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Milnor’s invariants for knots and links in closed orientable 3-manifolds

RYAN STEES

In his 1957 paper, John Milnor introduced a collection of invariants for links in S* detecting higher-order
linking phenomena by studying lower central quotients of link groups and comparing them to those of the
unlink. These invariants, now known as Milnor’s ji-invariants, were later shown to be topological link
concordance invariants and have since inspired decades of consequential research. Milnor’s invariants
have many interpretations, and there have been numerous attempts to extend them to other settings. In this
paper, we extend Milnor’s invariants to topological concordance invariants of knots and links in general
closed orientable 3-manifolds. These invariants unify and generalize all previous versions of Milnor’s
invariants in dimension 3, including Milnor’s original invariants for links in S>.
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1 Introduction

In his 1954 PhD thesis and subsequent paper, John Milnor [1957] introduced a collection of integer-valued
invariants for links in S, now known as Milnor’s Ji-invariants, which inductively compare lower central
quotients of link groups to those of the unlink. The simplest fz-invariants are the classical linking numbers
first defined by CF Gauss [1877], and the higher invariants are higher-order linking numbers. Much is
known about Milnor’s jt-invariants; in particular, Casson [1975] used work of Stallings [1965] to show
that Milnor’s invariants are topological link concordance invariants. Milnor’s invariants are ubiquitous,
having interpretations in terms of Massey products [Turaev 1976; Porter 1980], homotopy-theoretic data
[Orr 1989], surface systems in S 3 [Cochran 1990], the Kontsevich integral [Habegger and Masbaum
2000] and twisted Whitney towers in the 4-ball [Conant et al. 2014]. We summarize the characterizing
property of these pi-invariants in the following theorem.
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984 Ryan Stees

Milnor’s theorem [1957] Let L C S3 be an m-component link, and let U be the m-component unlink,
with link groups w and F, respectively. Suppose the n-th lower central quotients of w and F are isomorphic.
Then the following three statements are equivalent:

(1) The p-invariants of L of length n agree with those of U (that is, they vanish).

(2) The (n+1)-st lower central quotients of w and F are isomorphic.

(3) The p-invariants of L of length n 4 1 are well-defined.

There have been numerous attempts to extend Milnor’s pi-invariants to other settings; see [Miller 1995;

Heck 2011; Kuzbary 2024; Cha and Orr 2024]. This paper extends Milnor’s invariants to concordance

invariants of knots and links in any closed orientable 3-manifold. Our work unifies and generalizes all

previous extensions of Milnor’s invariants in dimension 3.

1.1 New contributions

To any link L in a closed orientable 3-manifold M, we associate a tower of spaces { X, (L)},>1, well-
defined up to homotopy equivalence, which come equipped with canonical homotopy classes of maps
tn(L): M — X,(L). We have the following diagram:

Ln+y lt L) 1 (L)

c = Xup1(L) —— Xu(L) > X1(L)

We will show that a concordance between two links L, L’ C M induces homotopy equivalences
Xn(L") => X,,(L) for all n and that the maps t,(L") : M — X,(L’) and 1,(L) : M — X, (L) correspond
via these homotopy equivalences.

To define invariants, we will fix a link L C M and compare other links to L inductively. Given
some link L' C M, and assuming we have homotopy equivalences Xy (L') =X (L) for all k <n,
we obstruct the existence of a homotopy equivalence X4 (L") =5 X n+1(L) by comparing the maps
(L) : M — X,(L') and 1,(L) : M — X,(L) via the homotopy equivalence X,(L") —> X,(L).
Through this inductive comparison, we extract a sequence of topological concordance invariants /i,
which we call the lower central homotopy invariants of L' relative to L. These invariants are homotopy
classes of maps in [M, X, (L)]o/Aut(zr/ Ty, d), where Aut(sr/ Ty, 9) is a group acting on [M, X, (L)]o
we discuss in Section 4.1.

An approach pioneered by K Orr [1989] inspired our approach to defining the lower central homotopy
invariants; we define them in a similar manner to invariants of P Heck [Heck 2011]. We paraphrase the
main results involving these invariants:

e Invariance: Theorem A, stated in Section 3.1 and proved in Section 5.1, asserts that the 4, are
topological concordance invariants.

Geometry & Topology, Volume 30 (2026)
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» Characterization: Theorem B, stated in Section 3.2 and proved in Section 6.2, states that the /,,
characterize n-cobordism, a geometric relationship between links. Roughly speaking, L’ and L” are
n-cobordant if they cobound a surface in M x [0, 1] which looks like a concordance to the n-th lower
central quotients. Theorem B states that /1, (L") = h, (L") if and only if L’ is n-cobordant to L”.

e Realization: Theorem C, stated in Section 3.3 and proved in Section 6.3, gives exact conditions
under which a homotopy class in [M, X}, (L)]o is realized as the invariant of some link L" C M.

The invariants /i, also determine two additional new invariants we will discuss and explore:

e The invariants 6,, which we call the lower central homology invariants, are homology classes in
H;(X,(L))/Aut(sr/ Ty, d). They are images of the fundamental class [M | under the maps the /i,
induce on homology.

e The invariants ji,, which we refer to as Milnor invariants, are a further reduction of the 4,. Like
Milnor’s p-invariants, they determine the lower central quotients of link groups one step at a time.

The invariants 6, and [, are useful in the greatly extended setting of Z[G]-homology concordance
for suitable groups G, where we allow the links we compare to live in different 3-manifolds. A Z[G]-
homology concordance between L C M and L’ C M’ is a concordance in a Z[G]-homology cobordism
between M and M’. We now summarize the main results involving these reductions of /1,:

e Invariance: Theorem A’, stated in Section 3.5 and proved in Section 5.2, asserts that the 6, and i,
are topological homology concordance invariants.

e Characterization: Theorem D, stated in Section 3.6 and proved in Section 7.1, states that the &,
characterize algebraic information we call an n-basing. Roughly speaking, an n-basing for L’ relative
to L is an isomorphism on n-th lower central quotients of link groups which preserves the peripheral
structures of meridians and longitudes. We state a concise version of Theorem D below for the sake
of direct comparison with Milnor’s theorem. See Section 3.6 for the definition of the 1, and the
full statement of Theorem D.

e Lifting property: Corollary D,, stated and proved in Section 3.6, asserts that when comparing links in
the same 3-manifold the invariant i, vanishes if and only if the lower central homotopy invariant /1,
lifts to a realizable homotopy class in [M, X, 41(L)]o-

* Realization: Theorem E, stated in Section 3.7 and proved in Section 7.2, gives exact conditions
under which a homology class 68 € H3 (X, (L)) is realized as the integral homology concordance
invariant # = 6, (L’) of some link L’ in some 3-manifold M.

Theorem D Fix an m-component link L C M. Let L’ C M be another m-component link, and let = and
7’ be the link groups of L and L', respectively. Suppose L’ admits an n-basing relative to L, i.e., suppose
the n-th r1 (M )-lower central quotients of w and 7’ are admissibly isomorphic. Then the following three
statements are equivalent:

(1) We have fin (L) = [in(L).
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986 Ryan Stees

(2) The link L' admits an (n+1)-basing relative to L, that is, the (n+1)-st w1 (M )-lower central
quotients of w and n’ are admissibly isomorphic.

(3) The invariant 1,41 (L") is well-defined.

We emphasize a few features of the invariants /4, and their reductions 6, and [1,, which relate them to
previous extensions of Milnor’s jt-invariants:

e The vanishing of the invariants /,,, taken in appropriate contexts, implies the vanishing of all previous
versions of Milnor’s invariants in dimension 3, including Milnor’s original pt-invariants.

e For links in S3 and every n > 2, the invariant ji, relative to the unlink is equivalent to Milnor’s
(total) -invariant of length n 4 1.

o For links in S and for n > 2, the invariants /, relative to the unlink are equivalent to invariants of
Orr [1989].

e The invariants /1, are defined for knots and can be nontrivial for knots in 3-manifolds M # S?3; see
[Miller 1995; Heck 2011; Kuzbary 2024].

e For empty links, the invariants 8, and i, are precisely the Cha—Orr invariants [2024] of homology
cobordism of 3-manifolds, “Milnor invariants of 3-manifolds”. Cha and Orr show that these invariants
exhibit highly nontrivial behavior.

Notation Throughout this paper, L C M, L' ¢ M’ and L” C M" will denote m-component links in
the closed orientable 3-manifolds M, M’ and M". All links are assumed to be oriented and ordered.
We will usually assume the 3-manifolds are oriented, so that meridians of links and fundamental classes
of the 3-manifolds are well-defined. The 3-manifolds M, M’ and M" will be equipped with surjective
homomorphisms ¢, ¢’ and ¢” from their respective fundamental groups onto a fixed group G. Often, we
willhave M = M' = M", G = n;(M) and ¢ = ¢’ = ¢” = idy, (ar), and we will indicate when this
is not the case. We will denote the regular neighborhood of a submanifold X in a manifold ¥ by v.X
and the exterior of X in Y by Ex. The link group of L C M, the fundamental group 71 (Ey), will be
denoted by . We will let I' < 7 be the normal subgroup I' = ker(w —> w1 (M) — G). We will use
analogous notation for the links L’ and L”.

2 Preliminaries
2.1 Concordance in 3-manifolds

A non-simply-connected 3-manifold M allows for embedding phenomena which cannot occur in S3.
In such 3-manifolds, we do not have an analogue of the unknot or unlink in the sense that there is no
natural choice of knot or link to which all others can be reasonably compared. For instance, knots which
are concordant must be freely homotopic; in other words, concordant knots represent the same element
of [S!, M]. A free homotopy between concordant knots is given by the composition of the concordance
with projection to M : SUx[0.1] > M x[0.1] i
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To develop concordance invariants, we will fix some link L C M and compare other links relative to L.
The fixed link L will play the role of the unlink.

The nontriviality of 1 (M) also implies that knots K C M may not all have preferred longitudes. A
longitude for a knot K is a section of the sphere bundle of K, that is, a parallel of K in dv K. We also refer
to the homology class of such a curve as a longitude. Removing a regular neighborhood of a concordance
between two knots K, K’ C M yields a cobordism rel boundary between knot exteriors Eg and Eg-
which identifies dvK and dvK’ and induces a correspondence between the meridians and longitudes of K
and K’. If K is nullhomologous in M, then one can pick a preferred longitude by taking the pushoff of K
which is nullhomologous in the exterior Eg. A concordance induces a correspondence between preferred
longitudes if they exist; however, in the absence of preferred longitudes, there is a priori some ambiguity
in how dvK’ and dvK are to be identified when attempting to obstruct the existence of a concordance
between K’ and K. In other words, the absence of a preferred longitude prevents a canonical identification
of JvK with S! x S1. For knots representing torsion classes in H; (M), a rational-valued linking number
remedies this problem (see [Friedl et al. 2019] or [Raoux 2020]), but it is not clear what to do in the case
where K] € Hy(M) has infinite order. The techniques of Section 3 resolve the aforementioned issue. To
define the lower central homotopy invariants, we fix an identification of longitudes and then understand
how to account for the dependence on this chosen identification.

In the last few decades, there has been renewed interest in extending the study of concordance to
general 3-manifolds [Miller 1995; Schneiderman 2003; Heck 2011; Davis et al. 2018; Kuzbary 2024],
as well as to generalized versions of concordance. These include homology concordance [Goldsmith
1978; Levine 2016; Zhou 2021; Hom et al. 2022] and almost-concordance [Celoria 2018; Yildiz 2018;
Friedl et al. 2019; Nagel et al. 2019], concordance up to local knotting. Relatively little is known in these
settings. For instance, the following conjecture of Celoria and Friedl-Nagel-Orson—Powell remains open
in many cases:

Almost-concordance conjecture [Celoria 2018; Friedl et al. 2019] Every free homotopy class x €
[S', M] in a closed orientable 3-manifold M # S3 which does not admit a dual 2-sphere contains
infinitely many concordance classes of knots modulo local knotting.

M Powell has suggested that the work in this paper could be useful for attacking many of the remaining
cases; indeed, in [Stees 2025] we consider the Almost-concordance conjecture in a large class of open
cases; namely, we consider nontrivial x € [S!, M| in aspherical M.

2.2 Lower central series
Recall that the (classical) lower central series of a group 7 is the series of normal subgroups
o Aapp Qg d--- Dy dmy =

where 7, = [, 7], the commutator subgroup of r, and 41 = [7r, 77,] in general. We call the quotients
7 /7y the lower central quotients of 7.
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We recall a fundamental result of Stallings and Dwyer concerning lower central quotients and group
homology, which will play an important role in proving some of the main results of this work. For an
abbreviated proof, see [Cha and Orr 2024].

Stallings—Dwyer theorem [Stallings 1965; Dwyer 1975] Suppose [ : A — B is a group homomorphism
inducing an isomorphism H;(A) =5 H{(B). For any positive integer n, f induces an isomorphism
fniA/Ay = B/ By, if and only if f induces a surjection Hy(A) — H,(B)/K;(B) for all j <n, where
K;(B) = ker (Hy(B) — H»(B/Bj))).

Now fix a group G, and suppose a group 7 admits a surjective homomorphism ¢ : w — G. We
consider a finer lower central series, the G-lower central series, defined as

oAl A Q- 1 AT D,

where I' = ker¢. This lower central series was also used in work of Heck [2011]. We recover the
classical lower central series when G = {1}. The quotients 7/ I';, are the G-lower central quotients of .
The G-lower central quotients of the link group 7 of a link L C M, for suitable groups G, will play
a central role in our study of concordance. Most often, we will take G = 71 (M) and ¢ the surjective
homomorphism = — 71 (M) induced by the inclusion j : E; < M.

2.3 Homology properties of concordance

Cappell and Shaneson [1974] observed that a concordance exterior is a Z[m{ (M )]-homology cobordism
rel boundary. In particular, if L and L’ are concordant, we have an isomorphism

H(Ep; Zlny (M) => Hy(Ep; Z[m (M),

along with an identification of dE7, and dE preserving meridians, orientations and orderings of compo-
nents. We will call such an identification admissible.

Apart from the case of knots in S3, the Z[r; (M )]-homology of E; , along with boundary data, can
provide nontrivial information about the concordance class of L. (On the other hand, Eg is an integral
homology S! for any knot K C S3, where the meridian and longitude of K represent 1 and 0, respectively,
in H;(S') = Z.) Using the Stallings—Dwyer theorem, we see that the 7r; (M )-lower central quotients of
link groups are concordance invariants.

Corollary 2.1 A concordance C between L and L’ induces isomorphisms over 71 (M) on 71 (M )-lower
central quotients '/ T'}, =5 7/ T, for all n.

Proof Let E L’ E c and E L denote the 71 (M )-covers of Ey/, Ec, and Ef, respectively. Consider the
inclusion-induced isomorphisms

H(EL: ZIm (M) => Hi(Ec: Zlm (M) <= Hy(Er; Zlm (M),
which yield isomorphisms

Hy(Ep:7) => Hy(Ec;Z) < Hy(E[; 7).

Geometry & Topology, Volume 30 (2026)
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Let 7€ = 71(E¢) and T'C = ker(7€ — 71 (M %[0, 1])). Then E/, Ec and E, have fundamental
groups IV, T'C and T, respectively. By the Stallings—Dwyer theorem, we have isomorphisms on lower
rey Fnc Er / Ty, for all n. The result then follows from the five lemma. O

~

central quotients I’/ T';, —

Corollary 2.1 motivates the definitions of the lower central homotopy invariants /,, given in Section 3.1.
The &, will obstruct the existence of certain isomorphisms between 71 (M )-lower central quotients of
link groups. As in Milnor’s original work, they will compare the 71 (M )-lower central quotients of link
groups to those of a fixed link L C M.

3 Main results

In this section, we present our extension of Milnor’s invariants to links in closed orientable 3-manifolds.
For the duration of Sections 3.1-3.3, all links will live in a fixed 3-manifold M, and for a link group = we
will take I' = ker(;t — 71 (M)), so that the groups 7/ [, are the 71 (M )-lower central quotients of .
We will indicate when these assumptions change.

3.1 Lower central homotopy invariants

Recall from Section 1.1 that we will associate to a link L C M a tower of spaces {X,(L)},>1, well-
defined up to homotopy equivalence, with canonical homotopy classes of maps ¢,(L) : M — X, (L) as

Ln+y ll (L) (L)

c—— Xpt1 (L) —— Xu(L) > X1(L)

in the diagram

To define the concordance invariants /1, we fix a link L C M and compare other links to L. For another
link " C M, we inductively define homotopy classes of maps, depending on L’, from M into the tower
{Xn(L)}. The n-th invariant 4, of L’ relative to L is a homotopy class of maps 4, (L', ¢) € [M, X;,(L)]o
into the n-th level of this tower. If L’ is concordant to L, we can define such a homotopy class for every 7.
Consider the diagram
Ep ™ K(n/Tp. 1)
Dn (L) = j£
M
where j : E; < M is the inclusion and p, is induced by the canonical projection 7 —» 7/ ['y.
Define X, (L) to be the standard homotopy pushout of %, (L), that is, the based space
K@/ Ty, DU(EL x[0, 1) UM
Yoty = KO/ Tw DU L x[0.1)* UM
Pn(x) ~ (x,0), j(x) ~ (x, 1)

where (Ep, x [0, 1])* is the reduced cylinder on Ey. The standard homotopy pushout square equips

the space X, (L) with a canonical based homotopy class of maps ¢, (L) € [M, X, (L)]o represented by
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the inclusion M < X} (L). This inclusion is a canonical extension of Ey — M i’ where M, pfz is the
reduced mapping cylinder of p,. We may interpret the homotopy pushout X}, (L) as:

* The space M P); Ug; M. In particular, X, (L) is obtained from M by attaching cells of dimensions 2
and higher.

e The space M pﬁ Uyg, vL obtained by gluing vL to the reduced mapping cylinder M, p); .

The canonical projections pp, , : 7w/ I'yy = v/ I'y for m > n induce morphisms of diagrams %,,(L) —

Dn(L) over 1 (M), which induce based maps ¥y, (L) : X (L) — X (L). We will often suppress nota-
tion and write ¥, ,. Via these maps ¥, ,, the collection of spaces {X, (L)} forms a tower over 1 (M ):

LH+V l‘ @) 1 (L)

i Xnt1 (L) o Xu(L) > > X1(L)
n+2.n+1 Yn.n—1

For a list of well-definedness, naturality and compatibility properties the X, (L), t,(L) and ¥, , satisfy,
see the Appendix.

Now fix a link L C M. The lower central homotopy invariants relative to L will be maps /,(L’, ¢) €
[M, X, (L)]o. The following notion of n-basing gives a method of producing a homotopy class of maps
depending on some other link L’ C M into the n-th level X, (L) of the tower { X}, (L)} corresponding to
the fixed link L.

Definition 3.1 Fix an m-component link L C M, and let L’ C M be another m-component link. An
n-basing for L’ relative to L is an ordered pair (¢, ¢y) such that

(1) ¢y: HI(OEL) = H{(0E) is an admissible isomorphism, and

~

(2) ¢ : 7’/ T, = 7/ T is an isomorphism over 1 (M) such that ¢y is compatible with ¢, that is,
given any basing t’ for L', there exists a basing  for L such that the following diagram commutes:

ﬂ](aEL/U‘L'/) ¢i) w1 (0EL U 1)

LT

l |

7T, —= 5 7/T,

Condition (2) in the above definition is satisfied for any basing t’ if and only if it is satisfied for a single
basing 7’. Recall that an isomorphism H; (0E/) = H 1(0EL) is admissible if it preserves meridians,
orientations and orderings of components. We call a homeomorphism dE; — 0E} admissible if it
induces an admissible isomorphism. We often suppress notation and write ¢ instead of (¢, ¢5). We
discuss n-basings in further detail in Section 4. For now, we list some of their relevant properties:
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e If L' is concordant to L, an n-basing exists for every n; see Corollary 4.3.
¢ An n-basing induces a k-basing for all k < n.

» The existence of a 1-basing is equivalent to the statement that, when based appropriately, correspond-
ing components of L’ and L agree in 71 (M); see the discussion at the beginning of Section 2.1.

Our terminology is inspired by the case of links in S, where a choice of meridians for a link (a basing
of the link), modulo the n-th lower central subgroup of its link group, is equivalent to a choice of
isomorphism between the n-th lower central quotient of the link group and that of the unlink, assuming
such an isomorphism exists. In Section 8.1, we prove that for links in S3 the existence of an n-basing for
a link relative to the unlink is equivalent to the statement that Milnor’s pi-invariants of length n vanish.

An n-basing for a link L’ relative to L contains sufficient information to define the lower central
homotopy invariant /,. We postpone the proof of the following lemma until the end of this section.

Lemma 3.2 Ann-basing ¢ for L' relative to L determines a well-defined based homotopy class of maps
of pairs (Egs,0Ep) > (M pfq, 0E1), restricting to an admissible homeomorphism 0E =, 9E L., which
extends canonically to a based homotopy class of maps of pairs

huy(L',¢): (M,vL") — (Xn(L),vL),
which may be taken to map L' homeomorphically to L, all over m1(M).

Definition 3.3 Fix an m-component link L C M, and let L’ C M be another m-component link. Suppose
L’ admits an n-basing (¢, ¢y) relative to L. The n-th lower central homotopy invariant of the pair (L', ¢)
relative to L is the homotopy class 4, (L', ¢) € [M, X,(L)]o induced by the n-basing ¢; see Lemma 3.2.

With our notation, A,(L,id) = t,(L), where id = (id;/r,.1dq, (3£, ))- By Lemma 3.2, /1, (L', ¢)
is a well-defined homotopy class, but it may depend on the choice of n-basing ¢. This dependence is
measured by the group of self-n-basings of L, written Aut(;r/ I'y,, d), which consists of all n-basings of
L relative to itself. The group Aut(s/ I'y, d) is a subgroup of Aut(sr/ I'y) x Aut(H;(dE)) and acts on
the set [M, X, (L)]o by post-composition with homotopy self-equivalences of X, (L). See Section 4.1 for
more details. To remove the indeterminacy introduced by the choice of n-basing, we take the value of
hn(L', ¢) in the orbit space [M, X, (L)]o/Aut(r/ Ty, d).

