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We establish a connection between the theory of Ulrich sheaves and A1-homotopy theory. For instance,
we prove that the A1-degree of a morphism between projective varieties, that is relatively oriented by an
Ulrich sheaf, is constant on the target even when it is not A1-chain connected or A1-connected. Further if
an embedded projective variety is the support of a symmetric Ulrich sheaf of rank one, the A1-degree of all
its linear projections can be read off in an explicit way from the free resolution of the Ulrich sheaf. Finally,
we construct an Ulrich sheaf on the secant variety of a curve and use this to define an arithmetic version
of Viro’s encomplexed writhe for curves in P 3. This can be considered to be an arithmetic analogue
of a knot invariant. Namely, we define a notion of algebraic isotopy under which the arithmetic writhe
is invariant. For rational curves of degree at most four in P 3 we obtain a complete classification up to
algebraic isotopies.
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1 Introduction

In the emerging field of A1-enumerative geometry, building upon the A1-homotopy theory developed
by Morel and Voevodsky [1999], solutions to enumerative problems over a field K are counted in the
Grothendieck–Witt group GW.K/ of this field in a way that the result does not depend on the chosen
instance of the enumerative problem. Typical examples of enumerative problems whose solutions can
be “arithmetically enriched” in this way include among others the 27 lines on a cubic surface [Kass and
Wickelgren 2021], Bézout’s theorem [McKean 2021] or Gromov–Witten invariants [Kass et al. 2023].
Many results of this type are achieved by studying arithmetic versions of topological invariants like the
Euler characteristic [Levine 2019] or the Brouwer degree [Morel 2012; Kass and Wickelgren 2019].
Here we focus on the latter, namely the A1-degree of a morphism of smooth schemes as considered
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1156 Daniele Agostini and Mario Kummer

in [Kass et al. 2023; Pauli and Wickelgren 2021]. This is defined for a finite and surjective morphism
f WX ! Y of smooth K-varieties starting from a relative orientation of f , this is a line bundle L on X,
with an isomorphism

 WL˝L!Hom.det TX ; f
� det TY /:

With this, we can compute the A1-degree at a closed point y 2 Y as a sum of local degrees on the fiber,
as in the classical case; see Section 4 for more details. When this is independent of the point y 2 Y,
one says that the A1-degree of the map f is well-defined. This is not always the case. One important
case, when this happens, is if Y is A1-chain connected. Our first result is a different condition for the
well-definedness of the A1-degree in terms of Ulrich sheaves: a sheaf F on X is called f -Ulrich if its
pushforward along f is trivial, i.e., f�F ŠO˚N

Y
for N 2N.

Theorem A If the relative orientation L is f -Ulrich and if H 0.Y;OY /DK, then the A1-degree of f is
well-defined.

We refer to Theorem 4.17 for a precise statement of the result and for the proof. In particular, we
consider the case of standard Ulrich sheaves on an embedded irreducible projective variety X � Pn of
dimension dim X D k: these are sheaves F on X which are �-Ulrich for any finite linear projection
� WX !Pk . Ulrich sheaves were introduced by Eisenbud and Schreyer [2003] and they satisfy a plethora
of nice properties. In particular, there has been ample interest in the question of whether every closed
subvariety of Pn carries an Ulrich sheaf [Eisenbud and Schreyer 2003; Beauville 2018].

One of the main features of Ulrich sheaves is to give a determinantal representation of the Chow form
of X . Recall that a finite linear projection � WX ! Pk has the form � D Œs0; : : : ; sk �, where s0; : : : ; sk 2

H 0.Pn;OPn.1// are linearly independent, and such that the linear space …D fs0 D � � � D sk D 0g � Pn

does not intersect X . The s0; : : : ; sk satisfy these conditions if and only if CX .s0 ^ � � � ^ sk/¤ 0, for a
homogeneous form on

VkC1
H 0.Pn;OPn.1// called the Chow form of the embedded variety X � Pn.

One of the main results of [Eisenbud and Schreyer 2003] is that if X carries an Ulrich sheaf of rank one,
then there is a matrix ƒ of linear forms on

VkC1
H 0.Pn;OPn.1// whose determinant gives the Chow

form. Furthermore, there is a natural notion of symmetry for the Ulrich sheaf which guarantees that ƒ
can be taken to be symmetric. This matrix encodes the A1-degrees of all finite linear projections of X :

Theorem B Let F be a symmetric Ulrich sheaf of rank one on X � Pn. Then this sheaf induces a relative
orientation on each finite linear projection

Œs0; : : : ; sk � WX ! Pk

such that the resulting A1-degree is well-defined. Furthermore , there is a symmetric matrix ƒ of linear
forms on

VkC1
H 0.Pn;OPn.1// whose determinant is the Chow form of X , and such that the class

Œƒ.s0 ^ � � � ^ sk/� 2 GW.K/

is precisely the A1-degree of the linear projection Œs0; : : : ; sk � W X ! Pk with respect to the above
orientation.
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Ulrich sheaves, the writhe and algebraic isotopies of space curves 1157

Figure 1: A knot diagram of the trefoil knot.

We refer to Theorem 4.32 for a precise statement. We also note that the symmetric matrix ƒ is
explicitly computable from a resolution of the sheaf F , for example via a computer algebra system such
as Macaulay2 [1992] or OSCAR [2024], as already demonstrated in [Eisenbud and Schreyer 2003].

With these results in hand, we pass to the second main theme of the paper, an A1-analogue of knot
theory. Classical knots can be studied via knot diagrams. These are planar projections of the knot, which,
for each point where two arcs cross, keeps track of the over- and under-passing arc; see, e.g., Figure 1.
The local writhe of a crossing in a knot diagram is a number in f�1;C1g and is defined as in Figure 2.
Note that one has to choose an orientation of the knot but the local writhe numbers are independent of
this choice. The writhe of a knot diagram is then the sum of the local writhe numbers of all its crossings.
For example, the writhe of the knot diagram in Figure 1 is equal to C3.

While the writhe is unaffected by Reidemeister moves of type II and III, a Reidemeister move of type I
changes the writhe by ˙1. In particular, the writhe is only an invariant of the knot diagram but not of
the knot itself. When the knot is the real part of an algebraic curve C � P3, this issue corresponds to
the fact that some plane projections might have isolated real nodes; see Figure 3. Viro [2001] showed
that the problem can be circumvented by also assigning a local writhe to isolated real nodes of a planar
projection of the algebraic curve: he defined the encomplexed writhe number as the sum over all local
writhe numbers, including those at isolated nodes, and proved that this is indeed independent of the
projection center, hence it is an invariant of the real curve C � P3. This invariant played a major role in
the recent breakthrough on real algebraic links by Mikhalkin and Orevkov [2019].

We generalize Viro’s encomplexed writhe to any field K via Ulrich bundles on secant varieties.
This is natural, since the nodes of a linear projection � W C ! P2 corresponds to the secant lines to
C passing through the center of the projection. Let us be more precise here. If  W C ,! P3 is a
nondegenerate embedding and LD  �OC .1/ the corresponding line bundle, then the embedding  is
obtained from composing the embedding of the complete linear system 'L W C ,! P .H 0.C;L/_/D Pn

C1 �1

Figure 2: Local writhe numbers.
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1158 Daniele Agostini and Mario Kummer

Figure 3: When applying a Reidemeister move of type I to a real algebraic curve, a crossing of
two arcs becomes an isolated node.

with a linear projection Œs0; s1; s2; s3� W 'L.C /! P3. In order for  to be an embedding, the sections
s0; : : : ; s3 2 H 0.C;L/ must be linearly independent, and the space … D fs0 D � � � D s3g should not
intersect the secant variety † D †.C;L/ of 'L.C / in Pn. In this setting, the induced projection
Œs0; : : : ; s3� W†! P3 is a finite and surjective map. Assume now that the secant variety † is identifiable
in the sense that every point in †n'L.C / is contained in a unique secant line. Then, by construction, the
fiber of Œs0; : : : ; s3� W†! P3 over a point q 2 P3 correspond to secant lines to  .C / passing through q.
Thus, if we can find a suitable orientation, the A1-degree of this map gives an arithmetic count of secant
lines through q, or, equivalently, an arithmetic count of nodes of the projection of  .C / from q. We can
actually find a suitable orientation via an Ulrich sheaf:

Theorem C Let C be a smooth K-curve and L be a line bundle such that the secant variety † of
'L W C ,! Pn is identifiable.1 Let also ˛ be a noneffective theta characteristic on C , i.e., a line bundle
such that ˛˝ ˛ Š !C and h0.C; ˛/D 0. Then there is a symmetric Ulrich sheaf of rank one F˛ on †,
depending on ˛.

With such a symmetric Ulrich sheaf we can then use Theorem B, and give the following definition:

Definition (arithmetic writhe) In the above setting, the arithmetic writhe

w. .C /; ˛/ 2 GW.K/

of the embedded curve  W C ,! P3 and of the theta characteristic ˛, is the A1-degree of the map

Œs0; : : : ; s3� W†! P3

with respect to the relative orientation induced by F˛ . Here Œs0; : : : ; s3� is such that  D Œs0; : : : ; s3�ı'L.

By the previous discussion, the arithmetic writhe is an arithmetically enriched count of the nodes of
plane projections  .C /! P2. The fact that the arithmetic writhe is well-defined as an A1-degree means
precisely that this does not depend on the center of the plane projection. We also provide an explicit
local description of the arithmetic writhe which for real curves agrees with the local description of Viro’s
encomplexed writhe. Hence, for real curves, the arithmetic writhe is equal to the encomplexed writhe.

Observe that the appearance of a noneffective theta characteristic ˛ on C is not surprising: indeed
these correspond on the one hand to symmetric rank one Ulrich sheaves on the curve itself [Eisenbud
and Schreyer 2003, Theorem 4.3] and, on the other hand, if the curve is real, to classical orientations;

1In the upcoming article [Agostini et al. � 2026] it is shown that one can in fact replace the condition of † being identifiable
by the weaker condition that 'L is an embedding.

Geometry & Topology, Volume 30 (2026)
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see Example 4.5. Over an arbitrary field, every smooth rational curve has a noneffective theta characteristic.
We also remark that the condition of identifiability on the secant variety of 'L W C ,! Pn is rather natural
and general. For example, Riemann–Roch shows that this happens as soon as the degree deg.C / is at
least 2g.C /C 3, where g.C / is the genus of the curve. In particular, this is true for any smooth rational
curve of degree at least 3. Another important case are canonical curves of gonality at least 5, such as
any general real or complex curve in the moduli space Mg;g � 7. We note that, in a similar spirit,
Lemarié-Rieusset [2026] has defined an arithmetic linking degree for two embeddings of A2 n f0g to
A4 n f0g using motivic Seifert classes. On the other hand, to our knowledge, the arithmetic writhe is the
first knot invariant defined in the A1-context.

In the last part of the paper, we define and study algebraic isotopies between embeddings of a smooth
projective curve C in 3-space in analogy with topological isotopies: they are morphisms

I WA1
�C ! P3; .t;x/ 7! It .x/;

such that It W C�.t/ ,! P3
�.t/

is an embedding for all t 2 A1. Two embeddings  ; 0 W C ,! P3 are
algebraically isotopic if they can be connected by a chain of algebraic isotopies. We extend our definition
of the arithmetic writhe w. .C /; ˛/ for an embedded curve  W C ,! P3 to a definition of the arithmetic
writhe w. ; ˛/ for the embedding  itself, and we show that this is invariant under algebraic isotopies,
see Remark 8.3. We use it to study algebraic isotopy classes of rational curves of low degree in P3.

Theorem D Let K be a field of char.K/¤ 2.

(1) If d 2 f1; 2g, then any two embeddings  ; 0 W P1 ,! P3 over K of degree d are algebraically
isotopic.

(2) The set of algebraic isotopy classes of embeddings P1 ,! P3 over K of degree 3 is in bijection to
K�=K�4.

(3) Two embeddings  ; 0 W P1 ,! P3 over K of degree 4 are algebraically isotopic if and only if they
have the same arithmetic writhe.

In the case K D R, Theorem D strengthens a result by Björklund [2011] who proved that the
encomplexed writhe characterizes real rational curves of degree at most four up to rigid isotopy, a
(potentially strictly) coarser equivalence relation than algebraic isotopy. While Björklund’s result holds
true in degree five as well, we do not know whether this is the case for our Theorem D. It was also shown
in [Björklund 2011] that the encomplexed writhe is not enough to distinguish rigid isotopy classes of
embeddings P1 ,!P3 of degree at least six, hence the corresponding statement also fails for the arithmetic
writhe and algebraic isotopies. However, Ulrich sheaves other than those produced in Theorem C can
be used to give further isotopy invariants. In Theorem 5.18, we construct a higher-rank Ulrich sheaf on
the secant variety of a rational normal curve. From this we obtain a new invariant for algebraic isotopy
classes of rational curves of degree six, and we construct an example of two embeddings of the same
arithmetic writhe for which the new invariant is different; see Example 8.8. We do not know whether this
is enough to distinguish all isotopy classes, nor do we have a local description as for the arithmetic writhe.
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1160 Daniele Agostini and Mario Kummer

The paper is organized as follows. In Section 3, we collect some facts on Ulrich sheaves, and in
Section 4 we show how they are connected to the A1-degree, proving Theorem A in Theorem 4.17 and
Theorem B in both Theorem 4.28 and Theorem 4.32. In Section 5, we turn our attention to secants of
curves and on Ulrich sheaves on them: we prove Theorem C in Theorem 5.16 and we also construct, in
Theorem 5.18, higher-rank Ulrich sheaves on secants of rational normal curves. In Section 6, we define
the arithmetic writhe for an embedded curve, and we also show how to compute it via a sum of explicit
local writhes; see Remark 6.2. Finally, in Section 7 we collect some general results about isotopies for
projective embeddings, which imply the first two parts of Theorem D. In Section 8 we focus on the
case of curves in 3-space. We define the arithmetic writhe of an embedding in P3 and we prove that it
is invariant under algebraic isotopies; see Remark 8.3. We then prove Theorem D in Theorem 8.4 and
Corollary 8.5, and we conclude with some remarks on rational curves of higher degree.

2 Notation and conventions

Let K always denote a field. By a K-variety we mean an integral, separated scheme of finite type over K.
We will use the word curve to denote a projective, nonsingular K-variety of dimension 1. If X is a
scheme and x 2 X , then we denote by �.x/ the residue field of X at x. If A;B are two divisors on a
smooth variety X, we write A� B to denote that A is linearly equivalent to B.

3 Ulrich sheaves

We first recall the basic properties of Ulrich sheaves as introduced in [Eisenbud and Schreyer 2003].
Consider the projective space Pn and the corresponding homogeneous coordinate ring S DKŒx0; : : : ;xn�.
Let F be a coherent sheaf on Pn with scheme-theoretic support � WX ,! Pn of pure dimension k > 0 and
codimension c D n� k. Let also ��.F/D

L
H 0.F.q// be the module of twisted global sections, seen

as a graded S -module. The following important equivalence was proven in [Eisenbud and Schreyer 2003,
Theorem 2.1]:

Definition 3.1 (Ulrich sheaf) The sheaf F is called an Ulrich sheaf if it satisfies one of the following
equivalent conditions:

(i) ��.F/ has a linear minimal free resolution as an S -module:

F W 0! Fc
'c
�! Fc�1

'c�1
���! � � �

'2
�! F1

'1
�! F0! F ! 0;

where Fi is a direct sum of copies of S.�i/.

(ii) H i.X;F.�i//D 0 for i > 0 and H i.X;F.�i � 1/D 0 for i < k.

(iii) If � WX ! Pk is a finite surjective linear projection, then ����F ŠO˚t

Pk for a certain t > 0.

Remark 3.2 It follows from the Auslander–Buchsbaum formula and part (i) of Definition 3.1 that an
Ulrich sheaf is Cohen–Macaulay.

Geometry & Topology, Volume 30 (2026)



Ulrich sheaves, the writhe and algebraic isotopies of space curves 1161

The resolution of F can be used to compute a Chow form of X . Recall that this is a polynomial in
the Plücker coordinates of the Grassmannian G.c � 1; n/ that cuts out the locus of .c�1/-planes that
intersect X . In the coordinate ring of G.c � 1; n/ it is unique up to a scalar factor. A power of the Chow
form can be written as the determinant of a matrix with entries linear forms in the Plücker coordinates
[Eisenbud and Schreyer 2003, §3]. This is constructed from the resolution F as follows: after choosing a
basis of each Fi the maps 'i are given by matrices Ai whose entries are linear forms in the variables
x0; : : : ;xn. We consider these linear forms as degree one elements of the tensor algebra T.KnC1/_ and
define 
 .F / to be the product A1 � � �Ac over T.KnC1/_. The entries of 
 .F / are multilinear forms on
KnC1 and since 'i ı 'iC1 D 0 these multilinear forms are alternating. Therefore, the entries of 
 .F /
are elements of

Vc
.KnC1/_ and thus linear in the Plücker coordinates of G.c � 1; n/. Evaluating 
 .F /

at a .c�1/-plane V � Pn gives a singular matrix if and only if V intersects X . This implies that the
determinant of 
 .F / is the rank.F/-th power of the Chow form of X . It follows from the definition
of the matrix 
 .F / that it actually depends only on the choice of bases of F0 and Fc . Thus 
 .F / is
uniquely determined by F up to multiplication from left and right by invertible matrices over K. Finally,
if there exists a symmetric isomorphism F ! E xtc.F ;OPn/.�c/, then by choosing a suitable basis the
determinantal representation can be made symmetric [Eisenbud and Schreyer 2003, §3.1]. We will come
back to the symmetric case later.

