after restriction along �, then it is an isomorphism.

(2) If every torsion free quasicoherent OT -module of finite type is a vector bundle (Remark 3.5) and G�

is unipotent , then V admits an f -graded flag.

Proof By [36, Theorem B.2], � factors as Spec k
�0
�! T�

i�
�! T , where T� is the residual gerbe and �0 is

faithfully flat. For (1), since z� is an isomorphism, zT� is an isomorphism. Let pWT ! BG be the usual
section to f ; by descent, V is described by a group homomorphism vWG! GL.p�V /. Note that z is an
isomorphism if and only if ker.v/D G as z corresponds to the inclusion of G-invariants of V into V .
Now ker.v/�G is a closed immersion as GL.p�V /! T is separated and contains 
�1.T�/, which is
dense since 
 is open. Hence ker.v/DG.

We prove (2) by induction on rank.V /, the case rank.V /D 0 being trivial; assume that rank.V / > 0.
If zT� is an isomorphism, then (1) says that zV is an isomorphism and so we would be done. Otherwise,
if zT� is not an isomorphism, then .f �f�V /T� is nonzero as after restriction along � it is the inclusion
of the invariants of a nontrivial representation of the unipotent group G� [10, Theorem XVII.3.5]. In
particular, there is a nontrivial quotient VT� ! W on T�. Now define W to be the image of the
composition V ! .iT�/�VT� ! .iT�/�W . Since the map V ! .iT�/�W is nonzero, W is a nonzero
torsion free quasicoherent OBG-module of finite type, and so is a vector bundle. Also, W T� DW and so
rank.W /D rank.W / < rank.V /. We now have an exact sequence of vector bundles on BG:

0!K! V !W ! 0:
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The ranks of K and W are less than that of V , and so by induction they admit f -graded flags; consequently
so does V .

Using Lemma 4.5, we can now prove the following:

Proposition 4.6 Let L be a sequence of n line bundles on an algebraic stack S .

(1) The morphism f WBU.L /! S has the Flagf -resolution property.

(2) If S is affine , then f has the FlagO -resolution property.

Proof It suffices to show (1) universally by [17, Proposition 2.8(iv)]. Therefore we may suppose
f WBU.L /! BGn

m;Z, where L is the universal sequence of n line bundles. Since BBn;Z ' BU.L /

has the resolution property (Example 4.2), it suffices to show that every vector bundle V is a complete
f -graded flag. Since Spec Z! BGn

m;Z is a smooth covering, Lemma 4.5 and Remark 3.5 imply that
V admits an f -graded flag. But every vector bundle on BGn

m;Z is a direct sum of line bundles, so (1)
follows from Example 4.3.

For (2), it suffices to show that the vector bundle V underlying every f -graded complete flag V� is
a direct summand of a vector bundle W which admits a trivially graded complete flag structure. We
proceed by induction on n, the length of V�. If nD 0, then the result is trivial. If n > 0, then we may
write V as an extension

0! Vn�1! V ! f �L! 0

for some line bundle L on S . Since S is affine, there is a split surjection 
 WO˚m
S
� L. Then

f �
 WO˚m
BU.L /

� f �L is a split surjection. Now pull the extension back along f �
 , so we may
replace f �L with a trivial bundle of rank m. By induction, there is a split surjection ıWU�Vn�1, where
U admits a trivially graded complete flag. Pushing forward along a section of ı, V is a direct summand
of a vector bundle that is an extension of trivially graded complete flags. Now apply Example 4.3.

The following concept will be useful. A refinement of a flag V� of length n is another flag V 0
0
� � � � �

V 0m D V of length m � n together with a strictly order-preserving function �W f0 < 1 < � � � < ng !

f0< 1< � � �<mg such that Vi D V 0
�.i/

for all i .

Example 4.7 Let Y be an algebraic stack. Let V� be a flag on Y . Suppose that gri.V�/ admits the structure
of a complete flag for each i � 0; then V� admits a complete refinement. To see this, use Example 4.3.

Theorem 4.8 Consider a 2-cartesian diagram of algebraic stacks:

X 0
q
//

f 0
��

X

f
��

S 0
p
// S

Assume that :

(1) S is quasicompact with affine diagonal and has the resolution property.

(2) f is quasicompact and quasiseparated.

(3) p is faithfully flat and S 0 is affine.
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If X 0 admits a q-graded flag V� of length n, then X admits a flag W� of length n and a degree-preserving
split surjection q�W�� V�. Moreover:

(a) If V� is f 0-(R-)faithful , then W� is f -(R-)faithful.

(b) If p�OS 0 is a filtered colimit of vector bundles F� on X (see Theorem 3.1) and gri.V�/ ' q�Ei ,
then there exists �i with gri.W�/' f

�F�i
˝OX

Ei .

(c) If V� is f q-graded , then W� is f -graded.

(d) Assume that S has the Flag-resolution property.

(i) If V� is complete , then W� admits a complete refinement.

(ii) If V� is f q-graded , then W� admits a complete f -graded refinement.

