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The proposals of Joyce (2018) and Doan and Walpuski (2019) on counting closed associative submanifolds
of G,-manifolds depend on various conjectural transitions. This article contributes to the study of
transitions arising from the degenerations of associative submanifolds into conically singular (CS)
associative submanifolds. First, we study the moduli space of CS associative submanifolds with isolated
singularities modeled on associative cones in R7, establishing transversality results in both fixed and
one-parameter families of coclosed G, -structures. We prove that for a generic coclosed G;-structure (or a
generic path thereof) there are no CS associative submanifolds having singularities modeled on cones
with stability index greater than O (or 1, respectively). We establish that associative cones whose links are
null-torsion holomorphic curves in S have stability index greater than 4, and all special Lagrangian cones
in C? have stability index greater than or equal to 1 with equality only for the Harvey—Lawson 7 >-cone
and a transverse pair of planes. Next, we study the desingularizations of CS associative submanifolds
in a one-parameter family of coclosed G;-structures. Consequently, we derive desingularization results
relating the above transitions for CS associative submanifolds with a Harvey—Lawson T 2-cone singularity
and for associative submanifolds with a transverse self-intersection.
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1 Introduction: main results

Joyce [2018] and Doan and Walpuski [2019] have proposed constructing enumerative invariants of G-
manifolds by counting closed associative submanifolds. It has been observed that the counting (possibly
with sign) of associative submanifolds does not lead to an invariant due to various transitions that may
occur along a generic path of G-structures. One type of such transition is the degeneration of associative
submanifolds into conically singular associative submanifolds. In particular, it has been conjectured
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(see [Joyce 2018, Conjectures 4.4 and 5.3]) that at least the following transitions can occur along a generic
path of G,-structures ¢; on a 7-dimensional manifold Y.

(1) Three families of embedded closed associative submanifolds, Pt1 with -7 <t < 0 and P?, Pf
with 0 <t < T in (Y, ¢;), converge in the sense of currents to an associative submanifold P with
a Harvey—Lawson (HL) 7'%-cone singularity at x in (Y, ¢g), as  — 0. The Pf are diffeomorphic
to the Dehn fillings of P° := P\ B(x) along simple closed curves j; C dP° = T? which satisfy
U1y = Ua.u3 = n3.u1 = —1. Here is a depiction of three associatives arising from a singular
associative:

P}
(/) t

P}
P /
P [1 ‘\

(2) Two families of embedded closed associative submanifolds, P; with 0 # ¢ € (=7, T) and P} with
0 <t < T in (Y, ¢;), converge in the sense of currents to an associative submanifold P with a
self-intersection in (Y, ¢p), as t — 0. The P are diffeomorphic to the connected sums Py #(S1xS?)
if P, are connected, and otherwise to P, # P, where P; = P 1I P/ . Here is a depiction of the
birth of an associative out of an associative with self intersection:

One of the contributions of this article is to confirm the above two transitions, provided there is an
associative submanifold with a Harvey—Lawson 7 2-cone singularity (Theorem 1.28) and an associative
submanifold with a self-intersection (Theorem 1.35), respectively. More generally, we prove a desin-
gularization theorem (Theorem 1.22) for conically singular associative submanifolds under a certain
hypothesis, equation (1.23). This is done in a one-parameter family of coclosed G,-structures! by gluing
rescaled asymptotically conical associative submanifolds of R”. Consequently we derive the first transition
(Theorem 1.28) and partially derive the second transition (Theorem 1.35).

Desingularization results of a similar nature have been obtained previously for special Lagrangians in
Calabi—Yau manifolds and for coassociatives in G,-manifolds [Joyce 2004b, 2004c; Lotay 2009, 2014],

IThese structures are weaker than torsion-free G,-structures, but torsion-free structures form a special subclass; see
Definition 2.5. We work with coclosed rather than closed structures, as the deformation operator for associatives is self-adjoint
only in the coclosed case — a property used extensively in this article, and also being used in [Joyce 2018] to define canonical
orientations. While closed structures are more suited to compactness issues, [Joyce 2018, Section 2.5] addresses this by
introducing the subclass of tamed structures. Since compactness is not relevant here, coclosed structures suffice.
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Deformations and desingularizations of conically singular associative submanifolds 1373

but the associative case poses significantly greater difficulties. In particular, to account for the scaling
freedom in the gluing construction, the G;-structure must vary in a one-parameter family; otherwise, one
would produce a one-parameter family of associatives in a fixed G,-manifold, contradicting the expected
dimension zero. This necessity, captured in the hypothesis (1.23), introduces further analytical complexity.
Moreover, in contrast to the special Lagrangian and coassociative cases, associative deformations can be
obstructed even in the smooth setting, making the problem substantially more delicate.

Another contribution of this article is the study of the deformation theory of conically singular (CS)
associative submanifolds. This not only underpins the aforementioned desingularization results but also
makes further progress toward the conjectural enumerative theories proposed by Joyce [2018] and Doan
and Walpuski [2019] for G,-manifolds. Specifically, one needs to understand all possible degenerations of
closed associative submanifolds that may arise in a generic d-parameter family of coclosed G';-structures
for d = 0, 1. It is known in geometric measure theory (Theorem 2.37) that the associative submanifolds
can only degenerate into an associative integral current with a singular set of Hausdorff dimension at
most 1. However, the precise regularity of this singular set remains unknown. If all the tangent cones are
Jacobi integrable multiplicity-1 associative cones with smooth link, then the associative integral current is
conically singular with isolated singular points (Definition 4.13). This naturally leads to the following
question.

Question 1.1 What are all the possible conically singular (CS) associative submanifolds that may appear
in a generic d-parameter family of coclosed G,-structures with d =0, 1?

To answer this question we study the deformation theory of conically singular associative submanifolds.
We explain (Theorem 1.12) that the index of the deformation operator can be expressed completely in
terms of a certain nonnegative integer associated to the tangent cones, which we define to be the stability
index (Definition 1.5). In particular, CS associative submanifolds having one singularity modeled on
cones with stability index 0 and 1 can only appear in a generic zero- and one-parameter family of coclosed
G,-structures, respectively (Theorem 1.17). Therefore we ask the following question.

Question 1.2 What are all the associative cones in R” with stability index equal to 0 and 1?

We establish that the Harvey—Lawson T2-cone and a union of two transverse special Lagrangian
planes have stability index 1 (Theorem 1.10). Also we prove with the help of a result obtained by
[Haskins 2004a] that all other special Lagrangian cones in C? have stability index strictly greater than 1.
Furthermore, building on a result of Madnick [2022], we prove that all associative cones in R7 whose
links are null-torsion holomorphic curves in S® (see [Bryant 1982]) have stability index strictly greater
than 4. In particular, this applies to all associative cones whose link in S® is of genus 0 but not a totally
geodesic sphere. We also establish that associative cones with link of genus 1 always have stability index
greater than or equal to 1. Although these results do not fully resolve Question 1.2, they do rule out a large
class of associative cones, narrowing down the possibilities and paving the way for future exploration.

We now provide a summary of the main results established in this article, encompassing the discussions
above.
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1374 Gorapada Bera

Associative cones

Since our aim is to study the deformation theory of conically singular associative submanifolds — where
the associative cones play an important role— we begin in Section 3 with an investigation of associative
cones in R7. These are the cones whose links in (S, J) are holomorphic curves; see Section 3. For this
purpose, we express the moduli space of holomorphic curves in S locally as the zero set of a nonlinear
map (Definition 3.18), as described in the following theorem.

Theorem 1.3 Let X be a closed holomorphic curve in (S, J). Then a neighborhood of ¥ in the moduli
space of holomorphic curves is homeomorphic to the zero-set of a smooth map (often called the obstruction
map or Kuranishi map)

oby : Js; — coker(Dy +2J),

where the operator Dy is defined in equation (3.15), and Jy, is an open neighborhood of 0 in ker(Dx+2J).
Moreover, the index of the deformation operator Dy, 4 2J is zero. This deformation operator is related to
another standard deformation operator, the normal Cauchy—Riemann operator 5g (Definition 3.7), by a
J -antilinear isomorphism yy, : Homc (T'X, NX) — N X as follows:

ys ogg =Dy +2J.

We denote by M"! the moduli space of closed holomorphic curves in (S®, J). Its subset MI°! consists
of closed, connected holomorphic curves. This space naturally carries a structure of a real-analytic space,
essentially by Theorem 1.3, but it is not necessarily a smooth manifold. In order to establish the results in
Theorems 1.12 and 1.17 concerning the moduli space of conically singular associative submanifolds and
their transversality properties, we equip M°! with a canonical minimal Whitney stratification in the sense
of [Gibson et al. 1976, Chapter I, Sections 1-2], a decomposition

1.4) it = | ]2,
kel
where

e | C Zx is a countable index set corresponding to the dimensions of the strata,

o each stratum Z®) is a smooth manifold of dimension k and is preserved under the natural action of
the group G,,

e the strata are pairwise disjoint and collectively form a Whitney stratification,

e the stratification is minimal and canonical: it consists of the fewest strata necessary to satisfy the
above properties and is uniquely determined up to local equivalence of stratified spaces.

Such a canonical minimal Whitney stratification exists for any real analytic space, as established in
classical results; see, for example, [Hironaka 1973] and [Hardt 1975]. While such stratifications are not
necessarily unique globally, any two are locally equivalent as stratified spaces. This guarantees that many
of the quantities considered below are independent of the particular choice of the above stratification.
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Using any canonical minimal Whitney stratification as in equation (1.4), we associate to each associative
cone C in R7 an integer invariant s-ind(C), referred to as the stability index. It turns out that the negative
of this stability index is essentially the virtual dimension of the moduli space of conically singular
associative submanifolds modeled on C.

Definition 1.5 (stability index) Let C be an associative cone in R”. Denote the link by ¥, which is a
closed J-holomorphic curve in S6. Let dj, be the dimension of homogeneous kernels from Definition 3.20.
Let ¥ = |_|5~=1 X; be the decomposition into connected components. Let Z;, j =1,...,/, be the stratum
in the decomposition (1.4) containing ;. The stability index of C is defined by

1

. d— :

s-ind(C) := EN + Z dy—7— Z dimZ;.
—1<A<1 j=1

Remark 1.6 Since canonical minimal Whitney stratifications are locally equivalent and dim Z; coincides

with the dimension of the tangent space of Z; at 3, s-ind(C) is independent of the particular choice of

such a stratification. We will see in Remark 3.32 that if C is not a 3-plane then s-ind(C) = 0.

In what follows, we introduce the notions of upper and lower stability indices, which provide effective
upper and lower bounds on the stability index.

Definition 1.7 (upper and lower stability-indices) Let C be an associative cone with link components X
as in Definition 1.5. Denote the cone of X; by C;. Let H; be the maximal subgroup of G that fixes X;
under the standard action of G, on S°. The subgroup Hj is called the symmetry group of C;j. We define
the upper stability index by

/
d_
s—ind+(C)::Tl+ > dy—7-) (dim G, —dim Hy),

—1<A<I1 j=1
and the lower stability index by
s-ind_(C) := E+ Z dy —17
— : 3 A .
—1<Ai<1

Remark 1.8 Since d; represents the sum of the dimensions of the space of infinitesimal deformations
of X, which definitely contains all the actual deformations induced by the G-action, it is larger than the
sum of dim G,/ H;. Furthermore, since each stratum is G,-invariant, Z; always contains G - X; and
therefore dim Z; > dim G,/ H;. Hence,

s-ind4 (C) = s-ind(C) = s-ind_(C).

Finally, we introduce a natural class of cones that will be the primary focus of this article: the rigid
cones.
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Definition 1.9 (rigid associative cones) An associative cone C is said to be rigid if
s-ind4 (C) = s-ind—(C),

or equivalently all the infinitesimal deformations of each component of the link are induced by the

G,-action, that is, l
dy =) _(dim G, —dim Hj).
j=1
Having introduced the necessary definitions, we now present the theorem proved in Section 3.
Theorem 1.10 Let C be an associative cone in R” with link £ C S°.
(1) If the genus of X is 1 then s-ind—_(C) = 1.

(ii) If ¥ is a null-torsion holomorphic curve in S® (Example 3.4), then
s-ind—(C) > 4.

In particular, this holds for any holomorphic curve of genus 0 in S°® which is not a totally geodesic
sphere.

(iii) If C is the Harvey—Lawson T'%-cone (Example 3.3) or a union of two special Lagrangian planes with
transverse intersection at the origin (Example 3.2) then it is rigid and

s-ind(C) = s-ind 4 (C) = 1.

(iv) If C is a special Lagrangian cone in C? that is not a plane, then

1
s-ind(C) = s-ind_(C) = @ +00(2)-1=1,

with equality if and only if C is one of the cones in part (iii).

Moduli space of conically singular associative submanifolds

Let (Y, ¢) be a coclosed G-manifold (Definition 2.11). We denote by &2 the space of all coclosed G-
structures on Y, and by & the space of all smooth paths [0, 1] — 2. We consider conically singular (CS)
associative submanifolds with isolated singularities at a finite number of points in (Y, ¢) (Definition 4.13).
These singularities are locally modeled on associative cones in R”. The moduli space of all CS associative
submanifolds in (Y, ¢) is denoted by M‘fs (Definition 5.1). Given a path of coclosed G,-structures ¢ € &,
the one-parameter moduli space of all CS associative submanifolds is denoted by Mfg (Definition 5.30).
More explicitly,
M® ={(t, P):te[0,1], P e M¥}.

Both these moduli spaces are equipped with the weighted C°°-topology (Definition 5.12). We will now
decompose the moduli spaces Mfs and M?; as a countable union of moduli subspaces whose deformation

theory will be studied.
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Definition 1.11 Let Z=[]/L, Z,,, where Z; = ]_[ =1 ZJ with Z] one of the strata in the decomposition of
equation (1.4). We denote by M .2, the set of all CS associative submanifolds with . conical singularities,
whose asymptotic cones C; have links X; = |_| =1 EJ with Z] € Z] We also define

M2 = {(t. P):1€[0.1]. P e M}
We can express the moduli spaces J\/[?g and M"’s as a countable union of moduli subspaces, namely

MfS_UMCSZ and Mg_UMcsZ

Here the unions run over all possible Z = [/~ Z;, where Z; = ]_[ =1 le as above.

We prove the following theorem in Section 5.1 about local Kuranishi models for the above moduli
spaces.

Theorem 1.12 Let Z, MfS’Z and M?s,z be as in Definition 1.11. Let P € Mfs,z be a conically singular
associative submanifold in a coclosed G,-manifold (Y, ¢) with m singularities modeled on cones C; € Z;
fori = 1,...,m (Definition 4.13). Let ¢ : [0,1] — & be a path of coclosed Gz structures such that
o(ty) = ¢ Then there exist open neighborhoods Jp 2 and f]p 2 of 0 in ker Dp .u,2 and ker Dp R
respectively (where DP,[L,Z and DP,M,Z are defined in Definitions 5.28 and 5.30, respectively, and | is
chosen as in Definition 5.12) such that:

(i) The moduli space Mi,z near P is homeomorphic to ob;}Z(O), the zero set of a smooth map
obp 2 : iP,Z — coker 51:,“,2,.

Moreover, index Dp, ;7 = =Y 7| s-ind(C;).

(i) The one-parameter moduli space Mi’z near (to, P) is homeomorphic to ob;){ P,Z(O)’ the zero set of
a smooth map

oby,.p2 1 Jp2 — coker Dp 5.
Moreover, index D p , 5 = index l~)p’M,Z +1=-Y"sind(G) + 1.

The moduli spaces M‘Cps 2 and M?S » are not always smooth manifolds. The following definition will
make these moduli spaces smooth in a generic situation.

Definition 1.13 Let Z, M¢ 2 and M¢ be as in Definition 1.11. We define 32 gz to be the subset
consisting of all ¢ € &2 with the property that for all CS associative P € M¢ 5.2 the linear operator

Dp .2 1issurjective.

Similarly, we define (@regz to be the subset consisting of all ¢ € & with the property that for all
ty, P) € M . the linear operator
cs,Z _
Dp .2 1issurjective.

The operators D puzand Dp, 5 are defined in Definitions 5.28 and 5.30, respectively.
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In addition, we define

reg .__ reg reg .__ reg
‘@cs T ﬂ ‘@cs,z and ‘@cs T m ‘@cs,Z‘
Z Z

Here the intersections run over all possible Z = ]_[;”=1 Zi, where Z; = ]_[5-=1 Z{ as in Definition 1.11,
and hence are countable intersections.

Remark 1.14 Since the definitions of the operators D P,u,2 and D P,u,2 in Definitions 5.28 and 5.30
depend only on the tangent space to the stratum Z{ at Z{ , and not on the full stratum itself, the spaces
258 and PE are independent of the choice of a canonical minimal Whitney stratification (1.4).

We prove the following theorem about generic transversality of the above moduli spaces in Section 5.2.
It also tells us about what type of singularity model cones appear in a generic coclosed G,-structure, as
well as in a generic path of coclosed G,-structures. Before stating the theorem, let us clarify the notion
of generic.

Definition 1.15 Let X be a topological space and let S C X. The set S is said to be meager if it is
contained in a countable union of closed subsets with empty interior. The complement of a meager set is
called comeager.

Remark 1.16 In a completely metrizable space (such as &2 or &), the Baire category theorem asserts
that meager sets have empty interior, and comeager sets are necessarily dense. Therefore, meager sets are
often viewed as nongeneric, while comeager sets are seen as generic.

Theorem 1.17 Let Z =[]/, Z;, where Z; = [}, 2/ as in Definition 1.11. Then the subsets %,
"8 in 2, and ?)’Cr:‘i’%, B in P are comeager. In particular, the following holds. Let C; fori =1, ..., m

be associative cones in R” having links ¥; = |_|§=1 E{ with E{ € Z{ .

(i) If )i~ s-ind(C;) > 0, then for any coclosed G-structure ¢ € P, the moduli space J\/[?g contains
no conically singular associative submanifolds having singularities modeled on cones with links in a
neighborhood of ¥; in Z;.

(i) If Y 7., s-ind(C;) > 1, then for any path of coclosed G,-structures ¢ € P %, the moduli space m?

i=1 y p P cs

contains no conically singular associative submanifolds having singularities modeled on cones with
links in a neighborhood of ¥; in Z;.

Remark 1.18 We conclude from Theorem 1.17 that if ¢ € 225, then the moduli space Mg’s essentially
can contain only conically singular associative submanifolds having singularities modeled on cones C
with s-ind(C) = 0. Similarly, if ¢ € 2%, then the moduli space Mﬁ essentially can contain only
conically singular associative submanifolds having singularities modeled on cones C with s-ind(C) =0
or 1.
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Desingularizations of conically singular associative submanifolds

Let P be a conically singular (CS) associative submanifold in a coclosed G,-manifold (Y, ¢), with
an isolated singularity modeled on a cone C whose link is ¥ C S¢ (Definition 4.13). To desingular-
ize P, we glue rescaled asymptotically conical (AC) associative submanifolds to obtain approximate
associative submanifolds, which we then aim to deform into genuine associative submanifolds, referred
to as desingularizations. However, there is an obstruction: the deformation operator associated to this
approximate one is not surjective due to the freedom of scaling. Due to the self-adjointness, this is
equivalent to the fact that its kernel — identified with the matching kernel, consisting of bounded kernel
elements on the CS and AC sides that agree to leading order — never vanishes. To compensate for
this obstruction, we perform the deformation within a one-parameter family of coclosed G,-structures
under the hypothesis that both the matching kernel and its extension over the family, called the extended
matching kernel, are one-dimensional and generated by scaling. Under this assumption, we obtain the
desired desingularizations in this one-parameter family.

More precisely, let L be an AC associative submanifold in R7 with the same asymptotic cone C
(Definition 4.2). The deformation operators D p and Dy are defined in Definition 2.32, and the kernels
ker Dp ) and ker Dy ; can be informally described as follows:

ker Dp; :={uec C*°(NP): Dpu=0,u= O(r*) as r — 0},
ker Dy ; :={ue C®(NL): Dpu=0,u= O(r*) as r — oo}.
Definition 1.19 We define the matching kernel X™ by
K™ :={(ur,up) eker Dy oD ker Dp g :icour = iouup},
where i and io are the asymptotic limit maps iy, o and ip o, respectively, defined in Definition 5.25.

The dilation action of R on R7 induces a canonical Fueter section 51 € C*°(N L), which satisfies
(1.20) D;5p =0.

Moreover, 57, vanishes at infinity, that is, icoS7, = 0. As a consequence, the matching kernel X™ defined
in Definition 1.19 always contains the element (57, 0). This observation will be useful in formulating the
hypothesis of the desingularization theorem (Theorem 1.22).

Let ¢ € & be a path of coclosed G,-structures on Y and 7y € (0, 1) such that ¢ (z9) = ¢. We set
¢r := ¢ (t). The G,-structure ¢; induces the 4-form ; (Definition 2.3).

Definition 1.21 We define the extended matching kernel by
K™= {(ur.,up.1) € kerDpo®Cpy®R: Dpup +1fp=0,isour =ioup},

where pr is the linearization at ¢y of the nonlinear map (relevant for associative deformations) along the
path ¢ € & with P fixed, defined in Definition 5.30. Here, Cp%) means bounded (i.e., of order 0(r%))
smooth normal vector fields on P.
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Note that the inclusion ((5z,0))r € X™ C xm always holds. Equality in both of these inclusions
implies that the relevant extended deformation operator for the family is surjective. This fact, together
with other technical estimates, allows us to establish the following desingularization theorem, that is
proved in Section 6.3.

Theorem 1.22 Let P be a conically singular associative submanifold in a coclosed G,-manifold (Y, ¢)
with singularity at a single point modeled on a cone C. Let L be an asymptotically conical associative
submanifold in R7 with the same asymptotic cone C and rate v < 0. Let ¢ € & be a path of coclosed
G,-structures on Y and to € (0, 1) be such that ¢;, = ¢. Assume that the matching kernel X™ and the
extended matching kernel K™ both are one-dimensional , that is,

(1.23) K™ = K™ = (5L, 0))R,

where 57, is the canonical Fueter section from (1.20). Then there exist £y > 0, a continuous function
t :[0,29) — [0, 1] with t(0) = ty, and smooth closed embedded associative submanifolds ﬁs,t(g) in
(Y, ¢s(s)) forall e € (0, %) such that 138,,(8) — P as ¢ — 0 in the sense of integral currents.

As applications of Theorem 1.22, we proceed to desingularize CS associative submanifolds with
a Harvey—Lawson 7T'?-cone singularity and associative submanifolds with a transverse unique self-
intersection.

Desingularizations for CS associatives with a Harvey-Lawson 7T 2-cone singularity Let ¢ € 2% be
a generic path of coclosed G-structures on Y (Definition 1.13). Consider a conically singular associative
submanifold P in (Y, ¢;,) for some #o € (0, 1), with a singularity modeled on the Harvey—Lawson 7 2-cone
at a single point (Example 3.3). Since this cone is a rigid special Lagrangian in C3 with a genus-one
link, the genericity of the path implies that P is an isolated point in the moduli space M‘C’SS (Lemma 7.3).
Moreover, there exists a normal vector field 9p of order O(r~!) which spans ker D P,—1 and gives rise to
the following nonzero quantity that will be useful in Theorem 1.28:

(1.24) a:=(0p. fp)r2 #0,

where ﬁo is defined in Definition 5.30. The quantity a essentially represents the first-order obstruction to
deform P as a CS associative along the path ¢. This also implies that the kernels contributing to both the
matching kernel and the extended matching kernel originate entirely from the AC side and consist of
elements decaying at the rate O(r ') at infinity. Notably, the AC special Lagrangians employed in the
desingularization process always possess a one-dimensional kernel of this decay type, which corresponds
precisely to the canonical Fueter section arising from scaling. In summary, the genericity assumption on
the path ¢ is sufficient to ensure that the hypothesis (1.23) required in the desingularization Theorem 1.22
is satisfied.

