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Galois reconstruction of Artin—Tate R-motivic spectra

ROBERT BURKLUND, JEREMY HAHN AND ANDREW SENGER

We explain how to reconstruct the category of Artin—Tate R-motivic spectra as a deformation of the
purely topological C,-equivariant stable category. The special fiber of this deformation is algebraic, and
equivalent to an appropriate category of C,-equivariant sheaves on the moduli stack of formal groups. As
such, our results directly generalize the cofiber of t philosophy of Gheorghe, Isaksen, Wang and Xu.

A key observation is that the Artin—Tate subcategory of R-motivic spectra is easier to understand than
the previously studied cellular subcategory. In particular, the Artin—Tate category contains a variant of the
T map, which is a feature conspicuously absent from the cellular category.
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1 Introduction

A striking surprise of modern computational stable homotopy theory is that the category SH(C) of
C-motivic spectra, as introduced by Morel and Voevodsky [1999], has found use not only in algebraic
geometry, but also in the computation of stable homotopy groups of spheres, a question of purely
topological origin. In particular, the p-completed bigraded homotopy groups of the unit in SH(C)
record —in a precise sense — the Adams—Novikov spectral sequence for the sphere spectrum, including
all differentials and extensions. The ultimate expression of this connection is the discovery that the cellular
subcategory of p-complete C-motivic spectra is equivalent to a category of formal Adams—Novikov
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spectral sequences, and in particular has a purely homotopy theoretic description without reference to
algebraic geometry.

The first evidence that a large sector of the motivic category contains only topological information
appears in the work of Thomason [1985] on algebraic K-theory and étale cohomology. As a consequence of
this work, Thomason proves that for well-behaved C-schemes X, there is an equivalence K¥¢(X)[~! 1)~
KU(X(C)) 2\, where B is a certain Bott element. These ideas have been refined over the years, culminating
in the following theorem.

Theorem 1.1 [Voevodsky 2002; Dugger and Isaksen 2010; Levine 2014, 2015; Gheorghe 2018; Gheorghe
et al. 2021; 2022]; Pstragowski 2023 In SH(C) there is a map 7 : S! — (Gm)p which enjoys the
following properties:

cell

(i) Generically topological: The full subcategory of T-local objects in SH(C)j

is equivalent to Sp,,.

(ii) Algebraic degeneration: The cofiber of t (often denoted by Ct) is a commutative algebra, and the

category of dualizable modules over Ct is equivalent to the category of p-completions of dualizable
objects in QCoh(Mys), where My, is the moduli stack of formal groups.

(iii) Galois reconstruction: There is a purely topological construction of S?—[((C);,e“.

cell
p

spectra with parameter t and a purely algebraic special fiber.

We summarize this situation by saying that SH(C)S™" is a 1-parameter deformation of p-complete

Although it does not appear in the statement, understanding the algebraic cobordism spectrum, MGL,
is key to proving this theorem. The importance of MGL to the study of cellular motivic spectra goes
back to Voevodsky’s work [2002] on the effective slice filtration. In that work, Voevodsky conjectured
that the effective slice filtration of the unit over an algebraically closed field may be described in terms
of the Adams—Novikov spectral sequence. Levine [2014; 2015] later proved Voevodsky’s conjectures.
Voevodsky’s notion of “rigid homotopy groups” also foreshadowed algebraic degeneration. In this
framework he and Rezk predicted at odd primes p that the rigid Adams spectral sequence is equivalent to
the algebraic Novikov spectral sequence [Voevodsky 2002, pages 20-21], a result later proven in modern
language and at all primes by Gheorghe, Wang and Xu [Gheorghe et al. 2021, Theorem 1.17], who also
introduced the perspective that SH(C );f“ is a 1-parameter deformation with parameter t. The fact that
the category of p-complete C-motivic spectra is generically topological is strongly suggested by results
of Dugger and Isaksen [2010, Section 2.6], though to the best of our knowledge the precise statement did
not appear in print until [Pstragowski 2023]. Isaksen [2019, Sections 5-6] established an isomorphism
between 74 «C1 and EXtEi:;BP (BP4«,BP4) and observed computationally that the 7-Bockstein spectral
sequence agrees with the with the Adams—Novikov spectral sequence. The commutative algebra structure
on C't was first constructed by Gheorghe [2018], and the category of modules over C't was then identified
by Gheorghe, Wang and Xu in [Gheorghe et al. 2021]. Finally, Pstragowski [2023] and Gheorghe, Isaksen,
Krause and Ricka [Gheorghe et al. 2022] independently provided two different Galois reconstructions of
cellular p-complete C-motivic spectra.
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With the case of C resolved we raise the following natural question:
Question 1.2 To what extent can this theorem be extended to a general field k?

As stated, this question is too imprecise to admit a definitive answer, so we begin by refining two
points of ambiguity: the appropriate subcategory of SH(k) one should consider and the meaning of
purely topological. In our study of this question we have found that the appropriate subcategory is the
category of Artin—Tate motivic spectra (defined below). Notably, over R, if one further restricts to the
subcategory of cellular objects, it becomes significantly more difficult to construct a topological model.

Definition 1.3 The category of Artin—Tate motivic spectra over & is the smallest stable full subcategory
SH(k)AT C SH(k), closed under tensor products and colimits, that contains the motives of finite étale
k -algebras, IP’,& and (P]i)_l.

The phrase “purely topological” has a double meaning. On the one hand it refers to the input to the
construction; it should not depend directly on the arithmetic of &, instead using only the absolute Galois
group, G, together with the character! G — Z* induced by the maximal cyclotomic extension of k. On
the other hand it asks for a construction which uses only the “standard machinery of homotopy theory”.

The authors are not the first to take up questions of this nature. Positselski [2011; 2014] has studied
the question of Galois reconstruction for the category DM(k; F)AT of mixed Artin-Tate motives with
mod £ coefficients. With a few exceptions, he has shown that when k is a finite, local or global
field, then DM(k,FF;)AT may be viewed as a derived category of filtered discrete G-modules with
restricted subquotients.

In a different direction, work of Bachmann, Elmanto and @stver [Bachmann 2021; Bachmann et al.
2020] shows that, up to a completion, SH(S) is generically étale for a wide range of schemes S. In
particular, Bachmann, Elmanto and @stver show that, after a suitable completion, étale localization
corresponds to inverting t. Note that T may not exist in the homotopy of the completed unit, so care must
be taken to interpret this statement. Furthermore, Bachmann showed that, again up to completion, the
étale motivic category is equivalent to the category of hypercomplete sheaves of spectra on the small
étale site. Specializing to the case S = Spec k, we find that, up to completion, the category of t-local
objects in SH (k) admits a description in terms of Borel G-equivariant spectra.

Previously, work of Behrens and Shah [2020] had taken up the question of when a suitable map t exists
over R. Although there is no map 7 :S! — (Gm)y in SH(R), they prove that t exists whenever a different
class p: S® — G,, has been killed. If only p? is killed, but not p itself, then t does not necessarily exist,
but 72 does. Continuing in this way, they make sense of inverting 7 in any p-complete situation.

In this paper we resolve Question 1.2 in the case k = R. This begins with the observation that if one
does not insist that the target of T must be a completion of G, then a suitable replacement can easily
be constructed.

I'More specifically, the p-complete category should only depend on the Z;‘ component of this map.
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1628 Robert Burklund, Jeremy Hahn and Andrew Senger

Theorem 1.4 In JS”;'—[(R)?zT there is an invertible object Q and a map @ : S' — Q, which enjoys the
following properties:

(GT) The full subcategory of T-local objects in SH(R)A! is equivalent to Sp¢, ;5.
i2 Cp,i2

(AD) The cofiber of T (denoted by C) is a commutative algebra, and the category of dualizable modules
over Cd is equivalent to the category of dualizable objects in the derived category of Mackey-functor
MU, MU-comodules. (See Section 5 for a precise definition of this category.)

(GR) There is a purely topological construction of ‘S'”;'-[(]R)‘l.gF . In particular, we construct a commutative
algebra R, in filtered, C,-equivariant spectra such that the category of filtered modules over
R, is equivalent to SH(R)?‘ZT . The commutative algebra R, is the even slice—décalage of the
MUR-Adams tower for the sphere. (See Section 4 for precise definitions.)

We summarize this by saying that SH(R)?ZT is a 1-parameter deformation of C,-equivariant stable
homotopy theory with parameter @ and purely algebraic special fiber.

The romanization? of the Devanagari letter  is “ta” and our choice of this symbol will be explained
in Remark 1.34. As in the case over C, we are also able to give an explicit formula for the homotopy
groups of Cd, though since we have not yet set up the appropriate notion of homotopy groups we will
defer an explicit statement until later. The subscript i 2 appearing in the theorem statement refers to the
category of modules over the 2-completion of the unit. The reader who is worried by this departure from
the norm may wish to read the section on notation and conventions before proceeding.

With the resolution of Question 1.2 in the case of R, the authors are hopeful that we might see this
question resolved in its entirety in the near future.

1.1 Examples of Artin—-Tate motivic spectra

In this subsection, which is preparatory to all later material, we give a more comprehensive introduction
to the category of Artin—Tate motivic spectra over a field. This begins with introducing the smaller
subcategories of Artin and Tate objects, which together generate the category of Artin—Tate objects. The
bulk of the subsection is spent building a collection of important examples of Artin—Tate motivic spectra.
Over R a special role is played by the invertible objects and so we focus specific attention there. We close
the section by discussing homotopy groups.

Definition 1.5 The categories of Artin, Tate and Artin—Tate motivic spectra over k are the stable, full
subcategories of SH(k), closed under tensor products and colimits, with the following generators:

e The category of Artin motivic spectra, SH(k)?, is generated by the motives of finite étale k-algebras.

e The category of Tate motivic spectra,’ SH(k)T, is generated by the motives of IP’,& and (IP’,&)_I.

2However, the reader who is not familiar with the Devanagari alphabet is advised that the pronunciation of & in the majority
of South Asian languages using Devanagari is given in IPA by /to/, which is closer to “tuh” in English than “ta”.
3This category is sometimes referred to as the cellular category following [Dugger and Isaksen 2005].
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e The category of Artin—Tate motivic spectra, SH(k)AT, is generated by the motives of finite étale
k-algebras together with ]P’]i and (]P’Ig)_l.

Since these subcategories are closed under tensor products and colimits, they each inherit the structure of
a stable, presentably symmetric monoidal category from SH (k). (In the sequel, we will state without
remark results that are only known to be true after the characteristic of k is inverted. Readers are invited
to restrict themselves to k of characteristic zero if they prefer.)

We now turn to examples of objects in each of these categories, starting with the trivial and heading
towards the nontrivial.

Example 1.6 Every stable, presentably symmetric monoidal category admits a unique symmetric monoidal
functor from the category of spectra [Lurie 2017, Corollary 4.8.2.19].% This gives us objects X ® 1 for
every spectrum X . Of particular interest are the integer simplicial suspensions of the unit, S” ®1y.

Inductively applying the homotopy purity theorem [Morel and Voevodsky 1999, Theorem 3.2.23] to
the decomposition P! = A7 LI IP’,’{’_I, we learn:

Example 1.7 [Dugger and Isaksen 2005, Example 2.12] For each n, the motivic spectrum associated to
P is Tate.

More generally, using a Bialynicki-Birula decomposition, Wendt [2010] shows that any smooth
projective variety which admits a G,,-action whose fixed points are discrete and rational is Tate.’

Example 1.8 [Dugger and Isaksen 2005, Theorem 6.4; Hoyois 2015, Proposition 8.1; Bachmann and
Hopkins 2020, Proposition 8.12] Each of the following commutative algebras is Tate:

MGL, kq, kgl, MZ, MF,.
Example 1.9 Essentially by definition, the Galois correspondence provides functors

{finite, continuous Gal(k / k)-sets} —— {finite, étale k-algebras}? —— Smy

| |

SH(k)A ———— SH(k)
which give our first examples of Artin objects.

Since the functor in the example above sends disjoint unions to sums there is no loss in generality if
we restrict to transitive Gal(k / k)-sets (field extensions). In the case of R this gives only two objects:
Spec(R), which we will temporarily denote by 1r since it is the monoidal unit of the category, and
Spec(C). Using the natural map we get a cofiber sequence

(1) Spec(C) — 1g 2> SC.
On the level of C-points (with Galois action), this cofiber sequence gives the representation sphere S°.

4 Another way of saying this is that Sp is the initial object of CAlg(PrL staby
5In the case where the fixed points are not rational, the authors wonder what conditions are necessary to guarantee that the
motive is Artin—Tate.
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Given a quadric in the plane, V', we can take its closure in IP’,? to obtain V which is a form of IP’]g. If we
let x1, ..., x, denote the points at infinity, then by the homotopy purity theorem [Morel and Voevodsky
1999, Theorem 3.2.23] we have a cofiber sequence

V>V @ Pli(x,-)'
i=1,...,n
Under the assumption that V admits a rational point, V' is just P}, and so we obtain our first nontrivial

example of a motive which need not be Artin or Tate, but is Artin—Tate:®
Example 1.10 The motive of an affine quadric which admits a rational point is Artin—Tate.

Over R there is a particular affine quadric of interest to us. It is the object O which appeared in the
statement of Theorem 1.4.

Example 1.11 Let Q := {x? + y? = 1} C A%, which we shall call the algebraic circle. Q has the
additional property that it is a form’ of G,. Its group scheme structure comes from the usual rule for
multiplication of complex numbers, namely

(X1, 1) - (X2, ¥2) = (X1X2 = y1y2, X1Y2 + Y1X2).

In Section 2 we will construct the maps @ : S! — Q p using our explicit understanding of this group
scheme.

Proposition 1.12 [Hu 2005, Proposition 1.1] There is an equivalence Q ® SC ~ ]P)]IIR' In particular, both
SC and Q are invertible.
At this point we are ready to define the appropriate notion of homotopy groups for studying SH(R)AT.
In the case of SH(C)AT, the category has a bigraded family of compact invertible generators given by the
spheres SP~2¥ ®(P<é)®w. Therefore, it is typical to study objects at the level of their bigraded homotopy
groups, given by
g w(X) 1= 7o Map(SP ™2 ®(PL)®™, X).

In a similar way, SH(R)T has a bigraded family of compact invertible generators given by the spheres
Sp2w ®(Pg)®", and it is typical to study objects through their bigraded homotopy groups. Using

Proposition 1.12 and equation (1), the category SH(R)AT has a trigraded family of compact invertible
generators given by the spheres S?™% @(SC)®1* g (P§)®w, and we will study most objects through

their trigraded homotopy groups.

Notation 1.13 We endow the categories Sp, Spc,, SH(C) and SH(RR) with Picard gradings by spheres
as in Table 1. These grading conventions were chosen to play well with the comparison functors between
these categories; see Recollection 1.17.

6 Applying this construction as in Example 1.11, for example, yields a motive that is neither Artin nor Tate by Proposition 1.12.

"By a form of G,,;, we mean a group scheme over R whose base change to C is isomorphic to Gy,. By Cartier duality, forms
of G, are classified by rank 1 lattices with Galois action, and Q corresponds to the unique nontrivial action.
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category | Picard spheres

Sp Z SP ~ (§1)®r

Spc, Z X7 SPHI7 ~ (S1)®P @ (§°)®4

SH(C) |ZxZ SPW ~ (§H®r—2v g (P(é)@’w

SHR) | ZXxZxZ | SPPY ~ (SH)®P~ ¥ g (SC)®I~v g (PL)®O¥

Table 1

R

For any p,q,w € Z, and any R-motivic spectrum X, we let 7, , ,

X denote the group of homotopy
classes of maps
(SHEP ™ g (S @ (Pg)®” — X.
Example 1.14 For convenience we record what the invertible objects considered in this section look like
under this new notation:
SO,O,O;:L]R Sl,(),();sl SO’I’OQSC SO,I,I ’E(Gm SI,O,I ~ Q Sl,l,l ;PI}R
In the case of S®%° we will often drop the indices for brevity, writing only S. The two maps between
Picard elements considered thus far, @ and a, become
de 713%0’_1 Sp and ae€ JT(]E_LO S.
Remark 1.15 The trigraded spheres in SH(R)AT which are Tate are precisely the spheres of the form
SP-9-4_ For this reason the Tate category only sees a “slice” of the total information present in the trigraded
homotopy groups.

The trigraded spheres in SH(R)AT which are Artin are precisely the spheres of the form S?+4:°. The
Artin category similarly only sees a “slice” of the total homotopy groups.

1.2 Comparison functors

The two simplest ways to interrogate a category are to study specific objects and to study the network
of functors which relate it to other categories. While the previous subsection provided preparatory
background on specific objects, this subsection sets up the suite of functors which we will use to produce
and study more general objects. In the specific case of R this means studying the various ways we can
move between SH(R), SH(C), Spc, and Sp.

Recollection 1.16 Given a finite, separable extension of fields i : kK — £, there are two pairs of adjunctions
and one extra functor coming from the six functor formalism

i*SH(k) 2 SH) 1ix, ir: SHE) 2 SH(k):i' and iy: SH() — SH(K),
where i* is symmetric monoidal. Since i is smooth, proper and unramified we have equivalences
Iy > ix~igandi '~ j*: see [Hoyois 2017, Theorems 6.9 and 6.18]. These equivalences tell us that

(1) i* and i4 both commute with all limits and colimits, and

(i) if X is a smooth £-scheme, then i X ~ X, where the second copy of X is considered as a k-scheme.
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In Appendix A, as an example of the techniques showcased there, we show that for fields of characteristic
zero there is an equivalence of presentably symmetric monoidal categories
SH(£) >~ Mod(SH (k); Spec(£)),
and i4i *(—) ~ Spec({) ® —. This equivalence tells us that no new information enters the picture when
we pass to a field extension. Specializing to the case of C /R the above equivalence becomes

SH(C) ~ Mod(SH(R); Spec(C)).

Using the descriptions of i and ii* we can conclude that both i * and i, restrict to the full subcategory
of Artin—Tate objects. Thus we obtain a similar description of the Artin—Tate category of a field extension:
SHU)AT ~ Mod(SH (k)"T; Spec(?)).

Specializing to the case of C/R, we will sometimes denote Spec(C) by Ca since it is (by the definition
of a) the cofiber of the map a : S~ 10 — S99 The above equivalence becomes
SH(C)AT ~ Mod(SH(R)AT: Ca).

At this point we turn to studying the case of R more closely. Though some of the things we do after this
point have obvious analogues in other cases, many of our key maneuvers implicitly rely on the fact that R
has a finite (and well-understood) absolute Galois group. In particular, we will now assume that the reader
is familiar with C,-equivariant homotopy theory as in [Hill et al. 2016]. Equivariant homotopy theory
first enters the picture through the Betti realization functors of [Morel and Voevodsky 1999, Section 3.3].

Recollection 1.17 There is a commutative diagram of symmetric monoidal left adjoints:
(e

SH(R) > SH(C)

SP-9-w s §Ptew

s | l be

§ptqo  , §ptq
¢£’

Spc2 > Sp
In the above diagram, (—)¢ is the base change functor, ®¢ is the underlying functor and Be are the
Betti realization functors, induced by the assignment X — X(C). The inner square describing these

functors on Picard objects can be verified by considering Q, G, and S! directly.’

Remark 1.18 Since the Betti realization of S?*?*% is SPT9%  we think of w as recording the motivic
weight and p, g as providing a copy of RO(C5) in each weight. The Tate spheres are those of the form
S?%4 5o in the bigraded world the number of ¢”’s in the RO(C»)-grading must equal the motivic weight.
This restriction blinds one to the existence of a weight-shifting element @ in RO(C,) grading 0, which is
the true analogue of the C-motivic t.

8The observation that spurred the authors to begin this project was that, upon restricting to categories of Tate objects, the
induced square on Picard groups is not a pullback, but with Artin—Tate objects it is in fact a pullback.
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Having discussed Betti realization, we now introduce the less well-known functors ¢ and ¢c /g which

provide sections of Betti realization.

Recollection 1.19 There are symmetric monoidal left adjoints ¢ and ¢c /g, which fit into the commutative

diagram §p+ao §P:4.0 y §Ptao
idspc-,
Spc, /DW%GRO ——— Spc,
lq,e l(—)cc }Pg
idsp
SP y SP0 > SP

The functor c is the unique symmetric monoidal left adjoint coming from the fact that Sp is the unit of
pri-sb, gee Example 1.6. The functor ¢c /R is constructed in [Heller and Ormsby 2016], by beginning
with the functor

{finite C,-sets} — SH(R)

from Example 1.9 and then extending it to all of Spc, .

Since they are symmetric monoidal left adjoints, it is easy to see that the composites Be o ¢ : Sp — Sp
and Beocc/r : Spc, = Spc, are equivalent to the identity. In fact, upon restricting to the appropriate
target category we uncover something more interesting:

Theorem 1.20 [Levine 2014; Heller and Ormsby 2016, 2018] The symmetric monoidal functors ¢ and
cc,r factor through the respective categories of Artin objects and provide equivalences,

c:Sp =5 SH(C)* and cc/Rr : SPc, = SHR)™.

Corollary 1.21 The induced maps,

CC/R R Be Cs
S Tpg0S = Tpigo S

4 C Be Cy
TS — 7w, S— S and w3,

are isomorphisms for all p and q.

Remark 1.22 This corollary provides an identification of n(]?() o S with the Burnside ring of C3. It is
isomorphic to Z @ Z, with generators 1 and [C,] and the relation [C,]? = 2[C,].

Morel’s identification [2006] of m; 1k in terms of Milnor-Witt K-theory provides another way of

R R
0,0,0 0,0,0

the relation (5§[—1])%> = —2n[—1]. We denote by p the element —[—1]. The translation between the two

assigning names to elements of & S. In these terms 7 S is generated by 1 and n[—1], subject to

bases described above is given by np =2 —[C5].
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1634 Robert Burklund, Jeremy Hahn and Andrew Senger

Remark 1.23 When working over a general field one might think to replace the Betti realization by some
variant of étale localization; see [Elmanto and Shah 2021]. The analogue of this theorem would be that
the category of Artin objects is already étale local. However, in many examples (such as finite fields) one
consequence of the Morel connectivity theorem [2005] is that this is not true. An important precursor to
answering Question 1.2 will be producing the variant of equivariant homotopy theory which appears as
the category of Artin objects.

Remark 1.24 Using the functors ¢ and c¢c /R the mapping spaces in SH(C) and SH(R) can be upgraded

into mapping spectra and mapping C,-spectra, respectively.

Summary 1.25 There are commuting diagrams

idspc-,
(_) /\
SH(R) —5s SH(C) SPc, e SHR) —5 Spc,

lBe y lBe I l(—)c B Lo
Spc, —— Sp Sp —5— SH(C) —== Sp

idsp
and various functors considered in this section enjoy the following properties:
(i) Each of (—)c, Be, ®°, ¢ and cc R is a symmetric monoidal left adjoint.
(ii) Both (—)c and ®°¢ are right adjoints as well.

(iii) All of the functors restrict to the categories of Artin—Tate objects and retain the properties listed in (i)
and (ii). In later sections we will almost exclusively deal with these restrictions so we will not use

distinct notation for them.

(iv) On Picard elements the functors in the diagrams above behave as follows:

4 + WY +40\ . 1P.4.0

Be(lﬁéq Yy = 152 1 Be(lfcw) >~ S*, c(c/]R(llc’2 19y ~ 1]§q ,
70 b ~ > ~s

e(SH =1’ (AR =1L (1L 1) = 5P
Proof The only one of these which we have not already discussed is (ii). The functor (—)c can be
described as tensoring up to Ca. Since Ca is dualizable this functor commutes with all limits and colimits.
Similarly, we may conclude that ¢ commutes with all limits and colimits. |
1.3 R-motivic spectra as a deformation

In this subsection we refine the statement of Theorem 1.4 into a sequence of precise claims, which we will
verify across the remainder of the paper. We summarized both Theorem 1.1 and Theorem 1.4 by saying
that the category of Artin—Tate motivic spectra is a 1-parameter deformation of a purely topological
category. To start, we clarify this, first over C and then over R.
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(i) There is a distinguished element of the p-complete homotopy groups over C, t € g —; S, which
maps to 1 under Betti realization; see [Hu et al. 2011b, Lemma 23]. (The Betti realization map
n(()c_l Sp — mo Sp is an isomorphism so the latter property uniquely identifies 7.)

(i) The Betti realization functor factors through the category of 7-local objects and provides a symmetric
monoidal equivalence
Mod(SH(C)jy: Splt™'1) =~ Sp;), -

The idea for this goes back to [Dugger and Isaksen 2010, Section 2.6], but was first proven in
[Pstragowski 2023].

AT . . Fil . . .
(iii) The category SH(C); » can be equipped with the structure of a Sp; 1‘, -algebra. More explicitly, this

means we have a symmetric monoidal left adjoint
i*:Spjy > SH(C)}y .

which sends the shift map in Spf;l

commutative algebra, a fact originally proven by Gheorghe [2018].

to 7. As a consequence of this Ct acquires the structure of a

(iv) The category of modules over Ct is equivalent to a renormalization of the derived category of even
BP.BP-comodules. More specifically we have

Mod(SH(C);3: Ct) ~ Ind Coh(My);p.

This equivalence sends Ct ® S*¥ to ¢ _2wwg}"Mf , and on the level of homotopy groups it induces
g

an equivalence

nfw (Cr) ~ Extég;asf,w (BP., BP).

The equivalence of categories is due to Gheorghe, Wang and Xu [Gheorghe et al. 2021], though
the above isomorphism of groups was first proven by Isaksen [2019, Proposition 6.2.5] and then
upgraded to an isomorphism of rings with all higher structure by Gheorghe [2018].

(v) There is an equivalence of symmetric monoidal categories between SH(C )‘lf‘;;F and Syni,vl‘fj“’i p» Where

the latter is the category of even MU-synthetic spectra constructed in [Pstragowski 2023]. Notably,
Pstragowski’s construction uses no algebraic geometry, and requires only knowledge of the homotopy
commutative ring object MU in Sp. The comparison between these two categories proceeds via the
close relationship between MGL and MU.