Proof Part (a) follows from Proposition 2.20(1), the main claim and [17, Proposition 2.8(iii)]. Part (c)
follows from (b). Part (d) follows from (b) and Examples 4.7 and 4.4. Part (b) will follow from the
construction of W�, which we prove by induction on n� 0. The base case is trivial so we assume n� 1.
Choose a vector bundle E on X such that V1 D q�E; then .V =V1/� is a q-graded flag of length n� 1.
By induction, there is a flag W� of length n� 1 on X and a split surjection q�W�! .V =V1/� as in the
statement of the theorem. We now pull back the defining short exact sequence

0! q�E! V ! V =q�E! 0

along the surjection q�W � V =q�E. This results in a commutative diagram with exact rows, whose
vertical arrows are easily checked to be split surjective:

0 // q�E // V 0 //

����

q�W

����

// 0

0 // q�E // V // V =q�E // 0

Thus we may replace V by V 0 and assume that .V =V1/� D q�W�.
Since S 0 is affine and S has affine diagonal, it follows that p and q are affine and faithfully flat

morphisms. It follows that we may push forward the top row in the above diagram to obtain an exact
sequence of quasicoherent sheaves on X :

0! q�q
�E! q�V

0
! q�q

�W ! 0:

Pulling this sequence back along the injective adjunction W ,! q�q
�W , we obtain a diagram with exact

rows:
0 // q�q

�E // W 0 //
� _

��

W� _

��

// 0

0 // q�q
�E // q�V

0 // q�q
�W // 0
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Since E is a vector bundle and q is affine, the projection formula and flat base change produce natural
isomorphisms

q�q
�E ' q�OX 0 ˝OX

E ' .f �p�OS 0/˝OX
E:

Assume we are given that p�OS 0 ' lim
��!�

F�, where the F� are vector bundles, or we produce such a
description by Schäppi’s theorem (Theorem 3.1). Since the adjunction p�p�OS 0�OS 0 is split surjective,
taking � sufficiently large, we can assume that the induced morphisms p�F� ! OS 0 are also split
surjective. But we also have natural isomorphisms

Ext1OX
.W; q�q

�E/' H1.X;W _˝OX
q�q
�E/

' H1.X; lim
��!
�

.f �F�˝OX
W _˝OX

E//

' lim
��!
�

H1.X; f �F�˝OX
W _˝OX

E/ [20, Lemma 1.2(iii)]

' lim
��!
�

Ext1OX
.W; f �F�˝OX

E/:

Thus the extension W 0 is the pushforward of an extension

0! f �F�˝OX
E!W 0�!W ! 0

along the morphism f �F�˝OX
E! f �.p�OY /˝OX

E ' q�q
�E. Pulling this exact sequence back

along q, we obtain an exact sequence

0! q�f �F�˝OX 0
q�E! q�W 0�! q�W ! 0:

But the pushforward of this extension along the split surjection q�f �F�˝OX 0
q�E� q�E is clearly

isomorphic to V 0 and the resulting morphism q�W 0
�
� V 0 is split surjective.

5 Unipotent morphisms and groups

5.1 Unipotent morphisms

Motivated by the results of the previous section, we make the following definition:

Definition 5.1 Let f WX ! S be a morphism of algebraic stacks. Then f is

� (R-)unipotent if X admits a complete f -graded f -(R-)faithful flag,

� locally (R-)unipotent if there is an fpqc covering S 0 ! S [43, Tag 022B] such that f �S S 0 is
(R-)unipotent, and

� geometrically (R-)unipotent if for every algebraically closed field k and morphism Spec k! S , the
induced morphism X �S Spec k! Spec k is (R-)unipotent.
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Locally R-unipotent and unipotent morphisms have affine and quasiaffine diagonals, respectively. We
have the following sequence of implications:

R-unipotence +3

��

local R-unipotence

Theorem 5.5

u}
+3

��

geometric R-unipotence

��

Example 5.22

s{

unipotence

Example 5.12

?G

+3 local unipotence

Theorem 5.5

ai

Example 5.12

?G

+3 geometric unipotence

Example 5.23

ck

Example 5.12

W_

The solid arrows follow from the definitions. The dashed arrows are partial converses. The dashed vertical
implications are valid only for certain groups over normal bases. The dashed horizontal implications are
valid only in special cases.

Quasicompact and quasiseparated representable morphisms are always unipotent. There are two
prototypical examples of R-unipotent morphisms:

(1) BU.L /! S (Example 4.2), and

(2) quasiaffine morphisms X ! S .

We will return to these examples often. We begin this section with the following two trivial lemmas:

Lemma 5.2 Let f WX ! S be an (R-)unipotent morphism of algebraic stacks. If S 0! S is a morphism
of algebraic stacks , then f �S S 0 is (R-)unipotent. Moreover , the same holds for the local and geometric
versions.

Lemma 5.3 Let X h
�! Y

g
�! S be morphisms of algebraic stacks.

(1) If g is unipotent and h is quasicompact , quasiseparated and representable , then g ı h is unipotent.