There are three AC special Lagrangians in C3, L’ := L"1 fori =1, 2, 3 from Example 4.10, asymptotic
to the Harvey—Lawson 7'%-cone, which will be used to construct three one-parameter families of desingu-
larizations. However, to realize the first transition discussed at the beginning of this article, we need to
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impose additional transversality conditions. These restrict the choice of the path of G;-structures ¢ to a
subset 2°* of P °, which we expect remains comeager — so the choice of ¢ is still generic, though a
proof is not included in this article. More precisely, we assume that Vp appearing in equation (1.24) is
transverse, in leading order, to each L. The following definition formalizes this assumption.

Definition 1.25 & * C 2. ¢ consists of all ¢ € P38 such that for all CS associative submanifolds P in
M?g with Harvey—Lawson T 2-cone singularity at a single point, the asymptotic limit of Dp appearing in
equation (1.24) has the form

(1.26) ip—10p =b1&1 +br6>,  with by #0, by #0, by # b,

where £; and £, denote the leading order O(r ') terms in the expansions of the AC special Lagrangians
Li and L%, respectively, as given in equation (4.11) of Example 4.10. The quantities by, b, and by — b,
essentially represent the first-order obstructions to desingularizations of P by gluing L!, L% and L%
within the fixed G;-structure ¢y,.

Remark 1.27 The ratios by /a and b, /a do not depend on the particular choice of vUp.

We now state the desingularization theorem for conically singular associatives with Harvey—Lawson
T 2-cone singularity at a single point, that is proved in Section 7.1.

Theorem 1.28 Let ¢ € 2.5® be a path of coclosed G-structures on Y and ty € (0, 1). Let P be a conically
singular associative submanifold of (Y, ¢4,) in J\/['CI’q with Harvey-Lawson T >-cone singularity at a single
point x. There exist &y > 0, three continuous functions t* : [0,8¢) — [0, 1] witht'(0) = to fori = 1,2, 3,
and smooth closed embedded associative submanifolds Pe,¢i (e) in (Y, @i ) for all € € (0,8p) such that
P, ;i(c) = P as e — 0 in the sense of integral currents. The Py ;i ,) are diffeomorphic to the Dehn filling of
P?:= P\ B,(x) along simple closed curves j1; C 0P° = T? that satisfy jt1.[ty = fo. 43 = 43.J4] = —1.
Furthermore, if ¢ € &°, then there is a constant ¢ # 0 such that

b b by —b
129 11e)=10— 262 1 oe?). 2(e) =10+ L 1o(ed). ey =ro+ P20 2 2,
a a a
Remark 1.30 We would like to acknowledge that our derivation of the leading-order expression in
equation (1.29) is influenced by [Joyce 2018, Remark 5.4(a)].

Desingularizations for associative submanifolds with transverse intersection Let ¢ € P be a
generic path of coclosed G;-structures on Y. Consider an associative submanifold P in (Y, ¢,) for some
to € (0, 1), exhibiting a unique transverse self-intersection. More precisely, P is a conically singular
associative submanifold with a singularity at a single point modeled on the union of two transverse
associative planes IT+ C R7 and there exists B € G such that BTy = I14, BIlg = I1_, and

(1.31) R” = (n)gr ® BTl & BIly,

which is an orientation-compatible splitting as described in Example 3.33. To resolve this intersection,
we aim to glue in a Lawlor neck— an asymptotically conical (AC) special Lagrangian submanifold
asymptotic to the planes T4 (Example 4.7).
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Unlike the case of desingularizations for CS associative submanifolds with a Harvey—Lawson 7'2-cone
singularity, the genericity assumption ¢ € P ¢ does not guarantee the absence of nontrivial elements in
the extended matching kernel on the CS side. That is, a family of intersecting associative submanifolds
may persist along the path ¢, potentially increasing the dimension of the extended matching kernel
and thereby violating the hypothesis (1.23) required for the desingularization result of Theorem 1.22.
To address this issue, we restrict our choice of the path of G,-structures ¢ to a subset Pt of PE
consisting of those paths for which associative submanifolds with a transverse, unique self-intersection are
unobstructed as immersed associatives. This ensures that P can be deformed into a family of embedded,
closed associatives that separate the two sheets of the self-intersection along the path. As a consequence,
any nontrivial elements in the extended matching kernel on the CS side must have different components in
the direction perpendicular to the union of the two tangent planes IT at the intersection point. However,
any elements in the extended matching kernel arising from the AC special Lagrangian (Lawlor neck)
side always have vanishing perpendicular components. Therefore, for this restricted subset of paths, the
hypothesis (1.23) is satisfied. We note that this subset is still expected to be comeager, so the choice of ¢
remains generic, although a formal proof of this fact is not included in the present article. The following
definition formalizes this restriction.

Definition 1.32 2T c 25 consists of all ¢ € P52 such that along it, all associative submanifolds P
with transverse unique self-intersection are (rigid) unobstructed as immersed associative submanifolds. In
other words, ker Dp o = {0} and there exists vp € Cp%, such that

(1.33) Dpip=fp and a:=(05(0)—0p(0))-n #0,

where ﬁj& (0) Hi are the asymptotic limits of 6}5 (Lemma 4.31 and Example 3.33), and fp is from
Definition 5.30.

The above implies that if ¢ € 2% and P is an associative submanifold in (Y, ¢1,) for some 79 € (0, 1)
with a transverse unique self-intersection then there exists a family of immersed closed associative
submanifolds

1.34) {P;:|t—1t)| <1, Py, = P, P;isan embedded closed associative in (Y, ¢,) for all ¢ # #o}.

The quantity a essentially measures the speed at which the two local sheets of P; move across each other
near the crossing point as the parameter ¢ passes through 7.

We obtain the following theorem, whose proof is given in Section 7.2.

Theorem 1.35 Let ¢ € @1 be a path of coclosed G,-structures on Y and take ty € (0,1). Let P
be an associative submanifold of (Y, ¢,) with a transverse unique self-intersection at x. There exist
g0 > 0, a continuous function t : [0,gy) — [0, 1] with t(0) = ty, and smooth closed embedded associative
submanifolds ﬁg,t(s) in (Y, ¢4 () forall e € (0, 2¢) such that ﬁa,,(s) — P as e — 0 in the sense of integral
currents. The ﬁs’t(s) are diffeomorphic to the connected sums P; # (S x S?) if P; is connected, and
otherwise to PtJr # P, where Py = PtJr LI P; . Here P; is from equation (1.34) with t # t,.

Geometry & Topology, Volume 30 (2026)



Deformations and desingularizations of conically singular associative submanifolds 1383

Remark 1.36 The condition ¢ € 2 suffices to establish the desingularization result Theorem 1.35 fol-
lowing Theorem 1.22, but realizing the second transition discussed at the beginning of this article requires
additional transversality conditions. These impose further restrictions on the path of G,-structures ¢,
confining it to a subset of 2%, which we denote by 2t We expect this subset to remain comeager — so
the choice of ¢ remains generic — though we do not provide a proof here. More precisely, define Pt
consist of those ¢ € 21 such that for every associative submanifold P (along the path) with a transverse,
unique self-intersection, there exists it p € ker Dp _, satisfying

(1.37) ip—2iip = (BEY,BET) and b:=(ap—BE")(0)-n—(p—BE)(0)-n#0,

where £% denote the leading-order O(r~2) terms over I for the Lawlor neck defined in equation (4.8)
of Example 4.7, and B € G, is as above. The quantity b essentially represents the first-order obstruction
to deforming P into an embedded, closed associative submanifold within the fixed G,-structure ¢;,. Note
also that choosing —n instead of n swaps I14 and IT1_, ensuring that the definitions of ¢ and b remain
well-defined. As we will discuss in Remark 7.9, following [Joyce 2018, Remark 4.5(a)], if ¢ € 91, one
would expect the existence of a constant ¢ # 0 such that

(1.38) 1(g) = to — %83 +o(e?).

Establishing this expansion would confirm the second transition described at the beginning of the article.
However, despite our efforts, we have not succeeded in proving equation (1.38), as explained in more
detail in Remark 7.9. We would like to highlight that although Nordstrém [2013] previously established
Theorem 1.35, he also did not derive (1.38). While we refine Nordstrom’s argument by constructing an
improved approximate desingularization that yields a smaller pre-gluing error, our analysis still lacks
the precise estimates required to rigorously justify the expansion in equation (1.38). We hope that future
refinements of the techniques developed in this article will lead to a complete proof. For this reason, as
mentioned at the outset, our results concerning the second transition should be regarded as partial.

2 Preliminaries: G,-manifolds and associative submanifolds

In this section we review definitions and basic facts about G,-manifolds, more generally almost G-
manifolds and associative submanifolds, which are important to understand this article. To delve further
into these topics, we refer the reader to [Salamon and Walpuski 2017; Joyce 2007; Karigiannis and Lotay
2020; Harvey 1990] and other relevant sources mentioned throughout the discourse.

2.1 G,-manifolds

This subsection reviews definitions and basic facts about G,-manifolds.

Definition 2.1 The group G is the automorphism group of the normed division algebra of octonions O,
that is,
G, := Aut(0) C SO(7).
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This is a simple, compact, connected, simply connected Lie group of dimension 14. Furthermore, there
exists a fibration SU(3) < G, — S°. Writing O =ReO®ImO = R @ R’, we define the cross-product
x 1 A’R7 - R7 by

(u,v) = u xv:=Im(uv).
The 3-form ¢, € A3(R7)* is defined by

¢e(u? v, U)) = ge(u X, U)),

where g, : S2(R7) — R is ge(u, v) = —Re(uv), the standard Euclidean metric on R”. These are related
by the important identity

(2.2) e N tyPe N e = 6ge(u, v) volg, .
More explicitly, {e!,..., e’} is an oriented orthonormal frame on R such that

e = €123 — o145 _ 167 _ ;246 _ ;275 _ 347 _ ;356

k

where ¢/ := ¢! A e/ A ek, The Lie group G, can also be expressed as

G, :={A € GLR"): A*¢o = ).
There is also a 4-form Y, := *g,¢e € A*(R7)*, which also can be defined by
Ve(u, v, w, z) 1= ge([u, v, w], 2),
where [-,-,-]: A3(R7) — R7 is the associator, defined as
[u, v, w] ;== (uxv) Xw~+ (v, w)u — (u, whv.

Definition 2.3 A G,-structure on a 7-dimensional manifold Y is a principal G,-bundle over Y which is
a reduction of the frame bundle GL(Y").
An almost G,-manifold is a 7-dimensional manifold Y equipped with a G-structure or, equivalently,
equipped with a definite 3-form ¢ € 3 (Y), that is, the bilinear form G : S?TY — A7(T*Y) defined by
Gy, v) == ANyp AN

is definite.

A Gy-structure ¢ on Y defines uniquely a Riemannian metric g4 and a volume form volg, on Y
satisfying the identity (2.2). Moreover, it defines

o across product x : A>(TY) - TY,
e an associator [-,-,-]: A3(TY) - TY,
e ad-form = xg,¢ € Q4(Y).
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Remark 2.4 A 7-dimensional manifold is an almost G;-manifold if and only if it is spin; see [Gray 1969,
Theorems 3.1-3.2]. A G,-structure is also equivalent to a choice of a definite 4-form ¥ € Q#(Y) and an
orientation on Y'; see [Hitchin 2001, Section 8.4]. Here ¥ being definite means that the bilinear form
Gy :S*T*Y - AT(T*Y) ® A7(T*Y) defined by

Gy, v) =Y Ay AY

is definite. In this definition, the 4-form 1 is considered as a section of A3(TY)QA7(T*Y) = A*(T*Y),
and the contraction 1,V is a section of A2(TY)® A7(T*Y).

Definition 2.5 A G,-manifold is a 7-dimensional manifold Y equipped with a torsion-free G,-structure,
that is, equipped with a definite 3-form ¢ € Q3(Y") such that Vg »$ = 0 or, equivalently,

dp =0 and dy =0.
The equivalence in the above definition was established by [Ferndndez and Gray 1982, Theorem 5.2].

Example 2.6 (R7, ¢,) is a G,-manifold.

Example 2.7 Let (X, w;,ws, wg) be a hyperkihler 4-manifold. The manifolds R* x X and 73 x X are
G,-manifolds with G;-structure

¢ =dt' Ndt?> NdtP —dt' Aop —dt? Aoy —dtP Aok,
where (11,12, ¢3) are the coordinates of R3.

Example 2.8 Let (Z, w, 2) be a Calabi—Yau 3-fold, where w is a Kihler form and 2 is a holomorphic

volume form on Z satisfying

w3

¥=—(i)3§2/\s_2.

2
The product with the unit circle, Y := S I« Z, is a G,-manifold with the G,-structure

¢:=dt Ao+ ReQ, w=%a)/\a)+dl/\lm§2,

where ¢ denotes the coordinate on S!. In this case, the holonomy group satisfies Hol(Y, g¢) CSUQ3).

Remark 2.9 Any G;-manifold (Y, ¢) admits a nowhere vanishing parallel spinor and therefore the metric
g¢ 1s Ricci-flat; see [Lawson and Michelsohn 1989, page 321] and [Hitchin 1974, Theorem 1.2]. A
compact G,-manifold ¥ has holonomy exactly equal to G, if and only if 71 (Y) is finite [Joyce 2007,
Proposition 11.2.1].

Example 2.10 Bryant and Salamon [Bryant 1987; Bryant and Salamon 1989] first constructed local and
complete manifolds with holonomy equal to G,, respectively. Joyce [1996b] first constructed compact
manifolds with holonomy equal to G, by smoothing flat 77/ T", where I is a finite group of isometries
of T7. This was generalized later by Joyce and Karigiannis [2021]. Kovalev [2003] introduced the twisted
connected sum construction of G,-manifolds, which glues a suitable matching pair of asymptotically
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cylindrical G,-manifolds. This construction was later improved by Kovalev and Lee [2011] and Corti,
Haskins, Nordstrom and Pacini [Corti et al. 2015] to produce hundreds of thousands of examples of
compact manifolds with holonomy equal to G5,.

The moduli space of torsion free G,-structures over Y is a smooth manifold of dimension 53 (Y)
by [Joyce 1996a, Part I, Theorem C], therefore it is not enough to achieve transversality for various
enumerative theories. To address this, one must consider an infinite-dimensional space of G,-structures
as in [Donaldson and Segal 2011, Section 3.2] and [Joyce 2018, Section 2.5], namely the following.

Definition 2.11 A G,-structure ¢ is called a coclosed G-structure if dyy = 0, where ¥ := *g,¢. An
almost G,-manifold (Y, ¢) is called a coclosed G,-manifold if ¢ is a coclosed G,-structure. A G-
structure ¢ is called ramed by a closed 3-form t € Q3(Y) if for all x € Y and u,v,w € TxY with
[u,v,w] =0 and ¢ (u, v, w) > 0, we have t(u, v, w) > 0.

Remark 2.12 The definition of the above tamed G;-structures can be ignored for this article; they are
used only in Theorem 2.37 to bound the volume of associative submanifolds for compactness. This
restricted class of G,-structures has been employed to construct well-defined enumerative theories in
[Joyce 2018] and [Doan and Walpuski 2019]. However, for the purposes of this article, such a restriction
is not required.

Example 2.13 Nearly parallel G,-manifolds, that is, coclosed G,-manifolds (Y, ¢) satisfying d¢ = Ay
for some constant A € R, are examples of coclosed G,-manifolds.

2.2 Associative submanifolds

In any almost G;-manifold, we can consider a special class of 3-dimensional calibrated submanifolds,
called associative submanifolds, which are the main objects of study in this article. These were first
invented by [Harvey and Lawson 1982].

Definition 2.14 Let (Y, ¢) be an almost G,-manifold. A 3-dimensional oriented submanifold P of Y is
called an associative submanifold if it is semicalibrated by the 3-form ¢, that is, ¢, is the volume form
volp ¢ » ON P or, equivalently, the associator [u, v, w] =0 for all x € P and u, v, w € Ty P.

Remark 2.15 If ¢ is a calibration (i.e., d$ = 0) and P is compact, then it is a minimal submanifold and
volume-minimizing in its homology class [Harvey and Lawson 1982, Theorem 4.2]. The equivalence in
the above definition follows from the identity: |u A v A w|* = ¢ (u, v, w)? + |[u, v, w]|?; see [Harvey and
Lawson 1982, Section IV, Theorem 1.6].

Example 2.16 In Example 2.7, R3 and 7'? are associative submanifolds.

Example 2.17 Let Z be a Calabi—Yau 3-fold and S! x Z be the G,-manifold as in Example 2.8. For any
holomorphic curve ¥ C Z and special Lagrangian L C Z (i.e., L is calibrated by Re €2), the 3-dimensional
submanifolds S! x ¥ and {e!?} x L, with ¢’? € S, are associative submanifolds of S! x Z.
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Example 2.18 Joyce [1996a, Section 4.2] has produced examples of closed associative submanifolds
which are the fixed point loci of G;-involutions in his generalized Kummer constructions. Recently, new
examples of associative submanifolds in these G-manifolds have been constructed by Dwivedi, Platt and
Walpuski [Dwivedi et al. 2023].

Example 2.19 Examples of closed associative submanifolds in the twisted connected sum (TCS) G-
manifolds were first constructed by Corti, Haskins, Nordstrom and Pacini [Corti et al. 2015, Sections 5 and
7.2.2] from closed holomorphic curves and closed special Lagrangians in asymptotically cylindrical (ACyl)
Calabi—Yau submanifolds. The author in [Bera 2022] has constructed more examples of closed associative
submanifolds in the twisted connected sum G,-manifolds. These are obtained from ACyl holomorphic
curves and ACyl special Lagrangians in ACyl Calabi—Yau submanifolds using a gluing construction. It
is also expected that this gluing construction can be used to produce infinitely many closed associative
submanifolds in a certain TCS G,-manifold studied by Braun, Del Zotto, Halverson, Larfors, Morrison
and Schifer-Nameki [Braun et al. 2018].

Remark 2.20 Examples of associative submanifolds of nearly parallel G,-manifolds have been con-
structed by Lotay [2012] in S”7, Kawai [2015] in the squashed S7 and Ball and Madnick [2023] in the
Berger space.

2.3 Normal bundles and canonical isomorphisms

This subsection sets up our conventions for the normal bundle of a submanifold, the tubular neighborhood
map, and various canonical isomorphisms, which will be used extensively throughout the article to
describe the deformation theories of associative submanifolds and holomorphic curves.

Definition 2.21 (normal bundle) Let Y be a manifold and M be a submanifold of it. The normal bundle
w: NM — M is characterized by the exact sequence

(2.22) 0—>TM —TYpy —>NM — 0.

Definition 2.23 (tubular neighborhood map) A tubular neighborhood map of M is a diffeomorphism
between an open neighborhood V34 of the zero-section of the normal bundle N M of M that is convex in
each fiber, and an open neighborhood Uy (tubular neighborhood) of M in Y,

TM . VM - U M,
that takes the zero section 0 to M, and is such that the composition

dY
NM —0*TNM —% TYpr — NM
is the identity.

Definition 2.24 (canonical extension of normal vector fields) The tangent bundle TN M fits into the
exact sequence
0 7*NM - TNM “% 2*TM — 0.

Geometry & Topology, Volume 30 (2026)



1388 Gorapada Bera

This induces an canonical extension map extending normal vector fields on M to vector fields on NM:
S:C®(NM) < Vect(NM), uwru:=i(n*u).
Here n*u € C*°(* N M) is the pullback section.

Notation 2.25 There are instances in this article where it is more appropriate to use the notation i, but
for simplicity, we will abuse notation and denote it by u.

Remark 2.26 The fact that [i, V] = 0 for all u, v € C*°(N M) will be useful later.

Definition 2.27 (canonical isomorphisms) For any section u € C°°(N M), we define the graph of u by
Iy:={(x,u(x))e NM : x € M}.

This is a submanifold of N M, and the bundle 7* N M|r, fits into the split exact sequence

d(uom)
T 1—d(uom) %
(2.28) 0—TT, — TNMjr, ——% 7*NMp, — 0.

In particular, this induces a canonical isomorphism N T, = 7*N Mr,. Moreover, the composition
Ity —-TNMr, d—”> a*T M, is an isomorphism. Let Yps : Vas — Ups be a tubular neighborhood
map of M. We define C®°(Vyy) :={uec C*(NM):T, C Var}. Let u € C*°(Vpy). Denote by M, the
submanifold Y7 (I'y,) of Y. Then there is a canonical bundle isomorphism

M
®u

NM 2“5 NM,
(2.29) j l
M M

induced by the commutative diagram of bundle isomorphisms

e,

NM NM,
jﬁ(lu* dTM[
JT*NMH"M m NFM

Definition 2.30 (normal connection) The choice of a Riemannian metric g on Y induces a splitting of
the exact sequence (2.22), that is,
TYyy=TM L NM.

Denote by -l and -1 the projections onto the first and second summands, respectively. The Levi-Civita

vl —1r*
V= [II Vl]

connection V on T'Y|5s decomposes as
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Here Il € Hom(S2T M, NM) is the second fundamental form of M, V! is the Levi-Civita connection
on M, and V= is the normal connection on NM .

2.4 Moduli space of closed associative submanifolds

This subsection reviews established results on the moduli space of closed associative submanifolds and
motivates the study of conically singular associative submanifolds, which is the focus of this article.

Definition 2.31 Let (Y, ¢) be an almost G;-manifold. Let 83 be the set of all 3-dimensional oriented,
closed smooth submanifolds of ¥. We define the C¥-topology on the set 83 by specifying a basis, which
is a collection of all the sets of the form {Yp(I',): u € \7’}‘,}, where P € 83, Yp is a tubular neighborhood
map of P, and V’;, is an open set in C®°(Vp) whose topology is induced by the C¥-norm on C*®°(N P).
The C*°-topology on the set S5 is the inverse limit topology of C k—topologies on it, that is, a set is open
in the C*°-topology if it is open for every C k-topology.

The moduli space M? of closed associative submanifolds in (Y, ¢) is the subset of all submanifolds
in 83 which are associatives. The C*°-topology on M? is the subspace topology of S3.

Let & be the set of all coclosed G;-structures on Y. Denote the universal moduli space of closed
associative submanifolds by

M:={(¢, P) € #x83: P e M?}.

Equip & with the C*°-topology. The topology of M C & x 83 is then given by the subspace topology of
the product C°°-topologies.

Let & be the space of paths ¢ : [0, 1] — &2 which are smooth as sections over [0, 1]x Y. Set ¢; := ¢ (¢).
Define the one-parameter moduli space of closed associative submanifolds by the fiber product

M? =10, 1]x, M2 {(t, P) €[0,1]x 83 : P € M?%}.

The topology on M? is the fiber product topology, which is same as the subspace topology of the product
topology of [0, 1] x 83.

