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We establish a connection between the theory of Ulrich sheaves and A!-homotopy theory. For instance,
we prove that the Al-degree of a morphism between projective varieties, that is relatively oriented by an
Ulrich sheaf, is constant on the target even when it is not Al-chain connected or A!-connected. Further if
an embedded projective variety is the support of a symmetric Ulrich sheaf of rank one, the A!-degree of all
its linear projections can be read off in an explicit way from the free resolution of the Ulrich sheaf. Finally,
we construct an Ulrich sheaf on the secant variety of a curve and use this to define an arithmetic version
of Viro’s encomplexed writhe for curves in P3. This can be considered to be an arithmetic analogue
of a knot invariant. Namely, we define a notion of algebraic isotopy under which the arithmetic writhe
is invariant. For rational curves of degree at most four in IP? we obtain a complete classification up to
algebraic isotopies.
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1 Introduction

In the emerging field of A!-enumerative geometry, building upon the A!-homotopy theory developed
by Morel and Voevodsky [1999], solutions to enumerative problems over a field K are counted in the
Grothendieck—Witt group GW(K) of this field in a way that the result does not depend on the chosen
instance of the enumerative problem. Typical examples of enumerative problems whose solutions can
be “arithmetically enriched” in this way include among others the 27 lines on a cubic surface [Kass and
Wickelgren 2021], Bézout’s theorem [McKean 2021] or Gromov—Witten invariants [Kass et al. 2023].
Many results of this type are achieved by studying arithmetic versions of topological invariants like the
Euler characteristic [Levine 2019] or the Brouwer degree [Morel 2012; Kass and Wickelgren 2019].
Here we focus on the latter, namely the A!-degree of a morphism of smooth schemes as considered
MSC2020: 14F42, 14HS50, 14J60, 14N0O7.
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1156 Daniele Agostini and Mario Kummer

in [Kass et al. 2023; Pauli and Wickelgren 2021]. This is defined for a finite and surjective morphism
f : X =Y of smooth K-varieties starting from a relative orientation of f, this is a line bundle L on X,
with an isomorphism

v L® L — s#om(det Ty, [*detTy).

With this, we can compute the Al-degree at a closed point y € Y as a sum of local degrees on the fiber,
as in the classical case; see Section 4 for more details. When this is independent of the point y € Y,
one says that the A!-degree of the map f is well-defined. This is not always the case. One important
case, when this happens, is if ¥ is Al-chain connected. Our first result is a different condition for the
well-definedness of the Al-degree in terms of Ulrich sheaves: a sheaf F on X is called f-Ulrich if its
pushforward along f is trivial, i.e., fxF = (’);‘?N for N € N.

Theorem A If the relative orientation L is f-Ulrich and if H°(Y, Oy) = K, then the A! -degree of f is
well-defined.

We refer to Theorem 4.17 for a precise statement of the result and for the proof. In particular, we
consider the case of standard Ulrich sheaves on an embedded irreducible projective variety X C P” of
dimension dim X = k: these are sheaves F on X which are -Ulrich for any finite linear projection
7 : X — Pk Ulrich sheaves were introduced by Eisenbud and Schreyer [2003] and they satisfy a plethora
of nice properties. In particular, there has been ample interest in the question of whether every closed
subvariety of P” carries an Ulrich sheaf [Eisenbud and Schreyer 2003; Beauville 2018].

One of the main features of Ulrich sheaves is to give a determinantal representation of the Chow form

of X. Recall that a finite linear projection 7 : X — P* has the form 7 = [s0,--.,Sk], where sq, ..., s €
H°(P", Opn (1)) are linearly independent, and such that the linear space IT = {sg = --- = s = 0} C P”"
does not intersect X. The sq, ..., s satisfy these conditions if and only if €y (sg A--- Asg) #£ 0, for a

homogeneous form on /\k+1 HO(P", Opn (1)) called the Chow form of the embedded variety X C P”.
One of the main results of [Eisenbud and Schreyer 2003] is that if X carries an Ulrich sheaf of rank one,
then there is a matrix A of linear forms on /\k + o (P", Opn (1)) whose determinant gives the Chow
form. Furthermore, there is a natural notion of symmetry for the Ulrich sheaf which guarantees that A
can be taken to be symmetric. This matrix encodes the Al-degrees of all finite linear projections of X:

Theorem B Let F be a symmetric Ulrich sheaf of rank one on X C P". Then this sheaf induces a relative
orientation on each finite linear projection

[so,...,sk]:X—>IP’k

such that the resulting A!-degree is well-defined. Furthermore, there is a symmetric matrix A of linear
forms on /\k+1 H°(P", Opn (1)) whose determinant is the Chow form of X , and such that the class

[A(so A+ Asp)] € GW(K)

is precisely the Al-degree of the linear projection [sq, ...,sx] : X — P with respect to the above
orientation.
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Figure 1: A knot diagram of the trefoil knot.

We refer to Theorem 4.32 for a precise statement. We also note that the symmetric matrix A is
explicitly computable from a resolution of the sheaf F, for example via a computer algebra system such
as Macaulay?2 [1992] or OSCAR [2024], as already demonstrated in [Eisenbud and Schreyer 2003].

With these results in hand, we pass to the second main theme of the paper, an A!-analogue of knot
theory. Classical knots can be studied via knot diagrams. These are planar projections of the knot, which,
for each point where two arcs cross, keeps track of the over- and under-passing arc; see, e.g., Figure 1.
The local writhe of a crossing in a knot diagram is a number in {—1, +1} and is defined as in Figure 2.
Note that one has to choose an orientation of the knot but the local writhe numbers are independent of
this choice. The writhe of a knot diagram is then the sum of the local writhe numbers of all its crossings.
For example, the writhe of the knot diagram in Figure 1 is equal to +3.

While the writhe is unaffected by Reidemeister moves of type II and I1I, a Reidemeister move of type I
changes the writhe by £1. In particular, the writhe is only an invariant of the knot diagram but not of
the knot itself. When the knot is the real part of an algebraic curve C C P3, this issue corresponds to
the fact that some plane projections might have isolated real nodes; see Figure 3. Viro [2001] showed
that the problem can be circumvented by also assigning a local writhe to isolated real nodes of a planar
projection of the algebraic curve: he defined the encomplexed writhe number as the sum over all local
writhe numbers, including those at isolated nodes, and proved that this is indeed independent of the
projection center, hence it is an invariant of the real curve C C P3. This invariant played a major role in
the recent breakthrough on real algebraic links by Mikhalkin and Orevkov [2019].

We generalize Viro’s encomplexed writhe to any field K via Ulrich bundles on secant varieties.
This is natural, since the nodes of a linear projection 7 : C — P2 corresponds to the secant lines to
C passing through the center of the projection. Let us be more precise here. If ¢ : C < P3 is a
nondegenerate embedding and L = y*O¢ (1) the corresponding line bundle, then the embedding v is
obtained from composing the embedding of the complete linear system ¢ : C < P(H°(C, L)V) = P"

AN 7
+1\ /—1

Figure 2: Local writhe numbers.
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1158 Daniele Agostini and Mario Kummer

P N

Figure 3: When applying a Reidemeister move of type I to a real algebraic curve, a crossing of
two arcs becomes an isolated node.

with a linear projection [sq, 51,52, 53] : ¢1.(C) — P3. In order for v to be an embedding, the sections
50,....83 € HY(C, L) must be linearly independent, and the space IT = {so = --- = s3} should not
intersect the secant variety ¥ = X(C, L) of ¢r(C) in P”. In this setting, the induced projection
[S0,...,53]: ¥ — P3 is a finite and surjective map. Assume now that the secant variety X is identifiable
in the sense that every point in X \ ¢z, (C) is contained in a unique secant line. Then, by construction, the
fiber of [sg, ..., s3] : X — P3 over a point ¢ € P3 correspond to secant lines to ¥ (C) passing through ¢.
Thus, if we can find a suitable orientation, the A!-degree of this map gives an arithmetic count of secant
lines through ¢, or, equivalently, an arithmetic count of nodes of the projection of ¥ (C) from ¢. We can
actually find a suitable orientation via an Ulrich sheaf:

Theorem C Let C be a smooth K-curve and L be a line bundle such that the secant variety ¥ of
o :C —>P"is identifiable.! Let also o be a noneffective theta characteristic on C, i.e., a line bundle
such that ¢ ® a = wc and h°(C, ) = 0. Then there is a symmetric Ulrich sheaf of rank one F, on %,
depending on «.

With such a symmetric Ulrich sheaf we can then use Theorem B, and give the following definition:

Definition (arithmetic writhe) In the above setting, the arithmetic writhe
w((C),a) e GW(K)

of the embedded curve ¥ : C < P3 and of the theta characteristic «, is the A'-degree of the map
[50.....83]: % —P3

with respect to the relative orientation induced by F. Here [so, . .., s3] is such that ¢ = [sq,...,s3]o@L.

By the previous discussion, the arithmetic writhe is an arithmetically enriched count of the nodes of
plane projections ¥ (C) — P2. The fact that the arithmetic writhe is well-defined as an A!-degree means
precisely that this does not depend on the center of the plane projection. We also provide an explicit
local description of the arithmetic writhe which for real curves agrees with the local description of Viro’s
encomplexed writhe. Hence, for real curves, the arithmetic writhe is equal to the encomplexed writhe.

Observe that the appearance of a noneffective theta characteristic « on C is not surprising: indeed
these correspond on the one hand to symmetric rank one Ulrich sheaves on the curve itself [Eisenbud
and Schreyer 2003, Theorem 4.3] and, on the other hand, if the curve is real, to classical orientations;

In the upcoming article [Agostini et al. > 2026] it is shown that one can in fact replace the condition of X being identifiable
by the weaker condition that ¢ is an embedding.
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see Example 4.5. Over an arbitrary field, every smooth rational curve has a noneffective theta characteristic.
We also remark that the condition of identifiability on the secant variety of ¢;, : C < P” is rather natural
and general. For example, Riemann—Roch shows that this happens as soon as the degree deg(C) is at
least 2g(C) + 3, where g(C) is the genus of the curve. In particular, this is true for any smooth rational
curve of degree at least 3. Another important case are canonical curves of gonality at least 5, such as
any general real or complex curve in the moduli space Mg, g > 7. We note that, in a similar spirit,
Lemarié-Rieusset [2026] has defined an arithmetic linking degree for two embeddings of A2\ {0} to
A*\ {0} using motivic Seifert classes. On the other hand, to our knowledge, the arithmetic writhe is the
first knot invariant defined in the A!-context.

In the last part of the paper, we define and study algebraic isotopies between embeddings of a smooth
projective curve C in 3-space in analogy with topological isotopies: they are morphisms

[:A'xC —>P3  (t,x)~ I;(x),

such that 1; : Ce(ry P:?(t) is an embedding for all r € Al. Two embeddings ¥, ¥’ : C < P? are
algebraically isotopic if they can be connected by a chain of algebraic isotopies. We extend our definition
of the arithmetic writhe w( (C), &) for an embedded curve v : C < IP3 to a definition of the arithmetic
writhe w(, ) for the embedding y itself, and we show that this is invariant under algebraic isotopies,
see Remark 8.3. We use it to study algebraic isotopy classes of rational curves of low degree in IP3.

Theorem D Let K be a field of char(K) # 2.
(1) If d € {1,2}, then any two embeddings ¥, ¥’ : P! < P? over K of degree d are algebraically

isotopic.

(2) The set of algebraic isotopy classes of embeddings P! < P over K of degree 3 is in bijection to
KX/ K*4,

(3) Two embeddings ¥, ' : P! < P3 over K of degree 4 are algebraically isotopic if and only if they
have the same arithmetic writhe.

In the case K = R, Theorem D strengthens a result by Bjorklund [2011] who proved that the
encomplexed writhe characterizes real rational curves of degree at most four up to rigid isotopy, a
(potentially strictly) coarser equivalence relation than algebraic isotopy. While Bjorklund’s result holds
true in degree five as well, we do not know whether this is the case for our Theorem D. It was also shown
in [Bjorklund 2011] that the encomplexed writhe is not enough to distinguish rigid isotopy classes of
embeddings P! < P3 of degree at least six, hence the corresponding statement also fails for the arithmetic
writhe and algebraic isotopies. However, Ulrich sheaves other than those produced in Theorem C can
be used to give further isotopy invariants. In Theorem 5.18, we construct a higher-rank Ulrich sheaf on
the secant variety of a rational normal curve. From this we obtain a new invariant for algebraic isotopy
classes of rational curves of degree six, and we construct an example of two embeddings of the same
arithmetic writhe for which the new invariant is different; see Example 8.8. We do not know whether this
is enough to distinguish all isotopy classes, nor do we have a local description as for the arithmetic writhe.

Geometry & Topology, Volume 30 (2026)
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The paper is organized as follows. In Section 3, we collect some facts on Ulrich sheaves, and in
Section 4 we show how they are connected to the A!-degree, proving Theorem A in Theorem 4.17 and
Theorem B in both Theorem 4.28 and Theorem 4.32. In Section 5, we turn our attention to secants of
curves and on Ulrich sheaves on them: we prove Theorem C in Theorem 5.16 and we also construct, in
Theorem 5.18, higher-rank Ulrich sheaves on secants of rational normal curves. In Section 6, we define
the arithmetic writhe for an embedded curve, and we also show how to compute it via a sum of explicit
local writhes; see Remark 6.2. Finally, in Section 7 we collect some general results about isotopies for
projective embeddings, which imply the first two parts of Theorem D. In Section 8 we focus on the
case of curves in 3-space. We define the arithmetic writhe of an embedding in P? and we prove that it
is invariant under algebraic isotopies; see Remark 8.3. We then prove Theorem D in Theorem 8.4 and
Corollary 8.5, and we conclude with some remarks on rational curves of higher degree.

