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K3 surfaces associated with varieties of generalized Kummer type

SALVATORE FLOCCARI

Any hyper-Kéhler variety K of generalized Kummer type is associated via Hodge theory with a K3
surface Sg. We show how they are related geometrically through a moduli space of sheaves on Sg.
As a consequence, building fundamentally on the works of O’Grady, Markman, Voisin and Varesco,
we establish the Hodge conjecture for all powers of any of these K3 surfaces as well as for all abelian
fourfolds of Weil type with discriminant 1 and their powers, strengthening a result of Markman.

1 Introduction

A manifold of generalized Kummer type is, by definition, a compact Kéhler manifold which is defor-
mation equivalent to the generalized Kummer variety K”(A4) on an abelian surface A constructed by
Beauville [1983]. Manifolds of generalized Kummer type give examples of hyper-Kéhler manifolds
[Beauville 1983; Huybrechts 1999] in each even dimension 27n, commonly referred to as manifolds of
Kum”-type; by a variety of Kum”-type we shall indicate one such manifold which is projective. For
any n > 1, these projective varieties form countably many 4-dimensional families. Besides Beauville’s
construction of generalized Kummer varieties, other examples can be obtained by considering moduli
of stable sheaves on abelian surfaces [ Yoshioka 2001]; however, it is known that the general projective
variety of generalized Kummer type cannot be realized from such a construction.

In this article we consider some K3 surfaces naturally attached via Hodge theory to varieties of
generalized Kummer type. Let K be a variety of Kum”-type. By the Torelli theorem there exists a unique
K3 surface Sk such that there exists a Hodge isometry H?(Sk, Z) —> HZ2(K, Z)(2) of transcendental
lattices, where on the right-hand side the Beauville-Bogomolov form is multiplied by a factor 2. If
K = K"(A) is the generalized Kummer variety on an abelian surface A, then Sk is the Kummer K3
surface Km(A4), which motivates our definition.

We will explain how the K3 surface Sk is related geometrically to K, for any variety K of Kum”-
type. Indeed, there exists a natural subvariety Wx of K which is a hyper-Kihler variety of K3[m]—type
where either 2m = n or 2m = n + 1, with the key property of deforming everywhere together with K;
i.e., Wk is a trianalytic submanifold of K in the sense of Verbitsky [1995]. It is obtained as the
component of maximal dimension of the fixed locus of an involution of K which acts trivially on the
second cohomology group; such automorphisms were studied already in [Hassett and Tschinkel 2013;
Boissiere et al. 2011; Oguiso 2020; Kamenova et al. 2022; Floccari 2024] and used to produce trianalytic
cycles in [Kaledin and Verbitsky 1998]. Our contribution lies in the determination of the period of Wg:
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1130 Salvatore Floccari

we show that the pullback along ¢ : Wx < K induces a primitive embedding of lattices and Hodge

structures (* : H2(K,Z)(2) = H}(Wk, Z), where on the left-hand side the form is multiplied by 2. It

follows that Wx C K is a smooth and projective moduli space of stable sheaves on the K3 surface Sg.
As a consequence of the above construction, we obtain the following result.

Theorem 1.1 There exists an algebraic cycle on Sk x K inducing a Hodge isometry
Hg (Sk. Q) => Hi (K, Q)(2).

This algebraic cycle gives in fact an isomorphism between the transcendental parts of the homological
motives of Sg and K in degree 2; see Theorem 5.9.
Building on results of O’Grady [2021], Markman [2023], Voisin [2022] and Varesco [2025], we use

Theorem 1.1 to prove some cases of the Hodge conjecture.

Theorem 1.2 Let K be any projective variety of Kum”-type, and let Sk be the K3 surface with transcen-
dental lattice H2(Sk,Z) > HZ2(K,Z)(2). Then:

(i) The Kuga—Satake correspondence is algebraic for Sk .

(i1) The Hodge conjecture holds for any power of Sk .

The theorem gives countably many new families of K3 surfaces of general Picard rank 16 for which it
is possible to prove (i) and (ii), generalizing previous results from [Paranjape 1988; Ingalls et al. 2022;
Floccari 2024]. Using that isogenies of K3 surfaces are algebraic by [Buskin 2019; Huybrechts 2019], we
show that the conclusions of Theorem 1.2 hold for any K3 surface .S such that there exists an isometric
embedding of rational quadratic spaces HZ2(S, Q) — (U%3 @ (—m)q) for some positive integer m,
where U denotes a hyperbolic plane; see Theorem 5.11.

Let us summarize the main points of the proof. Recall that the Kuga—Satake construction [1967]
(see also [Deligne 1972]) produces an abelian variety KS(X') from a polarized hyper-Kéhler variety X,
with an embedding of Hodge structures H?(X, Q)prim — H 2(KS(S)?,Q) called the Kuga—Satake
correspondence; according to the Hodge conjecture, this embedding should be induced by an algebraic
cycle.

It was shown by O’Grady [2021] and Markman [2023] that the Kuga—Satake variety of a Kum”-variety
is isogenous to a power of its third intermediate Jacobian J3(K), which is an abelian fourfold of Weil
type with discriminant 1. Moreover, varying K in polarized families, one obtains all complete up to
isogeny families of such abelian fourfolds; see also [van Geemen 2023]. Abelian fourfolds of Weil type
are characterized by the presence of exceptional Hodge classes: there is a 2-dimensional space of Hodge
classes in their middle cohomology which, for the very general such fourfold, cannot be represented as
intersection of divisors; see [van Geemen 2000; Moonen and Zarhin 1995]. Markman [2023] has proven
that these Hodge—Weil classes are algebraic for any fourfold of Weil type of discriminant 1; his results
further imply that the Kuga—Satake correspondence is algebraic for any variety of Kum”-type, as shown
by Voisin [2022].
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K3 surfaces associated with varieties of generalized Kummer type 1131

Theorem 1.2 is then obtained as follows. By definition, the Kuga—Satake variety of Sk is isogenous to
a power of the Kuga—Satake variety of K, and, hence, to a power of a Weil fourfold with discriminant 1.
We deduce Theorem 1.2(i) from Theorem 1.1 and the algebraicity of the Kuga—Satake correspondence
for the Kum”-variety K. Statement (ii) is a consequence of (i) thanks to the work of Varesco [2025].

The Hodge conjecture for a very general fourfold A of Weil type with discriminant 1 is proven by
Markman [2023], which implies the Hodge conjecture also for powers of such A by [Varesco 2025;
Milne 2021]. However, the results of [Markman 2023] do not directly imply the Hodge conjecture for an
arbitrary Weil fourfold with discriminant 1. We complete the proof of the Hodge conjecture for all Weil
fourfolds with discriminant 1, and their powers.

Theorem 1.3 Let A be an abelian fourfold of Weil type with discriminant 1. Then the Hodge conjecture
holds for A and all of its powers.

To prove this statement, we show in Theorem 3.5 that if .S is any K3 surface such that the Kuga—
Satake correspondence is algebraic and the Hodge conjecture holds for any power of S, then the Hodge
conjecture holds for any power of the Kuga—Satake variety of .S as well. We then obtain Theorem 1.3
from Theorem 1.2 using that any Weil fourfold with discriminant 1 appears as isogeny factor of the
Kuga—Satake variety of some K3 surface Sk as in Theorem 1.2.

2 Motives

2.1 A neutral Tannakian category C is a Q-linear abelian rigid tensor category in which End(1) = Q
and which admits an exact faithful tensor functor w : C — Vectgp. We refer the reader to [Deligne and
Milne 1982] for more details. The group of tensor automorphisms of w is a (pro-)algebraic group 4(C)
with the property that C is ®-equivalent to the category of finite-dimensional representations of §(C).
Thus, neutral Tannakian subcategories of C correspond bijectively to quotients of 4(C). Given M € C, we
denote by (M )¢ the neutral Tannakian subcategory of C generated by M ; more directly, it is defined as
the smallest thick and full subcategory containing M and closed under direct sums, duals, tensor products
and subobjects. Then (M )¢ is equivalent to the category of finite-dimensional representations of a linear
algebraic group G¢c(M) C GL(w(M)), called the Tannakian fundamental group of M.