Example 3.3 We consider the usual twisted cubic curve � WP1 ,!P3 given by �.s W t/D .s3 W s2t W st2 W t3/.
By Definition 3.1 and a direct computation of cohomology the sheaf F D ��.OP1.2// is Ulrich. A quick
computation using the computer algebra system [Macaulay2] gives us the minimal resolution

F W 0! S.�2/3
'2
�! S.�1/6

'1
�! S3

! ��.F/! 0;

where the maps '1 and '2 are given by the matrices

A1 D

0@�x1 �x2 �x2 �x3 �x3 0

x0 0 x1 0 x2 �x3

0 x0 0 x1 0 x2

1A and A2 D

0@�x2 x1 0 �x0 x0 0

�x3 x2 �x2 0 x1 �x0

0 0 x3 �x2 0 x1

1At ;
and one calculates that


 .F /D

0@�x12 �x13 x23

x02 x12Cx03 �x13

�x01 �x02 x12

1A ;
where the xij are the usual Plücker coordinates on G.1; 3/.

4 Ulrich sheaves and the A1-degree

In this section we discuss a connection of Ulrich sheaves and a recently developed notion of degree in the
context of A1-enumerative geometry.
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4.1 Orientations and A1-degree

In this subsection we recall some preliminaries from A1-enumerative geometry, mostly following the
exposition of [Pauli and Wickelgren 2021, §8]. Let K always denote a field.

Definition 4.1 (algebraic orientation) Let X be a nonsingular K-variety. An algebraic orientation of X

is an isomorphism L˝L! !X , where L is a line bundle on X and !X the canonical sheaf. We also
say that X is oriented by L˝L! !X . A theta characteristic of X is a line bundle L such that L˝L

is isomorphic to !X .

Example 4.2 If X D Pn with nD 2h� 1 odd, then OPn.�h/ is a theta characteristic of X . If n is even,
then Pn does not have a theta characteristic.

Definition 4.3 Let X be a nonsingular K-variety and L a theta characteristic. Two algebraic orientations
 1;  2 WL˝L! !X are equivalent if  1 ı 

�1
2

is multiplication by a square of a global section of OX .

Remark 4.4 Let K D R and X be a nonsingular R-variety of dimension n. Let  W L˝L! !X be
an algebraic orientation. Let f some rational section of L and ! D  .f ˝f /. All zeros and poles of
the rational differential n-form ! on X are of even order. It can be shown that this implies the existence
of a rational function g on X which is nonnegative wherever it is defined on X.R/ and such that g �!

does not have any zeros or poles on X.R/. Thus g �! defines an orientation on X.R/ in the classical
topological sense. It is straightforward to check that this does not depend on the choices we made and
that two algebraic orientations that are equivalent in the sense of Definition 4.3 induce the same classical
orientation on X.R/.

Example 4.5 Let X be a curve of genus g over R. Then every topological orientation of X.R/ is induced
by an algebraic orientation L˝L! !X . This follows for instance from [Geyer 1977, Satz 2.4.c] or
by the same argument as in [Kummer 2019, Corollary 2.4]. However, this is not true in general. For
instance, let X be a real K3 surface: since the Picard group of X is torsion-free, there is, up to a scalar
multiple, only one algebraic orientation on X . Thus only two topological orientations on X.R/ arise in
this way. However, if X.R/ is not connected, then there exist at least four different topological orientations
of X.R/.

There is a relative version of algebraic orientations for morphisms [Pauli and Wickelgren 2021,
Definition 7]:

Definition 4.6 (relative orientation) Let f W X ! Y be a finite surjective morphism of nonsingular
K-varieties. A relative orientation of f is an isomorphism

 WL˝L!Hom.det TX ; f
� det TY /;

where L is a line bundle on X , and TX and TY are the tangent bundles on X and Y , respectively. Two
relative orientations  1;  2 as above are equivalent if  1 ı 

�1
2

is multiplication by a square of a global
section of OX .
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Remark 4.7 If f W X ! Y is a finite surjective morphism of nonsingular K-varieties with algebraic
orientations  1 WL1˝L1! !X and  2 WL2˝L2! !Y , then a relative orientation of f is given by
the induced isomorphism

 W .L1˝f
�L_2 /

˝2
! !X ˝f

�!_Y :

Algebraic orientations 0
1

and 0
2

on X and Y that are equivalent to 1 and 2 induce a relative orientation
 0 for f that is equivalent to  .

Recall the set of equivalence classes of nondegenerate symmetric bilinear forms on finite-dimensional
vector spaces over K form a monoid via the orthogonal sum. The Grothendieck–Witt group GW.K/ of K

is the Grothendieck group of this monoid. It is generated by all equivalence classes hai of one-dimensional
bilinear forms

K �K!K; .x;y/ 7! axy;

for a 2K�. Note that hai D hab2i for all b 2K�.
For a finite morphism f W X ! Y of nonsingular oriented K-varieties of the same dimension one

can define a notion of degree that takes its values in GW.K/ under appropriate hypotheses. Actually
it suffices to make the weaker assumption of requiring f to have a relative orientation  W L˝L!

Hom.det TX ; f
� det TY /. In this case, let x 2 X be a closed point where f is not ramified and set

y D f .x/ 2 Y . Note that this in particular requires the field extension �.x/=�.y/ to be separable. The
differential of f defines a morphism Tf W TX ! f �TY and thus �.x/-linear maps

Tx f W Tx X ! Ty Y ˝�.y/ �.x/ and Jx f D det Tx f W det Tx X ! det Ty Y ˝�.y/ �.x/:

Two bases of Tx X and Ty Y are called compatible with respect to the relative orientation if the determinant
of the linear map that sends one base to the other is an element in the fiber of Hom.det TX ; f

� det TY /

at x which is the image of a square under  [Pauli and Wickelgren 2021, Definition 8]. After choosing
such compatible bases, we can identify the determinant Jx f with an element in �.x/. Thanks to the
requirement of compatibility, it is straightforward to check that the class hJx f i 2 GW.�.x// does not
depend on the bases. We can also define hJx f i without mentioning bases as follows: taking the fiber of
the orientation at x we see that Jx f D g � .t˝ t/ for a certain t 2Lx and g 2 �.x/. Then hJx f i D hgi.

Then the local A1-degree degA1

x .f / of f at x as the class in GW.�.y// of the symmetric K-bilinear
form defined by

(4-1) Tr�.x/=�.y/hJx f i W �.x/� �.x/! �.y/; .a; b/ 7! Tr�.x/=�.y/.Jx ab/:

Finally, for a closed point y 2 Y outside the branch locus of f , one defines the A1-degree degA1

y .f / of f
at y as

degA1

y .f /D
X

x2f �1.y/

degA1

x .f / 2 GW.�.y//:

Remark 4.8 One could argue that equation (4-1) is rather a formula for the local A1 degree [Morel 2006;
Kass and Wickelgren 2021] than a definition.
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Remark 4.9 The (local) A1-degree only depends on the equivalence class of the relative orientation.

Remark 4.10 In the case K DR, the signature of the A1-degree of f WX ! Y is the topological degree
of the restriction of f to the real parts of X and Y . This is clear from the description of the local degree
in equation (4-1) together with the observation that every scaled trace bilinear form C �C ! R has
signature zero.

Definition 4.11 Let f W X ! Y be a relatively oriented finite surjective morphism of nonsingular K-
varieties. If there is an element d 2 GW.K/ such that for every closed point y 2 Y outside the branch
locus we have that

degA1

y .f /D d ˝K �.y/ 2 GW.�.y//;

then we say that degA1

.f / is well-defined and we write degA1

.f /D d .

Remark 4.12 In the situation of Definition 4.11, writing degA1

.f / D d is a slight abuse of notation
since there might be several different d 2GW.K/ satisfying the requirements from Definition 4.11 — for
instance, in the case that Y has no K-rational points.

The degree of a morphism is not always well-defined. An important case where this happens is when
the base of the morphism is A1 chain-connected:

Example 4.13 Let f WX ! Y be as in Definition 4.11.

(1) If Y is A1-chain connected in the sense of [Pauli and Wickelgren 2021, Definition 9], then degA1

.f /

is well-defined by [Pauli and Wickelgren 2021, Theorem 8]. This remains true under the potentially
weaker hypothesis that Y is A1-connected [Kass et al. 2023, §2.5].

(2) If KDR, then it suffices that Y .R/ is connected in the classical topology because the (signature of the)
A1-degree is the Brouwer degree of the map X.R/! Y .R/.

(3) In general degA1

.f / is not necessarily well-defined; see for example [Pauli and Wickelgren 2021,
Example 16].

4.2 Relative Ulrich sheaves and the A1-degree

We now derive a further case when degA1

.f / is well-defined, which is a condition on the relative
orientation rather than on the target. Motivated by Definition 3.1(iii), one makes the following definition.

Definition 4.14 Let f WX ! Y a morphism of schemes. A coherent sheaf F on X is called f -Ulrich if
there exists an integer t > 0 such that f�F ŠO˚t

Y
.

We further recall the following construction of a trace map for differential forms.

Construction 4.15 [Hartshorne 1977, Exercise III.7.2] Let f WX ! Y be a finite surjective morphism of
nonsingular varieties over K. We recall the construction of a natural trace map t W f�!X ! !Y . First
let X D Spec.B/ and Y D Spec.A/ be affine, with dim.X /D dim.Y /D n, and let E D Quot.A/ and
F DQuot.B/ be the fields of fractions. Choose any nonzero ! 2

Vn
�A=K . Then, for any !0 2

Vn
�B=K ,
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there is a b 2 F such that !0 D b �!. The trace map sends !0 to t.!0/D trF=E.b/ �!. Note that while b

is not necessarily in B, we always have that t.!0/ 2
Vn
�A=K . In the general, not necessarily affine case,

the map t is obtained by gluing.

Now let f WX ! Y be a finite surjective morphism of nonsingular K-varieties, relatively oriented by
the isomorphism

 WL˝L!Hom.det TX ; f
� det TY /D !X ˝f

�!�1
Y :

By the projection formula the pushforward of  induces a map

f�L˝f�L! f�!X ˝!
�1
Y :

Tensoring the trace morphism from Construction 4.15 by !�1
Y

, we obtain a morphism f�!X ˝!
�1
Y
!OY ,

which we precompose with the map above to obtain a symmetric OY -bilinear form z W f�L˝f�L!OY .
The following simple lemma can also be seen as a consequence of [Kass et al. 2023, Corollary 3.10], but
we give here a self-contained proof.

Lemma 4.16 Let f W X ! Y be a finite surjective morphism of nonsingular K-varieties , relatively
oriented by the isomorphism

 WL˝L!Hom.det TX ; f
� det TY /:

Let y 2 Y be a closed point outside the branch locus. The class of the fiber of z at y in GW.�.y// is
degA1

y .f /.

Proof Let U � Y an open affine neighborhood of y and V D f �1.U /. Then we have a finite ring
extension A�B, where ADOY .U / and B DOX .V /. If we choose U sufficiently small, then �A=K is
a free A-module and �B=K and M DL.V / are free B-modules. Since y is not in the branch locus of f
we can, after further shrinking U if necessary, assume moreover that �B=K D�A=K ˝A B. Then there
are a1; : : : ; an 2A such that da1; : : : ; dan is an A-basis of �A=K and da1˝1; : : : ; dan˝1 is a B-basis
of �B=K . Let v1; : : : ; vn 2�

_
A=K

and w1; : : : ; wn 2�
_
B=K

be the dual bases so that Tx f .wi/D vi for
all x 2 V, and let t 2M be a generator of M . Then

 .t ˝ t/D g �
�
.da1˝ 1/^ � � � ^ .dan˝ 1/

�
˝ .v1 ^ � � � ^ vn/

for some g 2 B�. Then it follows that hJxi
f i D hg.xi/i. For s1; s2 2M we can write si D hi � t for

i D 1; 2 and hi 2 B. By the definition of z we then have

(4-2) z .s1; s2/D TrB=A.g � h1 � h2/:

Since B˝A �.y/D �.x1/˚ � � �˚ �.xr /, equation (4-2) evaluated at y equals

rX
iD1

Tr�.xi /=�.y/.g.xi/ � h1.xi/ � h2.xi//:
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Therefore, the class of the fiber of z at y equals

rX
iD1

Tr�.xi /=�.y/hg.xi/i D

rX
iD1

Tr�.xi /=�.y/hJxi
f i D

rX
iD1

degA1

xi
.f /D degA1

y .f /;

where we use that hg.xi/i D hJxi
f i.

Passing from z W f�L˝f�L!OY to global sections, we obtain a symmetric bilinear form

x WH 0.Y; f�L/�H 0.Y; f�L/!H 0.Y;OY /:

In the case that H 0.Y;OY /DK, this is a symmetric K-valued bilinear form.

Theorem 4.17 Let f W X ! Y be a finite surjective morphism of nonsingular K-varieties , relatively
oriented by the isomorphism

 WL˝L!Hom.det TX ; f
� det TY /:

If L is f -Ulrich and H 0.Y;OY /DK, then the K-bilinear form

x WH 0.Y; f�L/�H 0.Y; f�L/!K

is nondegenerate. In this case , degA1

.f / is well-defined and is equal to the class of x .

Proof At every y 2 Y , the fiber of a K-basis of H 0.Y; f�L/ is a �.y/ basis of the fiber of f�L at y

because L is f -Ulrich. Therefore, the fiber of z at y is isometric to x ˝K �.y/. Now the claim follows
from Lemma 4.16.

Example 4.18 Let X be a smooth projective curve and f WX ! P1 a finite surjective morphism. Every
relative orientation of f is given by a line bundle of the form LDM.1/, where M is a theta characteristic
on X . Then L is f -Ulrich if and only if h0.M /D 0. In particular, for X D P1 every relative orientation
is given by an Ulrich line bundle.

One has the following converse of Lemma 4.16.

Lemma 4.19 Let f W X ! Y be a finite surjective morphism of nonsingular complete K-varieties ,
relatively oriented by the isomorphism

 WL˝L!Hom.det TX ; f
� det TY /;

and assume that Y is geometrically irreducible. The following are equivalent :

(1) L is f -Ulrich.

(2) The bilinear form x is nondegenerate and , for every closed point y 2 Y , one has

degA1

y .f /D x ˝K �.y/ 2 GW.�.y//:
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Proof Theorem 4.17 proves that .1/ implies .2/. On the other hand, condition .2/ implies that x is
nondegenerate and for y 2 Y ,

dim.H 0.X;L//D rank. x /D rank.degA1

y .f //D deg.f /:

Therefore, by [Hanselka and Kummer 2024, Theorem 4.8], the line bundle L is f -Ulrich.

We conclude this section with two examples showing that the two sufficient conditions for the A1-degree
being well-defined that we have seen here do not imply each other.

Example 4.20 Consider a smooth plane cubic curve X � P2 and let f WX ! P1 be the linear projection
from a point not on X . Then f is relatively oriented by

 WOX .1/˝OX .1/!OX .2/ŠHom.det TX ; f
� det TP1/:

However, the line bundle OX .1/ is not f -Ulrich because it violates part (ii) of Definition 3.1. Since
dim.H 0.X;OX .1//D 3D deg.f /, this implies in particular that x cannot be a nondegenerate bilinear
form. On the other hand, the target P1 is clearly A1-chain connected.

Example 4.21 Assume here that the characteristic of K is not 2 or 3, and consider the smooth sextic
curve X in P3 defined over Q by the two equations

QD x2
1 Cx2

2 �x2
3 and T D x3

0 Cx3
1 Cx3

2 ;

and the smooth cubic curve Y in P2 defined by T . The linear projection from the point Œ0; 0; 0; 1� defines
a finite surjective morphism f WX ! Y of degree two. The ramification divisor of f is the zero divisor
of x3 on X . This shows that

Hom.det TX ; f
� det TY /ŠOX .1/:

Furthermore, the zero divisor of x2 � x3 on X is of the form 2D, where D is an effective divisor of
degree three, because this hyperplane intersects the singular quadric in P3 defined by Q in a line with
multiplicity two. Thus the corresponding line bundle L satisfies L˝LŠOX .1/. In particular, we obtain
a relative orientation

L˝L!Hom.det TX ; f
� det TY /

of f . A calculation with the computer algebra system [Macaulay2] further shows that f�L D O˚2
Y

.
Thus degA1

.f / is well-defined by Theorem 4.17. On the other hand, by Lüroth’s theorem there is no
nonconstant morphism A1!Y and therefore Y is not A1-chain connected (actually not even A1-connected
[Asok and Morel 2011, Corollary 2.4.4]). Let us compute the degree of this map using the method of
Theorem 4.17. The quadratic form x is given by the composition

H 0.X;OX .D//˝H 0.X;OX .D//!H 0.X;OX .2D//
�
�!H 0.X;OX .R//!H 0.Y;OY /;

where the first map is the multiplication map, the second map is given by the linear equivalence between
2D and the ramification divisor RD fx3 D 0g and the last map is the trace. A basis of H 0.X;OX .D//
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is given by the rational functions 1;x1=.x2�x3/ and multiplying them together we obtain the rational
functions 1;x1=.x2 � x3/; .x1=.x2 � x3//

2. These get mapped to the elements .x2 � x3/=x3, x1=x3,
x2

1
=..x2�x3/x3/ in H 0.X;OX .R//, and finally the traces of these are

Tr
�

x2�x3

x3

�
D

x2�x3

x3

�
x2Cx3

x3

D
�2x3

x3

D�2;

Tr
�

x1

x3

�
D

x1

x3

�
x1

x3

D 0;

Tr
�

x2
1

.x2�x3/x3

�
D

x2
1

.x2�x3/x3

�
x2

1

.x2Cx3/x3

D
2x2

1

x2
2
�x2

3

D�2;

where the last equality comes from the identity x2
1
D x2

3
�x2

2
on X . In conclusion, the quadratic form is

given by .�; �/ 7! �2�2� 2�2 so that the A1-degree is h�2iC h�2i.

