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The proposals of Joyce (2018) and Doan and Walpuski (2019) on counting closed associative submanifolds
of G2-manifolds depend on various conjectural transitions. This article contributes to the study of
transitions arising from the degenerations of associative submanifolds into conically singular (CS)
associative submanifolds. First, we study the moduli space of CS associative submanifolds with isolated
singularities modeled on associative cones in R7, establishing transversality results in both fixed and
one-parameter families of coclosed G2-structures. We prove that for a generic coclosed G2-structure (or a
generic path thereof) there are no CS associative submanifolds having singularities modeled on cones
with stability index greater than 0 (or 1, respectively). We establish that associative cones whose links are
null-torsion holomorphic curves in S6 have stability index greater than 4, and all special Lagrangian cones
in C3 have stability index greater than or equal to 1 with equality only for the Harvey–Lawson T 2-cone
and a transverse pair of planes. Next, we study the desingularizations of CS associative submanifolds
in a one-parameter family of coclosed G2-structures. Consequently, we derive desingularization results
relating the above transitions for CS associative submanifolds with a Harvey–Lawson T 2-cone singularity
and for associative submanifolds with a transverse self-intersection.
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1 Introduction: main results

Joyce [2018] and Doan and Walpuski [2019] have proposed constructing enumerative invariants of G2-
manifolds by counting closed associative submanifolds. It has been observed that the counting (possibly
with sign) of associative submanifolds does not lead to an invariant due to various transitions that may
occur along a generic path of G2-structures. One type of such transition is the degeneration of associative
submanifolds into conically singular associative submanifolds. In particular, it has been conjectured
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1372 Gorapada Bera

(see [Joyce 2018, Conjectures 4.4 and 5.3]) that at least the following transitions can occur along a generic
path of G2-structures �t on a 7-dimensional manifold Y .

(1) Three families of embedded closed associative submanifolds, P1
t with �T < t < 0 and P2

t ;P
3
t

with 0< t < T in .Y; �t /, converge in the sense of currents to an associative submanifold P with
a Harvey–Lawson (HL) T 2-cone singularity at x in .Y; �0/, as t ! 0. The P i

t are diffeomorphic
to the Dehn fillings of Po WD PnB.x/ along simple closed curves �i � @P

o Š T 2 which satisfy
�1:�2 D �2:�3 D �3:�1 D �1. Here is a depiction of three associatives arising from a singular
associative:

P1
t

P2
t

P3
t

P

�t

(2) Two families of embedded closed associative submanifolds, Pt with 0¤ t 2 .�T;T / and P #
t with

0 < t < T in .Y; �t /, converge in the sense of currents to an associative submanifold P with a
self-intersection in .Y; �0/, as t! 0. The P #

t are diffeomorphic to the connected sums Pt #.S1�S2/

if Pt are connected, and otherwise to PCt # P�t , where Pt D PCt qP�t . Here is a depiction of the
birth of an associative out of an associative with self intersection:

Pt

P #
t

P

�t

One of the contributions of this article is to confirm the above two transitions, provided there is an
associative submanifold with a Harvey–Lawson T 2-cone singularity (Theorem 1.28) and an associative
submanifold with a self-intersection (Theorem 1.35), respectively. More generally, we prove a desin-
gularization theorem (Theorem 1.22) for conically singular associative submanifolds under a certain
hypothesis, equation (1.23). This is done in a one-parameter family of coclosed G2-structures1 by gluing
rescaled asymptotically conical associative submanifolds of R7. Consequently we derive the first transition
(Theorem 1.28) and partially derive the second transition (Theorem 1.35).

Desingularization results of a similar nature have been obtained previously for special Lagrangians in
Calabi–Yau manifolds and for coassociatives in G2-manifolds [Joyce 2004b, 2004c; Lotay 2009, 2014],

1These structures are weaker than torsion-free G2-structures, but torsion-free structures form a special subclass; see
Definition 2.5. We work with coclosed rather than closed structures, as the deformation operator for associatives is self-adjoint
only in the coclosed case — a property used extensively in this article, and also being used in [Joyce 2018] to define canonical
orientations. While closed structures are more suited to compactness issues, [Joyce 2018, Section 2.5] addresses this by
introducing the subclass of tamed structures. Since compactness is not relevant here, coclosed structures suffice.
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Deformations and desingularizations of conically singular associative submanifolds 1373

but the associative case poses significantly greater difficulties. In particular, to account for the scaling
freedom in the gluing construction, the G2-structure must vary in a one-parameter family; otherwise, one
would produce a one-parameter family of associatives in a fixed G2-manifold, contradicting the expected
dimension zero. This necessity, captured in the hypothesis (1.23), introduces further analytical complexity.
Moreover, in contrast to the special Lagrangian and coassociative cases, associative deformations can be
obstructed even in the smooth setting, making the problem substantially more delicate.

Another contribution of this article is the study of the deformation theory of conically singular (CS)
associative submanifolds. This not only underpins the aforementioned desingularization results but also
makes further progress toward the conjectural enumerative theories proposed by Joyce [2018] and Doan
and Walpuski [2019] for G2-manifolds. Specifically, one needs to understand all possible degenerations of
closed associative submanifolds that may arise in a generic d -parameter family of coclosed G2-structures
for d D 0; 1. It is known in geometric measure theory (Theorem 2.37) that the associative submanifolds
can only degenerate into an associative integral current with a singular set of Hausdorff dimension at
most 1. However, the precise regularity of this singular set remains unknown. If all the tangent cones are
Jacobi integrable multiplicity-1 associative cones with smooth link, then the associative integral current is
conically singular with isolated singular points (Definition 4.13). This naturally leads to the following
question.

Question 1.1 What are all the possible conically singular (CS) associative submanifolds that may appear
in a generic d -parameter family of coclosed G2-structures with d D 0; 1?

To answer this question we study the deformation theory of conically singular associative submanifolds.
We explain (Theorem 1.12) that the index of the deformation operator can be expressed completely in
terms of a certain nonnegative integer associated to the tangent cones, which we define to be the stability
index (Definition 1.5). In particular, CS associative submanifolds having one singularity modeled on
cones with stability index 0 and 1 can only appear in a generic zero- and one-parameter family of coclosed
G2-structures, respectively (Theorem 1.17). Therefore we ask the following question.

Question 1.2 What are all the associative cones in R7 with stability index equal to 0 and 1?

We establish that the Harvey–Lawson T 2-cone and a union of two transverse special Lagrangian
planes have stability index 1 (Theorem 1.10). Also we prove with the help of a result obtained by
[Haskins 2004a] that all other special Lagrangian cones in C3 have stability index strictly greater than 1.
Furthermore, building on a result of Madnick [2022], we prove that all associative cones in R7 whose
links are null-torsion holomorphic curves in S6 (see [Bryant 1982]) have stability index strictly greater
than 4. In particular, this applies to all associative cones whose link in S6 is of genus 0 but not a totally
geodesic sphere. We also establish that associative cones with link of genus 1 always have stability index
greater than or equal to 1. Although these results do not fully resolve Question 1.2, they do rule out a large
class of associative cones, narrowing down the possibilities and paving the way for future exploration.

We now provide a summary of the main results established in this article, encompassing the discussions
above.
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1374 Gorapada Bera

Associative cones

Since our aim is to study the deformation theory of conically singular associative submanifolds — where
the associative cones play an important role — we begin in Section 3 with an investigation of associative
cones in R7. These are the cones whose links in .S6;J / are holomorphic curves; see Section 3. For this
purpose, we express the moduli space of holomorphic curves in S6 locally as the zero set of a nonlinear
map (Definition 3.18), as described in the following theorem.

Theorem 1.3 Let † be a closed holomorphic curve in .S6;J /. Then a neighborhood of † in the moduli
space of holomorphic curves is homeomorphic to the zero-set of a smooth map (often called the obstruction
map or Kuranishi map)

ob† W I†! coker.D†C 2J /;

where the operator D† is defined in equation (3.15), and I† is an open neighborhood of 0 in ker.D†C2J /.
Moreover , the index of the deformation operator D†C 2J is zero. This deformation operator is related to
another standard deformation operator , the normal Cauchy–Riemann operator x@N

r
(Definition 3.7), by a

J -antilinear isomorphism 
† W HomC.T†;N†/!N† as follows:


† ı x@
N
r DD†C 2J:

We denote by Mhol the moduli space of closed holomorphic curves in .S6;J /. Its subset Mhol
�

consists
of closed, connected holomorphic curves. This space naturally carries a structure of a real-analytic space,
essentially by Theorem 1.3, but it is not necessarily a smooth manifold. In order to establish the results in
Theorems 1.12 and 1.17 concerning the moduli space of conically singular associative submanifolds and
their transversality properties, we equip Mhol

�
with a canonical minimal Whitney stratification in the sense

of [Gibson et al. 1976, Chapter I, Sections 1–2], a decomposition

.1.4/ Mhol
�
D

G
k2I

Z.k/;

where

� I � Z>0 is a countable index set corresponding to the dimensions of the strata,

� each stratum Z.k/ is a smooth manifold of dimension k and is preserved under the natural action of
the group G2,

� the strata are pairwise disjoint and collectively form a Whitney stratification,

� the stratification is minimal and canonical: it consists of the fewest strata necessary to satisfy the
above properties and is uniquely determined up to local equivalence of stratified spaces.

Such a canonical minimal Whitney stratification exists for any real analytic space, as established in
classical results; see, for example, [Hironaka 1973] and [Hardt 1975]. While such stratifications are not
necessarily unique globally, any two are locally equivalent as stratified spaces. This guarantees that many
of the quantities considered below are independent of the particular choice of the above stratification.
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Using any canonical minimal Whitney stratification as in equation (1.4), we associate to each associative
cone C in R7 an integer invariant s-ind.C /, referred to as the stability index. It turns out that the negative
of this stability index is essentially the virtual dimension of the moduli space of conically singular
associative submanifolds modeled on C .

Definition 1.5 (stability index) Let C be an associative cone in R7. Denote the link by †, which is a
closed J -holomorphic curve in S6. Let d� be the dimension of homogeneous kernels from Definition 3.20.
Let †D

Fl
jD1†j be the decomposition into connected components. Let Zj , j D 1; : : : ; l , be the stratum

in the decomposition (1.4) containing †j . The stability index of C is defined by

s-ind.C / WD
d�1

2
C

X
�1<�61

d�� 7�

lX
jD1

dimZj :

Remark 1.6 Since canonical minimal Whitney stratifications are locally equivalent and dimZj coincides
with the dimension of the tangent space of Zj at †j , s-ind.C / is independent of the particular choice of
such a stratification. We will see in Remark 3.32 that if C is not a 3-plane then s-ind.C /> 0.

In what follows, we introduce the notions of upper and lower stability indices, which provide effective
upper and lower bounds on the stability index.

Definition 1.7 (upper and lower stability-indices) Let C be an associative cone with link components †j

as in Definition 1.5. Denote the cone of †j by Cj . Let Hj be the maximal subgroup of G2 that fixes †j

under the standard action of G2 on S6. The subgroup Hj is called the symmetry group of Cj . We define
the upper stability index by

s-indC.C / WD
d�1

2
C

X
�1<�61

d�� 7�

lX
jD1

.dim G2� dim Hj /;

and the lower stability index by

s-ind�.C / WD
d�1

2
C

X
�1<�<1

d�� 7:

Remark 1.8 Since d1 represents the sum of the dimensions of the space of infinitesimal deformations
of †j , which definitely contains all the actual deformations induced by the G2-action, it is larger than the
sum of dim G2=Hj . Furthermore, since each stratum is G2-invariant, Zj always contains G2 �†j and
therefore dimZj > dim G2=Hj . Hence,

s-indC.C /> s-ind.C /> s-ind�.C /:

Finally, we introduce a natural class of cones that will be the primary focus of this article: the rigid
cones.
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1376 Gorapada Bera

Definition 1.9 (rigid associative cones) An associative cone C is said to be rigid if

s-indC.C /D s-ind�.C /;

or equivalently all the infinitesimal deformations of each component of the link are induced by the
G2-action, that is,

d1 D

lX
jD1

.dim G2� dim Hj /:

Having introduced the necessary definitions, we now present the theorem proved in Section 3.

Theorem 1.10 Let C be an associative cone in R7 with link †� S6.

(i) If the genus of † is 1 then s-ind�.C /> 1.

(ii) If † is a null-torsion holomorphic curve in S6 (Example 3.4), then

s-ind�.C / > 4:

In particular , this holds for any holomorphic curve of genus 0 in S6 which is not a totally geodesic
sphere.

(iii) If C is the Harvey–Lawson T 2-cone (Example 3.3) or a union of two special Lagrangian planes with
transverse intersection at the origin (Example 3.2) then it is rigid and

s-ind.C /D s-ind˙.C /D 1:

(iv) If C is a special Lagrangian cone in C3 that is not a plane , then

s-ind.C /> s-ind�.C /> b1.†/

2
C b0.†/� 1 > 1;

with equality if and only if C is one of the cones in part (iii).

Moduli space of conically singular associative submanifolds

Let .Y; �/ be a coclosed G2-manifold (Definition 2.11). We denote by P the space of all coclosed G2-
structures on Y , and by P the space of all smooth paths Œ0; 1�!P . We consider conically singular (CS)
associative submanifolds with isolated singularities at a finite number of points in .Y; �/ (Definition 4.13).
These singularities are locally modeled on associative cones in R7. The moduli space of all CS associative
submanifolds in .Y; �/ is denoted by M

�
cs (Definition 5.1). Given a path of coclosed G2-structures �2P ,

the one-parameter moduli space of all CS associative submanifolds is denoted by M�
cs (Definition 5.30).

More explicitly,
M�

cs D f.t;P / W t 2 Œ0; 1�;P 2M
�t
cs g:

Both these moduli spaces are equipped with the weighted C1-topology (Definition 5.12). We will now
decompose the moduli spaces M�

cs and M�
cs as a countable union of moduli subspaces whose deformation

theory will be studied.
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Definition 1.11 Let ZD
Qm

iD1 Zi , where ZiD
Ql

jD1 Z
j
i , with Z

j
i one of the strata in the decomposition of

equation (1.4). We denote by M
�
cs;Z the set of all CS associative submanifolds with m conical singularities,

whose asymptotic cones Ci have links †i D
Fl

jD1†
j
i with †j

i 2 Z
j
i . We also define

M
�
cs;Z WD f.t;P / W t 2 Œ0; 1�;P 2M

�t

cs;Zg:

We can express the moduli spaces M�
cs and M�

cs as a countable union of moduli subspaces, namely

M�
cs D

[
Z

M
�
cs;Z and M�

cs D
[
Z

M
�
cs;Z:

Here the unions run over all possible ZD
Qm

iD1 Zi , where Zi D
Ql

jD1 Z
j
i as above.

We prove the following theorem in Section 5.1 about local Kuranishi models for the above moduli
spaces.

Theorem 1.12 Let Z, M�
cs;Z and M

�
cs;Z be as in Definition 1.11. Let P 2M

�
cs;Z be a conically singular

associative submanifold in a coclosed G2-manifold .Y; �/ with m singularities modeled on cones Ci 2 Zi

for i D 1; : : : ;m (Definition 4.13). Let � W Œ0; 1�! P be a path of coclosed G2 structures such that
�.t0/ D �. Then there exist open neighborhoods zIP;Z and xIP;Z of 0 in ker zDP;�;Z and ker xDP;�;Z,
respectively (where zDP;�;Z and xDP;�;Z are defined in Definitions 5.28 and 5.30, respectively , and � is
chosen as in Definition 5.12) such that :

(i) The moduli space M
�
cs;Z near P is homeomorphic to ob�1

P;Z.0/, the zero set of a smooth map

obP;Z W
zIP;Z! coker zDP;�;Z:

Moreover , index zDP;�;Z D�
Pm

iD1 s-ind.Ci/.

(ii) The one-parameter moduli space M
�
cs;Z near .t0;P / is homeomorphic to ob�1

t0;P;Z
.0/, the zero set of

a smooth map
obt0;P;Z W

xIP;Z! coker xDP;�;Z:

Moreover , index xDP;�;Z D index zDP;�;ZC 1D�
Pm

iD1 s-ind.Ci/C 1.

The moduli spaces M�
cs;Z and M

�
cs;Z are not always smooth manifolds. The following definition will

make these moduli spaces smooth in a generic situation.

Definition 1.13 Let Z, M�
cs;Z and M

�
cs;Z be as in Definition 1.11. We define P

reg
cs;Z to be the subset

consisting of all � 2P with the property that for all CS associative P 2M
�
cs;Z the linear operator

zDP;�;Z is surjective:

Similarly, we define P reg
cs;Z to be the subset consisting of all � 2 P with the property that for all

.t0;P / 2M
�
cs;Z the linear operator

xDP;�;Z is surjective:

The operators zDP;�;Z and xDP;�;Z are defined in Definitions 5.28 and 5.30, respectively.
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1378 Gorapada Bera

In addition, we define

P reg
cs WD

\
Z

P
reg
cs;Z and P reg

cs WD
\
Z

P reg
cs;Z:

Here the intersections run over all possible ZD
Qm

iD1 Zi , where Zi D
Ql

jD1 Z
j
i as in Definition 1.11,

and hence are countable intersections.

Remark 1.14 Since the definitions of the operators zDP;�;Z and xDP;�;Z in Definitions 5.28 and 5.30
depend only on the tangent space to the stratum Z

j
i at †j

i , and not on the full stratum itself, the spaces
P

reg
cs and P reg

cs are independent of the choice of a canonical minimal Whitney stratification (1.4).

We prove the following theorem about generic transversality of the above moduli spaces in Section 5.2.
It also tells us about what type of singularity model cones appear in a generic coclosed G2-structure, as
well as in a generic path of coclosed G2-structures. Before stating the theorem, let us clarify the notion
of generic.

Definition 1.15 Let X be a topological space and let S � X . The set S is said to be meager if it is
contained in a countable union of closed subsets with empty interior. The complement of a meager set is
called comeager.

Remark 1.16 In a completely metrizable space (such as P or P ), the Baire category theorem asserts
that meager sets have empty interior, and comeager sets are necessarily dense. Therefore, meager sets are
often viewed as nongeneric, while comeager sets are seen as generic.

Theorem 1.17 Let ZD
Qm

iD1 Zi , where Zi D
Ql

jD1 Z
j
i as in Definition 1.11. Then the subsets P

reg
cs;Z,

P
reg
cs in P, andP reg

cs;Z,P reg
cs inP are comeager. In particular , the following holds. Let Ci for iD1; : : : ;m

be associative cones in R7 having links †i D
Fl

jD1†
j
i with †j

i 2 Z
j
i .

(i) If
Pm

iD1 s-ind.Ci/ > 0, then for any coclosed G2-structure � 2P
reg
cs , the moduli space M�

cs contains
no conically singular associative submanifolds having singularities modeled on cones with links in a
neighborhood of †i in Zi .

(ii) If
Pm

iD1 s-ind.Ci/ > 1, then for any path of coclosed G2-structures � 2P reg
cs , the moduli space M�

cs

contains no conically singular associative submanifolds having singularities modeled on cones with
links in a neighborhood of †i in Zi .

Remark 1.18 We conclude from Theorem 1.17 that if � 2P
reg
cs , then the moduli space M

�
cs essentially

can contain only conically singular associative submanifolds having singularities modeled on cones C

with s-ind.C / D 0. Similarly, if � 2 P reg
cs , then the moduli space M�

cs essentially can contain only
conically singular associative submanifolds having singularities modeled on cones C with s-ind.C /D 0

or 1.
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Desingularizations of conically singular associative submanifolds

Let P be a conically singular (CS) associative submanifold in a coclosed G2-manifold .Y; �/, with
an isolated singularity modeled on a cone C whose link is † � S6 (Definition 4.13). To desingular-
ize P , we glue rescaled asymptotically conical (AC) associative submanifolds to obtain approximate
associative submanifolds, which we then aim to deform into genuine associative submanifolds, referred
to as desingularizations. However, there is an obstruction: the deformation operator associated to this
approximate one is not surjective due to the freedom of scaling. Due to the self-adjointness, this is
equivalent to the fact that its kernel — identified with the matching kernel, consisting of bounded kernel
elements on the CS and AC sides that agree to leading order — never vanishes. To compensate for
this obstruction, we perform the deformation within a one-parameter family of coclosed G2-structures
under the hypothesis that both the matching kernel and its extension over the family, called the extended
matching kernel, are one-dimensional and generated by scaling. Under this assumption, we obtain the
desired desingularizations in this one-parameter family.

More precisely, let L be an AC associative submanifold in R7 with the same asymptotic cone C

(Definition 4.2). The deformation operators DP and DL are defined in Definition 2.32, and the kernels
ker DP;� and ker DL;� can be informally described as follows:

ker DP;� WD fu 2 C1.NP / WDP uD 0;uDO.r�/ as r ! 0g;

ker DL;� WD fu 2 C1.NL/ WDLuD 0;uDO.r�/ as r !1g:

Definition 1.19 We define the matching kernel Km by

Km
WD f.uL;uP / 2 ker DL;0˚ ker DP;0 W i1uL D i0uP g;

where i1 and i0 are the asymptotic limit maps iL;0 and iP;0, respectively, defined in Definition 5.25.

The dilation action of RC on R7 induces a canonical Fueter section ysL 2 C1.NL/, which satisfies

.1.20/ DLysL D 0:

Moreover, ysL vanishes at infinity, that is, i1ysL D 0. As a consequence, the matching kernel Km defined
in Definition 1.19 always contains the element .ysL; 0/. This observation will be useful in formulating the
hypothesis of the desingularization theorem (Theorem 1.22).

Let � 2 P be a path of coclosed G2-structures on Y and t0 2 .0; 1/ such that �.t0/ D �. We set
�t WD �.t/. The G2-structure �t induces the 4-form  t (Definition 2.3).

Definition 1.21 We define the extended matching kernel by

zKm
WD f.uL;uP ; t/ 2 ker DL;0˚C1P;0˚R WDP uP C t yfP D 0; i1uL D i0uP g;

where yfP is the linearization at t0 of the nonlinear map (relevant for associative deformations) along the
path � 2P with P fixed, defined in Definition 5.30. Here, C1

P;0
means bounded (i.e., of order O.r0/)

smooth normal vector fields on P .

Geometry & Topology, Volume 30 (2026)
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Note that the inclusion h.ysL; 0/iR � Km � zKm always holds. Equality in both of these inclusions
implies that the relevant extended deformation operator for the family is surjective. This fact, together
with other technical estimates, allows us to establish the following desingularization theorem, that is
proved in Section 6.3.

Theorem 1.22 Let P be a conically singular associative submanifold in a coclosed G2-manifold .Y; �/
with singularity at a single point modeled on a cone C . Let L be an asymptotically conical associative
submanifold in R7 with the same asymptotic cone C and rate � < 0. Let � 2P be a path of coclosed
G2-structures on Y and t0 2 .0; 1/ be such that �t0

D �. Assume that the matching kernel Km and the
extended matching kernel zKm both are one-dimensional , that is ,

.1.23/ zKm
DKm

D h.ysL; 0/iR;

where ysL is the canonical Fueter section from (1.20). Then there exist z"0 > 0, a continuous function
t W Œ0; z"0/ ! Œ0; 1� with t.0/ D t0, and smooth closed embedded associative submanifolds zP";t."/ in
.Y; �t."// for all " 2 .0; z"0/ such that zP";t."/! P as "! 0 in the sense of integral currents.

As applications of Theorem 1.22, we proceed to desingularize CS associative submanifolds with
a Harvey–Lawson T 2-cone singularity and associative submanifolds with a transverse unique self-
intersection.

Desingularizations for CS associatives with a Harvey–Lawson T 2-cone singularity Let � 2P reg
cs be

a generic path of coclosed G2-structures on Y (Definition 1.13). Consider a conically singular associative
submanifold P in .Y; �t0

/ for some t02 .0; 1/, with a singularity modeled on the Harvey–Lawson T 2-cone
at a single point (Example 3.3). Since this cone is a rigid special Lagrangian in C3 with a genus-one
link, the genericity of the path implies that P is an isolated point in the moduli space M�

cs (Lemma 7.3).
Moreover, there exists a normal vector field yvP of order O.r�1/ which spans ker DP;�1 and gives rise to
the following nonzero quantity that will be useful in Theorem 1.28:

.1.24/ a WD hyvP ; yfP iL2 ¤ 0;

where yfP is defined in Definition 5.30. The quantity a essentially represents the first-order obstruction to
deform P as a CS associative along the path �. This also implies that the kernels contributing to both the
matching kernel and the extended matching kernel originate entirely from the AC side and consist of
elements decaying at the rate O.r�1/ at infinity. Notably, the AC special Lagrangians employed in the
desingularization process always possess a one-dimensional kernel of this decay type, which corresponds
precisely to the canonical Fueter section arising from scaling. In summary, the genericity assumption on
the path � is sufficient to ensure that the hypothesis (1.23) required in the desingularization Theorem 1.22
is satisfied.

There are three AC special Lagrangians in C3, Li WDLi
1

for i D 1; 2; 3 from Example 4.10, asymptotic
to the Harvey–Lawson T 2-cone, which will be used to construct three one-parameter families of desingu-
larizations. However, to realize the first transition discussed at the beginning of this article, we need to
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impose additional transversality conditions. These restrict the choice of the path of G2-structures � to a
subset P � of P reg

cs , which we expect remains comeager — so the choice of � is still generic, though a
proof is not included in this article. More precisely, we assume that yvP appearing in equation (1.24) is
transverse, in leading order, to each Li . The following definition formalizes this assumption.

