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Conformal currents and the entropy of negatively curved three-manifolds

FERNANDO C MARQUES AND ANDRE NEVES

We describe the intersection between geodesic and conformal currents on closed hyperbolic three-
manifolds.

We use this to prove some sharp bounds which involve the Liouville entropy of a negatively curved
metric, the minimal surface entropy, and the area ratio. Using these ideas we also give a new proof of the
Mostow rigidity theorem in the three-dimensional case.

1 Introduction

Let I' be a group of isometries that acts properly discontinuously on hyperbolic space H?3, so that
M =H?3/T is a closed manifold.

In [6], Bonahon defined geodesic currents as I'-invariant Radon measures on the space of hyperbolic
geodesics and, in the two-dimensional case, defined the intersection number of geodesic currents. These
concepts are essential tools in the study of geodesics on negatively curved surfaces. For instance, Otal [27]
used the intersection of geodesic currents to prove marked length spectrum rigidity for negatively curved
surfaces. In [23], Labourie defined conformal currents as I'-invariant Radon measures on the space of
quasicircles of S2.

In this paper, we use the intersection number between conformal and geodesic currents to derive several
applications.

We now describe the main results. The precise definitions can be found in Sections 2 and 3. The
hyperbolic metric on M is denoted by g, and g denotes a metric of negative sectional curvature on M .

Geodesic currents, denoted by 6(I"), are I"-invariant Radon measures on the space of pairs of points in
S? = ooH?3. They are useful for compactifying the space of all closed geodesics on M . If [y] denotes
the free homotopy class of a closed curve y, one obtains a geodesic current [, € 6(I") (defined in [6]).
For each metric g, /¢([y]) denotes the least length of curves in [y].

Conformal currents, denoted by €, (I"), are I"-invariant Radon measures on the space of all quasicircles
in 0ooH?3. They are useful for compactifying the space of essential minimal surfaces in M. If TI
denotes the free homotopy class of an essential (quasi-Fuchsian) surface, one obtains a conformal current
O € €,(I") (defined in [23, Section 5.2]). For each metric g, areag (IT) denotes the least area of surfaces
in IT.

The intersection between geodesic and conformal currents can be defined, following [6], and it is a
bilinear map

I =1Ir:6I)x€¢T)—>Ry4.
MSC2020: 53A10, 57M50.
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2566 Fernando C Marques and André Neves

This map was also used in [8] to approximate the action of I' on hyperbolic space by geometric actions
of I' on cube complexes.

The intersection form 7 is related to the geometric intersection number. For instance, I(8r1, d[,)) <
#(X Na), where X is any immersed surface in IT and « is any closed curve in [y] that intersects X
transversely. If X € IT is a totally geodesic surface and « € [y] is a closed geodesic for the hyperbolic
metric, and if they intersect transversely, then /(8r1,d[,)) = #(Z Na). If ¥ and « are given by the
immersions iy : ¥ — M and iy : S! — M, then #(= N «) is the number of (x, y) € = x S such that
ix(x) =ia(y).

The next examples of currents are less obvious and are described in detail in Sections 2.3 and 3.2.
They are reminiscent of Crofton’s formula. There is a Radon measure v, supported on the space of round
circles of S2, that is invariant under the group Mob(S?) of Mobius transformations. These are the maps
induced on S2 by hyperbolic isometries, and hence » € €, (I"). The negatively curved metric g induces a
Liouville current Ag € 6(I"). We prove:

Theorem 1.1 For a negatively curved metric (M, g):

(i) 1(811, Ag) =< mareag(IT), and if equality holds then T1 contains a totally geodesic surface in the
metric g.

(i) 1(v,Ag) =212 volg(M)i(g, g), wherei(g, g) denotes the geodesic stretch of g with respect to g
and its Liouville measure.

The geodesic stretch was introduced by Croke and Fathi in [11], where it was called intersection.

1.1 Applications

We describe some consequences of Theorem 1.1. We say IT € S, (M) if the asymptotic boundary of a
lift to H3 of a surface in IT is a (147)-quasicircle.

Relative minimal surface entropy In [9], Calegari and the authors defined the minimal surface entropy
E(g) of (M, g) by

) E(g) = lim liminf 4z 01 € In(M) s areag(I1) = L}
n—0 L—>o00 LiInL

In Proposition 2.1, it is proved that formula (1) also holds with the lim sup in place of the lim inf.

For our purposes, it is useful to define a minimal surface entropy £, (g) relative to a unit Radon measure
w on the Grassmannian Gry (M) of M that is invariant under the homogeneous action of PSL(2, R).

An example is E;(g), where v denotes the normalized Liouville measure of the metric g on Gry(M).
In this case, E;(g) counts only those homotopy classes for which the area-minimizing surfaces in the
hyperbolic metric equidistribute in the Grassmannian Grp (M) of M. Such sequences of homotopy
classes are constructed in [24, Proposition 6.1] using the work of Kahn and Markovié [17] (see also [23,
Theorem 5.7]). In [18] there is a description of the general limiting measures.
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Before we present the definition of £, (g), we note that the Ratner—Shah theory [29; 35] classifies
those invariant Radon measures on Gr, (M) as linear combinations of ¥ and measures supported on
closed totally geodesic surfaces. We will have £, (g) < E(g), and if (M, g) contains no compact totally
geodesic surfaces, then E;(g) = E(g) (Proposition 5.1). There are closed hyperbolic three-manifolds
with no compact totally geodesic surfaces [25].

The definition of E,(g) is the following. Let p be a metric that induces the topology on the space
of unit Radon measures on Gry(M). There is 7 > 0 such that if IT € S;(M), 0 < n < 7, then there
is a unique X € IT such that areag (X) = areag (IT) (combining [34] and [38, Theorem 3.3]). We set
Y = X(I1) and define a unit measure on Gry (M ):

v (¥) = ¥ (x, Tx (1)) d (g (x),

1
areag (X (IT)) L(H)

where v : Grp (M) — R is a continuous function and 75 X denotes the tangent space to X at x.
We define the minimal surface entropy of (M, g) relative to |1, denoted by E,(g), by

In#{Il € &y u(M): nm<1L
@ Eu(g) = lim liminf4r 01 € Snu(M) :areag(Tl) = Ly
=0 L—oo LinL

where ¥y, (M) ={I1 € S;(M) : p(vi1, ) < n}. Since the space of unit Radon measures on Gry (M) is
compact, the definition of £, (g) does not depend on the metric p. Notice that £, (g) < E(g) for any u.

We use Theorem 1.1 to prove a sharp bound relating E;(g) and /i1 (g), the Liouville entropy of the
geodesic flow of g.

Theorem 1.2 Suppose that g is a metric of negative sectional curvature on M . Then
E5(g)hr(g) volg(M) < 4volz (M),
and if equality holds, the metric g has constant sectional curvature.

We briefly sketch the proof of the inequality in Theorem 1.2. We first show that there exists a sequence
IT; € ¥1,i(M) such that
areag (I1; 1 1
E;(g) =2 lim ﬁ and  lim ————0; = —————V.
i—o0 areag (I1;) i—oo areag (I1;) 27 volg (M)
Knieper [21, Theorem 1.1] showed that i (g, §) > 1A (g). The form I is continuous at (v, A) for any
A € 6(I") by Proposition 3.7 (also [8]). Hence, by Theorem 1.1,

oI Ag) - Jvolg(M) St
(3)  volg(M)hr(g) <2volg(M)i(g,g) = 2g =2 gﬂ illfgol(m»)“g)
— z i
IT; lz(M
< 2volg(M) tim 2eiel) _  volg (M)
i—00 areag,(l'[,-) E,j(g)

It is shown in [9] that £ (g) = 2 and that, for a metric g with sectional curvature less than or equal to —1,
E(g) > E(g) = 2 and equality implies that g is hyperbolic. The same proof as in [9] also shows that
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2568 Fernando C Marques and André Neves

E;5(g) = 2, and equality holds if and only if g is hyperbolic. Since in this case, by Pesin’s formula [28],

hp(g) = 2, it follows from Theorem 1.2 that secg < —1 implies volg (M) < volgz (M ). This is known and

was proved in the general n-dimensional case in [5]. In [24] it is shown that E;(g) < 2 for any metric g

with scalar curvature greater than or equal to —6, and equality implies that g is a hyperbolic metric.
The previous theorem implies the following corollary for the minimal surface entropy.

Corollary 1.3 We have
E(g)hr(g) volg(M) = 4volz (M)

for any metric of negative sectional curvature g on M if and only if (M, g) has no closed totally geodesic
surfaces. In this case, if equality holds, then the metric g has constant sectional curvature.

Indeed, if (M, g) does not have compact totally geodesic surfaces, then E;(g) = E(g) and so
Theorem 1.2 applies. If (M, g) admits a closed totally geodesic surface, we prove in Proposition 5.2 that
the inequality in Corollary 1.3 fails for some perturbation of g.

Mostow rigidity theorem The Mostow rigidity theorem states that closed hyperbolic manifolds of
dimension greater than or equal to three that are homotopically equivalent are isometric. There are several
proofs of this theorem (e.g., [4; 13; 26]). In Section 6, we give a new proof in the three-dimensional case.

Our proof combines some generalizations of Theorem 1.1 for maps with minimal surface theory. We
sketch the argument in the following particular case. Suppose that N = H?3/ 'y is diffeomorphic to
M =H3/Ty viaamap E : M — N. We want to show that E is homotopic to an isometry.

The map FE induces a homeomorphism on the boundary at infinity E:S?— S2. The strategy is to
show that £ maps round circles to round circles. If that is the case, then a theorem of Carathéodory [10]
implies that the map E is a Mdbius transformation, and so there is a unique 7 € Isom(H?3) such that
I|g2 = E. Then standard arguments show that I induces an isometry between M and N.

Set g = E*(gn) and, without loss of generality, assume that volz (M) < volg (M ). Consider the
sequence I1; € Sy,;(M) used to deduce (3), and let S; € I1; denote the minimal surface with respect
to g for which areag (I1;) = areag (S;). From the volume inequality and /17, (g) = 2, we see from (3) that

| < areag (I1;)
~i—oo areag(I1;)’

We then use the Gauss—Bonnet theorem to show that

1 2
—_— Ag. |°dA 0
areag (S;) /Si 45,1 £

where Ag; denotes the second fundamental form of S; with respect to g.