4.3 Symmetric Ulrich sheaves

Let us first set up some notation. We let S D ��.OPn/ D j̊2Z�.P
n;OPn.j //. If M is a graded

S-module, we denote by zM the sheaf associated to M on Pn. If ' WM ! N is a homomorphism of
graded S-modules, then we denote by z' W zM ! zN the associated morphism of quasicoherent sheaves
on Pn. One has

F D A��.F/

for any quasicoherent sheaf F on Pn; see [Hartshorne 1977, Proposition II.5.15]. Conversely, if M is a
finitely generated graded S-module of depth.M /� 2, one also has M D ��. zM /; see [Eisenbud 2005,
Corollary A.1.13]. This applies in particular when M is Cohen–Macaulay of dimension at least two.

Now let F be an Ulrich sheaf on Pn whose support is a closed subvariety � WX ,! Pn of dimension at
least one. Let us denote the rank of ��F by r and by M D ��.F/ the module of twisted global sections
over S . As explained in Section 3, we can construct from F a matrix 
 .F / obtained from the free
resolution F of M whose entries are linear forms in Plücker coordinates and whose determinant is the
r -th power of the Chow form of X . We now recall from [Eisenbud and Schreyer 2003, §3.1] a condition
for this matrix to be symmetric. Consider the contravariant functor

(4-3) D W G 7! E xtc.G;OPn.�c//;

where c is the codimension of X . If F is Ulrich supported on X , the sheaf D.F/ is again an Ulrich
sheaf with support X and there is a canonical isomorphism ˇ W F!DDF . A morphism � W F!DF is
symmetric if � DD.�/ ıˇ. If such a morphism exists, then a suitable choice of bases makes the matrix

 .F / symmetric; see [Eisenbud and Schreyer 2003, §3.1].

We will now recall a more explicit description of a minimal free resolution of M . To this end recall
the following definition.
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Definition 4.22 Let AD .A1; : : : ;As/ be a tuple of pairwise commuting m�m matrices over a ring R.
We can define on Rm the structure of an RŒt1; : : : ; ts �-module P by letting ti act on Rm via multiplication
with the matrix Ai from the left. Consider the complex P ˝K .t/, where K .t/ is the Koszul complex
of the sequence t D .t1; : : : ; ts/. We can view this complex as a complex of R-modules instead of
RŒt1; : : : ; ts �-modules. The resulting complex of free R-modules is called the Koszul complex associated
to the matrices A1; : : : ;As and we denote it by K .A/. The maps of K .A/ are obtained from the maps
of the Koszul complex K .t/ by replacing every occurrence of ti by Ai for i D 1; : : : ; s.

Let k D n� c be the dimension of X and s0; : : : ; sk 2H 0.Pn;OPn.1// be sections that do not have a
common zero on X . Then the morphism

� WX ! Pk ; x 7! Œs0.x/; : : : ; sk.x/�;

defines a finite surjective morphism. Let s0; : : : ; sn a basis of H 0.Pn;OPn.1// and consider the inclusion

R WDKŒs0; : : : ; sk ��KŒs0; : : : ; sn�D S

of graded polynomial rings. Because F is an Ulrich sheaf, it holds that ��F ŠO˚t

Pk , so that there is an
isomorphism

 WM !Rm

of R-modules, where mD t � deg.X /. Under this identification, multiplication by si can be represented
by an m�m matrix Bi with entries from R1 for i D 0; : : : ; n. Let Ai D si � Im �Bi , where Im is the
m�m identity matrix.

Theorem 4.23 The Koszul complex K .A/ associated to the matrices AkC1; : : : ;An is a minimal free
resolution of M . In particular , we can describe M as the cokernel of the matrix .AkC1j � � � jAn/ and
ExtcS .M;S/.�c/ as the cokernel of .At

kC1
j � � � jAt

n/.

Proof See [Kummer 2016, Proof of Theorem 6.2.5] or [Kummer and Shamovich 2020, Remark 4.8].

Remark 4.24 Since the Koszul complex is self-dual, Theorem 4.23 also implies that a minimal free resolu-
tion of ExtcS .M;S/.�c/ is given by the Koszul complex K .At / associated to the matrices At

kC1
; : : : ;At

n.
This is one way to see that ExtcS .M;S/.�c/ is an Ulrich module.

Corollary 4.25 There is a natural isomorphism

ExtcS .M;S/.�c/Š HomR.M;R/

of S-modules. Here the S-module structure on HomR.M;R/ is defined by .s'/.x/ WD '.sx/ for s 2 S

and x 2M .

Proof Under the identification

 _ WRm
D HomR.R

m;R/! HomR.M;R/;
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multiplication by si on HomR.M;S/ is represented by the m �m matrix Bt
i . Hence the S-module

HomR.M;R/ is isomorphic to the cokernel of .At
kC1
� � �At

n/, which is ExtcS .M;S/.�c/ by Theorem 4.23.
It is straightforward to check that the resulting isomorphism ExtcS .M;S/.�c/!HomR.M;R/ does not
depend on the choice of the R-module isomorphism  WM !Rm.

The next lemma shows that we can work with ExtcS .M;S/ and E xtc.F ;OPn/ interchangeably.

Lemma 4.26 Let N D ExtcS .M;S/ and G DD.F/.

(1) There is a natural isomorphism of coherent sheaves zN Š G.

(2) There is a natural isomorphism of graded S -modules N Š ��.G/.

Proof A minimal free resolution of M gives rise to a free resolution of F of length c. Thus by [Hartshorne
1977, Proposition III.6.5] we can compute E xtc.F ;OPn.�c// as the cokernel of the dual of the last
map of this resolution. This map is induced by the dual of the last map of the resolution of M whose
cokernel is ExtcS .M;S/. This implies part (1). Since N is a twist of an Ulrich module and therefore
Cohen–Macaulay, we have N D ��. zN /, which implies part (2).

Recall that for a finite surjective morphism f WX ! Y of Noetherian schemes the right adjoint functor
of f� (considered as a functor from quasicoherent sheaves on X to quasicoherent sheaves on Y ) can be
described as follows. For a quasicoherent OY -module G the sheaf HomY .f�OX ;G/ is a quasicoherent
f�OX -module. The corresponding quasicoherent OX -module is then f !G. See for example [Hartshorne
1977, Exercise III.6.10].

Lemma 4.27 Let f WX ! Y be a finite surjective morphism of smooth varieties over K. Then f !OY is
a line bundle , which is naturally isomorphic to Hom.det TX ; f

� det TY /.

Proof This is, for example, shown in [Kummer 2016, Remark 2.2.19].

Theorem 4.28 Let F be an Ulrich sheaf on Pn and � W F ! DF an isomorphism. Assume that the
support of F is a closed subvariety � W X ,! Pn of dimension k D dim.X / > 0, and that ��F has
rank one. Let � WX ! Pk be a finite surjective linear projection and U � Pk an open subset such that
V D ��1.U /�X is smooth. Then there is a natural relative orientation

�.�jV / WL˝L!Hom.det TV ; .�jV /
� det TU /

of �jV , where LD .��F/jV .

Proof Corollary 4.25 and Lemma 4.26 imply that there is a natural isomorphism

��.DF/!HomX .�
�F ; � !OPk /:

Precomposing this with the pullback of � under � gives an isomorphism

��.F/!HomX .�
�F ; � !OPk /:
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Because every Ulrich sheaf is Cohen–Macaulay, the restriction .��F/jV is a line bundle on V. Indeed, in
this situation being Cohen–Macaulay implies being locally free by [EGA IV2 1965, Proposition 6.1.5].
Thus restricting to V and tensoring with ��F gives the isomorphism

(4-4) .��F/jV ˝ .��F/jV ! .� !OPk /jV D .�jV /
!OU :

Finally, by Lemma 4.27 we obtain on V the isomorphism

.��F/jV ˝ .��F/jV !Hom.det TV ; .�jV /
� det TU /:

Remark 4.29 One can prove in a similar way that if F is a rank one sheaf on X with an isomorphism
� W F �

�!DF , and such that the restriction FjV is a line bundle L, then L is a relative orientation for
the map �jV W V ! U . This works also when F is not Ulrich. However, when F is Ulrich, the proof of
Theorem 4.28 shows how to compute the A1-degree of the map �jV via Theorem 4.17. We will make
this clear in Theorem 4.32.

Definition 4.30 In the situation of Theorem 4.28 we call �.�jV / the relative orientation induced by � .

Lemma 4.31 If the rank of ��F is one , then every isomorphism � W F !DF is symmetric.

Proof Since F is supported on X , it suffices to prove the pullback of the equality � DD.�/ ıˇ under �.
Let V as in Theorem 4.28. Since V is dense in X , it further suffices to prove the equality on V. As in
equation (4-4) in the proof of Theorem 4.28 the isomorphism � induces an isomorphism

� W .��F/jV ˝ .��F/jV ! .�jV /
!OU

and the condition on � being symmetric translates to the condition that �x.a˝ b/D �x.b˝ a/ for all
x 2 V and a; b 2 .��F/jx . Since .��F/jV is locally free of rank one, there is t 2 .��F/jx and f;g 2OX ;x

such that aD f � t and b D g � t . Then

�x.a˝ b/D fg � �x.t ˝ t/D �x.b˝ a/:

Now we are ready to state the main result of this section.

Theorem 4.32 Let F be an Ulrich sheaf on Pn whose support is a closed subvariety � W X ,! Pn of
dimension k>0 and degree d . Assume that the rank of ��F is one and let � WF!DF be an isomorphism.
There is a symmetric d � d matrix ƒ whose entries are linear forms on

VkC1
H 0.Pn;OPn.1// such that

for all s0 : : : ; sk 2H 0.Pn;OPn.1// it holds that :

(1) The entry-wise evaluation ƒ.s0 ^ � � � ^ sk/ is a singular matrix if and only if the sj have a common
zero on X .

(2) If the sj do not have a common zero on X , let � WX ! Pk be the morphism defined by s0; : : : ; sk

and U � Pk an open subset such that V D ��1.U /�X is smooth. The class of ƒ.s0^ � � � ^ sk/ in
GW.K/ equals degA1

.�jV /, where �jV is relatively oriented by �.�jV /.
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Proof We first note that by Lemma 4.31 the isomorphism � W F !DF is symmetric. Let M D ��.F/
and let

F W 0! Fc
'c
�! Fc�1

'c�1
���! � � �

'2
�! F1

'1
�! F0!M ! 0

be a minimal free resolution of M . We choose any S-basis B0 of F0. The image of B0 under the map
F0!M is sent by � to a generating set of Extc.M;S/.�c/. A preimage of this generating set in the
degree-zero part of HomS .Fc ;S/.�c/ under the natural map HomS .Fc ;S/.�c/! Extc.M;S/.�c/ is
a basis of HomS .Fc ;S/.�c/, and thus of HomS .Fc ;S/. We denote by Bc the dual of this basis, which
is a basis of Fc . We claim that with this choice of bases of F0 and Fc (and any choice of basis of Fi for
0 < i < c) the matrix 
 .F / has the desired properties. We already know that 
 .F / is a d � d matrix
whose entries are linear forms on

VkC1
H 0.Pn;OPn.1// which satisfies (1). It thus remains to show that


 .F / is symmetric and satisfies (2). To this end let s0 : : : ; sk 2H 0.Pn;OPn.1// be sections that do not
have a common zero on X . Then, as in the discussion before Theorem 4.23, the morphism � WX ! Pk

defined by s0; : : : ; sk corresponds to an inclusion of graded polynomial rings

R WDKŒs0; : : : ; sk ��KŒs0; : : : ; sn�D S:

We consider the isomorphism
 WM !Rd

of R-modules which sends the image of B0 under the map F0!M to the standard basis of Rd. We denote
by Bi the representing matrix of multiplication by si with respect to this basis and let Ai D si � Id �Bi ,
where Id is the d � d identity matrix. Further let K .A/ the Koszul complex associated to the matrices
AkC1; : : : ;An. We then have

(4-5) 
 .F / �QD 
 .K .A//;

where Q is the representing matrix of the R-bilinear form on M obtained by composing � W M !

Extc.M;S/.�c/ with the natural isomorphism from Corollary 4.25 with respect to our chosen basis.
Note that Q is a symmetric matrix because � is symmetric which further satisfies

(4-6) QAi DAt
iQ

for all i D kC 1; : : : ; n because � is a homomorphism of S -modules. By Theorem 4.17 and our choice
of relative orientation the class of Q in GW.K/ equals to degA1

.�jV /. Since Q and Q�1 represent the
same class in GW.K/ and by equation (4-5), it now suffices to show that 
 .K .A// �Q�1 is symmetric
and that 
 .K .A//.s0^ � � � ^ sk/D Id . To this end we regard 
 .K .A// as an alternating multilinear map�

H 0.Pn;OPn.1//_
�c
!Matd .K/;

and use the explicit description

(4-7) 
 .K .A//.v1; : : : ; vc/D
X
�2Sc

sgn.�/ �AkC�.1/.v1/ � � �AkC�.c/.vc/;
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where v1; : : : ; vc 2H 0.Pn;OPn.1//_; see [Kummer 2016, Example 6.1.4]. Equation (4-7) together with
equation (4-6) now imply


 .K .A//.v1; : : : ; vc/ �Q
�1
D

X
�2Sc

sgn.�/ �AkC�.1/.v1/ � � �AkC�.c/.vc/ �Q
�1

D

X
�2Sc

sgn.�/Q�1
�At

kC�.1/.v1/ � � �A
t
kC�.c/.vc/

DQ�1
 .K .A//t .v1; : : : ; vc/:

This shows that 
 .K .A// �Q�1 is symmetric. Letting s_
0
; : : : ; s_n be the dual basis of s0; : : : ; sn we

further have


 .K .A//.s0 ^ � � � ^ sk/D 
 .K .A//.s_kC1; : : : ; s
_
n /

D

X
�2Sc

sgn.�/ �AkC�.1/.s
_
kC1/ � � �AkC�.c/.s

_
kCc/D Id ;

since AkCi.s
_
kCj

/D ıij � Id . This concludes the proof.

Example 4.33 Consider the rational normal curve � W P1 ,! Pn of degree n and the symmetric Ulrich
sheaf F D ��.OP1.n� 1//. Theorem 4.32 gives an n� n matrix ƒ whose entries are linear forms onV2

KŒx0;x1�n such that for all binary forms p; q 2KŒx0;x1�n we have:

(1) ƒ.p^ q/ has full rank if and only if p and q are coprime.

(2) If p and q are coprime, then the A1-degree of the map

 W P1
! P1; .x0 W x1/ 7! .p.x0;x1/ W q.x0;x1//;

relatively oriented by an isomorphism

OP1.n� 1/˝OP1.n� 1/DOP1.2.n� 1//Š !P1 ˝ �!�1
P1

is given by ƒ.p^ q/.

This resulting matrix ƒ.p^ q/ is the so-called Bézout matrix of p and q. Its connection to A1-homotopy
theory has already been observed in [Cazanave 2012].