Definition 3.4 Let L and L’ be as in the previous definition. The n-th lower central homotopy in-
variant of L’ relative to L is the image /,(L’) of the homotopy class i,(L’, ¢) in the orbit space

We call n the length of the invariant /1,,. For conciseness, we will often refer to 4, (L") as the n-th
h-invariant of L’. To compare the link L’ to the fixed link L, we compare /1,(L’, ¢) and h,(L’) to the
distinguished classes %, (L,1d) and /4, (L) associated to the fixed link L.

Definition 3.5 We say the n-th A-invariant for L’ relative to L vanishes if h, (L', ¢) = hy(L,id) in
[M, X,,(L)]o or hy (L") = hy(L) in [M, X,(L)]o/Aut(z/ Ty, d).
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Theorem A, which we prove in Section 5, asserts the concordance invariance of the lower central
homotopy invariants /,. Note that we may use /4, not only to compare other links L’ to the fixed link L,
but to compare links L’ and L” relative to the fixed link L.

Theorem A The lower central homotopy invariants hy are invariants of concordance. More precisely, fix
an m-component link L. C M . Suppose the m-component links L', L” C M are concordant. Then the

following statements hold for all n:

(1) There is a canonical n-basing (¢', ¢}) for L" relative to L’ induced by the concordance.

(2) An n-basing for L' relative to L exists if and only if an n-basing for L" relative to L exists, and
hn(L') is defined if and only if h, (L") is defined.

(3) If (¢, ¢y) is an n-basing for L’ relative to L, then hy(L',¢) = hy(L", ¢ o ¢’), where ¢’ is the
n-basing in (1).
(4) If hy,(L') and h, (L") are defined using any n-basings relative to L, then

hy(L") = hy (L") € [M, Xn(L)]o/Aut(sr/ Ty, 3).
In particular, if L' is concordant to the fixed link L, then hy (L) is defined and vanishes for all n.

By construction, if the invariant /,(L’, ¢) is defined, then ¥, x © h, (L', ¢) = hy (L', ¢x) for all
k < n, where ¢, is the k-basing induced by the n-basing ¢. Thus, the n-th lower central homotopy
invariant determines the k-th invariant for every k < n. We will eventually show in Corollary D; that the
invariants /1, are defined inductively for n > 2. If the n-th invariant vanishes, then the (n+1)-st invariant
is defined. In fact, we will characterize precisely when the (rn4-1)-st invariant is defined; see Section 3.6.

Proof of Lemma 3.2 Suppose L’ admits an n-basing (¢, ¢3) relative to L. Since ¢y is an admissible
isomorphism, it corresponds to a unique (up to isotopy) admissible homeomorphism /5 : 0E; — 0E}.
Choose any basing t’ for L’. Since ¢y is compatible with ¢, there exists a basing t for L such that /1
may be extended to a map dE;, U1’ — dE Ut where the following diagram commutes:

7 (3EL UT) ¢i> m(0EL UT)
RS

| |

/T, +} 7/ Ty

Postcomposing with the inclusion dE7 Ut < M , we now have the extension problem over 71 (M):

0E Ut/ > Mp); > By (M)
Er
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The space M pfz isa K(w/ Ty, 1) and ¢ is an isomorphism over 71 (M), so there is no obstruction to
extending to amap s : E, — M inducing ¢. The map £ is the desired map of pairs /1 : (Er/, 0EL/) —
(My ,0EL) over 1 (M).

We will next show that the homotopy class of this homotopy equivalence / given above depends only
on the n-basing (¢, ¢y). Suppose ' : (Er/,0E) — (M, ,dEL) is another map of pairs over 71 (M)
defined using the same n-basing. We first define the homotopy between 4 and 4’ on dE,. Since both
hy and h'|3g,, are homeomorphisms JE}/ =5 9E which induce ¢y, they are homotopic via some
homotopy Hjy. To show / and /2’ are homotopic, we solve the extension problem over 1 (M) below:

(hUh')UH)y

(Ep x{0, 1) U QEL x[0, 1)) ———=

EL’ X [O, 1]

MY By (M)

Suppose r(/) and T are the basings for L’ and L used to define the map /, as above, and t{ and 7 are
the basings used to define the map /4’. The basings 7y and 7; for L differ by a wedge of circles «, so that
aty = 71 rel endpoints. Similarly, 7 and ] differ by a wedge of circles o', so that o'z} ~ r]. We have
¢« (') ~ a by construction. Let ag = h(a’). In M , ap ~ a.

We extend our map to the trace of a homotopy H; C Ez- x [0, 1] between o'z and 7] over a homotopy
from hi(a' 7)) = oo to i’ (z]) = 71. Note that gt ~ atg = 7y rel endpoints. We now have a based map
(Ep x{0, 1)U QEL x[0,1])U Hy — M, . We extend to all of £y %[0, 1] as in the previous extension
problem. There is no obstruction to extending since M p); isa K(mw/ Ty, 1) and & and /' both induce the iso-
morphism ¢, which is a homomorphism over 71 (M). Thus, 4 and /' are based homotopic as maps of pairs.

To conclude the proof, we show /1 extends over 771 (M) to a canonical homotopy class of maps of pairs
h:(M,vL ) — (Xn(L),vL). We show that 4 and &’ above both extend canonically and the canonical
extensions are homotopic. The homotopy seen above between /2 and /4’ is a homotopy of pairs sending
dEr, x[0, 1] — 0Ey. We may view this as a homotopy of maps from the sphere bundle of L’ C M’ to the
sphere bundle of L C M. There is a canonical extension of this homotopy to a homotopy of disk bundles
vL’ x[0, 1] — vL given by coning on the fibers of the sphere bundles. Since X, (L) = My Usg, vL and
M = Ep/Uyg,, vL', we may extend the homotopy £y x [0, 1]— M constructed above to a homotopy
M x[0, 1]— X, (L). This yields a canonical homotopy class of maps of pairs 4 : (M, vL")— (X, (L), vL),
which is still a map over 71 (M) because the 2-cells we have attached are glued along elements in '’
and I'. Just as & may be taken to restrict to a homeomorphism of sphere bundles /iy : 0E/ =5 9EL,
h may be taken to restrict to a homeomorphism of disk bundles 4, : vL’ =L sending L' to L. O

3.2 n-cobordism of links

The lower central homotopy invariants provide obstructions to the existence of surfaces which successively
approximate a concordance between links in M x [0, 1]. We call such surfaces n-cobordisms. Orr [1989]
introduced and studied such surfaces for links in S3.
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Definition 3.6 Two m-component links L, L’ C M are n-cobordant if there exists a properly embedded
orientable m-component surface ¥ = | |; ¥; C M x [0, 1] such that for each i:

(1) ;N (M x{0}) = L; and =; N (M x {1}) = L],

(2) For any basing of X; determined by a basing of L;, the images of 7{(L;) and 7{(X%;) in 7 (Ey)
agree modulo the n'" 771 (M )-lower central subgroup, that is,

im(nl(L,-) N e Fnz) = im(m(Z;) — nr > nz/I’nE),

where 7% = 7;(Eyx) and T'Z = ker(nz —> nl(M)), and where the inclusions ¥; — E'y, and
L; — E are induced by a trivialization of vX.

In other words, an n-cobordism is a surface that looks like a concordance to the n-th w1 (M )-lower
central quotients. A concordance is an n-cobordism for all #». Condition (2) implies that for all i the
images of the longitudes of L; and L, when based appropriately, agree in nZ/ Fnzz they cobound a copy
of ¥; on dvX and are therefore homologous in Es. Since the images of 1 (L;) and 771 (3;) in 7%/ T'F
agree, and because the image of 7 (L;) is cyclic and therefore abelian, the longitudes agree in 7>/ I‘nz.
We prove the following property of n-cobordism in Section 6:

Proposition 3.7 An n-cobordism between the links L and L' induces a canonical n-basing of L' relative

/
n+1

We will also prove the following theorem which states that the lower central homotopy invariants are

to L and a canonical isomorphism nr’/ T’ = 7/ Tpyr.

complete invariants of n-cobordism. Note again that the invariants /4, can compare two links L" and L”
over the fixed link L. A comparison between the /-invariants of L’ and L” is still meaningful even if
they do not agree with the s-invariant of L. Heck [2011] proved a version of this theorem for knots in
prime 3-manifolds in the case where we compare some knot to the fixed knot.

Theorem B Fix an m-component link L C M. Let L', L” C M be m-component links, and suppose
there exist n-basings (¢’, ¢3) and (¢, ¢3) for L" and L”, respectively, relative to L. Then the following
statements are equivalent:

(1) We have hy, (L', ¢") = hy(L",¢").
(2) The links L' and L" are n-cobordant via an n-cobordism inducing the n-basing
(W, ¥a) = (¢)~ 09", (¢3) "' 0 3)
of L" relative to L'.
As a consequence, the following basing-independent statements are equivalent:
(1) We have hy (L") = hy(L").
(2") The links L’ and L" are n-cobordant.

In particular, h, (L', ¢") vanishes if and only if L' is n-cobordant to the fixed link L via a surface whose
exterior induces the isomorphisms ¢’ and ¢é, and hy, (L") vanishes if and only if L’ is n-cobordant to the
fixed link L.
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3.3 Realization of lower central homotopy invariants

Questions concerning the realizability of Milnor-type invariants date back to Milnor’s original work [1957].
Leveraging a realization theorem, Orr [1989] computed the number of linearly independent p-invariants
of length n for every n. Similar computations for knots and links in other 3-manifolds can provide answers
to open questions. Recall the Almost-concordance conjecture from Section 2.1. Celoria [2018] and Fried],
Nagel, Orson and Powell [Friedl et al. 2019] conjecture that, aside from certain exceptional cases, there
are infinitely many almost-concordance classes representing any free homotopy class in [S!, M, where
M is any closed orientable 3-manifold. Cappell and Shaneson [1974] first studied concordance up to
local knotting. More recently, Celoria coined the term almost-concordance to mean concordance up to
local knotting.

As the lower central homotopy invariants are almost-concordance invariants, proving either of the
following statements is sufficient for proving the Almost-concordance conjecture for some fixed M and
some fixed free homotopy class x € [S!, M]:

(1) For some knot K C M representing x and some n € N, the set of equivalence classes of elements in
[M, X,,(K)]o realized as nonvanishing invariants of knots in M is infinite.

(2) For some knot K C M representing x, there exists a family {K,},>1 of knots in M such that
hi(Ky) = hi(K) fori < n but h,(Ky) # h,(K).

The following theorem, which characterizes for a fixed L C M which classes in [M, X, (L)]o are
realized by links in M, can be leveraged to provide far more information about concordance classes of
knots in a fixed free homotopy class. We prove this realization theorem in Section 6.

Theorem C Fix an m-component link L C M, and let f € [M, X,(L)]o. Then there exists an m-
component link L' C M which admits an n-basing ¢ relative to L such that h,(L’,¢) = f if and only if
the following three conditions hold.

(1) The composition H3 (M) Lx, H3(X, (L)) A, H,(0E1), where A is the connecting homomorphism
in the Mayer—Vietoris sequence corresponding to the decomposition X, (L) = M p>; Usg, vL, sends
the fundamental class [M] to ) ;[T;], the sum of the fundamental classes of the tori in 0Ep = |; T;.

(2) On fundamental groups, we have fy = t;,(L)«.

(3) The image of the composition
H' (X (L)) ALy (X,(1)) 225 Hy (X,(L)) /im(K; 7/ Tn)
contains the image of Hy(mw/T',)/K;(n/I'y) for all j < n, where
K;j(r/ Ty) = ker(Ha(w/ Tn) — Hy(7/ T})),
and where all coefficients are in Z[r(M)].
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Condition (3) above may be viewed as a Poincaré duality property imposed on the class fi[M]. It holds
for all j < n if and only if it holds for j =n —1. We will see in the proof of Theorem C that condition (3)
follows from conditions (1) and (2) in the case where 7, (M) = 0 or, more generally, if the composition

Hy(Ep; Z[m (M)]) 25 Hy(M; Zy (M) 25 Hy (X, (L); Z[zy (M)
is zero; see Corollary 6.2.

3.4 G -lower central homotopy invariants

We may reduce the lower central homotopy invariants from Section 3.1 by changing from the group
1(M) to some quotient group G (which could be the trivial group). We will use the resulting G-lower
central homotopy invariants to study Z[G]-homology concordance in Sections 3.5-3.7. For this section,
we assume there is a fixed surjective homomorphism ¢ : 71 (M) — G onto some group G. For a link
L C M, we now denote the kernel of the composition 7 —> 71 (M) —> G by T, so that the groups 7/ ',
are now the G-lower central quotients of 7. The homological properties of concordance which hold
over 7r1 (M) also hold over G. A concordance exterior is a Z[G]-homology cobordism rel boundary and
induces isomorphisms over G on G-lower central quotients of link groups.

Just as in Section 3.1, we define a tower of spaces {X,IG (L)} with maps L,? (L)y: M — XnG (L). The
space X,9(L) is the homotopy pushout of a diagram %% (L) analogous to the diagram %, (L) from
Section 3.1 but with the group 7/ ', the n-th G-lower central quotient of 7. The map L,? (L) is still the
homotopy class M — X, nG (L) induced by the homotopy pushout diagram. We have the diagram over G

M
Lﬂy l (L) i)
Ln

o —— XG (L) o XC(L) > XO(L)
n+2.n+1 n+1.n

below:

G
n.n—1

Vi
We will often omit the group G from our notation when it is understood from context.

To define invariants in this setting, we fix a link L C M. For other links L' C M, we require a Z[G]-
homology version of an n-basing which we will call an n-basing over G relative to L. When G = w1 (M)
and ¢ = idy, (ar), an n-basing over G is just an n-basing in the sense of Section 3.1. We will often
refer to an n-basing over G simply as an n-basing. An analogue of Lemma 3.2, Proposition 4.2, implies
that an n-basing ¢ over G for L’ relative to L induces a well-defined based homotopy class of maps of
pairs (Er/,0Er)) —> (M pfz’ dEy), restricting to an admissible homeomorphism 0E/ =, 9E, which
extends canonically to a based homotopy class of maps of pairs h,? (L', ¢): (M,vL") — (X, nG (L),vL),
all over G. We define the G-lower central homotopy invariant to be this homotopy class h,? (L', ¢). This
invariant agrees with the lower central homotopy invariant /2,,(L’, ¢) when G = 71 (M) and ¢ = id, (ar).
Note that hg(L, idy/r,) = L,? (L). We may again remove the dependence on the n-basing by defining
h,? (L"), the image of h,?(L’, ¢) in the orbit space [M, XnG (L)]o/Aut(r/ 'y, d), where the group acting
is now the group of self-n-basings over G. Analogues of Theorems A and B hold for the invariants h,?.
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Any n-basing ¢ over 71 (M) induces an n-basing ¢ over G. Assuming an n-basing for L’ relative
to L exists, we may consider the relationship between /4, (L’, ¢) and hg(L’ ,¢%). The surjections of
1 (M )-lower central quotients onto G-lower central quotients yield morphisms of homotopy pushout
squares 9, (L) — Qb,(l; (L) inducing well-defined homotopy classes of maps ,onG Xn(L) = X, nG (L). Itis
straightforward to show that

pSG ohu(L',¢) = hS (L', ¢%) € [M, X, (L))o

3.5 Homology concordance invariants

We now consider the ideas from Sections 3.1 and 3.4 in the broader setting of Z[G]-homology concordance,
concordance in Z[G]-homology cobordisms, for suitable groups G. We introduce two Z[G]-homology
concordance invariants 6 and 1% determined by the G-lower central homotopy invariant 2¢ from
Section 3.4. As we will see in Theorem D, the invariants jz¢ inductively determine the G-lower central
quotients of link groups.

For the remainder of Section 3, we allow the links L, L’, and L” to live in different closed orientable
3-manifolds M, M’ and M". We assume there are fixed surjective homomorphisms ¢, ¢’ and ¢” from
the fundamental groups of these 3-manifolds onto a common group G (which could be the trivial group).
We consider these homomorphisms as fixed data accompanying the 3-manifolds and use them to define
Z|Gl-coefficient systems on the 3-manifolds. Denote the kernels of the surjective homomorphisms from
the link groups onto G by I', I'” and I'”, respectively.

Definition 3.8 A Z[G]-homology cobordism from (M, ¢) to (M, ¢’) is an orientable 4-manifold W
with boundary M LI M, along with a diagram

M’
~
I;I[/—>BG

1.7

such that the inclusions M < W and M’ <> W induce isomorphisms on Hy(—; Z[G)).

Definition 3.9 Two m-component links L C M and L’ C M’ are Z[G]-homology concordant if there
exists a proper, locally flat embedding

C:| | x> w

i=1

into some Z[G]-homology cobordism W between (M, ¢) and (M, ¢") which restricts on the ends to the
links L and L’.

Geometry & Topology, Volume 30 (2026)



998 Ryan Stees

Note that we return to the setting of Section 3.1 if we take M = M', W = M x[0,1], G = (M)
and ¢ = ¢’ =idy, (ar), as a concordance is a Z[mr (M )]-homology concordance. Taking G = {1} reduces
Definition 3.9 to the more familiar notion of integral homology concordance.

The fact that L and L’ live in different 3-manifolds does not prevent us from comparing the towers
{XnG (L")} and {XnG (L)}. Given an n-basing (¢, ¢y) over G for L’ relative to L, we may define the
homotopy class hnG (L', ¢); however, comparing the homotopy classes hg (L',¢)e[M' X nG (L)]o and
h,? (L,id) € [M, X, nG (L)]o is not straightforward. We would like to determine whether these two classes
extend over some Z[G]-homology cobordism between (M, ¢) and (M, ¢’). This may be difficult to
measure, so we instead ask if the images of the fundamental classes [M] and [M '] agree in H3(X.% (L)).
This is the case if the homotopy classes hf(L/ ,¢) and h,? (L,id) extend over some Z[G]-homology
cobordism. We are immediately led to a reduction of the lower central homotopy invariants, which we
call the lower central homology invariants GnG .

Definition 3.10 Fix an m-component link L C M, and let L’ C M’ be another m-component link.
Suppose L’ admits an n-basing (¢, ¢3) over G relative to L. Then the n-th G-lower central homology
invariant of the pair (L', ¢) relative to L is the homology class

09 (L', ¢) = hS (L', $)«[M'] € Hy(XC(L)).

We will often suppress the group G from our notation when it is understood from context. To be
concise, we will often refer to 6, as the n-th f-invariant. The n-th f-invariant is well-defined because
the homotopy class h,‘f (L', ¢) is well-defined. As with the i-invariant, the #-invariant may depend
on the choice of n-basing. We account for this by taking the image of 9”G (L', ¢) in the orbit space
H; (X, nG (L))/Aut(x/ Ty, 0), where Aut(rr/ 'y, 9) now denotes the group of self-n-basings of L over G.

Definition 3.11 Let L and L’ be as in the previous definition. The n-th G-lower central homology
invariant of the link L' relative to L is the image 69 (L') of the homology class 69 (L', ¢) in the orbit
space Hj (XnG (L))/Aut(z/ Ty, 0).

As before, we will say the §-invariant vanishes if 0% (L', ¢) = 09(L,id) € H3(XS (L)) or if
O,ZG (L) = 9,1G (L) € H3(X nG (L))/Aut(x/ Ty, ). We summarize invariance properties of the f-invariants
in Theorem A’, which we prove in Section 5.

Theorem A’ The n-th G-lower central homology invariant HnG is an invariant of Z[G]-homology con-
cordance. More precisely, fix an m-component link L C (M, ¢). Suppose the m-component links
L' c(M’,¢")and L" C (M",¢") are Z|G]-homology concordant. Then the following statements hold
for all n:

(1) There is an n-basing (¢', ¢3) over G for L" relative to L' induced by the homology concordance.

(2) Ann-basing over G for L’ relative to L exists if and only if an n-basing over G for L" relative to L
exists, and the homology class 6 (L) is defined if and only if 0 (L") is defined.
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(3) If (¢, ¢y) is an n-basing over G for L' relative to L, then 9 (L', ¢) = 69 (L", ¢ o ¢'), where ¢’ is
any n-basing from (1).

(4) If 69 (L") and 6 (L") are defined using any n-basings over G relative to L, then

05 (L") = 68 (L") € Hy(X,F (L))/Aut(r/ Ty, 9).

3.6 Determination of G -lower central quotients

We now consider the set of homology classes realized by the invariants G,ZG . Not all classes are necessarily
realizable. In fact, the same is true for the invariants from [Cha and Orr 2024] which the 0”0 generalize.
Define
6 =60%(L’, $) for some link L’ in some 3-manifold (M, ¢")
9%,? (L)=16¢€ H; (XnG (L)) | with ¢": m1(M’) — G which admits some n-basing ¢ over G
relative to L

We will often suppress G from the notation and write X, (L), 6,(L) and R,(L). We have a well-
defined function R, 1(L) — R, (L) induced by the canonical map ¥, ,. This is a restriction of the
homomorphism (Y4 1,n)+ : H3(Xp41(L)) — H3(Xn(L)).

As seen in [Cha and Orr 2024], the set %R, (L) is not necessarily a subgroup of H3(X, (L)), so the
notion of the cokernel of R,,+1(L) — R, (L) is not well-defined. Nevertheless, we make the following
definition:

Definition 3.12 A class 0 € R, (L) vanishes in the cokernel of R, +1(L) — R, (L) if € lies in the image
of the map Ry, 1 (L) = R, (L).

In other words, a realizable class 6 € H3(X, (L)) vanishes in the cokernel if there exists a link L’ C
(M, ¢") which admits an (n+1)-basing ¢ over G relative to L such that (,,1.)x(On+1(L, 9)) = 0.

Likewise, we will say a class 0 € R, (L)/Aut(z/ [y, ) vanishes in the cokernel if 6 lies in the image

of the composite
Rpg1(L) = Rn(L) = Rn(L)/Aut(r/ T, 9).

The orbit space Ry, (L)/Aut(sr/ Ty, d) is well-defined because the action of any self-basing on a realizable
class yields another realizable class. The following theorem, which we prove in Section 7, characterizes
the notion of vanishing in the cokernel.