(2) If g is R-unipotent and h is quasiaffine , then g ı h is R-unipotent.

Moreover , the analogous properties hold for the local and geometric versions.

In general, unipotent morphisms are not stable under composition (Example 5.6). We are optimistic
that locally unipotent morphisms have better stability properties under composition, but this appears to be
surprisingly subtle — even when S is the spectrum of a field, Y is quasiaffine and X is a gerbe over Y .

We now have the following characterization of (R-)unipotent morphisms, which provides a unipotent
enrichment of the Totaro–Gross theorem (Theorem 2.15).

Theorem 5.4 Let f WX!S be a morphism of algebraic stacks with S quasicompact. Then the following
are equivalent :

(1) The morphism f is R-unipotent.
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(2) For some integer n� 0, there is an ordered sequence of n line bundles L on S and a factorization of
f as X h

�! BU.L /! S , where h is quasiaffine.

(3) The morphism f has the Flagf -resolution property and the relative inertia stack If !X has affine
fibers.

Moreover , f is unipotent if and only if there is a quasicompact , quasiseparated and representable
morphism X h

�! BU.L / as in (2).

Proof The statement regarding unipotent morphisms will follow from our arguments from the equivalence
(1)() (2).

We have (2) D) (1) by Lemma 5.3 and the R-unipotence of BU.L /! S . As for (1) D) (2), by
definition there is a complete f -graded flag V� of length n on X that is f -(R-)faithful. That is, there is an
ordered sequence of line bundles L D .L1; : : : ;Ln/ on S together with isomorphisms �i W gri.V�/'f

�Li

for all i . By Example 4.2, we obtain a morphism X h
�! BU.L /. Postcomposing this with the quasiaffine

morphism BU.L /! BGL
�L

iD1 Li

�
' BGLn;S yields a quasiaffine morphism by Theorem 2.15(2),

and the result follows from [43, Tag 054G].
For (2) D) (3), Proposition 4.6 and [17, Proposition 2.8(v)] imply that f has the Flagf -resolution

property. Finally, for (3) D) (2), the Gross–Totaro theorem (Theorem 2.15) produces a V� 2 Flagf which
is f -R-faithful.

A remarkable consequence of Theorem 4.8 is that local (R-)unipotence implies (R-)unipotence on
bases with the Flag-resolution property.

Theorem 5.5 Let f WX ! S be a locally unipotent (resp. locally R-unipotent) morphism of algebraic
stacks. Let S be quasicompact with affine diagonal.

(1) If S has the resolution property, then X is a global quotient (resp. has the resolution property).

(2) If S has the Flag-resolution property, then f is unipotent (resp. R-unipotent).

Proof By assumption, there is a faithfully flat cover pWS 0! S such that f 0WX �S S 0! S 0 admits
a complete f 0-graded f 0-faithful (resp. f 0-R-faithful) flag V�. Passing to a smooth cover of S 0, we
may assume that S 0 is affine and that the flag is trivially graded, and so V� is pf 0-graded. Now apply
Theorem 4.8 to

X �S S 0
q
//

f 0

��

X

f
��

S 0
p

// S

Then we obtain a flag W� on X and a split surjection q�W�! V�. Part (c) implies that W� is f -graded.
Part (a) says that W� is f -faithful (resp. f -R-faithful), so X is a global quotient (resp. has the resolution
property). Part (d) says that if S has the Flag-resolution property, then W� admits a complete refinement,
which is also f -graded. Hence f admits a complete f -graded f -(R-)faithful flag. That is, f is unipotent
(resp. R-unipotent).

Geometry & Topology, Volume 30 (2026)



Unipotent morphisms 947

Example 5.6 Let S be a proper normal surface over C with no nontrivial line bundles [41]. Let Y �S be
the inclusion of the regular locus, which is an open subscheme whose complement S nY is a finite set of
closed points. Then Y admits a nontrivial very ample line bundle L. Let U D BU.O;L_/Š BL. Then

(1) � WU ! Y and j WY ! S are R-unipotent,

(2) the composition p D j ı� is locally R-unipotent but not unipotent, and

(3) S has the resolution property but not the Flag-resolution property.

Indeed, (1) is clear from Theorem 5.4. Also, (3) follows from (2) and Theorem 5.5.
For (2), to see that p is locally R-unipotent, it suffices to restrict to affine opens Spec A � S ; then

YA D Y \Spec A is quasiaffine and so L_
YA

is globally generated. Hence there is a quasiaffine morphism
U ! BGn

a;YA
for some n; after composition with the open immersion BGn

a;YA
� BGn

a;Spec A
, we see

that p is locally R-unipotent by Lemma 5.3(2).
If p D j ı � is unipotent, since S has no nontrivial line bundles, U must admit a faithful trivially

graded flag. Hence it suffices to show that every trivially graded flag V� on U is of the form ��W� for
some trivially graded flag W� on Y . A simple calculation shows that R1��OU 'L_. Note that Y is not
quasiaffine because H0.Y;OY /DC [43, Tag 01P9], and therefore L is nontrivial [43, Tag 01QE]. In turn,
this implies H0.Y;L_/D 0 because by composing with a nonzero section of L, a nonzero section L_

would yield a trivialization of L_. Therefore, since L_ has no nonzero global sections, if W� is a trivially
graded flag W� on Y then HomOY