2 Notation and conventions

Let K always denote a field. By a K-variety we mean an integral, separated scheme of finite type over K.
We will use the word curve to denote a projective, nonsingular K-variety of dimension 1. If X is a
scheme and x € X, then we denote by k(x) the residue field of X at x. If A, B are two divisors on a
smooth variety X, we write 4 ~ B to denote that A4 is linearly equivalent to B.

3 Ulrich sheaves

We first recall the basic properties of Ulrich sheaves as introduced in [Eisenbud and Schreyer 2003].
Consider the projective space P and the corresponding homogeneous coordinate ring S = K[xg, ..., Xy].
Let F be a coherent sheaf on P” with scheme-theoretic support ¢ : X < P” of pure dimension k£ > 0 and
codimension ¢ = n — k. Let also ['x(F) = @ H°(F(g)) be the module of twisted global sections, seen
as a graded S-module. The following important equivalence was proven in [Eisenbud and Schreyer 2003,
Theorem 2.1]:

Definition 3.1 (Ulrich sheaf) The sheaf F is called an Ulrich sheaf if it satisfies one of the following
equivalent conditions:
(1) T« (F) has a linear minimal free resolution as an S-module:

F: 0> F % F 2= . 2 F 2L Fy > F -0,

where F; is a direct sum of copies of S(—i).
(i) H'(X,F(—i))=0fori >0and H (X, F(—i —1)=0fori < k.

(i) If 77 : X — P is a finite surjective linear projection, then 7wy t* F = O?,’( for a certain 7 > 0.

Remark 3.2 It follows from the Auslander—Buchsbaum formula and part (i) of Definition 3.1 that an
Ulrich sheaf is Cohen—Macaulay.

Geometry & Topology, Volume 30 (2026)
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The resolution of F can be used to compute a Chow form of X. Recall that this is a polynomial in
the Pliicker coordinates of the Grassmannian G(c — 1, n) that cuts out the locus of (¢c—1)-planes that
intersect X. In the coordinate ring of G(c — 1, n) it is unique up to a scalar factor. A power of the Chow
form can be written as the determinant of a matrix with entries linear forms in the Pliicker coordinates
[Eisenbud and Schreyer 2003, §3]. This is constructed from the resolution F as follows: after choosing a
basis of each F; the maps ¢; are given by matrices A; whose entries are linear forms in the variables
X0, - .. Xn. We consider these linear forms as degree one elements of the tensor algebra T(K"*1)V and
define y(F) to be the product A --- A, over T(K" 1)V, The entries of y (F) are multilinear forms on
K"t and since ¢; o ¢; 11 = 0 these multilinear forms are alternating. Therefore, the entries of y (F)
are elements of /\°(K”*1)V and thus linear in the Pliicker coordinates of G (c — 1, 7). Evaluating y (F)
at a (c—1)-plane V' C P” gives a singular matrix if and only if V' intersects X. This implies that the
determinant of y (F) is the rank(F)-th power of the Chow form of X. It follows from the definition
of the matrix y (F) that it actually depends only on the choice of bases of Fy and F,. Thus y(F) is
uniquely determined by F up to multiplication from left and right by invertible matrices over K. Finally,
if there exists a symmetric isomorphism F — &xt¢(F, Opn)(—c), then by choosing a suitable basis the
determinantal representation can be made symmetric [Eisenbud and Schreyer 2003, §3.1]. We will come
back to the symmetric case later.

Example 3.3 We consider the usual twisted cubic curve ¢ : P! < P3 given by 1(s: 1) = (s3 : s%¢ : 512 : £3).
By Definition 3.1 and a direct computation of cohomology the sheaf 7 = 14 (Op1(2)) is Ulrich. A quick
computation using the computer algebra system [Macaulay2] gives us the minimal resolution

F: 0827328514583 5T (F)—0,

where the maps ¢, and @, are given by the matrices

t
—X1 —X2 —X32 —X3 —X3 0 —X2 X1 0 —Xo Xo 0
Al = X0 0 X1 0 X2 —X3 and A2 = | —X3 X —X»p 0 X1 —Xo |,
0 X0 0 X1 0 X2 0 0 X3 —X) 0 X1

and one calculates that

—X12 —X13 X23
Y(F)=1 x02 X12+Xx03 —X13 |,
—X01 —X02 X12

where the x;; are the usual Pliicker coordinates on G (1, 3).

4 Ulrich sheaves and the A!-degree

In this section we discuss a connection of Ulrich sheaves and a recently developed notion of degree in the
context of A!-enumerative geometry.
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4.1 Orientations and A!-degree

In this subsection we recall some preliminaries from A!-enumerative geometry, mostly following the
exposition of [Pauli and Wickelgren 2021, §8]. Let K always denote a field.

Definition 4.1 (algebraic orientation) Let X be a nonsingular K-variety. An algebraic orientation of X
is an isomorphism L ® L — wy, where L is a line bundle on X and wy the canonical sheaf. We also
say that X is oriented by L ® L — wyx. A theta characteristic of X is a line bundle L such that L ® L
is isomorphic to wy.

Example 4.2 If X = P” with n =2k — 1 odd, then Opr(—£h) is a theta characteristic of X. If n is even,
then P” does not have a theta characteristic.

Definition 4.3 Let X be a nonsingular K-variety and L a theta characteristic. Two algebraic orientations
V1, V2 L ® L — wy are equivalent if Y1 o5 ! is multiplication by a square of a global section of Oy .

Remark 4.4 Let K = R and X be a nonsingular R-variety of dimension n. Let ¥ : L ® L — wx be
an algebraic orientation. Let f some rational section of L and w = ¢ (f ® f). All zeros and poles of
the rational differential n-form w on X are of even order. It can be shown that this implies the existence
of a rational function g on X which is nonnegative wherever it is defined on X (R) and such that g - w
does not have any zeros or poles on X (R). Thus g - @ defines an orientation on X (R) in the classical
topological sense. It is straightforward to check that this does not depend on the choices we made and
that two algebraic orientations that are equivalent in the sense of Definition 4.3 induce the same classical
orientation on X (R).

Example 4.5 Let X be a curve of genus g over R. Then every topological orientation of X (R) is induced
by an algebraic orientation L ® L. — wy. This follows for instance from [Geyer 1977, Satz 2.4.c] or
by the same argument as in [Kummer 2019, Corollary 2.4]. However, this is not true in general. For
instance, let X be a real K3 surface: since the Picard group of X is torsion-free, there is, up to a scalar
multiple, only one algebraic orientation on X . Thus only two topological orientations on X (R) arise in
this way. However, if X (R) is not connected, then there exist at least four different topological orientations
of X(R).

There is a relative version of algebraic orientations for morphisms [Pauli and Wickelgren 2021,
Definition 7]:

Definition 4.6 (relative orientation) Let f : X — Y be a finite surjective morphism of nonsingular
K-varieties. A relative orientation of f is an isomorphism

Vv L ® L — som(det Ty, f* det Ty),

where L is a line bundle on X, and Ty and 7y are the tangent bundles on X and Y, respectively. Two
relative orientations V1, ¥, as above are equivalent if Yy o Y5 1 is multiplication by a square of a global
section of Oy .
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Remark 4.7 If /' : X — Y is a finite surjective morphism of nonsingular K-varieties with algebraic
orientations ¥ : L1 ® L1 — wy and ¥, : L, ® L, — wy, then a relative orientation of f is given by
the induced isomorphism

V(L ® f*LY)®? — ox ® fFoy.

Algebraic orientations | and ¥5 on X and Y that are equivalent to ¥, and v/, induce a relative orientation
Y’ for f that is equivalent to .

Recall the set of equivalence classes of nondegenerate symmetric bilinear forms on finite-dimensional
vector spaces over K form a monoid via the orthogonal sum. The Grothendieck—Witt group GW(K) of K
is the Grothendieck group of this monoid. It is generated by all equivalence classes (a) of one-dimensional
bilinear forms

KxK—K, (x,y)—axy,

for a € K*. Note that (a) = (ab?) for all b € K*.

For a finite morphism f : X — Y of nonsingular oriented K-varieties of the same dimension one
can define a notion of degree that takes its values in GW(K) under appropriate hypotheses. Actually
it suffices to make the weaker assumption of requiring f to have a relative orientation ¥ : L ® L —
som(det Ty, f* detTy). In this case, let x € X be a closed point where f is not ramified and set
y = f(x) € Y. Note that this in particular requires the field extension «(x)/k(y) to be separable. The
differential of f defines a morphism T f : Ty — f™7y and thus «(x)-linear maps

Te /[ :Tx X > T, Y ®cy)k(x) and Jy f=detTy f:detTx X — detT) Y ®(y) k(x).

Two bases of Tx X and T, Y are called compatible with respect to the relative orientation if the determinant
of the linear map that sends one base to the other is an element in the fiber of J#om(det Ty, /™ det Ty)
at x which is the image of a square under v [Pauli and Wickelgren 2021, Definition 8]. After choosing
such compatible bases, we can identify the determinant J, f with an element in k(x). Thanks to the
requirement of compatibility, it is straightforward to check that the class (Jx /) € GW(x(x)) does not
depend on the bases. We can also define (J, f) without mentioning bases as follows: taking the fiber of
the orientation at x we see thatJ, /= g -y (¢t ®1) for a certainf € L and g € k(x). Then (J, /) = (g).

Then the local A'-degree deg§1 (f) of f at x as the class in GW (x(»)) of the symmetric K-bilinear
form defined by

4-1) Triey /ey U /) 1 6(x) Xk (x) = k(). (@, D) = Tre(x)/c(y) Ux ab).

Finally, for a closed point y € Y outside the branch locus of £, one defines the A!-degree degfl (NHof f
at y as

degh' ()= Y degh (/) e GW(k(»)).
xef~1(y)

Remark 4.8 One could argue that equation (4-1) is rather a formula for the local A! degree [Morel 2006;
Kass and Wickelgren 2021] than a definition.
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Remark 4.9 The (local) A!-degree only depends on the equivalence class of the relative orientation.

Remark 4.10 In the case K = R, the signature of the Al-degree of /' : X — Y is the topological degree
of the restriction of f to the real parts of X and Y. This is clear from the description of the local degree
in equation (4-1) together with the observation that every scaled trace bilinear form C x C — R has
signature zero.

Definition 4.11 Let /' : X — Y be a relatively oriented finite surjective morphism of nonsingular K-
varieties. If there is an element d € GW(K) such that for every closed point y € Y outside the branch
locus we have that

1
degy (f) =d @k k(y) € GW(k (),
then we say that degAl (f) is well-defined and we write degAl (f)=d.

Remark 4.12 In the situation of Definition 4.11, writing degAl (f) = d is a slight abuse of notation
since there might be several different d € GW(K) satisfying the requirements from Definition 4.11 — for
instance, in the case that Y has no K-rational points.

The degree of a morphism is not always well-defined. An important case where this happens is when
the base of the morphism is A! chain-connected:

Example 4.13 Let /' : X — Y be as in Definition 4.11.

(1) If Y is Al-chain connected in the sense of [Pauli and Wickelgren 2021, Definition 9], then degAl f)
is well-defined by [Pauli and Wickelgren 2021, Theorem 8]. This remains true under the potentially
weaker hypothesis that Y is Al-connected [Kass et al. 2023, §2.5].

(2) If K =R, then it suffices that Y (IR) is connected in the classical topology because the (signature of the)
Al-degree is the Brouwer degree of the map X (R) — Y (R).

(3) In general degAl (f) is not necessarily well-defined; see for example [Pauli and Wickelgren 2021,
Example 16].

4.2 Relative Ulrich sheaves and the A!-degree
We now derive a further case when degAl (f) is well-defined, which is a condition on the relative

orientation rather than on the target. Motivated by Definition 3.1(iii), one makes the following definition.

Definition 4.14 Let f : X — Y a morphism of schemes. A coherent sheaf F on X is called f-Ulrich if
there exists an integer ¢ > 0 such that f, F =~ (’);‘?’ .

We further recall the following construction of a trace map for differential forms.

Construction 4.15 [Hartshorne 1977, Exercise 111.7.2] Let f : X — Y be a finite surjective morphism of
nonsingular varieties over K. We recall the construction of a natural trace map 7 : fyxwy — wy. First
let X = Spec(B) and Y = Spec(A) be affine, with dim(X) = dim(Y) = n, and let £ = Quot(A) and
F = Quot(B) be the fields of fractions. Choose any nonzero @ € \"S24, k. Then, for any o’ € \"Qp/ k.
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there is a b € F such that ’ = b - w. The trace map sends w’ to 1(w') = trp/g(b) - w. Note that while b
is not necessarily in B, we always have that # (o) € N\'Qy4 /K - In the general, not necessarily affine case,
the map ¢ is obtained by gluing.

Now let f/ : X — Y be a finite surjective morphism of nonsingular K-varieties, relatively oriented by
the isomorphism

Y L® L — som(detTy, f*detTy) = wx ® f*oy'.
By the projection formula the pushforward of i induces a map

Tensoring the trace morphism from Construction 4.15 by w;l , we obtain a morphism fiwy ® w;l — Oy,
which we precompose with the map above to obtain a symmetric Oy -bilinear form J CfxL® fi L — Oy.
The following simple lemma can also be seen as a consequence of [Kass et al. 2023, Corollary 3.10], but
we give here a self-contained proof.

Lemma 4.16 Let f : X — Y be a finite surjective morphism of nonsingular K -varieties, relatively
oriented by the isomorphism

Vv L ® L — som(det Ty, [ det Ty).

Let y € Y be a closed point outside the branch locus. The class of the fiber of 1; aty in GW(k(y)) is
1
degy ().