Definition 2.32 Let M be an associative submanifold (compact or noncompact) of an almost G»-manifold
(Y, ¢). The operator Dps : C*(NM) — C®°(NM) is defined by

3
<Zei XVZJ\‘/Ie_v, w>+/ Ly Vot
L1 M

i=1

(Dpv,w)pz = /
M

forallve C®°(NM) and w € CX°(NM). Here NM is the normal bundle of M and VIJ\;[ is the normal
connection, and {ey, 2, e3} is an oriented local orthonormal frame for 7M with respect to the metric gg.
If (Y, ¢) is a Gy-manifold then Vy = 0 and Dy is a Dirac operator, called the Fueter operator. A

closed associative submanifold M of a coclosed G;-manifold is called rigid, or equivalently, unobstructed,
if ker Dps = {0}.
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Remark 2.33 The operator Dy is formally self-adjoint if dy» = 0 (Proposition 5.20). This operator is the
linearization of a nonlinear map Sﬁ[ which controls the deformation theory of associative submanifolds
(Proposition 5.18). Let Yas : Var — Ups C Y be a tubular neighborhood map. The map 3?\54 C°(Vay) —
C°(NM) is defined by

(2.39) (Silu, W)z = / tw Yy for ue C®(Var) and w € CO(NM).
The notation w in the integrand is the extension vector field of w € C°° (N M) in the tubular neighborhood
as in Notation 2.25. The associative submanifolds can also be thought of as critical points of a functional
on the space of submanifolds; see [Donaldson and Thomas 1998, Section 8] and [Doan and Walpuski
2019, Section 2.3]. The differential of this functional is a 1-form which is locally of the form Sﬁl This
led Doan and Walpuski [2019] to propose constructing Floer homology groups whose chain complex is
generated by associative submanifolds.

The following theorem summarizes the deformation theory of closed associative submanifolds, as
established in the literature.

Theorem 2.35 [McLean 1998, Theorem 5.2; Joyce 2018, Theorem 2.12; Doan and Walpuski 2019,
Theorem 2.20, Proposition 2.23, Section 2.7] Let (Y, ¢) be a coclosed G,-manifold.

(1) Let P be an associative submanifold of (Y, ¢). Then there exists an open neighborhood Jp of 0 in
ker D p such that the moduli space M?® near P is homeomorphic to ob;l (0), the zero set of a smooth
map (obstruction map/Kuranishi map)

obp :Jp — coker Dp.

Moreover, there is a comeager subset 2™¢ C % such that for all ¢ € 2"¢, the moduli space M? is
a 0-dimensional manifold and consists only of unobstructed (rigid) closed associative submanifolds.

(i1) There is a comeager subset ™% C 22 such that for all ¢ € ZP™¢, the moduli space M? is a
1-dimensional manifold, and there is a discrete subset I, C [0, 1] having the property that

e for each t € [0, 1]\I,, the moduli space M®* consists only of unobstructed (rigid) closed
associative submanifolds,

e foreacht € I, the moduli space M? consists only of closed associative submanifolds P having
dimkerDp < 1. If P, € M? and dim ker D P, = 1, then there exist nonzero constants a, b such
that ob ;. p,) can be written as

Ob(f,Pa)(t’ X)=at + bx? + higher-order terms.

Although Theorem 2.35 implies that for generic ¢, the moduli space M? of closed associative
submanifolds is discrete, it does not guarantee finiteness, which is essential for defining counting invariants.
This leads to the following natural — and still open — question.
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Question 2.36 [Joyce 2018, Conjecture 2.16] Let (Y, ¢) be a compact almost G,-manifold and 7 € Q3 (Y)
be a closed 3-form. Let &2; be the space of all coclosed G-structures that are tamed by 7. Does there
exist a comeager subset ¥ C 2, such that for all ¢ € 22, the moduli space M? is compact?

If (Y, ¢) is a compact almost G-manifold tamed by v € 23(Y), then there is a constant ¢ > 0 such
that for every closed associative submanifold P in (Y, ¢) we have (see [Donaldson and Segal 2011,
Section 3.2] and [Joyce 2018, Section 2.5])

vol(P, g¢) < c[z]-[P].

Therefore, we may use the following theorem of geometric measure theory to get a Federer—Fleming
compactification of M?. For a discussion on the proof of the following theorem in the special Lagrangian
context we refer the reader to [Joyce 2004a, Section 6] and [Doan and Walpuski 2021, Section 4].

Theorem 2.37 [Simon 1983, Sections 6 and 32; Spolaor 2019; Adams and Simon 1988, Theorem 1;
Joyce 2004a, Theorem 6.8] Let P, be a sequence of closed associative submanifolds in a sequence of
compact almost G,-manifolds (Y, ¢,) that are tamed by a fixed t € Q3(Y). Assume ¢, converges to ¢
in the C*°-topology. Then after passing to a subsequence, P, converges (in the sense of currents) to a
closed integral current Ps, which is calibrated by ¢. Moreover:

(i) The Hausdortf dimension of the singular set of P, is at most 1.

(ii) If all the tangent cones of Py, are Jacobi integrable? multiplicity-one associative cones in R7 with
smooth links, then P, is a conically singular associative submanifold of (Y, ¢), in the sense of
Definition 4.13.

The difficulty in addressing Question 2.36 arises primarily from our limited understanding of the
singular set in the generic setting. A natural starting point is to analyze the simplest degeneration scenario,
as described in Theorem 2.37(ii), where the limits are conically singular associative submanifolds. This
article contributes specifically to advancing the understanding of this case.

3 Associative cones

This section focuses on associative cones in R7 and their links, which are holomorphic curves in S 6 and
establishes Theorem 1.3. We also examine the Fueter operator on these cones and compute or bound
their stability index, leading to the proof of Theorem 1.10.

3.1 Definition and examples of associative cones

Definition 3.1 Let ¥ be a 2-dimensional closed submanifold of S® C R7. Define the inclusion map
1:(0,00) x X — R7 by 1(r,0) = ro. A cone C with link ¥ is the image of ¢ in R”. The Euclidean

2A cone in R7 with smooth link £ C S is called Jacobi integrable if, for every vy € ker(Dy + 2J) C C®(N ),
{exp(tvy) : |f| < 1} is a one-parameter family of holomorphic curves in (S, J). Here, “exp” is the exponential map with

respect to the round metric on S®, and D, + 2J is the deformation operator controlling the deformation theory of holomorphic
curves in (S, J) (Proposition 5.18).
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metric on R7 induces a metric g5, on ¥ and a cone metric gc on C, that is, gc = dr? + r?gx.
Furthermore, it induces a metric g ¢ and a connection Vé: on the normal bundle NC of the cone C.
Let 7 : R7\{0} — S° be the projection. Then NC = 7*(N %), pullback of the normal bundle N ¥ of X
in S gnyc =rin*gyy and VE = n*Vé.

The standard almost complex structure on S°, J : Ty S® — T, S® is defined by the standard cross
product x on R7 as

J(v) =0, X v,

where x € S% and v € T, S® C R’.
If the cone C is an associative submanifold then we call it an associative cone. This is equivalent to
saying that the link X is a holomorphic curve in the almost complex manifold (S°®, J).

Any special Lagrangian cone in C3 is an associative cone in R? = R @ C3 and its link is special
Legendrian in 3. Examples 3.2 and 3.3 describe two examples of special Lagrangian cones in C3 that
are important for the desingularization theorems (Theorems 1.35 and 1.28) discussed in this article. For
more examples of special Lagrangian cones, see [Haskins 2004b; Haskins and Kapouleas 2007;Joyce
2001, 2002].

Example 3.2 (transverse pair of SL planes [Joyce 2003, page 328]) Let Cx be the union of a pair of special
Lagrangian (SL) planes in C* with transverse intersection at the origin. Then there exist a B € SU(3) and
unique 601, 05, 03 € (0, ) satisfying 6, < 6, < 603 and 6, + 6, + 63 = w such that Cx = BTl U BIly,
where

Mo=R? and g :=diag(e’?, e, ¢!%).R3,
We define Il := BIlj and I1_ := BIIy. Note that IT4 are uniquely determined.
Example 3.3 (Harvey—Lawson 7' 2-cone [1982, Theorem 3.1]) The Harvey—Lawson 7'2-cone is given by

Cur :={(z1,22,23) € C? 1 |z1| = | 22| = |23], 212223 € (0, 00)}
= {r (', 692, ¢ 1O H+02)y ¢ C3 . € (0, 00), 6y, 6, €0, 27)},

which is a special Lagrangian cone in C 3 whose link Ty = Cur. N S? is isometric to the flat Clifford
torus 7'2.

Example 3.4 (null-torsion holomorphic curves [Bryant 1982, Section 4]) We follow here the exposition
about null-torsion holomorphic curves given in [Madnick 2022]. Let X be a closed holomorphic curve in
(S, J). Then the characteristic SU(3) connection \Y (see equation (3.8)) induces holomorphic structures
on TS |6E, TX and N X. The second fundamental form of X is the obstruction Il € Ext!(N X, TX) =~
HY(Z, K % ® N X) (by Serre duality) to the holomorphic splitting of the exact sequence

0—>TE—>TS5—NE—0,
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Moreover, IT # 0 if and only if ¥ is not a totally geodesic S2. In this case, denote the effective divisor of
the zero set of Il by Z. We define a holomorphic line bundle L g by the exact sequence

(3.5) 0—Ly:=K5’®0(Z)—> NX — Lp—0.

The torsion of X is the obstruction Il € Ext' (Lp, Ly) = H(Z, K% ® O(—Z) ® L p) (by Serre duality)
to the holomorphic splitting of the exact sequence in (3.5).
If X is null-torsion (i.e., Il # 0, III = 0), then there is a holomorphic isomorphism

L= K3 ®0(-2),
and we have
Area(X) = 4nb = 24m,

where b = —c (L) = 3x(X) + [Z]. Moreover, no null-torsion holomorphic curves in S are contained
in a totally geodesic S3. If X is of genus zero and not a totally geodesic S2, then it must be a null-torsion
holomorphic curve. Bryant [1982, Theorem 4.10] and later Rowland [1999] proved that closed Riemann
surfaces of any genus can be conformally embedded as a null-torsion J-holomorphic curve in S9.

We would like to point out that there are more examples of associative cones which are not special
Lagrangians, discussed in [Lotay 2011, Section 7; 2007].

3.2 Moduli space of holomorphic curves in .S ®

Definition 3.6 Let $ be the set of all 2-dimensional oriented, closed smooth submanifolds of S®. Equip
8 with the C*°-topology in the same way as in Definition 2.31.

The moduli space M™' of embedded holomorphic curves in (S°, J) is the subset of all submanifolds %
in § that are J-holomorphic. The topology on M"! is the subspace topology of the above.

Let ¥ be a holomorphic curve in S°, that is, & € MM, We denote the complex structure on X
by j, which is just the restriction of J. Let Yy, : V5 — Uy be a tubular neighborhood map of X. For
u € C*(Vyx) denote the submanifold Yx(I',) by X,. Note that X, is J-holomorphic if and only if u

satisfies the following nonlinear Cauchy—Riemann equation:
0=0yu:= Hdu+Y§Jw)oduoj) € C®Home(TE,u*TVy)).

The linearization of the nonlinear map 9 : C®°(Vx) — C®(Homc (T X, u*T Vy)) at the zero section
is described in [McDuff and Salamon 2012, Proposition 3.1.1]. This is the linear map
05,7 :C®(NX) - C®Homc (T X, TVsix))
defined by
0z, 76 = 3(Vs§+Jo(Ve€)oj+VeJoj) for £ € CP(NX).

The tangential component of 5 ; can be discarded for the deformation theory. The following normal
component actually controls the deformation theory.
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Definition 3.7 For ¥ € MM, the normal Cauchy—Riemann operator

W C®(ND) - C®Homc (TS, ND)) = Q¥(Z,NX)
is defined by
0y E:=1(Vge+Jo(VE&)oj+ViJoj).

The moduli space of holomorphic curves is usually studied using the nonlinear Cauchy—Riemann map
[McDuff and Salamon 2012, Theorem 3.1.5] but here we study it in a different way.

On R7, the Euclidean metric is ge=d r?4+r? g and the standard G;-structure ¢ and V. = *g, P,
can be written as

pe=r’dr no+r*ReQ and Y, =ir*w®—r’dr AImQ,

where w(X,Y) := g(JX,Y), and Q is a nowhere vanishing complex (3, 0)-form. Together they give an
SU(3)-structure on S°. Also, we have

volg7 = r®dr Avolge and  volge = %w3 = %iQ AQ = %ReQ AIm Q.
In particular, g Re Q2 = ImQ and *g Im Q2 = —Re Q2. Moreover, d¢. = 0 and dyy. = 0 on R7 are
equivalent to the following equations on S, respectively:

do=3ReQ and dImQ = —2w>.

That means S® with this SU(3) structure is a nearly Kdihler manifold. Let V be the Levi-Civita connection
on S¢ with respect to the round metric g. The characteristic SU(3) connection given by

(3.8) Vv := Vo + L(V ) Jv
satisfies Vg = 0, VJ = 0 and Hol(V) C SU(3). It turns out that V is not torsion-free. Furthermore, it
induces the following Cauchy—Riemann operator.

Definition 3.9 Let = be a J-holomorphic embedded curve in S®. The characteristic Cauchy—Riemann
operator on N X,
35 : CP(NZ) - Q" (NE),

is defined to be the induced Cauchy—Riemann operator from the characteristic SU(3) connection v,
that is,
e =1V +T0(VEE) o)),

The following lemma will help us to relate the two Cauchy—Riemann operators 5g and 5@ .

Lemma 3.10 [McDuff and Salamon 2012, Lemma C.7.1] For any vector fields u, v, w on S,
@ (VuJ)Jv=—=J(VyJ)v and g((Vu J)v, w) = =g (Vi J)w, v),

(i) (VuJ)v = —(VyJ)u and the torsion TG (u, v) = %NJ(M, v) = (VyJ)Jv,
(iii) 3g((VyJ)v,w) =dw(u,v,w) = 3Re 2(u, v, w).
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Definition 3.11 The multiplication map, x g6 : TS®xTS® — T'S$, is defined by the orthogonal projection
on TS of the cross product in R7, or equivalently, for all vector fields u, v, w on S 6

g(uxgev,w) =ReQ(u,v,w), orequivalently, u x g6 v = (V,J)v.

Remark 3.12 Let ¥ be an oriented smooth surface in S and C be the cone in R7 with link . The

following are equivalent:
(i) X is J-holomorphic.
(i) C is associative.
(iii) Forall u,ve TY and w € T'S®, Re Q(u, v, w) = 0.
(iv) Forallu,v e TX, u xge v =0.
(v) Forallue TY andve NX,uxveNX.

The following proposition is the desired relation between the above Cauchy—Riemann operators.
Proposition 3.13 Let ¥ be an embedded J -holomorphic curve in S®. Then for all £ € C®(N %),
agE=0TE—(VII)JE.
Here V+ denotes the normal connection on N X, and its action on End(N X) is understood as the one
induced from this normal connection.
Proof By Lemma 3.10, for all £ € C*°(N X), we have
JoVEoj=JoVEoj+1J(VI)JEoj=To0VEoj+L(VI)JE.
The proposition now follows from the definitions. |

The following defines a canonical Dirac operator on a holomorphic curve X, which is also related to
the above Cauchy—Riemann operators.

Definition 3.14 Let X be an embedded J-holomorphic curve in S®. By Lemma 3.10 and Remark 3.12,
the map yx : TY — Endc (N X), given by

ya(fs)(vyg) ;= fy xvy forall vy e NX and fx € TX,

is a skew-symmetric J-antilinear Clifford multiplication. Moreover the normal bundle N ¥ together
with the metric gy, Clifford multiplication ys; and the metric connection Vi.= 6%‘ is a Dirac bundle,
that is, ﬁlyg = (. The associated Dirac operator is given by

2
3.15) Dy =) fixVf,
i=1
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where { f;} is a local orthonormal oriented frame on X. Note that Dy is J-antilinear. Moreover, the
map vy induces a J-antilinear isomorphism

ys :Homc(TE,NX) > N, definedby px(fs ®vs)=ys(fz)(vs).

Remark 3.16 The map yy fits into the following commutative diagram:
N

C®(NT) —L C®(Homc(TS, NX))

e |

C®(NY)

The following proposition is the desired relation between the above Cauchy—Riemann operators and
the Dirac operator.

Proposition 3.17 Let { f;} be a local orthonormal oriented frame on X. Then

2
Dg:Zﬁfof,—J and ygoggzDg—i-ZJ.

i=1

Proof First we prove that yx ((V+J)J) = —2J. For a local oriented orthonormal frame { f1, f> = j fi}

on X, we have VfL_J = yy fi, by Definition 3.11 and Lemma 3.10. Therefore

2 2
ys((VENN =Y fix (VENT =Y (s )2 = -2J.

Now the first equality in the proposition follows from equations (3.15) and (3.8). The second equality
follows from Proposition 3.13 and Remark 3.16. |

The moduli space of holomorphic curves can be expressed locally as the zero set of the following

nonlinear map.

Definition 3.18 Let  be a holomorphic curve in S and Yy : Vx — S be a tubular neighborhood map.
We define F: C°(Vy) — C°(N X) by

(?(u),v)Lzzzf (T3 Re Q),

u

where u € C°(Vy) and v € C*°(N X). The notation v in the integrand is the extension vector field of
v € C°(N X) over the tubular neighborhood Vy as in Notation 2.25.

The proof of Theorem 1.3 requires computing the linearization of the map; the following proposition
concerns this computation.
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Proposition 3.19 For u € C*®(Vy), we have F(u) = 0 if and only if the graph ¥, := Tx(['y) is
J -holomorphic. If ¥ € MM!, then the linearization of J at zero, dFy : C®(NX) — C®(NX), is
given by

dFo=JDy—-2=J(Dxg+2J).

This is a formally self adjoint first-order elliptic operator of index 0.

Proof The first part follows from Remark 3.12. Let { f1, f» = Jf1} be a local oriented orthonormal
frame for T'X. For u,v € C®(N %),

d _d . B .
E)t:()(ffr(lu),v)l,z =7 )t:()\/rtu (Y5 Re Q) = LLMLD(TE Re Q).

This is the same as [y, 1y Ly (T Re Q) + 1, 4] (T Re Q). As [u,v] = 0 (by Remark 2.26, following
Notation 2.25) and ¥ € M"!, this is equal to

/ELU(T; Re Q)(Vy,u, f2) + to(TERe Q) (f1, Vu) + 1 Vu (T Re Q)
=[E—(f2xvj+lu,v)+<f1xvfzu,v)—tv(uAT;w) (as VReQ = —wA-)
=/E(J(f1 x Viu),v) + (J(f2 x VAu), v) — (u, v)
:/E((JDZ—Z)u,v).

Therefore dFy = J Dy, — 2. Since Dy is a J-antilinear (this follows from the fact that VJ =0and %3
is J-antilinear), formally self-adjoint Dirac operator, it proves the last part of the proposition. O

Proof of Theorem 1.3 In Proposition 3.17, we see that yx o gg = Dy + 2J. Extending the nonlinear
map J to Holder spaces, we get a smooth map

F:C*(Vg) > CHY(NT).

Proposition 3.19 implies that the linearization of J at zero is an elliptic operator and hence is Fredholm.
By the implicit function theorem applied to &, we obtain the map oby, as stated in the theorem; see
[Donaldson and Kronheimer 1990, Proposition 4.2.19]. We only prove that, if u € C?¥ (V) with
F(u) =0, then u € C°°(Vy). To prove this, we observe that

0= Dx(F(u) = a(u, VEu) (V) u + b(u, Viu).

Since a(u, V)J:-u) € CY7 and b(u, Véu) € C17, by Schauder elliptic regularity [Joyce 2007, Theorem
1.4.2] we obtain u € C3-¥. By repeating this argument, we get higher regularity, which completes the
proof of the theorem. |
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3.3 The Fueter operator of an associative cone

The operator controlling the deformation theory for asymptotically conical (AC) or conically singular
(CS) associatives will be an AC or CS uniformly elliptic operator, asymptotic to a conical elliptic operator
(Definition 4.24). This conical operator is the Fueter operator on the asymptotic associative cone. The
Fredholm theory of AC and CS uniformly elliptic operator was studied by Lockhart and McOwen [1985];
see also Karigiannis and Lotay [2020] and Marshall [2002]. It suggests that we must study the indicial
roots and homogeneous kernels of this Fueter operator.

Let C be an associative cone in R7 with link . The Fueter operator (Definition 2.32) on the cone C,
Dc :C®(NC)— C®(NCQC), is

3
L
DC = Zel x Vcaei’

i=1

where {e;} is a local oriented orthonormal frame on C and Vé is the normal connection induced by the
Levi-Civita connection on R”.

Definition 3.20 (homogeneous kernel and indicial roots) For A € R we define the homogeneous kernel of
rate A by

Vy, i={r* vy € C®(NC) 1 vy € C®(NgsX), De(r* vg) =0}
Its dimension is denoted by
dy :=dim V).
The set of indicial roots (or, critical rates) is defined by
Dc:={reR:d) #0}.
Remark 3.21 A1 VElene = r)‘|v);|g2.

The following proposition not only studies properties of the Fueter operator but also describes the
homogeneous kernel as an eigenspace of an operator on the link ¥, which will be useful later. Moreover,
the almost complex structure J induces a symmetry on the homogeneous kernels.

Proposition 3.22 Let vy be an element in C*°(NgsX) and A € R. Then the following hold:
Q) Do = Jo, + %Dg n %J.

(i) Dc(r*~lvg) =r*=2(Dgvs + (A + 1) Jvs).

(iii) Dc(r)‘_l(log r)Yvy) = r)‘_z(log r)’ (ng:; + A+ l)Jv:;) + jr}‘_z(log 1 Jvs.

(iv) Dy (Jvy)=—JDxvy.

V) Vi ={* g i Dgvy = —(A 4+ DJvs) = {r*"lvg : (J Dg)vs = (A + Dvg ).

i) JV_yyp=V_i_pandd_yy) =d_q_, forall L € R.
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Proof We have Vé— =dr®a, + Vé. For a local oriented orthonormal frame { f;} on £ C S® and
v(r,0) € C*®°(NC), applying Proposition 3.17 we compute

2
1
_ 1 ,
Dcv(r,0) =9, X Vcﬁarv(r, o)+ ] E fi x vC,f,-v(r’U)

i=1
1 1<
=0, Xg6 0,V(r,0) + ;3, X g6 V(r,0) + " 2; Ji X g6 Vé"fiv(r, 0)
=
1 2
=Jo,v(r,0)+-Dxv(r,o)+ —J.
r r
This proves (i). Now (ii) and (iii) follow from (i); indeed,
Dc(r*logr)/vs) = r*2(logr)! (A — 1)Jvs + Dxvs +2Jvs) + jr* 2 (logr) 1 Jvs.

Finally, (v) follows from (ii), and (vi) follows from (iv). And (iv) follows from the fact that VJ =0 and
vy, is J-antilinear. |

Although it follows from [Lockhart and McOwen 1985, equation 1.11] that a general element in the
homogeneous kernel is of the form Z;":O rAl (logr)/ vy, j, the following proposition implies that it
must be of the form we have defined in Definition 3.20. We also see that there is a canonical one-to-one
correspondence between the indicial roots and eigenvalues of the self-adjoint elliptic operator J Dy — 1.
In particular, they are countable, discrete and will have finite intersection with any closed bounded
interval of R. Moreover, Proposition 3.22(vi) implies that the indicial roots and homogeneous kernels are
symmetric with respect to —1.

Proposition 3.23 Let m € Ny and let
m .
v(r,o) = Z r}‘_l(logr)fvg,j € C®(NC)
j=0
andvy j € C*®(NgeX). If Dcv(r,0) =0, thenm = 0, and therefore v(r,0) = I')‘_IUE,().

Proof If Dcu(r,0) = 0, then by Proposition 3.22(iii) and comparing the coefficients of r*~2(log r)/~!
for j = 1, we see that

Dzvz’m + A+ 1)]1)2’”1 =0 and jJUz;’j + ngg,j_l + A+ 1)]1)2,1'_1 = 0.

Therefore,
mivs mliacgy = —(Ivem Devsm—1 + 4+ DJIvs mo1)L2x)
=(J(Dsvsm+ A+ 1DJvsm),vsm—1)r2z) = 0.
Here we have used Proposition 3.22(iv). The proof is completed by backwards induction starting with

Geometry & Topology, Volume 30 (2026)



1400 Gorapada Bera

Whenever the above associative cone is a special Lagrangian cone, the homogeneous kernel can be
expressed in a more explicit form with Hodge—de Rham operators, which in turn will help us compute or
estimate lower bounds for the stability index. The following discusses this in detail.