In summary, we know that the area minimizer in I1; for the metric g is becoming totally geodesic as
i — oo (from [34; 38]), and we have argued that the area minimizer in IT; for the metric E*(g ) is also
becoming totally geodesic as i — oco. In Section 6 we show that it suffices to see that E maps round
circles to round circles.
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2 Preliminaries

Let H? be the three-dimensional hyperbolic space. We use the Poincaré unit ball model B* C R3.
The compactification H? of H3 becomes identified with B3, and the boundary at infinity do,H?> with
dB3 = S2. If X C H3, we denote by X C H? its closure in the cone topology (the Euclidean topology
on B?)and set doo X = X NdooH? = X NS2. The group Isom (H?) of orientation-preserving isometries
of the three-dimensional hyperbolic space can be identified by restriction to the boundary with the group
of orientation-preserving conformal automorphisms of S2, denoted by Mob(S?).

Let 9 be (S% x S? —{(x,x):x € S?})/~, where (x, y) ~ (y, x), with the quotient topology. The
group Mob(S?) acts diagonally on 4. We denote by G(IH?3) the space of unoriented complete geodesics
in H3 with the compact-open topology. If ¥ € G(H?), then 000} consists of two points of S2. The map
doo : G(H?) — 9 is a homeomorphism.

Let I' C Isom (H?3) be a discrete group of isometries such that M = H3/ T is a closed manifold. Let
7 :H3 — H3/T be the canonical projection. A Riemannian metric g on M can be pulled back to a
metric on H?3, also denoted by g. We will assume that g has negative sectional curvature, and we denote
by g the hyperbolic metric.

A geodesic y in the metric g in H? defines a unique hyperbolic geodesic 7 such that the Hausdorff
distance between y and ¥ is bounded. The geodesic y is determined by doo). Hence the boundary at
infinity of (H?3, g) is canonically identified with dooH3 = S2. With G(H?3, g) denoting the set of all
unoriented complete geodesics in (H?, g) with the compact-open topology, the map 9o : G(H?, g) — 4
is a homeomorphism and we denote the inverse map by u € 9 y, (1) € G(H?, g).

The conjugacy class of « € I" and the free homotopy class of a curve o are denoted by [«] and [o],
respectively. These classes are in one-to-one correspondence with each other. Every homotopy class [o]
contains a unique closed geodesic y with respect to g, which is also the curve of least length in [o]. We
use /g ([y]) or [g(y) to denote the length of y with respect to g.

Let Tng3 and 7, gl M denote the unit tangent bundles of (H?, g) and (M, g). The Liouville measure
on either T gl H?3 or Tg1 M is denoted by dVy and d Vg(Tg1 M) = 47 volg (M). If we do not specify the
Riemannian metric, it is because we are referring to the hyperbolic metric g on either M or H?3.

2.1 Quasicircles

A simple closed curve o C S? is called a (14n)-quasicircle if there is a (14-n)-quasiconformal homeo-
morphism f : S? — S2 suchthat f({zeC:|z| =1}) = 0. Let QC,, be the space of (1+n)-quasicircles
of S? with the topology induced by the Hausdorff distance dye 2. Hence QCy is the space of geodesic
circles in S, which is homeomorphic to a punctured RIP®. The group Méb(S?) acts continuously on
QC, by taking the image o > ¢(0), ¢ € Mob(S?).

If a sequence of (1+47)-quasicircles {0, } is such that for distinct points x, y, z € S2, there exist points
Xns Yns Zn € Op With X, — X, y, — », and z, — z, then there is a subsequence {0} } C {0} that converges
to a (1+n)-quasicircle o containing x, y, z. Hence, for any r > 0, the set K, C QC,, of quasicircles that
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are not contained in a geodesic ball B, (x) C S? is compact. The space QC,, is then locally compact and
Hausdorff. If n < 7, then QC,, is a closed subset of QC,. Also, QC,) is a o-compact topological space,

since QC, = U,eny Ki/n-

2.2 Convex hull

A set C C H? is convex if the geodesic connecting any pair of points in C is contained in C. For a closed
set X C dooH?, its convex hull conv(X) C H? is the intersection of all convex subsets of H> which
contain X . If o € QC,, then conv(o) is a totally geodesic disk D(o) with doo D(0) = 0.

The convex hull satisfies some continuity properties. Consider a sequence (0;, doo¥i) in QCp X 4
converging to (0, doy ), Where ¥;, ¥ € G(H?), i € N. Then [7, Theorem 1.4] implies that conv(o;) and ;
converge, respectively, in the Hausdorff distance of the Euclidean metric on B3, to conv(c) and 7.

2.3 Integral geometry

The Grassmannian of unoriented 2-planes in H? is denoted by Gr,(H?). Given (x, P) € Gr,(H?), there
is a unique totally geodesic disk D(x, P) C H3 with x € D(x, P) and Ty D(x, P) = P. Thus we get a
continuous map 6 : Gr,(H?) — QC, defined by

4) 0(x, P) = 0o D(x, P).

Let dV be the natural volume measure on Gr, (H?). Santalé’s formula (see [30, Chapter 14]) gives a
Radon measure v on QCj that is invariant under Mob(S2), and such that for every region Q C H?3, every
surface S C H?3, and every curve ¢ C H? we have, respectively,

&) / area(D(o) N Q) dv(o) = 27 vol(R2),
QCo
(6) / length(D(o) N S)dv(o) = %nz area(S),
QCo
@) / #(D(o)Nc)dv(o) = mlength(c).
QCo

If ¥ € C.(Gry(H?)), then

8 dV = ,IxD dA(x)d .
® Lo ¥4V = [ v TDE)da@ave)

The measure dV also induces a volume measure dV on Gry(M), the Grassmannian of unoriented
2-planes of M, whose total volume is 27 vol(M ).
For a negatively curved metric g on M, we consider the maps

©) prT{(H?) > H, pi(x,v) =x,
(10) JZ Tg1 (H3) =4,  pa(x,v) = dooyg (X, V),

Geometry & Topology, Volume 30 (2026)
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where yg (X, v) is the unique geodesic in (H3, g) determined by (x,v) € T gl (H?3). For each x € H?3, the
metric g induces a natural area measure w, on the fiber pl_1 (x) with area 4.

In [30, IV.19.4], a measure Ag on 9§ (called the Liouville measure on 9) is defined so that for every
surface ¥ C H? and every nonnegative measurable function F on 9 we have

an - [aopwas =g [ | Fopate vl Nowo)l dox(w) dag ()
Py X

where Ny is a unit normal to X for the metric g and yg (1) € G (H3, g) is the unique geodesic such that
dooYg (1) = u. In particular,

(12) / #(yg(u) N X)dAg(u) = mareag ().
G
Also, if ¥ € C.(Gr; (H?)) then
13 dVy = Ty d dir )
(13) Lo b Vo= [ e T dse) )

where ds, is arc length in the metric g and d V; is the natural volume measure on Gry (H?) induced by g.

2.4 Geodesic stretch

Let (N, g1) and (M, g,) be compact manifolds with negative sectional curvature, and let F : N — M be
a continuous map. We denote by 7 (v) the basepoint of a vector v. The geodesic flow with respect to the
metric g is denoted by g} : TJ (N) — T} (N), or g} : T (H?) — T, (H?), 1 € R. Forv € T, (N),
denote by a(z, v) the minimum length, in the g,-metric, of paths in M that are homotopic with fixed
endpoints to the path

s F(r(gi(), 0=<s=t.

If y is a unit-speed geodesic in (H?3, g1) such that (y(0), y’(0)) is mapped to v € Tgl1 (N), and if
F :H3 — H?3 denotes a lift of F: N — M, then a(t,v) = dg, (F(y(0)), F(y(1))).
In [11], Croke and Fathi defined the geodesic stretch of g, with respect to g; under the map F' as
. / a(t,v)
——— lim
Volg1 (TglN) t—00 Tgll(N) t

If F is the identity map, we denote #;4(g1, g2) by i (g1, g2). The geodesic stretch is referred to as the

(14) ir(g1,82) = d Vg, (v).

intersection of g1, g, in [11].

2.5 Essential surfaces

A surface group is a subgroup G < I' such that there is a closed surface ¥ and an immersion i : ¥ — M
that is m{-injective with i, (1 (X)) = G. Such immersions are called essential surfaces. We denote
by IT the conjugacy class of G in I'. The set of conjugacy classes of surface groups is in one-to-one
correspondence with the set of free homotopy classes of essential surfaces. We denote ¥ € II if the
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associated immersion i : X — M satisfies i (71 (X)) € I1. Hence, we refer to I1 as a homotopy class of
essential surfaces.

The immersion i : ¥ — M lifts to a G-invariant immersion i : D — H?, where D is the universal
cover of . Hence i (¢(x)) = ix(¢)(i (x)) for every x € D and ¢ € 71(X). We will identify = and D
with their images in M and H? under the immersions i and i, respectively, depending on the context. If
A(G) C S? denotes the limit set of G, defined as the set of accumulation points in H? of an orbit Gx for
x € H?, then doo D = A(G). The group G preserves A(G), and if H € I1 is conjugate to G, then there
is ¢ € I such that ¢(A(H)) = A(G). The group G is called quasi-Fuchsian if the limit set A(G) is a
Jordan curve, in which case it is a quasicircle (see [37, Proposition 8.7.2]). In this case, the surface X
is said to be quasi-Fuchsian. We define ¥, (M) to be the set of all conjugacy classes of quasi-Fuchsian
surface groups with limit set in QC,,.

If g is a Riemannian metric on M, we denote the area of X € IT with respect to i *g by areag (X). For
a homotopy class IT, we define

(15) areag (IT) = inf{areag (X) : ¥ € IT}.

There exists an immersed minimal surface (with respect to g) ¥ e I with areag(fl) =areag (IT) (e.g., [33]).
We set area(IT) = areag (IT).