2.2 The category HS of polarizable pure Q-Hodge structures is an abelian and semisimple rigid tensor
category, which is neutral Tannakian via the forgetful functor to Q-vector spaces. The Tannakian
fundamental group of a polarizable Hodge structure V is a reductive and connected algebraic group
over Q ([Moonen 1999]) denoted by MT (V') C GL(V) and called the Mumford—Tate group of V. It is
equivalently defined as the subgroup of GL(V') which fixes all Hodge classes in any tensor construction

Ve @ VV®i g Qk),

where Q(k) is the Tate Hodge structure of weight —2k. Provided that V' is not entirely of weight 0,
there is a central torus G,, o C MT(V') whose action induces the weight decomposition of the objects
in <V)H5.
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1132 Salvatore Floccari

Remark 2.1 Let V' € HS be a Hodge structure of odd weight. Denote by (V'){}s the full subcategory
of (V)ns of Hodge structures of even weight, which is a neutral Tannakian subcategory of HS. If
w : Gy, — MT(V) denotes the inclusion of the weight torus, the objects of (V)5 are precisely the
Hodge structures in (V')ys on which w(—1) acts trivially. Hence, we have MT({V)})s) = MT(V)/w(-1).
It follows that if W is a Hodge structure of even weight in (V' )ys such that the induced surjective
morphism ¢ : MT(V') — MT(W) of Mumford-Tate groups is an isogeny of degree 2, we then have the
equality (V)}js = (W )ns of subcategories of HS. Indeed, since W has even weight, it belongs to (V' )},
and, therefore, ¢ factors as the composition of the projection ¥ : MT(V') — MT({V'){)s) followed by a
surjective morphism ¢" : MT((V){}s) — MT(W) of algebraic groups. But both ¢ and v are isogenies of
degree 2, and, hence, ¢’ is an isomorphism; it follows that (W)ps = (V){js.

2.3 An algebraic class on a smooth and projective complex variety X is a cohomology class « in
H?k(X,Q) which is Q-linear combination of fundamental classes of subvarieties of X. Any algebraic
class is a Hodge class, and the Hodge conjecture predicts that, conversely, all Hodge classes are algebraic.
A correspondence from X to Y of degree k is by definition an algebraic class in H24T2dmX (x ¥, Q);
correspondences may be composed [Fulton 1998]. Grothendieck’s theory of motives is very useful in the
study of algebraic cycles; in brief, the main insight is to use correspondences as morphisms. We denote by
Mot the category of homological motives over C with rational coefficients; see [André 2004]. Its objects
are triples (X, p,n) where X € SmProjc, p € H>4™X (X x X, Q) is an idempotent correspondence,
and 7 is an integer. Morphisms from (X, p,n) to (Y, ¢q,m) are defined to be the correspondences
f e H?m—2n+2dimX (x ¥ Q) of degree m —n such that f o p =g o f. There is a realization functor
R : Mot — HS which sends (X, p,n) to p«(H*(X,Q)(n)). Moreover, there is a contravariant functor
h: SmProj- — Mot which attaches to the smooth and projective variety X its motive h(X) := (X, Ay, 0),
where Ay € H?4mX (X x X, Q) is the class of the diagonal. The composition R o h is the functor
H* : SmProjc — HS which attaches to the smooth and projective complex variety X its rational Hodge
structure H*(X, Q).

2.4 The category Mot of homological motives is a pseudoabelian tensor category via the product of
varieties. However, it is not known to be abelian nor Tannakian: these properties are conditional to the
validity of Grothendieck’s standard conjectures [1969]. By the work of Jannsen [1992] and André [1996b],
we have the following. Given m € Mot, we let (m)umo: be the smallest thick and full subcategory of Mot
containing m and closed under direct sums, duals, tensor products and subquotients.

Theorem 2.2 [Arapura 2006, Theorem 4.1] Let X be a smooth and projective variety. The standard
conjectures hold for X if and only if (h(X))wmot 1is a semisimple abelian neutral Tannakian category.

Thus, provided that the standard conjectures hold for X, we can attach to it a reductive algebraic group
Gumot (h(X)) over QQ, whose representation category is equivalent to (h(X))mot. The algebraic group
Gmot(h(X)) is characterized as the subgroup of || ; GL(H J(X,Q)) fixing exactly the algebraic classes
in H? (X*, Q(j)) for any j and k. There is a canonical inclusion iy : MT(H*(X, Q)) = Gyt (h(X)),

Geometry & Topology, Volume 30 (2026)



K3 surfaces associated with varieties of generalized Kummer type 1133

which is an isomorphism if and only if the Hodge conjecture holds for X and all of its powers. Moreover,
any object of (h(X))mot admits a weight decomposition induced by the action of the weight torus
Gm CMT(H*(X,Q)) C Gmot(X). In particular, we have the Kiinneth decomposition h(X) = &, hi(X)
in Mot.

Remark 2.3 Let X be a smooth and projective variety and assume that the Kiinneth component h?(X)
of h(X) is well-defined. Thanks to the Lefschetz theorem on divisors, this motive splits as h?(X) =
h2(X)® hglg (X): the realization of hflg(X ) is the Néron-Severi group NS(X)g while that of h2(X) is the
transcendental part H2(X, Q) of H?(X,Q), the smallest sub-Hodge structure whose complexification

contains H%°(X).

Remark 2.4 In light of Theorem 2.2 we shall say that the standard conjectures hold for a motive m € Mot
if the category (m)mot is an abelian and semisimple neutral Tannakian category, thus equivalent to the
category of representations of a reductive algebraic group Gpyot(m). When this happens, the realization
functor R : {(m)mot — HS is conservative [André 2004, Corollaire 5.1.3.3], i.e., a morphism in {m)mot is
an isomorphism if and only if its realization is an isomorphism of Q-Hodge structures.

Remark 2.5 Let m € Mot be a motive for which the standard conjectures hold. The torus w : G, g —
Gmot(m) inducing the weight decomposition for the objects in {m)uo: coincides with the weight torus
Gm,@ CMT(R(m)) from Hodge theory. Assume that m is a motive of odd weight and let (m)}; . be the full
subcategory of (m)mot Of objects of even weight, which is again abelian, semisimple and neutral Tannakian.
Analogously to Remark 2.1, the motives in {m)})_, correspond to the representations of Gpjot(m) on which
w(—1) acts trivially. Therefore, the natural morphism of algebraic groups Gmot(m) — Gmot({m)}),) 1S
an isogeny of degree 2. Moreover, by the same argument given in Remark 2.1, if n € {m)pot is a motive
of even weight such that the corresponding morphism Gyor(m) — Gumot(n) is an isogeny of degree 2, we
then have the equality (n)mot = (M)}, of subcategories of Mot.

2.5 The standard conjectures are known to hold for curves, surfaces and abelian varieties; they hold for
varieties X and Y if and only if they hold for X x Y'; see [Kleiman 1968]. The standard conjectures are
not known to hold in general for hyper-Kihler varieties. They hold for the varieties of K3/l 0G10 and
OGo6-type built via moduli spaces of sheaves on K3 or abelian surfaces by [Biilles 2020; Floccari et al.
2021; Floccari 2023b], and for some hyper-Kzhler varieties admitting a Lagrangian fibration [Ancona
et al. 2025]. The standard conjectures have been fully proven for varieties of K3"l-type by Charles
and Markman [2013]. Recently, Foster [2024] proved that they hold in certain degrees for varieties of
Kum”-type; for later reference we state the following consequence of his results; see also [Floccari and
Varesco 2025, Remark 3.2].

Theorem 2.6 [Foster 2024] Let K be a variety of Kum”-type. The Kiinneth projector H*(K, Q) —
H?*(K, Q) is algebraic. Moreover, the standard conjectures hold for the Kiinneth component h?(K) € Mot
of the motive of K.
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1134 Salvatore Floccari
3 The Kuga-Satake construction

3.1 Let V be a Q-vector space equipped with a nondegenerate symmetric bilinear form ¢. The Clifford
algebra
CV) =@V /(v-v—q@.V)ver

j=0

is naturally Z/2Z-graded: C(V) = C*(V) @ C~(V). The Clifford algebra acts on itself via left and
right multiplication. We fix a vector vy € V such that ¢(vg, vg) # 0. Setting u(v)(a) :=v-a-vg we
obtain an embedding

(1) w:V < End(C™(v)).

Remark 3.1 We denote by End+(C1(V)) the algebra of linear endomorphisms of C (V') commuting
with the action of C (V) on itself by right multiplication. There is a canonical isomorphism C (V) =
Endgo+ (CT(V)),ie., any f € Ende+ (CT(V)) is induced by left multiplication by some af € CT(V),
see [Deligne 1972, §3] or [André 1996a, §4.2].

3.2 Assume now that (V,q) is a polarized Q-Hodge structure of K3-type, by which we mean that
V is an effective Hodge structure of weight 2 with Hodge numbers (1, k, 1). Following [Kuga and
Satake 1967] and [Deligne 1972], the Hodge structure on V' determines an effective polarizable Hodge
structure of weight 1 on Ct (V). This thus defines an abelian variety KS(V') up to isogeny, such
that H'(KS(V),Q) = C*(V). With a suitable Tate twist to make V of weight 0, the embedding
w: V(1) = End(H'(KS(V), Q)) of (1) is a morphism of Hodge structures (for any choice of the vector
vg € V).