Definition 3.24 Let L be a special Lagrangian submanifold in C* C R @ C3. Sete; = (1,0) e R@ C3.
We define the isometry ®; : C®(NL) — Q°(L,R)® Q' (L,R) by

@z (v) := ({e1,v), (e1 x v)").
We denote by D 1 the conjugation of the Fueter operator D defined in Definition 2.32 under ®y , that is,
Dy =&, D o7 : Q%L R)® Q' (L,R) - Q°L,R)® Q' (L,R).

A direct computation shows that

- 0 d*
(3.25) D = [d *d]

A direct computation yields the following lemma.

Lemma 3.26 Let C be a cone in C3 with link X, then for

(fz.hs.05) € Q°(Z.R) ® Q°(Z.R) # Q' (. R).
we have:
() d* fz) = b fdr + 1+ dg f.
(ii) d(r*hs dr +r**log) = —r* dr ndshs + (O + Dr* dr Aos +r* Tl dsos.
(iii) *dr =r?xx 1, x0x = —dr Axx0yx, *(dr Aox) = *x0yx, *dsox =r~2dr.
(iv) d*(r*hg dr +r*Tlog) = —(A +2)r*lhy + r* 1 d3E (o).
) xd(r*hs dr + r*tlox) = —r* x5 dshs + (A + Drtsgoxs + 12 (x5 dsoyx) dr.

Proposition 3.27 If C is a special Lagrangian cone in C* whose link is ¥, then the homogeneous kernel
from Definition 3.20 is

N{{JEGQI(Z,R):Agogzm if A =—1,
= U(fs. hs) € Q°(E. R)®QO(T, R) : (fx. hy) satisfies (3.28)} if A # —1,
(3.28) Agfg = )\()» + l)fz and Aghz = ()\ + 2)()» + l)hg.

Proof Since C is a special Lagrangian, by equation (3.25) we have

Vi 2 {(fs, hs,05) € U, R)®Q%Z,R) @ Q1 (Z,R) : (fx, hy,ox) satisfies (3.29)},
{ d*(r*hs dr +r*Hog) =0,

3.29
o) d(r* fg) +xd(r*hs dr +r*Tlog) = 0.
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By Lemma 3.26 we obtain that equation (3.29) is equivalent to
(A +2)hy = d5* (0x),

(3.30) Ay =—*3ndx(0ox),
(A+ Dxgoy =—dx fx + *zdshs.
This yields the required proposition. |

Corollary 3.31 If C is a special Lagrangian cone in C* whose link is X, then

(hy € QUZ,R): Ashy = A +2)(A + Dhg} if A€ (=1,0),
HY(Z,R)® {hy € QUZ,R) : Aghy =2hy} ifA=0,
H'(Z,R) ifA=—1,
{(f£eQ%E,R):As fs=RA+DAfs) if A e (=2,-1).

V) =

Remark 3.32 If the associative cone C is not a 3-plane then all the translations by vectors in R” yield a
7-dimensional subspace of Vj and hence dy = 7. Indeed, there are no nontrivial translations that preserve
the cone C because 0 is the unique singular point of C. Thus if C is not a 3-plane, then the lower stability
index from Definition 1.7 has the lower bound

1d_y <s-ind_(C).

The following two examples compute the stability-indices of a pair of transverse associative planes,
and the Harvey—Lawson 7' 2-cone.

Example 3.33 (pair of transverse associative planes) Let I14 be a pair of associative planes in R7 with
transverse intersection at the origin, that is, IT N T1_ = {0}. Set

Cy:=T4LUT_ and e;:=(1,0,...,00eR"=RaC>.
We choose a unit vector n € R” orthogonal to both TT¢ so that we have an orientation-compatible splitting
R'=(npellidIl_.

Here the orientations of IT4 are given by the restrictions of the standard 3-form ¢, and the orientation of
(n)R is given by n. If we choose —n instead of n in the above, we interchange the role of T14 and IT_.
Then there exists B € G, such that

nzBel, BHO=H+, BHQZH_,

where TT, and I1y are special Lagrangian planes in C3 as in Example 3.2. By Corollary 3.31 and
Proposition 3.27, we have
0 ifAe[-1,0)U(0,1),
Nn{@®ReR)dR3>®R?}) ifr=0,
R3®R)PR}*PRY) ifr=1.
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If H is the symmetry group of an associative 3-plane for the standard action of G, on R7, then H 2= SO(4).
Hence, Cx is rigid as in Definition 1.9, that is, d; = 2(dim G, —dim H) = 16, and its stability index
from Definition 1.5 is

sind(Cx) = 3d_1 + Y dy —2(dim Gy —dim H)—7=0+8+16—-16—7=1.
—1<A<1
Example 3.34 (Harvey—Lawson cone) Let Cyy, be the Harvey—Lawson special Lagrangian cone, whose

link is the flat Clifford tori in C3, given in Example 3.3. Then by Corollary 3.31 and Proposition 3.27,
and [Marshall 2002, Section 6.3.4, page 132] we have

R? if L =—1,
0 if A e (—1,0)U(0,1),
R@R® ifr=0,
Ré@®R® if A =1.

Vy =

If H is the symmetry group of Cyy for the standard action of G, on R7, then H = U(1)2. Hence Cy is
rigid as in Definition 1.9, that is, d1 = dim G, —dim H = 12, and its stability index from Definition 1.5 is

sind(Cu) = 3d_1+ Y dy—(dim Gy —dimH)—7=1+19-12—7=1.
—1<A<1
The following proposition provides a classification of special Lagrangian cones that attain the minimal
stability index.

Proposition 3.35 Let C be a special Lagrangian cone in C* whose link ¥ is connected and not a totally
geodesic S?. Then its stability index from Definition 1.5 and lower stability index from Definition 1.7
satisfy

s-ind(C) = s-ind_(C) = 16" () = 1,
with equality if and only if C is Cyy, the Harvey—Lawson T ?-cone (up to special unitary equivalence).

Proof As X is not a totally geodesic S2, C is not contained in any hyperplane [Haskins 2004a,
Lemma 3.13] in C3. Moreover the genus of X is at least 1 [Haskins 2004b, Theorem 2.7]. The space of
real linear functions on C3 induces a 6-dimensional subspace of the 2-eigenspace of Ay;. Therefore, by
Corollary 3.31 we have (see Remark 3.32) dy = 7 and

s-ind_(C) = 3d_; = b (D) = L.

In Example 3.34, we see s-ind(Cyr) = 1. If s-ind(C) = 1, then 5 (X) = 1, dy = 7 and d; = 0 for all
A € (—1,0) U (0,1). This implies that the first eigenvalue of Ay is 2 with multiplicity 6. Then by a
theorem of Haskins [2004a, Theorem A], C is Cy,, the Harvey—Lawson T?-cone (up to special unitary
equivalence). a

The remainder of this section focuses on the stability index of a null-torsion holomorphic curve.
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Proposition 3.36 Let X be a null-torsion holomorphic curve in S and let C be the cone in R7 with
link 3. Then the lower stability index from Definition 1.7 satisfies

s-ind—_(C) > 4.

In particular, this inequality holds for any genus-zero holomorphic curve in S® except a totally geo-
desic S2.
The proof of this proposition needs the following small preparation.

Definition 3.37 Let X be a J-holomorphic curve in S6. The Jacobi operator L5, : C®(N X) — C®(N %)

18 2

2
Ly =(VE)*VE+ Y (R(fi.) )" = Y (S f5). ) (S f)-

i=1 i,j=1
Proposition 3.38 Let X be a J -holomorphic curve in S®. Then the Jacobi operator L, satisfies
Ly =Dz +J)(Dx+2J)=(JDg)*—(JDs)-2.

Moreover, spec(Lx) = {A2 +A—2:A € D¢}, where D¢ is defined in Definition 3.20, and the A% 4+ A —2
eigenspace of Ly, has the decomposition

249
Ez“;_)“ 2 Vo ®@ Va1 = Vi@ Vg
In particular, EZ; ~V_1®Vyand EEZ =V V.

Proof We denote the Jacobi operator for the cone C of ¥ in R7 by L. [Gayet 2014, Theorem 2.8,
Appendix 5.3] proved that
Lc = D¢.

Now for all vy € C*®(NgsX), we have Lcvy = r~2Lsvy. Therefore by Proposition 3.22(ii) we
conclude that

D% =r"*(Dx + J)(Dx +2J).
This proves the first part. The remaining part follows from parts (v) and (vi) of Proposition 3.22. |
Proof of Proposition 3.36 Let J be an almost complex structure on N ¥ defined by the following exact
sequence of complex vector bundles (Example 3.4):

0> (Ly.J) S NS DD (Lg.—T) 0.

Madnick [2022] proved that X is null-torsion if and only if viJ = 0, and in that case
Ly =201 70yL 7 —2,
where 5VL, 7 is the Cauchy—Riemann operator induced by V. and J on N ¥. Moreover,

(3.39) dim E;2 > index 0 =2¢1(NZ,J) +2x(2) = —4c¢y (Lg) = 4b = 24,

vLi,J
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Here b = Area(X)/(4m) = 6. By Proposition 3.38 we see that dim Egé =d_1 + dy and therefore
s-ind_(C) = 3d_1 +do— 7= $(d—1 +do) —T=2b—7=5. O

Proof of Theorem 1.10 Statement (ii) is proved in Proposition 3.36, (iii) is computed in Examples
3.33 and 3.34, (iv) follows from Proposition 3.35 and the fact that dy — 7 = b°(X) — 1. We will now
prove (i). Consider the short exact sequence (3.5). If the genus of X is 1, then Ky = O, and therefore
O(Z)® Lp =Ly ®Lp=0. Assume X is not a null-torsion holomorphic curve. Then the zero set
of TIT induces an effective divisor, in particular deg L g = [Z]. Therefore deg L.p = [Z] = 0 and hence
Lp~0and Ly = O. This implies that there is a nonzero section vy of N X such that 5g vy =0 and
hence d_; = 2. Moreover, considering the long exact sequence of sheaf cohomologies corresponding to
equation (3.5), we obtain

0>C— HYS,NS)->C5C = H'(S,NS)—C —0.

Since IIT # 0, we obtain, more precisely, that d_; = 2 dim¢ HY(Z,NX) =2. O

Remark 3.40 Let ¥ be a J-holomorphic curve in S6. The Morse index of the Jacobi operator Ly, is
defined by Ind Ly 1= ) 5, dim EEE. Now Proposition 3.38 implies that

Indly=d_1+2 Y dp+ Y d.
—1<A<0 0<i<l1
If the genus of X is 1 then the proof of Theorem 1.10 implies that Ind Ly = 9. If ¥ is a null-torsion
holomorphic curve in S® then L5, does not have an eigenvalue less than —2. Therefore by equation (3.39),
the Morse index of Ly satisfies

Ind Ly =4b+ Y dy =24,
0<A<1
Comparing the above observations with a generalized Willmore type conjecture made by [Kusner and
Wang 2024, Remark 3.6(1)] we conjecture that if an associative cone C in R is not a plane then
s-ind(C) > 1 with equality if and only if C is the Harvey—Lawson 7 >-cone or a union of two special
Lagrangian planes with transverse intersection at the origin. This has been confirmed in Theorem 1.10
for special Lagrangian cones in C3.

4 AC and CS associative submanifolds

This section introduces the definitions and examples of asymptotically conical (AC) and conically singular
(CS) associative submanifolds. We also study the linear analysis for the Fueter operator, which governs
the deformations of AC and CS associative submanifolds. Since these submanifolds are noncompact, we
carry out the Fredholm theory in weighted function spaces.
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4.1 Asymptotically conical (AC) associative submanifolds

Before defining AC associative submanifolds, we introduce the notion of a conical tubular neighborhood
map of a cone in the following definition.

Definition 4.1 Let C be a cone in R” with link ¥ C S, that is, C = ¢((0, 00) x X). Let
Ty :Vy CNgeX — Usg
be a tubular neighborhood map for X. It induces a conical tubular neighborhood map of C,
Yc:Ve—Uc,
as follows. Define Vo C NC at (r,0) by rVx, and
Yo (u(r,0)) :=rYs(r 'u(r,0)) and Uc:=imYc CR7.

Observe that, for each ¢ > 0, the scaling map s, : R7 — R7, x > ex induces an action sz« on NC.
Moreover, Y¢ is equivariant with respect to these actions, that is,
Y (sestt) = s Ycu.
We now introduce the notion of AC associative submanifolds, which are associative submanifolds in R’

that approach a cone at infinity in a controlled manner.

Definition 4.2 Let C be a cone in R7 with link 2, let ¥ = LI7Z , 3; be the decomposition into components,
and let C; be the cone with link ¥;. An oriented three-dimensional submanifold L of R7 is called an
asymptotically conical (AC) submanifold with cone C and rate v := (vq, ..., V) with v; < 1 if there
exist

e a compact submanifold with boundary Ky of L,
e areal number Ry, > 1 and a diffeomorphism
U (Roo, 00) X ¥ — Loo := L\K C R

such that Wy — is a section of the normal bundle NC over ( ((Rso, 00) X X) C C lying in the tubular
neighborhood V¢ of C, and

(V& (WL =] = 0@V
for all k € N U {0} as r — o0.

Here Vé‘ is the normal connection on NC induced from Levi-Civita connection on R” and | - | is taken
with respect to the normal metric on NC and the cone metric on C. The cone C is called the asymptotic
cone of L, and L is the end of L.

The above L is called an asymprotically conical (AC) associative submanifold if, in addition, it is
associative.

Geometry & Topology, Volume 30 (2026)



1406 Gorapada Bera

Remark 4.3 Deformation theory of AC associative submanifolds has been studied by Lotay [2011]. If
L is an AC associative submanifold, then C is automatically an associative cone in R7; see [loc. cit.,
Proposition 2.15]. An AC submanifold of rate v < 1 is also an AC Riemannian manifold with rate v — 1,
as well as an AC submanifold of any rate v with v < v’ < 1.

The following two definitions will be useful later in the context of desingularization but may be
skipped for now. They explain how, given an AC associative submanifold, one can define a corresponding
end-conical submanifold, over which the AC submanifold can be expressed as the graph of a decaying
section inside an appropriate end-conical tubular neighborhood.

Definition 4.4 (end-conical submanifold) Let p: (0, 00) — [0, 1] be a smooth function such that

ifr <1,

ifr =2.

45) p(r) = {(1)

For every s > 0, ps : (0, 00) — [0, 1] is defined by ps(r) := p(s~!r). Let L be an AC submanifold with
cone C as in Definition 4.2. We define an end-conical submanifold L, which is diffeomorphic to L:

Le:=KpUYc(pg,, (WL —1)).
Set Co := 1((2Ro0,00) X ) C L and Kz := Lc\Coo

Definition 4.6 (end-conical tubular neighborhood map) Let L be an AC submanifold with cone C as in
Definition 4.2, and Y¢ be as in Definition 4.1. We say a tubular neighborhood map

TLC : VLC —> ULC

of L¢ is end-conical if V7 . and Y. are chosen so that they respectively agree with V¢ and Y¢ on Ceo.
There is a section B in V. C N L¢ which is zero on Ky, and Y. (I'g) is L, and

(V&)kBl = 0¥ 7%) forall k e NU{0}as r — oo,
where Vé is the normal connection on N L induced from Levi-Civita connection on R”.

There are many examples of AC special Lagrangians in C* [Joyce 2001, 2002], but we mention only
two types of AC special Lagrangians in Examples 4.7 and 4.10, which are important for this article. For
examples of AC associatives which are not AC special Lagrangians, see [Lotay 2011, Section 7; 2007].

Example 4.7 (Lawlor neck [Lawlor 1989; Joyce 2018, Section 4.1; Harvey 1990, pages 139-143]) Let
Iy = R3 and Ig be a pair of transverse special Lagrangian planes in C* as in Example 3.2, that is,

My =R?® and TIp:= diag(eiel,eiez, ei93)-R3,
where 01, 6,, 03 € (0, ) satisfy 6; < 8, < 65 and 6; 4+ 6, + 03 = 7. Define
TR x S22 Iy, L+(V, o)=r diag(eiel,eiez, ei93)-o,
T RT xSy, (r,0)=ro.
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For any A > 0 there exists a unique triple of positive real numbers (a1, a5, a3) such that

4
A= —r—"— d O =06 .
3. Jaypazas an k k(OO)

where

y d
ek(y):ak/ al for y€R, k =1,2, 3.

—oo0 (1 +agx?)/P(x)

The Lawlor neck Lg 4 is defined as

Lo 4:=1{(z1(»)01,22(»)02,23(»)03) € C* : y,01,02,03 €R, 0] + 05 + 07 = 1},

zk(y) = eie"(y)\/alzl + 2.

The Lawlor neck Lg 4 is a smooth special Lagrangian submanifold [Harvey 1990, Theorem 7.78]

where for k =1, 2, 3,

diffeomorphic to R x S2. The map

O, RxS* > Ly 4, (3.(01,02,03) > (z21(»)o1. 22(»)02, 23(1)03).

is a diffeomorphism. Define CDjLEQ L Rt xS? — Lg 4 by @iﬁe P (r,0) =®r, ,(£r,0). For every £ > 0,
we observe that the rescaled Lawlor neck satisfies

SLG,A = L9,83A'

Therefore, we will always use “Lawlor neck” to mean Lg, 4 with the normalization A = 1, if not mentioned
otherwise.
We define £~ € C°(N I, {03) and gt .= diag(e??, e?%2 ¢193). £~ ¢ C®(NTg|m,\0}) as

4.8) E7(x1,Xx2,X3) :=r2(ix1,ixp,ix3), where r = \/xl2 +x§ —{—x%.

Observe that Dy & + =0and £* € V_,. The Lawlor neck Ly, 4 is an AC special Lagrangian submanifold
asymptotic to 1y U ITg with rate v = —2. Moreover, the asymptotic normal sections can be written as

4.9) VE = =ET 007,
Here \I!]jfg | can be defined (up to normalizations) as
Ly, Lo~

Yy, Re®p, )=®7, and ¥/ (Rediag(e ™, e7'% e7%)af )=af

Example 4.10 (Harvey—Lawson AC special Lagrangians [Harvey and Lawson 1982, Theorem 3.1; Joyce
2018, Section 5.1]) Let C := Cyr be the Harvey—Lawson T 2_cone as in Example 3.3, and let ¢ be the
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inclusion map in R”. For any positive real number a > 0, the Harvey—Lawson special Lagrangian 3-folds
are defined by

Ly :={(z1,22,23) € C* 1 |z1]* —a = |z|* = |z3]%, 212223 € [0, 00)},
L= 1{(z1.22.23) € CP iz = |zl —a = |32, 212223 €[0. 00)},
L) :={(z1,22,23) € C° 1|71 |* = |22|* = |z3]* —a, 212223 € [0, 0)}.
Each L’; for k = 1,2, 3 is a smooth special Lagrangian in C3 [Harvey and Lawson 1982, Section IT1.3.A]
diffeomorphic to S x C. Define the diffeomorphisms
Dy RTx7T? > LCII, (r,eiel,eiez) — (e"g1 Vr2 +a,ret?, re_i(91+02)),
Do Rt x7T? > L], (r, €01, e192) > (™ i01102) (101 /12 4 4 yel0a)
D3 R xT?2 > L) (r,e%,e192) 15 (re'® re™ 101492 (it (/2 4 4y,
For every ¢ > 0, we have
eLk =1%, .
Therefore, we always assume LX with the normalization a = 1, if not mentioned otherwise. Each L is

an AC special Lagrangian submanifold asymptotic to Cyp, with rate v = —1. Moreover, the asymptotic
normal sections can be written as

@.11) Wk —1= &+ 0072,

where &, € V_; and &3 = —&; —§&.

4.2 Conically singular (CS) associative submanifolds

We define conically singular (CS) associative submanifolds with singularity at » points, modeled on
associative cones in R7. Before that we need a preferred choice of coordinate system at each of these
m points, which we define first.

Definition 4.12 Let (Y, ¢) be an almost G,-manifold (Definition 2.3) and let p be a point in Y. A
G-framing at p is a linear isomorphism v : R7 — T,Y such that v*(¢(p)) = ¢., where ¢, is the
standard G, structure on R7. A G,-coordinate system at p with G,-framing v is a diffeomorphism

Y:Br(0)CR" U
for some constant 0 < R < 1 and some open set U containing p in Y satisfying Y(0) = p and d Yy = v.
Two G,-coordinate systems Y; and Y at p are called equivalent if they have the same G,-framing at p.

Definition 4.13 Let P be a compact subset of an almost G,-manifold Y and sing(P) :={p1,..., Pm}
be a finite set points in P such that P:= P\sing(P) is a smooth three-dimensional oriented submanifold
of Y. We call P the smooth part of P and sing( P) the set of singular points of P. Fori =1,...,m let

Y :Br(0)>UCY
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be a G,-coordinate system with G,-framing v; at p;. Let {C, ..., Cp} be a set of cones in R”. Denote
the link of C; by ¥; and the inclusion map into R” by ;.

(1) P is said to be a conically singular (CS) submanifold with singularities at p; modeled on cones C;
(with respect to the G,-framing v;) and rates p; with 1 < p; < 2 if there exist

¢ a compact submanifold with boundary Kp of P,
® g9 >0 with 2eg < R and, fori =1,2,...,m, smooth embeddings

W 1 (0,260) X X — BR(0),
with (2, Yio ‘IJ} :(0,2¢¢9) x ¥j — Y a diffeomorphism onto ﬁ\Kp, such that \IJS, —t(isa
smooth section of the normal bundle NC; over 1((0, 2g¢) x X;) which lies in V¢, and
[(VE (W — 1) = O@HF)
for all k e NU {0} as r — 0.

Here Vé‘l_ is the normal connection on N C; induced from Levi-Civita connection on R” and | - | is
taken with respect to the normal metric on N C; and cone metric on Cj.

(2) The cone éi :=v;(C;) C Ty, Y is said to be the tangent cone of P at p;.

(3) P issaidto be a conically singular (CS) associative submanifold if it is conically singular submanifold
as above and P is an associative submanifold of (Y, ¢).

Remark 4.14 We make some remarks about the above definition.

(i) A CS submanifold with rates y; is also a CS submanifold with all rates ju; such that 1 < p; < p; <2

foralli =1,2,...,m.

(i) A CS submanifold with rates u; is a conically singular Riemannian manifold with rates u; — 1 for

the metric g4 induced by ¢. Indeed,
k+1

(V& (T o Wh) gs—2gc,) | S Y I(VE) (¥h —u)l.
j=0

(iii) The condition pu; > 1 also implies that if P is a CS associative submanifold as above, then each cone
C; is also an associative cone in R”. Indeed, the associator on C;
|['v"']|Ci|=0(rMi_l) as r — 0.
But |[-,-,-]ic, | is dilation invariant and therefore [-, -, ];c; = 0.

@iv) Since ‘113, —1; is a section of the normal bundle N C; which represents P over the end, lIJS, is uniquely
determined by the constant &g, the normal bundle NC; and the G,-coordinate system Y' at p;.

(v) The condition p; < 2 guarantees that the above definition of a CS submanifold is independent of the
choice of G,-coordinate systems Y' at p; within an equivalence class; that is, it depends only on
the G,-framings v; at those points. However, observe that for any other G,-framing v; at p;, there
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exists A; € G, such that v; = vlf o A;. Therefore, the same CS submanifold is also a CS submanifold
modeled on the cones 4;(C;) C R”. As a consequence, the tangent cones are independent of the
choice of G,-framings. Whenever we say that a CS submanifold is modeled on certain cones in R,
an implicit framing is there.