Example 4.34 Consider the elliptic curve .E;O/ with Weierstrass equation

y2
D x3

�x

over a field K with char.K/D 0. Letting P0 D .0; 0/ and P�1 D .�1; 0/, the line bundle L associated
with the divisor P�1�P0 is 2-torsion. We consider the embedding of � WE!P3 via the linear system W

spanned by .s0; s1; s2; s3/ D .1;x;y;x
2/. The sheaf F D OP3.1/˝ ��L is a symmetric Ulrich sheaf.
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From its free resolution we obtain the symmetric matrix

ƒD

0BB@
�x23Cx12Cx02 x23�x12�x02 x13Cx03 x03Cx01

x23�x12�x02 x12Cx02 �x03 �x01

x13Cx03 �x03 x23Cx12 x02

x03Cx01 �x01 x02 x02

1CCA ;
from which we can read off the A1-degree of maps  WE!P1 given by two elements of W and relatively
oriented by an isomorphism

L.1/˝L.1/Š !E ˝ 
�!�1

P1 :

Here xij denotes the linear form on
V2

W that evaluates on sk ^ sl to 1 if .i; j / D .k; l/, and to 0 if
fi; j g ¤ fk; lg. For instance, the map defined by

E! P1; .x;y/ 7! .1 W x2/;

has x03 D 1 and all other Plücker coordinates zero. Thus its A1-degree equals0BB@
0 0 1 1

0 0 �1 0

1 �1 0 0

1 0 0 0

1CCAŠ 2 � .h1i h�1i/:

On the other hand, the map defined by

E! P1; .x;y/ 7! .y W .2xC 1/.x� 2//;

has x02 D 2, x12 D 3, x23 D 2 and all other Plücker coordinates zero. Thus its A1-degree equals0BB@
3 �3 0 0

�3 5 0 0

0 0 5 2

0 0 2 2

1CCAŠ 2 � .h3iC h2i/:

5 Secant varieties of curves

In this section we prove some cohomological statements on the secant variety that we will need later to
construct Ulrich bundles. Furthermore, we define Viro frames on (the desingularization of) the secant
variety.

5.1 Symmetric products of curves

We recall some preliminaries on symmetric products of curves, their tautological bundles and the connec-
tions to secant varieties. Unless we give another reference, the statements made in this section can be
found in [Ein et al. 2020, §3]. If C is a curve, we will denote by Cn its n-th symmetric product. It can
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be considered as the quotient � W C n! Cn with respect to the natural Sn-action. This is a nonsingular
projective variety of dimension n that parametrizes effective divisors of degree n on C . The addition map

� W C �Cn�1! Cn; .x;D/ 7! xCD;

makes C �Cn�1 into the universal family over Cn: the fiber over D 2 Cn is naturally isomorphic to the
subscheme D � C . If L is a line bundle on C we can pull it back to the universal family C �Cn�1 and
then pushforward to define the tautological bundle En;L D �� pr�

C
L. The sheaf En;L is a vector bundle

of rank n on Cn whose fiber at D can identified with H 0.C;L˝OD/. Here OD denotes the structure
sheaf of D considered as subscheme of C .

Definition 5.1 A line bundle L on C is called k-very ample if

h0.C;L˝OC .�D//D h0.C;L/� .kC 1/

for all effective divisors D of degree kC 1.

Remark 5.2 A line bundle L is 0-very ample if and only if it is globally generated, and it is 1-very ample
if and only if it is very ample. If k > 1, then L is k-very ample if and only if it induces an embedding
'L W C ,! Pn such that any, possibly coincident, kC 1 points on C span a k-plane in P r.

Remark 5.3 A line bundle L is 3-very ample if and only if its complete linear system induces an
embedding 'L W C ,! Pn such that the secant variety †D†.C;L/ of 'L.C / is identifiable. This means
that any point in † n'L.C / is contained in a unique secant line. Indeed, two secant lines `.p1;p2/ and
`.p3;p4/, with pi 2 C meet, if and only if the points p1; : : : ;p4 span a 2-plane.

We have H 0.C;L/DH 0.Cn;En;L/. Further, if the line bundle L is .n�1/-very ample, then En;L is
globally generated. Thus in this case there is a surjective map

evL WH
0.C;L/˝OCn

!EL

of vector bundles on Cn which is an isomorphism on global sections.

5.2 Line bundles on the symmetric product

We now define some line bundles on Cn and describe their relations to each other. More precisely, to any
line bundle L on C we can associate two line bundles on Cn. Firstly, the line bundle Nn;L on Cn is defined
as the determinant of EL. We write OCn

.ı/DN _OC
, and ı is the corresponding divisor class. Further,

on the direct product C n we have the line bundle L� n D pr�
1

L˝ � � �˝ pr�n L. Since L� n is invariant
under permuting the components, it descends to a line bundle Sn;L on Cn satisfying ��SL ŠL�n and
the induced map

Pic.C /! Pic.Cn/; L 7! Sn;L;

is a group homomorphism. For a closed point P 2 C we have the divisor SP D P CCn�1 � Cn and the
associated line bundle is precisely SOC .P/. Extending this linearly, we can define the divisor SD on Cn
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for every divisor D on Cn. The associated line bundle of SD is SOC .D/ and we will use both notations
interchangeably. Finally, a distinguished divisor on Cn is the locus �� Cn of all nonreduced divisors,
and for any line bundle L on C we set An;L D Sn;L.��/ as in [Ein et al. 2021]. The following lemma
summarizes the relations of these line bundles and divisors to each other.

Lemma 5.4 Letting OCn
.ı/D det E_n;OC

, we have:

(a) OCn
.2ı/ŠOCn

.�/.

(b) Nn;L˝OCn
.ı/Š Sn;L for every line bundle L on C .

(c) The cotangent vector bundle is �1
Cn
ŠEn;!n

and the canonical line bundle on Cn is !Cn
ŠNn;!C

.

The cohomology of these line bundles is known:

Lemma 5.5 Let L and M be line bundles on C . Then we have isomorphisms

H i.Cn;Nn;L/Š
Vn�i

H 0.C;L/˝Symi H 1.C;L/;

H i.Cn;Sn;L/Š Symn�i H 0.C;L/˝
Vi

H 1.C;L/;

H i.Cn;En;M ˝Sn;L/ŠH 0.C;L˝M /˝Symn�1�i H 0.C;L/˝
Vi

H 1.C;L/

˚H 1.C;L˝M /˝Symn�i H 0.C;L/˝
Vi�1

H 1.C;L/:

Proof The first two follow from the discussion after [Krug 2018, Proposition 6.3]. For the last one, we can
use the same strategy as in [Agostini 2024, Lemma 4.4] and use the universal family � W Cn�1�C ! Cn.
By definition of En;L and by the projection formula En;M ˝ Sn;L Š ��.pr�

C
M ˝ ��Sn;L/. Since

the map � is finite, it also follows that H i.Cn;En;M ˝Sn;L/ŠH i.C �Cn�1; pr�
C

L˝ ��Sn;M /. To
conclude, it is enough to observe that ��Sn;M Š pr�

C
.M /˝ pr�

Cn�1
Sn�1;M and use the formulas for

H i.Cn�1;Sn�1;M /.

5.3 Secants and Viro frames

Let L be a 3-very ample line bundle on the curve C and � WC ,! P .H 0.C;L/_/D P r the corresponding
embedding. The fact that L is 3-very ample means precisely that no four (possibly coincident) points on
C are contained in a plane in P r . In this section we recall some observations on the projective space
bundle B D P .E2;L/, where EL is the tautological bundle on C2 defined in Section 5. Since EL is
globally generated, we have a natural identification

B D f.p;xCy/ 2 P r
�C2 j p 2 `.xCy/g;

where `.xC y/ � P r denotes the line in P r spanned by the subscheme xC y of C . We consider the
projections

p W B! C2 and " W B!†;
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where † is the secant variety of �.C / � P r . If L is 3-very ample, then the map " is an isomorphism
outside of C ¨† and we denote the preimage of C by E. In this case we can identify E with C �C via

C �C ! B; .x;y/ 7! .�.x/;xCy/:

In particular, the fiber of " over x 2C is naturally identified with fxg�C . Now we would like to compute
the class of the divisor E, but instead of working with classes, we will introduce some explicit rational
functions, that will be useful later on.

Let z0; z1 be two linearly independent global sections of OP r .1/. Let H1 � P r be the hyperplane
H1 D fz0 D 0g. This pulls back to the effective divisors D D ��.H1/ on C and H D "�.H1/ on B.
Note that LŠOC .D/ and OB.1/ŠOB.H /. Consider the rational functions q D z1=z0 on P r , f D ��q
on C and h D "�q on B. Write f1 D f ˝ 1 and f2 D 1˝ f , which are rational functions on C �C .
Further, we let g1 D f1 C f2 and g2 D f1 � f2. These are rational functions on C2, since they are
S2-invariant. Finally, we denote by z� the closure in C2 of the set

fxCy j x;y 2 .C nD/;x ¤ y; f .x/D f .y/g:

Lemma 5.6 Consider the rational function G D p�g2�p�g1 � hC h2 on B. Its divisor is

div.G/DECp�.2z��SD/� 2H:

Proof A point on B has the form .z;xC y/, where z is a point on the line spanned by �.x/ and �.y/.
Thus G evaluated at this point is

(5-1) G D f1.x/ �f1.y/�
�
f1.x/Cf2.y/

�
� h.z/C h.z/2

D
�
f1.x/� h.z/

��
f2.y/� h.z/

�
D
�
q.�.x//� q.z/

��
q.�.y//� q.z/

�
:

Since z is on the line spanned by �.x/ and �.y/, we find that f .x/Df .y/ implies q.z/Dq.�.x//Dq.�.y//.
This means that G vanishes of order 2 along p�.z�/. If instead f .x/¤f .y/, then G vanishes on .z;xCy/

if and only if z D �.x/ or z D �.y/, which means that .z;xC y/ lies on E. This shows that the zero
divisor of G is ECp�.2z�/. Finally, G has a pole of order 2 whenever z lies on H1, and an ordinary
pole whenever �.x/ or �.y/ lies on H1. This shows that the pole divisor of G is p�.SD/C 2H .

Lemma 5.7 The divisor of the rational differential 2-form dg1 ^ dg2 on C2 is Sdiv.df /�SD C
z�.

Proof One computes that

(5-2) dg1 ^ dg2 D .f1�f2/ � .df1 ^ df2/:

The divisor of this rational differential 2-form on C�C is�CC�
�.Sdiv.df /�SDC

z�/, where�C �C�C

is the diagonal. Now the claim follows from the fact that �C is the ramification divisor of � .
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Now, fix some rational differential ! on C . Then there is a rational function t on C such that !D t �df .
Let t1 D t ˝ 1 and t2 D 1˝ t , and consider the rational function F D t1t2 on C2. Define at this point the
rational 3-form on B

(5-3) �.q; !/ WD p�
�

F

G
� .dg2 ^ dg1/

�
^ dh:

Lemma 5.8 The divisor of the form �.q; !/ is

(5-4) div�.q; !/D p�.Sdiv.!//�E:

Proof By Lemma 5.7 the divisor of the rational differential 2-form F � .dg1 ^ dg2/ on C2 is Sdiv.!/�

SD C
z�. If the differential dh is defined and nonzero at a point .z;xC y/ on B, then it is in the span

of dg1 and dg2 at this point if and only if f .x/ D f .y/. Thus the divisor of the differential 3-form
F � .dh^ dg1 ^ dg2/ is

p�.div.F � .dg1 ^ dg2///Cp�.z�/� 2H D p�.Sdiv.!/�SD C 2z�/� 2H:

Combining this with Lemma 5.6, we conclude.

Remark 5.9 In particular, this computes one canonical divisor of B as KB D p�SKC
�E. Using the

formula KB � p�.KC2
/C .p�NL/� 2H for the canonical class of the projective bundle p W B! C2,

we can also compute that E � 2H �p�.SD ��/, where D is any divisor such that OC .D/ŠL.

The differential 3-form �.q; !/ depends a priori on the choice of the rational function q D z1=z0

on P r and on the differential ! on C . Letting !0 D t 0 �! be another differential, we get that

(5-5) �.q; !0/D p�.t 0˝ t 0/ ��.q; !/;

where we see t 0˝ t 0 as a rational function on C2. Equation (5-5) shows, in particular:

Corollary 5.10 If !0 differs from ! only by a scalar or by the square of a rational function , then �.q; !0/
differs from �.q; !/ only by a square.

Next we will show that�.q; !/ does not depend on q. Equation (5-4) shows that the divisor of�.q; !/
does not depend on q. Therefore, it suffices to evaluate �.q; !/ at one basis of the tangent space of B at
one point, and show that the result does not depend on the choice of q. To this end let a; b be two distinct
points of C where ! does not have a zero or a pole, and let z 2 `.a; b/ n fa; bg be a point on the line
spanned by them. Then set QD .p; aC b/. Since a¤ b, the differential

T.a;b/.�/ W Ta C �Tb C ! TaCb C2

is an isomorphism. Further, let F D `.aC b/ be the fiber of p W B! C2 over aC b. There is a unique
isomorphism  W P1 ! F that satisfies  .1 W 0/ D �.a/,  .1 W 1/ D z and  .0 W 1/ D �.b/. Via the
differentials T.a;b/.�/ and T.1W1/. / we obtain the short exact sequence of tangent spaces

0! T.1W1/ P1
! TQ B! Ta C �Tb C ! 0;
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whose determinant gives the isomorphism

‰ W Ta C ˝T.1W1/ P1
˝Tb C !

V3 TQ B:

Let v 2 Ta C and w 2 Tb C vectors on which ! evaluates to one. Let x0;x1 be the homogeneous
coordinates on P1, let t D x1=x0 and u2T.1W1/ be the vector on which dt evaluates to one. Now consider

‰.v˝u˝w/ 2
V3 TQ B:

Besides the choice of the differential !, the construction depends a priori on the choice of the preimage
.a; b/ of aC b under � . However, choosing the other preimage, we obtain

‰.w˝ .�u/˝ v/D‰.v˝u˝w/:

Thus ‰.v˝u˝w/ is independent of this choice.

Definition 5.11 We call

V.!;Q/ WD‰.v˝u˝w/ 2
V3 TQ B

the !-Viro frame at Q.

Now we evaluate �.q; !/ at V.!;Q/. We can write

s WD q ı D
˛t Cˇ


 t C ı

for some scalars ˛; ˇ; 
 and ı. Using equations (5-1) and (5-2) we calculate that the evaluation of�.q; !/
at V.!;Q/ equals the evaluation of

q.�.a//� q.�.b//

.q.�.a//� q.p//.q.�.b//� q.p//
ds D

s.1 W 0/� s.0 W 1/

.s.1 W 0/� s.1 W 1//.s.0 W 1/� s.1 W 1//
ds

at u. On the one hand we have

s.1 W 0/� s.0 W 1/

.s.1 W 0/� s.1 W 1//.s.0 W 1/� s.1 W 1//
D
.
 C ı/2

˛ı�ˇ

;

and on the other hand one calculates

ds D
˛.
 t C ı/� 
 .˛t Cˇ/

.
 t C ı/2
dt;

which evaluates at u to .˛ı�ˇ
 /=.
 C ı/2. Thus we have proven the following.

Theorem 5.12 The differential 3-form �.!/ WD�.q; !/ does not depend on the choice of q. At every
!-Viro frame it evaluates to 1.
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5.4 Some cohomology

Now we prove some technical cohomological vanishing statements that we will use to construct an Ulrich
sheaf on the secant variety.

Suppose again that � W C ,! P .H 0.C;L/_/D P r is an embedding by a 3-very ample line bundle. Let
† be the secant variety and

C2
p
 � B

"
�!†

as before. We take a vector bundle F on C2 and we consider the induced sheaf "�p�G on †. Our lemma
allows to transfer the cohomology of this sheaf from † to B:

Lemma 5.13 Assume that

H 1.fxg �C; ��F jfxg�C /D 0 for all x 2 C;

or equivalently, that H 1.xCC;FjxCC /D 0 for all x 2 C . Then

H j .†; "�p
�F ˝OPn.i//ŠH j .B;p�F ˝OB.i// for all i; j:

Proof Suppose R1"�p
�F D 0. Since " WB!† has fibers of dimension� 1, the Leray spectral sequence

together with the projection formula shows that H i.B;p�F ˝OB.s//ŠH i.†; "�p
�F ˝O†.q// for

all i � 0. To prove that R1"�p
�F D 0 we follow an argument of [Ullery 2016] and [Ein et al. 2020]

that we repeat here. Consider the fiber "�1.x/ over x 2 C , and let I D I"�1.x/=B be its sheaf of
ideals on B. Then the Theorem of Formal Functions proves that the vanishing R1"�p

�F follows from
H 1.B;p�F ˝OB=Ik/D 0 for all k � 1. Looking at the sequences

0! Ik=IkC1
!OB=IkC1

!OB=Ik
! 0;

it is enough to show that H 1.B;p�F ˝ Ik=IkC1/D 0 for all k � 0. Now, we know that in our case
"�1.x/ is a smooth subvariety of the smooth variety B, hence it is a locally complete intersection,
so that the sheaf Ik=IkC1 is naturally isomorphic to the symmetric power of the conormal bundle
Symk.I=I2/Š Ik=IkC1. In summary, we are left to prove the vanishings

H 1."�1.x/; .p�F j"�1.x/˝Symk.I=I2//D 0 for all k � 0:

Now we identify the pieces in our situation: we know from before that the fiber is identified with
fxg�C �C�C , and [Ullery 2016, Lemma 2.3] shows that I=I2ŠOC˚L.�2x/, hence Symk.I=I2/ŠLk

hD0.L.�2x//˝h. Since we are assuming that L is 3-very ample, it must be that h0.C;L/� 3, so that
L.�2x/ is effective. Thus, all the vanishings that we need are implied by the single vanishing

H 1."�1.x/; .p�F j"�1.x//D 0:

With the identification of "�1.x/ with fxg �C , this is exactly the vanishing in our assumption.
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Now, we want to look for an Ulrich sheaf of the form

F D "�p�F ˝OPn.t/

for a certain t 2 Z.