Theorem D, Fix an m-component link L C M. Suppose the m-component link L' C M’ admits an
n-basing ¢ over G relative to L for some n > 2. Then the following statements are equivalent:

(1) The link L’ admits an (n+1)-basing (; over G relative to L which is a lift of ¢.
(2) The invariant 6, (L’, ¢) vanishes in the cokernel of Ry 41 (L) — Ry (L).
As a consequence, the following basing-independent statements are equivalent:
(1") The link L" admits some (n+1)-basing over G relative to L.
(2') The invariant 6, (L") vanishes in the cokernel of R, (L) — R, (L)/Aut(z/ Ty, d).
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The notion of vanishing in the cokernel extends to an equivalence relation ~ on all of &, (L). Rather
than comparing a link L’ to the fixed link L, we can compare two links L’ and L” over the fixed
link L. Given 6 € R, (L), there exists a 3-manifold (M’, ¢’) and a link L’ C M’ which admits an n-
basing ¢ relative to L such that 8,(L’, ¢) = 6. Observe that ¢ induces a bijection R, (L") =Ry, (L) via
0, (L", ") > 0, (L, 0 ¢"). Let I be the image of the composition R4 1 (L) = Ry (L) —=> Ry (L).
We prove in Lemma 7.2 that the set { Iy | 6 € R, (L) } partitions R,(L). Let ~ be the associated
equivalence relation.

Definition 3.13 Let 0,0’ € R, (L). We say that 6 ~ 6’ if and only if 6’ € Iy.
The invariant ﬁ,? is the equivalence class of the @-invariant under this equivalence relation.

Definition 3.14 Fix an m-component link L C M, and let L’ C M’ be another m-component link.
Suppose L’ admits an n-basing (¢, ¢y) over G relative to L. The n-th G-Milnor invariant of the pair
(L', ¢) relative to L is £C (L', ¢) = [0C (L', $)] € RE (L)/~, the class of the n-th §-invariant under the
equivalence relation ~.

Again, we sometimes suppress G when it is understood from context. As with the 4- and #-invariants,

we can remove dependency on the choice of n-basing ¢. We define a coarser equivalence relation ~ on
Ru (L) as follows:

Definition 3.15 Let 0,0’ € R,(L). We say that 0 ~ 6’ if and only if there exists a self-basing ¥ =
(¥, ¥y) € Aut(rr/ Ty, ) of L such that ¥ - 6’ ~ 6. In other words, 6 =~ 0’ if, upon choosing L' C M’
which admits an n-basing ¢ over G relative to L with 6,(L’, ¢) = 0, the class [6'] is in the image of the
composition

Rnt1(L") = Rn (L) ¢—i> Rn(L) = Rn(L)/Aut(r/ T, ).

Definition 3.16 Let L and L’ be as in Definition 3.14. The n-th G -Milnor invariant of the link L’ relative
to L is ﬁ,? (L) = [9nG (L', )] € QR,? (L)/ =, the class of the n-th f-invariant under the equivalence

relation ~.

As with the /- and f-invariants, we will say the jt-invariant vanishes if we have [_L,? (L', ¢)= ,TL,? (L,id)
or j19 (L") = uG (L). Observe that i¢ (L', ¢) vanishes if and only if (L', ¢) vanishes in the cokernel,
and likewise for £G (L) and 69 (L).

We prove the following theorem, which strengthens Theorem Dy, in Section 7. This theorem reduces
to Milnor’s theorem when we take M = M’ = S? and our fixed link L to be the unlink. It is both a
justification for calling these new invariants i, “Milnor invariants” and a way to show that the vanishing
of these invariants implies the vanishing of all previous versions of Milnor’s invariants in dimension 3.

Note that we have already seen a version of this theorem in Section 1.1.

Theorem D Fix an m-component link L C (M, ¢). Suppose the m-component links L' C (M’, ¢’) and
L" c (M”,¢") admit n-basings ¢’ and ¢"" over G relative to L for some n > 2. Then the following
statements are equivalent:
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(1) The link L' admits an (n+1)-basing ¢’ over G relative to L which is a lift of ¢'.

(2) The invariant ji,(L’, ¢’) vanishes.

(3) The invariant fi,41(L’, ") is well-defined.
As a consequence, the following basing-independent statements are equivalent:

(1") The link L" admits some (n+1)-basing over G relative to L.

(2") The invariant i, (L) vanishes.

(3') The invariant ji,,41 (L") is well-defined.
Even if the ji-invariant of L’ does not vanish, we have the following equivalent statements concerning the
links L" and L"":

(4) The n-basing (¢')~! o ¢” of L" over G relative to L’ lifts to an (n+1)-basing.

(5) We have in (L', ¢") = fta(L", ¢").
As a consequence, the following basing-independent statements are equivalent:

(4") The link L” admits some (n+1)-basing over G relative to L'.

(5') We have fin(L') = Jin(L").

Note that (1)—(3) and (1)—(3’) in the above theorem are just the statement of Theorem Dy.

Corollary D; For n > 2, the lower central homotopy invariants, G -lower central homology invariants,

and G -Milnor invariants are defined inductively. If any of these invariants vanishes at level n, the invariant

at level n 4 1 is well-defined.

Proof All that is required to define any of the invariants for L' relative to L at level n + 1 is an (n+1)-

basing for L’ relative to L. The -invariants are determined by both the /- and 6-invariants. If any n-th

invariant is defined and vanishes, then the n-th p-invariant is defined and vanishes. Theorem D then

implies that an (n-+1)-basing exists. |
We have just seen in Theorem D that the invariants @, determine the lower central quotients one step at

a time. Corollary D, below, which follows from Theorems C and D, provides an alternative perspective:

The invariant ji,(L’) is the obstruction to lifting the homotopy invariant /4, (L") to the next level of the

tower {X,(L)}. Note that it concerns links L and L’ in the same 3-manifold M.

Corollary D, Suppose L' C M admits an n-basing ¢ over 1 (M) relative to L C M for some n > 2.

Then hy, (L', ¢) is defined. The following statements are equivalent:

(1) The invariant h, (L', ¢) lifts to a class f € [M, X, +1(L)]o such that the image of the composition

H' (X1 (L) 2L B (X0 (L) 295 Hy (X1 (1)) /im(Kj (] Tus1))

contains the image of Hy(w/T'p4+1)/Kj(mw/ T'ny1) for all j < n + 1, where all coefficients are in
L[y (M)].
(2) The invariant ji,,(L’, ¢) vanishes.
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As a consequence, the following basing-independent statements are equivalent:

(1") For some n-basing ¢', the invariant h, (L', ¢") lifts to a class f € [M, X,+1(L)]o such that the image
of the composition

N fx[M j .
H' (X1 (1) PLE 1y (X0 (L)) 2% Hy (X1 (L) /im (K G/ Tre)
contains the image of Hy(7w/ T'y41)/Kj(w/ Tpy1) forall j <n + 1, where all coefficients are in
L[y (M)].

(2") The invariant Ji,(L’) vanishes.

Proof (1) = (2): Suppose A, (L', ¢) lifts to such a map f € [M, X;41(L)]o. The map f automatically
satisfies conditions (1) and (2) of Theorem C since h,(L’, ¢) is a realizable class and therefore satisfies
those conditions. The additional assumption on the composition proj o (N fx[M]) allows us to apply
Theorem C and conclude f = h,41(L"”,$’) for some L” C M and some (n+1)-basing ¢’. This implies
the homology invariant 6,(L’, ¢) = (Vn41,1)%0n+1(L", #') = 6,(L",¢') vanishes in the cokernel of
Rps1(L) = Ry (L), where ¢’ is the n-basing induced by ¢’. Equivalently, /i, (L', ¢) vanishes.

(2) = (1): Now suppose ji,(L’, ¢) vanishes. By Theorem D, ¢ lifts to an (n+1)-basing <$, SO
hpy1(L', @) is defined. We have V1.5 0 hyp1(L'. @) = hu(L', $), s0 hn(L', ¢) lifts to a realizable
class for which the desired condition on the composition proj o (N fx[M]) is satisfied by Theorem C.

(1) <= (2/) follows similarly. |

The assumption on the composition projo (N fx[M]) in Corollary D5 is the statement of condition (3)
from Theorem C for the class f', where 7 is replaced with n + 1. Recall from our discussion in Section 3.3
that condition (3) of Theorem C follows from conditions (1) and (2) of Theorem C in many cases; see
also Corollary 6.2. Thus, in many cases, Corollary D, states that the lower central homotopy invariant /i,
lifts if and only if the Milnor invariant i, vanishes.

3.7 Realization of lower central homology invariants

The following realization theorem for the invariants 6, in the case where the group G is the trivial group
is analogous to Theorem C from Section 3.3. We prove Theorem E in Section 7.

Theorem E Let the fixed group G be the trivial group. Fix an m-component link L. C M, and et
0 € Hj (XnG (L)). Then 6 € 97{,? (L) if and only if the following three conditions hold:

(1) The connecting homomorphism H;(X, nG (L)) A, H,(0E1) from the Mayer—Vietoris sequence
corresponding to the decomposition X, ,IG (L) = M, Usg, vL sends 6 to } ;[T;], the sum of the
fundamental classes of the tori in 0Ey, = | |; T;.

(2) The cap product
N6 :tH*(XC (L)) — tH, (X% (L))

is an isomorphism.
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(3) The image of the composition
H'(X5 (L)) % Hy(xZ (L)) 2> Hy(XF (L)) /im(K; (/7))
contains the image of Hy(w/ny)/Kj(7w/my) forall j <n.

We briefly compare this theorem to Theorem C. Conditions (1) and (3) of Theorem E are analogous to
conditions (1) and (3) of Theorem C. Condition (3) holds for all j < 7 if and only if it holds for j =n—1.
Analogous to Theorem C, condition (3) of Theorem E follows from conditions (1) and (2) in the case
where the composition Hy(Ep;7Z) — Hy,(M;Z) — H, (XnG (L):Z) is zero.

An analogue of condition (2) of Theorem E is missing from Theorem C. In the proof of Theorem E, this
condition allows us to leverage a 3-dimensional homology surgery result of V Turaev [1984] to produce a
3-manifold with the desired homological properties along with a link realizing the class . Condition (2)
in Theorem E is necessary to apply Turaev’s theorem. This is not needed in Theorem C, where we begin
with a homotopy class of maps from M. Proving Theorem E in the case of other groups G would rely on
extending Turaev’s result to the setting of Z[G]-coefficients; this is a topic of future consideration.

4 n-basings

We require an n-basing over G for a link L’ C M’ relative to the fixed link L C M in order to define
the n-th G-lower central homotopy invariant, the n-th G-lower central homology invariant and the #n-th
G-Milnor invariant of L’ relative to L. Recall from Sections 3.1 and 3.4 that an n-basing over G is a
pair (¢, ¢y), where ¢ : v’/ T}, = / T’y is an isomorphism over G' on n-th G-lower central quotients
and ¢y : H1(0EL/) = H (0E1) is an admissible isomorphism which is compatible with ¢. We now

motivate this definition by showing that a Z[G]-homology cobordism induces an n-basing over G for all 7.

Proposition 4.1 For all n, a Z[G]-homology concordance between the links L C M and L' C M’
induces a based homotopy equivalence of pairs (M ,OEL) =M (M ,0E}), restricting to an admissible
homeomozph1sm dE =5 9E 1 and extending canomca]ly to a based homotopy equivalence of pairs
(X8 (L"),vL") = (XG(L),vL). In the case of a concordance in M x [0, 1], where M’ = M and
G = (M), the based homotopy equivalence (Mpz, dEL) — (M s 0E L) is canonical.

Proof Suppose C is a concordance between L C M and L’ C M’ in the Z[G]-homology cobordism W.
We take the basepoint of the homology cobordism W to be the basepoint of M. Choose some path y
in W missing C from the basepoint of M to the basepoint of M’ whose image in BG under the based
map W — BG is nullhomotopic. An analogue of Corollary 2.1, with an identical proof, implies that
the inclusions E;, < E¢ <= Ep induce isomorphisms 7'/ T, =5 7€ / Fnc Ex / Ty, for all n, where
7€ =m(Ec) and T'C¢ =ker(n€ — m1(W) - G).

We obtain the diagram below, where X, nG (C) is a standard homotopy pushout analogous to X, nG (L),
and where dvC denotes the intersection dE¢c NvC, not the manifold boundary of dvC which includes v.L
and vL'. Since y is nullhomotopic in BG, this diagram is a diagram over G. The homotopy equivalences
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of pairs on the second row are induced by the group isomorphisms, and we may extend to the homotopy
equivalences on the bottom row by gluing in vC:

(Ep/ Uy, 0EL)) < > (Ec,vC) ¢—— (EL,0EL)

. NN

~

(M Uy 0Ep) ————— (M. 0vC) «———=— (M. 0Ey)

l l

(M'Uy,vL') < > (W0) < > (M, vL)
tn (L)
(XS(L)yUy,vL') —=—5 (XG(C),vC) +—=—— (XO(L),vL)

In the case where C is a concordance in M x [0, 1] (where M’ = M and G = 7r{(M)), we may take y
to be * x [0, 1], and all homotopy equivalences in the diagram are then canonical. |

We now prove that such homotopy equivalences (M;i JEL) = (M s OEL) as in Proposition 4.1 are
in one-to-one correspondence with n-basings over G for L’ relative to L. The following proposition is a
refinement of Lemma 3.2 from Section 3.1.

Proposition 4.2 The link L’ admits an n-basing ¢ over G relative to L if and only if there exists a based
homotopy equivalence of pairs

hg: (My; 9EL’) = (M) ,0EL)

over G restricting to an admissible homeomorphism 0E, =, 9E 1. Additionally, any two homotopy
equivalences realizing the same n-basing are based homotopic as maps of pairs. Furthermore, such a
homotopy equivalence h extends canonically (up to based homotopy) to a based homotopy equivalence of
pairs hg : (X (L"), vL") => (X8 (L),vL).

Proof We begin with the first statement. One direction requires little work: Suppose such a homotopy
equivalence of pairs 4 exists. Then we may take ¢ and ¢y to be the isomorphisms

h*:nl(Mth)im(ij) and  (hlpg, )« Hi(QEL) = H,(IEL),

respectively. By assumption, the homeomorphism 0E/ =5 0E 1 is admissible, so ¢y is admissible. All
that remains is to see that ¢ is compatible with ¢ in the sense of Definition 3.1. Take any basing 7’
for L'. Its image A (7’) is a basing for L in M p>;. We find a corresponding basing in E as follows: Take
any basing t° for L in Ey. The basings /(t’) and t° differ up to homotopy in M pfq by some wedge
of circles which represent elements of 7/ I',. Adjust 7° by lifts of these elements to 7 to obtain a new
basing 7 in Ey. By construction, the desired diagram commutes.
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The other direction is entirely similar to the proof of Lemma 3.2. We replace the pair (Er/, dEf/) in
that proof with the pair (M;i ,0Er/). The resulting map

hg - (My; 9EL’) = (M) .0EL)

is a homotopy equivalence of pairs because we construct it using the isomorphism ¢.

We also follow the proof of Lemma 3.2 to prove the remainder of the proposition. Using similar
arguments, the homotopy equivalence /4 is unique up to based homotopy of maps of pairs and extends
canonically (up to based homotopy) to a map of pairs

hg : (X (L) VL) => (X7 (L).vL)
over G. Because /14 is a homotopy equivalence of pairs, i_z¢ is, too. |

By the proof of the above proposition, the map of pairs (Ey/, dEp) — (M pxn, dE7) and its extension
constructed in the proof of Lemma 3.2 factor through the homotopy equivalences /4 and i_z¢, respectively.
Therefore, the composition }7¢ oty(L') is precisely the n-th Ah-invariant 4, (L', ¢).

Corollary 4.3 A Z[G]-homology concordance between the links L C M and L' C M’ induces an
n-basing over G for L' relative to L for all n. In the case of a concordance in M x [0, 1], where M" = M
and G = w1 (M), the induced n-basing is canonical.

4.1 On the choice of n-basing

The invariants /,,, 6 and jz¢ defined in Sections 3.1, 3.5 and 3.6 at first depend on the choice of n-basing
for L’. We therefore study how different choices of n-basing are related. Suppose (¢, ¢y) and (¢’, ¢3)
are two n-basings for L’ relative to L. We will show that

(Y, ¥y) = (¢’ o™, ph oy ') € Aut(mr/ ) x Aut(H; (EL))

constitutes an n-basing over G for L relative to itself. We will call such an n-basing a self-n-basing or self-
basing. By Proposition 4.2, to each self-basing we may associate a canonical homotopy class of homotopy
self-equivalences of the pair (X, nG (L),vL) over G. In Proposition 4.6, we show that the collection of
all self-n-basings (¥, ¥y), denoted by Aut(sr/ 'y, d), forms a subgroup of Aut(x/ ;) x Aut(H,(0EL))
isomorphic to the group of homotopy classes of homotopy self-equivalences of the pair (M, p’; ,OEL)
over G which restrict to admissible homeomorphisms 0E; — dE . In fact, because every such i is an
isomorphism over G and every such 5 is admissible, we will have that

Aut(rr/ Ty, 0) < Autg(r/ Ty) x Z™ < Aut(z/ Ty) x Aut(H; (0EL)),

where Autg denotes automorphisms over G, and where Z™ < Aut(H;(dEr)) is the subgroup of auto-
morphisms of H;(dE7,) which fix the meridians of L.

Lemma 4.4 Suppose (¢, ¢y) is an n-basing over G for L’ relative to L. Then (¢!, ¢a_1) is an n-basing
over G for L relative to L'.
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Proof Since ¢ is admissible, so is ¢a_1. We next see that ¢y 1'is compatible with ¢~!. Let 7 be a
basing for L. Choose any basing 7, for L’. Since ¢; is compatible with ¢, there exists a basing o for L
such that the following square commutes:

7T1(8EL/ U‘[(/)) ¢;?*) 7T1(8EL U‘L'())

| |

7'/ T, +} 7/ Ty

Since t and 7( are both basings for L, they differ up to homotopy by some wedge of circles in E..
Consider the image of this wedge of circles in 7/ I';. Mapping this to 7/ '}, via ¢! and choosing any
lift to the group 7’ yields a wedge of circles in E7-. Adjust 7 by this wedge of circles to obtain a new
basing ' for L’. Using ¢!, define an isomorphism 71 (0E U 1) =5 7,(0EL, U '), which fits into the

diagram
m(@ELUt) — m(0EL U ')
L
7/ Ty d)—i) 7'/}
Thus, ¢35 1 is compatible with ¢!, so (¢!, ¢3_1) is an n-basing over G for L relative to L'. |

Lemma 4.5 Suppose (¢’, ¢}) is an n-basing over G for L" relative to L’ and (¢, ¢3) is an n-basing over
G for L' relative to L. Then the composition (¢ o @', ¢y o $}) is an n-basing over G for L" relative to L.

Proof Since ¢y and ¢} are both admissible, so is the composition ¢ o ¢5. Let t” be a basing for L”.
Since ¢j is compatible with ¢’, we obtain the desired basing 7’ for L'. This in turn yields the desired
basing 7 for L since ¢y is compatible with ¢. We have the following diagram:

T (@EpUt") —=— m(0Ep UT) —=— 7 (0EL UT)

I

AT —= 5 /)T, — = 5 7/T,

<

Thus, ¢; o ¢ is compatible with ¢ 0 ¢’, s0 (¢ 0 ¢’, ¢y 0 p}) is an n-basing over G for L” relative to L. O

The preceding Lemmas 4.4 and 4.5 reveal that the set of self-n-basings is a group. The following
proposition reveals some of the structure of this group.

Proposition 4.6 The collection Aut(z/ 'y, d) of all self-n-basings over G of L forms a subgroup of
Aut(rr/ T'y) x Aut(H, (0Er)) isomorphic to the group of homotopy classes of homotopy self-equivalences
of the pair (M pfl ,dE 1) over G which restrict to admissible homeomorphisms 0E 1, =, 0E 1. Furthermore,
every self-basing gives rise to a canonical homotopy class of homotopy self-equivalences of the pair
(Xn(L),vL) over G.
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Proof Any self-n-basing (v, V) is an element of Aut(xr/ ') x Aut(H;(dEr)). Taking L” = L' = L
in Lemmas 4.4 and 4.5, we see that Aut(sr/ [y, d) is closed under inverses and the group operation.
Thus, Aut(r/ Ty, d) < Aut(rr/ Iy) x Aut(H1(0EL)). By Proposition 4.2, a self-basing (v, ¥5) over G
is equivalent to a homotopy class of homotopy self-equivalences of the pair (M pj, d0Er) over G which
restricts to an admissible homeomorphism 0E; — dE. Such a homotopy self-equivalence extends
over G to a canonical homotopy class of homotopy self-equivalences of the pair (X, (L), vL), again by
Proposition 4.2. O

By Proposition 4.6, Aut(sr/ Iy, d) acts (on the left) on both [M, X;,(L)]o and H3 (X, (L)) by post-
composition with homotopy self-equivalences of X (L), so that the orbit space of each of these sets
modulo the group action is well-defined.

5 Concordance invariance

In this section, we prove Theorems A and A’. See Sections 3.1 and 3.5, respectively, for the statements
of these theorems. Theorem A asserts the invariance of %, (hence 6, and [t,) under concordance.
Theorem A’, whose proof is similar to that of Theorem A, asserts the invariance of 6, (hence ji,) under
Z[G]-homology concordance.

5.1 Proof of Theorem A

Proof Fix L C M, and assume L', L” C M are concordant.

Statement (1), which asserts the existence of a canonical n-basing (¢',¢3) for L” relative to L’ for
each n, follows directly from Corollary 4.3.

Next, we prove (2), which states that for each n an n-basing for L’ relative to L exists if and only if an
n-basing for L” relative to L exists, and that the invariant /1, (L") is defined if and only if /,, (L") is defined.
Suppose (¢, ¢3) is an n-basing for L’ relative to L. By Lemma 4.5, the composition (¢ o ¢’, ¢ o ¢3)
constitutes an n-basing for L” relative to L. Conversely, suppose (¢, ¢3) is an n-basing for L” relative
to L. By Lemma4.4, ((¢") ™', (¢5)™") is an n-basing for L' relative to L”, so that (¢po(¢") ™', pyo(¢y)™")
is an n-basing for L’ relative to L, again by Lemma 4.5. This proves (2), since the existence of an
n-basing relative to L is all that is needed to define the invariant /.