Each 0 € QC, has a totally geodesic disk as the unique solution to the asymptotic Plateau problem.
A standard compactness argument shows the existence of 77 > 0 such that for any o € QCj, the area-
minimizing surface D C H? with 0D = 0 produced in [2, Theorem 2.1] has principal curvatures
bounded from above by a constant A < 1. Uhlenbeck’s uniqueness argument [38] can be applied in this
setting [15, Lemma 2.2] to show that D is a disk and is unique, and we set D(0) = D (see also [14] for
other properties). Hence any IT € ¥5(M) has a unique minimal surface X € IT, which we denote by
3 (IT) [38].

2.6 Minimal surface entropy

In [9], Calegari and the authors of this paper defined the minimal surface entropy E(g) of (M, g). This
is the invariant

In#{IT € ¥, (M) : areag (IT) < L}

16 E = lim liminf4
. (g) = Jirm, lim Inf 4 LinL
Let
a7 A(g,n) = inflareag (IT)/ area(IT) : I1 € &, (M)},

and A(g) = limy—o A(g, ).
Proposition 2.1 The minimal surface entropy satisfies

In#{I1 € Sp(M): m<L )
E(g) = lim limsup 4w n#{ n(M) :areag(II) < L} _ '
=0 L—oo LinL A(2)
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Proof LetIT € S;(M). If ¥ € I1 is a minimal surface in the hyperbolic metric g, then by the Gauss—
Bonnet theorem

area(X) = 4 (g(IT) — 1)—%/E |Ax|?dAs,

where g(IT) is the genus of X and Ay is its second fundamental form. By [34], |Ax| < C In(1 + n).

Hence,
area(IT)

120 A (g() —1)

If areag (IT) < L, then we have from (17) that area(IT)A(g, n) < L. Hence, for any o > 0, there exists
n’ > 0 such that if 0 < n <’ then

47(g(IM)—1) < (1 +a)area(IT) < (1 +a)A(g,n) ' L.
In particular, g(IT) < h = (4m) " (1 + ) A(g, n) "' L + 1. Therefore,
#HI eFy(M):areag(IT) < L} <#H{I1 € Fy(M) : g(IT) < h} < (c2h)?",

where we use the work of Kahn and Markovié [16] in the last inequality. Since

Ao In#{I1 € (M) : areag (IT) < L} <4y 2hn(h)+2h1nc,

LlnL - LlnL
-4 2(L~'h)LIn(L)4+2(L7 ') In(L='h) L+ (2L 'h1nc,) L
= LinL ’
it follows that
) In#{I1 € (M) : areag (IT) < L} _ 1
lim sup 47 <8r(dm) " (1+a)A(g,n) .

L—s>o00 LInL
Therefore, since @ > 0 is arbitrary,

L In#{I1 € (M) : areag (IT) < L} 2
(18) lim lim sup 47 < .
N0 o0 LinL A(g)

Let IT; € #1/;(M) be a sequence such that

. areag(I1;)
A(g) = lim —2—,
(&) z—l>rgo area(Il;)

Denote by C(i, k) the set of all index & subgroups of I1;. The elements of C(i, k) correspond to surface
subgroups obtained by taking a k-degree cover of an essential surface in I1;. The essential surfaces
corresponding to an element of C (7, k) have genus g(i,k) = k(g(I1;) —1) + 1.

If A€ C(i,k), then A € ¥1;;(M) and areag (A) < k areag (I1;). Hence,

#HIL € Fy/;(M) : areag (IT) < k areag (I1;)} = #C (i, k).

We use Miiller—Puchta formula, as in the proof of [9, Theorem 4.2], to deduce the existence of a constant
¢; > 0 such that #C (i, k) > (cig (i, k))2€ ).
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If L € [k areag (I1;), (k 4 1) areag (I1;)), then
In#{I1 € ¥y/;(M) : areag(IT) < L} - In#{I1 € &/;(M) : areag (IT) < k areag (I1;)}
LinL ~  (k+1)areag(IT;) In((k + 1) areag (I1;))
- In#C(i, k)
= (k + 1) areag (IT;) In((k + 1) areag (I1;))
- 2g(i, k) In(cig (i, k))
~ (k + 1) areag (IT;) In((k + 1) areag (I1;))
_ 12k(g(1;) = 1) + 2}(n(k (g(IT;) — 1) + 1) +1n(c;))
(k 4 1) areag (IT;)(In(k + 1) + In areag (I1;))

This implies
In#{IleS/;(M): Im<L 2(g(I1;)—1
it A€ F1/i () areag( < L} - 2(g(M) ~ 1)
L—o0 LinL areag (IT;)

Therefore, letting i — oo,

S In#{I1 € $,(M) : areag (IT) < L} 2
(19) lim liminf4x > .
n—>0 L—o00 LiInL A(g)

The proposition follows by combining (18) and (19). |

If A is a subgroup of IT of finite index, with IT € Sy, (M) and n < 7, where 7 is as in the introduction,
then by uniqueness X (A) is a degree k cover of 3 (IT) and hence va = vy. This allows us to generalize
Proposition 2.1 to the entropies £, (g) with the same proof. It follows that
20) Ep(g) = lim limsup4x In#{IT € ¥y (M) : areag (IT) < L} _ 2 ’

=0 I oo LinL Au(g)
where A, (g) = lim,_,¢ inf{areag (IT)/ area(I1) : I1 € &5, , (M )}. As aresult, E,(g) = 2.

3 Conformal currents and the intersection form

Recall that T" C Isom (H?) is a discrete group of isometries such that M = H3/ T is a closed manifold.
In [6], Bonahon defined a geodesic current to be a I'-invariant Radon measure on . The space of geodesic
currents is denoted by €(I"). Labourie [23, Section 5.2] defined a conformal current to be a I"-invariant
Radon measure on some QC,,. Let us denote the space of conformal currents by 6 (I") (see [19] for a
definition based on closed sets).

The results of this section overlap with those of Brody and Reyes [8], which introduced the notion of
currents on systems of spheres generalizing conformal currents. The statements of this section and their
proofs were developed independently.

3.1 Intersection number

In [6], Bonahon defined the intersection number between geodesic currents. We will use an intersection
number between geodesic currents and conformal currents. Bonahon’s strategy in the case of surfaces
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was to consider intersecting pairs of geodesics. This is advantageous because the fundamental group
of a surface acts freely and properly discontinuously on this space (while it does not on the space of
geodesics). We follow the same idea and consider pairs of quasicircles linked to geodesics.
Given (o, {x, y}) € QC, x4, its (unoriented) linking number lk(o, {x, y}) is 1 if x, y belong to separate
connected components of S — ¢ and 0 otherwise. In particular, if 1k(o, {x, y}) = 1 then 0 N {x, y} = @.
Consider the open set

2D X ={(o,u) € QC, x4 :lk(o,u) =1}
in QC,, x 4. The space X is a locally compact Hausdorff space. It is also o-compact, since the set
{(o.{x,y} ) eX :0eK,,dg2(x,y) =1, dg2(x,0) = r,dg2(y,0) > r}

is compact, where K, is as in Section 2.1.

The group I' acts on X diagonally. In what follows we refer to the notation introduced in Section 2.2.
For every (0, 000)) € X, with y € G(H?), the compact set conv(c') Ny is nonempty. This is because [2,
Theorem 4.1] produces a minimal disk D C H?3 with doo D = o, which intersects y and is contained in
conv(o).

Lemma 3.1 The group I' acts freely and properly discontinuously on X. Hence X/ T is a locally compact
Hausdortf space.

Proof Suppose ¢ € I' and (o, {x, y}) € X are such that ¢ (o, {x, y}) = (0, {x, y}), with ¢ # id. Then
¢ leaves {x, y} invariant. If ¢ (x) = y then ¢ sends the geodesic connecting x and y to itself with the
reverse orientation. This implies that ¢ has a fixed point in H?3 which is a contradiction. Hence ¢ (x) = x
and ¢(y) = y. Since o does not intersect {x, y}, it follows that ¢ (o) converges to either x or y as
n — oo. This is impossible because ¢ fixes . This proves that I acts freely.

To show that the action is properly discontinuous, we prove that for every compact set X C X, the set
{p €T :9(I) NI # o} is finite. Define K = U(5.9.,y)es3 1y Nconv(o)}.

Claim K C H? is compact.

Let {x;} C K be a sequence, with x; € y; N conv(a;) for some (0, dso¥i) € K. By compactness there
is {x;} C {x;} with (0}, 0sc)j) = (0, 0coy) € K. Theorem 1.4 in [7] implies that conv(c;) — conv(o)
and y; — ¥, both in the Hausdorff topology for the Euclidean metric. Hence there exists {xj } C {x;} that
converges in the Euclidean metric to a point p € ¥ Nconv(c). Since (0, dso¥) € K, the set y N conv(o)
is compact in H3. Hence x; — x € K in the hyperbolic metric. This proves the claim.

If ¢ €' and (0, 0soy) € K are such that (¢p(0), Pp(d0y)) € K, then ¢p(K) N K # @. This is because
¢(conv(Y)) = conv(¢(Y)) for any Y. Since the group I' acts properly discontinuously on H?, it follows
that the set {¢ € I" : ¢ (K) N K # &} is finite, which finishes the proof. m|

Let P: X — X/ T denote the quotient map. Given f € C.(X), set /T (x) = Z¢er f(#(x)). The
function T is well defined due to Lemma 3.1. Since fT is I'-invariant, there is f € C¢(X/T) such that

fF:foP.
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For (i, 1) € €,5(I") x €(T"), the I'-invariant measure p x A induces a unique Radon measure [ X A]
on the quotient space X/ I" such that

[ x2()) = x (). [ €Ce(X).
Lemma 3.2 If (i, A) € 6,(I") x €(I"), then [u x A](X/T) < o0.
Proof For each compact set K C X, it holds that [ x A](P(K)) < (i x A)(K). This is because

(1 X A)(K) =fi€anK(M XM (),

where Cg is the set of functions f € C.(X) satisfying 0 < /' <1 on X and f =1 on K. We are using
that f =1on P(K) foreach f € Ckg.
Let A C H? be a Dirichlet fundamental domain of M with closure A and set

(22) Y ={(0,000y) € QC,; xG:conv(o) Ny N A # o).