4.3 Linear analysis on CS and AC associative submanifolds

This subsection discusses the linear analysis of the deformation operator, which will be essential for the
deformation theory and desingularization results presented later. By considering appropriate weighted
function spaces of sections of vector bundles over CS and AC submanifolds (where the weights represent
decay rates of those sections) we obtain a Fredholm theory for CS and AC elliptic operators if the weights
avoid the wall of critical weights or rates. The index of these operators changes when weights cross the
wall of critical rates. This theory originally appeared in Lockhart and McOwen [1985]. A very good
exposition can be found in [Marshall 2002] and [Karigiannis and Lotay 2020].

Notation 4.15 For a conically singular manifold P, let N P denote the normal bundle of P= P\ sing(P).

4.3.1 Weighted function spaces Let P be a CS submanifold as in Definition 4.13 and L be an AC
submanifold as in Definition 4.2 asymptotic to C;, i = 1,...,m. To treat the AC and CS together
introduce the following notation.

Notation 4.16 Write

Mo P if P is a CS submanifold, __Jm if Pis a CS submanifold with rate u,
" |L ifLisaAC submanifold, ~ v if L is a AC submanifold with rate v.

Notation 4.17 We wish to define weighted Sobolev and Holder spaces with rate A = (A1, A2,...,Ap) €
R™, We say A <,=,> )\ ifforeachi =1,2,...,m we have A; <, =, > k;, respectively. For any s € R,
setA+s:= A1 +5, 45, ..., Am+s)and [A| := Y7L, Al

Definition 4.18 (weighted function spaces) For each A = (A1, A2, ..., An) € R™, a weight function on P
is a smooth function wp j : P (0, 00) such that if x = Y o Wp(r,o) with (r,0) € (0,2g9) X X;, then

wp(x) = rh
The weight function on L, wy ; : L — (0, 00), is defined by

wg (%) = (1+ [x]) 7,

Let A€ R™and k=0, p =1, y € (0,1). For a continuous section u of NM , we define the weighted
L°°-norm and the weighted Holder seminorm respectively by

lullrgg, = lwarauleevary  and - [ulgos = [wara—ytlcor va)-
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For a continuous section u of NM with k continuous derivatives, we define the weighted C k norm and
the weighted Holder norm respectively by

k
— Ly — 1 \k
lulle, , = ;n(vM) ulrgs, , and ull ey = lullcy  +I(Vap uleoy
J:

and the weighted Sobolev norm by

1

k 1
. p
leelly i 2= (Z/M|wM,A—j(VAJ2)j”|pr,3 dVM) :
: =

Here, the connection VAJ;I on NM is the projection of the Levi-Civita connection induced by g4 for the
decomposition T'Y|ps = TM & NM, and the | - | is with respect to the metric gg4. Set

p . ywop
LM,X = WM,X.

We define the weighted Holder space C]If/;\ to be the space of continuous sections of NM with k
continuous derivatives and finite weighted Holder norm || - || k- This is a Banach space but not
separable.

We define the weighted Sobolev space WA]f[’j:, the weighted C k—space C ]I\‘J 5> the weighted LP-space
LII\’/[, , and the weighted L*°-space LR‘}! ;. to be the completion of the space of compactly supported smooth
sections of N M, namely, C>°(N M) with respect to the weighted Sobolev norm || - || Wk the weighted
Ck-norm || - ||C]/\(/I K the weighted L”-norm || - “Lf&,x and the weighted L°°-norm || - ||Lf;'?1,x respectively.
These are all separable Banach spaces. Moreover, we define the weighted C*°-space C 1?/10 5 by

o0
(4.19) won =1 Chrx-
k=0

Remark 4.20 The spaces W]ﬁi are all Hilbert spaces with inner product coming from the polarization
of the norm. We also note that

LP(NM) = L]‘\’/[,_G Y

The L2-inner product gives rise to the following useful result.
Proposition 4.21 Letk,/ >0, p,q > 1 with(1/p)+ (1/q) =1 and A, A1, A, € R™. Then the L?-inner
product map

kap laq (".>L2
WM,M X WM’)\2 —=>R

is continuous provided M = P (CS) withA{ 4+ A, = =3, 0or M = L (AC) with A1 4+ A, < —3. Moreover,

this L2-inner product yields a Banach space isomorphism

p ~ 74
(Lhp)™ = Ly sy
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P q .
Proof Foru e L M, andvelL M, Ve consider

(u,v)p2 = /M(wM,M“wM,3/p)(wM,kszM,3/q)wM,—M—A2—3 Volps < ||M||WA1211l ”U”Wﬁﬁz’

provided M = P (CS) with A1 + A, = =3, or M = L (AC) with A; 4+ A, < —3. This proves that the
L2-inner product map is continuous. The isomorphism stated in the proposition follows from the standard
fact that (-,-)72: L? x LY — R is a dual pairing. m|

The following result is a weighted embedding and compactness theorem that will be used in this article;
see [Marshall 2002, Theorems 4.17 and 4.18].

Proposition 4.22 LetA, Ay, Ay e R™, k,/ e NU{0}, p,g=1anda, B € (0,1). Then:

(i) If k =/ andk — (n/p) =1 — (n/q), the inclusion W]\Ifl’,il > W](/}’)\z is a continuous embedding
provided that, for M = L (AC), either p < g, 1 <Ay or p > q,A <Ay, and for M = P (CS),
either p < g, Ay = Ay orp>q,A1 > As.

(i) If k +a = [ + B, the inclusion Cll\il’il — Cli/’sz is a continuous embedding provided that Ay < A,
for M = L (AC), and Ay = A, for M = P (CS).

(iii) If k —(n/p) = | + «, the inclusion WAIf[I)i —C ]l\f)b is a continuous embedding.

(iv) All of the above embeddings are compact provided that all the inequalities in the corresponding
hypotheses are strict inequalities.

4.3.2 AC and CS elliptic operators on AC and CS associatives Let P be a CS associative submanifold
as in Definition 4.13 and L be an AC associative submanifold as in Definition 4.2, asymptotic to C. We
continue to use M to denote either P or L, and 1 as u for CS and v for AC submanifolds. For any
associative cone C in R” with link X, the Fueter operator D¢ is a conical operator (see [Marshall 2002,
Section 4.3.2] for a precise definition), that is, after the identification of R7\{0} with the cylinder R x S¢
by substituting r = e’, we obtain that (Proposition 3.22)

(4.23) ?Der ' =Jrd, + Ds+J)=J0; +(Dg+J)

is a translation-invariant operator.

Definition 4.24 Let Dy : C°(NM) — C°(N M) be a first-order, formally self-adjoint elliptic operator.
It is called an asymptotically conical (AC) uniformly elliptic operator for M = L (AC), and a conically
singular (CS) uniformly elliptic operator for M = P (CS), respectively, asymptotic to the conical

1

operators D¢, over the ends of M, if the operator r2Dyrr~ 1 is an asymptotically translation-invariant

uniformly elliptic operator asymptotic to rZDCi r~1 (see [Marshall 2002, Section 4.3.2]) and, after the
identifications by canonical bundle isomorphisms,

Dy = D¢, + 0",
The operator D s has canonical extensions to weighted function spaces and we denote them as

k,p .y k+1,p k,p ky . ~k+1,y k,y
Dy Wy m = Wyh oy and Dy Gyt = Gy
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The following proposition is about elliptic regularity statements for a CS or AC uniformly elliptic
operator D s [Marshall 2002, Theorem 4.6].

1
loc

Proposition 4.25 Suppose A e R™, k>0, p> 1,y €(0,1). Letu,v € L, . be two locally integrable

sections of N M such that u is a weak solution of the equation D pu = v.

() Ifve C]]\}”;_l, then u € C]];L)Ll’y is a strong solution and there exists a constant C > 0 such that

k:
Il grry < C(IIDMf'wIIC]/\cl.vyA_1 +llullzsg )

(i) Ifv e W]\Ifl’i—l’ then u € WAk;;Ll’p is a strong solution and there exists a constant C > 0 such that

k:
[llyicero < CUDNullyin +luligs,):

The following proposition identifies the weights for which the elliptic operators Djs are adjoints of
each other with the weighted function spaces.

Proposition 4.26 Letk =0, p,g > 1 with(1/p)+(1/q)=1,and A, A, € R™. Forallu € Wj\lf;;f]’p and
vE WAIZKIZ"] we have (D;}ilu, v)r2 = (u, D]@’?MU)LZ provided that M = P (CS) with A + A, = =2,
orM =L (AC) with Ay + Ay < 2.

Proof The result is true for u, v € C2°(N M), so the general statement follows from Proposition 4.21. O

In the following, we discuss the Fredholm theory for the operator Dps. It turns out that the Fredholm
property depends on the choice of weights, and in particular, it requires that the weight does not lie on
the wall of critical rates, which we define below.

Definition 4.27 (wall of critical rates) Let {C1,..., Gy} be a set of associative cones. Set C := (C;)Z .

The set of critical rates D¢ is defined by
De:={(A1. 2, ..., Am) €R™ : X; € D¢, for some i},
where Dc; is the set of all indicial roots of D¢, defined in Definition 3.20. We call D¢ the wall of

critical rates in R™. We define

m m
Vk = @ V)”., d)\l. :=dim V)”. and dk = Zd)‘i’
i=1 i=1
where the V), are defined in Definition 3.20.

We also need the weighted function spaces over the cone, which we now define.

Definition 4.28 Let C be a connected associative cone. We can define the Banach spaces Wé‘ ’f ,C g;:
and all others over C analogously to Section 4.3.1, replacing M by C, NM by NC and the weight
function wps 3 by wep : C — R, where we ) (r,0) = r~* A eR.
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The following key lemma, which is crucial to the Fredholm theory, follows from [Donaldson 2002,
Lemma 3.1, Proposition 3.4, Section 3.3.1] and [Maz’ja and Plamenevskii 1978, Theorem 5.1], using the
observation made in (4.23) above.

Lemma 4.29 Let C be a connected associative cone. The conical Fueter operator

. ktLy k,y
Dc:Cpp 7" = Ceiy

is invertible if and only if A € R\Dc. Moreover, any element u € ker D¢ has an L?-orthogonal

decomposition
U= Z r)‘_luz;,)h,
reDc
where uy, ) are A-eigensections of J Dy, — 1, that is, V)‘_IME’A eV.

We obtain the following proposition.

Proposition 4.30 Let A€ R™, k>0, p>1andy € (0,1). Then D;f; and DJI:/}VA are Fredholm for all
A € R™\D¢. Moreover, for all A € R™, Ker D]]:/}a = Ker D]]f/} , is finite-dimensional and independent
of k, pandy.

Proof The operators D]]f/}p)h and D]lf/}yk are Fredholm with weight A € R\ D¢ by [Donaldson 2002,
Proposition 3.6, Section 3.3.1] or [Lockhart and McOwen 1985, Theorem 6.2]. Independence of k, p
and y follows from Propositions 4.25 and 4.22. |

The following lemma defines the asymptotic limit map, which maps each element in the kernel of
the above AC or CS elliptic operator (with an appropriate weight) to its leading-order asymptotic term.
Moreover, the lemma provides a wall-crossing formula describing how the index of the operator changes
as the weight crosses a wall of critical rates.

Lemma 4.31 Let A € R™ and let A1, A, be two elements in R\ D¢ with Ay <X < A, for M = L (AC),
and Ay <A <Ay for M = P (CS), such that |A, —A1| < |n— 1| and there are no other indicial roots in
between Ay and A, except possibly A. We define the set

e k+1l,y . pkyy k.y
Sy, :=1u € CM,XZ : DM,AZ“ € CM,Al—l}‘

Define a linear map epy ) : V) — WAI?;MIZ’P (under the identifications of normal bundles NM and N C; by
the canonical bundle isomorphisms over the ends) by

m
P peowi if M = P (CS),

i=1

é(l —pRr)W; if M =L (AC).

i=1

ema(w) :=

Then there exists a unique linear map 7M, A - 8y, —> Vi, called the asymptotic limit map, satisfying, for
any u € 8y,
u—epn OTMJu € C]I‘}”;Ll.
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Moreover, the following statements hold.

. k+1,y ky _ k,y - _ ~k+1ly
(i) 8y, C CM,A and Ker DM,XZ = Ker DM’)‘, and Keripg ) = CM’A1 . Moreover,

7 ._‘T . k,)/ J— k,)/
Ker{ips :=ipra : Ker DMJ2 — V3 } = Ker DM,AI'

(i) 8§, =C ]]\CZAII’V +imeyy ; and the restriction of DJ/:/Z,M’ denoted by

Akay . k+13y 2 k,)/
DM’)\1 : CM,A1 +imeps ) — CM,M—I’

k,)’ Akay k,)/ ~ Ak’y
has the property that Ker D M, = Ker D Mo, and Coker D Mo, = Coker D Mo,

(iii) Wall-crossing formula: index Dz 3, = index Dpy 3, +d,.

Proof The proof of this lemma can be found in [Karigiannis and Lotay 2020, Proposition 4.21 to
Corollary 4.24]. We will only show the existence of the asymptotic map 7M, - Given u € 8y, we define
ii e @L, CKFLY(NC;) by

éna uj = pgou it M = P (CS),

i=1

é (1—pr)u if M =L (AC).

i=1

U=

Denote any of the asymptotic cone by C. Since Dy = Dc + O(r"~1) and |A, — A;| < |n— 1|, we have
Dciu e Cg’xl_l. Lemma 4.29 implies that there exists a unique v € Cg;:’y such that D¢ (1 —v) = 0.
We define the asymptotic map fM, 2 as

(4.32) i) = r* Y@ —v)x ;. 0

Finally, the following proposition computes the index of the AC or CS elliptic operator with an
appropriate weight. This is essential for determining the dimension of the moduli spaces of AC and CS
associative submanifolds.

Proposition 4.33 Ker D]]fl’ , is independent of A in each connected component of A € R™\D¢. Moreover,
for all A € R™\D¢, we have:

(i) Coker Dps = Ker Dpg_p_j. If L = —5 for M = L (AC) or A < —1 for M = P (CS), then
Ker Dy 5y is equal to Coker Dy y.

@) If s >0 for M = L (AC) ors <0 for M = P (CS) is such that —1 is the only possibly critical rate
in between —1 — s and —1 + s, then

index Dps 145 =dimKer Dps 145 —dimKer Dps 5 = %d_l.

(iii) index Dy ; = —index Dp ), and

index Dy ; = Z (% + Z d;i) —
A

Ai=—1 ;,-e@cl.ﬂ(—l,Xi)

> (%—F > d;,.).

i<—1 §i€Dc;N(Ai,—1)
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Proof The first statement is a direct consequence of part (iii) of previous lemma. Now the first part
of (i) follows from Propositions 4.21 and 4.30, and if X is as in second part of (i) we use the fact that
C zl\if’y—z—x cC Zl\c/k To see (ii), observe from (i) and the wall-crossing formula of Lemma 4.31 that

dimKer Dps 145 —dimKer Dy 1y =dimKer Dps 1y —dimKer Dps 145 +d_;.

Finally, (iii) is an immediate consequence of (ii) and the wall-crossing formula stated in Lemma 4.31. O

5 Deformations of CS associative submanifolds

In this section, we study the moduli space of conically singular (CS) associative submanifolds in two set-
tings: first, within a fixed coclosed G, -structure, and second, within a smoothly varying one-parameter fam-
ily of coclosed G5-structures. We prove two key results: Theorem 1.12, which describes the structure of the
above moduli spaces, and Theorem 1.17, which establishes transversality and generic smoothness results.

5.1 Moduli space of CS associative submanifolds

We begin by defining the universal moduli space and the moduli space in a fixed coclosed G-structure of
CS associative submanifolds as a set.

Definition 5.1 We define the universal space of conically singular (CS) submanifolds,
Scs :={(¢p, P) : P is a CS submanifold in (Y, ¢), ¢ € Z}.

The universal moduli space M, of conically singular associative submanifolds is defined by
Mg :={(¢, P) € S¢s : P is a CS associative submanifold}.

There is a canonical projection map 7 : S;s — &2, and we define the moduli space of CS associative
submanifolds in (Y, ¢) by

M2 =771 (p) N M.

Next, we define a topology on M, called the weighted C°°-topology. This topology is specified by
defining a basis of open sets around each of its elements. Given an element of My, we can make a choice
of an end-conical singular (ECS) submanifold (Definition 5.2) equipped with an end-conical (EC) tubular
neighborhood map (see Definition 5.3) near it. We then construct a canonical family of ECS submanifolds
and corresponding EC tubular neighborhood maps by varying the coclosed G,-structures, as well as the
singularity data— such as the positions of the singularities and their associated model cones. The open
sets consisting of CS associative submanifolds lying inside this family of tubular neighborhoods together
with coclosed G,-structures define a basis for the weighted C°°-topology around the given element.

Definition 5.2 (ECS submanifold) Let P be a CS submanifold of (Y, ¢) as in Definition 4.13. Given
a choice of G,-coordinate systems Y at the singular points and the other data that is used for P in
Definition 4.13, we define an end-conical singular (ECS) submanifold Pc, which is diffeomorphic to P

Geometry & Topology, Volume 30 (2026)



Deformations and desingularizations of conically singular associative submanifolds 1417

but conical on the ends, as follows:

m
Pei= KpU ( L0 0 X )((1 — ey (W — L,-))).
i=1
Here pg,, is the cut-off function defined in (4.5).
Set m
Cio :=1((0.80) xZ;) and Kp. := P\ ) Y (i)
i=1
Definition 5.3 (EC tubular neighborhood map) Let P be a CS submanifold as in Definition 4.13. Let P¢
be a choice of an ECS submanifold as in Definition 5.2. A tubular neighborhood map of Pc,

TPC . VPC —> UPC?

is called end-conical (EC) if Vp.. and Yp,. agree with Yx (V) and Y o Yoo Y on Y (¢((0, £9) X X)),

respectively. Here, Y¢ : Vo — Uc is a conical tubular neighborhood map of C as in Definition 4.1
Given a choice of an ECS submanifold P¢ and a choice of an EC tubular neighborhood map Y p., there

is a section & in Vp. C N P¢ which is zero on Kp and Yo (W5 —1;) = o Y such that Yp.(Iy) is P.

Remark 5.4 In the above framework, set

VCi,so = VCi\c,-sgo’ UCi,so = UCi\C,-SSO’ Pci,so = PC| and VPC,-'gO = VPC|T1'(C. .

Ti(C; ie0)

)
1 ,80
The following commutative diagram helps us to keep track of the definitions above:
\I/jD—L,'
RN
Yc.
CisSO l UCi.EO

lTi Til l’ri
P v = Yi(V, Tre, vk
Cieg < Vpe,,, = TaVei) — Y\Ky

o

Definition 5.5 (CS submanifolds after varying G,-structure and singularity data) Let P € M?s be a CS
associative submanifold with singularities at p; modeled on cones C;, i = 1,...,m as in Definition 4.13.
Let X; be the link of C;. Let Pc be a choice of an ECS submanifold as in Definition 5.2, and let
Yp. : Vp. — Up. be achoice of an EC tubular neighborhood map of Pc¢ as in Definition 5.3. Since the
singular points p; and associative cones C; are allowed to vary, we need to also vary the Pc and Yp,..
This is done as follows. By Theorem 1.3, there are tubular neighborhood maps Ty, : Vy, — Us, of X;
and obstruction maps oby; : Jx; — Ox,;. Let Uy and Up, be sufficiently small neighborhoods of ¢ in &2
and p; in Y! (B(O, 80)) C Y, respectively, where Y is a G5-coordinate system from Definition 4.13. Set

m m
(5.6) Uy := Uy x (HUPi) X (l—ljzi) and 7o:=(¢,p1...., Ppm.0,...,0) € Uy,.

i=1 i=1
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The open set Uy, essentially parametrizes nearby coclosed G;-structures together with nearby singularity
data (positions and model cones).

For the parameter 7o, we already have that P¢ is an ECS submanifold and Yp. is an EC tubular
neighborhood map. Our goal is to construct a canonical smoothly varying (in the parameter T € Uy,)
family of ECS submanifolds P/ with G;-structure, and the singularities and model cones are moved
according to the data encoded in t. Furthermore, we aim to construct an EC tubular neighborhood
map Tpé, which will serve to define the weighted C°°-topology.

To achieve this, we construct a canonical smooth family of diffeomorphisms (introduced in the next
Definition 5.8),

(5.7) ®: Uy, — [ [ Diff(B(0. R)). 7 := (¢r. (p). (E])) > (¥]).

i=1

satisfying the following conditions:

i Y= Yio ®7 defines a G-coordinate system at p; for the coclosed G-structure ¢, where ¢,
and p7 are the data encoded in 7.

(ii) CDI?O is the identity on B(0, R), and for all T € Uy, ®} is equal to the identity outside B(0, 2&).

With this in place, we define for each T € Uy, an ECS submanifold Pé, and an associated EC tubular
neighborhood map TPE, by

m m
P{ = ( U Tl?o(T’)_l(Pc)) UKp and Tpr = ( U Tl.’o('r’)_1 OTPC) UTPC\KP :Vpe. — Y.
i=1 i=1
Note that P& has singularities located at p;, modeled on associative cones C;7 whose links are
X7 =T, (&), where & € Ty, represents the infinitesimal deformation of %; encoded in 7. Moreover,
any CS submanifold in (Y, ¢) lying inside Up,. with the same asymptotic data as P is mapped, via
T P © T_é, to a CS submanifold in (Y, ¢,) with asymptotic data matching that of P~, and vice versa.

Definition 5.8 (canonical smooth family of diffeomorphisms) The time-1 flows of the following family
of vector fields in (5.11), parametrized by Uy, defines the required smooth family of diffeomorphisms ®
in (5.7).

To define (5.11), we first construct a family of vector fields parametrized by Jx, as follows. Given
an element &; € Jx,, we use the extension map * from Definition 2.24 to obtain a vector field E, on Vy,.
Applying the differential of the tubular neighborhood map Y’ , we obtain the vector field d T, (E,-) onUy,.
Next, we extend this to a global vector field on S by multiplying with a cut-off function supported in a
neighborhood of Uy, . Finally, we obtain a vector field vg, supported on B(0,2¢9) C B(0, R) by radially
translating and multiplying by the cut-off function pg, defined in (4.5). In summary, the construction can

be expressed as
Y dYs. en
(5.9) Js, —> Vect(Vs,) —> Vect(Us,) < Vect(S®) 295 Vect(B(0. R)).
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The time-1 flows of the vector fields constructed above move the holomorphic curves and their corre-
sponding associative cones near the origin but fix the positions of the singularities.

Next, we construct another smooth family of vector fields parametrized by Uy x Up, as follows. Given
a pair (¢’, p;) € Uy x Up,, we use the G»-coordinate system Y’ to pull back the G,-structures ¢ at p;
and ¢’ at p!. The resulting pullbacks (Y7)*¢(p;) and (Y7)*¢’(p}) are two G-structures on R7, where
the first can be mapped to the second by an element of GL;(R). This element can be taken to be the
exponential of a matrix 44/ ) € M7(R). However, this choice is not unique, since composing with
an element of G, yields another valid representative in GL;(R). To resolve this ambiguity, we fix a
smooth family of matrices Ay ) € M7 (R) satisfying the initial condition Ay ,, = 0. We interpret
Ay, p)asa linear vector field on R7 and hence consider its restriction to the ball B(0, R). Translating
by (YH)~I( p;) and after that multiplying by the cut-off function p.,, we obtain a vector field vy P
supported in B(0, 2g¢). In summary, this defines the smooth family

(5.10) Ug x Up; — Vect(B(0, R)), (¢'. pi) — Vg

where 1
Vg, pr (X) 1= peg (Agr, o1 () + (X 7H(p))).
The time-1 flows of this family vary both the G,-structure and the positions of the singularities together
with the model associative cones.
By summing the smooth families of vector fields from equations (5.9) and (5.10), we obtain the desired
smooth family of vector fields
m
(5.11) Uy — ]‘[ Vect(B(0, R)).
i=1
Definition 5.12 (weighted C°°-topology) We now define the weighted C°°-topology on the moduli
space M, by specifying a local basis around each element (¢, P) € Mcs. Given such an element, we make
a choice of an ECS submanifold P¢ as in Definition 5.2, and a choice of an EC tubular neighborhood
map of Pc as in Definition 5.3, and consider a neighborhood Uy, as in (5.6), small enough so that, for
all T € Uy,, the critical rates greater than 1 of the associative cones C;f remain uniformly bounded away
from 1. This allows us to choose a decay rate it = (41, ..., [m) such that

(5.13) 2>pui>1 and (1, ui) N 'Dcir =@ forall T € Uy,.