We now prove (3), which gives the precise relationship between the /A-invariants of L’ and those of L”.
Again assume (¢, ¢3) is an n-basing for L’ relative to L. By Proposition 4.2, we obtain a homotopy
equivalfnce of pairs Ay : (Mp)Z’ dEr/) = (M pﬁ, dEr) restricting to an admissible hNomeomorphism
0E;, — 9E7 and extending to a homotopy equivalence of pairs /14 : (X, (L'),vL") — (X,(L),vL),
all over 1 (M). Since L’ and L"” are concordant, from Proposition 4.1 we obtain a canonical homotopy
equivalgnce of pairs /1’ : (Mp>j/1/’ IEL/) —> (Mpx;l, 0E/) restricting to an admis_sible homeomorphiim
dE;» —> 0E, and extending canonically to a homotopy equivalence of pairs /' : (X, (L"), vL") —
(Xn(L'),vL'). In fact, using the language of Proposition 4.2, i’ = hy and h = Ed)” where ¢’ is the
canonical n-basing from statement (1). We have the following commutative diagram over 71 (M) from
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the proof of Proposition 4.1 (assume the concordance C misses * x [0, 1], and recall that dvC denotes
the intersection 0E¢c NvC):

(EL//, aEL//) < > (EC, al)C) < > (EL/, aEL/)
X// ” = [ > X (L X/ ,
(M, 0EL") l (M. dvC) l (M), 0EL)
(M,vL") < > (M x[0,1],vC) < > (M, vL')
\ XA}L’)
tn (L") ~ ~
(Xn(L"),vL") — > (Xn(C)vC) «———— (Xu(L),vL))

Thus, the composite homotopy equivalence /4 0 hy : (Mpx,,, dEL) — (M s 0E L) restricts to an

admissible homeomorphism dE» —> JE, and induces the n-basing (¢ o', ¢y o ¢5). The map hgohgy
extends to the homotopy equivalence of pairs h, ¢ © E¢/. Thus,

hn(L", ¢ 0¢") = Iy 0y 0 ta(L") = Ity 0 ty(L') = h(L', $),

where the first and last equalities follow by definition, and the middle equality follows from the commuta-
tivity of the above diagram.

Finally, we prove (4), which states that 41, (L") = h, (L") when defined. Suppose (¢, #3) and (¢”, g3
are n-basings for L’ and L”, respectively, relative to L. Then (¢ o ¢’, ¢y o ¢3) is also an n-basing
for L” relative to L, and by (3) we have h,(L',$) = hy(L”,$ o ¢’). Observe that by Lemmas 4.4
and 4.5, (Y, ¥y) == (¢" o (¢ o q)/)_l,qﬁg o (¢y o ¢é)_1) is a self-n-basing for L. Then h,(L",¢") =
(V. ¥9) - hn(L" ¢ 0@") = (Y. ¥5) - hn(L', ), s0 hn (L") = hu(L") € [M, Xn(L)]o/Aut(/ Ip,0). O

Theorem A implies that the invariants 6,, and jt, defined in this context are also invariants of concor-
dance.

5.2 Proof of Theorem A’

Proof We proceed in a manner similar to the proof of Theorem A. Fix L C (M, ¢), and suppose
L' c(M',¢")and L" C (M",¢") are Z]|G]-homology concordant. Statement (1), which asserts the
existence of an n-basing over G for L” relative to L’ for all n, is the statement of Corollary 4.3. The
proofs of statements (2) and (4) are entirely similar to the proofs of the analogous statements (2) and (4)
of Theorem A. Together, these state that 6,,(L’) is defined if and only if 6, (L") is defined, in which case
On(L') = On(L").

The proof of statement (3), which gives the precise relationship between the §-invariants for L’ and
the f-invariants for L”, is nearly the same as the proof of (3) of Theorem A. Using the notation from the
proof of Theorem A, we again have i, (L",po¢’) = Eq) oh'ot, (L") and hy(L', ¢) = E¢ oty (L'). By the
commutativity of the diagram from the proof of Proposition 4.1 (which now involves a Z[G]-homology
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cobordism W instead of M x [0, 1] as seen in the proof of Theorem A), we have
On(L", ¢ o) = hn(L", ¢ 0 ¢ )u[M"] = (hg)sh'stn(L")x[M"]
= (hg)xtn(L)<[M") = ha(L', $)«[M"] = 64 (L', ),
which is the claimed equality in statement (3). a

Just as with Theorem A, Theorem A’ immediately implies that the i, are also invariants of Z[G]-
homology concordance.

6 Characterization and realization for 4,

In this section, we prove characterization and realization properties of the lower central homotopy
invariants /1,. We begin in Section 6.1 with a more detailed discussion of 7#-cobordism of links, including
the proof of Proposition 3.7, which states that n-cobordisms induce #-basings. In Section 6.2, we prove
Theorem B, which asserts that the invariants 4, are complete invariants of n-cobordism. We then prove
Theorem C, which determines exactly which elements of [M, X,,(L)]o are realized as the A-invariants
of links in M, in Section 6.3. For all of Section 6, all of our links live in M and the fixed group G
is r1 (M). Throughout this section, given a properly embedded surface ¥ C M x [0, 1], we will use the
notation dvX to denote the intersection dEx N v, not the manifold boundary of vX, which also includes
(M x{0,1}) N vX. Some of the proofs in this section are similar to proofs seen in [Heck 2011].

6.1 n-cobordism of links

Recall Definition 3.6: The links L and L’ are n-cobordant if there exists a properly embedded orientable
m-component surface ¥ = | |; ¥; C M x [0, 1] such that for each i:

(1) ;N (M x{0})=L; and X; N (M x {1}) = L.

(2) For any basing of X; determined by a basing of L;, the images of 71(L;) and 71 (%;) in 71 (Ey)
agree modulo the n'™ 771 (M )-lower central subgroup, that is,

im(nl(Ll-) ST >aE > ﬂE/Ff) = im(nl(Zi) S JTE/FHE),

where 7% = 71(Ex) and I'* = ker(n¥ —» 71(M)), and where the inclusions ; < Ey, and
L; — Ej are induced by a trivialization of vX.

We prove some properties of n-cobordisms culminating with the fact that an n-cobordism induces an
n-basing for L’ relative to L.

Lemma 6.1 Suppose X is an n-cobordism between L and L'. Then the image of the composition
Hy(VEL; Zmy (M)]) > Hy(9vE: Z[my (M) — Hy (™ T Zmry (M)
equals the image of H,(dvE; Z[m1(M)]) - Hy(n*/ I‘E; Z[1(M)]). The same holds for L.
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Proof In this proof, we denote the 771 (M )-cover of a space X by X. Observe that JvE 2= ¥ x S and
T = E xS, where ¥ and T denote parallels of the cores of vE and VX, respectively. Since each com-
ponent of X is a surface with boundary, it follows that a collection of generators of H,(dvX; Z[m1(M)])
may be represented by embedded tori in dvE. Each such torus has a symplectic basis consisting of
a meridian to a component of X, which we refer to as a meridian for the torus, and a curve lying on
that component, which we call a longitude for the torus. Therefore, the image of any such generator of
Hy(0vX; Z[my (M) in Hy(%/ F,,E; Z[r1(M))) is represented by a map T2 — dvx — K(I'Z/ l"nz, 1).
It suffices to find a solution, up to homotopy, to the lifting problem

IEL

w7 l

T2 —— K(T'EZ/TZ 1)

Base L (a parallel of L in dE1) using some basing 7. This induces an equivariant basing 7 for L (a
parallel of the core of vL in dEr), hence for =. Extend this basing in the cover along the appropriate
component of I to give a basing of the torus. The (based) meridian of 72 is homotopic in JvX to a
meridian for L, so first define the image of the meridian of 7° 2 to be this meridian of L. Next, note that
the (based) longitude of T2 represents an element of 771 (X UT) < r; (£ U 1). Since X is an n-cobordism,
the image of this longitude in 7=/ I‘nE agrees with the image of some element x € 7;(L; U 7;) for
some i. But the image of the longitude is also an element of I'>. Since E; <> E' is a map over 71 (M),
x el Nuy(L; Ut) = m1(L; UT;). Map the longitude of T2 to a curve representing x. This gives a
lifting of the 1-skeleton of 72 up to homotopy.

Finally, we may choose any lift of the 2-cell of T'2. The resulting composite

T? - 3EL — K(T'E/TZ, 1)

is homotopic to the original map 72 — 0vE — K(I'*/ FnE, 1) since the maps agree on 7;. Thus, we
have produced a map 72 — 3E, that represents an element of H,(dE: Z[r;(M)]) which maps onto
the image of the chosen generator of H,(dvX; Z[m1(M))]) in Hy(7=/ I‘nz; Zlrmi(M))).

The same proof holds for L’. Recall from Section 3.2 that the condition

im(m(L,-) ST >/ FnE) = im(nl(E,-) R Fnz)
implies the analogous condition for L'. |
We are now prepared to prove that n-cobordisms induce #n-basings.

Proposition 3.7 Suppose ¥ C M x[0, 1] is an n-cobordism between L and L'. Then ¥ induces a canonical
n-basing (¢, ¢y) for L' relative to L and a canonical isomorphism 7’/ I‘}’H_1 = 7w/ Tpyr over my(M).

Proof We first obtain the desired isomorphisms on 1 (M )-lower central quotients.

Claim The inclusion Ej < E induces isomorphisms 77/ I’y N = / I‘E forall k <n+1.
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The claim is true for k = 1 because E; < E'y; is a map over 71 (M ). We use an induction argument
along with the five lemma applied to the following diagram with exact rows:

| —— Ty /T —— 7/Tf —— 7/ Tjey — 1

| | |

| — 2 JTF —— n%/TF —» n%/TF | —— 1
For the k = 2 base case, it suffices to prove H{(Ep; Z[n1(M)]) = Hi(Ex; Z[rm1(M)]) induced by

inclusion is an isomorphism since

H{(EL; Z[m(M)]) =T/ T,
Hi(Ex;Zlxi(M)) =T*/T7,
7/T=7%/T% = n,(M).

Consider the following diagram of exact sequences of pairs (all coefficients are in Z[m; (M )], which
We suppress):

Hy(M) ——— H,(M,E;) ———» H{(E;) —— 0

H | |

Hy(M x[0,1])) —— H,(M x[0,1], Ex) — Hj(Ex) —— 0

It suffices to prove that Hy(M, Er; Z[m1(M)]) = Hy(M x[0,1], Ex; Z[m1(M)]) is an isomorphism.
By excision,
Hy(M, Ep: Z[my(M)]) = Hy(vL,0EL: Z[rr(M))),

Hy(M x[0,1], Ex;; Z[m; (M)]) = Hy(vE, vE; Z[m; (M))).

Note that H, (vX; Z[m1 (M )]) = 0 since the components of X are surfaces with boundary. Now consider
the diagram of exact sequences of pairs below (again, all coefficients are in Z[;(M)]):

0 — Hy(vL,0Er) — H{(3EL) — H;(vL) — 0

| | |

0 —— H(vE, oY) —— H{(vX) —» H;(vX) —— 0
Even with coefficients in Z[r; (M)], we have splittings
Hy (OEL: 2l (M))) 2 Hy (L: Zry (M)) @ Hy (|_|mi: 21w (M),
Hy (0: Zlm (M) 2= Hy (S 2 (M) @ Hy (|| mis 2 (00),
where the m1; denote both meridians of L and meridians of 3. The homomorphism
Hy(0EL: Z[m(M)]) — H1(0vE; Z[rr1 (M)
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may be written as a direct sum with respect to these splittings. Furthermore, the kernels of the rightmost
horizontal maps in the diagram are precisely H; (|_| m;; Z]mry (M)]). Thus, we have (with coefficients in
Ll (M)))

Hy(vL,dEL) = ker(H,(DEL) — H,(vL)) = H, (|_| m,-)

=~ ker(H{(0vX) —> Hi(vY)) =~ H,(vX, 0vX).

Therefore, the map I'/ T, — I'Z/ I‘zE induced by inclusion is an isomorphism. By the five lemma,
/Ty —n%/ FZE is an isomorphism. This proves the base case k = 2.

Now suppose 7/ 'y =N / FE is an isomorphism for some 2 < k <n. We will obtain an isomorphism
7/ Tr41 =5 7= / I‘E ", 1- We invoke the 5-term natural exact sequence of Stallings [1965]; see the proof
of the Stallings—Dwyer theorem in [Cha and Orr 2024]. We have the following diagram, where all

homology groups have coefficients in Z[m{(M)]:

Hy(Ep) — Hy(m) ——— Hy(w/Ty) — It/ Thg1 —— 0

| | 5 |

Hy(Ex) — Hy(n¥) —— Hy(n®/TF) —» IZ/TZ,, — 0

Note that H, (7; Z[r1 (M)]) is the second homology of the 71 (M )-cover of a K (7, 1), whichisa K(I', 1).
Therefore, Hy(w; Z[m1(M)]) = H,(T'; Z), and similarly for the other group homology terms appearing
above. The surjectivity of the first map in each row follows from Hopf’s theorem, which gives an exact
sequence

72(X) — Hy(X) = Hy(m (X)) — 0

for any CW complex X'; see [Brown 1982, Section II.5]. The rest of each row is exact by Stallings [1965].
(Each Stallings 5-term exact sequence we use has an isomorphism between the final two terms.) The

third vertical arrow is an isomorphism by the induction hypothesis. By the diagram above, we obtain an

z

isomorphism I'y / I'x 4 = TE/ |l

if we prove
im(Ha(EL; Z[my (M)]) > Ha(r/ Ty; Z[my (M)
is mapped isomorphically to
im(Hy(Ex; Zm (M) — Hy (™ | T Z[mi (M)
>

k+1°
We build a tower of spaces X;(X), analogous to Xj (L), similarly to the proof of Proposition 4.1. The

We then apply the five lemma to obtain the desired isomorphism 7/ 'y 4 =5 7= /T

space X (X) has the decomposition
Xi(2) = MPXE Ugps VX,
j

For each j, there is a canonical morphism of diagrams %; (L) — %; (X) which induces a map X; (L) —
X (X) restricting to inclusions vL < v¥ and Ej < Ex. Thus, we have the following commutative
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square of Mayer—Vietoris sequences, where all coefficients are in Z[m{(M)]:

Hy(0Ep) — Hy(EL) > Hy(M) ——— H(JEL)

NN NN\

Hy(0EL) ——— Hy (/) —H> Hy(Xy (L)) ——— Hi(0EL)

L

Hy(E) — | — H>(Ex) s Hy(M x[0,1]) —— | —— H;(3vE)

N\ N ™~ N\

Hy(0vE) ——— Hy(nZ/TF) —————— Hy(Xk(%)) ——— H{(dvE)

We use this diagram to study the images of H,(Er) — H,(xw/T) and H,(Eyx) — Hz(nE/FkE).
Observe that H,(vL) = H,(vX) =0 and H{(0EL) — H;(dvX) is injective.
First, we observe that

im(Hy(EL) — Ha(rw/ Ty) — Hy (%) TF)) Cim(Hy(Ex) — Ha(n ¥/ TF)).

The reverse inclusion is a diagram chase which we briefly describe. Let x € im(H2 (Ex)— Hy(n®) I’kz)).
Denote the image of x in Hy (X% (X)) by y. Then y € im(Hz(M x[0,1]) — H2(Xk(2))). We may then
consider y as the image of some z € Hy(M ). The image A(z) of z under the connecting homomorphism
is 0 because A(y) =0 and H{(0EL) — H;(dvX) is injective. Thus, z is the image of some Z € H,(Ep).
Since the images of Z and x agree in H,(Xy (X)), the image of Z in Hy (7% / FkZ) differs from x by
the image of some element in H,(dvX). By Lemma 6.1, since X is an n-cobordism, this difference is
represented by an element in the image of H,(dEy). Adjusting Z by this element, we obtain an element
X € Ho(Er) which maps to x € Hy(n>/ I‘kz). This completes the proof of the claim. The induction
carries through the step from k = n to k = n + 1, after which Lemma 6.1 no longer applies since an
n-cobordism only guarantees the desired property through level n.

The same argument shows that the inclusion E7/ < E'sy; induces isomorphisms 7’/ I‘I/c = 7= / FkE
for all kK < n+ 1. We will take ¢, part of the data for the desired n-basing, to be the composite
¢:7'/T}, =5 7% / FnE S / T'n. To complete the proof of the proposition, we must find a canonical
admissible isomorphism ¢y : H;(0E1/) =, H, (0E1) compatible with ¢. Define ¢y as follows: Send
each meridian m of L’ to the corresponding meridian m; of L. A longitude A for the component L] of L'
determines a corresponding copy of X; in dvX, which we also denote by X;. Send A; to the longitude A;
for the component L; of L which is homologous to A} in this pushoff. The isomorphism ¢, is admissible.

We now check that ¢y is compatible with ¢p. We may assume that ¥ C M x [0, 1] misses * x [0, 1]. To
simplify notation, we work inside the reduced cylinder (M x [0, 1])*. Choose any basing t’ for L’. Also
choose any basing t° for L. We will eventually modify t°. We consider these basings in E7, and Ep,
respectively, and assume for each i that the basings of the components L} and L; meet JvX; in X;.

For each i, choose a path y; on X; connecting the basings of L} and L; and forming a based loop «;
together with the two basings. The «; represent elements in 7=. Let B; denote a lift of the image
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of &; under the composite 7= — 7%/ FnZ S / Ty, to an element of 7. Modify the i-th factor of the
basing 70 of L by ;. Call this new basing T = B7°. We claim that 7 is the desired basing for L, that is,
the following diagram commutes:

~

m(0EL Ut p) > 11 (0Ep UT)
RES

| |

)T —= 5 7%/TF « = 7/T,

It is enough to check that this commutes for (based) meridians and longitudes of L’. We have two
basings for L in E'x: the basing = 87° (which is a basing in £ ), and the basing t’y given by following
the basing for L’ with the paths on X connecting L’ to L. The based meridians and longitudes of L given
by these two different basings agree in 7>/ Fnz: In 7%/ Fnz, the images of B; and «; agree. But ¢; rl.o is
homotopic rel endpoints to 7/y;. It is therefore enough to show that the following diagram commutes:

T (0EL Ut ¢i> T (0EL UT'y)
RES

| |

7' /T), —=—— 7%/TF
This commutes on meridians, as the based meridians t’y induces for L are just the based meridians
7’ induces for L’ dragged down X along y. To see that this diagram also commutes on longitudes, we
consider 7’ as a basing for X and leverage the definition of n-cobordism. Consider the based longitudes
Il = t/A] for L’ and [; = t/y;); for L as elements of 71(X;) (with the basing 7]). Since the two
longitudes cobound ¥;, the product llfli_1 is equal to [[; [aj., bJ’:], where {ajv, bJ’: }j is a symplectic basis
for =; with appropriate basings. Since X is an n-cobordism, the image of 7; (Z;) in 7%=/ FnE is cyclic,
SO Z{li_l =11, [at, bj’] —>len®/ FHE. Thus, the above diagram commutes, and (¢, ¢g) is a canonical
n-basing for L' relative to L induced by X. |

6.2 Proof of Theorem B

We now move toward the proof of Theorem B, which asserts the equivalence of n-cobordism and equality
of h-invariants; see Section 3.2 for the statement of the theorem. We first prove Theorem By, which is
just Theorem B in the case where one of the two links we compare is the fixed link L.

Theorem B, Fix an m-component link L. C M. Let L' C M be another m-component link, and suppose
there exists an n-basing (¢, ¢3) for L relative to L. Then the following statements are equivalent:

(1) The invariant h, (L', ¢) vanishes.

(2) The links L and L’ are n-cobordant via an n-cobordism inducing the n-basing (¢, ¢y).
As a consequence, the following basing-independent statements are equivalent:

(1") The invariant h, (L") vanishes.

(2') The links L and L' are n-cobordant.
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Proof The equivalence of (1”) and (2") will be a consequence of the equivalence of (1) and (2).

(1) = (2): Suppose h, (L', ¢) vanishes. Then h, (L', $) = h,(L,id), so there is a based homotopy
H : M x[0,1] - X,(L) restricting to 4, (L,id) on M x {0} and h,(L’,¢) on M x {1}. Take the
transverse preimage of L C X, (L) under H to obtain a properly embedded surface ¥ C M %[0, 1]. Since
L and L’ are the respective preimages of L under 4, (L,id) and %, (L’, ¢), the surface X restricts to L
and L’ on M x {0} and M x {1}, respectively.

Consider the surface exterior E'y, and note that H restricts to a map Exy, — M pxn. This induces a
homomorphism 7 £ — 7/ T, over 71 (M), which induces 7%/ I‘E — 1/ 'y, where 7% = ;(Ey) and
re = ker(ﬂE — 7 (M )). We also have the homomorphism 7 — 7= induced by inclusion, which
induces a homomorphism 7/ T, — 7%/ Fnz. Since the homotopy H restricts to &, (L,id) on M x {0},
the composition 7/ I, — 7=/ I'nE — 7/ Iy is idy/ 1,,. In particular, 7/ ', — %/ I‘n2 is injective and
¥/ F,? — m/ I’y is surjective.

The surface ¥ would be our candidate for an n-cobordism between the two links, except it may have
too many components. In Claim 1, we perform surgeries on ¥ to ensure the preimage of each component
of L has only one component. More precisely, we surger M X [0, 1] by attaching canceling pairs of
5-dimensional 1- and 2-handles to the interior of (M x [0, 1]) x {1} C (M x [0, 1]) x [0, 1]. The resulting
surgery cobordism contains a cobordism from X to a new surface in M x [0, 1] with one fewer component.
The surjectivity of 7%/ T'¥ —» 7/ T'y is key for guaranteeing that H : M x[0, 1]— X, (L) extends over the

surgery cobordism. In Claim 2, we argue that 7/ I, < 7%/ FnE is an isomorphism. We use an induction

z

argument, proving I'y / 'y 41 — FkE/ |l

is an isomorphism for all k¥ < n and applying the five lemma.

Claim 1 We may modify the surface ¥ and the homotopy H rel boundary so that the preimage of each
component of L under H is a connected surface with boundary.

Suppose the preimage of some component L; of L under H has more than one component. Choose
some component X of H ~I(L;), and let ¥; be the union of the remaining components. Find a path «
in E'x, from the interior of dvX; to the interior of JvX; whose boundary maps under H to a single point of
dvL; and whose image in M pfq is nullhomotopic. Such a path exists since 7%/ l"nE —> 1/ Ty is surjective.

We now perform surgeries to connect X} to X;, modifying the map H rel boundary. Connect « to X;
and X} by small intervals in D?-fibers of the regular neighborhoods of the surfaces whose images in X, (L)
agree. We also call this extended path «. Its endpoints map to some point p € L; C X, (L). Parametrize
the closure of a neighborhood of p as D! x D2, where D! C L; is the closure of a neighborhood of p
in L;. The endpoints of « have neighborhoods whose closures may be parametrized as D! x D! x D2,
which map under H to D! x D? by projection onto the last two coordinates.

