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Compact holonomy G, manifolds need not be formal

LuciA MARTIN-MERCHAN

We construct a compact simply connected manifold with holonomy G, that is nonformal. This manifold
is the resolution of a flat G, orbifold with Z, isotropy, which can be resolved using both the generalized
Kummer construction by D. D. Joyce and the method developed by Joyce and S. Karigiannis. A non-
vanishing triple Massey product is obtained by arranging the singular locus in a particular configuration.

1 Introduction

The link between special holonomy and formality was discovered by P. Deligne, P. Griffiths, J. Morgan,
and D. Sullivan in [10]. They proved that compact complex manifolds satisfying the dd“-lemma are
formal. In particular, Kihler, Calabi—Yau, and hyper-Kéhler compact manifolds are formal. Later,
M. Amann and V. Kapovitch showed in [1] that compact quaternionic-Kdhler manifolds with positive
scalar curvature are also formal. For that, they used that their twistor space admits a Kdhler metric, along
with results from rational homotopy.

The question of formality for compact manifolds with exceptional holonomy has remained open since
they were first constructed by D. D. Joyce in [13; 14; 15; 16]. In fact, these were conjectured to be formal
in [1, Conjecture 2]. Various approaches have been explored to better understand the G, case. Analytical
methods were employed by K. F. Chan, S. Karigiannis and C. C. Tsang [7] and M. Verbitsky [27], but
these seem to be inconclusive on their own. More precisely, in [27] Verbitsky extended the Kéhler
identities to Riemannian manifolds equipped with a parallel form, and built a cohomology algebra with
special properties using them. From this, he provided an alternative proof of formality for compact Kahler
manifolds. This idea was later applied in [7] to torsion-free G, manifolds, where it is shown that these
are almost formal — meaning that all triple Massey products vanish except possibly those involving three
degree-2 cohomology classes. This condition is satisfied by all 7-manifolds with »; = 0.

Another strategy is contained in [9], where D. Crowley and J. Nordstrom studied the rational homotopy
type of simply connected 7-manifolds, among others. In particular, they built the Bianchi—-Massey tensor
as a tool to detect nonformality of 7-manifolds, and they concluded that if there was a nonformal simply
connected manifold with holonomy G5, it would have b, > 4. Prior to [9], G. R. Cavalcanti proved a
weaker version of this result in [6], and also obtained a compact nonformal 7-dimensional manifold that
satisfies the known topological obstructions for holonomy G, manifolds.

The relative scarcity of holonomy G, manifolds makes it hard to determine what phenomena might
influence whether they are formal. Formality of one of Joyce’s examples was proved by Amann and
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Taimanov [2]. The examples of Nordstrom in [22] are formal because they have b, < 1. The author is
unaware of any attempts to address the formality of the examples with b, > 4 provided by A. Kovalev [19],
Kovalev and N. H. Lee [20], or A. Corti, M. Haskins, Nordstrom and T. Pacini [8]. We provide a negative
answer to the question of formality for compact manifolds with holonomy G, proving the following result:

Theorem 1 There exists a compact simply connected manifold with holonomy G, that is nonformal.

The constructed manifold (M, @) is obtained by resolving an orbifold (X, ¢) which itself is the quotient
of a flat 7-manifold under the action of an involution with fixed points. The singular locus of X consists
of 10 disjoint associative manifolds, Ny, ..., Njg, each of which is 2: 1 covered by a torus. In Theorem 3,
we obtain (M , ¢) using the desingularization method of Joyce and Karigiannis [18], and in Remark 4,
we argue that a resolution diffeomorphic to M is obtained from the generalized Kummer construction of
Joyce [15]. As explained in Remark 4, the choice of the first was made due to the author’s familiarity
with the topological properties of resolutions of orbifolds fitting into the setup of [18].

It was known that the cohomology groups of M are determined by those of X and Nyp,..., Njo
(see (17)), and the product structure depends on the embedding of the singular locus of X. More precisely,
the square of the Thom class x; of a connected component E; in the exceptional divisor lies in H*(X),
and it depends on the Thom class of the corresponding connected component N; from which it arises;
see (20). Here the orientation of N; is determined by ¢.

The novelty of this example is that we obtain a nonvanishing triple Massey product, even when the
orbifold and the singular locus are formal, by positioning four of the connected components in a special
configuration. Aside from the cohomology product formulas, the following facts ensure that the triple
Massey product (x; + x2, X7 + x3, x7 — x3) is both well-defined and nonvanishing:

(i) There are oriented cobordisms C and C with dC = N3 U —N7 and 3C = Ny LU—N,. Here the minus
sign indicates that the orientation is reversed.

(i1)) The cobordism C intersects N1 negatively and N, positively.

Alternatively, this can be expressed by saying that Ny LI —N, and N3 U — N7 are nullcobordant and their
linking number is nonzero.

This contrasts with the example examined by Amann and Taimanov [2], where both the orbifold and
the singular locus are formal, but the cobordisms between singular components can be chosen to avoid
transverse intersections with other components. This also differs from the examples of compact manifolds
with b1 = 1 that are equipped with a closed G,-structure and obtained by orbifold resolution techniques.
The formal manifold in work of Ferndndez, Fino, Kovalev, and Mufioz [12] satisfies the same properties
as the example analyzed in [2]. In work of Martin-Merchén [21], the orbifold is nonformal and the
resolution carries a nonvanishing triple Massey product obtained by pulling back a nontrivial one from it.
For topological reasons, the examples in [12; 21] do not admit metrics with holonomy contained in G».

This paper is organized as follows: In Section 2 we construct M and we prove that it is simply
connected and it admits a metric with holonomy G». In Section 3 we obtain its cohomology algebra and
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show it is nonformal. The author has chosen to present most of the computations explicitly to ensure that
the discussion is self-contained.

2 A simply connected compact manifold with holonomy G,

Consider the flat 6-torus 7¢ = (C/T")3, where I" = Z(1, i), endowed with its standard flat SU(3)-structure
(w,0) = (%1 Dk dzigs d2123). The isometry

(1) fIT6—>T6, f[Zl,Zz,Z:;]:[izl,i22,—23]
preserves the SU(3)-structure. The manifold
) M =RxT®/@t.[z) ~( +k f[z]) for keZ,

equipped with the flat metric has a parallel G,-structure ¢ = dt A @ + Re(®). Since f* = Id, the
7-torus T = R /4Z x T® covers M. The deck transformation group of the covering is Z4, generated by
Flt,[z]] = [t + 1, f[z]]. We quotient M by the involutions

B) M > M, ult[z]] =t [-21,—22. 23+ %]], plt [zl =[t.[-z1.—22. 23 + %l]]

Neither of these involutions, nor their compositions, have fixed points. Since they preserve ¢, the quotient
space M' = M /{11, 12) is a smooth manifold with a parallel G,-structure and a flat metric. Observe that
there is a fibration 76/ Z% <> M’ — S'. In addition, the involution

&) kM — M, «t.[2] = [1 —t, [F1, 22, 23]

is well-defined because «[t + 1, f[z]] = [-t,[—iZ1,—iZ2,—Z3]] = [l —t,[Z1, 22, 23]] = «[t,[z]]. Tt
determines a map x: M’ — M’ as it commutes with both ¢y and t,. Moreover, k has fixed points and
K*(p) = ¢.