(vi) The adjunction 7 is affine in the sense that there is a commutative algebra R(.C in Spii!

ip
equivalence of symmetric monoidal categories under Spg']l

and an

SH(C)Y ~Mod(Spfy: RY).

Moreover, the commutative algebra Ric admits an explicit construction which uses no algebraic

geometry. It is given by
RE := Tot* (122, MU?*H).
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This construction uses only the commutative algebra MU in Sp, and again the comparison proceeds
via the close relationship between MGL and MU. This approach is due to Gheorghe, Isaksen, Krause
and Ricka [Gheorghe et al. 2022].

In fact, every aspect of the picture over C extends to R in the simplest reasonable way. The reader
who has previously studied R-motivic spectra may find this rather surprising (as the authors did), and we
suggest that this highlights the primacy of the Artin—Tate category over the Tate category. Most of the
results below are stated at the prime p = 2, where they are most interesting. The case of odd primes is
discussed in Proposition 1.32 and Section 9.

(i) There is a distinguished element of the p-complete homotopy groups over R, @ € 7g,9,—1 Sp, which
maps to 1 under Betti realization.” We will construct & in Section 2.

(i1) The Betti realization functor factors through the category of d-local objects, and provides a symmetric
monoidal equivalence
Mod(SH(R)S: S2[T ') ~ Spe, iz -

This will be proven as the main theorem of Section 3.
(iii) The category SH(R sz can be equipped with the structure of a Spfzil—algebra. More explicitly, this

means we have a symmetric monoidal left adjoint
i*:Spiy — SH(R)AT,
which sends the shift map in Sp}“zil to . As a consequence of this C acquires the structure of
a commutative algebra. We may also regard SH(R fg as a Spc,-algebra via the functor ¢c/R-
Tensoring these two functors together we obtain a symmetric monoidal left adjoint
it Splg;’iz — SH(R)?Y.
These statements will be proven in Section 4 as part of Proposition 4.5.

(iv) The category of modules over Cd is equivalent to a renormalization of the derived category of
an abelian category of equivariant BP,BP-comodules. More precisely, we have an equivalence of
presentably symmetric monoidal categories

Mod(SH(R)? : C) > Mod(Sp,: Z>) ®2z Ind Coh(My,).

This equivalence sends CTQ SP9¥ to x(P~w+l—wloyz, ¢ a)g}”/\/lf and on the level of homotopy
g
groups it induces an isomorphism

R ~ 2 c
TpgwCT= @ Extgpip(BPy BPa@m 2 0 7).

w+a—s=p
This will be proven as the main theorem of Section 5.

9As above, the Betti realization map Jrg{() _1Sp— noc 2 Sp is an isomorphism so  is uniquely identified.

Geometry & Topology, Volume 30 (2026)



Galois reconstruction of Artin—Tate R-motivic spectra 1637

(v) The adjunction i is affine in the sense that there is a commutative algebra R]Eg in Splg; i» and an

equivalence of presentably symmetric monoidal categories under Spg i

SH(R);T ~ Mod(Spgh ;,: RY).

Moreover, the commutative algebra RI.R admits an explicit construction which uses no algebraic
geometry. It is given by

RY :=Tot* (P2 MU %),

where Py, is the functor which takes the n™ slice cover of a C; spectrum. This construction uses only
the commutative algebra MUR in Sp¢, introduced by Landweber [1967; 1968]. The comparison
proceeds via understanding the close relationship between MGL and MUpR over R. This will be
proven as the main theorem of Section 4.

Using the second special element of the trigraded homotopy groups of the sphere, a € ”(]5—1 0SS, we
can delve further into the structure of SH (R)?zT . In order to do this we begin with a digression on the
element a, in Cy-equivariant homotopy theory.

Proposition 1.26 The category Spc, can be viewed as a 1-parameter family with coordinate a., special
fiber Sp and generic fiber Sp in the sense that:

e The category of a-local objects can be identified with spectra, i.e., there is an equivalence of
presentably symmetric monoidal categories

Mod(Spc,; S[a;l]) ~ Sp.

e The cofiber of a,, which we will denote by Ca,, can be endowed with a commutative algebra
structure and there is an equivalence of presentably symmetric monoidal categories

Mod(Spc,; Cag) >~ Sp.
o There is a monoidal left adjoint'®
i*:Sptr — Spc, -

which sends 1(1) to S°. Moreover, this adjunction is affine in the sense that we have an equivalence
of categories

Spc, ~ Mod(Sp®"; RE?),  where RS? ~ SRP .

This result is likely well known to experts. We give a proof in Appendix A as Examples A.8 and A.9.
Since therein the pair of functors ®¢ and ®<2 out of Spc, become identified with modding out by a,

10The authors will return to the question of whether this functor can be upgraded to a monoidal functor in from filtered
spectra in a future work.
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unspecified T=0 a=1
unspecified | SH(R);3 | Mod(Spc, ;»: Z2) ®z Ind Coh(Myg,) | Spc, 12
a=0 SH(C)H Ind Coh(My,)i2 Spi»
a=1 ? Mod(Sp; F2[u25]) ®z Ind Coh(My,) | Sp;»
Table 2

and inverting a., respectively, this proposition produces a diagram of symmetric monoidal left adjoints

@ ®¢
p ¢ G Spc, > Sp
\ A;l] CM /
Mod(Spc,; Sla, Mod(Spc¢,; Ca)

We are now free to use the functor ¢c/r to push our description of Spc, as a 1-parameter deformation
into SH(R sz and obtain a description of that category as a 2-parameter deformation of Sp;, with
coordinates @ and a. For example, we can give Ca the structure of a commutative algebra since
cc/Rr(as) = a. Note that by Summary 1.25 the commutative algebra structure obtained in this way is the
same as the one coming from the equivalence Ca >~ Spec(C).

While the 1-parameter deformations considered up to now had only a special and a generic fiber, when
considered as a 2-parameter deformation SH(]R)?zT has various “limiting behaviors”, which we presently
study. Since each parameter can be set to either 0 or 1, or left unspecified, there are 9 total categories of
interest. We summarize what we know in Table 2.

The only identification in this table which we have not yet discussed is the one in the bottom middle.
However, one can easily obtain this from the identification of C@-modules and Lemma A.10:

Mod(SH(R)}y ; Cala™"]) = Sp;, ®spe., ,,Mod(SH(R)3 ; CA)
~ Sp;» ®spC2!i2Mod(SpC2,,~2, Z5) ®z Ind Coh(Myy)
~ Mod(Sp;»; ®2Z3) ®7 Ind Coh(My,)
~ Mod(Sp: F[u24]) ®z Ind Coh(My,),
where the final step is just the identification of ®©2Z with F»[u»,] where 15, is a polynomial generator

in degree 2. As a corollary, we can give a description of the trigraded homotopy groups of several objects
in SH (R)?ZT in terms of better understood categories.

Corollary 1.27 There are isomorphisms of rings:
(i) Ty (Ca) =70, S,

(i) 7R, ,(Ca® CT) = Extyp 274" (BP,, BP,),

(iii) 7y, (Calf@™p) = 744 Sp.
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(v) 7 p q, w(CT) = @w+a—s=p EX%ﬁﬁSP(BP*’ BP, ® na—}—(q w)a—2)

) 7 q R ow(CTa ) = Dy 20 e, (F2{u>?} ®F, Extyp 5p(BP+. BP./2)),
(Vi) 7 (SalT 1) = 7% S,
(Vi) 7pg.w(Sala™ !, 7)) = 7, S,

We now turn to the category of a-local objects, only labeled “?” in the table above. It is one of the
most mysterious actors in the story told in this paper and we shall devote Section 7 to its study. As we
shall see, it records a deformation of the category of spectra sitting between that which corresponds to the
Adams—Novikov spectral sequence and that which corresponds to the classical Adams spectral sequence.

The role it plays in mediating between these two spectral sequences remains to be understood.
Since a = ¢c/r (ds) and ay = Be(a), we can construct a diagram of symmetric monoidal left adjoints

SHER) — 2 Mod(SH®R): S[a=1])

2 [+

2
Spc2 > Sp

As the diagram shows, the category Mod(SH(R); Sa[a~!]) can be viewed as the target category of an
“R-motivic geometric fixed points” functor. Since ®¢2(MUR) =~ MO, one might guess that the category
Mod(S’H(R)l2 ;
comparison functor.

Sa[a™1]) is related to Pstragowski’s synthetic category Syny.!! Indeed, we construct a

Proposition 1.28 There is a symmetric monoidal left adjoint
Rep, : Mod(S?—[(]R)l2 .Syl ) — Syng,
which sends S?4% to SP°*.

On the other side, an interesting functor into Mod(SH(R)AT: S»[a~!]) may be constructed using the

Bachmann—Hoyois motivic norm functors.

i2°

Recollection 1.29 Bachmann and Hoyois [2021] constructed symmetric monoidal norm functors along
finite étale maps. These norm functors may be thought of as an indexed tensor product and in the case
of R they fit into the following diagram showing compatibility with the Hill-Hopkins—Ravenel norm
functors in equivariant homotopy theory [Bachmann and Hoyois 2021, Section 11]:

SHC) — " su(R)

l/Be l/Be
Ca

From [Bachmann and Hoyois 2021, Example 3.5, Lemma 4.4, Example 4.10] we can conclude that, on
bigraded spheres, Nm% (S(sc’w) ~ S%%:2% The functor Nm]}é is polynomial of degree 2 and when applied

1 The spectrum MO is a sum of copies of F 5, and as we shall see this implies Synyo = Syng,, -
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to a direct sum we have a formula [Bachmann and Hoyois 2021, Corollary 5.13]
NmE (X ®Y) ~ NmF(X) @ix(X ® Y) @ NmE(Y).

Since Nm]}é commutes with sifted colimits, it follows from the above that it restricts to a functor on the
categories of Artin—Tate objects

NmE : SH(C)AT — SH(R)AT.
While the norm functor Nm]}é 1s not exact, it becomes exact after a is inverted.
Proposition 1.30 The composite

R \—1
SHO)A M, s ®)AT 2L Mod(sHR)AT: S50 1)

is a symmetric monoidal left adjoint. On Picard elements this composite sends Si’w to Ssz’*’zw[a_l]. The
map T is sent to T>.

In conclusion, we have a pair of functors

Nmg (—)[a™']
—_—

SH(C)MT Mod(SH(R)AT: Syla™"]) —225 Syng,

which are each the identity on spectra after inverting @ and 7. It would be very interesting to obtain a
better computational understanding of the a-local category and the behavior of these two functors. More
ambitiously, we ask:

Question 1.31 Is there a good description of the full subcategory of a-local objects in ‘S”;'-L(R);.AzT ? What
geometric information does the a-localization of a smooth projective variety X remember?

The careful reader will have noticed that we switched from p-completing when discussing C to
2-completing when discussing R. The reason for this is that at an odd prime the category S?—[(R)gf
admits the following simple description in terms of SH(C f‘; .

Proposition 1.32 There is an equivalence of categories

SH(R);, = Sp;, xSH(C)jy x SH(C)7y.

This will be proven in Section 9.

1.4 Potpourri

In this subsection, we collect a number of additional results about the category of Artin—Tate R-motivic
spectra that are worth highlighting.

1.4.1 Trigraded R-motivic homology and Steenrod algebra From a computational point of view, an
important first step in studying the trigraded homotopy groups of R-motivic spectra is the computation of
the trigraded homology of a point and the trigraded dual Steenrod algebra. Leaning on known bigraded
computations, we make these computations in Section 3.
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Proposition 1.33 Let MZ, and MIF, denote 2-adic and mod 2 motivic Eilenberg—Mac Lane spectra. As
trigraded commutative rings, with || = (0, 0, —1), there are isomorphisms

pq wMZZ = ( p+qqZ2)[ ]

p q, wMIF2 = ( p+qo—IF2)[H]

Here, JTI,C+qaZz and +qU]F2 are placed in degrees (p, ¢, 0)
Remark 1.34 There are well-known elements 7 € n{R_l (MF; and us € 7[1 F,. Writeu € JT]IR 1 OMIFZ

for the corresponding element. Then there is a relation (see Corollary 3.6)
T=q-u, ie, tau=ta-u.

This was the original motivation for our choice of the character d.

Proposition 1.35 The trigraded dual Steenrod algebra JTE*,*(MIFZ ® MIF,) is isomorphic to

(MF2)ssx[t0. 71, - . .. E1. &2, .. 1/ (17 = T(a@tip1 + ubiv1 + atobiv)).
Here, |t;| = (21,2 — 1,2/ —1) and |&| = (2" — 1,20 — 1,2/ —1).
Remark 1.36 The reader may notice that the “negative cone” in the C,-equivariant homology of a point
appears in the above formulas. This is a feature of the Artin—Tate category, as opposed to the Tate category.

We expect that a computer could be coaxed into computing the MIF,-Adams spectral sequence for the
trigraded homotopy of Cd, and that the natural maps between this spectral sequence and the MIF,-Adams
spectral sequence for the trigraded homotopy of the sphere would provide many of the differentials in the
latter. This technique would likely be the most efficient way of computing both trigraded R-motivic stems
and (in the long-run) the bigraded C,-equivariant homotopy groups. However, as the quad-graded nature
of this computation would begin to tax our ability to visualize data it is unlikely that such a computation
could be accomplished without the aid of a well-developed software suite for manipulating spectral
sequence data.

1.4.2 The effective slice filtration In Section 4.2, we study Voevodsky’s effective slice filtration. The
effective slice filtration associates to any object E € SH(k) a tower

"_)sz_>f1E_)f0E_>f—lE_)f—ZE—>"'—)E.

The main result of the section is the following proposition, proven as Proposition 4.8 which identifies the
Betti realization of this tower.

Proposition 1.37 The functor iy : SH(R ?; — Splg; ;> sending E to the tower
0,0,1 a 0,0,0
..eMapSH(R)?'Zr(Sz ,E)—)MapSH(R);\"zF(SZ ,E)—)-..

is equivalent to the functor Beo f, : SH (R)fZT — Spg,i2 taking E € S’;’-[(]R);.A‘zT to the Betti realization of
its effective slice tower.
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Recollection 1.38 Voevodsky has defined the “rigid homotopy groups” [Voevodsky 2002, Definition 5.1]
of an R-motivic spectrum X to be
R

,rig . R
TpgwX =7y 4 pSwdX,

where s, X is nth effective slice of X, i.e., the cofiber of f, 1 X — frX.

Using the notion of rigid homotopy groups, he observed the phenomenon of algebraic degeneration in
motivic homotopy theory. Since the associated graded of this tower also computes the homotopy groups
of X ® CA, it follows from the proposition that nE;fng ~ nI]Eq,wX ® CT when X € S”H(R)?ZT. This
shows that Voevodsky’s ideas about algebraic degeneration line up with notions coming from the cofiber
of @ (or t) philosophy.

The proposition also implies that the so-called C,-effective spectral sequence (see [Kong 2020]) is
interchangeable with the d-Bockstein spectral sequence.

1.4.3 The functor vg In Section 6.2, we will construct a lax symmetric monoidal functor
VR :Spc,.i2 = SH(R)Y.

which is a section of the Betti realization functor and sends Sgp to S;’"’". This functor is defined
similarly to Pstragowski’s synthetic analogue functor [2023, Definition 4.3]. Unlike the section cc /g of
Heller—Ormsby, the functor vg is not exact. However, it is better adapted to the construction of interesting
R-motivic spectra, as the following result shows.

Proposition 1.39 There are equivalences of commutative algebras,
UREZ ~ MFz, URZz ~ MZz, VR MUR,Z ~ MGLz, l)RkllR’z ~ kglz, ka0C2,2 ~ kq2

On the one hand, this proposition suggests that each of the 2-complete R-motivic homology theories
above is not particularly far from being purely topological. On the other hand, it suggests that one may
profitably define R-motivic analogues of 2-complete C,-equivariant homology theories by applying vg.
For example, if we had a good definition of 2-complete C,-equivariant connective topological modular
forms tmfc, », then we could define a spectrum of R-motivic modular forms as vgtmfc, ». Unfortunately,
no such definition is currently known.

1.4.4 Further deformations One of our motivations for this project was the hope that a deformation-
theoretic description of Artin—Tate R-motivic stable homotopy theory would suggest other profitable
deformations of classical stable homotopy theories.

In Section C.1, we show how a 1-parameter deformation of a stable presentably symmetric monoidal
category C may be associated to a choice of object E € C and filtration {C>j } of C. The case of S’H((C);f,r
is associated to the case where E' = MUp, C = Sp;,, and C>x consists of the 2k-connective objects. The
case of SH(R);.A‘T, on the other hand, is associated to the case where £ = MUR , C = Spc, ;, and C>¢
consists of the regular slice 2k-connective objects. Note that while the completions are necessary for the
link to motivic homotopy theory, for the purpose of studying classical homotopy theory one may just as
well work with integral deformations.
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This suggests several other deformations that may be profitable to study.

(1) We can take the deformation of C,n-equivariant homotopy theory with respect to the norm Ng;" MUR
and the even slice filtration.

(i) At odd primes, one could try to construct the deformation associated to the hypothetical spectrum
BP,, and the even regular slice filtration.

(iii) One could take the deformation of Sp¢, associated to I, and the regular slice filtration. At the prime
2, this is connected to a variant of the IF,-Adams spectral sequence. Dylan Wilson has suggested that
this variant may be more tractable at odd primes than the [ ,-Adams spectral sequence, considering
his forthcoming work with Krishanu Sankar proving that [, ® IF, is not a free [ ,-module.

(iv) The deformation of Synyy; based on v IF;, and an appropriately chosen filtration would likely shed
much light on the motivic Adams spectral sequence over C. Such a category might be called a
“bisynthetic”.

Notations and conventions

Throughout this paper the term category will refer to an co-category as developed by Joyal and Lurie. In
some places we use the term 1-category, which is short-hand for 1-truncated oco-category. We will also
assume the reader is familiar with higher algebra as developed in [Lurie 2017].

Throughout this paper, filtered and graded objects will be ubiquitous. We adopt the convention that a
filtered object in a category C is a diagram of the form

-~-—)C2—>C1—)C0—>C_1—)C_2—)-'~,

i.e., that the maps decrease the index variable. We provide a more complete introduction to filtered objects
in Appendix B, where we set up notation for several standard constructions.

Let C denote a stable, presentably symmetric monoidal category. We will let C,, denote the category of
p-complete objects in C; this category acquires a symmetric monoidal structure through the completion
of the symmetric monoidal structure on C. Similarly, if X is an object of C, we let X}, denote the
p-completion of X. If C has a set of compact generators, then we let C;, denote the ind-completion of
the full subcategory of C generated under finite colimits and retracts by the p-completions of compact
objects. In the situation where the unit is compact and all compact objects are dualizable, this definition
admits the following simplification: C;, >~ Mod(C; 1,). The tensor product can then be described as the
relative tensor product over 1,. The reason for this equivalence is that tensoring with a dualizable object
commutes with limits, so for X dualizable X, ~ X ® 1,.

Our reason for using C;, over C, is that, even if the unit in C is compact, the unit in C, may not be
compact. On the other hand, compactness of the unit in C implies compactness of the unit in C;,. This
will make certain arguments more direct in the i p case. The reader who strongly prefers the usual notion
of p-completion will be relieved to know that in convenient cases (such as those in which we work
throughout this paper) (Cip)p = Cp. Therefore, all the main theorems above admit p-complete analogues.
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When C is a stable category and X, Y € C are objects, we will typically let Map. (X, Y') denote the
spectrum of maps from X to Y. One exception is when C comes with a natural enrichment to C,-spectra,
such as when C = SH(R). In that case, we will regard Map. (X, Y') as a C,-spectrum. When we want to
access the underlying space of maps, we shall use the notation 2°° Map,(X,Y).

2 Constructing the element ta

The map 7 and its properties are the most striking feature of the category of p-complete motives over C.
In this section we construct a map @ which plays the role of v over R and verify its basic property: its

Betti realization is 1.

Theorem 2.1 For all primes p, there is a class T € JT(I)RO _1 Sp with the following properties:

(i) Under Betti realization, d goesto 1 € 7[0C zS,.
(ii) Under base change to C, T goes to T € JT(()C’_I Sp.

Surprisingly, as with the element 7 in previous work, we will not need to use any information about
the construction of  besides properties (i) and (ii) outside this section. Since the construction of @ will
be completely analogous to the construction of t over C, we begin by recalling that construction. The
construction below is inspired by [Hu et al. 2011b, Remark on page 22; Bachmann et al. 2020, Section 4].

2.1 Constructing 7 over C

We begin by fixing a compatible sequence of primitive ( pk)th roots of unity {{,x jx>o. We may then

construct the following diagram of varieties over C:
Spec(C) L Spec(C) —— Spec(C)

(}:pk 1) o Gﬁ

After passing to the associated diagram of motivic spaces we can add a third column by taking cofibers:

Spec(C) L Spec(C) — Spec(C) ——— S!

J/(Cp/( > 1) ll lrk
Kk
G, [p"]

s Gom > Gm/[p*]

Using the compatibility of the chosen primitive ( pk ) roots of unity, the maps 7 so defined are compatible
in the sense that there are commutative diagrams

1

st—1 gt

lfk l/fk —1

Gm/[p¥] — Gum/[pF 1]
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Stabilizing and using the fact that X®°[p¥]: S"! — S:1 is equivalent!? to pK over C, we find that
we have constructed a compatible system of elements 73 € JT(()C_I S/ pk . Passing to the limit, we obtain

C
the element t € Ty Sp.

Proposition 2.2 For some choice'3 of {¢ ok Jk>0, We have Be(t) = 1.

Proof We will show that Be(t) € o Sp = Zp is a p-adic unit. Then, using the action of Aut(ppee) =Z
on systems of ( XY™ roots of unity, we may change t by multiplication by any p-adic unit.

It now suffices to show that the Betti realizations of the unstable maps 7 : S* — G, /[p¥] are surjective
on 7;. Since [pK]: C* — C* is a principal W pi-fibration, it is classified by a map C* — B« and we

can form the following diagram:

S0 > SO > % > S
l({'pk,l) &en | |

k
e — €x 2L, o » C*/[p¥]

The dashed map C*/[ pk ] = B,k is an isomorphism on 7y after Betti realization, so it suffices to

show that the composite map S — C*/[p¥] — Bii,k is surjective on Betti-realized 7. This follows
1 . .. 0 k>l

from the fact that the map S° — B« is adjoint to the map S° ——— k. a

2.2 Constructing @ over R

We now imitate the construction of 7 above to construct @ and prove Theorem 2.1. The key point is that
there are two forms of G, over R. While the roots of unity ¢, do not lie in

{£1} CGm(R) € Gu(C) =C*,
the other form of G,, over R (which is the “algebraic circle”, Q, given by {x? + y? = 1}) has
ST=0®R) < 0(C) = Gy(C)=C*
As such, we are free to imitate the construction of t above with G, replaced by the algebraic circle Q.
k)th

Let {$ }k >0 be the system of primitive (p*)™ roots of unity satisfying the conclusion of Proposition 2.2.

As before, we form the diagram of R-motivic spaces:

Spec(R) I Spec(R) — Spec(R) ——— S'!

l(;,,k,l) ll lak
0 [p"]

> Q > Q/[p*]

12This follows from Corollary 1.21, since the Betti realization of [ pk ] is clearly pk .
3 Tracing through the identifications, one sees that the choice of roots of unity which yields 1 is exp(27i/ pk).
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Before finishing the construction and proving Theorem 2.1 we need a short lemma which identifies the
map [p¥].
Lemma 2.3 The map °[pk]: S1-%! — 101 js homotopic to p* : 101 — S1.0:1,

Proof Since the map ]T(I)R’O,O — ]TOC 2 induced by Betti realization is an isomorphism by Corollary 1.21,
it suffices to show this after Betti realization. Upon Betti realization, this is a map S! — S! which
induces multiplication by pk on both geometric fixed points and on the underlying spectrum. The map
JTOC 2 — 7 & Z given by (underlying, geometric fixed points) is injective. |

Proof of Theorem 2.1 Stabilizing and applying Lemma 2.3, we obtain a compatible system of classes

R
di € To.0,—

that the base change of @ to C is 7. Since the Betti realization of 7 is 1, we find that the underlying of the

.S/ p* which give rise to a class @ € 7'[(]50,_1 Sp. It follows immediately from the definition

Betti realization of T is 1.

In order to show that the Betti realization of d is 1, it therefore suffices to show that it is multiplication
by some p-adic integer. To do this, it suffices to do so modulo pk for all k. Modulo pk , the Betti
realization of & arises as the stabilization of a map S' — S/ pk of C-equivariant spaces, and all such
maps are given by multiplication by a p-adic integer. |

3 The ta-local category

In this section, we show that Betti realization identifies the category of d-local Artin—Tate R-motivic
spectra with the category of C,-spectra. Indeed, we know from Theorem 2.1 that Be(d) = 1, so that
Be factors through the category of d-local objects. The main theorem of this section is that the induced
functor is an equivalence.

Definition 3.1 Let S,[d~!] denote the commutative algebra given by
So[A 1] = colim(s3:00 5 s901 £ 5002 5

The category of modules over S,[d@~!] in SH(R)?zT is equivalent!* to the category of @-local objects in
SH (R)?ZT . Since the Betti realization of T is 1, Betti realization factors through d-localization providing
a symmetric monoidal functor

Be : Mod(SH(R): S2[T']) — Spe,.in -
Theorem 3.2 Betti realization induces an equivalence of symmetric monoidal categories
Be : Mod(SH(R)%; Sl@ 1) = Spe, iz

with inverse equivalence given by Y (—) := cc/r (—)[T —11. Simply put, inverting T in SH (IR)j.*zT recovers
SpCz,iZ'

14Here we use the fact that one may invert an element in the Picard-graded homotopy of a commutative algebra and the
associated description of the module category as a localization from the proof of [Lurie 2018a, Proposition 4.3.17].
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The main step in our proof of this theorem is showing that Y is fully faithful. Since ccg is fully
faithful, as proved by Heller and Ormsby (see Theorem 1.20), this reduces to studying the interaction
of @ and ¢c/r. Our method of proof is to prove the appropriate statement at the level of MIF, by direct
computation, extend to dualizable objects by descent, then extend to all objects by colimits. This strategy
requires knowledge of the trigraded homology of a point and the structure of the trigraded dual Steenrod
algebra as an input. Since this is of independent interest we have separated it out as its own subsection.