It follows from Sections 2.1 and 2.2 that Y is compact. For every z € X, there is ¢ € I" such that ¢ (z) € Y.
Thus P(Y NX)=X/T.

We write X =, ey Kn. Where K, C K+ and each K}, is a compact set. Hence Y N K, C X is a
compact set. Therefore,

[ X A(P(Y N Kn)) < (1 x (Y N Kp) < (X M) < 00,
Since X/I'=P(Y NX)=U,eny P(Y NK,), we get that [ x AJ(X/T) < (uxA)(Y). m|
The intersection form between conformal currents and geodesic currents is the bilinear map
I =1Ir:6,(I")x6T)—>R
defined by
I(p, 2) =[x AJ(X/T).
3.2 Examples of conformal currents and geodesic currents

Consider a homotopy class of quasi-Fuchsian surfaces I1 and G a surface group in I1. Let ['/G =
{¢G : ¢ € T'} be the set of cosets and choose a representative qg in each coset ¢ G. Choose 1 > 0 so that
A(G) € QC,,. We consider the I'-invariant measure (see [23, Proposition 5.5.(ii)])

om = Z(S«Z(A(G))'
¢

That &7 is a locally finite measure was proved in [23] under the condition that < 5; for some n; > 0.
To see that this holds for any 7, and thus that 67 € 6,(I"), we proceed as follows.
Let §A(g) be the Dirac delta supported on the set {¢(A(G)) : ¢ € I'} and

H={¢eT:p(AG)) =AG)},
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so G < H. Since the quotient of conv(A (G)) by the action of G is compact, and H preserves conv(A(G)),
it follows that |H : G| < co. Then iy = |H : G| -8 (G)- Suppose by contradiction that §, () is not
locally finite. Then one can find {¢;}; C I such that ¢; (A(G)) — C in the Hausdorff distance, with
$i(A(G)) # ¢j (A(G)) for every i # j. Let p, q be in different connected components of $2\ C, and
y be the hyperbolic geodesic connecting p and ¢. Since we can find a converging sequence { f;}; of
(1+7)-quasiconformal homeomorphisms of S with £;(S') = ¢; (A(G)), it follows that for sufficiently
large i, p and g are in separate connected components of 2\ ¢; (A(G)).

Let g; € conv(¢; (A(G))) Ny. Notice that the sequence {g;}; is contained in a compact set. Then p; =
¢,.—1 (gi) € conv(A(G)). Since conv(A(G))/G is compact, we can find g; € G such that { p; = g;(p})}i is
in a compact set. Because the action of I" on H?3 is properly discontinuous, there is a sequence {k} C {i}
such that there is Y € I" with gkqb,:l = for any k. Hence ¢y =¥~ gx, and so ¢ (A(G)) =¥ 1 (A(G))
for any k. This contradicts the fact that ¢; (A(G)) # ¢;(A(G)) for any i # j. Hence &y is locally finite.

The Radon measure v defined in Section 2.3 with support the set QC is I'-invariant and thus v € €, (I").

Let [y] be a nontrivial homotopy class of continuous maps S' — M. There is a closed geodesic
o € A which lifts to a geodesic & in H?3 so that « = &/H for some group H < I' isomorphic to Z. Let
I'/H = {¢pH : ¢ € I'} be the set of cosets and pick a representative (,z; in each coset pH. If {p,q} €4
denotes the endpoints of &, then we define the I'-invariant measure

511 = 2 85tp.apy
¢

As for &y, the measure ] is locally finite and hence §[,) € €(I").
Let g be a metric of negative sectional curvature on M . The Liouville measure Ag defined in Section 2.3
is I'-invariant, locally finite, and thus Ag € 6(I").

3.3 Convergence of currents

A sequence of homotopy classes of quasi-Fuchsian surfaces {I1;};eN equidistributes if T1; € Sy, (M),
n; — 0, and for every ¥ € C(Gry(M)),
¥ (x, T 2(I1;)) _ 1

(23) lim dA(x) = —————
i—00 =(I1;) area(E(H,-)) ( VOl(Grz(M)) Gra (M)

vdV.
Then

Proposition 3.3 Let {I1;};en be a sequence of homotopy classes of quasi-Fuchsian surfaces that equidis-

tributes. Then
I RS B
area(X(I1;)) ' 2w vol(M)

asi — oQ.
We will use the following proposition.
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Proposition 3.4 For every compact set K C QCg, there is a constant C > 0 (depending on I' and K') such
that for every homotopy class of quasi-Fuchsian surfaces I1 such that c = A(G) € K for some G € I1,
we have

#pG el /G :p(0) € K} < C area(Il).

Proof Let K C QCj; be a compact set, and IT be a homotopy class of quasi-Fuchsian surfaces with
o = A(G) € K for some G € II.

Claim There is a constant R > 0 depending on K such that if « € K and D C H? is the minimal disk
with doo D = «, then D N Br(0) # @.

Suppose the claim is false. Then we can find a sequence {o;}; C K and minimal disks D; with
doo Di = a; such that the sequence {D;} escapes any compact set of H*. We can suppose that {o; };en
converges in Hausdorff distance to an element o € K. Pick y € G(H?) such that lk(c, dsoy) = 1. We
know that conv(cr) Ny is a nonempty compact set. Hence there is R > 0 such that conv(a) Ny C Bg/2(0).

As discussed in Section 2.2, it follows from [7] that conv(c;) converges to conv(c) in H? (with respect
to the Euclidean Hausdorff distance). Thus conv(e;) Ny C Bg(0) for every i sufficiently large. Moreover,
as in Section 3.2, we have that lk(«;, dooy’) = 1 for every i sufficiently large and so D; intersects y for
any / sufficiently large. On the other hand we know that D; C conv(¢;) and so D; Ny C Bg(0), which
contradicts the fact that D; N B, (0) = & for some sequence R; — co. This proves the claim.

In each coset ¢G of I'/ G pick a representative d; In the remainder of the proof we denote also by
'/ G the set whose elements are these representatives. Choose D, a G-invariant minimal disk in H? so
that oo Dy =0 and Dy /G = S, where S € IT is such that area(f)) = area(I1). By the claim, we have

(24) #HpeT/G:p(0) e K} <#{¢p €T/G:¢(Dy) N Br(0) # @}

Consider a Dirichlet fundamental domain A C H?3 for M containing the origin in its interior. There is
a finite set I C I, depending only on R and T, so that Bg(0) C U¢ef¢(A). Hence if

F={pel/G:$(De)NA # B},
we have from (24) that
#¢ €T/G:$(0) € K} <#{$p € /G : (Do) N Br(0) # @} < (#T) - (#D).
In [9, Proposition 6.4(ii)], it is shown that there exists C > 0, depending on I', such that
# < C area(f]).
Hence #{q; el’'/G: d;(o) € K} < C(#T") area(IT), which proves the proposition. |

Proof of Proposition 3.3 For i > the support of 811; is in QCy. We define v; = area(E(Hi))_l(SHl..
We describe the basic idea. The sequence {v;} subsequentially converges to a measure whose support
is contained in QC,. Thus it suffices to check that, for any continuous function f on QC, whose support
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is small, we have v; (/) — (27 vol(M)) " 'v(f). We achieve this by constructing ¥ € C(Gr,(H?)) so
that [,y ¥dA = f (o) for all o € QCy, and then applying (23).

Let f € Cc(QCj). If f =0 on QCy, then v(f) = 0. Let U C QCj be an open set with compact
closure such that supp(f) C U. For any § > 0 there is 0 < n < 7 such that SUP4 eqc, NT | f1(o) < 6.
Notice that QC,, contains the support of v; for any / sufficiently large. From Proposition 3.4, there exists
Cy > O such that |v; (f)| < C;6 for any i sufficiently large. Hence v; (/') — 0. This proves the proposition
when f =0 on QC,.

Let @ € QCy, y € D(«), and y € G(H?) be the geodesic passing through y orthogonally to D(c).
There is an open neighborhood Uy C QCj of @, with compact closure, such that for every o € U, the
disk D(o) intersects y at a unique point (o) and 1k(0, dsoy) = 1. The map o € Uy +— y(0) € H? is
continuous. We assume that its image is contained in a ball centered at y with radius less than half the
injectivity radius of M.

Lemma 3.5 Forevery f € C.(Uy), we have

vi(f) = mv(f)-

Proof Let f € C.(Uy). Recall the map 6 : Gr,(H?3) — QC, defined in (4). With r > 0 and ¢ constants
to be chosen later, consider the following function defined on 8~ (U, N QCy) C Grp (H3):

(25) Y(x, P) =cf(0)(r—dist(x, y(0))+. o =0(x,P).

Since f has compact support in Uy, the function v has compact support in 6~ (U, N QCy). Thus we
can extend ¥ so that ¥ = 0 in the complement of the set 1 (U, N QCy). Hence ¥ € C,(Gr,(H?)).

We choose r sufficiently small so that if ¥ (x, P) # 0, then x is in a ball centered at y with radius less
than the injectivity radius of M. Hence there is 1} € C(Gry(M)) such that, if 7 : Gro(H?) — Gry (M)
denotes the quotient map, then

(26) I/Nfon=21/fo¢.

el

Then choose ¢ so that 2w ¢ for (r —s) sinh s ds = 1. We have from (25) that for any 6 € QCy N Uy,
@7 | e Tibenda=cf@) [ @ -distes@n)s da = f©).
D(o) D(o)
Hence from (8) it follows that
/ vdV =c/ f(o) (r —dist(x, y(0)))+ dA dv(a)zf flo)dv(o) =v(f).
Gra (H3) QCo D(o) QCo

This implies

v(f) = / ydv.
Gr (M)
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Let V be an open set such that supp(f) C V C V C U,. Then there is 0 < 1, < i such that if
o0 € QC,, —V then ¥ (x, Tx D(0)) = 0 for any x € D(0).