Proof Let U C Y an open affine neighborhood of y and V = f~1(U). Then we have a finite ring
extension A C B, where A = Oy (U) and B = Ox (V). If we choose U sufficiently small, then Q2 4, is
a free A-module and Qp,x and M = L(V') are free B-modules. Since y is not in the branch locus of f
we can, after further shrinking U if necessary, assume moreover that Qp, g = 4,k ® 4 B. Then there

areday,...,an € Asuchthatday, ..., dayis an A-basis of Q4/x and da; ®1,...,da, ® 1 is a B-basis
of Qp/k. Let vy, ... vy EQX/K and wyq, ..., Wy EQ};/K be the dual bases so that Ty f(w;) = v; for

all x € V, and let t € M be a generator of M. Then
Y@ =g ((day® ) A A(dan ® 1) @ vy A~ A vg)

for some g € B*. Then it follows that (Jx; /) = (g(x;)). For 51,5, € M we can write s; = h; -t for
i = 1,2 and h; € B. By the definition of ¥ we then have

(4-2) U (s1.52) = Trg a(g - by -ha).
Since BR4k(y) =k(x1) P --- P k(x,), equation (4-2) evaluated at y equals
r
D Ty e (€ (xi) - hy (xi) - ha(xi).

i=1
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Therefore, the class of the fiber of 1; at y equals
r r r L L
D T o (€)= D Treeeon U f) = _ degh, (f) = degh (f).
i=1 i=1 i=1
where we use that (g(x;)) = (Jx; f). ad

Passing from 1; : fxL ® fxL — Oy to global sections, we obtain a symmetric bilinear form
v HO(Y, fi L) x H°(Y, fxL) — H°(Y, Oy).
In the case that H%(Y, Oy) = K, this is a symmetric K-valued bilinear form.

Theorem 4.17 Let f : X — Y be a finite surjective morphism of nonsingular K -varieties, relatively
oriented by the isomorphism

Vv L ® L — som(det Ty, [ det Ty).
If L is f-Ulrich and H°(Y, Oy) = K, then the K -bilinear form
v HOY, /L) x H°(Y, fiL) > K
is nondegenerate. In this case, degAl (f) is well-defined and is equal to the class of .

Proof Atevery y €Y, the fiber of a K-basis of H°(Y, fi L) is a k() basis of the fiber of fiL at y
because L is f-Ulrich. Therefore, the fiber of 12; at y is isometric to ¥ ® g k(). Now the claim follows
from Lemma 4.16. O

Example 4.18 Let X be a smooth projective curve and f : X — P! a finite surjective morphism. Every
relative orientation of £ is given by a line bundle of the form L = M (1), where M is a theta characteristic
on X. Then L is f-Ulrich if and only if 2°(M) = 0. In particular, for X = P! every relative orientation
is given by an Ulrich line bundle.

One has the following converse of Lemma 4.16.

Lemma 4.19 Let /' : X — Y be a finite surjective morphism of nonsingular complete K -varieties,
relatively oriented by the isomorphism

Vv L ® L — som(det Ty, f* det Ty),

and assume that Y is geometrically irreducible. The following are equivalent:

(1) L is f-Ulrich.

(2) The bilinear form 1/7 is nondegenerate and, for every closed point y € Y, one has
deg)' (/) =¥ ®k k() € GW(k(»)).
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Proof Theorem 4.17 proves that (1) implies (2). On the other hand, condition (2) implies that 1[ is
nondegenerate and for y € Y,

dim(HO(X, L)) = rank() = rank(deg® (f)) = deg(/).
Therefore, by [Hanselka and Kummer 2024, Theorem 4.8], the line bundle L is f-Ulrich. O

We conclude this section with two examples showing that the two sufficient conditions for the A!-degree
being well-defined that we have seen here do not imply each other.

Example 4.20 Consider a smooth plane cubic curve X C P2 and let f/ : X — P! be the linear projection
from a point not on X. Then f is relatively oriented by

¥ O0x(1) ® Ox (1) > Ox (2) =~ s#om(det Ty, f™* det Tp1).

However, the line bundle Oy (1) is not f-Ulrich because it violates part (ii) of Definition 3.1. Since
dim(H°(X, Ox (1)) = 3 = deg( f), this implies in particular that 1; cannot be a nondegenerate bilinear
form. On the other hand, the target P! is clearly A!-chain connected.

Example 4.21 Assume here that the characteristic of K is not 2 or 3, and consider the smooth sextic
curve X in P3 defined over Q by the two equations

222 33,3
Q=x;+x;—x5 and T =x5+x]+x;,

and the smooth cubic curve Y in P2 defined by 7. The linear projection from the point [0, 0, 0, 1] defines
a finite surjective morphism f : X — Y of degree two. The ramification divisor of f is the zero divisor
of x3 on X. This shows that

Aom(det Ty, f*detTy) = Ox(1).

Furthermore, the zero divisor of x, — x3 on X is of the form 2D, where D is an effective divisor of
degree three, because this hyperplane intersects the singular quadric in P3 defined by Q in a line with
multiplicity two. Thus the corresponding line bundle L satisfies L ® L = Ox(1). In particular, we obtain
a relative orientation

L ® L — som(det Ty, f* detTy)

of f. A calculation with the computer algebra system [Macaulay2] further shows that fiL = (’);‘?2.
Thus degAl (f) is well-defined by Theorem 4.17. On the other hand, by Liiroth’s theorem there is no
nonconstant morphism A! — Y and therefore Y is not A!-chain connected (actually not even A!-connected
[Asok and Morel 2011, Corollary 2.4.4]). Let us compute the degree of this map using the method of
Theorem 4.17. The quadratic form IE is given by the composition

H°(X,0x(D)) ® H*(X,Ox (D)) - H°(X,0x(2D)) = H°(X,Ox(R)) — H°(Y, Oy),

where the first map is the multiplication map, the second map is given by the linear equivalence between
2D and the ramification divisor R = {x3 = 0} and the last map is the trace. A basis of H°(X, Ox (D))
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is given by the rational functions 1, x; /(x; — x3) and multiplying them together we obtain the rational
functions 1, x;/(x2 — x3), (x1/(x2 — x3))%. These get mapped to the elements (x, — x3)/x3, X1/X3,
xlz/((xz —x3)x3) in H°(X, Ox(R)), and finally the traces of these are

X2 — X3 X2—X3 Xo+x3 —2Xx3
Tr = — = = —2,
X3 X3 X3 X3
X1 X1 X1
Tr|{—)=——-——=0,
X3 X3 X3
2 2 2 2
Tr( X3 ) B X3 B X7 B 2x1 _ 5
- - - 9
(x2 —x3)X3 (x2—x3)x3  (X24+x3)x3  x3—x3

where the last equality comes from the identity xl2 = xg — x% on X. In conclusion, the quadratic form is

given by (A, 1) = —2A2 — 212 so that the Al-degree is (—2) + (—2).

4.3 Symmetric Ulrich sheaves

Let us first set up some notation. We let S = I'x(Opn) = @jez'(P", Opn(j)). If M is a graded
S-module, we denote by M the sheaf associated to M on P". If ¢ : M — N is a homomorphism of

graded S-modules, then we denote by ¢ : M — N the associated morphism of quasicoherent sheaves
on P”. One has

F=TW(F)

for any quasicoherent sheaf F on P”; see [Hartshorne 1977, Proposition I1.5.15]. Conversely, if M is a
finitely generated graded S-module of depth(M ) > 2, one also has M = I'y (]\2 ); see [Eisenbud 2005,
Corollary A.1.13]. This applies in particular when M is Cohen—Macaulay of dimension at least two.

Now let F be an Ulrich sheaf on P”* whose support is a closed subvariety ¢ : X < P of dimension at
least one. Let us denote the rank of ¢* F by r and by M = I'y(F) the module of twisted global sections
over S. As explained in Section 3, we can construct from F a matrix y(F) obtained from the free
resolution F of M whose entries are linear forms in Pliicker coordinates and whose determinant is the
r-th power of the Chow form of X. We now recall from [Eisenbud and Schreyer 2003, §3.1] a condition
for this matrix to be symmetric. Consider the contravariant functor

(4-3) D : G &xt°(G, Opn(—c)),

where c is the codimension of X. If F is Ulrich supported on X, the sheaf D(F) is again an Ulrich
sheaf with support X and there is a canonical isomorphism 8 : ¥ — DDF. A morphism o : F — DF is
symmetric if 0 = D(0) o B. If such a morphism exists, then a suitable choice of bases makes the matrix
v (F) symmetric; see [Eisenbud and Schreyer 2003, §3.1].

We will now recall a more explicit description of a minimal free resolution of M. To this end recall
the following definition.
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Definition 4.22 Let A = (A44,..., As) be a tuple of pairwise commuting m X m matrices over a ring R.
We can define on R™ the structure of an R[ty, ..., ts]-module P by letting #; act on R" via multiplication
with the matrix A; from the left. Consider the complex P ® K (), where K (¢) is the Koszul complex
of the sequence ¢t = (¢1,...,%;). We can view this complex as a complex of R-modules instead of
R[tq,...,ts]-modules. The resulting complex of free R-modules is called the Koszul complex associated
to the matrices Ay, ..., As and we denote it by K (A4). The maps of K (A) are obtained from the maps
of the Koszul complex K () by replacing every occurrence of #; by A; fori =1,...,s.

Let k = n— c be the dimension of X and sy, ..., sx € H°(P", Opn (1)) be sections that do not have a
common zero on X. Then the morphism

T:X—>PF x [s0(x),...,s%(x)],
defines a finite surjective morphism. Let s, . .. , s, a basis of H%(P", Op» (1)) and consider the inclusion

R:=K]sg,...,5t] C K[sg,...,sn] =S

5712

pi> SO that there is an

of graded polynomial rings. Because F is an Ulrich sheaf, it holds that 7,.F = O
isomorphism

v :M — R"

of R-modules, where m = ¢ - deg(X'). Under this identification, multiplication by s; can be represented
by an m x m matrix B; with entries from R fori =0,...,n. Let A; = s; - I,, — B;, where I, is the
m X m identity matrix.

Theorem 4.23 The Koszul complex K (A) associated to the matrices Ay 41, - .., Ap is a minimal free
resolution of M . In particular, we can describe M as the cokernel of the matrix (Agy1|---|An) and

Ext§ (M, S)(—c) as the cokernel of (A} ,|---|4}).
Proof See [Kummer 2016, Proof of Theorem 6.2.5] or [Kummer and Shamovich 2020, Remark 4.8]. O

Remark 4.24 Since the Koszul complex is self-dual, Theorem 4.23 also implies that a minimal free resolu-
tion of Ext§ (M, S)(—c) is given by the Koszul complex K (A") associated to the matrices 4} _ ,, ..., 4}.
This is one way to see that Ext§ (M, §)(—c) is an Ulrich module.

Corollary 4.25 There is a natural isomorphism
Ext§(M, S)(—c) = Homg(M, R)

of S-modules. Here the S-module structure on Homg (M, R) is defined by (s¢)(x) := ¢(sx) fors € S
andx € M.

Proof Under the identification
¥ : R™ =Hompg(R™, R) — Homg (M, R),
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multiplication by s; on Homg (M, S) is represented by the m x m matrix B}. Hence the S-module

Hompg (M, R) is isomorphic to the cokernel of (A;hLl -+ A1), which is Ext§ (M, S)(—c) by Theorem 4.23.

It is straightforward to check that the resulting isomorphism Ext§ (M, S)(—c) — Homg(M, R) does not
depend on the choice of the R-module isomorphism ¢ : M — R™. |

The next lemma shows that we can work with Ext§ (M, §) and &xt°(F, Opn) interchangeably.
Lemma 4.26 Let N = Ext§ (M, S) and G = D(F).
(1) There is a natural isomorphism of coherent sheaves N =~ g.
(2) There is a natural isomorphism of graded S-modules N = T'x(G).

Proof A minimal free resolution of M gives rise to a free resolution of F of length c. Thus by [Hartshorne
1977, Proposition II1.6.5] we can compute &xt¢(F, Opn(—c)) as the cokernel of the dual of the last
map of this resolution. This map is induced by the dual of the last map of the resolution of M whose
cokernel is Ext$ (M, S). This implies part (1). Since N is a twist of an Ulrich module and therefore
Cohen—Macaulay, we have N = I'y (]’\7 ), which implies part (2). |

Recall that for a finite surjective morphism f : X — Y of Noetherian schemes the right adjoint functor
of f« (considered as a functor from quasicoherent sheaves on X to quasicoherent sheaves on Y) can be
described as follows. For a quasicoherent Oy -module G the sheaf s#omy ( fxOx, G) is a quasicoherent
f+Ox-module. The corresponding quasicoherent Oy -module is then f'G. See for example [Hartshorne
1977, Exercise II1.6.10].

Lemma 4.27 Let f : X — Y be a finite surjective morphism of smooth varieties over K. Then f 'Oy is
a line bundle, which is naturally isomorphic to sZom(det Ty, /™ det Ty).

Proof This is, for example, shown in [Kummer 2016, Remark 2.2.19]. O

Theorem 4.28 Let F be an Ulrich sheaf on P" and o : F — DJF an isomorphism. Assume that the
support of F is a closed subvariety ¢ : X < P" of dimension k = dim(X') > 0, and that (* F has
rank one. Let v : X — Pk be a finite surjective linear projection and U C P¥ an open subset such that
V =7~ (U) C X is smooth. Then there is a natural relative orientation

o(r|y): L ® L — stom(det Ty, (|p)* det Tyy)

of |y, where L = (1*F)|y.