Lemma 5.14 Let F be a vector bundle on C2 and let t 2 Z be such that

(1) H 1.xCC;FjxCC /D 0 for all x 2 C ,

(2) H i.C2;F ˝S t�iE2;L/DH i�1.C2;F ˝S t�iE2;L/D 0 for 1� i � 3 and i � t ,

(3) H i.C2;F
_˝S2�i�tE2;L˝A2;!C˝L/D 0 and H i�1.C2;F

_˝S2�i�tE2;L˝A2;!C˝L/D 0

for 1� i � 3 and i � 2� t .

Then F D "�p�F ˝OPn.t/ is an Ulrich sheaf on † of rank equal to the rank of F .

Proof Condition (1) and Lemma 5.13 show that the conditions for being Ulrich are equivalent to

H i.B;p�F ˝OB.t � i//DH i�1.B;p�F ˝OB.t � i//D 0 for 1� i � 3:

We compute these via the Leray spectral sequence for p W B! C2. The projection formula gives that
Rap�.p

�F˝OB.t�i//DF˝Rap�OB.t�i/ for all a, and [Hartshorne 1977, Exercise III.8.4] shows that

Rap�OB.t � i/Š

8<:
S t�iE2;L if aD 0 and i � t;

S i�t�2E_
2;L
˝N _

2;L
if aD 1 and i � t C 2;

0 otherwise,

and then the Leray spectral sequence shows that the conditions for being Ulrich are equivalent to the
following vanishings for 1� i � 3:

H i.C2;F ˝S t�iE2;L/DH i�1.C2;F ˝S t�iE2;L/D 0 when i � t;

H i�1.C2;F ˝S i�t�2E_2;L˝N _2;L/DH i�2.C2;F ˝S i�t�2E_2;L˝N _2;L/D 0 when i � t C 2:

To get the conditions that we are looking for, we can apply Serre duality, together with the observation
that !C2

ŠN2;!C
.

We can also control the effect of duality:

Lemma 5.15 Let F be a vector bundle on C2 such that H 1.CCx;F /DH 1.CCx;F_˝A2;L˝!C
/D 0

for all x 2 C , and let F Š "�p�F ˝OP r .t/ for one t 2 Z. Then

D."�p
�F ˝OP r .t//Š "�p

�.F_˝A2;L˝!C
/˝OP r .2� t/:

Proof The hypothesis implies that R1"�.p
�F / D R1"�.p

�F_ ˝A2;!C˝L/ D 0 as in the proof of
Lemma 5.13. Now we use Grothendieck duality: define f W B! P r as the composition B!† ,! P r .
If G is a vector bundle on B, then

D."�G/D Extr�3
P r .f�G;OP r .3� r//

by definition. In particular, assume that R1f�GD 0, so that f�GŠRf�G in the derived category Db.P r /.
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Then Grothendieck duality [Huybrechts 2006, Theorem 3.34] gives an isomorphism in Db.P r /:

RHomP r .f�G;OP r .3� r//Œr � 3�ŠRf�RHomB.G; f �OP r .3� r/˝!B˝f
�!_P r /

ŠRf�RHomB.G; !B˝OB.4//

ŠRf�RHomB.G;p�.SL˝!C
.��//˝OB.2//

ŠRf�.G_˝p�.SL˝!C
.��//˝OB.2//;

where we used the fact in Remark 5.9 that !B Š p�.SL˝!C
.��//˝OB.2/. Since R1"�p

�F D 0, we
can apply this reasoning to G D p�F , and we obtain

RHom.f�p�F;OP r .3� r//Œr � 3�ŠRf�.p
�.F_˝A2;L˝!C

//˝OP r .2/

Š "�.p
�.F_˝A2;L˝!C

//˝OP r .2/;

where the last isomorphism comes from the fact that R1"�.p
�.F_˝A2;L˝!C

//D 0. If we tensor both
sides by OP r .�t/, we get what we want.

Now we can finally construct Ulrich sheaves on the secant variety:

Theorem 5.16 Let ˛ be a line bundle on C such that H 0.C; ˛/ D H 1.C; ˛/ D 0. Then the coherent
sheaf

F D "�p�A2;L˝˛

is an Ulrich sheaf of rank one on †. If , furthermore , ˛ is a theta characteristic , meaning that ˛˝˛Š !C ,
then this is a symmetric Ulrich sheaf of rank one on †.

Proof To prove that the sheaf is Ulrich, we check the conditions of Lemma 5.14 for F DA2;L˝˛ . The
first condition, H 1.xCC;A2;L˝˛ jxCC /D 0 for each x 2 C , becomes H 1.C; ˛˝L.�2x//D 0 for all
x 2 C . Since h0.C;L/ � 3 we see that L.�2x/ is effective, and since H 1.C; ˛/ D 0, it follows that
H 1.C; ˛˝L.�2x//D 0 as well. Observe that in the notation of Lemma 5.14, we have t D 0, so that
the second condition is empty. For the third condition we have to check some cohomology vanishings,
which in our case are

H 0.C2;S2;!C˝˛_ ˝E2;L/DH 1.C2;S2;!C˝˛_ ˝E2;L/D 0;

H 1.C2;S2;!C˝˛_/DH 2.C2;S2;!C˝˛_/D 0:

By Serre duality, we know that H 0.C; !C ˝˛
_/DH 1.C; !C ˝˛

_/D 0 and then the above vanishings
follow from the formulas in Lemma 5.5. This proves that F is Ulrich. We can also compute D.F/ using
Lemma 5.15: the other condition that we need to check is that H 1.xCC;A2;L˝.!C˝˛_//D 0 for all
x 2 C , but this can be proven as in the beginning of this proof. Then Lemma 5.15 shows that

D.F/Š "�p�S2;!C˝˛_ ˝OP r .2/:
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To conclude, we will show that this is isomorphic to "�p�.A2;!c˝˛_/, so that if ˛ is a theta characteristic,
we are done thanks to Lemma 4.31. We see that

"�p
�S2;!C˝˛_ ˝OP r .2/Š "�.p

�.S!˝˛_/˝OB.2//Š "�.p
�A2;L˝!C˝˛_ ˝OB.E//;

where the last isomorphism comes from Remark 5.9. Now consider the exact sequence on B

(5-6) 0! p�A2;L˝!C˝˛_ ! p�AL˝!C˝˛_ ˝OB.E/! p�AL˝!C˝˛_ ˝OE.E/! 0;

and observe that under the isomorphism C �C !E given by .x;y/ 7! .�.x/;xCy/ it holds that

p�AL˝!C˝˛_ ˝OE.E/Š p�.S!C˝˛_/˝OE.2/Š pr�1.L
˝2
˝!C ˝˛

_/˝ pr�2.!C ˝˛
_/;

and since the composition C �C !E
f
�! P r is identified with the first projection C �C ! C , we see

that
Rf�.p

�AL˝!C˝˛_ ˝OE.E//ŠRpr1�.pr�1.L
˝2
˝!C ˝˛

_/˝ pr�2.!C ˝˛
_//

Š .L˝2
˝!C ˝˛

_/˝Rpr1� pr�2.!C ˝˛
_/D 0;

where the last equality comes from Grauert’s theorem, together with the fact that !C ˝ ˛
_ has no

cohomology. At this point equation (5-6) shows that "�.p�AL˝˛0 ˝O.E//Š "�.p�AL˝˛0/.

Remark 5.17 Looking at the proofs in this section, we see that we do not need the full assumption
of 3-very ampleness. What is actually needed is that R1"�p

�.AL˝˛/ D 0 along the map " W B ! †.
For example, the proof of Lemma 5.13 shows that this holds whenever the map " W B ! † has only
zero-dimensional fibers over † nC . Geometrically, this means that there are no infinitely secant lines
passing through a point x 2 P r nC .

5.5 Rational normal curves

In the case of rational normal curves, we can also find Ulrich sheaves of higher rank. Thus, we now
let C D P1 and L D OP1.n/, with n � 3. Recall that in this case there is a natural identification of
the second symmetric product .P1/2 with a projective space P2, so that the divisors xCC � C2 are
lines in P2 and the locus of nonreduced divisors � � .P1/2 is a smooth conic. In particular, we see
that S2;OP1 .d/ ŠOP2.d/ and O.P1/2

.ı/ŠOP2.1/. We also recall that the quotient bundle Q on P2 is
defined by the Euler exact sequence

(5-7) 0!OP2.�1/!O˚3
P2 !Q! 0;

and furthermore, QŠ TP2.�1/.

Theorem 5.18 With the previous notation , the coherent sheaf

Fn D "�p
�.Sn�2Q˝OP2.�1//˝OPn.1/

is an Ulrich sheaf of rank n � 1 on the secant † of the rational normal curve in Pn. Furthermore ,
D.Fn/Š Fn.
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Proof To prove the sheaf is Ulrich, we check the conditions of Lemma 5.14 for F DSn�2Q˝OP2.�1/.
We first observe that in this case

(5-8) F_˝A2;!C˝L Š Sn�2Q_˝OP2.1/˝OP2.n� 4/Š Sn�2Q˝OP2.�1/Š F;

where the last isomorphism comes from the fact that Q is a rank-two bundle of determinant OP2.1/, so
that Q_ ŠQ˝OP2.�1/. Now we check the conditions of Lemma 5.14: for the first condition, we show
that H 1.`;Fj`/D 0 for every line in P2, and this follows from the fact that Qj` ŠO`˚O`.1/ for every
line, so that Fj` ŠO`.�1/˚O`˚ � � �˚O`.n� 3/.

For the other conditions, we observe that in the notation of Lemma 5.14, we have t D 1, so that, thanks
to equation (5-8), we are reduced to the two vanishings

H 0.P2;Sn�2Q.�1//DH 1.P2;Sn�2Q.�1//D 0;

which hold because the bundle Sn�2Q.�1/ has no cohomology. This last statement follows from Borel–
Weil–Bott in characteristic zero, but there is an easier proof valid in all characteristics, for which we thank
Claudiu Raicu: taking symmetric powers in the exact sequence (5-7), we obtain another exact sequence

0! Sn�3.O˚3

P2 /˝OP2.�2/! Sn�2.O˚3

P2 /˝OP2.�1/! Sn�2Q˝OP2.�1/! 0;

and since the line bundles OP2.�1/ and OP2.�2/ have no cohomology, the statement follows. This
proves that Fn is Ulrich. The fact that D.Fn/Š Fn follows from Lemma 5.15 and equation (5-8).

6 The arithmetic writhe
6.1 An algebraic orientation on B n E

We use the notation from Section 5.3. Namely, let L be a 3-very ample line bundle on the curve C over
the field K and � WC ,! P .H 0.C;L/_/D Pn be the corresponding embedding. We have the tautological
projective bundle p W B! C2, i.e., B D P .E2;L/ where E2;L is the tautological bundle (see Section 5)
on the second symmetric power C2 of C , and the projection " WB!† to the secant variety † of C . The
latter is an isomorphism outside the preimage E of C . Let ˛ be a theta characteristic on C such that
H 0.C; ˛/D 0. We have seen in Theorem 5.16 that this defines a symmetric Ulrich sheaf of rank one
on †, and consequently a relative orientation as in Theorem 4.28. We will now make this concrete and
explain how ˛ defines an algebraic orientation on B nE, even when ˛ has sections. To that end recall
from Remark 5.9 that the canonical bundle on B is given by

p�.S2;!C
/˝OB.�E/Š p�.S2;˛/˝p�.S2;˛/˝OB.�E/:

This implies that !BnE is isomorphic to the restriction of p�.S2;˛/˝ p�.S2;˛/. Thus p�.S2;˛/jBnE

is a theta characteristic on B nE. In order to even define an algebraic orientation on B nE, choose an
isomorphism � W ˛˝˛! !C for now. Let � be a rational section of ˛ and let ! D �.� ˝ �/. Let � be a
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rational section of p�.S2;˛/ with divisor Sdiv.�/. Then by equation (5-4) an isomorphism

 W p�.S2;˛/jBnE ˝p�.S2;˛/jBnE! !BnE

can be defined by mapping �˝ � to the differential 3-form �.!/ from Theorem 5.12. Note that by
Corollary 5.10 another choice of � , � and � would lead to an equivalent algebraic orientation. Therefore,
we can call  the algebraic orientation induced by ˛.

6.2 An arithmetic count of secant lines

Let x0; : : : ;x3 be the homogeneous coordinates on P3 and x D x1=x0, y D x2=x0 and z D x3=x0. We
consider on P3 the algebraic orientation defined by the rational differential 3-form dx^dy^dz (meaning
that we choose an isomorphism for which this 3-form is the image of a square). Now let � W C ,! P3 be
an embedded curve over K such that LD ��OP3.1/ is 3-very ample. Geometrically, this means that C is
the isomorphic image via a linear projection of a curve C � P r such that no four points on C lie on a
plane in P r.

Let ˛ be a theta characteristic on C and let †� P r be the secant variety to C . Composing the map
p W B!† with a suitable projection and restricting to B nE, we obtain the finite surjective morphism
p0 W B nE! P3 nC . The algebraic orientation on B nE induced by ˛ together with our fixed algebraic
orientation on P3 define a relative orientation of p0 and since P3 is A1-chain connected we have that
degA1

.p0/ is well-defined; see [Pauli and Wickelgren 2021, Theorem 9] applied to the proper map
B! P3.

Definition 6.1 We define the arithmetic writhe of the 3-very ample curve C semi-oriented by ˛ as
w.C; ˛/ WD degA1

.p0/.

Remark 6.2 The arithmetic writhe is the result of an arithmetic count of secant lines S to C passing
through a given point q 2 P3 nC . Indeed, such secant lines are in bijection to points qS in the preimage
of q under p0. We define the local writhe wq;S .C; ˛/ at such a secant to be the local A1-degree degA1

qS
.p0/.

The sum of the local writhe over all secants that contain a point q is independent of q and equals
w.C; ˛/. Note that w.C; ˛/ does, however, depend on the embedded curve C (and ˛), as for example
Proposition 6.6 shows.

We now describe how to compute the local writhe explicitly. By Theorem 5.12 wq;S .C; ˛/ can be
computed by evaluating dx^dy^dz (or any other differential 3-form that differs from this by the square
of a rational function) at the !-Viro frame at qS , where ! is any differential on C whose divisor is of
the form 2D, where D is a divisor whose line bundle is ˛. More precisely, we choose tangent vectors
u 2 Tq S , v 2 Ta C and w 2 Tb C as in Definition 5.11. Namely, v 2 Ta C and w 2 Tb C are chosen in a
way that ! evaluates to one in v and w. After identifying the secant S with P1 sending a to .1 W 0/, b to
.0 W 1/ and q to .1 W 1/, the tangent vector u is chosen in a way that dt evaluates to one in u. Then write
u; v and w as vectors zu; zv and zw with respect to the basis given by dx, dy and dz. The local writhe then
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is equal to

wq;S .C; ˛/D TrF=K

*
det

0@ j j jzv zu zw

j j j

1A+ ;
where F is the field of definition of S .

Remark 6.3 The above description of the arithmetic writhe as a sum of local writhe numbers shows that
in the case K DR it agrees with the encomplexed writhe number introduced by Viro [2001]. Realizing it
as the degree of a morphism gives another proof that the encomplexed writhe number does not depend on
the choice of the center of projection.

Example 6.4 Let K a field with char.K/ ¤ 2 and consider the rational curve C � P3 of degree four
defined as the image of

' W P1
! P3; .r W s/ 7! .r4

W r3s W rs3
W s4/:

In the following, every (local) writhe number will be computed with respect to the unique theta character-
istic on C Š P1 given by OP1.�1/. In order to compute the local writhe of secants to C , we choose
the algebraic orientation � on C given by dt D t2 dxt , where t D s=r and xt D�r=s. The genus–degree
formula implies that the projection from a general point has three nodes. We will now compute the local
writhe of all three secants that contain the point P D .1 W 0 W 0 W 1/. For the secant L1 spanned by the
points aD '.1 W 1/ and b D '.1 W �1/ we can work on the affine chart x0 ¤ 0 and the coordinates x;y; z.
In this chart the curve is parametrized by

t 7! .t; t3; t4/:

Expressed in these coordinates, our points a and b correspond to za D .1; 1; 1/ (when t D 1) and
zb D .�1;�1; 1/ (when t D�1). Tangent vectors at za and zb in direction of t are given by zv D .1; 3; 4/
and zw D .1; 3;�4/. For computing the vector zu, we have to consider the parametrization

� 7!

�
1��

1C�
;

1��

1C�
; 1

�
:

The tangent vector at �D 1 equals zuD
�
�

1
2
;�1

2
; 0
�
. We can thus compute the local writhe as

wp;L1
.C /D

*
det

0B@1 �1
2

1

3 �1
2

3

4 0 �4

1CA+D h�8i D h�2i:

Let i 2K be a square root of �1. For the secant L2 spanned by the points aD '.1 W i/ and bD '.1 W �i/

we can work on the same affine chart. Note that although a and b might not be K-rational points,
the line L2 is defined over K. We have za D .i;�i; 1/ (when t D i) and zv D .1;�3;�4i/ as well as
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h2i

h1i

h�2i

Figure 4: The quartic curve considered in Example 6.4 projected from the point P . The nodes of
this planar curve correspond to secant lines containing P and we denoted their local writhe in the
picture.

zb D .�i; i; 1/ (when t D�i ) and zw D .1;�3; 4i/. In this chart the line L2 is parametrized by

� 7!