Remark 3.2 It is explained by Deligne [1972, §4] how the Hodge structure on C* (V) is induced
through the action of the Clifford group CSpin(V'), which is a subgroup of C ™ (V)* acting on C* (V)
via left multiplication. This means that the Mumford—Tate group of H!(KS(V), Q) is contained in
CSpin(V) € GL(C*(V)). Moreover the morphism MT(H'(KS(V)), Q) — MT(V) induced by the
embedding p is an isogeny of degree 2, being the restriction of the double cover CSpin(V) — GO(V),
where GO(V) is the group of linear automorphisms of V' preserving the form up to scalar.

3.3 Let S be a polarized K3 surface or hyper-Kihler variety, and consider the polarized Hodge structure
of K3-type V = H?(S, Q)prim, the orthogonal to the given polarization, equipped with the restriction ¢
of the form. We may also take for ¢ the restriction of the Beauville-Bogomolov form, a natural pairing
on the second cohomology of a hyper-Kéhler manifold [Beauville 1983]. We define the Kuga—Satake
variety KS(S) of S as the abelian variety obtained from (V, ¢) via the Kuga—Satake construction. As
above, we have an embedding of Hodge structures

e H(S, Q)prim(1) <> End(H' (KS(S), Q));
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identifying H'(KS(S), Q)" with H!(KS(S),Q)(1) by means of a polarization, we get the embedding
of Hodge structures

2) W HA (S, Q)prim > H'(KS(S), Q)% € H*(KS(S)*, Q).
Conjecture 3.3 The morphism ' is induced by an algebraic cycle on S x KS(S)2.

This is the Kuga—Satake Hodge conjecture, which is of course a special case of the Hodge conjecture.
It has been proven for many K3 surfaces of Picard rank at least 17 (see [Morrison 1985]), but it is
widely open otherwise. In [Paranjape 1988] and [Ingalls et al. 2022] the conjecture is proven for two
4-dimensional families of K3 surfaces of general Picard rank 16; countably many more such families
of K3 surfaces for which the conjecture holds are found in [Floccari 2024]. The paper [Bolognesi and
Laterveer 2024] proves Conjecture 3.3 for a 9-dimensional family of K3 surfaces related to certain
cubic fourfolds. The Kuga—Satake Hodge conjecture has been proven for all hyper-Kihler varieties of
generalized Kummer type by Markman [2023] and Voisin [2022].

Remark 3.4 As a variant, we may define KS'(.S) as the Kuga—Satake variety built from the smaller
Hodge structure of K3-type H2(S, Q); then the Kuga—Satake variety KS(S) built from H?(S, Q)prim 18
isogenous to a power of KS'(.S); see [Huybrechts 2016, Chapter 4, Example 2.4]. Moreover, Conjecture 3.3
is equivalent to the statement that the embedding 1/ : H2(S, Q) — H(KS'(S), Q)®%2 C H?(KS'(5)?, Q)
analogous to (2) is induced by an algebraic cycle.

3.4 We are now ready to prove the main result of this section.

Theorem 3.5 Let S be a projective K3 surface. Assume that the Kuga—Satake Hodge conjecture holds
for S. Then the Hodge conjecture holds for all powers of S if and only if it holds for all powers of its
Kuga—Satake variety KS(S).

We will deduce this result from the following proposition. Recall (Section 2.5) that the standard
conjectures hold for S as well as for KS(S).

Proposition 3.6 Let S be a projective K3 surface. Assume that the Kuga—Satake Hodge conjecture
holds for S. Then, the motive h?(S) belongs to the subcategory (h' (KS(S)))mot Of the category Mot of
homological motives and the induced morphism of algebraic groups Gyet(h! (KS(S))) = Gmot(h?(S))
is an isogeny of degree 2.

Proof By Theorem 2.2, the subcategory (h(KS(S) X S))mot of Mot is an abelian and semisimple neutral
Tannakian category. Hence, if Conjecture 3.3 holds for S, then the motive h(S) is a direct summand of
h2(KS(S)?), and so it belongs to (h! (KS(S)))mot. We obtain the commutative diagram

Gmor(h! (KS(S))) —L—% Guor (h2(S))

ies | is]

MT(H' (KS(S). Q) —2 MT(H(S.Q)
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We know from Remark 3.2 that the morphism ¢ is an isogeny of degree 2; we will show that ker(y) =
tgs(ker(¢)), which implies that ¥ is also an isogeny of degree 2.

To ease notation, we let 4 := KS(S) and V := H?(S, Q)prim; We denote by ¢ the polarization form
on V. By Remark 3.2, the action of C*(V) on H!(A4,Q) via right multiplication commutes with
MT(H'(4,Q)), i.e., C*(V) acts via Hodge endomorphisms. By Lefschetz (1,1)-theorem, any such
endomorphism is algebraic. Therefore, Gyot(h!(4)) C GL(H (A, Q)) commutes with the C *(V)-action
given by right multiplication. By Remark 3.1, we can thus identify Gyot(h!(A4)) with a subgroup of
C™T(V)* the group of units in the Clifford algebra, acting on C (V) via left multiplication.

Letg e ker(w :Gpmot(h1(A4)) = GMot(hz(S))); then g: H'(4,Q) — H'(A, Q) is left multiplication
by some ag € CT(V)*. We claim that oy is a central element of C* (V).

By assumption, the embedding y : V(1) < End(H!(4,Q)) is induced by an algebraic cycle. As
g € ker(y), it follows that g commutes with the image of . Recall (Section 3.1) that the definition of p
depends on a vector vy € V with g(vg, vo) # 0 such that u(v)(B) :=v- B - vg. In the Clifford algebra we
have vék = ¢(vg., Vo)X - e, where e is the identity element, and any 8 € C (V) is a linear combination of
products vy - - - vy of an even number of vectors in V. As g commutes with p(v) for any v € V, we find

1

2k
—.ag.(vlvz...vzk).vo
f](vo,vo)k

ag(Vivy -+ Vo) =

= m : (g ou(vy)opu(vp)o---o M(Uzk))(e)

= ———— (1) o p(va) o0 p(vag) 0 g)(€) = (V1va -+ Vg )lg-

q(vo, vo)
Therefore, ker(y) is contained in the center of C (V). But V = H 2 (S, Q)prim has odd dimension 21,
and in such case C* (V) is a central simple algebra; see [Deligne 1972, page 216]. The units in the center
of CT (V) thus form a torus G,, ¢ acting on C* (V) via scalar multiplication; this torus induces the
weight filtration on objects of (H (A4, Q))ns and so it is contained in MT(H (A4, Q)). Hence, ker(v/) is
contained in igs(ker(¢)). |

Proof of Theorem 3.5 One direction is immediate: as Conjecture 3.3 holds for S’ by assumption, we
have h2(S) € (h!(KS(S)))mot, and the Hodge conjecture for all powers of KS(S) clearly implies the
Hodge conjecture for all powers of S.

Let us prove the converse implication. The Hodge conjecture for all powers of KS(.S) predicts that the
realization functor R : Mot — HS induces a surjection

3) Homuet(Q(—7), h?/ (KS(S)¥)) — Homus (Q(—), H* (KS(S)¥, Q)

for any k£ and j. Only motives and Hodge structures of even weight are involved in (3), and so these
Hom-spaces are actually taken in the categories (h!(KS(S D))o and (H L(KS(S), Q))§s- respectively.
Proposition 3.6 and Remark 2.5 yield the equality (h! (KS(S D) ot = (h2(S)) Mot of subcategories of Mot;
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K3 surfaces associated with varieties of generalized Kummer type 1137
in particular, h%/ (KS(S)¥) belongs to (h2(S))mot for any j and k. Therefore, the map in (3) is the map

Homy,2 )y, (Q(=1), h* (KS($)¥)) — Hom( gr2(s,0)),s (Q(—1), H* (KS(5)*, Q))

given by the realization functor R. If the Hodge conjecture holds for all powers of S, then R: (h?(S))mot —
(H?(S,Q))ns is full, and the maps in (3) are surjective. ]

3.5 For later use, we recall the following functoriality property of the Kuga—Satake construction, following
Varesco [2023]. Let X and Y be hyper-Kihler varieties, not necessarily deformation equivalent and
possibly of different dimensions. Assume that ¢ : Ht% (X,Q) — Ht%(Y, Q) is a rational Hodge similitude,
i.e., ¢ is an isomorphism of Q-Hodge structures which multiplies the Beauville-Bogomolov form on the
left-hand side by some nonzero k € Q. As in Remark 3.4, let KS’(X) and KS'(Y') be the Kuga—Satake
varieties constructed from HZ2(X, Q) and HZ2(Y, Q), respectively. Varesco [2023, Proposition 3.1] then

proved that there exists an isogeny ¥ : KS'(X) — KS'(Y) of abelian varieties such that the diagram

¢

HZ (X, Q) » Hi (Y. Q)

= [

H(KS'(X),Q)® — 2 HI(KS'(Y),Q)®?

commutes, where /LﬁY and ,u/Y are the respective Kuga—Satake correspondences and the bottom arrow is
the isomorphism induced by the isogeny W.