Definition 1.25 P � �P reg
cs consists of all � 2P reg

cs such that for all CS associative submanifolds P in
M�

cs with Harvey–Lawson T 2-cone singularity at a single point, the asymptotic limit of yvP appearing in
equation (1.24) has the form

.1.26/ iP;�1yvP D b1�1C b2�2; with b1 ¤ 0; b2 ¤ 0; b1 ¤ b2;

where �1 and �2 denote the leading order O.r�1/ terms in the expansions of the AC special Lagrangians
L1

1
and L2

1
, respectively, as given in equation (4.11) of Example 4.10. The quantities b1, b2 and b1� b2

essentially represent the first-order obstructions to desingularizations of P by gluing L1
1
, L2

1
and L3

1

within the fixed G2-structure �t0
.

Remark 1.27 The ratios b1=a and b2=a do not depend on the particular choice of yvP .

We now state the desingularization theorem for conically singular associatives with Harvey–Lawson
T 2-cone singularity at a single point, that is proved in Section 7.1.

Theorem 1.28 Let �2P reg
cs be a path of coclosed G2-structures on Y and t02 .0; 1/. Let P be a conically

singular associative submanifold of .Y; �t0
/ in M�

cs with Harvey–Lawson T 2-cone singularity at a single
point x. There exist z"0 > 0, three continuous functions t i W Œ0; z"0/! Œ0; 1� with t i.0/D t0 for i D 1; 2; 3,
and smooth closed embedded associative submanifolds zP";t i ."/ in .Y; �t i ."// for all " 2 .0; z"0/ such that
zP";t i ."/!P as "! 0 in the sense of integral currents. The zP";t i ."/ are diffeomorphic to the Dehn filling of
Po WDPnB".x/ along simple closed curves �i � @P

oŠ T 2 that satisfy �1:�2D�2:�3D�3:�1D�1.
Furthermore , if � 2P �, then there is a constant c ¤ 0 such that

.1.29/ t1."/D t0�
cb2

a
"2
Co."2/; t2."/D t0C

cb1

a
"2
Co."2/; t3."/D t0C

c.b2� b1/

a
"2
Co."2/:

Remark 1.30 We would like to acknowledge that our derivation of the leading-order expression in
equation (1.29) is influenced by [Joyce 2018, Remark 5.4(a)].

Desingularizations for associative submanifolds with transverse intersection Let � 2 P reg
cs be a

generic path of coclosed G2-structures on Y. Consider an associative submanifold P in .Y; �t0
/ for some

t0 2 .0; 1/, exhibiting a unique transverse self-intersection. More precisely, P is a conically singular
associative submanifold with a singularity at a single point modeled on the union of two transverse
associative planes …˙ �R7 and there exists B 2G2 such that B…0 D…C, B…� D…�, and

.1.31/ R7
D hniR˚B…0˚B…� ;

which is an orientation-compatible splitting as described in Example 3.33. To resolve this intersection,
we aim to glue in a Lawlor neck — an asymptotically conical (AC) special Lagrangian submanifold
asymptotic to the planes …˙ (Example 4.7).
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Unlike the case of desingularizations for CS associative submanifolds with a Harvey–Lawson T 2-cone
singularity, the genericity assumption � 2P reg

cs does not guarantee the absence of nontrivial elements in
the extended matching kernel on the CS side. That is, a family of intersecting associative submanifolds
may persist along the path �, potentially increasing the dimension of the extended matching kernel
and thereby violating the hypothesis (1.23) required for the desingularization result of Theorem 1.22.
To address this issue, we restrict our choice of the path of G2-structures � to a subset P | of P reg

cs

consisting of those paths for which associative submanifolds with a transverse, unique self-intersection are
unobstructed as immersed associatives. This ensures that P can be deformed into a family of embedded,
closed associatives that separate the two sheets of the self-intersection along the path. As a consequence,
any nontrivial elements in the extended matching kernel on the CS side must have different components in
the direction perpendicular to the union of the two tangent planes …˙ at the intersection point. However,
any elements in the extended matching kernel arising from the AC special Lagrangian (Lawlor neck)
side always have vanishing perpendicular components. Therefore, for this restricted subset of paths, the
hypothesis (1.23) is satisfied. We note that this subset is still expected to be comeager, so the choice of �
remains generic, although a formal proof of this fact is not included in the present article. The following
definition formalizes this restriction.

Definition 1.32 P | �P reg
cs consists of all � 2P reg

cs such that along it, all associative submanifolds P

with transverse unique self-intersection are (rigid) unobstructed as immersed associative submanifolds. In
other words, ker DP;0 D f0g and there exists yvP 2 C1

P;0
such that

.1.33/ DP yvP D
yfP and a WD .yvC

P
.0/� yv�P .0// �n¤ 0;

where yv˙
P
.0/ 2…?

˙
are the asymptotic limits of yv˙

P
(Lemma 4.31 and Example 3.33), and yfP is from

Definition 5.30.
The above implies that if � 2P | and P is an associative submanifold in .Y; �t0

/ for some t0 2 .0; 1/

with a transverse unique self-intersection then there exists a family of immersed closed associative
submanifolds

.1.34/ fPt W jt � t0j � 1; Pt0
D P; Pt is an embedded closed associative in .Y; �t / for all t ¤ t0g:

The quantity a essentially measures the speed at which the two local sheets of Pt move across each other
near the crossing point as the parameter t passes through t0.

We obtain the following theorem, whose proof is given in Section 7.2.

Theorem 1.35 Let � 2 P | be a path of coclosed G2-structures on Y and take t0 2 .0; 1/. Let P

be an associative submanifold of .Y; �t0
/ with a transverse unique self-intersection at x. There exist

z"0 > 0, a continuous function t W Œ0; z"0/! Œ0; 1� with t.0/D t0, and smooth closed embedded associative
submanifolds zP";t."/ in .Y; �t."// for all " 2 .0; z"0/ such that zP";t."/!P as "! 0 in the sense of integral
currents. The zP";t."/ are diffeomorphic to the connected sums Pt # .S1 �S2/ if Pt is connected , and
otherwise to PCt # P�t , where Pt D PCt qP�t . Here Pt is from equation (1.34) with t ¤ t0.
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Remark 1.36 The condition � 2P | suffices to establish the desingularization result Theorem 1.35 fol-
lowing Theorem 1.22, but realizing the second transition discussed at the beginning of this article requires
additional transversality conditions. These impose further restrictions on the path of G2-structures �,
confining it to a subset of P |, which we denote by P }. We expect this subset to remain comeager — so
the choice of � remains generic — though we do not provide a proof here. More precisely, define P } to
consist of those � 2P | such that for every associative submanifold P (along the path) with a transverse,
unique self-intersection, there exists yuP 2 ker DP;�2 satisfying

.1.37/ iP;�2yuP D .B�
C;B��/ and b WD .yuP �B�C/.0/ �n� .yuP �B��/.0/ �n¤ 0;

where �˙ denote the leading-order O.r�2/ terms over …˙ for the Lawlor neck defined in equation (4.8)
of Example 4.7, and B 2G2 is as above. The quantity b essentially represents the first-order obstruction
to deforming P into an embedded, closed associative submanifold within the fixed G2-structure �t0

. Note
also that choosing �n instead of n swaps …C and …�, ensuring that the definitions of a and b remain
well-defined. As we will discuss in Remark 7.9, following [Joyce 2018, Remark 4.5(a)], if � 2P }, one
would expect the existence of a constant c ¤ 0 such that

.1.38/ t."/D t0�
cb

a
"3
C o."3/:

Establishing this expansion would confirm the second transition described at the beginning of the article.
However, despite our efforts, we have not succeeded in proving equation (1.38), as explained in more
detail in Remark 7.9. We would like to highlight that although Nordström [2013] previously established
Theorem 1.35, he also did not derive (1.38). While we refine Nordström’s argument by constructing an
improved approximate desingularization that yields a smaller pre-gluing error, our analysis still lacks
the precise estimates required to rigorously justify the expansion in equation (1.38). We hope that future
refinements of the techniques developed in this article will lead to a complete proof. For this reason, as
mentioned at the outset, our results concerning the second transition should be regarded as partial.

2 Preliminaries: G2-manifolds and associative submanifolds

In this section we review definitions and basic facts about G2-manifolds, more generally almost G2-
manifolds and associative submanifolds, which are important to understand this article. To delve further
into these topics, we refer the reader to [Salamon and Walpuski 2017; Joyce 2007; Karigiannis and Lotay
2020; Harvey 1990] and other relevant sources mentioned throughout the discourse.

2.1 G2-manifolds

This subsection reviews definitions and basic facts about G2-manifolds.

Definition 2.1 The group G2 is the automorphism group of the normed division algebra of octonions O,
that is,

G2 WD Aut.O/� SO.7/:
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This is a simple, compact, connected, simply connected Lie group of dimension 14. Furthermore, there
exists a fibration SU.3/ ,!G2! S6. Writing OD Re O˚ Im OŠR˚R7, we define the cross-product
� Wƒ2R7!R7 by

.u; v/ 7! u� v WD Im.uv/:

The 3-form �e 2ƒ
3.R7/� is defined by

�e.u; v; w/ WD ge.u� v;w/;

where ge W S
2.R7/!R is ge.u; v/D�Re.uv/, the standard Euclidean metric on R7. These are related

by the important identity

.2.2/ �u�e ^ �v�e ^�e D 6ge.u; v/ volge
:

More explicitly, fe1; : : : ; e7g is an oriented orthonormal frame on R7 such that

�e D e123
� e145

� e167
� e246

� e275
� e347

� e356;

where eijk WD ei ^ ej ^ ek . The Lie group G2 can also be expressed as

G2 WD fA 2 GL.R7/ WA��e D �eg:

There is also a 4-form  e WD �ge
�e 2ƒ

4.R7/�, which also can be defined by

 e.u; v; w; z/ WD ge.Œu; v; w�; z/;

where Œ � ; � ; � � Wƒ3.R7/!R7 is the associator, defined as

Œu; v; w� WD .u� v/�wChv;wiu� hu; wiv:

Definition 2.3 A G2-structure on a 7-dimensional manifold Y is a principal G2-bundle over Y which is
a reduction of the frame bundle GL.Y /.

An almost G2-manifold is a 7-dimensional manifold Y equipped with a G2-structure or, equivalently,
equipped with a definite 3-form � 2�3.Y /, that is, the bilinear form G� WS

2T Y !ƒ7.T �Y / defined by

G�.u; v/ WD �u� ^ �v� ^�

is definite.

A G2-structure � on Y defines uniquely a Riemannian metric g� and a volume form volg� on Y

satisfying the identity (2.2). Moreover, it defines

� a cross product � Wƒ2.T Y /! T Y ,

� an associator Œ � ; � ; � � Wƒ3.T Y /! T Y ,

� a 4-form  WD �g�� 2�
4.Y /.
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Remark 2.4 A 7-dimensional manifold is an almost G2-manifold if and only if it is spin; see [Gray 1969,
Theorems 3.1–3.2]. A G2-structure is also equivalent to a choice of a definite 4-form  2�4.Y / and an
orientation on Y ; see [Hitchin 2001, Section 8.4]. Here  being definite means that the bilinear form
G W S

2T �Y !ƒ7.T �Y /˝ƒ7.T �Y / defined by

G .u; v/ WD �u ^ �v ^ 

is definite. In this definition, the 4-form  is considered as a section ofƒ3.T Y /˝ƒ7.T �Y /Šƒ4.T �Y /,
and the contraction �u is a section of ƒ2.T Y /˝ƒ7.T �Y /.

Definition 2.5 A G2-manifold is a 7-dimensional manifold Y equipped with a torsion-free G2-structure,
that is, equipped with a definite 3-form � 2�3.Y / such that rg�� D 0 or, equivalently,

d� D 0 and d D 0:

The equivalence in the above definition was established by [Fernández and Gray 1982, Theorem 5.2].

Example 2.6 .R7; �e/ is a G2-manifold.

Example 2.7 Let .X; !I ; !J ; !K / be a hyperkähler 4-manifold. The manifolds R3�X and T 3�X are
G2-manifolds with G2-structure

� WD dt1
^ dt2

^ dt3
� dt1

^!I � dt2
^!J � dt3

^!K ;

where .t1; t2; t3/ are the coordinates of R3.

Example 2.8 Let .Z; !;�/ be a Calabi–Yau 3-fold, where ! is a Kähler form and � is a holomorphic
volume form on Z satisfying

!3

3!
D�

� i

2

�3
�^ x�:

The product with the unit circle, Y WD S1 �Z, is a G2-manifold with the G2-structure

� WD dt ^!CRe�;  D 1
2
! ^!C dt ^ Im�;

where t denotes the coordinate on S1. In this case, the holonomy group satisfies Hol.Y;g�/� SU.3/.

Remark 2.9 Any G2-manifold .Y; �/ admits a nowhere vanishing parallel spinor and therefore the metric
g� is Ricci-flat; see [Lawson and Michelsohn 1989, page 321] and [Hitchin 1974, Theorem 1.2]. A
compact G2-manifold Y has holonomy exactly equal to G2 if and only if �1.Y / is finite [Joyce 2007,
Proposition 11.2.1].

Example 2.10 Bryant and Salamon [Bryant 1987; Bryant and Salamon 1989] first constructed local and
complete manifolds with holonomy equal to G2, respectively. Joyce [1996b] first constructed compact
manifolds with holonomy equal to G2 by smoothing flat T 7=� , where � is a finite group of isometries
of T 7. This was generalized later by Joyce and Karigiannis [2021]. Kovalev [2003] introduced the twisted
connected sum construction of G2-manifolds, which glues a suitable matching pair of asymptotically
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cylindrical G2-manifolds. This construction was later improved by Kovalev and Lee [2011] and Corti,
Haskins, Nordström and Pacini [Corti et al. 2015] to produce hundreds of thousands of examples of
compact manifolds with holonomy equal to G2.

The moduli space of torsion free G2-structures over Y is a smooth manifold of dimension b3.Y /

by [Joyce 1996a, Part I, Theorem C], therefore it is not enough to achieve transversality for various
enumerative theories. To address this, one must consider an infinite-dimensional space of G2-structures
as in [Donaldson and Segal 2011, Section 3.2] and [Joyce 2018, Section 2.5], namely the following.

Definition 2.11 A G2-structure � is called a coclosed G2-structure if d D 0, where  WD �g��. An
almost G2-manifold .Y; �/ is called a coclosed G2-manifold if � is a coclosed G2-structure. A G2-
structure � is called tamed by a closed 3-form � 2 �3.Y / if for all x 2 Y and u; v; w 2 TxY with
Œu; v; w�D 0 and �.u; v; w/ > 0, we have �.u; v; w/ > 0.

Remark 2.12 The definition of the above tamed G2-structures can be ignored for this article; they are
used only in Theorem 2.37 to bound the volume of associative submanifolds for compactness. This
restricted class of G2-structures has been employed to construct well-defined enumerative theories in
[Joyce 2018] and [Doan and Walpuski 2019]. However, for the purposes of this article, such a restriction
is not required.

Example 2.13 Nearly parallel G2-manifolds, that is, coclosed G2-manifolds .Y; �/ satisfying d� D � 

for some constant � 2R, are examples of coclosed G2-manifolds.

2.2 Associative submanifolds

In any almost G2-manifold, we can consider a special class of 3-dimensional calibrated submanifolds,
called associative submanifolds, which are the main objects of study in this article. These were first
invented by [Harvey and Lawson 1982].

Definition 2.14 Let .Y; �/ be an almost G2-manifold. A 3-dimensional oriented submanifold P of Y is
called an associative submanifold if it is semicalibrated by the 3-form �, that is, �jP is the volume form
volP;g� on P or, equivalently, the associator Œu; v; w�D 0 for all x 2 P and u; v; w 2 TxP .

Remark 2.15 If � is a calibration (i.e., d� D 0) and P is compact, then it is a minimal submanifold and
volume-minimizing in its homology class [Harvey and Lawson 1982, Theorem 4.2]. The equivalence in
the above definition follows from the identity: ju^ v^wj2 D �.u; v; w/2CjŒu; v; w�j2; see [Harvey and
Lawson 1982, Section IV, Theorem 1.6].

Example 2.16 In Example 2.7, R3 and T 3 are associative submanifolds.

Example 2.17 Let Z be a Calabi–Yau 3-fold and S1�Z be the G2-manifold as in Example 2.8. For any
holomorphic curve†�Z and special Lagrangian L�Z (i.e., L is calibrated by Re�), the 3-dimensional
submanifolds S1 �† and fei�g �L, with ei� 2 S1, are associative submanifolds of S1 �Z.

Geometry & Topology, Volume 30 (2026)



Deformations and desingularizations of conically singular associative submanifolds 1387

Example 2.18 Joyce [1996a, Section 4.2] has produced examples of closed associative submanifolds
which are the fixed point loci of G2-involutions in his generalized Kummer constructions. Recently, new
examples of associative submanifolds in these G2-manifolds have been constructed by Dwivedi, Platt and
Walpuski [Dwivedi et al. 2023].

Example 2.19 Examples of closed associative submanifolds in the twisted connected sum (TCS) G2-
manifolds were first constructed by Corti, Haskins, Nordström and Pacini [Corti et al. 2015, Sections 5 and
7.2.2] from closed holomorphic curves and closed special Lagrangians in asymptotically cylindrical (ACyl)
Calabi–Yau submanifolds. The author in [Bera 2022] has constructed more examples of closed associative
submanifolds in the twisted connected sum G2-manifolds. These are obtained from ACyl holomorphic
curves and ACyl special Lagrangians in ACyl Calabi–Yau submanifolds using a gluing construction. It
is also expected that this gluing construction can be used to produce infinitely many closed associative
submanifolds in a certain TCS G2-manifold studied by Braun, Del Zotto, Halverson, Larfors, Morrison
and Schäfer-Nameki [Braun et al. 2018].

Remark 2.20 Examples of associative submanifolds of nearly parallel G2-manifolds have been con-
structed by Lotay [2012] in S7, Kawai [2015] in the squashed S7 and Ball and Madnick [2023] in the
Berger space.

2.3 Normal bundles and canonical isomorphisms

This subsection sets up our conventions for the normal bundle of a submanifold, the tubular neighborhood
map, and various canonical isomorphisms, which will be used extensively throughout the article to
describe the deformation theories of associative submanifolds and holomorphic curves.

Definition 2.21 (normal bundle) Let Y be a manifold and M be a submanifold of it. The normal bundle
� WNM !M is characterized by the exact sequence

.2.22/ 0! TM ! T YjM !NM ! 0:

Definition 2.23 (tubular neighborhood map) A tubular neighborhood map of M is a diffeomorphism
between an open neighborhood VM of the zero-section of the normal bundle NM of M that is convex in
each fiber, and an open neighborhood UM (tubular neighborhood) of M in Y ,

‡M W VM ! UM ;

that takes the zero section 0 to M , and is such that the composition

NM ! 0�TNM
d‡M
����! T YjM !NM

is the identity.

Definition 2.24 (canonical extension of normal vector fields) The tangent bundle TNM fits into the
exact sequence

0! ��NM
i
�! TNM

d�
�! ��TM ! 0:
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This induces an canonical extension map extending normal vector fields on M to vector fields on NM :

z� W C1.NM / ,! Vect.NM /; u 7! zu WD i.��u/:

Here ��u 2 C1.��NM / is the pullback section.

Notation 2.25 There are instances in this article where it is more appropriate to use the notation zu, but
for simplicity, we will abuse notation and denote it by u.

Remark 2.26 The fact that Œzu; zv�D 0 for all u; v 2 C1.NM / will be useful later.

Definition 2.27 (canonical isomorphisms) For any section u 2 C1.NM /, we define the graph of u by

�u WD f.x;u.x// 2NM W x 2M g:

This is a submanifold of NM , and the bundle ��NMj�u
fits into the split exact sequence

.2.28/ 0! T�u TNMj�u
��NMj�u

! 0:

d.uı�/

1�d.uı�/

In particular, this induces a canonical isomorphism N�u Š ��N Mj�u
. Moreover, the composition

T�u! TNMj�u

d�
�! ��TMj�u

is an isomorphism. Let ‡M W VM ! UM be a tubular neighborhood
map of M . We define C1.VM / WD fu 2 C1.NM / W �u � VM g. Let u 2 C1.VM /. Denote by Mu the
submanifold ‡M .�u/ of Y . Then there is a canonical bundle isomorphism

.2.29/

NM NMu

M Mu

‚M
u

‡M ıu

induced by the commutative diagram of bundle isomorphisms

NM NMu

��NMj�u
N�u

‚M
u

u�
��

1�d.uı�/

d‡M

Definition 2.30 (normal connection) The choice of a Riemannian metric g on Y induces a splitting of
the exact sequence (2.22), that is,

T YjM D TM ?NM:

Denote by � k and �? the projections onto the first and second summands, respectively. The Levi-Civita
connection r on T YjM decomposes as

r D

�
rk � II�

II r?

�
:
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Here II 2 Hom.S2TM;NM / is the second fundamental form of M , rk is the Levi-Civita connection
on M , and r? is the normal connection on NM .

2.4 Moduli space of closed associative submanifolds

This subsection reviews established results on the moduli space of closed associative submanifolds and
motivates the study of conically singular associative submanifolds, which is the focus of this article.

Definition 2.31 Let .Y; �/ be an almost G2-manifold. Let S3 be the set of all 3-dimensional oriented,
closed smooth submanifolds of Y . We define the C k-topology on the set S3 by specifying a basis, which
is a collection of all the sets of the form f‡P .�u/ W u2Vk

P
g, where P 2 S3, ‡P is a tubular neighborhood

map of P , and Vk
P

is an open set in C1.VP / whose topology is induced by the C k-norm on C1.NP /.
The C1-topology on the set S3 is the inverse limit topology of C k-topologies on it, that is, a set is open
in the C1-topology if it is open for every C k-topology.

The moduli space M� of closed associative submanifolds in .Y; �/ is the subset of all submanifolds
in S3 which are associatives. The C1-topology on M� is the subspace topology of S3.

Let P be the set of all coclosed G2-structures on Y . Denote the universal moduli space of closed
associative submanifolds by

M WD f.�;P / 2P � S3 W P 2M
�
g:

Equip P with the C1-topology. The topology of M�P �S3 is then given by the subspace topology of
the product C1-topologies.

LetP be the space of paths � W Œ0; 1�!P which are smooth as sections over Œ0; 1��Y . Set �t WD�.t/.
Define the one-parameter moduli space of closed associative submanifolds by the fiber product

M�
WD Œ0; 1��P MŠ f.t;P / 2 Œ0; 1�� S3 W P 2M

�t g:

The topology on M� is the fiber product topology, which is same as the subspace topology of the product
topology of Œ0; 1�� S3.

Definition 2.32 Let M be an associative submanifold (compact or noncompact) of an almost G2-manifold
.Y; �/. The operator DM W C

1.NM /! C1.NM / is defined by

hDM v;wiL2 WD

Z
M

� 3X
iD1

ei �r
?
M;ei

v;w

�
C

Z
M

�wrv 

for all v 2 C1.NM / and w 2 C1c .NM /. Here NM is the normal bundle of M and r?
M

is the normal
connection, and fe1; e2; e3g is an oriented local orthonormal frame for TM with respect to the metric g� .

If .Y; �/ is a G2-manifold then r D 0 and DM is a Dirac operator, called the Fueter operator. A
closed associative submanifold M of a coclosed G2-manifold is called rigid, or equivalently, unobstructed,
if ker DM D f0g.
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Remark 2.33 The operator DM is formally self-adjoint if d D 0 (Proposition 5.20). This operator is the
linearization of a nonlinear map F

�
M

which controls the deformation theory of associative submanifolds
(Proposition 5.18). Let‡M WVM!UM �Y be a tubular neighborhood map. The map F

�
M
WC1.VM /!

C1.NM / is defined by

.2.34/ hF
�
M

u; wiL2 D

Z
�u

�w‡
�
M for u 2 C1.VM / and w 2 C1c .NM /:

The notation w in the integrand is the extension vector field of w 2C1.NM / in the tubular neighborhood
as in Notation 2.25. The associative submanifolds can also be thought of as critical points of a functional
on the space of submanifolds; see [Donaldson and Thomas 1998, Section 8] and [Doan and Walpuski
2019, Section 2.3]. The differential of this functional is a 1-form which is locally of the form F

�
M

. This
led Doan and Walpuski [2019] to propose constructing Floer homology groups whose chain complex is
generated by associative submanifolds.

The following theorem summarizes the deformation theory of closed associative submanifolds, as
established in the literature.

Theorem 2.35 [McLean 1998, Theorem 5.2; Joyce 2018, Theorem 2.12; Doan and Walpuski 2019,
Theorem 2.20, Proposition 2.23, Section 2.7] Let .Y; �/ be a coclosed G2-manifold.

(i) Let P be an associative submanifold of .Y; �/. Then there exists an open neighborhood IP of 0 in
ker DP such that the moduli space M� near P is homeomorphic to ob�1

P .0/, the zero set of a smooth
map (obstruction map/Kuranishi map)

obP W IP ! coker DP :

Moreover , there is a comeager subset P reg �P such that for all � 2P reg, the moduli space M� is
a 0-dimensional manifold and consists only of unobstructed (rigid ) closed associative submanifolds.

(ii) There is a comeager subset P reg � P such that for all � 2 P reg, the moduli space M� is a
1-dimensional manifold , and there is a discrete subset Io � Œ0; 1� having the property that

� for each t 2 Œ0; 1�nIo, the moduli space M�t consists only of unobstructed (rigid ) closed
associative submanifolds ,

� for each yt 2 Io the moduli space M�yt consists only of closed associative submanifolds yP having
dim ker D yP 6 1. If Po 2M

�yt and dim ker DPo
D 1, then there exist nonzero constants a; b such

that ob.yt ;Po/
can be written as

ob.yt ;Po/
.t;x/D at C bx2

C higher-order terms:

Although Theorem 2.35 implies that for generic �, the moduli space M� of closed associative
submanifolds is discrete, it does not guarantee finiteness, which is essential for defining counting invariants.
This leads to the following natural — and still open — question.
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Question 2.36 [Joyce 2018, Conjecture 2.16] Let .Y; �/ be a compact almost G2-manifold and � 2�3.Y /

be a closed 3-form. Let P� be the space of all coclosed G2-structures that are tamed by � . Does there
exist a comeager subset P�

� �P� such that for all � 2P�
� , the moduli space M� is compact?