�
i �

1��

1C�
;�i �

1��

1C�
; 1

�
:

Thus we compute zuD .�i=2; i=2; 0/. Now we can compute the local writhe as

wp;L2
.C /D

*
det

0@ 1 �1
2
i 1

�3 1
2
i �3

�4i 0 4i

1A+D h8i D h2i:
For the third secant L3 spanned by '.1 W 0/ and '.0 W 1/ we work on the affine chart x0C x3 ¤ 0 and
the coordinates x1=.x0Cx3/;x2=.x0Cx3/;x3=.x0Cx3/. A short computation verifies that these are
compatible with our chosen algebraic orientation. In this chart, the curve is parametrized by

t 7!

�
t

1C t4
;

t3

1C t4
;

t4

1C t4

�
and xt 7!

�
�xt3

1Cxt4
;
�xt

1Cxt4
;

1

1Cxt4

�
:

We have za D .0; 0; 0/ (when t D 0) and zb D .0; 0; 1/ (when xt D 0). Tangent vectors at za and zb in the
direction of t and xt are given by zv D .1; 0; 0/ and zw D .0;�1; 0/, respectively. Moreover, in this chart
the line L3 is parametrized by

� 7!

�
0; 0;

�

1C�

�
;

which gives zuD
�
0; 0; 1

4

�
. We can thus compute the local writhe as

wp;L3
.C /D

*
det

0@1 0 0

0 0 �1

0 1
4

0

1A+D ˝1
4

˛
D h1i:

Summing up the local writhe numbers, we find that the arithmetic writhe of C is

w.C /D h�2iC h2iC h1i D 2 � h1iC h�1i:
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If the theta characteristic ˛ does not have global sections, then we can compute the arithmetic writhe
of C directly from the Ulrich bundle constructed in Theorem 5.16.

Theorem 6.5 Let L be a 3-very ample line bundle on the curve C and ˛ a theta characteristic of C with
h0.C; ˛/D 0. There exists a symmetric matrix ƒ whose entries are linear forms on

V4
H 0.C;L/ such

that for all s0 : : : ; s3 2H 0.C;L/ it holds that :

(1) ƒ.s0 ^ � � � ^ s3/ is nonsingular if and only if the linear system spanned by the s0; : : : ; s3 is very
ample.

(2) If the linear system spanned by the s0; : : : ; s3 is very ample , then the writhe w. .C /; ˛/ is the class
of ƒ.s0 ^ � � � ^ s3/, where  W C ! P3 is the embedding defined by s0; : : : ; s3.

Proof Let † be the secant variety of C embedded to P .H 0.C;L/_/. Then the linear system spanned
by s0; : : : ; s3 2H 0.C;L/ is very ample if and only if s0; : : : ; s3 do not have a common zero on †. If so,
then w. .C /; ˛/ is the A1-degree of the linear projection †! P3 given by s0; : : : ; s3 restricted to the
preimage of P3 n C relatively oriented by the rank-one symmetric Ulrich sheaf from Theorem 5.16.
Hence the claim follows from Theorem 4.32.

We end this section with some thoughts on which classes w 2GW.K/ can be realized as the writhe of
a spatial curve.

Proposition 6.6 For every a; b; c 2K� there is a rational curve X � P3 of degree four with arithmetic
writhe w.X /D haiC hbiC hci.

Proof Let C D P1, LDOP1.4/ and ˛ DOP1.�1/. The matrix ƒ from Theorem 6.5 is then given by
the Hankel matrix

(6-1) ƒD

0@x0 x1 x2

x1 x2 x3

x2 x3 x4

1A ;
where xi denotes the linear form

f 7! f ^ .r4�isi/ 2
V5

KŒr; s�4 DK

on
V4

KŒr; s�4. On the other hand, for arbitrary a; b; c 2K� we have0@aC .b2=c/ 0 b

0 b 0

b 0 c

1AŠ haiC hbiC hci:
This proves the claim.

Example 6.7 We have for instance

ƒ.r4
^ r3s ^ rs3

^ s4/D

0@0 0 1

0 1 0

1 0 0

1AŠ 2 � h1iC h�1i;

which confirms our calculations from Example 6.4.
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Question 1 Let d 2N, N D 1
2
.d � 1/.d � 2/ and a1; : : : ; aN 2K�. Is there a rational curve X � P3

of degree d with w.X /D
PN

iD1haii? More generally , for any N 2N and a1; : : : ; aN 2K�, does there
exist a curve X � P3 and a theta characteristic ˛ on X with w.X; ˛/D

PN
iD1haii?

7 Algebraic isotopies

Let C be a curve over a field K of characteristic char.K/ ¤ 2. In analogy to classical knot and link
theory, we want to study embeddings of C into the three-dimensional space P3 up to algebraic isotopies.
We first make some general definitions and observations.

Definition 7.1 Let X be a projective variety over K. An algebraic isotopy of two closed embeddings
 i WX ! P r , i D 0; 1, is a morphism

I WA1
�X ! P r ; .t;x/ 7! It .x/;

such that for all t 2 A1 the induced map It W X�.t/! Y�.t/ is an embedding and Ii D  i for i D 0; 1.
Two embeddings  ; 0 are algebraically isotopic if they are connected by a chain of algebraic isotopies.
We denote by ŒX;P r �I the quotient of the set of embeddings Emb.X;P r /.K/ by the equivalence relation
generated by algebraic isotopies. We write Œ � for the class of  in ŒX;P r �I and call it the isotopy class
of  .

A first observation is that two isotopic embeddings have isomorphic underlying line bundles:

Lemma 7.2 Suppose that  ; 0 WX ,! P r are two algebraically isotopic embeddings. Then

 �OP r .1/Š  0�OP r .1/:

Proof Any algebraic isotopy I WA1 �X ! P r induces a morphism I WA1! Pic.X /; t 7! I�t OP r .1/,
which is constant, since any morphism from a rational curve to an abelian variety is constant. Alternatively,
the map

pr�X W Pic.X /! Pic.A1
�X /; L 7! pr�X L;

is an isomorphism [Hartshorne 1977, Proposition II.6.6], so that the isomorphism class of the line bundle
I�OP r .1/ is constant on the fibers ftg �X .

Definition 7.3 Let X be a projective variety over K and L a line bundle on X . We denote the set of
embeddings  W X ,! P r with  �OPn.1/ Š L by EmbL.X;P

r /.K/, and its quotient by chains of
algebraic isotopies by ŒX;P r �I

L
.

We now recall how to parametrize the set EmbL.X;P
r /.K/. First of all, if this is nonempty, then L is

very ample. In this case, consider the embedding given by the complete linear system V DH 0.X;L/,

'L WX ,! Pn
D P .V _/;

and the secant variety †D†.X;L/ of X in P .V _/. Any embedding  from EmbL.X;P
r / is obtained
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by composing 'L with a linear projection

Œs0; : : : ; sr � W 'L.X /! P r ; where si 2 V;

and, in order for  D Œs0; : : : ; sr � ı 'L to be an embedding, the condition is that the linear space
…D fs0 D � � � D sr D 0g does not intersect the secant variety †. Consider now the set

(7-1) UL;r D f.s0; : : : ; sr / 2 V ˚.rC1/
j fs0 D � � � D sr D 0g\†D¿g:

This is open: its complement in V ˚.rC1/ is the image of the incidence correspondence

I D f..s0; : : : ; sr /;p/ 2 V ˚.rC1/
�† j s0.p/D � � � D sr .p/D 0g

along the proper map prV˚.rC1/ W V ˚.rC1/ � † ! V ˚.rC1/. The previous discussion shows that
EmbL.X;P

r /.K/ is the set of K-rational points of a (possibly empty) open subset of a projective space

(7-2) EmbL.X;P
r /D UL;r=K

�
D fŒs0; : : : ; sr � 2 P .V ˚.rC1// j .s0; : : : ; sr / 2 UL;r g:

This comes equipped with a universal embedding

EmbL.X;P
r /�X ! P r ; .Œs0; : : : ; sr �;x/ 7! Œs0.x/; : : : ; sr .x/�;

so that an algebraic isotopy between  ; 0 2 EmbL.X;P
r /.K/ is simply a map A1! EmbL.X;P

r /

whose image contains these two points. This leads naturally to the notion of naive connected components
in A1-geometry, as for instance in [Cazanave 2012].

Definition 7.4 Let X be a scheme over the field K. The set �N
0

X.K/ of naive connected components of
X.K/ is the quotient of X.K/ by the finest equivalence relation under which any two points x0;x12X.K/

for which there exists a morphism f WA1!X with f .i/D xi for i D 0; 1 are equivalent.

Remark 7.5 The previous discussion shows that the set of isotopy classes of embeddings with line
bundle L can be considered as the set of naive connected components

ŒX;P r �IL D �
N
0 EmbL.X;P

r /.K/:

We could also replace P r by any other projective variety Y by using Grothendieck’s Hom-scheme,
although we will not consider this here.

Remark 7.6 Recall that a K-scheme X is A1-connected if and only if for any extension K0=K, any
two K0-rational points in X can be connected by a chain of maps from A1

K 0
. This means precisely that

�N
0

EmbL.XK 0 ;P
r /.K0/ has at most one element for any extension K0=K.

Example 7.7 The group scheme SLrC1 is A1-connected: indeed, for any field K, any matrix in SLrC1.K/

can be written as a product of upper- or lower-triangular elementary matrices with all ones on the diagonal.
For such a matrix A, the map

A1
! SLrC1; t 7! IrC1C t.A� IrC1/;

connects A at t D 1 with the identity IrC1 at t D 0.
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Corollary 7.8 Let  W X ,! P r be an embedding and let A 2 SLrC1.K/. The two embeddings  and
A ı are algebraically isotopic.

Proof Since SLrC1 is A1-connected, we can find a chain of algebraic isotopies connecting A with the
identity IrC1.

Lemma 7.9 Let  WX ,! P r be an embedding and let A 2K.rC1/�.rC1/ be of nonmaximal rank , such
that the composition of  with the rational map A W P r Ü P r is still an embedding. Then  and A ı 

are algebraically isotopic.

Proof Let rk.A/DmC 1 with m< r . Then there is an M 2GLrC1.K/ such that MA is in reduced
row-echelon form:

M �AD

�
A0

0

�
;

where A0 is an .mC1/ � .rC1/ matrix. If we let M 0 2 GLr�m.K/ be any matrix with determinant
det.M 0/D det.M /�1, we see that

N D

�
ImC1 0

0 M 0

�
satisfies NM 2 SLrC1.K/ and NM �AD

�
A0

0

�
:

Thus, thanks to Corollary 7.8, we can assume that A has reduced row-echelon form. For simplicity, let’s
assume that the pivots of A are in the first mC 1 columns, i.e.,

AD

�
ImC1 B

0 0

�
for another .mC1/� .r�m/ matrix B, with the general case being similar. There is an algebraic isotopy

A1
�X ! P r ; .t;x/ 7!

�
ImC1 B

0 tIr�m

�
� .x/;

between A ı at t D 0 and another embedding  0 at t D 1. To conclude, we need to show that  0 is
algebraically isotopic to  . It is enough to observe that�

ImC1 �B

0 Ir�m

�
�

�
ImC1 B

0 Ir�m

�
� .x/D

�
ImC1 0

0 Ir�m

�
� .x/D  .x/;

so that we conclude by invoking Corollary 7.8 again.

The following corollary implies the first part of Theorem D.

Corollary 7.10 Let L be a line bundle on X with h0.X;L/� r . Any two embeddings  ; 0 WX ,! P r

in EmbL.X;P
r / are algebraically isotopic. Equivalently, ŒX;P r �I

L
has at most one element.

Proof If L is not very ample, there is nothing to prove. If L is very ample, consider the embedding
'V WX ,!P .V _/. Since dim P .V _/< r , we can compose this with a linear embedding j WP .V _/ ,!P r

to get another embedding  00 D j ı'L. By construction, there is an A 2K.rC1/�.rC1/ not of maximal
rank, such that  D A ı  00. Then Lemma 7.9 shows that the resulting embedding  00 and  are
algebraically isotopic. The same reasoning holds for  0.
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Corollary 7.11 Consider an embedding  WX ,! P r in EmbL.X;P
r / and let h .X /i be the linear span.

Consider also the secant variety † of 'L.X / in P .V _/.

(1) It holds that dimh .X /i � dim†.

(2) If K is infinite ,  is algebraically isotopic to an embedding  0 WX ,! P r such that dimh 0.X /i D
dim†.

Proof By the description in (7-2), we know that  D Œs0; : : : ; sr �, with…Dfs0D� � �D sr D 0g�P .V _/

disjoint from †. Furthermore, the dimension of the linear span h .X /i is

dimh .X /i D dimhs0; : : : ; sr i � 1D codim..…;P .V _///� 1;

where hs0; : : : ; sr i � V is the vector subspace generated by the si .

(1) Since …\†D¿, it must be that codim.…;P .V _//� dim†C 1. Then dimh .X /i � dim†.

(2) Assume that dimh .X /i> dim†. Since the image of the map

Œs0; : : : ; sr � W†! P r

is the secant variety †0 to  .X /, we see that dim†0 < dimh .X /i. Since K is infinite, we can find
a K-point in h .X /i n†0, and projecting from this point onto a hyperplane H � h .X /i we get an
embedding  0 WX ,!H , which is algebraically isotopic to  , thanks to Lemma 7.9. By repeating this
procedure, we conclude.

In the following, we fix a very ample line bundle L on X , the space of global sections V DH 0.X;L/

and we consider the secant variety †.X;L/ of X inside P .V _/. We set

b D dim†.X;L/:

Remark 7.12 One always has

b �minfdim P .V _/; 2 � dim X C 1g;

and when the equality holds, the secant variety has expected dimension. This happens for example if X

is a curve [Lange 1984] or if X is arbitrary and the line bundle L is 3-very ample.

Now we want to strengthen Corollary 7.10 and show that, if K is infinite, the isotopy classes of
embeddings X ,! P r with r > b are trivial. This is analogous to the fact that any knot can be unraveled
in dimension higher than three.

Proposition 7.13 Assume that K is infinite and let r > b. Then any two embeddings  ; 0 W X ,! P r

in EmbL.X;P
r / are algebraically isotopic. Hence , if r ¤ b, the set ŒX;P r �I

L
has at most one element.

In particular , if X is a curve , then ŒX;P r �I
L

has at most one element whenever r � 4.

Proof Since K is infinite, we can use Corollary 7.11 and assume that both  and  0 have images
contained in a linear subspace of dimension b. Because the group SLrC1.K/ acts transitively on these
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subspaces, we can use Corollary 7.8 and assume that this subspace is the one where all coordinates are
zero, apart from the first bC 1. This means

 D Œs0; : : : ; sb; 0; : : : ; 0� and  0 D Œs00; : : : ; s
0
b; 0; : : : ; 0�

for some si ; s
0
i 2 V. Observe that in the above expressions there is a positive number of zeroes, since we

are assuming b < r . We claim that there is an s00
0
2 V such that

Œs000 ; s1; : : : ; sb; 0; : : : ; 0�; Œs
00
0 ; s
0
1; : : : ; s

0
b; : : : ; 0� WX ,! P r

are both embeddings. Assume for a moment that this claim is true: then Lemma 7.9 shows that both  
and Œs00

0
; s1; : : : ; sb; 0; : : : ; 0� are algebraically isotopic to the embedding given by

Œs0; s1; : : : ; sb; s
00
0 ; 0; : : : ; 0� WX ,! P r :

Notice that this is the step where we use that b < r . An analogous statement holds for  0, so that we can
assume that  and  0 have the form

 D Œs000 ; s1; : : : ; sb; 0; : : : ; 0� and  0 D Œs000 ; s
0
1; : : : ; s

0
b; 0; : : : ; 0�;

and by repeating this reasoning with other sections s00
1
; : : : ; s00

b
, we conclude. We are left with proving the

above claim. Consider the set

U D fs000 2 V j Œs000 ; s1; : : : ; sb; 0; : : : ; 0� is an embeddingg

D
˚
s000 2 V j fs000 D s1 D � � � D sb D 0g\†D¿

	
:

One can show as for the set UL;r of (7-1) that U is open in V, and since s0 2 U and V is irreducible,
U is a dense open subset. The same reasoning shows that

U 0 D fs000 2 V j Œs000 ; s
0
1; : : : ; s

0
b; 0; : : : ; 0� is an embeddingg

is a dense open subset, and since K is infinite, there must be a K-rational point in U \U 0, which is the
section s00

0
that we are looking for.

The last statement follows from what we have just proved for r > b and from Corollary 7.11 for
r < b.