The orbifold X = M’/k can be alternatively described as the quotient of the torus T = R /47 x T®
by the group D4 x Z%. Here Dy is the dihedral group spanned by « and F (note that k o F = F~ ! o),
whereas Z% is generated by ¢; and ¢5.

Remark 2 The orbifold X is related to the examples provided by Joyce in [15]. More precisely, a
change of variables transforms X; = T7/(F, k) into Joyce’s Example 9, and X, = T7/(F,k,t10t5) into
Example 10. In particular, there is a branched covering X, — X, because ¢; has fixed points when it acts
on X, (a fixed point of ¢; on X> is the projection of p = [O, [O, 0, %]] as t1(k(p)) = [1, [O, 0, %]] = p).

2.1 Singular locus

The singular locus of X is the projection of the fixed locus of «, Kk ot1, Kk 0tp, and Kk ot; 01 on M. We
observe that if y is one of these maps, and we denote it by y[z, [z]] = [1 — ¢, y’[z]], then a point [z, [z]]
with ¢ € [0, 1) is fixed by y if and only if r = % and [z] € Fix(y’), or t = 0 and [z] € Fix(f "1 oy’). We
now compute these and analyze their projections to X.
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We begin with the level set t = 0. From f~1[z] = [—iz1, —izp, —z3], we obtain
T ok![z] = [~iZ1, —iZa, —Z3], flokon)zl=[iz1.i%2, —Z3 + 3]
flokow) Z] =[iz1.iZa.~Z3+ 5i]. fTlo(kouow)[z]=[—iZ1.—iZy.—Z3+ 5(1 +1)].
Hence Fix(f ™! o (k0t2)") = Fix(f "' o (k 011 012)") = @ (these act on y3 as y3 —> y3 + 3 ), and

3) Fix(f'ok) = {1 —ix1, x2 —ixa, 63 +iys] | €3 € {0, 5}, x1,%2, 3 €[5, 5]},
1
2’

(6)  Fix(f'o(kou))={[x1+ixi.xo+ix2,83+iy3]|83€{—1. 5} x1.x2.y3€[—3. 5]}

We denote by N, N 12 C M the connected components of Fix(k) at # = 0 determined by €3 = 0 and
&3 = % respectively. Similarly, we denote by N, N22 C M the components of Fix(k ot1) att =0
determined by 83 = —% and §3 = %. Each of these is diffeomorphic to a 3-torus. The map ¢; interchanges
N jl with N jz’ while ¢, preserves each connected component. In addition, N jk — N ]k /t2 is a2:1 covering,
and H'! (N /k /t2) = ([dy3]). The form dy3 is harmonic because N jk is equipped with the flat metric. In
fact, the map Nll/tz —R/Z, [x1—ix1,X2—ix2,iy3] — [2y3] is a submersion with a T2 fiber. A similar
statement holds for the remaining connected components. Therefore the fixed locus of k on M’ att =0
has two connected components, N| and N,. Both admit the nowhere-vanishing harmonic 1-form dys.
We denote by N; and N, their projections to X .

1

To analyze the singularities at ¢ = 5, we compute

«'[z] = [£1, 22, 23], (kou)[z] = [~Z1, 2. 23 + 1],
(kow)[z]=[~Z1,~22.23+ 3i]. (kouow)[z]=[21.22. 53+ 3 (1 +1)].
Hence Fix((k ot1)") = Fix((k 011 013)") = @, and

(7 Fix(k") = {[x1 +ie1. X2 +ie2,x3 +ie3] |1, 62,63 € {0, 4}, x1.x2, x5 €[4, 1]}

(8) Fix((k o)) ={[e1 +iy1.e2 +iy2,x3+1i83] | e1.62.83— 5 € {0, 3}, y1. 2. x3 €[5, 3]

We denote by N, Nj 2 C M the connected components of Fix (k) at t = l determined by £ = ¢, = 0 and
e3=0o0re3 = 1 , respectively. We use lexicographic order for the pairs (81 , &2) and label the remaining
connected components of Fix(k) at t = % by NI, N, 42, Nsl, N52, N61, and N62, with the upper index 1
corresponding to £3 = 0. Similarly, we denote the connected components of Fix(k otp) by N k where
j=17,...,10and k = 1,2, and the upper index k = 1 now indicates 3 = —i. For instance, ‘

N7 ={[5. [iv1.iy2. x3 = 5i]] | y1. y2, x3 € [-3. 5]}

All these components are diffeomorphic to a 3-torus. We observe that ¢; preserves each connected
component, while ¢, swaps le with NJ-Z. Also, NJk — Njk/tl isa2:1 covering, and H'! (Njk/tl) = ([dx3]).
Again, dx3 is indeed harmonic on N ][‘ and there are submersions N }‘ /i1 — R/Z with a T? fiber. The
fixed locus of k on M’ at t = % has eight connected components, Nj,..., N{,. These admit the
nowhere-vanishing harmonic 1-form dx3. We denote by N3, ..., Njo their projections to X.
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The submanifolds N ]k and N Jf are associative submanifolds of (M, ¢) and (M’, @), respectively; see
[18, Proposition 2.13]. We always assume that Njk (resp. N/f, Nj) are oriented by ¢ |y = Re(dz123)| y«
b J J

(resp. ¢| N 0| N; ). Using the coordinates at t = 0 and # = % provided by (5)—(8), these forms are

9) (p|N1k =2dxi Adxa Adys fork =1,2,
(10) ¢lyr =—2dx1 Adxz Adys fork =1,2,
(11) (p|Njg<=dx1/\dx2/\dX3 for j =3,4,5,6and k = 1,2,
(12) ¢lyk = —dyi Adyz ndxs for j =7,8,9,10 and k = 1,2.

Note that if j = 1 (or j = 2), the projections of N Jk to the first and second factors of (C/T")3 are the
loops [x —ix] (or [x +ix]) for x € [—% %] These have length +/2. The projection to the third factor
has, of course, length 1. Therefore the volume of these tori is 2, which is why the factor of 2 appears in
(9) and (10).

2.2 Resolution

The resolution method developed in [18] allows us to desingularize the orbifold X and to obtain a metric
with holonomy G, on the resolution.

Theorem 3 The resolution M of X is a compact simply connected manifold that admits a metric with
holonomy G».

Proof Since each connected component of the singular locus of X admits a nowhere-vanishing harmonic
1-form, the resolution method [18, Theorem 1.1] ensures that there is a resolution p: M — X and a
torsion-free G,-structure ¢ on M. It satisfies 711(]\7) = m1(X). According to [17, Proposition 10.2.2],
the holonomy of (]l7[ , ¢) equals G, if and only if (M ) is finite. To finish the proof, it suffices to show
that X is simply connected.

We first compute 1 (M, po) with pg = [% [0,0, 0]]. From the long exact sequence of the fibration
T® < M —R/Z, [t,[z]] ~ [t], we obtain the short exact sequence

{1} = m2(S") = m1(T®) = 11 (M) - m(ST) — {1}.