If .Y; �/ is a compact almost G2-manifold tamed by � 2�3.Y /, then there is a constant c > 0 such
that for every closed associative submanifold P in .Y; �/ we have (see [Donaldson and Segal 2011,
Section 3.2] and [Joyce 2018, Section 2.5])

vol.P;g�/6 cŒ� � � ŒP �:

Therefore, we may use the following theorem of geometric measure theory to get a Federer–Fleming
compactification of M� . For a discussion on the proof of the following theorem in the special Lagrangian
context we refer the reader to [Joyce 2004a, Section 6] and [Doan and Walpuski 2021, Section 4].

Theorem 2.37 [Simon 1983, Sections 6 and 32; Spolaor 2019; Adams and Simon 1988, Theorem 1;
Joyce 2004a, Theorem 6.8] Let Pn be a sequence of closed associative submanifolds in a sequence of
compact almost G2-manifolds .Y; �n/ that are tamed by a fixed � 2�3.Y /. Assume �n converges to �
in the C1-topology. Then after passing to a subsequence , Pn converges (in the sense of currents) to a
closed integral current P1 which is calibrated by �. Moreover:

(i) The Hausdorff dimension of the singular set of P1 is at most 1.

(ii) If all the tangent cones of P1 are Jacobi integrable2 multiplicity-one associative cones in R7 with
smooth links , then P1 is a conically singular associative submanifold of .Y; �/, in the sense of
Definition 4.13.

The difficulty in addressing Question 2.36 arises primarily from our limited understanding of the
singular set in the generic setting. A natural starting point is to analyze the simplest degeneration scenario,
as described in Theorem 2.37(ii), where the limits are conically singular associative submanifolds. This
article contributes specifically to advancing the understanding of this case.

3 Associative cones
This section focuses on associative cones in R7 and their links, which are holomorphic curves in S6, and
establishes Theorem 1.3. We also examine the Fueter operator on these cones and compute or bound
their stability index, leading to the proof of Theorem 1.10.

3.1 Definition and examples of associative cones

Definition 3.1 Let † be a 2-dimensional closed submanifold of S6 � R7. Define the inclusion map
� W .0;1/�†! R7 by �.r; �/ D r� . A cone C with link † is the image of � in R7. The Euclidean

2A cone in R7 with smooth link † � S6 is called Jacobi integrable if, for every �† 2 ker.D† C 2J / � C1.N†/,
fexp.t�†/ W jt j � 1g is a one-parameter family of holomorphic curves in .S6;J /. Here, “exp” is the exponential map with
respect to the round metric on S6, and D†C 2J is the deformation operator controlling the deformation theory of holomorphic
curves in .S6;J / (Proposition 5.18).
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metric on R7 induces a metric g† on † and a cone metric gC on C , that is, gC D dr2 C r2g†.
Furthermore, it induces a metric gNC and a connection r?

C
on the normal bundle NC of the cone C .

Let � WR7nf0g! S6 be the projection. Then NC D ��.N†/, pullback of the normal bundle N† of †
in S6, gNC D r2��gN† and r?

C
D ��r?

†
.

The standard almost complex structure on S6, J W TxS6! TxS6 is defined by the standard cross
product � on R7 as

J.v/D @r � v;

where x 2 S6 and v 2 TxS6 �R7.
If the cone C is an associative submanifold then we call it an associative cone. This is equivalent to

saying that the link † is a holomorphic curve in the almost complex manifold .S6;J /.

Any special Lagrangian cone in C3 is an associative cone in R7 D R˚C3 and its link is special
Legendrian in S5. Examples 3.2 and 3.3 describe two examples of special Lagrangian cones in C3 that
are important for the desingularization theorems (Theorems 1.35 and 1.28) discussed in this article. For
more examples of special Lagrangian cones, see [Haskins 2004b; Haskins and Kapouleas 2007;Joyce
2001, 2002].

Example 3.2 (transverse pair of SL planes [Joyce 2003, page 328]) Let C� be the union of a pair of special
Lagrangian (SL) planes in C3 with transverse intersection at the origin. Then there exist a B 2 SU.3/ and
unique �1; �2; �3 2 .0; �/ satisfying �1 6 �2 6 �3 and �1C �2C �3 D � such that C� D B…0[B…� ,
where

…0 DR3 and …� WD diag.ei�1 ; ei�2 ; ei�3/ �R3:

We define …C WD B…0 and …� WD B…� . Note that …˙ are uniquely determined.

Example 3.3 (Harvey–Lawson T 2-cone [1982, Theorem 3.1]) The Harvey–Lawson T 2-cone is given by

CHL WD f.z1; z2; z3/ 2C3
W jz1j D jz2j D jz3j; z1z2z3 2 .0;1/g

D fr.ei�1 ; ei�2 ; e�i.�1C�2// 2C3
W r 2 .0;1/; �1; �2 2 Œ0; 2�/g;

which is a special Lagrangian cone in C3 whose link †HL D CHL\S5 is isometric to the flat Clifford
torus T 2.

Example 3.4 (null-torsion holomorphic curves [Bryant 1982, Section 4]) We follow here the exposition
about null-torsion holomorphic curves given in [Madnick 2022]. Let † be a closed holomorphic curve in
.S6;J /. Then the characteristic SU.3/ connection zr (see equation (3.8)) induces holomorphic structures
on TS6

j†
;T† and N†. The second fundamental form of † is the obstruction II 2 Ext1.N†;T†/Š

H 0.†;K2
†
˝N†/ (by Serre duality) to the holomorphic splitting of the exact sequence

0! T†! TS6
j†!N†! 0:
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Moreover, II¤ 0 if and only if † is not a totally geodesic S2. In this case, denote the effective divisor of
the zero set of II by Z. We define a holomorphic line bundle LB by the exact sequence

.3.5/ 0!LN WDK�2
† ˝O.Z/ ,!N†!LB! 0:

The torsion of † is the obstruction III2 Ext1.LB;LN /ŠH 0.†;K3
†
˝O.�Z/˝LB/ (by Serre duality)

to the holomorphic splitting of the exact sequence in (3.5).
If † is null-torsion (i.e., II¤ 0; IIID 0), then there is a holomorphic isomorphism

LB ŠK3
†˝O.�Z/;

and we have
Area.†/D 4�b > 24�;

where b D�c1.LB/D 3�.†/C ŒZ�. Moreover, no null-torsion holomorphic curves in S6 are contained
in a totally geodesic S5. If † is of genus zero and not a totally geodesic S2, then it must be a null-torsion
holomorphic curve. Bryant [1982, Theorem 4.10] and later Rowland [1999] proved that closed Riemann
surfaces of any genus can be conformally embedded as a null-torsion J -holomorphic curve in S6.

We would like to point out that there are more examples of associative cones which are not special
Lagrangians, discussed in [Lotay 2011, Section 7; 2007].

3.2 Moduli space of holomorphic curves in S 6

Definition 3.6 Let S be the set of all 2-dimensional oriented, closed smooth submanifolds of S6. Equip
S with the C1-topology in the same way as in Definition 2.31.

The moduli space Mhol of embedded holomorphic curves in .S6;J / is the subset of all submanifolds†
in S that are J -holomorphic. The topology on Mhol is the subspace topology of the above.

Let † be a holomorphic curve in S6, that is, † 2 Mhol. We denote the complex structure on †
by j , which is just the restriction of J . Let ‡† W V†! U† be a tubular neighborhood map of †. For
u 2 C1.V†/ denote the submanifold ‡†.�u/ by †u. Note that †u is J -holomorphic if and only if u

satisfies the following nonlinear Cauchy–Riemann equation:

0D x@J u WD 1
2
.duC‡�†J.u/ ı du ı j / 2 C1.HomC.T†;u

�T V†//:

The linearization of the nonlinear map x@J W C
1.V†/! C1.HomC.T†;u

�T V†// at the zero section
is described in [McDuff and Salamon 2012, Proposition 3.1.1]. This is the linear map

d†;J W C
1.N†/! C1.HomC.T†;T V†j†//

defined by
d†;J � WD

1
2
.r†�CJ ı .r†�/ ı j Cr�J ı j / for � 2 C1.N†/:

The tangential component of d†;J can be discarded for the deformation theory. The following normal
component actually controls the deformation theory.
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Definition 3.7 For † 2Mhol, the normal Cauchy–Riemann operator

x@N
r W C

1.N†/! C1.HomC.T†;N†//Š�0;1.†;N†/

is defined by
x@N
r � WD

1
2

�
r
?
†�CJ ı .r?†�/ ı j Cr?� J ı j

�
:

The moduli space of holomorphic curves is usually studied using the nonlinear Cauchy–Riemann map
[McDuff and Salamon 2012, Theorem 3.1.5] but here we study it in a different way.

On R7, the Euclidean metric is ge D dr2C r2g and the standard G2-structure �e and  e D �ge
�e

can be written as

�e D r2dr ^!C r3 Re� and  e D
1
2
r4!2

� r3dr ^ Im�;

where !.X;Y / WD g.JX;Y /, and � is a nowhere vanishing complex .3; 0/-form. Together they give an
SU.3/-structure on S6. Also, we have

volR7 D r6dr ^ volS6 and volS6 D
1
6
!3
D

1
8
i�^ x�D 1

4
Re�^ Im�:

In particular, �g Re� D Im� and �g Im� D �Re�. Moreover, d�e D 0 and d e D 0 on R7 are
equivalent to the following equations on S6, respectively:

d! D 3 Re� and d Im�D�2!2:

That means S6 with this SU.3/ structure is a nearly Kähler manifold. Let r be the Levi-Civita connection
on S6 with respect to the round metric g. The characteristic SU.3/ connection given by

.3.8/ zruv WD ruvC
1
2
.ruJ /Jv

satisfies zrg D 0, zrJ D 0 and Hol.zr/� SU.3/. It turns out that zr is not torsion-free. Furthermore, it
induces the following Cauchy–Riemann operator.

Definition 3.9 Let † be a J -holomorphic embedded curve in S6. The characteristic Cauchy–Riemann
operator on N†,

x@N
zr
W C1.N†/!�0;1.N†/;

is defined to be the induced Cauchy–Riemann operator from the characteristic SU.3/ connection zr,
that is,

x@N
zr
� WD 1

2
.zr?�CJ ı .zr?�/ ı j /:

The following lemma will help us to relate the two Cauchy–Riemann operators x@N
zr

and x@N
r

.

Lemma 3.10 [McDuff and Salamon 2012, Lemma C.7.1] For any vector fields u; v; w on S6,

(i) .ruJ /Jv D�J.ruJ /v and g..ruJ /v; w/D�g..ruJ /w; v/,

(ii) .ruJ /v D�.rvJ /u and the torsion Tzr.u; v/D
1
4
NJ .u; v/D .ruJ /Jv,

(iii) 3g..ruJ /v; w/D d!.u; v; w/D 3 Re�.u; v; w/.
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Definition 3.11 The multiplication map, �S6 WTS6�TS6!TS6, is defined by the orthogonal projection
on TS6 of the cross product in R7, or equivalently, for all vector fields u; v; w on S6,

g.u�S6 v;w/D Re�.u; v; w/; or equivalently, u�S6 v D .ruJ /v:

Remark 3.12 Let † be an oriented smooth surface in S6 and C be the cone in R7 with link †. The
following are equivalent:

(i) † is J -holomorphic.

(ii) C is associative.

(iii) For all u; v 2 T† and w 2 TS6, Re�.u; v; w/D 0.

(iv) For all u; v 2 T†, u�S6 v D 0.

(v) For all u 2 T† and v 2N†, u� v 2N†.

The following proposition is the desired relation between the above Cauchy–Riemann operators.

Proposition 3.13 Let † be an embedded J -holomorphic curve in S6. Then for all � 2 C1.N†/,

x@N
r � D

x@N
zr
� � .r?J /J �:

Here r? denotes the normal connection on N†, and its action on End.N†/ is understood as the one
induced from this normal connection.

Proof By Lemma 3.10, for all � 2 C1.N†/, we have

J ı zr� ı j D J ır� ı j C 1
2
J.rJ /J � ı j D J ır� ı j C 1

2
.rJ /J �:

The proposition now follows from the definitions.

The following defines a canonical Dirac operator on a holomorphic curve †, which is also related to
the above Cauchy–Riemann operators.

Definition 3.14 Let † be an embedded J -holomorphic curve in S6. By Lemma 3.10 and Remark 3.12,
the map 
† W T†! EndC.N†/, given by


†.f†/.v†/ WD f† � v† for all v† 2N† and f† 2 T†;

is a skew-symmetric J -antilinear Clifford multiplication. Moreover the normal bundle N† together
with the metric gN†, Clifford multiplication 
† and the metric connection zr? WD zr?

†
is a Dirac bundle,

that is, zr?
† D 0. The associated Dirac operator is given by

.3.15/ D† WD

2X
iD1

fi � zr
?
fi
;
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where ffig is a local orthonormal oriented frame on †. Note that D† is J -antilinear. Moreover, the
map 
† induces a J -antilinear isomorphism


† W HomC.T†;N†/!N†; defined by 
†.f
�
† ˝ v†/D 
†.f†/.v†/:

Remark 3.16 The map 
† fits into the following commutative diagram:

C1.N†/ C1.HomC.T†;N†//

C1.N†/

x@N
zr;J

D†


†

The following proposition is the desired relation between the above Cauchy–Riemann operators and
the Dirac operator.

Proposition 3.17 Let ffig be a local orthonormal oriented frame on †. Then

D† D

2X
iD1

fi �r
?
fi
�J and 
† ı x@

N
r DD†C 2J:

Proof First we prove that 
†..r?J /J /D�2J . For a local oriented orthonormal frame ff1; f2D jf1g

on †, we have r?
fi

J D 
†fi , by Definition 3.11 and Lemma 3.10. Therefore


†..r
?J /J /D

2X
iD1

fi � .r
?
fi

J /J D

2X
iD1

.
†fi/
2J D�2J:

Now the first equality in the proposition follows from equations (3.15) and (3.8). The second equality
follows from Proposition 3.13 and Remark 3.16.

The moduli space of holomorphic curves can be expressed locally as the zero set of the following
nonlinear map.

Definition 3.18 Let † be a holomorphic curve in S6 and ‡† W V†! S6 be a tubular neighborhood map.
We define F W C1.V†/! C1.N†/ by

hF.u/; viL2 WD

Z
�u

�v.‡
�
† Re�/;

where u 2 C1.V†/ and v 2 C1.N†/. The notation v in the integrand is the extension vector field of
v 2 C1.N†/ over the tubular neighborhood V† as in Notation 2.25.

The proof of Theorem 1.3 requires computing the linearization of the map; the following proposition
concerns this computation.
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Proposition 3.19 For u 2 C1.V†/, we have F.u/ D 0 if and only if the graph †u WD ‡†.�u/ is
J -holomorphic. If † 2 Mhol, then the linearization of F at zero , dF0 W C

1.N†/ ! C1.N†/, is
given by

dF0 D JD† � 2D J.D†C 2J /:

This is a formally self adjoint first-order elliptic operator of index 0.

Proof The first part follows from Remark 3.12. Let ff1; f2 D Jf1g be a local oriented orthonormal
frame for T†. For u; v 2 C1.N†/,

d

dt

ˇ̌̌
tD0
hF.tu/; viL2 D

d

dt

ˇ̌̌
tD0

Z
�tu

�v.‡
�
† Re�/D

Z
†

Lu�v.‡
�
† Re�/:

This is the same as
R
† �vLu.‡

�
†

Re�/C �Œu;v�.‡�† Re�/. As Œu; v� D 0 (by Remark 2.26, following
Notation 2.25) and † 2Mhol, this is equal toZ
†

�v.‡
�
† Re�/.rf1

u; f2/C �v.‡
�
† Re�/.f1;rf2

u/C �vru.‡
�
† Re�/

D

Z
†

�hf2 �r
?
f1

u; viC hf1 �r
?
f2

u; vi � �v.u^‡
�
†!/ .as r Re�D�! ^ � /

D

Z
†

hJ.f1 �r
?
f1

u/; viC hJ.f2 �r
?
f2

u/; vi � hu; vi

D

Z
†

h.JD† � 2/u; vi:

Therefore dF0 D JD† � 2. Since D† is a J -antilinear (this follows from the fact that zrJ D 0 and 
†
is J -antilinear), formally self-adjoint Dirac operator, it proves the last part of the proposition.

Proof of Theorem 1.3 In Proposition 3.17, we see that 
† ı x@N
r
DD†C 2J . Extending the nonlinear

map F to Hölder spaces, we get a smooth map

F W C 2;
 .V†/! C 1;
 .N†/:

Proposition 3.19 implies that the linearization of F at zero is an elliptic operator and hence is Fredholm.
By the implicit function theorem applied to F, we obtain the map ob† as stated in the theorem; see
[Donaldson and Kronheimer 1990, Proposition 4.2.19]. We only prove that, if u 2 C 2;
 .V†/ with
F.u/D 0, then u 2 C1.V†/. To prove this, we observe that

0DD†.F.u//D a.u;r?†u/.r?† /
2uC b.u;r?†u/:

Since a.u;r?
†

u/ 2 C 1;
 and b.u;r?
†

u/ 2 C 1;
 , by Schauder elliptic regularity [Joyce 2007, Theorem
1.4.2] we obtain u 2 C 3;
 . By repeating this argument, we get higher regularity, which completes the
proof of the theorem.
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3.3 The Fueter operator of an associative cone

The operator controlling the deformation theory for asymptotically conical (AC) or conically singular
(CS) associatives will be an AC or CS uniformly elliptic operator, asymptotic to a conical elliptic operator
(Definition 4.24). This conical operator is the Fueter operator on the asymptotic associative cone. The
Fredholm theory of AC and CS uniformly elliptic operator was studied by Lockhart and McOwen [1985];
see also Karigiannis and Lotay [2020] and Marshall [2002]. It suggests that we must study the indicial
roots and homogeneous kernels of this Fueter operator.

Let C be an associative cone in R7 with link †. The Fueter operator (Definition 2.32) on the cone C ,
DC W C

1.NC /! C1.NC /, is

DC D

3X
iD1

ei �r
?
C;ei

;

where feig is a local oriented orthonormal frame on C and r?
C

is the normal connection induced by the
Levi-Civita connection on R7.

Definition 3.20 (homogeneous kernel and indicial roots) For � 2R we define the homogeneous kernel of
rate � by

V� WD fr
��1�† 2 C1.NC / W �† 2 C1.NS6†/; DC .r

��1�†/D 0g:

Its dimension is denoted by

d� WD dim V�:

The set of indicial roots (or, critical rates) is defined by

DC WD f� 2R W d� ¤ 0g:

Remark 3.21 jr��1�†jgNC
D r�j�†jg† .

The following proposition not only studies properties of the Fueter operator but also describes the
homogeneous kernel as an eigenspace of an operator on the link †, which will be useful later. Moreover,
the almost complex structure J induces a symmetry on the homogeneous kernels.

Proposition 3.22 Let �† be an element in C1.NS6†/ and � 2R. Then the following hold :

(i) DC D J@r C
1

r
D†C

2

r
J .

(ii) DC .r
��1�†/D r��2

�
D†�†C .�C 1/J�†

�
.

(iii) DC .r
��1.log r/j�†/D r��2.log r/j

�
D†�†C .�C 1/J�†

�
C j r��2.log r/j�1J�†.

(iv) D†.J�†/D�JD†�†.

(v) V� D fr
��1�† WD†�† D�.�C 1/J�†g D fr

��1�† W .JD†/�† D .�C 1/�†g.

(vi) JV�1C� D V�1�� and d�1C� D d�1�� for all � 2R.
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Proof We have r?
C
D dr ˝ @r Cr

?
†

. For a local oriented orthonormal frame ffig on † � S6 and
v.r; �/ 2 C1.NC /, applying Proposition 3.17 we compute

DC v.r; �/D @r �r
?
C;@r

v.r; �/C
1

r2

2X
iD1

fi �r
?
C;fi

v.r; �/

D @r �S6 @rv.r; �/C
1

r
@r �S6 v.r; �/C

1

r

2X
iD1

fi �S6 r
?
†;fi

v.r; �/

D J@rv.r; �/C
1

r
D†v.r; �/C

2

r
J:

This proves (i). Now (ii) and (iii) follow from (i); indeed,

DC .r
��1.log r/j�†/D r��2.log r/j

�
.�� 1/J�†CD†�†C 2J�†

�
C j r��2.log r/j�1J�†:

Finally, (v) follows from (ii), and (vi) follows from (iv). And (iv) follows from the fact that zrJ D 0 and

† is J -antilinear.

Although it follows from [Lockhart and McOwen 1985, equation 1.11] that a general element in the
homogeneous kernel is of the form

Pm
jD0 r��1.log r/j�†;j , the following proposition implies that it

must be of the form we have defined in Definition 3.20. We also see that there is a canonical one-to-one
correspondence between the indicial roots and eigenvalues of the self-adjoint elliptic operator JD† � 1.
In particular, they are countable, discrete and will have finite intersection with any closed bounded
interval of R. Moreover, Proposition 3.22(vi) implies that the indicial roots and homogeneous kernels are
symmetric with respect to �1.

Proposition 3.23 Let m 2N0 and let

v.r; �/D

mX
jD0

r��1.log r/j�†;j 2 C1.NC /

and �†;j 2 C1.NS6†/. If DC v.r; �/D 0, then mD 0, and therefore v.r; �/D r��1�†;0.

Proof If DC v.r; �/D 0, then by Proposition 3.22(iii) and comparing the coefficients of r��2.log r/j�1

for j > 1, we see that

D†�†;mC .�C 1/J�†;m D 0 and jJ�†;j CD†�†;j�1C .�C 1/J�†;j�1 D 0:

Therefore,
mk�†;mk

2
L2.†/

D�hJ�†;m;D†�†;m�1C .�C 1/J�†;m�1iL2.†/

D hJ.D†�†;mC .�C 1/J�†;m/; �†;m�1iL2.†/ D 0:

Here we have used Proposition 3.22(iv). The proof is completed by backwards induction starting with
j Dm.

Geometry & Topology, Volume 30 (2026)



1400 Gorapada Bera

Whenever the above associative cone is a special Lagrangian cone, the homogeneous kernel can be
expressed in a more explicit form with Hodge–de Rham operators, which in turn will help us compute or
estimate lower bounds for the stability index. The following discusses this in detail.

Definition 3.24 Let L be a special Lagrangian submanifold in C3 �R˚C3. Set e1 D .1; 0/ 2R˚C3.
We define the isometry ˆL W C

1.NL/!�0.L;R/˚�1.L;R/ by

ˆL.�/ WD .he1; �i; .e1 � �/
[/:

We denote by {DL the conjugation of the Fueter operator DL defined in Definition 2.32 under ˆL, that is,

{DL WDˆLDLˆ
�1
L W�

0.L;R/˚�1.L;R/!�0.L;R/˚�1.L;R/:

A direct computation shows that

.3.25/ {DL D

�
0 d�

d �d

�
:

A direct computation yields the following lemma.

Lemma 3.26 Let C be a cone in C3 with link †, then for

.f†; h†; �†/ 2�
0.†;R/˚�0.†;R/˚�1.†;R/;

we have:

(i) d.r�f†/D �r��1f† dr C r� d†f†.

(ii) d.r�h† dr C r�C1�†/D�r� dr ^ d†h†C .�C 1/r� dr ^ �†C r�C1 d†�†.

(iii) �dr D r2 �† 1, ��† D�dr ^�†�†;�.dr ^ �†/D �†�†, �d†�† D r�2 dr .

(iv) d�.r�h† dr C r�C1�†/D�.�C 2/r��1h†C r��1 d
�†
†
.�†/.

(v) �d.r�h† dr C r�C1�†/D�r� �† d†h†C .�C 1/r��†�†C r��1.�† d†�†/ dr .

Proposition 3.27 If C is a special Lagrangian cone in C3 whose link is †, then the homogeneous kernel
from Definition 3.20 is

V� Š

�
f�† 2�

1.†;R/ W�†�† D 0g if �D�1,
f.f†; h†/ 2�

0.†;R/˚�0.†;R/ W .f†; h†/ satisfies (3.28)g if �¤�1;

�†f† D �.�C 1/f† and �†h† D .�C 2/.�C 1/h†:.3.28/

Proof Since C is a special Lagrangian, by equation (3.25) we have

V� Š f.f†; h†; �†/ 2�
0.†;R/˚�0.†;R/˚�1.†;R/ W .f†; h†; �†/ satisfies (3.29)g;�

d�.r�h† dr C r�C1�†/D 0;

d.r�f†/C� d.r�h† dr C r�C1�†/D 0:
.3.29/
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By Lemma 3.26 we obtain that equation (3.29) is equivalent to

.3.30/

8<:
.�C 2/h† D d

�†
†
.�†/;

�f† D��†d†.�†/;

.�C 1/�†�† D�d†f†C�†d†h†:

This yields the required proposition.

Corollary 3.31 If C is a special Lagrangian cone in C3 whose link is †, then

V� Š

8̂̂̂<̂
ˆ̂:
fh† 2�

0.†;R/ W�†h† D .�C 2/.�C 1/h†g if � 2 .�1; 0/;

H 0.†;R/˚fh† 2�
0.†;R/ W�†h† D 2h†g if �D 0;

H 1.†;R/ if �D�1;

ff† 2�
0.†;R/ W�†f† D .�C 1/�f†g if � 2 .�2;�1/.