Attach a 5-dimensional 1-handle

D'x D*=D'x(D'xD'xD* to (M x[0,1])x {1} C (M x[0,1]) x[0, 1]

along the two 4-balls D! x D! x D? to obtain a surgery cobordism Z from M x [0, 1] to a 4-manifold W
which is itself a cobordism from M to M, the result of surgery on M x [0, 1] corresponding to the
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attachment of the 1-handle. Extend the map H x [0, 1]: (M %[0, 1]) x [0, 1] = X, (L) to Z by projection
of D! x D* to D* followed by H, which agrees on {0} x D* and {1} x D*. The map Z — X, (L)
restricts to a map H' : W — X, (L) which further restricts to 4, (L,id) and A, (L’, ¢) on oW = M U M.
Define a surface X C W by removing from X; and X the D?-neighborhoods of the endpoints of o
and gluing in D! x ST C D' x D*. The surface X/ has one fewer component than X; U /.

We now attach a 5-dimensional 2-handle to Z to cancel the 1-handle described above. The attaching
circle for this 2-handle is the path « along with the core of the 1-handle pushed to the boundary of Z.
The map Z — X, (L) extends over the 2-handle with the image of the 2-handle missing vL C X, (L)
since the image of the attaching circle in M p>f1 is nullhomotopic. Because the handles cancel, the resulting
space is homeomorphic to (M x [0, 1]) x [0, 1]. The resulting map (M x [0, 1]) x [0, 1] — X, (L) restricts
toamap H” : (M x[0,1]) x {1} = X, (L) which is another homotopy from %, (L, id) to h,(L’, ¢).

By construction, (H”)~!(L) has one fewer component than H~!(L). We may continue inductively,
reducing the number of components of H~!(L) until we reach an m-component surface in M x [0, 1]
cobounded by L and L’ which is the preimage of L under a homotopy M x [0, 1] — X}, (L) from A, (L, id)
to 1,(L’, ¢). We continue to call this surface ¥ and this homotopy H. This proves Claim 1.

Claim 2 The new surface ¥ C M x [0, 1] induces an isomorphism 7w/ Ty, == / F,:Z‘.

The proof of Claim 2 is analogous to part of the proof of Proposition 3.7, so we will omit some
details. Since we modified the homotopy H rel boundary, the new homotopy obtained through the
proof of Claim 1, which we still call H, restricts to s,(L,id) on M x {0}. Thus, the composition
/Ty — %/ Fny‘ — 7/ I'y remains id, . In fact, the composition 7/ I’y — ¥/ sz — 7/ Ty is
idy/r, forallk <n.Sonm/Ty — %/ sz is injective for all k < n.

The proof of Claim 2 for n = 2 is entirely analogous to part of the proof of Proposition 3.7. We now
use induction. Suppose 7/ Ty — 7%/ FkE is an isomorphism for some 2 < k < n. We have already seen

> e . . .
that 7/ Uy > 7=/ T} ', 1 1s injective. Consider the diagram of short exact sequences below:

1 —— T/ Thsys — 7/ Thqy —» 7/ T — 1

[ [ =

| — TZ/TZ  —— n%/TF | — n%/TF — 1

)y )y
k+1 k+1

We again invoke the Stallings 5-term natural exact sequence [1965] in the following diagram:

Toprove r/ Tyyq <> >/ T'Z,  isalso surjective, it suffices to show I'y / T4 <> sz / T, . is surjective.

Hy(T) ——— Hy(T/Ty) —— T/ Tk —— 0

| 5 |

Hy(T®) —— Hy(T®/T7) —» IZ/TE, —— 0

Since the composite H,(I'/ ') = HZ(FE/FkE) —> FE/FE is surjective, so is I'y/ k41 —

k+1
FE/ I']a_l. This proves Claim 2.
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We now have a diagram of groups induced by the surface ¥ C M x [0, 1] and the homotopy H:

7'/ T),

N

nE/FnE — /Ty

1~

/Ty

Thus, in the diagram we also have isomorphisms 7’/ T, =5 7= / I‘n2 and 7%/ I‘nz =5 7/ Ty, In
particular, since the map M x [0, 1] - X, (L) sends X to L, for each component 3; of ¥ the image of
71(Z;) is sent to the image of 7y (L;) under the isomorphism 7%/ I‘nE S / T'n. Because the inverse
of this isomorphism is induced by the inclusion Ej, — E'y, the surface X is an n-cobordism by definition.
Furthermore, ¥ induces the isomorphisms ¢ and ¢y by construction. This proves (1) = (2).

(2) = (1): Now suppose X C M x [0, 1] is an n-cobordism between L and L’. By Proposition 3.7,
¥ induces some n-basing, say, (¢, ¢y). This yields inclusions of the pairs (Er,dEr) and (Er/, dEr/)
into (E'y, dvX), which induce the isomorphism ¢y on the boundary. We have a diagram of isomorphisms

n'/ Ty

SNy

~

JTE/FHZ —— /Ty

1~

/Ty
Our goal is a diagram
(EL/, aEL/)
(Ex,vX) ----= e (Mpi,aEL)
(EL,dEL)

of pairs of spaces. We wish to construct the map (E'y, 0vX) — (M pfz’ dE ). We first extend the maps on
E; and Ep/ to dvX. Choose a basing for L (which induces a basing on X)), and choose a trivialization

of vL (hence vX and vL'). For each i, we have the diagram

mi(Li) —— 7/ Ty

Ik

1y (5i) —— 7%/ T}
where L; and X; are parallels of the cores of vL and vZ, respectively, induced by the trivializations.
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Since ¥ is an n-cobordism, the image of 71 (L;) in 7%/ FnE is onto the image of 1 (X;). Because
/Ty =5 7% / FE is an isomorphism, the same is true in 7/ I';,. We extend the map to the 1-skeleton
of X by sending each based loop in X to a based loop in L whose image agrees in 7/ I',. There is no
obstruction to defining a map from the 2-skeleton of ¥ (i.e., all of X) to L. To complete the extension
to JvY, we use the trivializations to map 0vE 2= S x ¥ — ST x L = E;. We now have a map of pairs
(Ep UodvX U Ep,, vY) — (Mp);’ 0ET).

As M PXH is an Eilenberg—Mac Lane space, there is no obstruction to extending to all of E'y, given the
diagram of group isomorphisms above. Thus, we obtain a map of pairs (Eyx, 0vX) — (M p>;, dE 1), which
fits into the diagram above. This map restricts to a bundle map dv¥ — dE from the sphere bundle of X
to the sphere bundle of L C X}, (L). Extend to the corresponding disk bundles v¥ and v by coning on
fibers. This yields a map H : M x [0, 1] — X, (L) which is a homotopy between h, (L, id) and i,(L’, ¢).
Thus, the invariant /2,(L’, ¢) vanishes.

We have now proven the equivalence of (1) and (2). To complete the proof of the theorem, we show
the corresponding basing-independent statements are equivalent.

(1") <= (2/): The invariant s, (L") vanishes if and only if /1,,(L’, ¢) vanishes for some n-basing ¢. By
the equivalence of (1) and (2), this is true if and only if L and L’ are n-cobordant via some n-cobordism
inducing the n-basing ¢, i.e., if and only if L and L’ are n-cobordant. a

Theorem B, which compares links L’ and L” relative to the fixed link L, follows readily from
Theorem By.

Proof of Theorem B Fix a link L C M. Let L', L” C M be links which admit n-basings (¢’, ¢3) and
(¢", #y), respectively, relative to L. Lemmas 4.4 and 4.5 imply (¥, V) = ((¢")"Log”, (qﬁé)_l o ¢y) is
an n-basing of L” relative to L’. Let hy : (X, (L"), vL') =5 (Xu(L), vL) be the homotopy equivalence
of pairs induced by the n-basing (¢, ¢é) (provided by Proposition 4.2). Observe that

hgr o hy(L',id) = hy(L',¢") and  hg ohy(L",¥) = hu(L",$").

By Theorem By, L’ and L” are n-cobordant via an n-cobordism inducing the n-basing v if and only if
hn(L"” ) = hy,(L’,id). Since f_z¢/ is a homotopy equivalence, this holds if and only if }_’qb’ ohy(L" )=
hgr o hp(L',id), that is, iy (L", ") = ha(L',¢") € [M, X (L)]o.

The equivalence of the analogous basing-independent statements follows immediately from the equiva-
lence of (1) and (2) in a similar manner to the proof of Theorem By. O

6.3 Proof of Theorem C

Recall that Theorem C states precise conditions under which a homotopy class f € [M, X,(L)]o is
realized as /1, (L', ¢) for some link L’ C M and some n-basing ¢; see Section 3.3 for the full statement.
Some elements of the proof of Theorem C mirror arguments from the proof of Theorem By.

Proof (=): Suppose f € [M, X;,(L)]o is realizable. Then f = h,(L’, ¢) for some m-component link
L’ C M which admits the n-basing (¢, ¢y) relative to L. By Proposition 4.2, the n-basing ¢ induces a
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canonical homotopy equivalence of pairs

hg : (Xa(L'),vL") => (Xn(L),vL).
Since f = h,(L’, ¢), we have by definition that f ~ }_z¢ otn(L'). Recall that we obtain the diagram

%

\\

B (M)

J

1

\

/

M =~ Xu(L)

We can see that f = (}_z¢)* otn(L")x = ty(L)x, that is, condition (2) holds, from the induced diagram

on fundamental groups:

(M) == m1(Xa(L"))

R

W

(M)

7 (M) = 11 (Xa(L)

Next, since E¢ is a map of pairs, the composition Ao fi, = Ao (Ed,)* oty(L")« sends [M] to Y ;[T7],
so condition (1) holds.
Finally, we show condition (3) holds, which concerns the homomorphism

proj o (N fx[M1) : H' (Xu(L); Zlm1 (M)]) = Ha(Xa(L); Z[m1 (M) /im(K; (z/ Tn)).

Consider the diagram
H' (M) <——— H'(Xx(L))
i) = [

() Hy(Ep) —2— Hy(M) —L 5 Hy(X,(L)) 2% Hy(Xy(L))/im(K;(r/ Ty))

l I I

Hy(n') —— Hy(x'/T)) —% Hy(r/Tw) —22s Hy(x/Tu)/K;(x/ Tn)

projo(N fix[M])

where all coefficients are in Z[y (M )] and j < n. Recall that K;(7r/ I',) is the kernel of Hy(7w/I'y) —
H(rr/T'j). The map N[M]is an isomorphism by Poincaré duality. The map ¢ is an isomorphism by
the assumption that ¢ is an n-basing.
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To prove that the map f™* on the top row is an isomorphism, we invoke the (cohomology) universal
coefficient spectral sequence, a cohomology spectral sequence with

E7 =Exty oy (Hy (= Zlm (M), Z[m (M),

which converges to H*(—; Z[m1(M)]). See [Levine 1977, Theorem 2.3] or [Rotman 2009, Theorem
11.34] (note that the pages of this spectral sequence are the transposes of those seen in [Levine 1977],
with the differentials modified accordingly). From this spectral sequence, we obtain the following natural
short exact sequence, akin to the universal coefficient theorem for cohomology:

0 — Ext' (Ho(—). Z[m1(M)]) — H' (—; Z[m1(M)))
— ker(Ext® (H; (=), Z[1(M)]) — Ext*(Ho (), Z[r1(M)])) — 0.

(For convenience, we suppress the coefficient ring Z [ (M )] in some places.) The map f: M — X, (L)
induces a map of spectral sequences, and therefore a map of short exact sequences of the type seen
above. By condition (2), f induces isomorphisms on H;(—; Z[mz{(M)]), i = 0, 1, which implies that
f*: HY (X, (L): Z[my(M)]) = HY (M ; Z[1(M)]) is an isomorphism by the five lemma.

We now apply the Stallings—Dwyer theorem with 4 = I and B = '/ [,; see Section 2.2. By
assumption, I'" — I'/ T, induces an isomorphism on n-th lower central quotients. Therefore, with
Z[r1 (M)] coefficients, the map Hy (7)) — Hp(7w/ T'y)/ K (7w/ T'y), which is the composition of the three
maps on the bottom row of diagram (), is surjective: Note that H, (x"; Z[m1 (M)]) is the second homology
of the 71 (M)-cover of a K(n’, 1), which is a K(I'’, 1), so we have H(nt'; Z[mi(M)]) = H,(T"'; Z).
Similarly, H,(rw/ T'p; Z[mw1(M)]) = H,(I'/ Ty; Z). Combining with the surjectivity of Hy(Ep/) —
H,(x) and following the diagram counterclockwise beginning with H,(E/), we see that H,(E/)
surjects onto the image of H(rw/ I'y)/Kj(7w/ T'y) in Hy(X,(L))/im(K;(7/ T')). Thus, the composition
of maps following the diagram clockwise from H,(Er/) to Hy(Xn(L))/im(K;(r/I'y)) also surjects
onto the image of Hy(w/I'y)/K;(mw/T'y) in Hy(Xy(L))/im(Kj(r/T'y)). This implies the image of
proj o (N f«[M]) contains the image of H,(w/T,)/K;(r/I'y). Thus, condition (3) holds for all j < n.

(<=): To prove the converse, suppose [ € [M, X, (L)]o satisfies conditions (1)—(3). We may assume
the image of f contains L C X,(L). Define L' = f~!(L), the transverse preimage of L under f.
The restriction of f to Eys yields a map Ej, — M P’;, hence a homomorphism 7’ — 7/ T,. Since
Jf« = tn (L)« on fundamental groups by condition (2), this is a homomorphism over 71 (M ). In Claim 1
below, we will show that the induced homomorphism 7’/ T, — 7/ T, is surjective. Claim 3 will upgrade
this to an isomorphism. In between, we will need Claim 2 to arrange that L’ has the same number of
components as L.

Claim 1 The restriction of f to Er/ induces a surjective homomorphism nt’/ T', — 7/ T'p.

First, we prove I'’/ F; — I'/ T’y is surjective. Consider the diagram of Mayer—Vietoris sequences
below corresponding to the decompositions M = Er Uyg,, vL' and X, (L) = M pﬁ Usg, vL; recall
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that MI;; isa K(mw/ Ty, 1), and all coefficients are in Z[r1 (M )]:

H1(8EL/) —» Hl(EL/)@Hl(UL,) — 0

l |

H{(0EL) —» Hy(7w/Ty)® Hi(vL) — 0

The vertical map on the left is surjective by construction. The vertical map on the right splits as a
direct sum of homomorphisms. Thus, by the diagram,

I'"/Ty = Hi(Ep: Z[my(M))) — Hy () Ty Z[my(M)]) =T/ T,

is surjective. By an argument given in the proof of the Stallings—Dwyer theorem (see [Cha and Orr 2024]),
the homomorphism I’/ I'j, — I'/ T, is surjective. Because 7’/ I'; — 7/ I';, is a homomorphism over
m1(M), the five lemma implies that 7’/ T';, — 7/ T, is surjective.

Claim 2 We may reduce the number of components of L’ without altering the homotopy class of
the map f such that the resulting link, which we continue to call L', has m components and maps
homeomorphically to L.

The proof of Claim 2 is similar to the proof of Claim 1 of (1) => (2) from the proof of Theorem B with
one notable exception. When we finish reducing the number of components of L’, we want each component
of the resulting link to map homeomorphically onto a component of L. Suppose some component L; of
L has a transverse preimage which is not connected, that is, ~!(L;) is more than one component of the
link L’. Similarly to the proof of Theorem B, we attach 4-dimensional 1-handles to M x {1} C M x][0, 1]
in which we connect the components of f~!(L;), along with canceling 4-dimensional 2-handles. We are
left with a homotopy M x [0, 1] = X, (L) which is f on M x {0} and a map g on M x {1} such that
the preimage of L; under g is a single component L. Just as in the proof of Theorem By, we leverage
the surjection 7’/ I';, = 7/ T',. By condition (1), Ag«[M] = A fi[M] = }_;[T;]. Thus, by additional
homotopy of g (which we may take to be the identity outside of vL}), we may arrange that g maps L/
homeomorphically to L;. We do the same for all components of L and obtain a map, which we continue
to call g, such that g ~ f and g~ !(L) is an m-component link. This proves Claim 2.

Claim 3 We have an isomorphism '/ T, S / Th.

Observe that the surgeries performed in the proof of Claim 2 did not alter the surjectivity of the
homomorphism 7'/ I'), — 7/ T'y.
To begin, we show that

I’/ Ty = H\(Ep; Zlm (M) — Hi(E; Z[m (M)]) =T/ T2
is now an isomorphism. For the decompositions
M = Ep Uyg,, vL', Xu(L)= M, Usg, vL and M = Ep Uy, vL
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consider the corresponding diagram of Mayer—Vietoris sequences

Hy(M) —— H{(0Ep) —— Hy(Ep)® Hy(vL') —— 0

J# = |

Hy(Xn(L)) — H1(0EL) —— Hi(n/Tn) ® Hy(vL) —— 0

o | T

Hy(M) — H|(0Ep) —— Hy(Ep)® Hi(vL) —— 0

where all coefficients are in Z[m (M)].

The rightmost vertical maps split as direct sums of homomorphisms, and H; (vL’) maps isomorphically
onto Hy(vL). It suffices to show the composition of the second column of vertical maps, which are
induced by restrictions of g and ¢, (L), sends im(H2 (M)— H{(0E L’)) isomorphically to im(H2 (M) —
H;(3EL)). To show this, we prove the diagram below commutes:

() "M () —2s Hy OEL)

- L
H'(Xu(L)) Hy(0EL)
ity |= H
nM
m o) "2 by (M) 2 HOEL)
All coefficients are still in Z[7 (M)].

The leftmost vertical arrows are isomorphisms by the same universal coefficient spectral sequence
argument used in the forward direction of this proof, since for i = 0, 1, the maps g« and ¢, (L)« are
isomorphisms on H;(—; Z[x1(M)]). Consider the two commutative squares below, again with coefficients
in Z[m1(M)]. We use these squares to see that the diagram above commutes. The commutativity of the

squares
H'(Xp(L)) " H'(0EL) H'(Xn(L)) " H'()EL)
nan(L)*[M])l lﬂ(ALn(L)*[M]) and ”(g*[M])l ln(Ag*[M])
Hy(Xy(L)) —5— H{(EL) Hy(Xy(L)) —2— Hy(0EL)

follows from the relationship between the connecting homomorphism in a Mayer—Vietoris sequence and
the cap product; see [Spanier 1995].
We check that the large square commutes. Let o« € H' (X, (L); Z[m1(M)]). Then
gxA(g a N[M]) = Agx (g N[M]) = Ala N g«[M]) =inc™ (o) N (Ag«[M])
= inc*(@) N (Atn(L)[M]) = Al Nt (L) o[ M])
= Aty (L)« (tn(L)*a N[M]) = ty (L)« Aty (L) a N[M]).
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The third and fifth equalities follow from the commutative squares above. The fourth equality follows
from condition (1) or by construction. Thus, the diagram commutes, and we obtain an isomorphism
/T, 55T/ T,

We consider the diagram () again, but with g in place of f'. Recall all coefficients are in Z [ (M )]. The
diagram commutes for all j <n. We require j <n simply to ensure that K (r/ I'y) is defined. By assump-
tion (3), the image of proj o (Ng«[M]) = projo (N f«[M]) contains the image of H(7w/T'y)/Kj(7/Ty)
in Hy(X,(L))/im(Kj(m/I'y)). We claim that the composition

Hy (') — Hy(m/ Tn)/ Kj(7r/ Tn)

of the three arrows on the bottom row is onto. Claim 3 then follows from the Stallings—Dwyer theorem.
To prove this surjectivity, we consider the diagram of Mayer—Vietoris sequences seen previously. We
copy a different part of this diagram below:

Hy(0Ep) —— Hy(Ep) —— Hy(M) ——— H{(0EL)

Hy(0EL) —— Hy(n/Tw) —— Hy(Xu(L)) —— H(0EL)

H [ [ |

Hy(0Ep) — Hy(Ep) —— Hy(M) ——— H{(0EL)

All coefficients are in Z[m{(M)].

A diagram chase using diagram (x) and the diagram above completes the proof of Claim 3. Let
X € H,(r/ T'y). By condition (3), there exists & € H'(X,(L)) such that the images of x and « agree in
Hy(X,(L))/im(K(/Ty)). Let X and a denote the respective images of these elements in H,(Xy(L)).
Then X —a € im(Kj(x/I'y)), so there exists some y € Kj(xw/Iy) < Hy(m/T,) whose image in
H,(X,(L)) is X —a. The element x — y € Hy(;w/ ) maps to a € Hy(X,(L)), so a is in the image
of Hy(r/ ). In particular, this implies that A(a) = 0, where A is the connecting homomorphism in
the appropriate Mayer—Vietoris sequence. We apply the two isomorphisms at the top of diagram ()
to o to produce an element b € H,(M) such that g.(b) = a. By the rightmost vertical isomorphisms
in the Mayer—Vietoris diagram, A(b) = 0, too. Thus, there exists ¢ € H,(Ers) which maps to b in
H,(M). Following diagram () counterclockwise from H,(Ey/) to Hy(7w/ T'y), consider the image z of
the element ¢. Since x — y and z both map to a € H,(X, (L)), the Mayer—Vietoris sequence implies that
z —(x — ) is in the image of H,(dE). Using the isomorphism at the upper-left of the Mayer—Vietoris
diagram, subtract from ¢ € H,(E} ) the image of this element. This yields ¢’ € H,(E[/) whose image
in Hy(w/Ty)isz—(z—(x—y)) =x—y. Since y € K;(7w/I,), x — y and x have the same image in
Hy(7/ Tn)/ Kj(w/ Tn).

Thus, the map Hy(Ey/) — Hy(nw/Ty)/Kj(r/Ty) is surjective, and therefore so too is the map
H,(n") — Hy(w/Ty)/Kj(7/Ty). By the Stallings-Dwyer theorem with 4 = I and B = T'/ T,

~

g induces an isomorphism I''/ T'; — I'/ T';, hence an isomorphism =’/ T, Ny / Ty, by the five lemma.
This proves Claim 3.
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To complete the proof of the theorem, we note that the isomorphism ¢ : 7’/ I'j, — 7/ ', we obtain
from Claim 3 along with the isomorphism ¢3 : H;(0E1/) = H 1(0E L) constitutes an n-basing for L’
relative to L. Thus, h,(L’, ¢) is defined, and

ha(L',¢) =g = f €M, Xn(L)]o. O
By the above proof, we observe:

Corollary 6.2 Let L. C M be an m-component link, and let f € [M, X,(L)]o. Suppose that t,(M) =0
or, more generally, that the following composition is zero:

Hy(EL; Z]mwy (M) — Hy(M; Z[ry(M))]) — Ha(Xn(L); Z[ry (M))).
If f satisfies conditions (1) and (2) of Theorem C, then f also satisfies condition (3).