Remark 3.7 With notation as above, assume that ¢ : H2(X, Q) — H2(Y, Q) is induced by an algebraic
cycle on X x Y. Then, Conjecture 3.3 for Y implies Conjecture 3.3 for X. Indeed, the above diagram
yields pfy = (W4) 7! o ity 0 ¢; note that (W)~ : H(KS'(Y), Q)®% — H'(KS'(X), Q)®? is induced
by an algebraic cycle, so that the Kuga—Satake correspondence MS{ is algebraic if ,u’Y is so.

4 Some K3"l-type submanifolds of generalized Kummer varieties

4.1 Let A be an abelian surface. We denote by K"(A) the generalized Kummer variety on A of
dimension 27 introduced in [Beauville 1983]. It is a hyper-Kihler variety constructed as follows: consider
the Hilbert scheme A"+l of 0-dimensional subschemes of A of length n + 1, which is a crepant
resolution v : AP+ 5 A@+1) of the symmetric power. Denoting by ¥ : 4”1 — 4 the summation
map X(dy,...,dp4+1) = Z;’:ll aj, the variety K" (A) is defined as the fiber of X ov over 0 € A. We let
Ag'H) c A"+ e the fiber of X over 0; the Hilbert—Chow morphism v restricts to a crepant resolution
v: K"(A) — Af)"-H). For n = 1, the construction yields nothing but the Kummer K3 surface Km(A4)
associated to A, that is, the minimal resolution of the quotient A/=+1.

We will study certain natural subvarieties of K”(A4), n = 2. Consider the morphisms

A f:Am—>A(()2m), (ay,....am)— (ay,—ay,...,am,—am),
() /,Am A(2m+1) _ _ 0
S — A, , (ar,....am) > (ay,—aq,...,am, —am,0).
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Definition 4.1 (i) If nisodd, n =2m —1, welett: W — K"(A) be the strict transform of the image
of f: 4™ — Af)zm) under v : K"(4) — Agzm)'

(ii) Ifniseven, n=2m, welett: W < K" (A) be the strict transform of the image of f/: A™ — A(()zmﬂ)
under v : K"(A) — A(()zmH).

Notice that the automorphism —1 of A naturally acts on K" (A) for all n, as the natural action of —1 on
A1 gtabilizes K™ (A). It is known that —1 acts trivially on H2(K"(A), Z); see [Boissire et al. 2011].
The map f (resp. f) factors through an embedding of (4/41) into Ame) (resp. into A82m+1));
a natural crepant resolution of (A4/+1)" is given by Km(A)", the Hilbert scheme of points on the
Kummer K3 surface Km(A4).

Lemma 4.2 For any n = 2, the subvariety W C K"(A) is the unique component of maximal dimension
of the fixed locus of —1 acting on K"(A). Moreover, if n = 2m (resp. n = 2m — 1), then f’ (resp. f)
induces an embedding  : Km(A)" < K2™(A) (resp. 1 : Km(A4)"] < K2m=1(4)) with image W.

Proof The lemma is proven by Kamenova, Mongardi and Oblomkov [Kamenova et al. 2022]. They show
in [loc. cit., Theorem 1.3] that the fixed locus of —1 on K”(A) is the union of components which are
varieties of K3[k]—type or points, and that there exists a unique component of maximal dimension 2m for
n=2m—1orn=2m. Asour W C K"(A) is evidently fixed by —1, it must be the component of maximal
dimension of the fixed locus. The local study done in [loc. cit., Appendix B] shows that the birational
map Km(A)"™ ——> W induced by f” if n =2m or f if n = 2m — 1 extends to an isomorphism. |

The main result of this section is the following.
Proposition 4.3 Let:: W — K"(A) denote the embedding of Definition 4.1. Then the pullback along
induces a primitive embedding
*: H*(K"(A), Z)(2) — H*(W,Z)
of lattices and Hodge structures, where on the left-hand side the form is multiplied by a factor 2.
The cases n = 2 and n = 3 may be deduced from [Hassett and Tschinkel 2013] and [Floccari 2023a],

respectively.

4.2 Let us fix some notation for the cohomology groups of the varieties we shall consider. By [Beauville
1983], for n > 2 there is a canonical primitive embedding of H?(A,Z) into the second cohomology
of K"(A). We have

S) H*(K"(A),Z) = H*(A,Z) B L&,

where £ is half the class of the divisor £ C K"(A) parametrizing nonreduced subschemes, which is the
exceptional divisor of the Hilbert—Chow resolution. The class & has square —2(n + 1) with respect to the
Beauville-Bogomolov form; as a lattice, H?(K™(A), Z) is thus isometric to U®3 @ (—=2(n + 1)).

The Kummer surface Km(A) associated to A contains 16 exceptional curves Cy, parametrized by the
2-torsion points T € A,. The pushforward along the rational map 7 : A --> Km(A) induces a primitive
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embedding of H?(A,Z)(2) into H*(Km(A), Z) whose orthogonal is the Kummer lattice (see [Nikulin
1975]), which is the saturation of the sublattice generated by the 16 pairwise orthogonal (—2)-classes [Cy].
Hence, H*(Km(A), Z) contains with finite index the sublattice H%(A4, Z)(2) ® ([Cz])ze Ay-

For the cohomology of the Hilbert scheme Km(A)™, m =2, we have by [Beauville 1983] a canonical
primitive embedding of H2(Km(A),Z) into H2(Km(A)™,Z), and
(6) H*(Km(A4)"™,72) = H*(Km(A4),Z)® Z -8,
where § is half the class of the divisor D C Km(A4)"™] of nonreduced subschemes; the Beauville—
Bogomolov square of § is —2(m — 1). Under the embedding of H2(Km(A), Z) into H2(Km(A)™, 7),
the class [C;] of the exceptional curve over the node given by 7 € A, corresponds to the class [R;] of
the divisor R, of subschemes whose support intersects Cy. Therefore, H2(Km(A)", Z) contains with

finite index a sublattice H?(A4,Z)(2) ® ([R:])re4, ® (8) and the saturation of ([R;])re 4, is the Kummer
lattice.

4.3 The next lemma is the first step towards Proposition 4.3.
Lemma 4.4 Consider the embedding 1 : W — K" (A) forn = 2.
(i) For n = 2, the pullback along 1 : Km(A4) — K?(A) yields
FE) =[Col+ 5 3G in HX(Km(A), 7).
t€A;

(ii) For n = 2m — 1, the pullback along ¢ : Km(A)[™! < K2m=1(4) yields

*(E) = 26 + % SR in H2(Km(4)™, 7).
T€A>
(iii) For n = 2m = 4, the pullback along 1 : Km(A)[™ < K2™(A) yields
CE) =25+ [Rol+ 5 Y[R in HX(Km(A)™. 7).
T€A>

Notice that % > .[C¢] is indeed an integral class; see [Huybrechts 2016, Chapter 14, §3.3]. The proof
of the lemma will be reduced to some local computations.

Example 4.5 Consider the involution —1 : C2 — C2. The quotient C2/41 has a nodal singularity
at the image 0 of the origin, which is resolved by the blowup Bl5(C 2/41) — C2. We denote by
CcC Bla((C2 /+£1) the exceptional curve.

(a) The graph map $ : C? — (C?)? given by y > (y, —y) yields a Cartesian diagram
Blg(C2/%1) —2— Cl2]
[
(C2/+1) SN (CcH@
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By [Kamenova et al. 2022, Lemma 3.13], the image of ¢ is the fixed locus of —1 acting on Cl2l Let
F c C2 be the divisor of nonreduced subschemes. Then, as divisors, ¢*(F) = C; indeed, the image
of ¢ and F intersect transversely in the curve ¢ (C).

(b) Consider now the map ;b\ :C? — (C?)3 givenby y > (y, —y,0). It induces the Cartesian commutative
diagram
Blg(C2/%1) —2— CB]

®) | l

@ /=) 5 ©@)®

By [Kamenova et al. 2022, Lemma 3.13], the fixed locus of —1 acting on CI3 consists of the image of ¢
and an isolated fixed point. Let F C CI3l be the divisor of nonreduced subschemes. Then we claim that,
as divisors, we have ¢*(F) = 3C.