Let h € C.(Uy) be such that 0 < /1 < 1 and & = 1 on the compact set V. Consider the function
f € Ce(Uy) defined by

f@) =ho) [ y(x.T.D@)dA.
D(o)
If 0 € QCyN Uy then from (27) we have f(a) =h(o) f(0). Henceif 0 € QCy NV, we have f'(a) = f(0).
If 06 € QCy N (Uy — V), then since ¥ (x, Ty D(0)) = 0 for any x € D(o) it follows that f(a) = f(o)=0.
Thus f—f = 0 on QC, and so lim; vi(f—f) =0.
The support of v; is contained in QC,, for sufficiently large i. We choose G; € Il;; hence o; =

A(G) €QC,),. Let {qg} be a set of representatives of I'/G;. Using that if 0 € QC, NV then (o) =1,
and that if o € QC,,, — V then f(0) = 0, we deduce

~ 1 ~ ~ 1 ~
) = eatriy LT OO0 = s D [ v T D) d
¢ ¢

1 .
~ area(Il;) %:/D(m) Y o¢(x, TxD(0y)) dA.

Let A; C D(o;) be a Dirichlet fundamental domain for the covering D(o;) — D(0;)/Gi = Z(I1;).

Then
/ U(x, TxS(I1;)) dA = / (Z v o¢) dA
z(I1;) Ai \ yer
:/ (Z > wogsg)dA
Ai d; g€G;
= ZWOq;g)dA=Z/ Vo dA.
q; /Al' (gEG,' & D(o;)
Therefore, we have proved
vi(f)= arca(Il;) . V(x, TxX(I1;)) dA.
Thus we have from (23) that
. X 1 ~
11—1>Igo vi(f) = vol(Gry(M)) Gra (M) yav.
Hence
l,l_i)fgovi(f)=mv(f)- o

Let f € C.(QCj). Consider K = supp(f) N QCy. By compactness of K, we can find open
neighborhoods {Uy; }jq.=1 and {Vy; }jq.zl, with Vg, C 17%. CUy, KCV = U?:l V. and such that

J
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Lemma 3.5 holds for each Uy;. Notice that VcU= U?:l Uq;. There exist nonnegative func-
tions {£1,...,&;} C Cc(QCj) and & € C(QC5) such that & + Zj & =1, I7aj C supp(§j) C Uy, , and
(QC; — V) C supp(&) C (QC; — K).

Then f =£f + qu.zl g; f. Since £f = 0 on QCy, it follows that

WEN = 3oy V€
By Lemma 3.5,
W)~ 5oty 6 )

for every 1 < j < ¢ because &; /' € Cc(Uy; ). Since v;(f) = vi(§f) + 25!:1 vi (§j 1), the proposition
follows. O

A sequence of closed geodesics {y; }ieN becomes equidistributed with respect to the metric g if for
any y € C(TglM),

1

le(vi)
o (), () dif = ——
(28) lim —/0 V(i) y; (1) dt = vol(Tg M) Jrim

dVy.
i—oo | g )/,') w .
The proof of Proposition 3.3 can be adapted to the case of geodesics in a metric of negative sectional

curvature:

Proposition 3.6 Suppose {y;}icN is a sequence of closed geodesics that is equidistributed with respect to
the metric g. If A; denotes the homotopy class of y;, then

1 51\. — L )\.g
lg(yi) ™" 2w volg(M)

asi — oQ.
Recall the definition of X C QC,, x 9 in (21), and that P : X — X/ I" denotes the quotient map.
Proposition 3.7 If A € €(T"), the map I is continuous at (v, 1).

Proof Let {v;}ien C%,(I") and {A;};ien C 6(I") be sequences which converge as Radon measures to v
and A, respectively. It follows by Stone—Weierstrass that [v; xA;](f) — [vxA](f) forevery f € C.(X/T).
Hence

[vxA]J(X/T) <liminf[v; x A;](X/T).
1—>00
Set & = v; x A; and £ = v x A as Radon measures on QC, x 4. Consider
H' ={(0,{x,y}) €QCyx%:x€cooryeco}

and notice that A’ is invariant under the action of I". We will show that £ (H’) = 0. For each {x, y} €9,
the set

H{, ,=10€QC,: (0, {x,y}) € H'}
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satisfies v(H’ }) =v(H {x ) N QCy) = 0. This follows from (7) and the invariance of v by M&b(S?).
Then Fubini’s theorem implies that £(H') = 0.

Let Y = {(0,000y) € QC,; x G : y € G(H?),conv(c) Ny N A # @} as in (22) and recall that
P(YNX)=X/T. The set H' NY is compact, and so given § > 0 we can find an open neighborhood
O of H'NY with £(0) <§. The set 0= P(ONX)isopenin X/I. Since [£](P(ON X)) <&(0),
it follows that lim sup; %o[g,-](é) <. The closure of X in QC,, x % is contained in X U H' and thus the
set K= P(Y N X — 0) is compact in X/ I". Therefore,

lim sup[&;](X/ T) < lim sup([&)(K) + [£:)(0)) < [E)(K) + 8 < [E](X/T) + . o
1—>00 1—>00
Let [y] be a homotopy class of closed curves. The next proposition follows from Santal$’s formula (7)
and the definition of intersection.

Proposition 3.8 I(v,dp) = wlz ([y].

Proof Let o be the closed geodesic in the homotopy class [y]. Let @ € G(H?) be a lift of o with
{p,q} = 0o and o = @/ H for some H < I". Consider a locally finite continuous partition of unity
{fitier of X/T'. Then [v x 8 (X /') = ;v X 8p11(fi)-

We can suppose that the support of f; is contained in an open set U; C X/ T" such that there exists an
open set U; with P:U; —> U; a homeomorphism. Let f; be the function with support contained in Ui
such that f; = f;j o P. Then [v X 8p,1](fi) = (v X 8,1 (fi).

Let J C & be a segment of the form [@(¢), &(¢ + s)) which is a fundamental domain for the projection
o — o. Let QC() be the set of round circles ¢ such that the totally geodesic disk Dy with 0D, = &
intersects J. Then the set of round circles o with 1k(, {p, g}) = 1 is the disjoint union | ;¢ i hQCj.

It follows by using Fubini’s theorem that

Sl 8l = S x () = 3 (0% 8 ) )
i i v

i

- Z/ S /i, ¥ (paah) dv(o),

Q0~

Since v is a I'-invariant measure,

S Bl =Y /Q i Z fio 9 (p.q}) dv(o)

B Z /UheH hQCo Z fz(WO' W({P Q})) dl)(a)
=22 [ Zﬁ(wa U ({p.g)) dv(o)
i heH
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>/ X e Bt ) v

i her /Lo
=L % [, o rtranave
i ber

Hence, using (7) in the last equality,
D xSl =Y /Q ., JiPO.{p.q}) dv(o) = v(QCy) = (@),

and the result follows because (v, 8f,1) = D _;[v X 8[,11(fi). m]
The intersection form is also related to the geometric intersection.

Proposition 3.9 For a homotopy class of closed curves [y] and a homotopy class of quasi-Fuchsian
surfaces I1:

(i) 1(m.,é)) < #(X Na), where T is any immersed surface in I1 and « is any closed curve in [y]
which intersects transversely.

(i) 1(ém.dp ) =#(X Na), if X € I1 is a totally geodesic surface and « € [y] is a closed geodesic for
the hyperbolic metric which intersects transversely.

Proof Let [y] be a homotopy class of closed curves, and IT be a homotopy class of quasi-Fuchsian
surfaces. Let X € IT be a surface which induces the group G < T'. Set 0 = A(G) € QC,, and let D C H3
be a G-invariant disk with oD = 0 and ¥ = D/G. Consider a curve « in [y] and let @ € G(H?)
be a lift of o with {p,q} = doo@ and & = &/ H for some H < I'. If iy, and iy denote the immersions
ix:% — M and iy : S! — M, which intersect transversally, the intersection number #( N «) is the
number of elements in the set

Z={(x,y)e Ex Stiig(x) = io()}-

Recall that 6y =) = 6 %500 and o1 =) 7 6 7 85 ¢pary where {¢} is a set of representatives of the cosets
inI'/G and ‘W} is a set of representatives of the cosets in I'/H. We consider the set W of pairs (d) W)
such that Ik(¢ (o), ¥ ({p.¢})) = 1. Then T acts on W by setting b- (¢, V) = (¢’ € [b]. ¥’ € [by]). Since
I" acts freely on X, the same holds for the action of I' on W. Hence [d11 x d[;,1](X/ I") is the number of
elements of W\ T.

We define amap z: W\ T — Z. For each r €¢ W\ I', we choose an element (q;(r), 1/~f(r)) er.
Since k(¢ (r) (o). ¥ (r)({p.q})) = 1, we can choose a point Z(r) € ¢(r)(D) N Y (r)(&). Let X(r) € D
and y(r) € @ such that q;(r)(fc(r)) = @(r)(j/(r)) =2z(r). If 7y : D — ¥ and ny : @ — « denote the
projections, define

z(r) = (x(r). y(r) = (r£(X(r)), 7 (y(r))) € Z.

We claim that the map z is injective. Suppose z(r1) = z(r;), for r1,r, € W\ T'. Then nx(X(r1)) =
7wy (X(rp)) and 7, (¥(r1)) = 7wy (¥(r2)). Hence there exist g € G and h € H such that X(r) = gX(r1)
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and j(r;) = hj(r1). Denote by p = %(r1) and ¢ = j(r{) as points in H?, and let ¢; = ¢(r;) and
Wi = ¥ (r;) fori =1,2. Then ¢;(p) = ¥1(¢) and ¢»g(p) = V2h(q). Hence there is b € T such that
lZl_lqgl = h_llzz_lqug = b. This implies

(2897 V1 = pogh™" = Yahr.
Thus (qugq‘;l_l) . (¢~>1, 1/71) = (q~52, 1}2), which proves 1 = r,. Since z is an injective map, we have that

101, 0y = [6m x O J(X/ D) =#(W\T) <#Z =#(ZNa).
This proves (i).