This fact is particularly useful for applications of Theorem C to open questions like the Almost-
concordance conjecture, as it shows there are many instances where we do not need to check the
somewhat technical condition (3).

Proof All homology groups in this proof have coefficients in Z[x{ (M )]. Suppose that 7, (M) = 0. Then

~

Hy(M) = m5(M) = 0. Beginning with the isomorphism I’/ T, — I"/ I'; from the proof of Theorem C
which did not depend on condition (3), we inductively show I/ T'; —> T'/ Ty for all k <n.

Suppose we have an isomorphism for some 2 < k < n. By the final Mayer—Vietoris diagram appearing
in the proof of Theorem C, the homomorphisms H,(0Er/) — Hy(Ey/) and H,(0Ep) — Hy(EL)
are surjective. This implies that the images of H,(n’) and Hy(r) in Hy(7'/T';) and Hy(rw/ Ty),

respectively, are equal to the images of H,(dE /) and H,(dE) and are therefore isomorphic. By the

!/

1 = I'x/ Tk 41, hence an isomorphism

Stallings exact sequence, we obtain an isomorphism F,’c /T
r’/ F;{H —> I'/ Tg 41. This completes the induction.

By the proof of the Stallings—-Dwyer theorem, the map Hy (') — H,(7/ Ty)/Kj(7/ T'p) is surjective
for all j < n. From diagram (x) in the proof of Theorem C, H,(E/) surjects onto the image of
Hy(w/Tp)/Kj(/Ty) in Hy(Xy,(L))/im(Kj(r/T';)). This image is O because the homomorphism
from H,(Ey/) factors through Hy(M) = 0. Thus, condition (3) of Theorem C holds, regardless of
the image of proj o (N fx[M]). (In fact, the image of the map proj o (N fx[M]) is also O because
H'(Xa(L)) = H' (M) = Hy(M) =0.)

The proof in the general case where the composition Hy(Ep) — Hy(M) — H (X, (L)) is zero is
nearly identical and leverages the same Mayer—Vietoris diagram. |

7 Characterization and realization for 6, and i,

In this section, we prove Theorems Dy, D and E concerning the homology concordance invariants 6,
and [t,. Recall that Theorem D states that the Z[G]-homology concordance invariants [i, determine
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whether an (n+1)-basing exists, assuming the existence of an n-basing. In other words, the G-Milnor in-
variants {1, determine the G -lower central quotients one step at a time. Theorem D will follow quickly from
Theorem Dy, which characterizes when the invariants 6, vanish in the cokernel of R, (L) — Ry, (L).
When G is the trivial group, Theorem E gives precise conditions under which elements of H3 (X, (L)) are
realized as (integral) homology concordance invariants of links in 3-manifolds. In this section, links are
not assumed to live in the same 3-manifold. Throughout this section, given a properly embedded surface X
in some 4-dimensional cobordism W of 3-manifolds M and M’, we will use the notation dvX to denote
the intersection dEx, N v, not the manifold boundary of v¥ which also includes (M LI M) NvXE. Some
of the proofs in this section are similar to arguments seen in [Cha and Orr 2024].

7.1 Proof of Theorem D

We prove the following theorem toward eventually proving Theorem Dy and its generalization, Theorem D.
Recall that Theorem D and its siblings, Theorem Dy and Corollaries D; and D», say that an n-basing lifts
to an (n+1)-basing if and only if the corresponding ji-invariant (or -invariant, depending on context)
vanishes in an appropriate sense. Furthermore, these invariants are defined inductively and characterize
when the /-invariants satisfy a lifting property.

Theorem 7.1 Fix an m-component link L C M, and let n > 2. Suppose L’ C M’ and L" ¢ M"
are m-component links equipped with n-basings (¢', ¢)) and (¢”, ¢y) over G relative to L, so that
(W, vry) = ((¢") "L ogp”, (¢é)_1 o ¢y) is an n-basing over G for L" relative to L'. If

67 (L'.¢") =07 (L".¢") € Hy(X,7(L)).
then the n-basing (V, ¥y) lifts to an (n+1)-basing over G for L" relative to L'.
Proof We suppress the group G from our notation. Suppose 6,(L’,¢") = 6,(L",¢"). Recall that
H3(X, (L)) is isomorphic to the oriented bordism group Q;fo(Xn(L)). By definition, 6,(L’,¢') =
hu(L',¢")«[M'] and 6,,(L", ¢") = hp(L",¢")«[M"]. Since 6, (L', ¢") = 0,(L", ¢"), there is an oriented
cobordism W from M’ to M" over the space X, (L) as in the diagram below:

M//

l wl‘//,d)ﬁ)
S

W —— X,(L)

I 4 )
M/

Taking the transverse preimage of L C X}, (L) under the map /', we obtain a surface ¥ C W cobounded
by the links L" and L”. This surface may have more than 7 components. We use an argument similar to the
one seen in Claim 1 of (1) = (2) in the proof of Theorem By to reduce the number of components of 3.

Suppose f~!(L;) has more than one component for some i. Using the same method as the proof
of Theorem By, we attach 5-dimensional 1-handles to W x {1} C W x [0, 1] in which we connect the
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components of f~!(L;). It is not necessary in this case, as it was in the proof of Theorem By, to attach
canceling 2-handles. Nevertheless, we can attach canceling 5-dimensional 2-handles and extend the
map to X, (L) over these 2-handles. This produces a homotopy rel boundary W x [0, 1] — X}, (L). The
preimage of L under the map W x {1} — X}, (L) is an m-component surface, which we continue to
call ¥, cobounded by L and L’. We also refer to this new map W — X, (L) as f.

The pair (E'y, dvX) is a cobordism of pairs between (Er/,dEr/) and (Er~, dEp~). The following
diagram of pairs is obtained by removing vL from X, (L) and its corresponding preimages under the
maps h, (L', ¢"), hy(L"”,¢") and f:

(EL” 8EL//

[

(EE al)z) E— (Mfl’aEL)

I

(EL,0EL’)

We postcompose with the homotopy inverse of the homotopy equivalence /4 : (Mp>§ JEL) —>
(M >; dE 1) provided by Proposition 4.2 induced by the n-basing ¢’ to obtain

(E1rdEL)

(Ex.0vE) — (M) 0EL) —— (M) 0EL)

(EL,0EL)

The n-basing (Y, ¥y) of L” relative to L’ is now encoded in this diagram via the corresponding homotopy
equivalence /1, : (Mp>§/, AEL) —>( Mp’§ , 0E /). In order to lift ¥ to an (n+1)-basing, we will obtain a lift

(M> ,0EL)
Py

-1
//’ 4
T Pntin

h
(v 0ELr) —" (M3 OEL)

The lift of dE 1~ is already determined by the isomorphism 5. We thus have a relative lifting problem

0EL —"— M
n+1
23 /)1
,// l/pn—i-l,n

“ hyopy %
Epr ——"— M
n
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Since p;l 1. 18 DOt necessarily a fibration, we replace M 12+1 with the mapping path space P of
Pyt - It suffices to find a relative lift of &1y, o py to P. We may lift the 1-skeleton with no obstruction.

Since Pisa K(x'/ T, 41 1), if we can lift the 2-skeleton of Er~, then we can also lift the 3-skeleton

(i.e., all of Ey~). The map P — M;;1 is a fibration from a K(z'/ T, |, 1) to a K(z'/ 'y, 1). Its fiber is

therefore a K(I',/ T, . ,, 1). This fibration defines a system of local coefficients given by 4 =T, /T, .,
as a module over Z[r'/ T',]. This system corresponds to a homomorphism 7'/ I'; — Aut(4). Since 4 is
central in I/ T, , |, the restriction of this homomorphism to I'"/ T, is trivial, inducing a homomorphism

G — Aut(A) and giving A4 the structure of a Z[G|-module:
/T,

N

7'/ T, — Aut(A4)

The obstruction to lifting the 2-skeleton of Ey» is an element o7» € H*(Er»,dEr»; A), where we
understand coefficients in 4 to mean the system of local coefficients from the fibration pulled back over
the appropriate spaces. This obstruction vanishes if and only if we have a relative lift of E7~ to P and,
in turn, to M 1)’(;z+1‘ Analogously, we have obstruction classes o7+ and oy, corresponding to lifting E-
and Ex. The naturality of obstruction classes gives us

H?*(Ep,0Er; A) < H*(Ex,0vS; A) — H*(Ep»,0Ep»; A), op < ox > opn.

The relative lift of £/ exists, as we have the inclusion map £y — MPX, . Thus, oy, = 0. It therefore
n+1

suffices to prove that
ker(H*(Ex,0vE; A) — H*(Er/,0EL/; A)) = ker(H*(Ex, 0vE; A) — H*(ELr,0ELr; A)).

We prove this equality through a series of reductions.
First, consider the following diagram, where the horizontal arrows are Poincaré duality and each lowest
vertical arrow is projection onto the first factor:

H2(Ex, vx; A) = > Hy(Ex, Ep U Epr; A)
inc*l J/A
HZ(EL/ UEp,,0Ep/ UdEpr; A) - = H{(Ep UEp; A)

HY(Ep.0Ep; A)@® HX(Ep», 0Epr; A) —=— Hy(Ep; A) & Hi(EL: A)

| b

H2(EL/,8EL/;A) > Hl(EL/;A)

Il
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As in the proof of Claim 3 of Theorem C, the top square commutes by the relationship between cap
product and the connecting homomorphism in a Mayer—Vietoris sequence; see [Spanier 1995]. By the
diagram, ker(H?(Ex, 0vXE; A) - H*(Er:,0Er/; A)) = PD™ ! (ker(p o A)), where PD is the Poincaré
duality map. If p|ima injects, then this equals PD!(ker A). On the other hand,

ker(H*(Ex, 0vE; A) — H*(Ep», 0Er»; A)) = PD ™! (ker(q 0 A)) 2 PD™ ! (ker A),

where g : Hi(Ep; A) ® Hi(Ep»; A) = H{(Ep»; A) is projection onto the second factor. Thus, the
equality we wish to establish follows if both p|;na and ¢|ima inject. But

imA = ker(H1 (EpUEpr; A) —> H{(Ex; A))
={(x,y) € Hi(Ep: A) & Hi(Epr; A) | iy (x) +iy(y) = 0},

where i, : Hi(Ep; A) > H{(Ex; A) and i : Hi(Ep»; A) —> H{(Eyx; A) are induced by inclusion.
Suppose (x, y) € imA with p(x, y) = x = 0. Then i}/(y) = 0. Similarly, if g(x, y) = y = 0, then
i (x) = 0. It therefore suffices to prove that i/, and i/ inject.
Similar to the proof of Theorem C, we invoke the (homology) universal coefficient spectral sequence,
a homology spectral sequence with E z,q = Tor1Z,[G](Hq (—; Z|G]), A) which converges to Hy(—; A); see
[Levine 1977, Theorem 2.3] or [Rotman 2009, Theorem 11.34]. From this spectral sequence, we obtain
the following natural short exact sequence akin to the universal coefficient theorem for homology:
_, (= ZIG) ®zi61 4
im(Tor (Ho(—: Z[G]), A))

— H{(—; A) — Tor; (Hy(—; Z[G]), A) — 0.

The composition Ey/ — Mp>§ =M pi induces maps of spectral sequences, and therefore a diagram
n
of short exact sequences of the type seen above. The isomorphisms

Ho(EL; Z[G)) => Ho(r'/ T}y: Z[G]) —> Ho(r/ Tn: Z[G)),
Hy(EL; ZIG) => Hy(7'/ T}; ZIG)) => Hy(r/ T Z[G)),

imply that H(Ep; A) = Hi(x/ Ty; A) is an isomorphism. Note that we use n > 2 to obtain the isomor-
phism H; (Er/; Z[G]) —> H; (7] Tn: Z[G]). The isomorphism H; (Er/; A) —> H; (rr/ T; A) factors as

H\(Ep; A) —=— Hi(7/Ty; A)

Hi(Ex; A)

Thus, i/, injects. To show i}/ injects, we repeat the argument and apply the spectral sequence to Ep .
The injectivity of i} and i}/ implies

ker(H*(Ex,0vE; A) — H*(Er,0EL/; A)) = ker(H*(Ex, 0vE; A) — H*(EL, 0ELr; A)).

Since the obstruction class oy, vanishes, the obstruction class oy~ vanishes. We obtain a lift of

hyopy:Epr— MIZ to MP)ZJF rel ¥y, that is, a map of pairs (Er», 0Ep») — (MPZ+1 LOEL).

1
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This map factors as
(Epr, 0Ep:) —— (M} f dEL)

|

X
(Mp/l, 8E L”
since the obstruction to such a factorization vanishes: The homomorphism 7" —» 7'/ T, . | factors through
7"/ T/, , and yields a homomorphism v’/ T, ==’/ T, lifting . We wish to show that (¥, V)
is an (n+ 1)-basing for L” relative to L which is a lift of (w 1//3) By Proposition 4.2, it suffices to show
that w 7"/ I‘n 1 '/ I‘n 1 18 an isomorphism, so that hisa homotopy equivalence of pairs.
To do so, we reverse the roles of L’ and L” and instead consider the diagram

(EL// 8EL//

| \\

(Ex,0vE) —— (M) 0EL) —— (M. 0EL»)

(EL,0EL)
We solve the relative lifting problem

9EL BTNV

Pyt
9 P
-
/// lpn—i-l.n

Er —) M
lopn

and obtain a homomorph1sm 1// 7'/, —="/T, lifting vl
We now show that w and w are mutually inverse. Consider the following diagram of short exact

sequences, noting that {/; ) {/;’ isaliftof yoy ! = idy e

l — /0, —— /T, —» /T —— 1

| s |

1l — /0, —— /T, —» /T, —— 1
To show w W’ is the identity, it suffices to show w w is the identity on I'},/ Fn 41 Since z; o {ﬁ" is
a lift of id,;// v, it is a homomorphism over G and therefore sends I''/ F/ | to itself. We show that
w w/ is, in fact, the identity on I'/ /Fn+1

LetgeT}/T, . Theng may be written as g = ]_[ [a,,b ], where a;, b; €T/ T, . Since oy’

is a lift of id,/,r;, we have w lﬂ (a;) = aju; and w w (bi) = bjv; for some u;,v; € T’ /I’n+1.
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But I}/ F,/H_l is central in I’/ 1",;+1, so [aju;, bjvi] = [a;, b;i] for all i. Thus,

W 0¥\ (g) = [ [[(¥ o ¥ @r). (W o ¥") (b)) = [ [laius. bivi) = [ [las. bi] = g.

It follows that {/; ) 1;/ =idy/, -
To complete the proof, reverse the roles of 1; and 1;’ to see that {/;’ = 1;_1. Thus, ({5, Y¥g) constitutes
an (n+1)-basing over G for L” relative to L’ which is a lift of the n-basing (¥, V). O

We now apply Theorem 7.1 to characterize the notion of “vanishing in the cokernel”. Recall that
Theorem Dy asserts that the invariant 6,(L’) relative to L vanishes in the cokernel of R,41(L) —
Ry (L)/Aut(rr/ Ty, ) if and only if L" admits some (n+1)-basing relative to L.

Proof of Theorem Dy We again suppress the fixed group G. Fix L C M, and suppose L' C M’ admits
an n-basing (¢, ¢g) relative to L. The proof of this theorem follows quickly from Theorem 7.1.

Suppose L’ admits an (n+1)-basing 5 over G relative to L which is a lift of ¢. The invariant
Opt1(L, P) is sent to B,(L’, ¢) under the map Ryq1(L) — R,(L). Thus, by definition, 6,(L’, $)
vanishes in the cokernel of R, (L) — R, (L).

Conversely, suppose 0, (L', ¢) vanishes in the cokernel of R, 41(L) — R, (L). Then there exists a
3-manifold (M”, ¢") with ¢” : 11 (M") — G and a link L” C M" equipped with an (n41)-basing ¢’
over G relative to L such that 6,4 (L”, ¢') is sent to 6, (L, ¢) under the map R, (L) — Ry (L). Let ¢’
be the n-basing for L” induced by the (n+1)-basing ¢’. Then 6,(L", ¢") = 6,(L’, ). By Theorem 7.1,
the n-basing ¥ = (¢") "' o of L’ relative to L” lifts to an (n+1)-basing ¥. We obtain an (n+1)-basing
¢ for L' relative to L which is a lift of ¢ by composing with the (n+1)-basing ¢’. Define ¢ to be the
(n+1)-basing 5/ o J This proves the equivalence of (1) and (2).

We now prove the equivalence of the analogous basing-independent statements (1”) and (2). Suppose
L’ admits an (n+1)-basing ¢’ over G relative to L. Let ¢’ be the n-basing induced by ¢’. Note that v :=
¢ o(¢")~! is a self-n-basing of L. Then 6,41(L’, ") maps to 6,(L’,¢') under R4 1 (L) — Ry(L), and
On(L', ) =y -6, (L', ¢"), that is, 6, (L") vanishes in the cokernel of Ry, 41 (L) — R, (L)/Aut(zr/ Ty, 9).

Conversely, suppose 0,(L’) vanishes in the cokernel of R, 1 1(L) — Rp(L)/Aut(rr/ Ty, d). Then
there exists a self-n-basing v for L such that ¥ - 6, (L', ¢) = 0,(L’, ¥ o ¢) is in the image of R, 11 (L).
By statement (2) of this theorem, L’ admits an (n+1)-basing qZ’ relative to L which is a lift of Y o ¢p. O

Before proceeding to the proof of Theorem D, we recall the definition of the equivalence relation ~
defined on Ry, (L). For 6 € R, (L), there exists a link L’ in some 3-manifold M’ with 7{(M') = G

which admits an n-basing ¢ over G relative to L such that 6,(L’, ¢) = 6 € H3(X,(L)). The set Iy is
the image of the composition Ry,+1 (L") = R, (L") ¢i> Ry (L). We say 0 ~ 0 if 0" € Iy.

Lemma 7.2 The set Iy is well-defined and Iy = Iy if and only if 0’ € Iy, that is, the sets Iy form a
partition of R, (L) and ~ is a well-defined equivalence relation.

Proof Let 6 € R, (L) with 6 = 6,(L’, ¢) for some link L’ in some 3-manifold M’ which admits the
n-basing ¢ relative to L. Suppose 6’ € Iy. In particular this means 6’ € R, (L), so that 8’ = 6,(L", ¢")
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for some link L” C M". Then ¢! 0 ¢’ is an n-basing for L” relative to L. Since 8’ € Iy, we have
that 6,(L"”, ¢! 0 ¢’) € im(Rp41(L") = Rn(L')). By Theorem Dy, the n-basing ¢! o ¢’ lifts to an
(n+1)-basing ¢ for L” relative to L’.

Consider the following diagram, where the horizontal arrows are bijections of sets:

~

gRn+1(LH) . > gRn+1(L/)

| |

Pon(L") — 2 Pn(L) 4—=— Pn(L)

<

To prove Iy = Iy, we need to see that this diagram commutes. Suppose 0" € R, 11 (L") with 8”7 =
Opr1(L".@"), where ¢ is an (n+1)-basing for L' relative to L” inducing the n-basing ¢”. Considering

~

the images of 0,41(L"”, ¢”") under the maps in the diagram above, we have

9n+1 (L///’ (;//) \ Y N 9n+1 (LW, w o ('5//)

| !

9}1 (L///’ ¢//) ¢* s 9}1 (L///’ ¢/ Od)//) . ¢* en(L///’ ¢—1 O¢/ o ¢//)

Thus, Igr = Iy. Taking 8’ = 6 shows that the set Iy is well-defined, independent of our choice of
(L', ). O

Lemma 7.2 allows us to prove a generalization of Theorem Dy involving the equivalence relation ~.
Instead of comparing one link L’ to a fixed link L, we can again compare links L’ and L” over the fixed
link L.

Corollary 7.3 Fix an m-component link L C M, and let n > 2. Suppose L' C M’ and L" ¢ M"
are m-component links equipped with n-basings (¢', ¢)) and (¢”, ¢3) over G relative to L, so that
(W, vry) = ((¢") "o g”, (¢é)_1 o ¢y) is an n-basing over G for L" relative to L'. Then the n-basing
(W, ¥g) lifts to an (n+1)-basing for L” over G relative to L' if and only if 0,(L’,¢") ~ 0,(L",¢")
in R (L).

This is a generalization of Theorem Dy because 6 ~ 6,(L,id) if and only if € vanishes in the cokernel
of Ry1 (L) = Rn(L).

Proof By definition, 8,(L", ¢") € Iy, (1’4 if and only if 6, (L", %) = 6,(L", (¢')~! 0 ¢”) vanishes
in the cokernel of Ry, 41(L") — Ry, (L'). By Theorem Dy, this happens if and only if ¥ lifts to an
(n+1)-basing of L” relative to L. O

Recall that the Milnor invariant of length n of the pair (L', ¢), where ¢ is an n-basing over G relative
to L, is the equivalence class i, (L', ¢) = [6,(L’, ¢)] of the O-invariant under the equivalence relation ~.
The Milnor invariant of length 7 of the link L’ is the equivalence class i, (L") = [6,(L’, ¢)] under the
equivalence relation &2, where we further quotient by the action of Aut(x/ Iy, d).

Geometry & Topology, Volume 30 (2026)



1032 Ryan Stees

We now prove Theorem D, which generalizes Theorem Dy. We leverage this theorem in Section 8 to
show that the vanishing of the lower central homotopy invariants, taken in appropriate contexts, implies
the vanishing of all previous versions of Milnor’s invariants in dimension 3.

Proof of Theorem D The equivalence of statements (1)—(3) and the equivalence of statements (1/)—(3")
are the conclusions of Theorem Dgy. The equivalence of statements (4) and (5), which compare links
L’ C M’ and L"” C M" relative to the fixed link L C M, is a rewriting of the conclusion of Corollary 7.3.
Finally, we prove that the analogous basing-independent statements (4”) and (5’) are equivalent.