3.1 The homology of a point

In this subsection we compute the trigraded homology of a point and the structure of the dual Steenrod
algebra. Although we only use coarse information extracted from these computations in this paper, we
hope that they are useful to readers more interested in computations. The reader who has heard that
R-motivic computations are simplified by the absence of the “negative cone” may be surprised to learn
that it is present in the trigraded picture.

Proposition 3.3 As trigraded commutative rings, with || = (0, 0, —1), there are isomorphisms
p q, wMZZ = ( p-‘rqaZZ)[ ] and np q, u)M]FZ = ( p+qo'_2)[ ]

where

p+q022 and 7

T, + g0k 2 are each placed in tridegree (p, g, 0).

Before we move on to the proof of Proposition 3.3, we remind the reader of the structure of 7 T, qUZ P

and 7€ F,. We also explain how to translate between the older names of elements in the bigraded

p+qtf
homology of a point and the names arising from this proposition.

Recollection 3.4 The bigraded homotopy groups of [F, are given by

0
p+qa]F2—F [ag,ug]@]Fz{akun k,nzo},
o700

where |ay| = —0, |ug| = 1—0 and |6| = 20 —2. The multiplicative structure is that of a trivial square-zero
extension over Fs[ag, us]: more informally, it is given by #2 = 0. This is pictured in Figure 1.
The bigraded homotopy groups of Z, are given by

Ty taal2 —Zz[aa,uza]/@aa)EBZz{— ‘ nz 1} GBFz{ ) k.n >0}

U 2

where |ao| = —0, |uzs| =2—20 and || = 36 —3. Again, the term involving 6 sits in a trivial square-zero
extension with rest of the ring. This is pictured in Figure 2.

Recollection 3.5 Under Betti realization, MZ, and MIF, are sent to Z, and F,; see [Heller and Ormsby
2016]. The following are some commonly encountered homotopy elements and their Betti realizations:

o Stabilizing the inclusion of the fixed points S° — S, we obtain a, € 71_0 S. This class maps to
the corresponding class in Z, and F5.
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—4 -2 0 2

Figure 1: The C,-equivariant IF,-homology of a point. The bigraded homotopy groups of .
depicted on a (p, g) coordinate system. Vertical lines going down denote multiplication by a,.
Diagonal lines going down-right denote multiplication by u.

e Weletu e n{R_l OMFZ denote the element corresponding to u, € JTIC 2 aEZ under the isomorphism
of Proposition 3.3.

e The class p € Jng_l _; S is defined to be the stabilization of the inclusion {£1} <> G,. Under Betti

realization, p goes to dg-.
e The element 7 € JT]IR_I _MF; corresponds to —1 under the isomorphism 77]1R—1 _MF; =~ w2 (R).
Under Betti realization, T goes to u-.

Corollary 3.6 There are relations p = T-a in n(]F_ 1 Syandt =T -u € n{R_l (MFF>.

1 ) T

Proof InLemma 3.12, we will show that Betti realization induces an isomorphism n(I;&_l _1 Sy, — nf?, S,,
therefore for the first relation it suffices to note that Be(p) = 1-a5 = Be(T-a). Similarly, by Proposition 3.3
1’_1MIF2 >~ [F,{T-u}. Since Be(t) = uy, # 0, the second relation
follows. o

and Recollection 3.4, we know that JIJIR_

Assuming the trigraded homology of a point, the trigraded dual Steenrod algebra can easily by deduced
from results of Voevodsky.

Theorem 3.7 The trigraded R-motivic dual Steenrod algebra nE*’*(MIFz ® MIF,) is isomorphic to
(MF2)ws,5[70, 71, €10 €2, . 1/ (57 = Tazi 1 + Tuiy 1 + Tatokiv),
where |t;| = (21,28 — 1,2 —1) and |&| = (21 — 1,20 — 1,21 —1).
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T T T T T T T T T T T T

—6 —4 -2 0 2 4
Figure 2: The C,-equivariant integral homology of a point. The bigraded homotopy groups of
Z> depicted on a (p, ¢) coordinate system. Squares denote copies of Z, and circles denotes
copies of F,. Vertical lines going down denote multiplication by a,. Diagonal lines going
down-right denote multiplication by u#,,. The red line indicates a u,, multiplication that hits
twice a generator. Not all u,, multiplications are shown.

Proof We will deduce this from the classical bigraded computation of the R-motivic Steenrod algebra.
The key input is the fact that MF, ® MIF, decomposes as a direct sum of R-motivic spectra of the form
3P-4-9MIF,. This is stated as [Hoyois et al. 2017, Theorem 1.1(3)], which in the case of a characteristic-
zero base field such as R follows from work of Voevodsky [2003b; 2010].

The decomposition of MF, ® MIF, given in [Hoyois et al. 2017, Theorem 1.1] shows that, as a
(MF>) 4 %,x-module, JTE*’*(M]FZ ® MIF,) is freely generated by monomials in the & and 7;. Since each
7; and &; is represented by a map of the form S¢ ®Gf’n — MF, ® MF, (with no copies of SC in the
domain), we may read off the formulas for products of z; and &; from the standard bigraded computations
[Voevodsky 2003b, Theorem 12.6]. To translate the formulas into trigraded notation, we need only make
use of the relations p = @ -a and 7 = T - u of Corollary 3.6. a

We now proceed to the proof of Proposition 3.3. The main steps of the proof are split across the next

several lemmas, the key input being our knowledge of the bigraded 2-complete motivic cohomology of
both R and C.
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Lemma 3.8 For integers p, w € Z, there are isomorphisms

7w, wMZa = Zo[7?, pl/ (2p).
For integers p,q, w € Z, there are isomorphisms

(Spec(C) ® MZ,) =~ (MZ,) and 7r wMZy = Zs[t].

pqw p+qw

Proof The base change isomorphism is a corollary of the six functor formalism. The computations of
motivic cohomology are a corollary of Voevodsky’s solution [2003a] of the Bloch—Kato and Beilinson—
Lichtenbaum conjectures. |

Lemma 3.9 The groups = MZ, and MF, are zero for w > 0.

qu qu

Proof Considering the cofiber sequence MZ, 2, MZ » — MIF,, we reduce to the case of MZ,. Using
Lemma 3.8, we see that this lemma is true for tridegrees of the form (p, w,w). For each integer n,
consider the cofiber sequence

SpeC(C) ® (S(C)®n—l — (S(C)®n—l — (SC)®n.

Tensoring this with MZ, and applying 7, 4w, We obtain a long exact sequence

C R
Tptw—n+1, u)NIZ2 = Ty w—n+1, wMZZ — Tp w—n, wMZZ - np+w—n,wMZ2'

When w > 0, Lemma 3.8 thus ensures an isomorphism between n’]}%w_n_‘_l wMZ> and 7 p w—n,wMZ3.
As n varies, using the base case n = 0, we conclude that these groups always vanish. O
Lemma 3.10 When w < 0, the Betti realization maps n wMZy — f i quz and n wMF> —

pC 2 qo¥ 2 are isomorphisms.

Proof Considering the cofiber sequence MZ, 2. MZ > — MIF,, we reduce to the case of MZ,. We
first check that this true when w = ¢. Recollections 3.4 and 3.5 and Lemma 3.8 imply that the Betti
realization map is an isomorphism for degrees of the form (p, w, w) with w < 0. As in the previous
lemma we tensor the cofiber sequence

Spec(C) ® (S(C)®n—l — (S(C)®n—l — (S(C)®n

with MZ, and take homotopy groups in order to spread out to other cases. Using § as notation for Betti
realization we obtain maps of exact sequences of abelian groups

C R
”p-i—w—n-i—l,wMZz - Tpw—n+1, wlv[Zz — T Pw anZZ — T p+w n,w

lg = L% l;

C
Tptw-nt1ly —> 7 Tpt(w— n—i—l)aZZ T P+(w n)aZz — Tptw-nL>

MZ,

with our goal being to prove that the Betti realization maps f, , are isomorphisms for all p,n € Z.

Geometry & Topology, Volume 30 (2026)



Galois reconstruction of Artin—Tate R-motivic spectra 1651

Using the 5-lemma we conclude that (8, ,—; is is0) + (Bp—1,,—1 is iso) implies (B, is iso). Similarly,
the 5-lemma also implies that (B, is is0) + (Bp41,, is is0) implies (B, ,—1 is is0). As noted above, we
have already learned that 8, ¢ is an isomorphism for all p, so we may now induct outwards from this
case to conclude. O

Proof of Proposition 3.3 By Lemma 3.10, the map

MZs — Z

p q,0 p+qa

induced by Betti realization is an isomorphism. Taking the inverse, we obtain a ring map

C>
p+q0Z2 — ]T MZZ
This extends to a ring map
( p-‘,—qo’Zz)[ ]_> ]Tp’q’*MZZ.

It follows from Theorem 2.1 and Lemmas 3.9 and 3.10 that this map is an isomorphism. The same proof
works for MIF,. O

3.2 The proof of Theorem 3.2

Recall that we are proving that Be is an equivalence on the d-local category with inverse Y. We will
check directly that Y is an equivalence of categories by showing that it is fully faithful and essentially
surjective. That Be is the inverse of Y follows from the fact that Beo Y = Be o ¢c /R is the identity on
Spc,,i2- Before we can make progress on this goal we will need a pair of lemmas.

Lemma 3.11 The trigraded homotopy of C is zero in negative weights.

Proof Our method of proof will be to apply the motivic Adams spectral sequence to Cd. Since this
spectral sequence converges strongly for S, by [Hu et al. 2011a], it also converges strongly for Cd. This
spectral sequence takes the form

EV =71 qw(CTOMES T = 7,4, CAH.

It suffices therefore to check at the level of the E;-page that mr; 4,4, (CT ® MIF?SH) =0 for w < 0.
For this, we use the known [Voevodsky 2003b, 2010; Hoyois et al. 2017] description of MIF, ® MIF, in

SH(R). One has that MIF, @M, >~ @ (y; ,y,,y,) X *Y1*YMIF,, where the x; and y; range over nonnegative

integers. The result now follows immediately from Proposition 3.3. |

Lemma 3.12 Let n denote a nonnegative integer. Given a pair of Cy-spectra X, Y € Spc, ;», the natural
map induced by T,
0,0,
MapSH(R);g (C(C/RX, CC/R Y)—> MapSH(]R);g (C(C/RX, Sz n ®cc/r Y),
is an equivalence.

Proof Since cc/r commutes with colimits it will suffice to prove the proposition as X ranges through

a family of compact generators of Spc, ;,. In particular, it will suffice to assume X =~ Sg AT
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representation sphere. Since cc/r X' >~ Sg 40 i compact, it furthermore suffices to prove the proposition
as Y ranges through a family of compact generators. In particular, it suffices to assume that ¥ ~ S‘zler‘I
is also a representation sphere.

At this point, the proposition reduces to a claim about

+ 0,0, —a,q—b,—
Mapsy @y (cc/r S5 1%, S3"" ®@cc/r S5°7) = Mapgy gy (S5, S,),

or in other words a claim about the trigraded stable stems nE*’* S;. We must show that multiplication

by @ is an isomorphism n}}* 0S2 —> 7R, _»n S2. Equivalently, we must check that & : R, nS2—
R L) > 5Ty

Ty _p—1 S2 is an isomorphism for each n > 0. Examining the cofiber sequence
- 1
»~1L00cg Sg’o’ 1S S, —» Cd,
we may use Lemma 3.11 to conclude. |

We are now ready to complete the proof of Theorem 3.2.
To check that Y is fully faithful, we must prove that for any pair 4, B € Sp¢, ;, the composite

Mapgp,. ;, (4, B) = Mapgy s (co/r 4, co/r B) = Mapgsywryy (cc/r AT ~.ec/rBET')

is an equivalence. The first map is an equivalence as a consequence of the full faithfulness of cc /g as
proven by Heller and Ormsby; see Theorem 1.20. The second map factors as

Mapgy gy (cc/r A cc/r B) = Mapgygyn (cc/r A, co/r B
=> Mapsyy (cc/r AR '] co/r B ™D,
where first map is an equivalence as a consequence of Lemma 3.12 and the second map is an equivalence
since inverting  is a localization.
Since Y is now fully faithful and colimit-preserving, to check that it is essentially surjective it suffices

to check that its image contains a family of compact generators. One such family consists of the objects
ST as p, g, w range over the integers, since S5 [ ~ Sg’q’o[ﬁ_l] o~ Y(S§+qa).

4 Galois reconstruction

In this section, we provide a Galois reconstruction of SH (R)?zT . In other words, we show how to reconstruct
SH (IR)j.*zT from C,-equivariant homotopy theory. As in the case of C, understanding the close connection
between MGL and its Betti realization is the essential step in reconstruction. In Appendix C, we have set
up a general framework for reconstruction results of this kind. We will rely heavily on the work there, so
we suggest that readers familiarize themselves with the material and notation therein before proceeding.

Before we state the main theorem, let us recall the definition of the regular slice filtration of C,-spectra.

Definition 4.1 We say that a C,-spectrum X is regular slice n-connective if ¢ X is n-connective and
®C2X is [n/2]-connective.!’

I5Here we work with the regular slice filtration because of its good multiplicative properties.
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We let Spa’ denote the full subcategory of Sp(, consisting gf the regular slice n-connective C,-spectra.
This is a coreflective subcategory, and we let Py : Spc, — Spd’ denote the right adjoint to the inclusion.
We let P" denote the n'" regular slice truncation functor and let P denote the n'" regular slice functor.

Construction 4.2 Since the functors ®¢ and ®*2 are monoidal, the hypotheses of Construction C.6 are

satisfied and we may assemble the categories Spa’ into a coreflective symmetric monoidal subcategory

Spg,z:gce C Splgg, which consists of those X, which are regular slice 2n-connective in position n. This

2slice
>0

(Y (-)) is equivalent to even slice tower functor P,, and demonstrates

provides a lax symmetric monoidal connective cover functor t , which takes the (2n)™-slice cover at

2slice
>0

that this functor is lax symmetric monoidal.

position n. The composition t

The fundamental construction of the section is the following commutative algebra in filtered C,-spectra:
R, :=Tot* (P, MUR ™).

Theorem 4.3 (Galois reconstruction) There is an equivalence of presentably symmetric monoidal cate-
gories under Splg; i

SH(R)Y ~ Mod(Spg ;5: Ra).
where Spc, ;, acts on the left through cc /R .

The commutative algebra R, can be called the “décalage of the MUR >-Adams tower with respect to
the even slice filtration”. The commutative algebra R, is also the image of the unit in Sp¢, ;, under a
certain lax symmetric monoidal functor.

Construction 4.4 Applying Construction C.9, we obtain a lax symmetric monoidal functor
Sh(P2:MUR,2) : Spc,,i2 = SPCa 2 -

By construction, R, >~ Sh(P,;MUR >)(S>), so this functor factors through the category of modules
over R,. Composing with the equivalence of Theorem 4.3, this defines a lax symmetric monoidal functor,

This functor is analogous to the functor I'y : Sp; — SH(C); studied in [Gheorghe et al. 2022], and
may also be compared with the synthetic analogue functor of Pstragowski [2023]. We will study this
functor more closely in Section 6.

The proof of Theorem 4.3 will be carried out in two steps: first we will prove that there is an equivalence

AT Fil .
SH(R);; >~ Mod(Spg, ;5:ix(S2))
for some lax symmetric monoidal functor i : S”;’-L(R);f“zT — Sp{«g i»- We will then construct an equivalence
i+(Sy) ~ R, of commutative rings in Splég i»- The key step in the construction of this equivalence is the
identification of i, (MGL,) as a commutative algebra in Spléi; ;»- In order make this identification, we

will show that i, admits a description in terms of Voevodsky’s effective slice filtration.
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4.1 The filtered model

In this subsection we prove the first half of Galois reconstruction, namely that there is a filtered model for
SH(R)LY.

Proposition 4.5 There is a diagram of symmetric monoidal left adjoints

Fil —®is S Fil .- R
Speyiz —— SPEL 1, 22 Mod(SpER 1k S2) —5— Spey.ia

I ~ k I

CC/R B
Spc,.iz > SHR)A ———=—— Spc,.i

- + 9 b
such that l*(Sg 9 (w)) ~ Sg >

Note that Proposition C.20 produces a diagram of this type, so in order to prove the proposition
we only need to endow SH(R ;5\2T and Spc, ;, with the structure of a deformation pair in the sense of
Definition C.14.

Proof We begin with the diagram
AT
SHR)5,

Id
SpC2,i2 ” SpCz,i2

In order to make i * behave as desired on Picard elements, we pick ig(w) = Sg’o’w. Since Be(Sg’O’w) ~S9,
this factors through the kernel of the map on Picard groups induced by Be.

To conclude, we now need to verify the two conditions in the definition of a deformation pair. The
first condition is implied by Lemma 3.12. To verify the second condition, we note that the representation
spheres Sg +4% form a set of compact dualizable generators for Spc, ;, and the trigraded spheres Sg 4w
form a set of compact dualizable generators for SH(R sz . a

Remark 4.6 Unraveling the definitions in Appendix C, we find that for X € SH (R)?ZT there is a natural
identification
1 (X)n > Map gy ym (Sg’o’", X),

and that the natural maps
0,0,n . . 0.0.n—1
Map sz ry (S, X) 2 ix(X)n = i (X)n—1 = Mapgyyrysr (S37" . X)
are induced by  : Sg’o’”_l N Sg,O,n.

The task of identifying i S, with R, will occupy us for the remainder of the section.
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4.2 The effective slice filtration

In this section we relate the functor i, defined in the previous subsection, to the effective slice filtration
of Voevodsky [2002]. We begin by recalling the definition of the effective slice filtration.

Definition 4.7 Let Sm/R denote the category of smooth and separated R-schemes of finite type. We let
SHR)T < SH(R);, denote the full subcategory generated under small colimits by the collection

12 .>
{Sg"”qlgﬁ | X eSm/R, p,q €Z,q>n}. Wedenote the right adjoint of the inclusion by f;, : SH(R);» —
SH (R)?g,Zn' There are natural transformations f,+1 — f, and we let s, denote the cofiber of this map.
Since SH(R ?gf,Zn C SH(R);, is a compactly generated stable subcategory, the functors f; and s,
preserve all colimits. Moreover, the tensor product of an n-effective object with an m-effective object is
(m+n)-effective, so that the effective slice tower functor f, : SH(R);, —> SH (]R)fzil is lax symmetric

monoidal.

The main result of this section is the following:

Proposition 4.8 The lax symmetric monoidal functor i : S?—[(R)?ZT — Spg ;> Of the previous subsection

is equivalent to the lax symmetric monoidal functor Be o f, : SH(R j.*zT — SpFCi; ;> taking E € SH(R ?ZT
to the Betti realization of its effective slice tower

---—>Be(f2E) > Be(fi1E) > Be(foE) > Be(f_1E) > Be(f2E) —>---.
As a first step, we rephrase Definition 4.7 to be more natural in our trigraded context:

Lemma 4.9 The full subcategory SH(R)ST_ € SH(R);, is generated under small colimits by the

i2,>n
collection {Sg’q’w RX4+|X € Sm/R, p,q,w € Z,w > n}. As a consequence, the suspension functors

provide equivalences,
24w ISH(R)CH — SH(R eff

i2,>n i2,>n+w"
Proof Since %11 :SH(R)S) -, — SH(R)SY ., is clearly an equivalence of categories, it suffices to
prove the generation statement in the case that n = 0. Since SH (R)?gf >0

. 0,—1,0 eff
it suffices to show that S, e SH(R i2.50°

Now, S’H(R)?g’zo is clearly closed under X~1:0-%, 5o it suffices to show that S;’_I’O € S?—L(R)?gf’zo.

This follows from the 2-completion of the cofiber sequence

is closed under tensor products,

§%0.0 5 Spec C — SH1.0,

which is obtained by rotating the dual of the defining cofiber sequence for SC. The second statement is a
clear consequence of the generation statement. |

We now define an alternative filtration on S’H(R)fg which is easier to analyze; following an argument
of Heard [2019], itself an adaptation of an argument of Pelaez [2013], we will prove that this filtration is
in fact equivalent to the effective slice filtration.
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Definition 4.10 We let SH (R)AT’AT_eff denote the full subcategory generated under small colimits by

i2,>n
the collection {Sf’q’w |p,q, weZ,w=>n} Welet
AT,AT—eff
ST SHR)Y — SHR);, 2,

AT AT
w1 — Jo - and we denote

denote the right adjoint of the inclusion. There are natural transformations
the cofiber by sAT.
Since ‘S";‘-l(]R)AT’AT_eff C SH(R)?ZT is a compactly generated stable subcategory, the functors fAT and

i2,>n
52T preserve colimits.

Itis clear that SH(R) o " € SH(R)AT N SH(R)SY

i2,>n i2,>n’

Lemma 4.11 Given E € SH(R);,, there are natural equivalences f; 2?4V E ~ ¥P4W £, F and
S PPV E ~ 3P EIfE € S’H(R)‘;‘ZT, the analogous fact holds for f,?T and S]/?T.

Proof This follows directly from the fact that

SPAY SHR)SE o — SHR)SS 54y, and  SPOWSHR)YG LT — SHR)L, 500

are equivalences of categories. a
Lemma 4.12 Given E € S’H(R)fT, there are natural equivalences f, E ~ fXTE forall n € Z.

Proof It is easy to see that the categories SH(R)I _ < SH(R);» and SH(R)AT’AT_eff CSHER ?ZT

i2,>n i2,=n
define slice filtrations in the sense of [Heard 2019, Definition 2.1]. The result will therefore follow from

[Heard 2019, Theorem 2.20] if we can verify three conditions. Let ¢ : SH(R ;f“zT — SH(R);, denote the
inclusion. Then we must show that the following hold for all £ € S?—L(R)?ZT :

(i) The natural map lim, ¢(f;"

(i) (/T E) € SH(R)SY

i2,>n"

(i) Mapgy(gy;, (X. (T E)) = 0 for all X € SH(R)ST . .

E) — (lim f,*TE)) is an equivalence.

Condition (i) is clear from the fact that SH(R)?zT is closed under colimits in SH(RR);,, and condition (ii)
follows from the fact that (S";‘—[(]R)AT’AT_eff C SH(R)ST

i2,>n i2,>n"
To prove condition (iii), we note that, since 5T commutes with filtered colimits and SH(R)

i2,>n+1
is compactly generated, it suffices to prove the statement for generators of SH(R)?ZT’S};_CH, namely the

trigraded spheres S5 " where w > n. Since siT PP ~ mPaw AT S2.00 by emma 4.1, it suffices
to show this for 8(2),0,0.

This follows from the equivalence s;T 82’0’0 >~ Sy , which may be proved exactly as in [Heard
2019, Theorem 3.15]. O

eff

0,0,0
SZ

We are now free to use f, and /AT interchangeably. The following proposition gives us the needed
control over fAT:
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Proposition 4.13 Let E € SH(R)™Y. Then E € SH(R)}5 21" if and only if

i2,>n
R _
TR w(CTRE) =0

. . . . R R . . .
forallw < n, i.e., if and only if T : Ty g wt1 E — 7, 4w E is an isomorphism for all w < n.

Proof To show that 7R, (CT® E)=0forallw <nif E € SH(R)AT’AT_eff, it suffices to prove this

D,qw i2,>n
when E = S?%% for w > n, which follows from Lemma 3.12.

On the other hand, suppose that £ € SH(R ;*ZT satisfies n’]}g’q,w(C T® E) =0 for all w < n. We will

show that /AT E — E is an equivalence. First, we note that it is an equivalence on forallw >n

R
Tp.q.w

by definition. By assumption, T : JrgR E — 7R E is an isomorphism for all w < n. On the other

24, w+1 Dp.q;w
hand, by the above ﬂEq,wH (SiVE) — JrEq,w(f;,ATE) is also an isomorphism for all w < n. This
implies that /"l E — E in fact induces an isomorphism on all nEq,w, as desired. a

Finally, we are ready to prove Proposition 4.8.

Proof of Proposition 4.8 Given a bifiltered object X, «, we let Diag(X, x) = X, . denote the filtered
object obtained by restricting along the diagonal map ZFil < ZFil xx ZFil_ Then there is a span of lax

symmetric monoidal functors
Diagoixo fy — ix

!

Beo f,

where the horizontal map is induced by the natural transformation f, — Y and the vertical map is induced
by the natural transformation iy — Y o Be. (Here as in Appendix B, Y is the functor taking an object to
its constant filtered object.)

Applied to E € SH(R ?2T , in filtration # this span looks like

0,0, 0,0,
Map sy )21 (S, " nE) — Map gy, g)a (S, " E)

!

Be(/n E)

The horizontal map is an equivalence by n-effectivity of Sg’o’”, and the vertical map is an equivalence by
Theorem 3.2 and Proposition 4.13. |

4.3 Identification of i , MGL,

In this subsection, we will identify the commutative algebra in filtered C;-spectra given by i+ MGL,.
This requires two main inputs. The first is the description of the underlying filtered object in terms of the
effective slice filtration from the previous subsection. The second is a theorem of Heard which relates the
effective slice filtration of MGL to the regular slice filtration of its Betti realization MUgR.

Proposition 4.14 There is an equivalence of commutative algebras in filtered C,-spectra
i*MGLz ~ Pz. MUR,z .
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We prove this as a special case of a slightly stronger result where we allow tensor powers of MGL,;.
This generalization will be useful in the sequel.