This technical assumption is explained in Remark 5.14 below. For now, fix such a p. The local basis of
the topology is then given by all subsets of the form

VZ,P = {(¢r, TPé (Fu)) u e VPC’H" T E ’\71:0} N MCS’

where Vr, C Uy, and Vp. , C C°(Vpo) := C}i‘é’u N C*(Vp,.) are open subsets. Here CIC;Z,M is the
space of smooth normal vector fields of order O(r#*) on P¢ as defined in (4.19).

Remark 5.14 The construction of Pc and the tubular neighborhood map Yp_. involves several choices;
however, the weighted C *°-topology is independent of these choices.
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At first glance, the above definition may appear to depend on the choice of the decay rate p satisfying
(5.13). However, for any other choice " satisfying (5.13), 14 must lie in the same connected component
of (1, 2)\Dcir as ;. Consequently, by Remark 5.34, we have Vg’ p= Vg/ p and the above definition
does not depend on the choice.

Another advantage of choosing each u; close to 1 is to avoid crossing walls of critical rates. If
were to cross such a wall, the corresponding set Vg, p — parametrizing CS associative submanifolds
with stronger decay — would become strictly smaller, yet still open in M, which is undesirable. In
principle, one could define moduli subspaces by restricting to CS associative submanifolds with stronger
decay rates; these would inherit the subspace topology from the weighted C ®°-topology introduced above.
However, we do not explore this direction in the present article.

To understand the local structure of the moduli space Mg of CS associative submanifolds, we define
below a nonlinear map whose zero set locally models M. Let P € M?S be a CS associative sub-
manifold. We make a choice of an ECS submanifold P¢ as in Definition 5.2, and a choice of an EC
tubular neighborhood map of Pc as in Definition 5.3. There is a canonical bundle isomorphism from
Definition 2.27,

(5.15) 0% : NPc — NP.
Choose Uy, and p as in Definition 5.12. For each t € Uy, the ECS submanifold P/ and the associated

EC tubular neighborhood map Tpé be as in Definition 5.5.
Definition 5.16 Define § : Cﬁo(Vpc) x Uyy — C®°(NPc) by

(Fu,7),w)2:= /;‘ LwT;élﬂr forall u € C°(Vpe), T € Upy, w € C°(N Pc).

The notation w in the integrand is the extension vector field of w € C°° (N P¢) in the tubular neighborhood
as in Notation 2.25. The L? inner product we choose here comes from the canonical bundle isomorphism
@g :NPc — NP asin (5.15) and the induced metric on NP of g4.

Remark 5.17 The CS associative P is represented by a section o € C,;°(Vp..) from Definition 5.3, and
therefore §(e, 7o) = 0. Moreover, for u € C°(Vp.) and t € Uy, we have Tpé (I'y) € Mg’; if and only
if §(u,7) =0.

To express the moduli space M?s locally as the zero set of a map (Kuranishi map) between finite-
dimensional spaces, and to establish transversality results, we need to analyze the Fredholm property of
the linearization of the nonlinear map introduced above. This is the focus of the following discussion.

Proposition 5.18 For t € Uy,, the linearization of §; :=§(-,7) atu € C;;‘(’j M(VPC),
dgflu : Cﬁg,“ - CI?Z,/L—I’
is given for all v € C;‘é gandw e CX(NP) by

(@50, 0.0} = [ 0 Lo(Th ).

u
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This is the same as

[ X fleren Veohw) + Va0, v +15,0 (T ),

cyclic
permutations

where {e1, e, e3} is a local orthonormal frame for TT,,, and the associator [ -, -, -] is defined with respect
to T}k’c’ O

Proof For a family {u + v € C2°(Vp.) : |¢| K< 1}, we have

d _d
g1 t=0-r7'~u+tv(w) =4

* _ *
t=0/1"u+;u lw(TpéWt) = /Fu Lv‘w(Tpé V)

— [ (T + (G 0o

u

As [v, w] = 0 (Notation 2.25), this is further equal to

/ Z Lw(T*éwt)(Velv,ez,Q)—l-/F Lva(T*éWr)+‘wvv(T;g,¢t)~ O

cyclic
permutations

Corollary 5.19 Letu € C°(Vp.) and t € Ug,. If Tp(rj (I'y) € Mg, a CS associative submanifold, then
d§y, is given by

(d‘gt\u (v)’U))LZ = /]" < Z [62’63’V61 U]’w>+A vaU(T;évf‘L’)

cyclic
permutations

for all v € Cl‘i‘é 9 andw € CZ°(NPc). |

Proposition 5.20 For t € Uy,, the linearization d 37, of § at u € CIO’?; M(Vpc) is a formally self-adjoint
first-order differential operator.

Proof For all v, w € C°(N Pc), the difference dJ, (v)(w) —d I, (w)(v) is

[ ot (T = £t (390 = [ (V300 + (T ) = Lata (T o)

Ty Ty

As [v, w] = 0 and dy; = 0, this is equal to

[ ota (T = dwna (T 9 =0, 0

u

Definition 5.21 We define the differential operator £p : C°(NPc) — C°(N Pc) by

,qu = d&o‘a (u),
where the CS associative P is represented by o € C fjo(VpC) as in Definition 5.3.
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Proposition 5.22 We have
£p=(0%)"1oDpo6s,
where Dp : CZ°(NP) — C2°(N P) is the Fueter operator defined in Definition 2.32, and the canonical
bundle isomorphism @g :NPc — NP isasin(5.15).
Proof For all v,w € CZ°(NPc),
(Lpv,w)rz = (@g,ﬂpv, @gU))LZ(NP) =/ < Z [ez,e3,VeJ;v],w>+/F LwVv(T};CW)

cyclic
permutations

:/P< Z [62,63,Vj;(®lcpv)],@gw>+/Pt®Png®ng

cyclic
permutations

= (DpOFv. OFw) 2y p)-
The second-to-last equality holds because w — @gw € TP and v — ®gv €TP,and[-,-,-[|[p=0. O
Proposition 5.23 The operator £p is a conically singular uniformly elliptic operator asymptotic to the
conical operators D;.
Proof Since Dp is elliptic and £p = (G)g)_1 oDpo @g by Proposition 5.22, £p is elliptic.
Without loss of generality we assume that m = 1 and C = C;. It remains to prove that £p is CS
asymptotic to D¢. We substitute below r = e’ and denote C; := (¢, 00) x X. For all v,w € C°(NCy),

(rzd&OOT*(r_lv),T*w)Lz:/ rwly(Ye Y )

C;

- / Faw Lo (YeW0) + O™ wllwioovey lwll L2 ve)-

t

By Proposition 5.32(i), we get

(Y*Lpv.w)r2vey = (Dev.w)2vey + O DIvlpreveyllwllzvey-
This completes the proof of the proposition. a

Propositions 5.23 and 5.22 imply that D p is also a CS uniformly elliptic operator and asymptotic to
the conical operator D¢. Thus £p and D p has canonical extensions to weighted function spaces and
this is the content of the following definition.

Definition 5.24 Let P be a CS associative submanifold and Dp : C°(NP) — CZ°(N P) be the Fueter
operator defined in Definition 2.32. Proposition 5.23 implies that it is a conically singular uniformly
elliptic operator. Therefore it has canonical extensions

k,p . y/k+1,p k,p ky . ~k+1y k,y
DP,A : WP,A — WP,A—I and DP,A : CP,A — CP,A—l'

Similarly we have canonical extensions of the operator £p to weighted function spaces,

k.,p . y/k+1,p k,p ky . ~k+1,y k,y
Lpon Wp o) m = Wpiiyy and £55 :Cp 37" = Cplly -
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Definition 5.25 (asymptotic limit map) We define the asymptotic limit map

ipy:KerDp) — Vy
to be the map ip ) defined in Lemma 4.31 for D p.

The following proposition computes the linearization of the nonlinear map § with respect to variations
in the singularity data— that is, the effect of moving the singular points and deforming their associated
model cones.

Proposition 5.26 The linearization of §(c, ¢,-) at (p1,..., pm,0,...,0),

m

Li:PR eV)—>CR, .
i=1
is of the form

Li(Pi &) = £p(peo YL(PF + &) + OGH 7).

Here, R7 is identified with the tangent space of U »; at p; by the framing v;, and V1 ; is the homogeneous
kernel of the cone C; whose link is X;, at rate A = 1 in the sense of Definition 3.20. The latter is identified
with the tangent space of Jyx,; at 0, which is again Ty, MMl The vector p; € R” projects to a normal
vector field ﬁf‘ on C;, and §; € Vy; is already a normal vector field on C;.

Proof Without loss of generality, we assume that m = 1 and C = C;. Suppose £ € V7 and for each
small ¢, set 7; := (¢, p,t&). For all w € CZ°(N Pc), we have

(L1(0.8)w) 2 = / d

* — *
Ty dt t=0Lw(TPg V)= /I:a LwL(pgog)(TPc V).

Suppose p € R7 and for each small ¢, set 7, := (¢, Y(¢p),0). For all w € CZ°(N P¢), we have

(L1(p,0), w)2 =/ d

Ty E =0

= [ 025y G500+ OG0

o

lw (T;ét V)

The proposition now follows from Definition 5.21 of £p. O

Remark 5.27 The expression for L; in Proposition 5.26 is given only up to terms of order O(r*—1)
near the singularities. This imprecision poses no issue for the purposes of this article, as the explicit form
of L is not used except in Lemma 7.3. In that lemma, the ambiguity is inconsequential.

The operator £p from Definition 5.21 governs the associative deformations of P with fixed singularity
data. By incorporating the additional operator L from Proposition 5.26, we define the extended operator
£p in the following lemma, which is less obstructed and captures the broader class of deformations in
which the singularities are permitted to move and the model cones may vary.
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Definition 5.28 Let P be a CS associative as in Definition 4.13 asymptotic to C; fori =1, ..., m. Denote
the link of C; by X;. Let X; = |_|§=1 le be the decomposition into connected components. Let Z,l] be
the manifold in the decomposition (1.4) that contains E{ . Set Z; = ]_[521 Z,lj . We also denote by ¥; the
product ]_[§=1 E{ € 2. Since Ts,; Z; C ToJx; = V1,i, we define

m
S 0 (DE 0 T5,20) = 2

i=1

to be the restriction of the linearization of (-, ¢,-) at (o, ¢, p1,..., pm,0,...,0), that is,

Lp o, pi &) = Lpu+ Li(pi, &),

where u € C}‘,"é w pieR7 and § € Ts,Zi. The operators £p and L are from Definition 5.21 and
Proposition 5.26.
The operator m

Dps: C3 @ (Q}(}R{7 ® Tgizi)) - CPy

i=1
is the operator Iy P,u,2 under the identification map @g from (5.15), that is,
Dpyuz(u, pin&) = ©5Lp 2 ((O5) " u, pi. &) = Dpu+OF Ly (pi,&).

The following proposition computes the linearization of the nonlinear map § with respect to variations
of the coclosed G',-structures.

Proposition 5.29 The linearization of §(, -, p1,..., Pm,0,...,0) at ¢,
L2 : T¢f@ — Clgg,,u,—l’
satisfies the following: for any$ €Ty = Q3(Y) and w € CX°(N Pc), we have
m
(La@0)p = [ (G D+ Y [ by (V0.
o i=1 o !

where 1/Af = (d/dt)|t=0Yt with s = *4,¢; and ¢y 1= ¢ + t$, and the vector field Xg i := vy 14, p, 18
from (5.10).

Proof Without loss of generality we assume that m = 1 and C = C;. Suppose $ € T2 and for each
small ¢, set 7; := (¢¢, p,0). For all w € CZ°(N Pc), we have

L@z = [ 4| v = [ w000+ [ e (Thon,

o

The proposition now follows from Definition 5.21 of £p. |

The following definition introduces the one-parameter moduli space of CS associative submanifolds,
along with the corresponding linear operators used to describe the local structure of this moduli space.
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Definition 5.30 Let & be the space of paths ¢ : [0, 1] — & that are smooth as a section over [0, 1] x Y.
Equip & with the C°°-topology. Define the one-parameter moduli space of CS associatives by the fiber
product

M? =10, 1] x » M.

If ¢ €2 and (19, P) € M2, we set

cE::%L:tocpt, fpi=Ly($) e C®*(NPc) and [p:=0F fpeC®(NP),

where L, and @g are as in Proposition 5.29 and equation (5.15), respectively. We define

m

EP,M,Z ‘R CI?Z,M (&) (@(R7 ) TE,-Z’i)) — CI?Z‘,M—l’ EP,,U,,Z(tv ) = EP,szﬁ-l- tfp,

i=1

where € P,u,2 1s defined in Definition 5.28.
The operator m

51),“,2 ‘R C;;?“ ® (@(IM ® TZ,'Z’I')) — C,‘Zf’u_l

i=1
is the operator £p , 7, under the identification map ©§, that is,
Dp o (t.i1)=Dpy il +1 fp,
where D P,u,2 1s again defined in Definition 5.28

The final ingredient we need before proving Theorem 1.12 about the local structure of the moduli
space is a quadratic estimate, which we now proceed to establish.

Definition 5.31 For all © € Uy, the nonlinear map Q+ : C;°(Vp.) — C°(NPc) is defined by
Q‘E = gl’ - d‘sq() - gl’(o)
Proposition 5.32 Forall t € Uy, andu,v € C;Z‘é M(VPC), andn € Cﬁg » We have

() |dFz, (1) = dFo, M| S (Wee1lu—v|+ [VE@—v))(wpe 1|71+ V7)),
(i) 1Q: () — Q< (V)| S (Wpe 1 |ul + |VEul + wpe 1 |v] + [V (wpe 1 [u—v| + [V —v))),

GiD) 1Qe@lley | <1Qeley < lulZ,

Proof Since 7 is fixed we abuse notation and denote v/ by ¥. For all w € C°(NPc) and n € Cﬁg W
we write

" d
(d&,u(ﬂ)—d&w(ﬂ)»w) =/0 E(d?rltuﬂl—t)u(n)(w)) dt,

and using Proposition 5.18, this becomes

! 1
d
/ ( / Lntu(r*r W)) dt -—/ / [(u v)lﬂtw(T;r W) dt.
0 dt Cruta—ow 0 JTrut(—nv &
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As [u —v,w] =0 and [n, w] = 0, the last expression is the same as

1
0 JTruta—rw

The required estimate in (i) now follows from Lemma A.1. The estimate in (ii) follows from (i) after
writing
1

1
0. (1) — 0 (v) = /0 A0yt —v) di = /0 (B sy (1 — ) — Ty (4 — v)) di.

Finally, (iii) follows from (ii). Indeed, substituting v = 0 we have

wee 22 Qg ()] S Wee pp—2(Wpe i [ul + [VEuD? < (Wpe yulul + wpe ut [V ul).
Since p > 1, it follows wp. ;—1|Q¢ ()| S wpe 2u—2|Qg(u)|. This completes the proof. |

Proposition 5.33 Forall t € U, andu,v € C}.f;i;y(Vpc), we have
u)— v . < u)— v . Slu—v o (|lu >+ v v).
100 = Qe gty SNQew) = Qelgy S hu—vlggriy (lull gy + Mol ciry)

Proof Since 7 is fixed we abuse notation and again denote v, by . With the above notation and
appropriate product operation -, one can express £, L, formally as a quadratic polynomial

Lulo¥ = O(f1) u-v+0(f2) u-Vtv+v-V¥iu)+ - V+iu. Vio,

where O(f1) ;=¥ -VB4+ vy -B-B+ B-Vy + VY + R-y and O(f>) := V¢ + B -. With this
observation and a similar computations as in Lemma A.1 one can prove the proposition. |

Proof of Theorem 1.12 By Propositions 5.33, 5.18 and 5.26 we conclude that the extension of the map
Fp :=3F(-,¢,-) to weighted Holder spaces
m m
2, 17
S¢,2 Cpr,M(VPC) X HUPi X Hzi NJg;, — CPCV,/L—I
i=1 i=1
is a well-defined smooth map. Here the rate p is chosen as in Definition 5.12. By Proposition 4.30 we

have that the linearization of §g 7 at (o, p1,..., pm,0,...,0), Iy P,u,2 1s a Fredholm operator. Moreover,
Proposition 4.33 implies that

m m m
~ d_q;
index £p 7 = — Z( 21” + > dxl.) + 3 (T+dimZ;) ==Y s-ind(C)).

i=1 AiGDCiﬂ(—l,l] i=1 i=1

Applying the implicit function theorem to §¢ 2 and the elliptic regularity from Proposition 4.25 we obtain
the existence of obp 7 in (i) (see [Donaldson and Kronheimer 1990, Proposition 4.2.19]) of the theorem,
except the following. If u € C}Z,’CV’M(VPC) with Fg, 2 (u, &) = 0 for some & € [[/L, Up, x[[/L, Zi NIy,
then u € CI?Z’ ;,L(VPC)' To prove this, we observe

0= LpTp2(u.§) = Ag(u, Vi 1)(V$, ) u + Bs(u. V§,_u).
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Since Ag(u, Vf;c u) and Bg(u, Vf;c u) are in C }I,Cy W by a weighted version of Schauder elliptic regularity
for second-order operator (similar to Proposition 4.25) we obtain u € C ;Cy u By repeating this argument
we get higher regularity. This completes the proof of (i).

The proof of (ii) is similar to (i). Indeed, we replace §y 2 by §¢,2 as follows. There exists an interval
I C [0, 1] containing 7y such that ¢ (1) C Uy 0’ which was defined in Definition 5.12. We define

m m
2, 17
Fp.2: I xCpY (V) X ]‘[ Up, ¥ ]_[ 2; NIz, > CpY
i=1 i=1
by §¢,2(t,+) := T, 2, t € 1. The linearization of Fg 7 is EP,,LL,Z as in Definition 5.30. The remaining
proof is left to the reader. |

Remark 5.34 If 1/ were another choice in Definition 5.12 distinct from p, then u € CICZ‘; M(Vpc)
satisfying §;(#) = 0 implies u € Cﬁg,w(VPc)- To see this we write d§zjo() = —Qr(u) — F(0).
By Proposition 5.32, d§¢|o is also a CS uniformly elliptic operator asymptotic to D¢. Also we have
0.(u)e C{;’C”ZM_Z and §;(0) € Cg’cyl. Therefore by Lemma 4.31 we can conclude that u € CI?Z M/(VPC)~

5.2 Proof of genericity results: Floer’s C.-space and Taubes’ trick

Proof of Theorem 1.17 We prove that @;:gz is comeager in & in Lemma 5.39. The proof of the fact
that gcrsegz is comeager in & is similar. Then (i) and (ii) in Theorem 1.17 are direct consequences of (i)
and (ii) in Theorem 1.12. O

To prove that Wiigz is comeager in %2 in Lemma 5.39, we would like to use the Sard—Smale theorem
applied to the map

m m
Tz WI’,CC’L,}L’I’(VPC) x Uy x 1_[ Up,; x l_[ ZiNJg, — WII,C:”M_I.
i=1 i=1

We have chosen Sobolev spaces rather than Holder spaces as the former is separable. The reader may
observe that all the analysis in Section 5.1 will also go through with Sobolev spaces. A serious problem here
is that Uy C & is not a Banach manifold. The standard way to deal with this is to consider &, the space of
all C¥ coclosed G-structures on Y, to enlarge Uy to a Banach manifold. This comes with a drawback, that
the map § will have only finitely many derivatives and extra effort is required to check exactly how many
in order to state the regularity of the moduli space. To avoid all this we will instead use Floer’s C,-space
P C Z of coclosed G,-structures. Since the Sard—Smale theorem yields the genericity results in &
instead of &2, we use Taubes’ trick of exhausting the moduli spaces by countably many compact subsets

(Definition 5.35) to conclude the genericity results in &?. For more details on this idea, see [Wendl 2021].

Definition 5.35 For every N,m € N and Z = ]_[?':1 Z;, we define J\/E?s Nz C Mfs,z to be the set of
all CS associative submanifolds P in (Y, ¢) with singularities at p;, cones C; with links X; € Z;,
rates j1; € [1 +1/N, 2], Go-coordinate systems Y : B(0, R) — Y and embeddings T;, :(0,280) x Xj —
B(0, R) fori =1, ..., m satisfying:
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e 1>R=>4gp=21/N. |VkIIz;l.| < N, Vol(¥;) <N forall k =0,...3,

o dyw (50, 2)\Zi) = 1/N.

. |VkIIKP| <N forallk =0,...3 and Vol(P) < N.

o |[VEYI < N and [(VE)K(PE — )| < Nr#i—* forall k =0,...3.

* N|xi—x3| =dx,(x1,x2) forall x1,x, € 3;, and Ndy (p1, p2) = dp(p1, p2) forall py, ps € P.

We define L@g’:gN,Z C & to be the set of all ¢ € &2 for which every P € MZ’S N2 has the property that
Dp, 2 is surjective.
Remark 5.36 Obviously,

P, = m Peonz C 2.
NeN

The next lemma about convergence of CS associative submanifolds can be deduced from [Shen 1995].

Lemma 5.37 Let ¢, € & be a sequence of G,-structures on Y converging to ¢ in & with C*°-topology.
Fix N e N and Z, and let P, € M‘Ci" N2 be a sequence of CS associative submanifolds. Then there is a
subsequence of P, converging to a CS associative P € Mi N2 with weighted C°°-topology defined in
Definition 5.12.

Lemma 5.38 Forevery N € N and Z, ﬂzsgN o Isopenin .

Proof The complement of ﬁisgN » 1s closed. Indeed, it follows from Lemma 5.37 and the fact that
surjectivity is an open condition. m]

Lemma 5.39 Forevery N € N and 2, 2. %, , is dense in 2. Hence 2.5, is comeager in 2.
To prove Lemma 5.39 we use Floer’s Ce-space.

Definition 5.40 Let £ — M be a vector bundle over a compact Riemannian manifold A with or without
boundary. For each integer k£ = 0, we denote by C k(E) the Banach space of C k_sections of E. Let € be
the set of all sequences (gx)72, of positive real numbers with e — 0. For each ¢ € &, Floer’s Cg-space
of sections of FE is defined by

o0
Ce(E) := {s eC®(E):|sllc, := Zé‘k”snck < oo}.
k=0

A pre-order < on € is defined by
. . ) &
e<¢ if and only if lim sup —/k < 00.
k—oco ©f
Remark 5.41 As M is compact, different C*-norms for different smooth atlases of M are equivalent,
but the norm on Floer’s C,-space is an infinite sum, therefore it might not be equivalent. But this is not a
big concern, as no statement in any theorem will mention this space; it will only be used inside the proofs

and where we can fix an atlas.