Let LCM,L'cM',L"C M”, ¢' and ¢” be as in Corollary 7.3. Suppose there exists an (n+1)-
basing ¥ of L” relative to L’. Let ¥ be the induced n-basing, so that ¥ = (¢')"! o (¢’ o ¥) lifts. By
Corollary 7.3, 6, (L', ¢") ~ 0,(L", ¢’ o ). Equivalently, 8,(L’, ¢") ~ ((¢' oY) o (¢")~1) -0, (L", ¢"),
that is, 1, (L") = m(L"). Conversely, suppose ji,(L’) = (L"). Then there exists a self-n-basing ¥
of L such that ¥ -6, (L",¢") ~ 6,(L’,¢"), that is, 68, (L", ¥ o ¢") ~ 6, (L', ¢"). We obtain the desired
(n+1)-basing for L” relative to L from Corollary 7.3. O

7.2 Proof of Theorem E

For the remainder of this section, let G be the trivial group. As G will indicate the trivial group throughout,
we will write R, (L), Xn(L), hy(L', ¢) and 6, (L', ¢) when we mean RS (L), XL (L), h¢ (L', ¢) and
05 (L, ¢).

Recall that Theorem E characterizes which elements of H3(X, (L)) can be realized as 6,(L’, ¢) for
some link L’ in some 3-manifold M’ admitting an n-basing over G relative to L (i.e., in the case of
integral homology concordance). See Section 3.7 for the full statement. Theorem E relies heavily on a
3-dimensional homology surgery theorem of Turaev [1984]. In the case where G # {1}, a realization
theorem for @-invariants should follow from similar arguments, but one would first need to prove a
Z|G]-coefficient version of Turaev’s homology surgery result. This is a topic of future consideration. We
copy Turaev’s result below as Lemma 7.4.

Lemma 7.4 [Turaev 1984, Lemma 2.2] Suppose g : N — X is a map of a closed oriented 3-manifold N
to a CW-complex X with finitely generated w1 (X) such that the cap product

Ng«[N]: tH?*(X) — tH; (X)

is an isomorphism. Then (N, g) is oriented bordant over X to a pair (M, f) of a closed oriented
3-manifold M and a map f : M — X which induces an isomorphism f, : H (M) =, H, (X).

Before proving Theorem E, we briefly remark that conditions (2) and (3) in the statement of the theorem
can be viewed as Poincaré duality restrictions imposed on the homology class 8 € H3(X,(L)). The
utility of condition (2) in the following proof is to apply Turaev’s theorem, Lemma 7.4. A homology class
0 € H3(X, (L)) yields a bordism class of 3-manifolds over X, (L). Turaev’s theorem ensures this class
has a representative with the desired first homology. See Section 3.7 for a comparison of the statement of
Theorem E with the statement of Theorem C, the realization theorem for /-invariants.
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Proof of Theorem E (=): Let 6 € R, (L). Then there exists a 3-manifold M’ and an m-component
link L’ C M’, where L’ admits an n-basing (¢, ¢y) relative to L such that 8,(L’, ¢) = 6. In other words,
0 = hy(L',¢)«[M’]. For simplicity of notation, let /" denote the map /4, (L’, ¢). First, since f is a
map of pairs (M’,vL") — (X, (L), vL) restricting to an admissible homeomorphism dE7j/ =5 9Ey,
A(0) = Af[M'] =) ;[T;], where A is the connecting homomorphism in the Mayer—Vietoris sequence
corresponding to the decomposition X, (L) = M pfz Usg, vL, and where 0E 7 =| |; T;. Thus, condition (1)
holds.

Next, consider the commutative square

tHA(M') <L (H2(Xu(L))

n[M /]l lﬂ 6

tHy (M) — tHy (X, (L))

The cap product N [M '] is an isomorphism by Poincaré duality, and
1 (Xn(L)) = 701 (M) /701 (M) = 700 (M") /721 (M)

(see Proposition A.2). Thus, fyx: Hi(M') — Hy(X,(L)) and its restriction t Hy (M) — t Hy (X, (L)) are
isomorphisms. But tH?(—) = Ext(H,(—),Z), so f* :tH*(X,(L)) — tH?(M') is also an isomorphism.
By the diagram, N @ is an isomorphism, too. This proves condition (2) holds.

To prove condition (3) holds, we consider diagram (xx) below, where all coefficients are in Z:

H\(M') L — H'(Xu(L))

ﬂ[M’]l% ne projo(N 6)
) Hy(Ep) — s HyMY) —L s Hy(Xn(L)) s Hy (X (L) /im(K; (/)

Hy(n") —— Ha(n'/7y) ¢—;> Hy(rt/mn) ———% Hy(nt/mn)/ K (7/7n)
Diagram (xx) is similar to diagram (x) seen in the proof of Theorem C.

The map f* : H'(X,(L)) — H'(M’) is an isomorphism, since H!(—) = Hom(H;(-),Z), and
fe s Hi (M) =5 H (X, (L)) is an isomorphism. By the Stallings-Dwyer theorem, the map H, (') —
H,(7/7n)/ K (rw/my) is surjective since ¢ : '/, = /7y s an isomorphism. Just as in Theorem C,
this implies the image of proj o (N 0) contains the image of H,(r/m,)/Kj(rw/my) for all j < n. This
proves condition (3) holds.

(<=): The converse combines Turaev’s result, Lemma 7.4, with ingredients from the proof of Theorem C.
When possible, instead of repeating arguments from the proof of Theorem C, we will reference that proof
and sketch analogues of the arguments in this setting.
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Suppose conditions (1)—(3) hold for some class 8 € H3(X,(L)). Since H3(—) =~ ng(—), there exists
a 3-manifold M"” and a map g : M" — X, (L) such that g.[M"] = 6. We first invoke the homology
surgery result of Turaev to alter (M, g). We then use the transversality techniques and arguments seen
in the proof of Theorem C to produce the desired link realizing the class 6.

By Turaev’s result and condition (2), (M", g) is oriented bordant over X, (L) to some (M’, 1), where
M’ is a closed orientable 3-manifold and f : M’ — X, (L) induces an isomorphism on H;(—). Since
(M’, f) is oriented bordant to (M ", g), we have fx[M'] = g«[M"] = 6. As in the proof of Theorem C,
we may assume that the image of the map f contains L. Define L’ C M’ to be the transverse preimage
f7HL) of L.

Claim 1 The restriction of f to Er/ induces a surjective homomorphism ' /7, — 70/ 7t,.

We consider a Mayer—Vietoris diagram similar to one seen in the proof of Theorem C:

H](aEL/) —_ HI(EL/)@HI(VL/) —_—> HI(M/) — 0
H\(0EL) —— Hi(n/7n) ® Hi(vL) —» Hi(Xn(L)) —— 0

The middle vertical arrow splits as a direct sum of homomorphisms. A diagram chase proves that
n'/ny = H\(Ep) — Hy(7/m,) = m/m, is surjective. As in the proof of Theorem C, Claim 1 now
follows from a technique used in the proof of the Stallings—Dwyer theorem; see [Cha and Orr 2024].

Claim 2 We may reduce the number of components of L’ without altering the homotopy class of the map f

so that the resulting link, which we continue to call L', has m components and maps homeomorphically
to L.

The proof of Claim 2 is entirely similar to that of Claim 2 in the proof of Theorem C and requires
condition (1); see also Claim 1 of (1) = (2) from the proof of Theorem By.

Claim 3 The map f induces an isomorphism 7’/ 7}, S /7y,

The proof of Claim 3 proceeds in the same way as the proof of Claim 3 of Theorem C. We briefly
summarize the argument.
We first show 77/ /7) — 7/, is an isomorphism. Consider the diagram of Mayer—Vietoris sequences

Hy(M') —— H{(0Ep)) —— Hi(Ep)® Hi(WL') —— H{(M') —— 0

L | I

Hy(Xn(L)) —— H1(OEL) —— Hi(7w/7n) ® Hi(vL) —— Hi(Xn(L)) —— 0

| T I

Hy,(M) — H{(0E;) —— H{(Ep)® Hi(vL) —— Hi(M) —— 0

Using this diagram, it suffices to prove that the composition H;(dEf) = H (0EL) of the isomor-
phisms in the second column from the left, induced by restrictions of f and t,(L), isomorphically
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sends im(H2 (M) — H, (BEL/)) to im(Hz (M) — H; (BEL)). We accomplish this by appealing to the
commutative diagram

oty 2 oty A By (EL)

/T I
H'(Xy(L)) Hy(0EL)
tn (L)*lg H
M
) "M () 2 Hy0EL)
The desired isomorphism 7’/ né — 1/, then follows from a diagram chase.

To complete the proof of Claim 3, we again consider diagram (). By assumption (3) of Theorem E,
the image of the composition projo (N §) = projo (N fx[M]) contains the image of H, (7 /7,)/ K (w/7p)
in H>(Xn(L))/im(K; (r/my)). The surjectivity of Hy (") — Hy(7w/my)/Kj(w/7y,) then follows from
diagram (x*) and a different part of the above diagram of Mayer—Vietoris sequences, namely

H,(0Ep)) —— Hy(Ep)) — Hy(M') —— H(0EL’)

L o

Hy(0EL) —— Hy(n/mn) — Hy(Xn(L)) —— H1(9EL)

| [ [fnc0- |

Hy(0Ep) —— Hy(Ep) —— Hy(M) —— H;(0EL)

After a diagram chase similar to the proof of Theorem C, Claim 3 then follows from the Stallings—
Dwyer theorem.

To complete the proof of the theorem, we note that the isomorphism 7'/}, S /7 we obtain
from Claim 3, along with the isomorphism H;(dE7/) = H 1(0EL), constitutes an n-basing over the
trivial group for L’ relative to L. Thus, the homotopy class /,(L’, ¢) is defined, and /1, (L', ¢)«[M'] =
S«[M']= 0 € H3(Xy(L)). d

8 Relationships to previous work

In this section, we investigate relationships between the lower central homotopy invariants and previous
versions of Milnor’s invariants. We apply Theorem D in Section 8.1 to show that for links in S* and
n > 2 the invariant i, relative to the unlink is equivalent to Milnor’s jt-invariant [1957] of length n 4 1.
The connection between the stronger invariants /4, and 6, and Milnor’s fi-invariants passes through
invariants of Orr [1989]. In Section 8.2, we show that the invariants 6, and ji, for empty links are
precisely the Cha—Orr “Milnor invariants of 3-manifolds” [2024]. Finally, in Section 8.3, we again
leverage Theorem D to prove that the vanishing of the lower central homotopy invariants, taken in specific
contexts, implies the vanishing of other extensions of Milnor’s invariants. We consider the T-invariants
for knots in Seifert-fibered 3-manifolds of D Miller [1995], and the Dwyer number of M Kuzbary [2024].
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8.1 Invariants of links in S 3

We begin by understanding the relationship between the new invariants defined in this paper and Milnor’s
original p-invariants. Orr’s homotopy-theoretic version [1989] of Milnor’s pi-invariants [1957] is essential
for understanding this connection. His approach significantly improved the understanding of Milnor’s
invariants and inspired much of the work in this paper. Orr [1989] proves a realization theorem for his
invariants, shows his invariants are equivalent to Milnor’s, computes the number of linearly independent
invariants for any fixed length, and establishes a connection to n-cobordism. We first apply Theorem D to
establish the equivalence for n > 2 of the invariant i, relative to the unlink and Milnor’s jt-invariant of
length n + 1. Then, we show that the lower central homotopy invariants for links in S3 relative to the
m-component unlink are equivalent to Orr’s invariants. Finally, we leverage work of Igusa and Orr [2001]
to establish a relationship between the %, and Milnor’s i-invariants. For all of Section 8.1, we assume
all links live in S3, we always choose the unlink as our fixed link, and we take the word “longitude” to
mean “preferred longitude”.

We briefly summarize Orr’s construction. Suppose L C S?3 is an m-component link with vanishing
Milnor p-invariants of lengths < n for some n > 2. Equivalently, the longitudes of L are in mj, so their
images under the map E; — K(m/my,, 1) are nullhomotopic. Choosing meridians for L (i.e., a basing
for L) defines an isomorphism 7 : F/ Fy, = /7y, where F = F(m) is the m-generator free group. We
may view its inverse ¢ : /7y, = F / Fy, as an isomorphism to the n-th lower central quotient of the
link group of the m-component unlink U. This yields a map E; — K(F/Fy, 1), which we may assume
sends the components of dE7, by projection onto the images of the corresponding meridians. The map
E; — K(F/Fy,, 1) therefore extends to a map S3 — K, where K, = K(F/Fy,1) Um:) (|_| Dz)
is obtained by gluing m disks D? to the Eilenberg—Mac Lane space along the images of the meridians.
The map S® — K, sends the regular neighborhood of each component of L by projection onto the
corresponding D?.

Orr denotes the resulting homotopy class of maps S* — K, by 6, (L, 7) € 73(K}). To avoid confusion
with our notation and to emphasize the relationship with the invariants from Section 3.1, we will instead
denote this class by hno (L, ¢) € m3(K,). Similarly to the invariant /,, one could remove the dependency
on ¢ and define hno (L). Note that hnO(U, id) is nullhomotopic because the map Ey — K(F/Fy, 1)
factors through the wedge of circles to which the disks are attached. Thus, hno (L,p)= hno (U,id) if and
only if h,? (L, ¢) is nullhomotopic. In other words, h,? (L, ¢) vanishes if and only if it is nullhomotopic.
We will construct a map r, : X, (U) — K, relating the lower central homotopy invariant /, to Orr’s
invariant h,?, so that r, o hy, (L, ¢) = hnO(L, P).

Lemma 8.1 An n-basing for L relative to U exists if and only if Milnor’s jt-invariants for L of lengths
< n vanish.

Proof (=): An n-basing (¢, ¢y) for L relative to U includes an isomorphism ¢ : 7/, = F / Fy
which sends (based) longitudes of L to (based) longitudes of U. This implies the longitudes of L are
trivial in 7/, or, equivalently, Milnor’s ft-invariants of lengths < » vanish.
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(<=): Now suppose Milnor’s pi-invariants of lengths < n vanish. The longitudes of L are therefore
in 7,, so we may define an isomorphism ¢ : /7, = F / F, which preserves meridians and longitudes.
In other words, there is an admissible isomorphism ¢y : H; (0E}) = H,(0Ey) compatible with an
isomorphism ¢ : 7/, = F / Fy. Thus, we have produced an n-basing (¢, ¢y) for L relative to U. O

Corollary 8.2 For n > 2, the invariant ji,(L) vanishes if and only if Milnor’s ji-invariants for L of
lengths < n + 1 vanish.

Proof Let n > 2. By Theorem D, ji,(L) vanishes if and only if there exists an (n+1)-basing for L
relative to U. By Lemma 8.1, this is true if and only if Milnor’s jt-invariants for L of lengths <n + 1
vanish. o

Corollary 8.3 For n > 2, the invariant h, (L) is defined if and only if Orr’s invariant h,? (L) is defined.
Relative versions of Lemma 8.1 and Corollary 8.2 hold:

Lemma 8.4 Suppose L and L’ are links with vanishing Milnor ji-invariants of lengths <n. An (n+1)-
basing for L' relative to L exists if and only if Milnor’s jt-invariants for L and L' of length n + 1
agree.

Corollary 8.5 Suppose L and L' are links with vanishing Milnor [i-invariants of lengths < n for some
n > 2. Then (L) = ji,(L') if and only if Milnor’s ji-invariants for L and L’ of length n + 1 agree.

Thus, for n > 2, the invariant [, is equivalent to Milnor’s (total) p-invariant of length n 4+ 1. We
provide a brief sketch of the proof. Details involving the additivity of the first nonvanishing Milnor
invariants appear in [Cochran 1990] and [Orr 1989].

Sketch of the proofs of Lemma 8.4 and Corollary 8.5 For links L and L’ with vanishing Milnor
p-invariants of lengths < n, Milnor’s t-invariants of length n 4+ 1 for L and L’ agree if and only if
L # (—L') (with any chosen bands for the connected sum) has vanishing Milnor invariants of length
n + 1 or, equivalently, the differences of the longitudes of L and L’ lie in the (n+1)-st lower central
subgroup. Thus, Milnor’s ji-invariants of length n + 1 for L and L’ agree if and only if we can define an
isomorphism 7’ /7, 41 S /41 preserving (based) meridians and longitudes, that is, an (n-+1)-basing
for L' relative to L. Corollary 8.5 then follows from Theorem D. |

We now explore the relationship between the space X, (U) and Orr’s space K. Recall that X, (U) is
formed by gluing vU to M ;’111 , the reduced mapping cylinder of pg : Ey — K(F/ Fy, 1). We view this
gluing in two stages: First, attach a disk D? to each meridian of U. Then, fill in the remainder of each
component of dEy with a 3-ball. Since M;g is also a K(F/Fy, 1), the inclusion map Ey — M;ﬁ] is
homotopic to a map which projects each component of dEy; to the corresponding meridian in M ;rlzj' This
factors through a homotopy self-equivalence M ;}g =M ;ﬁ] which behaves this way on dEy.

After the first stage of gluing, we see that M ;ﬁ/ Um:) (|_| D2) is a model for the space K. We may
extend the homotopy self-equivalence M ;,(’gj =M ;rltj by the identity on each D?, giving a homotopy
equivalence M ;ﬁf U m) (|_| D2) =5 K. This map extends over each 3-ball we attach to form X, (U)
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by viewing D3 = D! x D? and projecting to D? C K,. We thus obtain a map ry, : X,,(U) — K,. By
construction, r, 0 h,(U,id) = 1, 01, (U) = h,? (U,id). We have the diagram

E s M
U \ / )24
M

ho U.,i
53 ACELING '

1 (U) %

Xn(U)

The image in K, of the attaching map of each 3-ball we glue to M ;(r'f U m:) (|_| D2) to form X, (U)
is nullhomotopic. Thus, X,(U) ~ K, v (V" S?), and the map r, may be viewed as collapsing each of
these S3 factors to the basepoint.

Now suppose L admits an n-basing (¢, ¢g) relative to U. By Corollary 8.2, this is the case if and only
if Milnor’s p-invariants of lengths < n vanish for L. Equivalently, the longitudes of L are in . Define a
homotopy self-equivalence M p>f1 =M pfl’ similar to the self-equivalence of M ;(rlzj above, which projects
each component of dE, to the corresponding meridian. The rightmost square in the diagram above fits
into the diagram

E s MX = s M
L \ / Dn / pYy
X = N X
Mpn h(b ’ Mp’gj
hQ (L.,¢)

S3 " s K,
N ha(L.$) / "

tn(L) \ In
Xu(L) }_l_ 5 Xu(U)
]

The maps M pj =M ;ﬁf on the top square of the diagram are both homotopy equivalences of pairs;
in particular, the map on the front face sends dE to dEy by an admissible homeomorphism, and the
map on the back face sends the meridians of L to the meridians of U. The extensions of the maps on
the top of the diagram to the maps on the bottom therefore commute as claimed. Commutativity of the
diagram proves the following proposition.

Proposition 8.6 The map r,, : X,,(U) — K, satisfies ry o hy(L,¢) = hnO (L, ).

Recall from Section 3.1 that we say hy, (L, ¢) vanishes if h,(L, $) = h,(U,id). By Proposition 8.6,
the vanishing of 4, (L, ¢) implies the vanishing of hnO(L, ¢): If hy, (L, ) = h,(U,id), then hnO(L, P) =
rpohy(L,¢) =rpoh,(U,id) = hnO(U, id). The converse also holds.
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Proposition 8.7 The invariants h, and hno are equivalent, i.e., hy (L) = hy,(L') if and only if h,?(L) =
hno (L"). In particular, h,(L) vanishes if and only if hno (L) is nullhomotopic.

Proof We could prove this directly, but a faster proof leverages the relationships between the invariants
in question and n-cobordism. By Theorem B, the invariants 4, (L) and &, (L") agree if and only if L and
L’ are n-cobordant. By Theorem 7 of [Orr 1989], this is the case if and only if h,? (L) = hnO(L’). |

To prove Proposition 8.7 directly, one views X, (U) as K, vV (\/mS 3) and observes that all invariants
differ only on K.

Proposition 8.7 implies that the sets of realizable classes in 73(X,(U)) and 73(K}) are in bijective
correspondence. By Theorem 4 of [Orr 19891], all classes in 73(K},) are realizable. Since 7,(S3) = 0,
condition (3) of the realization theorem for /-invariants, Theorem C, follows from conditions (1) and (2)
by Corollary 6.2. Condition (2) of Theorem C is vacuously satisfied when M = S3, so every homotopy
class in m3(X,(U)) satisfying condition (1) of Theorem C is realizable. Thus, homotopy classes in
3 (X, (U)) satisfying condition (1) of Theorem C correspond bijectively to elements of 73(K}).

To conclude this section, we consider other versions of Orr’s invariant. Consider the homology
class 9,?(L,¢) = h,?(L,¢)*[S3] € H3(Kj), and let ﬁnO(L,qS) denote the image of this class in
coker(H3(Ky4+1) — H3(Ky)), which is isomorphic to coker(73(K,+1) — 73(Ky,)) as seen in [Orr
1989; Igusa and Orr 2001]. Again, one could remove the dependency on ¢ and define 9”0 (L) and /TLnO (L);
in fact, Orr shows that ﬁ,? (L, ¢) is independent of the choice of ¢. Theorem 12 of [Orr 1989] states that
ﬁ,? (L) vanishes if and only if L has vanishing Milnor p-invariants of lengths < n + 1. Combining this
discussion with Corollary 8.2, we have:

Corollary 8.8 For n > 2, the invariant i,(L) vanishes if and only if the invariant ﬁ,? (L) vanishes.

Work of Igusa and Orr [2001] establishes the exact relationship between Milnor’s fi-invariants and the
stronger invariants 9,,0 (L) and hno (L) for n > 2. We summarize their results in Table 1.

The final row of this table is known as the k-slice theorem due to the relationship between the invariant
h,? and k-cobordism. A link which is k-cobordant to the unlink is called k-slice. By Proposition 8.7, the
k-slice theorem still holds if we replace Orr’s invariant h,? with the lower central homotopy invariant /.
One may ask whether analogous relationships among the new invariants %, 6, and [, from Sections 3.1
and 3.5 hold for links in other 3-manifolds. This is a topic of future exploration; see Section 9.1.