Proposition 4.15 The objects i*MGLgbk are regular slice 2n-connective in position n. This yields a
natural factorization of the map to the constant filtered object

P> MUSX

y \

i-MGLS* > Y MUSX

where the indicated map is an equivalence of commutative algebras in filtered C,-spectra.
The result of Heard that we will need is the following:

Theorem 4.16 [Heard 2019] Under Betti realization, the slice tower of MGL®¥ goes to the even part of
the regular slice tower of MUﬁk. More precisely, there is a commutative diagram

.o — Be(fiMGL®*) — Be(foMGL®*) — ... Be(MGL®¥)
i P, (MUSF) ——— pyMUSF) —— ... MUZF
Moreover, the odd regular slices of MUR vanish.
Applying Theorem 8.1, we are able to deduce the 2-completed analogue of Theorem 4.16.

Proof For notational brevity we set £ := MGL?k . Note that it is a consequence of Theorem 8.1 that
Be(FE) is equivalent as a commutative algebra to MUE”Z. Using Proposition 4.8, we can conclude that
i« E is given by the filtered C;-spectrum,

.-+ —>Be(f2E) > Be(f1E) > Be(foE) > Be(f—1E) > Be(f2E) —>---.
By Theorem 4.16, this is equivalent to the tower
---— P4Be(E) - P,Be(E) — PyBe(E) > P_,Be(E) > P_4Be(E) —>---.

Now, consider the natural map of commutative algebras i« £ — Y(Be(E)). Looking at the explicit

description of i« E we can conclude it lies in the coreflective subcategory Spg’zzsgce. Thus we obtain a
diagram of commutative algebras
P>.(Be(E))
ixE > Y(Be(E))
where the first map is an equivalence by the above. |
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4.4 Identification of i,(S>)
In order to finish the proof of Theorem 4.3, we need to prove the following proposition:
Proposition 4.17 There is an equivalence of commutative algebras in Spg 2 between iy S, and R,.

Proof Recall that cb is the functor which sends a commutative algebra A to the cosimplicial commutative
algebra given by its cobar complex A®C+D  Consider the natural map

cb(MGL;) — cb(MGL,[d~'])

in SH(R)?ZT . After applying i, we may use i+ ((—)[T ~']) =~ Y (Be(—)) and the equivalence Be(MGL,) ~
MUR, to obtain a map
ixcb(MGL;) — Y (cb(MUR »)).

Applying Proposition 4.15, we obtain a factorization
ixcb(MGL,) —> t23°Y (cb(MUR 5)) — Y (cb(MUR ,)).
Taking totalizations, we obtain
i+(S;) ~ i*((Sz){\)IGLZ) >~ i+ (Tot(cb(MGL,))) ~ Tot(ix (cb(MGL5)))
~ Tot(c25 Y (cb(MUR,2))) = Sh(P2.: MUR 2)(1) =~ R,

where the first equivalence is the MGL,-completeness!® of S, and the final equivalence is the definition
of R,. |

We close with a simple corollary which we will make use of in Section 6.
Corollary 4.18 There is an equivalence MGL; ~ I'x(MUR ») of commutative algebras in SH(R sz .
Proof By Theorem 4.3, it suffices to show that there is an equivalence
i+MGL; 2~ Sh(P;,; MUR 2)(MUR »)
of commutative algebras over i, S,. Unraveling the construction of the equivalence

ix Sz > Sh(P2.; MUR 2)(S2),

we can build a diagram of commutative algebras in Spl‘g; i

ix Sy —— Sh(P2,;MUR 5)(S2) — Sh(P1.; MUR »)(MUR ,)

| (-

ixMGLy; ——— P,,MUg»

where the dashed equivalence comes from Example C.10. O

160One argument for this is that MF,-completeness implies MGL,-completeness and S, is MF,-complete by [Hu et al.
2011a].
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5 Modules over the cofiber of ta

In this section, we study the category of Cd-modules. Our main theorem states that this category admits
an explicit, algebraic description. Below, we use IndCoh(My,) to denote Ind of the thick subcategory
of MU,MU-comodules generated by even shifts of the unit. For more details on this category, see
Definition 5.14.

Theorem 5.1 There is an equivalence of presentably symmetric monoidal categories under Spc, ;»,
2) Mod(SH(R)?ZT; Cd) =~ Mod(Spc, i2; Z2) ®z IndCoh(Myy),

where Spc, ;, acts on the left-hand side through c¢c /g and on the left factor of the right-hand side. On
Picard elements this equivalence takes

CTQ LY 1 pP-wt—woy, wg;erg.

As a consequence of this equivalence of categories, there is an isomorphism of trigraded groups:!’

R, €= P Exn’ \yMULMUL T2 7).

w+a—s=p

Over C the corresponding result is the main theorem of [Gheorghe et al. 2021]. Upon tensoring with
Spec(C), our theorem recovers theirs.

Notation 5.2 In the above theorem and throughout the section, we follow the convention of writing
C ®r D for the tensor product of two presentable R-linear categories (instead of C ®wmodg D).

Remark 5.3 In the statement of the above theorem, we use the Z-linear structure on Mod(Sp¢, ;2; Z2)
coming from the symmetric monoidal functor

(L) ®gz Z> : Modz — Mod(Spc, i2; Z2),

where _: Modz — Mod(Spc,; Z) is the symmetric monoidal functor discussed in Remark 5.11 below.

By the final proof in this section, the ring structure on the trigraded homotopy groups of C'd can be
computed according to the following recipe. First, write down the usual dga cobar complex computing
Extymu, Mmu(MUx, MU,). Then, apply the functor 4 > A taking an abelian group to the constant C;-
equivariant Mackey functor with value at that group. Finally, take RO(C,) graded homotopy and compute
the homology ring of the resulting dga.

Remark 5.4 We will prove in Lemma 5.16 that the category Mod(Spc, ;2; Z2) ®z IndCoh(My,) admits
a t-structure with heart the category of comodules in C,-Mackey functors over the Hopf algebroid
C C
(4p(MUR ), 7053 (MUR > ® MUR »)).
We may therefore view any such comodule as an element of Mod(Sp, ;»; Z2) ®z IndCoh(Myy).

17The tensor product may be moved outside the Ext, but then it must be taken in the derived sense.
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In fact, we are able to explicitly describe the trigraded homotopy groups of ¥ ® Cd for a more general
collection of Y than just trigraded spheres.

Definition 5.5 We say that X' € Sp¢, ;5 is MUR »-projective if MUR > ® X is a retract (as an MUR »-
module) of P, X"«” MUR , for some set of integers ng.

Examples of MUR »-projective X include Sg and MUR », as well as any object of Spc, ;5 built out of
cells of the form S'Z’p .

Theorem 5.6 If X € Sp, ;, is MUR -projective, then under the equivalence of Theorem 5.1, CT® ' (X)
corresponds to the gfﬁ (MURg » ® MUR »)-comodule gfﬁ (MUg > ®X).
Moreover, there is an isomorphism of trigraded groups,

Mg ®CTH = P Extg) yu, (MU2)s, (MU2)(9(X)) ®2, 7,2 (o L2)-
w+a—s=p
The proofs of Theorems 5.1 and 5.6 will be quite long, and correctly handling the symmetric monoidal
structures involved requires us to take a rather circuitous route. For this reason, before proceeding we
provide a sketch of the argument.
The proof of the equivalence

Mod(S’H(R),2 ; Cd) >~ Mod(Spc, i2; Z2) ®z IndCoh(Myy,)

has three main steps and one significant subtlety. First, we produce symmetric monoidal functors into

each side of equation (2) from Splg; i Second, we show that there are commutative algebras R and

R, in Spl*g;’iz such that the left-hand side is equivalent to Mod(SpPg; i+ R1) and the right-hand side is

equivalent to Mod(Spléll i2+ Rz). Third, we examine R and R, directly and find that they are in fact
equivalent.

The functor into Cd-modules from SpFCi;J2 is the composite of the functor i, from Section 4 with
Cd ® —. The functor into the right-hand side is more delicate to construct. A first guess would be to use

Fil Fil

the equivalence SpC i = =~ Spc,.,i» ®Sp' ", and tensor the pair of maps

SPey.i2 = Mod(Spe, 12:Z2) and  SpM! — Mod(Sp™™; Z) &5 Mod(Sp®'; Z) — IndCoh(Miy,).

In fact, this does not produce the correct functor; in C@-modules the periodicity class vy lives in C;-
degree p, but the given tensor product functor puts v; in C,-degree 0. In order to fix this, we twist by a
functor

Mod(SpC 20 L2) W Mod(SpC2 i2iLi2)

that has the effect of tensoring with S”” on the n" graded piece. The presence of this twist, and its
interaction with the symmetric monoidal structure, is the main subtlety of the argument.

The second step is straightforward, and demonstrates the power of higher algebra in proving “Koszul
duality” statements as a corollary of Barr—-Beck-Lurie monadicity. At this point we have two commutative
algebras R and R;, and all we need to do is show they are equivalent.
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The third step relies on special properties of R; and R,. Both commutative algebras come equipped
with a preferred presentation as a totalization of a cosimplicial diagram of commutative algebras. What
we do is show that these cosimplicial diagrams are levelwise equivalent. Each cosimplicial diagram
takes values in the heart of a 7-structure, and in particular is determined by 1-categorical data. Thus, it is
genuinely possible to write down a comparison map by hand and check that it is an equivalence, without
concern for the potential infinity of higher coherence data.

(i) In Section 5.1, we review the categories which appear in the right-hand side of Theorem 5.1. We
also construct a ¢-structure on the right-hand side of Theorem 5.1, which will play an important role

in our argument.

(i1) In Section 5.2, we collect some material on twisted z-structures on categories of graded and filtered

objects, as well as on twisting isomorphisms between them.

(iii) In Section 5.3, we relate twisted z-structures to the slice filtration in C,-equivariant homotopy theory.
This finishes the construction of the comparison functors.

(iv) In Section 5.4, we use Koszul duality to reduce the proof of Theorems 5.1 and 5.6 to understanding
a specific pair of commutative algebras.

(v) In Section 5.5, we prove Lemma 5.40, which is the key result that allows us to compare the commu-
tative algebras Ry and R, above. Using this lemma, we then complete the proof of Theorems 5.1
and 5.6.

5.1 Categories of interest

In this subsection we set notation for working in the various categories of interest. In particular, we aim
for a practical understanding of the category Mod(Sp, ;2; Z2) ®z IndCoh(Myg) that appears on the
right-hand side of Theorem 5.1. Proceeding from inside out, we start by fixing notation for the category
of Z-modules:

Definition 5.7 Let Ab” denote the abelian category of discrete abelian groups. Let Ab denote the category
of Z-modules with its standard -structure, so that Ab” is the heart of Ab.

Next, we describe the C,-equivariant analogue of Ab:

Definition 5.8 Let M (C,)® denote the abelian category of discrete Mackey functors for the group Cs,
which may be explicitly described as follows. A Mackey functor B € M (C,)¥ consists of

e abelian groups B(C,) and B(x),
e an involution o : B(Cy) — B((3),

e homomorphisms 7 : B(*) — B(C;) and ¢ : B(C,) — B(*) which satisfy the relations cor = r,
too=tandrot=1+4o0.
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We will sometimes write [C,] for the endomorphism ¢ o r of B(x). We let M (C5) denote the unbounded
derived category of M (C,)Y equipped with its standard ¢-structure.'®

In our setting, M (C,) arises naturally because it is equivalent to the category of ggz S-modules in Spc, ;
see [Patchkoria et al. 2022, Theorem 5.10]. This description equips M (C,) with a symmetric monoidal
structure compatible with the z-structure. The induced symmetric monoidal structure on M (C,)® is
known as the box product and admits an explicit description as in [Loyd 2017].

Example 5.9 Given a discrete abelian group A, consider the constant Mackey functor 4 € M (C,)®. This
Mackey functor is determined by A(C,) = A(*) = A, r =0 =id4 and ¢t = 2-id4. This construction

provides an exact colimit-preserving functor
AW > M(G)°.

Examining the explicit description of the box product in [Loyd 2017], we find that _ acquires the structure
of a (nonunital) tensor-product preserving lax symmetric monoidal functor. In particular, we obtain a
commutative algebra Z in M (C5)°.

Definition 5.10 Let Ab denote the symmetric monoidal category of Z-modules in M (C5) (or, equiv-
alently, Spc,), equipped with its standard 7-structure. This is equivalent to the derived category of
Mod(M (C3)%; Z); in particular, we have Ab” = Mod(M (C,)%; Z).

Remark 5.11 Since Z is the unit of Ab”, we learn that _ factors through an exact colimit-preserving
symmetric monoidal functor
AR > AR,

Since _ is exact, colimit-preserving and symmetric monoidal it extends uniquely to a colimit-preserving
symmetric monoidal functor _: Ab — Ab of derived categories. Moreover, the pair of functors 4 — A ()
and A — A(C,) extend to limit-preserving functors on the level of the derived category. Since this pair
of functors is jointly conservative, we can use the fact that A(*) = A and A(C,) = A to conclude that _
preserves limits as well.

Before proceeding to explicitly describe Ind Coh(My,), we record a few lemmas for later use.

Lemma 5.12 The functor _: Ab” — &Q is fully faithful and left adjoint to the functor B — B(x). Its
essential image is therefore a coreflective subcategory of A, with coreflector given by the counit map
B(x) — B. In particular, for any B in the essential image of _, there are canonical isomorphisms

B =~ B(%) = B((,).
Proof Clear. O

Lemma 5.13 The forgettul functor &Q — M (C»)© is fully faithful, with image spanned by the Mackey
functors B for which [C,] = 2 as endomorphisms of B(x).

18 A5 defined, for example, in [Lurie 2017, Definition 1.3.5.8].
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Proof The unit of M (C,)? is the Burnside Mackey functor A, whose values are given by A(C,) = Z
and A(x) = Z[C>]/([C2]? — 2[C3]). As a commutative algebra in M (C»)®, Z is the quotient of A by
the relation [C,] = 2. The result follows. m|

The following definition and construction sum up what we need to know about categories of quasi-
coherent and ind-coherent sheaves on M,:

Definition 5.14 We let My, denote the moduli stack of formal groups and let QCoh(My,) denote the
category of quasicoherent sheaves on My,. It is equivalent to the derived category of evenly graded
MU, MU-comodules; see [Goerss 2008, Remarks 2.38 and 3.14].

Let D C QCoh(Myg) denote the thick subcategory generated by the sheaves a)g’;‘Mfg for k € Z,
where @G/, is the sheaf of invariant differentials on the universal formal group G/ M;g,. We define
Ind Coh(My,) := Ind(D). The category Ind Coh(My,) is equivalent to Hovey’s category of evenly graded
stable comodules Stableyy, mu; see [Barthel et al. 2018, Remark 4.30].

Both QCoh(My,) and Ind Coh(My) are naturally stable presentably symmetric monoidal categories
and come equipped with compatible z-structures whose hearts are equivalent to the 1-category of MU, MU-

comodules.

Construction 5.15 Since QCoh(Mj,) is equivalent to the derived category of a Grothendieck abelian
category, it is equipped with the structure of a colimit-preserving symmetric monoidal functor Ab —
QCoh(My,). Letting Ab™ denote the full subcategory of compact objects, this restricts to an exact
symmetric monoidal functor Ab™ — D, where D is defined as in Definition 5.14. Taking Ind and using
the fact that Ab is compactly generated, we obtain a colimit-preserving symmetric monoidal functor

Ab ~ Ind(Ab™) — Ind(D) = Ind Coh(My,).

-®zZ
Using this functor and the functor Ab — A_b%/ﬂ)iz, we are able to define the stable presentably
symmetric monoidal category
Ab;> ®z Ind Coh(My,),

which appeared in Theorem 5.1 with slightly different notation.

The core of our understanding of Ab;, ®z7 Ind Coh(Mj,) rests on the following lemma, where we put
a t-structure on this category whose heart we can describe explicitly.

Lemma 5.16 There exists a t-structure on Ab;» ® ap Ind Coh(My,) with the following properties:

(i) It is compatible with the symmetric monoidal structure, accessible, compatible with filtered colimits
and right complete.

(i1) The natural functor
Abj2 >0 ®abs, Ind Coh(Myg)>0 — Ab;z ®ap Ind Coh(My,)
is fully faithful with essential image the connective objects.

Geometry & Topology, Volume 30 (2026)



Galois reconstruction of Artin—Tate R-motivic spectra 1665

(iii) The natural functor
Ab) ® o Ind Coh(M,)¥ — Ab;z ®apb Ind Coh(M,)

is fully faithful with essential image the heart of Ab;» ® ap Ind Coh(Myy).

Using the explicit description of @O given by Definition 5.8 and Lemma 5.13 and the fact that
Ind Coh(/\/lfg)QQ is equivalent to the category of evenly graded MU, MU-comodules, we obtain the
following description of

AbY ® .0 Ind Coh(My,)®.

This is the category of pairs of (MUj;)« MU,-comodules A(C,) and A(*) equipped with following
structures (all of which are compatible with the comodule structure):

e maps r : A(x) —> A(Cy) and t : A(Cy) — A(x), along with an involution o : A(C,) — A(C>3),

e satisfying the relations c or =r,to0 =t,tor =2androt =1+o0.

In other words, &3?2 ® 5po Ind Coh(/\/lfg)Q is the category of evenly graded comodules over the Hopf
algebroid ((MU;)«, (MU,)x MU,) in graded C,-Mackey functors.

Remark 5.17 Using the fact that

((MUR 2)p, (MUR 2)%p MUR 2) = (MU3)24, (MU3 )24 MU,)

(see [Hu and Kriz 2001, Theorems 2.25 and 2.28]), this category may equally well be described as
the category of graded comodules over the Hopf algebroid ((MUR 2)«p, (MUR 2)xp MUR 2) in graded
C,-Mackey functors.

The proof of Lemma 5.16 is not difficult, but it will rely on material from [Lurie 2018b, Appendix C],
which we presently recount. We begin with a simple method for producing ¢-structures.

Construction 5.18 Given a pointed presentable category C, we let Sp ® C >~ Sp(C) denote the category
of spectrum objects in C. It is a stable presentable category.

The category Sp ® C admits a ¢-structure with (Sp ® C)>¢ equal to the full subcategory generated
by the essential image of the functor ¥*° : C — Sp ® C under extensions and colimits [Lurie 2017,
Proposition 1.4.3.4 and Remark 1.4.3.5]. This ¢-structure is accessible and right complete.

Note that if C is endowed with the structure of a presentably symmetric monoidal category, then Sp & C
naturally inherits this structure and the 7-structure defined above is compatible with it.

In fact, the following lemma, which follows from [Lurie 2018b, Remark C.3.1.5], shows that this
construction is the universal way to produce a (well-behaved) ¢-structure on a presentable stable category.

Lemma 5.19 Suppose that (C,Cxg) is a stable presentably symmetric monoidal category with compatible
t-structure. Suppose that the t-structure is accessible, compatible with filtered colimits and right complete.
Then there is a natural equivalence of symmetric monoidal categories with compatible t -structure

(C,C=0) ~ (Sp®C=0. (Sp R C=0)=0)-
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In conclusion, we may as well work with the categories of connective objects. For Ab, Ab;,, and
Ind COh(Mfg), these are all Grothendieck prestable categories in the sense of [Lurie 2018b, Definition
C.14.2].

Recollection 5.20 We let Groth, denote the category of Grothendieck prestable categories [Lurie 2018b,
Definition C.3.0.5]. By [Lurie 2018b, Theorem C.4.2.1], Groth, is a symmetric monoidal category with
tensor product given by the usual tensor product of presentable categories and unit Spx.

Moreover, let Groth; denote the category of Grothendieck abelian 1-categories. It is a symmetric
monoidal category with tensor product given by the usual tensor product of presentable categories and unit
AbY [Lurie 2018b, Corollary C.5.4.19]. There is a functor t<g : Groth,, — Groth; sending a Grothendieck
prestable category to its subcategory of discrete objects. By [Lurie 2018b, Remark C.5.4.20], the functor
T<( 1S symmetric monoidal.

We summarize this in the following span of symmetric monoidal categories:

Groth

SP®/ <0

prL-Stab Groth;
Proof of Lemma 5.16 Using Lemma 5.19 and [Lurie 2018b, Remark C.4.2.3], we have
Sp ® (Abj2,>0 ®abs, Ind Coh(Myg)>0) = Ab;s ®ap Ind Coh(Myg).
Moreover, since Ab;z >0 ®ab-, Ind Coh(My,)>0 is prestable, the X°° functor identifies it with
(Sp ® (Abj2 >0 ®ab=, Ind Coh(Mg)>0)) -

This immediately implies the first two properties, with the exception of compatibility with filtered
colimits. This follows from the fact that Ab;> >0 ®ap~, Ind Coh(My)>¢ is compactly generated, which
holds because each one of Ab;> >o, Ab>¢ and Ind Coh(Mj¢s)>¢ is compactly generated [Lurie 2018b,
Corollary C.6.2.3].

The third property follows from the fact that C¥ = 1< (Cx¢) and the fact that 7<¢ : Groth,, — Groth,
is symmetric monoidal. |

5.2 Twistings, I: 7-structures on filtered objects

We begin this subsection with a discussion of several natural ¢-structures on categories of graded and
filtered objects, obtained by twisting a given z-structure by a Picard element. Although these constructions
are simple, they have the effect of modifying the symmetric monoidal structure on the heart of a category.
Next, we explicitly describe this modification at the level of the heart, where it admits a description
in terms of an Euler characteristic. Read another way, there is an Euler characteristic obstruction to
producing symmetric monoidal twisting functors. We close the subsection by producing symmetric
monoidal twisting functors whenever this Euler characteristic obstruction vanishes.
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Definition 5.21 For the remainder of this subsection, we fix the following data: a stable, presentably
symmetric monoidal category C equipped with a compatible 7-structure!® and a Picard element L.
We then define the £-twisted z-structure on C6* and CF! as follows:

e An object X, of CGT is > 0 in the L-twisted ¢-structure if, for all n, L9 ® X, n 18 > 0 in the original
t-structure.

e Similarly, an object X, of CFl is > 0 in the £-twisted ¢-structure if L&~ ® X, is > 0 in the original
t-structure for all n.

We denote the hearts of these ¢-structures by 655 and CFI4-©| respectively. We denote the i™ £-

L,Gr L,Fil

twisted 7-structure homotopy objects by ;" and r;>"", respectively. When £ = 1, we frequently omit

it from the notation.
We summarize the basic properties of this definition in the following lemma.
Lemma 5.22 In the graded case:

(i) The L-twisted t-structure on CS* is compatible with the symmetric monoidal structure.

(i) An object X, is < 0 in the L-twisted t-structure if and only if, for all n, L8 ® X, is < 0 in the
original t-structure.

(iii) The t-structure homotopy groups are determined by the formula
75 X = L7 (L2 ® Xp).
Assuming that £ > 0, we obtain similar results in the filtered case:
(") The L-twisted t-structure on C¥V is compatible with the symmetric monoidal structure.
(ii’) An object X, is < 0 in the L-twisted t-structure if and only if L& ® X, < 0.
(iii") The t-structure homotopy groups are given the by following formula:

e M X = L9, (LT ® Xy).

Under the stronger assumption that £ > 1, the functor C¢" — C¥l, which is right adjoint to the associated
graded functor, restricts to an equivalence of symmetric monoidal 1-categories

CGI‘,E,Q ~ CFil,ﬁ,@
Notation 5.23 We write — £ — for the tensor product induced on either C6%%-% or CFIL£:9 n the
case that £ = 1, we simply write — ®% —.

Proof The statements (i), (i1) and (iii) are all clear. We therefore restrict ourselves to the filtered case for
the rest of the proof.

19Here, compatible means that a tensor product of objects which are > 0 is > 0 itself, and that the unit is > 0.
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From the expression of the tensor product as a Day convolution, we observe that a tensor product
of connective objects has n™ term presented as a colimit over a diagram of connective objects tensored
with £ at least n times. Since £ > 0 we may conclude that (i") holds.

The expression for the homotopy objects in (iii’") follows from (ii’) in a straightforward way. We now
prove (ii’). Suppose that X, is an object such that L& ® X,, < 0. We want to show that X, <0, i.e.,
that it receives no maps from Y, > 0. Using the condition that £ > 0, we learn that [Y},, X,,,] = 0 for all
n > m, which is enough to imply that [¥,, X,] = 0.

Suppose that X, < 0; then we would like to show that L&~ ® X,, < 0. Associated to every ¥ > 0
in C we can consider the filtered object ¥ ® £L®"(n), which is depicted below:

00 YR S yg oo S
Here, the first nonzero object occurs at position n. Using the assumption that £ > 0, we can conclude
that Y ® £%"(n) > 0. Now, on mapping out of this object we have

* ~ Q% Maper (Y ® £L8"(n), X) ~ Q% Map, (Y ® L2", X,),

which implies that L& ® X,, < 0 for all , as desired.

We now proceed to prove the final statement. Let 7 : 1ori(—1) — 1or denote the shift map in CFIl.
Then Ct admits an E-algebra structure in CF! such that there is an equivalence of symmetric monoidal
categories CS" ~ Mod(CF!; C1); see Lemma B.5. Using the assumption that £ > 0, we learn that 1.ra
and Ct are > 0. As a consequence, we find that C%%-“ may be identified with Mod(CFil-4-©; ESC 7).

The proposition will therefore follow if we prove that gglcm — ggC T is an equivalence. By
Lemma 5.22, we find that

Lo (LB) ifn <0,

L,Fil
w7 Lori), =
(T chi)n { 0 otherwise.

Since £ > 1 by assumption, we find for 7 < 0 that L& 7o £®~" = 0, whereas for n = 0 we just get molc.
On the other hand, we have that

L,Fil mole ifn=0,
Oty =
(T 2% { 0 otherwise.

It follows from this that the map gé’Fﬂlcm — ES’FHC 7T is an equivalence, as desired. |
We can now profitably define the twist functors.