.W;L_/D 0. Now let V� be a trivially graded flag on U . By induction
on the length of V�, we may assume that V� is an extension

eW 0! ��OY ! V�! ��W�! 0;

where W� is a trivially graded flag on Y . There is also an exact sequence

0! Ext1OY
.W;OY /! Ext1OU

.��W; ��OY /! HomOY
.W;R1��OU /:

Since HomOY
.W;L_/D 0, the first map is bijective and so our extension e is pulled back from Y .

Two useful application of Theorem 5.5 are the following:

Corollary 5.7 Let f WX ! S be a locally (R-)unipotent morphism of algebraic stacks. If S is quasicom-
pact , then there is a smooth surjection S 0! S such that f �S S 0 is (R-)unipotent.

Proof Passing to a smooth cover of S , we may assume that S is an affine scheme and so has the
Flag-resolution property. The result follows from Theorem 5.5.

Corollary 5.8 Let f WX ! S be a morphism of algebraic stacks.

(1) If f is geometrically (R-)unipotent , then f �S Spec kWX �S Spec k! Spec k is (R-)unipotent for
every field k and morphism Spec k! S .

(2) Let S 0!S be surjective. If f 0WX�SS 0!S 0 is geometrically (R-)unipotent , then f is geometrically
(R-)unipotent.
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Proof In (2), we may assume that S D Spec k and S 0 D Spec k 0, where k � k 0 is a field extension and
k 0 is algebraically closed. It suffices to prove that if f 0 is (R-)unipotent, then f is (R-)unipotent, which
also implies (1). But S 0! S is an fpqc covering, so f is locally (R-)unipotent. Since S is affine, it has
the Flag-resolution property. The result now follows from Theorem 5.5.

5.2 Unipotent groups

A powerful source of unipotent morphisms will be unipotent groups and gerbes. Let k be a field. Let G be
an algebraic group over k. There are several characterizations of unipotence over k [9, Theorem XVII.3.5].
We take the following: G is unipotent if there is an embedding into the upper triangular unipotent matrices
G ,!Un;k �GLn;k for some n. Families of unipotent groups over general bases are more subtle, however,
so we make the following definition:

Definition 5.9 Let S be an algebraic stack. A group G ! S that is flat and of finite presentation is
said to be (R-)unipotent, locally (R-)unipotent or geometrically (R-)unipotent if the corresponding gerbe
BG! S is so.

Remark 5.10 There is a potential for confusion with this terminology: unipotence of the group G! S

is not the same thing as unipotence of the morphism G ! S . For instance, every quasicompact,
quasiseparated and representable morphism of algebraic stacks is unipotent, but an affine group scheme
G! S need not be unipotent in the sense of Definition 5.9.

Remark 5.11 A group G! S that is flat and of finite presentation is unipotent (resp. R-unipotent) if
and only if there exists an ordered sequence of line bundles L on S , an object V� of FlagL .S/ and a
monomorphism (resp. with quasiaffine quotient)

G ,! AutFlagL
.V�/� GL.V /:

Thus (R-)unipotent groups are (R-)embeddable. Note that the above automorphism group is an inner form
of U.L /. In particular, if S is a scheme, then G can be embedded in a Zariski form of Un;S . Hence, if
S D Spec k is the spectrum of a field, then G! Spec k is unipotent (in the sense of Definition 5.9) if
and only if there exists an embedding G � Un;k for some n, so both possible definitions of a unipotent
group scheme agree over a field.

Example 5.12 By Proposition 2.19, the group Un;S ! S is R-unipotent, as is any flat and finitely
presented closed subgroup H � Un;S when either S is the spectrum of a field or a Dedekind domain,
or H ! S is finite. In particular, if G! S is (locally) unipotent and either G! S is finite or S is the
spectrum of a field, then it is (locally) R-unipotent.

Now translating Theorem 5.5 into groups we obtain the following:

Corollary 5.13 Let S be a quasicompact algebraic stack with affine diagonal. Let G! S be a locally
(R-)unipotent group.
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(1) If S has the resolution property, then G! S is (R-)embeddable.

(2) If S has the Flag-resolution property, then G! S is (R-)unipotent.

Note the stark contrast to the case of tori. Tori are always locally embeddable, but may not be
embeddable even over a projective curve [9, X.1.6 and XI.4.6].

Remark 5.14 By Example 5.12 and Corollary 5.13, all the definitions in Definition 5.9 agree when S is
the spectrum of a field. Thus one may speculate what the best definition of unipotence is over a general
base. We argue that local R-unipotence is the best behaved as evidenced by Theorem 5.5, Examples 5.12,
5.16, 5.17 and 5.22, and Proposition 7.1.