Remark 3.32 If the associative cone C is not a 3-plane then all the translations by vectors in R7 yield a
7-dimensional subspace of V0 and hence d0 > 7. Indeed, there are no nontrivial translations that preserve
the cone C because 0 is the unique singular point of C . Thus if C is not a 3-plane, then the lower stability
index from Definition 1.7 has the lower bound

1
2
d�1 6 s-ind�.C /:

The following two examples compute the stability-indices of a pair of transverse associative planes,
and the Harvey–Lawson T 2-cone.

Example 3.33 (pair of transverse associative planes) Let …˙ be a pair of associative planes in R7 with
transverse intersection at the origin, that is, …C\…� D f0g. Set

C� WD…C[…� and e1 WD .1; 0; : : : ; 0/ 2R7
DR˚C3:

We choose a unit vector n2R7 orthogonal to both …˙ so that we have an orientation-compatible splitting

R7
D hniR˚…C˚…�:

Here the orientations of …˙ are given by the restrictions of the standard 3-form �e , and the orientation of
hniR is given by n. If we choose �n instead of n in the above, we interchange the role of …C and …�.
Then there exists B 2G2 such that

nD Be1; B…0 D…C; B…� D…�;

where …0 and …� are special Lagrangian planes in C3 as in Example 3.2. By Corollary 3.31 and
Proposition 3.27, we have

V� Š

8<:
0 if � 2 Œ�1; 0/[ .0; 1/;

.R˚R/˚ .R3˚R3/ if �D 0;

.R3˚R5/˚ .R3˚R5/ if �D 1:
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If H is the symmetry group of an associative 3-plane for the standard action of G2 on R7, then H ŠSO.4/.
Hence, C� is rigid as in Definition 1.9, that is, d1 D 2.dim G2 � dim H / D 16, and its stability index
from Definition 1.5 is

s-ind.C�/D 1
2
d�1C

X
�1<�61

d�� 2.dim G2� dim H /� 7D 0C 8C 16� 16� 7D 1:

Example 3.34 (Harvey–Lawson cone) Let CHL be the Harvey–Lawson special Lagrangian cone, whose
link is the flat Clifford tori in C3, given in Example 3.3. Then by Corollary 3.31 and Proposition 3.27,
and [Marshall 2002, Section 6.3.4, page 132] we have

V� Š

8̂̂̂<̂
ˆ̂:

R2 if �D�1;

0 if � 2 .�1; 0/[ .0; 1/;

R˚R6 if �D 0;

R6˚R6 if �D 1:

If H is the symmetry group of CHL for the standard action of G2 on R7, then H Š U.1/2. Hence CHL is
rigid as in Definition 1.9, that is, d1D dim G2�dim H D 12, and its stability index from Definition 1.5 is

s-ind.CHL/D
1
2
d�1C

X
�1<�61

d�� .dim G2� dim H /� 7D 1C 19� 12� 7D 1:

The following proposition provides a classification of special Lagrangian cones that attain the minimal
stability index.

Proposition 3.35 Let C be a special Lagrangian cone in C3 whose link † is connected and not a totally
geodesic S2. Then its stability index from Definition 1.5 and lower stability index from Definition 1.7
satisfy

s-ind.C /> s-ind�.C /> 1
2
b1.†/> 1;

with equality if and only if C is CHL, the Harvey–Lawson T 2-cone (up to special unitary equivalence).

Proof As † is not a totally geodesic S2, C is not contained in any hyperplane [Haskins 2004a,
Lemma 3.13] in C3. Moreover the genus of † is at least 1 [Haskins 2004b, Theorem 2.7]. The space of
real linear functions on C3 induces a 6-dimensional subspace of the 2-eigenspace of �†. Therefore, by
Corollary 3.31 we have (see Remark 3.32) d0 > 7 and

s-ind�.C /> 1
2
d�1 D

1
2
b1.†/> 1:

In Example 3.34, we see s-ind.CHL/D 1. If s-ind.C /D 1, then b1.†/D 1, d0 D 7 and d� D 0 for all
� 2 .�1; 0/[ .0; 1/. This implies that the first eigenvalue of �† is 2 with multiplicity 6. Then by a
theorem of Haskins [2004a, Theorem A], C is CHL, the Harvey–Lawson T 2-cone (up to special unitary
equivalence).

The remainder of this section focuses on the stability index of a null-torsion holomorphic curve.
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Proposition 3.36 Let † be a null-torsion holomorphic curve in S6 and let C be the cone in R7 with
link †. Then the lower stability index from Definition 1.7 satisfies

s-ind�.C / > 4:

In particular , this inequality holds for any genus-zero holomorphic curve in S6 except a totally geo-
desic S2.

The proof of this proposition needs the following small preparation.

Definition 3.37 Let† be a J -holomorphic curve in S6. The Jacobi operator L† WC1.N†/!C1.N†/

is
L† D .r

?
† /
�
r
?
† C

2X
iD1

.R.fi ; � /fi/
?
�

2X
i;jD1

hII.fi ; fj /; � i II.fi ; fj /:

Proposition 3.38 Let † be a J -holomorphic curve in S6. Then the Jacobi operator L† satisfies

L† D .D†CJ /.D†C 2J /D .JD†/
2
� .JD†/� 2:

Moreover , spec.L†/D f�2C��2 W �2DC g, where DC is defined in Definition 3.20, and the �2C��2

eigenspace of L† has the decomposition

E�2C��2
L†

Š V��2˚V�C1 Š V�˚V�C1:

In particular , E�2
L†
Š V�1˚V0 and E0

L†
Š V0˚V1.

Proof We denote the Jacobi operator for the cone C of † in R7 by LC . [Gayet 2014, Theorem 2.8,
Appendix 5.3] proved that

LC DD2
C :

Now for all �† 2 C1.NS6†/, we have LC �† D r�2L†�†. Therefore by Proposition 3.22(ii) we
conclude that

D2
C D r�2.D†CJ /.D†C 2J /:

This proves the first part. The remaining part follows from parts (v) and (vi) of Proposition 3.22.

Proof of Proposition 3.36 Let yJ be an almost complex structure on N† defined by the following exact
sequence of complex vector bundles (Example 3.4):

0! .LN ;J /
˛
�! .N†; yJ /

ˇ
�! .LB;�J /! 0:

Madnick [2022] proved that † is null-torsion if and only if r? yJ D 0, and in that case

L† D 2x@�r?; yJ
x@r?; yJ � 2;

where x@r?; yJ is the Cauchy–Riemann operator induced by r? and yJ on N†. Moreover,

.3.39/ dim E�2
L†

> index x@
r?; yJ

D 2c1.N†; yJ /C 2�.†/D�4c1.LB/D 4b > 24:
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Here b D Area.†/=.4�/> 6. By Proposition 3.38 we see that dim E�2
L†
D d�1C d0 and therefore

s-ind�.C /> 1
2
d�1C d0� 7 > 1

2
.d�1C d0/� 7 > 2b� 7 > 5:

Proof of Theorem 1.10 Statement (ii) is proved in Proposition 3.36, (iii) is computed in Examples
3.33 and 3.34, (iv) follows from Proposition 3.35 and the fact that d0 � 7 > b0.†/� 1. We will now
prove (i). Consider the short exact sequence (3.5). If the genus of † is 1, then K† Š O, and therefore
O.Z/˝LB D LN ˝LB Š O. Assume † is not a null-torsion holomorphic curve. Then the zero set
of III induces an effective divisor, in particular deg LB > ŒZ�. Therefore deg LB D ŒZ�D 0 and hence
LB Š O and LN Š O. This implies that there is a nonzero section �† of N† such that x@N

zr
�† D 0 and

hence d�1 > 2. Moreover, considering the long exact sequence of sheaf cohomologies corresponding to
equation (3.5), we obtain

0!C!H 0.†;N†/!C
III
�!C!H 1.†;N†/!C! 0:

Since III¤ 0, we obtain, more precisely, that d�1 D 2 dimC H 0.†;N†/D 2.

Remark 3.40 Let † be a J -holomorphic curve in S6. The Morse index of the Jacobi operator L† is
defined by IndL† WD

P
ı<0 dim Eı

L†
. Now Proposition 3.38 implies that

IndL† D d�1C 2
X

�1<�<0

d�C
X

06�<1

d�:

If the genus of † is 1 then the proof of Theorem 1.10 implies that IndL† > 9. If † is a null-torsion
holomorphic curve in S6 then L† does not have an eigenvalue less than �2. Therefore by equation (3.39),
the Morse index of L† satisfies

IndL† > 4bC
X

0<�<1

d� > 24:

Comparing the above observations with a generalized Willmore type conjecture made by [Kusner and
Wang 2024, Remark 3.6(1)] we conjecture that if an associative cone C in R7 is not a plane then
s-ind.C / > 1 with equality if and only if C is the Harvey–Lawson T 2-cone or a union of two special
Lagrangian planes with transverse intersection at the origin. This has been confirmed in Theorem 1.10
for special Lagrangian cones in C3.

4 AC and CS associative submanifolds

This section introduces the definitions and examples of asymptotically conical (AC) and conically singular
(CS) associative submanifolds. We also study the linear analysis for the Fueter operator, which governs
the deformations of AC and CS associative submanifolds. Since these submanifolds are noncompact, we
carry out the Fredholm theory in weighted function spaces.

Geometry & Topology, Volume 30 (2026)



Deformations and desingularizations of conically singular associative submanifolds 1405

4.1 Asymptotically conical (AC) associative submanifolds

Before defining AC associative submanifolds, we introduce the notion of a conical tubular neighborhood
map of a cone in the following definition.

Definition 4.1 Let C be a cone in R7 with link †� S6, that is, C D �..0;1/�†/. Let

‡† W V† �NS6†! U†

be a tubular neighborhood map for †. It induces a conical tubular neighborhood map of C ,

‡C W VC ! UC ;

as follows. Define VC �NC at .r; �/ by rV†, and

‡C .u.r; �// WD r‡†.r
�1u.r; �// and UC WD im‡C �R7:

Observe that, for each " > 0, the scaling map s" W R7! R7, x 7! "x induces an action s"� on NC .
Moreover, ‡C is equivariant with respect to these actions, that is,

‡C .s"�u/D s"‡C u:

We now introduce the notion of AC associative submanifolds, which are associative submanifolds in R7

that approach a cone at infinity in a controlled manner.

Definition 4.2 Let C be a cone in R7 with link†, let†Dqm
iD1

†i be the decomposition into components,
and let Ci be the cone with link †i . An oriented three-dimensional submanifold L of R7 is called an
asymptotically conical (AC) submanifold with cone C and rate � WD .�1; : : : ; �m/ with �i < 1 if there
exist

� a compact submanifold with boundary KL of L,

� a real number R1 > 1 and a diffeomorphism

‰L W .R1;1/�†!L1 WDLnKL �R7

such that ‰L� � is a section of the normal bundle NC over �..R1;1/�†/�C lying in the tubular
neighborhood VC of C , and

j.r?Ci
/k.‰L� �/j DO.r�i�k/

for all k 2N [f0g as r !1.

Here r?
C

is the normal connection on NC induced from Levi-Civita connection on R7 and j � j is taken
with respect to the normal metric on NC and the cone metric on C . The cone C is called the asymptotic
cone of L, and L1 is the end of L.

The above L is called an asymptotically conical (AC) associative submanifold if, in addition, it is
associative.
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Remark 4.3 Deformation theory of AC associative submanifolds has been studied by Lotay [2011]. If
L is an AC associative submanifold, then C is automatically an associative cone in R7; see [loc. cit.,
Proposition 2.15]. An AC submanifold of rate � < 1 is also an AC Riemannian manifold with rate � � 1,
as well as an AC submanifold of any rate �0 with � 6 �0 < 1.

The following two definitions will be useful later in the context of desingularization but may be
skipped for now. They explain how, given an AC associative submanifold, one can define a corresponding
end-conical submanifold, over which the AC submanifold can be expressed as the graph of a decaying
section inside an appropriate end-conical tubular neighborhood.

Definition 4.4 (end-conical submanifold) Let � W .0;1/! Œ0; 1� be a smooth function such that

.4.5/ �.r/D

�
1 if r 6 1;

0 if r > 2:

For every s > 0, �s W .0;1/! Œ0; 1� is defined by �s.r/ WD �.s
�1r/. Let L be an AC submanifold with

cone C as in Definition 4.2. We define an end-conical submanifold LC , which is diffeomorphic to L:

LC WDKL[‡C .�R1
.‰L� �//:

Set C1 WD �..2R1;1/�†/�LC and KLC
WDLCnC1.

Definition 4.6 (end-conical tubular neighborhood map) Let L be an AC submanifold with cone C as in
Definition 4.2, and ‡C be as in Definition 4.1. We say a tubular neighborhood map

‡LC
W VLC

! ULC

of LC is end-conical if VLC
and ‡LC

are chosen so that they respectively agree with VC and ‡C on C1.
There is a section ˇ in VLC

�N LC which is zero on KL and ‡LC
.�ˇ/ is L, and

j.r?Ci
/kˇj DO.r�i�k/ for all k 2N [f0g as r !1;

where r?
C

is the normal connection on N LC induced from Levi-Civita connection on R7.

There are many examples of AC special Lagrangians in C3 [Joyce 2001, 2002], but we mention only
two types of AC special Lagrangians in Examples 4.7 and 4.10, which are important for this article. For
examples of AC associatives which are not AC special Lagrangians, see [Lotay 2011, Section 7; 2007].

Example 4.7 (Lawlor neck [Lawlor 1989; Joyce 2018, Section 4.1; Harvey 1990, pages 139–143]) Let
…0 DR3 and …� be a pair of transverse special Lagrangian planes in C3 as in Example 3.2, that is,

…0 DR3 and …� WD diag.ei�1 ; ei�2 ; ei�3/ �R3;

where �1; �2; �3 2 .0; �/ satisfy �1 6 �2 6 �3 and �1C �2C �3 D � . Define

�C WRC �S2
!…� ; �C.r; �/D r diag.ei�1 ; ei�2 ; ei�3/ � �;

�� WRC �S2
!…0; ��.r; �/D r�:
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For any A> 0 there exists a unique triple of positive real numbers .a1; a2; a3/ such that

AD
4�

3 �
p

a1a2a3

and �k D �k.1/;

where

P .x/ WD

Q3
jD1.1C aj x2/� 1

x2
;

�k.y/D ak

Z y

�1

dx

.1C akx2/
p

P .x/
for y 2R; k D 1; 2; 3:

The Lawlor neck L�;A is defined as

L�;A WD f.z1.y/�1; z2.y/�2; z3.y/�3/ 2C3
W y; �1; �2; �3 2R; �2

1 C �
2
2 C �

2
3 D 1g;

where for k D 1; 2; 3,

zk.y/ WD ei�k.y/
q

a�1
k
Cy2:

The Lawlor neck L�;A is a smooth special Lagrangian submanifold [Harvey 1990, Theorem 7.78]
diffeomorphic to R�S2. The map

ˆL�;A WR�S2
!L�;A; .y; .�1; �2; �3// 7! .z1.y/�1; z2.y/�2; z3.y/�3/;

is a diffeomorphism. Define ˆ˙
L�;A
WRC�S2!L�;A by ˆ˙

L�;A
.r; �/DˆL�;A.˙r; �/. For every " > 0,

we observe that the rescaled Lawlor neck satisfies

"L�;A DL�;"3A:

Therefore, we will always use “Lawlor neck” to mean L�;A with the normalization AD1, if not mentioned
otherwise.

We define �� 2 C1.N…0j…0nf0g/ and �C WD diag.ei�1 ; ei�2 ; ei�3/ � �� 2 C1.N…� j…�nf0g/ as

.4.8/ ��.x1;x2;x3/ WD r�3.ix1; ix2; ix3/; where r D

q
x2

1
Cx2

2
Cx2

3
:

Observe that D…˙
�˙D0 and �˙ 2V�2. The Lawlor neck L�;A is an AC special Lagrangian submanifold

asymptotic to …0[…� with rate � D�2. Moreover, the asymptotic normal sections can be written as

.4.9/ ‰˙L�;1 � �
˙
D �˙CO.r�4/:

Here ‰˙
L�;1

can be defined (up to normalizations) as

‰�L�;1.Reˆ�L�;1/Dˆ
�
L�;1

and ‰C
L�;1

.Re diag.e�i�1 ; e�i�2 ; e�i�3/ˆC
L�;1

/DˆC
L�;1

:

Example 4.10 (Harvey–Lawson AC special Lagrangians [Harvey and Lawson 1982, Theorem 3.1; Joyce
2018, Section 5.1]) Let C WD CHL be the Harvey–Lawson T 2-cone as in Example 3.3, and let � be the
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inclusion map in R7. For any positive real number a> 0, the Harvey–Lawson special Lagrangian 3-folds
are defined by

L1
a WD f.z1; z2; z3/ 2C3

W jz1j
2
� aD jz2j

2
D jz3j

2; z1z2z3 2 Œ0;1/g;

L2
a WD f.z1; z2; z3/ 2C3

W jz1j
2
D jz2j

2
� aD jz3j

2; z1z2z3 2 Œ0;1/g;

L3
a WD f.z1; z2; z3/ 2C3

W jz1j
2
D jz2j

2
D jz3j

2
� a; z1z2z3 2 Œ0;1/g:

Each Lk
a for k D 1; 2; 3 is a smooth special Lagrangian in C3 [Harvey and Lawson 1982, Section III.3.A]

diffeomorphic to S1 �C. Define the diffeomorphisms

ˆL1
a
WRC �T 2

!L1
a; .r; ei�1 ; ei�2/ 7! .ei�1

p
r2C a; rei�2 ; re�i.�1C�2//;

ˆL2
a
WRC �T 2

!L1
a; .r; ei�1 ; ei�2/ 7! .re�i.�1C�2/; ei�1

p
r2C a; rei�2/;

ˆL3
a
WRC �T 2

!L1
a; .r; ei�1 ; ei�2/ 7! .rei�2 ; re�i.�1C�2/; ei�1

p
r2C a/:

For every " > 0, we have
"Lk

a DLk
"2a
:

Therefore, we always assume Lk
a with the normalization aD 1, if not mentioned otherwise. Each Lk

a is
an AC special Lagrangian submanifold asymptotic to CHL with rate � D�1. Moreover, the asymptotic
normal sections can be written as

.4.11/ ‰Lk
1
� �D �k CO.r�2/;

where �k 2 V�1 and �3 D��1� �2.

4.2 Conically singular (CS) associative submanifolds

We define conically singular (CS) associative submanifolds with singularity at m points, modeled on
associative cones in R7. Before that we need a preferred choice of coordinate system at each of these
m points, which we define first.

Definition 4.12 Let .Y; �/ be an almost G2-manifold (Definition 2.3) and let p be a point in Y . A
G2-framing at p is a linear isomorphism � W R7 ! TpY such that ��.�.p// D �e, where �e is the
standard G2 structure on R7. A G2-coordinate system at p with G2-framing � is a diffeomorphism

‡ W BR.0/�R7
! U

for some constant 0<R< 1 and some open set U containing p in Y satisfying ‡.0/D p and d‡0 D � .
Two G2-coordinate systems‡1 and‡2 at p are called equivalent if they have the same G2-framing at p.

Definition 4.13 Let P be a compact subset of an almost G2-manifold Y and sing.P / WD fp1; : : : ;pmg

be a finite set points in P such that yP WDPnsing.P / is a smooth three-dimensional oriented submanifold
of Y . We call yP the smooth part of P and sing.P / the set of singular points of P . For i D 1; : : : ;m let

‡ i
W BR.0/! U � Y
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be a G2-coordinate system with G2-framing �i at pi . Let fC1; : : : ;Cmg be a set of cones in R7. Denote
the link of Ci by †i and the inclusion map into R7 by �i .

(1) P is said to be a conically singular (CS) submanifold with singularities at pi modeled on cones Ci

(with respect to the G2-framing �i) and rates �i with 1< �i 6 2 if there exist

� a compact submanifold with boundary KP of P ,
� "0 > 0 with 2"0 <R and, for i D 1; 2; : : : ;m, smooth embeddings

‰i
P W .0; 2"0/�†i! BR.0/;

with
Sm

iD1‡
i ı‰i

P
W .0; 2"0/�†i! Y a diffeomorphism onto yPnKP , such that ‰i

P
� �i is a

smooth section of the normal bundle NCi over �..0; 2"0/�†i/ which lies in VCi
and

j.r?Ci
/k.‰i

P � �i/j DO.r�i�k/

for all k 2N [f0g as r ! 0.

Here r?
Ci

is the normal connection on NCi induced from Levi-Civita connection on R7 and j � j is
taken with respect to the normal metric on NCi and cone metric on Ci .

(2) The cone zCi WD �i.Ci/� Tpi
Y is said to be the tangent cone of P at pi .

(3) P is said to be a conically singular (CS) associative submanifold if it is conically singular submanifold
as above and yP is an associative submanifold of .Y; �/.

Remark 4.14 We make some remarks about the above definition.

(i) A CS submanifold with rates �i is also a CS submanifold with all rates �0i such that 1<�0i 6�i 6 2

for all i D 1; 2; : : : ;m.

(ii) A CS submanifold with rates �i is a conically singular Riemannian manifold with rates �i � 1 for
the metric g� induced by �. Indeed,

j.r?Ci
/k
�
.‡ i
ı‰i

P /
�g� �gCi

�
j.

kC1X
jD0

j.r?Ci
/j .‰i

P � �i/j:

(iii) The condition �i > 1 also implies that if P is a CS associative submanifold as above, then each cone
Ci is also an associative cone in R7. Indeed, the associator on Ci

jŒ � ; � ; � �jCi
j DO.r�i�1/ as r ! 0:

But jŒ � ; � ; � �jCi
j is dilation invariant and therefore Œ � ; � ; � �jCi

D 0.

(iv) Since‰i
P
��i is a section of the normal bundle NCi which represents P over the end, ‰i

P
is uniquely

determined by the constant "0, the normal bundle NCi and the G2-coordinate system ‡ i at pi .

(v) The condition �i 6 2 guarantees that the above definition of a CS submanifold is independent of the
choice of G2-coordinate systems ‡ i at pi within an equivalence class; that is, it depends only on
the G2-framings �i at those points. However, observe that for any other G2-framing � 0i at pi , there
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exists Ai 2G2 such that �i D �
0
i ıAi . Therefore, the same CS submanifold is also a CS submanifold

modeled on the cones Ai.Ci/� R7. As a consequence, the tangent cones are independent of the
choice of G2-framings. Whenever we say that a CS submanifold is modeled on certain cones in R7,
an implicit framing is there.

4.3 Linear analysis on CS and AC associative submanifolds

This subsection discusses the linear analysis of the deformation operator, which will be essential for the
deformation theory and desingularization results presented later. By considering appropriate weighted
function spaces of sections of vector bundles over CS and AC submanifolds (where the weights represent
decay rates of those sections) we obtain a Fredholm theory for CS and AC elliptic operators if the weights
avoid the wall of critical weights or rates. The index of these operators changes when weights cross the
wall of critical rates. This theory originally appeared in Lockhart and McOwen [1985]. A very good
exposition can be found in [Marshall 2002] and [Karigiannis and Lotay 2020].

Notation 4.15 For a conically singular manifold P , let NP denote the normal bundle of yP DPn sing.P /.

4.3.1 Weighted function spaces Let P be a CS submanifold as in Definition 4.13 and L be an AC
submanifold as in Definition 4.2 asymptotic to Ci , i D 1; : : : ;m. To treat the AC and CS together
introduce the following notation.

Notation 4.16 Write

M WD

�
P if P is a CS submanifold;
L if L is a AC submanifold;

� WD

�
� if P is a CS submanifold with rate �;
� if L is a AC submanifold with rate �:

Notation 4.17 We wish to define weighted Sobolev and Hölder spaces with rate �D .�1; �2; : : : ; �m/ 2

Rm. We say � <;D; > �0 if for each i D 1; 2; : : : ;m we have �i <;D; > �
0
i , respectively. For any s 2R,

set �C s WD .�1C s; �2C s; : : : ; �mC s/ and j�j WD
Pm

iD1j�i j.

Definition 4.18 (weighted function spaces) For each �D .�1; �2; : : : ; �m/ 2Rm, a weight function on yP
is a smooth function wP;� W

yP ! .0;1/ such that if x D ‡ ı‰P .r; �/ with .r; �/ 2 .0; 2"0/�†i , then

wP;�.x/D r��i :

The weight function on L, wL;� WL! .0;1/, is defined by

wL;�.x/ WD .1Cjxj/
��i :

Let � 2 Rm and k > 0, p > 1, 
 2 .0; 1/. For a continuous section u of NM , we define the weighted
L1-norm and the weighted Hölder seminorm respectively by

kukL1
M;�
WD kwM;�ukL1.NM / and Œu�

C
0;


M;�

WD ŒwM;��
u�C 0;
 .NM /:
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For a continuous section u of NM with k continuous derivatives, we define the weighted C k-norm and
the weighted Hölder norm respectively by

kukC k
M;�
WD

kX
jD0

k.r?M /j ukL1
M;��j

and kuk
C

k;


M;�

WD kukC k
M;�
C Œ.r?M /ku�

C
0;


M;��k

;

and the weighted Sobolev norm by

kuk
W

k;p

M;�

WD

� kX
jD0

Z
M

jwM;��j .r
?
M /j ujpwM;3 dVM

�1
p

:

Here, the connection r?
M

on NM is the projection of the Levi-Civita connection induced by g� for the
decomposition T YjM D TM ˚NM , and the j � j is with respect to the metric g� . Set

L
p

M;�
WDW

0;p

M;�
:

We define the weighted Hölder space C
k;


M;�
to be the space of continuous sections of NM with k

continuous derivatives and finite weighted Hölder norm k � k
C

k;


M;�

. This is a Banach space but not
separable.