Proof Corollary 4.25 and Lemma 4.26 imply that there is a natural isomorphism
*(DF) — Aomy (¥ F, 7' Opi).
Precomposing this with the pullback of ¢ under ¢ gives an isomorphism
¥ (F) — somy (1 F, 7' Opr).
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Because every Ulrich sheaf is Cohen—Macaulay, the restriction (¢* )|y is a line bundle on V. Indeed, in
this situation being Cohen—Macaulay implies being locally free by [EGA IV, 1965, Proposition 6.1.5].
Thus restricting to V' and tensoring with (* F gives the isomorphism

(4-4) (W F)ly ® (*F)ly — (1 0pi)ly = (xlr)' Ov.
Finally, by Lemma 4.27 we obtain on V the isomorphism
Py @ (FF)|y — HAom(det Ty, (n|p)* det Ty). O

Remark 4.29 One can prove in a similar way that if F is a rank one sheaf on X with an isomorphism
o : F = DZF, and such that the restriction Fiy is a line bundle L, then L is a relative orientation for
the map 7y : V — U. This works also when F is not Ulrich. However, when F is Ulrich, the proof of
Theorem 4.28 shows how to compute the A!-degree of the map 7y via Theorem 4.17. We will make
this clear in Theorem 4.32.

Definition 4.30 In the situation of Theorem 4.28 we call o (;r|p) the relative orientation induced by o .
Lemma 4.31 If the rank of (* F is one, then every isomorphism o : F — DF is symmetric.

Proof Since F is supported on X, it suffices to prove the pullback of the equality 0 = D(o’) o f under ¢.
Let V as in Theorem 4.28. Since V is dense in X, it further suffices to prove the equality on V. As in
equation (4-4) in the proof of Theorem 4.28 the isomorphism o induces an isomorphism

p:(FF)y & (FF)y — (xly)' Oy

and the condition on o being symmetric translates to the condition that py(a ® b) = px(b ® a) for all
x eV anda,b e (1*F)|x. Since (¢*F)|y is locally free of rank one, there is z € (1* F)|x and f, g € Ox
suchthata = f -t and b = g -¢. Then

px(@®b) = fg-px(t®1) = px(b®a). 0
Now we are ready to state the main result of this section.

Theorem 4.32 Let F be an Ulrich sheaf on P" whose support is a closed subvariety t : X — P" of
dimension k > 0 and degree d. Assume that the rank of t* F is one and let o : F — DF be an isomorphism.
There is a symmetric d X d matrix A whose entries are linear forms on /\k+1 HO(P", Opn (1)) such that
forall sq...,s, € H(P", Opn (1)) it holds that:

(1) The entry-wise evaluation A(so A -+ A si) is a singular matrix if and only if the s; have a common
zeroon X .

(2) Ifthe s; do not have a common zeroon X, letmw : X — P* be the morphism defined by sy, ..., Sk
and U C P¥ an open subset such that V = 7w~ (U) C X is smooth. The class of A(sg A--- A sy) in
GW(K) equals degAl (r|y), where 7|y is relatively oriented by o (7 |y).
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Proof We first note that by Lemma 4.31 the isomorphism o : F — DF is symmetric. Let M = ['(F)
and let

F: 0>F % F_, %= .2, S Fb>M-—>0

be a minimal free resolution of M. We choose any S-basis By of Fj. The image of By under the map
Fy — M is sent by o to a generating set of Ext®(M, S)(—c). A preimage of this generating set in the
degree-zero part of Homg (F,, S)(—c) under the natural map Homg (F,, S)(—c) — Ext¢(M, S)(—c) is
a basis of Homg (F¢, S)(—c), and thus of Homg (F, S). We denote by B, the dual of this basis, which
is a basis of F.. We claim that with this choice of bases of Fy and F, (and any choice of basis of F; for
0 < i < ¢) the matrix y(F) has the desired properties. We already know that y (F) is a d x d matrix
whose entries are linear forms on /\kle H°(P", Opn (1)) which satisfies (1). It thus remains to show that
y(F) is symmetric and satisfies (2). To this end let s . .., sx € H°(P", Opn (1)) be sections that do not
have a common zero on X. Then, as in the discussion before Theorem 4.23, the morphism 7 : X — Pk
defined by so, . .., 5§ corresponds to an inclusion of graded polynomial rings

R:=K]sg,...,8] C K[sg,...,sn]=S.

We consider the isomorphism
v:M — R?

of R-modules which sends the image of By under the map Fo — M to the standard basis of R We denote
by B; the representing matrix of multiplication by s; with respect to this basis and let A; = s; - [; — Bi,
where [; is the d x d identity matrix. Further let K (A4) the Koszul complex associated to the matrices
Ag+1s--.,An. We then have

(4-5) y(F)-Q=y(K(A4),

where Q is the representing matrix of the R-bilinear form on M obtained by composing o : M —
Ext¢(M, S)(—c) with the natural isomorphism from Corollary 4.25 with respect to our chosen basis.
Note that Q is a symmetric matrix because ¢ is symmetric which further satisfies

(4-6) 04; = 4;0

foralli =k +1,...,n because o is a homomorphism of S-modules. By Theorem 4.17 and our choice
of relative orientation the class of Q in GW(K) equals to degAl (7r]y). Since Q and Q™! represent the
same class in GW(K) and by equation (4-5), it now suffices to show that (K (A4))- Q™! is symmetric
and that y (K (A))(so A--- Asg) = 1. To this end we regard y (K (A)) as an alternating multilinear map

(H°(P", Opn(1))Y)" — Maty(K),
and use the explicit description

(4-7) Y(K(A)) @10 v) = Y sg(0) - Apre(y(W1) -+ Aoy (Vo).

TES,
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where vy,...,vc € H 0 (P", Opn(1))Y; see [Kummer 2016, Example 6.1.4]. Equation (4-7) together with
equation (4-6) now imply

y(K(A))(v1,...,v0)- Q7 =) sgn(t) - Apgr(y(v1) -+ Aggo(e)(ve) - Q'

TES,

= sen() Q" Af iy W) - Af o) (V)

TES,

= 07y (K (A) (v1,..., ve).

This shows that y (K (A4)) - Q7! is symmetric. Letting Sg+---»8, be the dual basis of sq,...,s, we
further have

(K (A)(so A Ask) = V(K (A pseo50)
= > sgn(0) - Appe () (541 Aktr@ (N e) = La.

TES,

since Ak+,-(s,\€/+j) = §;jj - 4. This concludes the proof. |

Example 4.33 Consider the rational normal curve ¢ : P! < P” of degree n and the symmetric Ulrich
sheaf F = 14x(Op1(n —1)). Theorem 4.32 gives an n X n matrix A whose entries are linear forms on
/\ZK[xo, X1]n such that for all binary forms p, ¢ € K[xg, x1], we have:

(1) A(p A g) has full rank if and only if p and ¢ are coprime.
(2) If p and ¢ are coprime, then the A!-degree of the map
Y P P (xo:x1) > (p(xo.x1) g (X0, X1)),
relatively oriented by an isomorphism
Op1(n—1) @ Opi(n—1) = Op1 (2(n — 1)) = wp1 ® Y *wp|
is given by A(p A q).

This resulting matrix A(p A ) is the so-called Bézout matrix of p and q. Its connection to A!-homotopy
theory has already been observed in [Cazanave 2012].

Example 4.34 Consider the elliptic curve (£, O) with Weierstrass equation

y2=x3_x

over a field K with char(K) = 0. Letting Py = (0,0) and P_; = (—1, 0), the line bundle £ associated
with the divisor P_; — Py is 2-torsion. We consider the embedding of ¢ : E — IP3 via the linear system W
spanned by (so, 51,52,53) = (1, x, y,x?). The sheaf F = Op3(1) ® 1+L is a symmetric Ulrich sheaf.
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From its free resolution we obtain the symmetric matrix

—X23 +X12 +X02 X23 —X12—X02 X13+ X03 Xo3 + Xo1

A= X23 —X12 — X02 X12 + Xo2 —X03 —Xo1
X13 + Xo3 —X03 X23 + X12 X02
Xo03 1+ Xo1 —X01 X02 X02

from which we can read off the A!-degree of maps v : E — P! given by two elements of W and relatively
oriented by an isomorphism

L)L) =wp @Y o).

Here x;; denotes the linear form on A?W that evaluates on s Aspto 1if (7, j) = (k,1), and to 0 if
{i, j} # {k,!}. For instance, the map defined by

E—-P! (x,p)e(1:xY),

has x¢3 = 1 and all other Pliicker coordinates zero. Thus its A!-degree equals

0 0 11
0 0-10
I 0 00

On the other hand, the map defined by
E—P' (x,p)F (y:Qx+1D)(x—2),

has x> = 2, X12 = 3, X»3 = 2 and all other Pliicker coordinates zero. Thus its A!-degree equals

3-300
-3 500
0 022

5 Secant varieties of curves

In this section we prove some cohomological statements on the secant variety that we will need later to
construct Ulrich bundles. Furthermore, we define Viro frames on (the desingularization of) the secant
variety.

5.1 Symmetric products of curves

We recall some preliminaries on symmetric products of curves, their tautological bundles and the connec-
tions to secant varieties. Unless we give another reference, the statements made in this section can be
found in [Ein et al. 2020, §3]. If C is a curve, we will denote by C,, its n-th symmetric product. It can
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be considered as the quotient o : C" — C,, with respect to the natural &,-action. This is a nonsingular
projective variety of dimension # that parametrizes effective divisors of degree n on C. The addition map

0:CxCy1—>Cy, (x,D)—>x+D,

makes C x C,_1 into the universal family over Cy: the fiber over D € Cj, is naturally isomorphic to the
subscheme D C C. If L is a line bundle on C we can pull it back to the universal family C x C,,_; and
then pushforward to define the tautological bundle E, ; = o« prz, L. The sheaf E, 1 is a vector bundle
of rank n on C, whose fiber at D can identified with H°(C, L ® Op). Here Op denotes the structure
sheaf of D considered as subscheme of C.

Definition 5.1 A line bundle L on C is called k-very ample if
h°(C, L ®Oc(=D)) =h°(C,L)—(k +1)
for all effective divisors D of degree k + 1.

Remark 5.2 A line bundle L is 0-very ample if and only if it is globally generated, and it is 1-very ample
if and only if it is very ample. If k£ > 1, then L is k-very ample if and only if it induces an embedding
@1, : C — P" such that any, possibly coincident, k + 1 points on C span a k-plane in P”.

Remark 5.3 A line bundle L is 3-very ample if and only if its complete linear system induces an
embedding ¢y : C < P such that the secant variety ¥ = X(C, L) of ¢, (C) is identifiable. This means
that any point in X \ ¢7,(C) is contained in a unique secant line. Indeed, two secant lines £(p1, p») and
L(p3, pa), with p; € C meet, if and only if the points pq,..., ps span a 2-plane.

We have H°(C, L) = H°(C,, E, 1 ). Further, if the line bundle L is (n—1)-very ample, then Ej, . is
globally generated. Thus in this case there is a surjective map

evy : H(C,L)® Oc,—~EL

of vector bundles on C,, which is an isomorphism on global sections.

5.2 Line bundles on the symmetric product

We now define some line bundles on C, and describe their relations to each other. More precisely, to any
line bundle L on C we can associate two line bundles on C,,. Firstly, the line bundle N, ; on C, is defined
as the determinant of E. We write Oc, (§) = N, > and d is the corresponding divisor class. Further,
on the direct product C" we have the line bundle L®¥" = pri L®---®pry, L. Since L®" is invariant
under permuting the components, it descends to a line bundle S, 1, on C, satisfying 0* Sy, = L™ and
the induced map

Pic(C) — Pic(Cyp), L+ S, L,

is a group homomorphism. For a closed point P € C we have the divisor Sp = P 4+ C,—; C C,, and the
associated line bundle is precisely So.(p). Extending this linearly, we can define the divisor Sp on Cy
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for every divisor D on Cy. The associated line bundle of Sp is Sy (p) and we will use both notations
interchangeably. Finally, a distinguished divisor on Cj, is the locus A C C,, of all nonreduced divisors,
and for any line bundle L on C we set A, 1 = Sy, (—A) as in [Ein et al. 2021]. The following lemma
summarizes the relations of these line bundles and divisors to each other.

Lemma 5.4 Letting Oc, (8) = det £,/ , ., we have:

(a) OCn (28) = (’)Cn (A)
(b) Nu.L ® Oc, (8) = Sy, for every line bundle L on C.

(c) The cotangent vector bundle is Ql = Ey w, and the canonical line bundle on Cy, is wc,, = Np,wc -
The cohomology of these line bundles is known:
Lemma 5.5 Let L and M be line bundles on C. Then we have isomorphisms

H'(Cp. Npp) = N""H(C, L) ® Sym’ H'(C. L),
H(Cy. Sp.p) = Sym" HO(C, L)@ NH'(C, L),
H'(Cp. Enpy ® Sp.p) = H(C,L® M) ®Sym" ™' HO(C,L)y® NH'(C, L)
®HY(C,L®M)®Sym" ™ H'(C, L)@ N"'H'(C, L).

Proof The first two follow from the discussion after [Krug 2018, Proposition 6.3]. For the last one, we can
use the same strategy as in [Agostini 2024, Lemma 4.4] and use the universal family o : C,—; x C — C,,.
By definition of E, ; and by the projection formula Ej, pr ® Sy, 1 = 0*(pr*C M ®o*Sy, ). Since
the map o is finite, it also follows that H*(Cy, Ey pr ® Sp,) = H'(C x Cyy,prs L®0* Sy ar). To
conclude, it is enough to observe that 0* Sy ps = pry-(M) ® pr*Cn_1 Sn—1,n and use the formulas for
Hi(Cn—laSn—l,M)' O

5.3 Secants and Viro frames

Let L be a 3-very ample line bundle on the curve C and ¢ : C < P(H°(C, L)¥) = P” the corresponding
embedding. The fact that L is 3-very ample means precisely that no four (possibly coincident) points on
C are contained in a plane in P”. In this section we recall some observations on the projective space
bundle B = P(E, 1), where Ey is the tautological bundle on C, defined in Section 5. Since E, is
globally generated, we have a natural identification

B={(p.x+y)eP" xCy| pel(x+y)}

where £(x + y) C P” denotes the line in P” spanned by the subscheme x + y of C. We consider the
projections

p:B—->C, and ¢:B— %,

Geometry & Topology, Volume 30 (2026)



Ulrich sheaves, the writhe and algebraic isotopies of space curves 1177

where ¥ is the secant variety of ((C) C P”. If L is 3-very ample, then the map ¢ is an isomorphism
outside of C ¢ ¥ and we denote the preimage of C by E. In this case we can identify £ with C x C via

CxC—B, (x,9)wx),x+y).