We have the following proposition, which justifies our terminology:

Proposition 5.15 Let f WX ! S be a geometrically unipotent morphism of algebraic stacks. Then the
relative geometric stabilizers of f are all unipotent groups.

Proof We may assume that S D Spec l , where l is an algebraically closed field. Let NxWSpec k!X be
a point of X , where k is an algebraically closed field. Let G Nx D AutX . Nx/ be its automorphism group.
Then we have a representable morphism QxWBG Nx!X . By Lemma 5.3(1), BG Nx is unipotent. Now apply
the last sentence of Remark 5.11.

Example 5.16 Let S be an algebraic stack. Let E be a locally free sheaf on S of rank n. Then the vector
group V.E/! S is locally R-unipotent. We may work locally on S , so we may assume that E ' O˚n

S
.

In this case, V.E/'Gn
a;S

. Now Gn
a;Z � UnC1;Z � GLnC1;Z. Since Z is a Dedekind domain, it follows

from Example 5.12 that Gn
a;Z! Spec Z is R-unipotent. Hence V.E/! S is locally R-unipotent. If S is

quasicompact with affine diagonal and the Flag-resolution property, then V.E/! S is even R-unipotent
(Corollary 5.13).

Example 5.17 Let p > 0 be a prime. Let S be an algebraic Fp-stack. Let G! S be a finite étale group
scheme of degree pd for some d � 0. Then G! S is locally R-unipotent. Indeed, smooth locally on S

we may assume that G! S is a constant group scheme. We may thus assume that S D Spec Fp and G

is a constant p-group. Standard facts from group theory show that G is unipotent, and the claim follows.

Example 5.18 If X denotes the affine line with doubled origin, then it is an R-unipotent scheme. Indeed
if x, y 2X denote the two origins, then the trivially graded flag OX D Ifx;yg � Ifxg˚ Ifyg is a tensor
generator, where IC is the ideal sheaf associated to a reduced closed subscheme C �X .

5.3 Representable R-unipotent morphisms

We now briefly discuss representable (locally) R-unipotent morphisms f WX ! S . Characterizing such
morphisms seems subtle. For instance, consider for simplicity the case when S D Spec k is the spectrum
of a field. It follows from Theorem 5.4 that representable R-unipotent morphisms f WX ! Spec k are
exactly quotients of the form T=Un, where T is a quasiaffine scheme over k acted on freely by Un.
In particular, a quasiaffine morphism over k is R-unipotent and hence geometrically R-unipotent. The
converse is not true, however.
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Example 5.19 (1) Let k be a field and denote by X the complement of a single point in the exceptional
locus of A2

k
blown up at the origin. We claim that the morphism f WX !A2 is geometrically R-unipotent

but is not quasiaffine. Indeed, the geometric fibers are all affine and hence the morphism is geometrically
R-unipotent. On the other hand, if f was quasiaffine then the natural map gWX ! Spec�.X;OX / would
be an open immersion [43, Tag 01SM] and this cannot be true since �.X;OX /D kŒx;y�.

(2) In [5, Example 3.16], Asok and Doran describe a free action of U1DGa on A5 such that the quotient
A5=Ga is not even a scheme. More generally, given a smooth affine scheme T over k equipped with a
free and proper action of Un, [5, Corollary 3.18] yields an effective criterion for determining when the
quotient T=Un will be affine or quasiaffine.

We have the following result, whose proof we defer until Section 7:

Proposition 5.20 Let f WX !S be a representable and geometrically R-unipotent morphism of algebraic
stacks. If f is proper , then f is finite.

It follows from Proposition 5.20 that representable geometrically R-unipotent morphisms over a field
do not contain any positive-dimensional proper subvarieties.

5.4 Geometrically unipotent vs locally unipotent groups

We conclude this section with some thoughts on the following natural refinement of Question 1.1: which
geometrically unipotent groups are locally unipotent? Note that locally unipotent groups are always
quasiaffine; in particular, they are separated and schematic. In positive characteristic, it is easy to
produce geometrically unipotent group algebraic spaces that are not separated. There are also separated
geometrically unipotent group algebraic spaces that are not schemes. In particular, these give examples of
geometrically unipotent groups that are not locally unipotent.

Example 5.21 Let k be a field of characteristic 2. Let S D A1
k

. Let H � .Z=2Z/S D G be the étale
subgroup obtained by deleting the nontrivial point over the origin.

(1) Let QDG=H ! S be the line with the doubled origin, viewed as a group scheme. Then Q! S is
geometrically unipotent, but nonseparated. In particular, it is not locally unipotent.

(2) We have H �G �Ga;S . Let Q0DGa;S=H ! S . Then Q0! S is smooth, geometrically unipotent,
with connected fibers, nonseparated and not a scheme [8, VIB.5.5]. This shows that the closed subgroup
condition in Proposition 2.19(2) is necessary.