We define the weighted Sobolev space W
k;p

M;�
, the weighted C k-space C k

M;�
, the weighted Lp-space

L
p

M;�
and the weighted L1-space L1

M;�
to be the completion of the space of compactly supported smooth

sections of NM , namely, C1c .NM / with respect to the weighted Sobolev norm k � kW k;p

M;�
, the weighted

C k-norm k � kC k
M;�

, the weighted Lp-norm k � kLp

M;�
and the weighted L1-norm k � kL1

M;�
respectively.

These are all separable Banach spaces. Moreover, we define the weighted C1-space C1
M;�

by

.4.19/ C1M;� WD

1\
kD0

C k
M;�:

Remark 4.20 The spaces W
k;2

M;�
are all Hilbert spaces with inner product coming from the polarization

of the norm. We also note that

Lp.NM /DL
p

M;�.3=p/
:

The L2-inner product gives rise to the following useful result.

Proposition 4.21 Let k; l > 0, p; q > 1 with .1=p/C .1=q/D 1 and �; �1; �2 2Rm. Then the L2-inner
product map

W
k;p

M;�1
�W

l;q

M;�2

h � ; � i
L2

�����!R

is continuous provided M DP (CS ) with �1C�2 >�3, or M DL (AC ) with �1C�2 6�3. Moreover ,
this L2-inner product yields a Banach space isomorphism

.L
p

M;�
/� ŠL

q

M;�3��
:
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Proof For u 2L
p

M;�1
and v 2L

q

M;�2
we consider

hu; viL2 D

Z
M

.wM;�1
uwM;3=p/.wM;�2

vwM;3=q/wM;��1��2�3 VolM . kuk
W

k;p

M;�1

kvk
W

k;q

M;�2

;

provided M D P (CS) with �1C �2 > �3, or M D L (AC) with �1C �2 6 �3. This proves that the
L2-inner product map is continuous. The isomorphism stated in the proposition follows from the standard
fact that h � ; � iL2 WLp �Lq!R is a dual pairing.

The following result is a weighted embedding and compactness theorem that will be used in this article;
see [Marshall 2002, Theorems 4.17 and 4.18].

Proposition 4.22 Let �; �1; �2 2Rm, k; l 2N [f0g, p; q > 1 and ˛; ˇ 2 .0; 1/. Then:

(i) If k > l and k � .n=p/ > l � .n=q/, the inclusion W
k;p

M;�1
,! W

l;q

M;�2
is a continuous embedding

provided that , for M D L (AC ), either p 6 q; �1 6 �2 or p > q; �1 < �2, and for M D P (CS ),
either p 6 q; �1 > �2 or p > q; �1 > �2.

(ii) If kC˛ > l Cˇ, the inclusion C
k;˛
M;�1

,! C
l;ˇ

M;�2
is a continuous embedding provided that �1 6 �2

for M DL (AC ), and �1 > �2 for M D P (CS ).

(iii) If k � .n=p/> l C˛, the inclusion W
k;p

M;�
,! C

l;˛
M;�

is a continuous embedding.

(iv) All of the above embeddings are compact provided that all the inequalities in the corresponding
hypotheses are strict inequalities.

4.3.2 AC and CS elliptic operators on AC and CS associatives Let P be a CS associative submanifold
as in Definition 4.13 and L be an AC associative submanifold as in Definition 4.2, asymptotic to C . We
continue to use M to denote either P or L, and � as � for CS and � for AC submanifolds. For any
associative cone C in R7 with link †, the Fueter operator DC is a conical operator (see [Marshall 2002,
Section 4.3.2] for a precise definition), that is, after the identification of R7nf0g with the cylinder R�S6

by substituting r D et , we obtain that (Proposition 3.22)

.4.23/ r2DC r�1
D Jr@r C .D†CJ /D J@t C .D†CJ /

is a translation-invariant operator.

Definition 4.24 Let DM WC
1
c .NM /!C1c .NM / be a first-order, formally self-adjoint elliptic operator.

It is called an asymptotically conical (AC) uniformly elliptic operator for M DL (AC), and a conically
singular (CS) uniformly elliptic operator for M D P (CS), respectively, asymptotic to the conical
operators DCi

over the ends of M , if the operator r2DM r�1 is an asymptotically translation-invariant
uniformly elliptic operator asymptotic to r2DCi

r�1 (see [Marshall 2002, Section 4.3.2]) and, after the
identifications by canonical bundle isomorphisms,

DM DDCi
CO.r�i�1/:

The operator DM has canonical extensions to weighted function spaces and we denote them as

D
k;p

M;�
WW

kC1;p

M;�
!W

k;p

M;��1
and D

k;


M;�
W C

kC1;


M;�
! C

k;


M;��1
:
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The following proposition is about elliptic regularity statements for a CS or AC uniformly elliptic
operator DM [Marshall 2002, Theorem 4.6].

Proposition 4.25 Suppose � 2 Rm, k > 0, p > 1, 
 2 .0; 1/. Let u; v 2 L1
loc be two locally integrable

sections of NM such that u is a weak solution of the equation DP uD v.

(i) If v 2 C
k;


M;��1
, then u 2 C

kC1;


M;�
is a strong solution and there exists a constant C > 0 such that

kuk
C

kC1;


M;�

6 C.kD
k;


M;�
uk

C
k;


M;��1

CkukL1
M;�

/:

(ii) If v 2W
k;p

M;��1
, then u 2W

kC1;p

M;�
is a strong solution and there exists a constant C > 0 such that

kuk
W

kC1;p

M;�

6 C.kD
k;p

M;�
uk

W
k;p

M;��1

CkukL1
M;�

/:

The following proposition identifies the weights for which the elliptic operators DM are adjoints of
each other with the weighted function spaces.

Proposition 4.26 Let k > 0, p; q > 1 with .1=p/C .1=q/D 1, and �1; �2 2Rm. For all u2W
kC1;p

M;�1
and

v 2W
kC1;q

M;�2
we have hDk;p

M;�1
u; viL2 D hu;D

k;q

M;�2
viL2 provided that M D P (CS ) with �1C�2 > �2,

or M DL (AC ) with �1C�2 6 �2.

Proof The result is true for u; v 2C1c .NM /, so the general statement follows from Proposition 4.21.

In the following, we discuss the Fredholm theory for the operator DM . It turns out that the Fredholm
property depends on the choice of weights, and in particular, it requires that the weight does not lie on
the wall of critical rates, which we define below.

Definition 4.27 (wall of critical rates) Let fC1; : : : ;Cmg be a set of associative cones. Set C WD .Ci/
m
iD1

.
The set of critical rates DC is defined by

DC WD f.�1; �2; : : : ; �m/ 2Rm
W �i 2DCi

for some ig;

where DCi
is the set of all indicial roots of DCi

defined in Definition 3.20. We call DC the wall of
critical rates in Rm. We define

V� WD

mM
iD1

V�i
; d�i

WD dim V�i
and d� WD

mX
iD1

d�i
;

where the V�i
are defined in Definition 3.20.

We also need the weighted function spaces over the cone, which we now define.

Definition 4.28 Let C be a connected associative cone. We can define the Banach spaces W
k;p

C;�
, C

k;


C;�

and all others over C analogously to Section 4.3.1, replacing M by C , NM by NC and the weight
function wM;� by wC;� W C !R, where wC;�.r; �/D r��, � 2R.
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The following key lemma, which is crucial to the Fredholm theory, follows from [Donaldson 2002,
Lemma 3.1, Proposition 3.4, Section 3.3.1] and [Maz’ja and Plamenevskiĭ 1978, Theorem 5.1], using the
observation made in (4.23) above.

Lemma 4.29 Let C be a connected associative cone. The conical Fueter operator

DC W C
kC1;


C;�
! C

k;


C;��1

is invertible if and only if � 2 RnDC . Moreover , any element u 2 ker DC has an L2-orthogonal
decomposition

uD
X
�2DC

r��1u†;�;

where u†;� are �-eigensections of JD† � 1, that is , r��1u†;� 2 V�.

We obtain the following proposition.

Proposition 4.30 Let � 2Rm, k > 0, p > 1 and 
 2 .0; 1/. Then D
k;p

M;�
and D

k;


M;�
are Fredholm for all

� 2RmnDC . Moreover , for all � 2Rm, Ker D
k;p

M;�
D Ker D

k;


M;�
is finite-dimensional and independent

of k, p and 
 .

Proof The operators D
k;p

M;�
and D

k;


M;�
are Fredholm with weight � 2 RmnDC by [Donaldson 2002,

Proposition 3.6, Section 3.3.1] or [Lockhart and McOwen 1985, Theorem 6.2]. Independence of k, p

and 
 follows from Propositions 4.25 and 4.22.

The following lemma defines the asymptotic limit map, which maps each element in the kernel of
the above AC or CS elliptic operator (with an appropriate weight) to its leading-order asymptotic term.
Moreover, the lemma provides a wall-crossing formula describing how the index of the operator changes
as the weight crosses a wall of critical rates.

Lemma 4.31 Let � 2Rm and let �1; �2 be two elements in RmnDC with �1 < �< �2 for M DL (AC ),
and �2 < � < �1 for M D P (CS ), such that j�2��1j6 j�� 1j and there are no other indicial roots in
between �1 and �2 except possibly �. We define the set

S�2
WD fu 2 C

kC1;


M;�2
WD

k;


M;�2
u 2 C

k;


M;�1�1
g:

Define a linear map eM;� W V�!W
kC1;p

M;�2
(under the identifications of normal bundles NM and NCi by

the canonical bundle isomorphisms over the ends) by

eM;�.w/ WD

8̂<̂
:

mL
iD1

�"0
wi if M D P (CS);

mL
iD1

.1� �R1/wi if M DL (AC):

Then there exists a unique linear map ziM;� W S�2
! V�, called the asymptotic limit map , satisfying , for

any u 2 S�2
,

u� eM;� ı
ziM;�u 2 C

k;


M;�1
:
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Moreover , the following statements hold.

(i) S�2
� C

kC1;


M;�
and Ker D

k;


M;�2
D Ker D

k;


M;�
, and KerziM;� D C

kC1;


M;�1
. Moreover ,

KerfiM;� WD
ziM;� W Ker D

k;


M;�2
! V�g D Ker D

k;


M;�1
:

(ii) S�2
D C

kC1;


M;�1
C im eM;� and the restriction of D

k;


M;�2
, denoted by

yD
k;


M;�1
W C

kC1;


M;�1
C im eM;�! C

k;


M;�1�1
;

has the property that Ker D
k;


M;�2
D Ker yDk;


M;�1
and Coker D

k;


M;�2
Š Coker yDk;


M;�1
.

(iii) Wall-crossing formula: index DM;�2
D index DM;�1

C d�.

Proof The proof of this lemma can be found in [Karigiannis and Lotay 2020, Proposition 4.21 to
Corollary 4.24]. We will only show the existence of the asymptotic map ziM;�. Given u 2 S�2

we define
zu 2

Lm
iD1 C kC1;
 .NCi/ by

zu WD

8̂<̂
:

mL
iD1

zui WD �"0
u if M D P (CS);

mL
iD1

.1� �R1/u if M DL (AC):

Denote any of the asymptotic cone by C . Since DM DDC CO.r��1/ and j�2��1j6 j�� 1j, we have
DC zu 2 C

k;


C;�1�1
. Lemma 4.29 implies that there exists a unique v 2 C

kC1;


C;�1
such that DC .zu� v/D 0.

We define the asymptotic map ziM;� as

.4.32/ ziM;�.u/ WD r��1.zu� v/†;�:

Finally, the following proposition computes the index of the AC or CS elliptic operator with an
appropriate weight. This is essential for determining the dimension of the moduli spaces of AC and CS
associative submanifolds.

Proposition 4.33 Ker D
k;


M;�
is independent of � in each connected component of �2RmnDC . Moreover ,

for all � 2RmnDC , we have:

(i) Coker DM;� Š Ker DM;�2��. If � > �1
2

for M D L (AC ) or � 6 �1
2

for M D P (CS ), then
Ker DM;�2�� is equal to Coker DM;�.

(ii) If s > 0 for M DL (AC ) or s < 0 for M D P (CS ) is such that �1 is the only possibly critical rate
in between �1� s and �1C s, then

index DM;�1Cs D dim Ker DM;�1Cs � dim Ker DM;�1�s D
1
2
d�1:

(iii) index DL;� D�index DP;�, and

index DL;� D

X
�i >�1

�
d�1;i

2
C

X
�i2DCi

\.�1;�i /

d�i

�
�

X
�i<�1

�
d�1;i

2
C

X
�i2DCi

\.�i ;�1/

d�i

�
:
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Proof The first statement is a direct consequence of part (iii) of previous lemma. Now the first part
of (i) follows from Propositions 4.21 and 4.30, and if � is as in second part of (i) we use the fact that
C

k;


M;�2��
� C

k;


M;�
. To see (ii), observe from (i) and the wall-crossing formula of Lemma 4.31 that

dim Ker DM;�1Cs � dim Ker DM;�1�s D dim Ker DM;�1�s � dim Ker DM;�1CsC d�1:

Finally, (iii) is an immediate consequence of (ii) and the wall-crossing formula stated in Lemma 4.31.

5 Deformations of CS associative submanifolds

In this section, we study the moduli space of conically singular (CS) associative submanifolds in two set-
tings: first, within a fixed coclosed G2-structure, and second, within a smoothly varying one-parameter fam-
ily of coclosed G2-structures. We prove two key results: Theorem 1.12, which describes the structure of the
above moduli spaces, and Theorem 1.17, which establishes transversality and generic smoothness results.

5.1 Moduli space of CS associative submanifolds

We begin by defining the universal moduli space and the moduli space in a fixed coclosed G2-structure of
CS associative submanifolds as a set.

Definition 5.1 We define the universal space of conically singular (CS) submanifolds,

Scs WD f.�;P / W P is a CS submanifold in .Y; �/; � 2Pg:

The universal moduli space Mcs of conically singular associative submanifolds is defined by

Mcs WD f.�;P / 2 Scs W P is a CS associative submanifoldg:

There is a canonical projection map � W Scs !P, and we define the moduli space of CS associative
submanifolds in .Y; �/ by

M�
cs WD �

�1.�/\Mcs:

Next, we define a topology on Mcs, called the weighted C1-topology. This topology is specified by
defining a basis of open sets around each of its elements. Given an element of Mcs, we can make a choice
of an end-conical singular (ECS) submanifold (Definition 5.2) equipped with an end-conical (EC) tubular
neighborhood map (see Definition 5.3) near it. We then construct a canonical family of ECS submanifolds
and corresponding EC tubular neighborhood maps by varying the coclosed G2-structures, as well as the
singularity data — such as the positions of the singularities and their associated model cones. The open
sets consisting of CS associative submanifolds lying inside this family of tubular neighborhoods together
with coclosed G2-structures define a basis for the weighted C1-topology around the given element.

Definition 5.2 (ECS submanifold) Let P be a CS submanifold of .Y; �/ as in Definition 4.13. Given
a choice of G2-coordinate systems ‡ i at the singular points and the other data that is used for P in
Definition 4.13, we define an end-conical singular (ECS) submanifold PC , which is diffeomorphic to yP
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but conical on the ends, as follows:

PC WDKP [

� m[
iD1

.‡ i
ı‡Ci

/..1� �"0
/.‰i

P � �i//

�
:

Here �"0
is the cut-off function defined in (4.5).

Set

Ci;"0
WD �..0; "0/�†i/ and KPC

WD PCn

m[
iD1

‡ i.Ci;"0
/:

Definition 5.3 (EC tubular neighborhood map) Let P be a CS submanifold as in Definition 4.13. Let PC

be a choice of an ECS submanifold as in Definition 5.2. A tubular neighborhood map of PC ,

‡PC
W VPC

! UPC
;

is called end-conical (EC) if VPC
and ‡PC

agree with ‡�.VC / and ‡ ı‡C ı‡
�1
� on ‡

�
�..0; "0/�†/

�
,

respectively. Here, ‡C W VC ! UC is a conical tubular neighborhood map of C as in Definition 4.1
Given a choice of an ECS submanifold PC and a choice of an EC tubular neighborhood map‡PC

, there
is a section ˛ in VPC

�N PC which is zero on KP and ‡ i
� ı .‰

i
P
� �i/D ˛ ı‡

i such that ‡PC
.�˛/ is P .

Remark 5.4 In the above framework, set

VCi;"0
WD VCi jCi;"0

; UCi;"0
WD UCi jCi;"0

; PCi;"0
WD PC

j‡i .Ci;"0
/

and VPCi;"0

WD VPC j‡i .Ci;"0
/
:

The following commutative diagram helps us to keep track of the definitions above:

Ci;"0
VCi;"0

UCi;"0

PCi;"0
VPCi;"0

D ‡ i
�.VCi;"0

/ Y nKY

‰i
P
��i

‡ i

‡Ci

‡ i
� ‡ i

˛

‡PC

Definition 5.5 (CS submanifolds after varying G2-structure and singularity data) Let P 2M
�
cs be a CS

associative submanifold with singularities at pi modeled on cones Ci , i D 1; : : : ;m as in Definition 4.13.
Let †i be the link of Ci . Let PC be a choice of an ECS submanifold as in Definition 5.2, and let
‡PC

W VPC
!UPC

be a choice of an EC tubular neighborhood map of PC as in Definition 5.3. Since the
singular points pi and associative cones Ci are allowed to vary, we need to also vary the PC and ‡PC

.
This is done as follows. By Theorem 1.3, there are tubular neighborhood maps ‡†i

W V†i
! U†i

of †i

and obstruction maps ob†i
W I†i

! O†i
. Let U� and Upi

be sufficiently small neighborhoods of � in P

and pi in ‡ i
�
B.0; "0/

�
� Y , respectively, where ‡ i is a G2-coordinate system from Definition 4.13. Set

.5.6/ U�0
WD U� �

� mY
iD1

Upi

�
�

� mY
iD1

I†i

�
and �0 WD .�;p1; : : : ;pm; 0; : : : ; 0/ 2 U�0

:
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The open set U�0
essentially parametrizes nearby coclosed G2-structures together with nearby singularity

data (positions and model cones).
For the parameter �0, we already have that PC is an ECS submanifold and ‡PC

is an EC tubular
neighborhood map. Our goal is to construct a canonical smoothly varying (in the parameter � 2 U�0

)
family of ECS submanifolds P �

C
with G2-structure, and the singularities and model cones are moved

according to the data encoded in � . Furthermore, we aim to construct an EC tubular neighborhood
map ‡P�

C
, which will serve to define the weighted C1-topology.

To achieve this, we construct a canonical smooth family of diffeomorphisms (introduced in the next
Definition 5.8),

.5.7/ ˆ W U�0
!

mY
iD1

Diff.B.0;R//; � WD
�
�� ; .p

�
i /; .�

�
i /
�
7! .ˆ�i /;

satisfying the following conditions:

(i) ‡�i WD ‡
i ıˆ�i defines a G2-coordinate system at p�i for the coclosed G2-structure �� , where ��

and p�i are the data encoded in � .

(ii) ˆ�0

i is the identity on B.0;R/, and for all � 2 U�0
, ˆ�i is equal to the identity outside B.0; 2"0/.

With this in place, we define for each � 2 U�0
an ECS submanifold P �

C
, and an associated EC tubular

neighborhood map ‡P�
C

, by

P �
C WD

� m[
iD1

‡�i ı.‡
i/�1.PC /

�
[KP and ‡P�

C
WD

� m[
iD1

‡�i ı.‡
i/�1
ı‡PC

�
[‡PC jKP

WVPC
!Y:

Note that P �
C

has singularities located at p�i , modeled on associative cones C �
i whose links are

†�i WD ‡†i
.��i /, where ��i 2 I†i

represents the infinitesimal deformation of †i encoded in � . Moreover,
any CS submanifold in .Y; �/ lying inside UPC

with the same asymptotic data as P is mapped, via
‡P�

C
ı‡�1

PC
, to a CS submanifold in .Y; �� / with asymptotic data matching that of P �

C
, and vice versa.

Definition 5.8 (canonical smooth family of diffeomorphisms) The time-1 flows of the following family
of vector fields in (5.11), parametrized by U�0

, defines the required smooth family of diffeomorphisms ˆ
in (5.7).

To define (5.11), we first construct a family of vector fields parametrized by I†i
as follows. Given

an element �i 2 I†i
, we use the extension map z� from Definition 2.24 to obtain a vector field z�i on V†i

.
Applying the differential of the tubular neighborhood map‡†i

, we obtain the vector field d‡†i
.z�i/ on U†i

.
Next, we extend this to a global vector field on S6 by multiplying with a cut-off function supported in a
neighborhood of U†i

. Finally, we obtain a vector field v�i
supported on B.0; 2"0/� B.0;R/ by radially

translating and multiplying by the cut-off function �"0
defined in (4.5). In summary, the construction can

be expressed as

.5.9/ I†i

z�
�! Vect.V†i

/
d‡†i
����! Vect.U†i

/ ,! Vect.S6/
�"0
�

��! Vect.B.0;R//:
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The time-1 flows of the vector fields constructed above move the holomorphic curves and their corre-
sponding associative cones near the origin but fix the positions of the singularities.

Next, we construct another smooth family of vector fields parametrized by U� �Upi
as follows. Given

a pair .�0;p0i/ 2 U� �Upi
, we use the G2-coordinate system ‡ i to pull back the G2-structures � at pi

and �0 at p0i . The resulting pullbacks .‡ i/��.pi/ and .‡ i/��0.p0i/ are two G2-structures on R7, where
the first can be mapped to the second by an element of GL7.R/. This element can be taken to be the
exponential of a matrix A�0;p0

i
2M7.R/. However, this choice is not unique, since composing with

an element of G2 yields another valid representative in GL7.R/. To resolve this ambiguity, we fix a
smooth family of matrices A�0;p0

i
2 M7.R/ satisfying the initial condition A�;pi

D 0. We interpret
A�0;p0

i
as a linear vector field on R7 and hence consider its restriction to the ball B.0;R/. Translating

by .‡ i/�1.p0i/ and after that multiplying by the cut-off function �"0
, we obtain a vector field v�0;p0

i

supported in B.0; 2"0/. In summary, this defines the smooth family

.5.10/ U� �Upi
! Vect.B.0;R//; .�0;p0i/ 7! v�0;p0

i
;

where
v�0;p0

i
.x/ WD �"0

�
A�0;p0

i
.x/C .‡ i/�1.p0i/

�
:

The time-1 flows of this family vary both the G2-structure and the positions of the singularities together
with the model associative cones.

By summing the smooth families of vector fields from equations (5.9) and (5.10), we obtain the desired
smooth family of vector fields

.5.11/ U�0
!

mY
iD1

Vect.B.0;R//:

Definition 5.12 (weighted C1-topology) We now define the weighted C1-topology on the moduli
space Mcs by specifying a local basis around each element .�;P /2Mcs. Given such an element, we make
a choice of an ECS submanifold PC as in Definition 5.2, and a choice of an EC tubular neighborhood
map of PC as in Definition 5.3, and consider a neighborhood U�0

as in (5.6), small enough so that, for
all � 2 U�0

, the critical rates greater than 1 of the associative cones C �
i remain uniformly bounded away

from 1. This allows us to choose a decay rate �D .�1; : : : ; �m/ such that

.5.13/ 2> �i > 1 and .1; �i/\DC �
i
D¿ for all � 2 U�0

:

This technical assumption is explained in Remark 5.14 below. For now, fix such a �. The local basis of
the topology is then given by all subsets of the form

V
�

�;P
WD f.�� ; ‡P�

C
.�u// W u 2 VPC ;�; � 2 V�0

g\Mcs;

where V�0
� U�0

and VPC ;� � C1� .VPC
/ WD C1

PC ;�
\C1.VPC

/ are open subsets. Here C1
PC ;�

is the
space of smooth normal vector fields of order O.r�/ on PC as defined in (4.19).

Remark 5.14 The construction of PC and the tubular neighborhood map ‡PC
involves several choices;

however, the weighted C1-topology is independent of these choices.
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At first glance, the above definition may appear to depend on the choice of the decay rate � satisfying
(5.13). However, for any other choice �0 satisfying (5.13), �0i must lie in the same connected component
of .1; 2/nDC �

i
as �i . Consequently, by Remark 5.34, we have V

�

�;P
D V

�0

�;P
and the above definition

does not depend on the choice.
Another advantage of choosing each �i close to 1 is to avoid crossing walls of critical rates. If �

were to cross such a wall, the corresponding set V�
�;P

— parametrizing CS associative submanifolds
with stronger decay — would become strictly smaller, yet still open in Mcs, which is undesirable. In
principle, one could define moduli subspaces by restricting to CS associative submanifolds with stronger
decay rates; these would inherit the subspace topology from the weighted C1-topology introduced above.
However, we do not explore this direction in the present article.

To understand the local structure of the moduli space Mcs of CS associative submanifolds, we define
below a nonlinear map whose zero set locally models Mcs. Let P 2 M

�
cs be a CS associative sub-

manifold. We make a choice of an ECS submanifold PC as in Definition 5.2, and a choice of an EC
tubular neighborhood map of PC as in Definition 5.3. There is a canonical bundle isomorphism from
Definition 2.27,

.5.15/ ‚C
P WNPC !NP:

Choose U�0
and � as in Definition 5.12. For each � 2 U�0

, the ECS submanifold P �
C

and the associated
EC tubular neighborhood map ‡P�

C
be as in Definition 5.5.

Definition 5.16 Define F W C1� .VPC
/�U�0

! C1.NPC / by

hF.u; �/; wiL2 WD

Z
�u

�w‡
�
P�

C
 � for all u 2 C1� .VPC

/; � 2 U�0
; w 2 C1c .N PC /:

The notationw in the integrand is the extension vector field ofw 2C1.NPC / in the tubular neighborhood
as in Notation 2.25. The L2 inner product we choose here comes from the canonical bundle isomorphism
‚C

P
WNPC !NP as in (5.15) and the induced metric on NP of g� .