Construction 5.24 Given a symmetric monoidal Grothendieck abelian 1-category?® A and an invertible
object a € A, we can construct a monoidal functor i, : Z — A which sends 1 to a. If the swap map

20By symmetric monoidal Grothendieck abelian 1-category, we mean a commutative algebra object of the symmetric
monoidal category Groth; discussed in Recollection 5.20. In other words, we assume that the tensor product commutes with
colimits in each variable.
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Sga-a®a =5 a®ais the identity, then we can make this functor symmetric monoidal. Tensoring up
with Abo, we obtain a monoidal (or symmetric monoidal) functor

1(1)—~
iq: ABGRO 2D
In our situation of interest, we take A = CS"%% and a = (7w¢1) ® £(1). Then we can define the
functor tw” as the composite

6.0 ~ 9 @ APCHO Bl @), O & (6L 8, (Gr.LO

On objects this has the effect of sending { X} to {X,, ® £L®"}. It is easy to see that this is a monoidal
equivalence between C¢™© and C¢"£-©, and is further symmetric monoidal if Sa,q 1s the identity.

The above construction succinctly explains how much the symmetric monoidal structure on C¢%4-¥
has been twisted in terms of the quantity s,,,. We now give a description of this quantity in terms of the
following standard definition:

Definition 5.25 Given a dualizable object X, with dual X, unit  and counit €, the trace of an endomor-
phism f : X — X is the element tr( /) € mo End(1) given by the composite

xv L&

15 ¥ ® YexV XX yWex S1.

The trace of the identity is called the Euler characteristic and denoted by x(X).

A simple diagram chase tells us that the Euler characteristic is multiplicative and defines an End(1)-
linear map tr : End(X) — End(1). Moreover, one can compute that the trace of the swap map sy, x
is equal to x(X). In the case where X is invertible the trace map is an isomorphism, and we can
use this to conclude that the condition s,,, = Id,g. in Construction 5.24 is equivalent to asking that
x(a) = 1. Specializing further to the case a = (7¢1) ® £(1), we note that the diagram computing the
Euler characteristic of (r¢1) ® £(1) is ng ,Gr applied to the diagram computing the Euler characteristic

of £(1) in the ambient category C®". This implies that

x(a) = (L) = x(L) x(1(1)) = x(£)- 1.
Thus, we have proved:
Lemma 5.26 The functor tw* can be made symmetric monoidal if (L) = 1.

Conversely, if we assume that tw” is symmetric monoidal, then we can make the following Euler
characteristic computation:

I=twh(1) = tw(x(1(1)) = x(tw"(L(1))) = x(£(1) = x(£).

Remark 5.27 Examining the failure of tw” to be symmetric monoidal, we find that in general the
symmetric monoidal structure on C6™%-% is twisted by the Euler characteristic x(£).
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Example 5.28 If we take C = Sp with its usual 7-structure, then the S!-twisted category Sp®* S1.0 is
equivalent to the symmetric monoidal category of graded abelian groups with the Koszul sign convention,
since x(S!) = —1.

On the other hand, SpGr’SZ’O is symmetric monoidally equivalent to the category of graded abelian
groups by Lemma 5.26, since x(S?) = 1.

Lemma 5.29 Suppose that C is equivalent to the derived category of its heart C¥ as a symmetric
monoidal category with compatible t -structure. Then there exists an equivalence of monoidal categories
tw’ : COF ~ CC" making the following diagram of monoidal functors commute:

CGr,@ twﬁ} CGr,E,@

! |

CcGr tw’ s CGr
If x(£) = 1, then the above square naturally lifts to a diagram of symmetric monoidal functors. On objects,
tw’ : C6" — CC" js given by { X} = { X, ® L®"}.

Proof The assumption implies that C6F, equipped with the usual ¢-structure, is equivalent as a symmetric
monoidal category with compatible ¢-structure to D(CEY). It also implies that CG, when equipped with
the L-twisted ¢-structure, is equivalent as a symmetric monoidal category with compatible #-structure to
D(CGr’E’O).

It follows that the equivalence of monoidal 1-categories tw” : C6%% — C6HLQ of Lemma 5.26
determines a compatible equivalence of monoidal categories tw” : C%" — C®F, via taking derived
categories. If x(£) = 1, these are equivalences of symmetric monoidal categories by Lemma 5.26. O

5.3 Twistings, II: The slice filtration

In this short subsection, we specialize the material from the previous subsection to the case of interest.
This means we look at Spc, ;» with Picard element Sg. In order to connect this with MUR » and the
material from Section 4, we relate the p-twisted 7-structure to the regular slice filtration.

Example 5.30 If we take C = Sp,, then the following Euler characteristic computations provide the
three possible nontrivial twists on graded Mackey functors:

XS =1-[C) x(SH=-1, xS =[C]-1.

To verify this, one uses the compatibility of the Euler characteristic with the symmetric monoidal
functors ®¢ and HC2.

Gr,X°Z>,

Example 5.31 Write lﬂ)?zr’p © for Ab. °. Then, since the image of x(S”) in mgZ, is 1, there is

a symmetric monoidal equivalence
twP : AbSY =5 AbSPC
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by Lemma 5.26. Applying Lemma 5.29, we can then upgrade this to a diagram of symmetric monoidal
functors

0
&)iGzr,O tw lﬂ)gr,pﬁ?

| |

A%

G tw? G
Abjy ——— AbY

Convention 5.32 From this point on, our category C will be one of Spc, ;», M(C2);2, Ab;s or Ab;;
with its usual #-structure, and the Picard element we work with will be S%, Epggz Sy, XPZ, or 2275,
respectively. In order to reduce the notational burden, we denote the former three Picard objects by p

and the final Picard object by 2 in superscripts. So, in the example of Spc, ;», we will write Tgo for the

. 0 h . Fil, p,© Fil
connective cover, x, for the 0™ homotopy object and Spcz’ ;> for the heart of SpC‘Z’i 5

This key result of this section is the following:

Lemma 5.33 Let E € Spc, ;,- Then
‘E;OY(E) >~ (> PyE— P,E— PyE - P_,E— P 4E—--.),

where Y is the functor that sends an object to the associated constant filtered object. If we further suppose

that E%—l E =0 for all n, there is a natural equivalence

Gr(t2,Y(E)) ~ nfY(E) = {S"x 2 E}.
Finally, if 7p, E is a constant Mackey functor for all n, then ggY(E ) factors through the tull subcategory

Gr,p,Q Gr,p,0 _ . FilLp,©
Aby T CM(Co)y ™™ = Spe,iy” -

Proof This lemma has three statements. For the first statement, it suffices to note the following:
(i) A Cy-spectrum is ¢-structure O-connective if and only if it is regular slice 0-connective.
(ii) A C,-spectrum E is regular slice 2n-connective if and only if £ ® S™" is regular slice 0-connective.

For the second statement, since Sg > 1, we can use the final statement of Lemma 5.22 to obtain a
canonical map
Gr(z2,Y(E)) = ngY(E).

On the one hand, we have ggY(E ) = {X" E%E } by Lemma 5.22(3”). Since by assumption the odd
slices of E vanish, we learn that the (2n)™ slice of E is equivalent to E”pg,%E and that there are
cofiber sequences

Prns2E — PryyE — Y"1 $2E.

The desired equivalence now follows from the first statement.
The third statement now follows from the fact that any discrete C,-Mackey functor which is constant
admits a (necessarily unique) Z-module structure. |
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5.4 Reductions

In this subsection, we express each side of the equivalence (2) of Theorem 5.1 as the category of modules
over some commutative algebra in Spgi;’ ;- Almost everything in this subsection is a standard application
of Lurie’s theory of higher algebra. We have extracted the necessary material in Appendix A, where we
present it in a digested form.

We begin with the left-hand side of (2).

Lemma 5.34 The cofiber of T : Sg’o’_l — S(z),o,o is a commutative algebra in SH(R);,. Furthermore,
there is an equivalence of symmetric monoidal categories

Mod(SH(R)3 : C) ~ Mod(Spgh ;,: Gr(R.)).

where R, = Tot* (P, MU %),
Proof Recall that the shift map S,(—1) — S5 in SpFCi;’i2 is denoted by 7. Tensoring the equivalence of
Example A.5 with Sp¢, ;, and applying Lemma A.10, we see that there is an equivalence of presentably
symmetric monoidal categories
Sp(C";’i2 ~ Mod(Splg;,iz; Cr).
Under the symmetric monoidal functor i * : Spl*g;’iz — SH(]R)‘;‘ZT constructed in Proposition 4.5, the
commutative algebra Ct maps to Cd. Therefore, using Lemma A.10, we have

Mod(SH(R);3 : CT) ~ Sp¢t ;5 ®spt ,SH(R .
Using Theorem 4.3, there is an equivalence of presentably symmetric monoidal categories under Spl‘g; i2
between SH(R ;.AZT and Mod(Splg;’iz; R.,). Tensoring down along the associated graded ring map and

using Lemma A.10, we obtain equivalences
Spet 2 Dput LSHR)G = Sp¢l Bgppn  ,Mod(Spg, ;5: Ra) = Mod(Spg) ;,: Gr(R)). O
Now we proceed to the right-hand side of (2).

Lemma 5.35 The Euler characteristic of oG/, € Ind Coh(./\/lfg)O is equal to 1. As a consequence,
Construction 5.24 provides a symmetric monoidal left adjoint

p* : AbS™? s Ind Coh(My,)®
which sends Z(1) to oG/ ay, -

Proof Let L denote the Lazard ring. Then the flat cover Spec(L) — M, determines a pullback map
Ind Coh(Myg) — Mody . This determines an injective pullback map 7o End(O4,,) — 7o End(L). Since
the pullback of WG/, Is equivalent to L we learn that x (g /r,) = 1. m|

Since p* sends a family of compact dualizable objects (the powers of Z(1)) to a family of compact
dualizable generators (the powers of wg/4,,), We may apply Proposition A.4 to obtain the following
lemma:
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Lemma 5.36 There is an equivalence of presentably symmetric monoidal categories
IndCoh(My,) = Mod(AbS™; pxOy,,).
Using Lemmas 5.36 and A.10, we obtain the following corollary:

Corollary 5.37 There is an equivalence of presentably symmetric monoidal categories

Ab; ®ap IndCoh(My) = Mod(AbS; p, O P+OMm;, ®z L2).

5.5 The main lemma

In this subsection, we prove our main lemma, Lemma 5.40, and use it to prove Theorems 5.1 and 5.6. This
lemma gives us an explicit formula for Gr(i.(T'x(—))) on a restricted class of objects. Once we have this
formula the remaining work is relatively easy. We begin with a definition and a couple of useful lemmas.

Definition 5.38 ¢ Let Sppcrzoj i» denote the full subcategory of E € Sp¢, ;, for which MUg » ® E' is a

retract of a sum of pure suspensions of MUR > (a suspension yatbo MUR,; is said to be pure if
a=>).

o Let Spf.);)j denote the full subcategory of E € Sp;, for which MU, ® E is a retract of a sum of even

suspensions of MU,.

proj
Cp,i2

contained in SplzJ Note that both SppCrOJ i and Spl.2 contain units and are closed under tensor product,

Since the underlying spectrum of MUR > is MU,, the underlying spectrum of an object of Sp is

so each inherits the structure of a symmetric monoidal category.

Lemma 5.39 Suppose that E € Sppcr;jl.z. Then

(MUR,>) 2D)sp (E) = (MUy),4(E).
As a consequence, (MUR,z)g; (E) acquires the structure of a Z,-module.

Proof By definition of SpC i2» it suffices to note that this is true for £ = Sj, which follows from [Hu
and Kriz 2001, Theorem 2.28]. O

Lemma 5.40 Let /i denote the symmetric monoidal functor h : Spp ", Ind Coh(./\/lfg)?2 which sends a
spectrum to its associated (MU3)«, (MU,)« MU,)-comodule. There is a commutative diagram of lax
symmetric monoidal functors

proj Lol Fil
Pc,.i2 » SPCy,i2

o B lc,r

Sply? —"— Ind Coh(My), —2 AbSF —=— AbS —" Splr
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Proof Our argument will rest on the existence of the following commuting diagram of lax symmetric

monoidal functors:

proj e proj
/
//
—®cb(MU>) % —®cb(MUR ,;2)
~ // ~N
7/
A ¢ S A Fil, A
A Spiz < 7 SpC ,i2 o 3 pCz i2
/ TZOY
7/
/
E%Y i ESY Gr
~N- \1/ ~ ~
Q Gr,2,0,A , ®° Gr,p,0,A fmget; Gr,p,Q,A s gpGrA
IndCOh(Mfg)iz Abiz — @iz S C>,i2 SpC i2
tw—2 tw—?
D+ €
AbgraoaA . P @grao’A Tot
Tot Tot
Gr d¢ Gr twP Gr forget Gr
AblZ M)12 Mj12 sng,lZ

The squares formed by the underlying functor, ¢, commute since underlying commutes with limits
and colimits, the underlying of Sg is Sg and the underlying of MUR » is MU,. In grid position (4, 3) we
have implicitly made use of the equivalence Spg’p D8 Spg;’p A 1o identify the target of EgY with
the latter. The upper-right square commutes by Lemma 5.33. The dashed arrow, labeled f, is unique
(and lax symmetric monoidal) if it exists since the forgetful functor is fully faithful. The dashed arrow
then exists by Lemma 5.39. The large bottom-right square commutes because tw® commutes with Tot.
Finally, the commutativity of the left-hand triangle is a corollary of our ability to identify the E,-page of
the Adams—Novikov spectral sequence; see [Adams 1974].

Using the fact that Gr and Tot commute, we have equivalences
Groiy o I'y ~ Tot Gr(rQOY(— ® Cb(MU]R’z))) ~ twP(Tot(tw™ P ( f(—)))).

By Lemma 5.39, the functor f (and its composition with the twist) lands in the full subcategory of the
target which is spanned, in each grading and cosimplicial degree, by Z,-modules for which the restriction
map r is an equivalence. Thus, we have an equivalence of lax symmetric monoidal functors

tw? (Tot(tw ™ (f(—)))) = tw”(Tot(Ptw " (f(=)))).
Since _ commutes with limits we then have further equivalences,
tw? (Tot(@tw™ " (f(2)))) = tw?(Tot(P°tw ™" (f(-))))
>~ twP (psh @€ (—)). |
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Finally, we are able to prove our main theorems:

Proof of Theorems 5.1 and 5.6 (part 1) We have a chain of symmetric monoidal equivalences:
Mod(SH(R)73 : CT) ——» Mod(Sp¢ ;,: Gr(R.))
5—> Mod(Abf’;, WP (pxOy,))

%) Ab;> ®ap Ind Coh(Myg).

The claim about the Spc, ;,-algebra structure follows once we know Spc, ;5 acts through the ambient
category at each step. The key points here are that the equivalence from Lemma 5.40 was induced by an

equivalence of algebras, and that the twist functor is an Ab;,-algebra map.

0,0,1

Using the Sp¢, ;,-linearity, the claim about Picard elements reduces to tracking CT® S, around

the diagram. Under the first equivalence, Cd ® SO 20,1 goes to 1(1). The twist by —p sends this to

X7P1(1). The final equivalence sends 1(1) to Z, ® wg /- Altogether we learn that CT ® 8(2)’0’1 is
sent t0 X7PZ @ WG/ pmy,» as desired.
Now suppose that X € Sppr d Then, using Lemma 5.40, we have

Gr(is(Tx X)) =~ tw?(pxh @ (X)).

Continuing along the sequence of equivalences above, we see that this object is sent to Z, ® h(P¢(X)),
as desired. |

In order to calculate the homotopy groups of Cd-modules, we begin with a simple lemma.

Lemma 5.41 Given any A € Ab, we have

p+qo‘A = @ np—a(A ® na-l-qUZ)

Proof Consider the composite Ab — Ab — AbS" given by A > A > {Map(S%°, A)}. This composite
is colimit-preserving, hence is equivalent to A — {A ® Map(S?°,Z)}. Now, we have

Map(S7°. Z) = €P) 57140 Z
a

because it is a Z-module, and the result follows by applying 7. |

Proof of Theorems 5.1 and 5.6 (part 2) We now turn to our assertions about homotopy groups. Tracing
through the various equivalences, we find that for X which is MUR »-projective

R CTRX) 2w (2 o (Zy @z, psh®(X)).
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We can commute taking the w™ component past the tensor product and then apply Lemma 5.41 and the
fact that p«h computes Extyu,), mu, to conclude that

C
T CTX) 22 (0 (Lo @2, (peh® (X))w)

= @ Tp—w—a (na+(q—w)aZZ ®Z2 Eth\’/[z[}uz)* MUZ((MUz)*’ (MUZ)*q)e (X)))
a

= D 7p-w-a EXG) g, (MU Tat(g-w)o L2 2z, (MU2)« ¢ (X))
a

—p,2
= (P Extuin) Lt (MU2)s Tat (g-w)o L2 ®z, (MU2) ¥ (X)).
a

Since Jrac_i qoL2 is isomorphic to Z, or F», and (MU,)4 X is torsion-free (since it is a projective (MU ) «-
module), the tensor product inside the Ext can be taken in a 1-categorical sense. |

6 The Chow ¢-structure and vy

In this section, we discuss the Chow ¢-structure on SH(R ?ZT and how it can be used to define an interesting
lax symmetric monoidal functor

VR : SPe,.i2 — SH(R)S.

In the context of DM(k), the Chow ¢-structure was first studied?! by Bondarko [2010]. In the context of
modules over the cofiber of 7 in SH(C)AT, it was studied by Gheorghe, Wang and Xu in [Gheorghe et al.
2021]. In the context of SH(C)AT it was studied by Pstragowski [2023] and by Gheorghe, Isaksen, Krause
and Ricka [Gheorghe et al. 2022]. The Chow ¢-structure on SH (k) is the subject of forthcoming work of
Bachmann, Kong, Wang and Xu, who we thank for carefully explaining their results to us. Among their
results is a determination of the heart of the Chow ¢-structure in full generality. Since this work has not
yet appeared,?? we determine the heart when restricted to SH (R)?zT below.

In Section 6.1, we define the Chow #-structure on SH (R);*ZT , determine its heart and give a formula for
the z-structure homotopy objects. In Section 6.2, we use the Chow z-structure to define the functor

VR : Spc, —> S’H(R)?ZT.

We prove several basic properties of this functor, compare it with the functor I'y defined in Section 4, and
show that several Artin—Tate R-motivic spectra may be recovered from their Betti realizations via vg.

21The publication history of this definition is somewhat complicated. In the published version of [Bondarko 2010], the Chow
t-structure is only conjectured, not shown, to exist. However, in a later version of [Bondarko 2010] which appeared on the arXiv,
Bondarko gave a construction of the Chow ¢-structure.

2211 the time since the first version of this work was posted, the theorems of Bachmann, Kong, Wang and Xu appeared in
[Bachmann et al. 2022].
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6.1 The Chow ¢-structure

In this section, we define the Chow ¢-structure on Artin—Tate R-motivic spectra, compute its heart, and

describe the ¢-structure homotopy objects, which we denote by Jrc °,

Definition 6.1 By [Lurie 2017, Proposition 1.2.1.16], we can construct a ¢-structure on S’;’-[(]R)?zT with

e connective part (SH(R)AT) > o generated under colimits and extensions by
(Sutkuntkan > 0 and ky + ky > 0},

e (—1)-coconnective part (SH(]R)AT ¢ o Spanned by those X € SH(R)AT with 7R X=0

n+ky,n+ky,n
for all n, k1, k, € Z satisfying k1 > 0 and ki+ky,>0.

We call this ¢-structure the Chow -structure on SH(]R)?ZT . Moreover, let r S’H(R)AT — (‘S'”;'-{,(IR)AT C
denote the connective cover with respect to the Chow ¢-structure, and denote the homotopy object functors
by 759 SHR)AT — SHR)S .

The following result is immediate from the definition:

Proposition 6.2 The Chow t-structure on S?—[(R)?ZT is compatible with the symmetric monoidal structure,
right complete and compatible with filtered colimits. Moreover, X"™" restricts to an equivalence

DU (SH(R)AT C (SH(R)AT C
The main two theorems that we prove in this section are as follows:

Theorem 6.3 Let S’H(R)AT “C=9 denote the heart of SH(R)?ZT with respect to the Chow t -structure. Then
there is a symmetric monoidal equivalence of categories

SH(R)E ™ ~ Comod(AbY,; (MU3)24 MUy),

12’

where Comod(Ab”; (MU, )« MU,) denotes the category of evenly graded ((MU,)s, (MU;)x MU,)-
comodules in C-Mackey functors.

Theorem 6.4 Given any X € SH (R)fzT and n, k € Z, there is an isomorphism
(™ X 2= MGL) e nn(X)-
Recollection 6.5 In Theorem 5.1, we constructed a symmetric monoidal equivalence
Mod(SH(R)AT iz C) =~ Mod(Spc, i2; Z2) ®z Ind Coh(Myy).

Moreover, in Lemma 5.16 we equipped Mod(Spc, ;»; Z2) ®zInd Coh(Myg) with a ¢-structure whose heart
is identified with Comod(Ab”; (MU3 )« MUZ) We call the induced ¢-structure on Mod(SH(R)AT; C&)
the tensor t-structure and write Mod(SH (R)%T 5, C @) ®~ for the heart.

i2°

To prove Theorem 6.3, it will suffice to prove the following:
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Proposition 6.6 The tensor t-structure on Mod(S’i‘-[(R)l2 ;
SH (R)iz : a CdT-module X is tensor (co)connective if and only if its underlying Artin-Tate R-motivic

Cq) is induced by the Chow t-structure on

spectrum is Chow (co)connective.
Moreover, the induced symmetric monoidal functor

Mod(SH(R)A; CT)® % — SH(R)H Y

is an equivalence of categories.
First, we need a lemma:

Lemma 6.7 We have Cd € SH(]R)ATC © and the unit map Sg’o’o — Cd induces an equivalence
C—Q «0,0,0
wy S, =~ Cd.

Proof First, we note that Sg’o’_l > 1 in the Chow ¢-structure. Since

0,0,—1 0,1,0 —1,—1,—1
seO T~ 28P0®s; :

it suffices to show that SO 1,0

0,0,0 0,1,0
Sy =Sy .
Combining this fact with the cofiber sequence Sg’o’_l — S(z),o,o — Cd, we find that CT > 0 and that

0,0,0 -0
s .

> 0. This follows immediately from the cofiber sequence X% Spec(C), —

— Cd induces an equivalence on th
To conclude, it suffices to show that C& < 0. By definition, we must show that 7 & nrkey nhon cCa=0
for all n, k1, k, satisfying k1 > 0 and k{ + k, > 0. This follows directly from Theorem 10.1(ii). m]

We note down the following corollary for later use:

Corollary 6.8 Suppose that X € SH(]R)AT is a filtered colimit of Artin—Tate R-motivic spectra that
each admit a finite cell structure with all cells of the form S}™". Then X ® CT € S’H(R)AT =9 and
X — X ® Cd induces an equivalence 710 x> xeca.

Proof It is clear that the collection of X which satisfy the conclusions of the corollary is closed under

n.,n,n

filtered colimits and extensions, so it suffices to assume that X' ~ S5"™" Since X" is an automorphism

of the Chow z-structure, we may reduce to the case of X ~ Sg -0: O, which is precisely Lemma 6.7. O

Proof of Proposition 6.6 We first show that the tensor ¢-structure is induced by the Chow #-structure. We

begin by showing that the connective part of the tensor z-structure on Mod(SH(R)AT; C®) is generated

i2°
under colimits and extensions by

(zrtkintkoncg | ky > 0 and ky + ky > 0},

The ¢-structure on Ind Coh(Myg) has connective part generated under colimits and extensions by

®n
DG/ My,

under colimits and extensions by shitk207 where k; > 0 and ky + k, > 0.
By definition, it follows that the connective part of the induced #-structure on

for n € Z. On the other hand, the 7-structure on Mod(Sp, ;»; Z2) has connective part generated

Mod(Spc, i2; Z2) ®z Ind Coh(Myy)
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is generated under colimits and extensions by the tensor products ki +k2"Z ® a)G I Mg? where k1 >0

and k| +k» > 0. Under the equivalence of Theorem 5.1, these correspond to X% A1 a”+k25”C d, as desired.
It follows directly from the above identification of the tensor connective category that a C@-module is

tensor coconnective if and only if it is Chow coconnective. By Chow connectivity of Cd, which follows

from Lemma 6.7, it also follows that a C d@-module is Chow connective if it is tensor connective. On the

other hand, if X" is Chow connective, then X ® Cd is clearly tensor connective. Using the equivalence

X®Ca~X@xl0~1X (since X is a Cd-module), we see that X itself is also tensor connective.
As a consequence of the above, we obtain a symmetric monoidal functor

Mod(SH(R)AT; ca)®~° — SH(R)S .

Since the tensor ¢-structure is induced by the Chow z-structure, the fact that C lies in the Chow heart
from Lemma 6.7 implies that the above functor factors through a symmetric monoidal equivalence

Mod(SH(R)AT; CT)®~% =~ Mod(SH(R)5<~%; Ca).

Finally, the equivalence 710 —© SO 0:0 ~ €& of Lemma 6.7 implies that C is the unit of SH(R)AT = O’
so that the forgetful functor

Mod(SH(R)AC; ca) — SHR)S
is a symmetric monoidal equivalence. |

We now move on to the proof of Theorem 6.4. First we need to recall some basic facts about cell
structures on finite approximations of MGL.

Definition 6.9 Let Gry (A" %) denote the Grassmannian scheme of k-planes in A”1% and let y denote
the tautological k-dimensional vector bundle over Gry (A1),

We let MGL(n, k) denote the Thom spectrum of the virtual bundle y —k -triv. Then there is a canonical
map MGL(ny, k1) = MGL(n,, k,) whenever n, > ny and k, > k1, and we have li_n)lMGL(n, n) >~ MGL.