(3) A more sophisticated example was constructed in [33, X.14]: take T D A2
k

; then there is a closed
subgroup N � G2

a;T
with N ! T étale. Taking Q00 D G2

a;T
=N , we produce a smooth separated

geometrically unipotent group of finite presentation with connected fibers. There it is shown that Q00

is not representable by a scheme. This shows that the condition that the quotient is representable by a
scheme in Proposition 2.19(2) is necessary.

In characteristic 0, there are strong results in the existing literature, however:
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Example 5.22 Let S be an algebraic stack of equicharacteristic 0. Let G!S be geometrically unipotent
and flat-locally schematic. Then G! S is affine. Indeed, this is local on S , so we may assume that S is
affine. By standard limit methods, we may assume that S is of finite type over Spec Z and so excellent;
in particular, S has noetherian normalization. If S is either normal or G! S is embeddable, then there
is an isomorphism of groups

expWV.Lie.G//!G;

where we endow the left-hand side with the group structure coming from the Baker–Campbell–Hausdorff
formula. In particular, when G! S is commutative it is a vector group, and so is locally R-unipotent.
The statement involving the exponential map is established in [44, Section 1.3; 33, XV.3]. That G! S is
affine follows from the normal case and Chevalley’s theorem [37, Theorem 8.1].

Example 5.23 Let G! S be an affine and geometrically unipotent group.

(1) If S D Spec A, where A is a Prüfer domain, then G! S is R-unipotent.

(2) If S is equicharacteristic p > 0 and G! S is a finite locally free commutative group scheme with
dual of height 1, then G! S is locally R-unipotent.

For (1), by Lemma 4.5 every vector bundle on BG admits the structure of a complete S-graded flag.
In combination with Corollary 3.4, this implies that G is R-unipotent. For (2), the exact sequence of
[4, Proposition 1.1] implies there is an affine morphism BG!BV.!/ for some vector group V.!/!S .
Since V.!/! S is locally R-unipotent (Example 5.16), (2) follows.

6 Applications
6.1 Unipotent gerbes and the resolution property

Theorem 5.5 immediately yields a proof of Theorem A.

Proof of Theorem A A Ga-gerbe is locally R-unipotent (Example 5.12). It follows from Theorem 5.5
that G has the resolution property.

Remark 6.1 Assume that X lives over a scheme S and G ! S is locally R-unipotent: for example,
GDGn

a, GDUn;S , or S is the spectrum of a field and G �Un;S (see Example 5.12). Then the argument
above for Theorem A also holds for G-gerbes G !X .

We next obtain the following corollary of Theorem 5.5, which is key for our proof of Theorem B:

Corollary 6.2 Let S be a quasicompact algebraic stack with affine diagonal over Fp . Let � WG ! S be a
gerbe that is relatively Deligne–Mumford , separated and with p-power order inertia.

(1) If S has the resolution property, then G has the resolution property.

(2) If S has the Flag-resolution property, then � is R-unipotent.
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Proof Since � is relatively Deligne–Mumford and separated, there is a smooth covering S 0! S such
that G �S S 0 ' BG0, where G0! S 0 is finite étale. The p-power order inertia assumption on � implies
that G0! S 0 has degree pd for some d � 0. Example 5.17 shows that G0! S 0 is locally R-unipotent.
Now apply Theorem 5.5.

6.2 Deligne–Mumford gerbes

Let X be an algebraic stack. Then there is an injective group homomorphism

Br.X /! Br0.X /D H2.X;Gm/tors

from the geometric Brauer group of X to the cohomological Brauer group of X . However, it is still not
known when the map is surjective (see, for instance, [28] for an introduction to this problem).

We are now in a position to prove one of our key results:

Theorem 6.3 Let S be a connected quasicompact algebraic stack with affine diagonal and the resolution
property over a field k. Let � WG ! S be a gerbe that is relatively Deligne–Mumford and separated. If
Br.T /D Br0.T / for all finite étale morphisms T ! S (e.g., if S is a quasicompact scheme that admits
an ample line bundle), then G has the resolution property.

Proof The gerbe G ! S is locally banded by a finite constant group scheme GS . It follows that the
sheaf of isomorphisms (in the category of Bands over S )

I D Isom.Band.G /;GS /

is a torsor under the outer automorphism group Out.GS /!S . This map is finite étale, so we may replace
S with I as the resolution property descends under such maps [17, Proposition 5.3(vii)]. Hence we can
assume that G ! S is banded by GS , which is constant. Now there is a factorization

Z ! G ! S;

where Z ! S is a gerbe banded by the center of GS , which is a finite abelian constant group scheme
and Z ! G is finite étale and surjective. Indeed, define Z to be the stack of banded equivalences

Z D HOMid.BGS ;G /! S:

By [15, IV.2.3.2(iii)], Z is banded by Z.GS / D Z.G/S and the natural evaluation map evWZ ! G

induces a map on bands equal to the inclusion Z.G/S �GS . Again, by [17, Proposition 5.3(vii)], we may
now replace G by Z . Thus G is banded by the constant group scheme associated to the finite abelian group

Z=pn1

1
Z� � � � �Z=pnl

l
Z;

where the pi are primes. Hence G ŠR1�S � � ��S Rl , where Ri is a Z=pni

i Z-gerbe for all i . For each pi

that is prime to the characteristic of k, consider the finite and separable field extension k � k 0 obtained by
adding in all the p

ni

i -th roots of unity. As before, it suffices to prove the result after base changing to k 0.
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In particular, for those pi we now have Z=pni

i ZŠ �
p

ni
i

. Since Br.S/D Br0.S/, the resulting Ri have
the resolution property. For the remaining pi that are the characteristic of k, these Ri have the resolution
property by Corollary 6.2. An easy calculation now shows that G has the resolution property.