To see this, let B C (C?)B3] be the Briangon variety at 0, that is, the subvariety B := v~'((0,0, 0))
that parametrizes subschemes fully supported at 0 € C2. Let j : B < CB denote the embedding. The
set-theoretic intersection of F' and the image of ¢ is ¢ (C), which is contained in B. In our case, by
[Briangon 1977, IV.2], the Briancon variety B is isomorphic to the weighted projective plane P (1, 1, 3);
following [Hassett and Tschinkel 2013, §4], there exists a closed embedding P (1, 1, 3) — P4 realizing B
as the cone over the twisted cubic curve and the restriction j*(O (C2)13] (F)) equals Op(—2H), where we
denote by Og(H) the line bundle which induces the embedding B <> P4. Moreover, —1 : C[3] — C[I
acts on B with fixed locus the vertex of the cone and the twisted cubic curve at the base, which is thus
identified with ¢(C). The embedding ¢ : C — (C?)B3] factors as the composition of embeddings
c 25 B (C)B. Therefore,

©) deg(O(c2ye (Fiy ) = deg(0(=2H), ) = =6,

as H is a hyperplane divisor in P4 and the twisted cubic curve has degree 3. If k denotes the multiplicity
of *(F) at C, we have —2k = deg(0(c2yi31(F)|,,) = —6, and we conclude that k = 3.

To justify the last claim, consider a smooth and projective surface ¥ with an involution 6 with isolated
fixed points. Each fixed point gives a node on the quotient Y /6; the blowup of these nodes is a smooth
and projective surface X. We choose a fixed point p € Y, and let C;, C X be the exceptional curve over
the corresponding node. We then have the Cartesian diagram of projective varieties

x <% yBl

ook

Y/0 <L> y®3)

induced by the map ¥ — Y3 sending y to (y, 6(y), p). We can find an analytic neighborhood U C Y
of p stable under # which is identified with a neighborhood V' of the origin in C? in such a way that the
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action of € on U corresponds to the action of —1 on V. Thus, denoting by F the exceptional divisor of
Y31 ¥ and by k the multiplicity of ¢*(F) at Cp, we have to show that —2k = deg(@y[s] (F)|¢(Cp)).
But ¢*(F) is supported over the exceptional curves C,; of X — Y /6, which are pairwise orthogonal
(—2)-curves. Therefore, by the projection formula, we have

2= [ IG1B]= [ 18C)- 1] = dee(Oyin(Fliey)
Proof of Lemma 4.4 The exceptional divisor E C K" (A) is the restriction to K”(A4) C A"+ of the
exceptional divisor of the Hilbert—Chow resolution A1l 5 A+ which we still denote by E. We
consider the Cartesian diagram

Km(A4)m 5 glrtil

(10) | lv

(A)/£1)m <Ly ga+D

where n = 2m or n = 2m — 1. in the first case, t(ay, ..., am) = (a1, —ay, ..., am, —am, 0), while in the
second t(ay,...,am) = (a1,—day,...,dm,—am). It is immediate to check that, if m > 2, the restriction
(*(E) is supported over the union of the Hilbert-Chow divisor D C Km(A4)"™] and the 16 divisors
R, C Km(A4)™], for v € A,, while if m = 1 then (*(E) is supported over the 16 exceptional curves
C; C Km(A), t € A,, which we will also denote by R; to ease notation. We now have the following
cases to consider.

Case 1: Let 7 € A, be a 2-torsion point; if 7 is even, assume further that T # 0. We claim that then (*(E)
has multiplicity 1 along the divisor R;.

Indeed, the image in (4 /1) of a general subscheme ¢ € R; is a point of the form (7, @, . . ., dm)
with the @; pairwise distinct smooth points of 4/41, while ¢(¢) is a subscheme in A"+ which
is supported over the point (t, t,ds, —dz,...,dm, —dm) of A@HD if p = 2m — 1 is odd, or over
(t,1,a2,—as,...,am,—am,0) if n = 2m is even. Let U be an analytic neighborhood of ¢(¢) in Aln+1]
which is stable under —1, and let ¥ be the neighborhood (~! (W) of ¢ in Km(A4)"™]. Assume first that
n =2m — 1, for some m = 2. Choosing AU small enough, diagram (10) restricts to

V2= (Ble(Ur/£1) x [T, Uj) —— A= (UF x [T1,(U; x U)))

| b
T 2 -
Ue/£) x[[]y U " U < [T1,(U; x U;)
where: U; C A is a neighborhood of 7 which is stable under —1; U; C A is a neighborhood of a;
and U; := —1(Uj) for j = 2,...,m; the morphism v is the product of the Hilbert-Chow resolution

Ur[z] — Ut(z) with the identity of each factor (U; x U]._); the morphism 7 is given by (&, o3, ..., 0m) =
(o, —@), 0tp, =0z, . .., m, —0ty). If instead n = 2m is even, choosing U small enough, diagram (10)
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restricts to

V2= (Ble(Us/£1) x [[72, Uj) —— U= (U x 17, (U x U;) x U)

| b

(Ug/£1) x ]_[;":2 U —— Ur(z) X ]_[;-"ZZ(UJ- xU;) x Up
where: U; C A is a neighborhood of 7 stable under —1; U; C A4 is a neighborhood of @; and Um=-1 Uj)
for j =2,...,m; Uy C A is a neighborhood of 0; the morphism v is the product of the Hilbert—Chow
resolution Ur[z] — Ut(z) with the identity of each factor (U; x Uj_) and of Uy; we have 1(&, aa, . . ., 0) =
((a’ _a)’ Oy, —02,...,0m, — Oy, 0)

In both cases, we have E|, = pr}(F), where pry : U — U,m is the projection onto the first factor and
FC Ut[z] is the divisor of nonreduced subschemes. Moreover, the divisor Ry, equals pry(C), where
pr; : V' — Blz(U;/%1) is the projection and C C Blz(U;/=+1) is the exceptional curve. We thus have

the commutative diagram
e

lﬁ 1 lprl

Bl (U, /+1) 2 yl

where ¢ coincides with the restriction of the map Bla(C2 /+1) — (C*)[2] of Example 4.5(a) in a
neighborhood of the exceptional curve C C Blg (C? 4 1). We deduce that, as divisors, we have

" (E},) = (topr))*(F) = (pt} (™ (F))) = Pt} (C) = Ry,
Hence, (*(E) has multiplicity 1 along the divisor R; C Km(A4)™,

Case 2: Let n = 2m be even and consider the divisor Ry of Km(A4)"]. We claim that (*(E) has
multiplicity 3 along the divisor Ry.

Indeed, the image in (A/41)" of a general subscheme ¢ € Ry is a point of the form (0, @5, ..., am)
with the @; pairwise distinct smooth points of A/+£1, while ¢({) is a subscheme in Alr+1] supported over
the point (0,0, as, —ds, ..., dm, —am, 0) of A®+D_ Let A be an analytic neighborhood of ¢(¢) in A+1]
such that —1() = A, and let ¥ be the analytic neighborhood ¢ =1 (W) of ¢ in Km(A4)™l, Choosing U
small enough, diagram (10) restricts to

V 2= (Blg(Uo/£1) x [T/, Uj) —— U= (UG < TT7o(U; x U;))
| b
Uo/£1) x ]y Uy ———— U < [T1,(U; x US)

where: Uy C A4 is a neighborhood of 0 stable under —1; U; C A is a neighborhood of a; and Ui=-1 ),
for j = 2,...,m; the morphism v is the product of the Hilbert-Chow resolution Uj; 517 — U, G) with
the identity of each factor (U; x UJ. ); we have (@0, ata, . .., o) = (o0, —¢, 0), 00, —t3, . .., Oy, —Clpy).
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[3] .

Then E|, = pr}(F), where pry : U — U B3 is the projection and F C U, is the divisor of nonreduced

subschemes. Moreover, Ry, = pr}(C), where pry : ¥ — Bl5(Up/=*1) is the projection and C C
Blg(Up/=1) is the exceptional curve. We have the commutative diagram
Ve—»"—sa
lﬁr 1 lprl
Blg(Up/+1) <2 Ul

where ¢ coincides with the restriction of the map Blg(C2/£1) — (C?)B] of Example 4.5(b) in a
neighborhood of C C Blg (C?/=£1), and we deduce that

*(E},) = (topr)*(F) = (pt}(¢™ (F))) = pr] (3C) = 3Ry,
as divisors. Hence, (*(E) has multiplicity 3 along the divisor Ry C Km(A4)1,
Case 3: Assume now that m = 2 and consider the Hilbert—-Chow divisor D C Km(A)[m]. We claim that
(*(E) has multiplicity 2 along D.