Lemma 5.42 [Wendl 2016, Appendix B] Floer’s C¢-spaces C¢(E) have the following properties:
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(1) C¢(E) is a separable Banach space and the inclusion C¢(E) < C°°(E) is continuous. Moreover,
Ce/(E) <> Co(E) is a continuous embedding if & < &’.

(ii) For every countable subset Q of C°°(E) there exists an gy € € such that Q C C,(FE) for all ¢ < gg.
In particular,
C®(E) =|_J C:(E).
g€l

To prove Lemma 5.39, we will also require the following lemma. It essentially asserts the existence
of a finite-dimensional subfamily of % in which the CS associative submanifold P is unobstructed, so
that the moduli space of CS associatives in a neighborhood of P within this subfamily forms a smooth
manifold. Furthermore, by Sard’s theorem, for a generic member of this subfamily, the CS associatives in
this neighborhood of P are all unobstructed.

Lemma 5.43 [Doan and Walpuski 2019, Proposition A.2] Let P be a CS associative in (Y, ¢) with
singularities at p; and rates j1; € (1,2]\Dc¢,. Then for all w € ker £p __,_,, = coker £p ,,, there exists a
3-form ¢ € Ty & supported away from p such that

(L2($), w)r2 #0, where L, is as defined in Proposition 5.29.

Proof By unique continuation, there exists an open set U in the interior of Kp on which w does not
vanish identically. Let V' be a tubular neighborhood of U in Y. Choose a real-valued smooth function f
supported in V so that df (w) = 0 on U and there exists a point in U where df (w) > 0. Let ® € Q3(Y)
be an extension of the 3-form voly and 14, d®pr = 0. Then there exists a 3-form $ € T % supported
in V such that 1} =d(f0) e Q*(Y), where @ is as in Proposition 5.29. By Proposition 5.29, we have

(2@ 0z = [ V0 = [ dfvoly o .
Proof of Lemma 5.39 Foreachee &, let Q g (Y) be Floer’s C¢-space of smooth 3-forms on Y. We define
Pei=2NQUY) and Meezi={(¢. P) Moz ¢p € P, PeMP 1

Suppose (¢, P) € M ¢,2. Let p; fori =1,...,m be the singular points of P. Choose Uy, and p as in
Definition 5.12. Set

m m
U‘E(),s,z, = (qu N e@g) X l_[ Upi X 1_[ Z’i-

i=1 i=1
Let §¢,2: W,f’P(VpC) X Uz 6,2 —> W}{’Clju_l be the restriction of §. We define

M2 i={(p, P) € Mcse2: d&’zlro is surjective}.

cs,8,2 °
By the implicit function theorem [McDuff and Salamon 2012, Theorem A.3.3] we obtain that Mzesgs
a separable Banach manifold. Moreover, by the Sard—Smale theorem [loc. cit., Lemma A.3.6], we see
reg
cs,&,2

Theorem A.3.3], we conclude that there exists a comeager subset ﬁzgecgs o C P, having the property that
reg

for each ¢ € @;ecgs -, the linear operator D P2 18 surjective for all P with (¢, P) e M7, ,.

ZIS

that the canonical projection map g z : M — P, is a Fredholm map. Therefore, again by [loc. cit.,
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With this preparation we are now ready to prove the lemma. Suppose ¢¢ € &?. We can choose ¢
sufficiently small so that ¢¢ € &;. Since BZZES,Z is dense in ZZ, there exists a sequence ¢, € *@:fs,z
converging to ¢q in Cg-topology and hence in C°°-topology. Our claim is that ¢, € QZE?N’Z for all
n sufficiently large. If not, then there is a subsequence P, € MZ:" N2, such that D P, un,2 18 NOt surjective.
By Lemma 5.37 we obtain that P, converges to a CS associative P in (Y, ¢¢). Hence, by Lemmas 5.43
and 5.42, (¢o, P) € M, , for all sufficiently small e. Therefore (¢, Pn) € M 7, for all n sufficiently
large, which contradicts the fact that Dp, ,, 2 is not surjective. |

6 Desingularizations of CS associative submanifolds

Let (Y, ¢) be a coclosed G,-manifold. We will glue a conically singular (CS) associative submanifold P
in (Y, ¢) with singularity at one point, and rescaled asymptotically conical (AC) associative submanifolds
eL in R7 with & > 0, to construct closed approximate associative submanifolds P;. We have seen in
Theorem 2.35 that for generic coclosed G, structures the moduli space of closed associative submanifolds
is 0-dimensional and therefore we cannot expect to deform the P, to associative submanifolds ﬁg
(desingularization) in (Y, ¢). In this section we will see that under some hypothesis we can do this in a

one-parameter family of coclosed G,-structures.>

6.1 Approximate associative desingularizations

Let P be a CS associative submanifold of a coclosed G,-manifold (Y, ¢) with a singularity at p, rate
i€ (1,2] and cone C as in Definition 4.13. Let L be an AC associative submanifold in R7 with the same
cone C and rate v < 1 as in Definition 4.2. The real numbers R, Ry and g are as in Definitions 4.2
and 4.13. Let Pc, NPc, Kp_ be as in Definition 5.2 and L¢c, NLc, K . be as in Definition 4.4.

Let ¢ € & be a path of coclosed G;-structures and 7y € (0, 1) such that ¢ (o) = ¢. Set ¢; := ¢ (¢).
Let Uy, be as in (5.6). Let 7' > 0 be sufficiently small such that for each t € (¢t — 7', 19 + 7') we have

T 1= ((]5[,]9,0) (S UTO'

Let Y, Pg and TPQ be as in Definition 5.5. We first glue Pg and ¢ L ¢ to obtain a submanifold
P ;.c in (Y, ¢;), along with a tubular neighborhood of it, inside which the approximate associative
desingularization will be defined.

Definition 6.1 (P ; c:= gluing of Pé’ and ¢L¢) For any sufficiently small ¢ > 0, we define a closed
3-dimensional submanifold P, ¢ of Y as follows. For a real number 0 < ¢ < 1 we define a real number,
8 := (6Roo)?. Then for sufficiently small &, we have

8Roo<28Roo<8<25<5%<28%<80<280<R.

30One can generalize this by using similar analysis to multiple isolated points and glue that many asymptotically conical
associative submanifolds in R7, but in that case one needs to desingularize in a higher-dimensional parameter space of coclosed
G, structures, which we will not cover in this article.
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Let A(a, b) denote the annulus {x € R7 :a < |x| < b}. Forany ¢ € (to — T, to + T'), we define

Pesci=Pl, cUP, c
where
Pl o =" (KL U(C N AR, 28))) and P, -:=T"(CN AW, 20))UKp.
Here (T”)_I(P; c)CéeLcand P_, ~ C Pg.
Notation 6.2 If 7 = 7, then we will from now on omit the subscript ?.

Definition 6.3 (tubular neighborhood map of P;; ) The normal bundles N(¢Lc) and N Pc can be
glued to get a normal bundle
NPsc=NP/ UNP_.

The scaling s¢ : R7 — R given by x > ex induces an isomorphism s¢4 : NLc — N(eL¢) defined by
Sexv () 1= ev(e 1x).
We have a tubular neighborhood map

Tpg’t’c = TP:,_t,C U TPS_.t.C : VP&C —Y,
where (YY)~ !o Tp+ o Y4 is the restriction of s¢ o Yr.o ey, and Tp_, . is the restriction of Y pr/.
et,.C Sz, C

Definition 6.4 (approximate associative desingularization) Let « € C®°(NP¢) and 8 € C®°(NL¢) be
as in Definitions 5.3 and 4.6, representing P and L, respectively.
We define the approximate associative desingularization Psl’, by

P&‘l,t = TPs,t,C(a(-})’
where o] € C®(Vp, ) is
(6.5) ag := ps Tu(sexB) + (1 — ps)e.

Definition 6.6 (improved approximate associative desingularization) Suppose that « € C°°(N P¢) and
B € C*®°(NLc) are as in Definition 6.4. Suppose there exists Ao < v such that

1) ()L(),v]ﬂ'D:{)xl,...,)xl} with A <---<)u],
(i) there exist so > 0 as wellas a; €ker £p . and B; € V,, fori =1, ...,/ such that, for all k € NU{0},
l
kVéﬁ(ﬁ—EjﬁQ
i=1

Kvé)k(T;;C“i B = O(V}”iﬂo_k) as r — 0.

— O(Fmax{)\o,Zv—l}—k) as r — 0o,

We then define the improved approximate associative desingularization Psz’ ; by

2 . 2
Ps,t = TPs.t.C(aé‘)’
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where ;
6.7) o = psT*(sa*ﬁ)Jr(l—ps)(zel‘“az +a).
i=1
Notation 6.8 We use the notation
Py, = Psl,t or PSZJ and o« := ozg or ozg.
Set
vo :=max{Ag,2v—1} and ¢g:=min{(1—-¢)(1—v),g(n—1)}.
Note that

£ < max{e! VYL SHT1Y < gfa,

Since the above approximate associative desingularization is not associative, we aim to find a genuine
associative submanifold near it. In other words, our goal is to find a zero of the following nonlinear map.

Definition 6.9 The map 3o C®WVp, ) x(to—T, 1o +T) — C®(N Pg,c) is defined by

(Fe(u, 1), w) 2 ::/ twYp, , Vi,

where t € (to —T,t0 + T), u € C*°(Vp, ) and w € C*(N P, ¢). The notation w in the integrand is the
extension vector field of w € C*°(N P, ) in the tubular neighborhood as in Notation 2.25.

Notation 6.10 We use the notation
Ss,t = %s( 1),

If t = ty, we omit the subscript 7.
Definition 6.11 The map Fe C®WVp, ) x(to—T.tg+T) — C>(NPg,c) can be written as

Se(u,t) = Lpu+(t —10) fo + Oelu, ) + e,

where

dSe,r(ae)

683:38(058)€C00(NP8,C) and fg:= J
t =ty

€ C®°(NP:c).
and Lp, is the linearization of §¢ at ag € C>°(Vp, ), that is,
Lp, = dTe|a, : COO(NPS,C) - COO(NPa,C)-

The following proposition concerns the self-adjointness of £p,, which will be crucial when we attempt
to invert it. The obstruction to this inversion can be expressed in terms of (approximate) kernel elements,
which leads to the hypothesis in the desingularization theorem.

Proposition 6.12 £p, is a formally self-adjoint elliptic operator for all sufficiently small €.

To prove this, we need the following facts about AC associative submanifolds, which have already
been observed in the case of CS associative submanifolds.
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Definition 6.13 Let f € C°°(N L) be as in Definition 4.6 representing the AC associative L. We define
the differential operator £7, : C2°(NLc) — C°(NLc) by

Spu = d§fg (u),
where the map F4€ : CZ?V(VLC) — C®(NLc) is defined by
(W), w2 := /Fu Lszcwe for u € CCro, (VL) and w € CZ°(NLc).
Remark 6.14 The operator £7, is an AC uniformly elliptic operator asymptotic to D¢. Moreover, there
is an identification map ®€ :NLc — NL similar to @g (equation (5.15), Definition 5.24) such that
D =05 e (@671

Proof of Proposition 6.12 That £p, is a formally self-adjoint operator follows from the same arguments
as in the proof of Proposition 5.20. It remains to prove that £p_ is an elliptic operator. We denote the
restrictions of £p_ over Pgic by £,+. By Proposition 5.32 we obtain that

SP; = d%r()'a + O0() = Lp + O(e).
Similar to Proposition 5.32 for AC associatives in R” and the fact that Y*y = (Y*v)(0) + O(r), we get
Cpt = TuLer T + O(6%) = £ (Yo ) CL (Tasen) ™' + O(e%).

Since £p and £ are elliptic, £p, is an elliptic operator for all sufficiently small . a

6.2 Weighted function spaces and estimates

In this subsection, we introduce the weighted function spaces on P, ¢, inspired by the corresponding
function spaces on its CS and AC sides. These spaces will be used to prove the desingularization theorem.
The theorem requires error estimates, linear estimates, and quadratic estimates with these weighted
function spaces — all of which are established in this subsection.

Definition 6.15 For each / € R, a weight function w,; : P c — (0, 00) is any smooth function on Pg ¢
such that if x = Y (r,0) € Y(B(0, R)), then

we (x) = (e +71)7".

Let k >0 and y € (0, 1). For a continuous section u of N P, c, we define the weighted L°°-norm and
the weighted Holder seminorm, respectively, by

lull s := llwe,sullLoo (NP, ) and [”]C;’_-,” = [we,1—yulcor (NP, o)-

For a continuous section u of N P, c with k continuous derivatives, we define the weighted C k norm and
the weighted Holder norm, respectively, by

k
. L j . L k&
lullcr, =3I (Vp, N ullees_, and llullgry = lullcx, +[(VE, ) uleoy -
Jj=0
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We define the weighted Holder space Cf’y, the weighted C*-space C Sk ; and the weighted L*°-space
L% to be the C ky_ Ck-and L°-spaces with the weighted Holder norm | - | ¢y, weighted C*-norm
; z
-l ck, and weighted L>-norm || - || oo, respectively. ’
&, >

Proposition 6.16 (Schauder estimate) There exists a constant C > 0 such that for any sufficiently small

>0, and forall u € Ck+1’y

iy , we have

lullgrnr < CAERul iy +lulles):

Proof Foru e Cgk;rl’y, define u 4 by restricting u over Psic . Using the Schauder estimates in Proposi-
tions 4.25 and 5.32 we obtain
HU—HC;fLy5Hu—HcgjhySHSPM—HCQKJ+HM—HL§,5HSPJLMC§ﬂ4+€%Hu—HcifLy+ﬂu—HL§-

Similarly,
—1+1 —1~~—1
”u""”CflJrl’V Se * ”S&‘* T* u+||c£(T1,V

—I1+1 —1~r—1 —[+1 —1~r—1
NE + ||£L58* T* u+”c£‘~;/_l +e& + ”Sé‘* T* u+||Lz‘fl
< 8—1 ||T*S8*£LS8;1T*—1L[+||Ck,[y1 + ||u+||L§ol
ed— ;
¢
Sleputlicry +elutllcrrry +lutllres. m

Proposition 6.17 (error estimate) The error e, = F¢(t¢) can be estimated as

v
n,
-V

st ifag =0al and 0 < g <

“38(“8)”6151/1 = {

V—1Vq

SH 1—v08v0 2(1—v) if — 2 d
+¢€ +¢€ if g = a5 an DT =1 Fs0—vo

<g<l,
where vo = max{Ag,2v — 1} and § = &9.

Proof Let ¢, be the standard G-structure on R” and C be a cone. Since |¢ — Y| = O(r) on B(0, R),
over P c NY(B(0, R)) we have

ISe(te)| S |Teloe) —Selag, Tape)| < [Selae, Tagpe)| + 1.

Case 1: Suppose e = }. Then az = & over P\ Y (B(0,26)), s0 Fe(ete) = 0. Over P, c NY(B(0,5))
we have oz = Yy (5¢4 ) and therefore §¢ (e, Txpe) = 0. Over P c N Y (A(S,25)) we have

|Be (e, Tape)| < |Vae| S phot + gl=vpvl,

Here the last inequality uses the assumption that 0 < ¢ < (1 —v)/(u —v), where 6 = (¢Rx0)?. From
these estimates we conclude that || ()| -0 1 < 6. A similar computation with Holder seminorm and
higher derivatives will prove that ||Fe(a)|| C’k.y < oM.

e,—1

Case 2: Suppose e = a2. Over P ¢\ Y (B(0,28)) we have

/ l 2 /
Zsl—)»,’ai ZSI_)W vai ) 5 Z(S—IF)Z()»,'—I) s (8—1’,)2(1)—1).

i=1 i=1 i=1

e (@e)| < (”_1 +
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Over P, c N Y(A(S,25)) we have Fe(ae, Yape) = Dc(ag) + Oc(ag). The term |Dc(ag)| can be
estimated by

/ /
IDc(@e) < [VpslsexB—Y &' i —a|+[Dc(sexB) + ‘Dc(Zel—*fai +a)

i=1 i=1

l
< (8—1;,)1)0—1 + r,u.—l + (8—1},)2(1)—1) +r[L—l Zgl—Kir)»i-i-sO—l + }"2(“_1).

i=1
Ifg=@—vy)/(v+pu—1+s9—vp) then we have

gl—kir)ui-HL-i-So—Z 5 gl—vrv-HnH-S()—Z 5 (8—1},)1)()—1‘

The term | Q¢ (a¢)| can be estimated as

ae)| S (7 Hate] 4 | Vae)? S (67 r) 207D 4 20D,
|Qc ()| < (
Hence,

”38(0‘8)“@_1 < SR 4 glmvogvo 4 g20=v)
A similar computation with Holder seminorm and higher derivatives will also prove that
”&8(0[8)”6%’,)/ < Ll +81_V05V0 +82(1_U), 5
e,—1

Proposition 6.18 (quadratic estimate) For any sufficiently small ¢ > 0 there exists 0 < Ty < T such that
forall u,v € C*°(Vp, ), n € C®(NPc) and 11,13 € (to — Te, to + T¢), the following estimates hold.

@) |dTe,, () = dFe), (M| < (We,1|u =] + we,o| V(= V) ) (We,1 0] + [we,0 V7).

(i) 1102 = Qe i S e = vl v (Il = tell s + 0=l crrn)-
&,— £, £, £,

(i) |Qe(u. 11) = Qe(v. 2)l| oy

Se ! (|lu —Vllgrrry + 0 —ta]) (Jlu —ell ey v =l crrry + 1t —to] + |12 —10).

Proof The proofs are exactly like Propositions 5.32 and 5.33. An important observation here is that one
can express £, Ly over Vp, . formally as a quadratic polynomial

Lyl =O0(f1,e) u-v+0(f2,e) (u- Viv+u- VJ‘u) + 1//'VJ‘u v

where O( f1,¢) = O(wg,1) and O(f2,¢) = O(wg,o). Finally, to see (ii) we write Q¢(u) — Q¢(v) as

1 1
/(; dOQeui1—yp M —v)dt = /0 (dTeppur ey @ —v) —dFe,, (u—v))dt,
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and (ii) follows from (i). To prove (iii) we only observe that Qa (u,t7)— Qg(v, t,) is equal to
/01 (d§8I(1u+(l—I)v,tt1+(1—t)t2)(u —v,0)— d§8|(a8.nl+(1_t),2) (u—v,0)) dr
+ /01 (d§8|(as,n1+<1—r)t2)(” —v,0)— d§8\(a£.to)(u —v,0))dt
+ /01 (d§8\(tu+(l—t)v.tt1+(1—t)t2)(O’tl —12) _d§8|(tu+(l—t)v,t0)(0? t1—1))dt

1
+/0 (d38|<zu+(1—r)u.t0>(0’ t—12) = d%'&(ag.zo)(()’ n _t2)) dr. O

The remaining estimates are the linear estimates, namely, establishing a uniform lower bound for the
linearization operator on suitable weighted function spaces that depend on the scaling parameter ¢. In
general, this is hopeless unless we restrict to the complement of the following approximate kernel.

Definition 6.19 Denote the asymptotic limit maps (Lemma 4.31) ip. o and iz . o by i p and iy, respectively.
We define

(1) the matching kernel X™ by
K™ :={(up,up)ekery o xkerLpo:ip(ur) =ip(up)}.
(ii) the approximate kernel of £p_ by
K = {psj2 Vu(Sexur) + (1 = pas)up : (up,up) € K"},
(iii) X517 .= {ue Cf’:l’y : ((T*sg*)_lu,uL)L%(L = (u,up)L%(P =0 forall (ur,up) € X™}.

Proposition 6.20 (linear estimate, I) Fix a real number w > 0. For any sufficiently small ¢ > 0, there
k+1,y
Xe

exists a constant C,, > 0 independent of € such that for all u € , we have
||”||C£<(J)rlv < ng_w”'gf’s””c'ﬁj’l'
Proof By the Schauder estimate in Proposition 6.16 it is enough to prove that

lullzs, < Cor @ l12p,ullcrr

We prove this by contradiction. If this is not true then there exist a decreasing sequence &, — 0 as n — 0o
and u, in DCI;;" L7 such that

—w
= y = — 00.
||u””L§§.o 1 and e, IILp,, un”C:,f/—l 0 asn—o0
Denote the restrictions of u, over PS;’C by u;-. We define
ey d — T -1, +
Upp:=u, and u,p =TS, ) U, .
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By the Schauder estimate in Proposition 6.16 ||un||ck+1,y is bounded, and hence |ju,, p||ck+1=V and
ltn, Ll cyhty are also bounded. The Arzela—Ascoli theorem implies that there exist subsequences, which
we again call un,p and u,, 1, and there exist up in CkJrl v/2 and uy in CkJrl’y/2 such that

Lpup=0, Lrur =0,

lun,p —MP||Ck+1,)//2 —0 and |u,, L —uL||Ck+1,y/2 —0 as n— oo.
P.loc L ,loc

k+ Y k+1

Moreover, by elliptic regularity in Proposition 4.25 we get up € Cp anduy € C; Y. By taking

further subsequences if necessary we prove the following, which leads to the contradlctlon.
) llup,p— up||c’<ir1~v — 0 asn— oo.
C
(i) lun,L — “L||CA+_1 15/ o — 0 as n — oo, where nglamc = S;IT 1PJr cC Lc.
n.

(iii) up = 0 and uy, = 0. Hence,

lunllzee , < lufllzoe, +lupllee. =0 as n—> oo,
n- P
Sn.c Sn.C
To prove (i), we fix a real number p with 1 < p < 1/¢. For sufficiently small s > 0 we have
¢ ¥
1€p(A = pspun)ll iy S (en® + e Munll rtrr + 1€p,, (1= psp)unll oy
P,—s—1 0.en en.,—s—1
< (8Cpq cq +8;;7S)||unllck+l,y + ||£P€nun||ck,y
0.en en.—s—1
Sed’ +en + 80 L, unllcky  Sen” +en +80° +ep
en.—1
Therefore there exists v, p € ker £p _; = ker £p ¢ satisfying

11 = Py )itn = v, plcrsry S 60 + e +88° + €2
S

and hence
ltn,p—vn P”CA-H v S (e + e + +825 +¢7)8,° — 0 as n— oo.
n.C* .0
As ker £p ¢ is finite-dimensional, the norms || - ||CI’§;1~V/2 and || - [|[ck+!v are equivalent. Taking a

further subsequence yields |[vy, p —up| ok+1.v/2 — 0 and hence ||v,, p —up||x+1.y — 0 asn — oo.

Kp P.0

To prove (i), we define iy, 1, := en(TaSe,4) " (pg1/2un). For sufficiently small s > 0 we have
n
ISt Llky S e I TusenCrse,s Yo (ogpaun)lcir
L.s—1
¢ —-1)/2

< e (e + 8D/ Mipgatunll ity Jr8n||21r>€,1 (P ir2um)ll g

s—1
s e—s/2 —s/2 s ¢—s/2 s ¢e—s/2 o
<S8/ ||u,,||ck+1 y + &8ss/ 1L, tnllcrr S €38, /2 4 g38-5/26%
'
Then as in (i) there exists v, 1 € ker £ ¢ = ker £, ¢ satisfying
tn, L — vn,L||C£ng,y S (6, 1800 (58,52 + £5875/26®) < 65/2 4 65/262 >0 as n— oo,
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Again as in (i), by taking a further subsequence if necessary, we get ||v, . — uL||Ck+1,y/z — 0 and
Kr
l[vn,L — UL||Ck+1,y — 0 asn — oo.
L.0

It remains to prove (iii). For each o € X, we have
. _ —1 1 3 T 3 —1 o
lPuP(U) - T* nlll’lgo un,P(T(ESHa 0)) - nll>nC}o un,L (zsn 8115 0) - lLuL(U)
Since uy € DC’;;F 1Y therefore as n — oo we get

lupllz  ={up—unp.up)pz <lunp—upllrsg,llupley, — 0.