Proposition 6.10 [Dugger and Isaksen 2005] The R-motivic spectrum MGL(n, k) admits a finite cell
structure with cells of the form S"""™,

As a consequence, MGL(n, k),, its Spanier—Whitehead dual D (MGL(n, k),), and MGL, are all
Chow connective.

Proof The cell structure is a consequence of [Dugger and Isaksen 2005]. It follows from Theorem 8.1
and Proposition 8.2(1) that there are equivalences

MGL(1, k) ® S» ~ MGL(n, k)2, D(MGL(1,k)) ® S» ~ D(MGL(1,k)5), MGL®S; ~ MGL,.

Therefore these spectra continue to have the same cell structure after 2-completion, from which the
statements about Chow connectivity follow immediately. |
Proposition 6.11 The map MGL, — MGL, ® Cd induces an equivalence JTO OMGL2 ~ MGL, ® Cd,
and the corresponding (MU, ), MU, -comodule is (MU, ), MU,.
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Proof The first part of the statement follows directly from Corollary 6.8 and Proposition 6.10. On the
other hand, Corollary 4.18 states that MGL, =~ I'x(MUR »), so that Theorem 5.6 and Proposition 6.6
together imply that MGL, ® C corresponds to J_rfz (MUR 2 ® MUR 2) = (MU;)24« MU,. This last
isomorphism is a consequence of Lemma 5.39. |

Notation 6.12 We let ® denote the symmetric monoidal structure on

SH(R)S ™ ~ Comod(AbY; (MUz)24 MUy).

Given a graded (MU3 )4« MU,-comodule My, we let M [n]« denote the shift with M [n]i 4, = M.

Lemma 6.13 Let M, be a graded (MU, ), MU,-comodule in C,-Mackey functors, viewed as a element

of S?—[(R)g’c_@. Then My« ® MGL,; lies in S”;'—[(IR)?ZT’C_Q and corresponds to My ®° (MU;)2x MU,.

Proof It follows from Proposition 6.10 that M, ® MGL, is Chow connective. As a consequence,
Proposition 6.11 implies that there are equivalences

75 (M ® MGLy) > M, ®° 7§~ YMGL; M, ®° (MU,),, MU,.

It therefore suffices to show that M, ® MGL, is Chow coconnective. For this, we compute for
n,ki,kr € Z withky >0and k; + ko > 0:

ﬂf]ﬁ‘kun-i—kz,n (Mx @ MGL;) = [S’zl+kl’n+k2’na My ® MGLz]SH(R)g

~ li_I)n[S’21+kl’n+k2’n, My ® MGL(m, m)Z]SH(R);g
=~ li_n)l[S;‘f‘khn-i—kz,n ®DMGL(m, m),), M*]SH(R);.*;
=0,

since D(MGL(m, m),) is Chow connective by Proposition 6.10. It follows that M, ® MGL, is Chow
coconnective, as desired. O

Lemma 6.14 Suppose that X is Chow connective. Then the map X ® MGL, — ng_o(X ) ® MGL,

induces an equivalence on E;R—kl,n—kz,n forall n,ky,k, € Z with k1 > 0 and ki + k, > 0.

Proof It suffices to show that Ef—kl,n— kz,nY ® MGL, = 0 for all Chow 1-connective Y. Since this
condition is closed under filtered colimits, suspensions and extensions, it is closed under all colimits
and extensions. It therefore suffices to assume that ¥ = 7" % 92 for 1 ay ay € 7, satisfying
ay; > 0 and a; 4+ a; > 0. In other words, we must show that E;R—kl,n—kz,nMGLz for all n,ky,k, € Z
now satisfying k1 > 0 and k{ + k» > 0.

By Proposition 4.14, there is an isomorphism

R ~ - C>
Tty it nMOL2 =27, 70 4 tys

P, MUR > .

(S;_kl +(n—k2)a) ~ S;"—kl—kz q>C2 (Sg_kl —I—(n—kz)a) ~

This is zero because ®¢ is of dimension < 27 and

Sn—kl

> is of dimension < n. O
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Proof of Theorem 6.4 Tt suffices to prove this when k = 0, from which we may take topological
(de)suspensions to obtain the result in general. For k£ = 0, we have

7§~ (X)n = Homy, )., -med (MU2)24[1], 7§ (X))
= Hom ypu,),, MUy-comod((MU2)24[1]. 7§~V (X) @ (MU3) 4 MU»)
C n, _
= 75 Mapgy gy (S5, 75~ (X) ® MGL,)

o~ EOCZ Map g, r)st (S7™", X ® MGL,)
= (MGLy )y, (X).
where the third and fourth isomorphisms follow from Lemmas 6.13 and 6.14, respectively. O
Finally, we record the following proposition for use in Section 6.2.

Proposition 6.15 An Artin-Tate R-motivic spectrum X € S?—[(R)f‘g is left complete with respect to the
Chow t-structure if and only if it is MGL, -local.

The proof will make use of the following lemma:

Lemma 6.16 The functors X + xR

. . . AT
—n+k,n,nX are jointly conservative on SH(R)7 .

Proof Since the functors X > Map gy (gyx (S5™", X) are jointly conservative, it suffices to note that

C . . .
the functors ¥ — & sz are jointly conservative on Spc, . |

Proof of Proposition 6.15 Since the Chow ¢-structure is right complete, it is equivalent to show that
X ® MGL, =~ 0 if and only if 7S~ X = 0 for all . This is an immediate consequence of Theorem 6.4
and Lemma 6.16. |

6.2 The functor vy
Definition 6.17 We define a lax symmetric monoidal functor
VR : Spey.iz — SHR)E
to be the composite
—1 1. TS
SPc,.iz 25— Mod(SH(R)Y: So[@ 1) =5 SH(R)S .

One of the main results of this section is the following theorem, which summarizes the basic properties
of vR:

Theorem 6.18 Let X, Y, Z € Spc, ;,. The lax symmetric monoidal functor v : Spc, ;> —> S?—[(R);ﬁ“g
satisfies the following properties:

(i) There is a natural equivalence Be(vr (X)) ~ X.
(ii) The functor X — vr(X) commutes with filtered colimits.

(iii) Given any k € Z, there is a natural equivalence vg (EKP X ) ~ Sk-kkyp (X).
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(iv) Suppose that X — Y — Z is a cofiber sequence. Then

VR(X) = vr(Y) = vr(Z)

is a cofiber sequence if and only iff_rgg_l (X @ MUR ;) > 7_[53_1 (Y ® MUR ) is a monomorphism
for all n.

(v) Suppose that X is a filtered colimit of C,-spectra that admit finite cell structures with all cells of the
form S'zw forn € Z. Then, for all Y, the natural map

VR(X) ® vr(Y) = vr(X @ T)

is an equivalence.
(vi) The C;-spectrum X is MUR »-local if and only if vg (X') is MGL;-local.
We also compare vg to the functor I'x : Spc, j» — S?—[(R)?zT constructed in Construction 4.4.
Theorem 6.19 For X € Spc, ;5. there is a natural equivalence
T (X) ~ vr (X)L, -

As evidence that the functor v is a good way to produce Artin—Tate R-motivic spectra, we prove that
several R-motivic spectra of interest may be recovered from their Betti realizations via vR:

Theorem 6.20 There are natural equivalences of commutative rings in S?—[(R)f‘g :
MGL; ~vr(MUR,2), MFy~vr(F2), MZy>~vr(Z), kgl,~vr(kur,2), kqr~vr(koc,,2).

Remark 6.21 In light of Theorem 6.20, it would be reasonable to define an R-motivic spectrum of motivic
modular forms as vg (tmfc, »), assuming that one had a suitable C,-equivariant spectrum of connective
topological modular forms tmfc, . Since no such equivariant spectrum has yet been constructed, we
leave this to future work.

Remark 6.22 Since all of the Artin—Tate R-motivic spectra in question are MGL,-complete, in light of
Theorem 6.19 we may replace vgr in Theorem 6.20 by I'.

We now begin with the proof of Theorem 6.18.

Proof of Theorem 6.18 (i) Equivalently, we are to show that vg (X)[@~'] ~ Be™!(X). Using the
cofiber sequence v (X) — Be ! (X) — rg_l (Be™!(X)), we find that the cofiber of

VR(X)[@ ] = Be ' (X)[@ ']~ Be ! (X)
may be expressed as lim »0,0.m Tg_l (Be 1 (X)).
Now, we know that
n§+k1,n+k2,n(rg—l(Be_l (X)) =0
for all n,ky,ky € Z with k; > 0 and k1 + ko > 0. It follows that

Tk mdan (SO TS (Be™ (X)) = 0
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for all n, kq,k, € Z with ky > —m and k1 + k, > —2m. This implies that lim EO’O’mrg_l (Be™ (X)) is
null, as desired.

(ii) This is immediate from the fact that the Chow #-structure is compatible with filtered colimits.

(iii) Tt is clear that there is a natural equivalence Be™! (Ek”X ) ~ yhkkpe=1 (X). Moreover, since
ym.mM induces an automorphism of the Chow ¢-structure, we find further that ‘[SO commutes with
ym.mm - Combining these facts, we obtain the desired result.

(iv) It is clear that X — Y — Z is a cofiber sequence if and only if Be™!(X) — Be™!(Y) — Be ' (Z)
is. Applying a general fact about #-structures, we see that

fgo(Be_1 (X)) — tgo(Be_1 Y)) — rgo(Be_1 (2))

is a cofiber sequence if and only if nEl—O Be (X)) - JTEI_O(BG_I (Y)) is a monomorphism. The result

then follows from Theorem 6.4 and the isomorphism J_r}i gwMGL2 ® Be (X)) ~ 7_15_%_ q0 (MUR > ®X).

(v) By compatibility with filtered colimits, we may assume that X admits a finite cell structure with all
cells of the form S;p . Let us write

Sy >Xi > Xy > > X=X

with X/ X;—1 >~ Sg”’. Then it is easy to prove that gfﬁ_l (X; ® MUR ) = 0 for all # and i by induction,
so that by (iii) and (iv) there are cofiber sequences

VR (Xi—1) > vR(X;) — SHM

It follows that D(vr (X)) is Chow connective. To show that the natural map vr(X) ® vr(Y) —
VR(X ®Y) is an equivalence, it suffices to show that it induces an equivalence on 2°° Map SHR)A Z,-)
for all Chow connective Z. For such Z, we have

Q% Mapsymyg (Z. VR (X) © VR(Y)) = Q% Mapsyycayg (Z ® DOR(X)). vR (1))
~ Q% Mapgy gy (Z @ D(vr (X)), Be™!(Y))
~ Q% Map g3 g2 (Z, vR(X) ® Be™!(Y))
~ Q% Mapgy,ys (Z,Be™! (X) @ Be™ (Y))
~ Q% Map gy g)s(Z. vr(X ®Y)),
as desired. We have used Chow connectivity of D (vr (X)) in the second equivalence and (i) in the fourth.

(vi) It is clear that X is MUR »-local if and only if Be ! (X) is MGL,-local. By Proposition 6.15,
it suffices to show that Be ™! (X) is left complete with respect to the Chow ¢-structure if and only if
vR(X) = Tgo (Be~1 (X)) is. This follows from the fact that left completeness is invariant under taking

connective cover. O
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We now move on to the proof of Theorem 6.19. We begin by studying the interaction of the Chow
t-structure with MGL,.
Proposition 6.23 Let X € SH(]R)?ZT . Then the following statements hold:
(i) If X is Chow connective, then
Map gy, ryx (S, MGL, ® X)
is regular slice 2n-connective for all n.
(i1) There is a natural equivalence
MGL; ® (15, X) ~ 5, (MGL; ® X).
(iii) The natural map
Map s,y (S3%",MGL, ® 15, X) — Map SHER) (S5*",MGL, ® X)
induced by the counit rgoX — X is equivalent to the canonical map

Pzn MapSH(R)f\"ZF (8(2),0,1’1’ MGL2 ® X) — MapSH(R):\; (S(z)vo,l’l’ MGL2 ® X)

Proof We begin by proving (i). The full subcategory of X for which Map SHR)A (Sg’o’", MGL, ® X)
is regular slice 2n-connective is closed under colimits and extensions, so it suffices to prove this for
X = S'szrkl’erkz’m for all m, ky,ky» € Z where ky > 0and k; + k, > 0.

Now, we have
MaPSH(R);g (Sg,o,n’ MGL, ® S;”Jrk‘ ,m+k2,m) ~ yymtki+(m+kz)o MaPSH(R)g(Sg’O’n_m, MGL,).

Since XM tki+(m+k2)o of 4 regular slice 2 (1 —m)-connective Cp-spectrum is regular slice 2n-connective,
0,0,0
2

We now prove (ii). Since MGL, is Chow connective, there is a natural map

this reduces us to the case where X =S , where this follows from Proposition 4.14.

(£4X) ® MGL, — 75 (X ® MGL,).
To show that this is an equivalence, it suffices to show that
Q% Map s,y (Y- (z$yX) ® MGL;) — Q% Map g,y (Y. 5, (X ® MGL,))
is an equivalence for all ¥ compact and Chow connective. This is equivalent to the map
Q°° Map gy @y (Y. (t$oX) ® MGL;) — Q°° Map su@s (Y. X ® MGL,).

Now, using compactness of Y, the identification MGL, =~ lim, MGL(k, k)2, and duality, we may rewrite
this map as

li7n)1 Q°° Map gy gysr (¥ ® D(MGL(k, k)2). (t$oX)) = h_;)n Q°° Map gy rysr (Y @ D(MGL(k, k)2), X).

This is an equivalence by Proposition 6.10.
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Finally, we prove (iii). By (i), the map
MapSH(R)g(Sg’O’”, MGL; ® £, X) — Map gy (S5%", MGL, ® X)
factors through a map
Map sy (S5, MGL, ® 15 X) — P2, Map sy (S3%",MGL, ® X).

Since both sides are regular slice 2n-connective, it suffices to show that this map is an equivalence
after applying Q°°X~"P. Making some basic manipulations, this is equivalent to showing that
Q% Map gy (S5 MGL, ® 5, X) — Q°° Map su@r(Sy™" . MGL, ® X)

n,n,n

is an equivalence. This is equivalence by (ii) and the Chow connectivity of S,".

We are now ready to prove Theorem 6.19.

Proof of Theorem 6.19 In this proof, we freely use the notation of Section 4 and Section C.2, in

articular the functors i, 251 and cb.
p >0

Let X be a C,-spectrum. By Proposition 6.23(ii), there are equivalences
VR (X){\\,IGL2 ~ Tot* (Vg (X) ® cb(MGL;)) =~ Tot* (v (X ® cb(MUR »))).
Applying ix to the map vgr(X ® cb(MUR)) — Be (X ® cb(MUR,3)) of cb(MGL;)-modules in
cosimplicial Artin—Tate R-motivic spectra, we obtain a map
ix(VR(X ® cb(MUR 2))) = X ® cb(MUR »)

of ix(cb(MGL,)) >~ ti‘gicecb(MUR’z)-mOdules in cosimplicial filtered C,-spectra, where the target is

constant in the filtered direction.
By Proposition 6.23(iii), this factors through an equivalence

i+ (VR (X ® cb(MUR 2))) — t23°°(X ® cb(MUR2))

2slice

of 72

cb(MUR )-modules. Totalizing, we obtain an equivalence

I (VR(X)I/\\/IGLz) >~ ix(I'x (X))
of R,-modules. Finally, translating back along the equivalence i, we obtain the desired equivalence
vR(X oL, = T+(X)  in SH(R)S. o

We now move on to the proof of Theorem 6.20. We will prove Theorem 6.20 as an application of a
general criterion for there to be an MGL,-local equivalence X ~ vg (Be(X)). This will be based on:

Definition 6.24 We say that X € SH(R);*ZT is slice simple if, for all n € Z, the natural map
MapSH(R)g(Sg’O’”, X) — Be(X)

factors through an equivalence
MaPst);g (Sg’o’", X) >~ P,,Be(X).
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Proposition 6.25 Let X € SH(R)AT, and let Ly, denote MGL;-localization. Then Lygr, X =~
LyigL,vr (Be(X)) if and only if MGL, ® X is slice simple.

If X is a commutative algebra, then the equivalence Lygr, X ~ Lwvacr, VR (Be(X)) is one of commu-
tative algebras.

Proof Suppose that Lygr, X >~ Lmcr, VR (Be(X)), so that MGL, ® X >~ MGL, ® vg (Be(X)). Then
Map gy (S5 ™", MGL, ® X)) ~ Map gy (S5, MGL, ® vg (Be(X))
as Cy-spectra over Be(X'). By Proposition 6.23(iii), the map
Map s,y (S3%",MGL, ® vg (Be(X)) — Be(MGL, ® X)
factors through an equivalence
Map sy,r)aT (S5*", MGL, ® vg (Be(X)) = P,,Be(MGL, ® X),

so that MGL, ® X is slice simple.
Now suppose that MGL, ® X is slice simple, and consider the following diagram:

X — x[@ Y

| !

rgoX — fgo(X[H_l])
If X is a commutative algebra, then this is a diagram of commutative algebras. Applying

MapSH(R)g (ngo,n , ® MGLz) s

we obtain the diagram

Mapsyr)a1 (Sg’o’”, X ® MGL,) > Be(X) ® MUR »

l [

Map gy, (83" (159 X) ® MGLa) — Mapsy gy (53" (25, (X[ 7']) ® MGL,)

Finally, applying Proposition 6.23(iii) and slice simplicity of MGL, ® X, we may identify this diagram
with
Py, (Be(X) ® MUR ) —— Be(X) @ MUR »

I I

P, (Be(X) @ MUR,2) —— P2,(Be(X) @ MUR,2)

In conclusion, we find that the maps rgoX — X and rgoX — ‘L’go (X[@~ 1) ~ vr (Be(X)) are MGL,-
equivalences, as desired. |
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To prove Theorem 6.20, we now need to show that the R-motivic spectra in question are slice simple
after being tensored with MGL,. To this end, we record the following simple proposition:

Proposition 6.26 The collection of slice simple Artin—Tate R-motivic spectra is closed under direct sums,
retracts, and pure suspensions """,

Proof of Theorem 6.20 By Proposition 6.25, it suffices to show that MGL, ® E is slice simple for
E = MGL,,MF,,MZ,, kgl,,.kq,. Indeed, each of these E is MGL;-local, and vr(Be(E)) is also
MGL;-local by Theorem 6.18(vi), since Be(E) is MUR »-local.

Now, for £ = MGL,,MF,,MZ,, kgl,, the tensor product MGL, ® E is a direct sum of pure
suspensions of E, so it suffices to show that E itself is slice simple. For MGL,, this follows from
Proposition 4.14. For MZ, and MI3, it follows from Lemmas 3.9 and 3.10. For kgl,, it follows from
Proposition 4.8 and [Heard 2019, Theorem 1.1].

Finally, for the case of kq,, we use the equivalence kq, ® Cn =~ kgl, and the fact that n = 0 in
no 1,1 MGL, to deduce that MGL; ® kgl, ~ MGL, ® kq, ® C1p = MGL; ® kq, ® »LLIMGL, ® kqj.
It follows that MGL;, ® kq, is a retract of MGL, ® kgl,, so that MGL, ® kq, is slice simple. |

7 The a-local category

In this section, we study the a-localized category, Mod(SH (R)AT: S»[a~1]). The authors find this category

i
to be the most enduring mystery in our study of Artin—Tate Il’l(;thlC spectra over R. Some of the behavior
of this category is the subject of Questions 7.5 and 7.7.

In the category of C,-equivariant spectra, inverting the class a5 € 71_0 S corresponds to taking
geometric fixed points. As a consequence, since a = cc /R (¢ ), we may interpret Mod(SH(R)AT o Ssla=1))
as the natural target for some kind of “motivic geometric fixed points” operation. Using @, we may
also view the category Mod(SH(]R)l 55
Since ®¢2 MUR , >~ MO, one might imagine that this degeneration is related to Syny, ~ Syng ,- In

S,[a~']) and Syng,.

Sa[a~1]) as a deformation of Sp;, with algebraic special fiber.

Proposition 7.6, we will construct a comparison functor between Mod(S?-l(IR)l2 ;

However, it is not an equivalence.
Another feature of the equivariant setting is the existence of the diagram

Spc,
Nmecz/K Yz
Sp d > S

This suggests we study the composite ng (—)[a~!]. Although the norm functor itself is not exact, in

Lemma 7.3 we observe that this composite preserves all colimits. However, it is not an equivalence.
Altogether, we conclude that the a-local category sits between the even BP-synthetic category and the

IF,-synthetic category in a nontrivial way. In fact, although we are able to identify the three algebraic

categories which arise as the special fibers, the maps between them are surprisingly nontrivial.
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7.1 The a-local category as a deformation

The symmetric monoidal category Mod(SH(R); S[a~!, @~ !]) is equivalent to Sp by [Bachmann 2018]

and Corollary 3.6. As a consequence, there is an equivalence??

Mod(SH(R): Sala™!,@71]) ~ Sp;, -
On the other hand, the following is an immediate corollary of Theorem 5.1.
Corollary 7.1 There is an equivalence of symmetric monoidal categories

Mod(SH(R)AT; Cq[a™1]) ~ Mod(Sp;,; ®2Z,) ®7 Ind Coh(Myy).

On homotopy groups, this induces an isomorphism>*

AR, wCTa )= P (F2{u?’} ®F, Extlp 4p(BPs. BP4/2)).
w+2b—s=p
Recollection 7.2 There is an isomorphism 7 CDCZZZ =~ [F,[y], where |y| = 2. Viewing CDCZZz as
Z»la; '], y may be identified with usy /a2 = u2 /a>.

The presence of the nonnilpotent element # in the homotopy of C&[a~!] prevents this category from
being equivalent to either a BP-synthetic category or an [F,-synthetic category.

The simplest way to gain computational access to the a-local category seems to be the T-Bockstein
spectral sequence.

7.2 The a-local norm

Equivariantly, the composition of the norm functor with geometric fixed points is the identity. As we
shall see, over R the situation is not so straightforward.

Lemma 7.3 The composite

AT Nmg ar Ol AT, —1
SH(C);; —— SH(R);; ——— Mod(SH(R);5:S2[a™"])
is a symmetric monoidal left adjoint. On Picard elements this composite sends S;’w to Sz’*’zw[a_l |- The

map T is sent to T>.

Proof The norm functor Nm% is symmetric monoidal and commutes with sifted colimits [Bachmann
and Hoyois 2021, Proposition 4.5]. Since we compose it with a symmetric monoidal left adjoint, in order
to prove the first claim we need only show the composite preserves binary sums. From [Bachmann and
Hoyois 2021, Corollary 5.13], we have a formula

R ~ R : R
Nmc(X @ Y) >~ Nmg(X)Dix(X ®Y) @& Nmg(Y),
230f course, this can also be deduced directly from Theorem 3.2 and the equivalence Mod(Spc,,i2; Sz[agl D =~ Sp;».

24Since |a| = (0, —1, 0), the trigraded homotopy groups of an a-local R-motivic spectrum are periodic in the g degree. This
is reflected by the fact that the given formula has no dependence on q.
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where 7 is the inclusion R — C. Since the functor i, lands in modules over the cofiber of a, the middle
term vanishes upon inverting a, as desired. The claim about Picard elements is just a restatement of what
we already know about Picard elements from Recollection 1.29.

Now we examine Nm]}cq< (7)€ JT(I;&;O,_Z S,. Since the invert T map

7'[(]%{;0’_2 Sz—)ﬂ(I)R,O,_Z Sz[a_l] JTOOSZ
is an isomorphism which sends  to 1, it suffices to note that
Nmy (D)@ = NmS2 ((r)[c 1)) = NmS2 (1) = 1. O

Remark 7.4 Despite the fact that upon inverting  the functor Nm%[ ~1] becomes the identity on Sp;,,
for degree reasons the class 71 in 711 ; S2 cannot map to the class 1 ® oy in the homotopy of Cd[a™ 1,
which one might expect detects 7.

uestion 7.5 Is there an equivalence Nm 7) >~ Cd* of commutative algebras? Postcomposing wit
Question 7.5 Is th quival N%C Ca? of ive algebras? P posing with
the quotient map C &2 — Cd, one obtains functors

Mod(SH(C)AT; Ct) — Mod(SH(R)A; CT[a™']) — Mod(SH(R)AT; Cala™)).

lP’

Can the composite functor above be identified with the composite functor below?

Ind Coh(Mgg)i» ————— Mod(Ab; ®2Z,) ®7, Ind Coh(M,);2

Jre- ]

Frobenius

Vectg, ®z, Ind Coh(My,);s ——— Vecty, ®z, Ind Coh(Myy);2

7.3 Mapping down to [',-synthetic spectra

In this section, we will construct a realization functor from the a-local category to the category of
IF,-synthetic spectra. In some ways, this functor is even more surprising than the norm functor. While
the norm functor seems to double degrees on the special fiber, Question 7.7 suggests that inverting a cuts
degrees in half.

Proposition 7.6 There is a symmetric monoidal left adjoint
Rep, : Mod(SH(R);3: Sala™"]) — Syng, ;..
which sends Sé”q’w toSP" and Tto t.
Proof We begin by noting that under the equivalence
SH(R)73 ~ Mod(Sp¢h ;5: Ra) > Mod(Spgh: R.)

from Theorem 4.3, inverting a becomes levelwise geometric fixed points. Thus, Mod(SH (R)AT oy Ssla™1)
is equivalent to modules over the commutative algebra ®€2 R, obtained by applying ®C2 levelwise.
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Now recall that
R, := Tot* (P, MUE").

We may then construct a chain of comparison maps

P2 R, = OC2Tot* (P MULE!) — Tot* @2( Py, MULT!) — Tot* 1=, (@2 MUE )

=5 Tot* 12, (MO* 1),

where the key step is a use of the fact that the geometric fixed points of a regular slice 2n-connective
C,-spectrum are n-connective. This is used to produce the map across the line-break.
In Proposition C.22, we produced a symmetric monoidal equivalence

Mod(Sp™™; Tot* r2, (MO* 1)) ~ Syn$Sh ;..