In fact, the image in (4/£1)™ of a general subscheme ¢ € D is a point (X, X, a3, ..., am), for
m — 1 distinct smooth points X, a3, . .., @y of (A/%1). The subscheme ¢(¢) in A"+ is supported over
(x,x,—Xx,—x,a3,—ds,...,dm,—amy) ifn =2m—11isodd, or (x, x,—x,—X,d3,—a3,...,dm, —dm,0)
if n =2m is even. Let U C A"+ be an analytic neighborhood of ¢({), and let V" C Km(A4)™ be its
preimage ¢~ (WU). If n = 2m — 1 is odd, shrinking 9 if necessary, there exist neighborhoods U, of x and
Uj of aj in A for j = 3,...,m, such that diagram (10) restricts to

V= (U T U) —— = (U < (U)X [T, (U x U)))
L b
U x [17=3 U; L uPx U7)P x [17=3(U; x Ur)

where: U, and U denote the image via —1 of Uy and U; respectively, the map v is the product of
the Hllbert—Chow morphisms Uy I, Uy ) and Uy - Uy )@ with the identity of each factor
(U; xU; ) for j =3,...,m, and U is given by

T((x17x2)va3’ cee ,Olm) = ((XI, x2)v (_xlv _x2)va3’ —03,...,0m, —am)-

If instead n = 2m is even, there exist neighborhoods Uy C 4 of x and U; C A of aj for j =3,...,m,
and a neighborhood Uy C A4 of 0 such that diagram (10) restricts to

V= (U XTI U) —— = (U < (U P < [T75 (U x Uf7) x Uo)
| I
U? x [1/=s U; S uPx U)P x [17=3(U; x U;) x Up

where: U, and U denote the image via —1 of Uy and U; respectively, the map v is the product of
the Hilbert—Chow morphlsms Uy 21, Uy (2) and Uy 2 Uy )@ with the identity of Uy and of each
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factor (U; x UJ.—) for j =3,...,m, and we have

W(x1,x2),03,...,0m) = ((x1,Xx2), (—X1,—X2),®¥3, =03, ..., 0m, —Qm, 0).

In both cases, the divisor E|, breaks into two components E; and E, such that £ = prj(F) and
E, = prj(F™), where pry : U — U,[Czl and pr, : U — (UX_)[Z] denote the projections and F C U,[Cz]
(resp. F~ C (Uy )[2]) is the divisor of nonreduced subschemes. Moreover, denoting the projection by
pr, V- U ,Ez], we have D), = prj(F). Notice that the element —1 € Aut(A4) induces an isomorphism
—1: U)EZ] — Uy )2 which identifies F with F~. From the commutative diagram

V < : > U

lﬁ] lpfl Xpry

U)[CZ] idx(=1) U)EZ] X (Ux—)[2]

we deduce that (*(E ) = D}, = (*(E3), and thus (*(E) has multiplicity 2 at the divisor D C Km(4)".

Conclusion: Recalling that we have [E] = 2& in H2(K"(A), Z) and [D] = 26 in H2(Km(A4)"], 7), the
three cases discussed above yield (i), (ii) and (iii). O

4.4 The key property of the embedding ¢ : Km(A4)™ — K"(A) of Definition 4.1 is that it deforms
together with K”(A). More precisely, we have the following.

Proposition 4.6 Let X — B be a smooth proper family of complex manifolds of Kum”-type over a
connected manifold B, such that for some 0 € B we have o = K"(A) for some abelian surface A. Let
lo: Krn(A)[m] — K"(A) be the embedding discussed above, where n = 2m — 1 orn = 2m. Then, up to
a finite étale base-change, there exist a smooth and proper family W — B of manifolds of K3[”’]—type
with Wo = Km(A)"], and a closed embedding ¢ : W < ¥ over B extending 1.

Proof By [Hassett and Tschinkel 2013, Theorem 2.1], the group Auty(X') of automorphisms inducing
the identity on H?(X,Z) is deformation invariant for any hyper-Kzhler manifold X. It was computed in
[Boissiere et al. 2011] that for K" (A) we have Auty(K"(A)) = Ay41 x(—1); thus, any K of Kum”-type
admits an action of Auty(K) = (Z/(n + 1)Z)* x Z/27Z. In particular, if % — B is a family as in the
statement, the action of —1 € Aut(A) on the fiber ¥ extends to a fiberwise automorphism of 5 — B, up
to a finite étale base-change possibly needed in order to trivialize the monodromy action on Autg(Hg).
For each b € B, the action of —1 on X} is a symplectic involution. By [Camere 2012], each component %Y
of the fixed locus %1 is a smooth and proper family % — B of symplectic manifolds, or just the
image of a section of 5 — B. By Lemma 4.2, for n = 2m or n = 2m — 1 there exists a unique such
component W' of maximal relative dimension 2m, such that Wy = Km(A4)"! is embedded into %
via 1o : Km(4)" < K"(A). We thus have obtained the desired subfamily W — B of manifolds of
K3 type. m|

As a consequence, the cohomology class [t (Km(A)™])] remains algebraic, and in particular a Hodge
class, on any deformation of K"(A).
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Definition 4.7 A canonical Hodge class on a hyper-Kihler manifold X is a Hodge class n € H2K(X, Q)
which remains Hodge on any deformation of X.

The most obvious examples are given by the Chern classes of X. Any canonical Hodge class
o € H** (X, Q) on X satisfies the generalized Fujiki relation [1987]: there exists a constant ¢(c) € Q
such that for any y € H*(X, Q) we have

—2k)!
(11) [X a-(y)" = % ce(a)-qx (v.y)" 7K,
where dim X = 2n and ¢y is the Beauville-Bogomolov form on H?(X, Q). The constant ¢ (1) is called
the reduced Fujiki constant of X.
Let now X — B be a family of manifolds of Kum”-type as in Proposition 4.6. Up to a finite étale
base-change, that proposition yields a subfamily W' — B of manifolds of K3[m]—type, where n = 2m or
n=2m-—1. Welet:: W — ¥ denote the embedding.

Lemma 4.8 For any b € B, the pullback LZ : H*(Hp, Z) — H?*(Wy, Z) is injective and multiplies the
form by a factor 2.

Proof Extending our family ¥ — B if necessary, we may assume that the very general fiber has Picard
rank 0, so that H?(#}p, Z) is an irreducible Hodge structure for very general b. A symplectic form on
restricts to a symplectic form on W (see [Camere 2012, Proposition 3]), and hence LZ is not zero. But
then LZ : H?>(Hp, Q) — H?*(Wp, Q) must be an embedding of rational Hodge structures for very general
b € B. Since H* (¥}, Z) is torsion-free, we conclude that ¢} : H* (X, Z) — H?* (W}, Z) is injective for
all b € B.

For the second assertion, it suffices to consider ¢ : Km(A)[m] — K"(A). Assume first that n = 2 and
m = 1. The cohomology class [t(Km(A4))] € H*(K?(A), Z) is a canonical Hodge class and, hence, there
exists a constant ¢ such that

Gy (* (). () = [

Km(A)

07 = [ K]y = e ()

for any y € H?>(K?(A),Z). For the class £ € H*(K?*(A),Z), we have qx2(4)(&.6) = —6 while
gxm(4) (" (§),1*(§)) = —12 by Lemma 4.4(i), and we get ¢ = 2.

Consider next the case when n = 2m — 1 is odd, with m > 2. The cohomology class [t (Km(A))]
in H¥"=4(K*"~1(A4),7) is a canonical Hodge class. Using the generalized Fujiki relation (11) for
[t (Km(A)[m])] and Fujiki relation for Km(A)[™, there exists a constant ¢ such that

2m)! _@m)!

12 N ol - " * , * m :/ * 2m
(12) st Gy (7 (7). 17 (1)) Km(A)[m]L () ol om

¢ qram-104) Y, V)"

for any y € H2(K?™~1(A), Z), where cy3mm = 1 is the reduced Fujiki constant of manifolds of K3-
type (computed in [Beauville 1983]). For the class £ € H?(K?™~1(A), Z) which is half the class of the
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divisor of nonreduced subschemes, we have ¢ gam—1(4y(§,&) = —4m and, by Lemma 4.4(ii), we have
Txm(a)im (L (§), 1" (§)) = —8m. We thus obtain

(—8m)™ =c - (—4m)™,
which gives ¢ = 2™. Therefore, for any y € H?>(K?*"™~1(A), Z) equation (12) yields

4Km(A)lm) (), )" =2" "]KZm—l(A)(V, ",

and hence ¢* multiplies the form by 2 (for m even, the sign is determined as ¢* sends Kihler classes to
Kihler classes).
Finally, assume n = 2m = 4 is even. As above, there exists a constant ¢ such that

(13) egatm - Grm(am (), ()™ = / P = qgam (v y)"
Km(4)im]

for all y € H*>(K?™(A),Z). For the class £ € H*(K?™(A), Z) which is half the class of nonreduced
subschemes, we have qgam(4)(§,&) = —4m —2, while we have gy, 4y (1" (§),*(§)) = —8m —4 by
Lemma 4.4(iii). As cgzum1 = 1, we obtain

(—8m—4)" =c-(—4m-=2)",

and hence ¢ = 2™; by (13), we have gy, g (¥ (), ¥ ()™ = 2" - ggam 4 (y, y)™ for any y in
H?(K?™(A),Z), and again we deduce that * multiplies the form by 2. a

4.5 We can finally conclude our study of the pullback ¢*.

Proof of Proposition 4.3 Thanks to Lemma 4.8, it remains to show that the image of
* HA(K"(A), Z) — H*(Km(4)"™, 7)

is a saturated sublattice. As in (5), we have H?(K"(A),Z) = H*(A,Z) ® (£), and the Hodge structure
on H?(K™(A), Z) is determined by that on H?(A, Z) via this equality. Moreover, the Hodge structure on
H?*(Km(A4)™ 7) is determined by that on its primitive sublattice H? (A, Z)(2) (Section 4.2). Deforming
to a very general complex torus A such that H?(A4, Z) is an irreducible Hodge structure, we see that the
restriction «* necessarily maps the summand H?(A, Z) of H*(K"(A), Z) to the sublattice H?(A,Z)(2)
of H*(Km(A4)[™! 7). In fact, the restriction of * to H*(A,7Z) C H*(K"(A),Z) is surjective onto
H%(A,7)(2) ¢ H*(Km(A4)™ 7), as follows from the discriminant-index formula (see [Huybrechts
2016, Chapter 14]) since ¢* is injective and multiplies the form by 2 by Lemma 4.8.