In light of Proposition 7.13, we will only consider the classes of embeddings

X ,! Pb; where b D dim†:

By Corollary 7.11, any such embedding is nondegenerate, meaning that if  D Œs0; : : : ; sb �, the sections si

must be linearly independent. Now, consider the morphism of affine spaces

w WA.V ˚.bC1//!A
�VbC1

V
�
; .s0; : : : ; sb/ 7! s0 ^ � � � ^ sb;

and let C† be the Chow form of the secant variety: this means that…Dfs0D � � �D sbD 0g intersects† if
and only if C†.s0^� � �^ sb/D 0. Define WL;b �A

�VbC1
V
�

to be the intersection of the principal open
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affine set fC†¤ 0g with the locus of decomposable multivectors: we have that UL;bDw
�1.WL;b/, where

UL;b is the open subset in (7-1). We have seen in (7-2) and Remark 7.5, that EmbL.X;P
b/D UL;b=K

�

and that ŒX;Pb �I
L
D �N

0
EmbL.X;P

b/.K/. Thus, we have a surjective map

(7-3) �N
0 UL;b.K/! ŒX;Pb �IL; .�0; : : : ; �b/ 7!  D Œ�0; : : : ; �b �:

Our next goal is to show that it factors through the map �N
0
UL;b.K/! �N

0
WL;b.K/ induced by w.

Lemma 7.14 Let 0� d < h0.X;L/ and f WA1!A.
VdC1

V / be a morphism whose image is contained
in the locus of decomposable multivectors. There exists a morphism g W A1 ! A.V ˚dC1/ such that
f D w ıg:

A.V ˚dC1/

A1 A.
VdC1

V /

w

f

9g

Proof Set ` D h0.X;L/. Choosing a basis, we can identify V D K`. We let M be the subsets of
f1; : : : ; rgwith dC1 elements. For JDfj0; : : : ; jdgwith 1�j0< � � �<jd �`we write eJ Dej0

^� � �^ejd
,

where ei 2K` is the i -th unit vector. The morphism f is given by

f .t/D
X

J2M

PJ .t/ � eJ

for some polynomials PJ .t/ 2KŒt �. Let G.t/ 2KŒt � be the greatest common divisor of the PJ .t/. Since
the image is contained in the locus of decomposable multivectors, we can write

f .t/D v0.t/^ � � � ^ vd .t/

for some vj .t/2K.t/`. We need to show that one can even choose vj 2KŒt �`. Let A.t/ be the `�.dC1/

matrix whose columns are the vj .t/. Let Q.t/ 2 KŒt � be the smallest common denominator of the
entries of A and let A0.t/DQ.t/ �A.t/. Because KŒt � is a principal ideal domain, there exist matrices
S.t/ 2 SL`.KŒt �/ and T .t/ 2 SLdC1.KŒt �/ such that

S.t/ �A0.t/ �T .t/D

�
D.t/

0

�
;

where D.t/ is a .dC1/� .dC1/ diagonal matrix with diagonal entries p0; : : : ;pd 2KŒt �. Suppose that
w0.t/; : : : ; wd .t/ are the first d C 1 columns of the matrix S.t/�1. Then

Q.t/ �f .t/D p0.t/ � � �pd .t/ � .w0.t/^ � � � ^wd .t//:

Since S.t/�1 is invertible over KŒt �, the greatest common divisor of the Plücker coordinates of the right-
hand side is p0.t/ � � �pd .t/. By construction, the greatest common divisor of the Plücker coordinates of
the left-hand side is G.t/ �Q.t/. Thus, there is some � 2K� such that

f .t/D � �G.t/ � .w0.t/^ � � � ^wd .t//:

This proves the claim.
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Corollary 7.15 The map �N
0
UL;b.K/! �N

0
WL;b.K/ induced by w is a bijection.

Proof It is surjective because w is surjective on the level of K-points. For proving injectivity let
x;y 2 UL;b.K/ be such that w.x/ and w.y/ belong to the same equivalence class in �N

0
WL;b.K/. By

Lemma 7.14 there exists y0 in the equivalence class of y such that w.y0/D w.x/. The K-points of any
fiber of w over a nonzero point form an SLbC1.K/-orbit. Therefore, by Example 7.7, the two points x

and y0, and thus x and y, belong to the same equivalence class in �N
0
UL;b.K/.

Corollary 7.16 Let .s0; : : : ; sn/; .s
0
0
; : : : ; s0n/ 2 UL;b.K/. Then the embeddings

 ; 0 WX ,! Pb;

defined respectively by the si and the s0i , are algebraically isotopic if and only if there exists � 2K� such
that s0^ � � � ^ sb and �bC1 � .s0

0
^ � � � ^ s0

bC1
/ are in the same naive connected component of WL;b.K/. In

other words , there is a natural bijection

�0WL;b.K/=.K
�bC1/

�
�! ŒX;Pb �IL:

Proof Since EmbL.X;P
b/.K/D UL;b.K/=K

�, we see that  and  0 are algebraically isotopic if and
only if and only if there exists � 2K� such that .s0; : : : ; sb/ and .�s0

0
; : : : ; �s0

b
/ are in the same naive

connected component of UL;b.K/. By Corollary 7.15 this is the case if and only if s0 ^ � � � ^ sb and
�bC1 � .s0 ^ � � � ^ sbC1/ are in the same naive connected component of WL;b.K/.

The following corollary implies the second part of Theorem D.

Corollary 7.17 Assume that h0.X;L/D bC 1. There is a bijection

K�=K�bC1
! ŒX;Pb �IL:

Proof Since dim.V /D bC 1, we have that WL;b ŠA1 n f0g. This shows that every point of WL;b.K/

is its own naive connected component, and WL;b.K/ can be identified with K�. The statement follows
then from Corollary 7.16.

8 Isotopic embeddings of curves in 3-space

In the following, C will be a smooth and connected projective curve over K. It follows for example from
Corollary 7.11 that the secant variety of C has the expected dimension three if and only if C is not planar.
Thus, in the following we will consider embeddings

 W C ,! P3

such that LD  �OP3.1/ has h0.C;L/� 4 and the isotopy classes in ŒC;P3�I
L

, so that the results of the
previous section apply, in particular Corollary 7.16.

In the case of curves, we will prove that the arithmetic writhe is invariant under algebraic isotopies.
We will make use of the following version of Harder’s theorem.

Geometry & Topology, Volume 30 (2026)



1196 Daniele Agostini and Mario Kummer

Theorem 8.1 Let n 2 N and Sn the scheme of nonsingular symmetric n � n matrices over K. We
consider the fiber product GW.K/�K�=K�2 K� with respect to the canonical map K�!K�=K�2 and
the discriminant map GW.K/!K�=K�2. There is a well-defined injection

(8-1) �N
0 Sn.K/! GW.K/�K�=K�2 K�

that takes the naive connected component of a symmetric matrix to the pair of its class in GW.K/ and its
determinant.

Proof See for example [Cazanave 2012, Proposition 3.9].

Recall that the writhe is constructed as follows: let ˛ be a theta characteristic of C with h0.C; ˛/D 0

and let  W C ,! P3 be an embedding such that L D  �OP3.1/ is 3-very ample. The corresponding
Ulrich sheaf F˛ of Theorem 6.5 provides a symmetric matrix ƒ of linear forms on

V4
V. This defines a

morphism W!SN , where N is the degree of the secant variety. Taking the naive connected component,
and using equation (8-1), this gives us a map

(8-2) w.�; ˛/ W �N
0 WL;3.K/! GW.K/�K�=K�2 .K�/:

By Corollary 7.16 this induces a map

(8-3) w.�; ˛/ W ŒC;P3�IL! GW.K/�K�=K�2 .K�=K�4N /:

Definition 8.2 In the above setting, we define the arithmetic writhe of the embedding  to be the image
w.Œ �; ˛/ of the isotopy class of  under the map from equation (8-3).

Remark 8.3 The arithmetic writhe of the embedding is automatically invariant under algebraic isotopies.
Furthermore, the first component of w.Œ �; ˛/ is the arithmetic writhe of the embedded curve  .C /.
In particular, this shows that if  ; 0 W C ,! P3 are two algebraically isotopic embeddings, then the
writhes of  .C / and  0.C / are the same.

We also notice that, if K is an algebraically or real closed field, then we have K�4N DK�2, which
implies that the second factor of w.Œ �; ˛/ is superfluous: the arithmetic writhe of the embedding  
coincides with the arithmetic writhe of the embedded curve  .C /.

8.1 Rational curves of degree four

In this subsection we consider the case C D P1. As ˛ DOP1.�1/ is the only theta characteristic of P1,
we write w.�/D w.�; ˛/. For n� 3 we write ŒP1;P3�In D ŒP

1;P3�IOP1 .n/
. Our goal is to prove that

w W ŒP1;P3�I4! GW.K/�K�=K�2 .K�=K�12/

is injective in this case. In other words, the isotopy type of two embeddings of P1 to P3 of degree four is
completely determined by the arithmetic writhe. To this end, we will prove that �N

0
WOP1 .4/;3.K/ is in

bijection to the set of pointed naive homotopy classes of morphisms P1! P1 of degree three. These
were characterized in [Cazanave 2012]. We first have to introduce some notation. Following [Cazanave
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2012, Definition 2.1] we consider the scheme Tn, n 2N, of pointed rational functions on P1, realized as
the open subscheme of the affine space

A2n
D Spec KŒa0; : : : ; an�1; b0; : : : ; bn�1�;

where the resultant of the two polynomials tnC an�1tn�1C � � �C a0 and bn�1tn�1C � � �C b0 does not
vanish. Hence Tn.K/ is the set of all pairs .f;g/ of coprime polynomials f;g 2KŒt � where f is monic
of degree n and g has degree at most n� 1. For such a pair one can write

g

f
D h0.f;g/ � t

�1
C h1.f;g/ � t

�2
C h2.f;g/ � t

�3
C � � �

for suitable hi.f;g/ 2K, and we define the Hankel matrix of f and g as

Hn.f;g/D .hiCj .f;g//0�i;j�n�1:

A related matrix is the Bézout matrix, which is constructed as follows. The polynomial f .x/g.y/�
f .y/g.x/ is divisible by x�y, so we can write

f .x/g.y/�f .y/g.x/

x�y
D

X
1�i;j�n

cij xi�1yj�1

for cij 2K. The Bézout matrix is defined as

Bn.f;g/D .cij /1�i;j�n:

It is classical knowledge that Hn.f;g/ is equivalent as a symmetric bilinear form to the Bézout matrix
Bn.f;g/ and these two matrices have the same determinant; see for example [Knebusch and Scheiderer
2022, Proposition 1.9.7] for a proof that, albeit formulated over real closed fields only, works over every
field. In particular, the determinant of Hn.f;g/ is nonzero if and only if f and g are coprime.

Theorem 8.4 The morphism h W T3!WOP1 .4/;3 that sends a pair .f;g/ to

'.f;g/D h4.f;g/ � .t ^ t2
^ t3
^ t4/C � � �C h0.f;g/ � .1^ t ^ t2

^ t3/

is well-defined and surjective on K-points. It satisfies H3Dƒıh, whereƒ is the matrix from Theorem 6.5.

Proof The property H3 Dƒ ı h follows from the explicit expression of ƒ in equation (6-1). This also
implies that ' is well-defined because the determinant of H3 does not vanish on T3. For the surjectivity
statement it suffices to show that every h0; h1; h2; h3 2K whose Hankel matrix has rank three can be
completed to the sequence of coefficients of the power series expansion of a suitable rational function.
This is an easy linear algebra exercise.

Corollary 8.5 The arithmetic writhe

w W ŒP1;P3�I4! GW.K/�K�=K�2 .K�=K�12/

is injective.
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Proof We consider the composition of maps

�N
0 T3.K/! �N

0 WOP1 .4/;3.K/! GW.K/�K�=K�2 K�:

This is the map which was proven in [Cazanave 2012, §3.3] to be injective. Indeed, this follows from
H3 Dƒ ı h and from the fact that H3.f;g/ and B3.f;g/ have the same determinant and the same class
in GW.K/. By Theorem 8.4 the first map is surjective, which implies that the second map is injective.
Now the claim follows from Corollary 7.16.

Remark 8.6 By the same argument as in Proposition 6.6 we can deduce that the image of the map of
Corollary 8.5 consists of all pairs whose first component can be represented as

P3
iD1haii for ai 2K�.

Remark 8.7 In the case KDR, Remark 8.3 shows that the arithmetic writhe of the embedding coincides
with the arithmetic writhe of the embedded curve. Thus, we can see it as a map

w W ŒP1;P3�In! GW.R/:

As the rank of w.Œ �/ is determined by n, we do not lose information when postcomposing with the
signature. We can thus view w as a map

w W ŒP1;P3�In! Z;

which is the encomplexed writhe introduced by Viro [2001], who showed that w is an invariant under the
possibly coarser equivalence relation of rigid isotopy. In other words, the map w factors through the set
ŒP1;P3�

rig
n of rigid isotopy classes:

ŒP1;P3�In! ŒP1;P3�
rig
n ! Z:

It was shown in [Björklund 2011, Remark 3.21] that the map ŒP1;P3�
rig
6
!Z is not injective. This implies

that w W ŒP1;P3�I
6
! GW.R/ is also not injective. On the other hand, by [Björklund 2011, Theorem 1.2]

the map ŒP1;P3�
rig
5
! Z is injective. We do not know whether this generalizes to our setup, i.e., whether

w W ŒP1;P3�I
5
! GW.R/ is injective or maybe even w W ŒP1;P3�I

5
! GW.K/�K�=K�2 .K�=K�4N / is

injective for every K.

Example 8.8 The Macaulay2 code “invariants.m2” (available as an ancillary file to the arXiv submission
with identifier 2307.07543) computes two Ulrich sheaves on the secant variety†�P6 of a rational normal
curve of degree 6: the first one is the Ulrich sheaf F of rank one coming from the theta characteristic
˛DOP1.�1/ as in Theorem 5.16, and the second is the sheaf F6 of rank five coming from Theorem 5.16.
Then it computes for each of those a symmetric matrix of linear forms as in Theorem 4.17. Note that,
although we have not shown that the sheaf F6 is a symmetric Ulrich sheaf, it turns out that the resulting
matrix is symmetric. We denote these matrices by ƒ and ƒ0, respectively. The signature of ƒ evaluated
at a linear subspace E of dimension two in P6 that is disjoint from the secant variety is the writhe of the
projected curve in P3 by Theorem 6.5. The signature of ƒ0 at such a space is a new invariant of the curve,

Geometry & Topology, Volume 30 (2026)



Ulrich sheaves, the writhe and algebraic isotopies of space curves 1199

which also does not change along algebraic or rigid isotopies. Our code computes these two invariants
for three different linear spaces E. Here we record the results:

(1) The linear space E is the row-span of the matrix0@2 9 3 1 8 7 3

1 6 5 1 9 6 8

7 8 1 1 2 6 9

1A :
Both invariants of the projected curve in P3 are equal to 0.

(2) The linear space E is the row-span of the matrix0@2 1 7 2 4 2 0

7 6 9 0 3 6 8

9 6 8 3 5 1 7

1A :
The writhe of the projected curve in P3 is 0 while the new invariant is 4.

(3) The linear space E is the row-span of the matrix0@0! 1! 2! 3! 4! 5! 6!

1! 2! 3! 4! 5! 6! 7!

2! 3! 4! 5! 6! 7! 8!

1A :
The writhe of the projected curve in P3 is 10. Note that this is predicted by [Kummer and Sinn
2022, Corollary 4.15]. The new invariant is �2.

In particular, these computations show that the new invariant can distinguish nonisotopic curves which
cannot be distinguished by the writhe. It would be interesting to have a local description for this new
invariant similar to the one of the writhe.

Acknowledgements

We thank the organizers of the Thematic Einstein Semester on “Algebraic geometry: varieties, polyhedra,
computation” in Berlin during which this project was initiated. We further thank Claudiu Raicu, Stephen
McKean, Jinhyung Park and Kirsten Wickelgren for their helpful comments.

Daniele Agostini was supported by the Deutsche Forchungsgemeinschaft under grant 530132094, and
by the SFB-TRR 195. Mario Kummer was supported by the Deutsche Forschungsgemeinschaft under
grant 502861109.

References
[Agostini 2024] D Agostini, The Martens–Mumford theorem and the Green–Lazarsfeld secant conjecture, J. Algebraic Geom.