Remark 5.17 The CS associative P is represented by a section ˛ 2 C1� .VPC
/ from Definition 5.3, and

therefore F.˛; �0/D 0. Moreover, for u 2 C1� .VPC
/ and � 2 U�0

we have ‡P�
C
.�u/ 2M

��
cs if and only

if F.u; �/D 0.

To express the moduli space M
�
cs locally as the zero set of a map (Kuranishi map) between finite-

dimensional spaces, and to establish transversality results, we need to analyze the Fredholm property of
the linearization of the nonlinear map introduced above. This is the focus of the following discussion.

Proposition 5.18 For � 2 U�0
, the linearization of F� WD F. � ; �/ at u 2 C1

PC ;�
.VPC

/,

dF�ju W C
1
PC ;�

! C1PC ;��1;

is given for all v 2 C1
PC ;�

and w 2 C1c .NP / by

hdF�ju.v/; wi D

Z
�u

�wLv.‡
�
P�

C
 � /:
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Deformations and desingularizations of conically singular associative submanifolds 1421

This is the same asZ
�u

X
cyclic

permutations

hŒe2; e3;re1
v�; wiC �wrv.‡

�
P�

C
 � /C �rwv.‡

�
P�

C
 � /;

where fe1; e2; e3g is a local orthonormal frame for T�u, and the associator Œ � ; � ; � � is defined with respect
to ‡�

PC
��� .

Proof For a family fuC tv 2 C1� .VPC
/ W jt j � 1g, we have

d

dt

ˇ̌̌
tD0

FuCtv.w/D
d

dt

ˇ̌̌
tD0

Z
�uCtv

�w.‡
�
P�

C
 � /D

Z
�u

Lv�w.‡
�
P�

C
 � /

D

Z
�u

�wLv.‡
�
P�

C
 � /C �Œv;w�.‡

�
P�

C
 � /:

As Œv; w�D 0 (Notation 2.25), this is further equal toZ
�u

X
cyclic

permutations

�w.‡
�
P�

C
 � /.re1

v; e2; e3/C

Z
�u

�rwv.‡
�
P�

C
 � /C �wrv.‡

�
P�

C
 � /:

Corollary 5.19 Let u 2 C1� .VPC
/ and � 2 U�0

. If ‡P�
C
.�u/ 2Mcs, a CS associative submanifold , then

dF�ju is given by

hdF�ju.v/; wiL2 D

Z
�u

� X
cyclic

permutations

Œe2; e3;re1
v�; w

�
C

Z
�u

�wrv.‡
�
P�

C
 � /

for all v 2 C1
PC ;�

and w 2 C1c .NPC /.

Proposition 5.20 For � 2U�0
, the linearization dF�ju of F� at u2C1

PC ;�
.VPC

/ is a formally self-adjoint
first-order differential operator.

Proof For all v;w 2 C1c .NPC /, the difference dF�ju.v/.w/� dF�ju.w/.v/ isZ
�u

Lv�w.‡
�
P�

C
 � /�Lw�v.‡

�
P�

C
 � /D

Z
�u

�wLv.‡
�
P�

C
 � /C �Œv;w�.‡

�
P�

C
 � /�Lw�v.‡

�
P�

C
 � /:

As Œv; w�D 0 and d � D 0, this is equal toZ
�u

�w�v.‡
�
P�

C
d � /� d.�w�v.‡

�
P�

C
 � //D 0:

Definition 5.21 We define the differential operator LP W C
1
c .NPC /! C1c .NPC / by

LP u WD dF�0j˛
.u/;

where the CS associative P is represented by ˛ 2 C1� .VPC
/ as in Definition 5.3.
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Proposition 5.22 We have
LP D .‚

C
P /
�1
ıDP ı‚

C
P ;

where DP W C
1
c .NP /! C1c .NP / is the Fueter operator defined in Definition 2.32, and the canonical

bundle isomorphism ‚C
P
WNPC !NP is as in (5.15).

Proof For all v;w 2 C1c .NPC /,

hLPv;wiL2 D h‚C
PLPv;‚

C
PwiL2.NP/ D

Z
�˛

� X
cyclic

permutations

Œe2; e3;r
?
e1
v�; w

�
C

Z
�˛

�wrv.‡
�
PC
 /

D

Z
P

� X
cyclic

permutations

Œe2; e3;r
?
e1
.‚C

P v/�; ‚
C
Pw

�
C

Z
P

�‚C
P
wr‚C

P
v 

D hDP‚
C
P v;‚

C
PwiL2.NP/:

The second-to-last equality holds because w�‚C
P
w 2 TP and v�‚C

P
v 2 TP , and Œ � ; � ; � �jP D 0.

Proposition 5.23 The operator LP is a conically singular uniformly elliptic operator asymptotic to the
conical operators DCi

.

Proof Since DP is elliptic and LP D .‚
C
P
/�1 ıDP ı‚

C
P

by Proposition 5.22, LP is elliptic.
Without loss of generality we assume that m D 1 and C D Ci . It remains to prove that LP is CS

asymptotic to DC . We substitute below r D et and denote Ct WD .t;1/�†. For all v;w 2 C1c .NCt /,

hr2dF�0j0
‡�.r

�1v/; ‡�wiL2 D

Z
Ct

r �wLv.‡
�
C‡
� /

D

Z
Ct

r �wLv.‡
�
C 0/CO.e�t /kvkW 1;2.NC /kwkL2.NC /:

By Proposition 5.32(i), we get

h‡�LPv;wiL2.NC / D hDC v;wiL2.NC /CO.r��1/kvkW 1;2.NC /kwkL2.NC /:

This completes the proof of the proposition.

Propositions 5.23 and 5.22 imply that DP is also a CS uniformly elliptic operator and asymptotic to
the conical operator DC . Thus LP and DP has canonical extensions to weighted function spaces and
this is the content of the following definition.

Definition 5.24 Let P be a CS associative submanifold and DP W C
1
c .NP /! C1c .NP / be the Fueter

operator defined in Definition 2.32. Proposition 5.23 implies that it is a conically singular uniformly
elliptic operator. Therefore it has canonical extensions

D
k;p

P;�
WW

kC1;p

P;�
!W

k;p

P;��1
and D

k;


P;�
W C

kC1;


P;�
! C

k;


P;��1
:

Similarly we have canonical extensions of the operator LP to weighted function spaces,

L
k;p

P;�
WW

kC1;p

PC ;�
!W

k;p

PC ;��1
and L

k;


P;�
W C

kC1;


PC ;�
! C

k;


PC ;��1
:
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Definition 5.25 (asymptotic limit map) We define the asymptotic limit map

iP;� W Ker DP;�! V�

to be the map iP;� defined in Lemma 4.31 for DP .

The following proposition computes the linearization of the nonlinear map F with respect to variations
in the singularity data — that is, the effect of moving the singular points and deforming their associated
model cones.

Proposition 5.26 The linearization of F.˛; �; � / at .p1; : : : ;pm; 0; : : : ; 0/,

L1 W

mM
iD1

.R7
˚V1;i/! C1PC ;��1;

is of the form

L1. ypi ; �i/D LP

�
�"0
‡ i
�. yp
?
i C �i/

�
CO.r��1/:

Here , R7 is identified with the tangent space of Upi
at pi by the framing �i , and V1;i is the homogeneous

kernel of the cone Ci whose link is †i , at rate �D 1 in the sense of Definition 3.20. The latter is identified
with the tangent space of I†i

at 0, which is again T†i
Mhol. The vector ypi 2 R7 projects to a normal

vector field yp?i on Ci , and �i 2 V1;i is already a normal vector field on Ci .

Proof Without loss of generality, we assume that m D 1 and C D Ci . Suppose � 2 V1 and for each
small t , set �t WD .�;p; t�/. For all w 2 C1c .NPC /, we have

hL1.0; �/; wiL2 D

Z
�˛

d

dt

ˇ̌̌
tD0

�w.‡
�

P
�t
C

 /D

Z
�˛

�wL.�"0
�/.‡

�
PC
 /:

Suppose yp 2R7 and for each small t , set �t WD .�;‡.t yp/; 0/. For all w 2 C1c .NPC /, we have

hL1. yp; 0/; wiL2 D

Z
�˛

d

dt

ˇ̌̌
tD0

�w.‡
�

P
�t
C

 /

D

Z
�˛

�wL.�"0
yp?/.‡

�
PC
 /CO.r��1/kwkL2 :

The proposition now follows from Definition 5.21 of LP .

Remark 5.27 The expression for L1 in Proposition 5.26 is given only up to terms of order O.r��1/

near the singularities. This imprecision poses no issue for the purposes of this article, as the explicit form
of L1 is not used except in Lemma 7.3. In that lemma, the ambiguity is inconsequential.

The operator LP from Definition 5.21 governs the associative deformations of P with fixed singularity
data. By incorporating the additional operator L1 from Proposition 5.26, we define the extended operator
zLP in the following lemma, which is less obstructed and captures the broader class of deformations in
which the singularities are permitted to move and the model cones may vary.
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Definition 5.28 Let P be a CS associative as in Definition 4.13 asymptotic to Ci for i D 1; : : : ;m. Denote
the link of Ci by †i . Let †i D

Fl
jD1†

j
i be the decomposition into connected components. Let Zj

i be
the manifold in the decomposition (1.4) that contains †j

i . Set Zi D
Ql

jD1 Z
j
i . We also denote by †i the

product
Ql

jD1†
j
i 2 Zi . Since T†i

Zi � T0I†i
D V1;i , we define

zLP;�;Z W C
1
PC ;�

˚

� mM
iD1

.R7
˚T†i

Zi/

�
! C1PC ;��1

to be the restriction of the linearization of F. � ; �; � / at .˛; �;p1; : : : ;pm; 0; : : : ; 0/, that is,

zLP;�;Z.u; ypi ; �i/D LP uCL1. ypi ; �i/;

where u 2 C1
PC ;�

, ypi 2 R7 and �i 2 T†i
Zi . The operators LP and L1 are from Definition 5.21 and

Proposition 5.26.
The operator

zDP;�;Z W C
1
P;�˚

� mM
iD1

.R7
˚T†i

Zi/

�
! C1P;��1

is the operator zLP;�;Z under the identification map ‚C
P

from (5.15), that is,

zDP;�;Z.u; ypi ; �i/ WD‚
C
P
zLP;�;Z..‚

C
P /
�1u; ypi ; �i/DDP uC‚C

P L1. ypi ; �i/:

The following proposition computes the linearization of the nonlinear map F with respect to variations
of the coclosed G2-structures.

Proposition 5.29 The linearization of F.˛; � ;p1; : : : ;pm; 0; : : : ; 0/ at �,

L2 W T�P! C1PC ;��1;

satisfies the following: for any y� 2 T�P D�3.Y / and w 2 C1c .NPC /, we have

hL2.y�/; wiL2 D

Z
�˛

�w.‡
�
PC

y /C

mX
iD1

Z
�˛

�wL‡ i
�Xy�;i

.‡�PC
 /;

where y WD .d=dt/jtD0 t with  t D ��t
�t and �t WD �C t y�, and the vector field Xy�;i WD v�Cy�;pi

is
from (5.10).

Proof Without loss of generality we assume that mD 1 and C D Ci . Suppose y� 2 T�P and for each
small t , set �t WD .�t ;p; 0/. For all w 2 C1c .NPC /, we have

hL2.y�/; wiL2 D

Z
�˛

d

dt

ˇ̌̌
tD0

�w.‡
�

P
�t
C

 t /D

Z
�˛

�w.‡
�
PC

y /C

Z
�˛

�wL‡�Xy�
.‡�PC

 /:

The proposition now follows from Definition 5.21 of LP .

The following definition introduces the one-parameter moduli space of CS associative submanifolds,
along with the corresponding linear operators used to describe the local structure of this moduli space.
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Definition 5.30 Let P be the space of paths � W Œ0; 1�!P that are smooth as a section over Œ0; 1��Y .
Equip P with the C1-topology. Define the one-parameter moduli space of CS associatives by the fiber
product

M�
cs WD Œ0; 1��P Mcs:

If � 2P and .t0;P / 2M�
cs, we set

y� WD
d

dt

ˇ̌̌
tDt0

�t ; fP WDL2.y�/ 2 C1.NPC / and yfP WD‚
C
P fP 2 C1.NP /;

where L2 and ‚C
P

are as in Proposition 5.29 and equation (5.15), respectively. We define

xLP;�;Z WR˚C1PC ;�
˚

� mM
iD1

.R7
˚T†i

Zi/

�
! C1PC ;��1;

xLP;�;Z.t; zu/D zLP;�;ZzuC tfP ;

where zLP;�;Z is defined in Definition 5.28.
The operator

xDP;�;Z WR˚C1P;�˚

� mM
iD1

.R7
˚T†i

Zi/

�
! C1P;��1

is the operator xLP;�;Z under the identification map ‚C
P

, that is,

xDP;�;Z.t; zu/D zDP;�;ZzuC t yfP ;

where zDP;�;Z is again defined in Definition 5.28

The final ingredient we need before proving Theorem 1.12 about the local structure of the moduli
space is a quadratic estimate, which we now proceed to establish.

Definition 5.31 For all � 2 U�0
, the nonlinear map Q� W C

1
� .VPC

/! C1.NPC / is defined by

Q� WD F� � dF�j0 �F� .0/:

Proposition 5.32 For all � 2 U�0
and u; v 2 C1

PC ;�
.VPC

/, and � 2 C1
PC ;�

, we have

(i) jdF�ju.�/� dF�jv .�/j. .wPC ;1ju� vjC jr
?.u� v/j/.wPC ;1j�jC jr

?�j/,

(ii) jQ� .u/�Q� .v/j. .wPC ;1jujC jr
?ujCwPC ;1jvjC jr

?vj/.wPC ;1ju� vjC jr
?.u� v/j/,

(iii) kQ� .u/kC 0
PC ;��1

. kQ� .u/kC 0
PC ;2��2

. kuk2
C 1

PC ;�

.

Proof Since � is fixed we abuse notation and denote  � by  . For all w 2 C1c .NPC / and � 2 C1
PC ;�

,
we write

hdF�ju.�/� dF�jv .�/; wi D

Z 1

0

d

dt

�
dF�jtuC.1�t/v

.�/.w/
�

dt;

and using Proposition 5.18, this becomesZ 1

0

�
d

dt

Z
�tuC.1�t/v

L��w.‡
�
P�

C
 /

�
dt D

Z 1

0

Z
�tuC.1�t/v

L.u�v/L��w.‡
�
P�

C
 / dt:
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As Œu� v;w�D 0 and Œ�; w�D 0, the last expression is the same asZ 1

0

Z
�tuC.1�t/v

�wL.u�v/L�.‡
�
P�

C
 / dt:

The required estimate in (i) now follows from Lemma A.1. The estimate in (ii) follows from (i) after
writing

Q� .u/�Q� .v/D

Z 1

0

dQ�jtuC.1�t/v
.u� v/ dt D

Z 1

0

�
dF�jtuC.1�t/v

.u� v/� dF�j0.u� v/
�

dt :

Finally, (iii) follows from (ii). Indeed, substituting v D 0 we have

wPC ;2��2jQ�.u/j. wPC ;2��2.wPC ;1jujC jr
?uj/2 . .wPC ;�jujCwPC ;��1jr

?uj/2:

Since � > 1, it follows wPC ;��1jQ�.u/j. wPC ;2��2jQ�.u/j. This completes the proof.

Proposition 5.33 For all � 2 U�0
and u; v 2 C

kC1;

PC ;�

.VPC
/, we have

kQ� .u/�Q� .v/kC k;


PC ;��1

. kQ� .u/�Q� .v/kC k;


PC ;2��2

. ku� vk
C

kC1;


PC ;�

�
kuk

C
kC1;


PC ;�

Ckvk
C

kC1;


PC ;�

�
:

Proof Since � is fixed we abuse notation and again denote  � by  . With the above notation and
appropriate product operation � , one can express LuLv formally as a quadratic polynomial

LuLv DO.f1/ �u � vCO.f2/ � .u � r
?vC v � r?u/C � r?u � r?v;

where O.f1/ WD  � rB C �B �B CB � r Cr2 CR � and O.f2/ WD r CB � . With this
observation and a similar computations as in Lemma A.1 one can prove the proposition.

Proof of Theorem 1.12 By Propositions 5.33, 5.18 and 5.26 we conclude that the extension of the map
F� WD F. � ; �; � / to weighted Hölder spaces

F�;Z W C
2;

PC ;�

.VPC
/�

mY
iD1

Upi
�

mY
iD1

Zi \ I†i
! C

1;

PC ;��1

is a well-defined smooth map. Here the rate � is chosen as in Definition 5.12. By Proposition 4.30 we
have that the linearization of F�;Z at .˛;p1; : : : ;pm; 0; : : : ; 0/, zLP;�;Z is a Fredholm operator. Moreover,
Proposition 4.33 implies that

index zLP;�;Z D�

mX
iD1

�
d�1;i

2
C

X
�i2DCi

\.�1;1�

d�i

�
C

mX
iD1

.7C dimZi/D�

mX
iD1

s-ind.Ci/:

Applying the implicit function theorem to F�;Z and the elliptic regularity from Proposition 4.25 we obtain
the existence of obP;Z in (i) (see [Donaldson and Kronheimer 1990, Proposition 4.2.19]) of the theorem,
except the following. If u 2 C

2;

PC ;�

.VPC
/ with F�0;Z.u; �/D 0 for some � 2

Qm
iD1 Upi

�
Qm

iD1 Zi \ I†i
,

then u 2 C1
PC ;�

.VPC
/. To prove this, we observe

0D LPF�;Z.u; �/DA�.u;r
?
PC

u/.r?PC
/2uCB�.u;r

?
PC

u/:
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Since A�.u;r
?
PC

u/ and B�.u;r
?
PC

u/ are in C
1;

PC ;�

, by a weighted version of Schauder elliptic regularity
for second-order operator (similar to Proposition 4.25) we obtain u 2 C

3;

PC ;�

. By repeating this argument
we get higher regularity. This completes the proof of (i).

The proof of (ii) is similar to (i). Indeed, we replace F�;Z by F�;Z as follows. There exists an interval
I � Œ0; 1� containing t0 such that �.I/� U�t0

, which was defined in Definition 5.12. We define

F�;Z W I �C
2;

PC ;�

.VPC
/�

mY
iD1

Upi
�

mY
iD1

Zi \ I†i
! C

1;

PC ;��1

by F�;Z.t; � / WD F�t ;Z, t 2 I . The linearization of F�;Z is xLP;�;Z as in Definition 5.30. The remaining
proof is left to the reader.

Remark 5.34 If �0 were another choice in Definition 5.12 distinct from �, then u 2 C1
PC ;�

.VPC
/

satisfying F� .u/ D 0 implies u 2 C1
PC ;�0

.VPC
/. To see this we write dF� j0.u/ D �Q� .u/ � F� .0/.

By Proposition 5.32, dF� j0 is also a CS uniformly elliptic operator asymptotic to DC . Also we have
Q� .u/2C

k;

PC ;2��2

and F� .0/2C
k;

PC ;1

. Therefore by Lemma 4.31 we can conclude that u2C1
PC ;�0

.VPC
/.

5.2 Proof of genericity results: Floer’s C"-space and Taubes’ trick

Proof of Theorem 1.17 We prove that P
reg
cs;Z is comeager in P in Lemma 5.39. The proof of the fact

that P reg
cs;Z is comeager in P is similar. Then (i) and (ii) in Theorem 1.17 are direct consequences of (i)

and (ii) in Theorem 1.12.

To prove that P
reg
cs;Z is comeager in P in Lemma 5.39, we would like to use the Sard–Smale theorem

applied to the map

FZ WW
kC1;p

PC ;�
.VPC

/�U� �

mY
iD1

Upi
�

mY
iD1

Zi \ I†i
!W

k;p
PC ;��1

:

We have chosen Sobolev spaces rather than Hölder spaces as the former is separable. The reader may
observe that all the analysis in Section 5.1 will also go through with Sobolev spaces. A serious problem here
is that U��P is not a Banach manifold. The standard way to deal with this is to consider Pk , the space of
all C k coclosed G2-structures on Y , to enlarge U� to a Banach manifold. This comes with a drawback, that
the map F will have only finitely many derivatives and extra effort is required to check exactly how many
in order to state the regularity of the moduli space. To avoid all this we will instead use Floer’s C"-space
P" �P of coclosed G2-structures. Since the Sard–Smale theorem yields the genericity results in P"

instead of P , we use Taubes’ trick of exhausting the moduli spaces by countably many compact subsets
(Definition 5.35) to conclude the genericity results in P . For more details on this idea, see [Wendl 2021].

Definition 5.35 For every N;m 2 N and Z D
Qm

iD1 Zi , we define M
�
cs;N;Z �M

�
cs;Z to be the set of

all CS associative submanifolds P in .Y; �/ with singularities at pi , cones Ci with links †i 2 Zi ,
rates �i 2 Œ1C1=N; 2�, G2-coordinate systems ‡ i WB.0;R/! Y and embeddings ‡ i

P
W .0; 2"0/�†i!

B.0;R/ for i D 1; : : : ;m satisfying:
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� 1>R > 4"0 > 1=N . jrk II†i
j6 N , Vol.†i/6 N for all k D 0; : : : 3,

� dMhol.†i ;ZinZi/> 1=N .

� jrk IIKP
j6 N for all k D 0; : : : 3 and Vol.P /6 N .

� jrk‡ i j6 N and j.r?
C
/k.‰i

P
� �/j6 N r�i�k for all k D 0; : : : 3.

� N jx1�x2j> d†i
.x1;x2/ for all x1;x2 2†i , and NdY .p1;p2/> dP .p1;p2/ for all p1;p2 2 P .

We define P
reg
cs;N;Z �P to be the set of all � 2P for which every P 2M

�
cs;N;Z has the property that

zDP;�;Z is surjective.

Remark 5.36 Obviously,
P

reg
cs;Z D

\
N2N

P
reg
cs;N;Z �P:

The next lemma about convergence of CS associative submanifolds can be deduced from [Shen 1995].

Lemma 5.37 Let �n 2P be a sequence of G2-structures on Y converging to � in P with C1-topology.
Fix N 2N and Z, and let Pn 2M

�n

cs;N;Z be a sequence of CS associative submanifolds. Then there is a
subsequence of Pn converging to a CS associative P 2M

�
cs;N;Z with weighted C1-topology defined in

Definition 5.12.

Lemma 5.38 For every N 2N and Z, P
reg
cs;N;Z is open in P.

Proof The complement of P
reg
cs;N;Z is closed. Indeed, it follows from Lemma 5.37 and the fact that

surjectivity is an open condition.

Lemma 5.39 For every N 2N and Z, P
reg
cs;N;Z is dense in P. Hence P

reg
cs;Z is comeager in P.

To prove Lemma 5.39 we use Floer’s C"-space.

Definition 5.40 Let E!M be a vector bundle over a compact Riemannian manifold M with or without
boundary. For each integer k > 0, we denote by C k.E/ the Banach space of C k-sections of E. Let E be
the set of all sequences ."k/

1
kD0

of positive real numbers with "k ! 0. For each " 2 E, Floer’s C"-space
of sections of E is defined by

C".E/ WD

�
s 2 C1.E/ W kskC" WD

1X
kD0

"kkskC k <1

�
:

A pre-order � on E is defined by

"� "0 if and only if lim sup
k!1

"k

"0
k

<1:

Remark 5.41 As M is compact, different C k-norms for different smooth atlases of M are equivalent,
but the norm on Floer’s C"-space is an infinite sum, therefore it might not be equivalent. But this is not a
big concern, as no statement in any theorem will mention this space; it will only be used inside the proofs
and where we can fix an atlas.

Lemma 5.42 [Wendl 2016, Appendix B] Floer’s C"-spaces C".E/ have the following properties:
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(i) C".E/ is a separable Banach space and the inclusion C".E/ ,! C1.E/ is continuous. Moreover ,
C"0.E/ ,! C".E/ is a continuous embedding if "� "0.

(ii) For every countable subset Q of C1.E/ there exists an "0 2 E such that Q� C".E/ for all "� "0.
In particular ,

C1.E/D
[
"2E

C".E/:

To prove Lemma 5.39, we will also require the following lemma. It essentially asserts the existence
of a finite-dimensional subfamily of P in which the CS associative submanifold P is unobstructed, so
that the moduli space of CS associatives in a neighborhood of P within this subfamily forms a smooth
manifold. Furthermore, by Sard’s theorem, for a generic member of this subfamily, the CS associatives in
this neighborhood of P are all unobstructed.