In particular, the fiber of & over x € C is naturally identified with {x} x C. Now we would like to compute
the class of the divisor E, but instead of working with classes, we will introduce some explicit rational
functions, that will be useful later on.

Let zg, z1 be two linearly independent global sections of Opr(1). Let Hso C P” be the hyperplane
Hy, = {zo = 0}. This pulls back to the effective divisors D = 1*(Hy) on C and H = ¢*(Hyo) on B.
Note that L == O¢ (D) and Opg(1) = Og(H). Consider the rational functions ¢ = z1/z9 on P”, f =1*q
on C and h = ¢*g on B. Write f{ = f ® 1 and /5 = 1 ® f, which are rational functions on C x C.
Further, we let g; = f1 4+ f> and g, = f1 - f>. These are rational functions on C,, since they are
G, -invariant. Finally, we denote by A the closure in C, of the set

x+ylx,ye(C\D).x#y f(x)= ()
Lemma 5.6 Consider the rational function G = p*g, — p*g1-h + h? on B. Its divisor is
div(G) = E + p*(QA — Sp) —2H.

Proof A point on B has the form (z, x + y), where z is a point on the line spanned by ¢(x) and ¢(y).
Thus G evaluated at this point is

(5-1) G = fi(x)- i) = (1(x) + f2(») - h(2) + h(2)?

= (f1(x) = h(2) (f2(») = h(2))
= (¢((x)) —q(2) (¢((») — q(2)).

Since z is on the line spanned by ¢(x) and ¢(y), we find that f(x) = f(y) implies ¢(z) =¢(t(x)) =q(t(y)).
This means that G vanishes of order 2 along p* (Z). Ifinstead f(x)# f(y), then G vanishes on (z, x+ y)
if and only if z = ¢(x) or z = ¢(y), which means that (z, x + y) lies on E. This shows that the zero
divisor of G is E + p*(2£). Finally, G has a pole of order 2 whenever z lies on Ho, and an ordinary
pole whenever ¢(x) or ¢(y) lies on Hy,. This shows that the pole divisor of G is p*(Sp) +2H. |

Lemma 5.7 The divisor of the rational differential 2-form dg A dg, on Cy is Sgivar) — Sp + A.

Proof One computes that

(5-2) dgy ANdgy = (f1— f2)-(dfi Adf2).

The divisor of this rational differential 2-form on CxC is Ac +0™* (Sgivar)—Sp + Z), where Ac CCxC
is the diagonal. Now the claim follows from the fact that A¢ is the ramification divisor of o. |
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Now, fix some rational differential w on C. Then there is a rational function 7 on C such that w =¢-df .
Lett; =¢t® 1 and 1, = 1 ®¢, and consider the rational function F' = #1#, on C,. Define at this point the
rational 3-form on B

F
(5-3) Qq.w):= p*(a‘(dgz/\dgl)) Adh.
Lemma 5.8 The divisor of the form Q(q, w) is
(5-4) div Q(q, ) = p* (Saiv(w)) — E.

Proof By Lemma 5.7 the divisor of the rational differential 2-form F - (dgi A dg,) on Cy is Sgiy(w) —
Sp + A. If the differential dh is defined and nonzero at a point (z, x + y) on B, then it is in the span
of dg; and dg, at this point if and only if f(x) = f(3). Thus the divisor of the differential 3-form
F-(dhndgy ndg,)is

P (Aiv(F - (dg1 Adg2)) + p*(B) —2H = p*(Sui(w) — Sp +28) —2H.
Combining this with Lemma 5.6, we conclude. |

Remark 5.9 In particular, this computes one canonical divisor of B as Kp = p*Sk,. — E. Using the
formula Kp ~ p*(Kc,) + (p*Nr) —2H for the canonical class of the projective bundle p : B — C,
we can also compute that E ~ 2H — p*(Sp — A), where D is any divisor such that O¢ (D) =~ L.

The differential 3-form (g, ) depends a priori on the choice of the rational function ¢ = z1/zg
on P” and on the differential w on C. Letting ’ = ¢’ - w be another differential, we get that

(5'5) Q(q,(,()/) = p*(/®t’)~§2(q,a)),
where we see ¢’ ® ¢’ as a rational function on C,. Equation (5-5) shows, in particular:

Corollary 5.10 If @’ differs from w only by a scalar or by the square of a rational function, then (g, »’)
differs trom Q2(q, ) only by a square.

Next we will show that (g, w) does not depend on ¢g. Equation (5-4) shows that the divisor of Q(¢, w)
does not depend on ¢. Therefore, it suffices to evaluate 2(¢q, @) at one basis of the tangent space of B at
one point, and show that the result does not depend on the choice of ¢. To this end let a, b be two distinct
points of C where @ does not have a zero or a pole, and let z € £(a, b) \ {a, b} be a point on the line
spanned by them. Then set Q = (p,a + b). Since a # b, the differential

T@,p)(0) : TaC xTp C — Tuqp C

is an isomorphism. Further, let F' = £(a + b) be the fiber of p : B — C, over a + b. There is a unique
isomorphism ¥ : P! — F that satisfies ¥(1 : 0) = «(a), ¥(1: 1) = z and ¥ (0 : 1) = 1(b). Via the
differentials T, 4)(0) and T(;.1)() we obtain the short exact sequence of tangent spaces

0—TqnP'>TgB—>TaCxT,C—0,
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whose determinant gives the isomorphism
W:T,C®Tq. P! ®T, C — N\ Tg B.

Let v € T, C and w € Ty C vectors on which w evaluates to one. Let x(, x; be the homogeneous
coordinates on P!, lett = x /x¢ and u € T(1.1) be the vector on which dt evaluates to one. Now consider

Yoouew) e N Tg B.

Besides the choice of the differential w, the construction depends a priori on the choice of the preimage
(a,b) of a + b under o. However, choosing the other preimage, we obtain

Y(wR(—u)@v) =¥ uQw).
Thus ¥(v ® u ® w) is independent of this choice.
Definition 5.11 We call
Vi, Q) =YvQuew)e /\3TQB
the w-Viro frame at Q.

Now we evaluate Q(¢, w) at V(w, Q). We can write

at + p
yt 46

si=qoy =

for some scalars «, 8, y and §. Using equations (5-1) and (5-2) we calculate that the evaluation of Q(¢q, w)
at V(w, Q) equals the evaluation of

@) =gy s(1:0)=5(0: 1) s
@ @) =g(P@EE)=g() "~ 10 =s(1: D)0 D=s(1: 1)

at u. On the one hand we have

s(1:0)—s(0:1) B (y +6)?
(s(1:0)—s(1:1))(s(0:1)—s(1:1)) N as— By’

and on the other hand one calculates

_ayt+d)—ylat+6)

ds
(yt+6)2

’

which evaluates at u to (a8 — By)/(y + 8)2. Thus we have proven the following.

Theorem 5.12 The ditferential 3-form Q(w) := Q(q, ) does not depend on the choice of q. At every
w-Viro frame it evaluates to 1.
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5.4 Some cohomology

Now we prove some technical cohomological vanishing statements that we will use to construct an Ulrich
sheaf on the secant variety.

Suppose again that ¢ : C < P(H°(C, L)) = P” is an embedding by a 3-very ample line bundle. Let
Y be the secant variety and

G, <L B3
as before. We take a vector bundle F on C, and we consider the induced sheaf e« p*G on X. Our lemma

allows to transfer the cohomology of this sheaf from X to B:

Lemma 5.13 Assume that
H'({x}x C,0* F|xyxc) =0 forall x € C,
or equivalently, that H' (x + C, Fix+c) =0 forall x € C. Then
H' (Z,e4p*F ® Opn(i)) = H' (B, p*F ® Og(i)) forall i, ].

Proof Suppose R'e, p* F =0. Since & : B — X has fibers of dimension < 1, the Leray spectral sequence
together with the projection formula shows that H (B, p*F ® Op(s)) = H (Z, e« p* F ® Ox(q)) for
all i > 0. To prove that Rle, p*F = 0 we follow an argument of [Ullery 2016] and [Ein et al. 2020]
that we repeat here. Consider the fiber ¢~!(x) over x € C, and let Z = Ze—1(x), B be its sheaf of
ideals on B. Then the Theorem of Formal Functions proves that the vanishing R!s4 p* F follows from
H'(B, p*F ® Op/IF) = 0 for all k > 1. Looking at the sequences

O—)Ik/Ik+1 —>OB/Ik+1 —)OB/Ik—)O,

it is enough to show that H!(B, p*F ® Ik/l'k+1) = 0 for all £k > 0. Now, we know that in our case
e~ 1(x) is a smooth subvariety of the smooth variety B, hence it is a locally complete intersection,
so that the sheaf Z* /Ik *1 is naturally isomorphic to the symmetric power of the conormal bundle
Symk (Z/7%) = 7% /7%*'. In summary, we are left to prove the vanishings

H' (7' (%), (p* Fly-1(x) ® Sym* (Z/Z%)) =0 forall k > 0.

Now we identify the pieces in our situation: we know from before that the fiber is identified with
{x}xC C CxC,and [Ullery 2016, Lemma 2.3] shows that Z/Z? =~ O¢c & L(—2x), hence Symk (/1% =
@2:0 (L(—2x))®". Since we are assuming that L is 3-very ample, it must be that 2°(C, L) > 3, so that
L(—2x) is effective. Thus, all the vanishings that we need are implied by the single vanishing

H' (E_I(X)v (p*F|£*1(x)) = 0.
With the identification of £~!(x) with {x} x C, this is exactly the vanishing in our assumption. O
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Now, we want to look for an Ulrich sheaf of the form
F=exp*F®Opn(t)
for a certain ¢ € Z.
Lemma 5.14 Let F be a vector bundle on C, and lett € 7Z be such that
(1) H'(x + C, Fix4+c) =0 forallx € C,
() H(Cy), FRS™E, 1) =H 1 (C,, FR S"™Ey1)=0forl <i <3andi <t,

(3) H(Cy, F¥Y @ S*™ " Ey 1 ® Ay peor) =0 and H™1(Cy, F¥ @ S* " E, 1 ® Ay pe0L) =0
forl <i <3andi <2-—t.

Then F = exp™ F ® Opn(t) is an Ulrich sheaf on X of rank equal to the rank of F.
Proof Condition (1) and Lemma 5.13 show that the conditions for being Ulrich are equivalent to
H (B, p*FQ0g(t—i))=H VB, p* F®Op(t—i)) =0 for 1 <i <3.

We compute these via the Leray spectral sequence for p : B — C,. The projection formula gives that
Rp,(p*FROg(t—i))= FQR?p,Op(t—i) for all a, and [Hartshorne 1977, Exercise I11.8.4] shows that

STE) L ifa=0andi <t,
R p«Op(t—i) = {S'""2EY, @ Ny, ifa=1landi>1+2,
0 otherwise,

and then the Leray spectral sequence shows that the conditions for being Ulrich are equivalent to the
following vanishings for 1 <7 < 3:

H (Cy,F®RS"™Ey1)=HYC), FR S E;1)=0 when i <¢,
H™NC, FRS™?EY @ Ny ) =H X(C. FR S ?EY @ Ny/;) =0 when i >1+2.

To get the conditions that we are looking for, we can apply Serre duality, together with the observation
that wc, = N3 o O

We can also control the effect of duality:

Lemma 5.15 Let F be a vector bundle on C, such that H'(C +x, F) = H'(C +x, FYQ®As Lowc) =0
forall x € C, and let F = e p* F @ Opr(t) forone t € Z. Then

D(exp™F ®@ Opr (1)) = exp™ (F' ® A3, Lgwc) ® Opr (2—1).

Proof The hypothesis implies that R'ex(p* F) = Rlex(p* FY ® A2 p-or) = 0 as in the proof of
Lemma 5.13. Now we use Grothendieck duality: define f : B — P” as the composition B — X < P’
If G is a vector bundle on B, then

D(exG) = Extlyr (f+G, Opr 3 —1))
by definition. In particular, assume that R! /4G =0, so that fxG = R f,G in the derived category D?(P7).
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Then Grothendieck duality [Huybrechts 2006, Theorem 3.34] gives an isomorphism in D?(P"):

RHompr (fxG.Opr (3 —r))[r —3]= Rfx RHomp(G. [*Opr(3—r) @wp ® [*wp,)
~ Rfx RHomp(G,wp ® Op(4))
=~ Rfi RHomp(G. p*(SLgwc(—A)) ® Op(2))
= Rf(G” ® p*(SLowc(—A)) ® Op(2)),
where we used the fact in Remark 5.9 that wp = p*(SLgw (—A)) ® Op(2). Since Rlexp* F =0, we
can apply this reasoning to G = p* F, and we obtain
RHom(fup*F,Opr(3—r)lr =312 Rf(p*(FY ® A2, Lgwc)) ® Opr (2)
= ex(p*(FY ® A2,L80c)) ® Opr (2),

where the last isomorphism comes from the fact that R'e,(p* (FY ® As 1.owc)) = 0. If we tensor both
sides by Opr(—t), we get what we want. m|

Now we can finally construct Ulrich sheaves on the secant variety:

Theorem 5.16 Let « be a line bundle on C such that H°(C,a) = H'(C,a) = 0. Then the coherent
sheaf

F = E*p*Az,L®a

is an Ulrich sheaf of rank one on X. If, furthermore, « is a theta characteristic, meaning that « Q « = wc,
then this is a symmetric Ulrich sheaf of rank one on X.