Of course, the loop yo(s) = [% +s,[0,0, 0]] in M maps to the generator of 1 (S'), and provides a
splitting of the short exact sequence. Therefore 71 (M) = 1 (S') x 71 (T'®). We now analyze the product
of [yo] with elements in the image of 71(7®) < m1(M). Given a loop y(s) = [1.7(s)] on M with
7(0) =[0,0,0], the loop ;! -y - o is homotopic to s > [% P(s)] = [% f1op(s)] on M. (As usual,
we write y1(s) = y(1 —s).) The homotopy H,(s) is a sequence of three paths. First, move along
the ¢-direction from [% [0,0, 0]] to [% —r,[0,0, 0]]. Then travel on the level set % — r via the map
s> [% -7, )7(s)], and finally return to [%, [0,0, 0]] by reversing the initial path.

We denote by yx (s) =[ 5. Px(s)] fork =1,... 6 the canonical generators of 771 ({3} 7%, po). Namely,
P1(s) =1[5.0,0], ..., Ps(s) =[0,0,is]. Fork = 1,2 we have /' opr_y =75} and ' oPrp = Pos—1.
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In addition, if k = 5,6 then f~ 1oy = Ve 1 This implies the relation

(13) ar] ™" = ol " yvak—1llvol. [vak—1] = [vol ' [vaxllvol.  for k=1.2,
(14) lys] ™! = [vol ' [ysllvol. lys] ™" = [vol ' [¥sllvol.
Since (1, t2) acts freely on M , the projection g: M — M’ is a 4:1 regular cover with deck transformation
group (t1,1p) = Z%; see [5, Chapter 3, Proposition 7.2]. Indeed, there is a short exact sequence
{1} > (M) - 1y (M) = (11, 12) — {1},

where the last map is defined by lifting a representative of an element in 1 (M) to M with basepoint pg
and then considering the map of the deck group that transforms pg to the endpoint of the lift. Consider
the paths

75.76:0.1] > M, 7s(s) =[3.[0.0.15]],  76(s) =[2.]0.0, 3is]].
Then y; = q o Js and y; = ¢ o s are loops on M. In the exact sequence, their homotopy classes project
onto ¢; and (o, respectively. If 0 < k < 4 we write y,’c = g o Y. In addition, define the paths

oy 0.0 > M. 7o) = [3+5.[0.0.3]]. 76 =[3.[0.0. 3s]] = [3.[0.0.~ 4]}

There is a homotopy with fixed endpoints on M from y, 1. Js - 7 to y7. The way it is constructed
is the same as before. Since yj = g o Jo and g o y7(s) = q[% [0, 0, % - %s]] = (yg)_l(s) we obtain
el v4llv6] = [v4] ™" on M'; a similar argument shows [yp] " [y£lly4] = [vel ™"

The involution x: M’ — M’ has fixed points. Therefore the map ¢: 71(M’) — 71(X) induced by
the projection ¢’: M" — X is surjective; see [4, Chapter 2, Corollary 6.3]. Observe that k reverses the
direction of y{, 5, v}, and y§. That is, if y is one of these loops, then k o y(s) = y~1(s). This implies

that ¢/ [y] = 1 because ¢’ oy = g’ 0y (s), where
ifr <1,
Y= ") Nr=a
y i (s) ifr >3,

and y” represents the unit element in 71 (M’). Hence ¢ [y{] = q%[v5] = qilvi] = ¢klyg] = 1. From the
relations (13), and [y4]™! = [yo] ' [y{]lyg], we obtain ¢, [y]] = gL [y5] = ¢L[yi]*> = 1. We finally show

that, indeed, ¢, [ys] = 1. We first consider the paths
V8. ¥9. ¥10: [0, 1] > M,  ys(s)=[1+215,[0,0,0]], yo(s)=[1.[0,0, 2s]], y10(s)=[5+21s.[0.0, 1]].

There is a basepoint preserving homotopy on M from yg - y9 - )/1_01 to p5. Since ¢ o yg = ¢ o Y10, this
implies that (¢ o yg) - (¢ 0 y9)- (g o ys)~! is homotopic to y.. We now observe that

ko (qoy9)(s) =q[0,[0,0,1s]] = ¢[1.[0,0, —35]] = ¢[1.[0,0,3 — 15]] = (g o o)1 (s).
The argument above ensures that the loop ¢’ o g o g is trivial on X. Hence
q'oys~(q'oqoys)-(q'oqoys)-(¢'oqoys) ™ ~(q'oqoys)-(¢ ogoys) ™ ~ 1.
Therefore 71 (M) = m1(X) = {1}. O
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We denote by p: M — X the projection map, and E; = o YN 7). The resolution described in [18]
occurs on the fibers of the normal bundle v(N;) of N; C X, which are of the form C2/Z,. These singular
fibers are replaced by their algebraic resolution,

Y ={(w, ) e C2xCP! |wel}/(w,£)~ (—w,L).

We describe this procedure in our setup. First, N ! N Ji,wheret=1pif j =1,20rt=1;if 3 <j <10.
Indeed, there is a 2: 1 cover between the normal bundles v(N}! f )= v(N J) induced by the projection map
M — M'’. The deck transformation group of the cover is generated by the involution ¢,. Both bundles
have a complex structure /; induced by the cross product with the vector field y; determined by the
harmonic form; see [18, Remark 4.1]. Thatis, y; =0y, if j =1,20r y; = 0x, if 3 <j <10, and /;(X)
is determined by the expression

g (X).Y)=0(x;. X.Y).

The action of tx on V(N jl) preserves I; because 4 fixes ¢, x; and g, and the projection v(N jl) — V(N ]’ )
is a complex homomorphism. In addition, the bundle v(N jl) is trivial. Since /;(9;) € (x5, dy5), we pick
a trivialization of the form (9, 1;(0;), X, 1; (X)) where X € (0x,, 0y;, 0x,, 0y,) N v(le) is a unit-length
vector field. For instance, if j = 1 this is (37, 0x;. (1/+/2)(0x, +3y,). (—1/+/2)(dx, +y,)), and if j =3
this is (0, —0y,, 0y, , —0y,). The orientation of v(N 1) induced from N; i and M is determined by the form
(x; _I(plv( N )) and the frame above is positively oriented. Hence the trivialization yields an isomorphism
of orlented vector bundles v(N ) =~ N ! x C2, where C? has the standard orientation. For any j, under
the isomorphism, the generator of the deck group of v(le) — v(Nj) is tx(x, wy, w2) = (L(x), wy, —wy).

The involution k induces the Zj-action on the fibers of v(N J/) given by vy — Kk« (Vx) = —Vy; see
the proof of [21, Lemma 2.8]. This can be lifted to a map k: le xC? - le x C? by means of the
expression K (x, wy, wz) = (x, —wy, —w3), which is induced by the involution on M fixing the points of
that connected component. Thisis k« if j =1,3,4,5,6,0r (koty)« if j =2, 0r (kotp)« if j =7,8,9, 10.
This action commutes with t4. Thus v(N;) = v(NJf)//Q= >~ (le X C2)/ (15, k) = (le xC2/Z5)/tx, and
there is a 2: 1 cover le x(C?)Z3) — (le x C2/Z2)/tx.