Since the category of MO-finite-projective spectra is equivalent to the category of [F ,-finite-projective
spectra, and a map X — Y of spectra is an MO-surjection if and only if it’s an (IF,)«-surjection, there

is a symmetric monoidal equivalence Syny;o =~ Syn, . Finally, we can use the fact that SynﬁFeil

>~ Syan
to drop the decoration. Altogether, base-change along this ring map produces a symmetric monoidal

left adjoint
Mod(SH(IR{)?zT; SIS Syng, iz m]
Much of what was said in this section can be summarized with the existence of the following diagram
of symmetric monoidal left adjoints:

Id Id

Spiz > Spis > Spis
] (Gl ]
AT R AT. -1 N
SH(C) mE O] > Mod(SH(R);5 5 S2[a™]) Rer, > Syng, ir
-®Ct —-®Ca -®Ct

Ind Coh(My,);» — Mod(Ab; ®¢2Z,) ®z, Ind Coh(Myg)in — Mod(Syng,: C7)

The bottom-right corner can be described in terms of comodules over the dual Steenrod algebra
[Pstragowski 2023, Section 4.5]. The maps from the left to the right are comparison maps from the
Adams—Novikov to the Adams spectral sequence.

Question 7.7 Is the map from the bottom middle to the bottom right induced by the map of Hopf
algebroids (BP«, BP+BP) — (IF;,, .A) which sends #; to {;? Note that this map is not the usual Thom
reduction map that sends #; to { 12
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8 Completions

In this paper, correctly handling a variety of different types of completion has been a key point. The
purpose of this section is to give a single uniform source of information on completeness questions and
how we handle them.

In Section 8.1, we show that 2-completion agrees with tensoring with S, for some important R-motivic
spectra. Since these R-motivic spectra are cellular, this implies that their 2-completions in SH(R) lie in
SH(R sz and that their cell decompositions carry over unchanged to the 2-completion. In the case of
MGL, this is an important technical point in the rest of the paper.

In Section 8.2, we record the fact that every dualizable object of SH(R sz is @-complete.

Finally, in Section 8.3, we make some remarks about a-completion.

8.1 2 completion is sometimes i2 completion

The main goal of this section is to prove the following theorem:

Theorem 8.1 There are natural equivalences in SH(R):
MGL® S, - MGL,, HZ®S, - HZ,, kgl®S, —kgl,, kq®S; —kq,.

The proof for MGL, HZ and kgl will be completely independent of the rest of this paper. On the other
hand, the proof for kq will use results from Sections 2 through 4.

We begin with some basic facts about the situation. In the following, we will make use of the homotopy
t-structure on the category of SH(R) of R-motivic spectra. We refer to the reader to [Hoyois 2015,
Section 2.1] for basic facts about the homotopy z-structure.

Proposition 8.2 Given X € SH(R), the following statements are true:

(1) If X is dualizable, then
XQ® Sz — X2
is an equivalence.

(ii) Suppose that lim X (n) >~ X and that the connectivity of the maps X (n) — X tend to infinity with
respect to the homotopy t-structure. Then if

XM ®Sy; — X(n),
is an equivalence for all n, we also learn that

X®Sz—)X2

is an equivalence.

Proof To prove (i), it simply suffices to note that since X is dualizable, the functor — ® X preserves
limits.
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To prove (ii), we note that, since tensoring with S, preserves colimits, it is equivalent to show that

lim X (n)2 — X;
is an equivalence, i.e., that
lim(X>/ X (n)2) >~ lim(X /X (n))2 >~ 0.

Since {S?"" @S ,|S €Sm/R and p, w € Z} forms a set of compact generators for SH(R), it suffices
to show that

Map gy r) (S?" @S+, lim(X/ X (n))2) =~ lim(Mapsyg) (SP*"" @S+, X/ X(n))2)

is equivalent to 0 for all S € Sm/R and p, w € Z.
This follows from the definition of the homotopy #-structure, which implies that, for fixed S € Sm/R
and p, w € Z, the connectivity of the spectrum

Map s gy (SP"" ®S+, X/ X (n))
goes to infinity as # goes to infinity. a
The key input to our proof of Theorem 8.1 will be the following:

Lemma 8.3 Let MGL(n, k) denote the Thom spectrum of the bundle y — k - triv over Gry, (A"Tk)y,
Then the cofiber of the natural map MGL(n, n) — MGL is n-connective with respect to the homotopy
t-structure.

Proof This is an immediate consequence of [Hoyois 2015, Lemma 3.4]. |

Proof of Theorem 8.1 for MGL, HZ and kgl Since MGL(n, k) is dualizable, the result for MGL
follows from the combination of Proposition 8.2(i)—(ii) with Lemma 8.3.
We now turn to the case of HZ. By the Hopkins—Morel theorem [Hoyois 2015], there is an equivalence

MGL/(ay,a3,...) ~HZ
for certain classes a; € n}%,iMGL. In other words,
limMGL/(a1,a, ... ,a;) ~HZ.

By the result for MGL, we know that the result holds for all MGL/ (a1, aa, .. ., a;). By Proposition 8.2(ii),
it therefore suffices to show that the connectivity of

MGL/(ay,as,...,a;) > MGL/(ay,a3,...) ~HZ
goes to infinity. To do this, it suffices to show that the connectivity of
MGL/(ay,as,...,ar) —>MGL/(ay, a3, ... ,dk, dg+1)
goes to infinity, which follows from the cofiber sequences
MGL/(ay,as,...,ax) > MGL/(ay,as,...,ax, ag+1) —> Ek+2’k+1’k+1MGL/(a1,a2, e, dR).
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Finally, we handle the case of kgl. Combining the Hopkins—Morel theorem and convergence of the
effective slice towers for MGL and kgl [Hoyois 2015, Lemmas 8.10 and 8.11] with [Spitzweck 2010,
Proposition 5.4], we find that there is an equivalence

MGL/(ay,as,...) >~ kgl.
We may therefore prove the result for kgl exactly as we did for HZ. a
Before we move on to the case of kq, we collect some facts that we will need:
Proposition 8.4 The following are true:
(i) Suppose that X € S?—[(R)?ZT is effective slice connective. Then the natural map
Map g5, r)(S”*", X) — Be(X)

is an equivalence for any n < 0.

(ii) In C,-equivariant spectra, there is a canonical equivalence
®2(koc,.2) ~ P2 (koc,)a.
Proof Given X € SH(R);y, it follows from Theorem 3.2 that

Be(X) = lim Map g,(r) (S>*", X).

Part (i) therefore follows from Proposition 4.13.
We now prove (ii). By the cofiber sequence

(kocy)nc, = (koc,) 2 — @ (koc,)
and the fact that (—)©2 commutes with limits, it suffices to show that the canonical map
(koc,,2)ney = (Koc,)ne,,2
is an equivalence. This map is equivalent to
ko, ® RPY — (ko @ RPY)s,
so this follows from connectivity of ko and the fact that RIPS is of finite type. a
The key input will be the following special case:
Proposition 8.5 The map
oL 1] - wefh
is an equivalence.
This will make essential use of the following result of Bachmann.
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Proposition 8.6 The assignment X + X (R) induces an equivalence

S’H(R)[%] ~Sp.
Moreover, we have
1
SH(R)(z)[ ,J S’H(R)(z)[ ;] =~ Modg.

Proof The first statement follows from [Bachmann 2018, Theorem 35 and Proposition 36]. The second
statement is a consequence of the first and [Bachmann 2018, Lemma 39]. O

Given Proposition 8.6, Proposition 8.5 is reduced to the following proposition:

Proposition 8.7 There are isomorphisms

L
”Eo,o(kq(z)_g’ﬁ_)% [B] when |B] =4,
R 117\ L
7+,0,0 (82 5 5) = Q,,
11
”Eo,o(qu_g,ﬁ_) = Q[B] when |B] =4.

Proof Let W(R) denote the Witt group of the real numbers. There is an isomorphism W(R) =~ Z. It
follows from [Bachmann and Hopkins 2020, Section 6.3.2] that

w20 ok ] = WR)[B) = Z(),

from which we deduce the first isomorphism.
By Theorem 3.2, Betti realization induces an isomorphism

7062 2] 2 73,50

As a consequence, we find

TICH] L R E RV Bl CH PR EL I CREL A

Inverting 2 and applying Proposition 8.6, we deduce the second isomorphism.
For the third isomorphism, we make use of the sequence of equivalences

. kq kq
MapSH(R)(SO,O,n’qu) i~ h(_mMapSH(R) (SO,O,n’ 2_k) ~ lim Be(2 ) Be(kq), >~ koc,,2,

where the second equivalence follows from Proposition 8.4(i) and the fourth equivalence follows from
[Kong 2020, Corollary 2.30].
As a consequence, we find that

1 1 1 c 1
”Eo,ok%[;] = ﬂﬁo,ok%[ﬁ’ 5] = Ty zkocz,z[aa] = n*CIDCZ(kocz,z) >~ JT*CI)CZ(I(OCZ)Z =~ 7,[B],
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where the fourth isomorphism follows from Proposition 8.4(ii) and the fifth isomorphism follows from
[Guillou et al. 2020, Propositon 10.18]. Inverting 2 and applying Proposition 8.6, we obtain the result. O

Proof of Theorem 8.1 for kg We want to prove that
kq® S, — kq,

is an equivalence. It is clearly an equivalence after smashing with C(2), so it suffices to show that it is an
equivalence after inverting 2. Moreover, by the equivalence kq ® C(n) =~ kgl and the kgl case, it is also
an equivalence after smashing with C(n). It therefore suffices to show that

11 11
(kq® Sz)[ia E] —Kkq, [5, E]
is an equivalence, which is Proposition 8.5. |

8.2 Ta completion

At several points we have suggested that from a computational viewpoint the d-Bockstein spectral
sequence is probably the best way to gain access to various objects. Here we show such computations

often converge to the correct answer.
Proposition 8.8 The unit in S’H(R)?zT is T-complete.

Before proving this proposition we give a corollary of it.
Corollary 8.9 Every dualizable object of S’H(R)?zT is T-complete.

Now we turn to the proof of this proposition. We begin with the following lemma.
Lemma 8.10 MZ, is @-complete.
Proof Since the trigraded spheres are a family of compact generators it will suffice to show that

lim(--- — ”Eq,z(MZZ) — nﬁq’l (MZ,) — nﬁq’O(MZZ))

is zero and there is no lim! term. Both of these claims follow from the fact that ngq,w(MZ 2) = 0 for
w > 0. O
Proof of Proposition 8.8 Since the MZ,-Adams spectral sequence converges [Hu et al. 2011a] and
limits of complete objects are complete we may use Lemma 8.10 to conclude. O
8.3 a-completion

Almost none of the objects we have encountered are a-complete. This stands in contrast to Cp-equivariant
homotopy theory, where the Segal conjecture implies that the 2-completed unit is a-complete. To see
explicit failures of completeness, note that if an object X is a-complete then CT ® X is also a-complete.
On the other hand, the homotopy groups of C contain copies of the homotopy of Z,, which is not
a-complete.
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Example 8.11 The elements (f/a") ® 1 in the homotopy of C give an explicit example of non-a-
completeness. If we consider the image of §/a” under the connecting map § : £~ 1%1CT — S we obtain

an example of an infinitely a-divisible element in the sphere.?>

On the other hand, it often happens that after inverting @ objects becomes a-complete.

Lemma 8.12 On dualizable objects of SH(R)?T, the following functors are equivalent: (—)[@'],
(9@ N and ()]

Proof For any dualizable object X there is an n such that ngq,w(C T® X) =0 for w < n. Using
this we learn that on the level of trigraded homotopy groups the colimit inverting @ commutes with the
inverse limit completing at a. Now, we only need to explain why (—)[d@~!] is already a-complete on
dualizable inputs. If we invert T on a dualizable i 2-complete R-motivic spectrum we get a dualizable
i2-complete C,-spectrum. Thus, we’re reduced to showing that dualizable i 2-complete C,-spectra are
ag-complete. Using the fact that tensoring with a dualizable object commutes with limits it suffices to
show this is true for the unit. The 2-complete sphere in C,-spectra is as-complete as a consequence of

Lin’s theorem [1980]. O

The tension this introduces is heightened when one recalls Gregersen’s motivic analogue [2012] of
Lin’s theorem, which is proved over any field of characteristic zero. However, Gregersen’s result only
asserts a mx-isomorphism, i.e., an equivalence after reflecting into the Tate category. In fact, a careful
examination of the formula for the homotopy groups of C reveals that the copies of the negative cone
(from which the non-a-completeness originates) all lie below the plane of Tate spheres. Therefore, upon
running the d-Bockstein spectral sequence the tridegrees (p, w, w) never receive contributions from
copies of the negative cone.

9 Odd primes

In this section we show that, when working at an odd prime p, the category SH(R)?];F admits a simple
description in terms of SH(C )?; . The corresponding result for Tate spectra is discussed in [Behrens and
Shah 2020, pages 23-24], following results of [Bachmann 2018].

Proposition 9.1 There is an equivalence of categories

SH(R);, = Sp;, xSH(C)jy x SH(C)Y.

We begin with a well-known decomposition of SH (R)fg into its + and — components. Our treatment
of this is heavily inspired by [Behrens and Shah 2020, pages 23-25].

Definition 9.2 Let SH (R)?;’Jr denote the category Mod(SH(R)AT; Sp ).

25We expect that this image is nontrivial for » sufficiently large, though we don’t prove it. Of course if the image is trivial for
all n, then a lift of these classes to the sphere gives a different example of noncompleteness.
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Lemma 9.3 There is an equivalence of categories

SHR)N ~ SHR);, " xSp;, .

Proof Lete =—np—1¢ ”(]Eo,o S, which is known to be equal to the swap map
€ =sgi1 gLl gghll ~ glLLl gglL1

It is clear from this description that €2 = 1, so that after inverting 2 we have a decomposition of the unit

S[3]=S[4]* xS[4]",

Now, € = +1 implies that np = —2, so that  and p must be units in nlﬁ*’* S[1/2]*. On the other hand,
R

a,a,a

into +1-eigenspaces

the fact that € = sg1.1.1 implies that the graded ring 7 S[1/2]” must obey the Koszul sign rule, so
that 2% = 2p? = 0.

As a consequence, we find that S[1/2]" ~ S[1/2,1/n] =~ S[1/2,1/p] and that S[1/2]~ ~ S[1/2], ~
S[1/2],. To conclude, we base change from S[1/2] to S, and use the equivalence SH(R)[1/p] > Sp of

Bachmann [2018]. O

Proposition 9.1 will now follow from showing that SH(R)?}?’JF splits as a product of two copies of
SH(C )‘g . This splitting will come from a decomposition of the category into two blocks (in the sense of
representation theory). We begin with the following pair of lemmas.

Lemma 94 In S”H(R)‘gﬂr, there is a splitting Spec(C) ~ ng(r)’,o ® S},:;I’O.

Proof It suffices to show that @ : ng;l’o — Sp,n is zero. This follows from the facts that cc g is fully
faithful (see [Heller and Ormsby 2018]) and that a; = 0 in the C,-equivariant category after inverting 2
and n-completing (indeed, a1 = 2). |

R
$,4,W

Lemma 9.5 The groups & Sp,n are zero for g odd.

The proof of this lemma will take us farther afield, so we defer it for the moment.

Proof of Proposition 9.1. We need to show that
SH(R);y ™" ~ SH(C)y x SH(C)}Y.

AT,+

Let Aeven (resp. Aodd) denote the stable full subcategory of SH(R); »

objects Sf,’,%’w for s, w € Z and ¢ even (resp. odd).

generated under colimits by the

We begin by showing that if A € Agven and B € Aoqg, then there are no nontrivial maps between A
and B. It suffices to show this for compact generators, where it follows from Lemma 9.5. From this we

may conclude that SH (R)?g’+ >~ Aeven X Aodd-

Since tensoring with S%!-°

provides an equivalence between Aeyen and Aqqq it will now suffice to
show that the composite

Aeven = SHR) T — SH(C)y
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is an equivalence. Since S*%% is sent to S*¥ we know this map hits a family of compact generators, so
it will suffice to show that it is fully faithful. By the usual argument it will suffice to have full faithfulness

on compact generators. Thus, we are reduced to showing that the map

R C
”s,q,w SPJ? — ns—}-q,w SPJ?

is an isomorphism for ¢ even. Using Lemma 9.4 this map factors as

R R 0,0,0 1,-1,00 = _C
s qaw Sp.n = 75,0 Spn™ ®Spy™") = T g.w Spa»

where the first map is the inclusion of the left summand. We conclude by noting that the relevant homotopy

group of the right summand vanishes by Lemma 9.5. a

We now return to proving Lemma 9.5. The proof will be via an Adams spectral sequence argument,
so we begin by computing the homology of a point. Note that MIF,, is n-complete, and so inside of

SHR);, .

Lemma 9.6 The trigraded homotopy of M, is given by

R MF, = Fp[uéca,ﬂ], where |usq| = (2,—2,0).

§,q,W

Proof From the computation of the homology of a point over C in [Voevodsky 2003b] we may conclude
that nf?q,w(Spec((C) ®MF,) = IFp[uf,E, d].26 Using the splitting of Spec(C) we may conclude that the
homology of a point over R is an index 2 subalgebra which contains @ (since T is defined in the sphere).
There is a unique such subalgebra. |

Lemma 9.7 The tensor product MF , ® MIF, splits as a sum of trigraded suspensions of copies of MIF,
whose g-components are even.

Proof From [Hoyois et al. 2017, Theorem 1.1(3)] (which follows from work of Voevodsky [2003b;
2010] in the case of R, where we work) we know that MIF, ® MFF,, decomposes as a sum of copies of
xab.b VMR p. More specifically, the copies of MIF, are indexed by monomials in the & and t; which live
in degrees

El=( —1.p =1, p'—1) and |5 =(p', p' —1.p —1).
Since p is odd the g-component of every such monomial is even. O

Proof of Lemma 9.5. Since the motivic Adams spectral sequence for the sphere converges strongly
to Sp,y by [Hu et al. 2011a], it will suffice to show the desired vanishing result on the E;-page. This
spectral sequence takes the form,

Ei"t == nt’q’w(MF?S—‘rl) == nt—s,q’w Sp’r] .
Using Lemmas 9.6 and 9.7 we may conclude that the spectral sequence is zero at the E; page for ¢ odd. O

26This is apparent as p[T] modules, after which the algebra structure can be deduced upon inverting T (Betti realization).
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10 Examples and computations

In this section we employ technology from the rest of the paper to give example, concrete computations
of trigraded homotopy groups. First, we discuss vanishing regions in the homotopy groups of objects
obtained from the sphere by either killing or inverting @ and @. Then we give a detailed discussion of kq,,
which we hope will be a useful guide to computationally minded stable homotopy theorists.

10.1 Vanishing regions for trigraded homotopy

The coarsest information about the trigraded homotopy groups of Artin—Tate R-motivic spectra comes
from understanding which regions contain only zero groups. We summarize what we know in the

following omnibus theorem.

Theorem 10.1 By either coning or inverting a € 71 oS and T e 710 0.— 1 Sz, we may build 9 natural
objects. The trigraded homotopy groups of these objects are concentrated in the following regions.

i) m p 4.w(S2) is concentrated in the region
ip+q=w=0U{p+qg=0,w=0}U{p=>0}.
(ii) ng%q’w(C ) is concentrated in the region
{0<p=z2w—q,w>0U{w—qg=<p=w-2,w =0}
(iii) nﬁq’w(S »[@~1)) is periodic in the w-degree and concentrated in the region
{p=0}U{p+q=>0}.
v) o p 4, w(Ca) is periodic along lines of the form (1, —1, 0) and concentrated in the region
{0<w=<p+qtU{0<p+g,w=<0}.
(v) nl]ﬁq’w(Ca ® Cq) is periodic along lines of the form (1, —1, 0) and concentrated in the region
{w=p+q=2w}

(vi) @ P quw(Ca® S,[@~1]) is periodic in the w-degree, periodic along lines of the form (1, —1,0) and

concentrated in the region
{r+q=0}.

(vil) p qw(S »[a™1]) is periodic in the q-degree and concentrated in the region
{p =0}
(viii) ﬂg%q,w (Sz[a~ '] ® CAq) is periodic in the q-degree and concentrated in the region
{p=0,w>0}.
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(ix) w p a.w(S »la=',@71) is periodic in the q-degree, periodic in the w-degree and concentrated in the
region

{p =0}

Proof We begin with (iv), (v) and (vi), where we have killed a. In the identification of Ca-modules with
the C-motivic category, the trigraded homotopy group 7 4.4 Ca is identified with the bigraded stem
Tp+qw S(ZC. Hence, 7p g,wCa = 7p1+m,g—m,wCa for any integer m. That 7 4., Ca vanishes outside
the indicated regions then reduces to well-known vanishing statements for the C-motivic stable stems, as
displayed on [Gheorghe and Isaksen 2017, page 2]. Similarly, again as indicated on [Gheorghe and Isaksen
2017, page 2], (v) and (vi) are consequences of [Levine 2014, Theorem 6.7]. Analogously, statements (iii)
and (ix) follow from combining Theorem 3.2 with the known vanishing regions in C,-equivariant stable
stems (for such vanishing regions, see, e.g., [Belmont et al. 2021, Figure 5]).

Upon inverting a in (i) and (ii) we recover (vii) and (viii), respectively, so it remains only to prove (i)
and (ii). In fact, since Proposition 8.8 proves that S, is @-complete, we may obtain (i) from (ii) by
examining the E-page of the @-Bockstein spectral sequence. Finally, in order to prove (ii) we directly
examine the homotopy of Cd. In Theorem 5.1 we computed that

R ~ s,2w
np,q,w(ca) = @ EXt(MUz)*MUz ((MU2)*» (MUZ)* ®Z2 a+(q w)a— )
w+a—s=p

The result then follows by combining the following vanishing results:

. Ext“(cfvzulj’z)* MU, ((MU3)«, MU3)x) and Extiﬁﬁ’z)* MU, ((MU3)«, (MU,)«/2) are concentrated in the

region {0 < s < 2w}.

p+qo’ZZ is concentrated in the region {p >0, p+¢q <0} U{p < -2, p+¢q = 0}. |

Remark 10.2 As a corollary of the vanishing region for C @ and the @-completeness of the unit, we recover

[Belmont et al. 2021, Theorem 1.1], which describes the region in which Be : Sy — nc+w o Sa s

R
Tpw,w
an isomorphism.

10.2 The homotopy of kq,

To aid the computationally minded reader, we give below some charts of the trigraded homotopy groups
of kq,. These charts are meant to be read in concert with those of [Kong 2020, Section 6.5], and the
notation here matches that in Kong’s work. Indeed, all of the information within these charts is easily
accessed within Kong’s work, and we merely repackage it here.

We focus on the homotopy groups 7, 4.u(kq, ® C) and mp 4.4 (kq,) for p =0 and p = —1. In the
language of [Kong 2020], this corresponds to a focus on coweights 0 and —1.

Red lines denote multiplication by a € mp,—1,0 S. Black lines denote multiplication by the motivic
n:Gm — S, which in our grading convention lives in 7 1,1 S.

In Figures 3 and 4, we depict some of the Eoo-page of the @-Bockstein spectral sequence for 4 x +kq,.
We follow the convention introduced in [Burklund et al. 2023, Section A.2] and [Burklund 2021] of
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Figure 3: Charts for 79,4, (CT®Kq,), top, and m_; 4,4, (CT @ kq,), bottom.

1701

using blue symbols to denote d-torsion classes, while black symbols denote d-torsion-free classes. In

particular, black symbols contribute not only to the homotopy group corresponding to the box in which

they appear, but also to the groups corresponding to boxes directly below where they appear. In the

language of [Kong 2020], the blue dots in our charts contain information about which dots on the E;-page

of the C,-effective spectral sequence are targets of differentials, as opposed to sources of differentials.

Geometry & Topology, Volume 30 (2026)



1702 Robert Burklund, Jeremy Hahn and Andrew Senger

N

g Al S S ./
. o7
7 N e
. A
6 \ S
. AVl
Wk G o
5 \ S
. alAvd
=4 JL /'{/‘/
3 i ) e =/-
5 .
1 hi
0 “ 1
2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13
q
8
7
6
5
=4 S . Vg
3 a2z 1T Et
2
1
0
2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Figure 4: The E.-page of the T-Bockstein spectral sequence for g 4,4 (kq,), top, and
T_1,4,w(kq,), bottom.

Remark 10.3 The groups m_; « xkq, and m¢ « xkq, assemble, via the multiplication by a long exact
sequence, into the homotopy groups g « » (Ca ®kq,). These groups in turn record the bigraded homotopy
of the C-motivic kq,. The reader may note an interesting extension, of the form

2Z2[‘L’] ) ‘L’Zz[‘[] — Zz[‘[] — Fz,
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which appears when computing 7, g,*(kqé\ ® Ca). This extension is related to the orange dashed line in
the final chart of [Kong 2020].

Appendix A Recollections on compact rigid generation

In this appendix we recall some useful material on compact rigid generation. Most of this material has
appeared elsewhere and all of it is certainly known to experts. This appendix was mostly included for the
convenience of the authors, though we do hope the reader finds it to be a concise summary of a basic
technique in higher algebra.

Definition A.1 A stable, presentably monoidal category C is rigidly generated if it has a family of compact

dualizable generators.?’

Our goal will be to study some properties of monoidal left adjoints out of a rigidly generated category.
This begins with the following construction.

Construction A.2 Given an [E,-monoidal left adjoint /™ :C — D, its right adjoint f is lax [E,-monoidal.
In particular, fx(1) is an [E,-ring, so we obtain a factorization of /™ as an IE,_-monoidal left adjoint into

¢ =L Modce: £,1) £ .

We will say that the adjunction f is O-affine if g is an adjoint equivalence. Note that being 0-affine is
a property of the underlying monoidal functor.