Proof To prove that the sheaf is Ulrich, we check the conditions of Lemma 5.14 for F' = A, 1 gq. The
first condition, H!(x + C, Az, L ®a|x+c) = 0 for each x € C, becomes H'(C,a ® L(—2x)) = 0 for all
x € C. Since h°(C, L) > 3 we see that L(—2x) is effective, and since H!(C,«) = 0, it follows that
H'(C,a ® L(—2x)) = 0 as well. Observe that in the notation of Lemma 5.14, we have ¢ = 0, so that
the second condition is empty. For the third condition we have to check some cohomology vanishings,

which in our case are

H(C2, S2,mc0av ® Ea,1) = H' (Ca, S2,0c0av ® E2,1) =0,
Hl (CZ, S2,wc®a\/) = Hz(CZv S2,wc®av) =0.
By Serre duality, we know that H°(C,wc ® @¥) = H'(C, wc ® o) = 0 and then the above vanishings
follow from the formulas in Lemma 5.5. This proves that F is Ulrich. We can also compute D(F) using
Lemma 5.15: the other condition that we need to check is that H!(x + C, As. L& (we@av)) = 0 for all
x € C, but this can be proven as in the beginning of this proof. Then Lemma 5.15 shows that

D(.F) =~ 5*p*S2,a)C®aV ® Opr(2).
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To conclude, we will show that this is isomorphic to 4 p* (42 4.0 ), 0 that if « is a theta characteristic,
we are done thanks to Lemma 4.31. We see that

exD*S2 wc@av ® Opr(2) = ex(p* (Swgav) ® OB(2)) = ex(p* A2, Lowcav ® OB(E)),
where the last isomorphism comes from Remark 5.9. Now consider the exact sequence on B
(5-6) 0— p* 4 Lowc®ay = P ALgwcga” @ OB(E) = p* ALgwcav ® OF(E) — 0,
and observe that under the isomorphism C x C — E given by (x, y) + (¢(x), x + y) it holds that
P* ALgwcgav ® OF(E) = p*(Sucgav) ® O (2) = pri (L¥? @ wc @ a¥) ® pr (e ®aY),
f

and since the composition C x C — E = P’ is identified with the first projection C x C — C, we see

that
Rfx(p* ALgwcgev ® OF(E)) = Rpr, (pri(L®* @ wc ® a") @ pri(wc @ "))

= (L®? @ wc @) ® Rpry, prs(wc ®a”) =0,
where the last equality comes from Grauert’s theorem, together with the fact that wc ® oV has no

cohomology. At this point equation (5-6) shows that e4x(p* Arga’ ® O(E)) = ex(p* ALgw’)- |

Remark 5.17 Looking at the proofs in this section, we see that we do not need the full assumption
of 3-very ampleness. What is actually needed is that R'e, p*(Argq) = 0 along the map £ : B — X.
For example, the proof of Lemma 5.13 shows that this holds whenever the map ¢ : B — X has only
zero-dimensional fibers over X \ C. Geometrically, this means that there are no infinitely secant lines
passing through a point x € P\ C.

5.5 Rational normal curves

In the case of rational normal curves, we can also find Ulrich sheaves of higher rank. Thus, we now
let C = P! and L = Op1(n), with n > 3. Recall that in this case there is a natural identification of
the second symmetric product (P'), with a projective space P2, so that the divisors x + C C C, are
lines in P2 and the locus of nonreduced divisors A C (P!), is a smooth conic. In particular, we see
that $5 0, (@) = Op2(d) and Op1y, (8) = Op2(1). We also recall that the quotient bundle O on P2 is
defined by the Euler exact sequence

(5-7) 0— Op2(=1) > 0] - Q0 -0,

and furthermore, Q = Tp2(—1).

Theorem 5.18 With the previous notation, the coherent sheaf
Fn=:p*(S"2Q ® Op2(—1)) ® Opn (1)

is an Ulrich sheaf of rank n — 1 on the secant ¥ of the rational normal curve in P". Furthermore,
D(Fy) = Fy.
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Proof To prove the sheaf is Ulrich, we check the conditions of Lemma 5.14 for F = S"2Q ® Op2(—1).
We first observe that in this case

(5-8) FY® Ay pear = S" 20V @ Op2(1) @ Opa(n—4) = S" 20 @ Opa(—1) = F,

where the last isomorphism comes from the fact that Q is a rank-two bundle of determinant Op2(1), so
that Q¥ =~ Q ® Op2(—1). Now we check the conditions of Lemma 5.14: for the first condition, we show
that H'(¢, Fj¢) = 0 for every line in P2, and this follows from the fact that O = O @ Og(1) for every
line, so that Fy = Og(—=1) @ Oy @ -+ ® Oy(n—3).

For the other conditions, we observe that in the notation of Lemma 5.14, we have ¢ = 1, so that, thanks
to equation (5-8), we are reduced to the two vanishings

H(P?, 8" 2Q(-1)) = H' (P2, S"?Q(-1)) =0,

which hold because the bundle S”~2Q(—1) has no cohomology. This last statement follows from Borel—
Weil-Bott in characteristic zero, but there is an easier proof valid in all characteristics, for which we thank

Claudiu Raicu: taking symmetric powers in the exact sequence (5-7), we obtain another exact sequence
0— S"3(023) ® Op2(—2) > S"2(023) ® Op2(—1) > 5" 20 ® Op2(—1) >0,

and since the line bundles Op2(—1) and Op2(—2) have no cohomology, the statement follows. This
proves that Fy, is Ulrich. The fact that D(F,) =~ F, follows from Lemma 5.15 and equation (5-8). O

6 The arithmetic writhe
6.1 An algebraic orientation on B \ E

We use the notation from Section 5.3. Namely, let L be a 3-very ample line bundle on the curve C over
the field K and ¢ : C — P(H°(C, L)V) = P" be the corresponding embedding. We have the tautological
projective bundle p : B — C3, i.e., B =P(FE; ) where E,  is the tautological bundle (see Section 5)
on the second symmetric power C, of C, and the projection ¢ : B — X to the secant variety X of C. The
latter is an isomorphism outside the preimage E of C. Let o be a theta characteristic on C such that
H°(C,a) = 0. We have seen in Theorem 5.16 that this defines a symmetric Ulrich sheaf of rank one
on X, and consequently a relative orientation as in Theorem 4.28. We will now make this concrete and
explain how « defines an algebraic orientation on B \ E, even when « has sections. To that end recall
from Remark 5.9 that the canonical bundle on B is given by

p*(SZ,wc) ® Op(—FE) = p*(SZ,a) & P*(Sz,a) ® Op(—E).

This implies that wp\ g is isomorphic to the restriction of p*(S3.4) ® p*(S2,4). Thus p*(S2.4)|B\E
is a theta characteristic on B\ E. In order to even define an algebraic orientation on B\ E, choose an
isomorphism o : @ ® & — w¢ for now. Let 7 be a rational section of & and let w = o(t ® 7). Let pbe a
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rational section of p* (S5 o) with divisor Sgiy(r). Then by equation (5-4) an isomorphism

¥ p*(S2.0)|B\E ® P*(S2,0)|B\E = ®B\E

can be defined by mapping p ® p to the differential 3-form Q(w) from Theorem 5.12. Note that by
Corollary 5.10 another choice of o, T and p would lead to an equivalent algebraic orientation. Therefore,
we can call ¢ the algebraic orientation induced by «.

6.2 An arithmetic count of secant lines

Let xg, ..., x3 be the homogeneous coordinates on P3 and x = x;/x¢, ¥ = X2/X¢ and z = x3/xo. We
consider on IP? the algebraic orientation defined by the rational differential 3-form dx A dy A dz (meaning
that we choose an isomorphism for which this 3-form is the image of a square). Now let ¢ : C < P?3 be
an embedded curve over K such that L = (*Op3 (1) is 3-very ample. Geometrically, this means that C is
the isomorphic image via a linear projection of a curve C C P” such that no four points on C lie on a
plane in P”.

Let o be a theta characteristic on C and let ¥ C IP” be the secant variety to C. Composing the map
p : B — X with a suitable projection and restricting to B \ E, we obtain the finite surjective morphism
p' B\ E — P3\ C. The algebraic orientation on B \ E induced by « together with our fixed algebraic
orientation on P3 define a relative orientation of p’ and since P? is A!-chain connected we have that
degAl (p') is well-defined; see [Pauli and Wickelgren 2021, Theorem 9] applied to the proper map
B —P3.

Definition 6.1 We define the arithmetic writhe of the 3-very ample curve C semi-oriented by o as
w(C,a) = degAl (p).

Remark 6.2 The arithmetic writhe is the result of an arithmetic count of secant lines S to C passing
through a given point ¢ € P3 \ C. Indeed, such secant lines are in bijection to points ¢ in the preimage
of ¢ under p’. We define the local writhe w4 s(C, o) at such a secant to be the local Al-degree deg‘}; (p).
The sum of the local writhe over all secants that contain a point ¢ is independent of ¢ and equals
w(C, «). Note that w(C, «) does, however, depend on the embedded curve C (and «), as for example
Proposition 6.6 shows.

We now describe how to compute the local writhe explicitly. By Theorem 5.12 w, s(C, o) can be
computed by evaluating dx A dy A dz (or any other differential 3-form that differs from this by the square
of a rational function) at the w-Viro frame at ¢g, where w is any differential on C whose divisor is of
the form 2D, where D is a divisor whose line bundle is «. More precisely, we choose tangent vectors
ueTyS,veT,C and w € Ty C as in Definition 5.11. Namely, v € T, C and w € Tp, C are chosen in a
way that @ evaluates to one in v and w. After identifying the secant S with P! sending @ to (1 : 0), b to
(0:1) and ¢ to (1: 1), the tangent vector u is chosen in a way that d¢ evaluates to one in u. Then write
u,v and w as vectors #, U and w with respect to the basis given by dx, dy and dz. The local writhe then

Geometry & Topology, Volume 30 (2026)



1186 Daniele Agostini and Mario Kummer

is equal to
Il
Wg,s(C,o) =Trp/g(det|v u w | ),
Il

where F is the field of definition of S'.

Remark 6.3 The above description of the arithmetic writhe as a sum of local writhe numbers shows that
in the case K = R it agrees with the encomplexed writhe number introduced by Viro [2001]. Realizing it
as the degree of a morphism gives another proof that the encomplexed writhe number does not depend on
the choice of the center of projection.

Example 6.4 Let K a field with char(K) # 2 and consider the rational curve C C P? of degree four
defined as the image of
0: Pl P3, (ris) @t irisirs® st

In the following, every (local) writhe number will be computed with respect to the unique theta character-
istic on C = P! given by Op1(—1). In order to compute the local writhe of secants to C, we choose
the algebraic orientation o on C given by dt = t> df, where t = s/r and 7 = —r/s. The genus—degree
formula implies that the projection from a general point has three nodes. We will now compute the local
writhe of all three secants that contain the point P = (1:0:0: 1). For the secant L spanned by the
points a = ¢(1: 1) and b = ¢(1 : —1) we can work on the affine chart x¢ # 0 and the coordinates x, y, z.
In this chart the curve is parametrized by

1 (03,1,

Expressed in these coordinates, our points @ and b correspond to @ = (1,1,1) (when ¢t = 1) and
b =(—1,-1,1) (when t = —1). Tangent vectors at @ and b in direction of ¢ are given by v = (1, 3,4)
and w = (1, 3, —4). For computing the vector #, we have to consider the parametrization

L 1—A l—kl
1+A 1447 )

The tangent vector at A = 1 equals # = (—% —%, 0). We can thus compute the local writhe as
1 -1 1
Wy, (C) = <det —% 3 >= (—8) = (—2).
4 0 —4

Let i € K be a square root of —1. For the secant L, spanned by the points @ = ¢(1:i) and b = ¢(1 : —i)
we can work on the same affine chart. Note that although a and » might not be K-rational points,
the line L, is defined over K. We have @ = (i, —i, 1) (when ¢t = i) and vV = (1, -3, —4i) as well as
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-(2)
Figure 4: The quartic curve considered in Example 6.4 projected from the point P. The nodes of
this planar curve correspond to secant lines containing P and we denoted their local writhe in the
picture.

b= (—i,i,1) (whent = —i) and @ = (1, —3,4i). In this chart the line L, is parametrized by

=& | 1-x
s (i i 1).
H(’ +r 1+A’)

Thus we compute # = (—i/2,i/2,0). Now we can compute the local writhe as

1 -1 1
Wp.1,(C) = <det -3 %i -3 >= (8) = (2).
—4i 0 4i

For the third secant L3 spanned by ¢(1 : 0) and ¢(0 : 1) we work on the affine chart xog 4+ x3 # 0 and
the coordinates x1/(x¢ + X3), X2/(xo + X3), X3/(xo + X3). A short computation verifies that these are
compatible with our chosen algebraic orientation. In this chart, the curve is parametrized by

t t3 t 47 - 1
= , s an — —, —, — .
14+4 1464 1414 1+ 144 1+1%
We have @ = (0,0,0) (when ¢t = 0) and b= (0,0, 1) (when ¢ = 0). Tangent vectors at & and b in the
direction of 7 and 7 are given by ¥ = (1,0, 0) and @w = (0, —1, 0), respectively. Moreover, in this chart

A
a (0.0, —2).
H( 1+k)

which gives u = (0, 0, %) We can thus compute the local writhe as

the line L3 is parametrized by

10 0
wP,L3(C):<det 00 —1 >=(%)=(1).
07 0

Summing up the local writhe numbers, we find that the arithmetic writhe of C is
w(C) = (=2) +(2) + (1) =2-(1) + {-1).
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If the theta characteristic & does not have global sections, then we can compute the arithmetic writhe
of C directly from the Ulrich bundle constructed in Theorem 5.16.