2
Kp
and hence up = 0. Similarly we get uy, = 0. O

From the above linear estimate, we observe that £p_ may not be surjective, as it is self-adjoint, and
the matching kernel is never trivial due to the scaling freedom on L. This is why we did not choose to
perform the desingularization in a fixed G,-structure, but rather along a path of G;-structures. To proceed,
we require a corresponding estimate for the linearization operator along this path, and we aim to obtain a
uniform lower bound on its restriction to the complement of the corresponding extended matching kernel,
which we define next.

Definition 6.21 Given P a CS associative submanifold with respect to a coclosed G,-structure ¢ and L
an AC associative submanifold in R7 with the same asymptotic cone, and given ¢ : [0, 1] — 2 a path of
coclosed G,-structures with ¢ (z9) = ¢ for some #y € (0, 1), we define the extended matching kernel

K™= {(LIL, up,t)ekerr o ® Cﬁ:gl’y OR:Lpup+tfp=0,ifur = ipup},
where fp is defined in Definition 5.30. Note that the matching kernel satisfies X™ C xm.
Proposition 6.22 (linear estimate, II) If the extended matching kernel xm is equal to the matching

kernel X™ and w > 0 is any real number, then for any sufficiently small ¢ > () there exists a constant

Cp >0 independent of ¢ such that for all u DC];H’V and t € R, we have

lull crrry + 12| < Coe™l|€p,u + tfell cho -
e,0 e,—1

Proof Let fgjE be the restrictions of f; over PSZC. Then, similar to the proof of Proposition 6.17, we
obtain that

Ife = fpllgry  <e“ and ||f8+||ck1 < g%,

PE,C’_I P&C,—l

Claim1 Forallu € DClgH’y with [[u| -x+1.» < 1, we have
e,0
1< Coe™®Ipu— fill oo -
e,—1
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We will prove this by contradiction. Suppose it is not true. Then there exist sequences &, — 0 and
Uy € DC];;FI’V such that

lunllcktir <1 and e’ I1Lp,, Un— fe, ||Cgk,y e 0 as n— oo.
Y

After defining u, p and u, j as in Proposition 6.20, a similar argument as in there yields a smooth section
up € Cll.fng’y and uy € C]i(ng’y such that

Lpup= fp and ||un,P—uP||Ck+1,y/2—>0 as n — 0o,
P.loc

Lrurp =0 and ltn,L —urlpi+1.02—>0 as n—oo.
L .loc

Moreover, we can prove, as in Proposition 6.20, the following:

@) llun,p —upllrt1y — 0asn— oo,
en.C”
(i) ||up,r — uL||Ck+1 v —0asn— oo, where L 15 = s_’lT 1P+ cCLc,
.o
(i) ipup =iruy,. Thls contradicts the assumption.

To prove (i), we fix a real number p with 1 < p < 1/4. For sufficiently small s > 0 we have
||£P(1_p8,1,’)(”n_“P)”CII§~K . N 851M+5;c1q+”£P8n (1—,05111’)Hn—gp(1—,05,1:)up)||Ck,y_ »
S e en 85+ (1=psp) (Lp,,, un—fP) iy

en,—s—1
Sed ey +8P +ILp,, un—foull crr I (A=psp) (fe,—fP) | prov
Cg 1 n Cs 1
n.— n.—
< el deg +8P5 42,

Now (i) follows as in Proposition 6.20(i). Since 8s/ | psL/2 Jenllcky  — 0 as n — oo, (ii) follows from

Proposition 6.20(ii). Again the proof of (iii) is also similar to Proposition 6.20(iii).

en.—1
Claim 2 Forallu € f)CffH’y andt € R with |[u| -x+1., =1 and |t| < 1 we have
€.,0

1< Cwe_w||£p5u — l‘ngCk.yl.
o

k+1’y, tn € R such that

||un||Ck+1 v =1, Iy = leo, and €, || Lp,, un — fe,llCk”_, converges to 0 as n — oco. If iec # 0 then

Suppose it is not true. Then there exist sequences &, — 0 and u, € X

51m11ar arguments to Claim 1 replacing f;, by t fe, lead to a contradiction. If 75, = 0 then similar
arguments to those in Proposition 6.20 lead again to a contradiction.
Evidently, Claims 1 and 2 are enough to prove the proposition. |

6.3 Proof of the desingularization theorem

To prove the desingularization Theorem 1.22 we solve the nonlinear PDE, 3e (u,t) =0, with (u,t) very
close to (ctg, 0). Indeed, we use the following lemma, an application of the Banach contraction principle
[Donaldson and Kronheimer 1990, Lemma 7.2.23].
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Lemma 6.23 Let X and Y be two Banach spaces and let X1 C X be a Banach subspace. Let V C X be a
neighborhood of 0 € X. Let xq € V. Let F : V — Y be a smooth map of the form*

F(x) = L(x) + O(x) + F(xo)
such that:

e L : Xy — Y is an invertible operator, and there exists a constant ¢y > 0 such that for all x € X,
[x[lx < eI Lx]ly,

* Q:V — Y isasmooth map, and there exists a constant cg > 0 such that for all x;,x, € V,
10(x1) — Q(x2)|ly < collx1 —xallx(llx1 —xollax + X2 — Xollx)-
If | F(xo)|ly < 1/(IOchQ) and B(xo,1/(5cpcg)) C V, then there exists a unique x € xo + X with
llx —xollx < cLl|F(xo)lly and F(x)=0.
Proof of Theorem 1.22 Let o, be ozl as in Definition 6.4. Let T be as in Proposition 6.18. The map
Se 1 CETMY (Vp, ) (to = Teuto + Te) > C17

can be written as F (u, fo + ) = Lpu+tfe+ Oe(u,to+1) + Fe(cs). Since the matching kernel K™ is
one-dimensional and the index of £p_ is zero, by Propositions 6.20 and 6.22 we obtain that

Le: XK1Y @R - CF7
defined by Lg(u,):= £ P, U +tfg, is invertible and
||u||C§aLl,y +t < CZEHZS(”’Z)”C;ZI’ where Cp = 0(e™?).
Again by Proposition 6.18, if t1, 1, € (—Tg, T;) then we have
1Qe(ut,to +11) = Qv 10 + 12) | o,
< Co,(llu —Vlgrry +1n —ta])(llu —ellcrriy v =l gy + 0l + 121),

where Cg, = O(¢71). Since v < 0, by Proposition 6.17 we have

1
o C < - = 0 81+2w
IFe (@) 17 < 10C2 Co, ( )

for sufficiently small w. By Lemma 6.23, for all sufficiently small & > 0 there exist t(g) € (to— T, to + T)
and smooth closed associative submanifold ﬁs,,(g) :=TP, ,(0).c (@) in (Y, Py(s)), that is, Fe (e, t(e)) =0.
Moreover, if 1/u <g < (1—-v)/(u—v), then

e — el it + 12 (6) — to] < 6947
e,0
4Note that Q(xq) = —L(xg).
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Finally, we see that 1”58,,(8) — P in the sense of currents as ¢ — 0. Indeed, for any 3-form & € Q3(Y),

I T S e &

Remark 6.24 If there exists Ao < v satisfying (i) and (ii) of Definition 6.6, then we can consider o, =

< —0 ase—0. |

2
3

in the proof of Theorem 1.22. In the proof of Theorem 1.22, (&, t(¢)) satisfies the following estimates:

(6.25) o, —aa”Ck(J)rl,V + |1(g) — to]

_ . 1 1—v
gdn—w 1foe3=a61and—<qs ,
< n L=V
~ — —1)vo— . v—v
gIh=0 4 gl+@—Dvo—o jf g — g2 and g <g<l.

v+u—14s9—vo

Indeed, these estimates follow from Lemma 6.23 and Propositions 6.22 and 6.17.

7 Desingularizations for special cases of singularities

In this section, we apply Theorem 1.22 to desingularize a CS associative submanifold with a Harvey—
Lawson 7 2-cone singularity, as well as an associative submanifold with a transverse self-intersection. In
other words, we prove the two transitions discussed at the beginning of this article, although the second
one is established only partially.

To apply Theorem 1.22, we must verify that the hypothesis (1.23) holds in these specific cases. It turns
out that there are no contributions from the CS side to the extended matching kernel, and therefore

(7.1) K™ = X™ =~ ker Dy,

where L is the AC associative submanifold used for the desingularization. In the cases considered here,
L is special Lagrangian, so ker Dy _; is purely topological, as stated in the proposition.

Proposition 7.2 [Marshall 2002, Section 5, Section 5.2.3, Table 5.1] Let L be a AC special Lagrangian
submanifold in C3. Let ¥ be the link of the asymptotic cone. Then

dimker Dy _; = b'(L) +b°(2) — 1.

We will see that in both of the special cases considered above, ker Dy _ is one-dimensional, and the
hypothesis (1.23) holds true.

7.1 Desingularizations for Harvey-Lawson T 2-cone singularity

Let ¢ € Z.5* be a generic path of coclosed G,-structures. Then, by Definition 1.13, any CS associative
submanifold P € Mg’g is unobstructed along this path; that is, the operator D P,u,2 18 surjective. Moreover,
any such P, together with an AC associative submanifold sharing the same asymptotic cone whose
homogeneous kernel at rate —1 is two-dimensional, must satisfy the matching condition in (7.1). It
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follows that the stability index of the cone is 1, and P is an isolated point in the moduli space Mﬁ This
is the content of the following lemma.

Lemma 7.3 Let ¢ € P.E be a path of coclosed G,-structures and P € M?S be a CS associative with
singularity at only one point. Let L C R” be an AC associative with the same asymptotic cone C of P.
Ifd_{ =2, then

K™ =K"=kerr .
Moreover, s-ind(C) = 1, dimker £p _; = 1 and ker £p _; = (vp)R such that (vp, fp);2 # 0.

Proof Since ¢ € Z.% and P M'C”S, Theorem 1.17(ii) implies that the stability index of the asymptotic
cone C satisfies s-ind(C) < 1. Since d—; = 2, we have s-ind(C) = 1, V; = 0 for all nonzero A € (—1, 1),
Vo=R7 and C is arigid cone, thatis, V; 2 T (G»-X), where ¥ is the link of C. Then by Theorem 1.12(ii),
we obtain that the deformation operator S_ZI;,’L’Z defined in Definition 5.30 is an isomorphism, where Z
is the stratum in the decomposition (1.4) that contains G - £ as an open subset. Here p > 1 is chosen
sufficiently close to 1, as in Definition 5.12, and therefore there are no indicial roots of C in the interval

between 1 and p. Therefore

ak,y . k+1y k,y ak,y .
2P,—1+s ‘Re CPc,—1+s - CPC,—2+s’ £P,—1+s(t’ u):=Lpu+ifp,

is an isomorphism as well, for all sufficiently small s > 0. Indeed, the indicial roots in between —1 and p
are only 0 and 1 with the corresponding Vy and V; as above, and therefore by Lemma 4.31 the above
two operators have the same kernel. Since index £p 113 = —1 by Proposition 4.33(ii), we have that
index EP’_1+S = 0 and hence it is an isomorphism. This further implies that ker £p o Cker £p ;45 =0,
and coker £p _14s = ker £p _; = (vp)R is one-dimensional with (vp, fp);2 # 0. Moreover, fp &
imLp 14y Dim Lp o, and hence xXm = K™ ~ker&r 1. O

Proof of Theorem 1.28 We have seen in Example 3.34 that the Harvey—Lawson cone has d_; = 2.
Therefore by Lemma 7.3 and Proposition 7.2 we obtain that for each Harvey—Lawson AC special
Lagrangian L' := L’i fori =1,2,3 (see Example 4.10), the extended matching kernel and the matching
kernel are one-dimensional. Indeed,

dimX™ = dim K™ = dimker £ _; =b'(S' xC)+b%(T?) —1=1.

By Theorem 1.22 we obtain that for sufficiently small ¢ > 0, there exists ¢/ (¢) and smooth closed
associative i;s,ti(s) in (Y, ¢;i () such that ~8,ti(8) — P in the sense of currents as ¢ — 0. i;a,ti(s) is
diffeomorphic to P, ;i (. Since L' are obtained by Dehn filling of Cf§; := Cu.\ B(0, 1) along simple
closed curves ; as mentioned in the theorem, therefore it is diffeomorphic to the Dehn filling of P? as
required in the theorem; this was observed in [Doan and Walpuski 2019, Remark 3.6].

It remains to prove that the leading-order term of ¥ (¢) — f, is of the required form if ¢ € Z°*. Let
vp € ker £p 1 be as in Lemma 7.3. Since ¢ € &°, by definition we have

ip—1vp =b1&1 +br6, with by #0, by #0, by # b,
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where £ and &, are as in equation (4.11) of Example 4.10. We will prove the result for #(g) := t!(¢)
only, as the others follow by similar arguments. We use the notation oy = &} = ps Ti(se48) + (1 — ps)ex
and (&, t(¢)) from Theorem 1.22, which satisfies

ge(&s, t1(e)) = £Pg(&8 —ag) + (t(e) —to) fo + Qe(0lg — g, t(e) —to) + Felotg) = 0.
Define P, := Pc\Y(B(0,2¢Rs0)) and P := Pc\Y(B(0,8)). Over Ps,

Selae) = Lp(ae —a) + Qplas —a).

Therefore,
(7.4) 0= (Fe(@s.1(2)). vp) 2
Pg
= (1) —10){fe- VP) 2 + (Lpee.vp) 2 +ef +ef +el +ef+el,
where Pe Fs

1. ~ 2. ~ 3.
es = (SPg(aS_ab‘)’UP)LZO ) ee = <Q8(a8_a8’t(8)_t0)7UP)LZO ) eg = <QP(O[8_05)3UP>L2° )
P P Py

ed =—(Lp(@).vp) 2 +{Lp(@).vp)y2 . €)= (Fe(cs).vp),2
Pg Pg\Pg Pg\Pg

By Proposition 5.20 we obtain that

09 (Sroevn)s = [ tatn G50 = [ g e YO + OE).
Pg a Ps 3 Ps
Now,

(7'6) /o LSS*ﬂLbIE]"_bZEZT*W(O) :/ Lsg*$1Lb1$1+b2§2T*w(0) + 0(83_q)’
9 Ps 3B(0,6)NC

an | it sty T O0) = [ (0 x1.biEs + o) = bae? [ (0, x62.82).
dB(0,6)NnC )] z
We will now estimate the remaining terms in (7.4). Using (6.25) we obtain that

|e;| = [(Lp, (@ —as) — Lp(0e — ), UP)LZ0 |+ [{(£p (@ — ), UP)LZO |
Pge Pg

2+qu—w * 1+qu—w
S ettan +/°|Lag_agavﬂpcw|se M=o,

P

le2| < 21472 log e + e |1(e) — 1o + |1(e) — to|*|log e| < 27472 |loge.

We obtain by a further computation that

led| <&, el <&’ and el| < [3 o ltatop Yp V| 4 g291 < gl TH 4 g2am

&

Hence by choosing w sufficiently small and g > %, we obtain
(7.8) leg| +leZ| +led| + lef| + leg] = o(e?).
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Since (fe,vp) 2 = (fp,vp)r2 + o(1), combining equations (7.4)—(7.8) we obtain
Pg
b
M) = 1(e) = tg — ——2 6% 4 o(s?),
(fp.vP)p2

where ¢ = [5.(J&, &) # 0. Similarly we can prove the statements for t%(g) and #3(¢). The only thing to
notice here is that £3 = —&; — &, as in Example 4.10. |

7.2 Desingularizations for intersecting associatives

Let ¢ be a path of coclosed G,-structures. Let P € M?S be an associative submanifold in (Y, ¢;,) with a
transverse unique self-intersection. In other words, P is a conically singular associative with singularity
at a unique point, which is modeled on a union of two transverse associative planes. To resolve this
intersection, we glue in a Lawlor neck — an asymptotically conical (AC) special Lagrangian submanifold
asymptotic to the planes (Example 4.7).

Proof of Theorem 1.35 In Example 3.33 we see that the union of two transverse associative planes
has d_; = 0 and Vj, = {0} for all A € (—1,0). We glue the intersecting associative P with the AC
associative L, where B! - L is the special Lagrangian Lawlor neck in C3 from Example 4.7 and B € G,
from (1.31). Since the n-component (perpendicular to B - C3) of any element in ker £ o vanishes and
¢ e Tt (Definition 1.32), equation (1.33) implies that the extended matching kernel and the matching
kernel are the same and isomorphic to ker £7 _1, because ker £p ¢ vanishes. By Proposition 7.2, we have

dimker €7 _; =b'(S?xR) +5%(S2 LU S?) -1 =1.

By Theorem 1.22, we obtain that for sufficiently small ¢ > 0, there exists ¢(g) € (¢ — T¢, to + T¢) and a
smooth closed associative ﬁg,t(g) in (Y, ¢4(¢)) such that ﬁs,t(s) — P in the sense of currents as ¢ — 0.
Moreover, ﬁg,,(s) are diffeomorphic to P ;(s) and hence are diffeomorphic to the connected sums as
mentioned in the theorem. O

Remark 7.9 (discussion on the leading-order term) It remains to prove that the leading-order term of
t(e) —to is of the required form if ¢ € 2%, see Remark 1.36 for the reason behind this restriction. We
can consider

U = O‘g = ps Tu(sexp) + (1 _/08)(83“P +a).
Here « and 8 represent P and L, respectively, and up := (@g)_lﬁ p €ker £p _, with
BE=BEE, I=1, M=v=-2, ho=-4, p=2, sp=2, q=2.

By abusing notation we denote BE* by simply £%. We use the notation (&, #(¢)) from Theorem 1.22
following Remark 6.24, which satisfies

(7.10) e(@ert(e) —t0) = Lp, (Fe — ate) + (£(8) —10) fo + Q@ — ts, 1(£)) + Fe(ats) = 0.
Define P, := Pc\Y(B(0,2¢Rs0)) and Ps := Pc\Y(B(0,8)). Over Ps,
Selae) = Lp(ag—a) + Op(as —a).
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Therefore,

(7.11) 0= (e (e, (2)), up)p2 =@t(e)—to)(fe.up) 2 +(Lpos,up) 2 +ef+ei+el+el+ep,
Pe Pe P

where
¢ = (Lp, (@ —e)up)yz . ¢ = (Qs(@—te.t(e)=t0).up)y2 . ¢l :=(Qp(@c—0).up)y2 .
Be Pg Pg
eg =—(Lp(@).up);2 +(Lp(@).up)y2 . €)= (Fele).up)2
Pg Pg\Pg Pg\Pg
By Proposition 5.20 we obtain that (Cpag, up);2 is
Ps

(7.12) /o LagtuPT;Cw=e3/ L$+tuP_E+T*I/f—83/ e—lyp—g- Y Y +0(87).
9P 0B 1 (0.8) IBr—(0.5)

Now,

(7.13) / Lol e X Y = lgxly, et We +0(e),
0B 108 ° “PE 0B 108 ° PTEE
(7.14) / Lgtly g+ Ve = (up _Ei)(O) -n+o(g).
B +(0.6)

Define vp = (@g)_lﬁp. Then £pvp = fp. We observe that (fe,up);2 = (fp,up)2 +o(l).
Therefore, similar to equations (7.12), (7.13) and (7.14) we obtain Pe Ps

Ps

(7.15) (fp.up)r2 =/ loplg+We— tptg-We+o(1) = (v (0)—vp(0))-n+o(1).
0B+ (0,8) dB11—(0,0)
We can further compute
(7.16) el + led| + [e7| = o(e?).

If, in addition, one had |e!| + |e2| = o(&?), then the leading-order expansion would coincide with the
expression given in (1.38). However, it is not immediately evident from our desingularization theorem
why the estimate in (7.16) should hold. Using (6.25), we can only deduce that

|€;| = |(£P8(&8 —(Xs) _SP(&E _ab‘)v MP>L2(1";8)| + |(£P(a8 —Olg), uP>L2(}%€)|

<o(e®) + lg,—apte+ TIY — la,—apte— Y V).

/831-[+(0,23Roo) 0B11—(0,26R0)

In fact, (6.25) does not imply that the final expression above must be o(g%). A similar issue arises for 682.
Although not obvious, a suitable adaptation of the desingularization theorem in this special case might
still yield the estimate in (7.16), and could be pursued in future work.

Appendix Lemma for quadratic estimates

The following lemma provides a key pointwise estimate used in the proofs of the quadratic estimates
stated in Propositions 5.32, 5.33 and 6.18.
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Lemma A.1 Let M be a 3-dimensional oriented submanifold of an almost G,-manifold (Y, ¢). Let
Yar : Var C NM — Y be a tubular neighborhood map. There exists a constant C > 0 such that if
weC®(NM) and u,v,s € C®(Vay), then over I's := graphs C Vas we have

wLulor| < [wl(filullv] + fa(lul[Vo] + [v][Vul) + [Vul [Vl [¥]),

with
fi:=1¥IIVB|+|¥||BI> +|BIIVY |+ [V2¢ |+ |R||¢| and f>:=|Vy]|+]|B|ly],

where R is the Riemann curvature tensor and B : C*°(NM) x C*°(NM) — C*°(T Vay) is defined
by B(u,v) := V,v. Here u is understood as the extension of the vector field u over NM by fiberwise
translation. The 4-form yr denotes Yy, v, and £ stands for the Lie derivative.

Proof Let {e1, e;, 3} be a local orthonormal frame for T I's. For a torsion-free connection we have

Loyr(w,er,ez,e3) = Vo (w,er,ez,e3)+ Y Y(w, Ve,v,e5,e3) +¥(Vuv, e, ez,3).

cyclic
permutations
By definition we have

Ll (w.er.ez,e3) =u(Lo¥(w, e, ez.e3)) — Z Ly (w,[u,er], ez, e3).

cyclic
permutations
Let’s combine the above. We obtain

u(Vowr(w, er.ez.e3)) =V, Vot (w, ey, €2, €3) + Z Vol (w, Ve,u + [u, e1], €2, €3)

cyclic
permutations

+ VUW(uny el? 82’ 63)5
u(Y(w, Ve, v, e3,€3)) = Vuy (w, Ve, v, €3, €3) + ¥ (w, Vi Ve, v, €2, €3) + ¥ (w, Ve, v, Vyer, e3)
+ ‘/f(ws Velvv €, VueS) + w(ku? Vel v,es, 63)’

u(Y (Vuv.er.er.e3)) =V (Vuv.erer.e3)+ Y ¥(Vuv, Vyer. ez, e3)

cyclic
permutations

+ ¥ (Vy Vv + R(u, w)v, eq, ez, e3),
LUW(U)’ [u’ 61], €, 63) = W(w’ V[u,el]v’ €, 63) =+ W(va’ [u’ 61]762’ 63) + I/f(w’ [u’ 6’1], Vezv’ 6’3)
+ W(w9 [u’el]’ €z, V631}) + va(w’ [M, 81], €2, 83)-
Finally, putting things together after some cancellations we obtain
[Lulot(w, er, ez, e3)] S [w([Ve Vour [+VY | [Vul o)+ VY| o] [Vwul+|w | [V [ u] Vo]
HY V[ [Voul+ Vo[V [ ul+ Y[ Vu )+ (Vi Vav |+ Rl [w] |ufv])
3
+|w||w|(2|ve,-(vuv>|+|R||u||v|+|Vu||Vv|).

i=1
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Since )
IVuVor| < lul [o[(I B[V |+ V2],
[Ve; (Vuv)| S [VB||ul|v] + | Bl[ul[Vv] + | B[ |v][Vul,
Vi (V)| < |w] |u| [v](|V B[ + | BI?),
we have
lwLuLo¥| S filwlullv] + falw](u] V50| + [v] [VE5ul) + [w][VEu] [VEo] [y ). O
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