6.3 Deligne–Mumford stacks in positive characteristic

Proof of Theorem B We may assume that X is connected. By [32, Proposition 2.1], the morphism
X !X can be rigidified. Hence it factors into a gerbe morphism and a coarse moduli space morphism:

X !X rig
!X:

Here X rig has generically trivial stabilizers. Therefore X rig is a global quotient [12, Theorem 2.18]. By
[24, Theorem 2.1] (see also [11, Corollary 4.5]), there is a finite flat cover Z!X rig, where Z is a quasipro-
jective scheme. Base changing along this cover, we may replace X rig by Z [17, Proposition 5.3(vii)].
Then X !X is a separated Deligne–Mumford gerbe, where X is a quasiprojective scheme over Spec k.
The result now follows from Theorem 6.3 and Gabber’s theorem [22].

7 Faithful moduli spaces

If V is a nonzero representation of the unipotent group Un;k over a field k, then the set of fixed points
V Un;k is nonzero [9, XVII, Proposition 3.2]. If X is a quasiaffine scheme and F is a nonzero quasicoherent
sheaf on X , then �.X;F / is nonzero. The following result shows that this property generalizes to any
locally R-unipotent morphism:

Proposition 7.1 Let f WX ! S be a locally R-unipotent morphism of algebraic stacks. If F is quasico-
herent on X and f�F D 0, then F D 0.

Proof By flat base change we may assume that f is R-unipotent and S is affine. Let N be a quasicoherent
OS -module; then HomOX

.f �N;F /DHomOS
.N; f�F /D 0. It follows that if V belongs to Flagf , then

HomOX
.V;F / D 0. As f is R-unipotent, it has the Flagf -resolution property (Theorem 5.4). Hence

F D 0.

The following definition is due to Alper (personal communication, 2017).

Definition 7.2 Let f WX ! S be a quasicompact and quasiseparated morphism of algebraic stacks. We
say that f is a faithful moduli space if

(1) the natural map OS ! f�OX is an isomorphism (i.e., f is Stein), and

(2) if F 2QCoh.X / and f�F D 0, then F D 0 (i.e., f� is zero-reflecting).

Remark 7.3 Faithful moduli spaces are compatible with quasiaffine flat base change. Indeed, if pWS 0!S

is flat and quasiaffine and f 0WX 0 DX �S S 0! S 0 is the induced morphism, then flat base change says
that (1) is preserved. Let p0WX 0 ! X be the induced morphism; then p� and p0� are zero-reflecting
on quasicoherent sheaves because they are quasiaffine. Hence p�f

0
� ' f�p

0
� is zero-reflecting on
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quasicoherent sheaves, and so f 0� is zero-reflecting on quasicoherent sheaves, which proves (2). In
particular, if f WX ! S is a faithful moduli space and S has quasiaffine diagonal, then f remains a
faithful moduli space after arbitrary flat base change on S .

Example 7.4 A Stein and locally R-unipotent morphism is a faithful moduli space (Proposition 7.1).
Also if S is a normal scheme, then any open immersion U � S with complement of codimension � 2 is
Stein and R-unipotent. In particular, there is not necessarily an induced bijection on closed points, so
some may find the term “moduli space” misleading.

Remark 7.5 A faithful moduli space f need not imply that the functor f� is faithful. Indeed, f� being
faithful forces f to be quasiaffine (because the structure sheaf would be f -generating). Moreover, f
being Stein implies that the quasiaffine morphism f is an open immersion. Thus the second example in
Example 7.4 is essentially the only example of a faithful moduli space for which f� is faithful.

Remark 7.6 The converse to Proposition 7.1 does not hold: if X denotes affine n-space with a doubled
origin and f WX!An is the natural map, f is a faithful moduli space but is not locally R-unipotent unless
nD 1 (see Example 5.18). Indeed, it cannot be locally R-unipotent when n� 2, because Theorem 5.5
would imply that X has affine diagonal. On the other hand, f is Stein. To see that f� is zero-reflecting,
use Lemma 7.7.

Lemma 7.7 Let f WX ! Y be a morphism of algebraic stacks that is representable and quasifinite. Then
f�WQCoh.X /!QCoh.Y / is zero-reflecting.