Lemma 5.43 [Doan and Walpuski 2019, Proposition A.2] Let P be a CS associative in .Y; �/ with
singularities at pi and rates �i 2 .1; 2�nDCi

. Then for all w 2 kerLP;�2�� Š cokerLP;�, there exists a
3-form y� 2 T�P supported away from p such that

hL2.y�/; wiL2 ¤ 0; where L2 is as defined in Proposition 5.29:

Proof By unique continuation, there exists an open set U in the interior of KP on which w does not
vanish identically. Let V be a tubular neighborhood of U in Y. Choose a real-valued smooth function f
supported in V so that df .w/> 0 on U and there exists a point in U where df .w/ > 0. Let ‚ 2�3.Y /

be an extension of the 3-form volU and �wd‚jV D 0. Then there exists a 3-form y� 2 T�P supported
in V such that y D d.f ‚/ 2�4.Y /, where y is as in Proposition 5.29. By Proposition 5.29, we have

hL2.y�/; wiL2 D

Z
�˛

�w.‡
�
PC

y /D

Z
U

df .w/ volU > 0:

Proof of Lemma 5.39 For each "2E, let�3
".Y / be Floer’s C"-space of smooth 3-forms on Y. We define

P" WDP \�3
".Y / and Mcs;";Z WD f.�;P / 2Mcs;Z W � 2P";P 2M

�
cs;Zg:

Suppose .�;P / 2Mcs;";Z. Let pi for i D 1; : : : ;m be the singular points of P . Choose U�0
and � as in

Definition 5.12. Set
U�0;";Z WD .U� \P"/�

mY
iD1

Upi
�

mY
iD1

Zi :

Let F";Z WW
2;p
� .VPC

/�U�0;";Z!W
1;p

PC ;��1
be the restriction of F. We define

M
reg
cs;";Z WD f.�;P / 2Mcs;";Z W dF";Zj�0

is surjectiveg:

By the implicit function theorem [McDuff and Salamon 2012, Theorem A.3.3] we obtain that Mreg
cs;";Z is

a separable Banach manifold. Moreover, by the Sard–Smale theorem [loc. cit., Lemma A.3.6], we see
that the canonical projection map �";Z WM

reg
cs;";Z!P" is a Fredholm map. Therefore, again by [loc. cit.,

Theorem A.3.3], we conclude that there exists a comeager subset P
reg
";cs;Z �P" having the property that

for each � 2P
reg
";cs;Z the linear operator zDP;�;Z is surjective for all P with .�;P / 2Mreg

cs;";Z.
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With this preparation we are now ready to prove the lemma. Suppose �0 2 P. We can choose "
sufficiently small so that �0 2P". Since P

reg
";cs;Z is dense in P", there exists a sequence �n 2P

reg
";cs;Z

converging to �0 in C"-topology and hence in C1-topology. Our claim is that �n 2 P
reg
cs;N;Z for all

n sufficiently large. If not, then there is a subsequence Pn 2M
�n

cs;N;Z such that zDPn;�n;Z is not surjective.
By Lemma 5.37 we obtain that Pn converges to a CS associative P in .Y; �0/. Hence, by Lemmas 5.43
and 5.42, .�0;P / 2M

reg
cs;";Z for all sufficiently small ". Therefore .�n;Pn/ 2M

reg
cs;";Z for all n sufficiently

large, which contradicts the fact that zDPn;�n;Z is not surjective.

6 Desingularizations of CS associative submanifolds

Let .Y; �/ be a coclosed G2-manifold. We will glue a conically singular (CS) associative submanifold P

in .Y; �/ with singularity at one point, and rescaled asymptotically conical (AC) associative submanifolds
"L in R7 with " > 0, to construct closed approximate associative submanifolds P". We have seen in
Theorem 2.35 that for generic coclosed G2 structures the moduli space of closed associative submanifolds
is 0-dimensional and therefore we cannot expect to deform the P" to associative submanifolds zP"
(desingularization) in .Y; �/. In this section we will see that under some hypothesis we can do this in a
one-parameter family of coclosed G2-structures.3

6.1 Approximate associative desingularizations

Let P be a CS associative submanifold of a coclosed G2-manifold .Y; �/ with a singularity at p, rate
� 2 .1; 2� and cone C as in Definition 4.13. Let L be an AC associative submanifold in R7 with the same
cone C and rate � < 1 as in Definition 4.2. The real numbers R, R1 and "0 are as in Definitions 4.2
and 4.13. Let PC , NPC , KPC

be as in Definition 5.2 and LC , NLC , KLC
be as in Definition 4.4.

Let � 2P be a path of coclosed G2-structures and t0 2 .0; 1/ such that �.t0/D �. Set �t WD �.t/.
Let U�0

be as in (5.6). Let T > 0 be sufficiently small such that for each t 2 .t0�T; t0CT / we have

�t WD .�t ;p; 0/ 2 U�0
:

Let ‡�t , P
�t

C
and ‡P

�t
C

be as in Definition 5.5. We first glue P
�t

C
and "LC to obtain a submanifold

P";t;C in .Y; �t /, along with a tubular neighborhood of it, inside which the approximate associative
desingularization will be defined.

Definition 6.1 (P";t;C := gluing of P
�t

C
and "LC ) For any sufficiently small " > 0, we define a closed

3-dimensional submanifold P";t;C of Y as follows. For a real number 0< q < 1 we define a real number,
ı WD ."R1/

q . Then for sufficiently small ", we have

"R1 < 2"R1 < ı < 2ı < ı
1
2 < 2ı

1
2 < "0 < 2"0 <R:

3One can generalize this by using similar analysis to multiple isolated points and glue that many asymptotically conical
associative submanifolds in R7, but in that case one needs to desingularize in a higher-dimensional parameter space of coclosed
G2 structures, which we will not cover in this article.
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Let A.a; b/ denote the annulus fx 2R7 W a< jxj< bg. For any t 2 .t0�T; t0CT /, we define

P";t;C WD PC
";t;C
[P�";t;C ;

where

PC
";t;C
WD ‡�t

�
"KLC

[ .C \A."R1; 2ı//
�

and P�";t;C WD ‡
�t .C \A.ı; 2"0//[KPC

:

Here .‡�t /�1.PC
";t;C

/� "LC and P�
";t;C
� P

�t

C
.

Notation 6.2 If t D t0, then we will from now on omit the subscript t .

Definition 6.3 (tubular neighborhood map of P";t;C ) The normal bundles N."LC / and NPC can be
glued to get a normal bundle

NP";C DNPC
";C
[NP�";C :

The scaling s" WR7!R7 given by x 7! "x induces an isomorphism s"� WNLC !N."LC / defined by

s"��.x/ WD "�."
�1x/:

We have a tubular neighborhood map

‡P";t;C WD ‡P
C

";t;C

[‡P�
";t;C
W VP";C ! Y;

where .‡�t /�1 ı‡
P
C

";t;C

ı‡
�t
� is the restriction of s" ı‡LC

ı s"
�1
� , and ‡P�

";t;C
is the restriction of ‡P

�t
C

.

Definition 6.4 (approximate associative desingularization) Let ˛ 2 C1.NPC / and ˇ 2 C1.NLC / be
as in Definitions 5.3 and 4.6, representing P and L, respectively.

We define the approximate associative desingularization P1
";t by

P1
";t WD ‡P";t;C .˛

1
" /;

where ˛1
" 2 C1.VP";C / is

.6.5/ ˛1
" WD �ı‡�.s"�ˇ/C .1� �ı/˛:

Definition 6.6 (improved approximate associative desingularization) Suppose that ˛ 2 C1.NPC / and
ˇ 2 C1.NLC / are as in Definition 6.4. Suppose there exists �0 < � such that

(i) .�0; ��\DD f�1; : : : ; �lg with �1 < � � �< �l ,

(ii) there exist s0> 0 as well as ˛i 2 kerLP;�i
and ˇi 2V�i

for i D 1; : : : ; l such that, for all k 2N[f0g,ˇ̌̌̌
.r?C /

k

�
ˇ�

lX
iD1

ˇi

�ˇ̌̌̌
DO.rmaxf�0;2��1g�k/ as r !1;

j.r?C /
k.‡�PC

˛i �ˇi/j DO.r�iCs0�k/ as r ! 0:

We then define the improved approximate associative desingularization P2
";t by

P2
";t WD ‡P";t;C .˛

2
" /;
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where

.6.7/ ˛2
" WD �ı‡�.s"�ˇ/C .1� �ı/

� lX
iD1

"1��i˛i C˛

�
:

Notation 6.8 We use the notation

P";t WD P1
";t or P2

";t and ˛" WD ˛
1
" or ˛2

" :

Set

�0 WDmaxf�0; 2� � 1g and cq WDminf.1� q/.1� �/; q.�� 1/g:

Note that

"cq . maxf"1��ı��1; ı��1
g. "cq :

Since the above approximate associative desingularization is not associative, we aim to find a genuine
associative submanifold near it. In other words, our goal is to find a zero of the following nonlinear map.

Definition 6.9 The map zF" W C1.VP";C /� .t0�T; t0CT /! C1.NP";C / is defined by

hzF".u; t/; wiL2 WD

Z
�u

�w‡
�
P";t;C

 t ;

where t 2 .t0�T; t0CT /, u 2 C1.VP";C / and w 2 C1.NP";C /. The notation w in the integrand is the
extension vector field of w 2 C1.NP";C / in the tubular neighborhood as in Notation 2.25.

Notation 6.10 We use the notation

F";t WD zF". � ; t/:

If t D t0, we omit the subscript t .

Definition 6.11 The map zF" W C1.VP";C /� .t0�T; t0CT /! C1.NP";C / can be written as

zF".u; t/ WD LP"uC .t � t0/f"C zQ".u; t/C e";

where

e" WD F".˛"/ 2 C1.NP";C / and f" WD
dF";t .˛"/

dt

ˇ̌̌
tDt0

2 C1.NP";C /;

and LP" is the linearization of F" at ˛" 2 C1.VP";C /, that is,

LP" WD dF"j˛" W C
1.NP";C /! C1.NP";C /:

The following proposition concerns the self-adjointness of LP" , which will be crucial when we attempt
to invert it. The obstruction to this inversion can be expressed in terms of (approximate) kernel elements,
which leads to the hypothesis in the desingularization theorem.

Proposition 6.12 LP" is a formally self-adjoint elliptic operator for all sufficiently small ".

To prove this, we need the following facts about AC associative submanifolds, which have already
been observed in the case of CS associative submanifolds.
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Definition 6.13 Let ˇ 2C1.NLC / be as in Definition 4.6 representing the AC associative L. We define
the differential operator LL W C

1
c .NLC /! C1c .NLC / by

LLu WD dFAC
jˇ .u/;

where the map FAC W C1
L;�
.VLC

/! C1.NLC / is defined by

hFAC.u/; wiL2 WD

Z
�u

�w‡
�
LC
 e for u 2 C1C1L;�.VLC

/ and w 2 C1c .NLC /:

Remark 6.14 The operator LL is an AC uniformly elliptic operator asymptotic to DC . Moreover, there
is an identification map ‚C

L
WNLC !NL similar to ‚C

P
(equation (5.15), Definition 5.24) such that

DL D‚
C
LLL.‚

C
L /
�1:

Proof of Proposition 6.12 That LP" is a formally self-adjoint operator follows from the same arguments
as in the proof of Proposition 5.20. It remains to prove that LP" is an elliptic operator. We denote the
restrictions of LP" over P˙

";C
by L

P˙"
. By Proposition 5.32 we obtain that

LP�" D dF�0 j˛CO."cq /D LP CO."cq /:

Similar to Proposition 5.32 for AC associatives in R7 and the fact that ‡� D .‡� /.0/CO.r/, we get

L
P
C
"
D ‡�L"L‡

�1
� CO."cq /D "�1.‡�s"�/LL.‡�s"�/

�1
CO."cq /:

Since LP and LL are elliptic, LP" is an elliptic operator for all sufficiently small ".

6.2 Weighted function spaces and estimates

In this subsection, we introduce the weighted function spaces on P";C , inspired by the corresponding
function spaces on its CS and AC sides. These spaces will be used to prove the desingularization theorem.
The theorem requires error estimates, linear estimates, and quadratic estimates with these weighted
function spaces — all of which are established in this subsection.

Definition 6.15 For each l 2R, a weight function w";l W P";C ! .0;1/ is any smooth function on P";C

such that if x D ‡.r; �/ 2 ‡.B.0;R//, then

w";l.x/D ."C r/�l :

Let k > 0 and 
 2 .0; 1/. For a continuous section u of NP";C , we define the weighted L1-norm and
the weighted Hölder seminorm, respectively, by

kukL1
";l
WD kw";lukL1.NP";C / and Œu�

C
0;


";l

WD Œw";l�
u�C 0;
 .NP";C /
:

For a continuous section u of NP";C with k continuous derivatives, we define the weighted C k norm and
the weighted Hölder norm, respectively, by

kukC k
";l
WD

kX
jD0

k.r?P";C /
j ukL1

";l�j
and kuk

C
k;


";l

WD kukC k
";l
C Œ.r?P";C /

ku�
C

0;


";l�k

:

Geometry & Topology, Volume 30 (2026)



1434 Gorapada Bera

We define the weighted Hölder space C
k;


";l
, the weighted C k-space C k

";l
and the weighted L1-space

L1
";l

to be the C k;
 -, C k- and L1-spaces with the weighted Hölder norm k � k
C

k;


";l

, weighted C k-norm
k � kC k

";l
and weighted L1-norm k � kL1

";l
, respectively.

Proposition 6.16 (Schauder estimate) There exists a constant C > 0 such that for any sufficiently small
" > 0, and for all u 2 C

kC1;


";l
, we have

kuk
C

kC1;


";l

6 C.kLP"ukC k;


";l�1

CkukL1
";l
/:

Proof For u 2 C
kC1;


";l
, define u˙ by restricting u over P˙

";C;
. Using the Schauder estimates in Proposi-

tions 4.25 and 5.32 we obtain

ku�kC kC1;


";l

.ku�kC kC1;


P;l

.kLP u�kC k;


P;l�1

Cku�kL1
P;l

.kLP"u�kC k;


";l�1

C"cqku�kC kC1;


";l

Cku�kL1
";l
:

Similarly,
kuCkC kC1;


";l

. "�lC1
ks"
�1
� ‡

�1
� uCkC kC1;


L;l

. "�lC1
kLLs"

�1
� ‡

�1
� uCkC k;


L;l�1

C "�lC1
ks"
�1
� ‡

�1
� uCkL1

L;l

. "�1
k‡�s"�LLs"

�1
� ‡

�1
� uCkC k;


";l�1

CkuCkL1
";l

. kLP"uCkC k;


";l�1

C "cqkuCkC kC1;


";l

CkuCkL1
";l
:

Proposition 6.17 (error estimate) The error e" D F".˛"/ can be estimated as

kF".˛"/kC k;


";�1

.
(
ı� if ˛" D ˛1

" and 0< q 6 1��

���
n;

ı�C "1��0ı�0 C "2.1��/ if ˛" D ˛2
" and ���0

�C��1Cs0��0
6 q < 1;

where �0 Dmaxf�0; 2� � 1g and ı D "q .

Proof Let �e be the standard G2-structure on R7 and C be a cone. Since j��‡��ejDO.r/ on B.0;R/,
over P";C \‡.B.0;R// we have

jF".˛"/j. jF".˛"/�F".˛"; ‡��e/j. jF".˛"; ‡��e/jC r:

Case 1: Suppose ˛"D ˛1
" . Then ˛"D ˛ over P";Cn‡.B.0; 2ı//, so F".˛"/D 0. Over P";C \‡.B.0; ı//

we have ˛" D ‡�.s"�ˇ/ and therefore F".˛"; ‡��e/D 0. Over P";C \‡.A.ı; 2ı// we have

jF".˛"; ‡��e/j. jr˛"j. r��1
C "1��r��1:

Here the last inequality uses the assumption that 0 < q 6 .1� �/=.�� �/, where ı D ."R1/q . From
these estimates we conclude that kF".˛"/kC 0

";�1
. ı�. A similar computation with Hölder seminorm and

higher derivatives will prove that kF".˛"/kC k;


";�1

. ı�.

Case 2: Suppose ˛" D ˛2
" . Over P";Cn‡.B.0; 2ı// we have

jF".˛"/j.
�

r�1

ˇ̌̌̌ lX
iD1

"1��i˛i

ˇ̌̌̌
C

ˇ̌̌̌ lX
iD1

"1��ir˛i

ˇ̌̌̌�2

.
lX

iD1

."�1r/2.�i�1/ . ."�1r/2.��1/:
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Over P";C \ ‡.A.ı; 2ı// we have F".˛"; ‡��e/ D DC .˛"/CQC .˛"/. The term jDC .˛"/j can be
estimated by

jDC .˛"/j. jr�ıj
ˇ̌̌̌
s"�ˇ�

lX
iD1

"1��i˛i �˛

ˇ̌̌̌
CjDC .s"�ˇ/jC

ˇ̌̌̌
DC

� lX
iD1

"1��i˛i C˛

�ˇ̌̌̌
. ."�1r/�0�1

C r��1
C ."�1r/2.��1/

C r��1
lX

iD1

"1��i r�iCs0�1
C r2.��1/:

If q > .� � �0/=.�C�� 1C s0� �0/ then we have

"1��i r�iC�Cs0�2 . "1��r�C�Cs0�2 . ."�1r/�0�1:

The term jQC .˛"/j can be estimated as

jQC .˛"/j. .r�1
j˛"jC jr˛"j/

2 . ."�1r/2.��1/
C r2.��1/:

Hence,

kF".˛"/kC 0
";�1

. ı�C "1��0ı�0 C "2.1��/:

A similar computation with Hölder seminorm and higher derivatives will also prove that

kF".˛"/kC k;


";�1

. ı�C "1��0ı�0 C "2.1��/:

Proposition 6.18 (quadratic estimate) For any sufficiently small " > 0 there exists 0< T" < T such that
for all u; v 2 C1.VP";C /, � 2 C1.NP";C / and t1; t2 2 .t0�T"; t0CT"/, the following estimates hold.

(i) jdF"ju.�/� dF"jv .�/j. .w";1ju� vjCw";0jr
?.u� v/j/.w";1j�jC jw";0r

?�j/.

(ii) kQ".u/�Q".v/kC k;


";�1

. "�1ku� vk
C

kC1;


";0

�
ku�˛"kC kC1;


";0

Ckv�˛"kC kC1;


";0

�
.

(iii) k zQ".u; t1/� zQ".v; t2/kC k;


";�1

. "�1
�
ku� vk

C
kC1;


";0

Cjt1� t2j
��
ku�˛"kC kC1;


";0

Ckv�˛"kC kC1;


";0

Cjt1� t0jC jt2� t0j
�
.

Proof The proofs are exactly like Propositions 5.32 and 5.33. An important observation here is that one
can express LuLv over VP";C formally as a quadratic polynomial

LuLv DO.f1;"/ �u � vCO.f2;"/ � .u � r
?vC v � r?u/C � r?u � r?v;

where O.f1;"/DO.w";1/ and O.f2;"/DO.w";0/. Finally, to see (ii) we write Q".u/�Q".v/ asZ 1

0

dQ"jtuC.1�t/v
.u� v/ dt D

Z 1

0

�
dF"jtuC.1�t/v

.u� v/� dF"j˛" .u� v/
�

dt;
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and (ii) follows from (i). To prove (iii) we only observe that zQ".u; t1/� zQ".v; t2/ is equal toZ 1

0

�
dzF"j.tuC.1�t/v;tt1C.1�t/t2/

.u� v; 0/� dzF"j.˛";tt1C.1�t/t2/
.u� v; 0/

�
dt

C

Z 1

0

�
dzF"j.˛";tt1C.1�t/t2/

.u� v; 0/� dzF"j.˛";t0/.u� v; 0/
�

dt

C

Z 1

0

�
dzF"j.tuC.1�t/v;tt1C.1�t/t2/

.0; t1� t2/� dzF"j.tuC.1�t/v;t0/
.0; t1� t2/

�
dt

C

Z 1

0

�
dzF"j.tuC.1�t/v;t0/

.0; t1� t2/� dzF"j.˛";t0/.0; t1� t2/
�

dt:

The remaining estimates are the linear estimates, namely, establishing a uniform lower bound for the
linearization operator on suitable weighted function spaces that depend on the scaling parameter ". In
general, this is hopeless unless we restrict to the complement of the following approximate kernel.

Definition 6.19 Denote the asymptotic limit maps (Lemma 4.31) iPC ;0 and iLC ;0 by iP and iL respectively.
We define

(i) the matching kernel Km by

Km
WD f.uL;uP / 2 kerLL;0 � kerLP;0 W iL.uL/D iP .uP /g;

(ii) the approximate kernel of LP" by

Km
" WD f�ı=2‡�.s"�uL/C .1� �2ı/uP W .uL;uP / 2K

m
g;

(iii) X
kC1;

" WD

˚
u 2 C

kC1;

";0

W h.‡�s"�/
�1u;uLiL2

KL

D hu;uP iL2
KP

D 0 for all .uL;uP / 2K
m
	
.

Proposition 6.20 (linear estimate, I) Fix a real number ! > 0. For any sufficiently small " > 0, there
exists a constant C! > 0 independent of " such that for all u 2 X

kC1;

" , we have

kuk
C

kC1;


";0

6 C!"
�!
kLP"ukC k;


";�1

:

Proof By the Schauder estimate in Proposition 6.16 it is enough to prove that

kukL1
";0

6 C!"
�!
kLP"ukC k;


";�1

:

We prove this by contradiction. If this is not true then there exist a decreasing sequence "n! 0 as n!1

and un in X
kC1;

"n

such that

kunkL1
"n;0
D 1 and "�!n kLP"n

unkC k;


"n;�1

! 0 as n!1:

Denote the restrictions of un over P˙"n;C
by u˙n . We define

un;P WD u�n and un;L WD "n.‡�s"n�/
�1uCn :
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By the Schauder estimate in Proposition 6.16 kunkC kC1;


"n;0
is bounded, and hence kun;PkC

kC1;


P;0
and

kun;LkC
kC1;


L;0
are also bounded. The Arzelà–Ascoli theorem implies that there exist subsequences, which

we again call un;P and un;L, and there exist uP in C
kC1;
=2
P;0

and uL in C
kC1;
=2
L;0

such that

LP uP D 0; LLuL D 0;

kun;P �uPkC kC1;
=2

P;loc
! 0 and kun;L�uLkC kC1;
=2

L;loc
! 0 as n!1:

Moreover, by elliptic regularity in Proposition 4.25 we get uP 2 C
kC1;

P;0

and uL 2 C
kC1;

L;0

. By taking
further subsequences if necessary we prove the following, which leads to the contradiction:

(i) kun;P �uPkC
kC1;


P�
"n;C

;0
! 0 as n!1.

(ii) kun;L�uLkC kC1;


L"�1
n ın;C

;0

! 0 as n!1, where L"�1
n ın;C

WD s�1
"n
‡�1PC

"n;C
�LC .

(iii) uP D 0 and uL D 0. Hence,

kunkL1
"n;0

6 kuCn kL1
P
C
"n;C

Cku�n kL1
P
�
"n;C

! 0 as n!1:

To prove (i), we fix a real number p with 1< p < 1=q. For sufficiently small s > 0 we have

kLP ..1� �ıp
n
/un/kC k;


P;�s�1

. ."
cpq

n C "
cq

n /kunkC kC1;


0;"n

CkLP"n
.1� �ıp

n
/unkC k;


"n;�s�1

. ."
cpq

n C "
cq

n C ı
ps
n /kunkC kC1;


0;"n

CkLP"n
unkC k;


"n;�s�1

. "
cpq

n C "
cq

n C ı
ps
n CkLP"n

unkC k;


"n;�1

. "
cpq

n C "
cq

n C ı
ps
n C "

!
n :

Therefore there exists vn;P 2 kerLP;�s D kerLP;0 satisfying

k.1� �ıp
n
/un� vn;PkC kC1;


P;�s

. "
cpq

n C "
cq

n C ı
ps
n C "

!
n ;

and hence

kun;P � vn;PkC kC1;


P�
"n;C

;0

. ."
cpq

n C "
cq

n CCı
ps
n C "

!
n /ı
�s
n ! 0 as n!1:

As kerLP;0 is finite-dimensional, the norms k � kC kC1;
=2

KP
and k � kC kC1;


P;0
are equivalent. Taking a

further subsequence yields kvn;P �uPkC kC1;
=2

KP

! 0 and hence kvn;P �uPkC kC1;


P;0

! 0 as n!1.

To prove (ii), we define zun;L WD "n.‡�s"n�/
�1.�

ı
1=2
n

un/. For sufficiently small s > 0 we have

kLLzun;LkC k;


L;s�1

. "s�1
n k‡�s"n�LLs"n

�1
� ‡

�1
� .�

ı
1=2
n

un/kC k;


";s�1

. "s
n."

cq

n C ı
.��1/=2
n /k�

ı
1=2
n

unkC kC1;

"n;s

C "s
nkLP"n

.�
ı

1=2
n

un/kC k;


"n;s�1

. "s
nı
�s=2
n kunkC kC1;


"n;0

C "s
nı
�s=2
n kLP"n

unkC k;


"n;�1

. "s
nı
�s=2
n C "s

nı
�s=2
n "!n :

Then as in (i) there exists vn;L 2 kerLL;s D kerLL;0 satisfying

kun;L� vn;LkC kC1;


L;0

. ."�1
n ın/

s."s
nı
�s=2
n C "s

nı
�s=2
n "!n /. ıs=2

n C ıs=2
n "!n ! 0 as n!1:

Geometry & Topology, Volume 30 (2026)



1438 Gorapada Bera

Again as in (i), by taking a further subsequence if necessary, we get kvn;L � uLkC kC1;
=2

KL

! 0 and
kvn;L�uLkC kC1;


L;0

! 0 as n!1.

It remains to prove (iii). For each � 2†, we have

iP uP .�/D ‡
�1
� lim

n!1
un;P

�
‡
�

3
2
ın; �

��
D lim

n!1
un;L

�
3
2
"�1

n ın; �
�
D iLuL.�/:

Since un 2 X
kC1;

"n

therefore as n!1 we get

kuPkL2
KP

D huP �un;P ;uP iL2
KP

. kun;P �uPkL1
P;0
kuPkL1

P;0
! 0;

and hence uP D 0. Similarly we get uL D 0.

From the above linear estimate, we observe that LP" may not be surjective, as it is self-adjoint, and
the matching kernel is never trivial due to the scaling freedom on L. This is why we did not choose to
perform the desingularization in a fixed G2-structure, but rather along a path of G2-structures. To proceed,
we require a corresponding estimate for the linearization operator along this path, and we aim to obtain a
uniform lower bound on its restriction to the complement of the corresponding extended matching kernel,
which we define next.