The resolution of N! x C?/Z is N;' x Y. The deck transformation ¢ lifts to N x Y by means of
the expression t(x, [(w1, w2), [W1: W2]]) = (1(x), [(w1, —w2), [W1 : —=W>]]). The resolution P(N;) of
V(N;) is the quotient (le X Y')/tx. Its exceptional divisor is Q(N;) = (le x CPYY /1, C (le XY)/tx,
which inherits the product orientation from N jl x CP!, where CP! is oriented by the Fubini—Study form.
It turns out that Q(N;) is isomorphic to the trivial bundle because it is homotopic to it via

(15) E; =N} xCP'/(x,[Wy: Wa]) ~ (L(x). [Wy : " W] for 1 €0, 1].

To obtain M, the authors of [18] replace a neighborhood of N; in X with a neighborhood of Q(N;) in
P(Nj). Therefore E; = Q(N;). The identification between these pieces is given by the composition
of the natural projection P(N;) — v(N;), a rescaling of the fibers of v(/N;), and a modification of the
exponential map obtained by precomposing it with the flow of a vector field of v(N;). The latter coincides
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with the exponential map over the zero section, preserves the orientation, and is compatible with the
involution; see [18, Definition 3.2, Lemma 3.5, and (6.1)].

Remark 4 The resolution method of Joyce [15, Theorem 2.2.3] also provides a resolution of the orbifold X
and a metric with holonomy G, on the resolution. The orbifold X fits into this setup as X =T /(D4 X Z%),
and a neighborhood of N; is isometric to a neighborhood of the singular set of (N jl x C?/Z5)/t+ where
N jl is a flat 3-torus and ¢4 is an isometry of N jl x C2 /7, acting freely on N jl. The resolution is obtained
by replacing a neighborhood of N; in X with a neighborhood of Q(N;) in P(N;); the identification is
the composition of the natural projection and the exponential map. Hence the resolution is diffeomorphic
to M. We used the method in [18], even if it involves harder analytic tools that are not necessary here, to
take advantage of the author’s previous knowledge of the cohomology algebra of the resolution; see [21].

For later purposes, we also consider gg = [1:0] € CP! and observe that

(16) Lj:= (N} x{q0})/tx = N; x{qo}

is a submanifold of E; that is diffeomorphic to N;. Its orientation is determined by that on N;.

3 Nonformality of the constructed manifold
3.1 Cohomology groups

We introduce some notation. Fix small tubular neighborhoods O]’. C OJ// of N j/ on M’, and denote by

nj: Of — N| the nearest-point projection. Define O; = ¢'(0}) and 01'2 =¢(0}), where ¢": M’ — X is

the quotient projection. To ease notation, let 7;: Oj2 — N denote the nearest-point projection. In addition,

we let pr; = 70 p: o 10 jz) — N;. From the discussion in Section 2.2 we deduce that it is a smooth map.
According to [18, Proposition 6.1], there are group isomorphisms

10

(17) H*(M) = H*(X)o @ H*>(N) ® (x;).

j=1
Recall that Satake defines in [24] the de Rham algebra for orbifolds and proves that its cohomology
algebra is isomorphic to the Cech cohomology with real coefficients. In [12, Remark 5], Fernandez,
Fino, Kovalev, and Mufioz deal with orbifolds obtained as the orbit space of a finite group action on
a compact manifold. In this case, the de Rham algebra of the orbifold coincides with the subalgebra
of invariant forms on the manifold. By averaging cohomology classes with respect to the group action,
they observe that the cohomology algebra coincides with the subalgebra of invariant cohomology classes.
Hence H*(X) is computed from the complex (Q2(M’)*,d), and H*(X) = H*(M')¥.

The inclusion H¥(X) c H¥* (M) is determined by p* (see Lemma 5). Each x ; has degree 2, and is
represented by the Thom class [z;] of the submanifold E; C M, oriented as in Section 2.2. Recall that
the Thom class of E; is the generator of the compactly supported cohomology group H, 2(07 10 7)) that
integrates to 1 over each fiber of the normal bundle of E; inside M ; see [3, Proposition 6.18]. In addition,
a closed form in H*(M) that maps to [o] ® x; e H*(N;) ® x; is pr;’.‘(a) AT
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Given « € Q¥ (X)), the restriction p*(oz)|A71_Uj E; is a smooth form since p: M —Uj Ei—X— Uj N;
is a diffeomorphism. The next lemma describes how to find a representative oy of a cohomology class
[o] € H*(X) whose pullback to M is smooth.

Lemma 5 Let Wj’ C Wj” C OJ// be tubular neighborhoods of Njf on M’ and define W; = q(Wj/) and
sz = q(Wj”). Foranyl1<j <10,ifx € Qk(X) is closed on sz, then there is a; € QK (X) such that:
(i) The forms «; and o coincide on X — sz. In addition, «; —« = df; where B; € Q¥"1(X) is
supported on Wj2.
(ii) On W; we have a; = JTJ’.k (aj|n;). In particular, p* (o) is smooth on p~ Y (W) because p* (o) =
pr}'.‘ (aj|n;) there.
Therefore, given [a] € H k(X), there is a representative og € QK (X) such that p*(as) is smooth and
p* (@)l -1 (0;) = Pr (@1, ) for every 1 < j < 10.
Proof The form 8 = Jr;‘(a| N}) € Qz(Wj” ) is k-invariant because 7; o k = m;. In addition, it is
closed and satisfies S| N = o Ny The Poincaré lemma allows us to find a form 6; on Wj” such that
do; = (B—a)| W' Indeed, since B and « are k-invariant, we can assume that 6; is. Let /; be a k-invariant
bump function which equals 0 on M" — W/ and 1 on W/. Then h;0; € Qk=1(X) is supported on sz
and o; =« + d(h;0;) satisfies the required properties. |
Remark 6 In the proof of [18, Proposition 6.1], and following our notation, they use that the bundles
Q(N;) — N; are trivial. Their justification is that the normal bundle v(N;) is trivial as a real bundle
(see their Remark 2.14). There could be a gap between these statements, because the chosen complex
structure might not be constant in the trivialization suggested by the authors. The space of complex lines

could then differ from fiber to fiber. This is why we showed in (15) that Q(N;) is trivial.
Proposition 7 The Betti numbers of M are (b1, by, b3) = (0, 11, 16). The cohomology groups are

H?(M) = ([dz;5+dz1,))@(x1, ..., X10),
H3(M) = (i dindz i, [i dtndzyz) [i dindzsz), (i ditA(dzy3—dz7,)])
©([dz123+dz133], [dz1p3+d2733]) D([dys3]®x1, [dys3]®x2, [dx3]®x3, . . ., [dx3]®x10).
Proof We first compute the cohomology groups of M. We observe,
H*(M) = H¥(T)F = [de) A H*1(T®) @ H*(T®)/.

It is then clear that H (M) = ([dt]); in addition, k*(dt) = —dt. For the remaining degrees, we analyze
the map f*: H*(T® ,C)— H*(T®,C) and then take real parts to find H*(T%)7 . That is, since fisa
holomorphic map, it preserves each of the subspaces H?-4(T°), and given a (p, ¢)-form « with p > g,
the map f* fixes [« 4+ @] if and only if it fixes [«]. Then it suffices to study the action of f* on HP?*4(T°)
with p > g¢.