Suppose that X is totally geodesic and « is a closed geodesic for the hyperbolic metric. We claim that
the map z is surjective. Let z = (x, y) € W. Let p € H3 such that mp7(p) = ix(x) = i (). Consider
X € D and J € & such that 73 (X) = x and 74 () = y. Hence there exist ¢, ¥ € I" such that ¢(X) = p
and ¥ () = p. We can choose qs and 1} such that ¢ = ¢~>g and ¥ = &h for g € G, h € H. Then
¢~) g(x)= 1/~fh( ) = p. Hence ¢~5(D) intersects 1}(&). But a totally geodesic disk and a transversal geodesic
line in the hyperbolic space intersect if and only if the linking number of their boundaries is equal to
one. Therefore (gz~5, 1/7) eW.Letr = [(q~5, 1/7)] € W\T. Since [(¢~S(r), 1/~/(r))] = r, it follows that there are
beTl,g' €G,and ' € H, such that

b =¢(r)g'. by =)
Recall that Z(r) is an element of the intersection qg(r)(D) N &(r)(o?). Necessarily, b(p) is also an element
of this intersection and, because the intersection is a single point, it follows that Z(r) = b(p). Notice

that ¢(r)g’g(X) = ¥ (r)Wh(¥) = b(p) = 2(r). Since D and @ are embedded, %(r) = g’g(¥) and
y(r) = h'h(¥). Hence

z2(r) = (s (g'g(®)), a(Wh(7))) = (x, »).
This proves z is surjective, and hence by the previous argument z is a bijection. Thus
I(811.81) = 811 % 8 )(X/ T) = #(W\T) = #(E Nav),

which proves (ii). O

4 Proof of Theorem 1.1

We first prove Theorem 1.1(ii) because it is simpler. From [36, Theorem 1], there is a sequence {y; };eN
of closed geodesics of (M, g) which becomes equidistributed with respect to the metric g (see (28)).
Thus by Propositions 3.6, 3.7 and 3.8,

1(v,dy,, (i
QW 101 = i ZEA = i

By [31, Lemma 2.19], i (g, §) = limj—oo [([yi]) /1 (¥i)-
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Let g be a metric of negative sectional curvature on M . Let X € II be a surface which induces the group
G < T. The idea to prove Theorem 1.1(i) is the following. Morally, Ag >~ aA§, for some large closed
geodesic y. Using Santalé’s formula (12) we have that areay (X) >~ a#(2 N y). From Proposition 3.9 we
have areag (X) 2 al(8r,8y) == I(8m. Ag). In practice we do a slightly different argument so that we can
deduce the rigidity statement as well.

Seto = A(G)€QCy andlet D C H?3 be a G-invariant disk with doo D =0 and X = D/G. Let Q C D
be a fundamental domain for the projection D — X. Consider 9’ the set of u € 4 such that Ik(o, u) = 1
and the geodesic y,(u) intersects 2. Then the set of elements u € 4 such that Ik(o, #) = 1 is contained
in the union [ J 2eG g%'. We can choose a partition of unity { f;}; as in the proof of Proposition 3.8.

Then, using Fubini’s theorem as before and the I'-invariance of Ag,

[611 X Agl(X/T) =) [8m x Ag](f)

- Z(5H x Ag) (i)

= 32X tpi <2 )
g

- ZLZﬁ@(U),u) dhg(u)
B

= Z[gZﬁ-(&(a),&(u)) dhg(u).
el

Hence,

SHWH Z fi(0).3) dhgw)

i geG

->x/ Z Ji(@(2(@)). §(g(u))) dhg ()

i geG

-yy / Fi(M0) M) dg (u)

i Ael

b < 2l(X/T) < 3 /U } Z Fi@ (@), ) dhg
i geG &

= [ hpa) digw
Therefore, using (12), we have t
[6r1 X Ag)(X/T) =2g(¥) < [g#(yg(u) NQ)drg(u) = mareag () = 7 areag (X).
Since this is for any ¥ € I, it follows that (811, Ag) < 7 areag (IT).
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Suppose 1(811, Ag) = m areag (IT), and choose X € IT such that areag (X) = areag (IT). Then

g (G) = [g #(yg () N Q) dg (1),

which implies #(yg (1) N ) < 1 for Ag-almost every u € 4. If X is not totally geodesic for the metric g,
we can find a point p in the interior of 2 with a nonvanishing principal curvature. A local construction
gives a geodesic y in (H?3, g) so that, near p, y intersects 2 transversely in two points. Thus we can find
an open neighborhood V of 0y in % such that for any v € V' we have #(yg(v) N €2) > 2. Since open
sets of G have positive Ag measure, this is a contradiction. Hence X is totally geodesic, as claimed. This
proves (i).

S Proof of Theorem 1.2 and Corollary 1.3

Proof of Theorem 1.2 From (20) with & = v, there is a sequence IT; € ¥;,;(M) such that vy, — v and

area(Il;)

E; =21 .
v() 1lm areag (IT;)

It follows by Proposition 3.3 that area(Hi)_léni — (27 vol(M))~'v. Thus using Proposition 3.7 and
Theorem 1.1, we have

areag (I1;) _ 1 ( o,

lim inf > —liminf /I | ————, =———1
e area(Tl;) ~— = e area(I1;) g) 272 vol(M)

volg (M)

ko) = 20100

i(g.8)
We have h(g) =2, and soi(g, g) > %hL(g) by [21, Theorem 1.1]. Hence
E;(g)hp(g) volg(M) < 4volg(M).

Suppose E5(g)hp(g) volg(M) = 4volg(M). It suffices to show that Gr, (M) is foliated by totally
geodesic disks for the metric g, because in that case the Codazzi equations imply that g has constant
sectional curvature. We will achieve this by finding a minimal disk D in (H?3, g) such that D intersects
any given geodesic at most once. That will imply that D is totally geodesic. Moreover, D will have the
property that the I"-orbit of do D is dense in QCy. We use this to show that Gry (M) is foliated by totally
geodesic disks for the metric g.

Let X; € I be a surface which induces the group G; < I' and such that areag (X;) = areag (I1;).
Let D; C H? be a G;-invariant disk with X; = D; /Gi, and Q; C D; be a fundamental domain for the
projection D; — ;.

We will use the notation introduced in Section 2.3. Consider the set 7; = {u € G: yg(u) N Q2; # T},
and the function

Fi:9$—7, Fi(u)=min{#(ys(u)NQ;)—1,1}.
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Consider the Gj-invariant function f; on D; such that
. 1
=3 [ Fiop(xoliv. Ny, () dos)
—1
Dy (x)
for every x € ;. Then f; > 0. Using (11) we have that

(29) /Q JidAg =/T. Fi(u)#(yg(u) N Qi) dig(u).

I1; 1 o1,
hmw:_hmj L,)\g ,
i area(Il;) 7 i area(I1;)

the proof of Theorem 1.1(i) implies that

(T /
m ——"= lIm ——
i—oo areag(I1;)  i—oo areag(I1;) J1;

Since

(g () N Q) g (1).

Hence

(30) lim ———— / H#(ye () N Q) — 1} d g (u) = 0.

i—00 areag(H )

For u € T;, Fi (u)#(ye(u) N Qi) < 2(#(yg (u) N ;) —1). Thus we deduce from (29) and (30) that

/ fidAg =0.

im
i—00 areag(l'[ )

Since the sequence of homotopy groups {I1;};cn becomes equidistributed, we proceed as in the proof of
Corollary 6.2 of [9] to obtain, after passing to a subsequence, ¢; € I' such that

(@) A(¢iGip; 1) converges in Hausdorff distance, as i — 0o, to o € QCy;
(b) {¢(0): ¢ € '} is dense in QCy;
(c) forany R > 0,

(31) lim fiogildAg =0,

1—00 J¢; (D;)NBR(0)
There is R > 0 such that conv(A(¢; G;¢; 1)) intersects Bg(0) for every i € N. The surface X; is a stable
minimal surface for the metric g; hence the sequence ¢; (D;) satisfies uniform curvature estimates [32].
Thus the continuity property of convex hulls discussed in Section 2.2 and [9, Theorem 3.1] gives the
existence of a minimal disk D in (H?, g) such that doo D = o and ¢; (D;) converges strongly to D, after
passing to a subsequence, on compact subsets of H?3.

We argue that D is totally geodesic for the metric g. Suppose there exists y € D such that the principal
curvatures of D at y are nontrivial. Then as before there is u € % such that y¢ () intersects D transversally
at both y and at y’, y’ # y, nearby. By the smooth convergence there is an open set V C G withu € V
such that, for sufficiently large 7, y, (v) intersects ¢; (D;) transversally at points close to y and y’ for
every v € V. The injectivity radius of the surfaces X; is uniformly bounded from below. By choosing
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y and y’ sufficiently close to each other, one can choose s > 0 and the fundamental domains €2; such
that #(yg (v) N @i (2;) N Bs(y)) = 2 for every sufficiently large i and every v € V. By replacing D; for
¢i (D;) in the previous equalities we can suppose that ¢; is the identity map. Hence, by (11),

[ fidAg = / #(rg () N 2 N Bo(1) Fi (1) d g ()
Q;NBs(y) %

> /V #(yg (1) N Q1 1 By (1)) F1 (1) dg () = 20g (V).

This contradicts (c), since Ag(V) > 0. Therefore D is totally geodesic.

From (b), the orbit of o under I is dense in QC. Thus by taking limits we obtain that for any o € QC,
there is a totally geodesic disk Dy in (H?, g) with 30Dy = 0. A totally geodesic disk is uniquely
determined by its boundary at infinity. Hence D, depends continuously on o and ¢(Dg) = Dy () for
every ¢ €I

The set {(0, x) € QCy x H? : x € Dy} is a five-dimensional manifold and the map

®:{(0,x) € QCyx H?: x € Dy} — Gr,(H?), ®(0,x) = (x,TxDy)
is continuous and I'-equivariant. Hence it induces a continuous map
@ : R() — Gry(M),

where R(T") = {(0,x) € QCy x H3 : x € Dy}/T. The totally geodesic condition implies that ®’ is
injective. Since both R(I") and Gr, (M) are compact five-dimensional manifolds, invariance of domain
implies that ® is a homeomorphism. Hence there is a totally geodesic surface tangent to any element in
Gry(M). This finishes the proof of Theorem 1.2.

Proof of Corollary 1.3 The next proposition, combined with Theorem 1.2, implies one direction of
Corollary 1.3.