33:4 (2024) 629–654 MR

[Agostini et al. � 2026] D Agostini, M Kummer, J Park, Ulrich sheaves on secant varieties of curves, in preparation

[Asok and Morel 2011] A Asok, F Morel, Smooth varieties up to A1-homotopy and algebraic h-cobordisms, Adv. Math. 227:5
(2011) 1990–2058 MR

Geometry & Topology, Volume 30 (2026)

https://doi.org/10.1090/jag/819
http://msp.org/idx/mr/4781923
https://doi.org/10.1016/j.aim.2011.04.009
http://msp.org/idx/mr/2803793


1200 Daniele Agostini and Mario Kummer

[Beauville 2018] A Beauville, An introduction to Ulrich bundles, Eur. J. Math. 4:1 (2018) 26–36 MR

[Björklund 2011] J Björklund, Real algebraic knots of low degree, J. Knot Theory Ramifications 20:9 (2011) 1285–1309 MR

[Cazanave 2012] C Cazanave, Algebraic homotopy classes of rational functions, Ann. Sci. Éc. Norm. Supér. .4/ 45:4 (2012)
511–534 MR

[EGA IV2 1965] A Grothendieck, Éléments de géométrie algébrique, IV: Étude locale des schémas et des morphismes de
schémas, II, Inst. Hautes Études Sci. Publ. Math. 24 (1965) 5–231 MR

[Ein et al. 2020] L Ein, W Niu, J Park, Singularities and syzygies of secant varieties of nonsingular projective curves, Invent.
Math. 222:2 (2020) 615–665 MR

[Ein et al. 2021] L Ein, W Niu, J Park, On blowup of secant varieties of curves, Electron. Res. Arch. 29:6 (2021) 3649–3654
MR

[Eisenbud 2005] D Eisenbud, The geometry of syzygies: a second course in commutative algebra and algebraic geometry,
Graduate Texts in Mathematics 229, Springer (2005) MR

[Eisenbud and Schreyer 2003] D Eisenbud, F-O Schreyer, Resultants and Chow forms via exterior syzygies, J. Amer. Math.
Soc. 16:3 (2003) 537–579 MR

[Geyer 1977] W-D Geyer, Reelle algebraische Funktionen mit vorgegebenen Null- und Polstellen, Manuscripta Math. 22:1
(1977) 87–103 MR

[Hanselka and Kummer 2024] C Hanselka, M Kummer, Positive Ulrich sheaves, Canad. J. Math. 76:3 (2024) 881–914 MR

[Hartshorne 1977] R Hartshorne, Algebraic geometry, Graduate Texts in Mathematics 52, Springer (1977) MR

[Huybrechts 2006] D Huybrechts, Fourier–Mukai transforms in algebraic geometry, Oxford Univ. Press (2006) MR

[Kass and Wickelgren 2019] J L Kass, K Wickelgren, The class of Eisenbud–Khimshiashvili–Levine is the local A1-Brouwer
degree, Duke Math. J. 168:3 (2019) 429–469 MR

[Kass and Wickelgren 2021] J L Kass, K Wickelgren, An arithmetic count of the lines on a smooth cubic surface, Compos.
Math. 157:4 (2021) 677–709 MR

[Kass et al. 2023] J L Kass, M Levine, J P Solomon, K Wickelgren, A quadratically enriched count of rational curves, preprint
(2023) arXiv 2307.01936

[Knebusch and Scheiderer 2022] M Knebusch, C Scheiderer, Real algebra: a first course, Springer (2022) MR

[Krug 2018] A Krug, Remarks on the derived McKay correspondence for Hilbert schemes of points and tautological bundles,
Math. Ann. 371:1-2 (2018) 461–486 MR

[Kummer 2016] M Kummer, From hyperbolic polynomials to real fibered morphisms, PhD thesis, Universität Konstanz (2016)
Available at https://d-nb.info/1114894567/34

[Kummer 2019] M Kummer, Totally real theta characteristics, Ann. Mat. Pura Appl. .4/ 198:6 (2019) 2141–2150 MR

[Kummer and Shamovich 2020] M Kummer, E Shamovich, Real fibered morphisms and Ulrich sheaves, J. Algebraic Geom.
29:1 (2020) 167–198 MR

[Kummer and Sinn 2022] M Kummer, R Sinn, Hyperbolic secant varieties of M -curves, J. Reine Angew. Math. 787 (2022)
125–162 MR

[Lange 1984] H Lange, Higher secant varieties of curves and the theorem of Nagata on ruled surfaces, Manuscripta Math.
47:1-3 (1984) 263–269 MR

[Lemarié-Rieusset 2026] C Lemarié-Rieusset, The quadratic linking degree, Ann. Inst. Fourier (Grenoble) (online publication
March 2026)

[Levine 2019] M Levine, Motivic Euler characteristics and Witt-valued characteristic classes, Nagoya Math. J. 236 (2019)
251–310 MR

[Macaulay2 1992] D R Grayson, M E Stillman, Macaulay2, a software system for research in algebraic geometry (1992)
Available at https://macaulay2.com/

[McKean 2021] S McKean, An arithmetic enrichment of Bézout’s theorem, Math. Ann. 379:1-2 (2021) 633–660 MR

[Mikhalkin and Orevkov 2019] G Mikhalkin, S Orevkov, Maximally writhed real algebraic links, Invent. Math. 216:1 (2019)
125–152 MR

Geometry & Topology, Volume 30 (2026)

https://doi.org/10.1007/s40879-017-0154-4
http://msp.org/idx/mr/3782216
https://doi.org/10.1142/S0218216511009248
http://msp.org/idx/mr/2844809
https://doi.org/10.24033/asens.2172
http://msp.org/idx/mr/3059240
https://doi.org/10.1007/BF02684322
https://doi.org/10.1007/BF02684322
http://msp.org/idx/mr/0199181
https://doi.org/10.1007/s00222-020-00976-5
http://msp.org/idx/mr/4160876
https://doi.org/10.3934/era.2021055
http://msp.org/idx/mr/4342274
https://doi.org/10.1007/b137572
http://msp.org/idx/mr/2103875
https://doi.org/10.1090/S0894-0347-03-00423-5
http://msp.org/idx/mr/1969204
https://doi.org/10.1007/BF01182069
http://msp.org/idx/mr/485884
https://doi.org/10.4153/S0008414X23000263
http://msp.org/idx/mr/4747295
https://doi.org/10.1007/978-1-4757-3849-0
http://msp.org/idx/mr/463157
https://doi.org/10.1093/acprof:oso/9780199296866.001.0001
http://msp.org/idx/mr/2244106
https://doi.org/10.1215/00127094-2018-0046
https://doi.org/10.1215/00127094-2018-0046
http://msp.org/idx/mr/3909901
https://doi.org/10.1112/s0010437x20007691
http://msp.org/idx/mr/4247570
http://msp.org/idx/arx/2307.01936
https://doi.org/10.1007/978-3-031-09800-0
http://msp.org/idx/mr/4539817
https://doi.org/10.1007/s00208-018-1660-5
http://msp.org/idx/mr/3788855
https://d-nb.info/1114894567/34
https://doi.org/10.1007/s10231-019-00858-5
http://msp.org/idx/mr/4031843
https://doi.org/10.1090/jag/735
http://msp.org/idx/mr/4028069
https://doi.org/10.1515/crelle-2022-0012
http://msp.org/idx/mr/4431911
https://doi.org/10.1007/BF01174597
http://msp.org/idx/mr/744323
https://doi.org/10.5802/aif.3776
https://doi.org/10.1017/nmj.2019.6
http://msp.org/idx/mr/4094419
https://macaulay2.com/
https://doi.org/10.1007/s00208-020-02120-3
http://msp.org/idx/mr/4211099
https://doi.org/10.1007/s00222-018-0844-7
http://msp.org/idx/mr/3935039


Ulrich sheaves, the writhe and algebraic isotopies of space curves 1201

[Morel 2006] F Morel, A1-algebraic topology, from “International Congress of Mathematicians” (Madrid, 2006) (M Sanz-Solé,
J Soria, J L Varona, J Verdera, editors), volume 2, Eur. Math. Soc., Zürich (2006) 1035–1059 MR

[Morel 2012] F Morel, A1-algebraic topology over a field, Lecture Notes in Mathematics 2052, Springer (2012) MR

[Morel and Voevodsky 1999] F Morel, V Voevodsky, A1-homotopy theory of schemes, Inst. Hautes Études Sci. Publ. Math. :90
(1999) 45–143 MR

[OSCAR 2024] Oscar: open source computer algebra research system, v1.0.0 (2024) Available at https://www.oscar-system.org/

[Pauli and Wickelgren 2021] S Pauli, K Wickelgren, Applications to A1-enumerative geometry of the A1-degree, Res. Math.
Sci. 8:2 (2021) art. id. 24 MR

[Ullery 2016] B Ullery, On the normality of secant varieties, Adv. Math. 288 (2016) 631–647 MR

[Viro 2001] O Viro, Encomplexing the writhe, from “Topology, ergodic theory, real algebraic geometry” (V Turaev, A Vershik,
editors), Amer. Math. Soc. Transl. Ser. 2 202, Amer. Math. Soc., Providence, RI (2001) 241–256 MR

DANIELE AGOSTINI daniele.agostini@uni-tuebingen.de
Eberhard Karls Universität Tübingen, Tübingen, Germany

MARIO KUMMER mario.kummer@tu-dresden.de
Technische Universität, Dresden, Germany

Proposed: Marc Levine Received: January 28, 2025
Seconded: Kirsten Wickelgren, Arend Bayer Revised: September 11, 2025

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://doi.org/10.4171/022-2/49
http://msp.org/idx/mr/2275634
https://doi.org/10.1007/978-3-642-29514-0
http://msp.org/idx/mr/2934577
http://www.numdam.org/item?id=PMIHES_1999__90__45_0
http://msp.org/idx/mr/1813224
https://www.oscar-system.org/
https://doi.org/10.1007/s40687-021-00255-6
http://msp.org/idx/mr/4245478
https://doi.org/10.1016/j.aim.2015.10.025
http://msp.org/idx/mr/3436394
https://doi.org/10.1090/trans2/202/17
http://msp.org/idx/mr/1819192
mailto:daniele.agostini@uni-tuebingen.de
mailto:mario.kummer@tu-dresden.de
http://msp.org
http://msp.org


GEOMETRY & TOPOLOGY
msp.org/gt

MANAGING EDITORS

Robert Lipshitz University of Oregon
lipshitz@uoregon.edu

András I Stipsicz Alfréd Rényi Institute of Mathematics
stipsicz@renyi.hu

BOARD OF EDITORS

Mohammed Abouzaid Stanford University
abouzaid@stanford.edu

Dan Abramovich Brown University
dan_abramovich@brown.edu

Ian Agol University of California, Berkeley
ianagol@math.berkeley.edu

Arend Bayer University of Edinburgh
arend.bayer@ed.ac.uk

Agnès Beaudry University of Colorado Boulder
agnes.beaudry@colorado.edu

Mark Behrens University of Notre Dame
mbehren1@nd.edu

Mladen Bestvina University of Utah
bestvina@math.utah.edu

Martin R Bridson University of Oxford
bridson@maths.ox.ac.uk

Tobias H Colding Massachusetts Institute of Technology
colding@math.mit.edu

Simon Donaldson Imperial College, London
s.donaldson@ic.ac.uk

Yasha Eliashberg Stanford University
eliash-gt@math.stanford.edu

David M Fisher Rice University
davidfisher@rice.edu

Mike Freedman Microsoft Research
michaelf@microsoft.com

David Gabai Princeton University
gabai@princeton.edu

Stavros Garoufalidis Southern U. of Sci. and Tech., China
stavros@mpim-bonn.mpg.de

Cameron Gordon University of Texas
gordon@math.utexas.edu

Jesper Grodal University of Copenhagen
jg@math.ku.dk

Misha Gromov IHES and NYU, Courant Institute
gromov@ihes.fr

Mark Gross University of Cambridge
mgross@dpmms.cam.ac.uk

Rob Kirby University of California, Berkeley
kirby@math.berkeley.edu

Bruce Kleiner NYU, Courant Institute
bkleiner@cims.nyu.edu

Sándor Kovács University of Washington
skovacs@uw.edu

Urs Lang ETH Zürich
urs.lang@math.ethz.ch

Marc Levine Universität Duisburg-Essen
marc.levine@uni-due.de

Jianfeng Lin Tsinghua University
linjian5477@mail.tsinghua.edu.cn

Ciprian Manolescu University of California, Los Angeles
cm@math.ucla.edu

Haynes R Miller Massachusetts Institute of Technology
hrm@math.mit.edu

Aaron Naber Institute for Advanced Studies
anaber@ias.edu

Peter Ozsváth Princeton University
petero@math.princeton.edu

Leonid Polterovich Tel Aviv University
polterov@post.tau.ac.il

Colin Rourke University of Warwick
gt@maths.warwick.ac.uk

Roman Sauer Karlsruhe Institute of Technology
roman.sauer@kit.edu

Stefan Schwede Universität Bonn
schwede@math.uni-bonn.de

Natasa Sesum Rutgers University
natasas@math.rutgers.edu

Gang Tian Massachusetts Institute of Technology
tian@math.mit.edu

Nathalie Wahl University of Copenhagen
wahl@math.ku.dk

Kirsten Wickelgren Duke University
kirsten.wickelgren@duke.edu

Anna Wienhard Universität Heidelberg
wienhard@mathi.uni-heidelberg.de

See inside back cover or msp.org/gt for submission instructions.

The subscription price for 2026 is US $905/year for the electronic version, and $1275/year (C$80, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Geometry & Topology is indexed
by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Geometry & Topology (ISSN 1465-3060 printed, 1364-0380 electronic) is published 9 times per year and continuously online, by Mathematical
Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA 94701-4004. Periodical rate postage paid at Oakland, CA 94615-9651, and
additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA
94701-4004.

GT peer review and production are managed by EditFLOW® from MSP.
PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2026 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/gt
mailto:lipshitz@uoregon.edu
mailto:stipsicz@renyi.hu
mailto:abouzaid@stanford.edu
mailto:dan_abramovich@brown.edu
mailto:ianagol@math.berkeley.edu
mailto:arend.bayer@ed.ac.uk
mailto:agnes.beaudry@colorado.edu
mailto:mbehren1@nd.edu
mailto:bestvina@math.utah.edu
mailto:bridson@maths.ox.ac.uk
mailto:colding@math.mit.edu
mailto:s.donaldson@ic.ac.uk
mailto:eliash-gt@math.stanford.edu
mailto:davidfisher@rice.edu
mailto:michaelf@microsoft.com
mailto:gabai@princeton.edu
mailto:stavros@mpim-bonn.mpg.de
mailto:gordon@math.utexas.edu
mailto:jg@math.ku.dk
mailto:gromov@ihes.fr
mailto:mgross@dpmms.cam.ac.uk
mailto:kirby@math.berkeley.edu
mailto:bkleiner@cims.nyu.edu
mailto:skovacs@uw.edu
mailto:urs.lang@math.ethz.ch
mailto:marc.levine@uni-due.de
mailto:linjian5477@mail.tsinghua.edu.cn
mailto:cm@math.ucla.edu
mailto:hrm@math.mit.edu
mailto:anaber@ias.edu
mailto:petero@math.princeton.edu
mailto:polterov@post.tau.ac.il
mailto:gt@maths.warwick.ac.uk
mailto:roman.sauer@kit.edu
mailto:schwede@math.uni-bonn.de
mailto:natasas@math.rutgers.edu
mailto:tian@math.mit.edu
mailto:wahl@math.ku.dk
mailto:kirsten.wickelgren@duke.edu
mailto:wienhard@mathi.uni-heidelberg.de
http://dx.doi.org/10.2140/gt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
http://msp.org/
https://msp.org/


GEOMETRY & TOPOLOGY
Volume 30 Issue 3 (pages 835–1201) 2026

835The level structure in quantum K-theory and mock theta functions
YONGBIN RUAN, MING ZHANG and YAOXIONG WEN

883Springer theory for symplectic Galois groups
KEVIN MCGERTY and THOMAS NEVINS

929Unipotent morphisms
DANIEL BRAGG, JACK HALL and SIDDHARTH MATHUR

959On the Donaldson–Scaduto conjecture
SAMAN HABIBI ESFAHANI and YANG LI

983Milnor’s invariants for knots and links in closed orientable 3-manifolds
RYAN STEES

1051Chromatic defect, Wood’s theorem and higher real K-theories
CHRISTIAN CARRICK

1109Compact holonomy G2 manifolds need not be formal
LUCÍA MARTÍN-MERCHÁN

1129K3 surfaces associated with varieties of generalized Kummer type
SALVATORE FLOCCARI

1155Ulrich sheaves, the arithmetic writhe and algebraic isotopies of space curves
DANIELE AGOSTINI and MARIO KUMMER

G
E

O
M

E
T

R
Y

&
T

O
P

O
L

O
G

Y
2026

Vol.30,
Issue

3
(pages

835–1201)

http://dx.doi.org/10.2140/gt.2026.30.835
http://dx.doi.org/10.2140/gt.2026.30.883
http://dx.doi.org/10.2140/gt.2026.30.929
http://dx.doi.org/10.2140/gt.2026.30.959
http://dx.doi.org/10.2140/gt.2026.30.983
http://dx.doi.org/10.2140/gt.2026.30.1051
http://dx.doi.org/10.2140/gt.2026.30.1109
http://dx.doi.org/10.2140/gt.2026.30.1129
http://dx.doi.org/10.2140/gt.2026.30.1155

	1. Introduction
	2. Notation and conventions
	3. Ulrich sheaves
	4. Ulrich sheaves and the A1-degree
	4.1. Orientations and A1-degree
	4.2. Relative Ulrich sheaves and the A1-degree
	4.3. Symmetric Ulrich sheaves

	5. Secant varieties of curves
	5.1. Symmetric products of curves
	5.2. Line bundles on the symmetric product
	5.3. Secants and Viro frames
	5.4. Some cohomology
	5.5. Rational normal curves

	6. The arithmetic writhe
	6.1. An algebraic orientation on B-E
	6.2. An arithmetic count of secant lines

	7. Algebraic isotopies
	8. Isotopic embeddings of curves in 3-space
	8.1. Rational curves of degree four

	Acknowledgements
	References