Orr’s invariant | equivalent Milnor [i-invariant(s)
o it of length 1 + 1
69 poflengthsn+ 1<k <2n-1
h9 poflengthsn+1 <k <2n
Table 1
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8.2 Milnor invariants of 3-manifolds

One of the most recent versions of Milnor’s invariants is a collection of homology cobordism invariants
of 3-manifolds due to Cha and Orr [2024]. In addition to Orr’s work [Orr 1989], the paper [Cha and Orr
2024] also inspired many ideas in this paper. Cha and Orr refer to their invariants as “Milnor invariants of
3-manifolds” for good reason; the invariants exhibit behavior similar to Milnor’s link invariants. In fact,
Cha and Orr show one can recover Milnor’s fi-invariants of a link L C S3 as invariants of the 3-manifold
which is O-framed surgery on every component of L.

In this section, we recover the Cha—Orr invariants from the lower central homology invariants 6, and
Milnor invariants i, for empty links. Comparing empty links is equivalent to comparing 3-manifolds.
Theorem A’ proves that Q,IG and ﬁg are invariants of Z[G]-homology cobordism, as a homology concor-
dance of empty links is the same as a homology cobordism of 3-manifolds. For this section, we use the
notation from Section 3.5. In particular, any 3-manifold M we consider will be equipped with a fixed
surjective homomorphism ¢ : 71(M') — G onto a fixed group G.

Consider such a pair (M, ¢). The empty link @57 in M has exterior Eg,, = M and link group (M.
The appropriate Z[G]-lower central quotients are the Z[G]-lower central quotients of 71 (M). Following
our standard notation, we set 7 = 71 (M) and I' = ker ¢. The homotopy pushout diagram Qb,? (L) from

Section 3.4 becomes M K(x/ T, 1)

M

Thus, the space X, (Dps) is just the reduced mapping cylinder of M — K(m/ 'y, 1), which is itself
a K(mw/ Ty, 1), and the map t,(Dps) is a map M — K(x/ ', 1) induced by the canonical projection
7 —» 7/ Ty

Now fix the empty link @ s, and suppose we wish to compare another empty link @, to Tpr. To
define the invariants from Section 3.5, we require an n-basing over G for & s+ relative to Js. Because the
empty link exteriors have no boundary, an n-basing over G for & relative to s is just an isomorphism
¢ n'/T = /Ty over G. Given such an isomorphism ¢, the invariant 6,(@ s/, ¢) is the image

of [M’] under -
H3(M') — H3(n'/Ty) ¢;> H3(7w/ Ty).

This produces a Z[G]-version of the Cha—Orr invariant from [2024].

Taking G to be the trivial group (so that we obtain invariants of Z-homology cobordism) yields exactly
the Cha—Orr invariant 6,(M’, ¢). In this setting, the set of realizable classes R, (D) € Hz (7 /my) is
the set of realizable classes of 3-manifold invariants R, (7) from [Cha and Orr 2024]. The definitions of
the equivalence relations on these sets of realizable classes coincide, so the invariant i, (2 ps/) agrees
with the Cha—Orr Milnor invariant [z, (M").

Observe that the invariants 6, (L") and jxi, (L") for a link L' C M’ relative to a fixed link L C M
determine the 3-manifold invariants 6,(M ') and ji,, (M) relative to M. An n-basing of links induces an
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n-basing of corresponding sublinks, and the invariant for a link determines the invariants of its sublinks,
including the empty link. Thus, if one wishes to compute the “number” of Milnor invariants relative to a
fixed link L, one should restrict to counting invariants i, (L") whose associated 3-manifold invariants
n (M) vanish.

Because the invariants from Section 3.5 reduce to the Cha—Orr invariants, some of the main results
from [Cha and Orr 2024] are special cases of results in this paper. When restricted to the natural numbers,
Theorems B, C and E and Corollary D from [Cha and Orr 2024] follow from our Theorem D. The
realization result Theorem G from [Cha and Orr 2024] restricted to natural numbers follows from our
Theorem E. Cha and Orr extend their invariants to the transfinite setting, and their results hold in this
more general context. We discuss such an extension of our work in Section 9.2.

8.3 Other extensions of Milnor’s invariants

Theorem D states that the Milnor invariants ﬁ,? determine the Z[G]-lower central quotients associated to
alink L C M one step at a time. The implications of Theorem D include the equivalence for n > 2 of
for links in S3 relative to the unlink with Milnor’s ji-invariant of length 7 + 1 as seen in Section 8.1. In
this section, we again leverage Theorem D to show that the vanishing of i, defined in particular settings,
implies the vanishing of extensions of Milnor’s invariants due to Miller [1995] and Kuzbary [2024].

8.3.1 Miller’s T-invariants Miller [1995] considers knots in aspherical Seifert-fibered 3-manifolds in
the free homotopy class of the Seifert fiber K. Miller fixes the Seifert fiber K and compares other knots in
the homotopy class of the Seifert fiber relative to K. We remind the reader that Seifert-fibered 3-manifolds
are precisely those M for which 71 (M) contains a normal subgroup isomorphic to Z. This normal
subgroup is generated by the class of the Seifert fiber, and v (M) may be described as the extension

l>Z—>m(M)—>»>S —>1,

where S is the orbifold fundamental group of the base surface of the fibration.

In our notation, Miller takes G = S, so that I' = ker(w — 71 (M) — S), where m = w1 (Eg) and
I'/Ty = Zx F/Fy,, where F is a free group. These quotients are analogous to the lower central quotients
of the unlink U C S3. Given a knot K’ freely homotopic to K, Miller finds a presentation for I’/ T}
analogous to Milnor’s for L C S3. He then proceeds in a manner analogous to Milnor [1957], using the
Magnus expansion to define integer-valued invariants. These integers, which Miller calls the T-invariants
of K’, are the coefficients of the images of distinguished longitudes of the S-cover of K’ in a power
series ring. Note that the image in .S of the homotopy class of the Seifert fiber is trivial, so the preimage
of any knot in that class under the S-cover of M is a link with infinitely many components, indexed by
elements of S.

Miller proves that all T-invariants vanish for the fixed knot K. If I’/ I, = '/ T',, preserving meridians
and distinguished longitudes, then the T-invariants for K’ of lengths < n vanish. Miller’s work implies
a theorem analogous to Milnor’s theorem, although it is not directly proven in [Miller 1995]: We have
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an isomorphism I''/ T, | = I'/ T4 or, equivalently, an isomorphism I/ T, = I'/ T’ preserving
meridians and distinguished longitudes if and only if the T-invariants for K" of lengths < n vanish. Miller

concludes by proving a constructive realization theorem for the T-invariants.

Proposition 8.9 Let M be an aspherical Seifert-fibered 3-manifold, K the Seifert fiber of M, and K’
some knot freely homotopic to K. Let S be the quotient of 1 (M) by the infinite cyclic normal subgroup
corresponding to the Seifert fiber. Suppose for some n > 2 that the n-th S-Milnor invariant ﬁ;f (K")
vanishes, that is, ﬁ;f(K/) is defined and equals ﬁ,‘f(K). Then Miller’s T-invariants for K’ of lengths
<n+ 1 vanish.

Proof By Theorem D, since ﬁ;f (K) = ﬁ,‘f (K"), K’ admits an (n+1)-basing over S relative to K. This

/
n+1

gitudes. This yields an isomorphism I'’/ T'; T =5 T/ T4 which preserves meridians and distinguished

consists of an isomorphism ¢ : 7’/ T’ =5 5/ T',41 which preserves meridians and distinguished lon-

longitudes. By Miller’s work, the T-invariants of lengths < n + 1 vanish. |

8.3.2 Kuzbary’s Dwyer number Kuzbary [2024] develops the Dwyer number, an invariant for knots
in closed oriented 3-manifolds that behaves like the first nonvanishing Milnor invariant. This invariant
compares the lower central quotients 7z’ /7, associated to a knot K’ C M to the quotients 7 /7, for a fixed
knot K C M. Using the geometrically defined Dwyer subgroups ®,(—) < H,(—; Z) first formulated
in [Freedman and Teichner 1995] (see also [Cochran and Harvey 2008]), Kuzbary defines the Dwyer
number of K’ relative to K as

Hy(Eg’) . Ha(Ek)
©n(Egr) ~ @n(Ex)

D(K', K) = max {n } € N U {oo}.

Kuzbary shows that Hy(X)/ P, (X) = Hy(w1(X))/ Kn(71(X)). From the statements of Theorems C
and E, recall that for a group H, we define an abelian group K, (H) = ker(H2 (H)—> H, (H/Hn)). The
Stallings-Dwyer theorem implies D(K’, K) > n if and only if there is an isomorphism 7'/, 41 =T/ Tngr
Kuzbary leverages the Dwyer number to analyze concordance of nullhomologous knots in #(S1 x S2)
and establish a relationship with Massey products.

Proposition 8.10 Fix a knot K in a closed orientable 3-manifold M, and let K' C M be another knot
freely homotopic to K. Let G be the trivial group. Suppose for some n > 2 that the n-th Milnor invariant
S (K') vanishes, that is, j1% (K') is defined and equals i$ (K). Then D(K', K) > n.

Proof By Theorem D, since ﬁf (K" = ﬁ,(f (K), K’ admits an (n+1)-basing over G relative to K. In
particular, this includes an isomorphism ¢ : n//n;_H = 7/7y+1. Thus, D(K', K) > n. O

9 Future directions

We conclude this paper with a discussion of several current and future directions, including a number of
open questions.
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9.1 Further investigation of new invariants

The fact that the invariants from Sections 3.1 and 3.5 reduce to Milnor’s p-invariants in the case where
we compare links in S3 to the unlink motivates us to ask whether known results for Milnor’s fi-invariants
extend to the more general setting of this work.

Algebraic information captured by 4, and 6, Igusa and Orr [2001] answer a longstanding open
question known as the k-slice conjecture affirmatively: A link L C S? is k-cobordant to the unlink if and
only if Milnor’s pt-invariants of lengths 2 < i < 2k vanish. They prove this using Igusa pictures [1979]
and Orr’s invariants [1989] which characterize k-cobordism and are analogous to the /-invariants from
Section 3.1. Recall from Section 8.1 that the lower central homotopy invariant /i, is equivalent to Orr’s
invariant of length k. As discussed in Section 8.1, Igusa and Orr show that Orr’s length k invariant captures
Milnor’s ji-invariants of lengths k£ + 1 <i < 2k. In the more general setting of this work, it is probable
that we also lose significant information passing from /. or ; to the invariants jt;. Understanding how
much more information these stronger invariants capture is equivalent to understanding to what extent a
relative version of the k-slice conjecture holds for links in closed orientable 3-manifolds.

Question 9.1 Does /1 vanish if and only if jt; vanishes for k <i <2k —1?

Whitney towers and surface towers Interpretations of Milnor’s fi-invariants in terms of twisted Whitney
towers and surface towers (also called gropes in the literature) are given in [Freedman and Teichner 1995;
Conant et al. 2011; Conant et al. 2014; Cha 2018]. Cha and Orr [2024] give a similar interpretation for
“Milnor invariants of 3-manifolds” and extend it to the transfinite setting.

Goal 9.2 Provide an interpretation of the invariants from this paper in terms of Whitney towers and
surface towers.

Finite type invariants Bar-Natan [1995] and X Lin [1991] showed that Milnor’s invariants for string
links are of finite type. Habegger and Masbaum [2000] determine a formula for computing Milnor’s
[-invariants for string links from the Kontsevich integral.

Goal 9.3 Recast the invariants from this paper as finite type invariants.

M Powell has suggested that the theory of claspers due to Gusarov [2000] and Habiro [2000] may seed
a constructive realization machine for these invariants.

Invariants comparing links in S3 to a nontrivial link In the case where we compare links in S to
the unlink, the invariants /,, from Section 3.1 reduce to invariants of Orr [1989] which capture Milnor’s
[L-invariants.

Question 9.4 Do we gain anything by fixing a nontrivial link L C S? instead of the unlink?

Despite the additivity of Milnor’s invariants, due to Cochran [1990] and Orr [1989] in the case of the
first nonvanishing invariant and more generally due to Krushkal [1998], we expect the answer is yes.
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9.2 Extensions of this work

In addition to the potential new interpretations of the invariants in this paper described in Section 9.1, we
may consider whether certain known extensions of Milnor’s p-invariants carry over to the setting of this
work.

Extending to the transfinite setting The existence of nontrivial transfinite Milnor invariants for links
has been an open question since Milnor’s work [1957]. Milnor originally asked about invariants detecting
phenomena in the transfinite lower central quotients of link groups for links in S3. Using J Levine’s
algebraic closure of groups [1989b; 1989a], equivalent to Vogel’s homology localization of groups [1978],
Cha and Orr [2024] extend their homology cobordism invariants to the transfinite setting and answer a
similar question. They exhibit 3-manifolds with vanishing finite-length Milnor invariants and nontrivial
transfinite invariants. One expects analogous extensions of the invariants %, 6, and [t, should exist,
in particular because the - and ji-invariants contain the Cha—Orr invariants as special cases. These
extensions would involve a tower of spaces X, (L) with maps from M, where w is a countable ordinal.

Goal 9.5 Leverage the examples from [Cha and Orr 2024] to find the first instances of nontrivial transfinite
Milnor invariants for links.

J Levine’s group closure One expects an extension of the invariants /,, 6, and i, even beyond the
previous idea to invariants that detect phenomena at the level of J Levine’s algebraic closure [1989b;
1989a]. These invariants would probe this algebraic closure without passing to (finite or transfinite) lower
central quotients. They would be “universal 77 invariants” in the sense that they would detect information
about the Z[G]-homology of link exteriors coming from link groups at the deepest possible level. In
other words, these invariants would detect information about the fundamental group of the Z[G]-Vogel
homology localization of the link exterior invisible to any lower central quotient; see [Vogel 1978]. Such
invariants would be analogous to J Levine’s invariant [1989a] for links in .S 3. Whether this invariant is
nontrivial is an open question.

Just as in the transfinite setting, Cha and Orr [2024] extend their homology cobordism invariants to this
universal i1 setting and prove the existence of 3-manifolds with vanishing finite- and transfinite-length
Milnor invariants but with nontrivial universal invariants. Again, one expects analogous extensions of the
invariants /i,,, 6, and i, since the 6- and jt-invariants contain the Cha—Orr invariants as special cases.
These invariants would involve spaces X (L, 1) equipped with maps from M. The various maps from M
would fit into a diagram as follows:

M

X(L,1) S m} X (L) N 3 X, (L)

> e > e

Goal 9.6 Leverage the work from [Cha and Orr 2024] to find links with nontrivial universal Milnor
invariants.
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Milnor invariants for knotted surfaces The study of surface links (including single-component knotted
surfaces) in 4-manifolds is currently a very active area in 4-dimensional topology. Concordance in this
setting has garnered a lot of recent attention [Sunukjian 2015; Schwartz 2019; Audoux et al. 2021; Klug
and Miller 2021; Miller 2021; Klug and Miller 2022; Schneiderman and Teichner 2022], but little is
understood overall. Despite recent work, there is a general shortage of concordance invariants for links of
surfaces, particularly when the surfaces have positive genus.

Audoux, Meilhan and Yasuhara [Audoux et al. 2021] recently explored an analogue of Milnor’s
invariants for concordance of knotted surfaces in 4-space. They leverage the combinatorial method
of cut-diagrams to apply tools similar to Milnor’s work [1957] and develop concordance invariants.
Analogous versions of Orr’s invariants [1989] in this setting are likely amenable to computing the number
of such invariants.

Goal 9.7 Extend the invariants of [Audoux et al. 2021] to links of positive genus surfaces in closed
orientable 4-manifolds. More broadly, extend the invariants from this work to concordance invariants of
embeddings of n-manifolds in (n42)-manifolds.

Progress toward Goal 9.7 will appear in forthcoming joint work with M Miller.

Variations on the definition of concordance We list a few variations of this work adapted to studying
links in slightly different contexts:

* One could study concordance of unordered links, unoriented links, or both unordered and unoriented
links by slightly changing the definitions of an n-basing and the group Aut(sr/ I',, d) of self-n-basings
given in Section 4. Versions of the main results of this paper still follow.

e Instead of studying Z[G]-homology concordance of links in 3-manifolds M with fixed homo-
morphisms ¢ : 71(M) — G to a fixed group G, as in Section 3.5, one could remove such a fixed
homomorphism ¢ as part of the structure of M and only ask that 771 (M) admits some homomorphism
onto G. Again, this change would slightly alter the definitions of an n-basing and the group of
self-n-basings.

9.3 Applications of invariants
We list several possible applications of the new invariants defined in this work to existing open questions.

Computing collections of realizable classes One can leverage Theorems C and E to compute the
collection of Milnor invariants relative to a fixed link. One might even hope for a constructive algorithm
to realize invariants by specific links in M. Such computations for specific knots K C M can partially
answer the Almost-concordance conjecture of [Celoria 2018; Friedl et al. 2019]. Partial progress toward
this conjecture has been made in [Miller 1995; Celoria 2018; Yildiz 2018; Friedl et al. 2019; Nagel et al.
2019; Kuzbary 2024]. We conjecture that the invariants /,, are sufficient for proving the remaining cases
of the Almost-concordance conjecture.
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Applications to homology cobordism Recall that the invariants 6, and 1, are homology concordance
invariants and reduce to the homology cobordism invariants of Cha and Orr [2024] when specialized to
empty links.

Question 9.8 Are there applications of the invariants in this work to the study of homology cobordism of
3-manifolds which do not pass through the Cha—Orr invariants?

The invariants 8, and i, may also be useful in answering the following question:

Question 9.9 Fix a 3-manifold M. Does there exist a 3-manifold M, homology cobordant to M, and a
knot K C M such that K is not topologically homology concordant to any knot in M'?

A Levine [2016] provides an example of a knot in a smoothly homology nullbordant homology
sphere which is not smoothly concordant to any knot in S3. The existence of such an example in the
topological category is still open; Davis [2020] shows that such an example cannot be detected by the
powerful Cochran—Orr—Teichner filtration [Cochran et al. 2003] on the topological concordance group.
The invariants defined in this work may be able to provide analogous examples in the topological setting
in 3-manifolds which are not homology spheres. They may also interact in interesting ways with recent
work on homology concordance such as [Zhou 2021] and [Hom et al. 2022].

Appendix Properties of X,(L) and ¢, (L)

In this brief appendix, we collect a number of properties of the spaces X, (L) and maps ¢,(L) : M —
Xn(L) defined in Section 3.1. These include a number of well-definedness and naturality properties; see
[Stees 2023] for more details.

A.1 Well-definedness and naturality properties

Observe the following well-definedness and naturality properties of X, (L) and t,(L). These follow
from the naturality of the constructions of Section 3.1 and algebraic-topological properties of homotopy
pushouts.

e The space X, (L) is well-defined up to homotopy equivalence, independent of the choices of model for
K(z/ Ty, 1) and based map p, : Ef, — K(7/ 'y, 1) induced by the canonical projection w —> 7/ ['y,.

¢ The model obtained for X (L) depends naturally on the choices of model for K(;r/ ', 1) and based
map ppn. Two sets of choices yield a canonical homotopy class of homotopy equivalences ¥ between
the two resulting models.

e The homotopy class t,(L) € [M, X, (L)]o is well-defined.

e The inclusions ¢, (L) : M — X, (L) into two models for X}, (L) are related, up to homotopy, via the
canonical homotopy equivalence ¥ above.

Recall the maps Y n : Xm(L) — X,(L) for m > n defined in Section 3.1. The V¥, , satisfy the
following:
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 The homotopy classes ¥u,n € [Xm (L), Xn(L)]o are well-defined.
e The maps ¥, , between two different models of each of X,,(L) and X, (L) are related, up to based
homotopy, via canonical homotopy equivalences.
* The collection {y/; ; } satisfies Y, p = Yu, p¥m.n-
* The collections {y/;,j} and {1x (L)} satisfy v; ji; (L) > ¢; (L).
The spaces X, nG (L) and maps L,(j (L) and Wg,n defined in Section 3.4 satisfy analogous well-definedness
and naturality properties.

A.2 Algebraic properties

Proposition A.1 Let the fixed group G be G = (M), and let ¢ : m;(M) — G be the identity
homomorphism.

(1) The map t,,(L) : M — X, (L) induces an isomorphism t,(L)s : 71 (M) = w1 (Xn(L)).
(2) The abelian group H3 (X, (L)) contains a summand canonically isomorphic to Hy3 (M) = 7.

Proof Since X} (L) may be obtained from the reduced mapping cylinder M pfz by gluing vz, to dEL x {1},
the homomorphism 7/ I';, — 71 (X, (L)) is surjective and its kernel is normally generated by the images
of the meridians of L in 7/ I[',. This is precisely the subgroup I'/ Ty, since I' < 7 is the subgroup of &
normally generated by the meridians of L. Thus,

m(Xn(L) = (n/Tn)/(T/Ty) =/ T = 71 (M).

To see that this isomorphism is induced by the map ¢, (L), we instead view X (L) as obtained from M
by attaching cells of dimension 2 and higher. The attaching maps of the 2-cells represent elements of I',
which are already nullhomotopic in M, and the higher-dimensional cells do not affect the fundamental
group. Therefore, ¢, (L) induces an isomorphism. This proves (1).

To prove statement (2), we consider the Mayer—Vietoris sequence corresponding to the decomposition
Xn(L) = MI;; Usg, vL. The connecting homomorphism H3(Xy,(L)) — H>(0EL) = Z™ sends the
inclusion-induced image of [M]to (1, 1,...,1) (i.e., the image of [M] is the sum of the fundamental
classes of the tori which form dEy ). Projecting H(dEy) onto Z generated by (1,1,...,1) gives a
surjective homomorphism H3 (X, (L)) — Z which sends the image of [M] to 1. This yields a splitting
of H3(X,(L)) as H3(M) & A for some abelian group A. As the inclusion map t,(L) : M — X, (L) is
canonical, this splitting is canonical. This proves (2). |

The spaces X, nG (L) from Section 3.4 have analogous algebraic properties:
Proposition A.2 Let G be some group with ¢ : m{(M) — G.

(1) Let 9 = kerg. Then m; (XnG (L) =m(M)/ l"nG, the n-th G -lower central quotient of w{ (M),
and the map L,? (L)y: M — XnG (L) induces the canonical projection w1 (M) — w1 (M)/ F,?.

(2) The abelian group H5(X, nG (L)) contains a summand canonically isomorphic to Hy3 (M) = Z.
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