Proposition 5.1 If (M, g) does not have compact totally geodesic surtaces, then E;(g) = E(g) for any
metric g on M .

Proof Let IT; € #;/;(M) be a sequence such that

areag (IT;)

A(g) =1 .
(&) 1lm area(Il;)

Let X; € I1; be such that area(X;) = area(I1;). We claim that the sequence {I1;};cn becomes equidis-
tributed.

Let F(X) denote the frame bundle of an orientable immersed surface X. The metric g induces a natural
measure df on F(X) of total measure 27 area(X). Define the following measure on F(M ), the frame

bundle of M :
1

2m area(I1;) Jp(s,

Vi(W): )W(x,{el,ez,n(x)})d9(x,el,e2),
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where ¥ : F(M) — R is a continuous function and n(x) is the normal vector to X; at x. After passing
to a subsequence, we obtain that the sequence v; converges to a unit measure v on F(M) that is invariant
under the homogeneous PSL(2, R)-action (see [24, Lemma 3.2]). Using that M has no closed totally
geodesic surfaces, we obtain from Ratner’s classification theorem [29] that ¥ is the homogeneous unit
measure on F'(M). Hence vy, — v, which implies that the sequence {I1; };en equidistributes. By (20)
and Proposition 2.1, E;(g) > E(g) and hence E;(g) = E(g). a

The next proposition then finishes the proof of Corollary 1.3.

Proposition 5.2 Suppose (M, g) has compact totally geodesic surfaces. Then there is a sequence of
metrics g; on M which converges to g smoothly and such that

E(gi)hp(gi) volg, (M) > 4volg (M)
foranyi.

Proof Leti:X — (M, g) be a compact totally geodesic surface inducing the surface group G < I,
and let IT be the conjugacy class of G. Then IT € Sy(M), since the surface X lifts to a totally geodesic
disk in H3. Therefore, A(g) < areag (IT) /area(IT) for any metric g on M and so by Proposition 2.1,
E(g) = 2area(IT)/areag (IT) for any g.

Suppose by contradiction that the proposition is false. Then there is an open set V" of Riemannian
metrics in the smooth topology with g € ¥ such that E(g)hr(g) volg(M) <4 volz(M) for any g € V.
Combining with E(g) > 2area(IT)/areag (IT) we have that

IT
%h(g) volg (M) < 2 volg (M),

and so
area(Il)

Wh £(g) volg(M) < areag(IT)

for any g € ¥, with equality at g = g. Since Az (c?g) = c 'hr(g),

(32)

area(Il) I (Volg(M)z/3

1 M2/3< II
2volg (M)2/3 L Volg(M)2/3g)V0g( )=/? < areag (IT)

for g € V', with equality at g = g.

Let U be an open set of M which is disjoint from X. Consider f : M — R a smooth nonnegative
function with support contained in U such that f is positive somewhere. Define the variation of metrics
g(t) = (1 +tf)*g such that g(0) = 2. Since ¥ is the unique minimal surface in its homotopy class, it
follows that area(X) = area(IT). For 1 > 0, g(r) > g on M. Since areag(;)(X) = areag(X), it follows
that areag ;) (IT) = area(X) for # > 0. Therefore, by (32) with g = g(1),

volg (M)?/3
Volg(,)(M)z/3

| (@) volgy(M)PF) <0, where F(1) =

g(1).
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Notice that vol(g(¢)) = vol(g) for any ¢. This is a contradiction, since the hyperbolic metric is
a critical point of the Liouville entropy when restricted to metrics of the same volume [20], and
i o Volgy (M) > 0. O

6 Mostow rigidity theorem

In this section we prove:

Theorem 6.1 (Mostow rigidity) Consider two closed hyperbolic manifolds M = H3/ T3y and N =
H?3/ 'y for which there is a homotopy equivalence F : N — M . Then F is homotopic to an isometry
G:N—->M.

We first review some of the basic background used in the proof of Mostow rigidity. Let £ : M — N
denote the homotopy inverse of F. The lifts F : H* — H?3 and E : H? — H? can be assumed to be C'!
and both maps are quasi-isometries (see [3, Chapter C] for instance). They induce homeomorphisms
on the boundary at infinity, F:5* > S%and E:S?— S2, with Eo F=FoFE = idg2. The maps
E and F are quasiconformal and thus map quasicircles to quasicircles. The maps Fyx : 'y — I'ar and
E . : Ty — Ty are inverses of each other. For ¢ € 'y, we have Fi(¢p)o F = Fo¢ and F*(qﬁ)oﬁ = foqﬁ.
Fory € Tpp, Ex(W)oE = Eov and Ex(Y)oE = Eo.

If IT < I"pz is a homotopy class of essential surfaces and G € I1, then E«(G) is a surface group of 'y
whose conjugacy class coincides with E«(I1) = {E«(G) : G € I1}. If I1 is quasi-Fuchsian, then E(IT)
is also quasi-Fuchsian since Eis quasiconformal. The map F induces a homeomorphism on the space
of all geodesics of H3. Hence if A € 6€(I'y) is a geodesic current, then (f )xA € 6(I'pz). Notice that if
I[Tn < I'y is a homotopy class of quasi-Fuchsian surfaces, then (f )#0T Ny = OF, (My)-

To prove Theorem 6.1 we need the following extension of Theorem 1.1.

Proposition 6.2 Let g be a metric of negative sectional curvature on N and I1 < I'ps a quasi-Fuchsian
homotopy class. Then

(33) Iy, 81, (F)shg) < 7 areag (E«(11)),
(34) Iy, (v, (F)shg) = 212 volg (N)ip(g, §ar) = 2 volg (N )L (g).

The proposition would follow almost directly from Theorem 1.1 if F were a diffeomorphism. Because
F is only a homotopy equivalence, the extension requires some work, and we prove it in the appendix.

Proof of Theorem 6.1 Suppose that volg,, (M) < volg, (N). Consider a sequence {I1; € Sy, (M )};en
of homotopy classes of quasi-Fuchsian surfaces in M, n; — 0, which becomes equidistributed in
the sense described in (23). Such sequences can be constructed as in [24, Proposition 6.1]. Since
areag,, (Hi)_léni — (27 volg,, (M)~ by Proposition 3.3, it follows by (33) and Proposition 3.7 that

IFM(U’ (ﬁ)*)\gN) — 1

lim I om, (F)ihzy | <liminf
— lim _— & = umin
272 volg,, (M) T Tar areag,, (I1;) *AgN i

areag,, (E«(I1;))
areag,, (I1;)
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Since i (gn) = 2, by (34) it follows that IT,, (v, (F)*ng) > 272 volg (V) and hence

- volg, (N) <lim fareag]\,(E*(l'[i))

(33) volg,, (M) — z areag,, (I1;)

Let 3 € E«(I1;) be such that areagN(Ei) = areag,, (E«(I1;)), and let g; be the genus of ;. Then
as in the proof of Proposition 2.1,

Ag > an(gi—1)

(36) : / s, g
areag,N(fJ,-) s, 2 gN_areagN(ii)

1,

where Ai,- is the second fundamental form of ¥ i in the metric g . Let X; € I1; be such that areag,, (X;) =
areag,, (I1;). Since the genus of ¥; is g,

4m(gi—1
U As, PdAg,, = 28— D

G7 areag,, (X;)

w9 s

where Ay, is the second fundamental form of X; in the metric gas. By [34], |Ax,| =< CIn(1 + ;).
Combining (35), (36) and (37),

(38) = 0.

. 2

zl—lglo areag, () /%:,- 4z, I"dAgn

We will use [9, Theorem 6.1], which relies on the Ratner—Shah [29; 35] classification theorem in
homogeneous dynamics, to prove the map E sends round circles to round circles. Consider an Ey (Gi)-
invariant minimal disk ©; C H? such that Q; JE«(G;) = f),-, where G; < T'ps is the group induced
by ¥; — M. Since the sequence {I1;};cn becomes equidistributed, we proceed as in the proof of
Corollary 6.2 of [9] to conclude the existence of ¢; € ['ps such that, after passing to a subsequence, it
follows that

(a) A(¢iGig;") converges in Hausdorff distance, as i — oo, to o € QCy;
(b) {¢(0):¢ € I'pr} is dense in QCyp;
(c) for any R > 0,
lim |41>d Az, = 0.
10 JE.(¢:)(2;)NBR(0)

The sequence E«(¢;)(€2;) has bounded curvature and hence converges on compact sets, after passing
to a subsequence, to a totally geodesic disk Q C H? such that 05022 = E (o), where o is the round circle
of (a). Therefore E(a) is a round circle. Since E o ¢ = Ex(¢)o E for any ¢ € I'ys, and E4(¢) acts
on S? by a conformal transformation, it follows that E (¢(0)) is around circle for any ¢ € I'ps. Using (b)
it follows that £ maps any round circle to a round circle.

By Carathéodory [10], the map E is a Mobius transformation. Hence F is a Mdbius transformation
and there is a unique G € Isom(H?) so that G|g2 = F. Therefore G o ¢ = Fyx(¢) oG for every ¢ € I'y,
and hence the map G induces a map G : N — M which is an isometry homotopic to F. |
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We now argue using Mostow’s rigidity theorem that the entropies E and E; of a Riemannian metric g
on M do not depend on the hyperbolic metric. Let g; and g, be hyperbolic metrics on M. Let
F:(M,g1)— (M, g,) be an isometry that is homotopic to the identity map. If IT is a homotopy class
of surfaces in M and X € II, then this implies F(X) € II. Since areag, (F(X)) = areag, (%), it follows
that areag, (IT) = areag, (IT).

The restriction F : 2 — S2 to S2 of the lift of F to H3 is a conformal map. Hence the homotopy
class IT is (14-n)-quasi-Fuchsian for g; if and only if it is (14-1)-quasi-Fuchsian for g,. Therefore, by
Proposition 2.1, E(g) does not depend on whether the hyperbolic metric is g; or g,. The Liouville
measures on Gry (M) satisfy Fy(v1) = v, where we are denoting by F also the induced action on
Gr,(M). Hence by (20) this is true for E5(g).

Appendix Proof of Proposition 6.2
We start by proving (33) which is
It,, 81, (F)shg) < 7 areag (E4(IT)).