The main result of this appendix is a convenient criterion for f to be 0-affine. Before we can state that
result we make a preparatory definition.

Definition A.3 Given a monoidal left adjoint /™ : C — D, we may consider the projection map,

X® LY D L/ (X ® LX) = a(S* X ® [*iY) D [(/* X BY).
We will say that f satisfies the projection formula at X, if for all Y the projection map is an equivalence.
If f satisfies the projection formula at X for all X, then we say that f satisfies the projection formula.

Proposition A.4 Given a monoidal left adjoint f™* : C — D between presentable categories, the following
Statements are true:

(i) f satisties the projection formula for dualizable objects in C.
(ii) If C is rigidly generated and D has compact unit, then f; preserves colimits.
(iii) If C is rigidly generated and f preserves colimits, then f satisfies the projection formula.
(iv) fx is conservative if and only if the essential image of f* contains a family of generators.
(v) If f satisfies the projection formula, f, preserves colimits and f is conservative, then f is 0-affine.

27Here and throughout this appendix we only require that an object has a one-sided dual. The side on which an object has a
dual will not be important.
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Our arguments follow those from [Mathew et al. 2017] fairly closely, though the hypotheses are
somewhat different. Before proceeding to the proof of this proposition we give some examples to
demonstrate its effectiveness.

Fil

Example A.5 In Appendix B we study the category Sp™ " of filtered spectra, where we denote the shift

map 1(—1) — 1 by 7. The associated graded functor Gr : Spf! — SpGr satisfies the conditions of

Proposition A.4, so we obtain an equivalence of presentably symmetric monoidal categories
Sp®* = Mod(Sp™; C).

Here Ct acquires a commutative algebra structure from the fact that it equivalent to the image of the unit
under the right adjoint of Gr.
Fil Fil _, Sp satisfies the conditions

Example A.6 Again working with Sp™", the realization functor Re : Sp

of Proposition A.4, so we obtain an equivalence of presentably symmetric monoidal categories
Sp = Mod(Sp™!; 1[z71)).

Here 1[z~!] acquires a commutative algebra structure from the fact that it is equivalent to the image of
the unit under Y (the right adjoint of Re).

Example A.7 Given a finite extension of characteristic zero fields £/ k we have a symmetric monoidal
left adjoint i * : SH(k) — SH({). Using resolution of singularities, Nagata compactification and purity
we know that both of these categories are generated by the motives of smooth projective schemes, each
of which is dualizable [Rondigs and @stvar 2008]. In short, both the source and target categories are
rigidly generated, with families of compact dualizable generators given by S” ®(P!)®” ® X, where X
is a smooth projective scheme over the base.

In order to show that i is O-affine we only need to show that the image of i* contains a family of
generators. Given a smooth projective £-scheme X the projection formula Proposition A.4(i) gives us
an equivalence

ix«(S"QPH®" R X) ~S" QPH®" Qi X.

Since for field extensions one has iy = ix, We learn that i+ X = X, where the second copy of X is
considered as a k-scheme. It will now suffice to show that X is a retract of i*i4 X. At the level of
schemes this means looking at X Xgpec(r) Spec(£) Xspec(k) Spec(£). Using the maps £ — £ ® £ — £ we
may conclude.

Stated more explicitly, we have an equivalence of presentably symmetric monoidal categories

SH() = Mod(SH(k); Spec({)).

Using the fact that i restricts to the subcategories of Artin—Tate objects the same argument provides an
equivalence of presentably symmetric monoidal categories

SHU)AT = Mod(SH (k)"T; Spec(?)).
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Example A.8 The category of C,-spectra is rigidly generated and the underlying spectrum functor, ®¢,
is essentially surjective. We may thus apply Proposition A.4 to obtain a symmetric monoidal equivalence

Mod(Spc,: R1) =~ Sp,

where R; is the image of S under the right adjoint to ®¢. Since ®¢ can be described as homotopy fixed
points (or homotopy orbits) composed with (C3)+ ® —, we find that its right adjoint is given by tensoring
with (C;)4 >~ Cag. Therefore, Ry ~ Ca,.

Similarly, with ®¢ replaced by ®¢2 we obtain a symmetric monoidal equivalence

Mod(Spc,; R2) == Sp,

where R, is the image of S under the right adjoint to geometric fixed points. We can compute that
Ry~ S[a;l] using the presentation of C,-spectra via an isotropy separation square.

Example A.9 Taking loops on the mapi: S' — B Pic(Sp¢,) which sends a generator to S° we get a
monoidal functor i : Z — Pic(Sp¢,). Embedding the target into Sp, and tensoring up to spectra we
obtain a monoidal left adjoint,

Pk G
i*:8p™" — Spg,,

which sends S(1) to S?. Since SpGr is rigidly generated, the unit in Sp¢, 1s compact and the representation
spheres generate Spc, we may apply Proposition A.4 to conclude that i is 0-affine. Stated more explicitly,
we have an equivalence of presentable categories,

Spc, = Mod(Sp®; ix S).
The graded ring ix S has nM term given by MapSP(S"°, S). Expressed in terms of stunted projective
spaces we have (ix S), ~ SRPZ"SL.

Proof of Proposition A.4(i)—(v) (i) Consider the following commutative diagram, which is natural in
Xec® YeDand Z eC:

~

Mapo (XY ® Z, fxY) —— Mapp(/* (XY ® Z), /™ f+xY) —— Mapp(f*(X¥ ® Z).Y)

= Mapp, (f*(XY)® [*Z, [* fxY) — Mapp(f/*(XV)® [*Z.Y)
Mape(Z, X ® f+Y) Mapp ((/*X)" ® [*Z, [* [xY) — Mapp((/*X)" ® [*Z.Y)

Mapp(f*Z, f*(X ® fiY)) — Mapp(f*Z, f*X ® f* fx¥) — Mapp(f*Z, f*X ®Y)

The rectangle on the left commutes due to the compatibility of dualization with the monoidal structure
on f*. The remaining squares commute for easier reasons. Now observe that starting in the middle of
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the left side and proceeding counterclockwise gives the projection map, while proceeding clockwise gives
an equivalence.

(ii) Since C is rigidly generated it has a family of compact dualizable generators. Monoidal functors send
dualizable objects to dualizable objects. Since the unit of D is compact we learn that /™ sends dualizable
objects to compact objects. Thus, since f™* sends a family of compact generators to compact objects its
right adjoint f, preserves colimits.

(iii) The projection formula asks that the natural projection map

X® Y = f(ffXQ®Y)

be an equivalence. Using the hypotheses that f; preserves colimits and C is rigidly generated we can reduce
to the case where X is a compact dualizable generator. We may now use Proposition A.4(i) to conclude.
(iv) Clear.
(v) We begin by showing that g* is fully faithful. This is equivalent to showing that the unit map
X — g4xg™* X is an equivalence. Applying the projection formula with ¥ = 1, we can conclude that this
is true for induced fi1-modules. Since f, preserves colimits and Mod(C; f«1) is generated by induced
Jf«1-modules this is sufficient to conclude.

Now, we show that g* is essentially surjective. By Proposition A.4(iv) we know the essential image
of /* contains a family of generators (and g* has the same property). Using full faithfulness we can
now conclude that g* is essentially surjective. O

We close the appendix with another useful lemma.

Lemma A.10 Suppose that C and D are stable presentably symmetric monoidal categories, and let R be
a commutative algebra in C. Given a symmetric monoidal left adjoint f* : C — D, there is an equivalence
of presentably symmetric monoidal categories

Mod(D; f*R) ~Mod(C; R) ®cD.
Proof This follows from [Lurie 2017, Theorem 4.8.5.16] after unraveling the definitions. O

Example A.11 Given a stable presentably symmetric monoidal category C and a commutative algebra
R € M, this lemma provides an equivalence

Sp ®gmMod(C™; R) ~ €% ®cr Mod(C™; R) ~ Mod(C®"; Gr(R)).

Appendix B Recollections on filtered objects

In this appendix we give a more detailed introduction to filtered objects. The results here are well-known
(see [Lurie 2015]), and we aim mainly to fix notation.

Convention B.1 In this appendix, C will denote a stable, presentable category. We will use 1 to denote
the unit of C when it is monoidal.

Geometry & Topology, Volume 30 (2026)



Galois reconstruction of Artin—Tate R-motivic spectra 1707

Definition B.2 We let Z denote the symmetric monoidal category with underlying category given by the
discrete set Z and symmetric monoidal structure given by addition.

Similarly, we let ZFil denote the symmetric monoidal category with underlying category given by the
poset Z with its order <, so that there is a unique map » — m whenever n < m, and symmetric monoidal
structure given by addition.

Definition B.3 Given a category C, we let CFil := Fun(Z¥-°P_ C) denote the category of filtered objects
in C. Objects of CFI! are diagrams

---—>C2—>C1 —>C()—>C_1 —)C_2—>---
in the category C. We will sometimes use the notation C, for an object of CFil.

e There is a natural left adjoint ¢ : C — CFil, which sends C to the constant object

505 0>Cc L o o4

that is equal to C in nonpositive degrees and 0 in positive degrees.

e There is a natural left adjoint ¥ : C — CFil, which sends C to the constant object

id

Cld

Cld

Cld

C id id

— C —

that is equal to C in each degree.
e The functor Y admits a left adjoint Re : CFil _, ¢ which sends C, to h_r)nn C_,.
e The category CF!! admits natural automorphisms (k) : CFil — CFi! that send C, to C,_y.

e There is a natural transformation t : (—1) — Id, which captures the shift map in the filtration. We
depict T on ¢ X below:

> 0 > 0 > 0 X > X RRE
> 0 > 0

> X > X > X RRE

~

If C is monoidal, then we will refer to the cofiber of 7 : 1(—1) — 1 as Cr.

We let CCT := Fun(Z°P, C) denote the category of graded objects in C. Objects of CC* are collections
{Cyu}, of objects of C. We will sometimes use the notation Cy for an object of CC*.

e There is a natural fully faithful left adjoint ¢ : C — CGT. which sends C to Cyx with Co=C and
Cy =0 for k # 0.

e There is a natural left adjoint Gr : ¥ — €6, which sends

---—)Cz—)Cl —>C0—>C_1—>C_2—>---
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If C is a presentably E,-monoidal category, then C¥!! and C®" inherit the structure of [E,-monoidal
categories under Day convolution, and the functors c, Y, Re, ¢ and Gr are all E,-monoidal.

Remark B.4 Using the assumption that C is stable and presentable we can offer another description of
the categories of filtered and graded objects, which is often useful in proofs.

cfl ~ spfil@c and €O ~ Spér@C.

Since it is well-known that the analogues of ¢, Y, Re, ¢ and Gr are symmetric monoidal in the case of
spectra, the claims about E, monoidality made above follow by tensoring up.

Using the fact that 1(1) ® 1(—1) ~ 1, we learn that if X is a dualizable object of C, then c¢(X)(n) is a
dualizable object of CF!l. Similarly, we have that if { Xy} is a set of compact (dualizable) generators of C,
then {c(Xg)(k)} is a set of compact (dualizable) generators of CF1.

Lemma B.5 Given an E,-monoidal category C, the image of 1 under the right adjoint of Re is 1[t~1];
therefore this object is an IE.,, -algebra and there is an equivalence Mod(C¥; 1[t~']) ~ C of E,,_ | -monoidal
categories. Similarly, the image of 1 € C" under the right adjoint of Gr is Ct; therefore this object is an
[E,,-algebra and there is an equivalence of E,,_-monoidal categories Mod(C™; Ct) ~ CS". Moreover,
the functors —® 1[t~!] and — ® C<t are identified under these equivalences with Re and Gr, respectively.

Proof The case of spectra was handled in Examples A.5 and A.6. For a general C we just tensor the
case of spectra with C. o

Appendix C A machine for deforming homotopy theories

In this appendix, we have two goals. The first is to identify a technique which produces 1-parameter
deformations in homotopy theory. This technique is essentially an elaboration of [Gheorghe et al. 2022,
Definition 3.2]. The second goal is to provide a recognition criterion for 1-parameter deformations. This
criterion will be applied in Section 4 of the main paper to identify SH (R);%T with the category of modules
over a commutative algebra in i 2-complete filtered C,-spectra.

The approach to deforming categories taken here is different than that in Pstragowski’s theory [2023]
of synthetic spectra, which is a theory specifically about deformations of Sp. When our construction
here and Pstragowki’s construction are both defined, we will show that they are equivalent up to a minor
completion issue. This in turn suggests that a more general version of Pstragowski’s approach is possible,
where an arbitrary (symmetric monoidal) presentable category is deformed.

This appendix is not intended to be a definitive treatment of deformations. Instead, we view at as an
illustration of a variety of elementary techniques, which in combination produce a large collection of
interesting examples.

C.1 Constructing deformations
In this section we will give techniques for producing 1-parameter deformations.

Geometry & Topology, Volume 30 (2026)



Galois reconstruction of Artin—Tate R-motivic spectra 1709

Convention C.1 In this section, C will denote a stable presentably symmetric monoidal category. We
will use 1 to denote the unit of C, and assume the notation of Appendix B.

The deformations we produce will all be of the form
Mod(C™; R)

for some kind of algebra?® R. Therefore, what we really do is give methods for constructing algebras in
filtered objects.

We will produce commutative algebras in CF!! through the following method. Given a lax symmetric
monoidal functor F : C — CFil, the image of the unit F(1) is a commutative algebra in CFUl. If we let L
denote the composite Re o F, then we have the following proposition.

Proposition C.2 The presentably symmetric monoidal category Mod(C¥!; F(1)) is a 1-parameter defor-
mation in the sense that:

(i) There is a colimit-preserving symmetric monoidal functor out of C*! with target Mod(CF!; F(1)).

(ii) The generic fiber is given by Mod(C; L(1)), in the sense that there is an equivalences of presentably
symmetric monoidal categories

Mod(C™; F(1)[r™!]) ~ Mod(C; L(1)).

(iii) The special fiber is given by Mod(C®"; Gr F(1)), in the sense that there is an equivalences of
presentably symmetric monoidal categories

Mod(c™!; F(1) ® Ct) ~ Mod(C®": Gr(F(1))).
Moreover, when viewed as a lax symmetric monoidal functor, F factors as
¢ S Mod(c™: F(1)) — ™.
Proof This follows immediately from Lemmas B.5 and A.10. a

We will refer to lax symmetric monoidal functors 7" : C — CFil as tower functors and give several

examples.
Example C.3 The functors ¢ and Y are tower functors.
Fil

Example C.4 The functor >, : Sp — Sp ' is a tower functor.

Example C.5 If C has a ¢-structure which is compatible with the tensor product in the sense that the unit
is connective and the tensor product of two connective objects is connective, then

. : C — CH!

is a tower functor. More generally we have a tower functor T, : C — C¥!! for natural numbers .

28 Although much of the material in this appendix applies for E-algebras in E,-monoidal categories, the extra generality
was not necessary for this work.

Geometry & Topology, Volume 30 (2026)



1710 Robert Burklund, Jeremy Hahn and Andrew Senger

Construction C.6 Suppose we are given a collection A of coreflective subcategories ka C C such that

cif Xecd andY ecd, then X ®Y €C4, .

A A A
* C{pi1 CCLpand 1 €CE.
Let t> :C — ka denote the right adjoints of the inclusions. Then, we can assemble these categories

into a single coreflective subcategory CE%’A consisting of filtered objects

---—>X2—)X1—)X0—)X_1—>X_2—>---

Fil, A

~o to the inclusion is given by applying 7>; in

for which X; € C£,. The right adjoint £ : cFil - ¢
position i.

Fil, A
=0

presentably symmetric monoidal structure, for which the inclusion C

Our assumptions guarantee that C is closed under the tensor product and so admits a natural
Fil, 4
>0

functor. As a consequence, we obtain a lax symmetric monoidal endofunctor

c CFis a symmetric monoidal

tglo -cFil _, okl

Example C.7 If C is the category of G-equivariant spectra for some finite group G, then we can let
Cszli]‘ée be the regular slice k-connective G-spectra.2® As a variant we could also take the regular slice
mk-connective subcategories for some positive integer m.

Each of the above examples of tower functors can be described as a composite of Y with an appropriately
chosen 7>¢. This construction can be considered a generalization of the twisted z-structures on filtered
objects considered in Section 5.2. Thus, so far we have only produced “truncation type towers”. We now
give a construction which takes in a tower functor 7" and a commutative algebra in C and produces a new
tower functor. This construction will have the effect of shearing the Adams spectral sequence based on E

along the tower 7'. To begin, we review the monoidal properties of the cobar construction.

Construction C.8 Since the coproduct of commutative algebras in C is given by the tensor product, the
cobar construction can be upgraded into a functor

cb : CAlg(C) — CAlg(C?).

Construction C.9 Given a tower functor 7" and a commutative algebra E in C, we define a new tower
functor Sh(T'; E), which is the composite

¢ Z8PE) a T oFiA T oFi
On spectra, the tower functor Sh(z>,;F,) produces the décalage of the IF ,-Adams tower on the input.

More generally, given a f-structure t that is compatible with the monoidal structure, we can let Ctzn be
the n-connective objects. Then Sh(rio; E)(X) captures the E-based Adams spectral sequence for the

29Note that we cannot use the classical slice filtration here, unless m is divisible by |G|, in which case it agrees with the
regular one, since it is not compatible with the tensor product.
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t-structure homotopy groups of X. As an analogue of the fact that the E-Adams spectral sequence for £
collapses, we have the following:

Example C.10 The cosimplicial diagram E ® cb(E) admits a contracting homotopy, and therefore the
totalization commutes with any functor. In particular, we obtain an equivalence of commutative algebras,
Sh(T; EY(E) ~ T(E).

We close with a simple lemma that lets us identify the generic fiber in certain cases.

Lemma C.11 Suppose we are given a collection of coreflective subcategories A that satisfy the conditions
of Construction C.6, together with a commutative algebra E € C‘Z“O. Then for any X € Cgk there is an
equivalence Re(Sh(rgo; E)) ~ X}, where the second object is the E -nilpotent completion of X .

A

>0

Y (=)’ we have a natural transformation

Proof By construction £, comes equipped with a natural transformation tfo — Y. Since Sh(Y; F) ~

Sh(eZ); E) = Y(X)}.

In sufficiently negative degrees the 7>; have no effect by hypothesis, so the totalizations are levelwise
equivalences. There is thus an equivalence

Re(Sh(tZ): E)) ~ ReY (X)} =~ (X)}. O
Remark C.12 Under the assumptions of Lemma C.11, we have an equivalence
Mod(C™; Sh(zZy: E)(D)[r™"]) > Mod(C: 13).

C.2 Recognizing deformations

In this section, we give one answer to the following open-ended question:

Question C.13 Given a pair of presentably symmetric monoidal categories Cqer and C, when can we
identify Cger with Mod(C¥!; R) for some commutative algebra R € CFil?

This section grew out of a recognition that our original arguments in Section 4, which related SH (R ?ZT
and Spc, ;», used only very general information.

Definition C.14 A deformation pair consists of the following data:

e A diagram of symmetric monoidal left adjoints

Cef

N
C d > C

* A map of abelian groups
io : 7 — ker(no PiC(Cdef) — g PIC(C))
We denote the invertible object corresponding to ig(#7) by 1(n).
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These data are subject to the following conditions:
e For a < b, the map on mapping spaces
Home,(1(a), 1(b)) — Hom¢(1, 1)

induced by Re is an equivalence.

e The category C is rigidly generated, and there is a set {Cy } of compact dualizable objects in C with
the property that {c(Cy) ® 1(n)} is a set of compact dualizable generators for Cgef.

Example C.15 Suppose that C is a rigidly generated, stable, presentably symmetric monoidal category.
Then it is easy to verify that (C¥!, C) is a deformation pair where iy : Z — Pic(CF!) sends n to 1(n).

Example C.16 Let E denote an Adams type homology theory, and denote Pstragowski’s category [2023]
of E-synthetic spectra by Syng. This category is equipped with a natural notion of bigraded sphere,
and we let Syncjj:311 C Syng denote the cellular subcategory®® generated under colimits by S?*4. There
is a natural realization functor Syng — Sp, as well as a symmetric monoidal left adjoint Sp — Syng
provided by [Lurie 2017, Corollary 4.8.2.19].

Then (Syncgu, Sp) is a deformation pair, where the map 7q picks out the spheres S®. The first condition
is satisfied by [Pstragowski 2023, Corollary 4.12], and the second is satisfied since we restricted to the

full subcategory generated by the bigraded spheres.

Example C.17 Another example is given by (SH ((C)‘l?;”, Spip), where the map i picks out the Tate twists.
The realization functor here is Betti realization, and we set ¢ to be the unital, colimit-preserving map
in from Sp; , as in Example 1.6. By restricting to cellular objects the second condition is automatically
satisfied. The first condition is ultimately a corollary of the vanishing of the homotopy of Ct in positive

Chow degrees. This example is discussed at length in [Gheorghe et al. 2022].

Given a deformation pair (Cgef, C), we would like to construct a symmetric monoidal left adjoint
CF 5 Cyer to which we may apply Proposition A.4. We will do this in two steps:

(1) We construct a symmetric monoidal functor 7 : Z¥ s Cyer, which sends 7 to 1(n).
(ii) We tensor i ¥ up to C using c.

Construction C.18 Given a deformation pair (Cger, C), we construct a square of symmetric monoidal
functors,

7 Fil % Caet

lRe

x* — C
such that i (n) = 1(n).

3%When E is F, or MU, then Syni?11 = Syng.
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Details Let D denote the full subcategory of C on the unit. Let Dg.r denote the full subcategory of Cyer
on the objects 1(n) in the image of iy. Since Dger and D are closed under the tensor product they are
each symmetric monoidal categories.

We now form the following diagram of symmetric monoidal categories

2

o L) Dyog x ZFl RXU oy 7Bl ™2 7Fil

Deet > D >k

where D’ is the full subcategory of Dger x ZF!! spanned by the objects (1(n), n). Since D’ is closed under
the monoidal structure, it canonically inherits a symmetric monoidal structure from Dges x ZF1.

We claim that the composite D’ — D x ZFil is an equivalence. The objects of D’ may be identified
with pairs (1(n), n) and the objects of D x ZFI! may be identified with pairs (1, 7). The mapping spaces
are given by

Homap ((1(2), ), (L(m), m)) = {H"ml’def(l(”)’ Lom)) At =m,

%) ifn>m,
Homp(1, 1 if n <m,
Hompyze((1, 1), (1, m)) = { o( @) o

with Re giving the maps between these mapping spaces. Each of these maps of mapping spaces is an
equivalence, by hypothesis.
The composition of symmetric monoidal functors

gFl L pygHl = 5 o Dyef X AL Dyet C Coef

is the desired symmetric monoidal functor Z¥! — Cy, and indeed sends n to 1(n). The square of
Construction C.18 commutes, because

Reomjo fo(RexId) lor=mo(RexId)o fo((RexId)o f) Lot
=10l =%, O

Construction C.19 Now that we have the symmetric monoidal functor i : Z¥N s Coer, we may induce

it up to a symmetric monoidal left adjoint, i* : Sp*! — Cger. Tensoring up to C using ¢, we can use

Construction C.18 to build a diagram of symmetric monoidal left adjoints

c —C—y cFt K

> C
J/Id J/i* Jld
> C

C
C > Cdef
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Proposition C.20 Suppose that (Cqet, C) is a deformation pair. Then, the symmetric monoidal left
adjoint i * from Construction C.18 is 0-affine. Stated more explicitly, we have a diagram of symmetric
monoidal left adjoints as shown:

C < . cFl T Niod(cFi i 1) —Re ¢
Id

!

R
C < > Cdef <

> C

Proof Construction C.19 produces most of the desired diagram. The remaining claims will follow from
an application of Proposition A.4.

By hypothesis, C and Cqycr are both rigidly generated. Therefore, in order to apply Proposition A.4 we
only need to check that the essential image of i * contains a family of generators. Since i *(Cy ® 1(n)) >~
¢(Cy) ® 1(n), this is true by hypothesis. a

Remark C.21 The n™" piece of i+ X can be extracted by taking the C-enriched mapping object, i.e., there
is an equivalence
(ix X)n =~ Map®(1(n), i+ X).

Now, since the adjunction i is C-linear, we have an equivalence
Map®(1(n), ix X) =~ Map® (i *1(n), X).

We close by considering once again the deformation context of synthetic spectra (Example C.16).
Our aim will be to show that we can (nearly) identify /41 with a commutative algebra produced via the
constructions from the previous subsection.

Proposition C.22 Given an Adams-type, commutative algebra E in Sp, there is an equivalence of
presentably symmetric monoidal categories,

Mod(Syn; 12') 2~ Mod(Sp™; Sh(z=.; E)(S)).

cell

Proof In Example C.16 we showed that Syn’z" and Sp form a deformation pair. Using Proposition C.20
we obtain an adjunction i and an equivalence, Syncgll ~ Mod(Sp™; i, S). The proposition will now
follow from an identification of the r-completion of i, S.

The identification of i, S will follow the pattern established in Section 4. We begin by identifying
ixv(E®k), By [Pstragowski 2023, Proposition 4.21] we know that the n'" piece of this object is n-
connective. Therefore, the natural comparison map v (E ®k )—>Y(E ®k ) factors as

isv(E®*) > 15, E®* 5 Y (E®F).

Examining [Pstragowski 2023, Proposition 4.21] more closely we can actually conclude that the first map
is an equivalence.

Geometry & Topology, Volume 30 (2026)
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Now, we can pass to totalizations and observe the chain of equivalences:
(50 S)} = ix(VS)D) = iy Tot* (cb(VE)) —> ix Tot* (v(cb(E)))
= Tot* (ixv(cb(E))) = Tot* (1secb(E)) — Sh(t=.: E)(S).

The first equivalence uses that iy is a right adjoint. The second equivalence follows from [Burklund et al.
2023, Proposition A.11]. The third equivalence follows from [Pstragowski 2023, Lemma 4.24], together
with the assumption that £ is Adams type. a
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