The action of f* in terms of the basis ([dz13], [dz23]. [dz12]) of H?°(T®, C) is diag(—i, —i, —1). For
the basis of H (7%, C) given by ([dz,1], [dzy5]. [dz33). [dz,5), [d215], [dz13). [dz,55), [d275), [d235)),
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the action of f* is diag(1,1,1,1,1,—i,—i,i,i). Hence
HZ(T6)f =([idz 1], [i dz,3],[i dz33), [dz,5 + dz7,], [i(dz)5 — dz7,)]).

All these classes are invariant under ¢; and 1. However, « acts as diag(—1,—1,—1, 1, —1).
The map f* acts trivially on H3:9(T®). For H?'1(T®, C), consider the basis ([dz153],[dz155], [dz557])-
Then f* acts as diag(1,—1,—1). Thus

H3(T®) = ([dz123 + dzi53). [i (dz123 — dz153)]. [dz 155 + dzi33]. [ (d 213 — dz733)]).

These forms are fixed by ¢; and ¢». In addition, the action of « is diag(1, —1, 1, —1). Finally, one deduces
the result from our previous calculations, the equality H*(X) = Hk(M)(""1 2) and (17). a

Remark 8 As [17, Figure 12.3] shows, there is no holonomy G, manifold with (b,, b3) = (11, 16)
within the examples provided in Section 12 of that book. This pair does not appear in [23], where the
Joyce—Karigiannis construction is used to resolve orbifolds of the form (K3 x T7'3)/ Z%. The examples in
[19, section 8] have b, < 9, and those in [20, section 6] with b, = 11 have b3 > 66. The author could not
find a twisted connected sum in [8] with this pair of Betti numbers.

3.2 Algebra structure

We now focus on the product under the isomorphism provided by (17). This discussion is based on
[21, Proposition 6.4] and uses the notation introduced in Section 2.2. Similar computations have been
done in [12; 25].

We first claim that the Thom form of the normal bundle of N jl xCP'c N ].1 x Y is the extension of

( %)z

1
(18) T = ;d(b(rz)alog(rz)) = b (r?)rdr Adlog(r?) + —= 8810gr

where r is the radial coordinate on C2, and b(s) is an increasing function that equals —1 on s < &2 and 0
on s > 4g2. Of course, we choose & small enough that 7; is supported in p_l(Oj). Observe that 7; is
smooth because the second term is proportional to the pullback of the Fubini—Study form on CP!.

To verify this claim, consider a unit-length vector (11, u3) € C? and the holomorphic embedding to
a fiber of the tautological line bundle F' = {(w, [u1 :u2]) | w € [u1 :uz]}, given by e: C — F, e(A) =
(Au1, Auz, [uq :uz]). This induces an orientation-preserving embedding onto the fiber F, = {p} x F/Z,
of the bundle le xY — le x CP! that we denote by ep:C/Zy — Fp.

We observe that e* (3 log(r?)) = d(log |A|?) = (d1)/A, so that e*t; = 1/(wi)b'(|A|?)d A AdA. Since
e*t; vanishes when |A| ¢ [e, 2¢] we have

o1 1 b(IAI2)dA
[«:/zze”(m_ /e(J) 2mi |A|e[e,2s]d( A )

_L/ b(AP)dA 1/ b(IAP)dA _ 1/ dr _,
2mi |A|=2¢ A 2mi |A|=¢ A 2wl IA|=¢ A '
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This proves that 7; integrates to 1 over the fibers of the normal bundle, and therefore it is a representative
of the Thom class of that bundle. Note in addition that the Thom class of the tautological line bundle
over CP! is %‘Ej.

The form t; is t4 invariant, and hence the Thom form of Q(N;) C P(N;) is the pushforward of t;.
We also denote it by 7;. Since the second term in (18) is proportional to the pullback of the Fubini—Study
form of CP!, the form sz vanishes in a neighborhood of Q(N;). Hence it induces by pushforward a
form p« (rjz) on X with compact support on O;. Let V; be a tubular neighborhood of N; with O; C V;
and let Th[N,] € H?(V;) be the Thom class of N; C X oriented by ¢/, . Then

(19) [o+(t))] = =2 Th[N;] € H} (V) € H*(X),

because f(CZ/Zz p*(sz) = [y jz = Jep1 T = 1/ (i) [opr 30 1log(r?) = —2 (or alternatively, Iy sz =
[CP!][CP!] = —2). In addition, when j # k the supports of 7; and 7% are disjoint; hence 7; A 7 = 0.
Finally, letting [«] € H*(X), by Lemma 5 we can assume that it satisfies o = 7'[; (¢|n;) on Oj; then
p*() ATj = prJ’-‘ (a|n;) A 7j. Under the isomorphism in (17), our discussion yields the following
product rules:

(20) x7=-2Th[N;].  x;-x;=0 if j#k,
(21) [a] -x; = [a|y;]®@x; if [a] € H*(X).

The Thom class of N; (viewed in H*(X)) coincides with its Poincaré dual. Recall (see [3, p. 51])
that given a compact oriented n-dimensional manifold M, the Poincaré dual of a k-dimensional compact
oriented submanifold N C M is the unique cohomology class PD[N] € H"K(M) such that for any
representative v € Q"% (M),

(22) /a:/ anv forall [o] € HX(M).
N M

This is a consequence of Poincaré duality, namely (HX(M))* = H"K(M), which also holds for
orbifolds; see [24, Theorem 3]. Hence a similar definition applies to orbifolds. In Lemma 9 we find
PD[N;] € H*(X) and in Lemma 10 we deduce from (19) that the self-intersection of [E;] is —2[L;],
where L; is defined by (16).

Lemma 9 Write 1 =i dt A(dz123 —dzi33), and B2 =i dt A (dz ,5—dz735). Then
PD[N;] =PD[N;] = [B1 + B2].  PD[N3] =PD[N,] = 1[1—B2] for 4 < j <10.

Proof Following the proof of Proposition 7, we obtain that [81],[B2] € H*(X). Let [¢] € H3(X);
then we can choose o = dt A B 4+ A1(dz123 + dz753) + Aa(dz,,5 + dz755), where f*[B] = [B] and
k*[B] = —[B]. Let 1, u2 € R. Since M —J; N}‘ — X —J; Nj isan 8:1 cover,
1 .
/X aA(pipr+p2pa) = ¢ /M —2i (1A — p2A2) dt Adzy1p533 = 2(n1A1 — 2l2).
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Using the coordinates described in (5), we compute «| NE = 4(A1 — A2)dx12 A dys. Similarly,
from (6) we obtain «| NE = —4(A1 — A2) dx12 A dys. Taking into account the induced orientations (9)
and (10) of N, we deduce [y =3 [y1@=2(A1 =) for j = 1.2. In addition, if 3 < j <6 then
oz|Nk =2(A1+A2)dxpzandif 7<j < 10 then a|Nk =—-2(A1+A2) dy12 Adx3. Of course, we used
the coordlnates in (7) and (8). Equations (11) and (12) ensure fN o= le o= (A1 4+ Ap) for j > 3.
The statement follows from these calculations. For instance, if 3 < j <7,

/ o= A+ Ao = 2(A01 — (=113)) = / an (181 —1B2).
i X
J
and (22) implies PD[N;] = 3[B1 — B2]. o
Lemma 10 The following equalities hold on H Y M ):
[t1]? =[w2]* = —2PD[L1] = —2PD[Ly],  [w3]*=[r;]*=—2PD[L3]=—2PD[L;] for 4< <10.