Consider { f;}; as the partition of unity of the proof of Proposition 3.8. Since ér1 = (17 )8 E.. (1), it follows
as in the proof of Theorem 1.1(i),

811 % (F)shgl(X/Tag) =Y [81 x (F)whgl(f3)
= "6 x (Fsre)(f)
=Y (F)+bg,m x (F)she)(fi)

=Y Gr.an xrg)(fio F) =[8g,m x Aegl(X/TN).

Hence, IT,, (ém1. (F)*kg) = Ity (8, (), Ag)- Therefore (33) follows from Theorem 1.1(i).

To prove (34) we need some intermediate results first. The next proposition follows by adapting the
construction made in [22, Theorem 2.12] using Busemann functions instead of orthogonal projections. If
the map F is the identity, a map x can be constructed as in [31, Section 2.4]. Let us denote by {g’};cr
the geodesic flow of a Riemannian metric g.

Proposition A.1 Consider two negatively curved metrics (N, g1) and (M, g,). There is a homeomor-
phism ¥ : Tgl1 (H3) — Tgl2 (H?) such that:

(1) Fx(p)(x(v)) = x(¢(v)) for any ¢ € I'y and hence x induces a homeomorphism
x:Tg,(N)— Tg,(M).
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(ii) If yy and 0 (y) are the unique unit speed geodesics generated by v and x(v), then

F(aoo)/v) = a00(7)((v)-
(iii) There is a Holder continuous function T : R x Tgl1 (H3) — R which is C! along the t-direction and
is such that gg(t’v)(x(v)) = X(g’i (v)) for any v € Tgl1 (H3),t e R.
(iv) The function ¥ (v) = %T(O, v) > 0 is Holder continuous.

(v) There is a constant C > 0 such that dg, (7 (x(v)), F(r(v))) < C forany v € Tgl1 (H?3), where 7 (v)
denotes the basepoint of v.

Proof Let B (x, ) denote the Busemann function for (H?, g5), where £ € S? and x, y € H?. For v €
T, gll (H?), let y be the unit speed geodesic for (H?3, g1) with (,(0), ¥/,(0)) = v. Let o be the unit speed ge-
odesic for (H3, g5) with 000 = F (dso}s). There is a unique 7 such that BE(, (+-00y (F(T()), o(f))=0.
We define x(v) = (o(7),0’(f)). The map  is continuous, surjective, and satisfies ¥ o ¢ = Fyx(¢) o  for
any ¢ € I'y. Using that the Busemann function satisfies the cocycle condition

BS;‘(X»J/) = BS(X7Z) +B§'(Z’y)’

the same argument as in the proof of [31, Lemma 2.12] shows that if we set
s(t,v) = Bﬁ(yv(+oo))(F(Vv(O))a F(y(1))),

then )Z(g’i ) = g;(t’v)(f((v)) for every t € R and v € Tgll (H3). The function s is Holder continuous,
differentiable along the ¢-direction, and v — d,s(¢, v) is Holder continuous.

The map y may not be injective. Since F' is a quasi-isometry, there is ¢ > 0 such that s(z, v) > 0 for
any v € Tgl1 (H3). Consider the function

1" 1 (73
r(v):;/o s(t,v)yde, veTy (H).
Following [22, Theorem 2.12], we define

X:TL @) - TLME?), x) =g Gw).

The fact that x is a homeomorphism follows just as in [22]. The function T can be defined by T'(z, v) =
r(gi () +st,v)—r().

Statements (i)—(iv) of the proposition follow from the construction. We will denote by C a positive
constant independent of ¢ and v that depends on the line. To check property (v), notice that since F' is a
quasi-isometry we have

[s(1, V)| = dg, (F(y5(0)), F(yu(1))) = Clt| + C.
Hence |r(v)| < C forevery v € T, gll (H?3) and it suffices to check (v) for the map ¥.
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In the definition of ¥, assume that 7 = 0 so ¥(v) = (¢(0), 0’(0)). From Morse’s lemma it follows that
the Hausdorff distance between F oy, and o is finite. Then dg, (F(y,(0)), 0 (7)) < C for some 7 € R. If
£ = F(yy(+00)), then using that Bg(a(0), F(y,(0))) =0,

dg,(0(0), F(y4(0))) = dg,(0(0),0(7)) + dg, (0 (7), F(y(0)))
<dg,(0(0),0(7)+C
= |Bg(0(0),0()| +C
< [Bg(0(0), F(yv(0)| + |Be(o (), F(yu(0))| + C
= |Bg(0 (1), F(yu(0)))[ + C
< dg,(F(y(0)),0(1)) +C
<2C. |

The geodesic stretch can be determined by the lengths of periodic orbits [31, Section 2]. The proof of
the next proposition is based on [12, Theorem 1.4].

Proposition A.2 Let (N, g1) and (M, g,) be negatively curved. Suppose {y;}ieN Is a sequence of closed
geodesics in (N, g1) equidistributed for the metric g. Then

gz(F*[Vi])
—oo g ([yi])

Proof Consider x, T and ¥ as in Proposition A.1. The functions 7" and W are equivariant for the
isomorphism Fy : I'yy — 'z, and hence induce functions 7" : R x Tg1 (N)—>Rand ¥ : Tg1 (N)—R.
Let o; be the closed geodesic of (M, g,) in the conjugacy class Fy[y;]. Let v; € T, gll (H3) such that

ir(g1.82) = 11

Vi(t)= Jr(g’1 (v;)) is a unit speed geodesic in (H?, g1) that projects to ; in N under the quotient map. Then
Gi(s) = (g5 (x(vi))) is a unit speed geodesic that projects to o; in M. Since x(g{(v)) = g{(””)(x(v)),
it follows that

lé.’l i)
(39) lg,(0i) = /o

Thus, from (28), we obtain that

d~ lgl(]/i) ,
= 6;(T(t,v;))| dt = W(y;(t), y: dt.
35| s /0 i (0). v (1)) d1

1
volg, (T4, (N) Jr (v)

@0y tim ‘LD ot w(
Yi(0),y{ () dt =

D
— vdv,. .
(A e lgl(m ¢

1 o T 1 (3 : :
For v € Ty (N), consider v € T, (H-”) which projects to v. We have

a(t,v) = dg, (F(n(g} (D)), F(n (D)),
and from Proposition A.1(iii),
T(t,v) = T(t,0) = dg, (n(x(g} (D)), 7 (x(D)))-
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From Proposition A.1(v), there is a positive constant C such that |a(z,v) — T'(¢,v)| < C forany t € R
and v € Tgl1 (N). Hence

Ma?Vgl(v).

(4D ir(g1,82)=——7-c- lim
vol(Tg, (N)) 1= Jpd () 1

From Proposition A.1(iii),
T(@t+s,v)=T(t giW)+T(s,v),

and hence %T(l, v) = W(g{ (v)). Therefore,

T(t, 1 r! S
/Tgll " (t,v) dVgl(v)=[ —/0 V(g (v))ds dVgl(v)=/ U dVg,,

t T (N) ! Tg, (N)

where we used that d Vg, is invariant under the geodesic flow. The proposition follows by combining this
with (40) and (41). d

The next proposition was proven in [21] when F is the identity map. The proof presented here uses
Abramov’s formula. This proves (34).

Proposition A.3 Let g be a metric of negative sectional curvature on N . Then

Iy, (v, (F)shg) = 212 volg (N)ip (g, §ar) = 2 volg (N )L (g).

Proof Recall the homeomorphism y : T gl (H3) — T!(H?) given by Proposition A.1 with g; = g
and g, = gas. Consider the functions 7" and ¥ provided by that proposition. We denote the induced
homeomorphism on the quotients by x : T} (N) — T.élM (M). The functions 7" and W are equivariant for
the isomorphism Fy : 'y — I'pz, and hence induce functions 7" : R x Tg1 (N)—>Rand ¥: Tg1 (N)—>R.

From [36], there is a sequence {y; }ien of closed geodesics of (N, g) which becomes equidistributed
for the metric g (see (28)). Proposition 3.6 implies that

I B
Lg(yi) 27 volg(N) ™8
As in the case of surfaces, Fy (1,1) = OF,(y,])- Therefore,

1 1 =
To ) OF+ i) = 3vor vy T ()

and hence by Proposition 3.7,

Iy, (v, 8F,[;])

2 V01g(N))_11FM (v, (ﬁ)*kg) - ,1—1>rgo lg (Vi)

By Propositions 3.8 and A.2,

2n VOlg(N))_llr‘M(U, (ﬁ)*)\g) = lim w =mip(g,&m)-
i—00 g Vi

This proves It,, (v, (ﬁ)*kg) =272 volg(N)ir(g,8m).
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Consider the flow {U}ser on Tg1 (N) defined by Us(v) = x ! (&34 (x(v))). This corresponds to a
reparametrization of the geodesic flow on 7' gl (N). For a unit measure y on 7, gl (N) that is invariant under
the flow U = {Uys}seR, the entropy of U with respect to  is denoted by /1, (U). Let 7 : R x Tg1 (N)—R
be such that Us(v) = g®¥)(v). Then

T(t(s,v),v) =t(T(s,v),v)

forevery se Randv e T, gl (N). The function 7 is continuous and differentiable along the s-direction.
Define a unit measure (g on Tg1 (N) by

Jryovy ¥ ¥dVe
Jriovy YdVe

Since \P(v)%r(O, v)=1forve Tg1 (N), the measure py is preserved by {U}ser. From Abramov’s

nw(¥) = . ¥ € C(Ty(N)).

formula [1],

hi(g) _ 1
huy (U) — vol(TJ(N)) Jri v
Notice that it follows from the proof of Proposition A.2 that
. _ 1
(43) iF(8.8M) = — 7~ U dV,.
voTH(N) Jrpawy ¢

Hence /1 (g) =ir(g. 8m)huy (U). The flow U = {Uy} is topologically conjugate to the geodesic flow of

(42)

WdVg-

gm on M by the map x. Hence the topological entropy /op(U) of {Us}ser is equal to 2. The variational
principle implies that /1, (U) < hiop(U) = 2. Therefore 1 (g) < 2ir(g,8m)- |
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