Theorem 6.5 Let L be a 3-very ample line bundle on the curve C and « a theta characteristic of C with
h°(C,a) = 0. There exists a symmetric matrix A whose entries are linear forms on A HO (C, L) such
that for all sq ..., s3 € H°(C, L) it holds that:

(1) A(so A -+ A s3) is nonsingular if and only if the linear system spanned by the s, ..., S3 is very
ample.

(2) If the linear system spanned by the sy, . .., s3 is very ample, then the writhe w(y¥ (C), ) is the class
of A(sg A+ As3), where ¥ : C — P3 is the embedding defined by sy, . .. , s3.

Proof Let X be the secant variety of C embedded to P(H°(C, L)V). Then the linear system spanned
by s¢,...,83 € HO(C,L)is very ample if and only if s¢, ..., s3 do not have a common zero on X. If so,
then w(y (C), @) is the Al-degree of the linear projection & — IP3 given by sy, ..., s3 restricted to the
preimage of P3 \ C relatively oriented by the rank-one symmetric Ulrich sheaf from Theorem 5.16.
Hence the claim follows from Theorem 4.32. O

We end this section with some thoughts on which classes w € GW(K) can be realized as the writhe of
a spatial curve.

Proposition 6.6 For every a,b, ¢ € K* there is a rational curve X C P3 of degree four with arithmetic
writhe w(X) = (a) + (b) + (c).

Proof Let C = P!, L = Op1(4) and @ = Op1(—1). The matrix A from Theorem 6.5 is then given by
the Hankel matrix

X0 X1 X2
(6-1) A=|x1 x2 x3],

X2 X3 X4

where x; denotes the linear form
e fAE* sy e NKr,sla =K
on /\4 K{[r, s]4. On the other hand, for arbitrary a, b, c € K* we have

a+(b*/c) 0 b
0 b 0] =(a)+ (b)+ (c).
b 0 c

This proves the claim. |

Example 6.7 We have for instance

00
At Ardsars Ashy =101
10

which confirms our calculations from Example 6.4.

Geometry & Topology, Volume 30 (2026)



Ulrich sheaves, the writhe and algebraic isotopies of space curves 1189

Question1 Let d e N, N = %(d— 1)(d —2) and ay, ... ,ay € K*. Is there a rational curve X C P3
of degree d withw(X) = ZN (a;)? More generally, forany N € N and ay, ...,an € K*, does there

i=1
exist a curve X C P3 and a theta characteristic « on X with w(X,a) = ZIN=1 {a;)?

7 Algebraic isotopies

Let C be a curve over a field K of characteristic char(K) # 2. In analogy to classical knot and link
theory, we want to study embeddings of C into the three-dimensional space P3 up to algebraic isotopies.
We first make some general definitions and observations.

Definition 7.1 Let X be a projective variety over K. An algebraic isotopy of two closed embeddings
Yi: X —>P", i =0,1, is a morphism

I:A'x X > P, (t,x)— I;(x),
such that for all € A! the induced map I, : Xty = Ye(r) 1s an embedding and I; = ¢; fori =0, 1.
Two embeddings ¥, ¥’ are algebraically isotopic if they are connected by a chain of algebraic isotopies.

We denote by [X, P”]! the quotient of the set of embeddings Emb(X, P”)(K) by the equivalence relation
generated by algebraic isotopies. We write [1/] for the class of ¥ in [X, P”]! and call it the isotopy class

of .
A first observation is that two isotopic embeddings have isomorphic underlying line bundles:
Lemma 7.2 Suppose that y, ' : X < P’ are two algebraically isotopic embeddings. Then
Y Opr(1) 2 ¢ Opr(1).

Proof Any algebraic isotopy / : Al x X — P” induces a morphism I : A! — Pic(X), 7+ I}Opr(1),
which is constant, since any morphism from a rational curve to an abelian variety is constant. Alternatively,
the map

pry : Pic(X) — Pic(A' x X), L pry L,

is an isomorphism [Hartshorne 1977, Proposition I1.6.6], so that the isomorphism class of the line bundle
I*Opr(1) is constant on the fibers {¢} x X . |

Definition 7.3 Let X be a projective variety over K and L a line bundle on X. We denote the set of
embeddings ¢ : X — P’ with ¢*Opn (1) = L by Emby (X, P")(K), and its quotient by chains of
algebraic isotopies by [X, P]\ .

We now recall how to parametrize the set Emby (X, P")(K). First of all, if this is nonempty, then L is
very ample. In this case, consider the embedding given by the complete linear system V = H°(X, L),

or: X > P"=P((V"),
and the secant variety ¥ = X (X, L) of X in P(V"Y). Any embedding v from Emby (X, P") is obtained
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by composing ¢y, with a linear projection

[s0,....87] 0L (X) —P", where s; €V,

and, in order for ¢ = [sg,...,Sr] © ¢ to be an embedding, the condition is that the linear space
IT={sg =--- =5, = 0} does not intersect the secant variety X. Consider now the set
(7-1) Up, =1{(s0.....5,) e VOUTD | (qo=...=5, =0}N T = 2.

This is open: its complement in VOr+1 s the image of the incidence correspondence

I={((50,---.87), p) € VEUTD x5 [ 50(p) =+ = 5,(p) = 0}

along the proper map pryee+n : yoUr+h v — yOU+D  The previous discussion shows that
Emby (X, P")(K) is the set of K-rational points of a (possibly empty) open subset of a projective space

(7-2) Embz (X, P") =Ur ,/K* = {[s0,....5,] € P(VOUTD) | (50,....5,) €Uy ,}.
This comes equipped with a universal embedding
Emby (X,P")x X - P", ([so,...,sr],x) > [s0(x),...,s-(x)],

so that an algebraic isotopy between v, ¥’ € Emby (X, P”)(K) is simply a map A! — Emby (X, P")
whose image contains these two points. This leads naturally to the notion of naive connected components
in Al-geometry, as for instance in [Cazanave 2012].

Definition 7.4 Let X be a scheme over the field K. The set ng] X (K) of naive connected components of
X (K) is the quotient of X (K) by the finest equivalence relation under which any two points xg, x; € X (K)
for which there exists a morphism f : Al — X with f(i) = x; for i =0, 1 are equivalent.

Remark 7.5 The previous discussion shows that the set of isotopy classes of embeddings with line
bundle L can be considered as the set of naive connected components

[X,P"]} = ny EmbL (X, P")(K).
We could also replace P” by any other projective variety Y by using Grothendieck’s Hom-scheme,
although we will not consider this here.

Remark 7.6 Recall that a K-scheme X is Al-connected if and only if for any extension K’/ K, any
two K’-rational points in X can be connected by a chain of maps from AIK/. This means precisely that
JT(I)\I Emb; (Xk ., P")(K’) has at most one element for any extension K’/ K.

Example 7.7 The group scheme SL, ; ; is A'-connected: indeed, for any field K, any matrix in SL, 4 ; (K)
can be written as a product of upper- or lower-triangular elementary matrices with all ones on the diagonal.
For such a matrix A4, the map

A' > SL, 1. 1t Ly +t(A—Lyy),

connects A at t = 1 with the identity 7,4+ at¢# = 0.
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Corollary 7.8 Lety : X — P’ be an embedding and let A € SL, +1(K). The two embeddings ¥ and
A o are algebraically isotopic.

Proof Since SL,; is A'-connected, we can find a chain of algebraic isotopies connecting A with the
identity I, y1. O

Lemma 7.9 Lety : X < P’ be an embedding and let A € K +DX0+1) pe of nonmaximal rank, such
that the composition of  with the rational map A : P” --> P” is still an embedding. Then {y and A o Y

are algebraically isotopic.
Proof Letrk(4) =m + 1 with m < r. Then there is an M € GL, 1 {(K) such that M 4 is in reduced

row-echelon form: A
wa(2).

where A’ is an (m+1) x (r+1) matrix. If we let M" € GL,_,,(K) be any matrix with determinant
det(M’) = det(M)~!, we see that

/
N = ([mo“ Ag,) satisies =~ NM €SL,41(K) and NM-A= (/(1) ) .

Thus, thanks to Corollary 7.8, we can assume that A has reduced row-echelon form. For simplicity, let’s
assume that the pivots of A4 are in the first m + 1 columns, i.e.,

_ Im+lB
=" )

for another (m+1) x (r—m) matrix B, with the general case being similar. There is an algebraic isotopy

Al x X — P7, (t,x)— Iny1 B “Y(x),

between A o ¢ at t = 0 and another embedding v at ¢ = 1. To conclude, we need to show that ' is

algebraically isotopic to ¥. It is enough to observe that

Im+1 —B Im+1 B . 1m+1 0 .
(o Ir_m)’( 0 Ir_m)“”(x)—( 0 ,r_m)-W(x)—vf(x),

so that we conclude by invoking Corollary 7.8 again. O
The following corollary implies the first part of Theorem D.

Corollary 7.10 Let L be a line bundle on X with h°(X, L) <r. Any two embeddings y, ' : X < P’
in Emby (X, P") are algebraically isotopic. Equivalently, [X, P” ]IL has at most one element.

Proof If L is not very ample, there is nothing to prove. If L is very ample, consider the embedding
oy : X = P(VV). Since dim P (V) < r, we can compose this with a linear embedding j : P(V") — P”
to get another embedding ¥ = j o ¢r. By construction, there is an A € K +D*U+1) not of maximal
rank, such that ¥ = A o ¢”. Then Lemma 7.9 shows that the resulting embedding v" and ¥ are
algebraically isotopic. The same reasoning holds for y/’. O
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Corollary 7.11 Consider an embedding ¥ : X — P inEmby (X, P") and let (¥ (X)) be the linear span.
Consider also the secant variety ¥ of oy (X) in P(V'Y).

(1) It holds that dim (i (X)) > dim .

(2) If K is infinite, { is algebraically isotopic to an embedding ' : X < P such that dim{y/’ (X)) =
dim X.

Proof By the description in (7-2), we know that ¢ =[sg, ..., s;], with[I={sg=---=s, =0} CP (V")
disjoint from X. Furthermore, the dimension of the linear span (¥ (X)) is

dim(y (X)) = dim(so, ..., s;) — 1 = codim((IT, P(V'))) — 1,
where (sg,...,s,) C V is the vector subspace generated by the s;.
(1) Since ITN ¥ = @, it must be that codim(IT, P(VY)) > dim £ + 1. Then dim{y¥ (X)) > dim X.
(2) Assume that dim(y (X)) > dim X. Since the image of the map
[s0,...,8]: 2 —>P"

is the secant variety X’ to ¥ (X), we see that dim ¥’ < dim(y(X)). Since K is infinite, we can find
a K-point in (¥ (X)) \ ¥/, and projecting from this point onto a hyperplane H C (¥ (X)) we get an
embedding ' : X < H, which is algebraically isotopic to v, thanks to Lemma 7.9. By repeating this
procedure, we conclude. |

In the following, we fix a very ample line bundle L on X, the space of global sections V = HO(X, L)
and we consider the secant variety X (X, L) of X inside P (V). We set

b=dimX(X,L).
Remark 7.12 One always has
b <min{dimP(V'"),2-dim X + 1},

and when the equality holds, the secant variety has expected dimension. This happens for example if X
is a curve [Lange 1984] or if X is arbitrary and the line bundle L is 3-very ample.

Now we want to strengthen Corollary 7.10 and show that, if K is infinite, the isotopy classes of
embeddings X < IP" with r > b are trivial. This is analogous to the fact that any knot can be unraveled
in dimension higher than three.

Proposition 7.13 Assume that K is infinite and let r > b. Then any two embeddings ¥, ' : X < P”
in Emby (X, P") are algebraically isotopic. Hence, if r # b, the set [X,P” ]IL has at most one element.
In particular, if X is a curve, then [ X, P" ]IL has at most one element whenever r > 4.

Proof Since K is infinite, we can use Corollary 7.11 and assume that both ¥ and ¥’ have images
contained in a linear subspace of dimension b. Because the group SL, 41 (K) acts transitively on these
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subspaces, we can use Corollary 7.8 and assume that this subspace is the one where all coordinates are
zero, apart from the first b + 1. This means

¥ =I[s0,....55.0,...,0] and V' =[sq,....5,.,0,...,0]

for some s;, 5] € V. Observe that in the above expressions there is a positive number of zeroes, since we
are assuming b < r. We claim that there is an sg € V such that

[50+ 81+ -+ -+85.0,...,0], [sg,87,....8....0]: X — P

are both embeddings. Assume for a moment that this claim is true: then Lemma 7.9 shows that both

and [Sg ,81,...,8p,0,...,0] are algebraically isotopic to the embedding given by
[50.51,--..5p,80.0,...,0]: X — P".

Notice that this is the step where we use that b < r. An analogous statement holds for v/, so that we can
assume that ¥ and ¥’ have the form

1/f=[sg,s1,...,sb,0,...,0] and 1/f’=[sg,s/1,...,s;),0,...,0],

and by repeating this reasoning with other sections s”/, . .. ,SZ , we conclude. We are left with proving the
above claim. Consider the set

U={sy€V|lsg.51,--..5.0,...,0] is an embedding}
={sg€VI|isg=s1=-=s5=0NT =g}

One can show as for the set Uy, , of (7-1) that U is open in V, and since so € U and V' is irreducible,
U is a dense open subset. The same reasoning shows that

U'={sgeV|[sg.57.....55.0,...,0]is an embedding}

is a dense open subset, and since K is infinite, there must be a K-rational point in U N U’, which is the
section s, that we are looking for.

The last statement follows from what we have just proved for r > » and from Corollary 7.11 for
r<b. m|

In light of Proposition 7.13, we will only consider the classes of embeddings
X <Pl where b =dimX.