Proof Fix 1 < j <10. We first prove that [t;]> = —2PD[L;]. Let [o] € H?3(M); according to (17)
and Lemma 5 we can write & = p*(8) + Y4, pry (Ak) A Tk, where [A] € H'(Ng) and [B] € H?(X)
satisfies B|o, = 7 (B|n,) for every 1 <k <10.

On the one hand, o A tj2 = p*(B) A ‘[jz because 7; A1 =0if j # k and rj3 = 0. For the last equality
note that Y is 4-dimensional and that for every [p.q] € (N1 X Y)/tx we have 7;|[, 4] € AZTqY by
definition (18). Equation (19) yields [ a A r = [z P*(B) A r =/B /\p*(r )=-2 fN

On the other hand, o[z, = p*(B)IL; because x|, = 0 for any 1 <k < 10. Observe that 1fJ =k this

follows from Tjl1p.g0] € A*TgoY when (p.qo) € L;. Hence fL a —fL p*(B) = fN (g0 PTT (BlN,) =
f B = 7 eN r . This implies [z;]?> = —2PD[L;]; the result now follows from Lemma 9. |

3.3 A nonvanishing triple Massey product

We first recall the definition of a triple Massey product; see [11, Definition 2.89] or [26, Definition 6.1].
For cohomology classes [o1], [a2], [e3] € H*, we say that their triple Massey product ([a1], [ee2], [@3]) is
well-defined if

[01][02] =0 and  [o2][a3] = 0.

If these conditions are satisfied, we pick forms £15 and &3 with d§12 = a1 Aap and d 23 = ap Aaz. Then

(23) y =t Az — (=)@ gy A £y

is a closed form. Let $ be the ideal in H* generated by [«1] and [«3], and denote the projection map
by m: H* — H*/$. The triple Massey product is defined as ([a1], [a2], [3]) = 7[y]. We say that it
vanishes if 7[y] = 0, that is, if [y] € $.

It is well-known that all triple Massey products vanish on a formal manifold; see, for instance,
[11, Proposition 2.90]. The goal of this section is to prove that the triple Massey product on H *(M ),
([r1 + 2], [t7 + T3], [t7 — 13]), does not vanish. As shown in the proof of Theorem 17 and Remarks 13, 15,
and 18, this occurs because the oriented submanifolds N{ LU—N} and N} U —N; of M’ are nullcobordant,
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and their linking number is nonzero. Here the minus sign indicates that the orientation of the submanifold
is reversed. The linking number (see [3, pp. 229-234]) of two disjoint nullhomologous oriented 3-
dimensional submanifolds A and B of M’ is

e [ enm=[ unts dei=vua dsa=vs. [l =THAL () = TH[B]

If A =0Cy4 and C4 intersects B transversally, the linking number is the oriented intersection number
between C4 and B.

Note that ([t; + 2], [t7 + 13], [t7 — 73]) is well-defined because 7; A 7 = 0 when j # k and

[t7]> = [3]> =0 by Lemma 10. To find a primitive of t7 — 72, we first construct a form 8 € Q3(M)

1
J

uses a cobordism between N, 1 and N;. 1

Proposition 11 There are small tubular neighborhoods V31 and V71 of N31 and N71 and forms B € Q3(M)
and v31, U7l € Q*(M) such that:

with df = U3 — U7, where v; is a representative of the Thom class of N ! for j = 3,7. The construction

(i) The forms v% and v71 are closed and supported on V31 and V71, respectively. The cohomology class
[vjl] € Hc4(Vj1) is the Thom class of le.

(ii) The form B vanishes in a neighborhood of the level set t = % and df = v31 — U71. In particular, it is

closed on M — (V1 U V).
(iii) We have [B|yx] = —%[(pIle], [Blysl = %[§0|N§]-

Proof For convenience, we use ¢t € [l §] instead of ¢ € [0,1]. We first find a cobordism on M

202
between N31 and N71. We view points in N31 at the level set t = % and we consider the coordinates
in (7) and the orientation in (11). Instead, we view N71 inside the level set ¢ = % That is, since
[%, [iyl, iyp,x3— %i]] = [% [—yl, —Y2,—X3 + li]], we describe
(25) Ny ={[3.[x1.x2.x3+ Li]] | x1.x2, x5 € [-3. 3]}

Its orientation is given by ¢| N} = dxi123. Letf: [%

2] [ 1] be a nondecreasing function that equals 0
ifr < 9 ,and 1 gift> 5 Deﬁne the embedding W: [l

55 %] X N1 — M by
(26) Wz, [% [x1.x2, x3]]) = [t. [x1, x2. x3 + if(1)]].

Then C = Im(¥) is a manifold with boundary, N31 U N71. We trivialize and orient the bundle 7C
using the frame (—d; — f'(¢)dy;, dx,, x,, dx3). The normal bundle v(C) is then oriented and trivialized
by (dy,,dy,,dy; —f'(t)d;). The basis (dx,, 0x,, dx;) oOrients le, and the outward-pointing vector is
V, = —0; on N31 and V, = d; on N71. Since a basis (e1, €2, e3) of dC is positive if (V,, e1,e2,e3) is
positive on C, we have that 0C = N31 U —N71 as oriented manifolds.

We now find § using the cobordism; the Thom forms U31 and v71 will later be constructed from df.
We observe that if j = 3,7, the bundle v(le) is oriented by (¢, 0y, . dy,, dy,). Hence

VN 22 (Bl 1) @ (Ol
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as oriented bundles. The Thom form of v(N jl) is then the product of the Thom forms of the bundles
(0¢] N ) and v(C)| 15 see [3, Proposition 6.19]. This is the idea that makes our strategy possible.
J

Let ¢: [—— —] — R be a positive radial function whose integral is 1 and whose support is contained
in B,5(0) — Bs(0), for a small §. Consider a periodic extension of ¢ to R3/Z3. Set h: [ 5] —Ra
bump function that equals 0 on [2, 5+ 8] [; —¢, g] and 1 on [2 + 28, 5 28]. Then

Q27) Blit.fxr+iv1 xa-tivaxstival] = HOE (1, y2. y3—F(1)) dyi Adys A(dyz—F' (1) dt)  for t €[5, 3]

induces a well-defined form on M that vanishes around ¢ = % Indeed, around a small neighborhood of
the interior of C, the expression {(y1, v2, y3 —f(t)) dy1 Adyz A (dy3 —f'(t) dt) defines a closed form
whose pullback to v(Int(C)) represents the Thom class of that oriented bundle. The support of the form

dB =h'(t)¢(y1, y2, y3 —f(t))dt Adyy Adyy, Adys for t e [%, %]

is contained on a neighborhood of N3.1 U N71, and we can write dff = vé - U71, where the support of v jl is
contained in the following neighborhood le of N jl:

Vi ={[t,[x1 +iyr,x2+iya. x3+iys]] | |1 — -} <2, [[(y1.y2. y3)ll < 25}

Vi ={lt, [x1 +iyr,x2 +iya. x3+iyal] | |1 =3

Moreover, if [¢, [z]] € V31 satisfies %—28 <t< % and ||(y1, y2, ¥3)|| <28, fromf(z +1) = % we obtain
dBliete = dBli+1.[iz1.iza—za]) = B (¢ + DE (1, x2, —y3 — %) dt Adxq1 Adxz Ad(—y3). This vanishes
because !— V3 — %! > % — 26 and ¢ is supported around 0. Since / is constant on [%, % + 8], we also have
df =0 at points [¢, [z]] € V31 with % <t< % + ¢. In the same way, dff = 0 at points [¢, [z]] € V71 with
3_e<t<342e

We now check that v31 represents the Thom class of N31. First, U31 is closed because dpf is and the
support of U31 is disjoint from that of U71. In addition, let p € N31 and let F), be the fiber of V31 at p,

oriented by (9, dy,, dy,, dy;). Since U31 is supported on the level sets % +e<t< % + 2& where f =0,

1/2+42¢
/ vy = / h(t)dt/ E(y1.y2.y3) dyr Adys Adys =h(3 +2¢e)—h(3+¢) =
Fp 1/2+e (1,72,y3)1<28

Hence [v3] €eH 4(V ) is the Thom class of Ny. ! A similar computation shows that v7 represents the
Thom class of N. !

Of course, B is closed on M — (V1 U V ). In particular, if j,k = 1,2, then §| NE determines an
element in H 3(N k). To prove the third claim, it is sufficient to show Sy« Bl NE=0j " where o1 =—1
and 0, = 1 because |’ Y ¢ = 2. For convenience, we rewrite the formulas for N 7k at the level set £ = 1

’

=

28)  N{ ={[1.[x1 +ix1.x2+ixp, —ex —iysll | x1.x2.y3 € [-2. 3]}, e1=0, ¢
(29) N§ ={[1,[~x1 +ix1, —x2 +ixa, =& —iy3]] | x1, %2, 3 € [-1, 4]}, &1 =—

N

o
INIS

2 =

’

INI
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These are oriented by <p|N1k =2dx; ANdxy Adys and <p|N§ = —2dx1 Adxy Adys. Since h(1) =1 and
f(1) = 0, we have

= ,X2,—y3)dx1 Adxy Ad(—y3) = —1,
leﬂ ||(x1,x2a_Y3)||<25§(X1 X2, —y3)dxi Adxa Ad(—y3)

= ,X2,—y3)dx1 Adxa Ad(—=y3) = 1.
Nfﬂ (o <25 1 X2 TY3) X1 Adxa nd(=y3)

Here we used that (x1, x2, y3) = (x1, X2, —y3) reverses the orientation, and the expressions for ¢| Nk O
J

Remark 12 Following the notation of the proof, we provide a geometric justification of the equality
Iz ,Blek = o; for j,k = 1,2. Observe that Nk NnC = {p]} where p¥ = [1,[0,0,—¢;]] and pk =
[1,[0,0, —6]]. Pick the basis by = (—0;, 0x,, 8,C2, dx,) of TClNk, and consider the positively oriented
basis of Nk viewed at the level set ¢ = 1 given by b; = (—0; 8x1 + 0y, —0j0x, + dy,,0;0y,) —note
that p(—o; 3xl +0y,,—0j0x, +0y,,0;0y;) =2. Then (bo, b1) is a negative basis for Tp/ch and (bg, by)
is a positive basis for TP§M because

(_8t) AN 8x1 VAN 8xZ VAN 8x3 AN (_Oj axl + 8)}1) AN (_O] axz + 8y2) VAN (G] 8y3)
= _UjatAaxl /\axZ/\ax3/\8yl /\8y2/\8y3

= Gjat /\axl /\ayl /\axz /\ayz /\8_x3 /\8y3.
Around C and on the level sets where 4 = 1, namely 2 5 t2e<t < 5 — 2¢, the form

B=C(y1.y2, y3—f(t)) dy1 Adys A(dys —f'(1) dr)

is a representative of the Thom class of v(C). Therefore [B] Nk] is the Thom class of p in N7, k oriented
negatively if j = 1 or positively if j = 2. Hence the integral of B on N{ k (resp. N, ky equals —1 (resp. 1).

Remark 13 The submanifold N 11 L —N21 is nullcobordant. Similar to (26) we set

Wi [0, 1]x N — M, W(t, [0, [x1 —ix1, X2 —ix2,iy3]]) = [t, [x1 —ix1, X2 —ixa, (2) + iy3]],

where :[0,1] — [O, %] is a nondecreasing bump function with 1?|[0,3/4] =0 and ?|[7/8’1] = %. Then
C =1Im(P) oriented by (—d; —F'(£)dx5, dx, — dy, » Dy — Dy, dy,) satisfies IC = N} U—N]. The linking
number on M of the submanifolds N31 u —N71 and Nl1 L —N21 is then well-defined and coincides with
the oriented intersection number of C and N 11 U —N21. As a consequence of Remark 12, this equals —2.
In fact, set C; = W({r} x Nll) oriented by (x, — 0y, 0x 2 — dy,, dy;). Then the oriented intersection

number of C and C; is —1if ¢ € [0, %) undefined if 7 = 5, and 1 if € ( 1].

The projection to M’ of the cobordism C obtained in the proof of Proposition 11 determines a
cobordism between N} and N that intersects N negatively and N, positively. The average of the form «
provides a primitive for the difference of the Thom forms of N; and N;. We make this precise in the
following result:

Lemma 14 There are small tubular neighborhoods V3 and V; of Nj and N; on M’ and «-invariant
forms o € Q3(M') and v3, vy € Q*(M’) such that:
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(i) The forms v3 and vy are closed and supported on V3 and V7, respectively. The cohomology class
[vi] e HC“(V]./) is the Thom class of NJ(.

(i1) The pushforwards of 2vs and 2v7 to X represent the Thom classes of N3 and N7 on X, respectively.

(iii) The form o vanishes in a neighborhood of the level set t = % and do = v3 — vy7. In particular, « is
closedon M’ — (V3 U V7).

(iv) There are tubular neighborhoods V| and V; of N and N, such that aly; = —n{(¢|y;). and
a|V/ =) (90|N’) where 7;: V — N’ denotes the nearest-point projection for j =1, 2.

Proof Let K =(11,i2,k) = Z%. For j = 3,7 we write ij = L2(Vj ) C M, and set K31 ={Id, t1,k, K011}
and K71 ={Id, 1,k 01,k 011 01}. We first observe that every element of K } maps N jl onto itself, and
since the elements in K ! are isometries, they preserve le (and its fiber bundle structure). In addition,
the elements of K 2 — K K ! swap N ! with N j2, and therefore le with ij. Of course, if y € K maps
N Jl to N jk with k =1or k =2, then the restrictions y: N jl - N jk and ys: V(N jl) — V(N jz) preserve
the fixed orientations because the submanifolds N k are oriented by ¢ N/k and all the elements in K
fix ¢ and preserve the orientation of M. Hence, 1f Jj =3,7, the form v =7 Zye K! v v is another
representative of the Thom class of N lin M, and v’ "=z Zye K2 y* v represents the Thom class of N 2,