Assume first that # =2 and m = 1. Then, by the above and Lemma 4.4, the image of ¢* is the sublattice
of H?>(Km(A),Z) generated by H?(A,Z)(2) and the class [Co] + %ZTGAZ[CT]. This sublattice is
saturated: if w := ou + B - ([Co] + %Z‘[EAZ[CT]) is an integral class in H?(Km(A4),Z) for some
primitive u € H*(A, Z)(2) and some rational numbers « and 8, then from gxm(4)(w,[Ce]) = —p for
any 7 # 0 we deduce that & and f are integers, and therefore w belongs to im(¢:*).
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For m = 2, the lattice H2(Km(A)™, Z) contains with finite index the sublattice

H*(A.Z)(2) ® ([R:])re 4, ® (5).

By Lemma 4.4, if n = 2m — 1, the image of * is the sublattice of H?(Km(A)™, Z) generated by
H?(A,7Z)(2) and the class 2§ + % ZreAz[Rr]’ while if n = 2m the image of * is the sublattice of
H*(Km(A)!™, Z)) generated by H?(A, Z)(2) and the class 28+ [Ro]+ 5 3¢ 4,[Re]- In both cases, the
same argument used above shows that the image of (* is a saturated sublattice of H> (Km(4)™ 7). o

Remark 4.9 A manifold of Kum”-type K admits at least (n 4+ 1)* involutions acting trivially on the
second cohomology, whose fixed loci are union of K3U/1-manifolds by [Kamenova et al. 2022]. Our
results adapt immediately to all components of maximal dimension. For a lower-dimensional component
t: Z < K, the argument of Lemma 4.8 gives that * : H?>(K,Z) — H?*(Z, Z) is injective and multiplies
the form by some positive constant k; however, determining this constant and the saturation of the image
of ¢* becomes more difficult.

5 K3 surfaces associated with varieties of generalized Kummer type

5.1 In this section we shall conclude the proof of our main results.

Definition 5.1 Let K be a variety of Kum”-type. The associated K3 surface Sk is the K3 surface with
transcendental lattice Hodge isometric to H2(K, Z)(2).

In the special case of the generalized Kummer variety K”(A4) on an abelian surface 4, we have
H2(K"(A),Z) = H2(A,Z), and the K3 surface S k7 (4) 1s isomorphic to the Kummer K3 surface
Km(A). This motivates our Definition 5.1. Note that for K very general Sk is projective of Picard
rank 16, and thus it is not a Kummer K3 surface.

Lemma 5.2 The K3 surface Sk exists and it is unique up to isomorphism.

Proof The lattice H2(K, Z)(2) has rank at most 6 and signature (2, k). Any such lattice can be embedded
primitively in the K3 lattice and, by the Torelli theorem, there exists a K3 surface Sx whose transcendental
lattice H2(Sk,Z) is Hodge isometric to H2(K, Z)(2); see [Morrison 1984, Corollary 2.10]. The K3
surface S is necessarily projective, of Picard rank at least 16, and it is determined up to isomorphism
because projective K3 surfaces with Hodge isometric transcendental lattices and Picard rank at least 12

are isomorphic; see [Huybrechts 2016, Chapter 16, Corollary 3.8]. |

The K3 surfaces associated with varieties of generalized Kummer type can be easily characterized via
the Torelli theorem.

Lemma 5.3 Let S be a projective K3 surface. Then S is isomorphic to the K3 surface Sk associated to
some variety K of Kum”-type if and only if there exists a primitive embedding of lattices

HX(S.7) = UQ2)®* @ (—4n —4).
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Proof The lattice U(2)®3 @ (—4n—4) is the Beauville—Bogomolov lattice A g, (2) of Kum”-manifolds
with the form multiplied by 2. Thus, by definition, for the K3 surface Sx associated to a variety K
of Kum”-type we have a primitive embedding of H2?(Sk,Z) into the lattice U(2)®* @ (—4n — 4).
Conversely, assume that S is a projective K3 surface and / : H3(S,Z) < Agyme(2) is a primitive
embedding. Let 7" C Agym» be the primitive sublattice such that im(/) = 7°(2), and equip 7" with the
Hodge structure induced by that on HZ2(S,Z). By the surjectivity of the period map for hyper-Kihler
manifolds [Huybrechts 1999, Theorem 8.1], there exists a manifold K of Kum”-type with H2(K,Z)
Hodge isometric to 7. By construction, we have a Hodge isometry

H2(S,Z) = HX(K,Z)(2);

K is projective by [Huybrechts 1999, Theorem 3.11], since its transcendental lattice has signature (2, k).
Moreover, the K3 surface .S is isomorphic to Sk, as they have Hodge isometric transcendental lattices
and Picard rank at least 16. |

Passing to rational coefficients, a similar argument yields the following.
Lemma 5.4 Let S be a projective K3 surface. The following are equivalent:

(i) There exists a rational Hodge isometry H2(S,Q) = H2(Sk,Q), where Sk is the K3 surface
associated to a variety K of Kum”-type for some n = 2.

(ii) There exists an isometric embedding of H2(S, Q) into (U®? @ (—m)) ®z Q for some positive
integer m.

Proof For any nonzero rational number k, we have U(k) ®7 Q = U®7z Q. If (i) holds, then HZ2(S, Q) is
Hodge isometric to H2 (K, Q)(2), and, hence, it embeds isometrically into (U(2)®3 @ (—4n—4)) @7 Q =
(U3 @ (—n —1)) ®7 Q. Conversely, if S is a projective K3 surface with an embedding H2(S, Q) —
(U®3 @ (—m)) ®7 Q for some positive m € Z, we find as well an isometric embedding

jiHZ(S,Q) = (UQ)® @ (-4n—4)) @7 Q

for some n = 2. The quadratic space on the right-hand side is Ag,n7 (2) ® 7z Q. We choose a primitive
sublattice T C Agypn such that im(j) coincides with 7'(2) ® 7 Q; under this identification, the Hodge
structure on H2(S, Q) induces a Hodge structure of K3-type on 7. By the surjectivity of the period map,
there exists a projective variety K of Kum”-type such that Ht%(K , 7)) is Hodge isometric to 7', equipped
with this Hodge structure. Hence, by construction, HZ2(S, Q) is Hodge isometric to H2(Sk, Q). |

5.2 A priori, the K3 surface Sk and the variety K of Kum”-type are only related at the level of lattices
and Hodge structures. But in fact they are related geometrically, as follows. Choose a family ¥ — B
of manifolds of Kum”-type, with one fiber ¥, = K and another fiber %, = K" (A) isomorphic to the
generalized Kummer variety on an abelian surface A. By Proposition 4.6, up to a finite étale base-change,
we obtain a family W — B of K3"]-manifolds with an embedding ¢ : W — ¥ over B, where n =2m —1
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or n = 2m, which extends the embedding ¢, : Km(A)™ < K"(A4) of Lemma 4.2. Taking the fiber
over by, we get a submanifold ¢ : Wx < K of K3["l-type.

Lemma 5.5 The pullback along ¢ : Wg — K induces a primitive embedding of lattices and Hodge
structures
K H*(K,Z)(2) — H*(Wk, 7).

In particular, * induces a Hodge isometry Htf (K,Z)(2) = H{f(WK 7)) of transcendental lattices.

Proof The lemma follows immediately from Proposition 4.3 as ¢ : Wg < K deforms to the embedding
Km(A4)"! < K"(A) there considered. |

We refer to [Huybrechts and Lehn 2010; Bridgeland 2008; Bayer and Macri 2014b] for background on
moduli spaces of sheaves on K3 surfaces.