Definition 6.21 Given P a CS associative submanifold with respect to a coclosed G2-structure � and L

an AC associative submanifold in R7 with the same asymptotic cone, and given � W Œ0; 1�!P a path of
coclosed G2-structures with �.t0/D � for some t0 2 .0; 1/, we define the extended matching kernel

zKm
WD
˚
.uL;uP ; t/ 2 kerLL;0˚C

kC1;

P;0

˚R W LP uP C tfP D 0; iLuL D iP uP

	
;

where fP is defined in Definition 5.30. Note that the matching kernel satisfies Km � zKm.

Proposition 6.22 (linear estimate, II) If the extended matching kernel zKm is equal to the matching
kernel Km and ! > 0 is any real number , then for any sufficiently small " > 0 there exists a constant
zC! > 0 independent of " such that for all u 2 X

kC1;

" and t 2R, we have

kuk
C

kC1;


";0

Cjt j6 zC!"�!kLP"uC tf"kC k;


";�1

:

Proof Let f ˙" be the restrictions of f" over P˙
";C

. Then, similar to the proof of Proposition 6.17, we
obtain that

kf �" �fPkC k;


P
�
";C

;�1

. "cq and kf C" kC k;


P
C
";C

;�1

. "cq :

Claim 1 For all u 2 X
kC1;

" with kuk

C
kC1;


";0

6 1, we have

1 6 zC!"�!kLP"u�f"kC k;


";�1

:
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We will prove this by contradiction. Suppose it is not true. Then there exist sequences "n! 0 and
un 2 X

kC1;

"n

such that

kunkC kC1;


"n;0
6 1 and "�!n kLP"n

un�f"n
k

C
k;


"n;�1

! 0 as n!1:

After defining un;P and un;L as in Proposition 6.20, a similar argument as in there yields a smooth section
uP 2 C

kC1;

P;0

and uL 2 C
kC1;

L;0

such that

LP uP D fP and kun;P �uPkC kC1;
=2

P;loc
! 0 as n!1;

LLuL D 0 and kun;L�uLkC kC1;
=2

L;loc
! 0 as n!1:

Moreover, we can prove, as in Proposition 6.20, the following:

(i) kun;P �uPkC kC1;


P�
"n;C

;0

! 0 as n!1,

(ii) kun;L�uLkC kC1;


L
"�1

n ın;C
;0

! 0 as n!1, where L"�1
n ın;C

WD s�1
"n
‡�1PC

"n;C
�LC ,

(iii) iP uP D iLuL. This contradicts the assumption.

To prove (i), we fix a real number p with 1< p < 1=q. For sufficiently small s > 0 we have

kLP .1��ıp
n
/.un�uP /kC k;


P;�s�1

. "
cpq

n C"
cq

n CkLP"n
.1��ıp

n
/un�LP .1��ıp

n
/uP /kC k;


"n;�s�1

. "
cpq

n C"
cq

n Cı
ps
n Ck.1��ıp

n
/.LP"n

un�fP /kC k;


"n;�s�1

. "
cpq

n C"
cq

n Cı
ps
n CkLP"n

un�f"n
k

C
k;


"n;�1

Ck.1��ıp
n
/.f"n

�fP /kC k;


"n;�1

. "
cpq

n C"
cq

n Cı
ps
n C"

!
n :

Now (i) follows as in Proposition 6.20(i). Since ıs=2
n k�ı1=2

n
f"n
kC k;


"n;�1
! 0 as n!1, (ii) follows from

Proposition 6.20(ii). Again the proof of (iii) is also similar to Proposition 6.20(iii).

Claim 2 For all u 2 X
kC1;

" and t 2R with kuk

C
kC1;


";0

D 1 and jt j6 1 we have

1 6 zC!"�!kLP"u� tf"kC k;


";�1

:

Suppose it is not true. Then there exist sequences "n ! 0 and un 2 X
kC1;

"n

, tn 2 R such that
kunkC kC1;


"n;0
D 1, tn ! t1, and "�!n kLP"n

un � f"n
kC k;


"n;�1
converges to 0 as n!1. If t1 ¤ 0 then

similar arguments to Claim 1 replacing f"n
by tnf"n

lead to a contradiction. If t1 D 0 then similar
arguments to those in Proposition 6.20 lead again to a contradiction.

Evidently, Claims 1 and 2 are enough to prove the proposition.

6.3 Proof of the desingularization theorem

To prove the desingularization Theorem 1.22 we solve the nonlinear PDE, zF".u; t/D 0, with .u; t/ very
close to .˛"; 0/. Indeed, we use the following lemma, an application of the Banach contraction principle
[Donaldson and Kronheimer 1990, Lemma 7.2.23].
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Lemma 6.23 Let X and Y be two Banach spaces and let X1 � X be a Banach subspace. Let V � X be a
neighborhood of 0 2 X. Let x0 2 V. Let F W V ! Y be a smooth map of the form4

F.x/DL.x/CQ.x/CF.x0/

such that :

� L W X1! Y is an invertible operator , and there exists a constant cL > 0 such that for all x 2 X1,
kxkX 6 cLkLxkY,

� Q W V ! Y is a smooth map , and there exists a constant cQ > 0 such that for all x1;x2 2 V,

kQ.x1/�Q.x2/kY 6 cQkx1�x2kX.kx1�x0kXCkx2�x0kX/:

If kF.x0/kY 6 1=.10c2
L

cQ/ and B.x0; 1=.5cLcQ//� V, then there exists a unique x 2 x0CX1 with

kx�x0kX 6 cLkF.x0/kY and F.x/D 0:

Proof of Theorem 1.22 Let ˛" be ˛1
" as in Definition 6.4. Let T" be as in Proposition 6.18. The map

zF" W C
kC1;

";0

.VP";C /� .t0�T"; t0CT"/! C
k;

";�1

can be written as zF".u; t0C t/D LP"uC tf"C zQ".u; t0C t/CF".˛"/. Since the matching kernel Km is
one-dimensional and the index of LP" is zero, by Propositions 6.20 and 6.22 we obtain that

zL" W X
kC1;

" ˚R! C

k;

";�1

;

defined by zL".u; t/ WD LP"uC tf", is invertible and

kuk
C

kC1;


";0

Cjt j6 C zL"
k zL".u; t/kC k;


";�1

; where C zL"
DO."�!/:

Again by Proposition 6.18, if t1; t2 2 .�T";T"/ then we have

k zQ".u; t0C t1/� zQ".v; t0C t2/kC k;


";�1

6 CQ"

�
ku� vk

C
kC1;


";0

Cjt1� t2j
��
ku�˛"kC kC1;


";0

Ckv�˛"kC kC1;


";0

Cjt1jC jt2j
�
;

where CQ"
WDO."�1/. Since � < 0, by Proposition 6.17 we have

kF".˛"/kC
k;

";�1

6 1

10C 2
zL"

CQ"

DO."1C2!/

for sufficiently small !. By Lemma 6.23, for all sufficiently small " > 0 there exist t."/ 2 .t0�T; t0CT /

and smooth closed associative submanifold zP";t."/ WD‡P";t."/;C .z̨"/ in .Y; �t."//, that is, zF".z̨"; t."//D 0.
Moreover, if 1=� < q 6 .1� �/=.�� �/, then

kz̨"�˛"kC kC1;


";0

Cjt."/� t0j. "q��! :

4Note that Q.x0/D�L.x0/.
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Finally, we see that zP";t."/! P in the sense of currents as "! 0. Indeed, for any 3-form � 2�3.Y /,ˇ̌̌̌Z
zP";t."/

� �

Z
P

�

ˇ̌̌̌
6
ˇ̌̌̌Z
zP";t."/

� �

Z
P";t."/

�

ˇ̌̌̌
C

ˇ̌̌̌Z
P";t."/

� �

Z
P

�

ˇ̌̌̌
! 0 as "! 0:

Remark 6.24 If there exists �0 < � satisfying (i) and (ii) of Definition 6.6, then we can consider ˛"D ˛2
"

in the proof of Theorem 1.22. In the proof of Theorem 1.22, .z̨"; t."// satisfies the following estimates:

.6.25/ kz̨"�˛"kC kC1;


";0

Cjt."/� t0j

.
(
"q��! if ˛" D ˛1

" and 1

�
< q 6 1��

���
;

"q��! C "1C.q�1/�0�! if ˛" D ˛2
" and ���0

�C��1Cs0��0
6 q < 1:

Indeed, these estimates follow from Lemma 6.23 and Propositions 6.22 and 6.17.

7 Desingularizations for special cases of singularities

In this section, we apply Theorem 1.22 to desingularize a CS associative submanifold with a Harvey–
Lawson T 2-cone singularity, as well as an associative submanifold with a transverse self-intersection. In
other words, we prove the two transitions discussed at the beginning of this article, although the second
one is established only partially.

To apply Theorem 1.22, we must verify that the hypothesis (1.23) holds in these specific cases. It turns
out that there are no contributions from the CS side to the extended matching kernel, and therefore

.7.1/ zKm
DKm

Š ker DL;�1;

where L is the AC associative submanifold used for the desingularization. In the cases considered here,
L is special Lagrangian, so ker DL;�1 is purely topological, as stated in the proposition.

Proposition 7.2 [Marshall 2002, Section 5, Section 5.2.3, Table 5.1] Let L be a AC special Lagrangian
submanifold in C3. Let † be the link of the asymptotic cone. Then

dim ker DL;�1 D b1.L/C b0.†/� 1:

We will see that in both of the special cases considered above, ker DL;�1 is one-dimensional, and the
hypothesis (1.23) holds true.

7.1 Desingularizations for Harvey–Lawson T 2-cone singularity

Let � 2P reg
cs be a generic path of coclosed G2-structures. Then, by Definition 1.13, any CS associative

submanifold P 2M�
cs is unobstructed along this path; that is, the operator xDP;�;Z is surjective. Moreover,

any such P , together with an AC associative submanifold sharing the same asymptotic cone whose
homogeneous kernel at rate �1 is two-dimensional, must satisfy the matching condition in (7.1). It
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follows that the stability index of the cone is 1, and P is an isolated point in the moduli space M�
cs. This

is the content of the following lemma.

Lemma 7.3 Let � 2 P reg
cs be a path of coclosed G2-structures and P 2M�

cs be a CS associative with
singularity at only one point. Let L�R7 be an AC associative with the same asymptotic cone C of P .
If d�1 D 2, then

zKm
DKm

Š kerLL;�1:

Moreover , s-ind.C /D 1, dim kerLP;�1 D 1 and kerLP;�1 D hvP iR such that hvP ; fP iL2 ¤ 0.

Proof Since � 2P reg
cs and P 2M�

cs, Theorem 1.17(ii) implies that the stability index of the asymptotic
cone C satisfies s-ind.C /6 1. Since d�1D 2, we have s-ind.C /D 1, V�D 0 for all nonzero � 2 .�1; 1/,
V0ŠR7 and C is a rigid cone, that is, V1ŠT†.G2�†/, where† is the link of C . Then by Theorem 1.12(ii),
we obtain that the deformation operator xLk;


P;�;Z
defined in Definition 5.30 is an isomorphism, where Z

is the stratum in the decomposition (1.4) that contains G2 �† as an open subset. Here � > 1 is chosen
sufficiently close to 1, as in Definition 5.12, and therefore there are no indicial roots of C in the interval
between 1 and �. Therefore

xL
k;

P;�1Cs

WR˚C
kC1;

PC ;�1Cs

! C
k;

PC ;�2Cs

; xL
k;

P;�1Cs

.t;u/ WD LP uC tfP ;

is an isomorphism as well, for all sufficiently small s > 0. Indeed, the indicial roots in between �1 and �
are only 0 and 1 with the corresponding V0 and V1 as above, and therefore by Lemma 4.31 the above
two operators have the same kernel. Since indexLP;�1Cs D �1 by Proposition 4.33(ii), we have that
index xLP;�1Cs D 0 and hence it is an isomorphism. This further implies that kerLP;0� kerLP;�1Cs D 0,
and cokerLP;�1Cs Š kerLP;�1 D hvP iR is one-dimensional with hvP ; fP iL2 ¤ 0. Moreover, fP 62

imLP;�1Cs � imLP;0, and hence zKm DKm Š kerLL;�1.

Proof of Theorem 1.28 We have seen in Example 3.34 that the Harvey–Lawson cone has d�1 D 2.
Therefore by Lemma 7.3 and Proposition 7.2 we obtain that for each Harvey–Lawson AC special
Lagrangian Li WDLi

1
for i D 1; 2; 3 (see Example 4.10), the extended matching kernel and the matching

kernel are one-dimensional. Indeed,

dim zKm
D dimKm

D dim kerLi
L;�1 D b1.S1

�C/C b0.T 2/� 1D 1:

By Theorem 1.22 we obtain that for sufficiently small " > 0, there exists t i."/ and smooth closed
associative zP";t i ."/ in .Y; �t i ."// such that zP";t i ."/ ! P in the sense of currents as "! 0. zP";t i ."/ is
diffeomorphic to P";t i ."/. Since Li are obtained by Dehn filling of C o

HL WD CHLnB.0; 1/ along simple
closed curves �i as mentioned in the theorem, therefore it is diffeomorphic to the Dehn filling of Po as
required in the theorem; this was observed in [Doan and Walpuski 2019, Remark 3.6].

It remains to prove that the leading-order term of t i."/� t0 is of the required form if � 2 P �. Let
vP 2 kerLP;�1�s be as in Lemma 7.3. Since � 2P �, by definition we have

iP;�1vP D b1�1C b2�2; with b1 ¤ 0; b2 ¤ 0; b1 ¤ b2;
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where �1 and �2 are as in equation (4.11) of Example 4.10. We will prove the result for t."/ WD t1."/

only, as the others follow by similar arguments. We use the notation ˛" D ˛1
" D �ı‡�.s"�ˇ/C .1��ı/˛

and .z̨"; t."// from Theorem 1.22, which satisfies

zF".z̨"; t."//D LP".z̨"�˛"/C .t."/� t0/f"CQ".z̨"�˛"; t."/� t0/CF".˛"/D 0:

Define VP" WD PCn‡.B.0; 2"R1// and VPı WD PCn‡.B.0; ı//. Over VPı,

F".˛"/D LP .˛"�˛/CQP .˛"�˛/:

Therefore,

.7.4/ 0D hzF".z̨"; t."//; vP iL2

VP"

D .t."/� t0/hf"; vP iL2

VP"

ChLP˛"; vP iL2

VPı

C e1
" C e2

" C e3
" C e4

" C e5
" ;

where

e1
" WD hLP".z̨"�˛"/; vP iL2

VP"

; e2
" WD hQ".z̨"�˛"; t."/� t0/; vP iL2

VP"

; e3
" WD hQP .˛"�˛/; vP iL2

VPı

;

e4
" D�hLP .˛/; vP iL2

VP"

ChLP .˛/; vP iL2

VP"n VPı

; e5
" D hF".˛"/; vP iL2

VP"n VPı

:

By Proposition 5.20 we obtain that

.7.5/ hLP˛"; vP iL2

VPı

D

Z
@ VPı

�˛" �vP
‡�PC

 D

Z
@ VPı

�s"�ˇ�b1�1Cb2�2
‡� .0/CO."2Cq/:

Now, Z
@ VPı

�s"�ˇ�b1�1Cb2�2
‡� .0/D

Z
@B.0;ı/\C

�s"��1
�b1�1Cb2�2

‡� .0/CO."3�q/;.7.6/ Z
@B.0;ı/\C

�s"��1
�b1�1Cb2�2

‡� .0/D "2

Z
†

h@r � �1; b1�1C b2�2i D b2"
2

Z
†

h@r � �1; �2i:.7.7/

We will now estimate the remaining terms in (7.4). Using (6.25) we obtain that

je1
" j D jhLP".z̨"�˛"/�LP .z̨"�˛"/; vP iL2

VP"

jC jhLP .z̨"�˛"/; vP iL2

VP"

j

. "2Cq��!
C

Z
@ VP"

j�z̨"�˛" �vP
‡�PC

 j. "1Cq��! ;

je2
" j. "2q��2!

jlog "jC "q��!
jt."/� t0jC jt."/� t0j

2
jlog "j. "2q��2!

jlog "j:

We obtain by a further computation that

je3
" j. "2q�; je5

" j. "3q and je4
" j.

Z
@ VP"

j�˛�vP
‡�PC

 jC "2q� . "1C�
C "2q�:

Hence by choosing ! sufficiently small and q > 2
3

, we obtain

.7.8/ je1
" jC je

2
" jC je

3
" jC je

4
" jC je

5
" j D o."2/:
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Since hf"; vP iL2

VP"

D hfP ; vP iL2 C o.1/, combining equations (7.4)–(7.8) we obtain

t1."/D t."/D t0�
cb2

hfP ; vP iL2

"2
C o."2/;

where c D
R
†hJ �1; �2i ¤ 0. Similarly we can prove the statements for t2."/ and t3."/. The only thing to

notice here is that �3 D��1� �2 as in Example 4.10.

7.2 Desingularizations for intersecting associatives

Let � be a path of coclosed G2-structures. Let P 2M
�
cs be an associative submanifold in .Y; �t0

/ with a
transverse unique self-intersection. In other words, P is a conically singular associative with singularity
at a unique point, which is modeled on a union of two transverse associative planes. To resolve this
intersection, we glue in a Lawlor neck — an asymptotically conical (AC) special Lagrangian submanifold
asymptotic to the planes (Example 4.7).

Proof of Theorem 1.35 In Example 3.33 we see that the union of two transverse associative planes
has d�1 D 0 and V� D f0g for all � 2 .�1; 0/. We glue the intersecting associative P with the AC
associative L, where B�1 �L is the special Lagrangian Lawlor neck in C3 from Example 4.7 and B 2G2

from (1.31). Since the n-component (perpendicular to B �C3) of any element in kerLL;0 vanishes and
� 2P | (Definition 1.32), equation (1.33) implies that the extended matching kernel and the matching
kernel are the same and isomorphic to kerLL;�1, because kerLP;0 vanishes. By Proposition 7.2, we have

dim kerLL;�1 D b1.S2
�R/C b0.S2

qS2/� 1D 1:

By Theorem 1.22, we obtain that for sufficiently small " > 0, there exists t."/ 2 .t0�T"; t0CT"/ and a
smooth closed associative zP";t."/ in .Y; �t."// such that zP";t."/! P in the sense of currents as "! 0.
Moreover, zP";t."/ are diffeomorphic to P";t."/ and hence are diffeomorphic to the connected sums as
mentioned in the theorem.

Remark 7.9 (discussion on the leading-order term) It remains to prove that the leading-order term of
t."/� t0 is of the required form if � 2P }; see Remark 1.36 for the reason behind this restriction. We
can consider

˛" D ˛
2
" WD �ı‡�.s"�ˇ/C .1� �ı/."

3uP C˛/:

Here ˛ and ˇ represent P and L, respectively, and uP WD .‚
C
P
/�1yuP 2 kerLP;�2 with

ˇ˙1 D B�˙; l D 1; �1 D � D�2; �0 D�4; �D 2; s0 D 2; q D 2
5
:

By abusing notation we denote B�˙ by simply �˙. We use the notation .z̨"; t."// from Theorem 1.22
following Remark 6.24, which satisfies

.7.10/ zF".z̨"; t."/� t0/D LP".z̨"�˛"/C .t."/� t0/f"CQ".z̨"�˛"; t."//CF".˛"/D 0:

Define VP" WD PCn‡.B.0; 2"R1// and VPı WD PCn‡.B.0; ı//. Over VPı,

F".˛"/D LP .˛"�˛/CQP .˛"�˛/:
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Therefore,

.7.11/ 0DhzF".z̨"; t."//;uP iL2

VP"

D .t."/� t0/hf";uP iL2

VP"

ChLP˛";uP iL2

VPı

Ce1
"Ce2

"Ce3
"Ce4

"Ce5
" ;

where

e1
" WD hLP".z̨"�˛"/;uP iL2

VP"

; e2
" WD hQ".z̨"�˛"; t."/� t0/;uP iL2

VP"

; e3
" WD hQP .˛"�˛/;uP iL2

VPı

;

e4
" D�hLP .˛/;uP iL2

VP"

ChLP .˛/;uP iL2

VP"n VPı

; e5
" D hF".˛"/;uP iL2

VP"n VPı

:

By Proposition 5.20 we obtain that hLP˛";uP iL2

VPı

is

.7.12/
Z
@ VPı

�˛" �uP
‡�PC

 D "3

Z
@B
…C

.0;ı/

��C �uP��C
‡� � "3

Z
@B…� .0;ı/

��� �uP���‡
� C o."3/:

Now, Z
@B
…˙

.0;ı/

��˙ �uP��˙
‡� D

Z
@B
…˙

.0;ı/

��˙ �uP��˙
 eC o."/;.7.13/ Z

@B
…˙

.0;ı/

��˙ �uP��˙
 e D .uP � �

˙/.0/ �nC o."/:.7.14/

Define vP D .‚
C
P
/�1yvP . Then LPvP D fP . We observe that hf";uP iL2

VP"

D hfP ;uP iL2

VPı

C o.1/.
Therefore, similar to equations (7.12), (7.13) and (7.14) we obtain

.7.15/ hfP ;uP iL2

VPı

D

Z
@B
…C

.0;ı/

�vP
��C e�

Z
@B…� .0;ı/

�vP
��� eCo.1/D

�
vC

P
.0/�v�P .0/

�
�nCo.1/:

We can further compute

.7.16/ je3
" jC je

4
" jC je

5
" j D o."3/:

If, in addition, one had je1
" jC je

2
" j D o."3/, then the leading-order expansion would coincide with the

expression given in (1.38). However, it is not immediately evident from our desingularization theorem
why the estimate in (7.16) should hold. Using (6.25), we can only deduce that

je1
" j D jhLP".z̨"�˛"/�LP .z̨"�˛"/;uP iL2. VP"/

jC jhLP .z̨"�˛"/;uP iL2. VP"/
j

. o."3/C

ˇ̌̌̌Z
@B
…C

.0;2"R1/

�z̨"�˛" ��C‡
� �

Z
@B…� .0;2"R1/

�z̨"�˛" ���‡
� 

ˇ̌̌̌
:

In fact, (6.25) does not imply that the final expression above must be o."3/. A similar issue arises for e2
" .

Although not obvious, a suitable adaptation of the desingularization theorem in this special case might
still yield the estimate in (7.16), and could be pursued in future work.

Appendix Lemma for quadratic estimates

The following lemma provides a key pointwise estimate used in the proofs of the quadratic estimates
stated in Propositions 5.32, 5.33 and 6.18.
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Lemma A.1 Let M be a 3-dimensional oriented submanifold of an almost G2-manifold .Y; �/. Let
‡M W VM � NM ! Y be a tubular neighborhood map. There exists a constant C > 0 such that if
w 2 C1.NM / and u; v; s 2 C1.VM /, then over �s WD graph s � VM we have

j�wLuLv j. jwj
�
f1jujjvjCf2.jujjrvjC jvjjruj/Cjrujjrvjj j

�
;

with

f1 WD j jjrBjC j jjBj2CjBjjr jC jr2 jC jRjj j and f2 WD jr jC jBjj j;

where R is the Riemann curvature tensor and B W C1.NM / � C1.NM /! C1.T VM / is defined
by B.u; v/ WD ruv. Here u is understood as the extension of the vector field u over NM by fiberwise
translation. The 4-form  denotes ‡�

M
 , and L stands for the Lie derivative.

Proof Let fe1; e2; e3g be a local orthonormal frame for T�s . For a torsion-free connection we have

Lv .w; e1; e2; e3/Drv .w; e1; e2; e3/C
X
cyclic

permutations

 .w;re1
v; e2; e3/ C .rwv; e1; e2; e3/:

By definition we have

LuLv .w; e1; e2; e3/D u
�
Lv .w; e1; e2; e3/

�
�

X
cyclic

permutations

Lv .w; Œu; e1�; e2; e3/:

Let’s combine the above. We obtain

u
�
rv .w; e1; e2; e3/

�
Drurv .w; e1; e2; e3/C

X
cyclic

permutations

rv .w;re1
uC Œu; e1�; e2; e3/

Crv .rwu; e1; e2; e3/;

u
�
 .w;re1

v; e2; e3/
�
Dru .w;re1

v; e2; e3/C .w;rure1
v; e2; e3/C .w;re1

v;rue2; e3/

C .w;re1
v; e2;rue3/C .rwu;re1

v; e2; e3/;

u
�
 .rwv; e1; e2; e3/

�
Dru .rwv; e1; e2; e3/C

X
cyclic

permutations

 .rwv;rue1; e2; e3/

C .rwruvCR.u; w/v; e1; e2; e3/;

Lv .w; Œu; e1�; e2; e3/D  .w;rŒu;e1�v; e2; e3/C .rwv; Œu; e1�; e2; e3/C .w; Œu; e1�;re2
v; e3/

C .w; Œu; e1�; e2;re3
v/Crv .w; Œu; e1�; e2; e3/:

Finally, putting things together after some cancellations we obtain

jLuLv .w; e1; e2; e3/j. jwj.jrurv jCjr jjrujjvj/Cjr jjvjjrwujCjwjjr jjujjrvj

Cj jjrvjjrwujCjrwvj.jr jjujCj jjruj/Cj j.jrwruvjCjRjjwjjujjvj/

Cjwjj j

� 3X
iD1

jrei
.ruv/jCjRjjujjvjCjrujjrvj

�
:
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Since
jrurv j. jujjvj.jBjjr jC jr2 j/;

jrei
.ruv/j. jrBjjujjvjC jBjjujjrvjC jBjjvjjruj;

jrw.ruv/j. jwjjujjvj
�
jrBjC jBj2/;

we have

j�wLuLv j. f1jwjjujjvjCf2jwj.jujjr
?vjC jvjjr?uj/Cjwjjr?ujjr?vjj j:
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