The pushforward vj of v; + v} = 4 Zye K y*u1 to M’ is a k- mvarlant form that represents the
Thom class of N ]/ C M’. Tt is supported in the projection of VJ1 U ij to M’; we denote it by VJ’ . We
observe that (the pushforward of) 2v; induces a representative of the Thom class of N; on X. The reason
is that the fiber of the normal bundle at a point p € N’ is Fp = (C2 and on X this is F),/Z>; hence,
fF /Z 2uj =5 fF 2v; = 1. Consider the K-invariant form o =7 ZyeK y*B. On M we have

= 5 g D vl = () — )+ )
yeK yeK

Hence the pushforward of o’ to M’ (which we keep denoting by ') satisfies da’ = vz — v7. Since S
vanishes in a neighborhood of the level set t = % and the elements of K preserve that level set, o’ vanishes
in a neighborhood of t = %

Similarly to Lemma 5, we now modify o’ around the level set = 0 to obtain « satisfying all these
conditions. We again set 0] = —1 and 0, = 1. For j =1, 2, if y € K then y maps N ! onto itself, or it swaps
le and sz. Since y preserves the orientations in both cases, fN/k y*B = fy(Nk) B=o;= O'J ka Q.
Hence [(y*B)|y«] = 0] [g0|Nk] and therefore [ |Nk] =0; [<p|Nk] Thus, [a’ |N’] =0 [<p|N ] on M.

J

By the Poincaré lemma, given a tubular nerghborhood wi of Nj, there is 0; € QZ(WJ’ ) such that
do; =o; JT;‘ ((p|Nj() — 0‘/|Wj’- Indeed, we can assume that 6; is k-invariant as both Jr;‘ ((p|NJ() and o’ are.
Consider V] and V; smaller tubular neighborhoods with 17;. C W/, and k-invariant bump functions /;
that equal 1 on V/ and 0 on M’ — W/. The form

a=cao + d(h191) + d(hz@z)

satisfies all the stated conditions. O
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Remark 15 Similar to Remark 13, the linking number of N LI —N/ and N{ U—N; on M’ is —2.

The equality (19), and Lemma 14 enable us to find a primitive of T72 — t32 in Lemma 16. To state it, we
introduce some notation. For j = 1,2, 3,7, we define V; as the projection of Vj’ C M’ onto X and we let
Uj = p_l(Vj). Recall that at the beginning of Section 3.1 we fixed tubular neighborhoods O; C 0].2 of
N; C X and we assumed that 7; is supported on p_l(Oj). Observe that it is not restrictive to assume
that Oj2 C V;; we do so.

Lemma 16 There is a form & € 93(]\71) such that d(&) = ‘E72 — 132. In particular, it is closed on Uy U Us.
In addition,

ant =—4pri(pln) AT, @AT2=4pr5(¢|N,) A T2,
where pr; = 7; o p: p_l(Vj’) — Nj.

Proof Let j = 3,7. We first observe that p*(v;) is smooth because it vanishes on a small neighborhood
of N; as a vanishes on a small neighborhood of 1 = % and da = vz — v7. Since sz vanishes on a
neighborhood of E;, the pushforward px (rjz) represents an element in H2(V;). This group is generated
by the Thom class of N;, which is represented by 2v; according to Lemma 14. In fact, (19) shows
[0« (rjz)] = —2[2v;] € HC“(VJ-). Hence there are forms 73, 77 € (X ) with compact support on V; such
that dn; = p*(tjz) + 4v;.

Lemma 5 allows us to modify 7; around N; and find a form 77} supported on V; whose pullback p* (n}.)
is smooth on M and d 77} = Px (rjz) + 4v;. This is possible because on a small tubular neighborhood
sz of N; both py (‘L'J-z) and v; vanish, so dn; |Wj2 = (px (‘L'jz) + 4Uj)|Wj2 =0. We now argue that p* ()
is smooth. Since o = 0 on a neighborhood of the level set t = %, it is smooth on M — (E; U E3). In
addition, if j =1, 2, then 0‘|VJ.’ =0j 71;‘ (<p|Nj/_) on M’, where 01 = —1 and 0, = 1. The same identity
holds for their pushforwards to X, so that p*(a)|u; = p*(a|y;) = 0} pr}'-‘ (¢ln;). Hence it is smooth.

Finally, we define & = p* (1, +4a —1nj}). Then d& = t2 +4p*v7 +4p* (V3 —v7) — (15 + 4p*(v3)) =
12 —72. Given j = 1,2, the support of 7; is contained in p~!(0;) C U; and both p*(n}) and p*(n})
vanish there. Hence @ A 7; = 4p* () A7; = aj4pr;‘((p|Nj) AT a

We finish by showing that ([t; + 2], [t7 + 73], [t7 — 73]) does not vanish.

Theorem 17 The triple Massey product ([t} + 2], [t7 + 3], [t7 — 73]) is not trivial. Therefore M is
nonformal.

Proof Note that (71 + ) A(t7+13) =0and (77 + 13) A (t7 —13) = ‘1772 — f§ = d&. The cohomology
class determined by (23) is

] =—la A (t1 + )],
and the triple Massey product vanishes if and only if [y] € $, where ¢ is the ideal generated by [7] + 73]
and [t7 — 73]. Observe that for any closed 5-form x, if [z x A (1 —12) # O then [x] ¢ $ because if
[x] = [c1(t1 + 72) + c2(r7 = T3)] € $ with [e1]. [c2] € H3 (M), then [x A (t1 —72)] = [c1] ([t [£3]) = 0
by Lemma 10. So we focus on proving fﬂ Yy A (11 —12) #0.
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By Lemma 16, [y] = 4[pr] (¢|n,) A 71] — 4[pt5 (¢|N,) A 12]. Therefore

[y A (1 = 2)] = 4[pr§ (| n,) A TE] + 4lprs (1 v,) A T3] = 4™ (B A (7] + [13)).

where 8 € Q3(X) is a closed form such that [8] = [¢] and P*(B)lo-1(0;,) = pr}k (¢|n,) forevery 1 < j <10,
as in Lemma 5. From Lemma 10 we deduce

[EINCEISE _16/L1 p*(B) = ‘16/L1 pri(@lw,) = ~16.
So [y] ¢ 9. ]

Remark 18 Following the notation introduced in the proof of Theorem 17, we claim that the value of
[z ¥ A (11 — 12) is related to the linking number of Nj LI —N; and N{ LI—N; on M.

In the proof of Lemma 16 we obtained & = p* (1, + 4o —175), where « is defined in Lemma 14 and 77}
is supported around Njf for j =3,7. Since y A (11 —12) = —a A (112 — r22) we obtain, fM YA(T1— 1) =
4 [y & A (pe (1)) = (1)) = =2 [y A (pu(e2) — pa (12)).

Equation (19) implies that the pullback of px (rjz) to M’ (which we denote by the same name) equals
—4 Th[N]f] € HC4(Vj’) because the fiber of the normal bundle of Nj’ is C2 and that of N; is C?/Z,.
A representative of the Thom class of N{ LI —N; is then the pullback of —%(p* (t3) — p«(13)) to M.
Lemma 14 ensures that da = v3 — vy, where [v;] = Th[N ]f] for j = 3,7. Equation (24) shows that the
linking number of Nj LI —N; and N{ U—Nj on M’ is

i | eneuD =) =g [ yam-m).

Note that in the proof of Theorem 17 we obtained | i1 Y N (11 —12) = —16, so the linking number is

_%6 = —2. This is consistent with Remark 15.
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