By Corollary 7.11, any such embedding is nondegenerate, meaning that if ¥ = [s¢, . .., 5p], the sections s;
must be linearly independent. Now, consider the morphism of affine spaces

w: A(VOO+Dy A(/\b+1V), (50s .-+, 8p) F> 89 A==+ ASp,

and let ¢, be the Chow form of the secant variety: this means that IT = {sq =--- = 55 = 0} intersects X if
and only if €5 (so A--+Asp) = 0. Define Wy 5 C A(/\b+1 V) to be the intersection of the principal open
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affine set {€x # 0} with the locus of decomposable multivectors: we have that Uy, = w1 (WL .b), where
U, p is the open subset in (7-1). We have seen in (7-2) and Remark 7.5, that Emby (X, IP’b) =Urp/ K™

and that [ X, IP’b]lL = JTON Emby (X, P?)(K). Thus, we have a surjective map

(7-3) U p(K) = [X, PPl (00,....00) > ¥ =[00, ..., 0p)].
Our next goal is to show that it factors through the map n(l;IZ/IL,b (K) — 71(1)\1 Wr 5(K) induced by w.

Lemma 7.14 Let0 < d < h°(X, L) and f : Al — A(A*T'V) be a morphism whose image is contained
in the locus of decomposable multivectors. There exists a morphism g : Al — A(Ved“) such that

f=wog
A(VeBd—H)

Elg ///? lw
Al - f A(/\d—f-lv)

Proof Set £ = h°(X, L). Choosing a basis, we can identify V = K¢. We let M be the subsets of
{1,...,r} withd+1elements. For J ={jo, ..., jg} with1 < jo <---< jz <Ll wewriteey =ej,A---Aej,,
where ¢; € K¢ is the i-th unit vector. The morphism f is given by
SO =" Pr)-es
JeM
for some polynomials Py (¢) € K[t]. Let G(¢) € K[t] be the greatest common divisor of the Py (¢). Since
the image is contained in the locus of decomposable multivectors, we can write

S @) =wo(t) A+ Avg ()
for some vj (7) € K(1)¢. We need to show that one can even choose vj € K[1]¢. Let A(¢) be the £ x (d +1)
matrix whose columns are the v;(t). Let Q(¢) € K[t] be the smallest common denominator of the

entries of 4 and let A’(t) = Q(t)- A(¢). Because K][¢] is a principal ideal domain, there exist matrices
S(t) € SLy(K[t]) and T'(¢) € SLy41(K][¢t]) such that

so-aw-10= ().

where D(t) is a (d+1) x (d+1) diagonal matrix with diagonal entries py, ..., pg € K[t]. Suppose that
wo(?), ..., wy(t) are the first d + 1 columns of the matrix S(z)~!. Then

Q) f (1) = po(t) -+ pa (@) - (o) A--- Awg(?)).
Since S(7)~! is invertible over K[t], the greatest common divisor of the Pliicker coordinates of the right-
hand side is po(¢) - -- pg(¢). By construction, the greatest common divisor of the Pliicker coordinates of
the left-hand side is G(¢) - Q(t). Thus, there is some A € K> such that

J@O =2-G@)- (wo() A=+ Awg ().

This proves the claim. |
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Corollary 7.15 The map JT(I)\IUL,b (K) —> JT(I)\IWL,b (K) induced by w is a bijection.

Proof It is surjective because w is surjective on the level of K-points. For proving injectivity let
X,y € Ur, »(K) be such that w(x) and w(y) belong to the same equivalence class in n(I;IWL,b(K). By
Lemma 7.14 there exists y’ in the equivalence class of y such that w(y") = w(x). The K-points of any
fiber of w over a nonzero point form an SLj 4 ; (K)-orbit. Therefore, by Example 7.7, the two points x
and y’, and thus x and y, belong to the same equivalence class in n(l)‘IZ/lL,b (K). a

Corollary 7.16 Let (so. ..., Sx).(Sy. .- ..5,) € Ur p(K). Then the embeddings
VRVED g L)

defined respectively by the s; and the s}, are algebraically isotopic if and only if there exists A € K> such
that so A--- A s and \bF1. (sg A=A s;)H) are in the same naive connected component of Wy, 5(K). In
other words, there is a natural bijection

WL p(K)/(K*0+1) 25 [x, PPTL

Proof Since Emby (X, P?)(K) = U »(K)/ K>, we see that y and ' are algebraically isotopic if and
only if and only if there exists A € K> such that (so. ..., ss) and (As, ..., ks})) are in the same naive
connected component of Uy, 5(K). By Corollary 7.15 this is the case if and only if 59 A --- A s and
APHL (5o A A Sp41) are in the same naive connected component of Wy, (K). |

The following corollary implies the second part of Theorem D.

Corollary 7.17 Assume that h°(X, L) = b + 1. There is a bijection
b+1 bl
KX/ K0+ S X, PP,

Proof Since dim(V') = b + 1, we have that Wy, 5 = A\ {0}. This shows that every point of Wr 5 (K)
is its own naive connected component, and Wy, 5 (K) can be identified with K. The statement follows
then from Corollary 7.16. O

8 Isotopic embeddings of curves in 3-space

In the following, C will be a smooth and connected projective curve over K. It follows for example from
Corollary 7.11 that the secant variety of C has the expected dimension three if and only if C is not planar.
Thus, in the following we will consider embeddings

Vv :C —P3

such that L = ¢*Op3(1) has h°(C, L) > 4 and the isotopy classes in [C, IP’3]IL, so that the results of the
previous section apply, in particular Corollary 7.16.

In the case of curves, we will prove that the arithmetic writhe is invariant under algebraic isotopies.
We will make use of the following version of Harder’s theorem.
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Theorem 8.1 Let n € N and .#;, the scheme of nonsingular symmetric n X n matrices over K. We
consider the fiber product GW (K) X gx g x2 K™ with respect to the canonical map K> — K*/K*? and
the discriminant map GW(K) — K> /K*?. There is a well-defined injection

(8-1) o In(K) = GW(K) X ) <2 K>

that takes the naive connected component of a symmetric matrix to the pair of its class in GW(K) and its
determinant.

Proof See for example [Cazanave 2012, Proposition 3.9]. |

Recall that the writhe is constructed as follows: let & be a theta characteristic of C with #/°(C,a) =0
and let ¥ : C < P3 be an embedding such that L = y*Op3(1) is 3-very ample. The corresponding
Ulrich sheaf Fy of Theorem 6.5 provides a symmetric matrix A of linear forms on A*V. This defines a
morphism W — ., where N is the degree of the secant variety. Taking the naive connected component,
and using equation (8-1), this gives us a map

(8-2) w(— &) : T0 Wi 3(K) > GW(K) X g g2 (KX).

By Corollary 7.16 this induces a map

(8-3) w(—, &) 1 [C. P} — GW(K) xgx /g2 (K /K**N).

Definition 8.2 In the above setting, we define the arithmetic writhe of the embedding ¥ to be the image
w([¥], @) of the isotopy class of ¢ under the map from equation (8-3).

Remark 8.3 The arithmetic writhe of the embedding is automatically invariant under algebraic isotopies.
Furthermore, the first component of w([/], «) is the arithmetic writhe of the embedded curve ¥ (C).
In particular, this shows that if ¥, ¥’ : C — P3 are two algebraically isotopic embeddings, then the
writhes of ¥ (C) and v¥/(C) are the same.

We also notice that, if K is an algebraically or real closed field, then we have K 4N — g X2 which
implies that the second factor of w([¥/], @) is superfluous: the arithmetic writhe of the embedding
coincides with the arithmetic writhe of the embedded curve v (C).

8.1 Rational curves of degree four
In this subsection we consider the case C = P!. As o = Op1(—1) is the only theta characteristic of [P L
we write w(—) = w(—, &). For n > 3 we write [P!, P3], = []P’I,IP’3]IO e Our goal is to prove that
P
w [P PP, = GW(K) xgx g2 (KX K*1?)

is injective in this case. In other words, the isotopy type of two embeddings of P! to P3 of degree four is
completely determined by the arithmetic writhe. To this end, we will prove that 71(1)\1 Wopl (4),3(K) is in
bijection to the set of pointed naive homotopy classes of morphisms P! — P! of degree three. These
were characterized in [Cazanave 2012]. We first have to introduce some notation. Following [Cazanave
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2012, Definition 2.1] we consider the scheme 7}, n € N, of pointed rational functions on P 1 realized as
the open subscheme of the affine space

A% = Spec Klag, ..., an—1,bo,...,by—1],

where the resultant of the two polynomials 1" + a,_1t"~! 4+--- 4+ ag and b,_1t"~! + .. 4 by does not
vanish. Hence 7, (K) is the set of all pairs ( f, g) of coprime polynomials f, g € K[t] where f is monic
of degree n and g has degree at most n — 1. For such a pair one can write

=Rl T (L) ha(fg) 17

for suitable /;( f, g) € K, and we define the Hankel matrix of f and g as

Hu(f.g) = (hi+j(f.&)o<i,j<n—1-

A related matrix is the Bézout matrix, which is constructed as follows. The polynomial f(x)g(y) —
f(»)g(x) is divisible by x — y, so we can write

(x)g(y)— f(»)g(x) i1 i
S/ A _ Z e
=y 1<i,j<n
for ¢;; € K. The Bézout matrix is defined as
Bn(f, g) = (Cij)lsi,jfn-

It is classical knowledge that H, ( f, g) is equivalent as a symmetric bilinear form to the Bézout matrix
B, (f, g) and these two matrices have the same determinant; see for example [Knebusch and Scheiderer
2022, Proposition 1.9.7] for a proof that, albeit formulated over real closed fields only, works over every
field. In particular, the determinant of H, ( f, g) is nonzero if and only if f and g are coprime.

Theorem 8.4 The morphism h : 73 — Wo,,, (4),3 that sends a pair (f, g) to

0(f.8) =ha(f.8) G AP AP At -+ ho(f.8)- (1AL A2 AL)

is well-defined and surjective on K -points. It satisfies H; = A oh, where A is the matrix from Theorem 6.5.

Proof The property H; = A o /i follows from the explicit expression of A in equation (6-1). This also
implies that ¢ is well-defined because the determinant of H3 does not vanish on .73. For the surjectivity
statement it suffices to show that every hg, i1, h,, h3 € K whose Hankel matrix has rank three can be
completed to the sequence of coefficients of the power series expansion of a suitable rational function.
This is an easy linear algebra exercise. a

Corollary 8.5 The arithmetic writhe
w [P PPl = GW(K) X gx g2 (KX /K*1?)
is injective.
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Proof We consider the composition of maps
g 73(K) — n(l)\IWOPI #),3(K) > GW(K) x g/ grx2 K*.

This is the map which was proven in [Cazanave 2012, §3.3] to be injective. Indeed, this follows from
H3 = A o/ and from the fact that H3( f, g) and B3 ( f, g) have the same determinant and the same class
in GW(K). By Theorem 8.4 the first map is surjective, which implies that the second map is injective.
Now the claim follows from Corollary 7.16. |

Remark 8.6 By the same argument as in Proposition 6.6 we can deduce that the image of the map of
Corollary 8.5 consists of all pairs whose first component can be represented as 21-3:1 (a;) for a; € K*.

Remark 8.7 In the case K = R, Remark 8.3 shows that the arithmetic writhe of the embedding coincides
with the arithmetic writhe of the embedded curve. Thus, we can see it as a map

w:[P! P — GW(R).

As the rank of w([y/]) is determined by #n, we do not lose information when postcomposing with the
signature. We can thus view w as a map

w: [P P —Z,

which is the encomplexed writhe introduced by Viro [2001], who showed that w is an invariant under the
possibly coarser equivalence relation of rigid isotopy. In other words, the map w factors through the set
[P1, P3],® of rigid isotopy classes:

PP > [P P > Z.

It was shown in [Bjorklund 2011, Remark 3.21] that the map [P!, P3 ]rgg — Z is not injective. This implies
that w : [P!, P3]L — GW(R) is also not injective. On the other hand, by [Bjorklund 2011, Theorem 1.2]
the map [P!, P*5® — Z is injective. We do not know whether this generalizes to our setup, i.e., whether
w: [P P3]L — GW(R) is injective or maybe even w : [P!, P3JL — GW(K) Xgx /K2 (KX/K**N) is
injective for every K.

Example 8.8 The Macaulay?2 code “invariants.m2” (available as an ancillary file to the arXiv submission
with identifier 2307.07543) computes two Ulrich sheaves on the secant variety ¥ C % of a rational normal
curve of degree 6: the first one is the Ulrich sheaf F of rank one coming from the theta characteristic
a = Op1(—1) as in Theorem 5.16, and the second is the sheaf F¢ of rank five coming from Theorem 5.16.
Then it computes for each of those a symmetric matrix of linear forms as in Theorem 4.17. Note that,
although we have not shown that the sheaf Fg is a symmetric Ulrich sheaf, it turns out that the resulting
matrix is symmetric. We denote these matrices by A and A’, respectively. The signature of A evaluated
at a linear subspace E of dimension two in P® that is disjoint from the secant variety is the writhe of the
projected curve in IP3 by Theorem 6.5. The signature of A’ at such a space is a new invariant of the curve,
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which also does not change along algebraic or rigid isotopies. Our code computes these two invariants
for three different linear spaces E. Here we record the results:

(1) The linear space E is the row-span of the matrix

Both invariants of the projected curve in P3 are equal to 0.

(2) The linear space E is the row-span of the matrix

2172420
76903638
9683517

The writhe of the projected curve in P3 is 0 while the new invariant is 4.

(3) The linear space E is the row-span of the matrix

0! 11 2! 31 41 5! 6!
1121 31 41 st el 7!
21 31 41 51 6! 7! 8!

The writhe of the projected curve in IP? is 10. Note that this is predicted by [Kummer and Sinn
2022, Corollary 4.15]. The new invariant is —2.

In particular, these computations show that the new invariant can distinguish nonisotopic curves which
cannot be distinguished by the writhe. It would be interesting to have a local description for this new
invariant similar to the one of the writhe.
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