Proof By passing to a smooth cover of Y , we may assume that Y is an affine scheme and X is an
algebraic space. Let F be a quasicoherent OX -module with f�F D 0; then the same is true for any of its
finite-type subsheaves, so we may assume F is also of finite-type. If F ¤ 0, then we may replace X with
V .AnnOX

.F // and then Y with V .ker.OY ! f�OX //. Then AnnOX
.F /D 0 and f has schematically

dense image. Since f is quasifinite, there is a nonempty open subset V � Y such that f �1.V /! V is
finite. Then F jf �1.V / D 0 and so F D 0, which is a contradiction.

Example 7.8 Let k be a field. Let G be an algebraic group scheme over k. Then BG! Spec k is a
faithful moduli space if and only if G is unipotent. One implication follows from Example 7.4. For the
other, if V is a finite-dimensional representation of G over k, then V G ¤ 0. By induction, V is a trivially
graded flag on BG. Taking V to be a faithful representation of G, we see that G admits a faithful flag. In
particular, it is unipotent.

Example 7.9 Let Y
g
�!X

f
�! S be quasicompact and quasiseparated morphisms of algebraic stacks.

(1) If f and g are faithful moduli spaces, then f ıg is a faithful moduli space.

(2) If f� is zero-reflecting, then X ! SpecS .f�OX / is a faithful moduli space.

The following result is a version of Proposition 5.15 for faithful moduli spaces:

Proposition 7.10 Let f WX ! S be a faithful moduli space with affine stabilizers. Then the relative
geometric stabilizers of f are unipotent groups.
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Proof We may assume that S is an affine scheme; then X is quasicompact and quasiseparated. Let
NxWSpec k ! X be a geometric point of X , where k is an algebraically closed field. Let G D Aut. Nx/,
which is a group scheme of finite type over Spec k. There is an induced quasiaffine morphism BG!X

[36, Theorem B.2] and so BG! Spec k is a faithful moduli space (Example 7.9(2)). By Example 7.8,
the result follows.

The following lemma turns out to be very useful:

Lemma 7.11 Let f WX ! S be a quasicompact , quasiseparated and Stein morphism of algebraic stacks.
If I � OX is a quasicoherent sheaf of ideals , then V .I/� f �1.V .f�I//.

Proof Indeed, the quasicoherent sheaf defining the closed substack f �1.V .f�I//�X is the image of
f �f�I ! OX , which factors through I .

Proposition 7.12 Let f WX ! S be a faithful moduli space with affine stabilizers. If S is reduced and
quasiseparated with affine stabilizers , then there is a nonempty open U � S with f �1.U /! U a locally
R-unipotent gerbe.

Proof We may assume that S is quasicompact; then [19, Proposition 2.6(i)] implies that there is a
nonempty open quasicompact U � S with affine diagonal. Let Spec A! U be a smooth cover; then the
composition Spec A! U ! S is quasiaffine and smooth. It follows from Remark 7.3 that we may now
assume that S D Spec A, where A is reduced.

Now there is a nonempty open immersion G �Xred such that G is a gerbe with the resolution property
with affine coarse space gWG ! T (combine [43, Tags 06RC and 06NH] with [19, Proposition 2.6(i)]).
Let I � OX be a quasicoherent ideal sheaf defining the reduced closed complement Z of G � X . If
Z ¤¿, then �.X;OX /! �.Z;OZ / is nonzero because it is a ring homomorphism and �.Z;OZ /¤ 0.
In particular, �.X; I/ ¨ A. Since I ¤ 0, it follows that we may choose a 2 �.X; I/ n f0g that is not
a unit. Since A is reduced, a is not nilpotent and so Spec Aa ¤ ¿. But Lemma 7.11 implies that
Z\f �1.Spec Aa/D¿, and so we may replace A by Aa and assume that ZD¿. Hence G DXred �X

is a surjective closed immersion with defining ideal J . By Lemma 7.11 again, we may further shrink
S so that J D 0 and G D X is a gerbe. But the composition OS ! t�OT ! f�OX is an isomorphism,
as is OT ! g�OX ; hence, T ' S and X ! S is of finite presentation. By standard limit methods and
Theorem 5.4, we may replace S by the spectrum of the localization at a minimal prime of A, which is a
field [43, Tag 00EU]. By Example 7.8 and Remark 5.14 the result follows.

Corollary 7.13 Let k be a field. Let X ! Spec k be a faithful moduli space. Then X ! Spec k is an
R-unipotent gerbe. In particular , if X is an algebraic space , then X ! Spec k is an isomorphism.

We conclude with the proof of our characterization of proper and representable geometrically R-
unipotent morphisms:

Proof of Proposition 5.20 We may assume that S is affine. By Zariski’s main theorem, it suffices to
prove that f is quasifinite. Hence we may further reduce to the situation where S is the spectrum of an
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algebraically closed field k and f is R-unipotent. Let X ! S 0! S be the Stein factorization of f . Then
S 0! S is finite and the morphism X ! S 0 is again R-unipotent, and so we may further reduce to the
situation where X is geometrically connected and f is Stein. It follows from Example 7.4 that X!Spec k

is a faithful moduli space. By Corollary 7.13, X ! Spec k is an isomorphism, which gives the claim.
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