Proposition 5.6 Let Sk be the K3 surface associated to the Kum” -variety K. Then:
(i) If n = 2, Wg is isomorphic to the K3 surface Sk .

(ii) If n = 3, Wx C K is birational to a smooth and projective moduli space Mg, g (v) for some
primitive Mukai vector v and a v-generic polarization H.

Proof A Hodge isometry Ht% Wk . 7Z) = Ht% (S, Z) of transcendental lattices exists by Lemma 5.5 and
the definition of Sk. If n = 2, Wk and Sk are isomorphic as they are K3 surfaces with Hodge isometric
transcendental lattice and large Picard rank. If n = 3, the proposition follows applying [Addington 2016,
Proposition 4]. |

Remark 5.7 In fact, for n = 3, Wk is isomorphic to a moduli space of Bridgeland stable objects on Sk,
by [Bayer and Macri 2014a, Theorem 1.2(c)]; see also [Mongardi and Wandel 2017, Proposition 2.3].

5.3 Let S be a projective K3 surface, and let M = Mg g (v) be a smooth and projective moduli space
of stable sheaves of dimension = 4, for a primitive Mukai vector v and a v-generic polarization H. Then,
following [Mukai 1987; O’Grady 1997], there exists a quasiuniversal sheaf U over S x M of similitude p,
and the map

o L fencny” - VRIGS) o @)

induces a Hodge isometry 6 : H2(S,Z) = H2}(M, Z) of transcendental lattices. Here, the notation [—]3
indicates that we take the Kiinneth component in H°(S x M, Z) and pr,,, prg denote the projections from
S x M onto the two factors. The standard conjectures hold for both the surface S and the K3[”]—Variety M,
as we recalled in Section 2.5. Hence, they hold for S x M, and it follows that 8 is the correspondence
induced by the algebraic cycle [(1/p)ch(WU)Y - \/W]z on S x M.

Remark 5.8 In fact, the Kiinneth components h?(S) and h?(M) as well as their transcendental parts

h2(S) and h2(M) are well-defined homological motives; the Hodge isometry 6 is the realization of

2

an isomorphism of motives ® : htzr(S ) = hi.(M) in Mot. This again uses the standard conjectures for
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S x M and in particular the conservativity of the realization functor when restricted to (h(S' X M))mot
(Remark 2.4).

5.4 Let K be a variety of Kum”-type. By the results of Foster [2024] recalled in Theorem 2.6, the
Kiinneth component h?(K) of the motive of K is well-defined in Mot and (h?(K))mot is a semisimple
and abelian neutral Tannakian category; the transcendental part htzr(K ) of h2(K) is also a well-defined
homological motive. The next result implies Theorem 1.1 from the introduction.

Theorem 5.9 Let K be a variety of Kum” -type and let Si be the K3 surface associated with K. There
exists an isomorphism
hi(Sx) = hg(K)

of motives, whose realization is a Hodge isometry H2(Sk, Q) = HZ2(K,Q)(2).

Proof Forn=2m orn=2m—1, we find as in Section 5.2 a K3[m]-variety Wx which is isomorphic to Sg
for n = 2 and birational to a moduli space of stable sheaves on Sk if # = 3, and that admits an embedding
t: Wg < K such that the restriction induces a Hodge isometry * : H2(K, Z)(2) = H2(Wk, 7).

As (* is clearly induced by an algebraic cycle, it is the realization of a morphism 7 : htzr(K ) — htzr(WK)
of motives. But in fact ¢ is a morphism in the subcategory (h2(K) @ h2(Wx ))mot» Which is an abelian
and semisimple neutral Tannakian category as the standard conjectures hold for Wx and h?(K). Since
the realization of 7 is an isomorphism of rational Hodge structures, it follows that ¢ is an isomorphism
of motives; the realization of its inverse ¢! is a Hodge isometry H2(Wk, Q) = H2(K,Q)(2). This
concludes the proof for n = 2, since Sk is isomorphic to Wk in this case.

If n>=3,let¢: Mg, m(v)-—> Wk be a birational map, where Mg, g (v) is a smooth and projective
moduli space of stable sheaves on Sg. Then ¢ induces a morphism ® : h%(M. Sk, H()) — h2(Wk) of
motives whose realization is a Hodge isometry ¢y : H? (M. se.H(W),Z)— H 2(Wk, Z), by [Huybrechts
1999, Corollary 5.2]. As the standard conjectures hold for K3l varieties, ® is an isomorphism of
motives. From Remark 5.8 we obtain an isomorphism of motives ® : htzr(S k) —> htzr(M Sk, H(V)), whose
realization is a Hodge isometry H2(Sk,Z) ~> H2(Mg «.H(V), Z). We conclude that the composition
Tlod,00: htzr(S k) — htzr(K ) is an isomorphism of motives, whose realization is the desired Hodge
isometry H2(Sg. Q) > H2(K.Q)(2). o

Thanks to the work of O’Grady, Markman, Voisin and Varesco, recalled in the introduction, Theorem 5.9
yields the following result, which was stated as Theorem 1.2.

Theorem 5.10 Let K be a variety of Kum”-type with associated K3 surface Sk . Then:
(i) The Kuga—Satake correspondence for Sk is algebraic.
(i) The Hodge conjecture holds for any power of Sk .

Proof By Theorem 5.9 there exists an algebraic cycle inducing a Hodge isometry
Hi (Sg. Q) = Hi(K.Q)(2).
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The Kuga—Satake Hodge conjecture (Conjecture 3.3) holds for K by [Voisin 2022, Theorem 0.5]. By
Remark 3.7, the same conclusion holds for Sk, and we obtain (i).

The K3 surfaces Sg come in countably many 4-dimensional families of general Picard rank 16,
corresponding to the polarized families of varieties of generalized Kummer type. By construction (see
Section 3.5) the Kuga—Satake variety of Sk is isogenous to a power of KS(K), and, hence, to a power of
a Weil fourfold with discriminant 1 by [Markman 2023; O’Grady 2021]. As Conjecture 3.3 holds for any
of the K3 surfaces Sk, we can apply [Varesco 2025, Theorem 0.2] to deduce that the Hodge conjecture
holds for all powers of the K3 surfaces Sg. O

5.5 We finally complete the proof of our results.

Theorem 5.11 Let S be a projective K3 surface such that there exists an isometric embedding
HE(S.Q) — (U @ (-m)) ®2 Q
for some positive integer m. Then:

(i) The Kuga—Satake correspondence for S is algebraic.
(i) The Hodge conjecture holds for any power of S.

Proof Let S be as in the statement. By Lemma 5.4, for some n = 2 there exist a variety K of Kum”-type
and a rational Hodge isometry ¢ : H2(S, Q) = H2(Sk,Q). By [Buskin 2019; Huybrechts 2019], ¢ is
algebraic and the motives of .S and Sk are isomorphic. Therefore, by Remark 3.7 and Theorem 5.10(i),
the Kuga—Satake correspondence for S is algebraic, and, by Theorem 5.10(ii), the Hodge conjecture
holds for any power of S. a

We next prove Theorem 1.3, which we state again below.

Theorem 5.12 Let A be an abelian fourfold of Weil type with discriminant 1. Then the Hodge conjecture
holds for A and any of its powers.

Proof By [O’Grady 2021] and [Markman 2023], there exists a Kum”-variety K such that A is isogenous
to the intermediate Jacobian J 3 (K); moreover, the Kuga—Satake variety of K is isogenous to a power
of A. The Kuga—Satake variety of the K3 surface Sg associated to K is thus also isogenous to a power
of A. By Theorem 5.10, the Kuga—Satake Hodge conjecture holds for Sx and the Hodge conjecture
holds for any power of Sg. Therefore, Theorem 3.5 implies that the Hodge conjecture holds for 4 and
all of its powers. a

We conclude with the following corollary, which follows from a result of Varesco [2023].

Corollary 5.13 Let S be a projective K3 surface and let K be a projective variety of Kum”-type. Assume
that ¢ : H2(Sg,Q) = HZ2(K,Q)(k) is a Hodge isometry, where on the right-hand side the form is
multiplied by some positive k € Q. Then ¢ is induced by an algebraic cycle on S x K.
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Proof As Agynr = U®3 @ (—2n—2) and U(k) ®7 Q = U ®z Q for any 0 # k € Q, there exists by
hypothesis an isometric embedding

H (Sg.Q) — UG’ & (—m)q

for some positive integer m. Hence, by Theorem 1.2, the Kuga—Satake Hodge conjecture holds for S.
Moreover, this conjecture holds for K by [Voisin 2022, Theorem 0.5], and the Lefschetz standard
conjecture in degree 2 for K is proven in [Foster 2024, Theorem 1.1]. We can therefore apply [Varesco
2023, Corollary 4.6] to obtain that ¢ is algebraic. O
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